N

N

Stochastic Differential Equations under Nonlinear
Mathematical Expectations and Applications
Yiqging Lin

» To cite this version:

Yiqing Lin. Stochastic Differential Equations under Nonlinear Mathematical Expectations and Appli-
cations. Functional Analysis [math.FA]. Université de Rennes, 2013. English. NNT: 2013REN1S012 .
tel-00955814

HAL Id: tel-00955814
https://theses.hal.science/tel-00955814
Submitted on 5 Mar 2014

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://theses.hal.science/tel-00955814
https://hal.archives-ouvertes.fr

ANNEE 2013

ek

@ N
RENNES 1 u\?/h

THESE / UNIVERSITE DE RENNES 1
sous le sceau de I’Université Européenne de Bretagne

pour le grade de
DOCTEUR DE L’UNIVERSITE DE RENNES 1
Mention : Mathématiques et applications
Ecole doctorale Matisse
présentée par
Yiqing Lin
préparée a I’unité de recherche 6625

Institut de recherche mathématique de Rennes
U.F.R. de mathématiques

These soutenue a Rennes
le mardi 28 mai 2013

Equations différentielles devant le jury composé de :
Jean-Christophe Breton

StOChaStiqueS Profes:seur a I’Université de Rennes 1

/examinateur
, Philippe Briand
SOUsS les esperances Professeur 2 1’ Université de Savoie

/examinateur

2 . Laurent Denis
mathemathues Professeur  1'Université d’Evry-Val-d’Essonne

/rapporteur
[} Ve [ ) 0
non-linéaires YingHU
Professeur a I’Université de Rennes 1
/directeur de these

et applications ... picard

Professeur a I’Université Blaise Pascal
/examinateur



ii



iii

A¢



v



Remerciements

Mes premiers remerciements s’adressent a mon directeur de these Ying Hu, pour m’avoir fait confiance et
avoir accepté de diriger mes travaux. Ses profondes connaissances scientifiques m’ont permis de conduire
cette étude, et sa grande disponibilité, ses conseils avisés et son soutien de chaque instant m’ont été tres
précieux.

Ces remerciements s’adressent aussi a Shige Peng, mon directeur de « cycle graduate » a 1’Université
du Shandong en Chine pendant les années 2007 - 2009, qui m’a fait découvrir le monde de 1 ’espérance
mathématique non-linéaire. Il m’a encouragé a faire des recherches dans cette filiere et m’a conseillé de
poursuivre mes études a I’étranger.

Je souhaite exprimer toute ma gratitude a Laurent Denis et a Jianfeng Zhang qui ont accepté d’étre les
rapporteurs de cette these, et je suis treés honoré que Jean-Christophe Breton, Philippe Briand et Jean Picard
aient accepté de faire partie de mon jury de these.

Je voudrais aussi témoigner ma reconnaissance & Zhongmin Qian, qui m’a accueilli en mobilité scientifique
en 2012 a I’Université d’Oxford, et également a Zichen Zhang et Ke Wei, qui m’aidé substantiellement
pendant mon séjour a Oxford.

Merci a Jinxia Li qui a ét€ mon maitre mathématique d’école primaire. Son encadrement a accru mon intérét
pour les mathématiques dans mon enfance.

Je remercie les chercheurs du laboratoire pour leur gentillesse et leurs qualités scientifiques et I’ensemble
du personnel administratif de I’UFR mathématiques pour leur disponibilité et leur efficacité.

Particulierement, j’ai aussi une pensée pour Jianfeng Yao (qui est attaché a HKU maintenant), Bernard
Delyon, Marie-Aude Verger et Claude Boschet qui m’ont aidé pour la réunion familiale et pour mon mariage
civile en 2011. Et merci a Chantal Halet et Emmanuelle Guiot de m’avoir beaucoup aidé pour les formalités
administratives.

Je remercie Damien Passemier, qui a partagé mon bureau pendant environs trois ans. Sans son aide, ma
vie en France aurait commencé comme un chaos, et I'utilité de cette période de début aurait était proche
de 0. Suite a son témoignage et ses efforts pour ma réunion familiale, je 1’ai choisi sans hésiter pour &tre
témoin & mon mariage. Grace a lui j’ai aussi eu 1’occasion d’€tre introduit dans le club « 434 » et de
rencontrer beaucoup de personnes, et de me faire des nouveaux amis. Je voudrais dire merci a Nirmal,
Popoft, Julie, Anne, Matthieu, Richou, Anjara, Alina, Gaél, Maher, Kodjo, Jeroen, Charles-Edouard, Marie,
Sylvain, Renan, Francois, Yoann, Jean-Louis, Julien et Mouton qui sont tres gentils et chaleureux. Je tiens
particulierement a remercier Pierre-Yves, Abdoulaye et encore Damien qui m’ont aidé a améliorer I’ écriture
francaise de ma these.

Merci a mes amis chinois en France pour les bons moments que nous avons partagé pendant ces années. J’ai
donc une pensée toute particuliere pour Zhendong Yang, Xuepeng Bai, Lisha Huang, Huaibin Tang, Liping
Wang, Zhengjie Niu, Tao Li, Yueyin Zheng, Peng Zhang, Xinning Li, Meiyin Zheng, Yu Sun, Xinpeng Li,
Tianyang Nie, Linning Peng, Ruijie Yuan, Lin Liang, Chao Zhou, Jing Zhang, Li Zhou, Rui Mu, Yongquan
Hu, Shuai Yang, Shanshan Wang, Hanzhang Hu, Zhongyou Guo, Xiangyun Wang, Xi Chen, Rui Ding, Shen
Han, Xudong Yang, Weizhi Lu, Weiyu Li, Hui Ji, Yuan Fang, Zhiwen Li, Junjie Tang.

Je ne peux terminer sans remercier I’ensemble de ma famille, et en particulier mes parents, qui malgré la
distance, ont toujours été présents, et ma femme Xi, qui a toujours été a mes cOtés.



vi



Table des matieres

Résumé en francais
0.1 RappelssurlathéoriedesEDSRs . . . . . ... ... .. . ... ... ...
0.1.1 Les EDSRs acroissance quadratique . . . . . . . . . . . .. ... ... ..
0.1.2 Lathéoriedelag-espérance . . . . . . . .. ... . ... ...
0.2 UneétudedanslecadredelaG-espérance . . . . . . . . . . . . ..o v v it
0.2.1 Rappelsducadredela G-espérance . . . . . . ... . ... ... ... .. ...,
0.2.2 Nouveaux résultats . . . . . . . . . .. ...
0.3 Une étude des EDSRsdusecondordre . . . . . . ... ... ... ... .. ..., .
0.3.1 Rappels sur la théorie des EDSRs dusecondordre . . . . . ... ... ......
0.3.2 UnevoieverslesGEDSRs . . . . . . ... ... ...
0.3.3 Motivations et nouveaux résultats . . . . . . ... Lo

I Stochastic Differential Equations Driven by G-Brownian motion

1 Scalar Valued Reflected GSDEs
1.1 Introduction . . . . . . . . . . e e e
1.2 G-Brownian motion, G-capacity and G-stochasticcalculus . . . . . . ... ... ... ..
1.2.1  G-Brownian motion . . . . . . . . ... .. e e e e
122 G-capacity . . . . . . oo
1.2.3  G-stochasticcalculus . . . . . . ...
1.3 Stochastic calculus with respect to an increasing process . . . . . . . . . . . ... .. ..
1.3.1 Stochastic integrals with respect to an increasing process . . . . . . . . . . . ...
1.3.2  Anextension of G-Itd’s formula . . . . . . ... ..o
1.4 Reflected G-Brownian motion . . . . . . . . . . . . . . . .
1.5 Scalar valued reflected GSDEs . . . . . . . . . . ...
1.5.1 Formulation toreflected GSDEs . . . . . . .. ... ... ... ..........
1.5.2 Some a priori estimates and uniquenessresult . . . . . . ... ... ... ... ..
1.53 Existenceresult . . . . . . . . . . ... e e
1.5.4 Comparisonprinciple . . . . . . . . . . ..

2 Localization Methods for GSDEs

2.1 Introduction . . . . . . . . L e
2.2 Preliminaries . . . . . . . L e e e e
23 Anextension of G-Itdintegrals . . . . . . . . .. ..o
2.4 Stochastic calculus with respect to a bounded variation process . . . . . . . .. . ... ..

2.4.1 G-stochastic integrals withrespectto (B) . . . . . . . ... .. ... ... ...

2.4.2  Stochastic integrals with respect to a bounded variation process . . . . . . . . ..

243 Anextension of G-It6’s formula . . . . . . ... ... o o oL
2.5 G-stochastic differential equations . . . . . . .. ... L
2.6 AppendiX . . ... e e e e e e

vii

O LN N W = =

13
18
19

23

25
26
27
27
28
29
30
30
32
36
37
38
38
40
42



viii TABLE DES MATIERES

3 Multidimensional Reflected GSDEs 71
3.1 Formulation to multidimensional reflected GSDEs and convexity . . . . . . ... ... .. 72
3.2 Convergence results . . . . . . . ... e e e e e 73

IT Second Order Backward Stochastic Differential Equations 79

4 Quadratic Second Order BSDEs 81
4.1 Introduction . . . . . . . . L e e 82
4.2 Preliminaries . . . . . . . . ... e e e 83

4.2.1 The class of probability measures . . . . . . ... ... Lo 84
422 Thenonlinear generator . . . . . . . . . . ... 84
423 Thespacesandthenorms . . . . . . . . . . . . ... ... 84
4.2.4 Formulation to quadratic second order BSDEs . . . . ... ... .. ... .... 86
4.3 Representation and uniqueness of solutions to second order BSDEs . . . . . ... ... .. 87
4.3.1 Representation theorem . . . . . . . .. ..o 87
432 Aprioriestimates . . . . . . . ... ... e 89
4.4 Existence of solutions to secondorder BSDEs . . . . . . .. ... ... ... ... ... . 90
4.4.1 Regular conditional probability distributions . . . . . . ... ... 90
4472 Existenceresult . . . . . ... e 91
4.5 Applicationtofinance . . . . . . . . . L. e e e 97
45.1 Statementoftheproblem . . . . . . . ... ... ... L oL 97
4.5.2 Robust exponential utility maximization . . . . . . . . . ... ... 98
4.5.3 Robust power utility maximization . . . . . . . . ... ..o 103

4.5.4 Some remarks on the class of probability measures and assumptions . . . . . . . . 104



Résumé en francais

L’ objectif principal de cette these est d’étudier certaines équations différentielles stochastiques (EDSs en
abrégé) dans le cadre de la G-espérance, et certaines équations différentielles stochastiques rétrogrades
(EDSRs en abrégé) du seconde ordre. Nous commengons par présenter quelques rappels sur les EDSRs, la
G-espérance et les EDSRs du second ordre, ainsi que les principaux résultats obtenus dans le cadre de la
G-espérance et pour les EDSRs du second ordre.

0.1 Rappels sur la théorie des EDSRs

0.1.1 Les EDSRs a croissance quadratique

Nous commengons par rappeler la formulation d’une équation différentielle stochastique rétrograde n-
dimensionnelle :

T T
Y: =£+/ 9(s,Ys, Zy)ds —/ ZdWFe, 0<t<T, Py—p.s., 0.1
t t
ou (VV,EP )o<t<T est un mouvement brownien d-dimensionnel sur un espace de probabilité complet (€2, F,
Py), dont la filtration naturelle augmentée est notée (F;)o<i<7. La valeur terminale £ est une variable
aléatoire Fr-mesurable 2 valeurs dans R" et le générateur g :  x [0,7] x R™ x R"*¢ — R™ est une
fonction progressivement mesurable par rapport a (B([0,t]) ® B(R") ® B(R"*?))o<i<r. Un couple de
processus (Y, Z) est appelé solution de (0.1) si (Y, Z) est adapté par rapport a la filtration (F;)o<i<7 et
vérifie (0.1).

Ce type d’équations a été introduit par Bismut [3] en 1973 dans le cas ou le générateur g est linéaire,
tandis que 1’étude des EDSRs non-linéaires a pour origine 1’article de Pardoux et Peng [68], dans lequel
un théoréme d’existence et d’unicité est donné dans le cas ol ¢ est uniformément lipschitzien en (y, z),
£ € L*(Fr;R) et

T
EFo [/ |g(s,0,0)|2d3} < +o0. 0.2)
0

Depuis, cette théorie s’est considérablement développée. De nombreux auteurs ont travaillé & la recherche
d’hypotheses plus faibles soit sur la valeur terminale, soit sur le générateur. Comme il serait trop long d’énu-
mérer complétement tous ces travaux, nous introduirons uniquement quelques résultats pour les EDSRs
quadratiques, qui sont étroitement liés a notre nouveau résultat sur les EDSRs du second ordre quadratiques
dans cette partie.

Dans le cadre brownien, une des avancées les plus significatives pour la théorie des EDSRs est due & Ko-
bylanski [46], qui a construit des solutions pour les EDSRs unidimensionnelles dont les générateurs sont a
croissance quadratique en z, et les valeurs terminales sont bornées. Pour étre plus précis, le générateur de
ce type d’EDSRs satisfait 1’hypothése suivante : pour tout (y, z) € R x R?,

lg(t,y, 2)| < ap + Bly| + %|z|2, uniformément en (¢, w), 0.3)

ou 3 et v sont deux constantes positives, et v est un processus adapté positif satisfaisant la propriété d’inté-
grabilité suivante : il existe une constante positive C, telle que

T
/ atdt < C, PQ — p.S..
0



Pour prouver I’existence d’une solution a (0.1) dans ce cadre, 1’auteur de [46] construit une suite de solutions
des EDSRs dont les générateurs vérifient une hypotheése quadratique et sont croissants (resp. décroissants)
et minorées (resp. majorées) par une fonction linéaire en (y, z). De plus, si un changement de variable ex-
ponentiel est appliqué, ces EDSRs se transforment en des équations a coefficients lipschitziens. Par consé-
quent, I’existence de solutions pour ces EDSRs est assurée par le résultat de Pardoux et Peng [68], de plus
on peut montrer que la suite de solutions est monotone par un principe de comparaison. Par une technique de
convergence faible empruntée a d’EDPs, un théoreme de stabilité monotone pour les EDSRs quadratiques
est prouvé dans le méme article [46] : il démontre que si la suite de Y converge uniformément sur [0, 7]
trajectoire par trajectoire, la suite de Z converge dans H2(R%) pour la topologie forte. Grace a ce théo-
réme, une solution maximale (resp. minimale) 2 I'EDSR (0.1) peut étre construite dans S (R) x H?(R)
comme limite de la suite énoncée ci-dessus. Nous présentons ensuite une version légerement généralisée de
ce théoréeme de stabilité monotone (cf. Briand et Hu [7]) :

Théoréme 0.1 Soient {{™},,en une suite de variables aléatoires Fp-mesurables bornées, et {g™ } nen une
suite de générateurs continus en (y, z). Supposons que £ — &, Po-p.s., g" — g localement uniformément
en (y,z), et

® sup, ey [[§"]|L < +o0;
o sup,cy 9" (t,y, 2)| vérifie I'inégalité (0.3).

Nous supposons de plus que pour chaque n € N, ’EDSR correspondant aux paramétres (£™, g") admet une
solution (Y™, Z™) dans S (R) x H?(R?), telle que la suite {Y™},cn est croissante (resp. décroissante).

Alors, la suite {Y™ },en converge vers Yy = sup,,cy Y/ (resp. inf,en Y)") uniformément sur [0, T}, Po-
p.s.. De plus, la suite { Z"},,cn converge vers un certain Z dans H?(R?) et le couple (Y, Z) est une solution
de ’EDSR correspondant aux paramétres (€, g).

Notons que le résultat d’existence obtenu par Kobylanski [46] a été amélioré : par exemple, Lepeltier et
San Martin [48] fournissent un résultat dans le cas ou la croissance du générateur g n’est plus linéaire en y ;
Briand et Hu [7] considerent les EDSRs dont les générateurs vérifient (0.3), mais dont les valeurs terminales
ne sont plus bornées. Dans ces articles, 1’approximation du générateur initial g est facile. Elle est donnée
par :

g"(t,y,z) = sup {g(t,p,q) — nlp —y| — n|lg — 2|}, pour chaque n € N. 0.4)

(p,q)€Q*+4

Si ¢ vérifiant (0.3) est majorée par une fonction linéaire en (y, z), les générateurs g”, n € N, de (0.4)
sont lipschitziens, et la suite est décroissante. D’autre part, si g est minorée par une telle fonction, une
suite croissante peut étre également définie par inf-convolution. Dans le domaine des EDSRs, cette idée de
construction par convolution a été issue de 1’article de Lepeltier et San Martin [47] afin d’obtenir 1’existence
de solutions pour les EDSRs dont les générateurs sont continus et a croissance linéaire par rapport a y, mais
lipschitziens en z.

Au sujet de 1’unicité, Kobylanski [46] fournit un résultat sous certaines hypotheses techniques. Pourtant, en
supposant que le générateur g est lipschitzien en y mais seulement localement lipschitzien en z, Hu et al.
[34] prouvent que si la valeur terminale est bornée, Z est un générateur de martingale a oscillation moyenne
bornée (martingale OMB en abrégé), et ainsi ils montrent I’unicité de la solution dans S°°(R) x H%,, (R?).
L’hypothese énoncée ci-dessus est de la forme suivante : pour tout (y, 2, 2’) € R x R? x R? et une certaine
constante K > 0,

lg(t,y,2) — g(t,y,2")| < K|z — 2'|(1 + |z| + |2']), uniformément en (w, t,y). 0.5)

Par ailleurs, Briand et Hu [8] et Delbean et al. [16] traitent le méme sujet, mais dans le cas ou le générateur
est convexe et la valeur terminale est non-bornée.

Signalons que les EDSRs a croissance quadratique en z sont utiles pour la résolution de probleme de maxi-
misation sous contraintes de ’utilité d’un portefeuille en finance, qui est de la forme suivante :

V(x) := sup EP°[U(X7™)]. (0.6)
TEA



Le premier résultat pour ce probleme via la technique des EDSRs quadratiques est obtenu par El Karoui et
Rouge [23], lorsque la fonction d’utilité est exponentielle et est donnée par U (z) := —c(exp(—x)), ¢ > 0,
et la contrainte est convexe. Dans I’article [23], un probleme dual du pricing est établi et la résolution de ce
probléme dual est donnée par la solution d’une EDSR quadratique.

Ce résultat est amélioré dans ’article de Hu et al. [34], ou le probléme initial est directement traité sans
hypothese de convexité sur la contrainte. Méme si la méthode de Hu et al. [34] est adaptée pour le cas des
utilités logarithme et puissance, nous allons nous placer dans le cardre d’une utilité exponentielle.

Considérons qu’il y a une seule obligation et n actifs sur le marché financier, n < d. Le taux d’intérét
de cette obligation est zéro et les processus de prix des actifs suivent les EDSs suivantes : pour un certain
processus b borné et un certain processus o tel que rg(c) = n et 0o I* est uniformément elliptique,

dSi = Si(bidt + oldWr®), 0 <t < T, Pog—p.s.,i=1,...,n. 0.7)

Soit A un ensemble de processus m, qui sont F-progressivement mesurables, a valeurs dans une contrainte
~ T . . . o .
C.tels que [ |mo¢?dt < +o00, Po-p.s., et {exp(—cXT)};czr une famille uniformément intégrable. Ici,
7 désigne une stratégie de I’investisseur, ou 7; désigne le montant investi dans I’actif ¢ au temps ¢. Alors, la

fonction de valeur s’écrit :

V(z) := sup EF° {— exp ( - c<x + /OT Ti(o dW)© + bydt) — 5))] :

neA

ou la variable aléatoire Fr-mesurable et bornée & désigne un actif contingent autre que le portefeuille, qui
arrive 2 la date T'. Le but de Iinvestisseur est de choisir une des meilleures stratégies 7 appartenant 2 A qui
optimise 1’utilité espérée au temps 7', i.e. la valeur de V. Dans I’article [34], une résolution de ce probleme
est obtenue grace a la solution d’'une EDSR quadratique. Plus précisément, la fonction de valeur peut étre
représentée par

V(z) = —exp(—c(x — Yp)),

ou Y est la solution de ’EDSR donnée par
T T
Y, =¢ +/ f(s, Zs)ds — / ZydW,°, 0<t < T, Py —p.s., (0.8)
t t
et ol pour chaque (w, t,z) € Q x [0,T] x R4,
C 12 1 ~ Tr 1 2
flw,t,z):= B dist” | z + Eé’t(w),C’at(w) — 2 "0 (w) — %\Ht(wﬂ .

avec 0; := o (o,0f")~1b,. Un calcul simple montre que f vérifie (0.3), (0.5) et les conditions usuelles
pour les générateurs d’EDSRs. L’existence et 1’unicité de la solution sont alors assurées pour (0.8).

Par ailleurs, les EDSRs quadratiques ont été étudiées dans un cadre non-brownien (citons par exemple,
Morlais [64]), et aussi dans le cadre d’une filtration discontinue (voir Morlais [65, 66]).

0.1.2 La théorie de la g-espérance

En 1952, lorsque le paradoxe d’Allais a été mis en évidence, les économistes découvrent que la théorie de
«1'utilité espérée » a base d’une espérance mathématique linéaire est contestable. L’intérét pour une notion
d’espérance mathématique non-linéaire se développe alors considérablement. Se pose alors une question :
pouvons-nous trouver une nouvelle notion qui peut €tre une généralisation naturelle de 1’espérance linéaire ?
Notamment en préservant, autant que possible, les propriétés de I’espérance linéaire. Comme réponse a
cette question, Peng propose dans ’article [71] une espérance non-linéaire, dite g-espérance, par la solution
d’EDSRs.

Définition 0.2 Soit g un générateur d’EDSR uniformément lipschitzien en y et z, et vérifiant (0.2) et
g(-,-,0) = 0. Pour chaque ¢ € L*(Fr;R), Y(&,g) designe la solution de I’EDSR (0.1) correspondant
aux parametres (£, g). La g-espérance de & est définie par E9[§] = SgyT[g] = Yo(&, g), et la g-espérance
conditionnelle correspondante par E9[&|F;] = E7 1 [€] = Y3 (£, g).



La définition ci-dessus montre que la notion de g-espérance est dynamique, et cette nouvelle espérance non-
linéaire est cohérente avec la filtration (voir [13] Coquet et al. pour la définition), ce qui est une différence
significative entre cette notion d’espérance non-linéaire et les autres existantes.

Notons que £ = Y7, par abus de terminologie, nous appelons alors sY une g-martingale, i.e. une martingale
sous I’espérance non-linéaire £9-]. Comme extension naturelle de cette notion, Peng [72] définit les g-
surmartingales et les g-sousmartingales :

Définition 0.3 Supposons g vérifiant les mémes conditions que dans la définition précédente mis a part
g(+,+,0) = 0 et Y un processus progressivement mesurable par rapport a B([0, t]) @ B(R™), a valeurs dans
R et vérifiant pour chaque t € [0,T), E[|Y;|?] < +o0. Alors, ’EDSR (0.1) correspondant aux paramétres
(Y:, g), dont le temps terminal est t, admet une unique solution y* sur [0, t]. Si pour chaque t € [0,T], y¢ <
Y (resp. yt > Y), Po-p.s., pour tout s € [0,t], Y est appelée une g-surmartingale (resp. g-sousmartingale)
dans un sens faible.

Dans la définition ci-dessus, si tous les temps déterministes sont remplacés par des temps d’arrét, nous
disons que Y est une g-surmartingale (resp. g-sousmartingale) au sens fort.

A partir de la définition ci-dessus, Peng [72] fournit un théoréme de décomposition de type Doob-Meyer
pour les g-surmartingales (resp. g-sousmartingales) cadlag. Ce résultat est généralisé dans ’article de Ma
et Yao [59] pour les générateurs g vérifiant (0.3) et certaines hypotheéses de Kobylanski [46], afin d’assurer
I’unicités de solutions pour les EDSRs associées. Remarquons que si les hypotheéses de Kobylanski [46]
sont remplacées par I’hypothese que g est lipschitzien en y et vérifie (0.5), le théoréeme de décomposition
de Ma et Yao [59] est encore vrai. Dans la suite, nous présentons ce théoréme modifié, qui joue un rdle
trés important pour prouver 1’existence de solutions pour les EDSRs du second ordre quadratique dans le
chapitre 4 :

Théoreme 0.4 Supposons que Y est un processus cadlag, F-adapté et borné, et que g est un générateur
d’une EDSR, qui vérifie les conditions suivantes : (0.3), lipschitzien en y et (0.5). Alors, si Y est une g-
surmartingale, il existe un processus cadlag croissant K nul en 0 et un processus Z € H*(R?), tel que

T T
Yi=Yr+ [ gsYoZds— [ ZidB.+ Kp-Ki 0<t<T. Py po.
t t

Nous considérons a nouveau la g-espérance £9[-] donnée par la définition 0.2, et introduisons la mesure de
risque associée.

Nous définissons une fonctionnelle sur L?(Fr; R) par la g-espérance p(X ) := £9]—X], et nous voyons que
cette fonctionnelle est bien adaptée a la définition d’une mesure de risque statique de 1’article d’ Artzner et
al. [2]. De plus, la g-espérance étant dynamique et cohérente avec la filtration, elle peut également générer
une mesure de risque dynamique.

Dans D’article [2], une notion de mesure de risque cohérente est aussi établie. Pour le cas statique, elle est
donnée par :

Définition 0.5 Nous disons qu’une fonctionnelle p sur un espace linéaire L est une mesure de risque sta-
tique cohérente si les quatre axiomes suivants sont satisfaits : pour chaque X etY € L,

(1) Monotonie : si X <Y, p(X) > p(Y);

(2) Sous-additivé : p(X +Y) < p(X)+ p(Y);

(3) Homogénéité positive : p(AX) = Ap(X), pour toute constante A > 0;

(4) Invariance par translation : p(X + c¢) = p(X) — ¢, pour toute constante ¢ € R.
Selon les résultats connus pour les EDSRs lipschitziennes, si le générateur g est indépendant de y, positi-
vement homogene et sous-additive en z, la mesure de risque statique induite par £9[] est cohérente. Sous

les mémes conditions sur g, nous avons une conclusion similaire dans le cas dynamique, i.e., la mesure de
risque dynamique introduite par la g-espérance conditionnelle £9[-|F;] est aussi cohérente.

Pour plus de détails concernant la g-espérance, ses applications en finance et les connaissances de mesure
de risque cohérente, nous renvoyons le lecteur aux articles de Artzner et al. [2], Chen et Epstein [9], Coquet
et. al. [13], Ma et Yao [59], Peng [71, 72] et Rosazza [82].



0.2 Une étude dans le cadre de la G-espérance

0.2.1 Rappels du cadre de la G-espérance

Récemment, une nouvelle notion d’espérance sous-linéaire a été donnée par Peng [73] a ’aide d’un point
de vue d’analyse fonctionnelle, sans considérer une EDSR sous-jacente. Nous expliquons cette idée dans la
suite.

Nous désignons par C; r,;,(R™) I’ensemble des fonctions localement lipschitziennes sur R™ et par H un ré-
seau de vecteurs composé de fonctions réelles définies sur un ensemble 2 et fermé par rapport a Cj 1, (R™)
pour chaque n € NT, i.e. : pour tout ¢ € Cy 1;p(R™) et X1,..., X, € H, p(X1,...,X,) € H. Cet
ensemble H peut étre vue comme un espace de positions admissibles en finance. Nous disons qu’une fonc-
tionnelle [-] sur H est une espérance sous-linéaire, si la mesure de risque associée p(X) := E[—X],
X € H, est cohérente, autrement dit si p(-) posséde les quatre propriétés données dans la définition 0.5.
Dans ce nouveau contexte, nous appelons le triplet (€2, H, ]E) un espace d’espérance sous-linéaire, et X € H
une variable aléatoire.

Parallelement aux concepts du cadre classique, Peng [74] établit les notions de distribution et d’indépen-
dance pour les variables aléatoires dans ce nouveau contexte. Néanmoins, ces notions sont moins proba-
bilistes mais plutdt fonctionnelles, et elles s’expriment a I’aide des familles de fonctions tests Cy 1.y (R™),
n € Nt.

Définition 0.6 Soit X un vecteur aléatoire (X1, ...,X,), on X; € H, i = 1,...,n. La distribution de X
est donnée par la fonctionnelle F x -] suivante : pour chaque ¢ € Cj 1,,(R™),

Fx[¢] :=E[p(X)].

De plus, si X' est un autre vecteur aléatoire n-dimensionnel et pour chaque ¢ € Cy 1;,(R"), Fx[p] =
Fx/[¢], X et X' sont dits identiquement distribués.

SoitY .= (Y1,...,Y),onY, € H,i=1,...,m. Le vecteur Y est dit indépendant de X si pour chaque
¢ € Cprip(R™™), A o

E[p(X, V)] = E[E[p(x, Y)]a=x]-
Nous remarquons que ces nouvelles définitions sont compatibles avec celles du cadre classique si I'espé-
rance E[-] est linéaire. Signalons cependant que cette relation d’indépendance n’est pas symétrique.

Il est bien connu que le théoreme central limite et la loi des grands nombres sont des résultats fondamentaux
dans la théorie classique en probabilités et statistique, qui expliquent de maniere convaincante pourquoi la
loi normale est couramment utilisée. Remarquons qu’un théoreme et une loi similaires a ces derniers sont
établis par Peng dans ce nouveau contexte.

Nous considérons une suite de variables aléatoires d-dimensionnelles { X; };cn+ telle que B[ X ] = E[— X ]
= 0, toutes les X; sont identiquement distribuées et pour chaque i € N *, X; est indépendante de (X1, ...
X;—1). Peng [74] démontre que la suite {5}, },,en+ donnée par

_ 1 &
S, "%;X“

converge en loi vers une variable aléatoire X dont la loi est caractérisée par

)

E[SD(X)] = u(p(la O), pE Cl,Lip(Rd)v

ol u¥ est la solution de viscosité de I"'EDP parabolique suivante sur RT x R?, appelée équation de Black-

Scholes-Barenblatt : 9

u

— — G(D?u) = 0;
5 G(D*u) = 0;

u|t:O =,

et dont le noyau de chaleur G : S¢ — R est défini par

G(A) = SB{(AX), X)), 09)



et ot SZ est I’ensemble des matrices symétriques réelles d’ordre d et on utilise 1’ opérateur (-, -) pour désigner
le produit scalaire. Cette loi est associée a la fonction G donnée en (0.9), ainsi elle est dite loi G-normale
sous I’espérance sous-linéaire E[-] et ce résultat est I’analogue du théoréme central limite du cadre classique.

D’aprés Peng [74], il existe un sous-ensemble borné, convexe et fermé I' de R*¢, tel que pour chaque
A € S% G(A) peut-étre représenté par

G(A) = 1sup tr[yy™ 4], (0.10)
2 yel

et la loi G-normale est alors notée par N'(0,X), out & := {yy™* : v € T'}. En fait, cet ensemble ¥ ca-

ractérise le fait que la variance de X est incertaine, et nous savons que si 1’espérance E[-] est linéaire, cet

ensemble n’est composé que d’une seule matrice qui est la matrice de variance-covariance d’une variable

aléatoire classique de loi normale.

Par ailleurs, la théorie des EDPs (cf. Crandall et al. [14]) assure 1’existence et I’unicité de la solution de vis-
cosité pour une telle EDP dont le noyau G est de la forme (0.10), donc I’existence d’une variable aléatoire
de loi G-normale peut étre bien prouvée (cf. Peng [74, 75]).

Sous I’espérance sous-linéaire énoncée ci-dessus, une loi des grands nombres est aussi obtenue, et la loi
limite est appelée « loi maximale » et implique une moyenne incertaine.

Jusque-1a, I’espérance sous-linéaire introduite est encore statique. Dans la suite, nous introduisons une for-
mulation d’une espérance non-linéaire dynamique et cohérente a une filtration, dite la G-espérance.

Nous précisons maintenant €2 : il s’agit de 1’espace des fonctions continues sur R*, i valeurs dans R,
nulles en 0, et muni de la distance suivante :

o
Lw?) =Y 27Y((max |w} —w?) A1)
plot )i 30 (e ok =) A

Pour T fixé, nous désignons par Q1 I’ensemble des fonctions de €2 tronquées au temps 7" et par L?p(QT)
I’espace des variables aléatoires de cylindre de dimension finie, donné par
LY,(Qr) :={@e(By,,...,By,):n>1,0<t; < ... <t <T, ¢ € CpLip(R™™)},

ol B est le processus canonique. Considérons un espace d’espérance sous-linéaire (€2, H,E) et une suite
de variables aléatoires {&;};en vérifiant que pour tout ¢ € NT, &; suit une loi G-normale donnée et est

indépendante de (&1, ...,&—1). Nous construisons une espérance sous-linéaire sur LY (Q7) de la fagon
suivante : pour chaque X € L?p(QT) de la forme
X:@(Btl *Btoa'”;Btn *Btn_l), (011)

ot € Cp 1ip(R>*")et0 =tg < t; <...<t, =T, nous définissons

E[@(Btl - Btoa cee Bt'n, - Btnfl)] = IE[QO( Vil — t()flv e/ tn — tnflfn)y

1l est facile de voir que E[-] est une espérance sous-linéaire et sous E[-], le processus canonique est un
G-mouvement brownien, dans le sens suivant :

Définition 0.7 X est appelé G-mouvement brownien d-dimensionnel sous une espérance sous-linéaire E|]
si, pour tout 0 < s < t < T, Uaccroissement X; — X, ~ N(0,(t — 8)X) et pour tout n € NV et
0<t <...<t, <T, Xy, — Xy,_, estindépendant de (X4, ,..., X, _,). Une espérance sous-linéaire
E[-] sur L?p(QT) est appelée G-espérance, si le processus canonique B est un G-mouvement brownien sous
Pour chaque p > 1, nous pouvons définir une norme E[| - [P]'/? sur L?,(r) et nous désignons par Lg, (Qr)
le complété de L?p(QT) pour cette norme. Ainsi, la G-espérance est prolongée naturellement a ce complété.

Pour chaque X € L?p(QT) de la forme (0.11), Peng définit également son espérance conditionnelle par
rapport a la « filtration » {2 }o<¢<7 par:
E[@(Btl — Bt[)? ey Btj — Btj,1 y Btj+1 — Btja ey Btn — Btn,71)|Qtj]

= E[’L/}(Btl — Bt07 ceey Btj — Bt]',1>];



o Y(xy,...,x;5) = Elp(z1,...,25,vE51 — €41, -, VIn — tn_1&n)]. Notons que pour un ¢ n’ap-
partenant pas a la subdivision (to, ..., %), nous pouvons réécrire X par rapport a une nouvelle subdivi-
sion (to, . . . L, .tn41) pour avec un certain t; = t, ainsi, la G-espérance conditionnelle est définie sur
LY, (Qr) puis peut bien étre prolongée a I’espace L7, (Qr).

En utilisant le théoreme de Hahn-Banach, Peng [74] montre qu’une espérance sous-linéaire peut étre repré-
sentée par une espérance supérieure d’une classe d’espérances linéaires. Mais une question se pose alors :
pouvons-nous construire explicitement cette classe ? Signalons qu’auparavant, I’'idée d’espérance supérieure
a été fournie par Huber [40] dans un contexte de statistique robuste, et que ce théoreéme de représentation
similaire a celui de Peng [74] a été prouvé dans I’article de Delbaen [15], mais pour les mesures de risque
cohérentes.

Afin de résoudre le probleme de pricing de créances conditionnelles dans un contexte de modeles incertains,
Denis et Martini [19] développent une technique d’analyse stochastique quasi-siire se basant sur la théorie
de la capacité. Dans cet article, la capacité est définie par une espérance supérieure d’une classe d’espé-
rances linéaires générées par certaines mesures de martingale. Dans I’article de Denis et al. [17], les auteurs
remarquent que le cadre de Denis et Martini [19] est étroitement 1ié a celui de la G-espérance proposée par
Peng [73, 74], et que la G-espérance peut donc étre construite de cette fagon.

Nous désignons par Py la mesure de Wiener, et il est connu que le processus canonique B est un mou-
vement brownien sous Py. Nous construisons ensuite une collection .AE) +00) composée des processus d-

T

dimensionnels # qui sont FZ-progressivement mesurables et a valeurs dans I'. Pour chaque 6 € A[o Hoo)?

considérons la probabilité Py induite par la formulation forte suivante :
-1
P@ZIIPOO(A@) 5

ou Xy := (fot 0sdBs)i>0, Po-p.s.. Notons P := {Py : 0 € AEJ +Oo)}. Selon Denis et al. [17], cet ensemble
‘P de probabilités est tendu, et son adhérence P pour la topologie faible est alors compacte. De plus, la

G-espérance E[-] coincide sur L, (€2r) avec I’espérance supérieure suivante :

E[X] := sup EF[X]. (0.12)
PePc

De cette maniére, la G-espérance [E[-] est bien prolongée par (0.12) de L¢;(€27) a I'ensemble des variables
aléatoires B(§27)-mesurables. Dans la suite, [E[-] est vue comme une G-espérance mais définie pour toute
X € B(Qr), et nous ne distinguons plus les deux notations E[-] et E[-].

Dans cet ensemble P, toutes les mesures de probabilité sont mutuellement singuliéres : nous ne pouvons
plus trouver une mesure finie qui domine toute P € P, ce qui fait de la G-espérance un outil adapté pour
la résolution d’un probleme possédant des modeles non-dominés. Néanmoins, ce type de structures P nous
présente certaines difficultés : Denis et al. [17] fournissent un théoréme de convergence monotone pour
une suite décroissante dont les variables aléatoires appartiennent a L, (€27), mais il manque un théoréme
plus général ; ainsi, dans le cadre de la G-espérance, nous n’avons plus comme dans le cadre classique un
théoréme de convergence dominée, ce qui pose des problemes lorsque nous nous plagons dans ce cadre.

En considérant la forme équivalente (0.12) de la G-espérance, nous savons que I’espace L, (Qr) est plus
petit que le complété de LY (€2r) pour la norme E*[| - |], pour une certaine > € P, parce que E[| - [] est plus
forte. Désignons par Cy, (27 ) I’espace des variables aléatoires continues (en w) et bornées, et par By, ({2r)
I’espace des variables aléatoires B({27)-mesurables et bornées. 1l est facile de voir que pour une certaine
norme EF[| - ], les complétés de Cy,(Qr) et By, (2p) sont identiques a celui de LY, (7). Par contre, dans
le nouveau contexte, selon Denis et al. [17], le complété de By,(Q7) est plus grand que les complétés de
LY, (Qr) et Cy(Qr) pour la norme E[] - []. Les deux derniers sont équivalents, car L) (Q7) est dense dans

Cy(Qr) pour la topologie uniforme.

Dans le cadre classique, I’intégrale d’Itd est définie tout d’abord sur un espace de processus simples par des
sommes de Riemann-Stieltjes, ensuite, cette définition est étendue aux processus intégrables pour E¥ | fOT |-
|2dt]. Pour définir I'intégrale de G-Itd, on répéte cette construction dans le cadre de G-espérance. Dans les
articles [73, 74, 75], Peng donne dans un premier temps la définition de 1’intégrale de G-It6 par les sommes



de Riemann-Stieltjes pour le processus simple de la forme :

N-1
M= Y &Lt (t), (0.13)
k=0

ou ¢ € C’b(th) Dans la suite, I’espace M2 ([0, T]) des processus de la forme (0.13) est complété pour
la norme ( fo 2)dt)/? (cf. Peng [73, 74]) et pour la norme ( fo | - |2dt])*/? (cf. Peng [75]),
respectlvement (les deux completes sont notés par MZ([0,T7]) et MG([O 7)), respectlvement). Nous re-
marquons que les opérations de la G-espérance et de I’intégrale de Lebesgue ne sont pas permutables, et
que la deuxieme norme est un peu moins forte que la premiére. Apres avoir obtenu une inégalité de G-Itd
au lieu de I’isométrie d’Itd dans le cas classique, Peng démontre que I’intégrale de G-1t6

Z(n) = /OT ndBy

peut étre vue comme une fonctionnelle continue et linéaire sur M2 ([0,7]), et qu’elle peut étre prolongée
de fagon unique aux complétés MZ ([0, T]) et MZ([0,T]) définis ci-dessus.

