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Introduction générale

Dans ce manuscrit, nous présenterons trois résultats d’existence de dynamique explosive
pour des problémes paraboliques critiques : le flot de la chaleur harmonique, I’équation de la
chaleur semi-linéaire, et le probleme de Patlak-Keller-Segel parabolique-elliptique.

La stratégie mise en place dans la preuve de ces trois résultats est basée sur la théorie de la
modulation, mise en place pour la premiére fois par Martel et Merle dans [61] pour I’équation
de Korteweg-De-Vries généralisée critique. Utilisée tout d’abord dans le contexte des problemes
hamiltoniens, et notamment 1’équation de Schrédinger non-linéaire [69], [67], [68], [71] et [70],
son adaptation pour les problemes géométriques (flot de la chaleur harmonique [91], "wave
maps' [88] et "Schrodinger maps" [72]) a permis de mieux comprendre la dynamique explosive
de ces problémes, pour des solutions possédant une certaine symétrie. La premiere partie de
cette these en fait la présentation.

Les deux parties suivantes seront consacrées a I’équation de la chaleur non-linéaire. Dans un
premier temps, nous étudierons I’équation dans un contexte général, et nous verrons notamment
Iinfluence sur la dynamique des solutions explosives du nombre choisi en exposant dans le
terme non-linéaire. Le théoréme principal de [94] sera ensuite énoncé, puis commenté, avant
de proposer des axes de recherches en découlant. Dans un second temps, nous donnerons une
preuve simplifiée du résultat, avec en particulier pour commencer une partie formelle en toute
dimension dans le cadre de I’énergie critique. Nous profitons de la relative simplicité de ce
probleme pour donner les éléments importants de la stratégie de notre démonstration.

Dans la quatrieme partie sera exposée le modele de Patlak-Keller-Segel décrivant une accu-
mulation d’amibes, soumis a une chimiotaxie. Le fait que I’opérateur linéarisé de notre probléme
n’est plus un opérateur auto-adjoint, et surtout le fait que la non-linéarité est ici non locale, a
entrainé des modifications importantes dans la stratégie de la preuve.

Dans les trois derniéres parties seront insérés les trois articles [91], [94] et [89], dans leur
version soumise a publication.
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Chapitre 1

Flot de la chaleur harmonique

Dans ce chapitre, nous allons présenter le théoréme de [91], ou nous décrivons de fagon
précise une dynamique explosive stable pour le flot de la chaleur harmonique. Nous allons
commencer par rappeler ce qu’est une application harmonique, et le probleme parabolique
d’évolution lui étant associé. Ensuite, nous étudierons ce probleme dans le cadre restreint des
solutions & symétrie corotationnelle. Pour conclure, nous énoncerons le théoreme de [91], avant
de le commenter et de proposer quelques pistes de prolongement de cette étude.

1.1 Introduction

1.1.1 Application harmonique

Dans les prochains paragraphes, nous utiliserons la convention de sommation d’Einstein. De
plus, pour une matrice @ = (a;j)1<i j<n, nous noterons a = (a*/) la matrice inverse.

Soit (M, y) une surface de Riemann, avec le tenseur métrique v = (Va8)1<a,p<2- S0it (N, g)
une variété de dimension n, avec pour tenseur métrique g = (gi;)1<i,j<n, inclus isométriquement
dans R*. Pour toute application différentiable v : M — N, on lui associe une densité d’énergie
que l'on notera e(u), définie par

1 o ,;, 0
e(u) = ivaﬁ(:p)gi,j(u)%ulwzﬂ (1.1.1)
en un point u(x), ou nous avons utilisé les coordonnées locales x = (z1,22) € M et u =
(ui,...,u,) € N. Ainsi, nous définissons I’énergie de 'application u, que 1’on notera F(u) par
E(u):/ e(u)dM. (1.1.2)
M

Définition 1.1.1 (Application harmonique). Une application harmonique u entre M et N est
un point d’extremum de ’énergie E.

Une telle application w vérifie I’équation d’Euler-Lagrange suivante :

(1.1.3)

AMU’yo‘ﬁAu(au 8u>:0

dx’ 0P

1



2 CHAPITRE 1. FLOT DE LA CHALEUR HARMONIQUE

avec A g opérateur de Laplace-Beltrami sur la surface M, et A la seconde forme fondamentale
de la variété ' — RF. De fagon équivalente, (1.1.3) peut s’écrire

ou Pp, n est la projection sur I'espace tangent & A de u. Dans la suite, nous nous restreindrons
au cas ot M = R2. De plus, on peut voir dans [56] par exemple qu'il existe des variétés N,
sur lesquelles il n’existe pas d’application harmonique. Nous introduirons un peu plus loin le
probléme (1.1.6) d’évolution associé a (1.1.4). Struwe montre dans [96] que si une solution de
ce probleme explose en temps fini, alors elle converge en un certain sens vers une application
harmonique. La non-existence d’application harmonique pour la variété N entraine ainsi I'exis-
tence globale de la solution. C’est pourquoi, nous restreindrons aussi notre étude a des variétés
N particuliéres décrites ci-dessous :

Définition 1.1.2 (Variété N admissible). Soit l’arc paramétré A du plan, régulier défini par

g € C®(R) est impair et 2w périodique,
(H) g(0) =g(m) =0, g(u) >0 for 0 <u<m, (1.1.5)
9'(0)=1, ¢'(m)=-1,

Alors, on dit que N est une variété admissible si N peut étre paramétrée par :

g(u) cosf
(0,u) € [0,27] x [0, 7] — | g(u)sinb

On peut voir que les variétés admissibles sont des surfaces de révolution de R3, compactes
et de classe C*°, avec la métrique (du)? + ¢g2(u)(df)?. On trouvera une preuve de cela dans [29]
par exemple.

1.1.2 Probléme d’évolution

A T’équation (1.1.4) décrivant les applications harmoniques, on lui associe le probléme d’évo-
lution parabolique suivant :

0w = P v (Av)

(t,z) e R x R?, w(t,z) e N (1.1.6)
Vjt=0 = Vo

(HHF) {

avec N une variété admissible selon la définition (1.1.2). Ce probléme a été pour la premiére
fois posé par Eells et Sampson dans [25].

En plus de cette équation d’évolution, on peut introduire deux autres types d’équation
d’évolution : Les "Schrodinger maps" et les "wave maps", que nous allons écrire dans le cas ou
N =8%:

(t,z) e R x R?, w(t,z) € S?, (1.1.7)

_ 2
(SM) { u A O = Au+ |Vul?u
u\t:O = Uuo,
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Oy — Au = (|0u)? — |Vul?)u

t,z) e Rx R? w(t,z) € S, 1.1.8
e, B — ) (t,2) (1.1.8)

(WM) {
Nous ne rentrerons pas dans les détails concernant les résultats d’existence, d’unicité ou de
globalité pour ces deux problémes. Nous les mentionnons car ils forment avec le probleme du
flot de la chaleur harmonique, un ensemble cohérent. De plus, des résultats analogues & [91] ont
été établis, par Raphaél et Rodnianski pour les "wave maps" dans [88], et par Merle, Raphagl
et Rodnianski dans [72] pour les "Schrodinger maps".

On peut trouver dans [96] une preuve de l'existence et de 'unicité d’une solution du probléme
du flot de la chaleur harmonique. En fait, Struwe démontre que si la solution de (1.1.6) explose
en temps fini, alors cela ne peut se produire qu’en un nombre fini de points, et dans un sens
précisé par le théoreme 1.1.5, elle converge vers une application harmonique réguliéere.

Par souci de complétude, nous allons donner les quatre théorémes principaux de [96]. Le
premier décrit 'existence et 'unicité des solutions, le second 'existence globale au sens des dis-
tributions, le troisiéme la convergence, aux points d’explosion, vers une application harmonique
réguliére, et enfin, le dernier nous présente une décomposition en bulles de concentration des
solutions. Pour cela, on introduit les notations suivantes :

Bg(z) : {y e R% [z —y| < R}
Er(uiz) : [pum elu)de

er(t) : ng@ER(U(t);x)

Qr . Q2 x[0,T]

V(QT,N) : {u:QF — N, u mesurable tel que

T
esssup/ |Vu|? dz —I—/ / |V2u|? + |0pu|? dzdt < oo
T<t<T JR2? T JR?

Enfin, il existe un nombre € (N), tel que les théorémes suivants soient vrais. En général, ce
nombre n’est pas explicite.

Théoréme 1.1.3 (Existence et unicité). Yug € HY2(R2,N), Ju € ﬂ V(RQT ,N) solution de
T'<T
(1.1.6), avec u(.,0) = ug. T est caractérisé par la condition suivante :

limsup er(T') > e1(N) VR >0
T'—=T

u est unique et réguli¢re sur R?x[0, 0o d l'exception d’un nombre L fini de points (z',T)1<1<1,
tel que :
limsup Er(u(.,T");z!) > e1(N) VR >0
T' =T
De plus, siug est régulicre (sur Q C R?), u est réguliere ent = 0 (sur Q C R?). Enfin, l’énergie
est finie et décroissante sur [0, T[ Enfin, si la caractérisation de T' n’est pas réalisée, pour aucun
T > 0, alors la solution existe sur [0, c0].
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Théoréme 1.1.4 (Existence globale au sens des distributions). Yuy € H2(R?,N), il existe
une unique solution u de (1.1.6) sur R2x[0, oc[, excepté un nombre fini de points (x',T")1<i<r,
caractérisés par la condition suivante :

limsup Er(u(,T);z!) > e (N), VR >0

T—T!
T<T!

Théoréme 1.1.5 (Convergence, aux points d’explosion, vers une application harmonique ré-
guliere). Soit u la solution de (1.1.6) construite au théoréme précédent et (xo,T) un point d’ex-
plosion. Alors, 3z, — o, IHtm — T, tm < T, AR, — 0, et Jug : R2 — N une application
harmonique réguliére, tel que

lim (R + 20, tm) — To dans H22(R?,N)

m— 00 loc

De plus, g a une énergie finie.

Remarque 1.1.6. Si la condition d’exception du premier théoréme ne se vérifie jamais, alors u
est réguliere sur R2*. De plus, comme 0;u € L?(R?™), en utilisant le méme principe que dans
la demonstratlon du dernier théoréme, on montre que u(., t,,) converge fortemant vers i, dans
HloC (R2,N) et dans H%2(Q, N), quelque soit Q@ CC R2. Par passage a la limite, T, est une
application harmonique, avec E(U) < E(ug).

Théoréme 1.1.7 (Décomposition en bulles de concentration). Soit u la solution de (1.1.6)
construite au théoréme (1.1.4) et 66,1 < I < L les L applications harmoniques, construites
au théoréme (1.1.5), pour les L points de singularité. Soit U, Uapplication harmonique limite
quand t — 400, de la remarque (1.1.6). Alors,

E(us)+ Y. E(1)) < E(uo) (1.1.9)
1<I<L

Il est important de noter que ces théorémes n’impliquent pas ’existence de solutions ex-
plosives en temps fini. Les premiers résultats de telles solutions sont dis a Coron et Ghidaglia
[17], puis Chang, Ding, Ye [14], et Qing, Tian [86]. Pour un historique plus détaillé, le lecteur
intéressé pourra consulter I'article de Topping [98]. Notons cependant les travaux de Freire [27]
et [28] sur 'unicité des solutions de (1.1.6).

1.2 Restriction aux solutions corotationnelles

Le probléme (1.1.6), méme dans le cas ou la variété N est admissible selon la définition
(1.1.2), est encore assez mal compris dans le cas général. En imposant aux solutions une cer-
taine symétrie, on récupere assez d’informations, permettant par la suite de connaitre de facon
relativement fine la dynamique explosive pour des solutions 1-corotationnelles de (1.1.6).

Commengons par cette définition du degré d’homotopie, nombre jouant un roéle majeur dans
la dynamique des solutions de (1.1.6).
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Définition 1.2.1 (Degré d’homotopie). Soit u une application réguliere u : R?> — N. On
appelle degré d’homotopie de l'application u, que l'on note deg(u), le nombre entier non nul :

k = deg(u) = i /RQ(alu A Dou) - u. (1.2.1)

Il est important de noter que le degré d’homotopie d’une solution de notre probléme sera
toujours celui de la donnée initiale associée. On peut a présent introduire une premiere classe
spécifique de solutions, ayant une symétrie additionnelle.

Définition 1.2.2 (Application k-équivariante). On appelle application k-équivariante une ap-
plication u : R2 = N telle que :

— deg(u) =k,

— Il existe des applications (uy,ug,us) € C°(R x R, R) telles que :

uy (t,7) 0 -1 0
u(t,z) = exp™® uy(t,r) avece R=|1 0 0 (1.2.2)
ug(t, ), 0 0 0

Cette symétrie sera préservée au cours du temps, pour des données initiales k-équivariante,
par le probleme (1.1.6), mais aussi pour les problémes (1.1.7) et (1.1.8). En fait, on va définir
une seconde classe spécifique de solutions, solutions k-équivariante, avec une symétrie supplé-
mentaire. Dans cette définition, nous utiliserons & nouveau les notations de la définition (1.1.2)
décrivant le paramétrage des variétés N que nous considérons.

Définition 1.2.3 (Application k-corotationnelle). On appelle application k-corotationnelle une
application u : R2 — N de la forme

) sin(k0) (1.2.3)

Remarquons que cela correspond a prendre dans la définition (1.2.2) ug = 0. Cette nouvelle
classe de solutions est conservée par le flot (1.2.4), mais aussi par le flot (1.1.8), associé aux
"wave maps'. Par contre, ce n’est pas le cas pour les "Schrodinger maps" (1.1.7). Nous verrons
dans la partie (1.3), concernant les commentaires du théoréme 1.3.1, que cette distinction jouera
un role déterminant dans la différence de stabilité, pour les trois équations d’évolution que nous
étudions, des régimes explosifs décrits dans [72], [88] et [91].

Sauf mention contraire, nous ne considérerons dans la suite de cette partie que des applica-
tions k-rotationnelles. L’équation (1.1.6) peut se réécrire alors, pour cette classe de fonctions :

:07
T

92y — Oru 4 g2/
{atu Oru— S5 TR 52 f=g9d. (1.2.4)

Ut=0 = UO

L’énergie de Dirichlet (1.1.2) devient pour ces applications k-corotationnelles :

E(u) = /()+Oo l]&,u\Q + k? (g(u))j rdr. (1.2.5)

72
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qui est invariante par le changement d’échelle :

ux(t,r) =u (;2, :\) . (1.2.6)

Le probleme est donc énergie critique. On peut remarquer aussi que I’énergie de Dirichlet est

dissipée par le flot :
d 2| _ 2

Si on fixe comme conditions au bord :

u(0) =0, wu(r)=m, (1.2.8)
T—00
qui correspond a une application reliant de facon continue les deux points d’intersection entre
la surface de révolution N, et son axe, alors ’énergie (1.2.5) est minimisée sur une classe
homotopique k£ donnée par les solutions de 'ODE suivante :

r0rQr = kg(Qg). (1.2.9)

A invariance d’échelle pres, ’application harmonique solution de (1.2.9) est unique. Pour plus
d’informations, on pourra consulter [18]. Dans le cas ou N = S?, ie g(u) = sin(u) alors Qy, est
donné explicitement par

Qx(r) = 2arctan(r"), (1.2.10)

qui correspond a une solution
k

ﬁﬁcos(kﬂ)
koo
Qp = 1iﬁsm(k‘@). (1.2.11)
1—r2k
1+r2F
Dans la suite, nous noterons @ a la place de Q1, et Q la solution de (1.2.4) associée.
Pour conclure cette partie, avant de présenter le résultat de [91], donnons quelques résultats
déja connus. Van Den Berg, Hulshof et King ont établi dans [99] une étude formelle, dans le cas
ot la surface M = D?. Ils prédisent formellement dans le cas ot k = 1 I'existence d’un régime

explosif stable avec

r (T — t)l‘H
t, ~ = ), AE) ~ 2142
e~ () log(T — 035

Guan, Gustaffson et Tsai [36] et Gustaffson, Nakanishi et Tsai [37] prouvent que les solutions de
(1.2.4) avec des données initiales proches du soliton @} dans un certain sens, sont globales en
temps pour k > 2. De plus, si k > 3, la solution reste dans un voisinage de Q. Un phénomeéne
d’explosion ne peut donc avoir lieu. Par contre, pour £ = 2, la solution peut osciller indéfiniment,
ou méme exploser en temps infini. Pour les solutions 1-corotationnelles, la situation est beaucoup
plus délicate. Comme mentionné précédemment, Chang, Ding et Ye [14], Coron et Ghildaglia
[11] et Qing et Tian [86] ont prouvé l'existence de solutions de ce type explosant en temps
fini. Angenent, Hulshof et Matano ont établi récemment dans [1] une premiére estimation de la
vitesse d’explosion en temps fini 7' < oo pour ce type de solutions :

, leN (1.2.12)

At)=0o(T —t) quand t — T. (1.2.13)
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1.3 Présentation et commentaires de [91]

Donnons donc I’énoncé du résultat principal de cet article, décrivant une dynamique stable
d’explosion, pour des données initiales corotationnelles, autour du soliton Q, au sens de la
topologie induite par 1’énergie.

Théoréme 1.3.1 (Dynamique d’explosion stable pour des solutions 1-corotationnelles, [91]).
Soit k =1 et g satisfaisant (1.1.5). Soit Q lapplication harmonique de plus basse énergie donnée
par :
9(Q(t, 7)) cos(6)
Qz) = | g(Q(t,7))sin(0) (1.3.1)
2(Q(t,7))

Alors, il existe un espace ouvert O de données initiales 1-corotationnelles, de la forme
vo= 9 +¢ep, €o EOCHIQH4

tel que la solution v € C([0,T), H' N H*) de (1.1.6) explose en temps fini 0 < T = T(vg) < +o0
selon la dynamique universelle décrite ci-dessous : .
(i) Universalité de la bulle de concentration : Il existe un profil asymptotique v* € H' et

A eCH[0,T),RY%) tel que

T 0. (1.3.2)

0 v(t,z) — Q (%) — 0"

(ii) Dynamique connue finement : La vitesse de concentration est donnée par :

lim
t—

T—1t
A(t) = 1 1)) m—————— t—T 1.3.3
(6) = c(o0) (1L + 0(1) gy 05 (1.3.3)
pour un ¢(vg) > 0.
u1)Reégularite du profil asymptotique : On a de plus la régularité suivante :
(i) Régularité d fl asy . 0 de plus la régularité sui

v* € H2. (1.3.4)

Commengons par quelques commentaires :

— On peut tout d’abord noter que I'on retrouve le résultat prédit (1.2.12) dans [99], pour la
premiere vitesse. Le cas des autres vitesses est traité dans [90].

— Comme annoncé un peu plus haut, il est intéressant de mettre en parallele ce résultat,
avec ceux établis pour les "Schrodinger maps" [72], et les "wave maps" [88]. Dans ce der-
nier sont prouvés l'existence et la stabitilé d’une dynamique explosive en temps fini, pour
chaque classe k£ de données initiales corotationnelles. On retrouve donc, pour £ = 1, une
dynamique finalement assez similaire, avec malgré tout une vitesse de concentration diffé-
rente. Pour les "Schrédinger maps', les données initiales sont considérées 1-équivariantes.
Nous rappellons que la classe des solutions corotationnelles n’est pas préservée par cette
équation d’évolution. Dans [72] est démontrée I’existence d’une variété de codimension 1
de solutions initiales lisses 1-équivariantes ayant la dynamique suivante :

u(t,r) — 2 FQ (AE;)) —u”

lim
t—>T

=0 (1.3.5)

H
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pour ©* € R, u* € H' A la vitesse donnée par (1.3.3) :

T—1

A(t) = e(up)(1 + 0(1))m.

Le fait de devoir maitriser la rotation de la solution au cours du temps entraine la perte
de stabilité dans la formation de singularités.

Par rapport aux travaux antérieurs de Struwe [96] notamment, on obtient ici une meilleure
régularité du profil asymptotique, grace a une connaissance précise de la vitesse (1.3.3)
d’explosion. Cela indique un lien étroit entre ce taux de concentration, relativement éloigné
de la vitesse auto-similaire (A(t) ~ /T —t), et cette régularité. On pourra lire par exemple
[92] pour une discussion similaire.

Voici quelques perspectives a cette étude :

Il serait intéressant de voir ce qu’il en est pour des solutions initiales 1-équivariantes.
La seconde remarque que 'on a faite ci-dessus nous amene & penser que cette perte de
symeétrie se traduira par la perte de stabilité du régime.

Cette derniere perspective sera une étape supplémentaire dans la compréhension du mo-
dele complet. On peut remarquer que notre preuve ne repose en aucun cas sur le principe
du maximum. Ainsi, on peut envisager de ’étendre au cas le plus général, qui se pose
alors comme un systeme non-linéaire, fortement couplé.

Enfin, le probleme particulierement intéressant de la description complete autour du soli-
ton du flot pourra étre entrevu, en se basant notamment sur les travaux de Merle, Martel
et Raphaél récents [62], [63] et [64] sur une telle description pour ’équation de Korteweg-
De-Vries généralisée en dimension 1.

Pour conclure cette présentation de [91], il faut mentionner le fait que la preuve est trés proche
de celle de [94], pour la chaleur non linéaire. Ici, 'opérateur linéarisé H ne possede pas de valeurs
propres strictement négatives. C’est une conséquence directe de la factorisation H = A*A, ou
A est un opérateur linéaire d’ordre 1. Cela simplifie un peu les choses. Par contre, le fait que la
non-linéarité ne soit plus une simple puissance rend la gestion de la non-linéarité un peu plus
complexe. Enfin, il faut faire attention au transfert de régularité notamment, entre le probleme
simplifié (1.2.4) et le probleme initial (1.1.6). C’est pour cette raison que nous avons choisi de
ne pas donner des éléments de preuve pour ce résultat, les différences étant trop mineures. Nous
renvoyons donc au chapitre 5 le lecteur intéressé par la preuve compléte du théoreme 1.3.1, et
a la partie 3 pour une idée fine de la stratégie mise en place.



Chapitre 2

Equation de la chaleur non-linéaire

Dans cette partie, nous allons nous pencher sur I’équation de la chaleur semi-linéaire sui-
vante :

_ P =
{ ou—Au—uP =0, p>1. (2.0.1)

u(.,0) = up, (t,z) € RY x RV,

Il est bien connu - voir par exemple [3] pour des données initiales ug € H®, avec o € [0, 2]
que pour toute donnée initiale ug € L>(RY), le probléme (2.0.1) posséde une solution unique
u € C([0,T), L= (RY)), ot le temps maximal de vie de la solution T est tel que soit 7' = +oo,
soit :

T < oo et thi% (s )l oo (rvy = +00.

Dans la suite de cette partie, nous différencierons deux types d’explosion en temps fini, qui
correspondent au dernier cas, en reprenant la nomenclature introduite par Matano et Merle
dans [65].

Définition 2.0.2 (Explosion de type I et type II). Soit u une solution de (2.0.1) explosant
en temps fini T. Alors nous dirons que [’explosion associée a u est de type I si la quantité

1
[u(., ) (T — ¢) P T[| oo mvy Teste bornée au cours du temps. Dans le cas contraire, nous dirons
qu’il s’agit d’une explosion de type II.

Il est intéressant de remarquer que la borne
1
Hu(.,t)HLoo(RN) < C(T—t) p—1 (202)
correspondant a une solution u explosant de type I est la méme que celle de 'EDO suivante :

Opu = uP. (2.0.3)

Plus précisément, la solution stationnaire en espace u(t) = x(T — t)PTll, explosant en temps fini
au temps 7', est solution de (2.0.1), mais aussi de (2.0.3). La borne (2.0.2) est donc optimale.
On verra méme par la suite que, dans le régime sous critique, toutes les solutions explosives ont
exactement cette vitesse de concentration.
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De plus, I’équation (2.0.1) admet une énergie

1 1
E I Vul? - —— ptl 2.04
=5 [ V== [ (2.0.4)
qui est décroissante au cours du temps. (db;g“) =— Jgn |8tu]2) . Dans la formule de 1’énergie

(2.0.4), le premier terme correspond a la partie cinétique, et le second a la partie potentielle de
I’énergie.

2.1 Introduction au cas énergie critique :

Introduisons pour commencer l'invariance par changement d’échelle. Soit A > 0. Soit u une
solution de (2.0.1). Alors, la fonction

x t

uy(x,t) = AT ()\’ )\2) , Y(t,z) e Rt x RY (2.1.1)

est aussi solution de (2.0.1) en prenant (up)) comme donnée initiale.

Définition 2.1.1 (Espace critique). On appelle espace critique ’espace de Sobolev homogéne
H?:, ot s = sc(p,N), qui vérifie :

luxCes Ol rse =

t
u ( A2) HH , VteRT (2.1.2)

_ N _ 2
On a alors s, = 5 =

Si on note

(2.1.3)

2N pour N >3,

% _ { +oo, pour N € {1,2},
N-2°

le coefficient de Sobolev critique, comme on a D'injection de H' dans L?", on peut remarquer
que le cas p = 2* — 1 est le cas critique ou le terme cinétique et le terme de potentiel dans
Iénergie ont un poids équivalent. En reprenant la définition (2.1.1), on conclut que pour N > 3
et p=2"—-1= %, alors on a s, = 1. En fait, le probléme est plus que H' critique, il est
énergie critique, son énergie étant alors invariante par changement d’échelle.

On peut ainsi définir trois zones distinctes :

p<2f—1 Probléme énergie sous-critique
p=p.=2"—1 Probléme énergie critique (2.1.4)
p>2—1 Probleme énergie sur-critique

2.1.1 Probléme énergie sous-critique
Gidas et Spruck montre dans [30] que ’équation elliptique
Au+uP =0, p<2-—-1 (2.1.5)

n’admet pas d’autres solutions positives que la solution triviale nulle. Ainsi, il n’existe aucune
solution stationnaire positive, autre que la fonction nulle & ’équation (2.0.1) dans la zone sous-
critique.
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Dans [33], [31] et [32], Giga et Kohn établissent que si N < 2 ousi 1 < p < 3542 < p, alors
il n’existe pas de solution de (2.0.1) explosant de type II. Ce résultat a été complété par Giga,
Matsui et Sasayama dans [34] et [35] a toute la zone sous-critique. Enfin, Merle et Zaag ont
montré dans [73] et [74] que si u explosait de type I, en sous-critique, alors

e )y |~ KT = )77,

2.1.2 Probleme énergie sur-critique

La situation dans le domaine énergie sur-critique est plus délicate. Les principaux résul-
tats sur ce sujet sont relativement récents -moins de 10 ans- et concernent a ma connaissance
uniquement le cas de fonctions radiales.

Contrairement au cas sous critique, le systéme suivant :

"y N-lg! o @p —
{ " 4 N=1g! 4 P = 0, (2.16)

d(0)=a, ®'(0)=0, a>0

correspondant a des solutions stationnaires et radiales de (2.0.1) admet une solution positive,
que l'on notera @, d’apres l'identité de Pohozaev [84]. Par souci de cohérence, nous noterons
dans la suite @, la solution stationnaire, positive et singuliére suivante :

2

Do (1) = Coor” P (2.1.7)

1
o (v 2
p—1 p—1

Cette solution singuliere de (2.0.1), couplée avec la fonction introduite dans la définition sui-
vante, constituent des outils importants dans I’établissement des preuves d’existence, et de non
existence d’explosion de type II en énergie sur-critique.

avec

Définition 2.1.2. Soit f une fonction positive, non identiquement nulle. On associe a cette
fonction le nombre Z(f) € [0,+00] défini comme la borne supérieure des j tels qu’il existe
0<r <ry<---<rjp1 avee f(ry).f(rig1) <0 pouri € [1,7].

A T’ensemble de ces solutions stationnaires, Joseph et Lundgren ont déterminé dans [46] un
coefficient portant leur nom

(2.1.8)

] +oo for N <10
pJL = for N >11 >

4
1+ N—-4-2/N—-1

intimement lié, comme le montre le lemme suivant, aux propriétés des solutions stationnaires
de (2.0.1) :

Lemme 2.1.3 (Caractérisation de pyr). Soit le coefficient pyr, défini par (2.1.8). Alors, pour
tout « > 0, on a :

— Sipe <p<pyL, alors Z(P, — Poo) = 00.

— Sip>pyr, alors Z(Py — Pop) < 00.
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Cette différence fondamentale de comportement des solutions stationnaires entraine une
distinction de deux régions du domaine sur-critique, dans lesquelles on a approximativement
les propriétés suivantes :

— Sip. < p < pjrL, alors U'explosion de type II est impossible.

— Sip > pyr, alors il existe des solutions qui explosent de type II.

Plus précisément, Matano et Merle ont montré dans [65] le théoréme suivant :

Théoréme 2.1.4 (Matano, Merle, [65], surcritique). Soit p. < p < pyr. Soit u une solution
de (2.0.1), associée a une donnée initiale uy € L>®RN) 4 symétrie radiale. Supposons qu’elle
explose en norme L en temps fini T' < +00. De plus, supposons qu’il existe ty € [0,T") tel que

(H1) Z(u(to)) < oo,
(H2) Z(u(ty) — Poo) < 00 et Z(u(tp) + Poo) < 0.
Alors u explose de type I, ie il existe Cy tel que :

1
[u( )l poo vy < Co(T — 1) #1

Dans [66], ils améliorent ce théoréme en supprimant I’hypothese (H1). Récemment Mizoguchi
a remplacé I'hypothese (H2) dans [77] par 'hypotheése suivante :

— Il existe des constantes C, K > 0 telles que |u(z,t)| < C pour |z| > K et t € [0,T).
Ce raffinement permet de conclure a la non-existence d’explosion de type II pour des données
initiales radiales, positives, et décroissantes, cas non exclu avec les hypotheses (H1) et (H2).

Pour p > pr, Herrero et Veldzquez ont montré formellement dans [38] et [39] 'existence de
solutions explosives de type II. Ce résultat a été démontré rigoureusement par Mizoguchi dans
[75]. En outre, introduisons le coefficient de Lepin :

+o0o for N <10
pL = { — (2.1.9)

1+ 25 (>pjr) for N>11

jouant un role crucial sur le nombre de valeurs propres strictement négatives de 'opérateur
linéarisé de (2.0.1), apres étre passé en variables autosimilaires. Pour p > py, Mizoguchi obtient
dans [77] la vitesse précise d’explosion de type II pour des données initiales vérifiant un certain
nombres d’hypotheses, a priori techniques pour la plupart.

On peut naturellement se poser deux questions, qui sont encore des problemes ouverts :

— Que se passe-t-il pour p = pyr 7

— Quel est la dynamique des solutions explosives de type Il pour pjr < p < pr?

2.1.3 Probleme énergie critique

On se place dans cette sous partie dans le cas ou le probleme est énergie critique, ie ol
I’énergie associée au probléme (2.0.1) définie par (2.0.4) est laissée invariante par le changement
d’échelle (2.1.1). On se place donc en dimension supérieure ou égale a 3, pour un coefficient

—p. = NEt2 _ox _
P=pe= N5 = :

Contrairement au cas énergie surcritique, les solutions radiales, stationnaires de (2.0.1) &,

sont connues ici explicitement :

D, (r) = ~—, pour r >0. (2.1.10)
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En fait, notons
N—-2

1 2
Qn(r) = [ ———— . (2.1.11)
! &+MNE)

En utilisant la notation (2.1.1) pour le changement d’échelle, nous obtenons :

{(@N)A, A >0} ={Py,a > 0}.
Matano et Merle ont prouvé dans [65] le théoréme suivant :

Théoréme 2.1.5 (Matano, Merle, [65], critique). Soit ug une donnée initiale radiale, positive,
et bornée. Soit u la solution de (2.0.1) associée a cette donnée initiale. Alors si u explose en
temps fini, l’explosion est de type I.

Maintenant, Herrero et Veldzquez suggerent dans [38] la possibilité d’une explosion de type
II en énergie critique pour des solutions changeant de signe. Avec Filippas, ils construisent
formellement dans [26] des solutions explosives de type 11, avec la dynamique suivante :

Théoréme 2.1.6 (Filippas, Herrero, Velazquez, [26]). Il existe des données initiales ug =
Qx(0) 4+ £(0), explosant de type II en temps fini T < oo, ot la fonction A(t) vérifie selon la
dimension N :

- N=3 At)~ (T -2 guecl €N,

- N=4 \t)~ % avec | € N,

[log(T—t)|2+T
- N=5 Xt)~(T- )%( D qvec | € N,
S N=6 A{t)~ (T —t)i[log(T —t)|5.

On peut ajouter deux remarques a ce théoréme :

1. Les auteurs précisent que dans le cas de la dimension supérieure ou égale a 7, ils ne peuvent
pas décider de I'existence formelle de solution explosant de type II. Nous verrons dans la
partie suivante les raisons de cette indécision.

2. Il ne s’agit que d’une approche formelle du probléme. Ainsi, la gestion de la fonction
d’erreur € n’est pas évoquée. La méthode que 'on utilise apporte justement une réponse
a cette question.

2.2 Présentation du résultat [94]

Dans cette sous-partie, nous allons donner le résultat d’existence de solution explosive de
type II, en dimension 4, et le commenter. Afin d’améliorer la clarté de notre exposé, nous allons
rappeler, en dimension 4, ’équation que l'on étudie, ainsi qu'un certain nombre de quantités
lui étant associées. Le probléeme suivant :

(2.2.1)

Ou — Au —u? =0,
u(.,0) = ug, (t,z) € RT xR

admet comme énergie :

1 2 1 4
—§/R4IV1L\ —Z/]R4u. (2.2.2)
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De plus, la solution stationnaire radiale :
1
I+%

est I'unique, a invariance par changement d’échelle pres, solution radiale du probléme station-
naire :

AQ+Q°=0. (2.2.4)

2.2.1 Sur le spectre de 'opérateur linéarisé H

En calculant pour toute direction u suffisamment lisse et localisée la quantité
dE(Q +cu
L :_/(AQ+Q3>U,
de
on montre que le soliton ) est un point extremum de I’énergie. En fait, on peut méme raffiner
ce résultat, en utilisant le fait que :
d’E(Q + eu)
de?

e=0

1

2(Hu,u),

e=0
ou lopérateur H est le linéarisé de la partie spatiale de (2.2.1), autour de l'objet stationnaire

Q, et est donné par :
Hu = —Au — 3Q%u. (2.2.5)

En remarquant que (HQ, Q) < 0, on en déduit que @ n’est pas un minimiseur de ’énergie. En
fait, on peut trouver dans [47] par exemple la démonstration de I'unicité de la valeur propre
strictement négative de H. L’espace propre associé a cette derniere, que ’on notera —(, avec
¢ > 0, est généré par une fonction W, positive, radiale, et tres bien localisée. Ces propriétés
spectrales de 'opérateur linéarisé restent valables en toute dimension, pour ’exposant critique

P = Dec-

2.2.2 Résultat et commentaires

Théoréme 2.2.1 (Existence de solutions explosives de type II pour N = 4, [94]). Soit Q la
solution stationnaire donnée par (2.2.4). Alors Ya* > 0, il existe une donnée initiale radiale
up € HY(R*) avec

E(Q) < E(up) < B(Q) + o~ (2.2.6)

tel que la solution u de ’équation (2.2.1) associée da cette donnée initiale explose en temps fini
T =T(up) < oo dans un régime de type II dans la dynamique suivante :
Il existe u* € H' tel que :

V |u(t,z) — A(lt)Q (AZJ;))} —Vu* in L* as t —»T (2.2.7)
a la vitesse Ty
A(t) = c(up) (1 +0(1)) Tog(T — 12 as t—T (2.2.8)

pour c(ug) > 0. En outre, nous avons la régularité suivante pour le profil asymptotique :

Au* € L* (2.2.9)
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Voici quelques remarques que I'on peut faire sur ce résultat, pour lequel nous donnerons une
stratégie de preuve approfondie dans le chapitre 3 :

1.

Voici

Dans cet article, seul le cas radial a été traité. Comme pour les autres preuves, le cas non
radial ne pose conceptuellement aucune difficulté. Il faudrait notamment rajouter dans la
construction un parametre pour controler la possibilité nouvelle pour la solution approchée
de translater, en se servant notamment du fait que H(VQ) = 0. On peut lire par exemple
[69], ou Merle et Raphaél traitent le cas non radial pour I’équation de Schrédinger non
linéaire, pour se faire une idée des changements que cela occasionne. De plus, cela rendrait
la preuve plus technique, notamment dans la partie maitrise de I’énergie.

. Ce résultat est le premier résultat rigoureux dans le domaine énergie critique, décrivant

précisément une dynamique de type II. Remarquons que 'on retrouve la vitesse prédite
par Filippas, Herrero et Veldzquez dans [26], pour N =4 et [ = 0.

Contrairement au résultat pour le flot de la chaleur harmonique [91], nous n’avons pas
ici d’information sur la stabilité du régime explosif. Plus précisément, la présence dans ce
probleme d’une valeur propre strictement négative pour I'opérateur linéarisé H, engendre
une direction d’instabilité. Ainsi, nous arrivons a gérer cette difficulté, en reprenant la
stratégie mise en place dans [41] par Hillaret et Raphaél dans le cadre de 1’équation des
ondes Oy u = Au+ u3, en dimension 4, basée sur un argument développé dans le lemme 6
de [20]. Malgré la puissance de cet argument, cela ne nous permet pas d’affirmer quoi que
ce soit sur I’ensemble des données initiales, concernées par le théoreme 2.2.1. Cependant,
nous pouvons conjecturer sans trop nous avancer que la dynamique est ici instable, et que
cet ensemble est une variété de codimension 1.

plusieurs perspectives de prolongement de ce résultat :

. Il serait intéressant de traiter le cas non radial. Cela constituerait un pas supplémentaire

vers le probleme particulierement excitant de la description compléte du flot autour du so-
liton, a I'instar du travail récent de Martel, Merle et Raphaél pour gKdV unidimentionnel
[62], [63] et [64].

En utilisant la stratégie présentée dans le cadre de la partie suivante pour obtenir for-
mellement les vitesses d’explosion possibles en dimension N, il est envisageable d’obtenir
des dynamiques explosives de type II, pour toutes les vitesses annoncées dans [26]. La
question liée, et encore loin d’étre claire, est de prouver que seules ces vitesses-la sont
possibles pour une explosion de type II.

Toujours dans le cadre ou 'exposant p est tel que 'on se place dans le cadre énergie cri-
tique, la méthode mise en place dans [94] donne I’espoir d’aborder le probléme aux autres
dimensions, notamment la dimension 3, qui est profondément reliée a des problématiques
physiques, notamment dans des modeéles de combustion, voir par exemple [9]. Alors que la
question en dimension 6 n’apparait pas évidente a trancher, et laisse entrevoir, pourquoi
pas, une explosion en temps infini, il semble naturel de conjecturer la non-existence d’ex-
plosion de type II en dimension N > 7, d’apres ’analyse formelle que I'on va présenter a
présent.

Une autre question ouverte est d’établir ’existence, ou la non-existence de dynamique
explosive de type II en prenant comme exposant celui de Joseph et Lundgren p = pjr,
défini en (2.1.8). D’apres [66], il semblerait que le profil de la bulle de concentration ne
soit pas ici, & invariance par changement d’échelle prés, un profil lisse comme la solution
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stationnaire QQ, définie en (2.2.4), mais la solution (2.1.7) stationnaire singuliére en I’origine
®, ce qui inévitablement amenera a revoir en profondeur la stratégie de preuve.



Chapitre 3

Présentation de la méthode de
preuve pour ’équation de la chaleur

Dans cette partie, nous allons présenter de fagon relativement précise la preuve du théoreéme
2.2.1. Celle-ci se déroule en quatre temps :

— Construction d’une solution approchée.

— Equation de modulation des parameétres et description de I’espace des données initiales.
Méthode d’énergie pour controler le terme d’erreur.

— Conclusion du théoréme.
Lors de la premiere étape, nous allons exposer la cas de la dimension N, afin de retrouver le
résultat de Filippas, Herrero et Veldzquez [26]. Nous en profiterons pour voir comment adapter
la construction de la solution approchée dans ’optique d’obtenir I’ensemble des vitesses prédites
dans [26]. Cette stratégie a été rigoureusement mise en place dans [90] pour le probleme du flot
de la chaleur harmonique. Cela ne pose aucun probleme d’adapter cette preuve au cas de la
chaleur en dimension 4 et d’obtenir le théoreme suivant :

Théoréme 3.0.2 (Existence de solutions & explosion lente de type II pour N = 4). Soit Q
la solution stationnaire donnée par (2.2.4). Alors Ya* > 0, il existe une donnée initiale radiale
ug € HY(R?442) quec

E(Q) < E(uw) < E(Q) +a* (3.0.1)
tel que la solution u de ’équation (2.2.1) associée a cette donnée initiale explose en temps fini

T = T(up) < oo dans un régime de type II dans la dynamique suivante :
Soit L € N. Alors il existe u* € H' tel que :

V |u(t,z) — )\(175)62 (AZ)H —Vu* in L* as t — T (3.0.2)
a la vitesse
A(t) = c(ug) (1 + o(1)) G t>L+21L - as t—T (3.0.3)

log(T — )| 35+
pour c(ug) > 0.

Pour conclure la présentation de ce théoreme, ajoutons que ’ensemble des données initiales
forment a priori une variété de codimension L+ 1. Le régime de concentration est donc d’autant
plus instable que la vitesse de formation de la singularité est lente.

17
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3.1 Etude formelle du cas critique en dimension N :

3.1.1 Changement de variables

Nous étudions donc I’équation suivante, pour N > 3 :

(3.1.1)

N+2
O — Au —uN-2 =0,
u(.,0) = up, (t,z) € R* x RV,

Comme vu précédemment, il existe une famille de solutions radiales et stationnaires :

{(@n)x, A >0}

avec

Qn(r) = !

2

L+ yov=y

Le probléme présente I'invariance par changement d’échelle suivante :

ux(t r)—1u<t T)
AL, _)\¥ )\27)\ .

Dans la suite de cet exposé, nous ne considérerons plus que des fonctions radiales. C’est
pourquoi, nous noterons toujours r la variable d’espace dans les variables d’origine.

On va ici construire une solution approchée de (3.1.1). L’idée cruciale est de faire un chan-
gement de variables adapté a la dynamique recherchée, qui n’est pas le changement de variable
auto-similaire standard. En effet, le défaut majeur de ce dernier est de fixer par avance une
vitesse de "zoom', qui ne correspond pas a la vitesse de concentration. Dans notre stratégie,
c’est la construction qui va dicter la vitesse d’explosion, et non 'inverse. On cherche donc une
application A(t) (de classe C1), strictement positive, touchant zéro au temps T < 0o, qui sera
le temps ou la singularité se forme, telle que la solution u de (3.1.1) se décompose comme :

u(t,r) = (QN)aw (r) +w(t,r). (3.1.2)

w est donc un terme d’erreur, dii au fait que la fonction A dépend du temps. On va le décomposer
en deux parties. La premiere sera celle que ’on va construire par la suite. C’est elle qui implique
la dynamique du systeme. La seconde partie sera une erreur que ’on pourrait qualifier d’"erreur
pure", au sens ou il ne s’agit que d’un terme & contrdler pour s’assurer qu’il ne perturbe pas
outre mesure la dynamique explosive provenant du premier terme de w.

Soit u une solution de (3.1.1). Si on injecte uy () dans cette équation, on obtient :

N2(1)pu (A’("t)) SN Au (%) ~ Au (A:t)) +uNE (Az’t)) (3.1.3)

ou 'opérateur A est défini par :

N —2 Ouy,

Au(y) = —5—uly) +y.Vuly) = 5=

(3.1.4)

A=1
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La derniére définition nous permet de voir le lien étroit entre cet opérateur et le changement
d’échelle.
Posons donc comme changement de variables :

t o dr r
s = o N2(7) et y= % (3.1.5)
qui nous donne :
As N+2
Osu — TAU:Au—i—uN—% (3.1.6)

avec As = ) (s). Remarquons que dans la dynamique recherchée, on a 0 < A\(t) = o(v/T —t).
La fonction s(t) réalise ainsi une bijection de [0, T[ dans R*. Cette condition n’est pas vérifiée
en dimension 6 pour la vitesse annoncée par Filippas, Herrero et Veldzquez dans [26], ce qui
nous permet de douter de cette derniére. La situation n’est pas vraiment claire pour l’instant.
Est-il possible d’exploser en temps fini? Ou a-t-on un phénomene au niveau de la dimension
analogue a celui de I'indice d’homotopie des solutions du probleme (1.1.6) du flot de la cha-
leur harmonique, qui nous ferait pencher pour une explosion en temps infini, comme pour les
solutions 2-corotationnelles de (1.1.6) ?

Nous voyons apparaitre dans I’équation (3.1.6) la quantité centrale dans notre preuve —%.
On peut voir que cette quantité est positive, et tend vers zéro au moment de la formation de la
singularité. Introduisons un nouveau parametre dépendant uniquement du temps :

As
bi(s) = —7(1 +o(1)). (3.1.7)

Contrairement au cas de 1’équation des ondes étudiée dans [41] par Hillaret et Raphaél, ou
de celle des "wave maps" [88], on doit relacher la contrainte by (s) = —%. Comme nous le verrons
par la suite, cet assouplissement nous permettra de prendre deux conditions d’orthogonalités
pour le terme d’"erreur pure', indispensable dans son controle.

En réalité, nous prendrons comme paramétre b(s) = (b1(s),...,br(s)), ot |bg| < b¥. Lorsque
I’on reviendra a la preuve du cas de la premiere vitesse en dimension 4, nous noterons b a la
place de b1, afin d’alléger les notations.

(3.1.6) devient donc

Osu + bi(s)Au = Au + U 4 (bl(s) + );\s) Au. (3.1.8)

3.1.2 A propos de 'opérateur HY, :

Linéarisons la partie spatiale de (3.1.8) autour du soliton Q.

N+2 N1+92 _4_
AQn +¢) + (Qn +5)% AQN + QN +Ae+ iQﬁ’Qs—FO(g).

N -2
= —Hy(e)+O0().

ou
N+2 A

HNez—Aa—VNaz—Aa—m N &

(3.1.9)
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Vn étant un terme de potentiel. Rappelons qu’une autre facon d’interpréter cet opérateur
provient de :

PE(Qn + pe)

1
=_—(H .
i 2( N575)

pn=0

Maintenant, en se servant du fait que (Qn)y est solution de 'EDO elliptique, pour tout A > 0 :

Au+uv-—2 =0

et de la définition de 'opérateur A (3.1.4), on montre facilement que la fonction radiale :

N -2 y2
AQn(y) = — (1 - _) (3.1.10)
2 (14 k=) M)

est dans le noyau de Hy. Grace a ce zéro explicite, on peut résoudre ’équation

Hyu = f, (3.1.11)

ou f est une fonction donnée, que I'on supposera suffisamment réguliere. (Dans la suite, nous
prendrons toujours f de classe C*°.) Pour les fonctions radiales, cette équation est une EDO
du second ordre, a coefficients non constants. Si on note I'y le second zéro de Hy, alors le
Wronskien nous donne la relation suivante :

TRAQy ~Tw(AQy) = =%
et donc : . e
In(y) = —AQN(y)/1 S TAON(5) (3.1.12)

On constate facilement que cette fonction est singuliére en ’origine, et satisfait les asymptotiques
suivantes :

dk’TN( )= O(y~N=2+kK)) lorsque y — 0
dyF N O(y~*) lorsque y — oo.

De 14, une solution explicite de (3.1.11) est donnée par :

u(y) =IT'n(y) /Oy f(S)AQN(s)stlds — AQn(y) /Oy f(s)FN(s)stlds. (3.1.13)

Malgré le fait que la fonction I'y soit singuliére en l'origine, u est bien définie, notamment en
I’origine, pour des fonctions f régulieres. On notera dans la suite de fagon abusive u = Hﬁl fs
et en répétant i fois le processus H "

Définition 3.1.1 (Noyau de l'opérateur HY). On définit par récurrence les profils (Ti n)ien
par :
Ton =AQn et Tiyin=—-H Ty VieN

ou de maniére équivalente
Tin = H '"AQny.
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Il est trivial de remarquer que, pour tout j € N :
Vect(Ti N)o<i<j C KeT(H]{,H)

En fait, si on se restreint aux fonctions réguliéres, il y a méme égalité. Dans la suite, on aura
besoin des asymptotiques suivantes en +oo :

{ eny*™ N + 0> N) pour N #4

v = —4logy—|—2+0<loyg#> pour N =4.

)

(3.1.14)

ol (cn)nx4 sont des constantes. Il faut faire attention au fait que les notations ici ne corres-
pondent pas a celle de l'article [94].

Avant de construire la solution approchée, rappellons que le spectre de 'opérateur Hpy
posséde une unique valeur propre strictement négative, et que le supplémentaire orthogonal
au sous-espace propre associé a cette valeur propre est stable par Hpy. Ainsi, la stratégie de
gestion de la direction négative, que nous expliquerons par la suite, reste entierement valable
pour établir la généralisation du théoreme 2.2.1 a toutes les vitesses. (Voir le théoréeme 3.0.2).

3.1.3 Construction d’une solution approchée

En omettant dans un premier temps le dernier terme de (3.1.8), on cherche une fonction
proche de @y, que I'on notera @)y minimisant dans un certain sens I'erreur Wy, définie par :

N+42

Uy = 0sQNp + b1(s)AQNp — AQNp — Qﬁ (3.1.15)

Pour commencer, afin de comprendre la difficulté soulevée par le probléme en dimension supé-
rieure ou égale a 7, nous prendrons L = 1, et donc nous allégerons la notation b; en b. Nous
allons chercher une solution Qx4 sous la forme d'une solution polynomiale en b :

Qnp(s,y) = Qn(y) + b(s)T1 N (y) + b*(s)San(y) + ... (3.1.16)

Volontairement, nous n’écrivons pas tout les termes, mais seulement ceux utiles a la compré-
hension de la méthode. Il est crucial de voir que S> x ne dépend pas de la variable s. En outre,
rappellons que b est une fonction positive, tendant vers zéro au moment de ’explosion. Dans
le type de régime explosif dans lequel on se place, on a méme bs = O(b?). Si on injecte le
développement (3.1.16) dans (3.1.15), on peut écrire I'erreur Wy, , en classant par puissance de
b comme :

N2
AQN +Qy~*
b (HNTLN -+ AQN)
b2 (HNSLN -+ ATl,N +./\/'(T17N)) -+ bsTl,N
bgASlN + ...

Yy N

+ o+ o+

avec A/ un opérateur non linéaire, tel que N (T nx) = o(AT1 n). Du fait que Qn est une solution
stationnaire de (2.0.1), et du choix du profil 77 y donné dans la définition 3.1.1, les deux
premieres lignes du membre de droite sont nuls.
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Il nous reste a déterminer Ss . Nous avons vu auparavant que nous voulions une loi de
modulation by = O(b?). Nous allons la chercher de la forme

bs = Bnb* + o(b?),

et déterminer la constante Sy optimale, afin de minimiser la croissance asymptotique de S2 n,
tout en minimisant, pour certaines normes que nous verrons par la suite, la taille de ¥;, y dans
la région parabolique y < L TLe terme bsz’ ~ deviendra alors négligeable devant b7 y, dans

N
cette zone de 'espace, dépendant du temps via le parameétre b. Sy est déterminé par :

HySon = —ATy v — N(Thn) — BTN (3.1.17)

Rappelons que T7 y vérifie les asymptotiques suivantes :

eny™ N + 0> N) pour N #4
TI,N = 10g2y . (3118)
—4logy +2+ O (y—Q> pour N =4.
On en déduit celle de ATy w :
cN (3 - %) y* N+ 0> N) pour N #4
ATy N = log? (3.1.19)
—4logy — 2+ O (%) pour N =4.
Comme N (T1 n) = o(ATy n), le choix optimal pour Sy est celui qui vérifie :
AT\ N + BTN = o(T1,N),
soit N
BN = (2 — 3> . (3.1.20)
ce qui nous donne comme loi pour le parametre b :
N
bs = (2 - 3) b2 (1 + o(1)). (3.1.21)

Le parameétre de modulation b(s) étant recherché sous la forme d’une fonction positive, tendant
vers 0 au moment de I'explosion, le probleme de la dimension N > 7 apparait ici distinctement,
de méme que 'indécision pour la dimension N = 6.

Pour la dimension 4, on introduira par la suite un terme de radiation, afin de supprimer la
constante, dans I'asymptotique du terme Sy 4. Cela ajoutera un terme logarithmique a la loi de
b, que l'on retrouve dans la loi de A(¢) prédite dans [26]. Nous verrons cela plus en détail dans
la preuve consacrée a cette dimension.

3.1.4 Construction toutes vitesses pour N < 5.

On suppose maintenant que N < 5. Nous allons seulement donner les grandes lignes de la
construction dans le but d’obtenir de fagon formelle toutes les vitesses, en particulier le systéme
dynamique satisfait par b(s) = (b1(s),...,br(s)).
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Pour obtenir la premiere vitesse, nous avons décomposé la partie principale de la solution
approchée Q) sur le noyau de H12\7 Sur le méme principe, nous allons décomposer la solution

approchée Q) sur le noyau de H JI\}'H pour obtenir la L'®™¢ vitesse :
L L+2
Qnp(Y) = QN + D bi(s)Tin(y) + > Sin(s,y) (3.1.22)
i=1 i=2

Dans le régime que I'on va étudier, les parameétres b;(s) vérifiront b} < b; < bi. Cela entrainera
qu’au bord de la zone parabolique (y ~ By = %), les profils (b;Tn,i);.;; seront de méme
taille que Qn, & une correction logarithmique prés pour la dimension 4. Nous chercherons les
profils (S; n(s,y))2<i<r+2 sous la forme P; x(s)S; n(y), ou la partie temporelle P; y(s), est un
polynome en (bj)1<;<r, tel qu’elle soit de taille équivalente & b}. A I'instar de ce que nous avions
vu pour la premiere vitesse, les profils (S; n)a2<i<r+2 seront négligeables devant @)y dans la zone
parabolique.

Pour obtenir cette derniere propriété pour les profils S; n, nous devons injecter la décom-
position (3.1.22) dans I'expression de I'erreur (3.1.15), et classer les termes par puissance de b?.
Rappelons que nous nous placons sous 'hypothese b4 < b; < bi.

Ainsi, nous obtenons pour les termes en O(by) :
bi(HnTi N + AQN) =0,
I’annulation provenant de notre choix du profil stationnaire 77 y. En O (b2, ba, (b1)s), nous avons :
(b1)sTiN + DIATy v + boHNTo N + HySon = VIN (T N).

