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Résume

Les travaux présentés dans cette these s'intéressent a la géométrie fractale de processus
stochastiques a travers le prisme d’un outil appelé 'analyse 2-microlocale. Ce dernier est issu
d’une autre branche des mathématiques, 'analyse fonctionnelle et 'étude des équations aux
dérivées partielles, et sest avéré étre pertinent pour décrire la géométrie fine de fonctions
déterministes ou de processus aléatoires, généralisant notamment les exposants de Holder
classiques.

Nous envisageons ainsi dans ce manuscrit différentes classes de processus, traitant en pre-
mier lieu le cas des martingales continues et de I'intégrale stochastique d’Ito. La régularité
2-microlocale de ces derniers fait notamment apparaitre un autre concept, la pseudo frontiére
2-microlocale, étroitement lié a son ainé. Nous appliquons également ce formalisme d’étude a
une classe de processus gaussiens : le mouvement brownien multifractionnaire. Nous caractéri-
sons ainsi sa régularité 2-microlocale et holderienne, et déterminons dans un deuxieme temps
la forme générale de la dimension fractale de ses trajectoires. Dans notre étude portant sur les
processus de Lévy, nous combinons le formalisme 2-microlocale a 'analyse multifractale, per-
mettant alors de mettre en évidence des comportements géométriques n’étant pas captés par
les outils usuels. Nous obtenons également en corollaire le spectre multifractal des processus
fractionnaires de Lévy. Enfin, dans une derniére partie, nous nous intéressons a la définition
et aux propriétés de certains processus de Markov multiparamétres, pouvant étre plus généra-
lement indicés par des ensembles.

Mots clés : analyse 2-microlocale, géométrie fractale, régularité trajectorielle, spectre multi-
fractal, processus de Lévy, martingales, mouvement Brownien multifractionnaire, processus
de Markov multiparameétres.

Abstract

The work presented in this thesis concerns the study of the fractal geometry of stochastic
processes using the formalism of 2-microlocal analysis. The latter has been introduced in
another branch of mathematics -functional analysis- but has also proved to be relevant to
describe the geometry of deterministic functions or random processes, extending in particular
the classic Holder exponents.

Several classes of processes are investigated in this manuscript, beginning with continuous
martingales and Ito integrals. In particular, the characterisation of the 2-microlocal regularity
of the latter leads to the introduction of a closely related concept: the pseudo 2-microlocal
frontier. We also investigate using this formalism a class of Gaussian processes called multi-
fractional Brownian motion and obtain a fine description of its Holder and 2-microlocal be-
haviours. In addition, we characterize entirely the Hausdorff and Box dimensions of its graph.
In our study of Lévy processes, we combine the 2-microlocal formalism and multifractal anal-
ysis to describe their regularity, exhibiting in particular some subtle geometrical behaviours
which are not captured by classic tools. Furthermore, as a corollary of this result, we also deter-
mine the multifractal spectrum of another family of processes: the fractional Lévy processes.
Lastly, we also define a class of multiparameter and set-indexed Markov processes and study
its properties.

Keywords : 2-microlocal analysis, fractal geometry, sample path regularity, multifractal
spectrum, Lévy processes, martingales, multifractional Brownian motion, multiparameter
Markov processes.
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La géométrie fractale est une notion de nos jours présente dans de nombreuses branches
des mathématiques et utilisée pour de nombreuses applications dans des domaines aussi variés
que la physique, la biologie, le traitement du signal et 'architecture. Cependant, son émergence
nest que trés récente a 'échelle de I'histoire des mathématiques, et les objets qu’elle étudie ont
pendant longtemps été délaissés par la majorité des mathématiciens car ne rentrant pas dans
les cadres classiques en analyse et géométrie. Un exemple classique est la fonction de Weierstrass
définie sous la forme suivante :

Vx€[0,1]; fy(x)=) b cos(b*x), oib>1letae(0,1). (1)
k=1

Elle fut longtemps avant tout considérée comme un objet pathologique n’ayant pour seul
intérét que de montrer quil existe des fonctions continues nulle part dérivables. Dans la
méme lignée, on peut également citer la fonction de Cantor ' montrant qu’il ne suffit pas
d’étre dérivable presque partout pour que le théoréme fondamental de I'analyse sapplique
(f¢(x) = 0 pour presque tout x € [0,1]).

Le regard des mathématiciens, et plus largement de la communauté scientifique, sur ces
objets a évolué lors de la seconde moitié du XX siecle, sous I'influence des idées de Benoit

'Egalement connue sous le nom d’escalier du diable.
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MANDELBROT. Inventeur du néologisme fractale, ce dernier montra a travers ses travaux (voir
par exemple les ouvrages [123, 124]) que de nombreux phénomeénes naturels faisaient en réalité
apparaitre des comportements trés irréguliers, dits fractals, justifiant alors le développement
d’un cadre et de nouveaux outils pour leur étude. Bien que n’étant pas défini de maniére
formelle, on regroupe généralement sous le terme de fractale des objets vérifiant 'une des
propriétés suivantes (voir notamment la définition donnée par FALCONER [67]) :

(i) sadimension fractale, définie dans la suite, est supérieure a la dimension topologique (et
est généralement non entiére) ;

(ii) il estauto-similaire, c’est-a-dire conserve les mémes propriétés géométriques a n'importe
quelle échelle;;

(iii) il est trop irrégulier pour étre décrit par les outils de la géométrie classique.

La géométrie fractale sest avérée étre impliquée a de nombreux domaines des mathématiques :
probabilités, théorie des nombres, systémes dynamiques et équations différentielles parmi eux.

Les probabilités modernes ont joué un role particulierement important dans I'émergence
de la géométrie fractale car faisant apparaitre des objets aléatoires typiquement de nature
irréguliére et rugueuse. Ces phénomenes aléatoires sont d’autant plus intéressants qu’il s'avere
que leur géométrie est paradoxalement parfois plus facile a étudier que celle de d’objets
déterministes comme la fonction de Weierstrass.

Le processus stochastique le plus important et célebre est certainement le mouvement brow-
nien. Il fut tout d’abord décrit par BRown au XIX¢ siecle et ensuite défini plus rigoureusement
par EINSTEIN puis WIENER au début du XX¢. Rappelons qu’il s’agit de 'unique processus Gaus-
sien B = (B;).eg, centré et dont la covariance est égale a E[B;B,] = min(s, t), pour tous
s, t € R,. Ce processus stochastique vérifie trois propriétés fondamentales :

(i) les accroissements sont indépendants, c.-a-d. pour touss <t €R, :

B, — B, est indépendant de &, := o ({B, : u <s});
(ii) les accroissements sont stationnaires, c.-a-d. pour touth > 0:
1%
{Bt+h - Bh}tem = {Bt}re&;
(iii) auto-similarité d’ordre %, c.-a-d. pour toutc > 0:

<
{Bct}tem = {Cl/th}teR+ :

On retrouve, plus ou moins intuitivement, la traduction géométrique de ces propriétés sur
les trajectoires du mouvement brownien (Figure 1). On y observe que ces derniéres sont
bien continues mais clairement irréguliéres, a I'image de la fonction de Weierstrass. Notons
également que l'auto-similarité du mouvement brownien est définie au sens probabiliste, et
est donc plus faible que son équivalent déterministe vérifié pour la fonction de Weierstrass.

Dans la suite de cette introduction, nous donnons un apercu des différents outils d’analyse
delarégularité qui apparaissent dans les chapitres suivants, et plus généralement dans la littéra-
ture portant sur les propriétés trajectorielles de processus stochastiques. Conjointement sont
présentés les résultats principaux existant dans cette branche des probabilités, qui concerne
au premier lieu la géométrie du mouvement brownien mais également les propriétés trajec-
torielles de différentes extensions (processus de Lévy et mouvement brownien fractionnaire
principalement).
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FIGURE 1 - Quelques trajectoires browniennes t — B, (w)

0.1 Régularité holderienne

Bien que l'introduction des espaces de Holder soit bien antérieure au développement de la
géométrie fractale, ils se sont avérés étre un outil intéressant et pertinent pour 'étude et la
caractérisation de la régularité.

Précisons que dans la suite, nous considérons des fonctions, ou des processus aléatoires,
au minimum cadlags, c’est-a-dire qu'en tout t €R, f est continue a droite de t et il existe une
limite a gauche f (t)_. Afin d’analyser les propriétés géométriques fines dans le voisinage d’'un
point t € R, nous nous intéressons a la définition locale des espaces de Holder.

Définition 0.1 (Espaces de Holder) Une fonction cadlag f définie sur R appartient a espace
de Holder ponctuel C, avec a > O et t €R, si et seulement si

VYueB(t,p); |f(w)—P)|=<Clt—ul*

ou p et C sont deux constantes strictement positives et P est un polynéme d'ordre inférieur a a.
De plus, la fonction f appartient a I'espace de Holder local C*, a € (0, 1), si

Vu,veB(t,p); If(w)—f(MI<Clu—v[*

11 faut noter que la définition des espaces de Holder locaux peut étre étendue a tout a >
0, en analysant les accroissements des dérivées n-ieémes de f. Cependant, cette complexité
supplémentaire n’est pas nécessaire dans le cadre d’étude qui nous intéresse, les trajectoires
de processus stochastiques s'avérant généralement non dérivables. Gréice a la définition de ces
espaces fonctionnels, nous pouvons introduire les coefficients de Holder ponctuel et local.

Définition 0.2 (Exposants de Holder) Soit f une fonction cadlag sur R et t € R. L'exposant
de Holder ponctuel de f en t est défini comme :

as, =sup{a: f €C}.
Similairement, U'exposant de Holder local de f en t est égal a
a, =supf{a:fe c*}.

Par convention, on fixe sup{f#} = —oo.
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Notons que lorsque les exposants de Holder appartiennent a l'intervalle (0, 1), ils peuvent
étre directement caractérisés sous la forme suivante :

_ { o If (t+p)—fF(0)l }
=supj a:limsup ———— <

a
f s P

-

5

. If (W) - f)I
=supja:limsup sup ————— <0 (2)
p—0  u,veB(t,p) P
et
- . If () — fF(W)I
ag, =supja:limsup sup —————— <oo. (3)
p—0 u,veB(t,p) |u - Vl

Les exposants de Holder ponctuel et local ont donc pour objectif de décrire le comportement
holderien fin de f, localement autour d’'un point t € R. Ainsi, si l'on considére le simple
exemple de la fonction puissance x — [x|%, a € (0, 1) dans le voisinage de 0, on retrouve
bien que I'exposant a régit la régularité holderienne locale : oty o = Uya g = at.

11 existe une subtile différence entre les exposants ponctuel et local qui peut étre illustrée
par Pexemple classique de la fonction chirp f. : x — |x|*sin(]x| ™), ot @ € (0,1) et B > 0.
En estimant 'amplitude des accroissements de f, autour de 0, nous obtenons a l'aide des

FIGURE 2 - Fonction chirp, @ = 0.5 et § = 1 et enveloppe x — [x|*

caractérisations (2) et (3) la régularité holderienne de f, (voir [60] pour le détail du calcul) :

a

drp=a et QArg=—.
1o 1+

(4)
Intuitivement, on sapercoit ainsi que 'exposant ponctuel prend uniquement en compte
I'enveloppe |x|* de f. dans un voisinage de t, alors que le coefficient local considére toutes
ses oscillations autour de t, faisant ainsi intervenir les deux paramétres a et 3. La Figure 2
rend compte graphiquement de cette différence dans le cas de la fonction chirp.

Dans les deux exemples précédents, nous observons que la régularité holderienne savere
non-triviale en un seul point (en dehors de 0, a;, = @;, = 00). A I'inverse, la fonction
de Weierstrass introduite précédemment offre un exemple déterministe dont la géométrie est
partout irréguliere. Plus précisément, comme présenté par FALCONER [67], nous obtenons que

VteER; a; ,=a et a;  =a. (5)
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On remarque que le résultat sur le coefficient ponctuel induit notamment la non-dérivabilité
de fyy en tout point.

Si la régularité holderienne de la fonction de Weierstrass se trouve étre constante sur R,
Daoupr, LEvy VEHEL et MEYER [49] ont caractérisé la forme que peut prendre I'exposant local
t — ag . Plus précisément, pour toute fonction a(-) sexprimant comme la limite inférieure
d’une suite de fonctions continues, il est possible de construire f telle que @y, = a(t) pour
tout t € R. JAFFARD [92] a étudié le probléme similaire pour le coefficient de Holder ponctuel
ainsi qu'autre type d’exposant appelé exposant de chirp.

L’analyse de la géométrie fine des processus stochastiques peut étre réalisée de la méme
maniére que sur des objets déterministes, et donc notamment via I'étude des coefficients
holderiens, en essayant de montrer qu'une propriété est vérifiée avec probabilité 1, c.-a-d.
sur presque toutes les trajectoires. Ainsi, si l'on considére le mouvement brownien, il a été
démontré (voir par exemple I'ouvrage récent de MORTERS et PERES [143]) que :

presque sirement Vt€R,; oap, = > et dp,= 5 (6)

Le résultat précédent est généralement qualifié d'uniforme sur la trajectoire, c.-a-d. pour
presque tout w € £ fixé, les exposants de Holder ponctuel et local ont été déterminés en
tout point t € R,. Une propriété plus faible consiste a fixer t, et ensuite a étudier la régularité
presque stre en ce point t. Si dans le cas du mouvement brownien, les quantificateurs en t et
w peuvent étre inversés sans altérer le résultat, nous verrons par la suite que ce n’est pas le cas
pour tous les processus stochastiques.

Notons également que lors de I'étude des propriétés trajectorielles d’'un processus stochas-
tique, il est plus aisé de trouver la borne inférieure pour les coefficients de Holder, celle-ci
étant généralement une conséquence directe de 'application du théoréme d’extension de Kol-
mogorov. La borne supérieure nécessite quant a elle une étude plus fine du comportement
des accroissements du processus, ce qui dans le cas du mouvement brownien est facilité par
I'indépendance et la stationnarité de ces derniers.

Mouvement brownien fractionnaire

Malgré son universalité en probabilités, le mouvement brownien s'est avéré étre trop restrictif
pour modéliser un certain nombre de phénomeénes, notamment a cause de I'indépendance des
accroissements et la régularité %—hélderienne.

Une généralisation admettant une gamme de comportements plus large est donc rapi-
dement apparue dans la littérature probabiliste. Appelé mouvement brownien fractionnaire
(m.b.f.), ce processus fut mis en évidence par KoLmoGorov dans les années 1940, mais ne
suscita un véritable intérét dans la communauté probabiliste que quelques années apres, no-
tamment suite aux travaux de MANDELBROT et VAN NESS [125].

Définition 0.3 (Mouvement brownien fractionnaire) Soit H € (0, 1) un exposant de Hurst.
On appelle mouvement brownien fractionnaire le processus gaussien BY défini sous la forme
intégrale suivante :

1
VteR,; Bf= —f [(r_ D i ’j‘”ﬂdwu, )
" OT(H+3) Jk
ou x. :=max(0, x) pour tout x €R.

Rappelons que l'intégrale apparaissant dans la définition précédente est prise au sens
de Wiener, c.-a-d. définie comme le processus gaussien centré indexé par L%(R) et dont la
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covariance vérifie :
Vf,g € L*(R); E[J def gdW] =J fg(u)du.
R R R

Observons que le noyau du m.b.f. appartient bien a L2(R) pour tout t € R étant donné que
H-1/2 H-1/212 2H—
(6 =i = (i T)" ~ g ey ()™,
Le mouvement brownien fractionnaire admet également une représentation sous forme

harmonisable :
e iut _ 1

VteR,; Bfi=c dw,, (8)

t H R |u|H+1/2

ol ¢y est une constante de renormalisation. La mesure gaussienne complexe W est définie de

maniére a ce que pour tout A € B(R,), W(—A) = W(A) et W est une mesure de Wiener
complexe sur R, . SAMORODNITSKY et TAQQU [167] présente une construction détaillée de W

et montre entre autres 'égalité fR fw)dw, =4 fR f(u) dI7V\u, pour toute fonction f € L2(R).
Bien que ces deux représentations soient les plus communes et utilisées, d’autre construc-
tions du m.b.f., incluant notamment la décomposition en ondelettes du m.b.f. (voir par exemple
les travaux de DOUKHAN, OPPENHEIM et TAQQU [51], AYACHE et TAQQU [14]), ont été mises
en évidence et étudiées dans la littérature.
Le m.b.f. étant un processus gaussien centré, il est entiérement caractérisé par sa structure
de covariance. Cette derniére sobtient aisément a I'aide d’une des représentations précédentes :

1
Vs,t €Ry; E[BIB!] =§(SZH+t2H—|t—s|ZH). (9)

On remarque donc que lorsque 'exposant de Hurst H est égal a %, on retrouve bien la
covariance du mouvement brownien. La généralisation de ce dernier ne conserve cependant
pas toutes ces propriétés lorsque H # % : les accroissements ne sont pas indépendants et le
m.b.f. n’est ni une semimartingale ni un processus de Markov(voir 'ouvrage de NOURDIN [146]

pour plus de détails). Néanmoins, pour tout H € (0, 1), le m.b.f. reste

(i) a accroissements stationnaires ;
(ii) auto-similaire d’exposant H.

De plus, la régularité holderienne du mouvement brownien fractionnaire se trouve étre
paramétrée par cet exposant de Hurst :

presque srement Vt€R,; oapi,=H et dgn,=H. (10)

L’influence du parametre de Hurst sur la géométrie des trajectoires est perceptible sur les
Figures 3a et 3b, o l'on sapercoit de la plus large gamme de comportements que peut modéliser
lemb.f.

Mouvement brownien multifractionnaire

Si le mouvement brownien fractionnaire permet de modéliser de maniére satisfaisante de
nombreux phénomeénes, I’hypothese de stationnarité empéche de I'appliquer a certains cas
de figure. Partant de ce constat, PELTIER et LEvY VEHEL [154] et BENASSI, JAFFARD et Roux
[26] ont indépendamment introduit une généralisation du m.b.f. appelée mouvement brownien
multifractionnaire (m.b.m.).

L’idée principale étant de permettre aux propriétés du processus d’évoluer en fonction
du temps, le m.b.m. n’est plus paramétré par un simple coefficient mais par une fonction
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FIGURE 3 - Trajectoires de mouvement brownien fractionnaire

continue H : R — (0, 1). La définition du m.b.m. est alors obtenue via une simple extension
de 'Equation (7) :
VteR,; X, = )01/ (—u)’j“)‘”ﬂ aw,. ()

r(H (t) +3) J
Une représentation harmonisable peut également étre utilisée :

—

VteR,; = C(H(t))J " IH(t)+l/2 —dw,, (12)

ou C(.) est une fonction continue positive. Contrairement au mouvement brownien fraction-
naire, STOEV et TAQQU [172] ont montré que les processus X et X n'ont en général pas la méme
loi. Néanmoins, la différence entre les deux est ténue, et il savére en pratique que les démons-
trations sur une représentation s'adaptent souvent aisément a I'autre, notamment dans le cas
des propriétés géométriques des trajectoires.

La forme générale de la covariance du m.b.m. est bien plus complexe que pour le m.b.f. (voir
par exemple [154] pour une expression compléte). Cependant, un développement limité de la
variance des accroissements permet d’avoir un bon apercu de la structure fine de corrélation
du m.b.m.. Ainsi, comme I’a mis en évidence HERBIN [76], dans tout voisinage de t > 0:

E[X, —X,]? = |u—v*O 4+ |Hu) - H»)P. (13)

Une hypotheése facilitant 'étude des propriétés du m.b.m. apparait fréquemment dans la
littérature sur le sujet :

H est une fonction -hélderienne telle que Vt € R, H(t) < 3. (H)

Elle est vérifié par une grande classe d’applications H(-) comprenant notamment les fonctions
continuement dérivables. Sous 7, la variance des accroissements est alors équivalente au
premier terme |u — v|??(9) apparaissant dans I'Equation (13), laissant penser que le m.b.m. se
comporte localement autour de t comme un m.b.f. de paramétre H(t). Cette observation se
vérifie sur la régularité holderienne d’un ,-m.b.m. qui est égale a :

presque sirement Vt €R,; oy, =H(t) et ay,=H(t). (14)

Les Figures 4a et 4b donnent une illustration du comportement du 5-m.b.m. pour deux
fonctions H différentes.
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b)H:t— i(Z + sin(4nt))
FIGURE 4 - Trajectoires de mouvement brownien multifractionnaire
Si un #4-mouvement brownien multifractionnaire n’est ni auto-similaire ni a accroisse-

ments stationnaires, il vérifie néanmoins une propriété d’auto-similarité asymptotique locale
(voir [154] pour une démonstration compleéte) :

Xt+pu - Xt < H
. ()
Ry { pH® }uem p—0 B uer. (15)

Cette convergence vers un m.b.f. a lieu au sens faible dans I'espace des trajectoires continues.
Les deux résultats précédents tendent donc a clairement nous indiquer que le comportement
d’'un s-mouvement brownien multifractionnaire est localement celui d'un m.b.f. de para-
métre H(t).

Néanmoins, HERBIN [76] a montré que dans le cas général, la situation n’est plus aussi
simple. Ainsi, lorsque 'hypothése 7, n'est plus vérifiée, il savere que la régularité du m.b.m.
prend une forme plus complexe :

VteRy; ax,=H(t)Aay, et ay,=H({t)Aay, ps., (16)

o x Ay := min(x,y). Notons que ce résultat est valable a t fixé, et non de maniére
uniforme sur toute la trajectoire. L’autosimilarité asymptotique vers un m.b.f. n’est également
plus vérifiée en général (voir [76] pour plus de détails).

On parle de mouvement brownien multifractionnaire irrégulier pour décrire le cas ol les
exposants de Holder de H en t sont inférieurs & H(t), et ou le comportement différe donc
complétement d’un m.b.f. localisé. Les propriétés géométriques fines de ce m.b.m. irrégulier
sont étudiées en détails dans le Chapitre 2.

Module de continuité et loi du logarithme itéré

L’exposant de Holder local nous indique que dans un voisinage de t, les accroissements X, — X,
se comportent au maximum comme la fonction |u — v|*t, Il est naturel de se demander si un
estimé plus précis peut étre obtenu, afin d’affiner 'approximation par une fonction puissance.
Cette question correspond & déterminer le module de continuité de X, c.-a-d. la fonction
optimale w : R, — R, telle que

vu;VEB(t5p); |Xu_Xv| SCO(IU_VD,

dans un voisinage de t. Le module de continuité du mouvement brownien a été obtenu par
Paul LEvy [118, 117]. Ce résultat pionnier a ensuite été étendu a toute une classe de processus
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gaussiens par MARCUS [126]. Le sujet est abordé en détail dans les ouvrages récents de MARCUS
et ROSEN [127] et TALAGRAND [177] qui discutent notamment en profondeur des arguments
de chainage nécessaires a 'obtention de ce type de résultat. En particulier, le mouvement
brownien fractionnaire vérifie pour tout H € (0,1) :
H H
B, —B;|

limsup sup — =" =1 ps. (17)

h—0  0<t<1 hH,/21og(1/h)

On s’apercoit donc que le module de continuité du m.b.f. fait apparaitre un terme de correction
logarithmique log(1/h), qui implique notamment que le m.b.f. ne peut étre H-hélderien.

II est également possible d’obtenir un raffinement de la régularité holderienne ponctuelle
a laide de la loi du logarithme itéré. Initialement démontrée par KHINTCHINE pour le mouve-
ment brownien, elle a ensuite été étendue a une famille de processus gaussiens par OREY [150].
Ainsi, pour tout t €R, :
H H
|B., — Bl

lim sup Lth =1 ps. (18)

h—0  hf,/2loglog(1/h)

Il est intéressant d’observer que le terme correcteur loglog(1/h) est différent de celui appa-
raissant dans le module de continuité (Equation (17)). Cette observation implique donc que
I'amplitude des accroissements a t fixé est donc légerement différente du comportement uni-
forme sur toute la trajectoire.

Notons quune autre forme de loi du logarithme itéré apparait dans la littérature, sous le
nom de loi de Chung. Elle s'exprime de la maniére suivante, pour tout t € R, :

: : M"tl‘ _ \ t.__ H H
liminf ——————=cy ps. ou M, := sup |B, —B/| (19)
h=0hH, [loglog(1/h) lu—t|<h
et ¢y est constante positive, égale a 71/+v/8 lorsque H = 1/2. Le résultat originel sur le

mouvement brownien est du 8 CHUNG [43] et sa généralisation au m.b.f. & MONRAD et
ROOTZEN [142].

Ces lois du logarithme itéré (18) et (19) ont récemment été étendues au s¢)-mouvement
brownien multifractionnaire, respectivement par BENASSI, JAFFARD et RoUx [26] et BouroUSsT,
Dozzi et GUERBAZ [37].

Dimensions fractales

Le concept de dimension fractale est prédominant en géométrie fractale. L'idée sous-jacente
est de trouver une quantité intrinséque a un ensemble qui caractérise sa structure fine, et
en particulier son occupation de I'espace. Intuitivement, il s’agit ainsi d’étendre I'idée de
dimension topologique afin de pouvoir différencier plus finement les sous-ensembles de R%.
Considérons par exemple le célébre ensemble de Cantor défini par récurrence comme il suit :

= C 2 C
C= ﬂCn ouCy=[0,1] etpourtoutneN, C, ., = ?"U (—+—n).
n=0
11 serait donc naturel qu'un outil permette de caractériser la structure d’'un tel ensemble, en

tenant compte a la fois de sa non-dénombrabilité, mais également de son caractére négligeable
dans [0, 1].
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On remarque rapidement dans la littérature sur le sujet (voir par exemple les ouvrages
de MATTILA [130] et FALCONER [67]) qu’il n’existe pas une unique maniére d’introduire le
concept de dimension fractale. Commengons donc par décrire la dimension de Minkowski,
également appelée dimension de boites, qui est la plus simple a définir et calculer (que ce soit
théoriquement ou numériquement). Soit E un sous-ensemble de R?. Rappelons qu’on appelle
6-recouvrement de E une collection finie ou dénombrable d’ensembles (Ej )iey telle que

EcC U E, etpourtoutk €N, |E| <6
keN

ou |Ey| désigne le diamétre de E; pour la norme euclidienne. Pour tout & > 0, définissons
alors :

M(E,8)=min{k >1:Ey,...,E; estun -recouvrement de E de taille k}. (20)

Définition 0.4 (Dimension de Minkowski) Pour tout ensemble E C RY, on appelle respecti-
vement dimensions inférieure et supérieure de Minkowski de E :

dim. E = limi flogM(E,5) ¢ TE =i logM(E, 5) (21)
SR TN Tog175) ¢ T TSP Tleg(1/8) *
On parle de la dimension de Minkowski de E lorsque la limite précédente existe, c.-a-d.
logM(E, &
dimy £ = lim 28 ME:0) (22)

550 log(1/6)

Par convention, l'on fixe dimgP = —oo0.

La dimension de Minkowski stricto sensu n’est donc pas forcément définie pour tout
ensemble, des contre-exemples ad-hoc vérifiant dim,E < dimgE pouvant étre facilement
construits. Nous observons également que dans la définition (20) de M(E, &), il est possible de
se restreindre a un recouvrement de E par des boules de diamétre 6. FALCONER [67] présente
une liste plus exhaustive des différentes définitions équivalentes de la dimension de boites.

De maniére intuitive, calculer la dimension de boites correspond donc a terminer a
lexposant s vérifiant M(E, 5) ~y 6%, ou M(E, &) est le nombre minimum de boules de taille
6 nécessaire pour recouvrir E. Ainsi, par 'ensemble de Cantor C défini précédemment, on
sapercoit quil faut pour tout k € N, 2% boules de diameétre 37 pour le recouvrir, impliquant :

Comme on peut s'en apercevoir, 'avantage principal de la dimension de Minkowski réside
dans la simplicité de sa définition, qui la rend généralement facile a calculer. Néanmoins, elle
posséde également un défaut majeur. En effet, il savére que cette dimension fractale n’est pas
stable par union dénombrable, c.-a-d. 'égalité

dimg U E; = sup{dimgE; }, (23)
k=1 keN

nest pas vérifiée en toute généralité. Pour s’en convaincre, il suffit simplement de considérer
I'ensemble des rationnels Q qui vérifie dimgQ = 1, alors que la dimension de tout singleton
est nulle. On note par ailleurs qu’il peut sembler étrange que Q ait la méme dimension que
lintervalle [0, 1].
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La dimension de Hausdorff constitue une approche qui, bien que plus complexe, permet
de pallier le probléme précédemment soulevé. Introduite par Felix HAUSDOREF en 1919, elle
repose sur la méme idée de recouvrement d’ensemble, tout en ajoutant un degré de liberté sur
la taille des ensembles utilisés pour ce dernier. Afin de définir cette dimension, commencons
par introduire les mesures de Hausdorff #°, s > 0. Pour tout ensemble E C RY, #*(E) :=
lim;s_,o 5 (E), ou

(o]
5 (E) = inf{2:|Ek|S : (Ex )ken €st un 8-recouvrement de E}
k=0

La limite précédente existe du fait de la croissance de la fonction J;(E) en 0. La démonstra-
tion de la sigma-additivité de S savere pour le moins technique, et peut étre trouvée dans
les ouvrages de ROGERS [163] et MATTILA [130].

Définition 0.5 (Dimension de Hausdorff) Pour tout ensemble E C R%, on appelle dimension
de Hausdorft de E :
dimyE = inf{s : #°(E) = 0} = sup{s : 5°(E) = oo}. (24)

Les propriétés de la fonction s — #°(E) implique lexistence de la dimension de
Hausdorf, qui correspond donc a la valeur ot apparait la transition entre co et 0 pour °(E).
On vérifie aisément que pour tout ensemble E, dimyE < dim E < dimgE. Légalité est
notamment vérifiée pour 'ensemble de Cantor, dont la dimension de Hausdorft est égale
a log2/log 3, mais pas pour 'ensemble des rationnels Q qui vérifie dimyQ = 0. De plus,
il s'avére donc que la dimension de Hausdorft est, elle, bien stable par union dénombrable
(Equation (23)).

La calcul de la dimension de Hausdorff est généralement plus compliqué que pour la
dimension de Minkowski, a cause de la classe plus large de recouvrement qui est considérée.
La borne supérieure est souvent déterminée en construisant un o-recouvrement ad-hoc tel
que

00
ZlEkP =0 avec s>dimyxE.
k=0

L'obtention de la borne inférieure est plus compliquée, et repose généralement sur un des
résultats suivants :

Mass distribution principle. Soit u une mesure de probabilité sur E, € > 0 et ¢ > 0 tels que
uw(U) < c|U  pour tout ensemble U vérifiant |U| < e. (25)
Alors, la dimension de Hausdorff de E est supérieure a s.

Lemme de Frostman. Pour toute mesure y sur E, définissons sa s-énergie de la maniere

suivante :
& )_ff du(X)du(sy)‘
llx = ¥l

De plus, introduisons la s-capacité de F
Cap,(F) = inf{&,(u) " : u est une mesure de probabilité sur F }.

Alors, le lemme de Frostman affirme que dimyF = sup{s > 0 : Cap,(F) > 0}.
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L’intérét de ces deux résultats fondamentaux est quils permettent de ramener l'obtention
de la borne inférieure a la construction d’une mesure sur F vérifiant certaines propriétés
(notamment &,(u) < 0o pour le lemme de Frostman), évitant ainsi d’avoir a faire 'étude fine
de tous les recouvrements possibles de F. La démonstration de ces deux résultats peut étre
trouvée dans les ouvrages de FALCONER [67] et MATTILA [130].

Pour terminer ce bref apercu des outils en géométrie fractale, signalons que d’autres
dimensions fractales ont été définies et étudiées dans la littérature. En particulier, on peut citer
la dimension de packing introduite plus tardivement par TRICOT [183, 182] et qui S'apparente &
une dimension de boites modifiée afin d’en corriger les principaux défauts (voir [130] et [63]
ou cette notion est développée plus en détail). Le concept de dimension de Fourier apparait
également dans la littérature (voir par exemple [67] et [97]).

Dimensions de graphe et d’images du m.b.f.

Les processus stochastiques faisant apparaitre des objets dont la structure est clairement
fractale, il est naturel de chercher a caractériser leur géométrie a travers l'analyse de la
dimension fractale. Comme premier objet d’étude, on peut simplement considérer le graphe
des trajectoires d’un processus X :

Gr(X) = {(s,X,) :s€R}.

Comme remarqué précédemment, la borne supérieure de la dimension de Hausdorff est ob-
tenue en construisant un recouvrement ad-hoc. Dans le cas d’une fonction, ou un proces-
sus, a-holderien, BESICOVITCH a montré que le graphe satisfait forcément dimy Gr(f) <
RB Gr(f) < 2 — a (voir l'article originel retranscrit dans [62] pour le détail de la construc-
tion du recouvrement). Dans de nombreux cas, il savere que cet estimé correspond a la valeur
recherchée. Ainsi, en utilisant cette borne et le lemme de Frostman pour la borne inférieure,
on obtient aisément les dimensions de Hausdorff et de boites du graphe du m.b.f. :

dimy; Gr(B") = dimp Gr(B") =2—H p.s. (26)

Il est intéressant d’observer que I'obtention de la dimension de graphe s’avére plus aisée pour
l'objet aléatoire quest le m.b.f. que pour la fonction de Weierstrass déterministe (Equation (1)).
Ainsi, la dimension du graphe de cette derniere, bien que conjecturée, reste inconnue et le
meilleur estimé connu a ce jour a été obtenu par MAULDIN et WILLIAMS [131] :

2—a-— dimy Gr(fe) < 2—a,

<
log b
ol ¢ est une constante positive. On remarque que 'encadrement converge bien vers la valeur
conjecturée lorsque b — co. Cest d’ailleurs en partie ce paradoxe que motiva I'introduction
d’une fonction de Weierstrass généralisée par HUNT [86] sous la forme :

00
X, = Z b~*cos(b*t +6,),
k=1

ol (6, )nen est une collection de variables aléatoires indépendantes de loi uniforme sur [0, 27].
Les techniques utilisées sur le m.b.f. permettent de la méme maniére d’obtenir la dimension
de graphe de ce processus, qui vaut donc 2 — a.

La dimension fractale du graphe du S#,-m.b.m. a également été obtenue, dans 'article de
PELTIER et LEVY VEHEL [154] :

dimy Gr(X) = dimp Gr(X) =2 — Helll'{n H(u) p.s.
Usky
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Ce dernier résultat reste valable sous une forme similaire lorsqu’on se restreint & n'importe
quel sous-intervalle de temps [a, b].

La géométrie fractale du mouvement brownien fractionnaire s'avére d’autant plus riche que
lon s'intéresse a son extension multidimensionnelle et multiparamétre. Pour tout H € (0, 1),
on définit ainsi le processus {X =X tl, L X f) it € RIX } a valeurs dans R comme I'unique
processus Gaussien centré de covariance :

o 5.
Vi<ij<d, VseeRYs E[XX[] =22 [IsIP + el e —s) .

Ce processus est généralement appelé le mouvement brownien fractionnaire de Lévy, et coincide
donc avec le m.b.f. lorsque N = 1. Notons que d’autre généralisations multiparamétres du
m.b.f. ont été définies : le drap brownien fractionnaire introduit par KAMONT [98], étendant le
drap brownien classique, et le mouvement brownien fractionnaire multiparamétre dérivé de la
théorie des processus indicés par des ensembles (voir les travaux de HERBIN et MERZBACH [79,
81]).
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FIGURE 5 — Mouvement brownien fractionnaire multiparameétre

Une large littérature existe sur les propriétés fractales du m.b.f. multiparametre, en com-
mengcant par I'étude du mouvement brownien de Lévy (H = %) dans [201, 151], pour ensuite
sétendre a des processus gaussiens plus généraux [1, 45, 192, 9]. De maniére identique au m.b.f,
les coeflicients ponctuel et local de X valent H avec probabilité 1 et la dimension fractale des
trajectoires du m.b.f. multiparametre est égale a :

dimy Gr(X) = dimg Gr(X)=min{g,N+d(1 —H)}. (27)

On observe ainsi une transition dans la géométrie fractale des trajectoires, suivant que le
processus est récurrent (N > Hd) ou transient (N < Hd) dans RY.

Létude des propriétés géométriques du m.b.f. peut étre affinée en sintéressant a la
dimension fractale de 'image d’ensembles par le m.b.f.. Plus précisément, si F est un ensemble
borélien de Rli, on souhaite caractériser la dimension de X (F) directement en fonction des
propriétés géométriques de F. KAHANE [97] a présenté cette analyse pour le m.b.f.,, montrant
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notamment : 1
dimyX(F) = min{d, EdimHF} (28)

On s'apercoit donc que la dimension de Hausdorft de X (F) est directement reliée a celle de F.
Le résultat ne s'avére pas aussi simple et condensé lorsqu’on considére la dimension de packing
[178, 193, 64] ou le drap fractionnaire anisotrope [189, 198, 171, 197].

Le résultat précédent fournit la dimension de Hausdorff pour un ensemble F fixé au
préalable. Similairement a la régularité holderienne, il est naturel de se demander si un résultat
uniforme existe, c.-a-d. avec probabilité 1 pour tous les ensembles boréliens de R%. Il savere
que la réponse fait apparaitre une dichotomie similaire a celle présente pour la dimension du
graphe.

(i) SiN < Hd, alors avec probabilité 1 :
1
pour tout borélien F € B(R?), dimyX(F) = EdimHF. (29)

Ce résultat uniforme a été présenté dans différents travaux [141, 103, 189, 190].

(ii) Lorsque N > Hd, une version plus faible a été mise en évidence par KAUEMAN [99], et
ensuite généralisée dans [103, 190]. Ainsi, avec probabilité 1 :

1
pour tout F € B(RY) et presque tout t €RY, dimuX(F +t) = EdimHF. (30)

L’existence d’un énoncé affaibli lorsque N > Hd est étroitement lié aux propriétés géomé-
triques des ensembles de niveau X '{x}, x € RY, du m.b.f. multiparametre. La littérature
sur le sujet est également vaste, en commengant par les travaux sur le mouvement brownien
de TAYLOR [180, 179], par la suite généralisés par ADLER [2], KAHANE [97], MONRAD et PITT
[141], X140 [192] notamment. Ainsi, lorsque N > Hd, on obtient avec probabilité 1 :

pour tout ensemble fermé E C RY, dimyX '(E) =N — Hd + HdimyE. (31)

En considérant simplement 'ensemble de niveau F = X ~'{0}, on sapercoit donc que la
propriété uniforme (29) ne peut étre vérifiée lorsque N > Hd. Notons que les propriétés
géométriques des images réciproques X '(F) dérivent de I'analyse fine de la régularité
holderienne du temps local du m.b.f. (voir par exemple les développements [15, 20, 191]).

Quand bien méme l'objectif de cette introduction n’est pas de décrire en détail les
démonstrations, il est intéressant d’observer que les résultats présentés dans cette partie
reposent en grande partie sur une propriété purement probabiliste vérifiée par le m.b.f..
Appelée local nondeterminism (LND), elle prend la forme suivante :

VteRY, ¥p €(0,p0); Var(X.|X,:lls—tll=p)=cp™,

ol ¢ et py sont des constantes positives. L'intérét de cette inégalité est quen utilisant le
caractere gaussien du processus X, elle permet d’obtenir un estimé suffisamment précis de
la loi de X, connaissant X en dehors du voisinage B(t, p), qui est 'élément clé pour ensuite
analyser précisément le comportement des accroissements de X. D’'une certaine manieére,
cet argument sur le m.b.f. remplace I'indépendance des accroissements lors de I’étude du
mouvement brownien.

Initialement introduite par BERMAN [30] pour I'étude du temps du local de processus
gaussiens, elle s'est avérée par la suite étre un élément central pour I'analyse des propriétés
géométriques des trajectoires. Une présentation plus approfondie de la propriété LND et de
son utilisation a été réalisée par GEMAN et HOROWITZ [72], et plus récemment par X140 [194,
195,197].
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Analyse multifractale et processus de Lévy

L’analyse multifractale est une branche en géométrie fractale qui cherche a combiner harmo-
nieusement le concept de dimension fractale et les idées de régularité holderienne présentées
dans la partie précédente. On parle généralement de comportement multifractal pour une fonc-
tion f, ou également une mesure, lorsque la fonction t — ay , est tres irréguliére, c.-a-d. au
minimum discontinue. L’analyse multifractale a donc pour but de mettre en évidence une
structure sous-jacente, malgré cet aspect a premiére vue chaotique du comportement hélde-
rien.

Elle fut développée en premier lieu afin de caractériser la géométrie fractale de mesures.
L’idée apparait ainsi dans les travaux de MANDELBROT [124] & travers l'introduction des
cascades multiplicatives aléatoires. Le formalisme multifractal & proprement parler a été
développé par FriscH et PARisI [71] et HALSEY et al. [74] pour les mesures dans le cadre
de l'étude de la turbulence de fluides, et ensuite étendu aux fonctions par JAFFARD [91,
90]. L'outil principal intervenant en analyse multifractale est le spectre multifractal, et plus
particulierement le spectre fin pour ce qui nous intéresse.

Définition 0.6 (Spectre multifractal) Soit f une fonction. On appelle spectre multifractal de
f Tapplication h— dg(h) définie comme :

Vhe R+, df(h) = dlmH Eh ou Eh = {t H af,t = h} (32)

Le spectre caractérise donc la géométrie fractale des ensembles de niveau Ej, du coeflicient
ponctuel, permettant ainsi d’avoir un apercu global de la “fréquence” d’apparition d’un
certain comportement hélderien. Lanalyse multifractale s'intéresse donc a la quantification
des phénomenes rares apparaissant sur les trajectoires, étant donné que Ej, savere souvent
étre un ensemble négligeable. Le spectre est dit dégénéré lorsque a; . est constant et égal a un
certain a. Dans ce cas, nous obtenons simplement d(a) = 1 et d;(h) = —oo pour tout h # a.

Afin de faciliter I'étude de cette notion, un formalisme multifractal a été développé,
permettant alors sous certaines conditions d’exprimer le spectre comme une transformée de
Legendre plus facile a obtenir. N'utilisant dans ce manuscrit que la définition originelle du
spectre, nous ne présentons pas plus en détail ces éléments, le lecteur pouvant se référer a
I'importante littérature sur le sujet pour plus de précisions (voir par exemple les ouvrages [68,
69,75]).

Comme indiqué précédemment, le spectre multifractal savére un outil intéressant lorsque
la fonction t — ay , est chaotique. Les processus stochastiques présentés jusqua maintenant
ne rentrent pas dans cette classe, le mouvement brownien fractionnaire ayant une régularité
ponctuelle constante et celle du m.b.m. étant paramétrée par une fonction continue.

ATinverse, JAFFARD [94] a montré que le spectre multifractal savére étre le cadre pertinent
pour caractériser le comportement holderien des processus de Lévy. Rappelons que X est un
processus de Lévy a valeurs dans R si et seulement si

(i) X, = 0 presque sGrement;

(ii) X est & accroissements stationnaires;
(iii) X est a accroissements indépendants;
(iv) les trajectoires de X sont p.s. cadlags.

Le mouvement brownien ainsi les processus de Poisson sont donc des processus de Lévy
classiques. La loi des processus de Lévy est entierement déterminée par la formule de Lévy-
Khintchine (voir les références classiques sur le sujet [31, 168, 113]) : pour tout t € R, et tout
A eRY, E[ei?X)] = e o la fonction v prend la forme suivante :

VAeRY Y =i(a,A) - %(;\, QA) + J (") — 1 — (2, x) 1y <yy) m(dx).
Rd
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Dans I'expression précédente, Q est une matrice définie positive et 7t une mesure de Lévy, c.-a-d.
une mesure de Radon sur R%\ {0} telle que fRd (1A]|x]]?) m(dx) < co. Notons dans la formule
de Lévy-Khintchine, le coefficient a correspond a un simple drift, la matrice Q représente la
composante brownienne et la mesure 7t caractérise la partie a sauts dans le processus de Lévy.

Les processus a-stable constituent un autre classique exemple de processus de Lévy, véri-
fiant en dimensiond =1:a=0,Q =0et

(dx) cilx|7t"%dx  sur (0, 00)
x)=
Co|x|717%dx  sur (—00,0),

oua € (0,2) et c; = ¢y lorsque a = 1. Les processus a-stable sont donc purement a sauts et
avec une intensité paramétrée par a. La Figure 6 permet de se rendre compte de I'aspect de ses
trajectoires, en notant e particulier 'amplitude fluctuante des sauts qui la compose.
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FIGURE 6 - Trajectoires de processus de Lévy alpha-stable (o = 1.5)

Afin de simplifier notre présentation, nous supposons dans le reste de cette partie que
Q =0, c.-a-d. le processus X n’a pas de composante brownienne. Dans le cadre de I'étude de
la régularité holderienne des processus de Lévy, il s'avére judicieux d’introduire un exposant,
appelé exposant de Blumenthal-Getoor [34] et défini comme :

ﬁzinf{éZO:f (1/\||x||5) ﬂ:(dx)<oo} (33)
Rd

D’apres la définition d’une mesure de Lévy, nous savons que 3 € [0,2].

Concernant la régularité holderienne des processus de Lévy, on s'apercoit facilement que
du fait de la densité des sauts, ay, = O pour tout t € R,. Pour ce qui du coefficient
ponctuel, PRUITT [160] a démontré que pour tout t € R, fixé, ay , = 1/ presque stirement.
Néanmoins, a 'inverse du mouvement brownien, il s'avére ici impossible d’avoir un résultat
holderien uniforme sur toute la trajectoire, justifiant I'emploi par JAFFARD [94] de 'analyse
multifractale pour 'étude des processus de Lévy.

Théoréme 0.1 Soit X un processus de Lévy sans composante brownienne et tel que 3 > 0.
Alors, avec probabilité 1, son spectre multifractal est égal a :

Bh  sihe[0,1/8]

—00  sinon.

VheR,; dy(h)= {
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La régularité ponctuelle d’un processus de Lévy fluctue donc dans lintervalle [0,1/8],
ce qui est cohérent avec le résultat de PRUITT [160] et la densité des sauts sur R. Le spectre
multifractal permet alors de caractériser finement la géométrie des phénomenes rares que sont
les points ot ay , < 1/f.

Notons que d’autres propriétés fractales plus classiques ont également été étudiées sur les
processus de Lévy : dimension du graphe [34, 140, 38] et images d’ensemble fractals [107] entre
autres. Signalons également que RIEDI [162] a réalisé une étude approfondie et détaillée d’'un
certain nombre de processus stochastiques affichant une géométrie multifractale.

L’adjectif multifractal savere désigner dans la littérature probabiliste moderne une classe
plus large de comportements fractals qui, sans directement faire appel au formalisme multi-
fractal, affichent des similarités avec celui-ci. Dans le cas du mouvement brownien fraction-
naire, nous avons précédemment remarqué que le spectre multifractal n’est pas un outil per-
tinent pour son étude. Néanmoins, il demeure possible de s'intéresser de prés aux variations
de la correction logarithmique apparaissant dans la régularité ponctuelle. Plus précisément,
nous remarquons que le terme correctif présent dans la loi du logarithme itéré (18) n’est pas
le méme que celui se manifestant dans le module de continuité (17). Cette observation laisse
donc a penser que la régularité holderienne fine n’est pas la méme tout le long des trajectoires
du m.b.f.

Une fagon de caractériser cette subtile variation est d’étudier les points rapides du m.b.f,,
définis comme il suit :

: B ?+h — B?|

VYA>0; Fy(A)=4{teR, limsup—=>A;.
h—0  hH4/2log(1/h)
L’ensemble Fy;(A) regroupe donc les points ayant un comportement hélderien de l'ordre du
module de continuité, donc plus rapide que la loi du logarithme itéré, mais pour une certaine
constante A. La géométrie de ces ensembles a tout d’abord été caractérisée dans le cas le
mouvement brownien par OREY et TAYLOR [152], ce résultat ayant été récemment étendu au
m.b.f. par KHOSHNEVISAN et SHI [102].

Théoréeme 0.2 (Points rapides du m.b.f.) Soit (B?)t€R+ un mouvement brownien fraction-
naire, H € (0, 1). Les points rapides de BY vérifient alors :

VA>0; dimyFy(A)=1-2A% ps.

Ainsi, quand bien méme ce théoréme ne détermine pas un spectre multifractal stricto
sensu, on observe clairement une similitude dans la forme avec I'étude réalisée sur les processus
de Lévy. Notons finalement que de maniére analogue, PERKINS [157], DAvIs et PERKINS [50] et
Bass et BURDZY [23] ont décrit la géométrie fractale des points lents du mouvement brownien,

c.-a-d. les temps t ot localement |B, — B,| < c|lu — t]1/2 pour une certaine constante ¢ > 0.

Analyse 2-microlocale

Une composante importante de cette these est 'utilisation de 'analyse 2-microlocale pour I'étude
et la caractérisation de la régularité de processus stochastiques. Cet outil a été initialement in-
troduit par BoNy [35] dans le but d’analyser les singularités de solutions d’équations aux déri-
vées partielles. I Sest avéré étre par la suite un outil intéressant dans un cadre bien plus large

d’étude de la régularité, déterministe comme stochastique.

Espaces 2-microlocaux

L’analyse 2-microlocale repose sur I'introduction des espaces 2-microlocaux pour les distribu-
tions tempérées f € &’(R). La premiére caractérisation de ces espaces fonctionnels est donc
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due a BoNy [35] et repose sur la décomposition de Littlewood-Paley. Plus précisément, soit
¢ € Z(R) une fonction a décroissance rapide telle que sa transformée de Fourier ¢ vérifie :

1 osi [g]<1/2;
0 si |&]>1.
Pour tout j € N, définissons ¢;(x) = 2j¢(2jx),1,bj =¢j1—9;,Sof = pxfetA;f =p;xf.

Il est alors connu que la distribution f peut se décomposer sous la forme suivante, dans ’'espace
des distributions tempérées :

P(&)=

f=Sf + D A
j=0

Notons que les éléments de la décomposition sont des fonctions appartenant a L2(R). De plus
amples détails sur cette décomposition peuvent étre trouvés dans I'ouvrage de MEYER [138].
La définition des espaces 2-microlocaux globaux est alors étroitement liée aux propriétés des
fonctions apparaissant dans la décomposition de Littlewood-Paley.

Définition 0.7 (Espaces 2-microlocaux globaux) Soitt € Ret (s’,0) € R2. Une distribution
tempérée f appartient a espace 2-microlocal global Cf;l obal 51 €t seulement si il existe une
constante C > 0 telle que pour tout u € R

Sof @I < CA+u—t))™ et |AFGOI<C277 (27 +u—t])™,
pour tout j € N.

Notons qu’il a été montré (voir par exemple [138]) que la caractérisation précédente des
espaces 2-microlocaux globaux est indépendante de la fonction ¢ choisie.

Comme présenté par ECHELARD [60], la décomposition de Littlewood-Paley peut étre
interprétée comme I'application de filtres passe-bande v; sur la distribution f, sélectionnant
ainsi les fréquences comprises entre 2/~ et 2/71. L’appartenance 4 un espace 2-microlocal

0,8
Ct,globa

de la distribution f. De plus, nous observons que la majoration 2779 (277 +|u — ¢[)~*" dépend
de la distance |u — t| & la puissance —s’, impliquant donc également une forme de localisation
temporelle. Ainsi, on sapercoit donc que 'appartenance a un espace 2-microlocal décrit un
localisation temporelle et fréquentielle de la distribution f .

La définition précédente a I'inconvénient de dépendre du comportement de la distribution
f enTinfini, excluant de ce fait un certain nombre de fonctions trés réguliéres mais divergeant
trop rapidement (par exemple t — exp(t?)). En conséquence, on définit véritablement les
espaces 2-microlocaux sur les distributions 2’(R) de la maniére suivante.

, impose donc une certaine vitesse de décroissance aux composantes hautes fréquences

Définition 0.8 (Espaces 2-microlocaux) Soit f € 2'(V) une distribution, o1t V est un ouvert,
et t € V. Ont dit alors que f appartient a l'espace 2-microlocal C;”* s'il existe une distribution
tempérée g € C[ 7,y et un ouvert U tels que

f=gsurU,ou teUCV.

D’apres la définition précédente, les espaces 2-microlocaux sont donc une notion purement
localisée autour du point d’étude. Le théoréme qui suit, obtenu par MEYER [138], permet d’avoir
une caractérisation plus condensée de ces espaces fonctionnels.

Théoréme 0.3 Soit f € 9'(V) une distribution, o1 V est un ouvert, et t € V. Alors f

appartient a lespace 2-microlocal C* si et seulement si il existe un voisinage U C V de t,
une fonction g € C3°(R) et C > 0 tels que

VieN, VxeU; |A;(gf)t0)l<C277(27 +u—t])~,
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ou g vérifie
1 si xeU;

Vx €R; x)=
8(x) 0 si x¢V.

Cette localisation des espaces 2-microlocaux implique notamment que les fonctions infi-

niment dérivables appartiennent a n’importe quel espace C; ' En particulier, 'ajout d’une
fonction polynomiale n'influence donc pas 'appartenance, ou non, a un espace 2-microlocal.

Notons que dans ce manuscrit, nous utilisons la paramétrisation (s’, o) pour les espaces
2-microlocaux. La convention en la matiére peut légérement différer suivant les publications et
ouvrages (voir par exemple les travaux de JAFFARD [93], JAFFARD et MEYER [96], MEYER [138],
LEVY VEHEL et SEURET [119] ol apparait le couple (s',s), ous := o —s”).

Un aspect important et intéressant de l'analyse 2-microlocale réside dans la stabilité
des espaces sous l'action d’opérateurs intégro-diftérentiels. Plus précisément, pour toute
distribution f € 9'(V) et tout t €R:

VneN; fe o e fWe o, (34)

Ainsi, lappartenance des dérivées de f aux espaces 2-microlocaux se déduit directement de
I'étude des propriétés 2-microlocales de f.

En réalité, cette caractéristique des espaces 2-microlocaux peut sétendre a des opérateurs
pseudo-diftérentiels telle que I'intégrale fractionnaire. L'intégration fractionnaire est un sujet
trés vaste, comme peut en témoigner I'ouvrage de référence de SaAMKO, KiLBAS et MARICHEV
[166], et nous n’introduisons donc ici que les concepts et résultats de base. Pour commencer, si
h est une fonction localement intégrable, on peut définir lintégrale fractionnaire de Riemann-
Liouville d’ordre a > 0 de h de la fagon suivante :

VeeR; (IF.h)(0)=

a—1
Ta )f (t —uw){ "h(uw)du, (35)

ol b est un point fixé, I'(-) désigne la fonction gamma, x, := max(x,0) et x_ := max(—x, 0).
Le réel a correspond a 'ordre d’intégration qui, lorsqu’il est entier, redonne bien une intégrale
itérée classique. L'opérateur d’intégration fractionnaire ainsi défini vérifie une propriété de
semi-groupe, c.-a-d.
. a By _ yath
Va,=0; Iy I h=I"h.

Le concept de dérivée fractionnaire peut étre introduit de maniére similaire. Pour tout a €
(0,1), l'opérateur Dy, est défini comme :

VteR; (D&h)()= J (t —u);%h(u) du, (36)

)dt

sous réserve d’existence de la dérivée (SAMKO, KILBAS et MARICHEV [166] présentent plusieurs
conditions suffisantes portant sur h). Notons que d’aprés la formule précédente, une dérivée
fractionnaire d’ordre a se définit donc comme la dérivée classique de I'intégrale fractionnaire
d'ordre 1 — a. L'opérateur D}, peut ensuite étre étendu a tout ordre en utilisant cette méme
construction et les dérivées successives. Dans la suite, nous utiliserons la notation I, h avec
a < 0 pour désigner une dérivée fractionnaire d’ordre —a

Lorsque la fonction h est intégrable sur R, I'intégrale fractionnaire peut étre alors définie
sur tout 'axe réel :

VeieR; (I{h)()= f (t —w? 'h(u)du, (37)

(a)
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La propriété de semi-groupe est toujours satisfaite pour cette définition et la dérivée frac-
tionnaire sur R peut également étre introduite de maniére similaire. On s'observe alors que
lintégrale fractionnaire peut étre vue comme un produit de convolution, qui sexprime alors
de maniére tres simple dans 'espace de Fourier :

I2h(x) = (Fix) *h(x), (38)

pour a € (—00,1).

La généralisation de l'opérateur I aux distributions tempérées savére légérement plus
complexe, principalement a cause de la non-stabilité de 'espace Schwartz par intégration frac-
tionnaire. Une facon de contourner ce probléme consiste donc a introduire un nouvel espace
de distribution, appelé espace de Lizorkin, qui reste étroitement lié 4 &’(R). Commencons par
définir 'espace des fonctions test associées :

®(R) = {ga e YR): f uFow)du=0, Vke N}.
R

Alternativement, il est possible d’introduire ®(R) comme I'espace des fonctions ¢ € & (R)
dont les dérivées successives de la transformée de Fourier @ sont nulles en zéro. Grice a cette
propriété, l'intégrale fractionnaire d’une fonction ¢ € ®(R) est bien définie pour tout a € R,
via la caractérisation par la transformée de Fourier (Equation (38)).

Lespace des distributions de Lizorkin ®’(R) est alors simplement défini comme le dual
topologique de ®(R). Comme observé par SAMKO, KILBAS et MARICHEV [166], il coincide
avec 'espace quotient

?'(R) = 7'(R)/2,(R),

ou ®)(R) = {f € #'(R) : Vyp € ®(R), (f, ) = 0}. D’aprés la définition de ®(R), ®((R)
correspond simplement a 'ensemble des fonctions polynomiales sur R. Ainsi, en simplifiant
notre propos, les distributions de Lizorkin s'apparentent ainsi aux distributions tempérées
auxquelles est soustraite la composante polynomiale. L'intégrale fractionnaire sur ®'(R) est
alors définie de maniére classique en utilisant 'espace dual :

VaeR; (Iff,¢):=(f.13¢)

ou f € ®'(R) et p € ®(R). Cette définition coincide bien avec la formule classique (37), avec
a € (0, 1) dans le cas des fonctions intégrables. SAMKO, KILBAS et MARICHEV [166] ont réalisé
un examen bien plus complet et détaillé des différentes approches existantes pour définir le
calcul fractionnaire.

Grace a cette généralisation de lintégrale fractionnaire aux distributions, la propriété
fondamentale de stabilité des espaces 2-microlocaux peut étre étendue au cadre fractionnaire.

Théoréme 0.4 Soit f une distribution de Lizorkin. Alors t € R, f vérifie
VaeR; fe Co e1Iif e Cot, (39)

Notons qu’il n’est pas contradictoire avec la définition des espaces 2-microlocaux de consi-
dérer la frontiere de la classe d’équivalence dans I'espace de Lizorkin, étant donné que nous
avons remarqué précédemment qu'une composante polynomiale ne modifie pas'appartenance
aun espace 2-microlocal. Cette propriété des espaces 2-microlocaux a été étendue par JAFFARD
[93] & une classe plus générale d’opérateurs diftérentiels vérifiant certaines conditions.

