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Résumé

Cette these est consacrée a 1’étude de la dynamique des gaz a faible nombre de Mach.
Le modele étudié provient des équations de Navier-Stokes completes lorsque le nombre de
Mach tend vers zéro. On cherche & montrer que le probleme de Cauchy correspondant est
bien posé. Les cas visqueux et non visqueux sont tous deux considérés. Les coefficients phy-
siques peuvent dépendre de la densité (ou de la température) inconnue. En particulier, nous
prenons en compte les effets de conductivité thermique et on autorise de grandes variations
d’entropie. Rappelons qu’en absence de diffusion thermique, la limite & faible nombre de
Mach implique la condition d’incompressibilité. Dans le cadre étudié ici, en introduisant un
nouveau champ de vitesses a divergence nulle, le systeme devient un couplage non linéaire
entre une équation quasi-parabolique pour la densité et un systeme de type Navier-Stokes
(ou Euler) pour la vitesse et la pression.

Pour le cas avec viscosité, on établit le résultat classique, a savoir qu’il existe une solution
forte existant localement (resp. globalement) en temps pour des données initiales grandes
(resp. petites). On considere ici le probleme de Cauchy avec données initiales dans des
espaces de Besov critiques.

Lorsque les coefficients physiques du systeme vérifient une relation spéciale, le systeme
se simplifie considérablement, et on peut alors établir qu’il existent des solutions faibles
globales en temps a énergie finie. Par un argument d’unicité fort-faible, on en déduit que
en dimension deux, les solutions fortes & énergie finie existent pour tous les temps positifs.

Pour le cas sans viscosité, on montre d’abord le caractere bien posé dans des espaces
de Besov limites, qui s’injectent dans I’espace des fonctions lipschitziennes. Des criteres de
prolongement et des estimations du temps de vie sont établis. Si ’on suppose la donnée
initiale a énergie finie dans I'espace de Besov limite a exposant de Lebesgue infinie, on
a également un résultat d’existence locale. En dimension deux, le temps de vie tend vers
Iinfini quand la densité tend vers une constante positive.

Des estimations de produits et de commutateurs, ainsi que des estimations a priori pour
les équations paraboliques et pour le systeme de Stokes (ou d’Euler) & coefficients variables,
se trouvent dans ’annexe. Ces estimations reposent sur la théorie de Littlewood-Paley et
le calcul paradifférentiel.

Mot-clefs

Nombre de Mach, systeme de Navier-Stokes, systéme d’Euler, équations paraboliques,
caractere bien posé, critére de prolongement, temps de vie, solutions fortes, solutions faibles,
espaces de Besov, théorie de Littlewood-Paley, calcul paradifférentiel.






Abstract

This thesis is devoted to the study of the dynamics of the gases with small Mach num-
ber. The model comes from the complete Navier-Stokes equations when the Mach number
goes to zero, and we aim at showing that it is well-posed. The viscous and inviscid cases
are both considered. The physical coefficients may depend on the unknown density (or on
the unknown temperature). In particular, we consider the effects of the thermal conducti-
vity and hence large variations of entropy are allowed. Recall that if there is no thermal
diffusion, then the low Mach number limit just implies the incompressibility condition. In
the framework considered here, by introducing a new solenoidal velocity field, the system
becomes a nonlinear coupling between a quasi-parabolic equation for the density and an
evolutionary Stokes (or Euler) system for the velocity and the pressure.

For the case with viscosity, we establish classical results, namely the strong solutions
exist locally (resp. globally) in time for big (resp. small) initial data. We consider the
Cauchy problem in the critical Besov spaces with the lowest regularity. Under a special
relationship between the physical coefficients, the system recasts in a simpler form and one
may prove that there exist weak solutions with finite energy. In dimension two, by a weak-
strong uniqueness argument, this implies that strong solutions with finite energy exist for
all positive times.

In the inviscid case, we first prove the well-posedness result in endpoint Besov spaces,
which can be embedded into the set of Lipschitzian functions. Continuation criterions and
estimates for the lifespan are both established. If we suppose the initial data to be in the
borderline Besov spaces with infinite Lebesgue exponent and to be of finite energy, we also
have a local existence result. In dimension two, the lifespan goes to infinity when the density
tends to a positive constant.

Estimates for products and commutators, together with a priori estimates for the para-
bolic equations and for the Stokes (or Euler) system with variable coefficients, are postponed
in the appendix. These estimates are based on the Littlewood-Paley theory and the para-
differential calculus.

Keywords

Mach number, Navier-Stokes system, Euler system, parabolic equations, wellposedness,
continuation criterion, lifespan, strong solutions, weak solutions, Besov spaces, Littlewood-
Paley theory, paradifferential calculus.
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Introduction

Nous nous proposons d’étudier les équations de la dynamique des gaz a faible nombre
de Mach. Ce systeme vient des équations de Navier-Stokes completes lorsque le nombre
de Mach tend vers 0, mais peut aussi décrire I’écoulement d’un mélange, par exemple, la
propagation d’un polluant. On cherche a montrer que le probleme de Cauchy associé est
bien-posé, comme premiere étape de justification de cette asymptotique. Les cas visqueux
et non visqueux sont tous deux considérés. En particulier, nous considérons des effets de
conductivité thermique actifs et donc on autorise de grandes variations d’entropie. S’il n’y
a pas de diffusion thermique, la limite a faible nombre de Mach implique juste la condition
d’incompressibilité.

Cette introduction comporte quatre parties. Les grandes lignes de la présentation de
cette these se trouveront dans la premiere section, incluant les résultats classiques, le modele
étudié, les références et le but de la these. Apres, on détaillera la formulation du systeme
étudié dans la section §0.2. Dans la section §0.3, on présentera la théorie classique d’analyse
de Fourier, ainsi que les notations utilisées dans cette these. Enfin on énoncera les principaux
résultats et donnera quelques explications sur leurs démonstrations, dans la section §0.4.

0.1 Présentation

0.1.1 Quelques résultats classiques
Les équations de Navier-Stokes

L’étude des solutions des équations de Navier-Stokes dépend fortement du choix des
espaces fonctionnels.

Le premier résultat d’existence de solutions faibles des équations de Navier-Stokes in-
compressibles remonte au travail de J. Leray [77] en 1934. Environ 60 ans plus tard, P.-L.
Lions [82] a étendu 'analyse aux fluides compressibles avec pression ne dépendant que de
la densité. Au tout début de ce siecle, E. Feireisl et al. [48, 51] ont affaibli la restriction
sur le coefficient adiabatique de sorte que le cas du gaz monoatomique a été traité. Une
technique similaire lui permet d’envisager aussi le cas polytropique avec diffusion de chaleur
dans [49]. Le cas de données initiales discontinues a été traité en détail dans les travaux de
D. Hoff [59, 60]. En 2007, D. Bresch et B. Desjardins [16] ont également examiné le systéme
de Navier-Stokes polytropique, lorsque les deux coefficients de viscosité vérifient une rela-
tion spéciale. Faisons remarquer ici que, dans tous les cas (compressible ou incompressible),
méme si des solutions faibles existent pour tous les temps positifs, on ne sait pas démontrer
I'unicité de celles-ci en grande dimension.

Une approche différente consiste a supposer les données initiales lisses et petites. Alors
le probleme de Cauchy du systeme de Navier-Stokes a des solutions fortes qui sont uniques.
Par example, en 1964, H. Fujita et T. Kato [53] sont arrivés a I’existence globale en temps
et 'unicité de solutions des équations de Navier-Stokes incompressibles dans des espaces
de Sobolev dits critiques avec des données initiales petites. Voir aussi [20, 73, 91] pour
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I’étude dans des espaces fonctionnels plus faibles. Pour des données initiales régulieres et
assez proches de I’équilibre, A. Matsumura et T. Nishida [87] ont généralisé ces résultats au
cas de fluides compressibles, visqueux et conducteurs de la chaleur. Au début de ce siecle,
R. Danchin [27, 28] a résolu le probleme dans les espaces fonctionnels dits critiques qui
demandent moins de régularité.

En revanche, pour des grandes données initiales, nous ne savons pas obtenir des solutions
fortes sur un intervalle de temps infini pour I’écoulement a trois dimensions. Les premiers
travaux sur I'existence locale et I'unicité du probleme de Cauchy d’un fluide général sont
ds a J. Nash [90] et J. Serrin [97]. Nous renvoyons aussi & [64] pour des résultats similaires.
Y. Cho et H. Kim [24, 25] ont étudié le cas du vide. Mais s’il n’y a pas de conductivité
thermique, on ne peut pas s’attendre a des solutions classiques existant globalement en
temps avec la densité initiale a support compact, a cause des résultats dans [104] par Z.
Xin. Citons aussi certains résultats en dimensions un et deux [58, 69, 71, 96]. Pour I’étude
des solutions définies dans un domaine borné, voir [26, 75, 100].

Dans le cas particulier de la dimension deux, le terme non-linéaire du systeme de Navier-
Stokes incompressible peut étre majoré par ’énergie associée a I’équation. Donc on s’attend
a l'existence et I'unicité globale en temps de solutions & énergie finie. En fait, I’article [76] par
J. Leray évoque pour la premiere fois ce type de résultat. Dans le cas de domaines bornés, J.-
L. Lions et G. Prodi [80] donnent aussi le résultat d’unicité des solutions faibles. Une autre
observation en dimension deux est que ’on peut également considérer I'inégalité d’énergie
concernant les dérivées des solutions. Par conséquent, grace a un argument d’unicité fort-
faible, on espere que la caractére bien-posé globalement est vérifié pour les équations de
Navier-Stokes non-homogénes. Citons R. Danchin [33] par exemple. En introduisant un
nouveau triplet inconnu pour des équations de Navier-Stokes barotropique, A.V. Kazhikhov
et V.A. Vaigant [71] énoncent que, si les coefficients de viscosité sont de forme spéciale,
alors il existe une solution forte globale.

Les équations d’Euler

Par contre, on n’obtient que ’existence locale en temps de solutions des équations d’Eu-
ler en dimension trois. La résolution locale remonte aux travaux de L. Lichtenstein dans
[79] en 1925, en adoptant le point du vue lagrangien. Les grandes lignes de la présentation
des équations d’Euler ont été exposées dans [4, 43]. Sur l'espace R™ tout entier, par des
techniques d’équations aux dérivées partielles non linéaires hyperboliques, T. Kato [67] en
1972, T. Kato et G. Ponce [68] en 1988 ont montré I'unicité et I'existence locale en temps
des solutions dans des espaces de Sobolev. J.-Y. Chemin [22] a étendu 1’étude aux espaces
de Holder. Citons aussi la généralisation dans l'espace de Besov dans le livre [5] et le critere
d’explosion de Beale-Kato-Majda dans [8].

En dimension deux, nous renvoyons le lecteur aux travaux [76] de J. Leray et [103] de
W. Wolibner en 1933 pour l'existence globale en temps de solutions régulieres. Parce que le
tourbillon scalaire en dimension deux satisfait simplement une équation de transport sans
terme de force, sous la seule hypothese du tourbillon initial borné, V. Yudovich [66] et J.-Y.
Chemin [21] ont démontré I'existence globale dans un domaine borné et dans I'espace R?
entier respectivement. Le cas particulier ou le tourbillon initial est la mesure de surface
d’une courbe réguliere, dit le probleme des nappes de tourbillon, a aussi attiré beaucoup
d’attention. Voir par exemple [38, 46, 86].

0.1.2 Limite a faible nombre de Mach

Formellement, s’il n’y a pas de grande variation de température (ou de densité), la
condition d’incompressibilité apparalt et la pression tend vers une constante lorsque le

2 0.1. PRESENTATION
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nombre de Mach tend vers zero. Ce phénomene est justifié mathématiquement dans les
articles [42, 62, 63, 72, 74, 89, 92, 101] pour le modele sans viscosité, et [10, 30, 31, 40, 41,
56, 61, 83, 95] pour le systeme de Navier-Stokes.

Au contraire, si la diffusion thermique entre en jeu, on trouve une relation non linéaire
entre div u et la température (voir (0.1)4 ci-dessous). Nous renvoyons le lecteur aux travaux
concernant ce comportement asymptotique formel : P.-L. Lions [81], A. Majda [84], R.Kh.
Zeytounian [106], etc. Récemment, T. Alazard [2] a justifié cette asymptotique & faible
nombre de Mach pour de grandes variations de température, dans des espaces de Sobolev
régulieres.

D’autres asymptotiques qui ne seront pas étudiées ici présentent un grand intérét : on
peut par exemple simultanément considérer le petit nombre de Mach, le grand nombre de
Reynolds et le grand nombre de Péclet (i.e. la limite non visqueuse et incompressible).
Dans le cadre des solutions variationnelles avec énergie finie, le modele limite s’avére étre
I’équation d’Euler incompressible couplée avec une équation de transport sur la température.
Voir le livre [50] de E. Feireisl et A. Novotny.

Pour d’autres systémes limites, on peut aussi citer les références [6, 7, 88, 105].

0.1.3 But de la these

Dans cette theése, on cherche a étendre les résultats classiques ci-dessus d’existence et
d’unicité de solutions des équations de Navier-Stokes ou d’Euler au systeme de la dynamique
des gaz avec nombre de Mach nul, loin du vide, qui inclut la diffusion thermique. Comme
nos résultats seront principalement basés sur 'analyse de Fourier, nous nous concentrons
sur des solutions définies sur I’espace R%, d > 2 tout entier.

Le modele limite

Dans le cas des gaz parfaits, le modele étudié dans cette these s’écrit :

8,5/) + lem(pU) = 0,
O(pv) + divg(pv @ v) — divgo + VI = 0, (0.1)
divyv — div, (akVY) = 0.

Les inconnues sont la densité de masse p, le champ de vitesse v et la pression II. La variable
de temps t est positive et la variable d’espace = appartient & R? avec d > 2. On désigne par o
le tenseur des contraintes visqueuses, donné par 0 = 2uSv+rvdiveld, ou Id est la matrice
identité d’ordre d, p et v sont les coeflicients de viscosité, et Sv := %(Vv—i—Dv) L est le tenseur
des déformations. Pour un fluide sans viscosité, o est nul partout. La fonction positive
k représente le coefficient de conductivité thermique. Parce que pour des gaz parfaits, la
pression Py = Rpv (R étant la constante des gaz parfaits) est une constante positive lorsque
le nombre de Mach s’annule, la température ¥ peut étre vue comme une fonction réguliere
de p. Par conséquent, on a les relations :

p=p(p), v=v(p), k =k(p) et pVI = —9Vp.

La notation « désigne une constante physique R/(CpP), avec Cp étant la capacité ther-
mique a pression constante.

Les deux premieres équations du systéme (0.1) représentent les lois de conservation
de masse et de la quantité de mouvement respectivement. La troisieme équation vient de
I’équation de conservation de I’énergie quand le nombre de Mach tend vers 0.

1. Dans toute cette theése, on convient que pour un quelconque vecteur v = (v',--- ,v%), (Dv)i; := d;0°

et (Vv)i; := div’. On note aussi toujours Sv := (Vv + Dv) et Av := (Vv — Dv).

0.1. PRESENTATION 3
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S’il n’y a pas de diffusion thermique, c’est-a-dire k = 0, le systeme (0.1) est juste celui
des fluides inhomogenes et incompressibles. Dans ce cadre, nous renvoyons au livre [3] pour
I’étude des solutions dans un domaine borné. Pour le cas de I’espace entier, citons les articles
[1, 23, 33, 39, 65] en ce qui concerne les solutions fortes et [81, 98] les solutions faibles.

Vue 'équation (0.1),, il est naturel d’introduire le champ de vitesses modifié suivant :
u=v—akV9=v+kVinp, avec k=k(p) = akd,

tel que divu = 0. Apres introduction de ce nouveau champ de vitesses a divergence nulle,
le systeme limite se réduit au couplage non linéaire entre ’équation parabolique vérifiée par
la densité et une équation de Stokes a densité variable :

Op + div (pv) = Oyp + div (pu) — div (kVp) = 0,
O(pu) + div (pv @ u) — div (uVu) + VII' = h(p,u), (0.2)
divu = 0.

o, . . o s i ' . .
La quantité II’ est « la nouvelle pression » inconnue. Le terme source h est compliqué mais
quadratique :

h=—div (BrVInp ® Vp) — (B+ 1/ (p))Vu - Vp, avec B = f(p):=r(p) —2u'(p)-

Ce systeme modifié ressemble beaucoup aux équations pour les fluides incompressibles et
non-homogenes (c.-a-d. systeme (0.1) avec k nul), sauf que I’équation pour la densité et le
terme source different.

Remarquons que si 8 = 0, a savoir que la relation suivante entre les coefficients de
viscosité pu et de conductivité k vérifie :

k(p) —2u'(p) =0, c-a-d. k() +2CpdIu (9) =0,

alors le terme source h s’écrit —Vu - V, qui est équivalent & —div (uDu) car divu = 0.
Ceci nous permet de récrire le systeme (0.2) sous une forme tres simple :

Op + div (pv) = Okp + div (pu) — div (kVp) = 0,
O(pu) + div (pv @ u) — div (2ulu) + V= 0, (0.3)
divu = 0,

avec Au = £(Vu — Du) et 7 =1I".
Dans le cas sans viscosité, c’est-a-dire p = v = 0, le systeme limite (0.2) s’apparente
aux équations d’Euler a densité variable (i.e. le systeme (0.1) avec o, k nuls)

Op + div (pv) = Oyp + div (pu) — div (kVp) = 0,
O(pu) + div (pv @ u) + VII' = h(p,u), (0.4)
divu = 0.

Notons que systéme (0.1) est une généralisation du modele de Kazhikhov-Smagulov,
qui décrit ’écoulement d’un mélange. En fait, dans ce cas-1a, les deux lois de conservation
(0.1); et (0.1), sont satisfaites, mais la divergence de la vitesse v est liée aux dérivées de la
densité p par la loi de Fick :

divyv + divy (ko Veln p) = 0, (0.5)

ol kg désigne le coefficient de diffusion qui est une constante positive. Cette loi est introduite
dans [70] et décrit des flux diffusifs d’un fluide dans ’autre. Donc, en particulier, si on prend
le coefficient thermique k(1) égal & ro(ad) ™!, alors I'équation (0.5) devient 'équation (0.1),,
a cause de l'identité pViY = —9Vp. Autrement dit, le modele pour des mélanges avec
le coefficient diffusif k¢ coincide avec celui des gaz parfaits a faible nombre de Mach et
coefficient thermique k, & condition que ak?d = Kg.
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Quelques résultats pour le systeme limite

Il y a eu quelques travaux montrant le caractére bien posé du systeme (0.1). Dans le
travail pionnier de A.V. Kazhikhov et Sh. Smagulov [70], il est considéré un modele plus
simple que systeme (0.1), qui décrit un mélange dans un domaine régulier avec diffusion
entre les deux composants. Plus précisément, le coefficient de diffusion ¢ dans la loi de Fick
(0.5) est petit par rapport au coefficient de viscosité constant p. De plus, le terme d’ordre Ii%
dans le terme source h du systeme (0.2) est négligé. Finalement, pour une inhomogénéité
initiale pg — 1 dans L N H I et une vitesse initiale ug dans L?, on obtient une solution
faible globale en temps. Si de plus, ug appartient & H', cette solution globale est unique en
dimension deux. Sous une hypothese de petitesse similaire sur kg, P. Secchi [94] a obtenu
une solution classique et globale en temps pour le systéeme (0.1) en dimension deux, ainsi
qu’une description du comportement asymptotique quand kg tend vers zero.

Dans le cadre des solutions régulieres définies dans un domaine, H. Beirao da Veiga et
al. ont établit I’existence locale d’une solution unique dans le cas sans viscosité [11] (i.e.
le systeme (0.4)) et avec viscosité [9] (i.e. le systéme (0.2)) respectivement. Peu apres, P.
Secchi [93] a étendu l'analyse dans l'espace tout entier. Citons également ici que pour un
modele a faible nombre de Mach proposé dans [84], qui prend en compte une équation de
réaction-diffusion pour les différentes espéces en plus du systéme (0.1), P. Embid [44, 45] a
montré I'existence locale de solutions régulieres.

Dans le cadre des solutions faibles, a la fin de son livre [82], P.-L. Lions a indiqué qu’en
dimension deux, une petite perturbation réguliére initiale engendre une solution faible et
globale pour le systeme (0.1), si le coefficient de conductivité thermique k est une constante
positive. Pour le systéme limite spécial (0.3), M. Sy et al. [17, 99] ont prouvé l'existence
globale dans un domaine régulier. Récemment, X. Cai, L. Liao et Y. Sun [18] ont démontré
que cette solution est unique en dimension deux, si la condition initiale est celle de [70].

Enfin, citons également [19, 54, 55] pour I’étude numérique.

But de la theése

Dans cette these, on va résoudre le probleme de Cauchy associé au systeme (0.1) dans
des espaces de Besov critiques. Notre approche reposera sur la technique de décomposition
de Littlewood-Paley pour obtenir des estimations optimales pour les équations linéarisées
et les termes non-linéaires.

En s’inspirant de ’analyse du systéeme de Navier-Stokes incompressible a densité variable
(i.e. le systeme (0.1) avec k = 0) par R. Danchin dans [32], on résoudra le systeme (0.1)
avec viscosité. Une difficulté supplémentaire est que dans notre cas k = k(p) > 0, on n’a pas
la condition d’incompressibilité. De plus, les coefficients physiques dépendent de la densité
inconnue et ceci rend les estimations plus délicates. Motivé par I'article de H. Abidi et M.
Paicu [1], on peut également considérer les deux variables (la densité et la vitesse) dans des
espaces de Besov avec des exposants de Lebesgue différents.

Par ailleurs, pour le systeme limite spécial (0.3), on obtiendra l’existence globale de
solutions faibles similaires & celles de P.-L. Lions [81] pour le systéme de Navier-Stokes
incompressible & densité variable. De plus, en s’inspirant de l’article de R. Danchin [33],
grace a un argument d’uncité fort-faible, on prouvera l'unicité de cette solution faible dans
I’espace de Besov critique en dimension deux.

On étudiera également le systéme limite sans viscosité (0.4), en suivant l'approche de
[35] par R. Danchin. Le critére de prolongement et I’estimation du temps de vie seront tout
deux considérés. Comme dans l'article [36], le cas limite & exposant de Lebesgue infini sera
également traité. De plus, en dimension deux, on montrera que le temps de vie tend vers
I’infini lorsque la densité tend vers une constante positive.
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0.2 Dérivation des équations

Dans cette section, on dérive formellement les équations de la dynamique des gaz a faible
nombre de Mach avec viscosité (i.e. les systemes (0.2) et (0.3)) dans le premier paragraphe
et sans viscosité (i.e. le systeme (0.4)) dans le deuxieme. Un exemple de modele de mélange
sera présenté dans la sous-section §0.2.3.

0.2.1 Le cas visqueux

Le systeme de Navier-Stokes complet

Op + div (pv) = 0,
O(pv) 4+ div (pv ® v) —dive + Vp = 0, (0.6)
O(pe) + div (pve) — div (kVI) + pdive = o - Dv,

régit ’évolution libre d’un fluide compressible, visqueux et conducteur de chaleur.

Ici, p = p(t, x) désigne la densité de masse, v = v(t, x), le champ de vitesses et e = e(t, x),
I’énergie interne par unité de masse. La variable de temps ¢ appartient & R* ou [0,7] et
la variable d’espace z appartient & R? avec d > 2. Les fonctions scalaires p = p(t,x)
et ¥ = Y(t,z) représentent la pression et la température respectivement. Le tenseur des
contraintes visqueuses o s’écrit

o=2uSv+rvdiveuld. (0.7)

Le coefficient de conductivité k et les coefficients de Lamé (ou viscosité) p et v dépendent
de p et de 9 régulierement, et vérifient

k>0, p>0, et v+2u>0. (0.8)

Deux équations d’état supplémentaires mettant en jeu les états thermodynamiques p, p, e
et ¥ doivent étre ajoutées au systeme (0.6) (voir (0.10), (0.23) ci-dessous).

Dans cette theése, on va étudier le systeme limite du systeme complet (0.6) quand le
nombre de Mach tend vers zero. Du point de vue heuristique, cela revient a négliger la
compression due aux variations de la pression, une hypothese commune pour décrire des
fluides fortement subsoniques. En suivant l'introduction du livre [81] de P.-L. Lions (voir
aussi les livres [85, 106]), nous expliquons comment le systéme limite est dérivé formelle-
ment.

Définissons d’abord le nombre de Mach (sans dimension) £ comme le rapport entre la
vitesse du flot et la vitesse du son dans le fluide. Supposons que (p, v, e) soit une certaine
solution du systeme (0.6) avec p = p(p,e), 9 = J(p,e), dépendant du petit parametre .
Alors le triplet rééchelonné

<,05(t,:r) = p(g,x), ve(t,z) = év(é,x), ec(t,x) = e(Z,x))

Ogpe + div (Psvs) = 0,
O(peve) + div (peve ® ve) — divoe + VEIQ)E = 0, (0.9)
8t(p565) + div (paeava) —div (kan?a) + pedive, = 52‘75 - D,

vérifie

avec pe = p(pe, €e) et ¥ = J(pe, ec). Les coefficients physiques redimensionnés s’écrivent

1
k(pe, V).

1 1
877985 e — — 871957 kszf
p#pe, V), ve = —v(pe,Ve) 5

stg
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Et la notation o. représente
e = 2ueSve + vedivuld.
Lorsque le nombre de Mach tend vers 0, ’équation (0.9), implique que
pe = P(t) + II(t,z)e* + o(e?).

Supposons que divv., Vi., Ve, tendent vers zéro et p. tende vers une constante positive a
Iinfini, alors Oype, Oie. s’annulent & U'infini, d’apres le systeme (0.9) ci-dessus. On va faire
partout cette hypothése dans cette thése, en un sens a préciser. Ici, on arrive & P'(t) = 0 et
donc P(t) est indépendant de t. Cette pression constante positive sera désormais désignée
par Fp.

Systéme limite (0.1) pour les gaz parfaits

On a déja obtenu les deux équations limites (0.1), —(0.1), pour les inconnues (p, v, VII).
On se concentre maintenant sur la dérivation de I’équation limite (0.1), de I’équation (0.9)s.
Considérons le cas de gaz parfaits, a savoir que I’on suppose les relations d’état suivantes :

p= Rp¥, e=Cyd, (0.10)

ol les deux constantes positives R, Cy désignent la constante des gaz parfaits et la capacité
thermique & volume constant, respectivement.
Notons v = 14 R/Cly le coefficient adiabatique et donc

1
e = ——np.
p 5= 1P
Remarquons que p. — Py quand ¢ — 0. Donc, en notant Cp = vCy = yR/(y — 1) la
capacité thermique a pression constante, I’équation (0.9); & faible nombre de Mach s’écrit
(0.1)5 avec la constante physique « définie par

y—1 R
7FPo CpPRy’

(0.11)
Donc, le systéeme (0.1) est vérifié pour les gaz parfaits & nombre de Mach s’annulant.

Reformulation des systémes (0.2) et (0.3)

On cherche a récrire le systeme limite (0.1), afin de transformer 'équation (0.1); en
une condition d’incompressibilité. Pour cela, il est naturel d’introduire la nouvelle vitesse a
divergence nulle suivante :

u=v—akVd=v+rkVinp, avec k(p)=akd. (0.12)

On va alors chercher & établir les équations vérifiées par les inconnues p, u, du systeme (0.1).
En fait, nous démontrerons que le systeme (0.2) (ou le systéme (0.3)) est vérifié.

Premierement, I’équation (0.1); donne une équation de transport-diffusion sur la densité
p, & savoir équation (0.2),, car

div (pv) = div (pu) + div (akpV9) = div (pu) — div (kVp).

Ensuite, on établit I’équation (0.2), et pour ce faire, on écrit les termes avec des dérivées
d’ordre élevé comme somme d’un gradient et d’une autre quantité avec des dérivées d’ordre
plus bas, c¢’est-a-dire comme somme d’une « pression » et d’un « terme source ».
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Observant que pv = pu — kVp et que
0 (kVp) =V (k) et div(rdiveld) = V(vdivw),

on récrit (0.1)2 comme
O (pu) + div (pv @ u) — (div (v® KkVp) +div (2,uSv)> +VQ1 =0, (0.13)
avec Q1 = II — kOyp — vdivw.
Remarquons ’identité suivante :
Sv = Au+ Dv.
Cela implique que
div (v ® £KVp) + div (2uSv) = div (Bv @ Vp) + div (2udu) + Vdiv (2pv),

avec la fonction scalaire 3(p) = k — 21/ (p).
— Si B =0, c’est-a-dire si la relation suivante est vérifiée :

K(p) =24 (p) =0, (0.14)
ou encore,
k(9) + 2Cpou' (9) = 0, (0.15)
alors (0.13) donne I’équation (0.3), avec une nouvelle pression
=01 —div(2uv) =11 — kOp — vdive — div (2uv).
— Ensuite, en utilisant le fait que divu = 0, on arrive & (désignant par B une primitive
de 5)
div(fv®@ Vp) = div(fu® Vp) —div (BkVIinp® Vp),
= —fBVu-Vp+ Vdiv(B(p)u) — div (BkVInp ® Vp).
De plus, on peut aussi récrire div (2uAu) comme
div (2uAu) = div (uVu) — p'(p)Vu - Vp.

Donc, en vertu de (0.13), I’équation (0.2), sort immédiatement, avec une nouvelle
pression II’ et un terme source h donnés par

' =7 —div(B(p)u), h=—div(BcVInp® Vp) — (B+ i (p))Vu- Vp.

Donc, on a démontré que le systeme (0.1) est équivalent au systeme (0.2), ou également
au systeme (0.3) sous la condition (0.14).

En fait, il est aisé de vérifier que si le triplet (p,u, V) vérifie (0.3) au sens des distri-
butions avec de plus (pour trois constantes positives p, p, o) :

p(t,z) € [p,p], Vt € [0,+00), x € RY,

p—coe L™ ([0, +00); L2(Rd)> nL2, ([o, +o0); Hl(Rd)), (0.16)
Oup € L. ([0, +00); H™'(RY)),

w,vi=u—kVinp € L2, ([0, +o0); (LQ(Rd))d),

alors le calcul du systeme (0.1) & partir du systeme (0.3) sous la condition (0.14) a un sens.
Mais la justification de la continuité a l'instant initial dans le cadre des solutions faibles est
délicate.

Si on résout le systeme (0.2) dans le cadre des solutions fortes, e.g. dans l'espace de
Besov critique (voir Chapitre §1), alors I’équivalence entre les deux systemes (0.1) et (0.2)
s’obtient facilement, apres vérification minutieuse.
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Formulation du systéme par rapport a la température

Parce que le fait que le nombre de Mach s’annule implique que la pression p est une
constante positive Py, les états p,e et les coefficients physiques p, v, k peuvent étre vus
comme des fonctions de la température 9 seulement. Plus précisément, quand on considere
des solutions régulieres du systeme (0.1) pour des gaz parfaits, grace a

v=u+akV9 et alCppd=1,
on peut récrire (0.1); comme une équation sur la température o :
00 +u - VI —div (kVI) = hi(9),
avec le terme source h; défini par
hi(9) = —2ak| VY. (0.17)
On peut aussi récrire la loi de conservation (0.1), ainsi :
Ou+ u - Vu — div (nVu) + 9VQ = ha(V,u),
avec un nouveau coefficient de viscosité
n(¥) = apdCp, (0.18)
et une nouvelle pression ). Le nouveau terme source ho est donné par
ho(9,u) = A1 |[VOPVY + AsAIVY + A3V - V29 + AyVu - VI + AsDu - VY,  (0.19)
avec
A =—p! (akp(ak + 2#’0‘1))/(?9), Ay = Az = —ak(ak + 24/ p~1)(9),
Ay = (ak+ @/ p~")(0), As=—ak—p(0p~'/d9) = —ak — aCpp.

(0.20)

En effet, grace a I'équation (0.1), sur la densité, on écrit le terme de convection comme
O(pv) + div (pv @ v) = pdyu + pv - Vu + V(kOip) + div (pv @ akVY),
ou div (pv ® akV1) s’écrit pour une fonction Q2 dépendant de u et ¥ :
div (u ® akpVd) + div (a®k?pV @ VI) = VQy — Vu - akpVd + div (o’ k*pVi @ V).

De plus, pour une certaine fonction Q3 dépendant de 1, on récrit le terme de diffusion
comme

—div (uSv) = —div (uVu) — div (pDu) — 2div (uV(akV))
= —div (uVu) — Vu - Vi — VQ3 + 2div (akVI ® V).

Donc, I’équation (0.1), devient
p(Opu+ u - Vu) — div (uVu) + V(H + KO — vdivo + Qg — Qg) (0.21)
+ p<Du kY — Vu - akV9 — p~ V- w) + div ((a2k2p + 20k (9)) VY © w) — 0.

On introduit une nouvelle pression @ = II4+k0;p—vdiv v+ Q2 — Q3 et multiplie I’équation
ci-dessus par p~! = aCpd. Finalement on obtient le systéme suivant pour les inconnues

(V,u,VQ) :
00 4+ u - VI — div (kV9) = h(9),
Ou+u - Vu—div(nVu) +9VQ = ha(d,u), (0.22)
divu = 0.

La résolution de ce dernier systeme fera ’objet du premier chapitre de cette these.
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Le systéme limite (0.33) pour les gaz généraux

Pour des gaz générauz, on suppose les relations d’état suivantes a la place de (0.10) :

p=pp,9), e=e(p9), (0.23)

avec p et e deux fonctions scalaires régulieres.
D’apres la loi de Gibbs, il existe une variable s s’appelant ’entropie, qui vérifie

ds = %(de + pd(i)) . (0.24)

La relation de compatibilité a%(g—;;) = a%(g—;) implique immédiatement :

8/) ap 50e
—. 2
8 + 19619 p o (0.25)

De plus, on suppose les inégalités strictes
— >0, —<0e t——>——, (0.26)

afin que les coefficients de compressibilité isotherme K7, d’expansion thermique Kp et de
capacité Cy suivants :

Lop o L0p o (05/09)(0p/0p) — (9s/0p)(Ds/09)

Kpi=—— =
T pap T o0 dp/0p ’

soient positifs (voir [2] pour plus de détails). Clairement, I’équation d’état (0.10) pour les
gaz parfaits satisfait les deux conditions (0.25) et (0.26).

Dans la suite, on va chercher a dériver le systéme limite sur les inconnues (¢, u, VQ)
pour les gaz généraux, d’apres le systeme rééchelonné (0.9) et les équations d’état (0.23)-
(0.25)-(0.26). Pour simplifier, on va utiliser les mémes notations que pour les gaz parfaits
(e.g. a, m, h1, ho, Q) pour désigner des quantités correspondantes pour les gaz généraux.
On vérifie aisément que pour les équations d’état (0.10), les valeurs de ces quantités définies
ci-dessous correspondent bien a celles des gaz parfaits.

Comme la pression p devient constante lorsque le nombre de Mach s’annule, les états p, e
et les coefficients physiques pu, v, k sont fonctions de la température 9 seulement. L’équation
limite de (0.9); peut donc s’écrire comme une équation dont 'inconnue est 9 :

dp

1
819> dive = 0. (0.27)

o0 +v- V0 + pf

Et en vertu de 'équation ci-dessus, I’équation limite de (0.9) se réduit a
divo — a(9)div (kVY) = 0, (0.28)

avec le coefficient o dépendant de 9 tel que :

Oe (0
a W) =Py — 28169 (61/;) avec Py constante positive. (0.29)
En raison des deux conditions (0.25) et (0.26), on a a~!(9p/dp) > 0 et donc a > 0.

Comme dans le cas des gaz parfaits, en vertu de 1’équation (0.28), on introduit un
nouveau champ de vitesses

u=uv—a(d)k(9)VJ,
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tel que
divu = —o/ (9)k(9)| V|2 (0.30)

Alors I’équation limite (0.27) sur la température ¥ se récrit
00 4+ u - VI — div (kVY) = hy(9),

avec

k(D) = —p(ﬁ)(g—g)_la(ﬂ)k(ﬁ) S0, hi(9) = —ak|VI|? + kV(ap(%)_l) VY. (0.31)

En suivant les calculs qui donnent I’équation limite (0.21), ’équation limite (0.1), de-
vient

p(Ou+ u - Vu) — div (uVu) + V (H + kO — vdivo + Q2 — Qg) + (divu)(akpVYI + V)
+ p(Du- akV9 = Vu- akV9 - p~ Vu - Vu) + div (02K + 20ku' (9) VI © V) =0,
En fait, parce que divu # 0, on récrit le terme de convection div (u ® akpV¥) comme
VQ2 + (divu)(akpViI) — Vu - akpVi,
et le terme de diffusion —div (uDu) comme
—Q3 + (divu)Vu — Vu - V.

Par conséquent, ’équation (0.21) donne (0.1), avec le terme supplémentaire (div u)(akpV9+
V) dans le membre de gauche. Finalement, en vertu de (0.30), I’équation limite (0.2), sur
la vitesse u se récrit

O+ u - Vu — div (nVu) 4+ p~1VQ = ha,

avec 11 = up 1. Le terme source hy est également défini par (0.19), avec
/
Ay =—pt (akp(ak: + 2,u’,o_1)> () + o’ k(ak 4 /' p~ 1) (9) (0.32)

et les mémes A;, i = 2,---,5 que dans (0.20).
Finalement, le systéme limite sur les inconnues (¢, u, VQ) pour un gaz général s’écrit
donc

0 + u - VI — div (V) = hy(9),
Ou+u-Vu—div(nVu) +9VQ = ha(d,u), (0.33)
divu = —dk|VY2

Ce systeme sera étudié dans le premier chapitre.

0.2.2 Le cas non visqueux

L’évolution libre d’'un fluide compressible, conducteur de chaleur mais non visqueux
obéit aux équations suivantes :

Op + div (pv) = 0,
O (pv) + div (pv @ v) + Vp 0, (0.34)
Oc(pe) + div (pve) — div (kVY) + pdive = 0.

11 s’agit donc du systeme (0.6) avec tenseur de viscosité o nul. Les inconnues p,u, e, p, ¥ et
les variables ¢, x sont identiques a celles du cas visqueux.
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On adopte également les équations d’état (0.10) des gaz parfaits reliant les quatre va-
riables thermodynamiques p, e, p, 9. Le coefficient thermique & est une fonction C* de p et
.

Formellement, en considérant le systéeme redimensionné (0.9) avec 0. = 0, on obtient les
équations a faible nombre de Mach sans viscosité suivantes :

Op + div (pv) = 0,
O(pv) +div(pv®@v)+ VII = 0, (0.35)
divo — div (akV9) = 0,

ou IT = II(¢, x) est une fonction inconnue, « est une constante physique définie par (0.11)
et ¥ = (Po/R)pfl.
Comme dans le dernier paragraphe (§0.2.1), on peut introduire la nouvelle vitesse u :=
v — akVY donnée par (0.12) a divergence nulle. Pour cette vitesse modifiée, I’équation sur
la densité est
Op+u-Vp—div(kVp) =0 avec k(p):= akd.

Pour simplifier, on définit les primitives a(p) et b(p) de x(p) et —r(p)p~!, telles que
a(l) = b(1) = 0. Il est aisé de vérifier que

Va = kVp = —pVb et u=v—Vb=v+p 'Va. (0.36)
De plus, I'équation (0.35), s’écrit
O(pu) — HVa+ div (pv ® u) — div (v ® Va) + VII = 0.
Grace a 'équation (0.35),, I’équation ci-dessus devient
p(Ou+v - Vu)+ Vg =div (v ® Va),

ou q = Il — 0.
Par conséquent, le systéme (0.35) est équivalent au systéme suivant sur les inconnues
Py U, q
Op+u-Vp—div(kVp) =0,
Oru~+ (u+ Vb) - Vu+ AVq = hz(p,u), (0.37)

divu = 0,

1

avec le coefficient variable A = A(p) = p~" et le terme source

hs = Miv(v® Va) = —u- V2 — (u- VA)Va — (Vb- VA)Va —div (Vb® Vb). (0.38)

Nous étudierons ce systéeme au chapitre §3.
Il est aisé d’écrire le systeme limite sans viscosité pour les gaz généraux comme le modele
(0.33) ci-dessus, avec coefficient de viscosité p = 0. Les détails sont laissés au lecteur.

0.2.3 Un modele de mélange a deux composants

Dans ce paragraphe, d’apres [70], on dérive le systéeme (0.1) pour un mélange de deux
composants incompressibles. On suppose que le mélange se compose d'une phase diluée
interagissant avec une phase dense, et I’on va adopter une description moyenne de ’écou-
lement. Ces deux fluides sont caractérisés par leurs densités constantes de référence : on
note py la densité de la phase dense et p,; la densité de la phase diluée respectivement. Les
deux viscosités cinématiques constantes correspondantes sont fy et fi;. Deux champs de
vecteurs vy(t,x) et vg(t, ) désignent les champs de vitesses correspondants.
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On définit ¢(t,z) € [0, 1] comme la fraction volumique de la phase diluée :

. le volume occupé par la phase diluée dans la boule B(x,r) au moment ¢
Stox) — tim 0! pé par la phase diluée dans la boule B(z, r)
=00 le volume de la boule B(z,r) '

Supposons que les deux phases sont incompressibles et que les densités associées restent
constantes. La densité du mélange est alors définie par

p(t,x) = (L= o(t,x)) by + o1, %) Pg-

Notons pf(t,x) = ps(1 — ¢) et pa(t, =) = py¢, alors les lois de conservation de masse pour
les deux phases s’écrivent

Opr +div(psvr) =0,  Opg + div z(pqva) = 0.
Donc la loi de conservation de masse du mélange s’écrit
Op +divg(pv) =0, avec (pv)(t,z) = (psvs + pava) (¢, z). (0.39)
De méme, la viscosité dynamique p s’écrit
PfPd

i= (1= o(t.2)pgriy + Ot 2)pafia = =20 iy — ia) +
Pd — Pf

Pabd — Pt f) p
Pd— Py
Alors on écrit la loi de conservation de la quantité du mouvement pv :

O (pv) + div (pv @ v) — div (2uSv) + VP = 0, (0.40)

avec une pression P(¢,x) inconnue.

Notons que méme si les deux composants sont incompressibles, la vitesse a masse
moyenne v n’est pas nécessairement a divergence nulle. Définissons la vitesse a volume
moyen

u(t,z) == (1 — ¢(t,x))ve(t,z) + o(t, x)va(t, x).

Alors, le champ de vitesse u est solénoidal et 'on a

0=0,((1-¢)+9) zat(’;; + g—;’) = _div (p;:f + p%—:d) = _diva.

Selon Kazhikhov-Smagulov [70], u et v sont reliés par
v=u—koVlnp avec rg>0.

Cette loi de Fick décrit les flux diffusifs d’un fluide dans 'autre.
Donc finalement on arrive au systeme (0.1) avec akV19 = koVin p.

0.3 Le cadre fonctionnel

Dans cette section on va définir les espaces de Besov et présenter les techniques utili-
sées dans la these. Les estimations de produit, de commutateur et de composition seront
essentielles pour 'obtention d’estimations a priori des solutions des équations linéarisées.
Sauf mention contraire, les résultats de cette section sont classiques et on peut trouver
leurs démonstrations dans le livre [5]. Dans 'appendice on va démontrer des résultats plus
généraux.

Avant tout, on fixe quelques notations utilisées dans cette these :

0.3. LE CADRE FONCTIONNEL 13
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(i)

(vi)
(vii)

(viii)

C' désigne une constante inoffensive. Nous allons utiliser alternativement la notation
A < B au lieu de A < CB de temps en temps. De plus, A ~ B signifie que A < B et
B < A.

Soit X,Y deux espaces de Banach, la notation X — Y signifie que I'espace X est
continiment inclus dans ’espace Y tandis que X <—<— Y veut dire que I'inclusion de
X dans Y est compacte.

Soit X un espace de Banach, T' > 0 et p € [1,+o0], L4.(X) désigne l'ensemble des
fonctions f mesurables au sens de Lebesgue, de [0,7T") dans X telles que ¢t — || f(¢)]|x
appartient a LP([0,7")). Si T' = +o0, alors I'espace est désigné simplement par LP(X).
Finalement, si I est un intervalle de R alors la notation C(I; X) décrit I’ensemble
des fonctions continues de I & X. De méme, Cy,([; X) décrit 'ensemble des fonctions
continues pour la topologie faible de X.

On utilisera la méme notation X pour désigner les champs de vecteurs avec des com-
posantes dans X.

