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content of the thesis

The major two objectives of this manuscript are the study of distributed delay
and its applications. In this manuscript, we first give the definition of distributed
delay, analyse the properties of distributed delay and introduce a general method
for the approximation of distributed delay. Then three applications of distributed
delay are introduced, which is the second major objective of our research. The first
application is stable inversion and model matching. The second is stabilization
control and finite spectrum assignment for a class of infinite dimensional systems.
And the last one is observer design. In addition to the two major objectives, we
also introduce a new class of approximation for distributed parameter systems.
Our work is mainly focused on the realization and representation of this class of
approximation where distributed delay will appear explicitly. The manuscript is

organized as follows.

Chapter 1: A general introduction to this manuscript and some algebraic prelim-

inaries are given.

Chapter 2: Introduces the definition, properties and implementation of distributed

delays.

Chapter 3: Presents the analysis of the stable inversion and model matching.
Robustness under parameter uncertainties and state-space feedback realization of

precompensator will also be discussed.

Chapter 4: The stability control and finite spectrum assignment control by using
distributed delay are analysed. The observer design using distributed delay will

be studied in the same chapter.

Chapter 5: Gives the description of the new class of approximation of distributed

parameter systems.

Finally, Chapter 6 concludes the manuscript and presents perspectives.

XV
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Introduction

Cette thése a pour objectif I’étude de I'opérateur de retard distribué, qui est un
opérateur entrée-sortie de convolution décrit par

Y2
y(t) = (f*u)(t) = (T)u(t — 7)d, (1)
91

o ¥q,05 € Ry et f(t) est une fonction continue, pour ¢ € [¥, ;). La transformée
de Laplace de cet opérateur s’écrit g(s) = f(s)ﬁ(s), ol

A 192

f(s) = (T)e”*7dr.

91

La motivation de ’étude de retards distribués est principalement liée & la com-
mande de systémes a retards, en particulier pour leur stabilisation. Cependant, ces
opérateurs peuvent étre utilisés dans d’autres problémes classiques de I’Automatique,
tels que le rejet de perturbation ou la poursuite de modéle, et pour une large classe
de systémes linéaires, qu’ils soient a retards, ou de dimension finie. L’objectif
principal de ce travail de thése est donc d’étudier la réalisation de tels opérateurs
d’un point de vue numeérique, et de montrer comment ces opérateurs permettent

d’aborder et résoudre un certain nombre de problémes.
Parcourons quelques exemples qui permettront de motiver notre étude.

L’un des problémes fondamentaux en Automatique des systémes linéaires est la
synthése de loi de commande stabilisante. L’intérét dans 1'utilisation de retards
distribués pour la synthése de loi de commande stabilisante de systémes linéaires
a retards a été souligné dans le travail précurseur de Olbrot |1, Olbrot (1978)]. La
généralisation de méthodes algébriques pour la stabilisation, initialement dévelop-

pées pour les systémes de dimension finie, aux systémes a retards, a été introduite

xXvii
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Introduction (Frangais) xviii

par Kamen et al. [2, Kamen et al. (1986)], qui ont introduit un cadre mathéma-
tique pour une telle synthése. Ces outils ont été formalisés dans les travaux de
Brethé and Loiseau [3, Brethé and Loiseau (1996)| avec I'introduction de ’anneau
de Bézout des pseudo-polynomes, ou avec une approche comportementale dans le
travail de |4, Glising-Liierfen (1997)]. Ilustrons notre propos avec quelques ex-

emples.

Example 0.1. Considérons le systéme

1
Ti(s) = .
1(s) s—1
Un compensateur stabilisant est décrit par
24+ (s—1)- 71—68‘(?“1)
01(8) - 1_ 1_ef(s+l)+
s+1
En boucle fermée, la fonction de transfert est
Grs) = _TEICH) 2 (s — 1)
S) = = i
! 1+ Ty (s)C4(s) s+1

qui est stable. On notera la présence d’un retard distribué dans le compensateur,

L(SH); dont le noyau est f1(t) = e, t € [0, 1].

a savoir fi(s) = —

Example 0.2. Considérons désormais le systeme instable a retard sur [’entrée

En boucle fermée, nous obtenons

e
s+1’

GQ(S) = 261

qut est stable. De méme que dans l’exemple précédent, un retard distribué a été

utilisé dans la synthése du controleur, fg(s) = LH, dont le noyau est fo(t) =

s—1
el, t €10,1].
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Introduction (Frangais) Xix

De plus amples détails seront proposés dans le Chaptitre 4 de ce manuscrit.

L’opérateur retard distribué est également utilisé pour le contréle prédictif. Par

exemple, prenons le systéme
&(t) = Az(t) + Bu(t —r). (2)

Connaissant I'état x(to) a 'instant ¢y et 'entrée de commande u(t), 'unique solu-

tion de ce systéme est

t
x(t) — eA(t_tO)x(to) +/ eA(t_T)BU(T _ ,,n)dﬂ_7 t 2 tO- (3)

to

En prenant ty =t — h, h < r, nous obtenons

z(t 4+ h) = eMa(t) — et /t A" Bu(r — r)dr, (4)
t+h

ou f;h e =7 Bu(t — r)dr est un retard distribué. L’état du systéme & I'instant
t + h peut alors étre estimé a partir de (4) en utilisant I'information passée sur le
systéme. Le prédicteur de Smith |5, Smith (1959)] est fréquemment évoqué dans
la synthése de controle de systémes a retards. Ce controleur permet de séparer
la partie liée au retard sur I'entrée du reste du systéme, ce qui permet d’effectuer
la synthése d'un controleur sans retard. La principale limite de ce principe réside
dans I’hypothése que le systéme doit étre stable en boucle ouverte. L’ajout d’un
retard distribué dans le prédicteur de Smith permet d’éliminer cette limite [6,
Michiels and Niculescu (2003)]. Voir également le Chaptitre 4 (Section 4.1) de ce

manuscrit.

Une troisiéme application du retard distribué réside dans la représentation des

systémes linéaires. A ce titre, considérons le systéme

&(t) = Ax(t) + Bu(t). (5)
La solution de (5) est
t
x(t) — eA(t_tO)x(to) +/ eA(t_T)BU(T)dT, tz tO' (6)
to
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Par le changement de variable to =t — h, (6) s’écrit sous la forme
t
() = et — h) + / A Bu(r)dr, ¢ > h, (1)
t—h

ol ftt_h eA=7) Bu(7)dr est un retard distribué. A partir de (7), la synthése d’un
observateur est également possible, observateur qui n’exploite que les informations

passées sur le systéme |7, Medvedev and Toivonen (1994)] [8, Pourboghrat and
Chyung (1984)].

L’opérateur retard distribué apparait également dans la modélisation de systémes
physiques. Voir par exemple |9, Sinégre (2005)], [10, Kolmanovskii and Nosov
(1986)], [11, Guardiola and Vecchio (2004)], [12, Jian et al. (2007)], etc.

Example 0.3. Un modéle de la croissance d’une population a €été proposé dans
[10, Kolmanovskii and Nosov (1986)]. Soit N(t) le nombre d’individus d’une pop-
ulation, supposée isolée, a linstant t. La durée de vie est supposée égale a L. Le
nombre de naissance par unité de temps est une fonction de N(t), c’est-a-dire
g(N(t)). Le nombre de morts par unité de temps est alors g(N(t — L)). Ainsi, la

croissance de cette population est décrite par

N(t) = g(N(t) — g(N(t - L)), (8)

qui est une équation différentielle a retard. Afin de résoudre cette équation, le
nombre d’individus sur un intervalle de temps passés doit étre connu. Désormais,
si nous introduisons P(a) comme étant le tauz de survie d’un indwvidu a ’dge a
et L la durée maximale de vie, la dynamique du nombre d’individus est gouvernée

par

N(t) = g(N(1)) + /O g(N(t = 7)) P(r)dr, (9)

ot fOL g(N(t — 7))P(7)dr est un retard distribué.

Pour certains retards distribués, un probléme de mise en ceuvre numérique appa-
rait. Par exemple, si le noyau est f(t) = 1, t € [0,1] dans le domaine temporel
(ou de maniére équivalente f(s) = =¢— dans le domaine fréquentiel), la fonction
de transfert f(s) est stable (car f(0) = 1). Cependant, il n’est pas possible de
la réaliser numériquement avec stabilité, par suite de la présence de la singular-
ité artificielle en 0. Afin de proposer une mise en ceuvre numérique, il s’avére

nécessaire d’effectuer une approximation du retard distribué. Cette question a été
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soulevée dans les travaux de [13, Van Assche et al. (1999)], et a été largement
traitée, comme par exemple dans [14, Zhong (2003)], [15, Mirkin (2004)], |16,
Partingdon and Mékild]. Ces différentes méthodes seront détaillées dans le Chap-
titre 2. La résolution de ce probléme de mise en ceuvre numérique et la proposi-
tion d’un cadre général permettant d’englober I’ensemble des algorithmes proposés

d’approximation est ’objectif principal de ce manuscrit.

Les objectifs secondaires de ce manuscrit sont alors de montrer I'intérét de I'utilisa-
tion de l'opérateur retard distribué pour un certain nombre de problémes de con-

trole.

Commencons donc par introduire 'opérateur retard distribué et son approxima-
tion. Soit I,;, = [a,b] un intervalle fermé borné de Ry, pour a et b des réels,
0 < a < b. Nous notons de maniére équivalente Iy, ou Ry pour [0,00]). Nous

définissons £ (I,;,) comme l'ensemble des fonctions complexes g(-) de la forme

ol ={ st 1 € Lo (10

0, ailleurs

ou

g1,,(t) = Z Z cijtf et (11)

i>0 >0

pour certains ¢;; et A\; dans C, les sommes étant finies.

Definition 0.1 (Retard distribué). Un retard distribué est un systéme causal de

convolution, dont le noyau f appartient a £ (I, 4,), pour des réels 0 < ¥y < .

En d’autres termes, un retard distribué peut étre écrit comme un opérateur entrée-

sortie de convolution sous la forme
192 t—192

y(t) = (f xu)(t) = ﬁ%ﬁJﬂUQ—Tﬁh=i/ Jig, 0, (t = T)u(r)dr, (12)

Al t—91
avec les notations introduites dans (11).

Definition 0.2 (Retard distribué élémentaire). Le retard distribué élémentaire
est le retard distribué dont le noyau est 6,(-) € # (Lyy), pour A € C et ¥ > 0,

avec

(0 :{ M, t e 0, (13)

0, ailleurs
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U
La transformée de Laplace de (13) est
N 1 — e_(5_>‘)19
Ox(s) = B —— (14)

qui est une fonction entiére, méme pour s = \ ou 9,\()\) = 1. Le retard distribué

élémentaire se révele fondamental par suite de la propriété ci-dessous.

Lemma 0.3. Toute transformée de Laplace d’un retard distribué se décompose
sous forme d’une somme finie des transformées de Laplace de retards distribués

élémentaires et de leurs dérivées successives.

A partir du Lemme 0.3 et des propriétés qui en découlent, ’analyse de I’approximation
d’un retard distribué quelconque revient a 'approximation d’'un retard distribué
élémentaire. Pour cette raison, nous nous concentrons par la suite a la mise
en ceuvre numérique d’un retard distribué élémentaire. Nous définissons deux
sous-espaces en somme directe dans J (Iy, »,), notés respectivement #5(Ly, »,)
et A, (Ly, 9,). Ces sous-espaces contiennent des combinaisons linéaires de fonc-
tions de type polynomial-exponentiel sur un intervalle fini comme dans (11), avec

Re \; < 0 et Re \; > 0, respectivement, pour tout ¢ > 0.

Tout élément de #;(Ly, »,) peut étre réalisé numériquement avec stabilité, en util-

isant des blocs élémentaires, comme illustré sur la Figure 1 pour 6, (¢). Remarquons

i n y
> —>

[y

FIGURE 1: Réalisation d'un élément 0y (s) € Hs(Io,9), avec Re A < 0.

qu’en pratique, puisque A € C, cet élément nécessiterait pour sa mise en oeu-
vre une décomposition réelle. L’approximation de la sous-classe de retards dis-
tribués J#;(Ly, »,) n'est donc pas nécessaire, car ces éléments peuvent étre réalisés
numériquement avec stabilité, et ne nécessitent que deux retards ponctuels, c’est-
a-dire 0 et ¥. Cependant, cela n’est plus vrai pour les éléments dans .7, (I, 4,), ou
une réalisation numérique pour 0,(t) décrite sur la Figure 1 conduit & un opéra-

teur instable, de part le fait de la non simplification numérique de la singularité
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artificielle instable. Remarquons également qu’une autre réalisation pour éA(s)

serait

&= Ax(t) +u(t) — e Mu(t — ), (15)
qui est également numériquement instable pour Re A > 0.

La mise en ceuvre numérique de I'opérateur retard distribué a été 'objet de nom-
breux travaux, dont 'objectif était principalement de proposer des algorithmes
efficaces pour leur approximation et la synthése de commande. Les premiers
travaux sur ce sujet ont proposé une approximation d’un retard distribué a partir
de 'approximation de l'intégrale par des schémas d’intégration numérique. Voir
par exemple [13, Van Assche et al. (1999)|. L’approximation proposée s’écrit
alors sous forme d’une convolution dont le noyau est une somme de distributions
de Dirac retardées. Malheureusement, une telle approximation introduit des dy-
namiques additionnelles en boucle fermée et des phénoménes d’instabilité, liés a la
sensibilité d’une telle approximation en hautes fréquences [14, Zhong (2003)], [17,
Santos and Mondié¢ (2000)]. Cette remarque est illustrée sur la Figure 2, ou un
diagramme fréquentiel de él(s) et une approximation entrée-sortie (obtenue par
une approximation de Newton-Cotes trapézoidale & 30 nceuds) est tracé, avec la

notation h(w) = 20 - log

6, ( jw)‘. En boucle fermée, une telle approximation peut

Gain h(w)/db

-80
10 10 10 10
w

FIGURE 2: Diagramme de Bode en gain de 6;(s) et de son approximation
obtenue par la un schéma d’intégration numérique trapézoidal & 30 noeuds.

rendre le systéme instable, malgré le fait que le controleur avec retard distribué

soit stabilisant.
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Example 0.4. Soit

B 2e
T gl_e (-1
I+2=——

pour lequel le schéma de réalisation est tracé sur la Figure 3. Une réalisation en

1 Y
s—1 e 'IrT17
FIGURE 3: Schéma bloc fonctionnel d’un controleur stabilisant pour

I’Exemple 0.4.

temps de ce controleur est

u(t) = —2ely(t) — 2¢' /t_1 e Tu(7)dT + 2e'r(t)

ou y est la sortie du systéme, u est ’entrée de commande, et r est une référence de

la boucle fermée. En boucle fermée, la fonction de transfert entre r ety est H(s) =

e_(S

, qui est bien stable. Aprés mise en ceuvre de la méthode d’approrimation
et szmulatwn, une réponse instable du systéme est obtenue. Cette approximation

est décrite par un schéma trapézoidal d’intégration numérique

at) = /t 1 o Tu(r) dr

¢
|
—
| =
<
—~
~
~—
+
<
[
—
¢}
()
e[
<
—~
~
|
—_
L
+
|
@D
<
—~
~
|
—_
S~—
I
N
N
—~
~
~—
—~
[a—
D
S~—

ot +(v € NT) est le pas de discrétisation.
Les transformées de Laplace de g,(t) et go(t) sont décrites par

1 —e (=D

ails) = s—1

1,1 .
g():;(§+ ee +Zevev.
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Un résultat de simulation est tracé sur la Figure 4, apres approzimation. L’instabilité

demeure méme pour v trés grand.

30

25 ‘
20 ’

151 ‘

I
i
|

output (y)
[9)]

0 5 10 15 20 25 30 35 40
time (s)

FIGURE 4: Réponse indicielle unitaire de la boucle fermée (v = 5,h = 1) pour
I’Exemple 0.4.

Le polynome caractéristique du systéme est
q(s) = (s = 1)(1 4+ 2g2(s)) +2ee™*

qui admet des racines a partie réelle dans le semi-plan droit compleze (fermé).

Afin de contourner cette difficulté, plusieurs solutions ont été proposées dans la
littérature. |15, Mirkin (2004)| a mis en évidence qu’une telle approximation pos-
séde une mauvaise précision et une grande sensibilité en hautes fréquences. Cet
auteur a alors proposé 'ajout d’un filtre passe-bas dans cette approximation de
I'intégrale. Une telle solution a aussi été proposée indépendamment par Mondié
and Michiels [18, Mondié and Michiels (2003)]. D’autres techniques pour la mise
en ceuvre numérique ont été proposées par Zhong |19, Zhong (2005)], et Parting-
ton et Makild [16, Partington and Mékila (2005)]. Ces différentes contributions
répondent positivement au probléme général de I’approximation numérique du re-

tard distribué.

Nous proposons dans ce manuscrit une méthodologie générale pour la mise en
ceuvre numérique de retards distribués, qui permet de donner un cadre général

de cette problématique pour des applications de commande de systémes. La mise
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en ceuvre numérique d’un opérateur s’effectue en deux temps. La premiére phase
consiste a définir un opérateur d’approximation continu en temps et une topologie
pour cette approximation. La deuxiéme phase consiste a discrétiser en temps cet

opérateur d’approximation.

Tout retard distribué est un opérateur de convolution BIBO-stable. Il est immé-
diat de vérifier qu’'un systéme équivalent a temps échantillonné peut étre obtenu
par les outils habituels de discrétisation et échantillonnage. Un tel opérateur peut
étre mis sous forme d’une somme finie de distributions causales liées & I'opérateur
retard échantillonné. En prenant convenablement une période d’échantillonnage,
cet opérateur échantillonné est toujours BIBO-stable. La deuxiéme phase décrite
ici pour la mise en ceuvre ne présente donc pas de difficultés. Voir par exemple
Zhong |20, Zhong (2004)] et les références associées. La premiére phase quant a
elle présente les difficultés mentionnées ci-dessus. C’est donc cette partie qui est

traitée dans le manuscrit.

Dans un premier temps, nous montrons qu’une approximation entrée-sortie d’un
opérateur de convolution, classiquement réalisée par des schémas issus de I’analyse
numérique, n’est pas satisfaisante en vue des propriétés obtenues pour le controle.
Nous nous concentrerons alors a 1’étude de 'approximation du noyau de convolu-
tion. Avec l'objectif permanent de remplacer un retard distribué par un systéme
dynamique facilement implémentable, nous proposons d’utiliser les hypothéses de
rationalité afin de définir deux classes d’approximation, a savoir les systémes a
parameétres localisés et une sous-classe de retards distribués. Munis des objectifs
précédents, nous englobons le probléme d’approximation dans ’algébre de Wiener
des systémes BIBO-stables, en utilisant la topologie du graphe. Cette topologie
correspond a la plus faible topologie pour laquelle la rétroaction est une propriété
robuste. En outre, pour des systémes stables, la topologie du graphe et la topolo-
gie associée & la norme sur cette algébre sont les mémes, ce qui permet de travailler
directement sur la convergence de la norme de cette algebre, qui est une algéebre
de Banach. Ce contexte général a été défini et exploité dans |21, Vidyasagar and
Anderson (1989)] pour I'approximation de systémes & parameétres répartis par des
systémes a parameétres localisés. En d’autres termes, travailler sur 'approximation
dans cette algébre revient a réaliser une approximation du noyau de convolution
sur ’algébre de Banach L;(R;). On retrouve également cette idée dans [22, Ohta
et al. (1992)|, pour I'approximation de distributions de Dirac retardées qui ap-
paraissent dans certains problémes de commande optimale. Nous proposons ici

une extension de la classe d’approximation, et nous montrons que dans ce cadre
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général, 'approximation est valide aussi bien dans les domaines temporel que
fréquentiel, pour une grande variété de signaux d’entrée. Nous montrons aussi
que les propositions faites dans la littérature sur 'approximation de retards dis-
tribués, telles que [15, Mirkin (2004)] ou [18, Mondié¢ and Michiels (2003)], sont
des cas particuliers de ce cadre général d’approximation. A titre d’illustration, les
Figure 5, 6 reportent des résultats de simulation d’une approximation d’un retard
distribué, aussi bien en temps pour le noyau de convolution, que dans le domaine

fréquentiel.

output y

0.8 \ \ \ \
0 0.2 0.4 0.6 0.8 1
time (s)

FIGURE 5: Approximations du noyau 6 pp(t) utilisant des fonctions exponen-
tielles. Noyau 64 (t) (continu), approximations d’ordre n = 5 (séparé) et n = 10
(pointillé).

Nous analysons trois méthodes proposées dans la littérature. Dans [13, Van
Assche et al. (1999)], 'approximation du retard distribué utilise une méthode
d’intégration numérique, qui introduit en boucle fermée une instabilité, car cette
méthode propose une approximation propre d'un opérateur strictement propre,
et posséde intrinséquement une grande sensibilité en hautes fréquences, pour la
boucle fermée. La premiére méthode analysée est celle proposée dans Mirkin [15,
Mirkin (2004)], qui consiste a exploiter la méme approximation que celle mention-
née ci-dessus, mais en y ajoutant un filtre passe-bas. La deuxiéme méthode étudiée
a été proposée par Zhong [20, Zhong (2004)]. Nous montrons que ces deux méth-
odes sont en réalité des approximations du noyau de convolution pour la norme
L;. La troisiéme méthode décrite est une approximation rationelle proposée par

Partington et Mékila [16, Partington and Mékild (2005)], ot une approximation
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FIGURE 6: Diagramme de Bode de 64 (jw) et de son approximation HALapp(jw),
d’ordre n = 5.

de Padé a été utilisée pour garantir une convergence au sens de la norme sur H.

Apres nous étre intéressés a 'approximation de I'opérateur retard distribué, nous
décrivons quelques applications dans lesquelles cet opérateur intervient. La pre-
miére problématique a laquelle nous nous intéressons est le probléme d’inversion

et de poursuite de modéle.

Dans la théorie du controle, I'inversion d’un systéeme dynamique est peut-étre I'un
des fondements communs & de nombreuses synthéses de controleurs. Son principe
se retrouve ainsi dans la commande par anticipation (feedforward control), plani-
fication de trajectoire, dimensionnement de systémes, découplage, ou encore rejet
de perturbation. Pour un systéme donné de fonction de transfert 7'(s), le prob-
léme classique d’inversion revient a déterminer R(s) tel que T'(s)R(s) = I. Pour
I'inversion de systémes SISO (Single Input-Single Output), un probléme de sta-
bilité de l'inverse apparait lorsque le systéme est & non minimum de phase ou

strictement propre. Par exemple, le systéme

s—1
s+1

T(s)=

ne posséde pas d’inverse stable, car le zéro instable sy = +1 conduit a un pole
instable de I'inverse. Pour les systémes MIMO (Multivariable Input- Multivariable
Output), des problémes similaires pour 'obtention d’une inverse stable ou réal-

isable se généralisent & partir du cas SISO. L’une des questions auxquelles nous
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nous sommes intéressés est donc de déterminer s’il est possible & partir de systémes
n’admettant pas d’inverse propre ou stable, de caractériser une inverse approchée,
stable et réalisable au sens de la causalité. Ce travail s’insére dans les directions
récentes de certains travaux sur ce sujet. A partir du travail précurseur de Silver-
man |23, Silverman (1969)], différentes extensions ont été proposées pour résoudre
des extensions aux probléme d’inversion avec stabilité. Parmi celles-ci, citons |24,
Garcia et al. (1995)] o le probléme de stabilité est étudié pour le probléme de
poursuite partiel de modéle, ou [25, Devasia et al. (1996)] ou la précompensation
stable et non-causale est étudiée pour des systémes non linéaires. D’autres travaux
ont étendu les résultats obtenus dans ce dernier papier, par exemple dans |26, Hunt
et al. (1996)] ou certaines contraintes sur les hypothéses ont été supprimées, ou
encore |27, Sogo (2010)] ot une équivalence entre I'inversion stable non-causale et
I'utilisation de la transformée de Laplace bilatérale a été établie pour les systémes
linéaires. Pour d’autres classes de systémes, des extensions ont également été pro-
posées, comme par exemple pour les systémes 2D [28, Loiseau and Brethé (1997)],
ou [29, Di loreto (2006)] pour les systémes a retards, ou encore [30, Goodwin et

al. (2000)] pour l'utilisation de grands gains.

Dans ce manuscrit, notre contribution consiste & introduire un nouveau probléme
d’inversion, dont la solution est stable et causale. L’existence d'une solution est
générique pour les systémes linéaires. Le probléme résolu est en réalité déterminé
par un calcul approché de l'inverse. Plus précisément, cette inverse approché per-
met d’assurer que l’on obtient une inverse exacte aprés un temps fini ¢ = ¢, ou

¥ € Ry peut étre choisi arbitrairement.

Ce probléme d’inversion peut étre formulé de la maniére suivante pour les systémes
SISO. Soit T'(s) un systéme donné. On cherche & déterminer R(s) tel que lerreur
d’inversion

é(s) =1—=T(s)R(s) (17)

corresponde & la transformée de Laplace d’une fonction causale & support borné.
Un tel précompensateur R(s) est alors dit solution au probléme d’inversion en
temps fini, tandis que é(s) est 'erreur d’inversion. Ce probléme est illustré sur la

Figure 7 et sur la Figure 8.
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FIGURE 7: Inversion stable & temps fini.

Parmi les nombreux ensembles dans lesquels I'erreur d’inversion é(s) peut étre
définie, nous considérons ici la classe des éléments rationnels, au sens ot des procé-
dures algébriques peuvent étre obtenues pour le calcul d’une solution au probléme
d’inversion en temps fini. Pour cela, nous imposons que Uerreur e(t) soit définie

sur I’ensemble &2, défini comme suit. Tout élément de P est de la forme

e(t) = g(t) + Y _exd(t — k), (18)

k=0
ol g € ¥ est un retard distribué, et e, € R, pour k = 0,...,7. Dans le domaine
de Laplace, cela est équivalent a dire que tout élément é(s) € P, s'écrit sous la

forme

é(s)=g(s)+ ) _exe ™. (19)

Les éléments de 2, sont propres, et BIBO-stables, car & support borné. Un
schéma représentatif de ’erreur d’inversion est proposé sur la Figure 8, oul les dis-
tributions de Dirac sont définies aux instants t¢;, pour i = 1, 2, 3, qui correspondent
a des multiples de ¥ > 0. Aprés un temps fini £; > 0, l'erreur d’inversion e(t) est
identiquement nulle. L’intervalle de temps [0,tf] contient le support de e(t). La

taille du support de I'erreur dépend donc de celle du retard distribué et de v.

En utilisant cette classe, le probléme d’inversion stable en temps fini revient a

e(t)y

A\

ity t3

FIGURE 8: Evolution dans le domaine temporel de I'erreur d’inversion e(t).

déterminer R(s) tel que

A

é(s)=1-T(s)R(s) € P¢ (20)
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Dans ce manuscrit, nous étudions ce probléme d’inversion, pour des systémes
linéaires SISO et MIMO. Nous proposons également une extension de cette idée
au probléme de poursuite de modéle. Le probléme de poursuite (exacte) de modéle
consiste, étant donnés un systéme 7'(s) et un modeéle T,,(s), & déterminer un pré-
compensateur R(s), tel que la fonction de transfert G(s) = T'(s)R(s) corresponde
a celle du modele T,,,(s). En d’autres termes, on détermine dans ce probléme un

précompensateur R(s) tel que I'erreur e(t) soit identiquement nulle (voir Figure 9).

— | r - —O—

A\ 4
~

FIGURE 9: Probléme de poursuite de modéle.

Cependant, les conditions d’existence d'une solution causale et stable a ce probléme
sont en général trés conservatives. L’extension proposée consiste a définir une

erreur de poursuite de modéle, qui n’est plus identiquement nulle,
E(s) = Tin(s) — T(s)R(s), (21)

et qui est a support borné. Les conditions d’existence d’une solution R(s) causale
et stable sont génériques. Des algorithmes algébriques sont proposés pour le cal-
cul d’une telle solution, dans le cas de systémes linéaires SISO et MIMO. Nous
effectuerons également quelques commentaires sur la réalisation de ce précompen-
sateur par retour d’état, et sur la robustesse des propriétés inhérentes de la solution

par rapport a des incertitudes paramétriques.

[lustrons notre propos par deux exemples, pour l'inversion et la poursuite de

modéle.

Example 0.5. Pour ["inversion stable en temps fini, considérons le systéme
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Notre procédure de calcul d’une solution fournit par exemple (solution non unique,

voir Chapitre 3), le précompensateur propre et stable
R(S) —1— e—ﬂ(s—i—l)’

ot Uerreur d’inversion est

1 — e (s—17 R
é(s)zl—eieg%.
s—1

Des résultats de simulation de cette erreur sont tracés sur la Figure 10, pour 3

valeurs de 9.

x10™*

0.5

1
o4
2

error e(t)
= |
o r—\

-2+

‘ ‘ ‘ ‘ ‘
05 1 15 2 25 3
time (s)

FIGURE 10: Erreur d’inversion en temps pour ¥ = 1 (continu), ¥ = 0.5 (séparé)
et ¥ = 0.1 (pointillé)(Exemple 0.5).

Example 0.6. Considérons le systéme

160- " )

s+1 s+1

et le modéle T,,(s) = %ﬁ Un précompensateur solution du probleme de poursuite

de modéle en temps fini est (procédure décrite dans le Chapitre 3)

R(s) = [ e—(50+1)19 ] ’

pour lequel l'erreur de poursuite de modeéle est

1— e—(s+l)19

E(s)=1
(5) + s+1
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Dans le domaine temporel, cette erreur est

e(t):{ §(1)+e7t, tel0,]

0, sinon

Les résultats de simulation de cette solution sont tracés sur la Figure 11, pour 3

valeurs différentes de 9. Cette erreur s’annule aprés un temps fini.

15
1
—
-~
=
)
—
o
=
N
Cost N
N
™
[
I Tl
I T
I
ok |
. . . . .
0 0.5 1 15 2 25 3

time (s)

FIGURE 11: Erreur de poursuite de modéle pour ¥ = 0.5 (continu), ¥ = 1
(pointille), ¥ = 2 (trait-mixte) (Exemple 0.6).

La deuxiéme application étudiée dans ce manuscrit concerne la synthése de com-
mande stabilisante pour une certaine classe de systémes de dimension infinie. Nous
commengons par ’étude de systémes a retards. Ces systémes sont régis par des
équations fonctionnelles, dans lesquelles interviennent des opérateurs de retards
en temps. Ces systémes ont fait 'objet de nombreux travaux, comme par ex-
emple [31, Hale and Verduyn Lunel (1993)], [32, Conte and Perdon (2000)], 33,
Kharitonov (2000)], [34, Niculescu (2001)], [35, Kolmanovskii et al. (1999)|, 36,
Loiseau (1998)], |28, Loiseau and Brethé (1997)], [37, Richard (1998)], 38, Richard
(2003)] et [39, Watanabe et al. (1996)]. Nous étudions en particulier le probléme

de stabilisation de la classe de systémes décrits par

k

B(t) = Bt — i)+ Y At —id) + > Byult —iv), (22)

=0 i=0

ou A;, B;, E; sont des matrices définies sur R. Si E; = 0, (4.1) est dit systéme a
retard de type retardé. Si E; # 0, le systéme (22) set fit de type neutre. Pour
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la stabilisation de cette classe de systémes, nous proposons d’appliquer ’approche
par factorisation développée dans |40, Vidyasagar (1985)]. De maniére générale,
I'opérateur retard distribué apparait lors de la synthése d’une loi de commande
stabilisante. Nous proposons donc des conditions sur I'ordre de 'approximation
pour garantir une conservation des propriétés de stabilité de la boucle fermée en

présence de cette approximation.