Si les espaces 2-microlocaux sont un outil puissant, leur définition originelle (0.8) n’est
pas des plus aisées & manipuler. Afin de pallier ce défaut et faciliter leur étude, d’autres
caractérisations ont émergé dans la littérature.
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JAFFARD [93] a ainsi obtenu une caractérisation des espaces 2-microlocaux a partir de la
décomposition d’une distribution dans une base d’ondelettes. Plus précisément, considérons
une fonction a décroissance rapide 1) € &(R) telle que {1 ix(x) = 212 (27 x — k)} est une
base orthonormale de L?(R) (des exemples de telles fonctions sont donnés par MEYER [136,
137, 139]). Les coefficients d’ondelettes de f € .%’(R) sont alors définis comme :

VjkeZ; djp=2(f,¢(2'x—-k)). (40)

La constante 2/ peut étre remplacée par 2//2 si lon souhaite que les coefficients soient
correctement renormalisés.

Théoréme 0.5 Soit f € &'(R) une distribution tempérée, (Y 1)) kez une base d'ondelettes et
(s’,0) € R2. Supposons que les N premiers moments de 1) sont nuls, avec N > max(c —s’,0).

Alors, pour tout t € R, f appartient a lespace 2-microlocal C;* si et seulement si il existe
C > 0 tel que

|d; | < €277 (277 + |t = k277]) ™,
pour tous j, k € Z satisfaisant |t — k27| < 1.

Une caractérisation similaire utilisant la transformée en ondelette continue a également été
présentée par JAFFARD [93]. Notons que 'émergence d’une définition des espaces 2-microlocaux
al’aide des ondelettes est assez naturelle, étant donné que nous avons remarqué précédemment
que l'appartenance a ces derniers caractérise une localisation a la fois temporelle et fréquen-
tielle.

Dans les chapitres suivants, nous utiliserons principalement la définition temporelle des
espaces 2-microlocaux pour les fonctions classiques. Celle-ci fut d’abord mise en évidence par
KOLWANKAR et LEVY VEHEL [109] pour les coefficients (s,s) € (—1,0) x (0, 1), avant d’étre
ensuite étendue a presque tout le domaine 2-microlocal dans les travaux de SEURET et LEvy
VEHEL [169] et ECHELARD [60]. Pour simplifier notre propos, commengons par énoncer cette
caractérisation lorsque o € (0, 1).

Théoréme 0.6 Soit f une fonction, o € (0,1) et s’ € R tels que s ¢ N.

Alors f appartient a l'espace 2-microlocal Cf’sl, t € R, si et seulement si il existe C > 0, p > 0
et un polynéme P, tels que :

f () = Piu) = fF () + P < Clu—v[7 (ju—t] +]v =)™, (41)

pour tous u,v € B(t, p). Le polyndme P, est unique s’il est supposé de degré inférieur a |s], et
correspond alors au développement de Taylor de f d’ordre |s] en t.

Le résultat précédent fournit donc une caractérisation temporelle des espaces 2-microlocaux
en basant simplement sur les variations de la fonction f. Afin de I'étendre a tout 0 € R\ N,
nous utilisons le Théoréme (0.4) indiquant qu’il suffit d’étudier les accroissements des dérivées
et intégrales successives de f. Ainsi, f appartient a C, S avecs ¢ Net o ¢ Z si et seulement
si pour tout u,v € B(t,p):

|1 (@) = Pp) = IZF ) + Py < Clu— v (lu— el + v =)™, (42)

oum € Ztel que —m < 0 < —m+ 1 et P, est un polynéme. Notons que cette idée de
soustraire une composante polynomiale a la fonction apparait également dans la définition
utilisant la projection dans une base d’ondelettes. En effet, dans cette derniere, les N premiers
moments de l'ondelette 1) sont supposés nuls, avec N > max(o —s’, o), indiquant donc que
toute composante polynomiale est ignorée dans les coefficients (d; ) ; xez2-

Il pourrait s'avérer tentant d’utiliser la caractérisation précédente (3.4) lorsque o € Z. En
effet, on remarque en particulier que pour o = 0, I'Equation (3.4) correspond parfaitement
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a la Définition o.1 des espaces de Holder ponctuels. Malheureusement, si pour tout a > 0,
I'inclusion C* € C 27 est satisfaite, 'égalité ensembliste nest pas vérifiée en général. JAFFARD
et MEYER [96] et MEYER [138] ont ainsi construit un exemple de distribution appartenant a
Ct0 "~“ mais non C{. Ce dernier montre cependant que toute fonction f vérifie :

si. wr(h)=0(logh) alors feC!< feC] (43)

ol w; désigne le module de continuité de f. Notons que ce déficit de caractérisation lorsque
o € Z n'est cependant pas génant dans la perspective d’étudier la frontiére 2-microlocale
définie dans la suite.

Frontiére 2-microlocale et processus stochastiques

De maniére similaire a la régularité holderienne, la définition des espaces 2-microlocaux
induit naturellement I'introduction d’un outil, appelé frontiére 2-microlocale, caractérisant la
régularité locale d’une fonction f.

Définition 0.9 (Frontiére 2-microlocale) Soit f une distribution et t € R. La frontiére 2-
microlocale de f en t est définie comme la fonction suivante :

Vs'eR; of,(s)=sup{o:fe Ct"’sl}. (44)
Cette courbe correspond a lenveloppe supérieure du domaine 2-microlocal E(f,t) = {(s’, o):
fecoy.

La validité de la définition précédente repose sur des propriétés simples d’inclusion que
vérifient les espaces 2-microlocaux. Notons que comme précédemment, la convention s’ —
0,.(s") pour la frontiére 2-microlocale n’est pas la seule apparaissant dans la littérature (s" —
s(s”) est par exemple utilisée dans [169, 119]). Toujours en se reposant sur les propriétés des
espaces 2-microlocaux, on peut facilement vérifier que :

(i) o¢,(-) une fonction croissante et concave
(i) o.(-) admet des dérivées a gauche et a droite comprises dans I'intervalle [0, 1].
La caractérisation de la régularité locale par une fonction permet d’apporter plus d’information

que ne le peuvent de simples coeflicients, permettant ainsi une analyse plus fine du comporte-
ment par rapport aux outils classiques en géométrie fractale.

Il savére ainsi que la frontiére 2-microlocale englobe et étend les exposants de Holder
décrits dans la Section o.1. Plus précisément, si f est une fonction continue, alors

e ap,=0,(0);
« a;, =—inf{s": o ,(s") > 0} sous 'hypothese w(h) = O(logh).

La frontiére 2-microlocale peut également étre reliée a d’autres exposants de régularité appa-
raissant dans la littérature.

Definition 0.10 (Exposant de chirp) Soit f € L}, (R) et t € R. L'exposant de chirp de f en
t est défini comme

Be. = sup{ﬁ :JheR, VneN; I'f e cf*"(”m}.

Definition 0.11 (Exposant weak scaling) Soit f € Lzloc(R) et t € R Lexposant “weak
scaling” de f en t est défini comme

ﬁ}‘jt =sup{/5 :dneN; ILf EC;“L/S}.
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Ces deux exposants ont été introduits par MEYER [138] et s'intéressent donc au comporte-
ment oscillant de f aprés un grand nombre d’intégrations.

Definition 0.12 (Exposant d’oscillations) Soit f € L}OC(R) ett € R. Lexposant d’oscillations
de f en t est défini comme

/50 _ dali fit 1
fit de |, ’

Ce dernier exposant a été présenté par ARNEODO et al. [7] et caractérise donc les variations
de f apres intégration d’ordre infinitésimal.

On sapercoit que les trois exposants précédents s'intéressent au comportement hélderien
de f aprés intégration, induisant naturellement une connexion avec la frontiére 2-microlocale.
Plus précisément, comme présenté par LEvy VEHEL et SEURET [119], les correspondances
suivantes peuvent étre obtenues :

-1
ﬁ;t:{daﬂt } -1
/ >
’ dS s'=—00

Y = lim o,,(s")—s';
Bf. m £,e(57)

o daf,t -1
ﬁf,t:{ ds’ } - L

s'=—a,_

Ces différentes propriétés sont illustrées par la Figure 7 a travers un exemple de frontiére 2-
microlocale.

—0o0

FIGURE 7 - Propriétés de la frontiére 2-microlocale

L’intérét principal de la frontiére 2-microlocale par rapport aux exposants classiques réside
dans sa prédictibilité sous intégration fractionnaire. Ainsi, grace au Théoréme 0.4 sur les
espaces 2-microlocaux, on en déduit que

VYa eR; Opafe =05+ (45)

La Figure 8a offre une illustration de cette propriété fondamentale. Elle permet également de se
rendre facilement compte dans quel cas le coefficient ponctuel n’est pas stable aprés intégration
fractionnaire.

Afin de donner une meilleure intuition de cet outil, analysons la frontiére 2-microlocale
des exemples introduits dans les parties précédentes : x — |x|% et f. : x — |x|%sin(|x|~P).
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Nous obtenons alors :

a+s’
1+8°

Vs'€R; Oppeos)=a+s" et opo(s)=

Le calcul précis a été présenté par LEvy VEHEL et SEURET [119] et ECHELARD [60]. Pour
t # 0, la frontiére est simplement égale & +o0o du fait du caractere infiniment dérivable de
ces deux fonctions. La frontiére de la fonction de Weierstrass peut également étre facilement
déterminée :

VteR, Vs'eR; oy ()= (a+s5)Aa.

Notons que les frontiéres ainsi obtenues sont cohérentes avec les exposants de Holder présentés
dans la Section o.1. La Figure 8b donne une illustration de ces différents exemples.

r1
0 Y
T fuw it
(a) Stabilité de la frontiére sous intégration (b) Exemples de frontiéres 2-microlocales

FIGURE 8 - Illustrations de la frontiére 2-microlocale

Signalons enfin que par analogie avec 'analyse multifractale, un formalisme 2-microlocal
a été introduit et développé par LEvy VEHEL et SEURET [119] et ECHELARD [60], afin de faciliter
le calcul de la frontiere 2-microlocale a 'aide d’une transformée de Legendre.

L'utilisation de 'analyse 2-microlocale pour I'étude la régularité fine des processus stochas-
tiques a été initiée par HERBIN et LEVY VEHEL [78]. Parmi les résultats de ce travail fondateur,
une variation du théoréme d’extension de Kolmogorov adapté a la frontiére 2-microlocale a
été obtenue sous la forme suivante.

Théoréme 0.7 Soit (X,).er, un processus aux trajectoires cadlags tel que
Vp < Pos vu’ AS B(tO’p): E [ |Xu _len :I < Clu - V|1+“Piv’

oun,u>0,v <0etC,p,sont deux constantes positives. Alors, la frontiére 2-microlocale de X

en t vérifie:
v\ _ u
o — 2= ps
o ( n) 1

Ce résultat permet donc d’obtenir une borne inférieure sur la frontiére 2-microlocale
en étudiant les moments successifs des accroissements d’'un processus. Similairement aux
coefficients de Holder, l'estimé de la borne supérieure nécessite une analyse plus fine des
oscillations des trajectoires. HERBIN et LEvy VEHEL [78] ont étudié plus en détail cette question
sur plusieurs processus gaussiens comprenant le mouvement Brownien multifractionnaire,
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Iintégrale de Wiener et la fonction de Weierstrass généralisée. Ainsi, avec probabilité 1, la
frontiére 2-microlocale d’'un #)-m.b.m. est égale a :

VteR,, Vs'€R; oy, (s)= (H(t)+s") AH(1). (46)

Notons que ce résultat est uniforme sur toute la trajectoire, et que nous retrouvons la méme
forme de frontiére 2-microlocale que pour la fonction de Weierstrass déterministe.
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Organisation et résultats principaux

La suite du manuscrit de cette theése est organisée en quatre chapitres traitant de problémes
distincts. Moyennant quelques redondances avec cette introduction, leur lecture est compleéte-
ment indépendante. Les trois premiers traitent directement de 'analyse de la régularité fine des
certaines classes de processus stochastiques en utilisant le formalisme 2-microlocal, se situant
donc clairement dans la lignée du titre de cette thése. Le quatriéme s'éloigne légérement de
cette problématique de départ pour s'intéresser aux processus de Markov multiparameétres, et
méme plus généralement, les processus de Markov indicés par une classe abstraite d’ensembles.
La liste de publications et pré-publications correspondant a ces chapitres est disponible a la fin
de cette partie.

Les résultats obtenus dans le Chapitre 1 se place dans la directe lignée du travail réalisé
par HERBIN et LEvy VEHEL [78] sur l'application du formalisme 2-microlocal pour I'étude
de la géométrie des trajectoires de processus stochastiques. Réalisé en collaboration avec E.
HERBIN, il s'intéresse a 'étude approfondie de la frontiére 2-microlocale de martingales et de
lintégrale stochastique classique. Dans cette perspective, il sest avéré intéressant et judicieux
d’introduire un outil dérivant de I'analyse 2-microlocale : la pseudo frontiére 2-microlocale.
L'idée sous-jacente est de définir une famille d’espaces fonctionnels et une frontiere de
maniére similaire a I'analyse 2-microlocale, mais en introduisant une différence importante : la
composante polynomiale d’'une fonction n’est plus mise de c6té dans I’étude des oscillations. La
caractérisation temporelle 1.2 de ces espaces est ainsi trés similaire a la Définition 0.8, avec pour
unique différence la composante polynomiale qui n’est plus retranchée. La pseudo frontiere 2-
microlocale, notée ¢, dans la suite, qui en découle continue a vérifier certaines propriétés
héritées de la frontiére 2-microlocale. En effet, ces deux concepts s'avérent étre reliés par le
résultat suivant.

Théoreme (1.1) Soit f une fonction continue sur R. Alors, pour tout t €R,
Vs'€R; L;(s) =05, IA (" +ps) AL,

ot ps , désigne la multiplicité de la fonction f en t.

On s’apergoit bien grace a cette relation que la pseudo frontiére ne peut satisfaire entiere-
ment les propriétés de stabilité de la frontiére originelle. Ainsi, si le Théoréme 1.3 montre que
son évolution peut étre prédite aprés intégration classique, la relation précédente implique que
ce n’est plus possible dans le cas d’'un opérateur de dérivation.

Gréce a I'introduction du concept de pseudo frontiére, il est alors possible de caractériser
entierement les propriétés trajectorielles des martingales continues.

Théoréme (1.6) Soit M une martingale locale continue et (M) sa variation quadratique. Alors,
avec probabilité 1, pour tout t €R,,

1
Vs’ > —Apes O'M,t(sl) = ZM,t(sl) = EZ<M),t(23/)-

La régularité 2-microlocale d’une martingale savere donc entiérement déterminée par
les oscillations de sa variation quadratique, et ce de maniére uniforme sur la trajectoire.
Notons que cette propriété peut étre étendue a une classe plus large de processus que sont les
mouvements browniens multifractionnaires composés avec un changement de temps aléatoire
(Théoreme 1.11).

L’intérét principal de cette étude approfondie des martingales est de pouvoir ensuite
transposer les résultats précédents a I'intégrale stochastique par rapport a des martingales
locales continues, étendant alors le résultat de HERBIN et LEvY VEHEL [78] sur l'intégrale de
Wiener. Lapplication directe permet donc de connaitre le comportement 2-microlocal d’'une
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intégrale de la forme f(: H, dM,, en fonction des variations de fot H 3 d(M),. Il reste intéressant
d’essayer de caractériser plus finement le comportement de ce dernier terme en fonction de
la régularité de M et H en t. Dans le cadre général, il savere compliqué d’obtenir un résultat
complet (voir Théoréme 1.13) du fait du couplage qui peut exister entre M et H. Cependant,
I'étude savere plus aisée dans le cas particulier de 'intégration par rapport au mouvement
Brownien.

Théoréeme (1.14) Soit X, = fot H, dB,, l'intégrale d’un processus adapté H par rapport a un
mouvement brownien B. Alors, avec probabilité 1, pour tout t € R

1 5 1 ,
(£+s)/\5 siH(w)#0
Vs > —Qx 5 OX,t(S/) = ZX,I(S/) =

1
3 (1 + sz,t(zs’)) Ay siH(@)=0.

On s’aper¢oit donc que la régularité d’'une intégrale stochastique est généralement celle du
mouvement Brownien, les propriétés fines de H n’intervenant uniquement qu’en ses points
d’annulation. Ce résultat est appliqué a différents exemples dans la fin du chapitre, avec
notamment l'analyse de la régularité fine de solutions d’EDS.

Le Chapitre 2 s'intéresse a I'étude des propriétés trajectorielles d’'un processus en particu-
lier : le mouvement Brownien multifractionnaire. Il vise en premier a caractériser en toute
généralité les comportements holderiens ponctuel et local d'un m.b.m., étendant ainsi les tra-
vaux d’HERBIN [76] et AvacHE [8]. Cette étude sappuie sur une représentation déterministe
du m.b.m., obtenue dans la Proposition 2.1, qui exprime un mbm sous la forme d’une inté-
grale fractionnaire d’'un mouvement brownien. Par exemple, dans le cas H(t) > 1/2, nous
observons que

1 H(t)-1/2 H(t)-1/2
X, =———— | B,|(t—u —(—u du ps.
TGy JR [(c-w] (w0 |du

Une expression légérement plus complexe, mais néanmoins similaire, existe également dans
le cas H(t) < 1/2. L'intérét d’une telle représentation apparait lors de I'étude de la régularité
2-microlocale du m.b.m.. En effet, grace aux propriétés de stabilité de la frontiére, la question
de la régularité du m.b.m. se ramene a la connaissance de la géométrie fine des trajectoires du
mouvement brownien, abondamment étudiée dans la littérature.

Proposition (2.5) Soit (t,H) — B(t,H) un champ brownien fractionnaire. Pour tous k € N
et H € (0,1), désignons par B™* le processus B"** : t — 9XB(t,H). Alors, avec probabilité 1,
pourtousk €N, He (0,1)ett €R,

Vs'eR; opni (s)=(H+s") AH.

Ce résultat uniforme sur le champ fractionnaire et ses dérivées partielles en H permet de
déduire une borne sur la frontiere 2-microlocale du m.b.m. (Proposition 2.6), mais également
d’établir précisément la forme du coefficient ponctuel holderien du m.b.m..

Proposition (2.7) SoitX un mouvement brownien multifractionnaire issu d’'un champ (B(t, H).
Alors, avec probabilité 1, pour tout t €R,

ax, =H() Am gy, olm, gy = inf{k > 1: 85B(t,H(t)) # 0}.

Le coefficient m, y ) correspond donc la multiplicité du champ B(t,H) en (t, H(t)).

Cette forme du coefficient ponctuel confirme et étend notamment 'observation inattendue
réalisée par AYACHE [8] : les trajectoires du m.b.m. peuvent avoir une régularité ponctuelle
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holderienne aléatoire. Ce dernier avait d’ailleurs montré qu’a l'inverse, le coefficient local d’'un
m.b.m. reste purement déterministe.

La deuxiéme partie du Chapitre 2 sintéresse a la géométrie des trajectoires du m.b.m. du
point de vue de leur dimension fractale. En premier lieu, nous étudions donc la dimension
locale du graphe en tout point t € R. Nous étendons ainsi les résultats obtenus par PELTIER et
LEvy VEHEL [154] sur le 74,-m.b.m..

Théoréeme (2.8) Soit X un mouvement brownien multifractionnaire. Alors, avec probabilité 1,
VteR\{0}; dimg,Gr(X)= (2—H(t)) Vdimg, Gr(H),

lorsque la dimension de boite existe. Dans le cas contraire, I'égalité est satisfaite indépendamment
par les dimensions de boite inférieure et supérieure.

La dimension de Hausdorft du graphe se trouve étre plus délicate a caractériser. Similaire-
ment au m.b.f. avec drift variable récemment étudié par PERES et SousI [156], il Savere intéres-
sant et judicieux d’introduire une métrique parabolique sur R? paramétrée par H > 0 :

on ((s,%); (t, y)) = max(Js — ¢/, |x — yl).

Une dimension de Hausdorff parabolique, notée dimy;(A; py), relative a cette métrique peut
alors étre définie.

Théoréme (2.9) Soit X un mouvement brownien multifractionnaire. Alors, avec probabilité 1,
Yt € R\ {0}; dimy, Gr(X) =1+ H(t)(dimy,(Gr(H);on)) — 1),

ou dimyy , (Gr(H) ; ep(r)) désigne donc la dimension de Hausdorff locale du graphe de H pour
la métrique gy ).

L’exemple 2.3 qui suit montre bien que la dimension de Hausdorff pour la métrique
parabolique est la bonne notion pour caractériser la dimension du graphe du m.b.m. et qu’elle
ne peut en toute généralité étre reliée au la dimension classique dimy , Gr(H). Un résultat
similaire peut étre obtenu dans le cas de la dimension de Hausdorff de I'image d’un ensemble
fractal.

Théoréme (2.10) Soit X un mouvement brownien multifractionnaire et F C R un ensemble.
Alors, avec probabilité 1

Vt € R\ {0}; dimyxX(F)=dimgy,(Gr(H,F); 0m)-

Bien que pouvant sembler contre-intuitives, les deux égalités précédentes étendent bien
celles connues sur le 54-m.b.m., c.-a-d. dimy , Gr(X) = 2 — H(t) et dimy x X(F) =
H(t)'dimy, F.

Les résultats de cette deuxiéme partie sur la géométrie fractale des trajectoires du m.b.m.
montre bien que son comportement inattendu pour un processus gaussien ne se limite pas a la
régularité holderienne, les exemples 2.1 et 2.5 apportant alors une illustration de ses propriétés
particulieres.

Le Chapitre 3 s'intéresse a la généralisation des travaux de JAFFARD [94] sur le spectre
multifractal des processus de Lévy. L'idée sous-jacente est de combiner ’analyse 2-microlocale
au formalisme multifractal afin de raffiner le spectre de singularités et mettre en avant de
nouveaux comportements. Pour cela, nous étendons Iétude des iso-valeurs du coefficient de
Holder ponctuel d’un processus de Lévy X en introduisant les deux collections d’ensembles
(Eh)hzo et (Eh)hzo définies par :

Ey={t€E,:Vs'eR; 0y, (s)=(h+s)A0} and E,=E,\E,
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ouE, = {t € R: ay , = h}.Intuitivement, il s'agit de faire la différence entre un comportement
2-microlocal classique, c.-a-d. une frontiére dont la pente est égale a 1, et une géométrie
plus inhabituelle, correspondant donc a une régularité 2-microlocale non triviale. Le principal
résultat de ce chapitre porte alors sur la géométrie fractale de ces ensembles.

Théoréme (3.1) Soit X un processus de Lévy. Alors, avec probabilité 1

Bh  si he[0,1/B");
VYV eo; dimy(E,NV)=dimy(E,NnV)=11 si h=1/p';
—o00 si he(1/B/,+oo],

otr O désigne les ouverts non vide de R et 8 est égal au coefficient 3 de Blumenthal-Getoor (3.7)
siX n'a pas de composante brownienne ou 2 dans le cas contraire.
De plus, la collection (Ep)ner, Vvérifie presque siirement

: M.
VVeo;, dimy(E,NV)< {zﬁh_l sihe(/26,1/67;
—00 si he[0,1/2B]U[1/B’,+0c0].

Etant donné que dimy; (E,NV) < dimy(E,NV) pour touth € R, , cerésultatimplique donc
que du point de vue de la dimension de Hausdorff, le comportement naturel de la frontiére
2-microlocale prédomine et a une géométrie fractale équivalente au spectre multifractal origi-
nellement obtenu par JAFFARD [94]. De plus, les Proposition 3.4 et Théoréme 3.5 permettent de
montrer que I'exposant de Blumenthal-Getoor ne caractérise pas entierement les propriétés
de la collection (Eh)heR+, et donc la géométrie fine des trajectoires des processus de Lévy.

En corollaire de ce résultat principal, il est intéressant d’étudier ce qui sapparente aux
coupes de niveau de la frontiére 2-microlocale, c.-a-d. les ensembles

E,y={t€R, :Vu' >s"; X, €Co" and Vu' <s'; X. ¢ Co"}.
Notons que le cas 0 = 0, ils correspondent a la collection (Ep,)peg, -

Corollaire (3.3) Soit X un processus de Lévy. Alors, avec probabilité 1, pour tout o € [—1,0],

Bs  si s€[0,1/B);
Vveo; dimy(E,yNV)={1 si s=1/B;
—00  sinon,

ot par définition s = o — s'. De plus, pour tout s’ € R, Eqy = E_g et l'ensemble E,, ; est vide
lorsque o > 0.

Le résultat décrit dans ce corollaire constitue une généralisation directe du spectre multi-
fractal, étant donné que ce dernier correspond au cas ¢ = 0. On remarque d’ailleurs que le
comportement pathologique mis en lumiére dans le Théoreme 3.1 par la collection (E\h)heR+
disparait complétement dans cette version plus faible.

Cette étude de la régularité fine des processus de Lévy s’avére avoir une portée plus large,
permettant en effet d’apporter de nouveaux résultats sur une autre classe de processus: le linear
fractional stable motion. Ce dernier est défini comme

X, = J [C6—wff " = ()| M plaw),
R

ot M, g est une mesure aléatoire a-stable et H € (0,1). Grace a une représentation déter-
ministe de ce processus et les propriétés de stabilité des espaces 2-microlocaux, les résultats
précédents peuvent se transposer complétement a ce processus.
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Théoréme (3.6) Soit X un linear fractional stable motion paramétré par a € [1,2) et H €
(0,1). Alors, avec probabilité 1, pour tout o € [H — i -1,H - é],

al(s—H)+1 si se H—l,H;
YV e o; dimH(E(,s,r‘lV):{ (s =H) , (7 =2 H]
’ —0o0 sinon.
otr comme précédemment s = o — s'. De plus, pour tout s’ € R, 'ensemble E,, y est vide lorsque
a>H—i

Ce théoreme savere avoir deux intéréts majeurs. En premier lieu, le cadre 2-microlocal
permet complétement d’unifier en terme de régularité le cas H > 1/a ou le processus est
continu et celui ot H < 1/a des trajectoires sont partout non-bornées. Dans cette derniére
situation, I'analyse 2-microlocale est encore pertinente car les trajectoires savérent étre des
distributions. Enfin, le deuxiéme intérét du théoréme précédent est de pouvoir déduire le
spectre multifractal du LFSM lorsque H > 1/a. On obtient alors avec probabilité 1

a(h—H)+1 si he [H—1,H];
YV e o; dX(h,V)={ ( ) . [ a ]

—00 sinon.
Les résultats obtenus dans ce chapitre ouvrent des perspectives futures de recherche, notam-
ment en ce qui concerne I'étude plus fine de la géométrie fractale des ensembles (Ej,)peg, en
fonction des propriétés de la mesure de Lévy.

Le Chapitre 4 n’est pas dans la directe lignée des parties précédentes, et porte donc sur une
thématique légérement différente. Il vise & définir et étudier une propriété de Markov pour
une large classe de processus indicés par des ensembles. Plus précisément, le formalisme set-
indexed utilisé dans ce chapitre a pour but de fournir un cadre général d’étude de processus
stochastiques qui peuvent étre indicés par des collections trés différentes pouvant étre tout
aussi bien RV, une variété riemannienne ou un arbre.

Le formalisme set-indexed étant assez long a introduire, nous ne donnons pas les énoncés
précis des résultats ici méme et renvoyons donc le lecteur directement au Chapitre 4 pour
leur obtention. Néanmoins, il est possible donner un apercu de ces derniers et de décrire la
motivation sous-jacente a I'introduction de la propriété € -Markov pour les processus indicés
par des ensembles. Sans méme considérer la question dans ce cadre trés général, il sSavere
que la définition d’'une propriété de Markov pour les processus multiparametres est déja une
question non-triviale. Une large littérature s'est intéressée a ce sujet pendant les années 80 et 9o,
en se concentrant surtout sur les processus a deux parametres. Parmi les multiples définitions
existantes, signalons celle introduite par CAIROLI [39] : un processus (X; ,); , est dit x-Markov
si

PXsinerk ET1F) =PXoqnern €T 1 X 6 X X, ek)s

pour tous s, t € Ry, b,k > O etou F, := o ({X,,;u < souv < t}). Cette définition, qui
reste somme toute assez simple, a 'avantage d’étre vérifiée par un grande nombre de processus,
dont en premier lieu le drap brownien. Malheureusement, on s'apercoit rapidement qu’elle ne
peut directement étre généralisée au cadre multiparametre Rﬂ\i.

Pour les processus multiparameétres, I'approche généralement considérée est celle décrite
dans 'ouvrage de KHOSHNEVISAN [100] dont la définition constitue une généralisation directe
de la formule classique a un paramétre. Ainsi, un processus (X,);cgy est dit multiparametre-
Markov si

Ve heRY; ELf(X) | Z] = ELFX ) IX, ],

ot la filtration (c%)feky est supposée vérifier E[E[Y | Z, ] | Z,] =E[Y|Z,,,] pour tous
s,t € Rﬁ et toute variable aléatoire bornée Y Z,-mesurable. Cette définition a clairement
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l'avantage de la simplicité, mais posséde un inconvénient majeur : le drap brownien n’est
markovien selon ce sens.

L’approche présentée dans le Chapitre 4 a notamment pour objectif de pallier les défauts
des précédentes définitions. L'utilisation du formalisme set-indexed pour introduire la pro-
priété 6 -Markov oblige certes une plus grande abstraction par rapport au cadre multipara-
metre, mais a 'avantage de permettre des notations plus condensées et une étude plus générale.
Cette derniére est réalisée dans la premiére partie du chapitre, ou suite a la Définition 4.2, nous
montrons que les processus % -Markov satisfont un certain nombre de propriétés naturelles.
En particulier, il savére que similairement a la théorie classique, un processus 6 -Markov est
entiérement déterminé par sa loi initiale et ses probabilités de transition (Théoréme 4.2), et
quinversement, partant d’'une mesure de probabilités et d'un noyau ¢ -markovien, il est pos-
sible de construire le processus canonique associé (Théoréme 4.3).

Les processus multiparamétres % -markoviens sont étudiés plus précisément dans la
deuxiéme partie de ce chapitre, montrant notamment qu’il constitue bien une généralisation
des approches précédentes. Ainsi, il y est montré que le cadre 6 -Markov s'avére completement
équivalent a la propriété *-Markov pour les processus a deux parametres. De plus, a la fois le
drap brownien et les processus usuels multiparametre-Markov s'avérent vérifier la propriété 6 -
Markov. Enfin, généralisant un résultat de la théorie classique, le Théoréme 4.10 montre que
sous une hypothése du type Feller sur le noyau de transition, le processus 6 -Markov associé
admet une modification dont les trajectoires sont presque stirement continues a droite.

La troisieme partie, réalisée en collaboration avec E. HERBIN, est dédiée a la description et
I'étude d’un processus d’Ornstein-Uhlenbeck indicé par les ensembles. Ce dernier est défini
gréace a la propriété € -Markov, en introduisant des probabilités de transition généralisant le
noyau originel. Un des intéréts de ce processus est ainsi de fournir un exemple % -markovien
sortant de la famille classique des processus a accroissements indépendants. Signalons que
dans le cas multiparameétre, il savere prendre la forme intégrale suivante :

VteRY; X, =e (@ [XO +af

e<“’”>qu] R
(=00,t]1\(~00,0]

oo >0,a=(ay,...,ay) € RY, W est un drap brownien et X,, est une variable aléatoire
indépendante de W.

Quand bien méme ce chapitre ne traite pas directement de la régularité des trajectoires
de processus stochastiques, nous pensons que le formalisme %¢-Markov qui y est construit
pourrait savérer étre un cadre intéressant d’étude des propriétés géométriques de processus
de Markov, dans la lignée des résultats décrits par KHOSHNEVISAN [100].
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Organisation and main results

The manuscript of this Ph.D. thesis is organised in four chapters which tackle different ques-
tions. Their reading is completely independent in return of a few redundancies in their intro-
duction. The first three chapters are directly linked up with the main topic of this thesis: the
study of sample path properties of stochastic processes using the framework of 2-microlocal
analysis. These three works are respectively related to continuous martingales and stochas-
tic integrals, the multifractional Brownian motion and Lévy processes. In the fourth chapter,
we are interested in a different problematic: the definition and the study of a multiparame-
ter, and more broadly set-indexed, Markov property. A list of the preprints and publications
corresponding to these chapters is available at the end of this section.

The results obtained in the Chapter 1 are directly in line with the seminal work of HERBIN
and LEvy VEHEL [78] on stochastic 2-microlocal analysis. Hence, in collaboration with E.
HERBIN, we have studied the 2-microlocal frontier of continuous martingales and classic stochas-
tic integrals. To investigate this question, we have introduced another regularity tool closely
related to 2-microlocal analysis: the pseudo 2-microlocal frontier. The main idea behind this
concept is, on the contrary to the classic 2-microlocal frontier, to keep the local polynomial
component of a function in the study of its regularity. This difference becomes obvious when
you compare Definitions 0.8 and 1.2. Denoted X ;, the pseudo frontier is closely connected
the 2-microlocal frontier by the following result.

Theorem (1.1) Suppose f is a continuous function. Then, for all t €R,
Vs'e€R; ;. (s) =07 (sIA(" +pp) AL

where py , denotes the multiplicity of f at t.

Owing to the previous formula, the pseudo 2-microlocal frontier is not completely pre-
dictable under the action of fractional operators. More precisely, Theorem 1.3 proves that its
behaviour is still known after classic integration, but the same result does not hold under dif-
ferential operators.

Using this new notion, we have been able to characterise entirely and uniformly the 2-
microlocal frontier of continuous martingales.

Theorem (1.6) Suppose M is a continuous local martingale and let (M) denote its quadratic
variation. Then, with probability 1 and for all t €R,,

1
Vs’ > —QApes GM,t(S/) = ZM,[(S/) = EZ(M),C(ZS/)'

Hence, the oscillations of the quadratic variation entirely determine the 2-microlocal reg-
ularity of a martingale. Interestingly, we prove in Theorem 1.1 that this property can be ex-
tended to any multifractional Brownian motion composed with a random time change.

One of the interesting aspects of the previous study is the deduction of the regularity of
any stochastic integral with respect to continuous local martingales, therefore extending the
result of HERBIN and LEvy VEHEL [78] on Wiener’s integral. The direct application of the

t
previous theorem implies that the 2-microlocal behaviour of the process t — fo H,dM, is

characterised by the oscillations of t — f Ot HLZL d(M),. It would be interesting to determine
more precisely the pseudo frontier of the latter in terms of the regularities of (M) and H at
t. The coupling which may exist between these two processes makes it difficult to obtain a
general result (see Theorem 1.13). Nevertheless, the study is easier in the case of an integral
with respect to Brownian motion.
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Theorem (1.14) Suppose X, = fot H, dB,, is the integral of an adapted continuous process H
with respect to a Brownian motion B. Then, with probability 1, for all t € R,

1 1
(5 +s’) AE ifH,(w)#0
Vs > —Oxt5 OX,t(S/) = ZX,t(s/) =

§(1+ZHz’t(28/)) /\% ifH,(w)=0.

Hence, we note that a stochastic integral has most of the time the same regularity as Brow-
nian motion, and the behaviour of H only intervenes at exceptional times corresponding to
its zeros. Finally, the end of the chapter is devoted to the application of this result to several
examples of SDEs.

Chapter 2 focuses on the sample path properties of a specific process: the multifractional
Brownian motion. Its aim is to extend the results of HERBIN [76] et AYACHE [8] to obtain a
uniform characterisation of its regularity, for any Hurst function considered. One important
ingredient in this study is the deterministic representation of the mBm presented in Proposi-
tion 2.1. For instance, when H(t) > 1/2,

1 H(t)—-1/2 H(t)—1/2
X,=— | B,[(t-u —(~u du ps.
‘ r'(H(t)— %) JR [( & (s } P

A similar expression, even though slightly more complex, exists when H(t) < 1/2. The inter-
esting aspect of this representation is that using the 2-microlocal formalism, we can deduce
uniform properties on the mBm from the sample path regularity of Brownian motion, know-
ing that the latter has been extensively studied in the literature.

Proposition (2.5) Suppose (t,H) — B(t,H) is a fractional Brownian field. For any k € N and
any H € (0, 1), let us denote by B the process B¥ : t — BﬁB(t,H). Then, with probability
1, for everyk €N, every H € (0,1) and all t €R,

Vs'e€R; opui(s)=(H+s") AH.

This uniform result on the fractional Brownian field leads to a lower bound on the 2-
microlocal frontier (Proposition 2.6). It also allows to deduce the general form of the pointwise
Holder exponent of the mBm.

Proposition (2.7) SupposeX is a multifractional Brownian motion defined using the fractional
field B(t,H). Then, with probability 1, for all t €R,
ay, =H(E)Am gy, 0lm, g = inf{k > 1: 05B(t,H(t)) # 0}.

The exponent m, ) therefore corresponds to the multiplicity of B(t, H) at (t, H(t)).

This result extends to the work AvacHE [8] who has shown that the sample paths of a
mBm may have a non-deterministic pointwise regularity, on the contrary to the local Hélder
exponent.

The second part of the chapter is devoted to the fractal dimensions of the trajectories. We
first study the local dimension of the graph, extending the result of PELTIER and LEVY VEHEL
[154].

Theorem (2.8) Suppose X is a multifractional Brownian motion. Then, with probability 1,
VteR\{0}; dimg, Gr(X)= (2—H(t)) Vdimg, Gr(H),

when the Box dimension exists. Otherwise, the equality stands independently for the lower and
upper Box dimensions.
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The Hausdorft dimension is slightly more complex to determine. Similarly to a recent work
of PERES and Sousi [156] on fractional Brownian motion with drift, it is relevant to introduce
a parabolic metric on R? parametrised by H > 0:

(0431 ((S,X);(t,.)’)) = max(|s - t|H: |X - y|)

The Hausdorft dimension of any set A with respect to the metric gy is then simply denoted
dimg(A; op).
Theorem (2.9) Suppose X is a multifractional Brownian motion. Then, with probability 1,

VteR\ {0}; dimyg,Gr(X)=1+H(t)(dimy,(Gr(H); ouc) — 1),

where dimy; , (Gr(H) ; @p(r)) denotes the local Hausdorff dimension of the graph of H at t w.r.t.
QH(t)-

Example 2.3 which follows proves that the parabolic Hausdorff dimension is the relevant
notion to use, since the classic Hausdorft dimension of the graph of H can not always be related

to dimyg , Gr(X). A similar result can also be obtained on the Hausdorff dimension of images
of fractal sets by the mBm.

Theorem (2.10) Suppose X is a multifractional Brownian motion and let F C R. Then, with
probability 1,

Vt € R\ {0}; dimy )X (F)=dimgy, (Gr(H,F); Qp)-

Even though the two previous equalities may seem counter-intuitive, they may verify that
they extend the well-known formulas satisfied by an s,-mBm, i.e. dimy; . Gr(X) = 2 — H(t)
et dimy y (X (F) = H (t)"'dimy , F. Interestingly, the results presented in this second part
show that, similarly to the pointwise regularity, the Hausdorff dimension of the mBm also
presents some unusual and unexpected properties for a Gaussian process.

The aim of Chapter 3 is to extend the work of JAFFARD [94] on the multifractal spectrum
of Lévy processes. The main idea is to combine 2-microlocal analysis with the classic multi-
fractal formalism in order to refine the spectrum of singularities determined by the latter. For
this purpose, we focus on the fractal geometry of two collections of sets (Ej )y and (Ej)y=o
respectively defined by:

E,={t€E,:Vs'eR; 0y, (s)=(h+s)IA0} and E,=E,\E,

where E;, = {t € R : ay, = h}. Intuitively, the first collection gathers the times at which
the 2-microlocal behaviour is rather classic (i.e. a slope equal to 1), whereas the second one
focuses on the unusual frontiers. The main result presented in this chapter is related to the
Hausdorff dimension of these sets.

Theorem (3.1) Suppose X is a Lévy process. Then, with probability 1

Bh  if he[0,1/B);
YV eo; dimy(E,NV)=dimy(E,NV)=1{1 if h=1/p’;
—oo if he(1/p’,+oo],

where O denotes the collection of non-empty open sets in R and 3’ is equal to the Blumenthal-
Getoor exponent (3.7) if X has no Brownian component, or 2 otherwise.
Furthermore, the collection (Ey)per, satisfies almost surely

2Bh—1 if he(1/28,1/8");

weo: dmgENV)< {—oo if he0,1/21U[1/f,+ool.
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The previous result in particular implies that dimy(E,NV) < dimy(E,NV) forallh € R,
where the last term is equal to the multifractal spectrum obtained by JAFFARD [94]. Therefore,
it proves that from a Hausdorff dimension point of view, the 2-microlocal frontier has “most
of the time” a classic and typical shape. Furthermore, Proposition 3.4 and Theorem 3.5 show
that the geometry of the collection (Eh)hem depends on the form of the Lévy measure, and
not only the Blumenthal-Getoor exponent.

As a corollary, it is interesting to study the dimension of the level sets of the 2-microlocal
frontier, defined by

E,y={t€R, :VYu' >s"; X,€Co" and Vu' <s'; X. ¢ Co"}.

Note that the case o = 0 corresponds to the collection (Ej )jcr, -

Corollary (3.3) Suppose X is a Lévy process. Then, with probability 1, for all o € [—1,0],

Bs  if s€[0,1/B);
YVeo; dimy(E,,NV)=11 if s=1/B;
—o0  otherwise,

wheres := o —s'. Moreover, for all s’ €R, Eqy = E_y and the set E,,  is empty when o > 0.

This corollary is direct generalisation of the multifractal spectrum as the latter corresponds
to o = 0. Interestingly, we observe that the unusual 2-microlocal behaviour described in
Theorem 3.1 with the collection ();E\h)hepLF disappears in this weaker result.

The fine geometric properties of the sample paths of Lévy processes happen to be useful
for the study of another class of processes: the linear fractional stable motion, defined by

X, = J [Cc—wff 7 = ()| M plaw),
R

where M, g is an a-stable random measure and H € (0, 1). Using a deterministic representa-
tion of this process and the predictability of the 2-microlocal frontier under fractional opera-
tors, we extend the previous results to the LFSM.

Théoréme (3.6) Suppose X is a linear fractional stable motion parametrised by o € [1,2) and
H €(0,1). Then, with probability 1, forallo € [H — i —1,H - i]

a(s—H)+1 if se [H—i,H];
—00

VVeo; dimy(E,,NV)= ,
’ otherwise.

wheres :== o —s'. Moreover, for all s €R, the set E, ; is empty when 0 > H — é

The first interesting point of this result is that the 2-microlocal formalism unifies in terms
of regularity the continuous H > 1/a and nowhere bounded H < 1/a cases, where in the
latter, trajectories happen to be distributions in 2’(R). Furthermore, when sample paths are
continuous, we can deduce the multifractal spectrum of the LEFSM. Hence, with probability 1,

a(h—H)+1 if he [H-21,H];

YV e o; dX(h,V)z{ ;
—00 otherwise.

Some of the results obtained in this chapter open some new interesting research perspectives,
in particular on the fine characterisation of the geometry of the sets (Ej )jer, -

Chapter 4 is not directly related to the 2-microlocal regularity of stochastic processes and is
interested in a slightly different subject. It aims to introduce and investigate a Markov property
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using the formalism of set-indexed processes. The latter provides a framework to define and
study processes indexed by a general collection of sets, which can represent for instance R or
a tree as well.

The set-indexed formalism is rather heavy to introduce, and thus, we will not discuss the
precise results here, and we refer directly to Chapter 4 for them. Nevertheless, it is possible
to give an insight of the motivations behind the introduction of the ¢ -Markov property. The
question of defining a well-defined Markov property is already a complicate problem in the
multiparameter setting. A large literature has investigated this problem during the 8os and
the early gos, especially for two-parameter processes. Among the different definitions, the
work of CAIROLI [39] is closely related to this chapter. In the latter, a process (X; ,); , is said to
be *-Markov if

PXsinerk ET1F ) =PXginern €T 1 X 6 Xowno X ek)s

foralls,t €Ry,all b,k > 0 and where Z, := o ({X,,;u <sorv < t}). This definition has
the advantage of being rather simple and is satisfied by a large class of two-parameter processes,
including the Brownian sheet. Nevertheless, its generalisation to the multiparameter setting is
not straightforward.

Another multiparameter approach is described in the work of KHOSHNEVISAN [100]. It
constitutes a direct extension of the one-parameter definition: a process (X t)teRﬁ is said to be
multiparameter-Markov if

Ve,heRls E[f (X)) Z 1 =E[f X)X, ],

where the filtration () ;cgy is assumed to satisfy E [E[Y|Z,] ) 7, ] =E[Y|Z,,,] forall

s,t € RY and any bounded random variable Y. Even though quite simple, this definition has
a major drawback: the Brownian sheet is not a multiparameter-Markov process.

The approach described in Chapter 4 aims to solve these two issues. The set-indexed for-
malism used is certainly more abstract than the multiparameter setting, but it allows to keep
sufficiently simple notations and to define a Markov property for a large class of processes.
The € -Markov property is introduced at the beginning of the chapter (Definition 4.2) and its
general properties are studied in the first section. In particular, we prove that a 6-Markov
process is entirely characterised by its initial distribution and its ¢ -transition system (Theo-
rem 4.2). Conversely, Theorem 4.3 shows that a canonical process can be constructed from
any probability measure and ¢ -Markov kernel.

Multiparameter processes are considered more deeply in the second part of this chapter.
In particular, we prove that the x-Markov definition is completely equivalent to the 6 -Markov
formalism for two-parameter processes. Furthermore, the classic multiparameter-Markov pro-
cesses also happen to satisfy the ¢ -Markov property. Finally, extending a classic result of the
theory of Markov processes, we prove that a multiparameter 6 -Markov process which satisfies
a Feller-type assumption almost surely has right-continuous sample paths.

In collaboration with E. HERBIN, we have studied in the third part of set-indexed Ornstein-
Uhlenbeck process. The latter is defined using the 6 -Markov property, introducing for this
purpose specific € -Markov transition probabilities which extend the well-known one-parameter
kernel. One of the interesting aspects of this process is to provide an example with correlated
increments for the 6-Markov property. Note that in the multiparameter setting, it has the
following integral representation

VeeRY; X, =e @ [X0+af e<“’“)qu},
(~00,t1\(~00,0]

where 0 > 0, a = (ay,...,0y) € RIX, W is a Brownian sheet and X, is a random variable
independent of W.
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Even though this chapter is not directly related to the study of sample path properties of
stochastic process, we think the formalism developed in it could be an interesting foundation
for the investigation of some geometric properties, in particular to extend the results presented
by KHOSHNEVISAN [100].
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1.1 Introduction

Sample path properties of stochastic processes are widely studied since the 1970s (see e.g. [175,
28,29, 151] as foundational works). This field of research is still very active and a non-exhaustive
list of authors and recent works includes Dalang [46], Khoshnevisan [105, 46], Lawler [115],
Mountford [20], Xiao [134, 105, 20], etc. Among the variety of measures of regularity, pointwise
and local Holder exponents are the most recurrent tools used in the literature. Nevertheless,
these two exponents (and as well the moduli of continuity) lack of stability under (pseudo-
)differential operators or multiplication by a power function, and therefore do not completely
characterize the local regularity of a function or a stochastic process at a given point.
Simple examples can illustrate these issues. Consider the deterministic “chirp” function

t — f(t) = |t — to|*sin(|t — to|F)

39
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where a, 3, t, are positive real numbers. As described in [60], this function has a non-trivial
regularity at t,. Indeed, its pointwise and local Holder exponents at t; (see Section 2 for
definitions) are equal to

_ a
g, =a and Ape = 178 A

Using notations from [166], Igf t— %Y) f(:(t —u)" ! f(u)du denotes f fractional integra-

tion of order y. Then, the pointwise and Holder exponents of I}, f at t, are known to be equal
to
S 4 m,
algf’to —a+m an algf’[o = m-i'}’

Similarly, the study of the local regularity of the function t — |t — t,|" f (t) leads to

_ d ~ _aty
Ue—tglrfry =&Y an Xe—tol"frto = 1+ 6
Hence, in both cases one can observe that the behaviour of local regularity of I f and |t —
tol” f(t) can not be completely deduced from pointwise and local Holder exponents of f (it
does not correspond to a simple translation of coeflicient y).

This deterministic example can be easily transposed into a stochastic context using mul-
tifractional Brownian motion, a Gaussian process introduced in [154] and [26] and applied
as a probabilistic model in different fields (e.g. [32] and [33]). This process, denoted X is
parametrized by a deterministic function H : R — (0, 1) and has interesting regularity prop-
erties. In the particular case of a so-called regularity function set to H(t) =a+ b - f(t) and
under some conditions on coefficients a and b, the regularity of X at t, almost surely satisfies

AxH ty = Af e, and AxH ry, = Af gy

proving that stochastic processes can also have non-trivial behaviours(see [76]).

These two different examples illustrate the fact that pointwise and local Holder exponents
are not sufficient to describe entirely the local regularity of a deterministic function or the sam-
ple paths of a stochastic process. In this context, 2-microlocal analysis is a tool that provides
a finer characterization. In particular, it allows to describe how pointwise and local expo-
nents evolve under the action of (pseudo-)differential operators and under multiplication by
power functions. If it has been first introduced in a deterministic frame (PDE precisely, see
[35]), a stochastic approach has been recently developed in [78]. This previous work exhibited
a Kolmogorov-like criterion which gives an almost surely lower bound for the 2-microlocal
frontier of a stochastic process. It also focused on the regularity of Gaussian processes at a
fixed point t, € R,. Thereby, the regularity of a Gaussian process X at any fixed t, is almost
surely characterized by its incremental variance E[X, — X,]2. In particular, when considering

the following Wiener integral X, = fot n(u)dw,, it implies that the regularity of its sample

t
paths is described by the behaviour of the deterministic function t — f 0 n*(u) du.
Given this result, a natural goal is to generalize the statement to any stochastic integral

t
VteR,; X, =J H,dM,,
0

where H is a progressive continuous process and M is a local continuous martingale. In fact,
we first prove in Theorem 1.6 a uniform result on continuous martingales which links up the
regularity of the process to the regularity of its quadratic variation. In the specific case of



1.2

1.2. PRELIMINARIES: CLASSIC 2-MICROLOCAL ANALYSIS 41

stochastic integrals, this 2-microlocal analysis result can be used to derive local behaviour of
sample paths from the regularity of the integrand and the integrator.

Through these theorems and Examples 1.2, 1.5 and 1.6, we show that local regularity of
martingales and stochastic integrals can vary along sample paths and may not be determinis-
tic. Similar behaviours have already been exhibited in the literature, from the slow points of
Brownian motion [152, 157] to more recent work on Lévy [94], multifractional [14] and Markov
processes [196, 21].

Using the 2-microlocal frontier of stochastic integrals, we finally describe how to obtain
regularity results for stochastic differential equations. In particular, if it is already known
that Holder regularity of the coefficients have an impact on the existence and uniqueness of
solutions (e.g. [145] in the case of SPDE), we establish for SDE that it also subtly affects the
local behaviour of the solution.

The paper is organized as follows: we start by a preliminary section which recalls properties
of the classic 2-microlocal frontier in Section 1.2. Section 1.3 introduces another deterministic
tool, the pseudo 2-microlocal frontier, closely related to the previous one. Our main result
on the 2-microlocal frontier of continuous martingales is proved in Section 1.4. Results con-
cerning stochastic integrals and stochastic differential equations are respectively developed in
Sections 1.5 and 1.6. Finally, some technical proofs of deterministic and intermediate results
are gathered in Appendix 1.7.

Preliminaries: Classic 2-microlocal analysis

The starting point of 2-microlocal analysis is the definition of specific functional spaces, called
2-microlocal spaces and denoted by C;) " where 0,5’ € R and to € Ris a given point. Actually,
as noted by HERBIN and LEvyY VEHEL [78], it is usually sufficient to focus the study on spaces
CE)’S/, where o € (0,1) ands’ €R.

Definition 1.1 A continuous function f belongs to Cg’s/ if there exist C > 0, p > O and a
polynomial P, such that for allu,v € B(tg, p),

|(F@) = Pw) = ((F ) = P.W)| < Clu—vI7 (lu—tol + v =) " (1)

As proved by ECHELARD [60], P, in fact corresponds to the Taylor expansion of f of order
lo —s']att, (if lo —s’| > 0, otherwise P, is set to 0).

In many situations, the study can even be restricted to spaces C,, < where (s',0) € Cop =
{(s’,0):0 €[0,1)and o—s’ € [0,1)}. In this case, P, = 0 and the previous characterization
simply becomes

Vv €B(to, ) If () — FO)I < Clu—v|7 (lu— tol + v = £5])

Note that the definition of 2-microlocal spaces when o ¢ (0, 1) is slightly more complex and
is given at the end of this section since it is little-used in this article.

The pointwise Holder exponent of a function f is characterized as the supremum of the
family of @ such that f belongs to C?. Likewise, the 2-microlocal frontier of f at t, is defined

as the map s’ — o (s') such that
Vs’ €R; Uf’to(s’) =sup{oc€eR:f e C;'O’s,}. (1.2)

We note equation 1.1 implies that C,) Scc o " when ¢’ < o, therefore showing the 2-microlocal
frontier exists and is well-defined.

It has been proved (see e.g. [60]) that the 2-microlocal frontier s’ — O'f’to(s’) satisfies
several interesting properties:
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o 0, (+)isaconcave and non-decreasing function;
fito
¢ 0y, () hasleft- and right-derivatives between 0 and 1.

Furthermore, if a;, and &g, respectively denote the pointwise and local Holder exponents
of f at ty, then

¢ af:fo = O'f:fo(o);

« as, =—inf{s": 04, (s) >0},

where the last equality holds under the assumption w(h) = O(log(h)). We use the conven-
tionay, = ocointhecase oy isstrictly positive. Let us also recall that several other regularity
exponents such as the chirp, weak and oscillation exponents introduced in [7] and [138] that
can be retrieved from the 2-microlocal frontier (see [60] for an exhaustive list).

As an example, we consider the Chirp function f : t — |t|*sin(] t|=P ) introduced previ-
ously. Its 2-microlocal frontier at t, = O (see Figure 1.1a) is

s'+a

Vs'€R; 0:o(s))= .
o) =g

Stochastic examples can also be exhibited. Indeed, let us simply consider the random process
X:t— Bt2 where B is a Brownian motion. Based on results from [78], we observe that X
almost surely has the following 2-microlocal frontier at t, =0

1
Vs'€R; oyxo(s)=(1+s)A o

o o
B I
e 1 70,0
.
,
,
.
.
4
.

’ _ . /

. a2 g op2(s ),'
,
,
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.
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-
.
,

s

1 0 1

2 2

(a) Chirp function f : x — xsin(x™1!) (b) Square of Brownian motion X : t — Bf

Figure 1.1: Examples of 2-microlocal frontiers at t, =0

These two examples clearly illustrate the fact that pointwise and local Holder exponents
are not sufficient to describe entirely the local regularity of a function, whereas the complete
characterization of the 2-microlocal frontier gives a wider and finer insight.

In particular, the knowledge of the 2-microlocal frontier allows to predict the evolution of
regularity if a (pseudo-)differential operator is applied to f. Let first recall the definition of the
Riemann-Liouville fractional integral of order a € R, for a continuous function f:

1 t
It f it mj (¢ —w* " fw)du,
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where x € R is a fixed point. For every a € Ry, the regularity of I, f satisfies
Vs’ €R; O oo (N=0s,)+a,

for all t; > x. Similarly, the function g, : t — |t — t,|"(f (t) — f(to)) has its 2-microlocal
frontier at t,, equal to
s’ 0, (=07, "+ a)

For the sake of completeness, we conclude this section with the definition of 2-microlocal
spaces when o ¢ (0,1). Forall ¢ < 0 and s’ € R, a continuous function f is said to belong to

Cg’S/ if there exist C > 0, p > 0 and a polynomial P such that for all u,v € B(ty, p)

(7, F @) = P) = (U7 f ) = POY)| < Clu= v (ju— gl + v = 6) ™, (13)

where x is a fixed point such that x < tyand m = —|o].

The characterization of 2-microlocal spaces given in Equations (1.1) and (1.3) has been first
introduced in [109] and then developed in [169, 60]. Equivalent definitions based Fourier [35]
or wavelet [93, 138] transforms have been studied in the literature. Finally, even though there
does not exist a time-domain characterization when o € N or s € N, it does not affect the re-
sults developed in this article since the 2-microlocal frontier is not sensitive to this singularity.

Pseudo 2-microlocal analysis

Owing to definitions (1.1) and (1.3), the simple polynomial function t — (t — to)*, k €N, has
a 2-microlocal frontier at t, equal to 400, on the contrary to the case k € R\ N. Intuitively, we
understand that 2-microlocal analysis does not take into account the polynomial component
of a function around t,. Nevertheless, it might sometimes be necessary and interesting to
consider the regularity of this factor. Indeed, if we simply consider a Brownian motion B, we
know that its quadratic variation is equal to (B), = t, and therefore, if we want to obtain a
result which links up the regularities of B and (B), we need a proper tool to characterize the
variations of (B).

The concept of pseudo 2-microlocal analysis introduced in this section has this purpose. The

first step consists in the definition of pseudo 2-microlocal spaces C st,os' and a pseudo 2-microlocal
frontier ¢ . which are similar to classic spaces C i;s/ and frontier o', but which also take into
account polynomials in the characterization of regularity. Then, properties of this particular
frontier are studied, and in particular Theorem 1.1 is able to link up classic and pseudo 2-
microlocal frontiers.

Pseudo 2-microlocal spaces and frontier

Definition 1.2 (Pseudo 2-microlocal spaces)

1. Let 0 € [0,400), s’ € Rand ty € R. A continuous function f is said to belong to gi’o’s' if
there exist C > 0 and p > 0 such that for allu,v € B(ty, p),

F () = O < Clu—v]° (Jlu—tol + v —to) .

2. Let 0 € (—00,0), s’ € Rand t, € R. A continuous function f is said to belong to Qfo’s/ if
there exist C > 0 and p > 0 such that for allu,v € B(tg, p),

|1 (F = F (e D@ = I (f = F(t)))] < Clu = v|"+™ (Ju = £ + v = £o])

wherem = —|0o|.
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We note this definition differs from the Characterizations (1.1) and (1.3) of 2-microlocal
spaces in the polynomial component which is subtracted in the classic case. Similarly to Equa-
tion (1.2), the pseudo 2-microlocal frontier % , is defined by

Vs'eR;, %, (s)= sup{a eER:f egff’}.

The idea of a pseudo 2-microlocal frontier has first been introduced by HERBIN and LEVY VEHEL
[78] in the particular case (s’,0) € 0. The definition above extends it to the whole 2-
microlocal domain.

Asa corollary, we also define the pseudo pointwise and local Holder exponents, which might
differ from classic ones.