Les indices p1, p2, p, 1,72, 7 prennent des valeurs dans l'intervalle [1, +oc]. Et indice

p’ représente 'exposant conjugué de p tel que zl? + z% =1.

Soit p un réel et f une fonction de LP, on note ||D* f||z» = SUp|q|=t [|0% fl e
Les fonctions sont définies sur espace entier R?, d > 2 étant la dimension.

La densité p et la température ¥ sont toujours positives (par ’hypothese initiale et la
nature de I’équation parabolique). Sauf indication contraire, on suppose que ces deux
quantités tendent vers 1 a I'infini et on note « la densité modifiée » par p = p — 1 et
« la température modifiée » par = 9§ — 1.

Sauf indication contraire, pour les inconnues f, les fonctions de la forme fy désignent
toujours les données initiales. Et pour les coefficients g, les nombres réels positifs de
la forme g désignent la valeur de g en 1, a savoir g(1); et les fonctions scalaires de la
forme ¢°, sont juste g(p?).

0.3.1 Espaces de Besov

Tout d’abord, on rappelle brievement la définition de la décomposition de Littlewood-
Paley : une partition dyadique de l'unité par rapport a la variable de Fourier, désignée
par £ dans toute cette theése. Plus précisément, soit x(£) une fonction réguliere, radiale,
décroissante, & support compact dans la boule B(0, %) et valant 1 pres de la boule B(0,1),
définissons

o) = x(£/2) = x(8), @i (&) =9(277¢), Vj € Z.

Alors on a

x(€) + Zgoj(é) =1 pour tout £ € R?% et ngj(f) =1 pour ¢ RN\{0}.

>0 jez

Posons h; = .7-"*1<pj, et h = F~1x. Les blocs dyadiques inhomogénes (Aj)jez sont définis

par

14
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et on introduit la troncature & basse fréquence :

Siju = Z Agu.

k<j—1

Notons que Sju = x(27/D)u si j > 0. 1l est important de souligner que la décomposition
dyadique ci-dessus vérifie

AAju=0 si |k—j]>2 et Ap(Sjm1uldju) =0 si |k—j|>5.

De plus, pour toute distribution tempérée u, on peut écrire
U= Z Aju.
JEZL

L’intérét de décomposer 'espace de Fourier en couronnes de taille 27 réside dans le
comportement vis-a-vis de la dérivation des fonctions dont la transformée de Fourier est a
support compact. Plus précisément, on a les inégalités de Bernstein suivantes (voir e.g. [5],
Chap. 2),

< odl5s =) .
[Ajull oy ray S 2772 PU||Ajul| oo ray 1 p1 2> po,
k kj :
I D*(Aju)l| peray S 2% Ajull pogay, V5> —1,
k ~ kI :
1D (Aju)ll o ey = 27 [ Ajull Lo ray, V5 = 0.
De plus, on a I'inégalité de Bernstein suivante, concernant a la fois le bloc dyadique lui-méme
et sa dérivée (voir Appendice B dans [35]) :

/Aju\p_2|D(Aju)|2 > 22j/|Aju|p dr pour j >0, pe(1l,00). (0.41)
Rappelons aussi I’action du semi-groupe de I’équation de la chaleur :
e Ajulle < e % | Ajullr pour j >0, pe [l 400 (0.42)
Nous pouvons maintenant définir I’espace de Besov B, comme suit :

Definition 0.1. Soit s € R, (p,r) € [1,4+00]?, et u € S'(R?), on pose
1/r

lullgs, = [ D 2°|Aul7n si r<oo, et |lullpy = s;lpl{zfsymjuum}.
j=-1 Jjz-

On définit alors
By, = B, (RY) = {u € §'RY),|up;, <oo}.

Dans la suite, on utilisera souvent les propriétés classiques suivantes des espaces de
Besov.

Proposition 0.1. Les propriétés suivantes sont vérifiées :
(i) Action des dérivées : ||Vu\|B;;1 S lullss, -
i ; . RS s : d d . _ _
(i4) Inclusion : Bpt . < B2 . sisi — oy > S2— 5o €t pr < pp, ou sis1 = Sy, pL = P2

et 11 < rg. En particulier, lespace de Sobolev H* s’écrit Bj 5 et donc HsHl B3,
d

Bi1 — H%. De plus, B;I(Rd) — L, Vpe|l,o.

_ B(1—0)51+982

(i11) Interpolation réelle : (B3l , By%. )o p

p,r1? 7T p,T2

0.3. LE CADRE FONCTIONNEL 15
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Comme les espaces invariants d’échelle doivent étre homogenes, on introduit aussi les
espaces de Besov homogenes. Pour cela, on définit les blocs dyadiques homogénes (A;) ez
par

A= [ W=y, Vie.
et opérateur de troncature homogene a basse fréquence est
Sj:=x(277D), VjeZ (0.43)

Nous définissons alors les semi-normes homogenes :

lull sy = 112114 ullo)sez] -

Remarquons que pour u € S'(R?), I'égalité
u=Y"Au
JEZ
est vraie seulement modulo les polyndémes. Afin d’obtenir de « vrais » espaces de distribu-

tions, on définit, d’apres [5], les espaces de Besov homogenes de la fagon suivante :

Definition 0.2. L’espace de Besov homogéne B;T est l’ensemble des distributions tempé-
rées u telles que
p.r j——o00

La définition précédente implique que B;T (R9) est un espace de Banach & condition que

s<d/p ou s<d/p si r=1. (0.44)

Les propriétés de la Proposition 0.1 restent vraies pour les espaces de Besov homogenes.
De plus, siu =) .., Aju et |[u]| g, est fini pour un triplet (s, p,r) satisfaisant (0.44), alors
p,T

u appartient a B;T(]Rd), grace aux inégalités de Bernstein mentionnées ci-dessus. Ce fait
I
servira plusieurs fois.

JET

0.3.2 Estimations classiques

Lorsqu’on estime des produits dans ’espace de Besov, il est souvent pratique d’utiliser
le calcul paradifférentiel, un outil qui a été introduit par J.-M. Bony dans [15]. Rappelons
que le paraproduit de v par u est défini par

Tuv = Z Sj_lu Aj’U,
J
et on appelle reste du produit uv, noté R(u,v), 'opérateur bilinéaire symétrique suivant :
R(u,v) = Z Aju Ava avec Ava =(Aj1+Aj+Aj)v.
J

Il est immédiat, par définition des opérateurs de paraproduit et de reste, que l'on a la
décomposition de Bony suivante du produit uwv :

w = Tyv + R(u,v) + Tyu := Thv + Tyu. (0.45)

On a l'estimation classique suivante dans les espaces de Besov pour les opérateurs de
paraproduit et de reste :
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Proposition 0.2. Soit s,s1,50 € R, 1 < r,r,r9,p < 00 tels que % < min{1, % + %},
— pour lopérateur de paraproduit, on a les deuz estimations suivantes :

||TuUHle+sTg S llull gy, Mollgss sios1< g,

p,T
ITwvllBg, < llullzellvlz;,;

p,r N

— pour l'opérateur de reste, si s1 + s2 + dmin{0,1 — %} > 0, alors on a

||R(U, U)HB;l:-SQ—% 5 HU’HB;S;,lrl ||UHB;,27‘2 .

Par conséquent, on en déduites estimations suivantes pour le produit :

Proposition 0.3. Soit 5,571,520 € R, 1 < 7,711,719, p < 00 tels que % < min{1, % + %},
— 51 81,89 < %, s1 + s2 + dmin{0, 1 — %} > 0, alors on a

lwvll oyvop-g Sl gy, Illg2,
p,T

- st s >0, alors on a

lwollss, S llullee[vllBs, + llullss,, [0l Le;

p,r Y
- sz’—min{%,}%} <s§g etr=1 quands:%, alors on a

lwvllsg, < lullsg, vl a -

p,r
p,1
Lorsqu’on résout des équations d’évolution, il est naturel d’utiliser des espaces de type
LI(X) = LP(0,T; X) avec X représentant un espace de Banach. Dans notre cas, X sera un
espace de Besov. Donc on doit localiser les équations a ’aide du découpage de Littlewood-
Paley. Cette technique nous donne ’estimation de chaque bloc dyadique dans l’espace de
Lebesgue avant 'intégration en temps. Ceci motive la définition suivante :

Definition 0.3. Soit s € R, (p,p,7) € [1,4+00]® et T € [0, +00], on définit

el a5, = | (2180l gamn) | -

On note aussi 5T(Bf;,r) = E%O(B;’T) NC(0,7T}; B, ).

Remark 0.1. (i) Grdce a linégalité de Minkowski, on a

HUHZPT(B;;J,) < HUHL%(B;T) sip<r,

||UHL%(B;’T) < HUHZ;T)"(B;W) SLp =T,

et donc en particulier ||ul|z. (B2, = H“HL,},(BS ) est vraie.
T p,1 D,

(ii) Les propositions 0.1 et 0.3 se généralisent a ces espaces fonctionnels. Par exemple,
on a pour 0 € [0,1], % = % + lp;ze, et s = 0s1 + (1 — 0)sa, l'inégalité d’interpolation
sutvante :

1-60

0
ez sy < Nellpr 52 e
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(iii) Dans les estimations de produit, les exposants de Lebesque par rapport a la variable
de temps se comportent conformément a linégalité de Holder. Par exemple, on a :

HuUHZPT(B;J S HUHLPTl (L°°)||U”ZPT4(B,§,T) + HUHZ”TQ(B;,T)||U||L”T3(L°°)’ (0.46)
1_ 1,1 _ 1 1
quand s > 0, =t o =5t o

S’il y a un terme de transport ¢ - Vi dans ’équation d’évolution sur 1, alors appliquer
I'opérateur de localisation A; donne le terme de commutateur

[0, Aj]- Vi i= - VA — Aj(p - Vi),
qui vérifie I’estimation suivante :
Proposition 0.4. Soit le triplet (s,p,r) satisfaisant
2

11
s> —dmin{~, -} et (p,r) €[l,+00]", avec r=1 si s=1+—.
pp

Alors on a (pour une certaine constante C ne dépendant que de d, s,p,r)

t t
[ 1 e 20900l dr < € [ @@Vl (0.47)

ot {P*}s est défini par

. : 1 1 d
[ ISRy s e (dming k1),
- P,

IVe(t) ”B;;l sinon.

De plus, si s > 0 on a également

t
pdr < C /0 (IVel e gy, + IVl g V0l ) dr.
(0.48)

t .
/0 129° 1l 2,09

On a aussi le résultat suivant pour la composition par une fonction réguliere :

Proposition 0.5. Soit (p,p,r) € [1,+00]® et s > 0. Soit f une fonction réguliére sur R.
= S8i f(0) =0 alors pour tout u € By, N L> on a

If oullp, < C(f llullLe)lullpg,, - (0.49)
~ 8i f'(0) = 0 alors pour tout couple (u,v) dans By, N L>, on a

Ifou—foulsy, <CU" lulzmns,. lloll=ns; lu—vllz;,. (050

Soit I un intervalle ouvert de R et F : I — R, une fonction réguliére. Alors pour tout
sous-ensemble compact J C I, et pour toute fonction u valant dans J, on a

IVE @) ze 5s=1) < ClIVullzp sy
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0.3.3 Estimations a priori pour des équations d’évolution

Rappelons d’abord quelques estimations a priori dans les espaces de Besov pour ’équa-
tion de transport :

1) {8ta+v'Va:f,

a‘t:() = ap.
En utilisant la proposition 0.4, on montre aisément que

Proposition 0.6. Soit (p,r) € [1,+00]?
> —dmin{2, L) (s> —1—dmin{>, 2} s divo=0) (0.51)
S —aminy —, — S —1 — miny —, — S1 1IVUV = N .
pp p P

avec une inégalité stricte si r < +o0o. Soit ag € B
de vecteurs dépendant de temps dans L([0,T]; B

f e LY[0,T]; Bs ). Soit v un champ
avec q > 1 et M > 0 tel que

pr?

OOOO)

Vo € LY[0,T);BY2NL®) si s<1+d/p,
Vo € Ll([O,T];B;;l) si s>1+4+d/p, ou s=1+d/p et r=1.
L’équation (T) a une unique solution a dans
— lespace C([0,T]; By ) sir < oo,

*mequgamT] »mcq T);BS..) sir = .
De plus, pour tout t € [0,T], on a

t
e~ VOa(t)lls;, < llaols;, /Oe_cv(t)llf(t')llBg,rdt' (0.52)

p,r

avec V(0) =0 et

Vo)l garp oo st s <1+d/p,
ey o BylLoL (0.53)
va(t)”BZ_rl si s>14+d/p, ou s=1+d/p et r=1,
et par ailleurs, si Uégalité est vérifice dans (0.51) et r = oo, alors V'(t) = || Vv]| a/p-

Si a = v alors, pour tout s >0 (s > —1 si dive = 0), l’estimation (0.52) est vemﬁee avec

VI(t) = Vo)l e

Pour le systeme linéaire parabolique avec un terme de transport qui s’écrit

00 +v-VO—RAO=f
’ 0.54
{ e‘t:O = 907 ( )
et le systeme linéarisé de Navier-Stokes
ou+v-Vu—17Au+VQ = h,
divu = 0, (0.55)

u|t:0 = U,

le lecteur est renvoyé a [34] pour la démonstration des deux résultats suivants :
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Proposition 0.7. Soit 1 <p<p; <o etl<r <oo. Soit s €R tel que

d d
s<l+—, ou s<14— st 7r=1,
b1 p1

1 1 1 1
s>—dmin{—,—/}, ou s>—1—dmin{—,—/} si dive = 0.
p1 p p1 p

1l existe une constante C' dépendant seulement de d, r, s et s —1 — p% telle que pour toutes
les solutions réguliéres 6 de (0.54) avec k > 0, et ¢ € [1,00], on ait l'estimation a priori
sutvante :

1 .
1 < OV, (T) . o
RO, org) < €O (o, + 151,055,

(Byr™)
. T
W@ = [V 4 s s<fe
0 BP AL P
avec T 1o
vpl(T):/ Vo) o dt G os—4 41,
0 BIL, P

Proposition 0.8. Soit p, p1, 7, s et V}Dl comme dans la proposition 0.7. Il existe une
constante C dépendant seulement de d, r, s et s — 1 — % telle que pour toutes les solutions
régulieres (u, VQ) de (0.55) avec 7 >0, et q € [1,00], on ait l’estimation a priori suivante :

_1 CVp, (T
Bl g < (g + 1Pz )

(Bp,r

HVQ — QhHZ%ﬂ(B;,T) < C<eCVp1(T) — ].) <”u0||B;s>,r + ||Ph||fn}(B;,T)>

Ci-dessus, P et Q représentent les projecteurs orthogonaux sur les champs de vecteurs
a divergence nulle et les champs de vecteurs potentiels.

Finalement, nous allons souvent considérer I’équation elliptique suivante (pour la pres-
sion II) :
—div(A\VI) =divL sur RY (0.56)

ou A = A(z) est une fonction réguliere et bornée, vérifiant A\, := inf cpa A(z) > 0. On va
utiliser beaucoup 'estimation d’énergie suivante (voir e.g. [35] pour la preuve) :

Proposition 0.9. Pour tous les champs de vecteurs L & coefficients dans L?, il existe une
distribution temperée 11, unique a constante prés, vérifiant [’équation (0.56). De plus, on a

AV 2 < [LL[ 2

0.4 Résultats et démonstrations

Dans cette section, on présentera les résultats principaux obtenus dans cette these et
les méthodes utilisées. Dans la premiere sous-section (resp. dans la troisieéme sous-section),
on parlera du systeme limite avec viscosité (resp. du systéme sans viscosité) qui a été
traité dans mon travail en collaboration avec R. Danchin [37] (resp. avec F. Fanelli [47]).
Les résolutions correspondantes en détail se trouveront dans le premier chapitre et dans le
troisieme chapitre de la these respectivement. Le deuxieéme chapitre §2 correspond a l'article
[78] et on énoncera ses résultats pour le systeme limite spécial (0.3) dans la deuxieme sous-
section §0.4.2.
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0.4.1 Etude du systéme limite avec viscosité

On a déja vu que le nouveau systeme (0.22) avec les inconnues (¢, u, VQ) incluant la
condition d’incompressibilité était équivalent au systeme original (0.1) avec les inconnues
(p, v, VII), au moins pour des solutions régulieres. On va donc d’abord résoudre le probleme
de Cauchy associé a (0.22) dans un espace fonctionnel optimal. La résolution en détail se
trouvera dans le premier chapitre §1.

Motivé par les travaux sur les équations de Navier-Stokes incompressibles ou compres-
sibles & densité variable (voir cf. [27, 28, 29, 32]), on va utiliser des arguments d’échelle afin
de déterminer le cadre fonctionnel optimal. On note que si (¥, u, VQ) est une solution de
(0.22), alors il en va de méme pour

(D(0t, x), bu(0?t, 0x), 3V Q(£?t, Lx)) pour tout £ > 0. (0.57)

Donc, l'espace critique pour les données initiales (g, ug) doit étre & norme invariante par
la transformation

(¥9, uo)(x) = (Yo(lx), lug(fx)) pour tout £ > 0. (0.58)
Remarquons que I’espace fonctionnel suivant ? :

( ©(R*; BY2 (RY)) N LY (R Bg/pl”LQ(Rd)))

1,71 1,71

(£ BYm o ®Y) 0 L R B RY) o (LR Bl (R))
vérifie la condition d’échelle (0.57) pour tout 1 < py,po, ps, r1,72,73 < 00.

Néanmoins, comme on a besoin de coefficients (k,7n) bornés et, d’autre part, I'inclusion
Bg/rp — L est vérifiée si et seulement si r = 1, on va alors fixer 1 = 1. De plus, a
plusieurs reprises, Vu € L1([0,T]; L) sera nécessaire. Cela nous conduit & choisir 75 = 1
et 73 = 1 en conséquence. Donc finalement, on cherche a résoudre le systeme (0.22) dans

Despace EDVP2(RY) suivant :

~ -d -d ~ - d _ - d d - d _ d
(Cr(Bymy N LEBIRT2)) x (CrtBylie ™) n LBy ™) x (LhB ™)) (059)

ou (’ZVT(B;J) est un (grand) sous-espace de C([0,T; ';71) (voir Définition 0.3).

Le cas presque homogeéne

On commence par le cas plus simple ou la température initiale 19y est proche d’une
constante (disons 1 pour simplifier la présentation). Posons § = ¢ — 1, alors le systéme
(0.22) se réécrit

00 +u-Vo — kAH = r1(0),
ou+u-Vu—nAu+VQ = r(f,u,VQ), (0.60)
divu = 0,

ou k=r(l), 7=n(l) et

r1(0) = div ((k(1 +0) — K)VO) + hq (1 + 6),
r2(6,u, VQ) = div ((n(1 +6) — 7)Vu) — 0VQ + ha(1 + 6, u).

Notons que le systéme linéarisé de (0.60) est juste I’équation parabolique (0.54) & coef-
ficients constants sur la « température » 6, et le systeme de Stokes (0.55) sur la « vitesse »

2. Nous renvoyons le lecteur a la Définition 0.2 pour la définition de I’espace de Besov homogene.
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u et la « pression » (). Donc, les deux propositions relatives s’appliquent et nous donnent
des estimations a priori. Une autre observation importante pour résoudre (0.60) est que
les deux « termes sources » 1 et ro sont au moins quadratiques. Dans I’espace fonctionnel
ng P2 on s’attend & ce qu’ils soient négligeables si des données initiales sont petites. Par
conséquent, I’estimation a priori linéaire et ’estimation de produit (voir ’annexe §A.1 pour
lestimation dans des espaces de Besov plus généraux) suffisent pour borner la solution pour
tous les temps positifs & condition que les données initiales soient petites. Cela nous permet
de démontrer I'existence globale en temps.

Par ailleurs, un argument classique similaire a celui qui s’applique dans le cas de la
densité constante nous permet de traiter le cas ug grand. On va présenter ce résultat
précisément dans le théoreme 1.1 et le prouver dans la section §1.2.

Le cas véritablement non homogéne

Si Pon considere le cas véritablement non homogene, c’est-a-dire que ’on suppose juste
que la température initiale est positive et tend vers 1 a l'infini (donc elle varie arbitraire-
ment), alors les estimations a priori données par la proposition 0.7 et la proposition 0.8 ne
suffisent pas pour borner la solution de (0.22), méme en temps petit. En fait, les « termes
sources » Vu - V@, 0V(Q, etc. peuvent étre du méme ordre que ceux du membre de gauche
et donc ne peuvent pas étre absorbés.

Donc, dans le cas véritablement non homogene, il faut étudier les équations linéarisées
avec coefficients variables dans leurs termes a ordre principal. Dans la section §1.3.1, on
obtiendra des nouvelles estimations a priori appropriées, dont les preuves se trouvent dans
I’annexe §B.1 et 'annexe §B.4. Remarquons que la démonstration repose sur des estimations
délicates de produits et commutateurs (voir ’annexe §A) sous une condition « adéquate »
entre les exposants de Lebesgue py, pa.

La pression ), quant a elle, vérifie une équation elliptique sous forme divergence :

div(9VQ)=divLy avec Ly:=—-u-Vu+ Du-Vn+ hs. (0.61)

Dans le cadre d’énergie (disons l’espace de Sobolev H?® ou l'espace de Besov BZQ/ 3912 avec
p2 = 2), la démonstration est classique. Mais si pa # 2, on a besoin d’informations sur
les basses fréquences. L’estimation a priori [|[VQ||z2 < ||L1]|z2 nous aide & les contrdler
dans le cas pa > 2, grace a l'inclusion de la proposition 0.1. Pour majorer ||Li]||2, on peut
simplement appliquer U'inégalité de Holder || fgllr2 < ||fllr4llgllz+ aux termes de L;. Ceci
impose aux exposants de Lebesgue de prendre leur valeur dans 'intervalle [2,4] et donc
donne une restriction supplémentaire sur p; et po.

Pour conclure, on cherche a résoudre le systeme limite dans ’espace fonctionnel non
homogéne EFVP?(RY) suivant (avec quelques restrictions sur les exposants de Lebesgue py

et p2) :

(ET(le/ﬁl) N LlT(le/ﬁl“)) X (5T(B;f§ﬁ2‘1) n L;(ngf’lﬁl))d x (LlT(B;Zf”f‘l N L2)>d,
(0.62)
qui est critique par rapport a la régularité mais impose des conditions de décroissance plus
fortes a l'infini.
Afin de traiter les grandes données, on va décomposer la solution en deux parties : une
grande partie “libre” (01, ur) correspondant & la donné initiale (6p,up), autrement dit, la
solution de

ol — RAO;, = 0,
owug, — ﬁAuL = 0, (063)
(Or,ur)li=0 = (B0, uo),
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avec & = k(1) et 7 = n(1); et un terme de reste (A, %, VQ). On applique I'estimation a
priori classique sur la partie libre (67, uy) et la nouvelle estimation a priori sur la petite
partie (0, %, VQ), ce qui donne une estimation uniforme sur un petit intervalle de temps.
L’existence et l'unicité suivent par la méme technique. Ce résultat se trouvera dans le
théoreme 1.2 et on le prouvera en détail dans la section §1.3.

Remarquons que dans le cadre des solutions fortes, le systeme (0.1) et le systeme (0.22)
sont équivalents et donc (p,v) := (Po/(RY),u + akVV) satifait le systeme (0.1) avec une

pression VII € L%(Bzgﬁrl) si p1 > pa.

A la fin du premier chapitre, on considerera également le systeme (0.33) pour les gaz
généraux. L’analyse est similaire et on esquissera la preuve.

0.4.2 Un cas spécial

Le deuxiéme chapitre §2 est consacré a I’étude du systeéme limite (0.1) sous la condition
algébrique (0.15), a savoir le systeme (0.3).

Grace a sa forme spéciale, on obtient formellement les identités d’énergie suivantes, en
prenant le produit scalaire Lz(Rd) entre les équations et les inconnues o = p — 1 (voir la
notation (viii)) et u, respectivement,

t
/|g<t>|2+2// m|v@|2=/ o2, Vit >0, (0.64)
R4 0 R4 R4

t
/p(t)yu(t>\2+4// u]Au\g—/ poluol?, Wt >0, (0.65)
R4 0 JRd4 R4

Une autre observation est que si la densité initiale pg prend ses valeurs entre deux constantes
positives p, et p*, alors 'application du principe de maximum & I’équation parabolique sur
la densité implique que la solution p reste dans l'intervalle [p., p*]. Donc il existe deux
constantes positives k. et u, telles que (remarquons divu = 0)

et

t t
/0 /Rd w(p)IVel’ 2wl Vellzs zaey; /0 /RdulAuP > pallAullzy 2y = el Velliz o gay)-

Par conséquent, les quantités ||(0,u)||ze(z2) et [[(Vo, Vu)|p2(12) sont bornées par les don-
nées initiales (i.e. par les quantités ||(go, wo)||z2, p«, px) pour tous les temps positifs.

En général, (0.65) est vérifié sous forme d’inégalité, ce qui assure toutefois un effet
régularisant sur les deux inconnues, suffisant pour obtenir des solutions faibles de type Leray
via des méthodes de compacité. En effet, en s’inspirant de I’étude sur les équations de Navier-
Stokes & densité variable dans le livre [81], on régularise avec soin d’abord les coefficients r, p
et aussi les données initiales, afin de trouver une suite de solutions approchées satisfaisant
les inégalités d’énergie, en utilisant le théoreme du point fixe de Schauder sur un opérateur
compact (voir la proposition 2.2). Enfin, la méthode de compacité classique marche bien
et on montrera qu’il existe une solution faible a énergie finie globalement en temps dans la
section §2.2.1.

I est aisé de controler (en vertu de la condition (0.16)) que p et v := u — kVInp €
L2([0, +00); (L2(R9))4) vérifient le systéme (0.1) au sens des distributions. Mais en raison
d’un manque de régularité sur la densité initiale pg, on ne sait pas établir la continuité de
v a 'instant initial, parce qu’on ne peut méme pas définir la quantité x(pg)VIn py.

Dans la section §2.2.2 on démontrera que : supposons plutét g := po—1 € H'(R%), c.-a-
d. la vitesse originale vg appartient & (L?(R%))? aussi, alors (p—1,v) € H'(R?) x (L?(R%))4
pour tous les temps positifs si d = 2 ou 3. En fait, pour simplifier, supposons que x = 1,
alors en prenant le produit scalaire L?(R?) entre 1’équation (0.3) et Ap donne I'inégalité
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d’énergie sur Vp si 'on peut majorer le produit scalaire L? entre le terme de transport et
Ap : | Jga div (pu)Ap|. Parce que a priori on a (en remarquant divu = 0)

[ aw <,ou>Ap1 _ ' / w-w-w\ < 11Vl 2 |13 ey
Rd Rd
et en particulier en dimension deux et trois les deux inégalités suivantes sont vérifiées :

||VP||%4(R2) < CllApl 2 w2) Vol L2(r2), ||VP||%4(R3) < CllApllr2ws)llpll o sy, (0.66)

le terme de transport div (pu) peut étre majoré et donc ||Vpl|Le(z2) et [|Ap||2(z2) restent
bornés pour tous les temps positifs. Pour le cas général ou x dépend de p, on considere la
fonction scalaire a = a(p) avec Va = kVp et a(1) = 0 (voir (0.36)) a la place de p lui-méme.
Pour conclure, la solution faible obtenue (p, v) satisfait le systeme (0.1) avec valeur initiale
(00,v0) € H' x (L?)? en dimension deux et trois.

Dans le cas particulier de la dimension deux, on espére construire une seule solution
forte (o, u) dans lespace de Besov critique C(B%J(RQ)) x C(Bg(R?)), globale en temps.
Pour cela, il faut démontrer que la solution forte et les solutions faibles coincident et donc
la solution existe globalement et uniquement. Plus précisément, d’abord, on a une solution
forte maximale (p1,u1) sur un intervalle de temps [0,7%), T* < +oo. Remarquons que
I’espace des solutions fortes E%? (R?) implique qu’il existe un temps positif Ty < T* tel
que (o1,u1)|7, € B3 ;(R?) x Bj | (R?) et, il existe des solutions faibles et globales (pz, u2) &
donnée initiale en temps Ty. Par conséquent, la pseudo loi de conservation des normes de
(02, u2) dans l'espace de Sobolev H?(R?) x H!(R?) assure que, les solutions faibles (g2, u2)
sont toutes finies dans I'espace de Sobolev précédent sur U'intervalle [T, +00), et donc finies
dans I'espace de Besov critique, par inclusion. Pour conclure, les solutions faibles mais
régulieres prolongent la solution forte pour tous les temps positifs.

0.4.3 Etude du systéeme limite sans viscosité

Dans le troisieme chapitre, nous nous concentrons sur le systéme limite sans viscosité
(0.35), ou encore le systeme (0.37).

Grossierement, le systeme (0.37) se compose de deux types d’équations : une équation
parabolique sur la densité p (la méme que dans le systéme avec viscosité (0.2)) et un systeme
d’Euler a coefficients variables pour la vitesse modifiée u et la pression q.

Contrairement & ’équation avec viscosité (0.22),, I’équation (0.37), ne régularise pas
la vitesse u au cours du temps. Donc afin de conserver la régularité initiale, on suppose la
vitesse initiale ug dans un espace de Besov Bj . qui s’injecte dans la classe des fonctions
globalement lipschitziennes. C’est-a-dire que le triplet (s, p, ) € R x [1, +00]? doit satisfaire

d d
s>1+ —, ou s=1+—, r=1. (0.67)
p p
Afin de propager la régularité initiale, il faut en plus que le terme source (hs — AVq)
soit dans L' ([0, T; B, ). En vertu de la définition de h3 (0.38), il faut donc au moins

V?pe L'(0,T); By,), VpeL®(0,T)L®), et VqeL'([0,T];B;,).

Comme p vérifie une équation parabolique a coefficients variables, on s’attend, au moins
sur un intervalle de temps petit, a maintenir la régularité initiale et a un gain de deux
dérivées en espace lors de l'intégration en temps, comme dans la proposition 0.7 de la
section §0.4.1. Alors il suffit que ’on considere la densité initiale g9 = pp — 1 dans le méme
espace fonctionnel By, que ug.
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Le cas p € [2,4]

Pour traiter la pression Vg satisfaisant ’équation suivante (similaire & (0.61))
div(A\Vq) =div Ly avec L9 = —(u+ Vb)-Vu + hs, (0.68)

on applique Uestimation ||Vq||r2 < ||L2||z2 pour estimer les basses fréquences quand p > 2.
De plus, I'application de Hoélder || fgl|lr2 < ||fllzallgllzs & Lo demande p < 4.

L’analyse de I’équation d’Euler linéarisée dans 'espace généralisé (voir 1’annexe §B.3)
nous permet d’obtenir une unique solution (g, u, Vq) (voir le théoreme 3.1) dans 'espace
fonctionnel £, . (T') suivant :

(Cr(B3) NERBD) ) < (ErB3,) ) < (Eh(B ) N LEED)" (0:69)

Lorsque I’on cherche a établir un critere de prolongement de type de Beale-Kato-Majda
pour le systeme (0.37), la structure des non linéarités h3 et Vb - Vu entre en jeu. En fait,
par exemple, en vertu de l'espace (0.69), la norme Ly(Bj,) de u - V2b, AbVD et Vb - Vu
nécessite que [|(u, Vb)||ree (1) et [[(Ab, Vu)HLQT(Loo) soient finis, car on ne sait pas que Vb

appartient a 1’espace EZT(B;T). Finalement, par des estimations de commutateur et de
produit plus fines, c’est-a-dire que 'on considere la norme de L a la place de B;;l, on
arrive a un critere de prolongement qui est présenté dans le théoreme 3.2.

Si 'on prend la norme de B;;l a la place de L™ et L*, on obtient une borne inférieure
pour le temps de vie en terme des données initiales, dans le théoreme 3.3. De plus, observons
une relation entre la taille des données initiales et le temps de vie : soit (p°, u®, V¢©) une
solution du systeme (0.37) avec la donnée initiale (p§,ug)(z) sur un intervalle de temps
[0,7.], alors le triplet (p,u,Vq) est également une solution, sur un intervalle de temps
[0, 7 tel que T > T. 2. La relation entre les deux solutions est la suivante :

(p°, u*, V) (t, z) = (p,e_lu,e_SVq) (et et o), (p§,us)(x) := (po,e tug) (e ).

Par conséquent, fixons €2 = ||ug| B;, et supposons que la densité initiale go soit d’ordre ¢,

alors le temps de vie est d’ordre 2.

Le cas a énergie finie

Notons que la restriction p € [2,4] assure que hg et (u + Vb) - Vu sont dans L?, ce qui
permet de résoudre I’équation de la pression (0.68). Donc pour éliminer cette restriction, on
demande & la donnée initiale (oo, ug) d’étre d’énergie finie et on espere obtenir Vg € L1.(LP)
pour tout p €]1,00]|. En fait, formellement, on a l'identité d’énergie (0.64) pour la densité
et 1’égalité d’énergie suivante pour v (similaire a (0.65)) :

(/Rdmmz));:/Ot/RdU'diV(U®Va)E/Ot/Rd(U‘i‘Vb)-VQa-u+(u-Va)Ab_ (0.70)

Donc
Ccoe
()17 2 gay < Ce“®D (uolF2 + oo = 1]72) »
avec
! 2 4 2 2 12
o(t) :/0 (IVollze + [IVolLee + Vol + [[VEpll7ee) dr.
Ceci donne Vq € Li(L?) immédiatement, & condition que ¢ € L3°(B5,) N ElT(B;tZ) et
Vu € LP(L>). Donc si p > 2, alors en raison de l'injection, on a déja obtenu I'information

de basses fréquences sur la pression. Sinon, on applique I'inégalité || fgllLe < ||f|lz21l9l Lr*
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avec = + % = L afin d’obtenir Vq € L%F(L”). Plus précisément, en multipliant ’équation
(0.4), par p et en appliquant I'opérateur div, on arrive a I’équation de Poisson suivante
(remarquant div dyu = 0) :

Ag=divLs, avec Ls=—(p—1)0u— (pu— Va)-Vu+ phs.

Parce que Bz;l s'injecte dans LP" et de plus, Oyu € LY(L?) qui résulte de équation (0.4),,
on a L3 et donc Vq appartenant a L%F(Lp ). L’étude des hautes fréquences est plus classique :
on applique la décomposition de Littlewood-Paley et apres I'estimation de commutateur.

Dans 'annexe §B.2, on établit une nouvelle estimation pour I’équation parabolique a
coefficients variables dans les espaces de Besov avec exposant de Lebesgue infini. Ceci nous
permet de traiter le cas limite s = 1, p = oo, r = 1. Lorsqu’on consideére le nouveau systeme
vérifié par la différence (8p, du, Vq) de deux solutions (p%,u’, Vq'), i = 1,2 de (0.37), il y
a une perte de régularité, a cause du caractere hyperbolique de I’équation sur u. Ceci nous
conduit & démontrer la convergence de la suite de solutions approchées (et I'unicité) dans
un espace moins régulier. Donc ’espace candidat naturel est Bgo,l au lieu de By ,. Ceci
requiert Viq € LIT(BgOJ) et en conséquence, ceci demande div (u! - Viu) € L%F(Bgofl), en
raison de I’équation (0.68). Mais ’estimation

||diV (ul . V(Su) HBZ,/IP_I S C’||u1 |‘Bz/1;;+1 ||V(5UHB§7/Ip—1

est vérifiée seulement si p < oo. Donc, on est conduit & prouver que la suite de solutions
approchées est une suite de Cauchy dans ’espace Cr(L?). Comme le terme source de 1’équa-
tion de dp appartient a L%(LQ) au lieu de L%(L2), il permet d’augmenter la régularité de &p
tel que 6p € L¥(H') N LA (H?). De 13, le terme source de 1’équation de u est dans Li.(L?)
et donc l'estimation d’énergie de du sort. Voir la section §3.4.2 pour I'analyse en détail et
le théoreme 3.6 pour le résultat.

Signalons enfin que si la densité est proche de 1 alors on peut écrire

Agq=divLy avec L4= Lo+ QVq,
p

ou (0/p)Vq est vue comme une perturbation. La théorie de Caldéron-Zygmund nous permet
de traiter alors tout p €]1, ool

Minoration du temps de vie en dimension deux

En dimension deux, il est naturel de supposer que le tourbillon w := 9,,u? — 9y, ul =
Oz, % — Oz, v! est dans Pespace de Besov limite Bgo,1- Cette information permet de majorer
les hautes fréquences de la vitesse u. D’un autre coté, les basses fréquences de u sont
controlées par l'inégalité d’énergie (0.70) en considérant la densité g := p — 1 comme des
petits coefficients. Donc, il reste & majorer le tourbillon [lw[go ~par la vitesse |ulp |
linéairement sur un intervalle de temps (qui peut dépendre de la taille de la densité), afin
de borner u sur cet intervalle. Et ceci implique que le temps de vie tend vers 'infini a
condition que la densité initiale gg soit petite.

Plus précisément, en vertu de I’équation (0.35), w vérifie I'équation suivante :

Ow + v-Vw + wAb + (" A0Il — 0A01IT) = 0 avec b=10b(p), A= A(p).

Conformément a la proposition 3.2 (qui est une version précisée de la proposition 0.6 ou la
croissance exponentielle est remplacée par une croissance linéaire) pour l’estimation a priori
de I'équation de transport, [[w||go  est majorée par ||[Vvl|pe~ et [|divollcs = [|Abl|cs

007

t
(ol gy, + lwtb+ (@12 60 — AT ) (1 +/ (190l + 1 20llcs) ).
, ’ 0
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Donc, I'estimation de produit et ’estimation de la pression ci-dessus permet de majorer w
par C(p)|[ull gL, avec le coefficient C(p) dépendant de p. Par conséquent, u reste bornée

sur un intervalle de temps qui dépend de la densité et de plus, le temps de vie tend vers
I’infini si la densité p tend vers une constante positive.
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Chapitre 1

Low-Mach number limit system

This chapter is devoted to the well-posedness issue for the low-Mach number limit
system (0.1) (or more generally, the system (0.33)) obtained from the full compressible
Navier-Stokes system, in the whole space R? with d > 2. The physical coefficients (u, v, k)
in (0.1) are assumed to be regular functions of the temperature ¢, and we consider only
the viscous and heat-conducting case, namely Condition (0.8) is verified. In the case where
the initial temperature (or density) is close to a positive constant, we establish the local
existence and uniqueness of a solution in critical homogeneous Besov spaces of type B]‘;,l.
If, in addition, the initial velocity is small then we show that the solution exists for all
positive time. In the fully nonhomogeneous case, we establish the local well-posedness in
nonhomogeneous Besov spaces B (still with critical regularity) for arbitrarily large data
with positive initial temperature. As in the recent work by Abidi-Paicu [1] concerning the
density dependent incompressible Navier-Stokes equations, the Lebesgue exponents of the
Besov spaces for the temperature and the (modified) velocity, need not be the same. This
enables us to consider initial data in Besov spaces with a negative index of regularity. At the
end of this chapter, we will sketch the proof of the well-posedness results for the low-Mach
number limit system (0.33) in the case of general gases.

Except for Section §1.4, the content of this chapter has been published in [37].

1.1 Main results

As showed in Section §0.2.1, by introducing a new divergence-free velocity vector u :=
v — akVY, the low Mach number limit system (0.1) for perfect gases can be rewritten into
System (0.22), concerning the new unknowns (¢, u, VQ) :

aﬂ?-f—U‘Vﬁ—diV (IiV’ﬂ) = hl 9 y
Oru~+u-Vu—div(nVu) +9VQ = ha(d,u), (1.1)
divu = 0.

Here k, h1,1, ho are defined by (0.12), (0.17), (0.18) and (0.19) respectively :
k(9) = akd, hi(9) = —2ak|VI]%, () = audCp,
and
ho(9,u) = A1 |VO2PVD + AsAIVY + A3V - V29 + AyVu - VI 4 AsDu - V9,

with A;,4 = 1,---,5 are all regular functions of 9, given by (0.20). We will see that our
solutions are regular enough to return from the above system (1.1) to the original system
(0.1).
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CHAPITRE 1. LOW-MACH NUMBER LIMIT SYSTEM

Recall that in the slightly nonhomogeneous case (that is under a smallness condition on
the “temperature” § := ) — 1), the optimal functional space EL'P?(R9) is defined by (0.59)
in introduction part

5 o o d/p1+2 5 5d/pa—1 o d/pa+1.\ 4 o d/pa—1,\¢
(Cr@E N Lh(ByR) < (CrB ) LB ) (Lh(By )

In what follows, we shall denote
HQHXIH(T) = HQHE%O(BZ{T) + HGHL;(BZZ{T”)’
Jullgoary = sy + el s,
HVQHZPQ(T) = HVQHLlT(BSQ)E*l)’

and we will drop T in XP(T), Y?2(T), ZP3(T) if T = +oc.
In such case, for convenience, we can rewrite System (1.1) into System (0.60), i.e.

00 +u-VO—RAH = r1(6),
u+u-Vu—nAu+VQ = r(f,u,VQ), (1.2)
divu = 0,

where & = k(1), 7 =n(1) and

0) = div ((k(1+6) — k)VO) + h1(1 +0),
0,u,VQ) =div((n(14+6) —7)Vu) — 0VQ + ha(1 + 0, u).

T (

TQ(
Let us state the main well-posedness result for the slightly nonhomogeneous case :

Theorem 1.1. Let 0y € Bgl/ﬁl and ug € ngﬁz_l with divug = 0. Assume that

1<p1<2d, 1<py<oo, pi<2po,

1,11 1 ,1<1 1, 1< 1.
1771+Pf2>a’ E‘FEZPT and p—1+32;2 (1'3)

There exist two constants 7 and K depending only on the coefficients of System (1.2) and
on d,p1,p2, and satisfying the following properties :

~If

1801l sy < 7, (1.4)
P11,

then there exists T' € (0, +o0] such that System (1.2) has a unique solution (6,u, VQ)
in EXVP? which satisfies

HHH CP1(T < KHGOH 5d/p1
XP1(T) BT
P11

and
lllnsry + V@l goary < B (160 gy + et gormas):
P11, P2,

- If

’\90\\3;11/?11 + Hunggﬁg—l <, (1.5)
then T = 400 and the unique global solution satisfies

1011 icm, + l1ull e + V@l o2 < K (0]l garny + lluoll garma—1)- (1.6)
Pl P2,

Bd/pl % Bd/pzfl

In addition, the flow map (6o, uo) — (0,u, VQ) is Lipschitz continuous from B " o1

P1,P2
to B 7=,
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Remark 1.1. A similar statement for the nonhomogeneous incompressible Navier-Stokes
equations has been obtained by Abidi-Paicu in [1]. There, the conditions over p; and ps
(which stem from the structure of the nonlinearities) are not exactly the same as ours for
there is no gain of regularity over the density and the right-hand side of the momentum
equation in (0.60) is simpler.

Let us stress that in the above statement, the homogeneous Besov spaces for the velocity
are almost the same as for the standard incompressible Navier-Stokes equation (except that
in this latter case, one may take any space Bgz/ﬁ?_l with 1 < ps < oo and 1 <7 < 00). In
particular, here one may take p, as large as we want hence the regularity exponent d/py —1
may be negative and our result ensures that suitably oscillating large velocities give rise to
a global solution.

The important observation for solving (1.2) is that all the “source terms” (that is the
terms on the right-hand side) are at least quadratic. In a suitable functional framework —
Egl P2 given by our scaling considerations, we thus expect them to be negligible if the initial
data are small. Hence, appropriate a priori estimates for the linearized system pertaining
to (1.2) and suitable product estimates suffice to control the solution for all time if the data
are small. This will enable us to prove the global existence. In addition, a classical argument
borrowed from the one that is used in the constant density case will enable us to consider
large ug.

Let us now turn to the fully nonhomogeneous case. Then, in order to ensure the ellipticity
of the second order operators in the left-hand side of (1.1), we have to assume that g is
bounded by below by some positive constant. Proving a priori estimates for the heat or
Stokes equations with variable time-dependent rough coefficients will be the key to our
local existence statement. Bounding the gradient of the pressure (namely V@) is the main
difficulty. To achieve it, we will have to consider the elliptic equation

div(WVQ) =divL with L:=—u-Vu+ Du-Vn+ hs. (1.7)

In the energy framework (that is in Sobolev spaces H® or in Besov spaces BZZ/ f’f with po = 2),

this is quite standard. At the same time, if ps # 2, estimating VQ in BgQ/ 7pl2_1 requires some
low order information in LP2? over V(. Thanks to suitable functional embedding, we shall
see that if po > 2 then it suffices to bound VQ in L2, an information which readily stems
from the standard L? elliptic theory. As a consequence, we will have to restrict our attention
to a functional framework which ensures that L belongs to L?. This will induce us to make
further assumptions on p; and py (compared to (1.3) in Theorem 1.1) so as to ensure in
particular that V@ is in L?. Consequently, the homogeneous critical framework is no longer
appropriate since some additional control will be required over the low frequencies of the
solution.