Pour les systémes de type neutre, deux cas seront étudiés, a savoir, les systémes
neutres formellement stables, et ceux non formellement stables. Le systéme (22)

est dit formellement stable si

Rank(I — E(e™%)) =n, Vs € C, Re(s) >0, (23)
ou
A k .
E(e™®) =) Ee ™. (24)
i=1

L’équation caractéristique de (22) est définie par
A(s, o) = det [s (1 - E(e—es)) . A(e—es)} —0, (25)

ou

k
Ay =) A, (26)
=1

Avec (23), le systéme (22) est formellement stable si et seulement si le terme prin-

s

95) est un polynoéme de Hurwitz par rapport a la variable e%.

cipal de A(s,e”
Pour les systémes neutres formellement stables, la synthése de commande stabil-
isante reste trés proche de celle réalisée pour les systémes de type retardé. Pour
les systémes neutres non formellement stables et strictement propres, il n’existe
pas de compensateur stabilisant propre. Il est alors nécessaire afin de le stabiliser
d’étendre la classe de retour d’état admissible, en utilisant des dérivées de 1’état,

c’est-a-dire,

Y1 Y1
u(t) = i fi(Du(t — 7)dr + i fi(r)x(t — 7)dr
3
+ i fs(n)a(t —r)dr + ...
+ Zglix(t — 1) + Zggia‘s(t — 1) + ... (27)
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La transformée de Laplace de (27) est
u(s) = Fi(s)u(s) + Fa(s)z(s) (28)

ou Fy € 9, F, € 4 +R[s,e ). La commande (27) conduit & une stabilit¢ de la
boucle fermée de type entrée-sortie, et non pas une stabilité interne de la boucle
fermée, c’est-a-dire qu’'une petite perturbation bornée peut rendre instable le sys-
téme en boucle fermée, en général. Cette propriété est liée au fait que certaines
expressions entrée-sortie de la boucle fermée ne sont pas propres. Pour palier cet
inconvénient, nous proposons d’introduire des pondérations stables et strictement
propres et précompensation, afin d’assurer une stabilité interne globale. La ques-

tion de la réalisabilité d’un tel ajout de pondérations n’est cependant pas évoqué.

Notre analyse sera alors poursuivie par I’étude du probléme de placement de spec-
tre finie (FSA) pour une classe de systémes de dimension infinie de type fraction-
naire. Le probléme consiste, par le biais d'un retour d’état, de placer n valeurs
propres du systéme en boucle fermée a des valeurs arbitraires prédéfinies dans le
plan complexe, tandis que les autres valeurs propres sont explicitement supprimées.
Cela conduit alors a un systéme en boucle fermée qui ne posséde quun nombre
fini de modes. Cette méthode a été étudiée pour les systémes a retards [41, Man-
itius and Olbrot (1979)], [42, Watanabe (1986)], [1, Olbrot (1978)]|, [43, Brethé
and Loiseau (1998)]. Notre contribution consiste ici & appliquer cette technique
de placement de poles pour une classe de systémes fractionnaires. Une condition
nécessaire et suffisante pour I'existence d’une solution est décrite, et un algorithme
pour le calcul de cette solution est proposée. Cependant, nous ne répondons pas au

probléme difficile de la mise en ceuvre numérique des lois de commande obtenues.

La derniére application du retard distribué décrite dans ce manuscrit concerne la

synthése d’observateur pour les systéemes linéaires

w(t) = Ax(t) + Bu(t) (29)
y(t) = Cz(t) + Du(t) (30)

aver la condition initiale x(ty) = x¢, I'état x € R", lentrée u € R™ et la sortie
y € RY. La théorie des observateurs pour de tels systémes, qui permettent de
reconstruire I'état x a partir des mesures des entrées et sorties est bien établie et

connue. L’erreur d’observation de I'état est synthétisée de maniére & converger
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vers zéro, soit asymptotiquement, soit en temps fini. Citons a ce titre les travaux
de |44, Barnett (1975)|, [45, Kailath (1980)], [46, O’Reilly (1983)], [47, Engel
and Kreisselmeier (2002)], [48, Luenberger (1966)], [49, Pernebo (1981)]. Dans
cette partie, notre contribution est de développer et analyser une nouvelle classe
d’observateurs, dits observateurs a mémoire finie, initialement développés dans un
cadre restreint par |7, Medvedev and Toivonen (1994)]. La synthése de tels ob-
servateurs nécessite une reformulation du systéme, a travers laquelle I'observateur
n’exploite plus que des mesures sur le systéme a des instants passés. Certaines
mesures peuvent faire appel a des retards distribués, nécessitant par conséquent
une connaissance continue en temps (passé) de I’état ou de Ientrée. Notre prin-
cipale contribution consiste a développer les premiers résultats obtenus pour des
observateurs dits en boucle ouverte (sans injection de sortie), en introduisant une
injection de sortie et donc la possibilité de réglage de convergence des dynamiques
de T'erreur d’estimation. Nous décrivons succinctement le principe des observa-
teurs en boucle ouverte (et & mémoire finie), comme décrit par exemple dans |7,
Medvedev and Toivonen (1994)], [50, Chyung (1984)], [51, Medvedev (1995)], puis
proposerons une extension pour la synthése d’observateur par injection de sortie.

A ce titre, considérons I'observateur pour le systéme (29)-(30)

#(t) = eMi(t—h)+ Kyt —h) —n(t—h)] + /t jh AT Bu(r)dr, t > h

n(t) = Ci(t) + Du(t), (31)
ou K € R™™. L’erreur d’estimation z(t) — Z(t) est régie par

e(t) = a(t)—(t)
— (e — KO)[z(t — h) — &(t — h)]
= (M- KC)e(t—h).t>h (32)

L’équation (32) est une équation aux différences, ou les coefficients h et K sont
des parameétres de l'observateur. Il est donc possible, a travers ces parameétres,

d’imposer des propriétés de convergence de l'erreur e(t) vers zéro.
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Example 0.7. Considérons le systéme

1 0 1 1
©(t) = 0 —1 0 [az(t)+ u(t)
0 0 -1 0
100
t) = z(t),
y(t) 01 0] (t)
o
-1 0 1 1 10 0
A= -1 0 ., B = 1 ,C' = ]
010
0 0 -1 0

Soit l'observateur

(t) = ei(t—h)+ Kly(t —h) —n(t—h)]+ /:h A7) Bu(r)dr

2¢ " 0
Prenons K = 0 e |. Les valeurs propres de (e*" — KC) sont identique-
<l 0

ment nulles, garantissant ainsi une propriété de convergence en temps fini: e(t)
devient identiquement nulle & partir de t = 2h. La Figure 12 montre la réponse
indicielle de l’état x1, x9, T3, et de ses estimées 1, To, T3. La condition initiale de
état est zo(t) = [0.5 0.5 0.5]7. Les tracés en pointillés sont obtenus pour h = 0.5.
Pour le trait-mixte, les simulations ont été réalisées avec h = 0.2. On vérifie bien

les propriétés de convergence en temps fini, de 1 s (pointillé) et 0.4 s (trait-mixte).

Si les poles de la dynamique de [’erreur d’observation sont {0.1 0.2 0.3}, le gain

0.9131 0
d’injection de sortie K est (le systéme étant observable) K = 0 0.3065
0.6790 0

L’estimée z(t) converge alors asymptotiquement vers xz(t). Une simulation est

proposée sur la Figure 13.
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05

time (s) 18 :

FIGURE 12: Simulation de 'observateur pour l'estimation de x(¢) (continu);
I'état estimé est Z(t) (pointille h = 0.5, trait-mixte h = 0.2) (Exemple 0.7).

0 0.5 1 15 .2 . 3 35 4
time (285)

0 0.5 1 15 .2 . 3 35 4
time (285)

FIGURE 13: Simulation de l'observateur a convergence asymptotique de xz(t)
(continu) ; estimation #(t) (pointillé A = 0.5, trait-mixte h = 0.2) (Exemple 0.7).
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Le dernier chapitre de ce mémoire concerne I'analyse d’une nouvelle classe d’opéra-
teurs d’approximation pour les systémes & parameétres répartis. Ce dernier chapitre
est davantage prospectif, et de taille réduite par rapport aux autres chapitres du
mémoire. Les systémes a parameétres répartis sont des systémes de dimension in-
finie, qui peuvent étre réalisés par des équations aux dérivées partielles. L’étude
de l'approximation de systémes & parameétres répartis est un trés large domaine
d’étude. Pour 'analyse des propriétés de controle de ces systémes, une condition
nécessaire et suffisante d’existence d’une approximation & paramétres localisés a
été proposée dans [21, Vidyasagar and Anderson (1989)]. Cette condition est
cependant trés conservative, et non constructive. Concernant 'approximation par
des systémes a parameétres localisés, citons par exemple [52, Gu et al. (1989)], [53,
Quarteroni and Valli (2008)], [54, Lavanya (2010)], |55, Grossmann et al. (2000)],
[56, Strikwerda (2004)], [57, Partington (2004)], [58, Glover et al. (1988)], ou
encore [59, Li (1996)], |60, Antoulas and Sorensen (2001)], [61, Antoulas (2005)].

Dans cette derniére partie, notre objectif n’est pas de proposer de nouvelles méth-
odes numériques d’approximation, mais de proposer une extension de la classe
d’approximation, en effectuant une approximation d’un systémes a parameétres ré-
partis par un systéme a retards. Nous montrons que sous certaines conditions non
conservatives, une telle approximation existe toujours. La classe de systémes a
retards réalisant cette approximation est en réalité un systéme couplé d’équations
différentielles et d’équations aux différences, dans lesquelles le retard distribué joue
un role important. A partir de 'obtention du résultat central d’approximation,
nous proposons d’étudier succinctement une équivalence entre plusieurs réalisa-
tions, & savoir sous forme de Roesser (issue des systémes 2D), et sous forme d’un
systéme a retards de type neutre. Cette derniére partie permet ainsi d’ouvrir un
certain nombre de perspectives pour le contréle frontiére de systémes régis par des
équations aux dérivées partielles, a partir de la théorie et des outils développés

pour les systémes a retards.

Le manuscript set organisé comme suit. Le Chapitre 1 introduit quelques nota-
tions et outils algébriques utilisés dans le mémoire. L’analyse du retard distribué
et son approximation sont étudiées dans le Chapitre 2. L’inversion stable en temps
fini ainsi que le probléme de poursuite de modeéle en temps fini sont étudiés dans
le Chapitre 3. Le Chapitre 4 concerne les applications du retard distribué pour la
synthése de controle stabilisant, et pour la synthése d’observateur. Le Chapitre 5,

plus court que les autres chapitres du mémoire, est consacré a I’étude de la nouvelle
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classe d’approximation de systémes & paramétres répartis, en utilisant des opéra-
teurs a retards. Enfin, le Chapitre 6 confluera ce travail de thése en mentionnant

quelques perspectives.
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Chapter 1

INTRODUCTION

1.1 Introduction

A distributed delay is a linear input-output operator of the form

vy = (F ) () = | CF(r)u(t — 7)dr, (11)
where ¥1,9 € Ry and f(¢t),

t € [¥1,79] is a continuous function. The Laplace
transform of (1.1) is §(s) = f(s)i(s), where

¥2
f(s) = (T)e *"dr.
91
Distributed delays appears in many control applications. Its most well-known
application is for the stabilizing control in linear systems. The interest for the
use of distributed delays in the stabilization of time-delay systems comes from
the pioneering work of Olbrot [1, Olbrot (1978)]. Kamen et al. |2, Kamen et al.
(1986)] first introduce a general mathematical setting for the control to generalize
algebraic methods issued from linear systems in finite dimensional spaces to time-
delay systems, and in particular for the stabilization, of time-delay systems. This
mathematical framework was formalized in Brethé and Loiseau [3, Brethé and
Loiseau (1996)] by the introduction of the Bézout ring of pseudo-polynomials, or
independently by [4, Gliising-Liierfen (1997)| with a behavioural approach. Beside

of the stabilizing control, distributed delay also appears in predictive control [5,
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Chapter 1. Introduction 2

Smith (1959)], [6, Michiels and Niculescu (2003)], representation of dynamical sys-
tems |7, Medvedev and Toivonen (1994)], [8, Pourboghrat and Chyung (1984)], in
modeling [9, SinAlgre (2005)], [12, Jian et al. (2007)], [62, Mukhopadhyay et al.
(2004)], [63, Wolkowicz et al. (2997)], [64, Ruan and Wolkowicz (1996)].

In fact, for some distributed delays, a numerical implementation problem exists.
For instance, if the kernel in (1.1) is f(¢t) = 1, for ¢ € [0, 1] in the time-domain (or

1=¢" in the frequency-domain), the transfer function f(s) is

equivalently f(s) =
stable (since f (0) = 1). But we can not directly implement it. So an approxima-
tion of the distributed delay is required for an effective numerical implementation.
Such an implementation was early investigated. In the work of [13, Van Assche
et al. (1999)], the authors propose a numerical integral approximation to real-
ize an operator like (1.1). Such an approximation writes as a sum of lumped
delayed distributions. Unfortunately, this approximation introduces additional
closed-loop poles and instability phenomena (see, e.g. [14, Zhong (2003)], [17,
Santos and Mondié (2000)], and the references therein). To overcome this prob-
lem, various solutions were proposed, such as [13, Van Assche et al. (1999)], [14,
Zhong (2003)], [15, Mirkin (2004)], [16, Partington and Mékild (2005)|. The detail
of these methods will be explained in Chapter 2. A proposition for an effective

numerical implementation is the main objective of this manuscript.

The other objectives of this thesis are to show how to apply distributed delay
in various control problems. Our work will focus on the general approximation,
implementation of distributed delay and some new applications of it. So, we will
start with a general definition of distributed delay, and the analysis of the prop-
erties of distributed delay. The implementation problem of distributed delays will
be explained. Then approximation methods will be discussed. In particular, based
on a kernel approximation, a new general class of realization will be given, in order
to answer positively to the numerical implementation problem. The other parts
of this manuscript will be devoted to applications of distributed delay in control

problems.

The first application is the inversion and model matching for finite dimensional
linear time-invariant systems. For a given plant T'(s), the inversion problem is
to find a precompensator R(s) such that T'(s)R(s) = I. In fact, for some plant
T(s), there does not exist any stable and proper precompensator R(s) such that
T(s)R(s) = I (for example, T'(s) = SJ%I) Many works in the literature are de-
voted to solve this problem, such as [25, Devasia et al. (1996)], [26, Hunt et al.

(1995)], |27, Sogo (2010)|. Unfortunately, the solution is always non proper, or
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Chapter 1. Introduction 3

acausal. In this manuscript, we will propose a general solution for stable inver-
sion problem. The precompensator R(s) is not an exact inverse, but satisfies an
identity of the form

E(s)=1-T(s)R(s), (1.2)

where the error E(s) is the Laplace transform of a function with finite time sup-
port. In our approach, we show that this approximated inverse always exists.
Furthermore such solution can be computed through some algebraic algorithm. In
these algorithm, the finite support time is a free parameter, and can be arbitrarily
small, but strictly positive. Based on the technique of stable inversion, we extend
this procedure to the model matching problem. For a given plant 7'(s) and a given
model T,,(s) the model matching problem comes down to find a precompensator
R(s) such that T'(s)R(s) = T,,(s). This problem does not admit, in general, a sta-
ble and causal solution. For this, like in inversion, we introduce an approximated

matching problem, called finite time matching, such that the error
E(s) = T(s)R(s) = Tin(s) (1.3)

is the Laplace transform of a function with bounded support. Similarly to the
inversion, a solution for this problem exists. We will describe algebraic procedures
for the computation of such a solution for linear multivariable systems of finite

dimension. It is noted that this solution is not unique.

Another application discussed in this manuscript is concerned with the stabiliza-
tion of some classes of infinite dimensional systems. The first class of systems
under consideration are time-delay systems. We will describe some basic tools
for the stabilization of delay systems, then we will analyze the particular case of

neutral delay systems of the form

k

k k
B(t) =Y Eii(t — i)+ Y Aw(t—id) + > Bu(t — iv),
i=1 i=0 i=0
where A;, B;, E; over R. For these systems, distributed delays are used in the
control law. Approximation of such a distributed delay in constrained to ensure
stability of the closed-loop system. Hence conditions on the order of the approx-
imation are proposed to guarantee such a goal. These conditions are strongly
inspired from [40, Vidyasagar (1985)] and |65, Partington and Makild).

We highlight the use of distributed delays in spectrum assignment problem, in
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Chapter 1. Introduction 4

particular for the Finite Spectrum Assignment (FSA) introduced by [41, Manitius
and Olbrot (1979)], [42, Watanabe (1986)], [1, Olbrot (1978)], [43, Brethé and
Loiseau (1998)]. FSA is a static feedback control such that n eigenvalues of the
corresponding closed-loop system are located at an arbitrarily preassigned set of
points in the complex plant while the others are automatically eliminated. In this
manuscript, an extension of FSA for a more general class of systems is proposed.

These systems are fractional systems, of the form
T(s) = N(s)d '(s), (1.4)

1 1
where N(s) € R”Xl[s%, e "], d(s) € R[s%,e_su], p € IN4. A feedback control will

be introduced for pole placement, and computational procedures will be described.

The last application of distributed delay that will be described is the observer
design for state estimation. In this part, we will be concerned with only linear finite
dimensional systems. An observer is a dynamical system which estimates the state
or a partial state of a given plant. Among various classes of observers, we may find
memoryless observers like those introduced in |7, Medvedev and Toivonen (1994)|,
[8, Pourboghrat and Chyung (1984)], |51, Medvedev (1995)]. These observers use
past information on the system output to estimate the instantaneous state. This
past information is obtained via delay operators, and in particular distributed
delays. Open-loop memoryless observers will be introduced, following the works
of |7, Medvedev and Toivonen (1994)], [51, Medvedev (1995)]. Our contribution is
centered on closed-loop memoryless observers, with output injection. Asymptotic
convergence, as well as finite time convergence of the estimation are analyzed.
This gives a general framework for finite time convergence in estimation. Some
robustness aspects are also discussed, depending on the times of measurements.

Let us see the following linear finite dimensional system
x(t) = Az(t) + Bu(t), z(to) = xo.
The solution of the system is

t
z(t) = et g (ty) +/ AT Bu(r)dr, t > to, (1.5)

to
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Chapter 1. Introduction 5

where z(ty) is the initial condition. Using ty =t — h, we can reformulate (1.5) into

the following form
t
z(t) = ea(t —h) + / AT Bu(r)dr, t > h. (1.6)
t—h

Note that there is a distributed delay ftt_h e Bu(7)dr in (1.6). The observer
synthesis will introduce an error e(t) = z(t) — Z(t), with Z(¢) the state of the

observer such that
e(t)=He(t—h), t>h, HeR"™". (1.7)

The equation (1.7) is a difference equation. We remark that e(t) can be made
identically zero after a finite time if and only if H is a nilpotent matrix, else the
error will convergence to zero exponentially (if the matrix H is Hurwitz, in the

sense of discrete-time systems).

The last part of this manuscript gives some prospective, and is devoted to a new
class for approximation of distributed parameter systems. A distributed param-
eter system is an infinite dimensional system, which can be realized by partial
differential equations. A large amount of works have been done to explore differ-
ent approximations for distributed parameter systems. These approximations are,
in general, realized by lumped systems. A powerful condition for approximation
by lumped systems was proposed in |21, Vidyasagar and Anderson (1989)], |66,
Anderson and Parks (1985)]. This condition is however too conservative, and not
constructive, for the synthesis of a lumped approximation. A very large num-
ber of contributions addressed numerical approximation by lumped systems, us-
ing Fourier techniques [52, Gu et al. (1989)] [53, Quarteroni and Valli (2008)],
discretization methods [54, Lavanya (2010)], [55, Grossmann et al. (2000)], [56,
Strikwerda (2004)], spectral methods [57, Partington (2004)]. A general analysis
of approximation for convolution systems was made in [58, Glover et al. (1988)],
where Hankel operator and singular value decomposition were used. Other tech-
niques include for instance [59, Li (1996)|, [60, Antoulas and Sorensen (2001)], [61,
Antoulas (2005)].

In this last part, we will not address numerical methods. The scope of this part
is to reduce the conservatism of lumped approximation for control purposes. For
this, we will introduce a new class of approximation, that are time-delay systems,

for which effective methods exist for control synthesis. Working on the graph
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Chapter 1. Introduction 6

topology, we will show that, under some weak assumptions, such an approxima-
tion can be realized. We will focus our work on realization and representation by
neutral time-delay systems. Some comments on representation will be made, in
particular with respect to 2-D Roesser models, or systems governed by difference
equations where distributed delay appear. This contribution is a prospective work,

so that this last chapter is shorter than the others.

Now let us see some examples where distributed delays appear. We start with an
example of stabilizing control. The closed-loop system is reported in Figure 1.1,

where T is the plant, C' is the compensator, u is the control, v is reference input,

v+ u Yy

— C T >

Y

FI1GURE 1.1: Closed-loop system for stabilization control.

y is output.

Example 1.1. Let us consider the system

1
T(s) = :
(5)=—3
A stabilizing compensator is
24 (s —1). e Y
C(s) = [ _ Le G
s+1
Indeed, the closed-loop transfer function is
Gy = TOICG) 2+ (s =) =
S) = —_= s
1+T(s)C(s) s+1
which is stable. The controller include a distributed delay, which is f(s) = %,

with kernel f(t) =e™*, t €[0,1].

Example 1.2. We consider the input-delay system
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Chapter 1. Introduction 7

A stabilizing controller is

2¢!

Cls) = — =
( ) 1 + 21_68—_(i—1)

where the closed-loop systems looks like

The controller involves a distributed delay f(s) = 1_2__(?_1) , with kernel f(t) = ¢,

t €10,1). A time-domain realization of this controller is

u(t) = —2 /t U + 26! (ult) (1),

Example 1.3. For the time-delay system

e—S
T(s) =
(5) s(1—2e9)
The stabilizing controller is given by
1—les
C(S) - %_e—s Y
2(1++—=—)
where the closed-loop systems is
e—S
G(s) = —.
()= 3671

The distributed delay f(s) = 1‘;’75, with the kernel f(t) =1, t € [0,1], is central

for the stabilization of such system.

More details on the stabilization problem can be found in Chapter 4 (Section 4.1, 4.2)

of this manuscript.
Distributed delays appear also in predictive control. For instance, consider the
input-delay system
&(t) = Ax(t) + Bu(t —r). (1.8)
The solution of the system is
t

z(t) = et (1) +/ AT Bu(r — r)dr, t > to. (1.9)

to
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Chapter 1. Introduction 8

In other words, for any h > 0,
t+h
z(t 4+ h) = eMa(t) + eAh/ AT Bu(r —r)dr, >0 (1.10)
t

where ftHh eA=7) Bu(r —r)dr is a distributed delay. Equation (1.10) tells us that
the state of (1.8) can be predicted with time horizon h, using past information
in time. The Smith predictor control |5, Smith (1959)] is famous in the control
of time-delay systems. The predictor controller can separate the pure delay part
of the transfer function from the remaining part. A limitation of this control is
that the system must be stable. If we consider a distributed delay in the Smith
predictor controller, we can remove this limitation. The main results on Smith

predictor with distributed delay can be found in Chapter 4, Section 4.1.

Another application of distributed delay is state estimation. For instance, let us

consider the system
t(t) = Az(t) + Bu(t), z(0) = x. (1.11)

The solution of the equation (1.11) is

t
2(t) = A (1) + / A Bu(r)dr, t > b, (1.12)

to

or equivalently
t
() = Aa(t — h) + / A=) Bu(r)dr, >, (1.13)
t—h

where f:_h eA=7) Bu(7)dr is a distributed delay. An observer control can be
synthesized from the equation (1.13) as shown in |7, Medvedev and Toivonen
(1994)] [8, Pourboghrat and Chyung (1984)].

Distributed delays also appear in modeling. In |9, Sinégre (2005)], or [67, Sinégre
(2006)], a model for density wave dynamics in gas lifted wells was developed. In
this model, the distributed delay represents the transport delay in the pipeline of
the pressure wave. Another modeling with distributed delay comes from growth
of a given population |11, Guardiola and Vecchio(2004)]. Many other models exist
in the literature. See for instance, |12, Jian et al. (2007)], [62, Mukhopadhyay et
al. (2004)], [34, Niculescu (2001)], [63, Wolkowicz et al. (1997)], [64, Ruan and
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Chapter 1. Introduction 9

Wolkowicz (1996)] [11, Guardiola and Vecchio(2004)], |68, Guardiola and Vec-
chio(2003)].

This manuscript is organized as follows. Chapter 1 introduces some algebraic
preliminaries and some notations. Chapter 2 introduces the definition, properties
and implementation of distributed delay. In Chapter 3 we introduce the stable
inversion and model matching. Robustness under parameter uncertainties and
state-space feedback realization of precompensator will be also discussed in this
chapter. In the Chapter 4 stabilization and finite spectrum assignment control by
using distributed delay will be analyzed. The observer design using distributed
delay will be also studied in this Chapter. Chapter 5 describes the new class of
approximation of distributed parameter systems. The conclusion and perspectives

will be given in Chapter 6.

1.2 Algebraic preliminaries

In this section we introduce some important sets which are used in this manuscript.

1.2.1 Convolution system

The distributed delay is an input-output convolution operator. An input-output
causal convolution system is a dynamical system described by an equation of the

form

y(t) = (f = u)(t /f u(t — 7)dr, t#0, (1.14)

where y(-), u(-) and f(-) are said to be the output, input and kernel of the map,
respectively. Convolution systems are naturally defined over a commutative alge-
bra. A general algebra of distributions which includes a wide class of convolution
systems was introduced in [69, Callier and Desoer (1978)]. For our purpose, we
consider a subalgebra of the Callier-Desoer algebra, and we denote it by .<7. Before

we define the algebra <7, we introduce the L;-norm.

Consider a Lebesgue measurable functions f(¢) in Li(Ry). The Li-norm of f(t)
is -
IOl = [ 170l (1.15)

The set of L; (or Li(Ry)) with norm |[-[, is a Banach algebra.
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Chapter 1. Introduction 10

1.2.2 Algebra o/

An extension of L; was proposed in [69, Callier and Desoer (1978)|. This extension

includes a generalization of the kernel in the convolution to contain distributions.

Definition 1.1 (The convolution algebra .«/). We say that f € o if

£ :{ falt) + fra(t), £>0 (L.16)

0, t<0

where the complex-valued function f,(-) € L; , the complex-valued distribution

fpa(+) stands for the purely atomic part and writes

Foalt) =D fud(t —tn), (1.17)
n=0
with f, € C, n=0,1,...,and 0 =ty < t; < ty < ..., §(t — t,,) denotes the Dirac
delta distribution centered in t,, and > |f,| < oco. O
n>0

As done in Desoer and Vidyasagar |70, Desoer and Vidyasagar (1975)], Curtain |71,
Curtain and Zwart (1995)], or Hille and Phillips [72, Hille and Phillips (1957)],

it is well known that o/ is a commutative convolution Banach algebra with norm
defined by

1Fllor = lfalles + DI fal, (1.18)
n=0

and with unit element the Dirac delta distribution 6. Denoting f the Laplace
transform of f, o/ denotes the set of Laplace transforms of elements in &7 (in this
manuscript (%) denotes the Laplace transform). The set <7 is also a commutative
Banach algebra with unit element under pointwise addition and multiplication,

for the norm

1l = 1fllers VS €. (1.19)
Definition 1.2. A convolution system of the form (1.14) is said to be BIBO
(Bounded-Input Bounded-Output) stable if f € <. O

1.2.3 Ring &

Let R[s] denote the real polynomials in the variable s, and R[s,e~"*] denote the

real polynomials in the variables s and e=?*, with ¢ > 0. The set R(s) is the set
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Chapter 1. Introduction 11

of rational functions. We also use R™*"[s] to denote the set of m x n matrices

whose entries are polynomials. The set of distributed delays is denoted by ¥¢.

Definition 1.3 (Quasi-polynomials). Quasi-polynomials in R[s,e™"] are ele-

ments of the form

N(s) = Z > Nyste I, (1.20)

P
i=0 j=0

where coefficients IV;; lie in R. The degree with respect to s of N(s) is deg,N(s) =

D. U

The quasi-polynomial N(s) is said to be monic if its leading coefficient in s is 1,
q .
that is Y N,;e ™7 = 1. The zeros of N(s) are the complex numbers sy such that
j=0

N(SQ) =0.

According to [73, Pontryagin (1955)|, we say that N(s) in R[s,e 7] is stable
(exponent stable) if there exists € < 0 such that for all s € C, with Re s > ¢,
N(s) # 0.

Actually, operations defined over ¢ (the set of distributed delays) and R[s, e~ "]
include distributed delays, lumped delays, scalar multiplication and successive

derivatives. In order to get a closed ring under these operations, and following
[74, Brethé and Loiseau (1997)], we have the following definition.

Definition 1.4 (pseudo-polynomials, Ring &).
& =9 +R[s, e . (1.21)

Elements in & are called pseudo-polynomials. O

For instance, the element

—S

1—e
p(s)=s+1+4+e "+

- (1.22)

is the sum of a quasi-polynomial and a distributed delay therefore it belongs to .

~

Using common multiple denominator in (1.21), any pseudo-polynomial P(s) € &

can be written in the form

P(s) = N(s)D~(s) (1.23)
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Chapter 1. Introduction 12

where N(s) € R[s,e?*], and D(s) € R]s].

Remark 1.5. The element P(s) has no pole, since the distributed delay has no pole.
The degree of a pseudo-polynomial is defined by deg,P(s) = deg N (s)—deg,D(s),

and can be either positive or negative. ([l

The ring of pseudo-polynomials is a Bézout ring. Coprimeness of pseudo-polynomials
is also well defined, in the sense of 2D-coprimeness. Then, we say that N(s) and
D(s) in & are coprime if they have no nontrivial common factor. This comes
down, in fact, to the existence of X(s) and Y (s) in & such that

X(s)N(s) +Y(s)D(s) = 1. (1.24)

For the matrix case over &, let A(s) and B(s) be two matrices over &. If Q(s)
over & is such that B(s) = Q(s)A(s), then A(s) is said to be a right divisor of
B(s). If A(s) = Ai1(s)D(s) and B(s) = By(s)D(s) for some matrices A, By and
D(s) over &, then D(s) is a common right divisor of A(s) and B(s). Two matrices
A(s) and B(s) are right coprime if all their common right divisors are invertible
over & |74, Brethé (1997)], [36, Loiseau (1998)]. If A(s) € &™™ B(s) € &P*™ are
right coprime, then there exists P(s) € &n*(tp=m) ¢ £p*(ntp=m) such that

is unimodular. If A(s) € &™*™ Rank A(s) = m, and det A(s) is monic in s, then

A(s) and B(s) are coprime if and only if

A(s)

B(s

Rank

]:m, Vs € C.

A matrix M(s) € RP*™(s,e”%) can be factorized as M(s) = N(s)D~!(s), where
N(s) and D(s) are right coprime. It is said that N(s), D(s) is a right coprime
factorization of M(s). All these concepts are easily translated in terms of left

coprimeness.

Theorem 1.6 ([28] Loiscau et al. (1997)). Suppose that matrices N(s) € ™™,
D(s) € &P are left coprime. Then there exist X(s) € E™™, Y (s) € EP*™ such
that

N(s)X(s)+ D(s)Y(s) = I,. (1.25)
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Similarly right coprimeness of N(s) € grxm. D(s) € &P*m imply that there exist
X(s) € &™ Y (s) € E™P such that

X(s)N(s) +Y(s)D(s) = L. (1.26)

The realization of a fraction of pseudo-polynomials by a quadruple of matrices
(A, B,C, D), defined as convolution operators with Laplace transforms in g +
R[e~?%], is equivalent to require an input-output proper transfer function in the

following sense.

Definition 1.7 (proper and strictly proper). A rational fraction

where N(s), D(s) € &, is said to be proper if the denominator D(s) is monic, and
the degree condition
deg,D(s) > deg,N(s) (1.27)

holds. If deg,D(s) > deg,N(s), we say that N(s) and D(s) are strictly proper. If
T(s) is matrix, the transfer function matrix 7'(s) is said to be proper if the degree
of any entry of 7'(s) is non-positive, and strictly proper if all entries of T'(s) are

strictly proper. O

1.2.4 Ring P

In this manuscript, we are also interested in another ring denoted by &, which

will be used in the Chapter 3 (inversion and model matching).

Definition 1.8 (Ring Z2¢). The set P¢ is defined by
Pe=9+ 9, (1.28)
where 2 is the set of elements of the form

d(t) = Z dd(t — k), (1.29)

where d, € R, r € IN is finite, and 6(t) denotes the Dirac distribution at time
t. U
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In other words, the ring &¢ is the set of pseudo-polynomials in ¢ with degree less
than zero. Elements in & have no pole, since they are pseudo-polynomials. They
are proper in the sense of Definition 1.7. They correspond in the time-domain to
the truncation over a finite-time interval of rational elements in the convolution

algebra 7. More detail of this ring will be introduced in Chapter 3.

1.2.5 Euclidean algorithm

Let X(s) € R™P[s,e™*Y], D(s) € R™™[s,e *?]. If the term of the highest
degree of each column of D(s) is monic (or det D(s) is monic), there exist
Q(s) € R™?[s,e~*Y], R(s) € R™*P[s,e Y] such that

X(s) = D(s)Q(s) + R(s), (1.30)

where R(s)D~!(s) is strictly proper.