Or HyTy n = —Ti1,n. De plus, le terme non linéaire N'(T1 n) est un terme d’ordre inférieur
devant 77 n. En se servant des asymptotiques des profils T7 n (3.1.18), et AT} n (3.1.19), nous
avons 1’équivalence suivante :

N
(b1)sTin + bIATy N + b HNTo N ~ {(bl)s + (3 — 2) by — bg} Ty N

En prenant comme contrainte sur les lois de modulations :

N
(b1)s + (3 - 2) bi — b2 =0, (3.1.23)

le profil Sy n devient alors d’ordre négligeable.
Plus généralement, & la k'®™° étape, nous obtenons :

(br)s TN + bibp ATk N + b1 HN T, n + HnSk1,n = 05N (Tiny -+ T

avec la convention by = 0. L’équivalence

N
AT;@N ~ (Qk' +1-— 2) Tk,N (3.1.24)

nous amene a prendre comme contrainte sur la loi by(s) :

N
()s + (2h 1= 5 ) bubi— b = . (31.2)
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A nouveau, en dimension 4, une correction logarithmique sera nécessaire. Le parametre b(s)
vérifie ainsi le systéme dynamique suivant :

(b)s + (21<; +1-4 4 ﬁj;gﬁ) biby —bp1 =0, 1<k<L, bri =0,

A gy, (3.1.26)
a = N
ou 9; ; est le symbole de Kronecker. En recherchant une solution explicite de ce systéme sous la

forme p
Ck,N kN
b — ) )
k(s) sk sklogs

ou bien entendu le dernier terme est nul en dimension 3 et 5, on obtient les relations suivantes :

c :#
1,N 2L +1— N7

(L—k)(1-%) (3.1.27)
Ck+1,N = mck,N7 1<k<L-1,
dig= — P
e 3.1.28
{ dk+1,4— 2L 1dk+1+ (2£ 1)2)Cka 1<k<L-1 ( )

Plagons nous dans le cadre de la dimension 3 ou 5, pour éviter la correction logarithmique de la
dimension 4. Le lecteur intéressé par la dimension 4 pourra consulter le lemme 2.8 de ’article
[90]. On doit donc résoudre le systéme suivant, pour obtenir la loi de A :

On en déduit de la premiére ligne de ce systeme que (s A(s))s = 0. Couplé a la seconde ligne,
ce résultat implique que :

°1,N L

A = (7= )= T = (- ¥

On retrouve les différentes vitesses d’explosion \(t) prédites par Filippas, Herrero et Velazquez
dans [26].

3.2 Construction en dimension 4

Dorénavant, nous n’étudierons plus que le probleme en dimension 4, pour la premiere vi-
tesse, cadre du théoréme 2.2.1. Dans cette partie, bien que nous venons de voir la méthode
de construction de la solution approchée, nous allons la reprendre, notamment pour introduire
la radiation corrigeant logarithmiquement les lois A et b. De plus, les profils introduits seront
localisés, via une fonction cut-off, pour tenir compte de leur croissance problématique, en dehors
de la zone parabolique.

Proposition 3.2.1 (Construction de la solution approchée). Soit M > 0 suffisamment grand.
Alors, il existe une constante universelle b*(M) suffisamment petite, tel que la suite soit vraie.

Soit b €]0,b*(M)[. Posons By = |1:)/g7b| Alors il existe des profils Ty, Ty et T3, tel que

Qs(y) = Qy) + b1 (y) + b*Ta(y) + b*Ts(y) = Q(y) + aly) (3.2.1)
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générant une erreur
Uy = —0%(Th + 20T3) — AQy — (Qb)” + bAQ, (3.2.2)
qui satisfait les contréles suivants :
/ |H, 2 < b*logh?, (3.2.3)
y<2B
/ L jo,2 <o (3.2.4)
y<eBy 1+ 98 ~
2 2 <« bG
H"U . 3.2.5
/y§231 SRS |logb|? (3:2:5)
ainsi que le flux :
(U, HDyy) 20? b?
= - +0|—5 |- 3.2.6
Q. #y) gy \ ow? (320

ot ®ps est donnée par (3.3.1).

Avant de donner les éléments importants de la démonstration de cette proposition, voici

quelques remarques que nous pouvons faire :

— Les notations adoptées ici sont celles de l'article [94]. En particulier, les profils Th et T3

correspondent aux profils Sz 4, et S34 de la précédente partie, et non aux éléments du
noyau de H%. Le profil T} restant bien celui défini précédemment.

L’erreur (3.2.2) est légérement différente de celle donnée par (3.1.15). Nous tenons déja
compte ici du fait que (b1)s = —b3(1 + o(1)).

Les bornes (3.2.3), (3.2.4) et (3.2.5) seront utilisées par la suite dans la gestion de la taille,
en un certain sens, du terme d’erreur, via une méthode d’énergie. En particulier, on peut
interpréter la troisieme borne comme une version raffinée de la seconde, ou la structure de
I'opérateur H? a été prise en compte. Cela a permis d’obtenir sur la borne (3.2.4) un gain
de 'ordre de m, absolument crucial pour assurer que ’erreur commise ne perturbe pas
la dynamique explosive de la solution approchée.

Nous reviendrons plus tard sur la signification du terme de flux (3.2.6), terme jouant un
role primordial dans les lois de modulations.

Donnons a présent une preuve allégée de la proposition 3.2.1, déclinée en plusieurs étapes .
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Etape 1 Calcul de lerreur.

En injectant la décomposition de @ (3.2.1) dans l'expression du terme d’erreur (3.2.2), nous
obtenons, en classant par puissance de b :

U, = b(HT, +AQ)
v (HTy — Ty + ATy - 3QT})
T+ (HT3 9Ty + ATy — 6QTI Ty — Tf’)
+ VAT3 + Ry(T1, Ty, T3), (3.2.7)

le terme R; étant un polynéme en T;, contenant des termes d’ordre (¥’);>4. Nous devons main-
tenant déterminer les profils T; pour obtenir une erreur ¥, satisfaisant les controles de la pro-
position 3.2.1.

Etape 2 Détermination de 77.

Nous avons déja vu cette étape dans les parties antérieures. Rappelons que 77 satisfait
I’équation HT; + AQ = 0, et a le comportement asymptotique suivant en 400 :

: 1 logy)?
ATy (y) = —4 (logy— 2—|—i> +0 <(O§2y) ) , for 0<i<2. (3.2.8)

Dans ce probléme, le comportement des profils a l'origine ne posant aucun probléme, nous
omettrons systématiquement leur gestion.

Etape 3 Introduction de la radiation .

La seconde ligne du membre de droite de 'erreur (3.2.7) ameéne a premiere vue a I’équation :
HTy =T, — AT} — 3QT} (3.2.9)

Le choix by = —b? permettant dés & présent d’exécuter la croissance logarithmique du membre
de droite de (3.2.9). Ainsi,

1 2
T1—AT1—3QT12_—4+O<‘Og§J’ ) quand y — +oo.
Y

Pour autant, si 75 est solution de (3.2.9), alors les profils Q et b>Ty seront de méme ordre de
grandeur au bord de la zone parabolique, ce qui n’est pas le but recherché. Pour arriver a nos
fins, ‘e avoir un profil T5 d’ordre inférieur, il va nous falloir introduire un terme de radiation
Y. C’est I'introduction de ce dernier qui modifiera la loi de modulation de b(s), en rajoutant
un terme logarithmique. Le profil 75 que nous déterminerons dans ’étape suivante, sera alors
solution de :

HTy =T, — ATy — 3QT% + 5. (3.2.10)

Pour bien comprendre le choix effectué pour la radiation, point relativement délicat de la preuve,
redonnons quelques propriétés de 'opérateur H.
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En ne considérant que les fonctions radiales, le noyau de cet opérateur ne posséde qu'une
unique direction réguliere AQ. A 'aide des fonctions de Green, on peut calculer explicitement

la seconde solution de
30,

r

HT =T, + —" 4+ 3QT = 0. (3.2.11)

Cette solution est singuliére en ’origine, comme le montrent ses asymptotes :

_ y?
16 Y2

1
O ) quand y — 0,
(3.2.12)
) quand y — +o00.

On est ainsi en mesure de connaitre ’ensemble des solutions réguliéres en 1’origine, pour une
fonction f réguliere donnée, de Hu = f, qui sont données par

w=T(y) /0  HPAQ(r) P dr — AQ(y) /0 AT () rdr + eAQ(y), ¢ e R. (3.2.13)

Revenons au choix de X,. D’aprés ce que nous avons vu, nous cherchons ¥, vérifiant les
contraintes suivantes :
— Asymptotique en +oo :

Sp(y) =4+ 0 (!10ngyV> (3.2.14)

— Respect des bornes (3.2.3), (3.2.4) et (3.2.5) de la proposition 3.2.1. L’ajout de la radiation
ammene dans erreur ¥, le terme b2Y. La radiation ¥ doit donc satisfaire les bornes

suivantes :
/|H2b\2 < |logb| / 1 122 < b2 /|H22b|2 < b (3.2.15)
Posons 64 5 1
o = _ 140 ()) 3.2.16
et~ Toa (0 (et 210
et
d=cr | xmAQr =0t 3.2.17
Alors la fonction Xp solution de
HYy = CbX%AQ + dpyH[(1 — X3BO)AQ] (3.2.18)

donnée par

Y 9 Y
£(0) = T(w) [ s (AQ)* = AQ() [ x5 TAQ +do(1 = xa1,)AQ.

est la bonne candidate. 3J; est bien connue loin de la frontiere de la zone parabolique :

a1y for y < %
Yp = (3.2.19)
64" for y > 6By
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Etape 4 Détermination des profils T et T3.

Nous prenons donc comme profil 75 la solution donnée par (3.2.13) de
HTy =Ty — ATy — 3QT + %,

avec Y, la radiation introduite a I’étape 3 (3.2.18). Si on arréte la décomposition de @Qp a Ty,
le terme dominant de l’erreur devient b3AT5. Or on ne pourra contrdler assez finement Uy,
cause de la borne ci-dessous, elle-méme optimale.

/ AT <
y<2Bi |logb|

C’est pourquoi, 'introduction du profil 75, annulant la troisieme ligne du membre de droite de
Perreur (3.2.7), s’avere nécessaire, et nous donnera les bornes souhaitées.

Etape 5 Calcul du flux.

11 est préférable de garder cette étape pour le moment ot nous introduirons la direction ®p;.
Pour autant, mentionnons que ’erreur est de la forme :

Ty = 2%y + b*AT3 (1 + o(1)) (3.2.20)

Ceci constitue la fin de la preuve de la proposition 3.2.1.

Nous avons pour l'instant décomposé notre solution approchée sur des profils stationnaires,
Qy = Q(y) + b(s)T1(y) + b*(s)Ta(y) + b3(s)T3(y). Or, nous pouvons remarquer qu’a s fixé, les
profils b*T; ont une croissance problématique hors de la zone parabolique y ~ By. En effet, le
profil Q devient alors négligeable devant les profils b'T}, ce qui n’a pas de sens dans 'optique
de décrire une solution proche en un certain sens du soliton. C’est pourquoi, on va localiser les
profils, via une fonction cut-off dépendant du temps. Pour autant, il ne faut pas que 'erreur
engendrée par la localisation soit supérieure a celle acquise a la proposition 3.2.1 précédente.

Soit x la fonction cut-off réguliere tel que :

{1 pour y <1,

X(y) = 0 pour y > 2.

et sa version paramétrée par B > 0 :

xB(y) =X (g) :
Alors, nous avons la proposition suivante :

Proposition 3.2.2 (Localisation des profils au voisinage de By). Soit une application de classe
Cl, s+ b(s) définie sur [0, so] avec la borne a priori Vs € [0, sq],

0 < b(s) < b*(M), |bs| < 100°. (3.2.21)
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Soit la solution approchée localisée

Qu(s,y) = Q+ T +b*Th + 3T = Q + &

o i
T, =xB1Ti, 1<1i<3.
Alors \
D5Qp — AQy — TSAQZ, — Q} = Mod(t) + U, (3.2.22)
avec A\
Mod(t) = — (A - b) AQyp + (bs + b?) (T} + 2bT3) (3.2.23)

et ot Wy, satisfait les bornes sur [0, so] :
(i) Controle de Uerreur :

/|H\i!b|2 < b4{logh|?, (3.2.24)
! [Tp|? < BO (3.2.25)

T+ 45 b7 S0, 2.
H*Y, o 3.2.26

(ii) Calcul du fluz : Soit ®p; donnée par (3.3.1), alors :
(HU,, ®y) 2b? b?

= — Ol —— 3.2.27
(AQ. %) — Togl * \loghP (3220

La preuve de cette proposition n’apporte rien a la compréhension de la méthode. Notons

néanmoins plusieurs choses :

— Nous avons introduit le terme M od, terme de modulation, contenant les erreurs que ’'on
commet en prenant b = —% et by = —b?. Cela ne change pas la définition de l'erreur par
rapport a celle (3.2.2) de la proposition précédente, mais permet de mettre en valeur le fait
que ces erreurs sont a premiere approximation, supportée respectivement par AQ et 17,
éléments du noyau de H2. De plus, 'erreur tient compte aussi de la nouvelle dépendance
temporelle des profils 7.

— Dans la preuve de cette proposition, on va séparer lerreur Uy, en deux parties, I'une
contenant les termes liées a la localisation \Ifl(7 ), et lautre, les termes provenant de la
dérivation temporelle des profils Tj, que 'on note R, en cohérence avec les notations de

Particle [94]. Le meilleur controle que 1'on arrive a effectuer sur \Iil() ) est :

/|H2 bo n b%|logb|? n b*|logh|? < bo
S Togt? T B Bf " [logb]*’

ce qui nous dicte le choix de By = “o—g:'.
Indiquons, par souci de complétude, qu'une seconde localisation sera aussi nécessaire, autour
de By, pour gérer ’énergie £, que nous verrons par la suite. Cet artifice étant siirement plus
technique qu’autre chose, nous ne nous épancherons pas sur le sujet.
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3.3 Solution exacte et théorie de la modulation

Nous allons ici décomposer une solution de notre probléeme (3.1.1) en deux parties. Une
sera la solution approchée Qb, %, que 'on vient de construire, et ’autre sera un terme d’erreur
que 'on va devoir maitriser. La notation th » permet d’exhiber la double dépendance de la
solution approchée avec les parametres temporels b et A. Grace a cette flexibilité, nous allons
pouvoir fixer deux directions d’orthogonalité pour le terme d’erreur, assurant ainsi I'unicité de
la décomposition. Apres avoir écrit I’équation satisfaite par l’erreur, nous la projeterons sur
les deux directions d’orthogonalités, afin d’obtenir les équations des parameétres de modulation,
appelées plus succinctement équations de modulation.

3.3.1 Directions d’orthogonalité

Comme nous 'avons remarqué lors de la présentation de la proposition sur la localisation
des profils T;, I'inexactitude des équations de modulation est supportée principalement par les
directions AQ et T}, ie par les solutions régulieres du noyau de H?. Le principal inconvénient

de ces fonctions est de décroitre trop doucement, et en particulier de ne pas étre pas Lmd(R‘l).
Soit M > 0, une constante suffisamment grande. Introduisons donc la direction :

avec
_ (XMAQa Tl)
cv = .
(H (xmAQ), T1)
Le second terme du membre de droite de (3.3.1) est un terme correctif, permettant d’assurer

lorthogonalité entre ®p; et Ti, ainsi qu’entre AQ et H®P,;. De plus par construction nous
avons :

/!@M!2 < llogM]|, (3.3.2)
et les produits scalaires suivants :
(AQ, ®n) = (—HT1, Pm) = (XM AQ, AQ) = 64log M (1 + 0p1—5400(1)). (3.3.3)

Les directions ®3; et H®,; sont une bonne approximation du noyau de H? au sens ou elles
assurent la coercitivité de cet opérateur, comme le montre le lemme suivant :

Lemme 3.3.1 (Coercitivité de H?). Soit M > 1 une constante suffisamment grande. Soit
<I>M donné par (3.3.1). Alors il existe une constante universelle C(M) > 0 telle que pour tout
€ H! (RY) satisfaisant les conditions d’orthogonalités suivantes :

(U,q)M):O, (H’LL,(I)M):O

/ | Hul? +/ |0y Hul? +/ |Oyy Hul?

y4(1 + [logy])? y2(1 + [logyl)? (1 + |logyl)?

N / !uP / |0y ul® +/ |yyul®
y*(1+ y*) (1 + [ogy])? J y8(1 + [logyl|)? y*(1 + [logy]|)?

+ / |63“|2 +/ 9,ul? /|H2 (3.3.4)
y%(1 + [logy])? (1+ \logyl o

alors :
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3.3.2 Unicité de la décomposition

Soit u une solution du probléme (3.1.1). Alors on va décomposer cette solution comme suit :

T

u(t,r) = A(lt) (Gv+e) (7; . (t)> _ A(lt)(gb(t) <t, A@) Fwt,r), (3.3.5)

La premiére décomposition sera privilégiée avec les nouvelles variables (s, y) alors que la seconde
sera utilisée avec les variables d’origine.
En imposant les deux conditions d’orthogonalité suivantes :

(g(t)aq)M) = (E(t)vH(I)M) =0, (336)
on assure l'unicité de la décomposition (3.3.5), avec la condition initiale de petitesse sur b :
0<b(0)<bd*(M) <1,

b*(M) étant une constante universelle choisie suffisamment petite. En effet, c’est une simple
conséquence du théoreme des fonctions implicites, 'application

(0, A) = (u, Pnmr) = <<Qb(t)))\(t) ,‘I’M)

étant de classe C! et d’apres le choix de @, et la construction :

(Z(Q)r, @) (5(Qu)r, Par) _ | (-AQ M) O
(55 (Qu)x, Hoar) (G Qu)a HOur) |y 0 (T, H® )
= —(AQ,®n)* #0. (3.3.7)

3.3.3 Equation vérifiée par 'erreur ¢

Rappellons les formules de passage des variables d’origine aux nouvelles variables suivantes :

1 1 s
U(t, T) = XU(‘g?y)a atu = ﬁ (85'1) — AA'U))\ .

En injectant la décomposition (3.3.5) dans I’équation (3.1.1), on obtient I’équation suivante
pour € :

As
856—7A5+H£:F—Mod:]:, (3.3.8)

ou nous redonnons ’expression du terme de modulation introduit a la proposition 3.2.2 :

Mod(t) = — (AA‘” - b) AQy + (bs + b)) (T} + 20T3)

et ou nous avons noté 3
F=—Y,+ L(e) + N(e), (3.3.9)

avec L 'opérateur linéaire provenant de la différence entre la linéarisation autour du soliton @,
et de la solution approchée Qy :
L(e) = 3(Qf — @%)e, (3.3.10)

et IV étant un terme purement non linéaire :

N(e) = 3Qpe? + &3 (3.3.11)
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3.3.4 Equations de modulation

Nous sommes a présent en mesure d’établir les équations de modulation, ou plus précisément,
de borner I'imprécision commise sur ces équations, notamment en fonction de 'erreur . Voici
la proposition que ’on obtient :

Proposition 3.3.2 (Equations de modulation). Soit £, = [|H?(e)|?. Alors :

Ve, (3.3.12)

1
~ llogb] ViogM

V& ] ) : (3.3.13)

T+

2
bs + b? (1 + )‘
) [logd] \/log
Pour obtenir ces bornes nous allons successivement projeter I’équation (3.3.8) sur les deux
directions d’orthogonalité. Au vu de 'importance de cette proposition dans notre analyse, et
de la taille de la preuve, nous la donnons ici en trés grande partie.
Commengons par poser

As
V(t) = |bs + b%| + 5y

mesurant ainsi ’ordre de grandeur de I'erreur commise dans les équations de modulation. Pro-
cédons en deux étapes :

+0|,

Etape 1 Loi de b :
Nous projetons I’équation (3.3.8) sur la direction H®,;, puis nous estimons chaque terme.

(02, Hpp) + (He, HB ) — (A;Ae, H¢M>
= = (W, Hyr) — (Mod(t), H®xr) + (L(e), HBar) + (N(2), H®yy)
D’abord, d’apres le choix d’orthogonalité (3.3.6), nous avons l'annulation suivante :
(056, HDpp) = 05(He, @) = 0. (3.3.14)
De plus, en utilisant I'inégalité de Cauchy-Schwartz, on obtient :
(He, HD ) = (H25,<I>M) < N H2e|| 12| @l 12 < v/ Exlog. (3.3.15)

Le terme de modulation (3.2.23) est estimé en utilisation la localisation Supp(®as) C [0,2M]
provenant de (3.3.1), ainsi que les choix de construction :

As ~ 9 . .
(H (Mod(t)),®y) = — <b + A) (HAQy, ®ar) + (bs +02) (H (Ty + 2673 ) , s
= —(AQ, ®ar)(bs + %) + O (c(M)b|V (1)) -
On montre sans difficulté le role mineur joué par les autres termes :

‘ ();Ae 4 L(e) + N (o), H(I)M) ‘ S C(M)b(Es + |V (B)]).
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D’apres les produits scalaires (3.3.3), nous pouvons conclure en supposant le flux (3.2.27) :

by +02 = (f’AijHf Af)) +0 <V112i‘7‘]\§54> +O(CMBVE)) (3.3.16)

2
B Wﬁim <1+O(101gb|)>+0< 103\4 +C<M>b\V(t)\>

Comme U;, = b5, + b*AT3(1 + o(1)), (3.2.27) se montre facilement, chose que nous n’avions
pas faite dans le cadre de la preuve de la proposition 3.2.1 :

HU,, & 1
05~ o |(Fexmiaen)+o(cwnp)]
2 3 2b2 b2
= b +O(CONY) =~ + 0 (ugb|> |

Etape 2 Loi de .
Maintenant, projetons (3.3.8) sur la direction ®,; afin d’obtenir :

(Mod(t), ®pr) = —(Uy, ®py) — (Ose + He, ®py) — (—):\5[\5 + L(e) + N(e), @M) :

Le choix des directions d’orthogonalité implique (3.3.6) :
(0se + He, ®pr) = 0.
Comme ci-dessus, nous avons la borne suivante pour les termes d’ordre mineur :
‘ (—);\sAa + L(e) + N(e), <I>M> ‘ < C(M)b/E,.
Le terme de modulation devient :

(Mod(t), ®ar)

(04 5) (@) + (b +12) (T2 + 267, 0)
= —logM (1 + 01y roe(1)) (52 1) + O CONV D)),

et connaissant présicément la radiation dans la zone parabolique (3.2.19), le terme d’erreur U,
donne :

(B0, @2r) | S %(3, @ar)] + O(C(M)B) = eb2|(T1, Dar)| + O(C(M)b®) = O(C(M)B).
D’ou :

% + b‘ S BC(M) +bC(M)O (VE + V(1)) - (3.3.17)

Avec (3.3.16), nous obtenons la borne

b? 1
V() < &y.
VOIS Tog + rogr V¥
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L’injection de cette borne dans (3.3.17) implique (3.3.12) et (3.3.13). Ceci conclue la preuve de
la proposition 3.3.2.

Par rapport aux bornes de cette proposition, on constate qu’elles dépendent de b, mais aussi
de M, et de £4. Au moment de conclure la preuve du théoréeme 2.2.1, nous prendrons M = b%’
avec 0 suffisamment petit. L’erreur qu’engendrera le fait de ne plus prendre M constante sera
contrdlée sans difficulté. Par contre, tout I'enjeu de la suite de la démonstration est de trouver
des solutions initiales, satisfaisant la borne : &4 < ﬁzp, nous permettant de conclure. D’apres
les conditions d’orthogonalité vérifiées par ¢, et le Jemme 3.3.1, contrdler &4 au cours du temps
permet aussi de controler des normes a poids sur €, et ainsi de maitriser cette erreur dans un

espace fonctionnel adéquat.

3.4 Controle de ’erreur ¢ via une méthode d’énergie

Pour obtenir toutes les informations contenues dans le théoréeme 2.2.1, notamment celles
concernant le profil asymptotique, nous avons besoin de contrdler 'erreur avec trois types de
normes adaptées a notre étude :

— Norme d’énergie :

& :/yv5|2 (3.4.1)

— Normes de Sobolev d’ordre supérieur :

52:/’H€|2:/|€2\27 542/!H2€]2:/!€4|2 (3.4.2)

avec ¢; = H'e for i € {2;4}.
Les conditions d’orthogonalité (3.3.6) assurent que les objets définis ci-dessus sont bien des
Nnormes pour €.

Pour controéler ces quantités, nous allons procéder & une méthode d’énergie, basée sur une
récurrence. On va supposer des bornes sur ces normes, qui seront vérifiées initialement, ainsi
que sur un intervalle de temps [0,¢1], avec t; > 0. Via des fonctionnelles de Lyapounov, nous
montrerons que ces bornes peuvent étre en fait améliorées, et donc en particulier, elles restent
vraies jusqu’au temps de vie maximal de la solution. Dans ce probleme, la gestion de la direction
d’instabilité, correspondant a la direction ) liée a I'unique valeur propre —( strictement négative
de Uopérateur H, modifie tres 1égérement la conclusion de cette méthode, mais n’en change pas
la philosophie générale.

3.4.1 Description des solutions initiales
On a déja vu que la petitesse de b(0), e
0<b(0)<bd" (M) <1, (3.4.3)

assurait 'unicité de la décomposition (3.3.5). En outre, on impose a la solution initiale les
contraintes suivantes, qui sont tres larges par rapport a celle de la récurrence :

£4(0)] < b0)2, (3.4.4)
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et
1E2(0)] + [€4(0)] < b(0)"°. (3.4.5)

De plus, nous devons absolument controler la valeur de la projection de la solution initiale sur
la direction d’instabilité v, qui non contrélée peut anéantir la dynamique explosive recherchée.
Pour cela posons :

K(t) = (e(1), ), (3.4.6)
et
at = k(0) = (£(0),1). (3.4.7)
Nous allons imposer :
b(0)3
’a+‘ < Togb@] (3.4.8)

Pour autant, les contraintes que nous venons d’énoncer ne constituent en rien une description
parfaite de ’ensemble des données initiales évoluant selon la dynamique du théoreme 2.2.1.
Nous verrons notamment apparaitre une contrainte supplémentaire sur a™.

3.4.2 Bornes de la récurrence

Soit K une constante suffisamment grande, indépendante de M. On suppose les bornes
suivantes :

— Controle de b(t) :

0 < b(t) < 10b(0). (3.4.9)
— Controle de erreur :
/ Ve(6)]? < 10,/6(0), (3.4.10)
|E2(t)| < Kb%(t)|logb(t)|?, (3.4.11)
b(t)
H < K———. 4.12
— Borne a priori du mode instable :
b(t)3
k(t)| <2————. 3.4.13
()] < 200 G (3.4.13)

La régularité des solutions de (3.1.1), couplée aux conditions initiales requises sur £(0), prouve
Pexistence d’'un temps t; > 0, tel que les bornes ci-dessus soient vraies sur 'intervalle [0,¢1[. De
plus on a la régularité des parametres : (X, b) € C1([0,#1), R% x R).

5

bO)2 ., b(0)2
ogh(0)]" “Tlogh(0)]
de vie mazimal de la solution de (2.2.1), vérifiant initialement les bones (3.4.3), (3.4.4), (3.4.5)
et (3.4.8). On appelle temps de sortie le temps Ty(a™) > 0, définie comme la borne supérieure
de T € (0,T(a")), tel que pour tout t € [0;T], les estimées (3.4.9), (3.4.10), (3.4.11), (3.4.12)
et (3.4.13) soient vraies.

Définition 3.4.1 (Temps de sortie). Soit a™ € |—2 . Soit T(a™) le temps
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3.4.3 Résultat principal :
L’objectif de la suite de notre étude sera de démontrer la proposition suivante.

2mm%‘b@%
|logb(0)|" ™ [1ogb(0))

Proposition 3.4.2. Il existe a™ € |— tel que

Ti(a™) =T(a™) (3.4.14)

et la solution correspondante de (2.2.1) explose en temps fini selon la dynamique décrite par le
théoreme 2.2.1.

Un des points clés de la preuve de cette proposition est 1'utilisation des variables d’origine, et
non des nouvelles variables, associées au changement d’échelle. Rappellons que dans les variables
d’origine, la solution u du probléme (3.1.1) que nous recherchons se décompose de fagon unique
comme :

1 = r
u(t,r) = WQW) (t, /\(t)) + w(t,r).

Nous noterons par la suite :

1 T
=—fl=-]). 3.4.15
5 =37 (3) (3.4.15)
De plus, nous adapterons la notation au terme de potentiel, en raison de sa nature quadratique :
~ 1 T
V) = =sV(%).

L’équation (3.3.8), vérifiée par lerreur ¢ devient :

1
Orw + Hyw = F]—}, (3.4.16)

ou F a été définie par :
F =V, + L(e) + N(¢) — Mod.

Maintenant, de la méme fagon que précédemment, définissons w; = Hiw pour i € {2;4}, qui
vérifient respectivement :

- 1
Oywe + Hyws = —0;Vw + H), <)\2}—,\> , (3.4.17)

- - 1
Orwy + Hywy = —0:Vwy — H), (8ti) + H/% <)\2.7:)\> . (3.4.18)

De plus, nous avons les égalités suivantes :

1 1
=& :/\Hw|2 :/\w2|2, & :/\H2w|2 :/|w4|2. (3.4.19)

Alors qu’on ne sait pas maitriser les variations de &4 et de &, il en est autrement pour [ |w4\2
et [ |ws]?, comme le montrent les deux propositions suivantes :
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Proposition 3.4.3 (Contréle au niveau H*). Nous avons :

dllle io(ve Y legb | & 0 P V& (3.4.20)
dt | A6 |7 logb2 )| [ = A8 | VIogh ' |logb? " [logh] ¥ ~* o

pour une constante universelle C' > 0 indépendante de M et de la constante de la récurrence K
de (3.4.9), (3.4.10), (3.4.11), (3.4.12), pour un b*(M) définie par (3.4.3) choisie suffisamment
petit.

Proposition 3.4.4 (Contréle au niveau H?). Nous avons :

d & _ b¥|logh|?

%3 5 (3.4.21)

Ici, & est une version modifiée de &, venant d’une différence de localisation de la solution
approchée autour de By, au lieu de Bj. Ce souci technique ne présentant pas un intérét majeur,
nous le passerons sous silence. Le lecteur intéréssé pourra consulter [94].

D’apres les équations de modulation décrites dans la proposition 3.3.2, nous montrerons que

I t bo . .. . s . Y .
I'intégrale |, Xl est divergente au voisinage du point d’explosion, et plus précisément :

b4

t bo
< 4.22
/0 A8|logb|2 ™ AS|logh|?’ (3 )

ce qui nous permettra de raffiner le controle de 'erreur au niveau H* (3.4.12). C’est en partie
I’objet de la proposition ci-dessous :

Proposition 3.4.5 (Bornes améliorées). Soit K, la constante de récurrence de (3.4.9), (3.4.10),
(3.4.11), et (3.4.12) choisie suffisamment grande. Alors, ¥t € [0,t1] :

0 < b(t) < 2b(0), (3.4.23)
/\Vs\z < /b0, (3.4.24)
|Eo(1)| < ng(t)\logb(t)P, (3.4.25)
et < X 20 (3.4.20

<=
< 2 |logh(t)|?

La borne (3.4.23) découlera naturellement des équations de modulation, la borne (3.4.24) de
la décroissance de ’énergie. Cela permet d’assurer que les contraintes (3.4.9), (3.4.10), (3.4.11),
et (3.4.12) ne seront pas enfreintes. Seule la direction d’instablilité (3.4.13) peut étre a 'origine
d’une sortie précoce du régime recherché, avant le temps de vie maximal de la solution.

Le lemme suivant nous apporte des informations sur ’évolution du mode instable :

Lemme 3.4.6 (Controle du mode instable). Pour tout t € [0,T1(a™)], nous avons

5

(3.4.27)

drk 2
—_—— <Vb——r.
ds CK‘ - \[|logb|
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Un argument classique de continuité, provenant du lemme 6 de [20], nous permettra d’assu-
rer I'existence d’un a* tel que la borne (3.4.13) soit respectée pour tout temps, ce qui concluera
la proposition 3.4.2.

Donnons maintenant quelques éléments de preuve, notamment de la proposition 3.4.3 dé-

crivant le contréle de I’erreur au niveau H*. Nous montrerons ensuite la borne (3.4.26) de la
proposition 3.4.5, avant d’étudier le mode instable.

3.4.4 Preuve de la proposition 3.4.3

Tout d’abord, en se servant des équations vérifiées par wy (3.4.17), et par wy (3.4.18), on va
prouver le lemme suivant, décrivant une identité d’énergie modifiée au niveau H* :

Lemme 3.4.7 (Identité d’énergie au niveau H*).

1d ~
57 / {wi - 20 Vww, } (3.4.28)
N2 - - -
= —/w4H,\w4+/<8tV> wgw—/attiw4+/H)\ ((%Vfw) o Vw
1 ~ 1 ~ 1
+ / wiH 55 - / H,, (9,Vw) Hy <)\2]-"A> - / OVwis5
Prewve du lemme 3.4.7 : Tout d’abord, en se servant de I’équation (3.4.18) :
1d
oW, /wi = /w43tw4
- ~ 1
_ / wa (—Hw4 — O Vwy — Hy, (9,Vw) + Hf/\2.7-}) .
Nous allons maintenant traiter séparemment les second et troisiéme termes.

—/w48t]~/w2
= /8ﬂ~/w2 (8tw2 +0,Yw — H) <>\12]:)\>>
) - 1 ~ w3
= [(09) waw~ [0Pusm, (ATFA) + [avo, (;)
/(8,51))211)210 — /atf/ng,\ ()\12]:,\) — ;/att]}wg + %% (/ &;f/w%) .
Le troisieme terme du membre de droite devient :
—/w4HA (@ffw) = /H)\ <8tf/w) <6tw2 + 0, Vw — H)y, <)\12.7:,\>>
/ H, (9Vw) <6tf2w — H, (;25»

+ CZ/HA (&tvw) w2 — /at {HA (8’*9“’)} w2
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Enfin, on modifie le dernier terme par :

—/8,5H>\ (@f/w) wy = /<8t1~/)2w2w—/8ttf/ww4 —/atﬁatwm,

et

- ~ 1
— /8tV8tww4 = /8tV (w2 - )\Q-F/\> Wyq

-1 - ~ 1

= _/8tVF.F)\w4 + /@V’u)g (—atwg — 0 YVw + H), ()\2]:)\>>
1 . .

= —/&tV—FAu@ + /8ti2 <—8ti + H) <)\2]:>\)>

1 _
- th (/ 6ti2> + i/ﬁttig.

Ceci conclut la preuve du lemme 3.4.7.

Il faut estimer désormais chaque terme présent dans 'identité d’énergie (3.4.28). Il faut
séparer les termes de la seconde ligne, termes quadratiques, et les termes de la derniere ligne
liés a la fonction Fy.

Comme nous l'avons déja vu, les conditions d’orthogonalités (3.3.6) imposées a lerreur
assure la coercitivité des opérateurs H, et H?. En utilisant des inégalités de Hardy, et en se
placant dans le cadre des bornes (3.4.9), (3.4.10), (3.4.11), (3.4.12) et (3.4.13), on montre le
lemme suivant, nous décrivant des estimées d’interpolation :

Lemme 3.4.8 (Estimées d’interpolation). Nous avons, avec des constantes dépendant a priori
de M :

[H (e)]? |0y H (e)? |0yy H ()
/y ( +/ +/( (3.4.29)

4(1 + [logy[?) y2(1 4+ [logyl?) 1 + [logy|?)

1 1 2 S—_2 o ~ 4, >0 > %

s /\ W€ |2 .
L 1<i<2, 3.4.30
/ (1 + [logy[?) o S&y 1Sis ( )
1+ |logy| P 12 4 s (C .
Otel? < bHlogh|“ (@) 0<i<2 3.4.31
/yZ 8— 22 1+‘10gy‘ )‘ y‘g‘ ~ ‘Og ‘ ) > 1S g, ( )
1+ [logy|© o 3 o _
o2 < b3)logh|“1 (@), 0<i<?2 4.32
/ 6 22 1+|10g ‘ )‘ayd ~ ‘Og | ) O_Z_ 5 (3 3 )
1+ |logy\ _— ) o (C .
Le?2 < b2l 1(€) <i<l1 4.
/y 4 21 1 + ‘log ‘ )‘8y5| ~ b | Ogb| ) 0 >t > 1, (3 33)
(1 + ogy|“ H S bP[logh| @), (3.4.34)

y>1
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b4
2 2 2 <
lelzze, +10velzee , + Ol S e (3.4.35)
lydyelfoe S b%loghl?, (3.4.36)
€ 2 3 c
]| o < b7[logh|C, 3.4.37
5|+ 10l s v (3.4.37)
2 2

€ Oye 9 4 o

Dyyel? e < b [logh|C. 3.4.38

Avec I'ensemble de ces estimées, nous traitons facilement le cas des termes quadratiques,
avec les bornes suivantes sur le potentiel :

- b 1 ~ b 1
oV < ~ ) R 3.4.39
‘ tv’w)\41+y4 ‘ ttV‘NA61+y4 ( )

Maintenant, supposons :
L= R U (3.4.40)
1+ 98 ~ | |logb|? = logM o

bt o
HFP? < V| | . 4.41
/‘ IS l|logb|2 * logM] 8 )

Alors, nous pouvons traiter les termes de la derniére ligne comme suit :
5 1 . 1 . 1
/ wiH3 5 Fx / Hy (0,Vw) Hy 135 - / OVwi 5 F

L a2 Y (Juere) o[ 2) ([,
A8 4 1—|—y8 €4 1+y8

b E bt b2
s[ . ﬁ]

N | VloghT | logb T Tlogd]

ce qui conclut la preuve de la proposition 3.4.3, a condition de démontrer (3.4.40) et (3.4.41).
Rappelons que :

N

F = -V, — Mod(t) + L(g) + N(e).

Nous prouvons les bornes (3.4.40) et (3.4.41) en étudiant successivement le cas des 4 termes
ci-dessus. Nous laissons ces preuves de coté. Elles sont basées essentiellement sur les estimées
issues de la construction de la solution approchée Qp pour le terme de modulation, et sur les
estimées d’interpolations pour les deux derniers. Le cas de ¥, a été exactement traité dans la
proposition 3.2.2.

Nous voyons ici toute I'importance du gain @ obtenu en se servant de la structure de
I'opérateur H2. C’est une des différences fondamentales avec le cas de I’équation des ondes
traité dans [41]. Le gain U%%IQ peut étre obtenu dés le niveau H? dans le cadre de équation des
ondes, ce que nous n’avons pas réussi a obtenir pour ’équation de la chaleur, comme le montre
le controle H? (3.2.3) de Perreur Uy,
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3.4.5 Amélioration de la borne (3.4.12) :

Montrons comment la proposition 3.4.3, couplée aux équations de modulation (3.3.12) et
(3.3.13), permettent d’améliorer la borne (3.4.12) en la borne (3.4.26) de la proposition 3.4.5.
En intégrant en temps 'inégalité de la proposition 3.4.3, on obtient V¢ € [0, 1),

6 4 4
&) < 2 (i((é))) [54(0) +0\/b(0) “Obgb((OO))'z] + “Obgb((tg)‘? (3.4.42)
+ C{HlogMJr\/ﬂ A0(t)

pour une constante C' > 0 indépendante de M.
Soient les constantes

/bb4d7
o A8 |logb|?

1 y—ap 2 (3.4.43)
logM logM

pour des constantes C1, Co suffisamment grandes. Couplées aux équations de modulation (3.3.12),
(3.3.13) et de la borne (3.4.12), on trouve :

d{“‘)gwib} _ W[(l—”)b _%b]
PP B = |logb| ST
|logb|*: ( ) 2 b
_ 1- by +b
A \10 o) o T O g
; [logh|“ { 2( Q; ( 1 ))}
1 be + b2 (1 o)
( |1ogb|) T Togn] TV \logiP

{gO for i=1

a1:2—

>0 for 1=2.

En intégrant entre 0 et ¢, on obtient :

b(0) (logb(O[|\™* _ b(t) _ b(0) ([logb(O[[\**
30 (o)) =30 = 20 (ogsl) (344
Cela prouve en particulier, en utilisant la borne initiale (3.4.5) et la borne (3.4.9) :
& ° az &o b4(t>

(5@)) 0 = CORRO) gy < ogpioe (344

(t) (0) b(t)|logb(t)|*? /7 )

( A(0 ) \/7|logb(0 S (b(O )|1ogb(0) ]0‘2> |logb (0)]
< cpytt< 2O (3.4.46)

logb(t)|?

Comme b= —A\; + O (\logb|) on trouve exactement :

Lo b 1 bb? 2
—_— _do = L / dr
0 A8 [logh|? AG\long A6|logb|? |10gb]

t b b5
O ——d
- ( 0 X JloghP? T)
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qui implique en utilisant |bs + b?| < “(I)’Z;M et la borne (3.4.12) :

th bl 1 b(t)
®) 0 A% |logb|? 7~ { o <|10gbo>} |logb(t)|?

En injectant cette derniére inégalité, ainsi que celles (3.4.45) et (3.4.46) dans (3.4.42), on trouve

bA(t) K
£40) < Ot 1+ tognr + V]

pour une constante C' > 0 indépendente de K et M, ce qui prouve (3.4.26) pour K suffisamment
grand, indépandant M.

Nous ne montrerons pas ici les autres bornes de la proposition 3.4.5. Reste la gestion du
mode instable a examiner pour conclure la preuve de la proposition 3.4.2.

3.4.6 Gestion du mode instable

Pour commencer, redonnons l'inégalité du lemme 3.4.6 décrivant la dynamique du mode
instable, ot nous rappelons que k(s) = (e(s),1), ¥ étant une direction propre associée a la
valeur propre négative —(.

5
dk b2
v < . 4.4
R (/@‘ <Vb ogh) (3.4.47)

Cette inégalité s’obtient en projetant 1’équation de l'erreur e (3.3.8) sur la direction ).
Nous allons prouver la proposition 3.4.2 par contradiction. Supposons que pour tout a™ €

5 5
b, b
_ 0. 0 .
[ 2|10gb0’2|10gb0|] :

Ti(at) < T(a™). (3.4.48)
D’apres la définition 3.4.1 du temps de sortie, cela entraine que :

(Tifa")| = 2 2He )

)3
= 2 T (3.4.49)

Un argument classique de continuité développé dans [20] au lemme 3 assure la continuité de
I’application suivante :

5 5
b2 b2
—2_0 .9 0 — RT
[ [logbo| \logb()]]

a+ — Tl(a+).

et donc de :

5 5
bg .o by
o [210gb0|’2|10gb0 - R

+ T + M_
a - K(T1(a™)) 2b(T1(a+))%
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Comme la direction d’instabilité est responsable de la sortie du régime, la contrainte (3.4.49)

nous donne : . .
b2 b2
) 0 .91 c{-1;1}. (3.4.50)

" logbo|”  [logho|
Or, la dynamique du mode instable d’écrite au lemme 3.4.6 (3.4.47) entraine que :

b b
o -2 =—1; ®[2 =1. 3.4.51
[logbo| [logbo| ( )

Une contradiction apparait alors avec la continuité de 'application ®. Ceci conclue la preuve
de la proposition 3.4.2.

3.5 Conclusion de la preuve du théoreme 2.2.1 :

On est désormais en mesure de conclure la preuve du théoreme 2.2.1. Pour cela, on a déja
démontré les bornes suivantes pour une solution de (3.1.1), pour tout [0, 73 (a™)), 0 < Ti(a™) <
+00 :

— Estimations d’énergie

b(t)*
Ti(a* <5 < b(t)?1 b < ——— (351
vt e [Oa l(a )[ 51(t) = 5(6 )7 gQ(t) ~ b(t) ‘ Ogb(t)’ ) 84(t> ~ “Ogb(t)‘g (3 ) )
— Lien entre les lois b(t) A(t) : il existe deux constantes a, ag > 0 telles que :

Cuo)b(t) logh(H)]* < A(t) < €' (uo)b(®) logh(t) 2 (3.5.2)

Etape 1 Temps fini d’explosion.

Afin d’alléger les notations, notons 7' < 400 le temps de vie de la solution u. De (3.5.1),
(3.5.2),

T 2 A

et ainsi A\ s’annule en temps fini

d 1 Ao b

> ——=>C >0

T < +00.

Les bornes (3.5.1), couplées a un argument standard de caractére localement bien posé dans
H* de la solution, assure que l’explosion correspond a

At) =0 quand t—T (3.5.3)

et donc avec (3.5.2) :
ANT) =b(T)=0. (3.5.4)
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Etape 2 Obtention de la loi de vitesse de formation de la singularité.
Tout d’abord, les bornes (3.5.1) permettent de raffiner les loi de modulations :

As b?
b+ —| < —— 3.5.5
’ TN Togd] (3:55)
b+b2<1+)‘<1b2 (3.5.6)
3 [logb| /| ™~ +/logM |logb| o
Posons ]
Bs = 1. (3.5.7)

Comme M est une constante suffisamment grande, et que b évolue lentement, on va prendre
M = Bs. Bien évidemment, cela va créer de nouvelles erreurs, que 1'on gere sans difficulté.
Comme il s’agit d’un point technique, qui n’apporte rien de tres intéressant dans cette preuve
allégée, nous renvoyons le lecteur intéressé a [94]. (3.5.6) devient ainsi :

b+b2<1+2)‘< L v (3.5.8)
’ logb| /| ™ /logBs [logb| ™ |logb]%‘ .
En utilisant que lim,_, o, b(s) = 0, et en intégrant en temps, on trouve :
1 2 1
b(s) =—-— +0 = |- (3.5.9)
s slogs s|logs|2

L’estimée (3.5.5) nous donnant l'information sur la mesure de 'incertitude entre la loi b et la
quantité =

/{\s, nous concluons :

As 1 2 1
—_ = — + 0 = | .
A s  slogs s|logs|2

On peut réécrire cette égalité par

d sA(s) 1
% (foeop )| <
ds (logs)? s\logs]%

et en intégrant en temps, on montre l'existence de x(up) > 0 tel que :

sA(s) 1 [1—1—0( 1 )]
llogs\%

(logs)? — k(uo)
En prenant le logarithme de ’expression ci-dessus, on obtient la borne :

[logA| = |logs| {1 +0 (lloglogﬂﬂ
logs

et donc
1o (u )7/\ (1+0(1))
s o [log\|2 ’
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En injectant cela dans (3.5.9), on obtient :

A= 5= L o(1) = o) s (14 o(1). (35.10)

D’ou
—[logA2 X\ = k(ug)(1 + o(1)).

En intégrant en temps entre ¢ et 7" avec A(T") = 0, on trouve la loi

T—1

M) = o) o

[1+o(1)],

et (3.0.3) est prouvé.
Etape 3 Mesure de ’énergie concentrée.

Reste & prouver (3.0.2), (2.2.9). Pour cela, nous allons utiliser la borne suivante, qui est une
simple conséquence de (3.5.1) et de notre construction :

vt e [0,T), ||Aa(tz)| 2 < Clvo). (3.5.11)

ou
T

u =u(t,z b —
a(t,x) = u(t,z) A(t)Q(A(t)) (3.5.12)

La régularité de (¢, x) hors de l'origine est une conséquence classique de effet régularisant des
équations paraboliques. Ainsi, il existe u* € H' tel que

VR >0, Vu(t)— Vu* in L*(|Jz| > R) as t —T.

En outre, la dissipation de I’énergie montre que o € H! , et donc d’apres la décomposition
(3.5.12) et la borne uniforme (3.5.11) :

Va(t) — Vu* in L? and Au* € L?

ce qui conclut la preuve de (3.0.2), (2.2.9) et donc du théoréeme 2.2.1.
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Chapitre 4

Modele de Patlak-Keller-Segel d’une
accumulation de cellules liée a une
chimiotaxie.

Dans cette partie, nous allons étudier le probleme parabolique-elliptique suivant :

ou =V - (Vu+uVey),
(PKSpe) { ¢y = 5-loglz|*u (t,z) € R x R?, (4.0.1)
U= = uo >0

qui est une version simplifiée du modele parabolique-parabolique :

Ou =V - (Vu+uVv),
cOw = Av —u
Ujp=p = Up > 0,
Vjg=0 = Vo > 0,

(PK Spp) (t,z) € R x R? ¢ > 0. (4.0.2)

Apres avoir présenté les origines biologiques de ce modele, nous exposerons quelques résul-
tats importants, notamment liés a ’existence d’'une masse critique, jouant un effet seuil sur
la dynamique des solutions. Enfin, aprés avoir énoncé le théoréme principal de [91], nous le
commenterons, et donnerons quelques perspectives de prolongement de cette recherche.

4.1 Origine biologique du modele de Patlak-Keller-Segel :

Jusqu’a la découverte en 1935 par K.B. Raper du myxomycete Dictyostelium discoideum, la
classification des étres vivants distinguait deux grands groupes parfaitement distincts : les étres
unicellulaires et les étres pluricellulaires. Le myxomycete Dictyostelium discoideum possede dans
son cycle de vie quelque chose de remarquable, depuis tres largement étudié. Il passe de 1’état
d’amibe, unicellulaire, & une organisation pluricellulaire comme on peut le voir sur la figure 4.1.

Lors de la formation du "fruiting body", sorte de champignon, un cinquiéme de la population

d’amibes se sacrifie pour en former la structure, afin que les autres puissent repasser a 1’état
unicellulaire, sous forme de spores, et étre disséminés pour atteindre si possible un milieu plus
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Fi1GURE 4.1 — Cycle de vie de Dictyostelium discoideum, Source : Wikipédia

favorable et ainsi reformer une nouvelle colonie d’amibes. C’est ce qui lui confere le qualificatif
d’amibes sociales.

Le modele que 'on considere ici, s’intéresse uniquement au passage de ’amibe a 1’étre
pluricellulaire. Cette accumulation de cellules est lié a une chemiotaxie. Le milieu devenant
hostile, bien souvent par pénurie de nutriment, 'amibe Dictyostelium discoideum sécréte un
produit chimique, le cyclique Adenosine Monophosphate (cAMP), attirant les autres amibes.

Expérimentalement, il a été observé que le nombre de myxomycéetes, impliqués dans le
processus de concentration, jouait un réle déterminant. En effet, lorsque que ceux-ci ne sont
pas assez nombreux, 'accumulation ne se produit pas. Cohen et Roberson donne dans [16]
la concentration seuil pour Dictyostelium discoideum : 5.10* myxomycetes par em?. Pour les
lecteurs intéressés par ces expérimentations, on peut renvoyer a [85]. Modéliser une premiere
fois par Patlak en 1953 [80], Keller et Segel ont proposé, en 1971, dans un série d’articles [49],
[50] et [51], un modéle comprenant quatre équations paraboliques couplées, décrivant chacune
I’évolution temporelle et spatiale d’une concentration : celle de myxomycetes, celle de chemoat-
tractant, mais aucci celle d’'une enzyme produite par les amibes, dégradant le cAMP, et enfin
celle du complexe chimique, formé par ’enzyme et le chemoattractant lors de cette dégradation.
Keller et Segel ont mentionné des leur premier article sur le sujet qu’au risque de perdre un peu
de précision dans la description du phénomene, il était "plus raisonnable" d’étudier le systeme
parabolique-parabolique :

u = V.(ki(u,v)Vu—ko(u,v)Vv), 2e€Q,t>0
vy = keAv—Ek3(v)v+uf(v), reQt>0
o= o =0 x € 00,1 >0,

ou u(x,t) représente la densité du myxomycete Dictystelium discoideum, v(x,t) celle du che-
moattractant, k. la constante de diffusivité du chemoattractant, k; et f des fonctions a déter-
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miner, traduisant le couplage du systéme, Q étant le domaine d’étude inclus dans RY.

Le systeme (4.0.2), écrit pour la premiere fois par Nanjundiah dans [79], est de la forme du
systeme précédent, pour des fonctions k; et f bien choisies, et ¢ = kic Sans entrer dans les détails,
plus la diffusivité k. du chemoattractant est grande, et donc plus la constante c est proche de
0, plus cet élément chimique se propage rapidement dans le systéme. A la limite, en prenant
¢ = 0, ie en considérant le systéme parabolique elliptique (4.0.1), la propagation du cAMP
dans le milieu se fait instantanément. Au vu de la différence de vitesse de déplacement d’une
molécule par rapport a celle d’'une amibe, cette approximation n’est pas totalement décorrélée
de la réalité. Sauf mention explicite de notre part, nous nous placerons désormais toujours dans
ce cadre la.

Nous avons vu deux choses trés importantes sur le myxomycete Dictystelium discoideum,
que nous aimerions retrouver dans le modeéle mathématique : la notion de masse critique, et
I'existence de solutions explosives. On appelle masse du systéme la quantité suivante, qui est
conservée au cours du temps :

M = /RN u(t,z)der = /]RN u(0, x)dx (4.1.1)

En 1981, Childress et Percus ont montré dans [15] 'impossibilité de formation de singularité
en dimension 1, mais aussi la possibilité de solutions explosives en dimension supérieure a 3, et
ont conjecturé l'existence d’une masse seuil, ayant les propriétés désirées, en dimension 2.
Pour un historique plus complet de ce probleme, nous invitons le lecteur a lire les articles
[43] et [44] de Horstmann, dans lesquels est faite une revue détaillée de I’ensemble des résultats
jusqu’en 2004. On pourra aussi consulter [42] et [82] pour des références plus récentes.

4.2 Notion de masse critique

Rappelons le systeme parabolique-elliptique que ’on considére :

Ou =V - (Vu+uVey),
(PK Spe) bu = 3=log|z| *u (t,r) € R x R?,
Ujp=p = up >0

ou ¢, est une solution de I’équation de Poisson A¢,, = u. Dans [78], Nagai propose une preuve de
I’existence locale de solution lisse de ce probleme, basée sur des arguments liés a des théoremes
de point fixe.

A ce probléme, on peut associer I'invariance par changement d’échelle suivante

ux(t, x) = Nu(A\’t, \x) pour A >0, (4.2.1)
qui laisse la masse de la solution invariante :
M= | wuy(t,x)dx = / u(N2t, x)dz.
R2 R2

Le probléme est dit alors L' critique, ce qui explique notamment sa complexité en dimension
2. On définit en outre une énergie associée a une solution u de (4.0.1), appelée énergie libre,
définie par :

F(u) = /ulogu + % /udJu < F(uo). (4.2.2)
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qui est dissipée au cours du temps. Le premier terme de cette énergie est un terme d’entropie. [2]
regroupe un certain nombre de considérations a ce sujet. Le second est lié au potentiel chimique
du chemoattractant.

Jager et Luckhaus établissent dans [45] en 1992 le premier résultat rigoureux, portant sur
la masse critique. Ils obtiennent qu’en deca d’une certaine masse, constante indéterminée dans
leur étude, il y a existence globale des solutions, et qu’au-dela d’une autre masse, possiblement
la méme, la formation de singularité devient possible. Ce dernier résultat a été montré pour des
solutions radiales dans une boule. L’idée de la preuve de ’existence globale, en prenant 1’espace
R? comme domaine d’étude, consiste & montrer la décroissance de 1’entropie :

(jt/ulogu: —4/]V\/ﬂ\2 +/u2 (4.2.3)

4

2
C’GNS

pour une masse M < < 87, ou Cang est la constante optimale de I'inégalité de Gagliardo-

Nirenberg-Sobolev :
[0]|74@2) < CanslVoll7z@e) lvlZ2@e (4.2.4)

dont la valeur numérique est calculée dans [102]. Cette approche s’est donc vue bloquée par
cette constante.

Beckner dans [4], ainsi que Carlen et Loss dans [12] établissent I'inégalité logarithmique de
Hardy-Littlewood-Sobolev suivante :

4
/ulogu + MW /uqﬁu > M1 + logm — logM]. (4.2.5)

pour une solution u de (4.0.1) de masse M, suffisamment décroissante. Cette inégalité est la
base de la preuve du résultat suivant de [8], annoncé dans [24] :

Z/Mzu(t, x)dr =4 (1 — é\i) M (4.2.6)
pour une donnée initiale ug de second moment fini. Cette identité du viriel montre que pour
M > 8, la solution de (4.0.1) pour de telles données initiales ne peut étre globale en temps.
Cet argument non constructif est a mettre en relation avec celui utilisé pour 1’équation de
Schrodinger non linéaire, amenant a la méme conclusion pour des solutions d’énergie strictement
négative. En fait, la contrainte second moment fini est juste technique, et il est possible d’établir
le méme résultat pour toutes solutions initiales, suffisamment décroissantes en un certain sens.
Dans [8], Blanchet, Dolbeault et Perthame prouvent l'existence globale des solutions de masse
inférieure a 8.