Definition 1.3 Let f be continuous function and t, € R. Pseudo pointwise and local Holder
exponents of f at t are respectively defined as

| ORI
a;, =supja:limsup sup " <oo
sto p—0  u,veB(ty,p) P

and

~ . If () = f(W)I
@;, =supja:limsup sup ——————<oo.
o p—0  u,veB(ty,p) |u - Vl

These coefficients satisfy a, = — inf{s": %, (s") > 0} and a;, =2, (0

We observe that the definitions of the classic and pseudo 2-microlocal spaces coincide in-
side the domain o ;. Hence, if the graph of one of the frontiers belongs to o o, both frontiers
must coincide. For instance, sample paths of a Brownian motion B satisfy this condition, since
it has been proved in [78] that almost surely for all t € R,

Vs’ . N 1 / 1 / /
s'€R; o0p,(s)= §+s Ny = (s",0p,:(s) € 0.

Theorem 1.1 completely characterizes the relationship between the classic and pseudo 2-microlocal
frontiers.

Example 1.1 We now illustrate the previous concepts on a simple example: f : x — |x|%,
where a > 0. We prove that the pseudo 2-microlocal frontier of f at O is equal to

Vs'€R; Lso(s)=(a+s)AL

1. To obtain the lower bound, we use a simple result from [60]: there exist C > 0and p >0
such that for all u, v € B(0, p),

F@) = FOI < Clu = vl (Jul + )7,
which implies for every o € [0, 1],

lf @) = fOI=1f @~ fFOI7-If (@) = FOI'
< Clu=vI7 (lul + )7 (ul +v])
= Clu=v|7 (jul+ )™

Thus, for alls’ € [—a,1 — a], f belongs to Qg’s/ wheno < (s’ +a) Al
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2. On the other side, we note that for all u € R, |f(u) — £(0)] = [u|* = |u|*"'|u|™, and
therefore %« o(s") < a +s’. Furthermore, as f is differentiable, for all s’ €R, p > 0 and
€ > 0, we know that

HOR IO

7
u,veB(0,p) |u — V|1+8(|u| + |V|) ’

and therefore %7 o(s") < 1.

If we compare classic and pseudo 2-microlocal frontiers of x — |x|%, we notice that for all
/
s"eR

a+s’ ifaeR \N;

Taos)=(a+s)A1l and O uo(s) =
Ixj0(8) = ( ) Ixje0(s") too faeN

Therefore, it shows that the pseudo 2-microlocal frontier indeed takes into account polyno-
mials and does not make any distinction between integer and non-integers powers in terms
of regularity. Furthermore, this example also illustrates the fact that classic and pseudo 2-
microlocal frontiers do not coincide in general.

Remark 1.1 We recalled previously that there exist characterizations of 2-microlocal spaces

using wavelet (or Fourier) transform. Hence, we know from [93] that f belongs to C g) " ifand
only if

VjkeZst |to—k277|<1; |dj,| <C2777 (277 4+ |k277 - o)™,

where N > max(0,0 —s'), d;, = 2(f,(2x — k)), ¢ € #(R) has N vanishing moments

and is such that {wj)k =212 (27 x — k)}(j,k)ezz forms an orthonormal basis of L2(R).
Therefore, a natural question is to wonder if this characterization can be adapt to pseudo 2-

microlocal spaces. In fact, a simple calculation proves that if we replace the vanishing moments

hypothesis by
Vke{1,...,N}; (xk,)#0,

where as previously N > max(o, o —s’), then this definition becomes a characterization of
pseudo 2-microlocal spaces.

Properties

In this second part, we prove a few important results related to the pseudo 2-microlocal frontier
and which are useful later in the article. The following main theorem gives a general formula
which links up classic and pseudo 2-microlocal frontiers for continuous functions.

Theorem 1.1 Let f be a continuous function and t, be in R. We define py , as the integer
Pse, =inf{n>1 s F(to) exists and f ™M (t,) # 0},

with the usual convention inf{@} = +oo. Then, the pseudo 2-microlocal frontier of f at t; is
equal to

Vs'eR; %p, (s)=0s (YN +pr )AT,

unless f is locally constant at t,, which implies in that specific case:

Vs'e€R;, %, (s) =0y, (s) =+o0.
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We note that this result is consistent with our previous calculation of the pseudo frontier of
x = |x|* in Example 1.1. Furthermore, properties on the map s’ — %, . (s’) can be deduced
as a simple corollary.

Corollary 1.2 Similarly to the classic frontier, the pseudo 2-microlocal frontier of f at t, satisfies

o %, is a concave and non-decreasing function;
>t0

o X, has left and right derivatives between O and 1.

Using the previous theorem, we can also obtain a useful result which illustrates the be-
haviour of the pseudo 2-microlocal frontier under an integral operator.

Theorem 1.3 Let f be a continuous function and F be

Vt €R; F(t)=ff(s)ds.
0

Then, for all t, in R, the pseudo 2-microlocal frontier of F at t is equal to:

(1+5) A1 if £ (to) # 0;
Vs'€R;  Bp,, () =1 (T}, () +1) A1 iff(ty) =0 and is not locally constant,
+00 if f is locally equal to o at t,

For the sake of readability, technical proofs of Theorems 1.1 and 1.3 are given in Appendix
1.7.

To end this section, we establish a result on the pseudo 2-microlocal frontier of composed
functions, which is necessary in Section 1.4 to determine the regularity of martingales.

Proposition 1.4 Let f and g be two continuous functions and let h be the composition g o f.
Then, for every t € R, the pseudo 2-microlocal frontier %oy, ; of h at t satisfies the inequality

T (87 B pro)(sp) +55 - @p ) = By p1y(55) - T (57,
for alls} €[-a;,,+o0) andsé €[-a, ;) 0l
Proof. Lett €R, s} > -a;, and sig e [—gg,f(t),O]. For every & > 0, there exist C;,C, > 0
and p > O such for allu,v € B(t, p),

F (@) = O < Cplu—vZC2 (ju— e + [y — )™

and for all x, y € B(f(t), p)

1800) = g < Cylx — y[FeroC= (1x — F(6)] + |y — F(E)) .
Therefore, we obtain
|h(w) — h(v)|
=(gof)u)—(gofIV)
< Cylf (W) = FOFr0CD=2 (|f () = F(OI+ IF () = F(O) %

< C|u _ v|(Eg,f(r)(5/g)_€)(zf,t(s})_e)(|u _ t| + |V _ tl)—5}‘(Eg,f(t)(sg,)—5)—Sé'(gf,t—€)

>

since |f (u) — f ()| < C¢lu— t|%+"¢ and —s; > 0. Then, using the continuity of the pseudo
2-microlocal frontier, we get the expected inequality. O
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Using the previous proposition, we can obtain simpler inequalities, which nevertheless
might be less accurate with specific functions f and g.

Corollary 1.5 Let f and g be two continuous functions and let h be the composition g o f.
Then, for any x € R, the pseudo 2-microlocal frontier Ty . of h at x satisfies the inequalities:

Vs'2 —ay 5 Tpa(8) 2 @y o Tpa(s/ g fi),

and
Vs'>—ay, Ty Z 8 Ty po(s/a )

In particular, if we consider the pseudo pointwise and local Holder exponents, we obtain: and
thus, in particular of pseudo pointwise exponents:

Dpx ZRefi Gre W By 2 Ly
Proof. The first two inequalities are obtained using the previous Proposition 1.4 in the partic-

ular cases s; = 0 and s} = 0. The inequalities on pseudo exponents are deduced from the

. ’Z . r_
previous ones, when s’ = [ TR I ands’ = 0. O

Stochastic 2-microlocal analysis of martingales

In the remaining of the article, we study the 2-microlocal frontier of stochastic processes. As
noted in [78], when we consider a random process X, the classic oy (), (s’, ) and pseudo
Yx(w),t, (8> @) 2-microlocal frontiers at t , become random functions. The stochastic 2-microlocal
frontier (s', w) = Tx(w), (s', @) is clearly measurable as it is continuous on the variable s” and
the process X is progressive.

As previously announced, we first study in Theorem 1.6 the pseudo 2-microlocal frontier
of continuous martingales. We deduce from this result uniform lower bounds for semimartin-
gales in Proposition 1.8. Then, we construct an example of martingale to exhibit interesting
sample path properties. Finally, we prove how Theorem 1.6 can be easily extended to a time
changed multifractional Brownian motion.

2-microlocal frontier of continuous martingales

In this part, we study the regularity of continuous local martingales in order to obtain a re-
lationship between the pseudo 2-microlocal frontiers of the martingale on one hand and its
quadratic variation on the other hand. The following theorem states our main result.

Theorem 1.6 Let M be a continuous local martingale and (M) be its quadratic variation. Then,
with probability one, for all t € Ry, the pseudo 2-microlocal frontiers of M at t satisfies the
following equality:

> . A 1 /
Vs'>—ay Ty = EE(M“ (2s). (1.4)

Consequently, pseudo pointwise and local Holder exponents are equal to

a
=(M),t
gM,t = 2 and gM,t = 2

For the sake of readability, we divide the proof of expression (1.4) in two parts (lower and
upper bounds).
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Proof of the lower bound

Let us first prove that almost surely for all t € R, the pseudo 2-microlocal frontier of M at t
satisfies

1
Vs'Z —ay s By (s) 2 5 M) (257).

Without any restriction, we can suppose that My = 0. Letsetforall t € R, T, = inf{s : (M), >
t}. Then, according to tlle ei(tellded Dubins-Schwarz Theorem (5.1.7 in [161]), we know there
exists an enlargement (2, &, P) of the probability space (22, Zr,,P) and a Brownian motion

[DN’ on € such that the process

t
B, =My, +J 1o iy, 3B
0

is a (Z,), Brownian motion and for every t € R, M, = B(u),- We note that the enlargement
has the following form: 2 = Q x ', &, = Fr, ® F/and P=PQP.

Based on results from [78], it is known that P-almost surely for all t € R, the classic and
pseudo local Holder exponents of the Brownian motion B are equal to: QB,t =ag, = 1/2.
Then, as M corresponds to the composition of B and (M), from Corollary 1.5, we obtain that
P-almost surely for all t €R,,

- _ 1
V' 2 -y s D) 2 @y Dane (57/85,) = 5 Tane (25).

More precisely, there exists £, € Z such that P(Q,) = 1 and for all & € Q, and t € R, the
pseudo 2-microlocal frontier of M.(é&) at t satisfies

~ oL ~
V"2 (5, (@) Bua(s’ @) 2 S e (25,3).
Let w € Q, according to the definition of the enlargement £, we know that for all ¢’ € £/,
ZM,t(SI; (w, ") = ZM,t(S/: w) and E(M),t(s/: (w, )= Z(M),t(sl, ).

Therefore, the set 0 has the form Q, = Q, x Q' where Q, € . and P(Q,) = 1. Hence, we
have proved that P-almost surely forall t € Ry, 5y . (s') = 2715y, (257) foralls’ > —a,, ,.

Proof of the upper bound

The second step is to establish that almost surely for all t € R, the pseudo 2-microlocal
frontier of M at t satisfies

1
Vs'2—ay s Ty < PRRION: (257).

As previously, using Dubins-Schwarz Theorem, there exists a Brownian motion B such that
almost surely for all ¢t € Ry, we have M, = By, . Then, to prove the upper bound, we use the
following technical lemma satisfied by the Brownian motion B.

Lemma 1.1 Let B be a Brownian motion. Then, there exists an event Q such that P(Qy) =1
and for all w € Qy, N € N, € > 0, there exists h(w) > 0 such that for all p < h(w) and
t € [0,N], we have

sup {|B,—B,|} > p/?**e.
u,veB(t,p)
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This lemma is a corollary of a more general result proved on the multifractional Brownian
motion at the end of this section (see Proposition 1.10).

Therefore, let us set w € Qy, N € N and ¢ > 0. We denote by (M)" the increasing
process (M)N = (M), AN and M" the compound process M’ = Byyyv. According to the
definition of the pseudo 2-microlocal frontier, for s’ € R and t € R, there exist sequences

(sp(0))p, (£, (), such that

li =1 =
o) = I () =

and foralln €N,

[(M)Y — ()N

tl’l sT’l

(w)=1. (15)

|tn —Sn|E<M)N’r(SI)+8(|t _ tnl + |t _SnD—S/

Without any loss of generality, we can also suppose for all n € N that s,(w) < t,(w) and
|(M)]tv (w) — (M)iv(w)l < h(w), where the variable h(w) is defined in Lemma 1.1.
Then, since (M)"(w) < N, for each n € N there exists u,(w), v,(w) € [(M)Y,(M)N]

tn
such that Lo+
B, — B, | = |(M)Y — ()Y |7 (1.6)

ty Sn

Ast — (M),(w)is a continuous non-decreasing function, there exist x,(w), y,(w) such that
(M)¥ =, and (M) = v, and [x,, ¥,] C 50, £y]-
Then, using inequalities (1.5) and (1.6), we obtain

M3, — My | = |B., — B,

1/2+
> [(M)Y — ()Y [

Sn

> |tn _sn|(E<M>N’t(sl)+€)-(1/2+£)(lt _ tnl + |t _Sn|)_s '(1/2"‘5)‘
Let now distinguish the two different cases.

1. If s’ <0, we note that |x,, — y,| < s, — t,| and [t — x,| + |t — y,| < 2(|t — t,| + |t —s,]).
Hence, there exists C > 0 such that foralln €N,

Nte)- —s'-(1/2
MY — MY | > Clx,, — y, [ Foon CIA (1 — o | =y, [) 702,
since —s' - (1/2+¢) > 0 and (S () +€)-(1/2+€) > 0.

2. Ifs’ > 0, up to an extraction, we can suppose the following convergence

|tn_5n|
m - —=
n—00 |t_ tn|+|t_sn|

where m € [0, 1] since the sequence is positive and bounded by 1.
o Ifm=0,as [x,,y,] C [sy,t,], we obtain
(It = tul + 1t =sul) ~nmoo (It = xal + 16 = 3]).
Therefore, since we also have |x, — y,| < |s,, — t,,|, for all n € N large enough, we get
—s'(1/2+¢)

Mjfn - M;V\ >Clx, — yn|(2<M>N,[(s’)+a>-(1/z+s>(|t Cxy e y) ’

where C is a positive constant.
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o If m > 0, we know that |t,, —s,| ~, m- (|t — t,| + |t —s,|). Therefore, from (1.5),
there exists C > 0 such that for all n € N large enough

|<M>N N <M)£I} z C(|t —ty| 1t —Sn|)E<M)N,t(3')+€—s”

tn
which necessarily implies that X (s) = @ e T s’, according to Definition 1.3

for @,y ,. Then, for all n € N large enough, we obtain

MN

+e): —s"-(1/2+¢)

N M| 2 [t — s, [t IO (e e -5, ) J2te

> Clt, — s, |G r+e=s)1/2+e)

_— n n

= C|tn — snl(g(M)N,(+E)'(1/2+5)

> C|x, — y,|@uwN . Fer(1/2+e) 25 @y +2>0

=Clx, — yn|(£<M)Ny[+£—s’)~(1/2+8) e, — ynrs,_(l/zﬂ)

> C|Xn - yn|(Z(M>N,t(s/)+3)'(1/2+5)(|t _ xn| + |t _ yn|)—s"(1/2+€)’
since —s’ < 0and |x, — y,| < ([t — x| + [t — y,|)-

To summarize, in each case, we have proved that for all s’ > —a,, , there exists C > 0 such
that for all n € N large enough,

MY — MY | 2 Claty = | B CHCE (¢ — e [ =y, )2

>

which proves that forall N €N, ¢ > 0 and s” € [-a,, , 0], with probability one

VteRy; Ty, (s (1/24¢€) < (Spyv () +¢)-(1/2+¢).
We observe that for all w € Qg and t € Ry, there exists Ny(w) such that for all N > Ny(w),
Vs'eR;  Tyw () =y (s) and Sy (8) =B ().
Therefore, as N — 400, we obtain with probability one
VteR,; Iy, (s"-(1/24€) < Epn (N +e)-(1/2+¢).

Then, using a sequence (&,),en Which converges to zero and s” € Q (sufficient as the pseudo
2-microlocal frontier is continuous), we get the expected inequality. With probability one and
forall t € Ry, Ty (s) <2718y (257) foralls’ > —a,, ..

O

Remark 1.2 In this context of martingales, one could imagine to introduce a more general
definition of the 2-microlocal frontier where the Euclidean metric is replaced by other distance
onR,. In particular, we could choose the random metric dy;y (x, y) = [(M), — (M), | (which

is in fact a pseudo-metric) and characterize the pseudo 2-microlocal local frontier Zj}f:’g of the
martingale M with respect to this metric. Using Dubins-Schwarz, we can prove show that we
would obtain: .

Vs'e[-3,0]; Zyh(s) =3+
However, on the contrary to Theorem 1.6, this expression of the 2-microlocal frontier of M
does not capture all the regularity of M with respect the Euclidean metric.

Theorem 1.6 characterizes the regularity of a martingale M in terms of pseudo 2-microlocal
frontier. In the following corollary, we extend this property to the 2-microlocal frontier of M.
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Corollary 1.7 Suppose M is a continuous local martingale and (M) denotes its quadratic vari-
ation. Then, with probability one, for all t € R, M satisfies

1
Vs’ > —Qpyes GM,t(S/) = EM,t(s/) = EZ(M),t (25/) .

In particular, the pointwise and local Hélder exponents of M and (M) satisfy almost surely

Lim),e
2

Lim),e

VteRy; oay.,=a,,=

B

and Oy =@y, =

Proof. According to Theorem 1.1, we know that almost surely for all t € R, when M is not
locally constant at t,

Vs'eR; () =0y (IAE +pu )AL,

where py, = inf{n > 1 : M®(t) exists and M (t) # 0}, with the usual convention
inf{@} = +o0.

Owing to Theorem 1.6, we know that with probability one, 2y, , < 1forall t € R,. Hence,
it is sufficient to prove that p); . = 0o to obtain the expected equality between the classic and
pseuo 2-microlocal frontiers of the martingale. Similarly to the proof of Theorem 1.1, up to an
enlargement argument, there exists a Brownian motion such that almost surely for all t €R,
M t = B (M),

DVORETZKY, ERDOs, and KAKUTANTI [59] have proved that with probability one, the Brow-
nian motion has no increasing point, i.e. for all x € R, there does no exist § > 0 such that

max B,=B,= min B,.
x—6<u<x X<usx+6

As a consequence, for any x € R, there exists a decreasing (or increasing) sequence x,, — x
such that B, = B,.

Let us set w € Q and t € R,. Owing to the previous remark on the Brownian motion,
there exists t, — t such that M, = M, for all n € N. Suppose there exists k € N \ {0} such

that MU (t) exists. Then, we note that
M, — M,
MO(t)(w) = lim ———(w) =0.
n—oo t. —t

Hence, by induction, if the previous equality holds for any i € {1,...,k — 1}, we necessarily
have

MB(t)(w) = lim u(a)) =0

n=eo (L, — ) '
Therefore, with probability and for all t € R, we have proved that pj; , = 0o, implying using
Theorem 1.1 that oy (s") = 5y (s”) forall s > —ay, . O

To end this section, we establish a lower bound for the pseudo 2-microlocal frontier of
semimartingales.

Proposition 1.8 Suppose X = M + A is a continuous semimartingale, where M is a local
continuous martingale and A is a continuous finite variation process. Then, with probability one,
forall t € Ry, the pseudo 2-microlocal frontier of X at t satisfies

Vs’ > Ty s ZX,t(sl) > Z:M,t(S/) A ZA,:(S/)~

Furthermore, when t € R, ands’ > —a,, , are such that X satisfies one of these two conditions
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1 gy (87) # By (51

2. Ais locally monotonic at t,

then the equality Loy (s") = X (s") A E(s") holds.

Proof. Lett €R,,s" > —ay  and 0 < Xy () ATy (). According to the definition of the

pseudo 2-microlocal frontier, we know that M and A belong to C' f’sl. Therefore, X =M +A€
€%, which proves that Tx (s >0, forallo < Ty (s AT, (s).

Let now consider the two cases where the equality holds.

1. If 2y (s) > 5, ,(s"). Let suppose Ty (s") > Zy; (s") AE4,(s"), then there exists o such
that £, ,(s") < 0, 2y ,(s") > 0 and Ty ,(s") > 0. Therefore, M and X belong to co,
and A =X — M as well. But this is in contradiction with the inequality %, ,(s") < o, and
therefore we must have

ZX,I(S/) = ZM,t(S/) ATy (s).

The case Xy (s") < 5, () is treated similarly.

2. Leto > %y (s") AZ,,(s"). To prove the equality, we must find sequences (s,,), and (t,),
which converges to t and such that

o
VTIEN; IXsn_th|Z|Sn_tn|0(|t_sn|+|t_tn|) S;

Without any loss of generality, let us suppose A is locally increasing. Then, according to
the proof of Theorem 1.6 (and Lemma 1.1), we can find such sequences for M and which
satisfy foralln €N, s, < t, and M, < M, . Then, if we consider increments of X, we get

X, =X, =M, —M; +A, —A
=M, — M, as A is locally increasing,

_s/

= |sn - tn|a(|t _Sn| + |t - tnl)

This inequality proves that X ¢ C f’sl for all o > %y ,(s") A £4,(s"), and therefore that
Tx,o(8) =y, () A Eyp (8

O

To end this section, we present a few examples of martingales where the regularity can be
entirely determined. To begin with, we note that the Brownian motion is a simple martingale
which has a deterministic 2-microlocal frontier

as.VteR,,Vs'eR; o0p,(s)=%5,(s)= (% +s’) A %,
as initially proved by HERBIN and LEvY VEHEL [78] (and confirmed by Theorem 1.6).

In the following, we exhibit stochastic processes which have more eccentric regularity. In
particular, we construct martingales with a non-deterministic 2-microlocal frontier, which
shows that the range of possible behaviours is different than the Gaussian case detailed in [78].
The constructions of the specific quadratic variations are detailed in Appendix 1.7.2.

In this first example, we prove that there exist martingales with a non-trivial 2-microlocal
frontier, similar to the “chirp” regularity.
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Example 1.2 In Lemma 1.5 is exhibited a continuous non-decreasing function g, such that

at a given t,
s'+1
Vs'>-1; B, ()=| —= | AL
@ 1 —logy(a)

where a is a parameter in (0, 1).

Based on this deterministic function, we construct a martingale. Let 8 be a Brownian
motion and U a uniform variable on [0, 1] independent of 3. We easily verify that (gy(t))er,
is time change for the Brownian motion 8 and therefore, we set the following martingale

Vt€R+ Mt:ﬁgu(t)‘

Then, using Theorem 1.6 and Corollary 1.7, we obtain the 2-microlocal frontier of M:

/ 1, / 1 / S/ + % 1
Vs 2_5’ O-M,tO(S)ZEZ(M),tO(zs)Z ng(l]) /\E,
since (M), = gy (t).
Similarly, we can also consider the time change (g (27) (t)) . It can be easily checked

teR,
that it satisfies the necessary hypotheses, and therefore, in this case the 2-microlocal frontier

of the martingale is equal to

1 42 1
Ve'>-1 o s)=-=-% 2= —2— | A=,
= M,to( ) 2 (M),to( ) (1+|Mt0| 2

Therefore, on the contrary to results presented in [78] on Gaussian processes, at a fixed t,
there exist martingales with a random and non trivial 2-microlocal frontier which can even
depend on the values of the martingale itself. We note that stochastic processes with such
regularity properties are called self-regulating processes and have already been exhibited in
the literature (e.g. [61] and [21]).

The main drawback of the previous example is that the martingale only has an interesting
behaviour at a given t, and everywhere else, the 2-microlocal frontier is equal to % + s’ or
+00. Therefore, we construct in the next example an interesting martingale which is constant
almost everywhere and has a particular and self-regulated 2-microlocal frontier elsewhere.
This example is based on the construction described in Lemma 1.6.

Example 1.3 There exists a continuous martingale (M, (w))efo,1] and a closed Cantor-like
random set E(w) such that for all w € Q and t € [0, 1], the measure of E(w) is null and the
regularity of M satisfies

1. ift ¢ E(w), M is locally constant at t, and therefore
Vs'eR; oy (s)(w)=Hoo0.

2. ift € E(w), M has the following 2-microlocal frontier

/ . 4 = ! ! -
VSER; o (@) = (s * 2(a+|Mt(0))|)) gECEITATH) )

where a > 1 is a fixed parameter.

The construction of this martingale is detailed in Lemmas 1.6 and 1.7.

Even if the 2-microlocal frontier obtained in this example is more classic, we notice that
M has an interesting regularity on the whole interval [0, 1] since at every point t where M is
not locally constant (t € E(w)), it has a self-regulated behaviour.
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Finally, we also observe that the structure of martingales does not allow to extend this
kind of particular regularity to all points on the trajectory. Indeed, a simple consequence of
Theorem 1.6 and the monotonicity of the quadratic variation is that almost surely, for almost
allt eR,

1

~ o0 if M is locally constant at t;
Ay =
2

otherwise.

Therefore, a martingale displays almost everywhere the same regularity as Brownian motion.

Time changed multifractional Brownian motion

Theorem 1.6 involves the %—Hélder regularity of Brownian motion. It is a natural question
to investigate the case of more general processes whose local regularities can be prescribed.
Among these, fractional and multifractional Brownian motions, which are natural extensions
of Brownian motion, are well-known examples.

Both are Gaussian processes, respectively introduced in [125] and [26], [154]. In this work,
we will always consider a multifractional Brownian motion (mBm), with Hurst function H :
R — (0, 1), which has the following form:

1
X =— (t— u)H(r)—l/z _ (_u)H(t)—l/Z aw,,
CrHMO+) L[ ¥ + ]

even though it has been proved in [172] that the general mBm has a more complex structure. In
the case H = %, we obtain a classic Brownian motion. The Holder regularity of this process has
been widely studied in the literature (see e.g. [154], [10], [14], [76] for sample paths regularity
and [134], [37] for local time properties). Therefore, we know that Holder exponents of X at t
only depend on H(t) and the regularity of H at t.

Throughout, we will always assume that the Hurst function H satisfies the assumption #:

H is a 3-Hoélder continuous function such that V¢t € R, H(t) < 5. (#)

Let us recall the 2-microlocal frontier of the 5#-mBm obtained in [78].

Proposition 1.9 Let X be a multifractional Brownian motion whose Hurst function H satisfies
the hypothesis #3,. Then, with probability one, for all t € R, classic and pseudo 2-microlocal
frontier are equal to

Vs'€R; o0y, (s)=%x,(s)=(s"+H(t)) AH(t).
In particular, we have oy , = dx , = H(t).

Proof. The proof in [78] only concerns the classic 2-microlocal frontier with s” € [—H(t), 0].
The equality can be easily extended to every s’ < 0 since we know the 2-microlocal frontier
must be concave and have left- and right-derivatives in the interval [0, 1].

Furthermore, using Theorem 1.1, since X is nowhere differentiable, we know that Xy , =
0x. A1 Finally, if s > 0, using Lemma 1.4, we obtain the equality Xy .(s") = H(t) as the
function H is continuous, and also oy ,(s") = H(t) as a consequence. O

‘We now prove a technical result, related to mBm’s increments, which is used to extend our
main theorem to a time changed mBm.

Lemma 1.2 Suppose X is an Hiy-multifractional Brownian motion. Then, almost surely for all
p € Nand e > 0, there exists N(w) € N such that:
H"+e

Vn>N(w), Vi€ 0,...,2"7 =1}, Ju,v e [t ™, 1 X, —X,|>pn'
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where foralli,n €N, p, =27", tf") =i27" and Hi(") = SUP, [ 0 H(u).

Proof. As noted previously, we use the following integral representation of the mBm:

H(t) 1/2 (_u)H(tH/z] aw
—+ u

F(H(t)+ 1) J
= C(H(t))f K(u,t,H(t)) dw,,.

Let £ > 0 and p € N. For every N € N, we consider the following event Ay:

(n)
av= ) {Bwvele® 1:x-xl=p 7,

n>N 0<i<2m+p

We fixn > N andi € {0,...,27 — 1}. We denote At, = p *¢ and m = 2" | and we divide

(), ¢

the interval [ i

ke{o,..., m}
Let us then consider the events

m

H™ e
B = ({1 <ot}

k=1
We estimate an upper bound for IP(Ei(n)),

m
HV+
P(Ei(n)) :P(ﬂ {lX“k Xy, | <pn' 8})

k=1

m—1
=E 1 n [1 o ‘ Wo,x<u,_ H
[l_[ i, X, 1|<pn() 1L {x,-x I mot

Kuy_y 1<Pn'
Let consider the last term
P(lX - |<pn |Wx’x<um 1)

_]P’({C(H(um))f (1, — ) 124w, 4, | < phl e

‘Wx,x Sum_l),

] in m smaller intervals [uy, ug4q] such that u, ., = u, + At,, for all

Upy

where Ym = f—oo ' [C (H(um))K (u: U, H(um)) -C (H(umfl))K (u’ Un—1, H(umfl)) :l qu
We note that Y, is o {W,, x <u,,_, }-measurable, whereas the stochastic integral on the

interval [u,,_;,up,] is independent of o {W,,x <u,,_;}. PFurthermore, this last term is a

centered Gaussian random variable with the following variance:

Up, 2
02 = CHE) |y~ 1y = SO

)ZH(um)
2H(u,) '

n
Up—1

Therefore, we obtain the inequality

H e 1 o (u—Y,)
]P(|Xum _Xum,1| < Pn } W , X = Um— 1) = ., P| — zm
OpV2m J_ i 20,
)
2 pp
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Using previous expressions, we get (where K is positive constant)

HV+ HP+
2 py 6_ 2y/H(u,) py' )

J2r O VTC(H(uy,)) A¢hm

24/H(up,) H("’ ~Hup He=H) o ne(1-b}4K
~ VAC(Huy) " ’

as H and C are continuous, H(u,,,) < H i(“) and H(t) € [a, b] forall t € R,. Thus, by induction
onk € {1,...,m}, we have

m

H(n)+ _ _ _ _ ne__
]P’(El.(")) ZP(H {|Xuk —x, | <p e}) < pl=ne(l=b}+Em < o(-ne(1-b)+K)(2"~1)
k=1

Therefore, we obtain:

(n)
P(Vu,ve [e™, "] x, X, <pnt )

n (Y’I) ne
(A Ry ) P

k=1

Finally, if we consider the event Ay:

PAY) =P (U U {Vuve Q) t(n“)] X —X,| < H(")+g})

n>N 0<i<2m+p
am
< Z Z P(Vu,ve [tf"),tfnﬂ)] DX, — X, < pnt +€)
n=N 0<i<2"tP

< Z o(—ne(1=b)+K)(2" ~1)+n+p < RN

n=>N
Therefore, using Borel-Cantelli Lemma on (A}, )yen, we prove the expected result. O

Proposition 1.10 Suppose X is an 5 -multifractional Brownian motion. Then, with proba-
bility one, for any T > 0 and all € > 0, there exists h(w) > 0 such that for all p < h(w) and
te[0,T],

sup {IXu —XVI} > pHlote,
u,veB(t,p)

Proof. Let T > 0 and & > O, there exists p € N such that T < 2P. Using notations from

Lemma 1.2, we consider h(w) = 27V Then, for every p < h(w) and t € [0, T], there exist

n,k € N such that 27D < p <27 and [k270D (k +1)27(HD] C [t — p, t + p].
Then, from Lemma 1.2, there exist u, v € [k2~ "D, (k 4 1)27(+D] such that

|Xu _Xv| > o~ (n+1)(Hpy1+28)

As H is uniformly continuous on the interval [0, T], h(w) can be chosen small enough such
that foralln,k €N,n > N, Hy , — H(t) < ¢ for every t € [k27", (k+1)27"].
Therefore, we have

|Xu _XV| Z K2—n(Hk,n+1+35) 2 KPH(t)+8,

which proves the result. O
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Remark 1.3 Results similar to Proposition 1.10 have previously been obtained in the litera-
ture, using technics based on the study of local times. Thereby, inequality (8.8.26) in [2] is
equivalent to our result in the particular case of fractional Brownian motion.
Furthermore, Theorem 3.6 in [13] states that for all 6 > 0, € > 0,
|X t X u |

liminf inf sup ———— >0 as,
p—0 te[SJ]uGB(t,p) pH+£

where H = max, (5,1 H(t). This last property is slightly weaker than our result since Propo-
sition 1.10 is equivalent to
|X t X u |

liminf inf sup ————— >0 as. foralle>0.
p—0 te[O,l]ueB(fp) pH(t)+€ as. lora

We finally present the main result of this section, which gives the classic 2-microlocal
frontier of a time changed multifractional Brownian motion. As the proof is not modified
compare to the martingale specific case, we only recall the major steps. The proof of the
first side inequality does not change at all, we only use the uniform regularity of the mBm
recalled previously in Proposition 1.9. The converse inequality is also shown similarly, using
Proposition 1.10 proved below.

Theorem 1.11 Suppose X is an 5¢y-multifractional Brownian motion and U is a continuous
positive process. We denote by Z the compound process:

VteRy; Z,=Xy,.

Then, with probability one, for all t € Ry, the pseudo 2-microlocal frontier of Z at t verifies the
following equality:

S/
Vs'>—a,,; %,,()=HU,)-= — .
Z,t Z,t t U,t H(Ut)

Consequently, with probability one, the pseudo pointwise and local Holder exponents satisfy:
VteR,; a,, =H(U,)-a,, and a,,=H(U) a;,.

Remark 1.4 Properties of time changed fractional Brownian motions have already been stud-
ied in the literature. It has first appeared in [122] because of its particular multifractal prop-
erties. The multifractal spectra is obtained in [162] using similar technics to the ones used in
Theorem 1.11.

2-microlocal frontier of stochastic integrals

As stated in the introduction, we want to extend the characterization of the Wiener integral’s
regularity obtained in [78]. The latter result applies to any Wiener integral X which has the

following form: X, = f Ot n(u)dW,, where 7 is an L2-deterministic function. Then, according
to Theorem 4.12 in [78], for all t, € R, the pseudo 2-microlocal frontier of X at t,, is almost
surely given by

1
vs'e [_gX,t’O]; Zx:to(s/) - Ezfo n?(w)du,t, (25/)'

In this section, we will consider the extension of this equality to stochastic integrals X, =

t
fo H,dM,,, where M isa continuous local martingale and H is a continuous progressive stochas-
tic process. Here, the process H is supposed to be continuous to avoid technical problems on
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the definition of its 2-microlocal frontier, but this assumption might be weakened if one wants
to consider a larger class of integrands.

We begin by expressing an equality which is a straight forward consequence of our previous
analysis of the regularity of martingales.

Theorem 1.12 Suppose {X,; t € R, } is a stochastic integral defined by
t
VteR,; X, = f H,dM,,
0

where M is a continuous local martingale and H is a continuous progressive stochastic process.
Then, with probability one, for all t € R, the pseudo 2-microlocal frontier of X at t is equal to

1
Vs'>—ay 5 Tx ()= 3 2 [ 2t (25).

Proof. This result is a simple application of Theorem 1.6, using the well-known equality

. t
Vt €R,; (f HudMu)t=J H2d(M),.
0 0

O

Theorem 1.12 is obviously an improvement of the result stated on the Wiener integral.
Firstly, we obtain an equality for any stochastic integral with respect to a continuous local
martingale. Furthermore, a more subtle enhancement lies in the fact that the Theorem 1.12
gives a uniform almost sure result, i.e. "almost surely for all t € R, ”, whereas the original one
is not. We present at the end of this section an example where the difference between these
two kind of results appears.

The remaining of this section is devoted to the characterization of the pseudo 2-microlocal
frontier of stochastic integral using the regularities of both the martingale M and the integrand
H. We begin with a technical lemma related to the regularity of the quadratic variation.

Lemma 1.3 The pseudo 2-microlocal frontier of the increasing process A = fo HZ2d(M); satisfies,
forallweQandt €R,,

(i) if H(w) # 0,

Vs’ > Q5 EA,t(SI) = E(M),t(sl);

(i) ifH(w) =0,
Vs’ > —Q,; Tac(s) > Z(M>,t(sl + ZQH,t),

where a; , denotes the pseudo pointwise exponent of H at t.
Proof.

1. Since H is continuous and H, # 0, there exist C;, C,, p > 0 such that for all u € B(t, p),
we have C; < |H,|? < C,. Therefore, we observe that for allu < v € B(t, p),

Cil(M), — (M), | < f Hfd(Mk—f H2d(M),| < C,[(M), — (M),],
0 0

Based on the definition of the pseudo 2-microlocal frontier, these two inequalities prove
the first point.
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2. When H, = 0, we observe that for all s’ > —a

e and € > 0, there exists C > 0 and
© > O such that forallu <v € B(t, p),

f H?d(M), — f HXd(M),| = J (H, — H.)*d(M),
0 0 u

v
Scf s — e[2ened (),
u

<cC (<M>v - <Mu>) (lu — t| + |V _ tl)ZEH,z—s
< C|ll — VIZW)J(S/)_EUH _ t| + IV _ tl)_S/+22H'[_8

which proves that %, ,(s" — 2@, , +€) > Ly (s") — . Hence, when £ — 0, the expected
inequality is obtained using the continuity of the pseudo 2-microlocal frontier.

O

We can now derive a general lower bound for the pseudo 2-microlocal frontier of a stochas-
tic integral with respect to a continuous local martingale.

Theorem 1.13 Suppose {X,; t € R, } is the stochastic integral defined by
t
VteR,; X = J H,dM,,
0

where M is a continuous local martingale and H is a continuous progressive stochastic process.
Then, there exists an event Q such that P(Qq) = 1 and for all w € Qy and t € R, the
pseudo 2-microlocal frontier of the stochastic integral X satisfies

1 ifH,(w) #0,

Vs’ > &y s ZX,r(S/) = EM,t(S/)§

2. ifH(w) =0,
VS/ 2 _gX’f; 2X,[(S/) = ZM,[(S/ +gH,f))

where @, , is the pseudo pointwise exponent of H at t.
Proof.
1. When H,(w) # 0, Lemma 1.3 leads to

1 1
Ly . —
Vs’ > —=2 Ezfo'Hde)u,c(z‘s/) = EE(M),t(ZS/)-
Hence, the application of Theorem 1.6 allows to obtain the expected equality.
2. In the other case, H,(w) # 0, the same Lemma 1.3 implies

Q15 2y, ¢ 1

1
VS'Z — T SR an, (25) 2 5 T (254 2ay, ),

which also induces the expected inequality, using Theorem 1.6.
O

Theorem 1.13 can be improved in the case of a stochastic integral with respect to Brownian
motion since in this case, the integral with respect to the quadratic variation is reduced to a
classic Lebesgue integral.
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Theorem 1.14 Suppose {X,;t € R, } is a stochastic integral defined by
t
VteR,; X, =f H,dB,,
0

where B is a Brownian motion and H is a continuous progressive stochastic process.
Then, there exists an event Q such that P(Qy) = 1 and for all w € Qg and t € R, the
pseudo 2-microlocal frontier of the stochastic integral X satisfies
1. ifH(w) #0,
1 1
Vs'eR; o0x,.(s)=0p,()= (5 +s’) Ao

2. ifH(w) =0,

1 X (25") 1
Vs’ > Qx5 Ux,c(sl) = ZX,t(S/) = (E IT A 5’

unless H is locally equal to zero at t, which induces in that case: oy , = 0o.

Proof.

1. To obtain the first equality, we use the previous Theorem 1.13, since we know that almost

surely forall t €R,,
1

Vs'eR; op,(s)= 1+s’ A—.
’ 2 2

The formula is extended to all s’ < —% using properties of the pseudo 2-microlocal frontier
(concavity and derivatives in [0, 1]) proved in Corollary 1.2.
2. When H,(w) = 0, we observe that if H is locally equal to zero, we obtain oy , = oo.

In the opposite case, from Theorem 1.1, the pseudo 2-microlocal frontier of the integral

satisfies
Vs’ e R; Zf‘szs [(S/) — (1 + ZHz,t(S/)) Al
0 s

Hence, Theorem 1.6 yields the expected formula.

O

Remark 1.5 There is no contradiction between the second point from Theorems 1.13 and 1.14.
Indeed, we know that for all t € R, such that H,(w) =0,

Vs'€R; Ty (s +2a, )= (1+s"+2a, )AL

Furthermore, for all s" < —2a,, ,, still using properties of the pseudo 2-microlocal frontier

from Corollary 1.2, we obtain
ZHz,t(S/) > 5/ + ZQH t>

which proves the expected inequality for all s’ € R

ZHz,t(ZS/)

, 1 1 1 , 1 ,
ZX,t(s): §+T /\E > §+S +gH,t /\EZZB’[(S +gH,t)‘

As an application, we consider two examples of stochastic integral whose 2-microlocal
frontier can be completely determined.
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Example 1.4 Let us consider an Ornstein-Uhlenbeck process X. It admits the following
representation:

t
VteR,; X, =Xge %' +u(1-e%) +J 0e%6-9dB,,
0

where 0 > 0, 4 and o > 0 are parameters and B is a Brownian motion.
Then, almost surely for all t € R, classic and pseudo 2-microlocal frontiers of X are equal
to

Vs’ . A A 1 / 1
SER; Oy, (s) =Ty, (s) = £+s /\E’

. . ~ 1
and in particular ay , = @y, = 5.

This result is a consequence of Theorem 1.14 and the strict positivity of the exponential

function. Therefore, the stochastic integral f Ot 0% dB; has almost surely the following pseudo
2-microlocal frontier, for all t € R

1

1
VS/GR; Efo'aeesst,t(s/): (E +s/) /\E.

Furthermore, as t — e~ % is a positive C® function, we can easily see that other terms in

the expression do not modify the regularity. Finally, Corollary 1.7 extends the equality to the
classic 2-microlocal frontier.

Remark 1.6 Asthe Ornstein-Uhlenbeck process is a Gaussian process, the 2-microlocal fron-
tier can be directly obtained using techniques and results introduced by HERBIN and LEvy
VEHEL [78]. Another way to get this result is to note that Lamperti transform of Brownian
motion does not modify the regularity.

The second example illustrates the impact of integrand’s regularity on the 2-microlocal
frontier of the integral.

Example 1.5 Let B be a Brownian motion and X an J,-multifractional Brownian motion
adapted to B filtration. We consider the following stochastic integral:

t
VteR,; Z = f X, dB,.
0

Then, with probability one, for all t € R, classic and pseudo 2-microlocal frontier of this
integral satisfy:

1. if X, (w)#0,

Vs’ . N _ A 1 / 1
s'€R; 0z,(8)=27,()= E+s /\5,

and in particular a, , = d,, = L;

2’
2. if X, (w)=0,
/ / / 1 / 1
Vs'€R; 07,()=%,()= E+H(t)+s /\E,

and in particular ay , = % +H(t)and dy , = %
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(a) if X,(w) # 0 (b) if X,(w) =0

Figure 1.2: 2-microlocal frontier of f (;Xsst att

These two frontiers are depicted in Figures 1.2a and 1.2b.
Before proving these results, we first note that the stochastic integral is well-defined, as for
allt eRy:

t t
E U (XS)st] =J C(H(s))s*®)ds < oo.
0 0
According to Theorem 1.14, we only have to characterize the pseudo 2-microlocal frontier
Z(x),¢ in the case X, (w) = 0.
1. For the lower bound, the frontier of X is known to be equal to
Vs'€R; Zx.(s) = (H(t)+s") AH(L).
Therefore, for all s > —H(t) and ¢ > 0, there exist p > 0 and C > 0 such that for all
u,v € B(t, p),
|X3 _X3| = |Xu _Xv| : |Xu +Xv|
< Clu — y|HORMHOe (|e —y| e —v) ™ - (|6 —ul + |t — v]) O
— C|u _ vl(ZH(t)+§’)AH(t)—e(|t _ u| + |t _ vl)—s”’—s’
where § =s’ — H(t) > —2H(t). Hence, it proves that for all s’ > —2H(t),

Vs’ > —2H(t); Ty, (s) > (2H(t)+5") AH(2).

2. To obtain the upper bound, we note that Lemma 1.4 implies that Xy , < H(t).

Then, for all ¢ > 0O, there exists a sequence (u,), such that for alln € N, [X,, —X,| >
|u, — t[F¢ Thus, foralln € N, we also obtain |X? —X2| = X, —X,|* > [u,—t|*H(O+2¢,
which proves that '

Vs’ > —2H(t); By, (s") <2H(t) +5'.

Therefore, we have obtained the equality Ly, (s) = (2H(t) +s') AH(t) for all s € R,
where the extension to all s’ < —2H(t) is once more obtained using properties of the pseudo
2-microlocal frontier (concavity and derivatives between 0 and 1).

Hence, for all s’ > —a, ,, we get

1 Xy (23/) 1 1 1
Zz,t(S/)Z (54'% /\5 = (5 +H(t)+5/) /\5.
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The same properties allow to extend this equality to all s € R. Finally, Corollary 1.7 is applied
to get the 2-microlocal frontier.

Remark 1.7 In the case X is a fractional Brownian motion, the multifractal spectrum of the
integral can also be deduced. Indeed, the pointwise exponent a; , of Z can only take two
values: 1/2 and 1/2+ H. Furthermore, it has been proved in the literature that the Hausdorff
dimension of the zeros of a fBm is equal to 1 — H. Hence, we are able to determine the
multifractal spectrum:

1-H if h= % +H;
dz(h) :=dimy{t€R, 1a,, =h} =11 if h=2;
—00 otherwise.

Note the spectrum of singularities is degenerated, and therefore quite different from the spec-
trum of Lévy processes (see e.g. [94]).

Remark 1.8 Example 1.5 also shows that there is a main difference between uniform results
"a.s. Vt € R,” and simpler ones "Vt € R, a.s. Indeed, we know that for all t € R, almost
surely X, # 0. Therefore, for all t € R, the 2-microlocal frontier of the stochastic integral is
almost surely equal to

Vs'eR; o ()= 1—1—5/ /\1,
fOXSdBS,t 2 2

which is obviously a less precise characterization of the regularity.

Application to stochastic differential equations

Stochastic differential equations (SDE) are often used as a mathematical model of natural phe-
nomenons which present a random behaviour. Local regularity constitutes an interesting in-
dicator to verify how “correctly” a model fits observable data. In this section, we present a
method to obtain the 2-microlocal frontier (or at least a lower bound for the local regularity)
of SDE solutions.

To simplify our statement and the expressions, we focus on homogeneous diffusions which
have the following form:

dX, = a(X,)dB, + b(X,)dt,

where a and b are continuous functions with respective pseudo pointwise Holder exponents
a, anda; atx€R

We assume the existence of a solution X to this SDE. Owing to Theorem 1.14, there exists an
event 2, such that P(2,) = 1 and for all w € Qy and t € R, the pseudo 2-microlocal frontier
of X and thus the local regularity is completely determined. Similarly to the aforementioned
result, we have to distinguish different cases, as illustrated by Equations (1.7), (1.8), (1.9) and
(1.10) on the pseudo 2-microlocal frontier Xy ,.

1. If a(X,(w)) # 0, Theorem 1.14 directly implies

/ / 1 / 1
Vs'eR; Zx.()=|=-+s|A=. (1.7)
’ 2 2
2. Ifa(X,(w)) = 0, but is not locally equal to zero, and b(X,(w)) # 0, the stochastic integral
f o A(X,)dB; satisfies

1 X (25 1
/ . a*(X.),t
Vs’ €R; Zf(;ﬂ(XS)st,t(S/) = (_2 + —2 ) A
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Furthermore, using Theorem 1.3, as b(X,(w)) # 0 and s — b(X,(w)) is continuous, we
have
Vs’ €R; [ b, ds (=041
o b(X,)ds,

These two expressions lead to

1 Z (2s") 1
Vs'eR; g .(s)= (5 + aZ(X+) AL +s)A 5

and, in particular,

N

Vs’ . N < / 1 N <
s’ €R; Ex,r(s)—(1+5)/\§ and oy, (s) <

We can easily check that @ oy ), > 2@, ¢ @y .. Thus, we get the following inequality for
the negative part of the pseudo frontier:

V'S —@pi) s Tew.s) 2 2a, y ay  +5.

Using the previous inequalities, we obtain:
v / . 5 N> 1 / 1 / 1
s' €R; x.c(8") = E+ga’X[gX’t+s A( +s)/\£,

and, in particular
1
gX,f Z (E +ga,thX,t) A 1.

é) A 1, which leads to the following estimate of the
2(1-a, X¢ )+

Therefore, we have @, , > (

pseudo frontier of X
Vs’ €R; ;+s’ /\(1+s’)/\1<2 (s’)<(1+s’)/\1 (1.8)
3 2(1 _ga,Xt)+ 2 = 'X,t — 2 .
In particular, we note that when @,y > %, we get

7% . "N _ / 1
s' €R; Z]X’t(s)—(1+s)/\£.

. Ifa(X,(w)) = 0, but is not locally equal to zero, and b(X,(w)) = 0, we similarly obtain
1 2:az(X.),t(zsl) 1
Vs'eR; Xy, (s)= (E + T) A (1 + Z:b(X.),z(S/)) A bR

as b(X,(w)) = 0 and using the translation property of the pseudo frontier. This inequality
leads to

Vs'€R; Iy, (s) = 1y +s" | A(1+ +5)As
S > xS )= 5 Xy x, %%, TS ( Qyx, Xy 5) 2

and in particular

1
a2 (5 +ga,XrgX,t) A(1 +gb,XrgX,t)'
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Therefore, if @, x, < lora, x, < 1, we obtain:

1 1
a, = A 5
=t (2(1_2(1,)([)-!—) ((1_217,)([)-!—)
which leads to

Vs'€R; Iy, (s) > (;+s’) A (;+s’) /\l. (1.9)
’ 2(1 _aa’xt)-q— (1_gb,xr)+ 2

Inthe case @,y > 1and @,y > 1, the previous inequalities imply that &, , = 400 and

Ox,:=Xix,= %
4. Finally, if a(X.(w)) is locally equal to zero at t, we locally obtain a classic differential equa-
tion dX, = b(X,)dt. Similarly to previous calculations, we get the following inequality:

Vs'eR; Zg,.(s) = ( +s’) Al (1.10)

(I—apx)s

We note in the previous results that a self-regulating aspect appears in the regularity of dif-
fusions, since the 2-microlocal frontier at t can depend on the value of a(X,(w)) and b(X,(w)).
The behaviour is also illustrated in the following two Examples 1.6 and 1.7.

For the sake of readability, we have only considered homogeneous diffusions. But, results
could be easily extended to non-homogeneous diffusions dX, = a(t,X,, w)dB,+b(t,X,, w)dt.
In this case, lower bounds obtained would depend on the stochastic Holder exponents of a and
b along the two directions, i.e. (ga(_’xt),t,ga(t’_)’xr)(w) and (gb(,,xt),t,gb(t’.),xt)(a)).

More generally, we can see that the previous methodology can be extended to any kind
of stochastic differential equation to get, at least, a lower bound for the local regularity of its
solution.

To end this section, we apply theses techniques to obtain the exact regularity in two differ-
ent examples of SDE. In the first one, we characterize the 2-microlocal frontier of the square
of 5-dimensional Bessel processes, which generalizes the result on t — B? described in the
introduction.

Example 1.6 We know that for every & > 0 and x > 0, there exists a unique strong continu-
ous solution to the following equation (see [161]): Z, = x+2 f Ot v/ Z,dB, 4+ ot, which is called

the square of 6-dimensional Bessel process started at x (BES Q%(x)).
Hence, for every 6 > 0 and x > 0, with probability one, for all t € R, the 2-microlocal
frontier of the BESQ®(x) Z satisfies

1. IfZ,(w)#0,
/ / / 1 / 1
Vs"eR; 07,()=%z,()= E+s /\5,

and in particular a; , = a; , = %

2. If Z,(w) = 0O, the pseudo frontier satisfies the equation

1 2,025 1
Yz, (s) = (5 + —Z’tz A1+s)A 3’

which has a unique solution,
1
Vs'eR; 0,,(5)=%;,6)=(1+s)A >

and in particular a; , = land @ , = %
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These equalities are simple consequences of the previous results on diffusions. Indeed,
since a, , = % when x = 0, Equations (1.7) and (1.8) prove the equality on the pseudo frontier.

To obtain the classic 2-microlocal frontier, we can apply Corollary 1.7 on the stochastic
integral fot \/Z df3; and note that according to Definition 1.1, the frontier is not modified when
a polynomial component (i.e. 6t) is added.

Remark 1.9 Asproved in [161], if § > 2, the set {0} is transient and therefore, almost surely
for any t € R, the 2-microlocal frontier is equal to

/ / / 1 / 1
Vs'€R; 07,(8)=%;,(s)= 3 +s | A >
On the contrary, if 6 < 2, we know that {0} is recurrent, and the distinctions between Z,(w) #
0 and Z,(w) = 0 is necessary.

Example 1.7 Inthe second example, we obtain the 2-microlocal frontier of the Heston model.

This model has been introduced in [84] to describe the price of an asset which has a stochastic

volatility and therefore, it consists of two correlated SDE. The interesting point in this model

is that the regularity of the asset S depends on the value of the volatility v, as proved below.
In the Heston model, S and v are solutions of the following system of equations:

dS, = S, + yv;S,dw}
dv, = k(0 — v, )dt + & /v AW/,

where u, k, 0 and £ are deterministic positive parameters and (WtS , W) isa Brownian motion
where W% and W" may be dependent.

Then, there exists an event £, such that P(Q;) = 1 and for all w € Qy and t € R, 2-
microlocal frontiers of S and v at t are given by

1. ifv,(w) #0,

Vs’ . N N 1 / 1,
s'eR; o5,(s)=0,,()= §+s AE’

2. ifv,(w) =0,
1
Vs'eR; 05,()=0,,6)=(1+s)A 5>

We obtain the 2-microlocal frontier of v similarly to the previous example. Then, if we consider
S, as it is stricly positive, ,/v;S, = 0 if and only if v, = 0. Therefore, in this case we obtain the
equation

1 =, ,.(25) 1
B, (s) = (5 + —”2 AL+s")A >

which leads to the expected solution.

Remark 1.10 According to [5], if the parameters satisfy the inequality 26 > &2, then the
process v is almost surely positive. Therefore, similarly to square of Bessel processes, the result
is simplified in that case as v, = 0 almost surely never happens.

These two examples show that it is possible to get an exact result, more precise than lower
bounds obtained at the beginning of the section, when the expressions of functions a and b
are explicit and when we are able to characterize the regularity of compositions aoX and boX.

Another point illustrated by these examples and the previous results on diffusions is that
the regularity of the solutions of these SDE are almost everywhere equal to % + 5" and change
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only at exceptional points (e.g. zeros of BESQ®). Even when these equations are driven by mar-
tingales other than the Brownian motion, owing to Theorems 1.6 and 1.13, interesting regulari-
ties are still exceptional. Nevertheless, many natural phenomenons have a regularity different
from % (see e.g. [69]), and thus can not be represented by these classic diffusions. Therefore,
an interesting next step would be to extend our work to stochastic differential equations driven
by fractional (and multifractional) Brownian motion (see e.g. [148]), in order to determine the
possibilities it brings in term of regularity.

Proofs of technical results

Appendices gather some deterministic and technical results which are used along the article.

Pseudo 2-microlocal analysis

Propositions and theorems related to pseudo 2-microlocal spaces and frontier are proved in
this appendix. The first result is an extension of a well-known property on local Holder ex-
ponents: values of the local exponent around a point ty have an influence on the pseudo 2-
microlocal frontier of f at t,.

Lemma 1.4 Let f be a continuous function and t, be in R. Then, the pseudo 2-microlocal
frontier at t satisfies:

Vs'eR;, X V< liminf &
S > f,to(s ) — u—>t0,u75[0_f’u,

where & is the pseudo local Holder exponent of f at u.
Proof. Let t, be in R. There exists a sequence (i, ),eny Which converges to t, and such that

lima, = liminf a, :=a,.
ren &, = AR Gpy 1= o

According to the definition of the pseudo local Holder exponent, we know that for all ¢ > 0,

p>0andn€N,
[f @) —FO)|
——— =4+
u,veB(u,,p) |u — V|gf:“n te

We use this equality to prove the upper bound on the pseudo 2-microlocal frontier.
Let first note that when s’ > 0, for allu, v € B(u,, p),

1
(lu—tol +1v - t0|)_S

7 2 (2luy = tol =2p) > |u, = tof,

when p is small enough. Therefore, according to the first equation, for alln € N, s’ > 0 and
p,e>0

[f) - f )]
p — = +o0o,
wveB(uyp) [t — v|%m ™ (Ju — to| + v — to])
which leads to
u)— v
sup [f) - f )] e

uveB(to.2lu,—tol) [u — V& (Ju — to| + |v — t0|)_s/

proving the expected inequality as lim,,_, | o, éf,un =a,.

The case s’ < 0 is treated similarly, using the inequality (Ju — to| + [v — t0|)s/ > 1 when
|u,, — to] and p are sufficiently small. O
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We know prove Theorem 1.1 which links up the pseudo 2-microlocal frontier to the classic
one in the following way:

Vs'€R; Ty, () =07, VA +pry )AL,
unless f is locally constant at t.

Proof of Theorem 1.1. Let first note that in the particular case f is locally constant at t,, we
easily observe that both classic and pseudo 2-microlocal frontiers are equal to +o00. Therefore,
we suppose from now that f is not locally constant.

1. Let first prove the following inequality %, (s") < 1 for all s” € R. We proceed by contra-
diction: if there exist ¢ > 0 and s” € R such that % (s) > 1+ 2¢, then, there exist p > 0
and C > O such that

Vu,v € B(to,p);  If (@)= FOII < Clu = v (Ju—tol + v — o)~
In particular, for each k € N¥, there exists C; > 0 such that
Vuvelto+2,to+p1s  If (@~ FOWI< Celu—vI**,

proving that f is differentiable with null derivatives on the interval [t, + %, to+p]. Asit
is satisfies for every k € N* and f is continuous at tg, it must be constant on the interval
[ty — P, to + p], which is in contradiction with the assumption of f not locally constant.

2. Let now show the inequality
Vs'e€R;, ;. () =05 IAG +pse )AL,

wherep, . =inf{n>1: F™(¢,) exists and £ ™(t,) # 0}.

Let s’ € R and let first assume that %3¢, (s") > O (the general case is explained at the end
of the proof). Forall o < o, (s"), there exist p > 0 and a polynomial P such that for all
u,v € B(tO;p))

|(f () = PW) = (F (V) = P(M)| < lu = v|° (lu — tol + v — to]) ™.
It has been observed in [60] that P can be chosen as the Taylor expansion of f at t,

N

P(u) =Y a(u—to).

k=0
Furthermore, it is also proved in [60] that for each k € N* and all s’ € R,
|(u — ) —(v— fo)k‘ < Clu— V|(k+5/)A1(|u —tol +1v— foD_S/,

in the neighbourhood of t,.

Then, according to the definition of p; , , we observe that necessarily a; = 0 for each k €
{1,...,ps¢, — 1}. Therefore, there exist p > 0 and C > 0 such that for all u,v € B(t,, p),

IP(u) = P(v)] < Clu — v[®ro M (ju — o] + v — o) ™.