Let X(s) € R[s,e™*Y], D(s) € Rls,e %%]. If D(s) = > d;(e”*)s’ is not monic,
i=0
there exist Q(s), R(s) € R(s,e™*) such that equation (1.30) holds. But

and deg,R(s) < deg,D(s). In order to renormalize Eculidean division into quasi-

polynomial representation, we multiply equation (1.30) by e(s), where
e(s) = LCM [po(e_s), ...,pm(e_s)] , méeIN,,

the Least Common Multiple of all the p;(e™®), (i = 0,1,...,m). So the equation

(1.30) can be renormalized into

X(5)E(s) = D(s)Qe(s) + Ro(s), (1.31)

where E(s) = e(s) € Rle™"], Q.(s) = f((j)) and R.(s) = E(s)R(s) |75, Morf and
Lévy (1977)].
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Chapter 2

Distributed delay: Properties,

Realization and Approximation

In this chapter we will introduce a class of infinite dimensional systems called
distributed delays which plays a central role in this manuscript. The general def-
inition of distributed delay will be given and the numerical implementation of
distributed delay will be introduced. The applications of distributed delay will
be also discussed for solving control problems (Inversion and model matching in
Chapter 3; stabilization, finite spectrum assignment and observation in Chapter 4;

approximation of distributed parameter systems in Chapter 5).

The interest for the use of distributed delays in the stabilization of time-delay
systems appears in the pioneering work of Olbrot |1, Olbrot (1978)]. To general-
ize algebraic methods issued from linear systems in finite dimensional spaces to
time-delay systems, Kamen et al. [2, Kamen et al. (1986)| first introduce a gen-
eral mathematical setting for the control, and in particular for the stabilization,
of time-delay systems. This mathematical framework was formalized in Brethé
and Loiseau |3, Brethé and Loiseau (1996)] by the introduction of the Bézout
ring of pseudo-polynomials, or independently by [4, Gliising-Liierfen (1997)| with
a behavioural approach. These works were mainly focused on stabilization. More
generally, one can be interested in spectrum assignment by feedback. For linear
time-delay systems, a necessary and sufficient condition to achieve spectrum as-
signment is the spectral controllability for which we refer to [41, Manitius and
Olbrot (1979)| or [42, Watanabe (1986)|. Finite spectrum assignment general-
izes the principle of Smith’s predictor for dead-time systems [5, Smith (1959)]

15
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Chapter 2. Distributed delay: Properties, Realization and Approximation 16

to general systems with delays, which can be stable or unstable. Distributed de-
lays appear also in the characterization of equivalence transformation |76, Artstein
(1982)]. Robustness issues and optimization |77, Dym et al. (1995)], robustness
for input-delay systems |78, Mondié et al. (2001)], finite time control [29, Di
Loreto (2006)] or model for dynamics systems [9, Sinégre and Petit (2005)] are

other topics where distributed delays play a central role.

A distributed delay is a linear input-output convolution operator of the form

y(t) = (f*u)(t / f(r)u(t —1)dr (2.1)

where 1 is a strictly positive and finite real, and kernel f(-) is a continuous function
with support [0, ¥]. Numerical implementation of distributed delay was early inves-
tigated, to propose effective algorithms for control. Such an implementation was
the starting point of a research activity. A first proposition approximation with
finite dimensional systems was proposed in [79, Kamen et al. (1985)]. Reduction
and approximation of delay systems, involving lumped delays, were also investi-
gated in [57, Partington (2004)]. In the work of [13, Van Assche et al. (1999)],
the authors propose a numerical integral approximation to realize an operator
like in (2.1). Such an approximation writes as a sum of lumped delayed distribu-
tions. Unfortunately, this approximation introduces additional closed-loop poles
and instability phenomena (see, e.g. [14, Zhong (2003)], [17, Santos and Mondié
(2000)], and references therein). To overcome this problem, various solutions were
proposed. In [15, Mirkin (2004)], it was outlined that such an approximation has a
poor accuracy and an high sensitivity for high frequencies. Hence, the author pro-
posed to add a low-pass filter in the integral approximation. Such a solution was
also proposed independently by Mondié and Michiels [18, Mondié and Michiels
(2003)|. Further implementation improvements were proposed in Zhong [19, Zhong
(2005)| and Partington and Mékild [16, Partington and Makila (2005)], with ra-
tional approximation and extension of bilinear transformations. These last papers
give positive answers to the open problem of general approximation of distributed
delay, outlined in Richard [38, Richard (2003)].

We propose here a general methodology for numerical implementation of dis-
tributed delays. The numerical implementation of an operator exhibit two sides.
The first one involves time discretization of the input-output behaviour of the op-
erator. Any distributed delay is a BIBO-stable (Bounded-Input Bounded-Output

stable) operator. It is immediate to verify that an equivalent discrete-time system

Cette thése est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2013ISAL0100/these.pdf
© [H. Lu], [2013], INSA de Lyon, tous droits réservés



Chapter 2. Distributed delay: Properties, Realization and Approximation 17

can be obtained by usual sampling tools, and that this system can be put into
a sum of causal lumped distributions. Taking an appropriate sampling period,
this equivalent discrete-time system is always BIBO-stable. Hence, this first part
presents no difficulty. We refer for instance to Zhong [20, Zhong (2004)] and to
references therein for more details on this part. The second part involves the ap-
proximation problem in continuous time of such an operator. This is the part we

mainly address in this manuscript.

In this chapter, we will explain the implementation problem of distributed de-
lay and give a general method for approximation of distributed delay. We show
that input-output approximation is not suitable for approximation of distributed
delays, and we will then focus on kernel approximation. With the objective to
substitute the distributed delay by a more tractable systems, highlighting ratio-
nal assumptions, we propose two classes to realize approximation, namely lumped
systems and a subclass of distributed delays. With previous objectives, we enclose
the approximation problem into the Wiener algebra of BIBO-stable systems, using
the graph topology. This corresponds to the weakest topology where feedback is a
robust property. Moreover, for stable systems, graph topology and norm topology
being the same, we work on norm convergence over this algebra, which is a Banach
algebra. So the graph topology will also be introduced before the general method.
This general framework was used first in |21, Vidyasagar and Anderson (1989)]
for approximation of distributed parameter systems by lumped systems. Roughly
speaking, working over this algebra, an approximation comes down to realize ap-
proximation of the kernel over the Banach algebra L;(IR.). This idea also grew
in [22, Ohta et al. (1992)], for the approximation of lumped delayed distributions
which appear in optimal control. Here, we propose an extension of the classes
of approximation, and we show that working in this general setting yields an ap-
proximation of a distributed delays in both time and frequency domains, for large
classes of input signals. We also propose to highlight the propositions made in [18,
Mondié and Michiels (2003)| or [15, Mirkin (2004)], and to bring a mathematical
foundation for this solution. In the remaining of this chapter, we introduce three
approximation methods of distributed delay in the literatures. First we introduce
the method that was proposed in Mirkin [15, Mirkin (2004)]. In [13, Van Ass-
che et al. (1999)], the authors point that for the approximation of distributed
delay the Newton-Cotes method will lead to instability phenomena in closed-loop
system, since this method will let the strictly proper distributed delay become

proper and produce a high sensitive in high frequencies. Mirkin considers to add a
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low-pass filter in the approximation to overcome the problem. The second method
which we will introduce was proposed by Zhong |20, Zhong (2004)]. A modified
Newton-Cotes approximation was considered to overcome the instability problem.
We will prove that both of them are Li-approximation. The third method is the
rational approximation method that was proposed by Partington and Makila |16,
Partington and Makila (2005)], where Padé approximation was considered to solve

the problem and this approximation is in the H., norm.

2.1 Definition and properties

2.1.1 Definitions

We define and fully characterize the main properties, in both time and frequency
domains, of distributed delays. We characterize in particular a general decom-
position of distributed delays on the so-called elementary distributed delays. The
algebra o/ which was introduced in Chapter 1 gives a general mathematical frame-

work for the analysis of distributed delays.

Let I,, = [a,b] be the bounded closed interval in R, for some reals a and b,
0 < a < b. Notations I, or R stand for [0, 00]). We define J#(L,;) as the set

of complex valued functions g(-) of the form

ol1) = { st € Lo 22

0, elsewhere

where

g]Ia,b(t> = Z Z CijtjeAit, (23)

i>0 j>0

for some ¢;; and A; in C, and the sums are finite. In other words, gy , is a
finite linear combination of exponential-polynomials type functions, and it is in
particular a continuous function. For any real valued function in .2 (I,;), if some
\; € C appears in the sum, then so does its conjugate J\;, and the associated
coeflicient ¢;; are complex conjugates. Hence, any real valued function in % (I, ;)
is a function generated by real linear combinations of /e, t/e%isin(f;t) and
tie%cos(Bxt), for some real number oy, B, the sums being finite. The formal

definition of distributed delays is made below.

Cette thése est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2013ISAL0100/these.pdf
© [H. Lu], [2013], INSA de Lyon, tous droits réservés



Chapter 2. Distributed delay: Properties, Realization and Approximation 19

Definition 2.1 (Distributed delay). A distributed delay is a causal convolution
system, with kernel f in . (Ly, ,), for some bounded real numbers 0 < ¥; < 5.

In other words, a distributed delay can be written like an input-output convolution
operator of the form

) t—12
W) = e = [ e =nar= [ = (e 4)
1 —9
with notation introduced in (2.3). The set of distributed delays, denoted by ¥,
is a ring. Obviously, for real valued signals, the kernel f(-) will be a real valued
function in J# (I, »,). In the previous definition, we restrict ourselves to define
a distributed delay like a convolution operator with kernel in J#(Ly, y,). This
restriction is not conservative as we will show in Section 2.2.2.4. Actually, all dis-
tributed delays which appeared in the literature are particular cases of this defini-
tion. This definition is based on a rational construction, as this appears explicitly
using Laplace transform. Any distributed delay ¢ admits a Laplace transform,

corresponding to the finite Laplace transform of its kernel f € JZ (Ly, 4,),

i(s) = f(s)a(s),  f(s)= [ fuga,(T)e Tdr, (2.5)

91

where f € ¢ is an entire function, i.e. holomorphic on the whole complex plane.

We next introduce the notion of elementary distributed delay, that, as we will

show below, will greatly simplify the approximation problem.

Definition 2.2 (Elementary distributed delay). Let us define the complex valued
function 6,(-) € # (Iyy), for some A € C and ¥ > 0, by

Nt):{ M, t e 0,V 26)

0, elsewhere

U
The Laplace transform of equation (2.6) is
~ 1— e_(s_)‘ﬁ9
Or(s) = T e\ (2.7)

Cette thése est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2013ISAL0100/these.pdf
© [H. Lu], [2013], INSA de Lyon, tous droits réservés



Chapter 2. Distributed delay: Properties, Realization and Approximation 20

which is an entire function even in s = A where 65(\) = ¥. In other words, \ is a
removable singularity, and consequently 9}(3) has no pole. The distributed delay

whose kernel is @), is called an elementary distributed delay.

The kth derivative é;k)(s) of 0,(s) yields

9
60 (s) /0 (—r)te= =gy, (2.8)

which is still in & , and corresponds to the Laplace transform of the function
05 = (—t)keM for t € [0,9], and 0, elsewhere.

2.1.2 Properties

From previous definitions, we can state the following lemma, which also appeared
in Brethé an Loiseau [74, Brethé an Loiseau (1997)| using 2D-polynomials, and

which will play a central role for approximation.

Lemma 2.3. Any element in & can be decomposed into a finite sum of Laplace

transforms of elementary distributed delays and its successive derivatives.

Proof. Take any element in ¢. Its kernel g(-) lies in J# (I, »,), and writes as in
(2.3). By time translation corresponding to the lumped delay ¥, it is readily a
linear finite combination of elementary distributed delay 0, (¢) and of the functions
0%(t), as defined in (2.6) and (2.8), with ¥ = 95 — ¥;. O

In other terms, previous result tells us that for any g € %A, there exist complex

—193]

polynomials g;, € Cle with respect to the variable e™”* and \; € C, in finite

number, such that
. ~ 9\ Ak
a(s) = > gule )8 (), (2.9)
ik
where successive derivatives are iteratively computed by

k

1 — e—(s—)\i)ﬂ _ 19_’:e—(s—)\i)19(8 _ )\Z)n
Ak) K n=1""
0y, = (=1)"k! FESwEE ) (2.10)
and é;k)(s) are still entire functions, since éf\k)()\z) = %, for any k > 1.

From (2.9) and taking into account that practical distributed delay is a real valued
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operator, we see that any element g € 4 can be put into the form, grouping the

terms via least common multiple, as a fraction

g(s) = i) (2.11)
where n(s,e™%) € R[s,e %] is a real quasi-polynomial with respect to the alge-
braically independent variables s and ™%, and d(s) € R[s]. Any element in the
right hand side of (2.9) being an entire function, §(s) is also an entire function.
Hence, any zero of d(s) is also a zero of n(s,e™"%). Furthermore, the degree with
respect to s of éf\k)(s) in (2.7) and (2.10), for any k, being strictly negative, the
degree with respect to s of g(s) satisfies deg,n < deg.d, so that its Laplace trans-
form is strictly proper. Asin [3, Brethé and Loiseau (1996)], the ring ¢ is the ring
of those Laplace transforms of distributed delays that are rational in the variable

s and e 78

, which are entire and strictly proper (with respect to s). This result
comes from the assumption on rational kernels in (2.3). The kernel of any ele-
ment in ¢ is obviously in L; (R, ), so that from (1.4) and the definition of <7, any
distributed delay is BIBO stable. Convolution of two kernels with finite support
yields another kernel with finite support, and since exponential-polynomials type
functions are closed under classical product, we have in fact that ¢ is a normed

subalgebra of o for the ||| o-norm.

The contributions of this chapter includes that the general definition of the dis-
tributed delays, the properties of the distributed delays. The lumped approx-
imation for distributed delay is introduced. We compare the input-output ap-
proximation and kernel approximation. A new construction of approximation of
distributed delay is proposed. Analysis of this approximation in time-domain and

frequency-domain are given.

Cette thése est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2013ISAL0100/these.pdf
© [H. Lu], [2013], INSA de Lyon, tous droits réservés



Chapter 2. Distributed delay: Properties, Realization and Approximation 22

2.2 Approximation and implementation of distributed

delay

2.2.1 Approximation problem

Now we formulate the approximation problem of distributed delays. For this
purpose, we define two subspaces in direct sum in % (Ly, 9,), denoted respec-
tively (L, »,) and 7, (Ly, »,), consisting of linear combinations of exponential-
polynomials type functions on some finite interval as in (2.3), with Re A; < 0 and
Re \; > 0, respectively, for all ¢ > 0.

From Lemma 2.3 and (2.9) we know that any element g € J#(Iy, »,) is a lin-
ear combination of elements 65 in (I, 9,), for which Re A; < 0. Hence, any
elements in #;(Ly, »,) can be numerically implemented with stability blocks, as

illustrated in Figure 2.1 for 6, (¢). Note that in practice, since A € C, we should im-

FIGURE 2.1: Realization of an element 0y(s) € Hs(To,g), with Re X < 0.

plement it using a real decomposition. Approximation for the subclass J#;(Ly, s,)
of distributed delays is not required, since this implementation is realized with
stability, and requires, from an implementation point of view, only two point-wise
delay, namely 0 and . However, this is no more true for elements in 7, (Ly, ,),
where numerical realization for 0,(t) as in Figure 2.1 yields an unstable system.

Note that another realization for 6, (s) may be
&= \x(t) +u(t) — e u(t —9), (2.12)

which is however still numerically unstable for Re A > 0. Intuitively, this in-
stability is a consequence of a non exact numerical cancellation of the removable
singularity s = X of «9}(3). Therefore, we will mainly focus our attention on dis-
tributed delays with kernel in JZ, (L, »,).
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The question can now be stated as follows: How to define a continuous time ap-
proximation of a distributed delay whose kernel lies in %, (Ly, 4,)? We give com-
plete answers to this question in the subsections 2.2.2. Before this we introduce

some particular solutions of this problem.

2.2.2 General solution of the approximation

For solving the approximation problem, we analyze the problem into the Wiener
algebra of BIBO stable systems by using graph topology which is the weakest topol-
ogy such that feedback stability is a robust property. The lumped approximation
will be introduced for distributed delay, since the lumped system is the rational
transfer functions which is easy to realize, implement and control. After that,
we will explain that the input-output approximation is not a good approximation
for distributed delay and that is the intrinsic problem when using Newton-Cotes
approximation. We move to another class of approximation, using a sub class of
distributed delay, easy to implement with stability. A general framework will be
proposed for this approximation of distributed delay in graph topology by kernel
approximation. Effective implementation and their construction are given. Prop-
erties of this approximation in time and frequency domains are also introduced.

Simulations will show the effectiveness of the method.

2.2.2.1 Graph topology

Let us consider the standard feedback systems shown in Figure 2.2, and suppose
the compensator C' € R™"*[s, e~*] stabilizes the plant P € R™*"[s,e”?], i.e., that
the closed-loop transfer matrix

(I+pPC)"t —P(I+CP)!

H(P,C) = (2.13)
C(I+pPC)"t  (I+CP)!

belongs to &/™*4 (The stabilization will be discussed in more details in Chapter 4).
Suppose that the plant uncertainty can be modelled by a family of plants Pa,
where the uncertainty parameter A assumes values in some topological space A.
Typically A represents some physical parameters of the plant, such as component
values, and the function A — P captures the manner in which this uncertainty

in the physical parameters is reflected in the plant description. Let Pa, be the
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FIGURE 2.2: Feedback System.

nominal plant description on which the compensator design is based. In this
section we will study the following question: When does there exist a robustly
stabilizing compensator for a given family Pa of plants? The answer involves
the introduction of an appropriate topology on the set R™*"(s,e™*) of possibly
unstable plants, called graph topology [40, Vidyasagar (1985)|. In terms of the
graph topology, the answer to the above question turns out to be exceedingly
simple and satisfactory: Robust stabilization is possible if and only if the function
A — P, is continuous in the graph topology at A = Aq. In other words, robust
stabilization is possible if and only if any variations in the parameter A from
its nominal value Aq affect the plant description in a continuous way, where the

continuity of Pa is judged in the context of the graph topology.

As the name implies, the graph topology has to do with the graph of a plant, and
we begin with this notion. Suppose P € R™*"(s,e~®). The graph of a plant P
is the set of bounded input-output pairs corresponding to P. More precisely, if
P e R™"(s,e™*), then

Gy (P) = {(u,y) € ™" : y = Pu} (2.14)

is the graph of P with respect to 7.

Lemma 2.4. Suppose P € R™"(s,e*®), and let (N, D) be any right coprime
factorization of P in o/ . Then

Gy(P)={(Dz,Nz):z€ o"} (2.15)
Proof. See the proof of Lemma 2 in [40, Vidyasagar (1985)] Section 7.2. O

This lemma shows that the graph of a plant P can be simply parametrized in

terms of any right-coprime factorization (N, D) of P over /.

Now we can define the graph topology. Suppose (N, D) is a right-coprime pair over
o/, and that |D| # 0. Then there exists a constant = u(N, D) such that (Ny, Dy)

Cette thése est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2013ISAL0100/these.pdf
© [H. Lu], [2013], INSA de Lyon, tous droits réservés



Chapter 2. Distributed delay: Properties, Realization and Approximation 25

is also a right-coprime pair and | Dy| # 0 whenever ||[(N; — N)T (D; — D)T]7|| <
w(N, D). Given a plant P € R(s,e™*)™*", a basic neighbourhood of P is defined
as following: Let (N, D) be any right-coprime factorization of P over <7, and let
¢ be any positive number less that p(N, D). Then the set

< 5} (2.16)

is a basic neighbourhood of P. Thus a basic neighbourhood of P merely consists

%(N,D,&T): PlleDl_li
D, —-D

M—N]

of all plants P; which have a right-coprime factorization (N1, D) that is "close" to
a right-coprime factorization of P over /. For P € &/™*" a basic neighborhood
of P will be also denoted by

B(P,c) = {Py€ /™" ||P = Pally <2} (2.17)

The topology on R"™*"(s,e™*) defined by the collection of sets of the form (2.16)
as basis is called the graph topology. Two plants P; and P, are "close" if they
have right-coprime factorizations (N, D1), (o, Ds) such that

[[(N: = N)* (D = DY,

is "small". In view of Lemma 2.4, this means that P, and P, are "close" if their

graphs are "close". For the graph topology, we have the following theorem.

Theorem 2.5 (Vidyasagar (1985)[40]). Suppose A — Px, A — Ca are functions
mapping on a first countable topological space A ' into R™*™(s,e™*), and suppose

that the pair (Pa,,Ca,) is stable.

e Suppose the functions A — Pa, A — Ca are continuous at A = g in the
graph topology. Then there exists a neighbourhood B(Pa,Ca,€) of Ao such
that (Pa, Ca) is stable for all A € B(Pa,Ca,¢), and in addition H(Pa,Ca)

is continuous at A = Ay in the norm topology on /™",

o Conversely, suppose there is a neighbourhood XB(Pa,Cna,€) of Ao such that
(Pa,Cn) is stable for all A € B(Pa,Ch,¢), and such that H(Pa,Ca) is
continuous at A = Ag in the norm topology on </™*™. Then the function

A — Pan, A — Ca are continuous at A = Aq in the graph topology.

LA first countable topological space is a topological space in which every point has a countable
number of open neighborhoods so that any neighborhood of this point contains one of these.
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Proof. See the proof of Theorem 38 in [40, Vidyasagar (1985)] Chapter 7 or |80,

Cantoni and Vinnicombe. I

From Theorem 2.5 we know that if there exist a neighbourhood #(Pa, Ca,¢) and a
family {Ca, A € B(Pa,Cha,e)} € R"™(s,e*) of compensator such that (Pa, Ca)
is stable for all A € Z(Pa,Ca,¢) and such that H(Px,Cx) in equation (2.13) is
continuous at A = Ay, then there exists a C' € R"*(s,e™*) and a neighbourhood
B(Pa,Ca,e) of Ay such that (Pa,C) is stable for all A € ZB(Pa,Ca,¢e) and
H(Pa,(C) is continuous at A = A,.

Example 2.1. Consider the plant P = ﬁ A stable compensator can be chosen
2

as C' = 2. The transfer function of the closed-loop system is H(s) = - Take

the plant with uncertainty € such that P. = —. The transfer function of the

closed-loop system will become H.(s) = ﬁ So the system will be stable if

le] < 1.

The preceding results show that the graph topology is of fundamental importance
in the study of robustness in feedback stability. More properties can be found
in [40, Vidyasagar (1985)] or [80, Cantoni and Vinnicombe].

2.2.2.2 Lumped approximation

Consider a distribution p with a coprime factorization (n, d) in o7, that is p = fwz_l,

and such that there exist x and y in o/ satisfying
nxxr+dxy =29, (2.18)
or in the Laplace domain
nt+dy=1, VseC, Res>0. (2.19)

A neighbourhood of p in the graph topology is the set of all plants of the form
nadx' where (na,da) belongs to some ball in o/ centered at (n,d). In [40,
Vidyasagar (1985)], it was shown that the graph topology is the weakest topology
in which feedback stability is a robust property. Graph topology being metrizable
and hence first-countable, for BIBO-stable systems, norm topology and graph

topology are the same. Let € be a given suitable small positive number. Hence we
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say that a distribution p. in & is an approximation of p in the graph topology if
the element p. is close to p, that is p. € B(p,¢e), or equivalently ||p — p.||» < e.
This property can be related to convergence in 7, but we need first to define
the class of operator that will approximate p in the graph topology. The most
commonly used class is the so-called class of lumped systems, which consists in

convolution operators whose kernels lie in the set 2, defined by
2= {g € : g(t) = 905(75) + ga(t)> Jo € C, Ja € ‘%/(HO,OO)} . (220)

From the work of Vidyasagar and Anderson in [21], we know that any plant p with
coprime factorization (n,d) over o can be approximated by a lumped plant in
the graph topology if and only if there exists a real constant matrix M of rank 1
such that

MSye =0, where S, = [ Z”“ ] , (2.21)
pa

where (-),, denotes the purely atomic part. From this we can deduce the following

result, that can be seen as a particular case of the above given condition (2.21).

Theorem 2.6. Any plant in Li(Ry) can be approximated by a lumped system in
the graph topology.

Proof. Let f be an element in L;(Ry). A coprime factorization of f over < is
n = fand d = ¢. Since n,, = 0, any real constant matrix M = [x 0], (x)
denoting an arbitrary real number, satisfies (2.21). Hence from |21, Vidyasagar
(1989)] Theorem 4.1, f can be approximated by a lumped system in the graph
topology. O

2.2.2.3 Input-output approximation

Any distributed delay with kernel f € (L, ,) is a convolution operator. Its

Li-induced norm is

[ £l = [1flLs- (2.22)

A natural metric is then obtained from the .27-norm, which in turn can be enclosed

in the graph topology.

Some approximation classes can be used to numerically realize a distributed delay.
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In the literature, appears a method based on a numerical integral approximation,
but such a method was shown to be at the core of various undesired results, like
instability or numerical sensitivity. Let us briefly make some considerations on
such approximations, introducing what we call input-output approximation, and

let us show why such approximations are not suitable for our problem.

For any distributed delay y(t) = (f *u)(t), we say that y.,, is an L is an input-
output approximation of y, if for some arbitrarily € > 0, ||y —Yapp||z, < € holds. For
instance, consider the L; input-output approximation based on integral approxi-
mation, like Newton-Cotes quadrature methods, which leads to an approximation

Yapp(t) of the form
q

Yapp (t) = Z e f (T )u(t — 1), (2.23)

k=0
where reals ¢, and 7, depend on the applied method [81, Ralston and Rabinowitz
(2001)], [13, Van Assche et al. (1999)]. Various problems arise with this kind of
approximation. First note that such an approximation is made for a given u(-).
Hence, if such an input changes, the properties of this approximation failed, in
general. Note also that, as mentioned by [15, Mirkin (2004)], the Laplace transform
of (2.23) yields an input-output approximation transfer function that is proper,
since it contains only pointwise delays. From (2.9) and (2.11), a distributed delay
having a strictly proper transfer function, this approximation has a poor accuracy
for hight frequencies, which will have as consequence a high sensitivity to hight
frequency plant uncertainties, in particular for the closed-loop systems. This fact
is illustrated in Figure 2.3, where a frequency diagram of 9,\(3) and an input-output
approximation is plotted, h(w) = 20 - log )é,\ ( jw)‘. This negative result is directly
interpretable in the graph topology by the following result.

Theorem 2.7. A distributed delay can not be approrimated in the graph topology

by a purely atomic distribution.

Proof. Consider an element in ¢ with kernel g. Then g € L;(RR,). Consider any

purely atomic distribution with pointwise delays of the form

p(t) = pid(t —t;) (2.24)

1>0
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Gain h(w)/db

w

FIGURE 2.3: Bode gain diagram of él(s) and its approximation based on integral
approximation (trapezoidal Newton-Cotes method with 30 nodes).

where > |p;| < 0o. Such a distribution corresponds to the kernel of the approxi-
i>0

mation using numerical integral approximation like in (2.23). Then

lg = pllor = llgllz, + D _lpil- (2.25)

i>0

Hence ||g — p|los > ||gllz,, and consequently p can not approximate g in the graph
topology. O
Let us take an example to illustrate this theorem clearly.

Example 2.2. Consider the plant

R e’
s) = )
b(s) = ——
Given the stabilizing compensator
2e
é(s) = ——
1o (G-’
1+2="=

the feedback system shown in figure 2.4 will be stable.
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FIGURE 2.4: Stabilizing control of Example 2.2

The control law is
t
u(t) = —2ly(t) — 26! / e Tu(r)dr + 2etr(t)
t—1

where y is the plant output, u is the control input, and r is a reference signal.
o= (s—1)
s+1

simulate the system, an unstable response appears. We consider implementation

The closed loop transfer function is H(s) = 2 , which is stable. But when we

by numerical integral approximation. Using the trapezoidal integration rule to

implement the distributed delay,

gi(t) = /:let_Tu(T)dT

~ % [%u(t) + ie2%u(t - 1%) + %eu(t —1)| = g2(t) (2.26)

where +(v € INV) is the discretization step.

From the Laplace transform of g1(t) and gs(t) we obtain

~ gl(s) 1— e_(s_l)
u(s) s—1

v—1

- 11 1 i—v i
(s) = g2(s) _ ot Lerems 13 5 t)
=1

2

this is the input-output approximation. As showing Figure 2.5, after using the
approximation of the distributed delay the closed-loop system is still unstable, no

matter how large v is.

The characteristic polynomial of the system is

q(s) = (s — 1)(1 + 2h(s)) + 2 e*
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FIGURE 2.5: The step response (step value is 1) of the closed-loop system
(v=>5,h =1) in Example 2.2.

and would rise to unstable closed-loop response.

It is clear that input-output approximation is not suitable for numerical imple-
mentation. This was illustrated in [13, Van Assche et al. (1999)], [17, Santos and
Mondié (2000)] or [14, Zhong (2003)]. Hence we focus our attention to the notion
of approximation defined in the graph topology. This approximation is equivalent
to realize an approximation of the kernel of the convolution, so we may also call it

kernel approximation, to discern it with respect to input-output approximation.

2.2.2.4 Kernel approximation

Distributed delays having strictly proper transfer functions, we are also interested
for approximation by the class of strictly proper lumped systems, denoted Z,, that
is by elements in J#;(Iy ). Such elements satisfy ordinary differential equations,
and are easily simulated. From [82, Kammler (1976)|, we know that the closure
of 2, is Li(R.), since every function in L;(R,) can be approximated by a sum

of exponentials.

Note that if the element f in 2, C Ly(R,) is strictly proper, then an approxima-
tion in the graph topology realized by a lumped system will be in fact in the set
2,. Theorem 2.6 can also be seen as a direct consequence of approximation results
in [82, Kammler (1976)] or [83, Pinkus (2005)], where it is shown that (I ) is
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dense in L;(Ry). Any convolution system whose kernel lies in L;(R.) can be ap-
proximated by a lumped system. Roughly speaking, since any distributed delay is
a strictly proper fraction and is BIBO-stable, we know that it can be approximated

in the graph topology by a strictly proper lumped system.

Corollary 2.8. Any distributed delay can be approximated by a lumped system in
the graph topology.

Proof. Obvious from Theorem 2.6. O

Now we analyze the kernel approximation of a distributed delay. Approximation
in the graph topology for an element f in .J#;(Ly, y,) requires to find, for some given
e > 0, an element f,,,, defined in general in o7, such that f,,, € ZA(f,¢). Element
f being in particular in L;(R.), adding purely atomic part in approximation can
not improve approximation, so we realize it over the Banach algebra L;(R.).

Indeed, if an approximation writes
Japp = Ja7° + fpa's (2.27)

where fiPP and f7PP stand for the atomic and purely atomic parts of f,pp,, respec-

tively, the following decomposition holds

If = fappller = 1 = o ller + 1 fpa" |- (2.28)

The purely atomic part of the approximation is in an independent sum, and can
then be reduced to zero to reduce the approximation error. We have seen that
an approximation can be obtained by lumped systems, with rational and stable
transfer functions. Since we want to obtain an approximation which is global with

respect to the time, we are interested in uniform convergent sequence of functions

in Ll(R+) to f

Definition 2.9 (kernel approximation). Consider a sequence f,, of functions which
uniformly converges to f, that is, for any € > 0, there exists n in IN such that for
any k > n, ||f — felle < e. So, for any k > n, fi is a kernel approximation of f
in the graph topology. O

We propose next a method to approximate an element in J#,(Ly, »,) by elements

in J#;(Ly, 9,). Since these last element are easily implementable, this will give us
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an effective approximation. We start by considering the case of an elementary
distributed delay.

Lemma 2.10. Any distributed delay with kernel 0,(-) in #,(Los) can be approx-
imated by distributed delays with kernels in J#(Loy) for the graph topology.

Proof. Let 0,(-) be the kernel of an elementary distributed delay, with Re A > 0.
Let p € C such that Re p = a < 0. We define the transform

Ox(s) = (as) 10y (—a'Ins), e <s< 1. (2.29)
The function O(-) is continuous over [e=?* 1], and we have
1©xllz, = [|0x]|r- (2.30)

By Miintz-Szasz Theorem [84, Cheney (1982)], we see that ©,(-) can be approxi-

mated with respect to Li-norm, as closed as desired, by a function of the form

Oxapp(s) = (QS)_lqu,app(S)a (2.31)

where W) o, is a polynomial in s. Since norms are preserved in (2.30), we see that
we can approximate 6, as closely as we please, using inverse transform of (2.30),

by a sum of exponentials of the form

YVxapp(t) = \I//\,app(e_at)a (2.32)

which is clearly an element in JZ;(1(0, 9)). O

In other words, an approximation of #, in &7 can be a function of the form

Unn(t) = Z YinBos (1) (2.33)

with o; € C, Re o; < 0 some arbitrarily complex numbers, and +; ,, some suitable
constants. The order of the approximation n describes the number of parallel
distributed elements to be added, to get the desired approximation accuracy. Such
an approximation does not increase the degree (in the sense of Definition 1.5) of
the elementary distributed, since it is a sum of distributed delays which are strictly

proper and have same degree than é,\(s). From the synthesis of an approximation
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for the elementary distributed delay, we show in the next two results that it allows

to construct an explicit approximation for any distributed delay.