More precisely, we shall prove the existence of a solution in the nonhomogeneous space
EPP2(RY) which is defined by (0.62) in introduction part. And hence by convenience, in
what follows, we denote

161l 1) = 18 g, + 160 2
fullraqry = Nl g, + el iy

IVQlzr(r) = IV QL o111

Let us state our main local-in-time existence result for the fully nonhomogeneous case.

1.1. MAIN RESULTS 31



CHAPITRE 1. LOW-MACH NUMBER LIMIT SYSTEM

Theorem 1.2. Let (p1,p2) satisfy

1 1 1
l<pi <4, 2<py<4, —+->— (1.8)
p2 d  p1
with i addition ) . .
<4 if d=2, and —+->— if d>3.
p1 d o pe

For any initial temperature 99 = 1 4 6y and velocity field ug which satisfy

0<m<y, divug=0 and HQQHBd/pll + Huo||Bd/plr1 <M, (1.9)
P11, P2,

for some positive constants m, M, there exists a positive time T depending only on m,
M, pi1, p2, d, and on the parameters of the system such that (1.1) has a unique solution
(9,u,VQ) with (6,u,VQ) in EF'P>. Furthermore, for some constant C = C(d,p1,p2), we
have

m<d and 0]z + lullyrs ) + 1VQllzracr) < CM. (1.10)

and the flow map (0o, ugp) — (0,4, VQ) is Lipschitz continuous.

Remark 1.2. The above theorems 1.1, 1.2 and the transformation (0.12) u = v — akVV
ensure that the original system (0.1) is well-posed. More precisely, in the case 1 < p; = pa <

2d for the initial data (Yo, vo) satisfying the third equation, and (Yo—1,vp) in B;fl/f”ll szl/ﬁl_l
with (1.4), we get a local solution (¥,v, VII) of (0.1) such that (6,u,VQ) € EE'P* and the
solution is global if (1.5) holds. Under the same regularity assumptions with in addition
2 < p1 < 4 then if ¥y is just bounded from below, we get a local solution in EX''P'. In the

case p1 # pa, a similar result holds true. It is more complicated to state, though.

Let us end this section with a few comments and a short list of open questions that we

plan to address in the future.

— To simplify the presentation, we restricted to the free evolution of a solution to (1.1).
As in e.g. [29, 32], our methods enable us to treat the case where the fluid is subject
to some external body force.

— We expect similar results for reacting flows as in [44] (as it only introduces coupling
with parabolic equations involving reactants, the scaling of which is the same as that
of ¥). We here restricted our analysis to gases for simplicity only.

— Granted with the above results, it is natural to study the asymptotics € going to 0 of
the rescaled system (0.9) in the above functional framework. This would extend some
of the results of Alazard in [2] to the case of rough data.

The rest of this chapter unfolds as follows. In Section 1.2, we focus on the proof of our
first well-posedness result (pertaining to the case where the initial temperature is close to
a constant) whereas our second well-posedness result is proved in Section 1.3. In the last
section §1.4, we will consider the general gases case briefly.

1.2 Slightly nonhomogeneous case

This section is devoted to the well-posedness issue for System (1.2) in the slightly non-
homogeneous case, i.e. Theorem 1.1. The proof strongly relies on a priori estimates for the
linearized equations about zero which are already given by Proposition 0.7 and Proposition
0.8 in the introduction part. Besides, the estimates for the products given by Proposition
A.2 and the estimates for the actions given by Proposition 0.5 also play an important role
on controlling the “source” terms. In fact, we will thoroughly use the following inequalities,
which come from the usage of Bony’s decomposition and estimates in Proposition A.1 :

32 1.2. SLIGHTLY NONHOMOGENEOUS CASE



CHAPITRE 1. LOW-MACH NUMBER LIMIT SYSTEM

— For any p € [1,00), the homogeneous Besov space B" 1 is an algebra. Hence

w| ¢ Slull q ||lv|| e« 1.11
ool Sl g ol (1.11)
and moreover for any f € C' : R — R with 0 as a fixed point, we have
1f )l . < C(llullee)llull . a (1.12)
BP
P p,1
41
~IfL o < p + 3, then
lvl o Slull g ol o+l oo loll o (113)
By P2»1 Bm,l P21 P1,1
— If p1 < 2d, p1 < 2po, p%gi—l-l then
luvll g Sllull o ilfoll o +full o ol a_,. (1.14)
p211 Bm,l Bmyl Bm,l p1,1
In fact, in the case p; < po, then if p; < 2d, we have
luvl o S ol xSl ol g s
p2,1 BI)l,l Bpl 1 Bpl,l
In the case p; > ps, then noticing that
o1 1 1 11
ITwoll g Sl alloll oy i = — = — <min{—, =},
p2,1 p3,1 pl,l p3 p2 pl p
Estimate (1.14) also holds.
1 1 11
- If171+172>3’ o _p1+d,then
lwoll oy Sl o flvl s (1.15)
2,1 p1,1 P2,1

For proving existence, we will follow a standard procedure, first we construct a sequence
of approximate solutions, second, we prove uniform bounds for them, and finally we show
the convergence to some solution of the system. In the case of large initial velocity, we will
have to split the constructed velocity into the free solution of the Stokes system with initial
data ug, and the discrepancy to this free velocity. Stability estimates and uniqueness will
be obtained afterward by the same argument as the convergence of the sequence.

Step 1. Approximate solutions

Solving System (1.2) will be based on an iterative scheme : first we set the solution to
the following linear system ! :

DO un - VT — FAGTH - ",
O™t 4 - Vut — pAut v = Y,
divut! = 0, (1.16)

(6", Un+1)\t:0 = (Sn+190, 5n+1uo),

with S, 1 := x(2~"*V D) defined in (0.43) and, denoting 9™ := 1 4 4",
= (") = div ((k(9") — &)VO™) — K/ (97)| V"%,
ry =y (0", VQ") = div (n(¥") — 7)Vu") — 0°VQ" + ATV [*Ve"
+AZAOMVO™ + AFVEO" VO™ 4+ ATV - VO™ + AZDu™ - VO™
Above, it is understood that A} := A;(¥") with A; defined by (0.20).

1. Note that the existence of solution for this system may be deduced from the case with no convection.
Indeed, considering the convection terms as source terms, it is not difficult to construct an iterative scheme
the convergence of which is based on the estimates given by Proposition 0.7 and Proposition 0.8.
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Step 2. Uniform bounds

In order to bound (#"*!,w"*t!, VQ"!), one may take advantage of Proposition 0.7
with s = d/p; and Lebesgue exponents (p1,p2) (here comes the assumption that 1/p; <
1/d 4+ 1/p2), and of Proposition 0.8 with s = d/pg — 1 and exponents (ps, p2). Concerning

d

44y +1
6"+1 if py < py then we use the embedding B}fjl — B}fll 1 - We eventually get

fluml 1, 5d/po+1
Hen-l—IHXpl(t) <e Lt(BPle )(

flu™ 9/ra-+1

+1 +1 Li(B V(1€
1™ gy + 1VQ M gy S € 2 (1 avoll g1 + 178y a1, J1.18)

Sni16oll - o )1.17
1Sn+1 0”3;1{?11 +Hr1”L%(B§ff’f) (1.17)

Let us now bound r} and r§. Using (1.11) and (1.12), we easily get

[N RS <1+||9"|| .,,otl) <II9”II 116" d+2+HV9"H2 ) (1.19)
Bm,l Bm,l P1 1 Bpl 1 Bppl

d
As regards 7%, it is mostly a matter of bounding the following terms in L} (B "2 ) (noticing

p2,1
divu =0) :
V20m . ver,  |VOTPVen,  div (0"Vu™), V" @ Vu" and 6"VQ".

Indeed, on any interval [0, 7], taking the ¥" dependency of the coefficients into account will
only multiply the estimates by some continuous function of ||6™]] a4, by (1.12) and
oo (R P1

T( P11
(1.15). In what follows, this function will be denoted by Cyn.
Now, by (1.14), we have
Iv2om - vor|l o, SVl o L (IVOT]| 4 + ||V29"H VO™ o (1.20)
p2,1 p1,1 P1171 17171 101,1
and
VPO oy STVOI 2 IVO"] o (1.21)
p2 1 Bm’l Bppl
We also easily get
ldiv @V | o SN o IV o 107 IV o, (122)
Bm,l Bpp1111 BP271 1511’1 31522’1
Finally, according to Inequality (1.15),
IVur @ Vot o, < VO o [Vu']] o
p2271 P2 1
10"VQ"| 4. ST L [ IIVQ"II S
P21 P17 P2 1

So, plugging all the above inequalities in (1.17), (1.18) finally implies that

Clull 4
( )
10" gy S (neoug% + Conll" s ) (1.23)
Pla
Cllum™|] LA
(B
1 sy + IVQ Ml zmagy S %20 (Juoll o,
p2,1
+Con 0" sy (10" ion i + 1" gy + I9Q I gmag) ). (1:24)
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Note that the right-hand sides involves only initial data and at least quadratic combi-
nations of the norms of (6", u", VQ™). From a standard induction argument, it is thus easy
to find some small constant 7 such that if

0ol o +lluoll, o, <7 (1.25)
P1 P2
p1,1 p2,1
then, for all n € N and t € R, we have for some K > 0 depending only on the parameters
of the system and on d, p1, ps,

p1
P11 p2,1

16" Ln o+ 1" gy + 19Q" gy < K160l 4+ lluoll ). (1.26)
B 2

This completes the proof of uniform estimates in the case where both 6y and ug are small.

Let us now concentrate on the case where only 6y is small. Assuming that T has been
chosen so that

T
exp(C/ lu™|| 4., dt> <2, (1.27)
0 B2,

and that 0y is small enough, Inequality (1.23) still implies that

16" s ¢y < KNGl o (1.28)
(T) b
B

p1,1

if (1.4) is satisfied and if ™ also satisfies (1.28).
However, if ug is large then Inequality (1.24) is not enough to bound u"*!. Therefore
we introduce the “free” solution uy, to the heat equation

_iA —
uL‘t:O = Uup,

and define u} = S,ur. Of course that divuy = 0 implies that divuy, = 1. Now, @™t :=

untl — uTLLJrl satisfies

atﬁn—i-l 4 u™ - v,an+1 _ ﬁAan—‘rl + v@n—&-l — f%)
div @™ t! = 0,
—n+1
Ty |t:0 = 07

. -n __ ..n n n+1
with 7§ =7y —u" - Vu; .

Note that u™ - Vu™ = div (u" @ u™). Hence, by (1.11) we have
1750 oy SUP3I ay + lul a lE a (1.30)
BI?;, 1 B;QQ, 1 Bpp; 1 B;QQJ

Hence, bounding 73 as above but splitting u" into 4" + u7 when dealing with the terms
Vu™- VO™ or Du™ - V6™, we get under hypothesis (1.27), for all ¢ € [0, 7],

Han+1||)'/p2(t) + Hin_HHsz(t) < C(HenHXm(t)(HenHXm (t) + HanHYPz(t) + HinHsz(t))

a1 PR 7 TP B (- PR 271 PR |
oo Ll(Bp2 )
t\Fpo,1 t\Fpo,1 t\"py,1 t P11 t\Fpo,1
Therefore, if we assume in addition that T" has been chosen so that
Jucll 4 i, <7 (1.31)

4 cd 41
L3 (Byy ONLy (B2 1)
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and if
||ﬁn||YP2(T) + ||VQn||Z'p2(T) <7 (1.32)

then we have also (taking 7 smaller if needed) (1.27) and
17 gy + 9@ gy < 7

Now, an elementary induction argument enables us to conclude that both (1.27) and (1.32)
are satisfied (for all n € N) if T" has been chosen so that (1.31) holds.

Step 3. Convergence of the scheme

Let us just treat the case where only local existence is expected (that is uy may be
large). We fix some time 7T such that (1.31) is fulfilled. Let (®™! ™t &Qn+1) := (7 +! —
om, untt — ", Q" — Q™). We have

Oy 4 um - VT — RAGH! = =" VO =
Opoumtt - Vet — At + VM = —qum - Vu 4 —
div qu+! = 0,
(50n+1’ 5u”+1)]t:0 = (Aneo, Anuo)

By arguing exactly as in the proof of the stability estimates below, it is not difficult to
establish that if 7 has been chosen small enough in (1.31) then for all n > 1,

n n n n-d n(-£ -1 A
H(w +1HXP1(T)+H&“ Jr1||}'/132(T)+”V@ +1HZP2(T) < 0(2 7 HATLH()HLpl +2 (p2 )”AnUOHLW)
1 n n n
+§(H59 seon ¢y + 10U lms o) + 1VOQ™ | 22 ) -

~ Hence (6",u", VQ")nen is a Cauchy sequence in Eé’} P2 The limit (6, u, VQ) belongs to
EF'P? and obviously satisfies System (1.2).

Step 4. Uniqueness and stability estimates

Let us consider two solutions (0Y,ut, V@) and (0% u?, VQ?) of System (1.2), in the
space EFMP? with (p1, pa) satisfying (1.3). The difference (8, du, 0Q) = (0> -0, u? —u!, Q? —
Q') between these two solutions satisfies

00 +ul - V¥ — EAD = —du - VO? +r1(0%) — r1(0Y),
Opdu + ut - Vou — nAdu + ViQ = —du - Vu? + ro(0%,u?, VQ?) — ro(0, ul, VQL),
divdu = 0.

Therefore, according to Propositions 0.7 and 0.8, we have for all ¢ € [0, 7],

gl

f[u d
Ll(BPQ )
18 my Se 0 (1ol o+ 00O a0 =] o ),
Bpl,l Lt(Bpl,l) Lz(Bp1,1)
'l g
Ll(B )
1l ya gy + VRN gay S e 1021 (1lduoll oy + - V2|
B;’fyl L%(Bzf;l )

Hira (6,2, 9Q%) — a0, QY ).

Li(B2, )
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The nonlinear terms in the right-hand side may be handled exactly as in the proof of the
uniform estimates (as the norms which are involved are the same there are no further
conditions on p; and ps). For instance, by (1.13), we have for 1 < L 4 d?

p1 — P2
low- V&2 o Sloull o VO el el VO e
1pP1 Pl 1([3P2 oo ([Pl
+( P11 t( P2, 1) i p1,1 t\Fpo,1 ) £( p1,1 )

and, because
r1(62) — r1(0Y) = div ((Hw?) — k() VO + (k(9) — fz)vae)

—(K'(9%) = &' (91))|[VO?)? — ' (") (V (0" +67) - V&),
we have, according to (1.11) and (1.12),

2y _ 1 < 1 2
6% = i@ x5 Corge (196 g + V0% o )1V

p1,1 P11 P11 Bpl,l
+(IVO1? o + IV o MBI, o + 0] 2 IAD] & )
Bp1 r1 BPI pr1
P11 ;01»1 P11 p1,1 p1,1

We may proceed similarly in order to bound the right-hand side of the inequality for du.
We eventually get for all ¢ € [0, T,

H59||Xp1(t < 001 ,02 ul (||590|| dl +||02||Xpl(t ||&‘L||YP2 t)+(||01||XP1(t +H92”XP1 )H(pHXm(t))a

p171
H(;uHsz(t +||V5Q”Zp2(t <O€1 02 ul <||5u0|| +||U2|| ) ,% (”$||Xp1(t)+H&uHYPQ(t))
P21 t po,1
2 2
V) 4 IVQ )
t(Dpoa ¢ Pl

+(HQIHXZH(t) + H02HXP1 (t)) (||69||Xp1(t) + H&LHYPQ(t) =+ Hv@HZPz(t)))'

In the case where (0!, u!, VQ') and (6%,4?, VQ?) are small enough on [0,7], all the
terms involving (&, du) in the right-hand side may be absorbed by the left-hand side. This
yields stability estimates on the whole interval [0, T, and implies uniqueness.

The case where the velocity is large requires more care for it is not clear that the
terms corresponding to div (& - Vu?), Vu? - V&, du - Vu? and HVQ? are small compared
to ||(59HX,,1 @) T 10ullys gy + VORI s ) - However, we notice that they may be bounded in

Ll(B,fﬁ L) by

2 2 2

Vol o Hldull o Y o @ (Ve o HIVQH  a, )

2 P1 2 p2 2 P2 oo p1 1 p2 ) 1( p2

t p1,1 t p2,1 t po,1 t p1,1 t po,1 t p2,1
Obviously the terms corresponding to u? and VQ? go to zero when t tends to 0. If both
solutions coincide initially, this implies uniqueness on a small enough time interval. Then
uniqueness on the whole interval [0, 7] follows from standard continuity arguments.

For proving stability estimates, one may further decompose u' and u? into

1

U :al—i—uL and  u?

:az+uL7

where uy, stands for the free solution to the Stokes system that has been defined in (1.29).
We can thus write

/N e a o < flucll g g @l .

L2(Bp2 )le(sz%l ) L?(B;’;l)ﬂL%(Bp 1) L2(Bp21)ﬂL1(B 1)
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If T has been chosen so that (1.31) holds true and if (%, u?, VQ?) is the solution that has
been constructed above then we conclude that the above terms may be bounded by 7. So
they may be absorbed by the left-hand side, and it is thus possible to get the continuity of
the flow map on [0, 7] for T" satisfying (1.31). The details are omitted.

1.3 Fully nonhomogeneous case

In this section we establish local well-posedness results in the fully nonhomogeneous
case (i.e. Theorem 1.2) : we just assume that the initial temperature is positive and tends
to some positive constant at infinity (we take 1 for notational simplicity). In this framework,
the a priori estimates for the linear equations considered in Section §1.2, i.e. Proposition 0.7
and Proposition 0.8, are not sufficient to bound the solutions to (1.1) even at small time.
The reason why is that some quadratic terms such as Vu - V6 or 6V(@Q may be of the same
order as the terms of the left-hand side hence cannot be absorbed any longer. In the fully
nonhomogeneous case, the appropriate linear equations that have to be considered have
variable coefficients in their main order terms.

In the first part of this section, we present new a priori estimates for these linear equa-
tions in the solution space EF!'"P?. The proofs can be found in Appendix §B.1 and §B.4 and
as we believe this type of estimates to be of interest in other contexts, we provide there the
statements for a wider range of Lebesgue and regularity exponents than the solution space
E%’} P2 here. The second part of this section is devoted to the proof of Theorem 1.2. We re-
mark here that the nonhomogeneous version of the product estimates such as (1.11)-(1.15)
also holds true. Hence we will also use them to bound the nonlinearities.

1.3.1 Linearized equations

In order to bound the temperature, we shall establish a priori estimates in nonhomoge-
neous Besov norms for the solutions to

00 +u-Vo—div(kVe) = f,
1.33
{ 0t=0 = 6. ( )

Here the conductivity function k is strictly positive such that
Ky 1= min k(t,z) > 0. (1.34)

(t,z)€[0,T)x R4

Besides, the scalar function x — 1, the divergence free vector-field u, the initial data 6y and
the source term f are smooth enough and decay at infinity.

We will have the following estimate for  in the Banach space XP!(T), the proof (and
also the generalized version) of which can be found in Appendix §B.1 :

Proposition 1.1. Let 0 satisfy (1.33) on [0,T] x RZ. Let (p1,p2) € (1,00)? fulfill
1 1 1

<4 1.35
pr - p2 d (1.35)

Then there exists a constant Cy depending only on d,pi1, ps, ks« such that 0 satisfies for all
tel0,7]:

2

(1.36)
e <||90||Bd/m A1) 3 gy + ||f||L1(Bd/p1)> -
P11 t p1,1

38 1.3. FULLY NONHOMOGENEOUS CASE



CHAPITRE 1. LOW-MACH NUMBER LIMIT SYSTEM

In the fully nonhomogeneous case, the appropriate linearized momentum equation turns
out to be

Ou+v-Vu —div(nVu) + A\VQ = h,
divu = 0, (1.37)
u’t:() = o,

where v is a given divergence free vector-field, and (1, \) are given smooth positive functions.
Suppose that v, n—1, A—1, the initial data ug and the source term h are smooth and decay
at infinity. We have the following a priori estimate for this linear system (see Appendix
§B.4 for the proof) :

Proposition 1.2. Let T > 0 and (u,VQ) be a solution to (1.37) on [0,T] x R?. Let
p1 € [1,00) and ps € [2,4] satisfy

2 1 1 1
p2 < 1 if m>2, —<—+=, and (p1,p2) # (4,4) if d=2. (1.38)
p1—2 p2~ p1 d

Assume that there exist some constants 0 < m < M, cx(d,p1,p2) small enough, and
N € N such that

min("% >‘) >m, H)‘HLOO([O,T}XRd) + HVAHL’%O(Bd/pll_l) < M,
1,

. 1.39
inf s sejorr) SN @) 2 /2, A= SNl ) < exm. (1.39)

Then there exists a constant Co depending on d,p1,p2, m, M, N such that the following a
priori estimates hold :

lullyra ey + [IVQIl zv2 (1)
2/(1-6)

cz(uwul afpg HIVOIE s HIORIE IV ,6)
<. LI(BEP) 1y/3 /P22 A /U070 (1.40)

x O (Jlwoll g + 1810l g ) + 10l y ey )

with 6 = min(1/2,d/p1).

Remark 1.3. As pointed in Remarks B.2 and B.8, the quantities C1||A_10]|1(1ry and
Col|A—1ullpi(peey in the a priori estimates (1.36) and (1.40) respectively can be absorbed if
the time t is small. Hence in the following proof of the local existence result we will always
assume the existing time sufficiently small such that this statement holds.

Remark 1.4. Compared to the statement of Proposition 0.8 in the case s = d/ps — 1 one
has to assume in addition that pa < 4 and also that py < 2p1/(p1—2) (if p1 > 2). This is due
to the fact that bounding VQ, through the elliptic equation (1.7), requires a L? information
over the right-hand side. The naive idea is just that, according to Hoélder’s inequality, L*
bounds over Vv, u, Vu and V1 provides this L*> bound. This is the key to go beyond the
energy framework for (1.37). At the same time, we do not know how to treat the case pa > 4.

1.3.2 Proof of Theorem 1.2

We follow the same procedure as in the proof of Theorem 1.1 : first we construct a
sequence of approximate solutions, then we prove uniform bounds for this sequence and
finally, we show the convergence to some solution of (1.1). It is easy to check that the
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inequalities such as (1.11)-(1.15) all hold true in nonhomogeneous case. And moreover we
can generalize (1.13) into

1 e 1
< i _ o
vl g S g 10l g+l g 0l s 56 € € 0.2], - < 5 (1.a0)

We also use frequently the following :

luvl[rz S llull garpy-1/2llvll garpa-1/2, i pi <4, =1,2. (1.42)
p1,1 p2,1

And without loss of generality, we can suppose the functions kK = k(¢),n = n(9) to have
the same bounds as 9. That is, if 0 <m <9, |9z + [V, i/ < M, then so do &, n.

Compared to the almost homogeneous case, the main dlfference is that our estimates
rely mostly on Propositions 1.1 and 1.2. Furthermore, in order to handle large data, we will
have to introduce the “free solution” (6r,uy) corresponding to data (6, ug), namely the
solution to (0.63) :

8t0L - RAHL = 07
owug, — ﬁAuL = 0, (1.43)
(Or,ur)li=0 = (B0, u0),

with & = k(1) et 7 =n(1).

Step 1. Construction of a sequence of approximate solutions

As 6 is in B, / and wug, in BgQ/pf ! the above System (1.43) has a unique global
solution (0r,ur) w1th

0, € Cr(BYRY N LA(BYR?) and  up, € Cp(BY7 ) N LL(BYRYY) forall T >0,

and we have (if T is small enough and with C depending only on d, p1, p2)

01~ k|0 < |6
” LHL%O(B(;{T?) + K/H L||L%~(le/il+2) — H OHBz{f?’ (1 44)
s gty + Ly sy < Clluol .

Note also that the divergence free property for the initial velocity is conserved during

the evolution. Another important feature is that, owing to 6, = e*26, € E%O(Bgl/ ﬁl), we
have from Inequality (0.42) that, for any 7" > 0,
lim |0 — SnO|| 0. (1.45)

d
N300 LB

Let us fix some small enough positive time 7. Given (1.45), we see that for any positive
constant ¢, there exists some positive integer Ny so that

HHL _SNOGLH cm. (1.46)

o pd/p1y S
LT(BPlfjll)

In addition, if the data satisfy (1.9) then one may assume that we have (changing Ny and
C' if need be)

™ < 8,90 < CM, |1Sn00|| sasvs + |Sntiol| qazpe—1 < CM - for all n > Np. (1.47)
2 Bp1«1 szal

In order to define our approximate solutions, we use the following iterative scheme : first
we set (09, u°, VQY) = (Sn,00, Snyu0,0) (this is obviously a smooth stationary function
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with decay at infinity) then, assuming that the approximate solution (6", u", VQ") has
been constructed over Rt x R?, we set 9 = 1 4 6" and define (7!, w1, VQ" 1) to be
the unique solution of the system

00" + - VOt — div (K”VG"“) = ht,
atun-‘rl Lol Vun—i—l — div (nnvun-i-l) + ,Lgann-i-l — 37
div ! = 0,

(0™, u" )] =o = (SNo4n+100, SNy+n+1u0),

(1.48)
where
K" =kr(0"), n"=n0"), hl=h1(14+0"u") and hy = ho(1+ 6", u").

Note that the existence and uniqueness of a global smooth solution for the above system
is ensured by the standard theory of parabolic equations (concerning #"*1) and by (a slight
modification of) Theorem 2.10 in [2] (concerning u™*1) whenever (67, u™) is suitably smooth
and the coefficients ", n" are bounded by above and by below. In fact, given (1.47), the
maximum principle ensures that

m/2 < 9" < CM. (1.49)

Hence k™ and 5™ are bounded by above and from below independently of n.
Next, we notice that if we set

( gvu%) = (SNoJrTLeL?SNOJrnuL)
then the equation for (97+!, a"*+!, v tl) = (gntLl — gP 1 yntl — o7t v Q) reads

"t 4w VO — div (k" VO HT) = HP,

ot + " - Vartt — div (p"Vart) + (1 + o) vertt = HE,
div g+t = 0,

(§n+17 ,an—i-l)’t:() — (07 0)7

where
H = —u" - VOPt + div (" — R)VOT) + Y,
HY = —u™ - Vul™ + div ((n" — 7)Vuth) — 0"vQ™ ! + ny.
Let us point out that, given (1.46), we have

107 — SNoOL Nl o gt/eny < cm for all n € N. (1.50)
F(Bpia)

Step 2. Uniform bounds

Bounding (A", "1, VQ" 1) in terms of the free solution (A7, ur) and of (67, @™, VQ")
relies on Propositions 1.1 and 1.2 with s = d/p; and s = d/py — 1, respectively, and
N = Ny (here we have to take ¢ small enough in (1.50)). Using the fact that, as pointed
out by Remark 1.3, taking T smaller if needed allows to discard Cj||A_16" || Li(Le1y and

C’gHA_la”“HL%(LpZ) in the estimates, we get, under the condition (1.8),
nn+1 < n n|2 n
187 oy < Cxp{ O (19 gty + 191 ) T

—n+1 +1
1" My vz () + VRl zo2 () < CHH§L||L1T(B;52/71271QL2)

4/3
cexp { O (I8, gy + 19012 v

2 4
HITT IR, e 4 IV 1L s ) -

p1,1

1.3. FULLY NONHOMOGENEOUS CASE 41



CHAPITRE 1. LOW-MACH NUMBER LIMIT SYSTEM

From Proposition 0.5 and elementary interpolation inequalities, we gather that all the terms
in the exponential may be bounded by ||6"(| x»1 () + [[u"|ly»2 (1) to some power. Therefore,
if we assume that

H(gnHXm (T) + Hunnypz(T) < 20M (1.51)

then we have 2

0 < O (I g 09O g gy 105”00 )
(1.52)

—n+1 n+1 n n e+l
HU ||YP2(T) + HVQ ||Zp2(T) < CM<||h2||L%-,(Bzéf71271ﬁL2) + ||U vuL |’L;(BZéf’127lmL2)

. n__ = n+1 nn n+l
+ ”le((T] n)vuL )||L%,,(Bz2/f’1271ﬁL2) + ||9 VQ HLIT(B%T?AQLQ))'

(1.53)

So bounding the right-hand sides of (1.52) and of (1.53) is our next task. Given (1.51),
we easily get

IN

CullVO" 2,

hn
” 1HL%"(B§;,pll) o

n_ = n+1 < n
H(ﬁ H)VQL HLlT(B;l{f’ll“) > CM(HQ HL%O(B;Z{?)HVQLHLlT(Bz;f’IIH)

mn
JFHVGLHL%(BZ?) ”9 HL%(BZ{ZIH))‘
By view of Estimate (1.41), it is not difficult to get that
n n+1 < n
n
+||u HL;/(Qfs)(BZéf)12+lfa)”v9L||L§1/E(B§;f71171+5)

whenever € € [0,1] and d/p1 <1 — e+ d/ps.

Next, computations similar to those that enable us to bound h5 in the homogeneous
framework lead to

n < n||2 2yn 3 n
2gn n n n
=+ Hv 9 HL;/(Q*E)(B‘;{Z”?*S)HVQ HL;/E(BZ{Z’”llflJrE) + ||V9 HL%‘(Bgl/?ll)Hvu ”L%(Bzéf?*l))?

provided

1 1 1 1 1 1 ¢
p1<2d, p1<2py, —+—>- and — < —+——— forsome ¢ € [0,1],
o op2 d pp —p1 d d

and for p; < 4,

198132y < Cor (IV0" .0y IV 3, 2

V20" uss, sy -1z, | VO : Vo ue |V Si72)).
+ 1l ||L§/3(3§;f11 172l !\L%(Bzﬂl /2y + | HL‘%(BZfT 172 [V HL4T/3(B§£?12 /2y

2. In all that follows, we denote by Chs a suitable increasing function of M. To simplify the notation, we
omit the dependency with respect to d, N, p1, p2, etc.
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Under Condition (1.8), we have furthermore

a7 | "] “l

<
L%(BI?Q?_IQLQ) ~ | L%(ng/:,of)HULHL%“(Big/,pIQ)—’—Hu L%(B;;‘T?_I/Q)HVULHL;{/S(BZQ?_I/Q)

: n_ - n+l < n

Hle ((T’ n)vuL )HL%“(Bzz/?lz_lmLz) ~ ||V9 ”L%(B;{il)||VULHL%(B(;£?12_1)
n n
+ HH HL%O(B;if’ll) ”uLHL%(BZ‘ZZQ""l) + ”VH “L%(B;i;if’ll—l/Q)||VULHL;/3(B§£712—1/2)7

nn n+1 < 1g" n+1

He VQ ”L%(Bs;f’fflmllz) ~ HH HL%O(Bg:{,pll)HVQ "L%(Bs;f’fflm[))
Let us fix some small positive constant 77 that we shall specify later on and let us

assume that T has been chosen so that

0Ll 2 d/p1+e d/p1+1/2 d/pr+2y T ||UL d/pa—1/2 d/poti, < TM- 1.54
|| ||LT/E(BP{?11 )QL%"(Bp{?ll /)HL%F(Bp{il ) || ||L%“(Bpéf’12 / )mL%"(Bpéf)E ) — ( )

Note that, in order that the above condition is satisfied for some positive T" even if 6y
is large, we have to rule out the case ¢ = 0. This accounts for the strict inequality in the
conditions

d/pr <14+d/p2 and d/ps <1+ d/p1,

that we did not have in the statement of Theorem 1.2.
Now, plugging all the above estimates in (1.52) and (1.53) yields (up to a harmless
change of C}y)

1" xon ¢y + 17"y () + (IVQ™ 20 ()
< CM<”gnHXpl(T)(Hén”Xpl(T) + 1@ lyezcry + IVQ" | 202 (1))
7t (10" Lo o) + [y ey) + 75+ 00 e )
Using (1.44) so as to bound the last term, we see that if we assume that
10" o1 ¢y + 17" lyee (1) + IVQ" | 2021y < KTt (1.55)
for some K = K (M) that we shall choose below, and take 7ps so that
CyurnK <1/2
then
18"+ xor ¢y + 1@ H lywa ) + 1IVQ™ | 202 (1) < 2Cnamas (M + (K? + K + 1)7ar).

Hence (971, an*l, vQnT!) satisfies (1.55) too if we take K = 2Cy;(1 + M) and assume
that 77 also satisfies
(1+K+K*)7my <1.

This completes the proof of a priori estimates on any interval [0,7] such that (1.54) is

fulfilled.

Step 3. Convergence

The equation for (®" ! qu"tl, Ve 1) = (97! — o7yt — o VO™ — VQ") reads

90"t 4w - VAT — div (k"VH"HT) = I,
D+t 4w - Vot — div (V) 4 (14 07)VaQntl = ",
div dunt? = 0,

($n+17 &n+1)|t=0 = (AN(H-TIHO? ANo-i-nuO)a
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where
I" = — ™ - VO™ + div (&"VO™) + AT — B
J = — & - Vu + div (0" Vu") — 0"VQ" — 0"V 4+ by — hi L.

Let b, = 2(N0+”)d/p1HANOJrnGoHLm and d, = 2(N0+n)(d/p2_1)HANO+nU/0||LP2. Since 6y €

BY/M and ug € BY/7 !, we have (b,) € ¢* and (dy) € €%,

To simplify the presentation, we assume that p; > ps. Then, applying Propositions 1.1
and 1.2 and using the bounds of the previous step, we get (bearing in mind that if 7as is
sufficiently small in (1.55) then one may absorb §"V&Q" 1) :

n+1 n n n

n n n|(|2
+H$ HL%O(B;LZ{?)(HQ HL%(B;i{il"'Q)—"_He ”L%‘(BZ{ilJrl))

n n—1
1B g ) 107 g s, )

16" lyea () + VI go2 () < Cdy,
+C'M<H59"HL§.9(BZ{§>11)(H(@n_la9")’!%(3%?“) + Hen_luLglr(B;{il‘FQ) +IVQ" (| z02(1))
+H59"HL2T(B§{?11+1)(H(Q"a9"_1)HL2T(B§§>11+1) + H(9"79"_1)\\1%(B§{?11+1/2) + HunHLgT(B%ﬁz))
+”59n”L4T(Bj{{’11+1/2) (HunHL‘lT/?’(B;;frlz-&-l/Q) + ||9"_1||L;/S(Bs{?+3/2))
+H59nHL‘;/3(B§fﬁl+3/2) \|9n||L%(B§{§11+1/2) + H‘W”LQT/@—E)(B;/?;“*E) |\‘9n\|Lz;/s(B;iﬁl+s)
+H&‘Ln||L%(BI‘ZT’12)(”unHL%(B;Q/f’lQ) + H'9n71HL2T(BZ;?11+1))
+H‘5“nHL‘;(B§§f’I2*1/2)H“n||L‘;/3(B§2(?12“/2) + H&Ln”L‘;/B(B;‘Z({”f“/?)”97171”L4T(B§{f’11“/2))
where C' = C(d, p1,p2)-

Let us emphasize that, according to (1.54) and (1.55), the previous inequalities imply
that, up to a change of C'j;, we have

BN (T) < Cyrm B™(T) + C(by, + dy).
with B™(T) = [[0" || xe1 (1) + [10u" lyr2(y + [VOQ"[| zv2 (1)
Therefore, taking 73,7 small enough, we end up with

1
B"TY(T) < 3 B"(T) + C(bn + dn).

As (by) and (d,,) are in ¢!, one may thus conclude that Y (B™(T)) < oo , which is to
say (0™, u™, VQ")nen is a Cauchy sequence and converges to a solution (6,u, VQ) of the
system (1.1) in the space EX""* which also satisfies the estimates (1.10) (that ¥ > m is a
consequence of the maximum principle for the parabolic equation satisfied by ).

Step 4. Stability estimates and uniqueness

To prove the stability, i.e. the continuity of the flow map, and the uniqueness, we consider
two solutions (81,u!, VQ') and (6%,u* VQ?) of System (1.1) in EP''P* with initial data
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(04, ud) and (02, ud), respectively. Let 91 =1+ 0" and ¥? = 1 + 2. We assume in addition
that

9L 92 >m
and we fix some large enough integer N7 so that

m/2 <1+ Sy, 0" and H91—5N191|]L%0(Bd/p1)§cm

P11

with ¢ given by Condition (1.39). Finally, we denote by M a common bound for the two
solutions in E4'P?.

The proof goes from arguments similar to those of the previous step : we notice that
the difference of the two solutions (8, du, VAQ) := (6! — 6%, u! —u?, VQ' — VQ?) satisfies

00 +ul - V# — div (k(01)VH) = 1,
Opdu +ul - Vou — div (n(01)Véu) + 9'VéQ = J,
div du = 0,

(), ou)| =0 = (&0, duo),

where

I=—6u-VO+V-(6VO)+hi(1460Y) —hi(1+62),
J=—0u-Vu*+ V- (Vu?) — OVQ* + ha(1 + 0, ub) — ha(1 + 6%, u?).

Let B(t) = [|@| xe1 ¢y + 10ullys2 (1) +[[VIQ|| 202 (1) Then arguing exactly as in the previous
step, we get for small enough ¢,

B(t) < Cu,n, (H&?OHB;{T + ”5“0”352{{’12‘1 + (’\(91792)HLg(B;iﬁwl)mg(Bd/mH/z)

p1,1

+H01H 4/3pd/p1+3/2 4/ pd/p1+1/2 +||02|| 1/ pd/p1+2 2/e pd/p1te
LB L (B LB AL (B

2 2
I a3 oy + 1992 22 0) B ).

If the initial data coincide then we have B(0) = 0. Given that the factors of B(t) in
the right-hand side go to 0 when ¢ goes to 0, we thus get B = 0 on a small enough time
interval. Then, from standard continuation arguments, we conclude to uniqueness on the
whole time interval [0, 7).

In the more general case where the initial data do not coincide, then one may split both
solutions into

=0, +6° and u'=ub 4+,
where (6%, u? ) stands for the free solution of (1.43) pertaining to data (63, u)).

If HéHoHBd/pll + H&uOHBd/plrl < 9, then we have
P1, P2

167 — 07 || xco1 (1) + luf, — upllyee (1) < C6.

By arguing as in step two, one may also prove that if 7" is so small as to satisfy (1.54)
for (say) (0}, ul) and 7py = & (with ¢ small enough) then (61, @', VQ!) satisfies (1.55). The-
refore, from the above inequality, one may conclude that B(T") < 2C n, 6. This completes
the proof of the continuity of the flow map.

1.3. FULLY NONHOMOGENEOUS CASE 45



CHAPITRE 1. LOW-MACH NUMBER LIMIT SYSTEM

1.4 General gases

At the end of this chapter, let us consider the low Mach number limit system of the
general gases (0.33) :

WY+ u - VI —div (kVY) = hi(9),
Ou~+u-Vu—div(nVu) +9VQ = ha(9,u), (1.56)
divu = —dk|VY|?,

where the coefficients x(9), hi(9),n(9), ha(9,u), (), k() are defined in Section §0.2.

The main difference of the above system from System (1.1) is that the divergence of the
velocity divu depends strongly on the unknown temperature . Therefore, in the sequel, it
is convenient to consider the following system instead of (1.56) :

00+ u - VI — div (kVY) = hy(9),
div (9VQ) = div (hg — u- Vu+ Du -V — gV (a'k|VI?)) + 0, (o/k|VI|?), (1.57)
O+ u - Vu — div (nVu) = hgy — 9VQ.

In fact, on one side, applying the operator div to Equation (1.56), (noticing Equation
(1.56)5) gives the equation (1.57), for VQ. On the other side, applying div to (1.57),
(noticing Equation (1.57),) issues

O (divu + o'k|VY|?) — div (nV (divu + o'k VI[*)) =0
If one supposes the initial data (Yo, ug) to satisfy
divug + (k) (90)|Vo|* = 0, (1.58)
then according to Proposition 1.1, Equation (1.56), follows immediately provided that the
solutions are regular enough and decay at infinity sufficiently.
Slightly nonhomogeneous case

Just as in the ideal gas case, we begin with the small initial data case and rewrite the
system for the unknowns (0, u, VQ) with § =9 — 1 as follows :

00 +u- VO — RAO = 7“1(9),
du+u-Vu—qAu+VQ = rob,u,VQ),
divu = —dk|Vo?, (1.59)
(67 U)‘tzo - (607u0)7

with &, 7, 1 and ry defined by (1.2). In the following, we will sketch the proof of the
following well-posedness result for the above system (1.59) :

Theorem 1.3. Let (p1,p2) satisfy p1 < d, p2 < 2d, in addition to Condition (1.3). Let the

initial data 6y € Bd/p1 and ug € Bd/p2 ! satisfy (1.58).

Then if the initial condztzon (1.4) is satzsﬁed then there exists a unique solution (0,u,VQ) €
EPYP2 T € (0,400] to System (1.59); if Condition (1.5) is satisfied additionally, then
T = 4o00. Furthermore, the flow map (0o, uo) — (6,u, VQ) is Lipschitz continuous.

The key to the proof is the a priori estimates for the following linearized system of
(1.59) :

00 +v-VO — RAO = T1,
du+v-Vu—nAu+VQ = T2,
divu = —d'k|V0o|?, (1.60)
(0, u)lt=0 = (6o, u0)-
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In the above, v, 11, r9, 0y and wug are known smooth functions which decay rapidly at
infinity ; K and 7 are two positive constants; « and k depend regularly on the unknown 6.
Firstly, it is easy to apply Proposition 0.7 to get the a priori estimate for 0 :

< CHUHL%(Bd/pIQH)
60 S e I (160l garny + il g o, ) (161)
A direct computation implies that |]8t9||L1(Bd/p1) is bounded by (if p% < % +1)
t pl,l
Cllvlly pd/pa+1
L1(B )
(1 + HUHL%(B%%)e t Ppy. (HGOHB;{? + HnHL%(BZ?)). (1.62)

However, since we don’t have the divergence-free condition for the velocity vector u, we
have to get a new a priori estimate as in Proposition 0.8 for u and V@Q. Notice that the
system (1.60) is equivalent to the following Cauchy problem (similar to System (1.57))

00 +v- V0 — RAQ =1y,
AQ = div (s — v - V) + (8t(a’k:\V9\2) - ﬁA(a'me)),
Oru —NAu =19 — VQ — v - Vu,

(0, u)]t=0 = (Bo,up).

(1.63)

Let us focus on V@ for a while. Except for the estimates (1.11), (1.12), (1.13), (1.14)
and (1.15), we use the following product estimate

170l g2 SUFL ool g v ifpr<dipi<ops, <40 (L64)

gr2 0 e g T T d

p2,1 P11 P11
Finally, |0;(a/k|VO|?) — ﬁA(a'k\V@\Q)HLl(Bd/pQ_Q) can be controlled by Quantity (1.62),
t po,1

multiplied by a coefficient Cy which may depend on ||6| . Besides, we have

5d/p
Ltoo(Bpl,ll)

t
[div (re —v- vu)”L,}(BSéf’f_Q) S HTQHL}(B%?_I) +/0 Hu”Bgf’f HUHB%?’ if pp <2d.