Pour cette valeur seuil 87 de la masse, une solution radiale stationnaire du probléme (4.0.1)
est explicitement connue :

8
L’invariance par changement d’échelle nous donne ainsi une famille de solutions stationnaires
pour cette masse. En outre, cette solution est un minimiseur de 'inégalité logarithmique de
Hardy-Littlewood-Sobolev (4.2.5), confirmant ainsi 'optimalité de cette borne.

Avant d’énoncer le théoréme principal de [89], donnons quelques résultats de dynamique des
solutions, en fonction de leur masse :

Q(r) = (4.2.7)
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— Masse sous-critique : le résultat le plus complet & ma connaissance est celui de Campos
et Dolbeault [11]. Il est bien connu que dans ce cadre 1a, toutes les solutions convergent
localement vers la fonction nulle, excluant ainsi la possibilité de solution stationnaire. Par
contre, en se plagant en variables auto-similaires, il existe un unique objet stationnaire
Uso, M, dépendant de la masse M. Ils montrent la vitesse de convergence suivante :

t _ 2
/ [ult, 2) = oo, m(2)] de < Ce ™, Vvt > 0,
R2 Uoo, M

u(t, z) étant la solution du probleéme (4.0.1), apres le passage en variables auto-similaires.

— Masse-critique : ce cas est un peu plus compliqué, venant notamment du fait qu’il faut
dissocier le cas ou le second moment de la solution initiale, conservé par le flot en masse
critique comme le montre (4.2.6), est fini ou non. Dans [7], Blanchet, Carillo et Masmoudi
montrent qu’un second moment fini entraine une convergence en temps infini vers une
masse de Dirac égale a 8m. Ce résultat a été complété par Senba dans [95], ou il montre
I'existence de solutions strictement positives radiales explosant en temps inifini satisfaisant
la borne :

(s )]

Jim Fgo s = C >0, (4.2.8)

Pour des solutions de second moment infini, Blanchet, Carlen et Carillo définissent dans
[6], une certaine distance (H,),>0 ayant la propriété suivante :

Osipu=A
400 sinon

HN(QA) = {

Pour chaque solution stationnaire @)y est associée un rayon ry, décrivant une zone d’at-
traction, dans laquelle toute solution initiale converge au sens de la distance H) vers
la solution stationnaire (5. En dehors de ces bassins d’attraction, la situation n’est pas
encore clairement établie, méme s’il parait raisonnable de conjecturer qu’il n’y a pas de
formation de singularité pour les solutions initiales de second moment infini.

— Masse sur-critique : on a déja évoqué I'argument du viriel, permettant de maniére non
constructive de prouver ’explosion en temps fini de toute solution initiale de masse sur-
critique. Comme en masse sous-critique, cela donne la non-existence de solutions station-
naires dans ce cas-la. Herrero et Veldzquez dans une série d’articles [40], [100] et [101] ont
obtenu un premier résultat formel de dynamique explosive pour des solutions radiales,
proche en un certain sens du soliton Q. Ils obtiennent notamment le profil et la vitesse de
la concentration, mais ne peuvent rien dire quant a la stabilité de ce régime.

4.3 Résultat, commentaires et perspectives.

Avant d’énoncer le résultat principal de [89], nous devons au préalable introduire les espaces
fonctionnels adaptés & notre étude. Posons 'espace L? & poids :

lellz2 = ( / ’g) (43,1

D=
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ainsi que l’espace H? & poids :

Ve

—_— . 4.3.2
T, el (432)

2
La

el = el + |

On peut maintenant introduire ’espace d’énergie £, associée a la norme suivante :
lelle = Nell iz, + llell - (4.3.3)

Avec ces notations, on peut énoncer le théoréme principal de [89], décrivant un ensemble ouvert
de données initiales radiales, proches au sens de la norme d’énergie du soliton, explosant en
temps fini, avec une dynamique connue précisément, et notamment, avec une bulle et une
vitesse de concentration universelles.

Théoréme 4.3.1 (Dynamique stable d’explosion pour le modele de Patlak-Keller-Segel). Il
existe un espace de données initiales de la forme

uy=Q +eg €&, uy>0, H€0Hg<<1

tel que la solution correspondante v € C([0,T'),E) de (4.0.1) satisfasse les points suivants :
(i) Masse tres légerement sur-critique :

87r</u0 < 8m+a*
pour 0 < * <« 1 pouvant étre choisi arbitrairement petit ;

(ii) Explosion : La solution explose en temps fini 0 < T < +o0;
(iii) Bulle de concentration universelle : La solution admet pour tout temps t € [0,T) une

décomposition .
x
u(t,x) = /\T(t)(Q +¢) <t, )\(t)>

”E(t)HHé —0 quand t —T (4.3.4)

avec

et la vitesse universelle de concentration :

_ [ log(T—1)|
At) =T —te 7 100 quand t — T. (4.3.5)

(iv) Stabilité : La dynamique d’explosion décrite ci-dessus est stable pour des petites perturba-
tions de la donnée initiale dans & :

vo >0, [lvo —uolle < €(up).

Faisons a présent quelques remarques sur ce résultat tout en présentant des perspectives de
cette étude.

Tout d’abord, la dynamique explosive exposée dans cet article est la méme que celle obtenue
par Herrero et Veldzquez dans [40], [100] et [101]. L’ajout majeur de cet article, outre le fait de
montrer la robustesse de la méthode pour obtenir rigoureusement la dynamique de la formation
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de la masse de Dirac, est de répondre a la question de la stabilité posée dans [101]. Pour autant,
celle-ci n’exclut en aucun cas d’autres dynamiques, comme présenté dans [90] pour le flot de
la chaleur harmonique. On peut s’attendre ici a retrouver un ensemble infini de vitesses de
concentration, rendant le régime d’autant plus instable que la vitesse est lente. En outre, nous
nous restreignons a des solutions de masses tres 1égérement sur-critiques, et nous ne décrivons
qu’une petite partie du voisinage du soliton. Il est possible que loin du soliton, des régimes tres
différents apparaissent. On voit ici poindre trois axes de recherche :

— Etude des régimes excités, en revisitant la méthode utilisée dans [90].

— Description compléte des dynamiques au voisinage du soliton. Une avancée majeure a été
faite en ce sens tres récemment par Merle, Martel et Raphaél dans [62], [63] et [64], ol est
présentée cette description pour I'équation de Korteweg-De-Vries génélarisée unidimen-
sionnelle. Cela impliquerait notamment de comprendre en profondeur le réle du second
moment dans le cadre masse critique.

— Explosion loin du soliton. Dans [19], Cote, Kenig, Lawrie et Schlag donne pour 1’équation
des ondes (1.1.8) pour des solutions initiales équivariantes, le nombre de points d’explo-
sion maximal possible, ainsi que 1’énergie concentrée en chacun de ces points, pour des
solutions initiales d’énergie inférieure a trois fois celle de 1’énergie minimale d’une appli-
cation harmonique. La méthodologie mise en place laisse I’espoir de mieux comprendre le
cas des solutions initiales de masse M telle que : 87 < M < 167.

Pour revenir aux remarques sur le théoréme, un autre point important est la non-localité
présente dans le terme non-linéaire, dii au produit de convolution. C’est en partie cette spécificité
de ce probleme qui le rend actuellement si attractif. Pour autant, en ne considérant que les
solutions radiales, Herrero et Veldzquez ont montré dans [40] que ’équation vérifiée par la
masse partielle de la solution donnée par m(r) = [; u(y)ydy résout ce probléeme, comme le
montre I'expression ci-dessous :

ohym = Oppm + Orm

(m—1).

Il est important de souligner que nous n’avons pas utilisé cette localisation du probleme. Ainsi,
il semble envisageable de reprendre la trame de démonstration pour aborder le cas non-radial.
Comme pour le probleme de la chaleur, cela impliquerait dans la construction un contréle de
la translation de la solution approchée. De plus, la preuve deviendrait alors beaucoup plus
technique, sans qu’a priori il n’y ait d’obstacle conceptuel.

Pour conclure, donnons une derniere piste de recherche intéressante, qui est actuellement
travaillée avec Adrien Blanchet. Qu’en est-il pour le probléme parabolique-parabolique (4.0.2) 7
On peut tout d’abord remarquer que la solution stationnaire pour le probléme (4.0.1) @ est aussi
une solution stationnaire de ce probleme. Quel est 'impact d’une vitesse finie de déplacement
du chemoattractant sur la dynamique explosive considérée ?
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Chapitre 5

Article [91] le flot de la chaleur
harmonique

5.1 Introduction

5.1.1 Setting of the problem

The harmonic heat flow between two embedded Riemanian manifolds (N, gn), (M, gar) is
the gradient flow associated to the Dirichlet energy of maps from N — M :

{ O =Pr,mlBox®) () e Rx N, v(t,z) € M (5.1.1)
Vt=0 = Y0

where Pr, )y is the projection onto the tangent space to M at v. The special case N = R,
M = S? corresponds to the harmonic heat flow to the 2-sphere
o = Av+|VoPv, (t,z) e RxR? w(tz)eS? (5.1.2)

which appears in crystal physics and is related to the Landau Lifschitz equation of ferromagne-
tism, we refer to [99], [1], [36], [37] and references therein for a complete introduction to this
class of problems. We shall from now on restrict our discussion to the case :

N = R?.

Local existence of solutions emanating from smooth data is well known. Note that the Dirichlet

energy is dissipated by the flow
d 2| _ 2
dt{/Rzyw }_—Q/Rantm

and left invariant by the scaling symmetry
ux(t, z) = u(\’t, Az).

Hence the problem is energy critical and a singularity formation by energy concentration is
possible. By the works of Struwe [96], Ding and Tian [23], Qing and Tian [86] (see Topping [98]
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for a complete history of the problem), it is known that concentration implies the bubbling off
of a non trivial harmonic map at a finite number of blow up points

’U(ti, a; + )\(tz)x) — Qi, )\(tl) —0 (5.1.3)

locally in space. In particular, this shows the existence of a global in time flow on negatively
curved targets where no nontrivial harmonic map exists.

5.1.2 Corotational flows

The existence of blow up solutions has been proved in various different geometrical settings,
see in particular Chang, Ding, Ye [14], Coron and Ghidaglia [17], Qing and Tian [86], Topping
[98]. We shall restrict in this paper onto flows with symmetries which are better understood.
Let a smooth closed curve in the plane parametrized by arclength

where
g € C*(R) is odd and 27 periodic,
(H) g(0) =g(m) =0, g(u)>0 for O <u<m, (5.1.4)
g'(0)=1, ¢'(m) =-1,

then the revolution surface M with parametrization
g(u) cos 6
(0,u) € [0,27] x [0,7] — | g(u)sinf
z(u)

is a smooth ! compact revolution surface of R? with metric (du)? + (g(u))?(df)?. Given a ho-
motopy degree k € Z*, the k-corotational reduction to (5.1.1) corresponds to solutions of the

form
g(u(t,r)) cos(k0)
v(t,r) =1 g(u(t,r))sin(k0) (5.1.5)
z(u(t,r))
which leads to the semilinear parabolic equation ? :
_ 92, _ Oru 2f(uw) _
{ O = 0= B4 kG =0, (5.16)
Ut=0 = UO
The k-corotational Dirichlet energy becomes
+00 2
B(u) = / [\&nu|2 + kQ(g(;;))] rdr (5.1.7)
0
and is minimized among maps with boundary conditions
u(0) =0, 7ngrfoou(r) = (5.1.8)

1. see eg [29]
2. see (5.4.27)
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onto the least energy harmonic map () which is the unique -up to scaling- solution to

r0,Qr = kg(Qr) (5.1.9)

satisfying (5.1.8), see for example [18].
In the case of S? target g(u) = sinu, the harmonic map is explicitly given by

Qx(r) = 2tan™" (). (5.1.10)

In the series of works by Guan, Gustaffson, Tsai [36], Gustaffson, Nakanishi, Tsai [37], Qy is
proved to be stable by the flow (5.1.6) for £ > 3, and in particular no blow up will occur near
Q. Moreover, eternally oscillating solutions and infinite time blow up solutions are exhibited
for k = 2.

We shall from now on and for the rest of the paper restrict attention to the degree k = 1 which
generates the least energy harmonic map @ = Q. For D? initial manifold and S? target, the
formal analysis by Van den Berg, Hulshof and King [99] suggests through matching asymptotics
the existence of a stable generic blow up regime with

T Tt
61 =(5) A0~ g

In this direction, Angenent, Hulshof and Matano exhibit in [1] a class of corotational solutions
which blow up in finite time with an estimate :

At)=o(T —t) as t = T.

The maximum principle plays an important role in this analysis. The sharp description of the
singularity formation and in particular the understanding of the generic regime thus remain
open.

More generally, let us recall that the derivation of the blow up speed for energy critical parabolic
problems is poorly understood, and for example the derivation of sharp asymptotics of type II
blow up for the energy critical semilinear problem

Biu=Au+uv2, (tz) eRxRY, N >3

is open.

5.1.3 Statement of the result

Let Q the least energy harmonic map with degree 1 generated by the Q = (1 solution to
(5.1.9), explicitly :
g(Q(t,r)) cos b
Q(x) =1 g(Q(t,r))sinb (5.1.11)
2(Q(t, 7))

For an integer i > 1, we let H? be the completion of C2°(R?,R?) for the norm
[l g = [1A20]| 2.

We claim the existence and stability of a universal blow up regime emerging from 1-equivariant
smooth data arbitrarily close to @ in the energy critical topology, together with sharp asymp-
totics on the singularity formation.
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Théoréme 5.1.1 (Stable blow up dynamics for the 1-corotational heat flow). Let k =1 and g
satisfy (5.1.4). Let Q be the least energy harmonic map given by (5.1.11). Then there exists an
open set O of 1-corotational initial data of the form

vg = Q + €o, EoEOCHlﬂH4

such that the corresponding solution v € C([0,T), H' N H*) to (5.1.1) blows up in finite time
0<T ="T(vg) < +oo according to the following universal scenario :

(i) Universality of the concentrating bubble : there exists an asympotic profile v* € H' and
A e CH([0,T),R%) such that

. x N —
th_)n% v(t,z) — Q <)\(t)> —v o 0. (5.1.12)
(ii) Sharp asymptotics : the blow up speed is given by
T—1
Alt) = 1 D))rm——— t—T 5.1.13
(1) = (o)1 + o) oy as £ (51.13)

for some c(vg) > 0.
(iii) Regularity of the asymptotic profile : there holds the additional regularity

Av* € L2 (5.1.14)

In other words, there exists a generic blow up regime with the law (5.1.13) as predicted in
[99] for g(u) = sinu, and blow up in this regime occurs by the concentration of a universal and
quantized bubble of energy.

Comments on the result :

1. Energy method : Following the strategy developped in [69], [71], [87], [88], [72], our stra-
tegy of proof proceeds first through the construction of suitable approximate solutions, and
then the control of the remaining radiation through a robust energy method. In particular, we
make no use of the maximum principle, and hence we expect our strategy to be applicable
to more complicated parabolic systems among which the full problem (5.1.1). Note also that
parabolic problems cannot be solved backwards in time and involve smooth data. In this sense
the construction of blow up solutions requires to follow the flow of smooth solutions forward in
time and cannot be achieved by solving from blow up time for rough data as in [61], [54]. The
set of initial data we construct in the proof of Theorem 5.1.1 contains compactly supported C'*°
1-corotational functions.

2. Regularity of the asymptotic profile : The regularity of the asymptotic profile (5.1.14) is
a completely new feature with respect to the regularity obtained in [70], [88] where the profile
is just in the critical space. This would also allow one to quantify the convergence rate (5.1.12)
and bound the error polynomially in time, which is a substantial improvement on the general
convergence (5.1.3). This shows also the close relation between the blow up rate which is far
above selfsimilarity 3 and the regularity of u*, see [92] for related discussions, and explains for-
mally why the problem under consideration should be thought of as "one derivative" above the

3. corresponding to the law A(t) ~ /T —t.
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wave map problem considered in [88].

3. Comparison with wave and Schridinger maps : This result lies in the continuation of the
works [88], [72] on the derivation of stable or codimension one blow up dynamics for the wave
map :

_ — 2 _ 2
(WM) { Ot — B g(zt“' ’5“' O hs) eRXR? w(t,z) €St (5.1.15)
[t=0 = uo, tU|t=0 = ui,
and the Schréodinger map :
_ 2
(SM) { v Oru 3 Aut|Vulu o e Rx R, u(tz) €S2, (5.1.16)
[t=0 — 0,

in both cases from R x R? — S2. For the wave map, a stable blow up dynamics within the
k-corotational symmetry class (5.1.5) is exhibited in [88] for all homotopy number k£ > 1 with
an almost self similar blow up speed, see also [91]. In [72], the Schrédinger map problem is
considered within the class of functions with 1-equivariant symmetry ie of the form

w1 (t’ T)
o(t,z) = e"Pw(t,r), wt,r)=| w(t,r) (5.1.17)
w?)(t) T)
with
0 -1 0 cos(f) —sin(f) O
R=|10 0], f=] sin(#) cos(d) 0 |. (5.1.18)
0 0 0 0 0 1
A codimension one set of smooth initial data is exhibited for which concentration occurs
. _ O*R i ok —
th_}rr% v(t,z) —e” TQ ()\(t)) v " 0 (5.1.19)
for some ©* € R, v* € H' at the speed given by (5.1.13) :
T—1t
A(t) = 1 1) ——.
( ) C(’UO)( +0( )) Hog(T — t)‘2

Note that the 1-equivariant symmetry is also preserved by the wave map and the harmonic heat
flow (5.1.2), and the I-corotational symmetry® (5.1.5) corresponds to the l-equivariant sym-
metry (5.1.17) with we = 0, and hence such maps are not allowed to rotate around the e, azis.
This extra degree of freedom in 1-equivariant symmetry is shown in [72] to stabilize the system
and leads to a codimension one blow up phenomenon for the Schrédinger map. We expect the
same phenomenon to occur here, and we conjecture that the blow up solutions constructed in
Theorem 5.1.1 correspond to a codimension one phenomenon for the full problem (5.1.2).

Aknowledgments : The authors would like to thank Michael Struwe for pointing out to
them the relevance of this problem in the continuation of the work [88]. The authors would

4. which is not preserved by the Schrédinger map.
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proved the presentation. Part of this work was done while P.R was visiting the ETH, Zurich,
which he would like to thank for its kind hospitality. Both authors are supported by the French
ERC/ANR project SWAP.

Notations : We introduce the differential operator
Af =y V[ (energy critical scaling).
Given a positive number b > 0, we let

1 [logb|

By=—, By = . 5.1.20
0 \/E 1 \/E ( )
Given a parameter A > 0, we let
ux(r) = u(y) with y= g
We let x be a positive nonincreasing smooth cut off function with
)1 for y <1,
X(y)_{ 0 for y> 2.
Given a parameter B > 0, we will denote :
_ Y
xB(Y) = X (B> : (5.1.21)

We shall systematically omit the measure in all radial two dimensional integrals and note :

/f = /;OO f(r)rdr.

5.1.4 Strategy of the proof
Let us give a brief insight into the strategy of the proof of Theorem 5.1.1 which adapts the
strategy developed in [88], [72].

(i). Formal derivation of the law
Let us look for a modulated solution u(¢,7) of (5.1.6) in renormalized form

r ds 1
ultr) =29 V=550 T = e

which leads to the self similar equation :

f2) gy s (5.1.22)

oz — A bA LA
0s2 z+bAz + % S

The speed of concentration A\(¢) is an unknown of the problem, but we know a priori from energy
constraint that the renormalized flow z(s, y) must evolve close to the harmonic map @Q(y). This
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forces in particular the drift b = —% to be uniformly small in time. We therefore proceed to a
slow variable expansion® and look for a solution to (5.1.22) of the form :
2(s,9) = Qy) + b(s)T1(y) + b*()Ta(y) + .- . .. (5.1.23)

and where the time dependance appears only in the modulation function b through the ODE
bs(s) = —cob®(s) + c3b3(s) + . .. (5.1.24)

Here the profiles Ti(y),T2(y) ... and constants cg,cs,... are unkwnowns to be determined.
Plugging in the expansion (5.1.23), (5.1.24) into (5.1.22) and matching the powers of b yields
at order b :

HT1+AQ =0 (5.1.25)
and at order b? : Y
(@) 0
HTy + ATy — ey + 5 7 =0. (5126)
Yy
Here H is the linearized Hamiltonian close to @) ie the Schréodinger operator
!
L)
Yy

It displays a remarkable algebraic structure ®, and is in particular nonnegative with a resonance ”

generated by the energy critical scaling symmetry :
H(AQ) =0

where from explicit computation ®

AQ ~ € as y — oo and thus AQ ¢ L. (5.1.27)
Yy

The Green’s functions of H are explicit, and a smooth solution to (5.1.25) can be computed
which displays the growth at infinity :

|logy|?*

Tl(y)wylogy—i—cy—i—O( ) as y — +oo.

We now aim at solving (5.1.26) with the least possible growth for T,. The choice co = 1 cancels
the worst ylogy growth :

1 2
ATV —T, =y +0 (' Oiy‘ ) (5.1.28)

which after inversion of (5.1.26) leads to a growth :

To(y) ~ 3 as y — 4o0. (5.1.29)

5. as standard in various settings, for example geometric optics, see for example [97].

6. see section 5.2.2.

7. ie a non L? eigenstate for the zero eigenvalue.

8. Note that this slow decay is intrinsic to the k& = 1 degree case, as higher degree yield faster decay, see
1
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An essential feature here is that an additional logarithmic gain can be obtained by manufacturing
an expansion

2
by = —b* (1 5.1.30
( " uogb\> (5.1.30)
which leads to an improved control after the parabolic zone :
Tr(y) = O < ? ) <y for y>—. (5.1.31)
bllogb| Vb

Similar lower order corrections in the law for b like (5.1.30) occured in [81], [71], [88], [72] and
can be derived from a flux type computation, or equivalently a boundary term in energy critical
Pohozaev type integration by parts generated by the explicit growth (5.1.28). Here the gain is
very explicit and relies on the direct introduction of the radiative correction, see step 3 of the
proof of Proposition 5.2.4 and Remark 5.2.7.

The above heuristical argument thus leads to the system of ODE’s :

2 ds 1
—Z2 =, by=-b%(1 R — .1.32
) < * |logb|> P TR (5.1.32)

We integrate this with initial data

0<b0) <1, A0)>0
and easily show that the corresponding scaling parameter A(¢) touches zero in finite time 0 <
T =T(b(0), A(0)) < 400, this is blow up, at a rate :

T—1

_ t—T
log(T — )7 ™ !

)‘(t) = cbo,)\o(l + 0(1))
this is (5.1.13).

(ii). Decomposition of the flow and modulation equations
Let then

Qu(s)(¥) = Q) +b(s)Ta(y) + V()T (y) - .
a sufficiently high order correction to (5.1.22) in the regime (5.1.24) measured by the error :

f(Qs)

Ty = —b2(T) + 20Ty) — AQy + bAQy + )2

which is formally cubic in b, and consider an initial data of the form

uo(y) = Quy(y) +e0(y), leo(y)| Kb <1

in some suitable sense. We introduce a modulated decomposition of the flow

u(t,r) = (Qpey +¢) (t, A;)) (5.1.33)

where the modulation parameters (b(¢), A(t)) are chosen in order to manufacture the orthogo-

nality conditions :
(e(t), ®ar) = (e(t), HPpr) = 0. (5.1.34)
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Here ®j/(y) is some fixed direction depending on some large constant M which generates an
approximation of the kernel? of H?, see (5.3.5). This orthogonal decomposition, which for each
fixed time t directly follows from the implicit function theorem, now allows us to compute the
modulation equations governing the parameters (b(t), A(t)). The Qp construction is precisely
manufactured to produce the expected ODE’s 10 :

Al
— +b
’A*’*

2 2
bs + b? <1+|10gb|>‘ < |ellioe + b° (1+|logb|> (5.1.35)

where ||||;oc measures a local in space interaction with the harmonic map :

[el?
1498

lelFoe ~

(7ii). Control of radiation and monotonicity formula.
We now need to show that in the regime we are focusing on, the radiation € does not perturb
the expected dynamical system (5.1.32), and from (5.1.35) this will follow from a bound :

2 4
P b
1498 ~ |logb|?

(5.1.36)

In other words, the infinite dissipative dynamics of the radiation e is fully controlled by the
one dimensional projection b, and does not perturb the leading order dynamics. Controlling
radiation is the heart of the analysis. Related bounds were derived in [37] for k > 2 using
parabolic propagator estimates which become more delicate in the presence of resonances and
with slow decay of the harmonic map, and we use here the approach developped in [88], [92].
The idea is to rewrite the decomposition (5.1.33) in original non rescaled variables as

u(t,r) = Que) (t, /\Zt)) +w(t,r), w(t,r)=e¢ (t, )\7(;)> . (5.1.37)

The equation for w(t,r) is roughly of the form !

r

1
ow + Hypyw = F\Ilb(t) (/\) + (lower order terms) (5.1.38)

where H) denotes the linearized operator close to the focusing harmonic map :

m=-a+ TP g0 =q (5)-

We now perform an energy type identity on (5.1.38) and aim at controlling Sobolev type norms
on w build on iterates of the Hamiltonian H). The difficulty is twofold : first we need to treat
the terms induced by the time dependance of the Hamiltonian H), and here we use mostly the
algebraic structure of H anddissipation; second we need to estimate suitable weighted Sobolev
norms of W,. Here let us insist onto the fact that W, contains a priori high order terms in b

9. Smooth solutions to H?*u = 0 lie in Span(AQ,T1) and therefore decay badly near +oo, hence the need for
a localized approximation provided by ®as.
10. see Lemma 5.3.2.
11. see (5.3.27).
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against functions which grow in g, and hence it will be small in weighted norms only as expressed
by Proposition 5.2.4. The energy bound we derive relies on a monotonicity formula which takes
the form of the Sobolev H* bound -see Proposition 5.3.4 for a precise statement- :

4
HH,\ wl?, < ;’8 [H(ﬁng + (lower order terms)] : (5.1.39)

(iv). Closing the bootstrap.
We now integrate in time the monotonicity bound (5.1.39) assuming that the parameters
follow to leading order the regime (5.1.32). This first yields using the rescaling (5.1.37) :

5
HH?a(tHiQs(j(“))) O +3°0 [ o

We next integrate the ODE (5.1.32) to derive the bounds :

Xo(t) SD(1), AS(t / arg 20
; AS(7 |10gb TP 7 [logh(t)[?

and finally obtain the pointwise bound :

b(t )

2

We now observe that provided we removed a suitable localization of the kernel of H?, this is the

choice of orthogonality conditions (5.1.34), H? is a coercive operator which satisfies weighted
Hardy type bounds, see Lemma 5.5.3 :

L s iel s

L+~ L2 3 llogb|?

(5.1.40)

and (5.1.36) is proved.

The above linear argument paves the way to close bootstrap bounds for (b, A, ) in the decompo-
sition (5.1.33). The remaining standard difficulty is to control the nonlinear terms in particular
in the monotonicity estimate (5.1.39). This involves some technicalities including interpolation
bounds build on the Hardy bounds (5.1.40), see Lemma 5.5.4, and a careful treatment of both
the singularity of the nonlinearity at the origin induced by the corotational change of variables,
and the slow decay of functions at infinity. The analysis requires a careful track of polynomial
weights both at the origin and infinity in the Hardy type estimates we use.

Finally, let us observe that the key in the above proof is to provide a sufficiently small error
ﬁ in the right hand side of (5.1.39), and this error is from (5.1.38) directly related to the
size of U} in suitable norms, and hence to the order of expansion in terms of power of b in the
construction of Q. An explicit computation reveals that we need to construct at least the first
three terms in the Q) expansion according to (5.2.18), see Remark 5.2.6. Moreover, from direct
computations again, the dominant terms in the size of W;, leave in the parabolic zone y ~ ﬁ
where improved decay bounds from (5.1.29) to (5.1.31) induced by the introduction of suitable
radiative corrections will turn out to be essential '2.

12. see in particular the proof of (5.2.23).
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This paper is organized as follows. In section 5.2, we construct the aprroximate self similar
solutions (), and obtain sharp estimates on the error term W;. In section 5.3, we set up the
bootstrap argument, Proposition 5.3.1, and derive the fundamental Sobolev H* control, Pro-
position 5.3.4, which is the heart of the analysis. In section 5.4, we close the bootstrap bounds
which easily imply the blow up statement of Theorem 5.1.1. Some further slight improvement
of the obtained bounds yields the regularity (5.1.14) of the asymptotic profile.

5.2 Construction of the approximate profile

We follow the scheme of proof in [88], [72] and proceed in this section with the construction
of suitable approximate solutions to the renormalized flow (5.1.22).

5.2.1 Asymptotics of the 1-corotational harmonic map

Let us start with recalling the structure of the harmonic map @ in the context of (5.1.6)
which is the unique -up to scaling- solution to

AQ =¢(Q), Q0)=0, lim Q(r)=m. (5.2.1)

r—+00
This equation can be integrated explicitly and leads to the following asymptotics :

Lemme 5.2.1 (Asymptotics of the harmonic map). There holds @Q € C*([0,+00),[0,7)) with

the Taylor expansions' :
Qly) = Xi_ociy® ' + OW*’) as y =0, c#0, (5.2.2)
2 p 4 1
Qly) =7 — ; — Ei:1W +0 W as 1y — 4oo. (5.2.3)

Remarque 5.2.2. Recall that (5.2.1) is subject to the scaling symmetry Q(y) — Q(Ay), A > 0.
The scaling constant A > 0 affects the decay of the map near +o00, and we define () to be the
unique solution with from (5.2.3) :

2
AQ(y) ~ " for y — 4o0.

This arbitrary choice has been made to match the more familiar case of the round sphere :

1 2y 2
Qy) =2tan™ (y), AQ(y) = 112~y Byt

Proof of Lemma 5.2.1 From the Taylor expansion of g at 0 and 7 given by (5.1.4), we

T —1—g(7) +o00 as a— 0
AV S | _
/a (m—7)g(T) 7+ log( a)—>{ —00 as a — T

and we may thus find a € (0, 7) such that

have :

“77T—T—g(7')7 og(m —a) =lo
/a oy 4+ los(r — a) = log2. (5.2.4)

13. up to scaling
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We then let

v dr
Glu) = / e (5.2.5)

which from (5.1.4) is a diffeomorphism from (0, ) onto (—o0, +00). Let now @) be the normalized
solution to (5.2.1) given by

Qy) = G (logy), y € [0,+00). (5.2.6)
We compute near 7 from the normalization (5.2.4) :
[ dr _ m—71—g(T)
Glu) — / e / e +/ —— (5.2.7)
= 7r77T_7-_”q(7-)7- og(m —a) — log(m —u) — “77r—7'—g(7)7
= | Tt st =) —loste = = [T

= —log (7r;u) + %P di(m —uw)* + 0 ((7T — u)2p+2) as u— T
and near the origin :

o), [T,
79(7) o Tg(7)
= logu+ ¢y + Eleéiugi +0 (u2p+2) as u — 0,

G(u) = logu —loga +/
0

and these developments together with (5.2.6) now yield (5.2.2), (5.2.3). This concludes the proof
of Lemma 5.2.1.

5.2.2 The linearized Hamiltonian

We recall in this section the structure of the linearized operator close to Q. Let the potentials
Z=¢@Q), V=2+AZ2=[(Q), V=(»1+2)-AZ (5:2.8)

then the linearized operator close to () is the Schrodinger operator :

H=—-A+ yVQ (5.2.9)

As observed in [91], an important consequence of the Bogomolny’i’s factorization of the Dirichlet

energy (5.1.7) is the decomposition
H=A"A

where A* is the adjoint of A with respect to the L?(R?) scalar product, explicitly :

Z 1+Z
A:—ay—i——’ A* 8+L
) Y

The kernels of A and A* on R’ are explicit :

Au =0 iff u € Span(AQ), A*u=0 iff u € Span ( (5.2.10)

o)
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and thus the kernel of H on R% is:

Hu=0 iff ue Span(AQ,T) (5.2.11)
with O(l)
B Yy dr B y) 3 Y= 0,
L(y) = AQ/l 2(AQ(x))? - { Y40 (logy> as y — +o0. (5.2.12)

In particular, H is a positive operator on H}ad with a resonance AQ at the origin induced by
the energy critical scaling invariance. We also introduce the conjugate Hamiltonian

H=AA"= A+ ZQ (5.2.13)
y

which is definite positive by construction and (5.2.10), see Lemma 5.5.2. Finally, let us compute
using (5.1.4), (5.2.2), (5.2.3) the behavior of Z,V,V at 0 and +o0o0 which will be fundamental in

our analysis :

B 1+3P Gy + OyPT2) as y — 0, (5.2.14)
Y —1—1—211214—0(2%2) as y — +oo, -
Viy) = L+ 3 1Czy2’+0( wH2) as y — 0, (5.2.15)
y 1+ 30 (QPH) as y — +oo, -
Gy - | AT 10zy2l+0( 2+2) as y — 0, (5.2.16)
y) = P 1y21 —|—O( 2p+2) as y — +oo, -

where (¢;);>1 stands for some generic sequence of constants which depend on the Taylor expan-
sion of g at 0 and 7.

Remarque 5.2.3. The exact values for the S? target g(u) = sinu are given by :

v ool _ 4

Ly V) =20+2) = .
1+ 77 T

1+ 92’

Z(y) = V(y) =

5.2.3 Slowly modulated approximate profiles

We now aim at constructing a suitable approximate solution to (5.1.22) near the harmonic
map @ with moderate growth as y — 400 by adapting the slowly modulated ansatz approach
developed in [67], [52], [88], [72]. We will see that this naturally leads to the leading order
modulation equation 4

by = —b%*(1 4 o(1)). (5.2.17)

Proposition 5.2.4 (Construction of the approximate profile). Let M > 0 be a large enough
universal constant. Then there exists 0 < b*(M) < 1 such for all 0 < b < b*(M), there exist
smooth profiles (T;(y,b))1<i<3 such that the following holds true. Let the approzimate profile

Qu(y) = Q(y) + bT1(b,y) + b*Ta(b,y) + b*T5(b,y) = Q(y) + (b, y) (5.2.18)

14. see Remark 5.2.7
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and define the error :

Uy, = —bX(Ty + 2bT%) — f(y%b)7 (5.2.19)
then there holds the bounds :
(i) Weighted bounds :
/ oy P S ogh?, (5.2.20)
1
1+ [logyl|? bt
/ n TP S (5.2.21)
1+ |logy/? b
SO A2 < , 5.2.22
/<231 1+ 2 ‘ | Hogb]Q ( )
2 b
H?>¥ 5.2.23
/y§2Bl| 5 [logb|? ( )
(ii) Fluz computation : Let ®p; be given by (5.3.5), then :
(HUy, ) 20° b?
=— Ol —— 5.2.24
(hQ.au)  Toghl O \TloghP o220

Remarque 5.2.5. From the proof, the profiles T; are smooth and display some explicit algebraic
growth near y — 400, see the precise bounds (5.2.30), (5.2.31), (5.2.45), (5.2.50). Also the
dependence on b of the profiles T; is lower order, and we shall in the sequel omit this dependence
and note

Ti(y), a(y)

to ease notations. Observe that the decomposition (5.2.18) in the regime (5.2.17) leads to leading

order to :
0.0~ 5@y + 14y + 113

= U}, + (lower order terms)

and hence @ is a high order approximate solution to the renormalized flow (5.1.22) in the
regime (5.2.17). The flux computation (5.2.24) is the heart of the logarithmic correction to the
ODE b; = —b? and will lead to the correct modulation equation (5.1.30), see (5.3.32).

Remarque 5.2.6. The key here is the estimate (5.2.23) which is the leading order term driving

the energy bound (5.3.4). This high order error requires an order three expansion of the profile
n (5.2.18).

Proof of Proposition 5.2.4

We recall that given a small parameter 0 < b < 1, we define the large scales By, B1 given
by (5.1.20). By is the boundary of the parabolic zone y < ﬁ where most estimates will take
place, and By is a suitable size after which the profiles T; cease to make sense in the dynamical
description of the solution, and hence we will proceed to localization of the profiles for y > 2B,
in Proposition 5.2.8. We therefore need a control of T;, ¥y in the zone y < 2B only.
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step 1 Expansion in powers of b.

Let us compute the error (5.2.19) for a general decomposition (5.2.18) using a Taylor ex-

pansion :
@) = F@+b[(Q)+ L@+ 37E(Q)]
b8 DI Q)+ TR Q) + QTS| + B+ Ry
with

R, = %f”(Q) [042 _ b2T12 _ QbSTITQ} + éf@)(@) [ag — b3Tﬂ , (5.2.25)

=2 / (1— 3 fDQ + ra)dr (5.2.26)
Hence from (5.2.19) :

U, = b(HT, +AQ)

+ v (HT — Ty + ATy + / ”(yQ)ﬂ)

1" (
+ b <HT3 — 2Ty + ATy + / ;Q)T T + éf 3y(Q)T13>

1
+ bIATy + 72 [R1 + Ry]. (5.2.27)
Step 2 Construction of T7.

We may invert H explicitly from (5.2.11) and a smooth solution at the origin to Hu = —f
is given by :

Y) /Oy fAQzdzr — AQ(y) /Oy fTadx. (5.2.28)

Observe that if f admits the Taylor expansion at the origin

fly) = a1y + esy® + O(y°),

then
u(y) = dzy® + O(y°) as y = 0. (5.2.29)

Indeed, the Wronskian relation I'V(AQ) — (AQ)'T = i implies

(AQy. 1

Z
Al = -T'+ 2T =-T"+ =
y AQ yAQ

from which using AAQ =0 :

Au = AT /Oy FAQzdz = ——/ FAQzdr = cay® + cay + O(y°)
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near the origin for some constants (co, c4). We now integrate using u = O(y?) at the origin from
(5.2.28) and thus :

_ vAu, 3 5

We now let T1 be the solution to H1} + AQ = 0 given by

Ti(y) =T() [ (AQ)wds ~ AQ(y) [ AQTads.

We compute from Lemma 5.2.1 and (5.2.28), (5.2.29) the behavior :

(logy)*
Ti(y) = { ylogy + coy + O (W55 ) as y = +oo (5.2.30)

dsy> + O(y5) as y—0

for some universal constant eg, and similarly :

. - (logy)?
NTy(y) = { VOBV (eo+i)y+0(W55) s y—doo (g (5.2.31)
dsiy® +O0(y°) as y—0
Note that 71 does not depend on b :
or _
o

Step 3 Construction of the radiation Xy.

We now construct the radiation term which will allow us to capture further cancellation
near the parabolic zone y ~ %, see Remark 5.2.7. Recall the definition (5.1.20) and let :

4 2 < 1
cp = = 14+0(—— ) 9.2.32
"= T QP ~ fogtl \' Vg (5:2:32)
and
By C 1
dp = AQTydy = —— (1 2.
= ) i = o (140 () (5233
Let X, be the solution to
HY)y = —CbX%AQ + de[(l — X3BO)AQ] (5.2.34)

given by
Y Y
Z(9) = T0) [ encm (4Q)nde — AQ() [ avxsaTAQuds +di(1 = xam)AQ()  (5:2:35)

Observe that by definition :

a1y for y < %
3y = (5.2.36)

4T for y > 6By.
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We now estimate for 68y <y < 2B :
logy logy
Sp(y) =y + O(Tg) AZy(y) =y + O(Tg)

and for y < 6By :

Sply) = (4 +0 <105y>> [/Oy TO(AQ) ZEdl} — pAQ(y / O(1)zdz

g i)

and similarly for y < 6By :

llogb|

fo X 5o ( AQ <1+y

A'S :
SO FPNOYe llogb|

The equation (5.2.34) and the cancellation AAQ = HAQ = 0 yield the bounds :

1 1 + [logy|? 1
/‘sz‘Q S , / + ’ Ogy| ‘sz‘Q 5 7
[logb| 1+t [logb|?

2 2
/ 1 + [logy| IAHS,2 <12, /|H225|2 <
1+9y2 ~ ™~ |logb|?

Step 4 Construction of T5.

Let
Q)

Yo=%p+T1 — ATy —
2 b+ 11 1 22

T?.

First observe from (5.1.4) that f = g¢’ is odd and 27 periodic and thus :
Yk >0, [fOP ()] + [ (r —w)| S Chlul, [FPFD(u)] S 1

which implies :
k>0, |fP(Q) 5

1+y

We estimate from (5.2.12), (5.2.30), (5.2.31), (5.2.37) : for 6By <y < 2By,

Sa(y) = O (“Oiy‘Q) ,

) for 0 <i<2.

71

(5.2.37)

(5.2.38)

(5.2.39)

(5.2.40)

(5.2.41)

(5.2.42)

and for y < 6By, there holds the behavior (5.2.29) at the origin and the desired cancellation :

S e

_ 1+y
= O (o1 + oz

|logb|

f(%Xi(AQ)2 2
40 +O(1+y) Lo (\logy
1+y
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Remarque 5.2.7. The above cancellation is due both to the presence of the T7 term in the
RHS of (5.2.41) which follows from the choice of modulation equation bs = —b® to leading order
and cancels the ylogy growth of 77, and the radiation term X, which is designed to cancel the
remaining y growth in 77 — AT;.

We similarly estimate : for 0 < ¢ < 2,

3 2
; y 1 + log(yv/b) (logy)
AE| S 1 < vstt Ty LisvseBo | T P Lyzon,. (5.2.43)
We now let T be the solution to
HT, = ¥ (5.2.44)

given by
Yy Yy
Th(y) = —T'(y) / YoAQzdx + AQ(y) / Yolzdx
0 0

which satisfies (5.2.29) and the estimate from (5.2.43) :

5
. Y 1 .
Yy < 2B1, |A'T: <—— 1 —1 for 0<7<3 5.2.45
y < 2By, [ATa(y)| S 1+ 42 ( y<1+ bllogh] y21> , for 0<1 < ( )
We also have the rougher bound :
Vy <2B1, |Ta(y)| S v (5.2.46)

T5 also displays a small dependence on b through 5 which will evaluated in the proof of Pro-
position 5.2.8.

Step 5 Construction of T5.

Let

Y3 = 2T — AT — fﬁy(QQ)Tng — éf(g;gQ)Tf’, (5.2.47)
then X3 satisfies (5.2.29) and we estimate from (5.2.31), (5.2.42), (5.2.45) :
, Yo 1
Wy < 2B INDa)| S Ty <1y<1 + Mbgb'1y>1> L for 0<i<2 (5.2.48)
We then let T3 be the solution to
HT; = ¥4 (5.2.49)
given by :
Tyly) = —T) [ 2AQ+AQM) [ =T
which satisfies (5.2.29) and the estimates from (5.2.48) :
. y’ 1
W <28, WIS (e + buogb|1y21> Lo<i<l, (5.2.50)

T3(y)l S v*(1+¢). (5.2.51)
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T3 also displays a small dependence on b which will evaluated in the proof of Proposition 5.2.8.
We claim the bounds for ¢ = 0,1 :

logh|? 1+ [logyl|? 1
HA'T3|? < | , / — Tl | HAMT? < 5.2.52
/y<2Bl‘ T bt <2m  1+yt | S ~ biflogh|? ( )
L+ llogyP 5 o [logb[® / 2 2. 1
— =2 |AHA'Ty < H2A'T: — 5.2.53
Proof of (5.2.52), (5.2.53) : Observe from a simple rescaling argument that for any function f :
AV
HAf=2Hf+AHf — —f. (5.2.54)
Y
Hence from (5.2.49), (5.2.15) :
AV
H(AT3) =253 4+ AX3 — ?Tg =2%3+ A¥3+O(y)
1
H%(AT3) = H(2%3 + AX3) + O (1 - ) (5.2.55)
Y
We thus estimate from (5.2.48), (5.1.20) for i = 0,1 :
; 1 2 B logb|?
[ mnmps [ LR B o Ros (5.2.56)
y<2B; y<2B; b?|logb| b
1+ [logy|? . 1 (1+y*)(1+ |logyl? 1
/ +|ng| ‘HAZT3‘2§/ > 2( +y)( +4|Ogy‘)§ : =
<2B; 1+y y<2B; b*[logh| 1ty b*[logb|

and using the rough bound (5.2.51) :

1+l 1+ vy (1 + |logyl|? logb|®
/ +\0g2y! AHAT|? </ (1+y%)( +2! ogy|”) < BYlogh|? < !0g2\ '
<2B;, l+vy y<2B; 1+y b

The second bound in (5.2.53) is more subtle and requires further cancellations with respect to
(5.2.50). Indeed, from (5.2.54), (5.2.47), (5.2.44) :

| 3 1 5
HS3 = 2HTy — HAT, + O ('Ogy‘> A, 40 (logy\> |
Yy Yy

5
HAS3 = —2A% — A25 + O <|1Ogy| )
Yy

and injecting this into (5.2.55) with (5.2.43) yields° :

2

5 1+ log(yv/b) (logy)?
H?(AT)]? < / _y 1 — 1 1
/y<QB1 ’ ( 3)’ ~ /<28, 1+ yg y<1+ \logb| 1<y<6B, | + y>6Bg
1
b2|logb|?

15. the key here is that X5 decays at infinity from the cancellation HI' = 0, and hence the control becomes
independent of B
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and (5.2.53) is proved.
step 6 Estimate on the error.
By construction, we have from (5.2.27) :

=025, + bIAT + (R1 + Rs). (5.2.57)

We inject into the formulas (5.2.25), (5.2.26) the rough bounds (5.2.31), (5.2.46), (5.2.51) and
the definition of By (5.1.20), and obtain the rough bound :

d" Ri(y) d" Ry(y) 45— b*y°|logb|® ,
Vy§2Bl, ’Clyl y2 +d7y7' y2 gby 1y§1+Ty2+i, OSZSZJ:
This yields :
2
/ H < > ‘ (R;) S b8|10gb‘0/ yfg S logb\c
y<2B; Yy y<
2 10
/ AH( ) ‘AH <Ri> Sbsylogb\c/ Y < b7logh|,
y<2B; Yy y<2B; 1 +y
o 2 y10
/ H? ( )' ’HQ ( ) bs‘logb|c/ 12 ~ bSHOgb‘O
y<2B; y? y<2B; 1 +y

Injecting these bounds together with (5.2.39), (5.2.40), (5.2.52), (5.2.53) into (5.2.57) yields
(5.2.20), (5.2.21), (5.2.22), (5.2.23).
We now prove the flux computation (5.2.24). From (5.2.57), (5.2.34) :

) 2h? b2
- _ 2 M 3 — v
epb® + 0 (C( )b ) o +0 <|logb]2> :

for |b| < b*(M) small enough. This concludes the proof of Proposition 5.2.4

5.2.4 Localization of the profile

The @) profile constructed above displays a very specific growth in the parabolic zone
y ~ By~ Lb. We claim that further away, this growth becomes irrelevant in the description

of the full solution, and we may therefore proceed to a simple localization procedure for y >
9B ~ % > B..

Proposition 5.2.8 (Localization of the profile). Let (1;)1<i<3 be given by Proposition 5.2.4.
Let a C! map s+ b(s) defined on [0, so] with a priori bound Ns € [0, so],

0 < b(s) < b*(M), |bs| < 10b°. (5.2.58)
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Let the localized profile

Qu(s,y) = Q+ b1 +b*To + 0’13 = Q + &

where )
Ti=xpTi, 1<i<3.
Then ~
9sQp — AQy — %Aéb + f(y%b) = Mod(t)+ Wy,
with N
Mod(t) = — <A + b> AQy + (bs + b)(T + 2bT3)

and where W, satisfies the bounds on [0, sq]
(i) Weighted bounds :

J 1 < b log .

/ 1 + |1Ogy‘2|H@ ‘2 < b4

T4yt ~ ToghP?”
1 1 2 B 5
/""‘OgyMH\pb? < b 7
1+ y? [logb|?
2§12 b
HW|* < .
(7i) Fluz computation : Let ®ps be given by (5.3.5), then :
Hoy, @ 20* b
( by M) - _ + 9] —,
(AQ, @) [logb| |logb|

Proof of Proposition 5.2.8
step 1 Localization.

Let -
f(Qp)

y?

iV = _p2(Ty + 20T3) — AQy + bAQ, +

75

(5.2.59)

(5.2.60)

(5.2.61)

(5.2.62)

(5.2.63)

(5.2.64)

(5.2.65)

We compute the action of localization which produces an error localized in [Bi,2Bi] up to the

term (1 — xp,)AQ :

\Il,()l) = x5 VU +b0(1 — xB,)AQ + bAxB, o — aAxp, — 20,XB, Oy
+ S 1Q+xm0) = Q) ~ xm (FQ+ ) — FQ):

We estimate in brute force from (5.2.31), (5.2.46), (5.2.51) and the choice of Bj :

2

by
Vy < 2By, |a(y)| < by <Ilogy\ + ) < byllogyl|

|logb|

(5.2.66)
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and thus :

b
1b(1 — xB,)AQ + bAx B, — aAxp, — 20,xB,9y| < glyzBl + b*ylogyl g, <y<28, »

SU@+xma) -~ 1@ - xm @+~ 1@)] £ "W g can,
S tlosy 15 <y<2B:
from which using (5.2.20), (5.2.21), (5.2.22), (5.2.23) :
/\qug”F s¥llogl+ [ [bQII;gyIQ + 64‘1;2%‘2 < b flogh]2,

1 + [logy|? OV < b n b?|logy|? n btllogyl*| . b*
1+t b1~ TloghP? 8 | ~ Tlogb]?’
+y |logb| B1<y<2B; Y Y [logb|

/ 1+ |10gy|2\AH\IJ(1)|2 < +/ 1 + [logy/? ﬁ n bt |logy|? < bd
1+ 9?2 b1~ logh?  Jpi<y<on, 14y |48 y ™~ |logb|?’

b b2[logy|?  b*[logy|?
/|H2\I,l()1>,2 < i +/ Iol%yl N IOGgy!
logb|* ~ JBi<y<eB: | ¥ y

|
[logh|? B? B} ™ |logb|?’

2

Remarque 5.2.9. This last estimate and (5.2.56) govern the choice By = “?/gg’l

step 2 Control of time derivatives.

We now compute from (5.2.59) :

- _ T T T
&, =0V 4 R, R =b,(30°Ts 0T 0T 0Ty

ab b o) (5:2.67)

and estimate all terms. From (5.2.34),

86{, _ 1 % o 1
o Y (b\logb|2> T <b2\10g5|> (5:2.68)

and thus from (5.2.35) :

%) ) 1
%y DI gy + (

= 211
o W) o ! Pylogh] -2 <y <6Bo>

1
= —7 1 .
O(w%my§%+WMb@|£é<WJ
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We inject this estimate into the explicit formulas for 75, T3 and conclude :

oTy ylogy
o ¢ ( b 1B;éy£231> !
8T2 1+ y Y4
b 7\ bflog] =P T b2|1 bt R<y<en |
Ty 1+9° y?
o ¢ (bl Bllogh] =B T b2|1 bt B<y<aB |-

This yields together with the a priori bound (5.2.58) the pointwise control :

~ b(1 + %) by®
2
IS0 T ognl =70 ™ Jloga] " S susom T 1088 8 cycom,
and hence the bounds :
~ (1+ y by logy 2
HR|?* < / ’ — 1 —71
/’ IR Ly<po + logb| ~ 2 <y<6Bi Ty Micy<s,
S 54\10gb|2,

1+ |logy|?, . ~ 1 + |logy|? N

1+t
1+ [logy|? |b(1 +y) by logy 2
< pt o
~ b/ Tyt | Jlogy] <P T Jlogp M sy<en T T M ary<on,
b5
|logb|?

7

(5.2.69)

(5.2.70)

(5.2.71)

We now track for more cancellation when applying H2. Indeed, from (5.2.52), (5.2.50) :

3 2

y
1 1B <y<2B,
by*[logb|

< 1
~ b2|logbl|?

~ 1
HTy? < ————
/| 3" 3 b2|logb|? +

From direct inspection :
logy

0Ty
(S5 5
‘ ob )|~ Jpi<y<2m, | by?

oT. o 1
2 (0L _ e (0T
" (z%) ot (ab>+0<y3b2\1ogby <y <2Bl>

and from (5.2.44), (5.2.41) :
oT: )y 0%
2 2 _ Y2 e
(%) = #(%) =4 (%)
1

1
o) (R BN
(b(l + y)[logb|2 =P + b(1 + y)|logd| 1o, <230)

2< [logb|? < 1
~ 2B} ™ |logh|?

Next :
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which yields the bound :
T 1 1
i < | ‘1 SN S—
/ ’ ( )‘ =) 1oy Togh =2 BTy ot B <ven

1 2< 1
y3b2|logh| 713 <2B1| ~ b2|logh|?’

Similarly,

oT: oT: 1
2 (013 _ o (0T
" < ab ) xeH ( ab ) O <yb2\1ogby Bsy <231>

_ ( Lty N 1 N 1 )
= O\ oftogh] V<P y7logh] <vs2Be T yiPlogh] 2 <v<2my

from which :

I @)

/‘ 1 +y 1 N 1
~ b|l gb| y<BO yb2‘10gb| TOS <2Bg yb2|10gb| TIS <2B;

b4|logb|2

We inject these estimates into (5.2.67) and obtain :

JLE .
> TloghP

Injecting the collection of estimates of step 1 and step 2 into (5.2.67) now yields the expected
bounds (5.2.61), (5.2.62), (5.2.63), (5.2.64).

step 3 Flux computation.

By definition, ¥\ = ¥, on Supp(®,/) € [0,2M], and from (5.2.69), (5.2.70), (5.2.71) and
(5.2.50) : )
|R| S C(M)|bs|b S C(M)b on Supp(Par).

This estimate together with (5.2.24) now yields (5.2.65).
This concludes the proof of Proposition 5.2.8.

We introduce a second localization of the profile near By which will be used only to capture
some further cancellation in the proof of the regularity claim (5.1.14).

Lemme 5.2.10 (Second localization). Let a C' map s — b(s) defined on [0, so] with a priori
bound (5.1.14). Let the localized profile

A

Qu(s,y) = Q+ 0Ty + VT + b’Ts = Q + & (5.2.72)

where

A

T; = xB, 13, 1<1i<3.
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Let the radiation :
G=a—a& (5.2.73)

and the error

R D VA ) — R
05Qp — AQp — fAQb + f(ngb) = Mod(t) + ¥,
with )
Mod(t) = — <A + b) AQp + (bs + b2) (T + 20T3). (5.2.74)
Then there holds the bounds :
HG? < b2|logh|?, %2 LI T 5.2.75
|HG|” < b7 [logh|”, X5, T ygs N |logb|", (5.2.75)
i 2
2 |8be| <13 C
52 / Ty < Vol (5.2.76)
Supp(H ) C [0,2Bo] and / \H 2 < b |logh 2. (5.2.77)

Remarque 5.2.11. Note that this localization near By displays the same properties like the
one near By at the H? level and (5.2.61), (5.2.77) are comparable. The estimate corresponding

A

to (5.2.64) would however be worse for ¥, due to the terms induced by localization, see Remark
5.2.9. Hence we will use the B localization to control high derivatives norms, see Proposition
5.3.4 and the control of & below, and By localization for lower order control, see section 5.4.1
and the control of &;.

Proof of Lemma 5.2.10 By construction,
G = (XB, — XB,) (VT1 + U°Ts + b°T3)
and thus from (5.2.45), (5.2.50) :

|
y<2B1

2 /W </
=0 1+ y82 Y Jpycy<on, 1448

2

bylogy by Pyt | logh|?