Lemma 2.11. Let ¢, be an element in #(Loy) N AB(Or,€), for a given € > 0,
and k in N. Then 5, € H(Ioy) N B0}, %), where

—t) by n(t), te[0,9
ORI oo (234
0, elsewhere
Proof. Let € > 0, and take 1), an element in JZ;(Iy9) N AB(0,,¢), that is
¢An Z’%n a; (235)

with 7,, in C, and [|#y — ¥an.l|ls < €. By Laplace transform and kth order

differentiation, we get
= %% (s). (2.36)
i=1

In the time domain, this last identity corresponds to

%n Z%n ) Uan(t). (2.37)

Clearly ¢}, € #;(Io). Hence, it remains to show that ¢}, € (0%, 9"¢). But
Uyn € B(0y,¢), so we have

05— vl = [ 10t 00 - vl
N0 — ol < Ve (2.38)

IN

which completes the proof. O

For any distributed delay, we have the following general result.

Theorem 2.12. Let g € 4 be an arbitrary distributed delay, of the form

a(s) = qule )0 (s), (2.39)

ik
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and let ¢; be given positive real numbers. For any elements 1y, ,, in Hs(Loy) N
B(0,,,€:), we define
Gapp (5 Z Gin(e7) (9). (2.40)

Then gapyp lies in H5(Lo9)NHB(g, €), where é = M-maxe; for some positive constant
M

Proof. Let g be the kernel of a distributed delay. According to (2.9), we decompose
it as a linear combination of elementary distributed delays and their successive

derivatives. From the definition of g,p,, which is clearly in ¢, we have

19— Gappllr =

) (0 (s) - Wn<s>)
%:“gi,k(e

k)
169 (5) = 0 (s H (2.41)

Since, for any i, ), , are in #(0,,,¢;), using Lemma 2.11, we get

o= gunllor < D0 (™) || (5) = dacnls)]
i,k

< Zﬁkéi | Gir(e™")|| ;- (2.42)

Denote the positive bounded constant M = Y~ 9% || gir(e™*) || ;- Hence
ik

19 = Gapplly < €=M - max &, (2.43)
That is gapp lies in A(g, €). O

By suitable choices for ¢;, the upper bound & can be reduced arbitrarily, so that
we can find g,pp, as close az we please of g. Note that we particularize the proofs
of previous results with approximations with kernels in J#;(I ), but they can
be trivially extended to others approximations over /. Previous results state
that from the approximation of the elementary distributed delays, we can realize
a kernel approximation in the graph topology for any distributed delay in ¥.
Previous results state that, for any f € # (Iy, y,) and € > 0, there exists an
element fop, € H#5(Ly, 9,) such that

1f = fappllr < e (2.44)
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Said differently, we have the following corollary.

Corollary 2.13. The set #;(Ly, 9,) is dense in # (Ly, 9,) for the graph topology.
Proof. Obvious from Lemma 2.3 and Theorem 2.12. O

In the proof of Lemma 2.10, convergence of polynomial approximation is uniform,
so we get here a uniform convergence of this approximation. The assumption that
kernel of distributed delay lie in . (L, 4,) is not restrictive. Indeed, if this is not
the case, any continuous function g in [1, 5] can be approximated with respect
to Li-norm as close as we please by a function in J# (I, ,). Previous results ad-
dressed the approximation of distributed delays using kernels in #;(Ly, 4,), which
is based on uniform convergence of polynomials to any continuous function over
Iy, 9,- Other approximation can be proposed. Indeed, any elements f in 2 (Ly, ,)
can also be uniformly approximated by stepwise continuous functions in L; (I ).
This can be seen as a particular case of the previous approximation. For this,

consider

Oxapp(t) = Z Vi (t =), (2.45)

where t; = 2 and t(-) is a function in #;(Iyy). Then

o0

IV
163 — r el = / 163 (8) — B app ()] dE + / Brap (1))

nol o o(kt1)2 k
— 2:/19 Ox(t) — Z%lb(t —t;)
k=0 kyn

=0

dt + / 10x.app (£)] L. (2.46)
%

From Lemma 2.10, we see that approximation (2.45) uniformly converges to 6,(-)
in the graph topology by a suitable choice of coefficients ;. Taking ¢(t) = e~ **h(t),
where @ > 0 and h(-) stands for the Heaviside function, we obtain as a particular
case the result obtained in [15, Mirkin (2004)], and separately in [18, Mondié and
Michiels (2003)], where a low pass filter is added in the integral approximation
with lumped delays distributions. Indeed, Laplace transform of (2.45) is of the

required form

. 1 & g
9A,app(3) = s+a Z%e tl; (2.47)
i=0

for a > 0. Coefficients 7; can be obtained for instance from some numerical integral
approximation, to guarantee approximation over .27, or equivalently over L; (I ).

Note that approximation for the discrete-time case presents no difficulty, since it
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is easy to show that, by taking a sufficiently small sampling period, a BIBO-stable
discrete-time realization of a distributed delay comes down to define a kernel like

a finite sum of lumped delayed distributions.

2.2.2.5 Constructive implementation

We particularize in this section a proposal of approximation, and we analyze the
main properties of the error in the time and frequency domains. These properties
will be still valid for any other approximation in the graph topology over ..
We propose here an effective and constructive approximation using elements in

H (]Lgmgg) We start this proposal by the particular case of 6y(-). We denote
Cﬁ kl(n k) ¢0(5) - 90(—Oé_111'l£), for 5 S (07 1]7 and ¢0(0> =

Lemma 2.14. Consider the sequence 6y, (-) in #5(loy) described by

n

k
Oon(t) = Z Chabo <ﬁ) M1 =)t ey (2.48)

k=0

and 0 elsewhere. Then 0y,(-) in a kernel approzimation of 6y(-) in the o -norm.

Proof. Define
¢0(Q> = (90(—Oé_1111@), 0 € (07 1]7 (249)

and 10(0) = 0. The function 1y(-) has a bounded step discontinuity for ¢ = e=7.

—*¥ is irrational, there exists k in 0,1, ...,n — 1 such that £ < 7@ < *£L,

Since e

Yo(p)?}

Yo.c(p)

.

Sk
|
o—>
53

FIGURE 2.6: Continuous function 1. o(p)
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We take 1 .(-) any continuous function over [0, 1] satisfying

Yo.c(0) =tholo), o€ {0, g] U [k - 1, 1] , (2.50)

n

that will remove this discontinuity and will be close as desired to () for the

Ly(Ip1)-norm (see Figure 2.6.). In particular ¢y .(-) will satisfy

Yo,c (E) = 1y <E) , k=0,1,...,n. (2.51)
n n

We now approximate as closed as we please the function . (or equivalently 1)

by Bernstein polynomials
- k k k n—k
Yoapp(0) = Y Chto (5) (1 — o) ", (2.52)
k=0

By the inverse transform of (2.49), we obtain

001 (t) = o.app(e”™), (2.53)

which is in J# (L) since ¢o(0) = 0. Furthermore, from Lemma 2.10, we know

that 6, (-) converges uniformly, by construction, to (). O

The Figure 2.7 shows an example of approximation for y(-). Previous lemma
gives an approximation of 0y in % (6y, €,), where positive upper bound &, can be
reduced arbitrarily when n increases. This algorithm can be easily generalized
to approximations in % (I ) or of the form (2.45), by modifying the domain of
definition for (2.49). For the more general case of 6,(-), we propose the following

constructive solution.

Lemma 2.15. The sequence of functions defined over H#s(Iyy) by

1 - L k’ _ _ k _ n—=k
- - 2 : o v at i 1 — at 254
fort € Iy, with

Dr(p) =0y (o 'In (1 —e ) +e")), pelo,1], (2.55)

is a kernel approzimation of 05(-).
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FIGURE 2.7: The continuous line is the kernel 6y(t) (o = 1, ¥ = 1), the dash line
is the approximation of y with n = 5. The dashdot line is the approximation
with n = 10.

Proof. From Lemma 2.10, define
D, =0\ (—aIn((1—e*)u+e*)) (2.56)

with g € [0, 1]. Polynomial approximation @) ,,,(-) can be obtained from Bern-

stein polynomials, that is

Brameli) = 3 8 (2 ) (1 = i (2.57)

The inverse transformation for @, ., yields

1 k k —« —av\k —at\n—k
9)\7n(t) = m ZCHCD)\ (g) (e b (§ ) (1 — e t) (258)
which uniformly converges to 0, (-). O

This approximation writes like a sum of elements in J#;(Iyy) and 6y(-). With
Lemma 2.15 and approximation of y(-), such an approximation is defined over
Hs(Lo,g), and writes like in (2.33). The structure can be described in Figure 2.8.

Some basic considerations can be made on the order of this approximation. We
know from [85, Achieser (1956)] or [84, Cheney (1982)] that, given € > 0, there
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e—z’a > 6—ias éz(s)

FI1GURE 2.8: Structure of the approximation distributed delay, ~v; € R.

exists n such that for any puy, po € [0, 1], |1 — p2] < nimplies | Py (1) — Pr(ue2)] <

55, and that
e el
) — Py < — 4 = 2.59
A A
There exists 3 a positive bounded real number, such that )uf —ps | < Blp — pal,
with for instance 5 > %. This in turn implies that
€ 2w
n< —e . (2.60)

298

Taking the maximal admissible value for 7, we finally obtain that the approxima-

tion order n satisfies

W

n >
53

(2.61)

From this simple consideration coming from the use of Bernstein polynomials, we
obtain, to guarantee a norm upper bound for the error, a condition on the order of
the approximation. This condition is however quite conservative, and in practice,

the order can be chosen iteratively, as illustrated in Figure 2.9 and Figure 2.10.

2.2.2.6 Properties in time and frequency domains

Let fapp be a kernel approximation in A(f, ¢), for agiven e > 0 and f € 2 (Ly, ,)-
The corresponding output is Yapp = (fapp * ©)(t). From (1.4), for any 1 < p < oo
and u € L,(R4),

||y_yapp||Lp < 5”““1:,7‘ (2.62)
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FIGURE 2.9: Kernel approximations 61 ,pp(t) using exponentials in the time
domain of the kernel 6;(¢) (continuous line), for orders n = 5 (dashed) and
n = 10 (dot-dashed).
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FIGURE 2.10: Representation of the norm error |6y — 61 || with respect to
the order n of the approximation, for & = 1 (star) and o = 1/5 (circle).
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In other words, the output error e(t) = y(t) — yapp(t) can be made arbitrarily small
for the L,-norm by asuitable choice of the arbitrary bound €. such a property
includes the case of persistent input in L;(R). The o/-norm is an upper bound
of all induced L,-norms. For the particular case p = 2, we have the following

result.

Theorem 2.16. Let f € ¢ be a given distribution, and f.,, an approximation in
B(f,e), for some small e > 0. Then

f=Fan|, = sup|Fie) = funmli)] <=, (2.63)
oo weR
and for all w in R,
arg(f(ju)) — ang( fupp ()| < . (2.64)

Proof. Since fu,, € #(f,€), we have

sup
Re s>0

F(5) = Fapn(5)] = sup | f(je0) = fuppliv)| < & (2.65)

weR

To show that approximation holds also for the phase angle, remark that (2.65)
implies that Re(fupp(jw)) and Im(fay,(jw)) pointwise converge to Re(f(jw)) and

Im(f(jw)), respectively. Hence for any w such that Re(f(jw)) # 0, arctan(lpingappi)
. e(Japp
pointwise converges to arctan(%). O

This frequency property is illustrated in Figure 2.11, where an approximation
with order n = 5 in #4(Io,) of 6;(jw) is plotted (where h(w) = 20 - log él(jw)’,

The approximation of distributed delay in the graph

Il )
Re(01(jw))”
topology over .7 yields an approximation in both time and frequency domains.

¢(w) = arctan

This is a strong property, that turns to be central in control problems.

2.2.3 Some solutions of the approximation problem

In this section we will introduce three methods to approximate the elementary dis-
tributed delay which appear in the literature. From Lemma 2.3, we focus on the
analysis of the elementary distributed delay. The first and second methods which
will be introduced were proposed by Mirkin [15, Mirkin (2004)] and [20, Zhong

(2004)| respectively. Both two methods are based on Newton-Cotes approximation
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FIGURE 2.11: Bode diagram of él(jw) and its kernel approximation HALapp(jw),
with order n = 5.

(Trapezoidal rule). Mirkin adds a low-pass filter to change the degree of the ap-
proximation and Zhong uses Newton-Cotes approximation and Taylor truncation.
The third method was proposed in [16, Partington and Makila (2005)]. The author
considers the shift-based methods for rational approximation. In other words, the
author approximate the delay e™* by padé approximation. We will show that the
first and second methods are Li-approximation. In third approximation the error

bounded in the H,,- norm.

2.2.3.1 Methods with additional dynamics

In this subsection, the method which we will introduce for distributed delay ap-
proximation was proposed in [15, Mirkin (2004)] and [18, Mondié¢ and Michiels
(2003)] [13, Van Assche (1999)], etc. The authors analysis the instability problem
by using the Newton-Cotes approximation (Trapezoidal rule) in the closed-loop
stability control. They found that this approximation has a high sensitive in high
frequency domains for distributed delay. To overcome this problem they propose
to add a stable low-pass filter in the global closed-loop system. Here we introduce
this method and directly add the low-pass filter in the distributed delay approxi-

mation. This approximation also lead to the same degree of the distributed delay

(strictly proper).
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Let us recall the elementary distributed delay and Newton-Cotes approximation
(Trapezoidal rule). The elementary distributed delay convolution operator is of

the form s
na(t) = 05 (1) % u(t) = /0 Tt — 7)dr. (2.66)

Its Newton-Cotes approximation (Trapezoidal rule) is

n 2 n

77)\(t) ~ ﬁ <u(t) + eAﬂu(t - 79) + TLZ—: e(k%))\u(t _ k‘ﬁ)> (267)

where a,b € R. Now we can see the following lemma.

Lemma 2.17. Let

n—1
L _ Y Y 9 _ —is z— —zﬁs
£n(s)—s+72n <1+e e +2§ e ),

=1

where v € Ry. The element &,(+) is an Ly-approximation of 0(-).

Proof. In time-domain, since the Newton-Cotes approximation is an input-output
approximation, by using the equation (2.23) we can represent the low-pass filter

approximation by

)= B Lt — 1), (2.68)
=0

where t; = %, [; are the coefficients that depend on the approximation approach,

and 1(-) is the unit Heaviside function. The L;-norm of the error is
9 e
10x(2) = & ()]l ., :/0 \9A(75)—&L(ff)\d?“r/l9 [€n(t)]
L rk+1)2 k )
— o v(t—t — ¢t
;/ o) = 32 A1)

It is obvious that the first term on the right hand side of (2.69) is bounded, and

[ ear - Zﬂz N

dt + /,9 Tl mldt (2,69

since
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80 [|0x(t) = &a(?)|l,, is bounded. This approximation lies in L;. When v — o0,
[ 1€a(t)] dt goes to 0. Furthermore, there always exists v € Ry such that

9
/0 0 (1) — £0(0)|

= )t pen’
IA+Y) _ 1 9N _
€ (§
— - 2.70
R o 3 (2.70)

which converges to 0 when v — 0. We conclude that &,(-) is an Li-approximation
of 9)\() ]

2.2.3.2 Method by improved Newton-Cotes approximation

Another method was proposed in [20, Zhong (2004)]. The idea of the approxi-
mation is similar to Newton-Cotes approximation. It needs two steps to do this
approximation. The first step, the author divides the interval [0,4)] into small
subintervals, and approximate the function #,(:) in each subinterval by a con-
stant. Combined with the Taylor expansion, we will get the approximation (see
the Lemma 2.18). After the first approximation, it still has a distributed delay
0o(+) in the approximation. In the second step, the author considers using the
truncation of Taylor expansion to approximate 6y(-) (see the Lemma 2.19). Now

we see the first Lemma.

Lemma 2.18 (Zhong (2004) [20]). Let

1 e_sﬁ n—1
N — n P (s—
1=0

The elements &y, (+) define from an Ly-approzimation of 05(-).

Proof. Let us consider (2.66), and divide the interval [0,4)] into n subintervals

[%, (Hnl)ﬂ, i=0,1,...,n — 1. The output n,(t) in (2.66) can be rewritten as

n-l @i+1)2
NOEDS / a7 (2.71)
i=0 Y'n
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When n is chosen to be large enough, e’ can be approximated by a constant oA
in [i2,(i+ 1)2]. This yields

n—1

ma(t) & ma(t) = 3

9
n Y
/ u (t —i— — 7) dr. (2.72)
i=0 0 n

Denote the causal truncated Heaviside function by

1, h<t<h+?2
(t—h)z{o’ T

3le

1

3l®

elsewhere

The inverse Laplace transform of &, ,,(s) is
i) v
En(t) =) e ot —i-), (2.73)

for t € [0,9]. Since &, ,(t) is a function with finite time support and pointwise

continuous by step, £y ,(t) € L. The error ey,, = 0x(t) — & n(t) lies in Ly and its

norm
n-l a(i+1)2 \
JR— t — ] p—
He)\,nHLl = iz:;/iﬁ e 1)\Il dt
n—1 M—l
ir? en v
= Y et - = 2.74
I (274
1—eM [eW 1 9
N 1—ew Ao
which converges to zero when n — oo. O

Sn

Since in Lemma 2.18, 2= is still infeasible for stable implementation, the author

consider to approximate it using a zero order truncated Taylor expansion, like in

[20, Zhong (2004)].

E]

Sle

and

Lemma 2.19 (Zhong (2004) [20]). Let fy(s) = =<

s

9
~ — e nlste) v
1—e n€

50(8) N ste 1 —6_6%

The element &y(-) is an Li-approzimation of Oy(-).
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Proof. From the Taylor expansion of 6y(s), we have

l—e ® 1—e ®6+) 1 e wite) s+ g)ew(ste)

S s+e¢ s+e¢

for € > 0. Take the first term of this equation we can obtain

1—e ~  1—e nito)

S s+e¢

Considering a static gain condition, we obtain

h 9
. l—e ™ 1—enbt)  Ze

90(8)

~

S s+¢ 1_e_5%'

Since éo(s) € &, the approximation error ey = & — 0y € L1, and

: : % gg —et
lim |leoll,, = lim l——L—edt=0
n—+00 1 n—+oo fq 1—e¢tn
So &o(+) is an Ly-approximation of y(+). O

Using these two preliminary results, we obtain the following approximation scheme.

Lemma 2.20. Let

o d—etemebog | El
(s) = )\—l e—z;(s—)\)
6 ( ) 1 — ee7%8 241 7,2—;

The element &,(+) is an Li-approzimation of 0,(-).

Proof. Comes directly from Lemma 2.18 and Lemma 2.19. 0

2.2.3.3 Method by rational approximation

The third method was proposed by [16, Partington and Makild (2005)] in which
a detailed analysis of a class of shift operator based methods for rational approx-
imation of certain distributed delay controllers has been presented. The idea of
this method from Maékild and Partington (1999a,b) [86, Mékila and Partington
(1999a)| [Makild and Partington (1999b)|[87], which takes as their starting point
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the well-known padé approximation
(2.75)

—Z ~
~

(72)
1+£)

Theorem 2.21 (Partington and Makild (2005)[16]). Let p(z) =1+ 3, and z € C

with z > —\J. Then for n > A\, we have
(1 —e™?)

'19(1 —tls) _ < 209 x 3¥n73
S — Y

S

where u,(s) = (p;(_j))) . Then

L—up((s=A)W) 1- e~ (=Y
s— A 55— A

I—uy((s —A)J) 1 —e (=N
w((s=N) _1-e -
S — )\ S€C+

H s—A Heo
< 20 x Mn 3,

Iunl(s=A)Y) g strictly proper, and the poles are at the points
is stable for n > %. The authors also consider by

The approximation pay
§=\— %”. Thus w

taking p(z) = 1+ 3 + %5 instead of p(z) = 1 + 5 which can obtain the similar
results. The detail please refer[16, Partington and Makila (2005)].

The simulation of the approximation of distributed delay using the four methods

and we choose stabilizing com-

—s

which are proposed in this chapter can be saw in the following example.

Example 2.3. Consider the plant p(s) = %=,

pensator of the following form

1—e=(s—1)

+ (1 - 6_28) ) s—1

~ —s 1
N Ne € )
C(S) = = = I—e—G-1)
d, 1— 1= " .3
s—1

A time realization of this compensator is
1 1 1
)+ zylt)+rit—1)+yt—1)+ / e'r(t —7)dr — / e"y(t — 7)dr
0 0

u(t) = 5"
1 1 1
+ / ey(t—7—1)dr — / er(t—r—2)dr + / eyt — 1 —2)dr.
0 0 0

And the closed-loop system transform function from r to v is

—S(A—S 1 —s —2s 1—e=(s—1)

e e —3)te (1l —e)
1-— %e—s

H(s) =
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It is obvious that H(s) is stable. Now we use the four methods which we introduced
in this chapter to implement the distributed delay in the compensator, and use the
same approximation degree n = 2. Give the step input in the system, the output

response can be saw in Figure 2.12.

output (y)

15

time (s)

FIGURE 2.12: The step response (step value is 1) of the closed-loop system,

Improved Newton-Cotes approximation (dot-dashed, ¢ = 1), Low-pass filter

approximation (dashed, v = 5) and Stable finite exponential approximation
(continuous), rational approximation (dot) (Example 2.3).

2.3 Conclusion

In this chapter, we give the general definition of distributed delays. We intro-
duced the properties of the distributed delays. The lumped approximation for
distributed delay was introduced. We compare the input-output approximation
and kernel approximation. A new construction of approximation of distributed de-
lay was proposed. Analysis of this approximation in time-domain and frequency
domain are given. These are the contributions of this chapter. We also introduce
some approximation methods in the literature and convergence properties were

analyzed.
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Chapter 3

Inversion and Model Matching

In this chapter, we will introduce a new class of stable inversion for any finite
dimensional linear time-invariant systems. A further introduction of the model
matching will be given for such systems. Here the stable inversion (or model
matching) is a kind of approximation inversion (or matching). Actually we obtain
the exact inversion ( or model matching) after a time ¢ = ¢, where ¥ € R can be
chosen arbitrarily. The precompensators which are introduced in this chapter are

always proper and causal (in the sense of Definition 1.7 (in Chapter 1)).

In control theory, inversion of dynamics is perhaps one of the most common idea
to design and synthesize controllers. Inversion principles can be found in feed-
forward control, trajectory planning, sizing of dynamical systems, decoupling, or
disturbance rejection. For a given plant 7T'(s), the basic inversion problem aims
at finding R(s) such that T'(s)R(s) = I. For SISO (Signal Input- Signal Output)
system inversion, the stability problem appears for nonminimum phase or strictly

proper systems. For instance the plant

s—1
s+1

T(s)=

does not have a stable inverse, since the unstable zero sy = 41 yields an unstable
inverse R(s). For MIMO (Multivariable Input- Multivariable Output) system
inversion, a similar problems occurs, if some entries of the transfer function matrix
are nonminimum phase or strictly proper. So we are interested in finding a stable
inverse R(s) such that T'(s)R(s) = I.

From the earliest work of Silverman [23, Silverman (1969)], various extensions
were proposed to address this stability problem. Among others, we can cite [24,

o1
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Garcia et al. (1995)] where the stability problem on partial model matching was
addressed or [25, Devasia et al. (1996)] where stable non-causal feed-forward was
studied for nonlinear systems. Based on this last paper, some extensions for the
considered stability were also proposed in [26, Hunt et al. (1996)|. It was more
recently pointed out the equivalence of such noncausal solution with the two-side
Laplace transform for linear systems in [27, Sogo (2010)]. Other attempts were
done for 2D systems in [28, Loiseau and Brethé (1997)], in [29, Di loreto (2006)]
for model matching of time-delay systems, or in [30, Goodwin et al. (2000)] using
high gain feedback.

In this chapter we address a BIBO-stable inversion for a linear systems. The

inverse R(s) we define is not an exact inverse, but satisfies an identity of the form
E(s)=1-T(s)R(s) (3.1)

where the inverse error has a finite time support. This inverse ensures an exact
inversion after a finite time. Such an inverse is causal and proper, in the sense
that we can realize it using elementary operations, namely integration, addition,
scalar multiplication and delay. The solution for this approximated inversion al-
ways exists, giving us a generic solution to many control problems. Constructive
methods for the computation of such a solution are described, and some examples
with numerical simulations will illustrate the results. The key tools for stable in-
version are distributed delays. Since the algorithm of finding the stable inversion
precompensator are different between SISO systems and MIMO systems, we will

introduce these as two parts separately in this chapter.

Based on the technique of stable inversion, we extend this procedure to the model
matching problem. For a given plant T'(s) and a given model T},(s) we want to

find a precompensator R(s) such that
T(s)R(s) = Ti(s). (3.2)

In control theory, model matching is commonly used in many control applications,
such as stable inversion, disturbance rejection, the design of desired closed-loop
dynamics, tracking, and sensitivity minimization for linear systems ( [88, Morse
(1973)], [89, Wang et al. (1972)], [90, Kucera (1991)], [91, Sebek (1983)], [28,
Loiseau et al. (1997)], [92, Picard et al. (1998)]).

Like the stable inversion, an exact matching is often difficult to achieve. In this
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chapter, advanced investigation has been made to the problem of finite time model
matching for SISO and MIMO linear time invariant systems. Roughly speaking,
we wish to make vanish the impulse response of the matching error in a finite
time which is parameter of precompensator. The interest to obtain a matching
error with finite support comes from L;-optimization [93, Dahleh et al. (1986)],
for which the optimal solution is a finite impulse response, from the regulation
problem in systems with delayed inputs [94, Di Loreto et al. (2008)], or from
real-time matching specifications, where the matching trajectory is specified over

some finite time interval.

3.1 Inversion of linear systems

3.1.1 Preliminaries

Before we introduce the stable inversion, let us see some preliminaries.

Definition 3.1 (Unimodular matrix). A square polynomial matrix U(s) €

R™"[s] is called unimodular if
det U(s) #0 for all se€C

O

A rational polynomial N(s) € R[s| can be decomposed into a product of irreducible

factors. In particular N(s) can be decomposed in a unique way by
N(s) = Ng(s)Ny(s) (3.3)

where Ni(s) is stable and monic, while no nontrivial factor of N,(s) is stable.
Similarly, every nonzero matrix H(s) € R™*"[s] can be decomposed into a product
of irreducible factors. Using canonical Smith form, any matrix H(s) € R™*"[s]

can be decomposed into

H{(s) = P(s)A(s)Q(s), (3-4)

where P(s) € R™*™[s] and Q(s) € R"*"[s] are unimodular elements (a polynomial

matrix Q(s) is unimodular if and only if its inverse @Q~!(s) is also polynomial),
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and

O O

L -4 mXn

Ai € R]s] are unique. We say that \; has a stable (resp. unstable) zero sy,
if A\i(so) = 0 with Re(sg) < 0 (resp. Re(sp) > 0 ). This matrix A(s) can be
decomposed into

A(s) = Au(s)As(s), (3.5)

where A, € R™[s] has only unstable zeros, and Ay (s) € R™*"[s] has stable

zeros. This decomposition is of course non unique. For instance,

s—Ds+1) 0]  [s-10][(s+1) 0]
0 o] | o of] o 1]

o fs-n o[+ 0]

Lo o]l o 2

Suppose M € RP*9[s], and normal rank M = r. There exist square unimodular
matrices L and R such that

A1

LMR = h ,

0

where \; € R[s| are monic, and ); is divided by A;;;. Hence L is p X p and R
is ¢ X ¢, so that zero block in the bottom right corner of the matrix LMR is
(p—r)x(g—r1)

The ); are called the invariant polynomials of M. They are uniquely defined by

M, in particular
A,

Ay

)\i:

where Ay = 1 and A; is monic GCD (greatest common divisor) of ¢ X ¢ minors.
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3.1.2 Stable inversion problem

To address stable inversion, we need first to recall the stability we consider, namely
stability in the sense of Bounded Input-Bounded Output, defined in Definition
1.2. For linear systems, and more generally for proper fraction, BIBO-stability
is equivalent to require that all the poles of the plant are in the open left-half
complex plane. Hence it corresponds to the stability notion introduced for quasi-

polynomials in Chapter 1.

Exact stable inversion can be stated as follows. Let T'(s) be a transfer function
of a given linear plant. Such a plant admits a coprine factorization over R[s|, say
(N, D), such that

T(s) = N(s)D™'(s), (3.6)

and that verify a Bézout type identity, that is there exist X (s), Y(s) over R[s]
such that X (s)N(s) + Y (s)D(s) = I. Exact stable inversion is a control problem
which aims at finding a plant R(s), which is stable such that

T(s)R(s) = I. (3.7)

This problem is illustrated in Figure 3.1. In other words, if g(s) = T'(s)u(s),

v U Yy
—_—> R > T —>

FIGURE 3.1: Exact stable inversion

this problem is equivalent to find a stable precompensator R(s) such that 4(s) =
R(s)v(s), where v corresponds, if a stable solution exists, to y. From Definition
1.2, stability means that for any bounded function y(¢), ¢ > 0, the output function
u(t) is also bounded. Actually, in this chapter, we want to find a proper solution.
In other words, we want to find a precompensator R(s) such that the exact stable

inversion can be obtained after an arbitrary finite time.

Let us state the analysis of exact stable inversion SISO case. The main constraint
for the existence of a solution comes from the stability condition. Such a constraint
is synthesized in the following obvious result, noting that any element in .o is in

fact proper in the sense of Definition 1.7.
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Theorem 3.2 (|28] Loiseau and Brethé (1997)). There exists a solution to the

exact stable inversion if and only if T'(s) has no unstable zeros, and

deg N(s) = deg,D(s). (3.8)
For instance, the plants
s—1 1
s+17 s—1

have no solution to the exact stable inversion problem, since for the first one there
is an unstable zero, while for the second the inverse is not proper. From Theorem
3.2, it appears that exact stable inversion is too restrictive. For MIMO systems the
problem is similar in some plants although the condition for exact stable inversion

is not too restrictive. For example the plant

T(S>:[ 1 8—2]’

s—3 s+3

has an exact stable inversion proper and causal

R(s) = [ 1_] 7

where R(s) is not unique. But the plant

@
|
-
@
- i
N

|

has not proper inverse, since R(s) = T~ !(s) is not proper. Among possible ex-

W~

s—3  s—

tensions, we may define an approximation of the inverse. The key idea is to
find a solution such that, in the time-domain, after a finite time, this approxi-
mated inversion coincides with the exact inverse. This approximation needs to
be characterized by a stable and proper pre-compensator. Unstable dynamics are
constrained to lie only in this finite time interval, the other dynamics being stable.
This will give us a BIBO-sable solution. In other words, exact stable inverse is
obtained after a finite time interval. This problem, called hereafter the finite time
stable inversion, is defined and solved in subsection 3.1.4. Before this, let us recall

some other solutions for inversion, using non proper or non causal precompensator.
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3.1.3 Some solutions in literature

The first solution was proposed in [25, Decasia et al. (1996)], using non causal
precompensator. A link about the existence of such a solution and algebraic tools,
issued from the use of the two-sided Laplace transform, was proposed in |27, Sogo

(2010)|. Here we report the main results.