Until now, we have got the estimate for ||AQ|| L (BYr22y and hence the following holds for
t po,l

vaQ :

t
IV QU gty < € (Il gy + [ Tl gl i) (1.65)

d/pa+1

Cloll .
Co(ll6]] . . i (1 orvay ) (110011 ) |-
+ 9(” ||Ltoo(BZ{,Pll)) (6 2 + ||/UHL?(BZ£312) || OHBZ{ZI + HrlHLtl(BZ{ﬁl)

Now applying Proposition 0.7 to the Cauchy problem (1.63), — (1.63), yields the follo-

wing estimate for u by use of the interpolation inequality [|ull sa/p. < HuHZf/prl Hquf/sz
p2,1 po,1 po,1
and Gronwall’s inequality :
: 2
HUHYIQ(t) < CQ(HQHL;’O(B;{?)) eXp{C(HUHLf(BsQ’f) + HUHL%(B;Z%Q*J))} (166)

¢ (Bl s + 1l g gy + ol + Il )
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With the a priori estimates (1.61), (1.65) and (1.66) in hand, we can follow the stan-
dard stategy as in Section §1.2 to get the well-posedness result for the slightly nonho-
mogeneous system (1.59). For example, we construct a sequence of approximated solutions
(g HL yntt VQ”+1) which satisfies Equation (1.63) (instead of System (1.16)) with the ini-
tial data (Sn+160, Sn+1u0) and the known functions v, ry, o taking value at (6™, u", VQ").
Making use of the above a priori estimets and almost the same estimates as in Section §1.2
for the nonlinearities, the uniform estimates for the solution sequence hold. Then, denoting
the primitive of the scalar function (a/k)(¢) by ((¢#), one arrives at the following system
for the sequence of the differences of the approximated solutions (7!, aun*! Q1) =
(en—i-l _ gn’un—i—l _ un7 Q'rl—l-l _ Qn)

O™ U VO — AT = —qu - VO™ 4 — P

AXQ"HY = div (rf — ry "t — du - Vur — u - Veurtt)
(875 ﬁA) (v<n+1 V59n+1 4 V(SCTH_I . V@n),
(8t nA)(Su"Jrl _ 7"2 5Qn+1 S Vau — - V(Su”*l,
(5(9n+17 5u”+1)|t:0 = (A 00, AnUO)

The above a priori estimates still work for these differences. And one has constructed a
Cauchy sequence in Ef"? whose limit solves Equation (1.59). Details are omitted.

Fully nonhomogeneous case
Let us move to the well-posedness result in the fully nonhomogeneous case :
Theorem 1.4. Let (p1,p2) satisfies

1 1 1 1
d>2, —<—<—+=

2,4 ith 4 4f d=2). 1.67
<o <oty mERA (with p<d if d=2) (167)

Let 99 > m > 0 and ug € B, /pz ! satisfy g = 99 — 1 € Bd/p1 and (1.58). Then System
(1.56) has a unique solution (19 u, VQ) with (0,u,VQ) € EF ? , T € (0,400]. Furthermore,
the flow map (0o, uo) — (0,u,VQ) is Lipschitz continuous.

As in the slightly nonhomogeneous case, we mainly strive for getting a priori estimates
for the linearized equations of System (1.56) :

o0 + v - VO — div (kV6) = hy,
div (9VQ) = div (he — v Vu+ Du -V — nV('k|VO%)) + 9,(a'k|VE|?),
Ou + v - Vu — div(nVu) = he — 9VQ,
(0,u)|e=0 = (o, uo)-

In the above, v, hy, ho, 0y and ug are given smooth functions which decay rapidly at infinity ;
#,m,9 € [m, M] are positive smooth functions with x — 1,7 — 1,9 — 1 € C°(R?); a, k are
positive scalar functions depending on 6 ; there exist a small enough constant ¢, depending
only on d, p1,p2 (see Proposition B.8), an integer N > 0 and a positive time T such that

(1.68)

inf SOt a) >m/2>0, (|9 — S0 <. 1.69
xERdl,I;e[O,T] () = m/ | N ”L%"(B;lf?) = ¢ (1.69)
Firstly, Proposition 1.1 still works for 6 :
2
800 < 050 { €1 (1901 gy + 198012 g )}
(1.70)

< Cs (100l + 181015300 + Vol i )
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Consequently, by use of the product estimates, the following holds for 9:0 :

100  a 4, <expC Vo] 4 +[V&|* o
LB )NLZ (B, ) L{(B,2 ) LB )

p1,1
xC(1+lol a0 VR )
L2(B )mLoo(Bizz’l 1) L?O(B;;ll,l 1) (171)

x <||90|| R N T 1 PR )
Bmwl Lt(Bm,l)mLt(BmJ )

It rests to show a similar estimate as in Proposition 1.2 for v and VQ. We will follow
the proof of Proposition B.8 in the appendix. Firstly, in order to apply Proposition 0.9 to
Equation (1.68),, let us consider the following Poisson’s equation

AQy = Ly := 9y('k|VO*) = 0,0(V (k) - VO) + 20,V - (a'kV0).

Following the arguments in estimating the pressure term in Chemin’s book [22], one de-
fines the following four quantites by use of the paraproduct operator 1" and the remainder
operator R (see (0.45) for the definition) :

VQp = VATILE,
VQ3:=VAHId - A_)LE,
VQj = (XTa) * VAL LY,

VQj = V((1 = x)Ty) x A Ly

In the above, x is the smooth positive function defined in Section §0.3.1, Ty is the funda-
mental solution of the Laplace operator A in the space RY, Lg denotes the paraproduct
parts of Ly :

Tio.0) (V('k) - VO) + Ty (ai)vo) (8:0) + Tioo,v0) (' kVO) + T o kve) (20: V),
and Lg“ represents the remainder parts of Ly :
R(0,0,V (k) - V) + R(20,V0,d'kV0).

Since T{5,0)(V (k) - V0) is spectrally supported away from the origin, one deduces from
Proposition A.1 that if d > 2, p; <4 and 1 > 5 — =, then

IVA™ Tig,0) (V (k) - VO) |2 S 1 T(ay0) (V (') - V9) ;1
S T (V(@'R) - VOl garz-2 S 10601 gason 11V ('k) - VOl s 1.
B P1, P,
Similarly, noticing that all the members of VQ; and VQ% are spectrally supported away

from the origin, according to Proposition A.1, one obtains the following estimate (i.e. Esti-

mate (1.64) with po =2) if d > 2, p; < d, p1<4,p1 2%75:

1(VQ5. VQ7)ll2 S IIOtGHB V@R VOl a4 110:V0] o ['RVO] o (1.72)

P1,1 P1 1 P1;1 P1,1

It is easy to see that x7Ty is integrable. Thus

IVQillze S IVALLG |12 S IAALG | -
Hence (1.72) holds for V@3 too. It rests to study VQj :
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— firstly, it is easy to check that V((1 — x)Ty) € L%, Va > d%'ll ;
— then, |VQp] 12 is controlled by ||A- 1LR||LP, Vl >4+ 1
— finally, if p; < d, p1 > 5 and 1 > 1 o= 1 ie. 1f D1 < 2 < d, then ||A_1L}||1» can be
bounded by the right-hand 51de of (1.72), up to a constant.
Hence, (1.72) holds for |[VQ3|| 2.
To conclude, (1.72) holds for VQy, provided p; < 2 < d.
Now, applying Proposition 0.9 to Equation (1.68), issues that

IVQIz2 S he = v Vu+ Du- Vi = nV(a'k|VO*)| 12 + [ VQoll 2.

The same argument as to get Estimate (1.72) implies the following estimates if p; < 2, pa <
4, py < 2d, = >%—7+ V6 >0 :

o Vulis 5 Io- Vull a1 S ol garsass 1Vl garma-s + oll g [Vl g
1w - Vnllzz S IVl garma-1 V0l garmy + IV garma=s [Vl garny 11,
25 P1, P2, P1,
IV(kIVO?) 2 S IIV(a’kIVHIQ)IIBd/pll—l < Ce(IIOHBd/pll)leléd/pll-
P1> P1, P1,

Therefore, we arrive at the energy estimate for VQ :

IVQIiL(r2) < Ih2llLyz2) + Cold, p1, M, HeHLoo(Bi/pll))
t 1

2
(VO o VO, g 10, e w00 )

P
L3(BI1)) 12BIL) LABI) LBl

t
+ Ce/o (HUHB%?—M + HV??HB;:?—H&)HVUHB%?—S + (H’UHB%? + HV??HB;%)HVUHB%?—F
(1.73)

Now we can proceed exactly as in the proof of Proposition B.8. Thanks to Condition
(1.69), one deduces from Equation (1.68), that if po > 2 then

IVQI 4, < Collha— v+ Vut Du- Vg~ (kIO | s, + Lol g o+ IVQz2).
B2 B2 B2
P21 p2,1 P21

for some constant Cy depending on N, d, p1,p2, m, VI, 4/t Noticing p1 < 2 < po,

one applies the product estimates (e.g. (1.15), (1.64)) to the right-hand side. It entails
that (1.73) also holds for [VQ|,, pa/v.- 1 with Cy depending additionally on N, ps, m

p21
H(v’ﬂ? vn)HLoo(Bd/pl 1) a'nd Hh2HL1 LQ) I‘eplaced by COHh2”L1(LQOBs;T’12_1)'

Therefore, applymg Proposition 1.1, interpolation inequalities and Gronwall’s inequality
to the equation for u (1.68)5, one arrives at the a priori estimate for v and VQ (with
§e(0,d(ps —3+ 3¢

[ullyez ) + IVQIl zv2 (1)

2 2/6 2/6
< exp{ Co (1013, o, + 101 s, + 1900y ) + I v )}

pzl ( p1,1

% (ol arne + Co(NAulyomm) + WAl y g

HIVOR o VOl a 00 e 1000 ).
L?(Bppllyl) t p1,1 t p1,1 t( pl,l)

(1.74)

Since we have obtained the a priori estimates (1.70), (1.71) and (1.74), the same strategy
as in Section §1.3.2 works well, with the approximated solutions satisfying Equation (1.68)
(instead of (1.48)). Theorem 1.4 thus follows. Details are left to the reader.
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Chapitre 2

Global existence results for a
special case

2.1 Introduction

This chapter is to study global-in-time existence of weak solutions to zero Mach number
system (0.1) :

Op + divg(pv) = 0,
O(pv) + divy(pv @ v) — divy (u(Vo + Dv) + vdiveld ) + V,II = 0, (2.1)
divy(v + ~kVInp) = 0,

under the following relationship between the viscosity coefficient p and the diffusion coeffi-
cient K

K(p) =24 (p) = 0. (2.2)

Roughly speaking, this relation implies that the source term in the equation for the newly
introduced divergence-free velocity vector field

u:=v+ rVinp (2.3)

vanishes. In fact, according to the calculation in Subsection §0.2.1 in the introduction, one
arrives at the following system (i.e. System (0.3)) concerning the unknowns (p,u, Vr) :

Op + div (pv) = Op + div (pu) — div (kVp) = 0,
Oc(pu) + div (pv ® u) — div (2uAu) +Vr = 0, (2.4)
divu = 0.

Let’s first analyze System (2.4) formally. If we assume the initial density po(x) to be
bounded from below and above by two positive constants p, and p* respectively, then
the maximum principle for the parabolic equation (2.4); ensures the density to satisfy the
following uniform bound :

p(t,x) € [py, p], Vt>0, xR (2.5)

Furthermore, if p is close to a constant, say “1”, at infinity, then we expect the solution
(p,u) to satisfy the following two energy equalities which come from taking the L?(R¢)-
inner product between p — 1 (resp. u) and (2.4); (resp. (2.4)2) :

t
Lo =1p 2 [ [ wvel = [ Jm-1 viso, (2.6)
Rd 0 JR4 R4

o1
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[ otntoza [ [ e = [ pluol, >0, @)

Therefore, we complement System (2.4) with initial data (pg, ug) verifying

and

p—1li=0 = po — 1€ L*(RY), wlmo =up € (L*(RY))?, 0< ps <po <p*, divug =0,
(2.8)
hoping that the obtained solution (p, ) satisfies (2.6) and (2.7), at least in inequality form.
Moreover, we assume that under the bounds (2.5) imposed on the density, there exist
positive constants xy, K*, s, 4 depending only on py, p* such that the physical coefficients
k and p also have positive lower and upper bounds :

0<re <h(p) <K, 0< e <plp) <p*, Vt>0,zeRL (2.9)
In this chapter, we shall establish the following global existence result for System (2.4) :

Theorem 2.1. There exists a global-in-time weak solution (p,u) to Cauchy problem (2.4)-
(2.8) in the following sense :
~ p— 1€ C([0, +00); LP(RA)) 1 L2, ([0, +00); HY(RY)), Vp € [2,50).
p satisfies (2.4), in L2 ([0,+00); H~1(R?)) and p(0) = p.
The uniform bound (2.5) and Energy Equality (2.6) both hold.
~ For any t > 0 and any test function ¢(t,z) € (C=([0,+o0) x R with compact
support such that div¢ = 0, the following holds :

/Rd p(tyult) - ¢ — /Rd Potin - Bleo

t
—/ / [pu - Op + (pu— kKVp) -V - u—2uAu: Ag] = 0. (2.10)
0 JRd
~u € €((0,00); (LR N L2, ([0, +00): (H (RD)Y), limeso, u(t) = uo in L*(RY)
and divu = 0 in L2 (RT x RY) with L2, denoting the Lebesque space L? endowed with
weak topology.
There exists a positive constant C depending only on ps, p* such that u verifies the

energy inequality
t
/ \u(t)]2+/ / \m;?gc/ wol2, Wt > 0. (2.11)
R4 0 JR4 R4

In the above theorem, it is easy to check (according to Condition (0.16)) that p and
v:=u— kVInp € L]0, +00); (L*(R?%))9) satisfy System (2.1)-(2.2) in distribution sense.
But owing to a lack of high regularity assumption on the initial density pg, we don’t know
the continuity of v at the initial instant, since we can’t even define the quantity x(po)Vin po.

Instead, if we assume pg — 1 € H'(R?) in addition to the initial condition (2.8), that
is, the initial original velocity field vy belongs to (L?(R%))? too, then we expect that there
exists a global weak solution (p—1,v) € H'(R?) x (L?(R%))? to System (2.1)-(2.2), if d = 2
or 3. In fact, if k = 1, then taking L?(R%)-inner product between Equation (2.4); and Ap
yields

3 i VP + 1800y < | [ aiv (o)) (212)

Since a priori we have the estimate (noticing divu = 0)

[ aivoan| = | [ V0o < D0l Vol (219
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and the following two interpolation inequalities :

IVl Zagey < ClALI L@ Vol 2@y, [VPITge) < ClADIL2@s) ol oo Ry, (2:14)
we have from Young’s Inequality and Estimate (2.11) the following two energy estimates :

CHuol|i2(R2> ,

C [t ul|?
IVl e 2rey) + 180 2022y < ClIVpollzz o 1Vhz < O po|l 2(ey e

IVl Loe 2 (ma)) + 1801 L2(L2@3y) < CUIVpollz + IVullL2(22)) < ClI(Vpo, wo) || 2 ws) »
(2.15)

for some constant C' depending only on py, p*. In the general case where xk depends on p,
we consider, instead, the equation for the scalar function a = a(p) with Va = kVp and
a(1) =0 (see (0.36) for the definition). See Section §2.2.2 in the following for more details.

But it is not clear that we can still have v € L$°((L?(R%))?), in dimension d > 4, due to
a lack of an interpolation inequality like (2.14) which can be used to control the convection
term u - Vp in the equation of the density. Anyway, we have

Theorem 2.2. Let d = 2,3 and Relation (2.2) hold. For any initial data (po,vo) such that

po—1€ H'RY), wvge (LARY)Y, 0<pe<po<p*, div(vg+ r(po)Vinpy) =0,
(2.16)
there exists a global-in-time weak solution (p,v) to Cauchy problem (2.1)-(2.16) in the sense
given in Theorem 2.1, except with Equality (2.10) replaced by

t
/de(t)ﬂ(t)'¢—/RdP0UO'¢|t=0—/O/Rd[PU'atﬁb-i-PU'Vd"U—UiDQﬂ:0- (2.17)

Furthermore, the following properties hold :
— In dimension two, the density p satisfies Equation (2.1), in L?([0,+o0); L?) and the
“velocity” uw = v — kVn p verifies Energy Equality (2.7).
— The solution (p,v) satisfies the following continuity property :

(p—1,0) € C([0,+00); H'(R?) x (LA(RY))?), if d =2, (2.18)
p-le C<[O,+oo);HS(R3)>, Vs <1, andov e C<[0,+oo); (L;j(R?’))?’), ifd=3.
— The following energy estimate holds true :

||(p_1a U)HLt"O([O,oo);HleQ)_{_H(vpa VU)HL?([O,OO);HIXLQ) < C(p*a P*, H(/)O_LUO)HHlXLQ)'
(2.19)

Next we want to show that the global solutions constructed above are actually unique
for some reasonably smooth initial data when d = 2. We notice that even if p—1 € L>(H?),
it is difficult to show the uniqueness. In fact, if we consider the system for the difference of
any two solutions, then the nonlinear terms in System (2.1) ask the L°>°(L°°)-norm control
on the difference of two densities. It is unknown a priori because the difference does not (at
least not obviously) satisfy any parabolic equation and another unlucky thing is that we
can’t embed H'(R?) into L>°(R?). Therefore, we have to resort to Besov functional space
Bj 1 (R?) which can be embedded both in H' and in L* in dimension 2 and furthermore,
we have already the following existence result, as a special case of Theorem 1.2 :

Theorem 2.3. In dimension 2, for any initial density po and velocity field ug which satisfy

0<pSp<p, divug=0 and llpo—1lgy, +luollsg, <M, (2:20)
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for some positive constants ps, p*, M, there exists a positive time T, depending only on
P, p*, M such that System (2.4) has a unique solution (p,u, V) with p € [p«, p*] and
(p — 1,u, V) € Er,, where the solution space Ep := E%’2(R2) is the following critical
nonhomogeneous Besov spaces in dimension 2 :

(c(0.3: B3 ) L (0,70 B3)) x (C(0.T): B £ (0.70: B3)) x (LM([0.71: BY,))
(2.21)

Hence, System (2.4)-(2.20) admits a unique local strong solution (p, u, V) on its lifespan
[0,7%), T* > T,, with (p — 1,u, Vr) € E; for any ¢ < T*. Moreover, there exists a positive
time Ty < T* such that (p — 1,u)|=r, € B3, x (B3;)* C H? x (H")?. Just as in [33],
we therefore consider an extra pseudo-conservation law concerning L>(H?) x (L>°(H"))?-
norm of the weak solutions which evolve from the initial moment Ty. By virtue of the
embedding H? x (H')? C By, x (BY,)?, this law ensures that these global weak solutions
also belong to the above solution space Ej, for all t > T (see Lemma 2.4 for more details).
To conclude, thanks to the uniqueness result on the time interval [Ty, T%), the Cauchy
problem (2.4)-(2.20) has a unique global strong solution (p,u, Vr) with (p — 1,u, V) in
Ep for all T € [0, +00).

The following estimates in Besov spaces hold (see Proposition 0.3 and Proposition 0.5) :

1£(0) = FW)ll3, < Clowspllo = Uls . VF € C, s >0, (2.22)
okl < Cllglly, Ihllsy . if i =0, 1. (2.23)

Hence, by use of Equation (2.4),, it is easy to find that 8;p € L'([0,+00); B3 (R?)) and
furthermore, according to the calculation from System (2.1) to System (2.4) in Section
§0.2.1, we have

Theorem 2.4. Let d =2 and Relation (2.2) hold. For any initial data (po,vo) satisfying

0<pu<po<p*, div(o+roVinpg) =0, and po—1€ By;(R?), wy€ (B3, (R?)?

(2.24)
System (2.1) has a unique global strong solution (p,v, VII) with (p — 1,v,VII) € Ep, VT €
[0, 4+00).

Remark 2.1. Theorem 2.4 implies that in dimension two, for any initial datum pg > px > 0
such that pg — 1 € B%’l, there exists a unique global-in-time solution to the quasilinear heat

equation Oyp — div (k(p)Vp) = 0 in functional space Cy([0,400); By 1) N L([0, +00); B3 ;).

We will use the following a priori estimate for parabolic systems with elliptic operator of
divergence form in Besov spaces, in dimension 2 (see Proposition 1.1 or Proposition B.1) :

Proposition 2.1. Let s € (—1,1]. Let a(t,x) € S([0,T] x R?) satisfy

{ oa — div (kVa) = f,

2.25
a‘t:() = Qaop, ( )

where k = K(t,x) > Kk« > 0 is known. Then there exists a constant C depending on kK, s
such that for any t € [0,T], we have the following a priori estimate :

HaHLgo(B;J(R%)ﬁL%(B;j{Q(RZ))

< (llaollsg, e2) + CllArall g gaeey + 11z s, m2y) X xP{CIVAIEZ 1 sy }-
(2.26)
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Notations : Let us fix some notations which will be used throughout in the present chapter :

— We always take o = p — 1 in any environment, that is, gg = pg — 1, 0 = p* — 1, etc.

— All the physical coefficients will always be viewed as the functions of the density p for
simplicity. For example, x’ £ fl—’;, kS = K(p%), etc.

— Functions of the form (f). will always be viewed as the regularized functions of f, in
the sense specified in Section §2.2.1 (see (2.27)).

— We write u,, — u in some Banach space X to represent the strong convergence of the
sequence {uy,}, to u in space X such that ||u, — u|x — 0, while u, — v and u, —~u
in X mean that {u,}, converges to u in the associated weak and weak-* topology of
space X respectively.

— L2 (X) denotes the Lebesgue space L?(X) endowed with weak topology.

The rest of this chapter unfolds as follows. The next section is devoted to proving

Theorem 2.1 and Theorem 2.2 whereas the proof of Theorem 2.4 is left in the third section.

2.2 Global existence of weak solutions

In this section we will prove the global-in-time existence of weak solutions, i.e. Theorem
2.1 and Theorem 2.2. The first paragraph is devoted to the case when the initial density pg
satisfies pg — 1 € L?(R%) and the second, is to the case where pg — 1 € H'(R?) or H'(R?).

2.2.1 The case with the density of lower regularity

In this subsection we will prove Theorem 2.1 in two steps. The first step is to solve
the regularized system of the Cauchy problem (2.4)-(2.8) while the second, is devoted to
show that the convergent limit of the obtained regular solution sequence is indeed a weak
solution of this Cauchy problem.

Regularized system

In this paragraph we will consider the regularized system of (2.4)-(2.8). More precisely,
let us fix a nonnegative function ¢ € C3°(R?) such that

Supp ¢ € B(0,1), 0<¢ <1, /cp:l,
Rd

and consequently define a sequence of functions {¢. }. such that . (z) = e %p(e1z), Vr €
RY. Given any f € D'(R?), we set the regularized functions {{f)} as
(f)e £ e = f. (2.27)

Now we regularize the Cauchy problem as following *

Ip + div (p (u)e) — div ({k):Vp) = 0,
Or(pu) + div ((p(u)6 —(k)eVp) ® u) —div (2pAu) +Vr = 0,
divu = 0 (2.28)
pli=o =

<PO7>57
)

U|t:0 = (u() e

1. We point out that we don’t have to regularize the coefficient p since the density p as a solution of the
regularized equation (2.28), is already smooth, whereas we remain the regularized form of the coefficient
to keep uniform with (2.28),. This implies the uniform energy bound for u.
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It is easy to see that if initial data (po,up) satisfies (2.8), then we have the following
properties (keep in mind that g9 = pg — 1) :
(00)e, (uo)e € H®,  (00)e = 00 in L?,  (ug)e = ug in L?,
0<pse < <P0>€ < 9*7 div <U0>€ = 0.
In the following, for any ¢ fixed, we will apply Schauder fixed point theorem to show the
existence of a solution to System (2.28). More precisely, for some positive time T' € (0, c0)

fixed, let Eg, 1 be the convex subset in the Banach space {(p,u)|p € C([0,T] x R%), (p —
1,u) € C([0,T]; H')}, defined by

Eror = {(p,U) € C([0,7] x RY) x C([0,T]; H") [ p— 1 € C([0,T]; H"),
0<p. <p<p*, divu=0a.e. on[0,T] x R

1o = 1wl wozizeys (Vo V)l z2orizey < Ro} (2.29)

with Ry depending only on the initial data, to be determined later. Then, we can define a
map F from Epg, r to itself : given any element (p,u) € Er, 7, F' maps it to the unique
smooth solution (p,u) € ERr, r of the following system (with & = x(p))

Oep + div (p (@)e) — div ((K):Vp) = 0,
Oulpu) + div ((p(@)e — (R)=Vp) @ u) - div (2u(p)du) + V& = 0,
divu = 0, (2.30)
P‘t:O = <p0>€v
uli=o = (uo)e-

We will furthermore show that this mapping is continuous and its image F'(ER, 1) is contai-
ned in some compact subset of Eg, 7. Hence F' has a fixed point which is the solution to
System (2.28). At last, the uniqueness of the solution will be proven.

Now we state the well-posedness result for System (2.28) :

Proposition 2.2. For any positive time T € (0, +00), there exists a unique smooth solution
(p,u) € ER, 1 to System (2.28), such that (p — 1,u) € C([0,T]; H*).

Proof. Throughout the proof, we will use frequently the notation C; to denote the constants
which may depend on g, T, p., p* and Ry. Let m € N, then the notation C:(m) denotes those
constants C; depending additionally on m.

We consider first the following linear equation for o ;== p —1

{ Oo+ (W)e - Vo —div ((K):Vo) = 0, (2.31)

0lt=0 = (00)e-

To solve it, we will use Friedrich’s method. For any n € N, we define the space L? to
be the closed set of L? functions with Fourier transform supported in _the ball of center 0
and radius n and the associated orthogonal projector P, is defined by P, f(§) = 1j¢j<nf (&),
then we immediately get a unique solution o, € C([0,T]; L2)NC((0,T); L2) to the following
system :

(2.32)

{ Oron + Po({W)e - Von) — Ppdiv ((K)cVon) = 0,
Qn|t=0 = Pn<90>s'

In fact, it is easy to see that the above equation is a linear ordinary differential equation on
12,
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Now taking the L?(R%) inner product between (2.32) and g, and integrating by parts
give the following a priori estimate (noticing that div (u). = 0, P,0, = 0n and (P, f, )12 =
<f7Png>L2) : 1d

saplenlts+ [ @190 o0
that is,
lonll7z0 z2) +C||V9n\|%2T(L2) < llonli=ollZ2 < llool72- (2.33)

Similarly, we can multiply (2.32) by Ag,, A20,, --- and integrate on the whole space R?,
to get
lonllZse rrmy + lonllz2 msry < Ce(m),  ¥m €N (2.34)

Hence, the fact that g, solves (2.32) implies that
[0r0nl|Lge (rmy < K@)e - VonllLge(my + [[(F)eVon|Leo (gm+1) < Cc(m), Vm € N. (2.35)

Thus by Inequality (2.34), Inequality (2.35) and Arzela-Ascoli Theorem, there exists a
unique g € C([0,T]; H*>) such that for any fixed j € N, one has a convergent subsequence

{on;} C -+ C{on} C {on} with

on, = 0 in LEF(H], ). (2.36)
Now we rewrite (2.32) as
Oron + (u)e - Von — div ((R)eVen) = (Id = P,)div ((u)eon — (F)Ven). (2.37)
Since Vs € R, we have
104 = P)f e < =1 (239)

thus let n; go to oo, then the above uniform bounds and the convergence result (2.36) imply
that the limit p € C([0,T]; H*) really solves (2.31) and satisfies Estimates (2.33), (2.34)
and (2.35). Moreover, by maximum principle, we have

0<ps<o+1<p" (2.39)

On the other hand, the linearity of the equation (2.31) and the fact that the solution depends
continuously on the initial data (see (2.33)) yield the uniqueness of the solution.

Now we move to solve the following Cauchy problem in C([0, T]; H*) with o € C([0,T]; H*)
satisfying (2.31) given above (which amounts to solving (2.30)2 — (2.30); — (2.30);) :

pou + (p(u)e — (K)eVp) - Vu — div (2uAu) + Ve = 0,
divu = 0, (2.40)
u|t=0 = <u0>€-

We will proceed exactly as above. Firstly, we look for u, € C([0,T]; L2) N C((0,T); L?)
satisfying

{ Oyt + Po(Luy,) 0, (2.41)

un|t=0 = Pn<U0>aa

where the linear operator £ is defined by 2

Lu, = ((ﬁ)e — (E)ap_1Vp> YV + p 'V Duy, — p7tdiv (pVuy) + p~ 1V,  (2.42)

2. We multiply (2.40), by p~ ! and rewrite the quantity —p~'div (2uAu) into a summation of one 2-order
term and one 1-order term by use of divu = 0.
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with Vm, satisfying
div (p~'V7,) = —div (((ﬂ>6 —p HR)Vp) - Vuy, +2uVp L Aun>. (2.43)
We point out here that the following equality holds true :
div (p~'div (2pAu)) = —div (2uVp ! - Au). (2.44)

It is easy to see that the unique map from w,, to Vm, defined by the equation (2.43) is
continuous such that

IVmallzz < CellVaallzs < Celn)llunl sz (2.45)

Therefore the linear map wu,, — P, (Luy,) is continuous on L2 which ensures a unique solution
u, € C([0,T); L2) N CY((0,T); L2) of System (2.41).

Now we are at the point to get the uniform estimates for u,, to show the convergence.
Taking the L? inner product between (2.41) and u, implies that

1d

o Jou U /R 1o [Vun | < Cel| V|l 2 a2

Thus by Holder’s inequality the following uniform estimate for u,, holds :
[unllLge (22) + IVunll L2 (12) < Celluollrz- (2.46)
Since by induction we have from (2.43) that
IVTn|[m < Ce(m)[[Vun || 7m,
we can multiply (2.41) by A™u,,, with m € N to derive
||Un||L§9(Hm) + HatunHLgS(Hm) + ”VMHL%O(HW) < Ce(m), VmeN. (2.47)

Hence there exist u € C([0,T]; H*>) and V7 € L*°((0,T]; H*>) which is given by (2.43) with
uy, replaced by u, such that u(0) = (up). and for any fixed j € N, there exists a subsequence
{(un,, Vmy,)} verifying

U, — win LE(HL), Vm,, — Vrin LF(H, ).

Moreover, (2.38) entails
Ou+ Lu = 0. (2.48)

Applying the divergence operator div to it yields?®
O¢(divu) — div <p,0_1Vdiv u) = 0. (2.49)

Thus the parabolic equation (2.49) ensures that divu = 0. Therefore u truly solves (2.40).
Furthermore, we take the inner product between (2.40) and u, issuing the Energy Equality
(2.7) by use of Equation (2.31) for p, which together with the identity ||Au| ;2 = |[Vul 2
(by divu = 0) entails

1wl Lo f0,4:22) + VUl L2¢0,4;22) < Cpss p*) w0l g2, VE > 0. (2.50)

Finally, the uniqueness of the solution follows similarly as in the density case.

3. By Definition (2.42) of the operator £, Equation (2.43) of 7 and Equality (2.44), we have

div Lu = div (p™ 'V - Du — p~'div (uVu) + p~ ' div (2uAu))
=div(p 'V Du — p~'div (uDu)) = —div (up~ ' Vdivu).
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Noticing (2.33) and (2.50), we just have to choose Ry depending on ||gol/z2, |luol 2,
p«, p* such that the operator F' : (p,u) — (p,u) maps from Eg,r to ER,r. Furthermore,
the boundedness (2.34), (2.35) and (2.47) ensures that

F:Epyr— Epyr N {(p, u) | [1(0, Bep, u, 0) | oo (srmy < Ce(m), Yim € N},

which implies that the image of F' (i.e. F'(ER, 1)) is contained in a compact subset of Eg, .

In order to show the continuity of the mapping F' : (p,u) — (p,u), let the sequence
{(pk,ur)} converge to (p,u) in Er,r and we will show that the corresponding smooth
solution sequence {(pk,ux)} converges to (p,u). Indeed, one can argue just as in the proof
of the existence result. More precisely, the solution difference (pk, g, V7g) := (p — pr,u —
ug, Vr — Vy,) solves the following system :

Oup + (@)e - Vi — div (R)oVpr) = J} i= — (i — e - Vi + v (7 — 7)Y )
pdsig + (p(w)e — (R)Vp) - Vg — div (2uAty) + Vi = Jp := —proyuy,
- (p@ — e + prlTn)e — (R)eVi — (R — Ek>5Vpk> Vg, + div <2(,u, - ,uk)Auk),
divag = 0,
\ (Pr> k) [1=0 = (0,0).

(2.51)
It is easy to see that for any fixed i € N, ||Vpg| i is uniformly bounded and hence
| JE|| -1 — 0 as k — oo. Taking L?(R?%)-inner product between (2.51), and py, Apy, A2py, - - -
yields that for any j € N, |[pg[|pse(zs) — 0, and hence |J2|| 75 — 0. Then, obviously the
pressure difference 7, satisfies Equation (2.43), with u,, replaced by @y and an additional
term div (p~!J2) on the right hand side. Hence by iteration argument, one has for any
m € N,

IV 7kl < Ce(m)([Vag | m + [T | ).

By the induction argument as before, one arrives at ||ug|| Lge(amy — 0. This completes the
continuity proof.

Therefore, Schauder fixed point theorem applies and there exists a fixed point (p,u) of
the map F' in Eg, v which is also a smooth solution to System (2.28). In order to show
the uniqueness, let (p1,u1,m) and (p2, u2, Vra) be two smooth solutions to System (2.28).
Then the difference (0p, du) = (p1 — p2,u1 — uz) € C([0,T]; H*) satisfies the following
system (with Vi := Vm — Vma)

0t6p + (u1)e - Vop — div ((k1)eVop) = —(du)e - Vpa + Vpa - V(6K): + Apa(6k)e,
p10:0u + (p1(u1)e — (k1) Vp1) - Vou — div (2u1 Adu) + VT = —0p0rus
~(pr{0u)e + Op{us)e = (1)oVop — (9K)cVp2) - Vup + div (20pdus ),
divdu = 0,
(6p, 6u)|t=0 = (0,0).

(2.52)
Taking L2-inner product between (2.52); (resp. (2.52),) and dp (resp. du) entails the fol-
lowing estimates (with | - || := || - || 2(rey and some constant C' depending on the two

solutions)
d
—lopll* +[1Vop]* < C(lloull + [Vopl) o]l

d
S 10ull® + 1Voull® < C(llull + [1pll + [ Voul + [Vopll)llou]

Hence, summing up the above two estimates and performing Young’s Inequality and then
Gronwall’s Inequality yields

1601l Lge (22) = ll0ull Lge (22) = IVpll 2,12y = IVOull12,(12) = 0.
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An induction argument ensures that (dp,du) = 0 in C([0,T]; H*®). This ends the proof of
Proposition 2.2. O

Remark 2.2. Since in Banach space Eg, T, the bound Ry is independent of the time T,
Proposition 2.2 actually permits that for any €, there exists a unique globally-in-time existing
smooth solution (0°,u®) € C([0,400); H*®) to System (2.28) such that Ye > 0, p° € [ps, p*],
and the following energy inequalities hold true :

10°[| oo 22y + IV [ 2222y < Cllooll 2 rays |u®[loo(n2y + VUS|l p2(22) < Clluollp2(ray, (2.53)

with C' being a constant depending only on py, p*.

Convergence to a weak solution

We now are at the point to show that the solution sequence given above converges to
a weak solution to Cauchy problem (2.4)-(2.8). The smoothing effect on both variables is
useful to use the compactness methods and the strategy is hence quite standard. So let’s
just sketch the proof.

By Remark 2.2, we may assume that there exist subsequences {p° },, and {u®"},, of the
solution sequences {p°}. and {u}. respectively such that

0" Doin L®(LPNL™®), wu 2uin L®(L%), Vo™ — Vo, Vu™ — Vuin L*(L?),

with the limit (p,u) verifying Estimate (2.53) too.

According to Equation (2.28), for the density, {9;0°" } is uniformly bounded in L% _ (H™1).
By the classical compactness results, e.g. Aubin-Lions lemma (see also Corollary 4 in Simon
[? ]), one deduces easily that ¢ — o in C([0,T]; H~' N L2). Thus up to an extraction of
subsequence, we may assume " — g in L2,(H*), s < 1 and a.e. on [0, 00) x R

Since {[|0™" || .2 (771) }n 1s uniformly bounded, we have for alln € N, [|(0*")y—0""[| 12 (2) —
0 when n — 0, and hence in particular ||(o*")c, — Q€"||L2T(Lg) — 0 whenever ¢, — 0. Fur-
thermore, we have [[{(¢*")c, — 0*"[[12 sy — 0, if 0 < s < 1. Similarly, we can assume
[{u™)e,, — w12, (arsy = 0 and [[(5")e,, — 65 [| 12 (gs) — O by considering (1 + ¢™) — (1)
instead of k. Therefore up to an extraction, we may assume (noticing k" — k a.e.)

(0o, — 0in L3(H®), (u)., —uin LH(H®) for s <1 and (&), — K a.e.

Thanks to the uniform bound on Vp and by use of the regularized system (2.28), —
(2.28),, we can easily show that p solves Equation (2.4), in distribution sense. In fact, we
will use the following convergence result

fngn — (resp. =) fg in L2 if f, — (resp. =)f in L? and g, — g a.e.

For example, one has (k). Vp* — kVp in L*(L?(R?)).
The above bound (2.53) furthermore ensures that Equation (2.4); holds in L2  (H™1).
Thus, we can test it by the solution ¢ € L2 (H?') itself such that Energy Equality (2.6)

loc

hold for ¢° and g both (notice that divu = 0 in L2 ([0, 00) x R%)), i.e. for all ¢ € [0, c0),

1 1 1 1 1 1
SN OILz + 1592Vl 12y = S1e0)ellZzs  Slle®T2 + 152 Vel 7z g2y = 5lleolZ-
(2.54)
Now we consider the quantity

1 1 1
S 107 (1) = o) [T qma) + (572,907 = K2V ollT(12),
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which by Energy Equality (2.54), is equal to

— 2<</{5">§nVQE",ﬁ%VQ> )

1 2 1 2 n
5 100)e. 3 gy + 5 20132y — (& (8),(®)) s

L2(Rd)
Since we have also </{8">§nVQ5" — K%VQ in L?(L?), the above quantity converges to
leoll72 = lle(®)172 = 2lx2 V2 e = 0.
This implies that
0" — oin L®(L?) and <n€">§nVQE” — k2Vp in L*(L?).

Thus, by the boundedness of [|0°" || oo ([0,00) xra), We have ¢*» — ¢ in L>°(LF), Vp € [2, 00).
Therefore, g|i—o = 0o in LP for all p € [2,00).

The following statement concerning the velocity u follows exactly Proof of Theorem 2.4
in the P.-L. Lions’s book [81]. Let us recall it briefly for the reader’s convenience. Let us first

observe that the Sobolev embedding ensures that {u¢}. is bounded in L(L?) N L%(Ld%)
(or L2(LP) with p € [2,00) if d = 2) for any positive finite time 7" and hence

{(u¥). ®u} is bounded in LE°(LY) N L2(LTT) (or L2(LP) with p € [1,2) if d = 2),
and {Vp® @ u} is bounded in L2(LY) N LL(L7°T) (or LL(LP) with p € [1,2) if d = 2).

Therefore, in view of the equation (2.28)y for u®, there exist constants p € (2,00), m > 14
and M depending on T, Ry such that for all divergence-free function ¢ € LE(H™) we have

(a6

— ‘<—<p5(u€)€ — </<;E>5Vp5> ® u® + 2p° Aus, V¢> < Mol e (zmy-

(2.55)
Let us notice that the Leray projector P := Id + V(—A)~!div is bounded on each Sobolev
space H*. Hence from (2.55), we actually have 9;(P(p°u®)) is bounded in LE (H~™). Since
p°rucn converges weakly to pu, the boundedness of {p7uf} in L (L?) implies the existence

of a convergent subsequence (still denoted by p°"u®") such that P(p*mu®") — P(pu) in
C([0,T); L?). Hence, we have for any ¢ > 0,

/Ot /Rd P [usn|? = /Ot<77(,05"u5"),u5”> — /;UD(P“),U) _ /Ot /Rd plul?.

Thus puf" — pu and u®" — u in L2 _(L?). It is easy to find that

D', D D’,D‘

P (U, @ Ut — pu@uin LE (DY),  pfrAufr — pAu in LY (L?),
and (k°), Vo ® us" — kVp @ uin L _(L'). Thus observing Equation (2.28)s, there
exists some distribution of gradient form V7 such that Equation (2.4)2 holds for the above
limit w at least in distribution sense and hence (2.10) holds. At last, since we restrict
ourselves in the case away from vacuum and we assume initially divug = 0, one applies
Theorem 2.2 in [81] to conclude that u € C([0, 00); L2)) and u(0) = ug in L2(RY).
This completes the proof of Theorem 2.1.

4. We notice that H™ < W™>% if my — 4 > my — 37 q=2.
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2.2.2 The case with the density of higher regularity

In this subsection we will tackle the case with smoother density. It is easy to see that
proving Theorem 2.2 amounts to proving the following :
Let d = 2,3. For any initial data (po,uo) such that

0<pe<po<p*, po—1eHRY, wuyeLl?RY), divuy=0, (2.56)

System (2.4) has a weak solution (p,u) satisfying (2.18) and (2.19).

Thus in the first paragraph of this subsection, by establishing a new a priori estimate
in smoother functional space in dimension 2, we deduce that if (2.56) holds for the initial
data, then the weak solutions (p,u) got in the last subsection satisfy (2.18) and (2.19).
However in dimension 3, since u ¢ L*(L*), the L? inner product between the convection
term div (pu) and Ap doesn’t make sense a priori. Therefore, we will reprove the existence
of weak solutions by regularizing the system in two levels which, ensures us to get the
uniform estimate (2.15) when the transport velocity is still regularized. This will be done
in the second paragraph.

2D case

We will establish two lemmas (Lemma 2.1 and Lemma 2.2), in order to show that the
global weak solutions (g, u, V7)) = (p — 1,u, V) given by Theorem 2.1 but with smoother
initial density g9 € H'(R?), are bounded only by initial data in the Banach space X»(T') x
X1(T) x X_1(T) for all T € [0, 00] in dimension 2 with

(T ([0, T); H'(R*)) N L3(H' 0 H*(R?)),
(T ([0, T1; L*(R*)) N L#(H' (R?)),
X _1(T) := (X1(T))" : the dual of the Banach space X1(T').

&

):=C
):=C

In fact, the density o always belongs to the following convex subspace of Xy (7T') :
X3(T) := Xo(T) N {0 € L=([0,T] x RN |0 < ps < o(t,x) +1 < p*, t € [0,T], 2 € R? ae.}.

However, in order to prove uniqueness and stability, it is not enough to just consider the
solutions in Xo(T) x X1(T) x X_1(T), since H'(R?) can not be embedded into L>(R?),
which is needed in estimating the nonlinear terms. Therefore we will consider the initial
data in the critical Besov spaces, in order to get a unique global strong solution. This will
be done in next section.

In the following, we will use frequently (explicitly or implicitly) the following Gagliardo-
Nirenberg inequality in dimension 2 :

1/2 1/2
1 llzae) S IFI ot 1V £l forgey- (2.57)
We notice that by (2.57), one has
17l zay S IPllxyery and Jlol[za ey, IV ellza ey S llellx,(r)-

Furthermore, if p € X5(7T'), then the mapping h — f(p)h is an isomorphism on X;(7") (and
hence on X_1(7T)) for any diffeomorphism f from [p., p*] to R : in fact, we have

1£()bllx,(ry < CUFs 1ol Lge (o)) 1Rl xy () + IVl a2y 1P| 2 20
< C(f, el xy(mys ps PRI X, ()
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We now prove first that Vo € X_;(T), provided that ¢ € X3(T'),u € X;(T'). Indeed,
we just have to show that the convergent regular sequence V7" which are solutions of the
following equation (see Equation (2.43))

div (p~'Vm) = =div ((u)e = p~ (k) Vp) - Vu + 2uVp ™" - Au), (2.58)
are uniformly bounded in X_;(7"). We introduce the following lemma :

Lemma 2.1. Suppose that the smooth triplet (o,u, V7) satisfies Equation (2.58) such that
0 € X5(T), uw € X1(T), then there exists a constant D1 depending only on p., p*, |0l x, (1)
|ull x, 7y such that

I97lx ) < Di. (2.59)

Proof. The proof is very similar to the proof of Lemma 2.1 in [81]. Given any h € X1(7T),
we first claim that we have the decomposition h = h1 + ho such that

RA(ph1) =0, divhy =0, [[hilx, (1) < Clow 0" lellxo@) 1Pl x, ), 4=1,2, (2.60)

where R; = (—A)~1/2.2 ‘9 ,© = 1,2 denotes the usual Riesz transform and fAg := figo— fag1-
In fact, we decompose the function ph € X1(7T) into h1 + h2 with

hi=-R(R-(ph)), hy=(1d +R(R))(ph), RAh =0, R-hy=0,
such that
HEiHXl(T) < Cliphllxy ) < Clpss p% ol xa) Bl xy (1) 7 = 1, 2.
To prove (2.60) then amounts to searching for a unique function Rv € X;(T") such that
hi=p'hi—p"Rv, ho=p 'ho+p 'Ru,

with B
div (p~'VV +pthy) =0, V = (—A)" 2. (2.61)

According to Proposition 0.9, Equation (2.61) admits a unique solution VV = Ruv such
that

IR zee (£2) < Clpas ) B2l pge 22y < Clpss %) PPl 22 (£2) < Cpas PPl 130 (22
Now we take the derivative V to (2.61) to arrive at
div (p™ ' V2V +VV @ Vp !t + (V(p~'ha))T) = 0,
which similarly gives
IVRllzz 22y < Clows ) IV 2 1)1V g o) + 0™ ool ) ).
Thus by (2.57) and Young’s inequality, (2.60) follows.
By the decomposition (2.60), we have for any h € X;(7T),

(VB x_ (1), xo(r) = (Y, ha) = (p~ 'V, pha).
Therefore Equation (2.58) for Vr yields

(Vi h)| = )< p~ UKV p) - Vi + 2uVpL - Au,ph1>‘
< C(llullza oy + IVoll s (pa)IVull L2 o2y | pha | 3 1)
< Clps; 07 Mol xz () el (o) 1 |l ()
which together with (2.60) gives the lemma. O
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Remark 2.3. We point out here that, LZ(H Y(R?)) € X_1(T) by definition and Au €
LZ(H1(R?)) since Vu € L2(L*(R?)). But since the “low” regularity o € X2(T) can not
permit that h — ph is an isomorphism on L2(H(R?)) due to a lack of control on |[Vp @
hHLQT@Q,)’ it is not. cleqr that HVT_FHLQT(H—}(R?)) is bounded in Lemmq 2.1. Even if p = 1,
that is in the classical incompressible Navier-Stokes equation case, it is only known that the
pressure term NV can be bounded in LA(M(R?)) with M(R?) the measure space, denoting
the dual space of Co(R?).