Par la suite, Li et Peng [52] donnent une définition de I’intégrale de G-1td pour un processus de la forme
(0.13), mais ou les £, sont remplacées par des variables aléatoires appartenant a By(€), ). De facon simi-
laire, ils montrent que la déﬁnition de I'intégrale de G-It6 peut étre étendue au complété correspondant

MZ([0,T]) pour la norme (7 fo |- |2dt])/2.

Nous remarquons qu’en général, une fonction indicatrice n’appartient pas a L, (€27), qui est le domaine le
plus grand de E[-]. Une capacité de Choquet (cf. Choquet [12]) associée a la G-espérance [E[-] ne peut donc
étre définie que par rapport a 1’espérance prolongée E[-] sur €2 :

C(4) i= sup B(4), A € B(©).

Par rapport a cette capacité C(-), une notion de « quasi-siir » est établie dans Iarticle de Denis et al. [17] :

Définition 0.8 Nous disons qu’un ensemble A € B(Q) est polaire si et seulement si C(A) = 0. De plus,
nous disons qu’une propriété a lieu quasi-siirement (q.s. en abrégé) si et seulement si elle a lieu en dehors
d’un ensemble polaire.

Grace a la représentation de la G-espérance (0.12) et a la notion « quasi-slir » introduite, la théorie des
processus stochastiques en temps continu dans le cadre de la G-espérance s’est développée : en particulier
la formule d’Itd, certaines inégalités stochastiques et les EDSs dirigées par un G-mouvement brownien
(GEDSs en abrégé) peuvent €tre établies dans le sens « quasi-siir ».

Une différence notable entre la G-espérance et celle de Wiener est que sous la G-espérance, la variation
quadratique (B) du processus canonique B n’est plus le processus déterministe ¢. Par contre, les trajectoires
de ce processus sont g.s. absolument continues par rapport au temps ¢, et donc I’intégrale par rapport a ce
processus peut étre construite au sens de Lebesgue-Stieltjes. Nous donnerons plus de détails dans la suite
de cette these pour expliquer cette affirmation.

Apres avoir défini les intégrales stochastiques dans le cadre de la G-espérance, il est naturel de considérer
les GEDSs. Le premier travail sur les GEDSs est réalisé par Peng [73] en utilisant un argument de point
fixe. Dans cet article, une équation de la forme suivante est donnée :

¢ ¢ ¢
Xi=z +/ f(s, Xs)ds —|—/ h(s,Xs)d(B, B)s +/ g(s,Xs)dBs, 0 <t <T, (0.14)
0 0 0

sous I’hypothése que les coefficients f, h et g sont uniformément lipschtiziens, comme dans le cas classique,
et sous une hypothese particuliere sur leur régularité. Cette derniere s’écrit (dans le cas ou le G-mouvement
brownien et I’équation sont tous unidimensionnels) : pour tout x € R, les coefficients f, h et g vérifient :

[ @), b, x), g(-,x) € ME([0,T]). (0.15)



Comme E[/] est une espérance supérieure, la norme (+E|[ fOT |-|2dt])'/? est plus forte que la norme classique
sous chaque P € Pg. L'espace d’intégration pour ’intégrale de G-Itd est donc plus petit que dans le cas
classique. Dans le cadre classique, nous avons seulement besoin d’une hypotheése qui peut-étre par exemple
sur g : Eo| fOT g(t,0)dt] < 400, et grice a I’hypothése que g est uniformément lipschtizien, " intégrabilité
de g est obtenue pour chaque x, ce qui est suffisant pour montrer 1’existence et I'unicité de la solution
sur [0, 7. Mais dans le cadre de la G-espérance, méme si a z fixé, toutes les trajectoires g(-,x)(w) sont
continues, nous ne pouvons pas démontrer que g(-,x) € MZ([0,T]) (méme si cet espace est remplacé
par MZ([0,T]) ou M2([0,T])), et par conséquent nous ne sommes pas sir que les intégrales de G-Itd
soient bien définies lorsque nous construisons une suite de Picard pour ’itération, s’il nous manque ce type
d’hypotheses (0.15).

Dans Particle de Peng [73], Iégalité de la GEDS (0.14) est au sens de la norme M2 ([0, T), bien que ce
ne soit pas intuitif. Aprés avoir étudié les propriétés des trajectoires de cette G-diffusion (0.14), Gao [27]
propose de poser (0.14) dans le sens « quasi-siir ». Nous remarquons que si les trajectoires de (0.14) sont
assez régulieres, les solutions dans les deux sens sont indistinguables. De plus, d’autres articles s’intéressent
aux GEDSs, comme par exemple les articles de Guo et al. [30], Lin [54] et Lin et Bai [56]. Globalement,
tous ces travaux sont réalisés sous une hypotheése commune qui assure que les coefficients sont a croissance
linéaire.

Remarquons que dans ces articles sur les GEDSs, quelques outils puissants d’analyse stochastique dans le
cadre de G-espérance sont développés. Par exemple, la formule de G-1t0 est introduite dans 1’ article de Peng
[74] et est généralisée par Gao [27], Li et Peng [52] et Zhang et al. [98]. Une inégalité de type Burkholder-
Davis-Gundy est également prouvée dans ce nouveau cadre.

Enfin, il convient de noter que la théorie de la G-espérance a déja trouvé des applications dans le domaine
de la finance. Pour ces dernieres, nous pouvons citer les articles d’Epstein et Ji [24, 25], et de Vorbrink [94].
Méme si la recherche sur les applications de cette nouvelle théorie n’en est qu’a ses débuts, ces premiers
travaux ont déja ouvert de vastes perspectives.

0.2.2 Nouveaux résultats

Dans la premiere partie de cette these, nous présentons nos nouveaux résultats sur la théorie des GEDSs
en trois chapitres : le chapitre 1 traite des GEDSs réfléchies unidimensionnelles ; le chapitre 2 traite des
GEDSs dont les coefficients sont localement lipschitziens par des méthodes de localisation ; le chapitre 3
considere les GEDSs réfléchies dans le cas multidimensionnel.

GEDS:s réfléchies unidimensionnelles

Le chapitre 1 traite de la GEDS réfléchie unidimensionnelle. Pour un certain p > 2, 'espace Mg ([0, T]) est
défini d’une maniére similaire que MZ([0, 7). De plus, on désigne par M;([0,7]) I'espace de processus
continu est croissant. Nous considérons I’équation suivante :

¢ ¢ ¢
Xi==x —|—/ f(s, Xs)ds + / h(s, Xs)d(B)s —|—/ g(s,Xs)dBs + K, 0<t <T, ¢q.s., (0.16)
0 0 0

ou la valeur initiale = € R, et pour un certain p > 2, les coefficients f,_h etg: Q) x[0,7] x R — R sont
des fonctions qui vérifient pour tout z € R, f(-,z), h(-,z) et (-, z) € ME([0,T]).

Soit .S un processus d’obstacle. La solution de (0.16) est alors un couple (X, K') qui vérifie : pour le méme
b,
(i) X € ME([0,T)) et Xy > S, 0 <t <T,qs.;
(i) K € M([0,T]) N ME([0,T)) et Ko = 0, q.s.;
ooy T
(iii) fo (X; — Sp)dK; =0, gss..

Dans un premier temps, nous établissons la notion d’intégrale stochastique par rapport a un processus
continu et croissant dans le cadre de la G-espérance. Puis nous étudions les propriétés des intégrales de



ce type, et donnons une extension de la formule de G-1td pour un processus composé de la somme X d’un
processus de G-1td et d’un processus qui appartient & M ([0, T]) N MZ([0,T]) :

t t t
X, = X, +/ fudu +/ hud(B), +/ GudBy + K; — K. (0.17)

Théoréme 0.9 Soit & € C*(R) une fonction réelle telle que ®” est a croissance polynomiale. Soient f, h et
g des processus bornés dans MZ([0,T)), et K € M([0,T]) N M&([0,T)) tel que pour chaque t € [0,T),

1imth[|Kt - K¢|*] =0; (0.18)

et pour tout p > 2,

E[K®] < +oo. (0.19)

Alors, pour un processus de G-Ité6 X de la forme (0.17), nous avons

L dd L dd
3% - 8(X,) = [ TXhdu+ [ TXhd(B),
L d® tdd
— (X.)gudB —(X,,)dE,
+ [ G agas.s [ T xax,
1 ["d*® )

La preuve de ce théoreme est basée sur un théoréme similaire pour un processus de G-1td de ’article de
Peng [75] : un point critique est donc de montrer la convergence suivante, dans MZ ([0, 7)) :

2N -1
kz_o Koy o () = K| = 0. (0.20)

k

Dans la preuve de la formule d’It6 classique, ce type de convergence est facile & montrer en considérant la
continuité des trajectoires de K et en utilisant le théoréme de convergence dominée de Lebesgue. Cepen-
dant, en raison de I’absence d’un tel théoreme dans le cadre de la G-espérance, nous supposons (0.18) afin
d’assurer (0.20). Pour prouver ce théoréme, nous commengons par approcher @ par une suite {®" } yen
de fonctions dont les dérivées sont uniformément bornées et lipschitziennes. Afin de démontrer les trois

convergences : NV (X,;) — ®(X;) dans LZ(Q); dg’xN (X) — %(X) et d;fQN (X) — ‘(%Z’(X) dans

MZ([0,T]), nous avons besoin de I’hypothese (0.19).

Dans un deuxiéme temps, nous examinons le G-mouvement brownien réfléchi. A 1’aide de la résolution du
probleme de Skorokhod, nous établissons le théoréme suivant :

Théoréme 0.10 Pourp > 1, il existe un unique couple (X, K) dans M% ([0, T])x (M ([0, T])NME([0,T7])),
tel que

Xe=Bi+ K, 0<t<T, ¢s,
ou (a) X est positif; (b) Ko =0; et (c) fOT XidK; =0, g.s..

De la méme maniere, nous pouvons obtenir un théoréme similaire pour un processus de G-It6 Y :

Théoréme 0.11 Pour p > 2, considérons un processus de G-1t0'Y de la forme suivante, dont les coefficients
appartiennent a ME.([0,T)), et de valeur initiale y > 0 :

t t t
Ytzy+/ fsds+/ hsd<B>s+/ 0udB,, 0<t<T.
0 0 0

Alors, il existe un unique couple (X, K) dans M%([0,T1) x (M ([0,T]) N ME([0,T7))), tel que
Xt:Y;f—'_Kb OStSTv q.s.,

ou (a) X est positif; (b) Ko =0; et (c) fOT X:dKy =0, g.s..
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En supposant que les coefficients f, h et g sont uniformément lipchitziens par rapport a x et que 1’obstacle
S est un processus de G-1td, nous démontrons que (0.16) admet une unique solution dans MZ([0,77)) x
(M ([0,77) N ME ([0, T))). Nous présentons brievement les étapes de la preuve : grace au théoréme 0.11,
nous pouvons utiliser la résolution du probleme de Skorokhod pour obtenir une représentation explicite de
K par rapport a X qui est la solution de (0.16), puis nous établissons des estimations a priori, desquelles
nous déduisons 1’unicité de la solution. Par contre, pour I’existence de la solution, nous construisons une
suite de Picard dont I’existence est assurée par le théoréme 0.11, puis nous obtenons la convergence de
cette suite par une méthode classique (cf. El Karoui et Chaleyat-Maurel [21]). En complément des résultats
énoncés ci-dessus, un principe de comparaison est obtenu en utilisant la formule de G-1td généralisée (cf.
théoreme 0.9).

Notons que notre méthode est utilisable si nous considérons (0.16) dans un cas symétrique, i.e. (0.16) avec
un obstacle supérieur, car pour une GEDS réfléchie, le processus particulier 1ié au cadre de la G-espérance et
le processus lié au probleme réfléchi sont déja séparés (contrairement a ’EDSR du seconde ordre réfléchie,
cf. Matoussi et al. [61]) : démontrer le résultat d’existence et d’unicité de la solution en utilisant une méthode
basée sur le théoréme de point fixe ne nous cause donc pas de soucis.

Le chapitre 1 est organisé comme suit. Des résultats connus dans le cadre de la G-espérance sont rappelés
dans la partie 1.2. La partie 1.3 est dédiée aux intégrales stochastiques par rapport a un processus croissant
dans ce nouveau contexte et a une extension de la formule de G-Itd. Puis dans la partie 1.4 nous introduisons
le résultat d’existence et d’unicité du G-mouvement brownien réfléchi. Enfin, la partie 1.5 présente nos
résultats principaux sur la théorie des GEDSs réfléchies.

Méthodes de localisation pour les GEDSs

Le but du chapitre 2 est d’étudier une extension de la formule de G-Itd et une classe de GEDSs plus géné-
rales, dites GEDSs non-lipschitziennes, en utilisant des méthodes de localisation. Nous savons que dans le
cadre classique, les intégrales d’Itd peuvent étre définies pour les processus qui sont localement intégrables
par rapport au mouvement brownien via une méthode de localisation. Dans le cadre de la G-espérance, le
premier pas est posé dans I’article de Li et Peng [52] qui définissent I’intégrale de G-Itd pour de tels pro-
cessus et prouvent une formule de G-Itd plus générale que celle de [75].

Dans le chapitre 2, nous commengons par quelques rappels sur I’idée de Li et Peng [52], puis nous introdui-
sons la notion d’intégrale stochastique par rapport a un processus continu a variation finie dans le cadre de
la G-espérance, qui est une généralisation de 1’intégrale par rapport & un processus continu et croissant du
chapitre 1. Parallelement, une extension de la formule de G-Itd est donnée par la somme d’un processus de
G-It6 et d’un processus continu a variation finie. La méthode de localisation nous permet de traiter le cas
d’une fonction de classe C12([0, 7] x R™), sans hypothése supplémentaire sur ses dérivées. Dans le suite,
nous adoptons souvent la convention de notation d’Einstein.

Théoréme 0.12 Soient ® € C12([0,T] x R™) et X un processus de la forme suivante :
t t .. . . t . .
Xp=ap [ grase [woasp s [ gani vz =1,
0 0 0
o f¥ et h appartiennent & ML([0,T]) (voir la définition 2.15), g7 appartient a M2([0,T]), v =

1,....n,1 5 =1,...,d, et K est un processus n-dimensionnel continu a variation finie vérifiant que pour
une certaine constante positive o et tout 0 < uy; < T :

lim E[[V@(K) — Vi (K)|*] = 0. (0.21)

U2 —uUl

Alors, nous avons

t
D(t, X)) — (0, z0) = / (0:D(s, Xs) + O ®(s, Xs) f¥)ds
0
t 1 o S
[ (o mtoxane o oR s Xt i ),
0

t t
4 [ 0l X2 B + [ 0,0l XJARY, g5
0 0
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Nous remarquons que 1’hypothese (0.21) sur K est affaiblie par rapport a (0.18) et (0.19). Pour prouver ce
théoreéme, nous commencons avec un K borné, et grace a la méthode de localisation via des temps d’arrét,
ce résultat préliminaire est généralisé aux K qui ne vérifient que (0.21).

Enfin, nous considérons les GEDSs dont les coefficients sont localement lipschitziens par rapport a x. Plus
précisément, nous nous intéressons a la GEDS homogene en temps :

t t t
X, = x+/ f(XS)ds+/ h(X,)d(B,B), +/ 9(Xy)dB,, 0<t<T, qs.,  (0.22)
0 0 0

dont les coefficients vérifient I’hypothese suivante : les coefficients des matrices coefficients de (0.22) f*,
hijetgy :R" = R, v=1,...,n,4,57 =1,...,d, sont des fonctions déterministes, telles que, pour tout z,
z' € {z : |z| < R}, il existe une constante positive C'r qui ne dépend que de R, telle que

() = F@)] +[Ih(z) = h() + [lg(z) — g(a)| < Crlz —2'].

Pour prouver I’existence de solutions, nous commengons par approcher la GEDS initiale (0.22) par une
suite des solutions des GEDSs uniformément lipschitziennes suivantes :

t t t
XN = x—i—/ fN(X;V)ds+/ AN (XMYd(B, B), +/ gV (XN)dB,, 0<t<T, q.s.,
0 0 0

ott les coefficients f%V, hN et gV sont les fonctions tronquées, données génériquement par

vy @ sl <N
¢ )_{ C(Nx/|x]),si|z| > N.

Puis nous définissons une suite de temps d’arréts par
Ty = inf{t: | XN| > N}AT.

En supposant que la GEDS initiale (0.22) possede une fonction de Lyapunov (ce qui nous permet de traiter
une GEDS dont les coefficients sont a croissance non-linéaire) qui assure la non-explosion des solutions,
nous démontrons que

“+oo
C’< U{w:TN(w)T}> =1.
N=1
Cela nous permet de définir une solution de la GEDS initiale (0.22) sur un intervalle [0, T'], pour un 7" arbi-
traire, par la suite de solutions { XV} y¢n. La preuve d’unicité de la solution est par contre triviale.

De plus, pour une GEDS non-homogene en temps vérifiant des hypotheses similaires, nous prouvons obte-
nir un résultat analogue.

Le chapitre 2 est organisé comme suit. Certains résultats connus dans le cadre de la G-espérance sont
rappelés dans la partie 2.2. La partie 2.3 est dédiée aux intégrales de G-Itd pour une classe de processus
«localement intégrables » par rapport au G-mouvement brownien. Puis dans la partie 2.4, nous définissons
les intégrales stochastiques par rapport a un processus a variation finie dans ce cadre et donnons une exten-
sion de la formule de G-1td. Nous présentons la théorie des GEDSs non-lipschitziennes dans la partie 2.5.
Enfin, la partie 2.6 fournit quelques procédures complémentaires pour démontrer I’extension de la formule
de G-Ito.

GEDSs réfléchies multidimensionelles

Dans le chapitre 3, nous étudions les GEDSs réfléchies multidimensionnelles sur I’espace M ([0, T]; R™)
par une méthode de pénalisation introduite dans 1’article de Menaldi [63]. Nous considérons la GEDS
réfléchie n-dimensionnelle avec une contrainte ouverte et convexe O suivante :

¢ ¢ ¢
Xi=z —|—/ f(s, Xs)ds —|—/ h(s,Xs)d(B, B)s —|—/ 9(s,Xs)dBs — K, 0<t <T, ¢q.s.. (0.23)
0 0 0

Nous dirons qu’un couple de processus (X, K) a valeurs dans R™ x R™ résout cette GEDS réfléchie si
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(i) X et K appartiennent 2 M2([0,7T]; R™). Pour tous les w a I’extérieur d’un ensemble polaire A, les
trajectoires X.(w) et K.(w) sont continues sur I'intervalle [0, 77 ;

(ii) Pour chaque w € A, X.(w) prend ses valeurs dans O, K.(w) est & variation finie sur I'intervalle
[0,T] et Ko(w) =0;

(iii) Pour tout Z qui est un processus tel que pour chaque w € A€, Z.(w) prend ses valeurs dans O et est
continu, alors pour tout ¢ € [0, 77,

¢
/ (Xt (w) — Zy(w))dKi(w) > 0, pour tout w € A°.
0

L’idée pour prouver 1’existence consiste a approcher la solution de (0.23) par la suite de solutions des
GSDEs uniformément lipschitziennes pénalisée :

t t 1t
Xi=u —|—/ f(s,X5)ds +/ 9(s, X5)dB;s — g/ B(XZ)dt, 0 <t<T, q.s.,
0 0 0

ol on désigne par 23(x) le gradient du carré de la distance & O. En supposant que les coefficients f, g et h
sont lipschitziens et bornés, nous établissons les convergences uniformes en norme suivantes : pour p > 1,

E[ sup |X{ — X{'|P] — 0, quand e, &’ — 0;
0<t<T

P
] — 0, quand ¢, ¢/ — 0.

Lt Lot
> [ o= 5 [ o

Alors, ’existence d’une solution de (0.23) est un corollaire direct. D’autre part, I’unicité de la solution est
facile & montrer en utilisant la formule d’1t6 sous chaque P € Pg.

I_E[ sup
0<t<T

Le chapitre 3 est organisé en deux parties : la premiere présente la formulation des GEDSs réfléchies mul-
tidimensionnelles, tandis que la deuxieme fournit les résultats de convergence.

0.3 Une étude des EDSRs du second ordre

0.3.1 Rappels sur la théorie des EDSRs du second ordre

En plus de la finance, la théorie des EDSRs trouve des applications dans le domaine des EDPs. Les premiers
résultats d’une représentation probabiliste via la technique des EDSRs pour les solutions de viscosité des
EDPs paraboliques semi-linéaires ont été obtenus dans les articles de Peng [70] et Pardoux et Peng [69],
dans lesquels les auteurs considerent une classe d’EDSRs markoviennes. Pour ces équations, les aléatoires
du générateur et de la valeur terminale sont données par une diffusion. Plus précisément, on considere un
couple (Y, Z) solution de 'EDSR suivante :

T T
Y; = g(X7) +/ f(s, Xs,Ys, Zs)ds — / ZdWE 0<t<T Py—p.s., (0.24)
t t
ou X est la solution d’une EDS :
t t
X, ==z —|—/ b(s, Xs)ds —|—/ o(s,X)dWE, 0<t<T, Py—p.s., (0.25)
0 0

et f, g sont des fonctions déterministes continues. Le systeme, composé d’une EDS et d’une EDSR, est
ce qu’on appelle un systeme d’équations différentielles stochastiques progressives-rétrogrades (EDSPRs en
abrégé).

Nous considérons ensuite I'EDP suivante sur [0,7") x R? :

{ (O + Lyult z) + f(t, 2, u(t, z), Vu(t, ) Fo(t, x)) = 0; (0.26)

u(T,x) = g(),
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ol L est le générateur infinitésimal associé a la diffusion (0.25), donné par
1
Lu(t,z) = §tr(aTr(t,x)a(t,x)Dzu(t,x)) +b(t, x) T Vu(t, z).

Lorsque f et les coefficients dans la définition de 1’opérateur £ sont assez réguliers, I’EDP (0.26) admet une
solution classique v. En utilisant simplement la formule d’Itd, nous pouvons voir que (v(t, X;), Vo(t, X;)T*
o(t, X)) résout 'EDSR (0.24). En particulier, nous avons v(0,2) = Yp, ce qui généralise la formule de
Feynman-Kac qui donne une interprétation probabiliste a la solution d’une EDP.

Suite a ces premiers travaux, beaucoup d’articles se sont intéressés a 1’interprétation probabiliste de solu-
tions d’EDPs principalement dans les deux sens suivants : exprimer la correspondance entre une certaine
classe d’EDPs et une certaine classe d’EDSRs, et obtenir des propriétés des EDPs (cf. Briand et Hu [8],
Delbaen et al. [16], El Karoui et al. [22], Hu et Qian [38], Kobylanski [46] et Ma et al. [58]) ; proposer une
méthode probabiliste de simulation numérique des solutions d’EDPs (cf. Bouchard et Touzi [5] et Zhang
[97D).

Nous remarquons que cette interprétation probabiliste par rapport a un systtme d’EDSPR classique est
seulement disponible pour les EDPs quasi-linéaires (ou 'EDSPR est couplée, sinon, pour les EDPs semi-
linéaires), i.e. les EDPs qui ont une dépendance linéaire par rapport aux dérivées du second ordre de la
fonction inconnue. C’est pour cette raison qu’en utilisant la formule d’Itd, 1a Hessienne n’apparait que dans
le terme contenant la variation quadratique de X, et ce terme induit une dépendance linéaire de la Hessienne
dans (0.26).

Pour ouvrir une voie vers I’interprétation probabiliste pour une plus grande classe d’EDPs, dites EDPs
completement non-linéaires, Cheredito et al. [11] eurent I’idée de construire un systeme d’EDSPRs dont le
générateur de la partie rétrograde dépend de la variation quadratique de Z :

Définition 0.13 Soient (s,x) € [0,T)xR% et (Y3, Zy, T, A) s<i<T un quadruplet de processus F*-progre
-ssivement mesurables (ou {F°}s<i<r est la filtration naturelle complétée générée par mouvement brow-
nien translaté W .= W, — W, s <t < T), qui prend ses valeurs dans R x R4 x Sy x RY. Nous dirons
que (Y, Z,T', A) est une solution d’'une EDSR du second ordre (2EDSR en abrégé) correspondante aux
parametres (X% h,g), si

dYy = —h(t, X", Y1, Zy, Ty)dt + Zy o dX;", s <t < T, Py — p.s.;
dZy = Adt + Td X" 0.27)
YT = g(X;,$)7

o Uapplication h : [0,T) x R? x R x R? x S; — R est continue, Z o dX*% désigne I'intégrale de
Stratonovich et X" est la solution de I’EDS suivante :

t ¢
X, ==z —|—/ b(X,)du +/ O'(Xu>dWEO, s<t<T, Py—p.s.. (0.28)

Nous définissons une EDP associée a la 2EDSR (0.27), qui permet d’avoir une dépendance completement
non-linéaire par rapport a la Hessienne de la fonction inconnue :

(0.29)

{ Owu(t, ) — h(t, z,u(t, ), Vu(t, ), D*u(t,z)) = 0;
u(T,z) = g(x).

Soit u : [0,7] x RY — R une fonction assez réguliere qui résout I'EDP (0.29) : en utilisant encore la
formule d’Itd, nous pouvons voir facilement que le quadruplet (Y, Z, T, A) défini par

Y, = w(t, XD), Z = Vo(t, X;"), Ty := D?u(t, X} %) et Ay := LVu(t, X)), s <t < T, Py —p.s.,
résout la 2EDSR (0.27). Mais il ne s’agit que d’un exemple particulier. Cheridito et al. [11] consideérent

un cas plus général, i.e. une interprétation probabiliste pour les solutions de viscosité des EDPs du type de
(0.29) lorsque le générateur h est uniformément lipschitzien en y, a croissance polynomiale en x, z et -y, et
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décroissant en . Plus précisément, aprés avoir défini un ensemble admissible A := U} A%7 pour Z,
ou en fixant py et po > 0:

t t
AT = {Z:Zt:z—i—/ Auds—i—/ DdX5® s <t<T, z€R%
max{|Z[, [A¢|, [Te|} < m(1 + [ X771
Ty = Tef < m(L+ | X577 + | X7 P2) (Ju — ] + [ X357 = X77), sSu<t < T}’

les auteurs font remarquer que si une solution (Y, Z, T, A) de la 2EDSR (0.27) est déja trouvée et est telle
que le processus Z se situe dans 4%, alors elle est la solution unique parmi tous les quadruplets dont Z
appartient a cette contrainte .4%*. De plus, une solution de viscosité de 'EDP (0.29) peut étre construite
dans un certain sens a partir de cette solution (Y, Z, T, A).

Les questions suivantes se posent alors naturellement : 1’unicité a-t-elle toujours lieu lorsque la valeur termi-
nale n’est plus markovienne ou lorsque .4%* est étendue a une classe moins technique. Malheureusement,
Cheridito et al. [11] ne nous fournit pas de réponse. De plus, Soner et al. [§7] nous donnent un contre-
exemple lorsque la valeur terminale est une variable aléatoire appartenant a L2(Py). De plus, concernant
I’existence de solutions pour les 2EDSRs de la forme (0.27), il n’existe a ce jour qu’un résultat dans un cas
trivial dans Iarticle de Soner et al. [87], o f(t,y, z,7) = § pour une constante ¢ # 1.

Il est clair que 1’absence d’un résultat d’existence et d’unicité des solutions des équations de la forme (0.27)
sous des hypotheses suffisamment faible diminue I’applicabilité de ces équations : nous pouvons donc nous
demander s’il y a une nouvelle formulation équivalente a (0.27) qui remplit la méme fonction.

Pour compléter les remarques précédentes, il est intéressant de noter que, en plus d’un schéma numérique
probabiliste fournit dans I’article de Cheridito et al. [11], Fahim et al. [26] proposent un nouveau schéma, en
combinant la méthode de Monte Carlo et des différences finies, pour des EDPs compleétement non-linéaires
du type (0.29), sans avoir rappelé la formulation de 2EDSRs. A partir de ce travail, Guyon et Labordere
[31] effectuent une simulation du pricing dans un cadre a volatilité incertaine.

Nous rappelons I’idée de Cheridito et al. [11] : il s’agit d’ajouter une équation permettant d’avoir un contrdle
sur la variation quadratique du processus Z et d’ajouter une variable libre dans le générateur i qui repré-
sente le coefficient de ce contrdle. Nous pouvons voir que dans ’EDSR de (0.27), ce controle agit sur le
terme

T
(ZZC))()t:::u/ﬁ ZsodX,,
t

qui peut étre vu comme une fonctionnelle de Z et X. Il est naturel de se demander si nous pouvons atteindre
les mémes objectifs en contrdlant I'intégrateur X au lieu de Z et générer une formulation duale de ce
probleme.

En supposant que h dans (0.29) est convexe et décroissante en ~y, d’apres Rockafeller [81] nous avons la
représentation suivante :

1
Wt 2,5, 77) = sup {Qtrm)F(t,x,y,z,a)}, (030)

a€sy’

ou F' est la transformée de Fenchel-Legendre de h. Nous pouvons tout d’abord considérer, pour une fonction
déterministe a en ¢ prenant ses valeurs dans Sjo (I’espace de matrices symétriques réelles définies positives
d’ordre d), une EDP semi-linéaire sur [0,7) x R¢ :

1
Opu(t, x) + itr(&tDQu(t, x)) — F(t,z,u(t,x), Vu(t,x),a;) = 0;

u(T,z) = g(x).

11 est facile de voir que cette EDP est associée a un systeme d’EDSPR classique :

T T
)/f, :g(XT)i/ F(53X87Y€aZS7dS)d57/ stXSa OStSTv IPJ07p’97
t t

t
X, = / alZawke 0 <t <T, Py—p.s.,
0
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ou a est en fait la variation quadratique de X.

Remarquons que sous la probabilité Py, si nous faisons varier @, nous pouvons obtenir une classe d’EDSRs
dont les intégrateurs stochastiques sont des martingales contrdlées par une classe de a. Dans ce cas, une
solution Y doit étre un processus universel pour toutes les EDSRs appartenant a cette classe, tel que chaque
EDSR a lieu Py-p.s..

Or, pour construire une telle classe d’EDSRs, une autre méthode est adoptée par Soner et al. [87]. Elle
consiste a travailler avec le processus canonique B au lieu de X, et a considérer une EDSR d’une forme
universelle sous une classe de probabilités mutuellement singulieres au lieu d’une seule probabilité Py.
Plus précisément, les auteurs de [87] définissent une classe Pp (similaire & Py dans le cadre de la G-
espérance) composée des mesures de probabilité P sous lesquelles B est une « vraie » martingale, qui peut
&étre représentée par

t
Bt:/ al2aw?, (0.31)
0

ol a est la densité de la variation quadratique de B, W est un mouvement brownien sous P défini par
t
W = / a;'/?dB,,
0

eta; € Dp,,0 <t <T,P-p.s., ot Dp, estle domaine de F' en a indépendant de (y, z). Nous introduisons
alors la définition suivante :

Définition 0.14 Nous disons qu’une propriété a lieu P -quasi-siirement (q.s. en abrégé), si et seulement
si elle a lieu P-p.s., pour toute P € Ppy.

Cette notion de « quasi-sir » est 1égérement plus faible que celle donnée dans le cadre de la G-espérance.
Dans ce nouveau sens de « quasi-siir » associé a la classe Py, une 2EDSR d’une nouvelle forme est posée :

T T
Y;=¢ +/ F(s,Ys, Zs,a5)ds +/ ZsdBs + Kr — Ky, Py —q.s., (0.32)
t t

ol @ est un processus défini ponctuellement qui coincide P-p.s. avec la densité de la variation quadratique
de B sous chaque P € Py, et K est un processus croissant qui vérifie une condition de minimalité : pour
chaque P € Py,

KF = inff EF[KE)], 0<t<T, P—p.s., 0.33
C =p Ssinf B [Kr] 0<t< p-s (0.33)

PH(t+,P) = {]P)/ € Py: ]P)/|]_-t+ = P‘]_-;r}

Lorsque le générateur F' est uniformément lipschitzien en (y, z), Soner et al. [87] ont démontré 1’existence
et I'unicité d’une solution a (0.32) sous une hypothese particuliere d’intégrabilité uniforme (en P) sur &
et I, et sous certaines hypotheses qui seront précisées ultérieurement, pour assurer la mesurabilité d’une
solution construite trajectoire par trajectoire. Dans la partie de leur preuve concernant 1’unicité, un théoreme
de représentation est donné, qui montre que la solution Y de (0.32) est en fait un supremum (dans un certain
sens a préciser dans la suite) des solutions y* des EDSRs classiques avec les mémes paramétres (T, F, &) :
pour chaque P € Py,

Y; = esssup” yf (T,€), P—p.s.. (0.34)

PP (t+,P)

De ce fait, nous pouvons noter que K est alors un « correcteur » qui compense la différence entre cette
solution supérieure Y et les Y, P € Py, et qui s’assure que 1’égalité (0.32) est toujours vérifiée. D’autre
part, ’existence d’une solution de (0.32) est aussi prouvée avec I’aide des solutions d’EDSRs classiques,
mais par une technique moins habituelle, qui s’appelle « distributions probabilistes conditionnelles régu-
lieres (d.p.c.r. en abrégé) », permettant d’effectuer une analyse stochastique trajectoire par trajectoire et
d’empécher que nous ne rencontrions le probleme de prouver une convergence uniforme (en P) sous une
classe de probabilités non-dominée. En effet, ce probleme surgit si, pour montrer 1’existence, nous suivons
une procédure globale ayant pour base d’itération de Picard.
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Au niveau de I’interprétation probabiliste de solutions d’EDPs, une formule du type Feynman-Kac est prou-
vée dans I’article [87]. Elle donne une description du lien entre les EDPs complétement non-linéaires et les
EDSRs lorsque la fonction h est convexe et décroissante en 7.

Suite a ce premier résultat pour les 2EDSRs de la forme (0.32), plusieurs auteurs ont travaillé sur ce sujet
afin d’obtenir un résultat similaire sous quelques hypotheses affaiblies, dans un cadre avec contraintes ou
dans le cadre d’une filtration non-continue.

Le premier article est fait par Possamai [77], qui traite du cas ou le générateur F' est uniformément continu
en toutes les variables, a croissance linéaire en y, et vérifie une condition de monotonie. En déduisant un
théoréeme de représentation similaire a (0.34) de Soner et al. [87], I’unicité de la solution pour la 2EDSR
(0.32) est prouvée (cela peut étre fait sans supposer la continuité uniforme en y) ; cependant, pour procéder
comme dans 1’article de Lepeltier et San Martin [47] puis étendre la preuve de 1’existence d’une solution,
utiliser un théoréme de convergence monotone pour une suite décroissante est inéluctable. Comme nous
I’avons déja mentionné précédemment, Denis et al. [17] ont fourni un tel théoréme pour une classe de pro-
babilités non-dominée. Afin de travailler avec ce théoreme, les auteur diminuent légérement la classe de
probabilités pour s’assurer que Pp est faiblement compact et renforcent un peu la condition d’intégrabilité
de ¢ et de F'. Méme si le sens de « quasi-siir » ici n’est pas exactement le méme que celui du cadre de la
G-espérance, cette différence peut étre négligée en appliquant ce théoréme de convergence monotone a une
suite { X"}, ey de variables aléatoires qui sont toutes continues par rapport a w.

Motivés par la résolution du probleme de pricing d’options américaines dans un marché a volatilité in-
certaine, Matoussi et al. [61] ont considéré une nouvelle classe de 2EDSRs, dites 2EDSRs réfléchies. Ces
équations sont définies avec un obstacle cadlag S inférieur, le processus K permet donc en outre de s’as-
surer que la dynamique Y reste toujours au-dessus de 1’obstacle .S. La condition minimale (0.33) doit alors
&tre réécrite : pour chaque P € Py,

KP — kP = essinff EF[KE kB 0<t<T, P—p.s.
t t T pepy 1+ P) i (K 7], 0<t<T, p.s

ol k est un processus croissant qui appartient au triplet (y¥, 2, k%), qui est la solution de 'EDSR réfléchie
classique sous la probabilité P avec les mémes parametres (T, F, £, S) (dont I’existence et I’unicité sont
assurées par Lepeltier et Xu [49]) :

T T
Y =¢ -|-/ F(s,yf, 28 as)ds — / LAB A Ky —E, 0<t< T, P—p.s.;
t t
t
yF > 8, / (yF — S, )dkE =0,0<t<T,P—p.s.
0

Sous les mémes hypotheses que dans 1’article de Soner et al. [87] sur F|, £ et Pp, le résultat d’existence et
d’unicité pour les solutions de 2EDSRs réfléchies est obtenu apres avoir établi un théoréme de représenta-
tion et en utilisant un argument via la technique des d.p.c.r..

Toutefois, il convient d’indiquer que cet article [61] ne consideére que le cas ou 1’obstacle est posé en-
dessous. Dans le cas symétrique, il faut qu’un processus décroissant 1ié au probleme réfléchi et un proces-
sus croissant lié au cadre de 2EDSRs contrdlent la dynamique en méme temps, ce qui induit une discussion
tres complexe avec un processus qui ne possede que la finitude de ses variations comme propriété de ré-
gularité. Ce probleme est resté ouvert jusqu’a ce que Matoussi et al. [60] remarquent qu’en supposant que
I’obstacle supérieure peut étre décomposé sous une certaine forme, ce processus a variation finie peut-étre
bien décomposé en deux parties dont les variations sont a supports disjoints. Ainsi, un résultat d’existence
et d’unicité pour les solutions des 2EDSRs avec barrieres des deux cotés est obtenu dans cet article et est
utilisé pour résoudre un jeu de Dynkin incertain, et également pour résoudre un probléme de sub-hedging
(et super-hedging) d’options d’Israeli dans un marché a volatilité incertaine.

De plus, Possamai et Zhou [78] traitent des 2EDSRs dont les générateurs F' sont a croissance quadratique
en z, et ce résultat est utilis€ par Matoussi et al. [62] pour résoudre les problemes de maximisation robuste
d’utilité du portefeuille dans un marché a volatilité incertaine. Ces deux articles sont la base de notre travail,
nous allons donc les introduire en détail afin de motiver les nouveaux résultats de la section 0.3.3.

Enfin, en considérant les 2EDSRs dirigées par un processus avec des sauts, cela nous permet de mieux mo-
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déliser le marché financier via la technique de 2EDSRs. Cependant, n’ayant pas travaillé dans ce cadre au
cour de cette these, nous renvoyons le lecteur aux articles de Kazi-Tani et al. [44, 45].

0.3.2 Une voie vers les GEDSRs

Comme nous I’avons déja expliqué dans la partie précédente, la 2EDSR (0.32) est étudiée avec une classe
de probabilités non-dominées dans le sens « quasi-slir » donné par la définition 0.14. Remarquons que le
cadre de la G-espérance (cf. Denis et al. [17] et Peng [73, 74, 75]) concerne aussi I’analyse stochastique
dans un sens similaire. Dans le cadre de la G-espérance, la notion d’EDSRs dirigées par un G-mouvement
brownien (GEDSRs en abrégé) est bien définie. Pour n = 1 et d = 1, nous expliquons dans le suite le lien
entre les deux types d’équations.