Let us consider a non-minimum phase system

coS" 4+ -+ 1St o

G(s) = 3.9
(s) St St aps tan (39)
with the state-space representation
t = Ax+ Bu
. (3.10)
y = Cx

We assume that the plant G(s) is stable. Then the inversion of the transfer function

(3.9) is
I s"tas" 4 tapsta,
G(s) CoS™ + -+ Cp_15 + Cpm,
m—n = on—m—1 . = ot m—1 .. F
_ S + a;s + ot Apem n An—m+18 +- 1+ Cl) (3.11)

Co cos"+ -t om

which has the state-space representation
£ =9+ Ay (3.12)
u=T&+ An (3.13)

with state & = (Zp_pmy1,- -+, 2,)7 and input n = (y™™, .- y® )T where

y®) = % and A = | é ‘Z—é oo Gnom ] (¢ A T) are the matrices of the con-

o
trollable canonical form of the last term of (3.11). If G(s) is a non-minimum phase

system, ¢ has eigenvalues in the right half plane and the solution of the initial value
problem of (3.12) is unbounded. This implies that the input to achieve perfect
tracking to an output trajectory g4 is unbounded in the causal framework. How-
ever, if the constraint of causality is not imposed on (3.12), there exists a bounded
input to achieve perfect tracking for a class of output trajectories. Let us see the

following proposition.
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Proposition 3.3 (Devasia et al., (1996)[25], Hunt et al.,(1996)[26]). Assume that
y((;) € LiNLy(i=0,1,---,n—m) and that G(s) has no zero on the imaginary
azis. Then, there exist bounded x4(t) and uy(t) such that

id = Al’d + Bud (314)

and
ug(t) =0, 4 —0 as t— too. (3.16)
0]

Under the boundary condition (3.16), one can obtain the z4(t) and u4 in Propo-
sition 3.3 by solving the differential equation (3.12). The solution is equivalent
to the one that can be obtained by a change of state coordinates in (3.12) and
a convolution calculation as follows [25, Devasia er al. (1996)];Take the state
coordinates L& = £ such that

_ b_ 0

¢=L 1oL = [ ¢ _ ] (3.17)
0 &

where the eigenvalues of ¢_ and ¢, are in the left and right half planes, respec-

tively. Then the solution is given by

+oo

zq(t) = ot — ALy () - yO(r) y(r) [, (3.18)

— 00
where

0 —1(—t)e?+! (3.19)

In [27, Sogo (2010)], the author shows that the inverse transfer function (3.11)
in itself actually represents the stable inversion defined in Proposition 3.3 if we
consider the transfer function as being defined by the two-sided Laplace transform
function [95, Van der pol and Bremmer (1987)] [96, Papoulis (1962)]. For a func-
tion ¢(t) defined on the infinite time horizon, the two-side Laplace transform is
defined as

Llg(0)() = GGs) = [ " ety (t)de (3.20)

oo
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where the region of convergence is characterized by the existence of 7,7, in R

such that {s;71 < Re(s) < 72}. And the inversion transform can be expressed as

27660 = o= 5 [ T et (s)ds

N % +joo
ZR@(Pn)<Ot RGS(GStG($)7pn) t 2 0
ZRe(pn)>a Res(_QStG(S)apm) t < O 7

where Res(H (s),p) denotes the residue of H(s) at p and {p,}, {pm} are the sets
of poles of G(s) that are in the left and right half planes of the vertical line s = «
(o € (71,72)), respectively. The following Theorem and Corollary will give the

solution of the inversion problem.

Theorem 3.4 (Sogo (2010)[27]). Assume that yl(;) €L1NLy(i=0,---,n—m)
and G(s) has no zero on the imaginary azis. Functions ug and x4 satisfying (3.14)-
(3.15) can be defined by

ua(t) = z—l[ﬁ Y (s)] (3.21)
1q(t) = L7 (sl — A) T BUy(s)], (3.22)

where Yy(s) = ZL[ya)(-) and Uy(s) = Luq(-).
Corollary 3.5 (Sogo (2010)[27]). Assume the same conditions on yl(;) and G(s)
as for Theorem 3.4. Let the last term in (3.11) be expressed as

C_Ln—m—i-lsm_l + o tap
cos™ + 5™y,

= E(S) ’ Fr(8>7 (323)

where Fy(s) and F,.(s) are proper transfer functions that have all poles in the left
and right half planes, respectively, and let fi(t) and f.(t) be the bounded func-
tions that are transformed into Fy(s) and F,.(—s) by the standard one-sided Laplace
transform, respectively, i.e. Fy(s) = 0+O° e s fi(t)dt and F,(—s) = 0+O° e st f.(t)dt.
Then the bounded uq(t) defined by (3.21) can be expressed as

yg ") +ayg ") 4+ Gnemyalt)

ud(t) = CO
+ /_ filt = v(r)dr
(3.24)
§
o)) = [ 50— =)o (3.25)
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The Theorem 3.4 and Corollary 3.5 show that stable inversion can be obtained by
cascaded convolutions that correspond to the stable and antistable components of

the transfer function. However, the solution is non-causal.

Example 3.1. Consider a non-minimum phase system

(s+4)(3—s)
s34 252+ 3s 4+ 4

G(s) = (3.26)

and let us obtain the stable inversion for a desired output trajectory yu(t). Firstly,

we express the inverse of (3.26) as ﬁ = —s— 14 Fi(s) - F.(s) where
14s 4+ 16 40 1
Fi(s) = — 14, F.(—s)= . 3.97
) = =7 sra T B = (3:27)

From (3.24) and (5.25), we have the bounded input:

uq(t) = —y‘d(t)—yd+/t (—40e™ =y (7)dT + 14u(t) (3.28)
o(t) = /_ o)y (—r)dr|s s, (3.29)

For numerical computation of ug(t), it is not necessary to calculate the closed forms
of the inverse Laplace transforms. We can compute the convolutions numerically

by the state-space representation for Fi(s) and F,.(—s) with time reversals, namely

1(t) = —4dxi(t) + v(t) (3.30)
ug(t) = —40x; + 1o(t) — 9a(t) — ya(t) (3.31)
and
To(t) = —3xo(t) + ya(—1) (3.32)
v(—t) = xa(t). (3.33)

The second method which we will introduce is the feedback control for tracking
the trajectory by using the canonical form of Brunovsky |97, Brunovsky (1970)].
We want to determine a static state feedback control such that the system output

to follow a desired output as asymptotic.
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Consider the SISO system in the state space representation
t(t) = Az + Bu. (3.34)

We suppose the system (3.34) is controllable. There exists a canonical form of the

controllable pairs. That is to say, there exist appropriate unimodular matrix P

such that ) )
1 0
0
P'AP = ,
0 0 0 1
|~ G0 —a1 —a2 —0an—1
P 'BP =
0
where ay, - -+ ,a,_1 € R. And the canonical form of the Brunovsky can be obtained

by change the variable Pz(t) = z(t). That is
2(t) = Acx(t) + Beu(t), (3.35)

where A, = P~'AP, B, = P~'BP. The companion form is written

' 3.36
Zno1(t) = za(t) (336)
Zo(t) = —agzi(t) —arza(t) — - — an_12a(t) + ult).
Taking Z,(t) = v(t), we have the following form
alt) = =)
' (3.37)

Znoa(t) = 24(1)

W(t) = w(t)
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which is called the canonical form of Brunovsky [97, Brunovsky (1970)]. Since

v(t) = 2,(t), we have
v(t) = —apz1(t) — ar29(t) — -+ — ap_12n(t) + u(t) (3.38)

It is a closed-loop by static state feedback. More precisely, we have

u(t) = a’ z(t) +v(t), (3.39)
T
with |ap a1 --- a,_1| . Taking into account the transformation Pz(t) = z(t),
we have
u(t) = fa(t) +o(t), f=a' P (3.40)

this static state feedback leads to the canonical form of Brunovsky. The form (3.37)
simplifies the control of trajectory tracking. Denote y,(t) is the desire output. Let

y ™ (t) = v(t). (3.41)

We define the error of trajectory tracking which is £(t) = y(t) — ya(t), and choose

the Hurwitz polynomial
M) + kg™ V() + - + koe(t) = 0, (3.42)

to ensure that the error asymptotically goes to 0. The coefficients kg, - - - , k,_1 are
chosen to provide dynamic performance tracking the output y4(¢). Decomposing

£M(t) and using equation (3.42), we obtain
v(t) =y (t) = [kieie® V() + - + koe(t)]. (3.43)

This identity can be written as

v(t) = va(t) — k' z, (3.44)
r (n) (n—1) :
where k = [ko ki - kpoa| ,and vg(t) =y, + knowyy 4 -+ koya. This

is a simple static feedback state on the canonical form of Brunovsky with a new
input vy(t). Taking equation(3.44) into (3.39) we can obtain the general form of
the control

u(t) = (a¥ — k") z(t) + vg. (3.45)
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From the form of the new input v4(t) we know that this control is non proper.

3.1.4 Finite time stable inversion

In this section we will introduce our contribution called the finite time stable
inversion for SISO and MIMO systems.

3.1.4.1 Finite time stable inversion for SISO linear systems

First we define the finite time stable inversion for SISO linear systems and propose

a general procedure for the computation of a pre-compensator solution.

This inverse problem can be stated as follows. Let T'(s) be a given plant. Find a

stable pre-compensator R(s) such that the error of inversion
é(s) =1—=T(s)R(s) (3.46)

is the Laplace transform of a causal function with finite support. Such a pre-
compensator R(s) is said to be a solution to the finite time stable inversion prob-
lem, while é(s) is called the inversion error. This problem is illustrated in Figure 3.2

and Figure 3.3.

Among numerous classes where the inversion error é(s) may be defined, we con-

R r —0O0—

FiGURE 3.2: Finite time stable inversion.

sider only a class of rational elements, in the sense that algebraic procedures can
be handled out for its computation. For this, we impose that e(¢) be in the set
P, defined in Definition 1.8. Any element in Z¢ is of the form

e(t) =g(t) + z’”: exd(t — k), (3.47)

k=0
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where g € ¢ is a distributed delay, ¥ € R, , and ¢, € R, for kK = 0,...,7r. In the

Laplace domain, this is equivalent to say that any é(s) € P can be written like
é(s) =g(s) + Z epe s, (3.48)
k=0

Elements in &, are proper, and BIBO-stable, since they have a finite support. An
illustration is made in Figure 3.3, where delayed Dirac distributions arise at time
t;, for 1 = 1,2,3, which correspond to multiple commensurate delays of ¥ > 0.
After a finite time ¢y > 0, the inversion error e(t) will be identically zero. The
time interval [0, ¢¢] enclose the support of e(t). Its length is related to the support
of the distributed delay ¢(¢) and 9.

Using this class, finite time stable inversion comes down to find a stable and

e(t)y

A\

i 1y I3

FIGURE 3.3: Time-domain evolution of the inverse error e(t).
proper pre-compensator R(s) such that
é(s)=1—T(s)R(s) € P (3.49)
We give next a complete characterization of a solution to the above problem, with
a constructive proof.
Theorem 3.6 (Lu and Di Loreto (2011) [98]). The problem of finite time stable

wmversion always admits a proper and stable solution.

Proof. The proof is by construction. Take any coprime, factorization (N, D) of
T'(s) in R[s]. We first decompose N(s) into a stable-unstable factorization, like in
(3.3), that is

N(s) = Ny(s)Nu(s), (3.50)

where N, is monic and has stable zeros, while N, has only unstable zeros.
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The second step is a particular decomposition of identity I. Take any arbitrary

element Q(s) € P, satisfying
deg,Q(s) < min(deg,Ny(s) — deg,D(s), Ny,). (3.51)
Define X(s) = Q(s) and Y (s) = 1 — Q(s)N,(s). Then we have
X (8)Nu(s) +Y(s) = 1. (3.52)

This means that N,(s) and 1 are obviously coprime over &.

The third and last step is the construction of the pre-compensator. For this, define
R(s) = D(s)N;'X(s). (3.53)

From (3.51), we see that R(s) is proper. Since N;'(s) is stable and X (s) € P,
we see that R(s) is stable. Furthermore, using (3.52) and (3.53), the inversion

error

é(s) = 1-=T(s)R(s)
= X(8)Nu(s)+Y(s)—T(s)R(s)
= Y(s). (3.54)

The inversion error is Y (s) = 1 — X (s)N,(s), and using (3.51), we see that such a
solution satisfies
des;Y(s) <0, (3.55)

and is in &. Hence e(t) € P4, which completes the proof. O

The above theorem gives a complete answer to the finite time stable inversion for a
linear plant, for which a solution always exists and can be algebraically computed.
Obviously, such a solution is highly non unique, from the free parameter Q(s) in
P.. Note also that the plant T(s) can be stable or unstable, as proper or strictly
proper. In practice, if there is at least one unstable zero in the plant, Q(s) will be

a distributed delay, with a negative degree given by (3.51).

Example 3.2. Consider the plant

s—1

T(s)= (3.56)

s+1’
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where Ny(s) =s—1, Ng(s) =1 and D(s) = s+ 1. Take for instance

1 —_ e_(s_l)ﬁ A~
X(s) = — 1 € ¢, where ¥ > 0.
S p—

A pre-compensator that solves the finite time stable inversion is

1— e—(s—l)ﬂ

s—1 ’

R(s)=(s+1)

since the inversion error is é(s) = Y (s) = e~ (=YY Note that there is no unstable
pole-zero cancellation, since +1 is not a pole of X(s). In the time domain, this

nuerse error 1s

e(t) = e’s(t — ),

i,e. the erroris a delayed Dirac at time ty = 1. Obviously, other choices for X (s)
are possible, leading to another inverse error with finite time support. A simulation

1s shown in Figure 3.4, where the inversion error is plotted with ¥ = 1.

= N
« N &)
T T

error e(t)
=

051

‘ ‘ ‘ ‘ ‘
05 1 15 2 25 3
time (s)

FIGURE 3.4: Kernel of the inversion error in time for J = 1 (Example 3.2).

Example 3.3. Let T'(s) be the stable strictly proper plant

T(s) = 1 (3.57)

s+ 1’
with N,(s) =1, Ny(s) =1 and D(s) = s+ 1. Take

1 — e—(s—l)ﬂ

X(s) = s—1

~

€Y.
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Using the proper and stable pre-compensator R(s) = 1 — e~ the inversion
error 1S
1— e—(s—l)ﬁ @
e(s)=1— —— € Pp.
é(s) s—1 ¢

In the time domain the error is
e(t) =0(t) —e', te0,9).

Stmulation results of the inversion error in time are shown in Figure 3.5, for three

different values of 19.

0.5

error e(t)
| s
- &

|
=
&)

-2+

‘ ‘ ‘ ‘ ‘
05 1 15 2 25 3
time (s)

FIGURE 3.5: Kernel of the inversion error in time for ¢ = 1 (continuous), ¢ = 0.5
(dashed) and ¥ = 0.1 (dashed-dot)(Example 3.3).

3.1.4.2 Finite time stable inversion for MIMO linear systems

For MIMO linear systems, the finite time stable inversion problem can be stated as
follows: Given a plant T'(s) € R™*"(s), we want to find a stable pre-compensator

R(s) € R™™(s) so that the error of the stable inversion
E(s) =1, —T(s)R(s) (3.58)

has finite support. In other words, a stable pre-compensator R(s) is expected, so
that the exact inversion can be obtained after a finite time (we want to the error
E(s) in 9?;”’”, that is to say all entries in E(s) are in Z). We have the following

result.
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Theorem 3.7 (Lu and Di Loreto (2013) [99]). The stable inversion of the multi-

variable linear system in (3.58) always admits a proper and stable solution.

Proof. The first step, take coprime factorization (N, d) of T'(s) such that T'(s) =
% where T'(s) € R™*"[s], N(s) € R™*"[s] and d € R[s]. We decompose N(s)
into its Smith form N(s) = U;(s)A(s)Us(s) (where Uy(s) € R™™[s|,Usy(s) €
R™™[s], are unimodular matrixs and A(s) € R™*"[s] is a diagonal matrix). We
decomposed A(s) like in (3.5), A(s) = Au(s)As(s) where A, (s) € R™*"[s] has only

unstable zeros, and A4(s) € R"*"[s] has stable zeros.

The second step, we take any arbitrary element X (s) € 9?;“” such that
d(s)(As(s)Us(s)) ' X(s) is proper (3.59)
Define Y (s) = I, — V(s)X(s) where V(s) = U;(s)Ay(s), then we have
V(s)X(s)+Y(s) = Ipn. (3.60)

It means that V(s) € &™*" and I,, are left coprime.

Define the precompensator

R(s) = d(s)(As(s)Ua(s)) "' X (5). (3.61)
From (3.59) we know that R"*"(s) is proper and the inversion error is

E(s) = I, — T(s)R(s) = Y (s). (3.62)

Since R(s) is proper, the error E(s) = Y(s) is proper. Since Y (s) € &™*™ and
proper, we can deduce that E(s) € @gxm O

Example 3.4. Take

T(s)z{s_1 ! } (3.63)

s+1 s+1
where N(s) =[s—1 1], d(s) = s+1. We decompose N(s) = Uy(s)Au(5)As(s)Us(s),
s—1 1 1
where Uy(s) = I, Us(s) = [ Lo ], Au(s) =11 0], As(s) = N Take

for instance
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The pre-compensator

1— e—(s+l)19

R(s) = d(s) [As(s)Un(s)] " X (s) = [ ! ]

1s stable and proper. The stable inversion error is

1— e—(s—l)ﬁ
s+ 1

In time domain this error writes as

e(t):{ 5(t) —et, tel0,]

0, clsewhere

Simulation results are shown in Figure 3.6 for three different 1.

0.5

error e(t)
o

<

w

\
\

15 ‘ ‘ ‘ ‘ ‘
0 05 1 15 2 25 3
time (s)

FIGURE 3.6: Kernel of the stable inversion error for ¥ = 0.5 (continuous), ¥ = 1
(dashed), ¥ = 2 (dashed-dot) (Example 3.4).

Example 3.5. Let us consider the plant
s—1
T(s) = [ . ] : (3.64)
—1
with N(s) = [81 ], d(s) = s+ 1. d(s) = s+ 1. Decompose N(s) =

1
1 ;U2:IQ;AU(S):[0];

Ur(s)Au(s)As(8)Us(s) we have Ui(s) = [ s—1 (1)

Cette thése est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2013ISAL0100/these.pdf
© [H. Lu], [2013], INSA de Lyon, tous droits réservés



Chapter 3. Inversion and Model Matching

As(s) = [(1) ?],and\/(s): [811 . Take

1— e—(s—l)ﬂ

0| € 212
s—1 ] ¢

X(s)= |

The proper and stable pre-compensator

1 — e_(s_l)l9 ~
R(s) = {(s +1) ; O} € &2,
S —
and the inversion error is
—(s—1)v 1
e R
E(s) = [ | deve ] € t@éxg
- s—1
In the time domain the error is
9
e’6(t—1) ot
E(t) = ( ) o) , t€0,9)].
5(t) —el (1)
Stmulation results are reported in Figure 3.7.
§ | §0.4
’ " time fs) ? ‘ ' ’ " time fs) ? ‘
§ -1f § 0.4t
=1 0 1 time 65) 3 4 =] 0 1 time 65) 3 4

F1GURE 3.7: Kernel of the stable inversion in time for 9 = 1 with approximated
distributed delay (Example 3.5).
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Remark 3.8. In general, there are distributed delays in the pre-compensator. For
this implementation an approximation is used (we introduced in Chapter 2). That
is why in the lower left picture of Figure 3.7, the error of the stable inversion e;(¢)
asymptotically goes to 0 after the time 1s. But this error is very small and can
be Negligible (for instance, in Example 3.5 the error is less than 107°). And the
higher the accuracy of the distributed delay approximation is, the smaller the error
is. U

Remark 3.9. Note that we can not choose the coefficient 1 = 0. If we choose 1 = 0
we will loose the stability of the compensator (see Example 3.2, 3.3, 3.5) or loose

the finite time convergence property of error (see Example 3.4). O

Previous results on stable inversion give generic solution, and are concerned with
the stable inversion of the convolution kernel, or in other words, for a Dirac distri-
bution input. The inversion error kernel is defined to have a finite time support.
When another arbitrary bounded input is taken, the output error will be only
bounded, but has no particular property in the time-domain, except the case
when this input has a finite support, in which case the output will still have finite
support. For instance, for any constant persistent input, an inversion error in ¢

goes to a finite constant value.

In practice, inversion is understood from an input-output point of view. So we
may have some arbitrary input, and we shall obtain an inversion error with finite
support. This aim, of course, comes down to take into account the exogenous
model on the input signal into the plant T'(s). Actually, this can be considered
as an application of model matching. So, in the next section, we address and
illustrate the model matching for SISO and MIMO linear systems.

3.2 Model matching

The problem of exact model matching can be stated as below: Given a plant 7T'(s)
and a matching model T,,(s), we want to find a pre-compensator R(s), such that
the transfer function of the resulting system G(s) = T'(s)R(s) has a prespecified
model T, (s). In other words, we want to find the pre-compensator R(s), so that
the error e(t) should be zeros, as shown in Figure 3.8. However, conditions for
the existence of a causal and stable solution are too conservative. Hence, we are

interested in the extension of the exact model matching. Namely, the tracking
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> Tm

~ L, R - T —0O—

A4

FIGURE 3.8: Model matching problem

error is not identically zero, but we have
E(s) = Tya(s) — T(s)R(s), (3.65)

where the model matching error has a finite time support. The impulse response
of the model matching error is expected to vanish in a finite time. In this problem,
it should be noticed that the pre-compensator R(s) is required to be BIBO-stable

and causal, in order to apply it for real-time applications.

3.2.1 Finite time model matching for SISO linear systems

In this section we will propose a general procedure for the computation of a pre-
compensator solution. We will introduce the trajectory planning by using model

matching problem.

Theorem 3.10 (Lu and Di Loreto (2011) [98]). The model matching problem in

(8.65) always admits a proper and stable solution.

Proof. To solve this problem, following [29, Di Loreto (2006)|, we denote T'(s) =
N(s)D7Y(s), Tin(s) = Nu(s)D;}(s), where the pairs (N, D) and (N,,, D,,) are

m

coprime and defined over R[s|. As in (3.3), we factorize the stable and unstable
parts of N(s) like
N(s) = Ng(s)Nyu(s). (3.66)

if N,(s) and D,,(s) are coprime, there exist X (s) and Y (s) in & such that
X (8)Nu(s) +Y(s)Dp(s) = 1. (3.67)

If this is not the case, we can divide by the common factor and will work on the

quotients. So there is no restriction in this assumption. The model T,,(s) being
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proper, D,,(s) is monic. We can divide X (s)N,,(s) by D,,(s). We see that there
exists Q(s), P(s) € &, with deg,P(s) < deg,D,,(s) such that

X(8)Np(s) = Q(s)Dy(s) + P(s). (3.68)

Since P(s) is non unique in this division, we can take it with arbitrary negative

degree (see remark 3.11). Define
R(s) = D(s)N;*(s)P(s)D; .} (s). (3.69)

This element is proper, and stable if D,,(s) is stable (this precisely the trajectory
we are planning). With this pre-compensator, the finite time model matching

error will be
(5) = T(s) = To(5)C(s) = Y (5)Nls) + Nu(5)Q(s).  (3.70)

This error is in &. Since é(s) = T}, (s)—T(s)R(s), and the right-hand side is proper,

we deduce that é(s) is proper. So it is in ., which concludes the proof. O

Remark 3.11. Let \; i = 1,--- ¢, denote the zeros of D,,(s). From (3.68), we

have

and we assume first that all the zeros \; of D,, are different. Take P(s) € & with
deg,P(s) < —k for some given k > 0, and

P(Ai) = X (XNi)Nin(N), (3.71)

if P(\))=a; € Ri=1,---q, we can deduce the form of P(s) as follows,

n n

Pe =20 | T 3=5a) s | 872

i=1 | j=1,(#) i)

where g;(\;) # 0, and g;(s) € & such that deg,P(s) < —k. Now the matrix Q(s) in
the equation (3.68). Since the degree of P(s) can be choosen arbitrarily, the degree

q q
of Q(s) is non positive. Since D,,(s) = [[(s — A;), we have D, }(s) = > Sfi\_,
i=1 i=1" "
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Bi € R. From (3.68), we have

%

E (X (s)N,,(s) — P(s
;B( ()S_() (s)

d[X (s)Ni(s) = P(s)]
ds

S—}Ai

|s:)\i> (373)

Bi

~

where i = 0,1,...,¢q. So Q(s) € &.

Note that if D,,(s) have zeros with multiplicity greater than 1, the condition
(3.71) is not enough. Let Ar, k € {1,---,q} be a zero of multiplicity, m; € IN
with my > 2 be the number of the multiplicity zero A,. Additionally to (3.71) we

should consider the following conditions,

dP(A) A(X(V)NL(N)
D P = B\ h=x
d*P()) C B(X(A)NL(N)
A2 = = 2 |az,
%hw _ dmk—lgg)_ﬂ\fm“))h:% (3.74)

Now let us consider the trajectory planning by using Theorem 3.10. Let be a
given bounded desired trajectory y,(t), t > 0. We want to find, with stability, an
input wug(t), t > 0, such that yg(t) = T(t) * ug(t), where T'(t) denotes the impulse
response of T'(s). Following the case of kernel model matching, we propose here

to solve the following less restrictive problem.

We may find a proper and stable pre-compensator R(s), such that the output of
the plant y(¢) satisfies, for some ¢y > 0,

y(t) = ya(t), Vt>t;. (3.75)
For this, take v(t) = y4(t), t > 0. The inversion error is
e(t) =yalt) —y(t), t=0, (3.76)

where

y(t) = T(t) % R(t) % yalt), t>0. (3.77)
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In the Laplace domain, this identity is of the form
é(s) =Tn(s) — To(s)R(s), (3.78)

where T,,,(s) = 9a(s), and T.(s) = T(s)ya(s).

This is a precisely a matching problem, where T,,(s) is the given model we try to
realize using a feed forward control. The stable trajectory planning (3.75) is then
equivalent to require that é(s) be in 3%, as for the finite time stable inversion.
This problem is illustrated in Figure 3.9, where v denotes a Dirac distribution

input at time ¢t = 0.

The trajectory planning problem is similar to the kernel inversion problem. We

> Tm

y — X ¢
|l R J )

FIiGURE 3.9: Trajectory planning as a model matching problem.

include in the plant the exogenous model of the desired output. In practice, this
model will be incorporated into the proper pre-compensator R(s). This form is

strongly related to the internal model principle.

Example 3.6. Take

s—1
T(s) = 3.79
=271 (579
and consider a desired output ya(t) = 1, t > 0. We have T, (s) = s, T.(s) =
3(85111)7 that s
Ny=1,N,(s) =1,Nu(s) =s—1,D=s(s+ 1), Dp(s) = s.
Take

1 1 — e—(s—l)ﬂ _eﬂ 1 — e—sﬂ
X — Y =
(s) 1—e19[ s—1 ]’ (s) 1—619[ s }

that satisfy X (s)Ny(s) + Y (s)D,, = 1. Division (3.68) yields Q = 0 and P(s) =

= [1_6;15171)19]. A precompensator takes the form

1 1—e (=7
R = gl ) ()
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FIGURE 3.10: Trajectory planning, for ¥ = 1 (dot), ¥ = 0.5 (dashed), and
¥ = 0.1 (dashed-dot), with approximated distributed delay (Example 3.6).

while the tracking error is

S

In the time domain, this error is

e(t) =

1
0 , elsewhere

{ — . te[0,9]

After a time ty = U, we have y(t) = ya(t), using a precompensator R(s) which is

stable and proper. Simulation results are shown in Figure. 3.10.

3.2.2 Finite time model matching for MIMO linear systems

The model matching problem can be stated as below: Given a m x n plant 7'(s)
in R(s), the ring of fractions of R[s], and a m x ¢ mode T,,(s) in R(s), we want to
find a n x ¢ stable pre-compensator R(s) in R(s,e™"*) such that the error of the

system
E(s) =T,(s) = T(s)R(s) (3.80)

is the Laplace transform of a causal function with finite support. That is , the error
has Laplace transform in the ring E(s) € 2%, So our model matching problem
can be formulated as follows: find a pre-compensator R(s) € R"*%(s,e~7%), stable

and proper (in the sense that it is stable, admits a state-space realizations and its
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solution is causal) such that the error of the system
E(s) = Tp(s) — T(s)R(s) € 2257, (3.81)

Now we give the following result.

Theorem 3.12 (Lu and Di Loreto (2013) [99]). The problem of model matching

for multivariable linear system, admits a proper and stable solution.

Proof. Given a plant T'(s) € R™*"(s) and model T,,(s) € R™*4(s). Take coprime
factorization (N, d) of T(s) and (N, dy) of Ty (s) such that T'(s) = X&) T (s) =

d(s)
]c\l[::((ss)) where d(s), dyn(s) € Rs|, N(s) € R™"[s], Np(s) € R™*[s].

Take the smith form of the matrix N(s). We have N(s) = U;(s)A(s)Us(s) where
Ui(s) € R™™[s], Ua(s) € R™™[s] are unimodular matrices. The matrix A(s) is

the unique diagonal matrix in R™*"[s] of the form ( [45, Kailath (1980)])

_ \ -
A(s) = v
A
0] 0] y
We decompose A by A = A, A,, where
_ L -
O
Au S) = 9
( >\7"1L
O O y
_ . -
O
Ag(s) =
>\7‘S
) R(s) .

The elements Aqy, ..., \r, in Ay (s), like in (3.5), have only unstable zeros, while
elements Ay, ..., \ps in Ag(s) have stable zeros, \;, and \; are respectively the

unstable and stable parts (by factorizations) of A;. R(s) is any stable polynomial
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(n — ) x (n —r) matrix. Then the matrix N(s) can be written as
N(s) = Ui(s)Au(s)As(s)Us(s). (3.82)

Let V(s) = Ui(s)Au(S), Din(s) = dp(s) - I,. If V(s) and D,,(s) are not left co-
prime, there exist V (s) € R"™*"[s] and F(s) € R™*"[s] such that V(s) = V(s)F(s),
and D,,(s) and V(s) are left coprime. If V(s) and D,,(s) are left coprime, then

F(s) = I,. Since the ring R[s] is a subring of &, we can extend the elements in &.

Then from Theorem 1.6, there exist X (s) € &"*™, Y (s) € &™™ such that

V(s)X(8) + Din(s)Y (s) = L. (3.83)

Now we divide X (s)N,,(s) by di,(s) - I;. We see that there exist Q(s) and P(s) in
&4 such that
X (8)N(s) = Q(s)dm(s) - I, + P(s), (3.84)

with P - d! a strictly proper matrix. We know that in (3.84) P(s) € &™*? is not

unique, since the degree of pseudo-polynomials can be negative (see remark 3.13).

We define
R(s) =d(s) [AS(S)UQ(S)]_I FY(s)P(s)d, ' (s). (3.85)

m

Since the degree of P(s) can be chosen arbitrarily, we can take P(s) such that R(s)
is always proper. Then element R(s) is proper ans stable if d!'(s) is stable (this
is precisely the model that we are planning to match, and d_!(s) stable implies
that F'~! is stable). With this pre-compensator, the finite time model matching

error will be
E(s) =Tu(s) =T (s)R(s) = Y (s)Nu(s) + V(s)Q(s), (3.86)

so E(s) € &™4. Since T(s) and T,, are proper or strictly proper, and E(s) is
proper. So we deduce that E(s) lies in 227" O

Remark 3.13. Like the Remark 3.11. Let \;, ¢ = 1,--- ¢ denote the different
zeros of d,,(s). The degree of entries in P(s) can be arbitrary if P(s) € &m*4,

X (X)) Nim(Ai) = P(XN). (3.87)
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And

Q(s) = (S)N;niz)_ PGs) ¢ poxa (3.88)

If d,,(s) have zeros g, k € {1,--- , ¢} with multiplicity greater than 1, we should

still need to consider the condition

dP(N) CAX (AN, (V)
EB |A:>\k = O \/\:)\k
d*P(})  R(X(A)N,.()
d\2 |)\:)‘k B d)2 |>\:)\k
dm 1 P(A) A (XN, (V)
Wb‘:)‘k o d\me—1 ‘)\:)\k7 (3.89)

where my, is the number of the zeros .

Example 3.7. Consider the plant

T(S):E; siJ’ (3.90)

and the model T,,(s) = ji—f We have

N(s)=[s—11], d(s)=s+1,
Nn(s) =s+2, dn(s)=s+1.

We decompose

—1 1]
where Uy(s) = I, Us(s) = [ § Lo A =10 M) = B Tuke
o—(s+1)0 ] 1 — o (s+1)?
X(s) = V()= —
(5 [ . (5) = ———.

such that V(s)X(s) + Dm(s)Y (s) = I, where V(s) = Uy(s)Ayu(s). Division (3.84)

yields
o—(s+1)0 e—(st1)d
S) = ,Ps =
=[] o= [

Cette thése est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2013ISAL0100/these.pdf
© [H. Lu], [2013], INSA de Lyon, tous droits réservés



Chapter 3. Inversion and Model Matching 80

The pre-compensator is of the form

In the time domain the error is

e(t) =

0, clsewhere

{ 5(t) +et, telo,d

Stmulation results of the model matching error in time are shown in Figure. 3.11,

for three different values of ¥. The error vanishes after a finite time.

15

—
-~
=
)
—
o
=
N
Cost N
N
™
[
I Tl
I T
I
ok |
. . . . .
0 0.5 1 15 2 25 3

time (s)

FIGURE 3.11: Model matching error for ¥ = 0.5 (continuous), ¥ = 1 (dashed),
¥ = 2 (dashed-dot) (Example 3.7).

As the same with the stable inversion, we can not choose the coefficient 1 = 0, else
we will loose the stability of the compensator or finite time convergence property

of the model matching error.

