N

N

Effect of nominal convergence criteria on real side of
economy in DSGE models

Karolina Sobczak

» To cite this version:

Karolina Sobczak. Effect of nominal convergence criteria on real side of economy in DSGE models.
Economics and Finance. Université de Rennes; Uniwersytet Ekonomiczny (Poznan, Pologne), 2013.
English. NNT: 2013REN1G018 . tel-00961480

HAL Id: tel-00961480
https://theses.hal.science/tel-00961480
Submitted on 20 Mar 2014

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://theses.hal.science/tel-00961480
https://hal.archives-ouvertes.fr

ANNEE 2013

UNIVERSITE DE &

RENNES 1

THESE / UNIVERSITE DE RENNES 1
sous le sceau de I'Université Européenne de B ne

En Cotutelle Internationale avec .
Uniwersytet Ekonomiczny w Pozwnlu

pour le grade dg
DOCTEUR DE L'UNIVERSIT nE RE

\ e recherche n°6211 CREM-CNRS
eche e en Economie et Management
s Economiques

préparée
Centr.

Fa

Thése soutenue a Poznan
le 7 juin 2013

ct wal

devant le jury composé de :

convergence criteria v
Daniel Mirza
A Professeur, Université de Tours / rapporteur
on the Ide of the Honorata Sosnowska i

Prof. dr hab., Szkota Gtéwna Handlowa
w Warszawie / rapporteur

economy in DSGE Jean-Jacques Durand

Professeur, Université de Rennes 1 / examinateur
d | Dorota Appenzeller

mo e S Dr. hab. prof. nadzw. UEP, Uniwersytet
Ekonomiczny w Poznaniu / examinateur
Krzysztof Malaga
Dr hab. prof. nadzw. UEP, Uniwersytet
Ekonomiczny w Poznaniu / co-directeur de these
Jean-Christophe Poutineau
Professeur, Université de Rennes 1/
directeur de thése



Acknowledgements

| am especially indebted to my Ph.D. supervisorsfedsor Krzysztof Malaga and Professor
Jean-Christophe Poutineau, for inspiring, encoag@nd challenging me to hard work. The
guidance, support, patience and time | have redew@valuable. They give me the great
possibility of working with them in the environmeat learning and inquiry. | would like
to thank Professor Malaga for his constant motbratand not giving up his hope placed
on me, during all these years. | appreciate ProfeBsutineau in his valuable advices and
introducing me into the research théme

| am also very thankful to all members of seminats Department of Mathematical
Economics, Henryk Runka, Roman Kiedrowski, Piotréktaviak, Michat Konopcziski,
Pawet Kliber and Monika Naskrka, for their helpful observations and comments.
Especially, | would like to thank Krzysztof Cichgrfhis help in improving language side
of my thesis.

Additionally, | am grateful to Professor Emil Panélead of the Department of Mathematical
Economics, for the opportunity of conducting resham his department and supporting
my studying at two universities. For receiving meheir doctoral schools and permission for
studying in the cotutelle programme, | would alskelto thank Professor Wiestawa
Przybylska-Kapscinska, Director of Doctoral Studies at Faculty of Bamics at Pozma
University of Economics and Professor Franck Mordbixecteur of Doctoral School SHOS
at University Rennes 1.

| would also like to thank Professor Macigukowski, Vice-Rector for Research and
International Relations and Professor Jean-Jacdbesand, Vice-President in charge
of International relations, for taking care of #tle administrative and legal issues of the
cotutelle agreement.

Finally, and most importantly, | would like to thanky parents who always give me unending
and unconditional support. Thank You both for Yadvices, encouragement, patience and

help throughout my life. | dedicate my thesis tauYo

! The sources of financial support of the researetewBourse du Gouvernement Francais 2010-2012tgDaic
en Cotutelle”, “Grant promotorski NCN nr N112 37084unded in 2011 by National Science Centre Poland

and Research Project "Bourse de mobilité entradb®'2



Contents

Résumeé

Summary

Introduction

1.

Introduction to methodology of DSGE models
1.1. Introduction
1.2. Closed economy model
1.2.1. Consumers
1.2.2. Firms
1.2.3. Monetary policy
1.2.4. Aggregation and general equilibrium
1.3. Solution procedure
1.3.1. Steady state
1.3.2. Log-linearized model
1.3.3. Solving the model
1.4. Impulse-response analysis
1.4.1. Calibration
1.4.2. Monetary policy shock
1.4.3. Technology shock
1.5. Concluding remarks
Symmetric DSGE model with heterogeneous firms
2.1. Introduction
2.2. Two country open economy model
2.2.1. General features
2.2.2. Consumers
2.2.3. Firms
2.2.4. Aggregation and international variables
2.2.5. General equilibrium and model summary
2.3. Steady state analysis

2.3.1. System of equations

14
21
32
32
35
37
41
45

46

50
51
52
56
58
59
60
62
63

66

66
70
70
72
76

100
101

87
97



2.4,

2.5.

2.3.2. Values of parameters

2.3.3. Steady state relationships of variables
Impulse-response analysis

2.4.1. Log-linearized model

2.4.2. Temporary productivity shock

2.4.3. Permanent productivity shock

Concluding remarks

3. Asymmetric model with heterogeneous firms
3.1. Introduction
3.2. Model with asymmetric structure
3.2.1. Evolution of the setting
3.2.2. Consumers
3.2.3. Firms
3.2.4. Aggregation and international variables
3.2.5. General equilibrium and model summary
3.3. Steady state analysis
3.3.1. Values of parameters
3.3.2. Steady state relationships of variables
3.4. Impulse-response analysis
3.4.1. Log-linearized model
3.4.2. Comparison of asymmetric and symmetric risode
3.4.3. Adjustment of sectorial activities and exghitures
3.5.  Concluding remarks
Conclusions
References
A. Mathematical appendix

A.l.
A.2.
A.3.

Introduction to methodology of DSGE models
Symmetric DSGE model with heterogeneous firms

Asymmetric DSGE model with heterogeneous firms

104
108
111
111
115
124
130
133
133
136
137
138
141
148
157
159
161
63 1
166
166
168
178
180
184
189
195
195
207
232



B. Programming appendix 235

B.1. Introduction to methodology of DSGE models 235

B.2. Symmetric DSGE model with heterogeneous firms 239

B.3. Asymmetric DSGE model with heterogeneous firms 253
List of figures 264
List of tables 266



Vd

Résumeé

L’appartenance a I'Union Economique et Monétair&f) nécessite la mise en place d’'une
politique de convergence nominale avant 'adoptien’euro. Pour le moment, 17 pays ont
mené ce processus a terme. La conséquence edsaqui@ chacun de ces pays membres est
d’accepter une politique monétaire unique, commauiensemble de la zone. De ce fait, le
taux de change nominal ne peut plus étre consit#rme une variable d’ajustement a des
chocs asymétriques venant heurter les économiesbraentSeul un ajustement des variables

réelles est désormais possible a la suite de adsysétriques.

Les conditions de cet ajustement réel dépendentaligsons eéconomiques que les membres
entretiennent entre eux (flux d’'importations, d’exptions, flux d’'investissements directs
(FDI)...). La nature des relations réelles entredags dépend en partie de leur niveau de
développement. Les économies émergentes, en paticelle de I'est de 'Europe, ont été
particulierement attractives pour les firmes mutioaales qui y ont installé des unités de
production de biens a un colt en main d’ceuvre meiggie celui supporté dans leur pays
d’origine. De ce fait, une des hypotheses retedaes cette these sera de mettre en avant ce
canal de FDI comme étant un élément important ajedtement international entre pays de
niveaux de développement hétérogéne, dans le dadianion économique et monétaire, en

reliant ces flux commerciaux et de FDI aux différelstde productivité et aux salaires réels.

Deux aspects seront particulierement développ@és da travail de thése. Le premier
est de supposer que la stratégie de délocalisafiomtés de production est uniquement
offerte aux firmes les plus productives dans leanémie d’origine, cela afin de supporter les
colts initiaux liés a la nouvelle localisation a@id production. A l'inverse, les firmes les
moins productives ne peuvent procéder a ce chdigs Eont méme dans I'impossibilité de
s’engager dans des opérations d’exportation dess lhe’elles fabriquent. De ce fait, elles
restent cantonnées a la fabrication de produitséohiangés. Ainsi, les décisions de FDI ont
pour conséquences de déterminer la taille relagivtee les secteurs dans les économies, la
composition des paniers de consommation et desdgadle prix a la consommation dans les

economies. Les fondements microéconomiques a ifmigdes choix des agents, en
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particuliers ceux des producteurs, ont ainsi undéuente cruciale sur la performance

macroéconomique des pays membres de I'union écauenat monétaire.

La seconde hypothése qui sera au cceur de nose ffwur traiter de l'ajustement
international réel au sein de I'union économiquenehétaire est de tenir compte du fait que
les connections commerciales entre les pays sgmiésques. En effet, compte tenu de
l'intégration progressive d’économies émergentdsutbpe de I'est, beaucoup d’économies
développées d’Europe de I'ouest disposent d’umigproduction initialement localisées dans
les économies émergentes d’Europe de l'est, a dépmu ces pays n'avaient pas encore
rejoint 'union économique et monétaire. A l'invertes pays émergents d’Europe de l'est
disposent de peu (ou pas) de délocalisations de kentreprises dans les économies plus
développées d’Europe de l'ouest. Ces choix deligation ont des conséquences sur les
structures productives de ces économies. Qui lxeefiainsi de transferts de technologie

mais doivent en rétrocéder les revenus a travars @mpte courant.

La prise en compte de la possibilité d’effectues &DI dans les relations entre pays
appartenant & une union monétaire est importanpesta de I'instant ou elle va affecter les
performances macroéconomiques de ceux ci et modifgeconditions d’ajustements de la
zone a la suite de chocs asymétriques entre les peymbres, une fois les criteres de
convergences nominaux remplis et I'euro adopté.aSpéct est particulierement critique pour
les économies émergentes d’Europe de I'est camdidata participation a 'UEM. Elles ont
bénéficié de forts investissements en FDI, comgne du faible colt de leur main d’ceuvre.
Ainsi, elles ont enregistré une augmentation dulirende variétés de biens qu’elles étaient en
mesure de produire, une augmentation de la prodiigctotale de leurs firmes, et bénéficié de
transferts de technologie, En adoptant cette petispe I'adoption de l'euro apparait
particulierement délicate pour un pays émergentajiénéficié de conditions nationales
favorables, liées en particulier au cours de sa m@ennationale face a I'euro. On peut
illustrer ce point en retenant les relations emdrd?ologne et I'Allemagne. Cette structure
productive risqué d’étre moins favorable a la Pogne fois I'euro adopté et les conditions

d’accueil des investissements directs étrangerasifavorables.

Cette thése propose d’aborder la question de tajusnt réel entre économies
asymeétriqgues du fait de leur structures productivees mettant en avant les conditions

microéconomiques du choix de localisation inteorale de firmes hétérogenes. En termes
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de productivité individuelle. Dans ce cadre, lesés ont le choix entre différentes stratégies
de localisation (domestique ou étrangere), ce gdes conséguences macroéconomiques
importantes sur les performances macroéconomiquepalgs. De ce fait, dans cette thése
nous utilisons un cadre d’analyse de type DSGEy(anhic stochastic general equilibrium »)
permettant de préciser le fondement microéconomideg choix de production et de
localisation des entreprises et d’en préciserdeséquences macroéconomiques sur le moyen
terme (en termes d’activité, d'investissement desoommation ou de solde de compte courant

ou de solde a financer de la balance des paiements)

Les modéles DSGE constituent aujourd’hui un caldreéférence de la recherche en
macroéconomie. Dans ces modeles les comportemerfgésentés au niveau
microéconomique sont micro fondés. Jordi Gali [20€8]sidere ce type de modele comme
constituent un outil central de la macroéconomie enog pour expliquer dans un cadre unifié
la majeure partie des phénoménes macroéconomiguésanomie fermée ou ouverte, de

maniere théorique ou quantifiée.

Les modeles combinant la littérature de type DS&/ec les modeles retenant
I'hnypothése d’hétérogénéité des firmes constitwnourd’hui une littérature assez fournie.
Cette littérature a étendu les travaux pionniers Ktegman [1980] et Melitz [2003],
développés dans le cadre de la théorie du comnieemational, qui supposent que seules
des firmes ayant un niveau de productivité élevét sa mesure d’exporter. Helpman et al.
[2003] ont étendu ce cadre en intégrant aussi &sipitité d'effectuer des investissements
directs entre les économies. Plus récemment Cofed9] a endogénéisé cette stratégie de
FDI afin d’analyser les conséquences des choiodalisation des frimes multinationales sur
les conditions d’ajustement macroéconomiques auweanix national et international.

Aujourd’hui, la littérature théorique a la dispdasit du chercheur est particulierement fournie.

Malgré le nombre de publications dans ce domalas, modéles actuellement
disponibles ne prennent en compte qu’'un type dedeDsistant a produire localement pour
servir le marché sur lequel la production est itéaDe ce fait, les modeles ne prennent pas
en compte le fait gu'une partie des biens prodaitaide des FDI a I'étranger sont en fait ré

importés par I'entreprise propriétaire sur son rmangational d’origine.



D’autre part, de maniére standard dans la litiéeatles modeles actuellement
disponibles supposent que les économies étudiées desnt structures parfaitement
symeétriques. Cette hypothése semble assez inapgeolorsque I'on aborde les relations
commerciales entre économies émergentes et écomodeeeloppées. Ces dernieres
présentent des structures productives plus prodsti plus diversifiées et plus

internationalisées que les économies émergentes.

Dans cette thése, nous étudions les effets deélacalisation des firmes et de
I'asymétrie dans l'intensité des relations de FDHans les structures productives des pays
formant une union monétaire. Nous centrons notralyaa sur les conditions réelles de
I'ajustement international L'objectif de I'analysest d’apprécier les conséquences de
I'asymétrie dans les relations de FDI sur les ciomal d’ajustement national et international
au sein d’'une union monétaire. Notre recherch&@stuit en utilisant les outils développés
par le programme de recherche des modeles DSGE &ste thése nous introduisons une
série de propositions liées a I'extension des nexdelxistants qui apparaissent avoir des
conséquences notables sur la dynamique des écan@tuidiées, tant sur le plan national

gu’international.

Le programme de recherché initialement mis en plaga quatre ans avait pour objectif de
relier I'impact des critéres de convergence nomisiat la dynamique d’'une économie
émergente bénéficiant de l'apport d'investissematitects étrangers provenant de pays
membre de la zone euro. Ce programme reste toujbactualité. Toutefois, la complexité
des modéles utilisés pour évaluer cette questions s conduit a centrer I'analyse sur leur
fonctionnement réel, c’est a dire a nous placesdare situation dans laquelle les ajustements
nominaux en situation de rigidité des prix et daaises — tels que ceux lies a I'ajustement du
taux de change nominal — ne peuvent plus avoir (@aite évolution de la problématique a
permis de préciser plus avant les principales ténatiqgues des modeles DSGE avec
hétérogénéité des firmes. Les développements pésselains cette thése s’attache a cette
question, tout en sachant que la problématiquel@rent retenue pour ce travail de these
reste d’actualité et doit faire I'objet du prolomgent de I'analyse présentée dans les pages de
ce travail. En effet, la prochaine étape de natagail consistera a articuler les modeles
présentés dans les chapitres Il et Il de la tlawee la prise en compte de rigidités nominales
telles que celles présentées dans le chapitre $eqtia introduire la méthode d’analyse des
modeles DSGE.



La premiere extension des modéles que nous prop@st de prendre en compte deux
origines a l'exportation de FDI : la délocalisatidiactivité de production afin de servir a
moinjdre codt le marché local et la délocalisatitactivités de production afin de benéficier
dans I'économie étrangere de colts de productiomdres et de réeimporter les produits
ainsi fabriqués. Cette représentation permet dedpeeen compte le fait que certaines firms
multinationales délocalisent leur production comsbstitus a I'exportation, alors que

d’autres le font pour des raisons simplement liesait de production.

La deuxiéme modification que nous proposons gapad a la littérature existante est
de prendre en compte des asymétries entre les f@ysen ce qui concerne la part des
secteurs liés aux FDI qu’en ce qui concerne I'exisé de ce type d’exportations. Dans le
schéma type que nous proposons , nous classomgries £n quatre catégories en fonction de
leur niveau croissant de productivité : les firnges ne servent que le marché national, les
firmes localisées nationalement qui sont en mesiggporter leurs biens, les firmes qui
,décident de se localiser a I'étranger pour sargimarché et les firmes qui décident de se
localiser a I'étranger afin de bénéficier de calgsproduction moindre et de réimporter leur
production afin de la vendre dans leur pays daggiPour prendre en compte des
hétérogénéités structurelles entre ces pays onosapp dans un premier temps que la part
relative de chacun de ces quatre secteurs estatifés (I'économie la plus développée ayant
un secteur FDI plus important) puis, dans un sedengps on comparera une économie
exportant des FDI avec une économie (émergente) lesnentreprises servent soit leur
marché national soit exportent leurs biens et sesviDu point de vue macroéconomique, en
ce qui concerne la structure de ces économies, Meami de FDI va conditionner la

productivité globale des facteurs de production.

La these est articulée autour de trois chapikle.propose une démarche progressive
afin d’apprécier les conséquences de I'asymétries des relations de FDI entre économies
qui ne disposent plus du taux de change nominal mremmeécanisme d’ajustement

international a la suite de chocs asymétriques.
Le premier chapitre a un caractére introductibljectif est de présenter de maniere

simple, a l'aide d’'un exemple, la méthode d’analgseeloppée par les modéles DSGE. Le

but est de proposer au lecteur de se familiariee #as différentes étapes de construction et
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de résolution de ce type de modéle en retenantoéela type de la “nouvelle économie

keynésienne” constitué de trois équations.

Le deuxiéme chapitre propose d’appliquer la méthbD@&&SE a la question de la
localisation des activités de production dans ungtson ou les firmes sont hétérogenes de
par leur niveau de productivité. L'objectif est wWidier les conséquences des choix de
localisation des firmes sur les fluctuations macom®miques de ces pays On étend le cadre
de référence existant développé par Contessi [2GID] d'élargir les causes de la
délocalisation de la production a la recherche e’'production a moindre colt dans
I'’économie étrangére pour une réimportation du pitofini sur le marché d’origine de la

firme qui procede au FDI.

Le troisieme chapitre est plus particulieremenmisamré a I'étude de I'asymétrie dans
les possibilités pour les économies de procéder & ideestissements directs. Plus
particulierement on étudie les conséquences nd¢i®re internationales liées a I'apparition
de chocs asymétriques entre une économie dévelgppéda possibilité de s’ajuster a la fois
a l'aide de ses flux d’exportation et des ses fillirvestissement directs et une économie

émergente qui n'a la possibilité que d’exporter biess et services.

Les principaux résultats obtenus dans le chagitrenontrent qu’'une économie
émergente ne peut principalement étre qu’un payéaiption des investissements directs. En
particulier a la suite de chocs, ce pays ne peudres une forte amélioration des termes de
I’échange comme ce que peut enregistrer une écendévieloppée. Toutefois, notre analyse
montre que I'économie émergente bénéficie esskamtieht de ces investissements directs a
travers la consommation de ses agents et de I'autgtien de |'utilité de ceux-ci a travers

I'effet de variétés obtenu par I'implantation d'exyrises étrangeéres.

Dans le troisieme chapitre, on observe qu’a leesie résultats asymétriques de chocs
de productivité le pays émergent (domestique) n& g&juster qu’au travers son flux
d’exportations. Par contraste le pays développéar(ger) peut décider de modifier la
localisation de ses activités de production. Aiasila suite d'un choc domestique de
productivité, le pays étranger peut décider d'infersses exportations au détriment de ses
investissments directs afin de réduire les coutprdduction associés a I'augmentation des

salaires réels dans I'économie domestique. En @aschibc de productivité étranger,
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I'ajustement des firmes étrangeres s’effectue deiéna opposée, cette économie augmentnat

sa production délocalisée et réduisant ses fluxpdigation.

En résumé l'analyse proposée dans cette theseergue des différences structurelles
et la possibilité pour les pays de s’engager dassidvestissements directs détermine de
maniéere critique la réaction des variables macrog@migques a des chocs asymétriques. Les
différentes versions du modeéle DSGE développé mudgece travail ont eu pour objectif de
développer le cadre standard porposé jusqu’a présemenant compte du fait (1) que les
investissements directs pouvaient étre a la fosstdstitus aux importations ou une solution
retenue par les firmes pour réduire leurs codtprdduction afin de réimporter des biens sur
leur marché national et (2) que les pays devaieatté@ités de maniére asymétriques, afin de
relier leur niveau de développement aux types d&ties de biens (non échangeables,

exportables, délocalisables).

Mots clefs : structures de production asymétriqgues, compte abummodeéles DSGE,
Investissements directs, firmes hétérogénes, memnoénie internationale, convergence,

ajustement réel, délocalisations
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Summary

Full membership in the Economic and Monetary UnjeMU) involves not only adoption
of the euro currency, but also following requirensenit the nominal convergence. Seventeen
member countries of the European Union (EU) havepteted this stage by complying with
the nominal convergence critefidor each economy, this entailed adjustment ofesofrits
main economic indicators to reference values ofdrigeri€. Once the economy have
completed the nominal convergence strategy, ittestato use the common currency and
follow rules of the common monetary policy of ther&pean Central Bank (ECB). Hence, the
nominal exchange rate cannot be used anymore asntamational adjustment tool
of an economy to asymmetric shocks. The only adfjest, which is available for such
economies, is the real one through variables integins.

The real adjustment of an economy depends on euonmterrelations between
countries, that relate to trade connections shayyeshares of export, import and the foreign
direct investment (FDI) in the total number of fgnm the whole economy. Certain economic
interdependences between two countries result fteem levels of development. Emerging
economy may be an attractive trade partner fordénesloped one, which can be interested
in exporting or establishing affiliates abroadwi consider trade and FDI relations between
two countries, then we can assume that firms dewsigieh production and selling strategy
to choose on the basis of observation of the necthange rate, as well as real wages in both
economies.

Two issues of real side of an economy are espgdrmportant here. The first one

relates to the fact that more productive firms fdiow a strategy which is unavailable for the

! The nominal convergence criteria have been forredland adopted in the Maastricht Treaty in 1998, taen

in the Lisbon Treaty in 2007. Text of the Lisboredty and comments on its articles can be fouririollaud,
Stritzky [2008].

2 The monetary criteria relate to levels of inflaticgate and nominal long-term interest rate, as well
as to fluctuations in the exchange rate. The fiscdéria concern fiscal deficit and public debt rielation

to GDP. For all criteria there are some referenalias or rules how they are calculated. For thiatioh
criterion, as well as for the criterion of nomiahg-term interest rate, reference set for caloulgthe reference

value consists of countries with the lowest inflatrates.
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less productive producers. Besides domestic pramuand selling, they can engage in export
or FDI. This way, decisions of firms determine scalf production sectors, composition
of consumption baskets and price indices in botmtrees. The microeconomic underlying
decisions of economic agents, especially produdefijence the economy performance
on the macro scale.

The second issue, that is significant for the radjustment of an economy
to asymmetric shocks, is that trade connectionwdmt countries can be highly asymmetric.
In economic reality we can find examples of sitoiatiin which some developed economy has
relatively many multinationals located in an emeggicountry and the symmetric relation
does not occur. Such asymmetric trade relationslet@mined by differences in production
structures among countries. The production strectlwy which we understood a share
of firms engaged in a given economic activity in tb&al number of firms in the economy,
is one of the indicator of the economy developmewt!, because only the more productive
firms can export or set multinationals abroad. Ejegaent in the outward foreign direct
investment determines productive capacity of amesyy. In turn, FDI hosting causes capital
accumulation growth and increasing efficiency of pheduction factors.

Taking into account significance of the foreigredt investment as one of the
economic growth determinants, we can state thatifehsity and differences in this regard
between countries are crucial for the internaticedjstment of economies to asymmetric
shocks, once the nominal convergence strategy mspleted and economies share the
common currency and follow the single monetary @poliThis research issue is especially
important form the point of view of emerging econes) that have benefited from the
production delocalization of foreign firms. The ting economy experiences, among others,
lower prices, increased product variety, higher pobigity and better accessibility of foreign
knowledge and technology. From the perspective roéraerging economy, the adoption
of the euro is especially challenging, especiallyew one takes into account that its real
connections with developed economy can be highjynasetric. The example here are trade
and FDI relations between Polish and German ecawmifter completing the nominal
convergence strategy, economies have to rely oretidleadjustment, in situation where many
real aspects of their functioning are asymmetrig, #he FDI intensity, production structures,
abilities of producers to export or engage in theeifgyn direct investment. This issues may

become crucial for the international adjustmeré@inomies that form a monetary union.
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The problem we stated above, about how asymmeiniethe FDI intensity and
differences in production structures influence tkal adjustment of economies, links the
macroeconomic perspective of the economy performamdgth the microeconomic
foundations of assumptions about behaviour of firthat make their decisions on the basis
of conditions specific for them. Hence, such firare heterogeneous in some regard. For
example, heterogeneity in productivity of firms meahat each of them is characterized
by specific productivity level. On this basis, fenthoose various production and selling
strategies. Decisions of firms, in turn, translet® outcomes on the macroeconomic scale,
that means for the whole economy. This way, we aaalyse significance of FDI and
differences in the FDI intensity, as well as diffieces in production structures of economies.
The theoretical framework that combines microecasasssumptions about decisions made
by economic agents and economic outcomes on theonsmale are dynamic stochastic
general equilibrium (DSGE) models with heterogengitfirms productivity.

DSGE models are nowadays commonly used researgh ofo macroeconomic
analysis. In these models, macroeconomic phenorreneated as results of microeconomic
behaviour patterns revealed by various groups oh@mic agents. In opinion of many
economists, DSGE models can be viewed as a leaiiegm of modern macroeconomic
theory. Gali [2008] defines them as a central fooimacroeconomic analysis. DSGE models
methodology has emerged in course of searching theory which would serve explaining
economic phenomena from the point of view of baihlgative and quantitative science.

The literature on DSGE models with the assumpdioout heterogeneity of economic
agents is now quite broad and relates to modeliegerogeneous behaviour of economic
agents of various types. Describing heterogendsatyesi in the trade theory, by differentiating
levels of productivity of firms inthe work by Krugan [1980]. Melitz [2003] proposed
a DSGE model which allows to regard the fact thdy dighly productive firms can export.
Helpman et al. [2003] incorporate another kind leg £conomic activity besides exporting,
mainly the foreign direct investment. Contessi [40l€ndogenizes this strategy
of internationalizing of production to analyse imsptions of the entry of multinational firms.

Studying the present literature on the DSGE models the trade theory, we can
notice that the models do not account for the eatfr FDI, consisting in the fact that
international firms can have various reasons tattheir production abroad. They consider
various production and selling strategies, choosiogsell on the local market only
or to export. They can face various conditions be tnarkets of production, because

of asymmetric bilateral trade relations betweenneoaues. The papers on the trade theory
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discuss these issues but DSGE models do not in@gadhem. The problem is to set
appropriate assumptions about the nature of FDlamodunting for them in the theoretical
framework.

The standard way of modelling two economies in BSGodels with heterogeneous
firms is to assume they are fully symmetric. Thé&sesmall room for accounting for
asymmetry in bilateral trade relations between thesually in such cases one refers only
to comparison of the scale of economies. Such gser does not correspond to economic
reality, where one can notice significant differeman the foreign direct investment shares
between two economies. For example, when one af tha developed country and the other
one is the emerging one.

In the thesis, we study the effect of plant deliaation and asymmetries in the FDI
intensity and differences in production structuletween two economies that do form
a monetary union. Thus, the focus of our analysisom the real aspects of economy
functioning.

The aim of the dissertation is to study consegeemd the asymmetric trade and FDI
relations on the real international adjustment. fdeearch is conducted by using the DSGE
models methodology. We propose some extensions aifels existing in the literature
to incorporate the FDI nature and asymmetries imeshaf production sectors, especially
in the FDI intensity.

In the thesis we contribute to the DSGE modetsdiure by providing propositions
of specific extensions and modifications of existingdels, that have important implications
for the resulting dynamics of national and inteioval variables in response to asymmetric
shocks. These original propositions can be develdpether, thus giving rise to a few
directions of future research in evaluation of #ffect of the nominal convergence criteria
on real side of economy.

The initial objective of the thesis, to study knketween the nominal convergence
criteria and the real side of economy, is still tpgen agenda in our research program due
to complexity of modelling and computations witlsach frameworks as DSGE models. The
first step to get to that has been accomplisheprbyiding a rich theoretical construction with
the focus on studying the real side of economy. Aéw stage will consist in completing the
model with new aspects, presented in the first @rapf the thesis, such as the nominal
rigidity and a role of the monetary policy. Thislivdllow for studying another issues of the

nominal convergence.
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The first extension of the DSGE model with heterugty in productivity of firms,
which we propose, consists in accounting for theuneaof FDI, that means differentiation
of choices made by firms engaged in FDI, concerttiegstrategies of selling their products.
Some of multinationals delocalize their productadomoad to sell on the local market, but part
of them, depending on conditions prevailing on tmds and labour markets, choose
to export back to their economy of origin. In ouxtemsion of the DSGE model with
heterogeneous firms, we distinguish these two wiffe strategies of selling, conducted
by multinational firms.

Another modification, that we introduced to thdenegeneous firms DSGE models
existing in the literature, is accounting for asyetries in shares of production sectors.
In a given economy, among others, there are firimglhvproduce and sell only domestically.
More productive companies, besides domestic sellsan also choose to export their
products abroad. We assume that even more produtias engage in FDI to produce and
sell in the economy in which they locate their sdiasies. The most productive
multinationals, in turn, export their products bdokthe economy of origin. Thus, we can
distinguish four different segments of an econormagnected with various production and
selling strategies, which we refer to as producsentors. The crucial is incorporating, into
the model assumptions, the fact that economies difégr in shares of particular sectors
in the total number of firms in the whole econortye account for such an assumption
by considering, for the two economies, differentuea of parameters shaping the model
dynamics. These values are especially importanttifer long-term tendencies of shaping
levels of model variables.

The differences in the FDI intensity can also bkhat the other level, namely
in structures of economies. To take this into adersition, we propose the model construction
which is asymmetric. We assume that one econoneytified with an emerging market, has
only two production sectors, domestic selling angboet, characterized by firms with
different levels of productivity. In the other ecomp the developed one, there are firms
which can also engage in the foreign direct investinto sell abroad or to export back to their
economy of origin. We introduce such a form of asetry into the DSGE model with
heterogeneous firms and study its consequencegh®orreal adjustment of economies
to asymmetric shocks.

In the first chapter of the thesis, which has amoductory character, we provide
synthetical and comprehensive description of th&sBSnethodology and explain in detail

the essence of DSGE models as a research toohifus to familiarize the reader with main

18



aspects of DSGE models constructing, their thezakgroperties, as well as issues connected
with solving model equation systems and a quakasinalysis in form of studying impulse-
response functions. All stages of proceeding withGE models are explained by using
an example of a small simple closed economy model.

In the second chapter we apply the DSGE methogplagsented in the first chapter,
to analyse effect of plant delocalization and FDsthrgg on output fluctuations. The aim
of this chapter is to describe specific situation tefo countries, when one of them
is an emerging country and the other is a devel@gedomy. We extend and modify existing
theoretical constructions to account for naturéDf and differences of economies in the FDI
intensity.

In the third chapter we show how to develop theothtical construction framework,
introduced in the second chapter, to describe ifferences in the FDI intensity atthe
construction level of the presented model. We compasults of various versions of the
model by studying differences in the output flutioies arising from the assumed frameworks
describing specific economic situation for thefeivo economies.

The synthesis of the DSGE methodology and detgitedentation of the example
of a simple DSGE model, conducted in the first ¢bgpallow us to describe theoretical
foundations, we can refer to in the next chaptEnganks to this, we can focus on the specifics
of the assumption about heterogeneity in firm progitg and use all computations
techniques, presented earlier, without going intaitbeagain.

The results of qualitative analysis, conductedtlos basis of the symmetric model
presented in the second chapter, allow us to #tatewhen an emerging economy is mainly
the host for FDI, it cannot expect as strong thenseof trade improvement as it could,
if it had as big the FDI share as the developech@ty. Moreover, studying the variety
effect in set of two economies described by difierealues of respective parameters
describing dynamics of variables, we can notice ith@merging markets consumers benefit
in terms of their utility much from variety of go@@oming from the foreign multinationals.

In the third chapter we prove, that facing asymimehocks in aggregate productivity,
the domestic as well as the foreign one, home perducom an emerging market can adjust
their reaction to the shock by only increasing ocrdasing the exporting activity. In turn,
foreign producers from a developed economy can phift of their economic activity from
one production sector to another. In case of theedtic aggregate productivity increase, they
decide to intensify their engagement in export dvBi. In case of the foreign aggregate

productivity shock, their reaction is opposite,tthmeans foreign producers move their activity
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into direction of more productive firms, setting racubsidiaries abroad and decreasing the
export intensity.

Summing things up, the analysis of proposed thieateconstructions and the results
obtained on its basis, allows us to state that rélaé aspects of economy functioning, such
as trade connections between countries and diffesein production structures, determine
economic performance and behaviour of economiésrins of output fluctuations. When two
countries form a monetary union, the nominal exgearate is no longer available as the
adjustment tool to asymmetric international shodise only possibility of an economy to
adjust, which is left in such a situation, is athusnt by reaction of variables in real terms.

In the thesis we show that differences in produncstructures and given trade and FDI
connections between countries determine responsesealf variables to asymmetric
exogenous disturbances in the aggregate produyctiVib this aim, we propose various
versions of the DSGE model with heterogeneous firtosstudy significance of plant
delocalization, asymmetries in the FDI intensity aifferences in production structures

of economies for the real adjustment of economies.

Keywords: asymmetric production structures, current accol8GE models, FDI, FDI
intensity, heterogeneous firms, international macomomics, nominal convergence, plant

delocalization, real adjustment
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Introduction

From nominal convergence to real adjustment

Among the twenty-seven members of the European rU(id)), seventeen countries have
adopted the euro following a nominal convergencateyy. Fulfiment of the nominal
convergence criteria is a necessary condition fepantry to become the part of the third
Economic and Monetary Union (EMU) stage before ¢peable to adopt the euro currency.
The first attempts to form EMU in the 70’s were wesessful and failed because of the
Bretton Woods system fall in 19%1This proved that there was a need to conduchéurt
consultations and currency interventions, as wekt@ordination of economic and monetary
policies. In the late 80’s the nominal convergeitisa appearéd It was then implemented
in the 90’s for the founding countries of the EUtlre form of the nominal convergence
criteria defined in the Maastricht Treaty which veagned on 7th February 1992.

The nominal convergence strategy focuses on negionomic indicators. The
monetary criteria relate to inflation rate and noahilong-term interest rate. The fiscal criteria
concern fiscal deficit and public debt in relatimnthe gross domestic product (GDP). There
is also the exchange rate criterion. All critenia eonnected with some reference values.

The EU members which have not adopted the commaomrcy yet are committed
by the Treaty to enter the third stage of EMU upgbe time of complying with all
convergence criteria. Poland entered the EU in 20@#4since then is still on its way to adopt

the euro with smaller or bigger achievements. Aditay to Convergence Reports published

! The first stage of the Eurozone functioning was989 when eleven founding countries started tathmseuro
as an accounting currency. In subsequent yeargritsggement included: Greece in 2001, SloveniaO@72
Malta and Cyprus in 2008, Slovakia in 2009. Durthg last enlargement in 2011 the euro has beentedlop
by Estonia. On 1st of July 2012 Andorra is goingdopt the euro but this country does not belorthed=U.
2 The Werner plan proclaimed in 1970 assumed the @@a creation in 1980.
% In the 80’s the most important element of the ntareintegration among the European Economic Conitpiun
countries was the European Monetary System (EM&bkshed in 1979. It mainly served the purpose
of interior stability by equalizing the inflatiorates among countries of the community at the phskilwvest
level, setting the zone of stable currencies amdlitions for harmonious economic development.
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by the European Commission (EC) and the Europeartr&eBank (ECB), in 2008 Poland
fulfilled all the nominal convergence criteria eptehe exchange rate criterforCurrently,
after the international financial and economicisraf 2008, at the beginning of 2013 Poland
has not fulfilled any of the criteria except onetué fiscal criteria

Once the nominal convergence strategy and thetiadopf the euro has been done,
EMU participating countries can no longer use theominal exchange rate to adjust
to asymmetric shocks. The only adjustment whicHefs is the real one that means the
adjustment through variables expressed in real sefRelative prices, such as the terms
of trade or the real exchange rate, shape quanstieh as the trade in goods and services,
financial claim or the foreign direct investmentD{l: Thus, in the lack of the nominal
adjustment tools it is crucial to evaluate what amnilarities and differences between
economies in this regard and what is significarfdeagle and FDI relations. The focus moves
to the real side.

The adoption of the euro is challenging for Poldnd to the fact that the real relations
between Poland and main economies of the EU, likkeGerman or the French ones, are
highly asymmetri&@ This aspect may become critical for internatioredjustment

in a monetary union. Emerging countries like Polamd rather concentrated on domestic

“ Over the reference period from April 2007 to Ma&08, Poland recorded a 12-month average ratd @PH
inflation of 3.2%, which was at the reference vaktgulated by the Treaty and calculated on thesbas
of inflation rates of Malta, Holland and Denmarhk. the reference year 2007 Poland recorded a foefidit
of 2.0% of GDP, that means below the 3% referer@liev The general government debt ratio amounted
to 45.2% of GDP in 2007, that means below the 668férence value. In the two-year reference periochfil9
April 2006 to 18 April 2008, the Polish zloty didtparticipate in ERM I, but traded under a fldgilexchange
rate regime. Long-term interest rates averaged ®vés the reference period, from April 2007 to Mag008,
and were thus below the reference value for therést rate criterion. See European Commission [Ra08
European Central Bank [2008].
® In January 2013 Poland didn't fulfill the priceabtiity criterion. A 12-month average growth rateHiCP
index amounted 3.5% and exceeded the reference wathich was 2.7% as the average of inflation rates
in Sweden, Ireland and Greece. In the reference 3@Hbl Poland recorded a fiscal deficit of 5.0%G&P and
the general government debt ratio amounted to 5&#A@DP. The Polish zloty did not participate in ERI.
In January 2013 Poland didn't fulfill the interestte criterion. An average long-term interest ffatethe last
twelve months amounted 4.9% and was higher tharrdfezence value which was 3.6%. See Ministerstwo
Finanséw RP [2013].
® As pointed in Narodowy Bank Polski [2009] prodoatistructure in Poland is significantly differeitian
production structures of most of the Eurozone cwesit The biggest differences are in comparisoh wie core
of the euro area, that means with Germany and Erdrar detailed research see Adamowicz et al. [R008
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production and export. Developed economies like@eeman one usually export a lot and
engage much in FDI. Let us concern the exampleuol specific situation revealed in the

data as in Table 1 below.

Table 1. FDI outward stocks in percentage of GDP

2006 2007 2008 2009 2010
Germany 32.4 34.9 34.6 32.8 34.0
Poland 4.0 4.6 4.7 6.6 9.3

Source: Eurostat database, EU direct investmeait) indicators, data updated in December 2012.

The Polish economy during the regarded periodnsitied its engagement in FDI.
However, the differences, in comparison to devedopeonomies, are still very significant.
The production structures of Polish and German @ties have not converged. The
production structure is one of the indicator of ttewelopment level because only the more
productive firms can export or set multinationdtscad. As Melitz and Redding [2012] point
out such firms are larger, more capital intensivaranskill intensive and pay higher wages
that other firms within the same industry. Thus, ve® observe the high asymmetry in the
development levels of economies in terms of thedpction structures.

Comparing FDI relations between these two cousmtwe can observe that Germany
has relatively many multinationals located in Pdlan terms of their outward stocks and
inflows in the partner country. Poland has mucls lssmpanies engaged in FDI in Germany.
This clear difference is illustrated by the dataTable 2 of inward and outward position
of German economy by partner couftry

If we sum up trade relations of these two coustue can notice that they have
different share of foreign firms in their marketgnce different levels of competition with the
foreign firms. As we see there exists considerasignmetry between Polish and German
economies. The latter has much more power in da&tergywhat are the varieties in its
partner economy, what are prices for this varietesd thus it has much more power

in affecting the price index of the other country.

" A country’s inward FDI position is made up of thested FDI projects, while the outward FDI position

consists of the FDI projects owned abroad.
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Table 2. FDI positions by partner country, millions of euros, German economy
perspective

Type Partner
2006 2007 2008 2009 2010
Country
_ 41309 45875 43782 40394 41501
Outward in
- (1.79%) (1.89%) (1.77%) (1.70%) (1.66%)
rance
61728 63184 65270 62845 66311
Inward from
(3.43%) (3.35%) (3.38%) (3.33%) (3.42%)
_ 14186 17392 16388 17069 19424
Outward in
(0.61%) (0.72%) (0.66%) (0.72%) (0.78%)
Poland
200 198 273 325 477
Inward from
(0.07%) (0.06%) (0.08%) (0.10%) (0.13%)

Values in brackets are expressed in percentageDét, Ghe German one in case of outward FDI and ef th
partner economy in case of inward FDI.

Source: OECD.Stat, Dataset: FDI positions by partogntry. Eurostat database, GDP and main commgsne
currents prices, data updated in March 2013. Atgheaiculations

In this thesis, the problem that we want to analyde determine, what should be the
adjustment between Poland and Germany in real {evimsn there is no room for the nominal
exchange rate adjustment. In this real adjustmialygig one should take into account the
existing asymmetries in the FDI intensity and F[Rlations. In this regard, the aim
is to analyse the effect of plant delocalizatiom &DI on output fluctuations between two
countries that do form the monetary union. Amon@l raspects of relations between
economies, FDI is very important concerning thet,féhat the foreign direct investment
Is claimed to be one of the most significant deteamts of the economic growth. On the one
hand, engagement in the outward foreign directstment determines productive capacity
of the economy. On the other hand, as Borenszteah E1998] point out, FDI hosting causes
capital accumulation growth and increasing efficieatthe production factors. For emerging
markets, the foreign direct investment plays a kg in economic development. In opinion
of Nytko [2009], as well Ozawa [1992], developmenit such economies is driven
by investment, especially the inward one from depetl economies.

The question of the real adjustment, between aoms which have different
production structures, is important from the pmhtview of emerging countries, that have
benefited from the production delocalization of €ign firms. These firms have been
encouraged by the specific conditions prevailingrendomestic market of the other economy

such as lower real wages, smaller competition, driggles. Lejour et al. [2009] emphasize
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that openness to import and inward FDI positiveljuences productivity and income. From
the point of view of individuals new factors of cpatition occur causing that firms exit and
employees lose their jobs. But in the larger stadeoverall benefits overweight. The hosting
economy experiences among others lower prices,eased product variety, higher
productivity and better accessibility of foreignomedge and technology.

The issues of FDI and differences in the FDI istgnare real aspects of functioning
of economies and relations between them. They flewsame problem from the
macroeconomic perspective. If such connections diffitrences exist, they influence
responses of national and international varialdessyymmetric shocks. However, the problem
relates also to microeconomic foundations. The rgis@ade and FDI relations between
countries depend on decisions of producers. Moredie firm decision is made on the basis
of conditions specific only for it. In this regafidms are heterogeneous. The framework that
accounts for all this issues is a dynamic stocbagneral equilibrium (DSGE) model with
heterogeneity in firms productivity.

Theoretical foundations of the thesis

We combine two leading trends of the modern ecoosnthat is DSGE models and the
assumption of heterogeneous firms, to study howndfirreact to shocks transmitted
internationally, when there are asymmetries betveeemomies and at the same time the only
possible adjustment is through the real variablés. focus on the theoretical aspects only,
thus we want to build areference model which idl vadopted for the purpose of the
addressed issues. The model should combine microegonapproach regarding the
heterogeneous firms with macroeconomic analysigheéncontext of output fluctuations’
studying. The framework which can prove useful BSGE model with heterogeneity
in firms productivity. Using such construction, weant to account also for FDI and
asymmetries in the FDI intensity between countries.

As our general framework uses the DSGE methodoliigg worth mentioning that
DSGE models are nowadays commonly used researclftoshcroeconomic analysis. Their
construction combines foundations of Real Busin€gsle theory with methodological
elements of microeconomics and approaches usedtaistes. Conceptual dimension
of DSGE models is inturn provided by various ecauoiw schools and trends, like New
Keynesian, New Open Economic Macro and New Ingbitai Economics, depending on the
aim of their analysis. Macroeconomic phenomena d&reated here as results
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of microeconomic behaviour patterns revealed biouargroups of economic agents.

The literature on DSGE models with heterogenestynow quite broad and relates
to modelling heterogeneous behaviour of economantsgof various types. It has become
very popular and even standard, when it comes @@B8odelling. In the international trade
literature, studies by Helpman [2006] proved thatt rall firms within an economy
or an industry export or engage in FDI, rather anbyst productive of them. This displays the
fact that firms are heterogeneous within the saswtos. Describing heterogeneity started
with differentiating levels of productivity of firsvin the work by Krugman [1980]. The
heterogeneity assumption was then developed in npapers. Melitz [2003] proposed
an extension of previous models in the form of mathspcally competitive firms
in a general equilibrium setting.

The framework used by Melitz [2003] and then désad in Ghironi, Melitz [2005]
allows for consideration of the fact that only higlgroductive firms can export. Helpman
et al. [2003] incorporate another kind of the ecaiactivity besides exporting, mainly the
foreign direct investment. Contessi [2010] endogesithis strategy of internationalizing
of productionto analyse implications of the entry of multinaabfirms.

We add a new dimension to the existing literatanre DSGE models with
heterogeneous firms. First, we complete goods markh a new segment of production,
namely products offered by multinationals which progl abroad and export back to their
economy of origin. Second, we account for asymmetin the FDI intensity that occur
between economies.

Studying the present literature on DSGE modelsthedrade theory, we can notice
that the models do not account for the nature of FBe international firms can delocalize
their production to sell on the host market, exgortother economies or to import from
abroad. The papers on the trade theory discuse tisssies but DSGE models do not
incorporate them. This is quite new approach inDB&E literature to account for firms that
set their affiliates abroad to re-export back toirtleeonomy of origin. We propose how
to incorporate such assumption in the model andystisd effects on the dynamic paths
of variables.

The standard way of modelling two economies in BESGodels with heterogeneous
firms is to assume they are fully symmetric. Thisremall room for asymmetry in bilateral
trade relations between them. Such situation doesarrespond to the reality when one can

notice significant differences in the foreign dirétvestment shares between two economies,
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as we discussed earlier. We address to this isspedposing various ways of accounting for
asymmetries between countries in the FDI intenditfe extend some model framework
existing in the literature, by incorporating asyntimeassumption at various levels. First,
we regard the asymmetry resulting only from a obadt different respective parameters
characterizing described economies. Then, we maddymodel by assuming the asymmetry
at the construction level in the form of differgmbduction structures.

In the thesis, the issue of the nominal convergesconsidered within an assumption
that two regarded economies have completed thenaroonvergence strategy. Thus, they
form a monetary union and use the same currencgn,Tih is worth studying significance
of differences in the level of development, in #@nse of the FDI intensity asymmetries
between such economies. Since the nominal adjustimenb longer possible, we focus
on real aspects of the adjustment. We contributbdditerature by providing propositions
of extensions and modifications of existing modéisit have important implications for the
resulting dynamics in response to a shock. We @t to show that these propositions can
be developed further, thus they give rise to a dections of future research in evaluation
of the effect of nominal convergence on real sideconomy.

We introduce some new aspects to the existing D8GHels literature, namely the
nature of FDI and the way of accounting for asymiastin the FDI intensity between
countries. Incorporating these two assumptionsy the DSGE model with heterogeneity
in productions of firms, causes that our model bes® quite complex. But in return,
we obtain a framework which accounts for some irtgyarrelations found in the economic
reality, connected with FDI. The focus is on thalrenternational adjustment between
countries. The issues of modelling and computatisittin such a framework turn out
to be quite heavy. Thus, the initial objective loé thesis, to study links between the nominal
convergence criteria and the real side of econamtill the open agenda in our research
program. The first step has been accomplished dwigting a rich construction with the focus
on the real side of economy. The nest stage wilkist in completing the model with aspects
presented in the first chapter of the thesis, ngrtlee nominal rigidity and a role of the
monetary policy. This will allow for studying alslbe nominal convergence issues.

Research issues formulated in the thesis are gddlyeconstructing various versions
of a DSGE model with heterogeneous firms. We comlivo main aspects of the literature.
The international trade approach is the origin ofcroeconomic assumption about

heterogeneous firms, which differ in their relatipeoductivity levels. Each firm in the
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economy, depending on its heterogeneous produygtigdan decide which producing and
selling strategy it wants to follow. The macro peEdtive, that means studying dynamic paths
of national and international variables, is obtdingy dealing with the DSGE model
construction. The combination of these two aspeatows us for the analysis
of macroeconomic consequences of FDI and asymmetniethe FDI intensity in a set
of economies forming a monetary union.

We propose two ways of incorporating the asymmdib| relations into the model.
First, in the second chapter of the thesis, we mesthat the model framework is fully
symmetric, that means each variable and equatiscritdng given decision rule of domestic
agents have their counterparts for the foreign ecnn But we allow for different values
of parameters shaping shares of sectors in theoeopnThis way, we can account for
asymmetric shares between economies.

In the third chapter we propose a version of thedeh in which the asymmetry
assumption is introduced at the construction lavbkt has more significant consequences for
results. The home economy, which we refer to asetherging one, has only two sectors
of production, domestic selling and export. In foeeign developed economy there are also
FDI, which locate abroad to sell at the local marée to export back to their economy
of origin.

Organization of the thesis

In the three chapters of the thesis we build theéhodology well suited to study how
asymmetries in real relations affect the real ddjest between two economies in the
monetary union. To address this issue, we propd38@E model with heterogeneity in firm
productivity which account for the nature of FDIifferences in the intensity, as well
as asymmetries in production structures of econamide first stage is to introduce the
reader to the DSGE methodology by describing aragxng the theoretical foundations
and technical approach, what we do in the firsptdra Next, in the second chapter we build
the reference framework relating to the modelstexjsin the literature and extending them
with various assumptions connected with the redé ssf economy. Finally, in the third
chapter we fully account for asymmetric relationgwaen economies found in reality
by introducing asymmetry in the production struetat the theoretical construction level.
The first chapter of the dissertation is entittedroduction to methodology of DSGE
models”. It has mainly the introductory character and mes an example of a simple small
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scale model used in monetary policy analysis. Thearabjective of this chapter is to present
comprehensive synthesis on DSGE models with speanighasis on the solution procedure.
We start by describing the benchmark framework.nThee discuss methods of solving.
Analysis of the model concerns its static and dyingmoperties. Throughout the chapter the
exemplary model does serve as the benchmark byhvaticletailed questions are explained.

From the theoretical perspective, presented irfiteechapter, it is worth mentioning
that DSGE models can be used as the framework wilisplays the role of monetary
authorities in affecting both the nominal and re@e of the economy. The monetary non-
neutralities are consequences of the nominal tigglintroduced into the model in a form
of sticky prices.

As a result of the synthesis on the DSGE methapoémd detailed presentation of the
simple DSGE model, conducted in the first chapterobtain theoretical foundations, we can
refer to in the next chapters. We will use parttioé presented assumptions to describe
production side of economy in a two country compheadel with a key role of the foreign
direct investment. Thanks to descriptions and exgilans of DSGE issues presented in the
first chapter, we can focus on the specific assiompdf heterogeneous firms and use all
computations techniques without going into details.

In the second chapter of the thesis, entitt&ymmetric DSGE model with
heterogeneous firms”our aim is to apply the DSGE methodology to aselyhe effect
of plant localization and FDI hosting on the outfluttuations. First we present in detail the
version of the model, which describes the two ecaasnanalogously, thus ina fully
symmetric way. This is a two country model of om@monomies with heterogeneity in firm
productivity. We contribute to the literature on GE models by accounting for the nature
of FDI. We allow also for some kind of asymmetryatthcomes from different values
of parameters determining behaviour of agents im é@onomies. The focus is on real side
of economy, in situation when there is no room flee nominal adjustment, due to the
monetary union between countries, the same currandycommon monetary policy. Prices
are assumed to be flexible because there is ndopkhe monetary policy. We regard issues
of the real adjustment through trade and FDI.

Among results of study conducted in the second telnag is worth indicating the
following. According to the assumed framework, teacof terms of trade to the exogenous
shock in aggregate productivity is influenced bgcteon of numbers of exporting firms and

multinationals, as well as by reaction of averagéinmgd prices set by this firms. Thus,
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we account for the another source of the termgaafet dynamics. From the point of view
of emerging markets it reveals the fact, that tbenemy which is mainly the host for FDI
cannot expect as strong the terms of trade imprewéms it could, if it had as big the FDI
share as the developed economy.

We prove also that the variety effect, consistimghie higher depreciation of the CPI-
based real exchange rate than the welfare-basedisanost clear when one economy gains
higher variety due to existence of numerous foreggporters and foreign multinationals
selling to the home consumers. That means thetyaftect does not result simply from the
aggregate productivity increase but from the erteof multinationals. One can expect that
in emerging markets, consumers benefit in termgheir utility much from variety of goods
coming from foreign multinationals.

The model developed in this chapter shows alsai, uhder the permanent aggregate
productivity increase, the home economy becometively more attractive environment, for
consumers to buy, but especially for producersetband invest in FDI.

The third chapter, entitleAsymmetric model with heterogeneous firmgresents
another way of dealing with asymmetric relationswa@n economies in terms of different
shares of multinationals. Our objective is to lthk production structure of the economy to its
level of development, in sense of the FDI intenstfe modify the model from the previous
chapter and propose a version, in which the asymymist introduced directly in the
framework. That results in the fact, that the hogoenomic agents behave differently than
agents in the foreign country. They take differdatisions and have different possibilities.
Hence, the dynamics of the two economies alsordiffe

To evaluate results obtained in the third chapter,compare various versions of the
model by studying differences in the output flutioes arising from the assumed
frameworks, describing specific economic situafamthe set of two economies. The analysis
in the form of studying the impulse-response fuwndi reveals, that accounting for the
asymmetry at the construction level gives qualidyi different results than the symmetric
framework. Because the way, the asymmetry in theiRensity is incorporated into, has the
great significance for the results in fluctuatiarfsvariables, we can state that real aspects
of economy like trade connections and productiomcstire determine economic performance
and behaviour of economies in terms of output flatibns.

Our modification of the model existing in the taéure accounts for consequences

of asymmetries in production structures that carobgerved in reality. Home and foreign
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economic agents of the same type operate in diffebelying, selling and hiring labor
conditions, thus they have different possibilit@sreactions and respond differently facing
the similar shock of their economy’s aggregate petdity. This translates into the
differences in performance of economies, thus hgsifeance from the macroeconomic
point of view.

In the third chapter we prove, that facing asymiimehocks in aggregate productivity,
the domestic as well as the foreign one, home meduadjust their reaction by only
increasing or decreasing the exporting activityilevforeign producers can shift their activity
from one sector to another. When the home econerhit by the positive productivity shock,
then response of numbers of foreign firms is ndt jdeterioration, but the shift in the
production structure in the less productive firmeedion. Analogously, when the foreign
economy is hit by the positive productivity shotlen response of numbers of foreign firms
is the shift in the production structure in the mproductive firms direction.

In the thesis we study, how FDI and asymmetriesth@ FDI intensity, shape
international real adjustment between two countiBefore going into details of this research
question, we present theoretical foundations amdpcational issues connected with the tool
we use, that is DSGE models. Then we construct farerece model and describe
comprehensively its basic assumptions. Next, vaneusions of this model are presented and

analysed in form of studying and comparing the iethimpulse-response functions.
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Chapter |
Introduction to methodology of DSGE models

1.1. Introduction

The aim of this chapter is to introduce the readethe methodology of dynamic stochastic
general equilibrium (DSGE) models and to explaigirtitharacteristics as a research tool.
We present here selected aspects of constructiomputations and qualitative analysis

in a synthetic way using an example of a simple lisie@ale model. We focus rather

on methodological issues than the specifics ofpfesented model. Thus, this chapter can
be viewed as a reference for more complex modeishwmive exploit in the next chapters.

Thanks to this when we work with various versiomghe basic model of the thesis, that is
a DSGE model with heterogeneity in productivity, wes able to concentrate on specific
assumptions and their consequences.

In opinion of many economists DSGE models carviegved as a leading stream
of modern macroeconomic theory. Gali [2008] definkkem as a central tool for
macroeconomic analysis. It is believed that DSGHlei® have attracted so much interest
because of solid theoretical foundations. Thus; tam serve well the purpose of studies from
a theoretical perspective. But recently they gdso she great feature of being a useful tool
for forecasting and quantitative analysis as it paisited by An, Schorfheide [2007].

