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Résumé

Cette thèse est consacrée à l’étude de la dynamique des gaz à faible nombre de Mach.
Le modèle étudié provient des équations de Navier-Stokes complètes lorsque le nombre de
Mach tend vers zéro. On cherche à montrer que le problème de Cauchy correspondant est
bien posé. Les cas visqueux et non visqueux sont tous deux considérés. Les coefficients phy-
siques peuvent dépendre de la densité (ou de la température) inconnue. En particulier, nous
prenons en compte les effets de conductivité thermique et on autorise de grandes variations
d’entropie. Rappelons qu’en absence de diffusion thermique, la limite à faible nombre de
Mach implique la condition d’incompressibilité. Dans le cadre étudié ici, en introduisant un
nouveau champ de vitesses à divergence nulle, le système devient un couplage non linéaire
entre une équation quasi-parabolique pour la densité et un système de type Navier-Stokes
(ou Euler) pour la vitesse et la pression.

Pour le cas avec viscosité, on établit le résultat classique, à savoir qu’il existe une solution
forte existant localement (resp. globalement) en temps pour des données initiales grandes
(resp. petites). On considère ici le problème de Cauchy avec données initiales dans des
espaces de Besov critiques.

Lorsque les coefficients physiques du système vérifient une relation spéciale, le système
se simplifie considérablement, et on peut alors établir qu’il existent des solutions faibles
globales en temps à énergie finie. Par un argument d’unicité fort-faible, on en déduit que
en dimension deux, les solutions fortes à énergie finie existent pour tous les temps positifs.

Pour le cas sans viscosité, on montre d’abord le caractère bien posé dans des espaces
de Besov limites, qui s’injectent dans l’espace des fonctions lipschitziennes. Des critères de
prolongement et des estimations du temps de vie sont établis. Si l’on suppose la donnée
initiale à énergie finie dans l’espace de Besov limite à exposant de Lebesgue infinie, on
a également un résultat d’existence locale. En dimension deux, le temps de vie tend vers
l’infini quand la densité tend vers une constante positive.

Des estimations de produits et de commutateurs, ainsi que des estimations a priori pour
les équations paraboliques et pour le système de Stokes (ou d’Euler) à coefficients variables,
se trouvent dans l’annexe. Ces estimations reposent sur la théorie de Littlewood-Paley et
le calcul paradifférentiel.

Mot-clefs

Nombre de Mach, système de Navier-Stokes, système d’Euler, équations paraboliques,
caractère bien posé, critère de prolongement, temps de vie, solutions fortes, solutions faibles,
espaces de Besov, théorie de Littlewood-Paley, calcul paradifférentiel.
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Abstract

This thesis is devoted to the study of the dynamics of the gases with small Mach num-
ber. The model comes from the complete Navier-Stokes equations when the Mach number
goes to zero, and we aim at showing that it is well-posed. The viscous and inviscid cases
are both considered. The physical coefficients may depend on the unknown density (or on
the unknown temperature). In particular, we consider the effects of the thermal conducti-
vity and hence large variations of entropy are allowed. Recall that if there is no thermal
diffusion, then the low Mach number limit just implies the incompressibility condition. In
the framework considered here, by introducing a new solenoidal velocity field, the system
becomes a nonlinear coupling between a quasi-parabolic equation for the density and an
evolutionary Stokes (or Euler) system for the velocity and the pressure.

For the case with viscosity, we establish classical results, namely the strong solutions
exist locally (resp. globally) in time for big (resp. small) initial data. We consider the
Cauchy problem in the critical Besov spaces with the lowest regularity. Under a special
relationship between the physical coefficients, the system recasts in a simpler form and one
may prove that there exist weak solutions with finite energy. In dimension two, by a weak-
strong uniqueness argument, this implies that strong solutions with finite energy exist for
all positive times.

In the inviscid case, we first prove the well-posedness result in endpoint Besov spaces,
which can be embedded into the set of Lipschitzian functions. Continuation criterions and
estimates for the lifespan are both established. If we suppose the initial data to be in the
borderline Besov spaces with infinite Lebesgue exponent and to be of finite energy, we also
have a local existence result. In dimension two, the lifespan goes to infinity when the density
tends to a positive constant.

Estimates for products and commutators, together with a priori estimates for the para-
bolic equations and for the Stokes (or Euler) system with variable coefficients, are postponed
in the appendix. These estimates are based on the Littlewood-Paley theory and the para-
differential calculus.

Keywords

Mach number, Navier-Stokes system, Euler system, parabolic equations, wellposedness,
continuation criterion, lifespan, strong solutions, weak solutions, Besov spaces, Littlewood-
Paley theory, paradifferential calculus.
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0.2 Dérivation des équations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

0.2.1 Le cas visqueux . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

0.2.2 Le cas non visqueux . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
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Introduction

Nous nous proposons d’étudier les équations de la dynamique des gaz à faible nombre
de Mach. Ce système vient des équations de Navier-Stokes complètes lorsque le nombre
de Mach tend vers 0, mais peut aussi décrire l’écoulement d’un mélange, par exemple, la
propagation d’un polluant. On cherche à montrer que le problème de Cauchy associé est
bien-posé, comme première étape de justification de cette asymptotique. Les cas visqueux
et non visqueux sont tous deux considérés. En particulier, nous considérons des effets de
conductivité thermique actifs et donc on autorise de grandes variations d’entropie. S’il n’y
a pas de diffusion thermique, la limite à faible nombre de Mach implique juste la condition
d’incompressibilité.

Cette introduction comporte quatre parties. Les grandes lignes de la présentation de
cette thèse se trouveront dans la première section, incluant les résultats classiques, le modèle
étudié, les références et le but de la thèse. Après, on détaillera la formulation du système
étudié dans la section §0.2. Dans la section §0.3, on présentera la théorie classique d’analyse
de Fourier, ainsi que les notations utilisées dans cette thèse. Enfin on énoncera les principaux
résultats et donnera quelques explications sur leurs démonstrations, dans la section §0.4.

0.1 Présentation

0.1.1 Quelques résultats classiques

Les équations de Navier-Stokes

L’étude des solutions des équations de Navier-Stokes dépend fortement du choix des
espaces fonctionnels.

Le premier résultat d’existence de solutions faibles des équations de Navier-Stokes in-
compressibles remonte au travail de J. Leray [77] en 1934. Environ 60 ans plus tard, P.-L.
Lions [82] a étendu l’analyse aux fluides compressibles avec pression ne dépendant que de
la densité. Au tout début de ce siècle, E. Feireisl et al. [48, 51] ont affaibli la restriction
sur le coefficient adiabatique de sorte que le cas du gaz monoatomique a été traité. Une
technique similaire lui permet d’envisager aussi le cas polytropique avec diffusion de chaleur
dans [49]. Le cas de données initiales discontinues a été traité en détail dans les travaux de
D. Hoff [59, 60]. En 2007, D. Bresch et B. Desjardins [16] ont également examiné le système
de Navier-Stokes polytropique, lorsque les deux coefficients de viscosité vérifient une rela-
tion spéciale. Faisons remarquer ici que, dans tous les cas (compressible ou incompressible),
même si des solutions faibles existent pour tous les temps positifs, on ne sait pas démontrer
l’unicité de celles-ci en grande dimension.

Une approche différente consiste à supposer les données initiales lisses et petites. Alors
le problème de Cauchy du système de Navier-Stokes a des solutions fortes qui sont uniques.
Par example, en 1964, H. Fujita et T. Kato [53] sont arrivés à l’existence globale en temps
et l’unicité de solutions des équations de Navier-Stokes incompressibles dans des espaces
de Sobolev dits critiques avec des données initiales petites. Voir aussi [20, 73, 91] pour
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INTRODUCTION

l’étude dans des espaces fonctionnels plus faibles. Pour des données initiales régulières et
assez proches de l’équilibre, A. Matsumura et T. Nishida [87] ont généralisé ces résultats au
cas de fluides compressibles, visqueux et conducteurs de la chaleur. Au début de ce siècle,
R. Danchin [27, 28] a résolu le problème dans les espaces fonctionnels dits critiques qui
demandent moins de régularité.

En revanche, pour des grandes données initiales, nous ne savons pas obtenir des solutions
fortes sur un intervalle de temps infini pour l’écoulement à trois dimensions. Les premiers
travaux sur l’existence locale et l’unicité du problème de Cauchy d’un fluide général sont
dûs à J. Nash [90] et J. Serrin [97]. Nous renvoyons aussi à [64] pour des résultats similaires.
Y. Cho et H. Kim [24, 25] ont étudié le cas du vide. Mais s’il n’y a pas de conductivité
thermique, on ne peut pas s’attendre à des solutions classiques existant globalement en
temps avec la densité initiale à support compact, à cause des résultats dans [104] par Z.
Xin. Citons aussi certains résultats en dimensions un et deux [58, 69, 71, 96]. Pour l’étude
des solutions définies dans un domaine borné, voir [26, 75, 100].

Dans le cas particulier de la dimension deux, le terme non-linéaire du système de Navier-
Stokes incompressible peut être majoré par l’énergie associée à l’équation. Donc on s’attend
à l’existence et l’unicité globale en temps de solutions à énergie finie. En fait, l’article [76] par
J. Leray évoque pour la première fois ce type de résultat. Dans le cas de domaines bornés, J.-
L. Lions et G. Prodi [80] donnent aussi le résultat d’unicité des solutions faibles. Une autre
observation en dimension deux est que l’on peut également considérer l’inégalité d’énergie
concernant les dérivées des solutions. Par conséquent, grâce à un argument d’unicité fort-
faible, on espère que la caractère bien-posé globalement est vérifié pour les équations de
Navier-Stokes non-homogènes. Citons R. Danchin [33] par exemple. En introduisant un
nouveau triplet inconnu pour des équations de Navier-Stokes barotropique, A.V. Kazhikhov
et V.A. Văıgant [71] énoncent que, si les coefficients de viscosité sont de forme spéciale,
alors il existe une solution forte globale.

Les équations d’Euler

Par contre, on n’obtient que l’existence locale en temps de solutions des équations d’Eu-
ler en dimension trois. La résolution locale remonte aux travaux de L. Lichtenstein dans
[79] en 1925, en adoptant le point du vue lagrangien. Les grandes lignes de la présentation
des équations d’Euler ont été exposées dans [4, 43]. Sur l’espace R

n tout entier, par des
techniques d’équations aux dérivées partielles non linéaires hyperboliques, T. Kato [67] en
1972, T. Kato et G. Ponce [68] en 1988 ont montré l’unicité et l’existence locale en temps
des solutions dans des espaces de Sobolev. J.-Y. Chemin [22] a étendu l’étude aux espaces
de Hölder. Citons aussi la généralisation dans l’espace de Besov dans le livre [5] et le critère
d’explosion de Beale-Kato-Majda dans [8].

En dimension deux, nous renvoyons le lecteur aux travaux [76] de J. Leray et [103] de
W. Wolibner en 1933 pour l’existence globale en temps de solutions régulières. Parce que le
tourbillon scalaire en dimension deux satisfait simplement une équation de transport sans
terme de force, sous la seule hypothèse du tourbillon initial borné, V. Yudovich [66] et J.-Y.
Chemin [21] ont démontré l’existence globale dans un domaine borné et dans l’espace R

2

entier respectivement. Le cas particulier où le tourbillon initial est la mesure de surface
d’une courbe régulière, dit le problème des nappes de tourbillon, a aussi attiré beaucoup
d’attention. Voir par exemple [38, 46, 86].

0.1.2 Limite à faible nombre de Mach

Formellement, s’il n’y a pas de grande variation de température (ou de densité), la
condition d’incompressibilité apparâıt et la pression tend vers une constante lorsque le
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nombre de Mach tend vers zero. Ce phénomène est justifié mathématiquement dans les
articles [42, 62, 63, 72, 74, 89, 92, 101] pour le modèle sans viscosité, et [10, 30, 31, 40, 41,
56, 61, 83, 95] pour le système de Navier-Stokes.

Au contraire, si la diffusion thermique entre en jeu, on trouve une relation non linéaire
entre div u et la température (voir (0.1)3 ci-dessous). Nous renvoyons le lecteur aux travaux
concernant ce comportement asymptotique formel : P.-L. Lions [81], A. Majda [84], R.Kh.
Zeytounian [106], etc. Récemment, T. Alazard [2] a justifié cette asymptotique à faible
nombre de Mach pour de grandes variations de température, dans des espaces de Sobolev
régulières.

D’autres asymptotiques qui ne seront pas étudiées ici présentent un grand intérêt : on
peut par exemple simultanément considérer le petit nombre de Mach, le grand nombre de
Reynolds et le grand nombre de Péclet (i.e. la limite non visqueuse et incompressible).
Dans le cadre des solutions variationnelles avec énergie finie, le modèle limite s’avère être
l’équation d’Euler incompressible couplée avec une équation de transport sur la température.
Voir le livre [50] de E. Feireisl et A. Novotný.

Pour d’autres systèmes limites, on peut aussi citer les références [6, 7, 88, 105].

0.1.3 But de la thèse

Dans cette thèse, on cherche à étendre les résultats classiques ci-dessus d’existence et
d’unicité de solutions des équations de Navier-Stokes ou d’Euler au système de la dynamique
des gaz avec nombre de Mach nul, loin du vide, qui inclut la diffusion thermique. Comme
nos résultats seront principalement basés sur l’analyse de Fourier, nous nous concentrons
sur des solutions définies sur l’espace R

d, d ≥ 2 tout entier.

Le modèle limite

Dans le cas des gaz parfaits, le modèle étudié dans cette thèse s’écrit :





∂tρ+ divx(ρv) = 0,
∂t(ρv) + divx(ρv ⊗ v)− divxσ +∇xΠ = 0,

divxv − divx(αk∇ϑ) = 0.
(0.1)

Les inconnues sont la densité de masse ρ, le champ de vitesse v et la pression Π. La variable
de temps t est positive et la variable d’espace x appartient à Rd avec d ≥ 2. On désigne par σ
le tenseur des contraintes visqueuses, donné par σ = 2µSv+ ν div v Id , où Id est la matrice
identité d’ordre d, µ et ν sont les coefficients de viscosité, et Sv := 1

2(∇v+Dv)
1 est le tenseur

des déformations. Pour un fluide sans viscosité, σ est nul partout. La fonction positive
k représente le coefficient de conductivité thermique. Parce que pour des gaz parfaits, la
pression P0 = Rρϑ (R étant la constante des gaz parfaits) est une constante positive lorsque
le nombre de Mach s’annule, la température ϑ peut être vue comme une fonction régulière
de ρ. Par conséquent, on a les relations :

µ = µ(ρ), ν = ν(ρ), k = k(ρ) et ρ∇ϑ ≡ −ϑ∇ρ.

La notation α désigne une constante physique R/(CPP0), avec CP étant la capacité ther-
mique à pression constante.

Les deux premières équations du système (0.1) représentent les lois de conservation
de masse et de la quantité de mouvement respectivement. La troisième équation vient de
l’équation de conservation de l’énergie quand le nombre de Mach tend vers 0.

1. Dans toute cette thèse, on convient que pour un quelconque vecteur v = (v1, · · · , vd), (Dv)ij := ∂jv
i

et (∇v)ij := ∂iv
j . On note aussi toujours Sv := 1

2
(∇v +Dv) et Av := 1

2
(∇v −Dv).

0.1. PRÉSENTATION 3



INTRODUCTION

S’il n’y a pas de diffusion thermique, c’est-à-dire k ≡ 0, le système (0.1) est juste celui
des fluides inhomogènes et incompressibles. Dans ce cadre, nous renvoyons au livre [3] pour
l’étude des solutions dans un domaine borné. Pour le cas de l’espace entier, citons les articles
[1, 23, 33, 39, 65] en ce qui concerne les solutions fortes et [81, 98] les solutions faibles.

Vue l’équation (0.1)3, il est naturel d’introduire le champ de vitesses modifié suivant :

u = v − αk∇ϑ = v + κ∇ln ρ, avec κ = κ(ρ) = αkϑ,

tel que div u = 0. Après introduction de ce nouveau champ de vitesses à divergence nulle,
le système limite se réduit au couplage non linéaire entre l’équation parabolique vérifiée par
la densité et une équation de Stokes à densité variable :





∂tρ+ div (ρv) = ∂tρ+ div (ρu)− div (κ∇ρ) = 0,
∂t(ρu) + div (ρv ⊗ u)− div (µ∇u) +∇Π′ = h(ρ, u),

div u = 0.
(0.2)

La quantité Π′ est « la nouvelle pression » inconnue. Le terme source h est compliqué mais
quadratique :

h = −div (βκ∇ln ρ⊗∇ρ)− (β + µ′(ρ))∇u · ∇ρ, avec β = β(ρ) := κ(ρ)− 2µ′(ρ).

Ce système modifié ressemble beaucoup aux équations pour les fluides incompressibles et
non-homogènes (c.-à-d. système (0.1) avec k nul), sauf que l’équation pour la densité et le
terme source diffèrent.

Remarquons que si β ≡ 0, à savoir que la relation suivante entre les coefficients de
viscosité µ et de conductivité k vérifie :

κ(ρ)− 2µ′(ρ) = 0, c.-à-d. k(ϑ) + 2CP ϑµ
′(ϑ) = 0,

alors le terme source h s’écrit −∇u · ∇µ, qui est équivalent à −div (µDu) car div u = 0.
Ceci nous permet de récrire le système (0.2) sous une forme très simple :





∂tρ+ div (ρv) = ∂tρ+ div (ρu)− div (κ∇ρ) = 0,
∂t(ρu) + div (ρv ⊗ u)− div (2µAu) +∇π = 0,

div u = 0,
(0.3)

avec Au := 1
2(∇u−Du) et π = Π′.

Dans le cas sans viscosité, c’est-à-dire µ ≡ ν ≡ 0, le système limite (0.2) s’apparente
aux équations d’Euler à densité variable (i.e. le système (0.1) avec σ, k nuls)





∂tρ+ div (ρv) = ∂tρ+ div (ρu)− div (κ∇ρ) = 0,
∂t(ρu) + div (ρv ⊗ u) +∇Π′ = h(ρ, u),

div u = 0.
(0.4)

Notons que système (0.1) est une généralisation du modèle de Kazhikhov-Smagulov,
qui décrit l’écoulement d’un mélange. En fait, dans ce cas-là, les deux lois de conservation
(0.1)1 et (0.1)2 sont satisfaites, mais la divergence de la vitesse v est liée aux dérivées de la
densité ρ par la loi de Fick :

divxv + divx(κ0∇xln ρ) = 0, (0.5)

où κ0 désigne le coefficient de diffusion qui est une constante positive. Cette loi est introduite
dans [70] et décrit des flux diffusifs d’un fluide dans l’autre. Donc, en particulier, si on prend
le coefficient thermique k(ϑ) égal à κ0(αϑ)

−1, alors l’équation (0.5) devient l’équation (0.1)3,
à cause de l’identité ρ∇ϑ = −ϑ∇ρ. Autrement dit, le modèle pour des mélanges avec
le coefficient diffusif κ0 cöıncide avec celui des gaz parfaits à faible nombre de Mach et
coefficient thermique k, à condition que αkϑ = κ0.
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Quelques résultats pour le système limite

Il y a eu quelques travaux montrant le caractère bien posé du système (0.1). Dans le
travail pionnier de A.V. Kazhikhov et Sh. Smagulov [70], il est considéré un modèle plus
simple que système (0.1), qui décrit un mélange dans un domaine régulier avec diffusion
entre les deux composants. Plus précisément, le coefficient de diffusion κ0 dans la loi de Fick
(0.5) est petit par rapport au coefficient de viscosité constant µ. De plus, le terme d’ordre κ20
dans le terme source h du système (0.2) est négligé. Finalement, pour une inhomogénéité
initiale ρ0 − 1 dans L∞ ∩ H1 et une vitesse initiale u0 dans L2, on obtient une solution
faible globale en temps. Si de plus, u0 appartient à H1, cette solution globale est unique en
dimension deux. Sous une hypothèse de petitesse similaire sur κ0, P. Secchi [94] a obtenu
une solution classique et globale en temps pour le système (0.1) en dimension deux, ainsi
qu’une description du comportement asymptotique quand κ0 tend vers zero.

Dans le cadre des solutions régulières définies dans un domaine, H. Beirão da Veiga et
al. ont établit l’existence locale d’une solution unique dans le cas sans viscosité [11] (i.e.
le système (0.4)) et avec viscosité [9] (i.e. le système (0.2)) respectivement. Peu après, P.
Secchi [93] a étendu l’analyse dans l’espace tout entier. Citons également ici que pour un
modèle à faible nombre de Mach proposé dans [84], qui prend en compte une équation de
réaction-diffusion pour les différentes espèces en plus du système (0.1), P. Embid [44, 45] a
montré l’existence locale de solutions régulières.

Dans le cadre des solutions faibles, à la fin de son livre [82], P.-L. Lions a indiqué qu’en
dimension deux, une petite perturbation régulière initiale engendre une solution faible et
globale pour le système (0.1), si le coefficient de conductivité thermique k est une constante
positive. Pour le système limite spécial (0.3), M. Sy et al. [17, 99] ont prouvé l’existence
globale dans un domaine régulier. Récemment, X. Cai, L. Liao et Y. Sun [18] ont démontré
que cette solution est unique en dimension deux, si la condition initiale est celle de [70].

Enfin, citons également [19, 54, 55] pour l’étude numérique.

But de la thèse

Dans cette thèse, on va résoudre le problème de Cauchy associé au système (0.1) dans
des espaces de Besov critiques. Notre approche reposera sur la technique de décomposition
de Littlewood-Paley pour obtenir des estimations optimales pour les équations linéarisées
et les termes non-linéaires.

En s’inspirant de l’analyse du système de Navier-Stokes incompressible à densité variable
(i.e. le système (0.1) avec k ≡ 0) par R. Danchin dans [32], on résoudra le système (0.1)
avec viscosité. Une difficulté supplémentaire est que dans notre cas k = k(ρ) > 0, on n’a pas
la condition d’incompressibilité. De plus, les coefficients physiques dépendent de la densité
inconnue et ceci rend les estimations plus délicates. Motivé par l’article de H. Abidi et M.
Paicu [1], on peut également considérer les deux variables (la densité et la vitesse) dans des
espaces de Besov avec des exposants de Lebesgue différents.

Par ailleurs, pour le système limite spécial (0.3), on obtiendra l’existence globale de
solutions faibles similaires à celles de P.-L. Lions [81] pour le système de Navier-Stokes
incompressible à densité variable. De plus, en s’inspirant de l’article de R. Danchin [33],
grâce à un argument d’uncité fort-faible, on prouvera l’unicité de cette solution faible dans
l’espace de Besov critique en dimension deux.

On étudiera également le système limite sans viscosité (0.4), en suivant l’approche de
[35] par R. Danchin. Le critère de prolongement et l’estimation du temps de vie seront tout
deux considérés. Comme dans l’article [36], le cas limite à exposant de Lebesgue infini sera
également traité. De plus, en dimension deux, on montrera que le temps de vie tend vers
l’infini lorsque la densité tend vers une constante positive.
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0.2 Dérivation des équations

Dans cette section, on dérive formellement les équations de la dynamique des gaz à faible
nombre de Mach avec viscosité (i.e. les systèmes (0.2) et (0.3)) dans le premier paragraphe
et sans viscosité (i.e. le système (0.4)) dans le deuxième. Un exemple de modèle de mélange
sera présenté dans la sous-section §0.2.3.

0.2.1 Le cas visqueux

Le système de Navier-Stokes complet





∂tρ+ div (ρv) = 0,
∂t(ρv) + div (ρv ⊗ v)− div σ +∇p = 0,

∂t(ρe) + div (ρve)− div (k∇ϑ) + p div v = σ ·Dv,
(0.6)

régit l’évolution libre d’un fluide compressible, visqueux et conducteur de chaleur.
Ici, ρ = ρ(t, x) désigne la densité de masse, v = v(t, x), le champ de vitesses et e = e(t, x),

l’énergie interne par unité de masse. La variable de temps t appartient à R
+ ou [0, T ] et

la variable d’espace x appartient à R
d avec d ≥ 2. Les fonctions scalaires p = p(t, x)

et ϑ = ϑ(t, x) représentent la pression et la température respectivement. Le tenseur des
contraintes visqueuses σ s’écrit

σ = 2µSv + ν div v Id . (0.7)

Le coefficient de conductivité k et les coefficients de Lamé (ou viscosité) µ et ν dépendent
de ρ et de ϑ régulièrement, et vérifient

k > 0, µ > 0, et ν + 2µ > 0. (0.8)

Deux équations d’état supplémentaires mettant en jeu les états thermodynamiques p, ρ, e
et ϑ doivent être ajoutées au système (0.6) (voir (0.10), (0.23) ci-dessous).

Dans cette thèse, on va étudier le système limite du système complet (0.6) quand le
nombre de Mach tend vers zero. Du point de vue heuristique, cela revient à négliger la
compression due aux variations de la pression, une hypothèse commune pour décrire des
fluides fortement subsoniques. En suivant l’introduction du livre [81] de P.-L. Lions (voir
aussi les livres [85, 106]), nous expliquons comment le système limite est dérivé formelle-
ment.

Définissons d’abord le nombre de Mach (sans dimension) ε comme le rapport entre la
vitesse du flot et la vitesse du son dans le fluide. Supposons que (ρ, v, e) soit une certaine
solution du système (0.6) avec p = p(ρ, e), ϑ = ϑ(ρ, e), dépendant du petit paramètre ε.
Alors le triplet rééchelonné

(
ρε(t, x) = ρ

( t
ε
, x
)
, vε(t, x) =

1

ε
v
( t
ε
, x
)
, eε(t, x) = e

( t
ε
, x
))

vérifie 



∂tρε + div (ρεvε) = 0,

∂t(ρεvε) + div (ρεvε ⊗ vε)− div σε +
∇pε
ε2

= 0,

∂t(ρεeε) + div (ρεeεvε)− div (kε∇ϑε) + pεdiv vε = ε2σε ·Dvε,

(0.9)

avec pε = p(ρε, eε) et ϑε = ϑ(ρε, eε). Les coefficients physiques redimensionnés s’écrivent

µε =
1

ε
µ(ρε, ϑε), νε =

1

ε
ν(ρε, ϑε), kε =

1

ε
k(ρε, ϑε).
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Et la notation σε représente

σε = 2µεSvε + νεdiv vεId .

Lorsque le nombre de Mach tend vers 0, l’équation (0.9)2 implique que

pε = P (t) + Π(t, x)ε2 + o(ε2).

Supposons que div vε, ∇ϑε, ∇eε tendent vers zéro et ρε tende vers une constante positive à
l’infini, alors ∂tρε, ∂teε s’annulent à l’infini, d’après le système (0.9) ci-dessus. On va faire
partout cette hypothèse dans cette thèse, en un sens à préciser. Ici, on arrive à P ′(t) = 0 et
donc P (t) est indépendant de t. Cette pression constante positive sera désormais désignée
par P0.

Système limite (0.1) pour les gaz parfaits

On a déjà obtenu les deux équations limites (0.1)1−(0.1)2 pour les inconnues (ρ, v,∇Π).
On se concentre maintenant sur la dérivation de l’équation limite (0.1)3 de l’équation (0.9)3.

Considérons le cas de gaz parfaits, à savoir que l’on suppose les relations d’état suivantes :

p = Rρϑ, e = CV ϑ, (0.10)

où les deux constantes positives R,CV désignent la constante des gaz parfaits et la capacité
thermique à volume constant, respectivement.

Notons γ = 1 +R/CV le coefficient adiabatique et donc

ρe =
1

γ − 1
p.

Remarquons que pε → P0 quand ε → 0. Donc, en notant CP = γCV = γR/(γ − 1) la
capacité thermique à pression constante, l’équation (0.9)3 à faible nombre de Mach s’écrit
(0.1)3 avec la constante physique α définie par

α =
γ − 1

γP0
=

R

CPP0
. (0.11)

Donc, le système (0.1) est vérifié pour les gaz parfaits à nombre de Mach s’annulant.

Reformulation des systèmes (0.2) et (0.3)

On cherche à récrire le système limite (0.1), afin de transformer l’équation (0.1)3 en
une condition d’incompressibilité. Pour cela, il est naturel d’introduire la nouvelle vitesse à
divergence nulle suivante :

u = v − αk∇ϑ = v + κ∇ln ρ, avec κ(ρ) = αkϑ. (0.12)

On va alors chercher à établir les équations vérifiées par les inconnues ρ, u, du système (0.1).
En fait, nous démontrerons que le système (0.2) (ou le système (0.3)) est vérifié.

Premièrement, l’équation (0.1)1 donne une équation de transport-diffusion sur la densité
ρ, à savoir équation (0.2)1, car

div (ρv) = div (ρu) + div (αkρ∇ϑ) = div (ρu)− div (κ∇ρ).

Ensuite, on établit l’équation (0.2)2 et pour ce faire, on écrit les termes avec des dérivées
d’ordre élevé comme somme d’un gradient et d’une autre quantité avec des dérivées d’ordre
plus bas, c’est-à-dire comme somme d’une « pression » et d’un « terme source ».
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Observant que ρv = ρu− κ∇ρ et que

∂t(κ∇ρ) = ∇(κ∂tρ) et div (ν div v Id ) = ∇(ν div v),

on récrit (0.1)2 comme

∂t(ρu) + div (ρv ⊗ u)−
(
div (v ⊗ κ∇ρ) + div (2µSv)

)
+∇Q1 = 0, (0.13)

avec Q1 = Π− κ∂tρ− νdiv v.
Remarquons l’identité suivante :

Sv = Au+Dv.

Cela implique que

div (v ⊗ κ∇ρ) + div (2µSv) = div
(
βv ⊗∇ρ

)
+ div (2µAu) +∇div (2µ v),

avec la fonction scalaire β(ρ) = κ− 2µ′(ρ).
– Si β ≡ 0, c’est-à-dire si la relation suivante est vérifiée :

κ(ρ)− 2µ′(ρ) ≡ 0, (0.14)

ou encore,
k(ϑ) + 2CPϑµ

′(ϑ) ≡ 0, (0.15)

alors (0.13) donne l’équation (0.3)2 avec une nouvelle pression

π = Q1 − div (2µ v) = Π− κ∂tρ− νdiv v − div (2µ v).

– Ensuite, en utilisant le fait que div u = 0, on arrive à (désignant par B une primitive
de β)

div (βv ⊗∇ρ) = div (βu⊗∇ρ)− div (βκ∇ln ρ⊗∇ρ),

= −β∇u · ∇ρ+∇div (B(ρ)u)− div (βκ∇ln ρ⊗∇ρ).

De plus, on peut aussi récrire div (2µAu) comme

div (2µAu) = div (µ∇u)− µ′(ρ)∇u · ∇ρ.

Donc, en vertu de (0.13), l’équation (0.2)2 sort immédiatement, avec une nouvelle
pression Π′ et un terme source h donnés par

Π′ = π − div (B(ρ)u), h = −div (βκ∇ln ρ⊗∇ρ)− (β + µ′(ρ))∇u · ∇ρ.

Donc, on a démontré que le système (0.1) est équivalent au système (0.2), ou également
au système (0.3) sous la condition (0.14).

En fait, il est aisé de vérifier que si le triplet (ρ, u,∇π) vérifie (0.3) au sens des distri-
butions avec de plus (pour trois constantes positives ρ, ρ, c0) :

ρ(t, x) ∈ [ρ, ρ], ∀t ∈ [0,+∞), x ∈ R
d,

ρ− c0 ∈ L
∞
(
[0,+∞);L2(Rd)

)
∩ L2

loc

(
[0,+∞);H1(Rd)

)
, (0.16)

∂tρ ∈ L
2
loc

(
[0,+∞);H−1(Rd)

)
,

u, v := u− κ∇ln ρ ∈ L2
loc

(
[0,+∞); (L2(Rd))d

)
,

alors le calcul du système (0.1) à partir du système (0.3) sous la condition (0.14) a un sens.
Mais la justification de la continuité à l’instant initial dans le cadre des solutions faibles est
délicate.

Si on résout le système (0.2) dans le cadre des solutions fortes, e.g. dans l’espace de
Besov critique (voir Chapitre §1), alors l’équivalence entre les deux systèmes (0.1) et (0.2)
s’obtient facilement, après vérification minutieuse.
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Formulation du système par rapport à la température

Parce que le fait que le nombre de Mach s’annule implique que la pression p est une
constante positive P0, les états ρ, e et les coefficients physiques µ, ν, k peuvent être vus
comme des fonctions de la température ϑ seulement. Plus précisément, quand on considère
des solutions régulières du système (0.1) pour des gaz parfaits, grâce à

v = u+ αk∇ϑ et αCPρϑ = 1,

on peut récrire (0.1)1 comme une équation sur la température ϑ :

∂tϑ+ u · ∇ϑ− div (κ∇ϑ) = h1(ϑ),

avec le terme source h1 défini par

h1(ϑ) = −2αk|∇ϑ|
2. (0.17)

On peut aussi récrire la loi de conservation (0.1)2 ainsi :

∂tu+ u · ∇u− div (η∇u) + ϑ∇Q = h2(ϑ, u),

avec un nouveau coefficient de viscosité

η(ϑ) = αµϑCP , (0.18)

et une nouvelle pression Q. Le nouveau terme source h2 est donné par

h2(ϑ, u) = A1|∇ϑ|
2∇ϑ+A2∆ϑ∇ϑ+A3∇ϑ · ∇

2ϑ+A4∇u · ∇ϑ+A5Du · ∇ϑ, (0.19)

avec

A1 = −ρ
−1
(
αkρ(αk + 2µ′ρ−1)

)′
(ϑ), A2 = A3 = −αk(αk + 2µ′ρ−1)(ϑ),

A4 = (αk + µ′ρ−1)(ϑ), A5 = −αk − µ(∂ρ
−1/∂ϑ) = −αk − αCPµ.

(0.20)

En effet, grâce à l’équation (0.1)1 sur la densité, on écrit le terme de convection comme

∂t(ρv) + div (ρv ⊗ v) = ρ∂tu+ ρv · ∇u+∇(κ∂tρ) + div (ρv ⊗ αk∇ϑ),

où div (ρv ⊗ αk∇ϑ) s’écrit pour une fonction Q2 dépendant de u et ϑ :

div (u⊗ αkρ∇ϑ) + div (α2k2ρ∇ϑ⊗∇ϑ) = ∇Q2 −∇u · αkρ∇ϑ+ div (α2k2ρ∇ϑ⊗∇ϑ).

De plus, pour une certaine fonction Q3 dépendant de ϑ, on récrit le terme de diffusion
comme

−div (µSv) = −div (µ∇u)− div (µDu)− 2div (µ∇(αk∇ϑ))

= −div (µ∇u)−∇u · ∇µ−∇Q3 + 2div (αk∇ϑ⊗∇µ).

Donc, l’équation (0.1)2 devient

ρ(∂tu+ u · ∇u)− div (µ∇u) +∇
(
Π+ κ∂tρ− νdiv v +Q2 −Q3

)
(0.21)

+ ρ
(
Du · αk∇ϑ−∇u · αk∇ϑ− ρ−1∇u · ∇µ

)
+ div

(
(α2k2ρ+ 2αkµ′(ϑ))∇ϑ⊗∇ϑ

)
= 0.

On introduit une nouvelle pressionQ = Π+κ∂tρ−νdiv v+Q2−Q3 et multiplie l’équation
ci-dessus par ρ−1 = αCPϑ. Finalement on obtient le système suivant pour les inconnues
(ϑ, u,∇Q) : 




∂tϑ+ u · ∇ϑ− div (κ∇ϑ) = h1(ϑ),
∂tu+ u · ∇u− div (η∇u) + ϑ∇Q = h2(ϑ, u),

div u = 0.
(0.22)

La résolution de ce dernier système fera l’objet du premier chapitre de cette thèse.
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Le système limite (0.33) pour les gaz généraux

Pour des gaz généraux, on suppose les relations d’état suivantes à la place de (0.10) :

ρ = ρ(p, ϑ), e = e(p, ϑ), (0.23)

avec ρ et e deux fonctions scalaires régulières.
D’après la loi de Gibbs, il existe une variable s s’appelant l’entropie, qui vérifie

ds =
1

ϑ

(
de + p d

(1
ρ

))
. (0.24)

La relation de compatibilité ∂
∂p(

∂s
∂ϑ) =

∂
∂ϑ(

∂s
∂p) implique immédiatement :

p
∂ρ

∂p
+ ϑ

∂ρ

∂ϑ
= ρ2

∂e

∂p
. (0.25)

De plus, on suppose les inégalités strictes

∂ρ

∂p
> 0,

∂ρ

∂ϑ
< 0 et

∂e

∂ϑ

∂ρ

∂p
>
∂e

∂p

∂ρ

∂ϑ
, (0.26)

afin que les coefficients de compressibilité isotherme KT , d’expansion thermique KP et de
capacité CV suivants :

KT :=
1

ρ

∂ρ

∂p
, KP := −

1

ρ

∂ρ

∂ϑ
, CV := ϑ

(∂s/∂ϑ)(∂ρ/∂p) − (∂s/∂p)(∂s/∂ϑ)

∂ρ/∂p
,

soient positifs (voir [2] pour plus de détails). Clairement, l’équation d’état (0.10) pour les
gaz parfaits satisfait les deux conditions (0.25) et (0.26).

Dans la suite, on va chercher à dériver le système limite sur les inconnues (ϑ, u,∇Q)
pour les gaz généraux, d’après le système rééchelonné (0.9) et les équations d’état (0.23)-
(0.25)-(0.26). Pour simplifier, on va utiliser les mêmes notations que pour les gaz parfaits
(e.g. α, η, h1, h2, Q) pour désigner des quantités correspondantes pour les gaz généraux.
On vérifie aisément que pour les équations d’état (0.10), les valeurs de ces quantités définies
ci-dessous correspondent bien à celles des gaz parfaits.

Comme la pression p devient constante lorsque le nombre de Mach s’annule, les états ρ, e
et les coefficients physiques µ, ν, k sont fonctions de la température ϑ seulement. L’équation
limite de (0.9)1 peut donc s’écrire comme une équation dont l’inconnue est ϑ :

∂tϑ+ v · ∇ϑ + ρ
(∂ρ
∂ϑ

)−1
div v = 0. (0.27)

Et en vertu de l’équation ci-dessus, l’équation limite de (0.9)3 se réduit à

div v − α(ϑ)div (k∇ϑ) = 0, (0.28)

avec le coefficient α dépendant de ϑ tel que :

α−1(ϑ) = P0 − ρ
2 ∂e

∂ϑ

(∂ρ
∂ϑ

)−1
avec P0 constante positive. (0.29)

En raison des deux conditions (0.25) et (0.26), on a α−1(∂ρ/∂p) > 0 et donc α > 0.
Comme dans le cas des gaz parfaits, en vertu de l’équation (0.28), on introduit un

nouveau champ de vitesses
u = v − α(ϑ)k(ϑ)∇ϑ,
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tel que
div u = −α′(ϑ)k(ϑ)|∇ϑ|2. (0.30)

Alors l’équation limite (0.27) sur la température ϑ se récrit

∂tϑ+ u · ∇ϑ− div (κ∇ϑ) = h1(ϑ),

avec

κ(ϑ) = −ρ(ϑ)
(∂ρ
∂ϑ

)−1
α(ϑ)k(ϑ) > 0, h1(ϑ) = −αk|∇ϑ|

2 + k∇
(
αρ
(∂ρ
∂ϑ

)−1)
· ∇ϑ. (0.31)

En suivant les calculs qui donnent l’équation limite (0.21), l’équation limite (0.1)2 de-
vient

ρ(∂tu+ u · ∇u)− div (µ∇u) +∇
(
Π+ κ∂tρ− νdiv v +Q2 −Q3

)
+ (div u)(αkρ∇ϑ+∇µ)

+ ρ
(
Du · αk∇ϑ−∇u · αk∇ϑ− ρ−1∇u · ∇µ

)
+ div

(
(α2k2ρ+ 2αkµ′(ϑ))∇ϑ⊗∇ϑ

)
= 0.

En fait, parce que div u 6= 0, on récrit le terme de convection div (u⊗ αkρ∇ϑ) comme

∇Q2 + (div u)(αkρ∇ϑ)−∇u · αkρ∇ϑ,

et le terme de diffusion −div (µDu) comme

−Q3 + (div u)∇µ−∇u · ∇µ.

Par conséquent, l’équation (0.21) donne (0.1)2 avec le terme supplémentaire (div u)(αkρ∇ϑ+
∇µ) dans le membre de gauche. Finalement, en vertu de (0.30), l’équation limite (0.2)2 sur
la vitesse u se récrit

∂tu+ u · ∇u− div (η∇u) + ρ−1∇Q = h2,

avec η = µρ−1. Le terme source h2 est également défini par (0.19), avec

A1 = −ρ
−1
(
αkρ(αk + 2µ′ρ−1)

)′
(ϑ) + α′k(αk + µ′ρ−1)(ϑ) (0.32)

et les mêmes Ai, i = 2, · · · , 5 que dans (0.20).
Finalement, le système limite sur les inconnues (ϑ, u,∇Q) pour un gaz général s’écrit

donc 



∂tϑ+ u · ∇ϑ− div (κ∇ϑ) = h1(ϑ),
∂tu+ u · ∇u− div (η∇u) + ϑ∇Q = h2(ϑ, u),

div u = −α′k|∇ϑ|2.
(0.33)

Ce système sera étudié dans le premier chapitre.

0.2.2 Le cas non visqueux

L’évolution libre d’un fluide compressible, conducteur de chaleur mais non visqueux
obéit aux équations suivantes :





∂tρ+ div (ρv) = 0,
∂t(ρv) + div (ρv ⊗ v) +∇p = 0,

∂t(ρe) + div (ρve)− div (k∇ϑ) + p div v = 0.
(0.34)

Il s’agit donc du système (0.6) avec tenseur de viscosité σ nul. Les inconnues ρ, u, e, p, ϑ et
les variables t, x sont identiques à celles du cas visqueux.
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On adopte également les équations d’état (0.10) des gaz parfaits reliant les quatre va-
riables thermodynamiques ρ, e, p, ϑ. Le coefficient thermique k est une fonction C∞ de ρ et
ϑ.

Formellement, en considérant le système redimensionné (0.9) avec σε ≡ 0, on obtient les
équations à faible nombre de Mach sans viscosité suivantes :





∂tρ+ div (ρv) = 0,
∂t(ρv) + div (ρv ⊗ v) +∇Π = 0,

div v − div (αk∇ϑ) = 0,
(0.35)

où Π = Π(t, x) est une fonction inconnue, α est une constante physique définie par (0.11)
et ϑ = (P0/R)ρ

−1.
Comme dans le dernier paragraphe (§0.2.1), on peut introduire la nouvelle vitesse u :=

v − αk∇ϑ donnée par (0.12) à divergence nulle. Pour cette vitesse modifiée, l’équation sur
la densité est

∂tρ+ u · ∇ρ− div (κ∇ρ) = 0 avec κ(ρ) := αkϑ.

Pour simplifier, on définit les primitives a(ρ) et b(ρ) de κ(ρ) et −κ(ρ)ρ−1, telles que
a(1) = b(1) = 0. Il est aisé de vérifier que

∇a = κ∇ρ = −ρ∇b et u = v −∇b = v + ρ−1∇a. (0.36)

De plus, l’équation (0.35)2 s’écrit

∂t(ρu)− ∂t∇a+ div (ρv ⊗ u)− div (v ⊗∇a) +∇Π = 0.

Grâce à l’équation (0.35)1, l’équation ci-dessus devient

ρ(∂tu+ v · ∇u) +∇q = div (v ⊗∇a),

où q = Π− ∂ta.
Par conséquent, le système (0.35) est équivalent au système suivant sur les inconnues

ρ, u, q : 



∂tρ+ u · ∇ρ− div (κ∇ρ) = 0,
∂tu+ (u+∇b) · ∇u+ λ∇q = h3(ρ, u),

div u = 0,
(0.37)

avec le coefficient variable λ = λ(ρ) = ρ−1 et le terme source

h3 = λdiv (v ⊗∇a) = −u · ∇2b− (u · ∇λ)∇a− (∇b · ∇λ)∇a− div (∇b⊗∇b) . (0.38)

Nous étudierons ce système au chapitre §3.
Il est aisé d’écrire le système limite sans viscosité pour les gaz généraux comme le modèle

(0.33) ci-dessus, avec coefficient de viscosité µ ≡ 0. Les détails sont laissés au lecteur.

0.2.3 Un modèle de mélange à deux composants

Dans ce paragraphe, d’après [70], on dérive le système (0.1) pour un mélange de deux
composants incompressibles. On suppose que le mélange se compose d’une phase diluée
interagissant avec une phase dense, et l’on va adopter une description moyenne de l’écou-
lement. Ces deux fluides sont caractérisés par leurs densités constantes de référence : on
note ρf la densité de la phase dense et ρd la densité de la phase diluée respectivement. Les
deux viscosités cinématiques constantes correspondantes sont µf et µd. Deux champs de
vecteurs vf (t, x) et vd(t, x) désignent les champs de vitesses correspondants.
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On définit φ(t, x) ∈ [0, 1] comme la fraction volumique de la phase diluée :

φ(t, x) = lim
r→0

le volume occupé par la phase diluée dans la boule B(x, r) au moment t

le volume de la boule B(x, r)
.

Supposons que les deux phases sont incompressibles et que les densités associées restent
constantes. La densité du mélange est alors définie par

ρ(t, x) = (1− φ(t, x)) ρf + φ(t, x) ρd.

Notons ρf (t, x) = ρf (1 − φ) et ρd(t, x) = ρdφ, alors les lois de conservation de masse pour
les deux phases s’écrivent

∂tρf + div x(ρfvf ) = 0, ∂tρd + div x(ρdvd) = 0.

Donc la loi de conservation de masse du mélange s’écrit

∂tρ+ div x(ρv) = 0, avec (ρv)(t, x) :=
(
ρfvf + ρdvd

)
(t, x). (0.39)

De même, la viscosité dynamique µ s’écrit

µ = (1− φ(t, x))ρfµf + φ(t, x)ρdµd ≡
ρfρd
ρd − ρf

(µf − µd) +
(ρdµd − ρfµf

ρd − ρf

)
ρ.

Alors on écrit la loi de conservation de la quantité du mouvement ρv :

∂t(ρv) + div (ρv ⊗ v)− div (2µSv) +∇P = 0, (0.40)

avec une pression P (t, x) inconnue.
Notons que même si les deux composants sont incompressibles, la vitesse à masse

moyenne v n’est pas nécessairement à divergence nulle. Définissons la vitesse à volume
moyen

u(t, x) := (1− φ(t, x))vf (t, x) + φ(t, x)vd(t, x).

Alors, le champ de vitesse u est solénöıdal et l’on a

0 ≡ ∂t

(
(1− φ) + φ

)
= ∂t

(ρf
ρf

+
ρd
ρd

)
= −div

(ρfvf
ρf

+
ρdvd
ρd

)
≡ −div u.

Selon Kazhikhov-Smagulov [70], u et v sont reliés par

v = u− κ0∇ln ρ avec κ0 > 0.

Cette loi de Fick décrit les flux diffusifs d’un fluide dans l’autre.
Donc finalement on arrive au système (0.1) avec αk∇ϑ = κ0∇ln ρ.

0.3 Le cadre fonctionnel

Dans cette section on va définir les espaces de Besov et présenter les techniques utili-
sées dans la thèse. Les estimations de produit, de commutateur et de composition seront
essentielles pour l’obtention d’estimations a priori des solutions des équations linéarisées.
Sauf mention contraire, les résultats de cette section sont classiques et on peut trouver
leurs démonstrations dans le livre [5]. Dans l’appendice on va démontrer des résultats plus
généraux.

Avant tout, on fixe quelques notations utilisées dans cette thèse :
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(i) C désigne une constante inoffensive. Nous allons utiliser alternativement la notation
A . B au lieu de A ≤ CB de temps en temps. De plus, A ≈ B signifie que A . B et
B . A.

(ii) Soit X,Y deux espaces de Banach, la notation X →֒ Y signifie que l’espace X est
continûment inclus dans l’espace Y tandis que X →֒→֒ Y veut dire que l’inclusion de
X dans Y est compacte.

(iii) Soit X un espace de Banach, T > 0 et p ∈ [1,+∞], LpT (X) désigne l’ensemble des
fonctions f mesurables au sens de Lebesgue, de [0, T ) dans X telles que t 7→ ‖f(t)‖X
appartient à Lp([0, T )). Si T = +∞, alors l’espace est désigné simplement par Lp(X).
Finalement, si I est un intervalle de R alors la notation C(I;X) décrit l’ensemble
des fonctions continues de I à X. De même, Cw(I;X) décrit l’ensemble des fonctions
continues pour la topologie faible de X.

(iv) On utilisera la même notation X pour désigner les champs de vecteurs avec des com-
posantes dans X.

(v) Les indices p1, p2, p, r1, r2, r prennent des valeurs dans l’intervalle [1,+∞]. Et l’indice
p′ représente l’exposant conjugué de p tel que 1

p +
1
p′ = 1.

(vi) Soit p un réel et f une fonction de Lp, on note ‖Dkf‖Lp = sup|α|=k ‖∂
αf‖Lp .

(vii) Les fonctions sont définies sur l’espace entier Rd, d ≥ 2 étant la dimension.

(viii) La densité ρ et la température ϑ sont toujours positives (par l’hypothèse initiale et la
nature de l’équation parabolique). Sauf indication contraire, on suppose que ces deux
quantités tendent vers 1 à l’infini et on note « la densité modifiée » par ̺ = ρ− 1 et
« la température modifiée » par θ = ϑ− 1.

(ix) Sauf indication contraire, pour les inconnues f , les fonctions de la forme f0 désignent
toujours les données initiales. Et pour les coefficients g, les nombres réels positifs de
la forme ḡ désignent la valeur de g en 1, à savoir g(1) ; et les fonctions scalaires de la
forme gδ, sont juste g(ρδ).

0.3.1 Espaces de Besov

Tout d’abord, on rappelle brièvement la définition de la décomposition de Littlewood-
Paley : une partition dyadique de l’unité par rapport à la variable de Fourier, désignée
par ξ dans toute cette thèse. Plus précisément, soit χ(ξ) une fonction régulière, radiale,
décroissante, à support compact dans la boule B(0, 43) et valant 1 près de la boule B(0, 1),
définissons

ϕ(ξ) = χ(ξ/2)− χ(ξ), ϕj(ξ) = ϕ(2−jξ), ∀j ∈ Z.

Alors on a

χ(ξ) +
∑

j≥0

ϕj(ξ) ≡ 1 pour tout ξ ∈ R
d, et

∑

j∈Z

ϕj(ξ) ≡ 1 pour ξ ∈ R
d\{0}.

Posons hj = F
−1ϕj , et ȟ = F−1χ. Les blocs dyadiques inhomogènes (∆j)j∈Z sont définis

par

∆ju = 0 si j ≤ −2,

∆−1u = χ(D)u =

∫

Rd

ȟ(y)u(x− y) dy,

∆ju = ϕj(D)u =

∫

Rd

hj(y)u(x− y) dy si j ≥ 0,
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et on introduit la troncature à basse fréquence :

Sju =
∑

k≤j−1

∆ku.

Notons que Sju = χ(2−jD)u si j ≥ 0. Il est important de souligner que la décomposition
dyadique ci-dessus vérifie

∆k∆ju ≡ 0 si |k − j| ≥ 2 et ∆k(Sj−1u∆ju) ≡ 0 si |k − j| ≥ 5.

De plus, pour toute distribution tempérée u, on peut écrire

u =
∑

j∈Z

∆ju.

L’intérêt de décomposer l’espace de Fourier en couronnes de taille 2j réside dans le
comportement vis-à-vis de la dérivation des fonctions dont la transformée de Fourier est à
support compact. Plus précisément, on a les inégalités de Bernstein suivantes (voir e.g. [5],
Chap. 2),

‖∆ju‖Lp1 (Rd) . 2
d( 1

p2
− 1

p1
)
‖∆ju‖Lp2 (Rd) si p1 ≥ p2,

‖Dk(∆ju)‖Lp(Rd) . 2kj‖∆ju‖Lp(Rd), ∀j ≥ −1,

‖Dk(∆ju)‖Lp(Rd) ≈ 2kj‖∆ju‖Lp(Rd), ∀j ≥ 0.

De plus, on a l’inégalité de Bernstein suivante, concernant à la fois le bloc dyadique lui-même
et sa dérivée (voir Appendice B dans [35]) :

∫
|∆ju|

p−2|D(∆ju)|
2 & 22j

∫
|∆ju|

p dx pour j ≥ 0, p ∈ (1,∞). (0.41)

Rappelons aussi l’action du semi-groupe de l’équation de la chaleur :

‖et∆∆ju‖Lp . e−Ct2
2j
‖∆ju‖Lp pour j ≥ 0, p ∈ [1,+∞]. (0.42)

Nous pouvons maintenant définir l’espace de Besov Bs
p,r comme suit :

Definition 0.1. Soit s ∈ R, (p, r) ∈ [1,+∞]2, et u ∈ S ′(Rd), on pose

‖u‖Bs
p,r

=


∑

j≥−1

2jsr‖∆ju‖
r
Lp




1/r

si r <∞, et ‖u‖Bs
p,∞

:= sup
j≥−1

{
2js‖∆ju‖Lp

}
.

On définit alors
Bs
p,r = Bs

p,r(R
d) :=

{
u ∈ S ′(Rd), ‖u‖Bs

p,r
<∞

}
.

Dans la suite, on utilisera souvent les propriétés classiques suivantes des espaces de
Besov.

Proposition 0.1. Les propriétés suivantes sont vérifiées :

(i) Action des dérivées : ‖∇u‖Bs−1
p,r
. ‖u‖Bs

p,r
.

(ii) Inclusion : Bs1
p1,r1 →֒ Bs2

p2,r2 si s1 −
d
p1
> s2 −

d
p2

et p1 ≤ p2, ou si s1 = s2, p1 = p2

et r1 ≤ r2. En particulier, l’espace de Sobolev Hs s’écrit Bs
2,2 et donc Hs+1 →֒ Bs

2,1,

Bs
2,1 →֒ Hs. De plus, B

d
p

p,1(R
d) →֒ L∞, ∀p ∈ [1,∞].

(iii) Interpolation réelle : (Bs1
p,r1 , B

s2
p,r2)θ,r′ = B

(1−θ)s1+θs2
p,r′ .
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Comme les espaces invariants d’échelle doivent être homogènes, on introduit aussi les
espaces de Besov homogènes. Pour cela, on définit les blocs dyadiques homogènes (∆̇j)j∈Z
par

∆̇ju =

∫

Rd

hj(y)u(x− y)dy, ∀j ∈ Z,

et l’opérateur de troncature homogène à basse fréquence est

Ṡj := χ(2−jD), ∀j ∈ Z. (0.43)

Nous définissons alors les semi-normes homogènes :

‖u‖Ḃs
p,r

=
∥∥(2js‖∆̇ju‖Lp)j∈Z

∥∥
ℓr
.

Remarquons que pour u ∈ S ′(Rd), l’égalité

u =
∑

j∈Z

∆̇ju

est vraie seulement modulo les polynômes. Afin d’obtenir de « vrais » espaces de distribu-
tions, on définit, d’après [5], les espaces de Besov homogènes de la façon suivante :

Definition 0.2. L’espace de Besov homogène Ḃs
p,r est l’ensemble des distributions tempé-

rées u telles que
‖u‖Ḃs

p,r
<∞ et lim

j→−∞
‖Ṡju‖L∞ = 0.

La définition précédente implique que Ḃs
p,r(R

d) est un espace de Banach à condition que

s < d/p ou s ≤ d/p si r = 1. (0.44)

Les propriétés de la Proposition 0.1 restent vraies pour les espaces de Besov homogènes.
De plus, si u =

∑
j∈Z ∆̇ju et ‖u‖Ḃs

p,r
est fini pour un triplet (s, p, r) satisfaisant (0.44), alors

u appartient à Ḃs
p,r(R

d), grâce aux inégalités de Bernstein mentionnées ci-dessus. Ce fait
servira plusieurs fois.

0.3.2 Estimations classiques

Lorsqu’on estime des produits dans l’espace de Besov, il est souvent pratique d’utiliser
le calcul paradifférentiel, un outil qui a été introduit par J.-M. Bony dans [15]. Rappelons
que le paraproduit de v par u est défini par

Tuv =
∑

j

Sj−1u∆jv,

et on appelle reste du produit uv, noté R(u, v), l’opérateur bilinéaire symétrique suivant :

R(u, v) =
∑

j

∆ju ∆̃jv avec ∆̃jv = (∆j−1 +∆j +∆j+1)v.

Il est immédiat, par définition des opérateurs de paraproduit et de reste, que l’on a la
décomposition de Bony suivante du produit uv :

uv = Tuv +R(u, v) + Tvu := T ′
uv + Tvu. (0.45)

On a l’estimation classique suivante dans les espaces de Besov pour les opérateurs de
paraproduit et de reste :
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Proposition 0.2. Soit s, s1, s2 ∈ R, 1 ≤ r, r1, r2, p ≤ ∞ tels que 1
r ≤ min{1, 1

r1
+ 1

r2
},

– pour l’opérateur de paraproduit, on a les deux estimations suivantes :

‖Tuv‖
B

s1+s2−
d
p

p,r

. ‖u‖Bs1
p,r1
‖v‖Bs2

p,r2
si s1 <

d
p ,

‖Tuv‖Bs
p,r
. ‖u‖L∞‖v‖Bs

p,r
;

– pour l’opérateur de reste, si s1 + s2 + dmin{0, 1− 2
p} > 0, alors on a

‖R(u, v)‖
B

s1+s2−
d
p

p,r

. ‖u‖Bs1
p,r1
‖v‖Bs2

p,r2
.

Par conséquent, on en déduites estimations suivantes pour le produit :

Proposition 0.3. Soit s, s1, s2 ∈ R, 1 ≤ r, r1, r2, p ≤ ∞ tels que 1
r ≤ min{1, 1

r1
+ 1

r2
},

– si s1, s2 <
d
p , s1 + s2 + dmin{0, 1− 2

p} > 0, alors on a

‖uv‖
B

s1+s2−
d
p

p,r

. ‖u‖Bs1
p,r1
‖v‖Bs2

p,r2
;

– si s > 0, alors on a

‖uv‖Bs
p,r
. ‖u‖L∞‖v‖Bs

p,r
+ ‖u‖Bs

p,r
‖v‖L∞ ;

– si −min{dp ,
d
p′ } < s ≤ d

p et r = 1 quand s = d
p , alors on a

‖uv‖Bs
p,r
. ‖u‖Bs

p,r
‖v‖

B
d
p
p,1

.

Lorsqu’on résout des équations d’évolution, il est naturel d’utiliser des espaces de type
LρT (X) = Lρ(0, T ;X) avec X représentant un espace de Banach. Dans notre cas, X sera un
espace de Besov. Donc on doit localiser les équations à l’aide du découpage de Littlewood-
Paley. Cette technique nous donne l’estimation de chaque bloc dyadique dans l’espace de
Lebesgue avant l’intégration en temps. Ceci motive la définition suivante :

Definition 0.3. Soit s ∈ R, (ρ, p, r) ∈ [1,+∞]3 et T ∈ [0,+∞], on définit

‖u‖
L̃ρ
T (Bs

p,r)
=

∥∥∥∥
(
2js‖∆ju(t)‖Lρ

T (Lp(Rd))

)
j≥−1

∥∥∥∥
ℓr
.

On note aussi C̃T (B
s
p,r) = L̃∞

T (Bs
p,r) ∩ C([0, T ];B

s
p,r).

Remark 0.1. (i) Grâce à l’inégalité de Minkowski, on a

‖u‖
L̃ρ
T (Bs

p,r)
≤ ‖u‖Lρ

T (Bs
p,r)

si ρ ≤ r,

‖u‖Lρ
T (Bs

p,r)
≤ ‖u‖

L̃ρ
T (Bs

p,r)
si ρ ≥ r,

et donc en particulier ‖u‖
L̃1
T (Bs

p,1)
= ‖u‖L1

T (Bs
p,1)

est vraie.

(ii) Les propositions 0.1 et 0.3 se généralisent à ces espaces fonctionnels. Par exemple,
on a pour θ ∈ [0, 1], 1

ρ = θ
ρ1

+ 1−θ
ρ2

, et s = θs1 + (1 − θ)s2, l’inégalité d’interpolation
suivante :

‖u‖
L̃ρ
T (Bs

p,r)
≤ ‖u‖θ

L̃
ρ1
T (B

s1
p,r)
‖u‖1−θ

L̃
ρ2
T (B

s2
p,r)
.
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(iii) Dans les estimations de produit, les exposants de Lebesgue par rapport à la variable
de temps se comportent conformément à l’inégalité de Hölder. Par exemple, on a :

‖uv‖
L̃ρ
T (Bs

p,r)
. ‖u‖Lρ1

T (L∞)‖v‖L̃ρ4
T (Bs

p,r)
+ ‖u‖

L̃
ρ2
T (Bs

p,r)
‖v‖Lρ3

T (L∞), (0.46)

quand s > 0, 1
ρ = 1

ρ1
+ 1

ρ4
= 1

ρ2
+ 1

ρ3
.