2 by?llogh] | by?llogh

v?y?|lo |2+ﬂ < b*[logb|”

v?y?|lo P+ﬂ < b3 [logh|¢

2 |833Cb‘2 /
=0 144260~ Jpy<y<on, 1445

The localization property (5.2.77) directly follows from the analogue of the formula (5.2.66),
(5.2.67) for ¥}, and the cancellation HAQ = 0, while the proof of the estimate (5.2.77) is very
similar to the one of (5.2.61) and left to the reader.

This concludes the proof of Lemma 5.2.10.

5.3 The trapped regime

This section is devoted to the description of the set of initial data and the corresponding
trapped regime in which the singularity formation described by Theorem 5.1.1 will occur.
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5.3.1 Setting the bootstrap

We describe in this section the set of initial data leading to the blow up scenario of Theorem
5.1.1. Let a 1-corotational map

vo € H' N H* with |[V(vg— Q)2 < 1

and v(t) € C([0,T), H'NH*), 0 < T < 400 be the corresponding solution to (5.1.1). First recall
from standard argument the blow up criterion :

T < 400 implies ||Av(t)||zz = +o0 as t — T. (5.3.1)
From Lemma 5.5.1, v admits on a small time interval [0, ¢;] a decomposition

g(u(t,r)) cosd
v(t,z) =| g(u(t,r))siné (5.3.2)
z(u(t,r))

where £(t,7) = u(t,r) — Q(r) satisfies the boundary condition (5.5.3) and the regularity (5.5.4),
(5.5.5) displayed in Lemma 5.5.1. Moreover, from the initial smallness

- £(0
IV20)]2 + ||(y)||Lz <1,

we may from standard modulation argument ¢ introduce for each fixed time t € [0,#] the
unique decomposition

~ e(t
ulter) = @ug +9) (1505 )+ 1920l + 1"l 4 Ol < 1 A0 >0 (533)
where €(t) satisfies the orthogonality conditions :
vt € 10,t1], (e(t),®anr) = (e(t), HPpr) = 0. (5.3.4)

Here given M > 0 large enough, ®,; corresponds to the fixed direction

Ppr = xmAQ — e H(xmAQ) (5.3.5)
with (arAQ.TY) o2
W= T k@), 1)~ (o)
Observe by construction that
103 S llogM, (@21.T1) =0 (5.3.6)
and the scalar products
(AQ, ©ur) = (—HTy, o) = (xmAQ, AQ) = 4logM (1 + 0pr—+00(1)) (5.3.7)

16. see for example [58], [69], [88] for a further introduction to modulation.
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are non degenerate. The existence of the decomposition (5.3.3) is then a standard consequence
of the implicit function theorem and the explicit relations

0, ~ 0  ~
(({»\(Qb),\, ab(@b)A) A=1=0 = (AQ,T1)
which ensure the nondegeneracy of the Jacobian :
(%(Qm,@m (5(Qu)r, @ar) _ | (AQ,2m) O
(35(@o)r, HOar)  (55(Qn)x, Har) Al 0 0 (Th, H® )

From Lemma 5.5.1, we may measure the regularity of the map through the following norms of
€ : the energy norm

E
lele = [ 1o+ [ o (535)

and higher order Sobolev norms adapted to the linearized operator
Eop = / |H"e|?, 1<k<2. (5.3.9)

We now assume the following bounds on initial data which describe an open H' N H* affine
space of 1-corotational initial data around O :
— Smallness and positivity of b(0) :

0<b(0) <d*(M) < 1. (5.3.10)
— Smallness of the excess of energy :
()13 < v(0), (5.3.11)

[£2(0)] + [€4(0)] < [b(0)]™°. (5.3.12)

The regularity of the full map v € C°([0, T'), H'NH*) by the parabolic heat flow and Lemma 5.5.1
ensure that these estimates hold on some small enough time interval [0,¢;], and from standard
argument !, there also holds the regularity (\,b) € C'([0,t1],R% x R). Given a large enough
universal constant K > 0 -independent of M-, we assume on [0, ;] the following bootstrap

bounds :
— Control of b(t) :

0 < b(t) < 10b(0). (5.3.13)
— Control of the radiation :
le(®) 13, < 104/5(0), (5.3.14)
|Ea(t)| < Kb (t)|logh(t)]°, (5.3.15)
|E4(t)] < Kﬂ. (5.3.16)
[logb(t)[?

17. see [58] for more details in a completly similar setting.
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The following proposition describes the contraction of the bootstrap regime and is the core of
the proof.

Proposition 5.3.1 (Bootstrap control of b and €). Assume that K in (5.3.13), (5.3.14), (5.3.15)
and (5.3.16) has been chosen large enough. Then, ¥t € [0,11] :

0 < b(t) < 2b(0), (5.3.17)

Ie(t) e < /b(0). (53.19)

£(0)] < S0 logb(0), (5.3.19)
K b (t)

E4(t)] < EW (5.3.20)

In other words, the solution is trapped in the regime (5.3.17), (5.3.18), (5.3.19), (5.3.20) and
thus t; = T, the life time of the solution. We will in section 5.4.2 that this easily implies finite
time blow up T' < 400 in the regime described by Theorem 5.1.1. The rest of this section is
devoted to developing the tools needed for the proof of Proposition 5.3.1 which will be completed
in section 5.4.1.

5.3.2 Equation for the radiation

Let us now pass to renormalized variables '8 :

r todr
ut.r) = =(o0). v= 5050 50 = [ 5 (5.3.21)
and recall from (5.3.3) the decomposition of the flow :
2(s,y) = (Q+a+e)(s,y).
We will use the rescaling formula :
1 A
Ou = ———(0sz — 2\
= ey (07— A
to derive the equation for € in renormalized variables :
As
0se — —Ae+He=F — Mod=F. (5.3.22)

A
Here H is the linearized operator given by (5.2.9), Mod(t) is given by (5.2.60),

F=—&,+ L(c) — N(e) (5.3.23)

vyhere L is the linear operator corresponding to the error in the linearized operator from @) to
Qp : 5
/ o
b = Q-1 @), 500
Y

18. we will show that the renormalized time is global : lim;—7 s(t) == 400, see (5.4.16).
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and the remainder term is the purely nonlinear term :
- AN

We also need to write the flow (5.3.22) in original variables (¢, 7). Let

w(t,r) =e(s,y)

and the rescaled operators be :
Z . 1+Z7
AA:—aTJr—:, L =0+ A

)

r

Vi - %
A Hy = AAL = -A+ 7; (5.3.26)

HA:AKAA:—A—}- 3
T

1

= (5.3.27)

then (5.3.22) becomes :
ohw + Hyw = 2

Fi

5.3.3 Modulation equations
Let us now compute the modulation equations for (b, \) as a consequence of the choice of

orthogonality conditions (5.3.4).
Lemme 5.3.2 (Modulation equations). There holds the bound on the modulation parameters :

(5.3.28)

As b? 1
—+b S VE
‘ y ‘ S Togh] T Viogar ¥ v
b+b2<1+ >‘< L VE +b—2 (5.3.29)
° llogb| /| ~ /logM A e
Remarque 5.3.3. Note that this implies in the bootstrap the rough bounds :
A
|bs| + 7 + b‘ < 2% (5.3.30)
and in particular (5.2.58) holds.
Proof of Lemma 5.3.2
step 1 Law for b.
Let )
V(t) = |bs + b*| + 73 +b‘
We take the inner product of (5.3.22) with H®,, and compute using (5.3.4) :
—(®y, H®)y) — (He, HO)f) (5.3.31)

(Mod(t), H®py) =
- <);\SA5L(5)+N(5),H<I>M).
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We first compute from the construction of the profile, (5.2.60), the relations HAQ =0, HT} =
—AQ, and the localization Supp(®,,) C [0,2M] from (5.3.5) :

(H (Mod(t)),®y) = — (b + AA) (HAQs ®ar) + (ba+07) (H (T + 26T3) B

= —(AQ, ®ar)(bs + b)) + O (c(M)b|V(1)]) .

The linear term in (5.3.31) is estimated 1% from (5.3.6) :

(He, HO )| S || H?el| 12 v/1ogM = \/logM &y

and the remaining nonlinear term is estimated using the Hardy bounds of Appendix (5.5.2) :

’<_>;\SA5 4 L(e) + N(o), H@M) ‘ S C(MD(VE + V(1))

We inject these estimates into (5.3.31) and conclude from (5.3.7) and the fundamental flux
computation (5.2.65) :

bl — (®y, HDp) iy (s/logM&;

e vo (YR rocanmv)

and hence the first modulation equation :

= ot (10 () 0 (oo
b+ t8 == (140 (o)) O ({iogar + OO ) (5.3.32)

step 2 Degeneracy of the law for A.
We now take the inner product of (5.3.22) with ®3; and obtain :
~ As
(Mod(t), (I)M) = —((I)b, CI)M) - (HE, (I)M) - (—)\Ae’f + L(E) + N(e’;‘), @M) .

Note first that the choice of orthogonality conditions (5.3.4) gets rid of the linear term in ¢ :
(H g, P M) =0.

Next, we compute from (5.3.7) and the orthogonality (5.3.6) :

(Mod(t), @)

_ (b+ A;) (AQb, <1>M) + (bs + b2) (T1 + 2bT2,cDM)
—  —AlogM(1+ opfssae(1) <AA + b) O (CODBVE)) .

and observe the cancellation from (5.2.36), (5.3.6) :

(@6 @ar)| S VIS5, @an)| + O(CMYY) = | (T1, ®ar)| + O(C(M)E) = O(C(M)V).

19. Observe that we do not use the interpolated bounds of Lemma 5.5.4 but directly the definition (5.3.9) of
&4, and hence the dependence of the constant in M is explicit what is crucial for the analysis.
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Nonlinear terms are easily estimated using the Hardy bounds of Appendix (5.5.2) :

(=34 + L) + N (o), 0 )| S €O (VE+ V0

We thus obtain the modulation equation for scaling :

% N b’ S BOM) + 500 (VE + V(1)) -

Combining this with (5.3.32) yields the bound
b? 1
< VE
'3 llogh|  Vioght ¥

which together with (5.3.32) again now implies the refined bound (5.3.29). This concludes the
proof of Lemma 5.3.2.

V()

5.3.4 The Lyapounov monotonicity

We now turn to the core of the argument which is the derivation of a suitable Lyapounov
functional at the Sobolev H* level. The parabolic structure will yield further dissipation with
respect to the analysis of dispersive problems in [88], [72], what will allow us to treat a general
metric g.

Proposition 5.3.4 (Lyapounov monotonicity). There holds :
d |1 bt b o bt b?
Rl — ||V <o N 3.
dt {)\6 [54 +0 <\/|logb|2>1 } =05 [W)gM T gt T Togh & (53.33)

for some universal constant C' > 0 independent of M and of the bootstrap constant K in (5.3.13),
(5.3.14), (5.3.15), (5.3.16), provided b*(M) in (5.3.10) has been chosen small enough.

Proof of Proposition 5.3.4

The proof relies on the derivation of the energy identity for suitable derivatives of € seen
in original variables ie w, and repulsivity properties of the corresponding time dependent Ha-
miltonian Hy. The control of the solution is then ensured thanks to coercivity properties of
the iterated Hamiltonian H, H? under the orthogonality conditions (5.3.4), see Lemma 5.5.3.
Nonlinear terms will be estimated using the interpolated bounds of Lemma 5.5.4 which will be
implicitly used all along the proof.

step 1 Suitable derivatives.

We define the derivatives of w associated with the linearized Hamiltonian H :
wy = Ayw, wo = A\wi, w3 = Aywe

which satisfy from (5.3.27) :

- 07 1
w1 + Hywy = t'/“ )‘w + A, ()\2./_")\)
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A% 1
Oywe + Hywy = ;2)\11} + H) ()\Q.F)\> (5.3.34)
~ oz A% 1
at’wg + H)\wg = ¢ Awg + A)\ ( ;2/\111) + (AH)A </\2.F)\) (5335)

We similarly use in the following steps the notation :
g1 = Ae, g9 = A%e1, 3= Aeo.

Observe from (5.3.9) that
&, :/\A*ESF. (5.3.36)

We recall the action of time derivatives on rescaling :

1 As
at'v)\ = F (85'1) - AAU>)\ .

step 2 Modified energy identity.

We compute the energy identity on (5.3.35) using (5.3.26) :

1dé€ AT
2 dt4 — 2dt {/H/\wgwg} /HA@U:),@ﬂUg.F/ tV 2
As (AV))\
2 2
= /Hw +b/2)\22 ()\+b>/2)\22w3
~ oz oV,
+ /H)\w3 |: tr )‘wz + Ay ( 7;2)‘“)) + (AH)/\ <)\2]:)\>:| (5.3.37)

We now aim at using the dissipative term [(Hws)? to treat the quadratic terms in the RHS
of (5.3.37). Observe however that this quantity is delicate to use because it is positive but not
coercive a priori 2. Also one can explicitly compute for the sphere target

(AV)a b4
biz——i O
A2p2 (122 =

and thus the critical in size quadratic term has the right sign in this case :

AV
b/ (/\zrlkwg <0

which would allow some simplification of our analysis. However, this sign property does not
seem to hold a priori for the general metric g we consider. We nevertheless claim using a similar
algebra as in [88], [72] that this term can be treated thanks to a further integration by parts in

20. as can be seen by considering the zero of H given ws = ﬁ foy T(AQ)?dr



5.3. THE TRAPPED REGIME 87

time which in the dispersive cases would correspond to a Morawetz type computation. Indeed,
we compute from (5.3.34), (5.3.35) :

(/2 - (52
+ /b(i\zzr)AW {— £ + Ay <6M ) (AH), <A2ﬂ>}

b(AZ)s ath
+ / )\2’[“ |: A)\ 3+ ’U)"‘H)\ <)\2f)\):|

We now integrate by parts to compute using (5.2.8) :

b(AZ)y ., b (AZ . b [2(1+2)AZ - AN*Z
/ )\27“ ng)\’wg = F/ié‘gz‘l €3 = )\8/ 2y2 €3
b [AV (AV)x 5
= 5[ 3=t

Injecting this into the energy identity (5.3.37) yields the modified energy identity :
;jt {54 + 2/ b(ﬁi)kwgm} _ _/(gwg)z
- () [ [ (522 )wng
[ (3] )
/b(i\i)ku@ [_ﬁ 0Ly, 4 <ath ) 1 (AH), ()\2}"}\”

N /b(AZ)Awg [O;VAU) n Hk( ﬂ)] (5.3.38)

A2r

We now aim at estimating all terms in the RHS of (5.3.38). All along the proof, we shall make
an implicit use of the coercivity estimates of Lemma 5.5.2 and Lemma 5.5.4.

step 3 Lower order quadratic terms.

We start with treating the lower order quadratic terms in (5.3.38) using dissipation. Indeed,
we have from (5.2.14), (5.2.15), (5.3.30) the bounds :

b y?
0123] + VAL 'S 35 (AZ1+ 1AV, S 1oy (53.39)
and thus from Cauchy Schwartz, the rough bound (5.3.30) and Lemma 5.5.4 :
~ O Z A% AZ
/ H,\w3[ /A,\< e )} /|H/\w3! o ) wy

1 ~ b2 g2 g2 g2
s+ 55| [ 1525+ [ 17 /*
2/| Aws| +)\8[ 1—{—y6+ 1—}—y8+ T

L (g 2, b Cpa
5/\]{)\103] +Eb|logb| b*.

IN
[

IN
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All other quadratic terms are lower order by a factor b using again (5.3.30) and Lemma 5.5.4 :

b(AZ)s  [D,2 AT
‘/ 2/\22 §+/‘ \2r wZ[r AA(t w)”
A 875‘/)\
A%« dt >\2 st
2 2
T / R R R s
+ + +
/1+y2 14y 1448 y2(1+48)

b
< ﬁbﬂogb\cb‘l.

<

A8

We similarly estimate the boundary term in time :

2 2
/ & 2 +/ & 1
1+y 1+y
We inject these estimates into (5.3.38) to derive the preliminary bound :
1d b b4
E4+ O b H 5.3.40
2dt {)\6 o (‘[y bPﬂ } =72 / ug)’ /\8 [logh]? (5.3.40)
~ b(AZ)y « (b(AZ)y
+ /H,\ng,\H,\ (Asz> /H,\ (AQF’\> [ 2, s + A} < 2 ’w2>:|

with constants independent of M for |b| < b*(M) small enough. We now aim at estimating all
terms in the RHS of (5.3.40).

b
< E|1ogb|0b4.

<
2| X 16

step 4 Further use of dissipation.
Let us introduce the decomposition from (5.3.22), (5.3.23) :
F=Fo+F, Fo=—-b,—Mod(t), Fi1=L()— N(e).

The first term in the RHS of (5.3.40) is estimated after an integration by parts :

’/ﬁ,\’w3A,\H,\ (AQ ]:)\>

¢ 1/ -
= ¥ [”Hz‘FOHL“/aJF HAH}—IHQB} + 1/(H,\w3)2 (5.3.41)

. c
< )\SHA esll 2 | H2 Foll 12 + /ng F/|AH}]]2

for some universal constant C' > 0 independent of M. The last two terms in (5.3.40) can be
estimated in brute force from Cauchy Schwarz :

1 1

1 b(AZ) b /1+|logy|2 5\ 2 / €3 2
)| = N -l \H - =3
‘/ A<>\2ﬂ> B AS( 14yt s y*(1 + [logy|?)

1
b 1+ |logy|? 2
15 Ve </||\H}"]2 (5.3.42)

A

1+yt
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where constants are independent of M thanks to the estimate (5.5.13) for 3. Similarly :

[ (em) 4 ()|

1 1
b ([ 1+ [logy|” 2\’ / & :
< 2 [LElosul
~oN8 </ 1+ y? | | 1+ y4(1 + |logy|?)

< ;SC(M)\/&Z</W\AH.FOPJF/]AH}]P)é. (5.3.43)
We now claim the bounds :
/ 1 —il—Ll_oyg4yP|H}_|2 < |1ol§b|2 + IOZM’ (5.3.44)
/WMH%P <5 (Hozb\? + 54> , (5.3.45)
/\H2]-“0‘2 < b2 l\lOZ:bP + 10?7\/1 , (5.3.46)
/yAHﬂP < lloibP + ME‘A : (5.3.47)

with all < constants independent of M for |b| < b*(M) small enough, and where
§* =0"(b*(M)) =0 as b*(M)— 0.

Injecting these bounds together with (5.3.41), (5.3.42), (5.3.43) into (5.3.40) concludes the proof
of (5.3.33). We now turn to the proof of (5.3.44), (5.3.45), (5.3.46), (5.3.47).

step 5 éb terms.

The contribution of ®, terms to (5.3.44), (5.3.45), (5.3.46) is estimated from (5.2.62),
(5.2.63), (5.2.64) which are at the heart of the construction of @ and yield the desired bounds.

step 6 Mod(t) terms.

Recall the definition (5.2.60) of Mod(t) :
As ~ . -~
Mod(t) = — (A - b) AQy + (bs + b*) (T + 20T3).

For (5.3.44), we estimate using the rough bounds (5.2.46), (5.2.51) and the control of the
modulation parameters (5.3.28), (5.3.29) to estimate :

1 + |logyl?
144

As P [ 14 logy? L. 1+ |logyl? . - .
< 12240 /7111\ 24 b, 622/7HT 2bT3)|?
St T, [HAQp|” + [bs + b7 T |H (T + 20T3)|

A 2 bt &4
< |4 bs + b2 < .
~olA o +lb+ TS |logb|2+logM
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For (5.3.45), we use the cancellations HAQ = 0, AHT; = 0 and the rough bounds (5.2.46),
(5.2.51) to derive the degenerate bounds :

2
/ 1+ [logy|? AHAG? < / 1+ [logy[? |byllogy| + b2(1 + %) + b3(1 + °)
1+y2 ~ Jy<op 1492 1+y3
< v
2
1+ [logyl? S s 1+ [logy|? | ylogy 143
—— 29 JAH(Ty + bT: < / 1 b——31
/ 1+ y2 ‘ ( 1+ 2)’ ~ 1+ yg y3 B1<y<2B; + 1+ yg y<2B;

N

b
and thus from (5.3.28), (5.3.29) :

/ 1 + [logy|?

T |AH Mod|* < b

A 2
(/\s + b) + (bs + b?)?

4
<b b +i :
llogb|2 ~ logM

For (5.3.46), we estimate from the rough bounds (5.2.46), (5.2.51) :

Jiaaf s |

JE )
B1<y<2B;

The last term is more subtle and we claim :

2
bylogy + b*(1+¢°) +b* (1 +¢°) " _ 1

14yt

ylogy |* _

y4

/yHQTQP <1 (5.3.48)

which yields

/|H2Mod|2 <p?

(As+b>2+(b +0%)?] <b° (A
A B ~ 7 | |logb]?  |logM

and concludes the proof of (5.3.46). .
Proof of (5.3.48) : First by definition of 75 = x p, %, the rough bound (5.2.46) and (5.2.44) :

[T [ / +f P
B1<y<2B; y<2B;

We now compute from (5.2.41), (5.2.34) :

2
y3

y4

<1 +/ |HY,|?. (5.3.49)
y<2B;

2 2
y*|logy|
HYy, = HY,+ H(T, — ATy) +0 | 21220
2 b+ (1 1)—|— <1+y5>

y°|logy|?
= _CbX%AQ + dpyH[(1 = x38,)AQ] + H(TW — AT1) + O Tap

1 1 2|logy|?
= @) <1y<SBo> + H(TI — ATl) +0 (y‘ogy’>

[logb| 1+y 1+yP
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and observe using (5.2.54), the asymptotics (5.2.3) of AQ and the fundamental cancellation
(A+A2) (1) =0 that :

A 1
HT, — HAT, = HT; — <2HT1 +AHT, — ZT1> AQ +A%Q +0 ( yfﬂ)
Yy Yy
logy )
= 0 .
(1 + 43
We thus conclude :
1 1 logyl|*
/|H22’2N 2/ ~ _|_/ |Ogy’6 5
logb|* Jy<2my 1 +4° ~ Jy<am 1+
which together with (5.3.49) concludes the proof of (5.3.48).
step 7 Small linear term L(¢).
Let us rewrite from a Taylor expansion :
No(a
1) = =20 with No(@) = F(@+a) - @ =a [ @+ (5350

Near the origin y < 1, we use f”(0) = 0 and the estimate |&| < by near the origin by
construction to obtain the high order cancellation

No(a) < laly < by* (5.3.51)

which together with the bounds (5.5.22), (5.5.23), (5.5.24) easily yields :

1+ |1
/ L llosyl® 12+/ AHL(E)? < .
y<t  1+y?

For y > 1, we use f”(m) = 0 and the bounds (5.2.45), (5.2.50) to derive the bound :
M@ 5 Jal {5 +1al] < [phosyl+ y2llogy?] 1<,
< bllogh|“1y<op,. (5.3.52)

A brute force computation taking further derivatives and using (5.5.17) now yields the control :

1+ \logyP 2 2 C |8i5’2
AHL52+/ —— =2 |HL(e)|* < b?*|logb / Y3 =L
/@1' OF + [ A IR S #lol® [ wiy i

< b2logh|CEy < b6*E,.

This concludes the proof of (5.3.44), (5.3.47) for L(e) terms.

step 8 Nonlinear term N (g).
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Let us now treat the nonlinear term (5.3.25). We split the contribution at the origin and far
out and claim :

vy <1, [AHN(e)(y)| £ C(M)b*[logy|", (5.3.53)
b6
/y AN £ C0M) s, (5.3.54)

which implies (5.3.47) for N(e). The estimate (5.3.44) follows along similar lines and is in fact
simpler and left to the reader.

Proof of (5.3.53) : We need to treat the possible singularity at the origin. For this, let us rewrite
by Taylor expansion :

1

N(e) = 22Np(e) with z ==, No(e) = / (1= ) f"(Qy + 7¢)dr,
Yy 0

and thus :
H(N(g)) = —No(2)A(2%) — 220,20, No(e) + 22 H(No(2)),

AHN(e) = —A(No(e)A(2%) + No(e)0,A(2?) — 2A(20,2)0y(No(e))  (5.3.55)
+ 220,20yy(No(2)) + 22AH(Ny(g)) — 220,2H(No(¢)).

We now use the Hardy bounds (5.5.22), (5.5.23), (5.5.24) and the degeneracy |Z—1|+|V —1| < y?
for y <1 to estimate for 0 <y < 1:

|Oyye| = ’_H5 + /;8 + 1_Z;_2V_15 IS b2y|logy|,
2= 5| 5 0%
|0y 2| = ’—/;E + Zy_Z Le| < By flogyl.
el = [ Az = 2= v 0, (T )| < witomul,

247 247 1+7 H
00zl = |9, (*) Ae v 21 <H£—+Ae>+8

y? y? y y?
1 A Z-1
- - <—AH5 + Hs) + Oyy (25>
y y Yy
2
< b*[logy|

Y

with constants depending on M. We now estimate using f(%)(0) =0 : for 0 < y < 1,

[No(e)l S 9,

0,0 = | [ (1= 710,(@y +72)19(@y + re)ar| <1,
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0yyNo(e)| = /O 1(1 —7) {ayy((gb + 1) f( Qo+ ) + (9y(Q + m))2 FOQ+ TE)} dr

< yllogyl?

We need to exploit further cancellations for ANy(e) and this requires pushing the Taylor ex-
pansion :

No(e) = 37(@u) +eNafe), Mile) = [ 1 / (1= 0)r(1 = 1) fO(Qy + ore)dodr

By construction, @, is a smooth function at the origin and admits a Taylor expansion

Qp = c1(b)y + c2(b)y” + O(y°) with e (), e2(b)] 1

and hence : . . .
[ A" (Qu)| + [H Qo) + [AH(f"(Qu))] S 1.
We therefore estimate arguing like for Ny(e) :

[A(eN1(e)] = |AeN1(e) — 0, (N1(e))| < y*[logyl,

[H(eN: (2))] = [N1(e) He — 20,20,N1(€) — £0,, N1 ()] S yllogy[.

|AH(eN1(e))| = |Ni(e)AHe — (He)OyNi(e) — 2(Adye)0yNi(e) + 20ye0yy N1 (€)
—  AedyyNi(e) + €0yyyN1(€)|
< llogy|*

Injecting the collection of above estimates into (5.3.55) now yields (5.3.53).
Proof of (5.3.54) : For y > 1, we estimate from (5.5.25), (5.5.26) :

z 3
||Z||L°°(y21) < b|10gb|c7 ||ayz||L°°(y21) + ||§HL°©(y21) S b2 |10gb’C~
The construction of Q yields the bounds for y > 1 :

~ 1
0,@s] 5 lozbl” (=5 + by0m, )
- 1 b 1 3
10yy Qo] < llogb|® <y3 + ylyS2B1) < [logb|® <y3 + bz) ’

~ 1 b 1
00 Qo) S 108H (7 + 5 1y<am, ) < logbl (7 +1°)
which together with (5.5.25), (5.5.26), (5.5.27) yields the pointwise bounds :

[No(e)] S 1, (5.3.56)

1 1
0,M0(2)| < oghl” (5 + -+ 10,ell(s21) ) 5 oghl” (5 +1) (5.8.57)
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1 3 1 3
00 No(e)| S o8h” |5 +6% + 10ellgyo) | S oghl” |5+ 3] (5.3.58)
1 1
10,0 No(&)] < [logb|C [94 4 ||ayyyg||Lw(y21)} < [logb|® [314 + b2] | (5.3.59)
We now compute :
H(N(g)) = No(e)H(2%) — 220,20, No(e) — 22 A(No(e)), (5.3.60)

AHN(e) = No(e)AH (%) — 9y No(e)H(2?) — 2A(20,2)0,(No(€))
+ 220,20,,(No(€)) — A(z*)A(No(e)) + 229, A(No(e)),

and hence using the L? weighted bounds (5.5.17), (5.5.18), (5.5.19) and the L® bounds (5.5.25),
(5.5.26) :

2
INo(AH()P < 19,202 + |20, A2]2 + 10,20, + 227
y>1 y>1 Y

R N P TO
y? Y y

N

b5 |logb|“,

1 4
/ |8yNo(€)H(z2)|2 < / (2 + 62\10gb|c> |22 Az* + |8yzl4 + —’ZL < b5|logh|“,
y>1 y>1 \Y Yy

2 < 1 2 c 2 2 4, 2Pyl
A(20,2)0,No(2)? < / =+ 0¥logb|C ) [ 12218,y 2[? + 0,2+ +
y>1 \Y Y

< b5logh|,

~

—

>1

1
[ 19,20, Nl S loghl® [ |2PI0,e1? | + 8] < ellogtlC,
y>1 y>1 Y

4
z
/ \A(zz)ANo(e)IQ,S!logb\C/ [1212@,2]24-‘2
y>1 y

y>1

1
[yG + bﬂ < b%[logd|,

1
[ 20,8 < fogl® [ el |+ 5] < 8t
y=>1 y=1 Y

This concludes the proof of (5.3.54).
This concludes the proof of (5.3.44), (5.3.45), (5.3.46), (5.3.47) and thus of Proposition 5.3.4.

5.4 Sharp description of the singularity formation

In this section, we start with completing the proof of the bootstrap Proposition 5.3.1. Theo-
rem 5.1.1 will then easily follow.
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5.4.1 Closing the bootstrap

We are now in position to close the boostrap bounds of Proposition 5.3.1.
Proof of Proposition 5.3.1
step 1 Energy bound.

First observe that (5.3.16) and the modulation equation (5.3.29) ensure for M large en-
ough?! :
bs <0

and the upper bound in (5.3.17) follows. We now claim :
b(t) >0 on [0,77).

Indeed, from (5.3.30), if b(tp) = 0 for some ¢y € [0,77), then b(t) = 0 on some [ty — d,to] and
thus from (5.3.30), (5.3.16), A(t) = A(to) and u(t) = Qx,) on [to — J,t0]. We can thus iterate
on 6 > 0 and conclude that «(0) is initially a harmonic map, a contradiction. This concludes
the proof of (5.3.17).

We now prove (5.3.19) which follows from the conservation of energy. Indeed, let

E=¢c+a,

then

Ey = /\8y(Q+5)12+/92(Qm (5.4.1)
— B(Q)+ (He,e) + / 2(Q+2) - 2/(Q) ~ Q2]

We now recall from Lemma 5.5.2 and Lemma 5.5.3 the coercivity properties :

(He,e) > V\ay 24 /' '21
(HE,2) > [/|a~|2+/|’2

The nonlinear term is estimated from a Taylor expansion :

<[ </,a oy /\e|2>3

+ O(C(M)b?).

\/ 2(Q +2) - 2f(Q) - Q]

where we used the Sobolev bound

. -
1170 < 19yl 2

21. recall that K in the bootstrap bounds is large but independent of M.
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We inject these bounds into the conservation of energy (5.4.1) and use the bound on the profile
i ";22 < bllogh|

and (5.3.12), (5.3.17) to estimate :

/lay&?\?—i-/‘j; < /|ay512+/’jf 1 bllogh|C < C(M) |Eo — E(Q)| + O(C(M)b)
< C(M)b(0) < 1/b(0)
for |b(0)| < b*(M) small enough, and (5.3.19) is proved.
step 2 Control of &;.

We now close the bootstrap bound (5.3.20) which follows by reintegrating the Lyapounov
monotonicity (5.3.33) in the regime governed by the modulation equations (5.3.28), (5.3.29).
Indeed, inject the bootstrap bound (5.3.16) into the monotonicity formula (5.3.33) and integrate
in time; this yields : V¢ € [0,T}),

O b4(0 bA(t
Ei(t) < 2 ()\((O))> l84(0)+0\/b(0) “Ogb(([)))’?] + ylogb((t))|2 (5.4.2)
tp b
0 ﬁﬂogb\?dT

+ C[1+IO§M+\/E]A%)

for some universal constant C' > 0 independent of M.
Let us now consider two constants

Cl CQ
—92_ —oq 2 5.4.3
“ Vool 272t Jlogit (5:4.3)

for some large enough universal constants C1, Co. We compute using the modulation equations
(5.3.28), (5.3.29) and the bootstrap bound (5.3.16) :

d { |logb|aib} _ |logb|* [(1 o )b B )\sb]
ds A B A llogh|/ ° A
[logb|* ( o ) 9 b
= 1-— bs + b+ O
A [logb| o [logb|

o’ |10gb\°‘i { 9 ( le% ( 1 ))}
= 1— bs +0° (1
( |logb|> A + + llogb| +0 llogb|?
{ <0 for 1=1

>0 for ¢=2.

Integrating this from 0 to ¢ yields :

b(0) ([logb(0||\** _ b(t) _ b(0) ([logb(0]|\**
A0) <|10gb(t)|> = A(t) = A(0) <|logb(t)|> : (5.4.4)
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This yields in particular using the initial bound (5.3.12) and the bound (5.3.17) :

)\(t) 0 o & b4(t)
<A(0)> £4(0) < (b(t)[logb(t)[**)° T (O)|logg(0)\a2)6 < g (5.4.5)
(t) (0) b(t)[logb(t)|* 0)
( A0 ) \/7|logb(0 s (b(O )|logh(0) ]a2> \/7|logb 0)]
< cwn < o (5.6

[logb(t)[*

We now compute explicitly using b = —A\; + O (|logb\) from (5.3.28) :

t 4 4 t t 3
AL AP (RS N G (4+ : )m
0 A8 |logb|? 6 | \6|logbl|? , 6o A6logb|? [logb|
tp b5
0] ——=d
* < o X8 logb? T)

which implies using now |bs + b? from (5.3.29) and (5.3.16) :

| S e

th o bt 1 b4(t)
®) 0 A8 |logd|? 7~ { O <|10gb0|>} |logb(t)|?

Injecting this together with (5.4.5), (5.4.6) into (5.4.2) yields

Galt) + \ﬁ}

&) = O { lo i3

for some universal constant C' > 0 independent of K and M, and thus (5.3.20) follows for K
large enough independent of M.

step 3 Control of &;.

We now close the H? bound (5.3.19). This bound is used mostly in the proof of the interpo-
lation estimates of Lemma 5.5.4, and there the power the log is (5.3.19) is irrelevant. It becomes
on the contrary critical in the proof of the regularity (5.1.14) and this requires being careful
with logarithmic growth. For this reason, the profile Qy localized near By given by (5.2.8) is
better adapted to the & control.

Let then the radiation ¢, given by (5.2.73) and the new decomposition of the flow :

u=(Qp+e)r=(Qp+8)y iec é=c+¢ (5.4.7)
and the renormalization
w(t,r) = (s, y)-
The equation for w is similarly like (5.3.27) :

Oy + Hyth = vﬁ F =W, — Mod + L(&) — N(8), (5.4.8)
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/ 1A R A A\ AN agpl
QT ey - HQt )~ FQ) — (@)
Yy Yy
We then let
which satisfies from (5.4.8) :

A%

Opidy + Hyibg = ; 22 + Hy ()\2-7'3\)

We therefore compute the energy identity :
0 V
2 VA
= 4.
e {/|w2| } [ [ Hyioy + 222+ H) ()\2]-",\” (5.4.9)
AV . ~

~ [1AxiaP + 5 [b\@up +(6x 1)

—¢
y?

and aim at estimating all terms in the above RHS. The local term is estimated using the

decomposition (5.4.7), the estimate (5.2.75) and Lemma 5.5.4 :

N

AV A&
——¢ <b4lob0+ < b*logb|C. 5.4.10
J 15| <voml® + [ 15 < bo (5.4.10)
‘We now claim the bound : R
(62, HF)| < b3|logb|?. (5.4.11)

Asssume (5.4.11), we then obtain from (5.4.9), (5.4.10) the pointwise bound :

{/| } b3|logb|2
dt ~Y )

which we integrate using also (5.2.75)

&(t) = NOllwa(t)72 S IHGMF2 + 2 @)]lda0)]I72 (54.12)
AE)\? t b3[logh|?
S oloss) + ({57 ) [E:0)+ BOozb()2] + 220 [ e

From (5.3.12), (5.4.4) :

2 10 2
(6(0))'? + b*(0)[logb(0)* 2
22 1E£2(0) + b2(0)|logh(0) 2] < b2 (t)[lo a2
(30 [0+ POz )] 0 oabo) ez (Dlogb(t)
b*(t)logb(1)| "+5,
We now use the bound bs; < —b? and (5.4.4) to estimate :
t b3|logb|? t —b;b|logb|?
2 2T g < A2 i =t N
20 [ iy i S oyl e
A\ o 2 ! —by
< — 7 a1 [
s () POmesOR [ or—ar

A1) 1
s () POISOP foms

logb(0)|3 1
o S P0llogb(0)] .

VAN

< U(t)[logb(t)**
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Injecting these bounds into (5.4.12) yields :
Ea(t) < 0°(1) logb(1)|
and concludes the proof of (5.3.19).

Proof of (5.4.11) : We estimate the contribution of each term in (5.4.11) coming from the
decomposition (5.4.8). First observe from the interpolation bound (5.5.17) and (5.2.75) :

2
12 < B b2/ el /H 2
/y§2Bo 2" 5 Bollogh (1 +y*)[logy|? G

< C(M)Y? + b*{logh|* < b*[logbl?. (5.4.13)

The ¥} term is now estimated using (5.2.77) and (5.4.13) :

1
(€2, HUp)| < [[HWsl[z2llé2llp2(y<2B0) S <b4!10gb\2b2|10gb|2)2 < b?[logb|*.

~

We next estimate from (5.2.31), (5.2.45) :

JHtiEs [ QR+
y<2B,

/|HT2|2 5/
y<2Bo

and thus from (5.2.74), (5.3.28), (5.3.29) :

1 2
Ogy\ < JlogbP?,
)

Bo<y<2By
2
< 1 ,
~ b2|logb|

y
ybllogh|

Ao
A
4

< LA
™~ |logb|?

2
/ \HMod(t)? < b / [HAQY + b + b2 / (T4 + bTy) 2

llogb|* < b*[logh|*.
Moreover, Supp(Hm) C [0,2By] and thus with (5.4.13) :
(&2, HMod)| < <b4|logb]2b2|logb|2)% < b3|logb|.
We now turn to the control of the small linear term L(¢) which we rewrite as for (5.3.50) :
Nz(f‘)é with No(&) = f/(Q + &) — / (@ + ra)dr

Near the origin y < 1, £ = ¢ and the high order vanishing (5.3.51) and the bounds (5.5.22),
(5.5.23), (5.5.24) easily yield :

L&) =-

| HLEE S,
y<1

For y > 1, we estimate like for (5.3.52) :

|No(a)| < bllogh|“1y<ap,,
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and then a brute force computation and (5.2.75) yield the control :

dLél?
9 b?[logh|“b*|logh|© < .

Hﬁé2<b2lobc/ »2 :
[ L s vhoght® [ 5 gty <

<2B

We also estimate from (5.2.75) and the bootstrap bound (5.3.15) :

122172 < b*[logb|“ (5.4.14)

~

and thus )
(62, HL(#))| < (1?]logd|“b%)* < b¥|logh*

It remains to estimate the nonlinear term. Near the origin, we argue like for the proof of (5.3.53)
to derive :
vy <1, [H(N())| = [H(N(e))| S b*[logh|,

this is left to the reader. For y > 1, we introduce the decomposition :

1

. No(8) = /0 (1= 1) 1"(Qy + ré)dr,

A

N(é) = 22No(é) with 2=

S ON

and recall the formula (5.3.60) :

A

H(N(g)) = No(&)H (5?) — 220,20, No(8) — 22A(No(2)).

The estimates (5.3.56), (5.3.57), (5.3.58), (5.3.59) still hold from direct check for Ny(&), and we
estimate with Lemma 5.5.4 and (5.2.76) :

24
N z
[ m@HErR s [ [msr%maﬁ]
y>1 y>1 Y
A 112 7 A2
€ N2 2 |8y5|
< — - Yy
~ [y Lw(yzl)+‘|ay€||L°°(y21) =0 ) 1426

< b2[logh|“b?|logh|C < b°|logh|C.
e

2 1
Jon gt 7
YllLee(y>1) Jy=1 LY

< b?[logh|“b3|logh| < b°|logh|“,

2 L a1 1EP _ s c
/ [6+b]2§b|logb| .
Lo(y>1) Jy>1 LY Y

| 0,20,800)F < flogl®
Y=

|0, . 11
y? yt

é
Y

J12A@E)E S oghl”
We thus conclude using (5.4.14) :
1
(62, HN (£))] < (b[logh|b) * < b*[logb|?.

This concludes the proof of (5.4.11).
This concludes the proof of the Proposition 5.3.1.
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5.4.2 Proof of Theorem 5.1.1

We are now in position to conclude the proof of Theorem 5.1.1. The proof relies on the
reintegration of the modulation equations as in [69], [71], [72], we sketch the argument for the
sake of completeness.

step 1 Finite time blow up.

Let T' < 400 be the life time of the full map v given by (5.3.2), then the estimates of
Proposition 5.3.1 hold on [0,T). From (5.3.30), (5.4.4),

d 1 b

and thus A touches zero at some finite time Tp < +o00. Using (5.4.27), (5.4.28), it is easily seen
that the estimates of Proposition 5.3.1 and the bootstrap bounds of Proposition (5.5.4) imply :

vt €[0,Tp), [[Av(t)]r2 S C(t) < 400
and thus from the blow up criterion (5.3.1) :
To=T < +o0.
Observe then from (5.4.4) that this implies
A(T) = b(T) = 0. (5.4.15)

Moreover, we obtain from (5.3.28) and the estimates of Proposition 5.3.1 the rough bound :

As
M| = =] <1 and thus A(t) S VT —t,

and hence from (5.3.21) :
s(t) —» +o0 as t — T. (5.4.16)

step 2 Derivation of the sharp blow up speed.

We now slightly refine our control of b through a logarithmic gain in the modulation equation
(5.3.29). We commute (5.3.22) with H and take the inner product with xp,AQ to derive :

d As

S {(He b, AQ)} — (He, 0,x5,AQ) + 3 (xm,AQ, HAS) + (H%, x5,AQ)

= (H[-%+L(e) - N(e) - Mod| , x5,AQ) (5.4.17)
We now estimate all terms in the above identity. First, for § small enough, we estimate in brute

force :

b

Al b?
(H12, 0,5, AQ)| + |5 (X AQ, HAS) + | (HIL() = N(&)) xmAQ) S e VE S s
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We then estimate the linear term :

b2
H?e, x5, AQ)| < VEiy/|logh| < .

The leading order ®, term is computed from (5.2.57), (5.2.67) :

- b3 b2
(—H®y, x5, V) = —b*(HSp, x5, V) + O <b05> = b’ (AQ, xB;AQ) + O <llogb]2> :
Finally, we compute the modulation term from (5.2.60) :
As . o
(~HMod, x,AQ) = (A + b) (HAQy, x5,AQ) — (bs + V) (H(Ty + 26T5), x5,AQ)

2 b b2
(b + 1) (AQ, x5,AQ) + O <WM> |

We thus inject the collection of above estimates into (5.4.17) and derive the modulation equa-
tion :

2
(b, + 1)(AQ, x3,AQ) = - {(He, x,AQ)} — b (AQ, x5,AQ) + O <b>
|logb|

which we rewrite using (5.2.32) and an integration by parts in time :

i o (H€7 XB(SAQ) 2 2
- {b A0\ h0) } +b (1 + |logb’) (5.4.18)

b2
= 0 <|1 b]3> + (He, xB;AQ)
ogb|?2

(AQ, 9sxB;AQ)
(AQ, xB,AQ)?*

We now estimate :

(AQ7 8SXB5AQ)
(AQ, xB,AQ)?

< Velbs| o 0

‘(HE, XB(;AQ) ; bC(;a

(He,xB,;AQ>| _VE P

(AQ. xB,AQ) |~ b ~
We inject these bounds into (5.4.18) and conclude that the quantity
7 <H€7 XB&AQ) b2
b=b——7"—"—"L=04+0|7—> 5.4.19
(AQ, xB;AQ) |logb|? ( )

satisfies the pointwise differential control :

- ) h2
b3+b2<1—|— ~>|,§ b~3'
|logb| |logb|2
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55
b (1+ 2~)+1 <|logb|>

[logb|

Equivalently,

We now integrate this in time using lim, s oo b(s) = 0 from (5.4.15), (5.4.16), (5.4.19) and get :

- 1 2
b(s) =—— >
S slogs s|logs|

and thus from (5.4.19) :

1 2
b(s) = - — (5.4.20)
s slogs s|log3]

We now inject the modulation equation (5.3.2) and conclude :

AL 2
A s slogs s|log5]

d sA(s) 1
(g )| <
ds (logs)? s|logs|%

and thus integrating in time yields the existence of x(u) > 0 such that :

sA(s) 1 1
o= [+ ()|

Taking the log yields the bound

[logA| = |logs| [1 +0 <|loglogs|)]

We rewrite this as

logs
and thus
L = ) s (14 0(1)
S = filu Tog 2 o(1)).
Injecting this into (5.4.20) yields :
= =2 2 L o1) = k)2 (14 0(1)) (5.4.21)
TN TS — 7 logA 2 h

and thus
—[log\|? X\ = &(u)(1 + o(1)).

Integrating from t to T with A(T") = 0 yields

A(t) = ri(u) T‘tpu+dm,

log(T" —t)
and (5.1.13) is proved. This also implies using (5.3.30) :

b(t) = ”2(“)|10g(TT_jt)|4 [+ o(1)]. (5.4.2)
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In particular :

b “’“OSZ)‘Q@ +o(1)). (5.4.23)

step 3 H? bound.

We now turn to the proof of (5.1.12), (5.1.14). Let v(t,z) be the map associated to u(t,r),
explicitly :
g(u(t,r)cosb
v(t,x) = | g(u(t,r))sinb

z(u(t,r)
and Q be given by (5.1.11). Let then
B(t,z) = v(t,z) — O (A?t)) , (5.4.24)
and correspondingly
- r ~
a(t,r) =u(t,r) — Q (A(t)) = (@ +¢)y\y- (5.4.25)
We claim the bound :
vVt e [0,T), ||Av(t,z)|r2 < C(vp). (5.4.26)

Indeed, let the normal vector to the revolution surface M at v be given by
—2'(u) cos
n=| —2(u)siné
g'(u)
and compute the Laplace operator :

Av =[Av — (Av-n)n] + (Av-n)n

with explicitly :

Fw) g'(u) cos @

Av— (Av-n)n = (Au -3 > g (u)sing | (5.4.27)
2 (u)

[(0,u)29" () — LG cos

Av-nn = | [(9u)2g" (u) — LG ging (5.4.28)
(aru)22’//(u) _ Z(u)(Z;(U))2
we now claim :

/ 1A% — (Ad-1)nf? < Clu), (5.4.29)

[185-0p 5 Cw). (5.4.30)
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which implies (5.4.26).
Proof of (5.4.29) : We inject the decomposition (5.4.25) and estimate :

/]Av— (A% -n)nf? = /‘A (x
T

~ _ 2
:;/‘A(d+8)_f<c2+a;e> /(@)

_ alt + e alb + el
< = [/ HeP + [1a + [ 1 QP 4 I (5.4.31)
We compute from the definition of & and (5.4.23) :
v 2
Jirar s [ Avltogy]+ b5l S blloghf? < 0%,
y<2B bll o]
af* +Jal° v |
/74 < / bylogy| + b3 < b [logh|¢ < A%
y y<2; Yt bll ol
Observe now from (5.4.12), (5.1.13), (5.4.22) the bound :
T b3 (7)|logb(7)|?
[ 1P = £00) £ Clu)2() [1 + [P | < o
where we used from (5.1.13), (5.4.22) again :
T3 (r )\logb
_— d .
/0 )\4 N/ —T|10g )| T < +00
We now estimate using (5.5.24) :
4
[ 1r@PEr s s v,
y<1 Y
and using |f"(Q)] < 1+y2, (5.5.26) and the energy bound :
4 2 2
L@t |5 [ sinosic s
y>1 y! y? Lo (y>1)
Injecting these bounds into (5.4.31) yields (5.4.29).
Proof of (5.4.30) : We first claim :
[l @@ - @ @f 1. (5.4.32)

Indeed, we estimate :

(029" () = (B,Q:)0" Q)] S 10w (9" (w) = ¢ Q)] + |g" (@) 18ruf* — 19, Qx ]
S Ll [10:Qa + 10| + 19" Q)] |10, Qa0 + |9y’
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and thus after rescaling using Lemma 5.5.4 :

2 A% + Jef? ~ )
)\2/’(8ru)29”(u) — (arQ,\)Qg"(QA)’ §/M+/|ay(a+5)’4|a+€2
1 3 ) 1 i
+ /W|8y(a+5)|2 + Hay(a‘l‘g)H%oo /Hy2|3y(a+s)]2

S 0+ [0, + 0,e) (P + 1<)

We estimate :
[10,01'16 S b ogh®. [ 10,2161 S 10,1l S bloghlC.
‘2

aa452<b4lob0/ 52<b410b038/’5<b4lobc,
J 10l < 0ogtl [ e £ 61owb O BY [ e o b log

and using a two dimensional Gagliardo Nirenberg inequality for the radial function dye :
/I&yél‘llﬁl2 SO+ llel e 10yyelTalldpelFe S 08+ & S A% (5.4.33)

which concludes the proof of (5.4.32).
We now claim :

9(uw)('())* — g(Q\)(='(Qx))?

r2

g(u)(#'(0))* — 9(Qx)(='(Qx))?

r2

2
<1 (5.4.34)

Indeed,

< QP+ la[+g(Qn)

S i

and then from 2/(0) = 2/(7) =0 :

[Z(@I* +19(@QF | / 6> + 16 _ s o0 < g2
+el2< [ BT < p3jloghlC < A2,

~12 4
/'“L & +elt < b3ylogb\0+/ lel
Y y=1 Y

b3\logb|c+/ [14c]* + 18,¢1*] < b3|logb|C+)\2+/\V(As)]Q/]Ae\Z

N

< >\2+/|A*Aa|2 <32
where we used (5.4.33), and (5.4.34) follows by rescaling. We estimate along the same lines :

2w (w)? = 2(Qa)(Z(@))?

r2

2
<1

i

/ ‘(am?z"(u) — (@)

this is left to the reader. This concludes the proof of (5.4.30)
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step 3 Quantization of the focused energy.

We now turn to the proof of (5.1.12), (5.1.14) and adapt the strategy in [70]. The regularity
of v(t, ) outside the origin is a standard consequence of parabolic regularity and the fact that in
corotational symmetry the nonlinearity is singular at the origin only. Hence there exists v* € H!
such that

VR >0, Vu(t)— Vv* in L*(jz| > R) as t — T.

Moreover, v is H'! bounded by conservation of energy, and thus recalling the decomposition
(5.4.24) and the uniform bound (5.4.26) :

Vi(t) — Vo* in L? and Av* € L?

which concludes the proof of (5.1.12), (5.1.14). This concludes the proof of Theorem 5.1.1.

5.5 Appendix

5.5.1 Regularity in corotational symmetry

We detail in this appendix the regularity of H! N H* maps with 1-corotational symmetry.
Lemme 5.5.1 (Regularity in corotational symmetry). Let v be a 1-corotational map with
Vo= VOl <1 and ||v] g <400, 2<i<A4. (5.5.1)

Then v admits a representation

9(u(y)) cost
v(z) =| g(u(y))sind  where u(y) =Q(y) +<(y) (5.5.2)
z(u(y))
satisfies the boundary conditions
e(0) =0, ygrfoos(y) =0, (5.5.3)
the Sobolev bounds ,
2;1:1/|ag>e|2 +/|;|2 < 400 (5.5.4)

and the regularity at the origin :

Hel? AHe|? D3¢e|?
/|H2€|2—|—/ ’ 8| /’ 6| /|8 AH€ ’2 / - | y5| 5
4(1 + |logy])? y%(1 + |logyl)

N / |92¢]? +/ |0,e” +/ le|?
1 + |logy])? y2(1 4 [logy|)? y4(1 + [logy])?

< +oo. (5.5.5)
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Proof of Lemma 5.5.1
step 1 H', H? bound.

From (5.5.2),

/|Vv\2 = 277/ llﬁyu|2 + g2y(2u)]

and thus the structure of g, the Sobolev embedding in radial symmetry
2 <18 v 5.5.6
ullze <l yu||L2||y 2 (5.5.6)

and the smallness (5.5.1) ensure :

lime(y) = lim e(y) =0.

The energy bound

2
g
/\aya|2 + |y’2 < 400 (5.5.7)

easily follows. Moreover, the energy density

2
e(y) = |010]% + |9ov]? = 2 [\ayuﬁ T gy(zu)]

is bounded near the origin from the regularity v € H* N H* which implies

|0yu| + \U(yy)\ <1 for y<1. (5.5.8)

We now recall (5.4.27) which implies using the H? boundedness of v :

Jity

Using (5.5.7), (5.5.8) and the structure of f, we conclude :

2
< +o0.

/|Hu|2 < +o00.
step 2 H* bound.

We now recall (5.4.27), (5.4.28) which we rewrite :

cos 6
Av = He| sinf + F(e) (5.5.9)
0
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with :
u (¢'(u) — 1) cos _ _ / cosd
Fle) = (Au_f<2>> (gé(l;)_l)smg RICEDENI() ZJ; @+ @ -1e| o
2 (u 0
[(aru)Qg”(u) _ 9E@?T g
+ [(&U)Qg”(u)f9(1‘)(:2(@)2 sinf ,

We then compute VAv, A%y and use the odd parity of f,g and the cancellation at the origin
(5.5.8) to conclude after a brute force computation :

2 |Hel|? 2.2
/|8yH5\ +/ 7 + / |H?e|* < 400. (5.5.10)
The Sobolev bound (5.5.4) away from the origin now easily follows :
Ele/ |8:£i)s|2 < 400.
y>1
step 3 Regularity at the origin.

We claim that (5.5.10) also implies the regularity (5.5.5) at the origin. Indeed, we estimate
from (5.5.6) and the two dimensional Hardy inequality with logarithmic loss :

/ |0, He|* N |He|?
y<t | y2(1+ [logyl?)  y*(1 4+ [logy/|?)

A 2
1+/ [VAY| +/\A%\2+/ VA2
2(1 + |logy|?) 1<y<2

S 1 (5.5.11)

AN

We similarly compute from (5.4.27) after an explicit computation :

2
/ AHE <1y / ’18981 (Av — (Av-n)n)
<1 Yy r

2
< +00.

We now observe from

9y (log(Ag)) = —
that for any function h :
1+7 1
A*h = 8h+7h——8 Aoh),

and thus using the a priori bound (5.5.8) :

Acly) = — o / ! FAG(r)He(r)dr

yAo(y) Jo
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We then estimate from Cauchy Schwarz and Fubbini :

/ Ldy </ / y—5\H5(T)]2dydT
y<1 Y2 (14 [logyl?) ™ ~ Jo<y<i Jo<r<y %7 (1 + |logyl?)

dy |He(r)]?
He 2 [/ } d </ — 2 d
Joo P [ i o) S w5 e
S L (5.5.12)

N

We now rewrite near the origin :

—1 A -1 1-7
Vy2 €= 82 —i—i—k(v )t( )5

Y Y
which implies using (5.5.11), (5.5.12), (5.5.8) :

1
He = —855 + - (—8y€ + 5) +
Y Y

/ |92 / |He|? +/ | Ael? +/ le|?
y<t YL+ logyl?) ~ Jy<i yA(1+ logy?)  Jy<1 yS(1 + [logy?)  Jy<1 y*(1 + [logy[?)
< 1,

_ |9yHel* Hel? / \H€]2
y2(1 + [logyl?) — Jy<1 y*(1 + [logy|?)
2(

La
/ 0P / N

<1 92(1+[logy?) * Jy<1 y*(1 + [logy[?)
1

This concludes the proof of Lemma 5.5.1.