This chapter provides an example of a simple des®nomy model used in monetary
policy analysis. By presenting it, we want to describe and expldie main aspects
of construction of DSGE models, their theoreticalperties, issues of solving and qualitative
analysis, as well as possible applications. Througthe chapter, the exemplary model does
serve as the benchmark by which all detailed qolestwill be explained. At the same time,
we try to refer to broader aspects of DSGE modelthé context of available literature and

their implementation we can encounter.

! The model is taken from Gali [2008], Chapter 3 aefeérred there as the basic New Keynesian mode. T
origins of similar microfounded monetary models hwihonopolistic competition and sticky prices go kac
to Akerlof, Yellen [1985], Mankiw [1985], Blanchar#iyotaki [1987] and Ball, Romer [1990].

32



DSGE models are nowadays a commonly used resdaothof macroeconomic
analysis. They have emerged in course of searcfonga theory which would serve
explaining economic phenomena from the point ofwad both qualitative and quantitative
science. Whether this has been accomplished istal#baand still a matter of ongoing
research and development in this field.

The construction of DSGE models results from comnmg foundations of Real
Business Cycle theory (RBE)with methodological elements of microeconomics and
approaches used in quantitative sciehc€snceptual dimension of DSGE models is in turn
provided by various economic schools and trendsNikev Keynesian, New Open Economic
Macro (NOEM) and New Institutional Economics, degieg on the aim of their analy8is
This complex theoretical background has been cotigtanriched by sequential assumptions
and concepts, coming from commonly known foundatiaf economic theory, as well
as some very new approaches developed speciallyinwihe framework of the DSGE
methodology. In principle, macroeconomic phenomena are treatee as results
of microeconomic behaviour patterns revealed byouar groups of economic agents who
face intertemporal optimization problems.

Detailed issues of interest in macroeconomic amalare encompassed in DSGE
models by adding and modifying entire parts of th@del or just some of its assumptions.
Regarding the aim of constructing such a modellitatigse and quantitative conclusions can
be made. The former are always the direct outcohuealing with DSGE model building.
But the latter require further transformations andre advanced computational techniques.
Thus, we can divide cognitive properties of DSGHlals into that helping to understand how
the economy works and develop economic intuitioth #rat serving for making conclusions

about real existing econorhy

% Real Business Cycle Theory started with a workkgglland and Prescott [1982]. They proposed a ssiaha
version of an economic growth model by Solow. Thawdel served also as the basis for New Keynesian
modelling.

% We exploit some of these microeconomic foundatiamsnext parts of this chapter. The approaches
of quantitative sciences relate to conceptual tantsformal techniques.

“ Grabek et al. [2011], [2007] provide a comprehemansight into issues of the background of DSGHet®

® What has been recently adopted is a concept efdggneity in behaviour and characteristics of enta
agents, starting from the source articles by MdR203] and Ghironi, Melitz [2005]. This issue isoadly
discussed in Lejour et al. [2009] where one cad faview of new heterogeneous firms literature.

® In the thesis we depart from broad discussion aiblbortages of DSGE models, challenges they fadettagir

valuation comparing to different classes of macooeenic models in use. But we would like to emphasiat
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In DSGE models economic agents are modelled agafdrlooking. At the time they
form their expectations they exploit information #afale in the full structure of the model.
Thus, the current choices depend on future uncedaicomes and expectations about the
future determine today’s outcome. This is what dbes the dynamics of the economy.
Another feature of DSGE models is their stochashiaracter, which consists in inclusion of
shocks that affect the economy. The equilibriumDBGE models relates to the situation
when the economic agents act in accordance witlleghision rules resulting from solving
their optimization problems. This is the partiau@gfrium, at the micro level. The general
equilibrium takes place when one accounts for behavof all agents of all types and for
rules according to which the markets operate.

Specification of a DSGE model means deriving setjake forms of a dynamic
equation system. The first step is to describe Wieha of all agents acting in the economy
and the economic environment. The economic agemetsaional and anticipating, which
means they take into account past, current anaefutanstrictions in the process of stating
decision and behaviour rules. These rules havingamyc and intertemporal nature are
followed by agents in order to achieve individugtimum and usually take a form of first
order conditions. Taking into account such deteatiom of partial equilibrium for all
economic agents together with principles of mafietctioning gives us description of the
general equilibrium. It consists of macroeconomiahce conditions and institutional
restrictions and allows to coordinate clashingriegés of agents.

The core of DSGE models is an assumption that@aanagents act in the conditions
of uncertainty. There are various explanationsygilementing such approdctWhatever the
source of randomness, it is expressed by allowomgesof the parameters to be random and
affected by disturbances called commonly shockss@&ldisturbances are in turn described
by stochastic processes which determine fluctuatmmgvolution of the parameters. The
uncertainty influences decisions of agents who kmmly expectations of parameter future
values, but this knowledge is enough to take dewssiand optimize. In this sense, random
parameters become exogenous variables of the mbldeleconomy can be subject to many

shocks, but they are independent, thus allowinghfeir structural analysis.

DSGE models are more likely believed to be a rédigbol of theoretical analysis rather than theebfs
performing forecasts and explaining empirics ofrexnies. Here of great importance is the quality ahodel
fit to the data and complexity of computationalexdp. This issues are discussed in Tovar [2008].

" Essentially, adding randomness serves the purpbseéetter fit with the data or it has strictly thetical
grounds. Broader on this can be found in McCand@&388], Chapter 5 and Alvarez-Lois et al. [2005].
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As the economy is disturbed by shocks, the econ@gents must each time adjust
their responses in pursuit of achieving the optimiitreir microeconomic equilibrium is thus
time variant and the reaction to impulses triggdsgdandomness determines the economy
dynamics. In order to come back to microeconomigilgxjium, the agents absorb effects
of disturbances according to their decision ruléss allows the whole economy to reach the
equilibrium in general macro scale.

The chapter is organized as follows. First we gmeshort characteristics of DSGE
models as a research tool. Then we proceed bydunting an example of a simple small scale
model of a closed economy discussed comprehensivébiowing subsections. We describe
behaviour of the economic agents categorized getbiocks: consumers, firms and monetary
authorities. We derive conditions of the partial ageneral equilibrium. This is what
completes the construction of the theoretical modiben we describe a selected method
of solving DSGE models and the whole resulting sofuprocedure. We explain in detail
their basics, as well as exploit them for the examypmodel. This way in the next chapters
we can use these methods without explaining thdiilde Here computational issues are
presented directly and comprehensively. We refep db the source literature, as well
as to the Mathematical appendix of the thesis. A& end of this chapter we provide
qualitative analysis of the model which is conddchy studying responses of the model

variables to disturbances of various kind.

1.2. Closed economy model

We present the framework of the DGSE models usmgxample of a small scale model
describing the closed economy. The aim is to proeoleerent and comprehensive insight
into how DSGE models are constructed and how theskwrhis should be considered as a
process whose subsequent stages serve preparingathkel for theoretical and empirical
analysis. We explain what for various forms of thedel are needed and how to use them.
Such approach to present the topic is adopted &qaper by Grabek et al. [2007], [2011],
whereas the model comes from Gali [2008]. We comlbiee relative simplicity of the
exemplary model with synthetical description of tdoastruction process.

The first and most important step in building a@Emodel is to design its theoretical
form by describing the economic environment andti@hs between agents that take place

in the economy and are the subject of our reseddcie. to properties of DSGE models,
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embedded in the RBC theory and in its stochastiaraathis takes the form of a nonlinear
system of expectational difference equations. At siidge the aim is to express links between
all variables of interest so that to be able to wting research probléimwe characterize the
environment in which economic agents act, deterraiset of their decision rules and specify
the uncertainty accompanying the process of detismaking. Afterwards, to take into
account behaviour of all participants of the ecopomne describe the general equilibrium
conditions.

The basic structure of a DSGE model can be expadsg classifying economic agents
in a few categories and then describing interretetibetween these blocks which take place
in the uncertainty circumstances. In our closednenoty model we have three groups
of agents, namely households, firms and monetarjiosty’. They form three standard
blocks of the construction which can be found irstrad DSGE models.

Regarding the demand block, decisions of econagénts are made here on the basis
of the real interest rate and expectations onéuttgal activity. Their behaviour rules
determine the current real activity. In the supplgck we describe in what way inflation
is derived from the level of this variable, as wietlm agent anticipations of future inflation.
A monetary policy block describes how the centrahlb sets level of the interest rate
depending on inflation from the supply block andl i@ctivity from the demand side.

The whole construction of a DSGE model is congduby interrelations and mutual
influences of the economic agents, then by they efadealing with decision problems in the
form of dynamic equation system and finally by addiandomness that means some sources
of uncertainty.

As in every theoretical model we make some assomgpsimplifying its construction
and analysis, because we are not able to take antomunt all economic relationships.

Moreover, our model is supposed to be relativatypbe among DSGE models, since it serves

8 It is worth noticing that in the theoretical forf every model the variables, both micro and micomemic,
have just conceptual character and it is necessanake the further operationalization. We cleagcribe this
process of deriving the model in such representatiat can bring analytical conclusions.

° In the DSGE models literature one can describe dlecision problems of such agents as banks and
government. It means that they just have determiodes of their behaviour, usually the central baamd
government, or are treated as optimizing partidiparf the economy. For example the financial systeth
arole for intermediaries has been extensivelyistudith DSGE models proposed by Christiano ef2i05].
Regarding the open economy, one considers as avelighers in the sense of home country counterpfrad

agent categories.
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as an introductory example. Thus, we ignore thecgs® of capital accumulation, do not
model the labour market in detail, as well as asstinat financial markets act smoothly,
so that the central bank can perfectly controlsthert term interest rate.

The presented model is the basic New KeynesiarK{BiNodel in which we assume
product differentiation, monopolistic competitiomcastaggered price settifig Prices are
assumed to be sticky in the sense that firms cacimaige prices for their goods each time
they want®. The model economy consists of four types of entin@gents. A representative
household consumes the final good and works farim¢diate firms. There is a continuum
of such firms. Each of them is a monopolist in greduction of a particular intermediate
good. Hence, it is able to set the price for thi®dy Composing the differentiated goods
provided by intermediate firms a representativalfgood producing firm sells its product

to households in a competitive market. The monedatkiority sets the nominal interest rate.

1.2.1.Consumers

In the economy there is a representative consuorgisting of homogenous eternally living
household¥. It faces intertemporal and intratemporal problavithin its lifetime it has
to choose consumption and leisure between peridkin one period it has to choose which

goods to consume.

Intertemporal problem

Each period the representative household choosesnmach to consume and how long
to work. It also knows that it will make similar @les in the future. Thus, each choice
influences all periods within the lifetime becaute consumer can save for the future
or borrow against future income. It can decide dsw much labour income to earn the
current period and how much in the future. Takimg tnto account the household maximizes

its lifetime expected discounted utility:

19 An early version of such a model can be found im Y1996]. In his model he used the staggered {settng
framework proposed by Calvo [1983]. Another wayirdfoducing nominal inertia are quadratic costpide
adjustment, presented in Rotemberg [1982]. Hair&dttier [1993] exploited this method in their lgarersion

of a monetary model. We propose the BNK model priagi®n on the basis of Gali [2008].

! This form of introducing the sticky prices assuimpiwas proposed by Calvo [1983].

12'An infinitely-lived representative consumer is @ngle representation of a mass of households which

as a whole outlive any individual and they are mahé element of the economy.
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%iﬁwm¢a (1.1)

subject to the intertemporal budget constraint:

PC, +QB <B_+WL -T , 1.2
where C, denotes the quantity consumed of the single gooddla means hours of wotk
The parameter (01) is called a time discount factor and represents ittea that

consumers are impatient in their decisions abonsamption and leisure. When viewed from

the perspective of the current perigdgiven levels of consumption and leisure in theifet

do not generate as much utility as do the samdd@efeonsumption and leisure in the period
t.
Expenditures of the household come from consumpticthe final good whose price

is P and saving, that means buying one-period discgomernment bonds with pric®,
(thus with gross rate of returtY Q, . JThe source of income is sale of government bonds
bought in the previous period and nominal w&getaken as given. Other sources of income
or expenditures are enclosed in a lump-sum comgonen

We consider the household utility function of them:

clr

T T

(1.3)

that is additively separable in consumption andréaf work. The utility depends positively

on the level of current consumption and negatiwythe hours of work. The parametgr

expresses the elasticity of marginal disutility lwrespect to labour supply. The parameter

y >0 denotes the coefficient of relative risk aversforThis utility function is called the

constant relative risk aversion function (CREAFor y >0 it is concave, which means the

13 Gali [2008] proposes to interprét as the number of employed households’ members.eMpéoit this
interpretation later in the further analysis.

Y The valuey =1 implies the log utilityU (C,) =InC..

> The CRRA utility functions are within the Gormalass, in which one can represent aggregate behaviou

as if it resulted from the maximization of a sindgleusehold. See Acemoglu [2009] on this point. Witen

parametery is interpreted as a measure of a risk aversicen) the CRRA function is viewed as the von

Neumann-Morgenstern utility function (see von NeanmaMorgenstern [1953]). Such a function, usedhia t
expected utility hypothesis and called also theeetgd utility function, represents preferences fagent

on gambles, thus describes his/her attitude towiskd.
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representative household is risk averse. The highiéye curvature of the utility function, the
higher is the risk aversion. The constant relatisk means that the consumer has a constant
attitude towards risk expressed as a percentagis otirrent consumption. As consumption
increases, he holds the same percenjagéconsumption in risky assets, that means in &utur
consumption, which has the same expected valudeasurrent one. The coefficiernt
is at the same time the inverse of the intertempasticity of substitution. The lowey, the
higher is the elasticity and the consumption groistimore sensitive to changes in the real
interest rate.

To find the maximum of the utility function in (). subject to the budget constraint
we use the method of Lagrange multiplt&rs

L= Et[z,BjUHj +Zﬁj/]t+j{a+jct+j +Qt+j Bt+j - Bt—1+j _VVt+j Lt+j +Tt+j}]' (1-4)
j=0 j=0

Calculating necessary conditions for the existenfean optimum, we set the
behaviour rules of the representative householdhé form of first-order conditions also
called Euler equations

oc

oc “CU+AR =0 (15)
t
oL 1=01=
B = AQ -BE(A..) =0 (1.6)
t
oL
— ==L -AW, =0. 0.7
GLt t oot

From the first-order conditions (1.5)-(1.7), aftesme transformations, we get the
following decision rules of the househdid
W

=G, (1.8)
t

'® The Lagrange multiplierd, of the budget constraint tells us how much thenogit lifetime utility would

change if this constraint was relaxed by one doitexample through an increase in income from dditeonal
source. It is the marginal cost of the budget cairst also called the marginal utility of incometbe shadow
price. See Klima [2005] on this.

" As pointed by Heer, MauRner [2005] the mathensidieonhard Euler (1707-1783) was the first one who
derived such a condition from a continuous timeaggit optimization problem.

'8 Derivation of these household decision rules arergin Appendix A.1.1.
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Equation (1.8) represents the labour supply datisiThe consumption decision
is encompassed in equation (1.9). It states negaghationship between the real interest rate
and desired consumption. These rules determinerhoah the household is going to work,
consume and save by buying bonds. The decisionsndepn the knowledge about the
possible future state of the economy. This meaasttie household takes into account the
current condition of the economy and shocks thathaait with a certain probability. Thus,
although the household does not know the futureait formulate its expectations about
future levels of economic variablé® B and Q, . These expectations are rational because
they are based on the same knowledge that the modstructor has about the economy and
the shocks. Consequently, the determination of wmrlrs, consumption level and savings
Is formed as a plan giving instructions how to teadhe impulses coming from the economy

when expectations about its future state are given.

Intratemporal problem

Let us remind that final producers purchase andstoam infinite number of intermediate
varieties into the final good. The consumers detide much of each intermediate good
should be bought by the final producers.

The final producers activity is described by thgiBStiglitz aggregator [1977]. There

is a continuum of differentiated goods representgdthe interval [0,1]. Consumption

consists of all these goods and takes the formcohgumption index:
1 . L_l ) ﬁ
C, = joct i) di| |, @)1

where C, () represents the quantity of the intermediate gbdd0,1] and o >1 stands for

the elasticity of substitution among goods. The fiamc(1.10) is called constant elasticity

of substitution (CES) bundlfEtr The integral is raised to the power/(c -1) to make the

9 The parameterc measures the curvature of the aggregation. Expresg = o(o —1) is interpreted

as a desired mark-up over the marginal cost, tleetlom intermediate firm would charge if prices wiegible.
Thus, wheno >1 our way of aggregation reveals the existence afopolistic power among the intermediate

firms. The less sensitive is the final good produoechanges in prices of intermediate goods, thkedr markup
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consumption function display constant return tole$€aSolving the maximization problem

of the final producer, we get a demand functionafsingle variet:

X0 {Pf)} c., )1

t

and a standard CES price aggregator:

R (], R(i)l‘“di)l‘l", (1.12)

where P, {) denotes the nominal price of a single variety. ¥de notice that the product

of the price index (1.12) and the quantity index1Q) gives us the total consumption

expenditures:
[R@)C. ()di=RC. (1)13

Equation (1.11) explains how the consumers alet¢héir consumption among the
different goods. The final producer transforms theta the final good, which we can identify
with the consumption basket. The decision how thasket is composed belongs to the
consumer and it is determined by the elasticitguddstitution among goods. Let us notice that
the household takes the intratemporal decisionyeperiod. Thus, it is time variant and

depends on prices of intermediate goods.

1.2.2.Firms

The DSGE models methodology combines concepts ef\ew Keynesian with the RBC
structure characteristics. Referring to microecowonfoundations, the key element
is an assumption of monopolistic competition. Im exemplary model the intermediate firms
have monopoly power to set individualized prices fbeir differentiated intermediate

products, whereas the final good producer only kallythis output and aggregates it into the

is charged by the intermediate firms. Dixit, Stigl{1977] proposed two forms for the aggregatoe @ES

function and some more general additive form.

20When consumption of each variety raisegimes then aggregate consumption also raes times.

L Computational details of this derivation are giveppendix A.1.2.
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final consumption godd.

Technology

There is a continuum of intermediate firms représgrpoy the interval0,1]. Each of them
uses homogenous labour services having no dirggadtmon the price of this labour. The

production ofi-th firm at time t, denoted by, i ()s described by the function:
Y, () = AL (), (1.14)
wherea O (0,1 and (L- a) is the elasticity of production with respect tbdar.
The exogenous variabled, represents technological progress. We assume that
it follows a stochastic autoregressive process:
a =p,a,+&, & ~iid.N@OOT), (1.15)
where a, =In A 2® Unexpected changes of this rate are common aaibfisms, thus they

reflect aggregate productivity shock. Let us noticat the level of technology represented

by A is common across all firms, whereas each firm gpesific number of labour units.
Each period the firm maximizes its profits:
profits, = R (i)Y, (i) ~W,L, i (), (1.16)
subject to (1.14) with respect to output and labbtising the method of Lagrange multipliers:
£, = R(DY, () ~WL () + A (Y. () - AL G)"), (1.17)

we can state that the first-order conditions fos tiptimization problem are:

0L — W, -4, A-@)AL ()7 =0 (118
oL,
g—ézﬂ(ih/lt =0, 19

This results in the following decision rule:

22 The other way to introduce monopolistic competitiamong producers is to assume that firms sell
differentiated varieties directly to consumers when aggregate them to a price index. Howeverpth lbases

the aggregating is not just mechanic summatiordistinct type of economic activity of agents.
% Random variabless’ are independent and identically distributed whke tmean 0 and the finite variance.

We assume that they are normally distributed. Bttme series literature such sequence is call€huassian
white noise process. See, for example, Hamilto®41.9
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according to which the firm hires labour as longlas real wage is less than or equal to the

=@-a)AL 1), @)2

marginal product of labouMPL, i ?}. Given the level of technology, equation (1.20)

expresses relation between the real wage and |alemand.

Optimal price setting

The intermediate firms take the aggregate pricel I€/eas the given price for the aggregate
consumptionC,. They are monopolistically competitive, thus thewe some market power
to set prices for their differentiated goods. Hoerm\they cannot change the prices freely
because changing them at every point in time isly‘@sHere we follow the Calvo [1983]
pricing mechanisA.

The intermediate firms do not adjust prices camdirsly and in some cases they leave
their prices unchanged even for long periods oétikirms can change prices only at the time
when they receive a price-change signal, allowhwgt for choosing their optimal relative
price. In every period only a fractiofl—6) of firms is free to reset its price, while the
remaining ones have to maintain their old priteBhe former receive the price-change signal
in given period, the latter do not.

A subsetS O [0,1]of firms, that are able to set an optimal priee at periodt,®
maximizes the discounted stream of expected fypuodéits, taking into account that in the
future there is some probability they can changeeprand some that they cannot. For each
firm in the subsetS there is probabilityd*, k periods from now, of being forced to retain
the price chosen dt As the intermediate firm is a rational monopglissets its price as the

markup over the marginal cost to maximize the prdfiowever, due to the price rigidity,

24 Which can be seen from equation (1.14) and thimitleh of the marginal product of labour.

% Theories of price stickiness are broadly discusseglinder et al. [1998]. One of the most popudad at the
same time simplest theories concerns costs of @hgupgices, called menu costs.

% All computational details on the optimal pricetisgf are presented in Appendix A.1.3.

27 What we actually assume is that these firms réseit prices so that to catch up with recent iidlat

according to some indexation rule.
8 We consider here a representative firm from tHessuS . Thus, for the sake of simplicity we use notation

without indexi.
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there is a probabilityd* that the firm will keep the pric® in subsequenk periods. Thus,

the objective function of such a firm is:

@@XEtzeth,uk{ P’(*Yt+k\t - LIJt+k t+k\t)}1 (1-21)
k=0

t

where Q, ., = 8“(C..«/C,) (R /P.,) denotes the stochastic discount factor for nominal
payoffs, W, O stands for the cost function aif},, means output in perioth+k for a firm

that last reset its price in periad
The intermediate firm satisfies the demand forpteduct at every point in time

coming from the final good producer:

P’
) =[P—‘j Coi, k=012,.... (1.22)
k

t+
Solving the problem (1.21) subject to the sequeriaemand constraints (1.22) gives
the first-order condition of the form:

Et Z ngt,t+kYt+k\t {Pt* —H l'I',t'+l< (Yt+k\t )} =0, (1'23)
k=0

where y=o/(c-1) and ¥, (Yﬁk‘t) by definition is the nominal marginal cost in eti

t +k for a firm whose price was last set in pertod

We can notice that in the case of no price rigaditall expressions under the
summation sign in (1.23) vanish, except the onéh wit=0. Thus, if prices were fully
flexible, the firm would set its price at the level

R = 1 W (Vo) (1.24)

and 4 can be interpreted as the desired markup ovemthgginal cost in the absence
of constraints on the frequency of price adjustmkat us notice that this frictionless markup
is the higher, the smaller is the elasticity of dewh for the given intermediate good. The
more rigid is the demand, the higher markup is gbadrby the firms and through this the
higher prices of their goods.

Assuming stickiness in prices of the form (1.2tpm (1.23) we can state that the

price setting rule for firms facing sticky prices’i

29 Derivation of this optimal price setting rule dag found in Appendix A.1.3.
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e > (80 crrriMe, M)
k=0

=y . , (1.25)
ey (50){ ctrrs)
k=0
whereMC,,,., = Wi, (Y. )/ P is the real marginal cost and, ., =P, /F.

1.2.3.Monetary policy

The monetary policy sets the short-term interets tlaat affects prices and shapes inflation.
The interest rate is set by monetary authority igute complex procedure using a lot
of information setsThis interest rate can be approximated in the mbgelssuming that the
monetary authority controls the nominal rate wigspect to some baselines for some
economic variables like real interest rate, inflatior output. The issue is to define the
appropriate baselines for a given economy dependimdts degree of openness, degree
of development, trade contacts with other economiesgets of monetary policy
or participating in some economic formations.

The policy rule describes how the interest rateukh react when there are some
movements in the macroeconomic variables regaitiedpaselines. In the model the applied

policy rule has the form:
R = nevrer, (1.26)

where:
V, = p NV, +E g’ ~iid.N(,0a?). (1.27)
The interest rate can be approximated accordingiious rules which show how the
monetary policy should manage changes in the Tdtis. way of monetary decision making
was proposed by Taylor [1993] and now is refer@éd the Taylor rule. According to the
rule (1.26), the monetary policy consists in adpgsthe nominal interest rate to movements

in the current inflationl, and in the output gaﬁi(:.30 The parametersy, and ¢, are

measures of the influence of the inflation rate #msl output gap. In standard calibrations

% The name “gap” is more obvious when we log-liiEarequation (1.26), thus using =y, -y, where

X =InX, —InX.
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of such interest rate rule it is assumed, thgat= driid @, = 05 when variables are

expressed in annual terfhs
The output gap is the ratio of the output andlé@sible price counterpart, also called

the natural level of output:

l

—_

Y
=_L, (1.28)
Y,

The monetary policy, reacting to the movementsutput and inflation, changes the

nominal interest rate according to its policy ruheys it affects real activity and prices. Hence,

Y," is regarded as a target of monetary policy.

1.2.4.Aggregation and general equilibrium

We will present the model in the form which alloes solving its underlying equation
system. To proceed with the general equilibrium, veed to express the model relations
using the aggregate variables determined at thé détee whole economy.

After describing the behaviour of individual agemt the economy, especially the way
the individual intermediate firm takes its decigoand how it determines the values

of variables characterizing the given firm, we @med with aggregated variables.

Aggregate price dynamics

In equation (1.12) the price index was presented #ee prices were flexible. But they are
rigid to the extent shaped by the probabilityConsidering the aggregate price level, we have
to take into account that it is affected by the nwn optimal pricePf set in period, as well

as by the price index from the past perto€l. The former is set by the fractiqh— &) of the

intermediate firms and the latter is retained imique t by the rest of them. Thus, the

aggregate price level in the current period takesarnt?:

1
R =[0-9R™ +oRY]™. (1.29)

The aggregate price level is the average of thenapirice R* and the past price inde®_;

% The values correspond to the interest rate palidyie Federal Reserve by Greenspan in years 1988-Bee
Taylor [1993], [1999].

%2 Formal steps of getting this representation avergin Appendix A.1.4.
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weighted with probabilities of their occurring ihet periodt. It includes also the strength
of reaction of the final good producer to the chesim prices of the intermediate goods.
From (1.29) it follows that:

« \1-0
P
Ny’ =6+ (1—9)[—IJ , (1.30)
P
which expresses the fact that inflation rate betwee periods is influenced by the existence

of firms which reoptimize their prices. Such firmBoose the common optimal price that

is different from the past aggregate price level.

Aggregate output and employment

Market clearing in all of the markets of goods regsiithat:
Y, (i)=C, (i), OiO [01]. (1.32)

Aggregation of output takes the form:

Y, :[J':Yt (i)gﬂ_ldiJg_l, @)3

and is consistent with the aggregation of consumnpdiccording to (1.10) which together with

(1.31) gives us:
Y, =C, . (2.33)
Market clearing in the market of labour:
L, = ELt (i)di (1.34)

means that the labour in the economy comprisealmfur services hired by all intermediate

firms on the interval0, 1]. According to the production function (1.14):

L = Ll(YtT(')Jl di. @)3

Using the goods market condition (1.31) and tHenden of the demand for a single
variety (1.11), we derive the relation between metbgy, the aggregate output and the
aggregate employment:

Y, = ALE® I:[RTG)]_Hdi . (1.36)

It can be shown that in a neighbourhood of thadstestate inflatiod1 =1 the integral
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in (1.36) is equal to one up to a second-order@ppratiort>. Thus, the approximate relation
between the aggregate output, employment and t&mnoan be given as:

Y, = AL, (1.37)

Real marginal cost

The real marginal cost is a ratio of the real wagel the marginal product of labour.
According to equation (1.20) the average real nmaigtost in the economy can be expressed
as follows:

W o1

MC, =—O0— A'L". 8)3
CREA ®
Using the household decision rule (1.8) and tHanidien of the aggregate output, this

cost takes the form:

1 +¢+a _1+¢

MC, = ———Y, o ATa, @)3

1-a
Equation (1.39) enables us to find the relatiotwken the equilibrium level of output

under flexible prices and other variables of thedeip

1 Jbra e
MC =——\Y,"| +a A7, Q)4
o)A @
where MC =1/ and p is the desired markup, the one producers wouldgehd prices

were flexible.

General equilibrium and model summary

In previous parts we have presented microeconoramsibn problems of the economic
agents considered separately. Resulting rules led\beur constitute conditions of the partial
equilibrium. Now we would like to take into accoutsehaviour of all agents, but
simultaneously, to describe the general equilibrium

In the general equilibrium all rational and argating economic agents try to reach
their individual optimum. After solving its decisioproblem, each agent is characterized
by a set of behaviour rules. These rules are dirdér conditions of the partial equilibrium
of the agents. The general equilibrium will occunen we account for all decisions rules

of all agents, behaviour of agents which do novesaptimization problems directly like the

% See the proof in Gali [2008].
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monetary authorities, and rules according to wiiiehmarkets operate. Part of these rules are
macroeconomic balance conditions which in our modahsist in the market clearing
conditions.

Particular equilibrium conditions were mentionedlier, while aggregating variables.
Now we summarize the general equilibrium of the elodVe define the equilibrium

as a sequence of quantities:

@bz, ={c.v. v vp, (D41
and a sequence of prices:
Ry, ={r.P Mc R, N, (1.42)
such that:

(1) For a given sequence of priceéF{}:’;o and the realization of shocks

{8}, ={inA,v},, the sequence{@}", respects first order conditions for
households and maximizes firm profits.

[

(i) For a given sequence of quantitie{i?t}t:0 and the realization of shocks

{8}, ={InA,v]},, the sequencP}”  guarantees:
* labour market clearing,

* goods market equilibrium.

The equations in Table 1.1. constitute a systemigiit equilibrium conditions of the
model in eight endogenous variablé’s,:\z, Y",P,P,MC,, R andl,.
There are eight endogenous variables from whicin e non-predetermined,

P, MC, and,.** The model features also exogenous variablgsandyv, .

% The difference between predetermined and non-peadined variables is that at tinter 1 the values of the
former ones do not depend on the values of the tim& shocks while the values of the non-predetermined

variables do depend on these shocks.
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Table 1.1. BNK model summary

x EtZ(:Bg)k{Yt::_kyPtiTI:lMCHk‘trl t—]Jt+k}
k=0

P
Price setting rule = - (1.43)
Pt—l E 6 k{ Yl—yPJ—l}
tZ(ﬁ ) t+k © t+k
k=0
P* 1-o
Aggregate price dynamicsM; =g+ (1- 9)(P_tJ (1.44)
t-1
Household decision rule R BE Yoa _yi (1.45)
R 1Ly R .
. 1 e
Real marginal cost MC, :EYt a p e (1.46)
1 v A AV
Interest rate rule R =E|_|f’”Yt¢ye‘ (1.47)
c_ Y
Output gap Ty (1.48)
Yi
1 e -
Natural level of output ~ MC =E(Yt”) a A ¥ (1.49)
: R
Inflation rate n,=—— (1.50)

t-1

Source: Author’s calculations

1.3. Solution procedure

To find out how the model behaves for a given $emnidal conditions and parameter values,
one has to exploit some computational methods. Wasenmt here possible procedure
of solving DSGE modefa. There are two distinct and broad classes of sslunethods:

perturbation and projection methods. The pertuobathethods are convenient while dealing

with a complex model with many predetermined vdes. However, they are useful only

% We try to avoid a commonly used term ‘solving a@GESmodel’. In our case this abbreviation meansisglv
the reduced form of the model, that isthe lineguation system resulting from the model equations’
approximation. It is particularly often met in tedtal language. But the term is so popular, that become
conventional and one can find it often in manyierks. In the programming appendices we alsotuse i

% We use one of the perturbation methods to solveensomplex models of Chapters Il and Ill. Whereas
in Chapter | the solution method is imposed by thehniques exploited in the software used, maihky t
DYNARE. Thus, for the sake of detailed explanatiare will limit ourselves to presenting only the imed
actually used by us to solve the models of all tdrap The projection methods are widely discussetirn,
McNelis [2008].

50



if we concern shocks representing small deviatifrosn the steady state In the class
of perturbation methods the most common are liraddn and log-linearization. Comparing
to the projection methods they are much less coatipaially demanding. The idea
is to transform the model equation system whichussially nonlinear into a linear one.
It is then much easier to solve such a system.i3$ee it to get a sufficiently good linear
approximation of the model equations. If the madelot far from the steady state, its linear
version is good enough to approximate the originadiel.

The effect of the log-linearization is expressihg model variables as percentage
deviations from their steady state values, thumftbeir values in the long-run deterministic
equilibrium. This points out, that the first steptbé solution procedure, in case of the log-
linearization, is to state the steady state ofrttwalel. Thus, the necessary condition is that

such a state exists and is unique.

1.3.1.Steady state

Determining the steady state of a model consistgding values of all the model variables
in the specific situation which is compatible withe long-run deterministic equilibrium.
Thus, we consider the case when there are no diibeigun sources at the macro and micro
level. All economic agents reach their optimum ahthe same time the grounds of arbitrage
vanish. Prices are fully flexible. All past shockave been absorbed and the stationary
stochastic disturbances have no influence on vatfiesxogenous variables. All in all the
model variables tend to have unchanged values.r @geamics is consistent with the long-
run tendencies.

In our model equation system of eight variablesstituted in Table 1.1, the steady
state can easily be found by analytical means. drilg assumption we make additionally
is about the value of the steady state gross ioflatate. When we assume that it is equal
to one, the values of the remaining variables ar@lkows:

1 _o -1

MC====""= (1.51)
u o

1-a

Y = (1‘_‘7] Sl ()52
U

37 Following Lim, McNelis [2008], we state that thacf the perturbation methods are local approximatio

is their main drawback. They are valid only withispecific radius of convergence.
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Y" =Y, (1.53)
1 (1.54)

The marginal cost is given by equation (1.51) agdal to the inverse desired markup,
because in the long run the prices are flexible sTkhe natural level of output is equal to the
actual level, as in equation (1.53).

Without loss of a generalization, we can assuraePhF 1, thus the whole steady state

is described by parametets 8, y, ¢ and o. The real marginal cost is equal to the inverse

of the desired markup. The output is equal to datural level and the gross interest rate

is determined by the discount factor.

1.3.2.Log-linearized model

The original system of the DSGE model equationasigally nonlinear. Solving it directly
with chosen values of parameters is quite com@dtand time consuming and in many cases
even impossible when one deals with more complexdatso Thus, it is very useful
to transform the nonlinear system into the muchpgmlinear one, that can more easily
be subject to further computations. Among lineathteques of approximation the log-
linearization is the most popular, due to its ezfdaterpretatioft".

Instead of dealing with endogenous variables welte we consider their percentage
deviations from the steady state. Then, after alstgithe model solution and the impulse-
response functions, we are able to understandritierlying behaviour of the model economy
on the grounds of the linear equation system. Tgexial focus is on the parameters used
in assumptions made during the model constructiitg their basic meaning and the role,
they play in interpreting results obtained from ttansformed linear system.

The basic idea of log-linearization consists imwting the original variables into
their log-deviated counterparts in the followingywa

X =In X, -In X, (1.56)

where X, denotes the variable in level aixd means its steady state value.

% The method is widely discussed in Uhlig [1999]. Yéeommend to see also Zietz [2008] which prestwts

issue in a very compact but comprehensive way.
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Let us notice that expression (1.56) can be galso as:

_ X, = X
xt—ln(1+ ~ j (D)5

According to (1.56), when we use its first-ordeylba approximation around the steady state
value X, = X , ther?®.

X, - X
= , 1.58
X = (1.58)

which shows that, in the neighbourhood of the stestdte, log-deviations are close to the

percentage deviations. Thus, we can notice the usejul feature of the log-linearization

technique. When we regard small disturbances,i@hod enables us to interpret the log-
deviations of the variables as their percentageadievis, which is convenient from the point
of view of economic interpretation.

Log-linearization is a necessary step of the tsmiuprocedure we use. We need the
derive the linear version of the model to proceadher and find the solution, that means
to express all endogenous variables as functionghef exogenous variables and the
endogenous lagged ones. As we see, log-lineanzasicessential from the point of view
of computational issues. But it does not have tadlibectly presented, because it is first of all
the intermediate stage in the whole procedure. Wewdet us notice that log-deviations have
convenient economic interpretation. Moreover, Imapproximate relations, resulting from
conversion from the original nonlinear system, dsn useful to spot some dependences
between variables and influence of the given choicparameter values. Thus, it is often
practical to specify the log-linearized versiontbé model directly and subject it to some
analysis.

The log-linearized interest rate rule is of then:
i =P+ QM+ v, (1.59)
wherei, =In(l+i,) =In R, is the nominal interest ratg = —In 5. The inflation rate and the

output gap are expressed using their log-deviatedterparts as in the definition (1.56).
The log-linearization of the remaining equatiorenf Table 1.1, except for the price
setting rule (1.43), yield&

7 = 1= 6)(p; ~ Pry) (1.60)

%9 Basics and details of the log-linearization teghriare presented in Appendix A.1.5.

% Derivation of the whole log-linearized system @)%1.65) is presented in Appendix A.1.5.
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Y = E{Yod —% (i, ~E{7..} - 9) (1.61)

_ g+a 1+ ¢
= - , 1.62
me (V+ 1_0{))4 1_0/31 (1.62)
Ye =Y Vi (1.63)
_ p+a) ,_1l+¢
0=|y+£ % |yr-=2f 4, a
(y+ 1—crjyt 1-a )
T =Py ~ Pra- (1.65)

Equation (1.61) is a dynamic and forward-lookietationship between the aggregate

activity y, and the ex-ante real interest rate=i, —E {77,, which must hold for the final-

good market to clear. We will refer to it as thendsnic IS equation (DIS). Computing levels
of the total output in subsequent periods, we datkabetween current output and the entire
future expected path of real interest rates, whidiven as follows:

N 1.66)

The current output is determined both by the curtevel of the short-term rate and future
expected interest rates ,which are expectatiofistofe monetary policy.

Log-linearizing of the price setting rule (1.48pmbining with (1.60), gives:

7, = BE{ 7.} +Amg, (1)6
where A = (1-6)Q1-£6)©O/6 and © = (1L-a)/Qd-a+ao). This equation is often referred
to as the New Keynesian Phillips curve (NKPC)The parameterd is a measure
of sensitivity of the inflation rate to changeghwe marginal cost.

From the Phillips curve we can see, that ther@ p®sitive relation between inflation
and real activity through the marginal cost. Higlkeonomic activity involves more hours
of work, resulting in higher wages and thus leadiondhigher marginal costs. Firms facing
higher marginal costs raise, in average, theirggricausing an increase in aggregate inflation.
Thus, the deviation of marginal costs from theirerage level measures labour market
tension.

The Phillips curve is a forward-looking relationsh Computing levels of the
aggregate inflation in subsequent periods, we gktkabetween current inflation and the
entire future expected path of the marginal cost #mrough it, between current inflation and

“! Computational details on getting the NKPC are giveAppendix A.1.6.
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the expected real activity:
k
7 =AY BE{mc,}. (1.68)
k=0

The current inflation is determined both by therent level of the marginal cost and
future expected marginal costs, which are expegtatiof future monetary policy. Future
expected marginal costs depend on future expeaal activity, which in turn depend
on expectations of interests rates, as equatid@6)Ilshows. Thus, inflation today depends
on the entire future course of monetary policy.

Equations (1.66) and (1.68) display the cruciak rof monetary policy in shaping
expectations about the future economic outcomestanaiigh this, in the current outcomes
of the economy.

Introducing the natural rate of interest:
" =p+yE{yi -y} .69)
and using the definition of the natural level ofmu, we can rewrite equation (1.61) as:

~

1. n ~
Yi = _T/(It - Et{ﬂtﬂ} -h ) + Et{yt+l}' (1-70)

Combining (1.62), (1.64) and (1.67) ,we can expthe NKPC in the form:
= BE{ .} +K Y, (1.71)
wherex = A(y + (¢ +a)I1-a)).

We can notice that the system (1.59)-(1.65) caretdaced to the NKPC and the DIS
equations. These two equations, in three endogevemigblesy,, i, and 7z, , constitute the
non-policy block of the basic New Keynesian model. close the model, we need another
equation. Regarding the influence of the monetarjcypomentioned earlier, one should
describe how this policy is conducted. Thus, thelehds closed with the interest rate rule.

Table 1.2. presents the whole log-linearized modaiich is linear in its equations and

accounts for all decision rules of all agents.

Table 1.2. Log-linearized model summary

New Keynesian Phillips

curve 7, = BE{ M.} +K Y, (1.72)
_ 1, ] _

Dynamic IS equation Y, = _T/(It -E{m.}-r")+E{Y.} (1.73)

Interest rate rule I =P+ @I+ @Y, Y, (1.74)

Source: Author’s calculations
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There are three endogenous variables, from whohare non-predeterminedz, and
Y,- The model features also exogenous variabtgsand v,. The natural rate of interest
evolves according to:
N =p-yl-p,)a, (1.75)
where ¢, = (l+@)/(y(l-a)+¢+a) and we used (1.62) and (1.64) in rewriting the

definition (1.69). The system in Table 1.2. can nbes subject to further computations
in order to find the solution of the model. Let nstice that we reduced the number of the

state variables to only two.

1.3.3.Solving the model

The model is complete in the sense there are ag gtprations as decision variables. Closing
the model was possible thanks to the introductiotihv@ monetary policy rule. But even if the
model is closed, it can have no solution or if wdution exists, it does not have to be stable
one.

Solving the system of the model equations is agliieby numerical methods and
means deriving the reduced form of the model, inctvleach endogenous variable depends
only on the past endogenous variables and on tbgeeous variables. To solve the model
constituted in system (1.72)-(1.74), we use the hottby Blanchard, Kahn [1980]
implemented directly in the DYNARE softwéfe This is the first technique proposed for
solving the linear rational expectations motfelsThe method uses the log-linear
approximation of optimality conditions for the angl optimization problem underlying the
modef“.

The Blanchard-Kahn method is based on matrix dadcand determines properties of
eigenvalues of some system matrices. The problerthefeigenvalues translates into the
problem of appropriate values of the structurabp@eters of the model or their combinations.
The method allows to state if there exists thellpeaique stable solution to the system.

The Blanchard-Kahn method uses the actual nonlsteacture of the model, although

42 As we use the DYNARE software, the method for smjythe model exploited and described here is tiee o
used by Mancini Griffoli [2007-2008].
3 For a review of solution methods see, e.g., DeJDage [2007].

44 A broad discussion and explanation of this metli®diven in Sims [2002].
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it approximates the first-order conditions. Thing first step is to get the linear version of the
model as in the previous part. The next stage mrite the linear model in a state space

representation. For our log-linearized model (1-(2274), this representation is of the form:

yt Etyﬁl A~
=B +G, (" -Vv,), 1.76
e ol e -w .76
wherefr" =r," - p, and:
y  1-Bg, 1
B; =Q , G =Q| | 1.77
T [yk K+ﬁ(y+¢y)} T u (.77)

with Q =1/(y + @, + k@,). In order to use the Blanchard-Kahn methpdirectly we rewrite

the model (1.76) as follows:

|:E[yt+1:|:ZT|:yt:|+ZTGT(Vt _I’-;n), (178)
E 7T, 7z
where:
Z. =B} :i{’ﬁ'g(yﬂ”y) 'B%_l} (1.79)
yB VK y

The Blanchard-Kahn condition of locally uniqueldéasolution to the system (1.78)
states that there are as many eigenvalues of tiexnia,, greater than one in modulus,
as there are non-predetermined variables. Thusknee that there should be exactly two
eigenvalues outside the unit circle. This conditismot guaranteed a priori. The problem
of the eigenvalues translates into the problem ppr@priate values of the structural
parameters of the model or their combinations.

Given the form of the matri¥ ,, the Blanchard-Kahn condition for the model (1.72)-
(1.74) reduces to the following relatfén

K@, -+ Q- By, >0. (1.80)

Let us remind that the monetary authority conditstpolicy according to the interest
rate rule (1.74). Thus, from equation (1.80), sulées that the monetary authority should
respond to deviations of the inflation rate and théput gap from their target levels

by an appropriately strong control of parameigyrsand ¢, .

45 A detailed description of the method by Blanchakg&hn [1980] for a DSGE model in general case
is presented in Appendix A.1.7.
¢ See Appendix A.1.8 for the proof.
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1.4. Impulse-response analysis

In the class of DGSE models one describes modehrdigs usually by means of impulse-
response functions (IRFs). This tool is often useanalysis of many other class of economic
models, for example the classic structural modeth®reconometric ones. But when it comes
to a DSGE model, we can exploit also its microecadootvasis to interpret results
representing the macroeconomics. The IRFs dispfapmic features of the model and they
are the basic source of knowledge about interogiati the direct ones and these ongoing
in time.

To get impulse-response functions, we pose sostarbances to the dynamic system,
which allows us to do the theoretical analfsisNumerical simulations conducted in the
DYNARE with Monte Carlo trials give the IRfS On the basis of these functions one can
verify the usefulness of the model in explainingnsointuition behind the assumptions and
interpret the analytical results.

Discussing the shape of the IRFs and comparing gerves the purpose of describing
dynamics of the model and understanding interi@iatiamong the variables. We study what
is the reply of the endogenous variable subjeaiexbime disturbance, what is the direction of
this response, its scale, whether there is sormey dgid when the maximal reaction occurs.
Future shocks are simulated from their distribuilomultitude Monte Carlo trials. Then all
obtained responses of endogenous variables to tthieserbances constitute the average
reaction of the model equation system.

Under a transitory shock the model eventuallyrretuo the steady state. In this case,
contrary to a permanent disturbance, the modelssiraed and constructed to be the
stochastic one. We do not know the occurrence lofuilre shocks. Only the distribution
of them is given at the time of computing the mast#ution. Economic agents know that the
future values of innovations are random but willdh@aero mean.

Here we deal with the monetary model. The nominetions in the form of sticky

prices were introduced in order to analyse the oblenoney and monetary policy. We will

" For the disturbance we will also use the term tshoActually it is an abbreviation commonly fourl the
DSGE models literature. But what we in fact mearth®y disturbance is the change in the exogenouahlar
described by some stochastic process. The shoak tgrn the change only in part of this process olthi
we usually assume to be the white noise and aadiviations or an innovation process.

“8 All the exploited methods for getting the IRFs #rne ones recommended by Mancini Griffoli [2007-2D0
and implemented in the DYNARE software.
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examine what are the effects of the monetary pdioyck on real variables of the model.
In the model with no nominal rigidities there wotdd no such effect.

1.4.1.Calibration

All parameters used in the model in its theoreticaim influence decisions of economic

agents on the microeconomic level, also these wiésh describes disturbances processes.
But in the steady state all disturbances vanishtane no effect on parameters, and hence
no effect on steady state values of variables. Tt the purpose of the steady state

analysis, we will focus only on parameters thaedatne long-run tendencies.

Table 1.3. Calibration of parameters

Parameter Value Meaning

1-a 2/3 elasticity of production with respect to labour
B 0.99 discount factor

y 1 relative risk aversion

o 6 elasticity of substitution among goods

¢ 1 elasticity of marginal disutility with respectlebour
@, 15 influence of inflation rate in the interesteratile
@, 0.5/4 influence of output gap in the interest rate
Pa 0.9 persistency of technology shock

P 0.5 persistency of monetary policy shock

6 213 probability of retaining old price

Source: Author’s synthesis

To study dynamic properties of the model, we h@veolve the underlying equation
system. Thus, we need to set values for all paemmetf the model. Following Gali [2008]
we use calibration of the model parameters as bieTA.3. These values are commonly used
in the literature and usually related to studigagisome micro data.

The values of parameters and o are widely used in the business cycle literature.
The intratemporal elasticity between intermediaieds set to 6 implies a steady state markup
of 20 % in the goods market. By the given calilmatithe measurd of the sensitivity of the

inflation rate to changes in the marginal costgsiat to 0.0425. The steady state quarterly
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interest ratel equals one. And the average price duration amdontisree quarters, which
is consistent with empirical eviderfée The values of coefficients in the interest raite r
(1.74) are consistent with variations observedh& data on inflation and the interest rate
given in the annual rat®s Because in our model periods are interpreted asteys, the
output gap coefficient has to be divided by 4. Ve of the discount factor implies the

steady state real return on financial assets oftabpercent per year.

1.4.2.Monetary policy shock

We analyse changes of variables’ values in resptms$ensitory increase in the stochastic
component of the interest rate rule. The size efdisturbance is one standard deviation of the

shock, which we assume to be 0.25%. It means\thatcreases from 0 to 0.0025 when the

shock hits the system. We have to remember thavaalhbles are expressed as percent
deviations from the steady state values. Thus, eadchem comes back to its steady state
value that is zero.

The changes in variables have only temporary cherabecause each variable
is stationary. Hence, after about three years alalbbes return to their long-term values. With
persistency equal to 0.5, the shock disappeansaitaut one and a half year.

Possible occurrence of the monetary policy shaclour model results from the
specification of the interest rate rule (1.74)wH assume a 0.25% increase in the stochastic

component ofv, given by equation (1.27) and interpret periodgjaarters, we can observe

responses of the nominal and real variables agyuré1.1.
Figure 1.1. illustrates the effect of expansionargnetary policy. According to the

rule (1.74) and in the absence of changes inntation and the output gag, the nominal

interest rate would increase by 1 % on the impébts rule accounts for responses of the
inflation and the output gap, which decrease, thnyiying that the change in the nominal rate
is weaker. The central bank wants to recover theetdevel of the nominal rate, but this

solely would bust the inflation. Hence, the mongtanthority has to reduce also the money

9 Gali, Gertler, Lopez-Salido [2001] and Shordon@0P provide estimations based on aggregate daih. G
[2007] points out also some micro evidence.

* These values were originally proposed by Tayl@9H] as a good approximation of the monetary policy
conducted by the Federal Reserve in years 1986-0@® the head of the USA central banking systerm wa

Alan Greenspan. His monetary policy decisions lgrémlowed standard Taylor rule prescriptions.
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supply. This negative short run comovement of thi@inal rate and the money supply, in the
response to an exogenous monetary policy sho&kown as the liquidity effect.

Figure 1.1. Effects of a monetary policy shock

Output gap Inflation
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Reponses of both interest rates ,as well as dhffaion, are given in annual terms.
Source: Author’s numerical simulations

The response of the real interest rate is strotigar of the nominal one due to the
decline in the expected inflation. The introductioh the nominal rigidities in the form
of sticky prices causes that the changes in theimamate are not matched by one-for-one
changes in the expected inflation, as the New Ksane Phillips curve (1.72) explains.
Hence, the real rate responds differently thamthrainal rate. Here, by the given calibration
its positive response is stronger.

The changes in the real rate influence the bebavad the consumption and

investment and through them it affects also theareses of output and employment. Thus,
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the monetary policy has short run effect on thé vaaables. The key result of the basic New
Keynesian model is the short run non-neutralitghaf monetary policy. As Gali and Gertler
[2007] underline the monetary transmission depeodscally on the private sector

expectations, especially of the producers, whdthelthe future path of the monetary policy

instrument, that means what will be the future l@féhe short-term interest rate.

1.4.3.Technology shock

We analyse changes of variables’ values in resptm$ensitory increase in the aggregate
productivity. The size of the disturbance is onandard deviation of the shock, which

we assume to be 0.01. It means that the aggregadieigtivity A increases from 1to 1.01
when the shock hits the system and its log dewviagiofrom O to 0.01.

To study the effect of the real disturbances & ¢bonomy, we take an example of 1
percent positive technology shock given by equafibd5). The results in the form of the
impulse-response functions are presented in Figj2e

The state of technology is high in the period lné shock, compared to its level
anticipated for later periods. The response ofrteiral level output is always positive and
to a large degree follows the technology trajectdrgcause under flexible prices the real
marginal cost is constant and does not affect #spanse of the output. The reaction size
depends on values of the parameters and relatimosgthem, as equation (1.64) displays.
By the given calibration, the natural level of aut@ctually mirrors the time path of the
technology shock.

The sign of the response of output and employmaéepends onthe choice
of parameters’ values. By the given calibration, gbsitive technology shock lowers the real
marginal cost. Thus, according to equation (1.6Bg output response can be positive
or negative, depending on how high is the margowdt decline. We set values of the
parameters so that, the marginal cost responsetistramg enough, to cause the negative
output reaction. Because the positive responséefbtitput is weaker than the technology

shock, the employment falls down, in accordancé eguation (1.37).
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Figure 1.2. Effects of a technology shock
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Source: Author’s numerical simulations

From Figure 1.2 we can observe how the monetamposaty responds to the
technology shock. According to the Taylor rule (3,7the interest rate has to adjust
to inflation and to the output gap. Thus, the cdritank reduces the nominal interest rate and
as a result the real rate also decreases. By doatgthe monetary authority rises the money
supply. Such policy however is not sufficient t@osg# the negative output gap. The output
increases, but slower than its natural counterpantording to the Phillips curve (1.72), this

induces a decline in inflation.

1.5. Concluding remarks

In this chapter we described synthetically the medhmgy of DSGE models to introduce the
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reader to this class of models. Our aim was nogit® a comprehensive review of the
literature, but rather a detailed and compact ptasen of all stages of research process
by using a DSGE model. We use the example of tisec dew Keynesian model due to its
small scale and relative simplicity. However, itvery interesting to show with this example
effects of the monetary authority policy.

According to the basic New Keynesian model, themom for the role of monetary
policy. This is in contrast to the classical mongtaodel by Cooley, Hansen [1989] which,
despite accounting for the monetary sector, gelygregdicts neutrality of monetary policy.

Introducing assumptions about the monopolistic petition and sticky prices implies,
that the nominal interest rate has to be adjusteédponses of inflation and other economic
indicators, that are encompassed in the intergst male. The monetary authority has
to intervene to minimize the existing distortionshe monetary non-neutralities are
consequences of the nominal rigidities.

Such role of monetary policy involves possibibtief studying and comparing various
monetary regimes in the form of various interest rales and different weights for variables
used in these rules. The monetary authority cansdnthe form of the rule it wants to exploit
and values of coefficients determining significamég¢he economic indicators, like inflation
or the output gap.

DSGE models which account for nominal rigiditieksplay the role of monetary
authorities in affecting both the nominal and reidle of the economy. Thanks to this, they
recently attain much interest of the policymakimgmenunity, who exploits these models
in making its decisions. Many central banks in Carand Eastern European countries have
developed their own large scale DSGE models toyaeahnd forecast results of a given
policy and effects of policy changes, as well aspésform counterfactual experimetits
However, they are still treated rather as an aanxilnot as a basic tool in the policymaking.
In constructing such models for the purpose of tienetary policy analysis, the key role
is played by the interest rate rule, usually of Taglor type.

The aim of this chapter was to provide an exangpla DSGE model and by these
means to describe and explain all stages of dealitty models of this class. We focused
on selected aspects to use them in the next csapeparticular, we presented what is the
standard in the DSGE methodology, like represamgateconomic agent approach,

monopolistic competition among intermediate firms tre Dixit-Stiglitz framework.

*1 On this point see Tovar [2009].
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We explained also in detail a selected method o¥impl DSGE models with the log-
linearization technique and the Blanchard-Kahn aoodi We refer to all these issues in next
chapters, while describing a more complex modeh \ite key role of the foreign direct
investment. We use part of assumptions presentéukifirst chapter to describe production
side of economy in a two country world. The noveisyintroducing the heterogeneity
in productivity of firms. Thanks to descriptions aexplanations of the DSGE methodology
issues presented in Chapter |, we can focus ospbeific assumption of heterogeneous firms
and use all computations techniques without gamg details.
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Chapter Il

Symmetric DSGE model with heterogeneous firms

2.1. Introduction
The aim of this chapter is to apply the DSGE methmgipintroduced in Chapter | to analyse

effect of the plant localization and the foreigmedi investment (FDI) hosting on the output
fluctuations. The research subject is especiallyartant from the point of view of emerging
economies, that have benefited from the productielocalization of foreign firms. These
firms have been encouraged by the specific conditiprevailing on the domestic market
of the other economy, such as lower real wages|lamaompetition, bigger sales. Lejour
et al. [2009] emphasize that openness to importthadinward FDI positively influences
productivity and income. From the point of viewinflividuals, new factors of competition
occur ,causing that firms exit and employees losé jobs. But in the larger scale the overall
benefits overweight. The hosting economy experignamong others, lower prices, increased
product variety, higher productivity and better essibility of foreign knowledge and
technology.

The problem links the macroeconomic issues ofett@nomy performance with the
microeconomic assumptions about a firm that matsedecisions on the basis of conditions
specific only for it. Thus, we need a macroeconomicdel that incorporates accurately
microeconomic assumptions and allows for heterageoéfirms. The framework, that takes
into account all this issues, is a dynamic stoébageneral equilibrium model with
heterogeneity in firms productivity.