S’il y a un terme de transport ϕ · ∇ψ dans l’équation d’évolution sur ψ, alors appliquer
l’opérateur de localisation ∆j donne le terme de commutateur

[ϕ,∆j ] · ∇ψ := ϕ · ∇∆jψ −∆j(ϕ · ∇ψ),

qui vérifie l’estimation suivante :

Proposition 0.4. Soit le triplet (s, p, r) satisfaisant

s > −dmin{
1

p
,
1

p′
} et (p, r) ∈ [1,+∞]2 , avec r = 1 si s = 1 +

d

p
.

Alors on a (pour une certaine constante C ne dépendant que de d, s, p, r)

∫ t

0

∥∥2js ‖[ϕ,∆j ]∇ψ‖Lp

∥∥
ℓr
dτ ≤ C

∫ t

0
Φs(τ)‖∇ψ‖Bs−1

p,r
dτ, (0.47)

où {Φs}s est défini par

Φs(t) =




‖∇ϕ(t)‖

B
d
p
p,1

si s ∈ (−dmin{1p ,
1
p′ }, 1 +

d
p) ,

‖∇ϕ(t)‖Bs−1
p,r

sinon.

De plus, si s > 0 on a également

∫ t

0

∥∥2js ‖[ϕ,∆j ]∇ψ‖Lp

∥∥
ℓr
dτ ≤ C

∫ t

0

(
‖∇ϕ‖L∞ ‖ψ‖Bs

p,r
+ ‖∇ϕ‖Bs−1

p,r
‖∇ψ‖L∞

)
dτ.

(0.48)

On a aussi le résultat suivant pour la composition par une fonction régulière :

Proposition 0.5. Soit (ρ, p, r) ∈ [1,+∞]3 et s > 0. Soit f une fonction régulière sur R.

– Si f(0) = 0 alors pour tout u ∈ Bs
p,r ∩ L

∞ on a

‖f ◦ u‖Bs
p,r
≤ C(f ′, ‖u‖L∞)‖u‖Bs

p,r
. (0.49)

– Si f ′(0) = 0 alors pour tout couple (u, v) dans Bs
p,r ∩ L

∞, on a

‖f ◦ u− f ◦ v‖Bs
p,r
≤ C(f ′′, ‖u‖L∞∩Bs

p,r
, ‖v‖L∞∩Bs

p,r
)‖u− v‖Bs

p,r
. (0.50)

Soit I un intervalle ouvert de R et F : I → R, une fonction régulière. Alors pour tout
sous-ensemble compact J ⊂ I, et pour toute fonction u valant dans J , on a

‖∇(F (u))‖
L̃ρ
T (Bs−1

p,r )
≤ C‖∇u‖

L̃ρ
T (Bs−1

p,r )
.
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0.3.3 Estimations a priori pour des équations d’évolution

Rappelons d’abord quelques estimations a priori dans les espaces de Besov pour l’équa-
tion de transport :

(T )

{
∂ta+ v · ∇a = f,

a|t=0 = a0.

En utilisant la proposition 0.4, on montre aisément que

Proposition 0.6. Soit (p, r) ∈ [1,+∞]2 et

s > −dmin{
1

p
,
1

p′
} (s > −1− dmin{

1

p
,
1

p′
} si div v = 0 ), (0.51)

avec une inégalité stricte si r < +∞. Soit a0 ∈ B
s
p,r, f ∈ L

1([0, T ];Bs
p,r). Soit v un champ

de vecteurs dépendant de temps dans Lq([0, T ];B−M
∞,∞) avec q > 1 et M > 0 tel que

∇v ∈ L1([0, T ];B
d/p
p,∞ ∩ L∞) si s < 1 + d/p,

∇v ∈ L1([0, T ];Bs−1
p,r ) si s > 1 + d/p, ou s = 1 + d/p et r = 1.

L’équation (T ) a une unique solution a dans

– l’espace C([0, T ];Bs
p,r) si r <∞,

– l’espace
(⋂

s′<s C([0, T ];B
s′
p,∞)

)⋂
Cw([0, T ];B

s
p,∞) si r =∞.

De plus, pour tout t ∈ [0, T ], on a

e−CV (t)‖a(t)‖Bs
p,r
≤ ‖a0‖Bs

p,r
+

∫ t

0
e−CV (t′)‖f(t′)‖Bs

p,r
dt′ (0.52)

avec V (0) = 0 et

V ′(t) :=

{
‖∇v(t)‖

B
d/p
p,∞∩L∞ si s < 1 + d/p,

‖∇v(t)‖Bs−1
p,r

si s > 1 + d/p, ou s = 1 + d/p et r = 1,
(0.53)

et par ailleurs, si l’égalité est vérifiée dans (0.51) et r =∞, alors V ′(t) = ‖∇v‖
B

d/p
p,1

.

Si a = v alors, pour tout s > 0 (s > −1 si div v = 0), l’estimation (0.52) est vérifiée avec
V ′(t) := ‖∇v(t)‖L∞ .

Pour le système linéaire parabolique avec un terme de transport qui s’écrit

{
∂tθ + v · ∇θ − κ̄∆θ = f,
θ|t=0 = θ0,

(0.54)

et le système linéarisé de Navier-Stokes





∂tu+ v · ∇u− η̄∆u+∇Q = h,
div u = 0,
u|t=0 = u0,

(0.55)

le lecteur est renvoyé à [34] pour la démonstration des deux résultats suivants :
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Proposition 0.7. Soit 1 ≤ p ≤ p1 ≤ ∞ et 1 ≤ r ≤ ∞. Soit s ∈ R tel que





s < 1 +
d

p1
, ou s ≤ 1 +

d

p1
si r = 1,

s > −dmin
{ 1

p1
,
1

p′

}
, ou s > −1− dmin

{ 1

p1
,
1

p′

}
si div v = 0.

Il existe une constante C dépendant seulement de d, r, s et s− 1− d
p1

telle que pour toutes
les solutions régulières θ de (0.54) avec κ̄ ≥ 0, et q ∈ [1,∞], on ait l’estimation a priori
suivante :

κ̄
1
q ‖θ‖

L̃q
T (Ḃ

s+2
q

p,r )
≤ eCV̇p1 (T )

(
‖θ0‖Ḃs

p,r
+ ‖f‖

L̃1
T (Ḃs

p,r)

)

avec





V̇p1(T ) =

∫ T

0
‖∇v(t)‖

Ḃ
d
p1
p1,∞

∩L∞

dt si s < d
p1

+ 1,

V̇p1(T ) =

∫ T

0
‖∇v(t)‖

Ḃ
d
p1
p1,1

dt si s = d
p1

+ 1.

Proposition 0.8. Soit p, p1, r, s et V̇p1 comme dans la proposition 0.7. Il existe une
constante C dépendant seulement de d, r, s et s− 1− d

p1
telle que pour toutes les solutions

régulières (u,∇Q) de (0.55) avec η̄ ≥ 0, et q ∈ [1,∞], on ait l’estimation a priori suivante :

η̄
1
q ‖u‖

L̃q
T (Ḃ

s+2
q

p,r )
≤ eCV̇p1 (T )

(
‖u0‖Ḃs

p,r
+ ‖Ph‖

L̃1
T (Ḃs

p,r)

)
,

‖∇Q−Qh‖
L̃1
T (Ḃs

p,r)
≤ C

(
eCV̇p1 (T ) − 1

)(
‖u0‖Ḃs

p,r
+ ‖Ph‖

L̃1
T (Ḃs

p,r)

)
·

Ci-dessus, P et Q représentent les projecteurs orthogonaux sur les champs de vecteurs
à divergence nulle et les champs de vecteurs potentiels.

Finalement, nous allons souvent considérer l’équation elliptique suivante (pour la pres-
sion Π) :

−div (λ∇Π) = divL sur R
d, (0.56)

où λ = λ(x) est une fonction régulière et bornée, vérifiant λ∗ := infx∈Rd λ(x) > 0. On va
utiliser beaucoup l’estimation d’énergie suivante (voir e.g. [35] pour la preuve) :

Proposition 0.9. Pour tous les champs de vecteurs L à coefficients dans L2, il existe une
distribution temperée Π, unique à constante près, vérifiant l’équation (0.56). De plus, on a

λ∗‖∇Π‖L2 ≤ ‖L‖L2 .

0.4 Résultats et démonstrations

Dans cette section, on présentera les résultats principaux obtenus dans cette thèse et
les méthodes utilisées. Dans la première sous-section (resp. dans la troisième sous-section),
on parlera du système limite avec viscosité (resp. du système sans viscosité) qui a été
traité dans mon travail en collaboration avec R. Danchin [37] (resp. avec F. Fanelli [47]).
Les résolutions correspondantes en détail se trouveront dans le premier chapitre et dans le
troisième chapitre de la thèse respectivement. Le deuxième chapitre §2 correspond à l’article
[78] et on énoncera ses résultats pour le système limite spécial (0.3) dans la deuxième sous-
section §0.4.2.
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0.4.1 Etude du système limite avec viscosité

On a déjà vu que le nouveau système (0.22) avec les inconnues (ϑ, u,∇Q) incluant la
condition d’incompressibilité était équivalent au système original (0.1) avec les inconnues
(ρ, v,∇Π), au moins pour des solutions régulières. On va donc d’abord résoudre le problème
de Cauchy associé à (0.22) dans un espace fonctionnel optimal. La résolution en détail se
trouvera dans le premier chapitre §1.

Motivé par les travaux sur les équations de Navier-Stokes incompressibles ou compres-
sibles à densité variable (voir cf. [27, 28, 29, 32]), on va utiliser des arguments d’échelle afin
de déterminer le cadre fonctionnel optimal. On note que si (ϑ, u,∇Q) est une solution de
(0.22), alors il en va de même pour

(ϑ(ℓ2t, ℓx), ℓu(ℓ2t, ℓx), ℓ3∇Q(ℓ2t, ℓx)) pour tout ℓ > 0. (0.57)

Donc, l’espace critique pour les données initiales (ϑ0, u0) doit être à norme invariante par
la transformation

(ϑ0, u0)(x)→ (ϑ0(ℓx), ℓu0(ℓx)) pour tout ℓ > 0. (0.58)

Remarquons que l’espace fonctionnel suivant 2 :
(
L∞(R+; Ḃd/p1

p1,r1(R
d)) ∩ L1(R+; Ḃd/p1+2

p1,r1 (Rd))
)

×
(
L∞(R+; Ḃd/p2−1

p2,r2 (Rd)) ∩ L1(R+; Ḃd/p2+1
p2,r2 (Rd))

)d
×
(
L1(R+; Ḃd/p3−1

p3,r3 (Rd))
)d

vérifie la condition d’échelle (0.57) pour tout 1 ≤ p1, p2, p3, r1, r2, r3 ≤ ∞.
Néanmoins, comme on a besoin de coefficients (κ, η) bornés et, d’autre part, l’inclusion

Ḃ
d/p
p,r →֒ L∞ est vérifiée si et seulement si r = 1, on va alors fixer r1 = 1. De plus, à

plusieurs reprises, ∇u ∈ L1([0, T ];L∞) sera nécessaire. Cela nous conduit à choisir r2 = 1
et r3 = 1 en conséquence. Donc finalement, on cherche à résoudre le système (0.22) dans
l’espace Ėp1,p2T (Rd) suivant :

(
C̃T (Ḃ

d/p1
p1,1

) ∩ L1
T (Ḃ

d/p1+2
p1,1

)
)
×
(
C̃T (Ḃ

d/p2−1
p2,1

) ∩ L1
T (Ḃ

d/p2+1
p2,1

)
)d
×
(
L1
T (Ḃ

d/p2−1
p2,1

)
)d
, (0.59)

où C̃T (Ḃ
s
p,1) est un (grand) sous-espace de C([0, T ]; Ḃs

p,1) (voir Définition 0.3).

Le cas presque homogène

On commence par le cas plus simple où la température initiale ϑ0 est proche d’une
constante (disons 1 pour simplifier la présentation). Posons θ = ϑ − 1, alors le système
(0.22) se réécrit 




∂tθ + u · ∇θ − κ̄∆θ = r1(θ),
∂tu+ u · ∇u− η̄∆u+∇Q = r2(θ, u,∇Q),

div u = 0,
(0.60)

où κ̄ = κ(1), η̄ = η(1) et

r1(θ) = div ((κ(1 + θ)− κ̄)∇θ) + h1(1 + θ),

r2(θ, u,∇Q) = div ((η(1 + θ)− η̄)∇u)− θ∇Q+ h2(1 + θ, u).

Notons que le système linéarisé de (0.60) est juste l’équation parabolique (0.54) à coef-
ficients constants sur la « température » θ, et le système de Stokes (0.55) sur la « vitesse »

2. Nous renvoyons le lecteur à la Définition 0.2 pour la définition de l’espace de Besov homogène.
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u et la « pression » Q. Donc, les deux propositions relatives s’appliquent et nous donnent
des estimations a priori. Une autre observation importante pour résoudre (0.60) est que
les deux « termes sources » r1 et r2 sont au moins quadratiques. Dans l’espace fonctionnel
Ėp1,p2T , on s’attend à ce qu’ils soient négligeables si des données initiales sont petites. Par
conséquent, l’estimation a priori linéaire et l’estimation de produit (voir l’annexe §A.1 pour
l’estimation dans des espaces de Besov plus généraux) suffisent pour borner la solution pour
tous les temps positifs à condition que les données initiales soient petites. Cela nous permet
de démontrer l’existence globale en temps.

Par ailleurs, un argument classique similaire à celui qui s’applique dans le cas de la
densité constante nous permet de traiter le cas u0 grand. On va présenter ce résultat
précisément dans le théorème 1.1 et le prouver dans la section §1.2.

Le cas véritablement non homogène

Si l’on considère le cas véritablement non homogène, c’est-à-dire que l’on suppose juste
que la température initiale est positive et tend vers 1 à l’infini (donc elle varie arbitraire-
ment), alors les estimations a priori données par la proposition 0.7 et la proposition 0.8 ne
suffisent pas pour borner la solution de (0.22), même en temps petit. En fait, les « termes
sources » ∇u · ∇θ, θ∇Q, etc. peuvent être du même ordre que ceux du membre de gauche
et donc ne peuvent pas être absorbés.

Donc, dans le cas véritablement non homogène, il faut étudier les équations linéarisées
avec coefficients variables dans leurs termes à ordre principal. Dans la section §1.3.1, on
obtiendra des nouvelles estimations a priori appropriées, dont les preuves se trouvent dans
l’annexe §B.1 et l’annexe §B.4. Remarquons que la démonstration repose sur des estimations
délicates de produits et commutateurs (voir l’annexe §A) sous une condition « adéquate »
entre les exposants de Lebesgue p1, p2.

La pression Q, quant à elle, vérifie une équation elliptique sous forme divergence :

div (ϑ∇Q) = divL1 avec L1 := −u · ∇u+Du · ∇η + h2. (0.61)

Dans le cadre d’énergie (disons l’espace de Sobolev Hs ou l’espace de Besov B
d/p2
p2,1

avec
p2 = 2), la démonstration est classique. Mais si p2 6= 2, on a besoin d’informations sur
les basses fréquences. L’estimation a priori ‖∇Q‖L2 . ‖L1‖L2 nous aide à les contrôler
dans le cas p2 ≥ 2, grâce à l’inclusion de la proposition 0.1. Pour majorer ‖L1‖L2 , on peut
simplement appliquer l’inégalité de Hölder ‖fg‖L2 ≤ ‖f‖L4‖g‖L4 aux termes de L1. Ceci
impose aux exposants de Lebesgue de prendre leur valeur dans l’intervalle [2, 4] et donc
donne une restriction supplémentaire sur p1 et p2.

Pour conclure, on cherche à résoudre le système limite dans l’espace fonctionnel non
homogène Ep1,p2T (Rd) suivant (avec quelques restrictions sur les exposants de Lebesgue p1
et p2) :

(
C̃T (B

d/p1
p1,1

) ∩ L1
T (B

d/p1+2
p1,1

)
)
×
(
C̃T (B

d/p2−1
p2,1

) ∩ L1
T (B

d/p2+1
p2,1

)
)d
×
(
L1
T (B

d/p2−1
p2,1

∩ L2)
)d
,

(0.62)
qui est critique par rapport à la régularité mais impose des conditions de décroissance plus
fortes à l’infini.

Afin de traiter les grandes données, on va décomposer la solution en deux parties : une
grande partie “libre” (θL, uL) correspondant à la donné initiale (θ0, u0), autrement dit, la
solution de 




∂tθL − κ̄∆θL = 0,
∂tuL − η̄∆uL = 0,
(θL, uL)|t=0 = (θ0, u0),

(0.63)
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avec κ̄ = κ(1) et η̄ = η(1) ; et un terme de reste (θ̄, ū,∇Q). On applique l’estimation a
priori classique sur la partie libre (θL, uL) et la nouvelle estimation a priori sur la petite
partie (θ̄, ū,∇Q), ce qui donne une estimation uniforme sur un petit intervalle de temps.
L’existence et l’unicité suivent par la même technique. Ce résultat se trouvera dans le
théorème 1.2 et on le prouvera en détail dans la section §1.3.

Remarquons que dans le cadre des solutions fortes, le système (0.1) et le système (0.22)
sont équivalents et donc (ρ, v) := (P0/(Rϑ), u + αk∇ϑ) satifait le système (0.1) avec une

pression ∇Π ∈ L1
T (B

d/p2−1
p2,1

) si p1 ≥ p2.

À la fin du premier chapitre, on considèrera également le système (0.33) pour les gaz
généraux. L’analyse est similaire et on esquissera la preuve.

0.4.2 Un cas spécial

Le deuxième chapitre §2 est consacré à l’étude du système limite (0.1) sous la condition
algébrique (0.15), à savoir le système (0.3).

Grâce à sa forme spéciale, on obtient formellement les identités d’énergie suivantes, en
prenant le produit scalaire L2(Rd) entre les équations et les inconnues ̺ = ρ − 1 (voir la
notation (viii)) et u, respectivement,

∫

Rd

|̺(t)|2 + 2

∫ t

0

∫

Rd

κ|∇̺|2 =

∫

Rd

|̺0|
2, ∀ t > 0 , (0.64)

et ∫

Rd

ρ(t)|u(t)|2 + 4

∫ t

0

∫

Rd

µ|Au|2 =

∫

Rd

ρ0|u0|
2, ∀ t > 0 . (0.65)

Une autre observation est que si la densité initiale ρ0 prend ses valeurs entre deux constantes
positives ρ∗ et ρ∗, alors l’application du principe de maximum à l’équation parabolique sur
la densité implique que la solution ρ reste dans l’intervalle [ρ∗, ρ

∗]. Donc il existe deux
constantes positives κ∗ et µ∗ telles que (remarquons div u = 0)

∫ t

0

∫

Rd

κ(ρ)|∇̺|2 ≥ κ∗‖∇̺‖
2
L2
t (L

2(Rd)),

∫ t

0

∫

Rd

µ|Au|2 ≥ µ∗‖Au‖
2
L2
t (L

2) ≡ µ∗‖∇u‖
2
L2
t (L

2(Rd)).

Par conséquent, les quantités ‖(̺, u)‖L∞
t (L2) et ‖(∇̺,∇u)‖L2

t (L
2) sont bornées par les don-

nées initiales (i.e. par les quantités ‖(̺0, u0)‖L2 , ρ∗, ρ∗) pour tous les temps positifs.
En général, (0.65) est vérifié sous forme d’inégalité, ce qui assure toutefois un effet

régularisant sur les deux inconnues, suffisant pour obtenir des solutions faibles de type Leray
via des méthodes de compacité. En effet, en s’inspirant de l’étude sur les équations de Navier-
Stokes à densité variable dans le livre [81], on régularise avec soin d’abord les coefficients κ, µ
et aussi les données initiales, afin de trouver une suite de solutions approchées satisfaisant
les inégalités d’énergie, en utilisant le théorème du point fixe de Schauder sur un opérateur
compact (voir la proposition 2.2). Enfin, la méthode de compacité classique marche bien
et on montrera qu’il existe une solution faible à énergie finie globalement en temps dans la
section §2.2.1.

Il est aisé de contrôler (en vertu de la condition (0.16)) que ρ et v := u − κ∇ln ρ ∈
L2([0,+∞); (L2(Rd))d) vérifient le système (0.1) au sens des distributions. Mais en raison
d’un manque de régularité sur la densité initiale ρ0, on ne sait pas établir la continuité de
v à l’instant initial, parce qu’on ne peut même pas définir la quantité κ(ρ0)∇ln ρ0.

Dans la section §2.2.2 on démontrera que : supposons plutôt ̺0 := ρ0−1 ∈ H
1(Rd), c.-à-

d. la vitesse originale v0 appartient à (L2(Rd))d aussi, alors (ρ−1, v) ∈ H1(Rd)× (L2(Rd))d

pour tous les temps positifs si d = 2 ou 3. En fait, pour simplifier, supposons que κ ≡ 1,
alors en prenant le produit scalaire L2(Rd) entre l’équation (0.3) et ∆ρ donne l’inégalité
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d’énergie sur ∇ρ si l’on peut majorer le produit scalaire L2 entre le terme de transport et
∆ρ : |

∫
Rd div (ρu)∆ρ|. Parce que a priori on a (en remarquant div u = 0)

∣∣∣∣
∫

Rd

div (ρu)∆ρ

∣∣∣∣ =
∣∣∣∣
∫

Rd

∇ρ · ∇u · ∇ρ

∣∣∣∣ ≤ ‖∇u‖L2(Rd)‖∇ρ‖
2
L4(Rd),

et en particulier en dimension deux et trois les deux inégalités suivantes sont vérifiées :

‖∇ρ‖2L4(R2) ≤ C‖∆ρ‖L2(R2)‖∇ρ‖L2(R2), ‖∇ρ‖2L4(R3) ≤ C‖∆ρ‖L2(R3)‖ρ‖L∞(R3), (0.66)

le terme de transport div (ρu) peut être majoré et donc ‖∇ρ‖L∞
t (L2) et ‖∆ρ‖L2

t (L
2) restent

bornés pour tous les temps positifs. Pour le cas général où κ dépend de ρ, on considère la
fonction scalaire a = a(ρ) avec ∇a = κ∇ρ et a(1) = 0 (voir (0.36)) à la place de ρ lui-même.
Pour conclure, la solution faible obtenue (ρ, v) satisfait le système (0.1) avec valeur initiale
(̺0, v0) ∈ H

1 × (L2)d en dimension deux et trois.
Dans le cas particulier de la dimension deux, on espère construire une seule solution

forte (̺, u) dans l’espace de Besov critique C(B1
2,1(R

2)) × C(B0
2,1(R

2)), globale en temps.
Pour cela, il faut démontrer que la solution forte et les solutions faibles cöıncident et donc
la solution existe globalement et uniquement. Plus précisément, d’abord, on a une solution
forte maximale (ρ1, u1) sur un intervalle de temps [0, T ∗), T ∗ ≤ +∞. Remarquons que
l’espace des solutions fortes E2,2

T ∗ (R2) implique qu’il existe un temps positif T0 < T ∗ tel
que (̺1, u1)|T0 ∈ B

3
2,1(R

2)×B2
2,1(R

2) et, il existe des solutions faibles et globales (ρ2, u2) à
donnée initiale en temps T0. Par conséquent, la pseudo loi de conservation des normes de
(̺2, u2) dans l’espace de Sobolev H2(R2)×H1(R2) assure que, les solutions faibles (̺2, u2)
sont toutes finies dans l’espace de Sobolev précédent sur l’intervalle [T0,+∞), et donc finies
dans l’espace de Besov critique, par inclusion. Pour conclure, les solutions faibles mais
régulières prolongent la solution forte pour tous les temps positifs.

0.4.3 Etude du système limite sans viscosité

Dans le troisième chapitre, nous nous concentrons sur le système limite sans viscosité
(0.35), ou encore le système (0.37).

Grossièrement, le système (0.37) se compose de deux types d’équations : une équation
parabolique sur la densité ρ (la même que dans le système avec viscosité (0.2)) et un système
d’Euler à coefficients variables pour la vitesse modifiée u et la pression q.

Contrairement à l’équation avec viscosité (0.22)2, l’équation (0.37)2 ne régularise pas
la vitesse u au cours du temps. Donc afin de conserver la régularité initiale, on suppose la
vitesse initiale u0 dans un espace de Besov Bs

p,r qui s’injecte dans la classe des fonctions
globalement lipschitziennes. C’est-à-dire que le triplet (s, p, r) ∈ R× [1,+∞]2 doit satisfaire

s > 1 +
d

p
, ou s = 1 +

d

p
, r = 1 . (0.67)

Afin de propager la régularité initiale, il faut en plus que le terme source (h3 − λ∇q)
soit dans L1([0, T ];Bs

p,r). En vertu de la définition de h3 (0.38), il faut donc au moins

∇2ρ ∈ L1([0, T ];Bs
p,r), ∇ρ ∈ L∞([0, T ];L∞), et ∇q ∈ L1([0, T ];Bs

p,r).

Comme ρ vérifie une équation parabolique à coefficients variables, on s’attend, au moins
sur un intervalle de temps petit, à maintenir la régularité initiale et à un gain de deux
dérivées en espace lors de l’intégration en temps, comme dans la proposition 0.7 de la
section §0.4.1. Alors il suffit que l’on considère la densité initiale ̺0 = ρ0 − 1 dans le même
espace fonctionnel Bs

p,r que u0.
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Le cas p ∈ [2, 4]

Pour traiter la pression ∇q satisfaisant l’équation suivante (similaire à (0.61))

div (λ∇q) = divL2 avec L2 = −(u+∇b) · ∇u+ h3, (0.68)

on applique l’estimation ‖∇q‖L2 ≤ ‖L2‖L2 pour estimer les basses fréquences quand p ≥ 2.
De plus, l’application de Hölder ‖fg‖L2 ≤ ‖f‖L4‖g‖L4 à L2 demande p ≤ 4.

L’analyse de l’équation d’Euler linéarisée dans l’espace généralisé (voir l’annexe §B.3)
nous permet d’obtenir une unique solution (̺, u,∇q) (voir le théorème 3.1) dans l’espace
fonctionnel Esp,r(T ) suivant :

(
C̃T (B

s
p,r) ∩ L̃

1
T (B

s+2
p,r )

)
×
(
C̃T (B

s
p,r)
)d
×
(
L̃1
T (B

s
p,r) ∩ L

1
T (L

2)
)d
. (0.69)

Lorsque l’on cherche à établir un critère de prolongement de type de Beale-Kato-Majda
pour le système (0.37), la structure des non linéarités h3 et ∇b · ∇u entre en jeu. En fait,
par exemple, en vertu de l’espace (0.69), la norme L̃1

T (B
s
p,r) de u · ∇2b, ∆b∇b et ∇b · ∇u

nécessite que ‖(u,∇b)‖L∞
T (L∞) et ‖(∆b,∇u)‖L2

T (L∞) soient finis, car on ne sait pas que ∇b

appartient à l’espace L̃2
T (B

s
p,r). Finalement, par des estimations de commutateur et de

produit plus fines, c’est-à-dire que l’on considère la norme de L∞ à la place de Bs−1
p,r , on

arrive à un critère de prolongement qui est présenté dans le théorème 3.2.
Si l’on prend la norme de Bs−1

p,r à la place de L∞ et L4, on obtient une borne inférieure
pour le temps de vie en terme des données initiales, dans le théorème 3.3. De plus, observons
une relation entre la taille des données initiales et le temps de vie : soit (ρε, uε,∇qε) une
solution du système (0.37) avec la donnée initiale (ρε0, u

ε
0)(x) sur un intervalle de temps

[0, Tε[ , alors le triplet (ρ, u,∇q) est également une solution, sur un intervalle de temps
[0, T [ tel que T ≥ Tε ε

−2 . La relation entre les deux solutions est la suivante :

(
ρε, uε,∇qε

)
(t, x) :=

(
ρ, ε−1u, ε−3∇q

)
(ε−2t , ε−1 x), (ρε0, u

ε
0)(x) := (ρ0, ε

−1u0)(ε
−1x).

Par conséquent, fixons ε2 = ‖u0‖Bs
p,r

et supposons que la densité initiale ̺0 soit d’ordre ε,

alors le temps de vie est d’ordre ε−2.

Le cas à énergie finie

Notons que la restriction p ∈ [2, 4] assure que h3 et (u+∇b) · ∇u sont dans L2, ce qui
permet de résoudre l’équation de la pression (0.68). Donc pour éliminer cette restriction, on
demande à la donnée initiale (̺0, u0) d’être d’énergie finie et on espère obtenir ∇q ∈ L1

T (L
p)

pour tout p ∈]1,∞]. En fait, formellement, on a l’identité d’énergie (0.64) pour la densité
et l’égalité d’énergie suivante pour u (similaire à (0.65)) :

(∫

Rd

ρ|u|2
)∣∣∣
t

0
=

∫ t

0

∫

Rd

u · div (v ⊗∇a) ≡

∫ t

0

∫

Rd

(u+∇b) · ∇2a · u+ (u · ∇a)∆b. (0.70)

Donc
‖u(t)‖2L2(Rd) ≤ Ce

CΘ(t)
(
‖u0‖

2
L2 + ‖ρ0 − 1‖2L2

)
,

avec

Θ(t) =

∫ t

0

(
‖∇ρ‖2L∞ + ‖∇ρ‖4L∞ + ‖∇2ρ‖L∞ + ‖∇2ρ‖2L∞

)
dτ .

Ceci donne ∇q ∈ L1
T (L

2) immédiatement, à condition que ̺ ∈ L∞
T (Bs

p,r) ∩ L̃
1
T (B

s+2
p,r ) et

∇u ∈ L∞
T (L∞). Donc si p ≥ 2, alors en raison de l’injection, on a déjà obtenu l’information

de basses fréquences sur la pression. Sinon, on applique l’inégalité ‖fg‖Lp ≤ ‖f‖L2‖g‖Lp∗
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avec 1
p∗ + 1

2 = 1
p , afin d’obtenir ∇q ∈ L1

T (L
p). Plus précisément, en multipliant l’équation

(0.4)2 par ρ et en appliquant l’opérateur div , on arrive à l’équation de Poisson suivante
(remarquant div ∂tu ≡ 0) :

∆q = divL3, avec L3 = −(ρ− 1)∂tu− (ρu−∇a) · ∇u+ ρh3.

Parce que Bs−1
p,r s’injecte dans Lp

∗
et de plus, ∂tu ∈ L

1
T (L

2) qui résulte de l’équation (0.4)2,
on a L3 et donc ∇q appartenant à L

1
T (L

p). L’étude des hautes fréquences est plus classique :
on applique la décomposition de Littlewood-Paley et après l’estimation de commutateur.

Dans l’annexe §B.2, on établit une nouvelle estimation pour l’équation parabolique à
coefficients variables dans les espaces de Besov avec exposant de Lebesgue infini. Ceci nous
permet de traiter le cas limite s = 1, p =∞, r = 1. Lorsqu’on considère le nouveau système
vérifié par la différence (δρ, δu,∇δq) de deux solutions (ρi, ui,∇qi), i = 1, 2 de (0.37), il y
a une perte de régularité, à cause du caractère hyperbolique de l’équation sur u. Ceci nous
conduit à démontrer la convergence de la suite de solutions approchées (et l’unicité) dans
un espace moins régulier. Donc l’espace candidat naturel est B0

∞,1 au lieu de Bs
p,r. Ceci

requiert ∇δq ∈ L1
T (B

0
∞,1) et en conséquence, ceci demande div (u1 · ∇δu) ∈ L1

T (B
−1
∞,1), en

raison de l’équation (0.68). Mais l’estimation

‖div (u1 · ∇δu)‖
B

d/p−1
p,1

≤ C‖u1‖
B

d/p+1
p,1

‖∇δu‖
B

d/p−1
p,1

est vérifiée seulement si p < ∞. Donc, on est conduit à prouver que la suite de solutions
approchées est une suite de Cauchy dans l’espace CT (L

2). Comme le terme source de l’équa-
tion de δρ appartient à L2

T (L
2) au lieu de L1

T (L
2), il permet d’augmenter la régularité de δρ

tel que δρ ∈ L∞
T (H1)∩L2

T (H
2). De là, le terme source de l’équation de δu est dans L1

T (L
2)

et donc l’estimation d’énergie de δu sort. Voir la section §3.4.2 pour l’analyse en détail et
le théorème 3.6 pour le résultat.

Signalons enfin que si la densité est proche de 1 alors on peut écrire

∆q = divL4 avec L4 = L2 +
̺

ρ
∇q,

où (̺/ρ)∇q est vue comme une perturbation. La théorie de Caldéron-Zygmund nous permet
de traiter alors tout p ∈]1,∞[.

Minoration du temps de vie en dimension deux
En dimension deux, il est naturel de supposer que le tourbillon ω := ∂x1u

2 − ∂x2u
1 ≡

∂x1v
2− ∂x2v

1 est dans l’espace de Besov limite B0
∞,1. Cette information permet de majorer

les hautes fréquences de la vitesse u. D’un autre côté, les basses fréquences de u sont
contrôlées par l’inégalité d’énergie (0.70) en considérant la densité ̺ := ρ − 1 comme des
petits coefficients. Donc, il reste à majorer le tourbillon ‖ω‖B0

∞,1
par la vitesse ‖u‖B1

∞,1

linéairement sur un intervalle de temps (qui peut dépendre de la taille de la densité), afin
de borner u sur cet intervalle. Et ceci implique que le temps de vie tend vers l’infini à
condition que la densité initiale ̺0 soit petite.

Plus précisément, en vertu de l’équation (0.35), ω vérifie l’équation suivante :

∂tω + v · ∇ω + ω∆b + (∂1λ ∂2Π − ∂2λ ∂1Π) = 0 avec b = b(ρ), λ = λ(ρ).

Conformément à la proposition 3.2 (qui est une version précisée de la proposition 0.6 où la
croissance exponentielle est remplacée par une croissance linéaire) pour l’estimation a priori
de l’équation de transport, ‖ω‖B0

∞,1
est majorée par ‖∇v‖L∞ et ‖div v‖Cβ ≡ ‖∆b‖Cβ :

(
‖ω0‖B0

∞,1
+ ‖ω∆b+ (∂1λ ∂2Π − ∂2λ ∂1Π)‖B0

∞,1

)(
1 +

∫ t

0
(‖∇v‖L∞ + ‖∆b‖Cβ )

)
.
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Donc, l’estimation de produit et l’estimation de la pression ci-dessus permet de majorer ω
par C(ρ)‖u‖B1

∞,1
, avec le coefficient C(ρ) dépendant de ρ. Par conséquent, u reste bornée

sur un intervalle de temps qui dépend de la densité et de plus, le temps de vie tend vers
l’infini si la densité ρ tend vers une constante positive.
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Chapitre 1

Low-Mach number limit system

This chapter is devoted to the well-posedness issue for the low-Mach number limit
system (0.1) (or more generally, the system (0.33)) obtained from the full compressible
Navier-Stokes system, in the whole space R

d with d ≥ 2. The physical coefficients (µ, ν, k)
in (0.1) are assumed to be regular functions of the temperature ϑ, and we consider only
the viscous and heat-conducting case, namely Condition (0.8) is verified. In the case where
the initial temperature (or density) is close to a positive constant, we establish the local
existence and uniqueness of a solution in critical homogeneous Besov spaces of type Ḃs

p,1.
If, in addition, the initial velocity is small then we show that the solution exists for all
positive time. In the fully nonhomogeneous case, we establish the local well-posedness in
nonhomogeneous Besov spaces Bs

p,1 (still with critical regularity) for arbitrarily large data
with positive initial temperature. As in the recent work by Abidi-Paicu [1] concerning the
density dependent incompressible Navier-Stokes equations, the Lebesgue exponents of the
Besov spaces for the temperature and the (modified) velocity, need not be the same. This
enables us to consider initial data in Besov spaces with a negative index of regularity. At the
end of this chapter, we will sketch the proof of the well-posedness results for the low-Mach
number limit system (0.33) in the case of general gases.

Except for Section §1.4, the content of this chapter has been published in [37].

1.1 Main results

As showed in Section §0.2.1, by introducing a new divergence-free velocity vector u :=
v − αk∇ϑ, the low Mach number limit system (0.1) for perfect gases can be rewritten into
System (0.22), concerning the new unknowns (ϑ, u,∇Q) :





∂tϑ+ u · ∇ϑ− div (κ∇ϑ) = h1(ϑ),
∂tu+ u · ∇u− div (η∇u) + ϑ∇Q = h2(ϑ, u),

div u = 0.
(1.1)

Here κ, h1, η, h2 are defined by (0.12), (0.17), (0.18) and (0.19) respectively :

κ(ϑ) = αkϑ, h1(ϑ) = −2αk|∇ϑ|
2, η(ϑ) = αµϑCP ,

and

h2(ϑ, u) = A1|∇ϑ|
2∇ϑ+A2∆ϑ∇ϑ+A3∇ϑ · ∇

2ϑ+A4∇u · ∇ϑ+A5Du · ∇ϑ,

with Ai, i = 1, · · · , 5 are all regular functions of ϑ, given by (0.20). We will see that our
solutions are regular enough to return from the above system (1.1) to the original system
(0.1).
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Recall that in the slightly nonhomogeneous case (that is under a smallness condition on
the “temperature” θ := ϑ− 1), the optimal functional space Ėp1,p2T (Rd) is defined by (0.59)
in introduction part

(
C̃T (Ḃ

d/p1
p1,1

) ∩ L1
T (Ḃ

d/p1+2
p1,1

)
)
×
(
C̃T (Ḃ

d/p2−1
p2,1

) ∩ L1
T (Ḃ

d/p2+1
p2,1

)
)d
×
(
L1
T (Ḃ

d/p2−1
p2,1

)
)d
.

In what follows, we shall denote

‖θ‖Ẋp1 (T ) = ‖θ‖L̃∞
T (Ḃ

d/p1
p1,1

)
+ ‖θ‖

L1
T (Ḃ

d/p1+2
p1,1

)
,

‖u‖Ẏ p2 (T ) = ‖u‖L̃∞
T (Ḃ

d/p2−1
p2,1

)
+ ‖u‖

L1
T (Ḃ

d/p2+1
p2,1

)
,

‖∇Q‖Żp2 (T ) = ‖∇Q‖L1
T (Ḃ

d/p2−1
p2,1

)
,

and we will drop T in Ẋp1(T ), Ẏ p2(T ), Żp3(T ) if T = +∞.
In such case, for convenience, we can rewrite System (1.1) into System (0.60), i.e.





∂tθ + u · ∇θ − κ̄∆θ = r1(θ),
∂tu+ u · ∇u− η̄∆u+∇Q = r2(θ, u,∇Q),

div u = 0,
(1.2)

where κ̄ = κ(1), η̄ = η(1) and

r1(θ) = div ((κ(1 + θ)− κ̄)∇θ) + h1(1 + θ),

r2(θ, u,∇Q) = div ((η(1 + θ)− η̄)∇u)− θ∇Q+ h2(1 + θ, u).

Let us state the main well-posedness result for the slightly nonhomogeneous case :

Theorem 1.1. Let θ0 ∈ Ḃ
d/p1
p1,1

and u0 ∈ Ḃ
d/p2−1
p2,1

with div u0 = 0. Assume that

1 ≤ p1 < 2d, 1 ≤ p2 <∞, p1 ≤ 2p2,
1
p1

+ 1
p2
> 1

d ,
1
p2

+ 1
d ≥

1
p1

and 1
p1

+ 1
d ≥

1
p2
· (1.3)

There exist two constants τ and K depending only on the coefficients of System (1.2) and
on d, p1, p2, and satisfying the following properties :

– If
‖θ0‖Ḃd/p1

p1,1

≤ τ, (1.4)

then there exists T ∈ (0,+∞] such that System (1.2) has a unique solution (θ, u,∇Q)
in Ėp1,p2T , which satisfies

‖θ‖Ẋp1 (T ) ≤ K‖θ0‖Ḃd/p1
p1,1

and
‖u‖Ẏ p2 (T ) + ‖∇Q‖Żp2 (T ) ≤ K

(
‖θ0‖Ḃd/p1

p1,1

+ ‖u0‖Ḃd/p2−1
p2,1

)
.

– If
‖θ0‖Ḃd/p1

p1,1

+ ‖u0‖Ḃd/p2−1
p2,1

≤ τ, (1.5)

then T = +∞ and the unique global solution satisfies

‖θ‖Ẋp1 + ‖u‖Ẏ p2 + ‖∇Q‖Żp2 ≤ K
(
‖θ0‖Ḃd/p1

p1,1

+ ‖u0‖Ḃd/p2−1
p2,1

)
. (1.6)

In addition, the flow map (θ0, u0) 7→ (θ, u,∇Q) is Lipschitz continuous from Ḃ
d/p1
p1,1
×Ḃ

d/p2−1
p2,1

to Ėp1,p2T .
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Remark 1.1. A similar statement for the nonhomogeneous incompressible Navier-Stokes
equations has been obtained by Abidi-Paicu in [1]. There, the conditions over p1 and p2
(which stem from the structure of the nonlinearities) are not exactly the same as ours for
there is no gain of regularity over the density and the right-hand side of the momentum
equation in (0.60) is simpler.

Let us stress that in the above statement, the homogeneous Besov spaces for the velocity
are almost the same as for the standard incompressible Navier-Stokes equation (except that

in this latter case, one may take any space Ḃ
d/p2−1
p2,r with 1 ≤ p2 < ∞ and 1 ≤ r ≤ ∞). In

particular, here one may take p2 as large as we want hence the regularity exponent d/p2−1
may be negative and our result ensures that suitably oscillating large velocities give rise to
a global solution.

The important observation for solving (1.2) is that all the “source terms” (that is the
terms on the right-hand side) are at least quadratic. In a suitable functional framework –
Ėp1,p2T given by our scaling considerations, we thus expect them to be negligible if the initial
data are small. Hence, appropriate a priori estimates for the linearized system pertaining
to (1.2) and suitable product estimates suffice to control the solution for all time if the data
are small. This will enable us to prove the global existence. In addition, a classical argument
borrowed from the one that is used in the constant density case will enable us to consider
large u0.

Let us now turn to the fully nonhomogeneous case. Then, in order to ensure the ellipticity
of the second order operators in the left-hand side of (1.1), we have to assume that ϑ0 is
bounded by below by some positive constant. Proving a priori estimates for the heat or
Stokes equations with variable time-dependent rough coefficients will be the key to our
local existence statement. Bounding the gradient of the pressure (namely ∇Q) is the main
difficulty. To achieve it, we will have to consider the elliptic equation

div (ϑ∇Q) = divL with L := −u · ∇u+Du · ∇η + h2. (1.7)

In the energy framework (that is in Sobolev spacesHs or in Besov spaces B
d/p2
p2,1

with p2 = 2),

this is quite standard. At the same time, if p2 6= 2, estimating ∇Q in B
d/p2−1
p2,1

requires some
low order information in Lp2 over ∇Q. Thanks to suitable functional embedding, we shall
see that if p2 ≥ 2 then it suffices to bound ∇Q in L2, an information which readily stems
from the standard L2 elliptic theory. As a consequence, we will have to restrict our attention
to a functional framework which ensures that L belongs to L2. This will induce us to make
further assumptions on p1 and p2 (compared to (1.3) in Theorem 1.1) so as to ensure in
particular that ∇Q is in L2. Consequently, the homogeneous critical framework is no longer
appropriate since some additional control will be required over the low frequencies of the
solution.

More precisely, we shall prove the existence of a solution in the nonhomogeneous space
Ep1,p2T (Rd) which is defined by (0.62) in introduction part. And hence by convenience, in
what follows, we denote

‖θ‖Xp1 (T ) = ‖θ‖L̃∞
T (B

d/p1
p1,1

)
+ ‖θ‖

L1
T (B

d/p1+2
p1,1

)
,

‖u‖Y p2 (T ) = ‖u‖L̃∞
T (B

d/p2−1
p2,1

)
+ ‖u‖

L1
T (B

d/p2+1
p2,1

)
,

‖∇Q‖Zp2 (T ) = ‖∇Q‖L1
T (B

d/p2−1
p2,1

∩L2)
.

Let us state our main local-in-time existence result for the fully nonhomogeneous case.
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Theorem 1.2. Let (p1, p2) satisfy

1 < p1 ≤ 4, 2 ≤ p2 ≤ 4,
1

p2
+

1

d
>

1

p1
(1.8)

with in addition

p1 < 4 if d = 2, and
1

p1
+

1

d
>

1

p2
if d ≥ 3.

For any initial temperature ϑ0 = 1 + θ0 and velocity field u0 which satisfy

0 < m ≤ ϑ0, div u0 = 0 and ‖θ0‖Bd/p1
p1,1

+ ‖u0‖Bd/p2−1
p2,1

≤M, (1.9)

for some positive constants m, M, there exists a positive time T depending only on m,
M, p1, p2, d, and on the parameters of the system such that (1.1) has a unique solution
(ϑ, u,∇Q) with (θ, u,∇Q) in Ep1,p2T . Furthermore, for some constant C = C(d, p1, p2), we
have

m ≤ ϑ and ‖θ‖Xp1 (T ) + ‖u‖Y p2 (T ) + ‖∇Q‖Zp2 (T ) ≤ CM, (1.10)

and the flow map (θ0, u0) 7→ (θ, u,∇Q) is Lipschitz continuous.

Remark 1.2. The above theorems 1.1, 1.2 and the transformation (0.12) u = v − αk∇ϑ
ensure that the original system (0.1) is well-posed. More precisely, in the case 1 ≤ p1 = p2 <

2d for the initial data (ϑ0, v0) satisfying the third equation, and (ϑ0−1, v0) in Ḃ
d/p1
p1,1
×Ḃ

d/p1−1
p1,1

with (1.4), we get a local solution (ϑ, v,∇Π) of (0.1) such that (θ, u,∇Q) ∈ Ėp1,p1T and the
solution is global if (1.5) holds. Under the same regularity assumptions with in addition
2 ≤ p1 ≤ 4 then if ϑ0 is just bounded from below, we get a local solution in Ep1,p1T . In the
case p1 6= p2, a similar result holds true. It is more complicated to state, though.

Let us end this section with a few comments and a short list of open questions that we
plan to address in the future.

– To simplify the presentation, we restricted to the free evolution of a solution to (1.1).
As in e.g. [29, 32], our methods enable us to treat the case where the fluid is subject
to some external body force.

– We expect similar results for reacting flows as in [44] (as it only introduces coupling
with parabolic equations involving reactants, the scaling of which is the same as that
of ϑ). We here restricted our analysis to gases for simplicity only.

– Granted with the above results, it is natural to study the asymptotics ε going to 0 of
the rescaled system (0.9) in the above functional framework. This would extend some
of the results of Alazard in [2] to the case of rough data.

The rest of this chapter unfolds as follows. In Section 1.2, we focus on the proof of our
first well-posedness result (pertaining to the case where the initial temperature is close to
a constant) whereas our second well-posedness result is proved in Section 1.3. In the last
section §1.4, we will consider the general gases case briefly.

1.2 Slightly nonhomogeneous case

This section is devoted to the well-posedness issue for System (1.2) in the slightly non-
homogeneous case, i.e. Theorem 1.1. The proof strongly relies on a priori estimates for the
linearized equations about zero which are already given by Proposition 0.7 and Proposition
0.8 in the introduction part. Besides, the estimates for the products given by Proposition
A.2 and the estimates for the actions given by Proposition 0.5 also play an important role
on controlling the “source” terms. In fact, we will thoroughly use the following inequalities,
which come from the usage of Bony’s decomposition and estimates in Proposition A.1 :
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– For any p ∈ [1,∞), the homogeneous Besov space Ḃ
d
p

p,1 is an algebra. Hence

‖uv‖
Ḃ

d
p
p,1

. ‖u‖
Ḃ

d
p
p,1

‖v‖
Ḃ

d
p
p,1

, (1.11)

and moreover for any f ∈ C1 : Rd → R with 0 as a fixed point, we have

‖f(u)‖
Ḃ

d
p
p,1

≤ C(‖u‖L∞)‖u‖
Ḃ

d
p
p,1

. (1.12)

– If 1
p1
≤ 1

p2
+ 1

d , then

‖uv‖
Ḃ

d
p1
p1,1

. ‖u‖
Ḃ

d
p2
p2,1

‖v‖
Ḃ

d
p1
p1,1

+ ‖u‖
Ḃ

d
p2

+1

p2,1

‖v‖
Ḃ

d
p1

−1

p1,1

. (1.13)

– If p1 < 2d, p1 ≤ 2p2,
1
p2
≤ 1

p1
+ 1

d , then

‖uv‖
Ḃ

d
p2

−1

p2,1

. ‖u‖
Ḃ

d
p1

−1

p1,1

‖v‖
Ḃ

d
p1
p1,1

+ ‖u‖
Ḃ

d
p1
p1,1

‖v‖
Ḃ

d
p1

−1

p1,1

. (1.14)

In fact, in the case p1 ≤ p2, then if p1 < 2d, we have

‖uv‖
Ḃ

d
p2

−1

p2,1

. ‖uv‖
Ḃ

d
p1

−1

p1,1

. ‖u‖
Ḃ

d
p1

−1

p1,1

‖v‖
Ḃ

d
p1
p1,1

,

In the case p1 > p2, then noticing that

‖Tuv‖
Ḃ

d
p2

−1

p2,1

. ‖u‖
Ḃ

d
p3

−1

p3,1

‖v‖
Ḃ

d
p1
p1,1

, if
1

p3
=

1

p2
−

1

p1
≤ min{

1

p1
,
1

d
},

Estimate (1.14) also holds.
– If 1

p1
+ 1

p2
> 1

d ,
1
p2
≤ 1

p1
+ 1

d , then

‖uv‖
Ḃ

d
p2

−1

p2,1

. ‖u‖
Ḃ

d
p1
p1,1

‖v‖
Ḃ

d
p2

−1

p2,1

. (1.15)

For proving existence, we will follow a standard procedure, first we construct a sequence
of approximate solutions, second, we prove uniform bounds for them, and finally we show
the convergence to some solution of the system. In the case of large initial velocity, we will
have to split the constructed velocity into the free solution of the Stokes system with initial
data u0, and the discrepancy to this free velocity. Stability estimates and uniqueness will
be obtained afterward by the same argument as the convergence of the sequence.

Step 1. Approximate solutions

Solving System (1.2) will be based on an iterative scheme : first we set the solution to
the following linear system 1 :





∂tθ
n+1 + un · ∇θn+1 − κ̄∆θn+1 = rn1 ,

∂tu
n+1 + un · ∇un+1 − η̄∆un+1 +∇Qn+1 = rn2 ,

div un+1 = 0,

(θn+1, un+1)|t=0 = (Ṡn+1θ0, Ṡn+1u0),

(1.16)

with Ṡn+1 := χ(2−(n+1)D) defined in (0.43) and, denoting ϑn := 1 + θn,

rn1 := rn1 (θ
n) = div ((κ(ϑn)− κ̄)∇θn)− κ′(ϑn)|∇θn|2,

rn2 := rn2 (θ
n, un,∇Qn) = div ((η(ϑn)− η̄)∇un)− θn∇Qn +An1 |∇θ

n|2∇θn

+An2∆θ
n∇θn +An3∇

2θn ·∇θn +An4∇u
n · ∇θn +An5Du

n · ∇θn.

Above, it is understood that Ani := Ai(ϑ
n) with Ai defined by (0.20).

1. Note that the existence of solution for this system may be deduced from the case with no convection.
Indeed, considering the convection terms as source terms, it is not difficult to construct an iterative scheme
the convergence of which is based on the estimates given by Proposition 0.7 and Proposition 0.8.
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Step 2. Uniform bounds

In order to bound (θn+1, un+1,∇Qn+1), one may take advantage of Proposition 0.7
with s = d/p1 and Lebesgue exponents (p1, p2) (here comes the assumption that 1/p1 ≤
1/d + 1/p2), and of Proposition 0.8 with s = d/p2 − 1 and exponents (p2, p2). Concerning

θn+1, if p2 ≤ p1 then we use the embedding Ḃ
d
p2

+1

p2,1
→֒ Ḃ

d
p1

+1

p1,1
. We eventually get

‖θn+1‖Ẋp1 (t) . e
‖un‖

L1
t (Ḃ

d/p2+1
p2,1

)
(
‖Ṡn+1θ0‖Ḃd/p1

p1,1

+ ‖rn1 ‖L1
t (Ḃ

d/p1
p1,1

)

)
,(1.17)

‖un+1‖Ẏ p2 (t) + ‖∇Q
n+1‖Żp2 (t) . e

‖un‖
L1
t (Ḃ

d/p2+1
p2,1

)
(
‖Ṡn+1u0‖Ḃd/p2−1

p2,1

+ ‖rn2 ‖L1
t (Ḃ

d/p2−1
p2,1

)

)
.(1.18)

Let us now bound rn1 and rn2 . Using (1.11) and (1.12), we easily get

‖rn1 ‖
Ḃ

d
p1
p1,1

.

(
1 + ‖θn‖

Ḃ
d
p1
p1,1

)(
‖θn‖

Ḃ
d
p1
p1,1

‖θn‖
Ḃ

d
p1

+2

p1,1

+ ‖∇θn‖2

Ḃ
d
p1
p1,1

)
. (1.19)

As regards rn2 , it is mostly a matter of bounding the following terms in L1
t (Ḃ

d
p2

−1

p2,1
) (noticing

div u = 0) :

∇2θn · ∇θn, |∇θn|2∇θn, div (θn∇un), ∇θn ⊗∇un and θn∇Qn.

Indeed, on any interval [0, T ], taking the ϑn dependency of the coefficients into account will
only multiply the estimates by some continuous function of ‖θn‖

L∞
T (Ḃ

d
p1
p1,1

)
, by (1.12) and

(1.15). In what follows, this function will be denoted by Cθn .

Now, by (1.14), we have

‖∇2θn · ∇θn‖
Ḃ

d
p2

−1

p2,1

. ‖∇2θn‖
Ḃ

d
p1

−1

p1,1

‖∇θn‖
Ḃ

d
p1
p1,1

+ ‖∇2θn‖
Ḃ

d
p1
p1,1

‖∇θn‖
Ḃ

d
p1

−1

p1,1

, (1.20)

and
‖|∇θn|2∇θn‖

Ḃ
d
p2

−1

p2,1

. ‖∇θn‖
Ḃ

d
p1

−1

p1,1

‖∇θn‖2

Ḃ
d
p1
p1,1

. (1.21)

We also easily get

‖div (θn∇un)‖
Ḃ

d
p2

−1

p2,1

. ‖θn‖
Ḃ

d
p1
p1,1

‖∇un‖
Ḃ

d
p2
p2,1

+ ‖θn‖
Ḃ

d
p1

+1

p1,1

‖∇un‖
Ḃ

d
p2

−1

p2,1

. (1.22)

Finally, according to Inequality (1.15),

‖∇un ⊗∇θn‖
Ḃ

d
p2

−1

p2,1

. ‖∇θn‖
Ḃ

d
p1
p1,1

‖∇un‖
Ḃ

d
p2

−1

p2,1

,

‖θn∇Qn‖
Ḃ

d
p2

−1

p2,1

. ‖θn‖
Ḃ

d
p1
p1,1

‖∇Qn‖
Ḃ

d
p2

−1

p2,1

.

So, plugging all the above inequalities in (1.17), (1.18) finally implies that

‖θn+1‖Ẋp1 (t) . e

C‖un‖

L1
t (Ḃ

d
p2

+1

p2,1
)
(
‖θ0‖

Ḃ
d
p1
p1,1

+ Cθn‖θ
n‖2

Ẋp1 (t)

)
, (1.23)

‖un+1‖Ẏ p2 (t) + ‖∇Q
n+1‖Żp2 (t) . e

C‖un‖

L1
t (Ḃ

d
p2

+1

p2,1
)
(
‖u0‖

Ḃ
d
p2

−1

p2,1

+Cθn‖θ
n‖Ẋp1 (t)

(
‖θn‖Ẋp1 (t) + ‖u

n‖Ẏ p2 (t) + ‖∇Q
n‖Żp2 (t)

))
. (1.24)
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Note that the right-hand sides involves only initial data and at least quadratic combi-
nations of the norms of (θn, un,∇Qn). From a standard induction argument, it is thus easy
to find some small constant τ such that if

‖θ0‖
Ḃ

d
p1
p1,1

+ ‖u0‖
Ḃ

d
p2

−1

p2,1

≤ τ (1.25)

then, for all n ∈ N and t ∈ R
+, we have for some K > 0 depending only on the parameters

of the system and on d, p1, p2,

‖θn‖Ẋp1 (t) + ‖u
n‖Ẏ p2 (t) + ‖∇Q

n‖Żp2 (t) ≤ K
(
‖θ0‖

Ḃ
d
p1
p1,1

+ ‖u0‖
Ḃ

d
p2

−1

p2,1

)
. (1.26)

This completes the proof of uniform estimates in the case where both θ0 and u0 are small.

Let us now concentrate on the case where only θ0 is small. Assuming that T has been
chosen so that

exp

(
C

∫ T

0
‖un‖

Ḃ
d
p2

+1

p2,1

dt

)
≤ 2, (1.27)

and that θ0 is small enough, Inequality (1.23) still implies that

‖θn+1‖Ẋp1 (T ) ≤ K‖θ0‖
Ḃ

d
p1
p1,1

(1.28)

if (1.4) is satisfied and if θn also satisfies (1.28).
However, if u0 is large then Inequality (1.24) is not enough to bound un+1. Therefore

we introduce the “free” solution uL to the heat equation

{
∂tuL − η̄∆uL = 0,

uL|t=0 = u0,
(1.29)

and define unL := ṠnuL. Of course that div u0 ≡ 0 implies that div uL ≡ 1. Now, ūn+1 :=
un+1 − un+1

L satisfies





∂tū
n+1 + un · ∇ūn+1 − η̄∆ūn+1 +∇Qn+1 = r̄n2 ,

div ūn+1 = 0,
ūn+1|t=0 = 0,

with r̄n2 = rn2 − u
n · ∇un+1

L .

Note that un · ∇un+1
L = div (un ⊗ un+1

L ). Hence, by (1.11) we have

‖r̄n2 ‖
Ḃ

d
p2

−1

p2,1

. ‖rn2 ‖
Ḃ

d
p2

−1

p2,1

+ ‖un‖
Ḃ

d
p2
p2,1

‖un+1
L ‖

Ḃ
d
p2
p2,1

. (1.30)

Hence, bounding rn2 as above but splitting un into ūn + unL when dealing with the terms
∇un · ∇θn or Dun · ∇θn, we get under hypothesis (1.27), for all t ∈ [0, T ],

‖ūn+1‖Ẏ p2 (t) + ‖∇Q
n+1‖Żp2 (t) ≤ C

(
‖θn‖Ẋp1 (t)

(
‖θn‖Ẋp1 (t) + ‖ū

n‖Ẏ p2 (t) + ‖∇Q
n‖Żp2 (t)

)

+‖uL‖
L2
t (Ḃ

d
p2
p2,1

)

(
‖un‖

L2
t (Ḃ

d
p2
p2,1

)
+ ‖∇θn‖

L2
t (Ḃ

d
p1
p1,1

)

)
+ ‖θn‖

L∞
t (Ḃ

d
p1
p1,1

)
‖∇uL‖

L1
t (Ḃ

d
p2
p2,1

)

)
.

Therefore, if we assume in addition that T has been chosen so that

‖uL‖
L2
T (Ḃ

d
p2
p2,1

)∩L1
T (Ḃ

d
p2

+1

p2,1
)
≤ τ (1.31)
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and if

‖ūn‖Ẏ p2 (T ) + ‖∇Q
n‖Żp2 (T ) ≤ τ (1.32)

then we have also (taking τ smaller if needed) (1.27) and

‖ūn+1‖Ẏ p2 (T ) + ‖∇Q
n+1‖Żp2 (T ) ≤ τ.

Now, an elementary induction argument enables us to conclude that both (1.27) and (1.32)
are satisfied (for all n ∈ N) if T has been chosen so that (1.31) holds.

Step 3. Convergence of the scheme

Let us just treat the case where only local existence is expected (that is u0 may be
large). We fix some time T such that (1.31) is fulfilled. Let (δθn+1, δun+1, δQn+1) := (θn+1−
θn, un+1 − un, Qn+1 −Qn). We have





∂tδθ
n+1 + un · ∇δθn+1 − κ̄∆δθn+1 = −δun · ∇θn + rn1 − r

n−1
1 ,

∂tδu
n+1 + un · ∇δun+1 − η̄∆δun+1 +∇δQn+1 = −δun · ∇un + rn2 − r

n−1
2 ,

div δun+1 = 0,

(δθn+1, δun+1)|t=0 = (∆̇nθ0, ∆̇nu0).

By arguing exactly as in the proof of the stability estimates below, it is not difficult to
establish that if τ has been chosen small enough in (1.31) then for all n ≥ 1,

‖δθn+1‖Ẋp1 (T )+‖δu
n+1‖Ẏ p2 (T )+‖∇δQ

n+1‖Żp2 (T ) ≤ C
(
2
n d

p1 ‖∆̇nθ0‖Lp1+2
n( d

p2
−1)
‖∆̇nu0‖Lp2

)

+
1

2

(
‖δθn‖Ẋp1 (T ) + ‖δu

n‖Ẏ p2 (T ) + ‖∇δQ
n‖Żp2 (T )

)
.

Hence (θn, un,∇Qn)n∈N is a Cauchy sequence in Ėp1,p2T . The limit (θ, u,∇Q) belongs to
Ėp1,p2T and obviously satisfies System (1.2).