Finally, we obtain that for all u, v € B(ty, p),
If () = fW)] < |(f(w) = Pw) = (F (v) = P(1))| + [P(w) — P(v)]
<Clu- v|(”\(f’fﬁo+5/)’\1 (lu—tol+ v — tol)_s/,

which proves the expected inequality.
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3. Let finally show the converse inequality
Vs'€R;, %y, ()< 0p (VA +pp )AL

The boundedness %, (s") < 1 has already been proved. Lets’ € R with %y (s") > 0.

Let first suppose that o, (s") > (5" + py,, ). Then, the function f and the polynomial P
are such that
(fW)-PW)-(F) - P(V))
limsup sup =0.
=0 uyeB(top) |u— vI"HPrro (Ju — to| + v — to|)

Furthermore, we know from [60] that

u—t )Pf,ro _ (V —t Pr.to
limsup sup I 0 il > 0.
p—0  uveB(to,p) [t — v[¥ P (Ju — to] + v — to]) ™

Since a,, 75 0 and a; = 0 for each k < p;, , we have

|P(w) — P(v)|
limsup sup >0,
pP—0  uveB(to,0) [u— V|° +Pfﬁ0(|u—t0|+lv—to|)

which implies

If (W) = fO)l

limsup sup >0,
p—0  uveB(to.p) |t — v[*Pro (lu— to| + v — to|)

and thus 3¢, (s") < (s" +pg, ) =0 (SIA (" +pgy,). Thecase op, (s") < (s"+pyy,)
is treated similarly.

Finally, let suppose o, (s") =’ + ps, . As P corresponds to the Taylor expansion of f
at to and for each k < pg, , a, =0, we have

i W) f@) = f(to)

1m
u=ty (U — to)Preo u=to (y — tO)szo‘H (u—ty)~ s/

=a, #£0,

proving that 3¢, (s') < (s" + py., ).

4. Wehaveproved that ¥¢ , (s) = o7, (s")A(s'+pg,, )AL foralls’ € Rsuch that &, (s") >
0.

Let k € N*and s” € R such that 3¢ (s') € [~k, —k + 1]. According to Definitions 1.3
and 1.2, we observe that both pseudo and classic 2-microlocal frontiers are defined using
increments of the k'" integration of f at to: I fo (f). Based on this remark, we can adapt

the previous reasoning to every I fo (f), k €N, therefore proving the equality for all s’ € R.
O

We end this section with the proof of Theorem 1.3 related to the behaviour of the pseudo
2-microlocal frontier when a function is integrated.

Proof of Theorem 1.3. Recall that the function F is defined by F(t) = fot f(s)ds. If f islocally
equal to O at t, F is clearly constant in some neighbourhood of t,, and therefore, the frontiers
of f and F are both equal to +oo0.
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1. Then, let consider the case f(ty) # 0. Without any loss of generality, we can suppose
f(ty) > 0. Since f is continuous, there exist p, C;, C, > 0 such that for allu, v € B(t, p),

Cilu—v| <|F(v) — F(u)| < Cylu —v|.
F locally behaves like the function x — x, and thus has the following pseudo frontier:
g, () =(1+s)Alforalls’eR.

2. Finally, let suppose f (ty) = 0, but is not locally equal to 0.

We know that the classic 2-microlocal frontier of F satisfies o, = 0, + 1. Further-
more, as f is continuous, F’ = f and therefore, as F'(t,) = 0, the exponent py, defined
previously is simply equal to ps .+ 1.

Theorem 1.1 implies for all s €R,
Zf,to(s') = O'f,to(s') A (s +ppe, TAL
Therefore, we obtain
Tpe,(5) = 0p (S)A(S +pp,to+1) AL
= (07, (SV+1) A + s, +2)A2A1
= ((af,to(s') A(S"+ppe, F1AL) + 1) Al
= (Zf () +1) AL

1.7.2 Examples of martingales

Examples 1.2 and 1.3 describe martingales with a particular local regularity. This section de-
tails the construction of the quadratic variation which leads to these interesting 2-microlocal
frontiers.

Lemma 1.5 There exists a deterministic non-decreasing function f, which has the following
pseudo 2-microlocal frontier at O

s'+1
Vs'>—-1; = N=| ———— | A1
s = B fa,O(s ) (1 _ logz(a)) )

log(a)
log(2)”

where a € [0,1] andlog,(a) =

Proof. The construction of this example is similar to Cantor’s function. Beginning with the
identity f; : x — X, we iterate the construction using the following process. Let first choose a
parameter a € [0, 1]. At each step N, the function fy_; is equal to the identity on the interval
[o, QLN] Then, fy is obtained by modifying fy_; on this interval as described in figure 1.3.

The sequence (fy)yen uniformly converges to a continuous function f since it satisfies a
Cauchy criterion

V,p €N; lfosp = falloo =277

Let now describe the pseudo 2-microlocal frontier of this function f at 0.
1. We first consider one-side inequality,

s+1
Vs'>—-1: % N<| ——— | AL
$2Th Pl s (1—log2(a))
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Figure 1.3: Function fy obtained on the interval [0, ZLN].

As usually when one wants to obtain an upper bound for a regularity exponent, specific
sequences (s,)qen and (t,),en are constructed to capture the irregularity of the function.

More precisely, let t, = 27" and s, = t,, — (%)nﬂ. Then, for everyn €N, o € [0,1] and
s’ > —1, we have

If (s,) = f(t,)| =27 (D) = o~ D)A+) o' (n+1)
s’ , oy i
= |tn —5n| Tlogy(a) . 98 (1+1) > Cltn _sn| T-logy(a) (ltnl + |sn|) s )

which shows this first inequality.

2. Let now prove the converse inequality. Lets’ > —1 and 0 < ( sl ) A 1. Then, we
1-log,(a)
have to show that there exist p > 0 and C > 0 such that

Vu,v €B(0,p); |f (W) —FOI < Clu—v| (lul + [v]) .

Let first observe that for all u € R, , we have f (u) < u.

Letu <v € [0,1] and m € N such that 27" <y <27™ We distinguish two different
cases.

o Ifu < 272 then 27(m*2) < |y — y| < 27"~V Therefore for all s’ > —1, we
obtain

f@—-fMI<sf+fH)
< 2—(m—1) — 2—(m—1)(1+s’) i 25’(m—1)

<Clu- v|1+s/(|u| + Ivl)_s/ < Clu—v|?(Jul + |v|)_5/,
. s'+1 /
since o < (ng(a)) Al<1+4+s"and|u—v|€[0,1].

o Ifu > 2™+ For sake of simplicity, we suppose u > 2~("*1) (the general case is as
simple, but longer to argue). Then, according to the construction of the function f,,,
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we observe that

lf @~ fON=1f @) = fFON - 1f (@) = FOI'?

< (ju=vla ™) (F@+ M)

< Ju— v[72 D s) (jy| 4 y[) 17

< Clu—v|° (Ju] + v]) 777 oel®)

< Clu=vI” (Jul + ),

since —s' <1 — o0 + olog,(a).
Based on these different cases, we obtain the inequality
s'+1
Vs'>—1; g o(s) > (ng(a)) Al,

which concludes the proof.
We note that the pointwise Holder a;, exponent does not depend on a and is always
1

1-log,(@)’
of @ = 1, the function is simply the identity and a;, = 1 and on the contrary, when a = 0,

Therefore in the case

equal to 1, whereas the local Holder exponent @y is equal to

g = 0and the function f has jumps at every zi (but is still continuous at 0). O

Lemma 1.6 Let H : R — (0, y] be a continuous function such that y < % Then, there exists
a deterministic increasing function f : [0,1] — R and a null-measure closed set E, f is locally
constant on E€ and for all x, € E, the 2-microlocal frontier of f at x is equal to

1 -1
Vs’ e R; N=x N = /I .
SER O (8) = r () ( logz(H(f(Xo)))) N oz (HGF (x0)))

Proof. We first describe the construction of the function f. Let H : R — (0, y] be a continuous
function such that y < % and let f; : x — x be the identity on [0, 1]. Then we construct by
induction a sequence of functions (f;,) ey Which converges. We define x, = 0 and y, = 0.
Then, by induction, we consider for every (¢, = 0, &, ,&,) € {0,1}""! the following
construction:

aeo---sn = H(yso---en) leov--sn = aso-"sn leo---sn_l H

Xsou-sno = xsomen xeou-enl = Xeou-sn + (1 - a50~~en)l£0~~~sn,1;
— _ —(n+1)

ysomeno - yso'--en ysou-snl - yso-nen +2 .

The following figure 1.4 illustrates this construction of the function f,, and the associated closed
set E,.
We define the closed set E as the intersection of the collection (E, ) en:

E=()E,

neN

and the function f as the uniform limit of the sequence (f;,),en> Which is a Cauchy sequence
asforall n, || foq — fullee < 277,
We may first note that the set E has a null-measure. Indeed, for every n € N, E,, satisfies
the following inequality:
AE) < AE) < 27" ——0,
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Figure 1.4: Function f,,, obtained on the interval [X;, ... ,X¢ ..c, t Leje,_, ]

Let now establish the 2-microlocal frontier o, of f at every x € [0,1]. We first note
that for every x € E, there exists € > 0 such that f is constant on the interval [x — &, x + £].
Therefore, in these case, the 2-microlocal frontier corresponds to

Vx €ES,Vs'€R; 0, (s") = +o0.

From now, let consider x € E and show that the 2-microlocal frontier of f at this point

satisfies
1

~ log, (H(f (x)))

According to the construction of f, for every x € E there exists a sequence (&, )pen € {0, 1}V
such that

Vs'<0; os,.()=5

00

X = E Eip1Qe, Xee, " afo"'%’fl(l - a€0"‘€i)'
i=0

Based on this representation, the corresponding value f(x) is

00

fl)= Z g27"

i=0
1. Let first obtain a lower bound for the 2-microlocal frontier.
Let xo € E, p > 0 and x, y € B(xq, p) N E which are represented by the sequences (&),

and (&) ),. We note N be the first n € N such that & # . Without any restriction and to
simplify the calculus, we can suppose that Vn > N, €2 = 0. Then, we have

o0
FE) = fFI =D er2
i=N
S K2—N =K6_N10g(2).

We know that limy_, @ = H(f (x)) uniformly, therefore

€0'"EN

. log(ag, .. g e, )
lim
N—+o00 N

= log (H(f (x0)))
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Let € > 0, then p can be chosen small enough such that

log(a,, .- Qe ,)
N

_IOg(H(f(xo))) <eg,

which leads to the inequality

log(ag, ... Agysy )
) oz (H(f (xo)))

Nlog(2) > a

Let f = —1 , then we obtain
P=1 g @ ) 1082 (HU (o))

e

FE)—FOI =) er2

i=N
<K27V

B
= K(aso Agoe, " a€0~-8N_1)
o0 B
=K |: Z Eip1 Qg Aepe, " aSo"'Ei—l(l - aé‘o"'é‘i)i|

i=N-1

=Kl|x - ylP.
Therefore, for every s’ < 0, we get

F ()= FOI < Klx = y 1P <Kl = y [P+ (Ix = xo + |y = x0l) ™"
As this inequality holds for every & > 0, we obtain the expected lower bound

1
~ log, (H(f(x0)))”

Vs'<0; oy ()25

2. Conversely, let now consider x, € E and the corresponding representation (&,,),en. Then,
for everyn €N, let x,, and y, be x, = x, . oand y, =X, .0+l .-

We know that |f (y,,) — f (x,)| = 27D for every n € N and x, € [x,, ¥,,]. Therefore,
[t, — s, = |t, — xo| + Is, — x|, and for all s’ < 0 and o €(0,1)

| ( f () = £ () )
Og 75/
|xn _ynla(|tn - X0| + |sn - XOD

1 (|f(}'n) _f(xn)l)
|xn - ynl(r—s
= —(n+1)log(2) — (0 —s")log(l,, )
= —(n+1)log(2) — (0 —s")(log(a, ) +--- +log(a, ... )
1
—— (log(a, )+ -+ log(ago...gn))}
~ —(n+1) [log(2) + (0 —s")log(f (H(x)))]

— +00,
n—oo

=—(n+1) |:10g(2) + (o —s")

1

lfO' > Sl _——.
log, (H(f (x,)))
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Therefore, we have proved that for every x, € E, classic and pseudo 2-microlocal frontier at
X, are equal to

1 -1
Vs’ €R; O'X(s’)zzx(s’)=(s’— )/\ ,
" fo log, (H(f (x))) )~ logy (H(f (x)))
where the upper bound for s’ > 0 is obtained using Lemma 1.4 and the continuity of functions
Hand f. O

Based on the previous deterministic lemma, we can detail the construction of the martin-
gale in example 1.3.

Lemma 1.7 There exists a continuous martingale (M, (w))[o,1] and a Cantor-like closed ran-
dom set E(w) such that for all w € Q and t € [0,1], the measure of E(w) is null and the
regularity of M satisfies

1. ift ¢ E(w), then M is locally constant at t, and therefore

Vs'eR; oy (s)(w) =Hoo0.

2. ift € E(w), then M has the following 2-microlocal frontier

/ . / =(s ! _
VSER o (@) = (5 * 2(a+|Mt(w)|)) N @ F M’

where a > 1 is a fixed parameter.

Proof. Let 8 be a Brownian motion and a > 1. For every w € £, we consider the function
H :x — 27(@*PD_ Ag described in the previous Lemma 1.6, we construct the corresponding
function f (t, w) and random set E(w). We have proved f (-, ) has the following 2-microlocal
frontier at t € E(w)

1 1
Vs'eR; o7,(s)=%;,(sN)=|s+ A ,
ot ft a+1Brew)( @ ) at 1B (@

since log, (H(f (¢, ))) = log, (2 1Auo@) = a + By, ().
From the construction algorithm used in the previous lemma, we can verify that for all
t € [0,1], f(t,.) is a bounded f3-stopping time, and therefore the following process M is a
martingale:
Vo e, Vte[0,1]; M(w) =B w(w).

Then, using Theorem 1.6 and the regularity properties of the function f, we obtain the expected
2-microlocal frontier. O
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2.1 Introduction

The multifractional Brownian motion (mBm) has been independently introduced by PELTIER
and LEvyY VEHEL [154] and BENASSI, JAFFARD, and ROUX [26] as a natural extension of the
well-known fractional Brownian motion (fBm). The main idea behind these two works was to
drop the stationary assumption on the process, and thus allow the Hurst exponent to change as
time passes. In this way, the mBm is parametrized by a function t — H(t), usually continuous,
and happens to be an interesting stochastic model for non-stationary phenomena (e.g. signal
processing, traffic on internet, terrain modelling, ...).

Since its introduction, several authors have investigated sample path properties of the
mBm. For instance, BENASSI, JAFFARD, and Roux [26] and PELTIER and LEVY VEHEL [154]
have respectively studied the law of iterated logarithm and the Holder regularity of its trajecto-
ries. The latter has also determined the Hausdorff dimension of the graph. Moreover, the fine
covariance structure have been analysed and refined by AvacHE, CoHEN, and LEvy VEHEL
[10], HERBIN [76] and STOEV and TAQQU [172]. Finally, the local time and the Hausdorft di-
mension of level sets have recently been considered by Bouroussi, Dozzi, and GUERBAZ [37].
Several multiparameter extensions, which generalise the classic Lévy fractional Brownian mo-
tion and fractional Brownian sheet, have also been introduced and investigated by HERBIN
[76] MEERSCHAERT, WU, and X140 [134] and AYACHE, SHIEH, and X140 [13].

Fine geometric properties obtained in the aforementioned works usually rely on a key

7
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assumption on the behaviour of the Hurst function:
H is a 3-Holder continuous function such that Vt € R, H(t) < f3. (H)

Due to this hypothesis, the study of the 5,-mBm is usually easier and leads to results closely
related to the counterparts on fractional Brownian motion. This behaviour of the mBm is due
to its covariance structure which, under %, is locally equivalent to one of fBm with Hurst
parameter H(t):

Yu,v€B(t,p); E[X,—X,)?*]=u— V[2HO,

for any t R\ {0}.

The study of the general multifractional Brownian motion, i.e. when the assumption 74,
does not hold any more, has only been considered by HERBIN [76] and AvacHE [8]. They have
both investigated the Holder regularity of sample paths, and more precisely the pointwise and
local Holder exponents, which are defined by

. |Xu _XVI
Vt€R; ay,=supja:limsup sup ——— <00 (2.1)
p—0  u,veB(t,p) P
and
~ . |Xu - Xv|
VteR; ay,=supja:limsup sup ————- <oor. (2.2)
p—0 u,veB(t,p) |u - Vl

These two exponents aim to characterise the local Holder regularity of the trajectory around
t, by comparing its oscillations to a power of respectively p or |u — v|. For instance, it is
known that the fractional Brownian motion B satisfies with probability one and for all t €R,
agn, = agn, =H.

The general form of the Holder regularity of the multifractional Brownian motion has first
been obtained by HERBIN [76], who proved that for all t > 0

aX’[ e H(t) A aH’t and aX’t — H(t) A aH’t a.s. (2.3)

We note that the previous result only holds for a fixed t > 0, and thus not uniformly on
the sample paths. We also observe that the geometric properties of a common mBm are not
simply an extension of those on fBm, but display a much more complicated structure where
the fine properties of the Hurst function intervene. AYACHE [8] has recently extended this
study, obtaining a uniform characterisation of the local Holder exponent and proving that its
pointwise exponent can behave randomly as time passes. Throughout, we will described as
irregular multifractional Brownian motion the resulting process whose sample path properties
are unusual and unexpected.

The aim of this work is therefore to push further the study of the irregular mBm. In Sec-
tion 2.2, we first discuss the existence of an alternative deterministic representation of the frac-
tional Brownian field, which will then be used to study more precisely the geometric properties
of the mBm. Section 2.3 is devoted to the 2-microlocal and Holder regularity of the trajecto-
ries, thus extends the results obtained by HERBIN [76] and AvacHE [8]. Hausdorff and Box
dimensions of the graph and images of fractal sets are investigated in Section 2.4, exhibiting
further connections with the geometry of the Hurst function. Finally, Appendix 2.5 gathers a
few deterministic results related to the 2-microlocal frontier and the fractal dimensions. Sev-
eral examples are also given in these different sections to illustrate the main results.
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Deterministic representation

The question of the equivalence of different mBm’s representations is known to be non-trivial.
On one side, PELTIER and LEVY VEHEL [154] have introduced the mBm as the following stochas-
tic integral
LHO-1/2 H(t)-1/2
VteR;, X, = HOZ1/2_ (01 }qu.

F(H(t)—i— 1)J

Whereas on the other hand, BENASSI, JAFFARD, and Roux [26] have considered a real-harmonizable
definition '
~ e -1

VteR;, X,= ) —|u|H(t)+1/2 dw,.
Even though it was at first thought that X and X had the same law, which is the case for the
fBm, STOEV and TAQQU [172] have proved that the covariance structure is slightly different
between these two definitions. Considering this fact, they have suggested to name multifrac-
tional Brownian motion any process X which has the following form

VteR; X,=a'B"(t,H(t))+a B (t,H(t)),
where (a*,a™) € R?\ {0, 0} and the fractional Brownian fields (¢, H) — B*(t, H) are defined
by

B(t, H)—F(H 1)J [(c— w7 — (—w 7 aw, (2.4)

forallt e Rand H € (0,1).

The next proposition presents an alternative deterministic representation for the fractional
Brownian field.

Proposition 2.1 Suppose (B;).cr is a Brownian motion such that B, := W([O0, t]), where W
is a Wiener measure. Then, for all t € R and H € (0, 1), the fractional Brownian field B*(t,H)
is almost surely equal to:

. if(t,H) €R x (%, 1),

Bi(t,H)— )f t—u)H 3/2 —(—u )H 3/2] du. (2.5)

o if(t,H)eRx (0, %] and T is a fixed number such that T € (o0, t),

+(H -1
B*(t,H) = F((H—) f (By — B lgapser)(t —w)i %2 = B (—u) 7 du
+B,(t — )2 (2.6)

or equivalently,

" _LEU _ H—;) _
B (t,H)_F(HJr%) B [H’S]Bu(s u), *du |{(t)—(0)}

H-1

2 H-3/2 H-3/2

— 2 B [(t - - (-w™P|du. @)
I'(H+ %) (00, 7]
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Proof. Without any loss of generality, we may only prove the equality for the term B*(t, H). Let

first consider the case t e Rand H € ( ,1). Using Ito’s lemma on the product B, (t — u)H 1z,

we obtain for any x <t
t t
B.(t— )" V2 =B (t —x)712 + f (t —u)*?dB, — (H — %)f B,(t —u)"*du.
X X

Hence, subtracting the case t =0,

B, [(t—x)ff‘l/z (- X)H 1/2} _ Jt[(t—u)li_l/z (- u)H 1/2]

+(H—l)f (= w2 = () ] du.

The Brownian motion is known to satisfy lim,,_, . |B,|/ |u|'/>*¢ = 0. Moreover, we observe
that [(t — x)H 12 (—x):l_l/zj ~_oo (H— %)tH’l/z(—x)H’?’/Z. Therefore, as g —H> %,

B.[(t— H V2 _(_y H—1/2:| % o,

+ X——00

Similarly, using the dominated convergence theorem,

t t
f B, [(t u)H 3/2 (—U)E_B/Z}du ;i‘s‘oof Bu u)H 3/2 (- u)H 3/2]

Finally, owing to the L?-continuity of the stochastic integral,

J‘t[(t )H 1/2 —(- u)H 1/2] XL:(%)J‘_‘ [(t )H 1/2 (- u)H 1/2] .

which proves the expected equality.
Let now consider the second case H € (0, %) The calculus is quite similar, with only a
slight modification in the application of Ito’s lemma between T and t — €.

(Bi_. —B)e" 2 4+ B (t — )12

t—¢ t—e
=BT(t_T)H1/2+J (t_u)Hfl/ZdBu_(H_ %)J‘ (Bu—Bt)(t—u)H’:"/zdu,
T

T

forany € > 0. Owing to the Holder continuity of the sample paths of B, the previous expression
converges when & — 0. In addition, the calculus presented in the case H > % holds as well
on the interval [x, T], therefore proving Equation (2.6). Finally, the second form (2.7) of
the fractional Brownian field is obtained using an alternative representation of the Riemann-
Liouville fractional derivative of a function on the interval [T, t] (see the book of SaMKO,
KiLBas, and MARICHEV [166] for more information on the subject). O

This type of representation has already been exhibited and studied by Picarp [158] for
the fractional Brownian motion, even though his proof is based on a different approach (ap-
proximation of the Brownian motion with Lipschitz functions). Also note that the representa-
tion (2.6) holds when H > %

Proposition 2.2 Let (B,),cg be a continuous Brownian motion and B(t,H) be the the frac-
tional Brownian field defined in Proposition 2.1.

Then, for all w € Q and for every (ty,Hy) € R x (0,1), the field (t,H) — B(t,H)(w) is
continuous at (ty, Hy).
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Proof. As previously, we only need to consider the component B*(t,H). The continuity on
the domains R x (0, %) and R x (%, 1) is a simple consequence of the dominated convergence
theorem: the deterministic integral is split in two parts on which the theorem can be applied
with different bounds.

Therefore, let Hy = %, to € Rand ¢ > 0. Since B is continuous, there exists a > 0 such
that for every t € B(ty, a), |B,—B, | < ¢. Furthermore, still using the dominated convergence
theorem, we observe that for any a > 0 the term

1 e H-3/2 H-3/2
—_— Bu u du,
r(H—%)Jw IR

is continuous in the neighbourhood of (t,, Hy ), and converges to 0 when H — % Hence, there

exists y > 0 such that for every H € [%, % +y] and t € B(tg, y), its norm is dominated by &.
Let now consider the remaining term:

1 t
B,(t— u)H 32y — B,,
r(H-1) )
H-1/2
f — B, |(t—u)H 3/Zdll-i'lBtol' e
F(H -5 T(H+ 1)
- 1/2 o172

S S B -

F(H + E) I'(H+ 5)

<2¢(1+ 1B, ),

forallH € [%, % +vy] and t € B(tg, ), with y > 0 sufficiently small. Note that we have used
the Holder continuity of the Brownian motion for the second upper bound. This inequality
therefore proves the continuity when H > %

When H < 5, the continuity is obtained using representation (2.6), as we observe that the
first term simply converges to 0 and the second one to B,. O

Owing to the Holder continuity of the sample paths of Brownian motion, we obtain a deter-
ministic representation of the fractional Brownian field (t, H) — B(t, H) which is continuous
in both variables. It will be used in the two next sections to study in the fine geometric prop-
erties of multifractional Brownian motion, which will be partly deduced from those satisfied
by Brownian motion.

Remark 2.1 As an illustration, the self-similarity and stationarity of the increments of frac-
tional Brownian motion can be directly deduced from the deterministic representation of
B(t,H). Indeed, for any ¢ >0

te (ct— U)H 3/2 —(- U)H 3/2 du}
{ } R {F(H_l)J ] teR

_ H—3/2 H-3/2
= {mf B, [(ct—cv)+ —(=cv)i ]cdv}tER

— / / £ ( HpH
) {rm— )J (= m]dv}@_{c ihen
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where (B, ),er = (vV/€B.y)yer is a Brownian motion. Similarly, for any h € R,

B B}, ={ f (t+h W3 (=) du}
(B =B e = { T 5 ]
(Bv B) (t_v)H 3/2 (- V)H 3/2 }
{F(H—l)J =) Je (R

H -3/2 H-3/2 £ (nH
{F(H— )j ( v) ] } _{Br }tGR’

teR

where (EV)VER = (Bv+h - Bh)veR'

Well-balanced case
As observed by SToEv and TaQQu [172], the introduction of the mBm is more delicate in the
well-balanced case at = a~. Indeed, when H = = 5» the present definition of the fractional

Brownian field B(t, H) implies that B(-, %) =0 almost surely. Hence, to obtain a well-defined
mBm, one needs to change the normalisation term, and more specifically, add a diverging
factorat H = %: 1/(H-1).

Considering this slightly modified definition of the well-balanced mBm, we observe that
it corresponds to a specific compact deterministic expression.

Proposition 2.3 Suppose (B,),cr, is a continuous Brownian motion and a™ = a~ = 1. Then,
forall (t,H) € R x(0,1),

— 1 _ o \<H-3/2> _ (__ \<H-3/2>
B(tH)= s an JRBM[(t u) (—u) ]du as. (2.8)

where for any x € R, x=* :=sign(x) |x|*.

Proof. Let (t,H) € Rx(0,1),6 > 0and T, =t F §. Owing to the representation obtained
in Proposition 2.1 and using the slightly different re-normalisation,

_ 1 _ _ o \<H-3/2> _ __ \<H-3/2>
B(t7H) - F(H—f— %) JR(Bu Btl\t*u|55) I:(t ll) ( ll) :Idll.

Without any restriction, we may assume that O ¢ B(t, §). Then, let us observe the component
of the integral corresponding to the interval [t — &, t + &]. It is equal to the limit of

J (B, —B)(t —u)<H=*/2>qu
B(t,6)\B(t,¢)

when ¢ — 0. For any ¢ > 0, we note that f B,(t —u)<"=3/2>du = 0. Furthermore,

B(t,6)\B(t,e)
f Bu(t - u)<H_3/2>du :f (Bu - BZt—u)(t - u)H_S/Zdu
B(t,6)\B(t,e) [t—6,t—¢]
0 f (B, — Bar— )(t —u)?~*du,
[t—6,t]

since B is Holder continuous at t. Hence, the integral converges when £ — 0, proving Equa-
tion (2.8). O



2.2. DETERMINISTIC REPRESENTATION 83

On the contrary to the formulas obtained in Proposition 2.1, we observe that the represen-
tation (2.8) is an improper deterministic integral when H < %

Also note that we may check that when H = 1, the corresponding Gaussian process is, up
to a constant, a Brownian motion. STOEV and TAQQU [172] have shown that it has the following
stochastic integral representation

B(t,%) 1)J. loglt—ul—loglul]dW

T(H+
As proved in the next proposition, the well-balanced case happens to be a classic mBm defined
with respect to the latter Brownian motion.

Proposition 2.4 Suppose B is a continuous Brownian motion and B(t,H) denotes the well-
balanced fractional Brownian field. Define the Brownian motion B by

VteR; B,=—— lo t—u|l—1lo
: ZF(H+1)J gt —u| ~loglu| | dB,

Then, forallt e Rand H € (0, 1),

1

B(t,H)= (H - %) tan((H + §)§)

(B™(t,H)—B (t,H)) a.s.

where B*(t, H) designates the fractional Brownian field with respect to B. Note that the normal-
ising function is continuous at H = %
Proof. There exist several ways to prove this result. One might directly obtain the expression
of the fractional Brownian field B*(t, H) using Propositions 2.1 and 2.3, but the calculus is
unfortunately a bit tricky.

The proof happens to be simpler if we consider the Fourier representation of B(t,H) ob-
tained by STOEV and TaQQu [172]. Forall t e Rand H € (0, 1),

1 itg 1

5 |€|H+1/2 eiFisign(§)(H+l/2)n/2dw\(§)’

B*(t,H) =

where W is a complex Gaussian measure such that W is a complex Wiener measure on R, and

W(A) = W(-A) for any A € B(R.). The well-balanced fractional Brownian field then has
the following representation

2cos((H+2)Z) [ eitt —
VER@-1) f Rz )

B(t,H)=

Let now introduce a slightly modified complex Gaussian measure W, given by

VAe B(R.); W(A):=iW(A) and W(-A):=W(A) = —iW(-A).

Then, B* Q, H) denotes the fractional Brownian field defined with respect to W. Since W(d&) =
isign(&)W(dE), we obtain

B,(t,H)~B_(t,H) =

5 (H+ ) et -1 W
sin((H +3)3) J (- DsiEn(&) W (E)

=(H- E) tan((H +3)2) B(t,H).
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To end the proof, we need to check that the field B*(t,H) corresponds to the process defined in
the result, i.e. the integral with respect to the Brownian motion B. For this purpose, let simply
consider the previous equality when H = 2. We first note that limy;_,;, (H — ) tan((H +

1 —

3)5) = 1. Hence,
~ 1 1/~ ~
Bi=3B(t3) = 5(B.(t.3) -B.(c.3)).

Owing to Equation (2.4), this last equality proves that B is the Brownian motion appearing in
the definition of BX(t, H). O

The equality in law between the two processes can be obtained more directly using Theo-
rem 4.1 from [172]. Nevertheless, Proposition 2.4 indicates precisely how these two fractional
Brownian fields are related, and proves that the well-balanced one is simply a classic field with a
change of Brownian motion. Besides, this statement helps us to simply the study of the sample
path properties of the mBm since we do not need any more to consider separately the specific
caseat =a.

Holder and 2-microlocal regularity

Following the convention initiated by [172], we will call multifractional Brownian motion a
process X which has the following form:

VteR; X,=a"B*(t,H(t))+a B (t,H(t)),

where (a”,a*) € R?\ {(0,0)}. As previously said, we may also suppose without any loss of
generality thata® #a™.

The Hurst function t — H(t) € (0, 1) will be assume to be at least a deterministic cadlag
function. Note nevertheless that several of the following results remain valid if H(-) is replaced
by a stochastic process with cadlag sample paths. This last model has already been considered
by ParanicoLAOU and S@LNA [153] and AYacHE and TAQQU [14], where the latter has obtained
some general sample path properties. For any cadlag function H(-), the set {t € R: AH(t) #
0} is countable, and therefore we can easily see from the definition of the mBm that with
probability one,

VteR; AH(t)#0 << AX,#0.

Furthermore, AX, is a centered Gaussian variable whose variance is proportional to AH(t)>2.

Since we will use the 2-microlocal formalism to study sample path properties of the mBm,
let us recall a few elements concerning this framework. Initially introduced by BoNyY [35] to
study the singularities of the solutions of PDEs, HERBIN and LEvy VEHEL [78] have recently
initiated its use in a stochastic frame, in order to characterise the fine regularity of processes.
This formalism is based on the introduction of functional spaces, called 2-microlocal spaces.
Definition 2.1 Lett € R, s’ < 0 and o € (0,1) such that 0 —s’ ¢ N. A function f :R— R
belongs to the 2-microlocal space C; o ifthere exist C > 0, p > 0 and a polynomial P, such that

|(f (@ = P@w) = (FM) =P < Clu=vI"(u—tl+lv =)™, (29)

forallu,v € B(t, p).

This time domain definition is due to KOLWANKAR and LEvY VEHEL [109] and SEURET
and LEvy VEHEL [169]. Note that the original definition is based on the analysis of f in the
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Fourier space. To extend Definition 2.9 to any o € R\ Z, we rely on the following property of
2-microlocal spaces (see e.g. [96]),

Ya>0; fe Cf’s/ = Iife Ct‘H“’S/, (2.10)

where I f denotes the fractional integral of f of order a: (If)(t) = fR(t — u)i_lf(u) du.
As a consequence of this property, one only needs to apply Definition 2.1 to iterated integrals
or differentials of f to obtain a generalisation of the time-domain characterisation of the 2-
microlocal spaces.

Following the introduction of these functional spaces, we can define a related regularity
tool, named the 2-microlocal frontier and given by

Vs'€R; o4,(s)=sup{foeR:fe Cf”sl}. (2.11)

We observe that using the 2-microlocal formalism, the local regularity at t is characterised by
a function, and not simply a coefficient. Owing to inclusion properties of the 2-microlocal
spaces, the map s” — o . (s”) is well-defined and satisfies several properties:

+ 0 .(+) is a concave non-decreasing function;
o 0,.(-) has left and right derivatives between 0 and 1.

Furthermore, if the modulus of continuity of f is such that w;(h) = O(1/[log(h)|), then the
pointwise and local Holder exponents can be retrieved from the frontier:

ap, =—inf{s’: 07 (s') >0} and &, =o0y,(0).

For instance, HERBIN and L£vy VEHEL [78] have determined the 2-microlocal frontier of the
fractional Brownian motion B, H € (0, 1): with probability one, for all t € R

Vs'eR; opn,(s)=(H+s)AH.
Before investigating the regularity of the multifractional Brownian motion, we extend the
previous equality to the fractional Brownian field and its H-partial derivatives.

Proposition 2.5 Suppose B(t,H) is a fractional Brownian field. For any H € (0, 1) and any
k €N, let BT denotes the process

VteR; Bfk=0%B(t,H).

Then, with probability one, for allH € (0,1), k e Nandt €R
Vs'e€R; opur,(s)=(H+s") AH. (2.12)
Proof. Since we use the deterministic representation obtained in Proposition 2.1, we can set a

fix w € Q in the proof. For the sake of readability, let us first consider H > % and remove the

normalisation constant 1/T'(H — 3 ). Then, for any k € N, the partial derivative with respect
to H is equal to

B;I‘Bi(t,H) = J B, [(t — u)il_s/2 logk(t —u)y — (—u)il_g/2 logk(—u)i} du.
R
Suppose (T, T_) is a non-empty open interval. Since the 2-microlocal frontier is a purely
local property of the sample paths, we may restrict our study to t € (T, T_) with any loss of
generality. Then, we note that the component
£ B, [ (¢t — w2 1og"(t — ), - (—w)f*log"(~u), | du
(Foo,Tx]
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is a smooth function, and therefore does not have any influence on the 2-microlocal regularity.
Hence, we focus on the study of the remaining integral

te(T,,T.)— B,(t — u)i*?'/2 logh(t — u).,du,
[T,,T_]

when H > % Similarly, the case H < % is reduced to the analysis of

d H=3 ok
te(T,,T_)— N B,(s —u)y *log"(t —u)ydu |(t).
[Tsss]

If we define the process Y, = B,1.c[r, 1 1, we observe that the two previous formulas corre-
spond respectively to fractional-like integral and derivative of Y on the real axis. Compared to
the usual definition, there is only a slight modification in the kernel with a logarithmic term.

Furthermore, when H < %, the fractional-like derivative is defined as the classic derivative
of a fractional-like integral of order H + % Since we know the behaviour of the 2-microlocal
regularity under derivation, we may restrict our study to the fine analysis of the following
process

te (T, T.)— (Ii"kY)(t) ::f Y, (t — W og(t —u).duy,
R
forany a € (0,1) and k €N.

We expect the 2-microlocal frontier of this integral to behave similarly to the one of a
classic fractional integral of Y, since the only difference lies in a logarithmic term. This easiest
way to prove this statement is to compute the Fourier transform of the corresponding pseudo-
differential operator and show it has an effect equivalent to the fractional integration in the
Fourier space.

The computation of Fourier transform of the tempered distribution u% ! logX . is similar
to the classic calculus on ui‘l. We first consider the Laplace transform, with $(z) > 0. Since
this transform is analytic on the previous domain, we can restrict ourselves to the case that
z > 0. Then,

Vz > 0; f u* ogk(w)e ™ du = Z“J v® 1 (logv — logz)ke*"dv
R,

R,

k
=z ¢ Z(—l)j log/(2) C;, f v log I (v)e™.
j=0 Ry

F(a,k—j)

As the last term is also analytic, it implies the equality for any z € C such that $(z) > 0.

To obtain the Fourier transform of u% ! logk u, asa tempered distribution, we simply have
to consider z = i + ¢ and let ¢ — 0. The scalar product with a test function converges, and
proves that the generalized Fourier transform is equal to

F, (U ogkuy ) (8)

o 1 & . o
= BE e rma N (1) (log|E| + i sign(E)Z) - CIF(a, k — ).
4 mzo( ) (log|€] + isign(£)2) - C/F(a, k - j)

Therefore, the Fourier transform corresponds to a weighted sum of elements |&]~*1og"|&],
with a phase correction.
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Based on the Fourier transform on this pseudo-differential operator, we use the argu-
ments presented by JAFFARD [93] to prove the stability of 2-microlocal spaces. The aforemen-
tioned work is based on the original definition of 2-microlocal spaces which makes use of the
Littlewood-Paley decomposition of tempered distributions. The latter basically corresponds
to the application of band-pass filters, which are then composed with a fractional operator in
the Fourier space. Nevertheless, due to the logarithm term which appears in I i’k, we obtain a
slightly weaker property, i.e.

Vs,o€R; YecC’ =I¢'y eco
for any £ > 0. Furthermore and conversely,
Vs',oeR;, IPfvec’ =veco,
The same property holds for any weighted sum of I *ky and I j:’kY, and therefore, the 2-microlocal
frontier ofli’kY satisfies for any H € (0,1) and k € N
Vs’ €R; N= ViH- L =( +H)AH
s’ €R; ali,ky’[(s)—ay,t(s )+ -5 =(s'"+H)AH.
It concludes the proof, since we have shown previously that the 2-microlocal frontier of B
is equal to the regularity I i’kY. O

As outlined in the introduction, the Hélder regularity of a general multifractional Brown-
ian motion has already been investigated by HERBIN [76] and AvacHE [8]. In particular, the
latter has proved that with probability one, the local regularity is given by

Ve eR\{0}; ay, = H(t) Ay,

Note that the behaviour at t = 0 is slightly different as the form of the variance of increments
differs at this point.

In the following, we obtain a first estimate for the general 2-microlocal frontier. The latter
happens to depend on the multiplicity of the component h — (B(t,h) — B(t,H)) of the
fractional field at (t,H) € R x (0,1), i.e.

m, i = inf{k € N\ {0} : 95B(¢t,H) # 0}.

Proposition 2.6 SupposeX is a multifractional Brownian motion with Hurst function H. Then,
with probability one, the 2-microlocal frontier of X at any t € R satisfies

OX,t(S/) > (5/ + H(t)) ANH(t) A O-H,t(sl +H(t)A mt,H(t)GH,t(S//mt,H(t))-
foralls’ > —ay ,. Furthermore, when m yy = 1, the frontier is equal to
Vs'> —ay ;s ox ()= (s"+H(t)) AH(t) Aoy (s).

Proof. Without any loss of generality, we can assume that @y, > 0, since otherwise the lower
bound is equal to 0. Then, let ¢ > 0, p > 0, t € R and u, v be in the neighbourhood B(t, p).
We first estimate the size of the increments X, — X

B(u,H,) - B(v,H,) = (B(v,H,) — B(u,H,)) + (B(v,H,) — B(v,H,)).

Using a simple integration by parts, we observe that the first term is equal to

B(v,H,)—B(u,H,) =B(v,H,) — B(u,H,) + f u (84B(v,h) — 8yB(u,h))dh.
H,



88 CHAPTER 2 - IRREGULAR MULTIFRACTIONAL BROWNIAN MOTION

Owing to Lemma 2.5, for any € > 0, there exists ¢; > 0 such that
vu)v € B(t:P); Vh € [H[’Hu]; {aHB(V)h) - aHB(u)h)| S Cl|u - vlh_s‘

Therefore, the integral term satisfies

HU
J (8yB(v,h) — 0yB(u,h))dh| < ¢;|H, — H,| - |[v — u""e,
H,

and is thus negligible in front of the first one. Still using Lemma 2.5, we know that for all
u,v € B(t,p)

IB(v,H) = Bw, H)| < ol —v|7 (lu —t| + v —¢]) ™,

wheres’ > —H, and 0 < (H, +s’) A H,. This inequality corresponds to the first term in the
lower bound.

Using Taylor’s formula, we can obtain an estimate of the second component (B(v,H,,) —
B(v,H,)).
m—1 ak H, m
0 B(v,H, * O"B(v,h
B(v,H,)—B(v,H)=Y_ GBI H,)* + GBI gy i,
et k! H, (m—1)!
where m denotes the coefficient m, ;; previously introduced. There exists a neighbourhood
B(t,p) of t such that for every k € {1,...,m — 1} and for all v € B(t, p), Ial_’I‘B(v,Hu)| <
c3|v — t|H7¢. Hence the term k = 1 is dominant in the sum and for all u, v € B(t, p)

|0 B(v, H| - [H, = Hy| < cqlu— v (Ju— ¢+ v — )7,

for any s’ > —ay, and 0 < oy ,(s’). This inequality leads to the second term in the lower
bound.

Finally, let consider the last integral. 9,'B(v,h) can be simply bound by a constant, im-
plying that the integral is upper bounded by |H, — H,|™. The third lower bound is a direct
consequence of this estimate.

Let now study the case m, y(,) = 1. The lower bound is clearly equal to (H, +s") A H, A
0,(s). Let sets’ > —ay ,. Suppose first that (H, +s') AH, < 0y ,(s"). Then, the term
B(v,H,) — B(u, H,) will dominate in the increment X,, — X, therefore implying ox ,(s") <
(H, +s") AH,. Otherwise, we observe that

H,
B(V’Hv) - B(V:Hu) = aHB(V:Hv)(Hu - Hv) + f a[-%B(V’ h)(Hv - h)dh:
HV
There exists p > 0 and ¢5 > 0 such that for all v € B(t, p), |0yB(v,H,)| > c5, implying that
the regularity of this component is oy ,(s”) Furthermore, as previously noted, the second term

is upper-bounded by (H, — H,)?, and thus is negligible in front of the first one. Therefore, the
increment X,, — X, behave similarly to H, — H,, proving the expected equality. O

We observe in the previous proof that the study of the general form of the 2-microlocal
frontier is quite technical, in particular because of the interaction between the oscillations of
the Hurst function H and the derivatives of the fractional Brownian field B(t, H). Nevertheless,
a more precise estimate of the pointwise regularity can be obtained with probability one.

Proposition 2.7 Suppose X is a multifractional Brownian motion with Hurst function H. Then,
with probability one, the pointwise exponent is equal to

VteR; ay,=H()Am Q-
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Proof. Let us proceed similarly to the proof of Proposition 2.6 and study the increment X,, —
X, = (B(w,H,) — B(w,H,)) + (B(w,H,) — B(t,H,)). Owing to Lemma 2.5, the pointwise
regularity of the second term is exactly H(t).

Then, applying a slightly different Taylor development on the first increment,

™ 85B(u,H,) He g1 (u, h)
B Hy) = Bl H) = 3 ===, — )" +f A 0, — hydh
k=1 : H, :

For every k € {1,...,m — 1}, there exists a simple upper bound : [3B(u, H,)||H, — H,|* <
¢y |u — t|Hetkan=¢  Hence, the pointwise regularity of this term is strictly greater than H(t),
and thus negligible. In the case k = m, we note that there exists p > 0 and c; > 0 such that for
allu € B(t, p), |3I’;B(u, H,)| > c,. Hence, the pointwise exponent of this component is exactly
m- ay ,. Finally, similarly to the previous proof, the last term can be simply upper bounded by

cs|H, — H,|™ < cglu — ¢+ D% The last estimate is sufficient to conclude the proof. [

The previous result constitutes an extension of the estimate obtained by AvacHE [8]. As
pointed out in the latter, it shows that the multifractional Brownian motion can have a non-
deterministic pointwise regularity. More precisely, AYACHE [8] has proved that for any € > 0,
with positive probability,

dimg{t € [a,b] : m, gy =21} =1~ inf H(u)—e.
’ u€la,b]

In the view of the result obtained in Proposition 2.7, it would be interesting to study the Haus-
dorff dimension of the following sets

VkeN; E,= {t € [a,b]: My gy = k}_

This question seems to be much more difficult than the previous estimate, since it involves
the successive derivatives aHkB(t,H ) of the fractional field and thus the correlation existing
between them. Finally, we also note that in terms of regularity, the behaviour at t = 0 is
particular, since the multiplicity m z() is equal to infinity.

To end this section, we describe som examples of Hurst function where the 2-microlocal
regularity can be entirely determined.

ol
VA

Figure 2.1: 2-microlocal frontier of X at ¢ in the case m; y¢,) > 1 (ex. 1).
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Example 2.1 Suppose H : R — (%, %) is an Hurst function such that for all t € R, the 2-
microlocal local frontier of H at t is equal to

Vs'eR; opy. ()= (s’+ §) A E
’ 8 8

Note that this type of function can be easily constructed from sample paths of a fractional
Brownian motion with parameter H = g.

Then, the 2-microlocal frontier of the corresponding multifractional Brownian motion
satisfies with probability one:

. ifmtJH[ = ].,

Vs . N _ A 3 3,
S GR; UX,[(S)_O-H,L’(S)_ S +g Ag;

o ifmyy >1,

3
Vs'eR; oy, (s)=(s+H()A g

This last case is illustrated in Figure 2.1. To obtain the complete determination, we use Propo-
sition 2.6, noting that it implies the inequality

3mt,H(t)) A 3M; p

oy ()= (' +H(t)) /\H(t)(s’ + g +H(t)) A g A (s’ s .

=(s"+H()) A g,

since H(t) € (%, %). Then, the upper bound is a consequence of the pointwise exponent
obtained in Proposition 2.7 and the following property of the 2-microlocal frontier:

/ / . . ~
Vs"eR; oy, ()< hlsnalpfaxyt,

which is proved in the Appendix (Lemma 2.2).

Figure 2.2: 2-microlocal frontier of X at 0 (ex. 2).

In this second example, we illustrate the particular behaviour which may appear at t = 0.
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Example 2.2 Consider the Hurst function H : t — % +t sin(tlz) , which locally corresponds
to the chirp” function. Then, the 2-microlocal frontier of the multifractional Brownian motion
at 0 is equal to
WeR o) = (5 ) A (S =)l
CRe 4 3 12774

Figure 2.2 gives an illustration of this particular and hybrid 2-microlocal frontier.

To obtain this estimate, we need to refine the proof of Proposition 2.6. Let first recall that
the 2-microlocal frontier of H at 0 is equal to

Vs’ . / _1 /
s"€R; O'H’O(S)—g(s +1).

Then, if we consider the regularity of the term d,;B(v, Hy)(H, — H, ), we know there exists for
any ¢ > 0 a sequence u, — 0 such that [0yB(u,, Hy)| = uo~¢. Then, owing to form of the
Hurst function, there exists v, — 0 such that |H(u,) —H(v,)| > |u, — v,|° (u, +v,) ™ where
0 < 0y 0(s"). Combining the two, we obtain that the 2-microlocal frontier of the component
oyB(v,Hy)(H, —H,) is

7 s 7
/>——‘ ! = / = —_ _
Vs’ > L o(s’) =opo(s"+H(0)) (3 + 12).

Furthermore, we know that my ) = 00, inducing that the other terms in Taylor development
will be negligible.

We note that the 2-microlocal frontier obtained in this example is consistent with the esti-
mate of the Holder exponents proved in Proposition 2.7 and in [8].

Dimensions of graph and images

Following the seminal works of HERBIN [76] and AYACHE [8], we have been able to determine
entirely the form of the pointwise regularity of the mBm, and in addition, display the influence
of the fine properties of H on the geometry of the sample paths. In this section, we aim to
continue this investigation on fractal dimensions of the graph and the images of fractal sets, in
particular to show that some unusual and unexpected behaviours can occur as well on these
quantities.

We first recall a few notations on fractal dimensions. For any set A C R%, we respectively
denote by dimy A and dim A (or dimy A) the Hausdorff and the lower (or upper) dimensions

of A. In the case dim;A = dimy A, we denote by dimy A the common quantity. The reader
might refer to the book of FALCONER [67] for the precise definition and the basic properties of
these fractal dimensions.

As we investigate the fractal geometry of the multifractional Brownian motion, which is
a purely non-stationary process, it is relevant to consider the localised fractal dimension. For
allA c R? and x € RY, it is defined by

dim, , A= lirr%) dim, (ANB(x,p)),
p—

where dim, denotes any fractal dimension. Note that the previous limit always exists as the
right term is decreasing when p — 0. We also observe that the map x — dim, , A is upper
semi-continuous. Finally, the fractal dimension can be retrieve from the localised values by
the formula: dim, A = sup,.cg« dim, , A.

In this first part of this section, we investigate the local fractal dimension of the graph of
the mBm. For any function f, its graph on the set V will be denoted Gr(f, V), i.e.

Gr(f,V)={(t,f(t)): teV}.
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In the case V = R, we will simply use the notation Gr(f ). To simplify, we will write dim, , Gr(f)
for the local fractal dimension at (t, f (t)). The latter is therefore equivalently defined by

dim, , Gr(f,V) := lin%) dim, Gr(f,V NB(t,p)). (2.13)
p—

Several deterministic properties satisfied by the local graph dimension are presented in the
Appendix 2.5, including some connections with the 2-microlocal frontier.

The graph dimension of an 5,-multifractional Brownian motion has already been deter-
mined by PELTIER and LEvY VEHEL [154], proving that with probability one

VteR; dimy, Gr(f)=dimg, Gr(f)=2— H(t). (2.14)

In the next result, we investigate the extension of this formula to the Box dimension of the
graph of a general multifractional Brownian motion.

Theorem 2.8 Suppose X is a multifractional Brownian motion. Then, with probability one, it
satisfies
VteR\{0}; dimy, Gr(X)= (2—H(t)) v dimy , Gr(H)

and
VteR\{0}; dimg,Gr(X)= (2—H(t)) v dimg, Gr(H).

As a consequence, the graph has a local Box dimension at t if and only if H does.

Proof. We first obtain the upper bound for both the lower and upper Box dimensions. Let
t € Rand p > 0. Owing to Lemma 2.5, with probability one, there exist ¢; () and & > 0 such
that for all u, v € B(t, p),

X, = X,| < crlu = v[*O7 4 ¢ |H(u) = HO).

Let N5(H) denotes the smallest number of balls of diameter 6 necessary to cover the graph of
H on the interval [t — p, t + p]. Up to a constant, we can assume that this cover is organised
on columns of size 9, as usually presented in the case of a graph covering. Owing to the upper
bound of the increment X,, — X, we know that by adding [§"(Y=¢ §71] balls to every column
covering, we obtain a covering of the graph of the process X. Hence, there exists a constant ¢,
such that

V6 >0; Ns(X)<c,(p8"O~*72 4+ Ns(H))

and therefore

log(N5(X)) _ log(c,p 87672 4 ¢,N5(H)
—log(6) ~ —1og(6)
(log(635H(”“"2) 10g(€3N5(H)))
< max s
—log(5) —log(5)

Considering the inferior and superior limits of this inequality, we respectively obtain the upper
bound of the lower and upper Box dimensions.

To prove the lower bound 2 — H(t), we use classic potential methods that have already
been presented by PELTIER and LEvy VEHEL [154] and HERBIN, ARRAS, and BARRUEL [77] for
the multifractional Brownian motion. Briefly, for any interval [a, b] C R, there exists C >0
such that E[X,, — X,1* > C|u — v|*2, where H = min,c(, 5 H(u). This estimate is sufficient,
using a potential argument to prove that almost surely,

2 — min_H(u) < dimy Gr(X, [a, b]) < dim, Gr(X, [a, b]) < dimy Gr(f, [a, b]).

uela,b]



2.4. DIMENSIONS OF GRAPH AND IMAGES 93

Considering a, b € Q, we obtain the inequality with probability one for any rational interval.
Then, we note that Equation (2.13) holds as well if we use in the limit rational intervals con-
taining t. Hence, owing to the continuity of H, with probability one and for all t € R, we have
2—H(t) < dim; , Gr(X) and 2 — H(t) < dimg , Gr(X).

To determine the remaining lower bound, let us first consider the case m, ;) = 1. p can
be chosen small enough such that for all (v, h) in neighbourhood of (¢, H(t)), |0y B(v, h)| > c4,
where ¢, is a positive constant. Then, for allu,v € B(t, p)

H(u)
X,—X, =B(u,H(u))—B(v,H(v))+f OyB(v,h)dh.
H(v)
Hence, in the neighbourhood of ¢,
H(u)
cglH(w) —H(v)| < J oyB(v,h) dh| < |X, — X, |+ cslu —v|O7e.
H(v)

Using the covering argument described at the beginning of the proof, we obtain that the in-
equality dim, , Gr(H) < (2 — H(t)) V dim,, Gr(X) and dimg, Gr(H) < (2 — H(t)) v
ﬁm Gr(X). Since we already know that the lower and upper Box dimensions are greater
than 2 — H(t), it induces the expected lower bound.

Finally, let us extend the inequality to any t € R\ {0}. We have already noted that the
function t — dim, , Gr(H) is upper semi-continuous for every dimension considered. As a
consequence, there exists a deterministic countable set E C R\ {0} such that for all ¢, there is
a sequence (t,) ey € E satisfying

dim, . Gr(H) = lim dim, , Gr(H),
: B st

Since for every s € E, dyB(s,H(s)) is a centred Gaussian variable with a positive variance,
with probability one, for all s € E, dyB(s, H(s)) # 0. Then, since the local dimension is upper
semi-continuous, we obtain

dimy Gr(X) > lirnesNup dimy N Gr(X)
n
=limsup (2 — H(t,)) vdim,, Gr(H) = (2—H(t)) v dim; , Gr(H).
e =Bty ===,

The same argument holds as well for the upper Box dimension. Finally, as the upper bound
on the local dimension obtained earlier in the proof is uniform on the sample path, we obtain
the expected equality. O

Interestingly, we have obtained an expression of the Box dimension of the graph which
is similar to the behaviour observed on a fractional Brownian motion with variable drift (see
[42, 155]). This common property happens to extend as well to the Hausdorff dimension of the
graph, recently obtained by PEREs and Soust [156] on the fBm with variable drift.

The Hausdorff dimension of the graph happens to be more complicate to analyse. For
this purpose, we have to introduce a more general dimension called the parabolic Hausdor(f
dimension. We first define for all t € R a parabolic metric gy on R?, with H > 0:

on ((w,x);(v, ) = max(lu —v|*, |x — y|).

For any set A C R?, we denote by dimy(A; o) the parabolic Hausdor{f dimension of A. Tt
is defined similarly to the classic Hausdorff dimension using covering balls relatively to the
metric oy, i.e. it corresponds to the infimum of s > 0 for which

éii% inf{; diam(O; ; o)’ : (O;)ien is @ 6-cover ofA} <00



94 CHAPTER 2 - IRREGULAR MULTIFRACTIONAL BROWNIAN MOTION

Note that given the form of the parabolic metric, a o -ball B((t, x), &) has the following form:
B((t,x),8)=[t —&6YH, t +5VH] x [x — §,x + 5].

The parabolic Hausdorff dimension has first been considered by TAYLOR and WATSON [181]
for the study of polar sets of the heat equation. Recently, it has been proved to be useful by
KHOSHNEVISAN and X140 [104] to the analysis of the image of Brownian motion. Finally, as
previously outlined, PERES and Soust [156] have shown it is also a natural idea for the study of
fractional Brownian motion with variable drift. Note that the convention used in the latter is
slightly different from ours.

Theorem 2.9 Suppose X is a multifractional Brownian motion. Then, with probability one, it
satisfies

Vt €R\{0}; dimy,Gr(X)=1+H(t)(dimy,(Gr(H); opcy) — 1)-
Proof. To begin with, we prove that with probability one,

Ve eR\{0}; dimy, (Gr(X); ouc) = dimy, (Gr(H); 0nr)

The sketch of the proof of this equality is similar to Theorem 2.8, as it uses as well a covering
argument. Let us set & > 0, p > 0 and y > dimy , (Gr(H); @g(,)). Suppose (O;);ey is a
o0-cover of Gr(H, [t — p, t + p]) made of oyy(,)-balls and such that

2517 < oo where§; :=diam(0;; oyy)) VieN.
i=0

Then, we observe that |X,, — X, | < ¢;|u—v|#®O~¢ 4¢;|H(u) —H(v)| for allu, v € B(t, p). For
any i € N, we need at most 251.1_8/Hm . 51._1 Qn(r)-balls of diameter 6; to cover the part of the

graph related to the term |u — v|"(V=¢, Hence, from (O;);cy» we construct a §-cover (Vi )ren
of Gr(X, [t — p, t + p]) which satisfies

o0 o0
Zdiam(Vk ;0m0) < CZZ 5;€/H(t) - 5%
k=0 i=0

The last series is finite when s > y + ¢/H(t). Hence, considering the limits ¢ — 0, p —
0 and y — dimy, (Gr(H); @p()), we obtain the first inequality dimy , (Gr(X); op()) <
dimy  (Gr(H); u())-

To prove the other side inequality, we proceed similarly to the proof of Theorem 2.8. Hence,
we first assume that m, j;(,) = 1. In this case, the estimate of the increments presented in Theo-
rem 2.8 and the previous reasoning imply that dimy; , (Gr(H) ; op()) < dimy, (Gr(X); op(r))-
Then, we use the upper semi-continuity of the function t — dimy , (Gr(H) ; 0y(,)) obtained
in Lemma 2.6, to extend the inequality to any t € R\ {0}.

The upper bound of dimy , Gr(X) is then a consequence of the Lemma 2.5, with H; =
1 and H, = H(t). With probability one, for all t € R, we have dimy Gr(X, [t — p,t +
p]) < 1+ H(t)(dimg (Gr(X, [t — p,t + p1); () — 1). Therefore, when p — 0, we
obtain the first upper bound with probability one: for all t € R\ {0}, dimy; , Gr(X) < 1+
H(t)(dimy . (Gr(H); 0,) — 1)

To prove the lower bound, we make use of potential arguments on the parabolic and eu-
clidean metrics. Wefirstset t € R\ {0}. Then, let p > Oand y < dimy (Gr(X, B(t,p)); Cu())-
Using Frostman’s lemma applied on the parabolic metric g,, there exists a probability measure
w on B(t, p) such that

5 (o) — U u(du) p(dv) e
T sepy (=IO + [H@w) — HO|)
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Suppose uy denotes the image of the measure u by the map u — (u,X,,). To prove the lower
on the dimension of the graph of X, we need to study s-energy of uy, i.e.