The heterogeneity assumption is key for studyifigce of FDI and multinationals
onthe hosting economy. The idiosyncratic produttiviparameter is introduced
as an argument of the probability density functibthe Pareto distribution. Here, we develop
existing theoretical constructions to account fatune of FDI and differences of economies
in the FDI intensity.

The literature on DSGE models with heterogenestynow quite broad and relates
to modelling heterogeneous behaviour of economentsgof various types. It has become
very popular and even standard, when it comes & MSGE modelling. Describing
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heterogeneity started with differentiating levels foductivity of firms in the work
by Krugman [1980]. It allows for considering vargtypes of firms, depending on economic
activities they are engaged in. The framework ubede was designed to study the patterns
of international trade. The heterogeneity assumpti@s then developed in many papers.
Melitz [2003] proposed an extension of previous siedin the form of monopolistically
competitive firms in ageneral equilibrium setfingThe heterogeneity assumption
is introduced in such a way, that aggregate outsofm@m various sectors of economic
activity are summarized by average productivity IsieThus, each sector of heterogeneous
firms behaves as a set of representatives witBdhee average level of the productivity.

The framework used by Melitz [2003] and then dssad in Ghironi, Melitz [2005]
allows to regard the fact that only highly produetfirms can export. This is due to additional
costs that such firms have to pay to be able toym®dind export. Helpman et al. [2003]
incorporate another kind of the economic activigsides exporting, mainly FDI. Contessi
[2010] endogenizes this strategy of internatiomadjzof production to analyse implications
of the entry of multinational firms (MNFs).

All these models account for bridging the gap leetwtrade theory and international
macroeconomics. They use the concept of heterogsnems instead of the representative
ones, so the firm productivity level is an endogenéeature of the model. By using such
models, one can study influence of firms, which ek@nd conduct FDI, on the given
economy. As shown by Contessi [2010], introducihg £DI sector highly improves the
model fit to the data and allows for an explanatadnthe observed patterns of the real
exchange rate. Other authors highlight abilitieswth models to explain the current account
adjustment or the intra-industry effects of inte¢io@al trade.

However, studying the present literature on DSGitles and the trade theory we can
notice that the models do not account for the meatfr FDI. International firms can have
various reasons to locate their production abrodttey can consider various strategies
of selling. Finally, they can face various condisoon the local producing market because

of asymmetric bilateral trade relations betweenneaties. The papers on the trade theory

! The starting point was the model by Hopenhayn P198lescribing the industry dynamics in the perfect
competition and the Krugman’s [1980] model.

2 Earlier works, including Hopenhayn [1992], did nse the average productivity of representativadifrom
the given sector. Instead, the information aboetsiictor productivity resulted from the productidistribution

of a firm.
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discuss these issues but DSGE models do not in@gthhem. The problem is to make
appropriate assumptions.

In this chapter we present a two country DSGE rhoflehe open economy with
heterogeneous firms. In this framework we try taldeith the problems mentioned above.
To cope with the first issue, we extend the exgstimodel by Contessi [2010], by introducing
another type of economic activity. In our modelréhare multinationals of two kinds. Some
of them set their affiliates abroad to produce ¢hand serve the local foreign market. The
novelty is that there are also multinationals whadtide to export back to the economy
of their origir?.

The standard treatment of two economies in DSGHatsowith heterogeneous firms
isto assume they are fully symmetric. Thus, they described by analogous dynamic
equations and the respective steady state valuesedaiibnships are the same for both
of thenf. There is no room for asymmetry in bilateral tragations between them. Such
situation does not correspond to reality, whenaarenotice significant differences in foreign
direct investment shares in two economies. For @@nwhen one of them is a developed
country and the other one is an emerging markéb exemplify such a situation, let

us present some data on the German and Polishhabds

Table 2.1. FDI outward stocks in percentage of GDP

2006 2007 2008 2009 2010
Germany 324 34.9 34.6 32.8 34.0
Poland 4.0 4.6 4.7 6.6 9.3

Source: Eurostat database, EU direct investmeait) indicators, data updated in December 2012.

% Helpman et al. [2003] discussed possibility ofamting firms which export from their subsidiaries dther
countries. Our model is a two country model, thesaan consider only bilateral relations and expgrthack

to the economy of origin.

* The kind of asymmetry is regarding different sizEseconomies in terms of labour units. For example
in a model by Pappada [2011] a number of entrapfzends on the size of the economy. The other kind
of asymmetry was proposed by Helpman et al. [2003he form of relying on an exogenously fixed tsia
wage between countries. As Melitz [2003] points oesulting differences in country size affect otfig relative
number of firms.

® According to the FTSE Poland belongs to the adedramerging markets. Also International Monetarpdsu
The Economist, Morgan Stanley Capital Internatipriéfandard and Poor's and Dow Jones list Poland

as an emerging market.
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Table 2.1. shows that the German economy inveathmore in FDI than the Polish
economy. This tell us something about the econosegsirately, but also allows to compare
their levels of development in some extent, as nankthat only the most productive firms
engage in FDI. But the data do not tell anythingudlihe bilateral FDI relations between the
economies. However, one can expect that there eamdny asymmetries in this regard.
Concerning the set of only two economies with défe levels of development, we can
assume that the one of them is a host economyefatively many foreign multinationals
coming from the developed country, whereas the sippds not the case.

Introducing asymmetry between economies in terms different shares
of multinationals can been accomplished in variags. We study frameworks that account
for this fact. First, we assume that the analyssshemies are symmetric in every aspect
of their functioning. That means all home econoagents behave the same as in the foreign
country. They take the same decisions and haveahe possibilities. The only asymmetry
we allow here comes from the fact that parametetsrohining behaviour of agents can take
different values in the two economies. The othey whdealing with asymmetric relations
isto assume the asymmetry in the framework, thaama different dynamics of the two
economies. But that will be the issue of ChapterHirst we would like to familiarize with
the version of the model which describes the twanemies analogously.

The evolution of the framework, mainly regardimg thature of FDI and differences
in the FDI intensity, is very important from the pbof view of the hosting economy. The
foreign multinationals are the source competitionthe domestic producers. Their activity
influences prices on the domestic market and theiptice index in the home economy.

The organization of the chapter is as follows. Titst section presents the theoretical
construction in a very detailed way. But to starthwwe explain earlier general features
of the model and introduce basic notation. Thengwénto details presenting and explaining
all assumptions about the economic agents, théiaetaamong them and their decision
problems. We show the way sectorial, national andrinational variables are aggregated.
This subsection ends with the general equilibriumditions and a model summary. The next
part relates to the steady state analysis. We stadic properties of the model and compare
economies in the long run using different sets afapeter values. The last subsection
IS meant to analyse the dynamics of the model. Yéegnt the log-linearized version of the
model. Then we study impulse-response functionsapiables to exogenous shock in the
aggregate productivity, as well as make some nuwaesimulations to discuss effects
of permanent disturbances.
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2.2. Two country open economy model

This is a two country DSGE model of open economyergheach country is populated
by homogenous consumers and a continuum of poltemtealucers who write contracts
in nominal terms, each choosing to produce a differvariety . There exists labour
mobility within each country which guarantees doticesvage equalization. But there
is international immobility of workers which allovigr wage differentials across countries.
There are no rigidities in the form of price or wagtickiness, nor any form
of adjustment costs in price or wage setting. T$is fully flexible price model. Main groups
of economic agents are consumers, firms and foeesgwho supply imports and demand
domestically produced goods. Home and foreign fioas set their multinational affiliates
abroad to sell their products in the host countryooexport them back to the economy
of their origin. There is no financial intermedoas, so that households lend to the
government directly. Each country is a financialasky in the sense there is no international

trade in bonds.

2.2.1.General features
The behaviour of consumers, final firms and to date extent also intermediate producers
is described as in the standard DSGE models. Thseholds consume final goods and
supply labour services. They maximize their lifeginatility from consumption subject
to some budget constraint. Perfect competitivel finaducers purchase and transform infinite
number of intermediate varieties into homogenouslfigoods. We normalize their total
number to 1, as we can regard the single final ga®@dn aggregate consumption basket
consisting of many intermediate varieties. Becath&® number can continuously increase
and for the sake of computational simplicity, oresuames there is a continuum of them.
Intermediate firms act as monopolistically compeit They produce differentiated varieties
which are imperfect substitutes for each othersThio step structure is convenient for the
theoretic modelling because the consumers buy amdyfinal good and all analytical aspects,
connected with dynamics resulting from introducthg heterogeneity, are regarded at the
intermediate level. At the final consumption lewad see only consequences of heterogeneity
assumption coming from aggregation over intermediats.

These are standard assumptions in DSGE modelsated from the Real Business
Cycle and the New Keynesian literature. Proceedliity intermediate firms, we introduce
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some novelty connected with specific character 8B models with heterogeneous firms.
The number of goods available for consumption coimbi the one final good in the given
economy is not constantt varies between the two economies. That melamsonsumption
baskets in both countries can be composed of difterumbers of goods.

The number of goods available for consumptionesalso over time. Each period

new entrants in numbeN ., come to the market, becoming potential producess eriod

later, which introduces a one period time-to-bultbreover, both entrants and incumbent
firms face probability of being hit by a bad shoelkjich forces a firm to exit the market.
We assume that this shock occurs each period wittnatant probability d 0 (01), so that
the number of producers is equal to the numbeuwfiwrs from the set of firms in the
previous period:
Np, =@=0)(Np ., + N ). (2.1)

This law of motion for the number of home prodgciirms defines theextensive
margin of activity®. Thus, it shows the production side of evolutidhvarieties in the
economy. There are various types of activities whHiems can engage in. Among home

entrepreneurs there are ones that produce andrdgldomestically in numbeN,,, then
N, . of firms which also exportN, , of multinationals which set their affiliates abdoa
to produce and sell there, and finallj;, , of the most productive companies localizing their

production in the other country to export back be teconomy of their origin. The total
number of firms in the economy is given by:

Npy =Npor + Ny + N + Ny o (2.2)

From the point of view of consumption, the evalatiof varieties accounts for foreign
firms that offer their products to home consumerghe form of export or sales of their
subsidiaries. The number of domestic and foreigmdi producing goods combining the

consumption basket in the given economy is of tnenf

® Following Melitz [2003], it has become a standardSGE models with heterogeneity in firm produitgiv
The issue now is whether to endogenize this phenomer to determine it exogenously.

" We assume that such a shock does not influencéirtheproductivity. An exit is independent of thevel

of productivity. As Melitz [2003] points out, thmplification allows for exogenous determinatidriraividual
productivity levels of surviving firms, while avega productivity levels are determined endogenously.

8 Usually one identifies varieties as single god@asares, Poutineau [2011] propose a broader viethisn
We can think about product lines. Then, creationonké new good corresponds to either one additional

production line in an existing firm or the creatiofha single new firm.
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N, =Np, + N +N/ +N, . (2.3)
Equations (2.2) and (2.3) present two sides ofdbethat the number of goods varies
from period to period. This concerns both the nundfgyoods available for consumption and
the extensive margin of activity. Analogous equaidwld for the foreign economy. The
distinction of various types of economic activitgsults from the assumption about
heterogeneity in the productivity of firms. Eachinfi has its own level of idiosyncratic
productivity. To be able to export or to engageha foreign direct investment, a firm has
to exceed some level of productivity. This givestrbution of firms in the economy on four
sectors characterized by average levels of prodtictEach sector is described by average
values summing up information from individual firi&e average prices or average profits

from a given type of the activity.

2.2.2.Consumers

There is a continuum of consumers, each of whoidheistical to all others. Here, we describe
behaviour of the representative consumer. We regardhtertemporal and intratemporal
problem. The former is how to choose consumptiotheffinal good between periods. The

latter lies in choice between consumption of maoyds within one period.

Intertemporal problem

The representative household living for an infimtenber of periods faces the intertemporal
problem. At each period it takes as given the nominal wayé denominated in units
of home currency for supplying inelastically units of labour and chooses consumptign
domestic B,,; bond and shares in a mutual fungl, to maximize the lifetime expected

discounted utility subject to the budget constraivie assume that the household chooses
nontrivial solutions. The problem of intertempoaogdtimization of utility from consumption

takes the form:

max_ EAU,(C), 2.4
{C X1, Bt no t;ﬁ t( t) ( )

where S0 (0)) is a denotation of the time discount factor. firesents the idea that utility

further out in the future is less valuable thatytcloser to the present moment.
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The household faces period-by-period budget caimés. There are an infinite number

of them. A budget constraint for a peribds given as:
WL+ (V +73)Np, X + @A+ 1)B = C + Vi (Np + Ng )Xy + By (2.5)

It is written in real terms, where the real wageagigen asw, =W, /P, and B, is the price
index. The income comes from labour, the sale afeshin the mutual fungtx, and from the
associated profitz, x, they earn from the producing firms, as well asrfiiie sale of risk-free
bonds B, bought in the previous period, together with theeriests they yield, where the
interest rate isrtg. The expenses come from consumption, buying shardése mutual fund
that owns a stock o, + Ng, producing and new-entry firms whose average vilue
and from buying domestic risk-free bonds. Sharestofk x, are the consumer’s holdings
of real assets and, is the real price of one share. The intertempprablem (2.4) and the

budget constraint (2.5) are expressed from the mdintew of the representative consumer.

They include the average terms and 77, because the mutual fund owns the stock of all

home firms. And firms are not homogeneous as coessirhut heterogeneous. Thus, the
associated total profit and real price of one shdoenot relate to the representative
homogenous firm, but to the average firm, whichheterogeneous due to its relative
productivity level.

We consider the following utility function, accondi to which utility depends

positively on the level of consumption:

cv
UAQ)=1iy, (2.6)

where y >0, y #1 denotes the parameter of relative risk aversion.

The Lagrange problem, which is to maximize utilityogect to the budget constraint:

L= Et[JEOBJUIH + jz‘oﬁ]/‘t+j{ct+j +Vt+j(ND,t+j + NE,t+j)Xt+1+j +

(2.7)
+ B[+l+j Wy I-t+j _(Vt+j +n[-+j)ND,t+th+j -1+ rt+j)B[+j}]a
yields the following first-order conditions:
oL _
——Z =CV+A = 0, 2.
ac A (2.3

° We can notice that in the lifetime utility settifige (2.4) this interest rate is equal to the real interest rate.

Details on this are in Appendix A.2.2.
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o 1=0.1=

aXt = At\z(ND,t + NE,t) _IBEt[/]Hl(vtﬂ + ﬁ£+1)ND,t+1] = 0’ (29)
+1
oL 1=01=
= ElA-BAal+r)]=0. (2.10)
0By

Using equation (2.1) for the number of home prodgdirms, from first-order conditions

we get the Euler equations for shares and for B8nds

C -y
\7t ::B(l_J)Et (Ct:_ﬂj (\7t+1+ﬁi+1) J (2.11)
C” = pa+r.)E(CY). (2.12)

The bond Euler equation (2.12) demonstrates snmagpthetween two periods.
According to the Euler equation for shares (2.14§ average value of the firm depends
on how consumption will change over titheThus, evolution of the aggregate consumption
affects the stock price. The higher is the cur@risumption, the higher will be the value
of the firm. Let us notice, that in the Euler eqomatfor shares (2.11) we use average terms for
the firm value and total profit. Because of theisture of the model presented in the first part,
we account for the fact that there are four sedtothe economy. In each of them the value
of the firm and the profit from given type of adtware averages over all the firms in the
given sector. The value of the firm and the totalfip of the firm in the economy is then the

average over all sectors.

Intratemporal problem

The intratemporal problem of consumers concerns dheice taken within one period
of allocating total consumption between a totamber of intermediate gootfs The
consumption is aggregated over a continuum of gdools a setQ with the measure
representing the mass of available goods. Giviegcttimposite bundle of differentiated goods

produced by monopolistically competitive intermediproducers, it takes the form:

1% Derivation of these Euler equations are given péndix A.2.1.

' This equation is a special case of the assetngritormula by Lucas [1978], where the utility fuioct

is CRRA. It accounts for an additional componénthat captures the probability of firms’ death.

2 One can find more about the intratemporal probtgnthe consumer in Chapter |. Computational details

of derivations are analogous to the ones presentddpendix A.1.2.
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o-1

C, = [Lm c(w) dw] g_l, (2.13)

where g >1 stands for the elasticity of substitution amongdg Let us notice that in period
t only a subset of good®, [J Q is available for consumption. Moreover, subsetgaufds
available for consumption in honfe, and foreignQ: economy can differ.

Solving the maximization problem of the final praduwe get a demand function for

a single variety:

¢ (@) :{ P (“’)] C,, (2.14)

and a standard CES price aggregator:

1

P = ([m P, (w)l-”dw)ﬁ, (2.15)
where p, (w) denotes the nominal price of a single variety1Q, . According to equation

(2.14), the representative household chooses squohrgtity of a single good, that expenditure
on it is proportional to the total expenditure ¢w tfinal good, which we identify with the
consumption basket.

Goods available for consumers in home economy doome different sectors. There
are goodsD produced at home by domestic entrepreneurs, importby foreign firms,

goods |© supplied by foreign affiliates and impoN! by domestic daughter companies
located abroad. Thus, from the point of view of te@resentative household, it declares
demand for varieties available on the home markétcoming from various sectors. This

demand is expressed as follows:

Cor(@) =[pos (@ /R]?C (@) =[ps, @)/ R |7C,, (2.19)

¢ (@ =[P @/P]°C. @ =[p (@IR]°C. (2.20)

Each expression in (2.19) and (2.20) articulatesnaerse relation between the price
of a single variety and the demand for it. Whers thiice goes up, everything else constant,
then the demand decreases. The expression onftledkie of (2.19) is the demand for the
single variety produced by one of the home firmduding the exporting ones, as well as the
domestic multinationals. The right side formulatexpresses the demand for the single good
produced by one of the foreign exporting firms. Td@mand for the variety of the foreign
multinational is expressed on the left of (2.20) dor the good produced by the domestic
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affiliate on the right. We should recall here taitdomestic firms in the economy offer their
goods to the home consumers, but some of them delsddo engage in other activities and
thus offer their goods also to foreigners in foriih@ export or sales by multinationals. This

involves setting various prices connected withgiven activity.

2.2.3.Firms

There is a continuum of firms in the economy whide labour to produce goods, that are
demanded for domestic use and by foreigners. THey set prices that are assumed
to be fully flexible. The only factor of productiois labour characterized by aggregate

productivity Z, . Thus, all firms in the given economy, both the éstic and the foreign ones

produce, with the same aggregate productivity dfole. But firms vary in terms
of technology they use. Each firm produces accgrtbrits own technology with productivity
indexed byz. In that sense the entrepreneurs are heterogen€bastelative productivity

is specific for the given producer and time invatialt implies that costw, /(Zz ),

of producing one unit of output, also differs asrisms.

There are also fixed per-period costs of engaging given type of activity: export
and the foreign direct investment, either to sélload or to export back to the domestic
economy. Whether the firm will decide to export et its affiliate abroad, depends
on relation between its level of relative produdtivand costs of production in the given
strategy. The decision is taken each period. Tthes,numbers of firms in sectors, using
different strategies of producing and selling, fllate between periods.

The total number of the domestic producing firnemsist of numbers of producers
from various sectors:

ND,t :NDO,t+NX,t+NI,t+NM,t' (221)

The number of firms in a given sector is affectgdnombers of producers using different
strategies depending on costs of production. Withéngiven period each firm decides which
strategy to choose knowing its level of idiosynicrairoductivity z. When it is not high
enough, the firm engages in the activity that rezpilower productivity. Hence, the number
of domestic firms fluctuates between sectors.

When a producer wants to enter the domestic mdnistt it has to invest and pay

some cost of hiringf_ effective labour units, before it starts produetione period later.

This entry cost is sunk, paid only once and equatitf., /Z,. Then, if the producer decides
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to establish a firm, it draws its level of the igsjymcratic productivityz from a common

distribution G(z) with a support ofiz...,).*® Each period, firms are hit by a bad shock with

min ?

constant probabilityd [ (0,1). Occurrence of such a shock is independent onfithe

productivity level and it induces the bankruptcydfentrepreneurs, both producing and the

new entrants.

Production

Each firm produces a different variety 1 Q using labour with productivityZ,. Costs
of production account for producing,(w ynits of output and engaging in the specific

economic activity like export or the foreign diréovestment. The first cost is variable and
depends on how much the given firm wants to prodilibe second one is fixed and each
period the same for all firms using the same gisatdhe producer pays it in the form

of wages for f, additional effective labour units. In general, vaitit specifying the sector

a firm operates in, the cost function can be exqa@ss follows:

M(w) = W1, +WI, (w) = W, + W Y, (w) = fixedcost+ variablecost, (2.22)
Z, zZ, Zz
where:
yi (@) =1 (W) Z(W)Z,. (2.23)

Let us notice, that a firm produces the output gidjiicw) units of labour with the aggregate
productivity Z, , which is common across firms. But at the same ,titnexploits its own
technology characterized by the level of the hefen@ous productivity(a).

Aggregate productivityZ, represents the effectiveness of one unit of labibus time
variant and follows a stochastic autoregressivecgs® with the disturbance terd
assumed to be normally distributed:

Z,=Q-p,)Z+p, 2, %6, &.~N@O02), £, Lid.  (2.24)
On the contrary, idiosyncratic productiviig(c) is firm specific and time invariant. A firm

with idiosyncratic productivityz(«) producesz(w)Z, units of output per unit of labour

¥ We assume that foreign firms draw their produttivevels z from a common distributionG(z') with

a support orfz,, , ).
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employed. Depending on the chosen strategy of pinduand selling, a firm hire§ (w )
workers to producey, (w pf output. Production localized at home to selltbe domestic
market is expressed following:
Yo (@) =15 (@) Z(W)Z,. (@2
Production localized abroad to sell on the forengarket involves using the foreign

labour with the foreign aggregate productivy, according to:
Y1 (@) =1 (D ZW)Z, . (2.26)

Export to the foreign country or back to the courmtf the origin, in case of exporting

multinationalsm involves an iceberg trade costsé&l y, (w) of output on the export market,
an exporter has to produce a quantity,(w bgcause consumer must bay> ufhits

of imported good to consume its one unit. Thusdpeotion to sell on the export foreign and

domestic market is given respectively by:

Y1 (@)

IX,t(a)):TtZ(T)Zt

Yui (@) =175 (D) Z(W)Z,, (2.27)

Yue (@) =115 (D ZHDZ; . (2.28)
The iceberg cost evolves exogenously accordingutioragressive stochastic
processes:

r,=01-p)+pr.+&,, &,~N(@O0?), g, iid.  (2.29)

Tt

Dynamics of firm entry and exit

Each period there is an unbounded amount of paleetitrants in the domestic economy,
as well in the foreign one. To enter the markethe economy they come from, the new
entrants have to invest and pay some cost. Only they can start production. We assume

that each oN.,, new entrants it —1 becomes one of thdl,, producers only irt. Let us

remind that in every period a firm can be hit byleock of bankruptcy with probability
o[ (0)). Hence, the number of domestic producers evolvesuating for this shock and
new entrants starting production:

No, = @=3)(Np s + Ne,,). (2.30)

Entrepreneurs are forward looking and have perfefdrmation, thus the profit

expected by them equals realized average profit:
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E[77,()] = (@), s>t. (2.31)

From Euler equation for shares:

vt:ﬁ(l_J)Et{[cé:lJ vtﬂ}-l_,g(l_J)Et{[%:lJ ﬁ;+1]:

= Y [Ba-)7E, Hg—j ﬁS].

s=t+1 t

(2.32)

Hence, potential entrants compute their expectest-guiry valu& with the present
discounted value of the expected stream of futudditpr{77}+,.,. They discount future

profits using the household’s stochastic discoactdr, adjusted for the probability of firm
survival1l-9.
Before entering production of a specific varieggch entrepreneur faces a sunk entry

cost of hiring fg, effective labour units. Entry occurs until the @age firm value

is equalized with the entry cost:

v =w f. /Z, @3
where f¢, is exogenous and follows an autoregressive process
fee=@-p )+ o featen,, & ~NQOY), &, iid.  (234)

The free entry condition (2.33) holds, if we assutim@& macroeconomic shocks are small

enough to hold the mads;, of entrants positive in every period.

Sectorial distribution

In every period each firm gains profit, which deggron the price determined by the firm.

The profit function of domestic firms from servingme market is given as:

Mo (@) = Po. (@) Yo, (@) - Z"ZV(‘w) You (@), (2.35)

If the firm has sufficiently high idiosyncratic pioctivity it can start exporting. This

however involves the iceberg trade cost and fixest of exporting (hiringf, , workers),

resulting in the profit from export of the form:

_ W _W
My (@) =&lpx (@) Yx (W] -T, Z 2@) Y1 (@) z fxor (2.36)

14 Computational details on this are presented inefylix A.2.4.
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where e, stands for a nominal exchange rate equal to ohit®me currency necessary to buy

one unit of foreign currendy,

Each exporter hiresf, , workers per period to cover the export cost. Tiied
exporting cost evolves exogenously according toragressive stochastic processes:
fxe =Q=p U 8+p; T+, £ Lid. (2.37)
Firms with higher productivity levels can engagetine foreign direct investment

which involves fixed cost of firingf, , labour units in every period. Thus, profit from kuc

an activity is the following:

A W’
M, (o) =¢| p (WY, (W) - Zt* zt(a)) Y. () _Z_} fl,t:|l (2.38)
where:
fie=@-p U O+ p; f o +E £, 11, (2.39)

Depending on their level of heterogeneous proditgtisome firms, which have
affiliates abroad, can decide to produce there,tbwell on the home market, where their
mother companies come from. Therefore, they havade costs of three types: the iceberg
trade cost, fixed cost of engaging in the foreigedtiinvestment and fixed cost of exporfihg

from abroad to the home economy:

A A

rlM,t(w)z pM,t(w)yM,t(w)_etTt — yM,t(w)_et_t*(fl,t + fXM,t)’ (2.40)
Z, 2(w) Z,

fame = @=pe g, O+ 0 Fmea T €0 Eiyx D (2.41)

Optimal nominal prices for each strategy, denoneidain the currency of the
destination market, result from maximizatibof profit functions (2.35)-(2.40). We use the
fact, that the only source of demand is consumpsonthaty, (w) = c,(w ) Thus, from the
demand for a single variety (2.14) it stands thaw) :(pt (a))/Pt)_"Ct. The optimal

nominal price for a good produced at home and gplthe domestic market is:

> |n a monetary union the nominal exchange rategisakto one. For the general presentation of the tw

economies we do not omit this term, but for theesak studying the case of the monetary union ard re

adjustment only we sed =1.

'®In the steady state these fixed costs are equal,tdimes &f_. which is the annualized fixed cost
of entering production of a new variety, whete= (1- S(1-9)) /(L (L- 9)).

7 Derivation of optimal prices is presented in ApgierA.2.5.
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Po, (&) = U 2.42)

Z z(a))
where u = o /(o —1) denotes a constant markup over the marginal cost.

A marginal cost of the exporter is increased lgyitteberg trade cost. Its optimal price
incorporates also the exchange rate:

W,
& "7 Zw)

P ( )_ 42)

A domestic multinational firm selling on the loiwat market set prices independently
of the exchange rate and price at a mark-up ovfectefe wages for labour in the location
market. It means that the home multinational priaesa mark-up over foreign effective

wages:

Py (@) = (2.44)

Z,z (w)
A firm that exports from its affiliate to the econg of origin sets prices that

incorporate the exchange rate and marginal costased by the iceberg trade cost:

Py (@) =T U 42)

W,
Z; 2(e)
To handle real terms like real prices and wagesgareintroduce a real exchange rate
Q =¢P /P. VariablesP, Pt* are home and foreign consumption price indicass @, is
equal to units of home consumption basket perafrfiireign consumption basket.
Now, usingw, =W, /P, Q =eP’ /R, we can set optimal prices relative to the price

index of the destination market:

_ Po; (@) . Hu _ Px; (W) _ L U
pD,t (a)) - Pt - Z(C«))Zt Wt’ px,t (a)) - Pt* - Qt z(a))Zt Wt’ (2-46)
0 (w)_plt( ) H W 0 (w)_th( @) Q H W (2.47)
It Pt Z(w)zt* Tt Mt Pt 1 t Z(a))zt* t? *

as well as optimal profit8 relative to the price index of the market of thetner company

location:

'8 Derivation of optimal profits is presented in Appéx A.2.6.

81



Moo _ 1

(@) = = pe? (@), (2.48)
Dt R o Dt t
My (a) _1N s e W
o) =L =R = A - (249)
t t t
I_llt(w) I_llt 1 1- * \Nt*flt
7T () =— = —=Q|—=p’(wC, —|, 2.50
I,t( ) Pt Qtetpt Qt a_pl,t ( ) t Zt ( )
My (a) 1 ., QW
Ty (@) =M|L_>—t :pr,t (W)C, - tz*t (Fi e+ fame): (2.51)
t t
Productivity distribution

Upon entry, home firms draw their productivity léwefrom a common Pareto distribution

Par(z,,,,K) with support on[z.,,) 19 Foreign firms draw their productivity level from

an analogous distribution, but possibly with diéfiet parameters,,, and k."*° The relative
productivity level remains fixed thereafter.

All firms produce in every period, until they ar@ by a “death” shock, which occurs
with probability 0 in every period. This exit-inducing shock is indadent of the firm’s

productivity level, thusPar(z,..,k) also represents the productivity distribution df a

producing firms. When the productivity of firms htee Pareto distribution, then also their
size has such a distribution but with differentgraeters".

The probability density function (PDR)y(z) and the cumulative distribution function

(CDF) G(2) of the Pareto distributiofar(z.,.,k) are the following:

min ?

19 |n the literature on the size distribution of firtere is an idea of explaining size by (unobseragditudes.
Lucas [1978] presented a model in which differitgiges of managers follow a Pareto distributiden, the
implied size distribution is also of this form irshmodel. Thus, the observed size distribution $slation to the
problem of how to allocate productive factors amangnagers, so as to maximize output. On distribstio
in economics, especially the size distributions, fee example Kleiber, Kotz [2003].

% The standard in the literature on DSGE firms Wigherogeneous firms is to treat the economiesdnribdel
in a symmetric way. Thus, one usually assumesddetical distribution for both economies. See Md2003],
Ghironi, Melitz [2005], Contessi [2010]. We assunidy the same type of the distribution, mainly tareto
distribution but its parameters can differ for #mnomies.

2L It matters when we calibrate the model, becausesire of a firm has it empirical counterpart is sales.
Thus, we can concern some statistical charactsidtr firms’ size series, like the mean or thendtad

deviation.
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k z©

9=y 2’ 22 Zrin: (2)52
O’ zZ< Zmin’
z Z . k
G(2) = meg(z)dzzl_(Tj + 22 Zyin, (2.53)
0, z<z

where z.,;, >0 denotes a scale parameter 4hd 0 stands for a shape parameter. The lower
k, the higher productivity dispersion, thuk is responsible for heterogeneity level.
We assume thak > 2, which gives us the existence of expected valke 1) and finite
moments of random variable. We also need an assumption thkat o -1, to ensure the
variance of the firm size is finite. Her&(z) = P((z,,,2)) means the probability that a given

firm has the relative productivity level less than

k k ,

X ~ Pal’(Z k) = E(X) :mzmin, VaI’(X) :mzmin. (254)

min ?

Figure2.1.Probability density and cumulative distribution functions
of Pareto distribution with unit scale paraneter
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Source: Author’s calculations in MATLAB R2012b
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The higherk, the more of big valueg(z) is cumulated by love. That means there
is higher probability that the firm has lower protuity, because the probability of extreme
cases decreases, thus the level of dispersionatas¢o0:

kit = G(210[A1-G(2]! < P{(z,,,2)1 0 P({(z+»))!. (2.55)

According to the name of this distribution, suclpeledence is analogous to the Pareto
rule. In case of the firm productivity level, it axes that higher idiosyncratic productivity
of firms is contributed to a small percentage oh8 in the economy.

Cutoff points

Each firm « in the economy, depending on its heterogeneouduptivity level z(«), can

decide which strategy it wants to follow. Excludidgmestic production and sales, which
is obvious for every firm starting its business, tiwice is among three kinds of activities:
export, producing abroad and selling on the foremgarket of the host economy, and
producing abroad and selling on the home markethef mother company location. Let

us notice that these decisions are taken in evenipgh as fixed costd, ,, f,, and f,,  are

per-period costs.

A firm’s choice, in which strategy to engage, anditional on whether the firm has
the required relative productivity. Each periodréhare time variant productivity cutoffs,
which determine firm possibilities of choosing puation and selling strategy. For firms with
high productivity an important decision is to chedhe location market and the selling
market.

From equalizing profitsz; (w Yo zero and from definitions of optimal relativeges

p,(w), we get levels of idiosyncratic productivity necagsto start production in a given

sector of producticfi. We have three cutoff points: for marginal exportenarginal

multinational firm and marginal multinational expen

1
thO' E Vvt H
Z,, = = 7., 2.56
(Cj (Qtzt]ut (2.56)

1

flta o1 VV: H
Z .= X —y ) 2)5
' ( Ct J (th /j ( )

%2 Details on this in Appendix A.2.7.
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_ E o-1 Qt A
ZM,t _[Ct (fl,t+ fXM,t)j [ Z j tur (2-58)

t

Every period these time variant productivity ctdofietermine how large, relatively
to the whole economy, is the number of domestileiselexporters and firms with affiliates
abroad. Thus, cutoff points determine also avenragjees like the average productivity
of firms following a given strategy, the averageerfor their variety, as well as the average
profit from producing and selling this variety.

Entry mode

With relative productivity levelz=0, a firm would make negative profit. There would
be no production, hence no income from selling ghaduct, nor per-period cost of hiring
workers. But before entering production, the firmmuld have to bear the fixed cost of entry.

It would invest an amount ofy, =w, fz,/Z, in the project of establishing a firm that

is assumed to last infinite number of periods, kenc

Sipa-ona= L0 f”g(l _5)5) A (2.59)

where A denotes an annuity equivalent to the original {imentry costv, = A Thus, the

firm with heterogeneous productivity levet =0 would face the annualized fixed cost

of entry and would not enter the market:
~ w, f
m,,(0) =-A=~- 1-pl-9) g v =-60—F, (2.60)
Bl-0) Z,

Figures 2.2 and 2.3 illustrate how the decisioa éifm, with the relative productivity

level equal toz, depends on cutoff points of the productivity. Tiren compares its own

productivity with the cutoff level each period, and this basis it decides which strategy
of producing and selling to choose. Only the sudfily high levels of the idiosyncratic

productivity guarantee positive profits in the giv&rategy.
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Figure 2.2. Entry mode

7%(2) 4

77y + (O)
77, « (0)

775+ (0) |

77 1 (O)
Source: Author’s illustration

Figure 2.3. Choice of strategy
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Source: Author’s illustration

With the heterogeneous productivity levek z< z,,, a firm could produce, but

it would still be an unprofitable business becausg (z) <0, thus it would not enter the

domestic markét. When z= z...» which is a required minimal productivity level fpure

domestic production and selling, thew, (z,,) =0 and the firm can enter the market.

min

Any firm with z>z_.  is a profitable business entity, as far as pradaocand sales only

min
on the domestic market is concerned, in the sdmaeexporting would bring loss for firms

with the productivity z, < z<z,,. Thus, firms with productivity levelz>z_,, enter the

min

market, but only a part of them, with enough highative productivity, can consider which

market for selling to choose: only domestic or dsticetogether with foreign.

% Productivity level z . required to start production in any strategy etia the given economy and does not

change in time.
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With the idiosyncratic productivityz =z, ., which is the cutoff point for exporting,
m, (z«,)=0 and a firm can consider exporting its producthe foreign market. From
period to period its relative productivity remains the same, bat , changes. Any firm with
z> 1z, Is a profitable business entity as far as locatioly on the home economy market

is concerned, in the sense that engaging in thegiodirect investment would bring loss for
firms with the productivityz, . <z <z ,. Firms with the productivity levek > z, , enter the
export market, but only a part of them can conswdeether to establish a daughter company

abroad.

If a firm has the relative productivity = z ,, which is the cutoff point for engaging
in the foreign direct investment, thens (z,,)=0 and it can consider establishing
multinational network and locating its affiliate ¢me foreign market. Any firm withz > z, |

is a profitable business entity as far as exporfiogn abroad to the domestic economy is not
concerned, in the sense that such an activity wbtfdy loss for firms with the productivity

z,, <z<z,,. Firms with productivity levelz> z , enter the sector operating in the foreign
direct investment, but only a part of them can aberswhether to start exporting to the home
economy.

With the relative productivityz=z,,,, which is the cutoff point for multinationals’
exporting, 77, ,(z, ) =0 and a firm considers using its daughter compargréauce goods
abroad and selling them back on the home market.fiblm z >z, , is a profitable business

entity regardless its location, production or sejlstrategy. Moreover, it can derive positive
profits from any of the three strategies of prodgand selling, hence it decides to choose the

most profitable one.

2.2.4.Aggregation and international variables

There are various levels of aggregation, but theHexe is sectorial aggregation. We obtain
the variables which are averages for the sectoecohomy. The existence of such sectors
is essential for the analysis we will perform beldwrst of all, the fact, that in the economy
there are different types of firms in terms of th@ioductivity, lets us regard the possibility

of various responds of firms to the shock in thenexny.
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The subsequent step in the aggregation is gatttignal variables. Most of them are
averages of variable values for all sectors wetjhtgth shares of these sectors in the
economy. Hence, the method of obtaining such meariables results from the assumption
of heterogeneity in productivity. To get the reniagn national variables, we take into
account, that we assume the financial autarky BerdQES bundler of differentiated goods,
thus the CES price aggregator.

The main international variables, that means tbane- and CPI-based real exchange
rate, are ratios of welfare-based or consumer pnidiees corrected by the nominal exchange
rate. The other international variables are useatdmpare the terms of hiring labour,
engaging in the given form of economic activity lrying between two economies. Thus,

they express bilateral conditions for these ecomsemi

Sectorial aggregation

Each firm in the given strategy produces with igdevel of the relative productivity. Thus,
firms are heterogeneous also within the given seétothe same sector they can have also
different profits and set different optimal pricésstead of regarding all firms in the given
strategy, we can average information about theforim of average values. Thus, we regard
a representative of each sector. Then, we hawcdount for the fact that there are time
variant specific numbers of firms in sectors.
We derive all average quantities using definitiafisoroductivity cutoff points and

Pareto distribution. In fact we compute several etgz values of random variables which
by themselves are functions of the random variabl&his involves integrating of functions

times probability density function of Pareto distriion over the domaifz,;,;+).

The total mass of firms in the whole economy isegiby N, ,. Among them we can
distinguish theseN,,, which serve only home market, then also exporfimgs N, ,
companiesN, , that have their affiliates producing and sellitgoad, and finally firmsN,, ,

which establish their multinational subsidiariesoaar to produce there but to export back

on the home market. Each of these numbers is caumg a share in the total malNsg

of firms in the economy by using the appropriatendm of integrating from the Pareto

distribution suppoff:

4 To compute this values, we use definitions ofghebability density and the cumulative distributimctions

of the Pareto distribution given in (2.52) and @.Details are presented in Appendix A.2.8.
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K
N 2y A
20t = [* g(g)dz=1-| Tn | | (2.61)
ND,t Zmin Zy ¢
N K K
4 Zmin Zmin
N“ =L g(z)dz:(z—J —(Z , (2.62)
Dt X Xt It
k k
N M Zmin Zmin
N"t :L g(z)dz:[Z—J —(Z— , (2.63)
Dt ! It Mt
k
Nus :r g(z)dz:[ﬁj : (2.64)
ND,t 2 Zy 4

The number of all producing firms in the home eduogds then a sum of numbers
of domestic firms from various sectors regardldstheir location market. Given expressions
above, we have that:

ND,t = NDO,t + NX,t + Nl,t + NM,I =

:[ J::n g(Z)dz+LZX' g(Z)dZ+J:M g(z)dz+J.:)M g(Z)dz} [No,. (2.65)

As we can notice from equation (2.65) the numbealbfirms is distributed between
various sectors. This distribution is time variaartd depends on cutoff points of the
heterogeneous productivity and the form of the @bdily density function. These
dependences are illustrated by figures 2.4 and 2.5.

Figure 2.4. Numbers of firms againgrobability density function

4 9(2) Npo
ND

Ny

Zoin - Zxt Z Zy ¢
Source: Author’s illustration
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From Figure 2.4 we see how the numbers of firmthénsectors depend on tbetoff
points of the idiosyncratic productivity, by the givenage parametek of the Pareto
distribution which determines the slope of the grap the probability density function. The
levels of the cutoff points depend in turn on thxed costs of engaging in the given strategy.
The higher the costs of production in the giventaedhe smaller is the number of firms

in this sector.

Figure 2.5. Shares of sectors against cumulative @oability function

g(Z)A
Ny
1 ; / N,
N
N,
Ny Np
ND ND
}NDO /
Np /| -
Zmin £X.t Zrs Z) i Z

Source: Author’s illustration

Figure 2.5 illustrates how the shares of the seaepend on theutoff points of the
idiosyncratic productivity by the given shape paesan k of the Pareto distribution. The
CDF is concave, thus there are fewer high productives than the ones with low
productivity levels. The share of the given setsodetermined by how much its cutoff point
is smaller than the next cutoff level.

Having numbers of firms in sectors, we can prooe#t computing average values
for each sector. First of them is the average prindtyc of a firm engaged in the given
economic activity”. It is based on weights proportional to relatiienf output shares and
summarize all the information about the produgvidistributions relevant for all

% In Appendix A.2.9 we present how to derive theséues using the definition of the PDF of the Pareto

distribution.
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macroeconomic variabl&s All these other variables, which are expresseavasage values
for various sectors, can be computed by using geerproductivities. The average

productivity of all domestic firms is given by:

N N o o1 k o1 1
Zy = > _[ Zg_ldG(Z) il I |1min = Dg_lzmin' (266)
] N, T k=-(o-1)

where [0 = k/(k - (o —1)). Let us notice that this average value is in faoetinvariant and

depends only on parameters of the Pareto distobuind on the elasticity of substitution

between goodé. The average productivities of firms in varioustses are the following:

1
N N . oz 1 [ oAk _ 5071k ]
Z,, ={ D! I 2°MdG(z) | =0ot XSt XLy (2.67)
Ny ¢ = ] 2y~ Iy
1 _ i}
_ N o-1 1 Za'—lzk _ U—lzk
Z, ={ D1 IZM 2’'dG(z) | =00 LM Z“If’t S (2.68)
3 z,.—Z
It i L Mt 1t
N, e [
Zu :{ ND‘t LM z"‘ldG(z)} =07z, ,, (2.69)
Mt

The model is isomorphic to one whelg, , home firms with productivity levek, .
produce to sell domesticallyNy , - with productivity level z, , - export to the foreign
market, N, ; - with z=7 , - engage in FDI and sell abroad ai,, home firms with
z =7, engage in FDI and export from abroad back home.

Another information about the representative fifrom the sector is its profit.
Depending on the strategy, firms set different ggiof their varieties and gain profits from
different business activities. To get average \&lfeprofits obtained from various economic
activities, we can integrate using Pareto distrdyubr apply definitions of cutoff points and

average productivities to the expression for prdfit 77 (Z).”® The variablerr, , represents

the average firm profit earned from domestic samamon for all home producers:

%6 Shown in Melitz [2003].
?" The powers with the elasticity of substitutionuiesrom the fact that'zvt is in fact the weighted harmonic
mean of the levels o, where the weights index the firms’ relative outphaires. See Appendix A.2.10 for the

proof.
% In Appendix A.2.11 we use the first method becatise second one would need some transformations

of average productivities to get the forms of et (2.70)-(2.74).
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Npy o s C (W)™
m,, =—=| m (2dG(2) =z | —X| . 2.70
o = e T <>Dia[a (2.70)

The variablerz, , represents the average firm profit from exportingimon for all exporters

in the economy:

_ N 2 /\k _/\U—lT o-uk W, f
Ty, = D'tj 7, (2)dG(2) =[D Lt O_I;‘k -1 (2.71)
Ny s 7 Ny —TOL Z,
where:
(A W'Z wWZ
A= 77 TOL=e —t=t=Q —t=t, 2.72
t @MJ t L=a i =7 (2.72)

Variables 77,, and 77,,, represent, respectively, the average firm probtf FDI and FDI

together with export to the home country market:

_ Np. rou K-k Wt*fn
A — . (2dG(z2) s 0—+—~1—-1 —, 2.73
It N, L . (2d6(2) { k-1 Q Z, ( )
_ Ny, o W,
v = [ 7 (6@ =0~ X+ ), (2:74)
NM,t ZM Zt

where:
1
f +f R
m=ﬂi7ﬂﬁéﬂ Q7. (2.75)
It t

The average profit of a firm is derived as a commbon of average profits from all

four production sectors:

T :J'c’o nDyt(z)dG(z).FJ‘Z' nx,t(Z)dG(z)+J‘ZM 7 (2)dG(2) +J‘°° m, (2)dG(z), (2.76)
Zimin zy 7 2

Ny, —~ N, - Ny, -
T AT AT (2.77)

T, =TTy, + T, ,
ND,t ND,t ND,t

The variablerz, represents the average tgpabfits of a firm, since profits from each source

are weighted with appropriate proportion of the bemof firms from the given production
sector to number of all producers.

In various strategies firms set various prices tfugir products depending on the
relative productivity. To get average values ofijl relative prices, we can integrate using

Pareto distribution or apply definitions of averggeductivities in the expression for the
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price p, = p.(Z )2° Each average relative price is the price set grage by firms for their

varieties sold in a given strategy:

~  _ HW ~ _ L HW

= ’ -t £ 2.78
pD’t zD,tZt pX‘t Qt ZX,tZt ( )
= _HW, ~ e HW,

- * 1 - T — P 279
Py > 2 Pui =Q 5. 2. (2.79)

Thus, there is the average relative prigg, = pp (Zp,) of varieties produced and
sold on the domestic markeb, ; = oy (Zx,) of exported goodsp, , = p, ((Z, ;) of these
produced and sold abroad by multinationals and this@rice o, ; = oy (Zy ;) of exported

goods produced by domestic firms located in theifpr country.
Firms from different sectors use different amounftdabour. We can derive average
amount of labour hired by a representative firmthe given strategy. From definitions

of optimal profits 7z, (w )and optimal relative pricep, (w gnd after averaging, we get

. A _ i,
oy =(@-D—=2%, Iy, = (0—1){ - +A} (2.80)
Dt W Xt w Z
~ ﬁ* f* - ﬁ* f* + f*
|It =(o-1) h+i , |Mt =(o-1) Q Mt o, it vt | (2.81)
’ W, Z, Y W Z,

Let us notice that labour in the amoum~[;§ and Eu is used by the domestic firms,

whereas labour in the amourﬁs{ and HM is exploited by the foreign multinationals. Thus,

we get this way the labour distribution in the hoeeenomy.

Macro aggregation: National variables

All the sectorial variables are necessary to formacra variables by different ways
of aggregating: simple summing, averaging acrosslymtion sectors or averaging with
shares of these sectors as weights.

Each national variable expresses the value claizcyy the whole economy. Starting
with numbers of firms, we can remind, that the ltotess of firms in the given economy

is a sum of numbers of firms from all productioctees:

29 Suffice is to substitute definitions of the avergwoductivities (2.66)-(2.69) into equations fbe toptimal
relative prices (2.46)-(2.47).
%0 Details on this in Appendix A.2.12.
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ND,t = NDO,'[ + NX,t + Nl,t + NM,t' (282)

Recalling equation (2.77), we can notice that therage profit of a firm in the
economy is a combination of average profits frowdpiction sectors:
N NM,t =

M t*
ND,t

O T
nt- - nD,t nx,t

Dt ND,t

It

7T+ (2.83)

Aggregate consumption and investment is equabtpesate output in the economy.
On the other hand the gross domestic product dsnsisprofits from supplying goods and
services. This is also evident from aggregatinghih@get constraint across symmetric home

households. Using the fact that in the equilibriuntder financial autarkyg,,;, =B, = @nd
X =% =1 we get:
C +Ng ¥ =Y, =wL + Ny, 7. (2.84)
Labour demand comes from firms that have to cowsrperiod fixed and variable

production costs and sunk cost of entry. Total arhofiproduction labour hired in the given

economy is:

* *

ND,tID,t+NX,t|X,t+N|,tll,t+NM,t|M,t' (285)

But firms use labour also as investment to estabdisfirm, to cover export cost
or to carry their production located abroad in @i framework. These investment costs are
determined in terms of the number of additional keos necessary for the firm to engage
in a given activity:

f f * fI*t * fI*,t + f):M,t

Et Xt ,
NE,t +NXt +Nlt +NMt

’ ' ' (2.86)
Z Z Z Z

Thus, the total demand for labour as the sum ofptieduction labour (2.85) and the

investment labour (2.86) is giveny

0'_1 - _ * o~ * o~k
LItD = W. (ND,tﬂD,t + Nx,tﬂx,t +Qt Nl,tﬂl,t +QtNM,tﬂM,t)+
0_ tl (2.87)
+Z_(ENE,th,t NG Fxe TN NG (F fXM,t)j'
t

Let us remind, that we have considered averagersgcproductivities, which have
the special significance in our model as averagediasyncratic productivity of firms draw

from the Pareto distribution. Here the heteroggnasisumption plays the main role. We also

%1 See Appendix A.2.13 for details.
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use the aggregate productivig, common for the whole economy, which expresses the

average productivity of firms regarding their ongi But we can also average the productivity
from the firm production localization perspectiesd thus consider the average productivity

of home producers:

2‘ =7 ND,tZD + NX,th,t + Nl*,tzl*,t + Nlt/l,tzl:/l,t (2 88)
t t ND,t+Nx,t+N|,t+NM,t

Macro aggregation: International variables

There are some variables which express bilatemdketand labour hiring conditions between
both economies. The most straightforward is thé ezahange rate (RER). It exploits the
definition of the price index. The official staict use the consumer price index (CPI).
However, they typically do not account for changeshe number of varieties available
to consumer¥. Let us notice, that in our model this issue isnimportant as varieties come
from firms of the domestic and the foreign origide can define the real exchange rate on the
CPI basis, taking this fact away. But we can alsove the other definition, which accounts
for the number of goods, called the welfare-bas&RR These two rates can demonstrate
different behaviour, especially in response to exoys shocKé. Thus, we examine two
of them and compare their reactions.

We can define the welfare-based price indicesygusine definition of the standard

CES price aggregatd?, = (Lm o} (a))l‘”da)) ) and average optimal pricgg = p,(zZ ):

1
P = [No P57 + Ni B + NI B + Ny, B o, (2.89)

1

= [NG Bot + Ny B + N, B+ NG Bt e (2.90)
Equations (2.89) and (2.90) are expressed in ndmnes. To get the real terms, we

can use the average optimal relative prices:

%2 The point is broadly discussed in Broda, Weinsf2B07]. As the authors stress, statistical agendie not
account sufficiently for the processes of creatamd destruction of products, leading to biases ricep
measurement. The commonly used CPI ignores thertame of quantities of goods. This transmits feirth
on the other indicators based on the CPI, like¢a exchange rate or the inflation rate.

% The name “welfare” highlights the fact that consusndeliver welfare benefits from increased prodraciety.
3 Corsetti, Martin, Pesenti [2008] argue that thd-G4sed RER tends to depreciate stronger than ifane-
based one. The reason is the fall in the total rarmob varieties available to domestic consumensstedes into

an increase in the welfare-based consumer prie@xind
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=No B¢ + Ny 7+ N B+ Ny D7 (2.91
No.Pos ” + Nyt + Ny D17+ Ny Oy (2.92)
Using above definitions of the welfare-based piidices, we can rewrite the real

exchange rateQ, =P /P as a function of terms of labodrOL, =Qw; Z, /(Z;w,) and

ratios of average productivity, , to each remaining average productivity

~ l-o ~ 1-o _ 1-0 1-o
NG ToL 220 | wN, | ol wN [ ToL 2|+ N Tf
o _ Zp; Zy 1 Z Zy
Q-7 = . (2.93)

* o~ l-o _ 1-o
* 7.2 « | Z
ND,t +NX,t[TOL[ L*D'tj +N|,t(—;*1j +NMt[TOL[ D!

ZX )t 1.t

This welfare-based real exchange rateQ, measures differences in consumer’'s welfare

derived from spending a given nominal amount, careageat the nominal exchange rates,
in each market: home and foreign.
If we want to use consumer price indices, in essedheir theoretical counterparts,

we can use transformations:

51—0’ = Rl—ﬂ’ ﬁ;* 1-o - . R ’ (2.94)

1
t Nt

where N, = Np, + Ny + N + Ny, andN; =Np, + N, + N, + Ny, .

From definitions aboveN,, N; can be regarded as diversity of products avaijable

respectively, on the home and the foreign markieen] the CPI-based real exchange rate has

the form:

1
P _ PN, ot N, o
:Q%:Q{ ij : (2.95)

and can be treated as a theoretical counterparth@o empirical real exchange rate.

As a function of terms of labour and ratios of aggr productivities it is given as follows:

~ -0 -~ -0 - 1-o 1-o
N;{TOL[ _Z}“J + NX{TLZD*J + qut[ToL[ Zj“] +N,, [T %o ]
1o _ oy Zx 4 Nt . (2.96)

Z
qt . 1-0 _ -0 N*
* I Zp,; « | Zpy t
ND,t+N><,t TOLtT +N|,t = Mt TOL( 7

Nl

1.t

% Details in Appendix A.2.14.
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The CPI-based real exchange rateg, <1 implies that average prices, expressed

in the same currency, are higher on the home thatheoreign market. Still it is possible

that Q, > 1, which implies that the consumer derives highelitytirom spending the same
amount on the home market with higher prices. Haispens wherN; is sufficiently higher

than N, , that means when product diversity is bigger onhii@e market.

Here we would like to introduce some macroeconowadables which are also
interesting from the point of view of the economiesmparison, but that have not been
considered yet in the model constructforOur model is the two country model, hence the
special interest is in bilateral interdependencedldf/pes.

Non-traded to traded price ratio measures whahesrelation of the average price
of goods that are not traded in the home economth@oaverage exports price. In this
definition we encompass also the products thasalein home by the foreign multinationals
and the products that are exported by such firne& ba the foreign economy. The variable
is expressed in units of the home consumption amtstoucted in such a way that not
to account for iceberg costs. Prices are weighiedHhares of given products in the whole

mass of non-traded or traded goods:

NTT :LDNx,t + N;A,t B No O, + Nl*,tﬁl*,t
" Q Noe N Ny Oy + Ny Du

(2.97)

Another variable of interest is terms of tradeislta ratio of the price index for
exported goods to the price index for imported pmemighted by shares of given products
in the whole mass of exported or imported goods:

N:(,t + N;At DQtNX,tﬁX,t + NM,tﬁM,t
NX,t + NM,t NX,tﬁX,t +QtNM,tﬁM,t

The higher terms of trade, the bigger are pricesxpbrts relatively to prices of imports.

TOT, = (2.98)

2.2.5.General equilibrium and model summary

We present and summarize here all nonlinear equifib conditions for both economies,
as they are open and interact with each other leynational trade in goods. We assume that
there is no international trade in bonds. Thusregard the case of financial autarky.

% All these variables have their counterparts ferfdreign economy.
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General equilibrium

We derive the general equilibrium equations, usiregaggregate accounting and the labour
market clearing condition. To close the model, we the balanced current account condition.
The obtained general equilibrium has macroeconaimacacter.
Since the labour supply is rigid, labour marketaleg guarantees the following:
L=L7 =L, (2.99)
where L? is given by (2.87). From (2.99) we can deriveltimur market clearing wage,

To close the model, we apply the balanced curaenbunt condition resulting from
our assumption of financial autafyIn this model we consider firms engaged in theifpr
direct investment. Hence, the condition takes iatoount repatriated profifs The value
of home exports and profits from home affiliatesai®ed abroad must be equal to the value

of foreign exports plus profits from foreign multtrenals:

QG Ny D! +QCINy Oy” + Ny 7T + Ny 7Ty =

t
= CtN:(,tIE;(l,;g +CINM,t5|%/I_,£tT +Q Nl*,tiii*,t +QtNl:/I,t ~;A b (2100)
We define equilibrium as a sequence of quantities:
@, :{vt,v:,c:t, Gl Ness Ness Nowo Now: N N N NG
NM,t’ NM,t’ Zy 1r Zy o1 Kis Ky ’/\t’ /\t}tzo’
and a sequence of real prices:
{/D’(}:.;O :{\Nt’vvt*’ rt’ rt*’vt’vt*’ 77:(’ 77’;*’ ﬁD,t’ ﬁl;,t’ ﬁX,t’ ﬁ;,t’ i,t’ i*,t’ ﬁM,t’ ﬁl:/l,t’
e o = = o (2.102)
pD,t’ pD,t’ pX,t' pX,t’ pl,tl P g Pwm o Pwm AR Qt’TOLt}tzol
such that:
(i) For a given sequence of price%Pt}:';o and the realization of shocks

* * * 0

{St}:io ={ Zt’ Zt*’ fE,t’ fE,t’ fX,t’ fX,t’ fl,t’ fl,t’ fXM,t’ fX*M,t’ Tt’ Tt*}tzo’ the sequence

{Ot}f’;o respects first order conditions for domestic andeiffn households and
maximizes domestic and foreign firm profits.