/ |0e]?
y<1 y2(1 + [logy|?)

S

5.5.2 Coercivity bounds and interpolation estimates

We recall in this section the coercivity bounds we use involving the operators H, H and
their iterate. Let us start with the coercivity of H :

Lemme 5.5.2 (Coericivity of H). Let e3 with
2
€
/ 7‘ 32| < +o00,
Y

then
54 = (FI&g,Eg) = ||A*€3H%2 Z Co

2 les]?
J o+ [ ey |1Ogy|2)] (5.5.13)

for some universal constant cog > 0.

Proof of Lemma 5.5.2. The proof is immediate in the case of S? target thanks to the sign

4>0

V=
L+y? —

which yields (5.5.13) from standard two dimensional weigthed Hardy inequality -see [72] for
more details-. For a general g however, this sign property is lost and the proof relies on a
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standard compactness argument and the explicit knowledge of the kernel of A*.
We first claim the subcoercivity property :

(Hes,e3) > co /\3y53!2+/ ‘632’2+/ 3 & 5 +/ 3 sl 3
y<1i Y y>1 Y2 (1+9?) y?(1 + [logyl?)

17 el
1+yt

(5.5.14)

for some universal constant ¢y > 0. Indeed, we estimate near the origin using the expansion

(5.2.16) :
¥ 2
€3 1
[l zaf Bt
<1Y y<1 Y Co Jy<i

For y > 1, the logarithmic Hardy bound

|e3]? / 2 / 2
Vv
/ 2(1 + |logyl?) Veal™ + 1<y<2 |

and the degeracy from (5.2.16) |V (y)| < S L vyield (5.5.14).

We now prove (5.5.13) and argue by contradlctlon. Let a sequence sgn) with

()2 2
N 1
9 clm)2 / les | / L:L el ey < = 5.5.15
/| O vl Mo v (e &) < (5.5.15)

(n)

then the sequence €5 is bounded in H, lloc and thus weakly converges to €3 up to a subsequence.
Moreoever, (5.5.14),
R
Lyt ™
and thus by lower semi continuity of norms and the compactness of the Sobolev embedding
H' < L?

loc:
8*‘2 |€*’2 ‘€*|2
Oy ek|? / €3 / S | — 3 >00>0 5.5.16
Jlowst = [ S+ [ g = iR (5:5.16)

(Hes,e5) = [[A"e5]72 < 0.

Co>0

and

Hence

c
Afes =0 ie e3=

yAQ
which contradicts the boundary condition at the origin imposed by (5.5.16). This concludes the
proof of (5.5.13) and Lemma 5.5.2.

We now claim the following coercivity properties for H, H? which rely on a similar compact-
ness argument and the explicit knowledge of the kernel of H, H?. The proof is given in [88], [72]
in the case g(u) = sinu, but the same argument applies under our assumptions on g, the key
being the behaviour at the origin and infinity (5.2.14), (5.2.15), (5.2.16). The proof is therefore
left to the reader :
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Lemme 5.5.3 (Coercivity of H, H%). Let M > 0 and ¢ radially symmetric satisfying (5.5.3),
(5.5.4), (5.5.5) and the orthogonality conditions

(2, ®rr) = (6, HOyr) = 0

Then there exists C(M) > 0 such that the following bounds hold :

(Heye) = [ 4ef = caa) | [(aysf * ;] ,

(0ye)* e
Juner = c0n [ | e + s o)

Hel? |0y Hel? Oyel’
H%)? > OM / | b +/y—
/( A L/‘(1+ llogy[)? ~ y*(1 + [logy|)? y*(1 + [logyl)?

|02e|? / |0,e|? +/‘ le|2
y4(1 + [logyl)? y2(1 4+ y*)(1 + [logy|)? y(1+y*) (1 + [logy|)?

We now recall the interpolation bounds on e needed all along the proof of Proposition
5.3.1 which are a direct consequence of two dimensional weighted Hardy estimates and the
coercivity bounds of Lemma 5.5.3. These bounds which hold in the setting of the bootstrap
bounds (5.3.13), (5.3.14), (5.3.15), (5.3.16) were explicitly derived in [72] to which we refer for
a proof.

Lemme 5.5.4 (Interpolation estimates). There holds -with constants a priori depending on

M- :
2 81'52
/ i 4|€! i +/ . 6_’29‘ . (5.5.17)
y*(1 +y*) (1 + [logy[?) y?(1 +yo2)(1 + [logy[?)
g 547 1 S ? S 37
1 + logy|© | 12 < 1A Cy(C -
_ 19| < bt[logh|C (@), 0<i<3, 5.5.18
Jon T g (L gy il S Vot 0= (5:5.18)
1 + [logy|® i 12 < 13 ci(C ,
_197e|? < bP[logh|C1 (@), 0<i<3, 5.5.19
Jon T o gy el S Plost =0s (55.19)
le]| e < 8(a*), (5.5.20)
| Ae]|3 o < b?[logh]?, (5.5.21)
A 2 AAe ||? H 2
‘ R, HE + He <B, o (5.5.22)
Y2 (1 + [logy[) lpeoy<ry - 1114 logy| oo y<ry — I1y(1 + [logyl) | oo (<)
H 2
H’E‘ < b, (5.5.23)
y(1+ [logy|) 1l oo (y<1)
€ Oy
=117 + || == < (5.5.24)
g (¥<1) 1+ [logy| (<)
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€
||§H%°°(y21) + Hayffu%oo(yzn < 0°|logh|, (5.5.25)

€ 0ye
2 Iz + I yH%oo + 10yyellT o yz1) S b*[logh|, (5.5.26)

HaynyH%oo(yzm < b*logb|“. (5.5.27)
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Chapitre 6

Article [94] sur I’équation de la
chaleur

6.1 Introduction

6.1.1 Setting of the problem

We consider in this paper the energy critical semi linear heat equation
du—Au—u>=0, (t,r) cRxR* (6.1.1)
which is the energy critical four dimensional version of the more general problem
O —Au—uP =0, (t,r) eRxRY, p>2*—1 (6.1.2)

where

2N

*

N -2

is the Sobolev exponent. There is an important literature devoted to the qualitative description
of solutions to (6.1.2), and we refer to [65], [66] for a complete introduction to the history of the
problem. For radial data, two type of blow-up regimes are typically expected : type I blow-up
which corresponds to a self-similar blow-up, and type II blow-up which displays excited blow-up
speeds. Such kind of type II blow-up solutions were formally predicted by Herrero and Velazquez
[38] using matching asymptotic procedures for a large value of p, and the corresponding regime
displays a polynomial type blow-up speed. A major breakthrough is achieved by Matano and
Merle in [65], [66], where the non-ezistence of type II blow-up is shown for

where
+o0o for N <10
Pc = 1+ 4
N—4-2\/N—1
and the existence of type II blow-up for p > p. is proved. More precisely, such solutions are

obtained as threshold dynamics between well known type I blow-up solutions and global dis-
sipative dynamics. A complete classification of these type II regimes is then completed in [76]

for N >11 "~

115
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where quantized blow-up speeds are exhibited with polynomial rates.

These results leave completely open the question of existence of type II blow-up in the energy
critical setting. In fact, in the energy critical setting and even for the parabolic problem, the
maximum principle does not seem to yield enough information to control a type II blow-up.
The criticality of the problem is reflected by the fact that the total dissipated energy

1 1
E(u) = 3 /RN \Vu(t, z)|*dz — DT e Pt x)da (6.1.3)

is left invariant by the scaling symmetry of the problem
un(tz) = N7 u (M), B(ua(t) = B(u(3).

The study of critical problems has attracted a considerable attention for the past ten years
in the dispersive community, in particular the study of the mass critical nonlinear Schrédinger
equation [81], [69], [67], [68], [71], [70] and geometric problems like wave maps, Schrodinger maps
and the harmonic heat flow [54], [93], [88], [72], [91]. In particular, a robust energy approach is
developed in [88], [72] to construct type II blow-up solutions in the energy critical setting. This
strategy is implemented in the parabolic setting in [91] and led to the construction of stable
blow-up dynamics with sharp asymptotics on the singularity formation for the harmonic heat
flow. Note that more type II regimes for dispersive problems were obtained in [54], [53] but rely
on the construction of non-smooth solutions and a procedure of backwards in time integration
of the flow from the singularity which are both non suitable for parabolic problems.

6.1.2 Statement of the result

We carry out in this paper the program which was implemented in [41] to adapt the study
of the geometric wave equation in [88] to the semi linear cubic four dimensional wave equation.
The main difficulty is the fact that the energy (6.1.3) is non-definite positive, and this induces
a non-positive eigenvalue in the spectrum of the linearized operator close to the Talenti-Aubin

stationary solution
1
Q(r) = —, 6.1.4
"= (6.1.4)
which is the unique up to scaling radially symmetric solution to the stationary problem

1
1+

AQ+Q*=0, Q(r)= (6.1.5)

This requires building our set of initial data on a suitable codimension one set, and we similarly
claim in the continuation of [91] the existence of a type II blow-up dynamics for the energy
critical four dimensional problem :

Théoréme 6.1.1 (Existence of type II blow-up in dimension N = 4). Let Q) be the Talenti-
Aubin soliton (6.1.5). Then Ya* > 0, there exists a radially symmetric initial data ug € H*(R?)
with

E(Q) < E(up) < BE(Q) + o~ (6.1.6)



6.1. INTRODUCTION 117

such that the corresponding solution to the energy critical focusing parabolic equation (6.1.1)
blows up in finite time T = T (ug) < oo in a type II regime according to the following dynamics :
there exists u* € H' such that :

V u(t,x) — A(lt)Q <)\ft)>} —Vu* in L? as t - T (6.1.7)
at the speed -
A(t) = e(uo) (1 + (1)) |log(T_—tt)|2 as t—T (6.1.8)

for some c(ug) > 0. Moreover, there hold the regularity of the asymptotic profile :
Au* € L? (6.1.9)

Comments on the result

1. In dimension four, the choice p = 2* — 1 = 3 is therefore the only one for which a type II
blow-up occurs for radial data. We have decided to focus onto the four dimensional case for the
case of simplicity but the construction we propose could be addressed in a much more general
setting. Let us insist also that it does not rely on the maximum principle and may therefore be
addressed in the non-radial setting and for more complicated systems.

2. The blow-up speed (6.1.8) is also the one obtained for the energy critical harmonic heat
flow in [91]. Following the heuristics developed in [99], we conjecture the existence of a sequence
of quantized blow-up speeds with polynomial rates corrected by suitable logarithmic factors,
and (6.1.8) is the fundamental which corresponds from the proof to a codimension one in some
weak sense manifold of initial data.

The main open problem after this work is to obtain a complete classification of type II blow-
up for the energy critical problem, both in the radially symmetric case and the non-symmetric
case.

Aknowledgments This work is part of the author’s PhD thesis which is supported by the
ERC/ANR project SWAP. The author would like to thank his advisor Pierre Raphaél for his
guidance and advice.

Notations We introduce the differential operator
Af=f+y-Vf (energy critical scaling).
Given a positive number b > 0, we let

1  |logb|
N

(6.1.10)
Given a parameter A > 0, we let
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We let x as a smooth cut-off function with

)1 for y <1,
X(y)_{ 0 for y>2.

We shall systematically omit the measure in all radial two dimensional integrals and note :

/f = /OHXD f(r)yrdr.

6.2 Construction of an explicit approximate solution

The aim of this section is to construct an approximate blow-up solution of (6.1.1), which is
close to the ground state (). This approximate solution will be the dominant part of the blow-up
profile inside the parabolic zone. We adapt the strategy developed in [72], [88], [91].

Let u be a stationary solution of (6.1.1). Let A > 0. Then, }u(%) is also a solution. Consider
now that A is no more a constant, but depends of time. Thus, we obtain the following equation :

A(t)20pu (;@) — MO (H)Au (%) — Au (A;)) — (;@) — 0. (6.2.1)
We then define a rescaled time b g
5= o () (6.2.2)

Remark that if A(¢) verifies the law (6.1.8) defined in the Theorem 6.1.1, then s(¢) is a bijection
between [0, 7] and RT. We also let the rescaled variable y(t) = v~. Eq. (6.2.1) becomes, using

NOR
the new variables :

As
Osu — TAU —Au—u®=0. (6.2.3)

As well as the parameter \(s), we define a new parameter b(s) such that :

b = —%(1—%0(1)), (6.2.4)

by = —b*(1+0(1)). (6.2.5)

The modulation laws (6.2.4) and (6.2.5) will be justified thereafter. First, in the following

subsection, we consider that

A
bs = —b*> and b+ =2 =0, 6.2.6
A

b being positive.

6.2.1 Construction of explicit approximate blow-up profiles

Proposition 6.2.1 (Construction of the approximate profile). Let M > 0 be large enough.
Then, there exists a small enough universal constant b*(M), such that the following holds. Let
b €]0,b*(M)[. Then there exists profiles T1, To and T3, such that

Qs(y) = Qy) + b1 (y) + b*Ta(y) + b*Ts(y) = Q(y) + aly)
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genemtes an error

Uy = —b*(T1 + 2bTs) — AQy — (Q1)* + bAQy (6.2.7)
which satisfies :
(i) Weighted bounds :
/ \HU, 2 < b4 logh|?, (6.2.8)
y<2B;
1
0|2 < b5, 6.2.9
| o T S (629)
2 2 b6
H2W, |2 < . 6.2.10
/y o W S (6.2.10)

(ii) Flux computation : Let ®p; be given by (6.3.2), then :

(HUy,, &) 2b2 ( b2 )

= — +0 | —
(AQ, @) |logh [logb|®

(6.2.11)

Remarque 6.2.2. From the proof, the profiles (7;)1<;<3 display a lower order dependance in
b.

Proof of Proposition 6.2.1
Stepl. Computation of the error.
We expand Q3 and formulate the error ¥, as a polynomial expression in b :
Qb = @ +3bQ T + b7 (3Q*T> + 3QTE) + b (3Q*Ts + 6QTI Ty + T7)
+ Ri(Th, T, T3),

where Ry (T1,T5,T3) is polynomial in (7})1<;<3 and contains the terms of power (¥’);>4. Hence,
U, = b(HT +AQ)
+ 0 (HT, - T+ AT} - 3QTY)
T (HT3 9Ty + ATy — 6QTI Ty — Tf’)

+ b4AT3 + Ry (Tl, Ts, Tg) (6212)
with
H=-A-3Q°=-A-V. (6.2.13)
Morever,
3
Viy) = ——, (6.2.14)
(%)

which yields

Viy) = { 192 +0 (;) as y — +oo, (6.2.15)
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and
~ —192(3y* — 8)

AV = — 5 5 (6.2.16)

Step 2. Construction of 7.

The spectral structure of the Schrédinger operator H is well known : it has a well localized
non positive eigenvalue

H¢:—C¢, C>07

and a resonance at the origin induced by the energy critical scaling symmetry :
HAQ =0, AQ ¢ L*(R?).

Hence the Green’s functions of H are explicit and the other solution to HI' = 0 for y > 0 is

given by :
Y dx y? -8 [y? 583 4 64
I'(y) = —A / = = 46l -—— |- —
W="A ) BRewy T T er (16 ORI T ) T s
which yields
1
O y2> as y — 0,
T'(y) = 6.2.17
(y) 1+O<logy) as 3 — -+oo. ( )
16 y?
We may thus invert H explicitly and the smooth solutions at the origin of
Hu=f
are given by
y Y
u=T) [ FAQ=2QW) [T +eAQ). ce R (6.2.18)
We let T be the solution of
HT, + AQ =0, (6.2.19)

canceled in zero, which means that we choose the constant ¢ = 0 in (6.2.18). There hold the
behaviors at 7 — +o0

. 1 1 2
ATy (y) = —4 (logy -5+ 2) +0 <( 053) ) . for 0<i<2. (6.2.20)
There hold the behaviors at » — 0
ATy =0 (y?), for 0<i<2. (6.2.21)

Hence, for 0 <i <2

1A' | 22

y<2Bp

logb,

; 8
HA'Ty ~ —, wheny— oo.
)
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Step 3. Construction of the radiation .

First, we can notice that the choice by = —b? allows to cancel the logy growth of the ex-
pression —T1 + AT — 3QT2. We now construct a radiation term according two specifications.
First, it must compensate the 1-growth of the last expression. Moreover the error induced by
this term inside the parabolic zone y < By must be sufficiently small in order not to perturb
the dynamics of the blow-up.

Let 64 2 1
cp = 1+0 <>) 6.2.22
P TN m8QP o (1+0 (g (6222
and
dy = /BO AF—O< ! > (6.2.23)
p=c f XeAQT=0gro0 ) -

Let ¥, be the solution to
HY) = cbX%AQ + dpyH[(1 — x3B,)AQ] (6.2.24)
given by
Sp(y) = T'(y) /Oy cX 50 (AQ)” = AQ(y) /Oy coX 5o TAQ + dp(1 — X35, ) AQ.

The choice of the constants ¢, and dj, yields :

cpTy for y < % cp ATy for y < %
Xp = AYy = (6.2.25)
64" for y > 6By 64AT" for y > 6By.

Then the estimates for X, and A, for 6By <y < 2By,

1 1

=(y) —4+0(°ygy) ASy(y )—4+o(°yg2y), (6.2.26)
which fits the first criterion, that we fixed to construct the radiation. For TO <y < 6By, we
have :

1 logy
i) = o35+ | xm(8QP —anew) [0t
4[0 XBO (AQ) ( ) ( 7)
= _ 6.2.2
Ix By (AQ)? |logb|

ASiy) = AT@) [ e (AQ - Q) /Uycbmm@

- (3 (2)) [ vauar] - o

o xe (AQ)°
}):B(J(A@ ( 1 )

2.2
flogh (6.2.28)
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Similarly ,

AQZb(y):4fé’><1-30(/\62)2 ( 1 )

—31 10—
Txe (@7 7 \Jlogy
Eq. (6.2.24) and the cancellation HAQ = 0 yield the bounds :

1 1 b2
HY,?2 < / Y2 < b2 /H22 2 < ) 6.2.29
TR e B L AU e (6:2.20)

We will see that this bounds with respect to the second criterion for the construction of the
radiation. Furthermore we will see the importance of the term ¢, which modifies the modulation
equation of b. It becomes :

2
bs=—b>(1+-——). 2.
( +rlogb|) (6.2.30)

After reintegration, this equation gives the expected blow-up speed (6.1.8).

Step 4. Construction of T5.
Define

Yo = Ny +T)— ATy — 3QT2. (6.2.31)

The profile T5 will be defined later as the suitable output of H for the argument Ys. Estimate
Y9 before choosingTs. For y <1,

Yo < o2 (6.2.32)
For 1 <y <6Bg
I3 x 5o (AQ)? 2
S = 4 %—1 10 (logg/) +O( L )
/ x50 (AQ) y logb|
1+ log(yv/b)

< - oWy 2.
< ogh| (6.2.33)

According to the choice of the modulation law for b and the construction of the radiation, we
have, for y > 6By

1 2
Y < (Oyggy S (6.2.34)
Hence, we obtain :
2 1 4 log(yvb logy)2

We have the same bound for AYs and for A%Y,. We now let 75 be the solution to
HTy =3 (6.2.36)

given by Y Y
Ty(y) = T(y) /0 2AQ — AQ(y) /0 . (6.2.37)
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We derive from (6.2.35) the bounds :

y! 1

With an explicit calculus, we prove that for any function f :

Yy < 2By, [A'Tu(y)| <

HAf=2Hf+ AHf — AV f.
Hence,
H(ATy) =255+ AXo — AVT,

and

2 1+ log(yv/b logy)?
|H(ATy)| < T —;'y—y2 <1y§1 + \logg(by|)11§y§630 + <§;§J)1y2630.

Step 5. Construction of T3.
In the same way as before, we define

Y3 = 2T + ATy — 6QT T — T,

123

(6.2.38)

(6.2.39)

(6.2.40)

(6.2.41)

(6.2.42)

(6.2.43)

Notice that we do not need to construct a second radiation term.We estimate from (6.2.20) and

(6.2.38) )

y ].
Y= 1, ‘ 3(y)| ~ 1 y4 ( y<1 b|10gb| y21>
and
\ 7y4 1 + 71 1
Y= 1, ‘ 3(?/)‘ ~ 1 y4 ( y<1 b[logb[ y21>

We then let T3 be the solution to
HTs =33
given by :
T5(y) = T'(y) /Oy Y3AQ — AQ(y) /Oy Y,
Hence,

ATy(y) = AT(9) [ 5a0Q - A%Q(w) [ ST

We estimate from (6.2.44)

6

Yy 1 .
(1 1 0<i<l1
1—|—y4<y<1+b|logb| y>1)’ ==

Ts(y)| < v*(1+7).

Yy < 2B1, |A'Ts(y)|

N

Finally with (6.2.40),

H(AT3) =255+ AX3 — AVT;

(6.2.44)

(6.2.45)

(6.2.46)

(6.2.47)

(6.2.48)

(6.2.49)

(6.2.50)

(6.2.51)
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and
4

1
Yy < 2B1, |HAT3(y)| < #yﬂt (1151 + b|logb|1y21> . (6.2.52)

We have thus the bounds for ¢ = 0, 1, using (6.2.52), (6.2.49), (6.2.44) and (6.2.45) :

; 1 Bi llogh|?
HA'T;)? </ < L_ < , 6.2.53
/y§2Bl | )" S y<2B, b?|logb|? ~ b2|logh|?2 ~ bt ( )

1 : 1 1 1
— N2 < 7/ — < 6.2.54
/yngl 1 +y8| sI” % b2|logb|2 Jy<op, 1 +yt ™ b2 ( )
The crucial bound to control the error at H* level is :
. 1

HANT?P < ———  f 0<i<l. 6.2.55
/y<231 | sl” = Plogt? T ( )

We now prove this bound. A rough estimate looses the huge gain m, and we need to be more
precise. From (6.2.51),

1
H2(AT3) = H(2Y5 + AX ) 2.
(AT5) (255 + 3)+O(1+y2> (6.2.56)

We use again (6.2.40), together with (6.2.43), (6.2.36), to obtain :

logy? logy|?
H23:_2HT2+HAT2+O<|0§§| ):A22+0<|0§§J| )

1 5
HAS, = 2055 + A%, + O (’ o8| )
y

and injecting this into (6.2.56) with (6.2.35) yields :
2

? 1+ log(yv/0) (logy)>
HXAT)? < / Y [y, Ltlog(yvh), (logy)* |
/y<2B1‘ WIIF = y<2B; |1+ 42 y<l [logd| 1<y<6Bo | T Y2 y>6Bo
_
b2|logb|?

and (6.2.55) is proved.
Step 6. Estimation of the error.

We are in position to estimate the error W;. According to our construction, we have from
(6.2.12)
Uy = b2y + AT + Ry (T1, To, T3) (6.2.57)

We then study the last term, the others being already estimated. The bounds (6.2.21), (6.2.20),
(6.2.39) and (6.2.50) yield the bound for y <2B;,0<i<4,and 0<j <5:

d'Ri(y)

N

B (5 L1 + VD (14 flogyl?) 1,1)

dy?

AN

b4 (y4_i]—y§1 + y2_i\logb\01y21) .
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Hence :

[ R[S Wlogtl [ 1S t0llogylC.

y<2B y<2B;

1+ [logy|? 1+ [logy|?
/ + ’ Ogy’ |HR1‘2 5 b8|logb|C/ + ’ Ogy’ S b8|logb|C,
y<2B,

L+y4 y<eB,  1+yt
/ |H?R, > + Lils < bg\logb|c/ ! - S 0%[logh|C.
y<2B; 1+ 8 y<2B, 1 +y

Injecting these bounds together with (6.2.29), (6.2.53), (6.2.54), (6.2.55) into (6.2.57) yield
(6.2.8), (6.2.9), (6.2.10).

We now prove the flux computation (6.2.11), which will be helpful for the improved modulation
equations.

HU,, & 1
W T (AQ, ) [(—bg%xiof\@, <1>M) +0 (0(M>b3)]
=~ + 0 (CONF) =~ 25 +0 (Mb'z) |

Here we recall that M being chosen large enough, we assume |b| < b*(M) so that the above
claim make sense. This concludes the proof of Proposition 6.2.1.

6.2.2 Localization of the profile

Taking a careful look at the profiles (7}), .;~5, we can notice that for y > By, @ is negligible
compared to b1 +b>Th+b3T3. Obviously, this doesn’t make sense, because we look for a solution
close to Q. So, we must localize the profiles, with cut-off smooth functions. For technical reasons,
we use two localizations : one at By, another one at By.

Proposition 6.2.3 (Localization of the profile near By). Let a C' map s+ b(s) be defined on
[0, so] with a priori bound Vs € [0, o],

0 < b(s) < b*(M), |bs| < 10b% (6.2.58)
Let the localized profile

Qu(5,9) =Q+ b1 + VP T+ b’T3 =Q +a

where
ﬂ:XB1E7 1SZ§3
Then \
dsQp — AQy — TSAQ,] — Q3 = Mod(t) + ¥, (6.2.59)
with

Mod(t) = — <AA + b> AQy + (bs + b)) (T + 2bT3) (6.2.60)
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and where Wy, satisfies the bounds on [0, sq] :
(i) Weighted bounds :

[ 18 S b ogi
1 .
/1+8wwsw,

H2 2 <«

(ii) Flux computation : Let ®p; be given by (6.3.2), then :

(HT,, @) 2b? ( b2 )

= — +0| ——
(AQ, @) [logh [logb|*

(6.2.61)

(6.2.62)

(6.2.63)

(6.2.64)

We introduce a second localization at By which will be relevant for H? control, see the proof

of Proposition 6.5.3.

Proposition 6.2.4 (Second localization). Let a C' map s +— b(s) be defined on [0, 5] with a

priori bound (6.2.58). Let the localized profile

A

Qu(s,y) = Q+ b1y + V¥’ T +b’T3 =Q + &

where

A

T; = xB, 13, 1<1<3.

Let the radiation :
Gp=a-—a

and the error \
9sQp — AQy — fAQb — Qi = Mod(t) + U,
with )
Mod(t) = — (/\S + b) AQy + (bs + b?) (T 4 2bT3).

|67 o]
/‘Hm2 S b*[loghl?, Z/ 1+Zz(3 < b°[logh|“,

Then there hold the bounds : )
||, . S b*H]logh|,

| ZCb‘Q
/W%F+2/Ijgmswumﬁ

Supp(H ) € [0,2B0] and / \H 2 < b logh 2.

(6.2.65)

(6.2.66)

(6.2.67)

(6.2.68)

(6.2.69)

(6.2.70)

(6.2.71)

The proof follows similar lines as in [91] and is displayed for the reader’s convenience in

Appendix (6.7.3).
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6.3 Presentation of possible solution of Theorem 6.1.1

6.3.1 Uniqueness of the decomposition

We now look for a solution u of (6.1.1) u, which we will decompose in the form of :

u:(QMU+a@ng. (6.3.1)

Naturally, we must fix constrains to obtain the uniqueness of this decomposition. Moreover it’s
crucial that the radiation term ¢ doesn’t perturb the modulation equation (6.2.30) found during
the construction. We will see in the subsection devoted to the modulation equations that it’s
the case if we have the following inequality :

. b
1O S o

To control sharply the radiation term e, we need to ensure suitable orthogonality conditions
with respect to the kernel of H2. The smooth solutions of H2f = 0 are situated in Span(AQ,T}).
But neither AQ nor 77 is in L?(R*). Therefore, we use an approximation of the kernel, localizing
both directions, with the smooth cut-off function xjs, where M > 0 is a large enough constant.
More precisely, we let the direction :

Dy = xmAQ — e H (X AQ) (6.3.2)
with

— (XMAQ7 Tl) — ¢ %2
(H(xmAQ),T1) 7 4
The second term, which is a corrective term, ensures the orthogonality between ®; and 77, and

the orthogonality between AQ and H®,;, because H is a self-adjoint operator. Furthermore, we
have by construction :

(1 + 0n1+00(1)).

[ 10l < flogaal, (6:33)
and the scalar products
(AQ, ®ar) = (~HT1, ®ar) = (xarAQ, AQ) = 64logM (1 + 0310 (1)). (6.3.4)

In Appendix 6.7.1-6.7.3, we argue that we have coercive estimates for the operators H and H?
under additional orthogonality conditions. As a consequence, we fix for the radiation term & the
orthogonality conditions :

(e(t), ®ar) = ((t), HOypp) = 0. (6.3.5)

From a standard argument based on the implicit function theorem, these constrains give us the
existence and the uniqueness of the decomposition (6.3.1). First, we have :

0.0) = (. 2ar) = ((Qu) B0
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is a C! map and thus :

(%(Qb)A,(I)M) (%(Qb)x,‘bM) _ | (FAQ, @) O
(5x (@) HOu) (5 @Qu)x HOu) |\, 0 (Th, Ho )
= —(AQ,®p)* #0. (6.3.6)

We used the orthogonality conditions mentioned at the moment of the conception of ®,,; and
the following equality :

(;\(Qb)m ;}(@h) A=1p=0 = —(AQ, T1).

As long as the solution remains in a fixed small neighborhood of Q for the norm H' what will
be ensured for a suitable set of initial data, the implicit function theorem ensures the existence
and the uniqueness of the decomposition (6.3.1).

6.3.2 Partial differential equation verified by the radiation and suitable ener-
gies

From now on, we always use the last decomposition, and also its reformulation in original

variables :
1 ~ r 1 -~ r
“= 5 @+ (55) = 50 (v55) + 60 (050

We recall the correspondence between both systems of variables

todr r

s(t) = o () and yzm.

We give also the rescaling formulas

1 1 s
u(t,r) = XU(Sa y)a 87&“ = F (85?) — );\AU>)\ .

We then can inject the decomposition (6.3.7) with the rescaled variables in Eq. (6.1.1) using
the one of Q) (6.2.59) and obtain the following :

A
Ose — fAe + He=F — Mod = F, (6.3.8)

where we remind that

" ] o
He—A—-V, Mod(t)=— (A + b) AGy + (b + V)(Ty + 20T5)

and where we denoted : .
F=—-V,+ L(e) + N(e), (6.3.9)

where L is a linear operator coming from the difference between H and Hp, :

L(e) = He — Hp,e = 3(Q7 — Q%)e (6.3.10)
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with
Hp, = —A —3Q?
and the nonlinear term is given by :
N(e) = 3Qpe? + &3 (6.3.11)

It’s important to remark that we used here the localization of the profiles near B;. At the end
of this subsection, we will introduce in the same way some new operators with the second loca-
lization near By. Before rewriting (6.3.8) with the original variables, we introduce the suitable
norms for our study :

— Energy norm

& :/|v5\2 (6.3.12)

— Higher order Sobolev norms

&= [1Hel = [|aP,  &a= [112eP = [l (6.3.13)

with g; = H'e for i € {2;4}.
To work with the original variables, we recall the notation :

fa) = 1 £,

Furthermore we must adapt this notation for the potential term namely because of its quadratic

nature :
Vi) = V(5
D PRV
Then (6.3.8) becomes :
1
Orw + Hyw = ﬁf)‘ (6.3.14)
We define w; = Hiw for i € {2;4} which verify respectively :
~ 1
Orwe + Hywy = —0;Vw + H)y, (}\Qf/\) , (6.3.15)
~ N 1
Oywy + Hywy = —0;Vwe — H), (&«Vw) + H; <)\2]:,\) . (6316)

We have also by substitution :

26, :/wa|2 :/\w2|2, A, :/|H2w|2 :/|w4|2. (6.3.17)

We now focus onto the localization near By. Using the definition of the radiation ¢, (6.2.66),
we obtain the new unique decomposition :

u=(Qp+8)) ie E=c+G. (6.3.18)



130 CHAPITRE 6. ARTICLE [94] SUR L’EQUATION DE LA CHALEUR

Thus, with this localization, we have :

)\S N N — A
O = SN+ He= F — Mod = F, (6.3.19)

where we remind that

A~ A — AS A N N
A=—A_V, Modt)=— (A + b) AQy + (b + B)(Ty + 2bT5)

and where we have noticed
F=—U,+ L&)+ N(), (6.3.20)

where L is a linear operator coming from the difference between H and H By :
L(e) = Hé — Hp 2 = 3(Q? — Q%)¢ (6.3.21)
with
Hp, = -A —3Q3
and a last purely nonlinear term :

N(&) = 3Que% + &2, (6.3.22)

We define likewise the operators &9, w and g, which come of course respectively from e, w,
and wy. The energy at H? level becomes :

& :/|é2|2. (6.3.23)

Moreover, with the bounds of the radiation (6.2.69), we can measure the difference between
both energies at H? level.

€< Ext / \HG[? < & + b[logh]. (6.3.24)
Finally, w9 verifies the following partial differential equation :

~ . N 1 .
Oplg + H g = —0; VW + H), <)\2f)\> . (6.3.25)

6.3.3 Modulation equations

With the choice of orthogonality conditions (6.3.5), we can now measure the error made by

taking b = j‘s and by = —b? (1 + HTZgH)' This estimations are in the core of our proof. The

proof is the same as that of [91], with the exception of a very small difference with the linear
and nonlinear operators L(¢) and N (e), which truly brings any difficulty, because of the same
interpolation bounds. In view of the importance to this lemma in our proof of Theorem 6.1.1,
we considered useful to give an extensive proof.
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Lemme 6.3.1 (Modulation equations). There holds the bound on the modulation parameters :

A b? 1
25 4l < VE 6.3.26
y ‘ ~ |logb| * VIoght ¥ " ( )
b+b2<1+2> < L VE +b—2 (6.3.27)
; logd| /| ~ VIoghl \ V" " Jlogh] ) o
Remarque 6.3.2. Note that this implies in the bootstrap the rough bounds :
As
|bs| + SN b‘ < 202 (6.3.28)

and in particular (6.2.58) holds.
Proof of Lemma 6.3.1

Step 1. Law for b.

Let
V(t) = |bs 4+ b*| +

As
Z4+b
v+

We take the inner product of (6.3.8) with H®), and estimate each terms.

(02, Hp) + (He, HD ) — (A;Ag, H<I>M>

= = (W, HOur) — (Mod(t), H®pr) + (L(e), HOar) + (N(2), H®yy)
First according to our choice of orthogonality (6.3.5)
(0se, H®pp) = O5(He, @py) = 0. (6.3.29)

Then
(He, H®)r) = (H?e, @) S | He| 2| @2 S VErlogM. (6.3.30)

From the construction of the profile, (6.2.60) and the localization Supp(®,s) C [0,2M] from
(6.3.2) :

(H (Mod(t)) , @)

_ <b+ );\s) (HAQb, @M) + (bs + b2) (H (T1 + 2bT2) ,@M)
= (AQ D) by + 1) + O MBIV (D).

Using the Hardy bounds of Appendix 6.7.2 :
As
(=324 + L) + N (o), Hag )| £ CONBE + V(D).

We conclude from (6.3.4) and the fundamental flux computation (6.2.64) :

(Ty, HD ) Lo VIoghMé&,
(AQ, D) logM

22 1 &
~ logd| <1 o (logb\)> +0 ( log M + C(M)b\V(t)O

bs + b°

) +O(C(M)bV(#)])
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and (6.3.27) is proved.
Step 2. Degeneracy of the law for A.

Now we take the inner product of (6.3.8) with ®5; and obtain :

(Mod(t), Bag) = —(Fy, ®ar) — (Dee + He, Bay) — (—>:A5 + L(e) + N (o), @M) .

From our choice of orthogonality conditions (6.3.5) :
(0se + He, @pr) = 0.

In the same way as in the last step, using the Hardy bounds of Appendix 6.7.2 :

‘ (—):Aa + L(e) + N(e), <I>M) ‘ S C(M)by/Es.

Next, we compute from (6.3.4) and the orthogonality (6.3.3) :

(Mod(t), ®ys) = — <b+ AA) (AQy, ®ar) + (bs +02) (T1 + 26T, @)

As
— —dlogM (1 + onpseo(1) (A 4 b) + O CMBV (D).
and observe the cancellation from (6.2.25), (6.3.3) :
(05, @ar) | S B1(S5, @ar)| + O(C(MB?) = eb?|(Th, Bar)| + O(C(M)B?) = O(C(M)B).

We thus obtain the modulation equation for scaling :

% + b‘ S BC(M) +bC(M)O (VE + V(1)) - (6.3.31)

With (6.3.27), we obtain the bound
b? 1
S +
llogb|  /logM

Injecting this bound in (6.3.31) implies the refined bound (6.3.27). This concludes the proof of
Lemma 6.3.1.

VEi.

V(#)

6.3.4 Proof of Theorem 6.1.1

In this section, we conclude the proof of Theorem 6.1.1 assuming the following a priori
bounds on the solution on its maximum time interval of existence [0,7), 0 < T < 400 :
— Energy estimates

ve[0.T] &) <o), &) <b0Plogh)f,  Exlt) < 2

S Togh@F (6.3.32)
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— Link between both laws b(¢) and A(¢) : there exist o, aa > 0 such that :
C(up)b(t)[logh(t)|** < A\(t) < C'(uo)b(t)|logh(t)|*> (6.3.33)
The heart of our analysis in Section 6.4 will be to produce such kind of solutions.

We now assume (6.3.32) and (6.3.33) and prove Theorem 6.1.1. The proof adapts the argument
in [91] which we sketch for the convenience of the reader.

Step 1. Finite time blow-up.

Let T' < +o0 be the life time of u. From (6.3.32), (6.3.33),

d 1A b
) > 2 >

and thus A touches zero in finite time which implies

——VA=—-—F >0
dt 22V A

T < +00.

The bounds (6.3.32) and standard H* local well posedness theory ensure that blow-up corres-

ponds to
At) =0 as t—T (6.3.34)

and thus, with (6.3.33)
AT) = b(T) = 0. (6.3.35)

Step 2. Derivation of the sharp blow-up speed.

To begin, the modulation laws become with the bound (6.3.32) :

As b?
b+ —| S 6.3.36
‘ * A7 |loghl ( )
b+b2<1+ 2 )‘< = i (6.3.37)
| flogh] /| ~ VIogh Jlogt| >
We have defined M as a large enough constant. Let
1
Bs = —. (6.3.38)

bo

Since the variation of b(s) is very small, we can consider the first time such that M = B;
in (6.3.37). Assuming this, prove (6.1.8), and demonstrate afterwards that the made error is
negligible for § enough small. We have thus that (6.3.37) becomes :

b+b2(1+ 2 )‘< = oo b (6.3.39)
’ llogb| /| ~ /logB; [logb| ™~ |logh|> o
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We now integrate this in time using limg_ 4+, b(s) =0 :

b(s):l— 2 +O< ! 3>. (6.3.40)

s slogs s|logs|2

Using this decomposition of b(s) in the modulation equation (6.3.36), we conclude :

As 1 2 1
—_—— === +0 = | .
A s  slogs s|logs|2

d SA(S) 1
% (oeop )| <
ds (logs)? s|logs|%

and thus integrating in time yields the existence of x(ug) > 0 such that :
(logs)?2  k(up)

1
140 ( : )] |
[logs|2
Taking the log yields the bound

[logA| = |logs| [1 +0 (|loglogs|>}

We rewrite this as

sA(s) 1

logs
and thus
L = (o) g (1 0(1)
s o [log\|? ONHJ-
Injecting this into (6.3.45) yields :
= =2 2 L a4 0(1) = k(o) —2— (14 0(1) (6.3.41)
D Y 0g 2 e

and thus
—[logA|? A = k(uo)(1 + o(1)).

Integrating from t to 7" with A(7") = 0 yields

) = & T_tpu+dm,

(o) fogT — )

and (6.1.8) is proved.

We now prove that the error we made is negligible. Indeed, we take the inner product of
(6.3.8) with Hxp,AQ and obtain :

(e X5 AQ)) — (He, D, AQ) + 5 (x5, AQ, HAS) + (He, x5, AQ)
= (H -0+ L(e) - N(e) - Mod] . x5,AQ) . (6.3.42)
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We must estimate all terms in this identity. First, for 6 small enough, we have the rough bound :

b

As b?
|(He, 0sx5; AQ)| + |- (xB,AQ, HAe)| + |(H[L(e) = N(e)], x5,AQ)| £ @\/c‘z S Tlogh®”

For the linear term, we have immediately :

b2
H?e, v AQ)| < V/E41/|logh| < .

The ¥, term is computed from (6.2.57) :

3

i b i
(_H\I’MXB,;\I/b) = —bQ(HEb,XB(;\I/b) +0 (bC&) = b20b<AQ7XBsAQ) +0 (W) :

From (6.2.60), we have the following estimate for the modulation term :

(—HMod, xp,AQ) = G + b) (HAy, x5, AQ) — (bs + b)(H (T} + 26T3), x5, AQ)

— 2 b b2
= (b +5))(AQ. x5,AQ) + O <b06|1<>gbl> |

We now inject the estimates into (6.3.42) and obtain :

2
(bs + 1) (AQ, x3,AQ) = = {(Hz, x1,AQ)} — e,*(AQ, x5,AQ) + O <bb\>

ds [log

which we rewrite using (6.2.22) and an integration by parts in time :

i . (Hea XB(SAQ) 2 2
— {b O Ao } +b (1 + “Ogb') (6.3.43)

b2 (AQ, asXBsAQ)
= 0O A .
<|1ogb|3> XA R0 A Q)

We now estimate :

(AQ, 95xB,AQ)
(AQ, xB,AQ)?

2
5\/5>4<b7

pCs ~ pCs-”

< VEilb _ B

~ bCé b NbC6’

‘(H&XB(;AQ)

(H57 XB&AQ)
(AQv XB&AQ)

We inject these bounds into (6.3.43) and conclude that the difference between b and b is given
by

b= (He, xBsAQ) b?
=i (AQ,xB,AQ) b+0 <|logb|2> (6.3.44)
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and satisfies the pointwise differential control :

- 2
b + 02 [ 1+ ——=
|logb|

bs 1
,,2—2 + 1 == O < P 3> .
b (1 * \logél) [logd]2

which we rewrite :

We now integrate this in time using lim,_, oo b(s) = 0 from (6.3.35), (6.3.44) and get :

~ 1 2 1
b(s) = - — +0| ——~
s slogs s|logs|2

bs) =+ — 2 +o< ! ) (6.3.45)

s slogs s|logs\%

and thus from (6.3.44) :

This concludes the proof.
Step 3. Quantization of the focused energy.

We now turn to the proof of (6.1.7), (6.1.9) and adapt the strategy in [70]. We shall need
the following bound, which is a direct consequence of our construction and (6.3.32) :

Vt € [0,7), [|Aa(t,z)| 2 < C(uo). (6.3.46)

where

u =u(t,x _ o=
u(t,z) = u(t,x) A(t)Q(A(t)) (6.3.47)

The regularity of v(t,z) outside the origin is a standard consequence of parabolic regularity.
Hence there exists u* € H! such that

VR >0, Vu(t)— Vu* in L*(Jz| > R) as t —T.

Moreover, v is H! thanks to the dissipation of the total energy, and thus recalling the decom-
position (6.3.47) and the uniform bound (6.3.46) :

Vi(t) — Vu* in L? and Au* € L?

which concludes the proof of (6.1.7), (6.1.9). This concludes the proof of Theorem 6.1.1.

6.4 Description of the initial data and bootstrap

The proof of Theorem 6.1.1 consists now in the demonstration of the existence of initial
data, close to Q, which will satisfy the assumed bounds (6.3.32) and (6.3.33). We have already
seen the condition of smallness of b to assure the uniqueness of the decomposition, through the
implicit function theorem :

0 < b(0) < b*(M) < 1. (6.4.1)
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In order to have some room with respect to (6.3.32), we fix the initial generous bounds namely :
£1(0)] < b(0)?, (6.4.2)

and
1£2(0)] 4 [E£4(0)] < b(0)1°. (6.4.3)

Moreover, there is a crucial difference compared to [91]. The linear operator H possesses a
negative direction v, source of instability, which can be harmful to the blow-up dynamics. We
manage this as in [41]. We note

K(t) = ((2), ), (6.4.4)
and
at = k(0) = (£(0),1) . (6.4.5)
We impose that :
2b(0)3
\ *\ < Togh(0)] (6.4.6)

The propagation of regularity by the parabolic heat flow ensures that these estimates hold
on some time interval [0,%) together with the regularity (\,b) € C'([0,#1),R% x R). Given a
large enough universal constant K > 0 -independent of M-, we assume on [0, 1) :

— Control of b(t) :

0 < b(t) < 10b(0). (6.4.7)
— Control of the radiation :
/ Ve(6)]? < 10,/6(0), (6.4.8)
|Ea(t)| < Kb (t)|logh(t)]°, (6.4.9)
b(t)
1E4(t)] < KW' (6.4.10)

— A priori bound on the unstable mode

5

b2
[logb|”

k(1)) < 2 (6.4.11)

We may describe the bootstrap regime as follows :

b(0): _ b(0)?
logh(0)]” *logh(0)]
time of the solution to (6.1.1) with initial data (6.4.1), (6.4.2), (6.4.3) and (6.4.6), and let
Ti(a™) > 0 be the supremum of T € (0,T(a™)), such that for all t € [0;T], the estimates
(6.4.7), (6.4.8), (6.4.9), (6.4.10) and (6.4.11) hold.

Définition 6.4.1 (Exit time). Given a™ € |—2 , we let T'(a™) be the life

The existence of blow-up solutions in the regime described by Theorem 6.1.1 now follows
from the following :
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, bO)E b(0)?
[logb(0)]" ~[logb(0)

Proposition 6.4.2. There exists a* € such that

Ti(a™) =T(a™) (6.4.12)

and then corresponding solution of (6.1.1) blows up in finite time in the regime described by
Theorem 6.1.1

We shall use the same strategy as in [88], [72], [41], and [91]. We will process in three times :
— First, we shall derive of suitable Lyapunov functionals at Sobolev respectively H* and H?
levels. That is the most difficult part of the proof, particularly because of the estimates
of nonlinear terms, for whose we must make a sharp study. Moreover, we shall see that it

5
. + b(0)2
was crucial that [a™] < Togb(0)]

— Secondly, we will reintegrate this functionals to obtain improved bounds for £ and &4.
The bounds (6.4.7) is a direct consequence of the dissipation of energy. Thus, only the
last bound (6.4.11) for the unstable direction can be the cause of an exit time less than
the life time of the solution.

— Finally, we will study the dynamics of the unstable mode, and see that we can choose an
a™ to obtain Proposition 6.4.2. To ensure the existence of this solution, it is important
that |a™| = g(b(0)) with e, (9(z)) as * — 0, hence the choice for the bounds of

[logb(z)]
a™ is in (6.4.6).

6.5 Lyapunov monotonicities

6.5.1 At H* level
Proposition 6.5.1 (Lyapunov monotonicity H 4). There holds :

jt{)\la 54+O<\/5 A )H<Cb[ &, UV s V& (6.5.1)

[logh|? = X8 | VIogM ' [logh|? * [logb|

for some universal constant C > 0 independent of M and of the bootstrap constant K in (6.4.7),
(6.4.8), (6.4.9), (6.4.10), provided b*(M) in (6.4.1) has been chosen small enough.

Proof.
We recall the partial differential equations satisfied by we and wy :

. 1
Oywe + Hywey = —0;Vw + H), <)\2.7:,\> . (6.5.2)

i _ 1
Byws + Hywy = —0,Vawy — Hy (ati) + H? <A2B> . (6.5.3)

Moreover, we recall the action of time derivates on rescaling :

Oon(r) = % (831) — );\SAU>A.

Step 1. Energy identity.
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Lemme 6.5.2 (Energy identity H*).
1d ~
5%/{102 — 28tiw4}
N2 - . -
= —/w4H,\w4+/(8tV> wgw—/attiw4+/HA 8,:Vw) o Vw

1 N
+ / wiH3 15 Fr / Hy (0,Vw) Hy ( AQJ:A> / 8V wy )\2}}

Proof. We propose here a simplification with respect to the algebra in [91]. Dissipation also
allows us to sign some terms and avoid the study of suitable quadratic forms as in [41]. We
compute the energy identity :

2dt/w4 - /w“atw‘

~ - 1
= /w4 (—H,\w4 — 0 Vwy — H), <8ti) + H/%AQF/\> .
We now treat separately the second and the third terms.

— / w48t ng

= /3,5‘/102 (@wz + 8tVU) H)y <)\1.7:,\>>
- 1 ~ w3
- / (0:7) waw - / o wsHy (157 ) + / A
N - 1 1 ~ 1d ~
= /(atV) Wol — /({')tiQH)\ (/\Q.F,\) - i/ﬁttig + 5@ (/ Btig) .
Now

— /w4H>\ (8ti) = /H,\ (atf/w) (&wz + 0, Vw — H)y, (;2.7'—)\))

_ /HA (a7 w) (3t‘7w — ()\2 ﬂ))

+ cCth/H/\ (@Vw) wgf/at H) @tf/wﬂw

The last term becomes

—/8tH,\ (&tf/w) wy = /(8t17)2w2w—/8ttf/ww4 —/8t‘78tww4,
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and

—/8t178tww4 = /875‘7 <w2 - )\12fA> w4y

-/ OV 5 Frwn + [oivus <_atw2 Cowt O <;2 A))

~ 1 ~ ~
—/61;V—]-">\w4 + /atiQ <—8ti H, (AQJEA»

1 ~
- 2dt </ ati2> + i/attig

In the following steps, we estimate each term of Lemma 6.5.2 in order to prove Proposition 6.5.1.

Step 2. Lower order quadratic terms.
We have from (6.2.16) and (6.5.4), and the modulation equations, the bounds :
b 1 - b 1

\8tV < \8ttV <

S MTTo ST, (6.5.4)

Using (6.7.3), we obtain

e ()

1 4

N

b
8% ~ 8 [logh|?

>

Remark that :
- - N2 - -, -
/ Hy, (,Vw) 0,V w = / (07) waw — / A (0,7) 07w 2 / 0,V O,V Oy,
We treat now the two following terms :
N2 - - - -
‘2 (07 waw — / OV wwy — / A (97) 07w — 2 / a,.tvatvaTww‘
b2 €€9 EE4 g2 €dye
< v < —b41 b|¢
~ )ﬁ/(l%—ygjL 1—|—y4+ 14—y10Jr L+y9 )~ N8 [logbf™-

The last inequality comes from Cauchy-Schwarz and the bounds (6.7.27) and (6.7.29). Finally,
we estimate the boundary term in time

1
< i /52 ? (/€2> 2 < 71)4‘1 b|C \[ b4
~a6 S 148 1) e ~ X6 [logb|?”

Step 3. Further use of dissipation.
First, we claim the following bounds :

‘/ 0, Vwwy

F+ < i 4 i (6 5 5)
1+ 48 ~ ||logb|2 = logM e

bt &y
HFP? < P |— 4+ . 6.5.6
/‘ s [logh|? +logM ( )
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Thus,

1 . 1 1
‘ / wiH3 15 Fx / Hy (0,Vw) Hy (>\2]~}> - / OVwi 5 F

L a2 Y (fuere) o (f2) (),
A8 “4 1—|—y8 4 1_|_y8

b & bt b2
[ (N m]

< __
S NS | Vloghl | Tlogh? T logd|

This concludes the proof of the Proposition 6.5.1. We now turn of the proof of (6.5.5) and
(6.5.6). We recall that

174N

F = —U, — Mod(t) + L(g) + N(e).

Step 4. U, terms.
The contribution of the ¥} terms in (6.5.5) and (6.5.6) has already been proved in Lemma 6.2.3.
For that matter, the construction of the approximated solution by the profiles (7;)1<i<3 has
been made to obtain these good estimates.

Step 5. Mod(t) terms.
Recall the definition (6.2.60) of Mod(t).

Mod(t) = — (A/\S + b) AQy + (bs + b)) (T + 20T3).

With the modulation equation (6.3.26) and (6.3.27), we have :

A 2 2 b Es

b 4 b+ 02| S —

A LIRS ‘ ~ |logb|? + logM
But

/ L \ACM%/ ! 1Ty + 2b15)? < 1

1_|_y8 1+y8 ~
Now,

/yH2AQb\2 + / |H?(Ty + 20T3)|* < b2 (6.5.7)
Indeed :

2
Y By

(6.5.8)

o |2
s
B1<y<2B;
There is a whole proof of the estimate for Ty in [91]. Here is a summary of this demonstration.
With the definition of 7%, and the bound (6.2.38) of T, we have :
v
/31§y§231 yl

s s

+/ |H: 2| < 1+/ |HY,|?. (6.5.9)
y<2B; y<2B:
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From the construction of the radiation ¥, and the definition of ¥y, we compute :

1495

1 1 yllogy|?
— 10 1 H(T, — AT}) + O
gt (T gatveam) + HCT = AT + <1+y

2
HSy = HYSy+ H(Ty — AT}) + O (‘y‘k’gy’>

But

A
HTy, - HANTY = HT, - (2HT1 +AHT, — VTl)
y?

B logy
=0 (1 +y3) '

/‘ / L +/ logy!* _
s Ilogbl2 y<2Bo 1 +y*  Jy<op, 1+98 ° 7

and the contribution of Mod(t) terms to (6.5.5) and (6.5.6) are small enough.

‘We thus conclude :

Step 6. Small linear term L(e).
We recall the expression of L(e) :

L(e)=3 (Q% — QQ) E.
We have, with the rough bounds (6.2.20), (6.2.39) and (6.2.50) :
(@ - )
and, with (6.7.29)

e 2g
1+y8 1 +y ~ |logb|?”

Let us study the second estimate. In order to do that, let

g=3 (Q§ - Qz) . (6.5.10)
We have the following bound :
i (i y* (1 + |logy]) , ,
|H (ayg) | < bm, 0<i<4,0<j<1 (6.5.11)

where

k = max{0;2 — i — 2j}.
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So, with the bounds (6.5.11) and those of Lemma 6.7.10, we obtain :

JIEENE = [ = [ 1 (gHe — eng - 0,90,6)
[lat2E)R + [ 18gteP + [ 10,00,(e)
[1agHeP + [128%P + [ 10,(89)0,P

[1H@,90,2 + [ 10,980, + [ 10902l
6

< bi,

> Tloghl?