It is easy to check that the following lemma concerning the unknowns p, u, Vo imme-
diately yields Theorem 2.2 when d = 2. Details are omitted here.

Lemma 2.2. Let d = 2. For any initial data (po,ug) satisfying (2.56), the global weak
solution (o,u, V) given by Theorem 2.1 satisfies

el xa(ry + llullx, oy + IVallx s o) + 100l 12, (22) + 110l x_y (1) < Do, (2.62)

with Dy depending only on p, p*, | 0ol g1 r2), [|wol| L2(r2)- Moreover, Energy Equality (2.7)
holds and o € C([0,00); HY(R?)), u € C([0, 00); L*(R?)).

Proof. By Theorem 2.1, Equation (2.4),; and Lemma 2.1, to prove (2.62) it rests to prove
0 € Xo(T) and dyu € X_1(T). In fact, since if u, Vp € X1(T), then pu,kVp € X1(T') and
hence

10| L2, (L2®2yy = | = div (pu — £V )| 12 (L2 (r2)) < Clpw, 0% lollxs (1), llullxy (7)) (2.63)

Assume a priori that Vo € X1(T). As in (0.36) in the introduction part, set a to be an
antiderivative of s such that a(1) = 0. Since Va = kVp € X1(T), then a € L (H' N L™)
and Va € L2(H?'). Multiplying (2.4), by x = x(p) yields

Ora +u-Va— kAa =0 in LA(L?). (2.64)
Taking the L?(R?) inner product with Aa issues

1d

oW |Val? —/ u-VaAa+/ K| Aal* = 0. (2.65)
R2 R2 R2

For any € > 0, we have from Inequality (2.57) and Young’s Inequality
[ - Vasa] < lullel Vallpol Aallzz < Al + el Vel
for some constant C.. Let us choose sufficiently small €, then we have shown (by (2.11))

T T 4 4
sup [|Val3. + / |Aal3z < o MiaCVoo|3. < eMolizc|| V|32, ¥T > 0.
0

0<t<T
(2.66)
It is also easy to see from (2.65) that Va € C([0,00); L?). Thus ¢ € C([0,00); H').
Now since Aa = kAo + Vk - Vo, we have

1Aellz: < C(|Aallz2 + [[Val7a) < CllAal (1 + [IVal|z2),

which already gives the estimate for o :
2 g 2 112 Clluol4 2 2
sup [Ve(®)lz: + / IV%0]l72 < eI l20 | Voo|[7 (1 + | Veol72), YT > 0. (2.67)
<t< 0
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Now we turn to the equation for u. It is easy to find that
ou=—p* (8tpu +div ((pu — kVp) @ u) — div (2uAu) + V7r>.
Thus for any h € X;(T), we have by (2.63)
(B B) x_y () xv (| < N0upll a2 [l L ooyl Bl L oy + [V, p7 1))
+[(pu — £Vp) @ u = 2pAul| 1z 12V (07 )| 13,12)
< Cpx; 0% Mol xa @y 1wl () IV Ay @) 1 x4 -

Hence (2.62) follows and (2.4)2 holds in X_1 (7).
In order to show the Energy Equality (2.7), we take the (-,-) x_, (1) x,(r) inner product
between Equation (2.4)2 and u to arrive at (notice (2.4); holding in L2.(L?))

—— 2 Aul|” =
s [+ [ pldu? =0,
which gives (2.7) immediately. This implies u € C([0, 00); L?). O

Remark 2.4. Here we have to consider the function a instead of directly the density p, in
order to get estimates on ”VpHLgS’(L?)ﬂLQT(Hl)' In fact, if we directly take the derivative on
(2.4),, then whether the quantity VpAp issuing from the divergence term div (kVp) can be
killed by the “good” term AV p is not clear.

3D case

Unlike the last paragraph, we do not have Inequality (2.57) in dimension 3. Thus u ¢
L*(L*(R?)) and hence the quantity [g; u - VaAa in (2.65) doesn’t make sense. However,
inspired by the computations before Theorem 2.2, we can show first the uniform bounds as
(2.15) for the regular approximated solutions p® and then, by lower semi-continuity of the
L2-norm, it holds for the weak solution p.

More precisely, for any € > 0 and any § > 0, we will consider the following regularized
system of Cauchy problem (2.4)-(2.56), instead of System (2.28)° :

Oyp + div (p (u)e) — div ((£)5Vp) = 0,
O(pu) + div ((p<u>E — (k)sVp) ® u) —div (2uAu) + Vr = 0, (2.68)
divu = 0,
(P u)le=0 = ((po)e, (uo)e)-

Following the same argument as in Subsection 2.2.1, the above system has a unique solution
(p™9,u9) with p=° — 1,u59 € C([0,00); H*®), such that Estimate (2.53) holds uniformly
in € and ¢. Letting § — 0, then there exists a global-in-time weak solution (p°,u®) to the
following system

Op + div (p (u)e) — div (kVp) = 0,
O¢(pu) + div ((p(u>5 —kVp)® u) —div (2pAu) + Vi = 0, (2.69)
divu = 0,
(P u)li=0 = ((po)e, (uo)e)-

5. Due to Remark 2.4 and v ¢ L*(L*), we regularize the system in two levels in order to get the bound for
the H'-norm of the density p by considering the equation for the scalar function a = a(p) with Va = kVp
where the transport velocity is regularized.
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Thanks to the smooth transport velocity, by a similar method as in the proof of Lemma
2.2, the equation for the density p® holds in the following sense :

dip+ (u)e - Vp —div(kVp) =0 in L*(L?).

In fact, we suppose a priori p° — 1 € L¥(H' N L>) N L4(H?) for any T € (0,00). By use
of the interpolation inequality in dimension 3

1/2 1/2
Vol S I Ap] K2 IV2, (2.70)

one has Vp¢ € L1(L*). Hence the scalar function a® := a(p®) € L¥(H' N L>®) N L2 (H?)
with the function a as defined in the proof of Lemma 2.2 satisfies Equation (2.64) with the
transport velocity (uf).. Taking the L2-inner product between it and Aa®, applying the
following inequality (noticing div ((u®):) =0) :

Va© - V(uf)e - Va©| < |V 2| Va® |74 < OVl 2] A 2,

/ (u¥)e - VaAa®
R3

R3

and then performing Young’s Inequality and Estimate (2.53), we arrive at

1V ez + 180 22 (1) < Clpes p) IV (O) 12 + ol z2) < CI¥polze + ol z2 )

One easily finds that the above estimate also holds for p°. Therefore, taking into account
also Energy Identity (2.6), we arrive at for all T € (0, 00), € > 0,

10" = Ulrge ey + IVA°l L2 (i msy) < Cli(po — 1, wo)l| ey« r2(w3)- (2.71)

Now we let € — 0, then the same argument as in Subsection 2.2.1 ensures that there
exists a global-in-time weak solution (p,u) to System (2.4) such that Estimate (2.19) holds
and Vp € C([0,00); L2). Define v = u — kVIn p, then one easily checks that Equality (2.17)
holds for some divergence-free test function ¢ by virtue of (2.10). This completes the proof
of Theorem 2.2.

2.3 Well-posedness in dimension two

In this section we aim at proving Theorem 2.4, by the arguments before which, we
just have to prove the global-in-time existence of a unique strong solution (p, u) to Cauchy
problem (2.4)-(2.20). Indeed, by Theorem 2.3, it rests to show a pseudo-conservation law
concerning L>°(H?) x L (H')-norm of its weak solutions which, should be proved to belong
to (strong) solution space E; (see (2.21) for the definition).

The following lemma supplies the needed conservation law :

Lemma 2.3. We assume (g,u, V) to be a weak solution to System (2.4) with the initial
data 09, ug satisfying the following condition :

0<ps<o0+1<p*, oo€H*R?), wupe HY(R?), divug=0, (2.72)

then there exists a constant D3 depending only on ps, p*, ||ool| r2(r2), | uoll 1 (m2y such that
the following a priori estimate holds true :

T
sup (lelf+lull)+ | Vel IVulfn el 103+ V) < Da. (273
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Proof. 1t is easy to see that (2.62) already holds by Lemma 2.2. As usual, we can assume
a priori that o € L>®(H?), Vo € L*(H?) and v € L®(H'), Vu € L?*(H"). In the follo-
wing we will use thoroughly the Gagliardo-Nirenberg inequality (2.57) and the following
interpolation inequality

£l ) S 11 Fotmay 1Al gy (2.74)

We first consider the equation for u. We take the L? inner product between Equation
(2.4)2 and Oyu to arrive at

d
0= / plosu|* + — / 2| Au|? + / pu - Vu - du — kVp - Vu - Opu — 2p | Aul* 9y p.
R2 dt Jre R2

(2.75)
On the other hand, from the equation (2.4)2 — (2.4); we have
Au=p"t <p8tu +pu-Vu—kVp-Vu—2u'Vp- Au+ Vw), (2.76)
and the elliptic equation for 7 (similar to (2.43))
div (p~1Vr) = —div ((u —p 'kVp) - Vu+2uVpt- Au). (2.77)
Equation (2.77) above gives us the estimate for V7 :
V7l < Cllullpa + 1VollLa) [Vl 4. (2.78)
Therefore Equality (2.76) entails
18ulzz < O (Nl + (fullcs + 1 9p]20) V1)
which implies, by applying (2.57) on Vu and Young’s Inequality,
aullze < O(I9hulze + (lull3a + IVl [ Vel 2. (2.79)
and hence
IVule < C (ol 2 Full 2 + (ulds + 1V plI301 ValZ). (2.80)
Set
I, & / pu - Vu - du — kVp - Vu - O — 2p'| Aul|?d,p,
R2
then

T
123l 22 0,7y < C/O (lull e + IV pll L) IV ull g1 |9l 2 + || AwlZal|Oep]] 2

Thus by Estimate (2.80) and Young’s Inequality, we finally arrive at

T T
ITill oz < € /0 |Byul|2s + C- /O (Ulallds + V)L + [0e0]122) V2.

Therefore by the equality ||[Vu[7, = [ |Au|* and Estimate (2.62), we can choose suffi-
ciently small € to deduce from (2.75) that

T
sup IVulF2 + / 10|72 < CeP? || Vg7 (2.81)
0

0<t<
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Moreover, by estimates (2.78), (2.79), (2.80) and (2.81), we derive

T
/0 1AulZ + IVl s + [ V7lZ2 < Cllleoll a2, luollan)- (2.82)

Now we turn to the density p. We further apply “A” to Equation (2.64) of a, yielding
the equation for the scalar function a = Aa € L>(L?) N L2(H') :

a4 2Vu : Via+u-Va+ Au-Va — A(ka) = 0. (2.83)

Hence again taking the L? inner product between (2.83) and a shows

1d

/ a? —i—/ K| Val? +/ 2(Vu: Via)a+ (Au-Va)a+w'aVp-Va=0. (2.84)
th RQ R2 RQ

Set
I, & / 2(Vu: V2a)a+ (Au-Va)a+ x'aVp - Va,
R2

then noticing ||Vpl|ra < C||Val| 1, we have
g 2
1Zal 2o,y < C/O (IVull2V=all s + [[Aull 2] Vall s + [ Val[ 4] Va][ 12) [ all 4.

By use of |V2al 4, ||a]|z4 < HaHlL/QQHVaHlL/Qz, we have from above that

T T
122l L1 o,y < 6/0 IVa|[72 + Ca/o (IVullZ> + [IVallzs) lallZ> + | AullZ..

Therefore by (2.62), (2.66), (2.82) and Gronwall’s Inequality, Inequality (2.84) gives

T T T
sup. a3 + [ IVl < Cop{ [ 19ulZa + 19k} (Ia): + [ 180l )

0<t<T
< C(llooll 25 luoll 1), (2.85)
and hence
1/2 1/2
sup [[Va(t)|zs < sup [[Va@)| % (a2 < Clloollmz, [[uoll m1)- (2.86)
0<t<T 0<t<T

Furthermore, according to the two identities
kAp=a—Vk-Vpand kVAp = Va— VkAp—Vo-V*k — Vk-V?p,

we get from (2.57) and (2.74) that

O;IETHAQ(t)Hiz + /OT VA7 < Clleoll a2 [uol 1) (2.87)
Moreover, Equation (2.4); ensures
V(dp) = -Vp-Du—u-V?p+Va,
which by above yields .
| Iv0ueliz < Cllenlie uolln), (2.8%)

which together with the estimates (2.62), (2.81), (2.82) and (2.87) give (2.73). O

68 2.3. WELL-POSEDNESS IN DIMENSION TWO



CHAPITRE 2. GLOBAL EXISTENCE RESULTS FOR A SPECIAL CASE

Remark 2.5. Compared to Remark 2.3, thanks to the high reqularity of the density, we have
control on ||V| 22y and moreover, we have A € LY(L?). Indeed, it is easy to deduce
from (2.77) that

—p AT =Vp LV + (Vu—rp 'Vp): Vu—uVp~ ' Au.
Thus by the uniform bound (2.73), one gets ||An||1z2) < C(llooll 2 (r2), | uoll m1(r2))-

The next lemma is devoted to a weak-strong uniqueness result under the initial condition
(2.72), by use of the estimates (2.22) and (2.23).

Lemma 2.4. Under the same hypotheses of Lemma 2.3, suppose (p,u,Vm) to be a weak
solution to System (2.4), then (p — 1,u,Vw) € Ep, VT € [0,+00), and hence is unique
globally in time.

Proof. In this proof, we will always denote by Cy some harmless constant depending only
on the initial data ps, p*, ||col| r2(r2), U0l g1 (r2), Which may vary from time to time.
Let’s first rewrite the equations for ¢ and u in System (2.4) as following :

{ Oro — div (kVp) = —u - Vo, (2.89)

Opu — div (up™'Vu) = —(u — (kp~t + pp=2)Vp) - Vu — p~ 'V - Du — p~ V.
By (2.22) and (2.23), the L7.(Bj3 ;) (resp. Lip(B3 ;))-norm of the right hand side of Equa-
tion (2.89), (resp. (2.89),) can be bounded by the following two quantities respectively :

T T
c /0 lullgy, I9plpy, dt and C /0 (ullzy, +lellzz DIVullsg, +lell sy, V7l sy, ) dt.

Since |lollp;, < llollg2 and [[V7llgy < Va2 + [[A7|z2, we have from the uniform
estimate (2.73) and the elliptic equation (2.58) for =

div (p~1Vr) = —div ((u — p~*kVp) - Vu + 2uVp~L - Au),

that
T T
/0 HQHB%JHVWHB% dt < /0 CO(HAFHLQ + |(u— kp~tVp) - Vu +2uVp~t- Aullm) dt.

Because B%l < L2, the product estimate (2.23) entails

T T T
/0 lell gy IVl , dt < C'O/O |AT|| L2 + Co/o (lullpy, + llellsz MIVullpg, dt.

On the other side, it is easy to check that for any C'(R,R)-function f with f(1) = 0,
one has

||f(p)”L°°(H2) + ||Vf(p)HL2(H2) < (.
Therefore, for any solution (o, u) to System (2.4), Proposition 2.1 tells us that
lollzge (B3 Hnzs(mz ) + 1ulloge (g Hnrrisz,)

T T
<Co(1+ [ el + [ lullsy, I¥0llsy, + ey, + el )1Vl + 1Az ).

As we have interpolation inequalities

1/2
B3,

1/2 1/2 1/2

lullsy, < Nulye Il lolss, < ol ol
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by Young’s Inequality and Gronwall’s Inequality again, the last three inequalities imply
lollrge By pnzscsz ) + 1l g nesisz,)
T
2 2
< Cpexp] /0 IVl + IVulZy b (1+ e wllzy ey + 14Ty ) )-
It is easy to find from Estimate (2.73) and Remark 2.5 that

lellzge By pnzs(mz ) T 1ullLge (g Hnrrsz,) < Co (1 + [l(e U)HL,}(LQ))'
This completes the proof. O

Now with Lemma 2.4 in hand, we can easily check that there exists a global-in-time
strong solution to Cauchy problem (2.4)-(2.20). Firstly, Theorem 2.3 ensures a unique strong
solution (p1,u1, V) with lifespan T for some positive time 7™ > T.. Hence there exists
Ty € (0,T%) such that ¢1(Tp) € B3, < H* and u(Tp) € Bil < H'. Let (p2,u2, Vma) be
a weak solution which evolves from the initial data p;(7p),u1(Tp). Thus, by Lemma 2.4,
(p2,u9,Vma) € Ep, VT > Ty. Hence, it coincides with (p1,u1, V) on the time interval
[Ty, T*) by the uniqueness result and moreover, we can choose T* = +oo. In fact, if T* <
+00, then by the global-in-time boundedness of ||p2 — 1| (s ) and [Juz||p(py ) given by
(2.73), the lifespan of (p1,u1, V1) should go beyond 1. This is a contradiction.
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Chapitre 3

Inviscid low-Mach number limit
system

This chapter is devoted to the well-posedness issue for a low-Mach number limit system
with heat conduction but no viscosity, that is, System (0.35) :

Op + div (pv) = 0,
O(pv) +div(pv @v)+ VII = 0, (3.1)
divo — div (akV9) = 0,

or equivalently System (0.37) :

Op+u-Vp—div(kVp) =0,
Ou~+ (u+ Vb) - Vu+ AVq = h(p,u), (3.2)
divu = 0,

where the coefficients k = k(p) = kpflCISI, A = Ap) = p~! and the source term h
(corresponding to hs in the introduction part) is defined by the following

h = Miv(v®Va) = —u-V? — (u-VA)Va— (Vb- VA)Va — div(Vb®@ Vb).  (3.3)
The relation between u,v,a = a(p),b = b(p) is given by
u=v—Vb, Va=rVp=—pVb, (3.4)
while the relation between the two pressures VII and Vgq is
VII = Vq + 0, Va. (3.5)
Notice also that Equation (3.2), can be written as the following equation for w :
O¢(pu) +div (pv ® u) + Vg = div (v ® Va). (3.6)

Let us note that if k = 0, then a = b = 0 and hence System (3.2) becomes the so-called
density-dependent Euler equations

Op+v-Vp=0,
O +v-Vu+AVg=0, (3.7)
dive = 0.

We can see that due to the null heat conduction, the density p satisfies a transport equation,
the “source” term h vanishes and the velocity v itself is divergence free. In System (3.2)
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instead, one encounters a quasilinear parabolic-type equation for p, the transport velocity
for u is no longer solenoidal and the “source” term h is a little complicated, as it involves
two derivatives of p. As early as in 1980, H. Beirao da Veiga and A. Valli in [12, 13, 14]
have investigated the local well-posedness issue in some smooth bounded domain of the
nonhomogeneous Euler system (3.7). We also cite here the book [3] as a good survey of the
boundary-value problems in mechanics for nonhomogeneous fluids. By use of an energy
identity, in [35] R. Danchin studied System (3.7) in the framework of nonhomogeneous
Besov space B;’T(Rd) which can be embedded in C%!. Recently in [36], R. Danchin and F.
Fanelli has treated the end point case where the Lebesgue exponent p in the Besov space
Bj . is chosen to be co. We notice that if morever p =1 is a constant density state, then
System (3.7) reduces to the classical Euler system, which has been deeply studied.

However, to our knowledge, there are not so many theoretical works devoted to heat-
conducting inviscid zero Mach number system (3.1), or equivalently System (3.2). It is
interesting to view System (3.1) as the model for an inviscid fluid consisting of two compo-
nents, both incompressible, with a diffusion effect obeying Fick’s law. In fact, we can write
Equation (3.1), as the following Fick’s law :

div (v + kVInp) = 0,

with x denoting the diffusion coefficient. Now p, © and v are considered to be the mean
density, the mean-volume velocity and the mean-mass velocity of the mixture respectively.
As usual, VII denotes some unknown pressure. For more physical backgrounds of this
model, see [52]. One can also see [11] for a local existence and uniqueness result of the
initial boudary value problem for this model, in the framework of classical solutions.

In this chapter, we aim at showing some similar results as in [35, 36] about it. We
will work in the framework of general Besov spaces B;yr(]R{d), which can be embedded into
the class of Lipschitz functions. Firstly, we consider the case of p € [2,4], with no further
restrictions on the initial data. Then we tackle the case of any p €]1, 00|, but requiring
also a finite energy assumption, or a smallness condition on the initial density. The extreme
value p = oo can be treated due to a new a priori estimate for parabolic equations. A
continuation criterion and a lower bound for the lifespan of the solution are proved as well.

This chapter is organized in the following way.

In the first section we will present our first main results on System (3.2) (the corresponding
results for System (3.1) will be pointed out, in Remark 3.1 for example), i.e. the local
in time well-posedness in Besov spaces B,, — C%!. Firstly, we focus on the case when
p € [2,4] (see Theorem 3.1) ; then, we consider also the general instance p € |1, +o0], under
the additional assumptions of data in L? (see Theorem 3.4) or when the initial density is
a small perturbation of a constant state (Theorem 3.6). We will also state a continuation
criterion for solutions to our system, and a lower bound for the lifespan of the solution in
terms of the norms of the initial data only : this will be done in Theorems 3.2 and 3.3.

In Section §3.2 we will tackle the proof of Theorem 3.1 : it will be carried out in a
standard way. First of all, we will show a priori estimates for the linearized equations.
Then, we will construct inductively a sequence of smooth approximated solutions. Finally,
we will show its convergence to a “real solution” to the original equations.

Section §3.3, instead, is devoted to the proof of the continuation criterion (Theorem 3.2)
and of the lower bound for the lifespan of solutions to system (3.2) (Theorem 3.3).

The finite energy case is presented in Section §3.4. A new estimate for parabolic equa-
tions in Besov spaces B, , will be the key to tackle the case up to this endpoint space, and
so to prove Theorem 3.4.

We will sketch the proof of Theorem 3.6 when the inital density is near a constant state,
in the last section §3.5.

72



CHAPITRE 3. INVISCID LOW-MACH NUMBER LIMIT SYSTEM

3.1 Main results

Now let us analyze System (3.2) to introduce our main results. Just as in Chapter 2, in
view of the parabolic equation (3.2), for the density, by maximum principle, we can assume
that the density p (if it exists on the time interval [0,7]) has the same positive upper and
low bounds as initial density pg :

0 < pe <plt,x) < p*, Vtel0,T)], zeRL (3.8)

Correspondingly, the coefficients x and A can always be assumed to have positive upper
and lower bounds too, which ensures that the pressure ¢ satisfies an elliptic equation. As
a matter of fact, applying operator “div” to Equation (3.2), gives the following elliptic
equation in divergence form :

div (AVq) = div (h — v - Vu). (3.9)

Since by Equation (3.2),, there is no gain of regularity for the velocity u as time goes
by, we suppose the initial divergence-free “velocity” field ug to belong to some space By .
which can be continuously embedded in C%!, i.e. the triplet (s,p,7) € R x [1,40oc]? only
has to satisfy the following condition :

s>1+g, or s=14—-, r=1. (3.10)
p p
This assumption will be enough to have the velocity field u Lipschitz continuous, and so
to preserve the initial regularity as a transport velocity. This at least requires the “source”
term h — AVq to belong to L'([0,T]; BS,) which, according to definition (3.3) of h and
bound (3.8) for p, asks at least

V2p e L'([0,T);Bs,), Vpe L®([0,T);L>), and Vgqe L'([0,T];B;,).

Keeping in mind that p satisfies the parabolic type equation (3.2),, we expect to main-
tain the initial regularity and to gain also two orders of regularity with respect to the space
variable when integrating in time (see e.x. Proposition 0.7), at least on a small time interval.
We thus have to assume the difference of the initial density and a constant, say pg — 1, to
be in the same space B, , as above. However in general, we only get V2p in time-dependent
Besov space E%F(Bf,’r), which is a little larger than L (B5,), see Definition 0.3. Therefore

in the whole context we will deal with the spaces E%O(B;?T) and EIT(B]‘,f’T) instead.

Let us pay attention to the estimate of the pressure ¢ which requires restrictions on
the Lebesgue exponent p, just as in the nonhomogeneous case in Chapter 1 (see (1.8)).
Firstly, as h — v - Vu is already in space E#([O, T1; By ), then since applying operator “A;”
to Equation (3.9) gives

div ()\Aqu) = —div Aj(h —v- VU) + div ([/\, Aj]Vq),

it remains to controlling the commutator div ([A, A;]Vq) and hence the low frequency of
Vg, by the classical commutator estimation. Due to the fact that we have the a priori
estimate

HVqHLp < CHh — - VU”LP

only when p = 2 (see Lemma 0.9) or very close to 2, but depending strongly on A, for
Equation (3.9) above, we have to make sure that h — v - Vu € L?. Hence the fact that h is
composed of quadratic forms entails that p has to verify

pe2,4]. (3.11)

Finally, we establish the following theorem, whose proof is shown in Section §3.2.
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Theorem 3.1. Let the triplet (s,p,7) € R x [1,+00]? satisfy conditions (3.10) and (3.11).
Let us take an initial density state pg and an initial divergence-free velocity field ug such
that

0<pi<po<p*,  lpo—1lss, + lluollps, < M, (3.12)

for some positive constants p., p* and M.

Then there exist a positive time T (depending only on ps, p*, M,d, s,p,r) and a unique
solution (p,u,Vq) to System (3.2) such that (0,u,Vq) = (p —1,u, Vq) belongs to the space
E; (T), defined as the set of triplet (o,u, V) such that

o € C(0,T];Bs,)NLY([0,T]; B5?),

u € C([0,T;B,,), (3.13)
Vq € LY[0,7);B5,)NLY([0,T);L?),

with Cy ([0, T); By, ,) if r =400 (see also Definition 0.3).

Remark 3.1. Let us state briefly here the corresponding wellposedness result for the original
system (3.1). According to the change of variables (3.4), we have u = Pv, Vb = Qu, where
P denotes the Leray projector over divergence-free vector fields and Q@ = Id — P. Assume
Conditions (3.10) and (3.11), and the initial datum (pg,vo) to satisfy

0<pe<po<p*, Vb(po)= Quo, llpo = 1llB;, + [[Pwollsy, < M.

Then, there exist a positive time T (depending only on py, p*, M,d,s,p,r) and a unique
solution (p,v, Vq) to System (3.1) such that

p—1¢C(0,T); BS,) N LX([0, T]; B3+?),
veC([0,T); Bz N L2([0,T); By,),  PveC([0,T);B;,),
Vg e LY((0,T); B;,)

with Cy ([0, T); BS,.) if 7 = +00.

One notices from above that, the initial velocity vy needs not to be in By . but the velocity
v(t) will be in it for almost every t € [0,T]. That is, the initial non-Lipschitzian velocity
may evolve in a unique Lipschitzian velocity. However, Theorem 3.1 doesn’t say that if the
initial datum (po,vo) satisfies (3.12), then the local existence result holds. In fact, we just
can say that, if initially po—1 € B;jl and vg € By ., then there exists a unique local solution
to System (3.1).

Let us also point out that since Oyp & L*([0,T]; L?) in general, we do not know whether
Vq € L'([0,T); L?). Hence it seems not convenient to deal with System (3.1) directly since
the low frequences of Vq can not be controlled a priori.

Next, one can furthermore get a Beale-Kato-Majda type continuation criterion (see [§]
for the original version) for solutions to System (3.2), similar as in [35] or [36] for the density-
dependent Euler System (3.7). As it is a coupling of a parabolic equation (for the density)
and an Euler-type equation (for the velocity field and the pressure), one may expect, a
priori, to impose conditions similar, or even weaker, to those found in paper [35], because
the regularity of the density improves in time evolution. Actually, this is not the case : the
criterion holds true under additional conditions, which are motivated by the structure of
the nonlinearities in h and v - Vu. In fact, for example, we consider E%(Bg’r)—norm of h and
Vb-Vu :

— the term u - V2b requires at least HV2bHL1T(Loo) and [|u|zee(re)
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— the term AbVb requires ||Vb|| 0 (r~) and HAbHLzT(Loo);
— the transport term Vb - Vu needs control on ||VuHL2T(LOQ), since we only have Vb €
L7(By,)-
Finally, we have the following statement.

Theorem 3.2. [Continuation Criterion] Let the triplet (s,p,r) € R x [1,+00]? satisfy
conditions (3.10) and (3.11). Let (p,u, Vq) be a solution of (3.2) on [0, T[ xR such that it
is of the following reqularity and satisfies the following conditions :

(i) p—1e€ C~([0,T[;B;,r) N Z}OC([O,T[;B;jCQ) and it satisfies

T
2
sup ||Vp(t)||z- +/ HV2p(t)HLOO dt < 4003 (3.14)
te[0,T] 0

(i) uw € C([0,T[; B, ,) and it satisfies

T
sup [lu(®)l|z= + / IVa(t)][3e di < +oo: (3.15)
te[0,T] 0

(iii) Vq € L} ([0,T[; B, ) verifies, for some o > 0,

loc

T
/0 IVa®)l pog iy dt < +oo. (3.16)

Then (p,u, Vq) could be continued beyond T' (if T is finite) into a solution of (3.2) with
the same reqularity.

The proof of Theorem 3.2 issues from the following fundamental lemma whose proof
can be found in Section §3.3.1 :

Lemma 3.1. Let s >0, p € (1,+00) and r € [1,+00]. Let (p,u, Vq) be a solution of (3.2)
over [0, T[ xR such that Hypotheses (i), (ii), (i) in Theorem 3.2 hold true. If T is finite,
then one gets

lo = Uz onzs e + 1z s, + VIO s, < +oo- (3.17)

In fact, from Theorem 3.1, one knows that once Conditions (3.10), (3.11) and (3.12)
hold, the initial data will evolve into a unique solution at least on a positive time interval,
which depends only on the parameters in these conditions. Therefore, once we have (3.17)
and besides Conditions (3.10), (3.11) hold true, then there exists a time ¢y such that, for

any T < T, System (3.2) with initial data (p(f), u(TV)) has a unique solution until the time

T + to. Thus, if we take, for instance, T = T — (t/2), then we get a solution until the time
T + (to/2), which is, by uniqueness, the continuation of (p, u, Vq). Theorem 3.2 follows.

Let us analyze the scaling property of our system in order to show an explicit relationship
between the size of the initial data and the lifespan. Recalling (3.3), it’s easy to see that, if
(p,u, Vq) is a solution of (3.2) with initial data (pg, ug), then

(pg, u®, ch) (t, x) := (p, ety e Vq) (e ?t, e ta) (3.18)

is still a solution of (3.2), with initial data (p§, ug)(z) := (po, e tuo)(e~'z). So, the following
result immediately follows.
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Proposition 3.1. Let (p°,u®,V¢®) be a solution of System (3.2) with initial data (pg,uq)
on a time interval [0,Tc[. Then the triplet (p, u, Vq), given by (3.18), is still a solution
of (3.2), defined on a time interval [0,T], with

T > T.e 2.

Remark 3.2. In the homogeneous case, we know that if the initial velocity is of order e
then the lifespan is at least of order e~'. But here for our system (3.2) (and hence for
System (3.1)), we have from the above proposition that if the initial data pg — 1,ug are of
order e5=UP qnd est1-d/p respectively, then the lifespan is at least of order e=2, due to the
fact that

d/p— d/p—s—
oy — s, =P *llpo — s, lugllss, =P~ uol s,

In particular if s = 1+d/p, then the lifespan is of order O(e~2) for the initial data pg—1 =
O(E): ug = 0(52) :

Even in the two-dimensional case, it’s hard to expect global in time well-posedness
for this system : the parabolic equation (3.2), allows to improve regularity for the density
term, but such a gain is (roughly speaking) deleted by the nonlinear term in the momentum
equation (3.2),. Hence, the obstacles to global existence are the same as those one has to
face in considering the density-dependent Euler system (3.7), which has already been dealt
in [36]. However, we manage to establish an explicit lower bound for the lifespan of the
solution, depending only on the norms of the initial data, in any dimension d > 2, in
Section §3.3.2 :

Theorem 3.3. Under the hypotheses of Theorem 3.1, there exists a positive constant Ky,
depending only on d, p, r, px and p*, such that, the lifespan T of the solution to System
(3.2) given by Theorem 3.1 is bounded from below by the quantity

K K
L log ! : (3.19)

upl| s 172 \*
[uoll5;., 1+ (Ilpo - 1||B;,T/||uougzﬁr)

where X > 2 is a constant big enough, depending only on s,d,p.

Remark 3.3. Thanks to Theorem 3.2, the lifespan is independent of the reqularity. Hence,
if we want to get the lower bound of the lifespan, we only deal with the endpoint case
s=1+d/4, p=4, r =1, whose lifespan is the largest. Therefore, the By .-norm in (3.19)
can be replaced by Bijd/4—no7’m.

In the following Theorem 3.5 we will improve the previous result for 2-D fluids. Under
the additional requirements of finite energy initial data (see also below) and taking p = +o0,
we will show that the lifespan tends to 400, i.e. the solution tends to be global in time, if
po is "close” to (say) 1.

As we have already pointed out, Hypothesis (3.11) over the index p is imposed to get
h € L?, and so to solve the elliptic equation for the pressure term. In fact, we can remove
it and consider any p €]1, 40|, provided that the following energy estimates hold : this
immediately gives Vq € LL(L?).

First of all, by taking the L?(R%)-inner product between p — 1 and Equation (3.2), and
integrating in time variable, we arrive at the following energy identity (i.e. (2.6) in Chapter

2) :
1 2 ! 2 1 2
2w —1p + AIVAE = Sllpo — 1. (3.20)
2 Rd 0 Rd 2
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Such an energy identity requires the following equality to hold true :

[ [ wvaeo-n=o

In fact for instance, if u € L (L), which is always the case under our hypothesis, then
for any finite ¢ it holds, according to divu = 0 and the previous Identity (3.20).

In the same way, formally, if we take L2-inner product between Equation (3.6) and u,
then thanks to Equation (3.1); and integration by parts, the first two terms entail

1d

=5 deyu\? (3.21)

/ (pOyu+ pv - Vu) - u
R4

Thanks to the divergence-free condition of u, the inner product (Vgq, u)2gay vanishes. It
rests to dealing with (div (v ® Va), u) r2(ra). In fact, from Relation (3.4) we have

div (v ® Va) = AbVa + u - VZa + Vb - Va.
The boundedness (3.8) implies that (with C' depending on py, p*)
1Ab] L, [IV2al[zee < C ([IVpll7ee + [[V?pllze) and [V g2, Va2 < Ol Vo]l 2.
Thus

|{div (v @ Va),u) 2ge)| < CUIVplTe + IV20ll=)(IVoll 2 + Nl g2)lull 2 (3.22)
< C(O'Wlullz: + IVplz2)

where we have defined
t
o(t) :/0 (IVolie + Vo1 + (V0L + (V2070 ) dT .

Hence Identity (3.21), Holder’s Inequality, Gronwall’s Inequality and Energy Equality (3.20)
give

t
@l < €0 (Junlls + [ 19012 ) < Ce (i + I = 11) . (323
0

On the other hand, if there exists (p — 1, u) such that (3.13); and (3.13), hold for some
finite time T' > 0, with (s, p,r) verifying (3.10), then we have also (3.14) and (3.15). Thus,
if we assume the initial data (pp,ug) to satisfy

po — 1,ug € L?, (3.24)

then by Energy Estimates (3.20), (3.23), we gather u,p — 1 € L (L?) and Vp € LZ4(L?).
Hence for any finite positive time T,

h—v-Vu=pldiviveVa) —v-Vu=p 'AbVa+p tv-V?a—v-Vu € L}(L?),

which ensures V¢ € L1.(L?), according to Equation (3.9) and Lemma 0.9.

To conclude, by the arguments before Theorem 3.1 and above, and a new a priori
estimate for linear parabolic equations in Besov space B, . (see Proposition B.3 in Section
§B.2), we have the following :
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Theorem 3.4. Let the triplet (s,p,7) € R x [1, +00]? satisfy Condition (3.10) and 1 < p <
0.
Let the initial density po and divergence-free initial velocity ug fulfill (3.24) as well as (3.12),
for some positive constants p., p* and M.

Then there ezist a positive time T > 0 and a unique solution (p,u,Vq) to System (3.2)
with (p—1,u,Vq) € Ej5 .(T) (see (3.13) for its definition) such that p—1,u € C([0,T]; L?),
Vp € L2(L?) also hold true.

Remark 3.4. Notice that we have the embedding B;T(Rd) — L2(RY) if s > d/p — d/2,
p € [1,2] (see Proposition 0.1). Thus if the triplet (s,p,7) € R x [1,+00]? satisfy Condition
(3.10) and 1 < p < 2, then the initial data po,uy satisfying (3.12) verifies finite-energy
condition (3.24).

In fact, if we take p = 1 constant in System (3.2), or equivalently in (3.1), we get
the classical homogeneous Euler system. For this system, the global-in-time existence issue
in dimension d = 2 has been well-known since 1933, due to the pioneering work [103] by
Wolibner. For non-homogeneous perfect fluids, see system (3.7), it’s still open if its solutions
exist globally in time. However, in [36] it’s proved that, for initial densities close to a constant
state, the lifespan of the corresponding solutions tends to +oo (independently of the initial
velocity field).

Actually, under the same hypothesis as in Theorem 3.4 in dimension 2, we are able to
prove a similar result also for our system.

Theorem 3.5. Let d = 2. Let us suppose the initial data pg and ug to be such that
00:=po—1 € L? ﬂBioJ, with 0 < px < po < p*, and ug € L* ﬂBéo,l'

Then the lifespan of the solution to system (3.2), given by Theorem 3.4, is bounded from
below by the quantity

Ky Ko
Tl H2 ol : log | 1+ log
0 0llL2nB + :
L2 L?n 0,1 (1 HQOHBl 1> ||QO||Béo,1

for a suitable exponent 9 > 5 and a constant Ko which depends only on p. and p*.
In particular, the lifespan tends to +o0o, i.e. the solution tends to be global, for initial
densities close (in the Béql norm) to a constant state.

, (3.25)

There is another way to get rid of Condition (3.11) imposed on p, that is, we assume
an additional smallness condition over the initial density, which ensures that the elliptic
equation for the pressure is almost a Poisson’s equation, up to a perturbation term.

Theorem 3.6. A small constant ¢ > 0 exists such that the following statement holds true.

Let the triplet (s,p,7) € R x [1,4+00]? satisfy Condition (3.10) and p € (1,+o0). Let
us take an initial density state pg and an initial divergence-free velocity field ug such that
the bounds in (3.12) are true, for some positive constants p., p* and M. Assume moreover
llpo —1l[B;, <c.

Then there exist a positive time T (depending on p«, p*,c, M,d, s,p,r) and a unique so-
lution (o, u, Vq) to System (3.2) belonging to the space I, .(T), defined as the Space E, .(T)
(recall (3.13)), but without condition Vq € L'([0,T]; L?).

Remark 3.5. [t goes without saying that under hypotheses of Theorem 8.4 and Theorem
3.6, a continuation criterion and lifespan lower bound analogous to that of Theorem 8.2 and
Theorem 3.3 respectively, can be proved. The corresponding results for the original system
(3.1) also hold true, similar as in Remark 3.1, which are omitted here.
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3.2 Proof of the first well-posedness result

The aim of this section is to prove our first well-posedness result, i.e. Theorem 3.1, for
System (3.2). The a priori estimates we establish here will be the basis of all the results of
the present chapter.

The notation f; will always denote A;f, unless otherwise defined. We also notice here
that by embedding results stated in Proposition 0.1 and Remark 0.1, for any € > 0, the
following chain of embeddings holds true :

T +e/2 T €
LI(BSy) « LUBIL) « LHBE), (3.26)

which will be frequently used in our computations.

3.2.1 Linearized equations

In this subsection we want to establish a priori estimates for the linearized equations
associated to original System (3.2).

Let us point out here that in order to prove the uniqueness, we will consider the difference
of two solutions to System (3.2). Noticing that Equation (3.2), for the velocity u will cause
one derivative loss, we therefore also have to look for a priori estimates for the unknown in

B ., under a weaker condition
k)

d d d
s>—, p €|l,+o0[, re€[l,+o0], with r=1 if s=14- or —, (3.27)
b p b

rather than (3.10).

First of all, we consider the linearized equation for the density term, which is actually
the same for both p and p. Let us suppose the right hand side of the first equation of (3.2)
to be some scalar function f, a more general case which turns out to be useful in the sequel :

{ 0o +u-Vo —div (kVp) = f, (3.28)

0li=0 = 0o-

According to Proposition B.2 in Appendix §B.1, one has the following a priori estimate
(similar to Proposition 1.1 in Chapter §1) :

lellzzess ) + lollzysyezy < Ce O (laollss, + Wz, ) (3:29)
where we have defined Kg(0) = 0 and

Ki() =1+ |Vul o +IIVals, + VAL~ (3.30)

p,lm p,r

Here let’s just sketch the proof. If we perform the standard process : apply A; to
Equation (3.28), take L? scalar product between it and |o;|P~20;, use Bernstein’s inequality
(0.41), integrate in time variable, multiply by 27¢ and take ¢"-norm, then it is easy to get
for p € (1, 00),

lollzo (s ) + el e, < c<ugouB;m + 27 A ol gy + s )+

2]8/0 HR;(T)HLP dr 235/0 HR?(T)HLpdT e > (3.31)
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For the commutator

R} = [u,Aj]- Vo, (3.32)

we apply Proposition 0.4 to get

t .
L= 18,

It rests to deal with the commutator

t
L dr < /0 IVl s el s, @ (3.33)

R? = div ([r, A;]V0). (3.34)

Since we work in the Besov space By . with r not necessarily being 1, we have to resort to
a new commutator estimate to get the norm || - Hf%(') (instead of || - || 1)) of . Compared
with Proposition 0.4, this is nothing but taking the interpolation before the integral with
respect to the time variable. Finally, Proposition A.5 in Appendix §A.2 with# =1/2,0 =1
supplies us the following estimate :

) t
2 [ 131,
0 4

Finally, substituting (3.33), (3.35) into (3.31) gives us the a priori estimate (3.29).

The linearized equation for the velocity reads

C t
ar < S [ (IVRlE + 19153, ) leleg, dr + lellz - (3:39)

Owu+v-Vu+ AVqg=h,
divu =0, (3.36)
ult=0 = uo,
where the initial datum wg, the Lipschitzian transport vector field v, the coefficient A and

the source term h are all smooth and decrease rapidly at infinity.
Firstly, by classic commutator and product estimates, it is easy to find that

(Ol g 5. < Iollsg, +C / V() el dr + Il zy gy, + MValzy s ) (337)

where V' (0) = A(0) =0 and

/ o _
14 (t) - HVUHBi/lme;,_rh and A(t) - HAHLOO + HVAHZ?O(BZ/IPQB;_R)

Here we have to add the restriction
p € [2,4],
in order to control the pressure Vq. In fact, we follow the “standard” process : apply div to
Equation (3.36) to get elliptic equation for ¢ :
div (A\Vgq) = divh — div (v - Vu) = divh — div (u - Vo — udiv o). (3.38)

In the above equation, we benefits the divergence-free condition on u in putting the de-
rivatives on the known Lipschitzian transport velocity v instead of the unknown wu, such
that the case u € B, / " is included. Then, we bound the L?(R%)-norm of V¢ by ||| 2 and
lul|Lal| Vol 4, perform A, and make use of commutator estimate, take interpolation inequa-
lity between L? and B, and Young’s inequality, notice |[u| s < |lul|ps, and |[|[Vv|[ps <V,
arriving at

190l 2335yt aey < OO (I35, gz + 1Y 0 V)l gy sy + VOl g )
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Now decompose ||div (v - VU)HBg;l into
| T,0i 050’ + T, ui00” + div (R(v?, 0u)) || go-1, (3.39)

which can be controlled, according to Proposition 0.2, by V'(¢)||Vul| Bl
To conclude, we sum up all the above and make use of Gronwall’s inequality, obtaining

lllzess ) < CO) VO (ugllsg, + bl 2y sonaany)s (340)
IVl pupeny < CON Mgy yonsany + VOl ), (A1)

The detailed proof of the above estimates can be found in Appendix §B.3.