(ii) For a given sequence of quantiti{-:@t}:';o and the realization of shocKs,}” , the

0o
t

sequencdP} _, guarantees:

3" The proof that the balanced current account allmadose the model is presented in Appendix A.2.15
% This is what differentiates the balanced currecpant from the balanced trade. The latter is comimathe

standard models where one does not account fdothaign direct investment.
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» labour market clearing, that means the equalizatiolabour supply and labour
demand,
» goods market equilibrium, that means the equabtimatf aggregate output with

aggregate consumption and investment.

Model summary

The equations in Table 2.2. constitute a systefowteen main equilibrium conditions of the

model in fourteen endogenous variablesy, 77, Ng, Ny, Ny, N, Ny, 20, Z

Zuy o I vy, C, andQ, . Equations for the foreign economy are analogous

Table 2.2. Symmetric model summary, home economy spective

Price index 1=Np Oo¢ +NiiPxi "+ NP7 + Ny P
Total average profit - - Ny ~ N~ Nyt ~
Th =T, + Tyo Tt — Ty
ND,t ND,t ND,t
Free entry - w fg,
Vv, =
Z,
Sectorial profits /\ff—lToL[ffk Hk 1 w, fy
/\ -ToL” Z,

t

ﬂXt
{ K -k }BDWN‘H
t *

- Qw,
Thy :(D_l) é*t (fl,t + fXM,t)

t

Sectorial shares of frms N, N

12 o -

= (Ktk - )

% The table presents only equations from the honoeay perspective. Analogous equations for theigore
economy, needed to constitute the whole model susraee very similar to those of the home econofhwus,
we present them in Appendix A.2.16. The whole maglehmary, including the equilibrium conditions both

from the home and the foreign economy perspeativesists of twenty-nine equations.
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koox
NM,t :(ZminJ DT—l
ND,t zM,t

Number of firms Npy =@=0)(Np .y + Ngyy)

Euler equation for bonds C* = g(1+r,,,)E, (C;{)

Euler equations for shares

C -y
\7t = BL-9)E, ( éﬂJ (\7t+1+ﬁi+1)

t

Aggregate accounting  C, =w,L + Ny, 77 = NV,

*

Balanced current account tht* letﬁi‘f +tht* NM,tﬁ&l}U +N, ,t7~T|,t + NM,tﬁM .=

* o~k

— * =*1-g ~1-0 * o=
_CtNX,th,t +CtNM,tpM,t +QtN|,t7T|,t +QtNM,t7TM,t

Source: Author’s calculations

There are fourteen endogenous variables from wthicke are non-predetermined:

C.,V, and7; .The model features also exogenous varialdesf, , f,, f ., fy,, andrz, .

All remaining variables in the system are auxiliagriables, like/A, or k,, or they can

be expressed by means of average productivitydevel

2.3. Steady state analysis

After presenting the model in its theoretical forthat means as a nonlinear system
of expectational difference equations, we do wargrbceed with the form which can be used
in empirical analysis to be able to formulate sarpaclusions about the economy features
resulting from the model assumptions. The struttdfam describes consequences
of deviating variables from their steady state endbtained by a linear approximation of the
DSGE modél. The approximation can be accomplished by variteshniques: log-

linearization, linearization of second or higherden, all via Taylor expansion around

a particular steady state point. Log-linearizatican be quite easily done and presented

by hand. Moreover, it allows for economic interptain of such transformed equations of the

% This kind of approach to solving DSGE models isdzhon perturbation methods, employed in the DYNARE
software, which we use here. The second classrajection methods. Advantages and drawbacks of bhogh

widely discussed in Lim, McNelis [34].
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model. Regardless of the technique used in the ctanpalculations, we have to determine
the steady state.

We can proceed now to the derivation of all stestdye relations, to be able to state
whether the steady state exists and if it is unij\e also want to know ,what are the steady

state levels of the main variables by a given catibn and their relationships.

2.3.1.System of equations

We consider various versions of the model regartlegdifferences in values of parameters
for two economies. Thus, in this sense we distsigiiere symmetric and asymmetric model
or, more adequately, symmetric and asymmetric gtetade.

In this chapter all disturbances occurring in tler®my are stationary. Expected
values of innovation processes are equal to zdretefore, in the steady state all innovations
of disturbance processes vanish and values ofblasiare constant. To find the steady state,

we assume that real exchange @tend labour suppl\. are given. The asymmetric steady

state collapses to the symmetric one when we implosesame values for the respective
parameter®. For simplicity and clarity we present here theidgion of the steady state for
the symmetric case.

Assuming symmetry in all parameters we have sttBoghard equalities of respective
variables from the two economies. All shocks aretsezero, so that exogenous variables
described by stochastic processes are equal toetkgected values. For further simplification
we imposethaQ =1, Z=Z"=1, L=L =landr =7 =1 Hence:

TOL=1, fy =u; 1, f, =u, & f, faw =uy O fe. (2.103)

We can express some variables by meang,ofand p,, = p,,(Z,). So we can see,
that essential is to determine these two leveld. otther steady state values then will
be given straightforward. From the Euler equatimnshares, the free entry condition and the
equation for the average total profit, we get:

Ao+Nxmg o Nz Nug g w (2.104)
D ND ND

Let us introduce some notation for fixed co$ts= f,,, + f,. Using the fact that:

“1 This reduction, as well as main steps of gettirgasymmetric steady state, is shown in Append2x1&.
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A, =@-Df,w, (2.105)

and
~ _C .. ~ _C .
7T, :Epép’ 7Ty :Epl\lnp - fuw, (2.106)
we get that:
~ o-1
i, _(p_MJ (77, + ., W), (2.107)
D
which gives:
,.2_ o-1
1T, :[~—DJ Of,, w, (2.108)
ZM

1
where Z, =07z depends only on parameters. From equation (2.10#)wi¥ get

an expression fog,, , because all its variables can be determinedpynd parameters:

Kok
%ﬁx =w£?—j OotL,, (2.109)
D M
koK
N 7 :WLZL“—‘”j Ooi L, (2.110)
ND ZM
Kk
Ny 7 :w(@J OoiL,, (2.111)
ND ZM

where L, =« [0\ -N) =N +101f,, L =[0G -« -k*+1]f,, L, =(O-Df,,.

Summing products in equation (2.104), we obtairegnation of hyperbofa, from
which Z,, can be derived numerically depending on parametieies:
EZr7+ &7 =&, (2.112)

ke
where & =z7'0%f, , & =25, 0% (L, +L, +L,,), & =86 f.. That proves that there exists

a unique steady state.
The next step is to determing,, = p,, (Z,). From the equation for the number

of firms we state that:
N. = i N (2.113)
E 1_ 5 D .

Aggregate accounting, free entry condition and aygertotal profit equation give:

2 The left side of equation (2.112) is a functiorosé graph is the hyperbola.
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Vlvc:L+NDfEL (241

1-9)8’
but expression on the left can be also derived f{2/105) and (2.106) as:
1Czﬁh‘;‘lam fo,. (25)1
W

Dividing by the number of firm$\N, and multiplying by ™ expression below:

— ~1-g * =% 1g * =% 1g ~1-g
=Np o + Ny Oxi ™ * N o7 + Ny Oy

—— — ~o-1 — ~o-1 — ~o-1
—le:(E—M] +&(€—MJ +l(p~—M] + N (2.116)
ND IOD ND IOX ND pl ND

Again, summing expressions on the right side afi8) and using the fact that they

it follows that:

can all be determined byg,,, we get a simple relation between the number ofsiand the
average relative price of the exporting multinasilsn
N, =K™55™, (2n1

o-1
where K = D(Z""“J [Z""“j 0ot (k A)<“?, Substituting (2.117) in the equalization
ZM M

of (2.114) and (2.115), we derive:

Yond :[UD f, - K‘leLj L™ (2.118)

1-9)B
Having Z,, and p,,, we can determine steady state levels of all remginariables.

By the given setting of model parameters, they determined uniquely. The average
productivity of multinational exporting firms is eh main steady state value, which

is to be computed by numerical methtfdsaving some starting guess at the solution sueh th
Z, > Z, >z, . Steady state values of all the remaining varmickn be computed directly

using this value.

“31n a Programming Appendix B.2.4 we present a MABL&utine to find the steady state values numdyical
Imposing the symmetric steady state, we get theevanly for the average productivity of multinatbn
exporting firms. The asymmetric setting of paramefer both economies results in the need to fincherical

values for much more parameters. See the Mathesthdfpendix A.2.17.
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2.3.2.Values of parameters

We want to study how the dynamic behaviour of tbenemic processes depends on changes
in model parameters. In order to do this we perfeteady state analysis and dynamic-path
analysis.

A given specification of parameters results in sgraperties of the economy. In our
DSGE model with heterogeneous firms one of the nmegbrtant assumption is the one about
firm idiosyncratic productivity. It allows to cor@r such sectors of economy like exporting
firms or multinationals engaged in the foreign direwvestment. Thus, in the steady state
analysis of the model the crucial is to determingatvare the steady state values of some
ratios, like exporters to all producers in the emug. Stating these sectorial sharesm we can

further define dynamic paths of variables, thespanses to occurring disturbances.

Symmetric and asymmetric steady state

The aim of constructing our model is to study tifeat of the nominal convergence criteria
on real side of economy. Special attention is pgaidhe assumption of the heterogeneity
in firm productivity. Thanks to it we can considarious types of firms with different levels
of their idiosyncratic productivity. They are grodpa four sectors: firms producing and
selling only domestically, those which also exgbeir products, those which are productive
enough to invest directly abroad to sell there famally firms that invest abroad but sell back
at the home market.

When it comes to study the real side of economymeald like to know what is the
behaviour of firms from the particular sector armwhthese firms influence dynamic paths
of macroeconomic variables like consumption or grdemestic product. But in this scope
in real economies we can observe substantial asymesieThe number of exporting firms
or those engaged in foreign direct investment dépem many factors including the economy
level of development. Regarding only bilateral tielas in export and foreign direct
investment there are even more considerable disucessa

Taking these asymmetries into consideration reguio describe such possibility
in the model framework. It can be done on the madektruction level or during calibration
specification. In this chapter we will deal withetletter solution. The model framework
remains here unchanged. But we can describe thenasiyry between the economies taking
different values of respective parameters shapépgddences connected with the share of the

particular sector in the total number of firms. @mapter 11l we will introduce the change
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in the model assumptions, mainly an asymmetry enpifoduction structure. We will consider
again two economies, but one with four sectorsrofipction and one with only two sectors.
In both cases of including such asymmetries we iobthfferent steady state values
of variables for the home and the foreign economy.

Describing discrepancies in the distribution ofrekaof different firm types results
in the asymmetric steady state and serves two .gbohaésfirst, mentioned above, is to regard
in the model analysis features of economies and difeerences found in reality. The second
is rather general and concerns making the model tabtescribe all possibilities depending
on given setting of calibration and assumptionssTsihelpful in further modifications and
extensions of the model as we can control for thady state relationships and focus solely
on construction changes.

In the next part of this chapter we will study effe of taking various calibration
variants on results in impulse-response functidine interesting is to examine whether the
asymmetric steady state influences direction aatesaf the responses. This would mean that
asymmetry in the development of economies meadwyesthare of the most productive firms
is important for the obtained results. The tastoisterpret channels of this influence and try
to answer how nominal convergence criteria canroete bilateral relations of economies

in export and foreign direct investment.

Justification and origins

Part of parameters are calibrated straightforwardhe basis of literature. There are many
papers in which one concerns assessing parametetseomicro basis. Usually in DSGE
models one calibrates following parameters: thgestibe discount factoy3, the probability

of a firm bankruptcyd , the parameter of relative risk aversiprand the symmetric constant
elasticity of substitution across all goods And these are calibrated with references to the
literature as in Table 2.3. In the literature on@ESmodels with heterogeneous firms one also

calibrates the shape paramekeof the Pareto distribution.
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Table 2.3. Values of parameters in line with the terature, symmetric model

Parameter Value Source
B 0.99
o) 0.025 Ghironi, Melitz [2005]
y 2
o 3.8 Bernard et al. [2003]
k 3.4 Ghironi, Melitz [2005]

Source: Author’s synthesis

The subjective discount factgf = 099 is a standard choice for quarterly business cycle
models giving the steady state value of the intew@s r =1% **. The probability of a firm
bankruptcy d = 0.025 corresponds with the level of 10 % job destructer year. The

parameter of relative risk aversign=2 is also a standard choice when we interpret psriod
as quarters. A consumer prefers a consumption katlwith certainty would enable him
to for the rest of its lifetime consume some gilerel of goods quarterly, rather than a risky
alternative where he with a 2% probability wouldai@e to consume one unit less and with
a 98% probability an infinite amount. The elasyiciif substitution among goods = 3.8
corresponds to the constant mark-up over margionat equal to 35.7 % net. The shape
parameter of the Pareto distributionkis= 34. This involves that a standard deviation of log
sales of a firmil/(k — o +1) is equal to 1.67.

Calibrating parameters of a model serves variousgses. One can be focused on the
empirical study and fitting the model to the datadplicate some stylized facts on economic
phenomena. Instead one can concentrate rather enthoretical analysis in form
of simulations and studying the impulse-responsetions. We want to concern specific
relations between economies in the form of sharesdfinationals. Thus, we concentrate
on the long-run tendencies which in the model atpressed by the steady state values
of variables. We pay the most attention to steadyesratios of firms of given type to all
producers in the economy. They are determined Hgwiolg parameters: shapke of the

productivity Pareto distribution, the ratios ofdt costsu, , u; , u; to the annualized fixed

“ |t results from the Euler equation for bonds inblEa2.2. The steady state interest rate is given by
r=Q-p)15
5 Bernard et al. [2003] report that a standard diviaof log plant sales in the USA is 1.67.
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cost of entering productio® f. and the steady state value of the iceberg costheir

different values in various calibrations are presénmn Table 2.4.

Table 2.4. Parameters shaping sectorial shares, symatric model

Parameter Calibration 1 Calibration 2 Calibration 3
TN 0.18 0.11 0.17, 0.12
u Uy 1.10 0.26 1.30, 0.21
THRNT 1.95 0.95 1.95, 0.87
I, T 1.09 1.09 1.09, 1.09

Source: Author’s calibrations

In the first and second calibrations parametersttie foreign economy in a given
version of the model have the same values as #®rhttme economy. This induces the
symmetric settings. Calibration 3 results in regagdeconomies that differ in long-run
tendencies as they exhibit different steady statieles of respective variables. Changing
values of the parameters we can control for thennsa¢ady state relations of interest.
Calibration 1 is consistent with scenario for twaoeomies with small share
of multinationals. The second calibration corresgonal the case where both economies
engage a lot in the foreign direct investment. Tied parameterization describes the case
of two economies differing in the shares of sectors

Changing for ratios of fixed costs gives us the ham for shares by the given steady
state iceberg cot To compare these three scenarios when studyimgntpulse-response
functions we also set other parameters so thatoeci@s exhibit the same values of macro
variables in all three calibrations. This way weidvbias in the scale of responses. Values

of respective parameters needed to keep the bake obmparison are given in Table 2.5.

46 Controlling only for the shape parameter withoatilirating the ratios of fixed costs would not lorithe
desired steady state relationships. Whereas charaptely the ratios of fixed costs gives us the eexgd
relations, thus we fix the shape parameter forhithme and the foreign economy in line with the é&itare. See
Table2.3.
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Table 2.5. Parameters shaping values of macro vabées

Parameter Calibration 1 Calibration 2 Calibration 3
z. .z 1.03 1.02 1.02, 1
fo, f, 1 1 1, 1.18
z,2" 1 1 1, 1.08

Source: Author’s calibrations

The values of parameters from Table 2.5 are sst Way to get the same levels
of consumption, output and real wage for both eadrae and for all three scenarios. In the
third calibration we need to control for fixed casft entering production to get the same
consumption and gross domestic product. Changing th®e steady state aggregate

productivity Z gives also the same real wage.

2.3.3.Steady state relationships of variables

In the symmetric steady state values of respegissameters for both economies are the
same. In the asymmetric steady state they are qualethus they determine dynamic
properties of the given economy in comparison ®dbcond one. We can, for example, try
to describe such economies that one of them islojge@ and the other is emerging. Hence,
the former has bigger shares of exporting firms andtinationals. The emerging economy
has more firms that produce and sell only domdstich we would like to replicate some
stylized facts concerning these relations it isicift to obtain the data. We can try regarding
some of model variables as proxies of economiaatdrs. For example number of firni,

can serve as a proxy for capital stock. Still ih&gd to find comprehensive and comparable
data connected with FDI activity, especially wigaexporting.

We are interested in the influence of the foreiljrect investment on economy and
what happens, if one economy is more developedisr dcope than the other one. Thus,
we would like to connect our theoretical varialtlest represent shares of different type firms
in the whole mass of home firms with the data tteat be found in statistics. The share

of exporting firms N, /N, is related with exports of goods and services asepéage

of GDP. The share of home multinationéld, + N,,)/ N, serves as a proxy for FDI outward
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stocks also in percentage of GDP. Our data condemsconomies: Poland and Germédny
and are given in tables 2.6 and 2.7.

Table 2.6. Exports of goods and services as percage of GDP

2005 2006 2007 2008 2009
Germany 41.3 45.5 47.2 48.1 41.9
Poland 37.1 40.4 40.8 39.9 39.4
Source: Eurostat database, GDP and main compormentsnt prices, data updated in April 2012.
Table 2.7. FDI outward stocks as percentage of GDP
2005 2006 2007 2008 2009
Germany 30.3 32.4 34.9 34.6 37.6
Poland 2.2 4.0 4.6 4.7 6.6

Source: Eurostat database, EU direct investment imdicators, data updated in March 2012.

By a given calibration of parameters we get steatife levels of main variables,
presented in Table 238 Calibration 1 is consistent with the mentioneddatbrs for Poland,
whereas Calibration 2 with the data for German enon The third calibration gives
us relationships found in both economies respdgtiwénfortunately it is impossible to find
data connected with separated variabdss' N, and N,, / N,. We propose instead arbitral
division*® to get some values for these ratios.

In Table 2.8 values of four first ratios are thees we calibrate parameters for and
replicate some fact found in the data. Values lofh@ other variables and relationships in the
table just result from regarding the given disttibn of sectors’ shares, thus from the given

calibration.

" Let us emphasize that we study the data relatinshares of sectors only. Thus, we should not ifjeatr
model economies with the Polish and German onestedd we can think about scenarios for economies
of Poland and Germany where the former is lessgadya the foreign direct investment than the tattee.

“8\We calibrate parameters to get the relations coatyba with the data for 2009.
9 From around 70 to 90 percent for share of muliimatis producing and selling abroad and 30 to 16f6

those also producing abroad but exporting to timaéheconomy.
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Table 2.8. Steady state relationships, symmetric ndel

Steady state values

Variable Calibration Meaning
1 2 3
Npoo /Ny 0.54 0.21 0.54, 0.21 | share of local firms
N, /Ny 0.39 0.42 0.39, 0.42 | share of exporters
N, /Ny 0.06 0.33 0.05, 0.33 | share of multinationals
N,, /Np 0.01 0.04 0.02, 0.04 | share of exporting MNFs
Nz /Np 0.026 0.026 0.026, 0.026share of new entrants
Z, 1.92 1.89 1.89, 1.86 | average productivity of home firms
Z, 1.64 1.21 1.60, 1.19 | average productivity of exporters
Z, 2.76 1.75 2.62, 1.74 | average productivity of multinationals
Zy 3.57 2.57 3.31, 2.62 | margin productivity of exporting MNFs
7 1.92 1.79 1.86, 1.89 | average productivity of home producers
ClY 0.86 0.86 0.86, 0.86 | aggregate consumption / GDP
VN /Y 0.14 0.14 0.14, 0.14 | aggregate entry investment/GDP
TN, IY 0.19 0.19 0.19, 019 | dividends / GDP
w 3.39 3.39 3.39, 3.39 | real wage

Source: Author’s calculations

The share of new entrants results from equatiofl® with the “death” shock
parameterd = 0.025 and means that each quarter 2.6 % of existingsfiexits the market.
The average firm in each economy in each scenasalre average productivity about 86 %
higher than the most inefficient non exiting proeid® The average multinational is about
66 % more productive than the average exportehéneimerging economy and about 45 %

more productive in the developed econdmiThe least productive exporting multinational

0 Using values of the scale parameter of the Pareto distribution from Table 2.4. it da@ derived as

min

(ED - Zm\n) / Zmln'

*1 Computed as(z, - z,)/z,.The home economy result is comparable in the &t third calibrations. The

foreign economy result is comparable in the se@ndithird calibrations.
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is about 27 % more productive than the averageimatibnal which sells only on the host
market in the emerging economy and about 48 % npyosluctive in the developed
economy?. This suggests that in the developed economyfiaisl for firms to start export
from their affiliates. Whereas in the emerging ecoppfirst of all it is difficult for firms
to set their subsidiaries abroad.

Consumption absorbs about 86 % of GDP while tiheameing 14 % is intended for

investment in entry of new firms. Dividends yielooait 20 % of GDP.

2.4. Impulse-response analysis

We will discuss here results obtained from the rhpdesented in this chapter. Depending on
the calibration different versions of our model ammcerned. Basically we distinguish three
types and the criterion of this classification tsusture of shares of domestic, exporting and
multinational firms in both economies. The focuswhbkether the economies are oriented
on local production and sales, exporting or foretlirect investments. We consider also
if these two economies have the similar patterrprofduction and sales distribution or the
different ones.
In the first part we log-linearize the model edpré to obtain the structural form. This

will allow for better understanding how the imputlesponse functions (IRFs) and their

graphs depend on microeconomic relations from tbdahequation system.

2.4.1.Log-linearized model

Taking into account all optimality conditions resu from microeconomic decisive
problems of the economic agents in our model, aé agthe macroeconomic conditions
of the general equilibrium, we obtain the nonlinequation system summarized in Table 2.1.
The system is quite complex due to the nonlineasftyelations and number of all
variables used also the auxiliary ones. For the sék&arity we presented the equations only
from the home economy perspective. In fact theesystonsists of 27 main equations with 27
main endogenous variables. There are also soméaayendogenous variables, exogenous

%2 Computed as(Z, —z/)/z.The home economy result is comparable in the &inst third calibrations. The

foreign economy result is comparable in the se@dithird calibrations.
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variables described by stochastic processes ané sanmmbles expressed by means of the
ones mentioned previously. For all of them we hineerespective dependentesAll in all,

we end up with the system of 106 nonlinear equatiomhich are moreover mutually
dependent, with dynamic relations and effects ofcgated expectations connecting the
present, respectively, with the past or with therfe.

Finding explicit solutions of such extensive systeisiusually impossible, even with
numerical methodé. Thus, for DSGE models ones exploits approximatiohvarious kind.
Typically linear approximations are in use becausenparing to the nonline&rones, they
are quite simple and not so much time-consumingefilie transform our equations into the
linear system then the model solution is much easiénd.

In this part of the chapter we will present resoltshe log-linearization for the system
consisted of the all equations from the model surgnmaTable 2.1. Respective equations for
the foreign economy are analogous. The log-linadion involves formal steps to obtain
linear equation system. The procedure is straightcd. Instead of dependences between
variables we consider relationships between thaiy differences from their steady state
values.

After log-linearizing the price index equatiorais follows:

0= Ny 55" [N, + 0-0)B0, |+ N5 [Ny, + -0V 55 |+

* o~k ]

- N e N (2.119)
N BN+ a- o) [N+ a-o)hy |

The log-linearized equation for the total averag&fipof the firm in the home economy has

the form:

%3 All these variables and their equations have hesented earlier in this chapter with their megnbut in

the model summary we have used only the main drfessystem of all 106 equations needed to solventhdel
and obtain the impulse-response functions is ptedein Appendix B.2.1, in a DYNARE routine prograieun
with MATLAB implementation.

** We try to avoid a commonly used term ‘solving aGESmodel’. In our case this abbreviation meansisglv
the reduced form of the model that isthe lineauagign system resulting from the model equations’
approximation. It is particularly often met in tewtal language. But the term is so popular that bexome
conventional and one can find it often in manytlierks. In the programming appendices we alsotuse i

5 Nonlinear approximation methods with examples tafirt implementation are discussed in DeJong, Dave
[2007]. Another useful study is by Lim, McNelis [28], where the authors apply projection techniques
throughout. In both one can find comparison ofdinand non-linear methods, their advantages anabadweks.

The quality of approximation with these various huals is also discussed.
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No 7N, + 7 )= No 2, (No, + 75, )+ N, 77, (N, + 72, )+ (2.120)
+NI7TI(NI,t+7€i-|t) Ny (’\AI t)

The transformed linear free entry condition stétes:

V=W, + e, -2, (2.121)

The sectorial profits of the exporting, MNFs aneexporting multinational firms have log-

linearized equations of the form:

~ 2 C - Y S A
ﬂxﬂxﬁ?pi (C +(L-0) P +Qt) wfle(wt+fxvt—zt), (2.122)

A Q)=%”‘ € +a-ope)-wrz i+ f,-2)  (2129)

A

ﬁM,t :\7\/: +Qt _2: +f, fl\;]-fl,t + o fnzleM,t, (2.124)

where f,, = f,,, + f,.

For the sectorial shares of firms mentioned abbeddg-linearization gives following

dependences:
A A R KAK (- L
Ny, = Ny, +kk, +/\"—1(A‘ +,UTO|—t), (2.125)
- ~ kk* .
N = N -5 Ko (2.126)
Ny = Nog = KZy (2.127)
where:
[ hy A K s ~ A*
TOL =Q +W, +Z, =(W, +Z,), (2.128)
2 ARy 2 f| -~ fXM N A K hy 2
(@-0(F, ~7)=-Cor-f + 20 f +oW +Q-2). (2129)
M M

Let us also remind that:
1 1
o-1 + C* o-1 .
N = L T_l and K= M 34— T .
f, C
The equation for the number of all firms in the momy after log-linearizing takes the form:
ND,t =(@1- 5)|<ID,t—1 + 5NE,’(—1' (2.130)

According to the transformed linear Euler equatifmndoonds and for shares:
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0=—F + yEt[Ct —ém], (2.131)

\:?t = Et|:y(ét _ét+1)+ 1 (~

<0

+77. ]| 2.132
\7+7—~7-_ +1 nn:(ﬂ):l ( )

The log-linearized aggregate accounting equati@s ifllows:

CC, =wLW, +Np(Ny, +77) - NV(Ng, +V,). (2.133)
Finally, we have also the log-linearization of tsedanced current account equation:
(CNLB™ +CN B + NI+ NG, 72, S N B (CN  + (=005, + Q)+
LN F G+ @ 0)F + O N (N + e N (8 + ) 2
= (C' NGB +CINY BY 7 + N 7, + Ny, T, )E[C N;ﬁ;l“’(ét N + (1—0)5;,t)+
LN BE7(C F R, + @-0)B JoN T (N, + 7, + Q)+

A

oN, 7 (NG + 77 46 (2.134)

We have obtained the linear system (2.119)-(2.13%)jng the log-linear
approximation. This is a substantial simplificatinour original equations resulting from the
model assumptions which constituted the theorefmah. We can proceed further with the
structural form of the model. For the system otéin dependences it is possible to find its
solution quite fast by numerical methods and tothetimpulse-response functions. This log-
linearized representation characterize the modehuhycs that we can subject to the economic
analysis. There are equations that despite of thensformed form still can be interpreted
in the economic sense. They exploit some of thamaters introduced in the theoretical
model and thus can describe the influence and gitrienf these parameters in shaping the
model empirical results.

In the log-linearized system (2.119)-(2.134) we caasily notice that equations,
describing the most important bilateral relatiom$ween the economies like the price index
or the balanced current account equation, as wedcaations of the aggregate consumption
and from this also of the gross domestic produepedd on variables defining average
sectorial profits and sectorial numbers of firm&e3e sectorial quantities are characterized

by parametersf,, f,, f,,, denoting steady state costs of engaging in theng®conomic

activity, where  fs=u, 6f., S=X,I, XM. The actual original parameters from the
theoretical model ares; ,u; ,u, , which shape the distribution of sectorial shareshie

economy.
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It turns out that these parameters of sectoriateshanfluence the model dynamics
most intensively comparing to the other parametéhgey determine how hard the number
of firms from the given sector or the average profiming from this sector depend on the
aggregate productivity, the production and the écglrosts. Hence they affect dynamic paths

of all endogenous variables in the system.

2.4.2. Temporary productivity shock

Linear equation systeth(2.119)-(2.134) derived in the part 2.3.1. carfusther transformed
into the structural form of the model. We work nawth variables which are percent
deviations from the steady state values of theimalgvariables given in levels. Each
endogenous variable depends on the other endogemaoables, including the future ones
and also on the exogenous variables. Solving teesyis proceeded by numerical methods
and means deriving the reduced form of the modelinich each endogenous variable
depends only on the past endogenous variablesratite@xogenous variables.

Such reduced model allows for theoretical analydie can compute and interpret
functions of responses of endogenous variablesterreal shocks called impulse-response
functions. As it was presented in the subsectich @ur parameters are calibrated not
estimated. Thus, we cannot directly make conclssadrout the economy existing in reality.
However, we have calibrated our parameters not ambjtrary on the basis of studies
referring to microeconomic data, but also so tbattaitch some features of real economies
found in macroeconomic statistics. In this regardstudy on the impulse-response functions
can also have some empirical usage. We can contipar®inctions obtained from various
calibrations and try to find out whether the givahice of parameter setting influences the
results and in what extent.

We will analyse changes of variables’ values irpoese to transitory increase in the
home aggregate productivity. The size of the distnce is one standard deviation of the

shock which we assume to be 0.01. It means thatggeegate productivityZ, increases

from 1to 1.01 when the shock hits the system &tbg deviation from 0 to 0.01. We have

to remember that all variables are expressed asepedeviations from the steady state

%% Let us remind that we have presented only the togjinearized equations. The whole system useazbtain

impulse-response functions can be found in theraragning Appendix B.2.1.
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values. Thus, each of them comes back to its stetdy value that is zero which is clearly
visible on the graphs in figures 2.6-2.8.

The changes in variables have only temporary chemabecause each variable
is stationary. Hence, after about fifty years altiables return to their long-term values. With
persistency equal to 0.9 the shock disappears @bt eleven years. Approximately eighty
five percent of the productivity increase is absorafter five years.

Figure 2.6. Temporary aggregate productivity increge in home, Calibration 1

wandw YandY Ziilde and Ztilde
05

I I
: Ot —

05 - -1 -1 I I
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200 0 50 100 150 200

Foreign economyg, and TOT, in dashed line
Source: Author’'s numerical simulations

When we look on the graphs in Figure 2.6 we cancecat once the significant
persistencyof most of the endogenous variables which is egfigaiistinctive for numbers
of firms, terms of trade and real exchange rate) belfare- and CPI-based. The highest
persistency occurs in case of the CPI-based realagxe rate.

We can also observe from shapes of the IRFs grépisa few variables react
immediately. The highest response is directly anithpact, its sign remains unchanged but

the persistency is quite small and the variablarnst to the steady state quicker comparing
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to the other variables. This concerns for exanmpentumber of new firms. When we take into
the consideration log-linearized equations of tiheefentry condition (2.121), average
sectorial profits (2.122)-(2.123) and average tqiedfit (2.120) we can state that this
immediate increase results from the cost of enegreasing and expected future profits
rising. The natural consequence is that the tataiber of firms in the economy goes up too.
When the numbers of producing firms and new erdgrantrease then according

to equation (2.138) we observe rising of the constion C, and of the incomey, in the

home economy. That means that the effect of thatiy@sroductivity shock is higher

demand and higher expenditure. It affects the prereeurs who sell to the home consumers,

that is foreign exportersdNy ,, foreign multinationalsN,, and home re-exporterd\,, ..

Moreover, producersN, ., N;,, Ny, who employ the home labour face now lower costs

of production due to the more productive home labddtogether we can see that in each
of this five sectors of production numbers of firgs ug’ which creates higher demand for
labour both home and foreign. Because only the dtimeemployees are now more
productive on the whole economy level the posigffect on the labour demand is bigger in
home. This in turns translates to wage increaggsndiigher in the home economy relatively
to the foreign one. On the graphs it is seen irfdh@ of immediate wages’ rises.

Combining the effect of increase in the home pradilg, domestic and foreign
wages together with the persistency scale of thetioveed variables’ responses, we can state
that the terms of labour from the home economypgastsve improves on the impact, but then
worsens. From equation (2.128) describing the teohslabour it is clear, that this
deterioration results from the high persistencyaimestic wage positive response, comparing
to how quickly productivity shock vanishes.

The terms of trade reaction to the exogenous shmgkroductivity is conditioned
by responses from numbers of exporting firms latas¢ home, as well as abroad and
by responses of average prices for these firms’ ymtsd The home economy faces first
decrease in the terms of trade, then the replyrsegereaching its maximum after about six
years. It means that the home terms of trade ingsraue to the home aggregate productivity
increase. Prices of exported goods grow relatitelyrices of the imported goods.

*"In case of foreign firms this rise is directlytae impact and vanishes quite quickly. After a fgwarters the

effect takes the reverse direction.
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We can also observe positive reaction of the nadetdl to traded price ratio. But first
it goes down because of real exchange rate depogcid&rom the definition (2.97) of this
variable, one can state, that the response chaitgesign to positive, because foreign

multinationals using home labour become more priddei@nd there is more foreign MNFs
selling on the home market that on the foreign ()hk;:‘*‘t > N,’:,,,t). The whole temporary

behaviour of the ratio means that, due to the shackroductivity, prices of products
produced at home destined to home market incredatvely to prices of goods designed for
foreign market. It results from the fact that mpreductive home exporting firms and foreign
exporting MNFs can afford fixing relatively loweripes. The needed profit can be obtained
from their idiosyncratic productivity increase.

Taking into account the heterogeneity of firms Ineit productivity and existence
of multinationals not only selling at home, butcale-exporting abroad, we get the positive

responses from CPI- and welfare-based real excheatgs, q, and Q, respectively. Each

of them faces depreciation meaning prices of gdmaght by home consumers decrease with
relation to prices of products purchased by forgigents.

The aggregate productivity, concerns home entrepreneurs regardless their target

market, localization and kind of activity. It is rmwected with quality of labour used in the
given economy. But firms engaged in foreign dirgntestment settle abroad and use the
foreign labour. Thus, their idiosyncratic produttiivdepends also on the foreign aggregate

productivity. To take this effect into consideratiove exploit variableft standing for

average productivity of home producers regardlbes brigins. Heterogeneous productivity
of home exporting firms, foreign MNFs and foreigeraxporting multinationals increase
on the impact of temporary growth in the home aggre productivity. The effect lasts
as long as the average productivity of foreign mationals exceeds the average productivity
of home firms.

Let us recall that figures 2.6-2.8 show IRFs forimas calibrations. Each one
is consistent with some features of real economgjnin sectorial shares of numbers
of companies in the whole mass of firms in the gigeonomy. Calibration 1 discussed above
concerns economies similar to the Polish one, ihaharacterized by the small shares of

multinationals. In Calibration 2, on the contrange deal with economies more concentrated
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on the foreign direct investment, similar to Germeesponomy®. The IRFs for such an
economy are presented in Figure 2.7.

When it comes to the comparison of calibrationsntl 2 we can state that the biggest
differences occur in responses of variables shagiatgral relations between two countries,

especially connected with export and re-export. 3éwond calibration gives stronger reaction

of exporting firmsN, , and N}, whereas the first one gives more intensive regmnére-

exporting multinationalsN,, , and N, , .

Figure 2.7. Temporary aggregate productivity increge in home, Calibration 2
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8 As it has been explained in 2.2.3 choice of patarses strictly determined by getting the modéatiens
consistent with the data. But in the case of tharagtric calibrations we regard two economies ofctyahe
same features. For example Calibration 1 meanstmoomies similar to the Polish one. In case ofrasgtric

Calibration 3 the two economies can differ.
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In both calibration cases the transitory aggregabeluctivity growth causes the terms
of labour improvement on the impact. But for Caldiioon 1 this response changes to the
deterioration before the variables returns to tesady state value, while in the second
calibration the first positive reaction only vanishand the variable value quickly reaches
level of the steady state. Such a difference tedeslto the situation where in the first case the
foreign producers gain temporarily, whereas for étenomy like the German one home
entrepreneurs face better conditions under the hpyoductivity increase.

Regarding the terms of trade, the home economysgaitoth calibrations, but still
the positive reaction is stronger in the secondampaterization. Moreover, non-traded
to traded price ratio reacts differently. In Caditoon 1 we have a temporary relative increase
of prices of goods produced at home and destingkdetthome market. In Calibration 2 what
relatively goes up are prices of domestic commeslitiestined to the foreign market. It means
that in the first situation the foreign consumessngor that firms producing in the home
economy start to take more benefits from the domdstyers. In case of the second
calibration who face relatively better conditioms ¢he consumers at home.

In both calibrations the CPI- and welfare-base exchange rateg, and Q, grow,

meaning the home currency depreciation. But herecave also observe some differences.
When the economy production is more dispersed wiiarious sectors like the German one
it faces very similar reaction of the both measwkexchange rate. In case of the economy
more concentrated on less productive firms the ewarieffect starts to have bigger
significance. The CPI-based real exchange ratectwis the theoretical counterpart of the
measure found in the official statistics, accodatdeatures of products coming from various
sectors, and thus also for their differences inraye relative prices. When value of this
variable increases relatively to the welfare-basstd, what we observe clearly in the first
Calibration, then the domestic consumer starts @ thawer and lower utility from spending
the same amount of money on the domestic marketesitlts from the relative decrease
of product variety in the home economy.

Finally we proceed to discussion of the resultsthe# third calibration presented
in Figure 2.8. In this calibration the two econosnieave different qualities in the sense
of sectorial shares. Such asymmetry allows for meaéistic assumption of not equal bilateral
relations with different significance of domestialtmationals for the given home economy.
Comparing all three parameterization we noticeltiggest differences again in the reaction
of variables shaping bilateral relations between tountries.
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We know that Calibration 1 is consistent with #maerging economy, the second one
with the developed one, and the asymmetric Calitmwa® deals with the setting accounting
for features of two distinct economies, differirigain the steady state. Thus, we can study if
the outcomes for the domestic economy improve, esimg the first version of calibration
with the asymmetric one. In this meaning we obsemat positive response of the number
of domestic exporting firms is stronger and negatreaction of foreign re-exporting

multinationals is in turn weaker.

Figure 2.8. Temporary aggregate productivity increae in home, Calibration 3
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The terms of labour deteriorates clearly only @liationl. In the second one they
return to the steady state very quickly after sgaeod of improvement. In case of the third
parameterization the terms of labour also worséns,very slightly, which means better

conditions for the home economy comparing to ttst ialibration resul®s.

* The asymmetry is concerned from the point of viefvthe emerging economy, in which domestic

multinationals located abroad do not take the kAgt in the domestic production. Thus, variableshwuitt
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The terms of trade reaction is everywhere simiggarding its sign, first negative and
then positive before reaching again the steadye.sBtit we can notice that the highest
maximal response occurs in the second calibratnmhthe lowest in the first one consistent
with Polish economy. In the asymmetric case thigalée reacts similarly to the terms
of trade for the economy with the big share of maltionals.

The non-traded to traded price ratio pattern iseguteresting. Value of this variable
increase only in case of Calibration 1. For the twemnaining it decreases meaning
improvement in prices for the domestic buyers ajdgoproduced at home.

When it comes to the real exchange rates we caa #tat the biggest discrepancy
between the welfare- and the CPIl-based exchangeigaibserved for the first calibration
case. Here the variety effect has the biggest itapoe, due to the fact of low dispersion
of firms within the four sectors. The highest depagon of the home currency on the CPI
comparison basis also occurs when we regard thedarameterization, consistent with the

emerging economy

Table 2.9. Characteristics of impulse-response futions, domestic variables, symmetric model

Domestic variable Calibration 1 Calibration 2 Cadifton 3
N, 0.65  (49) 0.68  (50) 0.66  (50)
Ny 0.44  (50) 0.61 (50) 0.52 (50)
N, 0.67  (50) 0.63  (50) 0.69  (50)
N,, 0.35 (50) 0.27 (50) 0.30  (50)
' 439  (14) 437  (9) 441  (8)
TOL -03  (44) -00  (27) -02  (41)
TOT 0.10  (50) 0.14  (50) 0.11  (50)
NTT 0.04 (42 -07  (50) -05  (50)

C 035  (45) 0.34  (50) 0.35  (48)
W 0.99 (31) 0.99 (32) 0.99 (32)
Y 0.85 (36) 0.85 (31) 0.85 (38)
7 099  (18) 096  (10) 097 (12

The left column shows the peak of the responseluitation in years is given in brackets in the righlumn.
Source: Author’'s numerical simulations and the kgsis

subscripts mean calibration for the emerging econ@nd the subscripts relate to the foreign develope

economy.
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In tables 2.9 and 2.10 we summarize the comparomesults from all three
calibrations. We analyse signs, the scale and éhgth of the variables’ responses to the
home aggregate productivity increase.

Regarding characteristics of responses presentt&bies 2.9 and 2.10 we can notice
that all macro variables react the same in allghsalibrations. This results from the way
we treat the significance of different shares aft@es in economies. Values of parameters
were set so that to get the same steady statesvafuwacro variables. By this we can focus
on the pure effect of asymmetric share of multovais.

In the international variables we can notice sopecHic effects. The non-traded to traded

price ratio reacts positively only in case of Caliion 1 consistent with the emerging

economy. Increase in the domestic aggregate prodyctauses deterioration of domestic

buyers’ conditions. It means that firms producinghe home economy start to charge more
the domestic consumers and less the foreign ormas.itthappens when both economies are
less developed in terms of small shares of mulonats.

Table 2.10. Characteristics of impulse-response fgtions, foreign variables, symmetric model

Foreign

variable Calibration 1 Calibration 2 Calibration 3
N, -11 (50) -.16 (50) -.14 (50)
N\ -35 (50) -52 (50) -39 (50)
N’ .60  (50) .57  (50) .56 (50)
N;, -.27 (50) -.19 (50) -.23 (50)
N 24 (34) -32  (47) .28  (40)
Q 0.14  (50) 0.15 (50) 0.14  (50)

q 0.2z  (50) 0.12  (50) 0.1&  (50)
NTT 0.11 (44) 0.17 (50) 0.12 (49)
C’ 0.04 (50) 0.05 (50) 0.05 (50)
w 0.03 (50) 0.04 (50) 0.03 (50)
Y’ -04  (50) -.05 (50) -04  (50)
Z 0.06 (50) 0.08 (50) 0.09 (50)

The left column shows the peak of the responseluitation in years is given in brackets in the trighlumn.
Source: Author’'s numerical simulations and the lsgats
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Another specific effect reveals in responses & telfare- and CPI-based real
exchange rates. The former depreciates strongetrtiiedatter only in Calibration 2 consistent
with the developed economy. It means that the domesnsumers start to have higher and
higher utility from spending the same amount of mpmn the domestic market contrary
to the cases described by calibrations 1 and 3 wpesduct variety in the home economy
decreases.

Regarding sectorial variables there is no spedffects in responses of variables,
whereas size effects are insignificant. Actuallesof reactions suggests that the asymmetric

Calibration 3 is some kind of average response éatvecases from Calibrations 1 and 2.

2.4.3.Permanent productivity shocks

Permanent shocks are an important driving forcthefeconomic dynamics, especially from
the point of view of the emerging countries’ ecomesn As Andrle [2008] points out most
of these economies is buffeted by pronounced pemtigngewed structural shocks
to productivity and technology, not mentioning thbanges in business environnfént
Moreover, as it is commonly known, reactions tonsitory and permanent shocks may
be strikingly different. That is why besides studyithe temporary disturbance we also want
to analyze the effects of the permanent produgtshiock.

When handling with permanent shocks we assumecandtruct our model as the
deterministic one because in the stochastic settwg can deal only with temporary
disturbance¥. This distinction between deterministic and stastitamodel is of the great
importance. In the deterministic case the agentegreconomy take their decisions knowing
that future values of the innovations will be zemoall periods to come. On the model
construction level nothing changes and the distncis achieved by transforming only the
part with the shock description when we statehtsracter.

Under the permanent shock the system reacheswssteady state. It means that the

model is constructed to be the deterministic onganmding the setting describing the

% According to Aguiar, Gopinath [2007] the countamiiality of the trade balance and the excess ilibjat
of consumption indicate that permanent technoldgycks are much more important in the emerging niarke
than in the developed countries. They studiedidisige in a proposed real business cycle model autghevith

a shock to productivity trend (permanent technolsiggck).

1 The detailed description of shocks in both, debeistic and stochastic, settings is presented i@ th

programming Appendix B.2.1 and B.2.2.
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disturbance part. We know the occurrence of aluritshocks and that the future values

of innovations are equal to zero.

Figure 2.9. Permanent aggregate productivity increse in home, Calibration 1
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We will analyse changes of variables’ values inpoese to permanent increase
in home aggregate productivity. The size of thetudisnce is again fixed so that the

aggregate productivity?, increases from 1to 1.01 and its log deviation fil@orro 0.01, but

this time for all periods to come. Each model Malgareaches its new steady state value
which can be noticed on the graphs in figures 219-2 We interpret these changes
as following. If the variable response shows foaraple one percent increase it means that
new value of the variable is bigger by one pert¢kah value from the previous steady state.
Of course we are still dealing with the percentidigans of variables from their steady state
values not with the variables in levels.

When we handle with the deterministic setting of model what we actually do is not

running the impulse response functions but condgatumerical simulations on two hundred
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period§? Analysis of such type allows for studying the ampof change in regime, that
means the structural change. Here we can treah ggteady state value of the aggregate
productivity as regime and question what is theatfbf transition to another path of long-
term economic.

Adjustment of variables to the new steady stateesatakes long time, usually more
than twenty five years. The deviations vanishesntlbst slowly in case of variables shaping
bilateral relations between the economies likestetorial numbers of firms, terms of labour
or trade, CPI- or welfare-based real exchange wifier about five to eight years we can
observe the extrema of the responses. For somablesj mainly the ones representing
comparison of the countries in form of ratios, terand rates, we do observe just recovery
to the previous steady state vafife©ther variables permanently diverge from theitiah
trajectory. All in all such behaviour of the systemnstitutes the new steady state in which
variables can have different various than in the fsom which they have started.

We will compare now the IRFs derived as a resultthed temporary aggregate
productivity increase with graphical representatiohsiumerical simulations in case of the
permanent shock. Regarding the reaction signs, dymeamics of the system in case
of permanent aggregate productivity growth is galhersimilar to the one when the shock
is temporary. For some variables it is differentf lhuconcerns the variables which return
to the initial steady state in case of shock ofhbotpes. It can be explained by the
microeconomic basis of our setting where the endoge entry takes the important role.
As it was explained by equation (2.1) the new fmeeds time to build, that means to start
production after entering the market. Moreover hegaeriod only some amount of the entities
survives. The less productive companies have taleximarket.

When the aggregate productivi, increases permanently, the effect on the impact

is that the number of new entrants decreases foe g@mods, because they face higher level

of productivity to reach to be able to produce. Migole number of firms in the home

®2 The IRFs run a multitude of Monte Carlo trials aget an average response of the system for eadtdper
of the concerned horizon. The simulation repeatspttocess only once for every period. Because thehgcal
representations are similar in both cases it ismomto use the term “impulse-response functiont dts the
permanent change in deterministic models.

®3 |t results from the fact that the domestic vagaband their foreign counterparts reach the neadgtstate

values that are deviated from the old ones by émespercentage points. The foreign real wagedeviates

weaker butZ, does not change at all, thT©L, returns to the initial steady state value.
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economy shortly deteriorates. In the foreign courlbre reaction of the number of firms
is opposite. The foreign re-exporting multinatianalse the domestic labour and their
idiosyncratic productivity goes down resulting irvesage heterogeneous productivity
decrease of the remaining foreign firms. This caubkat abroad there is more and more firms
from various sectors. In the home economy domestiopanies benefit from the aggregate
productivity increase. The effective labour becorlesaper for them relatively to the foreign
labour. Because profits go up the domestic demawldirscome rise resulting in decreasing
the idiosyncratic productivity of the home re-expoy multinationals located abroad. This
involves decline in the relative productivity of mpanies from the remaining sectors. All
in all, the number of new entrants, as well as wiwle number of firms in the home
economy, starts to recover and reach the new higteaxdy state value. As we see, this
adjustment is gradual just because of accountingh®rendogenous entry and time-to-build

setting.

Figure 2.10. Permanent aggregate productivity incrase in home, Calibration 2
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Under the permanent aggregate productivity increahsehome economy becomes
relatively more attractive environment, especiddly the producers, but for the consumers
too. The terms of labour positive reaction provédreconditions for home firms as they can
use more effective labour. The non-traded to trgutesk ratio decreases which gives relative
gains for home buyers. The producers offer themttivaly lower prices than for the foreign
consumers. The CPIl-and the welfare-based real ageheates go up meaning the domestic
currency appreciation. Prices in home economy asgevith relation to the ones abroad. This
encourages foreign firms to export more to the hesmomy and multinationals to engage
in foreign direct investment in the home economige Terms of trade reaction is in turn
negative resulting in relative decrease of the ebgologoods’ prices comparing to prices of the
imported goods. It means the situation when theidor consumers become more and more
willing to buy goods offered by the home exportersl the home consumers become more

willing to buy goods offered by the home re-exprate

Figure 2.11. Permanent aggregate productivity incrase in home, Calibration 3
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In case of permanent shock various calibrationsnabgive significantly different
results. The simulated paths are very similar megathe similar reaction of variables in their
sign and scale. In all three calibrations it isacl¢hat the home economy becomes more
attractive to buy, produce and invest due to tlgregate productivity permanent increase.

The terms of trade deterioration is the strongestCalibration 2, the weakest
in Calibration 1. But this variable, as well asathariables shaping trade and invest relations
between the economies, returns to the old steadtly galue.

The more noticeable difference is in responseseal exchange rates. In case
of Calibration 2 the welfare- and CPI-based exckarages reacts almost identically and the
eventual discrepancy is insignificant. But in thestf and third parameterization these
variables respond somehow differently when it cotogbe scale of their reaction.

Calibration 1 consistent with some data for Poésbnomy reveals importance of the
variety effect. The situation is alike in Calibrati3 fixed for the asymmetric case. The CPI-
based real exchange rate reacts more intensivetyttleawelfare-based one. Such patterns
of exchange rates’ behaviour suggest that the tyagiiéect matters only for economies with
small share of domestic multinationals and re-etipgr multinationals located abroad.
We can state that in the economies like that theetyais relatively low. The CPI-based
exchange rate accounts for the variety of gooddsladla for consumers in the given
economy. When the aggregate productivity increéises the domestic variety grows with
relation to the foreign one and the appreciatiothefCPI-based exchange rate is higher than
of the welfare-based measure. The home consumees lingher and higher utility from
spending the same amount of money on the domeatikat

Summing up the results derived on the basis ofntbeel presented in this chapter
we can state that they depend on the chosen daiforal’he conditions determining the
economy after hitting by the temporary or permangimbck differ regarding the initial
conditions. The economy with small share of dongestultinationals reacts differently than
the developed one and this has the biggest impmteumen it comes to comparing bilateral
relations between them like the terms of laboutrade, non-traded to traded price ratio and
real exchange rates. This discrepancy involveonbyt the scale of variables’ responses, but
also their directions.

In the interpretation of the IRFs and results omerical simulations in case of the
permanent shock one can notice the significanciefvariety of goods effect in the given
economy and differences between the CPI- and veebiased real exchange rates’ reactions .

The variety effect does not reveals in every catibn. It is connected with the situation when
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one economy gains higher variety due to existengainferous foreign exporters and foreign
multinationals selling to the home consumers. Tomektic buyers benefit from this variety
improvement in terms of their utility.

Regarding the results’ analysis from the model taoson perspective it is worth
of highlighting that in the case of the permandmick which we can treat as a change in the
aggregate productivity regime we do observe quativé changes in the economies features.
The numbers of firms, consumption and income lewgt®v. But when it comes to the
comparison of conditions characterizing interdeeeicgs between two model economies
they remain basically unchanged. It results fromm fidact that deviations of the steady state
values of most domestic variables and their foreiganterparts are of the same scale and

sign on the end of the considered horizon.

2.5. Concluding remarks

In this chapter we have presented the frameworkirggedescription of relations between two
economies in which the focus is on the assumptidheheterogeneity in productivity levels
of firms. The consequence of such setting is that oan describe economies with
distinguished types of firms’ activities which we vieacalled the sectors. It becomes
especially interesting when we want to concern tre@gwith different levels of development
in this regard. To discuss this subject we havegsed the model framework allowing for
asymmetries in shares of production sectors inemo@omy relatively to the second one. The
asymmetry in shaping these relations is achieveddating with various parameterizations
giving various steady state values of variables tieans the asymmetric steady state.

We have handled with three distinct calibrations @nmde distinctive types of relations
between two economies. One was situation wheredbstries have the same but small share
of multinationals in the total mass of firms in thwen economy, the second one when this
share was considerable and the last one when thdrezs differed in this regard. The applied
choices of parameters’ values have found theiecefin the model outcomes, analysis and
interpretation of these results.

Regarding the main results of the model presemtetis chapter first we would like
to notice that consistently with the model conginrcreaction of the terms of trade on the
exogenous shock in aggregate productivity is imfaesl not only by reaction of the number

of exporting firms and the average optimal pricelsethis firms, but also by reaction of the
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multinationals and their price. It results from ttefinition of the terms of trade we use.
It is worth highlighting the consequences of sudnamework. FDI becomes another source
of the adjustment in real variables. When econoraressymmetric in their FDI relations and
both engage much in such form of economic actithgn the terms of trade improvement
Is stronger than in the case of economies with Isrelabres of FDI activity. When
we introduce asymmetry in form of different shamfsoutward FDI, then the economy
experiences the moderate reaction of its termsaalet From the point of view of emerging
markets it reveals the fact, that the economy wisamainly the host for FDI cannot expect
as strong the terms of trade improvement as itd;aélit had as big the FDI share as the
developed economy.

Depending on the model calibration the variety affeonsisting in the higher
depreciation of the CPI-based real exchange raie tie welfare-based rate comes out with
various strength. It suggests more or less benfefits the consumer perspective. The effect
is clear when one economy gains higher variety ttueexistence of numerous foreign
exporters and foreign multinationals selling to tltene consumers. That means the variety
effect does not result simply from the aggregatapctivity increase but from the existence
of multinationals. One can expect that in emergmaykets, that are usually host economies
for FDI from developed countries, consumers benefiterms of their utility much from
variety of goods coming from the foreign firms.

Under the permanent aggregate productivity increashich can be treated
as a change in the productivity regime, the honom@ny becomes relatively more attractive
environment for consumers to buy and for produdersell and invest in FDI. This can
be observed in the case of each calibration. Howevarious calibrations do not reveal
significant quantitative differences. This showst tthee specificity of the economy in terms
of the FDI share does not play a role. Let us emsigbahere that the used framework is fully
symmetric and the eventual asymmetry, as in Caidwa3, results only from the choice
of different values for parameters describing ecaeemThus, it is hard to compare this
theoretical model situation with the real existegpnomies, when one of them is rather the
host and the other is the guest in terms of FDI.

Regarding theoretical issues of the model constma@nd calibration, we can notice
that in case of the symmetric framework, the catibns do not give significantly different
results which could serve more explanatory desonpdf changes in the relations between
the economies. The straightforward conclusion wéaschv parameters are responsible for

shaping given interdependences, how we controhimtand change this relations.
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One can be otherwise interested mostly in the mdgeamics and getting different
reactions of variables to shocks in the home anthenforeign economy. Relations enclosed
in the equation system of the model presentedisdhapter are exactly the same for both
economies. There are no differences in the streatficonsumption or production. The only
difference was introduced on the level of choicepafameters’ values. But yet the model
construction does not allow for investigation of méeatures of real economies found in the
data and their satisfactory explanation.

In the third chapter we will enrich the frameworle vihave exploited so far with
an assumption which allows for concerning differsintictures of economies. Namely we will
introduce asymmetry in the production structure. &va of such proceeding is to focus
on changes in the model construction and to be thigle to understand how the economy
having given bilateral relation with the foreign oty will react to temporary shocks to the

home and foreign conditions.
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Chapter Il

Asymmetric DSGE model with heterogeneous firms

3.1. Introduction

In Chapter Il we presented and discussed the synmni@8GE model with heterogeneous
firms. The model was symmetric in the sense thadlyction structures were the same in both
economies, that means they consisted of four ptamusectors in the domestic country and
in the foreign one. We allowed for some kind of masyetry in form of different values
of respective parameters for the two economieschviwas the case of one calibration.
Comparing this situation with the symmetric caltiras, we stated that they do not give
significantly different results, especially the ftaive ones. The most visible was the variety
effect, which was the most clear when one econoaigegl higher variety due to existence
of numerous foreign exporters and foreign multiaais selling to the home consumers.