Like the stable inversion, the results on model matching give generic solutions,
and are concerned with the convolution kernel of the model matching error. The
model matching error kernel is defined to have a finite time support. For any

bounded input, the output error will be only bounded, but will not have any
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particular property in the time domain. If the input vanishes asymptotically,
then the output error will convergence asymptotically to zero. In practice, model
matching is understood from an input-output point of view. For any bounded
input, if the aim is to obtain a finite time error on the output, a model of this
input can be included into the pant, in such a way that the previous problem can

be applied.

3.3 DC-motor example

In this section let us see an application of model matching in DC-motor (Direct

Current motor ). The model is shown in Figure 3.12.
The dynamic equations of the circuit can be written

r

FIGURE 3.12: DC-motor

u = ri+l$+e
Jcé = Cem — Cf — Cy
g = fO=fuw (3.91)
Cem = kem!?
e = kepw = kemé,

where u is the voltage of the source, .J. is the moment of inertia of load, ¢, is the
torque, cy is the friction torque, f is the coefficient of friction, r is the resistance of
the circuit and ¢ is the inductance of the circuit, k., (constant) is the coefficient
of the electromagnetic motor (which depends on the excitation flux), ¢, is the
torque of the motor, w is the speed of rotation of the axle, 6 is the angular position

and ¢ is the current flowing in the circuit (see Figure 3.12).

We can simplify the system by letting ¢ = 0, and neglecting the torque of load
(¢, =0). From the equation (3.91), the system can be described by

Eem k?

u— (=2 — flw. (3.92)

r

J.0 =
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So the transform function form w to v is

P(s) = Q(As) K

u(s) - s(1+4 sT)’ (3.:93)

where K = ’ffjj, T = Ji + ]:’f]’” Our control objective is to track a unit step for

the angular position. So the model of this matching problem is T,, = % From

Section 3.2 we have

K K
N(s) = T Nu(s) =1, Ny(s) = T
1
D(s) = s%s(s + T)’ Np(s) =1, Dp(s)=s
Take 5 ) 5
e—s 1 e—s 1
X(S) == 2]{31(’(91 - 52 ),
1— e—sﬁ
Y pu—
(5 :
—st —st1 1—e— 5?1
g€ e e
ky (—191 T 204 2 +2 3 ) ,
where ky = —z, that satisfy X(s)Ny(s) + Y (s)Dy,(s) = 1. The diversion (3.68)
yields
e—sﬂl 1 — e—sﬂs
Q(S) = 2]{31 (’(91 S — 32 )
1 — —si2 —s2 1 — —s2
{L 4k (1926 S )} (3.94)
s s s
where ky = 19—12, and
—sq 1— —sAq 1— —sU9
P(s) = 2k ks (1916 S ) c -
s s s

The precompensator can be obtained using (3.85),

o 1 — e s
C I
(s) ﬂ%ﬁzK( 1€ s )

1 —e 502
1 — —s2
< e + 7Ts ) ,
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FIGURE 3.13: Trajectory planning error, for ¥; = 95 = 0.5 (dashed), ¥ = 95 =
1 (continuous), and 91 = 0.2, 93 = 0.3 (dashed-dot) (Example DC-motor).

while the tracking error is

2 [ 1—e—5%1
e ()
ky—~ 7

= f%_ ! ds
()
- —
+ 2kiko d(?) d<1d; 2)

So the finite time equals ¢ty = ¥; + 5. Simulation results of trajectory planning
error are shown in Figure.3.13. Trajectory planning are shown in Figure.3.14, and

the control of trajectory are shown in Figure.3.15

3.4 Robustness under parameter uncertainties

If the plant is exactly known and the controller is exactly implemented, then the
results in section 3.1 and section 3.2 hold. But if any uncertainty occurs, what
will happen? To address this robustness issue, we analyse the properties of the

model matching error with respect to uncertainties.

We assume that the given plant 7T'(s) is always stable. That is to say, T'(s) is
always stable (if T'(s) is not stable, the stabilization for the system should be done
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FIGURE 3.14: Trajectory planning, for model (continuous), 91 = ¥ = 0.5
(dashed), ¥1 = 91 = 1 (dot), and 1 = 0.2, ¥9 = 0.3 (dashed-dot) (Example
DC-motor).
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FIGURE 3.15: Trajectory planning control, for 1 = 95 = 0.5 (dashed), 9, =
Y1 = 1 (continuous), and 1 = 0.2, ¥ = 0.3 (dashed-dot) (Example DC-motor).

first). It is also assumed that the model that we want to match is always stable

(T5,(s) is stable). If there is any uncertainty, the real system is defined as
Ta(s) = [N(s) + AN(s)] [d(s) + Ad(s)] ", (3.95)

where the factorization (N(s) 4+ AN(s),d(s) + Ad(s)) of Ta(s) is N(s) € R™*"[s],
AN(s) € R™"[s], d(s) € R[s], Ad(s) € R]s].

If [d(s) + Ad(s)]™! has no unstable pole, the plant Tx(s) is stable. We also do the
synthesis of an open-loop controller R(s) from the nominal plant, which is exactly

known. The nominal system corresponds to T'(s) = N(s)d~!(s). Since the model
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matching pre-compensator R(s) in (3.85) is certain and stable, the open-loop sys-
tem T'(s)R(s) is stable.

We consider the uncertain system (3.95) with (d(s) + Ad(s))~! stable. For pre-
compensator R(s) in (3.85) the error of the model matching problem can be ob-

tained using
Ea(s) = E(s) + 01(8)[Tin(s) — E(s)] + 02(s)R(s), (3.96)

where the E(s) = T,,,(s) — T(s)R(s) is the error without uncertain factor, d;(s) =

ﬁg(s), da(s) = #A(Z)(S). Evidently, Ea(s) is not in the set 2™%4, so the error

EA(s) is stable but has no finite time support. The error between Ea(s) and E(s)
1s

AE(s) = Ba(s) — B(s) = 61(5)[Tn(s) — E(s)] + d2(s)R(s). (3.97)

We can see that AE(s) is proper (or strictly proper) and stable. For any asymptot-
ically vanishing input, the error Ae(t) will asymptotically goes to zero. Evaluating

the error AE(s) using &/ norm, we have

IAE(S)].7 < [101(s)[| AT (5) = E(s)Il|7 + [102() | A B(S)] 7o (3.98)

and
JAEG)L, > [18() RS — 151 | A Tnls) — Bl (3.99)
Let [|[Ton(s) = E(s)l; = K, | R(s)]l; = K2 we have
182()C(S) L7 — 182(3)l| K < IAE(S)]7 < 1182(5) 7K + 181(5)]],7K1(3.100)

If the uncertainties on the plant are close to zero, that is to say |1(s)||~ and

|02(s)]| 7 close to zero, we can deduce that AE(s) will be close to zero.

For the stable inversion problem, we can achieve the similar result, and the error

AFE(s) always asymptotically goes to zero.
Example 3.7 with uncertainty is used to simulate our uncertain system, as shown

in Figure 3.16

s+1 s+ 1+ Ad;

ATi(s) =

where for i = {1,2,3}, AN; = {0.2,0.2,0}, Ad; = {0.1,0,0.1}.
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14

1.2

error e(t)

FIGURE 3.16: Model matching error with 9 = 0.5, for system AT} (s) (continu-
ous), ATs(s) (dashed), ATs(s) (dashed-dot) (Example 3.7with uncertainty).

The simulation for the stable inversion using Example 3.4 is shown in Figure 3.17,
where

ATi(s) =

s—1
s+1
1+AN; ’

for i = {1,2,3}, AN; = {0.2,0.2,0}, Ad; = {0.1,0,0.1}.

If parameter uncertainties are on compensator R(s), we have similar properties.

0.2

FIGURE 3.17: Stable inversion error for ¢ = 0.5, system ATj(s) (continuous),
AT, (s) (dashed), AT3(s) (dashed-dot), (Example 3.4 with uncertainty)

If the uncertainties are on the coefficient ¥ (finite time of kernel of distributed
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delay) of distributed delay, we only change the time convergence to zero. The

distributed delay ensured that the response converge asymptotically to zero.

3.5 Realization of control architecture

In this section we will introduce the realization of the precompensator by using
the feedback closed-loop control with internal stability ( more detail of internal
stability will be introduced in Chapter 4). First we introduce a realization of the

rational fraction in Pg.
Definition 3.14. A fraction T'(s) = N(s)D~!(s) (where N(s) € R™"[s, e *]
and D(s) € R™"[s,e™"]) is realizable if there exist an integer m and matrices
Ale™®) € PmX™m B(e™*) € P Cle™®) € PTX™, D(e™®) € 27 such that
C(e™®*)(sI, — A(e™®))B(e™®) + D(e™*) = N(s)D(s). (3.101)
U
The system

(3.102)

is called a realization of T'(s), which, in turn, is termed the transfer of the system.

Writing
k k
Ale™) = Ag(e™) + Y A ™ B(e™®) = By(e®)+ Y _ Bie ™,
1=0 =0
k k
Cle™®)=Cy(e™®) + Z Cie™™* D(e™®) = Dy(e™) + Z Dje™ s,
1=0 1=0

where A,(e™*), By(e™®),C,(e™*), Dy(e™*) are matrices over &, and A;, B;, Cy, D;,
i = 0,---,k have real coefficients, and if f4(7), f5(7), fc(T), fp(T) respectively
denote the kernels of the distributed delays that have transfer A,(e™®), B,(e™*),
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Cy(e™®), Dy(e™®), it appears that a system over P is actually a set of integro-

differential equations of the forms

k kO k kv
i(t) :ZAix(t—w)Jr 0 fA(T)x(t—T)dT+Z Buu(t—id)+ 0 fa(T)u(t—7)dr,
y(t) :ZCix(t—iﬂ)—l— 0 fC(T)x(t—T)dT+Z Diu(t—id)+ 0 fo(T)u(t—7)dr.

These equations have a unique solution provided that the initial conditions are
well-chosen and the input u(t) is known [100, Hale (1977)]. If the system T'(s) €

R(s), the coefficients A, B, C, D of state-space representation are constant.

Theorem 3.15 (Loiseau and Brethé (1997) [28]). A fraction N(s)D~(s) of ele-

ments of & is realizable if and only if it is proper.

We consider the following general control law
u(s) = H(s)u(s) + F(s)z(s) + G(s)0(s) (3.103)

where v is some external input, that can be a reference signal, a measured dis-
turbance etc.... Assuming that H(s) lies in ™", and that F(s) € 225"
G(s) € P21 are proper matrices ensures that such a control law can be real-
ized, (3.103) is a Volterra type equation. This control law leads to the closed-loop
system (since the considering plant T'(s) € R™*"(s), the coefficients A, B, C, D of

state-space representation are constant)

x(s) = [sI,—A—B(I, — H(s)) 'F(s)] ' B(I, — H(s)) 'G(s)v(s)
= (sl — A)"'B[I, — H(s) — F(s)(sL,, — A)'B]'G(s)v(s)

It is therefore equivalent, from the input-output point of view, to the action of a

precompensator
R(s) = [I, — H(s) — F(s)(sl,, — A)"'B] *G(s). (3.104)

conversely, a precompensator R(s) being given, it is of interest to test whether or
not there exist matrices F(s) € 2™ G(s) € 22 and H(s) € 9™*", such that
(3.104) holds. We shall then say that F'(s), G(s) and H(s) define a state feedback

realization of R(s) € 22"
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Now we introduce more detail of the stable realization of precompensator which

also give the procedure to find the state feedback realization. Writing
D7 Y(s)R(s) = Q (s)P(s), (3.105)
where D(s) € R™"[s], Q(s) € R**"[s], P(s) € 27" and
N(s)D7Y(s) = (sI,, — A)"'B, N(s) € R™"[s], (3.106)
it appears that there exists a matrix M (s) € &mn - such that

M(s)P(s) = G(s) e 2, (3.107)
M(s)Q(s) = (In— H(s))D(s) — F(s)N(s), (3.108)

where H(s) € 9™, F(s) € gﬁféxm Hence, the product M(s)Q(s) is column
reduced, with the same column degrees and highest degree coefficient submatrix
as D(s).

Reversely, if there exists a matrix M(s) € &" such that the product M (s)Q(s)
is column reduced, with the same column degree and highest degree coefficient
submatrix as D(s), then there exist matrices F(s) € 332“” and H(s) € 4™
such that (3.108) holds. Defining now G(s) by (3.107), one can see that (3.104)
holds, and check that

M(s)P(s) = [In — H(s) — F(s)N(s)D~(s)| R(s),

hence G(s) € &™< that is proper, i.e. a matrix over @;Xq, if C(s) is proper, and
F(s),G(s) and H(s) define a state feedback realization of R(s).

It should be clear from the developments above that R(s) is realizable by static
state feedback if an only if the matrix M (s)Q(s) is column reduced, with the same
column degrees and highest degree coefficient submatrix as D(s). In addition, the

closed-loop system is internally stable if and only if the matrix

sl, — A -B
F(s) I,—H(s)

is stable, i.e., the product M(s)Q(s) is stable, and the pair (A, B) is stabilizable.

The conclusion follows from the following technical result.
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Lemma 3.16 (Loiseau and Brethé (1997) [28|). There exists a matriz M(s) such
that the product M(s)Q(s) is stable and column reduced, with the same column
degrees and highest degree coefficient submatriz as D(s) if and only if Q(s) is
stable.

Theorem 3.17 (Loiseau and Brethé (1997) [28]). Every proper compensator R(s)
is realizable by a feedback (3.103). In addition, it is realizable with internal stability
if and only if the system is stabilizable and the denominator Q(s) defined by (3.105)
and (3.106) has no unstable zero.

Example 3.8. We consider the feedback realization of example 3.7. The plant

T(s) can be described by state-space representation

Y

r = Ax+ Bu
y = Cx+ Du

-1 0 -1 0

where A = , B = ,C=[-2 1], D =11 0], and prec-
0 -1 0 -1

0 , :
ompensator R(s) = [ et |- From FEquation (3.106) we can obtain D(s) =
e S
s+1 0 :
0 e N(s) = I, Q(s) = D(s), P(s) = R(s). So from Equations
s+

(3.107), (3.108), we can obtain

0 . 1—e—(s+1)B1 0 )
G(S) - —(s+1)¥ € e, H(S) B 881 1—e—(s+1)B2 €&,
€ s+1
1— e_(5+1)/81 0 N
F(S) = — [ 0 - e_(s+1)52 c gzg,

So the feedback realization is
u(s) = H(s)u(s) + F(s)z(s) + G(s)0(s).

The simulation results are reported in Figure3.11 (Example 3.7).
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3.6 Conclusion

The contribution of this chapter include the definition and solution of approxima-
tion problem on inversion and model matching for linear systems, for which the
inversion error and model matching error are required to be found over a finite time
support. These give us a stable and proper solution to realize practical inversion
and model matching. Solutions are causal and are easily simulated. Besides, the
robustness analysis has been made on the system with uncertainty. State-space

feedback realization was also introduced.
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Chapter 4

Stabilization and Observation

Control

In this chapter, we will address the stabilization of time-delay systems (TDS),
Finite Spectrum Assignment (FSA) for fractional systems, and the design of ob-

servers for linear time-invariant systems by using distributed delays.

Time-delay systems are also called systems with aftereffect or dead-time, hered-
itary systems, equations with deviating argument or differential difference equa-
tions. They belong to the class of functional differential equations which are infi-
nite dimensional, as opposed to ordinary differential equations. Many literatures
are devoted to analysis of time-delay systems, such as [31, Hale and Verduyn Lunel
(1993)], [32, Conte and Perdon (2000)]|, [33, Kharitonov (2000)], [34, Niculescu
(2001)], |35, Kolmanovskii et al. (1999)], [36, Loiseau (1998)], |28, Loiseau and
Brethé (1997)], [37, Richard (1998)], [38, Richard (2003)] and |39, Watanabe et al.
(1996)] [101, Di Loreto et al. (2010)]. Here we focus on the stabilization control

of time-delay systems with the following form

k k k
B(t) =Y Bt —i)) + Y Aa(t—id) + > Bul(t—iv), (4.1)

i=1 =0 =0
where A;, B;, E; over R. If E; =0, (4.1) is called a retarded time-delay system. If
E; # 0, the system (4.1) is called a neutral time-delay system. We will introduce
the factorization approach for the stabilizing control which was proposed in [40,
Vidyasagar (1985)]. We will also introduce the modified Smith predictor control

scheme for time-delay systems. Generally, distributed delay will appear in the

93
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stabilization control of time-delay systems. So we will analyze stability conditions

with approximation of distributed delays.

Further analysis will be done for Finite Spectrum Assignment (FSA) for a class
of infinite dimensional systems. FSA is a static feedback control such that n
eigenvalues of the corresponding closed-loop system are located at an arbitrarily
preassigned set of points in the complex plane while the others are automatically
eliminated. For many different control problems concerning infinite dimensional
systems, such as optimal control and trajectory planning, FSA seems to be an
effective method. This method was first developed by [41, Manitius and Olbrot
(1979)|. Further developments of this method include the works of [42, Watanabe
(1986)], [1, Olbrot (1978)], [43, Brethé and Loiseau (1998)]. We will recall some
basic facts about FSA for time-delay systems. An extension for a particular class
of fractional systems of the form T'(s) = N(s)D~!(s) will be done. This type of
systems can be easily found in distribution systems, for instance, the model of
heat conduction [102, Necati Ozisik (1980)], or in wave propagation. Necessary
and sufficient conditions for the FSA will be given, and an algorithm for the design

of FSA compensator is described.

The last part of this chapter addresses the design of observers for linear systems.
The open-loop observer will be recalled [8, Pourboughrat and Chyung (1984)] |7,
Medvedev and Toivonen (1994)| and a new class of closed-loop observers will be

introduced.

4.1 Stabilization and control of time-delay systems

First we will introduce the internal stabilization using a factorization approach.

Usually, there is a distributed delay in the controller.

4.1.1 Internal stabilization

Consider the feedback system shown in Figure 4.1, where P € R™*"(s,e™®) repre-
sents the plant and C' € R™"*9(s, e *) the compensator. uy, uy denote the externally
applied inputs, ey, e; denote the inputs of the compensator and plant respectively,

and 1, yo denote the outputs of the compensator and plant respectively. The
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Uz
+
v N e o no T €2 5 Yo

+_\7/ P

FI1GURE 4.1: Feedback System.

closed-loop system can be described by

U g | ’ [+ PC)*PC  [I+PC|7'P |
“al _ g (P,C) ul g (P.C) = I+ PC|™ —[I+ PC]'P
e B P I ClI + PC]™' I—C[I+ PC]™'P

(4.3)

The system (4.2) is equivalent to system (4.3) in the sense of stability. It is stable
if the transfer matrix H(P,C) lies in «/. That is to say, if the system (4.2) is
stable, all elements in matrix H (P, C) are proper and stable. More generally, we

give the following definition for proper and stable fraction.

Definition 4.1. The set of proper and stable fractions over &, denoted by P, is

n
P {d neg,dEU,degs"—degsd}

where U is the set of pseudo-polynomials which are monic in the variable s, and

all the zeros lie in the left half-plane.

So if the system (4.2) is stable, H(P,C') € P™*4.

In the stabilization problem, we determine a control law of a given plant, such that
the closed-loop system is stable. For this, we consider a distribution P with a left
(or right) coprime factorization (N, D) proper and stable, and define the closed-
loop system described in Figure 4.1, with a compensator C' defined over P™*9.
We say that C' stabilizes P, or the pair (P, C') is stable, if the matrix H(P,C) is a
fraction proper and stable. All internal signals in the closed-loop are bounded for
any bounded exogenous inputs u; and uy. Before we introduce the stabilization

condition of system (4.1), let us first consider the following definition.
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Definition 4.2 (Vidyasagar (1985) [40]). Suppose P,C are proper and stable
fractions. Let (N, D), (N, D) be any r.c.f. (right coprime factorization) proper
and stable and any lc.f. (left coprime factorization) proper and stable, and let
(N.,D.), (N, D.) be any r.c.f. and l.c.f. of C' proper and stable. Under these

conditions, define
A(P,C) = N.N + D.D, A(P,C') = NN, + DD.. (4.4)
Then both det[A(P, C')] and det[A(P, C)] are characteristic determinants of H (P, C)

From the Definition 4.2 we can give the necessary and sufficient condition for
(P,C) to be stable.
Theorem 4.3 (Di Loreto (2006) [103], Brethé (1997) [74], Vidyasagar (1985)
[40]). Let all symbols be as in Definition 4.2 The following are equivalent:

o The pair (P,C) is stable.

e The matriz N.N + D.D is unimodular over P.

o The matriz NNC + DDC 18 unimodular over P.

The following corollary can be easily deduced from Theorem 4.3.
Corollary 4.4 (Di Loreto (2006) [103], Brethé (1997) [74], Vidyasagar (1985)
[40]). Suppose (N, D) and (N, D) be any r.c.f. over P and any l.c.f. over P of P.
Then the following are equivalent:

o ( stabilizes P

e C has an l.c.f. proper and stable (N,, D,) such that N.N + DD = 1I.

o C has an r.c.f. proper and stable (N., D,) such that NN, + DD.=1.

For the stabilization, we have the following theorem.

Theorem 4.5 (Loiseau and Brethé (1997) [28]). All the transfer matrices T'(s,e™%) €
R™*"(s,e™*), with monic denominator , admit a right coprime factorization N D™

proper and stable. And there exist XY ' over P such that

XN+YD=1.
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We can deduce the set of the stabilizing compensator. See the following theorem

Theorem 4.6 (Di Loreto (2006) [103], Brethé (1997) [74], Vidyasagar (1985)
[40]). Let (N, D), (N, l~7) be any r.c.f. and l.c.f. proper and stable of P. Select
matriz X,Y, X.,Y proper and stable such that XN +YD = I, NX + DY = I.
Then

C, = {(Y—RN)_I(X—FRD): R is a matrix over P, ’Y—RN‘ 740}

- {(X + DS)(Y — NS)™': S is a matrix over P, )? - NS‘ 4 o} (4.5)

The set C, is the set of compensators that stabilize the plant P.

Example 4.1. Consider the following system
o(t) =x(t— 1) +u(t—1).

The transfer function from x to u is

R z(s) e s
pls) = a(s) s—e s
A coprime factorization of p(s) is n(s) = g;l, 02(3) = S;i Since there exists
S I e s+et 42+ ="
Ac - 2 ) dc = . )
" (8) s+1 (8) s+1

such that

a stabilizing compensator is

3+e 4 1=
s+es 424 =

c(s) =

And the transfer function of the closed-loop system is

e (34" +150)

(s+1)2

G(s) =
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Let us analyze the properties of the stabilization compensator with approximation.
Consider the following general time-delay system
k k
#(t) =Y Aw(t—hi) + > Bu(t — hy), h; > 0. (4.6)

i=0 =0

For the system (4.6), there is no difficulty to find a stabilizing compensator using

Theorem 4.3 and Corollary 4.4. Let us see the following example.

Example 4.2. Consider the plant §(s) = p(s)u(s), where

R e’
p(s) = : (4.7)
s—1
A proper and stable coprime factorization can be written as n = s‘il, d = ‘;’jr—i,
since
i(s) 2e + d(s) (1 +2 é1(8)> =1 (4.8)
where él(s) = Fi(f_lw Hence, a stabilizing compensator for (4.7) is
2¢!

ds) = 14 20(s)

In the time domain, the control is equivalent to
u(t) = —2(0; xu)(t) +2e' y(t). (4.9)

The transfer function of the closed-loop system is

(4.10)

In general, a coprime factorization (INV,, D.) over P of a stabilizing compensator for
P, includes some distributed delays, as shown in the Example 4.2. Approximating
such a compensator as described in Chapter 2 yields the approximated controller
Capp With factorization (Ngapps Deapp)s Where Neapn € HB(ne,en), and Deapp €
PB(d.,eq), for some given g, and 4. Applying this approximation in the control,
we would know the conditions on Cy,,, such that the pair (P, Cypp) is stable. The
positive answer comes from a direct application of the small gain theorem for
BIBO-stability.
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Lemma 4.7. The pair (P, Cyyp,) is stable if

-1

max(e,,eq) < H(N D)’ (4.11)

o .

Proof. Let (N, D.) be a coprime factorization over P of a stabilizing controller.

Since P C &7, from Theorem 4.3, we have
N+N,+DxD, =4, (4.12)

where § is a unit in «/. The approximated controller C,,, with factorization

(Neapps De.app) yields, in closed-loop, to the return equation

Ne — N app
N % Neapp + D% Dogp =0 — (N D) @p ) (413)
Dc - Dc,app

The approximated controller will stabilize the plant P if and only if the right hand

side in (4.13) is a unit over 7. Since & is a Banach algebra, a sufficient condition

Ne— Nea
v o) ()

Via approximations, N..pp € B(Ne, €,) and D app € B(D,, €4), so that the above

is

< 1. (4.14)

of

inequality yields the sufficient condition
H (v D) Hﬁmax(an, eq) < 1. (4.15)

O

Actually it is always possible to determine an approximation C,,, such that
(P, Capp) is stable. The counterpart will be in the order of approximation, that will
increase when the required accuracy vanishes. Small gain theorem, which is still
valid over any Banach algebra, gives us a sufficient condition on the approxima-
tion accuracy to guarantee robust stability. This condition helps us determine the
order of the approximation. Note that from [105, Dahleh and Otha (1988)| where
the conservativeness of the small gain theorem for BIBO-stability was studied, a
converse statement for Lemma 4.7 holds, in line the 7, case. This highlights
the weak conservation of such a condition for robust stabilization. For this we
can also refer [65, Partington and Makild (1994)], [106, Partington and Bonnet
(1994)], [107, Bonnet and Partington (2007)].
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Hence, in the Example 4.2, follows from Lemma 4.7, a sufficient condition for ro-
bust stability with approximation of 6; is that ¢4 < % From Figure 2.10, we see
that a first order may be sufficient for stability purpose. In practice, a sufficient
accuracy is obtained for a 3th order approximation and 5th order approximation
over #5(Io1), as can be seen in Figure 4.2, where step responses in closed-loop are
plotted.

0 2 4 6 8 10
time (s)

FIGURE 4.2: Step responses for the desired closed-loop (continuous line) and for
the closed-loop system with approximation of distributed delay with 5th order
(dash) and 3th order (dot-dash) (Example 4.2).

Similarly, in Example 4.1 we can calculate the sufficient condition for robust sta-
bility with approximation, which is max{e,, s} < % For the approximation of the

distributed delay

—s

1‘? , the sufficient condition for the degree is n > 2. In prac-

tice, for a sufficient accuracy we choose 2th-order and 5th-order approximation

over #5(Iy 1), as shown in Figure 4.3.

4.1.2 Neutral time-delay systems

The neutral time-delay system with commensurate pointwise delays has the fol-

lowing form:

B(t) =Y Eii(t — i)+ Y Ag(t—id) + > Bu(t — id) (4.16)
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output y
N
5

time (s)

FIGURE 4.3: Step responses for the desired closed-loop with approximation of
distributed delay with 5th order ((continuous line) and 2th order (dash) (Exam-
ple 4.1).

where x(t) € R" is the instantaneous state, u(t) € R™ is the control input. The
matrices A;, B;, F; are real with adequate dimensions, and F; # 0. All delays are
commensurable to ¢ > 0. This type of system arises in the boundary control of
certain hyperbolic partial differential equations, such as in the study of lumped
parameter networks or circuits interconnected by transmission line [108, Brayton
(1968)] [109, Youla (1968)] [110, Hale (1972)], and in control problem for retarded
delay system [111, Byrnes et al. (1984)].

The neutral time-delay system is a recurrent topic of control research, and many
stabilization analysis were presented in the literature. Earlier works include [112,
Bellman and Cooke (1963)], where various approaches were given. In [113, Pandolfi
(1976)| [111, Byrnes et al. (1984)] [114, Emre and Knowles (1984)], a sufficient
condition is established for the stabilization by an algebraic approach. In [115,
O’Connor and Tarn (1983)], the authors introduce a functional approach to the

stabilization problem.

To analyze the stability of neutral type time-delay systems, let us recall some basic
facts. According to [111, Byrnes et al. (1984)], the system (4.16) is said to be
formally stable, if

Rank(I — E(e™*)) = n, Vs € C, Re(s) > 0, (4.17)
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where
—195 2 :E e—zﬂs

The open-loop characteristic equation associated with (4.16) is defined by

A(s, o) = det [s (1 . E(e—%)) . A(e—%)} —0, (4.18)
where i
A(e—ﬁs) _ ZAie_ms'
=1

Developing the determinant in (4.18), A(s,e~%%) is of the general form

q r
A(s, ™) = Agsie s, (4.19)

i=0 k=0
with A, € R, for i = 0,...,q and k£ = 0, ..., r, for some integers ¢, € IN. In fact,
A(s,e%%) is quasi-polynomials. From (4.18) we know that, in general, the neutral

type time-delay system has an infinite number of roots.

Definition 4.8 (Pontryagin (1955)[73]). The system (4.16) is said to be stable if
there exists 0 < 0, such that

A(s,e7%) #0, Vs € C,Re(s) > 0. (4.20)

O

If the system (4.16) is formally stable, A(s,e™7*) = 0 has only a finite number of
zeros in the closed right half complex plane |73, Pontryagin (1955)]. According
o (4.17), the system (4.16) is formally stable if and only if the principal part of

A(s,e77%) is a stable polynomial in e~

In this section, we will mainly discuss the SISO case. The transfer function of

system (4.16) from x to u is

B(e—ﬂs) A
sl B(e?) = A(e)’

T(s)=

2>| 8>

(4.21)

where A(e™7%) = ZAe_ﬁs, Ble ) = ZBe s Be ") = ZEe_"?S and
A;, B;,C; € R. From [116, Di Loreto et al (2009)] we know that for strictly
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proper and non-formally stable neutral systems, there does not exist, in general,

a proper and stable coprime factorization. For instance, there does not exist a

1

Si—e=s) Over P.

coprime factorization of T'(s) =

As a particular case, we have the following stabilization theorem.

Theorem 4.9. Any formally stable SISO neutral time-delay system admits a

proper and stable stabilization compensator.

Proof. From Theorem 1 in [116, Di Loreto et al. (2009)] and its proof we know
that any formally stable neutral time-delay system admits a coprime factorization
(n,d) over P and n,,d, over P, such that nn. + dd, = 1. With Corollary 4.4 we

can obtain the result. O

Example 4.3. Consider the system

e
T(s) —
B = e
—s 5 s(1—Le—s . A ~
Factorize T(s) as n(s) = &, d(s) = % There exists &(s) = 1, y(s) =

— (== +1) such that #(s)n(s) +4(s)d(s) = 1. So a stabilizing compensator

1—%e*5
18
1— e
c(s) = %7
(1+ =)
and the closed-loop transfer function of the system is G(s) = (f;%i) The simulation

of the step response of the system is shown in Figure 4.J.
Example 4.4. Consider the system

2e7°

T(s) = ———.
(S) 1+e—2s

The poles of the system are A\ = jW7 with k € Z.. A coprime factorization of
T(s), is N(s) =e™*, D(s) = 1+ e . There exists X(s) = —3e°, Y(s) = 1 such
that X (s)N(s) + Y (s)D(s) = 1. The compensator

C(s) = —=e?

stabilizes T(s). The closed-loop transfer function of the system is G(s) = —e™%.

The simulation of the step response of the system is shown in Figure 4.5.
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1.4

121 h

0.2

FIGURE 4.4: Step responses for the desired closed-loop (continuous line) and for
the closed-loop system with approximation of distributed delay with 5th order
(dash) and 2rd order (dot-dash), (Example 4.3).

FIGURE 4.5: Step responses for the closed-loop system with initial condition
y(0) = 1, (Example 4.4).

For the extension, let us consider the FSA problem for the SISO time-delay sys-

tems. Consider now the control law
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where Fy € R(s,e™®) with deg,Fi(s) < 1 and without a constant term, and
Fy € R(s,e*) with deg,Fy(s) < 1. In other way Fi(s), Fy(s) should be proper

and stable and Fl without a constant term.

Now we are ready to give the definition of the finite spectrum assignability in

terms of the characteristic polynomial of the closed-loop system.

Definition 4.10. The system (4.16) is said to be finite spectrum assignable if
there exist F; € R(s,e*) with deg,Fi(s) < 1 and without constant term, and
Fy € R(s, e *) with deg,F5(s) < 0, such that

A

s1—E)—A -B

det . R
—F 1-F

=s+q,

A k . A k . A k .
where a € Ry, E =Y Eie ™ A= Aje ™ B =" Bje s,
i=1 i=0 i=1

For the FSA result, we have the following theorem.