Step 4. Uniqueness and stability estimates

Let us consider two solutions (θ1, u1,∇Q1) and (θ2, u2,∇Q2) of System (1.2), in the
space Ėp1,p2T with (p1, p2) satisfying (1.3). The difference (δθ, δu, δQ) := (θ2−θ1, u2−u1, Q2−
Q1) between these two solutions satisfies





∂tδθ + u1 · ∇δθ − κ̄∆δθ = −δu · ∇θ2 + r1(θ
2)− r1(θ

1),

∂tδu+ u1 · ∇δu− η̄∆δu+∇δQ = −δu · ∇u2 + r2(θ
2, u2,∇Q2)− r2(θ

1, u1,∇Q1),

div δu = 0.

Therefore, according to Propositions 0.7 and 0.8, we have for all t ∈ [0, T ],

‖δθ‖Ẋp1 (t) . e

‖u1‖

L1
t (Ḃ

d
p2

+1

p2,1
)
(
‖δθ0‖

Ḃ
d
p1
p1,1

+ ‖δu · ∇θ2‖
L1
t (Ḃ

d
p1
p1,1

)
+ ‖r1(θ

2)− r1(θ
1)‖

L1
t (Ḃ

d
p1
p1,1

)

)
,

‖δu‖Ẏ p2 (t) + ‖∇δQ‖Żp2 (t) . e

‖u1‖

L1
t (Ḃ

d
p2

+1

p2,1
)
(
‖δu0‖

Ḃ
d
p2

−1

p1,1

+ ‖δu · ∇u2‖
L1
t (Ḃ

d
p2

−1

p2,1
)

+‖r2(θ
2, u2,∇Q2)− r2(θ

1, u1,∇Q1)‖
L1
t (Ḃ

d
p2

−1

p2,1
)

)
.
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The nonlinear terms in the right-hand side may be handled exactly as in the proof of the
uniform estimates (as the norms which are involved are the same, there are no further
conditions on p1 and p2). For instance, by (1.13), we have for 1

p1
≤ 1

p2
+ 1

d ,

‖δu · ∇θ2‖
L1
t (Ḃ

d
p1
p1,1

)
. ‖δu‖

L2
t (Ḃ

d
p2
p2,1

)
‖∇θ2‖

L2
t (Ḃ

d
p1
p1,1

)
+ ‖δu‖

L1
t (Ḃ

d
p2

+1

p2,1
)
‖∇θ2‖

L∞
t (Ḃ

d
p1

−1

p1,1
)
,

and, because

r1(θ
2)− r1(θ

1) = div
((
κ(ϑ2)− κ(ϑ1)

)
∇θ2 +

(
κ(ϑ1)− κ̄

)
∇δθ

)

−
(
κ′(ϑ2)− κ′(ϑ1)

)
|∇θ2|2 − κ′(ϑ1)

(
∇(θ1 + θ2) · ∇δθ

)
,

we have, according to (1.11) and (1.12),

‖r1(θ
2)− r1(θ

1)‖
Ḃ

d
p1
p1,1

. Cθ1,θ2
((
‖∇θ1‖

Ḃ
d
p1
p1,1

+ ‖∇θ2‖
Ḃ

d
p1
p1,1

)
‖∇δθ‖

Ḃ
d
p1
p1,1

+
(
‖∇θ2‖2

Ḃ
d
p1
p1,1

+ ‖∇2θ2‖
Ḃ

d
p1
p1,1

)
‖δθ‖

Ḃ
d
p1
p1,1

+ ‖θ1‖
Ḃ

d
p1
p1,1

‖∆δθ‖
Ḃ

d
p1
p1,1

)
.

We may proceed similarly in order to bound the right-hand side of the inequality for δu.
We eventually get for all t ∈ [0, T ],

‖δθ‖Ẋp1 (t) ≤ Cθ1,θ2,u1
(
‖δθ0‖

Ḃ
d
p1
p1,1

+‖θ2‖Ẋp1 (t)‖δu‖Ẏ p2 (t)+(‖θ1‖Ẋp1 (t)+‖θ
2‖Ẋp1 (t))‖δθ‖Ẋp1 (t)

)
,

‖δu‖Ẏ p2 (t) + ‖∇δQ‖Żp2 (t) ≤ Cθ1,θ2,u1
(
‖δu0‖

Ḃ
d
p2

−1

p2,1

+ ‖u2‖
L2
t (Ḃ

d
p2
p2,1

)
(‖δθ‖Ẋp1 (t) + ‖δu‖Ẏ p2 (t))

+
(
‖∇u2‖

L1
t (Ḃ

d
p2
p2,1

)
+ ‖∇Q2‖

L1
t (Ḃ

d
p2

−1

p2,1
)

)
‖δθ‖Ẋp1 (t)

+
(
‖θ1‖Ẋp1 (t) + ‖θ

2‖Ẋp1 (t)

)(
‖δθ‖Ẋp1 (t) + ‖δu‖Ẏ p2 (t) + ‖∇δQ‖Żp2 (t)

))
.

In the case where (θ1, u1,∇Q1) and (θ2, u2,∇Q2) are small enough on [0, T ], all the
terms involving (δθ, δu) in the right-hand side may be absorbed by the left-hand side. This
yields stability estimates on the whole interval [0, T ], and implies uniqueness.

The case where the velocity is large requires more care for it is not clear that the
terms corresponding to div (δθ · ∇u2), ∇u2 · ∇δθ, δu · ∇u2 and δθ∇Q2 are small compared
to ‖δθ‖Ẋp1 (t) + ‖δu‖Ẏ p2 (t) + ‖∇δQ‖Żp2 (t). However, we notice that they may be bounded in

L1
t (Ḃ

d
p2

−1

p2,1
) by

(‖∇δθ‖
L2
t (Ḃ

d
p1
p1,1

)
+‖δu‖

L2
t (Ḃ

d
p2
p2,1

)
)‖u2‖

L2
t (Ḃ

d
p2
p2,1

)
+‖δθ‖

L∞
t (Ḃ

d
p1
p1,1

)

(
‖∇u2‖

L1
t (Ḃ

d
p2
p2,1

)
+‖∇Q2‖

L1
t (Ḃ

d
p2

−1

p2,1
)

)
.

Obviously the terms corresponding to u2 and ∇Q2 go to zero when t tends to 0. If both
solutions coincide initially, this implies uniqueness on a small enough time interval. Then
uniqueness on the whole interval [0, T ] follows from standard continuity arguments.

For proving stability estimates, one may further decompose u1 and u2 into

u1 = ū1 + uL and u2 = ū2 + uL,

where uL stands for the free solution to the Stokes system that has been defined in (1.29).
We can thus write

‖u2‖
L2
t (Ḃ

d
p2
p2,1

)∩L1
t (Ḃ

d
p2

+1

p2,1
)
≤ ‖uL‖

L2
t (Ḃ

d
p2
p2,1

)∩L1
t (Ḃ

d
p2

+1

p2,1
)
+ ‖ū2‖

L2
t (Ḃ

d
p2
p2,1

)∩L1
t (Ḃ

d
p2

+1

p2,1
)
.
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If T has been chosen so that (1.31) holds true and if (θ2, u2,∇Q2) is the solution that has
been constructed above then we conclude that the above terms may be bounded by τ. So
they may be absorbed by the left-hand side, and it is thus possible to get the continuity of
the flow map on [0, T ] for T satisfying (1.31). The details are omitted.

1.3 Fully nonhomogeneous case

In this section we establish local well-posedness results in the fully nonhomogeneous
case (i.e. Theorem 1.2) : we just assume that the initial temperature is positive and tends
to some positive constant at infinity (we take 1 for notational simplicity). In this framework,
the a priori estimates for the linear equations considered in Section §1.2, i.e. Proposition 0.7
and Proposition 0.8, are not sufficient to bound the solutions to (1.1) even at small time.
The reason why is that some quadratic terms such as ∇u · ∇θ or θ∇Q may be of the same
order as the terms of the left-hand side hence cannot be absorbed any longer. In the fully
nonhomogeneous case, the appropriate linear equations that have to be considered have
variable coefficients in their main order terms.

In the first part of this section, we present new a priori estimates for these linear equa-
tions in the solution space Ep1,p2T . The proofs can be found in Appendix §B.1 and §B.4 and
as we believe this type of estimates to be of interest in other contexts, we provide there the
statements for a wider range of Lebesgue and regularity exponents than the solution space
Ep1,p2T here. The second part of this section is devoted to the proof of Theorem 1.2. We re-
mark here that the nonhomogeneous version of the product estimates such as (1.11)-(1.15)
also holds true. Hence we will also use them to bound the nonlinearities.

1.3.1 Linearized equations

In order to bound the temperature, we shall establish a priori estimates in nonhomoge-
neous Besov norms for the solutions to

{
∂tθ + u · ∇θ − div (κ∇θ) = f,

θ|t=0 = θ0.
(1.33)

Here the conductivity function κ is strictly positive such that

κ∗ := min
(t,x)∈[0,T ]×Rd

κ(t, x) > 0. (1.34)

Besides, the scalar function κ− 1, the divergence free vector-field u, the initial data θ0 and
the source term f are smooth enough and decay at infinity.

We will have the following estimate for θ in the Banach space Xp1(T ), the proof (and
also the generalized version) of which can be found in Appendix §B.1 :

Proposition 1.1. Let θ satisfy (1.33) on [0, T ]× R
d. Let (p1, p2) ∈ (1,∞)2 fulfill

1

p1
≤

1

p2
+

1

d
· (1.35)

Then there exists a constant C1 depending only on d, p1, p2, κ∗ such that θ satisfies for all
t ∈ [0, T ] :

‖θ‖Xp1 (t) ≤ exp

{
C1

(
‖∇u‖

L1
t (B

d/p2
p2,1

)
+ ‖∇κ‖2

L2
t (B

d/p1
p1,1

)

)}

× C1

(
‖θ0‖Bd/p1

p1,1

+ ‖∆−1θ‖L1
t (L

p1 ) + ‖f‖L1
t (B

d/p1
p1,1

)

)
·

(1.36)
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In the fully nonhomogeneous case, the appropriate linearized momentum equation turns
out to be 




∂tu+ v · ∇u− div (η∇u) + λ∇Q = h,
div u = 0,
u|t=0 = u0,

(1.37)

where v is a given divergence free vector-field, and (η, λ) are given smooth positive functions.
Suppose that v, η−1, λ−1, the initial data u0 and the source term h are smooth and decay
at infinity. We have the following a priori estimate for this linear system (see Appendix
§B.4 for the proof) :

Proposition 1.2. Let T > 0 and (u,∇Q) be a solution to (1.37) on [0, T ] × R
d. Let

p1 ∈ [1,∞) and p2 ∈ [2, 4] satisfy

p2 ≤
2p1
p1 − 2

if p1 > 2,
1

p2
≤

1

p1
+

1

d
, and (p1, p2) 6= (4, 4) if d = 2. (1.38)

Assume that there exist some constants 0 < m < M, cλ(d, p1, p2) small enough, and
N ∈ N such that

min(η, λ) ≥ m, ‖λ‖L∞([0,T ]×Rd) + ‖∇λ‖L∞
T (B

d/p1−1
p1,1

)
≤M,

infx∈Rd,t∈[0,T ] SNλ(t, x) ≥ m/2, ‖λ− SNλ‖L∞
T (B

d/p1
p1,1

)
≤ cλm.

(1.39)

Then there exists a constant C2 depending on d, p1, p2,m,M,N such that the following a
priori estimates hold :

‖u‖Y p2 (t) + ‖∇Q‖Zp2 (t)

≤ e
C2

(
‖∇v‖

L1
t (B

d/p2
p2,1

)
+‖∇v‖

4/3

L
4/3
t (B

d/p2−1/2
p2,1

)
+‖∇η‖2

L2
t (B

d/p1
p1,1

)
+‖∇η‖

2/(1−δ)

L
2/(1−δ)
t (B

d/p1−δ
p1,1

)

)

× C2

(
‖u0‖Bd/p2

p2,1

+ ‖∆−1u‖L1
t (L

p2 ) + ‖h‖L1
t (L

2∩B
d/p2−1
p2,1

)

)
,

(1.40)

with δ = min(1/2, d/p1).

Remark 1.3. As pointed in Remarks B.2 and B.8, the quantities C1‖∆−1θ‖L1
t (L

p1 ) and
C2‖∆−1u‖L1

t (L
p2 ) in the a priori estimates (1.36) and (1.40) respectively can be absorbed if

the time t is small. Hence in the following proof of the local existence result we will always
assume the existing time sufficiently small such that this statement holds.

Remark 1.4. Compared to the statement of Proposition 0.8 in the case s = d/p2 − 1 one
has to assume in addition that p2 ≤ 4 and also that p2 ≤ 2p1/(p1−2) (if p1 ≥ 2). This is due
to the fact that bounding ∇Q, through the elliptic equation (1.7), requires a L2 information
over the right-hand side. The naive idea is just that, according to Hölder’s inequality, L4

bounds over ∇v, u, ∇u and ∇η provides this L2 bound. This is the key to go beyond the
energy framework for (1.37). At the same time, we do not know how to treat the case p2 > 4.

1.3.2 Proof of Theorem 1.2

We follow the same procedure as in the proof of Theorem 1.1 : first we construct a
sequence of approximate solutions, then we prove uniform bounds for this sequence and
finally, we show the convergence to some solution of (1.1). It is easy to check that the
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inequalities such as (1.11)-(1.15) all hold true in nonhomogeneous case. And moreover we
can generalize (1.13) into

‖uv‖
B

d/p1
p1,1

. ‖u‖
B

d/p2
p2,1

‖v‖
B

d/p1
p1,1

+‖u‖
B

d/p2+ε
p2,1

‖v‖
B

d/p1−ε
p1,1

, if ε ∈ [0, 1],
1

p1
≤
ε

d
+

1

p2
. (1.41)

We also use frequently the following :

‖uv‖L2 . ‖u‖
B

d/p1−1/2
p1,1

‖v‖
B

d/p2−1/2
p2,1

, if pi ≤ 4, i = 1, 2. (1.42)

And without loss of generality, we can suppose the functions κ = κ(ϑ), η = η(ϑ) to have
the same bounds as ϑ. That is, if 0 < m ≤ ϑ, ‖ϑ‖L∞ + ‖∇ϑ‖

B
d/p1
p1,1

≤M , then so do κ, η.

Compared to the almost homogeneous case, the main difference is that our estimates
rely mostly on Propositions 1.1 and 1.2. Furthermore, in order to handle large data, we will
have to introduce the “free solution” (θL, uL) corresponding to data (θ0, u0), namely the
solution to (0.63) : 




∂tθL − κ̄∆θL = 0,
∂tuL − η̄∆uL = 0,
(θL, uL)|t=0 = (θ0, u0),

(1.43)

with κ̄ = κ(1) et η̄ = η(1).

Step 1. Construction of a sequence of approximate solutions

As θ0 is in B
d/p1
p1,1

and u0, in B
d/p2−1
p2,1

, the above System (1.43) has a unique global
solution (θL, uL) with

θL ∈ C̃T (B
d/p1
p1,1

) ∩ L1
T (B

d/p1+2
p1,1

) and uL ∈ C̃T (B
d/p2−1
p2,1

) ∩ L1
T (B

d/p2+1
p2,1

) for all T > 0,

and we have (if T is small enough and with C depending only on d, p1, p2)

‖θL‖L̃∞
T (B

d/p1
p1,1

)
+ κ̄‖θL‖L1

T (B
d/p1+2
p1,1

)
≤ C‖θ0‖Bd/p1

p1,1

,

‖uL‖L̃∞
T (B

d/p2−1
p2,1

)
+ η̄‖uL‖L1

T (B
d/p2+1
p2,1

)
≤ C‖u0‖Bd/p2−1

p2,1

.
(1.44)

Note also that the divergence free property for the initial velocity is conserved during

the evolution. Another important feature is that, owing to θL = eκ̄t∆θ0 ∈ L̃
∞
T (B

d/p1
p1,1

), we
have from Inequality (0.42) that, for any T > 0,

lim
N→+∞

‖θL − SNθL‖L∞
T (B

d/p1
p1,1

)
= 0. (1.45)

Let us fix some small enough positive time T. Given (1.45), we see that for any positive
constant c, there exists some positive integer N0 so that

‖θL − SN0θL‖L∞
T (B

d/p1
p1,1

)
≤ cm. (1.46)

In addition, if the data satisfy (1.9) then one may assume that we have (changing N0 and
C if need be)

m

2
≤ Snϑ0 ≤ CM, ‖Snθ0‖Bd/p1

p1,1

+ ‖Snu0‖Bd/p2−1
p2,1

≤ CM for all n ≥ N0. (1.47)

In order to define our approximate solutions, we use the following iterative scheme : first
we set (θ0, u0,∇Q0) = (SN0θ0, SN0u0, 0) (this is obviously a smooth stationary function
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with decay at infinity) then, assuming that the approximate solution (θn, un,∇Qn) has
been constructed over R+ × R

d, we set ϑn = 1 + θn and define (θn+1, un+1,∇Qn+1) to be
the unique solution of the system




∂tθ
n+1 + un · ∇θn+1 − div (κn∇θn+1) = hn1 ,

∂tu
n+1 + un · ∇un+1 − div (ηn∇un+1) + ϑn∇Qn+1 = hn2 ,

div un+1 = 0,
(θn+1, un+1)|t=0 = (SN0+n+1θ0, SN0+n+1u0),

(1.48)
where

κn = κ(ϑn), ηn = η(ϑn), hn1 = h1(1 + θn, un) and hn2 = h2(1 + θn, un).

Note that the existence and uniqueness of a global smooth solution for the above system
is ensured by the standard theory of parabolic equations (concerning θn+1) and by (a slight
modification of) Theorem 2.10 in [2] (concerning un+1) whenever (θn, un) is suitably smooth
and the coefficients κn, ηn are bounded by above and by below. In fact, given (1.47), the
maximum principle ensures that

m/2 ≤ ϑn ≤ CM. (1.49)

Hence κn and ηn are bounded by above and from below independently of n.
Next, we notice that if we set

(θnL, u
n
L) = (SN0+nθL, SN0+nuL)

then the equation for (θ̄n+1, ūn+1,∇Qn+1) = (θn+1 − θn+1
L , un+1 − un+1

L ,∇Qn+1) reads




∂tθ̄
n+1 + un · ∇θ̄n+1 − div (κn∇θ̄n+1) = Hn

1 ,
∂tū

n+1 + un · ∇ūn+1 − div (ηn∇ūn+1) + (1 + θnL)∇Q
n+1 = Hn

2 ,
div ūn+1 = 0,

(θ̄n+1, ūn+1)|t=0 = (0, 0),

where

Hn
1 = −un · ∇θn+1

L + div ((κn − κ̄)∇θn+1
L ) + hn1 ,

Hn
2 = −un · ∇un+1

L + div ((ηn − η̄)∇un+1
L )− θ̄n∇Qn+1 + hn2 .

Let us point out that, given (1.46), we have

‖θnL − SN0θ
n
L‖L∞

T (B
d/p1
p1,1

)
≤ cm for all n ∈ N. (1.50)

Step 2. Uniform bounds

Bounding (θ̄n+1, ūn+1,∇Qn+1) in terms of the free solution (θL, uL) and of (θ̄n, ūn,∇Qn)
relies on Propositions 1.1 and 1.2 with s = d/p1 and s = d/p2 − 1, respectively, and
N = N0 (here we have to take c small enough in (1.50)). Using the fact that, as pointed
out by Remark 1.3, taking T smaller if needed allows to discard C1‖∆−1θ̄

n+1‖L1
t (L

p1 ) and

C2‖∆−1ū
n+1‖L1

t (L
p2 ) in the estimates, we get, under the condition (1.8),

‖θ̄n+1‖Xp1 (T ) ≤ C exp

{
C1

(
‖∇un‖

L1
T (B

d/p2
p2,1

)
+ ‖∇κn‖2

L2
T (B

d/p1
p1,1

)

)}
‖Hn

1 ‖L1
T (B

d/p1
p1,1

)
,

‖ūn+1‖Y p2 (T ) + ‖∇Q
n+1‖Zp2 (T ) ≤ C‖H

n
2 ‖L1

T (B
d/p2−1
p2,1

∩L2)

× exp

{
C2

(
‖∇un‖

L1
T (B

d/p2
p2,1

)
+ ‖∇un‖

4/3

L
4/3
T (B

d/p2−1/2
p2,1

)

+‖∇ηn‖2
L2
T (B

d/p1
p1,1

)
+ ‖∇ηn‖4

L4
T (B

d/p1−1/2
p1,1

)

)}
.
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From Proposition 0.5 and elementary interpolation inequalities, we gather that all the terms
in the exponential may be bounded by ‖θn‖Xp1 (T ) + ‖u

n‖Y p2 (T ) to some power. Therefore,
if we assume that

‖θn‖Xp1 (T ) + ‖u
n‖Y p2 (T ) ≤ 2CM (1.51)

then we have 2

‖θ̄n+1‖Xp1 (T ) ≤ CM

(
‖hn1‖L1

T (B
d/p1
p1,1

)
+ ‖un ·∇θn+1

L ‖
L1
T (B

d/p1
p1,1

)
+ ‖(κn− κ̄)∇θn+1

L ‖
L1
T (B

d/p1+1
p1,1

)

)
,

(1.52)

‖ūn+1‖Y p2 (T ) + ‖∇Q
n+1‖Zp2 (T ) ≤ CM

(
‖hn2‖L1

T (B
d/p2−1
p2,1

∩L2)
+ ‖un · ∇un+1L ‖L1

T (B
d/p2−1
p2,1

∩L2)

+ ‖div ((ηn − η̄)∇un+1
L )‖

L1
T (B

d/p2−1
p2,1

∩L2)
+ ‖θ̄n∇Qn+1‖

L1
T (B

d/p2−1
p2,1

∩L2)

)
.

(1.53)

So bounding the right-hand sides of (1.52) and of (1.53) is our next task. Given (1.51),
we easily get

‖hn1‖L1
T (B

d/p1
p1,1

)
≤ CM‖∇θ

n‖2
L2
T (B

d/p1
p1,1

)
,

‖(κn − κ̄)∇θn+1
L ‖

L1
T (B

d/p1+1
p1,1

)
≤ CM

(
‖θn‖

L∞
T (B

d/p1
p1,1

)
‖∇θL‖L1

T (B
d/p1+1
p1,1

)

+‖∇θL‖L2
T (B

d/p1
p1,1

)
‖θn‖

L2
T (B

d/p1+1
p1,1

)

)
.

By view of Estimate (1.41), it is not difficult to get that

‖un · ∇θn+1
L ‖

L1
T (B

d/p1
p1,1

)
. ‖un‖

L2
T (B

d/p2
p2,1

)
‖∇θL‖L2

T (B
d/p1
p1,1

)

+‖un‖
L
2/(2−ε)
T (B

d/p2+1−ε
p2,1

)
‖∇θL‖L2/ε

T (B
d/p1−1+ε
p1,1

)

whenever ε ∈ [0, 1] and d/p1 ≤ 1− ε+ d/p2.

Next, computations similar to those that enable us to bound hn2 in the homogeneous
framework lead to

‖hn2‖L1
T (B

d/p2−1
p2,1

)
≤ CM

(
‖∇θn‖2

L2
T (B

d/p1
p1,1

)
+ ‖∇2θn‖

L2
T (B

d/p1−1
p1,1

)
‖∇θn‖

L2
T (B

d/p1
p1,1

)

+ ‖∇2θn‖
L
2/(2−ε)
T (B

d/p1−ε
p1,1

)
‖∇θn‖

L
2/ε
T (B

d/p1−1+ε
p1,1

)
+ ‖∇θn‖

L2
T (B

d/p1
p1,1

)
‖∇un‖

L2
T (B

d/p2−1
p2,1

)

)
,

provided

p1 < 2d, p1 ≤ 2p2,
1

p1
+

1

p2
>

1

d
and

1

p2
≤

1

p1
+

1

d
−
ε

d
for some ε ∈ [0, 1],

and for p1 ≤ 4,

‖hn2‖L1
T (L2) ≤ CM

(
‖∇θn‖L2

T (L∞)‖∇θ
n‖2

L4
T (B

d/p1−1/2
p1,1

)

+ ‖∇2θn‖
L
4/3
T (B

d/p1−1/2
p1,1

)
‖∇θn‖

L4
T (B

d/p1−1/2
p1,1

)
+ ‖∇θn‖

L4
T (B

d/p1−1/2
p1,1

)
‖∇un‖

L
4/3
T (B

d/p2−1/2
p2,1

)

)
.

2. In all that follows, we denote by CM a suitable increasing function of M. To simplify the notation, we
omit the dependency with respect to d, N, p1, p2, etc.
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Under Condition (1.8), we have furthermore

‖un ·∇un+1
L ‖

L1
T (B

d/p2−1
p2,1

∩L2)
. ‖un‖

L2
T (B

d/p2
p2,1

)
‖uL‖L2

T (B
d/p2
p2,1

)
+‖un‖

L4
T (B

d/p2−1/2
p2,1

)
‖∇uL‖L4/3

T (B
d/p2−1/2
p2,1

)

‖div
(
(ηn−η̄)∇un+1L

)
‖
L1
T (B

d/p2−1
p2,1

∩L2)
. ‖∇θn‖

L2
T (B

d/p1
p1,1

)
‖∇uL‖L2

T (B
d/p2−1
p2,1

)

+ ‖θn‖
L∞
T (B

d/p1
p1,1

)
‖uL‖L1

T (B
d/p2+1
p2,1

)
+ ‖∇θn‖

L4
T (B

d/p1−1/2
p1,1

)
‖∇uL‖L4/3

T (B
d/p2−1/2
p2,1

)
,

‖θ̄n∇Qn+1‖
L1
T (B

d/p2−1
p2,1

∩L2)
. ‖θ̄n‖

L∞
T (B

d/p1
p1,1

)
‖∇Qn+1‖

L1
T (B

d/p2−1
p2,1

∩L2)
.

Let us fix some small positive constant τM that we shall specify later on and let us
assume that T has been chosen so that

‖θL‖L2/ε
T (B

d/p1+ε
p1,1

)∩L4
T (B

d/p1+1/2
p1,1

)∩L1
T (B

d/p1+2
p1,1

)
+ ‖uL‖L4

T (B
d/p2−1/2
p2,1

)∩L1
T (B

d/p2+1
p2,1

)
≤ τM . (1.54)

Note that, in order that the above condition is satisfied for some positive T even if θ0
is large, we have to rule out the case ε = 0. This accounts for the strict inequality in the
conditions

d/p1 < 1 + d/p2 and d/p2 < 1 + d/p1,

that we did not have in the statement of Theorem 1.2.
Now, plugging all the above estimates in (1.52) and (1.53) yields (up to a harmless

change of CM )

‖θ̄n+1‖Xp1 (T ) + ‖ū
n+1‖Y p2 (T ) + ‖∇Q

n+1‖Zp2 (T )

≤ CM

(
‖θ̄n‖Xp1 (T )(‖θ̄

n‖Xp1 (T ) + ‖ū
n‖Y p2 (T ) + ‖∇Q

n+1‖Zp2 (T ))

+τM
(
‖θ̄n‖Xp1 (T ) + ‖ū

n‖Y p2 (T )

)
+ τ2M + τM‖θL‖L∞

T (B
d/p1
p1,1

)

)
.

Using (1.44) so as to bound the last term, we see that if we assume that

‖θ̄n‖Xp1 (T ) + ‖ū
n‖Y p2 (T ) + ‖∇Q

n‖Zp2 (T ) ≤ KτM (1.55)

for some K = K(M) that we shall choose below, and take τM so that

CMτMK ≤ 1/2

then

‖θ̄n+1‖Xp1 (T ) + ‖ū
n+1‖Y p2 (T ) + ‖∇Q

n+1‖Zp2 (T ) ≤ 2CMτM
(
M + (K2 +K + 1)τM

)
.

Hence (θ̄n+1, ūn+1,∇Q̄n+1) satisfies (1.55) too if we take K = 2CM (1 +M) and assume
that τM also satisfies

(1 +K +K2)τM ≤ 1.

This completes the proof of a priori estimates on any interval [0, T ] such that (1.54) is
fulfilled.

Step 3. Convergence

The equation for (δθn+1, δun+1,∇δQn+1) = (θn+1− θn, un+1− un,∇Qn+1−∇Qn) reads




∂tδθ
n+1 + un · ∇δθn+1 − div (κn∇δθn+1) = In,

∂tδu
n+1 + un · ∇δun+1 − div (ηn∇δun+1) + (1 + θnL)∇δQ

n+1 = Jn,
div δun+1 = 0,

(δθn+1, δun+1)|t=0 = (∆N0+nθ0,∆N0+nu0),
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where

In =− δun · ∇θn + div (δκn∇θn) + hn1 − h
n−1
1 ,

Jn =− δun · ∇un + div (δηn∇un)− δθn∇Qn − θ̄n∇δQn+1 + hn2 − h
n−1
2 .

Let bn = 2(N0+n)d/p1‖∆N0+nθ0‖Lp1 and dn = 2(N0+n)(d/p2−1)‖∆N0+nu0‖Lp2 . Since θ0 ∈

B
d/p1
p1,1

and u0 ∈ B
d/p2−1
p2,1

, we have (bn) ∈ ℓ
1 and (dn) ∈ ℓ

1.

To simplify the presentation, we assume that p1 ≥ p2. Then, applying Propositions 1.1
and 1.2 and using the bounds of the previous step, we get (bearing in mind that if τM is
sufficiently small in (1.55) then one may absorb θ̄n∇δQn+1) :

‖δθn+1‖Xp1 (T ) ≤ Cbn + CM

((
‖δun‖

L2
T (B

d/p2
p2,1

)
+ ‖δθn‖

L2
T (B

d/p1+1
p1,1

)

)
‖θn‖

L2
T (B

d/p1+1
p1,1

)

+‖δθn‖
L∞
T (B

d/p1
p1,1

)

(
‖θn‖

L1
T (B

d/p1+2
p1,1

)
+ ‖θn‖2

L2
T (B

d/p1+1
p1,1

)

)

+‖δθn‖
L2
T (B

d/p1+1
p1,1

)
‖θn−1‖

L2
T (B

d/p1+1
p1,1

)

)
,

‖δun+1‖Y p2 (T ) + ‖∇δQ
n+1‖Zp2 (T ) ≤ Cdn

+CM

(
‖δθn‖

L∞
T (B

d/p1
p1,1

)

(
‖(θn−1, θn)‖2

L2
T (B

d/p1+1
p1,1

)
+ ‖θn−1‖

L1
T (B

d/p1+2
p1,1

)
+ ‖∇Qn‖Zp2 (T )

)

+‖δθn‖
L2
T (B

d/p1+1
p1,1

)

(
‖(θn, θn−1)‖

L2
T (B

d/p1+1
p1,1

)
+ ‖(θn, θn−1)‖2

L4
T (B

d/p1+1/2
p1,1

)
+ ‖un‖

L2
T (B

d/p2
p2,1

)

)

+‖δθn‖
L4
T (B

d/p1+1/2
p1,1

)

(
‖un‖

L
4/3
T (B

d/p2+1/2
p2,1

)
+ ‖θn−1‖

L
4/3
T (B

d/p1+3/2
p1,1

)

)

+‖δθn‖
L
4/3
T (B

d/p1+3/2
p1,1

)
‖θn‖

L4
T (B

d/p1+1/2
p1,1

)
+ ‖δθn‖

L
2/(2−ε)
T (B

d/p1+2−ε
p1,1

)
‖θn‖

L
2/ε
T (B

d/p1+ε
p1,1

)

+‖δun‖
L2
T (B

d/p2
p2,1

)

(
‖un‖

L2
T (B

d/p2
p2,1

)
+ ‖θn−1‖

L2
T (B

d/p1+1
p1,1

)

)

+‖δun‖
L4
T (B

d/p2−1/2
p2,1

)
‖un‖

L
4/3
T (B

d/p2+1/2
p2,1

)
+ ‖δun‖

L
4/3
T (B

d/p2+1/2
p2,1

)
‖θn−1‖

L4
T (B

d/p1+1/2
p1,1

)

)

where C = C(d, p1, p2).

Let us emphasize that, according to (1.54) and (1.55), the previous inequalities imply
that, up to a change of CM , we have

Bn+1(T ) ≤ CMτMB
n(T ) + C(bn + dn).

with Bn(T ) = ‖δθn‖Xp1 (T ) + ‖δu
n‖Y p2 (T ) + ‖∇δQ

n‖Zp2 (T ).

Therefore, taking τM small enough, we end up with

Bn+1(T ) ≤
1

2
Bn(T ) + C(bn + dn).

As (bn) and (dn) are in ℓ1, one may thus conclude that
∑

(Bn(T )) < ∞ , which is to
say (θn, un,∇Qn)n∈N is a Cauchy sequence and converges to a solution (θ, u,∇Q) of the
system (1.1) in the space Ep1,p2T which also satisfies the estimates (1.10) (that ϑ ≥ m is a
consequence of the maximum principle for the parabolic equation satisfied by ϑ).

Step 4. Stability estimates and uniqueness

To prove the stability, i.e. the continuity of the flow map, and the uniqueness, we consider
two solutions (θ1, u1,∇Q1) and (θ2, u2,∇Q2) of System (1.1) in Ep1,p2T with initial data
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(θ10, u
1
0) and (θ20, u

2
0), respectively. Let ϑ

1 = 1 + θ1 and ϑ2 = 1 + θ2. We assume in addition
that

ϑ1, ϑ2 ≥ m

and we fix some large enough integer N1 so that

m/2 ≤ 1 + SN1θ
1 and ‖θ1 − SN1θ

1‖
L∞
T (B

d/p1
p1,1

)
≤ cm

with c given by Condition (1.39). Finally, we denote by M a common bound for the two
solutions in Ep1,p2T .

The proof goes from arguments similar to those of the previous step : we notice that
the difference of the two solutions (δθ, δu,∇δQ) := (θ1 − θ2, u1 − u2,∇Q1 −∇Q2) satisfies





∂tδθ + u1 · ∇δθ − div (κ(θ1)∇δθ) = I,
∂tδu+ u1 · ∇δu− div (η(θ1)∇δu) + ϑ1∇δQ = J,

div δu = 0,
(δθ, δu)|t=0 = (δθ0, δu0),

where

I =− δu · ∇θ2 +∇ · (δκ∇θ2) + h1(1 + θ1)− h1(1 + θ2),

J =− δu · ∇u2 +∇ · (δη∇u2)− δθ∇Q2 + h2(1 + θ1, u1)− h2(1 + θ2, u2).

Let B(t) = ‖δθ‖Xp1 (t)+‖δu‖Y p2 (t)+‖∇δQ‖Zp2 (t). Then arguing exactly as in the previous
step, we get for small enough t,

B(t) ≤ CM,N1

(
‖δθ0‖Bd/p1

p1,1

+ ‖δu0‖Bd/p2−1
p2,1

+
(
‖(θ1, θ2)‖

L2
t (B

d/p1+1
p1,1

)∩L4
t (B

d/p1+1/2
p1,1

)

+‖θ1‖
L
4/3
t (B

d/p1+3/2
p1,1

)∩L4
t (B

d/p1+1/2
p1,1

)
+ ‖θ2‖

L1
t (B

d/p1+2
p1,1

)∩L
2/ε
t (B

d/p1+ε
p1,1

)

+‖u2‖
L2
t (B

d/p2
p2,1

)∩L
4/3
t (B

d/p2+1/2
p2,1

)
+ ‖∇Q2‖Zp2 (t)

)
B(t)

)
.

If the initial data coincide then we have B(0) = 0. Given that the factors of B(t) in
the right-hand side go to 0 when t goes to 0, we thus get B ≡ 0 on a small enough time
interval. Then, from standard continuation arguments, we conclude to uniqueness on the
whole time interval [0, T ].

In the more general case where the initial data do not coincide, then one may split both
solutions into

θi = θiL + θ̄i and ui = uiL + ūi,

where (θiL, u
i
L) stands for the free solution of (1.43) pertaining to data (θi0, u

i
0).

If ‖δθ0‖Bd/p1
p1,1

+ ‖δu0‖Bd/p2−1
p2,1

≤ δ, then we have

‖θ2L − θ
1
L‖Xp1 (T ) + ‖u

2
L − u

1
L‖Y p2 (T ) ≤ Cδ.

By arguing as in step two, one may also prove that if T is so small as to satisfy (1.54)
for (say) (θ1L, u

1
L) and τM = δ (with δ small enough) then (θ̄1, ū1,∇Q1) satisfies (1.55). The-

refore, from the above inequality, one may conclude that B(T ) ≤ 2CM,N1δ. This completes
the proof of the continuity of the flow map.
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1.4 General gases

At the end of this chapter, let us consider the low Mach number limit system of the
general gases (0.33) :





∂tϑ+ u · ∇ϑ− div (κ∇ϑ) = h1(ϑ),
∂tu+ u · ∇u− div (η∇u) + ϑ∇Q = h2(ϑ, u),

div u = −α′k|∇ϑ|2,
(1.56)

where the coefficients κ(ϑ), h1(ϑ), η(ϑ), h2(ϑ, u), α(ϑ), k(ϑ) are defined in Section §0.2.
The main difference of the above system from System (1.1) is that the divergence of the

velocity div u depends strongly on the unknown temperature ϑ. Therefore, in the sequel, it
is convenient to consider the following system instead of (1.56) :




∂tϑ+ u · ∇ϑ− div (κ∇ϑ) = h1(ϑ),
div
(
ϑ∇Q) = div (h2 − u · ∇u+Du · ∇η − η∇(α′k|∇ϑ|2)

)
+ ∂t(α

′k|∇ϑ|2),
∂tu+ u · ∇u− div (η∇u) = h2 − ϑ∇Q.

(1.57)

In fact, on one side, applying the operator div to Equation (1.56)2 (noticing Equation
(1.56)3) gives the equation (1.57)2 for ∇Q. On the other side, applying div to (1.57)3
(noticing Equation (1.57)2) issues

∂t
(
div u+ α′k|∇ϑ|2

)
− div

(
η∇
(
div u+ α′k|∇ϑ|2

))
= 0.

If one supposes the initial data (ϑ0, u0) to satisfy

div u0 +
(
α′k
)
(ϑ0)|∇ϑ0|

2 = 0, (1.58)

then according to Proposition 1.1, Equation (1.56)3 follows immediately provided that the
solutions are regular enough and decay at infinity sufficiently.

Slightly nonhomogeneous case

Just as in the ideal gas case, we begin with the small initial data case and rewrite the
system for the unknowns (θ, u,∇Q) with θ = ϑ− 1 as follows :





∂tθ + u · ∇θ − κ̄∆θ = r1(θ),
∂tu+ u · ∇u− η̄∆u+∇Q = r2(θ, u,∇Q),

div u = −α′k|∇θ|2,
(θ, u)|t=0 = (θ0, u0),

(1.59)

with κ̄, η̄, r1 and r2 defined by (1.2). In the following, we will sketch the proof of the
following well-posedness result for the above system (1.59) :

Theorem 1.3. Let (p1, p2) satisfy p1 < d, p2 < 2d, in addition to Condition (1.3). Let the

initial data θ0 ∈ Ḃ
d/p1
p1,1

and u0 ∈ Ḃ
d/p2−1
p1,1

satisfy (1.58).
Then if the initial condition (1.4) is satisfied, then there exists a unique solution (θ, u,∇Q) ∈
Ėp1,p2T , T ∈ (0,+∞] to System (1.59) ; if Condition (1.5) is satisfied additionally, then
T = +∞. Furthermore, the flow map (θ0, u0) 7→ (θ, u,∇Q) is Lipschitz continuous.

The key to the proof is the a priori estimates for the following linearized system of
(1.59) : 




∂tθ + v · ∇θ − κ̄∆θ = r1,
∂tu+ v · ∇u− η̄∆u+∇Q = r2,

div u = −α′k|∇θ|2,
(θ, u)|t=0 = (θ0, u0).

(1.60)
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In the above, v, r1, r2, θ0 and u0 are known smooth functions which decay rapidly at
infinity ; κ̄ and η̄ are two positive constants ; α and k depend regularly on the unknown θ.

Firstly, it is easy to apply Proposition 0.7 to get the a priori estimate for θ :

‖θ‖Ẋp1 (t) . e
C‖v‖

L1
t (Ḃ

d/p2+1
p2,1

)
(
‖θ0‖Ḃd/p1

p1,1

+ ‖r1‖L1
t (Ḃ

d/p1
p1,1

)

)
. (1.61)

A direct computation implies that ‖∂tθ‖L1
t (Ḃ

d/p1
p1,1

)
is bounded by (if 1

p1
≤ 1

p2
+ 1

d)

(
1 + ‖v‖

L2
t (Ḃ

d/p2
p2,1

)

)
e
C‖v‖

L1
t (Ḃ

d/p2+1
p2,1

)
(
‖θ0‖Ḃd/p1

p1,1

+ ‖r1‖L1
t (Ḃ

d/p1
p1,1

)

)
. (1.62)

However, since we don’t have the divergence-free condition for the velocity vector u, we
have to get a new a priori estimate as in Proposition 0.8 for u and ∇Q. Notice that the
system (1.60) is equivalent to the following Cauchy problem (similar to System (1.57))





∂tθ + v · ∇θ − κ̄∆θ = r1,

∆Q = div (r2 − v · ∇u) +
(
∂t(α

′k|∇θ|2)− η̄∆(α′k|∇θ|2)
)
,

∂tu− η̄∆u = r2 −∇Q− v · ∇u,
(θ, u)|t=0 = (θ0, u0).

(1.63)

Let us focus on ∇Q for a while. Except for the estimates (1.11), (1.12), (1.13), (1.14)
and (1.15), we use the following product estimate

‖fg‖
Ḃ

d
p2

−2

p2,1

. ‖f‖
Ḃ

d
p1

−1

p1,1

‖g‖
Ḃ

d
p1

−1

p1,1

, if p1 < d, p1 ≤ 2p2,
1

p2
≤

1

p1
+

1

d
. (1.64)

Finally, ‖∂t(α
′k|∇θ|2) − η̄∆(α′k|∇θ|2)‖

L1
t (Ḃ

d/p2−2
p2,1

)
can be controlled by Quantity (1.62),

multiplied by a coefficient Cθ which may depend on ‖θ‖
L∞
t (Ḃ

d/p1
p1,1

)
. Besides, we have

‖div (r2 − v · ∇u)‖L1
t (Ḃ

d/p2−2
p2,1

)
. ‖r2‖L1

t (Ḃ
d/p2−1
p2,1

)
+

∫ t

0
‖u‖

Ḃ
d/p2
p2,1

‖v‖
Ḃ

d/p2
p2,1

, if p2 < 2d.

Until now, we have got the estimate for ‖∆Q‖
L1
t (Ḃ

d/p2−2
p2,1

)
, and hence the following holds for

∇Q :

‖∇Q‖
L1
t (Ḃ

d/p2−1
p2,1

)
≤ C

(
‖r2‖L1

t (Ḃ
d/p2−1
p2,1

)
+

∫ t

0
‖u‖

Ḃ
d/p2
p2,1

‖v‖
Ḃ

d/p2
p2,1

)
(1.65)

+Cθ(‖θ‖L∞
t (Ḃ

d/p1
p1,1

)
)

(
e
C‖v‖

L1
t (Ḃ

d/p2+1
p2,1

)
(
1 + ‖v‖

L2
t (Ḃ

d/p2
p2,1

)

)(
‖θ0‖Ḃd/p1

p1,1

+ ‖r1‖L1
t (Ḃ

d/p1
p1,1

)

))
.

Now applying Proposition 0.7 to the Cauchy problem (1.63)3 − (1.63)4 yields the follo-

wing estimate for u by use of the interpolation inequality ‖u‖
Ḃ

d/p2
p2,1

. ‖u‖1/2
Ḃ

d/p2−1
p2,1

‖u‖
1/2

Ḃ
d/p2+1
p2,1

and Gronwall’s inequality :

‖u‖Ẏ p2 (t) ≤ Cθ(‖θ‖L∞
t (Ḃ

d/p1
p1,1

)
) exp

{
C(‖v‖2

L2
t (Ḃ

d/p2
p2,1

)
+ ‖v‖

L1
t (Ḃ

d/p2+1
p2,1

)
)
}

(1.66)

×

(
‖u0‖Ḃd/p2−1

p2,1

+ ‖r2‖L1
t (Ḃ

d/p2−1
p2,1

)
+ ‖θ0‖Ḃd/p1

p1,1

+ ‖r1‖L1
t (Ḃ

d/p1
p1,1

)

)
.
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With the a priori estimates (1.61), (1.65) and (1.66) in hand, we can follow the stan-
dard stategy as in Section §1.2 to get the well-posedness result for the slightly nonho-
mogeneous system (1.59). For example, we construct a sequence of approximated solutions
(θn+1, un+1,∇Qn+1) which satisfies Equation (1.63) (instead of System (1.16)) with the ini-
tial data (Ṡn+1θ0, Ṡn+1u0) and the known functions v, r1, r2 taking value at (θn, un,∇Qn).
Making use of the above a priori estimets and almost the same estimates as in Section §1.2
for the nonlinearities, the uniform estimates for the solution sequence hold. Then, denoting
the primitive of the scalar function (α′k)(ϑ) by ζ(ϑ), one arrives at the following system
for the sequence of the differences of the approximated solutions (δθn+1, δun+1, δQn+1) :=
(θn+1 − θn, un+1 − un, Qn+1 −Qn)





∂tδθ
n+1 + un · ∇δθn+1 − κ̄∆δθn+1 = −δun · ∇θn + rn1 − r

n−1
1 ,

∆δQn+1 = div
(
rn2 − r

n−1
2 − δun · ∇un − un · ∇δun+1

)

+(∂t − η̄∆)
(
∇ζn+1 · ∇δθn+1 +∇δζn+1 · ∇θn

)
,

(∂t − η̄∆)δun+1 = rn2 − r
n−1
2 −∇δQn+1 − δun · ∇un − un · ∇δun+1,

(δθn+1, δun+1)|t=0 = (∆̇nθ0, ∆̇nu0).

The above a priori estimates still work for these differences. And one has constructed a
Cauchy sequence in Ėp1,p2T whose limit solves Equation (1.59). Details are omitted.

Fully nonhomogeneous case

Let us move to the well-posedness result in the fully nonhomogeneous case :

Theorem 1.4. Let (p1, p2) satisfies

d ≥ 2,
1

2
<

1

p1
<

1

p2
+

1

d
, p2 ∈ [2, 4] (with p2 < 4 if d = 2). (1.67)

Let ϑ0 ≥ m > 0 and u0 ∈ B
d/p2−1
p1,1

satisfy θ0 = ϑ0 − 1 ∈ B
d/p1
p1,1

and (1.58). Then System
(1.56) has a unique solution (ϑ, u,∇Q) with (θ, u,∇Q) ∈ Ep1,p2T , T ∈ (0,+∞]. Furthermore,
the flow map (θ0, u0) 7→ (θ, u,∇Q) is Lipschitz continuous.

As in the slightly nonhomogeneous case, we mainly strive for getting a priori estimates
for the linearized equations of System (1.56) :





∂tθ + v · ∇θ − div (κ∇θ) = h1,
div
(
ϑ∇Q) = div (h2 − v · ∇u+Du · ∇η − η∇(α′k|∇θ|2)

)
+ ∂t(α

′k|∇θ|2),
∂tu+ v · ∇u− div (η∇u) = h2 − ϑ∇Q,

(θ, u)|t=0 = (θ0, u0).

(1.68)

In the above, v, h1, h2, θ0 and u0 are given smooth functions which decay rapidly at infinity ;
κ, η, ϑ ∈ [m,M ] are positive smooth functions with κ − 1, η − 1, ϑ − 1 ∈ C∞0 (Rd) ; α, k are
positive scalar functions depending on θ ; there exist a small enough constant cm depending
only on d, p1, p2 (see Proposition B.8), an integer N > 0 and a positive time T such that

inf
x∈Rd, t∈[0,T ]

SNϑ(t, x) ≥ m/2 > 0, ‖ϑ− SNϑ‖L∞
T (B

d/p1
p1,1

)
≤ cm. (1.69)

Firstly, Proposition 1.1 still works for θ :

‖θ‖Xp1 (t) ≤ exp

{
C1

(
‖∇v‖

L1
t (B

d/p2
p2,1

)
+ ‖∇κ‖2

L2
t (B

d/p1
p1,1

)

)}

× C1

(
‖θ0‖Bd/p1

p1,1

+ ‖∆−1θ‖L1
t (L

p1 ) + ‖h1‖L1
t (B

d/p1
p1,1

)

)
·

(1.70)
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Consequently, by use of the product estimates, the following holds for ∂tθ :

‖∂tθ‖
L1
t (B

d
p1
p1,1

)∩L2
t (B

d
p1

−1

p1,1
)
≤ exp

{
C

(
‖∇v‖

L1
t (B

d
p2
p2,1

)
+ ‖∇κ‖2

L2
t (B

d
p1
p1,1

)

)}

× C
(
1 + ‖v‖

L2
t (B

d
p2
p2,1

)∩L∞
t (B

d
p2

−1

p2,1
)
+ ‖∇κ‖

L∞
t (B

d
p1

−1

p1,1
)

)

×

(
‖θ0‖

B
d
p1
p1,1

+ ‖∆−1θ‖L1
t (L

p1 ) + ‖h1‖
L1
t (B

d
p1
p1,1

)∩L2
t (B

d
p1

−1

p1,1
)

)
·

(1.71)

It rests to show a similar estimate as in Proposition 1.2 for u and ∇Q. We will follow
the proof of Proposition B.8 in the appendix. Firstly, in order to apply Proposition 0.9 to
Equation (1.68)2, let us consider the following Poisson’s equation

∆Qθ = Lθ := ∂t(α
′k|∇θ|2) ≡ ∂tθ

(
∇(α′k) · ∇θ

)
+ 2∂t∇θ · (α

′k∇θ).

Following the arguments in estimating the pressure term in Chemin’s book [22], one de-
fines the following four quantites by use of the paraproduct operator T and the remainder
operator R (see (0.45) for the definition) :

∇Q1
θ := ∇∆

−1LTθ ,

∇Q2
θ := ∇∆

−1(Id −∆−1)L
R
θ ,

∇Q3
θ = (χTd) ∗ ∇∆−1L

R
θ ,

∇Q4
θ = ∇((1− χ)Td) ∗∆−1L

R
θ .

In the above, χ is the smooth positive function defined in Section §0.3.1, Td is the funda-
mental solution of the Laplace operator ∆ in the space R

d, LTθ denotes the paraproduct
parts of Lθ :

T(∂tθ)
(
∇(α′k) · ∇θ

)
+ T(∇(α′k)·∇θ)(∂tθ) + T(2∂t∇θ)(α

′k∇θ) + T(α′k∇θ)(2∂t∇θ),

and LRθ represents the remainder parts of Lθ :

R(∂tθ,∇(α
′k) · ∇θ) + R(2∂t∇θ, α

′k∇θ).

Since T(∂tθ)(∇(α
′k) ·∇θ) is spectrally supported away from the origin, one deduces from

Proposition A.1 that if d ≥ 2, p1 ≤ 4 and 1
p1
≥ 1

2 −
1
d , then

‖∇∆−1T(∂tθ)
(
∇(α′k) · ∇θ

)
‖L2 . ‖T(∂tθ)

(
∇(α′k) · ∇θ

)
‖B−1

2,2

. ‖T(∂tθ)
(
∇(α′k) · ∇θ

)
‖
B

d/2−2
2,2

. ‖∂tθ‖Bd/p1−1
p1,1

‖∇(α′k) · ∇θ‖
B

d/p1−1
p1,1

.

Similarly, noticing that all the members of ∇Q1
θ and ∇Q2

θ are spectrally supported away
from the origin, according to Proposition A.1, one obtains the following estimate (i.e. Esti-
mate (1.64) with p2 = 2) if d ≥ 2, p1 < d, p1 ≤ 4, 1

p1
≥ 1

2 −
1
d :

‖(∇Q1
θ,∇Q

2
θ)‖L2 . ‖∂tθ‖

B
d
p1

−1

p1,1

‖∇(α′k) · ∇θ‖
B

d
p1

−1

p1,1

+ ‖∂t∇θ‖
B

d
p1

−1

p1,1

‖α′k∇θ‖
B

d
p1

−1

p1,1

. (1.72)

It is easy to see that χTd is integrable. Thus

‖∇Q3
θ‖L2 . ‖∇∆−1L

R
θ ‖L2 . ‖∆−1L

R
θ ‖B−1

2,2
.

Hence (1.72) holds for ∇Q3
θ too. It rests to study ∇Q4

θ :
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– firstly, it is easy to check that ∇((1− χ)Td) ∈ L
a, ∀a > d

d−1 ;

– then, ‖∇Q4
θ‖L2 is controlled by ‖∆−1L

R
θ ‖Lp , ∀1p >

1
2 + 1

d ;

– finally, if p1 < d, 2
p1
≥ 1

p and 1
p1
≥ 1

p −
1
d , i.e. if p1 < 2 ≤ d, then ‖∆−1L

R
θ ‖Lp can be

bounded by the right-hand side of (1.72), up to a constant.
– Hence, (1.72) holds for ‖∇Q4

θ‖L2 .
To conclude, (1.72) holds for ∇Qθ, provided p1 < 2 ≤ d.

Now, applying Proposition 0.9 to Equation (1.68)2 issues that

‖∇Q‖L2 . ‖h2 − v · ∇u+Du · ∇η − η∇(α′k|∇θ|2)‖L2 + ‖∇Qθ‖L2 .

The same argument as to get Estimate (1.72) implies the following estimates if p1 < 2, p2 ≤
4, p2 < 2d, 1

p2
≥ 1

2 −
1
d +

δ
d , ∀δ ≥ 0 :

‖v · ∇u‖L2 . ‖v · ∇u‖
B

d/2−1
2,2

. ‖v‖
B

d/p2−1+δ
p2,1

‖∇u‖
B

d/p2−δ
p2,1

+ ‖v‖
B

d/p2
p2,1

‖∇u‖
B

d/p2−1
p2,1

,

‖Du · ∇η‖L2 . ‖∇u‖
B

d/p2−1
p2,1

‖∇η‖
B

d/p1
p1,1

+ ‖∇u‖
B

d/p2−δ
p2,1

‖∇η‖
B

d/p1−1+δ
p1,1

,

‖∇(α′k|∇θ|2)‖L2 . ‖∇(α′k|∇θ|2)‖
B

d/p1−1
p1,1

≤ Cθ(‖θ‖Bd/p1
p1,1

)‖∇θ‖2
B

d/p1
p1,1

.

Therefore, we arrive at the energy estimate for ∇Q :

‖∇Q‖L1
t (L

2) ≤ ‖h2‖L1
t (L

2) + Cθ(d, p1,M, ‖θ‖
L∞
t (B

d/p1
p1,1

)
)

×
(
‖∇θ‖2

L2
t (B

d
p1
p1,1

)

+ ‖∇θ‖
L2
t (B

d
p1
p1,1

)
‖∂tθ‖

L2
t (B

d
p1

−1

p1,1
)
+ ‖∂tθ‖

L1
t (B

d
p1
p1,1

)

)

+ Cθ

∫ t

0

(
‖v‖

B
d/p2−1+δ
p2,1

+ ‖∇η‖
B

d/p1−1+δ
p1,1

)
‖∇u‖

B
d/p2−δ
p2,1

+
(
‖v‖

B
d/p2
p2,1

+ ‖∇η‖
B

d/p1
p1,1

)
‖∇u‖

B
d/p2−1
p2,1

·

(1.73)

Now we can proceed exactly as in the proof of Proposition B.8. Thanks to Condition
(1.69), one deduces from Equation (1.68)2 that if p2 ≥ 2 then

‖∇Q‖
B

d
p2

−1

p2,1

≤ Cϑ

(
‖h2− v · ∇u+Du · ∇η− η∇(α′k|∇θ|2)‖

B
d
p2

−1

p2,1

+ ‖Lθ‖
B

d
p2

−2

p2,1

+ ‖∇Q‖L2

)
,

for some constant Cϑ depending on N, d, p1, p2,m, ‖∇ϑ‖Bd/p1−1
p1,1

. Noticing p1 < 2 ≤ p2,

one applies the product estimates (e.g. (1.15), (1.64)) to the right-hand side. It entails
that (1.73) also holds for ‖∇Q‖

L1
t (B

d/p2−1
p2,1

)
, with Cθ depending additionally on N, p2,m,

‖(∇ϑ,∇η)‖
L∞
t (B

d/p1−1
p1,1

)
and ‖h2‖L1

t (L
2) replaced by Cθ‖h2‖L1

t (L
2∩B

d/p2−1
p2,1

)
.

Therefore, applying Proposition 1.1, interpolation inequalities and Gronwall’s inequality
to the equation for u (1.68)3, one arrives at the a priori estimate for u and ∇Q (with
δ ∈ (0, d( 1

p2
− 1

2 + 1
d)]) :

‖u‖Y p2 (t) + ‖∇Q‖Zp2 (t)

≤ exp
{
Cθ

(
‖v‖2

L2
t (B

d/p2
p2,1

)
+ ‖v‖

2/δ

L2
t (B

d/p2−1+δ
p2,1

)
+ ‖∇η‖2

L2
t (B

d/p1
p1,1

)
+ ‖∇η‖

2/δ

L2
t (B

d/p1−1+δ
p1,1

)

)}

×
(
‖u0‖Bd/p2

p2,1

+ Cθ

(
‖∆−1u‖L1

t (L
p2 ) + ‖h2‖L1

t (L
2∩B

d/p2−1
p2,1

)

+‖∇θ‖2

L2
t (B

d
p1
p1,1

)

+ ‖∇θ‖
L2
t (B

d
p1
p1,1

)
‖∂tθ‖

L2
t (B

d
p1

−1

p1,1
)
+ ‖∂tθ‖

L1
t (B

d
p1
p1,1

)

))
.

(1.74)

Since we have obtained the a priori estimates (1.70), (1.71) and (1.74), the same strategy
as in Section §1.3.2 works well, with the approximated solutions satisfying Equation (1.68)
(instead of (1.48)). Theorem 1.4 thus follows. Details are left to the reader.
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Chapitre 2

Global existence results for a

special case

2.1 Introduction

This chapter is to study global-in-time existence of weak solutions to zero Mach number
system (0.1) :





∂tρ+ divx(ρv) = 0,
∂t(ρv) + divx(ρv ⊗ v)− divx(µ(∇v +Dv) + νdiv vId ) +∇xΠ = 0,

divx(v + κ∇ln ρ) = 0,
(2.1)

under the following relationship between the viscosity coefficient µ and the diffusion coeffi-
cient κ

κ(ρ)− 2µ′(ρ) = 0. (2.2)

Roughly speaking, this relation implies that the source term in the equation for the newly
introduced divergence-free velocity vector field

u := v + κ∇ln ρ (2.3)

vanishes. In fact, according to the calculation in Subsection §0.2.1 in the introduction, one
arrives at the following system (i.e. System (0.3)) concerning the unknowns (ρ, u,∇π) :





∂tρ+ div (ρv) = ∂tρ+ div (ρu)− div (κ∇ρ) = 0,
∂t(ρu) + div (ρv ⊗ u)− div (2µAu) +∇π = 0,

div u = 0.
(2.4)

Let’s first analyze System (2.4) formally. If we assume the initial density ρ0(x) to be
bounded from below and above by two positive constants ρ∗ and ρ∗ respectively, then
the maximum principle for the parabolic equation (2.4)1 ensures the density to satisfy the
following uniform bound :

ρ(t, x) ∈ [ρ∗, ρ
∗], ∀ t ≥ 0, x ∈ R

d. (2.5)

Furthermore, if ρ is close to a constant, say “1”, at infinity, then we expect the solution
(ρ, u) to satisfy the following two energy equalities which come from taking the L2(Rd)-
inner product between ρ− 1 (resp. u) and (2.4)1 (resp. (2.4)2) :

∫

Rd

|ρ(t)− 1|2 + 2

∫ t

0

∫

Rd

κ|∇ρ|2 =

∫

Rd

|ρ0 − 1|2, ∀ t > 0 , (2.6)
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and ∫

Rd

ρ(t)|u(t)|2 + 4

∫ t

0

∫

Rd

µ|Au|2 =

∫

Rd

ρ0|u0|
2, ∀ t > 0 . (2.7)

Therefore, we complement System (2.4) with initial data (ρ0, u0) verifying

ρ− 1|t=0 = ρ0 − 1 ∈ L2(Rd), u|t=0 = u0 ∈ (L2(Rd))d, 0 < ρ∗ ≤ ρ0 ≤ ρ
∗, div u0 = 0,

(2.8)
hoping that the obtained solution (ρ, u) satisfies (2.6) and (2.7), at least in inequality form.

Moreover, we assume that under the bounds (2.5) imposed on the density, there exist
positive constants κ∗, κ

∗, µ∗, µ
∗ depending only on ρ∗, ρ

∗ such that the physical coefficients
κ and µ also have positive lower and upper bounds :

0 < κ∗ ≤ κ(ρ) ≤ κ
∗, 0 < µ∗ ≤ µ(ρ) ≤ µ

∗, ∀ t ≥ 0, x ∈ R
d. (2.9)

In this chapter, we shall establish the following global existence result for System (2.4) :

Theorem 2.1. There exists a global-in-time weak solution (ρ, u) to Cauchy problem (2.4)-
(2.8) in the following sense :

– ρ− 1 ∈ C([0,+∞);Lp(Rd)) ∩ L2
loc ([0,+∞);H1(Rd)), ∀ p ∈ [2,∞).

ρ satisfies (2.4)1 in L2
loc ([0,+∞);H−1(Rd)) and ρ(0) = ρ0.