Let us notice that we described the situation mctv one economy, the developed
one, had many firms engaged in FDI, whereas thergnge economy had very few
of multinationals. To relate such a situation talitg, we used the data about the Polish and
German FDI outward stocks, in percentage of the GIDis gave us some insight, how much
the economies are involved in FDI abroad and whattlae differences in this regard. But
we should be aware that the data concerned the ¢@ugections also with the rest of the
world and did not express the fact, that when mes to bilateral relations the asymmetries
can be even bigger.

When we compare the emerging country like Polaitid the developed economy like
Germany, we can say that the situation in FDI pmsstbetween them is highly asymmetric
One economy is rather the host for foreign FDI frdme other economy. Regarding the
bilateral connections and production structures, wauld say that one economy

is concentrated on setting multinationals in theeoteconomy which has much less its firms

! A broad study on FDI localized in Poland is praddby Nytko [2009]. One can notice that 17% of FDI
inflows into Poland in 2007 came from Germany, Whiwas the biggest investor, before France (11%),

Netherlands (6%) and Luxembourg (6%). In that B3 of capital inflow was from the EU countries.
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abroad. Some image of such an asymmetric situatgon be noticed in the data on the
bilateral FDI outward and inward positions, as able 3.%.

Table 3.1 FDI positions by partner country, millions of euros, German economy
perspective

Type Partner
2006 2007 2008 2009 2010
Country
) 14186 17392 16388 17069 19424
Outward in
(0.61%) (0.72%) (0.66%) (0.72%) (0.78%)
Poland
200 198 273 325 477
Inward from
(0.07%) (0.06%) (0.08%) (0.10%) (0.13%)

Values in brackets are expressed in percentagebéf, Bhe German one in case of the outward FDI dntieo
partner economy in case of the inward FDI, thatmsdhe Polish GDP.

Source: OECD.Stat, Dataset: FDI positions by partoentry. Eurostat database, GDP and main conmisne
currents prices, data updated in March 2013. Atgheaiculations

In Table 3.1. we can notice a high degree syimametry in the bilateral FDI relations
between Poland and Germany. It is not the samat&ituas we described in Chapter II,
where we regarded the data on FDI, regardlessottaion, thus also in the rest of the world.
Here, we would like to emphasize that in the setvad economies only, the emerging
economy’s share in FDI abroad can be very sma#nausignificant. Thus, the asymmetry
inthis regard can be higher and of different ratuconnected with diversification
of production strategies in the given economy.ne economy production strategies of firms
can be more diversified than in the other econofie point here is that we regard the set
of two economies and such a qualitative asymmetissipty has a great significance for
shaping trade relations between two economies.

The fact, that in the set of two economies onlg anhighly engaged in FDI and the
share of the other economy is very slight, giveso adome insight into the comparison
of development levels. As we know, only the mosidpictive firms set their multinationals
abroad. Focusing on such strategy of productiomvstibat the economy is developed enough
to be able to make profits from it. When we reghiidteral trade connections and FDI
relations, we can notice that, in the set of twoneenies in which one is emerging and the

other is developed, there are high asymmetriesich selationships resulting from different

2 A country’s inward FDI position is made up of thested FDI projects, while the outward FDI position
consists of the FDI projects owned abroad. The idvgesition represents imported capital. The datéhe FDI

positions are available on an annual basis andatgthe state at the end of the year.
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production structures. We consider consequenceddiféérences in the development
of economies understood in this sense. The stfaigdrd is that the economies have
different positions in FDI. One of them is the hiegtcountry for the foreign multinationals,
whereas the other economy engages in FDI aBrdéis displays the fact that the economies
in such a set have different structures and thdferdint sources of development. The
emerging country rather attracts the foreign predsito invest in it, the developed economy
mainly engages in FDI.

To account for the kind of asymmetry concernedhis chapter, mainly differences
in the production structures, we modify the framdw&om Chapter Il. The asymmetry
is regarded not only at the level of calibratioryt kalso in the production structures
of economies. We assume that in the home econammg ftan only produce locally to sell
domestically or to export, whereas firms from tbeefgn economy can also establish their
multinationals abroad. In the set of two economigBere one is emerging and the other
is developed, such a situation is closer to reatign assuming, that the economies have the
same production structures.

We contribute to the existing literature, on DS@kodels with heterogeneity
in productivity of firms, by providing a frameworik which economies are characterized
by different production structurésThe home economy, referred to as the emerging o,
only two production structures, whereas in theitpraleveloped economy firms can choose
among four different production strategies. On tme hand, it allows for considering
asymmetric version of the model presented in tle¥ipus chapter. On the other hand, such
assumption is closer to reality, when one regaatsetrelations between the emerging and the
developed economies.

The way of accounting for asymmetry in the bilatéfDI relations matters for the
results we get, when it comes to comparison okedkfit model settings. Let us notice that
asymmetric production structures, with two seciarene economy and four sectors in the
other, introduces different conditions for the emmic agents, especially for the producers.

Intwo economies they experience different levels competition, different sources

% Ozawa [1992] proposes a model of economic devedmprstages, according to which hosting the for&ipn
encourages domestic firms to establish their owrsisliaries abroad. Each economy experiences foasgsh
of development. In the first stage, the developniedriven by production factors then, in order ilnyestment,
innovations and wealth.

* The source works for studying DSGE models withttheerogeneity are Melitz [2003], Ghironi, Meli2005]
and Contessi [2010].
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of competition, different possibilities of reactiorhen facing some exogenous disturbances.
As we will see, this matter for the results in terof the economies’ reactions to shocks,
giving different trajectories of respective variel comparing with the model from the
second chapter.

The main aim of this chapter is to modify the poer¢ framework, to account for the
asymmetry at the construction level and to analy@@sequences of such an assumption.
Because we use much the construction of the synomatidel presented earlier, we mainly
outline the basic modification in the form of thesamption about the asymmetric production
structures. We focus on the consequences of sychnastry in the model equation system
and in the results in terms of the IRFs comparis@n. details of microfoundations and the
aggregation issues, especially connected with #terbgeneous firms assumption, we refer
to descriptions and computations of Chapter Il, awhwere conducted for the symmetric
model.

The chapter is organized as follows. At the begignive describe the whole model
construction, with the special attention on thenasyetry assumption, because this is what
distinguishes the model of Chapter Il from the opeesented previously. In the next
subsection we provide the steady state analysiegpldin how the values of parameters are
chosen. In the subsequent part we study, intergmelt discuss results of the model and
compare them with the results from Chapter Il. @ma is to address the issue, whether the
way of introducing the asymmetry gives the qualiy different results and what can

be stated form the point of view of both economids chapter ends with some conclusions.

3.2. Model with asymmetry

As in the previous chapter we deal with a two couBISGE model of open economy, where
each country is populated by homogenous consumeds a continuum of potential
entrepreneurs. There exists labour mobility witeath country and international immobility
of workers. Prices are fully flexible.

We assumasymmetry in the production structure or more precisely in the choice
of possible activities made by companies. This atwdifferentiates this model from the
version presented in Chapter Il. This approacmsommon in the DSGE literature. Usually
economies in DSGE models are treated as fully synend his not the issue here. We allow

for asymmetry on the assumption level.
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From the point of view of formal construction wenaggard set of assumptions about
two economies which are different. The frameworkas so rigid regarding economic reality.
Economic agents do not behave exactly the sametim dconomies. Not because they are
different in their rationality or access to infortioa but due to different conditions prevailing
in the two economies. These differences can bawétaral type.

We would also like to notice that the model of tweonomies should focus
on bilateral relations. But data on them are otband to obtain. The economic indicators
concern mainly national or international variablé&sen if we find some data for one
economy, it can be still hard to find the analogdata for the other economy. Thanks to the
asymmetric set of assumptions we can regard cases one type of activity is very common
in one country, but in the second it can be unusuaélatively negligible. Let us think that
one economy invests much in the second one, buinmetsely. Thus, we can expect that

bilateral relations are highly asymmetric.

3.2.1.Evolution of the setting

The model presented in this chapter is a specise¢ cd the model from Chapter Il. The

microfoundations are essentially the same as hefbine main assumption, that differs,

Is about production structures of economies. Hathere were exactly the same in both
countries and consist of four sectors. The onlyr@mwf asymmetry in shares of sectors
resulted from differences in values of the paramsetdlow the asymmetry has a structural
character and is introduced at the level of modektruction. It has consequences in almost
every stage of the model constructing and thuscesffine model dynamics. It is revealed for
the first time in the intratemporal problem of twsumer.

The home emerging economy has two types of fitmss two sectors of production.

One, with Ny, firms, is focused on domestic selling only, theest with N, , firms, also

exports. In the foreign developed economy theref@ue types of firms and four production
sectors. Besides locally oriented and exportinggir there are also multinationals. Some

of them, which number i\, ,, delocalize part of their production abroad to siedire. The
others, which number it,, ,, re-export back to their economy of origin. Tabl2. 3elow

displays the differences between two countries tiegufrom the asymmetry in the ways

of supplying goods by producers.
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Table 3.2. Summary of the asymmetric production suictures assumption

Economy Home Foreign
Production | Numbers . . . .
. . NDO,'[ NX,t NDO,t NX,t Nl,t NM,t
side of firms
Sectorial ) X .
I A At A Av 1
activities
Consumption| Shares . . .
_ _ Sp Sk S, Sp. Sk Sw s
side of expenditures

Source: Author’s synthesis

In the home economy, income of all exporting firresexpressed byA, .. In the
foreign economy there are another two sources adnire, A/, from engaging in FDI and
A, . derived by the multinationals that re-expoithus, in the developed economy there

is more types of activities in which firms can eggan.
The asymmetric production structures assumptidrodioices also some differences

in the consumption structures. In the home econdamgestic consumers spei®l, of their
income on goods produced and sold by domestic fatnsome marketS, , on imported
commodities and5, ; on varieties produced by foreign multinationatste foreign economy
foreign consumers spengl,, of their income on goods produced and sold byigoréirms
at foreign marketS, , on imported commodities an§,,, on varieties produced by foreign

multinationals. Thus, in the home emerging economg of the source of diversity in goods
are, to a high degree, foreign firms. On the coptrthe domestic firms do not have such

strong influence on the foreign goods diversity.

3.2.2.Consumers

The consumers behaviour does not change regaiaéngrevious version of the model from
Chapter Il. As we will see, the asymmetry in theduction structure introduces the main
changes on the aggregate level, when it comes teoang price indices in both economies.

But when we deal with the representative houselisldiecisions are shaped as before.

® We do not mention income from domestic sellinggéhese it is obtained by firms of all types and cann

be attributed to the activity in a particular seabproduction.
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Intertemporal problem

The representative consumer faces the intertempashlem of the forf
max ‘U, (C), 3.1
(camaX. EttZ:O:ﬁ «(C) (3.1)
by the budget constraint given as:
WL+ (Y +75)Np X + (@+1)B =C, +Vi(Np, +Ne )Xy + By (3.2)
and the utility function relating positively ut¥itwith the level of consumption:

-y
C

U,(C) = 1_y-

(3.3)

From the Lagrange problem we derive the first-omerditions exactly the same as in
the model without asymmetry and thus the standatdriequations for shares and for bonds:

C -y
\7; :ﬂ(l_J)Et ( Ct;l] (\7;+1+ﬁ£+1) ’ (34
C” = Ba+r.)E|C.)”]. (3.5)

where we use the equation describing dynamics o0& thumber of firms
Npn = @=0)(Np, + Ng,).

Intratemporal problem

Comparing to the symmetric model of Chapter I, #®ymmetric version displays the
reduction of goods’ types that are available fothbeconomies. Earlier, in each economy
there were four types of goods. In the model wiynametric production structures there are
only three types of goods. The home consumers ¢dnnoproducts of the home exporting
multinationals localized abroad, because thereoisuch firms. The foreign buyers do not
have access to goods produced by multinationalsfimmm the emerging economy, because
the home producers are not productive enough tagan such form of activity.

Let us remind that the final good consumed byhbesehold is the composite bundle
of the fornf:

® One can find more about the intertemporal probtenthe consumer in Chapter Il. Computational dstail
of derivations are analogous to the ones preséntddpendix A.2.1.
" The intertemporal problem of the consumer is preskin details in Chapter 1. The basis of thisuis are, in

turn, explained in Chapter | and its Appendix A.1.
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g

C = ( [ @7 da)]H, (3.6)

in which differentiated varieties are imperfect stitoites for each other.
From the assumption that intermediary goods aredymed by monopolistically
competitive producers we get the demand functiomfeingle variety:

G (@) {@} c. (3.7)

t

Goods available for consumers in home economy cbwoma three sectors. Two

of them are of foreign origin, imporX~ by foreign firms and good$s™ supplied by foreign

affiliates:
Cor (@) =[po, @/ P]7C, (3.8)
¢ (@ =[P, (@R |°C, (3.9)
¢ (@ =[p (@/P]C. (3.10)

In the foreign economy consumers depend on finaldgaroducers mostly coming

from their own economy. The only source of varefi®m abroad is export:

G () = [po (/R 7, (3.11)
¢ (@) = [p (@R ] C, (3.12)
Gy (@) =[Py (@1P]7C. (3.13)

The emerging economy is influenced by the asymymatthe production structures.
Composition of consumption bundles in both coustriedicates that the goods diversity
is originated more from the foreign economy thammfrthe home one. But the developed
economy is also affected by the fact, that the gmgreconomy has no multinationals
localized abroad. The foreign producers selling estically and foreign exporting
multinationals do not have to compete with the hdimms engaged in FDI. The home
consumers buy from the foreign exporters and theidarmultinationals, whereas the foreign
buyers spend only on the imported goods from theroeéconomy and on products offered
by their firms. Thus, the home and the foreign ewoies have different significance
in shaping composition of consumption bundles amdrdity of goods in both countries.
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3.2.3.Firms

Unlike in the model from Chapter Il the productstnucture in two economies is asymmetric
now. Domestic firms produce to sell domesticallytorexport. Foreign firms have wider
choice of possible economic activities. They cao dbcalize their production abroad to sell

on home or foreign market

Production

Each domestic firm face variable co$t(a) =1, (a)z(a)Z, of hiring labour to produce
Y; (@) units of varietye. If it decide to export then every period it alse tha pay fixed cost
W, f, . /Z,  of engaging in such an activity. In the foreignomemy, depending

on entrepreneur decision where to localize produciind where to sell, he can face also fixed

cost of hiring f, , workers per period to carry out foreign direct istveent or hiring f,,, ,
workers to produce abroad and export back to lue@ay.
The aggregate productivity’, representing the effectiveness of one labour unit
follows a stochastic autoregressive process:
Z.=QU-p,)+0,2,+&,, &,~N(@003), £, lid.  (3.14)
On the firm level there is also idiosyncratic protiuity z specific for the given company
and meaning production &fZ, units of output per unit of labour employed:
You (@) =1p, (@)2Z, Yy (@) =1y (0)2Z,. (3.15)
Foreign firms also have their relative productivdiyd use the labour with productivity on the
economy levelZ, or Z; depending where they localize their production:
Vor (@) =lo (@22, yx (@) =1, ()72, (3.16)

Yi (@) =1, ()7 Z,, Y (@) =171y (@)Z'Z; (3.17)

Dynamics of firm entry and exit

As in the previous version of the model from Chajiteve have producing firms and the new
companies that only enter the market to start todyction one period after. The cost of entry

means hiring fg, units of effective labour of which we assume ilidas autoregressive

stochastic process:
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fe, =@-p )+ o fent e & ~N (O,afE), £, 1id. (3.18)
The number of firm dynamics accounts for produ@d new entrants, all of them
facing constant exogenous probability- ) of survival in the each period:
Np; = @=0)(Np -y + Neiy) (3.19)
Free entry condition requires that:
Vo =w, e, /Z,. @)2

Sectorial distribution

Firms producing various intermediary goods are mofsfically competitive, thus they can
determine their prices according to the profit maxation. The profit function form depends

on which activity the firm is engaged in. Servinge market gives:

W
Moy = Pp, (W)Yo, (@) _z[_tz Yo, (), (3.21)
* * * \A/t* *
M5, = Poy (W) Yoi (@) _ﬁ Yoit (W) (3.22)
t

Firms with higher relative productivity can choadso to export when it is profitable

considering iceberg trade cost and fixed cost pbeting which evolves as follow:

I = (1_:0r) oLt e e T N (O’arz)’ &t i.i.d, (3-23)
fxi =A=p Jupb+pop fate, &y lid (3.24)
The resulting profit from exporting is:
W, W,
Mo =alPxu (@Y (@17 oy (@) =5 (3.25)
tz Zt
.1, . . LW W, .
M Xt =_[ Px ¢ (w)yx,t (w)] -, *t ~ Yxi (w) __t* fX,t' (3-26)
e[ Zt z t

wheree stands for a nominal exchange fate

In the foreign economy there is also possibility tlee entrepreneurs to invest abroad
either to sell on the market of the affiliate lozation or to export back to the own country.

8 In a monetary union the nominal exchange rategisakto one. For the general presentation of the tw

economies we do not omit this term, but for theesak studying the case of the monetary union ard re

adjustment only we sed =1.
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Such firms have to be even more productive in teaihshe heterogeneous productivity
because they face fixed cost engaging in FDI arekp®rting, respectively:

f', = L-pJu.0+p,. f +E E,. lid, (3.27)

it

e =@=pp . O+p. F . +E, £. . iid. (3.28)

famot’ fym st

The profits functions account for all costs and m@h exchange rate in case

of exporting:

. 1 . .
rll,t ZE pl,t(w)yl,t(w)_z ( ) i flt:|’ (3-29)
. . . 1. W . 1W . .
I_IM,t = pM,t(w)yM,t (w)_grt th*ym,t(w)_gf(fm + fXM,t)' (3-30)

In the home economy there are two strategies dfngeprofits, mainly domestic
selling and exporting with optimal nominal prices:
P (@ =5 (@ = ST (3:31)
When it comes to the foreign economy there are fpassible strategies for
companies, including also producing and sellingpallr and re-exporting to the own country.
The firm with sufficiently high relative productiyi choose from these activities assuming

optimal prices:

\ W \ . W
Pp, (@) = U=, Py (@) =T U—~, (3.32)
Z.z Z,z
. W W
pl,t (C()) =H . P pM t(w) _T /,I (3-33)
Zz €

t t
Using the real wagewn, and real exchange rat@, we can regard the respective

optimal real prices, depending on which marketdiven firms sells, thus accounting for the

price index of the destination market:

th(a) H pXt(a‘) . U
= - Ay =D b Ky 3.34
Po,(0) p 27 W, Py (@) P QzzZ W (3.34)

* p;t(a)) H * * p:(t(w) « M *

w) = : = W, , w) = - =Q7 —W, 3.35
pD,t( ) Pt* Z*Z: t px,t( ) Pt Qt t . Zt t ( )

* pft(w) H « p;/n r, WU
W) = ! =— W, =—=—— . 3.36
pl,t( ) R . Zt t Pw (w) Pt Qt 5 Zt W, ( )
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Similarly, the optimal profits can be expressedréal terms, depending on which
country the given firm comes from, thus accounting the price index of the mother

company location:

T, (@) = D;,(a) L Por (@C,, (3.37)
_Myle) My 0 _Q W fy
ﬂx,t ((4)) - R - QR* [Q - IOXt (w)C Zt ' (338)
o (W) =—= © =1,0”‘”(w)0* (3.39)
Dt F)t* o Dt t
(0)) X,t(a)) _ I-Ix,t f;,t 3.40
Xt R* _Qtpt @t UQ Zt ’ ( : )
* njt(w) rllt 1 tfl*t
_halw) , 41
7, (@) P & oP Qo p.t “(W)C, - Z | (3.41)
M@ 1 e W
M t(w) - Pt* - O_IOM 't (w)Ct Qtzt (fl,t + fXM,t)' (3-42)

Productivity distribution

Upon entry, home firms draw their productivity léwefrom a common Pareto distribution
P(zn.K) with support on[z,;,,»). Foreign firms draw their productivity level from
an analogous distributioR(Z. ,K’).
Probability density functiong(z) and cumulative distribution functio®(z) of the

Pareto distributiorP(z,,,,,k) for the home firms are following:

k Zr|:1in 7>7
9(2)=4 Z«t ' T (343
0’ Z< Zmin’
z Z k
62 =, 92d2= 1{7} 22 Zns (3.44)
0, z<Z. -

For the foreign firms we have similarly the respexfunctions:
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» o+ K
k Zm'n * *
>z

g ()= pKu’ in (3.45)
0’ Z* < Zmin’
* * K
J'Z (Z)dz =1- Zmin zZ >z
G (z)=1)9 7 | 4 = (3.46)
0, z7 <z

i -

Productivity distribution is the framework by whiclkie can regard heterogeneity
among firms. They can have various productivityelesvand thus decide in which economic
activity to engage. The choice is always conditi@mrathat the firm has the required relative
productivity high enough to be profitable in theeg strategy of producing and selling. Firms
from the home economy can choose selling markegdarit be only domestic or also foreign
when they decide to export. Whereas foreign congsahiave more possibilities and can
decide where to localize their production and whereell. It can always be the economy
of their own country or the market abroad. The canigs in the given economy differentiate
the risk coming from condition on local markets. We see, in the framework assumed the
home economy has much less possibilities to inagagn such risk.

Such a microeconomic framework, namely the produadtistribution, describing how
an individual firm makes its decisions about emigrihe market and engaging in the given
economic activity, determines scale of particulandpction sectors and composition
of consumption bundles in both economies. Thush#dpes relations at the macro level.
Percentage shares of sectors in the productiomeofwthole economy influence long-term

relations of most of the model variables, and times dynamic paths.

Cutoff points

In the home economy firms depending on their redgiroductivity can choose only between
two economic activities. Thus, there is only on&ffupoint resulting from equalizing profits

in the exporting strategy to zero:

1

f.o oY1 w )

ﬂx,t(w)zo = Zy, =( éi ] (QIZ] HT,, (3.47)
t v Lt

Firms in the foreign economy can decide among fsuategies. Only domestic

producing and selling is possible for all entreas with the heterogeneous productivity
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higher thanz_ . To engage in one from the three other activities fireign firm has

to exceed following cutoff points of the productyvievels:

1 1
\ fr 0 )7 QW oo . to ) (w )
ya = ) . T , Z = ! _ , 3.48
Xt [ Ct ] [ Zt /’I t It Ct Zt y ( )

1

— u

. g .« . oW,

Zy ¢ :(?(fl,t + fXM,t)j (Qtz j HT, . (3.49)
t t*=t

Each cutoff point determines the number of firmgerage productivity, relative

optimal price and profit in the given strategy.

Entry mode

Figures 3.1 and 3.2 illustrate how decisions aindirin the home and foreign economies
depend on cutoff points of the productivity. Theompare their own productivities with the
cutoff levels each period and on this basis theyd#ewhich strategy of producing and selling

to choose.

Figure 3.1. Entry mode in the home economy

A
7, (2)
”D,t(z)
/////
7Ty ,t(z)
Zmin _
y4

W, fx,t /Zt X! ?

- HV\/t fE,t /Zt

Source: Author’s illustration

In the home economy the firm decides to entryrttaeket if its relative productivity

Is high enough to ensure positive profit after ngkinto account the annualized fixed cost
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of entry. If it has sufficiently high productivitievel, it can also regard starting to export.
Otherwise, exporting would reduce the profit sd thech an activity would not be profitable.

Figure 3.2. Entry mode in theofeign economy

* Py
77 (z)

77+ (0)
7, (0
715 : (0)

70 + (0)

Source: Author’s illustration

In the foreign economy a firm also decides to gega the given economic activity
depending on its idiosyncratic productivity. Onfythe productivity level exceeds a cutoff
point attributed to the given strategy, then thenfstarts to export, locates its production
abroad to sell there or to export back to its owantry economy. The relative productivity
has to be high enough to bring positive profitsrfreuch activities.

The graphs in Figures 3.1 and 3.2 should be ird&xg in the following way. When

a firm has a low productivity level, below the citpbint z, , (or z;'t in case of a foreign

firm), then it makes a profit only from domesticoguction and selling. When the firm
productivity exceeds the cutoff level, then it che® to engage in exporting and starts
to benefit from two kinds of economic activity. Thgporting becomes the additional source
of profit.

In the home economy the most productive firm ekpahile the most productive

foreign producers choose to engage in FDI andatwlbad or re-export back to their own
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country. This emphasizes differences between ecmsoragarding conditions in which firms

operate. In the home economy these domestic progluteat are focused on the domestic
selling only, have to compete with foreign multioagls. The domestic exporters compete
with the foreign multinational ones, which localiztheir production in the home economy.

Thus, there is more sources of competition forhthkme producer than for the foreign ones.

3.2.4.Aggregation and international variables

After describing the behaviour of individual agemisthe economy, especially the way the
individual intermediate firm takes its decisions drmv it determines the values of variables
characterizing the given firm, we proceed with a&ggtted variables. The first step in the
aggregation is to obtain sectorial average values.

We consider two economies that vary in the levdlsdevelopment, in the sense
of number of the more productive companies. Letremind, that in Chapter Il these
differences were only in the steady state valuesvlrious sectors of both economies.
As we could see, the results of simulations did gieé us the significant consequences for
the analysis of the behaviour of the economies. rdd®e here, what we regard, is the
structural difference between two economies in mhedel. The asymmetric production
structures assumption affects the form of the natiaariables in both economies. Most
of them are averages of variable values for alt@eonveighted with shares of these sectors
in the economy. The international variables expbéisseral conditions for the economies and
are obtained as ratios of the respective home l@dareign variables. Their form is also
influenced by the differences in the productionstures.

Sectorial aggregation

Let us remind that we impose asymmetric productibncture in the model. In the home
economy there are only possibilities to produdecahe and sell on the home market or on the
foreign exporting market. Firms from the foreigroeomy have wider choice, as it was in the
version of the model from chapter Il. We can idignguch situation with higher or lower

level of development in terms of the heterogengaductivity of firms in the economy.
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When it comes to averaging we get two average saloethe home economy and
four for the foreign one. All of them are obtaineygl integrating productivity, profit or price
functions times probability density function of Bar distribution.

Among all N, firms in the home economy we can distinguish twoet; There is
Npo: firms which serve only domestic market amd, , that also export. Their numbers

depend on how many of them have the idiosyncratodyrctivity high enough to engage

in exporting. Thus, they depend on the Paretoidigion parameters. Each of these numbers

is computed as a share in the total mads, of firms in the economy by using the

appropriate domain of integrating from the Parestrithution support:

k
N 2y i
DO, t :J‘ g(z)dzzl_(ﬂJ , (3.50)
ND,t Znmin ZX,t
N k
Xt * Zmi
Np, ‘LX Zy 4

Similarly, the numbers of foreign firms in the givstrategy of production and selling
depend on the Pareto distribution characteristictiier foreign economy, that ig k.

There are four types, including multinationals whicesides domestic production engage

in foreign direct investment to produce abroad seltithere in the number df;, or export

back to their own country economy in the numberof , :

* k*
N O.t Z;( * * * Z*'
0t = [* g'(2)dz ﬂ—(%} : (3.52)
ND,t J.zmin Zx’t
ND N ()
Z * * * Z H Z i
=lg(Z)dZ =| | o S (3.53)
ND,t Zx Zx,t th
N - N )
Zy  w, x x Z . Z.i
It :_[* g’ (z)dZ =|Zmn | —| Zmin | (3.54)
Np, - Z, Zw ¢
N, )
Mt @ x * Znni
= g(2)dz =[—J - (3:59)
ND,t IZM,i ZM,t

° To compute this values we use definitions of thebpbility density and the cumulative distributitmctions
of the Pareto distribution given in (3.43)- (3.46pmputations are conducted in the way consistéhttive one
presented in Appendix A.2.8-A.2.12 for the resjvectariables used in Chapter II.
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We can notice then that the total mass of firmsthe whole economy can be

composed as follows, respectively regarding thednand the foreign economy:

Np. =Npos + Ny, :[ J-sz‘ g(z)dz+J: g(z)dz} [N, - (3.56)

Noy = Noog + Ny #Nj + Ny =
:[ j: g(z')dz +LZ*X' g(z')dz +EM g(z)dz +L°; g(z')dz } N,,. (3.57)
Getting the average productivity levels gives usmparison to the situation when
among N, ; home firms with productivityz, ; producing to sell domestically there i .

of them, with productivity levek, ,, which also export to the foreign market:

1

1 1

~ Np, (- ol k o1 L

ZD"{N”-Z ldG(z’} | B0, @S9
Dt in

1

Ny, o o1 L
Ex,t{ =, Z"_10'6(2)} =077z, (3.59)

NX,t
In the foreign economy amondN,, foreign firms there isN,, of them with
productivity level Z, ,, N/, with z =Z , which engage in FDI and sell abroad aNj ,

with z' = Z,, , which engage in FDI and export from abroad tortbein country economy:

1

—_—k N*Dt 0 * _1 * a_l k* E * 1 *
Zyo=| 24| 7967 | =] ———| &, =0z, (3.60)
Np, J2m K -(c-1)

. N°. o . N L[ Fotpk o k]
Zyo=| o[, 7MdeE) | =0 e P (3.61)
Ny 7% 2y~ Iy
. NO. ez o e [ Zetgk — gk
Zj =| [ ZMG(Z) | =00 e (3.62)
N, 72 Ly~ 24y,
* N;t © * E *i *
2= j Z°NG(Z)| =01z, (3.63)
Mt ™

Average firm profits are also obtained by integrgtiover Pareto distribution and
express the average profits from the given econ@diivity. In case of the emerging home

economy these are:
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-0
~ °° ~01 C W,
Ty = J.me ,,(2)dG(2) = Zthlj('uZ—ttj ) (3.64)

~ o W,
i, = [ m (2d6(2) = (0 -1 - fy. (3.65)
i Qtzt
In the developed foreign economy firms get averpgdits from four economic
activities:
c(uw )’
Tt :'L:mn m, (Z)dG(Z) = Eéf‘lﬁﬁ?*‘] , (3.66)
P . LN =NTOR | w fy
7T, =j* M (2)dG(Z') =| 0" —+—+ OLE —1|E2L (3.67)
Zy /\tk _TOL[ﬂk .
Z K& -k w f/
= [ (2)d6(Z ) =| 0T ———-1|E (3.68)
z Kt -1 Qtzt
~ 0 L . . w, . .
T = [ 70 (2)4G( )= (07 =D (1, + 15, (3.69
t=t
where:
1 1
. fl.o ot . 7 . £+ 8 o1
/\t=[ 'fj 't TOL=Q otk :(—” e EIC#J Q*r,.  (3.70)
fX,t Zt t fl,t Ct

Choosing given strategy each firm sets price ofvdsiety and gain profits from
different business activities. Thus, average puadfihe firm in the home and foreign economy
can be expressed respectively as:

NX,t
ND,t

=[] M (@40 +[[ (D06 = T, + 1 T @71

7 =[ 7 (2)dG(Z)+ [] 7 (2)d6(2) + [ (2)d6(2 )+ m, (2)dG(z ) =

— NG o N Ny
= ITD,t + . ﬂX,t + > n-l,t + . ﬂM,t' (372)
ND,t ND,t ND,t

Each strategy of producing and selling is charasdralso by the average price which
depends on average productivity level of firm udimg strategy:

1

~ Noi = o e o HW HW,
= , 7(DdG(z =Qtoe t = t 3.73
Po.. [N J, PbY (2)d6( )] . 777 (3.73)
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~ Noo = o o Loroouw T, uw,
By =| 2L [ gt (dG(z) | = L AW T KW (3.74)
o (NX,I J-zx ! Q Zy 2, Q Zy L,

It is worth to notice that average price settingtbg firm in the given production

sector depends not only on its idiosyncratic praoditg, but also on conditions on the market

where the firm localizes its production, on the raggte productivity and real wage in the

economy:
— Not to  wpy, s )T R uwW uw
= —=. 7(Z)dG(z =gte L =211 3.75
Po, [N J. P (Z)ac( )J SN (3.75)
— Noi 12 erp, SO . UW,
Py =| <[ P (2)dG(Z) | = Q1 ==, (3.76)
NX,t 2 Zx,tzt
1
— Noo (Zi iy, YO uw,
= *’ . g Z dGZ :M—t, 3.77
P [N " Al (2)de( )] > 2, (3.77)
. N ST aw T uw,
Pur = — 1. P YU(Z )dG(Z )J =0 1_J(g *—tz—tﬂ_*—t (378)
" [NMJ L“" . t zy 2, Q Zy Z,
Average amounts of labour hired in different sectme given by:
~ 7l ~ 1T, f
o, =(c-)—=2L, |, =(o-1) 2L+ 2L 3.79
0 FED = ){Wt ; (3.79)
~ T, f ~ T, fo o+ f,
ll,t =(o-1) _Qt Lty It ’ |M’t =(o-1) Ty ¢ Y XMt | (3.80)
t Zt Qtvvt Zt
~, T, ~, 78 fo
o, =(@-D)—=2%, IS, =(0-1) 2L+ 2L (3.81)
‘ Vvt ‘ Wt Zt

By sectorial activities we denote variables thairess income of firms from the given
type of economic activity. In the home economy ¢hisr only one type of sectorial activity

of firms, the exporting one:

Acy = QOGN Ok §2)
whereas in the foreign economy there are threestgpsectorial activities of firms:

A TCNLBT ACECNGD T A =QCINy o (3.83
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The shares of expenditures express how much carsumthe given economy spend
on goods produced and sold by domestic firms at enonarket, imported, of foreign
multinationals producing at home and of domestictimationals producing abroad. They are

given as follows:

So. =Nowhor s S =Nxbu”s S =NLoLT (3.84)
St =NoePoi s S =Nyubxis Suye = Ny’ (3.85)

where:
Spi+Sx +S =1 S*D,t + S;(,t +S,, =L (3.86)

Let us notice that sectorial activities relatedtméxport, that meang\,,, A, and

A, . are components of trade balance. Hence, the aujust of balanced current

account is dependent on behaviour of these vasabWhereas sectorial expenditures

of consumers are components of prices indices emsat

Macro aggregation: National variables

The total mass of firms in the given economy isuansof numbers of firms from all

production sectors:
ND,t = I\IDO,t + NX,t’ (387)
Np, = Nooe + Noe + Njg + Ny (3.88)

According to equations (3.66)-(3.69), (3.71) and’2}. the average profit of a firm
in the economy is a combination of average prdfiis production sectors:
NX,t =~

I, = Ty, + Ty i (3)89
D,t
~* _ ~x NX,t ~* Nl,t ~x* NM,t ~*
77; _ITDt+ * ITXt+ * ITIt+ * ITMt' (390)
N CUNDTUN '
Dt D,t Dt

Aggregate consumption and gross domestic produetdarived, as previously,
by aggregating the budget constraint across synurteiuseholds under financial autarky:
C, =w,L+ Ny, 77, = N.,V,, (3.91)
Y, =w, L+ Ny, 77, =C, + N V. (3.91)
To derive the total demand for labour we have ® tdke into account the demand

resulting from producing:
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~ ~ ~ ~

ND,tlD,t +NX,IIX,t +N|*,t||,t +N;/|,t| ! (393)

~ ~

N*D,tID*,t + N;,tlx*,t’ (3.94)

and that coming from the investment:

f f f f'o+fs
Ng, =% +N, , =L+ N, —L 4N, — X0 3.95
Et Zt Xt Zt It Zt Mt Zt ( )
R . Ty
Neo—i+ Ny, ©®9

Thus, the total demand for labour in the home amneign economy is, respectively:

~

5 7Ty , 7T, f
L, :(U_l)NDt W +(U 1)NXt W

t t Z
. o+

+(@-DN;, Ot T a-DN;, | 2 IFRALTT (3.97)

' Vvt Zt t

f f , f +f

Ny N N N

—~— ﬁ* f* f* f*

P =(g-DN., 2L+ (g-DN, | 2L+ 2L N2 —EL 4 Np 2L 3.98

( ) Dt Wt ( ) Xt Wt Zt Et Zt Xt Zt ( )

Averaging the productivity from the point of thernfii production localization
we define the average productivity of producershia given economy regardless the origins
of firms:

> Nth +NthXt+Nrtzl*t+N;Atz;At

z =z, ————>3 % L AL (3.99)
ND,t + NX,t + Nl,t + NM,t

~, CNL.ZD+ N7
=z 22 £UXL (3.100)
ND,t + NX,t

Macro aggregation: International variables

The variables, which express bilateral trade armbua hiring conditions between both
economies, are the exchange rates, the terms afiatihe terms of trade and the non-traded

to traded price ratios. To deal with exchange rdiest let us notice that the welfare-based

price indices are:

1
P =[N, 5l + Ny By " +N, P 7|1, (3.101)
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P =[N B+ N B+ NG ] e, (3.102)
which gives following equations with relative price
=NpOp; +NyBui 7 +NL B, 63
NoBo: ™ + Ny iPxy + Ny Oy (34)0

In the symmetric model of Chapter Il each pricgex consisted of four terms and was
influenced by the average prices set by firms oftygdes, the home and the foreign ones.
In the asymmetric framework, the home price indepetels on the domestic firms, the
foreign exporters and the foreign multinationalfie Tforeign price index depends on the
foreign firms, the home exporters and the foreigpogting multinationals. Thus, the form
and the value of both price indices is highly aéeicby the foreign firms, their numbers and
prices.

We define two forms of the real exchange ratethenCPI basis, as well as on the
welfare basis. The difference is that the CPI-basatlexchange ratg, does not account for
changes in the number of varieties available tsoorers, whereas the welfare-based real
exchange rateQ, does. Different behaviour of these two rates ispomse to exogenous
shocks reveals the variety effect, that means dbethat consumers derive their utility also
from the product diversity.

The welfare-based real exchange r@e=¢gP /P, can be shown as a function
of terms of labourTOL, = Qw; Z, /(Z;w,) and ratios of average productivi,, to each

remaining average productivity:
rz.. )"’
DtTOk.P‘ Ny | 5
' ZM,t
_ 1-o _ 1-o ’
I, Z, Z,
( ] 2]
Zl,t

In case of the asymmetric model, the welfare-basakexchange rat®, does not

Q™

(3.105)

depend on the domestic multinational firms, because@ssumed that such firms do not exist
in the home emerging economy. Thus, the welfaredhd®ER is not affected by numbers
of such firms, neither their idiosyncratic produites. Moreover, the terms of labour appear
only twice in the terms of the expression (3.10&)ereas in the symmetric construction they

occurred four times.
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The CPIl-based real exchange rate as a functiorteiwhs of labour and ratios
of average productivities it is given as follows:

~ 1-o _ 1-o _ 1-o
* Z 7.z N 7.2
NDI(TOL[ ~] + Nx{ = j +N, ( = j
o ’ Zy, U Zxy U Zuy N
@ - I A D e .10

N.. +N: [TO Iy Zp, J « [ZD,t j !

Dt Xt L— + Nl,t o

Zy It

where diversity of available products is given & =N, +N, +N;, in the home

economy andN; =N, + N, + N, in the foreign economy.

Dealing with the asymmetric framework, it is worthighlighting, that product
diversity in both economies is highly influenced thg foreign firms and, to a lesser degree,
by the home firms. In the context of comparisorth&f two forms of the real exchange rate,
we can notice that if the consumer derives highiityuirom the same level of consumption,
it can be likely caused by the diversity of productfered by the foreign firms.

Let us remind that the terms of labour is equahé&orelative effective labour cost:

W'z,
Z;W,

W, Z,

TOL =e =Q, (3.107)

Zw,
To compare the two economies in the model we carals® the terms of trade and the

non-traded to traded price ratios:

TOT, =(Ny, + Ny, ) O———; QP — (3.108)
NX,th,t +QtNM,tpM,t
N = T e N NooPo * My (3.109)
Qt ND,t + Nl,t NX,tIOX,t + NM,tIOM,t
NTT =7'Q E2L, (301

Xt
As we can see, in the asymmetric model, the honte tha foreign non-traded
to traded price ratios have different forms, du¢hi® asymmetric production structures. The

home NTT is affected by foreign multinationals, their numdend average prices. The

foreign NTT depends only on the foreign firms’ prices.
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3.2.5.General equilibrium and model summary

As in the symmetric model, here when dealing wilgnametry in the production structure

we have to constitute the whole theoretical model.do that we take into account rules
according to which all the regarded economic agantsmarkets behave. Among them there
are also macroeconomic balance conditions wheraskimmmetry significance appears quite
clearly. Still the model in its asymmetric versioan be closed by the balanced current
account condition.

According to the labour market clearing:
L=L>=L7, L' =L°=L", (3.111)
whereL? andL;® are given by (3.97) and (3.98).
Taking together the aggregate accounting and labmarket clearing equations for
both economies we derive the balanced current at@mndition:
QC Ny Oy +QC Ny Buy” =CNS O” +QNJ 7T +QNy Ty, (3.112)
which allows us to close the model. We can notltat the value of home exports must

be equal to the value of foreign exports plus psdfom foreign multinationals.
We define equilibrium as a sequence of quantities:

{O} {Y Y C C NEI’NEI’NDI’N;,I’NX,I’N;(,I’

(3.113)
Nlt’ NMt’ Xt ZMt’K /\ }t =0’
and a sequence of real prices:
{IDt}t:O :{Wt’Wt’rt’ rt ’Vt’vt 17-4’ m’nD,t’nD,t’nX,t’nX,t’ZTl,t’th’
(3.114)

Bos» Pois Bris s Bras P Q. TOLY,
such that:

(1) For a given sequence of priceéF{}:’;o and the realization of shocks

the sequence {@}”

t=0

(Sheo={2. 20 fer Fois s Fro B T To L)

respects first order conditions for domestic anckifph households and maximizes

t=0"’

domestic and foreign firm profits.

(i)  For a given sequence of quantiti@ }", and the realization of shocKs,}” ., the

t=0"
sequencdP,}” guarantees:

» labour market clearing that means the equalizabibrabour supply and labour

demand,
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» goods market equilibrium that means the equalinatib aggregate output with

aggregate consumption and investment.

Table 3.3. Asymmetric model summary

Price indices 1=Np, O5¢ + Ny Oy +N;, o 7 (3.115)
1=NpBor *+ Ny Py + Ny Pui” (3.116)
Total average profit - - N,. _
P = o+ R (3.117)
Dt
. o~ Ny, . N, _. N, _
=Tl + ST T+ Ty (3.118)
NDt ND,t NDt
Free entr ~wf
y = W le (3.119)
Zt
W f
Vo= —H (3.120)
Zt
Sectorial profits - W,
ﬂx,t=(D—1)QZ fy (3.121)
t=t
. . *K' _ A80-1: uk-o W*f*
7., =0 Al “ACTOLT M X4 (3.122)
) * K uk
NF -Tol Z,
Kt -kt w,
=0 ———-1|E (3.123)
K, -1 Qtzt
— s W, . .
m,, =0 -1 (fi o+ famo) (3.124)
t=t
Sectorial shares of firms ;. Kok
at :(%J Qo (3.125)
ND,t ZX,t
Ni: Nyt wifoee :
Xt Mt Kt"(/\t"TOL{”‘ —1) (3.126)
ND,t ND,t
N/, Ny (.
1t o M (Ktk _1) (3.127)
NDt ND,t
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* K .
N - L
iR :(—Zm'"J 0o (3.128)

ND,t ZI:A t
Number of firms Np, = @-0)(Np,, + N¢ ) (3.129)
N;,t =@a- 5)(N;,t—1 + N*E,t—1) (3.130)
Euler equations for bonds ¢+ = g + rt+1)Et|_(Ct+1)_yJ (3.131)
¢ =pa+rE|cL)] (3132)
Euler equations for shares c .\
v, = Ba-9)E, (T] (Vs * 72.) (3.133)
t
. Ciu) e
V. =Ba-0E || & (o +77.) (3.134)
t
Aggregate accounting  C, =w,L + Ny, 77 = NV, (3.135)
Ci =w L' +Np, 77 —Ng, % (3.136)

Balanced current account Q.C/N, 057 +Q.C /N, . o5’

* ~*1-g * o~k * ~% (3'137)
=GNy Oxi" +QN 71+ Q Ny 7Ty

Source: Author’s calculations

The equations in Table 3.3. constitute a systei23imain equilibrium conditions

* *

of the model in 23 endogenous variables; W, , 77, 77, , Ng,, Ng,, Np,, No o, Ny, Ny,
N o Ny Zeos Zoir Zg Zy oo T 1 L Y, VL, C, C; and Q. The total number of firms\,
Ny, and the risk-free interest ratgs r, are predetermined as of tinte-1. The model

features also exogenous variabl&s; Z;, f.,, fo,, fy., fx.o T, fame 7o 7y - All remaining

variables in the system are auxiliary variablesh@y can be expressed by means of average

productivity levels.

3.3. Steady state analysis

Because we solve each version of the model byit@gtization, here we also have to derive

the whole steady state. It is a necessary stejpdihfy solution to the model equation system.
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But yet the steady state itself can give us sonfermmation about long-run tendencies
regarding comparison of both economies.

The steady state exists and is unique becausendieyy on parameters, there is only
one set of steady state valtfe©Of course due to the asymmetry in the producsimacture
the steady state is asymmetric even if we imposedme values of respective parameters for
both economies. So here we do not distinguish rdiffiecalibrations. What we actually tend
to do is to calibrate parameters so that to reg@icaery similar steady state relationships
as were found in the symmetric model in Calibrat®h Let us remind that the impulse-
response analysis for the symmetric model withedgit calibrations did not suggested
significant differences in reaction of variableshath economies to the shocks. Regarding
some noticed discrepancies they all resulted amlgnfthe asymmetric values of parameters
shaping in the first place the shares of productectors in the economy.

The most noticeable difference was the variousngth of the variety effect. There
were no more significant qualitative different rksuWhereas the quantitative discrepancies
in IRFs were explained by controlling for paramster

When coming to the asymmetric model, where we rceghe asymmetry in the
production structure, one can expect more diffezenin the model dynamics. The resulting
comparison of impulse-response functions then bellinfluenced by the form of relations
enclosed in the equation system of the model.

In the part with the impulse-response analysis wi#i compare the results
of asymmetric model of this chapter and the symimetne of Chapter Il in its asymmetric
Calibration 3. To have the basis for such a corsparive have to impose very similar steady
state relationships in both versions of the modethait the comparison would not be biased
by different shares of production sectors. Letamind that these theoretical variables serve
as proxies for some economic indicators whose gata be found in the data. We focus
on these shares because in our model the assumgioat heterogeneous productivity
is crucial. It gives the possibility to consideffeient types of economic activity, different
shares offirms of the given type in the economy asd introducing the asymmetry between

two economies in this regard. Besides these thealevariables have their empirical

% The whole system of steady state equations censfstleven equations in eleven variables to bexdou
numerically. The steady state values of all theaieig variables are get directly as results ofldital
calculus. Details on this are given in Appendix.A.3

Y This calibration was used in Chapter II. Calitoas 1 and 2 were symmetric, whereas Calibrationa8 w

asymmetric, with different values of respectivegmaeters for the home and the foreign economy.
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counterparts and can be perceived as determinadevelopment level of the economy and
especially as determinants of trade configuratietwieen two economies.

3.3.1.Values of parameters

The asymmetric values of parameters for both ecog®m@re not anymore necessary to get
the asymmetric steady state. Thus, we concentraticim a calibration which will give the
very similar steady state relationships as in Gafibn 3 of the symmetric model. Calibration
3 used for the previous symmetric model will seagea benchmark here. Thus, the starting
point are values of parameters taken in CalibraBomhen we control for values of the
parameters which shape number of firms in the gs@ctor of production. There are two
sectors in the home economy and four in the forempmomy.

We concentrate on parameters shaping shares tdrseo replicate some data
on Polish and German economies regarding exportstendoreign direct investment. The

share of exporting firmsN, /N, serves as a proxy for exports of goods and seyvice

as percentage of GBP The share of the foreign multinationgl8l’ + N, )/ N is related
with FDI outward stocks and also expressed in pgage of GDP®. To get values for
N’ /N and Ny, /N; we use some arbitral divisibh Table 3.4. presents the starting and

final values of parameters in calibrations usedtierasymmetric model.

The first step in the calibration of the asymneeimodel parameters is to use the
values of Calibration 3, which was set for the sytmm model to get different sectorial
shares for both economies, related to the datan,Tlwe control for all parameters which
shape the sectorial shares, that means all panarsgtecified in Table 3.4. By controlling for
these parameters, we finally obtain the steady stattorial shares, which are comparable
with the situation presented in the symmetric maefeChapter 1l. This way, studying the
IRFs, we can compare results obtained from the sgtnmicnand asymmetric versions of the
model. The objective is to contrast these two #sibna on the basis of the same shares

of production sectors.

12See Table 2.6 in Chapter Il, with the data on Etgpof goods and services as percentage of GDP.
3 See Table 2.7 in Chapter II, with the data on BGtvard stocks as percentage of GDP.
% This division is as follows: 90 percent for shafemultinationals producing and selling abroad a6d% for

those also producing abroad but exporting batkéeconomy of their origin.
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The values from Table 3.4, obtained in the FinaliliZation, lead to Calibration 3

steady state results as close as it possible. tenatice, that to get desired steady state
relationships, we had to control also for the shagmrameters of the Pareto distributidg&k”

and steady state values of the iceberg ca@sts. The asymmetric version of the model

requires that the foreign firms are less dispersetieir idiosyncratic productivity levels, in
comparison to the home firms. It is due to the,ftwat the dispersion in the home firms is

within two sectors of production, and in the forefgms within four sectors.

Table 3.4. Parameters shaping sectorial shares, asgnetric model

Parameter Starting calibration Final calibration
z. .,z 1.02, 1 1.02, 1

k, K 3.4, 34 3.6, 4.8
U, Uy 0.17, 0.12 0.13, 0.21
uy, 0.21 0.28

ur, 0.87 0.19

I, T 1.09, 1.09 1.7, 1.09
fe, fo 1, 1.18 1, 1.12
z2,7 1, 1.08 1.13, 1.26

In the Starting calibration values of parameteks thie same as they were in Calibration 3 for tharsgtric
model of Chapter II.
Source: Author’s calibrations

We imposeZ,Z" to get similar real wages in both economies, egoiahe values

from Calibration 3. For the symmetric model in #hdifferent calibrations we needed equal
or very close steady state values of variableshierhome and foreign economy, to be able to
make comparison of scale of responses resulting frendifferent distributions of various
types of firms in the economy. Now, not only theasty state is asymmetric, but also the
dynamics of the model itself. Thus, we expect noly qquantitative, but also qualitative
differences in IRFs. Hence, we are not any morer@sted in getting the steady state values
equal for both economies.

Values of the rest of parameters are in line wita standard literature of DSGE

models and presented in Table 3.5. These are thjecsive discount factor, the probability
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of “death” of a firm, the parameter of relative kriaversion and the symmetric constant
elasticity of substitution across goods.

Table 3.5. Values of parameters in line with the terature, asymmetric model

Parameter 4 o) y o

Values 0.025 0.025 2 3.8

Source: Author’s synthesis

For the given set of parameters we get always onky set of steady state values
of variables. They show long-run tendencies resgllfrom the dynamics of the model and
used values of parameters. Our aim was to obtaifmndime economy less developed and the
foreign one more developed in terms of numbersirofisf engaged in the foreign direct

investment.

3.3.2.Steady state relationships of variables

The given set of calibrated parameters gave usdéwred shares of sectors in both
economies. It also affected all the other steadtestalues and relationships which are shown
in Table 3.6.

It is worth noticing that in the asymmetric seftithat means in the asymmetric model
with the calibration specified as in Table 3.4sieasier for foreign multinationals to enter the

market abroad because they do not to have so higfage productivityz, comparing to the

symmetric model. These foreign companies can bsiderably less productive than home
firms. The analogous case is for foreign multinaaienexporting back to their country’s
economy compared with the home exporters. They ddhaee to be so highly productive

relatively to the situation in the symmetric moudah the asymmetric Calibration 3.

The level of the average productivity of home mmfsf Is affected by the presence
of foreign firms engaged in FDI in the home econorfiere is no such multinationals
located in the foreign country. Thus, the averagmdpctivity of home producers is much
higher than the average productivity of foreignmi: Let us remind that the steady state
aggregate productivity on the economy level waibaed so that to be higher in the foreign

economy.
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Table 3.6. Steady state relationships, asymmetricadel

Steady state values

Variable Asymmetric model Symmetric modgl Meaning
home foreign Calibration 3

Ne/Np 0.26 0.26 0.026, 0.026| share of new entrants

Npo / Np 0.58" 0.21 0.54, 0.21 | share of local firms

N, /Ny 0.42 0.43 0.39, 0.42 | share of exporters

N, /Ny - 0.33 0.05, 0.33 | share of MNFs

N,, /Np - 0.03 0.02, 0.04 | share of multinational exporters

Z, 1.74 1.37 1.89, 1.86 | average productivity of home firms

Z, 2.21 1.13 1.60, 1.19 | average productivity of exporters

Z, - 1.50 2.62, 1.74 | average productivity of MNFs

Z, - 2.94 6.15, 4.87 | average productivity of MNF exporters
7 2.01 1.64 1.86, 1.89 | average productivity of home producers
ClY 0.89 0.85 0.86, 0.86 | aggregate consumption / GDP

VN /Y 0.11 0.15 0.14, 0.14 | aggregate entry investment/GDP
TN, IY 0.16 0.22 0.19, 019 | dividends/GDP

w 3.39 3.39 3.39, 3.39 | real wage

L 1 1.54 1, 1 labour

Qq 1 1 1, 1.08 welfare-/CPI-based real exchange rate

The steady state values of the symmetric modehiib@tion 3 are just recalled here for the sakeowhparison
possibility. Source: Author’s calculations

Another interesting long-term tendencies are eatite in Table 3.7. They concern
trade conditions between two economies. It shoeldighlighted here that we consider the
system of two economies only, without regarding emtions with the rest of the world.

Thus, regardless the fact the economies are opersystem of two of them is closed and the

!> Because we assume that in the home economy therenby two production sectors, we compute thedstea
state value ofN__/N_, equal to 0.58 in the asymmetric framework, atiaes of the local firms in the total
number of firms, equal to the sum of numbers of s&otors only from the symmetric model, namely (Gabd

0.39. Similarly we treat the steady state valuthefshare of exporters.
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concepts like openness or closeness of economoeddshe analysed only in this sense. The
gross domestic product is equal to the aggregatsuroption plus the aggregate investment
designated for entries of firms. Is what the homastmers buy in other words what the
home and foreign producers sell in the home econding gross national product is what the

home producers sell at home and abroad.

Table 3.7. Steady state GDP, GNP and shares of expéures

Meaning Asymmetric model Symmetric model

home foreign Calibration 3

GDP 4.02, 6.68 4.2, 4.2

GNP 298, 7.71 42, 4.2

spending on goods:

domesticS,, S, 0.55, 0.87 0.55, 0.59
imported S, , S 0.17, 0.10 0.06, 0.10

of foreign MNFs at homes,, S/ 0.28 - 0.13, 0.09

of home MNFs abroa®,, , S,, - 0.03 0.26, 0.21

The steady state values of the symmetric modekiib@tion 3 are just recalled here for the sakeashparison

possibility.
Source: Author’s calculations

We can notice that in the asymmetric model thadstestate level of the domestic
GDP is one and half times lower than foreign GDRe THiscrepancy is even more higher
as one regards the level of GNP. Of course it tsm®basis of comparison of the asymmetric
and symmetric model because in the letter we didrabfor values of parameters so that
to have the same steady state values of variali@s both economies. In case of the
asymmetric model it was no longer possible duehto different dynamic relations for the
economies.

The shares of sectors in the whole mass of finmthé economy are very similar for
both versions of the model. This is not the cagetlie shares of expenditures which are
significantly different. In the asymmetric modeltims closed system of two economies the
home one is more open to the foreign comparinchéosymmetric model and the foreign
economy is more closed. It means that the buyetiseilnome economy spend a lot on goods
produced by the foreign companies, whereas theigioreconsumers spend much

on commodities produced by firms from their own doyn

165



3.4. Impulse-response analysis

Our aim is to analyse and interpret the resultsnftbe asymmetric model. We would like
to find out if the conclusions will be more conerst with the intuition than in the case
of symmetric model with the asymmetric calibratidrnus, we will verify the significance
of introducing the different dynamic equations bmth economies in the sense of the model
explanatory abilities. First we will analyse theFiRfor the asymmetric model then compare
them with the results from the previous chaptemaly we will discuss the sources by which
the adjustment of variables is carried.

The first step to solve the equation system ofrttealel is to linearly approximate
it. We do that through the log-linearization. It ame of the necessary stages to get the
impulse-response functions. What we are the mostdsted in is the theoretical form of the
model which we presented in the previous part of thiapter, the steady state analysis and
the results in the form of the IRFs with their npietation. The log-linearization of the model
equations is essential for computations and nbetepecified directly. But presentation of the
log-linearized system helps in explaining the dyitgnof the model.