Theorem 4.11. Assume that (4.16) is formally stable. The SISO system (4.16)

is finite spectrum assignable if and only if

A

Rank[s(1—FE)— A B]l=n, VseC.

k k k
where « € Ry, E =5 Eje™™ A=Y Aje ™, B=3" Bie ™.
i=1 i=0 i=1

Proof. Since Rank[s(1— E — A B] = n, s(1 — E) — A and B are coprime. Let
h=DB,d= s(1— E) — A. There exist 2,9 € & such that
hd 4 dj = 1.

Let a € R;. Divide Z(s + a) by 02, there exist 7' € &, Fy€ P and B, € P

(where E, has non unstable zeros) such that

A A ~

Ei(s+a) =Td— F;.

Let H=19y(s+a)+ 1. We can check that H and Fy satisfy

Hd— 2

=
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Looking at the degrees of this equation, it appears that H =1— [}, where F} is
proper and without coefficient constant. Let F} = % Since the system (4.16) is

formally stable, F 1, F}, have no unstable poles. Now the feedback control law is

The characteristic polynomial of the closed-loop system is

A

s[l—E—A -B )

. . (4.22)
oL 1- R

\I/bf(s) = det (

Let Vi € R[s,e™*Y], V5 € R[s,e™*?], and [8[1 —F] - A] Vi — BV, = 1, satisfy that
1

A ~1-1 & “ A1
%—ND‘l\/g:Vl—[s[l—E]—A] BV = [s[l—A]—E} . Thus

Vi n 1 W Vi n
det ! . | =det ! rf
V5 0 1 Vo d
Vi+ WV, n+Wd
= det R
Vs d
where W is a nonzero constant. Let A + Wd = 0 we have W = —Ad—!. Then we
have
Vi n .
det | 1" =4 <Vl—ﬁd_1\/2) — 1,

Vo d

since d = |s[1 — A] — E} . Therefore

\_A-F B[V
\I/bf(s) = det S[ A] ! 73
—F H Vo d
1 0
= det . (4.23)
—-FBVi+HV, s+«
which gives Uys(s) = s + a. O

Example 4.5. Let us consider the simple example

.1
T = §x(t — 1) +u(t).
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The transfer function is )

P(s) = m.

Let a(s) =1, d(s) = s(1— te7*). Since n(s) and d(s) are coprime factors of P(s),
there exist &(s) = 3e™ — 1e7, §(s) = == such that n(s)z(s) + d(s)j(s) = 1.
If we desire to obtain the pole in closed-loop in s = —1, we have Vyr(s) = s + 1.
Divide 0,z by d(s), to get

A A

Ey(e*)i(s +1) = T(s)d(s) — Fy(s),

where T(s) = 37> — Je7%, Fy(s) = —(3e* — le®)(1— Le™), B, =1 Le™.

Thus the feedback law which assigns the poles of the system at —1 1is

where

~ 1— e §e—8 o 16—25
F _ s 2 2
1(8) € s (1 - %e_s) )
n 3 —s —2s
Fy(s) = —5¢ " —5e 2
In the time domain the control law is
! 5 3 1
u(t)= [ w(t—7—1)dr+ iu(t —1)—u(t—2)+ Qx(t —-1)— Qx(t —2).
0

The simulation results are reported in Figure 4.6.

Remark 4.12. For the stabilizing control of the formally stable MIMO neutral
time-delay system, please refer to [117, Brethé] . Here we only show the following

theorem.

Theorem 4.13 (Brethé [117]). The MIMO system

{ #(t) = Ax(t) + Ea(t — h) + Bu(t) for ¢ >0

where x € R", y € R?, u € R™, A, B,C,D and E are matrices over Rle™?]

of appropriate size, which is formally stable and is stabilizable by dynamic state
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time (s)

FIGURE 4.6: Step responses for the closed-loop system, (Example 4.5).

feedback

{ do(t) = Aetro(t) + Ei(t — h) + Bea(t)
u(t) = —=Cox(t) — Dea(t) + v(t)

where u,x and x. are respectively the output, the input and the state of the com-
pensator, and where v is the new input, if and only if there exists a > 0 such
that

rank[sl, — A —se *"E, Bl=n, Vs C, Res> —a.

After the introduction to the stabilizing control of the formally stable neutral time-
delay system, now we introduce the stabilizing control for the non-formally stable
neutral time-delay system. We still focus on the SISO system. Let us consider the
following control

191 191

u(t) = i fi(Du(t — 7)dr + i fi(r)x(t — 7)dr

+ i f3(m)a(t —m)dr + ...

k k k
+ Zpiu(t — ) + Zglim(t — 1) + Z Go,&(t —10) + ... (4.24)
i=0 i=0 i=1
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where f1, fo,... € 9, pi,01,,92,,.- € R, i = 1,2, ..., k. The Laplace transform of
the control (4.24) is

A A

u(s) = Fi(s)u(s) + Fa(s)z(s) + 0(s) (4.25)

where Fy € 9, Fy € 4 + R[s,e], 6(s) is the reference input. The characteristic
polynomial of the system (4.16) with the control (4.25) can be given as follows:

A

s1—E)—A -B

\Ifbf(s) = det F 1 F . (426)
— 12 — 11

A k ) N k A A A A
where A(e™"%) = 3" Aje ™, B(e ™) =Y Bie ™ L € 4, I, € G + Rls,e %] If
i=0 i=0
we can determine [} € 4, [, € 4 + R[s, e™¥¥], such that

\Ifbf(S) =s+a, ac Ry,

then we have the stabilization for the non-formally stable neutral time-delay sys-
tem. The block scheme of the closed-loop system can be shown in Figure 4.7(a).
For analyzing the internal stability, we add the reference input vs, v3 to the system
(see Figure 4.7(b)).

The transfer function from (0; 09 03) to the (é; é2 é3) is

él 1 1 FI F2 @1
ol =————— |1 1-TF, F o 4.27
2 1—F1—TF2 - 2 2A 2 ( )
é3 1 TE  1—F| |9

From the equation (4.27), we can find that the elements 1_Ff+TFQ is not proper. So
the system is not the internal stabilization. To overcome this problem, we consider
to add a stable and strictly proper weight function Fj(s) € R(s) to the system.
The new block scheme of the system can be found in Figure 4.8. Now the transfer

function from (0; 09 03) to the (é; é3 é3) is

€1 0y
e = H U2 (4.28)
€3 U3
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(b) Plant with disturbance in v2, v3

FIGURE 4.7: Block scheme of closed-loop system

€2
F 2
+
N - o
g\, > i
+
+
€3 U3
F N\ by fje—

FIGURE 4.8: Block scheme of the neutral time-delay system with elements

proper.
where R o
. 1 Fy FyFy
1-F —TF A PR
1 TE (11— F)F;

Since the Fg(s) is stable and the degree can be chosen negative arbitrarily, all the
entries in H are stable and proper. For multivariable systems, the idea is exactly

the same. We have the following theorem.
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Theorem 4.14. The non formally stable SISO neutral time-delay system (4.16)

admits an internal stabilizing control if and only if
rank[s(] — E(e™)) — A(e™?), B(e™")] =n, Vs e C,
k

A k . A . A k .
where E(e™*") = " Eie™™s, A(e™) =Y A | B(e™%) = 3 Bje ",

=0 =0 =0

Proof. Since s(1— E)— A and B are coprime, let i = B, d = s(1— E) — A. There
exist z,7 € & such that
ni 4 dj = 1.

Let o € Ry. Divide (s + ) by d, there exist T € R[e™*] and F, € & such that

A A A

i’(S‘i‘O&) :Td—F2

Note that in this division, F5 is not proper but T can be proper. Let H =
U(s+a)+ Th. We can check that H and Fy satisfy

I{ICE—FQﬁZS—i‘O&

Looking at the degrees of this equation, it appears that H =1— [}, where F} is

proper and without constant coefficient. Now the feedback control law is

The characteristic polynomial of the closed-loop system is

Uy (s) = det ( st-E] -4 -B ) .

—F, 1—

The proof of the fact that W,(s) = s+, is the same as the proof of Theorem 4.11.
U

Example 4.6. Take the plant
We have A=0,B=1,C=1,D =0,E =e™*, and [s(] — E) — A] = 5(1 — e™*).
Since Rank [s(I — E) — A, B] =1 =n, there exists N = 1,D = s(1 — e~*) which
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satisfies

[s(I—E)—A™'B=N-D".

And there exists X = =" Y = 2e=% — e~ 2% such that

S

X-D+Y -N=1

A A~

Let C = s+ 1; dlvlde [S(I — E) - A] by CY; th€7”€ EIiSt T - 26_8 - 6_257 F =

2e7% — e % + se%(2e7° — e7%%) such that

(s+1)- (2 —e ) =T [s(1 —e*)]+ F.

s

So we can obtain that F; =1 — (CX +TB)=1—(s+ 1)1—%
Fy = —(2e7% —e7%)(se™* + 1), and the control of the system is

_ (26_8 _ 6_25),

w(t) = —ult—1)+ult—2)— /0 ult — 7)dr
— 2z(t—1)+x(t—2)—2&(t —2) + z(t — 3) + v(t).

where v(t) is the reference input. The simulation block is shown in Figure 4.7.
The simulation of the step response of the system without disturbance in vy, v3

(ve = v3 = 0) is shown in Figure 4.9.

4.1.3 Smith predictor with distributed delay

Predictive control which rely on dynamic models of the process is an advanced
method of process control. It estimates the process output and based on this
the actuation signal is chosen such that the output is made equal to the desired
value. Clearly, this approach relies upon a process model to predict the future
value of the controlled variable and uses this value as the input to the controller.
This technique can be used in many control problems to preventing violations of
input and output constraints, driving some output variables to their optimal set
points, while maintaining other outputs within specified ranges, preventing exces-
sive movement of the input variables. The best known compensation technique

for time-delay (or dead-time) systems is the Smith predictor.

The Smith predictor proposed in |5, Smith (1959)] is a type of predictive controller
for systems with pure input-delay. The principle of the Smith predictor can be

developed by considering feedback arrangements, as shown in Figure 4.10, where
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" time Es)

" time ﬁs)

FIGURE 4.9: Step response (step time at ¢ = 1) of system without disturbance,
(Example 4.6).

T is the given plant without delay, e™” is the delay with the delay time ¥, C' and
C* are compensators of the closed-loop system. In Figure 4.10(a), for the feedback

—O— ¢ T

Y

(a) Plant without delay

|
|

C T —| e—’lgs

(b) Plant with delay e~9Y°

FIGURE 4.10: Feedback system for a plant with and without delay

block diagram without delay, the closed loop transfer function is:

Go(s) - _CTOTLS)

1+ CH(s)T(s) (4.29)
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while with delay (Figure 4.10(b)):

C(s)T(s)e 7

G(s) T (5T (s)o ™ (4.30)
The objective is to design a controller C(s) so that
G(s) = G*(s)e . (4.31)

Conceptually, this can be seen as designing the controller so that the time delay

of the process is put outside the main feedback loop.

It follows form equation (4.29) (4.30) and (4.31) that

_ CET(s)e™  _ C()T(s) g,
(s) = 1+ C(s)T(s)e @ 1+ C’*(S)T(s)e ’ (4.32)
which gives,
C(s) ¢(s) (4.33)

T 1 CH(s)T(s)(1 — e Ps)
This transfer function can be represented by the feedback configuration shown
in Figure 4.11(a), which is the form normally used for computer implementation.
In order to appreciate the inherent structure of this controller the block diagram
is redrawn to the one shown in Figure 4.11(b). This arrangement reveals that
although the process variable y, is unaccessible for measurement, an estimate g,
is obtained from the model. It can be seen that T'(s) in the control receives
the same actuation signal as the plant, and predicts the undelayed plant output,
which is used as the feedback signal to form the error. Due to modelling errors or
load disturbances, the estimate g, will not always accurately reflect the variable
Yp, and so to compensate these errors, a second feedback loop is implemented
using the error signal e,,. An alternative way to look at this implementation
(Figure 4.11(b)) is that the delayed plant output is cancelled with that of the
model prediction and without this cancellation the loop would become unstable.
The Smith predictor cannot be applied to unstable systems since the compensator
C' will be unstable (in other words that in such applications it performs unstable
pole-zero cancellation). To overcome this problem, The Smith predictor block can
be replaced by a modified Smith predictor by using distributed delay [15, Mirkin
(2004)].

Actually the Smith predictor includes an infinite-dimensional internal feedback of

the form T'(1 —e™"%). If T is unstable, we consider replacing it by 7' — T,e~"* such
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)
Lo C*(s) T(s)e"
B +e—19s
M‘ T(s)
(a) Smith predictor implementation
_>,U + i, _’O*(S) T(s)e_ﬂs &’6_08
S ; it
B T
€m

(b) Smith predictor implementation- redrawn

FIGURE 4.11: Smith predictor implementation

that T — T,e ™ € 4. So T — T,e ¥ will be stable, and there will be no pole-zero

cancellation of the system. We illustrate it by an example

Example 4.7. Consider an unstable plant P(s) = T(s) xe™* = <. It is easy to
find the original Smith predictor

B 2
1+ 2&(1 —es)’

C(s) (4.34)

where the infinite-dimensional part is ;11(1 —e%). Although the transfer function

2e” 5
s+17

of the closed-loop system is G(s) = the system s still unstable since C' is

unstable. The simulation can be found in Figure 4.12. Now we replace i(l —e %)

by
1 —e (7D

1 1
e_(s_l) —

s—1 s—1 s—1 "~

and we choose the controller

2¢!

Ch=—"-—.
a 1—e—(s—1)
I+2=——

(4.35)

Then the system 1is stable and the transfer function of the closed-loop system is

G(s) = 2‘;1;3;5. The step response of the system can be found in Figure /.12.
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0 4 :
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FIGURE 4.12: Step response (step time at ¢ = 0) of unstable system with
modified Smith predictor (continuous), original Smith predictor (dash), (Exam-
ple 4.7).

4.2 Stabilization and control for fractional systems

Finite Spectrum Assignment(FSA) is a static feedback control, such that n eigen-
values of the corresponding closed-loop system are located at an arbitrarily pre-
assigned set of points in the complex plane, while the others are automatically
eliminated. This section is concerned with the FSA for a particular class of infi-

nite dimensional systems with single input
T(s) = N(s)d '(s), (4.36)

L 1 ) 1
where N(s) € R"sw, e 5"],d(s) € R[sr,e*"], u € IN,.

4.2.1 Fractional systems

Before we introduce the system, let us see some examples. In the one dimensional
model of heat equation [118, Curtain and Morris (2009)], we are interested in
the temperature profile in a rod, and the model can be described by a partial

differential equation

Pw(z,t)  Ow(x,t)
=

0<z<L,t>0, (4.37)
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where w(z, t) is the temperature at time ¢ at position x of the rod (length L). We

use the Neumann boundary control

oz : (4.38)
{ Pt = u(t)

where u(t) is the rate of heat flow into the rod. Let the initial condition w(-,0) = 0,
and measure the temperature at point z = 0. Then the transfer function form
input (control u(t)) to the output (y(¢t) = w(0,t)) is

(s) 20~ 1V5

G
T(s) = 50 = i — o) (4.39)

And the poles of the system are p, = (’%)2, keZ.

In the model of the transmission line, we analyze the coaxial line (length L = 1)
without losses [119, Lumbroso (1995)]. For the voltage we have

0% 0?v ov

— =a—— — 4.40

o~ Yot T (4.40)
where the coefficient «a, 3,y depend on the resistance, inductance, and capacity in
the transmission line system. If we neglect the resistance in the transmission line
we have the model 52 52

TV a2l (4.41)

ox? ot?

Considering the boundary conditions
0(0,s5) =0 (4.42)
1,5) ’

the transfer function form control 4(s) to the voltage 0(x, s) is

1o = 1o _ sblee) o

In the model of beam vibrations, we consider the classic Euler-Bernoulli beam

model for the defection w(z,t)

2 4
Pw(x,t) N EI@ w(zx,t)

T i =0, (4.44)
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where E, I are material constants [118, Curtain and Morris (2009)]|. Assume that
the beam is clamped at x = 0 and free at the tip x = L, with control of the shear

force at the tip. The boundary conditions are

ow

w(0,6) =0, 5—(0,) =0, (4.45)
Pw Pw

where u(t) represents an applied force at the tip, with positive direction the same
as the positive direction for the deflection w. If we measure the tip velocity, we
have the observation
ow
y(t) = E(LJ)' (4.47)

Then the transfer function is

L3s [cosh(m(s))sin(m(s)) — sinh(m(s))cos(m(s))]

T(s) = EIm3(s)[1+ cosh(m(s))cos(m(s))] (4.48)
with .
m(s) =L (ﬁ)
Now let us consider the transfer function
T(s) = N(s)d'(s) (4.49)

1 1
with N(s) € R”Xl[s%,e_s“], d(s) € R[s%,e_s“], and u € IN,. To present the
properties of the system more clearly, we consider changing the variable by z = s

Then the system becomes
T(z) = N(2)d '(2) (4.50)

with  N(z) € R"[z,e7%], d(s) € R[z,e 7]

We denote the system (4.49) by £, while (4.50) is denoted by £,. After that, if we
consider z to be the Laplace transform operator, we can reformulate an abstract
system into state-space representation. For this, we can divide the system into

three cases.

1. The first case, d(z) € R[s, e™*] is monic . For example

d(z) = 2> + 22e7% + 1.
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2. The second case, d(z) € R[s,e™*] is not monic. For example

d(z) =e %22 + 22+ 1.

3. the third case, d(s) € R[e®]. For example

d(z) = e + 1.

In the first case, the system can be reformulated into the following state-space
representation [45, Kailath (1980)].

T

B(t) =Y Aw(t—id) + Y Bu(t— i), (4.51)
=0 i=0
where z € R", u € R, Vi € {0,...,r}, A; € R"™™ and B; € R", h € R,;. In this
manuscript we will only introduce the FSA for the first case. The reader can refer
to Section 4.1.2 for the second case, which is a neutral time-delay systems (SISO).

As introduced in Section 4.1.2, FSA problem can be stated as follows.

Definition 4.15 (problem). Given a system (4.51), does there exist a feedback

control

~

Fi(2)a(z) = Fy(2)2(2) (4.52)

where Fy(z,e7?) € R[z], Fy(z) € R™"[z,e77], Fy(z, e *)F; (2, e7?) is proper such

that the closed-loop system has only a finite number of poles?

With the control (4.52) the characteristic polynomial of the closed-loop system is

zl, — A —-B
\Ifbf = det ~ ~ . (453)
—F, F

So the finite spectrum assignment problem is equivalent to determine Fy, Fy, such
that

n

Uyp(z) = [[(z" — ), a€C.

i=1
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4.2.2 Finite spectrum assignment for fractional systems

Definition 4.16 (Spong and Tarn (1981) [120]). The system (4.51) is said spec-
trally controllable if

rank [z]n ~ A7), B(e")] =n, VeeC (4.54)

where A(e"‘%) => Aem % B(e"‘%) =3 Bje %

=0 =0

With this definition, we have the following theorem.

Theorem 4.17 (Brethé and Loiseau (1998) [43]|). FSA problem for the system
(4.51) admits a solution if and only if

rank |21, — A(e=??), B(e—W)] —n, VzeC (4.55)

where A(e™"%) = Bje %,

Aie—iﬁz; B(e—ﬁz) —

0 =0

T
1= =

Proof. Necessity of the condition comes from [41, Manitius and Olbrot (1979)] or
[120, Spong and Tarn (1981)]

Sufficiency:
Under spectral controllability, 21, — fl(e"‘%) and B (e=%%) are left factor coprime.
Moreover, there exist N(z) € R**'[z,e ] and d(z) € R[z, e %] such that

(1, A B ) = N(2) - d(2),

N(z) and d(z) being right coprime factors . Moreover d(z) = det(zI, —A) and d(z)

A -1 .
is monic in z. We also have deg,N(z) < deg,d(z) since [z[n — A(e_’gz)] B(e™%)
is a strictly proper transfer matrix. Since rank [z[n - A(e_”z),é(e"‘%)} = n,
A T
z € C, it implies rank [d(z), NT(Z):| =1, Vz € C, z € C. Hence there exist #(z)
and ¢(z) such that
E(2)N(2) + §(2)d(z) = 1.

A

(2" — ;). Therefore Wyp(2)@(2)N(2) +

s

Let Wyr(2) € R[z] defined as Wyp(z) =

)

Il
—

Uy (2)0(2)d(2) = Uyp(2). Divide &(2) Wy

—~

z) by [z]n — A(e )| on the left. There

Cette thése est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2013ISAL0100/these.pdf
© [H. Lu], [2013], INSA de Lyon, tous droits réservés



Chapter 4. Stabilization and Observation Control 121

exist T(z) € R"[z] and F, € R"[2] such that
#(2) Uy (2) = T(2) [z[n - A(e—ﬁZ)] ~ By(2),

where deg, Fy(z) < deg, [z]n — A(e_ﬂz)] = 1. Let H(2) = §(2)Wyp(2)+T(2) B(e ).
We can check that H(z) and Fy(z) satisfy

A ~ ~

H(z)-d(2) — Fy(z) - N(2) = Typ(2).

Looking at the degree and at the highest degree coefficients in this equation, it
appears that H(z) = Fi(s) with deg Fi(z) > 1. Now we can give the feedback

control law

A

Fi(2)a(z) = Fy(2)2(z).

We can verify that the characteristic polynomial of the closed-loop system is

I,-—A -B -
Uyr(2) = det ( © 7 7 ) = H(Z“ — ;).
— I 1

O

Since we change the variable i = z, for the realization the control law should be

A 1 A 1

Fi(sw)u(s) = Fy(sw#)z(s),

and the poles of the system are of'.

Example 4.8. Let us consider the plant

e_\/g
T®) = A
Change the variable \/s by z,
e—Z
T(z) = z+1

The state space representation of this abstract system is

(t) = —x(t) + u(t — 1) (4.56)
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~

Since rank[z] — A(e™?), B(7%)] = 1, a(z) = ¢ % and d(z) = z + 1 are coprime,

_a—(z+1)
L ezﬂ such that

there exist #(z) = e, §(z) =
#(2)i(2) +9(2)d(2) = 1

If we want to have the pole in closed-loop in s = —1, we get Uys(z) = 22+ 1. Then
there exist T(z) = e (2 — 1), Fy(2) = 2! such that

1—e—(z+1)
z+1

We obtain Fy = §(2)Wy(2) + T(2)B(e™®) =

control of the system (for variable s) is

(z+1)+e(z—1)e*). The

u(s) 2¢!
- T e (V1 2 — VAN
B(s) Ll (VS D) el (Vs — e Ve
The transfer function of the closed-loop system will be
26_(1+\/§)
G(s) = —
(5) s+1

There are still many works to be considered, such as FSA for MIMO fraction
system, and realization of the control. For realizing the control, we consider using
approximation based method such that the control can be implemented. These

will be included in the future works.

4.3 Observer design for dynamical systems

Let us consider the following linear time invariant system

#(t) = Ax(t) + Bu(t) (4.57)
y(t) = Cz(t) + Du(t) (4.58)

with some initial condition x(ty) = x, the state z € R"™, input u € R™ and
output y € RY. The theory of observers for such systems, which reconstruct the
state x from measurements of the input and output, is well established. That

is to say that we estimate the error of the state which can vanish after a finite
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time or asymptotically goes to zero, see, e.g., [44, Barnett (1975)], [45, Kailath
(1980)], [46, O'Reilly (1983)], [47, Engel and Kreisselmeier (2002)], [48, Luenberger
(1966)], [49, Pernebo (1981)]. In this section, a new class of observers is developed
and analysed for the linear-invariant systems. This is a closed-loop observer which
includes a distributed delay. The synthesis of such observer requires only past
measures and inputs. First let us see the open-loop observer by using distributed
delay. The Similar results can be found in |7, Medvedev and Toivonen (1994)|,
[50, Chyung (1984)], [51, Medvedev (1995)]. Then we will introduce the closed-
loop observer. This gives a general framework for the asymptotical convergence

or finite time convergence of the estimation.

4.3.1 Open-loop observer

Let us consider the system (4.57)-(4.58). The general solution of (4.57) is given
by
t
z(t) = ez (ty) +/ AT Bu(r) dr, t >t (4.59)

to
At any time t > tg, the state of the system is dependent from its past evolution.
To make explicit this dependence from past state values, we reformulate (4.59)

into the following form. For any fixed h > 0, the state x(¢) is described by
t
() = et — h) + / A=) Bu(r)dr, t > h. (4.60)
t—h

In (4.60), the second term in the right-hand side is a distributed delay with input
u(t). The support of its kernel is in [0, h].
Multiplying this equation on the left by e 4", we see that

t
e Ma(t) = x(t — h) +/ ACTN By(r)dr, t > h. (4.61)
t—h
Using (4.61) and (4.58), we obtain that
Ce g (t) = y(t — h) + dpu(t), t > h, (4.62)

where

opu(t) = /th CeA=T"M Bu(r)dr — Du(t — h) (4.63)
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is a convolution operator with input u, and ftt_h CeAt=7=M By(7) dr is the dis-
tributed delay. Its kernel lies actually in the ring of proper fractions of the ring of

pseudo-polynomials.

The relationship (4.62) relates known signals, which are u and y, to the state .
Such a relation involves only delay operators, that is past information on mea-
sured signals. However, such a relation does not determine in a unique way, in
general, the state z. Let us take {h;,i = 1,...,n} ordered positive reals such
that 0 < hy < ... < h,. Applying the procedure described previously for each h;,

1 =1,...,n, we obtain the linear system

Ce™Mu(t) = y(t —hy)+ énult), t > hy
Ce2x(t) = y(t — ha) + Pnyult), t > ho

Ce Mg (t) = y(t —hy) + én,u(t), t > hy,.

This system can be put into the matrix form

where
Ce=AM y(t—hy) Py u(t)
Mh = 5 Yh(t) = y CDhu(t) =
Cle=Ahn y(t — hy) Pn,u(t)

To solve the x(t) in equation(4.64), we need to know whether or not M, is invert-

ible. For this let us see the following Theorem.

Theorem 4.18. If the system (}.57)-(4.58) is observable, for any H > 0, there
exist hy, ..., hy in [0, H] such that

rank : =n (4.65)

Before proving this theorem, let us consider the following lemma.
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Lemma 4.19 (Gohberg et al. (1986) [121]). Assume that p(s) is an analytic
function in a neighborhood of each eigenvalue Ay, ..., \, of A (A1, ..., A\, are assumed
to be distinct). Then p(A) has exactly the same invariant subspaces as A if and

only if the following conditions hold:

(1) p(Ni) # p(A;) if Xi # A

) dﬁ—(j)|8:>\i7é 0 for every eigenvalue \; with height of the Jordan block greater

than 1.
Proof. See Theorem 2.11.3 in [121, Gohberg et al. (1986)] O

Now we can prove Theorem 4.18 by using Lemma 4.19 and the properties of the

invariant subspace.

Proof. Define the observable space of the pair (A, C) as

M = [ker(CA™Y), (4.66)
i=1
and the space
Ny = ﬂker(Ce‘Ahi). (4.67)
i=1

It is obviously that .47 = @. Since Az = 0 € ker A for any = € ker A, the subspace
kerA is A invariant. This implies that .47 is an invariant subspace of A. If A4
and .45 are exactly the same invariant subspaces of A, we will have the following

equation:

Ce=AM C
rank : = rank : (4.68)
Ce#hn CAn1

Lemma 4.19 stipulates two necessary and sufficient conditions for preserving in-
variant subspaces of a matrix under a functional transformation. Now we verify
that the equality .4 = .45 hold. Let p(s) = e %" i =1,...,n. The condition (4)
yields

(1 — el £ (4.69)
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for all h € {hy,..h,} and all \;, \; € {A\1,...,\;}. Since an exponential is never
equal to zero, h € R, the condition (i) always true. Obviously, (ii) is always
true for the function in question. So we have .4 = .A45. Since the pair (A, C) is
observable, that is to say .4 = &, we obtain

ﬂker(C’Ai_l) = ﬂker(Ce‘Ahi) =g, (4.70)
i=1 i=1
which implies
C Ce=4m
rank : = rank : =n (4.71)
CA™1 Ce=Ahn

O

From Theorem 4.18, and equation (4.64), we can deduce the following equations
(Mh)TMhl’(t) = (Mh)TYh(t) + (Mh)TCDhu(t) (472)

If the system is observable, det [(Mh)TMh} = 0, where r = n in the matrix M,

we have
w(t) = [(Mp)" M)~ (M) Yi(t) + [(My)"My] ™" (My) T @pu(t),  (4.73)
with t > t5. So we can define our open-loop observer for system (4.57)-(4.58) is
2(t) = [(Ma)T M) (M)TYR () + [(Ma)TMy) " (M) ®pult).  (4.74)
with t € [h,00), h = max{hy, ..., h,}. Then we have
z(t) = x(t), t € [h,00), h=max{hy,...,h,}. (4.75)

Remark 4.20. From Theorem 4.18 we know that if the pair (A, C) is observable,
there exists Mj, such that det[(M})" M| # 0, and there will be a solution for

equation (4.72). But this is not the unique solution for the observer z(t). If the pair
(A, C) is observable and there exist Ay, ..., h,, r < n such that det[(M})? M},] # 0
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where
Ce Al

My, =

Ce—Ahr

we also have the observer z(t). We can see the Example 4.9.

Example 4.9. Consider the system

10 1
©(t) = 0 -1 0 [z(t)+ u(t)
0 0 -1 0
(10 0
t) = ;
0 = | 0] g
where
-1 0 1 1 10 0
A=] 0 -1 o | .B=|1 ,C:[ ]
010
0 0 -1 0

If we choose hy =1 and hy = 0.5, we can verify that

Ce=Am

My = Cle—Ah2

] , and det [(M,,)TM,] = 50.75 # 0.

We can obtain

y(t —h1)

+ [MF M) M
ot — h) (M), M)~ M,

B(t) = [My My) ™ My, [

Ce= A, (u)(t) ] |
CeAh2d, (u)(t)

The simulation results can be seen in Figure 4.13. In Figure 4.13, the u-left figure
shows the step response of the state xy (continuous line) with initial condition
xg = [01 1]T. The dashed line show the observation value T, of the state x,
where hy = 1, ho = 0.5. The dashed-dot line shows the observation value Ty with
h1 = 0.5, hy = 0.3. The other figures in Figure 4.13 show the simulation of state
T, To and w3, T3, respectively. We can see that when the time t > max{hy, ho},

flle.
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time (s)

0% 05 1 15 2 25 3
‘ time (s) ‘

FIGURE 4.13: observer simulation with the state x(¢) (continuous) and the
estimation of Z(¢) (dashed, with hy = 1, hy = 0.5) (dashed-dot, with h; = 0.5,
ha = 0.3), the initial condition is z¢(¢) = [0 1 1], (Example 4.9).

4.3.2 Closed-loop observer

Now we introduce a new class of the closed-loop observer by using the distributed

delay. Let us consider the following observer

{ #(t) = eMa(t — h) + K[y(t — h) —n(t — b))+ [, A7 Bu(r)dr, t > h(4 6
n(t) = C(t) + Du(t), '

where K € R"*™. We estimate the state z(t) — &(t) that is
e(t) = xz(t) —z(t)

= (M — KC)[a(t — h) — &(t — h)]
= (™~ KQ)e(t —h), t > h. (4.77)
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Remark 4.21. We can also consider a more general observer having the following

form

n t
B(t) = i —h)+ > Kily(t— ho) — 0t — b)) + / A=) Bu(r)dr, ¢ > h
i=1 t=h

n(t) = Ci(t) + Duf(t). (4.78)

e(t) = a(t) —@(t) =ee(t —h) — z": K,Ce(t — h;), (4.79)

=1

which is a difference equation.

In this section, for the sake of simplicity, we only discuss about the observer with
the form (4.76). We will show that the exact observer can be obtained by choosing
appropriate coefficients h and K.

4.3.2.1 Scalar case

Let us see the scalar system first. In the scalar system, the solution of (4.77) is
e(t) = (e — ko) g(t) (4.80)

where h € Ry and ¢(t) € RJt], t € [—h,0] which are bounded and depend on
the initial condition of system (4.77). So if |(e*" — kc)| < 1 the solution e(t) will
stable and convergence to zeros. If |(e® — kc)| = 0, we have e(t) = 0, t > h. So
in the scalar system the convergence of the state observation to zero is always in
the finite time h if & = . The convergence rate can be assigned by suitably

choosing the gain k. In other words, we can choose the finite time by defining the

parameter h in the observer.

Example 4.10. Consider the system
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SO

and the observer

#(t) = e "&(t —h)+kly(t —h) —n(t—h)] + /:h e~y (r)dr

nt) = z().
The error e(t) = x(t) — z(t) is
e(t) = (e — k)e(t — h).

The Figure 4.1/ shows the exact observation of the state x. The continuous line
is the step response of the state x(t) with initial condition xo = 0.5. The dashed
line is the estimation of 1 for h = 1. We can see that the exact observer can be
obtained at time t = h. The dashed-dot line shows the simulation of the estimation
of x1 with h = 0.5.