&u )_U pix (dx) px (dy) ” u(du) u(dv)
x ||X yIF B(t,p)? (|u_v|2 IXu_XV|2)7s/2’

where s > 1. For a fixed ¢ > 0, let us split the previous term into two components, respectively
denoted &' and &2:

p(du) u(dv)
2 (1{ < H(r)(l—s)} + 1{ H(r)(l—s)})'
B(t.p) (|u N v|2 + |Xu _XV|2)—S/ [H@)-HW)|<|lu—v| [ H@)—HW)|>[u-v|

Let us prove 5’51 is finite. For this purpose, we estimate its expectation

—s/2
E[&!] = ff( . E [(|u v+ X, —-X,1?)"° ] 1{|H(u)—H(v)\§\u—le(‘)(l’S)}M(du) u(dv).
B(t,p

Using the notation aiv :=E[X, — X, ] the inner term is equal to

_ 2 /2 x?
E[ lu—vP*+ X, - X,? S/Z} =— X%+ lu—v|? /2 ox (— )dx
( w5 e T

=c J (rG +u—v? ) =/2=1/26=1/2 4,
Ry

Splitting the integral into two terms, and using classic approximations (see e.g. [67]), the
previous term is upper bounded by

e}

lu—v*/a2,
J |U—V|_Sr_l/2dr+f _5/20;; 2dr <cylu—v|'* ;1
0 lu=v[2/o2,
We recall that HERBIN [76] has proved that
02 =E[X,—X,1? =< lu—v* + |HW) - HW)?

in the neighbourhood of t. Hence, on the domain {|H(u) — H(v)| < |u — v[H(O0=} e
observe that

|u _ V| — (|u _ v|2H(t)(l—s))1/2H(t)(1*5‘)

>y (|U _ v|2H(t)(1—s) + |H(u) _ H(v)|2)1/2H(f)(1—8)
>, o-i/jf(t)(l—&‘)‘

Hence, the expectation of é”sl is upper bounded by
E[(g;l] < Cy Jj O.;‘l’+(1—s)/H(t)(1—€) ,u(du) ,LL(C]V)
B(tpl
=G Jf (Ju—vHO + |Hw) —HO)|) ~1+H(1=s)/H(e)(1~e) w(du) u(dv).
B(t,p)?

The term 6’51 is therefore almost surely finite when —1 4 (1 —s)/H(t)(1 —¢) > —v, i.e. when

s<14+(y—-DH)1—¢)) wherey < dimy(Gr(X,B(t,0)); Qu))-
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Hence, considering the limits on y and ¢, the upper bound obtained on s corresponds to the
expected estimate.

Let now consider the second term 2. We know that M, p(e) = 1 almost surely. Recall that
the increment X, — X, has the following form

H(u)
X, — X, = B(u, Hw)) — B(v, H(u)) + f 8,B(v,h) dh.
H(v)

If p is sufficiently small, there exists a positive constant ¢; > 0 such that for all s € B(t, p)
and h € [ming, ) H(u), maxp, ,) H(u)], we have |0y B(v, h)| = ¢;. Furthermore, there also
exists ¢, > 0 such that

Yu,v € B(t,p); {B(u,H(u)) - B(V,H(u))} < cyfu — y|HOO-€/2),

Using the previous estimates, we observe that

H(u)
X, —X,| > J 3yB(v,h) dh‘ — |B(w, H(w)) — B(v, H(w))|

H(v)
> c;|H@w) —HW)|(1 — ol H(w) — HW)| ™ - |u — y[HOA=e/2))

Hence, on the domain {|H(u) — H(v)| > |u — v|H(Y1)} we obtain
Xy =X, 2 1 [HW) = HOI(1 = colu = v[72) > c5|Hw) — H(V),

when p is sufficiently small. Therefore, the energy term & satisfies
&2 < ¢, J |H(w) = HO)I 7 1na)-e))s ju—vpoa-oy p(du) p(dv)
B(t,p)

<¢s _U (Ju = v"O + |Hw) = HO)I) ™ p(dw) p(dv).
B(t,p)?

The last integral is finite when s < y. But, since y > 1, we remark that y(1 —H(t)) > 1 —H(t)
and thus y > 1+ H(t)(y — 1) showing that 5’52 is always finite when s < 1+ (y — 1)H(¢t).
Therefore, we have proved that the s-energy &,(uy) is almost surely finite for all s < 1+ (y —
1)(H(t)(1 — ¢€)). Considering the limits ¢ — 0 and y — dimy; , (Gr(X) ; op(1)) we obtain

dimy , Gr(X) > 1+ H(t)(dimy , (Gr(H); o)) —1) as.

The lower bound has been obtained for a fixed t € R\ {0}. To extend the latter uniformly
on R\ {0}, we proceed similarly to Theorem 2.8. Shortly, as proved in Lemma 2.6, the map
t — dimy, (Gr(H); op(y)) is upper semi-continuous. Hence, there exists a countable set E
such that for any t, there is sequence (t,,),cn € E satisfying

dimH,t (Gr(H) > QH(t)) = nlggo dimH,tn (Gr(H) > QH(tn)) .

The equality on the dimension of the graph holds almost surely for all s € E. Therefore, with
probability one, for all t € \{0},
dimy , Gr(X) = limsupdimy; , Gr(X)
neN

= 1+limsup H(t,)(dimy, (Gr(H);Qu(.,)) — 1)

neN
=1+ H(t)(dimy , (Gr(H); @npy) — 1).

This last inequality concludes the proof since the upper bound is already uniformon R. [
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Note that Theorem 2.9 does not contradict the result obtained by PELTIER and LEvY VEHEL
[154] on %;-mbms. Indeed, due to the form of the parabolic metric py(,), covering the graph
of H in the neighbourhood of t is equivalent to covering a straight line, implying that the
local dimension is equal to: dimy; , (Gr(H); o)) = H( t)~!. Hence, the application of The-
orem 2.9 proves that with probability one

Ve eR\{0}; dimy, GrX =2—H(t),

where X is an 7 -multifractional Brownian motion.

It is interesting to observe that the forms of the Hausdorff and Box dimensions of the
graphs of mBm and fBm with variable drift are the same, even though these two processes
have a quite different Gaussian structure. Indeed, the first one is a centered process whose
incremental variance satisfies

E[X, —X,]* = Ju— v +|Hw) - HO)P%,

whereas the latter still has the covariance of fBm, but a mean equal to the drift f(t). Asa
consequence of this behaviour, the unusual examples constructed by PErEs and SousI [156]
also apply to the mBm.

Example 2.3 As proved in [156], there exists a continuous function H : R — [1/2,1) such
that for all t € R, ay , =log(2)/log(3) := 0. Furthermore, at every t €R,
dimy , (Gr(H); 01/5) =1og, (52 +1) and dimg, Gr(H)=2- 0.

Then, considering the mBm X with Hurst function H, we first observe that almost surely for
all t > 0, ay, = 6. Furthermore, as a consequence of the properties of H, with probability
one, at every t > 0 such that H(t) = 1/2, we obtain

1+1log, (5% +1)
2

dimy , Gr(X) = <dimg, Gr(X)=2-0.
Furthermore, as outlined by PERES and SousI [156], the local Hausdorft dimension also satis-
fies dimy , Gr(X) > max{dimy; , Gr(H), 3/2}.

This example displays the particular behaviours of the mBm in terms of fractal geometry.
Firstly, the last remark proves that the parabolic Hausdorft dimension is the relevant concept
for this study, as in this case, dimy; , Gr(H) happens to insufficient to characterise entirely the
Hausdorff dimension of the graph. Furthermore, this example also shows that the Box and
Hausdorft dimensions of the graph are not necessarily equal. Finally, we also note that in
contrary to fBm, the fractal dimension of the graph can be completely unrelated to the local
Holder exponent.

As shown in the second example, some more classic behaviours also occur.

Example 2.4 Suppose H is a sample path of a fractional Brownian motion with Hurst expo-
nent a. Up to a rescaling, it can be supposed to have values in the interval (0, 1). Then, using
some classic estimates (see e.g. [67]), we can obtain that

‘ 1 1—-«a
VteR; dimy,(Gr(H);p() = max H(t)’l + H(t) )’

Then, owing to Theorem 2.9, a mBm X with Hurst function H satisfies with probability one:

Vt R\ {0}; dimy, Gr(X)=dimg, Gr(X)=max{2—a,2-H(t)} =2—ayx,.
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This example clearly displays a more common fractal geometry, where the Hausdorft and
Box dimensions are both equal to 2 — ay ;. Nevertheless, the latter still has an irregular be-
haviour, since its geometric properties are not any more characterised by H(t) when a < H(t).

In the second part of this section, we are interested in studying the fractal dimension of
an image X (F), where F can be any fractal set. A large literature has already investigated the
question of the geometry of images of Gaussian processes. It is a well-known result (see e.g.
[97]) that for any fixed Borel set F € (0, c0),

. o ) dimyF

dimy B”(F) =min{ 1, a.s. (2.15)
MOUNTFORD [144], KHOSHNEVISAN, WU, and X140 [103], WU and X140 [189] have generalized
the previous result to (N, d)-(fractional) Brownian sheet, and in particular, obtained uniform
results on F under some assumption on N and d.

Adapting classic arguments from KAHANE [97], we can easily extend Equation (2.15) to an
#y-mBm, i.e. for any fixed Borel set F € (0,00) and all t € (0, c0)

dimy x X (F) = min{l, (2.16)

In the irregular case, the statement is not as simple and straightforward. Furthermore, the
parabolic Hausdorff dimension again happens to be the relevant tool to describe the geometry
of X(F).

Theorem 2.10 Suppose X is a multifractional Brownian motion. Then, with probability one, it
satisfies

VEER\ {0} dimy (o X(F) = min{1,dimy;  (Gr(H,F); 0,) }.
Proof. The proof of this result is similar to the work of PErEs and Soust [156] on the drifted
fBm. Let us first remark that

This inequality is a simple consequence of the property of the Hausdorff under the application
of Lipschitz function (here, the projection p : (t,X(t)) — X(t)). Then, using Lemma 2.1 from
[156], we obtain dimy; , Gr(X, F) < dimy , (Gr(H, F); o, ), thus proving the upper bound.

To obtain the lower bound, we use a classic potential argument. Owing to Frostman’s
lemma, for any p > O and any y < dimy (Gr(H,FNB(t,p)); @) ) there exists a probability
measure 4 on B(t, p) such that

JJ p(du) u(dv) oo
B(t,0) (lu—vHO +|HwW) —HW))"

Recall, as proved by HERBIN [76] the covariance of the mBm has the following form

L =EX, - X,]* =< [u— VPO 4 HW) — HW))?

Suppose uy denotes the image of the measure y under the map u — X,. Then, for any
s €(0, 1), the expectation of its s-energy is equal to

[JJ‘ ux<dX>Mx<fy)} =.[J' E[IX, — X, ] p(du) p(v)
llx = ¥li R?

=fooﬁmMMMM>
R2
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Therefore, owing to the form of the covariance, the integral is finite when s < y. Hence, consid-
ering the limit p — 0, we obtain dimy; x(,) X (F) > dimy, (Gr(H,F); o,), which concludes
the proof. O

The local parabolic Hausdorff dimension dimy . (Gr(H, F); 0,) might not seem to be a
very intuitive notion at first. To have a better intuition of the result described in Theorem 2.10,
we may first note, like for the dimension of the graph, that it does not contradict Equation 2.16
in the case of an J#;-multifractional Brownian motion. Indeed, when H(t) < @j ,, due to the
property of the parabolic metric o), it is completely equivalent to cover F or Gr(H, F) in
the neighbourhood of t. Hence, in this case

dimy , (Gr(H,F);0,) = fl)ig})dirnH (Gr(H,FnB(t,p));e:)

= lirr(l)H(t)_l dimy (F NB(t,p)) = H(t) ' dimy , F.
pP—

The next example shows that different behaviours can occur when the mBm is irregular.

Example 2.5 Let H be a trajectory of fractional Brownian motion defined on the interval
[0, 1], with Hurst index a € (0, 1). Up to arescaling and a translation, the sample path satisfies
H([0,1]) < (0,1).

We first assume that a < H(t). Owing to Equation (2.15), there exists a Borel set F
such that dimy ¢ H(F) = a~'dimy  F. Furthermore, since the proof of this statement
is based on Frostman’s lemma, there exists a probability measure on F N B(t, p) such that
ffR2|H(u) — HW)[7"u(dw)u(dv) < oo where y < dimy g(,) H(F). Therefore, still using
Frostman’s lemma, we obtain that a'dimy , F < dimy, (Gr(H,F); 0,). The other side in-
equality is simply obtained by observing that ax , = a, inducing the upper bound using classic
covering arguments. Hence, we obtain

. . 1.
dimy x() X (F) = dimy ) H(F) = adlmH’t F as. (2.17)

For the second example, we consider the set F = H -1 { % }, which might be assumed to be
non-empty. MONRAD and PITT [141] have proved that dimy F = 1 — a. In this case, as the
Hurst function H is constant on the set F, we easily prove that the dimension of Gr(H, F) is
characterised by the dimension on F. Therefore,

1 l1-a

dimy x( X (F) = dimy , (Gr(H,F); 0,) = ———dimy , F = )

0 a.s. (2.18)

The two previous examples show that the estimate obtained in Theorem 2.10 can lead
to very different results, depending on the properties of the set F chosen. In particular, we
observe that the Hausdorff geometry of images displays a richer structure than the local Holder
regularity. Indeed, in the irregular case, we know that the later only depends on H(-) sample
path properties, whereas Equations (2.17) and (2.18) show a more complex geometry of the
image X (F). In the first case, we observe that the formula depends only on the local exponent
of H and the Hausdorff dimension of F, whereas in the second one, Equation (2.18) presents a
case where the Hausdorff dimension follows the classic formula (2.15), even though the mBm
is irregular at t.

To conclude this section, we discuss the question of obtaining the Hausdorff dimension
of the level sets X ~*({x}). This problem has already been investigated by Bouroussi, Dozzi,
and GUERBAZ [36] for the 5#)-multifractional Brownian motion, proving in particular that for
allt e R\ {0},

dimH’tX’l({Xt}) =1—H(t) as.
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It is quite natural to wonder if the previous result can be extended to the irregular mBm. The
upper bound can easily extended, since it is a direct consequence of the Holder regularity of
the process at t. Furthermore, we note as well that the proof from [36] of the lower bound
stands as well in the irregular case. As a consequence, we easily obtain that for all t € R\ {0},

1-H(t) < dimyg, X '({X,}) < 1 -min(H(t),ay,) as.

Hence, lower and upper bounds are not equal in the irregular case, and the remaining question
is whether the lower one can be improved. The sketch of the proof of this inequality is rather
classic and relies on the study of the Holder continuity of the local time (see e.g. the seminal
works of BERMAN [30] and GEMAN and HorowITZ [72] on the subject). The key point to
prove the Holder regularity is a property called the local nondeterminism (LND). In the case
of the mBm, it states that for every n € N, there exists ¢, > 0 such that for all (¢;,...,t,,t) €
(&‘, Oo)n+1
Var(X, | X, ,....X, ) > ¢, 11r§11ki2n|z‘. — £, 2O,

To obtain a better lower bound for the local dimension of the level set, we would need to
improve the exponent in the right term. Unfortunately, the next lemma proves that it is optimal
under a mild assumption on the Hurst function.

Lemma 2.1 Let t € R and suppose there exists a sequence s; — t such that H(s;) = H(t).
Then, for any n €N, any € > 0 and any c,, > 0, there exists (t,,...,t,) € R" such that

: _ 2H(t)—¢
Var(Xt|Xt1,...,Xt")§cn11Snk12n|t tyl .

Proof. Forall(ty,...,t,) € R"andeveryk € {1,...,n}, weobserve that Var(X, | X, ,...,X, ) <
Var(X, | X, ) <E[(X,—X, )*]. Using elements t; € {s;};cy and the estimate of the variance
of the increments, we obtain that

Var(X, | X, ..., X, )< Clglkignlt g PO,

Let set p > 0. We may assume that t; € B(t, p) for every k € {1,...,n}, implying that

Var(X,|X,,,....X, ) < Cp* 1r<rllj£1n|t — £ [PHO—¢,

Using rho sufficiently small, it proves that the property of local nondeterminism does not
stand with the exponent 2H(t) — ¢, for any € > 0. O

Hence, the classic exponent 2H(t) in the LND property of the mBm is optimal. Intuitively,
it can be understood as following: in the neighbourhood of t, the Hurst function can influence
the Holder regularity, but is still a deterministic component and thus does not bring any ran-
domness which could increase the conditional variance. As the consequence, the latter is only
a result of the local fBm form of the multifractional Brownian motion.

Therefore, the estimate of the Hausdorff dimension of the level sets can not be improved
using the classic methods based on the LND property, and it remains an open question to
determine the precise form of the fractal dimension in terms of geometric properties of the
Hurst function H.

Appendix: a few deterministic properties

We gather in this appendix a few deterministic properties which are related to 2-microlocal
analysis and the local graph dimension. Let us begin with a simple upper bound on the 2-
microlocal which extends the classic property of lower semi-continuity on the local Holder
exponent.
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Lemma 2.2 Suppose f is a continuous function and t € R such that liminf,_,, af, < 1. Then,
the 2-microlocal frontier of f at t satisfies

Vs'€R; oy,(s") < lilL}Litnf sy

Proof. Letussetp > 0and ¢ > 0. There exists s € B(t, p) such that @y < liminf,_, a;,+e.
Then, we can find u,,, v, — s such that

|f(un) _f(vn)l zn |un - anaf’s+€'
Therefore, for any s’ € R, we have

|f (u) = fF ()l n

— Y 2 s —>n4>+oo +OO,
|un - vnlaf’s+€(|un - t| + Ivn - t|) (lun - t| + Ivn - t|)

proving that o ¢ ,(s') < liminf,_,, @; , + €, for any & > 0. O

In the next two lemmas, we present an extension of a well-known property connecting the
local dimension of the graph to the local Hélder exponent: dimg , Gr(f) <2 — a;,.

Lemma 2.3 Suppose f is a continuous function and t € R. Then,
dimy, , Gr(f) < dimy,, Gr(f) <2 = (04, (1) A 1).

Proof. We need to construct alocal cover of the graph which is sufficiently efficient. Let first set
t €eRand o < 0y (1) A 1. Then, there exists p > 0and C > 0 such that for allu,v € B(t, p),

If (@) = FOI < Clu—v[7 (lu—t|+|v—t]) 7"

The cover is constructed similarly to the classic proof. Hence, if N5 denotes the number of
&-box necessary to cover Gr(f, [t — p,t + p]), we have

[p/8]
N;<C&l4 D swp |f@—f)5
k=—[p/5] u,vet+[ks,(k+1)5]

p/6]
<cs '+ > Co(ks) 57!
k="Tp/51
[p/6]
=C671+2C5772 Y k7 <2C5772(1+1oglp/5]1).
k=1

since 2 — o > 1. Then,

- N
dimg Gr(f, [t — p,t + p]) =limsup J <2-o,
6—-0 Og5
forallo <oy, (1) A 1, which proves to the expected inequality. O

Lemma 2.4 Suppose f is a continuous function and t € R. Then,

dimy , Gr(f) <2 — (o, (+00) A 1).
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Proof. As the estimate we want to obtain is different than the one in the previous lemma,
we need to adopt a constructing procedure which is slightly different. Lett € Rand 0 <
0,(+00) A 1. Then, there exists’ > 0, p > 0 and C > 0 such that for all u, v € B(t, p)

IF) = FO < Clu=vI7 (lu—t|+ v —t]) .

Letus set 6 > 0 and y > 1. The &-cover of Gr(f, [t — p, t + p]) is constructed as following.
There exists n € N such that for all k > n, k™" < &. To cover the set [t — p, t + p], we first
choose successive intervals (I} );>, of size k™7 in the neighbourhood of t. Then, the rest is
simply covered by intervals of size 6. The first type of intervals cover a set whose length is

equal to:

+00 +o00

Z k77> J xTdx=C,n'.
k=n n

Then, it induces that the number M of intervals of size & which are necessary is upper bounded

by
Ms <& '(2p—C,n').

Let now consider the cover (O;);cn of Gr(f, [t — p,t + p]) which can be defined from the
previous intervals (still using the same idea of covering by columns). Then, it satisfies for any
s>0

DO < 3 (Y K sup If@) = FI+ 35667 sup |f () = F ().
=n wVE k=1

ieEN k u,vel

Let estimate the first term,

u,vel

+00 o
DYk sup f(w) = FOI < D kTYTH e — e
k=n k=n

+00 +oo
=C Z(k*goﬂq (D C, Z(k*l)y(d%»sfl)fs (r-1).
k=n pr—

where we have used that d(t, I;) ~ k™. The previous series converges if s satisfies y(o +s —
D-s'(y—1)>1lieifs>1—o+s'(1—y H+y L
Let now consider the second term in the estimate the covering.

Ms M
D657 sup |f ()~ FOII < Y67 F — e
k=1 =1

u,vel;, k
M; ,
<571 (Cn' T +k8) .
k=1

The sum can upper bounded by

Ms P
(C,n' " +x6)"dx < 5_1J (C,n' " +v) " dv
0 0
<51 pr-DED

<c, 5 1.5-r=D6"-D/r
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Combining the previous estimate, we obtain

Ms
Z 5 -671 sup |f(u) — F(V)| < ¢, 8727 (r=DE =Dy,

k=1 u,vel

Hence, to converge when s — 0, we must have s > 2 — o + (y — 1)(s’ — 1)/y. Therefore,
combining the two conditions we have obtained, the Hausdorft dimension satisfies

dimy Gr(f, [t —p,t+p]) <min{l—o +s'(1 -y D+y ", 2-0+ (-1 -1/r},

forall y > 1 and s’ € R. Then, considering the limit y — 1, we obtain dimy Gr(f, [t — p, t +
p]) < 2 — o, which implies the expected inequality. O

We observe that the two new upper bounds are consistent with the original one, since
ap, = 05,(0) < 05,(1) < 0f,(+00). Finally, let us give a few examples to illustrate in
which case it brings a better estimate of the Hausdorff or Box dimensions.

Example 2.6 Suppose B is a fractional Brownian motion of parameter H € (0, 1). Then, it
is known that with probability one, for all t €R,
dimy , Gr(B") = dimg , Gr(B") =2—H and opu (s') =(H+s)AH,

foralls” € R. Hence, in this case, the estimate obtain with the local Holder exponent is already
optimal and Lemmas 2.3 and 2.4 bring the same upper bound.

On the contrary, let now consider the “chirp” function f : x ~— |x|*sin(|x|~#), with
a, 5 > 0. As proved by ECHELARD [60], its 2-microlocal frontier at O is equal to

s'+a

Vs'€R; 0:o(s) = .
o) =5

Then, if we look at the Box dimension, Lemma 2.3 induces that

dim,, , Gr(f) < dimy, o Gr(f) < 2— (—112) A

Some simple estimations of the increments near 0 proves that the previous estimate is optimal,
mainly because close to 0, the oscillations are too tight to allow a "smarter” cover of the graph.

Furthermore, the estimate given by Lemma 2.4 on the Hausdorff dimension proves that
dimy , Gr(f ) = 1. Hence, for this specific example, Lemmas 2.3 and 2.4 give better estimates,
which are proved to be optimal, whereas the classic one only leads to a rough upper bound

2—a/(1+p).

To end this section, we prove two useful lemmas related to the parabolic Hausdorff dimen-
sion. The first one constitutes an extension of an inequality proved by PEREs and Soust [156]
(Lemma 2.1).

Lemma 2.5 ForallAC R? and all H; > H, > 0, we have
. 1 1 . H, .
d1rnH(A;QHz)+ITz—H—1 < dimgy(A;05,) < 1+E(dlmH(A;QHZ)—1).

As a consequence, if H(-) is a positive continuous function, then the map t — dimy (A; @p ()
is also continuous.
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Proof. Suppose A C R? and H; > H,. Let us first prove the upper bound on dimy (A; O, )-
For any y > dimy (A; oy, ), there exists a gy, -cover (O;);en of A such that

0
5/ <oo where §;:=diam(0;;pp,) Vi€N.
i=0
We denote by p; the quantity 5?1 M2 Without any loss of generality, we may assume that for
every i € N, O; is a rectangle of size 53/ f2 56, (asa simple consequence of the definition
of py,). We want to construct a g -cover of A from (O;);en. Since pil/H1 = 53/H2, we
need to split O; along the space axis to obtain gy, -balls. More precisely, there will be at most

26;/p; =26 l.lle /Hz resulting oy -balls of diameter p;. Hence, we obtain a oy -cover (Vi )xen

of A such that - o
Zdiam(vk;QHl)s < 2253—H1/H2 . 5~:H1/Hz‘
k=0 i=0

The last sum is finite when 1+H, /H,(s—1) > v, i.e. whens > 14+(y—1)H,/H,. Considering
y — dimy (A; gy, ), we obtain the expected upper bound.

The lower bound is obtained using a similar reasoning. For any s > dimy; (A; oy ), there
exists a oy, -cover (Vi )xen 0of A such that

[09)
Zpsk <oo where p;:=diam(Vy;epy,) VkEN.
k=0

Similarly, we may assume that V. is a rectangle of size p ;/ 11 py for everyk €N. AsH; > H,,
we note that p1/"2 < p ;/ 1 Hence, to obtain a ©n,-cover of A, we split the previous balls along

the time axis, in at most Zp;/ Hi=1/H2 qub-balls. Therefore, we obtain a on,-cover (O;);ey of A

such that
(09 (0 9)
. 1/H,~1/H
E dlam(Oi;QHZ)YSZE pk/ ! /2-pZ.
i=0 k=0

This sum is finite when y + 1/H; — 1/H, > s, inducing the lower bound on dimy; (A; oy, ).
The continuity of the map t — dimy; (A; @y, is straightforward as we observe that lower
and upper bounds converge to dimy (A; oy, ) when H, — Hj. O

The previous lemma helps us to extend the property of upper semi-continuity to the local
parabolic Hausdorff dimension.

Lemma 2.6 Suppose A C R? and H(-) is a positive continuous function. Then, the map t —
dimy , (A; @p(r)) is upper semi-continuous, i.e. for all t €R

dimy , (A; @ueny) = lil'?jtup dimy (A5 0n(s)) -
Proof. For any t € R, the local parabolic Hausdorff dimension satisfies

dimy (45 @n10) 2 limsup dimy (43 1)
The proof of this inequality is simply the same as the one for the usual Hausdorff dimension.
Let 6 > 0. Owing to the uniform bounds obtained in Lemma 2.5, there exists c5 > 0 such that

for alls € B(t,6)and all p > 0,

|dim (ANB(s,0); @uc)) — dimy (ANB(s, p); @rce)) | < cslH(s) — H(L).
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Hence, considering the limit p — 0, we obtain |dimy;(A; E()) — dimy; (A; EpE)| <
¢s|H(s) — H(t)|, proving, jointly with the first inequality, the upper semi-continuity of the
map t — dimy , (A; Qp(r))- O
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3.1 Introduction

The study of sample path continuity and Holder regularity of stochastic processes is a very ac-
tive field of research in probability theory. The existing literature provides a variety of uniform
results on local regularity, especially on the modulus of continuity, for rather general classes
of random fields (see e.g. MAaRcUS and ROSEN [127], ADLER and TAYLOR [4] on Gaussian pro-
cesses and X140 [199] for more recent developments).

On the other hand, the structure of pointwise regularity is generally more complex as the
latter often tends to behave erratically as time passes. This type of sample path behaviour was
first put into light on Brownian motion by OREY and TAYLOR [152] and PERKINS [157]. They
respectively studied fast and slow points which characterize logarithmic variations of the point-
wise modulus of continuity, and proved that the sets of times with a given pointwise regularity
have a distinct fractal geometry. KHOSHNEVISAN and SHI [102] have recently extended this
study of fast points to fractional Brownian motion.

Lévy processes with a jump compound also present an interesting pointwise behaviour.
Indeed, JAFFARD [94] has proved that despite the random variations of the pointwise expo-
nent, the level sets of the latter show a specific fractal structure. This seminal work has been
enhanced and extended by DURAND [57], DURAND and JAFFARD [58] and BARRAL et al. [21].
Particularly, the latter have proved that Markov processes have a range of admissible pointwise
behaviours wider and richer than Lévy processes. In the aforementioned works, multifractal

107
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analysis happens to be the key concept to study and characterise the local fluctuations of the
pointwise regularity. In order to be more specific, we recall a few definitions.

Definition 3.1 (Pointwise exponent) A function f : R — R? belongs to C%, where t € R and
a > 0, if there exist C > 0, p > 0 and a polynomial P, of degree less than o such that

VYueB(t,p); If(w)—PIl <Clt —ul*

The pointwise Holder exponent of f at t is then defined by ay . = sup{a > 0 : f € C/*}, where
by convention sup{@} = 0.

Multifractal analysis is interested in the fractal geometry of the level sets of the pointwise
exponent, which are also called the iso-Hélder sets of f:

E,={t€R:a;, =h} foreveryheR, U{+oo}. (3.1)

The geometry of the collection (Ej )yeg, is then studied through its Hausdorff dimension, defin-
ing in this way the local spectrum of singularities of f. Usually denoted d;(h, V), it is defined
by

ds(h,V)=dimy(E,NV) foreveryh€R, U{+oo}andV € 0, (3.2)

where @ designates the collection of nonempty open sets of R and dimy; is the Hausdorff
dimension, with by convention dimy (@) = —oo (we refer to [67] for the complete definition
of the latter).

Even though (Ej)segr, are random sets, stochastic processes such as Lévy processes [94],
Lévy processes in multifractal time [22] and fractional Brownian motion have a deterministic
multifractal spectrum. Furthermore, these random fields are also said to be homogeneous
since the quantity dy(h, V) is independent of the open set V for any h € R,. In addition,
when the pointwise exponent is constant along sample paths, the spectrum is described as
degenerate, i.e. its support is reduced to a single point (e.g. the Hurst exponent H in the case
of f.B.m.). Nevertheless, note that BARRAL et al. [21] and DURAND [56] have provided examples
of respectively Markov jump processes and wavelet random series with a non-homogeneous
and random spectrum of singularities.

As outlined in Equations (3.1) and (3.2), multifractal analysis usually focuses on the struc-
ture of pointwise regularity. Unfortunately, as presented by MEYER [138], the pointwise Holder
exponent suffers of a couple of drawbacks: it lacks of stability under the action of pseudo-
differential operators and it is not always characterised by the wavelets coefficients. In addi-
tion, several simple deterministic examples such as the Chirp function t — |t|* sin(ltl_ﬁ)
show that it does not fully capture the local geometry and oscillations of a function.

Several approaches, such as the oscillating, chirp and weak scaling exponents introduced by
ARNEODO et al. [7] and MEYER [138], have emerged in the literature to address the issues of the
pointwise exponent and supplement the latter by characterising other aspects of the local reg-
ularity. Interestingly, the aforementioned concepts are embraced by a single framework called
2-microlocal analysis. It has first been introduced by Bony [35] in the deterministic frame to
study singularities of generalised solutions of PDEs. Several authors have then investigated in
[93, 96, 138, 119] this framework more deeply, determining in particular the close link between
the 2-microlocal formalism and the previous scaling exponents. More recently, HERBIN and
LEvy VEHEL [78] have developed a stochastic approach of this framework to investigate the
fine regularity of stochastic processes such as Gaussian processes, martingales and stochastic
integrals.

Similarly to the pointwise Holder exponent, the introduction of this formalism starts with
the definition of appropriate functional spaces, named 2-microlocal spaces. We begin with a
simpler, but narrower, definition to give an intuition of these concepts.
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Definition 3.2 Suppose t € R, s’ € Rand o € (0,1) such that o —s’ & N. A function

f : R— RY belongs to the 2-microlocal space Ctg’s/ if there exist C > 0, p > 0 and a polynomial
P, such that for allu,v € B(t, p):

I (@) = Pw) = F )+ P, )| < Clu=vIo (ju— e[+ v — ). (33)

In addition, P, is unique if we suppose its degree is smaller than o —s'. In this case, it corresponds
to the Taylor polynomial of order |0 —s’| of f at t.

The 2-microlocal spaces are therefore parametrised by a pair (s’, o) of real numbers and
we clearly observe on Equation (3.3) that they tend to extend the ideas behind classic Holder
spaces. To define these elements for any o € R\ Z, we need to slightly complexify the form of
the increments considered.

Definition 3.3 Suppose t € Rand b < t is fixed. In addition, consider s’ € R, 0 € R\ Z
and k € Z such that c —s’' ¢ N and o + k € (0,1). A function f : R — R? belongs to the

2-microlocal space C; o if there exist C > 0, p > 0 and a polynomial P,y such that for all
u,v € B(t,p):

175, £ (@) = Ps() = IE, F V) + Py S Clu = v (u— el + v =)™, (3.4)

where I} f designates the derivative of order —k when k < 0 and the iterated integral of order
kwhenk >0, ie. (If, f)(w) :=1/T(k—1) [, (u—s)*f (s)ds.

The time-domain characterisation (3.3)-(3.4) of 2-microlocal spaces has first been obtained
by KorwaNkaRr and LEvy VEHEL [109] in the case o € (0, 1) and then extended by SEURET and
LEvy VEHEL [169] and ECHELARD [60] to 0 € R\ Z. Note that the previous characterisation
does not depend on the value of the constant b, since a modification of the latter simply induces
an adjustment of the polynomial.

Even though, we restrict ourselves in Definitions 3.2-3.3 to usual functions, 2-microlocal
spaces were originally introduced by Bony [35] for tempered distributions .%’(R). The first
definition given by BoNY [35] hence relies on the Littlewood-Paley decomposition of distribu-
tions, and thereby corresponds to a description in the Fourier space. Another characterisation
based on wavelet coefficients has also been presented by JAFFARD [93]. Also note that the char-
acterisation is in fact equivalent the localised 2-microlocal spaces which are also defined for
distributions in 2’(R) (we refer to [138] for a more precise distinction between global and
local definitions of the 2-microlocal spaces).

One major property of the 2-microlocal spaces is their stability under the action of pseudo-
differential operators. In particular, as proved by JAFFARD and MEYER [96, Th 1.1], they satisfy

Ya>0; fe Cf’s/ — Ij'r‘f 1S Ct‘Ha’S/, (3.5)

where the fractional integral of f of order a > 0 is defined by: (Ij‘r‘ f )(u) :=1/T'(a) fR(u -
s)f1 f(s)ds. Note that the latter definition of the operator I{ coincides with the fractional
integral presented in [96] for tempered distributions (we refer to the book of SAmMKo0, KiLBAs,
and MARICHEV [166] for an extensive study of the subject).

Similarly to the pointwise Holder exponent, the introduction of 2-microlocal spaces leads
naturally to the definition of a regularity tool named the 2-microlocal frontier:

Vs'€R; o, (s)=sup{oc €R: feC}.

Due to several inclusion properties of the 2-microlocal spaces, the map s" — o .(s") is well-
defined and satisfies:
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+ 0y ,() is a concave non-decreasing function;
+ 0,(-) has left and right derivatives between 0 and 1.

Furthermore, as a consequence of Equation 3.5, o4 (-) is stable under the action of pseudo-
differential operators.

As a function, the 2-microlocal frontier o ¢ ,(-) offers a more complete and richer descrip-
tion of the local regularity and cover in particular the usual Holder exponents:

df,=07,(0) and as, =—inf{s": 0, (s") >0},

where the last equality has been proved by MEYER [138] under the assumption w(h) = O (1/|log(h)|)
on the modulus of continuity of f. Several other scaling exponents previously outlined can

also be retrieved from the frontier: the chirp and weak scaling exponents introduced by MEYER

[138] are given by:

do
¢ _ fot
ﬁf’t N { ds’

-1
} -1 and B, = s/l_i)rzloo 05 (s)=5';
s'—>—00

These two elements characterise the asymptotic regularity of a function after a large number
of integrations and the latter was been specifically introduced to supplement the pointwise
exponent in multifractal analysis. The oscillating exponent defined by ARNEODO et al. [7] can
also be retrieved from the 2-microlocal frontier:

do fit

-1
0 = —1.
ﬁf,t { ds’ P }

The latter aims to capture the oscillating behaviour by studying the regularity after infinitesimal
integrations. Note that the original definition of these exponents are based on Hélder spaces
(see [170] for an extensive review).

In the stochastic framework, Brownian motion provides a simple example of 2-microlocal
frontier: with probability one and for all t € R

1 1
Vs'eR; op.(s)= (——|—s’) A—. (3.6)
’ 2 2
Using the terminology of MEYER [138], since B, = ap, and B , = 0, Brownian motion is
said to have cusp singularities. On the other hand, oscillating singularities appear when the
slope of the frontier is strictly smaller than 1 ats’ = —a ,, or equivalently, when ', > aj,.
This oscillating behaviour is well-illustrated by the chirp function whose frontier and scaling
exponents at O respectively are equal to Uf,o(s’) =(a+s)(1+p), ago =0, [5;’0 = [5}”0 =p
and [5}‘:0 = 00.

In this paper, we combine the 2-microlocal formalism with the classic use of multifractal
analysis to obtain a finer and richer description of the regularity of Lévy processes. Following
the path of [94, 57, 58], we extend the multifractal description (Section 3.2) to the aforemen-
tioned scaling exponents and the 2-microlocal frontier. We present in particular how this
formalism allows to capture and describe the oscillating singularities of Lévy processes. The
fractal structure of the latter is determined for a few classes of Lévy processes which include
alpha-stable processes.

This finer analysis of the sample path properties of Lévy processes happens to be very use-
tul for the study of another class of processes named linear fractional stable motion (LFSM).
The LFSM is a common a-stable self-similar process with stationary increments which can
be seen as the extension of the fractional Brownian motion to the non-Gaussian frame. In
Section 3.3, we completely characterize the multifractal nature of the LESM, unifying the geo-
metrical description of the sample paths independently of their boundedness. This analysis is
also extended the multifractional generalisation of the LEFSM.
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Statement of the main results

As it is well known, an R¢-valued Lévy process (X t)rer, has stationary and independent in-
crements. Furthermore, its lawA is determined by the Lévy-Khintchine formula (see e.g. [168]):
forall t € R, and A € R4, E[e!*X)] = eV () where ) is given by

ViAeRY Y =i(a,A) - %(;\, QA) + f (") — 1 — (2, x) 1y <yy) m(dx).
Rd

In the previous expression, Q is a non-negative symmetric matrix and 7 is the Lévy measure,
i.e. a positive Radon measure on R? \ {0} such that fRd(l A l|x||?) m(dx) < oco. Throughout
this paper, it will always be assumed that 7(RY) = +00 since otherwise, the Lévy process
corresponds to the sum of a simple compound Poisson process with drift and a Brownian
motion whose regularity is well-known.

Sample path properties of Lévy processes are known to depend on the growth of the Lévy
measure near the origin. More precisely, BLUMENTHAL and GETOOR [34] have defined the
following exponents f§ and 3/,

B ifQ=0;

2 ifQ#0. (37)

[S:inf{520:J (1A l1x1%) n(dx)<oo} and [5’={
Rd

Owing to 7’s definition, 8, 8’ € [0,2]. PruITT [160] proved that ay 2 1/ when Q = 0.
Note that several other exponents have been introduced in the literature to study the sample
path properties of Lévy processes (see e.g. [106, 101] for some recent developments).

JAFFARD [94] has studied the spectrum of singularities of Lévy processes under the follow-
ing assumption on the measure 7,

ZZ_J}/ C;jlog(1+C;) <oo, where C;= J m(dx). (3.8)
2777 <||x||<27

JEN

Under the Hypothesis (3.8), Theorem 1 in [94] states that the multifractal spectrum of a Lévy
process X is almost surely equal to

Bh  ifhe[0,1/8);
YVVeo; dy(h,V)=11 ifh=1/p; (3.9)
—oco ifhe(1/B,+o0].

DuRraND [57] has extended this result to Hausdorff g-measures, where g is a gauge function,
and DURAND and JAFFARD [58] have generalized the study to multivariate Lévy fields.

In this work, we first establish in Proposition 3.9 a new proof of the multifractal spec-
trum (3.9) which does not require Assumption (3.8). Results obtained by DURAND [57] on
Hausdorft g-measure are also indirectly extended using this method.

In order to refine and extend the spectrum of singularities (3.9) using the 2-microlocal for-
malism, we are interested the fractal geometry of the collections of sets (E, Jher, and (E, her,
respectively defined by

E,={t€E,:Vs'eR; 0y, (s)=(h+s)IA0} and E,=E,\E,.

The introduction of these two collections corresponds to the natural distinction between two
types of singularities: the family (Ej,)neg, gathers the cusp singularities of Lévy processes, i.e.
times at which the slope of the 2-microlocal frontier is equal to 1, whereas the collection
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(Eh)hem regroups the oscillating singularities of the process, i.e. when By, > ax . and 8¢ , >
0.

In our first important result, we provide a general description of the fractal geometry of
these singularities.

Theorem 3.1 Suppose X is a Lévy process such that 8 > 0. Then, with probability one, the
cusp singularities (Ej)per, of X satisfy

Bh  ifhe[0,1/B");
VVeo; dimy(E,nV)={1 ifh=1/p'; (3.10)
—o0o ifhe(1/B’,+00].

Furthermore, the oscillating singularities (Eh)heR+ of X are such that

VVeo; dimy(E,NV)<

{zﬁh_l ifhe(1/2p,1/8"); (3.11)

ifhe[0,1/2B] U1/, +o0],

where the 2-microlocal frontier at t € E}, verifies o ,(s') < %sh/) A (é +s")AO foralls’ €R.

Remark 3.1 Theorem 3.1 induces that dimH(Eh) < dimH(Eh) for every h € [0,1/B']. There-
fore, in terms of Hausdorft dimension, chirp oscillations that might appear on a Lévy process
are always singular compared to the common cusp behaviour.

We also note that even though sample paths of Lévy processes do not satisfy the condition
w(h) = O(1/|log(h)|) outlined in the introduction, Theorem 3.1 nevertheless ensures that
the pointwise Holder exponent can be retrieved from the 2-microlocal frontier at any t € R,
using the formula ay , = —inf{s’ : o ,(s") > 0}. As a consequence, the pointwise regularity
of Lévy processes can also be characterised by its wavelet coefficients.

The determination of the 2-microlocal regularity of Lévy processes allows to deduce the
behaviour of several scaling exponents. In particular, we are interested in the multifractal
spectrum of the weak scaling exponent, whose level sets are defined as:

Ey ={t€R:fy,=h} foreveryheR, U{+oo}.

Corollary 3.2 Suppose X is a Lévy process such that 8 > 0. Then, with probability one

Bh  ifhe[0,1/B");
YVeo; dimy(EynVv)=11 ifh=1/p’; (3.12)
—00  otherwise.

Furthermore, the oscillating exponent is such that By < max(0,28h — 1) and

2ph—1 ifhe(1/2B,1/B");

1
—00 otherwise. (3:13)

dimy{t €E,: g, >0} < {

Finally, the chirp scaling exponent satisfies By . =1 forall t €R.

According to Corollary 3.2, the multifractal spectrum associated to the weak scaling expo-
nent is the same as the classic one (3.9) despite the oscillating singularities which might exist.
We also note that the latter do not influence the chirp scaling exponent, showing that chirp
oscillations tend to disappear after multiple integrations.
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Following the ideas presented by MEYER [138], it is also natural to investigate geometrical
properties of the sets (E, ), y<r defined by

E,y={t€R,:VYu' >s"; X.€Co" and Vu' <s'; X. ¢ Co'}.
This collection of sets can be seen as the level sets of the 2-microlocal frontier for a fixed o.

Corollary 3.3 Suppose X is a Lévy process such that 3 > 0. Then, with probability one and for
alo €R_,

Bs  ifs€[0,1/B");
YVeo; dimy(E,ynV)=11 ifs=1/'; (3.14)
—00  otherwise.

where s denotes the common 2-microlocal parameter s = o — s’. Furthermore, for all s’ € R,
Eyy =E_g and E, ¢ is empty if o > 0.

As for the weak scaling exponent, we obtain in Corollary 3.3 a multifractal spectrum which
takes the same form as Equation (3.9) (note that the latter corresponds to the case o = 0). In
addition, the oscillating singularities are also not captured by these scaling exponents and the
spectrum associated.

Theorem 3.1 provides an upper bound of the Hausdorff dimension of the oscillating sin-
gularities of a general Lévy process. In Section 3.2.3, we obtain the exact estimates for some
specific classes of Lévy processes, proving in particular that the Blumenthal-Getoor exponent
does not entirely characterise the structure of these chirp oscillations.

Proposition 3.4 Suppose 7 is a Lévy measure on R such that m(Ry) = 0 and X is a Lévy
process with generating triplet (a,Q, 7). Then, with probability one, E;, = 0 for allh € R, i.e.

VteR,, Vs'eR; oy, (s)= (ax,+s") AO.

Note in particular that subordinators do not have oscillating singularities, which is quite
understandable because of their monotonicity.

Nevertheless, these singularities might appear as well for rather natural classes of processes,
including alpha-stable Lévy processes.

Theorem 3.5 Suppose X is a Lévy process parametrised by (0,0, ), where the Lévy measure
7 has the following form

m(dx) = a; x| 774 1g, dx +ay [x| 7172 1, dx, (3.15)

and a;,a, > 0 and a,,a, €(0,2).
Then, the Blumenthal-Getoor exponent of Tt is equal to § = max(a,, a,) and with proba-
bility one, the oscillating singularities of X satisfy

(a1 +a)h—1 if he (1/(a; +ay),1/B);

.16
otherwise. (3.16)

YV eo; dimy(E,NV)= {

One of the interesting aspects of the previous result is to show that the Hausdorft di-

mension of the oscillating singularities of Lévy processes is not necessarily governed by the

Blumenthal-Getoor exponent, but also takes into account the symmetrical aspect of the Lévy

measure. Furthermore, Theorem 3.5 proves that the upper bound obtained in Theorem 3.1 is

optimal, since in the case of an alpha-stable process parametrised by (a, 3, ), with probability
one

2ah—1 ifhe(1/2a,1/a)and B, €(—1,1);

1
00 otherwise. (3.17)

YVeo; dimy(E,NnV)= {
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Note that owing to Proposition 3.4, an alpha-stable process whose skewness parameter f3, is
equal to 1 or —1 does not have oscillating singularities.

The fine 2-microlocal structure presented Theorems 3.1 and 3.5 happens to be interesting
outside the scope of Lévy processes. More precisely, it allows to characterized the multifractal
nature of the linear fractional stable motion (LFSM). The latter is a fractional extension of
alpha-stable Lévy processes and is usually defined by the following stochastic integral (see e.g.
[167])

X, = f {(e— w7 = (w7 My(w, (318)
R

where M, is an alpha-stable random measure parametrised by a € (0,2) and 8, € [—1,1],
and H € (0, 1) is the Hurst exponent. Several regularity properties have been determined in
the literature. In particular, sample paths are known to be nowhere bounded [121] if H < 1/a
and Holder continuous when H > 1/a. In this latter case, TAKASHIMA [176], KONO and
MaEgjiMa [110] proved that the pointwise and local Holder exponents satisfy almost surely
H—1/a < ax, < Hand ay, = H — 1/a. Throughout this paper, we will assume that
a € [1,2), which is required to obtain Holder continuous sample paths (H > 1/a).

Using an alternative representation of LEFSM presented in Proposition 3.10, we enhance the
aforementioned regularity results and obtain a precise description of the multifractal structure
of the LESM.

Theorem 3.6 Suppose X is a linear fractional stable motion parametrized by a € [1,2), f, €
[—1,1] and H € (0, 1). Then, with probability one and for alloc < H — i

als—H)+1 ifse H—l,H;
VVeo; dimg(E,,NV)= ( ) i [, 1] (3.19)
’ - otherwise.
wheres =0 —s’. Wheno > H — % E, g is empty for all s € R.
In addition, the weak scaling exponent satisfies with probability one
a(h—H)+1 ifhe [H-21H];
VVeo;, dimy(E, NV)= { ( ) if [ a ] (3.20)
—00 otherwise.

Finally, the chirp scaling exponent By  is equal to 1 for all t €R.

Therefore, we observe that the multifractal structure presented in Theorem 3.6 corresponds
to the spectrum of alpha-stable processes translated by a factor H — i Interestingly, we also
note that on the contrary to usual Holder exponents, the weak scaling exponent and the 2-
microlocal formalism allow to describe the multifractal nature of the LEFSM independently of
the continuity of its sample paths, unifying the continuous (H > i) and unbounded (H < i)
cases (see Figure 3.1). In the latter case, the 2-microlocal domain is located strictly below the
s’-axis, implying that sample paths are nowhere bounded. Nevertheless, the proof of Theorem
3.6 ensures in this case the existence of a modification of the LFSM such that sample paths are
distributions in 2’(R) whose 2-microlocal regularity can be studied as well.

In addition, the classic multifractal spectrum can be explicated when sample paths are
Holder continuous (H > i).

Corollary 3.7 Suppose X is a linear fractional stable motion parametrized by a € [1,2), 8, €
[—1,1] and H € (0, 1), with H > 1/a. Then, with probability one, the multifractal spectrum of
X is given by

a(h—H)+1 ifhe [H—i,H];

21
—00 otherwise. (3:21)

VWeo; dy(hV)= {
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An equivalent multifractal structure is presented in Proposition 3.11 for a similar class of
processes called fractional Lévy processes (see [25, 128, 44]).

o o
T1 11
2 2
dimy(E,¢) =a(s— H)+1
H-1 dimy(Ey,y) =a(s —H) +1
s’ s’
' } '
0 o 0 5
0 ]{_:1 ______
_1 2 g 1.1
2 . eS=0—S . 2
(a) Continuous sample paths: H = 2 anda = % (b) Unbounded sample paths: H = % anda = %

Figure 3.1: Domains of admissible 2-microlocal frontiers for the LESM

The LFSM admits a natural multifractional extension which has been introduced and stud-
ied in [174, 173, 54]. The definition of the linear multifractional stable motion (LMSM) is based
on Equation (3.18), where the Hurst exponent H is replaced by a function t — H(t). STOEV
and TaQQu [174] and AvyacHE and HAMONIER [11] have obtained lower and upper bounds on
Holder exponents which are similar to LESM results: forallt € R, H(t)—1/a < ay , < H(t)
and dy , = H(t) — 1/a almost surely. AvacHE and HAMONIER [11] have also investigated the
existence of an optimal local modulus of continuity.

Theorem 3.6 can be generalized to the LMSM in the continuous case. More precisely, we
assume that the Hurst function satisfies the following assumption,

H:R— (i, 1) is 6-Holderian, with & > sup H(u). (%)
ueR
Since the LMSM is clearly a non-homogeneous process, it is natural to focus on the study of
the spectrum of singularities localized at t € R, i.e.

VeeR, dy(h0) = limdy(h,B(¢,p)) = lim dimy(E, N B(t, p)).
P P

Theorem 3.8 Suppose X is a linear multifractional stable motion parametrized by o € (1,2),
Bo € [—1,1] and an (56))-Hurst function H.
Then, with probability one, for all t € R and for all o < H(t) — i,

{a(s —H())+1 ifse [H(t)—-,HD)];
—0o0

ll)ig(l) dimy (E, ¢ NB(t,p)) = (3.22)

otherwise.
wheres = o —s’. Furthermore, the set E, ¢ NB(t, p) is empty for any o > H(t)— i andp >0
sufficiently small.

Theorem 3.8 extends the results presented in [174, 173], and also ensures that the localized
multifractal spectrum is equal to

(jg;— H(t))+1 ifhe [H(t)— 2,H(t)]; (3.23)

otherwise.

VteRy; dX(h,t)z{

Moreover, we observe that Proposition 3.10 and Theorem 3.8 still hold when the Hurst function
H(-) is a continuous random process. Thereby, similarly to the works of BARRAL et al. [21] and
DURAND [56], it provides a class stochastic processes whose spectrum of singularities, given
by Equation (3.23), is non-homogeneous and random.
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Lévy processes

In this section, X will designate a Lévy process parametrized by the generating triplet (a, Q, 7).
The Lévy-Ito decomposition states that it can represented as the sum of three independent
processes B, N and Y, where B is a d-dimensional Brownian motion, N is a compound Poisson
process with drift and Y is a Lévy process characterized by (0,0, n(dx)1y, anl}).

Without any loss of generality, we restrict the study to the time interval [0,1]. Further-
more, as outlined in the introduction, we also assume that the Blumenthal-Getoor f3 is strictly
positive. As noted by JAFFARD [94], the component N does not affect the regularity of X since
its trajectories are piecewise linear with a finite number of jumps. Sample path properties of
Brownian motion are well-known and therefore, we first focus in this section on the study of
the jump process Y.

It is well-known that the process Y can be represented as a compensated integral with
respect to a Poisson measure J(dt, dx) of intensity £! ® 7:

Y, =lim [f xJ(ds,dx) — tf X n(dx)} s (3.24)
=0 [0,t]xD(e,1) D(e,1)

where for all 0 < a < b, D(a, b) := {x € R% : a < ||x|| < b}. Moreover, as presented in [168,
Th. 19.2], the convergence is almost surely uniform on any bounded interval. In the rest of this
section, for any m € R, Y™ will denote the Lévy process:

Y =lim [j xJ(ds,dx) — tj X n(dx)} . (3.25)
=0 [0,t]xD(e,27™) D(g,27™)

Finally, in the following proofs, ¢ and C will denote positive constants which can change
from a line to another. More specific constants will be written ¢;, c,, ...Furthermore, we will
write u, < v, when there exists two constants c;, ¢, independent of n such that ¢; v, < u, <
¢y v, for everyn € N.

Pointwise exponent

We extend in this section the multifractal spectrum (3.9) to any Lévy process. To begin with,
we prove two technical lemmas that will be extensively used in the rest of the article.

Lemma 3.1 For any & > f3, there exists a positive constant c(5) such that for allm € R,

IP( sup ||th/5”1 > m2‘m/5) <c(6)e ™.
t<2m
Proof. Let 6 > 3. We observe that foranym € R,

{ sup [|[v™°|, = m2‘m/5} = { sup (&, Y"/°) > m2‘m/5}

<2—m <2-m
t=2 eef-1,1}¢ \I=2

Hence, it is sufficient to prove that there exists c(5) > 0 such that for any & € {—1,1}4,

IP( sup (&,v"%) > m2_m/5) <c(8)e™™.

t<2™m

Let A = 2™ and M, = M) forall ¢ € R, . According to Theorem 25.17 in [168], we

have E[M,] = exp{¢ fD(o 2o (e*&*) —1 — A(e, x)) m(dx)}. Furthermore, we observe that
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foralls <t €R,,

E[M,|Z,]=M, exp{(t —5) (M%) —1— Ale, x))n(dx)} > M,,

D(0,2-m/8)

since forany y € R, e —1 — y > 0. Hence, M is a positive submartingale, and using Doob’s
inequality (Theorem 1.7 in [161]), we obtain

IP( sup (&,Y"/%) > m2_m/5) = ]P’( sup M, > em) <e ME[Myn].

t<2™m t<2™m

Forall y € [—1,1], we note that ¥ — 1 — y < y?. Thus, foranym € R,

E[Myn] < exp{2_mf Az(e,x)zn(dx)} < exp{z_mf lzllxllzn(dx)}.
D(0,2°™m/%) D(0,27™/%)

If B <2, letussety > 0suchthat B <y <2andy < 6. Then,
Z_mf 22| re(dx) = 2—m(1—2/5)f [l - fl[[>77 7(dx)
D(0,27™m/5) D(0,27m/%)

< z—m(1—2/5)2—m/5(2—r)f [l2¢||" 7e(dx)
D(0,1)

— z—m(l—y/S)J llx | (dx) < f [|x]||" e(dx),
D(0,1) D(0,1)

since y < 6. If 8 = 2, we simply observe that

Z‘mf kzIIXIIZH(dX)SZ"”“‘”“J IIXIlzﬂr(dX)Sf [l [I? 7r(dux),
D(0,27m/%) D(0,1) D(0,1)

as 6 > 2. Therefore, there exists c(§) > 0 such that for all m € R, E[My-=] < ¢(6),

concluding the proof of this lemma. O

Lemma 3.2 Suppose 5 > f. Then, with probability one, there exist ¢; > 0 and M(w) > 0
such that
Yu,ve[0,1]:|lu—v|<2™™, ||Yum/5 — va/‘SH <c¢;m2m° (3.26)

foranym > M(w).

Proof. We first note that for any m € R, and any 6 > f3,

{ sup ||Yu’"/‘5 — YV’"/EH > 3m2_’"/5}
u,ve[0,1

l:lu—v|g2™m

2m—-1
e U sup s . - v = mame).
ko \ts27™m

Therefore, the stationarity of Lévy processes and Lemma 3.1 yield

}P’( sup |ym/e—yme|| > 3m2_m/5) <2m¢(8)e™ = c(5)e ™.

u,vel0,1]:lu—v|<2™™m

Using the latter estimate and Borel-Cantelli lemma, we obtain Equation (3.26). O
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Let us recall the definition of the collection of random sets (A )5+ introduced by JAFFARD
[94]. For every w € ), S(w) denotes the countable set of jumps of Y.(w). Moreover, for any
€ > 0, let A% be

As= | [e—lAY P, e+ A )°].
teS(w)

Ay |I<e

Then, the random set A; is defined by A5 = limsup, o+ A5. As noted in [94], if t € A5, we

necessarily have ay, < %. The other side inequality is obtained in the next statement which
extends Proposition 2 from [94].

Proposition 3.9 Suppose 6 > 3. Then, with probability one, for all t € [0,1]\ S(w):

1
t¢A; = ay, >3

Proof. Suppose w € , t ¢ Ag, u € [0,1] and m € N such that 2718 < |¢ —y| < 27™,
Since t ¢ As, there exists 5 > 0 such that for all £ < g, t ¢ A%. The component

J xJ(ds,dx)—(u—1t) x 1t(dx)
[£.u]xD(gg,1) D(e1)

is piecewise linear, and therefore does not influence the pointwise exponent ay .. Without
any loss of generality, we may assume that 27" < ¢g;. Then, for any jump AY; such that
|AY,|| € [27™, &y], we have || AY;||® > 27™% > |t — u|, implying that

J xJ(ds,dx)=0.
[t,u]xD(27™,g4)

Furthermore, using Lemma 3.2, we obtain

assuming that |t — u] is sufficiently small. Therefore, the remaining term to estimate corre-
sponds to —(u — t) f pia-me) X 7t(dx). To study the latter, we distinguish two different cases,
»€0

ym— thH <cm2 ™ < clog(|t —u|™)|t —u|'?,

u

depending on the polynomial component we subtract in Definition 3.1.