3.4.1.Log-linearized model

Table 3.3. presents the summarized nonlinear emuatystem of our asymmetric model.
We will now log-linearize all its equations but peat only the ones with differences for both
economies.

The following log-linearized equations describenayics of the model. When
it comes to the equations shaping bilateral coowltibetween economies one can notice that
they all depend on sectorial variables. The sedtedriables in turn are shaped by parameters
responsible for steady state values of fixed cokéngaging in various economic activities.

The price indices equations are as follows:

0= Nos[No, + =01y, [+ N B[N + - 005 [+

N I (3.138)
+ N| P U[Nm + (1_U)pl,t J

0= N, 55 |5, + A-0)5, | + N[Ny, + 0= 00 [+

RS N I (3.139)
+ Ny Oy J[NM,t + (1_0)pM,t .

The log-linearized equations for the total avenagsits of the firms have forms:
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N (3.140)
NG (N, + 7 )= No 72 (NG, + 72 )+ N 72 (5, + 75, )+
* o~k [ x Zox * o~k % Zox (3.141)
+ N| 7T, (Nl,t +7T|,t)+ NM”M (NM,t +ﬂM,t)
The sectorial profits of the exporting, MNFs aeeexporting multinational firms have
log-linearized equations of the form:

T,

Xt :VAVt _ét _Zt + fX,t’ (3.142)
— 2s C —iofa 2ig A Y PP 5
Ty 7Ty :E:Oxl (Ct +(1_0'):0x%t _Qt)_W fxZ l(Wt + fx,t _Zt ). (3.143)
—fze 2\ C —ofa A, Y SUEPS
7l +Q)=Sple s a-opie)whz 2 + -2 ) ey
ﬁ;/l,t :\;\Vt Q-4 + fl* fl\:l_lfl*,t + f)ZM fl\:l_lf):M,t’
where f,, = f,,, + f/
dependences:

(3.145)
For the sectorial shares of firms mentioned abbeddg-linearization gives following

oe ~ KZy (3.146)
~ - e KNK (4, C
Ny, =Ny, +K & +—— (/\t—,uTOLtj, (3.147)
’ ANK -1
ar on K k% ..
N;, =N, & (3.148)
Kk -1
Ny =Np, —K Z,,,
where:

(3.149)
L 1
Ao f) .
fx

(3.150)

e _Zt ),
(a—l)(“%@,t—ft):—é:+ff—tf* f
M

XM
It +

(3.151)
£ f;M,t +U(Wt -Q _2t )- (3.152)
M
Let us notice that besides different dynamicsh&f humbers of exporting firms for
both economies these variables depend also on pteesyof different kind. For the home

economy it is only the shape parameter of Paredtilolition. In case of foreign economy the
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number of firms is modelled also by steady stataesof fixed costs of engaging in export
and the foreign direct investment.
Finally, we have also the log-linearization of feanced current account equation:
CNyB + N7+ Ny 7, JIC N B (G + A= 00D + Q)+
FCNL B G A, - 0)B, +0)) =
= (e N, B+ O B e NGB (6 i+ a- 013, )+
eNE (K, 7 0 )eNg 7 (NG, + L+ G
sN 7 (N + 72, + ) (3.153)
The parameters of sectorial shares influence thdeindynamics most intensively
comparing to the other parameters. In case of astnuonmodel, the different dynamics
of corresponding variables for both economies tssabt only from the different values
of parameters, but also and first of all from thiedent forms of corresponding equations.

They in turn are responsible for shaping bilateaiditions between economies which differ
much from the results of the asymmetric versionthefmodel from the second chapter.

3.4.2.Comparison of asymmetric and symmetric models

Let us remind that the calibration for the asymieatiodel from this chapter was conducted
in that way to obtain similar steady state valuésame variables and their relationships
as they were for the symmetric model with the vasicalibrations. The steady state shares
of sectors in the whole number of firms in the fgneeconomy are very close to those from
the symmetric model. And they come to 21, 43, 3@ ampercentages for, respectively, only
domestically selling firms, exporting ones, multinaals selling abroad and MNFs re-

exporting back to the economy of their origin. Rbe economy with only two sectors

we have the steady state share of 58 percentageBefdirms selling only at home and 42

percentages for the exporting firms. So the sagtghares remains similar to those resulting
from the symmetric model, but the asymmetric striigetgives us now the steady state

expenditure shares significantly different.

Temporary domestic productivity shock

We will analyse changes of variables’ values irpoese to temporary increase in the home
aggregate productivity. The size of the disturbaiscene standard deviation of the shock
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which we assume to be 0.01. It means that the ggtgeproductivityZ, increases from

1to 1.01. After about fifty years all variablestur to their long-term values. With
persistency equal to 0.9 the shock disappearsattaut eleven years. Responses of home and
foreign variables to transitory shock in the homadpictivity are presented in Figure 3.3.

Figure 3.3. Temporary increase in aggregate home pductivity — asymmetric model
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Persistencyof the endogenous variables is most noticeabledionbers of exporting
firms, terms of labour and real exchange rates. Higkest persistency occurs in case of the

CPI-based real exchange rate The macroeconomic variables react the most stromglthe

impact, then quickly return to their steady staddugs. The international variables, like the
terms of labour, of trade, the non-traded to tradeobs and the real exchange rates exhibit
strong persistency.

We can notice, that when the domestic aggregateuptiody increases, then the
number of foreign exporting firms also goes up.sTas not the case in the IRFs from the

symmetric model (see Figure 3.4). The effect of plositive productivity shock is higher
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demand and higher expenditure at home. It affdwtsentrepreneurs who sell to the home
consumers, that is foreign exportel,, and foreign multinationalsN,,. However, the
number of foreign multinationals rises only dirgaik the impact and vanishes quite quickly.

After a few quarters the effect takes the reversection, while the response of the number

of foreign exporters is positive, quite strong aedsistent.

Figure 3.4. Temporary aggregate productivity increae in home — symmetric model
of Chapter Il (asymmetric Calibration 3)
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Similarly, the response of foreign re-exporting tmationals N,’:,,‘t Is also strong but

negative. Hence, we can state that the increatigeimome productivity makes it harder for
foreign entrepreneurs to engage in FDI activityduse the home real wage increases. But the
foreign firms can concentrate more on export, theans they prefer to choose exporting than
investing abroad. So the effect of the temporacyaase in the aggregate home productivity is
shifting in the production from the foreign multirmnal firms located abroad to the foreign

exporting firms, while the number of all foreignrfis remains more or less unchanged.
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It is because the foreign exporting firms do not¢rape on the foreign market with the home
multinationals, while the foreign multinational is compete with the home firms on the
home market.

The terms of labour reacts quite intensely and ftbemhome economy perspective
they worsen. Home producers face relatively womeditions in terms of effective labour
which become more expensive for them. The ternteade improves but the increase is very
small. Prices of exported goods insignificantly \groelatively to prices of the imported
goods. The non-traded to traded price ratio deesea¥hat means prices of domestic
commodities destined to the foreign market go upelation to the goods produced at home
and destined to the home market. The consumemae face relatively better conditions.

The CPl-based real exchange rate reacts muchgsirotihan its welfare-based
counterpart. We can notice that the depreciatiath@fhome currency on the CPIl comparison
basis is much higher than the one when we regardvéifare-based real exchange rate.
It means that the variety effect is important whie@ product variety in the home economy
is dependent on the foreign direct investment fralonoad. The domestic consumer starts
to have lower and lower utility from spending treem® amount of money on the domestic
market.

In tables 3.8 and 3.9 we compare results of thenastric model and the symmetric
model (in asymmetric Calibration 3) of ChapteMe analyse signs, the scale and the length
of the variables’ responses to the home aggregathiptivity increase.

Regarding comparison of responses’ characterigtiesented in tables 3.8 and 3.9

we can notice that all macro variables in casehef asymmetric model react similarly

as in case of the symmetric one except for theageeproductivity of home producefs*.

In the international variables we can notice saize effects. Negative reaction of the
terms of labour is much stronger in the asymmefrganework with differences in the
production structures. By contrast, the terms aflérimprovement is very small. Thus, the
asymmetric production structures’ assumption in ganson with the symmetric case
displays situation in which deterioration of hontegucers’ conditions is intensified, while

improvement of home consumers’ conditions is weallen
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Table 3.8. Characteristics of impulse-response futions, domestic variables, asymmetric
model in comparison with symmetric model (asymmeta Calibration 3)

Domestic variable Asymmetric model Symrr.1etri(.: model
Calibration 3
N, 0.81  (44) 0.66  (50)
N 0.41 (46) 0.52 (50)
N, 0.69 (50)
N, 0.30  (50)
N, 5.44  (8) 441  (8)
TOL -08  (46) -02  (41)
TOT 0.01  (50) 0.11  (50)
NTT -02  (50) -05  (50)
C 037 (41) 0.35  (48)
W 1.01 (29) 0.99 (32)
Y 0.89  (33) 0.85  (38)
Z 0.95 (26) 0.97 (12)

The left column shows the peak of the responseluitation in years is given in brackets in the righlumn.
Source: Author’'s numerical simulations and the kgsis

Studying reactions of foreign variables to the koaggregate productivity shock
we can notice some size, as well as specific effdat case of the asymmetric production
structures the exporting firms’ number goes up, levhihe number of re-exporting
multinationals strongly decreases. All in all, whesmparing with the symmetric model
of Chapter Il, we can say that the number of ath§, as well as the number of new firms,
remains more or less unchanged. Thus, there ishifftein foreign firms from the more to the
less productive ones.

Another specific effect reveals in responses & welfare- and CPI-based real
exchange rates. The latter depreciates much strotigen the former. The domestic
consumers start to have lower and lower utility frepending the same amount of money
on the domestic market. It results mostly from tmember of foreign multinationals’
deterioration, which influences negatively the prcidvariety in the home economy. In case
of the asymmetric framework this effect is relalyveore clear.

The foreign non-traded to traded price ratio regusitively in both versions of the

model, but much weaker when the production strest@are asymmetric. It means that firms
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producing in the foreign economy start to chargeertbe foreign consumers and less the

consumers abroad.

Table 3.9. Characteristics of impulse-response futions, foreign variables, asymmetric
model in comparison with symmetric model (asymmeta Calibration 3)

Foreign variable Asymmetric model Symrr-letri? model
Calibration 3
N; -04  (50) 14  (50)
N 0.32 (46) -.39 (50)
N, -.60 (50) -.56 (50)
N;, -.95 (50) -.23 (50)
N; -09  (26) 28  (40)
Q 0.09 (47) 0.14 (50)
q 017 (47 0.1  (50)
NTT 0.06  (40) 0.12  (49)
C’ 0.01 (50) 0.05 (50)
w 0.01  (50) 0.03  (50)
A -02  (50) -04  (50)
7 -02  (50) 0.09 (50)

The left column shows the peak of the responseluitation in years is given in brackets in the righlumn.
Source: Author’'s numerical simulations and the lsgats

Temporary foreign productivity shock

We will analyse changes of variables’ values impoese to a temporary disturbance in the

foreign aggregate productivitgZ, which increases from 1to 1.01. Responses of hanae

foreign variables to transitory shock in the foreroductivity are presented in Figure 3.5.

If we considered responses of variables to theeggge foreign productivity shock
obtained from the symmetric model with various lm@tions, it would turn out that they are
mirror images of responses of respective variatdethe home productivity shock. In this
sense when there is increase in the aggregate gingtiuat home then every macroeconomic
or sectorial home variable reacts almost exactéy shme as its foreign counterpart to the

foreign productivity shock. Whereas every interoiadl variable reacts with almost exactly
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the same scale but with opposite sign. This behavsono longer the case when we regard
IRFs from the asymmetric model, which can be vesishen comparing figures 3.3 and 3.5.

Figure 3.5. Temporary increase in aggregate foreigproductivity
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One can notice the significant differences betwienresponse of the number of the
home exporting firms to the increase in the honoalpetivity and the response of the number
of the foreign exporting companies to the increiasthe foreign productivity. The similar
difference is for the responses of the non-tradedaded price ratio.

We can further compare IRFs in case of the homef@meign aggregate productivity
increase considering their graphs presented indgyBt3. and 3.5. But for the sake of clear

presentation and simpler comparison we put the ctispdRFs in one figure 3.6.
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Figure 3.6. Reponses of variables to temporary ineases in aggregate home and foreign

productivities — asymmetric model
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We can compare how the economy with two sectorproflucers’ activities reacts

to the aggregate productivity increase at home waaction of the four sector foreign

economy to the shock coming from this economy.ak to be highlighted that it is not the

same situation as when we use Calibration 1, 2 iortBe symmetric model. The economy

with two sectors trades with the developed econadrhg. four sector economy does not trade

with the similar economy but with the emerging ov&e could state that it was also the case

of the symmetric model with the asymmetric Calilmmat3 but there the reactions of both

economies were almost identical and here we cagrebslifferent behaviour.
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Figure 3.7. Reponses of variables to temporary ineases in aggregate home and foreign

productivities — symmetric model of Chapter Il (asynmetric Calibration 3)
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Let us compare now in detail the responses of tmeehand foreign economy to the
aggregate productivity shock, respectively home famdign. When the positive aggregate
productivity shock hits the home economy it expeees stronger deterioration of the terms
of labour and weaker improvement of the terms aflér comparing to the reaction of the
foreign economy to the positive foreign productnghock. Also we can notice that domestic
non-traded to traded ratio decreases while theigiorene goes up. It means that home
consumers gain from the domestic productivity iasee but foreign buyers loose from the
foreign productivity increase. The welfare-baseal exchange rate respond with the similar
strength in both cases but the CPIl-based rate iseaes stronger when the foreign
productivity shock occurs. In that case the varedtgct is more visible and significant.

The responses differ not only in the scale, bsb ah signs, as we see it for the
numbers of exporting firms and the non-traded aoléd ratios. This reflects the fact that in
both economies both producers and consumers fdfaredit conditions. Thus, when the
shock in the given economy appears they also difietently. So it is quite interesting and
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significant that we can describe economic agentthefsame type in both economies but
which behave differently to the similar shocks doethe different economic environment

in the form of competition with the multinationainhs from the other economy.

Summary of comparison

Comparing the symmetric and asymmetric models meamgparing their results in the form
of the impulse-response functions. First of allustnotice that the symmetric model with the
asymmetric Calibration 3 gave us some average nsgigof variables between the symmetric
Calibrations 1 and 2. So the responses of therdiffescale were the result of the given
parameterization only. They were not explained bg wifferent dynamic equations.

Secondly the symmetric model gave the mirror raspe of home and foreign
variables in case of the home and foreign proditgtshock, respectively despite the fact that
the economies were characterized by different shafesectors. It means that the home
economy’s reaction to the home productivity inceeags exactly the same as the foreign
economy’s reaction to the foreign productivity isase.

In both versions of the model the shares of sedtoboth economies were calibrated
so that to shape the very similar conditions reiggrthe symmetric and asymmetric model.
The IRFs were of course different due to the déiférdynamics and it was clear in case
of number of firms from various production sectoBut the differences came out also
in comparing bilateral conditions between the ecoies, that means while comparing the
terms of trade, terms of labour, the non-tradeiaded price ratio or real exchange rates.

When we regard the novelty of the results of tlsgmametric model the most
interesting is that when the home economy is hitth®y positive productivity shock then
response of numbers of foreign firms is not jugederation but the shift in the production
structure in the less productive firms directiomafogously when the foreign economy is hit
by the positive productivity shock then responsawhbers of foreign firms is the shift in the
production structure in the more productive firmediion.

What is also worth highlighting in case of therasyetric version of the model is, that
the terms of trade reacts very weak and the terimMabour reacts very strong comparing
to the symmetric model. Also the positive reactainthe number of home firms is much
stronger, whereas the negative reaction of the euarmbforeign companies is much weaker.
Thus, we see that the sources of adjustment iablas are not only behaviour of the terms
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of trade and the real exchange rate, but alsosshithtumbers of firms in sectors, thus in sizes
of sectorial activities and expenditures.

3.4.3.Adjustment of sectorial activities and expenditures

Regarding the sectorial expenditures and sectac@ities the symmetric model of Chapter

Il with any calibration always gave the same reactf the home and the foreign economy.
It means that reaction of domestic variables todimmestic productivity shock was the same
as reaction of the foreign variables to the forgigmductivity increase. Thus, we can state that
adjustment of the balanced current account wasedaanly by the terms of trade and real

exchange rate. The asymmetric model give us qtiaéty different results.

The sectorial expenditures show reaction of comsanwhile the IRFs of the sectorial
activities present behaviour of the producers. Wihenhome economy is hit by the positive
aggregate productivity shock the domestic consurstairs to consume more imported goods
and less of foreign multinationals. The foreign eoners start to buy also more imported
commodities and less of foreign re-exporting mutiorzals. The activity of foreign firms

shifts from the foreign direct investment to expagt

Figure 3.8. Adjustment of sectorial activities andexpenditures - temporary aggregate
home productivity increase
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Figure 3.9. Adjustment of sectorial activities andexpenditures - temporary aggregate
foreign productivity increase
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When the foreign economy is hit by the positive raggte productivity shock the
foreign consumers start to consume less importedlggand more of foreign re-exporting
multinationals. The home consumers start to bug Bss imported commodities and more
of foreign re-exporting multinationals. The actwibf foreign firms shifts from exporting
to the foreign direct investment.

Figure 3.10. Adjustment of sectorial activities andexpenditures - aggregate home and
foreign productivities increases; asymmetric model
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Figure 3.11. Adjustment of sectorial activities andexpenditures - aggregate home and
foreign productivities increases; symmetric model
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For more clear comparison let us present the resgsto the home and the foreign
productivity increase on the same Figure 3.10liervariables which have their counterparts
in the other economy’s variables. In case of tlepeetive shock in the home and the foreign
economy the home firms increase their exportingviégt whereas the foreign companies
reduce it. The home consumers start to spend momxport while the foreign ones start
to limit their consumption of imported goods. Thtise economic agents of the same type
in both economies respond differently due to thigedint selling and buying conditions.
On the home market there is more type of firms fuifferent sectors and the domestic less
productive firms have to compete with more prodigctioreign multinationals. From the
point of view of the consumers the product varstynes mostly from the foreign firms both

for the domestic, as well as for the foreign consign

3.5. Concluding remarks

In this chapter we have presented the frameworkirggdescription of relations between two
economies, in which the focus is on the assumpdfasymmetry in the production structure
in the sense of different shares of firms of gitgpe in the whole mass of firms in the
economy. The asymmetry results from the fact tbatbhe economy one assumes existence

of only two production sectors, whereas the otlv@nemy has four sectors. In the emerging
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economy there are no firms with the idiosyncraticduictivity high enough to engage in the
foreign direct investment. In the model of two opetonomy this assumption is quite
realistic, because we can point the examples o$ pdieconomies in which only one of them
sets its multinationals abroad, while the other alwes not or share of such firms
is negligible. We do not model the trade conneatiaith the rest of the world.

Such asymmetry is of the structural type andsdoa& results only from assuming
different values of parameters for the economies. Would like to emphasize here main
consequences of describing dynamics of the mod#lanway. First, we can notice that the
economic agents, of the same type, operate inrdiftebuying, selling and hiring labour
conditions in both economies. Then, facing the Isimshock of their economy’s aggregate
productivity, they respond differently, which is tnsurprising because they face different
economic conditions and have different possibsgited reactions. The home producers have
to adjust their reaction by only increasing or éasing the exporting activity, while the
foreign producers can shift their activity from osector to another. It all influences bilateral
conditions between the economies shaping the tefrtrade, terms of labour, real exchange
rates and balance of trade. To see what are the wmisequences of the qualitative
asymmetries in production structures of econonéts)s summarize and compare the results
of the asymmetric and symmetric versions of the ehaas in Table 3.10.

Table 3.10 gives us some insight into the mainifigsl of the asymmetric model
in comparison with the symmetric model of ChapterAs we mentioned earlier, the most
visible difference is in the way the foreign firmsact to the aggregate home productivity
increase. The number of multinationals decreasédewhe number of exporters goes up.
Thus, there is the shift in foreign firms from tm@re to the less productive ones. This causes
that the number of all foreign firms remains mordess unchanged, comparing to the results
of the symmetric model. The asymmetric productitmctures’ assumption describes also
situation in which deterioration of home producegsnditions is relatively strong, which
reveals in the terms of labour reaction, while ioy@ment of home consumers’ conditions

is relatively weak regarding the terms of tradposse.
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Table 3.10. Comparison of asymmetric and symmetrienodels, reaction of variables

to aggregate home and foreign productivity shocks

Symmetric model

Variable Asymmetric model o
Calibration 3
aggregate home productivity increase
terms of labour -.08 -.02
terms of trade 0.01 0.11
number of foreign firms -.04 -.14
number of foreign exporters 0.32 -.39
number of foreign exportin
o J P J -.55 -.23

multinationals
number of foreign new entrants -.09 -.28
welfare-based RER 0.09 0.14
CPIl-based RED 0.17 0.18
foreign non-traded to traded

_ _ 0.06 0.12
price ratio

aggregate home/foreign productivity incrédse

response of: h?me for-eign ho-me for-eign
variable variable variable variable
number of firms 0.81 0.55 0.66 0.66
number of exporters 0.41 -0.25 0.52 0.49
terms of labour’ -.08 -.06 -.02 -.02
terms of trade 0.01 0.03 0.11 0.11
welfare-based RER 0.09 0.1 0.14 0.14
CPIl-based RER 0.17 0.24 0.18 0.19
non-traded to traded price ratig -.02 0.07 .05- 0.02

Source: Author’'s numerical simulations and the lsgats

¥ The second part of Table 3.10 presents resporisesme variables to the aggregate home productslityck
and of foreign ones to the aggregate foreign priddtycshock.
In case of foreign productivity shock and variablehich do not have their foreign counterpartge erms

of labour, terms of trade and real exchange rateqresents reposes of their opposites.
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The variety effect is more clear in case of thgnawetric framework. Decline of the
number of foreign multinationals affects negativillg product variety in the home economy,
thus the domestic consumers start to have lowerl@mdr utility from spending the same
amount of money on the domestic market. Relativetak positive response of the foreign
non-traded to traded price ratio means that foreiggpnomy start to charge more the foreign
consumers and less the consumers abroad, butadhasges are very slight, comparing to the
results of the symmetric model.

In Table 3.10 we see also results of both versiohshe model while studying
responses of home variables to the home aggregatugiivity shock in comparison
to reaction of foreign variables to the foreign gurotivity increase. The symmetric structure,
even by the asymmetric Calibration 3, displays atmdsntical responses of home and
foreign variables to the respective shocks. Thenasgtric production structures assumption
leads to the situation, in which the home econoeacts differently to the home shock than
the foreign economy to the foreign disturbance. Whge home economy has only two
sectors of production and the foreign one has $ewators, then CPI-based real exchange rate
responds with different power to the home and @reshocks. The discrepancy between the
welfare-based and the CPI-based RER is highersa cathe foreign shock. Thus, the variety
effect is more visible in this case and it has iicgmt consequences for the domestic buyers,
who start to have lower utility from spending tlzeree amount on the home market, due to the

decline in the goods variety available for them.
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Conclusions

When a member of the European Union (EU) enterstine area, it loses its independence
in the monetary policy conducting. Then, in caseagymmetric shocks between countries,
using the nominal instruments to adjust is no longessible, because of the common
currency and common monetary policy. The monetarthaity cannot control for the
nominal exchange rate, thus the individual econoamnnot count on the nominal adjustment.
The only possibility which is left is the real adjuent.

In this thesis we analysed the question of theadi@stment, trying to address to some
important real aspects of relations between ecoesenWe focused on international trade and
the foreign direct investment (FDI) in a set of twountries forming a monetary union.
Taking into account the significance of both FDI thagy as well as engaging in FDI, for
outcomes of economies, it is worth studying a fesues. First, what is the importance of FDI
nature, that means why firms decide do produce aahrao sell on the local market
or to export back to their economy of origin, arawhit affects output fluctuations between
two countries? Then, how existing asymmetries in B intensity and FDI relations
influence the real adjustment? Finally, what is #iféect of differences in production
structures between economies which have strong atlade~DI connections? In a monetary
union such economies conduct a single monetargyald use the common currency. There
is no room for the nominal exchange rate adjustmieance the existing asymmetries are
essential for the real adjustment. They influenesponses of national and international
variables to asymmetric shocks, revealing some pmoblfrom the macroeconomic
perspective. However, the problem relates also iwramconomic foundations. The given
trade and FDI relations between countries dependdeaisions of firms which are
heterogeneous.

In this thesis we studied the effect of plant delzation, FDI and asymmetries in the
FDI intensity on output fluctuations between two wmiies forming a monetary union.
Because the problem is set from the macro persgeeind at the same time description
of behaviour and decisions of individual agentspeeglly firms, has microeconomic
character, we use a theoretical tool that incoesrthis two aspects simultaneously, namely
dynamic stochastic general equilibrium (DSGE) medé&he starting point is a DSGE model
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with heterogeneity in firm productivity, proposed Belitz [2003] and then developed,
among others, by Ghironi, Melitz [2005] and Conit¢2810].

We proposed some extensions and modificationthefframeworks existing in the
literature to account for the nature of FDI and fhet that in reality one can observe
substantial differences in the intensity of FDI amg@ountries. The research process involved
incorporation of appropriate assumptions at the tcocigon level, thus expressing them in the
formal language. To this aim we followed subseqeésps of the model description.

In the first chapter we presented a comprehensymhesis on DSGE models with
a special emphasis on the solution procedure. Wéel tke example of the basic New
Keynesian model, which is small and relatively simygb provide a detailed and compact
presentation of all stages of research processsipgua DSGE model. We started
by describing the benchmark framework. Then, wewlised methods of solving it. Analysis
of the model concerned its static and dynamic ptese Throughout the chapter the
exemplary model served as the benchmark by whiadetdiled questions were explained.

The second chapter presented the framework, bghmive described trade and FDI
relations between two economies forming a monaiargn. In the construction the focus was
on the assumption of the heterogeneity in produgtiievels of firms. The consequence
of such setting is that one can describe econowmiidsdistinguished types of firm activities,
which we have called the sectors. We contributedheo literature on DSGE models
by accounting for the nature of FDI, that means riesson why firms decide to delocalize
their production abroad, to sell there or to expatk to their economy of origin. We allowed
also for some kind of asymmetry in the FDI inteypgihat comes from different values
of parameters determining behaviour of agents mdaonomies. The focus was on real side
of economy in situation when there is no room fe hominal adjustment due to a monetary
union between countries, the same currency and @ommonetary policy. We regarded
issues of the real adjustment through trade and FDI

In the third chapter we developed the benchmak&work from the previous chapter
to describe relations between two economies chexiaetl by asymmetry in the production
structures. The differences result from the fagt tfor the home emerging economy one
assumes the existence of only two production sgctahereas the foreign developed
economy has four sectors. This way we introducedcaflyenmetry which is of the structural
type and linked the production structure of thereany to its level of development, in sense
of the FDI intensity. Two economies were describel only by different parameters,

asitwas inthe second chapter, but also by differdynamic equations. With such
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a framework we studied issues of the real adjustmentasymmetric shocks faced
by economies which differ in their structures.

In the thesis, we proved that DSGE models proadeadequate theoretical tool for
describing and evaluating how differences in proidas structures affect output fluctuations
between economies that form a monetary union. ig gluation, there is no possibility for
nominal adjustment through the nominal exchange. réhus, we focused on real aspects
of functioning of economies and emphasized the fogmce of the real adjustment through
trade and FDI. How the economies respond is infladnby the given trade and FDI
connections between them. Hence, it is very intexg@sand important to incorporate to the
model construction assumptions allowing for desiipof differences in the FDI intensity
and the fact that economies differ in their prodar structures.

In the first chapter, which has mainly an introug character, we showed that DSGE
models are the example of the theoretical tool whserve well explaining economic
phenomena from the point of view of qualitative lgsis and that they have cognitive
properties that help to understand how the econarks and develop economic intuition.
As a result of the synthesis on the DSGE methodgotogl detailed presentation of a simple
DSGE model, conducted in the first chapter, we iobththeoretical foundations, we referred
to in the next chapters.

From analysis of the second chapter it resultspragmothers, that in case of the
exogenous aggregate productivity shock the ternmisade improvement depends on the FDI
intensity. The smaller are shares of sectors emysgEDI, comparing to the other economy,
the weaker is trade of trade reaction. We also prdhat the variety effect is most clear,
when one economy gains higher variety due to extst®f numerous foreign exporters and
foreign multinationals selling to the home conswnédne can expect that in emerging
markets, consumers benefit in terms of their ytitituch from variety of goods coming from
the foreign multinationals.

In the third chapter of the thesis, we emphasikhednain consequences of introducing
differences in production structures between ecoe®mFirst, we can notice that the
economic agents of the same type operate in diffebelying, selling and hiring labor
conditions in both countries. Then, facing the amshock of their economy’s aggregate
productivity, they respond differently. The homeogucers have to adjust their reaction
by only increasing or decreasing the exportingvégtiwhile the foreign producers can shift

their activity from one sector to another. It alfluences bilateral conditions between the
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economies, shaping the terms of trade, terms ofrlale@l exchange rates and balance
of current account.

In the dissertation we contributed to the literatusy providing a synthetical
description of DSGE models as the research tool.&l¥e provided some new extensions
of the existing DSGE models with heterogeneous dirnm particular, in our model
we accounted for the fact that the multinationahé can have various reasons to localize part
of their production abroad. What is more importanére exist high asymmetries in the FDI
intensity among economies, which translate to wbffiees in production structures.
We proposed how to incorporate such asymmetriedorm of the asymmetric model
construction describing the set of two economies imonetary union.

Our model is conclusive in some important econaasigects. Firstly, it highlights the
role of FDI for the hosting economy, with a spea#tiention to the nature of FDI. In the
second place, when we account for the asymmetilyarproduction structures, we show that
different conditions, in which the economic ageats, have important implications for the
resulting dynamics in response to the asymmetrickshdl he state of the real convergence
in the sense of similarities in structures of ecom®s is crucial, when there is no room for the
nominal adjustment. The given trade and FDI conoestbetween economies determine,
how they respond to shocks in absence of the pbgsito use the nominal instruments
to adjust. The future work should concern how tecmely describe the role of the nominal
convergence criteria and their links with the r@de of economy. To this aim, we would like
to propose the extension of our model, accountorgtlie nominal rigidities and the role
of the monetary policy.

The extensions and modifications of a DSGE mod#ét Wweterogeneous firms, that
we proposed, allow for studying effects of FDI aagymmetric shares of various production
sectors on the performance of economies. We focusedeal aspects of functioning
of economies, when there is a monetary union betwthem. They conduct the same
monetary policy and have the common currency. lohssituation, while facing the
asymmetric shocks, the economy cannot use nomimgltuments to adjust. The only
adjustment which is left is the real one throughaldes shaping trade and FDI connections.
That is why, it is so important to state what aktions between economies in this regard.
Differences in the FDI intensity and in productistiuctures translate to the way a given
economy responds.

Research conducted in the thesis give rise to datnee prospective extensions and

modifications of the used frameworks. It is wortlerking with proposed various versions
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of the model with heterogeneous firm accounting ttee asymmetry in the production
structure in different ways and make attempts dresk the research issues in more broader
and precise way by proposing how to account foremassumptions and questions. One
direction is to evaluate the model presented inthesis by comparing seconds moments
of series generated by the model with those obdeirvehe data, especially on Polish and
German economies. We can provide also quantitatnadysis of the model by using different
methods of setting parameter values, especialliogim the Bayesian estimation techniques
to fit the model with the data.

Another interesting and important prospect is torkvon further extensions and
modifications of the proposed model. When we widt@unt for nominal rigidities in form
of sticky entry costs or sticky prices, there is somom for describing the role of the
monetary policy. Forming the monetary authorityddl@f the model will allow for studying
the effect of the monetary policy on fluctuations mdminal and real variables. Then,
it is possible to design such versions of DSGE whidll help analyse influence of nominal

convergence criteria on real side of economy.
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A. Mathematical appendix

A.1 Mathematical appendix to Chapter I. Introduction

to methodology of DSGE models

A.1.1 Decision rules of the household

One of the first-order conditions of the Lagrangebtem gived:

gcf =C/+APR =0, 1)
t
c’ c
A =- I;t , E(Auy) =—Et[ P:ﬂl] (2)

(A )og|(Cu) R | 3)
t /]t t Ct P’(+1

Substituting equation (3) in the other first-ordenditions :

AQ = BE (M), 4)(
AW, =-LY, ®)
we get two decision rules of the household:
Q = BE l(c j i], ®)
C.) Ra
% =C/L!. 7)

! Formally, we solve a nonlinear optimization prableusing the method of Lagrange multipliers, which
is a special case of the Karush-Kuhn-Tucker apgroaten regularity conditions to which the optintiaa
problem is subject, have to be in a form of edquadnstraints. The method in general case, thainsallowing

for inequalities as constraint conditions, wag figblished in Kuhn, Tucker [1953].
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A.1.2 Intratemporal problem

Considering income of firms from household consuamteach final producer chooses

to maximize profits:
profits, = RC, - [ R())C, (i)d ®)

subject to the consumption rule:

c =[jjct (i)gf;ldij”_l, (©)

These profits will end up being equal to zero, sitize firm is perfectly competitive. The
problem of the firm is to solve:

g

p O et g
max Rl [[C.() 7 di| -[R()C ()i, (10)
and this results is the first-order condition fapeession (10) of the form
o 1 .”—'1.”%1_1 -1 . Tt S
Zrfeh d] £=cm 1 [RO.Od) D=0 CEY
equivalently:
1
e L .
R[joct(n)ﬂduj [T.()  -R()=0, (12)
1 1
RCZ () @ =R (), (13)

which simplifies to the demand function for a senghriety:

Ct(i):{aéi)} C. (14)

t

Putting this demand for the variety consumption into the aggregate consumption function

gives:

2 The differentiation can be done under the intesigh according to the Leibniz theorem. See Flan{e973]
on this. To get (17) we exploit also the chain rafecalculus to compute the derivative of the cosipon

function.
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c;jjﬁ%f”)dqrdi _ct(jo[Pé')] J“, (15)

equivalently:
1= R”(I:R(i)l‘”diJ‘H. (16)
This way we get the standard CES price aggregator:
1
P = U P(.)Hd.j = (17)
A.1.3 Optimal price setting
Solving the optimization problem:
maXE Zg Qt t+k{ t+k\t - t+k( t+k\t)}’ (18)
subject to:
R
Yo =| == | Cen k=012, (19)
P

we obtain, that the first-order condition of the@lplem above takes the form:
Etzeth,Hk{Yﬁk\t + F)t’k m_a)P _J_lptft - LPt'+k t+k\t) m‘U)P _U_lptft} O (20)
k=0

Multiplying (20) by P and using (19) we get:

£ 36 Q] (- 0V, B = ()W Yy o} = 0 (21)
E 26 Qt t+k t+k\t{ P (1 U) ( U)LIJHK( t+k\t)} O’ (22)
Et ieth,HkYﬁkt{ o - LPt'+k t+kt)} =0. (23)

Dividing (23) by P_, and introducingP,,, gives:

P o WY, t+k\t) P
£ 30 QYo - o =g, 24)
R kt{ Ry o-1 P P

and if we use notation for the real marginal cost mflation:
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I
LPt+k t+k\t)

Mct+k\t = T1 (25)
P.
M = ;,tk, (26)
we get:
P o
E Ze Qt t+k t+k\t {i ﬂMCHk‘tﬂ t—l,t+k} =0, 27)
P Etzek{ t,t+kYt+k\tMCt+k\tnt l,t+k}
t - O k=0 . (28)
P, o-1 -
i Etzek{Qt,HkYHk\t}

k=0
Now we can use definition of the stochastic dis¢daotor Q,,,, = 8“(C,. /C,) (P, /P.y)

and equation (19), to divide numerator and denotinaf fraction in (28) by terms

independent ork, getting:

o EXwo{curive, .
L | @
E Y (86){ cirrid)

k=0

A.1.4 Aggregate price dynamics

Let us remind that the aggregate price level ihefform:

1

P :U;Pt(i)l‘”dijl_”. (30)
On the interval[0,1], the subsetS of the intermediate firms keeps their price ungjegh

The rest of them reset the price and chose the @omoptimal oneP” . Thus, the price index

from (30) can be expressed as:

1
_ \1-0 . «1-0 . E
= (ja Py di+[ P oh) . (31)

Using the fact that the measure of the Setis & and exploiting again (30) ,we can notice

that:

x1-o . _ x1-0 . _ «1-0
.’.[0,1]\5t R di=R v|-[0,1]\$1d| =1-9R (32)
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Jo Rl di= oRE". (33)

Thus, the aggregate price level finally takes trent

1

R =[0-OR™ +ORLT. (34)
Dividing (34) by P_, , we get:
1
P* 1-0 |1-o
M, =6+ (1—9){#) : (35)
t
P* 1-o
N7 =6+ @1- 9)[?] : (36)
t

A.1.5. Log-linearization

From the definition of the log-deviatiog of variable X, :
X X, =X
=InX,-InX =In| =t [=In| 1+ . 37
5 =InX, 5 )=n{ae XX @)

Thus the first order Taylor approximation aroukd= X yields:

X, - X

~ (38)

X, = X
xt:In(1+ tx J=|n1+%(xt—x):

We can state the same as above, using propertibe dbgarithmic function when the value

of X, is close enough tX.

The interest rate rule:

R =NV e, (39)
B
after the log-linearization, yields:
InR[:—In,8+¢),,InI'It+¢1yln\7t +V,. (40)
Knowing that:
. =InN, -InO0 =InM, —In1=InM,, (41)
V. =InY, =InY =InY, —=In1=InY, , (42)

we get the interest rate rule in terms of the legigtions:
i =P+ @M+ @y +V,, (43)
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wherei, =In(1+i,) =InR andp=-IngS.

Log-linearization of the aggregate price dynamupsagion is as follows:

« \1-o
No=0+@1- 9)(P—‘j : (44)
P
1-o * \1-o 1-o »\1-o
P’ P P’ P
@-o)lnn, =60+@Q-6)| ——| -|6+@1-6)— =Q-9)|| | -|— =
R P Ra P
P P’ . . .
= (L-6)(L- a){ln[P—tJ - |n[3ﬂ = 1-0)a-o)|InF -InP)-(nF’ -InP)] (45)
t-1
which gives:
7= (1= 6)(p; ~ P). (46)
The household decision rule with variables in Isvslof the form:
i =BE (h]_yi (47)
R 1UY ) Pa
After the log-linearization we get:
—InR =InB-yInE{Y,.} +yInY, —InEL{N .}, (48)
1,
InYt =In Et{Yt+1} _J_/(It - Et{77t+1} - :0)’ (49)
INY, =Y =INE{Y,.} ~nY == (i, ~ E {77} - o). (50)
4
Using the definition (37) for the log-deviationtbie output, from (48) it follows that:
1,
Y = E{ Y} _T/(H —-E{7..} - p). (51)
The real marginal cost equation:
1 pelra 1o
MCt :EYt 1-a A\ 1-a (52)

takes the following log-linearized form:

1 p+a 1+¢
InMC, =In + Y+ InY, - . 53
t [1_aj (y _aj e (53)
In the steady state equation (53) has the form:
InMC:In( 1 j+(y+¢+ajlnY—1+¢A (54)
l-a - l1-a
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Subtracting (54) from (53), we get:

¢+"jyt 10y (55)

mc =| y+ :
G [y 1-a 1-a

whereln A =a, anda=0.

The equation with the definition of the output gajog-linearized as follows:

~ Yt
= 56
v (56)
InY, =InY, =InY," = (InY, =InY) = (IY," =InY"), (57)

where the second equality comes from the fact thatY" in the steady state. Using the
notation of the (42), we finally get:

yt =Y - ytn’ (58)
The relation between the natural level of output #re steady state real marginal cost, thus

the one when prices are flexible, is as follows:

_ 1+¢

M =2 () A (59)

We log-linearize it exactly like the (52), getting:

0=(y+ ‘if;’jyr -, (60)

The inflation rate equation:

n, = i : (61)

Ra
after the log-linearization, takes the form:
Infl, =InB, -InB_, =(nP, =InP)-(InP_, —InP), (61)

which gives:

T =Py~ Py (62)

A.1.6 New Keynesian Phillips curve

We begin with:
Et Z 0th,t+kYt+k‘t{Pt* —H th'+k (Yt+k\t )} =0, (63)
k=0

which can be written as:
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Etzeth,HkYHk\t{Pt* —H MCt+k\tPt+k )}: 0,
k=0

where MC,,,, = Wi (Yo )/ P

t+k|t

Let us remind that:

_ [ Cu) (P
Qe = ( C, P )

P Y’
Yt+k\t Z[P_tJ Ct+k'
t+k

Let us notice that in the steady state:

Q=8 P =P, Y,=Y, MC,=MC.

A first-order Taylor expansion of (64) around theasly state gives:
0=E{QY(R -P)+8QY(R -P)+..}
+E|-QYu P(MC,, —MC) -6QY uP(MC

fes1 MC) - }
+E{~QY uMC(R, - P)-6QY uMC(P,, - P) -..}.
Summing the terms in brackets, we get:

1

0=—=_Y(R' ~P)-Y 4P (86)"E,(MC,,,, ~MC) -

1- ,39 k=0

~Y uMCY (B6)“E, (P, - P).

k=0

Dividing (70) by (Y 4 P[MC) yields:

1 R -P_

O=
1-86 P

o MC,,,, —~MC =
S (BOKE,— -3 (BO)E,
MC

Using the notation of the log-deviations, we canrie (71) as follows:

1 .
1- 8 P = ;(ﬁe)k E (MG + Penc)-
Let us remind that:
MC, =B AL
P 1-a
Y, = AL,

(64)

(65)

(66)

(67)

(68)

(69)

(70)

(71)

(72)

(73)

(74)
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The log-linearization of (73) and (74) gives:

=(w -p)-(a-al), (75)
=a t(1-a)l,. (76)
Substituting (76) into (75), we get:
1
=W = P) @ - 77
me =W = p)— (@ -ay), (77)
and analogously:
1
mCt\Hk = (\Nt - pt) _E(aT -a yt\t+k)' (78)

Using (77) and the fact, that in equilibrium thg-earized equation (66) takes the form:
yt\t+k = _U( pt* - pt+k) + yt+k' (79)

we can rewrite equation (78) as follows:

ao , .
mct\t+k = rnCt+k _E(pt - pt+k)' (80)
Now we can use (80), to write (72) as follows:
L b =3(BO)E [mq =B Pw) P j (81)
1- ,349 kO oo gt t+k t+k |"

If we shift the time index one period into the fitumultiply by S8 and put the conditional

expectationE, then equation (81) takes the form:

N ao , .

1- ﬁﬁg t{ pt+1} z (lgg)k ' E (mcl+k+1 -a ( pt+1 - pt+k+1) + pt+k+1j' (82)

Subtracting (82) from (81), we get:
1 . . 1 . ao
m(pt - /89 Et{ pt+1}) = mq + 1- ,39 G_ E (/89 pt+1 pt ) + pt[1+ 1_({]: (83)
which can be written also as:
P — P = BOE{pu, — P} +O - BOMG + 71, (84)

where © zl_—a.

l1-a+ao

Exploiting (46) and (84), we finally derive an appimate New Keynesian Phillips curve:
m = BE{m, ) +AmG, (85)

d-6)d-F6) o

where A =
e
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A.1.7 Blanchard-Kahn method

Let us consider a linear model in the followingnfor

B[ N }zA[XT}+G£t, 86]
EYer] LY

where x, is a (nx1) vector of predetermined variables at datey, is a (mx1) vector
of predetermined variables aaglis a (k x1) vector of stochastic shocks.

We will consider the case when the economy hastochastic shock and the matri

is invertibl€. Then, system (86) can be rewritten as:

Xt+l Xt
=Z , 87
&) 2 <>

where Z = B™A. Now, we decompose this matrix inb=M A M ™ where A is a matrix

with the eigenvalues of the matriX on its diagonal andvl is a matrix of the right

eigenvalues. We can make further transformationdaydering elements of the matrix

from smallest to largest in a form of a matAx Consistently with the order ok, we order

elements of the respective matik.
The linear model takes now the form:
M-{ X }:XM*[X‘}. (©8)
Et yt+1 yt

The next step is to partition the matik so that to separate stable eigenvalues from tas on

outside the unit circle:

wofor o] -
021 /\22

where A, is a (nxn) diagonal matrix with all the eigenvalues of thetmxaz, which lie
inside the unit circle\,, is a(mxm) diagonal matrix with the unstable eigenvalues and
0 i, ] =12 is a matrix of zeros. We also partition the matkix* with the eigenvectors

associated with the respective eigenvalues of gigixnA :

® A description of the method in a more generakcasn be found in McCandless [2008]. In partigulae

stochastic version of the model is considered, elt as the case, when the matix is not invertible. In the
latter situation one can exploit the generalizethubcmethod to decompose the matridds and A. The

generalized Schur triangulation is comprehensidelgcribed by Golub and Van Loan [1996], who in wefer

to the source work by Moler and Stewart [1973].
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M= M M) (90)
le M22

Using forms of matrices in (89) and (90), we rea/sstem (88), splitting it into two matrix

equations:
[I\7I Xy F |\7|12Et yHl] = K11|_|\7I X+ M LY ] (91)
[I\7I Xy + M ,E, ym] = Kzzll\ﬁ X +M zzytl (92)
Because all elements of the diagonal math, have absolute values greater than one, the
model will not explode if and only if:
ll\7l X+ M 22ytJ =0, (93)
which implies:
Yo ==(M ) M. 94
From equation (94), one can notice that the nurobergenvectors in the matriki ,, has to

be equal tom. Thus, the Blanchard-Kahn condition states thatetheave to be as many
unstable eigenvalues of the mat#éxas there are the non-predetermined variables.
From (92) and (93) it results that:

|.'\7| 2% ¥ M 22yt+1] =0, 195
and hence:
E Vi = Vi = _(I\/AI 22)_1'\7I 21 %41 (96)
Substituting (94) and (96) into equation (91) ,ve¢: g
~ ~ ~ 4N -1 — ~ ~ ~ PN
X = My = Mlz(M 22) ‘M 21] /\ll[M 1~ Mlz(M 22) '™ 21X (97)

This way we derived solution to system (86).

A.1.8 Blanchard-Kahn condition for the basic NewKeynesian model

We exploit now the method described above in thg. 7A.to derive the Blanchard-Kahn
condition for the basic New Keynesian model (1.72y4) described in Chapter I. Let

us remind that the model can be presented as feillow

ez 1oz -
YA

Sy t

where:
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z,=Bi=— [“ﬁ(”%) ﬂ‘””_l}. (99)

CyBL -y y
There are two non-predetermined variables in sy$88) According to the Blanchard-Kahn

method, there should be exactly two unstable eigleiee of the matrix Z,. The

characteristic polynomial of this matrix is of tfeem:

K+ BY*a) | Po,-1

detf VB B | (100)
_rK na
vB yB
and has the same roots as the following polynomial:
WA) =[k +B(y+@) - yBAIA-BA) +k( By, —1). (101)
Finding the roots of (101) is equivalent to findirgpts of the following polynomial:
p(A) = a,A* +ad +a, 10Q)

where:

_—(yrk+B+e,)) _yte tke,
al_ ] aO_ .
yB yB

Using the Schur-Cohn criterion, we derive condgiorecessary for the roots to lie outside the

a, =1 (103)

unit circle frond:

lag| > 1 (104)
la| <1+a,. (105)
From (104) it results that:
@+ k@, >-[1-p)y, 106)
which is always satisfied g8 (0;1).
From (105) we get that:
k(@ -1 +A-p)g, >0. (307

* The formulation of this preposition can be found.aSalle [1986].
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A.2 Mathematical appendix to Chapter Il: Symmetric DSGE

model with heterogeneous firms

A.2.1 Euler equations for shares and bonds

One of the first-order conditions of Lagrangiankgem gives:

oL -
=CV+A =0, 1
oc G t (1)
/]t = _Ct_y, Et (/]t+1) = _Et (Ct:f}i , (2)

Ao )_e|(Ca )
(5)<[2)]

Using the fact thatN,, = 1-9J)(N,, + N, ,) and substituting equation (3) to the other

first-order conditions:

Atvt (ND,t + NE,t) = ﬂEt[/‘Hl(v’(ﬂ + ﬁ;+l)ND,t+l]! (4)
A =B E[AL A+l (5)
we get two Euler equations, respectively for skhared for bonds:
C -y
Vv, = BL-9)E (é—ﬂj (\7t+1+ﬁi+1) ' (6)
t
C.” = BU+r.,)E(C). (7)

A.2.2 Real interest rate

The lifetime utility function is:
2. B'U(C). (8)
t=0

From one hand a given quantity of money investegeiriodt costsQU '(C, )units of utility

and must yield exactly that number of units ofitytiin the future when saved at the gross

interest rateR, . From that we get:

207



QU'(C,) =QB RU'(C), 9)
u'(C)

R=— = 10§
BU(C..y)
-y
R =2 (11)
BCA
On the other hand the Euler equation for bondssgive
C‘V
1er =L (12)
£ Cii
Thus the gross real interest rate is:
R =1+r,. (23)

A.2.3 Intratemporal problem

Considering income of firms from household consuomt each final producer chooses

to maximize profits:
profits = RC, ~ [ _ p () (w)dey (14)

subject to the consumption rule:

C = ( [ (w)ildwjg_l, (15)

These profits will end up being equal to zero, sitice firm is perfectly competitive. The
problem of firm is to solve:

o
o-1

o4 o-1
[max Pt[IwDQC[(w) 7 dw} ~ oo P ()G (w)dw |, (16)

and this results is the first-order condition fapeession (16) of the formn

o-1

s Uam c.(@) dw) ” BUT_lct (c«))%_l_l - 1E(Lm p (w)c, (a))dcu)l_l () =0, (17)

o-1"

! The differentiation can be done under the integigih according to the Leibniz theorem. See Flan{e973]
on this. To get (17) we exploit also the chain rafecalculus to compute the derivative of the cosipon

function.
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equally:

L

o1 o-1 1
R[ [CK dw] () * - p (@) =0, (18)
1 1
RC? (6 () 7 = p(w), (19)
which simplifies to a demand function for a singégiety:
a) -0
6 (@) {%} c. (20)
t
Putting this demand for the variety consumption into the aggregate consumption function
gives:
o-1 o1
-0 o 1-o o1
= j LA C,| dw| =C j P dw| (21)
t W0 P t t| o P
t t
equally:

1=R7 (] p (@ da). (22)

This way we get a standard CES price aggregator:

P = p@da)e. (23)

A.2.4 Expected post-entry value of a firm

We start with the Euler equation for shares:

V, = B(L-J)E, ch ] (V. + ﬁ)] (24)

t

Using properties of the expected value we get:

v :ﬁa—d)E{[%ﬂJ ‘v}ﬂ}ﬂa—maﬁ%} ﬁ] g (25)

t t

209



- BA-O)E, (%] {ﬂ(l—é)al(%j vﬁz}wa—@al(%ﬂ ﬁm+

+ B0~ O, (%j ,ﬂ =ﬂ2<1—5>Et[(Cé—fJ ‘v;z}ﬁ(l—aa[(%j] ﬁ%

(c. Y. ] c.)” c.\”
pra-ore|| S| 7, =/33(1—6>E{Ct—+3j vﬁ?,}/s(l—a)a[( Cj ﬁ}
L t | t t

(c. Y. ] (c.\”
+,32(1_5)2Et (t;z ﬁ;+2 +,33(1_5)3Et (Ct_ﬁJ ﬁhs}- (26)
t t

Going further with the time index we can express tigrm (26) with variables from period

t +n and compute the limit:

7, =lim " (1—6)”5[[%] vtm]wa—@aﬁ%ﬂ} ﬁ}

t

+/32(1-5)ZEt!(Cg2j 7~Tt+2]+---- (27)

Becausef [0 (01) andd 0 (01) the termB(1-0) is less than 1. That gives the limit on the

right side of (27) equal to 0. Hence, the equatmrmhe expected post-entry value of a firm

is given by:

s=t+1

v = i[ﬁ 1-9)"'E, [(%j ﬁs} (28)

A.2.5 Optimal prices

Let us remind that form Intratemporal problem A.2t#% demand for a single variety is:

a) -0
G (@)= {%} c. (29)
t
Because the only source of demand is consumptj(®) = ¢, (w and)hence:
a) -g
V(@) = [%} C. 30)
t

Maximizing the profit function with respect to thece p,,(«):
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M Dit (W) = Po (w) Yoi (w) _ﬂ Yoi (0),
2z

and using the chain rules of calculus we get tfs¢-firder condition of a form:

on,, (w)
a pD,t

W, Ja You (@) _

= Ypi (W) +[pD,t (w) - z7) 0 Do,

Solving for py,(«) it gives that:

VVt _yDt(a‘)

w) = + : .

pD,t( ) Z(Z ayD’t(a))
0 Po,

To get the denominator of expression on the rigle we use equation (30):

0Yp, (&) o
#L’t:_apm(w) 1Pt Ct’

VYo (@) _ = pp, (@) 7RC 1
Dt — Dt _0__]:[ J’[ - = pD’t (a))’
0Yp, (@) -0 py (W) *RC, o

0 Po.t

W 1
Po.t (W) =—— +E Po.i (W),

2z

1 W
1-=—|=—
Po (w)[ 0_) Z.7

Wi
zz

Po (W=u

where y = o /(o -1 is a constant mark-up over the marginal cost.

Maximizing the function of profit from export wittespect to the price, ,(«):

W, W,
_tyX,t (w)—— fxir

rIX,t(a)):et[px,t(w)yx,t(w)]_rt 7z Z

we get the first-order condition of a form:

an, (o
a px,t

= W 0Yy, (&) _
-et[yx,t(w)]’{apx,t(w) T, Z[Z}—apm =0

Solving for p, (&) it gives that:

&

W,
& px,t ((4)) =T, Z(_tZ+E pX,t ((4)),

(31)

(32)

(33)

(34)

(35)

(36)

37]

38]

(39)

(40)

(41)
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P (w)[l—ij SLALE 42]
o) e Zz
. W
W) =Lt y—t. 43
Px (@) ef’ztz (43)
Optimal price for a good produced by a domestictimational and sold abroad results
from:
A A
rll,t(w):et|:pl,t(w)yl,t(w)_ . yl,t(w)__t*fl,tj|’ (44)
Z,z Z,
on, («) W oy, (@)
— = w) + W)-——— |————=0, 45
o0, ey (@) +e| p(w) 22| ap, (45)
W*
P (W) =u —. (46)
Zz

t
Optimal price for a good produced by a domestictimational and exported back
to the economy of its origin is given by equatida)(

W W
My (@) = Py (D) Y (WD) =T —i= Y (@) =& — (F + T, (47)
Z.z Z,
ony () W0 Yy (@)
—= ) + ) — - ' =0, 48
o, Y (@) {pw( ) —&r, 22| apy, (48)
« W 1
pM,t(a)):e[Tt ZSZ+E pM,t(w)! (49)
1 . W
1-—|=er, —/—, 50
pM,t(w)[ Jj euztZ (50)
. W
P, (@) = &1, U——. (51)
Zz

A.2.6 Optimal relative profits

Optimal relative profits are computed relatively ttee price index of the location market

of the mother company. Thus for the domestic firms always the domestic price indéX.
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We use the fact thay,(w) =c,(w #and get following functions for optimal profitsofn

various strategies:

_ M Dt (w) _ W, _ 1 _
>sy (w) - P - IOD,t (w) Yoit (w) _Z_ Yo (w) = IOD,t (w) Yor (w) __IOD,t (w) Yor (w) =
t tZ /J
Pbo (W) Yoit (w)(l_lJ = lIOD,t (w)CD,t () = iIOD,t (w)( Po J C =
u) o o P

1 -g 1 1-0
— Po; (W) pp; (W) °C, == pp, (W)°C,, (52)
g g

My (a) _My,(a) W fyi
TTy (W) = P [Q =Q, Px,; (@W)yy t () - px t (@W)yy t () - =
t ek H Z,
1) wfy, P ¢ oowfy
Qt pX,t (a))y)(,t (w)[l__J —— = _px 1t (w)[ J Ct - - =
M) L R Z,
Qt pxt(w)l U’C Wth ’ 365
Z,
M (w) N () 1 w f,,
7T|,t(w): P =———[MQ =Q |:pl,t(w)yl,t(w)__pl,t(w)yl,t(w)_ - :lz
t eR H Z,
I 1) wf, W f,,
Qt P t (0)) Vi (w)(l__J - jl Qt l: P t (w)c| t (w) - - jl =
i % Z, Z,

Q _1 (a)) p|,t _ac* _Vvt* f|,t ( )C 54

t EIOI t Pt* t Z: IOI t t J ( )
mn@ =" o @@L oy @y (@ -Q e g WP

Mt = P = Pu )Yy L pM )Yy ¢ Q Z* Q Zt* =
Py (@) Yy (w)(l_%J - Q;:vt (fl,t + fm t) IOM Jw)ey (W) - Qét t (fl R Y t)_
1 Pus) ~ QW Qtvvf
= O_IOM,t (a’)[ P ] C Zt* (fl,t + fXMt) IOM t T(w)C, - t (fl,t + fXM,t)' (55)
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A.2.7 Cutoff points

The first cutoff point is important form a firm wdh want to export. To derive positive profits

the firm has to have the level of its idiosyncrasroductivity higher thanz, ,. This cutoff

level is determined each period by equalizing ogtiprofits from exporting to O:

1
Q Y w, fy g Wy )
ﬂx,t(w)zo < tht(w)l C tz—tXt < pXt( ) C QttXt (56)
At the same time optimal relative price of the exipgrfirm is:
P ( )—a%vw- (57)
From (56) and (57) the cutoff point is given by:
T,
z=_t K 7 Wl (@, (58)
Q Z
L U
& et
z,, = - UT,. (59)
o= ]

The next cutoff level is the point of reference fioms which want to engage in the foreign

direct investment:

w, f o W f o
m,(w)=0 < _pn (WC; = Ztl't = p|,t(0)):[c—: tz:l’tJ , (60)
plt(a“) H
W)= = 61
P (@) P 2z (61)
Z:%Wfp.,t(wrl, (62)

t

1
f, 0o Wt* “
Z .= — —F . 63
(Cj {thu 63)

The last cutoff point is crucial for firms which wato engage in the foreign direct investment
to export back to the economy of their origin:
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Mu(@=0 = =i, = QW t(f ) =
JQt t o
P (@) = (ct S (fmej , (64)
Py« (@)
P (W) =—— = =Qr, z; : (65)
2=Qr, 5. H W oy (@) 66
(o alQw )" .
ZM’t_(Ct(f|’t+fXM’t)j ( Zt* j /'Iz-t (67)

A.2.8 Number of firms

To compute a number of firms in the given strategy use following definitions of the
probability density and the cumulative distributiomctions (CDF) of the Pareto distribution:

k me z2>7
g(2) =4 ' “T (68)
O' z< Zmin !
z Z . k
6@ =1k g(z)dzzl‘(TJ 22 oo (69)
O’ z< Zmin ’

and properties of definite integraleand of CDF& Firms can engage in four possible

economic activities. In the given strategy the shair firms in the total mass of domestic

producing firms is given as follows:

2 Namely, we use two properties of integrating avelomain. The first one is thatdf > b, then one can reverse

limits of integration: j: f(x)dx=-[7 f(x)dx The second is the additivity of integration oreingls:
[P f(x)dx =[S f(x)dx+ [° f(x)dx, wherecO[a b].