The uniform bound (2.5) and Energy Equality (2.6) both hold.
– For any t > 0 and any test function φ(t, x) ∈ (C∞([0,+∞) × R

d))d with compact
support such that div φ = 0, the following holds :

∫

Rd

ρ(t)u(t) · φ−

∫

Rd

ρ0u0 · φ|t=0

−

∫ t

0

∫

Rd

[ρu · ∂tφ+ (ρu− κ∇ρ) · ∇φ · u− 2µAu : Aφ] = 0. (2.10)

– u ∈ C([0,∞); (L2
w(R

d))d) ∩ L2
loc ([0,+∞); (H1(Rd))d), limt→0+ u(t) = u0 in L2(Rd)

and div u = 0 in L2
w(R

+×R
d) with L2

w denoting the Lebesgue space L2 endowed with
weak topology.
There exists a positive constant C depending only on ρ∗, ρ

∗ such that u verifies the
energy inequality

∫

Rd

|u(t)|2 +

∫ t

0

∫

Rd

|∇u|2 ≤ C

∫

Rd

|u0|
2, ∀t > 0. (2.11)

In the above theorem, it is easy to check (according to Condition (0.16)) that ρ and
v := u − κ∇ln ρ ∈ L2([0,+∞); (L2(Rd))d) satisfy System (2.1)-(2.2) in distribution sense.
But owing to a lack of high regularity assumption on the initial density ρ0, we don’t know
the continuity of v at the initial instant, since we can’t even define the quantity κ(ρ0)∇ln ρ0.

Instead, if we assume ρ0 − 1 ∈ H1(Rd) in addition to the initial condition (2.8), that
is, the initial original velocity field v0 belongs to (L2(Rd))d too, then we expect that there
exists a global weak solution (ρ−1, v) ∈ H1(Rd)× (L2(Rd))d to System (2.1)-(2.2), if d = 2
or 3. In fact, if κ ≡ 1, then taking L2(Rd)-inner product between Equation (2.4)1 and ∆ρ
yields

1

2

d

dt
‖∇ρ‖2L2(Rd) + ‖∆ρ‖

2
L2(Rd) ≤

∣∣∣∣
∫

Rd

div (ρu)∆ρ

∣∣∣∣ . (2.12)

Since a priori we have the estimate (noticing div u = 0)

∣∣∣∣
∫

Rd

div (ρu)∆ρ

∣∣∣∣ =
∣∣∣∣
∫

Rd

∇ρ · ∇u · ∇ρ

∣∣∣∣ ≤ ‖∇u‖L2(Rd)‖∇ρ‖
2
L4(Rd), (2.13)
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and the following two interpolation inequalities :

‖∇ρ‖2L4(R2) ≤ C‖∆ρ‖L2(R2)‖∇ρ‖L2(R2), ‖∇ρ‖2L4(R3) ≤ C‖∆ρ‖L2(R3)‖ρ‖L∞(R3), (2.14)

we have from Young’s Inequality and Estimate (2.11) the following two energy estimates :

‖∇ρ‖L∞
t (L2(R2)) + ‖∆ρ‖L2

t (L
2(R2)) ≤ C‖∇ρ0‖L2 e

C
∫ t
0 ‖∇u‖2

L2 ≤ C‖∇ρ0‖L2(R2) e
C‖u0‖2

L2(R2) ,

‖∇ρ‖L∞
t (L2(R3)) + ‖∆ρ‖L2

t (L
2(R3)) ≤ C(‖∇ρ0‖L2 + ‖∇u‖L2

t (L
2)) ≤ C‖(∇ρ0, u0)‖L2(R3) ,

(2.15)

for some constant C depending only on ρ∗, ρ
∗. In the general case where κ depends on ρ,

we consider, instead, the equation for the scalar function a = a(ρ) with ∇a = κ∇ρ and
a(1) = 0 (see (0.36) for the definition). See Section §2.2.2 in the following for more details.

But it is not clear that we can still have v ∈ L∞
t ((L2(Rd))d), in dimension d ≥ 4, due to

a lack of an interpolation inequality like (2.14) which can be used to control the convection
term u · ∇ρ in the equation of the density. Anyway, we have

Theorem 2.2. Let d = 2, 3 and Relation (2.2) hold. For any initial data (ρ0, v0) such that

ρ0 − 1 ∈ H1(Rd), v0 ∈ (L2(Rd))d, 0 < ρ∗ ≤ ρ0 ≤ ρ
∗, div (v0 + κ(ρ0)∇ln ρ0) = 0,

(2.16)
there exists a global-in-time weak solution (ρ, v) to Cauchy problem (2.1)-(2.16) in the sense
given in Theorem 2.1, except with Equality (2.10) replaced by

∫

Rd

ρ(t)v(t) · φ−

∫

Rd

ρ0v0 · φ|t=0 −

∫ t

0

∫

Rd

[ρv · ∂tφ+ ρv · ∇φ · v − σ : Dφ] = 0. (2.17)

Furthermore, the following properties hold :
– In dimension two, the density ρ satisfies Equation (2.1)1 in L2([0,+∞);L2) and the
“velocity” u = v − κ∇ln ρ verifies Energy Equality (2.7).

– The solution (ρ, v) satisfies the following continuity property :

(ρ− 1, v) ∈ C
(
[0,+∞);H1(R2)× (L2(R2))2

)
, if d = 2, (2.18)

ρ− 1 ∈ C
(
[0,+∞);Hs(R3)

)
, ∀ s < 1, and v ∈ C

(
[0,+∞); (L2

w(R
3))3

)
, if d = 3.

– The following energy estimate holds true :

‖(ρ−1, v)‖L∞
t ([0,∞);H1×L2)+‖(∇ρ,∇v)‖L2

t ([0,∞);H1×L2) ≤ C(ρ∗, ρ
∗, ‖(ρ0−1, v0)‖H1×L2).

(2.19)

Next we want to show that the global solutions constructed above are actually unique
for some reasonably smooth initial data when d = 2. We notice that even if ρ−1 ∈ L∞(H1),
it is difficult to show the uniqueness. In fact, if we consider the system for the difference of
any two solutions, then the nonlinear terms in System (2.1) ask the L∞(L∞)-norm control
on the difference of two densities. It is unknown a priori because the difference does not (at
least not obviously) satisfy any parabolic equation and another unlucky thing is that we
can’t embed H1(R2) into L∞(R2). Therefore, we have to resort to Besov functional space
B1

2,1(R
2) which can be embedded both in H1 and in L∞ in dimension 2 and furthermore,

we have already the following existence result, as a special case of Theorem 1.2 :

Theorem 2.3. In dimension 2, for any initial density ρ0 and velocity field u0 which satisfy

0 < ρ∗ ≤ ρ0 ≤ ρ
∗, div u0 = 0 and ‖ρ0 − 1‖B1

2,1
+ ‖u0‖B0

2,1
≤M, (2.20)
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for some positive constants ρ∗, ρ
∗,M, there exists a positive time Tc depending only on

ρ∗, ρ
∗, M such that System (2.4) has a unique solution (ρ, u,∇π) with ρ ∈ [ρ∗, ρ

∗] and
(ρ − 1, u,∇π) ∈ ETc, where the solution space ET := E2,2

T (R2) is the following critical
nonhomogeneous Besov spaces in dimension 2 :

(
C([0, T ];B1

2,1)∩L
1([0, T ];B3

2,1)
)
×
(
C([0, T ];B0

2,1)∩L
1([0, T ];B2

2,1)
)2
×
(
L1([0, T ];B0

2,1)
)2
.

(2.21)

Hence, System (2.4)-(2.20) admits a unique local strong solution (ρ, u,∇π) on its lifespan
[0, T ∗), T ∗ > Tc, with (ρ− 1, u,∇π) ∈ Et for any t < T ∗. Moreover, there exists a positive
time T0 < T ∗ such that (ρ − 1, u)|t=T0 ∈ B3

2,1 × (B2
2,1)

2 ⊂ H2 × (H1)2. Just as in [33],

we therefore consider an extra pseudo-conservation law concerning L∞(H2)× (L∞(H1))2-
norm of the weak solutions which evolve from the initial moment T0. By virtue of the
embedding H2 × (H1)2 ⊂ B1

2,1 × (B0
2,1)

2, this law ensures that these global weak solutions
also belong to the above solution space Et, for all t ≥ T0 (see Lemma 2.4 for more details).
To conclude, thanks to the uniqueness result on the time interval [T0, T

∗), the Cauchy
problem (2.4)-(2.20) has a unique global strong solution (ρ, u,∇π) with (ρ − 1, u,∇π) in
ET for all T ∈ [0,+∞).

The following estimates in Besov spaces hold (see Proposition 0.3 and Proposition 0.5) :

‖f(ρ)− f(1)‖Bs
2,1
≤ C(ρ∗, ρ

∗)‖ρ− 1‖Bs
2,1
, ∀f ∈ C1, s > 0, (2.22)

‖gh‖Bi
2,1
≤ C‖g‖B1

2,1
‖h‖Bi

2,1
, if i = 0, 1. (2.23)

Hence, by use of Equation (2.4)1, it is easy to find that ∂tρ ∈ L
1([0,+∞);B1

2,1(R
2)) and

furthermore, according to the calculation from System (2.1) to System (2.4) in Section
§0.2.1, we have

Theorem 2.4. Let d = 2 and Relation (2.2) hold. For any initial data (ρ0, v0) satisfying

0 < ρ∗ ≤ ρ0 ≤ ρ
∗, div (v0 + κ0∇ln ρ0) = 0, and ρ0 − 1 ∈ B1

2,1(R
2), v0 ∈ (B0

2,1(R
2))2,

(2.24)
System (2.1) has a unique global strong solution (ρ, v,∇Π) with (ρ− 1, v,∇Π) ∈ ET , ∀T ∈
[0,+∞).

Remark 2.1. Theorem 2.4 implies that in dimension two, for any initial datum ρ0 ≥ ρ∗ > 0
such that ρ0 − 1 ∈ B1

2,1, there exists a unique global-in-time solution to the quasilinear heat

equation ∂tρ− div (κ(ρ)∇ρ) = 0 in functional space Cb([0,+∞);B1
2,1) ∩ L

1([0,+∞);B3
2,1).

We will use the following a priori estimate for parabolic systems with elliptic operator of
divergence form in Besov spaces, in dimension 2 (see Proposition 1.1 or Proposition B.1) :

Proposition 2.1. Let s ∈ (−1, 1]. Let a(t, x) ∈ S([0, T ]× R
2) satisfy

{
∂ta− div (κ∇a) = f,

a|t=0 = a0,
(2.25)

where κ = κ(t, x) ≥ κ∗ > 0 is known. Then there exists a constant C depending on κ∗, s
such that for any t ∈ [0, T ], we have the following a priori estimate :

‖a‖L∞
t (Bs

2,1(R
2))∩L1

t (B
s+2
2,1 (R2))

≤
(
‖a0‖Bs

2,1(R
2) + C‖∆−1a‖L1

t (L
2(R2)) + ‖f‖L1

t (B
s
2,1(R

2))

)
× exp

{
C‖∇κ‖2

L2
t (B

1
2,1(R

2))

}
.

(2.26)

54 2.1. INTRODUCTION



CHAPITRE 2. GLOBAL EXISTENCE RESULTS FOR A SPECIAL CASE

Notations : Let us fix some notations which will be used throughout in the present chapter :

– We always take ̺ = ρ− 1 in any environment, that is, ̺0 = ρ0 − 1, ̺ε = ρε − 1, etc.
– All the physical coefficients will always be viewed as the functions of the density ρ for

simplicity. For example, κ′ , dκ
dρ , κ

ε , κ(ρε), etc.
– Functions of the form 〈f〉ε will always be viewed as the regularized functions of f , in

the sense specified in Section §2.2.1 (see (2.27)).
– We write un → u in some Banach space X to represent the strong convergence of the

sequence {un}n to u in space X such that ‖un − u‖X → 0, while un ⇀ u and un
∗
⇀u

in X mean that {un}n converges to u in the associated weak and weak-∗ topology of
space X respectively.

– L2
w(X) denotes the Lebesgue space L2(X) endowed with weak topology.

The rest of this chapter unfolds as follows. The next section is devoted to proving
Theorem 2.1 and Theorem 2.2 whereas the proof of Theorem 2.4 is left in the third section.

2.2 Global existence of weak solutions

In this section we will prove the global-in-time existence of weak solutions, i.e. Theorem
2.1 and Theorem 2.2. The first paragraph is devoted to the case when the initial density ρ0
satisfies ρ0 − 1 ∈ L2(Rd) and the second, is to the case where ρ0 − 1 ∈ H1(R2) or H1(R3).

2.2.1 The case with the density of lower regularity

In this subsection we will prove Theorem 2.1 in two steps. The first step is to solve
the regularized system of the Cauchy problem (2.4)-(2.8) while the second, is devoted to
show that the convergent limit of the obtained regular solution sequence is indeed a weak
solution of this Cauchy problem.

Regularized system

In this paragraph we will consider the regularized system of (2.4)-(2.8). More precisely,
let us fix a nonnegative function ϕ ∈ C∞

0 (Rd) such that

Supp ϕ ∈ B(0, 1), 0 ≤ ϕ ≤ 1,

∫

Rd

ϕ = 1,

and consequently define a sequence of functions {ϕε}ε such that ϕε(x) = ε−dϕ(ε−1x), ∀x ∈
R
d. Given any f ∈ D′(Rd), we set the regularized functions {〈f〉ε}ε as

〈f〉ε , ϕε ∗ f. (2.27)

Now we regularize the Cauchy problem as following 1





∂tρ+ div (ρ 〈u〉ε)− div (〈κ〉ε∇ρ) = 0,

∂t(ρu) + div
(
(ρ〈u〉ε − 〈κ〉ε∇ρ)⊗ u

)
− div (2µAu) +∇π = 0,

div u = 0,
ρ|t=0 = 〈ρ0〉ε,
u|t=0 = 〈u0〉ε.

(2.28)

1. We point out that we don’t have to regularize the coefficient µ since the density ρ as a solution of the
regularized equation (2.28)1 is already smooth, whereas we remain the regularized form of the coefficient κ
to keep uniform with (2.28)1. This implies the uniform energy bound for u.
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It is easy to see that if initial data (ρ0, u0) satisfies (2.8), then we have the following
properties (keep in mind that ̺0 = ρ0 − 1) :

〈̺0〉ε, 〈u0〉ε ∈ H
∞, 〈̺0〉ε → ̺0 in L2, 〈u0〉ε → u0 in L2,

0 < ρ∗ ≤ 〈ρ0〉ε ≤ ρ
∗, div 〈u0〉ε = 0.

In the following, for any ε fixed, we will apply Schauder fixed point theorem to show the
existence of a solution to System (2.28). More precisely, for some positive time T ∈ (0,∞)
fixed, let ER0,T be the convex subset in the Banach space {(ρ, u) | ρ ∈ C([0, T ] × R

d), (ρ −
1, u) ∈ C([0, T ];H1)}, defined by

ER0,T :=
{
(ρ, u) ∈ C([0, T ]× R

d)× C([0, T ];H1) | ρ− 1 ∈ C([0, T ];H1),

0 < ρ∗ ≤ ρ ≤ ρ
∗, div u = 0 a.e. on [0, T ]× R

d,

‖(ρ− 1, u)‖L∞(0,T ;L2), ‖(∇ρ,∇u)‖L2(0,T ;L2) ≤ R0

}
, (2.29)

with R0 depending only on the initial data, to be determined later. Then, we can define a
map F from ER0,T to itself : given any element (ρ̃, ũ) ∈ ER0,T , F maps it to the unique
smooth solution (ρ, u) ∈ ER0,T of the following system (with κ̃ = κ(ρ̃))





∂tρ+ div (ρ 〈ũ〉ε)− div (〈κ̃〉ε∇ρ) = 0,

∂t(ρu) + div
(
(ρ〈ũ〉ε − 〈κ̃〉ε∇ρ)⊗ u

)
− div (2µ(ρ)Au) +∇π = 0,

div u = 0,
ρ|t=0 = 〈ρ0〉ε,
u|t=0 = 〈u0〉ε.

(2.30)

We will furthermore show that this mapping is continuous and its image F (ER0,T ) is contai-
ned in some compact subset of ER0,T . Hence F has a fixed point which is the solution to
System (2.28). At last, the uniqueness of the solution will be proven.

Now we state the well-posedness result for System (2.28) :

Proposition 2.2. For any positive time T ∈ (0,+∞), there exists a unique smooth solution
(ρ, u) ∈ ER0,T to System (2.28), such that (ρ− 1, u) ∈ C([0, T ];H∞).

Proof. Throughout the proof, we will use frequently the notation Cε to denote the constants
which may depend on ε, T, ρ∗, ρ

∗ and R0. Letm ∈ N, then the notation Cε(m) denotes those
constants Cε depending additionally on m.

We consider first the following linear equation for ̺ := ρ− 1

{
∂t̺+ 〈ũ〉ε · ∇̺− div (〈κ̃〉ε∇̺) = 0,

̺|t=0 = 〈̺0〉ε.
(2.31)

To solve it, we will use Friedrich’s method. For any n ∈ N, we define the space L2
n to

be the closed set of L2 functions with Fourier transform supported in the ball of center 0
and radius n and the associated orthogonal projector Pn is defined by P̂nf(ξ) = 1|ξ|≤nf̂(ξ),
then we immediately get a unique solution ̺n ∈ C([0, T ];L

2
n)∩C

1((0, T );L2
n) to the following

system : {
∂t̺n + Pn(〈ũ〉ε · ∇̺n)− Pndiv (〈κ̃〉ε∇̺n) = 0,

̺n|t=0 = Pn〈̺0〉ε.
(2.32)

In fact, it is easy to see that the above equation is a linear ordinary differential equation on
L2
n.
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Now taking the L2(Rd) inner product between (2.32) and ̺n and integrating by parts
give the following a priori estimate (noticing that div 〈ũ〉ε = 0, Pn̺n = ̺n and 〈Pnf, g〉L2 =
〈f, Png〉L2) :

1

2

d

dt
‖̺n‖

2
L2 +

∫

Rd

〈κ̃〉ε|∇̺n|
2 = 0,

that is,
‖̺n‖

2
L∞
T (L2) + C‖∇̺n‖

2
L2
T (L2) ≤ ‖̺n|t=0‖

2
L2 ≤ ‖̺0‖

2
L2 . (2.33)

Similarly, we can multiply (2.32) by ∆̺n, ∆
2̺n, · · · and integrate on the whole space R

d,
to get

‖̺n‖
2
L∞
T (Hm) + ‖̺n‖

2
L2
T (Hm+1) ≤ Cε(m), ∀m ∈ N. (2.34)

Hence, the fact that ̺n solves (2.32) implies that

‖∂t̺n‖L∞
T (Hm) ≤ ‖〈ũ〉ε · ∇̺n‖L∞

T (Hm) + ‖〈κ̃〉ε∇̺n‖L∞
T (Hm+1) ≤ Cε(m), ∀m ∈ N. (2.35)

Thus by Inequality (2.34), Inequality (2.35) and Arzelà-Ascoli Theorem, there exists a
unique ̺ ∈ C([0, T ];H∞) such that for any fixed j ∈ N, one has a convergent subsequence
{̺nj} ⊂ · · · ⊂ {̺n1} ⊂ {̺n} with

̺nj → ̺ in L∞
T (Hj

loc ). (2.36)

Now we rewrite (2.32) as

∂t̺n + 〈ũ〉ε · ∇̺n − div (〈κ̃〉ε∇̺n) = (Id − Pn)div (〈ũ〉ε̺n − 〈κ̃〉ε∇̺n). (2.37)

Since ∀s ∈ R, we have

‖(Id − Pn)f‖Hs ≤
1

n
‖f‖Hs+1 , (2.38)

thus let nj go to∞, then the above uniform bounds and the convergence result (2.36) imply
that the limit ̺ ∈ C([0, T ];H∞) really solves (2.31) and satisfies Estimates (2.33), (2.34)
and (2.35). Moreover, by maximum principle, we have

0 < ρ∗ ≤ ̺+ 1 ≤ ρ∗. (2.39)

On the other hand, the linearity of the equation (2.31) and the fact that the solution depends
continuously on the initial data (see (2.33)) yield the uniqueness of the solution.

Now we move to solve the following Cauchy problem in C([0, T ];H∞) with ̺ ∈ C([0, T ];H∞)
satisfying (2.31) given above (which amounts to solving (2.30)2 − (2.30)3 − (2.30)5) :





ρ∂tu+ (ρ〈ũ〉ε − 〈κ̃〉ε∇ρ) · ∇u− div (2µAu) +∇π = 0,
div u = 0,
u|t=0 = 〈u0〉ε.

(2.40)

We will proceed exactly as above. Firstly, we look for un ∈ C([0, T ];L
2
n) ∩ C

1((0, T );L2
n)

satisfying {
∂tun + Pn(Lun) = 0,

un|t=0 = Pn〈u0〉ε,
(2.41)

where the linear operator L is defined by 2

Lun =
(
〈ũ〉ε − 〈κ̃〉ερ

−1∇ρ
)
· ∇un + ρ−1∇µ ·Dun − ρ

−1div (µ∇un) + ρ−1∇πn, (2.42)

2. We multiply (2.40)1 by ρ−1 and rewrite the quantity −ρ−1div (2µAu) into a summation of one 2-order
term and one 1-order term by use of div u = 0.
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with ∇πn satisfying

div (ρ−1∇πn) = −div
(
(〈ũ〉ε − ρ

−1〈κ̃〉ε∇ρ) · ∇un + 2µ∇ρ−1 ·Aun

)
. (2.43)

We point out here that the following equality holds true :

div (ρ−1div (2µAu)) ≡ −div (2µ∇ρ−1 ·Au). (2.44)

It is easy to see that the unique map from un to ∇πn defined by the equation (2.43) is
continuous such that

‖∇πn‖L2 ≤ Cε‖∇un‖L2 ≤ Cε(n)‖un‖L2
n
. (2.45)

Therefore the linear map un 7→ Pn(Lun) is continuous on L
2
n which ensures a unique solution

un ∈ C([0, T ];L
2
n) ∩ C

1((0, T );L2
n) of System (2.41).

Now we are at the point to get the uniform estimates for un to show the convergence.
Taking the L2 inner product between (2.41) and un implies that

1

2

d

dt

∫

Rd

|un|
2 +

∫

Rd

µρ−1|∇un|
2 ≤ Cε‖∇un‖L2‖un‖L2 .

Thus by Hölder’s inequality the following uniform estimate for un holds :

‖un‖L∞
T (L2) + ‖∇un‖L2

T (L2) ≤ Cε‖u0‖L2 . (2.46)

Since by induction we have from (2.43) that

‖∇πn‖Hm ≤ Cε(m)‖∇un‖Hm ,

we can multiply (2.41) by ∆mun, with m ∈ N to derive

‖un‖L∞
T (Hm) + ‖∂tun‖L∞

T (Hm) + ‖∇πn‖L∞
T (Hm) ≤ Cε(m), ∀m ∈ N. (2.47)

Hence there exist u ∈ C([0, T ];H∞) and ∇π ∈ L∞((0, T ];H∞) which is given by (2.43) with
un replaced by u, such that u(0) = 〈u0〉ε and for any fixed j ∈ N, there exists a subsequence
{(unj ,∇πnj )} verifying

unj → u in L∞
T (Hj

loc ), ∇πnj ⇀ ∇π in L∞
T (Hj

loc ).

Moreover, (2.38) entails
∂tu+ Lu = 0. (2.48)

Applying the divergence operator div to it yields 3

∂t(div u)− div
(
µρ−1∇div u

)
= 0. (2.49)

Thus the parabolic equation (2.49) ensures that div u = 0. Therefore u truly solves (2.40).
Furthermore, we take the inner product between (2.40) and u, issuing the Energy Equality
(2.7) by use of Equation (2.31) for ρ, which together with the identity ‖Au‖L2 = ‖∇u‖L2

(by div u = 0) entails

‖u‖L∞([0,t];L2) + ‖∇u‖L2((0,t];L2) ≤ C(ρ∗, ρ
∗)‖u0‖L2 , ∀t > 0. (2.50)

Finally, the uniqueness of the solution follows similarly as in the density case.

3. By Definition (2.42) of the operator L, Equation (2.43) of π and Equality (2.44), we have

divLu = div (ρ−1∇µ ·Du− ρ
−1div (µ∇u) + ρ

−1div (2µAu))

= div (ρ−1∇µ ·Du− ρ
−1div (µDu)) = −div (µρ−1∇div u).

58 2.2. GLOBAL EXISTENCE OF WEAK SOLUTIONS



CHAPITRE 2. GLOBAL EXISTENCE RESULTS FOR A SPECIAL CASE

Noticing (2.33) and (2.50), we just have to choose R0 depending on ‖̺0‖L2 , ‖u0‖L2 ,
ρ∗, ρ

∗ such that the operator F : (ρ̃, ũ) 7→ (ρ, u) maps from ER0,T to ER0,T . Furthermore,
the boundedness (2.34), (2.35) and (2.47) ensures that

F : ER0,T 7→ ER0,T ∩
{
(ρ, u) | ‖(̺, ∂tρ, u, ∂tu)‖L∞

T (Hm) ≤ Cε(m), ∀m ∈ N

}
,

which implies that the image of F (i.e. F (ER0,T )) is contained in a compact subset of ER0,T .
In order to show the continuity of the mapping F : (ρ̃, ũ) → (ρ, u), let the sequence

{(ρ̃k, ũk)} converge to (ρ̃, ũ) in ER0,T and we will show that the corresponding smooth
solution sequence {(ρk, uk)} converges to (ρ, u). Indeed, one can argue just as in the proof
of the existence result. More precisely, the solution difference (ρ̄k, ūk,∇π̄k) := (ρ− ρk, u−
uk,∇π −∇πk) solves the following system :




∂tρ̄k + 〈ũ〉ε · ∇ρ̄k − div (〈κ̃〉ε∇ρ̄k) = J1
k := −〈ũ− ũk〉ε · ∇ρk + div

(
〈κ̃− κ̃k〉ε∇ρk

)
,

ρ∂tūk + (ρ〈ũ〉ε − 〈κ̃〉ε∇ρ) · ∇ūk − div (2µAūk) +∇π̄k = J2
k := −ρ̄k∂tuk

−
(
ρ〈ũ− ũk〉ε + ρ̄k〈ũk〉ε − 〈κ̃〉ε∇ρ̄k − 〈κ̃− κ̃k〉ε∇ρk

)
· ∇uk + div

(
2(µ− µk)Auk

)
,

div ūk = 0,
(ρ̄k, ūk)|t=0 = (0, 0).

(2.51)
It is easy to see that for any fixed i ∈ N, ‖∇ρk‖Hi is uniformly bounded and hence
‖J1

k‖Hi−1 → 0 as k →∞. Taking L2(Rd)-inner product between (2.51)1 and ρ̄k,∆ρ̄k,∆
2ρ̄k, · · ·

yields that for any j ∈ N, ‖ρ̄k‖L∞
T (Hj) → 0, and hence ‖J2

k‖Hj → 0. Then, obviously the
pressure difference π̄k satisfies Equation (2.43), with un replaced by ūk and an additional
term div (ρ−1J2

k ) on the right hand side. Hence by iteration argument, one has for any
m ∈ N,

‖∇π̄k‖Hm ≤ Cε(m)(‖∇ūk‖Hm + ‖J2
k‖Hm).

By the induction argument as before, one arrives at ‖ūk‖L∞
T (Hm) → 0. This completes the

continuity proof.
Therefore, Schauder fixed point theorem applies and there exists a fixed point (ρ, u) of

the map F in ER0,T which is also a smooth solution to System (2.28). In order to show
the uniqueness, let (ρ1, u1, π1) and (ρ2, u2,∇π2) be two smooth solutions to System (2.28).
Then the difference (δρ, δu) := (ρ1 − ρ2, u1 − u2) ∈ C([0, T ];H

∞) satisfies the following
system (with ∇δπ := ∇π1 −∇π2)




∂tδρ+ 〈u1〉ε · ∇δρ− div (〈κ1〉ε∇δρ) = −〈δu〉ε · ∇ρ2 +∇ρ2 · ∇〈δκ〉ε +∆ρ2〈δκ〉ε,
ρ1∂tδu+ (ρ1〈u1〉ε − 〈κ1〉ε∇ρ1) · ∇δu− div (2µ1Aδu) +∇δπ = −δρ∂tu2

−
(
ρ1〈δu〉ε + δρ〈u2〉ε − 〈κ1〉ε∇δρ− 〈δκ〉ε∇ρ2

)
· ∇u2 + div

(
2δµAu2

)
,

div δu = 0,
(δρ, δu)|t=0 = (0, 0).

(2.52)
Taking L2-inner product between (2.52)1 (resp. (2.52)2) and δρ (resp. δu) entails the fol-
lowing estimates (with ‖ · ‖ := ‖ · ‖L2(Rd) and some constant C depending on the two
solutions)

d

dt
‖δρ‖2 + ‖∇δρ‖2 ≤ C(‖δu‖+ ‖∇δρ‖)‖δρ‖,

d

dt
‖δu‖2 + ‖∇δu‖2 ≤ C(‖δu‖+ ‖δρ‖+ ‖∇δu‖+ ‖∇δρ‖)‖δu‖.

Hence, summing up the above two estimates and performing Young’s Inequality and then
Gronwall’s Inequality yields

‖δρ‖L∞
T (L2) = ‖δu‖L∞

T (L2) = ‖∇δρ‖L2
T (L2) = ‖∇δu‖L2

T (L2) ≡ 0.
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An induction argument ensures that (δρ, δu) ≡ 0 in C([0, T ];H∞). This ends the proof of
Proposition 2.2.

Remark 2.2. Since in Banach space ER0,T , the bound R0 is independent of the time T ,
Proposition 2.2 actually permits that for any ε, there exists a unique globally-in-time existing
smooth solution (̺ε, uε) ∈ C([0,+∞);H∞) to System (2.28) such that ∀ε > 0, ρε ∈ [ρ∗, ρ

∗],
and the following energy inequalities hold true :

‖̺ε‖L∞(L2)+‖∇ρ
ε‖L2(L2) ≤ C‖̺0‖L2(Rd), ‖u

ε‖L∞(L2)+‖∇u
ε‖L2(L2) ≤ C‖u0‖L2(Rd), (2.53)

with C being a constant depending only on ρ∗, ρ
∗.

Convergence to a weak solution

We now are at the point to show that the solution sequence given above converges to
a weak solution to Cauchy problem (2.4)-(2.8). The smoothing effect on both variables is
useful to use the compactness methods and the strategy is hence quite standard. So let’s
just sketch the proof.

By Remark 2.2, we may assume that there exist subsequences {ρεn}n and {uεn}n of the
solution sequences {ρε}ε and {u

ε}ε respectively such that

̺εn
∗
⇀̺ in L∞(L2 ∩ L∞), uεn

∗
⇀u in L∞(L2), ∇̺εn ⇀ ∇̺, ∇uεn ⇀ ∇u in L2(L2),

with the limit (ρ, u) verifying Estimate (2.53) too.
According to Equation (2.28)1 for the density, {∂t̺

εn} is uniformly bounded in L2
loc (H

−1).
By the classical compactness results, e.g. Aubin-Lions lemma (see also Corollary 4 in Simon
[? ]), one deduces easily that ̺εn → ̺ in C([0, T ];H−1 ∩ L2

w). Thus up to an extraction of
subsequence, we may assume ̺εn → ̺ in L2

T (H
s), s < 1 and a.e. on [0,∞)× R

d.
Since {‖̺εn‖L2

T (H1)}n is uniformly bounded, we have for all n ∈ N, ‖〈̺εn〉η−̺
εn‖L2

T (L2) →

0 when η → 0, and hence in particular ‖〈̺εn〉εn − ̺
εn‖L2

T (L2) → 0 whenever εn → 0. Fur-

thermore, we have ‖〈̺εn〉εn − ̺εn‖L2
T (Hs) → 0, if 0 < s < 1. Similarly, we can assume

‖〈uεn〉εn − u
εn‖L2

T (Hs) → 0 and ‖〈κεn〉εn − κ
εn‖L2

T (Hs) → 0 by considering κ(1+ ̺εn)− κ(1)

instead of κεn . Therefore up to an extraction, we may assume (noticing κεn → κ a.e.)

〈̺εn〉εn → ̺ in L2
T (H

s), 〈uεn〉εn ⇀ u in L2
T (H

s) for s < 1 and 〈κεn〉εn → κ a.e.

Thanks to the uniform bound on ∇ρ and by use of the regularized system (2.28)1 −
(2.28)4, we can easily show that ρ solves Equation (2.4)1 in distribution sense. In fact, we
will use the following convergence result

fngn → (resp.⇀) fg in L2, if fn → (resp.⇀)f in L2 and gn → g a.e.

For example, one has 〈κεn〉εn∇ρ
εn ⇀ κ∇ρ in L2(L2(Rd)).

The above bound (2.53) furthermore ensures that Equation (2.4)1 holds in L2
loc (H

−1).
Thus, we can test it by the solution ̺ ∈ L2

loc (H
1) itself such that Energy Equality (2.6)

hold for ̺ε and ̺ both (notice that div u = 0 in L2
w([0,∞)× R

d)), i.e. for all t ∈ [0,∞),

1

2
‖̺ε(t)‖2L2 + ‖〈κ

ε〉
1
2
ε∇̺

ε‖2L2
t (L

2) =
1

2
‖〈̺0〉ε‖

2
L2 ,

1

2
‖̺(t)‖2L2 + ‖κ

1
2∇̺‖2L2

t (L
2) =

1

2
‖̺0‖

2
L2 .

(2.54)
Now we consider the quantity

1

2
‖̺εn(t)− ̺(t)‖2L2(Rd) + ‖〈κ

εn〉
1
2
εn∇̺

εn − κ
1
2∇̺‖2L2

t (L
2),
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which by Energy Equality (2.54), is equal to

1

2
‖〈̺0〉εn‖

2
L2(Rd) +

1

2
‖̺0‖

2
L2(Rd) −

〈
̺εn(t), ̺(t)

〉
L2(Rd)

− 2
〈
〈κεn〉

1
2
εn∇̺

εn , κ
1
2∇̺

〉
L2
t (L

2)
.

Since we have also 〈κεn〉
1
2
εn∇̺

εn ⇀ κ
1
2∇̺ in L2(L2), the above quantity converges to

‖̺0‖
2
L2 − ‖̺(t)‖

2
L2 − 2‖κ

1
2∇̺‖2L2

t (L
2) = 0.

This implies that

̺εn → ̺ in L∞(L2) and 〈κεn〉
1
2
εn∇̺

εn → κ
1
2∇̺ in L2(L2).

Thus, by the boundedness of ‖̺εn‖L∞([0,∞)×Rd), we have ̺εn → ̺ in L∞(Lp), ∀p ∈ [2,∞).
Therefore, ̺|t=0 = ̺0 in Lp for all p ∈ [2,∞).

The following statement concerning the velocity u follows exactly Proof of Theorem 2.4
in the P.-L. Lions’s book [81]. Let us recall it briefly for the reader’s convenience. Let us first

observe that the Sobolev embedding ensures that {uε}ε is bounded in L∞
T (L2) ∩ L2

T (L
2d
d−2 )

(or L2
T (L

p) with p ∈ [2,∞) if d = 2) for any positive finite time T and hence

{〈uε〉ε ⊗ u
ε} is bounded in L∞

T (L1) ∩ L2
T (L

d
d−1 ) (or L2

T (L
p) with p ∈ [1, 2) if d = 2),

and {∇ρε ⊗ uε} is bounded in L2
T (L

1) ∩ L1
T (L

d
d−1 ) (or L1

T (L
p) with p ∈ [1, 2) if d = 2).

Therefore, in view of the equation (2.28)2 for uε, there exist constants p ∈ (2,∞), m > 1 4

and M depending on T,R0 such that for all divergence-free function φ ∈ LpT (H
m) we have

∣∣∣∣
〈
∂t(ρ

εuε), φ
〉
D′,D

∣∣∣∣ =
∣∣∣∣
〈
−
(
ρε〈uε〉ε − 〈κ

ε〉ε∇ρ
ε
)
⊗ uε + 2µεAuε,∇φ

〉
D′,D

∣∣∣∣ ≤M‖φ‖Lp
T (Hm).

(2.55)
Let us notice that the Leray projector P := Id +∇(−∆)−1div is bounded on each Sobolev

space Hs. Hence from (2.55), we actually have ∂t(P(ρ
εuε)) is bounded in Lp

′

T (H
−m). Since

ρεnuεn converges weakly to ρu, the boundedness of {ρεuε} in L∞
T (L2) implies the existence

of a convergent subsequence (still denoted by ρεnuεn) such that P(ρεnuεn) → P(ρu) in
C([0, T ];L2

w). Hence, we have for any t > 0,

∫ t

0

∫

Rd

ρεn |uεn |2 =

∫ t

0
〈P(ρεnuεn), uεn〉 →

∫ t

0
〈P(ρu), u〉 =

∫ t

0

∫

Rd

ρ|u|2.

Thus ρεnuεn → ρu and uεn → u in L2
loc (L

2). It is easy to find that

ρεn〈uεn〉εn ⊗ u
εn → ρu⊗ u in L2

loc (L
1), µεnAuεn ⇀ µAu in L2

loc (L
2),

and 〈κεn〉εn∇ρ
εn ⊗ uεn → κ∇ρ ⊗ u in L1

loc (L
1). Thus observing Equation (2.28)2, there

exists some distribution of gradient form ∇π such that Equation (2.4)2 holds for the above
limit u at least in distribution sense and hence (2.10) holds. At last, since we restrict
ourselves in the case away from vacuum and we assume initially div u0 = 0, one applies
Theorem 2.2 in [81] to conclude that u ∈ C([0,∞);L2

w) and u(0) = u0 in L2(Rd).

This completes the proof of Theorem 2.1.

4. We notice that Hm1 →֒ Wm2,q if m1 −
d
2
≥ m2 −

d
q
, q ≥ 2.
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2.2.2 The case with the density of higher regularity

In this subsection we will tackle the case with smoother density. It is easy to see that
proving Theorem 2.2 amounts to proving the following :
Let d = 2, 3. For any initial data (ρ0, u0) such that

0 < ρ∗ ≤ ρ0 ≤ ρ
∗, ρ0 − 1 ∈ H1(Rd), u0 ∈ L

2(Rd), div u0 = 0, (2.56)

System (2.4) has a weak solution (ρ, u) satisfying (2.18) and (2.19).
Thus in the first paragraph of this subsection, by establishing a new a priori estimate

in smoother functional space in dimension 2, we deduce that if (2.56) holds for the initial
data, then the weak solutions (ρ, u) got in the last subsection satisfy (2.18) and (2.19).
However in dimension 3, since u 6∈ L4(L4), the L2 inner product between the convection
term div (ρu) and ∆ρ doesn’t make sense a priori. Therefore, we will reprove the existence
of weak solutions by regularizing the system in two levels which, ensures us to get the
uniform estimate (2.15) when the transport velocity is still regularized. This will be done
in the second paragraph.

2D case

We will establish two lemmas (Lemma 2.1 and Lemma 2.2), in order to show that the
global weak solutions (̺, u,∇π) = (ρ− 1, u,∇π) given by Theorem 2.1 but with smoother
initial density ̺0 ∈ H

1(R2), are bounded only by initial data in the Banach space X2(T )×
X1(T )×X−1(T ) for all T ∈ [0,∞] in dimension 2 with

X2(T ) := C([0, T ];H
1(R2)) ∩ L2

T (Ḣ
1 ∩ Ḣ2(R2)),

X1(T ) := C([0, T ];L
2(R2)) ∩ L2

T (Ḣ
1(R2)),

X−1(T ) := (X1(T ))
′ : the dual of the Banach space X1(T ).

In fact, the density ̺ always belongs to the following convex subspace of X2(T ) :

X∗
2 (T ) := X2(T ) ∩ {̺ ∈ L

∞([0, T ]× R
d) | 0 < ρ∗ ≤ ̺(t, x) + 1 ≤ ρ∗, t ∈ [0, T ], x ∈ R

d a.e.}.

However, in order to prove uniqueness and stability, it is not enough to just consider the
solutions in X2(T ) × X1(T ) × X−1(T ), since H

1(R2) can not be embedded into L∞(R2),
which is needed in estimating the nonlinear terms. Therefore we will consider the initial
data in the critical Besov spaces, in order to get a unique global strong solution. This will
be done in next section.

In the following, we will use frequently (explicitly or implicitly) the following Gagliardo-
Nirenberg inequality in dimension 2 :

‖f‖L4(R2) . ‖f‖
1/2
L2(R2)

‖∇f‖
1/2
L2(R2)

. (2.57)

We notice that by (2.57), one has

‖h‖L4
T (L4) . ‖h‖X1(T ) and ‖̺‖L4

T (L4), ‖∇̺‖L4
T (L4) . ‖̺‖X2(T ).

Furthermore, if ̺ ∈ X∗
2 (T ), then the mapping h 7→ f(ρ)h is an isomorphism on X1(T ) (and

hence on X−1(T )) for any diffeomorphism f from [ρ∗, ρ
∗] to R : in fact, we have

‖f(ρ)h‖X1(T ) ≤ C(f, ‖ρ‖L∞
T (L∞))(‖h‖X1(T ) + ‖∇ρ‖L4

T (L4)‖h‖L4
T (L4))

≤ C(f, ‖̺‖X2(T ), ρ∗, ρ
∗)‖h‖X1(T ).
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We now prove first that ∇π ∈ X−1(T ), provided that ̺ ∈ X∗
2 (T ), u ∈ X1(T ). Indeed,

we just have to show that the convergent regular sequence ∇πεn which are solutions of the
following equation (see Equation (2.43))

div (ρ−1∇π) = −div ((〈u〉ε − ρ
−1〈κ〉ε∇ρ) · ∇u+ 2µ∇ρ−1 ·Au), (2.58)

are uniformly bounded in X−1(T ). We introduce the following lemma :

Lemma 2.1. Suppose that the smooth triplet (̺, u,∇π) satisfies Equation (2.58) such that
̺ ∈ X∗

2 (T ), u ∈ X1(T ), then there exists a constant D1 depending only on ρ∗, ρ
∗, ‖̺‖X2(T ),

‖u‖X1(T ) such that
‖∇π‖X−1(T ) ≤ D1. (2.59)

Proof. The proof is very similar to the proof of Lemma 2.1 in [81]. Given any h ∈ X1(T ),
we first claim that we have the decomposition h = h1 + h2 such that

R∧ (ρh1) = 0, div h2 = 0, ‖hi‖X1(T ) ≤ C(ρ∗, ρ
∗, ‖̺‖X2(T ))‖h‖X1(T ), i = 1, 2, (2.60)

whereRi = (−∆)−1/2 ∂
∂xi

, i = 1, 2 denotes the usual Riesz transform and f∧g := f1g2−f2g1.

In fact, we decompose the function ρh ∈ X1(T ) into h̃1 + h̃2 with

h̃1 = −R(R · (ρh)), h̃2 = (Id +R(R·))(ρh), R∧ h̃1 = 0, R · h̃2 = 0,

such that

‖h̃i‖X1(T ) ≤ C‖ρh‖X1(T ) ≤ C(ρ∗, ρ
∗, ‖̺‖X2(T ))‖h‖X1(T ), i = 1, 2.

To prove (2.60) then amounts to searching for a unique function Rv ∈ X1(T ) such that

h1 = ρ−1h̃1 − ρ
−1Rv, h2 = ρ−1h̃2 + ρ−1Rv,

with
div (ρ−1∇V + ρ−1h̃2) = 0, V = (−∆)−1/2v. (2.61)

According to Proposition 0.9, Equation (2.61) admits a unique solution ∇V = Rv such
that

‖Rv‖L∞
T (L2) ≤ C(ρ∗, ρ

∗)‖h̃2‖L∞
T (L2) ≤ C(ρ∗, ρ

∗)‖ρh‖L∞
T (L2) ≤ C(ρ∗, ρ

∗)‖h‖L∞
T (L2).

Now we take the derivative ∇ to (2.61) to arrive at

div (ρ−1∇2V +∇V ⊗∇ρ−1 + (∇(ρ−1h̃2))
T ) = 0,

which similarly gives

‖∇Rv‖L2
T (L2) ≤ C(ρ∗, ρ

∗)
(
‖∇V ‖L4

T (L4)‖∇ρ
−1‖L4

T (L4) + ‖ρ
−1h̃2‖X1(T )

)
.

Thus by (2.57) and Young’s inequality, (2.60) follows.

By the decomposition (2.60), we have for any h ∈ X1(T ),

〈∇π, h〉X−1(T ),X1(T ) = 〈∇π, h1〉 = 〈ρ
−1∇π, ρh1〉.

Therefore Equation (2.58) for ∇π yields

|〈∇π, h〉| =
∣∣∣
〈
(〈u〉ε − ρ

−1〈κ〉ε∇ρ) · ∇u+ 2µ∇ρ−1 ·Au, ρh1

〉∣∣∣
≤ C(‖u‖L4

T (L4) + ‖∇ρ‖L4
T (L4))‖∇u‖L2

T (L2)‖ρh1‖L4
T (L4)

≤ C(ρ∗, ρ
∗, ‖̺‖X2(T ), ‖u‖X1(T ))‖h1‖X1(T ),

which together with (2.60) gives the lemma.
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Remark 2.3. We point out here that, L2
T (H

−1(R2)) ⊂ X−1(T ) by definition and ∆u ∈
L2
T (H

−1(R2)) since ∇u ∈ L2
T (L

2(R2)). But since the “low” regularity ̺ ∈ X2(T ) can not
permit that h 7→ ρh is an isomorphism on L2

T (H
1(R2)) due to a lack of control on ‖∇ρ ⊗

h‖L2
T (L2), it is not clear that ‖∇π‖L2

T (H−1(R2)) is bounded in Lemma 2.1. Even if ρ ≡ 1,
that is in the classical incompressible Navier-Stokes equation case, it is only known that the
pressure term ∇π can be bounded in L2

T (M(R2)) withM(R2) the measure space, denoting
the dual space of C0(R

2).

It is easy to check that the following lemma concerning the unknowns ρ, u,∇π imme-
diately yields Theorem 2.2 when d = 2. Details are omitted here.

Lemma 2.2. Let d = 2. For any initial data (ρ0, u0) satisfying (2.56), the global weak
solution (̺, u,∇π) given by Theorem 2.1 satisfies

‖̺‖X2(T ) + ‖u‖X1(T ) + ‖∇π‖X−1(T ) + ‖∂tρ‖L2
T (L2) + ‖∂tu‖X−1(T ) ≤ D2, (2.62)

with D2 depending only on ρ∗, ρ
∗, ‖̺0‖H1(R2), ‖u0‖L2(R2). Moreover, Energy Equality (2.7)

holds and ̺ ∈ C([0,∞);H1(R2)), u ∈ C([0,∞);L2(R2)).

Proof. By Theorem 2.1, Equation (2.4)1 and Lemma 2.1, to prove (2.62) it rests to prove
̺ ∈ X2(T ) and ∂tu ∈ X−1(T ). In fact, since if u,∇ρ ∈ X1(T ), then ρu, κ∇ρ ∈ X1(T ) and
hence

‖∂tρ‖L2
T (L2(R2)) = ‖ − div (ρu− κ∇ρ)‖L2

T (L2(R2)) ≤ C(ρ∗, ρ
∗, ‖̺‖X2(T ), ‖u‖X1(T )). (2.63)

Assume a priori that ∇̺ ∈ X1(T ). As in (0.36) in the introduction part, set a to be an
antiderivative of κ such that a(1) = 0. Since ∇a = κ∇ρ ∈ X1(T ), then a ∈ L

∞
T (H1 ∩ L∞)

and ∇a ∈ L2
T (H

1). Multiplying (2.4)1 by κ = κ(ρ) yields

∂ta+ u · ∇a− κ∆a = 0 in L2
T (L

2). (2.64)

Taking the L2(R2) inner product with ∆a issues

1

2

d

dt

∫

R2

|∇a|2 −

∫

R2

u · ∇a∆a+

∫

R2

κ|∆a|2 = 0. (2.65)

For any ε > 0, we have from Inequality (2.57) and Young’s Inequality

∣∣∣
∫

R2

u · ∇a∆a
∣∣∣ ≤ ‖u‖L4‖∇a‖L4‖∆a‖L2 ≤ ε‖∆a‖2L2 + Cε‖u‖

4
L4‖∇a‖

2
L2 ,

for some constant Cε. Let us choose sufficiently small ε, then we have shown (by (2.11))

sup
0≤t≤T

‖∇a‖2L2 +

∫ T

0
‖∆a‖2L2 ≤ e

C
∫ T
0 ‖u‖4

L4C‖∇̺0‖
2
L2 ≤ e

C‖u0‖4
L2C‖∇̺0‖

2
L2 , ∀T ≥ 0.

(2.66)
It is also easy to see from (2.65) that ∇a ∈ C([0,∞);L2). Thus ̺ ∈ C([0,∞);H1).

Now since ∆a = κ∆̺+∇κ · ∇̺, we have

‖∆̺‖L2 ≤ C(‖∆a‖L2 + ‖∇a‖2L4) ≤ C‖∆a‖L2(1 + ‖∇a‖L2),

which already gives the estimate for ̺ :

sup
0≤t≤T

‖∇̺(t)‖2L2 +

∫ T

0
‖∇2̺‖2L2 ≤ e

C‖u0‖4
L2C‖∇̺0‖

2
L2(1 + ‖∇̺0‖

2
L2), ∀T ≥ 0. (2.67)
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Now we turn to the equation for u. It is easy to find that

∂tu = −ρ−1
(
∂tρ u+ div ((ρu− κ∇ρ)⊗ u)− div (2µAu) +∇π

)
.

Thus for any h ∈ X1(T ), we have by (2.63)

|〈∂tu, h〉X−1(T ),X1(T )| ≤ ‖∂tρ‖L2
T (L2)‖u‖L4

T (L4)‖ρ
−1h‖L4

T (L4) + |〈∇π, ρ
−1h〉|

+ ‖(ρu− κ∇ρ)⊗ u− 2µAu‖L2
T (L2)‖∇(ρ

−1h)‖L2
T (L2)

≤ C(ρ∗, ρ
∗, ‖̺‖X2(T ), ‖u‖X1(T ), ‖∇π‖X−1(T ))‖h‖X1(T ).

Hence (2.62) follows and (2.4)2 holds in X−1(T ).
In order to show the Energy Equality (2.7), we take the 〈·, ·〉X−1(T ),X1(T ) inner product

between Equation (2.4)2 and u to arrive at (notice (2.4)1 holding in L2
T (L

2))

1

2

d

dt

∫

R2

ρ|u|2 + 2

∫

R2

µ|Au|2 = 0,

which gives (2.7) immediately. This implies u ∈ C([0,∞);L2).

Remark 2.4. Here we have to consider the function a instead of directly the density ρ, in
order to get estimates on ‖∇ρ‖L∞

T (L2)∩L2
T (H1). In fact, if we directly take the derivative on

(2.4)1, then whether the quantity ∇ρ∆ρ issuing from the divergence term div (κ∇ρ) can be
killed by the “good” term ∆∇ρ is not clear.

3D case

Unlike the last paragraph, we do not have Inequality (2.57) in dimension 3. Thus u 6∈
L4(L4(R3)) and hence the quantity

∫
R3 u · ∇a∆a in (2.65) doesn’t make sense. However,

inspired by the computations before Theorem 2.2, we can show first the uniform bounds as
(2.15) for the regular approximated solutions ρε and then, by lower semi-continuity of the
L2-norm, it holds for the weak solution ρ.

More precisely, for any ε > 0 and any δ > 0, we will consider the following regularized
system of Cauchy problem (2.4)-(2.56), instead of System (2.28) 5 :





∂tρ+ div (ρ 〈u〉ε)− div (〈κ〉δ∇ρ) = 0,

∂t(ρu) + div
(
(ρ〈u〉ε − 〈κ〉δ∇ρ)⊗ u

)
− div (2µAu) +∇π = 0,

div u = 0,
(ρ, u)|t=0 = (〈ρ0〉ε, 〈u0〉ε).

(2.68)

Following the same argument as in Subsection 2.2.1, the above system has a unique solution
(ρε,δ, uε,δ) with ρε,δ − 1, uε,δ ∈ C([0,∞);H∞), such that Estimate (2.53) holds uniformly
in ε and δ. Letting δ → 0, then there exists a global-in-time weak solution (ρε, uε) to the
following system





∂tρ+ div (ρ 〈u〉ε)− div (κ∇ρ) = 0,

∂t(ρu) + div
(
(ρ〈u〉ε − κ∇ρ)⊗ u

)
− div (2µAu) +∇π = 0,

div u = 0,
(ρ, u)|t=0 = (〈ρ0〉ε, 〈u0〉ε).

(2.69)

5. Due to Remark 2.4 and u 6∈ L4(L4), we regularize the system in two levels in order to get the bound for
the H1-norm of the density ρ by considering the equation for the scalar function a = a(ρ) with ∇a = κ∇ρ

where the transport velocity is regularized.
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Thanks to the smooth transport velocity, by a similar method as in the proof of Lemma
2.2, the equation for the density ρε holds in the following sense :

∂tρ+ 〈u
ε〉ε · ∇ρ− div (κ∇ρ) = 0 in L2(L2).

In fact, we suppose a priori ρε − 1 ∈ L∞
T (H1 ∩ L∞) ∩ L2

T (H
2) for any T ∈ (0,∞). By use

of the interpolation inequality in dimension 3

‖∇ρ‖L4 . ‖∆ρ‖1/2
L2 ‖ρ‖

1/2
L∞ , (2.70)

one has ∇ρε ∈ L4
T (L

4). Hence the scalar function aε := a(ρε) ∈ L∞
T (H1 ∩ L∞) ∩ L2

T (H
2)

with the function a as defined in the proof of Lemma 2.2 satisfies Equation (2.64) with the
transport velocity 〈uε〉ε. Taking the L2-inner product between it and ∆aε, applying the
following inequality (noticing div (〈uε〉ε) = 0) :

∣∣∣∣
∫

R3

〈uε〉ε · ∇a
ε∆aε

∣∣∣∣ =
∣∣∣∣
∫

R3

∇aε · ∇〈uε〉ε · ∇a
ε

∣∣∣∣ ≤ ‖∇uε‖L2‖∇aε‖2L4 ≤ C‖∇u
ε‖L2‖∆aε‖L2 ,

and then performing Young’s Inequality and Estimate (2.53), we arrive at

‖∇aε‖L∞
T (L2) + ‖∆a

ε‖L2
T (L2) ≤ C(ρ∗, ρ

∗)
(
‖∇aε(0)‖L2 + ‖u0‖L2

)
≤ C

(
‖∇ρ0‖L2 + ‖u0‖L2

)
.

One easily finds that the above estimate also holds for ρε. Therefore, taking into account
also Energy Identity (2.6), we arrive at for all T ∈ (0,∞), ε > 0,

‖ρε − 1‖L∞
T (H1(R3)) + ‖∇ρ

ε‖L2
T (H1(R3)) ≤ C‖(ρ0 − 1, u0)‖H1(R3)×L2(R3). (2.71)

Now we let ε → 0, then the same argument as in Subsection 2.2.1 ensures that there
exists a global-in-time weak solution (ρ, u) to System (2.4) such that Estimate (2.19) holds
and ∇ρ ∈ C([0,∞);L2

w). Define v = u− κ∇ln ρ, then one easily checks that Equality (2.17)
holds for some divergence-free test function φ by virtue of (2.10). This completes the proof
of Theorem 2.2.

2.3 Well-posedness in dimension two

In this section we aim at proving Theorem 2.4, by the arguments before which, we
just have to prove the global-in-time existence of a unique strong solution (ρ, u) to Cauchy
problem (2.4)-(2.20). Indeed, by Theorem 2.3, it rests to show a pseudo-conservation law
concerning L∞(H2)×L∞(H1)-norm of its weak solutions which, should be proved to belong
to (strong) solution space Et (see (2.21) for the definition).

The following lemma supplies the needed conservation law :

Lemma 2.3. We assume (̺, u,∇π) to be a weak solution to System (2.4) with the initial
data ̺0, u0 satisfying the following condition :

0 < ρ∗ ≤ ̺0 + 1 ≤ ρ∗, ̺0 ∈ H
2(R2), u0 ∈ H

1(R2), div u0 = 0, (2.72)

then there exists a constant D3 depending only on ρ∗, ρ
∗, ‖̺0‖H2(R2), ‖u0‖H1(R2) such that

the following a priori estimate holds true :

sup
0≤t≤T

(‖̺‖2H2+‖u‖
2
H1)+

∫ T

0
(‖∇̺‖2H2+‖∇u‖

2
H1+‖∂t̺‖

2
H1+‖∂tu‖

2
L2+‖∇π‖

2
L2) ≤ D3. (2.73)
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Proof. It is easy to see that (2.62) already holds by Lemma 2.2. As usual, we can assume
a priori that ̺ ∈ L∞(H2), ∇̺ ∈ L2(H2) and u ∈ L∞(H1), ∇u ∈ L2(H1). In the follo-
wing we will use thoroughly the Gagliardo-Nirenberg inequality (2.57) and the following
interpolation inequality

‖f‖L∞(R2) . ‖f‖
1/2
L2(R2)

‖∆f‖
1/2
L2(R2)

. (2.74)

We first consider the equation for u. We take the L2 inner product between Equation
(2.4)2 and ∂tu to arrive at

0 =

∫

R2

ρ|∂tu|
2 +

d

dt

∫

R2

2µ|Au|2 +

∫

R2

ρu · ∇u · ∂tu− κ∇ρ · ∇u · ∂tu− 2µ′|Au|2∂tρ.

(2.75)

On the other hand, from the equation (2.4)2 − (2.4)3 we have

∆u = µ−1
(
ρ∂tu+ ρu · ∇u− κ∇ρ · ∇u− 2µ′∇ρ ·Au+∇π

)
, (2.76)

and the elliptic equation for π (similar to (2.43))

div (ρ−1∇π) = −div
(
(u− ρ−1κ∇ρ) · ∇u+ 2µ∇ρ−1 ·Au

)
. (2.77)

Equation (2.77) above gives us the estimate for ∇π :

‖∇π‖L2 ≤ C(‖u‖L4 + ‖∇ρ‖L4)‖∇u‖L4 . (2.78)

Therefore Equality (2.76) entails

‖∆u‖L2 ≤ C
(
‖∂tu‖L2 + (‖u‖L4 + ‖∇ρ‖L4)‖∇u‖L4

)
,

which implies, by applying (2.57) on ∇u and Young’s Inequality,

‖∆u‖L2 ≤ C
(
‖∂tu‖L2 + (‖u‖2L4 + ‖∇ρ‖

2
L4)‖∇u‖L2

)
, (2.79)

and hence
‖∇u‖2L4 ≤ C

(
‖∂tu‖L2‖∇u‖L2 + (‖u‖2L4 + ‖∇ρ‖

2
L4)‖∇u‖

2
L2

)
. (2.80)

Set

I1 ,

∫

R2

ρu · ∇u · ∂tu− κ∇ρ · ∇u · ∂tu− 2µ′|Au|2∂tρ,

then

‖I1‖L1([0,T ]) ≤ C

∫ T

0
(‖u‖L4 + ‖∇ρ‖L4)‖∇u‖L4‖∂tu‖L2 + ‖Au‖2L4‖∂tρ‖L2 .

Thus by Estimate (2.80) and Young’s Inequality, we finally arrive at

‖I1‖L1([0,T ]) ≤ ε

∫ T

0
‖∂tu‖

2
L2 + Cε

∫ T

0
(‖u‖4L4 + ‖∇ρ‖

4
L4 + ‖∂tρ‖

2
L2)‖∇u‖

2
L2 .

Therefore by the equality ‖∇u‖2L2 =
∫
|Au|2 and Estimate (2.62), we can choose suffi-

ciently small ε to deduce from (2.75) that

sup
0≤t≤T

‖∇u‖2L2 +

∫ T

0
‖∂tu‖

2
L2 ≤ Ce

D2‖∇u0‖
2
L2 . (2.81)
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Moreover, by estimates (2.78), (2.79), (2.80) and (2.81), we derive

∫ T

0
‖∆u‖2L2 + ‖∇u‖

4
L4 + ‖∇π‖

2
L2 ≤ C(‖̺0‖H2 , ‖u0‖H1). (2.82)

Now we turn to the density ρ. We further apply “∆” to Equation (2.64) of a, yielding
the equation for the scalar function a = ∆a ∈ L∞(L2) ∩ L2(H1) :

∂ta+ 2∇u : ∇2a+ u · ∇a+∆u · ∇a−∆(κa) = 0. (2.83)

Hence again taking the L2 inner product between (2.83) and a shows

1

2

d

dt

∫

R2

a
2 +

∫

R2

κ|∇a|2 +

∫

R2

2(∇u : ∇2a) a+ (∆u · ∇a)a+ κ′a∇ρ · ∇a = 0. (2.84)

Set

I2 ,

∫

R2

2(∇u : ∇2a) a+ (∆u · ∇a)a+ κ′a∇ρ · ∇a,

then noticing ‖∇ρ‖L4 ≤ C‖∇a‖L4 , we have

‖I2‖L1([0,T ]) ≤ C

∫ T

0
(‖∇u‖L2‖∇2a‖L4 + ‖∆u‖L2‖∇a‖L4 + ‖∇a‖L4‖∇a‖L2)‖a‖L4 .