1. If 6 > 1, let us set P, = 0. Then,

(u—1t) x 7(dx)

D(27™,g0)

<clt—ul J2l1® - fl ' =° 7e(dox)
D(2™,¢0)

§c|t—u|-2_m(1_5)f llx]1® w(dx) < c |t —ulY?.
D(2™™ &)
2. If § < 1 (and thus 8 < 1), we set P,(u) = —(u — t) fD(O c) 7t(dx), which corresponds to
the linear drift of the Lévy process. We observe that —(u — t) fD(Z’m e X (dx)—P,(u) =
20

(u—1) fD (02-m) X 7t(dx). Then, similarly to the previous case, the latter satisfies

(u—1) x 7(dx)
D(0,2°™)

<clt—u lll1® - flx [l ~° m(dx)
D(0,27™)

<c|t—ul -2—m<1—5>f lIxI® m(dx) < c|t —ul'°.
D(0,27™)
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Therefore, owing to the previous estimates, we have proved that ||Y, — Y, — P, (w)|| < ¢, log(|t—
ul™1) |t — u|"/?, where the constant c, is independent of u. The latter inequality and Defini-

tion 3.1 prove that ay, > %. O

Proposition 3.9 ensures that almost surely

Vh>0; E,= ( ﬂ Ag) \( U A5) \S and E,= (mAé-) us. (3.27)

6<1/h 6>1/h 6>0

Furthermore, since the estimate of the Hausdorff dimension obtained in [94] does not rely on
Assumption (3.8), the Lévy process Y satisfies with probability one

Bh if he[0,1/B];

YV eo; dirnH(EhﬂV)z{ )
oo otherwise.

2-microlocal frontier of Lévy processes

We now aim to refine the multifractal spectrum of Lévy processes by studying their 2-microlocal
structure. Let us begin with a few basics remarks and estimates on their 2-microlocal fron-
tier. Firstly, according to [138, Th. 3.13], with probability one, for all t € [0, 1] and for any
—s’ < ay,, the sample path Y.(w) belongs to the 2-microlocal space C? " Furthermore, ow-
ing to the density of the set of jumps S(w) in [0, 1], necessarily Y.(w) ¢ Cta’s/ foranyo >0
and all s’ € R. Hence, since the 2-microlocal frontier is a concave function with left- and
right-derivatives between 0 and 1, with probability one and for all ¢ € [0, 1]:

Vs'€Ry; oy (s) > (ay,+s)A0 and oy (s)<0.
Therefore, we are interested in obtaining finer estimates of the negative component of the 2-

microlocal frontier of Y. As outlined in the introduction and Definitions 3.2-3.3, we need to
analyse the following type of increments in the neighbourhood of t:

(3.28)

f (w—s)*"1Y,ds — P, (w) — f (v =), ds + P, (V)
b b

where b < t is fixed and k > 1. The polynomial component to be subtracted can be estimate
using our work on pointwise exponent. Indeed, when k = 0, the P, ; = P, where the latter
has been presented in the proof of Proposition 3.9,. Then, the consistency of the definition of
the 2-microlocal spaces imposes that P, ;_; must correspond to the derivative of P, ;. This last
property shows us that the form of P, ; can be completely deduce from the known polynomial
P,.

For the sake of readability, we divide the proof of Theorem 3.1 and its corollaries in several
different technical lemmas. To begin with, we give simple estimates on the jumps of a Lévy
process.

Lemma 3.3 For any € > 0, there exists an increasing sequence (m,),ey Such that with proba-
bility one, for all t € [0, 1] and for every n > N(w)

JueB(t,27™%); [|AY,]|>27™ and J(B(u,27™7")x D271 1)) =1,

where a = 3(1 — 2¢) and y = B(1 + 4¢).
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Proof. Supposem €N, e > 0, a = (1 —2¢) and y = (1 + 4¢). Let I be an interval such
that I =1, UI, U I3, where I, I,, I are three consecutive and disjoint intervals of size 27™7.
Then, we are interested in the following event:

A={J(1;,D(27™,1)) =0} n{J (I;,D(27™,1)) =0} N
{J(I,,D(27™,1)) =1} n {J (1, D271+ 27m)) = 0},

Since J is a Poisson measure, A corresponds to the intersection of independent events whose
probability is equal to

P(A) = 27 (D(27™,1)) - exp(—3 - 27™ (D(27™,1)) + 2 ™ m(D(2-m(1+e) 27mYy)),

As described in [34], B can be defined by 8 = inf{6 > 0 : limsup,_,r®n(B(r,1)) < oo}.
Therefore, there exists o > 0 such that for all € (0, 7], 7 (B(r, 1)) < r P01+ Hence, for
any m € N sufficiently large:

P(A) > 27 n(D(27™,1)) exp(—27"P¢1) > 271 g (D(27™, 1)).

Furthermore, according to the definition of 3, there also exists an increasing sequence (m,,),en
such that for all n € N, ©(D(27™,1)) > 2™F1~#) Therefore, along this sequence, we obtain
P(A) > 27™5PFe~1 for everyn € N.

Let now consider an interval .# of size 27™ %, There exist at most 2™ "™ disjoint sub-
intervals I of size 3-27 7. We designate by B the event where A is not satisfied by all these sub-
elements I. Owing to the previous estimate of P(A) and the independence of these different
events, we obtain

omn(r—a) omn(y—a)

P(B) = (P(A%))

Note that y — a = 6fe. Hence, log(P(B)) < —2 ™5he=1. ombfe — _omife=l and the
probability P(B) satisfies P(B) < exp(—2™F¢71).

Finally, we know there exist at most 2™**! disjoint intervals J of size 2~™ inside [0, 1].
We denote by B, the event where B is satisfied for one of the previous interval .#. Since B,, is
the reunion of events, we obtain

S (1 _ z—mnsﬁ&‘—l)

P(Bn) < 2m"a+1 . exp(_zmnﬁe—l) < exp(_zmn[o’e—l 4 mna)'

Therefore, ), . P(B,) < 0o and owing to Borel-Cantelli lemma, with probability one, there
exists N (w) such that for every n > N(w), w € Bf. The latter inclusion means that for every
interval .# previous defined, there exists a sub-element I such that the event A is satisfied on I,
which proves this lemma. O

The previous lemma will help us to obtain a uniform upper bound on the 2-microlocal
frontier of Y.

Lemma 3.4 With probability one, for all t € [0, 1], the 2-microlocal frontier of Y at t satisfies
1
/ . Ne< (2 /
Vs"eR; oy, (s") < (/5 +s ) AO. (3.29)

Proof. Let us first observe that to obtain an upper bound of the 2-microlocal frontier of the
Ré-valued Y = (Y3,...,Yy) process, it is sufficient to prove this bound holds for one the
component Y;. Furthermore, we also know that each of these components is a one-dimensional
Lévy process and there exists i € {1,...,d} such that the Blumenthal-Getoor exponent of Y;
is equal to 3. Hence, considering these two remarks, we may assume without any loss of
generality that we study only one component, and thus d = 1.



3.2. LEVY PROCESSES 121

Let us set t € [0,1]. We need to evaluate the size of the increments described in Equa-
tion (3.28). Hence, let us first determine the form of the local process Y (u, k) := (I§+Y) (u)—
P, ;(u) used. We know that when k = 0, the polynomial component is described in Proposi-
tion 3.9, and thus we define the local process Y (s, 0) in the neighbourhood of t as following:

YueR; Y(u0)=Y,—-Y,—P/(u).

Then, since the polynomial component must correspond to the Taylor development of the
process at t, we define the elements Y (-, k) be induction:

YueR; Y(uk)= J Y(s,k—1)ds.

t

One can easily verify that the derivative of Y(-,k) is Y(:,k — 1) and Y(t,k) = 0, proving
that the Taylor development of Y (-, k) at ¢ is P = 0. Therefore, this construction procedure
ensures that the difference between Y (-, k) and I ’g Y corresponds to the polynomial function
appearing in the definition of the 2-microlocal spaces.
Hence, we need to show in this proof that for any k € N, the increments of the process
Y (-, k) are sufficiently large in the neighbourhood of t. More precisely, we will show by in-
duction that there exist t,,, —, t, o, > 0and 6, > 0 such that for every k € N and all
neN:
Vue (tn,k: [ + pn,k); Y (u, k)| = 5n,k' (3.30)

To initialize the induction with k = 0, we make use of the estimate obtained in Lemma 3.3:
there exists an increasing sequence (m,,),ey such that with probability one, for all t € [0, 1]
and for every n > N(w)

v eB(t,27™*); |AY,|>2"™ and J(B(v,27™7")x D271 1)) =1,

where a = (1 — 2¢) and y = B(1 + 4¢). Since the reasoning which follows is completely
symmetric, we may assume without any loss of generality that v > t and AY, > 0. Let us set
n > N(w) and a proper v > t. We know there is no other jump of size greater than 2(1+¢)
inside the ball B(v,27™7). Therefore, for all u € B(v,27™7),

Y, =Y, =-AY, 1 —(u—v) x m(dx) + ymaFe) — ymalite),
D(z—mn(lJre),l)
Furthermore, according to Lemma 3.2, the norm of the latter increment satisfies:
)Yum"(1+s) _ van(1+s){ <¢ mnz—mn(H—s),
as we note that |u — v| < 27mBO+4e) — o=m(1+e)pA+40)/(+e) Wwith B(1 + 4¢)/(1 +¢€) > .
Then, similarly to the proof of Proposition 3.9, we need to distinguish two different cases.

1. If B > 1, P, = 0 and thus Y (u,0) = Y, — Y,. Let us first assume that Y (v,0) > 27! and
set t,o =vand p,o=2""". Then, forallu € (t, o, t, o+ Pno):

Y (1, 0)] = [¥ (v, 0)] — |0+ — ymF)| — (u—v) x m(dx)

D(z—mn(l-%—é‘)’l)

Using the estimates presented in Proposition 3.9, we obtain an upper bound of the last term:

(w—v) x t(dx)| < c27ma¥ . 27 ma(14E)A=p+e) < (=M (1+e)

D(z—mn(1+g),1)
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since —y + B(1+ €)?> = —B(2¢ — £2) < 0. Hence, |Y (1, 0)] > 271 — c27m(1+8) >
27™=2 for any n sufficiently large.

Let now assume that Y (v,0) <271, Since AY, > 27", we necessarily have Y (v_,0) <
—27™~1 Then, we set in this case t,, o = v — 27™" and p, o = 27™, and obtain as well
[V (u,0)] > 271 — c27M(1+e) > g=mu=2,

2. Iff <1,P(u) = —(u—t) fD(O 1 7t(dx). Similarly to the previous case, we first assume that
Y(v,0) > 27" and set t,, o = v and p, o = 27™7. Then, forall u € [t, ¢, tp o+ Pnol:

|Y(u, O)l > |Y(V, O)| _ {Yumn(l+8) _ van(l+£)

(u—v) x t(dx)

D(O,Z_m“(1+6))

>

where the latter element satisfies

(w—v) x (dx)| < c27MaY . 27 (1+e)A-+6)) < ( =ma(1+e)

D(O’Z—mn(1+s))

Hence, |V (1,0)| > 27™ =1 — ¢27™(+8) > 2=m=2 for any n sufficiently large. In the
case Y(v,0) < 271 we observe that Y (v_,0) < —27™ ! Therefore, setting tho =
v —27™7 and p, , = 27™7, we obtain |Y (u, 0)] > 271 — ¢ 27M(1+e) > p=mi=2,

Therefore, in both cases, we have proved that
Vue (tn,O: tn,O + pn,O); |Y(u’ O)| = 5n,0>

where po = 277, 5,0 = 21 and Bty o) € B(E, 27 ™41),

Let now assume that Equation (3.30) is satisfied for k € N. Without any loss of general-
ity, we may suppose that Y (u,k) > 6, on the interval (t, s, t,x + pnx) (otherwise, sim-
ply consider the process —Y (u,k) in the following reasoning). In this case, the function

u— ftu Y (s, k) ds is strictly increasing on the previous interval.

tn + n 2 .
Let us first assume that f xHPur! Y(s,k)ds > 0. In this case, we set t, 41 = t,; +

t
3/4pn,k’ Pnj+1 = pn,k/4 and 5n,k+1 = pn,k5n,k/4' Then, forallu € (tn,k+1r tn 41 + pn,k+1)

Y(u;k+1) = f Y(S,k)dS Z (u_ tn,k_pn,k/2)5n,k
tu,k+pn,k/2
2 pn,k5n,k/4 = 5n,k+1:

tox+Oni/2 .
In the other case ft TPk Y(s,k)ds < 0, we consider the set of parameters t, ;1 = t,

Prk+1 = pn,k/4 and 5n,k+1 = pn,kén,k/“" Then, forallu € (tn,k+1: tn,k+1 + pn,k+1)

toktPni/2
Y(u7k+1) < _f Y(s) k)ds < _(tn,k +pn,k/2_u)5n,k

u

< _pn,k5n,k/4 = _5n,k+1’

Therefore, assuming that Equation (3.30) holds for k € N, we have proved that it does too
for k + 1 with Pri+1 = pn,k/4) 5n,k-H = pn,k6n,k/4 and B(tn,k+1’ pn,k+1) - B(tn,lo pn,k) c
B(t, z—m"a-l’l)'

Finally, the lower bound on Y, presented in Equation (3.30) will now help us to obtain
the expected bound on the 2-microlocal frontier. Owing to the previous definitions, for every



3.2. LEVY PROCESSES 123

k €N, |t — t| < 27™%1 and there exist ¢, > 0 independent of n € N such that 5, ; =
cx 27 kY. 27M Hence, for every n € N,

Y (tni k) = Y (£, = 8, = ¢ 270D > ¢ [t — ¢ IFFD/)

where we recall that a = (1 — 2¢) and y = (1 + 4¢). Therefore, this last inequality proves
that the pointwise exponent of Y(-, k) at t satisfies ay. ), < (1 +ky)/a —.o 1/B + k.
Owing to the Definition 3.3 of the 2-microlocal spaces, this last inequality induces that with
probability one, for any t € [0,1] and all s’ €R, oy (s') < (% +s") AO. O

As we have obtained a uniform upper bound on the 2-microlocal frontier, we now study
more precisely the regularity of Y at times where ay , < 1/f. To begin with, we prove a simple
lemma related to the number of jumps inside an interval.

Lemma 3.5 Suppose & > 3, ¢ > 0 and k € N are such that 5 > B(1+ 2¢)(k + 1)/k. Then,
with probability one, there exists M (w) such that:

vee[0,1]; J(B(t,27™),D(2 "1 1)) <k, (3.31)
for every m > M(w).

Proof. Let m € N and I be an interval of size 27™°*2, Since J is a Poisson random measure,

+oo 4
A
PO, 1) > k) =exn(-2{ 3 32,
2!
e=k+1
where A, = 27m0*2 g(p(27m(+e) 1)) < 27mIF2Em+2e) _, (. Hence, we obtain the
inequality P(J (I, D(27m(1*%) 1)) > k) < c Ak,
Considering a covering of the interval [0, 1] with [2™®] overlapping sub-elements I of size
27m3+2 we denote by B,, the event where at least one of these intervals has more than k jumps

inside. Then,
5. yk+1 5—m5(k-+1)+mpk+1)(1+2
P(B,,) < ¢2Mm0 . pkH1 < ¢ gmo—mO(kt1)+mpkt1)(1+2¢)

Since 6k > B(1+2¢)(k+1), thereexists y > OsuchP(B,,) < ¢ 27™. Therefore, ZmeN P(B,,) <
0o and owing to Borel-Cantelli lemma, there exists M (w) such that for every m > M(w),
J(I,D(27m(+9) 1)) < k. Finally, since we consider intervals I of size 2~™%*2 covering [0, 1]
and overlapping, we have proved that for all t € [0,1], J(B(t,27™),D(2 (1) 1)) <
k. O

In the next lemma, we start with the study of the 2-microlocal frontier of Y at points
t € [0,1] where ay, € [0,1/2f].

Lemma 3.6 With probability one, for all h € [0,1/2f3], the singularities of Y satisfy E, = E,
and E, =0, i.e. forallt € Ej,

Vs'eR; oy, (s)=(ay,+s)AO.

Proof. Suppose h € [0,1/2f] and t € E;, \ S(w) (t is not a jump time). Since we already
know that oy ,(s") > (h +5s’) A 0, we need to only prove the other side inequality. For that
purpose, we will proceed similarly to the proof of Lemma 3.4.

More precisely, let us set ¢ > 0 and 6 > max(28(1 + 2¢),1/(h+¢)). Since t € E, and
owing to Equation (3.27), there exist two sequences (v, ),en and (m,,) ey such that

YneN; v,eB(t,27™/®))  and HAYvn > 27 M,
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Without any loss of generality, we may assume that v, > t. Furthermore, owing to Lemma 3.5,
J (B(v,,27™?), D(27m(1+€) 1)) =1, i.e. there is no other jump larger than 27™(1*€) in the
neighbourhood of v,,. Then, similarly to the proof of Lemma 3.4, we need to distinguish two
different cases.

1. If > 1, P, = 0 and thus Y(u,0) = Y, — Y,. Consider n € N and first assume that
IY (v,,0)|| > 2™, Let us also set t,, = v, and p,, = 27™°_ Then, for all u € (t,, t, +
Pn):

1Y (11, 01| = 1Y (v, O = [| =1+ — a0 )

(u—v,) x t(dx)

D(z—mn(1+6)’1)

Still using the same estimates as in the proof of Lemma 3.5, we know that the last two terms
are upper bounded by ¢ 271+ proving that ||Y (u, 0)|| > 27™2 for any n sufficiently
large. The case ||Y (v, 0)|| < 27™ ! is treated completely similarly, using t,, = v,, — 27™%
and p, = 27™°,

2. Iff <1, P(u)=—-(u—1t) fn(o D 7(dx). Assuming first that ||Y(v,,0)|| > 27™ 1, we

still set t, = v, and p, = 27™°. Then, for all u € (t,,, t,, + p,):

>

1Y (, Ol = 1Y (v, Ol — |

Yumn(1+€) _ Yvr:n(Hs)” —lw=v x mt(dx)

D(O’Z—mn(lJrs))

As previously, the last two terms are upper bounded by ¢ 2 ma(1+e) proving that || Y (u, 0)|| >
27™=2 for any n sufficiently large. The case || Y (v,,0)|| < 27! is treated similarly using
t,=v,— 2™ and p, = 27M%,
Therefore, we have proved in both cases that for allu € (t,, t, + p, ), with n sufficiently large,
IY (u,0)|| = 2™ 2, Reproducing the same reasoning as in the proof of Lemma 3.4, there
exists s, such that for every n €N, s,, € B(t,2~™/(*+)) and

- —m, 6 h 19
[V (s, DI = 27 - 270 > ¢ — 5, [ (X140,

Hence, ay(.1y, < (h+¢€)(1+ 6). Considering the limit ¢ — 0 and 6 — 1/h, we obtain
ay(.1), < h+ 1. The latter inequality is sufficient to prove that oy (s") = (h +5") A O for all
s’eR.

To conclude this proof, let us consider the case t € S(w). We observe that for all u > t,

=o(|t —ul),

f sts:(u—t)Yt—Ff (Y, —Y,)ds with ‘f (Y, —Y)ds
t t t

as Y is right-continuous. Similarly, for allu < t, fut Y, ds = (t —u)Y,_ +o(|t —u|). Therefore,
since AY, =Y, — Y,_ # 0, there does not exist a polynomial P, which can cancel both terms
(u— t)Y, and (t —u)Y,_, proving that oy ,(s") =s" A O forall s’ €R. O

In the last technical lemma, we focus on the particular case ay, € (1/2f3,1/f) and try to
distinguish oscillating singularities from the common cusp behaviour.

Lemma 3.7 With probability one, for allh € (1/2,1/8), Y satisfies
YV eo; dimy(E,nV)=ph and dimy(E,NV)<2Bh—1(< fh). (3.32)

Furthermore, for any t € E, and alls' € R, oy (s') < (h+5")/2pBh.
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Proof. On the contrary to the previous lemma, we know that some oscillating singularities
might appear at a given time t. Hence, the first step in this proof is to isolate these behaviours
and estimate the fractal dimension of the corresponding set of times.

For that purpose, let us set & € ($,2f8) and € > 0. We are interested in the double-jump
configurations, i.e. when two jumps greater than 2™+ are sufficiently close. More precisely,
suppose I is an interval of size 27™°*! and p,, designates the probability of obtaining at least
two jumps greater than 27™(1+) inside I. Then,

627m25 . 2m2[3’ < P = ]P;(J(I’D(zfm(lJre)’ 1)) > 2) < C27m25 . 2m2[j’(1+2£)

where we may assume that 6 > (1 + 2¢). We consider [2M?] consecutive, but disjoint, inter-
vals of size 27 %1 which are sufficient to cover [0, 1]. Then, if we denote by N#l the number
of intervals with the previous configuration, it follows a Binomial distribution of parameters
[2m®] and p,,. Moreover, Chernoff’s inequality induces that

P(Nr}l > o 27m5+m2[3’(1+25)) < EXp(—C 27m5+m2ﬂ)’

where 28 > §. Let us consider now the same configurations of intervals translated by 27™°
and denote by N2 the corresponding Binomial random variable. Owing to the previous esti-
mate and Borel-Cantelli lemma, with probability one, there exists M (w) such that for every
m> M(Cl)), Nr}l < Co 2—m5+m2[5(1+2£) and Nri < Co 2—m5+m2/5(1+28).

Then, let T,, index the previous intervals with a double-jump configuration and F(9, €)
designate the following set:

F(6,¢) =limsup U [c(D) - 27m8+2 (1) 4 2_m5+2]’

.
m=0 rer.

where ¢(I) denotes the center of any interval I € T,,. Using a simple covering based on
intervals of size 27™°, we can obtain an upper bound of the Hausdorff dimension of F(&, ¢).
More precisely, for any m, € N, the series

+00 +00
Z cIT,|- (2—m5)y <c Z 2—m(5(1+y)—2[5(1+2€))’
m=m m=mg

converges when 6(147) > 26(142¢),ie. y > 2(142¢)/6 —1. Therefore, dimy F(5,¢) <
2B(1+2¢)/6 — 1 almost surely.

Let now set h € (1/2f,1/). We aim to prove that Eh C F(6,¢) forany 6 < 1/h and
e > 0. For that purpose, we need to show that for every t € E, \ F(8,¢), the 2-microlocal
frontier at t satisfies oy, (s') < (h+5'). Ast € Ej, there exist two sequences (v,,),en and
(m,)nen such that

VneN; v,eB(t,27™/®))  and HAYvn” > 27,

We may assume that ¢ is sufficiently small to satisfy 2~™/(+€) < 27m0 e § < 1/(h+ ¢).
Furthermore, since t ¢ F (5, ¢), for every m sufficiently large, there is no double-jump configu-
ration in the neighbourhood of t and v,,, meaning that J (B(v,,, 278y p(2-ma(1+e) 1))=1
there does not exist other jump larger than 2-™(1*) in the neighbourhood of v,,. Therefore,
we obtain the configuration presented in the proof of Lemma 3.6, and as the latter remains
valid, we have

Vs'eR; oy, ()< (h+s).

This upper bound shows that Ej, C F(8, ¢), and considering the limits § — 1/h and & — 0, it
induces the inequality dimy E;, < 28h—1. Furthermore, since28h—1 < fhand E;, = E,UE,,
we have also proved that dimy; E;, = h.
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To conclude this lemma, we obtain an upper bound of the 2-microlocal frontier in the case
t € Ey. Since the sketch of the proof is similar to Lemmas 3.4 and 3.6, we only present the main
elements. Still using the previous two sequences (v,,),,en and (m,,),en> Lemma 3.5 induces that

J (B(Vn, 2—m,,2ﬁ(1+38))’ D(z—m,,(l+£)’ 1)) =1.

Then, using the methodology presented in Lemma 3.6, there exists (s,,),en such that for every
ne€N,s, € B(t,27™/(h+)) and

- - h
||Y(Sn, 1)” >c2 my 9 m,23(1+3¢) > |t _Snl( +s)(1+2[5(1+3£))’

Hence, ay (1), < (h+€)(1+2B(1+3¢)) —._o h(1+2f3), and using the reasoning presented
in Lemma 3.6, we obtain oy, < (h+s")/2fh for all s’ €R. O

Before finally proving Theorem 3.1 and its corollaries, we recall the following result on the
increments of a Brownian motion. The proof can be found in [2] (inequality (8.8.26)).

Lemma 3.8 Let B be a d-dimensional Brownian motion. There exists an event Q of probability
one such that for all w € Q, € > 0, there exists h(w) > 0 such that for all p < h(w) and
t € [0,1], we have

sup {lIB, —B,ll} = p'/**".
u,veB(t,p)

Proof of Theorem 3.1. We use the notations introduced at the beginning of the section. As
previously said, the compound Poisson process N can be ignored since it does not influence
the final regularity. Furthermore, if Q = 0, and therefore B = 0 and 3’ = 8, Lemmas 3.4, 3.6
and 3.7 on the component Y yields Theorem 3.1.

Otherwise, the Lévy process X corresponds to the sum of the Brownian motion B and the
jump component Y. Still using Lemmas 3.4, 3.6 and 3.7, it is sufficient to prove that with
probability one and for all t € [0,1], ox, = Op, A Oy,. Owing to the definition of 2-
microlocal frontier, we already know that ox ;, > 0, A 0y,. Furthermore, when o ,(s") #
0y, (s"), the upper bound is straightforward, and thus oy ,(s") = 05 .(s") A Ty (s").

Therefore, to obtain Theorem 3.1, we have to prove that with probability one, for all t €
[0,1], oy, < 05, =s"— (1/2+45") A1/2. For that purpose, we distinguish two different
cases.

1. If B’ = B = 2, we only need to slightly modify the proof of Lemma 3.4. More precisely,
owing to Lévy’s modulus of continuity, the increments of the Brownian motion satisfy:

Vu,v:lu—v|<27™7;  ||B, — Byl < cm, 2772 = ¢ m, 27 m(1+4e),

since y = (1 + 4¢). Therefore, the term due to the increments of the Brownian motion
does not influence the rest of the estimates presented in the proof, ensuring that oy .(s") <
(1/2+5s")A0,foralls’ €R.

2. If B <2,1let & =2 and € > 0. According to Lemma 3.5, there exist k € Nand M(w) € N
such that for all m > M, there are at most k jumps of size greater than 271+3¢) in any
interval of size 27™°. Hence, there always exists a sub-interval I of size co 27°™ with no
jump greater than 27™(1+3¢) inside.

Still using Lemma 3.2, we know that for all m > M(w)

Vu,v e [0, 1] . |u _ Vl < Zfém; ||Yum(1+3£) _ va(1+3£)“ < Clmzfm(lJrBe)'
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Let us set t € [0,1] and I be one of the previous interval of size c,27°™. According to
Lemma 3.8, there exist u, v € I such that ||B, — B, || > ¢, 27™1%2¢), Then,

J x 1t(dx)
D(z—m(l+35))1)

where |u —v/| - HfD(me(mE),l) x Tf(dX)” < ¢27m(+38) Hence, we obtain a lower bound of

>

1%, = X, 2 1B, = B, || = || 7,39 — v+ || — Ju— v -

the increments on the interval I, ensuring that the rest of the proof presented in Lemma 3.5
holds similarly.

O

Proof of Corollary 3.2. Recallthat 8y, =limy_,_, 0x (s")—s’. Hence, using the global upper
bound on the 2-microlocal frontier proved in Theorem 3.1, we know that 7, < 1/ B’ with

probability one. In addition, owing to the geometrical properties of the frontier, we observe
that for every h € [0,1/f']

Vhel0,1/p); E,CE CEul B
h'<h

The first inclusion clearly shows that dimy(E;’ NV) > dimy(E, N V) = Bh. In addition, we
also know that for every h’ < h, dimy E, < 2Bh" — 1 < Bh, which proves the other side
inequality.

To obtain the upper bound on the oscillating exponent, we only need to note that according
to its characterisation using the 2-microlocal frontier,

Vhe[0,1/); {te€E,: By, >0} =E,.

Finally, the chirp exponent is equal to one because of the upper bound oy ,(s") < (1/B" +
s). O

Proof of Corollary 3.3. Owing to upper bound on the 2-microlocal frontier obtained in Theo-
rem 3.1, the case o = 0 corresponds to the classic spectrum of singularity. Hence, let us set
0 < 0. Werecall that s denotes the parameter o —s’. If s > 1/8" or s < 0, the result is straight
forward using Theorem 3.1 and properties of the 2-microlocal frontier.

Therefore, we suppose that s € [0,1/8") and note that E, o = {t € R : 0y ,(s") = 0},
since the negative component of the 2-microlocal frontier of X can not be constant. Hence,
similarly to the previous corollary, E,,  satisfies

-~

Vs€[0,1/B); E SE,y SE Ul JE,.

These two inclusions lead to the same estimates, and therefore the expected equality on the
Hausdorff dimension. O

Oscillating singularities of some classes of Lévy processes

In this section, we aim to understand more precisely the oscillating singularities of Lévy pro-
cesses captured by the collection of sets (E\h)heR+' Note that to simply our presentation, we
assume thatd = 1.

Let us begin with the proof of Proposition 3.4 where we present a class Lévy processes with
no chirp oscillations. Recall that in this case, we consider Lévy measures such that 7(R.) = 0.
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Proof of Proposition 3.4. In order to prove that E, = 0 for all h € R,, we extend Lemma 3.6
toany h € [0,1/f). We may assume without any loss of generality that 7(R_) = 0. We still
consider the two sequences (v, ) en and (m,,),en such that

VneN; v,eB(t,27™/") and |AY, |>27™.

where we suppose that v, > t. We first assume that 8 > 1 and set t,, = v, and p,, = 27™9.
Then, since the Lévy process only has positive jumps, we necessarily have for allu € [t,, t, +

Pnls

Y (w,0)| > |Y(v,,0)] — ‘Yumn(l+€) _ YVT:H(1+€)

(u—v,) x mt(dx)

D(men(1+s)’1)

>

According to the proof presented in Lemma 3.6, this inequality is sufficient to show that oy ,(s") =
(ax,,+s) AO. The case f < 1 is then treated completely similarly. O

Proposition 3.4 proves in particular that Lévy subordinators, in which case 8 < 1, only
have cusp singularities.

The second important class of Lévy processes we consider are characterised by the follow-
ing Lévy measure

n(dx) =a |x|1™® 1g, dx +a, lx|717% 15 dx,

where a;,a, > 0and a,, a, € (0,2).

The proof of Theorem 3.5 is rather technical and will be divided in several parts for the
sake of readability. To begin with, we present two technical lemmas related to the Binomial
distribution. Recall that Chernoff’s inequality states that for any ¢ € (0, 1),

P(N <np(1—c¢)) <exp(—npe?/2). (3.33)

and
P(N >np(1+¢)) <exp(—npe?/2). (3.34)
where N follows a Binomial distribution of parameters n and p.

Lemma 3.9 Suppose N follows a Binomial distribution with parameters n and p. Then, there
exists ¢ > 0 such that whenn > candp < 1/c,

]P’(#{empty intervals of size > 1/pLL(1/p)} > np LL(1/p)h(p)4)
>1—exp(—np/8LL(1/p)*),
using the following notations: LL(1/p) :=log(log(1/p)) and h(p) := exp(—1/LL(p)).

Proof. To obtain this lower bound, we first estimate the probability of obtaining an empty
interval of size of [, = | 1/p LL(1/p)]. Setting p, := (1 — p)®, we note that

LL(1/p)

log(po) = (1-p)=

1
—— o
pLL(1/p) ¢

Therefore, we obtain p, > h(p)? when c is sufficiently large.
Let ny denote the number of disjoint sub-intervals of size [, and N; follow a Binomial
distribution of parameters ny and p,. Owing to Chernoft’s inequality,

P(Ny = ngpoh(p)) =1 —exp(—nypog(p)?/2),
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where g(p) := 1 — h(p). Note that n, > np LL(1/p)h(p) and g(p) =< 1/LL(1/p) when c is
large enough. Therefore, using the previous estimates,

P(No = npLL(1/p)h(p)*) = 1 — exp(—np/8LL(1/p)*),
proving the lemma. O

Lemma 3.10 Suppose N follows a Binomial distribution with parameters n and p. Then, there
exists ¢ > 0 such that whenn > candp < 1/c

P(#{successes spaced by >1/p} > np/6) >1—exp(—np/16).

Proof. The sketch of the proof is similar to Lemma 3.9. The set {1,...,n} can be divided in n,
intervals of size [, = [1/p]. The probability p, of obtaining at least a success in one of these
intervals is equal to:

Po=1-(1-pP —, 1—e!>1/2.

Furthermore, only considering one third of the previous intervals, i.e. ny/3, we consider the
Binomial distribution B(ny/3, py). Still using Chernoft’s inequality, we obtain

P(Ny>np/6) >1—exp(—np/16),
which concludes the proof. O

Proof of Theorem 3.5. As observed in the proof of Theorem 3.1, chirp singularities appear when
a compensation phenomena between jumps exists. Hence, the main goal of the proofis to char-
acterise in more details this particular behaviour in the case of the Lévy measure we consider.
Firstly, we clearly note the Blumenthal-Getoor exponent 3 of 7 is equal to max(ay, a,).

Hausdorft dimension (upper-bound). To obtain a tighter upper bound of the Hausdorft di-
mension, we need to enhance the estimates presented in Lemma 3.7. We have observed in the
proof of Proposition 3.4 that oscillating singularities do not appear when there are jumps of the
same size. Hence, we are interested in the double-jump configurations with jumps of opposite
signs.

Suppose & € (8, a;+a,), € > 0and I isan interval of size 277°"". Hence, we are interested
in the following type of configurations: J (I, (27/1*),1]) > 1andJ (I,[-1, —27/(*+)) > 1.
The probability p; of such an event satisfies:

j6+1

p; = 2—j62ja1(1+s) . 2—j52ja2(1+e) — 2—j26+j(a1+a2)(1+£)‘

Using this probability, the rest of the proof is rather similar to Lemma 3.7. We consider [2/?]
consecutive, but disjoint, intervals of size 27/ 5+1 sufficient to cover [0,1] and we denote by
N jl the number of intervals with the previous configuration. Owing to Chernoft’s inequality,

P(le > co 27j6+j(a1+a2)(1+e)) < exp(—c 27j5+j(a1+a2))’

where (a;+a,) > 6. Consider now the same configurations of intervals translated by 27/° and
denote by N the corresponding Binomial random variable. Using Borel-Cantelli lemma, with
probability one, there exists M(w) such that for every j > M(w), N ].1 < ¢y 270 (@ta)(1+e)

and N7 < ¢, 27 o+ilerta)(1+€) Using the same notation T;, we define

F(6,¢)=limsup U [c(D) - 27942 (1) + 2_j5+2]’

j= e,
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where c(I) denotes the center of any interval I € T;. Then, for any j, € N

) +00
Z c|T;l- (2‘j5)Y < cZ2_1(5(1+Y)—(a1+a2)(1+g))’
=l J=io

is finite when 6(1 +7v) > (a; + a,)(1 +¢€), i.e. ¥ > (a; + ay)(1 + €)/6 — 1. Therefore,
dimy F(6,¢) < (a; +a,)(1+¢)/6 — 1.

The rest of the proof of Lemma 3.7 does not change, proving that for any 6 < 1/h and
>0, Eh C F(6, €). Therefore, with probability one,

Vhe (1/(a; +a,),1/B); dimyE, < (a; +a)h— 1.

Finally, when h ¢ (1/(a; + ay),1/B), the proof of Lemma 3.6 can also be similarly adapted
to prove that E;, = @ with probability one.

Construction (lower-bound). In order to prove the lower bound of the Hausdorff dimension,
we need to construct a proper set of times which will show oscillating singularities.

For our construction procedure, we will need a set of parameters p = (8,6’,6”,y, p) such
that &’ < 6 < 6” € (B,a, + @), 6 <y € (B,a; + a,), & < /B6and § > V56”. In
addition, we also define the sequence j, = (6/86")" — oo.

Our first step is to construct collections of intervals such that for every t inside, there is
no jump of size 27/ or greater closer than 277° for all j < j,, where j, is a given value. More
precisely, we define by induction a collection, indexed by the random variables .,, of disjoint
intervals of size 277° in the following way. Suppose #, is defined such that for every t inside
an interval, there is no jump greater than 27/ closer than 277:% of t. In every interval of
size 277%, we consider consecutive sub-intervals of size 277+1% with no jumps greater than
27Jn+2 inside. Removing the left and right elements of these collections, we obtain the family
Fna1> therefore corresponding to the offspring of #,. Owing to this construction procedure,
we know that the remaining intervals satisfy the expected property, i.e. for any t inside, there
is no jump greater than 272 closer than 2 /1%,

In order to determine the number of this kind of intervals, we need to estimate the law
of |#,41| conditionally to |#,|. For any n € N, let us denote by p,,; the probability of ob-
taining at least one jump greater 272 inside an interval of size 277++1°. Note that for every
n sufficiently large, an interval of size 27»° can be divided in at least 277 /27»1%h(p, . 1) =
20n1(6=80p(p . Y sub-intervals. Furthermore, let M, ; designate the following random vari-
able:

M, ,, = #{family > 1/p,,; LL(1/p,1) of consecutive empty intervals of size 27/+1}.
According to Lemma 3.9,

P(Mp41 =59 2/m1%p L1/ Py (i) | | Sl > 5920 )
> 1— exp(—5o 27741 /8LL(1/ppi1)?),
for any s, € R, such that s, 2/"% > 1. As previously outlined, for every collection of consecu-
tive empty intervals, we remove the extremal elements to constitute the family %, ;. Noting
that 1/p, 11 LL(1/ppyq) —2 = h(pyi1)/Prs1 LL(1/pyyq ) for any n sufficiently large, we there-
fore obtain
P(|F11] = 50 271°h(pyy1)° { |Fl = 562%)
> 1 —exp(=s2"°p,1/8L1(1/pyi1)?).
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Furthermore, the probability of obtaining an empty interval of size 277»+1° is equal to:
Qi1 = ]p(J ([0, 2—1n+15:| x D (z_jn+2’ 2_j11+1)) — 0)
= exp(—c 21n+2ﬁ*jn+15) - exp(—c 2*J'n+15(1*f3’/5/)) 1.
Hence, p,,; < 2 »+150=F/5) for any n sufficiently large, and there exists ¢; > 0 such that
P(|41] = 50 21°h(py11)° | |l = 50277 ) = 1 — exp(—c; 50 21P%/% /(n+ 1)%).

Furthermore, note 2/+18/5' =i = 2121(F5/5'=8") gGince we have assumed that 6’ < /86 and
502010 > 1, there exists r > 0 such that

P(|Ss1l = 50272 R(ppyr)° ‘ |l 25027 21— exp(—2/m17).

Therefore, by induction, the law of |, ,,| satisfies

m m
P(l‘%ﬁml 2 S 2Jntm® l_[h(Pn+k)6 |Z] = 59 2j“6) = l_[(l - eXp(_zj'”kr))-
k=1

k=1

Finally, we note that [ [}, h(p,11)® = exp(—c Y, 1/(n + k)) > exp(—clog(n + m)),
implying that

P("%‘H—ml > 5 2Jmen0Caloglntm)

m
(725027 ) = [ [(1-exp(-277)),  (339)
k=1
where c, is a constant independent of n and m.

The previous bound gives us an estimate of the probability of obtaining intervals without
any jump in a given neighbourhood. Using this estimate, we will be able to construct our main
collection of nested intervals indexed by & such that a most scales 27/», there is no jump in the
neighbourhood, and at specific ones 2777, a particular double-jump configuration appears.
To construct this collection, let us first define this sequence (n(¢)) Jen:

n(0)=1 and n(l+1)=2"® V{eN.

For every £ € N, we are interested in the following type of configuration: in an interval of
size 27900 /3, there exist two jumps AX, and AX, of opposite sign inside the middle third
and such that [u — v| < 2707 |AX, |, |AX, | € [2707L 270 ] and |AX, — AX, | < 275w0P,
Using the independence property on the Poisson measure J, the probability r, of the previous
event can be lower bounded by

re>cy exp(—3c0 2_111(6)5+jn(€)+1ﬁ) . 9 in@(0=a1) | 9=jniey(y—az—=1+p)

>y 2~ In)(8+r—a —a2—1+p)’

where c,, c3 are positive constants.

The collection of intervals T, is constructed by induction. Ty, is initialised with the sin-
gleton corresponding to the interval [0, 1]. Then, assuming T, is defined, for any I € T;, we
consider the sub-intervals of size 27/¢+? with a double-jump configuration and with no jump
in the neighbourhood at all intermediate scales 277», n(£) < n < n(£ + 1). Note that if none
satisfy the previous conditions, we avoid the extinction of the tree by selecting just one random
sub-interval of size 2 7Jn¢+d,

We aim to estimate the size of T;,; conditionally to T,. For any I € T,, we denote by
the ¢(I) the middle point between the two jump times inside I. Then, for every integer k €
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()8, jn(ey0”'], we want to estimate the number double-jumps configurations inside the in-
terval of size 27:

Iei=[27F —e(D), 27 =) U (e +2751, c(1) + 2747,

We designate by )41 the number of sub-intervals of size 270+ inside I, which are
empty. Using Chernoff’s inequality, the latter satisfies

P14l 2 2H0n0H2) 21— exp(~20n5K4) 2 1 — exp(~2hor1).

The last inequality is due to j, 416 — k = ju)+16 — ju)0” > Juey417» if 7 is sufficiently
small. Therefore, using the estimates obtained above,

n(C+1)-1
IED(|=9’n(e+1)—1 Kl = 2j"‘f*1)*1§_csnm_k) > l_[ (1 - exp(—21n(f)+kr))
k=1
> (1 — exp(—2/0r))" D,

where c5 is a positive constant and we recall that n(£+1) = 2" An interval of size 2 Jne+-19
can be divided in at least 2+ =891 gub_intervals. Hence, if we denote by M, i the number
of double-jump configurations existing among the sub-intervals of 7, 1)_1 x,» Lemma 3.10
induces that

P(lMZ k| > 2*jn(z+1)(5+7’*a1*a2*1+ﬁ) . 21n(£+1)5*55n(f)*k*4) > (1 _ exp(_zjn(l)r))n(e+1)+1‘

We observe that the intervals I} are disjoints for different integers k. Hence, the probability of
the intersection of the previous event for every k € [j)0, ju)0"] satisfies

) 5//
)

]P’( ﬂ |Mg kl > zin(é+1)(a1+az—Y+1—P)—Cen(f)—k)
k=jny0

> (1 _ exp(_zjnmr))(H(4+1)+1)2ﬁ1n(2)’

since we assume that 6" < a; + a, < 23. The previous construction procedure leads to esti-
mate of size of Ty . Therefore, conditionally to the event { | T;| > kq2/n0(@1+@=r+1=P)=2ne-15 ],
we obtain

P(lTl+1| > kozjn(ul)(al+0‘2—Y+1—P)—21n(z)5 |T,| > ko21}1(0(a1+az—Y+1—P)—21n(z—1)5)

> (1- eXp(_2Jn<e>r))(n(2+1)+1)2ﬁinu) 2In(0e > (1- eXp(_zjn“)r))Zjﬂ(l)C*?.

For any £, € N, we know that the construction ensures that [T, | > 1 almost surely. Hence,
choosing ko = 27’0, with the proper constant ¢y, we obtain that the following lower bound

]P( m |Tl| > zjnm(al+a2—)f+l—p)—Zjn(i_l)ﬁ—ngn(zO)) > l_[ (1 _ eXp(_zjn(z,l)r))zln(é—l)cs ‘
>0, >0,

Considering the logarithm of the right term, we observe

Z log(1— exp(_zfn<m>r))Qj“("l)‘s >_ Z 20 . exp(—20-0T) —, 0.
(>0, >4,

Hence, the previous probability converges to 1 for any set of parameters p = (8,8,6”, p).
Since the family of events considered is increasing with £, it implies that almost surely there
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exists £ (w) such that |T;| > 2Jne-n {1+ =y +1=p)=2ju08=Couto) for all £ > £y(w). Furthermore,
owing to the construction procedure described previously, we also know that for every I € T,
the interval I, ; contains at least 2/nern(®1Fe2=r+1=p )=¢6n(O=k proper double-jump configura-
tions.

Hausdorff dimension (lower-bound). The previous estimates now allow us to study more
precisely the oscillating behaviour of the Lévy process. Suppose h € (1/(a; + a,),1/) and
D is a set of parameters such that 6 < 1/h < §” and 1/h < y. Then, let us define the set of
interest G(h, p) as following:

G(h,p)= m U { [C([) — z—jn([)/h+l’ (D) - z_jn(f)/h—l]

(>0, IET,

Ule(I) 4+ 2750/h=1 (1) 4 27 no/h+1] }

where c(I) still denotes the middle point of any double-jump interval I € T, and £,(w) cor-
responds to the random index previously defined. Owing to the construction of the tree T,
we note that G(h, p) corresponds to to the intersection of collections T; , nested intervals of
size 3-2770/h=1 Furthermore, according to the estimates obtained in the previous paragraph,
we know that every I € T, ;, contains at least 2/n¢+n (18271 F1=p)=csn(O)=i0/h=1 gyb-elements
separated by 2ne+n(y—a1—az=1+p)

In order the estimate the Hausdorff dimension of the set G(h, p), we construct by induc-
tion a mass measure u on it. To begin with, u, attributes an equivalent weight on every inter-
val I € Ty ;. Then, similarly to the procedure on Cantor’s set, ty4 is defined on the intervals
I € Ty such that the weight u,(J), J € Ty, is equally distributed on its offspring. The
measure ( is then defined as the limit of the sequence (14 );>¢,, which clearly exists since the
cumulative distribution functions uniformly converge on [0, 1].

Since every I € T, contains at least 2@ty +l=p)=csn(O-io/h elements, we first
note that

4
VI e Ty M(I) < l_[ z_jn(k)(a1+a2_y+1_f))+clojn(k—l)
k=lo+1
< Z*jn(g)(a1+a2*}’+1*p)+C11n(€).

As we aim to use the usual mass distribution principle to determine a gauge function g such
that the Hausdorff measure ., of G(h, p) is positive, we need to obtain an upper bound of
u(B(t,r)) for any ¢ € [0,1] and r > O sufficiently small. There exists £ € N such that
27w/ < < 27e-v/M and without any loss of generality, we may assume that £ > £,. Fur-
thermore, as r < 27¢-n/" we may also suppose that B(t, ) C J where J € Ty_, , (otherwise,
consider the intersection B(t’, ") between B(t, ) and the closest element J). Since the sub-
intervals I C J € T are separated by at least 20 (r=a1=%=1%0) e know that the ball
B(t,r) intersects with at most r 2/x0(r=®=@=1+P)+1 of them. Hence, as we note that p(I) is
the same for every I C J € T; ,, we obtain

w(B(t, 1) < r2holmame ey ()
<r 2jn([—1)/h+56n(‘€_1)+1‘ul(.])’

since u(I) < u(J)/2mnolatar+1=p)=csnt=1=jwe-n/h Fyrthermore, we also know that u(J) <
2= Jne-n(@1+a—y+1-p)tcint-1) , showing that

,U,(B(t, r)) <r 9~ Ine-n @1+ =y +1=p )t a1y /htc1on(=1)
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Furthermore, p > 1 may be chosen such that a; + a, —y —1/h+ 1 — p <0, implying that
1— (al +a,—y+1 —p)h > 0 and rl-(@1taz—r+1-ph < Z_jn(ﬂfl)/h+jn(£7l)(al+a2_y+1_p))_ Finally,

since jug—1) = (5/5’)H([3_1) <clog(1/r), there exist ¢13,¢14 > O such that
w(B(t, 1)) <c5log(1/r) rlarta=y+1-plh

Using the mass distribution principle (see [68] for instance), this inequality proves that G(h, p)

has a positive g-Hausdorff measure, where the gauge function g is defined by g(r) = log(1/r)“r(®
Therefore, if we restrict ourselves to rational parameters p, we have proved that with prob-

ability one, forallh € (1/(a; + a,),1/f), dimy G(h,p) = (a; +ay, —y+1—p)h

2-microlocal frontier (lower-bound). In this last step of the proof, we aim to show that the
2-microlocal frontier of every t € G(h, p) has a chirp oscillation form.

Let us set w € Q and t € G(h,p). As previously outlined in this work, we know that
we may ignore the component of Lévy process which corresponds to the jumps of size greater
than 2770, Furthermore, owing to the construction of the set G(h, p ), we know that for every
{ €N, the distance between t and the closest jump time s such that |AX| > 2770, satisfies

+a,—y+1-p)h

2702 < ls—t| < 2 Iyl

Therefore, owing to the characterisation of the set Ej, we know that G(h, p) C Ej, i.e. ax, = h.

We aim to prove that the 2-microlocal frontier of X at t shows a chirp oscillation behaviour:
0 (s") > h+sforalls" < —h. Similarly to the proof of Theorem 3.1, we therefore investigate
the pointwise regularity of the integral of X. Lastly, we first assume that 8 > 1.

Letussetu €R, ¢ > 0and k' := h(1 + ¢) > h. There exist m > 0 such that 2~ D/F <
|t —u] < 27™/" Furthermore, let £ € N be the greatest integer such that Jn(ey < m. We have
to distinguish two different cases depending on the value of m.

Let us first suppose that j,,)(1 4 £) < m. Since 1/h’ < 8, Lemma 3.2 implies that

Vv eB(t,Ju—t]); [X™—X™" <clog(ju—t|™)u—tl".

Furthermore, we note that |t — u| < 271+l < o=hwh a5 b/ < h(1 + ¢). It implies that
there is no jump time s whose size is greater than 27 and such that s € B(t, |u — t|). Using
in addition the estimates of the drift obtained in Proposition 3.9, we obtain

Vv eB(t,lu—t]); |X, X <clog(ju—¢t[™)u—rtl".
Therefore,

<clog(Ju—t|™%) Ju—t|**",

f (Xv _Xt)dv

where we recall that i’ > h.

We now consider the second case j, ;) < m < ju;y(1+¢€). As previously, we know that for
all v € B(t, Ju — t|), X' = X7"| < c log(Ju — t7) Ju — t|". Nevertheless, in this case, there
might be jump of size 27/"® inside the interval B(t, |u — t|). Owing to the construction of the
set G(h, p), the contribution to | f tu (X, —X,)dv| is upper-bounded by

27Inwy . 27InY £ 2 0P u—t|<clu— t|h/(1+7’)/(1+€) +clu— t|Ph//(1+€)+1
=clu— t|") 4 fu— ¢|PPHL,

In the previous exponents, we note that p > 1 implies ph+ 1 > h + 1 and we can choose
y > 1/h,ie. h(1+y) > h+ 1. Hence, we have shown there exists £, > 0 such that

< c|u _ t|1+h+so’

J (Xv _Xt)dv
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This last inequality proves that the regularity at t is singular, as the 2-microlocal frontier satis-
fies

s'+h
Vs'<—h; ox,(s)= .
Therefore, with probability one, for allh € (1/(a; + a,),1/8), G(h,p) C E}, and dimy Eh >
(a; + a3 — y + 1 — p)h. Considering rational parameters such that y — 1/hand p — 1,
we obtain dimy E, > (a; + a,)h — 1. Finally, since the previous reasoning holds on any
interval [a, b] where a, b € Q, with probability one, we have the expected lower bound of the
Hausdorff dimension:

VYV ea, Vhe(1/(a; +ay)),1/B); dimy(E,NV)> (a; +ay)h—1.

Linear (multi)fractional stable motion

The linear fractional stable motion (LFSM) is a stochastic process that has been considered
by several authors: MAEjIMA [121], TAKASHIMA [176], KONO and MAEjIMA [110], SAMOROD-
NITSKY and TAQQU [167], AYACHE, ROUEFF, and X1A0 [12], AYACHE and HAMONIER [11]. Its
general integral form is defined by

X, = f {a+ [(t— u)zfl/a —(—u Iifl/a]
R
+a” [(t— u)Ifl/a — (—u)Ifl/“] } M, (du), (3.36)

where H € (0,1), (a™,a”) € R?\ (0,0) and M,, is an a-stable random measure on R with
Lebesgue control measure A and skewness intensity 8,(-) € [—1, 1]. Throughout this paper,
it is assumed that f, is constant, and equal to zero when a = 1. In this context, for any Borel
set A C R, the characteristic function of M, (A) is given by

B[ oiOM8)] — exp{—A(A4)|0]*(1 — iB, sign(0) tan(an/2))} ifae(0,1)U(1,2);
L™ ] = expi=acariony ifoo=1.

For the sake of readability, we consider in the rest of the section the particular case (a*,a™) =
(1,0) (even though as stated [167], the law of the process depends on values (a*,a™) chosen).

To begin with, we present in the next statement an alternative representation for the two-
parameter field (t,H) — X(t,H) = fR{(t - u)il_l/a - (—u)li_l/a}Ma(du). In the case
H > H/a, the formula has been previously obtained by TAKASHIMA [176].

Proposition 3.10 Forall t € Rand H € (0, 1), the random variable X (t, H) satisfies

CHJ Lu{(t - u)ff_l/c‘_1 — (—u)f_l/a_l} du ifH € [i, 1);
X(t,H)=A{ L, . ifH=1
ch {(Lu L)t —w TV L (—u ’j‘l/“‘l}du ifH e (0,17,
: (3.37)

where Cy = H — 1/a and L is an a-stable Lévy process defined by

VteR, L,=M,([0,t]) and VteR_ L,=-M,([t,0]).
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Proof. For the sake of readiness, we present in the proof for any H € (0, 1), even though
the first case can be found in [176]. Suppose t € R and H € (0,1). Since (L;).eg is an a-
stable Lévy process, it has cadlag sample paths. According to [6] (chap. 4.3.4), the theory of
the stochastic integration based a-stable Lévy processes coincide integrals with respect to a-

stable random measure. Therefore, the r.v. X(t, H) is almost surely equal to f R{(t — u)ffl/ *—

(—u)"Y*}dL,. Lete > 0and b < t. Using a classic integration by parts, we obtain

t—e
Lo V% —L(t =)V = f (t —w~edr,

b
t—e

N (H - 1) J L(t—w" Ve du. (338)
a

b

1. IfHe (i, 1),H —1/a > 0. Hence, f[_s L,(t —w)~/2=1 du almost surely converges to

b
fbt L,_(t—u)"~Y*1 dy when & — 0. Similarly, fbt_s(t —w)H=Y*dL, convergesin L(£2).

Therefore, using Equation (3.38) with t = 0 and b < 0, we obtain almost surely

f {(t _ u)H—l/a _ (_H)H—l/a} dL, = CHJ‘ Lu{(t _ u)H—l/a—l _ (_u)H—l/a—l} du
b

b
= Ly{( = byI Ve — (~pyiVal,

When b — —00, the left-term clearly converges to X (t, H) in L*(£2). According to [160], we
know that almost surely for any & > 0, limsup,_, ., u/%¢|L,| = 0. Furthermore, we also
have (t_u)H—l/a—l _(_u)H—l/a—l ~_ o (_u)H—l/a—z and (t— b)H—l/a _(_b)H—l/a ~ o
(—b)H-1/a=1 Therefore, as H < 1 and using the dominated convergence theorem, the
right-term almost surely converges to the expected integral.

2. IfH € (0, i), we observe that Equation (3.38) can be slightly transformed into

(Le_e — LM V® — (L, — L,)(t — b)Y~/

t—e

= f i (t — u)H—l/a dr, — (H — l) J (L,—L)(t— u)H—l/afl du.
b a

b

According to [160], ay, 2 1/a. Therefore, up to an extracted sequence, the previous
expression almost surely converges when & — 0 and using a similar formula for t = 0, we
obtain

J[{(t —u)fVe (_u)H—l/a} dr,
b

t
= CHJ {(Lu - Lt)(t — u)H—l/a—l _ Lu(_u)H—l/a—l} du
b
— Lb{(t _ b)H—l/a _ (_b)H—l/a} +L(t— b)H—l/a‘
The property limsup,_,_, yl/ote |L,| = 0 and the previous equivalents finally prove Equa-

tion (3.37).

To end this proof, let us consider the integral representation in the particular case H = 1/a.
In fact, Equation (3.37) is a slightly misuse since the expression does not exist. Nevertheless,
we prove that it converges almost surely to X(t,1/a) =L, when H — 1/a.



3.3. LINEAR (MULTI)FRACTIONAL STABLE MOTION 137

Suppose first that H /' 1/a and rewrite X (t,H) as

X(t,H) = Cy f (= Le1zp)(e = — 1y (- b L (e = YT
R

The first component of the expression converges to zero since Cy; —p_,1/, 0 and ay, Z1/a.
As the second part simply converges to L,, we get the expected limit. The case H \ 1/a is
treated similarly. O

Note that P1cARD [158] has determined a similar representation for fractional Brownian
motion.

Proof of Theorem 3.6. Letusset H € (0,1) and a € [1,2). In order to obtain the multifractal
structure of the LFSM, we first relate the 2-microlocal frontier of X at t to the frontier of the
alpha-stable process L.

1. If H > 1/a, we note that the representation obtained in Proposition 3.10 is defined almost
surely for all t € R. Therefore, let us set w € Q and t € R. As previously, we can assume
that t € [0, 1]. Then,

t 0
X, =Cy J L(t —u)il_l/a_ldu+CHJ (=) du
b b

b
+Cy f Lu{(t — )it (—u)i_l/a_l} du,

—0o0

where b < 0 is fixed. The second term is simply a constant that does not influence the
regularity. Similarly, using the dominated convergence theorem, we note that the third one
is a smooth function on the interval [0, 1], and therefore has no impact on the 2-microlocal
frontier.

Therefore, we only need to focus on the first term. Let us define the process Y, = L, 17,5}
Since the 2-microlocal spaces and frontier presented in Definitions 3.2 and 3.3 are localised
at a point t, we necessarily have o} , = oy . Furthermore, we note that

t
Z, = CHJ Lt - du= CHJ (e —wi Ve du= (177 (1)
b R

Owing to the property of stability of 2-microlocal spaces under fractional integration (see
see Theorem 1.1 in [95]), we obtain 0, , = oy, + H — 1/a, and therefore oy , = o, +
H-1/a.

2. If H < 1/a, we first observe that according to the multifractal spectrum of alpha-stable
processes and H > 0, dimy({t € R: a;, < 1/a — H}) < 1. Hence, for almost every
w € , Formula (3.37) is well-defined almost everywhere on R. Anywhere else, we may
simply assume that X (¢, H) is set to zero. We will explain later why the value O at these
particular times does not modify the 2-microlocal frontier.