% |f the CDF is continuous, the@ () = P((—oo; oo)) =[" g(z2)dz=1

215



min

k
N 2 A
208 = | g(z)dz:G(zx’t):l—(—Zm'”J , (70)
ND,t % ZX,t

N k A k
o=l 0@dz= [ g@dz+ [ 9(2)dz=G(z,,) - G(z,) = (ZJ —(ZZJ (71)
= st [ o | a0tz -0t o 2 <[ 2=
Nm _j 9(2)dz=1-G(z,,) (ZEJ

(73)

A.2.9 Average productivities of sectors

Average productivities are obtained by integrating probability distribution function of the

Pareto distribution and account for the elastioftgubstitution between goods.
1

o = DtJ' z 'ldG(z)} U 2% kzk, 27 '1dz} kzmln EEI z '1'(k+1)dz}” =

Zmin

N

r

00 o-1
Zmin

kZIn(win _; er‘ni;(kﬂ) ” (kzmln )Ui ;ZU_(“D
o—(k+1) o—(k+1)

1 1
| o = S
X r[r:m1 = L |1min ==Q Zin » 74Q
L k=(g-1) k-(o-1)
= S
> N Z _ o-1 N z ~ o-1
Zo = | [ 2GR | =] O [ 2k, 2 | =
Y NX,t Zx NX,t Zx
! 1
« K ; k k o- k _ g- k ;
4 t Zx*t O (_k) Zk- 29~ (k+1) Z ! — Dgi_l Z, t ZX,t DZX'tlzl t Z ,tlzx,t 1
Zrﬂi” (ert B Z|>(<,t) k-(g-1 ™ Zy Z|k,t - Zl;(,t Z; t Z|k,t
- Dal—l|:z>(z?zl::,t - Zf{lzi,t } s
iy~ Ly
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1 1

_ N . o-1 N . o-1
7, =2 I "277MdG(z) | =] 2 J' “z27kz 2 dz| =
’ Nl,t “ Nl,t “
1 1
k k o 1 K K o-15k _ 015k |51
Zy 1t Z, 1t (_k) Zk o-(k+1) Zy | ! _ DT_l Zy 1t Z, t DZI 1t Zy, t Zy t Z, 1t ot _
k kK _ ok k—(J—l) min 7 - kK  _ Sk kK Sk -
Zijin (ZM t 4 ,t) I Ly~ 4y Zi Zyy
-1k o-15k
o1 Zlgt VAV YRR
=[]ot ’ - , (76)
Iy ~ 4y

1 1
N o o1 N o o1
Zy . = { N BL L z”’ldG(z)} = {—N oA L 277 kz, z""ldz} =
Mt Mt

1 1
k o1 P
thﬂ 1o (K Z¢ go-ten| ? g zhkm—k zg 0 |7 =
z,, kK-(0-1 z,, "k-(c-1) ™
1
0oz, .. (77)

A.2.10 Average productivity as a harmonic mean

Let us remind that the production function for fanm the strategy of producing and selling

domestically is:
You (@) =15, (W) 2Z,. (78)

But the only source of demand for the productsoissamption. Thus at the same time the
production is given by:
You (@ =[Py, (@)/R]C,, (79)

and using the definition of the optimal nominalcerin this strategy:

- W
Po. (@) = U 5 (80)

t

we can express ratio of output produced by two diloy means of ratio of their relative

yD,t(zl):(pD,t(zi)] :(ﬁj :(ij_ 61)
Yo.(2Z,) Pos (Z,) Z Z,

Introducing the average productivity of the repreaive firm we can transform (82) into:

productivity levels:
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yD,t(Z) _ i y
You (Z,) ‘(ZDJ | (62)

Using the first expression from (74) we get that:

2=[0 e = Zi=[ z‘{éj dG(2) =
Zmin ' Zmin ZD

=1 _ [ _1 yD,t(Z)
A jz yD,t(ED)dG(Z)' (83)

A.2.11 Average profits of sectors

Each of the average profits is computed by usirggiation of the PDF of the Pareto
distribution. The main difficulty is to get cleaompact forms of these values. Thus we use
subsequent transformations.

Average firm profit earned from domestic salesiveqg by:

1-o
T, :f 7, (2)dG(2) :f %pét (WC, kz',, 2 k‘1dz—Ct KZpin| (ﬂj z*dz=

zZ,
1-0 -0
Ct Kk rI;m HW, J‘ 70k~ 1dz__tzmIn H\W, k 701k
o Z, Zmin o Z, o-1-k

1-o
Co Zrlfqin('th ] k S0k
g

(o)

z

min

1-o 1-o
Zmin :&Z;in(#\NtJ D o-1-k - D C (fu\NtJ ZO"—l —
g

IT]II"I min

Z, k-(c-1 0 Z, o\ Z
1-o
~oa C [ HW,
Zor = 84
1) -

Average firm profit from exporting needs more comxptomputations starting with

k

. _Np, 2 z', z)
T = o [, 750 (D06 = [ 7 (A k=
min It Xt

z,Wf
It Xt D _pXt(w)C Zkldz J‘ tZXt —k—le —
t

It_ZXt

AllQ,-Q,]=R -R,, (85)

* We introduce here a few auxiliary notations to mafe derivation more clear. These notations XA,

Q.R.R, LLM,N,U and{..}.[..] (.
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z w, f
Hhe= R g ) )

Z, k z, k Z .k Z,
zk z w,f,, z -z wf
R, = AMQ, =k kl,t Xk,t G]—' tixt |,It( kX,t = Ml (87)
1t~ Lx k Z, Zy Ly, Z,
Q 1 w )7 L z L z
Q =<C|=r HW, J'Z' 20 kg, = F0 k| 4T 2071 |“X (88)
o Q Z 2 o-1-k z, k—-(o-) z,
2k Sk . S0k _ 01k
R = A, = - k O kl t xk,t L(Z;t(’—tl—k _ Zﬁt—l—k)z 0oL kl t xk,t X I,Ii kl tAxt
-(0-1) z t~ Zxy Zi —Zx,: Zi Zy,
N
OO0 =00 E—IM (89)

(E*J e gy, (91)

M (0 e o (G ) o aa{d
”‘N‘(c:] “ c:EEo-j AT T 52)
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Qt t Zt t t
. K Hk+l-o * \ O
[ K w H W ko ~ ~ W, W, |
f”‘l _t* f W f o-1 Tk+l omyo-uk| Tt f _t* - e 03
[]EE It (th Xt Zt Xt t Zt It Zt [][q ) ( )
Uk k. Kk
_e W fe 177 X w Z; —
[ = o e[ 1 = o] onE ||
t fe, QZ W,
‘ W* HK
fyrot rtk[z_t*) [ -ToL], 69
t
where:
1
f o1 * A
/\tz( lytj rl TOL =g tlt=q A, (95)
th Ztvvt Ztvvt
) Lk UL_l k-0 AN
(..)=fotr" W | W Bee | [ s rok —groqQumk| Y f i =
Xt Z; Z, fxs t t Z, fxi\Z
K « O\ MK
k. w, f
SR LA S
Z, Z,
W, f k _ po-1 o-uk
r 0] oW fas = ATTOL M ©7)
[...] Z, A< -TOLH
_ NS = N TOLI# w, f
7T = —R = [:l t t _1 Dt X’t. 98
Xt R1 2 /\I: —TOL[_”k Zt ( )

Average firm profit from the FDI follows analogoydike (85)-(98) with the same auxiliary

notation:
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7, = Dtj 7..(2dG(2) =—

min ( ,t

It k k-1 Zm W fl,t k-1 —_
k L _IOI t (w)C z"dz- _[ Qt L dz|=
M t 4 Z,

AllQ,-Q,]=R -R,,

VV(* flt ( 1) -k ZM 1 W: th -k Zl 1 VV(* flt -k
= — | -—|Z == i 4 =_ —
Q=Q ) e et

zX w .z -z w f
R A |t M .t B]—- t |,'[DM,'[ |t: t |'[,
EQZ Il\(/lt _Zlkt th Zt Zlk,t ZII\(/It Qt Zt

)] |, (2 kah, 2 Pdz=
It

N
legct /JVYt J‘ZM 20 k147 = L 7 k| Zm L
o Z, z o-1-k z, k-(o-)
K 2 le\</l t -1k o-1-k 2 le\</l t
= = E : z y4 =0L—/—"—
Rl [];-)1 k (0_ 1) le\(/l ] _ Zlk’t ( It Mt ) le\(/l . _ Zlkt

ooyt ..],

o(f  +f o fLo
N _ leftlzll\(/lt Z'\z;—'t]_zlkyt :{ ( | tC XM, t)J {Qé* J IL[kZ_t k I,t*
t t

K

e . K
fl,ta ol W g ,U J(flt"'fxvvn) Qt 0 T
C Z, C, Z,

k k

* k+o — AN

UL_fl k+o-1| Wi g fiot fume |00 gk k fie N fielot fio+f
N VA ¢ ) *hele
t t t t

(99)

(100)

(101)

(102)

(104)
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k

« O\ Uk+o
0—0—1+1’uk+0—1£%j [ﬂ }, (105)

t

M S o (w Y L) AW Y )
U=z— =gotl 'uk+cfl(_t*j T oty k_:o'lu‘fl—t* —T, (106)
N 3 P F I
N1 L\ UKo x \ Hk+1
_ Qoo 1w oa W) ) [ W 1 _
o= oo M =nQc| X L) =
=R ‘(z;j . [z;} [...] Q& y l...|[ﬂ }
|:| VV: ped fI,t+fXM,t ﬁ uk *kf fI,t ﬁ(fl,t+fXM,t)C: o, *o-1 107
TR e B e B L W
k k k

. \ KK L L
[ ]: W g Fo e [ et fane |77 C )t pptk _q | =
) C fis c) ©

W pk f UL_l .
) (&) k- 0

where:
1
f.+f o1 X
Kt :( It XMt GC_tJ Qtﬂrt , (109)
fi e C,
k. ko
(___):(ijd_l fth [(fl,t + fXM,t)Ct Jg_l t/jkz_t*k _Qtaz_t*g_l (fl,t + fXM,t)Ct —
C, fl,tCt fl,tct
k.

f o-1

(c_j fubet -7} (110)
t

W* /lk+1( ) W* Hk+1 W* ~Hk K —KJ_l
=0Q| S| 1 =0Q| ok | | oe| s
& Q‘(zt j ] Qt(zt j "[zt j K -1
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(111)

(112)

Average firm profit from the FDI together with exfiag to the home country market is given

as follows:
Ty = Ny, s (206) —ﬂj T, (2) Kzpy 2z =

e 00 W, i
kz;{j Lois@c, 7z [T W, 4 fxm,oz“dz}
MLy

kzy, 0Q -Q,), (113)
1-o
. L 00 L 7
-t . Za—l—k—ldz — ZO’—l—k — Za—l—k M ’
Q= (tQ‘ J J g-1-kK z, k-(o-) 00
L ~
m A (114)

1-0
_ g
kzll\(/l,t Q1 DLZMtl_D [TQI * J E
t

t

w )
(fl,t+fXM,t)(QtZ_t*j oI =

t

W*
D%(f.x + ), (115)

Zy

QW 1)
Q, = é:t (fl,t+fXM,t)(_EjZk

1B‘D—(f.t+fxm)zm (316

QW 1
= é*t (fl,t+fXM,t)EZk

+ fme)s (117)
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ﬁM,t :(D_l)Qt—\iV:(ﬁ + fume) (118)

A.2.12 Average amounts of labor

The starting point are definitions of the optimalative profits. In fact we use some
calculations in the middle of derivations (52)-(5bhen we exploit equations for the optimal

relative prices. At the end we exploit definitiaafghe average optimal profits.

1 o 1
ﬂD,t(w):EIOD,t(w)yD,t(w):O_GT:L 27, ZtlDt(a))_O_ 1 W lp (@) =
T, (W) ~ 7T
o, (@) = (c-)—— - lpy =(0-1) > (119)
W Wi
_Qt t Xt Qt E;Zt —
) w ) drp? I L
]TX,I( ) pXt( )th( ) Zt o Qt o - 1 ZZ Z_t Xt( ) Zt
1 w, f () f
_1WtIX,t(a))_' tZtXYt = IX,t(w)=(0_1)|: X\:\It + ZX:} it
- 7. f
:(0-1){”“ + Z} (320
t t
. wf, 1/1_0 _w w f
7, (@) =—— Ao 21 ig? g Gz (o 4=
(@) Qo ,0|t( W)y, (@) oz, QtL' o172z (@) = z }
1| 1 w f/ i (a))
a[a—_lwtl.,t(w)- tz"t} = | (@=(o- 1)[ — ];,
t t
_ P
| =(0—1)[Qtw"t +%} (121)
t t
. 1 . . W, 1 71, W Z
W) =— ) ) - f o +f g ? LA () -
(@ = 2 P (@Y (@ =2 (1w )= B B2 B2 B (@
W, . . 1) 1
: (fl,t+fXM,t):a{EthM,t(w) f|t+fXMt
=t t
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Z

t t

C ) 4 fl _ £ f
lM,t(w):(U_l) QtﬂM,t( )+ It XM,t:| o Iy, :(0__1)|:QI7TM,I L . XM,t:|. (122)
t

A.2.13 Total demand for labor

~ ~ ~ ~

D — * *
Lo = ND,tID,t + Nx,tlx,t + Nl,tll,t + NM,tIM,t +

f f f f'o+f,
N E' v N Xt LN 4N It XMt —
Et Z, Xt Z, It Z, Mt Z.
~ — ‘ g
o-ON,, 2ty g-pN, | e D oy | Qe T
D.t Xt It
W LW Z, Y W, Z,
N ﬁ* f* +f* f f . f f +f*
(J—l)NM{Qt Mt i XM’t:|+NE,tﬂ+NXt Zxr +N;, Z|,t N, It . XMt
t t t t t t

o-1 ~ ~ o s o
(ND,tn-D,t + NX,tnX,t +Qt I\Il,tn-l,t +QtNM,t7TM,t) +

t

o1l ‘g . . .
+?[ENE,th,t + NX,th,t + Nl,t f|,t + NM,t(fI,t + fxm,r)j- (323
t

A.2.14 Real exchange rate

The welfare-based price indices are given as falow

1
P = [N P52 + N Bi + N; B 7 + Ny PaY e, (124)
1

B =N, Bl + Ny BT + N, Bl + Ny, e | . (125)

Because the RER is given @& =g P’ /P we need:

1

etpt* = [N*D,t (et B*D,t)l_a + Nx,t (etﬁx,t)l_a + |\ll t (q ﬁl,t)l_a + N;/I,t (et Bl*\/l ,t)l_a]g’ (126)
where:
- A s L, W
L Sy , 127
Poc = H Zp,Z, P & “ Zy L, aen
W W,
_ ) SLIayy. _ 128
P ,U—ZI ,tZt P« e H Zun ¢ Z, ( )
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To get the RER expressed only in real terms werassformation below:

« \1-o « \ 1o
- _[ &R _[ &R | P
(2252 (2
‘ R Po. Po.
Zy,

< \1-0 l-o _ 1-o
P * T Z
L:(e—}- t j :ND,t{TOLt J +NX,t( LD’IJ +Nl,t
pD,t ZD,t ZX,t

1-o

TOL,

-
Ml

~ -0 ~
z . r.z
~D,t + NM,t _t.. Dt
Z ZAVE

1-o o~ 1-o _ 1-o _ 1-o
P . T, Z .z Z
pD,t z ZM,t

Xt

giving:

— 1-o — 1-0 — 1-o
X Z 1.Z Z
o2 o [ frou 2
-0

Dt

t

* o~ 1-o - 1o _
* T Z * Z Z
No + Nx,t(TOLt ~] : N{_Z,J ; NMJ(TOL( Lot

A.2.15 Closing the model — balanced current accat

We can show that the balanced current accounffisisat to close the model.

From the aggregate accounting:

Ct _tht* = WtL+ ND,tﬁt - NE,tvt _QtW: L _QtNI;,tﬁ:[* +QtN:Z,t\7t*'

The labor employed in the home and foreign econsisigiven by:

L:a—l

t
g
Z

t

* 0_1 * o~k * o~k 1 ~ 1
L = * (ND,tnD,t + Nx,tﬂx,t t—
t t t

Z

t

1 * * * * *
+_(ENE,th,t TNy F TN NG (F fXM,t)J'

ol . .. o e
+_*(;NE,th,t NP FNF H N (F fXM,t)j'

(ND,tnD,t + Ny JTy +Q Ny 77, +QtNM,t7TM,t)+

Nl,t”l,t +_NM,t7TM,t)+

Substituting (132) and (133) into the right sidg181) we have:

* ~ ~ Wtfx,t * ~x t I*,t
Ct _QtCt =0 ND,tﬂD,t + Nx,t Ty, + + Nl,t Qt7T|,t + Z +
t

Zt

(129)

(130)

(131)

(132)

(133)
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o o Wiy 1w,
UQtND,tﬂD,t+QtNX,t ”X,t+ Zt* +QtN|,t atﬂm"' Z: +

1 W, . L. R R - -
QtNM,t(anM,t +Z_t*(fl,t + fXM,t)j:|+ ND,tn-D,t +QtNX,t7TX,t + NI,tITI’( + NM tn-M,t -
t t
. . W g .
QtND,tn; _QtNE,tT"'QtNE,tVt . (134)
t
Using the free entry condition:
o Wtht
vV, = ——, (135)
t Zt

we get that:

C.=QC =N P57 C +QNy Ay {Cl + Ny 2/ 7C + QiNy By 7C =

No 7o = No T = QN 78 =QiNyy 7y o + N Tl + Nog T + N, 72+ Ny 7y

~QNp, 5, "Cl =QINy Ay °C =QN, 5 7Cl =Ny By C,

QNG 7T + QN T + N, 7T, + Ny 7Ty, =

QiNp 7T, = QN 7Ty, =QNJ 7T =Q Ny 7Ty (136)
which simplifies to:

C ~QC =C, =2C\Ny A" =2CNy Bu7 ~QC +2QC Ny o5} +

2Q.C/N,, tth +2 N, 75, +2QNy, 7T, —2Q Nl*’tﬁ,*’t —2QtN;,,’tﬁ;,|’t. (137)

Subtracting the same terms on both sides of (18@)then dividing it by two we get the

balanced current account condition:

QIC*NXtﬁi(f+QtC NMtth +N|t7T|t+2Qt Mt

. (138)
CNtiXt +CtNMtIOMt+Qt |t7T|,t+Qt M,tnM,t'
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A.2.16 Model summary

In Table 2.1. from Chapter 1l we have the model suary showing all the most important
equations from the home economy perspective. Thpertive equations for the foreign
economy are analogous. But we present them hdriglhtight which parameters for the both
economies can have different values. Of courséatenced current account equation remains

unchanged.

Table A.2.1 Model summary, foreign economy perspeee, symmetric model

Price index 1= Np O + Ny Ox ! + N 017 + Ny B
Total average profit — - N, _. N/, _. Ny, _
m:nD,t+ ’nXt+ *Y 77-It+ ITM,t
NDt ND,t NDt
Free entry SR TVA
vV, = —~
t Zt
Sectorial profits = [ ALK - A*tg_]-I-OL[,uk*—a ) DW: fr
Xt * ﬂkk *
N ¥ -TOL Z,
© K * g-1 *
~% « K —-K W, f
7T|,t:D : **t -1
K, -1 Qtzt
_~k * W * *
Ty ¢ =0 -1 : (fl,t + fXM,t)
t=t
Sectorial shares of firms N NS L .
Xz MLk (/\t"TOL[‘“‘ —1)
ND,t ND,t
NE,'[ - NEA,'[ (Kt* k _1)
ND,t ND,t
. k
NMI (ZminJ 0 %
NDt zM,t
Number of firms Np, = @=0)(Np, +Ng, )

Euler equation for bonds C ¥ = BL+I)E, [(Ct 1)—yJ

Euler equations for shares

*

Cin

y(~* _—~k
* t+ + t+1
) e )]

t

v = ﬂ(l-@Et!(
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Aggregate accounting  C; =w;L" + N[ 7 - Ng .V,

*

Balanced current account Q C/Ny Gy 7 +QC Ny By " + Ny 7T + Ny 7, =

— * ~*1_0- ~l_0- * —~k * _—~k
_CtNX,th,t +CtNM,tpM,t +QtNI,t7TI,t +QtNM,t7TM,t

Source: Author’s calculations

A.2.17 Asymmetric steady state

In the asymmetric steady state we do not imposes#ime values of parameters for both

economies. In particular it is allowed that:

*

K#K', Zyy # Zyn» Uy, ZUp, Ug ZUp, U U . (139)
Also steady state values of exogenous variablesliften:
zzZ, fo2zf., 121, (140)
The only required assumption is th@t=1. Thus, what determines the asymmetric steady

state are values of variableg, , Z,,, k, ¥ and ratiosTOL=w'Z/(wZ"), TON =N, /N,
which have to be obtained numerically on the babilations among these variables in the
steady state.

For the numerical procedure of getting the steadyeswe have to state a system
of equations that have unique solution dependinyalunes of parameters. This system can
be derived from equations of balanced current agz@verage profit of home firms, average
profit of foreign firms, price index in home, prigedex abroad and definitions of variables

Zu» Zy . K, K . They are, in order, following:

Clp O P T T = @)
=C prxl_a +CNMP|\1/|_U +N, 77, + Ny 72 ,

(B AL L LTS S R - L LY S PP
N, N, N, NSNS NG
1=Npfp” + Ny px ™7 + N/ B 77 + Ny 27 (143)
1=NpPp ™7 + Ny 7 + N, 5177 + Ny B, (144)
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1 RN 1 L u
~ (o o1 W . ~ s O s+ o1 W
Z, = 0ot (E fM j (?] HT , Zy = o-1 (F fM j (Ej HT, (145)

1
Vo1 * o-1
K= f—MEIC— T, K = f—MGE r. (146)
f, C f,C

Using these relations we obtain a nonlinear sysiesix equation with six unknowns
that together with definitions of some auxiliaryriadles can be implemented in a numerical
procedure to find steady state values of variafdles.system is as follows:

~* K"

TONIT +T" +T,) = (T, +T, +T, (TOL) Z%”k (147)
M
k
Zy 2o O, TOL7T" 7+ Z 028 09 (L, +L, TOL+ L, (TOL) =6 f, (148)
7,02, 0 oL T+
n
'2',; -k z X 0’1(L +|_ ErOL_1+L UOL) ng: (149)
_ o-1 o-1
K’ [TON = K(E—j EFOL“’(L*J ) (150)
Z,, r
o-1 L_l E
~ * 2 2
[E_MJ :E*(i*g’_] UOL”(f—LE—If—“fJ , (151)
Z, Ol 1 [ fM
5y
A VR VI R
Kk = f—[-lf— ria. (152)
| |

The six unknown variables a®,, 7, ,k,x TOLand TON. All the other quantities

are auxiliary variables, parameters or functionparfameters. System (147)-(152) allows for
different values of parameters for two economiémistfor different steady state values
of respective variables.

When we assume the full symmetry between two ecéemin the steady state then
from (147) we get:

TONI(T, +T, +T,,) =T, +T, +T,, [TOL (153)

k

709 2 [TOL7 “ + 252 Oo3(L, +L, [TOL+L, TOL) =8 f,, (154)
’z'\’;ll— :nm_l |:| 21: UOLJ LTl
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* k*

Zy Z 0 A (L + L TOL* + L, TOLY) =61, (159)

min

TON=TOL, (156)
TOL =1, (157)
1=1. (158)

Equations (154), (155), in turn, can be reducethécequation of hyperbola:

k

z,\]/'l_gza_l DZ fM TU—l + Z\;kzk Dg’—l(Lx + LI + LM) =4 fE’ (159)

min min

which is exactly the same as equation (2.112) f@mapter I, wherr =1.

System (147)-(152) can be solved numerically. Btestate values of the remaining
variables are obtained analytically from their deions and other model relations. From
equations of price indices, aggregate accounting average profits of multinationals’

exporting firms we get:

N. = K0, (160)
NS =K' 25,2, (161)
~l-g _ -1 /4 1zt
i _(anM TOL-K ¥, (1—5)ﬁJL ', (162)
put =[0’D* £ TOL — K *f; LJ L=z (163)
@-9)B
B

g o f, MOL* -K™ *f; 1 _ \o i

—= ( 7 b EE—MJ TOE‘”(QJ —,  (164)
o0 f, TOL-K™f, Zu )z

1-9)B

whereZ,Z" and L are given.
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A.3 Mathematical appendix to Chapter Ill: Asymmetric DSGE

model with heterogeneous firms

A.3.1 Steady state

The only required assumption is ti@t=1. Thus, what determines the steady state are values

of variables Z,, Z,,, x and ratiosTOL = W—ZZ TON = % and TOC= % which have
W D

to be obtained numerically on the basis of relaiamong these variables in the steady state.

From the equation of balanced trade:

CIN B +CING B NGB NI+ NG T @
we get:
~% k‘
TON (T; +T +T;) =T, M, )
ZM
where:
T, =o0 f; 0LOC’ [LOR' [TOL[ZET, (3)
Loc’ =«¥ (A ToL™ -1 (4)
*K' AT oL UK -0
LoR =2 - A ToL : (5)
NE —-TOLX
T =f[0K" -k - (k¥ -1)] ZET, (6)

k k
min

*k* * K o-1
and ZET:Z”“”(D ] , T, =-(0(@-)+1 f, (ZET, T,=0c0f, are given

as functions of parameters.

From equations for average total profits of thendetic and foreign firms:

~  ~ N, -
D
_—~ —~k N* —~k N* —~k N* —~k
T =T+ 2T +—7 +—M 7T, (8)
ND ND ND

we get:
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EZTOCH +§&,Z K L, =&, (9)
12,77 TOL7 +&,7, « L, +L, OO +L,, (TOL™Y) =&, (20)
where:
L, = fy LOC'[0" [LOR" -1], (11)
L, =T, [ZET™, (12)
ko
and & =z00%F, 077, &, =2z 071, &, =01, L, =(@0-1[f
. K
& =700, ot & =zk0 1, & =601, L, =0 -Df,
From equations of price indices in the home andiforeconomies:
=Np P57 + Ny o 7 + N[y 7, (13)
1= No 2 7 + N B+ Ny B (4
we get:
K=L,+L,TON, (15)
K" =L, +L,TON™, (16)
where:
~o-1
K=Px_ (17)
ND
o-1
L, = D( i j T, (18)
ZX
* K *L —_x \O-1
L, = (EL] 0 0-{3—MJ e e (/\* KeDTOLHK e —1)T0|_1'” a7
ZM ZX
+( * K ~(o-1) 1)] (19)
P’
= : 20
N (20)
o-1 k K
Zrin 1-0 (3-0-1 Zin -1
Ll:D(~*j TOL oo +(~ J 0 o, (21)
ZM ZM
Z k k .2__ o-1
ZX ZM

From the fact that:
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~x o1 *
(E—MJ Ton* =K, (23)
Px K
we get:
~ o-1
K'TON - K(f—xj = 0. (24)
ZM
Definitions of average productivities give:
~ o-1
| =Sk, (25)
Z,, o fy
Definition of k™ gives:
K= f—M qoc™*o7™. (26)

Equations (2), (4)-(6), (9), (10), (15), (16) aif@4)-(25) constitute the system
of eleven analytical equations of following variell Z,,Z,,TOL LOC’,LOR, T, ,
TON, K, K,” k"and TOC. Their values can be found numerically. Steadyestatues of the

remaining variables are obtained analytically fritvair definitions and other model relations.
From equations (17) and (20), aggregate accoumtinaverage profits of exporting firms

and foreign exporting multinationals we get:

Ny =K™pg™, (27)
N, =K 75,77, (28)
0y =| oOf, MOC™ —K™f P L'z, 29
px ( X E (1—5),8j ( )
o, 7 =|o0 f, DO -K’ ‘1f*—'3 L'tz 30
Pw [ M E (1—5),8j (30)
., o0 f, TOL'-K™ *f] P _ o1
- = (1_5)18 Z_X Z (31)
L a4 - B Z, z"'
o0 f, MOC*-K™f, M
1-9)B

whereZ, Z" and L are given.
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B. Programming appendix

B.1 Programming appendix to Chapter I:

model with heterogeneous firms

B.1.1 DYNARE routine for getting IRFs, temporary shock

bnk.dyn

//basic new keynesian model
/Nlog-linearized

var

/linflation

pi,

/loutput gap
gap,
[lloutput

\

/Inatural output
yn,

/linterest rate

iy
/Inatural rate of interest
m,

//money growth

M,

/lemployment

n,
//monetary shock
Vv,
[ltechnology shock
a,

/lannualized variables
pia, ia, ra, MA;

varexo
epsv, epsa;

parameters
alfa, bet, epsi, phi, phipi, phigap, rho, rhoa, rho

alfa=1/3;
bet=0.99;
epsi=6;
phi=1;

v, gam, theta, eta;

Symmetric D$E
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phipi=1.5;
phigap=0.5/4;
rho=1;
rhoa=0.9;
rhov=0.5;
gam=1;
theta=2/3;
eta=4;

model; // 9 equations

I* */
/lparameters' transformations

# theta_big=(1-alfa)/(1-alfa+alfa*epsi);

# lam=(1-theta)*(1-bet*theta)/theta*theta_big;

# kap=lam*(gam+(phi+alfa)/(1-alfa));

# ksi=(1+phi)/(gam*(1-alfa)+phi+alfa);

# mi=log(epsi/(epsi-1));

# wal=-(1-alfa)*(mi-log(1-alfa))/(gam*(1-alfa)+phi+ alfa);

/Inew keynesian phillips curve
pi=bet*pi(+1)+kap*gap; //1

//dynamic IS equation
gap=-1/gam*(i-pi(+1)-(rn+rho))+gap(+1); /2

/loutput gap
gap=y-yn; /I3

/Inatural output
yn=ksi*a+wal; //4

/Inatural rate of interest
rn=-gam*ksi*(1-rhoa)*a; //5

/Inominal interest rate rule
i=rho+phipi*pi+phigap*gap+v; //6

//money growth
M=pi+y-y(-1)-eta*(i-i(-1)); //7

/lemployment
y=a+(1-alfa)*n;

//monetary shock
v=rhov*v(-1)+epsv; //8

[ltechnology shock
a=rhoa*a(-1)+epsa; //9

/lannualized variables
pia=pi*4;

ia=i*4;

ra=ia-pia(+1);
MA=M*4;

end;

steady;
check;

shocks;
[Ivar epsv; stderr 0.25;
var epsa; stderr 1;
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end;

/Istoch_simul(irf=13, noprint) gap, pia, ia, ra, MA
stoch_simul(irf=13, noprint) gap, pia, yn, y, n, ia
//stoch_simul(irf=13, nograph, noprint);

B.1.2 MATLAB routine giving steady state values

bnk_steadystate.m

% computes the steady state of bnk analytically

% largely inspired by the program of F. Schorfheide
%% parameters values are taken from the main file w

function [ys,check] = bnk_steadystate(ys,exe)

global M_
global oo_
alfa=  M_.params(1);
bet = M_.params(2);
epsi=  M_.params(3);
phi = M_.params(4);

phipi= M_.params(5);
phigap = M_.params(6);

rho = M_.params(7);

rhoa=  M_.params(8);

rhov= M_.params(9);

gam = M_.params(10);

theta= M_.params(11);

eta = M_.params(12);

epsv=  00_.exo_steady_state(1);
epsa=  00_.exo_steady_state(2);
check = 0;

%
%% parameters' transformations
theta_big=(1-alfa)/(1-alfa+alfa*epsi);
lam=(1-theta)*(1-bet*theta)/theta*theta_big;
kap=lam*(gam+(phi+alfa)/(1-alfa));
ksi=(1+phi)/(gam*(1-alfa)+phi+alfa);
mi=log(epsi/(epsi-1));
wal=-(1-alfa)*(mi-log(1-alfa))/(gam*(1-alfa)+phi+al
%
%%
v=0;
a=0;
rn=0;
gap=0;
pi=0;
i=rho;
yn=wal;
y=yn;

V. a;
,ra, MA, v, a;

1

ith model called bnk.dyn

! The similar way of describing the steady state iseparate file is presented in a program by Skéiufé,

which was used to get the steady states for a mindg&thorfheide [2000]. The program inspired authaofrthe

DYNARE software to propose the way of writing a aegie MATLAB file providing the steady state forin

file with description of a DSGE model.
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n=y/(1-alfa);

M=0;
pia=pi*4;
ia=i*4;
ra=ia-pia,;
MA=M*4;
%

%%

%declare in exactly the same order as in the 'var'

ys =[pi gap y yn i m
MA];

command in the main file

v a pia

ia

ra
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B.2 Programming appendix to Chapter II: Symmetric DSGE

model with heterogeneous firms

B.2.1 DYNARE routine for getting IRFs, temporary shock

To solve and simulate DSGE models we use the DYNARfEvare. The routine is written
inthe MATLAB environment because DYNARE is a pre-processor which exploits
MATLAB source routines. The program with the modekcription is saved as a ‘.dyn’ file
and can be called directly in the MATLAB commanadaow.

Let us notice that the model is presented in dgslinearized form. Thus we should
remember that all endogenous variables here acem@ge deviations from the steady state.
Various blocks can be distinguished in the rodtirférst we have a part with variables
declaration and choosing their type. Then theeebock in which values of all parameter are
given. Next comes the model block in which we hallehe model equations together with
the ones of shocks described by stochastic proeeBs®lly there is a part where we define
the disturbance, its type, scale and persistenbg. grogram finishes with the simulation

command for getting the IRFs.

flex4.dyn

/* largely inspired by Ghironi, Melitz 2005 and Con tessi 2010
linear stochastic model with FDI and heterogeneous productivity
fe, fef, fx, fxf, fii, fif, tau, tauf as endogenous variables

*/

[* variables in logs

Dynare generates a law of motion that is linear in these variables (when order = 1)
or alaw of motion that is 2nd-order in these variable s (when order = 2)*/
/Icase of financial autarky

/ltemporary aggregate productivity increase in home

1l

/[flexible entry costs//

1l

I* */
var

1 We use a R2012b version of MATLAB and a 4.3.2 ieeref DYNARE. The letter is a free software andhca
be downloaded from the official web site www.dynarg.
2 In this routine, as well as in the next ones, veild like to highlight some parts that are impott&om the

point of view of the model construction or of theael results’ presentation.
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/Inumber of firms 10
Innd, Inndf, Innx, Innxf, Inni, Innif, Innm, Innmf,

/laverage sectorial productivities 6
Inzx, Inzxf, Inzi, Inzif, Inzm, Inzmf,

//[Euler equation for shares 2
Inv, Invf,

/laverage sectorial profits 10
Inpro, Inprof, Inprodd, Inprodf, Inprox, Inproxf, |

/Ireal interest rates 2
Inr, Inrf,

/Ireal exchange rates (acc. welfare- and CPI-based)
InQ, Inq,

/laverage sectorial relative prices 8
Inrod, Inrodf, Inrox, Inroxf, Inroi, Inroif, Inrom,

/Ireal side 6
Inc, Incf, Inw, Inwf, Iny, Inyf,

/Ishocks 36

InZ, z, Z, InZf, zf, Zf,

Infe, FE, fe, Infef, FEF, fef,

Infx, FX, fx, Infxf, FXF, fxf,

Infii, FII, fii, Infif, FIF, fif,

Infxm, FXM, fxm, Infxmf, FXMF, fxmf,
Intau, TAU, tau, Intauf, TAUF, tauf,

/[definitions 10
Intol, Intot, Inntt, Innttf, Inlam, Inlamf, Inkap,

/lauxiliary variables - sectorial activities 6
Inax, Inaxf, Inai, Inaif, Inam, Inamf,

/lcomposition of expenditure 8
Insd, Insdf, Insx, Insxf, Insi, Insif, Insm, Insmf;

/lone needs 106 equations

/lpredetermined_variables Inr, Inrf, Innd, Inndf;
/*
varexo Lf,

epsz, epszf, epsFE, epsFEF, epsFX, epsFXF, epsFll,
epsTAUF; /*these are respect.:

productivity (technology), export cost, FDI cost, F

/*
parameters

/IPareto distribution 4
K, kf, zmin, zminf,

//of utility function, trade in bonds, substitution
bet, delta, gama, sig,

/ffor shock processes of aggregate productivity Z 3
rhoz, rhozf, phiepsz,

Inne, Innef,

nproi, Inproif, Inprom, Inpromf,

Inromf,

Inkapf, Inztilde, InZftilde,

epsFIF, epsFXM, epsFXMF, epsTAU,

DI ex. cost, icberg cost*/

of goods 4

*/

*/
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//steady state aggregate productivity 2
Zss, Zfss,

/ffor shock processes of costs 8
ufx, ufxf, ufii, ufif, ufxm, ufxmf, tauss, taufss,

lIpersistency of shocks 10

rhoFE, rhoFEF, rhoFX, rhoFXF, rhoFll, rhoFIF, rhoFX

/Isteady state labor 1
L,

//steady state entry costs 2
fess, fefss;

/134 parameters
/*
k=3.4; Il k > sig-1

kf=3.4;

zmin=1.016;

zminf=1;

bet=0.99;

delta=0.025;

gama=2; /I inverse of the inter
sig=3.8; /I elasticity of substit
rhoz=0.9; /I persistency parameter o
productivity

rhozf=0.9; // with 0.83 shock disappea
phiepsz=0.2603; /I correlation between epsz
Zss=1;

Zfss=1.077;

ufx=17/100; /1 12.5% as by Contessi
ufxf=11.7/100;

ufii=130/100;

ufif=21/100;

ufxm=195/100;

ufxmf=87/100;

tauss=1.09;

taufss=1.09;

rhoFE=0.5; /I persistency parameters of inn
rhoFEF=0.5; /l with 0.5 shock disappears afte
rhoFX=0.5;

rhoFXF=0.5;

rhoFl11=0.5;

rhoFIF=0.5;

rhoFXM=0.5;

rhoFXMF=0.5;

rhoTAU=0.5;

rhoTAUF=0.5;

L=1; //labor supply

fess=1,;

fefss=1.179;

/*
/lthe steady state is computed in the file flex4_st
/*
model; // 106 equations
/*
/lparameters' transformations

# mi=sig/(sig-1);

# s=sig-1;

#is=-s;

# tri=k/(k-s);

# trif=kf/(kf-s);

# theta=(1-bet*(1-delta))/(bet*(1-delta));
# zd=tri*(1/s)*zmin;

# zdf=trif°(1/s)*zminf;

M, rhoFXMF, rhoTAU, rhoTAUF,

*/

temp. elasticity of substitution
ution between goods
f innovation in aggregate

rs after about 10 years (40 q.)
and epszf

ovations in shocks
r about 2,5 years (10 quarters)

*/

eadystate.m
*/

*/
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/[Euler equations for "bonds" (here financial autar
1=bet*(1+exp(Inr))*(exp(Inc-Inc(+1)))*gama; //1
1=bet*(1+exp(Inrf))*(exp(Incf-Incf(+1)))*gama; //2

/ffree entry condition
exp(Inv)=exp(Inw+Infe-Inz); //3
exp(Invf)=exp(Inwf+Infef-Inzf); //4

/laverage sectorial relative prices
exp(Inrod)=mi/zd*exp(Inw-InZ); //5
exp(Inrodf)=mi/zdf*exp(Inwf-InZf); //6

exp(Inrox)= exp(-InQ+Intau)*mi*exp(Inw-Inzx-InZ); /
exp(Inroxf)= exp(InQ+Intauf)*mi*exp(Inwf-Inzxf-InZf
exp(Inroi)=mi*exp(Inwf-Inzi-InZf); // 9
exp(Inroif)=mi*exp(Inw-Inzif-InZ); // 10
exp(Inrom)=exp(InQ+Intauf)*mi*exp(Inwf-Inzm-InZf);
exp(Inromf)=exp(-InQ+Intau)*mi*exp(Inw-Inzmf-InZ);

/lprice indices
1=exp(Innd+is*Inrod)+exp(Innxf+is*Inroxf)+exp(Innif
1113
1=exp(Inndf+is*Inrodf)+exp(Innx+is*Inrox)+exp(Inni+
1114

/laverage sectorial productivities
exp(Inzx)=exp(Inzm-Inkap)*(((exp(Inlam))*(k-s)*(exp
/((exp(Inlam))"k*(exp(Intol))(mi*k)-1))(1/s); //1
exp(Inzxf)=exp(Inzmf-Inkapf)*(((exp(Inlamf))*(kf-s)
/((exp(Inlamf))"kf*(1/(exp(Intol)))*(mi*kf)-1))(1/
exp(Inzi)=exp(Inzm)*(((exp(Inkap))"(k-s)-1)/((exp(l
exp(Inzif)=exp(Inzmf)*(((exp(Inkapf))*(kf-s)-1)/((e

/laverage productivity of re-exporters - to derive
(15)-(18)

/l this form of zm would be also obtained by combin
for prom (similar to (21))
exp(Inzm)=tri*(1/s)*(sig/(exp(Inc))*(exp(Infi))+exp
*(exp(InQ+Inwf-InZf))*mi*mi*exp(Intauf); /19
exp(Inzmf)=trif*(1/s)*(sig/(exp(Incf))*(exp(Infif)+
*(exp(-InQ+Inw-InZ))*mi*mi*exp(Intau); //20

/laverage sectorial profits
exp(Inprodd)=1/sig*exp(is*Inrod+Inc); //21
exp(Inprodf)=1/sig*exp(is*Inrodf+Incf); //22
exp(Inprox)=(tri*((exp(Inlam))"k-(exp(Inlam))*s*(ex
/((exp(Inlam))"k-(exp(Intol))*(-mi*k))-1)*exp(Inw+l
exp(Inproxf)=(trif*((exp(Inlamf))"kf-(exp(Inlamf))*
[((exp(Inlamf))"kf-(exp(Intol))*(mi*kf))-1)*exp(Inw
exp(Inproi)=(tri*((exp(Inkap))"k-(exp(Inkap))s)/((
*exp(InQ+Inwf+Infii-InZf); //25
exp(Inproif)=(trif*((exp(Inkapf))"kf-(exp(Inkapf))*
*exp(-InQ+Inw+Infif-InZ); //26
exp(Inprom)=(tri-1)*exp(INQ+Inwf-InZf)*(exp(Infii)+
exp(Inpromf)=(trif-1)*exp(-InQ+Inw-InZ)*(exp(Infif)

/laverage total profits
exp(Inpro)=exp(Inprodd)+exp(Innx-Innd+Inprox)+exp(l
+exp(Innm-Innd+Inprom); //29
exp(Inprof)=exp(Inprodf)+exp(Innxf-Inndf+Inproxf)+e
+exp(Innmf-Inndf+inpromf); /30

/Idefinitions
exp(Intol)=exp(INQ+Inwf+InZ-InZf-Inw); //31
exp(Intot)=(exp(Innxf)+exp(Innmf))/(exp(Innx)+exp(l

ky)

7
); 118

/111
1112

+is*Inroif)+exp(Innm+is*Inrom);

is*Inroi)+exp(Innmf+is*Inromf);

(Intol))*(mi*(k-s))-1)

5
*(1/(exp(Intol)))M(mi*(kf-s))-1)
s); 1116

nkap))k-1))\(1/s); 1117
xp(Inkapf))"kf-1))*(1/s); //18

other productivities as above
ing (27) with another statement
(Infxm)))™(1/s)

exp(Infxmf)))*(1/s)

p(Intol))”(sig-mi*k))
nfx-Inz); /123
s*(exp(Intol))(mi*kf-sig))
f+Infxf-Inzf); //24
exp(Inkap))*k-1)-1)
s)/((exp(Inkapf))"kf-1)-1)

exp(Infxm)); //27
+exp(Infxmf)); //28

nni-Innd+Inproi)

xp(Innif-Inndf+Inproif)

nnm))*(exp(INQ-+Innx+Inrox)
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+exp(Innm+inrom))/(exp(Innxf+Inroxf)+exp(INQ+Innmf+
exp(Inlam)=(exp(Infii-Infx))*(1/s)*1/exp(Intau); //
exp(Inlamf)=(exp(Infif-Infxf))(1/s)*1/exp(Intauf);
exp(Inkap)=((exp(Infii)+exp(Infxm))/exp(Infii)*exp(
*exp(mi*InQ+Intauf); //35
exp(Inkapf)=((exp(Infif)+exp(Infxmf))/exp(Infif)*ex
*exp(-mi*InQ+Intau); //36

//[Euler equations for shares
exp(Inv)=bet*(1-delta)*(exp(Inc-Inc(+1)))*gama*(exp
exp(Invf)=bet*(1-delta)*(exp(Incf-Incf(+1)))"gama*(
1138

/Inumber of firms
exp(Innx)=exp(Innm+k*Inkap)*((exp(Inlam))*k*(exp(In
exp(Innxf)=exp(Innmf+kf*Inkapf)*((exp(Inlamf)) kf*(
exp(Inni)=exp(Innm)*((exp(Inkap))*k-1); //41
exp(Innif)=exp(Innmf)*((exp(Inkapf))"kf-1); //42
exp(Innm)=exp(Innd)*(zmin/(exp(Inzm)))"k*tri*(k/s);
exp(Innmf)=exp(Inndf)*(zminf/(exp(Inzmf))) kf*trif*
exp(Innd)=(1-delta)*(exp(Innd(-1))+exp(Inne(-1)));
exp(Inndf)=(1-delta)*(exp(Inndf(-1))+exp(Innef(-1))

//balanced trade - can be derived by combining 13,
market clearing
exp(InQ+Incf+Innx+is*Inrox)+exp(InQ+Incf+Innmf+is*|
+exp(Innm+Iinprom)=exp(Inc+Innxf+is*Inroxf)+exp(Inc+
+exp(InQ+Innif+inproif)+exp(InQ+Innmf+inpromf); //

/laggregated accounting
exp(Inc)=exp(Inw)*L+exp(Innd+Inpro)-exp(Inne+inv);
exp(Incf)=exp(Inwf)*Lf+exp(Inndf+Inprof)-exp(Innef+

//IGDP
exp(Iny)=exp(Inc)+exp(Inne+inv); //50
exp(Inyf)=exp(Incf)+exp(Innef+invf); //51

/laverage productivity of home producers
exp(Inztilde)=1/(exp(Innd)+exp(Innx)+exp(Innif)+exp
+exp(Innx+Inzx)+exp(Innif+inzif)+exp(Innmf+Inzmf))*
exp(Inzftilde)=1/(exp(Inndf)+exp(Innxf)+exp(Inni)+e
+exp(Innxf+Inzxf)+exp(Inni+inzi)+exp(Innm+Inzm))*ex

/Isectorial activities
exp(Inax)=exp(InQ+Incf+Innx+is*Inrox); //54
exp(Inaxf)=exp(Inc+Innxf+is*Inroxf); //55
exp(Inai)=exp(InQ+Incf+Inni+is*Inroi); //56
exp(Inaif)=exp(Inc+Innif+is*Inroif); //57
exp(lnam)=exp(Inc+innm+is*Inrom); //58
exp(Inamf)=exp(InQ+Incf+Innmf+is*Inromf); /59

/lcomposition of expenditure
exp(Insd)=exp(is*Inrod+Innd); /60
exp(Insdf)=exp(is*Inrodf+Iinndf); //61
exp(Insx)=exp(is*Inroxf+Innxf); //62
exp(Insxf)=exp(is*Inrox+Innx); //63
exp(Insi)=exp(is*Inroif+Innif); //64
exp(Insif)=exp(is*Inroi+Inni); //65
exp(Insm)=exp(is*Inrom+innm); //66
exp(Insmf)=exp(is*Inromf+Innmf); //67

/ICPI real exchange rate
exp(Ing)=exp(InQ)*((exp(Innd)+exp(Innxf)+exp(Innif)
+exp(Innx)+exp(Inni)+exp(Innmf)))*(1/s); //68

Inromf)); //132
33

1134
Incf-Inc))(1/s)

p(Inc-Incf))*(1/s)

(Inv(+1))+exp(Inpro(+1))); /137
exp(Invf(+1))+exp(Inprof(+1)));

tol))A(mi*k)-1): //39
1/(exp(Intol))) (mi*kf)-1); /40

1143
(kfls); /144
/145

); 1146

14, 29, 30, 48, 49 with labor

nromf)+exp(Inni+Inproi)
Innm-+is*Inrom)
47

/148
Invf); //49

(Innmf))*(zd*exp(Innd)
exp(Inz); /152
xp(Innm))*(zdf*exp(Inndf)
p(Inzf); //53

+exp(Innm))/(exp(Inndf)
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/Inon-traded to traded price ratios
exp(Inntt)=exp(Intau-InQ)*(exp(Innd+Inrod)/(exp(Inn
+exp(Innif+inroif)/(exp(Innd)+exp(Innif)))/(exp(Inn
+exp(Innmf+inromf)/(exp(Innx)+exp(Innmf))); /69
exp(Innttf)=exp(Intauf+InQ)*(exp(Inndf+Inrodf)/(exp
+exp(Inni+Inroi)/(exp(Inndf)+exp(Inni)))/(exp(Innxf
+exp(Innm+Inrom)/(exp(Innxf)+exp(Innm))); //70

/ISHOCKS
I
//shock to Z
z=rhoz*z(-1)+epsz; //71
InZ=In(Zss)+z; 1172
Z=exp(InZ); /173
zf=rhozf*zf(-1)+epszf; /174
InZf=In(Zfss)+zf; //75
Zf=exp(Inzf); //76

I
/Ishocks to costs
FE=rhoFE*FE(-1)+epsFE; //77
Infe=In(fess)+FE; //78

fe=exp(Infe); //79
FEF=rhoFEF*FEF(-1)+epsFEF; //80
Infef=In(fefss)+FEF; //81
fef=exp(Infef); //82

I

FX=rhoFX*FX(-1)+epsFX; //83
Infx=In(ufx*theta*fess)+FX; //84
fx=exp(Infx); //85
FXF=rhoFXF*FXF(-1)+epsFXF; //86
Infxf=In(ufxf*theta*fefss)+FXF; //87
fxf=exp(Infxf); //88

I
Fli=rhoFII*FlI(-1)+epsFll; //89
Infii=In(ufii*theta*fess)+FIl; //90
fii=exp(Infii); /91
FIF=rhoFIF*FIF(-1)+epsFIF; //92
Infif=In(ufif*theta*fefss)+FIF; //93
fif=exp(Infif); //94

I
FXM=rhoFXM*FXM(-1)+epsFXM; //95
Infxm=In(ufxm*theta*fess)+FXM; //96
fxm=exp(Infxm); //97
FXMF=rhoFXMF*FXMF(-1)+epsFXMF; //98
Infxmf=In(ufxmf*theta*fefss)+FXMF; //99
fxmf=exp(Infxmf); //100

I
TAU=rhoTAU*TAU(-1)+epsTAU; //101
Intau=In(tauss)+TAU; //102

tau=exp(Intau); /103
TAUF=rhoTAUF*TAUF(-1)+epsTAUF; //104
Intauf=In(taufss)+TAUF; //105
tauf=exp(Intauf); //106

end;

initval;

/lwe have to give the value for Lf, because itis e
Lf=1.000879529382035;

end;

/*
/lthe initial values are given in the flex4_steadys

steady;
IIsteady (solve_algo=4); // solve_algo 0-5, default
check;
/*

d)+exp(Innif))
x+Inrox)/(exp(Innx)+exp(Innmf))

(Inndf)+exp(Inni))
+Inroxf)/(exp(Innxf)+exp(Innm))

xogenous but not equal to 0

*/
tate.m file

*/
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shocks;
var epsz; stderr 0.01;

end;
/*
stoch_simul(irf=200, noprint);

*/

B.2.2 DYNARE routine for getting IRFs, permanentshock

The routine above is written for the stochastidisgtfor which we can consider only

temporary shocks. To be able to handle with thenpaent ones we have to transform the

model setting into the deterministic. The partte tppropriate program is presented below.

We show here only the block with the disturbancscdption that is the part which comes

after the 106 model equations.

flex4det.dyn

/lthe initial values are given in the flex4det_stea
/*
/Ifor permanent shocks in deterministic model

initval;

Lf=1;

epsz=0;

epszf=0; epsFE=0; epsFEF=0; epsFX=0; epsFXF=0; epsF
epsFXMF=0; epsTAU=0; epsTAUF=0;

end;

steady;

resid;

check;

endval;

Lf=1.010000000000008;

llepsz=0;

epsz=(1-rhoz)*log(1.01);

epszf=0; epsFE=0; epsFEF=0; epsFX=0; epsFXF=0; epsF
epsFXMF=0; epsTAU=0; epsTAUF=0;

end;

steady;

/Iresid;

/*
/Ifor temporary shocks in deterministic model if we
*shocks;

var epsz;

periods 1:9;

values 0.01;

end;*/

/*
simul(periods=198); //to get times series with 200

dystate.m file
*/

11=0; epsFIF=0; epsFXM=0;

11=0; epsFIF=0; epsFXM=0;

*/

would be interested in

*/

periods
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B.2.3 MATLAB routine giving steady state values

In the routine with the structural form of the mbee use log-linearized equation system.
Each nonlinear dependence of the theoretical mbdslbeen approximated by expanding
it into the Taylor series around the point of tletedministic long-term equilibrium of steady
state type. Thus it is necessary to find steadg st@ues of all model variables.