By use of ‖∇2a‖L4 , ‖a‖L4 . ‖a‖1/2
L2 ‖∇a‖

1/2
L2 , we have from above that

‖I2‖L1([0,T ]) ≤ ε

∫ T

0
‖∇a‖2L2 + Cε

∫ T

0
(‖∇u‖2L2 + ‖∇a‖

4
L4)‖a‖

2
L2 + ‖∆u‖

2
L2 .

Therefore by (2.62), (2.66), (2.82) and Gronwall’s Inequality, Inequality (2.84) gives

sup
0≤t≤T

‖a(t)‖2L2 +

∫ T

0
‖∇a‖2L2 ≤ C exp

{∫ T

0
‖∇u‖2L2 + ‖∇a‖

4
L4

}(
‖a(0)‖2L2 +

∫ T

0
‖∆u‖2L2

)

≤ C(‖̺0‖H2 , ‖u0‖H1), (2.85)

and hence

sup
0≤t≤T

‖∇a(t)‖L4 ≤ sup
0≤t≤T

‖∇a(t)‖
1/2
L2 ‖a(t)‖

1/2
L2 ≤ C(‖̺0‖H2 , ‖u0‖H1). (2.86)

Furthermore, according to the two identities

κ∆̺ = a−∇κ · ∇̺ and κ∇∆̺ = ∇a−∇κ∆̺−∇̺ · ∇2κ−∇κ · ∇2̺,

we get from (2.57) and (2.74) that

sup
0≤t≤T

‖∆̺(t)‖2L2 +

∫ T

0
‖∇∆̺‖2L2 ≤ C(‖̺0‖H2 , ‖u0‖H1). (2.87)

Moreover, Equation (2.4)1 ensures

∇(∂tρ) = −∇ρ ·Du− u · ∇
2ρ+∇a,

which by above yields ∫ T

0
‖∇∂t̺‖

2
L2 ≤ C(‖̺0‖H2 , ‖u0‖H1), (2.88)

which together with the estimates (2.62), (2.81), (2.82) and (2.87) give (2.73).
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Remark 2.5. Compared to Remark 2.3, thanks to the high regularity of the density, we have
control on ‖∇π‖L2(L2) and moreover, we have ∆π ∈ L1(L2). Indeed, it is easy to deduce
from (2.77) that

−ρ−1∆π = ∇ρ−1 · ∇π + (∇u− κρ−1∇ρ) : ∇u− µ∇ρ−1 ·∆u.

Thus by the uniform bound (2.73), one gets ‖∆π‖L1(L2) ≤ C(‖̺0‖H2(R2), ‖u0‖H1(R2)).

The next lemma is devoted to a weak-strong uniqueness result under the initial condition
(2.72), by use of the estimates (2.22) and (2.23).

Lemma 2.4. Under the same hypotheses of Lemma 2.3, suppose (ρ, u,∇π) to be a weak
solution to System (2.4), then (ρ − 1, u,∇π) ∈ ET , ∀T ∈ [0,+∞), and hence is unique
globally in time.

Proof. In this proof, we will always denote by C0 some harmless constant depending only
on the initial data ρ∗, ρ

∗, ‖̺0‖H2(R2), ‖u0‖H1(R2), which may vary from time to time.
Let’s first rewrite the equations for ̺ and u in System (2.4) as following :

{
∂t̺− div (κ∇̺) = −u · ∇̺,

∂tu− div (µρ−1∇u) = −(u− (κρ−1 + µρ−2)∇ρ) · ∇u− ρ−1∇µ ·Du− ρ−1∇π.
(2.89)

By (2.22) and (2.23), the L1
T (B

1
2,1) (resp. L

1
T (B

0
2,1))-norm of the right hand side of Equa-

tion (2.89)1 (resp. (2.89)2) can be bounded by the following two quantities respectively :

C

∫ T

0
‖u‖B1

2,1
‖∇ρ‖B1

2,1
dt and C

∫ T

0

(
(‖u‖B1

2,1
+‖̺‖B2

2,1
)‖∇u‖B0

2,1
+‖̺‖B1

2,1
‖∇π‖B0

2,1

)
dt.

Since ‖̺‖B1
2,1
≤ ‖̺‖H2 and ‖∇π‖B0

2,1
. ‖∇π‖L2 + ‖∆π‖L2 , we have from the uniform

estimate (2.73) and the elliptic equation (2.58) for π

div (ρ−1∇π) = −div ((u− ρ−1κ∇ρ) · ∇u+ 2µ∇ρ−1 ·Au),

that
∫ T

0
‖̺‖B1

2,1
‖∇π‖B0

2,1
dt .

∫ T

0
C0

(
‖∆π‖L2 + ‖(u− κρ−1∇ρ) · ∇u+ 2µ∇ρ−1 ·Au‖L2

)
dt.

Because B0
2,1 →֒ L2, the product estimate (2.23) entails

∫ T

0
‖̺‖B1

2,1
‖∇π‖B0

2,1
dt ≤ C0

∫ T

0
‖∆π‖L2 + C0

∫ T

0
(‖u‖B1

2,1
+ ‖̺‖B2

2,1
)‖∇u‖B0

2,1
dt.

On the other side, it is easy to check that for any C1(R,R)-function f with f(1) = 0,
one has

‖f(ρ)‖L∞(H2) + ‖∇f(ρ)‖L2(H2) ≤ C0.

Therefore, for any solution (̺, u) to System (2.4), Proposition 2.1 tells us that

‖̺‖L∞
T (B1

2,1)∩L
1
T (B3

2,1)
+ ‖u‖L∞

T (B0
2,1)∩L

1
T (B2

2,1)

≤ C0

(
1 +

∫ T

0
‖(̺, u)‖L2 +

∫ T

0
‖u‖B1

2,1
‖∇ρ‖B1

2,1
+ (‖u‖B1

2,1
+ ‖̺‖B2

2,1
)‖∇u‖B0

2,1
+ ‖∆π‖L2

)
.

As we have interpolation inequalities

‖u‖B1
2,1
. ‖u‖1/2

B0
2,1
‖u‖

1/2

B2
2,1
, ‖̺‖B2

2,1
. ‖̺‖1/2

B1
2,1
‖̺‖

1/2

B3
2,1
,
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by Young’s Inequality and Gronwall’s Inequality again, the last three inequalities imply

‖̺‖L∞
T (B1

2,1)∩L
1
T (B3

2,1)
+ ‖u‖L∞

T (B0
2,1)∩L

1
T (B2

2,1)

≤ C0 exp
{∫ T

0
‖∇ρ‖2B1

2,1
+ ‖∇u‖2B0

2,1

}(
1 + ‖(̺, u)‖L1

T (L2) + ‖∆π‖L1
T (L2)

)
.

It is easy to find from Estimate (2.73) and Remark 2.5 that

‖̺‖L∞
T (B1

2,1)∩L
1
T (B3

2,1)
+ ‖u‖L∞

T (B0
2,1)∩L

1
T (B2

2,1)
≤ C0

(
1 + ‖(̺, u)‖L1

T (L2)

)
.

This completes the proof.

Now with Lemma 2.4 in hand, we can easily check that there exists a global-in-time
strong solution to Cauchy problem (2.4)-(2.20). Firstly, Theorem 2.3 ensures a unique strong
solution (ρ1, u1,∇π1) with lifespan T ∗ for some positive time T ∗ > Tc. Hence there exists
T0 ∈ (0, T ∗) such that ̺1(T0) ∈ B

2
2,1 →֒ H2 and u1(T0) ∈ B

1
2,1 →֒ H1. Let (ρ2, u2,∇π2) be

a weak solution which evolves from the initial data ρ1(T0), u1(T0). Thus, by Lemma 2.4,
(ρ2, u2,∇π2) ∈ ET , ∀T ≥ T0. Hence, it coincides with (ρ1, u1,∇π1) on the time interval
[T0, T

∗) by the uniqueness result and moreover, we can choose T ∗ = +∞. In fact, if T ∗ <
+∞, then by the global-in-time boundedness of ‖ρ2− 1‖L∞(B1

2,1)
and ‖u2‖L∞(B0

2,1)
given by

(2.73), the lifespan of (ρ1, u1,∇π1) should go beyond T ∗. This is a contradiction.
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Chapitre 3

Inviscid low-Mach number limit

system

This chapter is devoted to the well-posedness issue for a low-Mach number limit system
with heat conduction but no viscosity, that is, System (0.35) :





∂tρ+ div (ρv) = 0,
∂t(ρv) + div (ρv ⊗ v) +∇Π = 0,

div v − div (αk∇ϑ) = 0,
(3.1)

or equivalently System (0.37) :





∂tρ+ u · ∇ρ− div (κ∇ρ) = 0,
∂tu+ (u+∇b) · ∇u+ λ∇q = h(ρ, u),

div u = 0,
(3.2)

where the coefficients κ = κ(ρ) = kρ−1C−1
P , λ = λ(ρ) = ρ−1 and the source term h

(corresponding to h3 in the introduction part) is defined by the following

h = λdiv (v ⊗∇a) = −u · ∇2b− (u · ∇λ)∇a− (∇b · ∇λ)∇a− div (∇b⊗∇b) . (3.3)

The relation between u, v, a = a(ρ), b = b(ρ) is given by

u = v −∇b, ∇a = κ∇ρ = −ρ∇b, (3.4)

while the relation between the two pressures ∇Π and ∇q is

∇Π = ∇q + ∂t∇a. (3.5)

Notice also that Equation (3.2)2 can be written as the following equation for u :

∂t(ρu) + div (ρv ⊗ u) +∇q = div (v ⊗∇a). (3.6)

Let us note that if κ ≡ 0, then a ≡ b ≡ 0 and hence System (3.2) becomes the so-called
density-dependent Euler equations





∂tρ+ v · ∇ρ = 0,
∂tv + v · ∇v + λ∇q = 0,

div v = 0.
(3.7)

We can see that due to the null heat conduction, the density ρ satisfies a transport equation,
the “source” term h vanishes and the velocity v itself is divergence free. In System (3.2)
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instead, one encounters a quasilinear parabolic-type equation for ρ, the transport velocity
for u is no longer solenoidal and the “source” term h is a little complicated, as it involves
two derivatives of ρ. As early as in 1980, H. Beirão da Veiga and A. Valli in [12, 13, 14]
have investigated the local well-posedness issue in some smooth bounded domain of the
nonhomogeneous Euler system (3.7). We also cite here the book [3] as a good survey of the
boundary-value problems in mechanics for nonhomogeneous fluids. By use of an energy
identity, in [35] R. Danchin studied System (3.7) in the framework of nonhomogeneous
Besov space Bs

p,r(R
d) which can be embedded in C0,1. Recently in [36], R. Danchin and F.

Fanelli has treated the end point case where the Lebesgue exponent p in the Besov space
Bs
p,r is chosen to be ∞. We notice that if morever ρ ≡ 1 is a constant density state, then

System (3.7) reduces to the classical Euler system, which has been deeply studied.
However, to our knowledge, there are not so many theoretical works devoted to heat-

conducting inviscid zero Mach number system (3.1), or equivalently System (3.2). It is
interesting to view System (3.1) as the model for an inviscid fluid consisting of two compo-
nents, both incompressible, with a diffusion effect obeying Fick’s law. In fact, we can write
Equation (3.1)3 as the following Fick’s law :

div (v + κ∇ln ρ) = 0,

with κ denoting the diffusion coefficient. Now ρ, u and v are considered to be the mean
density, the mean-volume velocity and the mean-mass velocity of the mixture respectively.
As usual, ∇Π denotes some unknown pressure. For more physical backgrounds of this
model, see [52]. One can also see [11] for a local existence and uniqueness result of the
initial boudary value problem for this model, in the framework of classical solutions.

In this chapter, we aim at showing some similar results as in [35, 36] about it. We
will work in the framework of general Besov spaces Bs

p,r(R
d), which can be embedded into

the class of Lipschitz functions. Firstly, we consider the case of p ∈ [2, 4], with no further
restrictions on the initial data. Then we tackle the case of any p ∈ ]1,∞], but requiring
also a finite energy assumption, or a smallness condition on the initial density. The extreme
value p = ∞ can be treated due to a new a priori estimate for parabolic equations. A
continuation criterion and a lower bound for the lifespan of the solution are proved as well.

This chapter is organized in the following way.
In the first section we will present our first main results on System (3.2) (the corresponding
results for System (3.1) will be pointed out, in Remark 3.1 for example), i.e. the local
in time well-posedness in Besov spaces Bs

p,r →֒ C
0,1. Firstly, we focus on the case when

p ∈ [2, 4] (see Theorem 3.1) ; then, we consider also the general instance p ∈ ]1,+∞], under
the additional assumptions of data in L2 (see Theorem 3.4) or when the initial density is
a small perturbation of a constant state (Theorem 3.6). We will also state a continuation
criterion for solutions to our system, and a lower bound for the lifespan of the solution in
terms of the norms of the initial data only : this will be done in Theorems 3.2 and 3.3.

In Section §3.2 we will tackle the proof of Theorem 3.1 : it will be carried out in a
standard way. First of all, we will show a priori estimates for the linearized equations.
Then, we will construct inductively a sequence of smooth approximated solutions. Finally,
we will show its convergence to a “real solution” to the original equations.

Section §3.3, instead, is devoted to the proof of the continuation criterion (Theorem 3.2)
and of the lower bound for the lifespan of solutions to system (3.2) (Theorem 3.3).

The finite energy case is presented in Section §3.4. A new estimate for parabolic equa-
tions in Besov spaces Bs

p,∞ will be the key to tackle the case up to this endpoint space, and
so to prove Theorem 3.4.

We will sketch the proof of Theorem 3.6 when the inital density is near a constant state,
in the last section §3.5.
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3.1 Main results

Now let us analyze System (3.2) to introduce our main results. Just as in Chapter 2, in
view of the parabolic equation (3.2)1 for the density, by maximum principle, we can assume
that the density ρ (if it exists on the time interval [0, T ]) has the same positive upper and
low bounds as initial density ρ0 :

0 < ρ∗ ≤ ρ(t, x) ≤ ρ
∗, ∀ t ∈ [0, T ], x ∈ R

d. (3.8)

Correspondingly, the coefficients κ and λ can always be assumed to have positive upper
and lower bounds too, which ensures that the pressure q satisfies an elliptic equation. As
a matter of fact, applying operator “div ” to Equation (3.2)2 gives the following elliptic
equation in divergence form :

div (λ∇q) = div (h− v · ∇u). (3.9)

Since by Equation (3.2)2, there is no gain of regularity for the velocity u as time goes
by, we suppose the initial divergence-free “velocity” field u0 to belong to some space Bs

p,r

which can be continuously embedded in C0,1, i.e. the triplet (s, p, r) ∈ R × [1,+∞]2 only
has to satisfy the following condition :

s > 1 +
d

p
, or s = 1 +

d

p
, r = 1 . (3.10)

This assumption will be enough to have the velocity field u Lipschitz continuous, and so
to preserve the initial regularity as a transport velocity. This at least requires the “source”
term h − λ∇q to belong to L1([0, T ];Bs

p,r) which, according to definition (3.3) of h and
bound (3.8) for ρ, asks at least

∇2ρ ∈ L1([0, T ];Bs
p,r), ∇ρ ∈ L∞([0, T ];L∞), and ∇q ∈ L1([0, T ];Bs

p,r).

Keeping in mind that ρ satisfies the parabolic type equation (3.2)1, we expect to main-
tain the initial regularity and to gain also two orders of regularity with respect to the space
variable when integrating in time (see e.x. Proposition 0.7), at least on a small time interval.
We thus have to assume the difference of the initial density and a constant, say ρ0 − 1, to
be in the same space Bs

p,r as above. However in general, we only get ∇2ρ in time-dependent

Besov space L̃1
T (B

s
p,r), which is a little larger than L1

T (B
s
p,r), see Definition 0.3. Therefore

in the whole context we will deal with the spaces L̃∞
T (Bs

p,r) and L̃
1
T (B

s
p,r) instead.

Let us pay attention to the estimate of the pressure q which requires restrictions on
the Lebesgue exponent p, just as in the nonhomogeneous case in Chapter 1 (see (1.8)).
Firstly, as h− v · ∇u is already in space L̃1

T ([0, T ];B
s
p,r), then since applying operator “∆j”

to Equation (3.9) gives

div (λ∆j∇q) = −div∆j(h− v · ∇u) + div ([λ,∆j ]∇q),

it remains to controlling the commutator div ([λ,∆j ]∇q) and hence the low frequency of
∇q, by the classical commutator estimation. Due to the fact that we have the a priori
estimate

‖∇q‖Lp ≤ C‖h− v · ∇u‖Lp

only when p = 2 (see Lemma 0.9) or very close to 2, but depending strongly on λ, for
Equation (3.9) above, we have to make sure that h− v · ∇u ∈ L2. Hence the fact that h is
composed of quadratic forms entails that p has to verify

p ∈ [2, 4]. (3.11)

Finally, we establish the following theorem, whose proof is shown in Section §3.2.

3.1. MAIN RESULTS 73



CHAPITRE 3. INVISCID LOW-MACH NUMBER LIMIT SYSTEM

Theorem 3.1. Let the triplet (s, p, r) ∈ R× [1,+∞]2 satisfy conditions (3.10) and (3.11).
Let us take an initial density state ρ0 and an initial divergence-free velocity field u0 such
that

0 < ρ∗ ≤ ρ0 ≤ ρ
∗ , ‖ρ0 − 1‖Bs

p,r
+ ‖u0‖Bs

p,r
≤ M , (3.12)

for some positive constants ρ∗, ρ
∗ and M .

Then there exist a positive time T (depending only on ρ∗, ρ
∗,M, d, s, p, r) and a unique

solution (ρ, u,∇q) to System (3.2) such that (̺, u,∇q) = (ρ− 1, u,∇q) belongs to the space
Esp,r(T ), defined as the set of triplet (̺, u,∇π) such that





̺ ∈ C̃([0, T ];Bs
p,r) ∩ L̃

1([0, T ];Bs+2
p,r ) ,

u ∈ C̃([0, T ];Bs
p,r) ,

∇q ∈ L̃1([0, T ];Bs
p,r) ∩ L

1([0, T ];L2) ,

(3.13)

with C̃w([0, T ];B
s
p,r) if r = +∞ (see also Definition 0.3).

Remark 3.1. Let us state briefly here the corresponding wellposedness result for the original
system (3.1). According to the change of variables (3.4), we have u = Pv, ∇b = Qv, where
P denotes the Leray projector over divergence-free vector fields and Q = Id − P. Assume
Conditions (3.10) and (3.11), and the initial datum (ρ0, v0) to satisfy

0 < ρ∗ ≤ ρ0 ≤ ρ
∗ , ∇b(ρ0) = Qv0, ‖ρ0 − 1‖Bs

p,r
+ ‖Pv0‖Bs

p,r
≤ M .

Then, there exist a positive time T (depending only on ρ∗, ρ
∗,M, d, s, p, r) and a unique

solution (ρ, v,∇q) to System (3.1) such that





ρ− 1 ∈ C̃([0, T ];Bs
p,r) ∩ L̃

1([0, T ];Bs+2
p,r ) ,

v ∈ C̃([0, T ];Bs−1
p,r ) ∩ L̃2([0, T ];Bs

p,r) , Pv ∈ C̃([0, T ];Bs
p,r) ,

∇q ∈ L̃1([0, T ];Bs
p,r) ,

with C̃w([0, T ];B
s
p,r) if r = +∞.

One notices from above that, the initial velocity v0 needs not to be in Bs
p,r but the velocity

v(t) will be in it for almost every t ∈ [0, T ]. That is, the initial non-Lipschitzian velocity
may evolve in a unique Lipschitzian velocity. However, Theorem 3.1 doesn’t say that if the
initial datum (ρ0, v0) satisfies (3.12), then the local existence result holds. In fact, we just
can say that, if initially ρ0−1 ∈ B

s+1
p,r and v0 ∈ B

s
p,r, then there exists a unique local solution

to System (3.1).
Let us also point out that since ∂tρ 6∈ L

1([0, T ];L2) in general, we do not know whether
∇q ∈ L1([0, T ];L2). Hence it seems not convenient to deal with System (3.1) directly since
the low frequences of ∇q can not be controlled a priori.

Next, one can furthermore get a Beale-Kato-Majda type continuation criterion (see [8]
for the original version) for solutions to System (3.2), similar as in [35] or [36] for the density-
dependent Euler System (3.7). As it is a coupling of a parabolic equation (for the density)
and an Euler-type equation (for the velocity field and the pressure), one may expect, a
priori, to impose conditions similar, or even weaker, to those found in paper [35], because
the regularity of the density improves in time evolution. Actually, this is not the case : the
criterion holds true under additional conditions, which are motivated by the structure of
the nonlinearities in h and v ·∇u. In fact, for example, we consider L̃1

T (B
s
p,r)-norm of h and

∇b · ∇u :
– the term u · ∇2b requires at least ‖∇2b‖L1

T (L∞) and ‖u‖L∞
T (L∞) ;
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– the term ∆b∇b requires ‖∇b‖L∞
T (L∞) and ‖∆b‖L2

T (L∞) ;

– the transport term ∇b · ∇u needs control on ‖∇u‖L2
T (L∞), since we only have ∇b ∈

L̃2
T (B

s
p,r).

Finally, we have the following statement.

Theorem 3.2. [Continuation Criterion] Let the triplet (s, p, r) ∈ R × [1,+∞]2 satisfy
conditions (3.10) and (3.11). Let (ρ, u,∇q) be a solution of (3.2) on [0, T [×Rd such that it
is of the following regularity and satisfies the following conditions :

(i) ρ− 1 ∈ C̃([0, T [ ;Bs
p,r) ∩ L̃

1
loc([0, T [ ;B

s+2
p,r ) and it satisfies

sup
t∈[0,T [

‖∇ρ(t)‖L∞ +

∫ T

0

∥∥∇2ρ(t)
∥∥2
L∞ dt < +∞ ; (3.14)

(ii) u ∈ C̃([0, T [ ;Bs
p,r) and it satisfies

sup
t∈[0,T [

‖u(t)‖L∞ +

∫ T

0
‖∇u(t)‖2L∞ dt < +∞ ; (3.15)

(iii) ∇q ∈ L̃1
loc([0, T [ ;B

s
p,r) verifies, for some σ > 0,

∫ T

0
‖∇q(t)‖B−σ

p,∞∩L∞ dt < +∞ . (3.16)

Then (ρ, u,∇q) could be continued beyond T (if T is finite) into a solution of (3.2) with
the same regularity.

The proof of Theorem 3.2 issues from the following fundamental lemma whose proof
can be found in Section §3.3.1 :

Lemma 3.1. Let s > 0, p ∈ (1,+∞) and r ∈ [1,+∞]. Let (ρ, u,∇q) be a solution of (3.2)
over [0, T [×Rd such that Hypotheses (i), (ii), (iii) in Theorem 3.2 hold true. If T is finite,
then one gets

‖ρ− 1‖
L̃∞
T (Bs

p,r)∩L̃
1
T (Bs+2

p,r )
+ ‖u‖

L̃∞
T (Bs

p,r)
+ ‖∇q(t)‖

L̃1
T (Bs

p,r)
< +∞ . (3.17)

In fact, from Theorem 3.1, one knows that once Conditions (3.10), (3.11) and (3.12)
hold, the initial data will evolve into a unique solution at least on a positive time interval,
which depends only on the parameters in these conditions. Therefore, once we have (3.17)
and besides Conditions (3.10), (3.11) hold true, then there exists a time t0 such that, for

any T̃ < T , System (3.2) with initial data
(
ρ(T̃ ), u(T̃ )

)
has a unique solution until the time

T̃ + t0. Thus, if we take, for instance, T̃ = T − (t0/2), then we get a solution until the time
T + (t0/2), which is, by uniqueness, the continuation of (ρ, u,∇q). Theorem 3.2 follows.

Let us analyze the scaling property of our system in order to show an explicit relationship
between the size of the initial data and the lifespan. Recalling (3.3), it’s easy to see that, if
(ρ, u,∇q) is a solution of (3.2) with initial data (ρ0, u0), then

(
ρε , uε , ∇qε

)
(t , x) :=

(
ρ , ε−1 u , ε−3∇q

)
(ε−2 t , ε−1 x) (3.18)

is still a solution of (3.2), with initial data (ρε0, u
ε
0)(x) := (ρ0, ε

−1u0)(ε
−1x). So, the following

result immediately follows.
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Proposition 3.1. Let (ρε, uε,∇qε) be a solution of System (3.2) with initial data (ρε0, u
ε
0)

on a time interval [0, Tε[ . Then the triplet (ρ , u , ∇q), given by (3.18), is still a solution
of (3.2), defined on a time interval [0, T [ , with

T ≥ Tε ε
−2 .

Remark 3.2. In the homogeneous case, we know that if the initial velocity is of order ε
then the lifespan is at least of order ε−1. But here for our system (3.2) (and hence for
System (3.1)), we have from the above proposition that if the initial data ρ0 − 1, u0 are of
order εs−d/p and εs+1−d/p respectively, then the lifespan is at least of order ε−2, due to the
fact that

‖ρε0 − 1‖Bs
p,r

= εd/p−s‖ρ0 − 1‖Bs
p,r
, ‖uε0‖Bs

p,r
= εd/p−s−1‖u0‖Bs

p,r
.

In particular if s = 1+d/p, then the lifespan is of order O(ε−2) for the initial data ρ0−1 =
O(ε), u0 = O(ε2) .

Even in the two-dimensional case, it’s hard to expect global in time well-posedness
for this system : the parabolic equation (3.2)1 allows to improve regularity for the density
term, but such a gain is (roughly speaking) deleted by the nonlinear term in the momentum
equation (3.2)2. Hence, the obstacles to global existence are the same as those one has to
face in considering the density-dependent Euler system (3.7), which has already been dealt
in [36]. However, we manage to establish an explicit lower bound for the lifespan of the
solution, depending only on the norms of the initial data, in any dimension d ≥ 2, in
Section §3.3.2 :

Theorem 3.3. Under the hypotheses of Theorem 3.1, there exists a positive constant K1,
depending only on d, p, r, ρ∗ and ρ∗, such that, the lifespan T of the solution to System
(3.2) given by Theorem 3.1 is bounded from below by the quantity

K1

‖u0‖Bs
p,r

log


 K1

1 +
(
‖ρ0 − 1‖Bs

p,r
/ ‖u0‖

1/2
Bs

p,r

)X


 , (3.19)

where X > 2 is a constant big enough, depending only on s, d, p.

Remark 3.3. Thanks to Theorem 3.2, the lifespan is independent of the regularity. Hence,
if we want to get the lower bound of the lifespan, we only deal with the endpoint case
s = 1 + d/4, p = 4, r = 1, whose lifespan is the largest. Therefore, the Bs

p,r-norm in (3.19)

can be replaced by B
1+d/4
4,1 -norm.

In the following Theorem 3.5 we will improve the previous result for 2-D fluids. Under
the additional requirements of finite energy initial data (see also below) and taking p = +∞,
we will show that the lifespan tends to +∞, i.e. the solution tends to be global in time, if
ρ0 is ”close” to (say) 1.

As we have already pointed out, Hypothesis (3.11) over the index p is imposed to get
h ∈ L2, and so to solve the elliptic equation for the pressure term. In fact, we can remove
it and consider any p ∈ ]1,+∞] , provided that the following energy estimates hold : this
immediately gives ∇q ∈ L1

T (L
2).

First of all, by taking the L2(Rd)-inner product between ρ− 1 and Equation (3.2)1 and
integrating in time variable, we arrive at the following energy identity (i.e. (2.6) in Chapter
2) :

1

2

∫

Rd

|ρ(t)− 1|2 +

∫ t

0

∫

Rd

κ|∇ρ|2 =
1

2
‖ρ0 − 1‖2L2 . (3.20)
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Such an energy identity requires the following equality to hold true :

∫ t

0

∫

Rd

(u · ∇ρ) (ρ− 1) = 0.

In fact for instance, if u ∈ L∞
T (L∞), which is always the case under our hypothesis, then

for any finite t it holds, according to div u = 0 and the previous Identity (3.20).

In the same way, formally, if we take L2-inner product between Equation (3.6) and u,
then thanks to Equation (3.1)1 and integration by parts, the first two terms entail

∫

Rd

(ρ∂tu+ ρv · ∇u) · u =
1

2

d

dt

∫

Rd

ρ|u|2. (3.21)

Thanks to the divergence-free condition of u, the inner product 〈∇q, u〉L2(Rd) vanishes. It
rests to dealing with 〈div (v ⊗∇a), u〉L2(Rd). In fact, from Relation (3.4) we have

div (v ⊗∇a) = ∆b∇a+ u · ∇2a+∇b · ∇2a.

The boundedness (3.8) implies that (with C depending on ρ∗, ρ
∗)

‖∆b‖L∞ , ‖∇2a‖L∞ ≤ C
(
‖∇ρ‖2L∞ + ‖∇2ρ‖L∞

)
and ‖∇b‖L2 , ‖∇a‖L2 ≤ C‖∇ρ‖L2 .

Thus

|〈div (v ⊗∇a), u〉L2(Rd)| ≤ C(‖∇ρ‖
2
L∞ + ‖∇2ρ‖L∞)(‖∇ρ‖L2 + ‖u‖L2)‖u‖L2 (3.22)

≤ C
(
Θ′(t)‖u‖2L2 + ‖∇ρ‖

2
L2

)
,

where we have defined

Θ(t) =

∫ t

0

(
‖∇ρ‖2L∞ + ‖∇ρ‖4L∞ + ‖∇2ρ‖L∞ + ‖∇2ρ‖2L∞

)
dτ .

Hence Identity (3.21), Hölder’s Inequality, Gronwall’s Inequality and Energy Equality (3.20)
give

‖u(t)‖2L2 ≤ Ce
CΘ(t)

(
‖u0‖

2
L2 +

∫ t

0
‖∇ρ‖2L2

)
≤ CeCΘ(t)

(
‖u0‖

2
L2 + ‖ρ0 − 1‖2L2

)
. (3.23)

On the other hand, if there exists (ρ− 1, u) such that (3.13)1 and (3.13)2 hold for some
finite time T > 0, with (s, p, r) verifying (3.10), then we have also (3.14) and (3.15). Thus,
if we assume the initial data (ρ0, u0) to satisfy

ρ0 − 1, u0 ∈ L
2, (3.24)

then by Energy Estimates (3.20), (3.23), we gather u, ρ − 1 ∈ L∞
T (L2) and ∇ρ ∈ L2

T (L
2).

Hence for any finite positive time T ,

h− v · ∇u = ρ−1div (v ⊗∇a)− v · ∇u = ρ−1∆b∇a+ ρ−1v · ∇2a− v · ∇u ∈ L1
T (L

2),

which ensures ∇q ∈ L1
T (L

2), according to Equation (3.9) and Lemma 0.9.

To conclude, by the arguments before Theorem 3.1 and above, and a new a priori
estimate for linear parabolic equations in Besov space Bs

∞,r (see Proposition B.3 in Section
§B.2), we have the following :
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Theorem 3.4. Let the triplet (s, p, r) ∈ R× [1,+∞]2 satisfy Condition (3.10) and 1 < p ≤
∞.
Let the initial density ρ0 and divergence-free initial velocity u0 fulfill (3.24) as well as (3.12),
for some positive constants ρ∗, ρ

∗ and M .
Then there exist a positive time T > 0 and a unique solution (ρ, u,∇q) to System (3.2)

with (ρ− 1, u,∇q) ∈ Esp,r(T ) (see (3.13) for its definition) such that ρ− 1, u ∈ C([0, T ];L2),
∇ρ ∈ L2

T (L
2) also hold true.

Remark 3.4. Notice that we have the embedding Bs
p,r(R

d) →֒ L2(Rd) if s > d/p − d/2,
p ∈ [1, 2] (see Proposition 0.1). Thus if the triplet (s, p, r) ∈ R× [1,+∞]2 satisfy Condition
(3.10) and 1 < p ≤ 2, then the initial data ρ0, u0 satisfying (3.12) verifies finite-energy
condition (3.24).

In fact, if we take ρ ≡ 1 constant in System (3.2), or equivalently in (3.1), we get
the classical homogeneous Euler system. For this system, the global-in-time existence issue
in dimension d = 2 has been well-known since 1933, due to the pioneering work [103] by
Wolibner. For non-homogeneous perfect fluids, see system (3.7), it’s still open if its solutions
exist globally in time. However, in [36] it’s proved that, for initial densities close to a constant
state, the lifespan of the corresponding solutions tends to +∞ (independently of the initial
velocity field).

Actually, under the same hypothesis as in Theorem 3.4 in dimension 2, we are able to
prove a similar result also for our system.

Theorem 3.5. Let d = 2. Let us suppose the initial data ρ0 and u0 to be such that
̺0 := ρ0 − 1 ∈ L2 ∩B1

∞,1, with 0 < ρ∗ ≤ ρ0 ≤ ρ
∗, and u0 ∈ L2 ∩B1

∞,1.
Then the lifespan of the solution to system (3.2), given by Theorem 3.4, is bounded from

below by the quantity

K2

1 + ‖̺0‖2L2 + ‖u0‖L2∩B1
∞,1

log


1 + log




K2(
1 + ‖̺0‖MB1

∞,1

)
‖̺0‖B1

∞,1





 , (3.25)

for a suitable exponent M > 5 and a constant K2 which depends only on ρ∗ and ρ∗.
In particular, the lifespan tends to +∞, i.e. the solution tends to be global, for initial

densities close (in the B1
∞,1 norm) to a constant state.

There is another way to get rid of Condition (3.11) imposed on p, that is, we assume
an additional smallness condition over the initial density, which ensures that the elliptic
equation for the pressure is almost a Poisson’s equation, up to a perturbation term.

Theorem 3.6. A small constant c > 0 exists such that the following statement holds true.
Let the triplet (s, p, r) ∈ R × [1,+∞]2 satisfy Condition (3.10) and p ∈ (1,+∞). Let

us take an initial density state ρ0 and an initial divergence-free velocity field u0 such that
the bounds in (3.12) are true, for some positive constants ρ∗, ρ

∗ and M . Assume moreover
‖ρ0 − 1‖Bs

p,r
≤ c.

Then there exist a positive time T (depending on ρ∗, ρ
∗, c,M, d, s, p, r) and a unique so-

lution (̺, u,∇q) to System (3.2) belonging to the space Isp,r(T ), defined as the Space Esp,r(T )
(recall (3.13)), but without condition ∇q ∈ L1([0, T ];L2).

Remark 3.5. It goes without saying that under hypotheses of Theorem 3.4 and Theorem
3.6, a continuation criterion and lifespan lower bound analogous to that of Theorem 3.2 and
Theorem 3.3 respectively, can be proved. The corresponding results for the original system
(3.1) also hold true, similar as in Remark 3.1, which are omitted here.
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3.2 Proof of the first well-posedness result

The aim of this section is to prove our first well-posedness result, i.e. Theorem 3.1, for
System (3.2). The a priori estimates we establish here will be the basis of all the results of
the present chapter.

The notation fj will always denote ∆jf , unless otherwise defined. We also notice here
that by embedding results stated in Proposition 0.1 and Remark 0.1, for any ǫ > 0, the
following chain of embeddings holds true :

L1
t (B

s
p,1) ←֓ L̃1

t (B
s+ǫ/2
p,1 ) ←֓ L̃1

t (B
s+ǫ
p,∞), (3.26)

which will be frequently used in our computations.

3.2.1 Linearized equations

In this subsection we want to establish a priori estimates for the linearized equations
associated to original System (3.2).

Let us point out here that in order to prove the uniqueness, we will consider the difference
of two solutions to System (3.2). Noticing that Equation (3.2)2 for the velocity u will cause
one derivative loss, we therefore also have to look for a priori estimates for the unknown in
Bs
p,r, under a weaker condition

s >
d

p
, p ∈ ]1,+∞[ , r ∈ [1,+∞] , with r = 1 if s = 1 +

d

p
or

d

p
, (3.27)

rather than (3.10).

First of all, we consider the linearized equation for the density term, which is actually
the same for both ρ and ̺. Let us suppose the right hand side of the first equation of (3.2)
to be some scalar function f , a more general case which turns out to be useful in the sequel :

{
∂t̺ + u · ∇̺ − div (κ∇̺) = f ,

̺|t=0 = ̺0.
(3.28)

According to Proposition B.2 in Appendix §B.1, one has the following a priori estimate
(similar to Proposition 1.1 in Chapter §1) :

‖̺‖
L̃∞
t (Bs

p,r)
+ ‖̺‖

L̃1
t (B

s+2
p,r )

≤ C eCKH(t)
(
‖̺0‖Bs

p,r
+ ‖f‖

L̃1
t (B

s
p,r)

)
, (3.29)

where we have defined KH(0) = 0 and

K′
H(t) := 1 + ‖∇u‖

B
d
p
p,1∩B

s−1
p,r

+ ‖∇κ‖Bs
p,r

+ ‖∇κ‖2L∞ . (3.30)

Here let’s just sketch the proof. If we perform the standard process : apply ∆j to
Equation (3.28), take L2 scalar product between it and |̺j |

p−2̺j , use Bernstein’s inequality
(0.41), integrate in time variable, multiply by 2js and take ℓr-norm, then it is easy to get
for p ∈ (1,∞),

‖̺‖
L̃∞
t (Bs

p,r)
+ ‖̺‖

L̃1
t (B

s+2
p,r )
≤ C

(
‖̺0‖Bs

p,r
+ 2−(s+2) ‖∆−1̺‖L1

t (L
p) + ‖f‖

L̃1
t (B

s
p,r)

+

+

∥∥∥∥2js
∫ t

0

∥∥R1
j (τ)

∥∥
Lp dτ

∥∥∥∥
ℓr

+

∥∥∥∥2js
∫ t

0

∥∥R2
j (τ)

∥∥
Lp dτ

∥∥∥∥
ℓr

)
. (3.31)
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For the commutator
R1
j = [u,∆j ] · ∇̺, (3.32)

we apply Proposition 0.4 to get

∫ t

0

∥∥∥2js
∥∥R1

j

∥∥
Lp

∥∥∥
ℓr
dτ .

∫ t

0
‖∇u‖

B
d/p
p,1 ∩Bs−1

p,r
‖̺‖Bs

p,r
dτ. (3.33)

It rests to deal with the commutator

R2
j = div ([κ,∆j ]∇̺). (3.34)

Since we work in the Besov space Bs
p,r with r not necessarily being 1, we have to resort to

a new commutator estimate to get the norm ‖ · ‖
L̃1
t (·)

(instead of ‖ · ‖L1
t (·)

) of ̺. Compared

with Proposition 0.4, this is nothing but taking the interpolation before the integral with
respect to the time variable. Finally, Proposition A.5 in Appendix §A.2 with θ = 1/2, σ = 1
supplies us the following estimate :

∥∥∥∥2js
∫ t

0

∥∥R2
j

∥∥
Lp

∥∥∥∥
ℓr
dτ ≤

C

ε

∫ t

0

(
‖∇κ‖2L∞ + ‖∇κ‖Bs

p,r

)
‖̺‖Bs

p,r
dτ + ε ‖̺‖

L̃1
t (B

s+2
p,r )

. (3.35)

Finally, substituting (3.33), (3.35) into (3.31) gives us the a priori estimate (3.29).

The linearized equation for the velocity reads





∂tu+ v · ∇u+ λ∇q = h,
div u = 0,
u|t=0 = u0,

(3.36)

where the initial datum u0, the Lipschitzian transport vector field v, the coefficient λ and
the source term h are all smooth and decrease rapidly at infinity.

Firstly, by classic commutator and product estimates, it is easy to find that

‖u(t)‖
L̃∞
t (Bs

p,r)
≤ ‖u0‖Bs

p,r
+ C

∫ t

0
V ′(τ)‖u‖Bs

p,r
dτ + ‖h‖

L̃1
t (B

s
p,r)

+ Λ‖∇q‖
L̃1
t (B

s
p,r)
, (3.37)

where V (0) = Λ(0) = 0 and

V ′(t) = ‖∇v‖
B

d/p
p,1 ∩Bs−1

p,r
, and Λ(t) = ‖λ‖L∞ + ‖∇λ‖

L̃∞
t (B

d/p
p,1 ∩Bs−1

p,r )
.

Here we have to add the restriction
p ∈ [2, 4],

in order to control the pressure ∇q. In fact, we follow the “standard” process : apply div to
Equation (3.36) to get elliptic equation for q :

div (λ∇q) = div h− div (v · ∇u) = div h− div (u · ∇v − u div v). (3.38)

In the above equation, we benefits the divergence-free condition on u in putting the de-
rivatives on the known Lipschitzian transport velocity v instead of the unknown u, such

that the case u ∈ B
d/p
p,1 is included. Then, we bound the L2(Rd)-norm of ∇q by ‖h‖L2 and

‖u‖L4‖∇v‖L4 , perform ∆j and make use of commutator estimate, take interpolation inequa-
lity between L2 and Bs

p,r and Young’s inequality, notice ‖u‖L4 ≤ ‖u‖Bs
p,r

and ‖∇v‖L4 ≤ V ′,
arriving at

‖∇q‖
L̃1
t (B

s
p,r)∩L

1
t (L

2)
≤ C(Λ)

(
‖h‖

L̃1
t (B

s
p,r)∩L

1
t (L

2)
+ ‖div (v · ∇u)‖L1

t (B
s−1
p,r ) + V (t)‖u‖

L̃∞
t (Bs

p,r)

)
.
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Now decompose ‖div (v · ∇u)‖Bs−1
p,r

into

‖T∂ivj∂ju
i + T∂jui∂iv

j + div
(
R(vj , ∂ju)

)
‖Bs−1

p,r
, (3.39)

which can be controlled, according to Proposition 0.2, by V ′(t)‖∇u‖Bs−1
p,r

.

To conclude, we sum up all the above and make use of Gronwall’s inequality, obtaining

‖u‖
L̃∞
t (Bs

p,r)
≤ C(Λ) eC(Λ)V (t)

(
‖u0‖Bs

p,r
+ ‖h‖

L̃1
t (B

s
p,r)∩L

1
t (L

2)

)
, (3.40)

‖∇q‖
L̃1
t (B

s
p,r)∩L

1
t (L

2)
≤ C(Λ)

(
‖h‖

L̃1
t (B

s
p,r)∩L

1
t (L

2)
+ V (t)‖u‖

L̃∞
t (Bs

p,r)

)
, (3.41)

The detailed proof of the above estimates can be found in Appendix §B.3.

3.2.2 Proof of the existence and uniqueness

In this section we will follow the standard procedure to prove the local existence of
the solution to System (3.2) : we construct a sequence of approximate solutions, we show
uniform bounds and we prove the convergence to a unique solution. We note here some
related key points :

– Since we consider also large initial density ρ0, we will introduce the large linear part
ρL of the solution ρ as the solution to the free heat equation with the same initial
datum, which is explicit and has positive lower bound, such that the remainder part
ρ̄ is small and easy to handle.

– In the convergence part, since there are quantities like ∇un ∈ Bs−1
p,r appearing in the

source term of the equation for the “difference” sequence δun, we first show that the
built sequence converges to a solution in a space with lower regularity (i.e. in space

E
d/p
p,r (T ), see (3.13)) and hence in the desired Besov space because of the uniform

bounds for the sequence.
– For any indices s, r satisfying s > d

p or s ≥ d
p , r = 1, and any C1(R+)-function f with

f(1) = 0, the following inequalities hold :

‖uv‖Bs
p,r
≤ C(d, s, p, r)‖u‖Bs

p,r
‖v‖Bs

p,r
, ‖f(ρ)‖Bs

p,r
≤ C(f ′, ‖ρ‖L∞)‖̺‖Bs

p,r
, (3.42)

together wiht their time-dependent version

‖uv‖
L̃ρ
t (B

s
p,r)
≤ C(d, s, p, r)‖u‖

L̃
ρ1
t (Bs

p,r)
‖v‖

L̃ρ2 (Bs
p,r)

, with
1

ρ
=

1

ρ1
+

1

ρ2
,

‖f(ρ)‖
L̃ρ
t (B

s
p,r)
≤ C(f ′, ‖ρ‖L∞

t (L∞))‖̺‖L̃ρ
t (B

s
p,r)
.

In the coming proof, for simplicity we assume κ(1) = λ(1) = 1.

Step 1 – Construction of a sequence of approximate solutions

In this step, we take (s, p, r) such that Conditions (3.10) and (3.11) hold true. Let us
define the approximate solution sequence {(̺n, un,∇qn)}n≥0 by induction.

Without loss of generality we can assume

ρ∗
2
≤ Snρ0, ∀n ∈ N ; (3.43)

then, first of all we set (̺0, u0,∇q0) := (S0̺0, S0u0, 0). Let us note that these functions are
smooth and fast decaying at infinity.

Now, we assume by induction that the triple (̺n−1, un−1,∇qn−1) of smooth and fast
decaying functions has been constructed. Let us suppose also that there exists a sufficiently
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small parameter τ (to be determined later), a positive time T ∗ (which may depend on τ)
and a positive constant CM (which may depend on M) such that

ρ∗
2
≤ ρn−1 := 1 + ̺n−1 , ‖̺n−1‖

L̃∞
T∗ (Bs

p,r)
≤ CM , ‖̺n−1‖

L̃2
T∗ (B

s+1
p,r )∩L̃1

T∗ (B
s+2
p,r )
≤ τ ,

(3.44)

‖un−1‖
L̃∞
T∗ (Bs

p,r)
≤ CM , ‖u

n−1‖L2
T∗ (Bs

p,r)∩L
1
T∗ (Bs

p,r)
≤ τ, ‖∇qn−1‖

L̃1
T∗ (Bs

p,r)∩L
1
T∗ (L2)

≤ τ1/2.

(3.45)

Let us immediately remark that the above estimates (3.44) and (3.45) obviously hold true
for (̺0, u0,∇q0), if T ∗ is assumed small enough.

Now we define (̺n, un,∇qn) as the unique smooth global solution of the linear system





∂t̺
n + un−1 · ∇̺n − div (κn−1∇̺n) = 0,

∂tu
n + (un−1 +∇bn−1) · ∇un + λn−1∇qn = hn−1,

div un = 0,
(̺n, un)|t=0 = (Sn̺0, Snu0),

(3.46)

where we have set

bn−1 = b(ρn−1) , κn−1 = κ(ρn−1) , λn−1 = λ(ρn−1) , hn−1 = h(ρn−1, un−1) .

We want to show that also the triplet (̺n, un,∇qn) verifies (3.44) and (3.45).
First of all, keeping in mind (3.43), we apply the maximum principle to the linear

parabolic equation for ̺n, yielding ρn := 1 + ̺n ≥ ρ∗/2.
Now, we bring in ̺L as the solution of the heat equation with the initial datum ̺0 ∈ B

s
p,r :

{
∂t̺L − ∆̺L = 0

(̺L)|t=0 = ̺0 .

Then, it’s easy to see (e.g. applying the estimate (3.29)) that the global solution ̺L = et∆̺0
satisfies, for any positive time T < +∞ and the related constant CT > 0,

‖̺L‖L̃∞
T (Bs

p,r)
+ ‖̺L‖L̃1

T (Bs+2
p,r )

≤ CT ‖̺0‖Bs
p,r
. (3.47)

We claim that given τ , we can choose T ∗ < +∞ such that one has

‖̺L‖L̃2
T∗ (B

s+1
p,r )∩L̃1

T∗ (B
s+2
p,r )
≤ τ2. (3.48)

Indeed, we can write

‖̺L‖L̃1
T∗ (B

s+2
p,r )

=

∥∥∥∥∥∥

(
2j(s+2)

∫ T ∗

0
‖et∆∆j̺0‖Lp dt

)

j

∥∥∥∥∥∥
ℓr

.

Let us decompose ̺0 into low-frequency, large part ̺0,l and high-frequency, small part ̺0,h,
such that, for some N large enough,

̺̂0,l = ̺̂0 on 2NB, ̺̂0,l = 0 outside 2NB, ̺0,l + ̺0,h = ̺0, ‖̺0,h‖Bs
p,r
≤ τ3.

Therefore, once one notices by (0.42) that
∥∥∥∥∥∥

(∫ T ∗

0
22je−C t 2

2j
dt

)

j≤N

∥∥∥∥∥∥
ℓ∞

≤ C(1− e−C22NT ∗
),

∥∥∥∥∥∥

(∫ T ∗

0
22je−C t 2

2j
dt

)

j>N

∥∥∥∥∥∥
ℓ∞

≤ C,
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we get

‖̺L‖L̃1
T∗ (B

s+2
p,r )

≤ C(1− e−C22NT ∗
)
∥∥∥
(
2js‖∆j̺0‖Lp

)
j≤N

∥∥∥
ℓr

+ C
∥∥∥
(
2js‖∆j̺0‖Lp

)
j≥N

∥∥∥
ℓr

≤ C(1− e−C22NT ∗
) ‖̺0‖Bs

p,r
+ Cτ3.

So one can choose sufficiently small T ∗ such that ‖̺L‖L̃1
T∗ (B

s+2
p,r )
≤ τ2. The term ‖̺L‖L̃2

T∗ (B
s+1
p,r )

can be handled in the same way or by interpolation inequality. Hence, our claim (3.48) is
proved.

Now we define the sequence ̺nL = Sn̺L : it too solves the free heat equation, but with
initial data Sn̺0. Hence, it too satisfies (3.47) and (3.48), for some T ∗ > 0 independent of
n.

We next consider the small remainder ¯̺n := ̺n − ̺nL. We claim that it fulfills, for all
n ∈ N,

‖ ¯̺n‖
L̃2
T∗ (B

s+1
p,r )
≤ ‖ ¯̺n‖

L̃∞
T∗ (Bs

p,r)
+ ‖ ¯̺n‖

L̃1
T∗ (B

s+2
p,r )
≤ τ3/2 . (3.49)

In fact, ¯̺n = ̺n − ̺nL solves

{
∂t ¯̺

n + un−1 · ∇ ¯̺n − div (κn−1∇ ¯̺n) = −un−1 · ∇̺nL + div ((κn−1 − 1)∇̺nL),
¯̺n|t=0 = 0.

(3.50)

So, if we define

Kn−1(t) := t+
∥∥∇un−1

∥∥
L1
t (B

s−1
p,r )

+
∥∥∇κn−1

∥∥2
L2
t (L

∞)
+
∥∥∇κn−1

∥∥
L1
t (B

s
p,r)

,

by (3.29) we infer that

‖ ¯̺n‖
L̃∞
T∗ (Bs

p,r)∩L̃
1
T∗ (B

s+2
p,r )

≤ C eCK
n−1(T ∗)

∥∥−un−1 · ∇̺nL + div ((κn−1 − 1)∇̺nL
∥∥
L̃1
T∗ (Bs

p,r)
.

Now, inductive assumptions (3.44) and (3.45) tell us that Kn−1(T ∗) ≤ C τ if T ∗ ≤ τ and
τ is sufficiently small. One also refers to Proposition 0.3 and Proposition 0.5 to bound

∥∥−un−1 · ∇̺nL + div ((κn−1 − 1)∇̺nL)
∥∥
L̃1
T∗ (Bs

p,r)

by the quantity (up to a constant factor)

‖un−1‖
L̃∞
T∗ (Bs

p,r)
‖∇̺nL‖L̃1

T∗ (Bs
p,r)

+ ‖̺n−1‖
L̃2
T∗ (B

s+1
p,r )
‖∇̺nL‖L2

T∗ (L∞) + ‖̺n−1‖
L̃∞
T∗ (Bs

p,r)
‖∇̺nL‖L̃1

T∗ (B
s+1
p,r )

,

and hence by CM τ2. Therefore, (3.49) is proved, and hence (3.44) holds for ̺n = ̺n + ̺nL,
for sufficiently small τ .

We now want to get (3.45). Our starting point is the a priori estimates (3.40) and (3.41).
The estimates for products and action and the embedding result (3.26) give us

Wn−1(T ∗) :=

∫ T ∗

0
‖∇un−1 +∇2bn−1‖Bs−1

p,r
≤ ‖un−1‖L1

T∗ (Bs
p,r)

+ C‖̺n−1‖L1
T∗ (B

s+1
p,r ) ≤ Cτ,

‖hn−1‖
L̃1
T∗ (Bs

p,r)
≤ C(‖un−1‖

L̃∞
T∗ (Bs

p,r)
+ 1)(‖̺n−1‖

L̃1
T∗ (B

s+2
p,r )

+ ‖̺n−1‖2
L̃2
T∗ (B

s+1
p,r )

) ≤ Cτ,

and also

‖hn−1‖L1
T∗ (L2) ≤ C(‖u

n−1‖
L̃∞
T∗ (Bs

p,r)
+ ‖̺n−1‖

L̃∞
T∗ (Bs

p,r)
)‖̺n−1‖L1

T∗ (B
s+1
p,∞) ≤ Cτ,
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by use of these two inequalities :

‖ · ‖L4 . ‖ · ‖Bs−1
p,∞

and ‖∇̺n−1‖L∞ ≤ ‖̺n−1‖Bs
p,r
.

Hence applying (3.40) and (3.41) to the system (3.46) we deduce

‖un‖
L̃∞
T∗ (Bs

p,r)
≤ C(‖Snu0‖Bs

p,r
+ Cτ) ≤ CM ,

‖∇qn‖
L̃1
T∗ (Bs

p,r)∩L
1
T∗ (L2)

≤ Cτ + CMCτ.

Hence also (3.45) holds true for small τ and T ∗.

Step 2 – Convergence of the sequence

In this step we will consider the “difference” sequence

(δ̺n, δun,∇δqn) := (̺n − ̺n−1, un − un−1,∇qn −∇qn−1), ∀n ≥ 1 .

Since taking the difference of the transport term (u + ∇b) · ∇u will cause one derivative
loss because of ∇un ∈ Bs−1

p,r , we will consider the above difference sequence in the Banach

space E
d/p
p,1 (T

∗) (recall (3.13) for its definition).

First of all, by System (3.46), (δ̺n, δun,∇δπn) solves





∂tδ̺
n + un−1 · ∇δ̺n − div (κn−1∇δ̺n) = Fn−1,

∂tδu
n + (un−1 +∇bn−1) · ∇δun + λn−1∇δqn = Hn−1,

div δun = 0,
(δ̺n, δun)|t=0 = (∆n̺0,∆nu0),

(3.51)

where

Fn−1 = −δun−1 · ∇̺n−1 + div ((κn−1 − κn−2)∇̺n−1),

Hn−1 = hn−1 − hn−2 − (δun−1 +∇δbn−1) · ∇un−1 − (λn−1 − λn−2)∇qn−1.

Next we apply a priori estimates (3.29), (3.40) and (3.41) with s = d/p, p ∈ [2, 4] and
r = 1, to δ̺n and (δun,∇δqn) respectively. The use of uniform bounds (3.44) and (3.45)
for the approximated solutions sequence gives us

‖δ̺n‖
L∞
T∗ (B

d/p
p,1 )∩L1

T∗ (B
d/p+2
p,1 )

≤ C

(
‖∆n̺0‖Bd/p

p,1

+ ‖Fn−1‖
L1
T∗ (B

d/p
p,1 )

)
, (3.52)

and

‖δun‖
L̃∞
T∗ (B

d/p
p,1 )

+ ‖∇δqn‖
L1
T∗ (B

d/p
p,1 ∩L2)

≤ C(‖∆nu0‖Bd/p
p,1

+ ‖Hn−1‖
L1
T∗ (B

d/p
p,1 ∩L2)

+ ‖un−1 +∇bn−1‖
L1
T∗ (B

d/p
p,1 )
‖δun‖

L̃∞
T∗ (B

d/p
p,1 )

). (3.53)

Now we use the following fact, coming from Proposition 0.5 : for any smooth function
f = f(ρ) and a given sequence (ρm)m, if we denote fm := f(ρm) and δfm := fm − fm−1 ,
then

‖δfm‖Bs
p,1
≤ C(‖̺m‖Bs

p,1
, ‖̺m−1‖Bs

p,1
) ‖δ̺m‖Bs

p,1
, if s ≥

d

p
.
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Therefore, one easily gets

‖Fn−1‖
L1
T∗ (B

d/p
p,1 )
≤ C(‖δ̺n−1‖

L2
T∗ (B

d/p+1
p,1 )

‖̺n−1‖
L2
T∗ (B

d/p+1
p,1 )

+

∫ T ∗

0
‖δun−1‖

B
d/p
p,1

‖∇̺n−1‖
B

d/p
p,1

+ ‖δ̺n−1‖
B

d/p
p,1

‖̺n−1‖
B

d/p+2
p,1

),

‖Hn−1‖
L1
T∗ (B

d/p
p,1 ∩L2)

≤ C(‖δ̺n−1‖
L1
T∗ (B

d/p+2
p,1 )

+ ‖δ̺n−1‖
L2
T∗ (B

d/p+1
p,1 )

(‖(̺n−1, ̺n−2)‖
L2
T∗ (B

d/p+2
p,1 )

+ ‖(un−1, un−2)‖
L2
T∗ (B

d/p+1
p,1 )

)

+

∫ T ∗

0
‖δ̺n−1‖

B
d/p
p,1

‖∇qn−1‖
B

d/p
p,1

+ ‖δun−1‖
B

d/p
p,1

(‖̺n−1‖
B

d/p+2
p,1

+ ‖un−1‖
B

d/p+1
p,1

)).

Hence putting the uniform estimate (3.44) into (3.52) and making use of Gronwall’s inequa-
lity entail

‖δ̺n‖
L∞
T∗ (B

d/p
p,1 )∩L1

t (B
d/p+2
p,1 )

≤ C

(
‖∆n̺0‖Bd/p

p,1

+ τ‖δ̺n−1‖
L2
T∗ (B

d/p+1
p,1 )

+

∫ T ∗

0
‖δun−1‖

B
d/p
p,1

‖∇̺n−1‖
B

d/p
p,1

)
.

Apply the above estimate to the term ‖δ̺n−1‖
L1
T∗ (B

d/p+2
p,1 )

appearing in the bound for Hn−1.

This makes (3.53) become

‖δun‖
L̃∞
T∗ (B

d/p
p,1 )

+ ‖∇δπn‖
L̃1
T∗ (B

d/p
p,1 )

≤ C(‖(∆nu0,∆n−1̺0)‖Bd/p
p,1

+ τ‖(δ̺n−1, δ̺n−2)‖
L2
T∗ (B

d/p+1
p,1 )

+

∫ T ∗

0
‖(δ̺n−1, δun−1, δun−2)‖

B
d/p
p,1

(
‖∇qn−1‖

B
d/p
p,1

+ ‖(̺n−1, ̺n−2)‖
B

d/p+2
p,1

+ ‖un−1‖
B

d/p+1
p,1

)
.

Let us now define

Bn(t) := ‖δ̺n‖
L∞
t (B

d/p
p,1 )

+ ‖δ̺n‖
L1
t (B

d/p+2
p,1 )

+ ‖δun‖
L∞
t (B

d/p
p,1 )

+ ‖∇δqn‖
L1
t (B

d/p
p,1 ∩L2)

;

then, from previous inequalities we gather

Bn(t) ≤ C ‖(∆n−1̺0,∆n̺0,∆nu0)‖Bd/p
p,1

+

+ τ
1
2
(
Bn−1(t) +Bn−2(t)

)
+ C

∫ t

0

(
Bn−1 +Bn−2

)
D(σ) dσ ,

with ‖D(t)‖L1([0,T ∗]) ≤ C. Let us note that, by spectral localization, there exists a constant
C > 0 for which, for all n ≥ 0, we have

‖(∆n̺0,∆nu0)‖Bd/p
p,1

≤ C 2n(d/p) ‖(∆n̺0,∆nu0)‖Lp .

Keeping in mind this fact, we claim that the previous estimate implies
∑

nB
n(t) < +∞

uniformly in [0, T ∗]. As a matter of fact, for all N ≥ 3 we have

N∑

n=1

Bn(t) ≤ C ‖(̺0, u0)‖Bd/p
p,1

+ 2 τ1/2
N∑

n=1

Bn(t) +

∫ t

0

N∑

n=1

Bn(σ)D(σ) dσ + B ,
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where we have denoted by B a constant which depends only on B1 and B2. We can suppose
τ to have be chosen small enough such that, moreover, we can absorb the second term of
the right hand side into the left hand side. Therefore, Gronwall’s inequality entails

N∑

n=1

Bn(t) ≤ CT ∗ ‖(̺0, u0)‖Bd/p
p,1

,

and passing to the limit for N → +∞ we get our claim.
Hence, we gather that the sequence (̺n, un,∇qn) is a Cauchy sequence in the functional

space E
d/p
p,1 (T

∗). Then, it converges to some (̺, u,∇π), which actually belongs to the space
Esp,r(T

∗) by Fatou property. Hence, by interpolation, we discover that convergence holds

true in every intermediate space between Esp,r(T
∗) and E

d/p
p,1 (T

∗), and this is enough to pass
to the limit in our equations. So, (̺, u,∇π) is actually a solution of System (3.2).