3.2.2 Proof of the existence and uniqueness

In this section we will follow the standard procedure to prove the local existence of
the solution to System (3.2) : we construct a sequence of approximate solutions, we show
uniform bounds and we prove the convergence to a unique solution. We note here some
related key points :

— Since we consider also large initial density pg, we will introduce the large linear part
pr, of the solution p as the solution to the free heat equation with the same initial
datum, which is explicit and has positive lower bound, such that the remainder part
p is small and easy to handle.

— In the convergence part, since there are quantities like Vu™ € B;;l appearing in the
source term of the equation for the “difference” sequence du", we first show that the
built sequence converges to a solution in a space with lower regularity (i.e. in space
Eﬁ/rp (T'), see (3.13)) and hence in the desired Besov space because of the uniform
bounds for the sequence.

— For any indices s, r satisfying s > % or s> %, r =1, and any C'(R™T)-function f with
f(1) = 0, the following inequalities hold :

lwlis;, < C(d, s,p,r)llulls;, Ivlls;, . 1f()lBs, < C(f lpl=)lels;,, (3.42)

p,r
together wiht their time-dependent version

1 1 1
. <o . . ith - = — + —
Huv”Lf(B;ﬁ > ( 7SvpvT)HuHLfl(B;T)HUHLPQ(B;‘T)a W1 P P + p27

17O izgs5.y < CU olzzez)lel zp s -

In the coming proof, for simplicity we assume (1) = A(1) = 1.

Step 1 — Construction of a sequence of approximate solutions

In this step, we take (s,p,r) such that Conditions (3.10) and (3.11) hold true. Let us
define the approximate solution sequence {(o",u", Vq")}n>0 by induction.
Without loss of generality we can assume

% < Snpo, Vn € N; (3.43)
then, first of all we set (0%, u%, Vq®) := (Soo0, Souo,0). Let us note that these functions are
smooth and fast decaying at infinity.

Now, we assume by induction that the triple (0", u" 1, V¢" ') of smooth and fast
decaying functions has been constructed. Let us suppose also that there exists a sufficiently
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small parameter 7 (to be determined later), a positive time 7™ (which may depend on 7)
and a positive constant C'; (which may depend on M) such that
P n—1 .

By

2 =140 e Mgy, < Oore 10" s gty o) < T

(3.44)

n—1 _ n—1 n—1 _ 1/2
1™ Mg, (3,0 = Ono 19" g 5 om0 < 7 IV Iz 35 o2y S 77
(3.45)

Let us immediately remark that the above estimates (3.44) and (3.45) obviously hold true
for (0%, u®, V), if T* is assumed small enough.
Now we define (0", u", Vq") as the unique smooth global solution of the linear system

8™ + utt - Vo — div (k"W ") = 0,
8tun + (un—l + Vbn—l) -V + )\n—lvqn — hn—17
divu™ =0,

(an un)‘tZO = (SnQO, Snu(]),

(3.46)

where we have set
bn—l — b(pn_l), /{n—l — H(pn_l), )\n—l — )\(pn—l)7 hn—l — h(p”_l,un_l).

We want to show that also the triplet (o™, u", Vq™) verifies (3.44) and (3.45).

First of all, keeping in mind (3.43), we apply the maximum principle to the linear
parabolic equation for ¢", yielding p™ := 1+ o™ > p./2.

Now, we bring in gr, as the solution of the heat equation with the initial datum gy € B, ,. :

Oror, — Apr, =0
(QL)|t:0 = 00 -

Then, it’s easy to see (e.g. applying the estimate (3.29)) that the global solution oy, = e®gg
satisfies, for any positive time T" < 400 and the related constant Cp > 0,

HQLHE%o(B;’r) + HQLHle(B;y) < CTHQOHB;,T- (3.47)
We claim that given 7, we can choose T* < +o00 such that one has
HQLHZ%* (Bz,tl)ﬂle* (357;2) < 7'2- (3.48)

Indeed, we can write

T*
”QLHZlT*(B,S,tQ) = <2J(s+2)/ HetAAjQO”Lp dt)
’ 0 .
VAIVs

Let us decompose g into low-frequency, large part gg; and high-frequency, small part g 5,
such that, for some N large enough,

20, =00 on 2VB, 2oy =0 outside 2VB, o1+ 0on =00, lleonllBy, <7
Therefore, once one notices by (0.42) that
T* . T* )
(/ 92] ¢~ C'12% dt> <C(1- e*CZQNT*), </ 92/ =C12% dt) <C,
0 GEN || goo 0 >N || poo
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we get

_ 2N * . -
lorlizy sy < =) || @1 As00llie) e + O @ 1500010) o,

_ 2N
< C(1— ) ool + OF,

So one can choose sufficiently small 7* such that ||or, Hle* (Bst2) S 72. The term ||or, ||Z2T* (Bt

can be handled in the same way or by interpolation inequality. Hence, our claim (3.48) is
proved.

Now we define the sequence ¢} = S, 01, : it too solves the free heat equation, but with
initial data Sy00. Hence, it too satisfies (3.47) and (3.48), for some 7™ > 0 independent of
n.

We next consider the small remainder " := " — o}7. We claim that it fulfills, for all
n €N,

121122, sty < 1"z g + 1270 gy < 77 (3.49)
In fact, p" = 0" — 07} solves

{ 00" +un - Vo — div (/@”_1V@1) = —qn L. Vol +div ((,%"_1 —1)Vo}), (3.50)

0"|t=0 = 0.

So, if we define

_ _ 1112 _
Km l(t) = {4 Hvun IHL%(B;,;I) + HV/{" IHL?(L‘X’) + HV}{,” 1HL%(B;T)7

by (3.29) we infer that
—n n—1 * n— n . n— n
e ”Z;? (B3, )NIL. (B3?) = C eI || —un™h . Vo 4 div (5" = I)VQLHEIT* (Bs,) *

Now, inductive assumptions (3.44) and (3.45) tell us that K"~ 1(T*) < C'7if T* < 7 and
7 is sufficiently small. One also refers to Proposition 0.3 and Proposition 0.5 to bound

n—1 n . n—1 n
— -V d - 1)V =
H U or +div ((H ) QL)HL%* (stw)
by the quantity (up to a constant factor)
-1
[Ju” HZ%‘;(Bg,T)HV‘Q%HFT*(B;;’T)
1" gz, s VB 3. oy + 1€z 55 IV @RIy sty

and hence by Cj; 72. Therefore, (3.49) is proved, and hence (3.44) holds for " = 2" + o7,
for sufficiently small 7.

We now want to get (3.45). Our starting point is the a priori estimates (3.40) and (3.41).
The estimates for products and action and the embedding result (3.26) give us

T*
WL (T ::/0 IVar =t + V2" ooy < "l sy + Clle" gy, gty < O

n_luiz <Cr,

n—1_ n—1 _ n—1_ 2
Hh HL%*(BE,U < C(Hu HL%O*(BzSa,r) =+ 1)(HQ ”L%ﬂ*(B;ﬁ;z) + HQ T*(st)»tl))

and also
" e, o) < CU iz, 5y, + 10" Nz, (55, 19" s gy < O
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by use of these two inequalities :

lollpes and Ve lpw < o™ g,

|- Il a
L D

Hence applying (3.40) and (3.41) to the system (3.46) we deduce

14" zec, (g ) = CUIShuollB;, + CT) < Car,

qunnz%*(B;,T)ﬂL%*(LQ) <Cr+CyCrT.

Hence also (3.45) holds true for small 7 and 7.

Step 2 — Convergence of the sequence

In this step we will consider the “difference” sequence
(60", 6u™,Véq") := (0" — 0" L u" —u" 1, Vg — Vg ), VYn>1.

Since taking the difference of the transport term (u + Vb) - Vu will cause one derivative

loss because of Vu™ € B;;l, we will consider the above difference sequence in the Banach

space Eg’/lp(T*) (recall (3.13) for its definition).
First of all, by System (3.46), (d0", du™, Von™) solves

0p60" +u"" - V" — div (k" 1V") = Fn L
Bou™ + (w1 + Vb 1) . VU + A IVagt = HP
div 6um = 0,

(80", 0u™)|i=0 = (Anoo, Anuo),

(3.51)

where

anl — _5un71 . vgnfl + div ((ﬁnfl o /in72)vgn71)’
Hn—l — hn—l _ hn—Z o (611/”_1 + den—l) . Vun—l . ()\n—l _ An—2>vqn—l'
Next we apply a priori estimates (3.29), (3.40) and (3.41) with s = d/p, p € [2,4] and

r =1, to 0p" and (du", Vdq") respectively. The use of uniform bounds (3.44) and (3.45)
for the approximated solutions sequence gives us

H(SQ ’|[°O*(Bz,/1p)ﬂ[1*(3;,/1p+2) = C <|| nQOHB;l’/lp || |[1*(Bz7/117)>> ( 5 )
and

n n n—1
H5u HE%O*(BZ,/lp) + HV(gq HL%ﬂ(Bﬁ{f’mLZ) S C(HATLUOHBi/lP + HH HL%*(BZQPOLQ)
n—1 n—1 n
+ [|u"" + Vb ”L;*(Bgff)"au ”E;O*(B;‘ff’))' (3.53)
Now we use the following fact, coming from Proposition 0.5 : for any smooth function

f = f(p) and a given sequence (p),,, if we denote f™ := f(p™) and §f™ := fm — fm-1 |
then

16£™ sy, < CUle™ss,le™ sy ) 5™ 15y, . i s >

hSERSH
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Therefore, one easily gets

n—1 n—1 n—1
IE" gy vy < CUL™ Mg g 16" Ml z gy

T*
n—1 n—1 n—1 n—1
S LT PP O L N P s}

n—1 n—1
1 < O3y s

d
LY. (BY/PNL?)

n—1 n—1 n—2 n—1 , n—2
+ Hdg HL%* (B;C)l,/lp+l)(‘|(g Y )"L%*(Bg{f)+2) + H(’LL , U )HL%*(Bs,/lerl))
T*
n—1 n—1 n—1 n—1 n—1
[ 18 g 190 g+ 150 W ™ e + 1 ).

Hence putting the uniform estimate (3.44) into (3.52) and making use of Gronwall’s inequa-
lity entail

n < n—1
H(SQ ||L%°* (Bz,/lp)mL%(Bs,/lp+2) >~ C (‘|AnQO’B§{1P + T||(5Q ||L%*(BZ7/1P+1)
r 1 1
ou™” Vo'~ .
o AL PP 7

Apply the above estimate to the term ||§o"* 1 (Y72 appearing in the bound for H" .
T*\ 7 p,1
This makes (3.53) become

Jou| + Vo™,

Ly (B (BIP)

n—1 n—2
< C(”(AnumAn—lQO)”Bg’/lp +7[(60", b >HL§“*(B;/1P+1)
T*
L L (e TP (s [N D ey
0 p,1 p,1 p,1 p,1
Let us now define

B = 100" | e iy + 100" yigrpssy + 106" e sy + 19007

L (B Li(By/FnL2)”

then, from previous inequalities we gather
B'(t) = C|[(An-100, Anoo, Antio)|| yarp +
p,

77 (B"Y(t) + B 2(1)) + O/t (B"'+B"?) D(0)do,
0

with | D(t)| £1(jo,r+)) < C. Let us note that, by spectral localization, there exists a constant
C > 0 for which, for all n > 0, we have

|(Ango, Anuo) | garp < 2P |[(Ano, Anio)ll s -

D,

Keeping in mind this fact, we claim that the previous estimate implies >, B™(t) < +o0
uniformly in [0, 77]. As a matter of fact, for all N > 3 we have

N

> B(0) < C (00, w0y +2TWZBn /an 0)do + B,

n=1
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where we have denoted by B a constant which depends only on B and B?. We can suppose
T to have be chosen small enough such that, moreover, we can absorb the second term of
the right hand side into the left hand side. Therefore, Gronwall’s inequality entails

N
ZB”(t) < Cr-
n=1

and passing to the limit for N — +o00 we get our claim.
Hence, we gather that the sequence (", u™, V¢") is a Cauchy sequence in the functional

(QO? UO)HBZQP Y

space E, 4p 1 (T'*). Then, it converges to some (g, u, V), which actually belongs to the space
E; ., (T ) by Fatou property. Hence, by interpolation, we discover that convergence holds

true in every intermediate space between E; (™) and E;i/lp (T™*), and this is enough to pass
to the limit in our equations. So, (g, u, V) is actually a solution of System (3.2).

Uniqueness

Let us now prove the uniqueness part in Theorem 3.1.

We take first two solutions (o1, u1,Vq1) and (g2,us, Vg2) in Ej, (T™) with the initial
data (;0,ui0) for i = 1,2. Then the difference (dp, du, Viq) = (o1 — 02, u1 —u2, Vg1 — Vq2)
solves

0o+ uy - Vp — div (k1 Vo) = —du - Voo + div ((k1 — k2)Vo2),
Oyou + (u1 + Vbl) -Vou+ \Vdég=hy — hy — (5u + V(Sb) -Vug — 6AVqo,
divdu = 0,
(00, du)|t=0 = (600, duo) = (01,0 — 02,0, U1,0 — U2,0),

(3.54)

with the notation x; = k(p;) and analogous for b;, \; and h;.
As (01,u1,Vaq1), (02,u2,Vqe) € Ej .(T*), then for any ¢ > 0 to be determined later,
there exists T such that

HQZHL%—‘E(Bz(l2+2)mL%~€(Bz(1p+3)’ HUZHL%‘E(BZ,/lp+1)’ ||qu||L%E(Bs{f+1) S g, Z: 172

Let us define (as done before)

Then, the same proof as in paragraph 3.2.2 shows that
2(6) < © (I8l + 5wl + B0 + [ BIDG)s)

which implies, if € is taken small enough,

C
5(0) < < (19l e + 160l 1)

Hence, uniqueness holds for small time. Now, standard continuity arguments show uni-
queness on the whole time interval [0, 7].

3.3 Continuation criterion and lifespan estimate

In this section we establish get a continuation criterion and a lower bound of the lifespan
for the local-in-time solutions given by Theorem 3.1. It is only a matter of repeating a priori
estimates established previously, but in a more “accurate” way (we use L*-norm instead
of By, Lnorm) for obtaining the continuation criterion, whereas in a “rough” way (we use
(3.60), (3.61) below) for bounding the lifespan from below.
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3.3.1 Proof of the continuation criterion

From the arguments after Theorem 3.2, it rests us to prove Lemma 3.1. As argued before
Theorem 3.2, in order to ensure u € EOO(BS’T), the source terms such as u-V?2b, div (Vb@Vb)
require at least u, Vb € L®(L*) since V2b € Zl(B;T) only, and also V2b € L?(L) since
Vb € EQ(B;T). Similarly, the transport term Vb - Vu requires Vu € L?(L>). Therefore
in the following, we do not have to strive for optimal inequalities for the commutators or
products and sometimes it simplifies the argument.

Proof of Lemma 3.1. Tt’s only a matter of estimating the commutators in a more accurate
way. Roughly speaking, in the estimates we use L*°-norm instead of Besov norm, in order to
require lower regularity. Hence we will use thoroughly the product estimate in Proposition
A.3 and the commutator estimate in Proposition A.5, both involving the L'(Bj .)-norm.

Let us consider the density term. Our starting point is (3.28), with this time f = 0. It
is easy to see that by Proposition 0.4, we have instead of (3.33), the following :

t .
L 1R,

Similarly, Proposition A.5 with §# = o = 1/2 issues instead of (3.35),

) t
2 [ R3],

So, if € is small enough, p € (1,00), putting these inequalities in (3.31) and keeping in
mind |A_10 1 ey < CHQ”L%(B; )» we get the following estimate :

t
dr < /O (IVulli= llolls;, + Vel [Vull gz ) dr. (3.55)

c [t 9
A< / IVell3 llells;, dr + < llellzy g1 - (3.56)

t t
ez oy pozimprey < (Il + [ elsg,dr + [ 9ol [Vulls0 dr

t
+ [ (vulo + 90li-) ngBg,rdT)- (3.57)

).
o

(3.58)
where we have set, R; := [u+ Vb(p), A;] - Vu. To control the commutator term, a direct
application of Proposition 0.4 yields, for s > 0,

Let us now consider velocity field and pressure term : we have

t
2 [ IRy (r)un dr
0

ol g, < € (o, + NVl + Wil +

t t
2]5/ 1w, Aj] - Vullpe dr|| < C/ IVullLe |ullBg,, dT.
0 0

o

For the second part [Vb(p), Aj] - Vu, as in the density case, one can resort to Proposition
A5 with 6 =1, 0 = 1/2 to get,

) t
2% /0 | [Vb(p). Aj] - V]| o dr

t
< C [ 9%, Il dr +
Zr

t
2
+0 [ IVull lelsg, dr + el
Let us immediately consider the pressure term :

MOVl < CIValzs,) + 100) = AD) Val gy

t
C <||VqHzg<Bz,r) +/0 IVallze llollB;, dT) :

IN
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To bound || V|| L}(Bg,)> W€ argue as follows : we take the divergence of second equation of

System (3.2), we locahze in frequencies by operator A; and we perform a weighed summa-
tion. Hence we discover that

t
Valzyos,) S [ 189alo+ 1z, + v (@99 Vol g ) +

|

Again, Inequality (0.48) in Proposition 0.4, entails the control for the commutator term :

t
2j(s—1>/ 1div ([A, A1V Q)| dr
0

o

t t
260 [ v (A V) losdr| < [ (192l [Vl + Vel 19) .

Accordint to (3.26), interpolation inequality helps us to control the above first term on the
right hand side as follows :

or

t
[ 196l ¥l S ¥l o) gy iy for some fixed € 0,1)
<C: “VQ“;;ULw HVQHLI(B— )+5HVQHL1 Bs.,)

with any positive (large) . We point out here that for any o € R, there exists C depending
on o such that the following holds :

A1Vl Lr ey < C||Vq”ig(3,:go)

Next, by the divergence-free condition over u and Proposition A.3, we infer (divu = 0
implies that we only need s > 0)

v ((u+90) - V)73 ety < Vs Varllzy ey + 9205 Va7 e,

IN

O [ (vutsm + 72l a7 +

t
+ [ IV~ ol dr + el oyse) )

The control of the non-linear term A is quite similar as above. We come back to Equation
(3.3) and consider its pieces one by one. As usual, estimate for products in Proposition A.3
ensures that

e V*¥llzys,) S /HVQQHLOO lull gy, d7 + llullze ) ol zy 12,
VN Vallzyp, ) S /O ull3< [V el llollz;, dr

t
el + [ Vel lullsg, dr,
and .
4
I(Vb-VA) Va”ig(B;,r) S /0 IVollz~ HQHB;;,T dr + ”QHZ%(B;,;?)-
Moreover, the last element of h can be treated in the following way :

= ||AbVb+ Vb V3| 7,

|div (Vb® Vb) (B3,

”Z%(B;,T)
t
2
< / V0|, llellss, dr + (1+||VQIILgo<Loo)) ol 71 pst2) -
0 )
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Let us collect all these informations : up to multiplication by a constant, we gather
1907355y < CUVelzm@~),50)Valpypoz, (3.59)
+ [ 19uln + |90l + [Veli + IVl g, dr
- IVl + 2 IVl + 1920l + [Vallzw) el 5, dr
+ (14 IVl ooy + Il ) ) el g,

and the same control actually holds true also for Hthl( Bs )
In the end, we discover from (3.58) that HUHioo(Bs ) satisfies also Inequality (3.59), just
t p,T

with an additional term |ug|| s, on the right-hand side. Recalling Estimate (3.57) for the
density, we replace HQ||Z1( pe+2) I Inequality (3.59) by the right-hand side of it.
t b,

Thus, we can sum up (3.57) and the (modified) estimate (3.59) for the velocity u, yielding
the thesis by Gronwall’s Lemma. O

3.3.2 Lower bounds for the lifespan

The aim of the present subsection is analyzing the lifespan of the solutions to system
(3.2). We want to show, as carefully as possible, the dependence of the lifespan T" on the
initial data. This can be done repeating the a priori estimates previously established, but in
a “rough” way. For example, thanks to Conditions (3.10) and (3.11), we will use extensively
the following inequalities :

labll ps-: < llallgs-ilbll o5, Nla®lls;, S lallz<llallsy,. lallz=,IValr= < llals,,
(3.60)
with ¢ = 0,1, and
labll 2 < llallzsl[blla < llall g2 10l g (3.61)

In order to control the pressure term, it is useful to separate low and high frequencies.
By use of Bernstein’s inequalities, we get

I¥alls;, < I1A1Valls, + 1(1d = A1)Va|s;, < € (IValle + 1Adll gyt ) - (3.62)

Let us also point out that, thanks to Theorem 3.2 and embedding results, without any
loss of generality from now on throughout this subsection we assume

s=1+ — and p=4, r =1

In particular, for any o € R we have || - Hfl(Bf’ )~ |+ [[z1(Be ), and this really simplifies
t\Bp1 P,
our computations. We also assume that C' always denote some large enough constant.

For notation convenience, we define Ry := |00l s

i and U() = HUOHB;;T?

RO = lolzeg , - SO = lelyme  and U0 = [ullzeg, -
From (3.57), we infer that
t t
R(t) +S(t) < C (Ro + / R(r)(U(r) + 1) dr + / R3(7) dT).
0 0
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Now, if we define
t
Tg = sup{t > 0 ‘ / R¥(r)dr < 2R0}, (3.63)
0

by Gronwall’s Lemma, we get

R(t) +S(t) < CRoexp <c (t + /0 U dr)) . (3.64)

So, from now on we work with ¢ € [0, Tg].

Let us now focus on the velocity field and the pressure term. We immediately point out
that the nonlinear term A will make density terms with critical regularity appear. Therefore,
unlike what has been done in previous sections, we decided not to use systematically inter-
polation inequalities to isolate the term S(¢) and instead, we consider S’(¢), which controls
high regularity of the density.

)

Our starting point is estimate (3.58) :
where, as before, R; := [u+ Vb(p), A;]- Vu. Now we apply again Proposition 0.4 to control
the commutator term, and we get

t
2% / IR ()| e dr
0

iz < © (ol + 10 = A Vallyg ) +|

t t t t

Ult) < 0(U0 + / \hlls; dr + / AVl dr + / U2(r)dr + / U(r) S'(7) d7>.

0 0 0 0 (3.65)

Let us now establish some stationary estimates, which will be useful to complete the
bound for U(t). We will often use (3.60) to deal with products.

(1) Let us start with [|A[|ps, . We consider its terms one by one, and finally, one infers

that ’
|hll;, < C(US" + URS + R*S" + RS').

(ii) Now we focus on the Besov norm of the pressure term. First of all, we have

ANVl < C(+R)[Vals;, -

Now, we can handle ||Vq||ps . Since r = 1 here, we do not have to worry about the
order of taking the integration with respect to time L} and taking the /" norm of the
sequence. Hence, we can first “forget about” the time variable and discuss ||Vq| 5 , -
According to (3.62), we first write the equation for the Laplacian of the pressure, by
taking div to Equation (3.2), :

—Ag = V(log)) - Vg + A Hdiv (v-Vu — h) .
It immediately follows
1Aql g < V008 A) - Vall gt + (loll g+ 1) (Idiv (- Tl gos + 12l 33 )
< Vel gt 1Val g + Ulellgsys + ) (190 Vall oo + b5, )

(where we used also that divu = 0). So, applying the interpolation inequality for the
embeddings B, — B;_ll — Bp_’f/Q, then the inclusion L? — B;iw and finally the
Young inequality, we gather

IValls;, < C((1+ ) |IVallz + (1 + BIIVo: Vull ges + (1+ R)hll; )
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for some ¢ > 1, thanks to divu = 0. Then, we have also

[AVqlls, < C ((1 +R)(1+R%) |Vl + A+ R?UU+S) + (1+R)? |]hHB;1>

(3.66)

(iii) Now we focus on the L? norm of the pressure term. Applying Lemma 0.9 to equation
(3.9) immediately gives

IVall> < C (Ihllrz + [I(u+Vb) - Vul12) .
Thanks to (3.61), we find
I(u+Vb) - Vull 2 < Clu+ V| st |[Vull g1 < C(U? + UR) .
Using also (3.60) and (3.61), it’s easy to control the L? norm of h :
1Al 2 < C(US’ Y UR?+ R® + RS’).

Before putting all these inequalities together into (3.65), let us note the following point.
Due to the fact that § > 1, for any m > 0 we have

R™ (1+R‘5) < C<1 + Rm+5> ,

and we have to deal with only a finite number of powers of R (the biggest m is actually
4, by previous stationary estimates). Hence, if we define (denoting by [ some big enough

exponent)
Et) =1+ R} exp(C <t+/0tU(7')d7')>,

thanks to (3.64) we can bound all the terms of the form R™ and R™(1 + R°) which occurs
in our estimate by C' &, with C' > 0 suitably large.

Now, we are ready to complete the bound for ||\ V| B;,- From the previous steps, we
get

Ihlls;, . IA Vs, < C<5U2 +EU+EUS + 55’) .

Now we put this last inequality in (3.65). Using again the fact that £ > 1, we find
U(t) SC<Uo+/0t(5U2+5U+5US’+ES’) d7> (3.67)
for all ¢ € [0, Tg]. Therefore, if we define
Ty = sup{t>0 ’ /Ot(SU2 +EU+EUS + E8)dr <20, }, (3.68)

then in [0, Tr] N[0, Ty] we get U(t) < C Uy and we manage to close the estimates.
So, our next goal is to prove that, if we define T" as the quantity in (3.19), then T <
min{Tr, Ty}, i.e. both conditions in (3.63) and (3.68) are fulfilled.

Let’s first tackle the case Uy = 1 and then we will see how to deal with the general case
by use of Proposition 3.1. First of all, from (3.64), (3.67) and the definition of &, in the
interval [0, Tg] N [0, Ty] we have (if Uy = 1)

R(t)+5(t) < CRye® and E(t) < (1+R6) et (3.69)
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for some suitable positive constant C. Note that in [0, 7] N [0, Ty7] we have
t

/ (EU? + EU + EUS + £8)dr < 2C(1+ Ry .
0

Therefore, Ty, defined by (3.68), is bigger than any time ¢ for which the quantity
2C (1 + Ré“) e2Ct is controlled by 2. Hence, for suitable values of K; and with ¥ = [ + 1,
Up =1 in (3.19), we have that T' < Tyy. Now, let us consider Tx. By (3.69), it’s easy to see
that the left-hand side of the condition in (3.63) can be controlled in the following way :

t t R3
/ R3(7')d7' < C’R%/ SCTdr < 0 2L 30t
Hence, Tk is greater than any time ¢ for which R}, 0t < C , for some convenient constant
C'. But this condition is always verified in [0, 7], up to change the values of Kj in (3.19)
(recall that X > 2). Therefore, in the end we gather that 7' < min {Tx, Ty}, and Theorem

3.3 is proved for Uy = 1.
1+d/4

For arbitrary initial data pp — 1,uo in B,; ", we have a unique local-in-time solution
(p,u, Vq). Let us define
& = ol gswss  (p5:u5) (@) = (oMo ) (7).

Then U§ := [[ug| j1+a4 = 1 and hence the lifespan of the solution (p°,u®, V¢®) defined by
4,1
(3.18) is bigger than
Ky
1+ HP(E) - 1”214—11/4

4,1

Ki
o X
1+ (e7Ylpo — 1”Bi+1d/4)

Kllog( ) :K110g<

In virtue of Proposition 3.1, the lifespan of the solution (p,u, Vq) is larger than
K,

los - )
— log .
+ (e7lpo HBH‘““)

This completes the proof of Theorem 3.3, thanks to Remark 3.3.

3.4 Finite energy case

We want now to deal with finite energy initial data, under Condition (3.10) and p €
(1, 4+00]. Thanks to Proposition B.3 in the appendix, we can take the Lebesgue exponent p
to be oo (the endpoint case) in solution space E; . In fact, according to Remark B.6, the
a priori estimate (3.29) still holds true, with K/, (¢) in (3.30) replaced by the following with
p=00:

L+ Julls + s, + [Vl + V155, (3.70)
And for the sake of simplicity, we from now on denote the above expression by K'(t).

The proof of Theorem 3.4 is just as the proof presented in Subsection §3.2.2, with some
changes pertaining to the energy. We will follow the standard process in proving the local
existence result also : we construct a sequence of approximate smooth solutions which have
uniform bounds and then we show the convergence to a unique solution. In each step we
will try to sketch the analysis first (even if a little long) and then present the proof into
details.

Let us make some simplification. Sometimes a few estimates may depend on the existing
time 7™, and hence a priori we suppose that T < 1. We also assume that all the constants
appearing in the sequel, such as C,Cys, Cg, are bigger than 1. We always denote §b"™" =
b(p") = b(p" ") and da™ = a(p™) — a(p" ).
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3.4.1 Construction of a sequence of approximate solutions

As usual, after fixing (0", u°, Vq®) = (00, u0,0), we consider inductively the n-th ap-
proximate density ¢" to be the unique global solution of the following linear system (we do
not regularize the initial data)

n n—1 . no__ 3 n—1 ny _
{ 00" +u Vng div (k" *Ve™) =0, (3.71)
0 ’t:() = 00,

n—l)

with k"1 = k(p and the n-th approximate velocity and pressure (u", Vq") satisfying

atun 4 (un—l _ I{n—l(pn)—lvpn) -Vt 4 )\nvqn — hn—l’
divu™ = 0, (3.72)
u" =0 = uo,

where we have set as before, A" = A\(p") and the same h"~! defined in (3.46) :
P = (o) T (Db ) Va(e" )+ un T VR + Vb(p" ) V(o™ ) L (3.73)

We pay attention that, compared with System (3.46), the coefficients u"~1 —x"~1(p") "tV p"
and A" of System (3.72) here are chosen to keep accordance with Equation (3.71), in order
to get the energy identity for u™. Indeed, noticing divu™ = 0 and Equation (3.71) for p”,
we can take the L2(R%)-inner product between Equation (3.72), and p"u", getting at least
formally ! p
%% y P um? = /Rd PR (3.74)
Furthermore, the initial data for {o"} are chosen the same. We will see later that this choice
enables us to estimate the difference sequence {00" = o™ — 0" '},,>2 in Space Cr~(H?)
(T* denotes the existence time), although the initial density oo belongs to L? only. This
estimate makes it possible to bound the difference of the source term h™ — h"~! (notice
it involves terms such as Adb"Va™) in Space Li.(L?). Therefore the convergence of the
velocity sequence in Space Cp(L?) follows. We will explain the convergence process in
detail in Subsection §3.4.2 below.
In this paragraph, we aim at proving the existence of the solution sequence (p", u", Vq™)
and uniform estimates for it. We want to show estimates (3.44) and (3.45), with a change
pertaining to Vg™ :

L ) d d
”an|’Z,}*(B;,T)mL1T*(L2) <712,  with sp—max{s, s—p—l—z}. (3.75)
We also prove the following inductive estimate involving energy :
l" e, 22y + IVl 12, 12y + l[w"[| L5, (12) < CEEo, (3.76)
with Ey := ||oo||z2 + ||uol||z2 and some constant C'r depending on d, s, p, p*.

In fact, the subtlety still comes out when dealing with the pressure term Vq". Getting
inductive estimate (3.75) relies on the divergence-free condition of u™, which helps us to
write the equations for ¢" in different forms, such as (3.77), (3.78) and (3.79) in the following.
Informations on low and high frequencies issue from these equations separately. This yields
estimates for Vg itself finally, thanks to (3.62).

1. We can also follow the scheme (3.46) which, gives the following by taking L*-inner product between
(3.46), and p" " tu"

1d n—1| n|2 1 . n—1, n—2 n—1 n—2 n—1 n—1 ni2 __ n—1;n—1 n

- — P+ 2 div(p" (" —u"T) = (k" =K )Vp lu"|” = PR

2dt Jpa 2 Jrd Rd

For simplicity we choose iterative linear systems (3.71) and (3.72) here.
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Let us sketch the idea which supplies the control of Vg.
In SubSection §3.2.2, where p € [2,4], according to the divergence-form elliptic equation for
q", the quantity ||Vg" | 1(z2) (involving the low frequency information) can be controlled by
a simple use of Holder’s Inequality || fgllz2 < || fllr4llgllzs to the quadratic “source” terms.
Now, we also apply “div” to Equation (3.72),, getting the following equation for ¢" :

div (A"V¢") = div (h”*l — (@ = &M IV - vu"). (3.77)

But here, thanks to Estimate (3.76), one uses || fgllr2 < || f||12]lg]| > to bound HVq”HLlT* (L?)
and hence the low frequencies, when p > 2.

If p € (1,2), instead, we multiply Equation (3.72); by p" and then apply “div” to it.
Recalling that div d;u™ = 0, we get a Laplace equation for ¢" :

Aq" = —div <(p” — D™ + (p"ut — kML) - Vu") + div (p"h" ). (3.78)
One observes that if p € (1,2), then
Byl L9, g > 2.

Thus we perform | fg|rr < || fllz2llgllzo+ with 1/p* +1/2 = 1/p to these right-hand side
quadratic terms. Since " is already in LY for all ¢ > 2 according to Maximum Principle
and Energy Estimate, this requires [|0yu”||11(j2). Luckily it is related to [[Vq"(|11(z2) by
Equation (3.72),.

In order to control the high frequencies, it is enough to show that Ag" is in E%(B;;l)
Let us rewrite Equation (3.77) as

Aq" = Vg p" - Vg + p*div (h”*l — (W R ()i w”). (3.79)

The quantity HVq"HZl(Bsfl) can be interpolated between z%(B; ) and L}(LP) when p €
t p,T )

(1,2) (resp. Li(L?) when p € [2,00) since L? — Bg,/o%*dﬂ) and the index s, will come out
from that interpolation.

As in [36], let us also notice that the limit functional space B5;} with s =7 =1 is no
longer an algebra as spaces B;;l with p < +o00. But we still have the following product

estimates by considering paraproducts and remainder separately :
I£gllm, < Clfllse,,lgllp . Ve>o. (3.80)

Thus we just have to modify the above interpolation a little to make quantity ||V¢"( 71 (B 1)
T* 1

oo,

appear. We refer also to [36] for the inequality (due to divu™ = 0)
ldiv (u" - Vu) | go, | < Clu" g VUl g0 - (3.81)

Now let us realize the above analysis.
Since (0%, 1%, V¢®) = (00, u0,0), then by choosing small T*, inductive Estimates (3.44),
(3.45), (3.75) and (3.76) all hold for n = 0. Next we suppose (¢" "', u"~!,V¢"™ 1) to belong
to the functional space Ej . defined by

~ d ~ d
(et By, NLA)NLE (BN (B3?)) x (CRY: B},0L%)) % (Lo (B, )Ll (19))
(3.82)

94 3.4. FINITE ENERGY CASE



CHAPITRE 3. INVISCID LOW-MACH NUMBER LIMIT SYSTEM

and such that the inductive assumptions hold. We just have to show that the n-th unknown
(0™, u™, Vq") defined by System (3.71) and (3.72) belongs to the same space, satisfying the
same conditions.

Instead of working with ¢ and u™ together, we first consider " independently. By
smoothing out the initial datum and coefficients, applying (3.29) (with Ky defined by
(3.70)) and then showing the convergence, we can get the unique global solution " of
the linear system (3.71). The process is quite standard and we omit it. One observes that
Estimates (3.29) imply o" € L° (Bpr)N E%(B;*;Q) for any finite ¢ > 0. Thus in particular
" € C(RT; B ,).

On the other hand, since "~ € L (L) and divu™~! = 0 (noticing Equation (3.72),),
energy inequality (3.20) for o™ follows. Thus ¢" € C(R*; L?)NLE  (H'), and we necessarily
have

1
"I Les, (z2) + ||VQHHL§*(L2) < §CE||Q0”L2'
It is easy to see that, by Maximum Principle,
pe < 140"t x) = p"(t,x) < p*, VteR', zeRY

As in SubSection §3.2.2, we introduce gy to be the solution of the free heat equation
with initial datum gp, which satisfies (3.47) and (3.48) also. Correspondingly, the remainder
0" := 0" — pr, solves System (3.50), with oy, instead of ¢} . Estimate (3.29) thus implies that
for p € (1, 00,

n n—1 cr—LKr—1(t n
1" 5o (s, )2 (Bg2) = (C O ()) 1Nz s,

where
fr=—u""1.ve" —u" - Vor +div ("t — 1)Voyr).

Here C"~1(t) depends also on Hg”_IHL?o(Bg ) when p = oo, and by embedding result, we
can take ’

M) = o L TR R ey + 1 TR -
Since inductive assumption (3.44) holds, we derive on the whole time interval [0, 7],
C?’L—l(t) ecnil(t)lcnil(t) S C]C,

for some constant Cx depending only 2 on M. Furthermore, product estimates, interpolation
inequality and Estimate (3.48) ensure that

-1 — 2
anHZIT*(BZ,r) < Clju” HZ?T*(B;T)HVQRHZ%* (Bs.,) +CCut

< CeOxllam My gy N I s, + el I gy + COnr

Therefore the smallness statement (3.49) pertaining to @" is verified and hence inductive
assumption (3.44) holds for o".

As to solve System (3.72), a convenient way is to view it as a transport equation of
the velocity u". For each finite time ¢, if there exists a constant C; (depending on t,
H(@kvunflyanfl)HEgyr(t)a HQkHL;w(m)ng(Hl): k=mn—1,n, and [[u"""| e (f2)) such that
the E%(B;m)—norm of the “source” term —A"V¢" + h"~ ! is bounded by C;(1 +U™(t)) with

un(t) = ”unHE?O(Bzmy

2. In fact, Cx also depends on T, which can be “omitted” since we have supposed a priori T < 1.
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then a standard proof gives a unique global solution u™ € C(R*; B, ) (see the proof of
Theorem 3.19 in [5]). If furthermore V¢, h™ € L (L?), then u™ € C(R*; L?), according

loc

to Energy Identity (3.74). Therefore, it reduces to get a priori estimates of V¢, h"~! in
Ll (Bp,)N L (L?), by use of C; and U™. In fact, it will immediately follow by observing

loc loc
the estimates in the demonstration below of the inductive estimates for ™ and V¢".

In the following, we a priori demonstrate inductive estimates for u™ and Vq"™. The idea
is that, by terms of 7 and

n A nil_
" = [[Vg HL%"*(BZSLT)’

we are going to bound the following quantities in the following order :

T o P L P
~ ”an”LlT*(LP) ~ qunHZ,}*(B;’;l) ~ HAanflT*(Bg;ly
which include the informations of both low frequency ||Vq" | L, (zry and high frequency

HAq”HElT* (B One also notices that if p > 2, then HVq”HpT* (12) readily offers bound on

A1 Vg™ Ll (Lv) 3 a consequence of Bernstein inequalities.

(i) First of all, according to Equation (3.72),, we have
n|_ cwn—1() n—1 _ yny7, n|
I HL;’O(B;YT) <Ce <”U0HB;,T + [k A"Vq HL%(BF),T))’

where

t
W)= [t =) Y,

By virtue of inductive assumptions (3.44) for ¢"~!, o™ and (3.45) for u"~!, we easily
derive

n—1 * n—1
W), 1B g, ) < OO

Thus (as ||A"™ — 1||Z§°(B;,,,,.) < C C)y) for sufficiently small parameter T,

HunHE;o* (Bs.,) < C(HUOHB;;J + CCyT + CCMHVQHHE%F* (BS,T-)) < C'C'M(l + H").
(3.83)
(ii) Secondly, inductive assumptions (3.45) and (3.76) imply
“hn_l”L;* (L2) S CCEEOT.
Hence, according to ||Vu”||L§F*(Loo) < (T*)V/?
(T*)'/2 < 7, then Equation (3.77) entails

[u" | Les, (B3,) and Estimate (3.83), if

Vg™ I1s. (12) < CCEEo(T + 7"l (55,)) < CCECMEOT(l n H”). (3.84)

Correspondingly, [|0u"| L1, (12) is bounded also by above, with some change of the
constant C'.

(iii) Next we also want to bound HVq"HUT*(Lp) for p € (1,2), which controls the low
frequency. It relies on Equation (3.78). Firstly, since

- - T - * . * 2p
Ab(p" ), V3a(p" ) € L7 (B, ') = L (LP),  with p* = 7,22
we have furthermore
ksl 11 () < CCpEor.
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Similarly, we have
1™ = O™ s, 1wy, (™" = K7V P") - V| 1 1y < CORCT EoT(1+117).
Hence Equation (3.78) implies, for p € (1,2),

IV s, () < CCrC2,Eyr(1+11") < C(1 + O, (3.85)

with notation Cpp denoting some constant depending on s, d, p, p«, p*, Cg, Car, Eo, to
be precisely determined later.

(iv) Now, one observes that Estimate (3.85) for V¢" implies moreover

1/s ny(s—1)/s n s
194"z 55y < CIVEIL o IVEIE e ) < Cr(1 41072, pe (1,2),

with some change of constant Cr. On the other hand, if p > 2, then Embedding
L*(RY) — Bd/ p=d/ 2(Rd) and (3.84) also ensure similar interpolation inequality, for
any n € [0,1) :

1—n sp—1+n

IVa* Iz, (g 04m SCHVQ"HLS1 pirn-i2 IVE Iz e

1— "7 sp—1+n

< CIVE"ll LY (2 I") =

1
< Cp(1+ H")TsT".

(v) At last, Equation (3.79) and Estimates (3.80) and (3.81) ensure for some n € (0,1)
(still with some appropriated constant Cry)

1—

i=n
1AG" 1z, (Bssty < COMIVE Igs (55 1+n)+CCMT+C'CM7'2 <Cn(1+1")7

which, together with (3.62), (3.84), (3.85) and the definition of I1", implies, for 7 and
T* small enough,
1/2
qunHZlT*(Bﬁ,r) < 7t/

Therefore by virtue of Estimates (3.83) and (3.84), inductive assumption (3.45) and
(3.75) for u™ and Vq" follow respectively.

(vi) From above, Energy Identity (3.74) holds and hence we have
n n— 1
1"z, 2y < Clllollze + 18" Iy, z2)) < 5CrFo.

Inductive assumption (3.76) is then verified.

3.4.2 Convergence Part

When we turn to establish the above sequence converging to the solution, as in SubSec-
tion §3.2.2, we introduce the difference sequence

(5@”, 5un’ vaqn) — (Qn _ Qn—17 ul — un—l7 vqn _ vqn—l)’ n>1.
When n > 2, it verifies the following system :

060" +u"t - V" — div (k" 1V") = Fn
Odu™ + (u" 1 — k"1 Vlog p") - Vou" + \"Véq" = H L,
div du™ = 0,

(5an 5un)’t=0 = (03 0)7

(3.86)
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where

Frl= —gu" 1 V" div (65" 71V ),

H' U =6pm ! — (su™ ! — 6" W log p" — k" 2Vé(logp)") - Vu" ! — s "V,
with
oM =g g2 sh = Rl p 2 S(log p)™ = log pt—log p LGN = AT AL

Firstly, since in the case p € (1,4], we have the embedding B;, < Bijd/ 4, thus we
just have to establish that {(¢",u", V¢")n>0} is a Cauchy sequence in the functional space
Ei/fl(T*) (see (3.13) for the definition). In fact, we just have to follow exactly SubSection
§3.2.2, with some necessary changes in the coefficients and source terms varying from System
(3.51) to System (3.86).

If p is big enough and we consider the limit case (s,p,r) = (1,00, 1), then it’s no more
true that {(o",u", Vq")n>0} is a Cauchy sequence in Ego,l(T *). Indeed, applying “div” to
Equation (3.86), entails

div (\"Véq") = div H' ! — div (v — k"1 Viog p™) - Vou"). (3.87)
Since the following estimate
Idiv (u" - Vour)ll garp-1 < [ | garp+1 1 V0U™ | garp-s

0
00,1

only holds for p < co. Thus we cannot have V§q" € L}, (B2 ;) in general.