+ A

_|_

143

The proof is similar to that of the forthcoming estimates of the nonlinear terms and therefore

left to the reader.
Step 7 Nonlinear term N(¢).
We recall the expression of N(e) :
N(e) = 3Qpe? + &3
We have, with the rough bounds (6.2.20), (6.2.39) and (6.2.50) :
13 (Qo(y) — Q)| < 1b1(1 + logy)

and, with (6.7.32)

1 - 212 o« 12 1+!10gy\2
_ <
| 5@ -eras Nb/ 1+y12
1 + [logy|? €
< Ve 400/ + S
< Vel 1+y8 1+ 52|l oo 1+y8 ~ llong

and to conclude :

4
[ s el [ 5 8
i 55 flogtP

For the second bound, let us compute H(£3)

H(e*) = ?H(e) — 20,(%)9ye — A(e?)e

)
9 B €0ye
— 2H(e) — 2(0,¢)% <5ayys+(a o) +350E >
)

= &?H(e) — 3(0,e)* — *Ac
= 2e2H(e) + Ve® — 3¢(9,e)*.
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Now, we treat each term separately. First :

/|H (2H ()2 < /4|H2 |2+/A )2H (e +/|a )20, H (<))
g

2
e &y
Y L2,

4 2 2 4 2
S llellze &+ (HEIIL;o21 1Oyyellzoe |+ 10yl Lo + 10yelizec

2
2 2 2 2 2 2
+ (Hsuﬁl Iv0uelEge, +19seliz, Iele, + (o1 + Pogwl™) ., ||yayerL$1> &4
6
< L_
~ [loghP
Secondly, using that
. 1 .

we have :

/\HVE \2</\H \256+/A v2+/\a 3210,V ]2

S el ’ H - 2 10,17 /1
3 oo 9 ')
~ g L+ yllpI1+y? e 0E 1+y0

|Oyyel? < b

_ &
1+ 92

8yl + H
LOO

4

Lastly
2
[1HE@P S [1HEP 0,00 |2+/ ((9,)%) —|—/8€ )|
S el e+ [ 2801 5 g+ [ 8@
But
2
[ [a@02)]
0y
_ / <|ayye|2+aea3 +3 gyyyff)
2 3.)2

= /5 (8yy5(H(e)+Ve)+3y56ye)

< ‘8yy5‘

S NeliZ | N0uelie, €+ 10ele &+ el | T2

2 2 2 2 312
+ |[e(1 + Jlogy] >H% lwouelie €at lelee, 19yelzee / _, ¢
6

<

™ JloghP?
Thus,

bs
H*()]? < 6.5.13
1R 5 o (6:5:15)
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Treat now the other contribution of N(e) in the bound (6.5.6). Let
F=3(Q-Q).
We have the following bounds :
e 1
py (L + llogyl)

0, f1 < ey T 0<i<?2 (6.5.14)
. y* 1 .
[H(95 ) < b1+y2+j+k+1+y4+j’ 0<j<2 (6.5.15)
where
- { 1 for j=1,
0 otherwise.
Let us compute H(fe?)
H(fe?) = H()f —Af —20,f9,()
= H(Hf+2Hf —20,f0,(*) + V f&? (6.5.16)
In the same way as in the last proof, we treat each term separately. First :
H (H(EQ)f> = H*(2)f — AfH(E?) — 0,f0,H(). (6.5.17)
Let us estimate the three components using that :
H(e%) = 3eH () + 2Ve? — 2 (9,¢)? (6.5.18)
and,
H(e?) = 3(cH(e) + |H(e)P + VeH(e) — 20,20, H(e)) (6.5.19)

+ 2(HVE? = VA(?) - 20,V 0, ()
— 2(30,cH(9,0) +2V(0,0)° — 2 (92)%)

and moreover,

_ O
Y2
(6.5.17), (6.5.18), (6.5.19) and (6.5.20) together with the bounds (6.5.14), (6.5.15), (6.5.12) and

those of Lemma 6.7.10 imply :

H(0ye) = 0,H(¢) 0yVe (6.5.20)

2 2 b
H(H < .5.21
J 1 (HE)) P 5 (6.5.21)
Let us study the second term of (6.5.16) .
H (2H[) = e2H?(f) = HfA(?) — 20,(H [)9,(£%). (6.5.22)
The bounds (6.5.14), (6.5.15) and Lemma 6.7.10 yield
b
H(SHf)* S : 5.2

We estimate the two last terms in (6.5.16) in the same way. This concludes the proof of (6.5.6)
and thus of Proposition 6.5.1.
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6.5.2 At H? level

For the H? level, we use the profile Qb localized near By. The description of this localization
and the estimates of the new error generated by these are given by Lemma 6.2.4 and Section
6.3.2. We recall the equation verified by s :

Opby + Hyidg = —0, Vi + H) <A2 }'A> (6.5.24)

Proposition 6.5.3 (Lyapunov monotonicity H?). There hold :
d & b3\logb|2

5.2
FTSCESIY (6:5.:25)
Proof.
1d & . . -
5%? = /’11}2 [—wag—ati—kHA <A2fA>:|
_ _/wQHAwQ —/@VW#/@HA ()\2]-“,\> (6.5.26)

We study each term separately :

To begin, in agreement with (6.7.3), the a priori bound (6.4.11) on the unstable direction,
and the bounds (6.2.70) we have

1
*/@2Hw32 S (&)’
1
S F |: 527 HCle) :|
1 b3|logb|?
SV [K +HH2<bHL2} S ‘)\4‘ (6.5.27)

The second term is a lower order quadratic term. Recall that :

b1
PAURS
0 N4yt

Hence, using Cauchy-Schwarz, with the a priori bound (6.4.9), (6.3.24) measuring the difference
between the two energies at H? level, and the bounds (6.2.70) and (6.7.27)

s b ot ([ el + 16
O Vi | < — &2 [ ELT5L

> S 1 b3|logb|C (6.5.28)

For the last, we don’t use exactly the same strategy as for the control H*. Indeed, for the term
of error, the term of modulation, the global L? bounds for & we have are too rough. We must
then improve them, as both terms are localized for y < 2By. So :

2

512 < Billogh /" /H 2
£ (0]
/yggBo‘?’ S e e AL

< C(M)b* + b%|logb|* < b%[logb|*. (6.5.29)
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The term of error Wy, is now estimated using (6.2.71) and the improved bound (6.5.29) :

(o O] S Byl 1ol 2oy S (5 logbl2b2llogbf?) * < b7 loghl. (6.5.30)

We next estimate from (6.2.20), (6.2.38) :

. logy |2
[t s [ sk <2< Jloghl?.
y<2Bo Bo<y<2Bo | Y

2
1
/| LIS y<2B, | y?bllogb|| ~ b?|logh|

and thus from (6.2.67), (6.3.26), (6.3.27) :

—_— 2 A A A
[t P £ 5o [1HAQE + b+ 07 [ 1T+
4

Moreover, Supp(Hm) C [0,2Bp] and thus with (6.5.29) :
(62, HMod)| < (b*logb|*b? [logb|? ) < b3|logb|>. (6.5.31)
We now claim the following bound for the small linear term, and the nonlinear term :
/\HL @) + [HNE)? S 1. (6.5.32)

Assume (6.5.32). Thus,
(&2, HL(2))| < bllogb|“b3 < b%[logh|>. (6.5.33)

(6.5.33), together with (6.5.27), (6.5.28), (6.5.30) and (6.5.31) concludes the proof of Proposi-
tion 6.5.3.

Proof of (6.5.32) :

We recall that :
In the same way as previously, we let :

for which we have the bounds :

9]+ 10,91 +|Hgl < b for y<1

A

‘ + |yo, 9| + ‘y2H§‘ for y>1.

g
‘1+ llogy| 142
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These bounds together with (6.2.69), (6.2.70), Lemma 6.7.10 and the following decomposition :
HL = éHj — §AZ — 20,§0,¢

yield the expected bound for the linear term. We estimate afterwards the nonlinear term. We
know that :

N(&) =3Qé% +3f&% + &
where we note
f=3Q-Q)
and we are within the bounds of the profiles (T})1<i<3 :

f+0,f+Hf| < b for y<1

~

f T
—_— Hfl < b f > 1.
With the estimates L*° of Lemma 6.7.10, of the second localization (6.2.69) and (6.2.70), we
have :

. A& el
JALEC IR e
1+ y? 1+y 148
b el [1H IR + 1A + 10,50,
Nl Gt el [ 188 4 el 10802 [ 10,68
< W

Proposition 6.5.3 is proved.

6.6 Proof of Proposition 6.4.2

6.6.1 Improved bound

The Lyapunov monotonicity property allow us to improve the a priori bounds under the a
priori control (6.4.11) on the unstable direction.

Lemme 6.6.1 (Improved bounds under the a priori control (6.4.11)). Assume that K in (6.4.7),
(6.4.8), (6.4.9), and (6.4.10) has been chosen large enough. Then, ¥Vt € [0,t41] :

0 < b(t) < 2b(0), (6.6.1)
/|V5|2 < /b0), (6.6.2)
1E2(t)] < 552(t)|1ogb(t)|5, (6.6.3)
e < K00 (6.6.4)

2 [logb(t)[*
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Proof .
Step 1. Positivity and smallness of b(t).

The proof of (6.6.1) is a direct consequence of the modulation equations. Indeed, this last
equation (6.3.27) yields that
bs <0 (6.6.5)

We must now prove that b(¢) can’t be negative. We argue by contradiction. As b(0) > 0 and
b(t) is a continuous function, we suppose that there exists ¢y such that b(tg) = 0. With the
modulation equations, we have that :

|bs| < 2b° (6.6.6)

Hence, there exists ¢ such that b(t) = 0 on [ty — 9, to], and thus from (6.4.10), A(t) = A(tp) and
u(t) = Q) On [to — J, o). Iterating on § > 0, we conclude that ug is initially a rescaling of Q,
a contradiction.

Step 2. Energy bound.

(6.6.2) is a consequence of the decrease of energy. Indeed, let

E=d+te. (6.6.7)

Eu) = ;/Wmﬁ—i/wﬁ
_ ;{/NQ‘QJF/Waz}JF/ayQayg_jl/ [Q4+4Q35+6Q252+4Q§3+§4}

— E(Q)+ (H& &) — i/ [4Q8% + 8. (6.6.8)
Now,
(HE,Z) = (He,e)+ (Ha, &)+ 2(a, He)

= (He,e) + O(bllogb|).
The last equality comes from Cauchy-Schwarz, the bound (6.4.9) for eo and the inequalities :

lall7: < Nlogbl,  Hal2 S b*logh.

~

Moreover, using (6.7.10), the orthogonality conditions (6.3.5), and the a priori bound on the
unstable direction (6.4.11)

5

(He,e) > c/ |Vg|2 _ % [(5, @M)Q + (6,1#)2} 2 / |V€|2 +0 <H(ﬁgl)]2) .

Thus,
(Haé)zh/]Vd2+(XﬂkgMC) (6.6.9)
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Let us see the nonlinear terms. We recall that :

2
+ (V7. < b*[logb|.
L2

1€llzee < llellzee + lléll Lo < bllogb| |~

~

Like this, with the bound (6.4.8) and the fact that :

2 1 1
vue @), [0 [iwup ([rut) < (1) (6:6.10)
2 ~ 112 2 2
1€]| oo ( 1’iy2 + HZ ) + (/IVaP) + (/vaﬁ)
L2

< ,/5(0)/;%\2+0(b\1ogb\0). (6.6.11)

The first inequality of (6.6.10) comes from Lemma (6.7.1). The second is a classical result of
Sobolev, Gagliardo and Nirenberg in dimension N = 4. This results in general case and its
proof is available in [10] with Theorem IX.9. By construction,

0 < E(u) — E(Q) < b%(0)|logh(0)|°. (6.6.12)

thus

N

/ 1Q* + &]

Injecting (6.6.9),(6.6.11) and (6.6.12) into (6.6.8) concludes the proof of (6.6.2).
Step 3. Control of &,4.
We argue similarly as in [91]. V¢ € [0,t1),
O b4(0) bi(t)
Ei(t) < 2 —=% E4(0) + C'/b(0 6.6.13
w0 = 2(5g) [0+ PO e 609

+ C[1+K+\/E] A8 (1) tiid
logM o A8 [logb2”"

for some universal constant C' > 0 independent of M.
Let us now consider two constants

Cl 02
-9 =24 ——= 6.6.14
a1 Toghl’ = " Jloghl ( )

for some large enough universal constants C,Cy. We compute using the modulation equations
(6.3.26), (6.3.27) and the bootstrap bound (6.4.10) :

d{llogblaib} _ |logb|* Kl_ a; )b _Asb]
ds | A DD logt] ) >~ X
|logb|*i < o ) 2 b’
= 1-— bs + b+ O
A [logb| o [logb|

o; [logh|“ [ 2( Q; ( 1 ))}
_ (1- b+ b2 (1
( |1ogb|> N U o] O\ oge?

{go for 1 =1

>0 for 1=2.
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Integrating this from 0 to t yields :

b(0) (logb(0[[\** _ b(t) _ b(0) ([logb(0[[\*!

0 (@) =30 =30 (Towdl) (0:0:15)

This yields in particular using the initial bound (6.4.3) and the bound (6.4.7) :

A\ a2 £ b(t)

(oy) £ = @OMoaO) G iy < Togre (0:0:10)

(t) ﬁ O) b(t)|logb(t)|* /7 )

< A(0 ) |logb(0 S <b(0 )|logb(0) ]0‘2> \logb (0)]

L1 b*(t)

< CObt)T < Togb(0)F" (6.6.17)

We now compute explicitly using b = —A\; + O ( ) from (6.3.26) :

[logb]

by bt 1 bib® 2
[ iy "
0 A8 |logd|? )ﬁ\logb|2 A6logb|? |logb|

tp b5
A
" O< 0 2 logh? T)

from (6.3.27) and (6.4.10) :

which implies using now |bs + b?| < |logb\

Xo(1) /t ;)8 |10b;b’2 {1 +0 <\log1;bof>} HOI:;&)”T

Injecting this together with (6.6.16), (6.6.17) into (6.6.13) yields

i HVE]

(1)
10 < O |+ fogn

for some universal constant C' > 0 independent of K and M, and thus (6.6.4) follows for K
large enough independent of M.

Step 4. Control of &;.
Similarly to the control of &, we give the same proof as well as in [91]. We integrate the
monotonicity formula (6.5.25) after recalling the estimate of the difference between & and & :

&) = NO)|wt)lIF2 S IHGOF2 + A1) d2(t)]I72 (6.6.18)
AE)\2 t b3[logb|?
< b(t)|logh(t)[* + <)\(0)) {52(0) + bQ(O)llogb(O)ﬂ +A%(t) o M(7) dr.

From (6.4.3), (6.6.15) :

<;\\(((t)))) 2 {52(0) + 52(0)|10gb(0)|2} <

(6(0))"° + b2(0) logb(0) |
(6(0)[logb(0)[2])2
b2 (t)|logb(t)|*+ 7,

b* (¢)logb(t)[*2

IN
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We now use the bound b < —b% and (6.6.15) to estimate :

t b3|logb|? t —b;b|logh|?
M2 (t —C i dr St / ——d

A\ o oo 1 bt
< (22U p2(0)logh(0)2 [ g
< (Sor) v [

A1) 1
< (o) ¥R Gps

0z _[logb(0)[* L
S 0 (t)[logb(t)|? QW < b%(1)[logb(t)|*F3.

Injecting these bounds into (6.6.18) yields :
Ex(t) < b (1) flogh(t)| "+

and concludes the proof of (6.6.3).

6.6.2 Dynamic of the unstable mode

To conclude Proposition 6.4.2, we must study the dynamic of the unstable mode. We recall
that k(t) = (e(t), ¥).
Lemme 6.6.2 (Control of the unstable mode). There holds : for all t € [0,Ti(a™)],

(6.6.19)

o ’ Ilogb!
Proof. We compute the equation satisfied by x by taking the inner product of (6.3.8) with
the well localized direction v to get :

dk
i (k= E(e) (6.6.20)

with
E(e) = (=W, 9) + (L(e),¥) + (N (), ) — (Mod, ) + %(Ae, V). (6.6.21)

We now estimate all terms of RHS. We recall the exponential localization of v as well as the
orthogonality (¢, AQ) = 0. To begin, using (6.2.63)

Cl(HQ\I’b,w ‘ (/!H2 W) \2> < Vb o (6.6.22)

(8,9 ’— Togd|

(s, H%)\

I

From the definition (6.3.21) of L(e), we have the following bound :
L(e)| S by lel.

Thus,

el
‘(yQ(l +y?)(1 + [logyl)’

[EROTEY 1+ )0+ g )| S Vi (6623)

|lo gbl
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In the same way, with (6.3.11),

e 12
NG| S (by1°e| =] o)
(6.7.35) and the fact that Vi, ||y'¢|| . S 1 yield :
b5
N <Vb——ro-. 6.6.24
With the notation of Lemma 6.2.3, we have
s . L
Otod ) = |(= (5 +6) A0+ 0 + )T + 28,0 )
As N ol | /i -
S |5 Y IAQ+AG )| + b+ b H(T1+2bT2,w)‘.
But
[AG| + [26T5| < by'”
and
_ 1, 1 3 .
= |— = |— < — <
(710)| = | (fm0)| = | = (1Tw) 5| [ (0 - 8@) w50
Hence, with the modulation equations
3
Mod <Vb——ro. 6.6.25
For the last term, we use (6.7.27).
5
A A Ae b2
ZE(A = |22 21+ (141 )‘< b—>-. (6.6.26
) = |3 (e v+ 90+ sl )| £ Vigr (66.26)

This concludes the proof of Lemma 6.6.2.

6.6.3 Conclusion

We have at our disposal all the elements to finish the proof using a rough argument which
does not give a sharp information on the link between the initial data and the choice of a™, and
uniqueness for example is not covered at this stage. The keystone of the proof is the fact that
the map :

5 5
b2 b2
—2_0 .9 0 - RT
[ [logbo| ]logbg|]

at — Ti(a™)
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is continuous as a consequence of the strictly outgoing behavior on exit (6.6.20) defined by
(6.4.11). This classical argument is displayed in detail in [20], Lemma 6, in a more complicated
setting and therefore left to the reader. Hence, we also have the continuity of the map

5 5
2 2
[2b0-2b0]—>R+

- [logbo|” ™ [logby|
at — k(Ti(a™)).

In agreement with the dynamics of the unstable mode found in the last subsection, we know
5

b2
that, for a* = 2 Mool
b 0
— = 0]
4™ = Tlogn (\logbor
and then . .
k| Ty QL =2 b . (6.6.27)
|logbo| |logbo|
Likewise,
5 5
b2 bg
Ty | —2-—2 =—2—2 6.2
" ( ! ( |10gbo)) |logbo| (6:6.28)
By continuity, there exists at € ] —2‘1:#0'; 2 |1:g0b0‘ [ such that

K (T1 (a+)) = 0. (6.6.29)

In addition, according to the definition of an exit time and Lemma 6.6.1, we have two choices.

5
Either |x(Ty(a™))| = 9 UTia )2 7y (a™) is the life time of the solution. If the first possibility

[logb(T1 (a*))]
is the good one, the condition (6.6.29) gives
WTi(a)?
logb(T(at))[

As we have proved that b(t) > 0 for ¢t < T', where T is the life time of the solution, we have thus
the second possibility. Notice that in this case, the two choices tally. This is exactly Proposition
6.4.2.

6.7 Appendix

6.7.1 L? coercivity estimates

In this appendix, we at first prove the Hardy inequalities for functions u € H2 ;(R%). We
will use afterwards this results to establish properties of weighted sub-coercivity for H and H?,
which allows us to obtain coercive estimates for these operators under additional orthogonality
conditions. These coercivity estimates are crucial in our study. The proof lies in the continuation
of the analysis in [41].
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Hardy inequalities

Lemme 6.7.1. There exists a constant C for which there holds, for any v € Hﬁad(R‘l)
( )2 3 i
v\Y 2
L] s Gt <[ [ 9w 671)
R: Y yeR4 R4

[Vol® | o v

2

lollzee N/ < y4 +/1<y<1 w (6.7.2)
L<y<

Proof . By integration-by-parts :

/v(y)2 B lv(y)QyQTO_/v(y)ayv(y)

y2

PAN
| — |
\
<
S|
[\
—_ 1
—
<
(4
—~
Ned
N—
)
_ 1
|

Next :

1 1

) o 2\ 2 2\ 2

’UQ(Q)‘ 5/ ’0‘2 +/ ”UH 33/”’ g (/ | y;)‘ > </ |UL ) )
1<y<2 y>1 Y y>1 Y Yy

This concludes the proof of Lemma 6.7.1.

Lemme 6.7.2 (Hardy inequalities). VR > 2, Vv € H2 ,
controls :

a 2
ool + [P55 < v (6.73)
|00 / 2
—_ + v 6.7.4
»éSRzﬂ(14-H0gyD2 u/<R y? <y<2|‘ (6.7.4)
|v]?

[V|? / 2
< +C vl 6.7.5
LA;@<fzy4+7(1+-H0gyD2 ~ f(<y<fzy2+”(14-ﬂogyD2 K 1§y§2| | (6.7:5)

Proof. Let v be smooth and radially symmetric. (6.7.3) follows from the explicit formula
after integration by parts

3 2 Oyv?
JE (ayyv+ yayv) :/|ayyv\2+3/’ygﬂ”.

To prove (6.7.4) and (6.7.5), from the one dimensional Sobolev embedding H(1 < y < 2) in
L>(1 <y < 2), we obtain

(R*), Vv > 0 there holds the following

N

DES [ (P +19,08). (6.76)
1<y<2
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Let f(y) = —yg,eiy so that V.f = and integrate by parts to get :

(1+logy) l+logy)2 )

|v? / 2
_— = v|*V.
/1gy<R y4<1 + logy? cyer!TV

vy
—— +2/
1 —Hogy <ry3(1+ logy)

w2 0,02 ?
'“”'”(LgRy%mlogyD?) </ng 7 ) ' (6.7.7)

Similarly, using f(y) = —

N

% we get :
y3(1-logy)’ )

[ = [ vy
e<y<1 y*(1 —logy)?  Je<y<a
2 1
S Ry g U
1 —logy|_ y<1 y3(1 — logy)
1
2

[of? 0,02 ?
& '“”'”([,gawmlogm)?) </ng " ) ' (6.78)

(6.7.6), (6.7.7) and (6.7.8) now yield (6.7.4). To prove (6.7.5), let v > 0, and

_ Cy
) = Y7 +3(1 + logy)?
so that for y > 1
1 2 o
. = > .
V1) y (1 + logy)? [7 * 1+logy] — y (1 + logy)?

We then integrate by parts to get :
Kl / 2
< v|*V.
7/1§y§R y* (1 + |logyl)* — 1gng‘ Vs
R
< v n 2/ [vOyv]
- Y37 (1 + [logy|)? | | 1<y<r Y7 3(1 + logy)?

1 1
C/ ‘ |2+2 / |U‘2 2 / |V’U|2 :
v .
1<y<2 y<r Y+ (1 + [logyl)? y<r Y27 (1 + |logyl)?

and (6.7.5) follows.

’ 2

IN

Sub-positive estimates for H

The following lemma highlights the negative part of the operator H. We recall that this
operator possesses a unique non-positive direction .
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Lemme 6.7.3. Let u € H? ;(R%), then there exists a constant C > 0 such that :

rad
(Hu,u) > —C (u,9)?. (6.7.9)
Proof. Let u € Hfad(R‘l). There exists an unique decomposition of u :
u=kKyY+v
with the orthogonality condition
(¢h,v) =
By definition, we have
()
(¥, %)
Moreover, the uniqueness of the negative direction of H gives
(Hv,v) > 0.
Thus,
(Hu,u) K2(Hp, ) + K [(Hv, ) + (v, Hi)] + (Hv,v)
= w2 (Hy,¥) = 20k(v,$) + (Hv, v)
> ULY) gy
(¥, )
> (w,f/}) (u, ).

Sub-coercivity estimates

In this subsection, we prove sub-coercivity estimates for H and H? which are the key to the
proof of coercive estimates for these operators under additional orthogonality conditions.

Lemme 6.7.4 (Sub-coercivity estimates for H). Let u € H2 ;(RY), then there exist constants
0 >0,C >0 such that :

(He, o) > c/ e - L [l @+ (5,¢)2] , (6.7.10)

/,a u,2+/ [0yul? +/ u [Oyul®
v y? y (1 + [logy|)? Tyt © 1+y

Proof. (6.7.11) is a direct consequence of the inequalities (6.7.3), (6.7.4) and the following
decomposition :

/ (Hu)? = / (Au+ Vu)? = / (Au)?—2 / V(9,u)? + / (AV+V2)u2
2 V (A“)2+/ 112316 / |1a+uy2 / 1+ 48

192

1
V(y) = 54 [1+O<1+y2)] as y — +oo.

(Hu)®.  (6.7.11)

where we used that
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Lemme 6.7.5 (Weighted sub-coercivity for H). Let u € H? ,(R%), then there exists a constant
C such that :

/ |ul? +/ |8yu|2 +/ ‘ayyUP
y(1 4+ y*) (1 + [logy|)? y®(1 + [logy])? y*(1 + [logy|)?
/ |Oul? +/ |0 ul?
y*(1 + [logy])? (1 + [logyl)?

o / [ul? N / 0y ul”

y2(1+y8)(1 + [logyl|)? y*(1 4+ y*) (1 + [logy|)?

|Hul? / |0, Hul? / |0,y Hul?

+ + . 6.7.12

[ vastomy | v momy ] G s (6.7.12)

Remarque 6.7.6. Using (6.7.1), (6.7.4), and (6.7.5), u € H?

rad

(RY) yields

Jul? |0y ul? |0y ul®
/ +f +f
y(1 4+ y*) (1 + [logy|)? yO(1 + [logyl)? y*(1 + [logy|)?

|Oul? |Oyul?
+ / o+ ;
2(1 4+ [logy|)? (1+ [logyl)
‘HU‘Q ‘ayH“P layyHUP
+ + [ = S+ >
1 + [logy])? y?(1 + [logyl) (14 [logy|)

Proof of Lemma 6.7.5 : Let x(y) be a smooth cut-off function with support in y > 1 and
equal to 1 for y > 2.

/ Hu? / [0y (°0yu) — y*Vu]®
XA+ Tlogy))? 10(1 + [logy])?
2
= / 10y (y°0yu)] +2/Xay (y*0yu) Vu +/X V23?2
10(1 + [logyl)? y7(1 + [logy|)? y*(1 + [logy]|)?
[ Wl _, [ O [y
10(1 + [logyl)? y*(1 + [logyl|)? (

Vv
o s i)
A X T gy )2

‘We now observe that for £k > 0

—
y*(1 + [logyl)?

1
k
|8yv(y)’ S W

and thus,

_2/XW+/X Viu? Y RN (P —
y*(1 + [logy|)? y*(1 + [logy|)? y*(1 + [logyl)?

< / Jul? N / |0yul?
~ ) (1 + ) (1 + [logyl)? y*(1+ y*) (1 + [logy|)?
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Hence,
2
[ P [x 9, (°0,u)
y*(1 + [logy|)? y10(1 + [logyl)?

[ / Jul? N / |0y ul?
y2(1+ y®)(1 + [logy|)? y*(1+y*)(1 + [logy|)?

We may apply twice the Hardy inequality (6.7.5) with v = 8 and v = 4 and get for a sufficiently
large universal constant R :

V

/ oy (y30,u) / |0, ul|? / |0y ul?

X011 logy)? ~ Jyzr y5(1 + [logy])? yH (1 + 1) (1 + Jlogy])?
Juf?

/y>R y(1+ y*) (1 + [logy|)?

vV

Juf? |Oyul®
- ¢ V (1 + %) (1 + [logy)? / y i1+ yh) (1 + logy!)Q] '

and finally,
Jul? |0yul? |Oyyul®
/y>2 y L+ (L + [logy])? /y>2 yo(1 + [logyl)? /y>2 y*(1 + [logyl)?
o V [uf? +/ 0y ]
y*(1+9%) (1 + [logy)* ~ J y*(1+y*)(1+ [logy|)?
Hul|?
S /Xy4(1|—i—\ll)gy])2' (6.7.13)
Now, the control of the third derivative for y < 1 follows from :
/ |0, Hul? S / 10y (Au + Vu)|? > [y ]82u]2
y*(1+ [logy|)? y*(L+ logy))* ~J “y*(1 + [logyl)?

|ul? / |0yl / |Oyyul?
+ I _ 6.7.14
¢\ [ xarym v a2 G710
and the fourth derivative from :

/ ‘6yyH“|2 >/ |8yy(AU+VU)|2
(1 + [logy|)? (14 [logyl)?

|0l |03ul? |0,y ul®
2 / —a —C/ —_— +/ — 6.7.15
X1+ [logy])2 X2(1 + [logy])? Xy + [logy])? ( )

C /x [uf* + /x Oyul” ] . (6.7.16)
(14y"?)(1 + [logy[)? y°(1 + [logy|)?

(6.7.13),(6.7.14) and (6.7.16) yield (6.7.12), away from the origin. Let us study this control near

the origin. Let ( = (1 — X)% With Lemma 6.7.4, we have that :

f ootz [l z e - [ (ol + o)
L+ logP) < < y

> / [Cul? /Cu\2 / S C/ [ul®
~ 4(1 + [logy|?) ~ Jy<1 y*(1 + [logy|?) y<2 Yy




160 CHAPITRE 6. ARTICLE [94] SUR L’EQUATION DE LA CHALEUR
Now, by definition, we have :
1 0 o

Hence
1
Oyu = 7 (Vu+ Hu). (6.7.17)

T<y

We then estimate from Cauchy-Schwarz and Fubini :

st~ Lt (o)
- Vu+ Hu
/ygl y8(1 4+ [logyl?) y<1 Y2 (1 + [logy[?) \Jo
/ |0y ul® /y [Vu(r)]? + |Hu(7)?
y<1 y*(1+ |logy|?) \ Jo 73

/T<1 IVU(T)IQ;LS\HU(T)P </T<y<1 y2(1+1|10gy’2)>

|Hul?
S e 6.7.18
/ys1 y4(1 + [logy]|)? ( )

N

Finally, for the control of the other derivatives near the origin :

Oyyu = —Hu — 3 @ — V.
Yy

Thus,

/ |Oyyul < / |Hul? / |0ul? +/ |ul?
y<1 Y41+ [logy[?) ~ Jy<1 y*(1 4 [logy|?) — Jy<1 y®(1 4 flogyl?) — Jy<1 y*(1 + [logy/?)’

(6.7.19)
/ |Ogul? < / |0y Hul? +/ |9yyul®
y<1 Y2 (1 +[logy?) ~ Jy<1i y2(1+ [logyl?)  Jy<1 y*(1 + [logy|?)
R / Jul?
+ / + S el — 6.7.20
o P+ oggl®) T Jyer 7O+ oggy OO0
/ |0y ul? / |0y Hul* / |0y ul® / oy
y<t1 (1 + |logy[2) y<t (1+[logy?) * Jy<1 y*(1 + [logy[?) 4(1 + |logy|?)
2 2
/ __19yul” / S U (6.7.21)
y<1 yO(1 + |1ogy\ y<1 Y1+ |10gy| )

This concludes the proof.
We now combine the results of Lemma 6.7.4 and Lemma 6.7.5
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Lemme 6.7.7 (Sub-coercivity for H?). Let u € H? ,(R*Y). Then,
Hul? Oy Hul? OyyH
/|H2u|2 > /—4 Hul” +/ 19, H /| vt T logar? (6.7.22)
y*(1 + [logy|) 2(1 + [logy|)? (1 + [logy|)

n / |u|? +/ |6yu|2 +/ |8yyu|2
y(1+ y*) (1 + [logy|)? y0(1 + [logy|)? y4(1 + [logy])?
/ |Oul? / |0ul? C/ |ul?
y2(1 + [logy[)? J (14 [logy|)? y2(1 4 y®)(1 + |logyl)?
_ ¢ / |0y ul? n |0, Hu|? n Hu?
y4(1+ y*) (1 + [logy|)2 1494 1+ 98

Coercivity of H?

+

We are now in position to derive the fundamental coercivity property of H? at the heart of
our analysis.

Lemme 6.7.8 (Coercivity of H?). Let M > 1 be a large enough universal constant. Let ® )y be
given by (6.3.2). Then there exists a universal constant C(M) > 0 such that for allu € H2 ,(R?)
satisfying the orthogonality conditions :

(u, ®pr) =0, (Hu,®p;) =0

/ |Hul® +/ |0y Hul® +/ |Oyy Hul®
y*(1 + [logyl)? y2(1 + [logy|)? (1 + logy|)?

/ |ul? / |0 ul? / |Oyyul
y*(1 4+ y*) (1 + [logy|)? y6(1 + [logy])? y*(1 + |logy])?

y2(1 + [logyl)? (1+ llogyl o

Proof. We argue by contradiction. Let M > 0 be fixed and consider a normalized sequence

/ | Hup|? +/ |0y Hun|? +/ |0yy Hun|?

y*(1 + [logyl)? y2(1 + [logy|)? (14 [logy|)?

/ |un|? _|_/ |0y un|® / |Oyytin|
Y1+ yH)(1 + [logy|)? y5(1 + [logyl)? y1(1 + [logy|)?

/ 9yt +/ Byunl” 1 (6.7.24)
y2(1 + |logy|)? (1+ [logy])? o

there holds :

Unp,

satisfying the orthogonality conditions
(Un, ®prr) =0, (Hup, Ppr) =0

and 1
/|H2 (un)|? < ~ (6.7.25)
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The normalization condition implies that the sequence u,, is uniformly bounded in H, 1406. As a
consequence, we can assume that wu, weakly converges in Hf‘oc t0 ueo. Moreover, uq, satisfies
the equation

H?uoo =0 for r>0.
Integrating this ODE leads to
Hus = aAQ + I for r > 0.

Using the condition us, € H loc» We can determine that 3 = 0. Hence, the function u, can be

written in the form

oc’

Uso = —ad] +~yAQ + IT.

The condition us, € Hl‘éc yields that § = 0. Passing trough the limit in the orthogonality
conditions, using that wu,, converges to us, weakly in H, ﬁm, we conclude that u, satisfies

(Uoo, ®rr) =0,  (Huco, Ppr) = 0.
We may therefore determine the constants « and ~ using (6.3.2), (6.3.5) which yield a =~y =0

and thus us = 0.
The sub-coercivity bound (6.7.22) together with (6.7.25) ensures :

l N/|H2 ) |2 N/ | Houp | +/ ‘6yHun’2 +/ layyHUnP
n 4(1 + [logyl)? y2(1 + [logy|)? (1 + [logyl)?
n / |Un|2 +/ |ay“n|2 +/ |ayy“n‘2
y4(1 +y*) (1 + [logyl)? yo(1 + [logy|)? y*(1 + [logyl)?
|83Un|2 |0y | o |0y Huy|? Hu?
/ 2(1 + |logy|)? +/ (1+[logy|)? [/ 1+y4 * 1+y81

_ Jun|? |Oyun|
¢ V 21+ )(1 + logy])? / yr(1+yh)(1+ \10gy!)2] '

Coupling this with the normalization condition we obtain that

/\ayHunP +/ Hu, +/ |up|? +/ |0y un|®
1+ y* 1+y8 y2(1+y®)(1 + [logy|)? y(1+ y*) (1 + [logy|)?

for some positive constant ¢ > 0. Since u, weakly converges to u in Hﬁm on any compact
subinterval of y € (0,00), we can pass to the limit to conclude

|0, Hioo|? / Hu +/ |tUoo|? +/ |0y too |
1+t L+y8 y2(1+y8) (1 + [logy|)? y*(1 +y*) (1 + [logyl)?

This contradicts the established identity us, = 0 and concludes the proof of Lemma 6.7.7.
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Coercivity of H

We complement the coercivity property of the operator H?, established in the previous
section, by the corresponding statement for the operator H, which follows from standard com-
pactness argument. A complete proof is given in [41] with a slightly different orthogonality
condition but the proof is the same and therefore left to the reader.

Lemme 6.7.9 (Coercivity of H). Let M > 1 be fized. Then there exists ¢(M) > 0 such that
the following holds true. Let u € H? = With

(u,®p7) =0

2 |Oyul? / / 2
/myy | / + 1+|1ogyy | Hul?. (6.7.26)

6.7.2 Interpolation estimates

then

In this appendix, we prove interpolation estimates for € in the bootstrap regimes which are
used all along the proof of Proposition 6.4.2. We recall the norm &, & and &4, introduced in
(6.3.13), together with their bootstrap bounds :

& = /yv5|2 < KS(v"),

& = [IHeP < K logb(n)”

St
54 = /H252
= M ogo
Lemme 6.7.10 (Interpolation estimates). There hold -with constants a priori depending on
M- :
H(e)|? Oy H (¢)]? OyyH (€)]?
L Ty L Ty g E L 610
y*(1 4 [logy]?) y*(1 + |logy]?) (1 + [logy[?)

/ B +/ |0t e|? <g 1<i<4
y ~Y 4’ —_ 1 —_ )
y* (14 y*) (1 + [logy|?) Y52 (1 + |logy[?)

le]? |95el” _ ,
/4(1+10gy,2) + VST Sé, 1<i<2, (6.7.28)
/ 1"|‘ |logy|C ‘ai€|2 < b4\logb|cl(c) 0<i<?2 (6729)
yo1 P52 (1 + flogyf?) v , 0<i<2,

1 + [logy|® ,
/>1 y6—2i—(i_1|_i(_)%i)|gy2) 05 ]® < b*[logh| 1), 0 < i <2, (6.7.30)
y=z

1+ |logy|® , .
/>1 y4—2i(1|+ Hngz) Byel” < b[logh| (@), 0 <i<1, (6.7.31)
y>
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2
|21+ Dogy(©)| .~ < p*10gh|1(@), (6.7.32)
y>1
2 2 2 < b4
lellige, +10uellbee + 10elliee | S oo (6.7.33)
lydyellr < b°[logh]?, (6.7.34)
2
€ 2 3 c
5| 1ai s o (6.7.5)
2 2
€ Oye 9 4 c
— Oyyel?ee < b¥logh]C . 6.7.36
Hl-i-lﬂ Lo Hl-i-y L°°+|| yygnLyle [logb] ( )

Proof. (6.7.27) and (6.7.28) are respectively direct consequences of the Lemma 6.7.8 and
Lemma 6.7.9 and definition of the norms & and &4.
To prove (6.7.29), we split the integral at y = B2°.

/ 1+ |logy\0 |815\2
y>1 Y3 2(1 + [logy[?) Y

/ 1+ |logy|© 16ie]? +/ 1+ |logy|©
1<y<B20 Y82 (1 + [logy[?) Y y>520 Y32 (1 + [logy|?)

[logh|“T2&,
. 1 . 1
/ 10,el” : / 0,el” :
oo o \Juz1 g7 (1 A [logy[?) y>1 Y72 (1 + [logy[?)
>B,

|0yl

N

1+ |10gy|c
y2

+

The bounds (6.7.27) and (6.7.28) conclude the proof. The bound (6.7.30) is a direct consequence
of the last bound and the bootstrap bound for &. Indeed :

/ 1 + |10gy|C ‘ai€|2
y>1 Y572 (1 + [logy[?) Y

1 1

1+ llogyl2C ' 3 Jiel? 3
5 / 8_2-4_ | Ogy| 5 ‘alzlg|2 / — ‘ i | .
y>1 Y3 (1 + [logy|?) y*~ (1 + [logy|?)

and (6.7.30) follows.
The proof of (6.7.31) is the same as that of (6.7.29) using the energy & and &. (6.7.32)

comes from (6.7.2) and (6.7.31). Indeed :

2
et +ogu D).

/ |3y8|2(1+|10gylc)+/ 62(1+|10gylc)+/ e2(1 + [logy|%)
y>1 y? y>1 y! l<y<i y?

AN

< b%|logh|©.

Let us prove (6.7.33). Let a € [1;2] such that :

@5 [ ‘f;) < Ve (6.7.37)
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Then using Cauchy-Schwarz

Y |0,e
[

Yy € [0;1], [e(y)] < le(a)] +

In the same way, let a € [1;2] such that :

|@ﬁmn:5A2“%§”'5\ﬁa (6.7.3)

and

Yy € [0;1], 10ye(y)| < 9y (a)| +

V10,05(y)|
ng\s¢a

Finally, let a € [1;2] such that :

210,
et s [ 120 < v, (6.7.39)

and

< Ve

vy € [0; 1, [y0yye(y)| S al8yye(a)| + " ;

/wo%wwyg%dwg
2

The bound (6.7.34) is a direct consequence of Lemma 6.7.1 and (6.7.28).
We now prove (6.7.35) using (6.7.2), (6.7.28) and (6.7.29) :
el  |0yel?
of (e
$<y<t \| Y Y
2

2 2 8 2 8 2
& | yi‘ —i—‘ el )
Die]? : 0ie2(1 + [logy2) \ ?
= Z / 4-2i g 2 / . 82 + & < bP[logh|C.
— \Jy=1 y* (1 + |logy[?) y>1 ys

3

y>

+ 10ye]I? ,S/ +
L2, 19 HL@l y>1 \ YO Y y?
7=

Similarly, we prove (6.7.36) :

2

2

€ Oy€ 9

R e IR L

Yollee Y e, vzl

312

< i 0yel? | |yyel® | 10yel el* | 19yel® | |yyel
~ st —6 T 1 T2 |T et 1 T3

y>1\Y y y y 1oy<i \ Y y y
< blogh|C.

6.7.3 Localization of the profile

In this appendix, we are going to give the important steps of the proofs of Propositions 6.2.3
and 6.2.4.
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To begin, remark that the definition (6.2.59) of ¥, in the localization near B; gives two
types of error. One is the result of the only localization. The other is the effect of the time
derivative. Indeed, we can rewrite ¥, as follows :

b, =vV + R (6.7.40)
where . ) ) . )
Wi = —0X(Th + bTs) — AQy + bAQ, — (Qy)? (6.7.41)
and N - -
N ~ 0T; 0T: oT:
_ 2 1 212 30143
R=hb, <3b Ty+ b + 075+ b ) . (6.7.42)

We compute the action of localization which produces an error localized in [By,2B1] up to the
term (1 — xp,)AQ :

‘1’1(71) = x5, ¥ +b(1 — xB,)AQ + bAxp,a — aAxp, — 20,xB, Oy
+ Q@+x30)’ - Q% —x5,((Q+a)’ - Q. (6.7.43)

We estimate from the rough bounds of (7;), ;<3 and the choice of B :

] b
Vy < 2By, la(y)| S by (' ogyl + Y > < bllogy|
Yy [logb|

and thus :

b
1b(1 = xB,)AQ + bAxp, o — aAxp, — 20,xB,0y| S Elyz& + b%logylp, <y<2B

’(Q +xp )’ —Q° — xp, (Q+ ) — Q3)‘ N ’aﬁ)' 11B,<y<2B-

blogy
R 1p,<y<2B;

N

Hence, \Ilél) verifies the bounds (6.2.61), (6.2.62), (6.2.63). For the control of time derivatives,
we have to use that :

dey 1 ady 1

— =0|——= — =05—= 6.7.44

0b (b|logb|2> ) <b2|logb|2> ’ ( )
which are consequences of their definition, and that :

T ( o + L )
ob b|logb| y<Zo y2b2|logb|? B0 <y<6B, ) -

Using (6.7.44), (6.7.45) together the explicit formula of (7}),;3 yields (6.2.61), (6.2.62),
(6.2.63) without difficulty. Only an estimate is more delicate, and requests more cancellation.
Indeed, we must use that

8T2 822 82()
2 JE— e JE— e —_
w () =1 (%) =1 (%)

(6.7.45)
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and similarly

8T3 823 821,)
(3 ) =g (22) = (220,
(%) -7 (5) (5
The proof of (6.2.64) is left to the reader. For the proof of Proposition 6.2.4, we just remark

that, by definition :
G = (XB, — XBy) (0T1 + b°T + b°T3)

This proof is afterwards the same as the previous one.
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Chapitre 7

Article [89] sur le modéle de
Patlak-Keller-Segel

7.1 Introduction

7.1.1 Setting of the problem

We consider the two dimensional Patlak-Keller-Segel problem :

Ou =V - (Vu+uVe,),
(PKS) { ¢u= 5-loglz|*u (t,z) € R x R?, (7.1.1)
Ujg=p = U0 > 0

This degenerate nonlocal diffusion equation is a canonical limit of kinetic models of particles
evolving through a nonlocal attractive force, and is one of the model which arises in the des-
cription of colonies of bacteria, [49], [80]. This system has attracted a considerable attention
for the past twenty years in the mathematical community, in particular in connection with the
local regularity of weak solutions, the qualitative behavior of solutions and the possibility of
finite time blow up for large enough data corresponding to the aggregation of bacteria. We refer
to [6] for an extensive introduction to the literature on these subjects. Our point of view in
this paper is to replace the problem within the sets of critical blow up problems which for both
parabolic and dispersive problems have also attracted a considerable attention for the past ten
years.

The existence of unique local smooth solutions in some suitable Sobolev sense can be obtained
from standard fixed point arguments as in [78]. The corresponding non negative strong solution
satisfies the conservation of mass

/ u(t, z)dx = / u(0, x)dx (7.1.2)
R2 R2
and the flow dissipates the logarithmically degenerate entropy :
1 r
Flu) = / ulogu + / by < Flug)- (7.1.3)

The scaling symmetry
ux(t, z) = Nu(\’t, \x)

169
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leaves the L' norm unchanged

/U)\tfb /u)\Qtaz
R2 R2

and hence the problem is L! critical. Note from (7.1.3) that the problem is also almost energy
critical and therefore particularly degenerate.

7.1.2 Previous results

A fundamental role is played for the analysis by the explicit ground state stationary solution

8

)= —""5>. 7.1.4
Q) = (7.1.4)
From [4], [12], @ is up to symmetry the unique minimizer of the logarithmic Hardy-Littlewood-

Sobolev inequality : Vu > 0 with [u =M

4
/ulogu + MW /gbuu > M [1 + logm — logM] . (7.1.5)

For smooth well localized data with small mass [up < [ @, the flow is global and zero is
the universal local attractor, see [22], [8], [83], and in this sense @ is the first nonlinear object.
For data above the ground state [wug > [ @, the virial type identity

;t/|$2u(t,:r)dx:4< —jf,Q>/u

implies that all smooth well localized data blow up in finite time. Note however that as usual,
this argument is very unstable by perturbation of the equation, and provides almost no insight
into the structure of the singularity formation.

Substantial progress have been made in the critical case [« = [ Q. In [7], finite variance initial
data [ |z|?up < +oo with minimal mass are shown to grow up in infinite time. The argument is
again by contradiction and does not give the associated blow up rate. More dynamical results for
domains are obtained in [48]. In [6], it is shown that infinite variance initial data [ |z|?ug = +o00
exhibit a completely different behavior and generate a global flow asymptotically attracted by
the soliton (7.1.4), see also [13] for quantitative convergence rates. The proof involves the use
of an additional Lyapounov functional at the minimal mass level, and the importation of tools
from optimal transportation thanks to the gradient flow structure of the problem.

All the above subcritical mass results heavily rely on the fact that for [up < [ @, the dissipated
entropy (7.1.3) coupled with the variational characterization of @) through the logarithmic HLS
(7.1.5) imply a priori uniform bounds on the solution. This structure is completely lost for
Jup > [ Q, and the description of the flow for mass super critical data is very poorly understood.
In the pioneering work [38], Herrero and Veldzquez use formal matching asymptotics, the radial
reduction of the problem and ODE techniques to produce the first example of blow up solution.

7.1.3 Connection with critical problems

The L! critical structure of the (PKS) system is canonical from the point of view of critical
problems, and a number of examples extracted both from the parabolic and dispersive worlds
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have recently attracted a considerable attention and led to a new approach for the construction
of blow up solutions. Examples of such critical flows are the mass critical Non Linear Schréodinger
equations of nonlinear optics

10w + Au + ulul? = 0,

, (t,z) eRxR?, ueC, (7.1.6)
Ujt=0 = U0,

(NLS) {

the geometric energy critical parabolic heat flow to the 2-sphere of crystal physics

ou = Au + |Vul?u,

, (t,z) eRxR?, ueS?
Ujt=0 = U0,

(HF) {
and its dispersive Schrédinger map analogue in ferromagnetism :

u A O = Au + |Vu|?u,

, (t,z) eRxR?, ueS?
Ujt=p = U0,

(SM) {

For all these problems, a robust approach for the construction of blow up solutions and the
study of their possible stability has been developed in the past ten years, see [69], [67], [68],
[71], [70] for the mass critical NLS, [88], [72] for the wave and Schrédinger maps, and [91]
for the harmonic heat flow. The strategy proceeds in two steps : the construction of suitable
approximate solutions through the derivation of the leading order ODE’s driving the trajectory
of the solution on the modulated manifold of ground states; the control of the exact flow
near these approximate profiles through the derivation of suitable Lyapounov functionals and
a robust energy method. The first step avoids the common use of matching asymptotics which
is most of the time delicate both to implement and to make rigorous, see for example [55]
for (NLS), [99] for the heat flow, [21] for (PKS). The second step is a pure energy method
which therefore applies both to dispersive problems and parabolic systems, and makes in this
last case no use of the maximum principle commonly used for scalar parabolic problems. The
sharp knowledge of the spectral structure of the linearized operator, which is typically a delicate
problem for (PKS), see [21], is replaced by canonical spectral gap estimates as initiated in [93],
[88].

7.1.4 Statement of the result

Our main claim in this paper is that despite the nonlocal structure of the problem and in
particular of the linearized operator close to @), and the almost energy critical degeneracy of the
problem !, the above route map can be implemented for (PKS). We address the radial case only
for the sake of simplicity, but the full non radial problem can be analyzed in principle along
similar lines.

In order to make our statement precise, let us consider the following function spaces. Let the

weighted L? space
"y
lellze = (/ Q) (7.1.7)

1. which is reflected by the weakness of the a priori information (7.1.3) for mass super critical initial data.
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and the weighted H? space :

Ve

e . 7.1.8
Tl el (7.8)

2
Lg

el = 1aellzz, + |
We introduce the energy norm
lelle = lell iz, + llell 1 (7.1.9)

The main result of this paper is the complete description of a stable chemotactic blow up with
radial data arbitrarily close to the ground state in the L' critical topology.

Théoréme 7.1.1 (Stable chemotactic blow up). There ezists a set of initial data of the form
uy=Q+e9 €&, up>0, |eolle <1

such that the corresponding solution w € C([0,T),E) to (7.1.1) satisfies the following :
(i) Small super critical mass :

87r</u0<87r+a*

for some 0 < o < 1 which can be chosen arbitrarily small;
(ii) Blow up : the solution blows up in finite time 0 < T < +o0;
(iii) Universality of the blow up bubble : the solution admits for all times t € [0,T) a decompo-

sition
w29 (43)

Itz =0 as t—T (7.1.10)

u(t,x) =

with

and the universal blow up speed :

[ les(r—n)]
Aty =vT —te V' 2 90 i (7.1.11)

(iv) Stability : the above blow up dynamics is stable by small perturbation of the data in & :

vg > 0, ||1)0 — ung < e(uo).
Comments on the result

1. On the stability statement : Formal arguments to prove the stability of chemotactic blow
up are presented in [100], and in fact Theorem 7.1.1 answers one of the problems mentioned in
[101]. It is likely that there are many other blow regimes, possibly stable or unstable depending
on the tail of the initial data, as is expected for the heat flow [99], see also [37], or known for the
super critical heat equation [76], see also [5] for a further illustration of the role of the topology
for the long time dynamics. Note that a complete description of the flow near the ground state is
obtained for the first time for a critical problem in [62], [63], [64] for the critical (KdV) problem,
and this includes pathological blow up rates depending on the structure of the data. In this
sense, Theorem 7.1.1 is a first step toward the description of the flow near ) which even in the
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radial setting is still a challenging problem.

2. On the non locality : Tt is known that in the radial setting, the nonlocal (PKS) can be
turned to a nonlinear local problem for the partial mass, see for example [38]. We shall not use
this structure at all, and therefore our approach can in principle be extended to the non radial
setting. The non locality of the chemotactic problem induces a nonlinear linearized operator
L close to @, which due to the slow decay of the soliton makes the use of spectral techniques
delicate, see [21] for an attempt in this direction. Moreover, and this is for example a major dif-
ference with the mass critical (NLS) (7.1.6), the entropy control (7.1.3) is very weak and yields
almost no information on the flow near (. However, following the approach in [88], simple
spectral gap estimates can be obtained on £ and its iterates as a consequence of the variational
characterization of Q which lead to the control of derivatives of v in suitable weighted L? norms.
In other words, for the linearized flow close to (), we control the solution through the control
of the natural linearized entropy involving the derivatives of u, and the associated dissipated
quantities. The control of derivatives yields through Hardy inequalities the local control of the
solution on the soliton core which is the heart of the control of the speed of concentration. We
also obtain sharp convergence rates of the solution towards the solitary wave after renormali-
zation.

Our proof provides a robust approach to the construction of blow up regimes in the pre-
sence of a nonlocal nonlinearity, and is a first step towards the understanding of the flow near
the soliton. It also provides a new insight to attack more complicated chemotactic coupling, in
particular the parabolic-parabolic Patlak-Keller-Segel problem for which blow up in the critical
setting is open.

Aknowledgements. The authors would like to thank A. Blanchet, J. Dolbeaut and P. Lau-
rencot for their interest and support during the preparation of this work. Part of this work was
done while P.R was visiting the MIT Mathematics department which he would like to thank for
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Notations. For a given function u, we note its Poisson field

1
¢u, = —log|z| * u.
2m

We note the real L? scalar product
(f.9) = [, f@g(a)da.
R2

Given a vector y € R?, we will systematically note 7 = |y| = 1/y? + y3. We will generically note
d(z*) =o0(1) as z" —0.

We let x € C2°(R?) be a radially symmetric cut off function with

1 for |z|] <1,
= - > 0.
x(z) { 0 for o] >2 @ X(@) =0
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We introduce the differential operator

Af=2f+y - Vf=V-(yf)
Given f € L?, we introduce its decomposition into radial and non radial part :
2m
1O = o= [ 000, f0 @) = (@)~ FO) (7.1.12)
™Jo
Observe that
AN = (70, )0 =75, fO = AfO).

Given b > 0, we let

1 llogd|
—, B = .
NN

Give two linear operators (A, B), we note their commutator :

By =

(7.1.13)

[A,B] = AB — BA.

7.1.5 Strategy of the proof

We briefly explain the main steps of the proof of Theorem 7.1.1 which follows the approach
developed in [88], [72], [91].

Step 1 : Construction of approximate blow up profiles. Let us renormalize the (PKS) flow

by considering

1 ds 1 x
u(t,x) = )\T(t)v(‘s)y)a % = ﬁ’ y= X

which leads to the renormalized flow

As
Osv +bAv =V - (Vv+ovVe,), b= -
We look for a slowly modulated approximate solution of the form

v(s,y) = Qo) (1), Qu(y) = Qy) + bT1(y) + b*Ta(y)

and where the law bs = F(b) = O(b?) is an unknown of the problem. The construction of 71,
T> amounts solving stationary in s elliptic problems of the form

LT; = Fi(Tj ) (7.1.14)
where we introduced the linearized operator close the soliton :
Le =V (QVMe)=Aec+2Qe+ Vg - Ve+VQ - V. (7.1.15)

This operator displays explicit resonances? induced by the symmetry group of (PKS). In the
radial setting, the solution to (7.1.14) is almost explicit, and the slow decay of @ at +oo induces
slowly decaying function 7T} with explicit tails at +oo. In particular,

Tl(T)NT% as r — +o00

2. i.e. slowly decaying zeroes.
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and to leading order in terms of tails at +o00, the T5 equation looks like
LTy = —b,Ty — b*AT; + lot.
We now observe the cancellation

1
ATIN—4 as r — 400
T

and hence the choice by = 0 yields the most decreasing right hand side. In fact, a more careful
analysis leads to the logarithmically degenerate law :
202
© logbl’

see the proof of Proposition 7.3.1. We refer to [88], [72] for a further discussion on the derivation
of these logarithmic gains. The outcome is the derivation of the leading order dynamical system

ds _ 1
dt — X2
S Vs (7.1.16)
{ b= A bs = " logd]

which after reintegration in time implies that A touches zero in finite time 7" < +oo, this is
blow up, with the asymptotics (7.1.11).