Uniqueness

Let us now prove the uniqueness part in Theorem 3.1.
We take first two solutions (̺1, u1,∇q1) and (̺2, u2,∇q2) in Esp,r(T

∗) with the initial
data (̺i,0, ui,0) for i = 1, 2. Then the difference (δ̺, δu,∇δq) = (̺1−̺2, u1−u2,∇q1−∇q2)
solves




∂tδ̺+ u1 · ∇δ̺− div (κ1∇δ̺) = −δu · ∇̺2 + div ((κ1 − κ2)∇̺2),
∂tδu+ (u1 +∇b1) · ∇δu+ λ1∇δq = h1 − h2 − (δu+∇δb) · ∇u2 − δλ∇q2,

div δu = 0,
(δ̺ , δu)|t=0 = (δ̺0 , δu0) = (̺1,0 − ̺2,0 , u1,0 − u2,0) ,

(3.54)

with the notation κi = κ(̺i) and analogous for bi, λi and hi.
As (̺1, u1,∇q1), (̺2, u2,∇q2) ∈ Esp,r(T

∗), then for any ε > 0 to be determined later,
there exists Tε such that

‖̺i‖L2
Tε

(B
d/2+2
p,1 )∩L1

Tε
(B

d/p+3
p,1 )

, ‖ui‖L1
Tε

(B
d/p+1
p,1 )

, ‖∇qi‖L1
Tε

(B
d/p+1
p,1 )

≤ ε, i = 1, 2.

Let us define (as done before)

B(t) := ‖δ̺‖
L∞
t (B

d/p
p,1 )

+ ‖δ̺‖
L1
t (B

d/p+2
p,1 )

+ ‖δu‖
L∞
t (B

d/p
p,1 )

+ ‖∇δq‖
L1
t (B

d/p
p,1 ∩L2)

.

Then, the same proof as in paragraph 3.2.2 shows that

B(t) ≤ C

(
‖δ̺0‖Bd/p

p,1

+ ‖δu0‖Bd/p
p,1

+ εB(t) +

∫ t

0
B(s)D(s)ds

)
,

which implies, if ε is taken small enough,

B(t) ≤ eC
(
‖δ̺0‖Bd/p

p,1

+ ‖δu0‖Bd/p
p,1

)
.

Hence, uniqueness holds for small time. Now, standard continuity arguments show uni-
queness on the whole time interval [0, T ∗].

3.3 Continuation criterion and lifespan estimate

In this section we establish get a continuation criterion and a lower bound of the lifespan
for the local-in-time solutions given by Theorem 3.1. It is only a matter of repeating a priori
estimates established previously, but in a more “accurate” way (we use L∞-norm instead
of Bs−1

p,r -norm) for obtaining the continuation criterion, whereas in a “rough” way (we use
(3.60), (3.61) below) for bounding the lifespan from below.
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3.3.1 Proof of the continuation criterion

From the arguments after Theorem 3.2, it rests us to prove Lemma 3.1. As argued before
Theorem 3.2, in order to ensure u ∈ L̃∞(Bs

p,r), the source terms such as u·∇2b, div (∇b⊗∇b)

require at least u,∇b ∈ L∞(L∞) since ∇2b ∈ L̃1(Bs
p,r) only, and also ∇2b ∈ L2(L∞) since

∇b ∈ L̃2(Bs
p,r). Similarly, the transport term ∇b · ∇u requires ∇u ∈ L2(L∞). Therefore

in the following, we do not have to strive for optimal inequalities for the commutators or
products and sometimes it simplifies the argument.

Proof of Lemma 3.1. It’s only a matter of estimating the commutators in a more accurate
way. Roughly speaking, in the estimates we use L∞-norm instead of Besov norm, in order to
require lower regularity. Hence we will use thoroughly the product estimate in Proposition
A.3 and the commutator estimate in Proposition A.5, both involving the L̃1(Bs

p,r)-norm.
Let us consider the density term. Our starting point is (3.28), with this time f = 0. It

is easy to see that by Proposition 0.4, we have instead of (3.33), the following :
∫ t

0

∥∥∥2js
∥∥R1

j

∥∥
Lp

∥∥∥
ℓr
dτ ≤

∫ t

0

(
‖∇u‖L∞ ‖̺‖Bs

p,r
+ ‖∇̺‖L∞ ‖∇u‖Bs−1

p,r

)
dτ . (3.55)

Similarly, Proposition A.5 with θ = σ = 1/2 issues instead of (3.35),
∥∥∥∥2js

∫ t

0

∥∥R2
j

∥∥
Lp

∥∥∥∥
ℓr
dτ ≤

C

ε

∫ t

0
‖∇̺‖2L∞ ‖̺‖Bs

p,r
dτ + ε ‖̺‖

L̃1
t (B

s+2
p,r )

. (3.56)

So, if ε is small enough, p ∈ (1,∞), putting these inequalities in (3.31) and keeping in
mind ‖∆−1̺‖L1

t (L
p) ≤ C‖̺‖L1

t (B
s
p,r)

, we get the following estimate :

‖̺‖
L̃∞
t (Bs

p,r)∩L̃
1
t (B

s+2
p,r )

≤ C

(
‖̺0‖Bs

p,r
+

∫ t

0
‖̺‖Bs

p,r
dτ +

∫ t

0
‖∇̺‖L∞ ‖∇u‖Bs−1

p,r
dτ

+

∫ t

0

(
‖∇u‖L∞ + ‖∇̺‖2L∞

)
‖̺‖Bs

p,r
dτ

)
. (3.57)

Let us now consider velocity field and pressure term : we have

‖u‖
L̃∞
t (Bs

p,r)
≤ C

(
‖u0‖Bs

p,r
+ ‖λ∇q‖

L̃1
t (B

s
p,r)

+ ‖h‖
L̃1
t (B

s
p,r)

+

∥∥∥∥2js
∫ t

0
‖Rj(τ)‖Lp dτ

∥∥∥∥
ℓr

)
,

(3.58)
where we have set, Rj := [u+∇b(ρ) , ∆j ] · ∇u. To control the commutator term, a direct
application of Proposition 0.4 yields, for s > 0,

∥∥∥∥2js
∫ t

0
‖ [u,∆j ] · ∇u‖Lp dτ

∥∥∥∥
ℓr
≤ C

∫ t

0
‖∇u‖L∞ ‖u‖Bs

p,r
dτ .

For the second part [∇b(ρ) , ∆j ] · ∇u, as in the density case, one can resort to Proposition
A.5 with θ = 1, σ = 1/2 to get,
∥∥∥∥2js

∫ t

0
‖ [∇b(ρ),∆j ] · ∇u‖Lp dτ

∥∥∥∥
ℓr
≤ C

∫ t

0

∥∥∇2̺
∥∥
L∞ ‖u‖Bs

p,r
dτ +

+C

∫ t

0
‖∇u‖2L∞ ‖̺‖Bs

p,r
dτ + ε‖̺‖

L̃1
t (B

s+2
p,r )

.

Let us immediately consider the pressure term :

‖λ(ρ)∇q‖
L̃1
t (B

s
p,r)

≤ C ‖∇q‖
L̃1
t (B

s
p,r)

+ ‖(λ(ρ)− λ(1))∇q‖
L̃1
t (B

s
p,r)

≤ C

(
‖∇q‖

L̃1
t (B

s
p,r)

+

∫ t

0
‖∇q‖L∞ ‖̺‖Bs

p,r
dτ

)
.
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To bound ‖∇q‖
L̃1
t (B

s
p,r)

, we argue as follows : we take the divergence of second equation of

System (3.2), we localize in frequencies by operator ∆j and we perform a weighed summa-
tion. Hence we discover that

‖∇q‖
L̃1
t (B

s
p,r)

.

∫ t

0
‖∆−1∇q‖Lp + ‖h‖

L̃1
t (B

s
p,r)

+ ‖div ((u+∇b) · ∇u)‖
L̃1
t (B

s−1
p,r )

+

+

∥∥∥∥2j(s−1)

∫ t

0
‖div ([λ,∆j ]∇q)‖Lp dτ

∥∥∥∥
ℓr
.

Again, Inequality (0.48) in Proposition 0.4, entails the control for the commutator term :
∥∥∥∥2j(s−1)

∫ t

0
‖div ([λ,∆j ]∇q)‖Lpdτ

∥∥∥∥
ℓr
.

∫ t

0

(
‖∇̺‖L∞ ‖∇q‖Bs−1

p,r
+ ‖∇̺‖Bs−1

p,r
‖∇q‖L∞

)
dτ.

Accordint to (3.26), interpolation inequality helps us to control the above first term on the
right hand side as follows :
∫ t

0
‖∇̺‖L∞ ‖∇q‖Bs−1

p,r
dτ . ‖∇̺‖L∞

t (L∞)‖∇q‖L̃1
t (B

s−1+ǫ
p,r )

, for some fixed ǫ ∈ (0, 1),

≤ Cε‖∇̺‖
(s+σ)/(1−ǫ)
L∞
t (L∞) ‖∇q‖

L̃1
t (B

−σ
p,∞)

+ ε‖∇q‖
L̃1
t (B

s
p,r)

with any positive (large) σ. We point out here that for any σ ∈ R, there exists C depending
on σ such that the following holds :

‖∆−1∇q‖L1
t (L

p) ≤ C‖∇q‖L̃1
t (B

−σ
p,∞)

.

Next, by the divergence-free condition over u and Proposition A.3, we infer (div u = 0
implies that we only need s > 0)

‖div ((u+∇b) · ∇u)‖
L̃1
t (B

s−1
p,r )

≤ ‖∇u : ∇u‖
L̃1
t (B

s−1
p,r )

+
∥∥∇2b : ∇u

∥∥
L̃1
t (B

s−1
p,r )

≤ C

(∫ t

0

(
‖∇u‖L∞ +

∥∥∇2̺
∥∥
L∞

)
‖u‖Bs

p,r
dτ +

+

∫ t

0
‖∇u‖2L∞ ‖̺‖Bs

p,r
dτ + ε‖̺‖

L̃1
t (B

s+2
p,r )

)
.

The control of the non-linear term h is quite similar as above. We come back to Equation
(3.3) and consider its pieces one by one. As usual, estimate for products in Proposition A.3
ensures that

∥∥u · ∇2b
∥∥
L̃1
t (B

s
p,r)

.

∫ t

0

∥∥∇2̺
∥∥
L∞ ‖u‖Bs

p,r
dτ + ‖u‖L∞

t (L∞) ‖̺‖L̃1
t (B

s+2
p,r )

,

‖(u · ∇λ)∇a‖
L̃1
t (B

s
p,r)

.

∫ t

0
‖u‖2L∞ ‖∇̺‖2L∞ ‖̺‖Bs

p,r
dτ

+‖̺‖
L̃1
t (B

s+2
p,r )

+

∫ t

0
‖∇̺‖2L∞ ‖u‖Bs

p,r
dτ,

and

‖(∇b · ∇λ)∇a‖
L̃1
t (B

s
p,r)
.

∫ t

0
‖∇̺‖4L∞ ‖̺‖Bs

p,r
dτ + ‖̺‖

L̃1
t (B

s+2
p,r )

.

Moreover, the last element of h can be treated in the following way :

‖div (∇b⊗∇b)‖
L̃1
t (B

s
p,r)

=
∥∥∆b∇b+∇b · ∇2b

∥∥
L̃1
t (B

s
p,r)

.

∫ t

0

∥∥∇2̺
∥∥2
L∞ ‖̺‖Bs

p,r
dτ +

(
1 + ‖∇̺‖L∞

t (L∞)

)
‖̺‖

L̃1
t (B

s+2
p,r )

.
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Let us collect all these informations : up to multiplication by a constant, we gather

‖∇q‖
L̃1
t (B

s
p,r)

≤ C(‖∇̺‖L∞
t (L∞), s, σ)‖∇q‖L1

t (B
−σ
p,∞) (3.59)

+

∫ t

0

(
‖∇u‖L∞ +

∥∥∇2̺
∥∥
L∞ + ‖∇̺‖2L∞ + ‖∇̺‖4L∞

)
‖u‖Bs

p,r
dτ

+

∫ t

0

(
‖∇u‖2L∞ + ‖u‖2L∞‖∇̺‖2L∞ + ‖∇2̺‖2L∞ + ‖∇q‖L∞

)
‖̺‖Bs

p,r
dτ

+
(
1 + ‖∇̺‖L∞

t (L∞) + ‖u‖L∞
t (L∞)

)
‖̺‖

L̃1
t (B

s+2
p,r )

,

and the same control actually holds true also for ‖h‖
L̃1
t (B

s
p,r)

.

In the end, we discover from (3.58) that ‖u‖
L̃∞
t (Bs

p,r)
satisfies also Inequality (3.59), just

with an additional term ‖u0‖Bs
p,r

on the right-hand side. Recalling Estimate (3.57) for the
density, we replace ‖̺‖

L̃1
t (B

s+2
p,r )

in Inequality (3.59) by the right-hand side of it.

Thus, we can sum up (3.57) and the (modified) estimate (3.59) for the velocity u, yielding
the thesis by Gronwall’s Lemma.

3.3.2 Lower bounds for the lifespan

The aim of the present subsection is analyzing the lifespan of the solutions to system
(3.2). We want to show, as carefully as possible, the dependence of the lifespan T on the
initial data. This can be done repeating the a priori estimates previously established, but in
a “rough”way. For example, thanks to Conditions (3.10) and (3.11), we will use extensively
the following inequalities :

‖ab‖Bs−i
p,r
. ‖a‖Bs−i

p,r
‖b‖Bs−i

p,r
, ‖a2‖Bs

p,r
. ‖a‖L∞‖a‖Bs

p,r
, ‖a‖L∞ , ‖∇a‖L∞ . ‖a‖Bs

p,r
,

(3.60)
with i = 0, 1, and

‖ab‖L2 ≤ ‖a‖L4‖b‖L4 . ‖a‖Bs−1
p,r
‖b‖Bs−1

p,r
. (3.61)

In order to control the pressure term, it is useful to separate low and high frequencies.
By use of Bernstein’s inequalities, we get

‖∇q‖Bs
p,r
≤ ‖∆−1∇q‖Bs

p,r
+ ‖(Id −∆−1)∇q‖Bs

p,r
≤ C

(
‖∇q‖L2 + ‖∆q‖Bs−1

p,r

)
. (3.62)

Let us also point out that, thanks to Theorem 3.2 and embedding results, without any
loss of generality from now on throughout this subsection we assume

s = 1 +
d

p
and p = 4, r = 1.

In particular, for any σ ∈ R we have ‖ · ‖
L̃1
t (B

σ
p,1)
∼ ‖ · ‖L1

t (B
σ
p,1)

, and this really simplifies

our computations. We also assume that C always denote some large enough constant.

For notation convenience, we define R0 := ‖̺0‖Bs
p,r

and U0 := ‖u0‖Bs
p,r
,

R(t) = ‖̺‖
L̃∞
t (Bs

p,r)
, S(t) := ‖̺‖L1

t (B
s+2
p,r ) and U(t) := ‖u‖

L̃∞
t (Bs

p,r)
.

From (3.57), we infer that

R(t) + S(t) ≤ C

(
R0 +

∫ t

0
R(τ)

(
U(τ) + 1

)
dτ +

∫ t

0
R3(τ) dτ

)
.
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Now, if we define

TR := sup

{
t > 0

∣∣∣∣
∫ t

0
R3(τ) dτ ≤ 2R0

}
, (3.63)

by Gronwall’s Lemma, we get

R(t) + S(t) ≤ C R0 exp

(
C

(
t +

∫ t

0
U(τ) dτ

))
. (3.64)

So, from now on we work with t ∈ [0, TR].

Let us now focus on the velocity field and the pressure term. We immediately point out
that the nonlinear term h will make density terms with critical regularity appear. Therefore,
unlike what has been done in previous sections, we decided not to use systematically inter-
polation inequalities to isolate the term S(t) and instead, we consider S′(t), which controls
high regularity of the density.

Our starting point is estimate (3.58) :

‖u‖
L̃∞
t (Bs

p,r)
≤ C

(
‖u0‖Bs

p,r
+ ‖h − λ∇q‖L1

t (B
s
p,r)

+

∥∥∥∥2js
∫ t

0
‖Rj(τ)‖Lp dτ

∥∥∥∥
ℓr

)
,

where, as before, Rj := [u+∇b(ρ),∆j ]·∇u. Now we apply again Proposition 0.4 to control
the commutator term, and we get

U(t) ≤ C

(
U0 +

∫ t

0
‖h‖Bs

p,r
dτ +

∫ t

0
‖λ∇q‖Bs

p,r
dτ +

∫ t

0
U2(τ) dτ +

∫ t

0
U(τ)S′(τ) dτ

)
.

(3.65)
Let us now establish some stationary estimates, which will be useful to complete the

bound for U(t). We will often use (3.60) to deal with products.
(i) Let us start with ‖h‖Bs

p,r
. We consider its terms one by one, and finally, one infers

that
‖h‖Bs

p,r
≤ C

(
U S′ + U RS′ + R2 S′ + RS′

)
.

(ii) Now we focus on the Besov norm of the pressure term. First of all, we have

‖λ∇q‖Bs
p,r
≤ C (1 +R) ‖∇q‖Bs

p,r
.

Now, we can handle ‖∇q‖Bs
p,r
. Since r = 1 here, we do not have to worry about the

order of taking the integration with respect to time L1
t and taking the ℓr norm of the

sequence. Hence, we can first “forget about” the time variable and discuss ‖∇q‖Bs
p,r
.

According to (3.62), we first write the equation for the Laplacian of the pressure, by
taking div to Equation (3.2)2 :

−∆q = ∇(log λ) · ∇q + λ−1 div (v · ∇u − h) .

It immediately follows

‖∆q‖Bs−1
p,1

≤ ‖∇(log λ) · ∇q‖Bs−1
p,1

+ (‖̺‖Bs−1
p,1

+ 1)
(
‖div (v · ∇u)‖Bs−1

p,1
+ ‖h‖Bs

p,1

)

≤ ‖∇̺‖Bs−1
p,1
‖∇q‖Bs−1

p,1
+ (‖̺‖Bs−1

p,1
+ 1)

(
‖∇v : ∇u‖Bs−1

p,1
+ ‖h‖Bs

p,1

)

(where we used also that div u = 0). So, applying the interpolation inequality for the

embeddings Bs
p,r →֒ Bs−1

p,1 →֒ B
−d/2
p,1 , then the inclusion L2 →֒ B

−d/2
p,1 and finally the

Young inequality, we gather

‖∇q‖Bs
p,1
≤ C

(
(1 +Rδ) ‖∇q‖L2 + (1 +R)‖∇v : ∇u‖Bs−1

p,1
+ (1 +R)‖h‖Bs

p,1

)
,
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for some δ > 1, thanks to div u ≡ 0. Then, we have also

‖λ∇q‖Bs
p,1
≤ C

(
(1 +R) (1 +Rδ) ‖∇q‖L2 + (1 +R)2 U(U + S′) + (1 +R)2 ‖h‖Bs

p,1

)
.

(3.66)
(iii) Now we focus on the L2 norm of the pressure term. Applying Lemma 0.9 to equation

(3.9) immediately gives

‖∇q‖L2 ≤ C (‖h‖L2 + ‖(u+∇b) · ∇u‖L2) .

Thanks to (3.61), we find

‖(u+∇b) · ∇u‖L2 ≤ C ‖u+∇b‖Bs−1
p,r
‖∇u‖Bs−1

p,r
≤ C

(
U2 + U R

)
.

Using also (3.60) and (3.61), it’s easy to control the L2 norm of h :

‖h‖L2 ≤ C
(
US′ + UR2 +R3 +RS′

)
.

Before putting all these inequalities together into (3.65), let us note the following point.
Due to the fact that δ > 1, for any m ≥ 0 we have

Rm
(
1 +Rδ

)
≤ C

(
1 + Rm+δ

)
,

and we have to deal with only a finite number of powers of R (the biggest m is actually
4, by previous stationary estimates). Hence, if we define (denoting by l some big enough
exponent)

E(t) := 1 + Rl0 exp

(
C

(
t+

∫ t

0
U(τ) dτ

))
,

thanks to (3.64) we can bound all the terms of the form Rm and Rm(1 +Rδ) which occurs
in our estimate by C E , with C > 0 suitably large.

Now, we are ready to complete the bound for ‖λ∇q‖Bs
p,r
. From the previous steps, we

get

‖h‖Bs
p,r
, ‖λ∇q‖Bs

p,r
≤ C

(
E U2 + E U + E U S′ + E S′

)
.

Now we put this last inequality in (3.65). Using again the fact that E ≥ 1, we find

U(t) ≤ C

(
U0 +

∫ t

0

(
E U2 + E U + E U S′ + E S′

)
dτ

)
(3.67)

for all t ∈ [0, TR]. Therefore, if we define

TU := sup

{
t > 0

∣∣∣∣
∫ t

0

(
E U2 + E U + E U S′ + E S′

)
dτ ≤ 2U0

}
, (3.68)

then in [0, TR] ∩ [0, TU ] we get U(t) ≤ C U0 and we manage to close the estimates.
So, our next goal is to prove that, if we define T as the quantity in (3.19), then T ≤

min {TR, TU}, i.e. both conditions in (3.63) and (3.68) are fulfilled.

Let’s first tackle the case U0 ≡ 1 and then we will see how to deal with the general case
by use of Proposition 3.1. First of all, from (3.64), (3.67) and the definition of E , in the
interval [0, TR] ∩ [0, TU ] we have (if U0 ≡ 1)

R(t) + S(t) ≤ C R0 e
Ct and E(t) ≤

(
1 +Rl0

)
eCt , (3.69)
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for some suitable positive constant C. Note that in [0, TR] ∩ [0, TU ] we have
∫ t

0

(
E U2 + E U + E U S′ + E S′

)
dτ ≤ 2C (1 +Rl+1

0 ) e2Ct .

Therefore, TU , defined by (3.68), is bigger than any time t for which the quantity
2C (1 + Rl+1

0 ) e2Ct is controlled by 2. Hence, for suitable values of K1 and with X = l + 1,
U0 ≡ 1 in (3.19), we have that T ≤ TU . Now, let us consider TR. By (3.69), it’s easy to see
that the left-hand side of the condition in (3.63) can be controlled in the following way :

∫ t

0
R3(τ) dτ ≤ C R3

0

∫ t

0
e3Cτ dτ ≤ C

R3
0

3C
e3Ct .

Hence, TR is greater than any time t for which Rl0 e
3Ct ≤ C̃ , for some convenient constant

C̃. But this condition is always verified in [0, T ], up to change the values of K1 in (3.19)
(recall that X > 2). Therefore, in the end we gather that T ≤ min {TR, TU}, and Theorem
3.3 is proved for U0 ≡ 1.

For arbitrary initial data ρ0 − 1, u0 in B
1+d/4
4,1 , we have a unique local-in-time solution

(ρ, u,∇q). Let us define

ε2 = ‖u0‖B1+d/4
4,1

,
(
ρε0, u

ε
0

)
(x) :=

(
ρ0, ε

−1u0

)
(ε−1x) .

Then U ε0 := ‖uε0‖B1+d/4
4,1

≡ 1 and hence the lifespan of the solution (ρε, uε,∇qε) defined by

(3.18) is bigger than

K1 log
( K1

1 + ‖ρε0 − 1‖X
B

1+d/4
4,1

)
= K1 log

( K1

1 +
(
ε−1‖ρ0 − 1‖

B
1+d/4
4,1

)X
)
.

In virtue of Proposition 3.1, the lifespan of the solution (ρ, u,∇q) is larger than

K1

ε2
log
( K1

1 +
(
ε−1‖ρ0 − 1‖

B
1+d/4
4,1

)X
)
.

This completes the proof of Theorem 3.3, thanks to Remark 3.3.

3.4 Finite energy case

We want now to deal with finite energy initial data, under Condition (3.10) and p ∈
(1,+∞]. Thanks to Proposition B.3 in the appendix, we can take the Lebesgue exponent p
to be ∞ (the endpoint case) in solution space Esp,r. In fact, according to Remark B.6, the
a priori estimate (3.29) still holds true, with K′

H(t) in (3.30) replaced by the following with
p =∞ :

1 + ‖u‖2Lp + ‖u‖Bs
p,r

+ ‖∇κ‖2Lp + ‖∇κ‖Bs
p,r
. (3.70)

And for the sake of simplicity, we from now on denote the above expression by K′(t).
The proof of Theorem 3.4 is just as the proof presented in Subsection §3.2.2, with some

changes pertaining to the energy. We will follow the standard process in proving the local
existence result also : we construct a sequence of approximate smooth solutions which have
uniform bounds and then we show the convergence to a unique solution. In each step we
will try to sketch the analysis first (even if a little long) and then present the proof into
details.

Let us make some simplification. Sometimes a few estimates may depend on the existing
time T ∗, and hence a priori we suppose that T ∗ ≤ 1. We also assume that all the constants
appearing in the sequel, such as C,CM , CE , are bigger than 1. We always denote δbn =
b(ρn)− b(ρn−1) and δan = a(ρn)− a(ρn−1).
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3.4.1 Construction of a sequence of approximate solutions

As usual, after fixing (̺0, u0,∇q0) = (̺0, u0, 0), we consider inductively the n-th ap-
proximate density ̺n to be the unique global solution of the following linear system (we do
not regularize the initial data)

{
∂t̺

n + un−1 · ∇̺n − div (κn−1∇̺n) = 0,
̺n|t=0 = ̺0,

(3.71)

with κn−1 = κ(ρn−1) and the n-th approximate velocity and pressure (un,∇qn) satisfying




∂tu
n + (un−1 − κn−1(ρn)−1∇ρn) · ∇un + λn∇qn = hn−1,

div un = 0,
un|t=0 = u0,

(3.72)

where we have set as before, λn = λ(ρn) and the same hn−1 defined in (3.46) :

hn−1 = (ρn−1)−1
(
∆b(ρn−1)∇a(ρn−1) + un−1 ·∇2a(ρn−1) + ∇b(ρn−1) ·∇2a(ρn−1)

)
. (3.73)

We pay attention that, compared with System (3.46), the coefficients un−1−κn−1(ρn)−1∇ρn

and λn of System (3.72) here are chosen to keep accordance with Equation (3.71), in order
to get the energy identity for un. Indeed, noticing div un = 0 and Equation (3.71) for ρn,
we can take the L2(Rd)-inner product between Equation (3.72)1 and ρnun, getting at least
formally 1

1

2

d

dt

∫

Rd

ρn|un|2 =

∫

Rd

ρnhn−1 · un. (3.74)

Furthermore, the initial data for {̺n} are chosen the same. We will see later that this choice
enables us to estimate the difference sequence {δ̺n = ̺n − ̺n−1}n≥2 in Space CT ∗(H1)
(T ∗ denotes the existence time), although the initial density ̺0 belongs to L2 only. This
estimate makes it possible to bound the difference of the source term hn − hn−1 (notice
it involves terms such as ∆δbn∇an) in Space L1

T ∗(L2). Therefore the convergence of the
velocity sequence in Space CT ∗(L2) follows. We will explain the convergence process in
detail in Subsection §3.4.2 below.

In this paragraph, we aim at proving the existence of the solution sequence (ρn, un,∇qn)
and uniform estimates for it. We want to show estimates (3.44) and (3.45), with a change
pertaining to ∇qn :

‖∇qn‖
L̃1
T∗ (Bs

p,r)∩L
1
T∗ (L2)

≤ τ
1

2sp , with sp = max

{
s , s−

d

p
+
d

2

}
. (3.75)

We also prove the following inductive estimate involving energy :

‖̺n‖L∞
T∗ (L2) + ‖∇̺

n‖L2
T∗ (L2) + ‖u

n‖L∞
T∗ (L2) ≤ CEE0, (3.76)

with E0 := ‖̺0‖L2 + ‖u0‖L2 and some constant CE depending on d, s, ρ∗, ρ
∗.

In fact, the subtlety still comes out when dealing with the pressure term ∇qn. Getting
inductive estimate (3.75) relies on the divergence-free condition of un, which helps us to
write the equations for qn in different forms, such as (3.77), (3.78) and (3.79) in the following.
Informations on low and high frequencies issue from these equations separately. This yields
estimates for ∇q itself finally, thanks to (3.62).

1. We can also follow the scheme (3.46) which, gives the following by taking L2-inner product between
(3.46)2 and ρn−1un

1

2

d

dt

∫

Rd

ρ
n−1|un|2 +

1

2

∫

Rd

div
(

ρ
n−1(un−2 − u

n−1)− (κn−2 − κ
n−1)∇ρ

n−1
)

|un|2 =

∫

Rd

ρ
n−1

h
n−1 · un

.

For simplicity we choose iterative linear systems (3.71) and (3.72) here.
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Let us sketch the idea which supplies the control of ∇q.
In SubSection §3.2.2, where p ∈ [2, 4], according to the divergence-form elliptic equation for
qn, the quantity ‖∇qn‖L1

t (L
2) (involving the low frequency information) can be controlled by

a simple use of Hölder’s Inequality ‖fg‖L2 ≤ ‖f‖L4‖g‖L4 to the quadratic “source” terms.
Now, we also apply “div ” to Equation (3.72)1, getting the following equation for qn :

div (λn∇qn) = div
(
hn−1 − (un−1 − κn−1(ρn)−1∇ρn) · ∇un

)
. (3.77)

But here, thanks to Estimate (3.76), one uses ‖fg‖L2 ≤ ‖f‖L2‖g‖L∞ to bound ‖∇qn‖L1
T∗ (L2)

and hence the low frequencies, when p ≥ 2.

If p ∈ (1, 2), instead, we multiply Equation (3.72)1 by ρn and then apply “div ” to it.
Recalling that div ∂tu

n = 0, we get a Laplace equation for qn :

∆qn = −div
(
(ρn − 1)∂tu

n + (ρnun−1 − κn−1∇ρn) · ∇un
)
+ div (ρnhn−1). (3.78)

One observes that if p ∈ (1, 2), then

Bs−1−d/q
p,r →֒ Lq, ∀q ≥ 2.

Thus we perform ‖fg‖Lp ≤ ‖f‖L2‖g‖Lp∗ with 1/p∗ + 1/2 = 1/p to these right-hand side
quadratic terms. Since ̺n is already in Lq for all q ≥ 2 according to Maximum Principle
and Energy Estimate, this requires ‖∂tu

n‖L1
t (L

2). Luckily it is related to ‖∇qn‖L1
t (L

2) by
Equation (3.72)1.

In order to control the high frequencies, it is enough to show that ∆qn is in L̃1
t (B

s−1
p,r ).

Let us rewrite Equation (3.77) as

∆qn = ∇ log ρn · ∇qn + ρndiv
(
hn−1 − (un−1 − κn−1(ρn)−1∇ρn) · ∇un

)
. (3.79)

The quantity ‖∇qn‖
L̃1
t (B

s−1
p,r )

can be interpolated between L̃1
t (B

s
p,r) and L1

t (L
p) when p ∈

(1, 2) (resp. L1
t (L

2) when p ∈ [2,∞) since L2 →֒ B
d/p−d/2
p,∞ ) and the index sp will come out

from that interpolation.

As in [36], let us also notice that the limit functional space Bs−1
∞,r with s = r = 1 is no

longer an algebra as spaces Bs−1
p,r with p < +∞. But we still have the following product

estimates by considering paraproducts and remainder separately :

‖fg‖B0
∞,1
≤ C‖f‖Bǫ

∞,1
‖g‖B0

∞,1
, ∀ǫ > 0. (3.80)

Thus we just have to modify the above interpolation a little to make quantity ‖∇qn‖
L̃1
T∗ (B

ǫ
∞,1)

appear. We refer also to [36] for the inequality (due to div un = 0)

‖div (un−1 · ∇un)‖B0
∞,1
≤ C‖un−1‖B1

∞,1
‖∇un‖B0

∞,1
. (3.81)

Now let us realize the above analysis.
Since (̺0, u0,∇q0) = (̺0, u0, 0), then by choosing small T ∗, inductive Estimates (3.44),
(3.45), (3.75) and (3.76) all hold for n = 0. Next we suppose (̺n−1, un−1,∇qn−1) to belong
to the functional space Ẽsp,r defined by

(
C(R+;Bs

p,r∩L
2)∩L2

loc (H
1)∩L̃1

loc (B
s+2
p,r )

)
×
(
C(R+;Bs

p,r∩L
2)
)d
×
(
L̃1
loc (B

s
p,r)∩L

1
loc (L

2)
)d
,

(3.82)
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and such that the inductive assumptions hold. We just have to show that the n-th unknown
(̺n, un,∇qn) defined by System (3.71) and (3.72) belongs to the same space, satisfying the
same conditions.

Instead of working with ̺n and un together, we first consider ̺n independently. By
smoothing out the initial datum and coefficients, applying (3.29) (with KH defined by
(3.70)) and then showing the convergence, we can get the unique global solution ̺n of
the linear system (3.71). The process is quite standard and we omit it. One observes that
Estimates (3.29) imply ̺n ∈ L̃∞

t (Bs
p,r) ∩ L̃

1
t (B

s+2
p,r ) for any finite t > 0. Thus in particular

̺n ∈ C(R+;Bs
p,r).

On the other hand, since un−1 ∈ L∞
loc (L

∞) and div un−1 = 0 (noticing Equation (3.72)2),
energy inequality (3.20) for ̺n follows. Thus ̺n ∈ C(R+;L2)∩L2

loc (H
1), and we necessarily

have

‖̺n‖L∞
T∗ (L2) + ‖∇̺

n‖L2
T∗ (L2) ≤

1

2
CE‖̺0‖L2 .

It is easy to see that, by Maximum Principle,

ρ∗ ≤ 1 + ̺n(t, x) = ρn(t, x) ≤ ρ∗, ∀t ∈ R
+, x ∈ R

d.

As in SubSection §3.2.2, we introduce ̺L to be the solution of the free heat equation
with initial datum ̺0, which satisfies (3.47) and (3.48) also. Correspondingly, the remainder
¯̺n := ̺n−̺L solves System (3.50), with ̺L instead of ̺nL. Estimate (3.29) thus implies that
for p ∈ (1,∞],

‖ ¯̺n‖
L̃∞
t (Bs

p,r)∩L̃
1
t (B

s+2
p,r )
≤
(
Cn−1(t) eC

n−1(t)Kn−1(t)
)
‖fn‖

L̃1
t (B

s
p,r)
,

where
fn = −un−1 · ∇ ¯̺n − un−1 · ∇̺L + div ((κn−1 − 1)∇̺L).

Here Cn−1(t) depends also on ‖̺n−1‖L∞
t (Bs

p,r)
when p = ∞, and by embedding result, we

can take

Kn−1(t) := t+ ‖(un−1,∇κn−1)‖2L2
t (L

∞) + ‖(u
n−1,∇κn−1)‖L1

t (B
s
p,r)
.

Since inductive assumption (3.44) holds, we derive on the whole time interval [0, T ∗],

Cn−1(t) eC
n−1(t)Kn−1(t) ≤ CK,

for some constant CK depending only 2 onM . Furthermore, product estimates, interpolation
inequality and Estimate (3.48) ensure that

‖fn‖
L̃1
T∗ (Bs

p,r)
≤ C‖un−1‖

L̃2
T∗ (Bs

p,r)
‖∇ ¯̺n‖

L̃2
T∗ (Bs

p,r)
+ CCMτ

2

≤ CεCK‖u
n−1‖2

L̃2
T∗ (Bs

p,r)
‖ ¯̺n‖

L̃∞
T∗ (Bs

p,r)
+ C−1

K ε‖ ¯̺n‖
L̃1
T∗ (B

s+2
p,r )

+ CCMτ
2.

Therefore the smallness statement (3.49) pertaining to ¯̺n is verified and hence inductive
assumption (3.44) holds for ̺n.

As to solve System (3.72), a convenient way is to view it as a transport equation of
the velocity un. For each finite time t, if there exists a constant Ct (depending on t,
‖(̺k, un−1,∇qn−1)‖Es

p,r(t)
, ‖̺k‖L∞

t (L2)∩L2
t (H

1), k = n − 1, n, and ‖un−1‖L∞
t (L2)) such that

the L̃1
t (B

s
p,r)-norm of the “source” term −λn∇qn + hn−1 is bounded by Ct(1 + U

n(t)) with

Un(t) = ‖un‖
L̃∞
t (Bs

p,r)
,

2. In fact, CK also depends on T ∗, which can be “omitted” since we have supposed a priori T ∗ ≤ 1.
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then a standard proof gives a unique global solution un ∈ C(R+;Bs
p,r) (see the proof of

Theorem 3.19 in [5]). If furthermore ∇qn, hn ∈ L1
loc (L

2), then un ∈ C(R+;L2), according
to Energy Identity (3.74). Therefore, it reduces to get a priori estimates of ∇qn, hn−1 in
L̃1
loc (B

s
p,r)∩L

1
loc (L

2), by use of Ct and U
n. In fact, it will immediately follow by observing

the estimates in the demonstration below of the inductive estimates for un and ∇qn.
In the following, we a priori demonstrate inductive estimates for un and ∇qn. The idea

is that, by terms of τ and
Πn , ‖∇qn‖

L̃1
T∗ (Bs

p,r)
,

we are going to bound the following quantities in the following order :

‖un‖
L̃∞
T∗ (Bs

p,r)
 ‖∇qn‖L1

T∗ (L2)  ‖∂tu
n‖L1

T∗ (L2)

 ‖∇qn‖L1
T∗ (Lp)  ‖∇q

n‖
L̃1
T∗ (B

s−1
p,r )
 ‖∆qn‖

L̃1
T∗ (B

s−1
p,r )

,

which include the informations of both low frequency ‖∇qn‖L1
T∗ (Lp) and high frequency

‖∆qn‖
L̃1
T∗ (B

s−1
p,r )

. One also notices that if p ≥ 2, then ‖∇qn‖L1
T∗ (L2) readily offers bound on

‖∆−1∇q
n‖L1

T∗ (Lp), as a consequence of Bernstein inequalities.

(i) First of all, according to Equation (3.72)1, we have

‖un‖
L̃∞
t (Bs

p,r)
≤ CeCWn−1(t)

(
‖u0‖Bs

p,r
+ ‖hn−1 − λn∇qn‖

L̃1
t (B

s
p,r)

)
,

where

Wn−1(t) :=

∫ t

0
‖un−1 − κn−1(ρn)−1∇ρn‖Bs

p,r
.

By virtue of inductive assumptions (3.44) for ̺n−1, ̺n and (3.45) for un−1, we easily
derive

Wn−1(T ∗), ‖hn−1‖
L̃1
T∗ (Bs

p,r)
≤ CCMτ.

Thus (as ‖λn − 1‖
L̃∞
t (Bs

p,r)
≤ C CM ) for sufficiently small parameter τ ,

‖un‖
L̃∞
T∗ (Bs

p,r)
≤ C

(
‖u0‖Bs

p,r
+ CCMτ + CCM‖∇q

n‖
L̃1
T∗ (Bs

p,r)

)
≤ CCM

(
1 + Πn

)
.

(3.83)

(ii) Secondly, inductive assumptions (3.45) and (3.76) imply

‖hn−1‖L1
T∗ (L2) ≤ CCEE0τ.

Hence, according to ‖∇un‖L2
T∗ (L∞) ≤ (T ∗)1/2‖un‖L∞

T∗ (Bs
p,r)

and Estimate (3.83), if

(T ∗)1/2 ≤ τ , then Equation (3.77) entails

‖∇qn‖L1
T∗ (L2) ≤ CCEE0(τ + τ‖un‖L∞

T∗ (Bs
p,r)

) ≤ CCECME0τ
(
1 + Πn

)
. (3.84)

Correspondingly, ‖∂tu
n‖L1

T∗ (L2) is bounded also by above, with some change of the
constant C.

(iii) Next we also want to bound ‖∇qn‖L1
T∗ (Lp) for p ∈ (1, 2), which controls the low

frequency. It relies on Equation (3.78). Firstly, since

∆b(ρn−1), ∇2a(ρn−1) ∈ L̃2
T ∗(Bs−1

p,r ) →֒ L2
T ∗(Lp

∗
), with p∗ =

2p

2− p
≥ 2,

we have furthermore
‖hn−1‖L1

T∗ (Lp) ≤ CCEE0τ.
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Similarly, we have

‖(ρn − 1)∂tu
n‖L1

T∗ (Lp), ‖(ρ
nun−1 − κn−1∇ρn) · ∇un‖L1

T∗ (Lp) ≤ CCEC
2
ME0τ(1 + Πn).

Hence Equation (3.78) implies, for p ∈ (1, 2),

‖∇qn‖L1
T∗ (Lp) ≤ CCEC

2
ME0τ(1 + Πn) ≤ CΠ(1 + Πn)τ, (3.85)

with notation CΠ denoting some constant depending on s, d, p, ρ∗, ρ
∗, CE , CM , E0, to

be precisely determined later.

(iv) Now, one observes that Estimate (3.85) for ∇qn implies moreover

‖∇qn‖
L̃1
T∗ (B

s−1
p,r )
≤ C‖∇qn‖

1/s

L1
T∗ (Lp)

‖∇qn‖
(s−1)/s

L̃1
T∗ (Bs

p,r)
≤ CΠ(1 + Πn)τ1/s, p ∈ (1, 2),

with some change of constant CΠ. On the other hand, if p ≥ 2, then Embedding

L2(Rd) →֒ B
d/p−d/2
p,∞ (Rd) and (3.84) also ensure similar interpolation inequality, for

any η ∈ [0, 1) :

‖∇qn‖
L̃1
T∗ (B

s−1+η
p,r )

≤ C‖∇qn‖
1−η
sp

L1
T∗ (B

d/p−d/2
p,∞ )

‖∇qn‖

sp−1+η

sp

L̃1
T∗ (Bs

p,r)

≤ C‖∇qn‖
1−η
sp

L1
T∗ (L2)

(Πn)
sp−1+η

sp

≤ CΠ(1 + Πn)τ
1−η
sp .

(v) At last, Equation (3.79) and Estimates (3.80) and (3.81) ensure for some η ∈ (0, 1)
(still with some appropriated constant CΠ)

‖∆qn‖
L̃1
T∗ (B

s−1
p,r )
≤ CCM‖∇q

n‖
L̃1
T∗ (B

s−1+η
p,r )

+ CCMτ + CCMτ
2 ≤ CΠ(1 + Πn)τ

1−η
sp ,

which, together with (3.62), (3.84), (3.85) and the definition of Πn, implies, for τ and
T ∗ small enough,

‖∇qn‖
L̃1
T∗ (Bs

p,r)
≤ τ1/2sp .

Therefore by virtue of Estimates (3.83) and (3.84), inductive assumption (3.45) and
(3.75) for un and ∇qn follow respectively.

(vi) From above, Energy Identity (3.74) holds and hence we have

‖un‖L∞
T∗ (L2) ≤ C(‖u0‖L2 + ‖hn−1‖L1

T∗ (L2)) ≤
1

2
CEE0.

Inductive assumption (3.76) is then verified.

3.4.2 Convergence Part

When we turn to establish the above sequence converging to the solution, as in SubSec-
tion §3.2.2, we introduce the difference sequence

(δ̺n, δun, ∇δqn) = (̺n − ̺n−1, un − un−1, ∇qn −∇qn−1), n ≥ 1.

When n ≥ 2, it verifies the following system :




∂tδ̺
n + un−1 · ∇δ̺n − div (κn−1∇δ̺n) = Fn−1,

∂tδu
n + (un−1 − κn−1∇ log ρn) · ∇δun + λn∇δqn = Hn−1

e ,
div δun = 0,

(δ̺n, δun)|t=0 = (0, 0),

(3.86)
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where

Fn−1 = −δun−1 · ∇̺n−1 + div (δκn−1∇̺n−1),

Hn−1
e = δhn−1 − (δun−1 − δκn−1∇ log ρn − κn−2∇δ(log ρ)n) · ∇un−1 − δλn∇qn−1,

with

δκn−1 = κn−1−κn−2, δhn−1 = hn−1−hn−2, δ(log ρ)n = log ρn−log ρn−1, δλn = λn−λn−1.

Firstly, since in the case p ∈ (1, 4], we have the embedding Bs
p,r →֒ B

1+d/4
4,1 , thus we

just have to establish that {(̺n, un,∇qn)n≥0} is a Cauchy sequence in the functional space

E
d/4
4,1 (T

∗) (see (3.13) for the definition). In fact, we just have to follow exactly SubSection
§3.2.2, with some necessary changes in the coefficients and source terms varying from System
(3.51) to System (3.86).

If p is big enough and we consider the limit case (s, p, r) = (1,∞, 1), then it’s no more
true that {(̺n, un,∇qn)n≥0} is a Cauchy sequence in E0

∞,1(T
∗). Indeed, applying “div” to

Equation (3.86)2 entails

div (λn∇δqn) = divHn−1
e − div ((un−1 − κn−1∇ log ρn) · ∇δun). (3.87)

Since the following estimate

‖div (un−1 · ∇δun)‖
B

d/p−1
p,1

≤ ‖un−1‖
B

d/p+1
p,1

‖∇δun‖
B

d/p−1
p,1

only holds for p <∞. Thus we cannot have ∇δqn ∈ L1
T ∗(B0

∞,1) in general.

Therefore in the general case, we have to consider the difference sequence in the energy
space. One wants Hn−1

e in L1
T ∗(L2). One pays attention to the following terms in Hn−1

e :

(ρn−1)−1∆δbn−1∇an−1 and (ρn−1)−1∇bn−2 · ∇2δan−1.

We only have∇an−1,∇bn−1 in L∞
T ∗(L∞), and thus one requires ∆δbn−1,∇2δan−1 in L1

T ∗(L2)
and hence δ̺n−1 in L1

T ∗(H2).

Firstly, it is easy to see that Fn−1 ∈ L2
loc (L

2) and hence taking L2 inner product between
Equation (3.86)1 and δ̺n gives controls on δ̺n by δ̺n−1, δun−1, with small coefficient if
restricted on small time interval [0, T ∗].
Next, thanks to the null initial datum for δ̺n, by taking derivation of Equation (3.86)1, we
expect to get energy estimates for ∇δ̺n. In fact, the equation for ∇δ̺n, n ≥ 2 reads

∂t∇δ̺
n+un−1 ·∇2δ̺n−div (κn−1∇2δ̺n) = −∇δ̺n ·∇un−1+div (∇δ̺n⊗∇κn−1)+∇Fn−1 .

(3.88)
The first two terms of the right-hand side are of lower order, while the third one, is in
L2
loc (H

−1), thus taking L2 inner product works. Therefore, δ̺n ∈ L∞
loc (H

1) ∩ L2
loc (H

2)
ensures δ̺n ∈ C(R+;L2) and Hn−1

e ∈ L1
loc (L

2). Thus energy inequality for δun also follows
and its energy is bounded in terms of δ̺n−1, δ̺n, δun−1.

Thanks to the small time T ∗, we thus can demonstrate that {(ρn, un)}n≥1 is a Cauchy
sequence in C([0, T ∗];L2) and hence converges to some unique limit (ρ, u). Furthermore
‖ρ−ρn‖L∞

T∗ (H1)∩L2
T∗ (H2) goes to 0 as n goes to∞. Then by use of the high regularity of the

solution sequence, we can show that (ρ, u) is a solution.

Now we begin to make the above analysis in detail.
Our goal is to demonstrate that {ρn − ρ0}n, {u

n}n are Cauchy sequences in C([0, T ∗];L2)
and the limit really solves System (3.71) and System (3.72).
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Since δ̺n ∈ Ẽsp,r (see (3.82) for definition), we can take L2(Rd) inner product between
Equation (3.86)1 and δ̺n, n ≥ 2, entailing

1

2

d

dt

∫

Rd

|δ̺n|2 +

∫

Rd

κn−1|∇δ̺n|2 = −

∫

Rd

δun−1 · ∇ρn−1 δ̺n −

∫

Rd

δκn−1∇ρn−1 · ∇δ̺n.

Thus integration in time and Young’s Inequality give

‖δ̺n‖L∞
T∗ (L2) + ‖∇δ̺

n‖L2
T∗ (L2) ≤ C(‖δu

n−1‖L2
T∗ (L2) + ‖δ̺

n−1‖L2
T∗ (L2))‖∇̺

n−1‖L2
T∗ (L∞)

≤ Cτ(‖δ̺n−1‖L∞
T∗ (L2) + ‖δu

n−1‖L2
T∗ (L2)). (3.89)

According to the analysis above, δ̺n ∈ C(R+;L2) ∩ L2
loc (H

2), n ≥ 2, (notice that it is
not clear that δ̺1 = ρ1 − ρ0 ∈ L

2
loc (H

2)), we still can take L2(Rd) inner product between
Equation (3.88) and ∇δ̺n :

1

2

d

dt

∫

Rd

|∇δ̺n|2 +

∫

Rd

κn−1|∇2δ̺n|2

= −

∫
∇δ̺n · ∇un−1 · ∇δ̺n +∇δ̺n · ∇2δ̺n · ∇κn−1 + Fn−1∆δ̺n .

Integrating in time also implies

‖∇δ̺n‖L∞
T∗ (L2) + ‖∇

2δ̺n‖L2
T∗ (L2) ≤

C
(
‖∇un−1‖L2

T∗ (L∞)‖∇δ̺
n‖L∞

T∗ (L2) + ‖∇ρ
n−1‖L2

T∗ (L∞)‖∇δ̺
n‖L∞

T∗ (L2) + ‖F
n−1‖L2

T∗ (L2)

)
.

Since

‖Fn−1‖L2
T∗ (L2) ≤ C(τ‖δu

n−1‖L2
T∗ (L2) + τ‖δ̺n−1‖L∞

T∗ (L2) + CM‖∇δ̺
n−1‖L2

T∗ (L2)),

thus for the above small τ and T ∗,

‖∇δ̺n‖L∞
T∗ (L2) + ‖∇

2δ̺n‖L2
T∗ (L2) ≤ Cτ‖(δ̺

n−1, δun−1)‖L∞
T∗ (L2) + CCM‖∇δ̺

n−1‖L2
T∗ (L2).

We can substitute (3.89) into the term ‖∇δ̺n−1‖L2
T∗ (L2) above, and then sum up these

two inequalities, entailing

‖δ̺n‖L∞
T∗ (H1) + ‖∇δ̺

n‖L2
T∗ (H1) ≤ CCMτ‖(δ̺

n−1, δ̺n−2, δun−1, δun−2)‖L∞
T∗ (L2). (3.90)

Now we turn to δun. We rewrite δhn−1 as

1

ρn−1
(∆δbn−1∇an−1+∆bn−2∇δan−1+ δun−1 · ∇2an−1+un−2 · ∇2δan−1+∇δbn−1 · ∇2an−1

+∇bn−2·∇2δan−1)+
(
(ρn−1)−1−(ρn−2)−1

)
(∆bn−2·∇an−2+un−2·∇2an−2+∇bn−2·∇2an−2).

By virtue of ‖∆δbn−1‖L2 ≤ C‖δ̺n−1‖H2 and

‖∆bn−1‖L2
T∗ (L∞) ≤ C

∥∥|∇ρn−1|2
∥∥
L2
T∗ (L∞)

+ C‖∆ρn−1‖L2
T∗ (L∞) ≤ CCMτ,

we have also from the above inductive estimates that

‖δhn−1‖L1
T∗ (L2) ≤ CCMτ(‖δ̺

n−1‖L2
T∗ (H2) + ‖δu

n−1‖L∞
T∗ (L2)) + CCEE0τ‖δ̺

n−1‖L∞
T∗ (L2).

Similarly,

‖Hn−1
e ‖L1

T∗ (L2) ≤ C(CM+CEE0)τ(‖δ̺
n−1‖L2

T∗ (H2)+‖δu
n−1‖L∞

T∗ (L2))+Cτ
1/2sp‖δ̺n‖L∞

T∗ (L2).
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According to Equation (3.71) and div δun = 0, taking the L2(Rd) inner product between
Equation (3.86)2 and ρnun. Then integrating on the time interval [0, T ∗] issues

‖δun‖L∞
T∗ (L2) ≤ C‖H

n−1
e ‖L1

T∗ (L2). (3.91)

Combining Estimate (3.90) and (3.91) entails for sufficiently small τ depending only on
the space dimension d, on the indices (s, p, r) and on the constants CM , CE , E0,

‖δ̺n‖L∞
T∗ (H1)∩L2

T∗ (H2)+‖δu
n‖L∞

T∗ (L2) ≤
1

6
‖(δ̺n−1, δ̺n−2, δ̺n−3, δun−1, δun−2, δun−3)‖L∞

T∗ (L2).

Thus
∑
‖(δ̺n, δun)‖L∞

T∗ (L2) converges. Since δ̺
n ∈ C(R+;L2), the Cauchy sequences {̺n}

and {un} converge to ̺ and u in C([0, T ∗];L2) respectively. It is also easy to see that
∑

n≥2

‖δ̺n‖L∞
T∗ (H1)∩L2

T∗ (H2),
∑

n≥2

‖δhn‖L1
T∗ (L2),

∑

n≥2

‖Hn−1
e ‖L1

T∗ (L2) < +∞.

Writing

div
(
(un−1 − κn−1∇ log ρn) · ∇δun

)

= div
(
δun · ∇(un−1 − κn−1∇ log ρn) + δundiv (κn−1∇ log ρn)

)
,

from Equation (3.87) we get

‖∇δqn‖L1
T∗ (L2) ≤ C(‖H

n−1
e ‖L1

T∗ (L2) + CM‖δu
n‖L∞

T∗ (L2)).

Thus
∑∞

2 ‖∇δq
n‖L1

T∗ (L2) also converges and hence ∇qn converges to the unique limit ∇q

in L1
T ∗(L2).
Now one notices that by interpolation between L2 and Bs

p,r, u
n converges to u in

C([0, T ∗];B
1/2
4,1 ), for instance, and u

n−1−κn−1(ρn)−1∇ρn is at least in L2
loc (B

1/2
4,1 ). It entails

(un−1 − κn−1(ρn)−1∇ρn) · ∇un − (u− κρ∇ρ) · ∇u→ 0 in L2
T ∗(L2 +B

−d/4
4,∞ ).

Thus a direct calculation ensures (̺, u,∇q) solves System (3.2) and is in Esp,r(T
∗) by Fatou

property.

3.4.3 Uniqueness part

The proof of uniqueness just follows the idea of the convergence part. More precisely,
as in SubSection §3.2.2, take two solutions (ρ1, u1,∇q1), (ρ2, u2,∇q2) ∈ E

s
p,r(T

∗) of System
(3.2) with the same initial data, such that ρ1 − 1, ρ2 − 1, u1, u2 ∈ L∞

T ∗(L2), ∇ρ1,∇ρ2 ∈
L2
T ∗(L2). Then the difference (δρ, δu,∇δq) = (ρ1 − ρ2, u1 − u2,∇q1 −∇q2) verifies





∂tδ̺+ u1 · ∇δ̺− div (κ1∇δ̺) = −δu · ∇̺2 + div ((κ1 − κ2)∇̺2),
∂tδu+ (u1 +∇b1) · ∇δu+ λ1∇δq = h1 − h2 − (δu+∇δb) · ∇u2 − δλ∇q2,

div δu = 0,
(δ̺, δu)|t=0 = (0, 0) ,

with the notation κi = κ(̺i) and analogous for bi, λi and hi.
Similarly as Convergence Part, we can get

‖δρ‖L∞
t (L2) + ‖∇δρ‖L2

t (L
2) ≤ C(‖∇ρ2‖L2

t (L
∞)‖δρ‖L∞

t (L2) + ‖∇ρ2‖L1
t (L

∞)‖δu‖L∞
t (L2)),

‖∇δρ‖L∞
t (L2) + ‖∇

2δρ‖L2
t (L

2) ≤ C
(
(‖∇u1‖L1

t (L
∞) + ‖∇κ1‖L2

t (L
∞))‖∇δρ‖L∞

t (L2)

+ (‖∆ρ2‖L2
t (L

∞) + ‖∇ρ1‖L2
t (L

∞)‖∇ρ2‖L∞
t (L∞))‖δρ‖L∞

t (L2)

+ ‖∇ρ2‖L2
t (L

∞)‖δu‖L∞
t (L2) + ‖∇ρ1‖L∞

t (L∞)‖∇δρ‖L2
t (L

2)

)
,
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and some similar estimate for ‖δu‖L∞
t (L2), which we omit here. Thus, on sufficiently small

interval [0, t], δρ ≡ δu ≡ 0, the uniqueness holds. Then we recover uniqueness on the whole
existence time interval [0, T ∗] by use of classical arguments.

3.4.4 Remark on the lifespan in dimension two

In this subsection, we want to give a better estimate for the lower bound for the lifes-
pan of the solution in the case of dimension d = 2. The global-in-time existence issue in
dimension d = 2 for the classical homogeneous Euler system (i.e. ρ ≡ ρ constant in system
(3.2)) is well-known and the key to the proof is the fact that, if we define the vorticity of
the fluid as

ω := ∂1u
2 − ∂2u

1 , (3.92)

then this quantity is conserved along the trajectories of the fluid particles, i.e. it fulfills the
free transport equation

(V ) ∂tω + u · ∇ω = 0 .

For non-homogeneous perfect fluids, see system (3.7), the previous relation (V ) is no more
true, due to a density term which comes into play combined with the pressure. Hence, it’s
not clear if solutions to (3.7) exist globally in time. However, in [36] it’s proved that, for
initial densities close to a constant state, the lifespan of the corresponding solutions tends
to +∞. Theorem 3.5 gives us the analogous result for our model (3.2).

The idea is to resort to the vorticity in order to control the high frequencies of the
velocity field. The vorticity ω of the fluid is still defined by formula (3.92), where u solves
(3.2). However, it’s easy to see from relation (3.4) that actually

ω ≡ ∂1v
2 − ∂2v

1 ;

now, from (3.1)2 the equation for ω immediately follows :

∂tω + v · ∇ω + ω∆b + ∇λ ∧∇Π = 0 , (3.93)

where we have set ∇λ ∧∇Π = ∂1λ ∂2Π − ∂2λ ∂1Π.
In order to bound the vorticity, it’s fundamental to take advantage of a new version

of refined estimates for transport equations in borderline Besov spaces of the type B0
p,r,

proved first by Vishik in [102] and then generalized by Hmidi and Keraani in [57] (see also
Chapter 3 of [5]). They state that the B0

∞,1 norm of the vorticity grows linearly (and not
exponentially, as in the general case) with respect to the Lipschitz norm of the solenoidal
velocity field. Even if here we don’t have the divergence-free condition for the transport
velocity v, the proof in [57] still works, except that one asks for an additional regularity on
div v. More precisely, the following lemma holds.

Lemma 3.2. Let us consider the following linear transport equation :
{
∂tω + v · ∇ω = g,

ω|t=0 = ω0.
(3.94)

For any β > 0, there exists a constant C depending only on d, β such that the following a
priori estimate holds true :

‖ω(t)‖B0
∞,1
≤ C

(
‖ω0‖B0

∞,1
+ ‖g‖L1

t (B
0
∞,1)

)(
1 + V(t)

)
, (3.95)

with

V(t) :=

∫ t

0
‖∇v‖L∞ + ‖div v‖

Bβ
∞,∞

dt′.

3.4. FINITE ENERGY CASE 101



CHAPITRE 3. INVISCID LOW-MACH NUMBER LIMIT SYSTEM

Proof. We will follow the proof of [57]. Firslty we can write the solution ω of the transport
equation (3.94) as a sum : ω =

∑
k≥−1 ωk, with ωk satisfying

{
∂tωk + v · ∇ωk = ∆kg,

ωk|t=0 = ∆kω0.
(3.96)

We obviously have from above that

‖ωk(t)‖L∞ ≤ ‖∆kω0‖L∞ +

∫ t

0
‖∆kg‖L∞ dt′. (3.97)

By Proposition 0.6, for any ǫ ∈ (0, 1), we have the following a priori estimate in Besov space
Bǫ

∞,1 :

‖ωk(t)‖Bǫ
∞,1
≤
(
‖∆kω0‖Bǫ

∞,1
+ ‖∆kg‖L1

t (B
ǫ
∞,1)

)
exp
(
C‖∇v‖L1

t (L
∞)

)
. (3.98)

In order to get a priori estimate in Besov space B−ǫ
∞,1, after applying the operator ∆j

to Equation (3.96), we write the commutator [v,∆j ] · ∇ωk as follows (recalling Bony’s
decomposition (0.45) and denoting ṽ := v −∆−1v)

[Tṽ,∆j ] · ∇ωk + T∆j∇ωk
ṽ +R(∆j∇ωk, ṽ)

−∆j(T∇ωk
ṽ)−∆jdiv (R(ωk, ṽ)) + ∆jR(ωk, div ṽ) + [∆−1v,∆j ] · ∇ωk.

Then, ∀β > ǫ, the L∞-norm of all the above terms can be bounded by (for some nonnegative
sequence ‖(cj)‖ℓ1 = 1) :

C(d, β) 2−jǫ cj V
′(t)‖ωk‖B−ǫ

∞,1
.

Thus, we have the following a priori estimate in the space B−ǫ
∞,1 :

‖ωk(t)‖B−ǫ
∞,1
≤
(
‖∆kω0‖B−ǫ

∞,1
+ ‖∆kg‖L1

t (B
−ǫ
∞,1)

)
exp
(
CV(t)

)
. (3.99)

On the other side, one has the following, for some positive integer N to be determined
hereafter :

‖ω‖B0
∞,1
≤

∑

j,k≥−1

‖∆jωk‖L∞ =
∑

|j−k|<N

‖∆jωk‖L∞ +
∑

|j−k|≥N

‖∆jωk‖L∞ .

Estimate (3.97) implies

∑

|j−k|<N

‖∆jωk‖L∞ ≤ N
∑

k

(
‖∆kω0‖L∞ + ‖∆kg‖L1

t (L
∞)

)
≤ N

(
‖ω0‖B0

∞,1
+ ‖g‖L1

t (B
0
∞,1)

)
,

while Estimates (3.98) and (3.99) entail the following (for some nonnegative sequence (cj) ∈
ℓ1) :

‖∆jωk‖L∞ ≤ 2−ǫ|k−j|cj

(
‖∆kω0‖L∞ + ‖∆kg‖L1

t (L
∞)

)
exp
(
CV(t)

)
,

which issues immediately

∑

|j−k|≥N

‖∆jωk‖L∞ ≤ 2−Nǫ
(
‖ω0‖B0

∞,1
+ ‖g‖L1

t (B
0
∞,1)

)
exp
(
CV(t)

)
.