Figure .15 shows the convergence observation of the state x. The continuous line
is the step response of the state x(t) with initial condition xy = 0.5. The dashed
and dashed-dot line is the estimation of T with h = 1 and h = 0.5, respectively,

which converges to the state z(t).

‘ ‘ ‘ ‘ ‘
0 05 1 15 2 25 3
time (s)

FIGURE 4.14: observer simulation with the state z(t) (continuous) and the
estimation of #(t) (dashed h = 1, dashed-dot h = 0.5), k = e~" and the initial
condition is zg = 0.5, (Example 4.10).
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‘ ‘ ‘ ‘ ‘
0 05 1 15 2 25 3
time (s)

FIGURE 4.15: observer simulation with the state x(¢) (continuous) and the
estimation of &(t) (dashed k = 0.8, dashed-dot £ = 0.5 ),h = 0.5 and the initial
condition is xg = 0.5, (Example 4.10).

4.3.2.2 Multivariable case

In the multivariable case, we denote
p(A) = max {|A| : A is an eigenvalue of A}

The necessary and sufficient condition for the asymptotical stability of (4.77) is
p(e — KC) < 1, [Damak et al 2013]. If the difference equation (4.77) is stable

for any bounded initial condition,

lim e(t) = 0. (4.81)

t— 00

Now we decompose system (4.77) into its Jordan reduced form
2(t) = Jz(t — h), t > h, (4.82)

with A = PJP~!, P is an unimodular transformation, z(t) = Pe(t), and J =
block diag(.Jy, Ja, ..., J;) for [ < n, and where J; stands for the g, X ¢ matrix (g
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is the number of the same eigenvalues of \)

N 1 - 0
YRS
Jj, = g . (4.83)
SO
- Ak—
The elements A\, for k = 1,...,1, are the eigenvalues of A. Then there exist
t € [nh, (n + 1)h] such that
2(t) = J"o(t — (n+ 1)h), (4.84)

where ¢(t) is the initial condition for the equation (4.82). If J7 = 0 for n € NN,
z(t) = 0 for any t € [kh, (k+ 1)h], k > n—1 and k € IN. That is to say if J7 =0,
e(t) = P~'z(t) = 0 for any t € [kh, (k+ 1)h] where k > n—1. So the condition for
e(t) =01is J7 =0 for n € IN. In other words, the matrix J should be the nilpotent
matrix. And e(t) =0 at t € [(n — 1)h, o0].

Remark 4.22. For choosing the coefficient K and h such that the matrix J is
matrix niloptent, we give the following procedure. Let us see the SISO system
first.

If the system (4.57)-(4.58) is observable, from Theorem 4.18 we know that the pair

(e*, C) is observable. Then there exists an unimodular matrix @ such that

0 0 ay
10 --- 0 a9
Q leMQ=A.=]0 1 as (4.85)
_0 0 - 1 an |
and
CQ=Co=]0 - 0 1], (4.86)

where A, and C. are the observable canonical form. Since the matrix (eAh —

KC) and Qe — KCJQ are matrix similarity, we can focus on calculating the
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eigenvalues of matrix Qe — KC|Q. Let
k1
Q'K =Ke =
we have

Q e - KCQ = A.—K.C,

-0 0 a; — ]{31-
10 --- 0 a9 — kz
= 0 1 asg — kg (487)
[0 0 L ap — kn
The characteristic polynomial of A, — K.C, is
P(A) = (a1 — k1) + (ag — ko) (=) 4+ -+ (=A)" (4.88)

If all the eigenvalues equal zero, we can deduce a; = k;, 1 =1, ..., n.

Now we see the MIMO systems. Like the SISO system. If the system (4.57)-(4.58)
is observable, from Theorem 4.18 we know that the pair (e?", C) is observable.

Then there exist an unimodular matrix () such that
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Ae:Q_leAhQ
[0 - 0 x 0 0 x 0 0 x 1]
1 0 X : ¢
1 X X x |
0 0 x X x 7
1 0 X X g2
1o 0 x 1 x 0 0 x |
0 0 x 0 0 X 0 0 x ¢t
: 1 0 X q
0 0 x 0 0 X 1 x |
|~ ¢ — 4~ @ — — q — ]
and
c. = CQ
[ 1 0 0 |
0 1 0
10 o 0o 0
0
0 0 1
R R i N — q — |

where A, and C, are the observable canonical form. Let K, = Q 'K,

K.=|: ol (4.89)
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The matrix Q~'[e?" — KC]|Q = A.— K.C, has the same eigenvalue with e*" — KC.

The matrix A, — K.C\ has the following form

A.— K.C, =
[ 0 X — ]{3171 X — k’271
1 0 X — kLQ
1
0
1 0
N 1
X — kn,l X — k’n,Q
i — 1 — — Q9 —

%

q

1

X — kl,m
X — kpm
%

If any element x —k; ; =0,7=1,...,n,, j = 1,...,m, the matrix A, — K.C. will

be

1

0

That is to say all the eigenvalues of matrix are equal to zero.

Example 4.11. Consider the system

1 0 1
i(t) = 10 |at)+
0 0 -1
(10 0
y(t) = 01 o (1),
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where

-1 0 1 1 Lo o
A= 0 -1 0 ,B=1| 1 ,C = .
010

a(t) = ei(t—h)+ Kyt —h) —n(t—h)]+ /:h A7) Bu(r)dr

2¢O
If we choose K = 0 e " |, the eigenvalues of (e*" — KC') are equal to zero
—h
£~ 0
7

and the error e(t) will vanish at t = 2h. Figure /.16 shows the step response of
the state x1, xo, x3 and the estimation of T1, Ta, 3. In the upper-left figure of
Figure 4.16, the continuous line is the step response of the state x1 with initial
condition xo(t) = [0.5 0.5 0.5]7. The dashed line is the exact estimation of ¥, with
the coefficient h = 0.5. So we have x1(t) = Z1(t), t > 1. The dashed-dot line
is the simulation of &1 with h = 0.2. So we obtain x1(t) = 1(t), t > 0.4. The
other figures in Figure /.16 show the observation simulation of xo(t) and x3(t)

respectively.

If we choose the poles of the error system to be {0.1 0.2 0.3}, the parameter K

0.9131 0
can be obtained by calculation, that is K = 0 0.3065 | . So the estimate
0.6790 0

Z(t) will converge to the state z(t). The simulation result can be seen in Fig-
ure 4.17. In the Figure 4.17, the continuous line is the step response of the state
x(t) with initial condition xo(t) = [0.5 0.5 0.5]7. The dashed line is the estimation
of Z(t) with coefficient h = 0.5. We can see that the estimation of Z(t) converges
to the state (t). The dashed-dot line is the estimation of T(t) with the coefficient
h =0.2.
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FIGURE 4.16: observer simulation with the state x(¢) (continuous) and the
estimation of #(¢) (dashed h = 0.5, dashed-dot h = 0.2), the initial condition is
xo = [0.5 0.5 0.5]7, (Example 4.11).

4.3.2.3 Robustness under parameter uncertainty

In this subsection we consider that some uncertainties occur in the observer pa-
rameter h. Let h = hg + Ah, hg is know while Ah > —hgy is some uncertainties.

The error of the observer can be defined as
e(t) = [eA(h°+Ah) — KCle(t — h). (4.91)

where the parameters hg, K are given and satisfy p(e?(®) — KC) < 1. So the
necessary and sufficient condition of asymptotical stability for the equation (4.91)
is

p (eAMotAh) — K C) < 1. (4.92)

In the scalar case, the inequality (4.92) reduces to

(KC —1)e 0 < A8 <« (KO + 1)e o, (4.93)
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FIGURE 4.17: observer simulation with the state z(t) (continuous) and the
estimation of #(¢) (dashed h = 0.5, dashed-dot h = 0.2), the initial condition is
xo = [0.5 0.5 0.5]7, (Example 4.11).

In the multivariable case, for any matrix M € R™", we denote |M| the matrix
with entries |m;;|, 7,7 = 1,2,...,n, where m;; are the entries of M. And for the
two matrix M, N € R"*", the inequality M < N stands for any corresponding
entries of matrix M, N, we have m;; < n;;. If there exist matrix A, B € R"*" such
that A < |A] < |BJ, we have the following inequality

p(A) < p(|Al) < p(|BJ).

So we can obtain the following inequality

p (eA(h0+Ah) B K(J) < (‘eA(ho+Ah)‘ + |KC\) ) (4.94)

Then the sufficient condition of the asymptotically stable of the observation can

be deduced as p (e T4M| 4+ |KC|) < 1. We know the exact value of |[KC|. For

the part ‘eA(h”Ah)‘, we decompose it into its Jordan form. In other words there
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exist a unimodular matrix P such that

eAhotah) — pelhotAh) p=1 (o A = PP, (4.95)
where
[\ 1 |
J1
J— T = . , (4.96)
J, ' \
L = llel

where \; for i = 1,2, ..., q are the eigenvalues of A, [; is the number of the same

eigenvalues of \;. Since

Ji= NI, + N, (4.97)
where _ -
0 1
0
Ni ==
0
L B llez
is the nilpotent matrix, we have
oJilho+AR) (NI +N)(ho+AR) _ (Ni(ho+Ah) (Ni(ho+Ah)
li—1
— NF(ho + Ah)*
_  Ni(hot+AR) i \7°0
= ehilho Z o . (4.98)
k=0
In other words
(1 hy+ AR (ho+2!Ah)2 . (hozgf—}i))l!i_l-
1 ho + Ah
oJilho+AR) _ (Ni(hotAh) 1 (ho+2$)2 . (4.99)
ho + Ah
1
So we have
eAhotah) = pelhotAh) p=1 = p [block diag {e/t 0T84 ... elalhotah)1] p=1,
(4.100)
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So if
p (| P [block diag {eJl(hO+Ah), e ,e‘]‘I(h‘)*Ah)H P +|KC|) <1, (4.101)

the system still is stable. From inequality (4.101) we can find the bound (denoted
by Humin, Pmae) On the uncertainty Ah. So the robust stability condition for the
uncertainty Ah is

max{—hg, hmin} < Ah < hpag.

Example 4.12. Let us consider the Example 4.11. We choose

0.9131 0
1 00
ho =0.5, K= 0 0.3065 |, C = )
010
0.6790 0
and
0 ho+ Ah
eA(h0+Ah) — e—(h0+Ah) ] + 0 0 0
0
From inequality (4.94) we have
0 (eA(ho—i-Ah) _ KC) <p (}eA(ho-i-Ah)} + |KC|). (4.102)
where
e Mo=Ak 10,9131 0 ho + Ah
Ao +AN| KO = 0 e ho=Ah 10,3065 0
0.6790 0 g ho=Ah

We can obtain p (|e?hotaM| 4 |KC|) = 0.3679 + e "=2". If the system (4.91)
is stable, p (|e*M0TAM| 4| KC|) = 0.3065 + e "0~A" < 1. That is to say Ah >
max{0.3621 — hg, —ho} = 0.3621 — hy. For ezample, let us choose hg = 0.5 (see
Ezample 4.10), then Ah > —0.1379. For Ah = {0.5, 1, 1.5}, the step response of

the state x and estimation of T are shown in Figure 4.18.
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1.2f

15 20

-0.2
0

FIGURE 4.18: observer simulation with the state x(¢) (continuous) and the
estimation of Z(¢) (Ah = 0.5 (dash), Ah =1 (dash-dot), Ah = 1.5 (dot) ), the
initial condition is g = [0.5 0.5 0.5]7, (Example 4.12).

4.4 Conclusion

The first contribution of this chapter is the stabilization and FSA for SISO neutral
time-delay systems. We presented an the algebraic algorithm to find the stabilizing
control law. More generally, we introduced the FSA for a class of infinite dimen-
sional systems. The necessary and sufficient condition for FSA were given and the
procedure for finding the state feedback control was presented. The other contri-
bution of this chapter is the observer synthesis for estimation or output control.
We focused on the closed-loop memoryless observers by output injection. Asymp-
totic convergence, as well as finite time convergence of the estimation are analyzed
by output injection. Some robustness aspects are also discussed, depending on the

time of measurements.
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Chapter 5

Approximation of Distributed

Parameter Systems

In this chapter we study the approximation problem for linear distributed param-
eter systems. A distributed parameter system is an infinite dimensional system,
which can be realized by partial differential equations. We are interested in the
definition of a new class of approximation which we will introduce here. Such a
new class of approximation is introduced to address the conservatism of condi-
tions for approximation by lumped systems. Furthermore, such an approximation
is defined in the graph topology, which will ensure that for control purpose, the
properties obtained in closed-loop on the approximation are close to those of the

finite dimensional plant.

From an input-output approach, working on approximation means to find a more
tractable model with respect to specifications, like control, simulation, inversion,
or model analysis. In other words, an approximation problem can be decomposed
into two steps. The first one consists, from specifications, to define the class of
operators used in the approximated model as well as the topology. The second
step is the development of theoretical and numerical methods to determine an
operator in the previous class which is close to the system. In this chapter, we will
introduce a new class of approximation, that will include time-delay operators.
Working on the graph topology, we will show that, under some weak assumptions,
such an approximation can always be realized. We will focus our work on the
realization and the representation of this approximation by Roesser model where

distributed delay will appear explicitly. An equivalence between Roesser model
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Cette thése est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2013ISAL0100/these.pdf
© [H. Lu], [2013], INSA de Lyon, tous droits réservés



Chapter 5. Approximation of Distributed Parameter Systems 144

and neutral time-delay system is also commented in this chapter. This part con-
tains more prospective works, and will open new motivations for the control theory

on time-delay systems and the use of distributed delay.

5.1 Approximation by lumped systems

Let us recall first some facts on approximation by lumped systems. Most of the
works in the literature on approximation are focused on approximation operators
defined by lumped systems. Lumped systems were already presented in Chapter 2.

Let us recall the basic and central result in approximation by lumped systems.

Theorem 5.1 (Vidyasagar and Anderson (1989) [21]). Suppose a plant P has
dimensions | X m and has an right coprime factorization (N, D), where naturally
N € ™™ and D € &/™ ™. Then P can be approximated by a lumped plant in
the graph topology if and only if there exists a constant matriz M € R+ of
rank | such that

MA,, =0 where A=
D

N] | 51

and (-)pq denotes the purely atomic part.

The necessary and sufficient condition proposed in Theorem 5.1 is strongly con-

servative. For example, for the plant

2e7°
T(s) = —
(s) =1 Fiper

—S

which can be obtained by some propagation phenomena, we have N(s) = 2e™*,

D(s) =1+ e 2. These factors are coprime over & since

—%e—s  N(s)+1-D(s) = 1.

Now, using Theorem 5.1, we can show that 7T'(s) cannot be approximated in the

sense of the graph topology by any lumped system. From Theorem 5.1,we have

2e7°

A, =
P 1+e %
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and the condition (5.1) is not satisfied. Indeed, for M = [my, may]|, my, my € R, we
should obtain
Qe_sml + (1 + e_2s)m2 =0.

This would imply m; = ms = 0, so that the rank condition on M can not be
satisfied. From this example, presented in this chapter the central role that the
purely atomic part plays in approximation is readily verified. This fact will be at

the core of the new class of approximation.

Numerical methods for approximation by lumped systems can be found in many
works, such as [122, Powell (1981)], [52, Gu et al. (1989)], [53, Quarteroni and
Valli (2008)], [58, Glover et al. (1988)], [123, Morris and Navasca (2010)], [59, Li
(1996)] etc. We have seen in Chapter 2 that plants defined over L;(R.) can be
approximated in the graph topology by lumped systems. We will present here a
numerical method proposed by [59, Li (1996)]. This method is based on Laguerre
series expansion. Laguerre polynomials are defined by

L(t)-:i: (- n>0, t>0 (5.2)
R et O I '

and have been well studied in the literature (for instance in [124, Makila (1990)]).
The elements g,,(t) = L,(t)e"2, for n > 0, form an orthonormal Hilbert basis of
Ly(R,), and any function h(t) € La(Ry) can be uniquely expanded as

h(t) = cn(P)gn(), (5.3)

n=0
where ¢,(h) =< h,g, >= [ h(t)g.(t)dt, n > 0, are called the Laguerre coef-
ficients of h(t) relative to g,. Using the Laguerre series expansion, we get the

following result on L;- approximation.

Theorem 5.2 (Li (1996) [59]). Suppose that there exists ap, such that h(t)e®' €
Ly(Ry), and h(t) € Li(Ry). For any a €]0, ap| define

ha(t) = craLi(t)e &), (5.4)
k=0
where cgo =< h(t)e™, gp(t) >, k > 0. Then h,o(t) converges to h(t) in Ly,
namely
s () — hua (8)], = 0.
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Let us illustrate such an approximation on a simple example, related to heat

conduction.
Example 5.1. Consider the plant [118, Curtain and Morris (2009)]
. sinh(y/5
h(s) = SMV3)
sinh(2,/3)

The poles of the system are —(km)?, k = 1,2, ..., and the plant is strictly proper,

and stable. The inverse Laplace transform of iz(s) s

(e}

Ze ERa sm(gﬁ), t>0. (5.5)

We can verify that h(t) € Li(Ry) and for ay < %2, h(t)e* € Ly(Ry). Applying
Theorem 5.2 with any o € (0, ) an Ly-approzimation of h(t) is

—at
app E CkaLk e 2 e 9
where
Cha = / Ye™ Lpe™ 21t

- Z Gy~ ]]'Z 2q+1 (2q+1)7r : ‘ (5.6)

=0 2+ % - O‘)(]H)

In Figure 5.1, a simulation result of h(t) is reported. This approximated solution
is compared to a truncation of the exact solution h(t) in (5.5) where only the first

21 terms were taken into account.

5.2 Causality

Approximation is required to be causal. A plant P is said to be causal if the value
of the output (Pu)(t) at any time ¢ depends only on the values of the input up to

time ¢. Define Pr as

u(t), t<T

. (5.7)
0, elsewhere

Pr(u)(t) = {
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14

1.2

time (s)

FIGURE 5.1: The continuous line is h(t), the dash line is the approximation of
h(t) (with n = 10), the dash-dot line is the approximation of A(t) (with n = 5).
(Example 5.1).

The plant P is causal if and only if [125, Willems (1969)]
PrPPr =PrP. (5.8)

The set of causal plants forms an algebra.

Lemma 5.3. Let P be a p X m plant, and assume that P admits an rcf (N, D),
with N € @/P*™ and D € &/™ ™. Then P is causal if and only if D™ is causal.

Proof. Assume that P is causal. Since (N, D) is an rcf, there exist X € &/™*P and
Y € &/™ ™ such that XN+Y D = I,,,. Hence XP+Y = D~'. Since the elements

in .o/ are causal, XP +Y is causal, and so is D~!. The converse is obvious. [

Any causal plant can be decomposed as
P=P,+ Py, (5.9)

where P, is proper, while P, is strictly proper in the sense of Definition 1.7.

Lemma 5.4. Let D be in &/™*™. Then D 1is bicausal if and if Dy is a nonsigular

matrix in R™* ™, where

D=> De " (5.10)

1>0
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Proof. Assume that D is bicausal. Then D can be decomposed as D = Dy +
S Die st + D, and

i>0

D' = Qo + Qqp, (5.11)

where @)y, is strictly proper. Hence,
I, = DD ' = DyQ, + S, (5.12)

where S is strictly proper. We conclude that the inversion of Dy is (g, so Dy is

nonsingular.

Conversely, assume that Dy is nonsingular. Then
D' = (I, + D) 'Dy?, (5.13)

where Dy, is strictly proper. Since strictly proper systems form a radical of the

algebra of causal plants, we conclude that D~! is causal. O

In other words, for any plant P with an rcf (N, D), the plant P is causal if and

only if Dy is nonsingular.

5.3 Approximation by delay systems

In this section, we show that under weak conditions, any distributed parameter

plant can be approximated by a time-delay plant of neutral type.

The central result of this section is given below.

Theorem 5.5. Let P be a p x m causal plant, and assume that P admits an rcf
(N, D), with N € &/P*™ and D € /™ ™. Then P can be approximated in the
graph topology by a delay plant.

Before we prove this theorem, let us introduce the following Lemma.

Lemma 5.6. Let N € &/P*™ and assume that N = Np,. Then N can be approz-
imated in the graph topology by an input-delay system.
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Proof. From assumption N = N,,, it follows readily that

N = ZNi(S(t —t;).

1>0

Since N; is an [7*™-convergent sequence, for any € > 0, there exists ¢ € IN such
that Ny € #B(N,¢e), where Ny, is the truncation of the first g-elements in IV,

q

that is Np) = > N;6(t —t;). It follows that a realization of this approximation
i=0

is

Yg(t) = Nou(t) + Nyu(t —t1) + ... + Nyu(t — t,),

which is an input-delay system, where y,(¢) is the output, and () is the input. O
Now we can prove Theorem 5.5 by using Lemma 5.6.

Proof. Let y = Pu, and introduce the partial state £ such that

u = D¢
y = N¢

Since P is causal, Dy is nonsingular, so that

I,6 + <Z Dy'Dse ™ + Do‘lDr> £ =u. (5.14)

i>1

Since Dy 'D, is strictly proper, it can be approximated by a lumped system in
the graph topology. It follows that there exist real matrices (C, F,G) such that
C(sl, — F)™'G realizes a lumped approximation of Dy'D,. Then, using the
truncation proposed in Lemma 5.6, an approximation in the graph topology of

u = D¢ is given by

£(t) = élezf(t —t;) + Bz(t) + Cu(t)

(5.15)
2(t) = Dz(t) + EE(t)
The relationship y = N¢ can be approximated by
w(t) = Hw(t) + K¢(t)
(5.16)

y(t) = Z N&(t —t;) + Lw(t)
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O

From Theorem 5.5, we know that the causal plant (with coprime factorization over

/) can be approximated in a delay plant which has the following form

0= Fa- 0

2(t) = Dz(t) + Ex(t)

The equations (5.17) involve two linear operators, and we can also realize such
approximation using only delay operators with pointwise and distributed delays.
For this, just note that the solution of the ODE (Ordinary Differential Equation)
in equations (5.17) is described by

2(t) = ePV2(t — V) + /ﬂ P Ex(t — 1)dr, t#9, (5.18)
0

with t
2(t) = eP'2(0) +/ PN Er(t — 1)dr, t€[0,9).
0

Hence (5.17) is equivalent to

0= B0 son) o,

2(t) = eP2(t — )+ foﬂ ePTEx(t — 7)dr

If the system has only one delay, the system can be rewritten into the canonical

form of a Roesser-model. Consider the following system

{ wt) = As(t =)+ Ba(f) + Cult) ) (5.20)

2(t) = Dz(t) + Fx(t)

Let ¢(t) = x(t) — Bz(t) —Cu(t) = Az(t—1), the system (5.20) can be reformulated

into

{ Pt +19) = A1p(t) + Axz(t) + Asu(t) 9eR, (5.21)

() = Agz(t) + Asx(t)

where Ay = A, Ay = AB, A3 = AC, Ay = D, A5 = E, and (5.20), (5.21) are the

canonical form of a Roesser-model. The system (5.21) can be realized by delay
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operators and distributed delay which has the following form

A A L0 0
X(t—9)+ /
( ) e [0 eA4(t—T)A5

Xw=1{"

X(1)dr, (5.22)

where

The initial condition are denoted by ¢(t) = ®(t), t € [—0,0], and z(t) = V(¢),
te[-0,0).

In this chapter, we mainly focus on the delay system with only one delay which
is a Roesser-model. So in the following subsection, we will introduce the Roesser-
model and the equivalence between Roesser-model and neutral time-delay system.

The analysis of delay systems with finite number delay is left for future work.

5.3.1 Roesser model

We consider a Roesser model, that is a 2-D state-space realization

qr = Az + Asz + Biu
wz = Asx + Asz + Bou (5.23)
y =Cz+Cyz+ Du

where z € R”, z € R*, y € R?, ¢ and w are linear operators which represent the

derivative and forward delay.

We can associate to system (5.23) in a unique way the rational p x m matrix

T(q, w) over R(q,w)

-1

ql, — Ay —Ay
—Ag ’LUIS - A4

B,

T(q,w) = D + [Cl CQ] B
2

. (5.24)

T(q,w) is called the transfer of the system (5.23). Conversely, given a p x m
matrix 7'(¢, w) in R(g,w) of the form (5.24), we say that (5.23) is a realization for

T(q,w).

The entries of the transfer matrix 7'(q, w) are fractions of 2D-polynomials, that is
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polynomials in the variables ¢ and w. These elements are of the form Z((Z’Zj)) , where

n(q,w) = Z inijqiwj, d(q,w) = Z 2”: dijq'w’ (5.25)
i=0 j=0 i=0 j=0

and dgp = 1 is called the principal term of d(q, w).

5.3.2 Equivalence between Roesser model and neutral type

time-delay
For the equivalence between Roesser model and neutral time-delay we have the
following theorem.

Theorem 5.7 (Brethé and Loiseau (1997) [126]). A Roesser model can represent
a time-delay of retarded type if and only if Ay in (5.23) is nilpotent matrix.

Proof. First we prove that any time-delay of neutral type can be realized by a

Roesser model. We consider the system

B(t) =Y Byt —ih)+ Y A(t — ih) + Bou(t) (5.26)
and v
y(t) = Cix(t — ih) + Dyu(t — ih), (5.27)

where Az‘; E; € Rnxn, B; € Rnxm’ C; € RP*™ and D; € RP*™.

We introduce the variables z;(t) = x(t — ih) and w the linear forward operator
on the finite horizon h. Hence wz;(t) = z;_1(t), and zo(t) = x(t). Define the

state-space vector of dimensions (2N + 1)n
=& &) (5.28)

where

G=(0 21 ), &= o) (5.29)
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We deduce that (5.26) admits the Roesser state-space representation
0 -« oo 0 Iy wés
Ay Ay -+ A 0o --- 0 B
_ 0o Al N &1 n 0 ), (5.30)
Iy 0 - 0 &2 0
I, -E, --- —-F 0
E— ( L N ) (5.31)

admits a right inverse matrix

The matrix

In OanN
E_l = OnNXn OnNXnN ) (532)

OnNXn InN

with dimensions n(2N + 1) x n(N + 1). We obtain a Roesser state-space model

S DEE) e
wés Az Ay & 0

The converse of this result holds. Let be given a Roesser model in the two operators

of the form

(¢, w) which represent the derivative and the forward delay. Then it can be realized

by a neutral delay system.

From the Roesser model (5.23), the second equation gives
z = (wl, — Ay) ' (Asx + Byu). (5.34)
Substituting this expression into the first equation of (5.23) yields
qr = [Ay + Ag(wl, — Ay) ' Asle + [By + Ax(wl, — Ay) "' Bylu. (5.35)

Multiply the two sides by det(wls — A4) and w™* to get the result. O

Remark 5.8. We can deduce that the delay system with a finite number of delays
can be realized by a neutral time-delay system, using arguments results to those

in the proof of Theorem 5.7.
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Finally, let us introduce an example using this class of approximation.

Example 5.2. Consider the causal plant

P(s) sinh /3
YT (1= Le)sinh2, /5 + sinh /3

There exists

_ sinh(y/3)
Ns) = sinh(2,/%)’

b/
D(S) =1 le—s + M7
2 sinh(2,/3)
such that N(s),D(s) € o, and N(s),D(s) are coprime factors of P(s) in .
Indeed, there exist X (s) = —11716_8 e, Y(s) = —— € o such that

_1l.—s
1 3€

and

X(s)N(s)+Y(s)D(s) = 1.

. sinh(\/g)
Sinc sinh(2\/§)
and Morris (2009)]), it can be approximated by a lumped system (see Example 5.1).
Let y = Pu and introduce the partial state & such that y = N&, uw = DE. Using the

. . sinh(y/5
lumped approximation for %
sin b

the following approzimation

is strictly proper (in the sense of Definition B.1 in [118, Curtain

which is introduced in Example 5.1, we have

f€0- s nen. 530
2(t) = Dz(t) + EE(t)
{ yt) = Lu(t) | (5.37)
w(t) = Hw(t)+ KE()

where B, D, E, L, H, K are real matrices and the value depend on the approxima-

tion degree. If we choose the lumped approzimation degree n = 2, we have

B =—L=[-25594 —26.0942 — 66.4427],

—-15 75 —125
D=H=1]1 0 0 1,
0 1 0
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1
E=K=|0
0

For finding the state space representation, the reader is referred to [45, Kailath
(1980)] or use matlab. The simulation of the step response of the plant and its

approximation can be found in Figure 5.2, Figure 5.35.

0.7

0.6 ]

0 1 2 3 4 5 6
time (s)

FIGURE 5.2: The continuous line is the step response of P(s), the dash line is
the step response of approximation plant with degree n = 2. (Example 5.2).

-0.01f

-0.02}

error

-0.03 |

-0.04

-0.05 ]

-0.06 : : : :
0

FIGURE 5.3: The error of step response of P(s) and its approximation with
degree n = 2. (Example 5.2).
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5.4 Conclusion

In this chapter, we introduced a new class of approximation for distributed pa-
rameter systems, that are delay systems. We made some comments on equivalent
realization about Roesser model representation. We also introduced the equiva-
lence between Roesser model and neutral time-delay systems. Problem of interest
in their own right such as realizing the delay system with finite number of delays

by Roesser model, stabilization of such delay system, will be studied in the future.
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Chapter 6

Conclusion and Future works

6.1 Conclusion

This manuscript investigates some applications of distributed delay with a par-
ticular emphasis on its approximation for numerical implementation. We define
the distributed delay, and study its properties. The implementation problem of
distributed delay is explained and a general method for its approximation of dis-
tributed delay is given. We compare the input-output approximation and kernel
approximation, and show that input-output approximation is not suitable for dis-
tributed delay approximation. Then we focus on kernel approximation. With this
objective, we propose two classes of systems to realize approximations which are
lumped systems and a subclass of distributed delays in the graph topology. For
the approximation with the subclass of distributed delay, we give an algebraic
algorithm to calculate the approximation and we show that it works well in the

time and frequency domains.

After that, we focus on three applications where distributed delays appear. We
address first the stable inversion and model matching. For finite dimension linear
systems, we define a new class of inversion problem, which consists in some sense
to approximate the inverse of a given system. In practice, we have an exact inverse
after a finite time t = 19, where ¥ € R, can be taken arbitrarily and where the
solution is required to be stable and causal. We present a general procedure to
determine the precompensator of the stable inversion, which is always proper and
stable. We also analyze the model matching problem. Like the stable inversion,

we define an approximation model matching problem, where exact matching is
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reached after a finite time. State feedback realization of the precompensator is
discussed and robustness analysis with respect to uncertainties in the systems pa-

rameters shows the effectiveness of our solution.

The second application is concerned with stabilizing control and finite spectrum
assignment of infinite dimensional systems. In this manuscript, we discuss on sta-
bilization for time-delay systems and neutral time-delay systems. A non formally
stable neutral time-delay systems is analyzed and a kind of stabilization control
is proposed. We also analyze finite spectrum assignment for a class of fractional
infinite dimensional systems. In this application, there are still many open ques-
tions that need to be addressed.

The last application of distributed delay is concerned with the observer synthesis
for estimation or output control. In this part we focus on linear finite dimensional
systems. We define a closed-loop memoryless observer by input injection where
distributed delay plays a central role. Asymptotic convergence as well as finite
time convergence of the estimation are analyzed by output injection and input
information via distributed delay. This gives a general framework for finite time
convergence in estimation. Some robustness aspects are also discussed, depending

on the delays parameters in measurements.

At last, we introduce a new class for approximation of distributed parameter sys-
tems. We work on the graph topology, and show that under some weak assump-
tions, such an approximation can be realized. We focus our work on realization
and representation by neutral or Roesser models where distributed delay appears

explicitly. These results deserve future analysis and developments.

6.2 Future works

For the prospectives of this work, there are still many open problems that need to
be solved. For the approximation of distributed delay, here, we based our analysis
on Bernstein polynomials. Other polynomials from Ls-approximation theory may

be used to improve the precision of our method.

For the stable inversion and model matching, our solution is expressed as a pre-
compensator controller. State feedback control as well as output feedback should

require some new insights.

In the stabilization of neutral time-delay systems, we only focus on SISO systems.
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We may be also interested within MIMO systems. Similarly, in the finite spectrum
assignment problem, we only work on single input time-delay systems. Addressing
such a problem for MIMO is another issue, as well as output feedback. The real-
ization and implementation of the controller for fractional systems should be also
studied in the future. In order to give an effective methodology for the control of

such a class of systems.

In the approximation of distributed parameter systems, the representation of de-
lay systems with a finite number of delays in the Roesser model should also be
addressed.
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