Nous considérons une fonction g définie sur [0,7] x R x R et H(¢,y,2,7) := G(v) — g(t,y,2), ou le
noyau de la chaleur G est donné par

1 1
G(y):== sup (avy) = 5(67* —ay7 ), 0<a<a< +o0,

a€la,a]

et Dy désigne le domaine de H en ~ pour (y, z) fixé. D’aprés Rockafeller [81], nous avons la forme de
représentation duale a (0.30) suivante :

1 1
F(tayazaa) = Sup {2(0“7) - H(tayazvv)} = Sup{z(af)/) - H(t,y,z,’y)}
YEDH yER

ol F est la transformée de Fenchel-Legendre de H. 1l est facile de voir que F’ (t,y,2,a) := g(t,y, z) et que
Dp, = [a,a), 0 < t < T. Définissons une sous-classe Py de Py, qui est composée des probabilités sous
lesquelles a est uniformément majorée par @ et uniformément minorée par a, et considérons une 2EDSR

dont le générateur est indépendant de a :

T T
Y, =&+ / g(s,Yy, Zg)ds — / ZdBs + Kr — K;, P — q.5.. (0.35)
t t

Si nous changeons un peu le sens de « quasi-siir », cette équation est en fait une GEDSR. Considérons un
cas plus simple, i.e., g = 0. Dans ce cas, le probleme d’existence et d’unicité des solutions de 1’équation
ci-dessus, avec une valeur terminale £, est équivalent au probleme de décomposition de la martingale Y; =
(E[g‘Qt})ogth :

T
thzg—/ ZSdBS+KT—Kt, PH—q.s..
t

D’apres Soner et al. [85] et Song [89], si £ appartient a I’ensemble L7, (Q27), p > 1, nous pouvons décompo-
ser (E[¢]€])o<i<r d’une facon unique pour obtenir une martingale symétrique (qui peut étre représentée
par [ ZdB selon Xu et Zhang [95]) et une martingale décroissante — K. En particulier, Peng [74] signale
que si & = (Br), ol ¢ est lipschitzienne et bornée, la martingale décroissante —K peut encore &tre

décomposée en
1 t
=~z (G0 - [ naip).),
0

ol ) est un certain processus dans M ([0, 7). Plus récemment, Peng et al. [76] ont trouvé un sous-espace
fermé de L7, (Qr), p > 1, et ont fourni un théoréme de décomposition pour (E[£|€2;])o<¢<7, ol £ appartient
a ce sous-espace. Ce résultat est obtenu a 1’aide d’une norme appropriée pour 7 introduite par Song [89] et
d’une certaine estimation donnée par Hu et Peng [37].

Pour un cas plus général, i.e., g uniformément lipschitzienne en (y, z), Hu et al. [35] ont prouvé qu’il existe
un unique triplet (Y, Z, K) qui vérifient (0.35), ot — K est une G-martingale décroissante. Dans cet article,
I’unicité est montrée par des estimations a priori, tandis que I’existence est obtenue par une technique de
partition de I’unité et I’approximation de Galerkin. Remarquons que dans ce cas, I’integrabilité de la valeur
terminale n’est pas conforme a celle de la solution.

Un théoréme de représentation pour la G-espérance conditionnelle est prouvé dans I’article de Soner et al.
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[85] : par ce résultat, nous pouvons dire que K dans (0.35) vérifie toujours la condition minimale (0.33).

Notons de plus qu’en considérant un systeme composé d’une GEDSR et d’une GEDS, Hu et al. [36] et Peng
[75] donnent une formule du type Feynman-Kac généralisée pour les EDPs complétement non-linéaires.

0.3.3 Motivations et nouveaux résultats

Nous avons déja introduit dans la partie 0.1.1 des applications des EDSRs classiques afin de résoudre un
probléme de maximisation d’utilité de portefeuille. Ce modele est établi sous une probabilité fixée Py, et
il n’est donc utile que pour I’investisseur qui connait tres bien cette probabilité en considérant les données
historiques du marché financier. Mais en réalité, il y a beaucoup de raisons qui font que I’investisseur ne
peut pas la déterminer. Une fagon plus robuste est alors de re-modéliser ce probleme d’investissement avec
une classe de probabilités et d’établir un modele sous chaque P. Ainsi, la fonction de valeur (0.6) est réécrite
sous la forme suivante :
R . x,m
V(z) = iggplergH[U(XT )]

Notons V7™ (z) := infpep,, [U(X7™)] : pour chaque 7, V™ (z) représente I'utilité du pire des cas, ce que
nous optimisons. Pour cette raison, nous dirons que V' (z) est une fonction de valeur de « maximisation
robuste ». Dans ce cas, les propriétés de la classe de probabilités P sont essentielles pour la résolution du
probleme.

Initialement, ce probleme est traité lorsqu’il est composé de modeles dominés, c’est-a-dire qu’une mesure
finie Py peut-€tre trouvée telle que toutes les probabilités [P appartenant a P soient absolument continues
par rapport a celle-ci. Nous supposons que sous chaque PP, le processus de prix est du type (0.7) en utilisant
le changement de mesure : nous pouvons voir que I’incertitude n’apparait que dans le drift de cette diffusion
S. Quelques travaux se sont attachés a la résolution de ce probléme en utilisant des techniques d’analyse
convexe, parmi lesquels Bordigoni, Matoussi et Schweizer [4] et Gundel [29].

La situation devient beaucoup plus compliquée si nous considérons un probléme composé de modeles non-
dominés. Le probleme d’investissement optimal de ce type n’a été traité que récemment par Denis et Kerva-
rec [18], en travaillant avec une classe de probabilités non-dominée mais faiblement compacte et avec une
fonction d’utilité bornée, ce qui permet d’obtenir une propriété généralisée de « min-max » :

V(z) = inf sup EF[UX3Y)] = sup inf E¥[UX3Y)],
PEP Xex(a) T Xextm PeP !
ol x est un ensemble de processus de richesse admissibles. De la relation ci-dessus, les auteurs de [18] ont
déduit qu’il existe une probabilité la moins favorable dans la classe P et ce probleme peut donc étre résolu
par la résolution d’un probleme classique sous cette probabilité.

Inspirés de la résolution d’un probleéme classique via la technique d’EDSRs, Matoussi et al. [62] ont dé-
veloppé tres récemment un résultat analogue via la technique de 2EDSRs pour le probléme composé de
modeles non-dominés, avec des fonctions d’utilité particulieres (exponentielle, puissance et logarithme).
Nous considérons une utilité exponentielle dans la suite.

Supposons également qu’il n’y a qu’une seule obligation et d actifs sur le marché financier. Le taux d’intérét
de cette obligation est z€ro et les processus de prix des actifs suivent les EDSs suivantes : sous chaque P,

dSi = Si(bidt +dB}), 0<t<T,i=1,...,d, P—p.s.,

D’apres (0.31), nous savons que @'/? joue en fait le role de la volatilité de 1’article de Hu et al. [34]. De
ce fait, en considérant ce processus de prix sous plusieurs P, nous pouvons modéliser un probleéme de
maximisation avec une incertitude sur la volatilité. Supposons de plus que I’investisseur détient un actif
contingent ¢ autre que son portefeuille, qui est & échéance au temps 7". Matoussi et al. [62] cherchent une
meilleure stratégie dans un ensemble A qui est composé des processus 7 F-progressivement mesurables,
a valeurs dans une contrainte C' et qui sont les générateurs de martingale OMB associée a la classe P (une
notion étendue du générateur de martingale OMB classique), ol 7 désigne le montant investi dans 1’ actif i
au temps ¢. Alors, la fonction de valeur s’écrit :

T
V(x) := sup inf E* { — exp < — c<:r + / e (dBy + bedt) — f))] . (0.36)
P Jo

WEAPG
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En travaillant avec une classe P := Py qui est définie dans la section précédente, Matoussi et al. démontrent
que, soit lorsque & et b sont suffisamment petites et 0 € C, soit lorsque la frontiere de C estun arc de Jordan
de type C?, il existe une meilleure stratégie 7* dans A, qui optimise (0.36), et que la fonction valeur peut
étre représentée par la solution d’une 2EDSR dont le générateur est de la forme suivante : pour chaque
(w,t,2,0) € Q% [0,T] x R x S7°,

1 ~ 1
F(w,t, z,a) := gdist2 <a1/2z + Ca1/2bt(w),a1/20) — 2T, (w) — %\a71/2bt(w)|2. (0.37)

Par rapport aux résultats de Denis et Kervarec, 1’approche qui se trouve dans 1’article [62] permet de ré-
soudre explicitement le probleme avec certains types de fonctions d’utilité, mais les hypothéses supplémen-
taires adoptées sur & et b ou sur la frontiere de C' ne sont ni assez pratiques en réalité, ni faciles a vérifier.

La raison pour laquelle ils adoptent ces hypotheses supplémentaires mentionnées ci-dessus est d’assurer
I’existence et 1'unicité de la solution pour la 2EDSR dont le générateur est de la forme (0.37) a crois-
sance quadratique en z. Lorsque ce travail a été réalisé, il n’y avait aucun résultat sur les 2EDSRs de ce
type, excepté celui obtenu par Possamai et Zhou [78], qui traite d’une classe de 2EDSRs dont les gé-
nérateurs F' vérifient la condition suivante : F' est lipschitzien en y, continue en z et il existe un triplet
(o, B,7) € RY x Rt x RY, tel que pour tout (w, t,y,2,a) € 2 x [0,7] x R x R? x Dp,,

[F(w.t,y,2,0)] < a+ Byl + S|/ (0.38)

Nous remarquons que sous chaque PP, cette hypothese est la méme que dans 1’article de Morlais [64] pour
les EDSRs dirigées par une martingale continue. Dans cet article [78], les auteurs obtiennent le résultat
d’existence et d’unicité de la solution en supposant en plus de (0.38) une des deux hypotheses suivantes :

Hypothese 0.15 La valeur teminale £ et F(-,-,0,0,a.(-)) sont suffisamment petites pour la norme sup, et
F est « localement lipschitzien »en z, i.e. : pour tout (w,t,y,2,2",a) € Q x [0,T] x R x R? x R? x Dp,,

|F(w7t7y7z7a) - F(w7t7y>zl7a) - al/Q(Z - Z/)‘ < C’(|a“1/2’2:| + |a1/2z/|)\a1/2(z - Zl)|

Hypothése 0.16 Le générateur F est de classe C* en vy et de classe C? en z, et il existe deux constantes v
et 0 telles que, pour tout (w,t,y,z,2',a) € Q x [0,T] x R x R x R x Dp,,

0, F (w,t,y,z,a)| <75 |0.F (w,t,y,2,a)] <7+ 0la*?2|; |02, F(w,t,y,2,a)| <0.

Nous pouvons alors voir que les restrictions sur &, b et la frontiere de C permettent de s’assurer que le
générateur F' défini par (0.37) dans Iarticle de Matoussi et. al. [62] vérifie I’hypothese 0.15 ou 0.16, de
telle sorte que la 2EDSR associée a la résolution du probléme de maximisation robuste admet une unique
solution.

Afin de résoudre le probléme financier mentionné ci-dessus sous des hypotheses plus naturelles, nous allons,
dans le chapitre 4 de cette these, étudier les 2EDSRs dont les générateurs sont a croissance quadratique en
z, en remplagant les hypotheses 0.15 ou 0.16 par une autre hypoth&se moins technique, et résoudre ensuite
ce probléme financier, mais sans les hypotheses supplémentaires de Matoussi et al. [62].

11 faut noter que les hypotheses 0.15 et 0.16 ne sont nécessaires que pour montrer la relation suivante dans
la preuve d’existence d’une solution de Iarticle [78] : pour une probabilité fixée P € Py, tout ¢t € [0, 7] et
P-p.s.w € €,

WL W) =y (1, 0), (0.39)

ot 7 (1, &) est une solution d’une EDSR classique sur 1’espace original, tandis que yft’w’t’w (1,&) enestune
autre sur 1’espace translaté. Si la solution de I’EDSR sur I’espace original peut étre construite par I’itération
de Picard, cette relation est bien montrée en remplacant les deux cotés par leur représentation sous forme
d’espérance conditionnelle.

En se rappelant la théorie des EDSRs classiques, nous savons que Tevzadze [93] fournit un résultat d’exis-
tence et d’unicité par le théoréme de point fixe pour les EDSRs dont les générateurs quadratique vérifient
une hypothese analogue a I’hypothese 0.15. En utilisant ce résultat, cette relation a donc aussi lieu dans ce
cas. Si ’hypothese 0.15 est remplacée par I’hypothese 0.16, les EDSRs correspondantes des deux cotés de
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(0.39) peuvent étre retrouvées par sommation des morceaux obtenus a partir des EDSRs initiales, chacun
des morceaux étant une EDSR dont la valeur terminale a été divisée par un N € N suffisamment grand.
Alors, dans ce cas, la relation (0.39) a encore lieu.

Apres avoir obtenu cette relation, un résultat d’existence et d’unicité de solutions pour les 2EDSRs quadra-
tiques sous I’une ou I’autre des hypotheses mentionnées ci-dessus est établi dans ’article de Possamai et
Zhou [78], par la procédure introduite par Soner et al. [87].

Dans le chapitre 4 de cette theése, nous introduisons une hypothese pour remplacer les hypotheses 0.15 et
0.16, qui est plus usuelle et similaire a (0.5) du cas classique :

Hypothése 0.17 F est localement lipschitzien en z, i.e. : pour chaque (w,t,y, z,2',a) € Q x [0,T] x R x
R? x R? x Dp,,

F(t,w,y,2,0) = F(t,w,y,2, )| < C(1+ |a!22] + [a' 22/ |)]a"? (2 — 2')].

Sous cette hypothese, nous démontrons que la relation (0.39) a également lieu, en utilisant un changement
de variable exponentiel et une construction (similaire a (0.4)) de suites des solutions d’EDSRs a coefficients
lipschitziens, et en appliquant le théoréme de convergence monotone (cf. théoreme 0.1).

Nous surmontons ensuite une difficulté sur la stabilité des EDSRs quadratiques, ainsi, 1’existence de solu-
tions pour les 2EDSRs de ce type est prouvée sans autre difficulté essentielle. D’autre part, ’unicité de la
solution est démontrée via la technique de martingale OMB associée a la classe Pg.

Apres avoir généralisé le résultat théorique, nous traitons le probleme financier. Nous considérons toujours
la fonction de valeur (0.36), mais étendons 1égerement 1’ensemble des stratégies admissibles par la défini-
tion suivante :

Définition 0.18 Soit C' un sous-ensemble fermé de R®. L’ensemble de stratégies admissibles A est composé

des processus m = {m; }o<i<1 F-progressivement mesurables prenant leurs valeurs dans C,A® Pr-q.s.,
tels que pour chaque P € Py, fol |€Ltl/27rt|2dt < +o00, P-p.s. et {exp(—cXT)},cqa est une famille P-
uniformément intégrable.

Enfin, nous établissons le théoréme suivant qui fournit une résolution au probleme (0.36) et une forme
explicite de stratégie optimale 7* qui appartient a I’ensemble A, défini ci-dessus. Dans ce théoréme, nous
supposons que £ s’adapte a la condition usuelle dans le cadre de 2EDSRs quadratiques et que b est borné :

Théoreme 0.19 Soir £ € E‘;IO. La fonction de valeur du probleme de maximisation d’utilité du portefeuille
(0.36) est donnée par
V(z) = —exp(—c(z — Yp)),

ou Yy est définie comme la solution unique (Y, Z) € IB)IOLIO X H%{ de la 2EDSR suivante :
T T R
Y: :§+/ F(&ZS,&S)ds—/ ZydBs+ Kpr — K, 0<t<T, Pg —q.s.,
t t
et ot pour chaque (w,t,z,a) € Q x [0,T] x R? x S7°,
1 ~ 1
F(w,t,z,a) = gdist2 <a1/2z + —a Y %b(w), a1/20> — 2T (w) — 2—|a_1/2bt(w)|2.
c c
De plus, la stratégie la plus optimale est donnée par
.1/2

1 ~
a,*nf € 10,124, (ai/QZt + 1/2bt), A® Py —q.5., (0.40)

on I A (r) désigne la collection des points de I’ensemble fermé A qui réalisent la distance minimale entre
I’ensemble A et le point r.

Dans la preuve du théoréme ci-dessus, nous montrons bien que la stratégie 7* est un générateur de mar-
tingale OMB associée a la classe Py . En utilisant le théoréme de représentation pour les solutions d’une
2EDSR quadratique, nous pouvons comparer cette valeur V™ associée a 7*, donnée par (0.40), a la valeur
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optimale du probléme de maximisation classique sous chaque P € P, puis déterminer que V™ est opti-
male pour le probléme de maximisation robuste.

En plus du résultat ci-dessus, un probleme de maximisation robuste avec une fonction de puissance est
aussi examiné. Grace a la théorie des 2EDSRs quadratiques généralisée dans un premier temps, nous pou-
vons traiter le cas d’une fonction de puissance avec le coefficient  est inférieur a 1, au lieu de v < 0
considéré dans I’article de Matoussi et al. [62]. A la fin de cette these, nous discutons la possibilité d’affai-
blir I’hypothese quadratique (0.38) et I’hypothese 0.17 afin d’obtenir des résultats théoriques et appliqués
plus généraux.

Le chapitre 4 est organisé comme suit. Des résultats connus concernant les 2EDSRs sont rappelés dans la
partie 4.2. La partie 4.3 est dédiée aux estimations a priori et au résultat d’unicité pour les solutions de
2EDSRs a croissance quadratique. Dans la partie 4.4, nous déduisons le résultat d’existence de solutions
pour les 2EDSRs a croissance quadratique. Enfin, la partie 4.5 traite des problémes de maximisation robuste
de I’utilité du portefeuille via la technique de 2EDSRs.
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Part 1

Stochastic Differential Equations
Driven by G-Brownian motion
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Chapter 1

Scalar Valued Reflected GSDEs

Abstract:  In this chapter, we introduce the idea of stochastic integrals with respect to an increasing
process in the G-framework and extend G-It6’s formula. Moreover, we study the solvability of the scalar
valued stochastic differential equations driven by G-Brownian motion with reflecting boundary conditions
(RGSDEs).

Key words. G-Brownian motion; G-expectation; increasing processes; G-Itd’s formula; G-stochastic
differential equations; reflecting boundary conditions.

AMS subject classifications. 60H10

This chapter was published in
Electronic Journal of Probability 18: no. 9, 1-23, 2013,
under the title:
Stochastic Differential Equations Driven by G-Brownian Motion
with Reflecting Boundary Conditions

25



26 CHAPTER 1. SCALAR VALUED REFLECTED GSDES

1.1 Introduction

In the classical framework, Skorokhod [83, 84] first introduced diffusion processes with reflecting bound-
aries in the 1960s. Since then, reflected solutions to stochastic differential equations (SDEs) and Backward
SDEs (BSDEs) have been investigated by many authors. For the one-dimensional case, El Karoui [20], El
Karoui and Chaleyat-Maurel [21] and Yamada [96] studied reflected SDEs (RSDEs) on a half-line and El
Karoui et al. [22] obtained the solvability of reflected BSDEs. For the multidimensional case, the exis-
tence of weak solutions to reflected SDEs on a smooth domain was proved by Stroock and Varadhan [90].
Subsequently, Tanaka [92] solved the similar problem on a convex domain by a direct approach based on
the solution to the Skorokhod problem. Furthermore, Lions and Sznitman [57] extended these results to
a non-convex domain. The corresponding results for reflected BSDEs can be found in Gegout-Petit and
Pardoux [28], Ramasubramanian [79] and Hu and Tang [39] and others.

Motivated by uncertainty problems, risk measures and super-hedging in finance, Peng [73, 75] introduced a
framework of time consistent nonlinear expectation E[-], i.e., G-expectation, in which a new type of Brown-
ian motion was constructed and the corresponding stochastic calculus was established. In order to solve the
super-replication problem in an uncertainty volatility model, Denis and Martini [19] independently intro-
duced a notion of upper expectation and the related capacity theory. Moreover, a stochastic integral of Itd’s
type under a class of non-dominated probability measures was formulated. Recently, Denis et al. [17] found
there is a strong link that connects these two frameworks, that is, the G-expectation E[-] can be represented
by a concrete weakly compact family Pg of probability measures:

E[X] = Psg) EF[X], X € LL(Q).
G

Then, a Choquet capacity C/(-) can be naturally introduced to the G-framework:

C(A) := sup P(A4), A e B(Q),
PePq

by which we can have the following definition to the concept of “quasi-surely”, similar to the one in Denis
and Martini [19]: A set A C Q is polar if C(A) = 0; and a property holds “quasi-surely” (q.s. for short) if
it holds outside a polar set. In these two frameworks, a stochastic integral of 1t6 type is defined following
a usual procedure, that is, giving a definition first for some simple integrands and then completing the
spaces of integrands under the norm induced by the upper expectation related to Pg. This norm is much
stronger than that in the classical case and thus, the space of integrands is smaller than the classical one.
In other words, some additional regularity assumption should be imposed on the integrands to ensure that
the integrals are well defined. Using these notions of stochastic calculus in the G-framework, the existence
and uniqueness results for some types of SDEs driven by G-Brownian motion (GSDEs) can be obtained (cf.
Peng [75], Gao [27] and Lin and Bai [56]). For the reason stated above, the authors who studied GSDEs
always assumed the following condition on the coefficients of the equations: for each x € R,

f.(x), g.(x) € ME([0,T]).

At this price, all results in the works for GSDE:s listed above hold in the “quasi-surely” (q.s.) sense, i.e.,
outside a polar set, and all the processes are immediately aggregated.

Closely related to the G-framework, Soner et al. [88, 86, 87] have established another type of “quasi-sure”
stochastic analysis and also a complete theory for second order BSDEs (2BSDESs) under a uniform Lipschitz
condition on the coefficients. In that framework, another notion of “quasi-surely” was issued, which means
that a property holds P-a.s., for each probability measure P € Pp, which is a class of local martingale
measure. Obviously, this definition of “quasi-surely” is weaker than the one made by G-capacity. In this
weaker sense, we can consider the stochastic integral with respect to the canonical B under each probability
measure P € Py, respectively and we only need that these integrands meet the requirement for formulating
a stochastic integral with respect to a local martingale. Thus, this type of setting for 2BSDEs ensures that
we can treat the case that the coefficients have less regularity but that all the properties can only hold P-a.s.,
for each P € Pp. Following the pioneering work of Soner et al. [§7], Matoussi et al. [61] have studied the
problem of reflected 2BSDEs with a lower obstacle.

The aim of this chapter is to study the solvability of stochastic differential equations driven by GG-Brownian
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motion with reflecting boundary conditions (RGSDEs) in the sense of “quasi-surely” defined by Denis et
al. [17]. The scalar valued RGSDE that we consider is defined as following:

t ¢ ¢
X, =x+ / fs(Xs)ds —|—/ hs(Xs)d(B)s —|—/ 9s(Xs)dBs + K¢, 0 <t <T, q.s.;
0 0 ., 0 (1.1)

Xt Z St, 0 S t S T, q.s.; / (Xt - St)th = O7 q.S.,
0

where (B) is the quadratic variation process of G-Brownian motion B and K is an increasing process that
pushes the solution X upwards to remain above the obstacle .S in a minimal way. Similarly to how the
uniqueness results for classical reflected SDEs have been proved, the corresponding ones for RGSDEs can
also be deduced from a priori estimates. Moreover, a solution in M& ([0, T) to (1.1) can be constructed by
fixed-point iteration. Because of the reason that we have already explained, we need in addition to some
assumption on the coefficients f, h and g, which is similar to that in Peng [75], Gao [27] and Lin and
Bai [56], a regularity assumption on S to ensure that K stays in the space MZ([0,T]). To establish the
comparison theorem, we need to develop an extension of G-1t6’s formula to deal with such a process X,
which involves both stochastic integrals and an increasing process. This extended G-1t6’s formula can have
its own interest and may be used in other situations.

This chapter is organized as follows: Section 1.2 introduces notation and results in the G-framework which
are necessary for what follows. Section 1.3 introduces the stochastic calculus with respect to an increasing
process in the G-framework. Section 1.4 studies reflected G-Brownian motion and Section 1.5 presents our
main results.

1.2 G-Brownian motion, G-capacity and G-stochastic calculus

The main purpose of this section is to recall some preliminary results in the G-framework, which are nec-
essary later in the text. The reader interested in a more detailed description of these notions is referred to
Denis et al. [17], Gao [27] and Peng [75].

1.2.1 (G-Brownian motion

Adapting to the approach in Peng [75], let €2 be the space of all R-valued continuous paths with wg = 0
equipped with the distance

oo
pwhw?) =) 27N ((max |w; —wi|) A1),
N=1 -

B the canonical process and C 1, (R™) the collection of all local Lipschitz functions on R™. For a fixed
T > 0, the space of finite dimensional cylinder random variables is defined by

L,(Qr) :={@(By,,...,By,) :n €N, 0<t; <...<t, <T, ¢ € Crrip(R™)},
on which [E[] is a sublinear functional that satisfies: for all X, Y € LY (Qr),
(1) Monotonicity: if X > Y, then E[X] > E[Y];
(2) Sub-additivity: E[X] — E[Y] < E[X — Y];
(3) Positive homogeneity: E[AX]| = AE[X], for all A > 0;
(4) Constant translatability: E[X + ¢] = E[X] + ¢, forall c € R.
The triple (€2, L?p(QT), EE) is called a sublinear expectation space.

Definition 1.1 A scalar valued random variable X € L?p(QT) is G-normal distributed with parameters
(0,[02,5%)), i.e., X ~ N(0,[0?,52)), if for each ¢ € Cy 1;p(R), u?(t, ) := E[p(x +/tX)] is a viscosity
solution to the following PDE on Rt x R:

ou 0%
e G(m) =0;

ult=o0 = ¢,
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where L
G(a) := §(a+52 —a ¢?), acR.

Remark 1.2 Without loss of generality, we always assume that 5> = 1 in what follows.

Definition 1.3 We call a sublinear expectation E : L?p(QT) — R a G-expectation if the canonical process
B is a G-Brownian motion under E[], that is, for each 0 < s < t < T, the increment By — By ~
N(0,[(t —s)a?, (t — s)]) and foralln € N*,0 < t; <...<t, <Tandp € Cy 1ip(R"),

E[‘P(Btla SR Btnfl ) Btn - Btn—l)] = E[w(Btl U] Btn71)}’
where (21, ..., xn—1) = Elp(z1,...,Zn—1,Vtn — th—1B1)]

For p > 1, we denote by L7;(€r) the completion of LY (€27) under the Banach norm E[| - |7] 5.

1.2.2 (G-capacity

Derived in Denis et al. [17], G-expectation [E[-] can be viewed as an upper expectation E[-] associated with
a weakly compact family P of probability measures on L, (7)), i.e.,

E[X] = E[X] := Sup EF[X], X € L&(Qr).

In this sense, the domain of G-expectation can be extended from L, (€27) to the space of all B(Qr) mea-
surable random variables L"(€27) by setting

E[X]:= sup EF[X], X € L°(Qr).
PePc

Naturally, we can define a corresponding regular Choquet capacity on €2:

C(A) := sup P(A), A e B(Q),

PePg
with respect to which, we have the following notions:

Definition 1.4 A set A € B(S) is called polar if C(A) = 0. A property is said to hold quasi-surely (q.s.) if
it holds outside a polar set.

Definition 1.5 A random variable X is said to be quasi-continuous (q.c.) if for any arbitrarily small & > 0,
there exists an open set O C Q with C(O) < € such that X is continuous in w on O°.

Definition 1.6 We say that a random variable X has a q.c. version if there exists a q.c. random variable Y
suchthat X =Y, g.s..

In the language of G-capacity, Denis et al. [17] proved that for each p > 1, the function space L. (Q27) has
a dual representation, which is much more explicit to verify:

Theorem 1.7

L2(Qr) = {X € L°(Qr) : X has a q.c. version, NEIEWIE[|X|p1|X‘>N] =0}.
Unlike in the classical framework, the downwards monotone convergence theorem only holds true for a
sequence of random variables from a subset of L° (Qr) (cf. Theorem 31 in Denis et al. [17]).

Theorem 1.8 Let {X"},eny C L (Qr) be such that X™ | X, g.s., then E[X™] | E[X].

Remark 1.9 We note that dominated convergence theorem does not exist in the G-framework, even though
we assume that { X" },en is a sequence in L, (Qr). The lack of this theorem is one of the main difficulties
we shall overcome in the following sections.
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1.2.3 (-stochastic calculus

In Peng [75], generalized It6 integrals with respect to G-Brownian motion are established:

Definition 1.10 A partition of |0, T is a finite ordered subset W[](\)]’T] = {to,t1,...,tN} suchthat 0 =ty <
t1<...<ty=1T. We set
N y._ _
o) = _jmax [tk — .

For each p > 1, define
N-1
MEO.T) = { = 3 6l (0) 56 € L (O .
k=0

and denote by MP%([0,T)) the completion of M%° ([0, T]) under the norm

1

IR v
llszory = (7 [ Elwplar)”

Remark 1.11 By Definition 1.10, if 1) is an element in M5([0,TY)), then there exists a sequence of processes
(0" }new in ME®([0,T)), such that lirf fOT E[|np — n:|P]dt — 0. It is easily observed that for almost

everyt € [0,T), {n?}nen C LE(Q) and E[|nl* — n:|P] — 0, thus n, is an element in LY, (Q).
Definition 1.12 For eachn € Mé’o([o, T)), we define

N—-1

T
I[O,T] (77) :/0 NsdBs := Z fk(Btk+1 - Btk)'

k=0
The mapping Lo 1) : Mé’o([O, T)) — L§(Qr) is continuous and linear and thus, can be uniquely extended
10 Lo 1y : ME([0,T)) — LE(Qr). Then, for each ) € ME([0,TY)), the stochastic integral with respect to
G-Brownian motion B is defined by fOT NsdBs := Lo, 1)(n)-

Unlike the classical theory, the quadratic variation process of G-Brownian motion B is not always a deter-
ministic process (unless ¢ = ¢) and it can be formulated in Lé(Qt) by

N-1 t
(B)e = Jl}m Z(Bt?n - Bt}i)Q = Bt2 - 2/ B,dB;.
l"(ﬂ'[gyt])_’o k=0 0

Definition 1.13 For each n € M5°([0, T)), we define

N-1

T
Q[O,T] (n) = /O nsd(B)s := Z g’f(<B>tk+1 — (B)t,)-

k=0

The mapping Qo) : M, é’o([O, T)) — Lg(Qr) is continuous and linear and thus, can be uniquely extended
10 Qo) : M&([0,T]) — L (Qr). Then, for each n € M ([0,T)), the stochastic integral with respect to

the quadratic variation process {B) is defined by fOT nsd{B)s := Qo,11(n).

In view of the dual formulation of G-expectation, as well as the properties of the quadratic variation process
(B) in the G-framework, the following BDG type inequalities are obvious.

Lemma 1.14 Letp > 1, n € ME([0,T]) and 0 < s <t < T. Then,

/ " nd(B),

Lemma 1.15 Letp > 2, n € ME([0,T]) and 0 < s <t < T. Then,

u p B t
/ nrdB, ] SCPEH/ ||
S S

where C,, is a positive constant independent of 1.

p S
E[ sup ] < |t—s|p*1/ B[y P]du.
s<u<t t

g t_
| < cie=stt [ Bl

I_E[ sup

s<u<t
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1.3 Stochastic calculus with respect to an increasing process

In this section, we define stochastic integrals with respect to an increasing process with continuous paths,
and then we extend G-1t6’s formula to the case where an increasing process appears in the dynamics. In the
following, C' and M denote two positive constants whose values may vary from line to line.

1.3.1 Stochastic integrals with respect to an increasing process

Definition 1.16 We denote by M.([0,T)) the collection of all q.s. continuous processes X whose paths
X.(w) : t — X¢(w) are continuous in t on [0, T| outside a polar set A.

Remark 1 17 For example, from the proofs of Theorem 2.1 and 2.2 in Gao [27], (fot NsdBs)o<t<T and

fo nsd Jo<t<T have continuous modifications in M. ([0,T1]).

Definition 1.18 We denote by M;([0,T) the collection of q.s. increasing processes K € M. ([0, T]) whose
paths K. (w) : t — Ki(w) are increasing in t on [0, T outside a polar set A.

Remark 1.19 Obviously, an increasing process K in M([0,T]) has q.s. finite total variation on [0, T| and
thus, its quadratic variation is q.s. 0.

Definition 1.20 We define, for a fixed X € M_.([0,T]), the stochastic integral with respect to a given

K € M;([0,T]) by
</ XtdKf> / Xt th ) , W E AC, (12)
,wEA,

where A is a polar set and on the complementary of which, X. (w) is continuous and K. (w) is continuous
and increasing in t.

Remark 1.21 Because for a fixed w € AS, the function X.(w) is continuous and the function K.(w) is
of bounded variation on [0,T], the Riemann-Stieltjes integral on the right-hand side always exists (cf.
Hildebrandt [33]). Thus, (1.2) is well defined. Similar definitions can be made for those X whose paths are
q.s. piecewisely continuous and without discontinuity of the second kind , i.e., for each w € A€, the function
X.(w) is discontinuous at a finite number of points and these discontinuous points are removable or of the
first kind.

Remark 1.22 Given a sequence of refining partitions {W[JX}T]}NEN (i.e., W[Zgﬂ C F[]g}}l, forall N € N)

such that /J(’]T[]&T]) — 0, we set a sequence of binary functions:

N-1
V[](\)[,T](Xv K)(w) == XukN( )(Ktiv+1( w) — Kt;g’ (w)), (1.3)
k=0
where ujy € [t 11, ). For afixedw € A°, by the Heine-Cantor theorem, X.(w) and K.(w) are uniformly

contmuous inton [0,T] Therefore, we can find an M,, > 0 such that Kr(w) < M,, then, for any
(W) — Xs(w|) < e/M,,. Itis

sufficient to choose an No € N such that p(m o, T]) < 6, then, for all N > Ny,

‘V[OT](XK (/ XtdKf> ‘ €,

T
Vi (X, K) —>/ X, dK,, q.s., as N — 4. (1.4)
0

from which we deduce

The construction of sequence (1.3) provides a q.s. approximation to the stochastic integral fOT XidK,.
We note that the convergence (1.4) depends only on the sequence of refined partitions (w[]g T]) NeN but

is independent of the selection of the points of division and the representatives Xug’ on [t]kv , t]kv ) k=
0,1,....N—-1, NeN
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The following propositions can be verified directly by Definition 1.20 and the Heine-Cantor theorem.

Proposition 1.23 Let X, X!, X2 € M.([0,T)), K, K*, K2 € M;([0,T)) and 0 < s <1 <t < T, then
we have

W) [ X dK, = [7 XydEK, + [f XudKy, g.5.;
) ft aX!+ X2)dK, = ozftdeKu + ft X2dK,, q.s., where a € L°(Qy);
@) [ X d(K' + K?), = [ X,dK} £ [ X,dK2, q.5

Remark 1.24 By a classical argument, a q.s. continuous and bounded variation process can be viewed as
the difference of two increasing processes K1 — Ko, where K1, Ko € M;([0,T]). By Proposition 1.23 (3),
the stochastic integral with respect to K1 — Ko can be defined in the same way as Definition 1.20.

Proposition 1.25 Ler X € M.([0,T]) and K € M;([0,T)), then the integral [, X dK, is q.s. continuous
int, ie, (i XedK)o<i<r € Mc([0,T)).

As shown above, (1.2) defines a random variable fOTiXtth in LO(QT). A natural question arises: if
we assume that for some appropriate p and ¢, X € MZ([0,7]) and K € MZ([0,T]), can this random
variable foT X;dK be verified as an element in L}, (1) or not? In general, the answer is negative. This is
because the integrability of X and K cannot ensure the quasi-continuity of fOT X;dK; (cf. Definition 1.5
and Theorem 1.7). More precisely, the pathwise convergence (1.4) is not necessarily uniform in w outside

a polar set A and it is hard to verify directly the convergence in the sense of L}, (Qr) due to the lack of the
dominated convergence theorem in the G-framework. However, in some special cases, a proper sequence

{V[ON_ 7] (X, K)} nen approximating to fOT XdK; can be found and thus, the quasi-continuity is inherited
during the approximation.

Proposition 1.26 Let K € M;([0,7]) N MZ([0,T)), Kr € L%4(Qr) and ¢ : R — R be a Lipschitz
function, then fOT ¢(K1)dKy is an element in L (7).

Proof: Consider a sequence of refining partitions {W[Jg T]} ~Nen mentioned in Remark 1.22 and define the
sequence of approximation: for each NV € N,

N—

Vi (¢(K (K K~

k=0

,_.

(W) = Ky (w)-

k+1

From the explanation in Remark 1.11, we can always assume that at the points of division, K~ € L% (Q7),
k=0,1,...,N — 1, N € N. As K is increasing, we have '

‘/ (Z|KtN — Koy [Ty on )())th

< Z |KtkN+1 - Ktlzy|2 10, ¢g.s., as N — 4o0.
k=0

V(9 / oK) dK| <

On the other hand, it is easy to verify by Theorem 1.7 that forall N € N, Vﬁ 7(¢(K), K) and Z |K i,
N |2 € L& (Qr). Then, by Theorem 1.8, we obtain

?

From the completeness of L (Q27) under E[| - |], we deduce the desired result. O

T
VI 1y (6(K), K) - / (KK,

] <E [Z Koy, —Kt;”] 10, as N — +oo0.

Remark 1.27 To verify that for all N € N, V[OA(T} (¢(K), K) and Z |KtN

N KtkN|2 € LL(Qr), we
should assume here that Kp € L% (Qr).
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Proposition 1.28 Let X be a q.s. continuous G-1to process such that

t t t
thac—i—/ fsds—i—/ hsd<B)s+/ gsdBs, 0 <t <T, (1.5)
0 0 0

where f, hand g are elements in ME([0,T)), p > 2. Let K € M ([0, T])NMZ([0,T]) and K € LL(Qr),
where 1/p + 1/q = 1. Then, fOT X dKy is an element in L, (Qr).

Proof: Given a sequence of refining partitions {W[]g 7] } Nen, we construct sequence (1.3). By the definitions

of G-stochastic integrals and the BDG type inequalities, one can verify that for each ¢t € [0,T], X; €
L?,(€;). Therefore, forall N € N, Vﬁ 7] (X, K) € L5(Qr). Applying the BDG type inequalities, we have

BLswp 1% < ¢ i EllfP + Bl

s<u<t
4 t —
=5 EngMdu).

Thus,
N-—-1
Bl sup sup  IXe - X NIPISE[ X s X - X7
kE[0,N)NN 5, <t<tp 2 i=0 tN<i<iN A
k ="="k+1
Nat N N p—1 50+ P11+ & » N NEoio
<o ¥ ([t ady — R 1PTREIS P+ BlIRPD + 1Ry — o 127 Bl PDar) a4

k=0 k

T _ _ p_ T _
< o (utnfy Pt [T @SP4 Elne P+ ueff 2 T [T Ellg Plar ).

From the integrability of f, h and g, we have

E[ sup sup | X — thN|p] < CM(N(W[](\)],T])p_l + N(W[Z(\)[,T})g_l)~
k€[0,N)NN t <t<tp41

For each N € N, we calculate

dK;

k k41

T
‘v[{{ (X, K) - /0 X,dK,

T
</
0

N-1
Z ths’ 1[tN N )(t) — X
k=0

N—1
< o, | X X0 = Xl n
< Kp sup sup [ Xy — Xy .

kE[0,N)NN tp <t<tpi1

Consequently,

E[IVY 7 (X, K) — [y XudK,[] <E[Kr sup sup | X; — X,n|]
’ k€0, N)NN b, <t<tpi1 k
> 1 = 1
(E[ sup sup | Xy — thN P17 (B[K 7))
kE[0,N)NN t, <t<tpir
2 1
CM(N(W[%],T])ZFI + N(W[J(\)[,T])ffl)” — 0, as N — +o0.

IN

IN

The desired result follows. O

1.3.2 An extension of G-1to’s formula

For each 0 < s <t < T, consider a sum of a G-Itd process and an increasing process K:

t ¢ t
X=X+ / fudu + / hyd(B)., + / gudB, + K; — K.
s S S
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Lemma 1.29 Let ® € _CQ(R) be a real function with bounded and Lipschitz derivatives. Let f, h and g be
bounded processes in MZ([0,T]) and K € M;([0,T]) N MZ([0,T)) satisfy for each t € [0,T],

lin%]l::HKt — K,*=0. (1.7)

Then,

B(X,) — B(X,) = / O ) fudu + / @ X )had(B),

dx dx

tdd tdd

(X)) gud B 2 (X,)dK, 1.8
+/sdx< o +/sdx<> (1.8)

1 [td*® )

The proof of this lemma is based on previous results in Peng [75] (cf. Lemma 6.1 and Proposition 6.3 in
Chapter III). To avoid redundancy, we first prove a reduced lemma when f = h = g = 0 to show how
the increasing process K plays a role in this dynamic and then give a sketch to indicate some key points to
combine the simple lemma with the previous results in Peng [75].