Therefore, for any β > 0, we can choose ǫ ∈ (0, 1) and N ∈ N such that ǫ < β and
Nǫ log 2 ∼ 1 + CV(t). Thus the lemma follows from the above estimates.
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With the above lemma in hand, we can now begin to prove Theorem 3.5. In view of the
continuation criterion, without loss of generality, we will always assume in the sequel

s = 1, p =∞, r = 1.

In what follows, we will resort to the same notation in Subsection §3.3.2. That is, we set

R(t) = ‖̺‖L∞
t (B1

∞,1)
, S(t) = ‖̺‖L1

t (B
3
∞,1)

, U(t) = ‖u‖L∞
t (B1

∞,1)
,

and the time moment TR as defined by (3.63).
First of all, let us consider the density term. Under our hypothesis, we get the energy

equality (3.20). Moreover, arguing as in the previous subsection, we recover estimate (3.64)
in the time interval [0, TR].

Now, let us consider the velocity field. First of all, let us summarize the following in-
equalities for the nonlinear terms, which will be frequently used in the sequel :

‖∇2b(ρ)‖B1
∞,1
. ‖b‖B3

∞,1
. ‖̺‖B3

∞,1
= S′; (3.100)

‖∆b∇a‖L2 . ‖b‖B2
∞,1
‖∇a‖L2 . ‖̺‖B2

∞,1
‖∇ρ‖L2 . R1/2(S′)1/2‖∇ρ‖L2 ≤ R‖∇ρ‖2L2 + S′;

(3.101)

‖(u+∇b) · ∇u‖L2 . ‖∇u‖L∞(‖∇ρ‖L2 + ‖u‖L2) . U(‖∇ρ‖L2 + ‖u‖L2). (3.102)

Similarly as the above inequality (3.101), one has

‖∇b · ∇2a‖L2 . R‖∇ρ‖2L2 + S′, ‖u · ∇2a‖L2 . R‖u‖2L2 + S′. (3.103)

It is time to bound the velocity field u by use of the above inequalities. Firstly, by
separating low and high frequencies of u and by use of Bernstein’s inequalties and of a
Fourier multiplier of order −1, we get

U(t) ≤ C
(
‖u‖L2 + ‖ω‖B0

∞,1

)
. (3.104)

In order to handle the energy of the velocity field, one takes the L2 scalar product
between (3.6) and u and performing standard computations (recalling also (3.21) and the
following arguments), getting

‖u(t)‖L2 ≤ C

(
‖u0‖L2 +

∫ t

0
‖div (v ⊗∇a) ‖L2 dτ

)
.

Therefore, due to Inequalities (3.101) and (3.103), it follows that

‖u(t)‖L2 ≤ C

(
‖u0‖L2 +

∫ t

0

(
R(‖∇ρ‖2L2 + ‖u‖

2
L2) + S′

)
dτ

)
. (3.105)

Now, applying Lemma 3.2 with β = 1 to Equation (3.93), we find

‖ω(t)‖B0
∞,1
≤ C

(
‖ω0‖B0

∞,1
+

∫ t

0

∥∥∥∇λ ∧∇Π+ ω∆b
∥∥∥
B0

∞,1

dτ

)

×

(
1 +

∫ t

0

(
‖∇u‖L∞ + ‖∇2b‖B1

∞,1

)
dτ

)
.

By use of Bony’s paraproduct decomposition (see also Section 4.2 of [36] for the first in-
equality)

‖∇λ ∧∇Π‖B0
∞,1

. ‖∇ρ‖B0
∞,1
‖∇Π‖B0

∞,1

‖ω∆b‖B0
∞,1

. ‖ω‖B0
∞,1
‖∆b‖B1

∞,1
.
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Hence, by virtue of ‖ω‖B0
∞,1
. U and Inequality (3.100), we immediately gather

‖ω(t)‖B0
∞,1
≤ C

(
U0 +

∫ t

0

(
R‖∇Π‖B0

∞,1
+ US′

)
dτ

)(
1 +

∫ t

0
‖∇u‖L∞dτ + S

)
. (3.106)

It remains to deal with the pressure term. First of all, we have

‖∇Π‖B0
∞,1
≤ ‖∇q‖B0

∞,1
+ ‖∂t∇a‖B0

∞,1
. ‖∇q‖B0

∞,1
+ ‖∂t̺‖B1

∞,1
. (3.107)

Thanks to equation (3.2)1, we get

‖∂t̺‖B1
∞,1
. ‖u · ∇̺‖B1

∞,1
+ ‖κ∇̺‖B2

∞,1
. U S′ + S′ .

Let us now focus on ‖∇q‖B0
∞,1

. Actually, we will bound the B1
∞,1 norm, as it’s not clear for

us how to get advantage of the weaker norm in (3.106). The analysis is mostly the same
performed in the previous subsection for the general case : so we cut low and high frequency,
and we are reconducted to consider ‖∇q‖L2 and ‖∆q‖B0

∞,1
. Finally, as δ > 1, we have

‖∇q‖B1
∞,1
≤ C

(
1 +Rδ

)(
‖∇q‖L2 + ‖div (v · ∇u)‖B0

∞,1
+ ‖h‖B1

∞,1

)
,

with the controls (by what we established in the case of higher dimension)

‖h‖B1
∞,1
. (1 +R)U S′ + (1 +R)RS′

and, as div (u·∇u) =
∑

i,j 2T∂jui∂iu
j+∂jR(u

i, ∂iu
j) (thanks to the divergence-free condition

over u) and analogous for div (∇b · ∇u),

‖div (v · ∇u)‖B0
∞,1
. U2 + U S′ .

On the other hand, observing that ‖h‖L2 . ‖div (v ⊗∇a) ‖L2 and using Inequalities (3.101),
(3.102) and (3.103), one has also

‖∇q‖L2 . ‖h‖L2 + ‖v · ∇u‖L2 . R(‖∇ρ‖2L2 + ‖u‖
2
L2) + S′ + U(‖∇ρ‖L2 + ‖u‖L2).

Let us define
X(t) := U(t) + ‖u(t)‖L2 = ‖u(t)‖L2∩B1

∞,1
.

So we get

‖∇q‖B1
∞,1
≤ C

(
1 +Rδ+2

)(
‖∇ρ‖2L2 + S′ + X2 + XS′

)
(3.108)

and, by (3.107), the same holds true also for ‖∇Π‖B0
∞,1

.

Therefore, Estimate (3.106) for the vorticity becomes (denoting X0 = X(0))

‖ω(t)‖B0
∞,1
≤ C

(
1 + S +

∫ t

0
Xdτ

)

×

(
X0 +

∫ t

0
(1 +Rδ+3)

(
R ‖∇ρ‖2L2 + RS′ + RX2 + X S′

)
dτ

)
.

It’s now time to insert the above estimate and (3.105) into (3.104). Keeping in mind
that, in [0, TR],

R(t) + S(t) ≤ C R0 exp

(
C

∫ t

0
(1 +X(τ))dτ

)
, (3.109)
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we finally find

X(t) ≤ C

(
1 + S +

∫ t

0
Xdτ

)(
X0 +R0(1 +Rδ+3

0 )eC
∫ t
0 (1+X)

∫ t

0
‖∇ρ‖2L2

︸ ︷︷ ︸
Γ1

+ (3.110)

+R0(1 +Rδ+4
0 )eC

∫ t
0 (1+X)

︸ ︷︷ ︸
Γ2

+ R0(1 +Rδ+3
0 )eC

∫ t
0 (1+X)

∫ t

0
X2

︸ ︷︷ ︸
Γ3

+ (1 +Rδ+3
0 )eC

∫ t
0 (1+X)

∫ t

0
XS′ dτ

︸ ︷︷ ︸
Γ4

)
.

We define TX as the following quantity (with Γi, i = 1, · · · , 4 defined as above)

TX := sup
{
t |Γ1(t) ≤ ‖̺0‖

2
L2 , Γ2(t) ≤ 1, Γ3(t), Γ4(t) ≤ 1 + ‖̺0‖

2
L2 +X0

}
.

Then, noticing S ≤ Γ2, one easily arrives at the following bound for X(t) with t in [0, TR]∩
[0, TX ] (with some positive constant still denoted by C)

X(t) ≤ C(1 + ‖̺0‖
2
L2 +X0)

(
1 +

∫ t

0
X(τ)dτ

)
.

Hence, set Γ0 := C(1 + ‖̺0‖
2
L2 +X0), then by Gronwall’s lemma we get

X(t) ≤ Γ0 e
Γ0t, (3.111)

and the norm of the solution can be controlled by the norm of the initial data only.
Our next task, in order to complete the argument, is then to prove that T , defined by

(3.25) with M = δ + 4 and small enough constant K2, is smaller than both TR and TX .
First of all, thanks to (3.111), for t ∈ [0, TX ] ∩ [0, TR], we have

∫ t

0
X ≤ eΓ0t,

∫ t

0
X2 ≤

Γ0

2
e2Γ0t,

∫ t

0
(1 +X) ≤ 2eΓ0t,

eC
∫ t
0 (1+X) ≤ e2Ce

Γ0t
, R+ S ≤ CR0e

2CeΓ0t
.

With the above bounds in hand, one just has to show

Γ1(T ) ≤ ‖̺0‖
2
L2 , Γ2(T ) ≤ 1, Γ3(T ), Γ4(T ) ≤ 1 + ‖̺0‖

2
L2 +X0 and

∫ T

0
R3 ≤ 2R0.

We will check the above bounds one by one.
By use of the energy equality (3.20) for the density, it’s then easy to see that Γ1(T ) ≤ ‖̺0‖

2
L2 ,

with T defined by (3.25). It is also easy to find that Γ2(T ) ≤ 1. Now noticing that (σ ≤ eσ)

Γ3(t) ≤ R0(1 +Rδ+3
0 )e2Ce

Γ0t Γ0

2
e2Γ0t ≤

Γ0

2
R0(1 +Rδ+3

0 )e3Ce
2Γ0t

,

we hence have Γ3(T ) ≤ 1 + ‖̺0‖
2
L2 +X0. Similarly, since one has

Γ4(t) ≤ (1 +Rδ+3
0 )e2Ce

Γ0t
Γ0e

Γ0t

∫ t

0
S′ ≤ Γ0(1 +Rδ+3

0 )e5Ce
Γ0t
CR0,

thus Γ4(t) ≤ 1 + ‖̺0‖
2
L2 +X0. Finally, it’s not hard to check that

∫ T

0
R3 ≤ C3R3

0e
6CeΓ0T

≤ 2R0.

This completes the proof of the theorem.
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3.5 Slightly nonhomogeneous case

Let us give here a sketch of the proof to Theorem 3.6. In fact, we will establish only a
priori estimates, the rest of the proof to existence and uniqueness being similar to that of
Theorem 3.1, which is left to the reader.

Recall that p ∈ (1,+∞) and ‖̺0‖Bs
p,r
≤ c, where c is a small positive constant. Moreover

we will use the convention that r = 1 if s = 1 + d/p.

We first focus on the density equation (3.2)1. From Estimate (3.57), we get

‖̺‖
L̃∞
t (Bs

p,r)
+ ‖̺‖

L̃1
t (B

s+2
p,r )

≤ C ‖̺0‖Bs
p,r

exp

(
Ct+ C

∫ t

0
‖∇u‖Bs−1

p,r
+ C‖∇̺‖2L∞ dτ

)
,

for constant C depending only on indices d, s, p, r and on ρ∗, ρ
∗.

Now, if we take t small enough, such that, for instance,

exp

(
Ct+ C

∫ t

0
‖∇u‖Bs−1

p,r
+ C‖∇̺‖2L∞ dτ

)
≤ log 2 , (3.112)

then the previous inequality becomes

‖̺‖
L̃∞
t (Bs

p,r)
+ ‖̺‖

L̃1
t (B

s+2
p,r )

≤ 2C c . (3.113)

Let us now consider Equations (3.2)2 and (3.2)3 for the velocity field and the pressure
term. Going along the lines of the proof to Estimates (3.40) and (3.41), we can see that
they still hold true.

Here we handle ∇q as done in the previous section, that is, we make use of (3.62).
Firstly, notice that the equation for q can be rewritten as

∆q = div

(
h − (u+∇b) · ∇u +

̺

ρ
∇q

)
, (3.114)

which (formally) implies

∇q = ∇ (−∆)−1 div

(
−h + (u+∇b) · ∇u −

̺

ρ
∇q

)
.

Hence, by Calderon-Zygmund theory and (3.62) we infer (with w = u+∇b)

‖∇q‖
L̃1
t (B

s
p,r)
≤ C

(
‖h‖

L̃1
t (B

s
p,r)

+ ‖∂iw
j∂ju

i‖
L̃1
t (B

s−1
p,r )

+ ‖w · ∇u‖L1
t (L

p) +

∥∥∥∥
̺

ρ
∇q

∥∥∥∥
L̃1
t (B

s
p,r)

)
.

(3.115)
The term ‖∂iw

j∂ju
i‖
L̃1
t (B

s−1
p,r )

can be controlled as done in (B.47) : recalling the divergence-

free condition over u, it is easy to decompose ‖div (w · ∇u)‖Bs−1
p,r

into

‖T∂iwj∂ju
i + T∂jui∂iw

j + div
(
R(wj , ∂ju)

)
‖Bs−1

p,r
,

which can be controlled by ‖∇w‖Bs−1
p,r
‖∇u‖Bs−1

p,r
.

For term ‖w · ∇u‖L1
t (L

p), we notice that

‖w · ∇u‖L1
t (L

p) ≤

∫ t

0
‖w‖Lp‖∇u‖L∞ ≤

∫ t

0
(‖∇u‖L∞ + ‖∇b‖Lp)‖u‖Bs

p,r
.

Finally, we have
∥∥∥∥
̺

ρ
∇q

∥∥∥∥
L̃1
t (B

s
p,r)

≤ C ‖̺‖
L̃∞
t (Bs

p,r)
‖∇q‖

L̃1
t (B

s
p,r)

.
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Therefore, putting all these inequalities together into (3.115) and noticing (3.113), we
finally arrive at the following for sufficiently small c :

‖∇q‖
L̃1
t (B

s
p,r)
≤ C

(
‖h‖

L̃1
t (B

s
p,r)

+

∫ t

0
(‖∇u‖Bs−1

p,r
+ ‖∇ρ‖Bs

p,r
)‖u‖Bs

p,r
dτ

)
. (3.116)

Now, the analysis of the nonlinear term h can be performed as before, and, up to take
a smaller t than the one defined in (3.112), this allows us to close the estimates on some
suitable time interval [0, t], for sufficiently small c.
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Annexe A

Estimates in general Besov spaces

A.1 Estimates for Products

We have the following estimates for the paraproduct and remainder operators in Besov
spaces with different index.

Proposition A.1. Let 1 ≤ r, r1, r2, p, p1, p2 ≤ ∞ with 1
r ≤ min{1, 1

r1
+ 1
r2
} and 1

p ≤
1
p1
+ 1
p2
·

– If p ≤ p2 then we have :

‖Tuv‖
B

s1+s2+d(
1
p− 1

p1
− 1
p2

)

p,r

. ‖u‖Bs1
p1,r1
‖v‖Bs2

p2,r2
if s1 < d

(
1
p1

+ 1
p2
− 1

p

)
, (A.1)

‖Tuv‖Bs2
p,r
. ‖u‖Lp3‖v‖Bs2

p2,r
if 1

p3
= 1

p −
1
p2
· (A.2)

– If s1 + s2 + dmin{0, 1− 1
p1
− 1

p2
} > 0, then

‖R(u, v)‖
B

s1+s2+d( 1p− 1
p1

− 1
p2

)

p,r

. ‖u‖Bs1
p1,r1
‖v‖Bs2

p2,r2
; (A.3)

– if s1 + s2 + dmin{0, 1− 1
p1
− 1

p2
} = 0 and 1

r1
+ 1

r2
≥ 1 then

‖R(u, v)‖
B

s1+s2+d( 1p− 1
p1

− 1
p2

)

p,∞

. ‖u‖Bs1
p1,r1
‖v‖Bs2

p2,r2
. (A.4)

Proof. Most of these results are classical. We just prove (A.1) and (A.2).

We write that

Tuv =
∑

j≥1

Tj(u, v) with Tj(u, v) = Sj−1u∆jv.

Since ∆j′(Sj−1u∆jv) ≡ 0 for |j′− j| > 4, it suffices to show that, for some sequence (cj)j∈N
such that ‖(cj)‖ℓr = 1, we have

‖Tj(u, v)‖Lp . cj2−js‖u‖Bs1
p1,r1
‖v‖Bs2

p2,r2
if s1 < d/p1 + d/p2 − d/p,

‖Tj(u, v)‖Lp . cj2−js‖u‖Lp3‖v‖Bs2
p2,r2

if s1 = d/p1 + d/p2 − d/p,

with s = s1 + s2 +
d
p −

d
p1
− d

p2
.

According to Hölder’s inequality, we have

‖Tj(u, v)‖Lp ≤ ‖Sj−1u‖Lp3‖∆jv‖Lp2 with
1

p3
=

1

p
−

1

p2
· (A.5)
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Hence, using the definition of Sj−1 and Bernstein’s inequality (here we notice that p1 ≤ p3,
a consequence of 1

p ≤
1
p1

+ 1
p2
) :

‖Tj(u, v)‖Lp .
∑

j′≤j−2

2
j′( d

p1
− d

p3
)
‖∆j′u‖Lp1‖∆jv‖Lp2 ,

whence

2js‖Tj(u, v)‖Lp ≤
∑

j′≤j−2

2
(j−j′)(s1+

d
p3

− d
p1

)(
2j

′s1‖∆j′u‖Lp1

)(
2js2‖∆jv‖Lp2

)
.

Therefore, if s1 + d/p3 − d/p1 < 0 then the result stems from convolution and Hölder
inequalities for series. In the case where s1 + d/p3 − d/p1 = 0, we just have to use that
‖Sj−1u‖Lp3 ≤ C‖u‖Lp3 in (A.5).

The proof of (A.3) goes from similar arguments and is thus left to the reader.

From the above proposition and (0.45), one may deduce a number of estimates in Besov
spaces for the product of two functions. We shall use the following result :

Proposition A.2. The following estimates hold true :

(i) ‖uv‖Bs
p,r
. ‖u‖L∞‖v‖Bs

p,r
+ ‖u‖Bs

p,r
‖v‖L∞ if s > 0.

(ii) If s1 <
d
p1
, s2 < dmin{ 1

p1
, 1
p2
}, s1+s2+dmin{0, 1− 1

p1
− 1
p2
} > 0 and 1

r ≤ min
{
1, 1

r1
+

1
r2

}
then

‖uv‖
B

s1+s2−
d
p1

p2,r

. ‖u‖Bs1
p1,r1
‖v‖Bs2

p2,r2
. (A.6)

(iii) We also have the following limit cases :
– if s1 = d/p1, s2 < min(d/p1, d/p2) and s2 + dmin(1/p1, 1/p

′
2) > 0 then

‖uv‖Bs2
p2,r
. ‖u‖

B
d
p1
p1,∞

∩L∞

‖v‖Bs2
p2,r

; (A.7)

– if s2 = min(d/p1, d/p2), s1 < d/p1 and s1 + s2 + dmin{0, 1− 1
p1
− 1

p2
} > 0 then

‖uv‖
B

s1+s2−
d
p1

p2,r

. ‖u‖Bs1
p1,r
‖v‖Bs2

p2,1
;

– if 1/r1+1/r2 ≥ 1, s1 <
d
p1
, s2 < dmin{ 1

p1
, 1
p2
} and s1+s2+dmin(0, 1− 1

p1
− 1
p2
) = 0

then
‖uv‖

B
s1+s2−

d
p1

p2,∞

. ‖u‖Bs1
p1,r1
‖v‖Bs2

p2,r2
.

Sometimes we need to consider time dependent Besov spaces of type L̃1
t (B

s
p,r), which

means taking the integral in time before summing up the Lp-norms of dyadic blocks (see
Definition 0.3). The next proposition supplies an estimation in the spirit of Young’s inequa-
lity.

Proposition A.3. Let s > 0 and (p, r) ∈ [1,+∞]2. Let si ∈ R, i = 1, . . . , 4 such that
s1, s3 ≤ s < s2, s4. Define θ, σ ∈ ]0, 1]2 such that

s = θ s1 + (1− θ) s2 = σ s3 + (1− σ) s4.

Then for any ε > 0, one has

‖u v‖
L̃1
t (B

s
p,r)

.
θ

ε(1−θ)/θ

∫ t

0
‖u‖

1/θ
L∞ ‖v‖Bs1

p,r
dτ +

σ

ε(1−σ)/σ

∫ t

0
‖v‖

1/σ
L∞ ‖u‖Bs3

p,r
dτ +

+(1− θ) ε ‖u‖
L̃1
t (B

s2
p,r)

+ (1− σ) ε ‖v‖
L̃1
t (B

s4
p,r)

,
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Proof. Firstly,

‖∆jTuv‖Lp . ‖u‖L∞

( ∑

|j−µ|≤1

‖∆µv‖Lp

)
.

Now we integrate the above inequality on the time interval [0, t], multiply it by 2js, apply
Young’s inequality and we pass to the ℓr norm : using also Minkowski’s inequality we gather

‖Tu v‖L̃1
t (B

s
p,r)
.

θ

ε(1−θ)/θ

∫ t

0
‖u‖

1/θ
L∞ ‖v‖Bs1

p,r
dτ + ε (1− θ) ‖v‖

L̃1
t (B

s2
p,r)

.

The term Tvu can be treated in the same way, and this leads us to an analogous estimate,
in which however the roles of u and v are reversed.

Let us now consider the remainder term. It follows that

‖R(u, v)‖
L̃1
t (B

s
p,r)
.

∥∥∥∥∥∥


 ∑

j′≥j−3

2(j−j
′)s 2j

′s

∫ t

0
‖∆j′u‖L∞ ‖∆j′v‖Lp dτ



j≥−1

∥∥∥∥∥∥
ℓr

.

Now we apply Young’s inequality to the product in the integral and also to the convolutions :
we finally arrive at

‖R(u, v)‖
L̃1
t (B

s
p,r)
.

θ

ε(1−θ)/θ

∫ t

0
‖u‖

1/θ
L∞ ‖v‖Bs1

p,r
dτ + ε (1− θ) ‖v‖

L̃1
t (B

s2
p,r)

,

and this completes the proof of the lemma.

A.2 Estimates for commutators

Let us first generalize the classic estimates for the commutators of type
∥∥∥
(
2js‖[ϕ,∆j ]∇ψ‖Lp

)
j≥−1

∥∥∥
ℓr
,

presented in Proposition 0.4 in Besov spaces of low regularity. In fact, we can choose different
Lebesgue exponents for the two elements ϕ, ψ and besides, roughly speaking, the order of
gain of regularity ν for the latter element ∇ψ can be chosen to be any real number in [0, 1].
The “commutator estimate” referring to the case ν = 0 can just be viewed as a product
estimate while the estimate with ν = 1 recovers the classic commutator estimate. More
precisely, we have the following :

Proposition A.4. Let (p1, p2, r1, r2, r) ∈ [1,+∞]5 and 1
r = min{1, 1

r1
+ 1

r2
}. Let (s, ν) ∈

R× R satisfy

−dmin
{ 1

p′1
,
1

p2

}
< s < ν + dmin

{ 1

p1
,
1

p2

}
and − dmin

{ 1

p1
,
1

p2

}
< ν < 1. (A.8)

For j ≥ −1, we have
∥∥∥
(
2js‖[ϕ,∆j ]∇ψ‖Lp1

)
j≥−1

∥∥∥
ℓr
. ‖∇ϕ‖

B
d
p2

+ν−1

p2,r2

‖∇ψ‖Bs−ν
p1,r1

. (A.9)

The following limit cases also hold true :
– if s = ν + dmin{ 1

p1
, 1
p2
}, r1 = 1 and r2 = r then we have

∥∥∥
(
2js‖[ϕ,∆j ]∇ψ‖Lp1

)
j≥−1

∥∥∥
ℓr
. ‖∇ϕ‖

B
d
p2

+ν−1

p2,r

‖∇ψ‖Bs−ν
p1,1

; (A.10)
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– if ν = 1, r1 = r and r2 =∞ then we have
∥∥∥
(
2js‖[ϕ,∆j ]∇ψ‖Lp1

)
j≥−1

∥∥∥
ℓr
. ‖∇ϕ‖

B
d
p2
p2,∞

∩L∞

‖∇ψ‖Bs−1
p1,r

. (A.11)

Finally, if in addition to (A.8), we have ν > 1− dmin(1/p1, 1/p2), then

∥∥∥
(
2j(s−1)‖∂k[ϕ,∆j ]∇ψ‖Lp1

)
j≥−1

∥∥∥
ℓr
. ‖∇ϕ‖

B
d
p2

+ν−1

p2,r2

‖∇ψ‖Bs−ν
p1,r1

for all k ∈ {1, · · · , d},

(A.12)
with the above changes in the limit cases.

Proof. Throughout, it will be understood that ‖(cj)j∈Z‖ℓr2 = ‖(dj)j∈Z‖ℓr1 = 1.
We decompose the commutator by use of Bony’s paraproduct :

[ϕ,∆j ]∇ψ = R1
j (ϕ, ψ) + R2

j (ϕ, ψ) + R3
j (ϕ, ψ) + R4

j (ϕ, ψ) + R5
j (ϕ, ψ) , (A.13)

where, setting ϕ̃ = (Id −∆−1)ϕ, we have defined

R1
j (ϕ, ψ) :=

[
Tϕ̃,∆j

]
∇ψ

R2
j (ϕ, ψ) := T ′

∆j∇ψ
ϕ̃ =

∑

k

Sk+2∆j∇ψ∆kϕ̃

R3
j (ϕ, ψ) := −∆jT∇ψϕ̃

R4
j (ϕ, ψ) := −∆jR(ϕ̃,∇ψ)

R5
j (ϕ, ψ) := [∆−1ϕ,∆j ]∇ψ .

Let us first prove inequalities (A.9), (A.10) and (A.11). By virtue of the first-order
Taylor’s formula, we have

R1
j (ϕ, ψ) =

∑

|j−j′|≤4

[Sj′−1ϕ̃,∆j ]∆j′(∇ψ)

=
∑

|j−j′|≤4

2−j
′

∫

Rd

∫ 1

0
h(y)y · ∇Sj′−1ϕ̃(x− 2−jt′y) dt′

(
∆j′∇ψ

)
(x− 2−jy) dy,

hence
‖R1

j (ϕ, ψ)‖Lp1 . 2−j‖∇Sj−1ϕ̃‖L∞‖∆j∇ψ‖Lp1 , (A.14)

whence

∥∥(2js‖R1
j (ϕ, ψ)‖Lp1 )j∈N

∥∥
ℓr
.
∥∥(2j(ν−1)‖∇Sj−1ϕ̃‖L∞2j(s−ν)‖∆j(∇ψ)‖Lp1 )

∥∥
ℓr
.

So in the case ν = 1, we readily get

‖(2js‖R1
j (ϕ, ψ)‖Lp1 )j∈N‖ℓr . ‖∇ϕ̃‖L∞‖∇ψ‖Bs−1

p1,r
. (A.15)

To handle the case ν < 1, we use the fact that

2j(ν−1)‖∇Sj−1ϕ̃‖L∞2j(s−ν)‖∆j∇ψ‖Lp1

≤
∑

j′≤j−2

2(j−j
′)(ν−1)

(
2j

′(ν−1)‖∇∆j′ϕ̃‖L∞

)(
2j(s−ν)‖∆j∇ψ‖Lp1

)
.

Thus from Hölder and convolution inequalities for series, one may conclude that

‖(2js‖R1
j‖Lp1 )j∈N‖ℓr . ‖∇ϕ̃‖Bν−1

∞,r2
‖∇ψ‖Bs−ν

p1,r1
if ν < 1. (A.16)
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Concerning R2
j (ϕ, ψ), we have

‖R2
j (ϕ, ψ)‖Lp1 ≤

∑

j′≥j−3

‖∆j′ϕ̃ Sj′+2∆j∇ψ‖Lp1 ,

and we consider the following two cases :
– p1 ≥ p2 :

2js‖R2
j (ϕ, ψ)‖Lp1 ≤ 2js

∑

j′≥j−3

‖∆j′ϕ̃‖Lp1‖Sj′+2∆j∇ψ‖L∞

. 2js
∑

j′≥j−3

2
j′d( 1

p2
− 1

p1
)
‖∆j′ϕ̃‖Lp2‖∆j∇ψ‖L∞

.
∑

j′≥j−3

2
(j−j′)(ν+ d

p1
)
cj′‖ϕ̃‖

B
d
p2

+ν

p2,r2

dj‖∇ψ‖
B

s−ν− d
p1

∞,r1

,

– p1 < p2 :

2js‖R2
j (ϕ, ψ)‖Lp1 ≤ 2js

∑

j′≥j−3

‖∆j′ϕ̃‖Lp2‖Sj′+2∆j∇ψ‖
L

p1p2
p2−p1

.
∑

j′≥j−3

2
(j−j′)(ν+ d

p2
)
cj′‖ϕ̃‖

B
d
p2

+ν

p2,r2

dj‖∇ψ‖
B

s−ν− d
p2

p1p2
p2−p1

,r1

.

Hence for ν > −dmin{ 1
p1
, 1
p2
},

‖(2js‖R2
j (ϕ, ψ)‖Lp1 )j∈N‖ℓr . ‖ϕ̃‖

B
d
p2

+ν

p2,r2

‖∇ψ‖Bs−ν
p1,r1

. (A.17)

In the case p1 ≤ p2, bounding R
3
j (ϕ, ψ) stems from (A.1), (A.2) (and an obvious em-

bedding in the limit case). We get

‖(2js‖R3
j (ϕ, ψ)‖Lp1 )j∈N‖ℓr .





‖ϕ̃‖
B

d
p2

+ν

p2,r2

‖∇ψ‖Bs−ν
p1,r1

, if s < ν + d/p2,

‖ϕ̃‖
B

d
p2

+ν

p2,r

‖∇ψ‖Bs−ν
p1,1

, if s = ν + d/p2.
(A.18)

To deal with the case p1 > p2, we just have to notice that, according to (A.1), (A.2), the

paraproduct operator maps B
s−ν− d

p1
∞,r1 × B

d
p1

+ν

p1,r2 in Bs
p1,r provided that s < ν + d/p1 (and

L∞ × B
d
p1

+ν

p1,r in Bs
p1,r if s = ν + d/p1). So we still get (A.18) provided s < ν + d/p1 and

s ≤ ν + d/p1, respectively.

As for the fourth term, it is only a matter of applying Inequality (A.3). We get

‖(2js‖R4
j (ϕ, ψ)‖Lp1 )j∈N‖ℓr . ‖ϕ̃‖

B
d
p2

+ν

p2,r2

‖∇ψ‖Bs−ν
p1,r1

, if s > −dmin
{ 1

p′1
,
1

p2

}
· (A.19)

The term R5
j (ϕ, v) may be treated by arguing like in the proof of (A.15). One ends up

with

‖(2js‖R5
j (ϕ, ψ)‖Lp1 )j∈N‖ℓr . ‖∇∆−1ϕ‖L∞‖∇ψ‖Bs−ν

p1,r
, if ν ≤ 1. (A.20)

Given that for any (s, p, r), one has (owing to the low-frequency cut-off)

‖ϕ̃‖Bs
p,r
. ‖∇ϕ‖Bs−1

p,r
,

putting together (A.15), (A.16), (A.17), (A.18), (A.19) and (A.20) completes the proof of
(A.9), (A.10) and (A.11).
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In order to establish (A.12), we notice that the terms Rij(ϕ, ψ) with i 6= 2 are spectrally

localized in balls of size 2j . Hence Bernstein inequality together with (A.15), (A.16), (A.18),
(A.19) and (A.20) ensures that they satisfy the desired inequality under Condition (A.8).

On the other hand R2
j (ϕ, v) does not have this spectral localization property. Let us just

treat the case p1 ≥ p2 to simplify the presentation. We have

‖∂kR
2
j (ϕ, ψ)‖Lp1 ≤

∑

j′≥j−3

(
‖∆j′ϕ̃‖Lp1‖∂kSj′+2∆j∇ψ‖L∞ + ‖∂k∆j′ϕ̃‖Lp1‖Sj′+2∆j∇ψ‖L∞

)
.

(A.21)
According to Bernstein’s inequality, we have

∑

j′≥j−3

‖∆j′ϕ̃‖Lp1‖∂kSj′+2∆j∇ψ‖L∞ ≤ C2j
∑

j′≥j−3

‖∆j′ϕ̃‖Lp1‖Sj′+2∆j∇ψ‖L∞ .

Hence this term may be bounded as desired (just follow the previous computations).

In order to handle the second term of (A.21), we write that, according to Bersntein’s
inequality,

‖∂k∆j′ϕ̃‖Lp1‖Sj′+2∆j∇ψ‖L∞ ≤ C2j
′
‖∆j′ϕ̃‖Lp1‖Sj′+2∆j∇ψ‖L∞ .

Hence

2j(s−1)
∑

j′≥j−3

‖∂k∆j′ϕ̃‖Lp1‖Sj′+2∆j∇ψ‖L∞

≤ C
∑

j′≥j−3

2
(j−j′)(ν+ d

p1
−1)

cj′‖ϕ̃‖
B

d
p2

+ν

p2,r2

dj‖∇ψ‖
B

s−ν− d
p1

∞,r1

,

which leads to the desired inequality provided that ν + d
p1
− 1 > 0.

As in Proposition A.3, we next want to study the commutator estimate in the time-
involved Besov spaces of type L̃1

T (B
s
p,r). Finally, the following estimates hold, which also

permit to choose different Lebesgue exponents in time variable for the former element ϕ of
the commutator :

Proposition A.5. Let the triple (s+ 1, p, r) satisfy

s+ 1 > −dmin{
1

p
,
1

p′
}, (p, r) ∈ [1,+∞]2, and r = 1 if s =

d

p
.

Let s1, s2 be two real numbers satisfying s1 ≤ s+ 1 < s2, and define θ ∈ ]0, 1] such that

s+ 1 = θ s1 + (1− θ) s2.

Then, for any ε > 0 and any space derivative ∂k, k = 1, . . . , d, we have
∥∥∥∥2js

∫ t

0
‖∂k ([ϕ,∆j ]∇ψ) ‖Lp dτ

∥∥∥∥
ℓr

(A.22)

≤
C θ

ε(1−θ)/θ
(Φ̃s+1(t))

1
θ ‖∇ψ‖

L̃∞
t (B

s1−1
p,r )

+ (1− θ) ε ‖∇ψ‖
L̃1
t (B

s2−1
p,r )

,

with Φ̃s+1 defined by

Φ̃s+1(t) =





‖∇ϕ(t)‖
L

1
θ
t (B

d
p
p,∞∩L∞)

if s ∈ (−1− dmin{1p ,
1
p′ },

d
p) ,

‖∇ϕ‖
L̃

1
θ
t (Bs

p,r)
if s = d

p with r = 1 or s > d
p ,

(A.23)
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if in addition si, i = 1, 2, satisfy

si < 1 +
d

p
if s+ 1 < 1 +

d

p
and si > 1 +

d

p
if s+ 1 > 1 +

d

p
.

If moreover s > 0 and, for some s3, s4 and σ ∈ ]0, 1] , we have also s+1 = σ s3 + (1−σ) s4,
then

∥∥∥∥2js
∫ t

0
‖∂k ([ϕ,∆j ]∇ψ)‖Lp dτ

∥∥∥∥
ℓr
≤

C θ

ε(1−θ)/θ

∫ t

0
‖∇ϕ‖

1/θ
L∞ ‖ψ‖Bs1

p,r
dτ (A.24)

+
C σ

ε(1−σ)/σ

∫ t

0
‖∇ψ‖

1/σ
L∞ ‖∇ϕ‖Bs3−1

p,r
dτ + (1− θ) ε ‖ψ‖

L̃1
t (B

s2
p,r)

+ (1− σ) ε ‖∇ϕ‖
L̃1
t (B

s4−1
p,r )

.

Proof. Let us first point out here that, in the following, Rij , i = 1, . . . , 5 denote the same
items as in the proof of Proposition A.4. We will derive two types of inequalities for each
Rij , corresponding to (A.22) and (A.24) respectively.

Let us first consider the term

R1 :=

∥∥∥∥∥

(
2j s
∫ t

0

∥∥∂kR1
j

∥∥
Lp dτ

)

j

∥∥∥∥∥
ℓr

.

Each R1
j is supported in a ball of radius 2j , and hence the derivative ∂k gives (by Bernstein’s

inequalities) a factor 2j . According to (A.14), we get

R1 .

∥∥∥∥∥

(
2js
∫ t

0
‖∇Sj−1ϕ̃‖L∞ ‖∆j∇ψ‖Lp dτ

)

j≥−1

∥∥∥∥∥
ℓr

.

Since ‖∆j∇ψ‖Lp . 2j‖∆jψ‖Lp , we can decompose the terms in the integral in the following
way :

2js ‖∇Sj−1ϕ̃‖L∞ ‖∆j∇ψ‖Lp .
(
2js1 ‖∇Sj−1ϕ̃‖

1/θ
L∞ ‖∆jψ‖Lp

)θ (
2js2 ‖∆jψ‖Lp

)1−θ
.

Now, we apply Young’s inequality to the integrant and then take ℓr-norm to the sequences,
getting

R1 ≤
C θ

ε(1−θ)/θ

∫ t

0
‖∇ϕ‖

1/θ
L∞ ‖ψ‖Bs1

p,r
dτ + (1− θ) ε ‖ψ‖

L̃1
t (B

s2
p,r)

. (A.25)

Let us now handle

R2 :=

∥∥∥∥2j s
∫ t

0

∥∥∂kR2
j

∥∥
Lp dτ

∥∥∥∥
ℓr
≤

∥∥∥∥∥∥
2j s
∫ t

0

∑

µ≥j−2

‖∂kSµ+2∇∆jψ‖L∞ ‖∆µϕ̃‖Lp dτ

∥∥∥∥∥∥
ℓr

+

∥∥∥∥∥∥
2j s
∫ t

0

∑

µ≥j−2

‖Sµ+2∇∆jψ‖L∞ ‖∂k∆µϕ̃‖Lp dτ

∥∥∥∥∥∥
ℓr

.

One notices that, since µ ≥ j − 2, we have

‖∂kSµ+2∇∆jψ‖L∞ ‖∆µϕ̃‖Lp . 2µ‖∇∆jψ‖L∞‖∆µϕ̃‖Lp . ‖∇∆jψ‖L∞‖∇∆µϕ̃‖Lp .

Hence

R2 .

∥∥∥∥∥∥
2j s
∫ t

0

∑

µ≥j−2

‖∇∆jψ‖L∞ ‖∇∆µϕ̃‖Lp dτ

∥∥∥∥∥∥
ℓr

.

∥∥∥∥∥∥

∫ t

0
‖∇ψ‖L∞

∑

µ≥j−2

2(j−µ)s2µs‖∇∆µϕ̃‖Lp dτ

∥∥∥∥∥∥
ℓr

.
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On one hand, we just do exactly as above (the way to obtain (A.25) ) : if s > 0, then we
have

R2 ≤
C σ

ε(1−σ)/σ

∫ t

0
‖∇ψ‖

1/σ
L∞ ‖∇ϕ̃‖Bs3−1

p,r
dτ + (1− σ) ε ‖∇ϕ̃‖

L̃1
t (B

s4−1
p,r )

. (A.26)

On the other hand, by the relationship 2
−j d

p ‖∆jf‖L∞ . ‖∆jf‖Lp and Young’s inequality,
we further derive

R2 .

∥∥∥∥∥∥

∫ t

0
2
j (s+1− d

p
)
‖∆jψ‖L∞

∑

µ≥j−2

2
(j−µ) d

p

(
2
µ d

p ‖∇∆µϕ̃‖Lp

)
dτ

∥∥∥∥∥∥
ℓr

.

∥∥∥∥∥∥
∑

µ≥j−2

2
(j−µ) d

p

∥∥∥2j (s+1)‖∆jψ‖Lp

∥∥∥
L
1/(1−θ)
t

∥∥∥2µ
d
p ‖∇∆µϕ̃‖Lp

∥∥∥
L
1/θ
t

∥∥∥∥∥∥
ℓr

.

∥∥∥∥∥∥
∑

µ≥j−2

2
(j−µ) d

p cµ‖∇ϕ‖
L̃

1
θ
t (B

d
p
p,∞)

2j (θs1+(1−θ)s2)‖∆jψ‖
θ
L∞
t (Lp) ‖∆jψ‖

1−θ
L1
t (L

p)

∥∥∥∥∥∥
ℓr

, (cj)j ∈ ℓ
∞

≤
C θ

ε(1−θ)/θ
‖∇ϕ‖

1
θ

L̃
1
θ
t (B

d
p
p,∞)

‖ψ‖
L̃∞
t (B

s1
p,r)

+ (1− θ) ε ‖ψ‖
L̃1
t (B

s2
p,r)
. (A.27)

Moreover, since

R3 :=

∥∥∥∥2j s
∫ t

0

∥∥∂kR3
j

∥∥
Lp dτ

∥∥∥∥
ℓr
≤

∥∥∥∥∥∥
2j(s+1)

∫ t

0

∑

µ∼j

‖Sµ−1∇ψ‖L∞ ‖∆µϕ̃‖Lp

∥∥∥∥∥∥
ℓr

we can immediately see that (A.26) holds also for R3. In order to get the form like (A.27),
we consider the two cases s < d

p and s > d
p separately. Here we notice that if s = d

p and
r = 1, then taking the integral in time and the ℓr norm can commutate and hence the
classical result for commutators in Proposition 0.4 gives this lemma. Now if si < 1 + d

p ,
i = 1, 2, then

R3 .

∥∥∥∥
∫ t

0

(
2
jθ(s1−1− d

p
)
‖Sj−1∇ψ‖

θ
L∞

) (
2
j(1−θ)(s2−1− d

p
)
‖Sj−1∇ψ‖

1−θ
L∞

)
2
j( d

p
+1)
‖∆jϕ̃‖Lp

∥∥∥∥
ℓr
,

which gives (A.27) for R3. On the other hand, si > 1 + d
p , i = 1, 2, then as above

R3 .

∥∥∥∥
∫ t

0
‖∇ψ‖L∞

(
2j(s+1)‖∆jϕ̃‖Lp

)∥∥∥∥
ℓr

≤
C θ

ε(1−θ)/θ
‖ϕ̃‖

1
θ

L̃
1
θ
t (Bs+1

p,r )

‖∇ψ‖L∞
t (L∞) + (1− θ) ε ‖∇ψ‖L1

t (L
∞)

≤
C θ

ε(1−θ)/θ
‖ϕ̃‖

1
θ

L̃
1
θ
t (Bs+1

p,r )

‖ψ‖L∞
t (B

s1
p,r)

+ (1− θ) ε‖∇ψ‖
L̃1
t (B

s2−1
p,r )

. (A.28)

where the last inequality follows by the embeddings L1
t (L

∞) ←֓ L̃1
t (B

d/p
p,1 ) ←֓ L̃1

t (B
s2−1
p,r ).

The same holds true also for

R4 :=

∥∥∥∥2j s
∫ t

0

∥∥∂kR4
j

∥∥
Lp dτ

∥∥∥∥
ℓr
.
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Let us first sketch the case s > d
p . We can bound R4 in the following way :

R4 .

∥∥∥∥∥∥

∫ t

0
‖∇ψ‖L∞

∑

µ≥j−2

2(j−µ)(s+1)
(
2µ(s+1)‖∆µϕ̃‖Lp

)
dτ

∥∥∥∥∥∥
ℓr

.

Hence (A.26) and (A.28) follow immediately for R4. If s < d
p , then we consider two cases

p ≤ 2 and p > 2 separately, which both give (A.27). In fact, if p ≤ 2, then p′ ≥ p and we
have for s+ 1 > − d

p′ ,

R4 .

∥∥∥∥
∫ t

0
2
j(s+1+ d

p′
)
‖R4

j‖L1

∥∥∥∥
ℓr

.

∥∥∥∥∥∥

∫ t

0

∑

µ≥j−3

2
(j−µ)(s+1+ d

p′
)
(
2
µ( d

p
+1)
‖∆µϕ̃‖Lp

)(
2
µ(s+ d

p′
− d

p
)
‖∆µ∇ψ‖Lp′

)
∥∥∥∥∥∥
ℓr

,

which gives (A.27). Otherwise if p > 2, then we have for s+ 1 > −d
p ,

R4 .

∥∥∥∥
∫ t

0
2
j(s+1+ d

p
)
‖R4

j‖Lp/2

∥∥∥∥
ℓr

.

∥∥∥∥∥∥

∫ t

0

∑

µ≥j−3

2
(j−µ)(s+1+ d

p
)
(
2
µ( d

p
+1)
‖∆µϕ̃‖Lp

)
(2µs‖∆µ∇ψ‖Lp)

∥∥∥∥∥∥
ℓr

,

which yields (A.27) also.

Finally, last term

R5 :=

∥∥∥∥2j s
∫ t

0

∥∥∂kR5
j

∥∥
Lp dτ

∥∥∥∥
lr

can be handled as R1, leading us to the same estimate as (A.25) and so to the end of the
proof.

We also introduce the following commutator estimate, with the Besov-norm of lower
regularity of the latter element ‖∇ψ‖Bs−1

p,r
as an integrant (in time) in Estimate (A.22).

However, this requires an extra δ-order regularity on ∇ϕ.

Proposition A.6. Let

q ∈ (1,∞), −dmin{
1

q
,
1

q′
} < s, δ > max{0,−(

d

p
+ 1−

2

q
)}. (A.29)

Then for any ε ∈ R
+, there exists one constant C, depending on ε, δ, d, p, q, such that

∥∥∥
(
2js‖[ϕ,∆j ] · ∇ψ‖L1

t (L
p)

)
j

∥∥∥
ℓr
≤ ε‖∇ψ‖

L̃1
t (B

s+1
p,r )

+ C

∫ t

0
‖∇ϕ‖q

′

B
max{s−1, dp− 2

q }+δ

p,∞

‖∇ψ‖Bs−1
p,r

dt′, (A.30)

with the case where s < d
p + 1− 2

q and δ = 0 holding true.
Furthermore, we also have similarly
∥∥∥
(
2js‖∂k([ϕ,∆j ] · ∇ψ)‖L1

t (L
p)

)
j

∥∥∥
ℓr
≤ ε‖∇ψ‖

L̃1
t (B

s+1
p,r )

+ C(ε, δ, d, p, q)

∫ t

0
‖∇2ϕ‖q

′

B
max{s−1, dp− 2

q }+δ

p,∞

‖∇ψ‖Bs−1
p,r

dt′, k = 1, · · · , d, (A.31)
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for the index (d, q, s+1, δ) satisfying (A.29), with the special case where s < d
p +1− 2

q and
δ = 0 holding true.

Proof. Let Ri, i = 1, · · · , 5 be the same as in the proof of Proposition A.5. We treat these
terms respectively as follows.

R1 .
∥∥∥
∫ t

0

(
2j(s+1)/q‖∆j∇ψ‖

1/q
Lp

)(
2j(−2/q)‖∇Sj−1ϕ̃‖L∞

)(
2j(s−1)/q′‖∆j∇ψ‖

1/q′

Lp

)
dt′
∥∥∥
ℓr

≤ ε‖∇ψ‖
L̃1
t (B

s+1
p,r )

+ C(ε)

∫ t

0
‖∇ϕ‖q

′

B
−2/q
∞,∞

‖∇ψ‖Bs−1
p,r

dt′ ;

R2 .
∥∥∥
∫ t

0

∑

j′≥j−3

(
2j(s+1−d/p)/q‖∆j∇ψ‖

1/q
L∞

)
2(j−j

′)(d/p+1/q′−1/q)

×
(
2j

′(d/p+1/q′−1/q)‖∆j′ϕ̃‖Lp

)(
2j(s−1−d/p)/q′‖∆j∇ψ‖

1/q′

L∞

)
dt′
∥∥∥
ℓr

≤ ε‖∇ψ‖
L̃1
t (B

s+1
p,r )

+ C(ε)

∫ t

0
‖∇ϕ‖q

′

B
d/p−2/q
p,∞

‖∇ψ‖Bs−1
p,r

dt′, if
1

q
<

1

2
+

d

2p
,

or

R2 .
∥∥∥
∫ t

0

∑

j′≥j−3

(
2j(s+1−d/p)/q‖∆j∇ψ‖

1/q
L∞

)
2(j−j

′)(d/p+1/q′−1/q+δ)

×
(
2j

′(d/p+1/q′−1/q+δ)‖∆j′ϕ̃‖Lp

)(
2j(s−1−d/p)/q′‖∆j∇ψ‖

1/q′

L∞

)
dt′
∥∥∥
ℓr

≤ ε‖∇ψ‖
L̃1
t (B

s+1
p,r )

+ C(ε, δ)

∫ t

0
‖∇ϕ‖q

′

B
d/p−2/q+δ
p,∞

‖∇ψ‖Bs−1
p,r

dt′,

if
d

p
+ 1−

2

q
+ δ > 0, for some δ ≥ 0 ;

R3 .
∥∥∥
∫ t

0

∑

j′′≤j−3

(
2j

′′(s+1−d/p)/q‖∆j′′∇ψ‖
1/q
L∞

)
2(j−j

′′)(s−d/p−1/q′+1/q)

×
(
2j(d/p+1/q′−1/q)‖∆jϕ̃‖Lp

)(
2j

′′(s−1−d/p)/q′‖∆j′′∇ψ‖
1/q′

L∞

)
dt′
∥∥∥
ℓr

≤ ε‖∇ψ‖
L̃1
t (B

s+1
p,r )

+ C(ε)

∫ t

0
‖∇ϕ‖q

′

B
d/p−2/q
p,∞

‖∇ψ‖Bs−1
p,r

dt′, if s <
d

p
+ 1−

2

q
,

or

R3 .
∥∥∥
∫ t

0

∑

j′′≤j−3

(
2j

′′(s+1−d/p)/q‖∆j′′∇ψ‖
1/q
L∞

)
2(j−j

′′)(−δ)

×
(
2j(s+δ)‖∆jϕ̃‖Lp

)(
2j

′′(s−1−d/p)/q′‖∆j′′∇ψ‖
1/q′

L∞

)
dt′
∥∥∥
ℓr

≤ ε‖∇ψ‖
L̃1
t (B

s+1
p,r )

+ C(ε, δ)

∫ t

0
‖∇ϕ‖q

′

Bs−1+δ
p,∞

‖∇ψ‖Bs−1
p,r

dt′, if s ≥
d

p
+ 1−

2

q
;

R4 .
∥∥∥
∫ t

0

∑

j′≥j−3

(
2j

′(s+1)/q‖∆j′∇ψ‖
1/q
Lp

)
2(j−j

′)(s+d/p)

×
(
2j

′(d/p+1/q′−1/q)‖∆j′ϕ̃‖Lp

)(
2j

′(s−1)/q′‖∆j′∇ψ‖
1/q′

Lp

)
dt′
∥∥∥
ℓr

≤ ε‖∇ψ‖
L̃1
t (B

s+1
p,r )

+ C(ε)

∫ t

0
‖∇ϕ‖q

′

B
d/p−2/q
p,∞

‖∇ψ‖Bs−1
p,r

dt′, if p ≥ 2, s > −d/p,
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or

R4 .
∥∥∥
∫ t

0

∑

j′≥j−3

2j(s+d/p
′)‖∆j′ϕ̃‖Lp′‖∆j′∇ψ‖Lp dt′

∥∥∥
ℓr

≤ ε‖∇ψ‖
L̃1
t (B

s+1
p,r )

+ C(ε)

∫ t

0
‖∇ϕ‖q

′

B
d/p−2/q
p,∞

‖∇ψ‖Bs−1
p,r

dt′, if p ≤ 2, s > −d/p′ ;

R5 .
∥∥∥
∫ t

0
‖∆−1∇ϕ‖L∞2j(s−1)‖∇∆jψ‖Lp dt′

∥∥∥
ℓr

≤ ε‖∇ψ‖
L̃1
t (B

s+1
p,r )

+ C(ε)

∫ t

0
‖∇ϕ‖q

′

B
d/p−2/q
p,∞

‖∇ψ‖Bs−1
p,r

dt′.

Put the five parts Ri, i = 1, · · · , 5 together and (A.30) issues. The proof for (A.31) is
exactly the same, which is omitted here. We remark here that as in the proof of Proposition
A.4, among the quantities Ri, i = 1, · · · , 5, only the term (∂k∆j′ϕ̃ ·∆jSj′+1∇ψ) in R2 is
not included in the ball with radius of size 2j .
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Annexe B

A priori estimates

B.1 Parabolic equations

In this section we are interested in the following linear parabolic equation :

{
∂t̺+ u · ∇̺− div (κ∇̺) = f,

̺|t=0 = ̺0.
(B.1)

Here the divergence-free vector field u, the positive coefficient κ, the source term f and the
initial data ̺0 are smooth enough and decay sufficiently at infinity, such that κ(x, t) ≥ κ∗ >
0 holds true for all x ∈ R

d, t ∈ R
+. The key to get a priori estimates for such a linear

equation is applying the commutator estimates presented in Section §A.2 to the following
two commutators :

R1
j = [u,∆j ] · ∇̺, R2

j = div ([κ,∆j ]∇̺). (B.2)

In fact, a standard process : we apply the operator ∆j to the equation, we integrate first
in space and then in time ; then we use the Bernstein’s inequality and also the commutator
estimates ; at last we perform Gronwall’s Inequality. This gives us the estimate.

The a priori estimate concerning low regularity (which extends the corresponding one
in [29]) reads :

Proposition B.1. Let ̺ satisfy (B.1) on [0, T ]×R
d. Let (p1, p2) ∈ (1,∞)2 and s ∈ R fulfill

−1− dmin

{
1

p1
,
1

p′1
,
1

p2

}
< s ≤ dmin

{
1

p1
,
1

p2
+

1

d

}
. (B.3)

Then there exist constants c1(d, p1, κ∗), C1(d, p1, p2, s, κ∗), C̃1(d, p1, s, κ∗) such that the so-
lution to (B.1) satisfies for all t ∈ [0, T ] :

‖̺‖
L̃∞
t (Bs

p1,1
)
+ c1‖̺‖L1

t (B
s+2
p1,1

) ≤ e
C1KL(t) ×

(
‖̺0‖Bs

p1,1
+ C̃1‖∆−1̺‖L1

t (L
p1 ) + ‖f‖L1

t (B
s
p1,1

)

)
,

(B.4)
where

KL(t) := ‖∇u‖
L1
t (B

d/p2
p2,1

)
+ ‖∇κ‖2

L2
t (B

d/p1
p1,1

)
. (B.5)

Proof. In the following it is understood that ‖(cj)j‖ℓ1 = 1.
As a warm up, we focus on the special case p1 = p2 = 2 and s ∈ (−d/2, d/2] which may be
achieved by classical energy arguments.

Applying ∆j to (B.1) yields for all j ≥ −1,

∂t̺j + u · ∇̺j − div (κ∇̺j) = fj +R
1
j −R

2
j , (B.6)
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where ̺j = ∆j̺, fj = ∆jf.
Taking the L2 inner product of (B.6) with ̺j and integrating by parts (recall that

div u = 0), we get

1

2

d

dt
‖̺j‖

2
L2 +

∫
κ|∇̺j |

2 ≤ ‖̺j‖L2(‖fj‖L2 + ‖R1
j‖L2 + ‖R2

j‖L2).

Notice that we have ‖∇̺j‖L2 ≈ 2j‖̺j‖L2 for j ≥ 0. Hence, dividing formally both sides
of the inequality by ‖̺j‖L2 and integrating with respect to the time variable, we get for
some constant c1 depending only on d, κ∗,

‖̺j‖L∞
t (L2) + c12

2j‖̺j‖L1
t (L

2) ≤‖(̺0)j‖L2 + δ−1
j c12

2j‖∆−1̺‖L1
t (L

2)

+ ‖fj‖L1
t (L

2) + ‖R
1
j‖L1

t (L
2) + ‖R

2
j‖L1

t (L
2),

where
δ−1
j = 1 if j = −1 and δ−1

j = 0 if j 6= −1.

Applying Inequality (A.11) to R1
j and Inequality (A.12) with regularity index s+1 and

ν = 1 to R2
j yields

‖R1
j‖L1

t (L
2) . 2−jscj

∫ t

0
‖∇u‖

B
d/2
2,1

‖∇̺‖Bs−1
2,1

dt′ if − d/2 < s ≤ d/2 + 1,

‖R2
j‖L1

t (L
2) . 2−jscj

∫ t

0
‖∇κ‖

B
d/2
2,1

‖∇̺‖Bs
2,1
dt′ if − d/2− 1 < s ≤ d/2.

Now multiplying both sides by 2js, summing up over j and taking advantage of the

interpolation inequality ‖ · ‖Bs+1
2,1
. ‖ · ‖1/2Bs

2,1
‖ · ‖

1/2

Bs+2
2,1

in Proposition 0.1 yields

‖̺‖
L̃∞
t (Bs

2,1)
+ c1‖̺‖L1

t (B
s+2
2,1 ) ≤‖̺0‖Bs

2,1
+ C̃1‖∆−1̺‖L1

t (L
2) + ‖f‖L1

t (B
s
2,1)

+ C1

∫ t

0
(‖∇u‖

B
d/2
2,1

+ ‖∇κ‖2
B

d/2
2,1

)‖̺‖Bs
2,1
dt′.

Then applying Gronwall’s inequality leads to Inequality (B.4).

To treat the general case 1 < p1 <∞ we multiply (B.6) by |̺j |
p1−2̺j . We arrive at

1

p1

d

dt

∫
|̺j |

p1 dx+ (p1 − 1)

∫
κ|̺j |

p1−2|∇̺j |
2 dx ≤‖̺j‖

p1−1
Lp1 (‖fj‖Lp1 + ‖R1

j‖Lp1 + ‖R2
j‖Lp1 ).

Next, we use (bearing in mind that 1 < p1 <∞) the following Bernstein type inequality
(see Inequality (0.41)) :

∫
|̺j |

p1−2|∇̺j |
2 & 22j

∫
|̺j |

p1 dx for j ≥ 0. (B.7)

Hence we get for j ≥ 0,

d

dt
‖̺j‖

p1
Lp1 + 22j‖̺j‖

p1
Lp1 . ‖̺j‖

p1−1
Lp1 (‖fj‖Lp1 + ‖R1

j‖Lp1 + ‖R2
j‖Lp1 ). (B.8)

Therefore dividing both sides by ‖̺j‖
p1−1
Lp1 and using that, according to (A.11) and (A.12),

‖R1
j‖Lp1 . 2−jscj‖∇u‖Bd/p2

p2,1

‖∇̺‖Bs−1
p1,1

if − dmin

(
1

p′1
,
1

p2

)
< s ≤ 1 + dmin

(
1

p1
,
1

p2

)
,

‖R2
j‖Lp1 . 2−jscj‖∇κ‖Bd/p1

p1,1

‖∇̺‖Bs
p1,1

if − dmin

(
1

p′1

1

p1

)
< s+ 1 ≤ 1 +

d

p1
,
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integrating in time, multiplying both sides with 2js, summing up over j ≥ −1 and perfor-
ming an interpolation inequality, one arrives at

‖̺‖
L̃∞
t (Bs

p1,1
)
+ c1‖̺‖L1

t (B
s+2
p1,1

) ≤‖̺0‖Bs
p1,1

+ c12
−(s+2)‖∆−1̺‖L1

t (L
p1 ) + ‖f‖L1

t (B
s
p1,1

)

+ C1

∫ t

0
(‖∇u‖

B
d/p2
p2,1

+ ‖∇κ‖2
B

d/p1
p1,1

)‖̺‖Bs
p1,1

dt′,

which yields (B.4) by Gronwall inequality, except in the case where s is too negative.

To improve the condition over s for s negative, it suffices to use the fact that, owing to
div u = 0, one has

R1
j = div ([u,∆j ]̺).

Then one may apply Inequality (A.12) to div ([u,∆j ]̺) with s+ 1 instead of s. The details
are left to the reader.

Remark B.1. Let us further remark that

R2
j = [∇κ,∆j ] · ∇̺+ [κ,∆j ]∆̺.

This decomposition allows to improve the condition (B.3) for positive s : if we only assume
that s ≤ 1 + dmin(1/p1, 1/p2) then Inequality (B.4) holds true with the additional term
‖∇2κ‖

L1
t (B

d/p1
p1,1

)
in KL. As only the case s = d/p1 is needed for proving Theorem 1.2, we do

not provide more details here.
Note also that, for s = d/p1, Condition (B.3) holds if and only if 1/p1 ≤ 1/p2 + 1/d.

Remark B.2. From the proof we can see that the quantity C̃1‖∆−1̺‖L1
t (L

p1 ) in the a priori
estimates (B.4) can be absorbed if the time t is small. Indeed, for instance, one has for any
s ∈ R,

‖∆−1̺‖L1
t (L

p1 ) . ‖̺‖L1
t (B

s
p1,1

) ≤ t‖̺‖L∞
t (Bs

p1,1
),

hence C̃1‖∆−1̺‖L1
t (L

p1 ) can be absorbed by the left-hand side if t is small.