Similarly to the previous case H > 1/a, the regularity of X only depends on the behaviour
of the component

t
Z:it—> CHJ (L, — L)(t =)V du,
b
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One might recognize a Marchaud fractional derivative (see e.g. [166]). Let us modify this
expression to exhibit a more classic form of fractional derivative. For almost all s € [0, 1]
and £ > 0, we have

S—E&

s—¢ s—¢ S
f L(s —uw)~Yedu= CHJ L, duf (v—u)H_l/“_ldv+sH_1/“J L,du
b b u+te b

=Cy J duf (L, —L)(v—uw)fYeldy
b u+e

S—E€ S—E€ S
+£H_1/°‘J L, du+CHf duf L,(v—uw)f Ve 1ldy
b b u+e

The last two terms are equal to

S—E& S S
eHl/“J L, du—eHl/“J L, dv+f L,(v — b)H~Yaqy,
b bte b

+ +e

which converges to f; L,(v — b)#Y%dv as ¢ — O since H — 1/a > —1. Similarly, as we
consider times at which a; ; > 1/a — H, the dominated convergence theorem implies that

the first term converges to Cy f; dv f;(Lu —L)(v —uw)"~Y*"1 du. Therefore,

S

J Lu(s—u)H—”adu=ch dv f (Lu—Lv)(v—u)H_l/"‘_ldu—Ff L,(v—b)f~Vdy,
b b b

b

According to classic real analysis results, the previous expression is differentiable almost
everywhere on the interval [0, 1], and therefore

ae d [
2= o | Lu(t—w)fV du = Lo (e = b)Y,
t b

for almost all t € [0, 1]. Note that the last two formulas ensure that Z, € Llloc(R), and thus
X. €Ll (R)with probability one.

loc

Let us now explain in which sense we investigate the 2-microlocal regularity of X. As previ-
ously outlined in the introduction, in the case H < 1/a, sample paths of LFSM are nowhere
bounded. As a consequence, it is meaningless to consider the usual Holder regularity. On
the other hand, the 2-microlocal formalism has been introduced in a more general frame
which are distributions 2’(R). Since we have previously proved that X, € Llloc(R), with
probability one, X, is a distribution whose 2-microlocal frontier is well-defined. We refer to
[138] for a complete presentation of the 2-microlocal spaces for distributions. Also note that
in this context, we can modify the values of X, on the negligibleset {t € R: a; , < 1/a—H}
without modifying X. in the sense of distributions.

Then, let first consider the term Y : ¢t — fbt L,(t —w)!Yedu. Since H —1/a > —1, it
is a Riemann-Liouville fractional integral of order H — 1/a + 1 > 0. Hence, using the
techniques previously presented, we obtain that oy, = 0 , +H — 1/a + 1. Furthermore,

the almost everywhere derivative % fbt L,(t — u)"~Y% du coincide with the derivative in
the sense distribution. Still using the stability of 2-microlocal spaces, the 2-microlocal
frontier of the latter is therefore equal to o , + H — 1/a. In addition, the 2-microlocal
frontier of t — L,(t — b)"~/* is equal to o'} , (the multiplication with a locally smooth
function having no effect). Hence, as o , > o, +H — 1/a, we have proved that o , =
oy +H—1/a,and thus ox , = 0, + H — 1/a with probability one.
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Therefore, in both cases, we have proved that with probability one and for all t € [0, 1],
Vs'eR;, oyx.(sN)=o0,,()+H-1/a.

Then, using the same reasoning as in the proof of Corollary 3.3, we observe that

Vse[0,1/al;  Eipir/a(L) S Eqy(X) S E_pirjaU ) Ey(L).
h<s—H+1/a

for any 0 < H — 1/a. Furthermore, since : is an alpha-stable process, Theorem 3.1 induces
that
dimy E;_pq(L)=a(s—H+1/a) =a(s—H)+1

and dimy Eh(L) < a(s+H)—1foreveryh <s—H 4 1/a. These two estimates clearly prove
the spectrum presented in Equation (3.19). Finally, the spectrum of singularity for the weak
scaling exponent is obtained similarly. O

Another class of processes similar to the LEFSM has been introduced and studied in [25, 128,
44]). Named fractional Lévy processes, it is defined by

__ ' _ ()
X =t +1)L{(t Wl - (-wi} L(dw),

where d € (0,1/2) and L is a Lévy process enjoying Q = 0 (no Brownian component),
E[L(1)] = 0 and E[L(1)?] < +00. Owing to this last assumption on L, LESMs are not frac-
tional Lévy processes. Nevertheless, their multifractal regularity can be determined as well.

Proposition 3.11 Suppose X is a fractional Lévy process parametrized by d € (0,1/2). Then,
with probability one and for all o < d,

BGs—d) ifse[dd+3];

. (3.39)
—00 otherwise.

VVeo; dimy(E,yNV)= {
where 3 designates the Blumenthal-Getoor exponent of the Lévy process L. Furthermore, for all
s'€R, E, g isempty if 0 > d.

Proof. MARQUARDT [128] has established (Theorem 3.4) a representation of fractional Lévy
processes equivalent to Proposition 3.10:

1 - -
X, = mJRLu{(t — Wi = (—w) du

Based on this result, a straightforward adaptation of the proof of Theorem 3.6 yields Equa-
tion (3.39). O

Similarly to the LFSM, this statement refines regularity results established in [25, 128] and
proves that the multifractal spectrum of a fractional Lévy process is equal to

Bh—d) ifhe[d,d+g]; (5.40)

00 otherwise.

VWeo; dy(hV)= {

Let us finally conclude this section with the proof of Theorem 3.8.
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Proof of Theorem 3.8. Suppose (X, )cg is a linear multifractional stable motion with a € (1, 2)
and Hurst function H() € (1/a,1). According to the representation obtained in Proposi-
tion 3.10, X, is almost surely equal to X (t, H(t)).

To begin with, we first use the uniform estimate of the local Holder exponent obtained by
AvacHE and HAMONIER [11, Th. 8.1] to obtain an upper bound on the 2-microlocal frontier.
The latter have proved that with probability one and for all t € R, @&y, = H(t) — 1/a. In
addition, the 2-microlocal frontier is known to satisfy the inequality ox , < liminf,_,, dy ,
for any t € R, which proves that o , < H(t) — 1/a with probability one.

Let us now set w € 2 and t € R and decompose X into two parts:

X, =Xw,H(t))+ (X(u, Hw)) — X(u, H(t))).

According to the proof of Theorem 3.6, we already that the 2-microlocal frontier of the first
component X (-, H(t)) is equal to o , + H(t) — 1/a. As a consequence, we have to prove
that the second term Y, := X(u, H(u)) — X (u, H(t)) is negligible in terms of 2-microlocal
regularity. For that purpose, we observe that for any u,v € B(t, p)

Y,—Y, =X(u,H(u)) —X(u,H(t)) —X(v,H(v)) + X (v,H(t))

H(u) H(v)
— J aHX(u,h)dh—J 2, X (v, h) dh.

H(t) H(t)
Therefore, since H is 6-Holderian,

H(u) H®v)
v, -Y,| < J |6 X (1, h) — 34X (v, )| dh +J |6uX (v, )| dh

H(t) H(u)

<clu—tl®-lu—v|" +clu—vl®
wherey < infueB(t,p) H(u)—1/aand & > sup, g H(u). Using Definition 3.2 of the 2-microlocal
spaces, this inequality proves that oy, > (6 +s") A (H —1/a) foralls’ € R. Since 6 > H(t),
ox: <H(t)—1/aand o} ,(s") < (1/a+s") A0, we therefore obtain with probability one
and forall t € R
Vs'eR; ox.()=0.,6)+H({)-1/a.

Then, the multifractal structure described in Equation (3.22) is obtained using the same argu-
ments as in the proof of Theorem 3.6. O

Remark 3.2 In the case H(-) does not satisfy the assumption 6 > sup,cg H(t), the proof of
Theorem 3.8 can be modified to extend the statement and generalize results obtained in [173].
This complete study is made in [17] for the multifractional Brownian motion. For the sake of
clarity, we prefer to focus in this work on (5 )-Hurst functions and the multifractal structure
of the LMSM presented in Theorem 3.8.

Remark 3.3 Even though it is assumed all along this section that H(-) is deterministic, ow-
ing to the deterministic representation presented in Proposition 3.10, Theorems 3.6 and 3.8
still hold if H(-) is a continuous random process. Hence, based on these results, a class of
random processes with random and non-homogeneous multifractal spectrum can be easily
constructed. A similar extension of the multifractional Brownian motion has been introduced
and studied by AvacHE and TAQQuU [14].
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4.1 Introduction

The Markov property is a central concept of the classic theory of real-parameter stochastic
processes. Its extension to processes indexed by a partially ordered collection is a non-trivial
problem and multiple attempts exist in the literature to obtain a satisfactory definition. This
question has been first investigated by LEvy [117] who introduced the sharp Markov property
for two-parameter processes: a process (X, ) (o 17 is said to be sharp Markov with respect to a
setA C [0,1]? if the o-fields &, and - are conditionally independent given &,,, where for
any V C [0,1]%, %, := o({X,; t € V}). Russo [165] proved that processes with independent
increments are sharp Markov with respect to any finite unions of rectangles. Later, DALANG
and WALSH [48, 47] characterized entirely the collection of sets with respect to which processes
with independent increments are sharp Markov.

141
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Since the Brownian sheet was known not to satisfy this property with respect to simple sets
(e.g. triangle with vertices (0,0), (0,1) and (1,0)), McKEAN [133] has introduced a weaker
Markov property called germ-Markov. Similarly to the sharp Markov property, a process is
said to be germ-Markov with respect to a set A C [0, 1]? if #, and Z. are conditionally inde-
pendent given ¥, := Ny &y, where the intersection is taken over all open sets V containing
JA. As shown by Russo [165], the Brownian sheet turns out to be germ-Markov with respect
to any open set.

A third Markov property, named *-Markov, arises in the two-parameter literature. It has
been first presented by CAIROLI [39], and then widely studied by NUALART and SANZ [149],
KOREZLIOGLU, LEFORT, and MAzz10TTO [111], MAZZIOTTO [132]. In particular, the latter es-
tablished that *-Markov processes satisfy both sharp and germ-Markov properties with respect
to respectively finite unions of rectangles and convex domains. Moreover, as stated in [147, 120,
203], the concept of *-transition function can be naturally introduced and leads to a complete
characterization of the finite-dimensional distributions of R*-indexed processes. For the sake
of readability, the precise definition of *-Markov processes is given in the core of the article.

This overview of the two-parameter Markov literature is clearly not exhaustive and a more
complete picture is given later, including in particular the modern multiparameter approach
presented by KHOSHNEVISAN [100].

Recently, IvANOFF and MERZBACH [89] have introduced a set-indexed formalism which
allows to define and study a wider class of processes indexed by a collection of sets. Based
on this framework, several extensions of classic real-parameter processes have been investi-
gated, including Lévy processes [82], martingales [89] and fractional Brownian motion [79,
80]. The study of the Markovian aspects of set-indexed processes led to the definition of sharp
Markov and Markov properties in [88], and of the set-Markov property in [18]. The first paper
mainly focused on the adaptation of Paul Lévy’s ideas to the set-indexed formalism. The lat-
ter approach, also called £-Markov, introduced a stronger property, leading to the definition
of a transition system which characterizes the law of a set-Markov process. More precisely,
Theorem 1 in [18] states that, given an initial distribution, if a transition system satisfies a
Chapman-Kolmogorov Equation (4.14) and a supplementary invariance Assumption (4.15), a
corresponding set-Markov process can be constructed.

In the present work, we suggest a different approach, named € -Markov, for the introduc-
tion of a set-indexed Markov property. Our main goal is to obtain a natural definition of the
transition probabilities which leads to satisfactory characterization and construction theorems.
As later presented in Section 4.3, this new set-indexed Markov property also appears to be a
natural extension of some existing multiparameter Markov properties.

To introduce the definition of ¢ -Markov processes, let us first recall the notations used in
the set-indexed formalism. Throughout, we consider set-indexed processes X = {X;A € ./},
where the indexing collection .«/ is made up of compact subsets of a locally compact metric
space . Moreover, ./ is assumed to satisfy the following conditions:

(i) itis closed under arbitrary intersections and A° #Aforall A€ ./ ,A# T;
(ii) 0" :=()sc.,Als a nonempty set (it plays a role equivalent to 0 in RY);
(iii) there is an increasing sequence (B,),en Of sets in .« such that 7 = U, e\B,;;

(iv) Shape hypothesis: for any A, A, ..., A € &/ withA C Ui.‘zlAi, there exists i € {1,...,k}
such that A C A;.

For the sake of readability, we restrict the assumptions on ./ to those required for the devel-
opment of the € -Markov approach. Supplementary properties such as separability from above
will be added later when necessary. The complete definition of an indexing collection can be
found in the work of IvANOFF and MERZBACH [89].
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Several examples of indexing collection have been presented in the literature (see e.g. [89,
18, 79]). Among them, let us mention:

o rectangles of R]i: o = {[0,t] : t € R]i}. This collection is equivalent to the usual
multiparameter setting on R ;

« subsets of the N-dimensional unit sphere S: ./ = {A,, : ¢ € [0,V x [0,2m)},
where A, = {u € S : ¢;(w) < ¢;, 1 < i < N}, ¢;(u) denoting the ith angular
coordinates of u, 1 <i < N;

o branches of a tree T parametrized by G; C U,ny(N*)": .& = G, endowed with the
usual intersection on tree structures. Note that .o/ is a discrete indexing collection.

More complex indexing collections can be obtained by considering the Cartesian product of
simpler ones. This construction procedure is described more thoroughly in Section 4.2.5.

The notations .o/ (u) and € respectively refer to the class of finite unions of sets from .of
and to the collection of increments C = A\ B, where A € ./ and B € .&/(u). As mentioned
in [89], the assumption Shape on .«/ implies the existence of a unique extremal representation
{Ai}1<i<i of every B € o/ (u), i.e. such that B =U"_ A, and for every i # j, A; & A;. Hence,
from now on, to any increment C € ¥ is associated the unique A € .o/ and B = Ui.‘zlAi such
that C =A\ B, B € Aand {A;},<; is the extremal representation of B.

Then, for any C =A\ B, B = U’_A;, ./ ; denotes the following subset of .<7,

"dCZ{UE"Qfl;Uch}::{U(}:“"UCP}’ Wherep:l'fdcl (41)

and ./, denotes the semilattice {A; N -+ NA,...,A; NAyA ..., A} C . For any set-
indexed stochastic process X and any C € %, the notation X refers to the random vector
Xc = (XUcl, .. ,XUCp). Similarly, X is used to denote a vector of variables (chl, ey XUC")-

Lastly, for any set-indexed filtration & = {Z,;A € ./}, collections (Fp)pe () and
(9. )ce are respectively defined as

Fp=\/ F. ad 9= \/ 2z (4.2)

A€.of ACB Be.o/(u),BNC=0

The family (97 )ce« is usually called the strong history. Note that these filtrations do not
necessarily satisfy any outer-continuity property, on the contrary to the augmented filtrations
defined later.

We can now present the set-indexed increment Markov property, abbreviated 6 -Markov
property (6 denoting the class of increment sets) which is studied in the present work.

Definition 4.1 (¢-Markov property) Let(Q, F,(Fa)sc.q, P) be a complete probability space
and E be a metric space. An E-valued set-indexed process X is said to be € -Markov with respect
to (w.r.t.) the filtration (Fy)ac o if it is adapted to (Fy)ac.o and if it satisfies

ELfXDI9: 1 =E[f(X)[Xc] P-as. (4.3)

forall C =A\ B € € and any bounded measurable function f : E — R.

%6 -Markov processes are first studied in the general set-indexed framework (Section 4.2).
We introduce the concept of 6 -transition system, usually designated # = {P-(x¢;dx,);C €
%}, associated to the ¢-Markov property. It extends in a natural way the classic defini-
tion of transition operators for one-parameter processes, and in particular, the Chapman-
Kolmogorov equation which becomes:

VCe6,A €., Pof =PoPenf where C'=CnA,C"=C\A (4.4)
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and f is a bounded measurable function. This notion happens to properly suit the ¢ -Markov
property. Indeed, our main result (Theorems 4.2 and 4.3 in Section 4.2.1) states that the initial
law of Xy and the transition probabilities naturally deduced from a ¢ -Markov process form a
6 -transition system which characterizes entirely the finite-dimensional distributions. More-
over, given an initial measure v and % -transition system &, we state that a corresponding
%6 -Markov process can be constructed on the canonical space.

As presented in Section 4.2.2, the € -Markov property has connections with the set-indexed
Markovian literature, especially the work of IvANOFF and MERZBACH [88]. However, we note
there that it clearly differs from the £-Markov approach of BALAN and IVANOEF [18].

6 -Markov processes appear to satisfy several interesting properties (Sections 4.2.3 and
4.2.4). Theorem 4.6 proves that the natural filtration of 6 -Markov process displays a condi-
tional independence property. Moreover, classic simple and strong Markov properties can be
extended to the ¢ -Markov formalism (Theorems 4.7 and 4.9) under an homogeneity assump-
tion on the % -transition system, and for the latter, with the help of the notion of % -Feller
processes. To illustrate these different concepts, several examples are given in Section 4.2.5,
including an overview of set-indexed Lévy processes and the construction of a set-indexed
& a# Ornstein-Uhlenbeck process.

Section 4.3 is devoted to the specific properties satisfied by multiparameter % -Markov pro-
cesses. Specifically, Theorem 4.10 states that multiparameter %6 -Feller processes have a right-
continuous modification which is ¢-Markov with respect to the augmented filtration. Con-
nections with the multiparameter Markovian literature are also investigated, especially with
the two-parameter *-Markov property and the recent multiparameter developments presented
by KHOSHNEVISAN [100]. Several examples of common multiparameter % -Markov processes
are given at the end of the section.

Finally, the Gaussian set-indexed Ornstein-Uhlenbeck process is studied in more details
in Section 4.4, focusing in particular on the construction procedure and the characterisation
in the stationary case.

Set-indexed ¢ -Markov property

We begin this section with a few observations and remarks.

In this work are considered E-valued set-indexed processes X = {X,;A € .}, where
(E, dg) is alocally compact separable metric space endowed with the Borel sigma-algebra &. If
(E,&) = (RY, B(R?)), then the assumption shape on the indexing collection allows to define
the extension AX of X on the classes ./(u) and €. It is given by the following inclusion-
exclusion formulas:

AXjp —ZXA D Xpew, +o (DX, s, and AX =X, — AX.

i=1 i<j

Due to Lemma 3.4 by IvANOFF and MERZBACH [88] and using the notations previously intro-
duced, we observe that the previous formulas can be equivalently written as follows:

| ¢l

|l
AXp = Z(—l)giXUCi and AXe=Xs— |:Z(_1)€iXUCii| ) (4.5)
i=1

i=1

where (—1)% corresponds the sign in front of X ;i in the inclusion-exclusion formula. In other
words, Equation (4.5) states that every term XV such that V ¢ .o/ is cancelled by another
element in the inclusion-exclusion formula.

In consequence, we note that Definition 4.1 can be equivalently written as follows: an R9-
valued set-indexed process X is 6 -Markov with respect to (F)sc o if for all C € € and any
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measurable function f : E — R,

ELf(AXc) |9 1 =E[f(AXc)|Xc] P-as.

Indeed, owing to Equation (4.5), AX} is measurable with respect to ¢ and o(X¢), and there-
fore, the equality X, = AX .+ AXp and classic properties of the conditional expectation imply
the equivalence of the two definitions.

Finally, let us recall that the natural filtration of a set-indexed process X is defined by
Fa=0({Xy;V CAV e o}) forall Ac .. Filtrations are always supposed to be complete.
Based on Definition 4.1, we observe that any %-Markov process is always 6 -Markov with
respect to its natural filtration.

% -transition system: characterization and construction results

In the light of Definition 4.1 of ¢ -Markov processes, there is a natural way to introduced the
concept of 6 -transition system.

Definition 4.2 (¢ -transition system) A collection ? = {P-(Xc;dx,); C € €} is called a
6 -transition system if it satisfies the following properties:

1. forall C € 6, Pc(x¢;dxy) is a transition probability, i.e. for all xc € E"<l, Po(x¢; -) isa
probability measure on (E, &) and for allT" € &, Pc(-; ') is a measurable function;

2. forallx € EandT € &, Py(x;T) = 6,(T);

3. forallC € € and any A’ € ., let C' = CNA and C" = C\ A'. Then, &P satisfies a
Chapman-Kolmogorov like equation:

PC (XC; F) = J PC/(XC/; dxA/)PC// (XC//; F), (46)
E

for allxc € E'el, xo, € EMel, x0n € EM9e”l and T € 6.

Remark 4.1 Let C =A\B € ¥ and A’ € .. We observe thatif A’ CBorACA’,thenC’' =0
or C” = ( respectively, and therefore, Equation (4.6) is straight forward since one of the term
is a Dirac distribution.

On the other hand, if A" € B and A’ C A, Equation (4.6) is still consistent. Indeed, as
C” =A\ (A UB),and A’ Z B, we have A’ € .of ;», and thus, the variable x, is one of the
component of the vector X¢.

We also note that Equation (4.6) implicitly induces that the integral does not depend on
any variable x, with V ¢ ./ ¢, since these terms do not appear in the left-term.

Remark 4.2 In the particular case of 7 = R, and . = {[0,t]; t € R}, Definition 4.2
corresponds to the usual definition of a transition system. Indeed, as .&/(u) = .« and € =
{(s,t];s,t €R2}, @ isindexed by R2: @ = {P, ,(x;dy); (s,t) € R2}. Then, Definition 4.2
states that:

1. foralls,t €R2, P, (x;dy) is a transition probability;
2. foralls € Ry, P, ((x,dy) = 6,(dy);

3. foralls <s’<teR,,x €EandT € &, P satisfies P, ,(x;T) = fE P, y(x;dy) Py (y;T)
(using previous notations, C = (s, t], C’ = (s', t] and C” = (s,5']).

Proposition 4.1 proves that Definition 4.2 of a 6 -transition systems is coherent with the
6 -Markov property.
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Proposition4.1 Let(Q, Z,(F4)sc.q, P) be acomplete probability space and X be a € -Markov
process w.r.t. (Fa)pc.y- Forall C = A\ B € 6, define Po(X¢;dy) as follows:

Vxc €EMel T e&; Po(xc;T):=PX, €T |Xc =xc).
Then, the collection @ = {P;(Xc;dy); C € €} is a € -transition system.
Proof. Let us verify the different points of Definition 4.2.

1. Clearly, for any C = A\ B € 6, Pc(x¢;dx,) is a transition probability.

2. The equality Py(x;dy) = 6,(dy) holds since, 4 = Vyc 4 Zy and therefore, for any f
bounded measurable function and any A € ./, E[ f (X4) | 9" ] = f (X,).

3. ForallC =A\B € ¥ and all A’ € ./ such that A’ CAand A’ € B,letC' =CNA =
A'\(A'NB)and C” = C\A =A\ (A" UB). Since C"” C C, we observe that ¢ C ¢}, and
thus, forany I' € &,

Pc(Xe;T)=P(X, €T |¥9)=P(PX,€T|Y.) { %C*) =E[Pcr(Xer; T 951 (47)

Furthermore, ¢ € ¢, and the vector X/ is ¢/ -measurable (AN B C B). Hence, for any
positive measurable function h,

E[h(Xy)| (gc*] = E[E[h(XA’) | («4(;*/] | %C*] = f Por(Xgr; dxa ) h(xy ). (4.8)
R

As C” = A\ (A'UB), we observe that X, is the only term in the vector X¢» which is not ¢ -
measurable. Therefore, using a monotone class argument, Equations (4.7) and (4.8) lead to
the expected equality.

O

The next two theorems gather the main result of this section: for any %4 -Markov process,
its initial distribution and its % -transition system characterize entirely the law of the pro-
cess. Conversely, from any probability measure and any 6 -transition system, a corresponding
canonical 6-Markov process can be constructed. To our knowledge, such a result does not
exist for other set-indexed Markov properties, or at least require some tricky technical assump-
tion in the case of £-Markov.

Theorem 4.2 Let (2, Z,(Fa)sc.y,P) be a complete probability space and X be a € -Markov
process w.r.t. (Fa)ac.qy-

Then, the initial distribution v (i.e. the law of Xy) and the €-transition system P =
{Pc(xc;dx,); C € 6} of the process X characterize entirely its law.

Proof. We have to express the finite-dimensional distributions of X in terms of v and .

Let Ay,..., A, €  and f : E* — R, be a measurable function. Without any loss of
generality, we can assume that ., = {A; = 0',A;, ..., A} is a finite semilattice with consistent
numbering, i.e. stable under intersection and such thatA; € A; implies j < i.

Let Cy,..., Ci € € be the left-neighbourhoods C; = A; \ (UJ;(I)AJ»), 1 <i<k. Since .¢/ is
semilattice, /¢, C . foranyi € {1,...,k}.

Then, if we consider the law of (X , ..., X, ), we observe that

Elf Xa- - Xa )] =E[E[fXa,,....Xa )19 1]

:EI:J PCk(XCk;dxAk)f(XAl’""XAkfl’xAk)i|’
E
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using a monotone class argument and the %gk—measurability of the vector (X, ,...,Xa_ )
Therefore, by induction,

E[f(XAl’ . "XAk)]

=E [J PCI(X@';dxAl)PCZ(Xcz;dxAz) : "PCk(XCk;dxAk)f(xAly . --,XA,{)}
Ek
ZJ V(dXO)PCI(XO;dxAl)PCZ(XCZ;dXAz)'"PCk(XCk;dXAk)f(xAlw~-:XAk)a
Ek+l

since .of ¢, = {0'}. O

To obtain the construction theorem, we need the following technical lemma.

Lemma 4.1 Consider a 6 -transition system @ = {P-(X¢;dx,); C € €} and two semilattices
g ={Al =0 AL, ... ,Ail} and o = {A2 =0/ A3, .. ,Aiz} consistently numbered and such
that /' C /> C .of.

Let Cll,...,C;1 € € and Clz,...,sz € € be the left-neighbourhoods of &/ and /2,

resReFtivel)g ie. Cl.1 = A}.\ (U;';})A}) and Cl.2 = A% \ (U;;1 ?). Then, for all x € E and any
positive measurable function f : E™ — R, & satisfies

f Pcll(x;dxA%)Pczl(xczl;dxAé)---Pcl (x¢1 5dxa ) f(xar, ..., X0 )
ny ny ny ny
Em
= f Pe2 (x5 doxgz ) Pz (25 dxaz) -+ Pez (X2 5dxe ) f (Xats -5 X1 - (4.9)
Em

We note that since .o/ C /%, every variable x, has a corresponding term x,2 where j; €
i Ji

{1,...,n,}, ensuring the consistency of the second term in Equation (4.9).

Proof. We proceed by induction on n,. Let k € {1,...,n,} be the highest index such that
Ai € ./ and Ai ¢ /1. Let % be o> \ {Ai}. We observe that .2’ is semilattice, since
otherwise, we would have Ai € .of1. We consider two different cases.

1. Suppose first that for every i € {k +1,...,n,}, A7 ¢ .o/ ¢2. Then, we know that for any
ie€{l,...,ny}\{k}, theterm Xp2 does not appear in the component P (X¢2; dx,2). Hence,
we can integrate over the variable x 2 and since f s P (xC:; dx Ai) =1, we obtain a formula

which corresponds to the case of the semilattice .72,

2. Assume now that there existi,, > --- > i, > k such thatA? € .o/ 2 foreveryj € {1,...,m}.
i
Let us first suppose that m > 2.
Then, there exists iy € {1,...,1;} such that A> = A? NA2. AsAZ € A7 NA? , we have k < ij.
o iy iy k iy iy
Furthermore, A%O = A2 is not possible since A?l,A?Z, and thus A?O, belong to .«*. Thereby,
we necessarily have Ai € . 2, which implies iy = i; because of i;’s definition.
10

Hence, A%l - A%z. But, since Ai - Alzl , we have

2 . A2 =142\ _ A2 ip—1 2
G, =A, \ (U A7) = A7 \ (U5 j047)-

Furthermore, we note that {A%, e ,A%Z_l} \ {Ai} is a semilattice (otherwise we would have
Ai € .o/1), therefore stable under intersections. Hence, due to the previous observations,
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A2 € {A%;0 < j < iyandj # k}, which is in contradiction with the assumption
ia
2
A e d ¢z

Therefore, m = 1 and without any loss of generality, we can assume that i; = k + 1. The
variable x,2 is only present in the vector Xc2 and thus, our problem is reduced to the
+1

computation of the sub-integral f g Pe (XC’? ;dxs) P> (chﬂ; ), where T € &.

Let C € € be C = Ai+1 \ (U;.‘;(}A?). We observe that Cf =C ﬂAi and C?

i = C\AL
Therefore, owing to the Chapman-Kolmogorov Equation (4.6),

Pe(x¢c;T) = J;Z Pc,f(xc,f; dxAﬁ)pc,fH (Xc:+l§ ).
Finally, if we insert the previous formula in Equation (4.9), we obtain an integral which
also corresponds to the case of the semilattice .o/ 2

In both cases, the right-integral is simplified into a formula corresponding to the case of the

semilattice .72’ = 7%\ {A7}. Hence, by induction on the size of ./, we obtain Equation (4.9).
O

We are now able to prove that a canonical 6 -Markov process can be constructed from any
initial probability measure and any % -transition system.

In the following proposition, 2 designates the canonical space E endowed with its usual
o-field & generated by coordinate applications. X denotes the canonical process, i.e. for all
Ae o andall w € Q, X,(w) = w(A) and (Fy)pey is its natural filtration (as defined at the
beginning of this section).

Theorem 4.3 Let P = {P.(X¢;dx,); C € €} be a € -transition system and v be a probability
measurev on (E, &).

Then, there exists a unique probability measure P,, on (2, &) such that X is a €-Markov
process w.t.t. (Fa)ac.qy and whose initial measure and 6 -transition system are v and P, respec-
tively:

Xy ~v and P,(X,€T¥Y)=P(Xc;T) Py-as.

forallC=A\Be€ 6 andallT € 8.

Proof. To construct the measure P, we need to define for any A, ...,A; € .« a probability
measure iy _a ON (E*, &%) such that this family of probabilities satisfies the usual consis-
tency conditions of Kolmogorov’s extension theorem.

1. LetAy,...,A; be k distinct sets in ./ and 7 be a permutation on {1,...,k}. Then,
MAI..Ak(Fl XX T)= “Aﬁ(l),..A,:(k)(rn(l) X X Tr) (4.10)
forallT'y,...,T € 6.
2. LetAy,...,Ar,Aryq be k+ 1 distinct sets in .«/. Then,
Pa,. a, (T XX Ty ) = ‘U'Al..AkAkH(rl X+ X Ty X E) (4.11)
forallTy,...,T € 6.

For any Ay, ..., A, distinct sets in .o/, we consider .«&/" = {A} = 0',A,...,A] } the smallest
semilattice generated by {0,A;,...,A}. Let Cy,...,C,, € € be the left-neighbourhoods on
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' Cp = A\ (Uj;l 7). Then, we define the probability measure yy, 4, on (EX, &%F) as
follows:

Pa,. 4, (Ty X - X T)

= f V(dxo)Pc1 (x0; dXA’l)Pcz(Xczi dXA'z) . ‘Pcm(xcm; dxA’m)lrl (XAl) e lrk(XAk)-
Em+l

whereT'y,..., T € 6. Note that for every variable x, , i € {1,...,k}, there exists a correspond-
ing x4 , j; € {1,...,m}. Moreover, the formula above does not depend on the numbering of
Ji

/', since neither C; nor X, i € {1,...,m}, are changed with a different consistent ordering.
These two remarks ensure that the previous definition is consistent.

Consider now the first consistency condition that must satisfy u,, _, . LetAq,..., A, bek
distinct sets in .f, I'1,..., T’} be in & and 7 be a permutation on {1,...,k}. Then, we know
‘g/lat/familie§ {Al,...,Ak} and {An(l),: ...,An(k)} lead to the same semilattice ./’ = A, =

A, ..., A] L Hence, since the definition of u,, s, does not depend on the ordering of the
semilattice ./, Equation (4.10) is verified.

In order to check the second consistency condition, letA,, . ..,A;,; be k+1 distinct sets in
o andTy,..., T bein & Let /' = {A; =0",A},...,A] Yand .@® = {A7 =0',A3,... A7 }
be the two semilattices generated by {A;,...,Ar} and {A4,...,Ar, A1}, respectively. We
clearly have .#! € 7. Let finally f : E™ — R, be a positive measurable function defined as
follows:

V(XAll,---,XA}II)EEm; f(XA}---,XAil) =1, (xa,) 1, (xa,)-

The definition of f is consistent since {A;,...,A;} € .. Furthermore, if we apply Lemma
4.1to /! and .72, we obtain

J v(dxo) Pcl1 (Xc(} > dXAll) e Pcnl1 (Xc,}l 5 dXA% ) 1p, (XAl) e ll“k(xAk)

En1+1

:f v(dxo) Pc2 (Xcgi dxA%) e Pc,%z (Xc,fz ; dXAflz )1r (x4, ) - 1, (x0,) IR(XA,(H),
Ena+l

which exactly corresponds to the second consistency Equation (4.11).

Therefore, using Kolmogorov’s extension theorem (see e.g. Appendix A in [100]), there
exists a probability measure P, on (Q, %) such that for all A,,...,A in &/ and I'y,..., T} in
g:

P,(Xa, €T1,.. ., X €T ) =pta, a (T3 X -+ X T,

where X designates the canonical process. A usual monotone class argument ensures the
uniqueness of this probability measure.

Our last point in this proof is to ensure that under P,, X is a ¢-Markov process w.r.t.
(Za)ac.y Whose initial measure and 6 -transition system are v and &. The first point is clear,
since forany I'y € &, P, (Xy € Ty) = v(Iy).

Consider now C =A\Bin ¢, where B =U*_|A;. LetA],..., A’ bein .o/ suchthatA;NC =
0 for every i € {1,...,m}. Without any loss of generality, we may assume that .o/’ = {Aj =
0',A,...,A A} is a semilattice with consistent numbering such that {A;};<, € &', Let

Cy,...,Cy € 6 be theleft-neighbourhoods C; = A’ \(U;})A’j). We note that C = A\ (UT:0A§)
and Xy is ¢ -measurable for every i € {1,...,m}. Therefore, for any I',T',...,T,, € &, we
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have

E, I:ll"l(XA’l)"'ll"m(XA’m)Pv(XAe F|‘§C*)]
=P, (Xy €T1,.... Xy €T, X4 €T)

= J V(dxo){f Pcl(xo;dxA’l)"‘pcm(xc,,,}dxA;n)Pc(Xc;dXA)
E Emtl
1, G ) 1r, () mm}

The integral over x4 does not depend on the other terms, and is equal to f Fe (%c;dx) 1r(x,) =
P-(%¢;T). Hence,

E, I:ll“l(XA’l)"' 1y, Xy )P, (X, €T | 9]

=f V(dxo)Pcl(xmdxA’l)'"pcm(xcmidxA;n)1r1(XA’1)“‘1rm(XA'm)Pc(Xc;r)
Em+l

=B, [1r,Xy) - 1r, Xy JPc(Xe;T) ]

A monotone class argument allows to conclude the proof of the 6 -Markov property, i.e. P, (X, €
I'| %)) = Pc(Xc;T') P, -almost surely for all C € € and " € &. O

Common notations P,.(.) and E, [ . ] are used later in the case of Dirac initial distributions
v = 0y, x € E. Similarly to the classic Markov theory, if Z is a bounded random variable on
the probability space (2, &,P), a monotone class argument shows that the map x — E_[Z]
is measurable and for any probability measure v on (E, &),

E,[Z] = f v(dx)E,[Z].
E

Set-indexed Markov properties

As outlined in the introduction, several set-indexed Markov properties have already been in-
vestigated in the literature. Hence, it seems natural to wonder if the ¢ -Markov property is
related to some of them.

To begin with, let us recall the definitions of the Markov and sharp Markov properties
presented by IvANOFF and MERZBACH [88].

Definition 4.3 (Markov SI processes [88]) A set-indexed process X is said to be Markov if
forall BE€ .of(u) and allA,,...,Ax € .of such thatA; £ B,i€{1,...,k},

E[fXa,-- s Xa) | 5] =E[fKaooo s Xa) | Fos N T a ] Peas.

where F 5 denotes the o-field 0 ({X,; A€ o/ ,AC B,AZ B°}) and f is a measurable function
f:RE SR,
Definition 4.4 (sharp Markov processes [88]) A set-indexed process X is said to be sharp
Markov if for all B € .o/ (u),

FIp L Fpe | Fop, (4.12)

where Fy. is defined as the o-field o ({X,; A € o/ ,A € B}). We recall that for any o -fields
I, Fa, Fs, the notation Fy L Fy | F3 means that F, and F, are conditionally independent
given Z3.
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We may also compare our definition to the set-Markov property introduced by BALAN and
IvaNoFF [18] and deeply studied in both [18] and [19].

Definition 4.5 (set-Markov processes [18]) A set-indexed process X is said to be set-Markov
if for all B,B’ € .o/ (u), B C B’ and for any measurable function f : R —> R,
E[f(AXp) | 3] =E[f(AXp) | AXp]  Pas.
It has been proved in [88, 18] that the aforementioned Markov properties satisfy the fol-
lowing implications:
set-Markov = sharp Markov and Markov = sharp Markov.

The latter is an equivalence when the filtration verifies an assumption of conditional orthogo-
nality (see Definition 2.3 in [88] for more details).

Proposition4.4 Let(Q, 7,(Za)sc.y,P) beacomplete probability space and X be a € -Markov
process with respect t0 (Fp)ac -
Then, X is also a Markov and a Sharp Markov process.

Proof. Let X be 6-Markov on (2, F,(F4)ac.> P)- Since the Markov property implies Sharp
Markov, we only have to prove that X is Markov.

LetB=U!_ Al € .&/(u)andA,,...,A; € of suchthatA; & Bforeveryi € {1,...,k}. The
collection of sets {A;,... ,Ak,A%, ... ,A%} generates a semilattice ./’ = {A] = 0", A,... A" }.
Without any loss of generality, we may assume that the consistent numbering of ./’ is such
that

Ip<m:Vie{l,....m}; A E¢B<i>p.
Cy,...,Cyp € € designate the usual left-neighbourhoods C; = A} \ US;})A’J Note that for all
i€{p,...,m}, Fy € G; as C; N B = . Then, for any measurable function f : RF - R,,

ELf (K- X ) | Z5 ] = E[ELf (Koo Xa) |90 1| 23]
ZE[J Pcm(XCdexA'm)f(XAl:---:XAk,I:XA;n) ‘ 9}3],
R

where we assume that A’ = A;. Hence, we obtain by induction

E[f(XAlx"'ﬁXAk)IgB]

= ]E[f PCP(XCp;dxA;)"'PCM(XCm;dxA’m)f(xAly---:xAk) 5’73]
Rm—p+1

= J PCP (XCP; dXA;) P, (XCMQdXA’m)f(xAl, cees XA,(), (4.13)
Rm—p+1

since foralli € {1,...,p — 1}, X is Fz-measurable (A] C B).

Consider i € {p,...,m}. Since A} C U;‘:lAj, we know that X is 9@); 4,-measurable.
Furthermore, let U € .o/, such that U # A;, ...,A’ . Due to the definition of p and as
C;NB=0,U CBand U ¢ B°. Hence, X, is &,5-measurable.

As we integrate over the variables Xprseees Xy, in Equation (4.13), the only random vari-

ables Xy, left are such that U € .f ¢, and U # A;, ...,A” . Therefore, the integral (4.13) is
T A and Z,z-measurable, proving that
k

E[f(XAla---:XAkNgB] ZE[f(XAl,---,XAk) | Fan ﬁgufF:lAi]-
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An interesting discussion lies in the comparison between the set-Markov and 6 -Markov
properties. We first observe that they both satisfy a few basic features which may be expected
from any set-indexed Markov definition: they imply the sharp-Markov property and processes
with independent increments (see Example 4.1) are both 6-Markov and set-Markov. Never-
theless, one might quickly notice that they are not equivalent. Indeed, if we simply consider
the empirical process X, = Z:;l 1 Z,eAp where (Z;);<, are i.i.d. random variables, we know
from [18] that X is set-Markov whereas a simple calculus shows that it is not 6 -Markov. Con-
versely, the set-indexed & a.# Ornstein-Uhlenbeck process presented later is a 6 -Markov pro-
cess which is not set-Markov (see Section 4.2.5).

The 6-Markov and set-Markov properties can be seen as two consistent ways to present
a set-indexed Markov property leading to the definition of a transition system, & and &
respectively, which characterizes entirely the finite-dimensional distributions. If both & and
£ satisfy a Chapman-Kolmogorov like equation,

Pef =PcPerf and  Qpprf = Qpp Qppf, (4.14)

an important difference lies in the indexing family used. On the onehand, & = {P.(x¢;dx,); C €
%} considers variables indexed by .e/, whereas on the other hand, 2 = {Qpp/(x5;dxy); B,B’ €
o/ (u),B C B’} used .o/ (u) as indexing collection.

In fact, as stated in [18], the £-Markov property is defined on the global extension AX on
the collection .o/ (ut). This strong feature explains why a supplementary assumption is needed
on the transition system (Theorem 1 in [18]), to ensure the existence of AX. More precisely,
the construction of £-Markov process requires that the integral

J p(dxo) 1r, (xo) l_[ Ip,(x; = x;-1) Qu;‘;})Aj,u;:oAj(Xi—ﬁ dx;), (4.15)
Rm+l 3

i=1

is independent of the numbering of ./’, for any semilattice .o’ = {A,, . ..,A,}. Note that this
last assumption is not necessary when £ is homogeneous in a certain sense (see the work of
HeRrBIN and MERZBACH [82]).

On the other hand, the ¢-Markov property adopts a different approach. The indexing
collection is assumed to satisfy the Shape assumption so that any set-indexed process is well-
defined on ./ (u) and the definition of a 6 -Markov process makes sense (in particular the
random vector X, C € €, exists). This hypothesis is not necessary if one only considers
processes with independent increments, such as the set-indexed Lévy processes, since these are
independently random scattered measures (see [82] for more details on IRSM). Nevertheless,
one can easily check that this Shape assumption is required to define some other classes of -
Markov processes, such as the set-indexed Ornstein-Uhlenbeck processes presented in Section
4.2.5.

One might also wonder why, on the contrary to the set-Markov property and some other
set-indexed references, we assume that @ ¢ .o/. The explanation lies in the characterization and
construction Theorems 4.2 and 4.3. If we assume that § € .o/, we observe that . C ¢, and
in particular @’ € 6. Thereby, the transition system & incorporates the transition probability
Py (xp,dxg ). Butsince Xy = 0 is always assumed (simply for consistency), we observe that the
measure Py (xy, dxg ) in fact corresponds to the law of X . This statement clearly contradicts
our will to separate in Theorems 4.2 and 4.3 the initial distribution v of a process from its
transition system &.

To end this section, let us finally note that when branches of a tree form the indexing
collection (as presented in the introduction), 6 -Markov processes are in fact Markov chains
indexed by trees, as defined in the seminal article of BENJAMINT and PERES [27] (see also the
recent work of DURAND [55]).
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Features of 6-Markov processes

Following the definition of a set-indexed Markov property, several simple and natural ques-
tions arise. Among them, we study in this section the projections of ¢ -Markov processes on
flows, conditional independence of filtrations and homogeneity of transition probabilities.

To begin with, let us recall that an elementary flow is a continuous increasing function
f:la,b]CcR, — &, ie.

(i) Increasing: Vs,t € [a,b]; s<t= f(s)C f(t);

(ii) Outer-continuous: Vs € [a,b); f(s)= ﬂv>sf(v);

(iii) Inner-continuous: Vs € (a,b); f(s) =], f(W).
As we might expect, the elementary projections of 4-Markov processes happen to be one-
parameter Markov processes.

Proposition4.5 Let(Q, Z,(Fa)ac.y, P) beacomplete probability space and X be a 6 -Markov
process w.r.t. (Fa)pc.ur-

Then, for any elementary flow f : [a,b] — .o/, the projection X' of X along f is a Markov
process w.r.t. the filtration F/ = (9“5))56[‘1’1,]. Furthermore, X has the following transition
probabilities,

Vs<tela,bl; Pl(x;dx,) =P s (X dxpa),
where & is the 6 -transition system of X.

Proof. We simply check that X/ is a Markov process with the expected transition probabili-

ties. Let f be an elementary flow and s < t be in [a, b]. Note that Z;«y < %}k(t)\f{s) and
A re0\fs) = 1f ()} Then, forany " € &,
f _
P(X{ €T | Z) =P(P&Xs) €T19 500 | Fro)
= E[ Py o)X T Froy] = PLXLT).
O

Note that the converse result is not true: it is not sufficient to have Markov elementary
projections to obtain a ¢ -Markov process. Furthermore, Proposition 4.5 can not be extended
to simple flows, i.e. continuous increasing function f : [a,b] — .&/(u), as this property
constitutes a characterization of set-Markov processes (Proposition 2 in [18]).

The conditional independence of filtrations is an important property in the theory of mul-
tiparameter processes. Also named commuting property or (F4), it has first been introduced
by CaIroL1 and WALSH [40] for two-parameter processes and recently extended to the set-
indexed formalism by IvaANOFF and MERZBACH [89].

Theorem 4.6 (Conditionalindependence) Let (Q, Z,(Fs)ucy,P) be a complete probabil-
ity space and X be a 6 -Markov w.r.t. (Fp)pc.y- Suppose that (Fy)sc o is included in the o-field
ﬁ'fo =o({X;Ae A1)

Then, the filtration (F4)sc.y satisfies the conditional independence property (CI), i.e. for
allU,V € .o and any bounded random variable Y on the space (2, 930, P),

E[E[Y|Zy]| 2] =E[E[Y|Zy]| Fu] =ELY | Fyy] P-as.
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Proof. LetU,V € &/ . IfU CV or V C U, the equality is straight-forward. Hence, we suppose
throughout that U € V and V ¢ U. Using a monotone class argument, we only need to prove
that

E[E[fl(XAl)"'fk(XAk) |9U] | 9‘,] = E[fl(XAl)"'fk(Ak) | gunv],
for every k € N, any A,,...,A, € & and any fi,..., fi : E — R, measurable functions.
Without any loss of generality, we assume that .o’ = {A; = 0',A,..., A} is a semilattice with
a consistent numbering and which contains the sets U, V and U N V. We denote as usually

(C;)i<x the left-neighbourhoods in &', i.e. C; =A; \ (Uj.;(l)Aj). Finally, up to a re-ordering of

/', we can suppose there exist k;y, ky € N such that kjqy < ky,
vie{l,...,kUnv}; AigAkUW =UﬂV and vle{l,.,kv}, AigAkV = V.
Then, as #y C %C*k , the ¢ -Markov property induces

E[E[fi(Xa) filXa )| Fv ]| Fu]
=E[E[E[f(X) - i) 9117y ]| Zy]

=E[E[f P, (X, does )fy (64 )-+ i) | 20
E

-
Therefore, by induction,

E[ELfi(Xa) - filKa )| Fv] | Ty ]

=E |:]E I:J - PCkV+1 (Xckv+1; dXAkVH) “ee Pck(XCk 5 dxAk)
Efiv

F1Xa) - fio, Ka ) fry+1 () fi(xa,)

7y

Every random variable X, left in the previous integral is such that A; € V, and thus is -
measurable. Furthermore, for everyi € {kyny +1,...,ky},

UNGC,cUunA\UNV)=UNA)\NUNV)=0 sinceA; S V.

Therefore, Z; S ¢ and we obtain
E[ELA(4) fia) | Fv ]| Zy ]

=E [Jgkkv PCkV+1 (XCkV+l; dxAkV-H) o PCk (Xck; dxAk)

fl(XAl)"‘fkv+1(XAkVH)‘“fk(XAk)

Zy)
=B [J k—k pckunv“ (Xcklmv+1 > dxAkuan) o Pck (Xck; dxAk)
Ek—kunv

A Frgry Koy WiorCin ) felia) | P

Finally, every random variable X, left in the integral is #y, -measurable (as A; € U NV for
everyi e {1,...,kyny}), proving that

E[E[AX) a1 Fv ]| Fu] =ELAXK) - filA) | Fuov ]-
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In the next theorem, we investigate the extension of the simple Markov property to the € -
Markov formalism. In order to introduce the concept of homogeneous 6 -transition system, we
suppose that there exists a collection of shift operators (6 )yc.s on .« which satisfies:

(i) forany U € .of such that U° # 0, we have A C (6(A))° for all A € of;

(ii) forany A € .«f, U — 6;(A) is an increasing monotone outer-continuous function with

(iii) for any U € .o/, 0y, is stable under intersections and 6,(0') = U.
For all U € ./, the operator 6y, is extended on ./ (u) and ¥ in the following way:
0u(B) = UL, 0u(A;) and  6,(C) = 6y(A)\ Oy(B),

where B = UleAi € #(u)andC =A\B€¥.

To illustrate this notion, let simply consider the multiparameter setting ./ = {[0,t] : t €
R}, In this framework, the natural family (6,),c2 of shift operators corresponds to the usual
translation on RY, i.e.

Vu,t €RY;  60,(t) =60, ([0,¢]) := [0, +u].

One can easily verify that (GM)MGRIX satisty the previous conditions.
Definition 4.6 (Homogeneous ¢ -transition system) A €6 -transition system @ is said to
be homogeneous with respect to (0y)yc o if it satisfies

YU e JZ{, vC =A\B S <€, PC(XC; dXA) = PQU(C)(XOU(C); deU(A))‘
A € -Markov process is said to be homogeneous w.r.t (8y)yc.., if its € -transition system is itself
homogeneous.

We can now establish a set-indexed simple € -Markov property. In the following theorem,
Q and X refer to the canonical space E*/ and the canonical process X,(w) = w(A), respec-
tively.

Theorem 4.7 (Simple ¢ -Markov property) Let & be an homogeneous 6 -transition system
w.r.t (By)ycy. Then, the canonical € -Markov process X satisfies

E,[fXo6y)|Zy]=Ex, [fC)] Py-as,

for any U € .o/, any measurable function f : EY — R, and any initial measure v.

Proof. LetA,,...,A; bein.o/. Without any loss of generality, we can suppose that ./’ = {A, =
0,A;,...,A} is a semilattice with consistent numbering. As usually, Cy,...,C € € denote
the left-neighbourhoods C; = A; \ (Uj;l ;). Then, for any measurable function h : E* — R
andany U € ./,

E, [h(Xeu(Al)’ et ’XQU(Ak)) { 9U:|
=E, [E,[h(Xq,4,)--->Xo,a) | %*U(Ck)] { Ty ]

=E, [J. Py, 60 Xay (i3 AX0,(a0) MK o0, - -+ X oy 4,15 Xo,(a0)) ‘ %]’
R
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since for every i € {1,...,k}, 6;(C;)NU =0, and thus Fy C By induction,

Yoo G
E, [h(Xg,4,)--->X6,04,)) ) Fy ]

:f Py, )Xy dxg (a,) - - - Po,co(Xay(c)s 9%e,a0) (Xe, )5 - - > Xa, )
Rk

= f PCl(XU;dxA1)~--PCk(ka;dxAk)h(xAl’---:xAk)
Rk
= EXU [h(XAl) .o ‘;XAk)]:

as @ is homogeneous and 6;(C;) = 6y(A) \ 6y(0) = 6y(A;) \ U. A monotone class
argument allows to conclude the proof. O

% -Feller processes

The Feller property plays a major role in the classic theory of Markov processes, motivating
its introduction into the %6 -Markov formalism. For this purpose, we need to reinforce the
assumptions on the indexing collection .of, so that a pseudo-metric can be defined on the
latter and on the class of increments 4.

Definition 4.7 (Separability from above, see [89]) There exist an increasing sequence of
finite subclasses .o, = {A],...,A} } of o closed under intersections and such that B, € .</,; a

sequence (&,)pen decreasing to O and a sequence of functions g, : o — o, U{T} such that
(i) foranyAe of, A=nN,g,(A);
(ii) g, preserves arbitrary intersections and finite unions;
(iii) forany A€ .o, AC (g,(A)
(iv) gn(A) S gm(A) ifn = m;
(v) foranyAe o, dy(A, g,(A)) < &, for all n € N such that g,(A) € B,

where dy; denotes the Hausdor{f distance between two sets.

The family (g, ) en plays a role similar to the dyadic rational numbers in RY. Note that the
previous definition is slightly stronger than the usual one presented by IvANOFF and MERZBACH
[89], since every g, is supposed to be ., -valued, and not ./, (). For any filtration (F)sc.o>
the collection (g,,),en induces the definition of the augmented filtration (%) e /:

VAEVQ{ gA —m g,(A)

neN

The filtrations (Z3)pe () and (Y, > )ce> given by Equation (4.2), denote the extensions of Z
on ./ (u) and €, respectively. As proved by IvANOFF and MERZBACH [89], the augmented
filtration is monotone outer-continuous, i.e. ¥y = nnENﬁr‘B for any decreasing sequence
(By)nen in @ (1) such that B = N, cnB,-

In the classic theory of Markov processes, a Feller semigroup P must satisfy the condi-
tion P,f —,_, f. Therefore, to adapt such a property to the ¢-Markov formalism, one
must define a pseudo-norm || - ||, on the class of increments €. For this purpose, let us in-
troduce a few more notations related to 6. For any C = A\ B € ¢, we assume that the
numbering B = U;‘:lAi is such that dy(A,A;) < ... < dy(A,A). Then, we define a map
IIJC :{U°, Ucl, e, Ué’} —{Uul,..., UCP} constructed as follows (we recall that the definition of
(US)i<p is given in the introduction):
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1. Q,bC(UCO) = Ay, where by convention UCO =A
2. Q,bC(UCl) = A;, where it is assumed that UC1 =Ag;

3. leti € {2,...,p}and V = A; N Uci. Owing to Equation (4.5), we observe that X, =
P (=1)%X, ~yi» which implies the existence of j > i such that V = A; N U!. Conse-
i=1 ANY p 1 c
quently, we set A . ‘
Ye(U)=Uz and yc(U)=1;. (416)
By induction, we obtain a complete definition of 1.

We note that the construction of 1 implies that AX satisfies

P
AXe = (X4 =Xyw) = [Z(—l)*’f (Xg — X%(Ug))] : (417)
i=1
The map v leads to the definition of the pseudo-norms ||C||, and ||X¢|:
ICll4 := ggfg; dy (Ug,Yc(U)) and  Ixclly = ggifg; dg (ng,xqpc(UCf))- (4.18)
Finally, for any m € N, let 6™ denotes the sub-class {C € € : |.&/¢| <mand C C B, }.

Definition 4.8 (¢-Feller transition system) A €-transition system & is said to be Feller
if it satisfies the following conditions:

1. forany f € Co(E) and forall C € 6,
Pcf € Co(E'eN),
where Co(E¥), k € N, denotes the usual space of continuous functions that vanish at infinity;
2. forany f € Cy(E) and for every m €N,
=0. (4.19)

lim  sup sup ‘PC f(xc) — Perf (X))
P*’O c=c’uc! egm X1 Xcr
ICle<p lxcrlle<p
where, similarly to Definition 4.2, the sets C, C' and C” are such that C' = C N A" and
C" =C\A, withA' € .

A €-Markov process X is said to be 6 -Feller if its € -transition system & is Feller.

The definition of a € -Feller transition system, and particularly Equation (4.19), may seem
a bit cumbersome, but in the one-dimensional case and if & is homogeneous, it is equivalent
to the usual Feller property lim, g sup>q [Psycf — Pif llo = O.

Moreover, in the case of simple increments C’ = U \ V and C” = 0, it corresponds to a
more common formula:

lim  sup ||Pyf - £, =0, (4.20)
P—=0 yveq,ucvesy,
dy(U,UnV)<p
since [[U\ V|l = dy(U,UNV) and [Ixg\v |l = dp(xy, xyav)-

The existence of interesting % -Feller processes which are not homogeneous (e.g. the well-
known multiparameter Brownian sheet) motivates the separation between the homogeneous
and Feller hypotheses, at the cost of a more complex definition of the latter (Equation (4.19)).

Finally, in this section are considered % -Markov processes X which have outer-continuous
sample paths, meaning that:

VAe o, Ve>0,qa>0; ACUec.« and dy(A,U) <a = dp(X,s,Xy) <e. (4.21)

We can now extend a classic result of the theory of Markov processes.
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Theorem 4.8 (¥-Markov w.r.t the augmented filtration) Let (Q, 7 ,(F4)pcy,P) be a
complete probability space and X be a 6 -Feller process w.r.t (Fp)ac.y- In addition, suppose X
has outer-continuous sample paths.

Then, X is a 6 -Markov process with respect to the augmented filtration (F ) pc oy i.e.

E[f X9 1=E[fX)[Xc] P-as.
for all C =A\ B € € and any measurable function f : E — R,.

Proof Let C =A\Bbein €, w1thB—UJ A

{Uu! [osnns UCP} is consistent. Let py = max;<;<j<, dH(UCl, UC]) > 0. Then, for all n € N and for
everyi € {1,...,p + 1}, let C! and D} denote the following increments,

We assume that the numbering of .o/ =

i-1 i-1

C?=A\(BuLkuqb) and D?=g4q9\(BuLJ&a%0,

j=1 j=1

where by convention gn(UgH) =A. Foreveryi € {1,...,p}, let D' = g,(U})\ (Uf‘zlAlJ)
be the extremal representation of D}'. As previously said, it is assumed that the numbering is
such that dy(g,(U.),A]) < -+ < dy(g,(U;), AL ). For every j, due to the definition of D,
there exist [; such that I

. . I; . . I . 1.
A= g, UINTY or A= g,(U)Ng(U)) = g, (Ui NTY).

Since U} C B, there exists j < k; such that U} € Aij C g,(UY). Therefore, as the family (g,,),
satisfies assumption (v), we have dH(gn(Ué),Az) -0 andA; converges to U.
If we consider the particular case of A}, we obtain that dy;(g,(U}),A}) — 0 and A’ con-

verges to an element V := U.N Ucl1 € .o ;. Let suppose V # U}, implying that dy (V, U}) > p.
We know that dy; (A}, V) — 0, dy(g,(Uz),A]) — 0 and dy(g,(Uz), Uz) — 0, which is in con-
tradiction with the previous assumption. Therefore, U: N UCZl =U.L
Then, let V,, € .o/ pn. According to the definition of D}, V,, must have the following general
form l
vV, = ch" N gn(UCl") N gn(UCi) where j,,l, € {1,...,p}.

. . . Jv ly i rrkv Qs
Therefore, (V,),cy is a decreasing sequence which converges to U;" N Uck NU; :=U.". Since
A converges to U}, V,, NAY is a decreasing sequence whose limit is also U" Hence, according

to definition (4.16) of ¢ D> We know that both V,, and v Dn(V ) converge to Uc , and as the
family (g,), satisfies the assumptlon (v), for any p > 0, there exists N, such that

Vn>N,; dy (Vm ll)pp(Vn)) <p

Furthermore, since the sample paths of X are outer-continuous, N, can be suppose large
enough to satisfy

Vn=N,; dE(XV,XUkV)Sp and dE(X%n(V),XUkV)Sp
n (o i (o

Finally, as the previous two properties are satisfied uniformly for any V, € &/pn and i €

{1,...,p}
Vn>N,; ||[p?||,<p and ||XD?