Therefore in the general case, we have to consider the difference sequence in the energy
space. One wants H?~! in L1, (L?). One pays attention to the following terms in H?~! :

(p”_l)_lA(Sbn_lVan_l and (pn—l)—1Vbn—2 . VQ(SGn_l.

We only have Va" =1, V6"~ ! in LS (L°°), and thus one requires Adb" 1, V2§a" ! in LL. (L?)
and hence §¢" ! in L1, (H?).

Firstly, it is easy to see that F"~! ¢ L120 . (L?) and hence taking L? inner product between
Equation (3.86), and §o" gives controls on o™ by do" 1, du"~!, with small coefficient if
restricted on small time interval [0, T™*].

Next, thanks to the null initial datum for §p", by taking derivation of Equation (3.86),, we
expect to get energy estimates for Vip”. In fact, the equation for Vdo™, n > 2 reads

V" +u" V25" —div (k" TIV260") = =V " - Vu" T +div (V" @ VK" 1)+ VE" L,
(3.88)
The first two terms of the right-hand side are of lower order, while the third one, is in
L% (H™1), thus taking L? inner product works. Therefore, 6" € LS (HY) N LE (H?)
ensures 0" € C(R*; L?) and H?~' € L] _(L?). Thus energy inequality for du™ also follows
and its energy is bounded in terms of 50"~ 1, 50", Su 1.
Thanks to the small time T, we thus can demonstrate that {(p",u")},>1 is a Cauchy
sequence in C([0,T*]; L?) and hence converges to some unique limit (p,u). Furthermore
llp— ,O"HL%O* (H1)NL2, (12) 8oes t0 0 as n goes to oo. Then by use of the high regularity of the

solution sequence, we can show that (p,u) is a solution.

Now we begin to make the above analysis in detail.
Our goal is to demonstrate that {p™ — po}n, {u"}, are Cauchy sequences in C([0,T*]; L?)
and the limit really solves System (3.71) and System (3.72).
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Since " € E‘;T (see (3.82) for definition), we can take L?(R?) inner product between
Equation (3.86), and do", n > 2, entailing

1d
2dt/ |5Qn|2+/ Hn—l‘v(sgn|2 — _/ 5un—1'vpn—1égn_ 5,€n—1vpn—1.végn'
R4 R4 R4 R4
Thus integration in time and Young’s Inequality give

160" | se, 22y + V00" | 2., 12y < CUIW" M2, 2y + 100" 2, (22 IV M2, (1)
< Cr(100" Mlnse, 22y + 100" 2, (£2))- (3.89)

According to the analysis above, o™ € C(RT; L?) N L2 . (H?), n > 2, (notice that it is
not clear that do' = p' — pg € L2 _(H?)), we still can take L?(R?) inner product between
Equation (3.88) and Vo™ :

1d
-2 So" 2 n—1 25 n|2
2dt/Rd\V0! +/Rd/-”v [V=60"|
= — / Voo™ - Vu L. V" + Vo™ - V250" - V" L+ FP1AG".

Integrating in time also implies
Voo™ Les, (£2) + HV25QRHL2T*(L2) <

C(IVe iz, 0o 196" Nz 1) + 190"z 0oy 196" N a2y + IF™ iz, o))
Since

IF" 2, 22y < C@llow" 2, 2y + T100" Hlnse, 22) + Ol VO™ 2, (12)),
thus for the above small 7 and T,
V0™ Les, (12) + ||V25Qn||L2T* (r2) < CT||(5Qn_1a5un_1)||L;°* (L2) T CCMHVfSQn_lHL?T*(L?)-

We can substitute (3.89) into the term HV&_)”_IHLaT* (12) above, and then sum up these
two inequalities, entailing

160" | ge, 1y + V" |22, (1) < COMT||(80" 80" 2, 6u™ ™, 6u™ %) pes, (12).  (3.90)

Now we turn to éu™. We rewrite dh" 1 as
pnll(Aéb”_IVa”_l + AV AV sum Ve T 2 VRS Ve V2!
+Vb 2. V250" ) + ((p"_l)_1 - (p"_Q)_1> (AD" 2. Va" 244" 2. V2" 24 VT2 V26 2.
By virtue of [|Ad0" |12 < C|60" || g2 and

HAbn_lHL;*(Loo) <C |HV,0n_1|2HL2T*(Loo) + C”Apn_lﬂL?T*(Loo) < CCur,
we have also from the above inductive estimates that
||5h"_1|\L1T*(L2) < CCMT(Hdgn_lnLQT*(H?) + H(Sun_lHLgf’*(L?)) + CCEEOTH(SQn_lHL%‘;(LZ)-

Similarly,

HH:_IHLlT* (12) < C(CM+CEE0)T(\|5Qn_1||L?F* (H2)+||5un_1||L§?* (LQ))+C7'1/ZSPH5Q””L;°* (L2)-
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According to Equation (3.71) and div du™ = 0, taking the L2(R?) inner product between
Equation (3.86), and p"u". Then integrating on the time interval [0, 7] issues

160" Lee, 2y < CIHE 1y, (12 (3.91)

Combining Estimate (3.90) and (3.91) entails for sufficiently small 7 depending only on
the space dimension d, on the indices (s,p,r) and on the constants Cy, Cg, Ey,

100" | Lo, )Lz, a2y U™ [l 5e, (22) *||( " 1>5Qn_275Qn_3,5un_1,5un_2,5un_3)”L;°*(L2)-

Thus » ||(5Q”,5U")\|L%o* (12) converges. Since 00" € C(R™; L?), the Cauchy sequences {o"}
and {u"} converge to ¢ and u in C([0, T*]; L?) respectively. It is also easy to see that

Z||5Q ||L L (HY)NLZ., ZHM HLl (L2)> ZHH - ||L1 L(L2) < 00
n>2 n>2 n>2
Writing

div ("' — k"1 Vlogp") - Vu")
= div <6u" V(" = k" Viog p") + dudiv (k"1 V log p”)),
from Equation (3.87) we get
IVEq"™ (| L1, (r2) < C(HH?_luLlT*(m) + Cullou" (| Les, (22))-
Thus Y 5 || Vg™ L1, (r?) also converges and hence Vg™ converges to the unique limit Vg

in L1, (L?).

Now one notices that by interpolation between L? and By, u

C([0,T™]; Bi/f), for instance, and u™ ! — k"1 (p") "IV p™ is at least in LY (Bi/f) It entails

u™ converges to u in

(W™ = KL (p") IV Y — (u— kpVp) - Vu 0 in L3.(L2+ By YY),
Thus a direct calculation ensures (o, u, Vq) solves System (3.2) and is in E, (1) by Fatou
property.

3.4.3 Uniqueness part

The proof of uniqueness just follows the idea of the convergence part. More precisely,
as in SubSection §3.2.2, take two solutions (p1,u1, V1), (p2,u2, Vaz) € E, .(T*) of System
(3.2) with the same initial data, such that p; — 1,p2 — 1,u1,us € L% (L?), Vp1,Vpa €
L2.(L?). Then the difference (6p, du, Vdq) = (p1 — p2,u1 — ug, Vg1 — Vo) verifies

000+ uy - Vop — div (k1 Vo) = —du - Voo + div ((k1 — k2)V02),
8t5u + (u1 + Vb1) . Vdu + )\1V5q = h1 - hg — (5u + V(Sb) . VUQ - 5/\V(]2,
divdu = 0,
(60, 6u)lt=0 = (0,0),

with the notation k; = r(g;) and analogous for b;, A; and h;.
Similarly as Convergence Part, we can get

100l Lse(z2) + Vool 22y < CUIVp2ll L2y 9ol Lo (2) + [V o2l L1 (pooy 10Ul 5o 122)),
V6l Lo 22y + V200l 2(12) < C((HvulHLg(Lw) + VAL 22y IVOpl| 5o 12
+ (1Ap2l 2oy + IV P1ll L2200y [V P2l L5o (Lo0)) 0P| 5o (12

+ 10l 2y 180l 02) + IV Pt e aoe) [ 900l 2222y ),
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and some similar estimate for [|dul|peo(z2), which we omit here. Thus, on sufficiently small
interval [0,t], dp = du = 0, the uniqueness holds. Then we recover uniqueness on the whole
existence time interval [0, 7%] by use of classical arguments.

3.4.4 Remark on the lifespan in dimension two

In this subsection, we want to give a better estimate for the lower bound for the lifes-
pan of the solution in the case of dimension d = 2. The global-in-time existence issue in
dimension d = 2 for the classical homogeneous Euler system (i.e. p = p constant in system
(3.2)) is well-known and the key to the proof is the fact that, if we define the vorticity of
the fluid as

w = Ou? — dhul, (3.92)

then this quantity is conserved along the trajectories of the fluid particles, i.e. it fulfills the
free transport equation

(V) Ow + u-Vw = 0.

For non-homogeneous perfect fluids, see system (3.7), the previous relation (V') is no more
true, due to a density term which comes into play combined with the pressure. Hence, it’s
not clear if solutions to (3.7) exist globally in time. However, in [36] it’s proved that, for
initial densities close to a constant state, the lifespan of the corresponding solutions tends
to +00. Theorem 3.5 gives us the analogous result for our model (3.2).

The idea is to resort to the vorticity in order to control the high frequencies of the
velocity field. The vorticity w of the fluid is still defined by formula (3.92), where u solves
(3.2). However, it’s easy to see from relation (3.4) that actually

w = ? — 821)1;
now, from (3.1), the equation for w immediately follows :
Ow + v-Vw + wAb + VAAVII = 0, (3.93)

where we have set VA A VII = 01 A 01l — O A 0111

In order to bound the vorticity, it’s fundamental to take advantage of a new version
of refined estimates for transport equations in borderline Besov spaces of the type Bgyr,
proved first by Vishik in [102] and then generalized by Hmidi and Keraani in [57] (see also
Chapter 3 of [5]). They state that the BgoJ norm of the vorticity grows linearly (and not
exponentially, as in the general case) with respect to the Lipschitz norm of the solenoidal
velocity field. Even if here we don’t have the divergence-free condition for the transport
velocity v, the proof in [57] still works, except that one asks for an additional regularity on

div v. More precisely, the following lemma holds.

Lemma 3.2. Let us consider the following linear transport equation :

{ Ow+v-Vw =g,

Wlt=0 = wo.

(3.94)

For any 8 > 0, there exists a constant C depending only on d,3 such that the following a
priori estimate holds true :

lo®llgn,, < C(lwollzg , + gz, ) (1+V), (3.95)
with .
V(1) ;:/ IVollz= + divolls _d.
; |
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Proof. We will follow the proof of [57]. Firslty we can write the solution w of the transport
equation (3.94) as a sum : w =} ;o | wk, with wy satisfying

Oy, +v - Vi, = Ay,
3.96
{ Wi |t=0 = Agwo. (3.96)
We obviously have from above that
t
lwi ()] < [[Apwollzee + / [Akg]| L dt'. (3.97)
0

By Proposition 0.6, for any € € (0, 1), we have the following a priori estimate in Besov space
B 1

lon@liz,, < (1Al + 18kl yae, ) exp(CIVOlly =) )- (3.98)

In order to get a priori estimate in Besov space Bo_ofl, after applying the operator A;

to Equation (3.96), we write the commutator [v,A;] - Vwy, as follows (recalling Bony’s
decomposition (0.45) and denoting v := v — A_1v)

[T, Aj] - Vwg + Ta ;v ¥ + R(A;Vwg, U)
—Aj(Tyw,v) — Ajdiv (R(wg, 0)) + AjR(wg, div o) + [A_q1v, Aj] - Vwy.

Then, V3 > €, the L>°-norm of all the above terms can be bounded by (for some nonnegative
sequence ||(¢c;)||p = 1) : '
C(d,B)277¢¢; V'<t)”w’fHB;fl'

Thus, we have the following a priori estimate in the space Bgofl :

lwor®llp—r, < (18kw0llp-r, + 18kl 1 s, ) exp(CVD). (3.99)

On the other side, one has the following, for some positive integer N to be determined
hereafter :

lwllpo | < S olAwillze = > IAwrllze + > 1A wkl ree.

Jk=—1 lj—k|<N li—kI=N

Estimate (3.97) implies

> 1Akl < N Y (1awwollze + 1Akl e ) < N (lwollpe,, + lgllzs, )
|[j—k|<N k

while Estimates (3.98) and (3.99) entail the following (for some nonnegative sequence (c;) €
o
1Al < 27 H e (| Anlle + [Augllzasy ) exp(CVD),

which issues immediately

> lagenlie <278 (wollps, , + lglzise, ) exp(CVE)).

li—kI=N

Therefore, for any 8 > 0, we can choose € € (0,1) and N € N such that ¢ < 8 and
Nelog2 ~ 1+ CV(t). Thus the lemma follows from the above estimates. O
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With the above lemma in hand, we can now begin to prove Theorem 3.5. In view of the
continuation criterion, without loss of generality, we will always assume in the sequel

s=1, p=oo, r=1
In what follows, we will resort to the same notation in Subsection §3.3.2. That is, we set
R(t) = llalmm e SO =llelms ) U@ = lulzesr .

and the time moment T as defined by (3.63).

First of all, let us consider the density term. Under our hypothesis, we get the energy
equality (3.20). Moreover, arguing as in the previous subsection, we recover estimate (3.64)
in the time interval [0, Tg].

Now, let us consider the velocity field. First of all, let us summarize the following in-
equalities for the nonlinear terms, which will be frequently used in the sequel :

19260151, < bllss, < llellpe , = 5" (3.100)

|A6Vallze < [l 52 [Vallze S llellsz, IVollz2 S RY(S)2Vpll iz < RIVpI3: + '
(3.101)

I+ V) - Vull 2  [Vullz= 1Vl 22 + l[ullz2) S UAIVpl 22 + lullze). (3.102)

Similarly as the above inequality (3.101), one has
IVb- V2|2 S RIVpl72 + 8", llu-Valp2 S Rlul7 + 5" (3.103)

It is time to bound the velocity field u by use of the above inequalities. Firstly, by
separating low and high frequencies of u and by use of Bernstein’s inequalties and of a
Fourier multiplier of order —1, we get

Ut) < € (lullz + lwlng, ) - (3.104)

In order to handle the energy of the velocity field, one takes the L? scalar product
between (3.6) and u and performing standard computations (recalling also (3.21) and the
following arguments), getting

t
@l < € (ol + [ v (060 p2ar )
0
Therefore, due to Inequalities (3.101) and (3.103), it follows that
t
fu@lls < € (uals + [ (RAVoIE + i) + ) ar). (3.105)

Now, applying Lemma 3.2 with 8 = 1 to Equation (3.93), we find

t
e, <€ (lallso, + [ [FAnvI4wae] , ar)

t
X (1 +/ (HVuHLoo + \|V2b||BC1>01) dr) :
0 :

By use of Bony’s paraproduct decomposition (see also Section 4.2 of [36] for the first in-
equality)

IVA A VII|| go )

oo Al |

190050, IV 0

S
< g, 12651 -
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Hence, by virtue of [lw||go < U and Inequality (3.100), we immediately gather

lo(®)llg , <C <Ug + /Ot (R||VH||B<3.O’1 + Us/) dT> <1 + /Ot |V poodr + S> . (3.106)
It remains to deal with the pressure term. First of all, we have
19T, < [Vallpn , + 10:Vallps , < [Vallso , + I9help - (3.107)
Thanks to equation (3.2),, we get
10relles | < llu-Vollgy, + [6Velpe S US + 5.

Let us now focus on [[Vq|go . Actually, we will bound the B;O’l norm, as it’s not clear for

us how to get advantage of the weaker norm in (3.106). The analysis is mostly the same
performed in the previous subsection for the general case : so we cut low and high frequency,
and we are reconducted to consider [|Vg[[z2 and [|Aq|po . Finally, as § > 1, we have

IValg, < C (1+R) (IVale + Idiv (v V)llgg | + IAls )
with the controls (by what we established in the case of higher dimension)
HhHB;o S(A+R) US + (1+R)RS

and, as div (u-Vu) =3, 2T3juiaiuj+ajR(Ui, d;u’) (thanks to the divergence-free condition
over u) and analogous for div (Vb - Vu),

div(v-Vu)|ge < U*+US.
Bool

On the other hand, observing that ||h|;2 < ||div (v ® Va) || 2 and using Inequalities (3.101),
(3.102) and (3.103), one has also

IVall > S lIRllz2 + llv- Vul 2 < ROIVAIZ: + ullz2) + 8+ U(IVollz2 + [lullz2)-

Let us define
X&) = U®) + u®)llze = lu®llr2npr -

So we get
IVl < C (1+R*2) (IVl3: + 8" + X* + X8') (3.108)

and, by (3.107), the same holds true also for ||VII|go .
Therefore, Estimate (3.106) for the vorticity becomes (denoting Xo = X (0))

t
lw(®)lpo  <C <1 —I—S—I—/ Xd7>
> 0
t
X <X0+/ (1+R5+3)<RHVM%Q + RS + RX?* + XS’)dr).
0
It’s now time to insert the above estimate and (3.105) into (3.104). Keeping in mind
that, in [O,TR],

R(t) + S(t) < C Ry exp <c /0 ‘0 +X(T))dr> , (3.109)
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we finally find

t t
X(t)<C (1 +S +/ XdT) (Xo + Ro(1+ Rg+3)ecf5(1+X>/ IVpl3:+  (3.110)
0 0

I'1

t
+ Ro(1+ RITeCh0+X) 4 Ro(1 4+ RET3)C o) / X2
0

1)

s
t

+ (1+R8+3)ecfg(l+x)/ XS’dT).
0

Iy

We define T'x as the following quantity (with I';, ¢ = 1,--- ,4 defined as above)
Ty i=sup{t|T1(t) < llool22, Tat) <1, Ts(t), Ta(t) < 1+ llooll3 + Xo }-

Then, noticing S < I'9, one easily arrives at the following bound for X (¢) with ¢ in [0, 7] N
[0, Tx] (with some positive constant still denoted by C

)
¢
X(0) < -+l + X0) (14 [ x(ar)
0
Hence, set T := C(1 + [|oo||2> 4+ Xo), then by Gronwall’s lemma we get

X(t) < Tpelot, (3.111)

and the norm of the solution can be controlled by the norm of the initial data only.

Our next task, in order to complete the argument, is then to prove that 7', defined by
(3.25) with 9t = § + 4 and small enough constant Ko, is smaller than both T and Tx.
First of all, thanks to (3.111), for t € [0,Tx] N [0, TR], we have

t t t
/ X S el—‘ot’ / X2 S ESQFOt, / (1 +X) S 2€F0t,

0 0 2 0
eC’fot(1+X) < eZCeFOt7 R+S< CR06206F0t.

With the above bounds in hand, one just has to show

T
Pi(T) < lleoll72,  T2(T) <1, Ts(T), Ty(T) <1+ |leofl72 + Xo and / R® < 2R,.
0

We will check the above bounds one by one.
By use of the energy equality (3.20) for the density, it’s then easy to see that T'y(T') < || ol|72,
with 7" defined by (3.25). It is also easy to find that I';(7") < 1. Now noticing that (o < e7)

r r
T3(t) < Ro(1+ Rg+3)6206F0t ?0621“015 < ?ORo(l + R8+3)63062F0t,
we hence have I'3(T) < 1+ |loo||2> + Xo. Similarly, since one has
t
Tu(t) < (1 + ROT3)e20 ™ Tpelot / S < To(1+ RST3)e5C " CRy,
0
thus T'4(t) < 1+ [lool|32 + Xo. Finally, it’s not hard to check that
T < T'gT
/ R? < C3R3e5C¢ %" < 2R,.
0

This completes the proof of the theorem.
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3.5 Slightly nonhomogeneous case

Let us give here a sketch of the proof to Theorem 3.6. In fact, we will establish only a
priori estimates, the rest of the proof to existence and uniqueness being similar to that of
Theorem 3.1, which is left to the reader.

Recall that p € (1,+00) and ||oo[|Bs, < ¢, where ¢ is a small positive constant. Moreover
we will use the convention that r =1 if s =1+ d/p.

We first focus on the density equation (3.2),. From Estimate (3.57), we get

t
HQHZ?(BZS,’T) + HQHZ%(B;*TQ) <C ||QO||B;7T exp <C’t—|—0/0 ”VUHB;;l +OHVQH%°° d7'>,

for constant C depending only on indices d, s,p,r and on p,, p*.
Now, if we take ¢ small enough, such that, for instance,

t
exp <Ct + C’/ ||VUHB;—1 + O Vo7 dT) < log2, (3.112)
0 ,T
then the previous inequality becomes

Let us now consider Equations (3.2), and (3.2)4 for the velocity field and the pressure
term. Going along the lines of the proof to Estimates (3.40) and (3.41), we can see that
they still hold true.

Here we handle Vg as done in the previous section, that is, we make use of (3.62).
Firstly, notice that the equation for ¢ can be rewritten as

Ag = div <h — (u+Vb) - Vu + di) , (3.114)
which (formally) implies
Vg = V(-A)"tdiv <—h + (u+ Vb) - Vu — di) .

Hence, by Calderon-Zygmund theory and (3.62) we infer (with w = u + Vb)

Z%(B;,»)

(3.115)
can be controlled as done in (B.47) : recalling the divergence-

IVl ) < © (IIhHZg(B;,r) 1003 g gy + - Pl + € Ve
The term HaiwjﬁjuiHE%(B;;1)
free condition over w, it is easy to decompose ||div (w - Vu)|| it into
”Tal.wjajui + Tajuz@iwj + div (R(wj, dju)) ||B;;1,

which can be controlled by ||Vw|\B;;1 HVUHB;;L
For term ||w - Vu| 11 (zr), We notice that

t t
[w - Vullpy(zr) S/O [w]| e [|Vul Lo g/o(|]Vu||Loo+||Vb||Lp)||u|ng.

Finally, we have

|7 v
Li(Bj,)

p

< Cllelze(sy,) IVallzyas,) -
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Therefore, putting all these inequalities together into (3.115) and noticing (3.113), we
finally arrive at the following for sufficiently small ¢ :

t
194z 5. < C<||h|!zt1(35’r)+ /0 <||Vu||B;;1+||vm|B;m>||u||B;,rdT>- (3.116)

Now, the analysis of the nonlinear term h can be performed as before, and, up to take
a smaller ¢ than the one defined in (3.112), this allows us to close the estimates on some
suitable time interval [0, ¢], for sufficiently small c.
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Annexe A

Estimates in general Besov spaces

A.1 Estimates for Products

We have the following estimates for the paraproduct and remainder operators in Besov
spaces with different index.

Proposition A.1. Let 1 < r,r1,72,p,p1,p2 < 00 with % < min{1, %"‘T} and
— If p < po then we have :

; 1 1 1
ITvll sreprag-g—ty S lullg, Mollgyg, o 51 < Ao+ —5) (AL

i P~ P1 P2 b2
[Tuolggs S lullomllolg if & =1 4. (A2)
— If s1 4+ s2 + dmin{0,1 — p% — p%} > 0, then
HR(MU)HB;’TSQH(%?%?%) Sllullg, vlsze,.; (A.3)
- ifsl+82+dmin{0,1fp%fp%}:0 and%qté > 1 then
IR )| vappacr- a1y Sllullgs | Mvllpsz - (A.4)

P P1 P2 P1,71 p2,7m2
p,00

Proof. Most of these results are classical. We just prove (A.1) and (A.2).
We write that

Tyv = ZTj(u,v) with Tj(u,v) = Sj_1uljv.

j>1

Since Aj/(Sj—1uljv) = 0 for |5’ — j| > 4, it suffices to show that, for some sequence (¢;)jen
such that ||(c;j)[|¢ = 1, we have

T3 0)lliw S 2 gy ol 3 51 < d/pr + d/p2 — d/p,

1T (u 0)llze S ;27 Nullpeslvllgzz, i s1=d/p1+d/p2—d/p,
i — d_d _ d
Wlth8—81+82+]§ o pe

According to Holder’s inequality, we have

. 1 1 1
[ T5(u,v)|le < [|Sj—1ullzes [ AjvllLee - with — = = — —. (A.5)
ps3 b P2
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Hence, using the deﬁnition of Sj—1 and Bernstein’s inequality (here we notice that p; < ps,

a consequence of 113 < p1 + ) :

1Ty o)l s Y 2" Gr=55)|| Al o A0l e,
J'<j—2
whence
27| Ty (u, 0)[r < o= (1t )(21"81\|Aj,uy|m)(2j82||Ajv\|Lp2).
3'<i—-2

Therefore, if s; + d/ps — d/p1 < 0 then the result stems from convolution and Holder
inequalities for series. In the case where s; + d/ps — d/p1 = 0, we just have to use that
HSj_luHLpg S C”uHLpg in (A5)

The proof of (A.3) goes from similar arguments and is thus left to the reader. O

From the above proposition and (0.45), one may deduce a number of estimates in Besov
spaces for the product of two functions. We shall use the following result :

Proposition A.2. The following estimates hold true :

() IIUUIIB;,, S llullzellvllsg, + llullsg, [lv][Le i s > 0.

(i1) I{’sl <L s < dmln{p pQ} s1+ s2 +dmin{0, 1—p—1— }>0and < min{l,%—k
E} then
0ol v S Tl ol (A.0)

p2,7

(iii) We also have the following limit cases :
— if s1 = d/p1, s2 < min(d/p1,d/p2) and so + dmin(1/p1,1/ph) > 0 then

fuvllgs, Sl o lollg, (A7)
p1,00
— if s = min(d/p1,d/p2), s1 < d/p1 and s1 + s2 + dmin{0,1 — pT — 2} > 0 then
luvll v S lullggr, vl s
p2,T =
—if1/m+1/re 21,81 < 1, 52 < almln{p1 s LY and s1+ s2+dmin(0, 1—p—1—pi2) =0
then
(I ey

p2,00

Sometimes we need to consider time dependent Besov spaces of type z% (B,,), which
means taking the integral in time before summing up the LP-norms of dyadic blocks (see
Definition 0.3). The next proposition supplies an estimation in the spirit of Young’s inequa-
lity.

Proposition A.3. Let s > 0 and (p,7) € [1,+00]?. Let s; € R, i = 1,...,4 such that
51,83 < 8 < 89,54. Define 0,0 €]0,1]? such that

s=10s1+(1—0)sag =083+ (1 —0)s4.

Then for any € > 0, one has

1/6 1
lwollzym) S oo / lally2 o, dr + 7 / 0lY2 all g, dr +

(1= 0)ellullzy gy + (1—0)elollzy g, -
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Proof. Firstly,
18Tl S Nl (3 I18u0lr).-
li—pl<1

Now we integrate the above inequality on the time interval [0, ], multiply it by 27¢, apply
Young’s inequality and we pass to the £ norm : using also Minkowski’s inequality we gather

0 t e
||TuU||z%(B;,T) =S 55(19)/9/0 HUHL/oo [vll gz, dT +e(1—0) HUHE%(BZ?T) .

The term T,u can be treated in the same way, and this leads us to an analogous estimate,
in which however the roles of © and v are reversed.
Let us now consider the remainder term. It follows that

t
IR )75 S || 2 2070027 /0 1A jrull oo 18] 1 dr

e
Jj'=23-3 §>—1 llpr

Now we apply Young’s inequality to the product in the integral and also to the convolutions :
we finally arrive at

0 Loe
HR(U,U)HZ%(B;W) S 5(1_9)/9/0 HUHL/oo [0l gz, dr + e (1= 0) [[vllz1ps2 )

and this completes the proof of the lemma.

A.2 Estimates for commutators

Let us first generalize the classic estimates for the commutators of type

| @i, 20991120 1o .

presented in Proposition 0.4 in Besov spaces of low regularity. In fact, we can choose different
Lebesgue exponents for the two elements ¢, and besides, roughly speaking, the order of
gain of regularity v for the latter element V4 can be chosen to be any real number in [0, 1].
The “commutator estimate” referring to the case v = 0 can just be viewed as a product
estimate while the estimate with v = 1 recovers the classic commutator estimate. More
precisely, we have the following :

Proposition A.4. Let (p1,p2,71,72,7) € [1,4+00]° and 2 = min{l,% + %} Let (s,v) €
R x R satisfy
1 1 1 1 1 1
—dmin{—,, —} <s< V—l—dmin{—, —} and — dmin{—7 —} <v<l1l (A3
by P2 D1 P2

For j > —1, we have

| @i, 2V elin) o |, S IVl s IVW g - (A9)

BPQVTQ v
The following limit cases also hold true :
o gl _ —
—ifs=v+dmin{ -, -}, r1 =1 and ry =r then we have
|7l 890le) |, S 190l g IV0l5gs (A0

p2,7
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- ifv=1,r1 =r and ro = co then we have

| Ne A elzn) o, S 190l g IVl (A

P2y00m

Finally, if in addition to (A.8), we have v > 1 — dmin(1/p1,1/p2), then

@ D0le, AVl 1o, SIVE s IV, Jor all ke {1, ,a),

pPo,T
o (A.12)
with the above changes in the limit cases.
Proof. Throughout, it will be understood that ||(c;);jezlle2 = ||(dj)jezller = 1.
We decompose the commutator by use of Bony’s paraproduct :
[0, 0]V = Rj(¢,9) + Ri(p,9) + Ri(p, ) + Ri(p, ) + Rj(p,9),  (A13)
where, setting ¢ = (Id — A_1)p, we have defined
Ri(p,9) = [T5,0;] VY
Ri(p,¢) = T, vp? = Zsk+2Ajvak<5
k
Ri(p,0) = —AjTou@
Ri(p,¥) = —A;R($, V)

Let us first prove inequalities (A.9), (A.10) and (A.11). By virtue of the first-order
Taylor’s formula, we have

Ri(p, ) = Y [958 45]4,(VY)

=314
1 .
= 2 2_]"/ / h(y)y - VSj—1@(a —2771'y) dt' (A V) (@ = 277y) dy,
I
hence )
1R} (@, )llm S 279V Sj18]| 1 [ AV on (A-14)
whence

o S N@ VNS08 2212 (V) [ o) |-

[(27°[1R} (@, )| o1 ) jen
So in the case v = 1, we readily get
12 I1R; (@, )l )jenller S IV BHlLoe IVl gy (A.15)
To handle the case v < 1, we use the fact that

2DV S 13|10 27T AV s

< Z 9(i—=3")(v=1) (gj’(v—l) HVA]"SB/HLOO) (Qj(s—V) 1A VY| o ) )
'<j-2

Thus from Holder and convolution inequalities for series, one may conclude that

I IR o jenller < IVl ot [Vl s i v < 1. (A.16)
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Concerning R?(go, ), we have

IR ¥)ln < 3 11853 Syl Vi o,
Jj'25-3

and we consider the following two cases :

- p1=p2:
2R3 (0, 90) | < 27° D 1A @ e 1Sy 42 A5V oo
j’>j 3
1
S 20 S G0 Ay B e | AV 1
j'>j—3
N+
Z QU5 Cg el 44,4 VY| S
/>] -3 p2 D) oorl
- p1<p2:

27°|| R (0, ¥) || m < 27° > 185 @ll2e2 [ Sjr4285 VIl _prza

J'2j-3
s s d
S >0 VRG] LIVl
J'>j-3 ) Bplél_f’gl 1
Hence for v > almln{p1 p2}
I 1R5 (0, ) llr )jenller SNBN - a IVl gy - (A17)

p1,71
P2 2

In the case p1 < po, bounding R?(cp,z/;) stems from (A.1), (A.2) (and an obvious em-
bedding in the limit case). We get

HSOH %+VHV¢HB;;¢1, if s<v+ d/p27

25 || R3 ’ enller < _Brsiry . A.18
H( H J((ID ¢)HLP1 )]ENH H(P” %+VHVwHB;;l{a ifs=uv+ d/pg. ( )

p2,T

To deal with the case p; > p2, we just have to notice that, according to (A.1), (A.2), the

P d

—+v
paraproduct operator maps Boo o~ 0 X Bply, in By . provided that s < v +d/p1 (and
d

+
L™ x BIZ{TV in By . if s = v+ d/p1). So we still get (A.18) provided s < v + d/p; and

s < v+ d/p1, respectively.
As for the fourth term, it is only a matter of applying Inequality (A.3). We get

. _ 11
1@ R}, )l jenller S 181 a2, IVl if 5> —dmin{—, — 1. (A.19)
2 g p1 D2

The term R?(gp, v) may be treated by arguing like in the proof of (A.15). One ends up
with

I I1R (@, )l )jensller S IVA_1ll o0 |Vl s if v <1. (A.20)
Given that for any (s, p,r), one has (owing to the low-frequency cut-off)

1@llss, S Vel gssrs

putting together (A.15), (A.16), (A.17), (A.18), (A.19) and (A.20) completes the proof of
(A.9), (A.10) and (A.11).
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In order to establish (A.12), we notice that the terms R;(go, ) with i # 2 are spectrally
localized in balls of size 2. Hence Bernstein inequality together with (A.15), (A.16), (A.18),
(A.19) and (A.20) ensures that they satisfy the desired inequality under Condition (A.8).

On the other hand R?(go, v) does not have this spectral localization property. Let us just
treat the case p; > po to simplify the presentation. We have

1002, ) o < D7 (1187 Pllims 19S5 128598 oo + 1085 Bl 18428,V 2 ).
Jj'>3-3
(A.21)
According to Bernstein’s inequality, we have

> 1A @l o 106 S 28V Lo < C2 Y (A B] Lo (|25 V| s
J'2j—3 3’253
Hence this term may be bounded as desired (just follow the previous computations).

In order to handle the second term of (A.21), we write that, according to Bersntein’s
inequality,

1042y @ll s |12V | poe < C2T Ay Bl o | Sjrs285 V) | e
Hence
/(=) Z 0k Dl o1 [|.Sjr428; V]| Lo
Jj'>j—3
i—3") (4L -1 -
SC Z 2(] J)(V Pl )CJIH()OH pi+udj||vw” sfl,fpia
§'>j—3 By ry Boo,ry 't

which leads to the desired inequality provided that v + pil —1>0.
O

As in Proposition A.3, we next want to study the commutator estimate in the time-
involved Besov spaces of type E%F(B;T). Finally, the following estimates hold, which also
permit to choose different Lebesgue exponents in time variable for the former element ¢ of
the commutator :

Proposition A.5. Let the triple (s + 1,p,r) satisfy

11 d
s+1>—dmin{-, —}, (p,7)€ (1,400, and r=1ifs=—.
b p p
Let s1,s9 be two real numbers satisfying s1 < s+ 1 < s9, and define 6 €]0,1] such that
s+1=10s + (1—20)so.
Then, for any € > 0 and any space derivative O, k = 1,...,d, we have
t
|2 [ 10: 6. 290 un ar (A2
0 o

co

~S 1
< —imgys @ O IVl oy + (1= 0) € IVl

with 1 defined by

V(t d if s € (=1 —dmin{i, L} 9y,

) L P 20T G319
P5TL(t) = (A.23)

\Y% ifs=4% withr =1 or s> 2,

Vol sy, o= ‘
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if in addition s;, i = 1,2, satisfy
d d d d
si<l4+— if s+1<1+-— and si>14+— if s+1>14—.
p p p p

If moreover s > 0 and, for some s3,s4 and o €10, 1], we have also s+1 = o053+ (1—0) s4,
then

Proof. Let us first point out here that, in the following, R;'., 1 =1,...,5 denote the same
items as in the proof of Proposition A.4. We will derive two types of inequalities for each
R;-, corresponding to (A.22) and (A.24) respectively.

Let us first consider the term

t
- [ vt )
0 J

Each le- is supported in a ball of radius 2/, and hence the derivative dj, gives (by Bernstein’s

) t
2% / 106 (0, A Vo) | 0 dr

6
= (- 9/9 / HV<P||1/ 10l gz, dr (A.24)
o

1/0
L / IV 19l g dr + (1= 0)e bl g gamy + (1= )< IVl gmen,

il

inequalities) a factor 27. According to (A.14), we get

R <

t
(2]8 /0 1985180 18,90, dT)

jZ*l zr

~

Since ||A; V|| < 27| A L, we can decompose the terms in the integral in the following
way :

. _ . 0 . 1-0
2% V518l o 185V Ul S (27 IV S BUZ 180 ) (272 1850 ,0)

Now, we apply Young’s inequality to the integrant and then take £"-norm to the sequences,
getting

ceo t 0
R'< < [ Vel Wl dr + =00l (A29)

Let us now handle

) t
2° [0, ar

/ S 102V A e 18,8 o dr

R? = ‘
n>j3—2

o

+ 2]8/ Z |Su+2V A poo |0k A L@ e dT
n>3—2 o

One notices that, since p > 5 — 2, we have

10k Spt2 VA Lo |AupllLr S 22XV APl e | AppllLe S TV APl Lo [[VALL Lo

Hence
R’ < / S IVAYll IV AE o dr
p>j—2 o
t
< IVllpee Y 297152 VA G| o dr
n2j=2 or
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On one hand, we just do exactly as above (the way to obtain (A.25) ) : if s > 0, then we
have

1/o
R < (- a'/a / HV¢||/ ||V90H393 vdr + (1—0')8||Vg0||L1 R (A.26)

On the other hand, by the relationship 277 » HA fllzee S 1A fllz» and Young’s inequality,
we further derive

R 5| [P Dl 3 2008 (29 apl) dr

0 M>] 2 o

<l 2 20715 L1/ ‘2#p||VA“‘p”“’ L1/
u>j—2 or

< Z Q=175 . HV‘P” ; r 97 (0s1+(1-0)s2) 1A, z/JHLoo ») 1A w”Ll(Lp , (cj)j € /™
p>j=2 L7 (Bfoo o
co

< i ||V90H9 [Pl 7eemery + (L= ell¥lizy g (A.27)

1 4
LY (Bg o)

Moreover, since

) t
2 [ ol ar
0

< |26+ / 181Vl 18, e
L

u~g or

we can immediately see that (A.26) holds also for R3. In order to get the form like (A.27),
we consider the two cases s < % and s > % separately. Here we notice that if s = g and
r = 1, then taking the integral in time and the ¢ norm can commutate and hence the
classical result for commutators in Proposition 0.4 gives this lemma. Now if s; < 1 + %,

i =1,2, then

t i0(s1— _d 1 5o d B o d _
RS | [ (27 s vwlhe ) (20700 D s vulit) 250180

0

o

which gives (A.27) for R3. On the other hand, s; > 1+ g, 1= 1,2, then as above

t .
R | [ I9vln (20 18,500)

o
co 1
S i Hw!yet%(Bptl) IVl g (zoey + (1= 0) e [Vl Ly
co 1
== Hcp||9 HZZJHLoo(BSl) (1= 0)elVelizy ety (A.28)

p’l‘

where the last inequality follows by the embeddings L(L>) < L} (Bd/ Py > I (Bg27h).

The same holds true also for

) t
2 [ JlouRill, dr
0
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Let us first sketch the case s > g. We can bound R* in the following way :

t . N
R < /0 V2| oo Z 9(i—)(s+1) (2u(8+1)||Ap90||LP) dr

p>j—2 o

Hence (A.26) and (A.28) follow immediately for R*. If s < %, then we consider two cases
p < 2 and p > 2 separately, which both give (A.27). In fact, if p < 2, then p’ > p and we
have for s +1 > _1%’

b (st
RsH [ 2

o

¢ i) (5142 d ~ d_d
5 /0 Z 2(] w)( +1+p/) (2#(p+1)||Au90HLP) (2#(S+p/ p)||Auv¢||Lp/> ’

MZ]_’?’ or

which gives (A.27). Otherwise if p > 2, then we have for s +1 > —%,

to d
RIS H/ P D) R e
0

gr
t .
S| 20D (A ) @AY |
0 p>j-3 ”
which yields (A.27) also.
Finally, last term

RS ::‘

) t
2 [, dr

can be handled as R!, leading us to the same estimate as (A.25) and so to the end of the
proof. O

lT‘

We also introduce the following commutator estimate, with the Besov-norm of lower
regularity of the latter element ||V|| pg;! @s an integrant (in time) in Estimate (A.22).
However, this requires an extra d-order regularity on V.

Proposition A.6. Let
d 2

11
q € (1,00), —dmin{g, a} <s, 6> max{0, —(5 +1-— 5)} (A.29)

Then for any € € RT, there exists one constant C, depending on €,9,d,p,q, such that
| lte. a1 Vo) [, < =198l sy

t
q '
[V g sy VWl dts (A30)

p,00

with the case where s < % +1- % and 6 = 0 holding true.
Furthermore, we also have similarly

| (27 10(1, 251 w)HLg(m))jHﬁ < elVolizyan

t
+C(€757 d7p7 Q)A HVQSOHQ max{s_l,%_%}+5Hv¢HB;;l dt,? k= 17 7d7 (A31>

p,00
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for the index (d,q,s+1,9) satisfying (A.29), with the special case where s < % +1- % and
6 = 0 holding true.

Proof. Let RY, i =1,---,5 be the same as in the proof of Proposition A.5. We treat these
terms respectively as follows.

R [ (AT (P, Bl ) (2D A, ) e
0

t
< VGl agpny + CE) [ I19lG oy [Vl '

t
R2 < H / 3 (zj(sﬂ—d/p)/q” Ajvw”lL/og)2(j—j')<d/p+1/q'—1/q>
e

% (Qj’(d/p+1/Q’—1/tI)||Aj,<5”Lp) (QJ(S 1=d/p)/d|| A, Vle/q)

t ’ 1 1 d
< 5Hv¢‘|it1(35j;1) + C(g)/o HVSOH(IBS/O%72/L1HV,¢”BZ;I dt’, if 6 < B} + %;

or

t
R2 < H/ Z (2J(S+1—d/p)/qHAjkui/OZ)2(j‘j’)(d/p+1/q’—1/q+5)
0 ySios

(23 (d/p+1/d —1/f1+5)||A /90||LP) (2](5 1-d/p)/q’ 1A, VU)HI/q)

< V0l a0y + O0) [ IV g V0

2
if£i+1—f—i—(5>0, for some 6 > 0;
p q

R3 < ’/ S (2D )| A | ) 2 e a1

j<j—3
> (2](d/p+l/q —1/q) HAjSOHLP> (23 (s—1—d/p)/q HA vaul/q>

t / . d 2
< VUl gy agy + CE) | 19000y ol V¥l e, if s < S 41=2,
or
R3 < H/ Z (23”(S+1 d/p) /qHA ,,V¢H1/€1>2(3 7")(=9)
//<] 3
(23 (s+9) HA cpHm) (23 (s—1—d/p)/qd' 1A, ,,V¢H1/Q)
y d 2
< el Vg sty +Cle vallBé s [Vl ps-r dt', if s > — + 1- L

R < H/t Z (2j’(s+1)/q||Aj,v¢||}:éfI)2(j—j’)(s+d/p)
0 4Sis

< (2D A Bl ) (2T N8 VI ) df

< IVl g2ty + CE) [ IVl V0 . €022, 5> =,
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or

t
RA < H/ Z 2j(8+d/p/)||Aj’{ﬁHLp'”Aj'VT/JHLp dt'
0

3’233

t /
< VUl gy agpny + CE) [ 1900y V0l e i p <20 5> iy’

o

t
R X H/ 1A 1V o2V [V A b | o dt”
0

ZT‘
t !
< eVl agpny +CE) [ 1900y ol V01 5 .

Put the five parts R?, i = 1,--- ,5 together and (A.30) issues. The proof for (A.31) is
exactly the same, which is omitted here. We remark here that as in the proof of Proposition
A4, among the quantities R?, i = 1,---,5, only the term (OkAj @ - AjS;1 V) in R? is
not included in the ball with radius of size 27. O
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Annexe B

A priori estimates

B.1 Parabolic equations

In this section we are interested in the following linear parabolic equation :

{ 0o+ u-Vo—div(kVp) f, (B.1)
oli=0 = 00 '

Here the divergence-free vector field u, the positive coefficient «, the source term f and the
initial data gy are smooth enough and decay sufficiently at infinity, such that x(x,t) > k. >
0 holds true for all x € R? t € R*. The key to get a priori estimates for such a linear
equation is applying the commutator estimates presented in Section §A.2 to the following
two commutators :

Rj=lu,Aj- Vo, R} =div([rAj]Vo). (B.2)

In fact, a standard process : we apply the operator A; to the equation, we integrate first
in space and then in time; then we use the Bernstein’s inequality and also the commutator
estimates ; at last we perform Gronwall’s Inequality. This gives us the estimate.