Remark B.3. Another natural way to deal with the transport term u · ∇̺ is to view it as
a source term and we apply Proposition A.1 to it :

‖u · ∇̺‖Bs
p1,1
. ‖u‖

B
d
p2
p2,1

‖∇̺‖Bs
p1,1

+ ‖u‖
B

d
p2

+δ

p2,1

‖∇̺‖Bs−δ
p1,1

≤ Cε

(
‖u‖2

B
d
p2
p2,1

+ ‖u‖
2/(1+δ)

B
d
p2

+δ

p2,1

)
‖̺‖Bs

p1,1
+ ε‖̺‖Bs+2

p1,1
, −min{

d

p′1
,
d

p2
} < s ≤

d

p2
+ δ, δ ∈ (−1, 1].

The following a priori estimate concerning high regularity holds true :

Proposition B.2. Let ̺ satisfy (B.1) and the triplet (s, p, r) verify

s ≥
d

p
, p ∈ ]1,+∞[ , r ∈ [1,+∞] , with r = 1 if s = 1 +

d

p
or

d

p
. (B.9)

Then there exists a positive constant C such that the following estimate holds true :

‖̺‖
L̃∞
t (Bs

p,r)
+ ‖̺‖

L̃1
t (B

s+2
p,r )

≤ C eCKH(t)
(
‖̺0‖Bs

p,r
+ ‖f‖

L̃1
t (B

s
p,r)

)
, (B.10)

where we have defined KH(0) = 0 and

K′
H(t) := 1 + ‖∇u‖

B
d
p
p,1∩B

s−1
p,r

+ ‖∇κ‖Bs
p,r

+ ‖∇κ‖2L∞ . (B.11)
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Proof. We follow the proof of Proposition B.1.
It is easy to get (B.8) with p instead of p1, for all j ≥ 0. Now, we divide both members

of the previous inequality by ‖̺j‖
p−1
Lp and we integrate in time ; then we multiply by 2js

and take the ℓr norm with respect to j. Hence, for all t we get :

‖̺‖
L̃∞
t (Bs

p,r)
+ ‖̺‖

L̃1
t (B

s+2
p,r )
≤ C

(
‖̺0‖Bs

p,r
+ 2−(s+2) ‖∆−1̺‖L1

t (L
p) + ‖f‖

L̃1
t (B

s
p,r)

+

+

∥∥∥∥2js
∫ t

0

∥∥R1
j (τ)

∥∥
Lp dτ

∥∥∥∥
ℓr

+

∥∥∥∥2js
∫ t

0

∥∥R2
j (τ)

∥∥
Lp dτ

∥∥∥∥
ℓr

)
. (B.12)

The low-frequency term ∆−1̺ can be easily bounded. As a matter of fact, by definition
we immediately have, for all t,

2−(s+2) ‖∆−1̺‖L1
t (L

p) ≤ C

∫ t

0
‖̺‖Bs

p,r
dτ . (B.13)

For the first commutator term, by Proposition 0.4, we get

∫ t

0

∥∥∥2js
∥∥R1

j

∥∥
Lp

∥∥∥
ℓr
dτ .





∫ t

0
‖∇u‖

B
d
p
p,1

‖̺‖Bs
p,r

if s ∈ (−dmin{dp ,
d
p′ }, 1 +

d
p),

∫ t

0
‖∇u‖Bs−1

p,r
‖̺‖Bs

p,r
if s ≥ 1 + d

p , and r = 1 if s = 1 + d
p .

(B.14)
For the second commutator term, instead, we apply (A.24) with s1 = s, s2 = s+ 2 and

s3 = s+ 1, and we get, for any small ε > 0 and some corresponding constant Cε,

∥∥∥∥2js
∫ t

0

∥∥R2
j

∥∥
Lp

∥∥∥∥
ℓr
dτ ≤ ε‖̺‖

L̃1
t (B

s+2
p,r )

+ Cε

∫ t

0

(
‖∇κ‖Bs

p,r
+ ‖∇κ‖2L∞

)
‖̺‖Bs

p,r
dτ (B.15)

for all s ≥ d/p, with r = 1 if s = d/p, such that embedding B
d/p
p,r →֒ L∞ holds true.

We put (B.13), (B.14) and (B.15) into (B.12), choose sufficiently small ε and apply
Gronwall’s lemma to arrive at (B.10).

Remark B.4. According to (B.11), we need only ∇κ ∈ L1
t (B

s
p,r), instead of ∇κ ∈ L2

t (B
s
p,r).

And it is easy to see that

KH(t) =

∫ t

0
K′
H . t+ ‖∇u‖L1

t (B
d/p
p,1 ∩Bs−1

p,r )
+ ‖∇κ‖2L2

t (B
s
p,r)
.

Remark B.5. Just as mentioned in Remark B.3, we can replace ‖∇u‖
L1
t (B

d/p
p,1 ∩Bs−1

p,r )
by

‖u‖2
L2
t (B

s
p,r)

in KH , without assuming the divergence-free condition on u.

B.2 Parabolic equations in spaces with infinite Lebesgue ex-

ponent

The aim of this section is to show an estimate for parabolic equations in Besov spaces
of type Bs

∞,r, which is needed to prove Theorem 3.6.

Proposition B.3. Let ρ be such that ρ − 1 ∈ S solves the following linear parabolic-type
system {

∂tρ− div (κ∇ρ) = f,
ρ|t=0 = ρ0,

(B.16)
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with κ, f, ρ0 ∈ S and

0 < ρ∗ ≤ ρ0 ≤ ρ
∗, 0 < κ∗ ≤ κ(t, x) ≤ κ

∗.

If s > 0, then the following estimate holds true :

‖ρ‖
L̃∞
t (Bs

∞,r)∩L̃
1
t (B

s+2
∞,r)
≤ CeCK∞(t) ×

(
‖ρ0‖Bs

∞,r
+ ‖f‖

L̃1
t (B

s
∞,r)

)
, (B.17)

where C is a constant depending on d, s, r, ρ∗, ρ
∗, κ∗, κ

∗ and ‖κ‖L∞
t (Ċǫ) for some ǫ ∈ (0, 1),

and

K∞(t) :=

∫ t

0

(
1 + ‖∇κ‖2L∞ + ‖∇κ‖

max{2/(1+s),1}
Bs

∞,r

)
dτ .

Remark B.6. Let us point out that this proposition provides us with estimates analogous to
those found in Proposition B.2. Moreover, althrough Equation (B.16) involves no transport
term u · ∇ρ, we can view it as a source term and apply product estimate to it. Finally by
Gronwall’s inequality we still have (B.10) for the case

s ≥ 1, with r = 1 if s = 1,

with K′
H(t) replaced by

(Ku∞)′ = 1 + ‖u‖2L∞ + ‖u‖Bs
∞,r

+ ‖∇κ‖2L∞ + ‖∇κ‖Bs
∞,r

.

We will first consider the case s ∈ (0, 1) and r = ∞, i.e. we take solutions in time-
dependent-Hölder’s spaces L̃∞

T (Cǫ)∩L̃1
T (C

2+ǫ), ǫ ∈ (0, 1). Since Maximum Principle applied
to parabolic equations has already given us the control on low frequencies of the solution

‖ρ‖L∞
t (L∞) ≤ ‖ρ0‖L∞ +

∫ t

0
‖f‖L∞ , (B.18)

and, besides, the classical a priori estimates for heat equations are simpler (at least formally,
see Proposition 0.7) in homogeneous Besov spaces, we only have to focus on

Ėǫ , L̃∞
T (Ċǫ) ∩ L̃1

T (Ċ
2+ǫ), ǫ ∈ (0, 1).

We can localize the function ρ into countable many functions ̺n, each of which is
supported on some ball B(xn, δ), with the small radius δ ∈ (0, 1) to be determined in the
proof. It is useful to use another description of time-dependent Hölder’s spaces stated in
Proposition B.5 : roughly speaking, up to a constant, Ėǫ-norm can be determined locally,
which reduces to bound {̺n} instead of the whole ρ. The systems for {̺n} (see System
(B.23) below) derive from (B.16) by mutiplying by some partition of unity and thus the
coefficient κ can be viewed as a small perturbation of a function which depends only on time
t, because ̺n is supported on a ball with sufficiently small radius. Consequently changing
the time variable and making use of estimates of heat equations entail an a priori estimate
for ̺n in Ėǫ, with the “source” terms being either small or of lower regularity, and hence
easy to control. At last we will show how the Hölder case will yield the general one.

We agree here that in this section {̺n(t, x)} always denote localized functions of ρ(t, x)
in x-space, while ρj as usual, denotes {∆jρ} (localization in the phase space).

Before going on, Proposition 0.7 ensures that for any s ∈ R, and f0, f, F ∈ S(R
d) such

that

F (t, x) , et∆f0 +

∫ t

0
e(t−τ)∆f(τ) dτ,

B.2. PARABOLIC EQUATIONS IN SPACES WITH INFINITE LEBESGUE EXPONENT 125



ANNEXE B. A PRIORI ESTIMATES

there exists a constant C0 such that

‖F‖
L∞
T (Ċs)∩L̃1

T (Ċ2+s)
≤ C0(‖f0‖Ċs + ‖f‖L̃1

T (Ċs)
). (B.19)

It is also convenient to show an a priori estimate for the paraproduct Ṫvu in the space
L̃1
T (Ċ

s) :

Proposition B.4. For any s > 0, ε > 0, a, b > 0, there exists a constant Cε ∼ ε−a/b such
that

‖Ṫvu‖L̃1
T (Ċs)

≤ Cε

∫ T

0
‖u(t)‖

a+b
b

Ċs
‖v‖Ċ−a + ε‖v‖

L̃1
T (Ċb)

. (B.20)

Proof. First, let us notice that,

‖Ṫvu‖L̃1
T (Ċs)

≤

∫ T

0

∑

j∈Z

‖u‖Ċs‖∆̇jv‖L∞ .

For any ε > 0, a, b > 0 and t ∈ (0, T ), we fix an integer

Nt =

[
1

b
log2(ε

−1‖u(t)‖Ċs)

]
+ 1,

then noticing that ε−1‖u(t)‖Ċs ∼ 2Ntb, we have

∫ T

0

∑

j∈Z

‖u‖Ċs‖∆̇jv‖L∞ ≤

∫ T

0

∑

j≤Nt

2ja‖u(t)‖Ċs2
−ja‖∆̇jv‖L∞ +

∑

j≥Nt+1

2−jb‖u(t)‖Ċs2
jb‖∆̇jv‖L∞

.

∫ T

0
2Nta‖u(t)‖Ċs‖v‖Ċ−a +

∑

j≥Nt+1

2−(j−Nt)b ε 2jb‖∆̇jv‖L∞

.

∫ T

0
ε−a/b‖u(t)‖

(a+b)/b

Ċs
‖v‖Ċ−a + ε

∑

j≥1

2−jb 2(j+Nt)b‖∆̇j+Ntv‖L∞

. ε−a/b
∫ T

0
‖u(t)‖

(a+b)/b

Ċs
‖v‖Ċ−a + ε sup

j

∫ T

0
2jb‖∆̇jv‖L∞ .

Thus the result follows.

There is also an equivalent description for Hölder’s spaces :

Proposition B.5. ∀ǫ ∈ (0, 1), there exists a constant C such that for all u ∈ S,

C−1‖u‖Ċǫ ≤

∥∥∥∥
‖u(x+ y)− u(x)‖L∞

x

|y|ǫ

∥∥∥∥
L∞
y

≤ C‖u‖Ċǫ , (B.21)

and

C−1‖u‖
L̃1
t (Ċ

ǫ)
≤

∥∥∥∥
∫ t

0

‖u(x+ y)− u(x)‖L∞
x

|y|ǫ

∥∥∥∥
L∞
y

≤ C‖u‖
L̃1
t (Ċ

ǫ)
. (B.22)

Proof. The proof of (B.21) is very classic. Let us just show the left-hand inequality of
(B.22). The inverse inequality follows immediately after similar changes with respect to
time in the classical proof. Since

∆̇ju(t, x) = 2jd
∫

Rd

h(2jy)(u(t, x− y)− u(t, x)) dy,
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then
∫ t

0
2jǫ‖∆̇ju(τ, ·)‖L∞

x
≤ 2jd

∫

Rd

2jǫ|y|ǫ|h(2jy)|

∫ t

0

‖u(τ, x− y)− u(τ, x)‖L∞
x

|y|ǫ
dτ dy

≤ C

∥∥∥∥
∫ t

0

‖u(x+ y)− u(x)‖L∞
x

|y|ǫ

∥∥∥∥
L∞
y

,

which ensures the left -hand inequality of (B.22).

Next we will prove Proposition B.3 in three steps. In Step 1 we will mainly deal with the
localized solutions {̺n} or equivalently, after a one-to-one transformation in time variables,
with {˜̺n}, which solve heat equations. Thus Estimate (B.19) ensures an a priori estimate
for ˜̺n and Proposition B.4 provides the control on “source” terms. Thanks to Proposition
B.5, we can carry the results from {̺n} to ρ : this will be done in Step 2. In order to handle
general Besov spaces of form Bs

∞,r, we again localize the system, but in Fourier variables,
in Step 3. There we apply the result in Step 2 to ρj and a tricky calculation on commutator
term will yield the thesis.

Step 1 Estimate for ̺n in Ėǫ

Let us take first a partition of unity {ψn}n∈N of class C3 subordinated to a locally finite
covering of Rd. We suppose also that the ψn’s satisfy the following conditions :

(i) Suppψn ⊂ B(xn, δ) , Bn, ∀n ∈ N, with δ < 1 to be determined later ;

(ii)
∑

n ψn ≡ 1 ;

(iii) 0 ≤ ψn ≤ 1, ∀n ∈ N with ψn ≡ 1 on B(xn, δ/2) ;

(iv) ‖∇ηψn‖L∞ ≤ C|δ|−|η|, ∀n ∈ N, for |η| ≤ 3 ;

(v) for each x ∈ R
d, there are at most 3 elements in {ψn}n∈N such that x ∈ Suppψn.

Now by multiplying ψn to Equation (B.16), we get the equation for compactly supported
function ̺n , ρψn which is supported on Bn :

{
∂t̺n − κ̄n∆̺n = (κ− κ̄n)∆̺n +∇κ · ∇̺n + gn,

̺n|t=0 = ̺0,n = ψnρ0,
(B.23)

where

κ̄n(t) ,
1

vol(Bn)

∫

Bn

κ(t, y) dy is a function depending only on t,

and
gn = −2κ∇ψn · ∇ρ− (κ∆ψn +∇κ · ∇ψn)ρ+ fψn. (B.24)

For convenience we suppose that there exists a positive constant Cκ ∼ ‖κ‖L∞
t0
(Ċǫ) such that

|κ(t, x)− κ(t, y)| ≤ Cκ|x− y|
ǫ, ∀x, y ∈ R

d, t ∈ [0, t0]. (B.25)

Noticing that, by (B.25), we have κ̄n ≥ κ∗ > 0, this ensures that, for all t ∈ [0, t0],

‖κ/κ̄n − 1‖L∞(Bn) ≤ κ
−1
∗

∥∥∥∥
1

vol(Bn)

∫

Bn

κ(t, x)− κ(t, y) dy

∥∥∥∥
L∞(Bn)

≤ Cκκ
−1
∗ δǫ. (B.26)

In order to get rid of the variable coefficient κ̄n(t), let us make the one-to-one change
in time variable

τ , S(t) =

∫ t

0
κ̄n(t

′) dt′. (B.27)
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Therefore, the new unknown
˜̺n(τ, x) , ρn(t, x),

satisfies (noticing that dτ
dt = κ̄n(t))

{
∂τ ˜̺n −∆˜̺n =

(
κ̃(τ)
κ̃n(τ)

− 1
)
∆˜̺n + ∇κ̃(τ)

κ̃n(τ)
· ∇˜̺n + g̃n(τ)

κ̃n(τ)
,

˜̺n|τ=0 = ̺0,n,
(B.28)

where κ̃(τ, x) = κ(t, x), κ̃n(τ) = κ̄n(t), ρ̃(τ, x) = ρ(t, x), g̃n(τ, x) = gn(t, x).

This is a heat equation and hence according to (B.19), it rests to bound the “source”
terms. Estimate (B.20) and the following estimate,

‖Ṫuv + Ṙ(u, v)‖
L̃1
T (Ċǫ)

≤ C‖u‖L∞
T (L∞)‖v‖L̃1

T (Ċǫ)
,

imply that the first source term of Equation (B.28) can be controlled by

∥∥∥∥
(
κ̃(τ, ·)

κ̃n(τ)
− 1

)
∆˜̺n(τ, ·)

∥∥∥∥
L̃1
τ (Ċ

ǫ)

≤ C ‖κ̃/κ̃n − 1‖L∞
τ (L∞(Bn))

‖∆˜̺n‖L̃1
τ (Ċ

ǫ)

+ Cη1

∫ τ

0
‖κ̃/κ̃n − 1‖

2
ǫ

Ċǫ
‖∆˜̺n‖Ċǫ−2 + η1‖∆˜̺n‖L̃1

τ (Ċ
ǫ)
,

for any η1 ∈ (0, 1) with Cη1 ∼ η
ǫ−2
ǫ

1 . Besides, Inequality (B.26) ensures that for all τ ∈ [0, τ0],
with τ0 = S(t0),

‖κ̃/κ̃n − 1‖L∞
τ (Bn) ≤ Cκκ

−1
∗ δǫ,

which implies, for τ ∈ [0, τ0],

∥∥∥∥
(
κ̃(τ, ·)

κ̃n(τ)
− 1

)
∆˜̺n(τ, ·)

∥∥∥∥
L̃1
τ (Ċ

ǫ)

≤ Cη1

∫ τ

0
‖κ̃‖

2
ǫ

Ċǫ
‖˜̺n‖Ċǫ + (CCκκ

−1
∗ δǫ + η1)‖˜̺n‖L̃1

τ (Ċ
2+ǫ)

.

(B.29)

By Proposition A.3 (more precisely, the proof of Proposition A.3), for any η > 0, there
exists Cη ∼ η

−1 such that

‖Ṫuv + Ṙ(u, v)‖
L̃1
τ (Ċ

ǫ)
≤ Cη

∫ τ

0
‖u‖2L∞‖v‖Ċǫ−1 + η‖v‖

L̃1
τ (Ċ

ǫ+1)
.

Thus, also by use of Proposition B.4 with a = 1− ǫ and b = 1 + ǫ, for any η2 ∈ (0, 1) with
Cη2 ∼ η

−1
2 we have the following :

∥∥∥∥
∇κ̃(τ, ·)

κ̃n(τ)
· ∇˜̺n(τ, ·)

∥∥∥∥
L̃1
τ (Ċ

ǫ)

≤ Cη2

∫ τ

0

(
‖∇κ̃‖2L∞ + ‖∇κ̃‖

2
1+ǫ

Ċǫ

)
‖˜̺n‖Ċǫ + η2‖˜̺n‖L̃1

τ (Ċ
2+ǫ)

.

(B.30)

Now let us choose δ, η1, η2 such that

C0CCκκ
−1
∗ δǫ, C0η1, C0η2 ≤ 1/6, (B.31)

with the same C0 in (B.19). Then, from (B.19) and estimates (B.29), (B.30), for any τ ∈
[0, τ0] we get, for some “harmless” constant still denoted by C,

‖˜̺n‖L∞
τ (Ċǫ)∩L̃1

τ (Ċ
2+ǫ)

≤ C

(
‖̺0,n‖Ċǫ +

∫ τ

0

(
‖κ̃‖

2
ǫ

Ċǫ
+ ‖∇κ̃‖2L∞ + ‖∇κ̃‖

2
1+ǫ

Ċǫ

)
‖˜̺n‖Ċǫ + ‖g̃n‖L̃1

τ (Ċ
ǫ)

)
.
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Since κ∗ ≤ κ̄n ≤ κ
∗, we arrive at from transformation in time (B.27) that

‖̺n‖L∞
t (Ċǫ)∩L̃1

t (Ċ
2+ǫ)
≤ C

(
‖̺0,n‖Ċǫ +

∫ t

0
K1‖̺n‖Ċǫ + ‖gn‖L̃1

t (Ċ
ǫ)

)
, ∀t ∈ [0, t0], (B.32)

with

K1 = ‖κ‖
2
ǫ

Ċǫ
+ ‖∇κ‖2L∞ + ‖∇κ‖

2
1+ǫ

Ċǫ
,

provided

δ−ǫ = CδCκ ≤ Cδ‖κ‖L∞
t0
(Ċǫ) for some constant Cδ depending only on d, ǫ. (B.33)

Step 2 Estimate for ρ

Now we return to consider ρ =
∑

n ̺n. It is easy to see that, by assumptions on the
partition of unity {ψn}, for any x, there exist at most 4 balls of our covering which cover
the small ball B(x, δ/4). Therefore, from Inequality (B.21) we have

‖ρ‖
L̃1
t (Ċ

ǫ)
≤ C

∥∥∥∥
∫ t

0

‖ρ(x+ y)− ρ(x)‖L∞
x

|y|ǫ

∥∥∥∥
L∞
y

≤ C sup
|y|>δ/4

∫ t

0

‖ρ(x+ y)− ρ(x)‖L∞
x

|y|ǫ
+ C sup

|y|≤δ/4

∫ t

0

‖ρ(x+ y)− ρ(x)‖L∞
x

|y|ǫ
,

whose second term can be controlled by

4C sup
|y−z|≤δ/4

∫ t

0

supn ‖̺n(x+ y)− ̺n(x+ z)‖L∞
x

|y − z|ǫ
.

Thus we find

‖ρ‖
L̃1
t (Ċ

ǫ)
≤ Cδ−ǫ

∫ t

0
‖ρ‖L∞ + 4C sup

n
‖̺n‖L̃1

t (Ċ
ǫ)
.

Similarly, we have

‖ρ‖
L̃∞
t (Ċǫ)

≤ Cδ−ǫ‖ρ‖L∞
t (L∞) + C sup

n
‖̺n‖L̃∞

t (Ċǫ)
.

Since ∇2ρ =
∑

n(∇
2̺n), from the same arguments as before we infer

‖ρ‖
L̃1
t (Ċ

2+ǫ)
≤ C‖∇2ρ‖

L̃1
t (Ċ

ǫ)
≤ Cδ−ǫ

∫ t

0
‖∇2ρ‖L∞ + C sup

n
‖̺n‖L̃1

t (Ċ
2+ǫ)

.

Therefore, to sum up, for all t ∈ [0, t0],

‖ρ‖
L̃∞
t (Ċǫ)∩L̃1

t (Ċ
2+ǫ)
≤ Cδ−ǫ

(
‖ρ‖L∞

t (L∞) +

∫ t

0
‖∇2ρ‖L∞

)
+ C sup

n
‖̺n‖L̃∞

t (Ċǫ)∩L̃1
t (Ċ

2+ǫ)

≤ Cδ−ǫ
(
‖ρ‖L∞

t (L∞) +

∫ t

0
‖∇2ρ‖L∞

)

+ C sup
n

(
‖̺0,n‖Ċǫ +

∫ t

0
K1‖̺n‖Ċǫ + ‖gn‖L̃1

t (Ċ
ǫ)

)
,

with the second inequality deriving from Estimate (B.32). Noticing (B.18) and

‖̺n‖Cǫ = ‖ρψn‖Cǫ ≤ C‖ρ‖Cǫ‖ψn‖Cǫ ≤ Cδ−ǫ‖ρ‖Cǫ ,
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we thus have

‖ρ‖
L̃∞
t (Cǫ)∩L̃1

t (C
2+ǫ)
≤ C‖ρ‖L∞

t (L∞) + C

∫ t

0
‖ρ‖L∞ + ‖ρ‖

L̃∞
t (Ċǫ)∩L̃1

t (Ċ
2+ǫ)

≤ Cδ−ǫ
(
‖ρ0‖Cǫ +

∫ t

0
(‖∇2ρ‖L∞ + ‖ρ‖L∞ + ‖f‖L∞) +

∫ t

0
K1‖ρ‖Cǫ

)

+ C sup
n
‖gn‖L̃1

t (Ċ
ǫ)
,

It rests us to bound gn uniformly. In fact, by the definition of gn (B.24), we follow the
same method to get (B.29) and (B.30) to arrive at

‖gn‖L̃1
t (Ċ

ǫ)
≤ C

∫ t

0

(
η−1(‖κ∇ψn‖

2
L∞ + ‖κ∇ψn‖

2
1+ǫ

Ċǫ
) + ‖κ∆ψn +∇κ · ∇ψn‖L∞

)
‖ρ‖Ċǫ

+ η‖ρ‖
L̃1
t (Ċ

2+ǫ)
+ C

∫ t

0
‖κ∆ψn +∇κ · ∇ψn‖Ċǫ‖ρ‖L∞ + Cδ−ǫ

∫ t

0
‖f‖L∞ + C‖f‖

L̃1
t (Ċ

ǫ)

≤ Cηδ
−2

∫ t

0

(
1 + ‖κ‖

2
1+ǫ

Cǫ + ‖κ‖C1+ǫ

)
‖ρ‖Cǫ + η‖ρ‖

L̃1
t (Ċ

2+ǫ)
+ Cδ−ǫ‖f‖

L̃1
t (C

ǫ)
,

where we have used ‖f‖
L1
t (L

∞)∩L̃1
t (Ċ

ǫ)
≤ C‖f‖

L̃1
t (C

ǫ)
.

We finally get a priori estimate for ρ :

‖ρ‖
L̃∞
t (Cǫ)∩L̃1

t (C
2+ǫ)
≤ Cδ−ǫ

(
‖ρ0‖Cǫ +

∫ t

0
‖ρ‖C2 + ‖f‖L̃1

t (C
ǫ)

)
+ Cδ−2

∫ t

0
K2‖ρ‖Cǫ ,

with

K2 = 1 + ‖κ‖
2

1+ǫ

C1+ǫ ≥ C

(
K1 + 1 + ‖κ‖

2
1+ǫ

Cǫ + ‖κ‖C1+ǫ

)
.

Thus by a direct interpolation inequality, that is to say

δ−ǫ‖ρ‖L1
t (C

2) ≤ Cηδ
−2

∫ t

0
‖ρ‖Cǫ + η‖ρ‖

L̃1
t (C

2+ǫ)
,

Gronwall’s Inequality tells us

‖ρ‖
L̃∞
t (Cǫ)∩L̃1

t (C
2+ǫ)
≤ Cδ−ǫ exp

(
Cδ−2

∫ t

0
K2

)(
‖ρ0‖Cǫ + ‖f‖

L̃1
t (C

ǫ)

)
, (B.34)

which is just Estimate (B.17) when s = ǫ and r =∞.

Step 3 General Case Bs
∞,r

Now we want to deal with the general case Bs
∞,r. Let us apply ∆̃j = ∆j−1+∆j +∆j+1,

j ≥ 0, to System (B.16), yielding

{
∂tρj − div (κ∇ρj) = f j −Rj ,

ρj |t=0 = ρ0,j ,
(B.35)

with
ρj = ∆̃jρ, f j = ∆̃jf, Rj = div ([κ, ∆̃j ]∇ρ), ρ0,j = ∆̃jρ0.

We apply the a priori estimate (B.34) to the solution ρj of System (B.35), for some ǫ < s,
entailing

‖ρj‖L̃∞
t (Cǫ)∩L̃1

t (C
2+ǫ)
≤ Cδ−ǫ exp

(
Cδ−2

∫ t

0
K2

)(
‖ρ0,j‖Cǫ + ‖f j −Rj‖L̃1

t (C
ǫ)

)
.
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Let us notice that for j ≥ 0, denoted by ρj = ∆jρ and ρq = ∆qρ as usual, then we have

∆jρj = ρj and ∆qρj ≡ 0 if |q − j| ≥ 2.

Hence the above inequality gives

2jǫ‖ρj‖L∞
t (L∞) + 2j(2+ǫ)

∫ t

0
‖ρj‖L∞

≤ Cδ−ǫ exp

(
Cδ−2

∫ t

0
K2

)
2jǫ

∑

|j−q|≤1

(
‖ρ0,q‖L∞ +

∫ t

0
‖fq‖L∞

)
+ ‖Rj‖L̃1

t (C
ǫ)


 .

Let us focus on ‖Rj‖L̃1
t (C

ǫ)
for a while. As usual, we decompose Rj into four parts :

R
1
j =

∑

|j−q|≤3

div ([Sq−1κ̃, ∆̃j ]∇∆qρ), R
2
j =

∑

q≥j−3

div ∆̃j(∆qκ̃ Sq+1∇ρ),

R
3
j =

∑

q≥j−3

div (∆qκ̃ ∆̃jSq+1∇ρ), R
4
j = div ([∆−1κ, ∆̃j ]∇ρ), with κ̃ = κ−∆−1κ, .

It is easy to see that the Fourier transform of the terms R
1
j and R

2
j is supported near the

ring 2jC ; thus, we get for some sequence (cj)j ∈ ℓ
r,

‖R
1
j‖L̃1

t (C
ǫ)
≤ C2j(1+ǫ)

∑

|j−q|≤3

∫ t

0
‖[Sq−1κ̃, ∆̃j ]∇∆qρ‖L∞

≤ C2j(ǫ−s) cj

∫ t

0
‖∇κ‖L∞‖∇ρ‖Bs

∞,r

and, for some s > −1 and (cj)j ∈ ℓ
r

‖R
2
j‖L̃1

t (C
ǫ)
≤ C2j(1+ǫ)

∑

q≥j−3

∫ t

0
‖∆qκ̃‖L∞‖Sq+1∇ρ‖L∞

≤ C2j(ǫ−s)
∑

q≥j−3

2(j−q)(1+s)cq

∫ t

0
‖∇κ‖Bs

∞,r
‖∇ρ‖L∞ ,

≤ C2j(ǫ−s)cj

∫ t

0
‖∇κ‖Bs

∞,r
‖∇ρ‖L∞ .

Let us now consider R
3
j carefully. Each ∆qκ̃ ∆̃jSq+1∇ρ has Fourier transform supported near

a ring of small radius proportional to 2q − 2j , and big radius proportional to 2q + 2j ∼ 2q.
Therefore, arguing as above, we find, for some (cj)j ∈ ℓ

r

‖R
3
j‖L̃1

t (C
ǫ)
≤ sup

j′≥j−2
2j

′ǫ
∑

q≥j−3,q∼j′

∫ t

0
‖∆j′div (∆qκ̃∆̃jSq+1∇ρ)‖L∞

≤ sup
j′≥j−2

2j
′(ǫ+1)

∑

q≥j−3,q∼j′

∫ t

0
2−q‖∆q∇κ̃‖L∞‖∆j∇ρ‖L∞

≤ C2j(ǫ−s)cj

∫ t

0
‖∇κ‖Bs

∞,r
‖∇ρ‖L∞ .
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Since R
4
j ’s Fourier transform is always supported near a ring 2jC, arguing for instance as

in the proof of Proposition A.3, we can get

‖R
4
j‖L̃1

t (C
ǫ)
≤ 2j(ǫ−s)cj

∫ t

0
‖∇κ‖L∞ ‖∇ρ‖Bs

∞,r
.

To conclude, we have got a priori estimate for ρj :

‖ρj‖L∞
t (L∞) + 22j

∫ t

0
‖ρj‖L∞ ≤ Cδ−ǫ exp

(
Cδ−2

∫ t

0
K2

)

×


 ∑

|j−q|≤2

(
‖ρ0,q‖L∞ +

∫ t

0
‖fq‖L∞

)
+ 2−jscj

∫ t

0
‖∇κ‖Bs

∞,r
‖∇ρ‖L∞ +

∫ t

0
‖∇κ‖L∞‖∇ρ‖Bs

∞,r


 .

Therefore, we multiply both sides by 2js and then take ℓr norm, to arrive at for s > −1,

‖ρ‖
L̃∞
t (Bs

∞,r)∩L̃
1
t (B

s+2
∞,r)
≤ Cδ−ǫ exp

(
Cδ−2

∫ t

0
K2

)

×

(
‖ρ0‖Bs

∞,r
+ ‖f‖

L̃1
t (B

s
∞,r)

+

∫ t

0
‖∇κ‖L∞‖∇ρ‖Bs

∞,r
+ ‖∇κ‖Bs

∞,r
‖∇ρ‖L∞

)
.

The direct application of interpolation inequalities and embedding results reduces the above
estimate to (B.17).

B.3 Linearized Euler equation

In this section we consider the following linearized Euler equations for the unknowns u
and q, with variable coefficient λ before the pressure ∇q :





∂tu+ v · ∇u+ λ∇q = h,
div u = 0,
u|t=0 = u0.

(B.36)

As usual, we suppose the given functions v, λ, h, u0 are smooth and decay sufficiently at
infinity. But pay attention here that the transport velocity v is not assumed to be solenoidal.
The following a priori estimate holds :

Proposition B.6. Let

s >
d

p
−
d

4
, p ∈ [2, 4], r ∈ [1,+∞] , with r = 1 if s =

d

p
or 1 +

d

p
. (B.37)

Suppose 0 < λ∗ ≤ λ(t, x) for all t ≥ 0 and x ∈ R
d.

Then for any smooth solution u of (B.36), there exists a positive constant C such that
the following estimates hold true :

‖u‖
L̃∞
t (Bs

p,r)
≤ CeCV (t)

(
‖u0‖Bs

p,r
+ ‖h‖

L̃1
t (B

s
p,r)∩L

1
t (L

2)

)
, (B.38)

‖∇q‖
L̃1
t (B

s
p,r)∩L

1
t (L

2)
≤ C

(
‖h‖

L̃1
t (B

s
p,r)∩L

1
t (L

2)
+ V (t)‖u‖

L̃∞
t (Bs

p,r)

)
, (B.39)

where V (t) is defined by (0.53) and the constant C depends on d, p, s, r, λ∗,Λ with

Λ(t) := ‖λ‖L∞
t (L∞) +





‖∇λ‖
L̃∞
t (B

d
p
p,1)

if s ∈ (
d

p
−
d

4
, 1 +

d

p
],

‖∇λ‖
L̃∞
t (Bs−1

p,r )
if s > 1 +

d

p
.

(B.40)
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Proof. From Proposition 0.6 we easily get the following estimate for u with V (t) defined by
(0.53) :

‖u(t)‖
L̃∞
t (Bs

p,r)
≤ eC(d,p,s)V (t)

(
‖u0‖Bs

p,r
+ ‖h− λ∇q‖

L̃1
t (B

s
p,r)

)
. (B.41)

Just as in last section §B.4, we decompose λ∇q into (∆−1λ)∇q + ((Id − ∆−1)λ)∇q.
Then by product estimates given in Proposition 0.3, we have

‖λ∇q‖
L̃1
t (B

s
p,r)
≤ CΛ(t)‖∇q‖

L̃1
t (B

s
p,r)
, if s > −min{

d

p
,
d

p′
}, with r = 1 if s =

d

p
, (B.42)

with Λ defined by (B.40). Hence it is sufficient to estimate ‖∇q‖
L̃1
t (B

s
p,r)

, in order to obtain

Estimate (B.38).

According to Equality (B.36)2, applying the operator “div ” to the first equation of
(B.36) yields the elliptic equation for q :

div (λ∇q) = div (h− v · ∇u) = div (h− u · ∇v + u div v). (B.43)

We apply the localization operator ∆j to (B.43), we multiply |qj |
p−2qj , then we integrate

with respect to space variable and we use the Bernstein type Inequality (0.41) and Hölder’s
Inequality, and we finally find

λ∗2
2j‖qj‖Lp . ‖∆jdiv (h− v · ∇u)‖Lp + ‖div [λ,∆j ]∇q‖Lp , ∀j ≥ 0.

On the other hand, for p ≥ 2, classic Bernstein’s inequalities entail

‖∆−1∇q‖Lp ≤ C‖∇q‖L2 , 2j‖qj‖ ∼ ‖∇qj‖, ∀j ≥ 0,

which ensure that

λ∗‖∇q‖L̃1
t (B

s
p,r)
. ‖∇q‖L1

t (L
2) + ‖div (h− v · ∇u)‖L̃1

t (B
s−1
p,r )

(B.44)

+ ‖2j(s−1)‖div [λ,∆j ]∇q‖L1
t (L

p)‖ℓr .

Let us focus on the above commutator term for a while. Proposition 0.4 implies that it
can be controlled by

‖2j(s−1)‖div [λ,∆j ]∇q‖L1
t (L

p)‖ℓr . Λ‖∇q‖L1
t (B

s−1
p,r ), if s > −min{

d

p
,
d

p′
}.

Motivatived by the embeddings (3.26) and L2 →֒ B
d
p
− d

2
p,∞ , ∀p ≥ 2, we apply interpolation

inequalities between Besov spaces, obtaining

‖∇q‖L1
t (B

s−1
p,r ) . ‖∇q‖L̃1

t (B
s+ǫ−1
p,r )

. ‖∇q‖1−δ

L̃1
t (B

d
p− d

2
p,∞ )

‖∇q‖δ
L̃1
t (B

s
p,r)
. ‖∇q‖1−δ

L1
t (L

2)
‖∇q‖δ

L̃1
t (B

s
p,r)
,

for some ǫ ∈ (0, 1), such that

δ =
s+ ǫ− 1− (d/p− d/2)

s− (d/p− d/2)
∈ (0, 1), i.e. s >

d

p
−
d

2
+ 1− ǫ.

Therefore, one can use directly Young’s Inequality on the above bound for commutator
term

‖2j(s−1)‖div [λ,∆j ]∇q‖L1
t (L

p)‖ℓr ≤ C(d, s, p, r, ε, ǫ)Λ
1/(1−δ)‖∇q‖L1

t (L
2) + ε‖∇q‖

L̃1
t (B

s
p,r)
,
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such that for some small enough ε > 0, Estimate (B.44) becomes

‖∇q‖
L̃1
t (B

s
p,r)
≤ C(d, s, p, r, ε, ǫ, λ∗)Λ

1/(1−δ)‖∇q‖L1
t (L

2)+C‖div (h−v ·∇u)‖L̃1
t (B

s−1
p,r )

. (B.45)

Thanks to Proposition 0.9, we have already got by Equation (B.43),

‖∇q‖
L̃1
t (B

s
p,r)
≤ C(d, s, p, r, λ∗,Λ)

(
‖h− u · ∇v+ u div v‖L1

t (L
2) + ‖div (h− v · ∇u)‖L̃1

t (B
s−1
p,r )

)
.

It rests to dealing with

‖u · ∇v‖L1
t (L

2), ‖u div v‖L1
t (L

2) and ‖div (v · ∇u)‖
L̃1
t (B

s−1
p,r )

.

We can easily find, by Hölder’s Inequality and embedding results, that

‖u · ∇v‖L1
t (L

2) ≤

∫ t

0
‖u‖L4‖∇v‖L4 .

∫ t

0
‖u‖Bs1

4,∞
‖∇v‖Bs2

4,∞
dτ , ∀s1, s2 > 0 .

Hence for p ≤ 4, s >
d

p
−
d

4
, we have

‖u · ∇v‖L1
t (L

2) .

∫ t

0
‖u‖Bs

p,r
‖∇v‖

B
d
p
p,∞

dτ . (B.46)

The term udiv v is actually analogous to the previous one.
On the other hand, recalling the divergence-free condition over u, it is easy to decompose

‖div (v · ∇u)‖Bs−1
p,r

into

‖T∂ivj∂ju
i + T∂jui∂iv

j + div
(
R(vj , ∂ju)

)
‖Bs−1

p,r
, (B.47)

which can be controlled, according to Proposition 0.2, by

V ′(t)‖∇u‖Bs−1
p,r

, if s > −min{
d

p
,
d

p′
},

with V ′(t) defined by (0.53).

To conclude, in the case p ∈ [2, 4], s > d
p −

d
4 , Estimate (B.39) holds and hence estimate

(B.38) also holds true, according to Estimate (B.41) and Gronwall’s Inequality.

B.4 Linearized Stokes equation

In this section we will deal with the following linearized Stokes equation with variable
coefficients : 




∂tu+ v · ∇u− div (η∇u) + λ∇Q = h,
div u = 0,
u|t=0 = u0,

(B.48)

where λ, η, v, h, u0 be smooth and decay sufficiently at infinity with div v = 0. Let us first
consider the case p1 = p2 = 2 which may be handled by standard energy arguments.

Proposition B.7. Let (u,∇Q) satisfy (B.48) on [0, T ]×R
d. Let s ∈ [0, d/2]. Suppose that,

for some positive constants λ∗ and Λ∗, we have

‖∇λ‖
L∞
T (B

d/2−1
2,1 )

+ ‖λ‖L∞([0,T ]×Rd) ≤ Λ∗ and min(λ, η) ≥ λ∗ > 0. (B.49)
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There exists a constant cλ = cλ(d, s) such that, if for some integer N, one has

inf
x∈Rd,t∈[0,T ]

SNλ(t, x) ≥ λ∗/2, ‖λ− SNλ‖L∞
T (B

d/2
2,1 )
≤ cλλ∗, (B.50)

then there exist constants c2(d, λ∗), C2(d, s, λ∗,Λ
∗, N), C̃2(d, s, λ∗), C3(d, s, λ∗,Λ

∗, N), such
that for all t ∈ [0, T ],

‖u‖
L̃∞
t (Bs

2,1)
+ c2‖u‖L1

t (B
s+2
2,1 ) ≤e

C2

(
‖∇v‖

L1
t (B

d/2
2,1 )

+‖∇η‖2
L2
t (B

d/2
2,1 )

)

×
(
‖u0‖Bs

2,1
+ C̃2‖∆−1u‖L1

t (L
2) + C2‖h‖L1

t (B
s
2,1)

)
,

(B.51)

‖∇Q‖L1
t (B

s
2,1)
≤ C3

∫ t

0

(
‖h‖Bs

2,1
+ ‖∇v‖

B
d/2
2,1

‖u‖Bs
2,1

+ ‖∇η‖
B

d/2
2,1

‖∇u‖Bs
2,1

)
dτ. (B.52)

Proof. Following the proof of Proposition B.1, we apply ∆j to (1.37). This yields

∂tuj + v · ∇uj − div (η∇uj) = hj +R
3
j −R

4
j −∆j(λ∇Q),

where

uj := ∆ju, hj := ∆jh, R3
j := [v,∆j ] · ∇u, R4

j := div ([η,∆j ] · ∇u).

As in the proof of Proposition B.1, we apply Inequalities (A.11) and (A.12) to the two
commutators R3

j and R4
j , getting if −d/2 < s ≤ d/2,

‖u‖
L̃∞
t (Bs

2,1)
+ c2(d)λ∗‖u‖L1

t (B
s+2
2,1 ) ≤ ‖u0‖Bs

2,1
+ C̃2(c2, s)‖∆−1u‖L1

t (L
2) + ‖h‖L1

t (B
s
2,1)

+ C(d, s, λ∗)

∫ t

0

(
‖∇v‖

B
d/2
2,1

‖u‖Bs
2,1

+ ‖∇η‖2
B

d/2
2,1

‖∇u‖Bs
2,1

)
dt′ + ‖λ∇Q‖L1

t (B
s
2,1)
. (B.53)

We now have to bound ∇Q. We follow the analysis for the pressure ∇q in the proof of
Proposition B.6. Applying the divergence operator to the first equation of (B.48), we then
arrive at the following elliptic equation with variable coefficients (similar to (B.43)) 1 :

div (λ∇Q) = divL with L := −u · ∇v +∇η · (∇u)T + h. (B.54)

Then (B.44) holds for∇Q, with p = 2 and h−v·∇u replaced by L. Applying the commutator
estimate (A.9) on ‖[λ,∆j ]∇Q‖L2 , we easily get if −d/2 < ν ≤ 1 and −d/2 < s ≤ ν + d/2,

λ∗‖∇Q‖L1
t (B

s
2,1)
≤ ‖L‖L1

t (B
s
2,1)

+ CQ(d, s, ν)‖∇λ‖L∞
t (B

d/2+ν−1
2,1 )

‖∇Q‖L1
t (B

s−ν
2,1 ). (B.55)

Now we consider two cases :
– Case 0 < s ≤ d/2. Let us first assume that ∇λ has some extra regularity : suppose for

instance that it belongs to L∞
T (B

d/2+ν−1
2,1 ) for some ν such that ν + d/2 ≥ s > ν > 0.

As ‖ · ‖B0
2,2

= ‖ · ‖L2 we arrive (by interpolation) at

‖∇Q‖Bs−ν
2,1
. ‖∇Q‖ν/s

L2 ‖∇Q‖
1−ν/s
Bs

2,1
. ‖L‖ν/s

L2 ‖∇Q‖
1−ν/s
Bs

2,1
. (B.56)

Hence (B.55) implies that

‖∇Q‖L1
t (B

s
2,1)
≤ C(d, s, ν, λ∗)(1 + ‖∇λ‖L∞

t (B
d/2+ν−1
2,1 )

)s/ν‖L‖L1
t (B

s
2,1)
. (B.57)

1. Here we use that div (v · ∇u) = div (u · ∇v) and div
(

div (η∇u)
)

= div
(

∇u · ∇η
)

owing to div u =
div v = 0.
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Now, if λ satisfies only Conditions (B.49) and (B.50) then we decompose it into

λ = λN + (λ− λN ) with λN := SNλ.

Note that ∇λN ∈ H
∞ and that the equation for Q recasts in

div (λN∇Q) = div (L+ EN ), where EN = (λN − λ) · ∇Q.

Therefore, following the procedure leading to (B.55) and bearing the first part of
Condition (B.50) in mind, yields

λ∗
2
‖∇Q‖L1

t (B
s
2,1)
≤ ‖L+ EN‖L1

t (B
s
2,1)

+ CQ(d, s, ν)‖∇λN‖L∞
t (B

d/2+ν−1
2,1 )

‖∇Q‖L1
t (B

s−ν
2,1 ).

(B.58)
We notice that for −d/2 < s ≤ d/2,

‖∇λN‖L∞
t (B

d/2+ν−1
2,1 )

≤ Cλ(d)2
Nν‖∇λ‖

L∞
t (B

d/2−1
2,1 )

,

‖EN‖L1
t (B

s
2,1)

≤ Cλ(d, s)‖λN − λ‖L∞
t (B

d/2
2,1 )
‖∇Q‖L1

t (B
s
2,1)
,

hence the term pertaining to EN may be absorbed by the left-hand side of (B.58) if
cλ is small enough in (B.50). Then using the same interpolation argument as above,
we end up with

λ∗‖∇Q‖L1
t (B

s
2,1)
≤ CQ(d, s, ν)2

Nν
(
1 + ‖∇λ‖

L∞
t (B

d/2−1
2,1 )

)s/ν
‖L‖L1

t (B
s
2,1)
. (B.59)

Now, in order to complete the proof of Inequality (B.52), it is only a matter of using
the product estimates (ii) stated in Proposition A.2 for bounding L, which implies
that

‖L‖Bs
2,1
. ‖∇v‖

B
d
2
2,1

‖u‖Bs
2,1

+ ‖∇η‖
B

d
2
2,1

‖∇u‖Bs
2,1

+ ‖h‖Bs
2,1

if − d/2 < s ≤ d/2.

– Case s = 0 : in this case, the interpolation inequality (B.56) fails, so that we have to
modify the proof accordingly. First we apply Inequality (B.55) for some 0 < ν < 1,
and Inequality (A.9), to get :

‖[λ,∆j ]∇Q‖L1
t (B

0
2,1)
. cj‖∇λ‖L∞

t (B
d/2+ν−1
2,1 )

‖∇Q‖L1
t (B

0−ν
2,1 )

. cj‖∇λ‖L∞
t (B

d/2+ν−1
2,1 )

‖L‖L1
t (L

2),

hence

‖∇Q‖L1
t (B

0
2,1)
. ‖L‖L1

t (B
0
2,1)

+ ‖∇λ‖
L∞
t (B

d/2+ν−1
2,1 )

‖L‖L1
t (L

2)

≤ C(d, ν,m)(1 + ‖∇λ‖
L∞
t (B

d/2+ν−1
2,1 )

)‖L‖L1
t (B

0
2,1)
,

(B.60)

which is quite similar as (B.57) and hence the same procedure implies also (B.59).

In order to prove (B.51), it suffices to plug the above estimate for the pressure in (B.53).
The main point is that, if −d/2 < s ≤ d/2 then we have (similar as (B.42))

‖λ∇Q‖Bs
2,1
.
(
‖λ‖L∞ + ‖∇λ‖

B
d
2−1

2,1

)
‖∇Q‖Bs

2,1
.

Then Gronwall lemma leads to Inequality (B.51).
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Remark B.7. In Proposition B.7 we need the assumption s ≥ 0 to get the necessary L2

estimate for ∇Q. However, some negative indices may be achieved by duality arguments. As
the corresponding estimates are not needed in this thesis, we here do not give more details
on that issue.

Remark B.8. Similar as pointed out in Remark B.2, the quantity C̃2‖∆−1u‖L1
t (L

2) in the
a priori estimate (B.51) can be absorbed if the time t is small.
Similar as mentioned in Remark B.3, without Condition div v = 0, the quantity ‖∇v‖

L1
t (B

d/2
2,1 )

can be replaced by ‖v‖2
L2
t (B

d/2
2,1 )

in the exponential of Estimate (B.51), according to Identity

div (v · ∇u) ≡ div (u · ∇v + u div v) because of div u = 0.

Remark B.9. Compared to Λ defined by (B.40), Λ∗ here (see (B.49)) requires less regu-
larity, thanks to a decomposition of λ into a big smooth part SNλ and a small remainder
λ− SNλ, given by (B.50).

We now want to extend Proposition B.7 to more general Besov spaces which are not
directly related to the energy space. To simplify the presentation, we focus on the regularity
exponent s = d/p2 − 1 which is the only one that we will have to consider in the proof of
Theorem 1.2 :

Proposition B.8. Let T > 0 and (u,∇Q) be a solution to (B.48) on [0, T ]×R
d. Let p1 be

in [1,∞) and p2 ∈ [2, 4] satisfy

p2 ≤
2p1
p1 − 2

if p1 > 2,
1

p2
≤

1

p1
+

1

d
, and (p1, p2) 6= (4, 4) if d = 2. (B.61)

Assume that there exist two constants λ∗,Λ
∗, a small enough constant cλ which depends

only on d, p1, p2 and an integer N ∈ N such that

min(η, λ) ≥ λ∗, ‖λ‖L∞([0,T ]×Rd) + ‖∇λ‖L∞
T (B

d/p1−1
p1,1

)
≤ Λ∗,

infx∈Rd,t∈[0,T ] SNλ(t, x) ≥ λ∗/2, ‖λ− SNλ‖L∞
T (B

d/p1
p1,1

)
≤ cλλ∗.

(B.62)

Then there exist constants c2(d, p2, λ∗), C2(d, p1, p2, λ∗,Λ
∗, N), C̃2(d, p2, λ∗), C3(d, p1, p2, λ∗,Λ

∗, N)
such that the following a priori estimates hold :

‖u‖
L̃∞
t (B

d/p2−1
p2,1

)
+ c2‖u‖L1

t (B
d/p2+1
p2,1

)

≤ e
C2

(
‖∇v‖

L1
t (B

d/p2
p2,1

)
+‖∇v‖

4/3

L
4/3
t (B

d/p2−1/2
p2,1

)
+‖∇η‖2

L2
t (B

d/p1
p1,1

)
+‖∇η‖

2/(1−δ)

L
2/(1−δ)
t (B

d/p1−δ
p1,1

)

)

×
(
‖u0‖Bd/p2

p2,1

+ C̃2‖∆−1u‖L1
t (L

p2 ) + C2‖h‖L1
t (L

2∩B
d/p2−1
p2,1

)

)
,

(B.63)

with δ = min(1/2, d/p1), and

‖∇Q‖
L1
t (B

d
p2

−1

p2,1
∩L2)

≤ C3

∫ t

0

(
‖h‖

L2∩B
d/p2−1
p2,1

+ ‖∇v‖
B

d/p2
p2,1

‖u‖
B

d/p2−1
p2,1

+ ‖u · ∇v‖L2

+ ‖∇η‖
B

d/p1
p1,1

‖∇u‖
B

d/p2−1
p2,1

+ ‖∇u · ∇η‖L2

)
dτ.

(B.64)
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Proof. With the notation in the proof of Proposition B.7, we have

‖(2j(d/p2−1)‖R3
j‖Lp2 )j∈Z‖ℓ1 . ‖∇v‖Bd/p2

p2,1

‖u‖
B

d/p2−1
p2,1

, (B.65)

‖(2j(d/p2−1)‖R4
j‖Lp2 )j∈Z‖ℓ1 . ‖∇η‖Bd/p1

p1,1

‖∇u‖
B

d/p2−1
p2,1

, (B.66)

‖λ∇Q‖
B

d/p2−1
p2,1

.
(
‖λ‖L∞ + ‖∇λ‖

B
d/p1−1
p1,1

)
‖∇Q‖

B
d/p2−1
p2,1

. (B.67)

Indeed 2 Inequality (B.65) follows from (A.9) with “p1” = “p2” = p2, “ν” = 1, “s” =
d/p2 − 1 (note that the condition p2 < 2d is not required for div v = 0, a consequence
of (A.12) with “s” = d/p2 and “ν” = 1) while (B.66) stems from (A.12) with “p1” =
p2, “p2” = p1, “ν” = 1, “s” = d/p2 (here we need that 1/p2 ≤ 1/p1 + 1/d) ; and
(B.67) is a consequence of (A.6) with “s1” = d/p1, “s2” = d/p2 − 1 (which requires that
1/p2 ≤ 1/p1 + 1/d and 1/p1 + 1/p2 > 1/d).

Now, granted with the above inequalities, the same procedure as in Proposition B.1
yields

‖u‖
L̃∞
t (B

d/p2−1
p2,1

)
+ c2‖u‖L1

t (B
d/p2+1
p2,1

)
≤ ‖u0‖Bd/p2−1

p2,1

+ c22
−(d/p2+1)‖∆−1u‖L1

t (L
p2 )

+ C(d, p1, p2, λ∗)

∫ t

0
(‖∇v‖

B
d/p2
p2,1

+ ‖∇η‖2
B

d/p1
p1,1

)‖u‖
B

d/p2−1
p2,1

dt′

+ ‖h‖
L1
t (B

d/p2−1
p2,1

)
+
(
‖λ‖L∞

t (L∞) + ‖∇λ‖L∞
t (B

d/p1−1
p1,1

)

)
‖∇Q‖

L1
t (B

d/p2−1
p2,1

)
.

(B.68)

So bounding ∇Q is our next task. First of all, using the fact that Q satisfies the elliptic
equation (B.54), we still have

λ∗‖∇Q‖L2 ≤ ‖L‖L2 with L = h+ u · ∇v +∇u · ∇η.

Thus (B.44) holds for ∇Q with p = p2, s = d/p2 − 1 and h− v · ∇u replaced by L.
Applying Inequality (A.9) with

“ϕ” = λ, “ψ” = ∇Q, “p1” = p2, “p2” = p1, “ν” = 1/4, “s” = d/p2 − 1,

(which is possible provided 1/p1 + 1/p2 > 1/d and 1/p2 ≤ 1/p1 + 5/(4d)), we get

‖[λ,∆j ]∇Q‖Lp2 . 2−j(d/p2−1)cj‖∇λ‖Bd/p1−3/4
p1,1

‖∇Q‖
B

d/p2−5/4
p2,1

with
∑

j

cj = 1. (B.69)

In the case d ≥ 3, arguing by interpolation, we get

‖∇Q‖
B

d/p2−5/4
p2,1

. ‖∇Q‖
2d−5
2d−4

B
d/p2−1
p2,1

‖∇Q‖
1

2d−4

B
d/p2−d/2
p2,2

. (B.70)

Therefore, together with (B.44), this implies that

λ∗‖∇Q‖Bd/p2−1
p2,1

. ‖L‖
B

d/p2−1
p2,1

+
(
1 + ‖∇λ‖

B
d/p1−3/4
p1,1

)2d−4
‖L‖L2 . (B.71)

In the case d = 2, the interpolation inequality (B.70) fails. However, from (B.69) we
directly get for p1, p2 satisfying (B.61),

λ∗‖∇Q‖B2/p2−1
p2,1

. ‖L‖
B

2/p2−1
p2,1

+ ‖∇λ‖
B

2/p1−3/4
p1,1

‖∇Q‖
B

2/p2−5/4
p2,1

. ‖L‖
B

2/p2−1
p2,1

+ (1 + ‖∇λ‖
B

2/p1−3/4
p1,1

)‖L‖L2 .
(B.72)

2. Here it is understood that the quote marks designate the indices in the original inequalities (A.6),
(A.9) and (A.12).
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Therefore, in any dimension d ≥ 2, we have

λ∗‖∇Q‖Bd/p2−1
p2,1

∩L2
≤ CQ,d,p1,p2

(
1 + ‖∇λ‖

B
d/p1−3/4
p1,1

)max(1,2d−4)
‖L‖

B
d/p2−1
p2,1

∩L2
. (B.73)

In order to treat the case where ∇λ is only in L∞
T (B

d/p1−1
p1,1

), we proceed exactly as in
the proof of Proposition B.7, decomposing λ into two parts, the smooth large part SNλ and
the small rough part λ− SNλ. Under the same assumptions as in (B.67), we find that

‖EN‖Bd/p2−1
p2,1

≤ Cλ,p1,p2‖λ− λN‖Bd/p1
p1,1

‖∇Q‖
B

d/p2−1
p2,1

.

Therefore, if cλ is small enough in (B.62), we get

‖∇Q‖
L1
t (B

d/p2−1
p2,1

∩L2)
≤ CQ,d,p1,p22

N/4
(
1 + ‖∇λ‖

L∞
T (B

d/p1−1
p1,1

)

)max(1,2d−4)
‖L‖

L1
T (B

d/p2−1
p2,1

∩L2)
.

(B.74)
In order to complete the proof of (B.64), we now have to bound L. First, we notice that,

applying (A.6) with “p1” = “p2” = p2, “s1” = d/p2 and “s2” = d/p2 − 1 yields, if p2 < 2d,

‖u · ∇v‖
B

d/p2−1
p2,1

. ‖∇v‖
B

d/p2
p2,1

‖u‖
B

d/p2−1
p2,1

. (B.75)

If 2d ≤ p2 < ∞ then, owing to div u = 0, the same inequality is true. Indeed applying
Bony’s decomposition, we discover that

u · ∇v = Tu∇v + T∇vu+ divR(u, v −∆−1v) +R(u,∆−1∇v). (B.76)

The first two terms may be bounded as in (B.75). For the third one, one has (because
F(v −∆−1v) is supported away from the origin)

‖divR(u, v −∆−1v)‖Bd/p2−1
p2,1

. ‖R(u, v −∆−1v)‖Bd/p2
p2,1

. ‖u‖
B

d/p2−1
p2,1

‖v −∆−1v‖Bd/p2+1
p2,1

. ‖u‖
B

d/p2−1
p2,1

‖∇v‖
B

d/p2
p2,1

.

And finally, we have

R(u,∆−1∇v) =
∑

−1≤j≤0

∆j∆−1∇v (∆j−1+∆j+∆j+1)u,

so it is clear that we have

‖R(u,∆−1∇v)‖Bd/p2−1
p2,1

. ‖R(u,∆−1∇v)‖Lp2 . ‖∇v‖L∞‖S2u‖Lp2 . ‖∇v‖
B

d/p2
p2,1

‖u‖
B

d/p2−1
p2,1

.

Next, just as in (B.67), under the conditions 1/p2 ≤ 1/p1 + 1/d and 1/p1 + 1/p2 > 1/d, we
have

‖∇u · ∇η‖
B

d/p2−1
p2,1

. ‖∇η‖
B

d/p1
p1,1

‖∇u‖
B

d/p2−1
p2,1

. (B.77)

This gives (B.64).

In order to complete the proof of the lemma, we still have to bound u · ∇v and ∇u · ∇η
in L2. To handle the former term, we just use the fact that

B
d/p2−1/2
p2,1

→֒ L4 if p2 ≤ 4.

Hence, by virtue of Hölder’s inequality,

‖u · ∇v‖L2 . ‖u‖
B

d/p2−1/2
p2,1

‖∇v‖
B

d/p2−1/2
p2,1

. (B.78)
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Concerning the latter term, if both p1 and p2 are less than or equal to 4 then one may
merely use the embedding

B
d/p1−1/2
p1,1

→֒ L4 and B
d/p2−1/2
p2,1

→֒ L4,

hence
‖∇u · ∇η‖L2 . ‖∇η‖

B
d/p1−1/2
p1,1

‖∇u‖
B

d/p2−1/2
p2,1

.

Now, if p1 > 4 then we first write

‖∇u · ∇η‖L2 ≤ ‖∇η‖Lp1‖∇u‖Lp̃1 with p̃1 =
2p1
p1 − 2

·

Let δ = min(1/2, d/p1). Then we notice that if p2 ≤ p̃1 then

B
d/p1−δ
p1,1

→֒ Lp1 and B
d/p2−1+δ
p2,1

→֒ Lp̃1 .

Therefore
‖∇u · ∇η‖L2 . ‖∇η‖

B
d/p1−δ
p1,1

‖∇u‖
B

d/p2−1+δ
p2,1

.

Together with (B.68), interpolation inequalities and Gronwall lemma, this enables us to
complete the proof of (B.63).
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[54] F. Guillén-González and J.V. Gutiérrez-Santacreu. Conditional stability and conver-
gence of a fully discrete scheme for three-dimensional Navier-Stokes equations with
mass diffusion. SIAM J. Numer. Anal., 46(5) :2276–2308, 2008.
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