Lemma 1.30 Let & € C*(R) be a real function with bounded and Lipschitz derivatives and K € M ([0,T])
N ME([0,T)). Then,

t 4P
O(K;) — ®(Ks) = @(Ku)dKu, q.5..

S

Proof: Consider a sequence of refining partitions {7‘('[{\! t]} ~en. For each N € N, from the second order
Taylor expansion, we have

N—-1
DKL)~ B(K) = 3 (@K ) — D(Kyp)
k=0
N—-1 N-1
dd 1 d? <I)
= 2 gy W)Wy, = Ka) 5 2 Gz (@)W, = K
=0 =0

where f,JCV satisfies K. N < ffcv < KtkN+1’ g.s.. For the first part, similar to that in Remark 1.22, we obtain

. — d® tdd
i | 3 ) oy~ ) - | G waar, =0, .

2 . . . . .
For the second part, because % is bounded and the quadratic variation of K on [0, T is q.s. 0, then,
N—

M k+1 — tN)Q — 0, ¢.s., as N — 4o0.
k:O

,_\

l\D\H

N—
1 2¢ <
527 k+17

The proof is complete. U

Sketch of the proof of Lemma 1.29: To combine the result above with the ones in Peng [75], we decom-
pose X into MX + K, where M denotes the G-Ito part of X. Given a sequence of refining partitions
{Wﬁgl\;]}NeNZ foreach N € N,

N

mly =122 ) = {5,540, s +2Na =1},
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we have from the second order Taylor expansion

2N 1
(X)) — B(X,) = ; (P(X v ) = (X o )
27 —1 oN_q
_ do X 1 > X Y
= %(XtiN)(Mti M ) + = 2 W<XtiN)(Mf;,+l MtiN)
k=0 k=0
d2®d .~
+ Y ()M — M) Ky — Kpy)
—0 dz k+1 i k41 %
1 ~ 2
5 Z t2N1 _KtiN)
k=0
RL 2o
Z ( &) - = 2(Xtiw)>(M - ME)?
k k+1 k
2N 1
dd
+ ;O %(X@N)(Ktﬂl _KtiN)

=N+ + 1+ 1)+ 1Y+ I
where §,%N satisfies X,,v A Xov < f%N < Xov VX, s
k k+1 k k+1

A key point in the proof is to verify the following convergence results in M2 ([0, T7):

2N 1
dd do
];) %(XtiN) [tiN,tiﬂ\:l)(') - %(X-), as N — +0o0; (1.9)
and
-1
d*® d?®
. W(XtiN)l[tiN izil)( ) — @(X), as N — +o0. (1.10)
=0

For the G-1t6 part M~ , we deduce by the BDG type inequalities

[

For the increasing process K, thanks to assumption (1.7), for each u € [s, t],

2N _1
M2N1
k=0

2
(u) — MX }dugM|t—$|(5+62)—>07 as N — +o0. (1.11)

[N 2l

2N 1 2
NETOOE{ ];) Kpv v on (u) = Ky } =0. (1.12)
Moreover,
2N _1 2 t_
/ [ Z Kpv 1w v (u) ]du</$ E[K2du < +oo.

By Lebesgue’s dominated convergence theorem to the integral on [s, t], we deduce

2N _1

2
Z K Lan on (u) = Ky ]du:O. (1.13)

lim
N—+o00

Combining (1.11) and (1.13), (1.9) and (1.10) are readily obtained by the Lipschitz continuity of % and
f%f. Then, we can proceed similarly to Peng [75] to treat with I{¥ and I2".
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On the other hand, due to the boundedness of Z%f and the boundedness and uniform continuity of paths
MX(w) and K.(w) on [0, T, for each w € A°, we can easily obtain that I and I}V g.s. vanish.

For 1. éV , we calculate

2N—1

N X
<5 Z 68" = X M5 = M

2N71

c N

SQ(ZK&% ~MEV M~ ME P+ Z i~ K Mg, M2N|2>
k=0 )

where (¢1)2" satisfies M{fN A M%(]{\fl < ()2 < MéN % Mjgjil and (£2)2" satisfies Kpn < (£2)2"

K.~ , q.s.. The result in Peng [75] shows that the first part converges to 0 in M2 ([0, T]), whereas the
“k+1
second part vanishes as a result of the uniform continuity of paths K.(w) on [0, T}, for all w € A€ and the

g.s. boundedness of the quadratic variation of the G-It part M X
For I}, it converges to f: %(Xu)dKu, g.s. by Definition 1.20. O

Remark 1.31 In the proof of the classical 1t6’s formula, (1.9) and (1.10) can be verified directly by the
pathwise continuity of X and Lebesgue’s dominated convergence theorem on the product space [s,t] x Q.
But in the G-framework, we lack such a theorem. In general, given an X € Mé([O7 T)), the sequence of

step processes
2N 1

X.n1 .
{ kz:;) U ’tiijl)( )}NEN
could not converge to X in the sense of MZ([0,TY). Thus, (1.7) is needed to ensure that (1.12) holds true.

In fact, the left-hand side of (1.8), particularly the term fst % (Xu)dK,, still belongs to L% (). A sufficient
condition of this result is that K; € L% (SY;), which can be verified by choosing a sequence such that t,, — t
and foralln € N, X;, € L%(,) (Remark 1.11 ensures the existence of this sequence) and by deduction
from assumption (1.7).

Similar to Theorem 6.5 in Chapter III of Peng [75], we can extend G-1t6’s formula in Lemma 1.29 to those
2

® whose second derivatives % have polynomial growth. Unfortunately, this extension is at the cost of

more restrictions on the increasing process K.

Theorem 1.32 Let ® € C*(R) be a real function such that ‘Zl Y satisfies a polynomial growth condition.
Let f, h and g be bounded processes in MZ([0,T]) and K € M;([0,T]) N MZ([0,T)) satisfies that for
eacht € [0,T),

lin% E[K; — K|*] =

and for any p > 2, E[KL] < +o0. Then,

20x) 005 = [ W ix)pans [F W nam),

t 4P t 4P
~——(X,)gudB. ——(X,)dK, 1.14
+ [ G Xnds,+ [ X (1.14)

1 [t d*®
— | == (X,)g%d(B
+3 [ GEXgtdB). 0

Proof: By the same argument in the proof of Theorem 6.5 of Peng [75], we can choose a sequence of
functions ®V € C2(R), such that for each x € R,

d>oN d*®

@ d® = (z) - —
dx? v dx?

0¥ (@) — B(@)| + | (@) - ()| +

(1 + |z[*), (1.15)
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where C' and k are positive constants independent of N. Obviously, &V satisfies the conditions in Lemma
1.29. Therefore,

t N t N
<I>N(Xt)—<I>N(XS):/S %(Xu)fudu—i-/ %(Xu)hudw)u

S

"t dpN L AN

1 td2¢N 5
+§/s W(Xu)gud<3>u-

Borrowing the notation in the proof of Lemma 1.29 and using the BDG type inequalities, we have

E[ sup |Xt\2k] < CO(E[ sup |MtX|2k] +]E[|KT|2k]) < 4o00. 1.17)
0<t<T 0<t<T

Then, from (1.15) and (1.17), we deduce that as N — +o0,
BN (X;) — ®(X,), in LE(Q);

ddN dd _

- (X)) — %(X.), in MZ([0,T]); (1.18)
d2oN L R

5 (X) = T (X)), in ME((0,7)).

We can proceed as in Peng [75] to show that the terms on the right-hand side of (1.16) converge to their

corresponding terms in (1.14), except fst % (X,)dK,. To complete the proof, it suffices to show that for
each w € A¢,

’ /: %(xu(w))dm(w) - /St %(Xu(w))d[(u(w)

t
< %/ (1 + | Xy (w)|F)dEK, (w) < %(1 + MMKr(w) — 0, as N — 400,

by the continuity and boundedness of paths X.(w) and K.(w) on [0, T]. O

Remark 1.33 If| 9 (z)] < C(1 + |z|®), for some k > 1, then the condition on K could be weakened to

dx?

E[|Kr[?F3)] < +oc.

1.4 Reflected G-Brownian motion

Before moving to the main result of this chapter, we first consider a reduced RGSDE, that is, taking f =
h = 0and g = 1, only a G-Brownian motion and an increasing process drive the dynamic on the right-hand
side of (1.1). In what follows, we establish the solvability to the RGSDE of this type, i.e., the existence and
uniqueness of reflected G-Brownian Motion.

Let y be a real valued continuous function on [0, 7] with yo > 0. It is well-known that there exists a unique
pair (z, k) of functions on [0, T'] such that z = y + k, where x is positive, k is an increasing and continuous
function that starts from 0. Moreover, the Riemann-Stieltjes integral fOT x¢dk: = 0. The solution to this
Skorokhod problem on [0, T'] is given by

Ty = Y + ky;
by = supa (1.19)
s<t

which is explicit and unique.

Theorem 1.34 For anyp > 1, there exists a unique pair of processes (X, K) in ME([0,T]) x (M ([0, T])N
ME([0,T7)), such that
Xt:Bt+Kt, OStST, q.s., (120)

where (a) X is positive; (b) Ky = 0, and (c¢) fOT XidK: =0, g.s..



1.5. SCALAR VALUED REFLECTED GSDES 37

Proof: With the help of (1.19), we define a pair of processes (X, K') pathwisely on [0, T

Xi(w) = By(w) + K (w);
K (w) = sup B; (w). (1.21)

s<t

Obviously, K € Mp([0,T]) and (a), (b) and (c) are satisfied. Therefore, to complete the proof, we need
only verify that K € M2 ([0,T7).

Because for all 1 < p' < p, Mg([O,T]) C ME([0,T7]), we can assume that p > 2 without loss of
generality. Given a sequence of partitions {77[](\)7 7] }Nen, we set

N-1
(B )N (w) = B @)1y g, (8), 0< ¢ < T
k=0
and
N-1
—\N .__ _
o (BN = X s B (0, 0SS T

We observe that both ((B; )™ )o<i<7 and ( sup (B;)™)o<¢<r are step processes in MZ ([0, T]). Because

0<s<t
m . —\N . —|p [« —\&N —|p
]EH Sup (Bs ) — Ssup Bs | ] < E[ sup |(B5 ) _Bs | ]
0<s<t 0<s<t 0<s<t
<E[ sup |BYN —By|P] <E[ sup sup  |By — By ],
0<t<T kENN[O,N) t, <t <tji1

letting f = h =0and g = 1in (1.6), we obtain
E[| sup (B;) = sup By "] < Cu(ry 7)) 71 — 0, as N — +o0,
0<s<t 0<s<t

which shows that ( sup (B; )" )o<:<7 converges to K in M%([0,T)).
0<s<t

On the other hand, the uniqueness of such a pair (X, K) is inherited from the solution to the Skorokhod
problem pathwisely. The proof is complete. g

Remark 1.35 We call the process X in Theorem 1.34 a G-reflected Brownian motion on the half-line
[0, +00).

Furthermore, if the G-Brownian motion B is replaced by some G-Itd process, we have the following state-
ment similar to Theorem 1.34:

Theorem 1.36 For some p > 2, consider a q.s. continuous G-1t6 process Y defined in the form of (1.5)
whose coefficients are all elements in M{([0,T)). Then, there exists a unique pair of processes (X, K) in
ME([0,T]) x (M;([0,T1) N ME([0,T7)) such that

X, =Y, + K, 0<t<T, qs., (1.22)

where (a) X is positive; (b) Ko = 0, and (¢) fOT X dK; =0, g.s..

We omit the proof, because it is an analogue to the proof above and deduced mainly by the integrability of
the coefficients of Y and (1.6).

1.5 Scalar valued reflected GSDEs

We state our main result in this section by giving the existence and uniqueness of the solutions to the scalar
valued RGSDEs with Lipschitz coefficients. Additionally, a comparison theorem is given at the end of this
chapter.
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1.5.1 Formulation to reflected GSDEs
We consider the following scalar valued RGSDE:

t t t
Xt:x+/ fs(Xs)der/ hS(Xs)d<B>S+/ G(X)dBs + Ky, 0<t<T, g5, (123)
0 0 0

where
(A1) The initial condition x € R;

(A2) For some p > 2, the coeﬁiicients fih,g:Q2x[0,T] x R — R are given functions that satisfy for each
zeR, f(x), h.(z), g.(x) € ME([0,T1);

(A3) The coefficients f, h and g satisfy a Lipschitz condition, i.e., for each ¢t € [0,7] and z,2" € R,
|fe(x) = fula@")| + [he(z) = hu(2")] + [ge(2) — ge(2")] < CL|z — 2], g.s.;

(Ad) The obstacle S is a G-Itd process whose coefficients are all elements in MZ ([0, 77]), and we shall
always assume that Sy < z, q.s..

The solution to the RGSDE (1.23) is a pair of processes (X, K) that take values both in R and satisfy:

() X € ME([0,T]) and X; > S;, 0 <t <T,q.s.;
(i) K € M;([0,7]) N ME([0,T)) and K¢ = 0, q.s.;
Gii) [ (X; — Sp)dK, = 0, gss..

1.5.2 Some a priori estimates and uniqueness result

Let (X, K) be asolution to (1.23). Replacing Y; by a+ [} fs(X,)ds+ [1 hs(X)d(B) s+ [ 95(X,)dBs—S,
and X; by X; — S; in (1.22), we have the following representation of K:
K, = sup (x + / Fu(Xu)du + / ho (X.)d(B)s (124)
0<s<t 0 0

+/ gu(Xu)dBu - Ss) ’ 0 S t S T7 q.5..

0

‘We now give an a priori estimate on the uniform norm of the solution.

Proposition 1.37 Let (X, K) be a solution to (1.23). Then, there exists a constant C > 0 such that

T
B[ sup Xt|p1+1‘E[K§1<c(|x|p+ [ @ror

0<t<T

+E[|he(0)["] + E[lg:(0)[P])dt + E[ sup ISErI”]> :

0<t<T
Proof: As X is the solution to (1.23), we obtain
E[Oiugt |X,|P] < E[ sup. 2+ [o fu(Xu)du+ [3 ha(X0)d(B)u + [3 gu(Xu)dBy + K]
S < O(ap + B 500 I3 FulX)du] + Bl sup | [} (X.)a(B). (125)

+ E| sup |f0 9u(Xu)dB,|P] + E[| K|7)).

In a similar way to (1.25), from the representation of K (1.24), we have

[ } < [ (z+ fos Ju(Xy)du + .ﬁ)s ho(Xo)d(B)y + fos Gu(Xu)dBy — SS)_)p}
< E[ (@ + [y fu(Xu)du+ [§ hu(Xu)d(B)u + [ 9u(Xu)dB, — S5)7)7]
< fE[ Sup |x + o fu(Xu)du+ [§ ho(Xu)d(B)y + 5 gu(Xu)dBy — SFIP] (1.26)

C(|96|p+]E S \fo fu(Xu)dul?] + E| Sup |foshu(Xu)d<B>u|”]
+Ef Sup Ifo gu u)dBuy \p]HE[ sup. |5+|p])
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Combining (1.25) and (1.26) and applying BDG type inequalities, we get

E[ sup | X, "] + E[K?] < O(2|P+ [y (Ellfs(X,)P]

0<s<t
+ E[lhs (Xs)[P] + E[|gs (X)[P])ds + E[ sup [S[7].
0<s<t
By assumption (A3), we calculate
E[Oiugthsl”} + B[] < Ol + [y (B[(| £ (0)] + C|X,])7] + E[(|2s(0)] + Cr| X, )7]
- + El3.(0) + ColX.P)ds + Bl sup 1S5
<s<t
< (|2l + fy E[1f5(0)] + E[|Rs (0)[7] + E[| g5 (0)[7])ds
— 1.27
+E[ sup |57 P]+ Jy B[IX.P)ds) (27
0<s<
<( |$|p+fo E[| £:(0)[7] + E[|7:(0)[7] + E[|g:(0)["])dt
+E[ sup |S;7|?] —|—f0 E[ sup |X,|?]ds).
0<t<T 0<u<s
Applying Gronwall’s lemma to E[ sup |X,|?], we deduce
0<s<t
E[ sup |X[P] < C(|x|p+ Jo E[1£:(0)[P] + | (0)/7]
Oss=t i i (1.28)
+ B0 + B sup [577]), 00 <7
0<t<T
Putting (1.28) into (1.27), the result follows. O

In the following theorem, we estimate the variation in the solutions induced by a variation in the coefficients
and the obstacle processes.

Theorem 1.38 Let (zt, f1,ht, g, SY) and (22, f2,h?%, g%, S?) be two sets of coefficients that satisfy the
assumptions (Al)-(A4) and (X, K*) the solution to the RGSDE corresponding to (z*, f*, h*, g%, S%), i =
1, 2. Define

Az:i=a' —a? Af = f' = f, Ah:=h' —h? Ag:=g' — g%
AS:=5'— 8% AX :=X'— X? AK:=K'- K2

Then, there exists a constant C' > 0 such that

— T — —
Bl sup 14X, < C(Jael? + [ EIARCCHPIEAR(XDP]

FE[|Agy(X)[P])dt + E[ sup Astm).

0<t<T
Proof: Defining
(M)} = a' + [g FHXDds + [§ hi(XDd(B)s + [y 9 (X)dBs, 0 <t < T, i=1,2;

and

AMX = (MX)l _ (MX)2,
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we calculate in a similar way to the proof of Proposition 1.37
E[ sup |[(AMY),[?] SE[ sup |A$+fo (Xy) = fH(XD))du
o + [0y - . (G XD) ~ S2CC)B
<E[ sup IAx+f0 Afu(Xp)du+ [5(f2(X0) = f2(XE))du
e J7 AR X)L+ J7 (B2 (XE) ~ 12(X2)d(B),
+ Jo Agu( X1 dB, +fo 9a(X4) — g2(X3))dBu|"]
< C(|Axf + [3(E[Af(XD)F] +E[|Ahs (X))
E[|Ags(XD)P))ds + [y E|AX,["]ds)
and

E[ sup |[AK,[P] =E[sup | sup (M¥). —SL)~ — sup ((MX)2 —S2)"|7]

0<s<t 0<s<t 0<u<s 0<u<s

< E[Oiggtloiggsl((MX) S1)™ = (M¥)2 = §2)7||P)

= E[ sup [((M7); = 55)7 = (MF); = 597 (1.29)
SE[Oiggtl((MX) S) — (M¥)Z = S2)[7]

< C(E[Oiggt |A(MX) 7] +1E[Oitigt |AS,[P]).

Then, we have

E[OsgigtlAX s|] SE[OSQ;%\(AMX) + AKJP|]
< O(E[ sup |(AM¥),["] + E sup [AK,[")
C(\Awlp+fo E[|Afo(XDIP] + E[| Ay (XD)PP]
+E[Ag,(X1)")ds + B[ sup |AS,P] + fy BIAX,[7]ds).
< (| + Jy (B IAKGCOP] -+ BAR (XD + B Aq (X)) P

+E[ sup |AS?] —|—f0 E[ sup |AX,|P]ds).
0<t<T 0<u<s

Gronwall’s lemma gives the desired result. g

We deduce immediately the following uniqueness result by taking x! = 22, f* = f2, h! = b2, g* = ¢°
and S' = S? in Theorem 1.38.

Theorem 1.39 Under assumptions (Al)-(A4), there exists at most one solution in M ([0, T1) x (M;([0,T7)
N ME([0, T])) to the RGSDE (1.23).

1.5.3 Existence result

We now turn to the following existence result for the RGSDE (1.23). The proof will be based on a Picard
iteration.

Theorem 1.40 Under assumptions (Al)-(A4), there exists a unique solution in M, (0,T1) x (M ([0, T])N
MP([0,TY))) to the RGSDE (1.23).

Proof: We set X° = z and K° = 0. For each n € N*, X" i5 given by recurrence:
t t t
Xt —ot [ s [ b paB) e [ e s KT 0<e<T 130
0 0 0

where
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(a) Xt e ME([0,T]), X7t > 8, 0<t<T, g5
(b) K™+ e M([0,T]) N ME([0,T)), K™ =0, ¢.s;
() Jo (X = S)AEF =0, gs..

Substituting X" by X"t 4+ S, on the left-hand side of (1.30), we know that (X" + K"*t1) is well
defined in MZ ([0, T7) x (M;([0,77) N MZ([0,77)) by Theorem 1.36.

First, we establish an a priori estimate uniform in n for {E[ sup |X7[’]},en. In a similar way to (1.27),
0<t<T
we have

— T — —
E[ sup. X7 < C(lep +/0 (B[] £:0)[P] + E[[2:(0)*]

t
+ Bl at + B sup 1571+ [ B sup |x2Plas )
0<t<T 0

0<u<s
By recurrence, it is easy to verify that for alln € N,

E[ sup [XJ[P] <p(t), 0<t<T,
0<s<t

where p(-) is the solution to the following ordinary differential equation:

t

T
)= C(lap + [ EUAOP]+ EI(OP] + Bl Pt + B sup 15771+ [ p(s)ds ).

and p(-) is continuous and thus, bounded on [0, 7.

Secondly, for each n and m € N, we define

u;z—&-l,m — E[ sup |X;l+m+1 _ X;H—l‘]?], 0<t<T.
0<s<t

Following the procedures in the proof of Theorem 1.38, we have
t
u?“’m < C/ ur™ds.
0

Set

then

t t t
0 <upth™ < Csup / ul™ds < C’/ sup ul™ds = C/ vlds.
meNJOo 0 meN 0

Taking the supremum over all m € N on the left-hand side, we obtain

¢
0 <ot = supuptt™ < C/ vrds.
meN 0

Finally, we define
oy :=limsupoy, 0 <t <T.

n—-+oo

It is easy to find that v]* < C'p(t), where C' is independent of n. By the Fatou-Lebesgue theorem, we have
t
OgatSC/ agds.
0

Gronwall’s lemma gives
ar=0,0<t<T,
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which implies that { X" },,c is a Cauchy sequence under the norm (E[ sup |-?]) », whose limit i certainly
0<t<T

in MZ([0,T7]). We denote the limit by X and set

K, = sup (:v+/ fulX du+/ hu(Xu)d<B>u+/ gu(Xu)dBu—Ss> L0<t<T.
0

0<s<t

Obviously, the pair of processes (X, K) satisfies (i) - (iii). We notice that

P T
] < [ Bxp - X
0
P T
} <c [ B - xip
0
P T
] <c [ Bixy - X
0

Then, one can verify that K™ converges to K in M2 ([0, T)) following the steps of (1.29). We conclude that
the pair of processes (X, K ), well defined in ME ([ ,T1) x (M ([0, T]) N ME([0,T])), is a solution to the
RGSDE (1.23). O

E| sup /0 (fs(XZ) = fs(Xs))ds

Lo<t<T

E| sup /(hs(Xg)*hs(Xs))d<B>s
Lo<t<T | Jo

E| sup / (95 (X7 — g5(X,))dB,

LO<t<T [ JO

Remark 1.41 Unlike a classical RSDE or RL_?SDE, the constraint process S here is assumed to be a G-Ito
process instead of a continuous process with E[ sup (S;7)?] < +oo (¢f. El Karoui et al. [20]). In fact, this
0<t<T

is a sufficient condition to ensure that K™+1 is still a ME ([0, T)) process in (1.30) by Theorem 1.36, which
may be weakened to: -
E[ sup |S, — Ss|P] < C|t —s|%.

s<u<t

Remark 1.42 We could also consider (1.23) with less regularity assumptions on the coefficients f, h, g and
the obstacle S under a family Py of local martingale measures by using the approach introduced in Soner
etal. [88, 86, 87]. The only problem in this case is the aggregation of the processes in the Picard iteration
(1.30) for the proof of existence. Adapting to the assumptions of Theorem 2.2 in Nutz [67], we assume
in addition that we work under Zermelo-Fraenkel set theory with the axiom of choice and the continuum
hypothesis, then the stochastic integral of Ito’s type fo 9s(X™)dBs can be well aggregated at each step
of the recurrence. Thus, we can define from (1.19) a umversal pair (X" K™Y to make (1.30) P-a.s.

hold for all P € Pyy. Following the argument in the proof of Theorem 1.40 under each P € Py, there
exists a pair (X®, K®), such that (1.23) holds true P-a.s. and (X", K™) converges to (X¥, K¥) uniformly
in probability measure P. By Lemma 2.5 in Nutz [67], there exists a universal pair (X, K) such that
(X,K) = (XP, K?), P-a.s., which solves (1.23) under each P € Py, and thus, in the (weaker) sense of
Pw-q.s..

Remark 1.43 In contrast with the fact mentioned in Remark 3.3 of Matoussi et al. [61], our results can
be directly applied to the symmetrical problem, i.e., the RGSDE with an upper barrier. This conclusion is
because the proof is only based on a pathwise construction and a fixed-point iteration.

1.5.4 Comparison principle

In this subsection, we establish a comparison principle for RGSDEs. At first, we assume additionally a
bounded condition on the coefficients f, h and g and the obstacle process S, and then we remove it in the
second step.

Theorem 1.44 Given two RGSDEs that satisfy the assumptions (Al )-(A4), we additionally suppose in the
following:

(1) (El < x2’.

2) f%, h'and g* = g* = g are bounded and S* are uniformly bounded from above, i = 1,2;

(3) foreachx € R, f}(z) < f(z), hi(z) < h2(z); and S} < S2,0<t < T, g.s.
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Let (X*, K*) be a solution to the RGSDE with data (z°, f*, h', g, S%), i = 1,2, then
X} <X? 0<t<T, qs..

Proof: Since f*, h* and g are bounded and S* are uniformly bounded from above, i = 1,2, using the BDG
type inequalities to (1.24), we deduce that K- has the moment for any arbitrarily large order and for each
te[0,T], hn%IEHKZ' —Ki?=0,i=1,2.

Notice that (z7)? is not a C2(R) function. We have to consider (z7)? and apply the extended G-Itd’s
formula to ((X} — X?)*)?, then

t
(X = X277 =3 [ (X X2)FR(FHXD) - F2(X2))ds
0
t
43 [ = XHTPGICE) - ROC)AB),
0
t
+3 / (X! — X2)H2(ga(X1) — ga(X2))dB, (1.31)
0
t
3 / (X! - X2 Pa(K] - K2)
0
t
+3 / (XD — X2)*[gu(X1) — gu(X2)2d(B)..
0
Ason {X} > X?}, X} > X? > S? > S}, we have
t t t
/ (X! - X2)HRd(K - K?) = / (X!~ X2)F2dKY - / (X!~ X2)H2dK?
0 0 0
t t
< / (X) — S1)* P! - / (X! - X2)FPAE? (132)
0 0
t
< [l - Xy par <0, g
0

We put (1.32) into (1.31) and then, by Lipschitz condition (A3) and by taking G-expectation on both sides
of (1.32), we conclude

E[(X} — X2))?) < CE[ / (- X§>+>3ds] <cf CEI(X! - X2))ds.

Using Gronwall’s lemma, it follows that E[((X} — X2))3] = 0, which implies the result. O

Theorem 1.45 Given two RGSDEs that satisfy the assumptions (Al)-(A4), we additionally suppose in the
following:
() a' <z*andg' = ¢g* = g;
(2) foreachx € R, fl(x) < f2(z) and h}(z) < hi(x); and S} < S2,0<t<T, g.s.
Let (X', K*) be a solution to the RGSDE with data (z°, f*, h', g, S%), i = 1,2, then
X} <X2,0<t<T, qs..

Proof: First, we define the truncated functions for the coefficients and the obstacle process: for each NV &
N*t, ¢N(z) := (=N Vv &(z)) A N, where £ denote f%, h’, gand x € R; and (SH)N = S AN,0<t < T,
1 =1, 2. It is easy to verify that the truncated coefficients and the obstacle processes satisfy (A2) and (A3).
Moreover, the truncated functions keep the order of the coefficients and the obstacle processes, that is, for
each N € Nt,

(fl);N(a:) < (f2)£v(x) and (hl)iv(x) < (h2)iv(33), forallz e R, 0<t<T, q.s.;
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and
(SHN < (SN, 0<t<T, g.s..

Consider the following RGSDEs:
(X =x+/0 (fl)iv((XZ)iV)der/o (M) (X )d(B)s

t
+/ gN(XHYMYaB, + (KON, 0<t < T, q.s.,i=1,2,
0

under the following conditions:

(a) (XN € ME([0,T]), (X)F¥ > ()Y, 0<t<T, g5

(b) (Ki)N € MI([O 1) N ME((0, 1), (K95 =0, q..;

fo — (SHMA(KHN =0, ¢.5..
By Theorem 1.44, it is readily observed that for each N € N,
(XHN <(XN, 0<t<T, gs.. (1.33)
Meanwhile, by Theorem 1.38, we have
Bl sup |(X) — X{IP] < CU BICEY (6) = FEEDI+ BN () = ()P
o +E[lgi (X7) — gt(XZ)I”DdHE[ sup_ I( O = SiIF]

+Jo El buP\Xl)N Xll”]dS)

0<u<s
Applying again Gronwall’s lemma, we obtain

T
E[ sup |(X")) —X’Ip]<0</0 (B[N X0) = F1(6 X7+ E[(R)Y (£, X3) = b (8, X))

0<t<T

FE[g" (1, X7) — g(t, X7)[P))dt + B[ sup |(S)Y — sz’m).
0<t<T

For each t € [0, 7], we calculate

E[(f)8 (X3) = fi(XDIP) S B[ (XDIPL 5 x5 w]
[(1££0) + CLIXi D 11 o))+ 0 x> ]

<E
CE[FOFL 5 0> 3]+ EIX P x5 4 )-

IN

Taking into consideration that f.(0) and X* € ME([0,T]), from the argument in Remark 1.11, we know
that f;(0) and X € L?,([0,77]) for almost every ¢ € [0, T]. Therefore, letting N — 400, we have

E[(f)2 (XD) = fi(X})I7] — 0.
Similarly, we also obtain
E[[(h)(X3) = hi(X3)[P] — 05
and
E[l(9)7 (X7) — g1(X)”] — 0.
Using Lebesgue’s dominated convergence theorem to the integrals on [0, 7], it follows that
T

Gim [ CEICE (E) — £ XD+ BN (X — B XDP) (1.34)

+E[|g™ (t, X7) — g(t, X})|P))dt =
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On the other hand,

E[ sup [(S")f — S;[P] <E[ sup (IS7[P1ysi>np)] < E[ sup [SHP1; up (s> ny)-
0<t<T 0<t<T 0<t<T 0<t<T

By the proof of Theorem 1.36, we know that sup S; is an element in L7, (7). So we have
0<t<T

E[ sup |(S")y — S{|P] <E[ sup [S{P1( gy |sjjsny] = 0, as N — +oc.
0<t<T 0<t<T 0<t<T

Combining (1.34) and (1.35), we obtain

E[ sup [(XH)N — X}[P] =0, as N — +oo0.
0<t<T

Then, (1.33) and (1.36) yield the desired result .

45

(1.35)

(1.36)

O
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Chapter 2

Localization Methods for GSDEs

Abstract:  In this chapter, stochastic integrals with respect to a bounded variation process are discussed,
an extension of G-It6’s formula is proved and stochastic differential equations driven by G-Brownian mo-
tion (GSDEs) with local Lipschitz conditions are discussed on the space MP ([0, T]; R™) via a localization
method.

Key words. G-Brownian motion; stopping times; bounded variation processes; G-Itd’s formula; G-
stochastic differential equations.

AMS subject classifications. 60HO05; 60H10
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2.1 Introduction

In the classical framework, the continuous-time stochastic calculus was first established on the Wiener
space (2, F,Py), where 2 is a space that consists of all continuous paths starting from 0, F is the filtra-
tion generated by the canonical process B, and Py is the Wiener measure, under which B is a Brownian
motion. We denote by EF0[-] the linear expectation associated with Py. The Itd type integrals with respect
to Brownian motion are first defined for the processes X that are progressive measurable and satisfy that
EPo[ fOT | X |2dt] < +oc. Subsequently, this definition is extended to a class of “locally integrable” pro-
cesses.

Recently, Peng [73, 75] introduced a framework of time consistent nonlinear expectation E[-], i.e., G-
expectation. Under this expectation, the canonical process B is a new type of Brownian motion and it is
called GG-Brownian motion.

The stochastic integrals with respect to the G-Brownian motion (of the It6 type) was first discussed in
Peng [73] on the space MZ([0,T]), which is the completion of the Cy(€2)-formed simple process space
MY?([0,T]) under the norm: (% fOT E[| - [?]dt)*/?. By a G-conditional expectation technique, Peng [73]
showed that the Riemann-Stieltjes sum with respect to B defines an contracting and linear mapping from
M2([0,T]) to LZ(27), so that it can be uniquely extended to MZ ([0, T7).

In a latter literature, Peng [75] extended this definition for processes in a little larger space MZ([0,T7]),
which is also a completion of M2 ([0, T]) but under the norm: (%I_E[IOT |- |2dt))'/2.

In a more recent paper of Li and Peng [52], the G-It6 type integrals were considered on an even larger
space M?Z([0,T7), that is, the completion of By, (€2)-formed simple process space MY ([0, T]) under the lat-
ter norm above. Overcoming difficulties induced by the lack of a G-conditional expectation’s definition
on By(2), they succeeded in proving a G-It6 inequality (instead of the Itd isometry in the classical case).
Thus, the mapping defined by the Riemann-Stieltjes sum with respect to B on M} ([0, T1) is continuous and
can be uniquely extended to M?2([0,77]). Li and Peng [52] observed moreover that the space M2 ([0,7])
is closed under some operation, for example, the product of an arbitrary element and another bounded one
in M2([0,T]) is still in M2([0,T]). Thanks to this advantage, an extension of Itd’s integrals was given by
a localization method in that paper for a class of “locally integrable” processes and this extension is well
defined.

For the issue of G-1td’s formula, Peng [73] has first obtained this formula for ®(X) when X is a G-1td
process with bounded coefficients and ® € C2(R™) has uniformly bounded and Lipschitz derivatives. Sub-
sequently, Gao [27] and Zhang et al. [98] extended this result to the case that the derivatives of ® are locally
Lipschitz or uniformly continuous, respectively. Meanwhile, Peng [75] considered the case when @ has at
most polynomial growths. Based on this, an extension of G-1td’s formula is obtained in Lin [54] when X
is a sum of a G-Itd process and an increasing process. Besides, Lin [53] discussed G-Tanaka’s formula and
studied G-It6’s formula for G-Brownian motion with a convex ®, while Guo et al. [30] worked on the one
for G-diffusion with a ® whose second derivative allows finite number of jumps.

With the help of a creative localization method, Li and Peng [52] proved a G-1t6’s formula for the G-1td
processes, in which only ® € C?(R") is required, such that this formula has a parallel form with the classi-
cal one. One aim of this chapter is to consider the case similar to the one in Li and Peng [52] but a bounded
variation process is added into the dynamic.

Stochastic differential equations driven by G-Brownian motion (GSDEs) are studied by many authors, such
as Gao [27], Guo et al. [30], Lin [54], Lin and Bai [56] and Peng [75], mostly on the space Mg([o, T, R™),
p > 2, and with a linear growth condition. In this chapter, the solvability of GSDEs with locally Lipschitz
coefficients are studied on the space M2 ([0, T]; R™) by a localization method. To the best knowledge of
the authors, it is the first attempt to discuss the GSDEs without a linear growth condition.

This chapter is organized as follows: Section 2.2 introduces notation and results in the G-framework which
are necessary for the following text. Section 2.3 discusses G-Itd’s integrals for some “local integrable”
processes. Section 2.4 introduces the G-stochastic integrals with respect to a bounded variation process and
extends G-It6’s formula. Section 2.5 studies the solvability of GSDEs. Section 2.6 is the appendix that
gives some complimentary proofs of G-1t6’s formula.



2.2. PRELIMINARIES 49

2.2 Preliminaries

The main purpose of this section is to recall some preliminary results in the G-framework, which are nec-
essary later in the text. The reader interested in a more detailed description of these notions is referred to
Denis et al. [17], Gao [27], Li and Peng[52] and Peng [75].

Adapting to the approach in Peng [75], let £ be the space of all R%-valued continuous paths with wy = 0
equipped with the distance

12 -N 1 2
, = 2 ma — A1),
plw, w”) N§—1 ((te[ojff] lwy —wi]) AT)

B the canonical process and Cp, 1.i,(R?*™) the collection of all bounded and Lipschitz functions on R4*",
For a fixed T' > 1, the space of finite dimensional cylinder random variables is defined by

L?p(QT) = {SO(Btlv' c ;Btn) n Z ]-7 0 S tl S s S tn S Ta ¥ € Cb,Lip(Rdxn)}a
on which [E[] is a sublinear functional that satisfies: for all X, Y € L? (Qr),

(1) Monotonicity: if X > Y, then E[X] > E[Y];

(2) Sub-additivity: E[X] — E[Y] < E[X — Y];

(3) Positive homogeneity: E[\X] = AE[X], for all A > 0;

(4) Constant translatability: E[X + ¢| = E[X] + ¢, forall c € R.

The triple (2, L), (Q7), E) is called a sublinear expectation space.

Definition 2.1 A d-dimensional random vector X & L,?p(QT) is G-normal distributed if for each ¢ €
Ch.1ip(RY), u?(t, ) := Elp(z + VtX)] is a viscosity solution to the following PDE on Rt x RY:

ou

— — G(D*u) = 0;
5 G(D*u) = 0;
u|t:0:¢a

where G = Gx(A) : S* — R is defined by
1
Gx(4) == E[(AX, X)]

and D?*u = (9%, u)¢

TiT i,j=1*

By Theorem 2.1 in Chapter I of Peng [75], there exists a bounded, convex and closed subset I' of R4, such
that for each A € S¢, G'x(A) can be represented as

1
Gx(4) =3 Steu;trhv“fﬂ-
Y

We denote the d-dimensional G-normal distribution by N'(0, ), where ¥ := {y7™ : v € T'}.

Definition 2.2 We call a sublinear expectation E : L?p(QT) — R a G-expectation if the canonical process
B is a d-dimensional G-Brownian motion under E[-], that is, for each 0 < s < t < T, the increment
By — Bs ~ N(0,(t — s8)X) and foralln e NT,0<t; <...<t, <Tand p € Cp ;p(R>"),

E[(P(Bh yee - aBtn,ﬂ ) Btn - Btnfl)] = E[w(Btl Yt 7Btn71)}7
where w(xla v 7$n—1) = ]E[(,D(Il, sy Tn—1y 4/ tn — tn—lBl)]~

By now, a G-expectation has been well defined on L?p(QT), one can extend its domain by following the
procedures introduce in Denis et al. [17], i.e., constructing an upper expectation E[-]:

E[X]:= sup EF[X], X € L°(Qr), 2.1)
PePa
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where Pg is a weakly compact family of probability measures that depends on I" and L°(Qr) denotes
the collection of all B(27) measurable random variables. This upper expectation coincides with the G-
expectation E[-] on L (Q7) and thus, on its completion L¢;(Q7) under the norm E[| - |]. Naturally, a
Choquet capacity can be defined by:

C(A) ;= sup P(A), A € B(Qr),

PePa
and the notation of “quasi-surely” (q.s.) is introduced as follows:

Definition 2.3 A set A € B(Qr) is called polar if C(A) = 0. A property is said to hold quasi-surely if
it holds outside a polar set. We denote by N'“(Qr) all the polar sets in B(Qr) and we set B(Q;) =
B(Q:) VNC(Qr) L.

For each ¢ € [0, T, we denote by L°(£);) the collection of all B(£;)-measurable random variables. In view
of the dual formulation of G-expectation (2.1), we can easily deduce the following result:

Theorem 2.4 (Upwards convergence theorem) Let { X"}, ey C }O(QT) be a sequence such that X™ |
X, q.s., and there exists alP € Pg, E¥[X°] > —oo, then E[X"] T E[X].