Step 2 : Energy bounds. We know consider an initial data of the form
Ug = Qbo + &9 with ”60H ,S b(l)o

in some suitable topology. We claim that we can bootstrap the existence of a decomposition

with [le(8)] < (b(£)"°

ult.3) = 535(Qie + )

2
A(t)
with (A(t), b(t)) satisfying to leading order the ODE’s (7.1.16). Roughly speaking, the equation
driving € is of the form

0se = L& — bAe + ¥ + Mod + N(e)

where W, = O(b?) is the error in the construction of @y, Mod is the forcing term induced by
the modulation parameters

As 8Qb
Mod = (3 +b)AQ, — by 2,
and N(e) denotes the lower order nonlinear term. In order to treat the bA correction to the
linearized term which cannot be treated perturbatively in blow up regimes, we reformulate the
problem in terms of the original variables

a(tr) = %a(t, %)

which satisfies 1
Ot = Lyt + 13 [ Wy + Mod + N(2)] (- %). (7.1.17)
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We now control @ using an energy method on its derivatives as in [88]. Let M be the linearized
entropy close to @, see (7.2.1). One can show using the explicit knowledge of the resonances
of £, which itself essentially follows from the variational characterization of @, that modulo
suitable orthogonality conditions which remove the zero modes and correspond to the dyna-
mical adjustment of (b(t), A(t)), the generalized linearized HLS energy is coercive on suitable
derivatives :

A 2
(MLe, £2) 2 |£=]2, z/’ 5 +/\el2~ =7

Applying this to 4, we are led to consider the natural higher order entropy for (7.1.17) :
& MaLai, L)
dt A AUy )

where M, Ly correspond to the linearization close to the singular bubble %Q(%) Two diffi-
culties occur. First one needs to treat the local terms on the soliton core induced by the time
dependance A(t) of the renormalized operator M, Ly, and here the dissipated terms together
with the sharp control of tails at infinity play a crucial role. An additional problem occurs due
to the pointwise control of Mod terms which is not good enough in our regime?, and requires
some further integration by parts in time, see Lemma 7.5.5.

The energy method leads roughly to a pointwise bound

d 1 ot
E (ML, L1) < —
g MO L30) S S5 e

which after rescaling leads in the regime (7.1.16) to the pointwise bound :

2 b’
€ < .
It turns out that this estimate is sharply good enough to close the ODE for b and show that

the e radiation does not perturb the leading order system (7.1.16), and this concludes the proof
of Theorem 7.1.1.

This work is organized as follows. In section 7.2, we prove spectral gap estimates for the
nonlocal linearized operator close to @ in the continuation of [88]. In section 7.3, we build the
family of approximate self similar profiles which contains the main qualitative informations on
the singularity formation, and adapts in the non local setting the strategy developed in [88],
[72], [91]. In section 7.4, we start the analysis of the full solution and explicitly display the set of
initial data leading to the conclusions of Theorem 7.1.1 and the bootstrap argument to control
the radiation. In section 7.5, we exhibit the HC% monotonicity formula which is the heart of our
analysis. In section 7.6, we collect the estimates of sections 7.4, 7.5 to close the bootstrap and
complete the description of the singularity formation.

3. This is a technical unpleasant problem which directly relates to the slow decay of @ at infinity. Similar
issues already occurred in related settings, see for example [60].
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7.2 Spectral gap estimates

This section is devoted to the derivation of spectral gap estimates for the linearized operator
close to @ given by (7.1.15). The radial assumption is useless here and we address directly the
general case. These energy bounds are at the heart of the control of the radiation correction for
flows evolving close to the approximate Qp blow up profiles. We derive two type of estimates :
energy estimates which are mostly a consequence of the linearization close to ) of the sharp
log Sobolev estimate* and higher order iterated estimates which rely on the explicit knowledge
of the kernel of £ and suitable repulsivity properties at infinity.

7.2.1 Energy bounds

We start with the study of the linearized log Sobolev energy on the weighted L? space
(7.1.7).

Lemme 7.2.1 (Structure of the linearized energy). The operator

Mu= =+ ¢, (7.2.1)
Q
is a continuous self adjoint operator M : Lé — (Lé)* ie :

[Qimal < fuls (7:2:2
V(u,v) € L2Q X Lé, (Mu,v) = (u, Mv). (7.2.3)

Moreover, there holds :

(i) Algebraic identities :
MAQ) = -2, M(0;Q)=0, i=1,2. (7.2.4)

(ii) Generalized kernel : Let (u, ) € C°(R?) satisfy

Vig+o)=0 }>
{ Adgiu )= /(1+T4)(1+|logr|2) <+, (7.2.5)
then
u € Span(AQ, 01Q, 02Q), ¢ = du. (7.2.6)

Remarque 7.2.2. This structure is reminiscent from kinetic transport models like the gravi-
tational Vlasov Poisson equation, see [57].

Proof of Lemma 7.2.1. step 1 Continuity and self adjointness. The continuity of M as an
operator from L% — (L%)* follows from (7.7.2) :

2
2 < [ W &
| @imu ~/Q+H1+llogr!

4. following the celebrated proof by Weinstein [103] for nonlinear Schrédinger equations.

2

11+ Nogr))@Qll 1 < Ilull7z -
L @
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The self adjointness (7.2.3) is equivalent to :
V(u,v) € Ly x Ly, (pu,v) = (u, ). (7.2.7)
Indeed, the integrals are absolutely convergent arguing like for (7.7.2) :
[ ogle = ylljuty) llo(@)ldzdy < Nl g3 0]z
and the claim follows from Fubbini.

step 2. Proof of (i). By definition of @ :

1 /7 8T 4r
/
¢q(r) /o (14 72)2 T 12

Moreover, using the convolution representation

9 R
rlogr 1 9

— —log(1 =0
5,2 2og( +7) ,

+oo 8rlogr
0) = 28 =4 li
$q(0) /0 1+ r22% = % e D (040)

and thus :

o (r) = /O 117726[7 — 2log(1 +12).
We therefore obtain the ground state equation :
logQ + ¢ — log8 = 0. (7.2.8)
We translate with zo € R? :
logQ(x — x0) + ¢g(x — xp) — log8 =0

and differentiate at zo € R? to get :

vaQ + Vg =0, (7.2.9)
Q
and hence v -
M(VQ) = QQ + ovg = QQ + Voo = 0. (7.2.10)

Similarily, given A > 0, let Qx(y) = A2Q(\y). We compute using [ Q = 87 :

60, (1) = 5= [ogle — vl@a)dy = 5 [0y (1A~ 21 ) Q(2)dz = ~logA + 6 ()

and hence from (7.2.8) :
—log8 + logQ\ + ¢q, + 2logA = 0.

We differentiate this expression at A = 1 and obtain :

/Z? F o +2=0, (7.2.11)
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this is (7.2.4).
step 3 Generalized kernel. Let now (u, ¢) smooth solve (7.2.5), then :

A6+ Qo =cQ

for some ¢ € R. @ being radially symmetric, we develop ¢ in real spherical harmonics :

d(x) = Zg>0 [¢1.5(r) cos(kb) + ¢o (1) sin(k0)]

and obtain o )
i k
T’k + <50k — Qoir = —cQk—o.

r2

Vk €N, Hpoir = —¢ip —

We omit in the sequel the i-dependance to simplify notations. For k > 2, we can from standard
argument using the decay ) = O(r%) at infinity construct a basis of solutions to Hyv;; = 0

with at infinity
1
Y1~ g g ~ "

The a priori bound (7.2.5) implies ¢}, € Span{t; 1} and then the regularity of ¢ and Hy¢y, =0
easily yield

2
/\&qﬁk\? +/(q:n’;) < 400, (7.2.12)

and hence ¢, belongs to the natural energy space associated to Hy. Now
1
Vk>2, Hy>H +
r
in the sense of quadratic forms, while from (7.2.10),
Hi(¢g) =0, ¢g(r) >0 for r>0

implies from standard Sturm Liouville argument that qb’Q is the bound state of H;. Hence Hy, > 0
for k > 2 and then from (7.2.12) :

¢r =0 for k> 2. (7.2.13)

For k =1, the zeroes of Hy are explicit :

_ 4r
142

Y2,1(r) = —h11(r) /; A

Vi) = dlr) R

The second zero is singular at the origin ¢ 1(r) ~ £ and thus the assumed regularity of ¢

implies :
¢1 € Span(¢g). (7.2.14)

For k = 0, we first observe from (7.2.4) that

_ c ~ c
Uy = ug + iAQ’ $o = ¢o + §¢AQ
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satisfies ) _
G+ =0 -
Q. d thus Hogo =0 7.2.15
{A¢o=ao s Hodo (7:249)
Let the partial mass be
T ~
mo(r) = / Tlo(T)dT so that m{ = rig, ¢ = -0
0 r
then :
~ / / AN /
Uo 7 ~/ Q ~ 71 myg Q / Q
OZT‘Q<+¢0> :r{u — g + Q¢ ] =r <> — —my+ —my
Q °Q 0 r yQ 0w
Equivalently,
Lomo =0
where
1 1 Ql /
Lomg = —my+ - + 6 my — Qmo (7.2.16)
e 3r? -1 8
N O r(1 420 (1422
The basis of solutions to this homogeneous equation is explicit® and given by
(7.2.17)

r? 1 4 9
Pi(r) = 7(1 ) [r + 4r“logr — 1} .

Yo(r) = At 22

The regularity of g implies mg(r) — 0 as » — 0 and thus
/

/

mo € Span(yo), o = "0 € Span<‘2°> — Span(AQ)

from direct check. Hence iy = ¢AQ and the regularity of ¢g at the origin & implies qgo(r) = cPrQ,

but then from (7.2.4), (7.2.15) :
0= %+<5OZCMAQ:—2C and thus @y = ¢o = 0.

Together with (7.2.13), (7.2.14), this implies :
¢ S Span(¢AQ7 81¢Q7 82¢Q)7 U = A¢ € Span(AQ, ale a?Q)a
O

and (7.2.6) follows. This concludes the proof of Lemma 7.2.1.

The explicit knowledge of the kernel of M given by Lemma 7.2.1 and the variational cha-
racterization of ) imply from standard argument the modulated coercivity of the linearized

energy.
5. this is due to the fact that the non linear equation satisfied by the partial mass of Q) is invariant by

m(r) — m(Ar), see (7.3.8), and indeed 1o € Span{rmg}, mq(r) = [ Q(r)rdr.
6. recall that the only radially symmetric harmonic function in R* is logr which is singular at the origin.
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Proposition 7.2.3 (Coercivity of the linearized energy). There exists a universal constant
S0 > 0 such that for all u € L2,

u? 1
(Mu,u) > 6 / o (0, AQ) + (u,1)” + 52, (1, 0:Q)?] (7.2.18)

Proof of Proposition 7.2.3 A slightly weaker version is proved in [100] using explicit and
somewhat miraculous computations. We give a simpler and stronger argument by adapting the
robust proof by [103], and which here relies on the classical sharp Hardy Littlewood Sobolev,
see also [57] for a very similar argument.

step 1 Positivity. We claim :

Yu € Lé with /u =0, (Mu,u)>0. (7.2.19)
From standard density argument, it suffices to prove (7.2.19) for u € C°(R?) with [u = 0. We

apply the sharp logarithmic HLS inequality (7.1.5) at minimal mass M =87 tov = Q+Au > 0
for A € R small enough : [v = [ @ = 87 and thus

F\) = /vlogv + ;/wv > F(0).
We compute
/ 1
roy = f [(log(Q + )+ Du+ 5 (ubgir + (@ + Xu)g)

- / [(10g(Q + M) — log8 + ¢ )u + Aug,)]

where we used (7.2.7) and the vanishing [« = 0, and then @ is a critical point from (7.2.8) :
F'(0) =0,

and the Hessian is positive :

F'0pco= [ [g 4 %] w = (Mu, ) > 0.

step 2 Coercivity. We now claim the spectral gap :
I = inf {(Mu, u), lullz, =1, (1) = (u.AQ) = (u,0:Q) = 0} > 0. (7.2.20)

We argue by contradiction and consider from (7.2.19) a sequence u,, € Lé with

0< Mup,un) < = lunllrz, =1, (un,1) = (un, AQ) = (un, 9;Q) = 0.

S

Hence up to a subsequence,
up = u in L) (7.2.21)
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1

which implies using the decay [Q(y)| < 1757 :

u2 ’LL2
/Q liminf [2=1 (1) = (1.AQ) = (1.0,Q) =0, (7.2.22)

n—+00

and we claim from standard argument :

Observe now from (7.7.5) that

Vou, = Ve, in L2 (7.2.23)

Assume (7.2.23), then from (7.2.22) :

and thus from (7.2.19),
2
(Mu,u) =0, /Z? :/|v¢u|2 <1.
Moreover, from the normalization of the sequence :

2

_ [t 2_q_ 2.1
and thus using (7.2.23) :
2 _ 1 2
/|v¢u| _ngr-i{loo/|v¢u"‘ > 1,
from which )
(Mu, u) = 0, /Z) — 1, (1) = (4, AQ) = (u,5,Q) = 0. (7.2.24)

Hence u is non trivial and attains the infimum. We conclude from standard Lagrange multiplier
argument using the selfadjointness of M that :

Mu:a+bAQ+c-VQ+d%, ue L}

Taking the scalar product with u yields d = 0 and thus Mu € Lé. We then take the scalar
product with 1, AQ, 9;Q and obtain :
Mu = 0. (7.2.25)

Moreover (u, ¢,,) € C>°(R?) from standard bootstrapped regularity argument and ¢, € L> from
(7.7.4). Hence (u, ¢,,) satisfy the generalized kernel equation (7.2.5) and u € Span(AQ, 1@, 02Q)
from Lemma 7.2.1. The orthogonality conditions on u now imply v = 0 which contradicts
(7.2.24) and concludes the proof of (7.2.20).

Proof of (7.2.23) : From (7.7.5) :

[1960= V00,1 = = [(un = w)(@u, — 00).
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From (7.7.4), (7.7.5), ¢u, is bounded in H'(|x| < R) for any R > 0, and thus from the local
compactness of Sobolev embeddings and a standard diagonal extraction argument, we may find

¥ € Hi . (R?) such that up to a subsequence” :
bu, — ¢ in Li (R?). (7.2.26)

Moreover
¢ € L™(R?) (7.2.27)

from (7.7.4). We then split the integral in two. For the outer part, we use Cauchy Schwarz and
(7.7.4) to estimate :

1 1
= [t =6 =00 £ R0l + o i)l + o) <

For the inner part, we use the strong local convergence (7.2.26), the a priori bound (7.2.27) and
the weak convergence (7.2.21) to conclude :

_ /|z|SR(un = u)(Pu, — Pu) = — /ImISR(un —u)(pu, — ¢) — / (tn — u)(d — Bu)

lz|<R
S Gl + g 6w, = dlraguizm = [ (=)o =)

— 0 as n — +4oo,
and (7.2.23) is proved.
step 3 Conclusion. Let now u € L2Q and
v=1u—a@ —bAQ — c101Q — c20-Q

with

(u,1) 1 (u, 0;Q)

then
(v,1) = (v,AQ) = (v,0;Q) =0

and thus from (7.2.20) :

(Mo, v) >50/Q>50/Q 50 a® + 0% + 4 c3)

and the claim follows by expanding (Mw,v). This concludes the proof of Proposition 7.2.3.

7. we need to prove that ¢ = ¢,
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7.2.2 Structure of L

We now study the linearized operator close to @ of the (PKS) flow given by (7.1.15) for
perturbations in £ given by (7.1.9). We define its formal adjoint for the L? scalar product by

Le = MV - (QVe). (7.2.28)

Lemme 7.2.4 (Continuity of £ on &£). (i) Continuity :

1£li2, S llelle- (7.2.29)
(ii) Adjunction : V(e, &) € &2,
(Le,€) = (e, L7€). (7.2.30)
(iii) Algebraic identities :
LAQ) = L(01Q) = L(0:Q) = 0, (7.2.31)
LX) = L (y2) = L°(1) =0, L*(|y*) = —4. (7.2.32)
(iv) Vanishing average : Ve € &,
(Le,1) = 0. (7.2.33)

Proof of Lemma 7.2.4.
Proof of (i) : We have from the explicit formula (7.1.15) and the energy bound (7.7.6) on the
Poisson field :

|Lel* /\AeF / 2 /IWQF 2 /IVQ!2 2
S + el” + Vel|* + \Y
I o+ ] @kl 51ve o Ived
Vo]
S el + [ Tor S el

Proof of (ii) : The representation formula
Le =V - (QVMe) (7.2.34)

ensures that the formal adjoint of £ for the L? scalar product is given by (7.2.28). To justify
the integration by parts (7.2.30), we first remark that both integrals are absolutely convergent.
Indeed, from (7.2.29) :

[Lellel S NLell g Il 2 S lellellEle-

Moreover,

1
L& = @V (QVE) + 9v.(Qve)

and from [V . (QVE) =0 and (7.74) :
VQ- Ve
Q

3 QA& + .
I65.@valli= £ IV @Va)IE, < [ < llelis,

from which :

.z ., VOl oo -
[ lleE S el e avalli + [ 1ot 1861 + T2 wel] < efeliele
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Hence :
(Le,&) = lim ELe.
Rtoo Jia|<R
Now
/ e — / V. (QVMe)é = / Qz0,(Me)dop — / QVME- VE
le|<R jl<R Sr le|<R
_ / [Q20, (Me) — Q8,EMe] dog + MeV - (QVE).
Sk |[z|<R
Moreover,
~ 2 2 ~|2
. 2. < IVEVQ| +Q ’AE‘ < 12112
IV- @Vl s [ 5 S e,
and thus from (7.2.3) :
lim MeV - (QVE) = (Me,V - (QVE)) = (£, M(V - (QVE))) = (e, L*Z).

R—+o0 ly|<R

Moreover, we estimate from Cauchy Schwarz and (7.7.6) :

\ [ @evnime)

1921, 10:Qlle
S [l |G + P+ lone| <+

and from (7.2.2) :

<(f czws?f (/ @Wﬁ)é < el el

and thus we can find a sequence R, — +oo such that

’ / 00,EMe

/ [Quo,(Mu) — Qv Mu]dog, — 0 as n — +oo,
SR,

and (7.2.30) follows.
Proof of (iii) The algebraic identities (7.2.31) follow directly from (7.2.4), (7.2.28) :

L(yi) = M(V - (QVy;)) = M(0;Q) = 0,

L*(|y*) = M(V - (QVy*) = M(2AQ) = —4.
Proof of (iv) : From (7.2.29), Le € L2Q C L', and thus from (7.2.34) : Vr,, — +o0,

2
/Ee = lim Le= lim r, Q0. (Me)db.
T'n—>+00 || <r, Tn—>+00 0
But ) )
2 < 2 el V|
[1Qvame s [ |1vel P L] <

where we used (7.7.6) , and thus we can find a sequence r, — 400 such that

27 1
/ 1Q0, Me|2d = o <2) .
0 T

n
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Hence )
2 27 3
Tn QO (Me)dh < <’I“721/ |Q3r/\/l€]2d0) ’ —0 as r, — +00,
0 0

and (7.2.33) follows. This concludes the proof of Lemma 7.2.4.

We now introduce the directions @y, @5\14’2) which are localizations of the generalized kernel
of £*, and on which we will construct our set of orthogonality conditions. We anticipate on
section 7.3.1 and let T} be the explicit radially symmetric function given by (7.3.16) and which
satisfies from (7.3.46), (7.3.2) :

- 1
LTy =AQ. [M'O[T1| S 13

(7.2.35)

We claim :

Lemme 7.2.5 (Direction @y, @%’2)). Given M > My > 1 large enough, we define the direc-
tions :

Do (y) = xmr?, (7.2.36)
(XM|y‘27T1)
Dpr(y) = xur? + e L5 (xur?), ey = — 7.2.37
v o) CarlyfE AQ) (7230
Then :
(i) Estimate on @y :
Dpr(r) =rixn — 4 +M20< L 4 +1 > (7.2.39)
M\T) =T"XM CM XM logM 1+ 2 r<2M M<r<2M |, 4.
((I)M,Tl) =0, (@M,AQ) = —(327r)10gM + OM—>+oo(1)’ (7.2.40)
1
(®:01,0:0) = Qs +0 (47 ) (7.2.41)
(ii) Estimate on scalar products : Ve € L',
2 M?
P < 1 1 .2.42
oIS [ @+l + o [l D1+ el (7.242)
L0l S [ el (7.2.43)
r<2M
M? el
P < / .2.44
Comnls [t [ e (7249
(e, £7@0r) + i (6, 1) + | (e, £7®0 1) + €57 (6,1)] < / B (7.2.45)
r>M
with )
CEQ:4+O(W>, i:1,2,
(2, £7®; )| < / I S I (7.2.46)
TN Jm<r<om 14T M2 ) 1+
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Remarque 7.2.6. It is important for the analysis to keep a sharp track of the M dependence
of constants in Lemma 7.2.5. The estimate (7.2.45) will play a distinguished role in the analysis
for the derivation of the blow up speed. The estimates on scalar products (7.2.42), (7.2.44),
(7.2.45), (7.2.46) are a sharp measurement of the effect of localization on the exact formulae

(7.2.32).
Remarque 7.2.7. For ¢ € L2, (7.2.42) implies by Cauchy Schwarz :

2

M
<
|(6,(I>M)‘+’(€,‘1>0,M)| NMH&HLé—f-ilo |(6,1)|. (7.2.47)

Also (7.2.44) implies the rough bound
|(e, L"®pr)| S M|e]| 2. (7.2.48)

Proof of Lemma 7.2.5
step 1 Proof of (i). We integrate by parts and use the cancellation £(AQ) = 0 to compute :

(@11.AQ) = (xurly . AQ) = =2 [ o xasQ — [ Jol*Qz - Vxar = —(32m)loght + O(1).

This yields using (7.2.35) the upper bound :

1 lyl? M?
cv| S < . 7.2.49
lexe] 5 logM Jyj<ons 1+ [y[* ™ logM ( )
We estimate by definition :
L (xmlyl?) = Mrag, vy =V [QV(XMI:BF)] (7.2.50)
and thus using (7.5.41) :
M l[2 AQ + |22 (QAxM + VQ - Vi) +4Qx - V ] (7.2.51)
Q = 0 XM XM XM r XM L.
1
= 4 O(——1, 1<,
XM + (1+r2 <om + 1u< §2M)
Moreover, solving the Poisson equation for radial fields :
+00 9 < 1
oras 0l = | [ Q0r00rdr | S 1 Lecan
and thus )
L (xmlyl?) = Mrm = —4xn + O (er@M + 1M<r<2M> (7.2.52)

which together with (7.2.49) yields (7.2.39).
We now compute the scalar product :

(®ar,T1) = O lyl® + e £ Oxar Y1), Th) = (xarlyl?, T) + enr (LT, xarly]?) = 0
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where we used (7.2.35) and the definition (7.2.37) of ¢, and integration by parts which is easily
justified using the compact support of x/|y|? and the decay (7.2.35). We finally compute after
an integration by parts :

(0:Qs xarxs) = —1|Ql 1 + O (]}4) .

step 2 Proof of (7.2.42), (7.2.43), (7.2.44), (7.2.45). We claim the pointwise bound :
(L2 () = darxens + 22 with dyy = O <1> (7.2.53)
XMT) = MXM T 7 ) M = i) 2.

Assume (7.2.53), then from (7.2.49), (7.2.52), (7.2.53) :

M2 [ 1 €]
LD </ +i— {/ +/ } ’
’(6 M)‘ ~ r<oM |€’ logM M4 r<M ’6’ r>M 1472

which implies (7.2.44). The estimate (7.2.43) follows from (7.2.52). Recall now (7.2.50), then :

Far = rar = 20Q = V- [QV((xar = D[2]?)] = 0 <1l'jr|2yﬂ|ﬂ> : (7.2.54)

and computing the poisson field in radial coordinates :

o0 9
bry = — [ Q0-[(1—xan)7?|dr
+00 9 +00 9
= _1TSM " QO {(1 — XM)T } dr — 1r2M QO- {(1 - XM)T } dr
_ ]-rzM
= emxm +0 (1+r2>
with
__ [Ta [0 Ngr =0 (L
€M—*M QT|:( *XM)T]T— <]\42>
We then compute from MAQ = —2:
£ Oy + = ea)@ )] = M —ean)| S [l (7259)

Hence :

@) S e lyPxan)] + lenl (5, £ Ccarlyl?)

) M2
< el + [6,1 +/ 5]
/TQM el + gz & DI+ [ e

and (7.2.42) is proved. Moreover, from (7.2.49), (7.2.53), (7.2.55) :

M? le|
* — — <
e+ (=ew —endi)le ) S [ el o | [ ]

>m 1+ 72
s [k
r>M
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and (7.2.45) is proved.
Proof of (7.2.53) : First observe from (£*)?(|y|?) = £*(—4) = 0 that

(L) (xamly|?) = L far with  fa = M7y

We compute explicitly using the radial representation of the Poisson field

L*fay =MV - (QVfy) = TlQar(TQarfM) + qblr?r (rQ0r fur)
= 9fu+ ( 22Q> Orfaa = / QO fauclr

We then estimate from (7.2.54) :

]-rzM
1+ rdte’

0870 | S

To estimate the Poisson field, we use :

1 [r
87«¢71M(7“) = ;/0 TfMdT

and thus :
too rdr < 1>0m

‘ard)?"M( )‘ ~ 7">M / 1474~ M2y

and similarily :

; L>a
10707, (V)| S ]\2_27“2" > 1.

This yields the bounds

; 1>y
ok < =
|rfM|N1+r,Lv

+oo +oo 1
Lfu = —le<um y QOr favdr + 1> QOr fpdr + O (>

r 1+7"2
1
= O( T2MQ> 4+ dyrx v

1+7r
/ QO frrdr = (&4)

step 3 Proof of (7.2.46). We estimate using (7.2.32) :

with

and (7.2.53) is proved.

£ 0w = 5V (QVI) + 0 gy 14 = G = D

The local term is estimated in brute force :

5V @uah|=[an) + Vil 5

Lar<pyi<om
L+ |yl
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We compute the Poisson field by writing :

@ _ @)Y (@) _ & Yi
fM = CM o CM (T) = (XM - 1)7"u ¢V~(QVf]<JI)) = (I)z,M(T) .
with 5.0 ®
5 D v oM (i)
87. ¢7’7M + r - 7"2 - gM?
@ _ 1 @y _ Q) _ o Lrzm
o) = 0. QoCS) - 5 =0 (124
Letting vj(\? = %, we obtain :

(%)
1 i g i 1 r 7 17">M
ﬁﬁr(r?’arvz(w)):TM’ arvj(\/[) :7"73/0 TQg](\/[)dT:O(MET?))a

@i (r) = — /ma W —0(1 )
im(r) = 'rr v dT = M)

We therefore obtain the estimate :

1

. 1
1L (xmyi)l S —— |Lu<pyl<em + 73 (7.2.56)
147 M

and (7.2.46) is proved.
This concludes the proof of Lemma 7.2.5.

7.2.3 Hg? bounds

We now claim the following coercivity property which is the keystone of our analysis. We
recall the radial /non radial decomposition (7.1.12). The radial symmetry of @ and the structure
of the Poisson field ensure :

(Le) ) = £,

Proposition 7.2.8 (Coercivity of £). There exist universal constants 6o, My > 0 such that
VM > My, there exists (M) > 0 such that the following holds. Let € € € with

(e, @Pum) = (6, L7Pps) = (6, Piir) = (6, L7P; ) =0, 1=1,2, (7.2.57)

then there hold the bounds :
(i) Control of Le :

2 (0)\2
(ML, £e©)) > 50(1;%” ) / (EEQ ) (7.2.58)
) (1))2
(Meelt, o) > 0 120 (7.2.59)

(ii) Coercivity of L :

5(1M)/(£Q€)2 > /(1+T4)|A6\2+/(1—1—7“2)|V5]2+/52

[Ve|*
+ /r2(1+ llogr|)2’ (7.2.60)
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Proof of Proposition 7.2.8. step 1 Control of Le. Let
g9 =Le € Lé.

From (7.2.33),
(62, 1) =0

and from the choice of orthogonality conditions (7.2.57) and (7.2.30) :

(82,@]\4) = (ﬁE, (I)M) = (E,ﬁ*q)M) = 0, (62,‘1’@]\4) = (E&,CI)Z‘VM) = (E,ﬁ*@i,]\/[) =0

Let :
€y = 2 — a1AQ — c101Q — 20:Q
with
0 — (e2,AQ) ‘- (Ez,&Q)'
1AQI7." 10:Q|I3.2
Then :

(527AQ) = 07 (5278162) = O, (527 ]-) = (827 1) =0

where we used the fundamental L' critical degeneracy :

(AQ,1) = 0.

We split into radial and non radial parts and conclude from (7.2.18) :
(0) (0 (0 (1) (1 (1
(Me &) > dolleg” 7, (M), &) > doles 7 (7.2.61)

We now use the orthogonality conditions on &9, the radially of  and the bounds (7.2.47),
(7.2.40) to estimate :

(527(1)M)‘ . em)| . 1 -0) M? o)
p—y p M —_—
o = 201 (o 80)| S g | M1 * g (€570
M\ 0
<
and thus o
0 ~(0
167128, S 3o 77l (7.2.62)

On the other hand, thanks to the orthogonality (e2,1) = (8%0), 1) =0and (7.2.4) :
M) &) = (M) + 201,22~ mAQ) = (M=, =)
and thus from (7.2.61), (7.2.62) :

do(logM )?

(Mes”, i) = (M &) = dolley” e 2 =

0
8”117
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this is (7.2.58).
Similarly, we estimate using (7.2.41), (7.2.46) :

( (1)7 q)z M)
( i, My alQ)

lei] =

(&2, i) |
(®i,01,0:Q)

~(1 ~
s [ 1l s VoM e
r<2M Q

and thus

1 ~(1
o512z, S Viogh 85,2

We conclude from Mo;QQ =0 :

1 ~(1) ~(1 ~(1
My, e5)) = (M), &) = b7, = 172

this is (7.2.59).

step 2 Subcoercivity of £. The spectral gap (7.2.60) follows as in [88], [72], [91] from
a compactness argument and the explicit knowledge of the kernel of £. We first claim as a
consequence of two dimensional Hardy inequalities and the explicit repulsive structure of the
operator far out the subcoercivity estimate : Ve € HC%,

/(EC;)Q R /(1+T )(Ae)” +/[r2 (1 + [logr|)? }‘V5|2+/5 +/ IIZ(TIEOZH

[Ve|” >
S —/HTQ —/\w . (7.2.63)
Indeed, from (7.1.15) :
(Le)? (Ae + Vg - Ve)? B IVQ|? 2 9
% 2 7= =g e - fe
(Ae + quQ Ve)? Ve |?
R / /1+r4 / L4+rd (7.2.64)
We develop :
(Ae+Vog-Ve)? [ (Ae)?  (9,0q0re)
/ : _/ e +/QA5W>Q Ve.
We observe from (7.2.9) :
Voo _ V@ _ _ '
o ="t =V Y=

We now recall the classical Pohozaev integration by parts formula :

2 / AcOpdye = 2 / e / " {ar(raﬁ) + 1035} O,p0,edrdd
_ /+°O/27r r,e)20, < T¢>d de+/+°° 7 (Oe)? ( ’”’Z))drde
_ _/ l(&«e)Q _ <ragg> ] {a,%p— ﬂ
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We compute for r > 1 :

1 4 2 ar¢ .2
Y(r) = 0 §+O( %), aﬂ/J—T—T + O(1),
gZ)Q / Q(r TdT—*—f—O( 3)s (argQ)Q:%’Q-i-O(l)

from which :

/ (Ae + Vg - Ve)?
Q

> /(1+r4)(A5)2+/ {(27“2—r2)(8r6)2+7“2(71ﬂ895)2} —/|v5|2.

Injecting this into (7.2.64) yields the lower bound :

L 2 2 \V/ E2
/( 5) 2 [asry@ep s [2vep - [ [19ep - |1fr|4

and (7.2.63) follows from the Hardy bounds (7.7.12), (7.7.13) and the relation ¢ = A¢,.

step 3 Coercivity of £. We are now in position to prove the coercivity (7.2.60). We claim
that it is enough to prove it for ¢ € C2°(IR?). Indeed, if so, let € € £ and

en — e in £, e, € CX(R?),

then
Ienllzs = 12l
from (7.2.29). Moreover, from (7.7.6) and Sobolev :

Ve, — Voe|* _

7201 + Jlogr|)2 ~ S Ve, = Voelie < llen —<llf =0,

and we may thus pass to the limit in (7.2.60) for &, and conclude that (7.2.60) holds for e.
In order to prove (7.2.60) for € € C2°(R?), assume by contradiction that there exists a sequence
en € C3°(R?) such that 8

/(1+T )(Aen) +/ L2 T ]|v5n|2+/ (7.2.65)

r2(1 + |logr|)? (14 r4)(1 + |logr|)? ’
(5n>q)M) = (5n7£*(DM) = (571781Q) = 07 1= 172

/(EZ;)Q < % (7.2.66)

8. Working with &, € C*(R?) ensures that ¢., makes sense while only V¢, is well defined for ¢ € £, and we
may thus recover a Hardy type control on ¢, from (7.7.14).

and
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From (7.2.65) and the local compactness of Sobolev embeddings ?, we have up to a subsequence :
be, — ¢ in HL, (7.2.67)

Similarily, &, is bounded in H?(R?) and we may extract up to a subsequence
e, —¢ in H? e, —cin HL, (7.2.68)

and there holds from standard lower semi continuity estimates the a priori bounds :

/(1+r4)(A5)2+/ {Wwﬂ \vs|2+/52 (7.2.69)

Vo[ e
/ r2(1 + [logr])? +f T+ (1 + [logr])?

The subcoercivity estimate (7.2.63), the initialization (7.2.65), the assumption (7.2.66) and the
strong convergences (7.2.67), (7.2.68) yield the non degeneracy :

g? 2 |V¢‘2
/1+ 2+/|VE| +/1+ 4+/1+r6

2 |v¢5n|2 / ¢gn
/1+ 2+/W5”| +/1+4 1476
z L (7.2.70)

= lim
n—-+00

Passing to the limit in the distribution sense, we also conclude
A¢p =¢ in D'(R?).

Note however that we do not know the relation ¢ = ¢..
We now pass to the limit in

Lep = Aey, +2Qep, + Vg - Ve, +VQ - Voo,
and conclude from (7.2.67), (7.2.68) that
Ley, — Ae +2Qe + Vg - Ve +VQ - Vo in D'(R?)
while Le,, — 0 in L?(R?) from (7.2.66) and thus

{ Ae+2Q:+ Voo Ve+VQ V=0 D' (R). (7.2.71)

Ap=c¢

The a priori bound (7.2.69) and standard elliptic regularity estimates ensure the bootstrapped
regularity (g, ¢) € C*°(R?) and thus (7.2.71) holds is strong sense.
Let

9. recall that €, = A¢.,,
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we rewrite (7.2.71) as the divergence equation :
V- (QVf) =0. (7.2.72)

Moreover, we have the a priori bound from (7.2.69) :
|Vel? g2

Q 2 1
/1+r2|vf| 5/1+r2 Q +(1+y2)Q

and thus in particular there exists a sequence r,, — 400 such that :

+ Q|Ve|?| < 4 (7.2.73)

2w
lim Q|V ful?(rn,0)do = 0. (7.2.74)

rpn—>+00 Jo

We claim from standard argument in Liouville classification of diffusion equations that this
implies
Vf=0. (7.2.75)
Assume (7.2.75), then from (7.2.69), (7.2.75), (e, ¢) satisfies (7.2.5) and hence from Lemma
7.2.1:
€€ Span(AQa alQa 82@)7 (b = (bé"

The orthogonality conditions (g, @) = (e,01Q) = (g,02Q) = 0 and (7.2.40) imply ¢ = 0 and
thus ¢ = ¢. = 0 which contradicts the non degeneracy (7.2.70) and concludes the proof of
(7.2.60) for ¢ € C°(R?).

Proof of (7.2.75) : We integrate (7.2.72) on B, and use the regularity of f at the origin and the
spherical symmetry of () to compute :

0=r /027r Q(r)0, f(r,0)d0 = rQ(r)d, ( OQW £, 9)d9> .

and hence
1 271

o, fO(r) =0, f(o)(r):% f(r,0)do. (7.2.76)
0

We then multiply (7.2.72) by f, integrate over B, and estimate using (7.2.76), the spherical
symmetry of @ and the sharp Poincaré inequality on [0, 27] :

/ QW) |V f(y)[2dy = r u Q) f(r,0)0, f(r, 0)d8 = rQ(r) /2” (£ = £ 9, fa0
B, 0 0

) ([ - f<°>>2cw)é (f 2W(3rf)2d9>é

) ([ QW(aafﬁde); (f %(&f)zd@);

7*26;(7”) 2m [(&f)z + <1aef> 21 o 7"22 27TQ(T’)|Vf’2(T7 6)do. (7.2.77)
r 0

IN

IN

IN

S—

Hence

o) = [ QWIVIw)Pdy
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satisfies the differential inequation :

, 2T 9 29
gr)y=r ; Q(r)IVf*(r,0)do > -

ie 4
9
— | 5| =>0. 7.2.78
dr {7’2} - ( )
On the other hand, the boundary condition (7.2.74) and the control (7.2.77) imply

lim 9(rn)

Tn—>+00 TTQL

=0

which together with the positivity of ¢ and the monotonicity (7.2.78) implies g = 0, and (7.2.75)
is proved.
This concludes the proof of Proposition 7.2.8. O

7.3 Construction of approximate blow up profiles

This section is devoted to the construction of suitable approximate blow up profiles which
contain the main qualitative informations on the solution. These profiles are one mass super
critical continuation of the exact mass subcritical self similar solutions exhibited in [8].

7.3.1 Approximate blow up profiles

We build the family of approximate self similar solutions. The key in the construction is to
track in a sharp way the size of tails at infinity. We start with building radial profiles which
contain the leading order terms.

Proposition 7.3.1 (Radial blow up profiles). Let M > 0 enough large, then there exists a
small enough universal constant b*(M) > 0 such that the following holds. Let b €]0,b*(M)[ and
By, By be given by (7.1.13), then there exist radially symmetric profiles T1(r), To(b,r) such that

Qu(r) = Q(r) + bT1(r) + 6T (b, 7)
is an approzimate self similar solution in the following sense. Let the error :
Uy, =V (VQy + QVg,) — bAQy + cpb*x 50T, (7.3.1)

with ¢y given by (7.3.20), then there holds :
(i) Control of the tails : Vr >0, Vi >0 :

o 1
”I“Za:,Tl‘ 5 T21r§1 -+ 7?217"21» (7.3.2)
and Vr < 2B, Vi >0 :

i i 1+ [log(rv/b)| 1
’7’ 8TT2‘ S 7"417~§]_ "‘ WllgrSGBo + mer(SBO’ (733)
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1 logr 1
10y i Th| < Toghl [7,41,(14r \’ gb|‘11<T<GBO + i leson| (7.3.4)

(ii) Control of the error in weighted norms : fori > 0,

w7 1L, [2 b
A 2+/ +/ < , 7.35
/7’§2B1 | d <2B; 1 +72  Jr<oB, Q@ 7 |logb|? ( )
2 b*
/@Bl QVMEP S (7.3.6)

Remarque 7.3.2. The error ¥, displays slowly decaying tail as r@ + oo, and hence the norm
in which is measured the error is essential. This explains why polynomials in b in the error vary
from (7.3.5) to (7.3.6). These errors are the leading order terms in the control of the radiation
for the full solution, see step 4 of the proof of Proposition 7.5.7.

Proof of Proposition 7.53.1. step 1 Setting the computation on the mass.
We look for radial profiles and it is therefore simpler -but not necessary- to work with the partial
mass :

T
r) = / Qy(r)rdr. (7.3.7)
0
The Poisson field for radial solutions is given by
/ mp
PQ, =
Let using (7.3.1) :
1
By = ml! — % + m"rmb —brmf, Wy =~} + bt Ti. (7.3.8)
4

We proceed to an expansion
my = mg + bmy + b2m2

T 4 2 Ql
:/0 Q(1)rdr = 1 —:7“2 = —% —rd)Q

where

Correspondingly,
Qy=Q+ Ty +b°Ty ==L

We let the linearized operator close to mg be given by (7.2.16) :

1 Q 3r2—1 8
L — ( > I o o
om m" + r+Q m —Qm m r(1+r2)m (1+r2)2m
and obtain the expansion :
/
O, = b[—Lomy —rmgy] + b? [—Lomg + LLIL rm'l]
r

+ o [(mlmz)/ — rmg] ol {QOﬂ .
r T
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step 2 Inversion of Lg. The Green’s functions of Ly are explicit ' and the set of radial
solutions to the homogeneous problem

Lom =20
is spanned according to (7.2.17) by
r? rt 4+ 4r2logr — 1
— — 7.3.9
%(7‘) (1 —|—T’2)2’ ¢1(T) (1 +T’2)2 ( )
with Wronskian 0 )
W= lahy — oty = 4= 7.3.10
wlwo wlwo 4 (1 +T’2)2 ( )
Hence a solution to
Lom=—f
can be found by the method of variation of constants :
_ . A,wo + B/1/11 - 07
m = Ao + By with { At + B = f, (7.3.11)
This leads to . )
fiog 7 , fir r* 4+ 4rlogr — 1
B/ = — = — A = — = —
%% 2f’ %% 2r !
and a solution is given by :
1 T4 4 420 — 1 1 T
m(r) = —ﬂ/}o(r)/ & f(r)ydr + 71#1(7“)/ Tf(T)dT. (7.3.12)
2 0 T 2 0
We compute
% _ 2(1 - 7“2)7 ﬂ _ 8(1+17r2 —(r? — l)logr). (7.3.13)
r (147237 r (141r2)3
and then (7.3.11) yields
/ / /
mo_ 4%y gt (7.3.14)
r r r
1—72 7+ 47%logr — 1 4(1 +7r2 — (r? — 1)logr)
= — d
(1+17r2)3 / T fr)dr + (1+1r2)3 / Ti(r
step 3 Construction of m1,7T;. We let m1 be the solution to
Lomi = —rm) = —12Q = s —81) (7.3.15)
given by (7.3.12), explicitly :
" r(r* 4+ 47%logr — 1) T 73
=—4 d 4 ————dr.
mi(r) = —aolr) [ W v ane) [ s
10. This structure is reminiscent from the parabolic heat flow problem and one could show that this operator
can be factorized Lo = AjAo where the adjoint is taken against (HT )? dr and Ay is first order, and this explains

why all formulas are explicit.
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Then from (7.3.14) :

no= (7.3.16)
_ _8(1 - 7“2) /T 7'(7'4 + 47'210g7' — 1)d N 32(1 + r2_ (T‘2 ~ 1)logr) /T 3 ]
a (1+72)3 Jo (14 72)2 T (1+12)3 o (T4 .

There holds the behavior at the origin

to compute :

2
mi(r) = 4 (logr — 1) + O <“°f27“’> , (7.3.17)
/ 4 llogr|?
my(r) = - +0 3 , (7.3.18)
4 logr|?
Ti(r) = 5+ 0 =r- . (7.3.19)

This yields in particular the bound for ¢ > 0 :
i oy 2 1
’7’ arT1’ g r 17"§1 + T7217‘21‘

step 4 Construction of the radiation. We now introduce the radiation term which will allow
us to adjust in a sharp way the tail of T5 outside the parabolic zone r > By. Let

1 1 1 (o).
Cy = = O ——= 7.3.20
" T s vo(r)rdr  Tlogh logh (7:3.20)
4
dy =4 " d O 1 7.3.21
b — Cb/() X%le(T)T T = <b10gb‘) ( .. )
We let the radiation Y be the solution to
LoXy = —Scbx%wo + dyLo [(1 — x3B, ) 0] (7.3.22)

given from (7.3.12) by

r 4 2] _ r
Bu(r) = —tantulr) [ =D dr e () [

+  dp(1 — X3B,)0(r)- (7.3.23)

X B

20
4
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Observe that by definition :
cmy for r < %

- { s for v > 60 (7.3.24)

and we estimate for % <r<6By:

Sy(r) =4+ 0 <|101gb|> .

For r > 6By, we observe from (7.3.9), (7.3.24) the degeneracy :

1 1
zb:4+0(“§r), r@rEb:O<m§T>.
T r

This yields in particular the bounds using (7.3.17) :

ot
[logb|

Yy (r) = O ( ) for r <1, i>0,

8logr 1
V1< r < 6By, Su(r) = \1oggb| +0 (\1ogb|) , (7.3.25)

1
Vr > 6By, Sy(r) =4+ 0 (Oir> . (7.3.26)
r
We now observe an improved bound for derivatives far out. Indeed, from (7.3.14) : for r < 2By,
2

r

1+ TQ)QX%dT

Py () /” (7% + 472logT — 1) Wi (r) /T 73
=— |—4 dr +4
’ “ r Jo (14 72)2 X% T+ A r Jo (

w(l)(r) / ¢0
T

— dyX3p, o

+  dp(1 = x3B,)

S v [T <1 + 17 Li<6B, + 7168,
S llogb|(1 + r4) Lrct 771 * bl
1+ |logr|
TIPS (1 4 [logr|)1 logh|1 S —
+ Togbl (1 + 17) (1 + |logr|)Li<r<6B, + [logb|1,>p,] + bllogb|(1 11 172350
S g [+ pplisrsom + gt

and thus : fori > 1, r < 2By,

. 1
9l y,| <

™ [logd|

|:r41r§1 + ]—TSGBO + W

1
17«2630} . (7.3.27)

We now estimate the b dependance of ¥;. From (7.3.20), (7.3.21),
dc 1 ody < 1 )
o — T _of——
b (b|logb|2> ) b2|loghl? )’

0% {acbml for r < Bo

and from (7.3.24),

0b
0 for r> 6By

0b



7.3. CONSTRUCTION OF APPROXIMATE BLOW UP PROFILES 201

This leads to the bound :

0% rt
1ot~ —Y — - <
" ar 0b (7’) 0 <b10gb|2> for r 17

; ~8Zb 1+ \logr’ B() .
'Ol —— = —_—— for 1<r<— > 0.
oy 5% (r)y=0 ( blogh|? ) or l<r<-—5, iz 0

In the transition zone 52 < r < 6By, we estimate from (7.3.23) :

0% 1 ’C(,‘ / /dT ’db‘
— 0 d — |0 0
Ob b|logb| + 142 ) 7| PXE 7+l 7 | X Ee + 1 +7’2| X350 |
< b
™~ bllogb|
and similarly for higher derivatives. This yields the bound : for ¢ > 0, » < 2By,
o 1 1+ |logr| }
briolopSy| < 1, ——1, : 7.3.28
orioions| 5 llogd| {T U Tiogp| <650 (7.3.28)
step 5 Construction of msy,T5. We define :
/
pIRCUL SR (7.3.29)
We estimate
Yy = 0@ for r<1.
For 1 <r < 6By, there holds the bound using (7.3.18), (7.3.25) :
8logr 1 llogr|?
Yo = 4+ —=>40(+— (0]
2 * [logd| * <|logb]> + (1 +r2
log(v/br)] ( 1 )
0 0 7.3.30
( |logb| " |logb| ( )
and for r > 6By, we have from (7.3.9), (7.3.18), (7.3.24) :
[logr|? |logr|?
Yo=—-4+14 = . .3.31
2 + ¢1+O<1—|—r2 O 1,2 (7.3.31)
Hence, we obtain : Vi > 0,
i 1+ |log(rv/b)| [logr|?
o> <41r —11<, —1, . .3.32
r'oLYs| S rfle<y + Togh| 1<r<68y + - 5 Lz (7.3.32)

Remarque 7.3.3. The essential feature of (7.3.32) is the @ smallness of the 9 tail in the
parabolic zone r ~ By which justifies the introduction of the radiation 3 in (7.3.29), and this
will turn out to modify the modulation equation for b according to (7.1.16).
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The b dependance of X9 is estimated from (7.3.28), (7.3.29) :

i i 1 1 + |logr|
b 79 3 < 417" 717“ ) 3.
‘ 00 2‘ ~ |logh| {T st [logb| =650 (7.3.33)
We now let mo be the solution to
Lomg = 9
given by
1 r 4 4+ 47%logT — 1 1 T
ma(r) = Svo(r) / g So(r)dr — ~4p1(r) / TXo(7)dT. (7.3.34)
2 0 T 2 0
Near the origin,
my = O(r9).
For 1 <r < 6By,
1 r 214 |log(Tv/D)] r 14 |log(Tv/Dd)|
< 3 d / .
ma(r)l = 1472 / T [logb| T o llogb| g
_ oLt llog(rvB)
- |logb|

For r > 6B,

1 1 llog7|? " |logr|?
< 3 d / d
Ima(r)] < blogh + - /GBOT T2 T+ 6B071+T2 T
1
bllogh| + (logr)3.

We now observe the following cancellation when exiting the parabolic zone r > 6 By which will
be important to treat the error term in the sequel ! : for 6By < r < 2By,

5 14 m 7t 4 47%logr — 1 14 r
ma| _ | Lo(r) / Tt arTlogT Yo(r)dr — Lta(r) / TE(7)dT
r 2 r 0 T 2 r 0
1 (77 +472%logr — 1 [ 1+ |log(Tv/D)| llog7|?
< pa— 1 T 17 > d
~ ot o T [logb| 1S7<6B0 T 7T 9 7265, | 67
logr| 1+ [log(rv/D)| log7 |2
]- T 717- d
+ o Jo logb| 1<7<6Bg 1+ 72 >6Bg | OT
1 1 logr 1
< 1 2 1 3}
S & [y 7200w+ 5 [+ (o)
1
42 [logb| (7.3.35)
The collection of above bounds yields the control : Vr < 2B
1 + |log(rv/b)| 1
< 617’ 2—1 r 717* Y N
Ima| S1°1,<1 + 7 Togh) 1<r<6Bg + oz >6Bys (7.3.36)

11. Equivalently, one should observe that the T> equation is forced by ATi which enjoys the improved decay

at infinity ATy = O(“Lﬁﬁ)7 see [88] for related phenomenons.
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21+ [log(rv/0)|

|Ti(9f;m2| < r61r§1 +r Togh

1
1 ————1 > 1. 7.3.37
1<r<6By + 212 logh) r>6By, 2 ( )

The b dependance is estimated using (7.3.33) :

2 r 4
r 1+7% 1 1+ |logT|
bOym < / {7‘41 + ——-1 ] dr
| b 2‘ ~ 1 T4 |10gb‘ TS]. ’]0gb| 1<T<GBO

rooT 1+ |logT
/ |:T417=<1 + |1(lgb|11<7<630:| d'T

1+ [logr| 1 ]
2
L -1 PO -1, 3.
lTogh|  LL<7<65s + 5 Lr2650 (7.3.38)

and for higher derivatives :

’babarﬂw 1 r 4 4 4r%ogr — 1 [ 1y [log| 1 } p
29602 B} logT]| -
r ~ (1 +7r4)|logh| Jo T =1 ogh)| 7650
|logr| " { 4 \10ng
e ]_T 1 d
Frlogt] Jo TS g =0 7
4 llog ’
1,< 1 —1
[logb| { |1 b| 1<r<6Bo + pap2 =680 >
and hence the bounds for r < 2Bj :
1 logr 1
‘bab 2‘ ~ |1 ’ |: 61 r<l +7r 2 |‘1 & ||]-1<T<GBO + b1r>6BO:| 3 (7339)
and for ¢ > 1 :
1 logr 1
|bab7“181m2| N ‘1 | [r61r<1 4 2 ||] g ||11<r<6Bo + T_2b217«>630] . (7340)

This yields the estimate on 75 = mTIQ cfori>0,r <2Bj:

1 + |log(rV/)|

ini 4
[Ty To| S rily<1 + 1i<,<6B, + WL"ZGBO’

[logb|
1 [logr| 1
bOyr LT, r 1 1 )
|bOyr h| S logb| r<1 + llogh) 1<r<6Bgy T b2 r>6Bg
step 6 Estimate on the error.
By construction, ®; given by (7.3.8) satisfies :
dy = —b*%y + R(r) (7.3.41)

with

R(r) = b3 (mams)” rmé] + vt {mgmé}
,
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and the error to self similarity given by (7.3.1) satisfies :

1

R/ Z,
Uy, *(I)b + b? alixs, = - b? [T’ — CbT1XBO] . (7.3.42)

We have from direct check the bound!? : for i > 0,

» 1+ [log(rv/d)| 1

i 0% < b3 617“ 2—1 , 717‘ 3.4

[r'OLR(r)[ S0 |r°l<i + 1 lTogd] 1<r<6By T 252 logd) >6B, (7.3.43)
This yields using (7.3.24), (7.3.27), the bound for r < 2B; :
1 + [log(rv/b)| 1
U, < v rte, — 1< —F—1, .3.44
RIS [T SOt T ogh] S8BT g ey 268 (7.3.44)
v o1 1y L
+ |]ogb| B;O STSGBO b'l"j ’I’ZGBO

(7.3.45)

We therefore estimate :

2
log(rv/b)| 1
)\ 2 < b6/ ]-r + ‘71 ., +71T
/7~<2B1| ol = 7"<2B1[ = logh| = <6Bo r8b4[logb[2 >6Bo

b4
+ P
|logb|? /TszBl
b5
|logb|?

and similarily for higher derivatives :

b5
r(‘?z )
/rswly o s |logb|?

Moreover, the radial representation of the Poisson field and (7.3.42) ensure :

1 1
4 —1 340 <7<6Bg + b27'8 17‘2630:|

S

(I)b b2cb r R b2 2,
(bfljb = 7 T 0 m,l(T)X%dT = ? — ? 0 |:T — CbT1X40:| TdT.
We estimate from (7.3.24), (7.3.25), (7.3.27) :
b? p2 [lEoc,cep, 1
— — — T d = —1
r /0 |:7_ Cb 1XBO:| Tar f\J |1 gb| l r b 3 TZGBO
wich together with (7.3.43) yields the bound :
/ P \2 b / 1 [LEc 6, P
r<2B; 1+ 7‘2 S [logb|? Jr<2p, 1+ 72 72 p276 72650
2
1 14 [log(TV/b)| 1
b6/ 31, —1 —5——1
* o, L+ 72 |7 TS T T logh] 1<T<6B0 T gty 7205
bo
[logb|?

12. the worst term is b3rmb



7.3. CONSTRUCTION OF APPROXIMATE BLOW UP PROFILES 205

We further estimate from the definition (7.1.15) :

LY 2 . . o 2 b5
/ i s, [ P+ [ Ordw,l”
r<2Bi1 r<2B; r

Q <2p, 1470 7 [logh|?
which concludes the proof of (7.3.5). Finally, we obtain the control of the stronger norm :
/ QIVMY,> < / (1472 [[ron 0y + |9, 2] + 19,

r<2B r<2B; 1474
1+ |log(rVb)|>)(1 +r?) 1

< B / g 1 1

S fcom | loghP 1=r<080 15 log| 207

+ A / [ ! 1 + ! 1 + v

logh|? Jr<op, |12 SE<r<6Bo T p2p6 =080 | T jo0p 2
b4

< 7

~ TloghP’
and (7.3.6) is proved. This concludes the proof of Proposition 7.3.1. O

Remarque 7.3.4. Observe from (7.3.16) and the readily verified formula

£ (™) = -+ (Lo

that

£T1 = L‘ () = —%(Loml), = = AQ (7.3.46)

7.3.2 Localization

We now proceed to a brute force localization of the tails of 17,75 which become irrelevant
strictly outside the parabolic zone r > 2B;. We need to be careful with localization due to
the non local structure of the problem, and we shall rely again on the specific structure of the
Poisson equation for radial fields.