£ <P (4.22)
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Let £ > 0 and f € Cy(E). According to Definition 4.8, there exists p > 0 such that

sup sup |Pcf (Xc) — Porf (xgn)| < &.

c=c'uc”egm XcrXc/
ICle<p IIxerlle<p

Note that for everyi € {1,...,p}, C['\,; = C]" \gn(UCi) and D' =C'n gn(UCi), and there exists

m € N such that C* and D! belong to €™.
Therefore, owing to the Feller property and Inequalities (4.22),

Vie{l...,p} |Pepf (Xen) = Pep f(Xen )| <o

Thereby, by induction and since C]' = C, we have |PC f(Xe) — Per fXen ){ < pe, for all
p+1
n > N, which proves that PC;+1 f (XC"+1) —— P.f (X¢) almost surely.
P n—oo
As we observe that for all n € N, %Ng C %/ , we can eventually prove the -Markov
p+1

property with respect to the augmented filtration:
E[f (X091 =E[E[f (XD |9, 1| 91 =E[Pe, f(Xer )| 9]
By the dominated convergence theorem,
ELf (X931 = lim E[Pey f(Xer )| 92 ] = EPf ()| 92 ] = Pof (Xe).
since X, is %NC* -measurable. O

Before establishing a strong 6 -Markov property, we recall the definition of a simple stopping
set, as presented by IVANOFF and MERZBACH [89]. A simple stopping set is an random variable
£:Q— o suchthatforallAe o, {w:AC E(w)} € Z,. & is said to be bounded if there
exists V € ./ such that £ C V almost surely. As the assumption Shape holds on the collection
«f , we can define the o-algebra of the events prior to &:

F:={FeZ :FN{ECB}e Fp, VB J(W)}.

According to [89], if X has outer-continuous sample paths, then X is ﬁg—measurable.

Theorem 4.9 (Strong ¢-Markov property) Let (2, Z,(Fa)sc.y,P) be a complete proba-

bility space, X be a €-Feller process w.r.t. (Fy)acy and & be a bounded simple stopping set.

Moreover, suppose X has outer-continuous sample paths and is homogeneous w.r.t. (8y)yc.o-
Then, X satisfies a strong 6 -Markov property:

E,[f(X06)|F:] =By, [f(X)] Py-as.

for any initial measure v and any measurable function f : E¥ — R,.

Proof. Let F bein &, o' = {Ay = 0, A,,..., A} be a finite semilattice, C,...,Cy € € be
the left-neighbourhoods C; = A; \ (U§;l i) 1€{l,...,k}

According to Lemma 1.5.4 in [89], for everyn € N, gn(&)isa discretg simple stopping
set such that & C g,(&), & = N,g,(&) and F; € Z, (r). Hence, F € F, (¢ and for any
h e Cy(E),

E, [1F h(Xe,(a))] = nh_{lolo E, [1h(Xq, @)
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since X and U — 0, are outer-continuous. Furthermore, g,(&) is a discrete stopping set and

Fnig,(&§)=UteF, c ‘%‘U(Ck). Hence,

E, [1p h(Xo,,)] = im > | B, [ Lo, o203 Ko 40))]
Ued,

= lim > B, [ Lrngg, 101 By [HXo, 1) | Gy, )11

n—oo
Ued,

Owing to the € -Markov property and the homogeneity of 2,

E, [1; h(Xg,0,)] = lim > By [ Lpngg 30y Pay(cohXoy(c) ]
Ued,

= lim > B, [ 1pngg,-0) Po.hXo, () ]

n—oo

Ue.d,
- nhl& E, [1p P, h(Xg,, o (c))]-

Finally, since P¢ h € Co(E /¢l and X is outer-continuous, the dominated convergence theo-
rem leads to

By [1r h(Xo, a)] = B, [1z Pc, h(Xg, c,))]-

A simple induction argument extends the equality to any collection hy, ...,k in Cy(E),

Ey [1phi(Xe,a,) - - (X, a))]
=E, [1r i (Xo,.a)) - 1Ko, a,_)) Pe, 1Ko, c,)]

=E, |:1Ff PCl(Xg;dxAl)"'PCk(ka;dxAk)hl(xAl)“'hk(xAk)] >
Rk

using 0(0") = &£. This last formula proves that

E, [ 15 (Xo,a) - leXo,(a0) ] =Ey [ 15 Ex, [hy(Xa,) - he(Xp )1 ],
which leads to the expected result, by a monotone class argument. O

The outer-continuity of sample paths is an important assumption in Theorems 4.8 and 4.9.
In the general set-indexed framework, the question of the regularity of processes is known
to be non-trivial, and far more complex than in the multiparameter setting. For instance,
ADLER [2] has presented indexing collections on which the set-indexed Brownian motion is
not continuous (and even not bounded). There exist several approach in the literature to study
this question, including the metric entropy theory [2, 3] or more recently, the set-indexed
formalism [83].

The cadlaguity of ¢ -Markov processes is studied in Section 4.3 within the multiparameter
setting.

Applications and examples

To conclude this general study of the ¢ -Markov property, we present several examples of %6 -
Markov processes which are natural extensions of classic one- and multi-parameter processes.

Example 4.1 (Processes with independent increments) A set-indexed process X has
independent increments if for any disjoints sets Cy, ..., Cx € €, AX¢ , ..., AX(, areindepen-
dent random variables. Or equivalently, if for any C € 46, the increment AX - is independent
of the o-field ¥/
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Let Py, denote the law of the increment AX . Then, forall C =A\B € ¢ andany T € &,

PX,eT|9)=P(AXc €T — AXp|¥))
=Py (I' = AXp) :=P;(X¢;T)  owing to Equation (4.5).

Therefore, as we might have expected, set-indexed processes with independent increments
satisfy the 6-Markov property. As proved by BALaN and IVANOFF [18], they are also set-
Markov.

Example 4.2 (Set-indexed Lévy processes) Set-indexed Lévy processes have been defined
and studied by ADLER and FEIGIN [3], Bass and PYKE [24] in the particular case of subsets of
RV, and by HErBIN and MERZBACH [82] in the general set-indexed formalism. In the latter, a
set-indexed Lévy process X on a measure space (&, m) is characterized as follows:

1) Xg = 0 almost surely;
2) X has independent increments;

3) X has m-stationary %,-increments, i.e. for all V € .«/ and for all increasing sequences
(U)i<n and (4;);<, in &/ such that m(U; \ V) = m(4,),

d
(AXy\ys-. s AXy\y) = (AXy ..., AKXy );

4) X is continuous in probability.

According to [82], for any set-indexed Lévy process X, there exists an infinitely divisible mea-
sure u on (E, &) such that for all C € €, Py, = u™©), Since X has independent increments,
it is a ¢ -Markov process with the following € -transition system &2,

YC=A\Be ¥, VIeé&; Po(xc;T)=u™(r - Axp). (4.23)

Conversely, one can easily prove, using the ¢-Markov property, that a Lévy process can be
constructed from any infinitely divisible measure . For this purpose, one simply needs to
show that & satisfies the three conditions of Definition 4.2.

1) Forany C € €, Po(X¢;dx,) is clearly a transition probability;
2) As m(@) = 0, we have Py(x;dy) = 6,(dy);

3) ForanyC =A\B € ¥ andA € &, letC’' = CNA and C” = C\ A" in €. Then, we
observe that

“m(C) — ‘um(C') >I<Mm(C") and Xy + Axp = Axyp + AXang,

using the equality m(C) = m(C”) + m(C”) and the inclusion-exclusion principle. These
two equations induce the Chapman-Kolmogorov formula (4.6).

Note that the construction procedure presented by HERBIN and MERZBACH [82] is completely
equivalent to the proof of Theorem 4.3 (in fact more general in the case of Lévy processes since
the Shape assumption is not required on the collection .«f).

One can also check that the €6 -transition system is homogeneous w.r.t (8 )< if and only
if the measure m is compatible with the family operators, i.e. VU € ./, VC € €; m(C) =
m(8y(C)).

Furthermore, if the measure m and the Hausdorft metric dy satisfy the following mild
condition,

VmeN 3K,>0 VCe¥™;, m(C)=<K,lCll, (4.24)
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then the % -transition system & of a Lévy process is Feller. Indeed, suppose f € Cy(E) and
C=C'UC” € 6. Then,

Pof(xc) = f u’"(C")(dxA){ f f(xA+fo+Ax3)u’”“’>(dxﬂ)}. (4.25)
E

E
Due to the Feller property of one-parameter Lévy processes,
li sup sup

P=0 ey yeE
m(C")<p

f f Qe +y)um™(dxy) — f(y)' =0.

Furthermore, if ||X¢/|| < p, Equation (4.17) implies that |Ax | < mp. Hence, since Axgs =
Axeq + Axg and f € Cy(E),

lim sup sup =0.

p—0

J f(xa+xp + Ax) w™C(dxy) = f (xp+ Axgr)
E

clee X1 Xcl
m(CI=p lixerlls<p

Assumption (4.24), Equation (4.25) and the last equality induce the Feller property:

=0.

lim  sup sup |PC f(xc) — Ponf (%)
p‘)O c=c’uc e¢m XC//,Xcl
ICs<p lIxcrllo<p

Note that in the particular case of the set-indexed Brownian motion, & is characterized by the
following transition densities

1 lly-axpli3
VC=A\B€¥; pc(xc;y)=—""—"7€ ©@
(2n m(C))d/2

Finally, we observe that Theorem 4.6 extends the Cairoli-Walsh Commutation Theorem (see
e.g. in [185]) to the set-indexed formalism, showing that the Brownian motion history is a
commuting filtration.

Example 4.3 (Set-indexed a-stable Ornstein-Uhlenbeck process) The classic Ornstein—
Uhlenbeck (OU) process is a well-known stochastic process which has the following integral
representation (see e.g. [167]):

t
X, = f e M0 (du), (4.26)

—0o0

where A > 0 and M is symmetric a-stable random measure (a € (0, 2]) with Lebesgue control
measure.

A set-indexed extension of this process can not be directly deduced from Equation (4.26),
Nevertheless, as X is also a Markov process, a 6 -transition system which generalizes the OU
Markov kernel can be introduced.

More precisely, on the space (E, &) = (R, 8B(R)), a set-indexed a-stable Ornstein-Uhlenbeck
process is defined as the 6 -Markov process with any initial distribution v and the % -transition
system & characterized by

|| _
Vxc € EMel; Pof(xg)=E [f (O'CX +ehmW [Z(—l)Ef Xy ek’““’c‘)] H (4.27)

i=1
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where a € (0,2], X is a symmetric a-stable variable S,(1,0,0), f : E — R, is a measurable
function and o is defined by

|»dc‘
o“ .
ol = - (1 — e~ aAm(A) [ E (—1)31'6“1’"(%)] ) (4.28)
i=1

Let us prove that & is a well-defined € -transition system.

1) Forany C € 6, P-(x¢;dx,) is a transition probability;
2) Py(x;dy) = 6,(dy) since oy = 0;

3) foranyC =A\B € ¢ andA’ € ./, let C' =CNA and C” = C\A'in 6. Let us show that
for any measurable function f, P, f (X¢) = f 52 Po'(Xer; dxp ) Pon(X¢rs dxa)f (x4). Owing
to Equation (4.27),

|.of grr]

PC//f(XC//) =K [f (O-C//X + e_km(A) [ Z (_1)8i in ekm(UCi”)] + XA/e_Am(A\A/))} 5
!

i=2

where the numbering of .¢/ ¢ is assumed to satisfy U', = A’. Suppose X is random variable
S.(1,0,0) independent of X. Then,

| |

PoPof =E [ f (ac,,x + e AmA [ DD xy e‘m(Ué?/)}
C//
=2
‘ﬁc’l

+ {oC,X + e~AmA) [ Z (—1)% xy: exmw;»] }ekm(A\A’))i| '
> c

i=1

Let h: .o — R be the deterministic map h(A) = x,e*mA), Owing to Equation (4.5), it has
an additive extension Ah on .o/ (u) which satisfies:

|-t oo _ |-t 1] ,
AR(BUA) = E (-1 xyi ™% and ARBNA) = E (—1)% xyi e
C// C/
i=1 i=1

Furthermore, using the inclusion-exclusion principle,

|| ,
Ah(BUA) — h(A') + Ah(BNA) = Ah(B) = D (—1)% xyy ¥,
i=1

Therefore,

PePerf(x¢) =E [f (UC”X +oge A 4 eflm(A)Ah(B))] ’

Since X and X are two independent ¥ a. variables, we know that o/ X +0 e A ~
S,(0,0,0), where
— —aAm(A\A)
0% =o0¢ +og.e” M,
According to the Definition (4.28) of o and the inclusion-exclusion principle (4.5), we
obtain o = o, therefore proving the Chapman-Kolmogorov equation Pcf = Po/Pcr f.
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Hence, we have shown that such a ¢-Markov process exists. One can easily verify that it
corresponds to the Markov kernel of the usual Ornstein-Uhlenbeck process in the case of the
one-parameter indexing collection .« = {[0,t];t €R }.

Similarly to the set-indexed Lévy processes, we observe that & is homogeneous when the
measure m is compatible with the family of operators (8;)ycs and Feller under the mild
condition (4.24).

The Gaussian particular case @ = 2 is studied in more details in Section 4.4. The latter
describes a more constructive approach of the set-indexed Ornstein—-Uhlenbeck process which
helps to better understand the form of the transition probabilities exhibited in Equations (4.27)
and (4.28). In particular, it is proved that if v is the Dirac distribution §,, x € R, then X is
Gaussian process such that for all U,V € .«

2
o
E,[Xy]=xe ™ and  Cov,(X,,Xy) = o (e AmUAV) _ p=AmU)+m(V)))

Example 4.4 (Set-indexed additive Lévy and product processes) From the previous
examples of 6 -Markov processes, more complex objects can be constructed. Named product
and additive Lévy set-indexed processes, they still satisfy the 6 -Markov property and consti-
tute a generalization of the multiparameter examples presented by KHOSHNEVISAN [100].

For this purpose, we first need to introduce the idea of product indexing collections, pre-
viously mentioned in the Introduction. Given m indexing collections ./, ..., .2/, on respec-
tively 71, ..., J;,, we define the product indexing collection ./ as follows:

o ={A X XA, A€o, 1<i<m}, (4.29)

on the space = J; X --- x J,,. Conditions (i) — (iii) of the definition of an indexing
collection can be easily checked. The Shape assumption is slightly more difficult to verify. Up
to an induction reasoning on m, we can assume that m = 2. Then, let B = U;.Czl(Al’j X Ay ;)
be an element of .o/(u) and A = A; X A, € B belong to .o/, Letalso I; = {j : A; € Ay}
and I, = {j : Ay € A, ;}. We have to prove that I; N I, # @. Suppose on the contrary that
I, NI, =0 and set

tl EAl \ (UjillAl,j) and t2 EAZ \ (Uj¢12A2,j)'

The existence of (¢4, t,) is due to the Shape assumption on .¢/; and .«,. Then, letj € {1,...,k}.
Ifj¢ 1 and j € Ip, then t; ¢ A; j and t, € A, ;. Moreover, if j € I;, then j ¢ I, and thus t, ¢
Ay ;. Similarly, if j € I,, then t; ¢ A, ;. Therefore, (tq,t;) € A} X A, but (tq, t,) ¢ B, which
contradicts the hypothesis A C B. Hence, I N1, # 0 and .« satisfies the Shape assumption.

A class of approximating functions (g,),en On & can be easily deduced from existing
ones on .1, ..., .4, Moreover, any family of filtrations indexed by ./, ..., o, leads to an
./ -indexed extension defined as follows:

VA=A XX dncd; F=\/T..
i=1
Throughout, forany C =A\B € ¢, Cy, ..., C,, will denote the following increments:
Ci=A;\ (U;‘:lAi’j) €6, 1<i<m. (4.30)

Note that C does not correspond to the direct product of Cy, ..., C,,.

Based on this construction procedure, we are able to introduce larger and richer classes of
6 -Markov processes by combining previous examples.
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Let us first describe the family of product € -Markov processes. Given m independent % -
Markov processes X!,...,X™, we define the product process X as the direct product of the
latter:

VA=A X XAy, €d; Xp=X; ® - ®X) . (4.31)

Owing to the independence of X!,...,X™, a monotone class argument shows that X is a -
Markov process. Moreover, its transition probabilities are given by

m

VC€€; Po(xc;dx,) = l_[PCii (x¢,3dxa,), (4.32)

i=1

where C; is the increment defined in Equation (4.30) and Pél_ (Xc,; dx,,) denotes the transition

probabilities of X!, 1 < i < m. A slightly technical calculus also shows that if X1,...,X™ are
6 -Feller processes, then X is also 6 -Feller.
Note that, still using the notation introduced in Equation (4.30), any increment of X can
be written as
VCeE; AXo=AX; ® - ®AX].

Particularly, if X1, ..., X™ are processes with independent increments, then so does X.

A second class of processes we are interested in is the family of set-indexed additive Lévy
processes. Suppose that X1, ..., X™ are R¢-valued set-indexed Lévy processes, characterized
by (vi,my),..., vy, my,), respectively. Then, X is defined as

VA=A X XAy €5 Xq=X; +-+ X (4.33)
Similarly to product processes, increments of X have the following form,
. — Ayl
VCe€; AXo=AX. +--+AXD,

showing in particular that X has independent increments. Its transition probabilities can be
obtained as well:

VCe4; Po(xe;T)= (vfﬁ(cﬂ - *V&nm(cm))(r  Axy), (4.34)

where I' € #(R%). The transition system & is Feller if the mild assumption (4.24) holds on
my,...,my,. It is homogeneous as well if X*,...,X™ are.

Note that X is not necessarily a set-indexed Lévy process, as defined previously in Exam-
ple 4.2. Nevertheless, a sufficient condition is the existence of a measure v and a,...,ay
in RY such that v = v;" = --- = vg". In this case, we observe that X is the Lévy process

+
characterised by (v, m,), where the measure m,, is defined as follows:

m
VA=A; X XAy mg(A) =) a;m(A,). (4.35)
i=1

Conversely, set-indexed Lévy processes are usually not additive processes (e.g. the well-known
multiparameter Brownian sheet), since in general, a measure m does not have the form dis-
played in Equation (4.35).

Multiparameter ¥ -Markov processes

The extension of the one-parameter Markov property to the multiparameter setting has been
intensively investigated and a large literature already exists on the subject. Since the set-indexed
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formalism covers multiparameter processes, it is therefore natural to study more precisely the
6 -Markov property in this setting.

Consequently, in this section, 7 and .« designate Rﬂ\r’ and the indexing collection {[0, t]; t €

R}, respectively. As previously noted, the natural translation on RY leads to the definition of
the shift operators 6,(t) = 0jo,([0,t]) := [0, ¢t +u], forall u,t €RY.

Right-continuous modification of ¢-Feller processes

We begin by extending a classic result of the theory of Markov processes: multiparameter % -
Feller processes have a right-continuous modification which is € -Markov with respect to the
augmented filtration.

In the rest of the section, E, denotes the usual one-point compactification of E, i.e. the set
E U {A} endowed with the following topology: A C E, is open if either A C E is open in the
topology of E or there exists a compact K C E such that A= E, \ K.
Theorem 4.10 (Cad modification) Let (X,).cpy be a multiparameter process, (F),cry be a
filtration and (P,,) < be a collection of probability measures such that for every x € E, P, (X, =
x)=1and X is a €-Feller process on (Q, F,P, ) w.r.t. (9t)t€R¥.

Then, there exists an E-valued process (X t)teRﬁ such that for every x € E:

(i) t — X, is right-continuous P,-a.s.;
(ii) forallt € Ry, X, =X, P,-as.;
(iii) X isa € -Feller process on (Q, & ,P,.) w.r.t. the augmented filtration (ﬁ[)[ew.

Proof. Let # = {¢,; n € N} be a countable collection of functions in Car (E) which separate
points in E,, ie., for any x,y € E,, there exists ¢ € S such that ¢(x) # ¢(y). For all
re Qﬁ and any ¢ € 5, the process M" is defined as follows:

Ve<reRl; M =Py 0q9X)

Forevery x € E, M" is multiparameter martingale with respect to the natural filtration (& )tery
of X (ie. Z0 == o({X;;s 2 t,s €RY})):

Vt =< t/ j re Rﬁ’ ]Exl:Mfr’ |g[0] :Ex[P[O,r]\[O,r’](P(Xt/)L@to]
= P e1\10,e] (Pro,rvio,e19) (Xe)
= Pro\0,0 P (Xe) = M/,

using the Chapman-Kolmogorov Equation (4.6).

Owing to Theorem 4.6, the filtration (%, to ) teRY is commuting. Then, as stated by [100] (and
originally proved in [16]), since M" is a bounded multiparameter martingale with respect to a
commuting filtration, there exists an event A, . € & such that for every x € E, P, (Afp’r) =0
and forallw € A, ,,

lim M/ (w)exists forall t <r € RII. (3.36)

sit,seQY

Let A denote the event defined by

A= (] A,

pest,reQl

Since the union is countable, P, (A®) = O for every x € E.
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Let us prove lim; scqv X, (w) exists for all w € A. We proceed by contradiction. Suppose

there exist w € A, t € RI_X, and two decreasing sequences (srll)neN, (si)neN in Qﬁ such that
lim,cy s} = ¢, lim,cy s> =t and

th(w) =1limX(w) #limXe(w) :=Xt2(a>),
sile ste

where the two limits stand in E .

Let ¢ be a separating function in 5 such that ¢ = |<p(Xt1(w)) — cp(Xf(w))I > 0 and
(U, )nen be the decreasing sequence u,, = (si Y sﬁ) + % € Qﬁ.

Since the transition system & of X is Feller, Equation (4.20) implies the existence of a > 0
such that

£

Vuxv=2teR); |u—vlp<a = HP[O)V]\[O,L{]QD - goHoo < 5

Furthermore, since u, —, t, there exists k € N such that for all n > k, [|u, — t|| < a,
llup — skl < a and [Juy, — s2|| < a. Therefore, for all n > k,

£ £

Pownosne = ¢l =g and |[Poynoae - ¢, =5

Owing to Equation (4.36) and as w € Ag >

n > k, we have |Msul"(co) - Ms"j(a))l < fie.

k can be chosen large enough such that for all

— 8’
€
Vn = k; }P[o,ukJ\[o,s;]SO(Xs;(w)) - P[o,ukJ\[o,sg]SO(ng(w))| < 3

Finally, as the function ¢ is continuous, k can be supposed to satisfy

€ €
Y2k [p(l@) - ey <= and [p0(e) - p(Xa(@))] < £
Due to previous inequalities, for all n > k,

|0 (@) — p(X2(@))] < [0} (@) — (X ()]
+ [0 (X1 (@)) = Pro 10,119 (K1 ()]
+ )P[o,ukJ\[o,sg]SD(Xs;(w)) - P[o,ukJ\[o,sg]ﬁp(ng(wm
+ X 2(@)) = Pro 110,527 9 K2()|
+ (X)) — p(Xp2 ()|
5
8

< -—e,

which clearly contradicts the definition of ¢.
Hence, for all w € A and all t € RY, lim,, seqi X;(w) exists in E, and the process X can
be defined as follows:

VieR': ¥ — limslt,sleiXs(w) ifwoeA
+ ‘ X ifw €A,

where X, is an arbitrary point in E. This new process X is clearly an E,-valued process with
right-continuous sample paths.
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Let us now prove X is a modification of X. Let ¢, and ¢, be in Cy(E). Then, for every
x € E and all t € RY, the dominated convergence theorem and the Feller property induce

E, [‘Pl@i)‘ﬁz(xt)] = lim NEX [‘Pl(Xs)‘Pz(Xr)]

slt,seQ

= lim E,[E,[¢1(X)]Z.]wa(X,)]

slt,seQ’i

lim E, [ Pospo.091X) 92X) ] =E, [ 01X )pa(X) ]

slt,seQQ’

A classic monotone class argument extends this equality to any measurable function f : E? —
R,, and in particular shows that

Vx €E, VteRY); P.(X,=X)=1

The process X is clearly adapted to the filtration (ﬁt)teRfi and using Theorem 4.8, we obtain
the ¢ -Markov property with respect to the augmented filtration. O

Note that the martingale argument used in the previous proof can not be directly transpose
to the set-indexed formalism since there does not exist any result on set-indexed martingales
stating the existence of a right-continuous modification (see [89] for more details on the theory
of set-indexed martingales).

% -Markov and multiparameter Markov properties

A large literature exists on multiparameter Markov properties, especially in the case of two-
parameter processes. It includes the works [116, 133, 135, 48, 47] on the previously mentioned
sharp-Markov and germ-Markov properties, but also the literature on Gaussian Markov ran-
dom fields [159, 112, 41] and strong Markov properties [65, 66, 135, 108]. Different surveys and
books [164, 52, 53, 87] have been written on these distinct topics. In the context of this article,
we focus on two existing multiparameter properties which can be directly linked up to our
work.

To begin with, let us mentioned the two-parameter *-Markov property introduced by
CaIroLI [39]. A process (X ,); . is said to be *-Markov if for all s,t € R, h,k > 0 and any
reé,

]P(Xs+h,t+k el | (g:t) = P(Xerh,tJrk el |Xs,t:Xs+h,t1Xs,t+k): (4.37)

where %:t correspond to the strong history previously introduced (Equation (4.2)). The *-
Markov property has been widely studied and considered in the literature, leading to several in-
teresting results, including a martingale characterization in the Gaussian case [149], the equiv-
alence of several different definitions [111], some properties on transition probabilities [120]
and the cadlaguity of sample paths [203]. We note that the *-Markov property also appears in
the study of a two-parameter Ornstein-Uhlenbeck process [187, 202].

As stated in the following proposition, it turns out that 6 -Markov and *-Markov proper-
ties are equivalent in the two-parameter formalism.

Proposition 4.11 Let 7 = R2, .o/ be the indexing collection {[0, t];t € Ri} and (X ,)s . be
a two-parameter process.
Then, X is a *-Markov process if and only if it satisfies the € -Markov property.

Proof. Let X be a two-parameter ¢ -Markov process, s,t € R, h,k > 0and I € &. Define
the increment C = A\ B as [0,(s +h,t + k)] \ ([0,(s,t)] U [0,(s +h, )] U [0, (s, t + k)]).
We observe that Xe = (X; 1, X0, X, 14) and ¢, = 4. Hence, the ¢-Markov property
P(X, €T |¥;) =P(X, €T'|Xc) corresponds to *-Markov’s definition (Equation (4.37)).



4.3. MULTIPARAMETER % -MARKOV PROCESSES 169

Conversely, let X be a *-Markov process and C = A\ B be an increment where A =
[0,(s,t)] and B = U, [0, (s;, t;)]. Without any loss of generality, we can assume that s; <
Sy <...<s,. Since we consider an extremal representation of B, it must also satisfy t; > t, >

.. > t,. Therefore, .¢/ - has the following form

'dC = {[Oa (Sl) tl)]a [0’ (51: tZ)]: [O: (521 tZ)]ﬁ s [0’ (Sn—l’ tn)]ﬁ [0> (Sn’ tn)]}‘

The conditional expectation w.r.t. to such a collection of random variables X has already been
considered in the work of KOREZLIOGLU, LEFORT, and MAzz10TTO [111], and the ¥ -Markov
property is therefore a direct consequence of Theorem 3.7 obtained in the latter. O

Proposition 4.11 shows that the 6 -Markov property offers an elegant way to extend the two-
parameter *-Markov property to multiparameter processes, and more largely, to set-indexed
processes.

Moreover, the set-indexed formalism allows to simplify notations and concepts compared
to the x-Markov framework. Indeed, as stated in [120, 203], the concept of *-transition func-
tion (P!, P2, P) has been introduced to characterize the law of *-Markov process. The corre-
sponding notion of % -transition system @ replaces the triplet (P!, P2, P), and reduces the
different consistency hypotheses on (P!, P2 P) to the single Chapman-Kolmogorov Equa-
tion (4.6). We also note that Theorem 4.10 extends the regularity result obtained by Zuou and
ZHOU [203] on two-parameter *-Markov processes.

A second interesting Markov property is the multiparameter Markov property presented
by KHOSHNEVISAN [100] and widely studied in the literature (see e.g. 85, 132, 188, 100]).

An E, valued process X = {X,; t € R} is said to be a multiparameter Markov process
if there exists a filtration (#,);cgy and a family of operators T = {7,; t € R} such that for
every x € E, there exists a probability measure P, which satisfies

(i) X is adapted to (Z) gy
(ii) t — X, is right-continuous P, -a.s.;

(iii) forallt € RY, Z, is P, -complete; moreover, (F,);cry is a commuting filtration, i.e. for
+
alls, t € R and for any bounded Z,-measurable random variable Y,

E Y| Z]=E[Y|Z ] Pyas.
(iv) foralls,t Rﬁ and for any f € Cy(E),
EJf X )| ZF1=T.f(X,) Py-as.
(V) PX(XO = X) =1
Furthermore, X is said to be a Feller process if
(i) forallt €RY, T, : Co(E) — Co(E);

(ii) forany f € Cy(E), lim,_4||T.f — fllc =O.

Proposition 4.12 Let (P, ), be a family of probabilities and X be a multiparameter homo-
geneous 6 -Feller process w.r.t (F),cpy. Suppose X has right-continuous sample paths P -a.s.,
P,(Xo=x)=1foreveryx €Eand &, Co({X,;t € Rﬁ})for allt RIX.

Then, X is a multiparameter Markov and Feller process w.r.t. the filtration (F,).cpy and
with the following transition operators T = {T; t € Rﬁ}:

Vte Rﬂ\r’, Vf :R— Ry measurable; T.f = Py \jorf>

where & denotes the Markov kernel of X.
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Proof. We have to verify the different points of the previous definition of a multiparameter
Markov process.

(i) X is clearly adapted to (,),cpys
(ii) X is right-continuous P-a.s.;
(iii) (Z,) terr is @ commuting filtration according to Theorem 4.6;

(iv) foralls,t € Rﬁ and for any f € Cy(E),

E, [f(Xt+s) | gs] = P[O,t+s]\[0,s]f(Xs) since X is 6 -Markov
= Pro.\jorf (X5) since & is homogeneous
= tf (Xs);

(v) forallx e R, P, (X, =x)=1.

Finally, the Feller conditions on 7 are easily verified using Equation (4.20) and Definition 4.8
of a Feller 6-transition system. O

As stated by KHOSHNEVISAN [100], the family of operators T characterizes the two-dimensional
marginals of X, but it is still unknown whether it determines entirely the law of X. Proposition
4.12 partially answers this question since when X is also ¢ -Markov, we know that the larger
family & of transition probabilities completely characterizes the finite-dimensional distribu-
tions of X.

Since it is not known whether the multiparameter Markov property gives a complete pic-
ture of the law of a process X, it is not possible to obtain a general result which would state
that multiparameter Markov processes are also 6 -Markov. Nevertheless, we show in the next
examples that usual multiparameter Markov processes investigated in the literature are also
%6 -Markov.

Example 4.5 (Additive Lévy and product processes) As observed by KHOSHNEVISAN
[100], multiparameter additive Lévy and product processes constitute interesting and rich col-
lections of multiparameter Markov processes. Their generic set-indexed form has already been
described in Example 4.4, Section 4.2.5. Hence, we only make a few remarks specific to the
multiparameter setting.

The general 6 -Markov characterization of product processes (Equation (4.32)) stands as
well for multiparameter product processes. Hence, let us simply illustrate this class by a two-
parameter process named the bi-Brownian motion and defined as

2. —nl 2
VteR:; Y,=B] ®B

where B! and B2 are two independent R?-valued Brownian motion. Owing to Equation (4.32),
the Markov kernel of Y is characterized by the following transition densities, for all C € €,

lu—Axl 2 v —Ax2 |2
pe(xe; (W ®v)) = nl_ 3 )

exp| —

(27)4(21(C1) A1 (C)) /2 ( 224(Cy) 224(Cy)

where A; denotes the Lebesgue measure on R and Cy, C, are the increments defined in Equa-

tion (4.30). The family of transition operators J can be easily retrieve from this last equality.
The common definition of an additive Lévy process is usually slightly more restrictive than

Equation (4.33), as it usually refers to a process X = {X,; t € Rli} defined as follows:

N. — vyl N
VeeR); X, =X!+--+X).
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where t = (ty,...,ty)and X, ..., X" are N independent one-parameter Lévy processes. The
form of its transition probabilities still corresponds to Equation (4.34), where every measure
m;, 1 < i < N, is nevertheless replaced by the Lebesgue measure A; on R. As previously
noted, this class is far from containing all multiparameter Lévy processes, since for instance,
the Brownian sheet is not an additive process.

Example 4.6 (Multiparameter Ornstein-Uhlenbeck processes) The set-indexed Gaus-
sian Ornstein-Uhlenbeck process presented in the next Section 4.4 has an integral representa-
tion in the multiparameter setting. More precisely,

VteRﬁ; X, =e (@t |:X0+O'f e<“’”)qu],
(

—00,t]\(—00,0]

whereo > 0,a = (ay,...,ay) € RN with a; > 0, W is the Brownian sheet and X, is a random
variable independent of W. As previously outlined in Example 4.3, X satisfies the ¢ -Markov
property.

A different, but also natural, multiparameter extension of the Ornstein—Uhlenbeck process
has been suggested in the literature (e.g. see [187, 186] and [73]). It is defined by

Vte Rf; Y, =e (@t [YO + O'J e<“’”)dWH} .
[0,¢]

As proved by WANG [186], the two-parameter process Y is -Markov. As proved in Section 4.4,
it is also a multiparameter %-Markov process. Moreover, suppose & and & denote the 6 -
transition systems of X and Y, respectively. Then, theses two are related by the following
equality:

Oax,(dx,) forall CE ¥ st. CCSS;

Po(xc;dx,) =
c(xc; dxy) {Pc(xc§dxA) forall Ce € st. CNS =0,

N

where S denotes the set {t € Rﬁ 1., t; =0}

A set-indexed Ornstein-Uhlenbeck process

In this section, we study in more details the Gaussian set-indexed Ornstein-Uhlenbeck which
has been introduced previously. Let recall that the one-dimensional OU process has been
originaly introduced by UHLENBECK and ORNSTEIN [184] and then widely investigated and
used in the literature to represent phenomena in physics, biology and finance (e.g. see [70, 114,
129]). A well-known integral representation of the real-parameter OU process X = {X;; t €
R, } is given by
t
VteR,; X,=X,e ™ +J o 704w, (4.38)
0

where A and o are positive parameters and the initial distribution v = £(X) is independent

of the Brownian motion W. Furthermore, X is a Markov process characterized by the following
transition densities, forall t e R, and x,y €R;

2

1
exp [_F(y — xe‘“)2:| where O'f = % (1- e_ZM)- (4-39)
t

1
xX;y)=
pe(x;y) O_tm

Two particular cases of initial distribution will be of specific interest in the sequel:
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(i) If v = 6,, x € R, X is a Gaussian process with the following mean and covariance, for
alls,t R,

2
o
E, [X,]= xe M and Cov,(X,,X,) = o (e—Mt—SI _ e—)L(H-s))_ (4.40)

2
(ii) Ifv ~ A (0, g—),X is a stationary Ornstein-Uhlenbeck process, i.e. a zero-mean Gaussian

process such that
2

O lt—s|
Vs,teR,; E, [XX.]= ﬁe . (4.41)

As previously outlined, a set-indexed extension of the OU process cannot be directly derived
from the integral representation (4.38). Hence, we first focus on the stationary process de-
scribed in Equation (4.41). A natural way to extend this covariance to the set-indexed frame-
work is to substitute the absolute value |t — s| with d(U, V) where d is a distance defined on
the elements of .&/. Similarly to the case of the set-indexed fractional Brownian motion de-
scribed in [79], we consider the choice d(U, V) = m(UAV), where A denotes the symmetric
difference.

In Section 4.4.1, we first define a stationary set-indexed Ornstein-Uhlenbeck process (ssiOU)
as a zero-mean Gaussian process X = {X;; U € ./} such that

2
YU,Ve.o; EXyX,]= T_-amwav)
27
where A and o are positive parameters. Stationarity and Markov properties of this set-indexed
process are studied, and lead to the complete characterization proved in Theorem 4.17. Then,
using the Markov kernel obtained, we are able to introduce in Definition 4.10 a general set-
indexed Ornstein-Uhlenbeck process, whose law is consistent with the covariance structure
(4.40) in particular case of initial Dirac distributions.

Finally, in Section 4.4.3, we prove that in the multiparameter case, the set-indexed Ornstein-
Uhlenbeck has a natural integral representation which generalizes expression (4.38).

> (4.42)

A stationary set-indexed Ornstein-Uhlenbeck process

In this section, we define a set-indexed extension of the stationary Ornstein—Uhlenbeck pro-
cess, defined by the Gaussian covariance structure (4.41).

Definition and first properties

As a preliminary to the definition, we need to prove that the expected covariance function of
the process is positive definite in the same way as Lemma 2.9 of [79].

Lemma 4.2 If o is an indexing collection, m a Radon measure on the o -field generated by .<f
and A, o positive constants, the function T : .o/ X .of — R defined by
o2
YU,Ve.; T(UV)=——e mUAV),
22
is positive definite.

Proof. Let fi,fs,..., fix be in L?(m) and uy,u,,...,u; be in R. Let ¥ be the vector space

12
V¥ = span(fy,...,fi). Since f —e 2 LATTEN positive definite, there exists a Gaussian vector
X on the finite-dimensional space ¥ such that

. _ 2
VA>0,Vfev, E[elmo(’f)] = ¢ Mz
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AN

The non-negative definition of f — e " "**m can be written

k

k k k
Z uiuje—xllff—f,-lli2 zzzuiqu[ei\@(x,fffj)]

i=1 j=1 i=1 j=1
k 2
= Zuieim(&ﬁ) > 0.
i=1 L2(9)

For any Uy, ..., Uy € o/, the previous result is applied to f; = 1y,,..., fy = 1y, € L?(m). As
in the proof of Lemma 2.9 in [79], we remark that

Vi,je{l,....k}; m(U;AU;) = m(llUi — 1UJ.|) = ”fi _fjHiZ(m):

and we deduce

M~

>

i=1 j=1

uiuje—xm(UiAUj) >0

which proves the result. O

According to Lemma 4.2, we can define
Definition 4.9 Given the indexing collection of and positive real numbers A and o, any Gaus-
sian process {Xy; U € o/} such that for all U,V € o,
o2
E[X;]=0 and E[XyX,]= ﬁe*m(mv),

is called a stationary set-indexed Ornstein-Uhlenbeck (ssiOU) process.

The covariance structure of the Gaussian process coming from Definition 4.9 directly im-
plies the L2-continuity and stationarity properties.

Proposition 4.13 The stationary set-indexed Ornstein—Uhlenbeck process X of Definition 4.9
is L%-monotone inner- and outer-continuous, i.e. for any increasing sequence (U,)pen in <,
such that Uy cnUy € & and for any decreasing sequence (V,)pen in &,

. 27 _ . 27 —
Jim B[ Xy, ~Xogl"] =0 and HmE[Xy, ~Xo v [] =0.

Proof. Let (Uy,),en be an increasing sequence in .&/ such that U,yU; € .«/. Then using
equation (4.42), we have

2 P —
VneN; E[IXy, —X;—ul?]= % (2 = 2 #mGaTi\UY

According to Assumption (iii) on . and m, lim,_,,, m(UpenUy \ U,) = 0. Therefore, the
L?-monotone inner-continuity follows, and similarly, the outer-continuity of X. O

The stationarity increments property for set-indexed processes has been introduced in
[80] in the context of fractional Brownian motion, and it has constitued the key property to
derive deep understanding of the set-indexed Lévy processes in [82]. The stationarity property
defined below is closely related to these two previous works.

Proposition 4.14 The stationary set-indexed Ornstein—Uhlenbeck process X of Definition 4.9
is m-stationary, i.e. for any k €N, V € .o and increasing sequences (U;)1<;<i and (A;)1<i<x in
o such that m(U; \ V) =m(A;) foralli € {1,...,k}, X satisfies

@
Xyyoe s Xp) = Kaps- X))
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Proof. Let V, (U;)1<i<k and (A;)1<;<x be as in the statement. Without any loss of generality,
we suppose that V € U;. Then, for all j > i,as U; € U; and A; C A;,

m(U;AU;) = m(U;) — m(U;) = m(U; \ V) —m(U; \ V)
= m(Aj) —m(4;) = m(AjAAi)~

Therefore, we deduce the expected equality, since X is a centered Gaussian process and for all
o2 o2
i,j€{1,....kLEXy Xy 1= ﬁe—MUfAUf) = ﬁe—WAfAAJ =E[X, X4, ]- O
We observe that the definition of stationarity is given in a strict sense, since it concerns the
invariance of finite-dimensional distributions under a form of measure-invariant translation.
In the classic theory of stationary random fields, a weaker property relying on the correlation
function is usually defined (see [200]): C(s,t) = E[X,X,] only depends on the difference
t —s. The weak definition of stationarity for one-parameter processes can be naturally ex-
tended to the multiparameter case, but it appears that this straightforward extension is not
the most relevant. Indeed, the stationarity of increments defined using Lebesgue measure or
their invariance under translation appeared to be more interesting to study multiparameter
processes (see e.g. Lévy and fractional Brownian sheets), and this fact explains the form of the
set-indexed extension for the stationarity property.

Markov property and characterisation

As we have constructed a set-indexed Ornstein-Uhlenbeck process, we may now check that it
is a ¢ -Markov process whose transition probabilites are consistent with Example 4.3.

Proposition 4.15 The stationary set-indexed Ornstein-Uhlenbeck process X of Definition 4.9
is a ‘6 -Markov process with respect to its natural filtration (Fp)ac o> i-e. for all C = A\ B with
A€ o, B € .o/(u) and all Borel function f : R — R, X satisfies

E[fX)I 9 1=E[f(X)|Xc]:=Pcf(Xc) P-as. (4.43)

Proof. Let C =A\Bbein %4, {A;};<, be the extremal representation of B and U be in .« such
that U N C = 0. We first note that UNA=(UNC)U(UNB)=UNB € .«¢. Thus, since .o
satisfies the Shape hypothesis, there exists I € {1,...,k} such that U N B = U NA,. Consider
the following quantity Iy,

k
I, =E |:XU (XA _ ZXAie—Am(A\Ai) + Z XAimje—xm(A\AimAj)+
i=1 1<i<j<k
et (_1)kXAlnmnAke—lm(A\Alm...ﬂAk))i|
k

2
_ - (e—lm(AAU) _ Ze—Mm(AiAU)er(A\Ai)) + Z e—)L(m(AiﬂAjAU)+m(A\Air1Aj))+
22 — e
i=1 1<i<j<k
- (_1)ke—l(m(Alm--‘ﬂAkAU)-Q—m(A\AlmmﬂAk)))
o? k
_ = AmA)+mU)) [ ,—2Am(ANU) _ —2Am(A;NU) —2Am(A;NA;NU)
= 2)Le (e Ze + Z e L =

i=1 1<i<j<k

e (_1)ke—27»M(Am~-nAan))‘

Let us introduce the set-indexed function h : A — e~2*mA0) Since the assumption Shape
holds, h admits an extension Ah on .o/ (u) based on an inclusion-exclusion formula. Thus, we
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have I, = "—;e—“m(AHm(U)) (R(ANU) — AR(BNU)). Butsince ANU =BNU =A,NU € ./
and h coincides with Ah on .&/, we obtain I;; = 0.

Therefore, I;; = 0 for all U € .« such that U N C = @ and as X is a Gaussian process, we
can claim that the random variable

k
X, — ZXAieflm(A\Ai) 4t (_1)kXAlnmnAke*?tm(A\Almu-ﬂAk)
i=1

and ¢/ are independent. Since the previous random variable is expressed as an inclusion-
exclusion formula, equation (4.5) shows that it can also be expressed as

n
i=1

Notice that Z is X¢-measurable (and then %/ -measurable) and X, — Z is independent of ¢
(and then independent of X). Hence, using a classic property of the conditional expectation,
we have

ELf XD ] =Elf (Xa = Zc +2Zc) | 9] =ELf (X [ Zc .

We similarly obtain the equality E[ f (X,) | Xc ] =E[ f(X4) | Z; ] which ends the proof. [

Intuitively, the %€ -Markov property can be understood as following: For any increment
C = A\ B, the o-field ¢/ represents the past, described as strong as it contains all the infor-
mation inside the regions B satisfying C = A\ B. The vector X, itself gathers the minimum
information related to the "border” points of C, and finally, X, represents the future value of
the process. Then, Equation (4.43) simply states that conditioning the future with respect the
full history ¢/ or the vector X are equivalent.

According to Proposition 4.4, we can deduce that the set-indexed Ornstein-Uhlenbeck
process also satisfies set-indexed sharp-Markov and Markov properties whose definitions can
be found in [88]. In the multiparameter case, it implies that this process is sharp-Markov and
germ-Markov with respect to finite unions of rectangles (see [88]). The question whether this
implication remains true for more complex sets has not been investigated yet (see [48, 47] for
answers in the particular case of Brownian and Lévy sheets).

As a consequence of the previous proposition, we can derive the % -transition system &
and the initial law that characterize entirely a ssiOU process.

Corollary 4.16 The € -transition system @ = {Pc(x¢;T); C € €,T € B(R)} of the station-
ary set-indexed Ornstein Uhlenbeck process of Definition 4.9 is characterized by the following
transition densities, for all C =A\B € 6:

1 1 n REE
(X¢;¥) = ex ——( —e"\m(A)[ (—1)%x ielm(UC)]) , (4.44)
Pelic; V)= —p=exp | —5 5 | ; i

where
o? 2m(A) Y 2Am(U)
2 _ ,—2Am _1)\& m(U:
GC_ZA(I e [;( 1)%e C})

o?

Furthermore, the initial law is given by Xy ~ (0, 33).

Proof. Let C =A\ B bein ¥ and let Z and Y. be the following Gaussian variables

n
Zo = ¢~ Mm@) [Z(—l)efXUCi e*m(Uc’)] and Yo =X,— Z.
i=1
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Since the process X is centered, E[Z.] = E[Y;] = 0. We note O'% the variance of Y;.. Using
the independence of Y and ¥, shown in the proof of Proposition 4.15, and the fact that Z, is
¢;.-measurable, we have for any measurable function f : R — R,

ELf(Xa) 9] =E[f(Zc +Y) 9]

w2
fu +ZC)exp(——)du

gc
(v - c)z
202

O'CW/_

J f(v)exp =f FW)pcXg;v)dv.
R

Uc\/_

Equation (4.44) follows from this last equality. It remains to prove the expression of the vari-
ance 0'2. We first note that, as X y; is Y¢-measurable and Y. is independent of ¢, E[Xy:Yc] =
0 foranyi € {1,...,n}. Therefore, we have

C

O'% = E[XAYC] IE[X *7U‘H(A) [Z( 1)61 XAXUCi ] ekm(UC")]

2
_ % (1 _ e m@) [Z(_l)si o~ Am(AALY) ekm(UCi)])
2 i=1
2

g ( —2)\m(A)|: C & ,2Am(UD)
=—[(1-e D (—1yerm @ | )
ZA i=1

O

The following result shows that properties exhibited in Propositions 4.13, 4.14 and 4.15 lead
to a complete characterization of the stationary set-indexed Ornstein-Uhlenbeck process.

Theorem 4.17 A set-indexed mean-zero Gaussian process X = {Xy; U € '} is a stationary
set-indexed Ornstein-Uhlenbeck process if and only if the three following properties hold:

(i) L?-monotone inner- and outer-continuity;
(ii) m-stationarity;
(iii) 6-Markov property.

Proof. We already know that the stationary set-indexed Ornstein-Uhlenbeck process of Def-
inition 4.9 satisfies these three properties. Conversely, let X be a zero-mean Gaussian set-
indexed process which is L?-monotone inner- and outer-continuous, m-stationary and % -
Markov. Without any loss of generality, we suppose IE[X ]1=1.

We first consider an increasing and continuous functlon f Ry — &, i.e an elementary
flow in the terminology of [89, 80], such that f(0) = @’". Since m is monotonically continuous
on .« (Condition (iii) of the indexing collection), the function 8 : t — m[f (t)] is continuous,
6(0) = 0 and the pseudo-inverse 6 (t) = inf{u : O(u) > t} satisfies 0 0 0~1(¢t) = t. Then,
the projected one-parameter process X™/ = {X fo0-1(1)> t € Ry} is a centered one-parameter
Gaussian process which is L?-continuous, stationary (see [80]) and Markov. Therefore, X mf
is a one-dimensional Ornstein-Uhlenbeck process (see e.g. [167]). Since E[(X| g )?] = 1, there
exists A; > O such that for all s, t €R,,

E[X™ X ] = e~rltms] = g=slmlfe0 O1-mlfe0 0 — o=AymLfe0 ()afo0 ()],

Let us prove the constant A; does not depend on the function f. Let f; and f, be two
different elementary flows which satisfy the previous conditions. Then, as m(@’) = 0, for any
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t > 0, we know that m(f; o Qfl(t) \0)=m(fyo 92’1(«?)) = t, and therefore, according to the
m-stationarity of X, (XZ"’fl,X(r)n’fl) 4 (X;n’fz,X(')n’fz), which implies e *1t = IE[X;”’le(T)n’fl] =
E[XMX) ] = e 720t ie Ay = Ay = A

Forall U,V € .« such that U C V, there exists f which goes through U and V. We obtain

]E[XUXV] = e—Mm(V)—m(U)\ — e—/'\m(UAV).

Finally let U,V € .&/. From the previous equation, we observe that
E[(XV _ e—?Lm(V\U)XUnV)XUmV] — e—?Lm(VA(UﬂV)) _ e—?Lm(V\U) =0.

Therefore, since X is a Gaussian process, E[Xy | Xyny ] = e ?™V\UX, 1, and using the -
Markov property applied to C = U \ V with the fact Xy = Xyy, we obtain the expected
covariance,

E[XyXy] = E[XU E[Xy | %\V]] = E[XU E[Xy |XUmv”
= e MmN\ R [ XuXyav ]

— o m\Y) | p=2m(U\V) _ ,=Am(UAV)

Definition of a general set-indexed Ornstein-Uhlenbeck process

Using the %6-Markov property obtained in Proposition 4.15 and the % -transition system &
from Corollary 4.16, we can finally define a general set-indexed Ornstein-Uhlenbeck process.

Definition 4.10 A process X is called a set-indexed Ornstein-Uhlenbeck process if
(i) Xy ~ v, where v is a given initial probability distribution;
(ii) X is 6-Markov with a 6 -transition system given by (4.44).

Theorem 4.3 proves the existence of such processes in the canonical probability space
(R“,P,) for any initial probability distribution v. Then, P, is the probability measure on
R under which the canonical process defined by X;;(w) = w(U) for all @ € R is a set-
indexed Ornstein—-Uhlenbeck process. In the particular case of Dirac initial distribution, the
complete determination of the laws of X is given by the following result.

Proposition4.18 Foranyx € R, under the probability P, the canonical set-indexed Ornstein-
Uhlenbeck process X is the Gaussian process defined by the covariance structure

VU € o; E [Xy]=xe ™0 (4.45)

2
o
VU, Ve d; COVX(XU,XV) — ﬁ (e—km(UAV) _ e—k(m(U)‘H’n(V))) . (4_46)

Proof. We first check that X is a Gaussian process under the probability P, .
Let Ay,...,Ar € . and Aq,..., A, € R. Without any loss of generality, we can suppose

that .oy = {A, = 0',A;,...,A.} is a semilattice and we denote C; = A; \ (U};})Aj) for all
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i €{l1,...,k}. Then, using notations from Corollary 4.16, we have
k
E, [exp (i Z AjXA],) ]
=1

k-1
=E, [exp (i AjXA}) E, [exp(iAkXAk) ‘ ‘gék] ]

J

k—
=E, [exp (i AjXAJ) exp(idiZc, ) E, [ exp(id,Ye) ] ]

Aol k=1
=exp(— 5 k)]Ex [exp(iZA;XAj)},
=1

since Z,_is weighted sum of X/, V € {A, ..., Ai_1}. Therefore, by induction on k, we get the
characteristic function of a Gaussian variable.

In order to obtain the mean and the covariance functions, we consider the case k = 3, with
the semi-lattice {0',A; = A, NA3,A,,As}. We compute

E, [exp (i()LZXA2 + AgXAB)) }
(
(

Using the 6 -Markov property applied to C, = A, \ A;, we get

= exp(— 57302 ) . [exp (10X, +2:76,)) |

1
= exp(—aléags) Ex [eXp i(AZXAz + lge_lm(/h\Al)XAl))iI .

. Lo o 1.5,
E, [exp (l(AZXAz + 7L3XA3))] - exp(—ilsocs - Exgacz)
‘E, [exp(i (Age=PmiAa\i) 4 A3e_’lm(A3\A1))XA1)] .
Then, the €-Markov property applied to C; = A; \ @’ leads to
E, [exp (i()thAz + ABXAS))]
_ 1}»2 2 112 2 1 2 —Am(A,\A;) A —2Am(Az\A)\2 .2
=P T5M%, T 5 3Uc2_§( 2€ + Aze ) ¢,
x I, [exp(i(lze—xm(Az\Al) + ;LBe—Am(Ag\Al))e—Am(Al)X@,)]
1 1 1
— 2 .2 2 .2 —Am(A —Am(As\A4,))2 2
= exp(—akzac3 — EX3GC2 - E()Lze mA: ) 4 ) e AmAs Ay O'cl)
x exp(i(kze*’kmmz) + Age*m(’h))x).

The mean of X comes from the last line. The covariance is obtained from the cross term in
front of A,A5:

2

2 gmAmia Vg imin\) % (1 — e~ 2m)) g=Amla;205)
O.Z

[ (eflm(AzAl%) — e*l(m(A2)+m(A3))),

Yy

(o2

since A} =A; NAg and 07, = g—; (1 — e~ 2AmA), O
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4.4.3 Multiparameter Ornstein-Uhlenbeck process

In the particular case of the indexing collection ./ = {[0,t];t € R, } endowed with the
Lebesgue measure m, the set-indexed Ornstein-Uhlenbeck processes studied in Sections 4.4.1
and 4.4.2 reduce to the classical one-dimensional Ornstein-Uhlenbeck process.

In the multiparameter setting, a natural extension of the stationary Ornstein—-Uhlenbeck
process can be defined by

t
VieR]; v, = j oel®u=tdw, . (4.47)

—00

where 0 > 0, & = (aq,...,ay) € RY with a; > 0 and W is the Brownian sheet. The
covariance of this process is given by

2

N SiAt; N
o
E[Y.Y,] = | |J O'Zeai(“i_si_[i)dui =— exp{— E a;(s;+t;—s; A tl-)}.
i=1J—-00 | | i=1

i=1 &i

Hence, Y is a stationary set-indexed Ornstein-Uhlenbeck process on the space R endowed
with the indexing collection .« = {[0,t];t € Rﬁ} and the measure m, defined on the Borel
o-field by

N
VA€ BRY); m,A)=) at(Ane), (4.48)
i=1

where 2, is the Lebesgue measure on R and e, ..., ey are the axes of RV: e; = R x {0}V 71,
e, = {0} x Rx {0}V=2, ...

The following proposition extends this result to the general set-indexed Ornstein—Uhlenbeck
process defined in Section 4.4.2, proving that it also has a natural integral representation in the
particular multiparameter case.

Proposition 4.19 Let Y = {Y,; t € R} be the multiparameter process defined by

Vte Rﬂ\:; Y, = e (®0 [YO + O'J‘ e(“’“)qu] , (4.49)
(

—00,t]\(—00,0]

where o >0, a = (ay,...,ay) €RY witha; > 0 foreachi € {1,...,N}, W is the Brownian
sheet and Yy is a random variable independent of W.

Then, Y is a set-indexed Ornstein-Uhlenbeck process of Definition 4.10 on the space (T , .o/, m,,),
with of = {[0,t]; t € Rﬂ\:} and m, defined in (4.48).

Proof. First we observe that the measure m,, satisfies, for all s, t € RY,

N
me ([0,51N[0,¢]) =Y a(s; A L) = (a,s & t),

i=1

wheres At :=(s;Aty,...,sy Aty). Letty, ..., t; beinRY and A,,..., A4 in R. For any fixed
Xo € R, Y denotes the Gaussian process defined by

VeeRY; v =e Tt [xo +O’f e<°"”)qu] ,
A

t

where A, = (—o00, t] \ (—00,0].



180 CHAPTER 4 - AN INCREMENT TYPE SET-INDEXED MARKOV PROPERTY

Let Y be the Rﬁ-indexed process defined by (4.49) and denote by v the law of ¥;. Since Y,
and W are independent, we have

B[ Th% ] = j B[ T4 ] v(dx,),
R

Let us determine the mean and covariance of the process Yo, for any x, € R:
VieR]; E[Y*]=x, e~ (@t = x e mal0ED)

and foralls,t €RY,
Cov(Y™,Y;) = g2 (TR [J e<“’”>quJ e<a’“>qu]
A A

— O.Ze—<a,s+t) J eZ(a,u)du
A

SAt

o (s tt) ( p2(as)
— e~ a,s+t (62 asAt) _ 1)
n
n l_[j:1 al
0.2
o ma([0s])-m,([0,t]) (GZma([O,S]ﬂ[O,tD _ 1)
2” l_[J 19

5.2
= (e—ma([o,s]A[o,t]) _ e—(ma([o,s])+ma([o,r1)))
2

= COVxO (X[O,s] 7X[O,t] ),

where X is the canonical set-indexed Ornstein—-Uhlenbeck process with parameters (G, A =
1) with notations of Proposition 4.18. Therefore, the process Y*° has the same law as X )

starting from x, and
B[e ] =g, [T A ]
0

Consequently
Lk
E 6121:1 Athj — f E Z; 1 JX[Ot V(dXO) =TF 121 1 ]X[Ot |
CE PR WP
which states that Y and X ,j have the same law and concludes the proof. O

Remark 4.3 We have exhibited an unusual measure m, on RY, which only charges the axes
(e;)i<n- This measure is also interesting when the set-indexed Brownian motion (siBM) is
considered on the space (7, .«,m,) with a = (1,...,1), as it corresponds to a classic mul-
tiparameter process called the additive Brownian motion (see e.g. [100]). Conversely, since
we know that the Brownian sheet is a siBM on the space (7, .o/, 1), where A is the Lebesgue
measure, we could also define a different multiparameter Ornstein-Uhlenbeck process using
the Lebesgue measure instead of m,,.

Remark 4.4 A different multiparameter extension of the Ornstein-Uhlenbeck process has
already been introduced in the literature (e.g. see [187, 186] and [73]). It admits an integral
representation given by,

t
VieR]; Y, = e~ (et) [YO + O'J e<°"“>qu} ) (4.50)
0
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If we consider a Markov point of view, the definition given in Proposition 4.19 seems more
natural. Indeed, as described previously, the transition probabilities of the process described
in Equation (4.50) do not strictly correspond to those of the set-indexed Ornstein-Uhlenbeck,
and can not be extended to the set-indexed formalism. Furthermore, we observe that the
model (4.50) does not embrace the natural stationary case described in equation (4.47).
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