Lemma 2.5 (Lemma 2.11 in Lin and Bai [56]) Assume that { X" }cn is a sequence in L°(Qr) and for a
Y € L%(Qr) that satisfies E[|Y|] < +ooand alln € N, X" > Y, g.s., then

E[lim inf X"] < liminf E[X™].

n—-+oo n—-+oo

For a fixed ¢ € [0, 77, let C,(£2;) denote the collection of all continuous (in w) random variables in L°(£2;)
and By, () the collection of all bounded random variables in L°(£);). By Theorem 52 in Denis et al. [17],
for each p > 1, the completion of LY, (€%;) and Cy(£;) under the norm

-1l = (B[l P (2.2)

are exactly the same, and it is denoted by L7,(€2;). In accordance with the notation in Li and Peng [52], we
denote by LE(£2;) the completion of B, (2;) under the above norm.

We recall some spaces of the integrands.

Definition 2.6 A partition of [0, T)] is a finite ordered subset W[](\)]’T] = {to,t1,...,tN} such that 0 = ty <
t1<...<tny="1T. We set
N
= t — Tkl
H(W[O,T]) k:O,Ilr,l.{.ii{Nfl [ttt k|

For each p > 1, we define

N-—1
MO([0,T]) = {m = () 6 € cbmt,g}

and
N—-1
MY(0,T]) = {m = Gl () b € Bbmtk)},
k=0

which are the spaces of simple processes.

In most literature concerning the Itd type integrals in the G-framework, the authors considered three types
of spaces of integrands. For some p > 1, as the completion of M? ([0, T']) under the norm

1 T 1/p
Il = (7 [ Elmplar) @3)

UIf we append the following class of sets into B(£2¢), the argument throughout this chapter will not alter: N ¢ = {AC B:
BisaP—null set in B(Q7), forallP € Pg}.
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MZ,([0,T]) was first introduced in some former literature, such as Peng [73]. Subsequently, M& ([0, T)
was defined in Peng [75] by the completion of M? ([0, T]) under the norm

11 T 1/p
7l arz 0,7y = (E {T/o 77t|pdt}) . 2.4

By continuously extending a linear mapping, the G-It6 integrals are well defined for all the processes in
these spaces.

Recently, Li and Peng [52] considered an even larger space MY ([0, T]), which is formulated by the com-
pletion of M ([0, T]) under the norm (2.4). After proving a G-It0’s inequality (Proposition 2.11 in Li and
Peng [52]), the authors defined the G-Itd type integrals for all the processes in M2 ([0, 7). This extension
is meaningful, so that one can define these integrals for the integrands that involve some indicator function.
We introduce this definition in what follows. From now on, for each a € R?, B2 denotes the inner product
of aand B.

Definition 2.7 For eachn € MP([0,T)), we define the Ito type integral

T N—-1
I[O,T] (77) = /0 UtdB? = Z gk(Bta;c+1 - B?k)
k=0

Then, the linear mapping Lo r) on M ([0,T]) can be continuously extended to Ljgry : MZ([0,T]) —
L2(Qr) and for each n € M2([0,T)), we define fOT nedBE = TLjo,1)(n).

Remark 2.8 By Proposition 2.10 in Li and Peng [52], we have the following property for the G-It6 type
integral of n € M2([0,T)):

B T
]E{ / ntdBf‘} =0, 2.5)
0

Remark 2.9 For all elements in Mg([(), T)), the G-1t6 type integrals formed by the former definition coin-
cides with the present one, since the norm (2.3) is stronger than the one (2.4).

Parallel to the results in the classical framework, Li and Peng [52] presented the BDG type inequality for
this extension of G-1t0’s integrals:

Lemma 2.10 (Proposition 3.6 in Li and Peng [52]) Let p > 2, then for each n € ME([0,T1]), the follow-

ing inequality holds:
E P y - t p/2
/ NudB2 ]gcpoggﬁﬂz{( / |n52d8> ] 2.6)
0 0

where 041 := E[(a, B1)?] and C,, > 0 is independent of a, ) and T

E[ sup

0<s<t

Remark 2.11 7o prove this lemma, one can follow a standard argument to show in advance that the pro-
cess ( fot NsdBs)o<i<T has continuous paths q.s.. In the sequel, if not specified, we always consider a

t-continuous C-modification of(f(f NsdBs)o<i<T-

Furthermore, we have the following assertion like that in the classical framework, so that we do not care the
choice of the modification.

Proposition 2.12 Suppose that X and X' are two processes that have t-continuous paths and for each
t €[0,7], Xy = X|, g.s.. Then, X and X' are indistinguishable (in the q.s. sense).

Proof: Considering all the rational points ¢ € QN [0, T, we can find a polar set A, such that for all w € A°,
X (w) = X](w), then the continuity of paths gives the desired result. O

From Definition 2.7, for a given n € MZ¥([0,T1]), p > 2, we know that for each ¢ € [0,T], X; := fot nsdB2
is an element in L% (€2¢). However, if we want to consider the G-Ito type integral f XdB?, we should first
show that X € MZ¥([0,T7).

Proposition 2.13 (Remark 3.12 in Li and Peng [52]) For a given n € MY ([0, T)), consider the t-continu
-ous C-modification X of(fot nsdB®)o<i<T, then X € ME([0,T]).

Remark 2.14 This result is helpful for verifying that the iteration function A is a mapping from MZ ([0, T])
to ME([0,T)), when we prove the existence of a solution to some GSDE via Picard iteration.
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2.3 An extension of G-1t6 integrals

In this section, we introduce the idea of Li and Peng for defining G-Itd’s integrals for some “locally inte-
grable” process. For completeness, we will repeat the whole procedures in detail. Since we shall borrow
their idea to prove our main results in what follows, we will give some remarks in this section, which can
be regarded as an explanation of localization methods in the G-framework. In the sequel, stopping times
always refer to the ones with respect to {F; };>0 ? that is generated by the canonical process B.

Definition 2.15 (Definition 4.4 in Li and Peng [52]) Fixing p > 1, a stochastic process 1 is said to be in
MP([0,T)), if there exists a sequence of increasing stopping times {0, }men, such that

e Foreachm e N, nly,, 1€ ME([0,T]);
o O i={w:op,(W) AT =T} 1 QC Q, where C(2°) = 0.

Remark 2.16 This definition is a little different from the original one in Li and Peng [52]. In fact, the
second condition here is what essentially needed for the proof of Proposition 4.7 in that paper. Taking
advantage of this minor modification, the following condition in the original definition can be omitted:

T
/ |ne|Pdt < +00, g.s.. 2.7)
0

We shall explain the reason. By the first condition, nly 5,1, m € N, are progressively measurable with
respect to B([0,t]) ® B(§;) and thus, the integrals fOT [me|P1i0,0,,1(t)dt € LO(Qr). For each m € N,
n0,0,.] € ME([0,T7]) implies IE[fOT 1717 1[0,0,,,] (t)dt] < +00. Therefore, we can find a sequence of polar

sets {A™},en, such that for each w € Q\A™, fOT 17:(W)P 10,0, (w)] (t)dt < +00. On the other hand, for
eachw € Q™\A™, 110 5,.(t) = 1, then

T
/ [ne(w)|Pdt < 4o00. (2.3)
0

Letting m — 400, we have for each w € Q\ Uzo_fl A™, (2.8) holds, which implies (2.7).
Unlike in the classical framework, only having (2.7) and defining

t
Uy = inf {t : / Ins|Pds > m} AT,
0

we can not deduce that 1y, 1 € MZ([0,T7), so that the process [ n1(0,v,,1dB* may not be well defined.
That is the reason why Li and Peng [52] assume the first condition.

Remark 2.17 Suppose there is another sequence of stopping times {7 }men that satisfies only the second
condition in Definition 2.15, then {7, A\ 0m tmen satisfies also this condition. Furthermore, by Lemma 4.2
in Li and Peng [52], we know that for each m € N, nlig 7, rs,.] € ME([0,T]).

For a given a € R? and each n € M2([0,T)), (fot nsdB2)o<i<7 has continuous paths q.s., then for a given
stopping time 7, with the common sense, we can define

tAT
/ ned B2 (w)
0

by the value of the process (fot NsdB2)o<i<T at the point (t A 7(w), w).

In Li and Peng [52], the definition of G-1td’s integrals for processes in M2 ([0, T]), p > 2, is proved to be
well posed. Their key idea is to prove the following statement: fixing m € N, for each n > m,

tATm tATm
1Qm, / 1[0’0'7"] (s)nSdB? = 1Q'm / 1[0,0'71,} (S)nSdB?'
0 0

Before proceeding this, we shall present a slight extension of Lemma 4.3 in Li and Peng [52]:

?In the literature concerning the G-framework, we always adopt the notation {B(Q¢)}+>0. which coincides with {F; };> for the
case that 2 := C ([0, +00)).
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Lemma 2.18 For each stopping time T and n € MZE([0,T]), p > 2, we consider the t-continuous C-

modifications of these two processes (f(;5 NsdB2)o<i<T and (fot Ns1j0,7(8)dB%)o<t<r- Then, we can find
a polar set A, such that for all w € A¢ and t € [0, T,

tAT t
| manie) = [ napa(s)aBie). 29)
0 0

Proof: For each t € [0,7] N Q, by Lemma 4.3 in Li and Peng [52], we can find a polar set A*, outside
which statement (2.9) holds true. Defining A = (Ute[O,T]ﬂQAt)a by the continuity of paths on both sides,
forall w € A€, (2.9) hold true on [0, 7], and A is still a polar set. O
For a given € MP([0,T]), p > 2, with {0}, },nen, We consider for each m € N, the t-continuous C-
modification of (fot 05110,5,,](8)dB%)o<t<7. For each m, n € N, n > m, by Lemma 2.18 we can find a
polar set A™ such that for all w € (/Almv")c, the following equality holds:

tAO t
/O Dol (8)dB2(w) = / DL (5)dB2(w)
t
_ / 1oL 0.0 1(5) L 0.0, (5)dB2(w) 2.10)
0

tACm
= / 7731[0,0n]<8)sta(w)v 0<t<T.
0

Define a polar set
+oo +oo

A=) U Amn
m=1n=m+1

For each m € Nand (w,t) € Q x [0,T], we set

t
m Ns1(0,0,,1(8)dB3(w) , w € AN Q;
X" (w) = / el

0, otherwise.

Definition 2.19 Giving n € ME([0,T]), p > 2, for each (w,t) € Q x [0, T), we define

t

/ NsdB2(w) := hrﬂ X" (w). (2.11)
0 m—-1+00

Remark 2.20 From (2.10), for each w € A° and m, n € N, n. > m, X" (w) = X" (w) on [0, 0y (w) A T,

which implies that this setting is consistent and that the limit in (2.11) exists pointwisely and thus, the

definition above is well posed.

On the other hand, we shall verify that only on a polar set, there will be some difference induced by choosing
a sequence of stopping times different from {0, }men. Suppose {o), }men is another sequence of stopping
times that satisfies the second condition in Definition 2.15 and ensures that n satisfies the first one, and
suppose that X' is the process of [ ndB? defined with respect to {o},, }men. By Lemma 2.18, we can find
for each m € N, a polar set A™ such that for all w € (Am)c,

t/\am/\a':n t
/ DeL00,(5)AB2(w) = / L0 ()1 007 1 (5)dB2 ()
0 0
t/\om/\a;n
= / nsl[O,a’m]<s)dB?(w)a 0<t< T,
0

and we define A= U;C:l Am along with a polar set A in a similar way as A with respect 10 {0 m tmen
Foreachw € (AU A"UA)NQNQ, we have that X™(w) = X'™(w) on [0, 0 (w) Ao’ (w) AT). By
the second condition in Definition 2.15,

lim C({w:on(w) Ao, (w)=T}) =1,

m——+oo
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which implies that these two processes are indistinguishable (in the gq.s. sense).

Besides, the choice of the t-continuous C-modifications for (f(;5 N5110,0,,](8)dB%)o<t<T, m € N, will not
alter the definition of [ ndB either. This is a direct corollary of Proposition 2.12.

From the second condition in Definition 2.15, for each w € A€, we can find an m € N, such that o, (w) A
T =T and thus, fot NsdB2(w) = X}"(w), 0 < ¢t < T. By the continuity of paths of {X{" }o<i<1, we know
that paths of(fot nsdB2)o<i<T are t-continuous q.s..

Remark 2.21 For a given n € MZE([0,T]), p > 2, with {0, }men, define X; = fot nsdBs, then X €
M2 ([0, T)) with respect to the same sequence {0, } men.

2.4 Stochastic calculus with respect to a bounded variation process

In this section, we define stochastic integrals with respect to an R™-valued bounded variation process, and
then we extend G-1t6’s formula to the case where an bounded variation process appears in the dynamic. Be-
fore proceeding this, we take (B) as a special example of bounded variation process and discuss stochastic
integrals with respect to it. In what follows, C' denotes a positive constant whose value may vary from line
to line.

2.4.1 G-stochastic integrals with respect to (B)

We now consider G-stochastic integrals with respect to (B?), which is the quadratic variation of B* formu-
lated by

N-1

t
B2, = lim B2 — B&,)2 = (B2)?2 _ 2/ B?dB?, in Lz 0,T 3 (2.12)
(B u(mfy 7)) —0 ];)( i tljgv) (B7) 0 : ({ 1)

We know that (B?) is a g.s. increasing process and by Corollary 5.7 in Chapter III of Peng [75], for each
0<s<t<T,
(B?); — (B*)s < 0gate(t — 5), q.5.. (2.13)

We consider the ¢-continuous C-modification of (B®), and for each couple (¢,¢') € ([0, T]NQ) x ([0, T]N
Q), t < t/, we can find a polar set A", such that for all w € (A" )¢, (2.13) holds. Defining a polar set

A = U At

t,t’ €([0,T]NQ) x ([0,T]NQ)
t<t/

and by the continuity of paths of (B2), for all w € (A;)¢, (2.13) holds for all s, ¢ € [0, 7], which implies
that outside A1, all paths of (B?) is absolutely continuous with respect to .

Definition 2.22 Suppose that 1) is an element in M5 ([0,T]), p > 1, then we can find a polar set A, such
that (2.8) holds for all w € A§. Now, we define

(/T 77td<3a>t)(w) = /OT M (w)d(B*):(w) , w € (A1 U Az)*

0 .
0, otherwise,

where fot Ns(w)d(B)s(w) is an integral formed in the Lebesgue-Stieltjes sense.

3n fact, one can see by the BDG type inequality that
N-1

B t
E[ /0 ( Z Btk’l[tkﬂtk+1)(s) - Bs>st
k=0

where the right-hand side of the inequality above is dominated by ;—fzt(u(ﬂ'
that (2.12) can be defined in any space L (€2¢), where p > 2.

< — (te+1 — te)? ,
p+2 =

N

[0,1] ))?/2 that converges to 0. This argument implies
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We state that a different choice of the ¢-continuous C-modification of (B2) will only alter this definition on
a polar set. Because for each w € (A; U A3)¢, the Lebesgue-Stieltjes integral fOT Ne(w)d(B?)¢(w) is abso-

lutely continuous with respect to the Lebesgue measure induced by (B).(w), the path [ n:(w)d(B?)¢(w)
is continuous in ¢.

We notice that our definition for this kind of G-stochastic integrals is made path by path. Therefore, for each
n € ME([0,T]), p > 1, we shall verify if this definition is compatible with the one made by continuously
extending a mapping on M ([0, T]) in Li and Peng [52]. Suppose that a sequence {n" }n,en C MY ([0, T7)
converges to 7 for the norm (2.4). For each n € N, it is obvious that the two definitions are equivalent
for the G-stochastic integral [ 7™d(B?) (indistinguishable in the g.s. sense). By a classical argument, 7",
n € N, is progressively measurable with respect to B([0,¢]) ® B(£2;) and so is 7, then by the classical

measure theory (cf. Revuz and Yor [80]), the random variable fOT ned(B); defined by our definition is an
element in L°(Q7). Therefore, for a positive constant C(7T') that depends only on 7', we have

p

T T P T
\ / (i —n)d(B2),| < / = mld(B2),| < C(T) / o — Pt g.s.
0 0 0

Then,
B T P T p
EH | = mpacm, ]: sup E[ | = mai, }
0 PePa 0
T
<o sw 5| [ i - nival @.14)
PePa 0

T
= C@E| [ = ] 0, s - 1,
0
which implies that these two definitions coincide on M ([0, T]) and by our definition, the random variable
fOT n¢d(B); is still an element in LY (Qr).

For two given vectors a, a € R, the mutual variation of B* and B? is defined by (B2, B2); := 1((B*+2),—
(Ba373),). Consistently, we can define

T - 1 T B 1 T -
/ ’I’],5d<Ba7 Ba>t = */ ntd<Ba+a>t — */ ntd<Ba_a>t. (2]5)
0 4 0 4 0

By a standard argument, we have the following lemma, first for n € M ([0, T), then forally € MZE ([0, T)):

Lemma 2.23 Letp > 1,a,a € R% € ME([0,T]) and 0 < s <t < T. Then,

P t
IE[ sup ] < ngtplE[/ |7;spds}, (2.16)
0

0<s<t

/ nud(B?, B9,
0

where Ca’é = i(a(a+é)(a+é)T!‘ + U(aié)(aié)Tr).
2.4.2 Stochastic integrals with respect to a bounded variation process

Definition 2.24 We denote by Mpp([0, T]; R™) the collection of all n-dimensional B(£2;) @ B([0,t]) pro-
gressively measurable processes X, whose paths X.(w) : t — X¢(w) are bounded on [0, T outside a polar
set A, e forallw € A% | X (w)| < +00, 0 <t < T.

Remark 2.25 For p > 1 and X € ME(][0,T];R"), as we have already stated in the last section, 1 is
progressively measurable. Thus, for each O € B(R), the process defined by Y. :== 1x co is an element in
Mpp([0,T)). We keep the notation in Lin [54]: M.(]0,T); R™) denotes the collection of all processes X
whose paths X.(w) : t — Xi(w) are continuous in t on [0, T outside a polar set A. It is obviously that
M.([0, T]; R™) is a subset of Mpp ([0, T]; R™).
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Definition 2.26 We denote by Mgy ([0, T); R™) the collection of all n-dimensional processes K € M_([0,
T]; R™), whose paths K.(w) : t — Ki(w) are of bounded total variation over [0, T outside a polar set A,
ie. forallw € A°, Vi (K.(w)) < +oo.

Remark 2.27 By a classical argument, each component K”, v =1,...,n, of K € Mpy([0,T];R") can
be viewed as the difference of two processes K| — K5, whose components K and K5, v =1,...,n, are
g.s. t-continuous and increasing. However, for a given K € M ([0,T];R™) N Mpy ([0, T];R™), we have
no ideal whether Vi (K.(w)) € MF (0, T]) N Mpv([0,T]) or not.

In the rest part of this section, for simplicity, we use the Einstein notation, i.e. the repeat indices v, ¢ and j
imply the summation.

Definition 2.28 For each X € Mpgp([0,T]), we define the stochastic integral with respect to a given
K e Mpv([07TD by

T
T XU dKU AC'
</ Xtth)(w) - /0 F(w)dK] (), w e A%
’ 0,weA,

where A is a polar set and on the complementary of which, X .(w) is bounded and K .(w) is of bounded total
variation over [0, T|. The integral on the right-hand side is in the Lebesgue-Stieltjes sense.

Remark 2.29 [t is readily observed that for each w € A°, the Lebesgue-Stieltjes integral exists, and as
we have mentioned in the last section, the random variable fOT X dK; is an element in LO(QT). More-
over, thanks to the pathwise boundedness of X, paths of the integral [ XdK are t-continuous q.s., i.e.,

(fy XedKJo<i<r € M,((0,T)).

Remark 2.30 Lesting n = 1, for each X € M_([0,T)) this definition is compatible with Definition 3.5 in
Lin [54] that is made in the Riemann-Stieltjes sense. For these X, the stochastic integral fOT X:dK; can be
q.s. approximated by the following sequence:
N—-1
Vi (X, K) (@) i= Y Xy (@) (K, (@) = Ky (@),

k+1
k=0

where ujy € [ty 1, |) By the Heine-Cantor theorem, immediately, we have

T
Vﬁﬂ (X,K) — / X dKy, q.s., as u(ﬂﬁT]) — 0.
0

Remark 2.31 Foreach G-Ité process X € M2([0, T); R™), we can always assume that X € M.([0, T]; R™),
however, unlike in Lin [54], at this time the assertion that fOT X,dK; € L} (Qr) no longer holds true, even
we assume that K is a bounded element in Mgy ([0, T]; R™) N M2([0, T); R™). The reason is that we do not
know the integrability of Vi (K). Only if the process K can be represented by the difference of two processes
whose components are q.s. increasing processes in M2([0,T)), we could have some similar results, but to
our best knowledge, we can not have such an assertion in general.

However, if the integrator is ( B), which is also in Mgy ([0, T]), then for each X € M ([0,T)), fot Xsd(B)s
€ LE(Qy), where p > 1. But for general K € Mgy ([0,T)), its paths may not have such wonderful proper-
ties, i.e., q.s. increasing and absolutely continuous with respect to t.

2.4.3 An extension of G-Ito’s formula
Consider an n-dimensional process on [0, T'] that is a combination of a G-It6 process and a bounded varia-
tion process:

+

t t t
X:=x5+/ fs”ds—i—/ hgijd<B",Bi>s+/ g dBI + K/, v=1,...,n, (2.17)
0 0 0

where B is a d-dimensional G-Brownian motion. We first give a G-1t6’s formula when ®, 0;®, 0, P and
92, ® are bounded and uniformly continuous on [0, T'] x R" and K is uniformly bounded.
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Lemma 2.32 Let 0 <t < T, ® € CH2([0,T] x R™) such that ®, 9,®, 0, and 8?,® are bounded and
uniformly continuous and X be given in the form of (2.17), where f¥ and h'% are elements in M ([0, T)),
g"9 is an element in M2([0,T)), v =1,...,n,4, 5 = 1,...,d, and K is a uniformly bounded element in
Mpy ([0, T); R™) satisfying that for a positive constant o and each 0 < vy < T,

lim E[Ky,, — Ky, |* =0. (2.18)

U2 —U1

Then,
t
O(t, X;) — ©(0, ) :/ (0:D(s, Xs) + O P(s, Xs) f¥)ds

0
t 1 o L

+/ (aﬂ@(s,xs)h:” +285W<1>(s,Xs)ggzggﬂ)d<B’,BJ>s (2.19)
0
t ) ) t

b [ 0uls X2l + [ 0,0l X)ARY, g
0 0

Proof: By taking X° = ¢, this lemma is a simple extension of Lemma 2.45 in the appendix to multidimen-
sional case, so we omit it. O

With the help of a localization method, this formula can be generalized for a larger class of ® and a combi-
nation of some locally integrable G-It6 process and some K that is not uniformly bounded.

Theorem 2.33 Let ® € CH%([0,T] x R™) and X be given in the form of (2.17), where " and h*" are
elements in M ([0,T)), g*7 is an element in M2([0,T)), v = 1,...,n, i, j = 1,...,d, and K is an

w

element in Mgy ([0, T]; R™) satisfying that for a positive constant o and each 0 < uy < T,

lim B[V (K) — V2 (K)|*) = 0. (2.20)

U2—U1

Then, (2.19) holds, in which the G-It type integral is defined by Definition 2.19 and the other stochastic
integrals are defined in the Lebesgue-Stieltjes sense.

Proof: Without loss of generality, we prove this theorem when n = 1 and d = 1, and we assume that there
exists a common sequence of increasing stopping times {o,, } men that satisfies the second condition of
Definition 2.15, such that with respect to this sequence, f, h and g satisfy the first one respectively. Define

o = inf{t : | X¢| + |Ko| + VJ(K) > m} AT and 7y, := i A O

From the argument at the end of Section 2.3 and in Subsection 2.4.1, we know that paths of the G-It6 part of
X (we denote it by M like in Lin [54]) are q.s. t-continuous and thus, uniformly continuous and bounded
on [0,7]. From this fact along with that paths of K are q.s. ¢-continuous and of bounded variation over
[0, T, {1tm }men satisfies the second condition in Definition 2.15, i.e.,

Q" = {w: (W) AT =T} 1 Q C Q, where C(Q°) = 0.

Thus, by Remark 2.17, {7,, } men is a suitable sequence to replace {0, }men, such that with respect to this
new sequence f, h and g satisfy the first condition in Definition 2.15 respectively, which implies f1jo ;) €
M}([0,T)), hl ., € MI([0,T]) and g1y | € MZ([0,T]). By the definition of G-stochastic integrals
for local integrable processes, for each m € N, X, can be written in the following form:

t t t
Xinr, = —|—/ fs1jo,7,.1(s)ds +/ hslo 7, 1(s)d(B)s —|—/ 9s1jo,7,,1(5)dBs + Kips,,, q.5..
0 0 0

As V;(K) is an increasing process, for each m € N, V;"™ (K) still satisfies (2.20). Then, from the equality
that V"™ (K) = V¢ (K .ar,,) on [0, T], we have, for each 0 < u; < up < T,

E[|Kusnr, = Kuiar, [*] S B[V (Koar,) = Vo' (Koar, )|
E[[Vg2" 7 (K) = Vg " (K)[*] = 0, as up — 1. .21
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On the other hand, we can see that K is uniformly bounded by m, then following the argument in Remark
2.43, we know that K., € MZ([0,T]), for any p > 1, and thus, X.A,, € M2([0,T]).

Since ® € CH%(]0,T] x R™) such that ®, ‘f;f, 4% and d —% are bounded and uniformly continuous on the
compact set {x : |x| < m}. Therefore, we can apply Lemma 2.32to (¢, X¢x,) and obtain

L (do dd
(p(t; Xt/\‘f'k) - ¢(075170) = /(; <dt(57Xs) + Cl:I;(S’Xg)fq) 1[077_m](5)ds
L (d® 1 d®?
+/0 (dx( shs + 5755, Xs)g )1[o,rm](8)d<3>s (2.22)

t

L dd ad
+/0 . — (s, Xs)gs 10,7,.] ( )dB; —|—/0 E(SaXs)]-[O,Tm](S)dKS/\Tma q.s..

We take the term fot ‘é%(s, X4)9s1(0,7,,1(8)dB; as an example to explain how we can pass to limit for
the G-Itd part as m — +oo. Since ”};T‘f is bounded on {z : |z| < m}, one can see that 42 is uni-
formly Lipschitz in 2 on this compact set. Then, from the fact that X.,,, € M?2([0,T]), we deduce that
92 (. X rr,.) € M2([0,T]) (cf. the proof of Lemma 2.36). Furthermore, by Lemma 4.2 in Li and Peng
[52], we have 22(-, X )1, () = 22(-, X.ar, )10.5,1(-) € M2([0,T)). Finally, because %2 is also
bounded on {x : |z| < m}, by Proposition 3.11 in Li and Peng [52], 42(-, X.)g.1( ,,.1() € MZ2([0,T]).
Therefore, 22 (-, X.)g. well satisfies the first condition in Definition 2.15 with respect to {7, }men and thus,
itis an element in M2 ([0,77) and this term can be well defined q.s., as m — —+oc.

Now we consider the last term in (2.22). For each w € € (Q is corresponding to the new sequence
{ltm }men), there exists an m € N, such that w € Q™ and 7,,(w) AT = T. Hence, for all | € N,
l>m,

top )
e (5, Xs(W) 10,7 ()] (8)dK spmy () (W) = 5 (8, Xs(W)) 10,7, ()] (S) K spr,, (w) (W)

0 0

Moreover, paths of X are ¢-continuous outside a polar set A, then for all w € Q\A, the integrals on both
sides of the equality above exist and

t 9P . tod
. or (5, X5(w))(s)dKs(w) := lim /%(s,Xs(w))l[o,m(wn(s)szATm(m(w)

We complete the proof. O

Remark 2.34 [n this theorem, in order to ensure that (2.21) holds true, we assume that V;(K) satisfies
(2.20), which is stronger than the corresponding condition in Lemma 2.32. For n = 1, if K is an increasing
process, then this condition coincides with that K satisfies (2.18).

2.5 (G-stochastic differential equations

In this section, we consider an n-dimensional GSDE of the following form:
t t t
X =+ / f(s,X)ds + / h(s, X,)d(B, B), + / 9(s,X,)dBs, 0t <T, q.s.,  (223)
0 0 0

where = € R™ is the initial value, B is the d-dimensional Brownian motion, (B, B) = ((B%, B7)); j—1,...,
is the mutual variation matrix of B and f, h and g are functions such that for fixed w € Q fGy) )

(w
(@), P @D™ 0, T] X R = R, h(, ) (@) = (B (5 ) @))i 25 g - [0,7] x R

R and (-, ) (w) = (g (-, ) @)y Z17 ¢ [0,T] x R — R4,

We introduce the following conditions:
(H1) For some p > 2 and each = € R, f¥(:,x), h¥;(-,x), g§ (-,x) € MZ([0,T]), v = 1,...,n,4,j =
1,...,d;
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(H2) The coefficients f, h and g are uniformly Lipschitz in z, i.e., for each ¢t € [0, T] and z, 2’ € R™,
|f(t,x) — f(t,2")| + [|h(t,2) — ht,2")|] + [lg(t, x) — g(t,2")|| < Crlz —2'], ¢.s.,

where || - || is the Hilbert-Schmidt norm of a matrix. Here, q.s. means this inequality holds for all the w
outside a polar set A independent of ¢.

We notice that the domain of coefficients here is larger than the ones in other articles that we mentioned in
the section of introduction.

Theorem 2.35 Let (HI) and (H2) hold. Then, there exists a unique process X € MY ([0, T]; R™) that has
t-continuous satisfying (2.23). For two initial values x, y € R", let X* and XY be two solutions of (2.23)
respectively with the initial values x and vy, then there exists a constant C > 0 that depends only on p, n, T
and C7,, such that

E[ sup |X7 - X{|P] < Cla —ylP. (2.24)

te[0,T]

We shall prove the existence part by the Picard iteration. Before proceeding this, we should prove the
following lemma, which ensures that all stochastic integrals are well defined in each iterative step. In the
sequel, a constant C' > 0 that depends only on p, n, T and C, may vary from line to line.

Lemma 2.36 For some p > 1, ( is a function that satisfies ((-,x) € MZE([0,T]) for each x € R™. We
assume moreover that ((-, x) satisfies a uniform Lipschitz condition, i.e., for each t € [0,T) and each x,
zo € R™, [((t,21) — C(t,x2)| < Cplz1 — x2|. Then, for each X € ME([0,T];R™), {(-, X.) is an element
in M7 ([0,T7).

Proof: This proof is similar to the one of Lemma 5.1 in Lin and Bai [56]. Without loss of generality,
we only give the proof to the one dimensional case. Suppose that X can be approximated by a sequence
{XN}nen C€ MP([0,T)) of the form below:

N-1
XV =" Gl (1),
k=0
where &, € By(€,.), then
_ T B T
E[ | et xiy - <<t,xt>|1’dt} < cLE[ |- Xm’dt} 0, a5 N — +oo.
0 0

To obtain the desired result, we only need to prove that for each k € N, (-, &)1y, 1,,,)(-) € ML([0,T7).
Since &, € By (£, ), there exists an M > 0, such that &, € [—M, M], which is a compact subset in R. For
each n € N, we can find an open cover {G;};c; of R, such that A(G;) < %, 1 € I. By the partition of
unity theorem, there exists a family of C5°(R) function {¢! },c;, such that for each ¢ € I, supp(¢}) C G,,
0 < ¢ <1,andforeachz € R, > ¢ (x) = 1. Moreover, there exists a finite number of ¢, such that for

i€l
each x € [-M, M],
N(n)
¢r(z) = 1.
i=1
Choosing for each i = 1,..., N(n) a point 2} such that ¢ (z1") > 0, we set
N(n)

¢ (tw) = Y Cltal)or (@)

Then,

|Cn (ta fk)]‘[tkytk+1) (t) - C(t7 Ek)l[tk,thrl) (t)| (2.25)
N(n)

< 36006 G-I E) < T S < b,
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which implies that ™ (-, §x) 11, ¢, +1)(+) converges to ( (-, §x) 1[4, ¢, ,)(+) under the norm (2.4).

On the other hand, applying Proposition 3.11 in Li and Peng [52], we have ((t, ") (§x) 1t ,t0+1) €
MZ([0,T1), for i = 1,...,N(n), which implies for each n € N, ¢"(-, &)1y, 1, +1)(-) € MZ([0,T]).
Then, (2.25) yields that (-, £, )1y, 4, +1)(-) € ME([0,T]). O

Proof to Theorem 2.35: We start with the proof of the existence. We set X = 2 and define a Picard
sequence { X" },,¢n in the following way:

t ¢ ¢
Xt =g —|—/ f(s, X")ds —|—/ h(s, X7")d(B, B) +/ g(s, X")dBs, 0 <t <T, m>1.
0 0 0

By Lemma 2.36 and the conclusion in previous sections, we know that this Picard sequence is well defined
and that for each m € N, X™ is an element in M? ([0, 77) that has t-continuous paths.

First, we establish an a priori estimate uniform in m for {E[ sup |X/"|?]}men. For each m € N, we have
0<t<T

Bl sup X7+ < O lap +E| | ' saopal +| [ ' .0yl

0<s<t
+IE{/ |g(t,0)|pdt} +/ E[ sup |X;"”]ds>.
0 0 0<u<s

Because f(-,0), hi;(-,0), g;(-,0) € MY([0,T];R"™),4,j =1,...,d, we know that

]E{/OT|f(t,O)pdt] +EUOT|h(t,0)|pdt] +E{/{)T|g(t,0)||pdt} < +00.

By recurrence, it is easy to verify that for all m € N,

E[ sup [X"[P] <p(t), 0<t<T,
0<s<t

where p(-) is the solution to the following ordinary differential equation:

o) =C(jal 8| [ ' sopa 5| [ ' . oPar] + 5| [ ' lote.0ypa| + [ tp(s)ds),

and p(-) is continuous and thus, bounded on [0, 7.

Secondly, for each [, m € N, we define

up T = E[ sup |XPTH - XPHIPL 0 <t < T

0<s<t
By Lemma 2.10 and 2.23, we obtain

_ t

u ™ < CE[ sup | X" - X' = C / u"'ds. (2.26)
0<s<t 0

Set

o i=suput, 0<t < T,

leN

then

¢ t ¢
0<ut < C’sup/ u™lds < C [ supu™'ds = C’/ vl'ds.
1en Jo 0 leN 0

Taking the supremum over all [ € N on the left-hand side, we obtain

t
0 <ot =suputH < C’/ vtds.
leN 0
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Finally, we define
oy = limsupvy®, 0 <t <T.
m——+o0o
It is easy to find that v]* < Cip(t), where C; > 0 is independent of m. By the Fatou-Lebesgue theorem,
we have

t
O§at§C/ agds.
0

Gronwall’s lemma gives
ap = 0, 0 S t S T,

which implies that { X™},,en is a Cauchy sequence under the norm

(E[ sup |- ["])7. 2.27)
0<t<T

Following a standard argument, we can construct a process X € MF(]0,T7]) that has ¢-continuous paths
and is the limit of { X"}, en under the norm (2.27). On the other hand, we have

E| sup / (F(s,X) — f(5,X.))ds

p T B
} <c [ Bxp - xipla
LO0<t<T 0

B| sup | [ (10 X7) = h(s, X.)a(B. B).

P T
} <c [ B - X
LO0<t<T 0

t
E| sup / (g5, X™) — g(s, X.))dB,
LO<t<T | JO

P T
] <c / E[|X" — X,|7|dt,
0

which converge to 0 as a result of E[supy<,<,|X;™ — X;|?] — 0. Now, we can conclude that X is a
solution of (2.23).

For two initial values x, y € R", we calculate in a similar way to (2.26), then we obtain

t
£ sup |X§—X3P]sc(|x—y|p+ [ su |X§—X3|p]ds),
s€[0,t] 0 u€(0,s]

which implies (2.24) by Gronwall’s Lemma. From this dependence of solutions with respect to initial
values, we obtain the uniqueness of the solution to (2.23) in M¥ ([0, T]; R™). O

With a localization method, we shall discuss two kinds of GSDEs, both of them have coefficients that are
locally Lipschitz in x, where in the first one, the Lipschitz constant varies in term of ¢; in the second one,
the Lipschitz constant varies in term of x. Here below are the conditions for the first case:

(H1’) For some p > 2 and each z € R, f"(-,x), hi/; (-, x), g (-,x) € ML([0,T7]) with respect to a common
sequence of stopping times {c,, bmen, v = 1,...,n, 4,5 =1,...,d;

(H2’) Outside a polar set A, the coefficients f, h and g are locally Lipschitz in z, i.e., for each t € [0, T
and z, 2’ € R",

[ 2)(w) — £t 2 (@) + 1Bt 2) (@) — bt )@)l] + llg(t, ) (@) — glt, 2 @) < Cu(w)le — '],
where C is a positive process whose paths C.(w) are continuous on [0, ] outside the polar set A.

Theorem 2.37 Let (H1’) and (H2’) hold. Then, there exists a unique process X € MP ([0, T]; R"™) that has
t-continuous paths on [0, T] satisfying (2.23).

Proof: For each m € N, we define
f = 1nf{t : Cy > m} AT and 7, := g, A O

Since C.(w) is t-continuous outside a polar set A, it is easily observed that {7,, }men is a suitable sequence
such that with respect to this sequence, for each » € R™, the coefficients f”(-,z), h;(-, ) and g} (-, x),
v=1,...,n,4,5 = 1,...,d, satisfy the first condition of Definition 2.15. On the other hand, for each
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m, flio,7,.1» P17, and gl ;| are uniformly Lipschitz with the constant m, thus, the GSDE (2.23)
with the coefficients f1y .1, h1jo.7,.) and gl .} admits a unique solution in MPE ([0, T); R™), which is
denoted by X™. From the proof of the last theorem, we also know that for & > m, f”(-, X _’6)1[077771},
W (L XR)1 70 9% (L X)L 7, € ME([0,T]). In what follows, we will verify that, this sequence of
solutlons are consistent, i.e., for each m € N, the solution X" and X™*! are indistinguishable (in the q.s.
sense) on [0, 7,,,]. For each m € N, we calculate

E[ sup [X% — X0h,, [P]=E[ sup (X7 = X"PLyo,r,,(5))]

0<s<t 0<s<t

[sup <‘ / P XY g 3() — Flu, X)L, (u))du

0<s<t

[ X8 ) = B X)L, () B
0

pl[o,rm](s)ﬂ

+ [ X8 )0 = 00, X)L, () B

[ sup <‘/ (u, Xerl = flu, X)o7, (w)du

0<s<t

[ X2 = 0 X0 () B
0

)

t
< Cpmp/ E[ sup (|X;"+1 - X' P10,7,.1(u))]ds
0

0<u<s

+ / (9, XTY) — g(u, X)) 100,y (w)dB,
0

t
< CpmpI_E{/ |Xsm"’1 — X?|p1[0,7m](s)ds}
0

¢
§Cpmp/ E[ sup X[ — X7 |Plds, 0 <t <T.
0

UNTm
0<u<s

Gronwall’s lemma implies that E[sup<;< | X{A1' — X7 |P] = 0. Therefore, we can find a polar set A,
such that for all w € 1_4_10 and each m € N, the path X™ (w) are t-continuous, and that X% (w) = X\ /1. !
For all w € Q\(A U A), there exists an m € N, such that for all & > m, 7(w) = T. Then, we define

lim X/"(w), we Q\(AU A);
Xxw%: m— 00
0, otherwise.

One can easily see that X € MP ([0, T];R™) with respect to the sequence {7, } men and has ¢-continuous
paths, then stochastic integrals in GSDE (2.23) can be well defined and X is a solution of this equation.