The a priori estimate concerning low regularity (which extends the corresponding one
in [29]) reads :

Proposition B.1. Let g satisfy (B.1) on [0, T] x R%. Let (p1,p2) € (1,00)% and s € R fulfill

1 1 1 1 1 1
—1—dmin{,,,} <3§dmin{,—|—}. (B.3)
p1 Py D2 p1 p2 d

Then there exist constants c1(d,p1, k«), C1(d, p1,p2, S, Kx), Cy (d,p1, 8, k«) such that the so-
lution to (B.1) satisfies for allt € [0,T] :

lellz s, o+ erllllcgeonsy < €580 x (ool , + CrllAselzgaom) + 17z, )
(B.4)
where
— 2
’CL(t) T ||VUHLt1(Bz2/,p12) + ||VKI||L,%(BZ{?11) : (B5)
Proof. In the following it is understood that [|(¢;);|l, = 1.
As a warm up, we focus on the special case p; = p; =2 and s € (—d/2,d/2] which may be
achieved by classical energy arguments.
Applying A; to (B.1) yields for all j > —1,

Oroj +u-Vo; — div (kVg;) = fj + R} — R3, (B.6)
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where 0; = Ajo, fj = Ajf.
Taking the L? inner product of (B.6) with 0j and integrating by parts (recall that
divu = 0), we get

1d

sl [ KITeP < sl + IR + IR 52)

Notice that we have ||Vo;||z2 ~ 27||gj||z2 for j > 0. Hence, dividing formally both sides
of the inequality by ||g;|| 2 and integrating with respect to the time variable, we get for
some constant ¢; depending only on d, x4,

lojll e 22y + 12¥l0jll £ 2y <Il(0)jllL2 + 85 'er 2| A ol pa re
il a2y + IRz + IR i r2),

where

5 =1ifj=—1 and &' =0if j# -1

Applying Inequality (A.11) to R} and Inequality (A.12) with regularity index s+ 1 and
v=1to R? yields

t
IR o2z gz—ﬂscj/ IVl oo Velpgor d i —dj2<s<df2+1,
0 s s
t
IRy gz—ﬂscj/ 198l oo IVellsg, A if —dj2—1<s<df2
0 )

Now multiplying both sides by 27¢, summing up over j and taking advantage of the

interpolation inequality || - HB9+1 NE ||1/2 I| - || , in Proposition 0.1 yields

BS+
el 2o, + c1llelyagte) <leollsg, +CrlA-relpyis) + 17151,
t
2 /
+C1 [Vl gy + VRl .

Then applying Gronwall’s inequality leads to Inequality (B.4).
To treat the general case 1 < p; < oo we multiply (B.6) by |o;|P*~2p;. We arrive at

-1
g [Pz = 1) [ Kl 90 do <o s s + IR + [RE 1)

Next, we use (bearing in mind that 1 < p; < oo) the following Bernstein type inequality
(see Inequality (0.41)) :

/|QJ-|”1_2|VQJ‘|2 2> 22j/|gj|1”1 dx for j>0. (B.7)
Hence we get for j > 0,
-1
IIlele + 29|07, < llejlgen (1 fillzer + IR llzor + R [[2e1)- (B.8)

Therefore dividing both sides by | o;|75; ! and using that, according to (A.11) and (A.12),

1) <s< 1+dm1n<1 1)
p2 p1 P2

11 d
if —dmin(,) <s+1<14 —,
p1 D1 P

; 1
1 — . .
IR;llLr S2 ]SCJ'HVUHBZZQ/?HVQHBZI,ll it — dmln(pl1

IR llzen S 2775¢;]| Vsl d/mHVQHBpl

1
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integrating in time, multiplying both sides with 27¢, summing up over j > —1 and perfor-
ming an interpolation inequality, one arrives at

lolz sy, 1) +erllelzosginy <leolls;, , +er2™ A velaywen + 17 lcycs,
t
2 ) /
+ 01 [ (19l + 19810 Nl ,

which yields (B.4) by Gronwall inequality, except in the case where s is too negative.

To improve the condition over s for s negative, it suffices to use the fact that, owing to
divu = 0, one has
1 .
R; =div ([u, Ajlo).

Then one may apply Inequality (A.12) to div ([u, Aj]o) with s+ 1 instead of s. The details
are left to the reader. O

Remark B.1. Let us further remark that
RJQ = [VK/, AJ] -Vo+ ["@ Aj]AQ-

This decomposition allows to improve the condition (B.3) for positive s : if we only assume

that s < 1+ dmin(1/p1,1/p2) then Inequality (B.4) holds true with the additional term

HV2/<;HL1(Bd/p1) in Kp,. As only the case s = d/p; is needed for proving Theorem 1.2, we do
t p1,1

not provide more details here.
Note also that, for s = d/p1, Condition (B.3) holds if and only if 1/py < 1/ps +1/d.

Remark B.2. From the proof we can see that the quantity 5’1”A_1QHL,1(Lp1) in the a priori
estimates (B.4) can be absorbed if the time t is small. Indeed, for instance, one has for any
s ER,

[A—vellpzey S HQHL,}(B;LI) < tllellLyss, 1)
hence 61HA_1QHL%(L;71) can be absorbed by the left-hand side if t is small.

Remark B.3. Another natural way to deal with the transport term u - Vo is to view it as
a source term and we apply Proposition A.1 to it :

P2 P11
p2,1 p2,1

lu-Volss , Sllull o [[Vells; | + HUI\B%+5\|V0\\B;;§

d
+ 1
D) 3 P1,
P2<,1 p2,1

2/(146 . d d d
< Gl o + Il el , + llell vz, —mind 7, =} <5< =45, 5 € (<1,1],
BP2 B Pyl P P2 D2

The following a priori estimate concerning high regularity holds true :

Proposition B.2. Let ¢ satisfy (B.1) and the triplet (s,p,r) verify

d d d
325, p €]1,400[, re[l,4o0], with r=1 if s:l—l-;9 or s (B.9)

Then there exists a positive constant C' such that the following estimate holds true :
oz sy  + lellzymsz) < €e“#® (laollsg, + 1fllzy; ) (B.10)
where we have defined K (0) =0 and

Ki() =1+ |Vul o +|IV&lsy, + VAL (B.11)

p,1' Pp,r
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Proof. We follow the proof of Proposition B.1.

It is easy to get (B.8) with p instead of py, for all j > 0. Now, we divide both members
of the previous inequality by ||QjH§;1 and we integrate in time; then we multiply by 27¢
and take the ¢" norm with respect to j. Hence, for all ¢t we get :

ol gy ) + lelzmyse, < c(rgouBg,r + 27 A ol oy + Iz, )+

2[R ar| + |2 [ IR, 0r

|
o

+ ’ W}) . (B.12)

The low-frequency term A_1p can be easily bounded. As a matter of fact, by definition
we immediately have, for all ¢,

t
2 |A ]y 1) < 0/0 lell; , dr - (B.13)

For the first commutator term, by Proposition 0.4, we get

t .
L 1m0,

t
/ I9ull 4 llells;, if s € (~dmin{4, 4},1+ 9),
< 0 By

, dr < +
/0 IVullps-illells;, if s> 1+ 4 andr=1ifs =1+
(B.14)

For the second commutator term, instead, we apply (A.24) with s; = s, s9 = s+ 2 and
s3 = s+ 1, and we get, for any small € > 0 and some corresponding constant Cg,

) t
2 [ 11,

for all s > d/p, with r =1 if s = d/p, such that embedding Bg,/,np — L holds true.
We put (B.13), (B.14) and (B.15) into (B.12), choose sufficiently small ¢ and apply
Gronwall’s lemma to arrive at (B.10). O

t
ar < clelgyagn + Ce [ (IVallng, +195lEe) el b (B15)
) 55

Remark B.4. According to (B.11), we need only Vi € Li(B5 ), instead of Vk € L(B§ ).
And it is easy to see that

t
_ / 2
/cH(t)_/O K S ¢4 IVl ey + 195055
Remark B.5. Just as mentioned in Remark B.3, we can replace ||Vul|, 1, a/p - s1, bY
Ly (Bp,1 NBpr)
Hu||%2(BS ) in Ky, without assuming the divergence-free condition on u.
t p,T

B.2 Parabolic equations in spaces with infinite Lebesgue ex-
ponent

The aim of this section is to show an estimate for parabolic equations in Besov spaces
of type B2, .., which is needed to prove Theorem 3.6.

oo,

Proposition B.3. Let p be such that p — 1 € S solves the following linear parabolic-type
system

P|t:0 = P0,

124 B.2. PARABOLIC EQUATIONS IN SPACES WITH INFINITE LEBESGUE EXPONENT



ANNEXE B. A PRIORI ESTIMATES

with k, f,po € S and
0<pe<po<p", 0<kr<k(tz) k"

If s > 0, then the following estimate holds true :

CKoo
1ol e e, ey < CeO x (loollas., + 117 s ) (BAT)
where C is a constant depending on d, s, 7, p«, p*, ks, K* and HHHL?O(CE) for some € € (0,1),
and

t
Koolt) := /0 (1+ IV l3e + [ VR HI) g

Remark B.6. Let us point out that this proposition provides us with estimates analogous to
those found in Proposition B.2. Moreover, althrough Equation (B.16) involves no transport
term u - Vp, we can view it as a source term and apply product estimate to it. Finally by
Gronwall’s inequality we still have (B.10) for the case

s>1, withr=11ifs=1,
with K’y (t) replaced by
(K&)' =1+ llullie + llullsy,, + [VllE= + V5] 5y, -

We will first consider the case s € (0,1) and r = oo, i.e. we take solutions in time-
dependent-Hélder’s spaces L (C€)NLL(C?T€), € € (0,1). Since Maximum Principle applied
to parabolic equations has already given us the control on low frequencies of the solution

t
loll o2y < loollz= + /0 1 llzee, (B.18)

and, besides, the classical a priori estimates for heat equations are simpler (at least formally,
see Proposition 0.7) in homogeneous Besov spaces, we only have to focus on

ECA LR (CYNLL(C*), e (0,1).

We can localize the function p into countable many functions g,, each of which is
supported on some ball B(x,,d), with the small radius § € (0,1) to be determined in the
proof. It is useful to use another description of time-dependent Holder’s spaces stated in
Proposition B.5 : roughly speaking, up to a constant, E*-norm can be determined locally,
which reduces to bound {p,} instead of the whole p. The systems for {g,} (see System
(B.23) below) derive from (B.16) by mutiplying by some partition of unity and thus the
coeflicient x can be viewed as a small perturbation of a function which depends only on time
t, because g, is supported on a ball with sufficiently small radius. Consequently changing
the time variable and making use of estimates of heat equations entail an a priori estimate
for 0, in E€, with the “source” terms being either small or of lower regularity, and hence
easy to control. At last we will show how the Holder case will yield the general one.

We agree here that in this section {g, (¢, z)} always denote localized functions of p(t, z)
in a-space, while p; as usual, denotes {A;p} (localization in the phase space).

Before going on, Proposition 0.7 ensures that for any s € R, and fo, f, F € S(R?) such
that

t
F(t,z) = e fo + / e(t_T)Af(T) dr,
0
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there exists a constant Cj such that
1l e ey ey < Colllfolle + 111z ) (B.19)

It is also convenient to show an a priori estimate for the paraproduct T,u in the space
LL(C#) -
T

Proposition B.4. For any s > 0, € >0, a,b > 0, there exists a constant C. ~ e=/b such
that

IToullzy ooy < Ce / [[u(t) | IIUIIC +ellvllzy eny- (B.20)
Proof. First, let us notice that,
iz < [ 3 Il WAl
JEZ

For any € > 0, a,b > 0 and t € (0,7T), we fix an integer

N = o utt)l )| + 1.

then noticing that e~ ![|u(t)|| = ~ 2%, we have

/ > ullg Azl pee < / 7 2 ut)]| g2 Agvllee + D 27 ()]l 270 | Al Lo

JEZL J<N; J>Ni+1

ib
5/0 2% lu(t) e follgma + D 270N 2V A 0]| e

J>Ni+1

T
_ (a+b)/b —j j A
5/0 e IS ol ga + 20 27 20N AL o oo
Jj=1

T
_ b b ; A
colb /0 )] o+ 2500 /0 290)| Ao .

Thus the result follows. O
There is also an equivalent description for Holder’s spaces :

Proposition B.5. Ve € (0, 1), there exists a constant C such that for all u € S,

[u(z +y) — u(z)| Lo
Yl

CHull¢ <

< Cllul| gres (B.21)
Ly

and

< Cllullz,
Ly

Cullzy e H / lu(@+y) — u@)lis (B.22)

|yl

(C)

Proof. The proof of (B.21) is very classic. Let us just show the left-hand inequality of
(B.22). The inverse inequality follows immediately after similar changes with respect to
time in the classical proof. Since

Agultia) =2 [ h@iy)(ut.o —y) = ut.a))dy,
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then

t
| 2 1aur )z < 27 / 2yl Ih(27y) / e —p) vl Do o,
0

IyIE
!ux+y ) —u(z)||ree

<C
|y

)

Ly

which ensures the left -hand inequality of (B.22). O

Next we will prove Proposition B.3 in three steps. In Step 1 we will mainly deal with the
localized solutions {o,} or equivalently, after a one-to-one transformation in time variables,
with {or}, which solve heat equations. Thus Estimate (B.19) ensures an a priori estimate
for o, and Proposition B.4 provides the control on “source” terms. Thanks to Proposition
B.5, we can carry the results from {g,} to p : this will be done in Step 2. In order to handle
general Besov spaces of form BS, ., we again localize the system, but in Fourier variables,
in Step 3. There we apply the result in Step 2 to p; and a tricky calculation on commutator
term will yield the thesis.

Step 1 Estimate for g, in E¢
Let us take first a partition of unity {1, }nen of class C® subordinated to a locally finite

covering of R%. We suppose also that the v,’s satisfy the following conditions :

(i) Supp, C B(xy,0) £ By, ¥n € N, with § < 1 to be determined later ;

(i) X, v = 1;
(iii) 0 <, <1, ¥n € N with ¢, =1 on B(x,,d/2);

(iv) V"l < CJ8|71, ¥n € N, for |n| < 3;

(v) for each x € R?, there are at most 3 elements in {1, },en such that 2 € Supp ¢,.

Now by multiplying 1, to Equation (B.16), we get the equation for compactly supported
function o, £ pv,, which is supported on B,

{ 8th - RnAQn = (/‘C - Rn)AQn + V& -Von + gn, (B 23)
Onlt=0 = 00 = Ynpo,
where )
Fn(t) 2 wol(By) /Bn k(t,y)dy is a function depending only on t,
and
n = =26V, - Vp — (KAY, + VK- Vi) p + fibn. (B.24)

For convenience we suppose that there exists a positive constant Cy, ~ |[|&]| Lo () such that
0

k(t, ) — k(t,y)| < Celz —yl, Ya,y e RY, t € [0,t)]. (B.25)
Noticing that, by (B.25), we have &, > k.« > 0, this ensures that, for all ¢ € [0, ¢¢],

1
VOl(Bn) /n K(t7 JI) - ﬁ(tﬂy) dy

In order to get rid of the variable coefficient &, (t), let us make the one-to-one change
in time variable

|5/ En — 1| Lo (B,) < Ky

< Curytoc. (B.26)
L>(B)

TES(t) = /Ot R (t)) dt'. (B.27)
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Therefore, the new unknown
Z’n(Ta 1') = pn(ta l‘),

satisfies (noticing that % = Rn(t))

~ A~ _ (R ~ | V&) g5 4 gn(7)
{aTQn AQn—(‘gn(r) 1) Ont 7o Vo T By (B.28)

571/‘7':0 = 00,n;

where kK(7,2) = k(t,2), Rn(7) = En(t), p(1,2) = p(t,z), gn(T,2) = gn(t, ).
This is a heat equation and hence according to (B.19), it rests to bound the “source”
terms. Estimate (B.20) and the following estimate,

1w+ Bs o)l 73 ey < Cllullzg ) Il ey

imply that the first source term of Equation (B.28) can be controlled by

(En e

Fon(T)

S COlR/Fn = Ulpeo roo(B,)) 1A8nll71 e

L1(co)
T 2 _ _
+ oy [ 1770 = 105, 18T s + I ATy oy

e—2

for any m, € (0,1) with C;,, ~ 1, © . Besides, Inequality (B.26) ensures that for all 7 € [0, 7],
with T0 = S(to),
1%/Fn — 1 12o(B,) < Cukiy 105,

which implies, for 7 € [0, 19],

(553 -) s

Fon (T)

T 2 _ B _
<oy [RGBl o+ (€O 6+ ) By gy

(B.29)

By Proposition A.3 (more precisely, the proof of Proposition A.3), for any n > 0, there
exists ) ~ n~! such that

L1(C9)

)
|7 + R0y ey < C /0 ol ol s + lloll 7y ers

Thus, also by use of Proposition B.4 with a =1 — € and b =1 + ¢, for any 72 € (0,1) with
Chy ~ 1y ! we have the following :

v%(']— ) ~ /T ( ~12 ~ 2 ) ~ ~
2 . Vonu(T,- <C V&5 + |[VE| 5F€ ol e 4 ol 71 e
\ Sy V| SO [ (VR + IDRIE )l + el Bl v
(B.30)
Now let us choose d, 71,72 such that
CoCCyr; t6¢, Comr, Coma < 1/6, (B.31)

with the same Cp in (B.19). Then, from (B.19) and estimates (B.29), (B.30), for any 7 €

[0, 0] we get, for some “harmless” constant still denoted by C,

l[on ‘|L$0(C’€)OZ}(C’2+E)
2

T 2 _ _ - _ _
< (vl + [ (IR + 1971 + IVRIE )12l + 1l )
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Since k4 < Rp, < K*, we arrive at from transformation in time (B.27) that

t
HQ””L,?Q(C.’E)QZ%(C’Q‘*‘G) < C (||QO,n|Ce +/0 ’ClHQnHCe + ||gn||Z%(Ce)> ’ vt € [O,to], (B32)

with , )
Ki = [lsll g, + IVElI7~ + 1VR] 5

provided

§ ¢ =C5C, < CSH““L;’;’(Ce) for some constant Cs depending only on d, €. (B.33)

Step 2 Estimate for p

Now we return to consider p = p,. It is easy to see that, by assumptions on the
partition of unity {¢y,}, for any x, there exist at most 4 balls of our covering which cover
the small ball B(x,§/4). Therefore, from Inequality (B.21) we have

! lpe +y) = p(a) ez
lollziee < © H /

|y|6 L

<C sup /t lp(z +y) — p(x)|| Lo L O sup /t lp(z +y) — p(z) || Lo
o wi>e/ado [yI° ly|<6/4 /0 lyl ’

whose second term can be controlled by

"sup, [lon(z +y) — onl(z + 2)| g
4C  sup .
0

ly—2|<d/4 ly — 2|

Thus we find .
[Pl 71y S CT [ lpllzee +4Csup [[onllz1 ey
+(C°) 0 n 1 (C°)

Similarly, we have
1700 ey < CO™ NIl Lgo(zoey + ngp l0nllzoe (¢ey-
Since VZp =", (V?0,), from the same arguments as before we infer
2 o2
||pHZ1(C~2+e) <C|v p”fl(c've) <Co [V=pllLe + Csup ||IQTL”Z1(C‘2+E)‘
t t 0 n t
Therefore, to sum up, for all ¢ € [0, ¢o],
o2
—€
Hp”zgo(c'%)mz%(c"?ﬂ) <Co <Hp”Lf°(L°°) +/0 HV pHL“) + ngp ||Q””Z§°(C’€)OZ%(C’2+E)
t
<5 (Inllgpas + [ 1911
0

t
| e +/ Killonll e + H%Hzg@q) )
0

+ C'sup (HQO,n
n

with the second inequality deriving from Estimate (B.32). Noticing (B.18) and

lenllce = llpnlloe < Cllplleell¥nllce < C5~lpllce,
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we thus have
t
||'0||Zf°(CE)ﬂZ%(CQ+€) < CHPHL;’O(LN) + C/O llpllLee + HPHEtoo(Ce)mZtl(Cﬂe)
t t
<5 (e + [ (190l + lplaoe + 1fl) + [ Kol )
+ ngp HgnHZtl(Ce)a

It rests us to bound g,, uniformly. In fact, by the definition of g, (B.24), we follow the
same method to get (B.29) and (B.30) to arrive at

2

t
lgnllzy e < € /0 (n*(unwnuim RVl 57 + 1wy + V- wnnm) Il

t t
+nllollzy e +C /0 |52 + Vi - Vbl el lpll o + C5 /0 1l + Cll s e

2

t
< [ (1 Il + Ilons ) olle + llolgyenre, + €3Il oy

where we have used ”f”Ltl(LOO)mZtl(C'E) < C||f||Z%(C€).
We finally get a priori estimate for p :

t t
oz @omtyicore < €6 (Imles+ [ lollcs + Uflzyicn) + €872 [ Kallpler,
0 0

with

2 2

Ko = Lt Iz, = © (K4 14 0I5+ lonse ).

Thus by a direct interpolation inequality, that is to say

t
5 lellyion < G~ [ ollor + gy cavey

Gronwall’s Inequality tells us

t
ol @ontyicorn < C6 e (€072 [ 1) (Il + 1flyen) . (B3
which is just Estimate (B.17) when s = ¢ and r = oc.

Step 3 General Case B, ,

Now we want to deal with the general case BS, .. Let us apply E; =A; 1 +Aj+FA L,
j >0, to System (B.16), yielding

{ 0ip; — div (kVp;) = f; — R; (B.35)
Pjilt=0 = Do ;>

with . B N B . .
pj=2R0jp, f;=A4;f, Rj=div([x,A;]Vp), po;=Ajpo.

We apply the a priori estimate (B.34) to the solution p; of System (B.35), for some € < s,
entailing

/
15711 700 (ceyar (czeey < CO Cexp [ C62 [ Ko | (1170,
£ (CONL (C?Fe) 0

o+ 15 = Rillzce)) -
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Let us notice that for j > 0, denoted by p; = A;p and p; = Ayp as usual, then we have
Ajpj=p; and Agp; = 0if g —j] > 2.

Hence the above inequality gives

t
29 py | e (1) + 273 /0 ol

t ‘ t —
< C6~exp <05—2/0 /C2> 2 3 (Ilpo,qllLoo+/0 ||fq||L°°>+”Rﬂ'”Zi<ce>

li—ql<1

Let us focus on ||R;|7, ) for a while. As usual, we decompose R; into four parts :
t

(Ce

—1 . N -2 A~
R; = Z div ([Sg-1F, A;]VAp), Rj = Z div Aj(Ayk Sq+1Vp),

l7—q|<3 q¢>j-3
Ri= 3 div(AFA;S1Vp), R =div([Aik,A;]Vp), with 7=r—A_ix,.
q>j—3

It is easy to see that the Fourier transform of the terms le- and E? is supported near the
ring 27C ; thus, we get for some sequence (c;) ; € o,

t
Rillzicn < €20 3 [ 1S,-17 K19l
l7—aql<3

t
< coile) / IVl Vol 5s.
0 |

and, for some s > —1 and (¢;); € £

t
72 . € ~
Rz < €20 3 [ 18RS Vol

q>j—3

t
< 02i(e9) Z 2(]-<1)(1+S)cq/ HVRHB&,THV/)HLOO,
0

9253

t
3023(6‘5)@/ IVEllBs,, Vol
0

Let us now consider E? carefully. Each Ajr KquHVp has Fourier transform supported near
a ring of small radius proportional to 2¢ — 27, and big radius proportional to 29 + 27 ~ 29,
Therefore, arguing as above, we find, for some (c;) ;€U

t

73 ./e . ~N
IRl 71ce) < sup 27 > [Ajrdiv (AgrA;Sg4+1Vp)|| Lo
‘ 252 q>j—3,q~j

t
< sup DR 271 Ag V][ L[| AV pl Lo

> o ‘ '
72 q>j—3,9~j'

t
< e, [Vl [0l
0 |
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. —4 . . . ; . .
Since R;’s Fourier transform is always supported near a ring 2’C, arguing for instance as
in the proof of Proposition A.3, we can get

t
=4 (e—
IR 730y < 2 S)Cj/o V&l Lo [Vl B, , -

To conclude, we have got a priori estimate for p; :

t t
P —— /0 Ipsllie < Co—<exp (052 /0 ;c2>

X Z (HPO,q

l7—ql<2

t t t
vt [ filim) + 2% [ 19kl 1900 + [ 19890l
Therefore, we multiply both sides by 2/ and then take ¢" norm, to arrive at for s > —1,

t
||PHEt°°(BgO,T)mZt1(B§o+,$) < O exp (06_2/0 IC2>

t
< (Ilse,, Wz + [ 1K= 190l + 96l 1960 ).

The direct application of interpolation inequalities and embedding results reduces the above
estimate to (B.17).

B.3 Linearized Euler equation

In this section we consider the following linearized Euler equations for the unknowns u
and ¢, with variable coefficient A before the pressure Vg :

owu+v-Vu+ AVq = h,
divu =0, (B.36)

U|t:0 = Uup.

As usual, we suppose the given functions v, A, h, ug are smooth and decay sufficiently at
infinity. But pay attention here that the transport velocity v is not assumed to be solenoidal.
The following a priori estimate holds :

Proposition B.6. Let

d d d d
s>———, pe2,4], rell, 4o, with r=114 s=— or 1+—. (B.37)
p 4 p p

Suppose 0 < A\ < \(t,x) for allt >0 and x € RY.
Then for any smooth solution u of (B.36), there exists a positive constant C' such that
the following estimates hold true :

g,y < €O luollmg, + 1lzy g yonyam) (B-38)
IValzy g iy = €Iz ponian +V Ol ). (B:39)
where V (t) is defined by (0.53) and the constant C depends on d,p, s, r, A\x, A with
d d d
AL s ise@ 914
A(®) = I o 20y + B et (B.40)
”V)‘HZgO(B;,;l) if s> 1+5.
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Proof. From Proposition 0.6 we easily get the following estimate for u with V' (¢) defined by
(0.53) :

()70 5., < €“4PVO (Juolly, + b = AVallz 5, ) )- (B.41)

Just as in last section §B.4, we decompose AVq into (A_1A\)Vq + ((Id — A_1)\)Vg.
Then by product estimates given in Proposition 0.3, we have

. . d d . e d
H)\VQHZ%(B;T) < CA(t)qu”Z%(B;,T)v if s > —mln{;), H}, withr=11if s = e (B.42)

with A defined by (B.40). Hence it is sufficient to estimate ||Vq]7: in order to obtain
t
Estimate (B.38).

According to Equality (B.36),, applying the operator “div” to the first equation of
(B.36) yields the elliptic equation for ¢ :

(Bj,r)’

div (A\Vgq) = div(h —v - Vu) =div (h — u - Vv + udivv). (B.43)

We apply the localization operator A; to (B.43), we multiply |g;[P~2¢;, then we integrate
with respect to space variable and we use the Bernstein type Inequality (0.41) and Holder’s
Inequality, and we finally find

X2%|lgjllze S (1A;div (= v - Va)|[pe + [[div [X, Aj]Va] e, V5 > 0.
On the other hand, for p > 2, classic Bernstein’s inequalities entail
IA-1Vqlle < CIVallzz. 2lgll ~ Va5, V5 > 0,
which ensure that
NIVl 55 ) S 190l e + iy (b= v Fu)I 73 ey (B.44)
+ (12707 1 div X, A1Vl g g ler-

Let us focus on the above commutator term for a while. Proposition 0.4 implies that it
can be controlled by

i(5—1) ([ 45 . . d d
12767V div X, A1Vl Ly oyl S AlIVall g sy if s > —min{, 7}

d

d_
Motivatived by the embeddings (3.26) and L? — B}, Vp > 2, we apply interpolation
inequalities between Besov spaces, obtaining

IVall s sy S 1Vl 7 porety S 11Vl fBg g HVCIHLl(Bs 3 S IVl 19l (B3.,)°
t oo
for some € € (0, 1), such that
s+e—1—(d/p—d/2)
s —(d/p—d/2)

Therefore, one can use directly Young’s Inequality on the above bound for commutator
term

5:

d d
€ (0,1 >———+4+1—c¢
(0,1), ie. s p 2+ €

1276V div X, A1V all o) ller < Cds 50,76, ) AV 1y 12) + €| Vallzy g
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such that for some small enough ¢ > 0, Estimate (B.44) becomes
IVallzy gy < Cld:s.p,7.2,€ M)AV D)V 1)+ Clldiv (h—v- V) [y -1y (B.45)
Thanks to Proposition 0.9, we have already got by Equation (B.43),

IVall g5, ) < Cdss,p,7 Ay ) (1B = Vot wdivol| g 2 + Idiv (b =0 Ty e )-

It rests to dealing with

[w-Vollizey, ludivollpige) and ||div(v-Vu)Hzt1(B;;1).

We can easily find, by Holder’s Inequality and embedding results, that
t t
o Vollay < [ ol Volls S [ el 190l dr. Varso >o0.

d
Hence for p <4, s > — — T we have
p

t
HU'VUHL}(LQ)S/O HUHB;,THVUIIB dr . (B.46)

d
P
p,o0
The term udiv v is actually analogous to the previous one.

On the other hand, recalling the divergence-free condition over u, it is easy to decompose
||div (v - VU)HB;—TI into

T, 050’ + T,ui00” + div (R(v?, 0u)) || g1, (B.47)

which can be controlled, according to Proposition 0.2, by

d d
!/ . .
Vv (t)||VuHB§;1, if s> —mln{};, ]?},
with V'(t) defined by (0.53).

To conclude, in the case p € [2,4], s > g — %, Estimate (B.39) holds and hence estimate
(B.38) also holds true, according to Estimate (B.41) and Gronwall’s Inequality.
O

B.4 Linearized Stokes equation

In this section we will deal with the following linearized Stokes equation with variable
coefficients :

Ou+v-Vu —div(nVu) + A\VQ = h,
divu = 0 (B.48)
(P = o,

where A, 1, v, h, ug be smooth and decay sufficiently at infinity with dive = 0. Let us first
consider the case p; = po = 2 which may be handled by standard energy arguments.

Proposition B.7. Let (u, VQ) satisfy (B.48) on [0,T] x R%. Let s € [0,d/2]. Suppose that,
for some positive constants A\x and A*, we have

VA

Loy F M e qorxpsy S A and - min(A,m) 2 A > 0. (B.49)

134 B.4. LINEARIZED STOKES EQUATION



ANNEXE B. A PRIORI ESTIMATES

There exists a constant cy = cx\(d, s) such that, if for some integer N, one has

i > — <
xeRdl,Itlg[O,T] SNA(t,x) > A/2,  ||A SN)\”L%O(Bi/lz) < e\, (B.50)

then there exist constants ca(d, \s), Ca(d, s, A\x, A*, N), ég(d, s, ), C3(d, s, A\, A*, N), such
that for all t € [0,T7,

2
o (”VU”Ltl (5 /12)+||w||L%(Bg/12))

ez (s ,) + c2llullLysgyy <e (B.51)

x (lluollsg, + CallAvull 2y + Callbllysg ) )

d

t
1Y@y 55, < Cs /O (nhnt,I+||Vv\|35512rru\|35,1+\|Vn||B;/fuw||B;,1)dr (B.52)

Proof. Following the proof of Proposition B.1, we apply A; to (1.37). This yields
dyuj +v - Vuy — div (nVuy) = hj + RY — R} — A;(AVQ),
where
uj = Aju, hj:= Ajh, R;’ = [v,4A,] - Vu, ’R? =div ([, 4] - Vu).

As in the proof of Proposition B.1, we apply Inequalities (A.11) and (A.12) to the two
commutators R? and R;l», getting if —d/2 < s < d/2,

el e .,y + (@Al gy < luollg, + Calen, )| A 1wl gy ey + Il 2y g,
t
+C(dy 5, 0) /0 (1901l ol + 990020 Fulg ) '+ IV @Ulgy g - (B53)

We now have to bound V@. We follow the analysis for the pressure Vq in the proof of
Proposition B.6. Applying the divergence operator to the first equation of (B.48), we then
arrive at the following elliptic equation with variable coefficients (similar to (B.43))?! :

div(A\VQ) =divL with L:=—u-Vu+Vn-(Vu)’ +h. (B.54)

Then (B.44) holds for V@, with p = 2 and h—v-Vu replaced by L. Applying the commutator
estimate (A.9) on ||[[A, A;]VQ||L2, we easily get if —d/2 <v <1 and —d/2 <s<v+d/2,

)‘*HVQHL}(BSJ) < HLHL%(BSJ) +Cq(d; s, V)||V)\‘|L§o(3;ifl2+vfl)||VQHL§(B§;”)‘ (B.55)

Now we consider two cases :
— Case 0 < s < d/2. Let us first assume that V has some extra regularity : suppose for

instance that it belongs to L%O(B%HV_I) for some v such that v +d/2 > s> v > 0.
As |- llgg, = II - llz2 we arrive (by interpolation) at
1- 1—
IVQllps-v < IVQILE IV < ILILIVQIE".  (B50)
Hence (B.55) implies that
HVQHL%(BSJ) S C(d, S, UV, )\*)(1 + HVAHL;)O(BSQ2+V71))S/VHLHL%(BS,I) (B57)

1. Here we use that div (v - Vu) = div (u - Vv) and div (div (nVu)) = div (Vu - Vn) owing to divu =
dive = 0.
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Now, if A satisfies only Conditions (B.49) and (B.50) then we decompose it into
A=Ay + (A—Ay) with Ay := SyA.
Note that VA € H* and that the equation for ) recasts in
div(ANVQ) =div(L + Ey), where Enx = (Ay—A)-VQ.

Therefore, following the procedure leading to (B.55) and bearing the first part of
Condition (B.50) in mind, yields

A
?HVQHL%(BSJ) <L+ ENHL%(B;Q + Co(d, s, V)\\V)\N|’Ltoo(33(12+v—1)”VQHLtl(B;;V)'
(B.58)
We notice that for —d/2 < s < d/2,

HVANHLtoo(Bg/IQvLV*l) S C)\(d)2NVHV>\H
HENHL%(BSJ) < C)\(d, S)H)\N _)\||LtOO(B‘Qi{12)HVQ”L%(BSJV

d/2—1
LBy 2y

hence the term pertaining to Ey may be absorbed by the left-hand side of (B.58) if
¢y is small enough in (B.50). Then using the same interpolation argument as above,
we end up with

A Q) < Caldss)2Y (L4 9N e arnr))” I Lll gy (B59)

Now, in order to complete the proof of Inequality (B.52), it is only a matter of using
the product estimates (ii) stated in Proposition A.2 for bounding L, which implies
that
ILlBs, S IVl
B

2,1 ~

HVUHBSJ + ”hHBi1 if — d/2 <s< d/2.

1

U + ||V
§1|| s, + | 77HB§

— Case s = 0 : in this case, the interpolation inequality (B.56) fails, so that we have to
modify the proof accordingly. First we apply Inequality (B.55) for some 0 < v < 1,
and Inequality (A.9), to get :

1A AVl Lr sy ) 5Cj||V)\\|L§o(Bgfl2+u71)||VQ|’Lg(Bg3")
S Cj||V)‘||Ltoo(B§/l2+’/_1)||L||L%(L2)a
hence

IVQIlLyag,) < 1Ny sy ) + IVAN oo /e 1Ll Ly 22)

(B.60)
< O, v ) (1 + VAl e I 3 g
which is quite similar as (B.57) and hence the same procedure implies also (B.59).
In order to prove (B.51), it suffices to plug the above estimate for the pressure in (B.53).
The main point is that, if —d/2 < s < d/2 then we have (similar as (B.42))
IAVQIIs;, S (Nl + VALl

2,1

DIVQllss,

d_
2
2,1

Then Gronwall lemma leads to Inequality (B.51). O
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Remark B.7. In Proposition B.7 we need the assumption s > 0 to get the necessary L?
estimate for VQ. However, some negative indices may be achieved by duality arguments. As
the corresponding estimates are not needed in this thesis, we here do not give more details
on that issue.

Remark B.8. Similar as pointed out in Remark B.2, the quantity 62”A_1U“Lt1(L2) in the

a priori estimate (B.51) can be absorbed if the time t is small.

Similar as mentioned in Remark B.3, without Condition divv = 0, the quantity HV’UHLI(Bd/Q)
t(Da1

[l

can be replaced by ||v 12532 in the exponential of Estimate (B.51), according to Identity
t 2,1

div (v - Vu) = div (u - Vo + udiv v) because of divu = 0.

Remark B.9. Compared to A defined by (B.40), A* here (see (B.49)) requires less regu-
larity, thanks to a decomposition of A into a big smooth part Sy and a small remainder
A — Sy, given by (B.50).

We now want to extend Proposition B.7 to more general Besov spaces which are not
directly related to the energy space. To simplify the presentation, we focus on the regularity
exponent s = d/ps — 1 which is the only one that we will have to consider in the proof of
Theorem 1.2 :

Proposition B.8. Let T > 0 and (u, VQ) be a solution to (B.48) on [0,T] x R%. Let p; be
in [1,00) and ps € [2,4] satisfy

. 1 1 1 .
P if p1> 2, - < o + 7 and (p1,p2) # (4,4) if d=2. (B.61)

Assume that there exist two constants Ay, A*, a small enough constant cyx which depends
only on d,p1,p2 and an integer N € N such that

min(n, A) > Ay, HAHLOO([O,T}X]Rd) + ||V)\‘|L%O(B§/plrl) < A7,
1>

. B.62
inf e acior SVAGD) 2 Ae/2, A= S oy S edee 0
P11,

Then there exist constants ca(d, p2, Ax), Ca(d, p1,p2, A, A*, N), 52(d,p2, M), C3(d, p1,p2, A, A, N)
such that the following a priori estimates hold :
HUHE?(BSQ/’E_l) + CQHUHL%(Bd/plz-Q-l)

2 2/(1-9)
(Hv g o, IV, T A T T d/pl—a))
t P11 pl,l

IN

e
X (ol rne + CollAsull gy gy + Collbll y ey )

(B.63)
with § = min(1/2,d/p1), and
t
Qo <O [ (Il gs + 190l g s + - Pl
(Bppn OFF) (B.64)

19l IVl + 90 Tl ).
D1, P2,
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Proof. With the notation in the proof of Proposition B.7, we have

127 P2V RE | o) jezlln S IV Ol garpe lull garpa-—1, (B.65)
P2, P2,

127720 R o2 )jezller SNV garm IV ll garma—1, (B.66)
p1,1 p2,1

IAVQl garrys S (Il + IV Ao 1) 9@ - (B.67)

Indeed ? Inequality (B.65) follows from (A.9) with “p;” = “po” = pa, “V" =1, “s" =
d/pa — 1 (note that the condition py < 2d is not required for dive = 0, a consequence
of (A.12) with “s” = d/pa and “v” = 1) while (B.66) stems from (A.12) with “p;” =
p2, “pa” = p1, ‘W =1, “s" = d/py (here we need that 1/ps < 1/p; + 1/d); and
(B.67) is a consequence of (A.6) with “s;” =d/p1, “s2” = d/ps — 1 (which requires that
1/p2 <1/p1+1/d and 1/p; + 1/p2 > 1/d).

Now, granted with the above inequalities, the same procedure as in Proposition B.1
yields

[l teallull y parmarry < luoll garme—1 + €27 WD Ay g 1)

LByl L}(By)

+ C(d7p1>p27)\*)/ (”VUHBd/PZ =+ ||V77”23d/p1)”uHBd/P2—1 dt/
p2,1
+ Al gty + (M zoe (o) + IV oo 71 VR 1 garve-1-
1,1 ) Lt(Bp2,1 )

(B.68)

So bounding V@ is our next task. First of all, using the fact that @ satisfies the elliptic
equation (B.54), we still have

MellVQI 2 < ||L||z2 with L=h+u-Vo+ Vu-Vn.

Thus (B.44) holds for VQ with p = ps, s = d/p2 — 1 and h — v - Vu replaced by L.
Applying Inequality (A.9) with

“<p77 — )\7 “w?’ — vQ, “pl” — p27 “p27’ — p17 “V” — 1/4:7 “S” — d/p2 _ 1’
(which is possible provided 1/py 4+ 1/p2 > 1/d and 1/ps < 1/p1 4 5/(4d)), we get

1A, A5V Qll e < Q—j(d/pg—l)cj||V)\]|Bd/p11_3/4||VQHBd/p12_5/4 with ch =1. (B.69)
p1, b2,

J
In the case d > 3, arguing by interpolation, we get

2d

IV QI gerna-se S Vel d/p12 Vel Qdd/f;Q a2 (B.70)
P2

Therefore, together with (B.44), this implies that
2d—4
MlVQI gama—1 S LI gama—1 + (L4 IVl garpy—s/2) ™ IIL 2. (B.71)
p2,1 p2,1 P15l

In the case d = 2, the interpolation inequality (B.70) fails. However, from (B.69) we
directly get for p1, pe satisfying (B.61),

/\*HVQHBEQ?—I S HLHB%?—I + HV)‘HBZ{’II—S/‘*HvQ”Bﬁéf’f‘*”/“

(B.72)
S UL gt + (L4 VA garma—s) 1L
P2, P1

2. Here it is understood that the quote marks designate the indices in the original inequalities (A.6),
(A.9) and (A.12).
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Therefore, in any dimension d > 2, we have

) max(1,2d—4) ’

A*HVQHB;lQ/Pf—lmL2 < CQ.dpi.p (1 + HV)‘HBZZ{PB—W‘l ‘LHBZZQ/'?_IQLT (B.73)

In order to treat the case where VA is only in L%(le/ ﬁl_l), we proceed exactly as in
the proof of Proposition B.7, decomposing A into two parts, the smooth large part Sy A and

the small rough part A — SyA. Under the same assumptions as in (B.67), we find that
E a<C A=A \Y% _1.
I N!\Bzéﬁz 1 < Cxpropel N\\Bgfll I QHB%? !

Therefore, if ¢y is small enough in (B.62), we get
max(1,2d—4)
) HLHL%(B;?Q/ZQAQLQ)’
(B.74)
In order to complete the proof of (B.64), we now have to bound L. First, we notice that,
applying (A.6) with “p1” = “pa” = pa, “s1” = d/p2 and “s9” = d/pa — 1 yields, if ps < 2d,

N/4
HVQHL%(B‘;;?*lﬁLZ) S CQ7d7p17p22 / (1 + HVAHL%O(BZ{?Efl)

. <
- Vol g+ S 190l gty [l - (B.75)

If 2d < ps < oo then, owing to divu = 0, the same inequality is true. Indeed applying
Bony’s decomposition, we discover that

u- Vo =T,Vv+ Tyyu + div R(u,v — A_jv) + R(u, A_1 V). (B.76)

The first two terms may be bounded as in (B.75). For the third one, one has (because
F(v— A_jv) is supported away from the origin)

|div R(u,v — A_jv) ”Bd/pzfl

p2,1

[R(u, v = A_1v)| gaswe
p2,1

S
Sl garme-rllv = Aavll garms S Nl garme— [ VOl g

And finally, we have

R(u, A_IVU) = Z AjA_1Vv (Aj_l +Aj+Aj+1)U,
—1<5<0

so it is clear that we have

1R (w, A1 V)| parpa—r S 1B(w, A1 V) |[Le2 S IV V][ Loe |1 S2tll o2 S IV parme [lull garen -
P2, P2, P2,

Next, just as in (B.67), under the conditions 1/ps < 1/p1+1/d and 1/p; + 1/pa > 1/d, we
have

IV Nl garma=r S VAl garn, [Vl garm-- (B.77)
This gives (B.64).

In order to complete the proof of the lemma, we still have to bound u - Vv and Vu - Vn
in L?. To handle the former term, we just use the fact that

d/p2—1/2 .
Bm/ﬁz V214 i po < 4.

Hence, by virtue of Holder’s inequality,

lu-Vole S llull garma-1/21I V0|l garpa-1/2. (B.78)
P21 p2,1
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Concerning the latter term, if both p; and po are less than or equal to 4 then one may
merely use the embedding

BYRTVE s Lt and BYRTVP e L,

hence
[Vu-Vnllz2 SVl gases 1721Vl gases-12.
1,1 p2,1

Now, if p; > 4 then we first write

2p1 )
p1— 2

IVu- Va2 < [Valle[Vull s with pr =

Let 6 = min(1/2,d/p1). Then we notice that if po < p; then

_ -1 ~
B0 g and BYRTIO o [
p1, b2,

Therefore
[Vu-Vnllg2 S IVl gase s VUl gases-14s.
P11 p2,1

Together with (B.68), interpolation inequalities and Gronwall lemma, this enables us to
complete the proof of (B.63). O
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