In the mathematical Appendix A.2.17 we have shtvat the model interrelations are
too complex to find the steady state just by anzdyimethods. Thus also numerical procedure
had to be adoptédWhen we obtain the steady state it can be uséteimain program with
the model equations. Each time the DYNARE routimdiscfor the steady state values
it exploits a MATLAB file where all these valueseagiven directly. This happens a few
times. For example when the initial values are ededhen when the IRFs are computed.
In case of a permanent shock two settings of thadst state have to be delivered, one before
hitting the system with the disturbance and onerdfecause all variables will finally reach

their new steady state values.

flex4_steadystate.m

% computes the steady state of flex4 analytically

% largely inspired by the program of F. Schorfheide
%% parameters values are taken from the main file w
function [ys,check] = flex4_steadystate(ys,exe)

ith model called flex4.dyn

global M_

global oo_

k= M_.params(1l); kf= M_.param s(2);
zmin = M_.params(3); zminf = M_.params(4);
bet = M_.params(5); delta= M_.params(6);
gama=  M_.params(7); sig = M_.params(8);
rhoz=  M_.params(9); rhozf = M_.params(10);
phiepsZ = M_.params(11);

Zss = M_.params(12); Zfss=  M_.params(13);
ufx = M_.params(14); ufxf= M_.params(15);
ufii= M_.params(16); ufif = M_.params(17);
ufxm = M_.params(18); ufxmf = M_.params(19);

tauss = M_.params(20);
rhoFE = M_.params(22);
rhoFX = M_.params(24);
rhoFIl = M_.params(26);
rhoFXM = M_.params(28);
rhoTAU = M_.params(30);
L= M_.params(32);
fess=  M_.params(33);

taufss = M_.params(21);
rhoFEF = M_.params(23);
rhoFXF = M_.params(25);
rhoFIF = M_.params(27);
rhoFXMF = M_.params(29);
rhoTAUF = M_.params(31);

fefss= M_.params(34);

Lf= 00_.exo_steady_state(1);

epsz = o00_.exo_steady_state(2); epszf=
epsFE = o0o0_.exo_steady_state(4); epsFEF =
epsFX = o0o0_.exo_steady_state(6); epsFXF =

00_.exo_steady_state(3);
00_.exo_steady_state(5);
00_.exo_steady_state(7);

¥ We will present MATLAB routines to find the steasliate numerically in the last part of this Appen#i2.4.
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epsFll = oo_.exo_steady_state(8); epsFIF =

epsFXM = o0o0_.exo_steady_state(10); epsFXMF =
epsTAU = o0o0_.exo_steady_state(12); epsTAUF =

check = 0;
%
%% load steady state values of end. variables found
load numericflex4_steady
%
%% parameters' transformations
mi=sig/(sig-1);
s=sig-1;
is=-s;
tri=k/(k-s);
trif=kf/(kf-s);
theta=(1-bet*(1-delta))/(bet*(1-delta));
zd=tri*(1/s)*zmin;
zdf=trifr(1/s)*zminf;

%
%%

z=epsz/(1-rhoz);

Z=7ss*exp(z);

zf=epszf/(1-rhozf);

Zf=Zfss*exp(zf);

FE=epsFE/(1-rhoFE);

fe=fess*exp(FE);

FEF=epsFEF/(1-rhoFEF);

fef=fefss*exp(FEF);

FX=epsFX/(1-rhoFX);
fx=ufx*theta*fess*exp(FE);
FXF=epsFXF/(1-rhoFXF);
fxf=ufxf*theta*fefss*exp(FEF);
Fll=epsFIl/(1-rhoFIl);

fii=ufii*theta*fess*exp(FIl);
FIF=epsFIF/(1-rhoFIF);
fif=ufif*theta*fefss*exp(FIF);
FXM=epsFXM/(1-rhoFXM);
fxm=ufxm*theta*fess*exp(FXM);
FXMF=epsFXMF/(1-rhoFXMF);
fxmf=ufxmf*theta*fefss*exp(FXMF);
TAU=epsTAU/(1-rhoTAU);

tau=tauss*exp(TAU);
TAUF=epsTAUF/(1-rhoTAUF);
tauf=taufss*exp(TAUF);
toco=(kap/kapf)™(s/2)*(fmf/fm)~0.5*(fif/fi))0.5*(t
RO=sig*tri*fm*tol-1/K*feb;
ROF=sig*trif*fmf*1/tol-1/Kf*febf;
Lf=ROF/RO*(zm/zmf)"s*tol"is*(tau/tauf)"s*Z/Zf*L;
rom=(1/(Z*L)*RO)(1/is);
romf=(1/(Zf*Lf)*ROF)"(1/is);

% %

%%

nd=1/K*rom”s;

ndf=1/Kf*romf’s;

%ndf=nd*ton; %to check correctness of analytical
zx=zm/kap*((lam”~(k-s)*tol*(-sig+mi*k)-1)/(lam”k*tol
zxf=zmf/kapf*((lamf*(kf-s)*tol*(sig-mi*kf)-1)/(lamf
zi=zm*((kap”(k-s)-1)/(kap”k-1))(1/s);
zif=zmf*((kapf(kf-s)-1)/(kapf kf-1))N(1/s);
rod=zm/zd*rom*1/tol*1/tauf;
rodf=zmf/zdf*romf*tol*1/tau;
rox=zm/zx*rom*1/tol*tau/tauf;
roxf=zmf/zxf*romf*tol*tauf/tau;
roi=zm/zi*rom*1/tauf;

roif=zmf/ziffromf*1/tau;

% %

%%

00_.exo_steady_state(9);
00_.exo_steady_state(11);
00_.exo_steady_state(13);

numerically
________________________ %
________________________ %
au/tauf)(s/2);
calculations

Ami*k)-1))~(L/s);
Akl (-mitkf)-1))A(L/s);
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w=1/mi*zmf*romf*Z*1/tau;
wf=1/mi*zm*rom*Zf*1/tauf;
wif=w*Zf/Z*tol;

c=w*(L+nd*feb/z);
cf=wf*(Lf+ndf*febf/Zf);

cff=c*toco;

% %
%%

nee=delta/(1-delta)*nd;
nef=delta/(1-delta)*ndf;
nm=(zmin/zm)"k*tri*(k/s)*nd;
nmf=(zminf/zmf)"kf*trif*(kf/s)*ndf;
nx=nm*kap”k*(lam”k*tol*(mi*k)-1);
nxf=nmf*kapf kf*(lamf kf*tol(-mi*kf)-1);
ni=nm*(kap”k-1);

nif=nmf*(kapf kf-1);
ndo=nd-nx-ni-nm;
ndof=ndf-nxf-nif-nmf;

% %
%%

prodd=c/sig*rod”is;
prodf=cf/sig*rodfis;
prox=cf/sig*rox"is-w*fx/Z;
proxf=c/sig*roxfris-wf*fxf/Zf;
proi=cf/sig*roitis-wf*fii/Zf;
proif=c/sig*roifris-w*fif/Z;
prom=c/sig*rom”is-wf*fm/Zf;
promf=cf/sig*romfris-w*fmf/Z;
v=w*fe/Z;

vi=wf*fef/Zf;

pro=theta*v;

prof=theta*vf;

r=(1-bet)/bet;

rf=r;

y=c+nee*v;

yf=cf+nef*vf;

ad=c*nd*rod"is;
adf=cf*ndf*rodf/is;
ax=cf*nx*rox/is;

axf=c*nxf*roxfis;

ai=cf*ni*roinis;

aif=c*nif*roif/is;

am=c*nm*romAis;
amf=cf*nmf*romfAis;

sd=nd*rod”\is;

sdf=ndf*rodfAis;

sx=nxf*roxfris;

sxf=nx*rox"is;

si=nif*roif\is;

sif=ni*roinis;

sm=nm*romAis;

smf=nmf*romfAis;

%
%%

gdp=c*(nd*rod"is+nif*roiftis)+ cf*(nx*rox is+nmf*ro
gdpf=cf*(ndf*rodfris+ni*roitis)+ c*(nxf*roxfris+nm*
%gdp=ad+ax+aif+amf+nee*v; %to check correctness o
%gdpf=adf+axf+ai+am+nef*vf;
gnp=c*(nd*rod*is+tnm*rom”is)+ cf*(nx*rox is+ni*roini
gnpf=cf*(ndf*rodfris+nmf*romfris)+ c*(nxf*roxfris+n
%gnp=ad+ax+ai+am+nee*v; %to check correctness of
%gnpf=adf+axf+aif+amf+nef*vf;
FDI=(ni*proi+nm*prom)/y;
FDIf=(nif*proif+nmf*promf)/yf;
netFDI=(ni*proi+nm*prom-nif*proif-nmf*promf)/y;
netFDIf=-(ni*proi+nm*prom-nif*proif-nmf*promf)/yf;
% %

%%

mfAis)+nee*v;
romA”is)+nef*vf;
f analytical calculations

S)+nee*v;

if*roifris)+nef*vf;
analytical calculations
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Q=1;
g=Q*((nd+nxf+nif+nm)/(ndf+nx+ni+nmf))*(1/s);

tot=(nxf+nmf)/(nx+nm)*(nx*rox+nm*rom)/(nxf*roxf+nmf *romf);
ntt=tau/Q*(nd*rod/(nd-+nif)+nif*roif/(nd+nif))/(nx*r ox/(nx+nmf)+nmf*romf/(nx+nmf));
nttf=tauf*Q*(ndf*rodf/(ndf+ni)+ni*roi/(ndf+ni))/(nx frroxf/(nxf+nm)+nm*rom/(nxf+nm))
Ztilde=1/(nd+nx+nif+nmf)*(nd*zd+nx*zx+nif*zif+nmf*z mf)*Z;
Zftilde=1/(ndf+nxf+ni+nm)*(ndf*zdf+nxf*zxf+ni*zi+nm *zm)*Zf;
% %
%%
ne=nee; Innd=log(nd); Inndf=log(ndf); Innx=log(nx); Innxf=log(nxf);
Inni=log(ni); Innif=log(nif); Innm=log(nm); Innmf=log(nmf);
Inne=log(ne); Innef=log(nef); Inzx=log(zx); Inzxf=log(zxf);
Inzi=log(zi); Inzif=log(zif); Inzm=log(zm); Inzmf=log(zmf); Inv=log(v);
Invf=log(vf); Inpro=log(pro); Inprof=log(prof); Inprodd=log(prodd);
Inprodf=log(prodf); Inprox=log(prox); Inproxf=log(proxf);
Inproi=log(proi); Inproif=log(proif); Inprom=log(prom);
Inpromf=log(promf); Inr=log(r); Inrf=log(rf); InQ=log(Q); Ing=log(q);
Inrod=log(rod); Inrodf=log(rodf); Inrox=log(rox); Inroxf=log(roxf);
Inroi=log(roi); Inroif=log(roif); Inrom=log(rom); Inromf=log(romf);
Inc=log(c); Incf=log(cf); Inw=log(w); Inwf=log(wf); Iny=log(y);
Inyf=log(yf); InZ=log(2); InZf=log(Zf); Infe=log(fe); Infef=log(fef);
Infx=log(fx); Infxf=log(fxf); Infii=log(fii); Infif=log(fif);
Infxm=log(fxm); Infxmf=log(fxmf); Intau=log(tau); Intauf=log(tauf);
Intol=log(tol); Intot=log(tot); Inntt=log(ntt); Innttf=log(nttf);
Inlam=log(lam); Inlamf=log(lamf); Inkap=log(kap); Inkapf=log(kapf);
InZtilde=log(Ztilde); Inzftilde=log(Zftilde); Inax=log(ax);
Inaxf=log(axf); Inai=log(ai); Inaif=log(aif); Inam=log(am);
Inamf=log(amf); Insd=log(sd); Insdf=log(sdf); Insx=log(sx);
Insxf=log(sxf); Insi=log(si); Insif=log(sif); Insm=log(sm);
Insmf=log(smf);
Qmmmm s e %
%%
%declare in exactly the same order as in the 'var' command in the main file

ys =[
Innd Inndf Innx Innxf Inni Innif Innm Innmf Inne Innef
Inzx Inzxf Inzi Inzif Inzm Inzmf Inv Invf Inpro
Inprof Inprodd Inprodf Inprox Inproxf Inproi Inproif Inprom
Inpromf Inr Inrf InQ Ing Inrod Inrodf Inrox Inroxf
Inroi Inroif Inrom Inromf Inc Incf Inw Inwf Iny Inyf
InZ z z Inzf zf Zf Infe FE fe Infef FEF fef
Infx FX fx Infxf FXF xf Infii Fll fii Infif FIF
fif Infxm FXM fxm Infxmf FXMF fxmf Intau TAU tau
Intauf TAUF tauf Intol Intot Inntt Innttf Inlam Inlamf
Inkap Inkapf InZtilde InZftilde Inax Inaxf Inai Inaif Inam
Inamf Insd Insdf Insx Insxf Insi Insif Insm Insmf];

B.2.4 MATLAB routines for getting steady state nunerically

Here we present programs that can be used tolimdteady state numerically. They can be
exploited in case of asymmetric calibration as vaslthe symmetric one. In case of the latter
we obtain in fact only eight values of interesx, af which are designed for the home and the
foreign economy and two of them are just equalre as ratio values in case of symmetry.

The asymmetric calibration gives fourteen valuesaébnumerically. But some of them are

just auxiliary ones. The steady state values we teaobtain arez,, , Z,,, TOL, k, K~
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solveryflex4.m

x0 = ones(1,14); % Make
options=optimset('Display','iter"); % Optio
[x,fval] = fsolve(@myfunflex4,x0,options) % Call
% %

%%

zm=x(1);

zmf=x(2);

tol=x(3);

iloc=x(4);

ilocf=x(5);

ilor=x(6);

ilorf=x(7);

Ti=x(8);

Tif=x(9);

ton=x(10);

K=x(11);

Kf=x(12);

kap=x(13);

kapf=x(14);

% %

%%

Z=75S;

Zf=Zfss;

tau=tauss;

tauf=taufss;
toco=(kap/kapf)™(s/2)*(fmf/fm)~0.5*(fif/fi))0.5*(t
RO=sig*tri*fm*tol-1/K*feb;
ROF=sig*trif*fmf*1/tol-1/Kf*febf;
Lf=ROF/RO*(zm/zmf)*s*tol"is*(tau/tauf)"s*Z/Zf*L
%
%%

rom=(1/(Z*L)*RO)(1/is);
romf=(1/(Zf*Lf)*ROF)"(1/is);

% %

%%

nd=1/K*rom”s;

ndf=1/Kf*romfs;

%ndf=nd*ton; %to check correctness of analytical
zx=zm/kap*((lam”(k-s)*tol*(-sig+mi*k)-1)/(lam”k*tol
zxf=zmf/kapf*((lamf*(kf-s)*tol*(sig-mi*kf)-1)/(lamf
zi=zm*((kap”(k-s)-1)/(kap”k-1))(1/s);
zif=zmf*((kapf(kf-s)-1)/(kapf kf-1))N(1/s);
rod=zm/zd*rom*1/tol*1/tauf;
rodf=zmf/zdf*romf*tol*1/tau;
rox=zm/zx*rom*1/tol*tau/tauf;
roxf=zmf/zxf*romf*tol*tauf/tau;
roi=zm/zi*rom*1/tauf;

roif=zmf/ziffromf*1/tau;

% %

%%

w=1/mi*zmf*romf*Z*1/tau;
wf=1/mi*zm*rom*Zf*1/tauf;

wif=w*Zf/Z*tol;

c=w*(L+nd*feb/z);

cf=wf*(Lf+ndf*febf/Zf);

cff=c*toco;

% %

%%

nee=delta/(1-delta)*nd;

nef=delta/(1-delta)*ndf;
nm=(zmin/zm)"k*tri*(k/s)*nd;
nmf=(zminf/zmf)"kf*trif*(kf/s)*ndf;
nx=nm*kap”k*(lam”k*tol"(mi*k)-1);
nxf=nmf*kapf kf*(lamf kf*tol(-mi*kf)-1);
ni=nm*(kap”k-1);

nif=nmf*(kapf kf-1);

a starting guess at the solution
n to display output
solver

au/tauf)(s/2);

calculations
Nmi*k)-1))\(1/s);
~kftolN(-mi*kf)-1))M(1/s);
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ndo=nd-nx-ni-nm;

ndof=ndf-nxf-nif-nmf;

% %

%%

prodd=c/sig*rod”is;

prodf=cf/sig*rodfiis;

prox=cf/sig*rox"is-w*fx/Z;
proxf=c/sig*roxfris-wf*fxf/Zf;
proi=cf/sig*roitis-wf*fii/Zf;

proif=c/sig*roifris-w*fif/Z;
prom=c/sig*rom”is-wf*fm/Zf;
promf=cf/sig*romfris-w*fmf/Z;

v=w*fe/Z;

vi=wf*fef/Zf;

pro=theta*v;

prof=theta*vf;

r=(1-bet)/bet;

rf=r;

y=c+nee*v;

yf=cf+nef*vf;

ad=c*nd*rod”is;

adf=cf*ndf*rodfis;

ax=cf*nx*rox”is;

axf=c*nxf*roxfris;

ai=cf*ni*roinis;

aif=c*nif*roif/is;

am=c*nm*romAis;

amf=cf*nmf*romfAis;

sd=nd*rod"is;

sdf=ndf*rodfAis;

sx=nxf*roxfhis;

sxf=nx*rox”is;

si=nif*roif’is;

sif=ni*roi’is;

sm=nm*romA"\is;

smf=nmf*romfAis;

% %

%%

gdp=c*(nd*rod"is+nif*roifris)+ c*(nxf*roxfris+tnm*ro
gdpf=cf*(ndf*rodfris+ni*roitis)+ cf*(nx*rox”is+nmf*
%gdp=ad-+axf+aif+tam+nee*v; %to check correctness o
%gdpf=adf+ax+ai+amf+nef*vf;
gnp=c*(nd*rod"is+tnm*rom”is)+ cf*(nx*rox is+ni*roiti
gnpf=cf*(ndf*rodfris+nmf*romfris)+ c*(nxf*roxfris+n
%gnp=ad+ax+ai+am+nee*v; %to check correctness of
%gnpf=adf+axf+aif+amf+nef*vf;
FDI=(ni*proi+nm*prom)/y;
FDIf=(nif*proif+nmf*promf)/yf;
netFDI=(ni*proi+nm*prom-nif*proif-nmf*promf)/y;
netFDIf=-(ni*proi+nm*prom-nif*proif-nmf*promf)/yf;
% %

%%

Q=1
g=Q*((nd+nxf+nif+nm)/(ndf+nx+ni+nmf))*(1/s);
tot=(nxf+nmf)/(nx+nm)*(nx*rox+nm*rom)/(nxf*roxf+nmf
ntt=tau/Q*(nd*rod/(nd-+nif)+nif*roif/(nd+nif))/(nx*r
nttf=tauf*Q*(ndf*rodf/(ndf+ni)+ni*roi/(ndf+ni))/(nx
Ztilde=1/(nd+nx+nif+nmf)*(nd*zd+nx*zx+nif*zif+nmf*z
Zftilde=1/(ndf+nxf+ni+nm)*(ndf*zdf+nxf*zxf+ni*zi+nm
% %

%%

save (‘numericflex4_steady', -append', 'zm', 'zmf'
ilor', "ilorf', 'Ti', 'Tif', 'ton’, 'K', 'Kf', 'ka

mA7is)+nee*v;
romfAis)+nef*vf;
f analytical calculations

S)+nee*v;
if*roifris)+nef*vf;
analytical calculations

*romf);
ox/(nx+nmf)+nmf*romf/(nx+nmf));
frroxf/(nxf+nm)+nm*rom/(nxf+nm))
mf)*Z;

*zm)*Zf;

, 'tol', ‘iloc', 'ilocf',
p', 'kapf’)
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myfunflex4.m

function F = myfunflex4(x)

load paramflex4.mat

Tm=-(tri*s+1)*fm;

Tmf=-(trif*s+1)*fmf*zet;

ksil=zmin/s*tri*2*fm*tauf’s;

ksi2=zmin”k*tri*(k/s);

ksifl=zminfAs*trif*2*fmf*tau’*s;

ksif2=zminf kf*trif*(kf/s);

ksi3=theta*fe;

ksif3=theta*fef;

Lm=(tri-1)*fm;

Lmf=(trif-1)*fmf;

% %

%% use nontation with ".": .* ./ .A

F = [(sig*trif*fxf*x(5).*x(7).*x(3)*zet+x(9)+Tmf).*
+X(8)+Tm.*x(3)).*(x(2).”kf./x(1).7k);

X(4)-x(13).~k.*(lam”k*x(3).~(mi*k)-1);
X(5)-x(14).7kf. *(lamf kf*x(3).~(-mi*kf)-1);
X(6)-(lam”k-lam”s*x(3).A(-mi*k+sig))/(lam”k-Xx(3
X(7)-(lamfrkf-lamfrs*x(3).A(mi*kf-sig))/(lamfrk
X(8)-(tri*(x(13).7k-x(13).7s)-(x(13).7k-1)).*x(
X(9)-(trif*(x(14).7kf-x(14).7s)-(x(14)."kf-1))*

ksil*x(1).7is.*x(3)."sig+ksi2*x(1).M(-k).*(fx*x
+Lm*x(3))-ksi3;

ksif1*x(2).Mis.*x(3).2(-sig)+ksif2*x(2).~(-kf).
*1/zet./x(3)+Lmf/x(3))-ksif3;

tri*(zmin/x(1))."s.*x(3). s*tauf*s+(zmin/x(1)).
+(zminf/x(2)). kf*trifA(kf/s)*(x(2)./x(1)).As.*
*(lamfA(kf-s)*x(3).~(sig-mi*kf)-1)+(x(14)."(kf-
-X(11);
trif*(zminf/x(2)).7s.*x(3).Nis*tau”s+(zminf/x(2
+(zmin/x(1)).~k*trir(k/s)*(X(1)./x(2)).As.*(x(1
*(lam”(k-s)*x(3).M(-sig+mi*k)-1)+(x(13).M(k-S)-
-X(12);

X(12).*x(10)-x(11).*(x(L)./X(2)).As.*x(3).Mis*(

(X(1)./x(2))."s-triftrif*(x(13)./x(14)).7(s/2).*
*(fm/fmf)"0.5*(tauf/tau)(s/2);

X(13).*x(14)-(fm*fmf/(fii*fif))*(1/s)*tau*tauf]

X(10)-(sig*tri*fx*x(4).*x(6)

)N (-mik));
f-x(3).~(mi*kf));
3)fii;

zet*fif;

(8).*(tri*x(6)-1)+X(8)

*(fxf*x(5).*(trif*x(7)-1)+x(9)

Ak*triv(k/s)
(x(14).M(kf-s)
s)-1).*x(3)."s*tauf"s).*x(10)

)).kf*trifA(kf/s)
3)."(k-s)
1).*x(3).Nis*tau”'s)./x(10)

tau/tauf)"s;

x(3).Asig*(fii/fif)"0.5
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B.3 Programming appendix to Chapter Ill: Asymmetric DSGE

model with heterogeneous firms

B.3.1 DYNARE routine for getting IRFs, temporary shock

The structure of the routine is very similar to tivee for the symmetric model from Chapter
II. It is written in the MATLAB language, but uséBYNARE as an overlay for the
MATLAB. This main program with the whole model daption calls for some other routine
written in MATLAB to get steady state values of iaates.

flexas.dyn

/* largely inspired by Ghironi, Melitz 2005 and Con tessi 2010
linear stochastic model with FDI and heterogenous p roductivity
fe, fef, fx, fxf, fii, fif, tau, tauf as endogenous variables

*/

[* variables in logs

Dynare generates a law of motion that is linear in these variables (when order = 1)
or alaw of motion that is 2nd-order in these variable s (when order = 2)*/
/Icase of financial autarky

/ltemporary aggregate productivity increase in home

1l

/[flexible entry costs//

1l

I* */
var

/Inumber of firms 8

Innd, Inndf, Innx, Innxf, Innif, Innmf, Inne, Innef ,

/laverage sectoral productivities 4
Inzx, Inzxf, Inzif, Inzmf,

//[Euler equation for shares 2
Inv, Invf,

/laverage sectoral profits 8
Inpro, Inprof, Inprodd, Inprodf, Inprox, Inproxf, | nproif, Inpromf,

/Ireal interest rates 2
Inr, Inrf,

/Ireal exchange rates (acc. welfare- and CPI-based) 2
InQ, Inq,

/laverage sectoral relative prices 6
Inrod, Inrodf, Inrox, Inroxf, Inroif, Inromf,

/Ireal side 6
Inc, Incf, Inw, Inwf, Iny, Inyf,
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/Ishocks 30

InZ, z, Z, InZf, zf, Zf,

Infe, FE, fe, Infef, FEF, fef,

Infx, FX, fx, Infxf, FXF, fxf,

Infif, FIF, fif,

Infxmf, FXMF, fxmf,

Intau, TAU, tau, Intauf, TAUF, tauf,

/[definitions 8
Intol, Intot, Inntt, Innttf, Inlamf, Inkapf, InZtil

[llauxiliary variables - sectorial activities 4
Inax, Inaxf, Inaif, Inamf,

/lcomposition of expenditure 6
Insd, Insdf, Insx, Insxf, Insi, Insmf;

/lone needs 86 equations

/lpredetermined_variables Inr, Inrf, Innd, Inndf;

/*
varexo Lf,

epsz, epszf, epsFE, epsFEF, epsFX, epsFXF, epsFIF,

[*these are respect.:

productivity (technology), export cost, FDI cost, F

/*
parameters

/[Pareto distribution 4
K, kf, zmin, zminf,

//of utility function, trade in bonds, substitution

bet, delta, gama, sig,

/lfor shock processes of aggregate productivity Z 3

rhoz, rhozf, phiepsz,

//steady state agreggate productivity 2
Zss, Zfss,

/ffor shock processes of costs 6
ufx, ufxf, ufif, ufxmf, tauss, taufss,

lIpersistency of shocks 8

rhoFE, rhoFEF, rhoFX, rhoFXF, rhoFIF, rhoFXMF, rhoT

/Isteady state labour 1
L,

//steady state entry costs 2
fess, fefss;

/130 parameters
/*
k=3.6; Ik > sig-1

kf=4.8;

zmin=1.016;

zminf=1;

bet=0.99;

delta=0.025;

gama=2; Il inverse of the inter
substitution

de, InZftilde,

*/
epsFXMF, epsTAU, epsTAUF;

DI ex. cost, icberg cost*/
*/

of goods 4

AU, rhoTAUF,

*/

temporal elasticity of
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sig=3.8; /I elasticity of substit

rhoz=0.9; /I persistency parametr of
productivity

rhozf=0.9; // with 0.83 shock dissapea
quarters)

phiepsz=0.2603; /I correlation betwween epsZ
7ss=1.133;

Zfss=1.265;

ufx=12.7/100; I/ 12.5% as by Contessi
ufxf=21/100;

ufif=28/100;

ufxmf=19/100;

tauss=1.7;

taufss=1.09;

rhoFE=0.5; /I persistency parameters of inn
rhoFEF=0.5; /l with 0.5 shock dissappears aft
rhoFX=0.5;

rhoFXF=0.5;

rhoFIF=0.5;

rhoFXMF=0.5;

rhoTAU=0.5;

rhoTAUF=0.5;

L=1; /llabor supply

fess=1;

fefss=1.12;

/*
/lthe steady state is computed in the file flexas_s
*,
.
model; // 86 equations
/*
/lparameters' transformations

# mi=sig/(sig-1);

# s=sig-1;

#is=-s;

# tri=k/(k-s);

# trif=kf/(kf-s);

# theta=(1-bet*(1-delta))/(bet*(1-delta));
# zd=tri*(1/s)*zmin;

# zdf=trifr(1/s)*zminf;

//[Euler equations for "bonds" (here financial autar
1=bet*(1+exp(Inr))*(exp(Inc-Inc(+1)))*gama; //1
1=bet*(1+exp(Inrf))*(exp(Incf-Incf(+1)))*gama; //2

/lfree entry condition
exp(Inv)=exp(Inw+Infe-InZ); //3
exp(Invf)=exp(Inwf+Infef-Inzf); //4

/laverage sectoral relative prices
exp(Inrod)=mi/zd*exp(Inw-InZ); //5
exp(Inrodf)=mi/zdf*exp(Inwf-Inzf); //6

exp(Inrox)= exp(-InQ+Intau)*mi*exp(Inw-Inzx-InZ); /
exp(Inroxf)= exp(InQ+Intauf)*mi*exp(Inwf-Inzxf-InZf
exp(Inroif)=mi*exp(Inw-Inzif-InZ); // 9
exp(Inromf)=exp(-InQ+Intau)*mi*exp(Inw-lnzmf-InZ);

/lprice indices
1=exp(Innd+is*Inrod)+exp(Innxf+is*Inroxf)+exp(Innif
1=exp(Inndf+is*Inrodf)+exp(Innx+is*Inrox)+exp(Innmf

/laverage sectoral productivities
exp(Inzxf)=exp(Inzmf-Inkapf)*(((exp(Inlamf))*(kf-s)
1)/((exp(Inlamf))kf*(1/(exp(Intol)))*(mi*kf)-1))(
exp(Inzif)=exp(Inzmf)*(((exp(Inkapf))*(kf-s)-1)/((e

ution between goods
innovation in aggregate

rs after about 10 years (40

and epsZf

ovations in shocks
er about 2,5 years

*/

teadystate.m
*/
*/

*/

ky)

17
); 118

/110

+is*Inroif); /11
+is*Inromf); //12

*(1/(exp(Intol)))*(mi*(kf-s))-
1/s); 113
xp(Inkapf))"kf-1))N(1/s); //14
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/laverage productivity of exporters () and re-expor
exp(Inzx)=trir(1/s)*(sig/(exp(Incf))*exp(Infx))N(1/
InZ))"mi*mi*exp(Intau); //15
exp(Inzmf)=trif*(1/s)*(sig/(exp(Incf))*(exp(Infif)+
INQ+Inw-InZ)) mi*mi*exp(Intau); //16

/laverage sectoral profits
exp(Inprodd)=1/sig*exp(is*Inrod+Inc); //17
exp(Inprodf)=1/sig*exp(is*Inrodf+Incf); //18
exp(Inprox)=(tri-1)*exp(Inw-InZ)*exp(Infx); //19
exp(Inproxf)=(trif*((exp(Inlamf))"kf-(exp(Inlamf))*
sig))/((exp(Inlamf))"kf-(exp(Intol))*(mi*kf))-1)*ex
exp(Inproif)=(trif*((exp(Inkapf))"kf-(exp(Inkapf))*
INQ+Inw+Infif-InZ); //21
exp(Inpromf)=(trif-1)*exp(-InQ+Inw-InZ)*(exp(Infif)

/laverage total profits
exp(Inpro)=exp(Inprodd)+exp(Innx-Innd+Inprox); //23
exp(Inprof)=exp(Inprodf)+exp(Innxf-Inndf+Inproxf)+e
Inndf+Inproif)+exp(Innmf-Inndf+Inpromf); //24

/Idefinitions

exp(Intol)=exp(InQ+Inwf+InZ-InZf-Inw); //25
exp(Intot)=exp(InQ+Inrox)*(exp(Innxf)+exp(Innmf))/(
Inromf)); //26
exp(Inlamf)=(exp(Infif-Infxf))*(1/s)*1/exp(Intauf);
exp(Inkapf)=((exp(Infif)+exp(Infxmf))/exp(Infif)*ex
mi*InQ+Intau); //28

//[Euler equations for shares
exp(Inv)=bet*(1-delta)*(exp(Inc-Inc(+1)))*gama*(exp
exp(Invf)=bet*(1-delta)*(exp(Incf-Incf(+1))) gama*(
1130

/Inumber of firms
exp(Innx)=exp(Innd)*(zmin/(exp(Inzx)))" k*tri*(k/s);
exp(Innxf)=exp(Innmf+kf*Inkapf)*((exp(Inlamf)) kf*(
exp(Innif)=exp(Innmf)*((exp(Inkapf))"kf-1); //33
exp(Innmf)=exp(Inndf)*(zminf/(exp(Inzmf))) kf*trifr
exp(Innd)=(1-delta)*(exp(Innd(-1))+exp(Inne(-1)));
exp(Inndf)=(1-delta)*(exp(Inndf(-1))+exp(Innef(-1))

//balanced trade
exp(InQ+Incf+Innx+is*Inrox)+exp(InQ+Incf+Innmf+is*|
exp(InQ+Innif+Inproif)+exp(InQ+Innmf+inpromf); //3

/laggregated accounting
exp(Inc)=exp(Inw)*L+exp(Innd+Inpro)-exp(Inne+inv);
exp(Incf)=exp(Inwf)*Lf+exp(Inndf+Inprof)-exp(Innef+

//IGDP
exp(Iny)=exp(Inc)+exp(Inne+inv); //40
exp(Inyf)=exp(Incf)+exp(Innef+invf); //41

/laverage productivity of home producers
exp(Inztilde)=1/(exp(Innd)+exp(Innx)+exp(Innif)+exp
Inzx)+exp(Innif+inzif)+exp(Innmf+Inzmf))*exp(InZ);
exp(Inzftilde)=1/(exp(Inndf)+exp(Innxf))*(zdf*exp(l

); 1143

/Isectoral activities
exp(Inax)=exp(InQ+Incf+Innx+is*Inrox); //44
exp(Inaxf)=exp(Inc+Innxf+is*Inroxf); //45
exp(Inaif)=exp(Inc+Innif+is*Inroif); //46
exp(Inamf)=exp(InQ+Incf+Innmf+is*Inromf); /47

ters (*)
s)*(exp(-InQ+Inw-

exp(Infxmf)))(1/s)*(exp(-

s*(exp(Intol))(mi*kf-
p(Inwf+Infxf-InZf); //20
s)/((exp(Inkapf))*kf-1)-1)*exp(-

+exp(Infxmf)); //22

xp(Innif-

exp(Innxf+Inroxf)+exp(InQ+Innmf+

127
p(Inc-Incf))*(1/s)*exp(-

(Inv(+1))+exp(Inpro(+1))); //129
exp(Invf(+1))+exp(Inprof(+1)));

1131
1/(exp(Intol)))N(mi*kf)-1); //32

(Kfls); 134
1135
); 1136

nromf)=exp(Inc+innxf+is*Inroxf)+

/138
Invf); //39

(Innmf))*(zd*exp(Innd)+exp(Innx+
42

nndf)+exp(Innxf+Inzxf))*exp(InZf
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/lcomposition of expenditure
exp(Insd)=exp(is*Inrod+Innd); //48
exp(Insdf)=exp(is*Inrodf+Iinndf); //49
exp(Insx)=exp(is*Inroxf+Innxf); //50
exp(Insxf)=exp(is*Inrox+Innx); //51
exp(Insi)=exp(is*Inroif+Innif); //52
exp(Insmf)=exp(is*Inromf+Innmf); //53

/ICPI real exchange rate
exp(Ing)=exp(InQ)*((exp(Innd)+exp(Innxf)+exp(Innif)
HNN(/s); 1154

/Inon-traded to traded price ratios
exp(Inntt)=exp(Intau-
InQ)*(exp(Innd+Inrod)/(exp(Innd)+exp(Innif))+exp(In
D)/ (exp(Innx+Inrox)/(exp(Innx)+exp(Innmf))
+exp(Innmf+inromf)/(exp(Innx)+exp(Innmf))); /55
exp(Innttf)=exp(Intauf+InQ-+Inrodf-Inroxf); //56

/ISHOCKS
1l
/Ishock to Z
z=rhoz*z(-1)+epsz; //57
InZ=In(Zss)+z; //58
Z=exp(InZ); /159
zf=rhozf*zf(-1)+epszf; //60
InZf=In(Zfss)+zf; //61
Zf=exp(Inzf); 1162

1l
//shocks to costs
FE=rhoFE*FE(-1)+epsFE; //63
Infe=In(fess)+FE; //64

fe=exp(Infe); //65
FEF=rhoFEF*FEF(-1)+epsFEF; //66
Infef=In(fefss)+FEF; //67
fef=exp(Infef); //68

1l
FX=rhoFX*FX(-1)+epsFX; //69
Infx=In(ufx*theta*fess)+FX; //70
fx=exp(Infx); //71
FXF=rhoFXF*FXF(-1)+epsFXF; //72
Infxf=In(ufxf*theta*fefss)+FXF; //73
fxf=exp(Infxf); //74

1l
FIF=rhoFIF*FIF(-1)+epsFIF; //75
Infif=In(ufif*theta*fefss)+FIF; //76
fif=exp(Infif); //77

1l
FXMF=rhoFXMF*FXMF(-1)+epsFXMF; //78
Infxmf=In(ufxmf*theta*fefss)+FXMF; //79
fxmf=exp(Infxmf); //80

1l
TAU=rhoTAU*TAU(-1)+epsTAU; //181
Intau=In(tauss)+TAU; //82

tau=exp(Intau); //83
TAUF=rhoTAUF*TAUF(-1)+epsTAUF; //84
Intauf=In(taufss)+TAUF; //85
tauf=exp(Intauf); //86

end;

initval;

/lwe have to give the value for Lf, because itis e
Lf=1.538994594676983;

end;

)/ (exp(Inndf)+exp(Innx)+exp(Innm

nif+Inroif)/(exp(Innd)+exp(Innif

xogenous but not equal to 0
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I* */
/lthe initial values are given in the flexas_steady state.m file

steady;

/Isteady (solve_algo=4); // solve_algo 0-5, default 3;

check;

I* */
shocks;

var epszf; stderr 0.01;

end;

I* */
I* */
stoch_simul(irf=200, noprint);

B.3.2 MATLAB routine giving steady state values

The program with the model description above hdsetdelivered with an additional routine
which states the whole steady state. For eachblarnits steady state value has to exist by the
given set of values of parameters. Thus each stsiatly value is given by means of values

of parameters or of variables computed earlier.

flexas_steadystate.m

% computes the steady state of flexas analytically

% largely inspired by the program of F. Schorfheide
%% parameters values are taken from the main file w
function [ys,check] = flexas_steadystate(ys,exe)

ith model called flexas.dyn

global M_

global oo_

k= M_.params(1); kf= M_.para ms(2);
zmin = M_.params(3); zminf = M_.params(4);
bet = M_.params(5); delta= M_.params(6);
gama=  M_.params(7); sig = M_.params(8);
rhoz=  M_.params(9); rhozf = M_.params(10);
phiepsz = M_.params(11);

Zss = M_.params(12); Zfss=  M_.params(13);
ufx = M_.params(14); ufxf= M_.params(15);
ufif = M_.params(16);

ufxmf= M_.params(17);

tauss = M_.params(18); taufss = M_.params(19);
rhoFE = M_.params(20); rhoFEF = M_.params(21);
rhoFX = M_.params(22); rhoFXF = M_.params(23);
rhoFIF = M_.params(24);

rhoFXMF = M_.params(25);
rhoTAU = M_.params(26);
L= M_.params(28);

rhoTAUF = M_.params(27);

fess=  M_.params(29); fefss= M_.params(30);

Lf= 00_.exo_steady_state(1);

epsz= o00_.exo_steady_state(2); epszf= 00_.exo_steady_state(3);
epsFE = o0o0_.exo_steady_state(4); epsFEF = 00_.exo_steady_state(5);
epsFX = o0o0_.exo_steady_state(6); epsFXF = o00_.exo_steady_state(7);
epsFIF = o00_.exo_steady_state(8);

epsFXMF = 00_.exo_steady_state(9);

epsTAU =

00_.exo_steady_state(10);

epsTAUF = o0o0_.exo_steady_state(11);
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check = 0;
%
%% load steady state values of end. variables found
load numericflexas_steady
%
%% parameters' transformations
mi=sig/(sig-1);
s=sig-1;
is=-s;
tri=k/(k-s);
trif=kf/(kf-s);
theta=(1-bet*(1-delta))/(bet*(1-delta));
zd=tri*(1/s)*zmin;
zdf=trifr(1/s)*zminf;

%
%%

z=epsz/(1-rhoz);

Z=7Zss*exp(z);

zf=epszf/(1-rhozf);

Zf=Zfss*exp(zf);
FE=epsFE/(1-rhoFE);
fe=fess*exp(FE);
FEF=epsFEF/(1-rhoFEF);
fef=fefss*exp(FEF);
FX=epsFX/(1-rhoFX);
fx=ufx*theta*fess*exp(FE);
FXF=epsFXF/(1-rhoFXF);
fxf=ufxf*theta*fefss*exp(FEF);
FIF=epsFIF/(1-rhoFIF);
fif=ufif*theta*fefss*exp(FIF);
FXMF=epsFXMF/(1-rhoFXMF);
fxmf=ufxmf*theta*fefss*exp(FXMF);
TAU=epsTAU/(1-rhoTAU);
tau=tauss*exp(TAU);
TAUF=epsTAUF/(1-rhoTAUF);
tauf=taufss*exp(TAUF);
RO=sig*tri*fx*1/toco-1/K*feb;
ROF=sig*trif*fmf*1/tol-1/Kf*febf;
Lf=ROF/RO*(zx/zmf)"s*Z/Zf*L,
rox=(1/(Z*L)*RO)"(1/is);
romf=(1/(Zf*Lf)*ROF)"(1/is);

% %
%%

nd=1/K*rox”\s;

ndf=1/Kf*romfs;

%ndf=nd*ton; %to check correctness of analytical
zxf=zmf/kapf*((lamf*(kf-s)*tol*(sig-mi*kf)-1)/(lamf
zif=zmf*((kapfr(kf-s)-1)/(kapf kf-1))(1/s);
rod=zx/zd*rox*1/tau;
rodf=zmf/zdf*romf*tol*1/tau;
roxf=zmf/zxf*romf*tol*tauf/tau;
roif=zmf/ziffromf*1/tau;

% %
%%

w=1/mi*zx*rox*Z*1/tau;
wf=w*Zf/Z*tol,

c=w*(L+nd*feb/z);
cf=wf*(Lf+ndf*febf/Zf);

cff=c*toco;

% %
%%

nee=delta/(1-delta)*nd;
nef=delta/(1-delta)*ndf;
nx=(zmin/zx)"k*tri*(k/s)*nd;
nmf=(zminf/zmf)"kf*trifr(kf/s)*ndf;
nxf=nmf*kapf kf*(lamf kf*tol*(-mi*kf)-1);

calculations
Akf*tol™N(-mirkf)-1))(1/s);
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nif=nmf*(kapf kf-1);

ndo=nd-nx;

ndof=ndf-nxf-nif-nmf;

% %

%%

prodd=c/sig*rod”is;

prodf=cf/sig*rodfis;

prox=cf/sig*rox"is-w*fx/Z;
proxf=c/sig*roxfris-wf*fxf/Zf;
proif=c/sig*roifris-w*fif/Z;
promf=cf/sig*romfris-w*fmf/Z;

v=w*fe/Z;

vi=wf*fef/Zf;

pro=theta*v;

prof=theta*vf;

r=(1-bet)/bet;

rf=r;

y=c+nee*v;

yf=cf+nef*vf;

ad=c*nd*rod”is;

adf=cf*ndf*rodf/is;

ax=cf*nx*rox/is;

axf=c*nxf*roxfris;

aif=c*nif*roif/is;

amf=cf*nmf*romfAis;

sd=nd*rod”\is;

sdf=ndf*rodfAis;

sx=nxf*roxfris;

sxf=nx*roxis;

si=nif*roif\is;

smf=nmf*romfAis;

% %

%%

gdp=c*(nd*rod"is+nif*roiftis)+ cf*(nx*rox is+nmf*ro
gdpf=cf*ndf*rodfris+ c*nxf*roxfris+nef*vf;
%gdp=ad-+ax+aif+amf+nee*v; 9%to check correctness o
%gdpf=adf+axf+nef*vf;

gnp=c*nd*rod?is+ cf*nx*rox"is+nee*v;
gnpf=cf*(ndf*rodfris+nmf*romfris)+ c*(nxf*roxfris+n
%gnp=ad+ax+nee*v; %to check correctness of analyt
%gnpf=adf+axf+aif+amf+nef*vf;
FDIf=(nif*proif+nmf*promf)/yf;
netFDI=-(nif*proif+nmf*promf)/y;
netFDIf=(nif*proif+nmf*promf)/yf;

% %

%%

Q=1

g=Q*((nd+nxf+nif)/(ndf+nx+nmf))*(1/s);
tot=(nxf+nmf)*rox/(nxf*roxf+nmf*romf);
ntt=tau/Q*(nd*rod/(nd-+nif)+nif*roif/(nd+nif))/(nx*r
nttf=tauf*Q*rodf/roxf;
Ztilde=1/(nd+nx+nif+nmf)*(nd*zd+nx*zx+nif*zif+nmf*z
Zftilde=1/(ndf+nxf)*(ndf*zdf+nxf*zxf)*Zf;

% %

%%

ne=nee; Innd=log(nd); Inndf=log(ndf);
Innif=log(nif); Innmf=log(nmf);
Inzx=log(zx); Inzxf=log(zxf);

Inv=log(v); Invf=log(vf);

Inprodd=log(prodd);
Inproxf=log(proxf);

Inprodf=log(prodf);
Inproif=log(proif);

Inrf=log(rf); INQ=log(Q); Ing=log(q);
Inrox=log(rox); Inroxf=log(roxf);

Inc=log(c); Incf=log(cf);

Inyf=log(yf); InZ=log(2); InZf=log(Zf);
Infx=log(fx); Infxf=log(fxf); Infif=log(fif);
Intau=log(tau); Intauf=log(tauf);

Inntt=log(ntt); Innttf=log(nttf);

Innx=log(nx);
Inne=log(ne);
Inzif=log(zif);
Inpro=log(pro);
Inprox=log(prox);
Inpromf=log(promf);
Inrod=log(rod);
Inroif=log(roif);
Inw=log(w);
Infe=log(fe);

Intol=log(tol);
Inlamf=log(lamf);

mfAis)+nee*v;

f analytical calculations

if*roifis)+nef*vf;
ical calculations

ox/(nx+nmf)+nmf*romf/(nx+nmf));

mf)*Z;

Innxf=log(nxf);

Innef=log(nef);

Inzmf=log(zmf);
Inprof=log(prof);

Inr=log(r);

Inrodf=log(rodf);
Inromf=log(romf);
Inwf=log(wf);
Infef=log(fef);
Infxmf=log(fxmf);

Intot=log(tot);

Inkapf=log(kapf);

Iny=log(y);
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InZtilde=log(Ztilde); Inzftilde=log(Zftilde); Inax=log(ax); Inaxf=log(axf);

Inaif=log(aif); Inamf=log(amf); Insd=log(sd); Insdf=log(sdf);
Insx=log(sx); Insxf=log(sxf); Insi=log(si); Insmf=log(smf);
Qs e %
%%
%declare in exactly the same order as in the 'var' command in the main file

ys =[
Innd Inndf Innx Innxf Innif Innmf Inne Innef Inzx Inzxf
Inzif Inzmf Inv Invf Inpro Inprof Inprodd Inprodf Inprox
Inproxf Inproif Inpromf Inr Inrf InQ Ing Inrod
Inrodf Inrox Inroxf Inroif Inromf Inc Incf Inw
Inwf Iny Inyf InZ z Z Inzf zf Zf
Infe FE fe Infef FEF fef Infx FX fx Infxf FXF
xf Infif FIF fif Infxmf FXMF fxmf Intau TAU
tau Intauf TAUF  tauf Intol Intot Inntt Innttf Inlamf
Inkapf InZtilde Inzftilde Inax Inaxf Inaif Inamf Insd Insdf
Insx Insxf Insi Insmf];

B.3.3. MATLAB routines for getting steady state mmerically

Here we present programs that can be used to fiedsteady state numerically. We have
eleven values of interest, seven of which are qusiliary ones. The steady state values we

want to obtain ar&, , Z,,, TOL, k~

solveryflexas.m

X0 = ones(1,11); % Make a starting guess at the solution
options=optimset('Display"','iter"); % Optio n to display output
[x,fval] = fsolve(@myfunflexas,x0,options) % Call solver

% %

%%

zx=x(1);

zmf=x(2);

tol=x(3);

ilocf=x(4);

ilorf=x(5);

Tif=x(6);

ton=x(7);

K=x(8);

Kf=x(9);

kapf=x(10);

toco=x(11);

% %

%%

load paramflexas.mat

Z=7ss;

Zf=Zfss;

tau=tauss;

tauf=taufss;

RO=sig*tri*fx*1/toco-1/K*feb;

ROF=sig*trif*fmf*1/tol-1/Kf*febf;

Lf=ROF/RO*(zx/zmf)"s*Z/Zf*L

rox=(1/(Z*L)*RO)"(1/is);

romf=(1/(Zf*Lf)*ROF)"(1/is);

% %

%%

nd=1/K*rox”s;

ndf=1/Kf*romf’s;

%ndf=nd*ton; %to check correctness of analytical calculations
zxf=zmf/kapf*((lamf*(kf-s)*tol(sig-mi*kf)-1)/(lamf Akf*tolN(-mi*kf)-1))N(1/s);
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zif=zmf*((kapfr(kf-s)-1)/(kapf kf-1))(1/s);
rod=zx/zd*rox*1/tau;
rodf=zmf/zdf*romf*tol*1/tau;
roxf=zmf/zxf*romf*tol*tauf/tau;
roif=zmf/zif*romf*1/tau;

% %

%%

w=1/mi*zx*rox*Z*1/tau;

wf=w*Zf/Z*tol;

c=w*(L+nd*feb/z);
cf=wf*(Lf+ndf*febf/Zf);

cff=c*toco;

% %

%%

nee=delta/(1-delta)*nd;
nef=delta/(1-delta)*ndf;
nx=(zmin/zx)"k*tri*(k/s)*nd;
nmf=(zminf/zmf)"kf*trifr(kf/s)*ndf;
nxf=nmf*kapf kf*(lamf kf*tol*(-mi*kf)-1);
nif=nmf*(kapf kf-1);

ndo=nd-nx;

ndof=ndf-nxf-nif-nmf;

% %

%%

prodd=c/sig*rod”is;

prodf=cf/sig*rodfAis;
prox=cf/sig*rox"is-w*fx/Z;
proxf=c/sig*roxfris-wf*fxf/Zf;
proif=c/sig*roifris-w*fif/Z;
promf=cf/sig*romfris-w*fmf/Z;

v=w*fe/Z;

vi=wf*fef/Zf;

pro=theta*v;

prof=theta*vf;

r=(1-bet)/bet;

rf=r;

y=c+nee*v;

yf=cf+nef*vf;

ad=c*nd*rod”is;

adf=cf*ndf*rodf/is;

ax=cf*nx*rox/is;

axf=c*nxf*roxfis;

aif=c*nif*roif/is;

amf=cf*nmf*romfAis;

sd=nd*rod”\is;

sdf=ndf*rodfAis;

sx=nxf*roxfris;

sxf=nx*rox"is;

si=nif*roif\is;

smf=nmf*romfAis;

% %

%%

gdp=c*(nd*rod"is+nif*roiftis)+ c*nxf*roxfris+nee*v;
gdpf=cf*ndf*rodfris+ cf*(nx*rox"is+nmf*romfris)+nef
%gdp=ad+axf+aif+nee*v; %to check correctness of a
%gdpf=adf+ax+amf+nef*vf;
gnp=c*nd*rod”is+ cf*nx*rox"is+nee*v;
gnpf=cf*(ndf*rodfris+nmf*romfris)+ c*(nxf*roxfris+n
%gnp=ad+ax+nee*v; %to check correctness of analyt
%gnpf=adf+axf+aif+amf+nef*vf;
FDIf=(nif*proif+nmf*promf)/yf;
netFDI=-(nif*proif+nmf*promf)/y;
netFDIf=(nif*proif+nmf*promf)/yf;

% %

%%

Q=1
g=Q*((nd+nxf+nif)/(ndf+nx+nmf))*(1/s);
tot=(nxf+nmf)*rox/(nxf*roxf+nmf*romf);

*vf;
nalytical calculations

if*roifris)+nef*vf;
ical calculations
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ntt=tau/Q*(nd*rod/(nd-+nif)+nif*roif/(nd+nif))/(nx*r ox/(nx+nmf)+nmf*romf/(nx+nmf));
nttf=tauf*Q*rodf/roxf;

Ztilde=1/(nd+nx+nif+nmf)*(nd*zd+nx*zx+nif*zif+nmf*z mf)*Z;
Zftilde=1/(ndf+nxf)*(ndf*zdf+nxf*zxf)*Zf;

% %

%%

save (‘numericflexas_steady', '-append’, 'zx', 'zmf ', 'tol', "ilocf', ‘ilorf",

‘Tif', 'ton’, 'K, 'Kf', 'kapf', 'toco’)

The program above calls for a routine myfunflexasvhich uses analytical form
of equations needed to find the steady state. ysiem® constitutes of eleven equations with
eleven unknowns.

myfunflexas.m

function F = myfunflexas(x)
load paramflexas.mat
Tx=sig*tri*fx;
Tmf=-(trif*s+1)*fmf*zet;
ksil=zmin/s*tri*2*fx*tau’\s;
ksi2=zmin”k*tri*(k/s);
ksifl=zminfAs*trif*\2*fmf*tau’*s;
ksif2=zminf kf*trif*(kf/s);
ksi3=theta*fe;
ksif3=theta*fef;
Lx=(tri-1)*fx;
Lmf=(trif-1)*fmf;

% %
%% use nontation with ".": .* ./ A
F = [(sig*trif*fxf*x(4).*x(5).*x(3)*zet+x(6)+Tmf).* X(7)-Tx*(x(2).7kf./x(1).7K);
X(4)-x(10).7kf. *(lamfAkf*x(3).~(-mi*kf)-1);
x(5)-(lamfrkf-lamfrs*x(3).A(mi*kf-sig))/(lamf"k f-x(3).A(mi*kf));
X(6)-(trif*(x(10).7kf-x(10).7s)-(x(10)."kf-1))* zet*fif;
ksil*x(1).Mis./x(11)+ksi2*x(1).M(-K)*Lx-Kksi3;
ksif1*x(2).Mis.*x(3).A(-sig)+ksif2*x(2).~(-kf). *(fxfrx(4).*(trif*x(5)-
1)+x(6)*1/zet./x(3)+Lmf/x(3))-ksif3;
tri*(zmin/x(1)).~s*tau”*s+(zminf/x(2)). kf*trif*(kf/ S)*(X(2)./x(1))."s*tau”s.*(x(10)
Nkf-s)*(lamfA(kf-s)*x(3). 7 (sig-mi*kf)-1).*x(3)Nis *taufhis...

+(x(10).A(kF-8)-1)).*x(7)-X(8);

trif*(zminf/x(2)).ns.*x(3).Nis*tau”s+(zminf/x(2))." kf*trifA(kf/s)+(zmin/x(1)).Mk*tr
iN(K/S)*(X(1)./x(2)).7s.Ix(7)-X(9);

X(9).*x(7)-x(8).*(x(1)./x(2))."s;

(X(2)./x(2)).~s-triftrif*(fx/fmf);

X(10).7s-fmf/fif./x(11)*tau’s];
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Dans cette thése, nous analysons la question plsstéanent réel entre des économies de
niveau de développement different au sein d’'uneoruninonétaire. Dans ce, les deux
economies représentées — une économie développée économie émergente — ne peuvent
utiliser le taux de change nominal pour s'ajustetea chocs asymétriques. Pour étudier les
conditions de Il'ajustement réel entre ces pays, npusnons en compte les flux
d’investissements directs. En effet, ce type d'stiesement a profité largement aux
economies d’Europe de I'est non membres de le ran@ Pour étudier cette question, nous
utilisons un modéle DSGE (« dynamic stochastic gdrequilibrium ») permettant de micro
fonder les décisions d’investissement direct sétBrogénéité productive des firmes. Nous
complétons la littérature existante dans ce domaimeprivilégiant deux aspects: (1) les
investissements directs peuvent étre a la foissdbstituts aux importations ou une solution
retenue par les firmes pour réduire leurs codtprdduction afin de réimporter des biens sur
leur marché national et (2) les pays sont traigsndniere asymeétrique, afin de relier leur
niveau de développement aux types de variétiésiates lnon échangeables, exportables,
délocalisables). Nous évaluons de quelle manieseetEments affectent la dynamique des
économies a un choc de productivité asymétriguemariére générale, on observe que les
economies vont répondre de maniere différente aeani macroéconomique en fonction de
leur structure productive. En résumé l'analyse psée dans cette theése montre que des
différences structurelles et la possibilité pow pays de s’engager dans des investissements
directs détermine de maniére critique la réactiswadeiables macroéconomiques a des chocs
asymetriques.

Mots clefs : structures de production asymétriqgues, compte abummodeles DSGE,
Investissements directs, firmes hétérogénes, memnoénie internationale, convergence,
ajustement réel, délocalisations

In this thesis we analyse a problem of the real @con adjustment between two countries,
one of which is an emerging market and the other developed economy. When they form
a monetary union the only possible adjustment tymasetric shocks transmitted
internationally is through the real variables. Vlket into account existing asymmetries in the
foreign direct investment (FDI) intensity and F@lations. The issues of FDI and differences
in the FDI intensity are real aspects of functionofiggconomies and relations between them.
They reveal some problem from the macroeconomispaetive. However, the problem
relates also to microeconomic foundations. The rgiv@de and FDI relations between
countries depend on decisions of firms that arerbgeneous. To study the effect of plant
delocalization and FDI on output fluctuations bedgwdéwo countries we use a framework that
accounts for all this issues, that means dynanuchsistic general equilibrium (DSGE)
models with heterogeneity in firm productivity. Waeld a new dimension to the existing
literature on DSGE models with heterogeneous first, we complete goods market with
anew segment of production, namely products daffdsg multinationals which produce
abroad and export back to their economy of ori§econd, we account for asymmetries in the
FDI intensity and differences in production struetithat occur between two economies
forming a monetary union. Summing things up, thdyam allows us to state that the real
aspects of economy functioning, such as trade atioms between countries and differences
in production structures, determine economic peréorce and behaviour of economies in
terms of output fluctuations

Keywords: asymmetric production structures, current accol8GE models, FDI, FDI
intensity, heterogeneous firms, international macomomics, nominal convergence, plant
delocalization, real adjustment