Suppose there are two processes X and X' € MP ([0, T]) with two sequences {iim tmen and {u), }men
such that both of them satisfy GSDE (2.23). We define a new sequence by 7., := 0y A i Apil,, form € N,
then we can verify that, (-, X.), f“(-, X!), h{;(-, X.), hi;(-, X7), g7 (-, X), g7 (-, X!) € ME([0,T]).
Subsequently, we apply G-1t0’s formula (cf. Theorem 5.4 in Li and Peng [52]) to | X; — X |?, then multiple
1(0,,,] on both sides. One can readily obtain that for each m € N, X. and X are indistinguishable (in the
g.s. sense) on [0, 7,,, ], from which we have the uniqueness. 0

In what follows, we consider a time-homogeneous GSDE, whose coefficients satisfy both a local Lipschitz
condition and a Lyapunov condition. Detailed discussion for this kind of SDEs in the classical framework

can be found in Has’minskii [32] or Briand [6]. We will consider the following two assumptions:
(H2”) The coefficients f*, h;’J, g}’ : R™ — R are deterministic functions, v = 1,...,n,4,j5 = 1,...,d,
such that f, h and g are locally Lipschitz in z, i.e., for each x, 2’ € {z : || < R}, there exists a positive

constant C' that only depends on R, such that

(@) = F@)]+ lIh(z) = ()] + llg(z) — g(2")]] < Crlz —2'};
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(H3”) There exists a deterministic Lyapunov function V' € C12([0, T] x R") satisfying V' > 1, such that

inf inf V(t,z) — 400, as R — 400,
o >R t€[0,T]

and there exists a constant Cy > 0, such that for all (¢, z) € [0,T] x R",
EV(t, ’JJ) S CLyV(t, :ZZ),

where L is a differential operator defined by
1
LV (t,z) = 0V (t,x)+ 0 V(t,2) f¥(x)+ sup <aru V(t,x)h; (z)ofj + 58'5%” V(t,xz)gt (z)g7 (x)cr;i) ,
sex

in which § := (03)¢,_, e & C %

Theorem 2.38 Let (H2”) and (H3”) hold. Then, there exists a unique process X € MP ([0, T];R"™) to
GSDE (2.23) that has t-continuous paths on [0, T, and the following estimate holds:

E[V(t, X5)] < 2TV (0, z).

Proof: For each N € N, we first consider the following truncated GSDE:
t t t
XN = x+/ fN(X;V)der/ AN (XNYd(B, B), +/ gV (XN)dB,, 0<t < T, qs., (2.28)
0 0 0
where (b)), (hl-”j)N and (g;-’)N, v=1,...,n,i,j=1,...,d, are defined in the following form:

vy @ RSN
¢ @) { C(Nz/|z|), if |z| > N.

It is easy to verify that b, bV and ¢’V are all bounded functions and uniformly Lipschitz in  and thus, (H1)
and (H2) are both satisfied. Then, by Theorem 2.35, (2.28) admits a unique solution X in MZ ([0, T]; R"),
which has ¢-continuous paths outside a polar set.

Define a sequence of stopping times by
T = inf{t: |X}N| > N} AT.

Thanks to Lemma 2.18, we can deduce from (2.28) that
t
O ) AL S TRNIE TS
0
t t
[ W 0 (BB + [ (X g (5B,
t
- / PV X)L (5)ds
0
t t
+/ hN+1(X£V)1[O,TN](S)d<BvB>s +/ gNJrl(X;V)l[O,TN](S)st
0 0
tIATN
=z+ / SNTHXY)ds
0
IANTN tATN
+/ RNTHXM)d(B, B), +/ gV THXNYAB,, 0 <t < T, ¢.s..
0 0
On the other hand, by the definition of X N+1 we have
tATN tIATN
XN =k [ P s+ [ AR (B, ).
0 0

tATN
+/ gV XN TAB,, 0<t< T, gs..
0
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By the uniqueness of the solution to the GSDE with coefficients fN+1, hN*1 and g™V *!, XV and XV +! are
distinguishable (in the g.s. sense) on [0, 7. This implies that the sequence {7y } yen are g.s. increasing.

Now we aim to show that

C( DO {w:Ty(Ww) = T}) =1 (2.29)

N=1

Because | X V| never exceeds N on [0, 7], g.s., we have

f(XtN)]-[O,TN](t) = fN(XtN)l[O,TN](t)7 h(XtN)]-[O,TN](t) = hN(XgV)l[OTN](t)’ (230)
9(X) L0,y (8) = 6N (X )10y (1), 0SS T, g5,

where the right-hand side are MY ([0, T]; R™) processes. One can see that
tATN tATN tATN
Xy =a [N [N BB [ Y (xNaB,

0 0 0
tINTN tINTN

=x+ / fN(XéV)]_[O’TN](S)dS + / hN(XSN)]_[O’TN](S)d<B, B>S
0 0

tATN
[ O (),
—x—|—/ f 1[() TN] d5+/ h 1[0 TN]( )d<B,B>5

+ / (X)) (8)dBs, 0< L < T, q.5..
0

Then, apply G-1t0’s formula (cf. Theorem 5.4 in Li and Peng [52]) to ®(t A7, X[ ) := exp(—CLy (t A
™))V (t A TN, X{Nsy ). Since LV < CpryV and XN = XX on [0, 7], we have for each t € [0,T],
LO(t ATn, X[,,) < 0. From (2.30) and the fact that 9,V (¢, z) is Lipschitz continuous and bounded on
B(0, N), it is readily observed that V& (-, XN)g(XN)1( -.1(-) € ME([0,T]) (cf. Proposition 3.11 in Li
and Peng [52]). Then, we obtain

TATN
B [ vot xoxa] —o
0

Hence,

E[®(T A1y, XPry )] — @(0,2) [/ LD t/\TN7XMTN)dt} <0,

and then, B
EV(T AT, XPary )] < V(0,2) exp(Cry T). (2.31)
In particular, we have

Ery<r V(T ATn, XPnry )] < V(0,2) exp(CLyT).

Since X has t-continuous paths outside a polar set, 7y < 7" implies | X.
deduce

TATN\ N, g.s., from which we

CHw: 8 (w) < T}) |a:1|r;th€1[%fT] V(t,z) <V(0,z)exp(CryT).
As N — +o0, by (H3”), we obtain

1> LHE CHw : (W) =T} >1— NliIEOOC‘({w v (w) < T} =1.

Since {w : 7y (w) = T} is increasing, the upwards convergence theorem (Theorem 2.4) yields (2.29).

Therefore, there exists a polar set A, such that for all w € A€, the following assertion holds: one can find
an Ny (w) that depends on w, such that for all N > Ny(w), N € N, 75 (w) = T'. Then, we define

(2.32)

XN (), 0<t<T, we A
Xt(W):{ t 0= _O weA
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From the argument above, we have for each 7y, X1y = XV1j .y € ME([0,T];R™) and thus,
X € MZ2([0,T];R™). Moreover,

tATN tATN tATN
Xopew = XN =+ / (XN )ds + / WY (XNVd(B, BY, + / gN(xXV)dB,

tATN tATN
=z —|—/ f(Xs)ds —|—/ h(Xs)d(B, B)s
0 0
tATN
+/ 9(Xs)dBs, 0 <t <T, q.s.,
0

which implies that X satisfies (2.23).
Similarly to (2.31), we have for a fixed ¢ € [0, 7],

E[V(t A TN, Xt]\/[\m)} < V(0,z)exp(CryT).

Letting N — 00, (2.29) and (2.32) yield that V (¢t A Ty, th\/[\m) — V(t,X4), g.s., then Fatou’s Lemma
(Lemma 2.5) gives

E[V(t, X:)] < V(0,2) exp(CryT).

For the issue of uniqueness, we can follow exactly the procedure stated in the proof of Theorem 2.37. The
proof is complete. U

Remark 2.39 During the proof, we have used an extended notion of G-1t0’s formula in the following form:
tAT tAT . .
B(t A7, Xinr) — B0, 20) = / (DD (5, X,) + 00 D(s, X,)f¥)ds + / Dy B(s, X,)g" B
0 0

AT 1 o .
+ [ (am(s,Xs)h:“ i 2aiWcMs,Xs>g;“gf:f)d<Ba£”>s, 0.5,
0
(2.33)

where T is a stopping time. In fact, if T equals to the deterministic time T, the two sides of (2.33) equal q.s.
as a result of Theorem 5.4 in Li and Peng [52]. Furthermore, both sides of (2.33) have t-continuous paths
outside a polar set, then they are distinguishable (in the q.s. sense). Therefore, for any bounded stopping
time t A\ 7, (2.33) holds with no problem.

Remark 2.40 In Li [50], scalar valued locally Lipschitz GSDEs are also discussed, but under the following
linear growth condition: for some K > 0,

xb(t, ) + wh(t,z) + |g(t,z)* < K(1 + 2?).

One can verify that in this special case, our assumption (H2”) is satisfied with V (-, 1) = C (1+22), where
C depends on K. In fact, (H2”) allows us to consider some GSDEs with polynomial growth coefficients.
Here is an example (Duffing and Van der Pol oscillators in random mechanics, cf. Arnold [1] for more
examples): letting n = 2 and d = 1, we set h = 0 and

X\ _ Y: 0
d( ’ )‘(axtﬂxffm )dt+(g)dBt,

where «, (3, vy and o are positive constants. In this case, the Lyapunov function could be

1
V(t,z,y) =1+ =9> + g éx4, 0<t<T.
2 2 4
Remark 2.41 This result can be generalized to the case where the coefficients are not time homogeneous
and are also random, but (H1’) should be assumed in additional to (H2”) and (H3”). To prove this case,
TN should be replaced by T N o, and then everything can go in a similar way.
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2.6 Appendix

In this appendix, one dimensional G-Itd’s formula is proved when a bounded variation process appears in
the dynamic and the condition boundedness on the derivatives of ® is always required. The corresponding
results for a G-Itd process X can be found in Li and Peng [52] as Lemma 5.1 - 5.3. For the simplicity of
notation, we always assume C' > 0 is a constant whose value can vary from line to line.

Lemma 242 Let 0 < s < t < T, f, h and g be elements in By(2s) and K be a bounded element in
Mgy ([0, T)) satisfying that for a positive constant o and each 0 < uy < T,

lim E[K,, — K.,|*] =0. (2.34)

Ug—rUy

Let ® € C?(R) be a real function with bounded and Lipschitz first and second order derivatives. We joint a
simple G-It6 process and such a K together:

Xt —)(‘s = f (t— S) +h (<B>t - <B>s) +g . (Bt _Bs) +Kt —KS, (235)

then we have

w(x;) - o) = [ Toxasans [ (Fxon 55 ),

tdd tdd
——(X,)gdB. —(X,)dK., q.5..
+[dx< 7 +/de<> 0.8

Remark 2.43 We would like to explain a little more about our assumptions on K, especially the condition
(2.34) that is stronger than pathwise continuity. In this theorem, we assume that K € Mgy ([0,T]), then
by the continuity of paths, we know that K is progressively measurable and thus, for each t € [0,T],
K € LO°(Qy). From the boundedness of K, we can conclude that K, is an element in By(§);). For each
N € N, we set § = (t — 5)/2N and take the partition

7T[28]:;] :{t%N,t%N...,tgg}z{s,s—|—5,...,s+2N5:t}
and

2N -1
N
KZ = Z Ktk:]'[tkvthrl)(u)’ s<u<t,
k=0

which is a well defined process in MY ([0,T)). To prove this lemma through approximation by simple

processes, a key point is that, we should be able to approximate K by K 2" under the norm (2.4), for some
p > 2. As we have already stated in Lin [54], this can be achieved in the classical framework since the
dominated convergence theorem is available, however, in the G-framework, we lack such a theorem and we
need this stronger condition.

Denoting by M the bound of K, for each N € N, we calculate

Y - t 2N -1
1 = Ky =B| [ (3 150 = Ko Pl g 0 )

e

2N 1

;;) EllFw = K Pl ,tii)(“)) e

Then, if p > «, we have

+ 2N

( Z E[| Ky — Ko~ |O‘]1[t2N 2N )(u)>du — 0, as N — +oc;
k k k41

N ~
IK*" = Kl a2, 0,77 < (QM)’FQ/
k=0

S

otherwise,

2N _1

t
1K — Kl o)) < > B[ Ky — Kpn [*P/1 on v (1) Jdu — 0, as N — +oo,
S : 2™ 4

k41
k=0



2.6. APPENDIX 67

where the last convergence is deduced by Lebesgue’s dominated convergence theorem. One can easily see
that, as a consequence of the convergence above, K € MY ([0,T)).

Proof of Lemma 2.42 : Using notation in Lin [54], we denote by M X the G-1td part of (2.35), i.e.,
MY = M = f-(t—s)+h-((B) — (B)s) +9- (B, — By).

We consider always the partition w[QsNt], then from the second order Taylor expansion, we have

2N _1
(X)) — B(X,) = kz_o (B(X gy ) = B(X oy )
2= dd 1 2 1 A2
= X X X X N2
- ;;) dw X Mg = Mg ) 5 k; dzz X J(Mian = M)
2N 1
2d .~
+ 72( l% )(Mt)z(N Mt)Q(N)(KtQN KtQN)
o k41 2 k1 %
2N 1
1°S @20 o )
*3 ;;) 72 Gk JEpey = Kpov) (2.36)
12N_1 d2(1> N dQ(I) X MX MX )
t3 2 W(E}q )_@( tiN) ( ey tiN)
2N 1
dd
Y (X ) (K — Kov)

=+ B+ L+ Y+ 1Y+ I
where &7 satisfies X ;v A X v <& < Xon V Xpov .
k k+1 k k+1

We have already proved in Remark 2.43, K2 — K in MZE([0,T]), for any p > 2. Now, we consider
(MX )2N and because of the boundedness of f, h and g, we can see that (MX )%N — MX from the
following convergence, which can be verified by the BDG type inequalities, where M is the bound of f, h
and g:

2N 1

X X
ML o (w) = M

p
du]

+ 2N
Y _ /2 _
SCM”/S ( kz_o ((u =) + (u tk)p)l[th,tgﬁl)(u)>du
<o ¥ (g - P @ - )
o p+2 p+1

< CMP(t — s)(6P/2 + 67) — 0, as N — +o0.
Therefore, X 2 ., X in MZE([0,T]) and thus, the Lipschitz assumption on % and ‘;i‘f implies that, in
ME([0,77),

2N 1
do do
]CZO %(XtiN)l[tiN,tii’l)(') - %(X)
and N

kZ:O W(XtiN)l[tiN,tiil)(') - A2 (X).
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By considering the definitions for G-stochastic integrals and that all the coefficients f, h and g are bounded,
we have, in LY (),

¢ ¢
dd dd tdd
I — (X)) fd — (X, )hd(B),, X.)gdB,,.
= [ s [Tonas). [ Tx
Denoting by M the bound of %, as N — 0,
2|
By Holder’s inequality, we have

]E{Q_

d*® N N
Z 7(Xti’v)fg' (ti-u - ti )(BtzN
k=0

22 2o N N
Z @(X%N)J& (i — 1 )°

p
} < MPPMP(t — s)P6P — 0,
k=0

|
~ 2N 1 p
< MZPM’%SPIEK D By - BtiN> ]
k=0
2N _

< r2p A rp sp(oN\p—1m _ p
< M MPsP(2N) E[kz—o|Btii\:l BtiN|]

— Byw)

de k+1

< M MP(t — s)P5PoP/% — 0,

Recalling (2.13), one can see that

2N 1 dQ(I) oN oN
k-z—o @(Xtijv)fh' (thy1 — tk )(<B>ti$1 B <B>t%N)
— N
Z X ) |IFBI (5 = )%, .55
k=
2N 1
d*P 2 2
- d2(1) oN oN o
Z o )| = )%, g.s:
k=
N
27 -1 dQ@
2 gz X ha - (Bl = (Br) By, = Br)
2N 1
P dg(b Y "
<7 3 g )| [Pllsliiss — 1B gy, = By, a5

in which the right-hand sides converge to 0 in L(£2;). On the other hand, we calculate

2N 1 2D
(Xt2N)92 (Bt2N -

dl‘Q k k+1

- d2<1>
By )? Z Xan)g® - ((B)ax —(B)an) (2.37)
k=0 =0

k+1 k

2N _1

N
P2 ) tht
23 Tt (B By, B = [T Budn.). 0

k=0 k
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By proposition 3.5 in Li and Peng [52],

2N 1 2N
_ d?® 9 i1 p
E{ kzz;) @(Xtijv)g ' <Bti’v (Btii\:l B BtiN) B /tiz\f B"dB”) }

¢ ,2V-1 2D
D 2
- EH /g ( Z @(Xtijv )g ’ (Bu - BtiN)l[tzN t2+1)( ))dBu

k=0

|

Y P2
<CPEH/ ( tQN) |g| | B, —BQN‘ 1t2N 2N )(u))du ]
k+1
_ 22 a2
<72 [ (T [0 18~ By P e 0 )]
4 k=0
2N 1 tk+1 d2(b P
2—1 2
<Gt — sy Xﬁ{AN<¢ﬁ“@>9”&QW§“]

< TP NP NP (t — 5)P/%571% — 0,

from which the second term of (2.37) vanishes. Because, in M¥([0,T1]),

2N -1
d*® d*® 9
kz_o E(thl\’)g l[tzN tii’l)(') - @(X)g )

similarly to (2.14), we have, in LE(€;), the first term in (2.37) converges to tdz—q’(Xu)g2d<B>u. In

s dx?
conclusion, in LE (),
1 [td*®
I, —» = | —(X.)g%d(B),.
2= [ GEXagan)

Since fl % is bounded, and M X (w) and K.(w) are t-continuous and thus, uniformly continuously on [0, 7]
outside a polar set and K € Mgy ([0, T)]), we can easily obtain that 1" and I}V g.s. vanish.

For 1. éV , we calculate

2N 1
|«—mewwug - MNP

2N 1 2N 1
Cr,
é2(2@% MM%&—2w+Z€2—tmmw<mw)
k=0

where C'y, is the Lipschtiz constant of ¢ s [k (51)2 satisfies M)Z(N A M)Q(N < (f )i < M)Z(N V M and
Uit k+1

(fQ)i satisfies KtiN A Ktii,1 < (gZ)k < Kt%zv \% Ktzzil, g.s.. For the first part,

2N _1

p
B[ (X0 IR - Mg, M5 ] < 0 0 ) 0, N o
k

Like 7Y and IV, the second part also q.s. vanishes. Thus, |[I2¥| — 0, g.s..

Since paths of X are q.s. t-continuous on [0, 7], by Remark 2.31, I}¥ — fst j‘b (X4)dKy, q.s.. We complete

the proof. O

Lemma 244 Let 0 < s < t < T, ® € C*(R) be a real function with bounded and Lipschitz first and
second order derivatives, f, h € M}([0,T]), g € M2([0,T)), K is a bounded element in Mg ([0, T]) that
satisfies (2.34). Consider

t t t
X; = X, +/ fudu +/ hud(B, B)y, +/ 9udBu + K; — K, (2.38)
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then,

L dd t/dd 1d%®
Q(Xt)f(b(Xs) :/ %(Xu)fudu‘i’\/ <dx(Xu)hu+2dm2(Xu)gi>d<B>u (2.39)

L d® dd
LdB., DdKy, ¢.5..
b [ R gan, [ Xk 0

Proof: Consider the sequences of step processes {f™ }nen, {h™ }nen and {gVV} yen of the following
form:

=) Gl (b, (2.40)
k=0

where &, € By(%), k = 0,...,N — 1. We assume that f~ — f and kY — hin M!([0,T]) and that
g™ — gin MZ([0,T]). Set

t t t
XgV:x+/ fjvds+/ thd<B>s+/ gNdB; + K.
0 0 0

By generalized BDG type inequalities (cf. Lemma 4.5 in Lin [53], here we need a BDG type inequality
with p = 1), we have

T T
Bl sup 17—l < O(E| [ 17 fae| 48| [ el
0 0

t€[0,T)
T 1/2
—HE[(/ g,fv—gt|2dt> }) — 0, as N — +o0.
0

Because all the derivatives of ® are bounded and Lipschitz, we know that

lim E[ sup |®(X]N)— ®(X,)|] — 0, (2.41)
N—+oo “tefo,1)

and for any p > 1,

0P 0P 0%® 0?0
w(xt ) a a9 (Xt)

lim IE[ sup %( N)_%(Xt)

N—+oo | tef0,1]

p
} — 0and lim E[ sup
N—+oo | ¢ef0,1]

p
}—>0.

Then, we can apply Lemma 2.42 for each ®(X ) and follow the procedure in the proof of Lemma 5.2 in
Li and Peng [52] to verify that g—f(XN)g,]V — —(X )g in M2([0,T]), and furthermore 2(XN) N —

ox

— ==(X.)h. an 5 ; _H—Z .g,1n « (10, . On the other
X)f 22(XNRY — 22(X)h. and T2(XN)(gV)? — 22(X M10T On the oth
hand the boundedness of V' (K) and (2.41) imply that

T
0P od 0P 0P
— (X)) - = (Xy) JdK;| < XN Xy)|d| K
[ (G - B ae| < [0 - S
0P 0P
< su xN X)) VE(K) =0, ¢.s.,
_OStET 8.’£( ) or ( t) 0 ( ) q
which ends the proof. g
Consider a more general ® € C?(R) that satisfying ®, 2 and a 7
For such ®, one can find a sequence {®V} y¢n, such that o, 8‘1’ and d 7 converge uniformly on R to

q)gfb daq)

(Xt) and obtain the following
Lemma:

Lemma 245 Let0 < s <t < T, ® € C%(R) be a real function satisfying that ®, a<1> and 8 ‘I)
and uniformly continuous. We still consider an X in the form of (2.38) with the same Condltlon onf, h g

and K. Then, (2.39) still holds.
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3.1 Formulation to multidimensional reflected GSDEs and convexity

As we have already introduced in Section 1.1, multidimensional reflected stochastic differential equations
has been studied by many authors in the classical framework. In this chapter, we consider multidimensional
reflected stochastic differential equations driven by G-Brownian motion (multidimensional reflected GS-
DEs), and the main results of this chapter are established on the space M2([0, 1]; R™), which is a process
space introduced in Chapter 2. Furthermore, we always adopt the Einstein notation of summation.

Assume that O is a strict subset of R™, which is open and convex, B is a d—dirqensional G-Brownian motion,
(B,B) = ({(B*, B7)); j=1,...a is the mutual variation matrix of B and z € O. Let f, h and g be functions
such that for a fixed w € Q, f(-,)(w) = (F1(, )W), ., [P ) (W) ]0,1] x R® — R™, h(-, ) (w) =
(B () @)V 2"y 2 0, 1] x R — R and g(-, ) (w) = (g% (- )W)y + [0, 1] x R — R,
Furthermore, we assume that

(H1) Foreach x € R, f¥(-,z), hi; (-, x), g7 (-, x) € M2([0,1]), v =1,...,n,4,j =1,...,d.

(H2) The coefficients f, h and g are Lipschitz in z, i.e., for each ¢ € [0, 1], z, 2’ € R,
|f(t,$l?) - f<t7$/)‘ + ||h(t7$> - h(t,.’L‘/)H + ||g(t,x) - g(t’x/)H < CL‘x - xll’ q.5.

where || - || is the Hilbert-Schmidt norm of a matrix. Here, q.s. means this condition holds for all the w
outside a polar set A independent of ¢.

Consider the following n-dimensional reflected GSDEs:

¢ ¢ ¢
Xi=z +/ f(s, Xs)ds +/ h(s, Xs)d(B, B) +/ g(s,Xs)dBs — K¢, 0<t <1, ¢gs.. (3.1)
0 0 0

We say that a couple of processes (X, K') solves the reflected GSDEs (3.1) if
(i) X and K are M2([0, 1]; R™) processes whose paths are continuous on [0, 1] outside a polar set A;
(ii) Forw € A°, X (w) takes values in O, K.(w) is of bounded variation on [0, 1] and K¢(w) = 0;

(iii) Z is a process satisfying that for w € A°, Z.(w) takes values in O and is continuous, then for any
t e 0,1],

t
/ (Xi(w) — Zy(w))dK(w) > 0, forallw € A, (3.2)

0
where the integral on the right-hand side of (3.2) is in the sense of Lebesgue-Stieltjes (cf. Section 2.4 of
this thesis for details of these integrals in the G-framework). If the boundary of O is smooth enough, the

solution of (3.1) coincides with a standard normal reflected G-diffusion. By Lemma 2.1 in Gegout-Petit and
Pardoux [28], we have for all w € A€,

1
/ 1X¢(w)€Oth(w) = 0,
0
and denoting by V! (K) the variation of K over [0, ], K;(w) = fot vsdV{ (K), where v is the inner normal
to O at X;(w).
We denote by 23(x) the gradient of the square of the distance to O, i.e.,
Blz) = (z — ()™,

where 7(z) is the orthogonal projection on O. For the technique adopted in what follows, we introduce
some well-known properties of convex sets, which can be also find in Menaldi [63] and Gegout-Petit and
Pardoux [28]:

(2" — )™ (x — 7(z)) <0, forallz € R" and 2’ € O; (3.3)

(z' — )™ (z — 7(z)) < (o' — w(2")™ (x — 7(z)), forall z, 2’ € R™; (34
and there exists a point ¢ € O and a positive constant ,, such that
(x —a)™(x — 7(x)) > Yol — 7(x)], for all z € R". (3.5)

From now on, the point a along with v,, which ensure that (3.5) hold, are fixed in the following text.
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3.2 Convergence results

We assume in addition to (H1) and (H2) the following condition:
(H3) For all (t,x) € [0, 1] x R", f*(-,z), h¥;(-,x) and g¥ (-, ), v = 1,...,m,4,j = 1,...,d, are bounded
and this uniform bound is denoted by M.

For simplicity of notation, we consider (3.1) when h = 0, and a similar result hold for the general case.
Following the penalization method adopted by Menaldi [63], we construct a sequence of G-diffusions:
t t t
1
X;==x +/ f(s, X5)ds +/ g(s,X:)dB, — 7/ B(X)dt, 0 <t<1, q.s.. (3.6)
0 0 €Jo

Our aim of this section is to prove the following convergence results, such that the reflected GSDE (3.1)
admits at least a solution in MY ([0, T]; R™): for any p > 1,

E[ sup | X — X7 [P] -0, ase, £ — 0; (3.7
0<t<1
B 1t 1t P
E[ sup f/ B(XS)ds — —// B(XE )ds } — 0, ase, e — 0. (3.8)
0<t<1|€ Jo € Jo

The assumption (H2) and the boundedness of coefficients (H3) implies that for each x € R™ and any
p>2 f(,x)and g§(-,2), v = 1,...,n, j = 1,...,d, are in M{([0,T]). On the other hand, 3(z) is
a deterministic Lipschitz function, then for each z € R", 5(z) € M£([0,T];R™). By Theorem 2.35 in
Section 2.4 of this thesis, there exists a unique solution of GSDE (3.6) in MZ ([0, 1]; R™), for any p > 2,
and (-, X), g%(-, X¥) € ME(0,T]).

For a positive constant v, consider a function ®(t,z) := e~**(1 + |z — a|?)?/2. To obtain the desired
convergence results, we proceed in 3 steps. In the sequel, C), denotes a positive constant that depends only
on p, n, d and T" (the set that generate the G-expectation), and C' denotes another positive constant. These
two constants may vary from line to line.

Step 1: At this step, we prove some a priori estimate, which is uniform in ¢, i.e., for some p > 1,
_ _ 1 1 p
E[ sup |X;|P] —l—E{(/ |ﬂ(Xf)|dt) ] < C, foralle > 0. (3.9)
0<t<1 € Jo

We shall apply G-1t6’s formula (cf. Theorem 5.4 in Li and Peng [52]) to ®(¢, X¥), before proceeding this,
we calculate, for yu, v =1,...,n,

OBy (t,z) = —ae (1 + |z — a?)P/2, 0B (t, z) = pe*t(a" — a*)(1 + |& — a|?)P/?71
and

OD iy (t,x) _ { p(p - 2)e*at(xl‘ — aﬂ)(;cl/ _ a”)(l + |:C _ a|2)p/272 iy 7& v:

pe(1+ | — aP /21 4 p(p — 2)e= (k- aMP(1+ [z — o222 p=w,
For p > 1, one can easily see that
10D 4w (t, )| < plp+ Ve (14 |z —a/>)P2 Y p, v=1,...,n.
Fixing an & > 0, apply G-1t&’s formula to e=**(1 + | X7 — a|?)P/?, then
e~U(1 4 |XF — )P/ = (1+ |z — a2

t
b [ e X = PR plL X o)X~ @)™ (s, XD))d
0
t
b [ e X = P - @) ™(s, X5,
0
1 [t . ) S
b [ O (5, XD (5, X200 (5, X2, B).
0

t
[ e = o X )™ B s

=14z —a)P 2+ + I+ Is + .
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From (2.13) and (2.15), we have

1) < - / 0% 00 (5, X592 (5, X g2 (5, X5 d(B, BY),

2d2M2 9 9 1
< T/ p(p+1)e—as(1+ |X;‘ _a| )P/ JmIaX (O'(ei+e_7)(ei+ej)Tr +U(ei_e_7)(ei_e_7)Tr)d8
0 2
Cen?d?M?
= G A [ o+ e (141X — af?)2 s,
0

where €’ is the ith component of the orthogonal basis of R and Cg := i maxi’jzlw,d(a(eqej)(eurej)n
+0 (ei—ei)(ei—ei)™= ). TO keep Iy + I3 always non-positive, it suffices that

(M + Cen?d® N2 (p + 1))
azZap:=p 5

an2d2M2 (p+1) >

> sup pl1+fo = o) (o - ™) + S

te[o,1]
zE€R™

which is independent of ¢. Thus, for o > o,
e 1+ |X; —al’)P? < (1+ |z — af*)P/?

t
+ / pe (1 +| X5 —a)P271 (X5 — a)™g(s, X5)dB, (3.10)
0

t
_E —as € p/2—1 e _ N\Tr 5
2 e 1 = ey — ™ (s

We see that (e=)g<;<7 and (g; (¢, X{))o<t<7 are bounded process in M2 ([0, T]). Similarly to (3.18) in
Lin and Bai [56], because X ¢ has the moment of any order, 1 + | X¢ — a|? € MZ£([0,T]), for any p > 2.
Define p’ := p/2 — 1 and assume 0 < p’ < 1. For ay, ap > 1, the following inequality holds true:
la?" — al'| < |a1 — as|. If {Y¥}yen is a sequence of step processes in M2([0, T]) that approximates
1+ |X< —al? in M2(]0, T]), by the inequality above, we can deduce that {(YN)?'} ycy is also a sequence
that approximates (1-+|X¢ —a|?)?/2~! under the same norm. On the other hand, if p’ > 1, using the method
in Lin and Bai [56], it is easy to show that (1 4 |X¢ — a|?)?/2~ € M2([0, T]). By Proposition 3.11 in Li
and Peng [52], we conclude that (pe=®*(1 + | X — a|?)P/>~Y(X; — a)™g(t, X§))o<t<r € M2([0,T)).
Then, taking the G-expectation on both sides, the second term in (3.10) vanishes. From (3.3), we obtain for
P22,

E|X;P1<C,0<t<1 (3.11)
Letting p = 2, from (3.5), we have
27@ ! —as € 2 ! —as 5 Tr 5
— /e IBX)Nds < (1 +|z—al®)+2 [ e (X —a) Tg(s, X5)dBs. (3.12)
0 0

By the BDG type inequality (2.6), we deduce from (3.12), for p > 2,

B 1 1 . p
|2 [ ocxsia

Then, from (3.11), we have

([ vi-ora)”])

} < cpeap(mla)a +lo—af)

|1 1 E P ap 1 2 Mp7 1 . ) .
EL ; |B(XF)|dt }scpe <(2%)p(1+|x—a|) —I—%,IE[/O |(X§ —a) dtD <C; (3.13)

If 1 < p < 2, Holder’s inequality yields similar results as (3.11) and (3.13).



3.2. CONVERGENCE RESULTS 75

Re-considering (3.10) when p = 2, with the help of (3.13), we calculate for ¢ > 1,

E[ sup |X7]% < Co(E[ sup (1+ |X7 —al*)??] + [a]?)
0<t<1 0<t<1

< Cye” ((1 + |z —a)¥? 4 |a|? + IE[ sup
0<t<1

o 1 a/2
< Cye” ((1 + |z —a)®)V? + |a|? + MqIE{(/ | X} — agdt) ])
0

By a similar argument for (3.13), it follows that for p > 1,

t
/ (X2 — a)™g(s, X)dB,
0

)

E[ sup [X[[F] <C,
0<t<1

where C' > 0 is independent of ¢ and depends only on p, n, d, I, -, a and M, from which and (3.13), (3.9)
is obtained.

Step 2: At this step, we prove that for any p > 2, there exists a C' > 0 that is independent of ¢, such that

E[ sup |B(XE)[P] < CeP/27L, foralle > 0. (3.14)
0<t<1

Consider a function ¢(z) := |3(x)|P, p > 2, which is twice continuously differentiable. We calculate

IVo(x) - f(t,2)| = p|B(x)[P~2|B(x) - f(t, )] < nMp|B(x) [P~

and for u, v = 1,...,n, and a Ah” that contributes to the vth component of x,
|[B(z + ARY) P2 (2t — (w2 + ARY))H) — |B(x)[P~2 (2 — (m(x))")]
AhY
2)P~2| (7 (z YW (g ()M T v)IP—2 _ |3(g)|P—2
< I8Pl AN = GEDI g (g L2 AR B
) P2 (7 (z ")) — (m(x
< |ﬂ( )| ‘( ( Z}ﬁh )) ( ( )))| +2|Z"u*(77(17))#||ny(W(z))y|‘ﬂ($)|p74+O(AhV)

< 31B(2)P7* + o(ARY),
from which we have |02,.,. ¢(z)| < 3|8(z)[P~2. Applying G-1t6’s formula to ¢(X{), we obtain

3Cen2d® M?p

e CSI

t
0

t ~
pecop+ 2 [secopas< [ (witslacese +
t
4 / PIA(XE) P2 B(XE) T g(s, X2)dB,
0
<c [gsxnpt+ poxs)Pas
0

t
+ [ BB 28X (s, XE)aB. (3.15)
0
By Young’s inequality, we have

CP(4e)P~1 207/2(4¢)P/2—1

e\|p—1 p_l €
C|ﬁ(Xs)|p < Tg‘/@(Xs)‘p—’— pp/g

-2
and C16(X7)"~* < E=|8(x2) +

(3.16)
Putting (3.16) into (3.15), one can see that

t t
BOGIP + 3 [ 180K Pds < Coer 42270+ [ plB0X0) P800 g(s, XA, (.17

Taking the G-expectation on both side of (3.17), for a similar reason we have showed in Steps 1, we can
have

¢
I_E[/ |/3(X§)pd8} < CeP/? forall0 < e < 1.
0
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Taking supremum over [0, 1] and then taking the G-expectation on both sides of (3.17), by the BDG type
inequality (2.6), we have

1 1/2
E[ sup |B(X})[P] < CeP/>1 4 delF:[( /O |5<Xf>|2p—2dt> ]

0<t<1

swp 13050 [ a2 ]

< CeP/?271 4 deI_E {((
0<t<1

2 2 2
< Cerl21y %E[Ogglwmm o [ / 1BCXE) - 2dt] (3.18)

b1, 1. . 2d2M2_ . (r—2)/p
< Ce §E[O§£1 [BXEIP] + E IB Xp)|Pdt

< O+ B sup |BXE)7),

0<t<1

where C' > 0 is independent of £ and depends only on p, n, d, I, z, a and M ,which implies (3.14).

Step 3: At this step, we prove that for each ¢, ¢’ > 0, there exists a C' > 0 that is independent of € and ¢,
such that for 2 < 49 < p < +o0,

E[ sup | X — X7 [P] < Ce + )4 (3.19)

0<t<1

Giving €, &’ > 0, we first consider a intermediate result: for p’ > 1 and ' > 2, by Holder’s inequality, we
calculate

[(2 [ oexormaccs ) ] <8 130y (2 [ o0c )]

< E[ sup |8(X5)"P /" E [( / BXE) |dt) ] ’
0<t<1
(3.20)
< C€P'/2*1/T/’

where the last inequality is obtained from (3.9) and (3.14). Letting r be sufficiently large, we conclude that
for any 0 < 2¢’ < p/, there exists a C' > 0, such that the following statement holds:

/1 [t , ' )
B (5 [ Isecomscia) | < cer. 621
€ Jo

Now we start to prove (3.19). Applying G-It6’s formula to | X7 — X fl |2, we obtain

t t
X2 — X2 < nCL(2 + d>CLCe) / XS — X2 2ds + 2 / (X2 — XE) ™ (g(s, XE) — g(s, XZ))dB,s
0 0

1 [t , 1 [t , ,
+ f/ (XE - X)) B(XE)ds + g/ (X - X)T*B(XE )ds
0 0

9

Similarly to (3.18), we have the following estimates for the G-1t6 type integral on the right-hand side of the
inequality above: for r > 1 and some C,. > 0 depends on 7,

E[ sup ( / <X5X5'>“<g<u,xz>g(u,X5’>>dBu) ]
0<s<t 0
B t , r/2
<CTC£IEK/ |XE - X¢ |4ds> ]
0

1- , 202r t , r
—E[ sup |XF — X} |2T}+CTCLEK/ |XE - X¢ |2ds> ]
2 o<i<1 2 0o )

IN
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Letting r = p’ = p/2 and ¢’ = g, thanks to (3.4) and (3.21), we deduce

¢
E[ sup |X¢ — X§/|p] < C(/ E[ sup |X; — XZ,|p]d5
0

0<s<t 0<u<s

(2 [ ooy )| v (L [ isocemace ) )

t
:C((e+€’)q+/ E[ sup XZ—Xj/p]ds)
0

0<u<s

+

Gronwall’s inequality implies (3.19). Subsequently, from (3.6),

E/ﬁXsds——/ﬁXE

+cg/ B[ sup |X° — X' |P]dt
0

0<s<t

] <, (E[ sup X7 — X7 7))

sup
0<t<1

0<t<1

+8] s | [ 6.5~ g5, 50

0<t<1

)

Thus, for p > 2, (3.7) and (3.8) are obtained. For 1 < p < 2, by Holder’s inequality, (3.7) and (3.8) hold as
well. Now, we present our main result in this subsection:

<Cp(1+CP)(e+£")4.

Theorem 3.1 Assume that (H1)-(H3) hold, then (3.1) admits a unique solution (X, K) € M2([0,1]; R™) x
(Mpy ([0, 1];R™) x MZ([0, 1];R™)).

Proof: For p > 2, we define that X is the limit of {X®}.<¢ in the sense of (3.7) and K is the limit of
{ fo B(X¢E)ds}c~o in the sense of (3.8). One can verify that

ﬁ ){E dS“'BQ

E[ sup | X7 — X3|P] <e? — 0, and]E{ sup
€

0<t<1 0<t<1

p
}<€QHO ase — 0,

then for any p > 2, (X, K) € MZ([0,1];R™) x MZP([0,1]; R™). Following a standard argument, we can
see that there exists a polar set A, outside which all paths X.(w) and K.(w) are continuous. Also one can
find a subsequence { X * };cn such that

P
sup |X;* — X;|P — 0, and sup — 0, g.s..
0<t<1 0<t<1

ﬁ )(Ek)ds —'B%

€k

From (3. 14) there exists a polar set A, outside which X;(w) € O, 0 < t < 1. On the other hand, defining

K;=1 fo B(XE)ds, for any partition 7r[0 1 on [0, 1], by Lemma 2.5 in Section 2.2 of this thesis and from
3.9), we have

P B N-1 P
(]l (S )

3, i, i) |

P
glimian_EK/ |B(X§k’)|dt) } <c,
k—+o00 €k Jo

which implies that E[(V{ (K))] < C and there exists a polar set A, outside which, Vi’ (K (w)) < +oc.
Thanks to (3.3), giving any Z satisfying that for all w € A€, Z(w) takes values in O and is continuous, for
any t € [0, 1],

B N—
< poinr | (X 10,

t
/ (XEr — Z)dKS: >0, 0<t<1.
0
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By Lemma 5.7 in Gegout-Petit and Pardoux [28], we pass to the limit as k — +o0, then (3.2) is obtained.

We turn to prove the uniqueness and suppose there are two pairs (X, K) and (X', K') that are solutions to
(3.1) in M2([0,1]; R™) x M2(]0,1];R™). We apply 1t6’s formula under each P € Pg to | X, — X/|?, then
we have

Flix-xip (e [ X - xjpas| + 27| [ (X~ XDd(K, K)).

in which the second term is negative as a result of (3.2). Taking supremum over P on both sides, Gron-
wall’s inequality implies E[|X; — X/|?] = 0,0 < ¢t < 1. That is to say X and X’ are C-modification
of each other, and by the continuity of paths and Proposition 2.12 in this thesis, these two processes are
indistinguishable (in the g.s. sense). g

Remark 3.2 Suppose x and &' € O are two initial values and for & > nCr(2 + d*CrCg) = o, we
apply Ité’s formula under each P € Pg to e~ | Xy — X[|?, then we obtain similarly to (3.10),

1
NN = XE P (0 —aw) [ e XE - X7 P
1 /7 /7
<lr—aP+ / pe (X7 — XF )™ (g(t, XF) — g(t, XF'))dB:.
0

Taking first E*[-] then the supremum over Pg, we have
— ! 1 ’
E[Xf ~ X7 P+ (a— ag)/ X7 — X[ 2dt} < ez — 2|2
0

Remark 3.3 We notice that these convergence (3.7) and (3.8) may not uniform in the initial data x, because
the constant C' depends on the distance of x and a fixed point a € O. However, if we suppose that O is
bounded, then these convergence results can be uniform in x, which are indispensable for further study to
the optimal control of G-diffusions.
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Chapter 4

Quadratic Second Order BSDEs

Abstract:  In this chapter, we study a class of second order backward stochastic differential equations
(2BSDEs) with quadratic growth in coefficients. We first establish the solvability for such 2BSDEs and
then give their applications to robust utility maximization problems.
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4.1 Introduction

Typically, nonlinear backward stochastic differential equations (BSDEs) are defined on a Wiener probability
space (2, F,P) and of the following type:

T T
Yt=§+/ g(s,Y;7Zs>ds—/ 2By, 0<t<T, @.1)
t t

where B is a Brownian motion, F is the P-augmented natural filtration generated by B, g is a nonlinear
generator, 7" is the terminal time and £ € Fr is the terminal value. A solution to BSDE (4.1) is a couple of
processes (Y, Z) adapted to the filtration F that satisfies (4.1).

Under a Lipschitz condition on the generator g, Pardoux and Peng [68] first provided the wellposedness
of (4.1). Since then, the theory of nonlinear BSDEs has been extensively studied in the past twenty years.
Among all the contributions, we only quote the results which are highly related to our present work.

A weaker assumption on the generator is that g has a quadratic growth in z. This kind of real valued BSDEs
with bounded terminal condition was first examined by Kobylanski [46], who used a wxeak convergence
technique borrowed from some PDE literature to prove the existence and also obtained the uniqueness re-
sult under some additional condition on g. With the help of contracting mapping principle, Tevzadze [93]
re-considered this type of BSDEs when the terminal value £ is small enough in norm. The advantage of the
method adopted by Tevzadze [93] is its applicability to not only one-dimensional quadratic BSDEs but also
to multidimensional ones. Particularly, the restriction on £ can be loosened when g satisfies some restrictive
condition on its regularity. Briand and Hu [7, 8] extended the existence result for (4.1) to the case that
¢ is not uniformly bounded and provided the uniqueness result when g is convex. Besides, Morlais [64]
considered some similar type of BSDEs driven by continuous martingales.

Aiming to provide a new mathematical context for improving the classical expected utility theory based on
the linear expectation, Peng [71] defined a so-called g-expectation £9[¢] := Yy on L?(Fr) via nonlinear BS-
DEs with Lipschitz generator. Also, a conditional expectation can be consistently defined: £9[¢|F] := Vs,
under which the solution Y of the BSDE with the generator g is a g-martingale. As the counterparts
in the classical framework under a linear expectation, Peng [72] gave the notion of g-supermartingle (g-
submartingle) and established the nonlinear Doob-Meyer type decomposition theorem. Subsequently, Chen
and Peng [10] proved the downcrossing inequality for g-martingales. For the case that g is allowed to have
a quadratic growth in z, similar results can be found in Ma and Yao [59].

Recently, Soner et al. [86] established a framework of “quasi-sure” stochastic analysis under a non-
dominated class of probability measures. This provided a new approach for Soner et al. [87, 88] to re-
consider the wellposedness of second order BSDEs (2BSDEs) introduced by Cheridito et al. [11]. The key
idea in Soner et al. [87] is to reinforce a condition that the following 2BSDE holds true Pz -quasi-surely,
i.e., P-a.s. for all P € Py, which is a class of mutually singular probability measures (cf. Definition 4.1):

1 1
Y;:§+/ FS(YS,ZS)ds—/ ZydB, + K| — K;, 0<t<1. (4.2)
t t

Under a uniformly Lipschitz condition on the generator F', Soner et al. [87] provided a complete well-
posedness result for the 2BSDE (4.2). In this pioneering work, a representation theorem of the solution
Y is established and thus, the uniqueness is a straightforward corollary. For the existence, a process Y
is pathwisely constructed and verified as a F—supermartingale under each P € Ppg. Applying the nonlin-
ear Doob-Meyer decomposition theorem, the right-hand side of (4.2) comes out, where K is a (family of)
increasing (but could not be strictly increasing) process(es) that satisfies the minimum condition (cf. Def-
inition 4.11). Moreover, both Cheridito et al. [11] and Soner et al. [87] explained the connection between
Markovian 2BSDEs and a large class of fully nonlinear PDEs, which was one of the motivations that initiate
this 2BSDEs topic.

Meanwhile, Peng [73, 75] independently introduced another framework (so-called G-framework) of a time
consistent nonlinear expectation Eg[-], in which a new type of Brownian motion was constructed and the
related Itd type stochastic calculus was established. By explicit constructions, Denis et al. [17] showed that
G-expectation is in fact an upper expectation related to a non-dominated family P that consists of some
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probability measures similar to the elements in P In this regard, the G-framework is highly related to the
2BSDE one. Adopted the idea in Denis and Martini [19], Denis et al. [17] defined a Choquet capacity C'(+)
on (£2, B(Q)) as follows:

C(4) i= sup B(4), A C B(%),

and then they gave the notion of “quasi-surely” in a standard capacity-related vocabulary: a property holds
true quasi-surely if and only if it holds outside a polar set, i.e., outside a set A € B(Omega) that satisfies
C(A) = 0. We notice that this notion is a little bit stronger than the corresponding one in the 2BSDE
framework, so that it yields another type of “quasi-sure” stochastic analysis. In this G-framework, Hu et al.
[35] have worked on nonlinear BSDEs driven by G-brownian motion (GBSDEs), which is of the same form
as (4.2) but can hold in the stronger “quasi-sure” sense. In that paper, the solution is an aggregated triple
(Y, Z, K') which quasi-surely solves (4.2), where —K is a decreasing G-martingale. To ensure that (4.2) is
well defined in G-framework, an additional condition to the Lipschitz one is imposed on the regularity of
the generator (cf. (H1) in Hu et al. [35]). This cost is intelligible since the definition of the G-Itd integrals
is under a stronger norm induced by E|-] and it makes the space of admissible integrands smaller than the
classical one.

Following the works of Soner et al. [88, 87, 86], Possamai and Zhou [78] generalized the existence and
uniqueness results for the 2BSDE whose generator has a quadratic growth. In order to make use of previous
results of Tevzadze [93] for quadratic BSDEs, this work requires some additional condition, either on the
terminal value or on the regularity of the generator. Our aim of this chapter is to remove these conditions,
that is, to redo the job of Possamai and Zhou [78] under some weaker assumptions of the type similar to
that in Kobylanski [46] and Morlais [64].

In the classical framework, the quadratic BSDE is a powerful technique to deal with the utility maximization
problems. El Karoui and Rouge [23] computed the value function of an exponential utility maximization
problem when the strategies are confined to a convex cone, and they found that the optimal solution of its
dual problem is related to a quadratic BSDE. In contrast to this, Hu et al. [34] and Morlais [64] directly
treated the primal problem rather than the dual one and obtained a similar result without the convex condi-
tion on the constrain set. The value function was characterized also by a solution to a quadratic BSDE.

Corresponding to the work of Hu et al. [34], Matoussi et al. [62] found that a robust utility maximization
problem with non-dominated models can be solved via the 2BSDE technique. This kind of problem was
first consider by Denis and Kervarec [18] under a weakly compact class of probability measures. Because
of this weakly compact assumption, one can find a least favorable probability in this class and work under
this probability to find an optimal strategy similarly to how we solve the classical problem under a single
probability. Matoussi et al. [62] characterized the value function by using a solution to a 2BSDE. However,
the result in Matoussi et al. [62] has some limitations: for example, when the utility function is exponential,
they are able to solve only the case that £ is small enough or the border of the constraint domain satisfies
an extra regularity condition. This limitations is due to the results of quadratic 2BSDEs in Possamai and
Zhou [78]. Since we shall remove these extra conditions adopted by Possamai and Zhou [78], we can have
a better result on this robust utility maximization problem.

This chapter is organized as follows: Section 4.2 includes preliminaries in 2BSDE theory; Section 4.3 in-
troduces a representation theorem, a priori estimates and the uniqueness result for 2BSDEs with quadratic
growth; Section 4.4 studies the existence of solutions while Section 4.5 considers the applications of
quadratic 2BSDE:s to robust maximization problems.

4.2 Preliminaries

The aim of this section is to give some basic definitions in 2BSDE theory introduced by Soner et al. [88,
87, 86] and Possamai and Zhou [78]. The reader interested in a more detailed description of these notation
is referred to these papers listed above.
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4.2.1 The class of probability measures

Let Q == {w : w € C([0,1],RY),wy = 0} be the canonical space equipped with the uniform norm
||w]|° := supg<;< |w¢|, B the canonical process, F the filtration generated by B, F* the right limit of F.

We call PP a local martingale measure if under which the canonical process B is a local martingale. By
Karandikar [42], the quadratic variation process of B and its density can be defined universally, such that
under each local martingale measure PP:

t
—1
(B); == B} — 2/ BsdBg and a; := hfolg(<3>t —(B)t—c), 0<t <1, P—a.s..
0 €

Adapting to Soner et al. [86], we denote Py the collection of all local martingale measures PP such that
(B); is absolutely continuous in ¢ and d takes values in S>°, P-a.s.. It is easy to verify that the following
stochastic integral defines a P-Brownian motion:

t
WE ::/ a;Y%dB,, 0 <t <1.
0

We define a subclass of Py that consists of the probability measures induced by the strong formulation (cf.
Lemma 8.1 in Soner et al. [86]):

— [ —
Ps={PePy:F" =F},
—p ——P
where .7-'P (FW® | respectively) is the P-augmentation of the filtration generated by B (W7, respectively).

4.2.2 The nonlinear generator

We consider a mapping H;(w,y, z,1) : [0,1] x 2 x RxR?x Dy — R and its Fenchel-Legendre conjugate
with respect to 7:

1

Fi(w,y, z,a) :== sup {Qtr(an) — Ht(w,y,z,n)}, a € Sio.
neDy

where Dy € R%¥4 is a given subset that contains 0. For simplicity of notation, we note

Ft(yaz) = Ft(yazadt) and Fto = Ft(oao)v

and we denote by Dp, (,, .y the domain of F' in a for a fixed (¢, w, y, z). In accordance with settings in previ-
ous literature, we assume the following assumptions on F', which is needed for the “quasi-sure” technique:

(A1) Dp,(y,) = D, is independent of (v, vy, z);

(A2) F is F-progressively measurable and uniformly continuous in w.

4.2.3 The spaces and the norms
For the wellposedness of 2BSDEs, we consider a restrictive subclass Pz C Pg defined as follows:

Definition 4.1 Let Py denote the collection of all those P € Pg such that

a <

. <@ (usual partial ordering on S;O) and a; € Dp,, AXP —a.e.,

Q>

for some a¥, " € S7° and all (y,z) € R x R

Remark 4.2 Soner et al. [87] mentioned that the bounds a® and @ may vary in P. Thanks to the quadratic
growth assumption on F, i.e., (A3) in the sequel, F is bounded so that Py is not empty in our case (cf.
Remark 2.5 in Possamai and Zhou [78]).

Definition 4.3 We say that a property holds P -quasi-surely (Pg-q.s.) if it holds P-a.s. for all P € Pg.
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Foreachp > 1, L% denotes the space of all F;-measurable scalar valued random variable ¢ that satisfies
1€l == sup EF[|¢P] < +oc.
PePy
Letting p = +o0, we denote by L% the space of all Pg-q.s. bounded random variable £ with

[1€llLge == sup [|€]|L (@) < +o00.
PePu

Let D% denote the space of all R-valued F*-progressively measurable process Y that satisfies

Pu — g.s. cadlag and ||Y|[pee := sup |[|Yy|[zee < 400,
0<t<1
and let H?, denote the space of all R%valued F*-progressively measurable process Z that satisfies
Y1
|Z||3. = sup EF {/ |&t/ Zt|2dt} < +o0.
i PePu 0

Remark 4.4 We emphasize that the monotone convergence theorem no long holds true on each space listed
above in this framework, i.e., that the monotone Pr-q.s. convergence yields the convergence in norm may
fail. As stated in Section 4 of Possamai and Zhou [78], this is one of the main difficulties to prove the
existence of quadratic 2BSDEs by a global approximation.

With a little abuse of notation, we introduce the notion of BM O(Py )-martingale and its generator, which
is an extension of the classical one. For the convenience of notation, H can refer to either a single process
or a family of non-aggregated processes { H" }pcp,, in the definition and lemmas below.

Definition 4.5 We call H a BMO(Pg)-martingale if for each P € Py, HF is a P-square integrable
martingale and

H 50105 Py = sup sup |[EX[(H" )1 — (H")-]|| @) < +oc,
EPu T€TY

where Ty! is the collection of all F-stopping times T that take values in [0, 1].

From the definition above, for a fixed BM O(Py)-martingale H, there exists a uniform constant My > 0,
such that for all P € Py and o € T,

H nol[Brr0s) < 1H B a0, < Mo

Applying Theorem 2.4 and Theorem 3.1 in Kazamaki [43] under each P € Py, we have the following
lemmas:

Lemma 4.6 Suppose H is a BM O(Py)-martingale, then there exist two constants v > 1 and C > 0, such
that

sup sup EF[|E(HT)|"] < C,

PEPy 0<t<1
and for some q > 1, the following reverse Holder inequality holds under each P € Py with a uniform
constant C'gp: foreach 0 < t1 <ty <1,

E} [E(H)]] < Cru€(HP)],, P—a.s.,
where 1, C, q and Cry depend only on Myy.
Lemma 4.7 Suppose H is a BMO(Py)-martingale, then there exist ap > 1 and a Cg > 0 that depend
only on My, such that for each t € [0,1],
E(HP), \ 7T
EF T < Cg.
! K E(HT)¢ S

Lo (P)

sup sup
PEPH reT}
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Definition 4.8 We call Z € H2, a BMO(Py)-martingale generator if

2

1212 sup /thBt
BMO(Pg) PePy 0 BMO,(P)
1
= sup sup E;P[/ |dz/2Zt|2dt} < 400.
PePu €Ty T Loo (P)

It is evident that if Z is a BMO(Pg)-martingale generator, defining for each P € P,
t
HY ::/ ZydBs, 0 <t <1,
0

then H is a BMO(Pyg)-martingale. We denote by H2BMO(7,H) the space of all BMO(Pp )-martingale
generators.

Applying energy inequality under each P € Py, we have the following lemma:

Lemma 4.9 Suppose Z € HQBMO(PH), then for eachp > 1, P € Py and all T € T,

1 p
EE’K/ |a,}/zzt2dt> ] < CllZ|12 P —as.

BMO(Py)

Finally, we denote by UC}({2) the collection of all bounded and uniformly continuous maps £ : 2 — R
and denote by L3 the closure of UC,(€2) under the norm || - || 7.

4.2.4 Formulation to quadratic second order BSDEs

We shall consider the 2BSDE of the following form, which is first introduce in Soner et al. [87]:
1 1
Y;=¢ +/ Fy(Ys, Zs)ds — / ZsdBs + K1 — Ky, 0<t <1, Py —q.s.. 4.3)
t t

In addition to (A1)-(A2), we assume the following conditions on the generator F":

(A3) F is continuous in (y, z) and has a quadratic growth, i.e., there exists a triple (o, 3,7) € RT x Rt x
R*, such that for all (w,t,y,z,a) € QA x [0,1] x R x R? x Dp,

[Fy(w,y,2,0)| < a+ Bly| + J]a /22 (4.4)

(A4) F is uniformly Lipschitz in y, i.e., there exists a p > 0, such that for all (w,t,y,y’, z,a) € Qx[0,1] x
R xR xR x Dp,,

|Ft(w7y7 Zva) - Ft(wvyly 2, Cl)| S ,u|y - y/‘a
(AS) F is local Lipschitz in z, i.e., for each (w,t,y,2,2',a) € 2 x [0,1] x R x R? x R¢ x Dp,,

|Ft(wvyazva’) - Ft(wvyazlva” S O(l + ‘a1/2z| + \a1/2z/|)|a1/2(z - Zl)|

Remark 4.10 We have some comments on these conditions above: (A3) is a quadratic growth condition,
which is similar to the condition for quadratic BSDEs studied by Kobylanski [46] and Marlais [64]; from
(A4) and (A5) we can deduce some a priori estimate, and in the classical framework, analogous conditions
are necessary for the proof of uniqueness in the articles of Hu et al. [34] and Morlais [64] for quadratic
BSDEs. All these conditions above could be slightly weakened and further discussion will be made in
Remark 4.34.

Definition 4.11 We say that (Y, Z) € D% x H3 is a solution to 2BSDE (4.3) if-
-Yr =& Pr-q.s.;
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- The process KT defined as below: for each P € P,
t t
KF =Y, -Y; —/ Fy(Ys, Zs)ds +/ ZsdBs, 0 <t <1, P—a.s., 4.5)
0 0

has increasing paths P-a.s.;

- The family { K* }pep,, satisfies the minimum condition: for each P € Py,

KF = essinff EF[KE],0<t<1, P—a.s., 4.6
¢ P/egf;%ﬁ,?) e Krl 0sts< s (46)

where

PH(t;r7]P) = {]P/ € Py : P/|*7:tt = Pl]—‘;}

Moreover; if the family { K }pep,, can be aggregated into a universal process K, we call (Y,Z,K) a
solution of 2BSDE (4.3).

In the sequel, positive constants C' and M will vary from line to line.

4.3 Representation and uniqueness of solutions to second order BS-
DEs

In this section, we give a representation theorem of solutions to the 2BSDE (4.3) under (A1)-(AS), which
is similar to those in Soner et al. [87] and Possamai and Zhou [78]. The representation theorem shows the
relationship between the solution to the 2BSDE (4.3) and those to quadratic BSDEs with the generator F
under each P € Py. Also, some a priori estimates to solutions is given which are useful to the proof of the
existence.

4.3.1 Representation theorem

Before proceeding the argument, we first introduce a lemma (cf. Lemma 3.1 in Possamai and Zhou [78]), the
parallel version of which for quadratic BSDEs plays a very important role to show the connection between
the boundedness of Y and the BM O property of the martingale part [ ZdB.

Lemma 4.12 We assume (Al)-(A3) and € € LY. If (Y, Z) € DY x H% is a solution of the 2BSDE (4.3),
then Z € H2BMO(7>H) and

1 o0
122 < =M (14 2y (a + BV |ps)). 4.7)

BMO(Py) ~2

Consider the following quadratic BSDE under each P € Pp:

t t
Yo =n+ / Fu(Yy i) du — / #dB,, 0<s<t P-as., (4.8)
where 0 < s < ¢ < 1 and 7 is an F;-measurable random variable in L°°(P). Under (A1)-(A5), the BSDE

(4.8) admits a unique solution (yF(¢,7), 2F (t,)) according to Kobylanski [46] and Morlais [64].

Then, we have the following representation theorem for the solution to the 2BSDE (4.3):

Theorem 4.13 Let (Al)-(A5) hold. Assume that §& € L and (Y,Z) € DY x H%I is a solution to the
2BSDE (4.3). Then, for eachP € Py and all 0 <t <ty <1,

Y;, = esssup’ yfll (t2,Y,), P —a.s.. (4.9)
P'ePy (t,P)

Remark 4.14 Applying Theorem 2.7 (comparison principle) in Morlais [64], the theorem above also im-
plies a comparison principle for quadratic 2BSDEs .
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Proof of Theorem 4.13: First of all, Lemma 4.12 shows that Z is a BM O(Py )-martingale generator,
then we deduce by the BDG type inequalities, Lemma 4.9 and (4.7) that for each p > 1, P € Py and all
0<t <t <1,

B [(KE, = K7 )P < Cp = C(+ PR ) (14 Y][R), P —aus.. (4.10)
Since PP is arbitrary in (4.10), we have

esssup” EE/[(KE/ - KE/)”] <Cp, P—a.s..
P €Pp (t],P)

We are now ready to prove that for a fixed P € P andall 0 <t; <ts <1,

Y;, < esssup’ yz(tg,}’tz), P—a.s. 4.11)
P ePy (t],P)

Fixing t; € [0, 1], for each P’ € Py (¢}, P), we note
SYP =Y =y (15, Yy,) and 6 27 := Z — 2F (15, Y,,),

then, for each ¢ € [0, to],

t2 tz / / /
oYF = / A\s0Yyds — / 0Zsal*(—kE ds +dWE ) + K, — K{ | P' —a.s.,
t t

where ) is a scalar valued process and & is an R%-valued process defined by

~ o/ / A ! N
) (Fe(yy (t2,Y15)25 (t2,Yen)) = Filyy (t2,Ysy),Z0)) a1 %02 A1/2571 £ 0:
/{f = \&1/26Zt\2 ’ ay tl 7é )
t
0 , otherwise.

By (A4) and (A5), we have ||A|| pe ) < 11 and & satisfies

65| < 1418y %27 (2, i)l + a2 2], 0 < t < .
Defining
H = /t K AWE 0 <t < ty,
0
we have
™ oy < CA+ a2 (10, Vo)l + 11220 E ). 12

Applying a priori estimates for quadratic BSDEs (cf. Lemma 3.1 in Morlais [64]), it is readily observed that

16122 (b2, Yz, < O PH (14 1Y), *13)

BMO(P')

Putting (4.7) and (4.13) into (4.12), we deduce the following estimate uniformly in P’:
IH |30 < M, (4.14)

where My depends only on ||Y |[pee . This implies that H is a BM O(Py )-martingale.

S

t1 <t < ty. Applying It6’s formula to MY under ', we have

Define a probability measure Q' < P’ by fl%,, |7 =&/, kY dWT'); and a process M; := exp( fttl Asds),

! ’ tz ! ’ ! !
sYF = ER MK | < EY[ sup (M) (KY — KF (4.15)
11 t1 t t1 to ty
t1 tlStStQ
EHY) , ,
S EHEE {M(Kﬁ 7KE) , P—a.s..
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Thanks to (4.14) and Lemma 4.6, we can find uniformly for all P € PH(tf, IP) two constants g > 1 and
Crpg > 0, such that

OYY < Ol By (K, — KG)7)P
< Cfe™ (B} (KT, — K3 PP )V (K, — K7
< Ofder( esssup® EF (K — K )P )Y EF[(KF — KP))Y/2
P'ePy (] ,P)
< CHACY I B [(KY — KP))Y?, P — aus.,
where 1/p+1/q = 1. Since Cry and Ca,_1 are independent of ', we can take essential infimum over all

P’ € Py (t],P) on the left-hand side of the inequality above and deduce by the minimum condition (4.6)
that

Vi — esssupt o (2, Vi)

1
P ePy (t],P)

< C;@Cglﬁple” essinf° Er (K — K7 )]Y/% =0, P - a.s.
P ePH(t],P)

From (4.15), it is easily observed that 6Ytﬂfl > 0, Q'-a.s. and thus, P — a.s., for all P’ € Py (t],P), which
directly yields the reverse inequality of (4.11). The proof of (4.9) is complete. O

4.3.2 A priori estimates
We now give some a priori estimates for quadratic 2BSDEs:

Lemma 4.15 Let (A1)-(A5) hold. Assume that € € L35 and that (Y, Z) € Ds¢ x H is a solution to 2BSDE
(4.3). Then, there exists a C' > 0 such that

1Y ]lpgy < C(1L+ |[€]|Lgp ) and [|Z][f

BMO(P)

< CeMleg (14 )1€] ). (4.16)

Proof: From (4.10) and a priori estimates for quadratic BSDEs, we deduce the left-hand side of (4.16),
whereas the right-hand side comes after (4.7). O

Lemma 4.16 Let (Al)-(A5) hold. Assume that £ € L% and that (Yi, Z4) € D$p x H%{, i=1,2, are two
solution to 2BSDE (4.3) corresponding to the two terminal values. Denote

S¢i=¢ -2 5y =Y -Y? 672 :=72" - 7°,
SK* .= (K'Y — (K?)F and ASY; = §Y; — Y-,
then we have the following estimates

1Y [Ipg < ClI6¢] |5, [102] |2

BMO(P)

< C1E L5y, 11€2]| 255 ) (168l | gy + [10€] 17 ),
and for a fixed p > 0, t € [0, 1] and each P € Py,

Bf sup K] < O 1€ lus [€21esp (ISEIIES + 116615, P — as.

Proof: Similarly to (4.15), we can easily obtain the first inequality. For the second one, we apply Itd’s
formula to Y2, then we have for a fixed P € Py anda T € 751,

1 1
5Y, 2 + / 61/252,2dt < |52 + 2 / SYAE(Y, Z)) — Bi(YP, 22))dt

1 1
—2/ 5Yt5thBt+2/ 0Y;-0dKf — > |ASYi[*, P—a.s..

T<t<1
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Taking expectation on both sides and by (A3) and (4.10), we deduce

EE[f o, %6z 2dt) < |]0¢]13
+ 2010V |l 20+ B Y o + 350 12710 )
+ 2/[0Y|Jpg (EE[(KYF — (K1E] + EF[(K®)F — (K2)F))
< C(IE Lz 11€2] s ) (1108 [nsp + [15€]135)-

For a fixed p > 0 and each IP € Py, from (4.5), we have

1 p11/2
BEl sup KEP] < G, (106l + 2| ([ vtz a2 z2)as ) |
t

t<s<
1 py1/2 1 p/2
xEtﬂ’K/ a;/%ZsPdS) ] +EE"[/ |d§/26252ds} )
t t

2
2 i
: CP(H&HQ?{O * ||5Z||IH;I/2BZ\/IO<7’H) <1 " Z 12 HZ?BMO(PH)))

i=1

< O M€ gz 1€ o ) 1ISEI 22 + 1166112,

We complete the proof. g

By either Theorem 4.13 or Lemma 4.16, we deduce immediately the uniqueness of Y. We observe that
d{Y, B)y = Z;d{(B), 0 <t <1, Pg-q.s., which implies the uniqueness of Z.

4.4

Existence of solutions to second order BSDEs

In this section, we provide the existence result for the 2BSDE (4.3) under (A1)-(A5) by a pathwise con-
struction introduced in Soner et al. [87, 88] with the so-called technique of regular conditional probability
distribution (r.c.p.d.), which can be find in Stroock and Varadhan [91].

4.4.1 Regular conditional probability distributions

For the convenience of the reader, we recall some notations of r.c.p.d. in Soner et al. [88].

For each t € [0,1], let Qf := {& € C([t,1],R9),&(¢t) = 0} be the shifted space, B the shifted
canonical process, F* the shifted filtration generated by B?.

Foreach() < s <t <1,w € Q°and @ € QF, we define the concatenation path w ®; @ € Q° by

(W@t @)y = wulfs ) (u) + (Wi + @y )11y (u), u € [s,1].

Foreach0 < s <t < 1, w € QF and an Fj-measurable random variable £ on {2°, we define the
shifted F{-measurable random variable £ on Q' by

(D) = E(w @ @), @ € QL

For each 0 < s < t < 1, the shifted process X** of an F*-progressively measurable X is F*-
progressively measurable.

For each t € [0,1] and w € 2, we define our shifted generator by

FH (@, y,2) = Fy(w®; @,y, 2,04 (@), (5,@) € [t,1] x Q.

For each ¢ € [0, 1], P}; denotes the collection of all those P € fg such that
a’ <a! <@ andd! € Dy, AxP—ae.,

for some a®, @" € S7% and all (y,2) € R x R<.
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e For each (w,t) € Q x [0,1] and P € Py, the r.c.p.d P¥ of P induces naturally a probability measure
P+ on (2, 1) which satisfies that for each bounded and F;-measurable random variable &,

E7[¢] = BY ).

e By Lemma 4.1 in Soner et al. [88], P““ is an element in P!, and for each t € [0,1] and P € Py, it
holds for P-a.s. w € €2,

Fy(w®: @,y, 2,05 (0)) = Fy(w @ @,9, 2, 05(w @ @), A x PHY — a.e..

4.4.2 Existence result

For a fixed w € Qand 0 < t; < t9 < 1, we consider a quadratic BSDE of the following type on the shifted
space 't under each P € PE:

to
Pi1 ¢ t a2 Pi1 ¢ Pt ¢
Y l1,w n 1,W +/ Ful’w(yu s 17w7zu s 1,w)du (4'17)
S

12
P tq, t t
—/ 2z, "VYdB, t1 < s <tg, P —a.s.,

S

where 17 € L% is an F;,-measurable random variable. It is well known that (4.17) admits a unique solution
Pty w

(yF" 119 (ty, ), 2P 19 (85, 1)) under (A1)-(A5). In view of the Blumenthal zero-one law, Yr, (ta,m)
is deterministic P*1-a.s. for any given 1 and P,

The following lemma describes the relationship between %} (1, ¢) and yftvw’t’w(l, £), where the former is
the solution of (4.8) with parameters (1,¢) under a fixed P € Py and the latter is the solution of (4.17)
when ¢ takes the place of ¢, P! is in fact the r.c.p.d Pt of P and (t2,n) = (1,&).

Lemma 4.17 Assume (Al)-(A5) hold. For a given { € LY and a fixed P € Py, we have, for eacht € [0, 1]
and P-a.s. w € Q,

WP (1,6 w) = of (1, 0. 4.18)

Proof: Similar to the proof of Lemma 4.1 in Soner et al. [88], we have the following conclusion: because
£ € L®(P), for P-as. w € Q, [€"9] < ||€|[ Lo (p), P"*-a.s.. Thus, (4.17) is well defined under our setting
and the right-hand side of (4.18) is the unique solution to (4.17).

We emphasize that the wellposedness of both (4.8) and (4.17) as well as estimates of solutions are already
provided by Kobylanski [46] and Morlais [64]. Our job here is only to redo the construction of two se-
quences formed by solutions of Lipschitz BSDEs, which approximate solutions on both sides of (4.18).

By Lemma 3.1 in Morlais [64], we can find a constant M := e” (v + |[£(w)]| = (p)), Which is the bound of
both sides of (4.18). Then, we choose a C*>°(R) function which takes value in [0, 1] and satisfies that

1, uele ™M My
P =0 e (~o0, e DU [T, oo

We can verify that for each ¢ € [0, 1],
Vi(1,€%,G) = explyy; (1)), (4.19)

solves a quadratic BSDE with parameters (1,e?¢) and the generator G of the following form: for each
(w,t,Y,2) € 2 x [0,1] x R x R,

A — 3 Q) 2\ 1 i 2
Gi(w, Y, 2) = ¢(Y) (wyFt (w, . ’W) 751 (w)Z] ) (4.20)
On the other hand, fixing (w,t) € © x [0,1],

VIR (1, 08 GH) (@) == exp(yyl (1L E)(@)), t < s < 1, 4.21)



92 CHAPTER 4. QUADRATIC SECOND ORDER BSDES

defines a solution that solves a quadratic BSDE under P** with parameters (1, e?¢) and the generator Gt
of the following form: for each (@,s, Y, Z) € Q! x [t,1] x R x R,

GL(@,Y, 2) = ¢(I) (wﬁ;w <w 1n(7y)’ i}) - 213,|(&§)1/2(®)Z|2>-

Now, our main aim is changed into that for each ¢ € [0, 1] and P-a.s. w € ,

VE(L &, G)(w) = 7 (1,08, G0).

For each (w,t, Y, Z) € Q x [0,1] x R x R%, we set

GHw, Y, 2) = sup {Gi(w,p.q)—nl(p—I)| —nla)*(w)(qg— 2)|}, n €N, (4.22)
(p,q)€QxQ?

and also for fixed (w,t) € Q x [0, 1] and each (@, s,), Z) € Qf x [t,1] x R x RY, we define
(G") (@, Y, Z)

= sup  {GL¥(@,p,q) —nlp— Y| —nl@)*(@)(q - 2)}, neN.
(p,9)€QxQ

By Lemma 4.1 in Soner et al. [88], for each ¢ € [0, 1], P-a.s. w € Q and each (y,z) € R x R,
Fyo(@,y,2) = FO°(@,9,2,00(@)) = Fo(w @1 8,9, 2,05 (0 @ @) (4.23)
= (F(, )t (@,y,2), and a%(®) = a4 (@), A x P — a.e..

We call (F(-,-))" the globally shifted generator of F'. From (4.23), we can deduce that for each ¢ € [0,1],
P-as. w € Qand each (Y, Z) € R x RY,

G (@,),2) = (G(, )L (@, Y, 2), A x P — ae.,
and furthermore that for each n € N,
(GEYM (@, D, Z) = (G"(-, ) (@0, Y, 2), Ax P —qe.. (4.24)
Moreover, it is easy to verify that for each (w,t, Y, Z) € Q x [0,1] x R x R,

—eM T (ay + B(M + 1)) — M a2 (0) 2 < Gy(w, Y, Z)
<GP W, Y, 2) < G (w, Y, 2) < MT(ay + B(M +1)),

and G (w, Y, Z) | G¢(w,Y, Z) uniformly on compact sets in [0, 1] x R x R?. Similarly, for fixed (w,t) €
Q x [0,1] and each (@, s,Y, Z) € Q! x [t,1] x R x RY,

—@M“(avﬂLﬂ(MﬂLl)) M) (@) 2] < G (w, Y, 2)
< (GM)iH (W, Y, 2) < (G992 (w, Y, 2) < eMFHay + B(M + 1)),

and (G)?(w, Y, Z) | (G"*);(w, Y, Z) uniformly on compact sets in [t, 1] x R x R%,
By Lemma 3.3 (monotone stability) in Morlais [64], we have, for each ¢ € [0, 1] and P-a.s. w € Q,

VP(1,e G (W) | YF(1, e, G)(w), asn — +o0, (4.25)
and for fixed (w,t) € Q x [0, 1],
VI, e, (G | VT, 6, G), as i — oo, (4.26)
To obtain the desired result, it suffices to prove that for each n € N, a fixed ¢ € [0,1] and P-a.s. w € €,

VE(L, €7, G (w) = Y091, 76, (GE)). (4.27)
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We notice that the generators of both sides of (4.27) satisfy the following uniform Lipschitz conditions: for
eachn € Nand (w,t, Y5, V% 21, 22) € A x [0,1] x R x R x RY x RY,

G (w, V!, 2Y) = GRw, 2%, 2)] < nfY! = V2| +nla,*(@)(2" - 2%)];
and for fixed (w, ) € Q x [0,1],eachn € Nand (@, s, V!, V% 21, 22) € Ot x [t,1] x R x R x R? x RY,
(GH)2(@, Y 21) = (GP)1(@, %, 2%)| < nfY" = V| +n|(ad) (@) (2" - 27)].

Since solutions of these Lipschitz BSDEs can be constructed via Picard iteration, from (4.24), we can obtain
(4.27) (cf. (i) in the proof of Proposition 4.7 in Soner et al. [88] and (i) in the proof of Proposition 5.1 in
Possamai and Zhou [78]). Then, (4.25) and (4.26) give the desired result. O

Remark 4.18 The lemma above is the key point of this chapter, which ensures us to prove the following
proposition under the Kobylanski’s [46] type condition instead of Tevzadze’s [93 ] type one, which is adopted
by Possamai and Zhou [78] to make sure that solutions of quadratic BSDEs on both original and shifted
spaces can be constructed via Picard iteration, so that the statement corresponding to (4.18) in Soner
et al. [88] for Lipschitz BSDEs still holds. In this chapter, the lemma above is proved by a monotonic
convergence technique for classical BSDEs under a fixed P, but it is still difficult to obtain a globally
monotonic convergence theorem for quadratic 2BSDEs, as Possamai and Zhou [78] have already stated.

Similarly to the one in Soner et al. [88], we define the following value process V; pathwisely: for each
(w,t) € Q% [0,1],

Vi(w) := IP}su}; yr B(1, ). (4.28)
te H

For the rest part of the proof of the existence, we assume moreover that the terminal value £ is an element
in UCy (). Therefore, it is readily observed that for all (w,t) € Q x [0, 1],

Vi) < C(1+ sup 1§(@)D), (4.29)

and there exists a modulus of continuity p, such that for each ¢ € [0, 1] and (w,w’, @) € Q x Q x QF,

€54(@) — € (@)] < p(||lw — '[[7°)-

Recalling the uniform continuity of F' in w, we have moreover that foreach 0 <t < s < 1, (w,w’, @, ¥, 2)
EQXxOx O xR x R4,

[Fo(@,y,2) = o (@,,2)] < plllw — w'[I7°).

We define
Sy ==y P (1,6) =yt P (1,6), 6z = 2T (1,6) = 270 (1,¢),

0 = €1 — € §F(y, z) i= FY(y,2) — F"(y, 2).
Proceeding the same in the proof of Theorem 4.13, for each (w,w’, t) € 2 x Q x [0, 1] and a fixed P* € P,
we can find a Q < P* and a bounded process M, such that

1
0| = EC [M16§+/ MOFE,(y2 b (1,6), 2509 (1,€))ds| < Cp(J|lw — w'[|2). (4.30)
t

By the arbitrariness of P?, it follows that
[Vi(w) = Vi(w)] < Cp(||lw — o'|[F), (4.31)

from which we can deduce that V; € F;.

Parallel to Proposition 4.7 in Soner et al. [88] and Proposition 5.1 in Possamai and Zhou [78], we give the
following dynamic programming principle:
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Proposition 4.19 Under (Al)-(A5) and for a given §& € UCy, we have, for each 0 < t1 < to < 1 and
w e,

Vi (w) = sup yp, "(t2, Vi) (4.32)
Pt1ePil

Proof: Without loss of generality, we only need to prove the case when ¢; = 0 and 3 = ¢, i.e.,

Vo= sup yh(t,V4).
PePy

Fixing P € Py, foreachw € Q and ¢ € [0,1], P € P}, By Lemma 4.17 and from (4.28), we have, for
eacht € [0,1] and P-a.s. w € Q,

LEw) =y TU(LE) < sup y TY(LE) = Viw).
PteP},

Applying Theorem 2.7 (comparison principle) in Morlais [64], it follows that Vy < suppep,, v (t, V2).

‘We omit the rest part of the proof, i.e., the proof of the reverse inequality of (4.32) via the r.c.p.d. technique,
since it goes in the same way as the one in Soner et al. [88] and Possamai and Zhou [78]. O

We shall turn to the Doob-Meyer type decomposition of V' based on some results for quadratic g-super-
martingales in Ma and Yao [59]. These results were obtained under the assumptions for the proof of
uniqueness in Kobylanski [46], since these assumptions ensure that the wellposedness of the corresponding
quadratic BSDEs, so that the g-expectation can be well defined. However, Morlais [64] also provided the
wellposedness of quadratic BSDEs under (A3)-(AS) for BSDEs of the form (4.8), then the applicability of
these arguments to such type of ﬁ'—supermartingales will not alter under each P € Pyy.

For a fixed P € Py, from (4.32) and by Lemma 4.17, we have foreach 0 < ¢t; <t; <1,
Vi, >y, (t2, Vi), P —aus.. (4.33)

Thus, by Definition 5.1 in Ma and Yao [59], V is an F -supermartingale under P. Then, for each (w,t) €
Q x [0, 1], we define
V, (w) := limsup V,(w).
QN(t,1]or ]t

Applying corollary 5.6 (downcrossing inequality) in Ma and Yao [59] , one can see that for P-a.s. w € €,
limgnz,1)5r ¢ Vi exists for all £ € [0, 1]. Therefore, we have

Vi= lim V., 0<t<1, Pg—gqs, (4.34)
QN(t,1]o7r][t

which implies that V' has Pp-q.s. cadlag paths.

The following proposition (corresponding to Proposition 4.10 and 4.11 in Soner et al. [88] and Proposition
5.2 in Possamai and Zhou [78]) demonstrates the relationship between V and V+, from the second part
of which, we can deduce that V' is a cadlag F-supermartingale under each P € Py, then we apply the
Doob-Meyer type decomposition theorem (cf. Theorem 5.8 in Ma and Yao [59]) directly to V.

Proposition 4.20 Assume (Al)-(A5) hold. For a given & € UCy(R2) and a fixed P € Py, we define

VP = esssup” yf (1,€) and VI = esssup” o) (1,€). (4.35)
PPy (t,P) P'ePu (tt,P)

Then, we have
Vi=VlandV, =V 0<t <1, P—as.

Moreover,

Vi=V 0<t<1, Py —q.s.. (4.36)
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Proof: For the proof of the first equality in (4.35) and that V;* > VtP’J“, we can proceed in the same way
as in the proof of Proposition 4.10 in Soner et al. [88]. Here, we would like only to prove that for a fixed
P e Py,

VE<VET 0<t<1,P—a.s,

since the technique will be a little different.

FixingP € Py, t € [0,1] and r € Q N (¢, 1], from the first equality, we have

V¥ .= esssup’ yf/(l,g).
P/ € P (t.,P)

Following Step 3 in the proof of Theorem 4.3 in Soner et al. [87], we could find a sequence of probability
measures such that {Py,}nen C Py (r,P) C Py(tt,P) and yi"(1,€) 1 V,, P-as. We consider the
following BSDE with parameters (r, V;.) and the generator F’:

Y =V, -l-/ E,(yF, 25Ydu —/ 2dB,, 0<s<r, P—a.s.,

S

and denote by (y*(r, V;.), 2F(r, V;.)) its solution. Then, it follows by Lemma 3.3 (monotone stability) in
Morlais [64] that

vi(n Vo) =ui(r Jim y(1,8) = Tm yi" (1,6 SV, P -as.
Now, our aim is to find a sequence {r,, } men C (¢, 1] such that r,,, | ¢t and

lim  yf (rm, Vs, ) =V, P —a.s.. (4.37)

m——+ 'm
Noticing that the generator Fisno longer Lipschitz in |a'/2Z|, in general, the statement above (4.37) is not
straightforward if only the conditions that V' is uniformly bounded on (¢, 1] and that V,. — V,*, P-a.s. are
given.

We define for each r € (t,1] a BSDE under PP with parameters (7, ¢?¥") and the generator ( in the form of

(4.20) and denote by (V* (r, eV, G), ZF(r, eV, G)) its solution. From the relationship that
VE(r, eV, G) = V) 0<t<r, P—as.,

it suffices to prove the following statement instead of (4.37): there exists a sequence {7, }men C (¢, 1] such
that
lim VP (rp,eVm G) =V P—as.. (4.38)
m—+00

Proceeding the same in the proof of Lemma 4.17, for each n, we consider the solution yﬂj’(r7 eVV*, G‘")
of the BSDE with parameters (r,¢?"") and the generator G™ in the form of (4.22). Note M := C(1 +
SUp,,cq €4(“)) that is the uniform bound for all V¥ (r, e?V», G™), we have

EF[[YF(r, e, G") = VL < C(1 4 n+ an)(r — 1),

where n is the Lipschitz constant of G™ and apy > 0 depends only on M. Therefore, for a fixed n € N,
there exists a sequence {7}, }men C (¢, 1] such that r?, | ¢ and

lim |VE(rn, eV, Gy —e?Vrm| =0, P — a.s.,

m——+oo
which implies
. A +
lim \yf}(rzl,e”v%, ™) — V|
m——+oo

< lim Y@, eV, GM) — V| 4+ lim [V — e”‘/t+| =0, P—as.
m——+oo m——+oo
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By the diagonal argument, we could find a universal sequence {7, }men C (¢,1] such that 7,,, | ¢ and for
eachn € N,
A +
lir}rl \VE (Fp, €7V [ G™) — Ve | =0, P — a.s..
For eachn, m € N, R
|VF (P, 77, G < M

and Lemma 3.3 (monotone stability) in Morlais [64] shows that for each m € N, the following statement
holds true P-a.s.: X
yf’m (fm, eVVim , Gn) l yip(fm7 eVVim )’ asn — 4oo.

Thus,
lim Vi (F,e?Vm) = lim  lim Y (7, eV G™)
m——+oo m——+oo n—-+o0o
. . - -~ A . + +
= lim lim Y (Fpn,e”V™ G") = lim Vv =Vt
n—-+00 m—-+0oo n—-+00

which ends the proof of (4.35).

Subsequently, the statement (4.36) could be proved in a similar way as Proposition 4.11 in Soner et al. [88].
O

Theorem 4.21 Under (Al)-(A5) and for a given & € UCy(Y), the 2BSDE (4.3) has a unique solution
(Y,Z) € D¥ x HE,.

Proof: From (4.33) and (4.36), we know that V' is a cadlag F—supermartingale. Applying the Doob-Meyer
type decomposition (cf. Theorem 5.8 in Ma and Yao [59]) under each P € Py,

1 1
Vt:V1+/ FS(VS,ZE)ds—/ ZYdBs+ Ki —K{, 0<t<1, P—a.s.,
t t

where KT is a increasing process null at 0.

As shown in the proof of Theorem 4.5 in Soner et al. [88] one can find a universal Z such that for each
P € Py,
Zy=27;,0<t<1, P—as.

Defining Y = V, from (4.29), Y € D% . Similarly to Lemma 3.1 in Possamai and Zhou [78], we deduce
that Z € HZ,.

Then, it suffices to verify that the family of processes {K* }pep,, satisfies the minimum condition (4.6).
For a fixed P € Py, t € [0,1] and each P’ € Py (tT,P), using the notations from the proof of Theorem
4.13, we have

1
Vi (16 = £ | [ adr? | 2 B IRY - KE),
t
where

dQ’
dp’

t
=H! = / AW 0<t <1, P —as..
0

T

By Definition 4.5, H := {HP/}IP/GPH(tJr,]P’) is a BMO(Py (t*,P))-martingale. Applying Lemma 4.7 to
the family £(H ), there exists a p > 1 such that

_1
sup sup E]f/ {(g(H)t) pl] < Cg,
P/ €Py (t+,P) 0<t<1 E(H) Le=(P7)
then
EF(KY — KF) < B [EE0(KE — KF)| 5 B (S0t (K — K5
< EJIKY — KF)7 B () 7 0 B (KT — K )
< cFefT R - 1)
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From (4.35) and (4.36), we obtain

0 < essinf" E]E)I[Klf"fol] < C(V; — esssup” yfl(l,g))%%l

T PePu(tt,P) PePy (t+,P)
= C(V;t — esssup” yf/(l,g))?f)%l =0,P—a.s.,
PePy (t+,P)
which is the desired result. O

For each § € L7, one can find a sequence {£" }nen C UCy(Q2), such that [[§" — &]|ree — 0. Thanks to a
prior estimates, we have the following main result of the section.

Theorem 4.22 Under (Al)-(A5) and for a given & € L5%, the 2BSDE (4.3) has a unique solution (Y, Z) €
D% x HZ,.

Remark 4.23 Similarly to the result in Matoussi et al. [61] for reflected 2BSDEs, applying Theorem 2.2 in
Nutz [67], f ZdB could be defined universally if we add Zermelo-Fraenkel set theory with axiom of choice
plus the continuum hypothesis into our framework. In this case, one can find a process K that is universal
and P-a.s. coincides with KT under each P € Py, but is only F*-adapted, where

Fro= () 7 vaE

PePu

4.5 Application to finance

In this section, we re-solve some robust utility maximization problems introduced by Matoussi et al. [62].

4.5.1 Statement of the problem

The problem under consideration in Matoussi et al. [62] is to maximize in a robust way the expected utility
of the terminal value of a portfolio on a financial market with some uncertainty on the objective probability
and to choose an optimal trading strategy to attain this optimal goal under some restrictions.

This problem can be formulated as

- 3 P ™ _
V(z) = sup nf BHU(XT — €], (4.39)

where X7 is the terminal value of the wealth process associated with a strategy 7 from a given set A of all
admissible trading strategies, ¢ is a liability that matures at time 7', U denotes the utility function and P is
a set of all possible probability measures. Without loss of generality, we always assume that 7' = 1 in the
sequel.

In this chapter, we study the problem that consists of non-dominated models, i.e., probability measures from
the collection P could not be dominated by a finite measure. Consistent with the setting for 2BSDE theory,
we assume that P is a subset of the class Pg (cf. Definition 4.1), in which all the probability measures are
mutually singular.

Definition 4.24 In (4.39), let P = Py denote the collection of all those P € Pg such that
a<a <aanda; € DF“ A X P—a.e.,
for some a, @ € S;° and all (y,z) € R x R%,

Adapted to this setting of Py, we shall change a little our settings for quadratic 2BSDEs, that is, (A3) and
(AS) will be replaced by the following (A3’) and (A5’):

(A3’) F is continuous in (y, z) and has a quadratic growth, i.e., for each (w,t,y,z,a) € Q x [0,1] x R x
Rd X Dpt,

2
|Filw,y, 2,0)| < ala) + Bla)ly] + 5 |a'/22 P,
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where 7y is a strictly positive constant and «, 3 are non-negative deterministic functions satisfying that for
some strictly positive constants @ and [3,

a(a;) <@, and B(a;) < B, 0<t <1, Pu — q.s..
(AS’) F is local Lipschitz in z, i.e., for each (w,t,y, z,2',a) € A x [0,1] x R x R x R? x Dp,,
|Fi(w,y,2,0) = Fy(w,y,2,a)| < C(|a*?¢(a)| + |a'/?2] + [a'/?2|)|a? (2 = /)],

where C'is a strictly positive constant, ¢ is a deterministic function such that ¢(a) = a'/?>¢(a) satisfies
that for some strictly positive constant 7,

6(a0)| = lay*d(an)] <7, 0<t <1, Py — g.s..

Repeating all the proof for the wellposedness of quadratic 2BSDEs in the last section, we can have the
following theorem:

Theorem 4.25 Under (Al)- (A2), (A3’), (A4) and (AS’) and for a given £ € L, the 2BSDE (4.3) has a
unique solution (Y, Z) € D3 x HZ,.

We will have a detailed discussion for this kind of settings later in Subsection 4.5.4.

The financial market consists of one bond with zero interest rate and d stocks. The price processes of stocks
is given by the following stochastic differential equation:

dSi = Si(bidt +dBY), 0<t<1,i=1,...,d, Py —q.s.,

where B is a d-dimensional canonical process, b’ is an R-valued process that is uniformly bounded by a
constant M > 0 and is uniformly continuous in w under the uniform norm || - [|3°, 7 = 1,2, ..., d. By the
definition of Py, for each P € Pg,

t
By = / alZawf 0<t<1,P—a.s.,
0

where '/ 2~ plays in fact the role of volatility in (1) of Hu et al. [34]. Thus, the difference of a'/? under

each P € Py allows us to model the volatility uncertainty.

In the following subsections, we study the problem (4.39) for two kinds of utility functions, the exponential
and the power ones. For another type of utility function, i.e., the logarithmic one, Matoussi et al. has already
solved the problem associated with it by a solution of a Lipschitz 2BSDE.

4.5.2 Robust exponential utility maximization

In this subsection, we consider the robust utility maximization problem (4.39) with an exponential utility
function:

U(zx) := —exp(—cz), ¢ >0, z € R.
In this case, we denote m = {m }o<i<1 the trading strategy, which is a d-dimensional F-progressive
measurable process. The ith component 7} describes the amount of money invested in stock i at time ¢,
t=1,...,d, then, for a given trading strategy , the wealth process X™ can be written as

d t i . t ~
XfZﬂ?-i-ZA %dsgzac—&—/o 7ws(dBs + bsds), 0 <t <1, Py —q.s..
i=1 s

We now give the definition of admissible trading strategies.

Definition 4.26 Let C be a closed set in RY. The set of admissible trading strategies :Zl consists of all d-
dimensional F-progressively measurable processes m = {m, }o<i<1 that take values in C, A\@Pg-q.s., such
that for each P € Py, fol \&tl/zthdt < +o00, P-a.s. and {exp(—cXT)} g is a P-uniformly integrable
family.
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Then, the utility maximization problem is equivalent to

1
V(z) := sup inf E? [ — exp ( — c(x + / ¢ (dBy + bydt) — 5))} ) (4.40)
0

TcA PePr

We can also consider a reduced utility maximization problem under each P € Py, which is introduced by
Theorem 7 in Hu et al. [34] and Theorem 4.1 in Morlais [64]. Following these well known results, one can
finda 7" € AF that solves the reduced utility maximization problem:

1
V¥(z) := sup E¥ [ —exp ( - c(:z: + / e (dBy + bedt) — §>)] , (4.41)
0

e AP

where A is the collection of all admissible trading strategies given by Definition 1 in Hu et al. [34] under
P and thus, A C AF. It is evident that

V(z) < inf VE(z).
PePu

Therefore, the robust utility maximization problem (4.40) is solved if one can find an optimal strategy 7*
such that

1
V(zr) = inf E¥ { —exp < — c<x + / 7 (dBy + bedt) — 5))} = inf VF(z).
PeEPH 0 PeEPu

In what follows, we give the theorem similar to Theorem 4.1 in Matoussi et al. [62] but without some
additional condition on &, b or on the border of C.

Theorem 4.27 Assume that § € E%IO. The value function of the utility maximization problem (4.40) is given
by
V(z) = —exp(—c(z — Yp)),

where Y} is defined by the unique solution (Y, Z) € ]ﬁ)]‘if X H%{ of the following 2BSDE:
YV =¢+ /1 Fy(Zs)ds — /1 ZydBs + K, — K;, 0<t<1, Py —q.s., (4.42)
t t
where for each (w,t,z,a) € Q0 x [0,1] x R? x S7°,
Fi(w,z,a) = gdist2 (a1/2z + ialpbt(w),alﬂé’) — 2Ty (w) — %|a71/2bt(aﬁ|2- (4.43)
Moreover, there exists an optimal trading strategy 7 € A with
ar’rr e M,1/2 (a}/zzt + iagmbt), A® Py — q.s., (4.44)

where 1 4(r) denotes the collection of the elements in the closed set A that realize the minimal distance to
the point r.

Remark 4.28 Some of the assumptions adopted by Theorem 4.1 in Matoussi et al. [62] are removed: our
assumptions for the wellposedness of quadratic 2BSDEs does not concern the size of &, so we do not need
to assume in addition that the liability £ is small enough in norm; on the other hand, we do not have any
requirement on the regularity of the derivatives of the generator F' and thus, the border of C is no longer
assumed to be a C* curve. It is evident that these two additional assumptions have limitations in real
financial market: the one on & is not practical; the other one on the border of Cis often difficult to verify.

Sketch of the proof of Theorem 4.27: We prove this theorem by following procedures adopted by Matoussi
et al. [62] but with some modifications, and we only give the sketch.

Step 1: In this step, we show that the 2BSDE (4.42) has a unique solution by verifying that the generator
F satisfies (A1)-(A2), (A3’) and (AS’). Then, Theorem 4.25 states that the 2BSDE (4.42) admits a unique
solution (Y, Z) € Dy x HZ,.
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e From the assumptions that b is uniform bounded and that C is closed, we have, for each (w,z) €
Q x R%, Dp,(,,..) = S7°, which implies that (A1) is satisfied.

e Since b is F-progressive measurable and uniformly continuous in w under the uniform norm, for each
(z,a) € R x S7, F(z,a) is F-progressive measurable and uniformly continuous in w.

e Foreacha € Sj that satisfies a < a < @, there exist a K > 0 that depends only on @ and C such that
inf{|r| : r € a'/?C} <K,
and another K > 0 that depends only on @ and M, such that for each w € €2,
la=Y2by(w)|? < tr(a™)M? = K2
Then, for each (¢,2) € [0,1] x RY,

1 N 1 \?
dist? <a1/22 + =a"'?p,, a1/20> < 2[a'/?2|? + 2<|a1/2bt| + K> , (4.45)
c c

from which we deduce

_ 54+ 1
|Fy(w, z,0)| < <2cK2 + chKz) + (2 +c)|a1/22l2-

That is to say (A3’) is satisfied.

e Foreach (,2!,2%) € [0,1] x RY x R? and a € S;° that satisfies a < a < @,
1 ~
Fi(w,z',a) — Fy(w, 2%,a) = ;(dist2 <a1/2z1 + ca1/2bt,a1/20>
1 .
— dist? <a1/2z2 + a_1/2bt,a1/2C’>) — (2! = 22)Trp,.
c

By the Lipschitz property of the distance function with respect to a closed set, we obtain the following
inequality:

c — 4
|Fi(w, 2%, a) — Fy(w, 2%, a)| < 2((2K+ CK> + a2t + a1/222|)|a1/2(z1 — 22,
from which (A5’) is satisfied.
Step 2: We define, for each 7 € A,
RY = —exp(—c(X] — V), 0 <t <1, (4.46)

where Y is the solution to 2BSDE (4.42). Then, we decompose R™ into a product of two processes, i.e.,
R™ = M™AT, where for each P € Py,

¢
MT = e~°@=Y0) oxp ( - / c(ms — Zs)dBs
0

1 t
- 5/ Alal?(ny — Z,)ds — cKF), 0<t<1, P-a.s.,
0

and
¢
- 1
A7 = —exp (—/ (cwsTrbS +cFs(Zs) — §C2|d;/2(ﬂ's — ZS)|2>ds>, 0<t<1, P—-as.
0

We rewrite A™ into the following form,

t /2
A”z—exp(—/ (
t o 2

2

al’m, — (a;/2ZS 42 A_1/2b8>

o

—cZM, — %|a;1/2bs|2 - CFS(ZS)>d5).
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It is readily to observe that if 7 = 7* that satisfies (4.44), then
Af* =-1,0<t<1, P—a.s..

Moreover, Lemma 11 in Hu et al. [34] says that one can define such a 77* that is F-progressively measurable
if Z is F-progressively measurable.

2
In the previous section, we have already proved that Z € H2 BMO(Pr)’ To show that 7* — Z € H BMO(Br)’
it suffices to verify that 7* is also in H?2 Applying triangle inequality to |at 77| and recalling

(4.45), we have, for each ¢ € [0, 1],

BMO(Pr)

1.
la)?my) < &i/QZt—kEdt 1/2bt’+

T <A1/2Zt —1/2bt>‘
c
1 _ -
<lar?Z,) + ~|a; by + dist (at/ Zy + 1/2bt,dl/20> (4.47)
c "
) _
< 24?7, + K +2K, Py —qs.

which implies that 7* is an element in H?2 BMO(Py)’
As* € H%MO(P ) for each P & Py, a'/27* is a BMO(P)-martingale generator. By Remark 8 in Hu et

al. [34], {exp —cXT },c72 is aP-uniformly integrable family and it is easy to verify that EF[ f o la 120 *12dt]
< +00. Thus, 7* € A.

Step 3: We now prove that for each P € 75H

esssup” EX [MT =M ,0<t<1,P—as., (4.48)
P’ €Py (t,P)
so that
essinf’ EF [RT]=RF,0<t<1,P—a.s. (4.49)
P’GPH(t P)

Since —c(m* — Z) is a BMO(Py;)-martingale generator, under each P’ € Py (t,P), £(—c Jo(mi—2,)dBy)
is an exponential martingale, and M™ can be regarded as a product of a martingale and a positive decreasing
process. Thus, it is easy to show that for each P € Py,

esssup” EX [MT <M ,0<t<1,P—as. (4.50)
P’ €Py (t,P)

To get the desired result, it sufﬁces to prove the reverse inequality. Noticing that M| " and MF " are both
We calculate for each ¢ € [0,1] and P’ € Py (¢, P),

positive, we can consider the ratio Mﬂ*

*

Mf ( / .
—~ =cxp| — e(ms — Zs)dBg
Mj ¢

1 [t , ,
—5/ Alal?(xr — Z))?ds — o«(KY — KT )), P —a.s..
t

Changing measure by

we have
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By Jensen’s inequality and the convexity of exp(—cx), we obtain

M7 ’ ’ /
esssup’ ET [1} = esssup’ E [exp(—c(K] — KI))]

P’ P (t,P) M P’ €Pr (t,P)
> esssup’ exp(ch;@l KY — KT)
P’ P (t,P)
> exp(—c essinf® E;@/ KT — Kf/]).
P'ePy (t,P)

Similar to (4.15), we know, for some p, ¢ > 1 that satisfy 1/p+ 1/¢ = 1,

essinf’ EY [K] — K[| < CHACy. essinf® B [KT — K[V =0,
PP (L.P) PPy (t,P)

where C'ry is the constant in Lemma 4.6 and C'p,—1 is from (4.10). The inequality above implies that

M
ess supp Ef [ ;*} > 1. 4.51)
P Py (t,P) M;

Then, (4.48) comes after (4.50) and (4.51).

Step 4: Under each P € Py, the canonical process B is a P-martingale and Ft(z) is in fact (2.6) in Morlais
[64]. Thus, the value function of the reduced utility maximization problem is given by

VE(z) = —exp(—c(z - Yy)),

where Y is defined by the unique solution (Y¥, ZF) € D>°(P) x H?(P) of the following BSDE:

Y, —§+/ F ds—/ ZsdBs, 0 <t<1, P—a.s.. (4.52)
By Theorem 3.2, we have
Yo = sup Yy .
]P€75H

From (4.49) and (4.52), it holds true that

inf EF[—exp(—c(X]" —¢))] = inf EF[R] |=R]

PePH PePH
= —exp(—c(z — ¥p)) = inf —exp(—c(z - Yy)),
PeEPy
which implies that 7* is the optimal strategy. We complete the proof. g

Remark 4.29 In fact, we adopt a weaker assumption on the admissible strategy than the one in Theorem
4.1 in Matoussi et al. [62]. We only assume that  is an admissible strategy defined by Hu et al. [34] and
Morlais [64] under each P € Py, i.e.,

A= &,

PePr

while Matoussi et al. [62] assumed that = € H?2 BMO(Pi) . Under this stronger assumption, all R™ satisfies

the minimal condition (4.49) and they verified that A™ < A* = —1, for all  is admissible, so that ©* is
optimal. In this chapter, we justify that 7 is optimal for this larger set of admissible strategies by a min-
max property as we showed in Step 4, which is regardless of whether the admissible strategy other than the

optimal one is a BM O(’PH) martingale generator. Although * € H2 BMO(Py)’ this result is more general.
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4.5.3 Robust power utility maximization
In this subsection, we consider the problem (4.39) with a power utility function:
1
U(x):=-2",v< 1,z eR.
Y
In this case, a d-dimensional F-progressively measurable process {p; }o<¢<1 denotes the trading strategy,

whose component p! describes the proportion of money invested in stock i at time ¢, i = 1,2, ..., d, then,
for a given trading strategy p, the wealth process X* can be written as

Xr t -
XP=z+ Z/ deS’ = x+/ X?po(dBs + byds), 0 <t <1, Py — q.s.,
0
where the initial capital z is positive. Then, X” is given by
X! = mé'(/ ps(dBs + bsds)) ,0<t<1,
0 t

under each P € 75H.

Definition 4.30 Ler C' be a closed set in RY. The set of admissible trading strategies fl~consist§ of all
d-dimensional F-progressively measurable processes p = {p;}o<i<1 that take values in C, A @ Pr-q.s.

and for each P € Py, fol |dt1/2pt|2dt < 400, P-a.s..

For each P € Py, we define a probability measure Q < P by

= 5( - / b;fra;/?dWE> :
Fy 0 t

then, by the definition above, for each p € A, X* is a Q-local martingale bounded from below. Thus, X*
is a Q-supermartingale. Since Q < P, the strategy p is free of arbitrage under P.

dP

We suppose that the investor has no liability, i.e., £ = 0, then the maximization problem is equivalent to

1 1
V(z):= —z"sup inf EF {exp (7/ ps(dBs + bsds) / A1/2p52d8>:|. (4.53)
v peA' PePu 0

Similarly to that in the last subsection, we have the following theorem:

Theorem 4.31 The value function of the utility maximization problem (4.53) is given by
1
V(z) = —x7 exp(Yp),
Y

where Yy is defined by the unique solution (Y, Z) € ]f))OHO X H:]I%{ of the following 2BSDE:

1 1
Y, =0 +/ Fy(Zy)ds 7/ ZydBs+ K1 — Ky, 0<t <1, Py —q.5., (4.54)
t t
where for each (w,t,z,a) € Q x [0,1] x R? x S7°,
1— 1 ~
Fi(w,z,a) = —% dist? (M(al/zz + a2, (w)), at1/20> (4.55)
1/2 -1/2p, 2
Va2 +a t(w)] 4= a2z,
2(1—~) 2
Moreover, there exists an optimal trading strategy p* € A with
1 -
al?pr(w) € Hamé( — 7(&2/2 iy by (w ))), 0<t<1, Py —q.s., (4.56)

where 11 4(r) denotes the collection of the elements in the closed set A that realize the minimal distance to
the point r.
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Sketch of the proof: Following similar procedures in the proof of Theorem 4.27, we verify that the gen-
erator F in 2BSDE (4.54) satisfies (A1)-(A2), (A3”) and (A5’) and define a family of processes { R” }
by

pGA

1 t t
R := —2" exp <'y/ ps(dBs + bsds) — g/ |f1;/2ps\2ds + Yt>, 0<t<1,
v 0 0

such that for each P € 75H,

e R{ is a constant independent of p;

e R? = L(X?)7, foreach p € A.

1
~

Then, we rewrite R” under each P € 75H as the following:

1 : b t
R} = =27 exp(Yo)E(/ (vps + Zs)st) e 5V exp (/ usds), 0<t<1, P—a.s,
v 0 t 0

where

71 —1) ’

2

Vg = —

R 1 o
a,%pr — 1— y(ai/QZt +a; by

Va2 Z, + a; 2,2
2(1—7)

1,. ~
+ + §|a§/22t|2 — By(Z).

Similarly to (4.49), we could find an optimal strategy p* such that for each P € P,

Z/f*EO, 0<t<1, P—a.s.

and thus, / i i
essinf° EFV[R) =R/ ,0<t<1, P—a.s. (4.57)
P/G'PH(t,P)
The desired result comes after (4.57) and the min-max property. |

Remark 4.32 In Matoussi et al. [62], only the case that v < 0 was considered. According to their
assumption that C contains 0, we calculate

7 Y —1/2; |2
FO=__ ' b
t 2(1 _ ,y) |a’t t| ’
where —ﬁ is dominated by % when v < 0 and so that the assumption that b is small can imply that F©

is small enough.

4.5.4 Some remarks on the class of probability measures and assumptions

We have alread~y seen that 2BSDEs (4.42) and (4.54) are discussed under some new settings, where Py was
changed into Py; (A3) and (AS) were changed into (A3’) and (A5’). In what follows, we would like to
discuss more about these conditions and the class of probability measures.

Since these weakened conditions shall be related to some given series of probability measure classes
{ Pt }1ejo,1), we first give the following definition:

Definition 4.33 We say a series of probability measure classes {Pfq}te[o,l] is consistent if the following
points are satisfied (we note PY = Pyy.):

o ForeachP € Py, for P-a.s. w € Q and each T € T}, P € PIZ(W);

e foreacht € ’Zf)l, Aec F.,PePyand P e P P ®‘T4 P e Py, where for each E C §2,

P @A PT(E) = EF[EY [(15)7%]14] + P(E N A°).
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In the 2BSDE framework, the series of classes defined by Definition 4.1 is consistent, since the first point
is guaranteed by Lemma 4.1 in Soner et al. [88] and the second one is in fact the reduced version (n = 1)
of the statement (4.19) in Soner et al. [88]. These two properties play an important role in our proof of the
dynamic programming principle (cf. Proposition 4.19).

In what follows, we verify that the series of classes defined by Definition 4.24 is consistent. In this case,
75}{ consists of all those P € f; such that

ggdi Saanddi € Dp,, AX Pl —ae.,

for some a, @ € S;O and each (y,z) € R x R<. Since 75H C Pg, by Lemma 4.1 in Soner et al. [88], for a

57 (W)

given P € 75H and P-ae. w e Q,P™ € Pg ~ and

(w)(

a<a; " (@)=a,%(@)=a(w® @) <a, A xP™ —a.e..

On the other hand, the proof of statement (4.19) in Soner et al. [88] showed that ®;4 P e Ps. Defining
P.=P ®;4 IP7, it suffices to verify that

a<as<a, AxP-—a.e. (4.58)

We calculate

1 1 )
/o EP[l{m%[gﬁ]}]dt:/o (E*[E" [(Liangaan) "“11a] + E* (1, ¢aaynacy])dt,
where
: B Largamy@)] =0, we A, t>1(w);
BV (Mauglaa) ™ a() = { 1o, glemy (@) , weA t<T(w);
0 ) otherwise.
Thus,
Lo 1
/ EP[I{@tma]}]dtﬁ/ E*[1{a,gfaapldt =0,
0 0
which implies (4.58).

Remark 4.34 Suppose that a consistent series of probability measure classes {Pfq}te[o,l] C Pg is given
(not limited to the form defined by Definition 4.1 and 4.24), then (A3) can be even weakened to the following
Jform, which is similar to (HI) in Morlais [64] for quadratic BSDEs:

(A3”) F is continuous in (y, z) and has a quadratic growth in z, i.e., for each (w,t,y,z,a) € Q x [0,1] x
R x R? x Dp,,

~y
|Fulw,y,2,0)| < au(a) + Bela)ly| + 5 la'22 %, (4.59)
where 7y is a strictly positive constant and «, (3 satisfy that
e Foreacha € S;°, a(a) and B3(a) are positive F-progressive measurable processes;

e For some @ and (3, which are strictly positive constants,
1 1 B
/ ou(an)dt < @and / Bu(a)dt < B, Par — q.5.
0 0
e Foreach (w,t) € Q x (0,1] and P* € P4,
1 1 B
/ al¥(al)ds < @and / phe(al)ds < B, P! — a.s.,
t t

where @, [3 are the same as above.
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We recall (4.28) that for each (w,t) € Qx0, 1], Vi(w) concerns solutions of (t, w)-shifted quadratic BSDEs
under all P* € PY;. Therefore, for each t € [0,1], at least Py-q.s. w € §Q, (t,w)-shifted generator should
satisfy (HI) in Morlais [64] (or similar conditions for quadratic BSDEs) under each Pt € 73}{ to ensure
the existence of these solutions. We notice that the original condition (A3) is posed pathwisely, that is, it
holds for all (w,t) € Q2 x [0, 1], whereas (A3”) also involves pathwise settings for each (w,t) €  x [0, 1].
Therefore, (4.28) can be well defined under these two conditions.

A natural question arises: if (4.4) and (4.59) can be written in a P-q.s. version, if the third point of (A3”)
can be removed?

We consider the first question: suppose that for all (t,y,z,a) € [0,1] x R x R,

|A1/2

\Fy(y,2)| < o+ Blyl + 5lay 2%, Pu — q.s..

Fixing an P* € P, we can choose an arbitrage P € Py and construct a concatenation probability
P := P ®§ P. Since {P} }ici0,1) is consistent, P € Py, P|r, = P|#, and for each w € Q, P** = P*.
Thus, we have for P-a.s, w € Q and all (s,y,z,a) € [t,1] x R x R,
|8 (y, 2)| = | Fy(w @4 @, Y, 2, s (w @ @) (4.60)
<a+Blyl+ = |a1/2(w ®¢0)z]2 = a4+ Bly| + = \( )1/2( V2%, Pt —a.s..

Since P is arbitrage, we can deduce that for Pr-q.s. w € €, (4.60) is satisfied. In other words, defining for
eachP' € Pl a set:

EY = {w: FY*(y, z) satisfies (4.60), P* — a.s.},

we have P(EF') = 1 for all P € Py. At the end of the day, we still have no idea about P(Nprepr, EF),
since it is a probability of an intersection of non-countable sets. Therefore, the answer to the first question
is negative.

For the same reason, the answer to the second question is negative either, unless we could find an o such
that for each a € S7°, a'** (a) is independent of w, i.e., ot (a) = al(a). In such case, if we only assume

the second point and define
. 1
EY = {w:/ alv(al)ds < @, ]P’t—as}
t

then EF' = Qfor all Pt € PY;, which implies the third point in (A3”). As we have shown in (A3’), a special
case of such o is that for each a € S7°, a.(a) is a deterministic function in t.

Remark 4.35 Corresponding to (v) of Assumption 2.2 in Possamai and Zhou [78], (A5) can be weakened
to the following form:

(A5”) F is local Lipschitz in z, i.e., for each (w,t,y, z,2',a) € 2 x [0,1] x R x R? x R? x Dp,,
|Fi(w,y,2,a) = Fy(w,y,7',a)| < C(|a'¢e(a)] + [a'/z| + |a'/22"])]a' 2 (2 = =),
where C'is a strictly positive constant and ¢ satisfies that
e Foreacha € S; 0, ¢(a) is an F-progressively measurable process;
e ¢(a) isa BMO(Py)-martingale generator;
e Foreach (w,t) € Q x (0,1], " (a') is a BMO(P')-martingale generator under each P* € P,

Based on the argument in remark 4.34, only having that ¢ is a BM O(Py)-martingale generator, we have
no idea wether for each (w,t) € Q x [0,1], " is a BMO(P")-martingale generator under all P* € Pk,
unless for each a € S;O, (a) is independent of w. Thus, the third point in (A5”) is necessary. We would
like to point out that (v) in Assumption 2.2 in Possamai and Zhou [78] causes slight problems for their
setting of Vi(w) and for the proof of Lemma 5.1 in that paper.
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Taking the 2BSDE (4.42) as an example, we explain these settings ((A3’) and (AS’) are special cases of
(A3”) and (AS”), respectively). We observe that the generator (4.43) satisfies the quadratic condition (A3”)
for

oy (a) := 2cinf{|r|? : r € a'/2C} + 52_';0 tr(a ' )M?, a €S;°,
in which «(a) is a deterministic function. In general, inf{|r|> : r € a'/2C} and |a~'/2b|? could be
unbounded, so that (A3) is no longer satisfied. If we choose & = 20?2 + 52—?& 2 then (A3”) is satisfied.

Similarly, the generator (4.43) satisfies no longer (AS). We define
~ 4
¢i(a) == 2inf{|r| : r € a*/2C} + E(tr(a_l))l/zM7 aeS;°

which is bounded by 2K + %K when a is replaced by a (or &', respectively), Py (or 7515{, respectively)-
g.s.. By Definition 4.24, we know that a constant process is a BMO(?SH) (or BMO(?sfq), respectively)-
martingale generator. Then, (A5”) is satisfied.

The wellposedness of 2BSDEs will not alter under (A3”) and (A5”). First, the statement (4.7) remains true
if we change a little of its expression:

1 . o
g2 [ [ a2 < Lo 1 o B )

which yields that Z is a BM O(Py)-martingale generator if Y € D%. Lemma 4.6 and 4.7 ensure that
the constants that we need for the proof of the representation theorem and the last step of the proof to the
existence are uniform in IP. For the existence result, we have already explained that V;(w) in (4.28) is well
defined and all properties still hold since (A3”) and (AS5”) provide existence and uniqueness results as well
as estimates of solutions to quadratic BSDEs with parameters (£5%, Ft"") under each P* € P,

Remark 4.36 If we assume in addition that 0 € C, then K = inf{|r| : r € a'/2C} = 0, so that the upper
bound of a is not necessary to be uniform. Both Theorem 4.27 and 4.31 can hold true under a larger class
of probability measures P :

Definition 4.37 We denote by Py the collection of all those P € Pg such that

EP§&< IP>tr( )<at,andat€DFt,/\><IP’—ae
for some@*, a¥ € S;°, a strictly positive o € L*([0,1]) and each (y,z) € R x R%
Correspondingly, we denote by 75;{ the collection of all those Pt € Pts such that

t t
a <al <d", tr((@)!) <asandal € Dp,, A x P! —a.e.,

— s — S

Pt

for somea th € S79 the same « as above and each (y,2) € R x R%

We can verify that this series {P}{}te[()’l] defined by Definition 4.37 is consistent and they ensure that (4.43)
and (4.55) satisfy (A3”) and (A5”), respectively.

However, if we consider the same problems under an even larger class of probability measures Py :

Definition 4.38 We denote by Py the collection of all P € Pg such that
1
E]Pgdtggp,/tr( )dt<aandat€Dpf,)\><]P’fae
0

for somea*, a¥ € S;O, some strictly positive constant @ and each (y, z) € R x R<,

then the Wellposedness of (4.42) and (4.54) will no longer hold true, since one is dlﬁ‘icult to find a series of
class {PH}fe[o 1] consistent with Py defined by Definition 4.38. In another word, once PH contains all the

rep.d. PbY of P € Py, the second point in Definition 4.33 could not hold true.
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Résumé

Equations différentielles stochastiques sous les espérances mathématiques non-linéaires et applica-
tions

Cette these est composée de deux parties indépendantes : la premiére partie traite des équations différen-
tielles stochastiques dans le cadre de la G-espérance, tandis que la deuxieme partie présente les résultats
obtenus pour les équations différentielles stochastiques du seconde ordre.

Dans un premier temps, on considére les intégrales stochastiques par rapport a un processus croissant, et
on donne une extension de la formule d’lté dans le cadre de la G-espérance. Ensuite, on étudie une classe
d’équations différentielles stochastiques réfléchies unidimensionnelles dirigées par un G-mouvement brow-
nien. Dans la suite, en utilisant une méthode de localisation, on prouve I'existence et I'unicité de solutions pour
les équations différentielles stochastiques dirigées par un G-mouvement brownien, dont les coefficients sont
localement lipschitziens. Enfin, dans le méme cadre, on discute des problémes de réflexion multidimension-
nelle et on fournit quelques résultats de convergence.

Dans un deuxieme temps, on étudie une classe d’équations différentielles stochastiques rétrogrades du se-
conde ordre a croissance quadratique. Le but de ce travail est de généraliser le résultat obtenu par Possamai
et Zhou en 2012. On montre aussi I'existence et 'unicité des solutions pour ces équations, mais sous des
hypothéses plus faibles. De plus, ce résultat théorique est appliqué aux problémes de maximisation robuste
de I'utilité du portefeuille en finance.

Mots clés : G-mouvement brownien ; équations différentielles stochastiques ; frontieres de réflexion ; temps
d’'arréts ; équations différentielles stochastiques rétrogrades du seconde ordre ; croissance quadratique ; maxi-
misation robuste de I'utilité.

Abstract

Stochastic Differential Equations under Nonlinear Mathematical Expectations and their Applications

This thesis consists of two relatively independent parts : the first part concerns stochastic differential equations
in the framework of the G-expectation, while the second part deals with a class of second order backward
stochastic differential equations.

In the first part, we first consider stochastic integrals with respect to an increasing process and give an exten-
sion of Ité’s formula in the G-framework. Then, we study a class of scalar valued reflected stochastic differential
equations driven by G-Brownian motion. Subsequently, we prove the existence and the uniqueness of solu-
tions for some locally Lipschitz stochastic differential equations driven by G-Brownian motion. At the end of this
part, we consider multidimensional reflected problems in the G-framework, and some convergence results are
obtained.

In the second part, we study the wellposedness of a class of second order backward stochastic differential
equations (2BSDEs) under a quadratic growth condition on their coefficients. The aim of this part is to genera-
lize a wellposedness result for quadratic 2BSDEs by Possamai and Zhou in 2012. In this thesis, we work under
some usual assumptions and deduce the existence and uniqueness theorem as well. Moreover, this theoretical
result for quadratic 2BSDEs is applied to solve some robust utility maximization problems in finance.

Keywords : G-Brownian motion ; stochastic differential equations ; reflecting boundary ; stopping times; se-
cond order backward stochastic differential equations ; quadratic growth ; robust utility maximization.