Proposition 7.3.5 (Localization). Given a small parameter

0<bxk1,
let the localized profile :
Qy = Q + b1y + b?Ty Ty = xp,T; for i=1,2. (7.3.47)
Let the error :
Uy = V- (VQ+QVeq,) —bAQy + b’ 5 Th (7.3.48)

then there holds :
(i) Control of the tails : Vi > 0 :

S 1
[r'o 11| S "”21r§1 + ﬁhgrgwl, (7.3.49)
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. 1
b0 0, T1| S alBi<r<any, (7.3.50)
i 1+ |log(rvb)| 1
O] SrPlpcy + —— 1, — —  14B.<r<oB, 7.3.51
[r' 0y Ta| S rile<t + Togh) 1<r<6Bo T DA logh] LOB0<r <251 ( )
% 1 2 |10gr|
60T 0L TS| S Togh| 1<+ o b|11<r<ﬁBo b2, L6Bo<r<2B, | - (7.3.52)
(ii) Control of the error in weighted norms :

P |V¢\if |2 |E\i/b‘2 b5

V[ / : / < 7.3.53
b4
2

. 7.3.54

(iii) Degenerate flux : Let & < B <208y and ®¢p = XB7“2 then

(7.3.55)

Proof of Proposition 7.3.5. step 1 Terms induced by localization. We compute from (7.3.47) :

0w B1

b0 T;| = |bxp, OT; — b
By

(yx") (gl)’ S b0y Ti|1r<2B, + | Ti[1B, <r<2B; -

and the bounds (7.3.2), (7.3.3), (7.3.4) now yield (7.3.49), (7.3.50), (7.3.51), (7.3.52).
Let now the partial mass

/QdeT my(r /QdeT

and consider the decomposition
my = mo + ny, My =mo+np, mo(r / Qrdr,

then by definition
~/

iy = X By M-
We compute the error induced by localization at the level of the masses. Let like for (7.3.8) :

- &) -
vy, +bZCbT1X By, Pp= m;,’— 7 +

4

— briy,

then :

/
1
%::%——+(m%+m%+mw—wmwm@

= xB,P+ % (7.3.56)
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with
mh 1 _
Zy = Xp,ny+ To(nb - XB, ™) + ;XBlné(nb — np)

— b(1 = xp,)rmy. (7.3.57)

We estimate from (7.3.17), (7.3.36) :

Licr
logh| 1= Ty

1+ [log(rv/b 1
’nb’ S b [TQITSI + HogT’erl} + b? [741r§1 + TQM l(fgl)‘1r2630‘|

< b {71217“Sl + ]logr!lrzl} R (7.3.58)

~

and for ¢ > 1 from (7.3.37) :

21 + [log(rv/b)|

. 1
4
[rormy| < b [7‘21r§1 + 1@1} + 07 lr Lr<i+r Li<r<6By + 2r2[logh| 1r>GBo]

|logd|
< b [T217»§1 + 17«21} .
This yields the bound :
L b b|logb 1 b%|logb b
|r*oLZy| < ﬁ131§7"§231 + 1’+gr4‘1r>31 + TlBl<r<ZBl‘Tg| + 21r>B
b
< ﬁlrzBr (7.3.59)

We compute :

T/ / /

- d ! Z X Z
Uy, = XBlTb + %@b + 717 + b2CbT1X% =xB, ¥y + fl @y + Tb (7.3.60)

We now estimate from (7.3.41), (7.3.26), (7.3.59) :

- b?
\‘I’b — XBi ‘1’b| 5 721319931 + rjlrzBl

and hence using (7.3.5) :

/ ErA

2 <

K bt b2 b°
— = < —. .3.61
[logb|? +/,«231 [r‘l + 7“8] ~ |logb|? (7.:3.61)

We now estimate using the radial representation of the Poisson field and (7.3.60), (7.3.59) :
¢/‘ib = (ﬁ(pb for r < B

and for r > Bj :

C oL [ b P
95,1 S i lpicr<en + leep | TdT S iz,
1
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and thus from (7.3.5) :

L2 5 4 5
s [ s
1472~ |logb|2  Jr>B, r* ™ |logb|?
This last estimate together with (7.3.61) implies from (7.1.15) :

LT, b
/ 2 S TomE (7.3.62)

step 2 Degenerate flux.

We now turn to the proof of (7.3.55). We estimate using (7.2.47), (7.3.62) with the cancel-
lation (7.2.33) :
5 2
< b b
™ Vb|logb| ~ [logb|

and (7.3.55) is proved. O

(LT, @0 5)| < BH'C\ilb”LQQ

7.4 The bootstrap argument

In this section, we set up the bootstrap arguments at the heart of the proof of Theorem
7.1.1. We will in particular give an explicit description of the set of initial data and detail
the preliminary information on the dynamical flow, in particular modulation equations. The
dynamical bounds on radiation in higher weighted Sobolev norms at the heart of the analysis
are then derived in section 7.5. The boostratp is finally closed in section 7.6, and this will easily
yield the statements of Theorem 7.1.1.

7.4.1 Geometrical description of the set of initial data

Let us describe explicitly the set of initial data O for which the conclusions of Theorem
7.1.1 hold.
We first recall the standard modulation argument.

Lemme 7.4.1 (L' modulation). Let M > M?* large enough, then there erists a universal
constant §*(M) > 0 such that Yv € L' with

o = Q1 < 6°(M),
there exists a unique decomposition

1 - T
v = )\?(Qb +e1) <>\1>
such that
(E1,CI)M) = (El,ﬁ*@]\/[) =0.

Moreover,
lexllpr + A = 1] 4 [b] S C(M)6".
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Proof of Lemma 7.4.1. This is a standard consequence of the implicit function theorem. Let us

denote .
Mod = (A1,b), Vaed = M2v(Aix) — Qp

and consider the C! functional
F(v,A,b) = [('UMod7(I)M)7 (UMod,ﬁ*‘I’M)}

Then F(Q,1,0) = 0, and we compute the Jacobian at (v, Mod) = (Q,1,0) :

0 0 < T )

aN o 7(1) v,Mod)= = a~x_ 7(I> N

o (UMod> @) (v, Mod)=(Q,1,0,) o Y M()\l) (oNod—(@L0)
= —(Q,y-Voy) = (AQ, )

= —24logM + O(1),

0 * *
1 (WMods L£5P ) (0, Mod)=(Q,1,0) = —(Q,y - VL @) = (LAQ, Ppr) = 0,

oM
0
5 (Wods ©an)jwMoa)=( 10y = —(T1,®u) =0,
9 ) .
%(vModaﬁ Q) Mod)=(Q,1,0) = —(T1,L°®p) = —(AQ, Por)
= —24logM + O(1)

The collection of above computations yields the Jacobian :

oF

_ 2
M od = (24logM + O(1))" >0

|(v,Mod)=(Q,1,0)

for M large enough, and the claim follows from the implicit function theorem.

O

We are now in position to describe explicitly the set of initial data leading to the conclusions

of Theorem 7.1.1.

Définition 7.4.2 (Description of the open set of stable chemotactic blow up). Fiz M > M*
large enough. For 0 < o < a*(M) small enough, we let O be the set of initial data of the form

1 - T
uy = Y(Q)(Qbo + €o) (A()) , €0 € Erad,

where gq satisfies the orthogonality conditions
(607 (I)M) = (507 E*q)M)a

and with the following a priori bounds :
(i) Positivity : up > 0.
(ii) Small super critical mass :

/Q</u0</Q+a*.

(7.4.1)

(7.4.2)
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(iii) Positivity and smallness of by :
0< by <d(a’). (7.4.3)

(iv) Initial smallness :
leoll < b3 (7.4.4)

Observe using Lemma 7.4.1 that O is open in E,q N {u > 0}. It is also non empty and for
example ug = Qbo € O for by > 0 small enough.!® The positivity (7.4.3) of by coupled with
the smallness (7.4.4) means that we are imposing a deformation of ¢ which pushes towards
concentration in the regime formally predicted by the construction of Q. The challenge is to
show dynamically that the solution keeps a similar shape in time meaning that e(¢) remains
negligible in suitable norms with respect to b(t).

7.4.2 Setting up the bootstrap

Let up € O and let u € C([0,7T),E) be the corresponding strong solution to (7.1.1), then
using the implicit function theorem, the solution admits on some small time interval [0,77*) a

unique decomposition
1 ~ T
= — 4.

where £(t) satisfies the orthogonality conditions
(e(t), ®ar) = (e(t), L*Ppr) = 0, (7.4.6)

and the geometrical parameters satisfy from standard argument 4 (A(¢)) € C([0,T*), R x R%).
Using the initial smallness assumption, we may assume on [0, 7*) the bootstrap bounds :

— Positivity and smallness of b :
0 < b(t) < 10by. (7.4.7)

— L' bound :
1
[lew < @)%, (7.4.8)
— Control of ¢ in smoother norms : let
g9 = L&,

then :
b3 (t)
|logb(t)[*’

Here (6*, K*) denote respectively small and large enough universal constants with

le2(B)ll7e < K (7.4.9)
0*=6(a*) -0 as a" —0,

and
K*=K*(M)>1.

We claim that this regime is trapped :

13. Observe that the positivity Qp, > 0 for by > 0 directly follows from (7.3.19), (7.3.3).
14. see for example [59] for a complete proof in a related setting.
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Proposition 7.4.3 (Bootstrap). Assume that K* in (7.4.9) has been chosen large enough, then

Vit e [0,T%) :
0 < b(t) < 2bg,

[zl < 5675,

K* b3t
OF, < ——~2 .
[e2( )||L2Q = 2 |logb(t)[2
In other words, the regime is trapped and
T =T.

(7.4.10)

(7.4.11)

(7.4.12)

The rest of this section together with section 7.5 are devoted to the exhibition of the main
dynamical arguments at the heart of the proof of Proposition 7.4.3 which is completed in
section 7.6, and easily implies Theorem 7.1.1. All along the proof, we shall make an extensive

use of the interpolation bounds of Appendix 7.7.3 which hold in the bootstrap regime.

Our aim for the rest of this section is to derive the modulation equations driving the parameters

(b, \).

7.4.3 Setting up the equations

Let the space time renormalization '°

We will use the notation : .
f)\(t,l‘) = ﬁf(svy% r= |y|
which leads to :

O = 5z [0 = 32 A

Let the renormalized density :
U(t, I) = U)\(Sa y)
then

As
Osv — TAU =V - (Vv+uVey,).

We expand using the geometrical decomposition (7.4.5) :

U(Sv y) = CN?b(s) (y) + 5(5» y)

and obtain the renormalized linearized equations :

(%E—%Aezﬁs—k}", F=F+Mod+E

15. we will show that the rescaled time is global s(t) — +oco0 as t — T.

(7.4.13)

(7.4.14)

(7.4.15)

(7.4.16)
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with

F =, + 0y(e) + N(e), (7.4.17)
Uy =V (VQy+ QoVdg,) = bAQy — epb™xn Th, (7.4.18)

96
E = —bs% — cbeX%Tl, (7.4.19)
Mod = (AA + b) AQy, (7.4.20)
Oy(c) = V- [e(Vog, — Vo) +(Qy — Q)Ver] . (7.4.21)
N(e)=V-(eVee). (7.4.22)

Equivalently, let us consider the fluctuation of density in original variables

w(t,z) =ex(s,y),
then

1
ow = Lyw + ﬁ}—)\ (7.4.23)
with w
Lyxw=V"- (Q)\VM)\’LU), Myw = Qf + -
A

7.4.4 L' bound

We start with closing the L' bound on the radiation (7.4.11) which is a consequence of the
conservation of mass. This bound is very weak but gives a control of the solution far out which
allows us to derive bounds with logarithmic losses, see Appendix 7.7.3.

Lemme 7.4.4 (L' bound). There holds :

/|5| < %(5*)? (7.4.24)

Proof of Lemma 7.4.4. We introduce the decomposition

u:%(@—ké) (t’)\ft)) ile. E=c+Qp—Q

and define :
E=Ec+Es, Ec=Flyeg & =Elsg. (7.4.25)
The bootstrap bounds (7.7.18), (7.4.7) with (7.3.49), (7.3.51) imply :
1Ellzee S llellzee + [b] S 6(a). (7.4.26)

Pick a small constant n* < 1, then |E<| > n*Q implies §(a*) 2 #*Q and thus |z| > r(a*) with
r(a*) — 400 as a* — 0 from which :

/|€~<‘ /“§<’1n*Q<|éI<Q+/‘€~<’1|§<|§n*Q N .- *)Q‘f‘??*/Q
5(0) + 1" < 6(a”).

IN

AN
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We now write down the conservation of mass which from (7.4.2) implies

/é<a*

from which using by definition £~ > 0 :
/ 8] < 5(a”). (7.4.27)
Together with the bootstrap bound (7.4.7) and (7.3.49), (7.3.51), this yields :
/|s| 5/\5| VB < 8(a%) + Vo < %(5*)%
and concludes the proof of Lemma 7.4.4. O

7.4.5 Rough modulation equations

We compute the modulation equations for (b, \) which follow from our choice of orthogona-
lity conditions (7.4.6).

Remarque 7.4.5. Here and in the sequel, we note C'(M) a generic large constant which depends
on M independently of the bootstrap constant K*(M) in (7.4.9), provided o < o* (M) has been
chosen small enough in Definition 7.4.2.

Lemme 7.4.6 (Rough control of the modulation parameters). There holds the bounds :

A g < cn-2 (7.4.28)
A ~ [logb|’ o
Ibs| < b3, (7.4.29)
Remarque 7.4.7. Note that (7.4.28), (7.4.29) imply the bootstrap bound :
As 3
2y b‘ T 1bs| < b3, (7.4.30)

Proof of Lemma 7.4.6. We make an implicit use of the bootstrap bounds of Proposition 7.7.4.

Let \
S+b’+\bsy,

V:
A

we claim the bounds : ,
b

— 7.4.31
Togh]’ (7.4.31)

As 3
o gvhvi+ oo

Ibs| < b2 + C(M)b|V]. (7.4.32)

Summing these bounds yields V' < b3 which reinjected into (7.4.31), (7.4.32) yields (7.4.28),
(7.4.29).
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Proof of (7.4.31) : We project (7.4.16) onto ®,; which is compactly supported in r» < 2M and
compute from (7.4.6), (7.2.39), (7.3.53), (7.4.9) :

As
(Mod +E, @m)| = | == (Ae, @ar) — (F, D)

S CAOPIAVT+ lleallrz) + C(M)

3 b?
S bV +CO(M )‘1 o (7.4.33)

~

We estimate in brute force using (7.2.39), (7.2.40), (7.3.20) :
b? v?
|logd|

E S CO(M

OIV'| + [bs][ (T2, @ar)| +

S bi[V] +C(M)

and we further compute using (7.2.40) :
A

(Mod, ®y;) = (;+ﬁ)m@¢Myuxcwnwww

— —[(32m)logM + O(1)] (AA + b) +O(C(M)[b[|V]).

Injecting these estimates into (7.4.33) yields (7.4.31).

Proof of (7.4.32) : We let £ go through (7.4.16) and project onto ®5;. We compute from

(7.4.6), (7.2.48), (7.3.53), (7.2.45) with the degeneracy (7.2.33) :
|(£M0d + LE, (I)M)‘ = ‘—(582, (I)M) — %(LA&, (bM) - (EF, (I)M)‘
= —(82,[:*@]\4) — %(AE,ﬁ*QM) — (F, ﬁ*QM)’

2l 2 |Ae| + | Vel IN()| + [Op(c)] b2
Q b€
S~ T CM) |(b+V) 1+72 / 1+r2 |logb|]
< b+ C(M)YV] (7.4.34)

where the ¥, term is estimated from (7.2.48), (7.3.53), and the estimates of (N (g), ©y(¢)) terms
easily follow from the bootstrap bounds of Appendix 7.7.3. We then estimate :

(LE,®u) = bs<£T1,<1>M>+0(C‘U‘@‘bs'b+ C(M)uf;b)

2
= bs[—(32m)logM + Opr—100(1)] + O (C(M)b|V| + M) |1§gb|> .

Moreover, using LAQ =0 :

|(LMod, )| S

S CM)b|V].
Injecting the collection of above bounds into (7.4.34) yields (7.4.32). O

1+ 172

)\s 4 * r<2B;
0] 1A0Qu - QL) S CONWV] [ 1 b3
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7.5 Hé bound

After the construction of the approximate blow up profile and the derivation of the modu-

lation equations of Lemma 7.5.5, we now turn to the second main input of our analysis which
is the control of the H, 22 norm through the derivation of a suitable Lyapounov functional. Our
strategy is to implement an energy method for €5 = L& which breaks the L' scaling invariance
of the problem.
Here we are facing a technical problem which is that the equation (7.4.16) is forced on the RHS
by the bs term in (7.4.19) which satisfies pointwise the weak estimate (7.4.29) only, and this is
not good enough to close (7.4.12). This is a consequence of the fact that the elements of the
kernel of £* grow too fast in space, and therefore bs remains of order 1 in €. We however claim
that better estimates hold up to an oscillation in time, but this requires the introduction of a
second decomposition of the flow, see for example [59] for a related difficulty.

7.5.1 The radiation term

We use the bootstrap bound (7.4.9) to introduce a second decomposition of the flow which
will lift the parameter b. We recall the notation (7.2.36).

Lemme 7.5.1 (Bound on the lifted parameter). There exists a unique decomposition
Qpt+e=Q;+¢ (7.5.1)

with b <b< b and é satisfying the orthogonality condition

A * A 1
(€,£ (I)O,Bo) = 0, BQ = \/z (7.5.2)
Moreover, there holds the bound :
- b
b—b < ——. .D.
b= bl S o (75.3)

Remarque 7.5.2. It is essential for the rest of the analysis that the constant in (7.5.3) is
independent of K*(M).

Proof of Lemma 7.5.1. The claim follows from the implicit function theorem again. For |b— lA)\ <
b, let the map F(v,b) = (v — Q;, L™ P, Bo)’ then F(Qyp,b) = 0 and
or — (8(21’
Ob |(b=b,v=0) ob
We compute using the bounds of Proposition 7.3.5 :

LDy p,).

Qs 1 1+ [log(rv/b)| 1
b =xB 11+ 0O <W131§r§231 +b W1r§630 + W16Bo§r§231 )
and thus using (7.2.40), (7.2.43) :
0Qy .,
(W’E ®0,5,)
1 + |log(rV/)| 1
T, LD po ([ |08V VO lspier
(xB,T1, L ®o,5,) + (/ [ Togh) <6By + DA logh| LoP0<r<2B:

= —32rlogBy + O(1) < 0,
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and the existence of the decomposition (7.5.1) with b ~ b now follows form the implicit function
theorem.
The size of the deformation can be measured thanks to (7.4.9). Indeed, we first claim that for
all L <B< L.
Vb~ T~ Vb _
(Qp — Q, L Py g) = —327wblogB + O(b). (7.5.4)

Indeed, we estimate from (7.2.43) :
(Qb - Q7 L*@O,B)

— B(LT, Bp) + O [/ BTy —T0) + 2T |
r<2B

By assumption,

logb| 2

log(BV/b) o 1 (75.5)
llogb| |~ [logb|’ h

logB 1 ‘ B

and we therefore estimate from (7.2.40) :
b(LTy, ®o ) = b(AQ, ®p) = b[—(32m)logB + O(1)].

We estimate from (7.3.49), (7.3.51) :

~ b
[oufi-mis [  Ssw
r<2B B1<r<2B, T

- 1+ [log(rv/b)| 1
VT < b2/ 21 —_—1 -1
/r§2B SEIES r<2B; Tt llogb| 1<r<6By + b2rd|logh| PP0=T=2B1

S b

and (7.5.4) follows.

We now claim the bound

ol le2llz2
ogbl  v/bllogh
which together with the bootstrap bound (7.4.9) implies (7.5.3). Indeed, we take the scalar
product of (7.5.7) with £*® 5 and conclude from the choice of orthogonality condition (7.5.2)
and (7.5.4), (7.5.5) :

b—b| < i (7.5.6)

le2llr2

p p Q
[logbl[b — b S [b] + [b] + [(e2, 4 )| < [6] + 7
and (7.5.6) is proved. This concludes the proof of Lemma 7.5.1. O
We now introduce the radiation term
(=é-e=Qs—Q; (7.5.7)

which we split in two parts :
C = Cbig + Csmv (758)
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Chig = (b — b)xB, 11,

A b ~
CGsm = b(xB, — xp,)T1 + /b [2ng + b2abT2] db

We let
G2 = LC.

Lemme 7.5.3 (Bounds on the radiation). There holds the pointwise bounds :

z 2 ’ (z)(:blg < b2
/|'I"v lg| +/ 1"‘7"2 ~ |10gb‘2’

i |2 V¢l /|£Csm|2 /|E/\Csm|2 o b
/'rvcsm’ +/ 2 ) @ T/ TG Teml

2 b4

< _ -

/’LC5m| ~ [logb|?’

/Iﬁcbigl2 N /IﬁAcbigP < b? 7
Q Q logb|?

3

. b§
Vv € Lé with /v =0, |[(MG,v)| S MHU”LZ)’
b3
<
’(MC%CQ) ~ |10gb’27
2 « b*
JavmeP s Togi
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(7.5.9)

(7.5.10)

(7.5.11)

(7.5.12)

(7.5.13)

(7.5.14)

(7.5.15)

Remarque 7.5.4. This lemma quantifies the fact that the radiation is a priori large, in parti-
cular larger than & when comparing (7.5.9) with (7.4.9), but because the leading order term in
¢ is supported along 77, some degenerate norms like (7.5.13), (7.5.15) are better behaved, and
this will be essential to close the Hé bound for ¢, see step 6 of the proof of Proposition 7.5.7.

Proof of Lemma 7.5.3. Proof of (7.5.9) : We have the pointwise bound using (7.3.49) :

VG| S 1~ b7
and hence from (7.5.3) :
b2
J el £ b S s

We estimate the Poisson field using the radial representation :

1+ [logr|

<|p—
V0| < 10— b——

from which :

2 2
/ |v¢<big| 5 |B— b|2 5 b ‘
1472 [logb|?

(7.5.16)
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Proof of (7.5.10), (7.5.11) : We have using (7.5.3), (7.3.3) the pointwise bound :

PVl S |b— blﬁ (7.5.17)

~

1+ [log(rv/b)|

1
logb| 6Bo<r<2B;

li<r<6B, +

o 1
blb—b| |1, .
+ 0 | [r = b2r4|logh|

from which using (7.5.3) :

. b? 51 <r<3B,
/szcsm|2 S |10gb[2/ 2 r4

! 1+ [log(rv/b)
o [ e+ L com, + s Lo
+ |10gb’2 /[ <1 + |10gb|2 1<r<6Bg + b4’r8‘logb|2 6Bo<r<2B
3
< b
™~ [logb|*

We recall from (7.3.36), (7.3.51) the bounds :

1+ r[log(rv/b)| 1

mso
|67, = !7\ Sl + lTogb) licr<6B, + erzwo for r < By,

L o1 1
\¢T2|N;/O r|Ty|dr < rllogh] for r > 2B;.

We then estimate the Poisson field using the radial representation :

Ib \ s 1+ rllog(rv/b)| 1
blb — B |51, lie 1
Voiml S r> 81 + bl | [ 1r<1 + lTogh) 1<r<6By + FDllogh] L2250
(7.5.18)
and hence :
/ Vool o b / 1
14+r2 7 \10gb|2 By rd
1+ 72 [log(rv/b)|? 1
5
1, 1<, —_—1,
" HOng / 1472 [T <t [logb|? 1<r<6By 262 [logb|2 >2By
< b3

[logb|*”



7.5. ng BOUND 219

We estimate from (7.1.15), (7.5.17), (7.5.18) :

. By
Vi Leom| < [b— b[& (7.5.19)
. 1 + |log(rv/)|
bl — | [1,cq + —LOBVVDI, Aepier
+ | | l <1+ 7’2|10gb‘ 1<r<6Bp T+ b27“6‘10gb| 6Bo<r<2B
b—b
+ T6 1r>%
blop—b| [ 5 1+ r[log(rvb)| 1
1oy + — OBV, -,
+ 1515 [ 1+ logh] 1<r<6B, T rb|logd] >2Bo
1B
S b-p—ER
T
- 1 + |log(rV/)| 1
b 1y ¢ OBV, -,
+ blb— b [ <1+ r2[logb| 1<r<68) + b2r6[logb| =2Bo

and thus from (7.5.3) :

LB
/’£Csm’2 S /[’b_b|2T]

i L+ Jlog(rvb)
e L+ R S
T loghP? l <L A 3 ) logp|? TISTSOB0 T TR oghp T 6Bo<r 2B
b4
<

[logb|?’

/|£<sm’2 < / ’b_8|21%§1”§331
Q = r

b 1 + |log(rV/b)|?
a4+ ——= 1, — — _1gpy<r
T Tlogh]? [ S e 1<r<6B0 F J1 8] logp] OB <r<2B1
3
P

[logh|*
Finally, pick a well localized function f and let f(z) = A?f(Az), then from direct check :

Lfy=)\ [Af—|—2Qif+V¢Ql Vf+VQs -vgbf}
X A
and differentiating this relation at A = 1 yields :
LAf=2LF+ALSf)=2(AQ)f —Vorg -V —V(AQ) Voy. (7.5.20)
Applying this to (yn and using (7.5.19) (7.5.17), (7.5.18) yields the pointwise bound :

<r<3B
[L(AGm)| S [b— 5\71
1 + |log(rV/b)| 1

blb—b| |1 1 —1
+ 0 | [Lr<1+ +2llogh) 1<r<6By T b0 logh] 12250
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and hence

/ yﬁAgsmP %
< [logb|?”

Proof of (7.5.12), (7.5.13) : We estimate from (7.5.10), (7.2.2) :

e

b
(ML, 0)| S [1£Gmllzz [0llrz, S @HUHL%-
We now compute in brute force using (7.1.15), (7.3.46) :

1p<
L(xsTh) =X&ME+XHHWWJVM+VQV%BH+O<&SQ&)

1+t
= xBAQ+VQ- [XB1V¢T1 - V¢><BITI} AQ+O ( iBl ) (7.5.21)
and thus : R
Lbig = (b —b)AQ + &, (7.5.22)
b—blo (=2 > 5.
— b bjo (=2 (7.5.23)
This yields the rough bound using (7.5.3) :
/|‘C<b1g| < ’ | b2
~ |logb|?

The second estimate in (7.5.12) follows similarily using (7.5.20). We further estimate from
(7.5.22), (7.5.23), (7.2.4), (7.2.3), (7.2.33), (7.5.3) :

1 3
r>Bl :| 2 < b2

(MEGu0)| S (=20 + ol [ =7 [ 5225 ] < ploly

and (7.5.13) is proved.
Proof of (7.5.14) : From (7.5.22), (7.5.13), (7.5.10) :

o

b
[logb|

(MG, G) = (Mo, €+ L£6m)| S = [1€llzz, + I1£Com]l 2

3 1 3
b2 b? R A P
[logd| | \ |logb|? /7‘231 1+r4 * [logh| | ~ [logb|?

Proof of (7.5.15) : We estimate from (7.5.19) and Hardy Littlewood Sobolev :

1 ZL<r<3B
2 < 2 1
/QWM&m!A,/Q%bb! =

ot L+ [log(rv/b)? 1
— (1 L bt =2 S | - 1
" |logb|? l r=t r6|logb|? L<r<6Bo + bAr1a|logp|2 ~ OB0STS2B1
+ Vel

4 4
< Gl S
S TioghP 14~ Tlogd?
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We estimate from (7.5.22), (7.5.23), (7.2.4), (7.5.3) and Hardy Littlewood Sobolev :

1 <1, 2
Jawmean? < [ gl [ Qv
=B e o [0 B
< <
4
<
™~ [logbl?
This concludes the proof of Lemma 7.5.3. O

7.5.2 Sharp modulation equation for b
We now compute the sharp modulation equation for b using the lifted parameters b.

Lemme 7.5.5 (Sharp modulation equations for b). There holds the differential inequations :

Vb b?

SCM)—— —. .5.24

b +—2b2
" |logb|

Remarque 7.5.6. Note that (7.5.24) coupled with the bootstrap bound (7.4.9) ensures the
pointwise control :

(7.5.25)

Proof of Lemma 7.5.5. Proof of (7.5.24) : We take the scalar product of (7.4.16) with L*®, 5 -

d A * 2 * *
{@-Q+e L)} = (@ —Q+20L 0 p) + (e2,L', 5,)
= b (xzT1, L@ ) (7.5.26)
&
A
A ~ .
+ (A+b> (AQy, L@, 5

(AE, ,C*(I)07B) + (F, 'C*(I)O,Bo)

and estimate all terms in (7.5.26). For the boundary term in time, we have from (7.5.7), (7.5.2) :
(@ —Q+e, L )= (Qp —Q+ELD 5 )= (Q)—Q, L Py ).
We then compute :

d

%(Qi) — QL ) = (0:Q5, L7 ) + (Q — @, L70sy ).

The leading order term is estimated using (7.2.43) :
(OSQE, [’*(I)O,BO) = Bs(Tl + B@bfl + 28T2 + 628bT2, AC*(I)OBO)

= gs(TlaL*(I)Qéo) + |BS|O (/ ’Tl — T1| + b|8bT1| + b|T2| + b2|8bi_’2‘> .
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We have from (7.2.40) :
bo(T1, L7 5,) = bo(AQ, @ ) = by [~ (32m)log By + O(1)] ,
and we estimate the error terms un brute force using the estimates of Proposition 7.3.5 :

/yTI—leer\ale\ +b[Ty| + 52|y 5/

Bi<r<2B, T2
+ b /

We also estimate using the definition (7.2.36) and Proposition 7.3.5 :

1+ [log(rv/b)| (rvb)]|
[logb|

1 —1
1<r<6Bo T B2rilogh) 6Bogr§231‘|

7,2

rd ~

(@) — @, 0:L7P )| S 1bs] r?1L(Q; — Q)] < bl

: < lbs|.  (7.5.27)
Bo<r<2By 2 <r<4Bo

We therefore have obtained the preliminary bound using also (7.5.3), (7.5.5) :

d%’ {(Qb —Q+e, E*(I)O,Bo)} = Z;S [—(32m)logBy + O(1)] .

We now estimate the RHS of (7.5.26). The main linear term is treated using (7.2.33), (7.2.45)
which yield a sharp bound :

‘(52, [, (I>0 Bo)

[, leal S Vhleal
>Bo @
We estimate like for the proof of (7.5.27) :

(@b — Q,0:L7D 5 )] S [bsl.

The second linear term is estimated in brute force :

. 1
(Bo)s N, T 9 |bs| / 4\ 2
878 £*¢ > 3 9 A r )T 5 € iy
(6, 05sL7® 5,) (2 Bo (X)(Bo) ) Il Bo<r<2Bo T
|bs|
< \[“52“L < [bs|

where we used the bootstrap bound (7.4.9) in the last step. The leading order fluz term is
computed from (7.2.40), (7.2.43), (7.3.20), (7.5.5) :

4

2h2 1
= 1+O( )} 327logBy + O(1 +/ =3
llogd| [ [logb| 0850 <2B, 1+ 72

1
= 327b% |1 .
321 [ *O(uogm)]

—cpb?(x B Th, L0 py ) = —cpb” {(£T1,<I>0’BO)+ ((xBy — 1)T1,£*<1>0,BO)}
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Next, from (7.2.43), (7.4.9) :

As
A

AN

(e C'@0p)| S 0 [ (el Iy Ve S VBl + - Velz2)
T>2b50

< CODVblleall 2,

We now treat the F terms. The U; term is estimated from the degenerate flux estimate
(7.3.55) :

To treat the small linear term Oy(e), we first extract from Proposition 7.3.1 the pointwise
bounds :

L~ 1,<98 - 1+ HOgT’
70 (Qy — Q)| S b 17:_ r21 ) \rlﬁ;‘,Vd)Qb_d S bﬁ (7.5.28)
which imply the pointwise bounds :
1 + [logr| el Vo ]

(C] Sb|—————— 7.5.29
O(e)| b | Vel e+ o (75.29)

1+ [logr| o 1 + [logr| |v2¢6| + le] Vol
Ve Sb|—————|V — |V 7.5.30

We also observe by definition the cancellation (©(¢), 1) = 0 and therefore estimate from (7.2.45)
and Proposition 7.7.4 :

e 5o [ [(rlomivel | L, Vo]

Ou(e), L, + )| < /
‘( b(g) 07BO)| ~ > 1+T 1+’l"2 1_1_7«3

>Bo

b2
< bO(M < 7
S WO ezl £ o

and similarly for the nonlinear term using (7.7.19) :

b?
N, L0 ) S [ INEIS [ +(Vel|Vel < [logh|lealZs S .
V@ L005)] 5 [INEIS [+ VoIVl S logtllealy, < oo

We now treat the terms induced by modulation. We use the L! critical relation [ AQ = [ AQ, =
0, (7.2.45), (7.4.30) and (7.3.49), (7.3.51) to estimate :

)‘SJFbM(/;AQb,q)O’BO)gbg/ M@y - Q)

A r>Bo

NJjw

2
< b/ b
~ Y Jracrcam, T2~ Tlogl

Injecting the collection of above bounds into (7.5.26) yields :

b2
[logb|

bs [—(32m)log By + O(1)] = 327b° + O ( +C(M)Voleall 2, + \Bsy> .
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Hence using (7.5.5) :

; b? 1 b? .
bs I < C(M b bs
" ogBol| ~ [logBal Llogbr + O Villeallz, + 10
b2 Vb |bs|
S -
~  |logb|? + 0 )Hogb] HgQHLQQ + [logb|
and (7.5.24) now follows using the bootstrap bound (7.4.9). O

7.5.3 The monotonicity formula

We now turn to the heart of the energy method and claim the following monotonicity formula
at the H, gg level :

Proposition 7.5.7 (Hgg monotonicity). There holds :

d [ (Meg,e9) C(M)b? C(M)b?
ST L o e A 7.5.31
dt{ oo Tozb] 122123+ Szjiogi? (7.5:31)
bO(M) [ b3 ealls + b3

= A | Jlogd] "8 T Tlogb|?

Proof of Proposition 7.5.7
step 1 Introduction of the radiation.

The € equation (7.4.16) is forced on the RHS by the bs term which satisfies pointwise the
weak estimate (7.4.29) only which is not good enough to close (7.5.7). This is a consequence of
the fact that the elements of the kernel of £L* grow too fast in space. We therefore aim at relying
on the sharp bounds of Lemma 7.5.5 and on the lifted parameter b. Recall (7.5.7) which yields

Ds(Qp +¢) = 85((23 +é), e=£-¢,

and rewrite the £ equation (7.4.16) as :

asé—%AézﬁénL]}, F = F+Mod + E; + B, (7.5.32)
with F' given by (7.4.17) and :
By =—L(— %Ag, (7.5.33)
Ey = —cbeX%TI, (7.5.34)
Mod = —0,Q; + (AA + b) 0. (7.5.35)

step 2 Renormalized variables and energy identity. Let
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We introduce the differential operator of order one :

Ayw = Qr \VMyw = Vw + Vg, w + QA\V oy, (7.5.36)
and the suitable derivatives 16
w1 = A,\w, 12)1 = A)ﬂf) w9 = V-w = E,\w, AQ = A1 == ﬁ)ﬂf] (7 5 37)
g1 = Ae, & = Aé ’ eo=V-e=Le, &=V -£=LE e
and similarly for the radiation :
G =A¢ G =LC
We compute from (7.5.32) the equation satisfied by w, w1, ws :
. 1 4
O = w9 + ﬁf’\’ (7.5.38)
N . 1 A .
Oyl = Ao + ﬁA)‘f)‘ + [(%, A)\]w, (7.5.39)
1 N
Opthy = L9 + F[,)\f)\ + V- ([0, Ay]W). (7.5.40)

We compute the energy identity for Wy, and will all along the proof repeatedly use (7.4.15) :

1d, S o
5%(/\4,\102,102) = (Optg, My1l2) — / ;Qngg

L0F
= (Lato + % V- ([0, AN]®) , Mida) —

3tQ>\ UA)Q
203 *

1
= — [ @IV Mudaf + (2, 5 MALAFS) = [0 Ax]i - V(Maiiz)

step 3 Repulsivity and sharp control of tails at infinity. We need to treat the last quadratic
term in (7.5.41) which has no definite sign and critical size for the analysis, and corresponds
to an interaction of radiation with the soliton profile. For this, we will use dissipation and
repulsivity properties of £ measured in suitable weighted norms. We will in particular use the
fundamental degeneracy (7.2.11)17 :

AQ B B 1
0 +2=—¢rg =0 (1 n r2> ) (7.5.41)

which will allow us to measure in a sharp way the size of tails at infinity. Our approach is deeply
related to the construction of suitable Morawetz type multiplier in the dispersive setting of [88],

16. which correspond to the factorization of the linearized operator £ in two operators of order one : £ = V-(A).
17. which is a consequence of the L' critical identity f AQ = 0.



226 CHAPITRE 7. ARTICLE [89] SUR LE MODELE DE PATLAK-KELLER-SEGEL

[72].
We compute from (7.5.38), (7.5.40) :

d [ [bAQ) . |\ [ . d [bAQ)x
dt{/ )\2Q§\ wg’w}—/’wadt{ )\ZQg\ }

b(A .
+ / )\28;\ [ﬁ)\’wQ +

RN ([61;,14)\]121)] +/3<A2§2%m2 { A25}

)\2

Let us compute the leading order terms in this identity. First the potential term :

i v = (&) G}

1 As |bs| + b| ¢ |
— A2Q[&ab—zb +0< e .

Next, we observe the integration by parts :

- o A
/ b(A 28? DLy = —2b “’A%? N / b(2QA ;QQQ)% £y
‘ b i 20+ AQ)x .
= /Q)\V M) -V {C;U + ¢w] e /QAV(M}\’U)Q) -V 204 + mw]
2 2Q + AQ),
= e Mz, da) = /QAV Miidz) -V [2% + le _

We therefore obtain :

d b(A L b(A %
dt{/ 5\28?7“”27“”}:/ g\zg?% /\Q(MAw27w2)

b
- 17 [ AVMan) -V (264 +

(2Q + AQ)x A]
ez

/ (A/;g? { LrFA+ V- ([@,Aﬂ@)} +/ g/;ggx . [)\1]_,]

+ 0(/ [|bs|+b|)\|] M) (7.5.42)

We now compute the energy identity for w; using (7.5.39) :

1d A2d 7 . ’If}
2dt {/)\QQ,\} / 1dt{>\2Q/\}+b/>\2Q>\ [AAw2+)\2AA~7:A+[8t7A,\] ]
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We compute the dominant terms :

df b\ _af b |_1fbh_ ;3v-V0Q
dt | \2Qy dt Q(%) A Q Q?
1 As 1bs] + |22 |
i i o (Bl

and integrate by parts using (7.5.36) and the definition of w; :

~

b N
— 5 (Mg, ).

L[y R b . R
b/)\ZQ)\‘Aszz—)\Q(MAw%V'wl): N\

This leads to the second identity ' :

1d bin? Y
5@ { )\26;))\} = (ng,wz + / 2>\6Q |:bs - 4b)\:|
)\ZQ

&t [1bs| +b1%|
Q| 1412 '
We combine this with (7.5.42) to derive :
d /6<AQ>A L bt / bAQ)r 5  2b
— Wotd — 2 = w + Mg, W
dt { A2Q2 N2Q, A2Q3 )\2( sz, t2)
£y + &3 { A

X0 8b§—235}
— 2 [awv) v W@]

+ / &égg [AQ,cAwaQ AQIA} 4 / o {)\1214»7:}}

+ /b(AQ)%av-([at,AA 41)/A - [0r, A

~ w1

+ { A+ [0 Ay ]+o<

204 +

)\QQQ
|£28] + |81
(@) L (Jby| 4 b5
+ ( oy (b + 815
We now observe by integration by parts :
22
626 - [avme. v( ) o+ [ Qvme Vo
Q Q
and hence the cancellation ™ :
NS
5255 1 _ / &1 V. (7.5.43)

18. This identity reflects the fact that the dual Hamiltonian V- Ay driving the w; equation (7.5.39) is repulsive,
and this is reminiscent from geometric equations, see [93], [88].

19. which corresponds to an improved decay at infinity, each term in the left hand side of (7.5.43) being too
slowly decaying at infinity to be treated separately.
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Similarily :
—/2(é£ﬁ+é ﬁ)—4/1é AF
Q ? Q'
_ 2/QVM]:"-V(Mé—éé)+2/QVMé~V(M]:“—¢ﬁ)—4/QVMé-VM]:“

- _2/51.v¢ﬁ—2/QVMJ:“~V¢g

and thus :

/ bgﬁgﬁ [ LT+ AQIA} 4 / v [ )\QAAIA]

- o {/ AQQ*;zQ(g.cﬁHQﬁ)—z/él-v¢ﬁ—2/v¢>é-@vmﬁ}.

We finally obtain the identity :

AQ +2Q bé1 - Vo AQ),
dt {/()\4622) £2¢ 2/61)\4}:/ §\2Q§\ @3 + )\Q(M/\w2,w2)

€1- Ve 2
+ / 6 [Sb)\ 2bs]

B ;/QAV(MMIJQ) -V 204 + Mw]

02
b(AQ)» . .
+ / o AN 4b/A [0y, Ay]id

+ 6 {/AQQEQQ(AE}A"—%EQ]:")—2/@1.v¢ﬁ_2/v¢é_QVMﬁ}

|628] + |&1)? , 5 N W
O ———(|bs b|—= .
+ ( A6Q(1 —|—7“2)(| [+ bl A )

We combine this with the energy identity (7.5.41) and obtain the modified and manageable
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energy identity :

1d AQ+2Q) . . bé1 - Ve
oW {(Msz,wz +/)\4Q2525—2/)\4} (7.5.44)

1 ~
= /Q,\’VMAU]QP (M,\wg,wg)ﬁ-ﬁ(ég,/\/(ﬁ]:)
+ /51 Ve {8b—2b}

2\6 2\
+ 21))\6 {/AQQEQQ(AE'?+§2?)_2/§1'V(ﬁﬁ_z/vqﬁg-QVMﬁ}
B A
_ 2—/\2/QAV(MA@2).V 2%+le

- /[ék,A,\}w V(M +/

o [ |5 i) e
|€ag] + [é1[?

As
+ O( W(’M b|)\|)>-

We now aim at estimating all terms in (7.5.44). We will implicitly use the bounds of Lemma
7.7.4. We will make an essential use of the improved decay (7.5.41).

NQ; WY - ([0h, A —219/A RO

step 4. Boundary term in time. We estimate using Lemma 7.5.3 :

~2 1
[0, | < by (2 (]
NQ? M a+me~x3)Q
C(M)b
s S [lealizy + lcalizy + N + ]

3
_ C(M)b
= TowiP

and using (7.7.16), (7.7.19) :

1o
F/bel-wsé

S (Jarrar)’ ( ’fjﬂ)

b V. |? [V|?
< 2 e 2 2 2 ¢
SV /(1+ Hler]® + 1+r2—|—/(1+r)\VC| +/|<’| + T2

b b2 C’(M)b3
< 1 bC 2 b5> < )

step 5. Lower order quadratic terms. We now estimate the lower order quadratic terms in
the RHS of (7.5.44). First the terms which are estimated using dissipation, (7.7.15) and Lemma
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7.5.3 :
(2Q+4Q), .
ez

2, Cb? 2 ‘Vé|2 £
/Q/\|VM>\U72| N /Q [|V¢é| Tarmerta +r6)Q2]
2

b v?
< O,V 2 C 2 ]
= 100/ AV Movibs| (M) ["52”% ylong]

Next, we observe from (7.5.36) and (7.5.41) the decay estimate :
e bl Ve
A —
10, AN S 55 {14—7“3 1+r4}

which leads using (7.7.15), (7.7.16), (7.7.19) to the bounds :

/Q |V Miba|? + C(M >b2/1 | [Vl
= oo | @IVMatz X Q1+ T8
2

o [ VM) ¥ [2% +

<
= 100

’/[@, ApJ - V(Myws)| <

/ QuIV Myt + (M) 2

b2
2
leal2s + ] ,

= 100 6 logb|?
b(AQ)x . N /{ €| Ve ] [|Vé| €| }
: A
‘/ 222Q2 OV (05 A0 S 55 | |75 5 T 1g e 0 Ta+n0
b c 2 2 2 2 |V¢C|2
< AG[mgw lealiZs, + [162+ [+ rywef + [ 2
b? b?
5 ﬁ llogb|c||62|’L2 + | b|2‘| )
0> el [ 14 Ve
‘ /A (8 A NAG/Q{1+T3+1+T‘J
V| [Vo|?
S A6[/( k)l [+ [0 [i e fasmiver+ [
b . b?
< % [uogm o2l + foeg
We now estimate using from (7.4.28), (7.5.3), (7.5.25) the rough bounds :
As A
S5 <, by <P,
A Y | | ~

and therefore :

257 )

C 4 2 24 W¢C’2
s U [le-voul 5 5 (omplClealzy +60 4 [ ertywe+ [ [0
b2 b2
< — ||logd|®
~ )\6 l‘ og ‘ ”52HL2 + \logb|2]
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and for the error term :

|22€] + |é1]?
A6Q(1472)
b2

5 [[a+m8+a+aP+ 2]

(s \+b|—+by+b2)

N

C(M) i

N

b2
H 2HL2 + |1 gb|2

We now estimate using the bound (7.4.28), (7.5.3) :

As B‘< b

A ~ |logb|’

Note that this bound is very bad to treat the radiation term ¢ and we will need some additional
cancellation. We recall the decomposition (7.5.22), (7.5.23) and first estimate using Lemma

7.5.3
| [ W B 0) (AQh] | 8 s | [ TS (b_B)AQ)ZAQ|

S Tl [Ilsallp 1l + Il + 1o | (AQQ)QAQ‘

+ ‘lobgm‘/(52+£Csm)(A§) + |10gb’2 o, lezl

S % [\lbgb||| 2llzz, + ylobggbIQ i 10?;\2 /(Ag)QAQ +Hogb!2 /(5#““)@@%)2]'
We now use the cancellation (7.5.41) to estimate

(&) =0 ()
and hence using (7.2.33), (7.5.11) :
| [ £en B < [Ulenl < nya g 1o

We now claim the algebraic identity

M(A*Q) = (/g)? (7.5.45)

which is proved below, and conclude using (7.2.4) :

[ (A9) 10 = @0 = 2 [ w0 =0
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Finally, using (7.5.45), (7.2.4), (7.2.33), (7.5.15) :

‘ <€2, (AC?Q)?) ’ S (e, M(A2Q +20Q))| = ’/Magv (r(AQ + 2@))‘

S (/wa@)\?f (/ W)é
S ( Javm lo§b|2>2'

The collection above bounds yields the admissible control :

‘/ )\QQA 8) (AQ)A} b :

3
< [bauegn% +

A6 [logb|?

1 A V)2
T 10026 /QW(M”)' ‘

Proof of (7.5.45) : For any well localized function, we have the commutator formula :

r-VQ
Q2
from which using (7.2.4), (7.2.11) and the critical relation [AQ =0 :

f20 - 11

MAf = AMS +

2
MAQ) = AMAQ) + 2240 - 2600 =1+ (L) —2[0ne+ ]
- (&)
Q
step 6 Leading order Fy terms. We claim the bounds :

3

(€2, MLER)| S b

|logb]?

‘/AQ—{_QQ 8[,E2+52E2) —Q/él-ng)EQ —2/V¢5-QVME2

b2 b* 7.5.46
MHEQHL%'Fi , (7.5.46)

Y L (7.5.47)
~ [logb| 2l llogb|? | o

Proof of (7.5.10) : We compute using (7.2.33) and LT} = AQ :

(e2 ML, T1))| =

L[(1 = x50)TH]I 2
Sl (/ — )

We now estimate using the radial representation of the Poisson field and (7.3.2) :

1 /7 logr
¢’(1_XB = 7/0 (1-— TO)TlTalT =0 (17"211())

(0]
a r r

(22, ML[(1 = x50)T2)

(7.5.48)
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and hence the pointwise bound :

1
1£[(1 - X%)Tlﬂ S mlg% (7.5.49)

which leads to the bound :

1
Era Mot £ Lot ([, ) 0l
2% XTI~ Togh "6 \ fisme T8 )~ Jlogp] 218"

We treat the term involving the radiation as follows. Arguing like for (7.5.21), we estimate :

1 5
Lixz,T1) = AQ+E, &= O<1Tjr4> (7.5.50)
from which using (7.5.21), (7.5.23), (7.2.2) :
|(LGoig: MLE)| = cbb2|<<b—z3>AQ+f M(AQ +9))|
S gt P01 181+ [ 1+ 1elog €1y
b4
[logb|

Similarily, using (7.2.33), (7.5.10), (7.5.50) :
[(Lam MLER)| = cpb? |(£éam, M(AQ +§>>\

= b |(Lum, ME)| £ [ 1Ll €11z

[logb]
b BN NP b
< 7 (2 ()2 < 7
~  |logb|2 \ |logb|? B2) ™ |logb|?’
and (7.5.46) is proved.

Proof of (7.5.47) : We estimate in brute force using (7.5.50), (7.7.15) and Lemma 7.5.3 :
‘ / AQ + 2Q

Sy A el
logb| / (14+r2)Q [1+7r*+ 1412
2

b
S Oiogpy LIElze + lealzg + 1l +1€152]

6[,E2 + éQEQ)

b? b3
S b|IC(M)—— — .

Similarily, using (7.7.16) and Lemma 7.5.3 :

b‘/él-vm

1+\10g7“\ €]
< oo [ 4 )+ Qv+ 4L

1
b2 ’v(ls |2 2
< b 1 2 2 2 1 2 2 ¢
b? b
ogy €Dl + |1ogb|2]

b2
|logd|

b
M — | <
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and using an integration by parts :

= b[(Qe€+VQ - Vs, MEy)|

€l |V¢é|] 2
\logb|/[1+7"4 1470 (1477
1
< /| |2 |v¢€|2 ?
~ \lo b| (1 +72)(1 + [logr|?)

b2 b
b
l|logb| C(M)lle 2”LQ |10gb]2] ’

b'/w}é  QVME;

A

and (7.5.47) is proved.
step 7 U, terms. We now estimate the Uy type of terms. From (7.3.54),
1 1
~ 2 ~ 2
mety)| < ([avmear) ([avmip)

b4
< P+ C—
< 100/Q|VM52| O
Next, from (7.3.53) :

AQ + 2Q) |
ol o

ELT,,

N

’Eﬁ\pb‘
5 | otass S el by,

b b2 b b3
mmw“,@wu+mmLWJWMm+uw4

AN

From (7.3.53), (7.7.15) :

20,

N

AQ +2Q . -
vl

\Ez‘l’b’
i | it < sl 19

b b b b
—|p?
ﬁmwMﬂL+wg]A4uwm+mw4

AN

From (7.3.53), (7.7.16) :

1 2\ 3

b 2 ([ |Vog, 72
< 2 PANPSP) Uy
s 5 (Jasmape) <]+ﬂ

b
X6 / Vo,

5 1
b bz ¢? [Voc|* ) ?
< — 2 9
~ )\6 |logb| ( ||52||L2 + </|VC‘ +/1+ 2 1474
b b
§ )\6 |f’ H 2HL |10gb|21 :
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Finally, from (7.3.53), (7.7.19) :

/ Vo QUMT,| <

¥,
S A6/|V¢e [|Wb|+ ‘+’ +Q|W>%|]

b Vol | [Vecl?\?
S )ﬁ</1+r2+1+§“2> (/(1+T2)

S

1+ 12

o [oettlestiy + ] S [lealig + s
26 Jlogp| |87 NE2ILG T Togpl | ~ a6 |7 1L, T l0gp 2 | ¢

) 0,2
Vi, 4 12 +Q2|V¢¢,b!2D

1
2

235

step 8 Modulation terms. We now treat the modulation parameters given by (7.5.35) which
require the introduction of the lifted parameter b and the radiation term (. We decompose :

Mod = Modg + Mod;,

MOdO = _8SQB7
A

Mod; = (AA + b) AQy, = ( + b) (AQ + bAT; + b2ATy),

A

and further split :
Modg = MOdo 1+ MOdo 2,

R . 0T, 0T9
Modg1 = —bsT1, Modga = —bs -T b— 2bTy + b2
odo,1 1 0dog,2 ( 1+ b + + (‘9b>

We claim the bounds :

2
il 2 ‘V¢Mod0,1’ ~9
/’T 0rMod 1]° + 1+ 12 < [bs|”,
o M 2 \Y4 2 .
[ iroinoda, + [ 1ER2E Vool < v,
’ 1412
Ay v(z)Mod |2 )\s 2
19 Mod 2 ’ L MRS N
/‘T’”Ol’+ T+ ~|x P
/wMOle < ﬁ+b2
Q R P

Proof of (7.5.53) : This is a direct consequence of (7.3.18), (7.3.19).
Proof of (7.5.54) : We estimate from (7.3.49), (7.3.50), (7.3.51), (7.3.52) :

ob

1 + |log(rV/)|
[logb|

ok [ -7 +baab 1 20T +b2aT2]

< lBi<r<os

< 5t r*1,<1 +

and using the radial representation of the Poisson field :

17"230

Sb(1+ T)lréBo +

\V4
‘ ¢ria;; [Tl TH—baTl 125 Ty 4-b2 6T2}

li<r<6B, + W130§r§231 ;

(7.5.51)

(7.5.52)

(7.5.53)

(7.5.54)
(7.5.55)

(7.5.56)

(7.5.57)

(7.5.58)
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This yields :

/yria:;Modo,ZF < |138\2/

< blbs?,

~

|V¢M0do,2‘2 22 1 2 2 1.>B, 202
i S bs /m [b (1+77)1,<5, +73} < b|bs |,

and similarly using the explicit representation (7.1.15) :

M 2 5
[l < gy

2
1 ——=1
14 gt llogb| ISTS630> + b2)8 Bogrngll

loi<room | o (HU%W

Proof of (7.5.55) : We extract from (7.3.49), (7.3.51) the rough bound :

L ~ 1
(EAY <
riof (T + sz)‘ < aleen (7.5.59)
1+ |logr|
IV @rigr 4ty | S EETT (7.5.60)
This yields :
i i 2 o |As As ?
|’I“ 8TMod1,1\ < + b )\ + b y
v 2 1+ [logr|?
| ¢M0d1 1| N + b + | Og?”| N + b
1+ 172 1+rt /\

Proof of (7.5.56) : We use the cancellation LAQ = 0, the bound (7.5.59), (7.5.60) and the
explicit formula (7.1.15) to estimate :

A 2

b
)\—i-

1 1+ [logr|?
1+r6 1472

As
=+
L+

< p?

1
[Wlhgrgwl +

We are now in position to estimate all terms in (7.5.44). From (7.5.13), (7.5.54), (7.5.56) :

(€2, MLVIod)| £ |(MG, £30d) Iz

+ ez, |

3
b2
< -
s Q@h5+m@0Uwawmé+waw%}

(1eaz + g 3 i) [0 3 0]

We now use the pointwise bound (7.4.28) and in a fundamental way the improved bound (7.5.25)
which motivates the introduction of the lifted parameter b; to conclude :

A

3
(62, MLMod)| S (fleallze + i “ Vv soan-2
. ~ P T Tlogel ) | Tlogtl logt]

b2 b
S b — .
~ [H Tlogp 217 * uongl
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Next, from (7.5.3), (7.4.28), (7.5.25), (7.7.15) :
A _|_ 2 R R — ~ )\5
b| [ 290 ediod] 5 bl ol b [COD el + 1€152] [1b]+ |3+ o]
b b2
S b|CODleslzy + o | oo
3
b2 b
< — -
<0 llogb\ Ie2llzg, + Ilong] ’
A + 2 R —
b| [ 290 eabtod| < b [lealls, + €l | 180
b As
< — | {|bs b
S bl + oy | [0+ 5+
b b2
<
S 800N [leally, + o | o
< o[ el + 00 Y
~ 7 logh] M [logb|? ]
Similarily,
) [ 0 Véeral?]?
o| [er- Vo] 5 of fasrar s fir s asywer + T [/ ]
] b 1T, |
< M — | |]bs 4
S bloOnlealy + o | [l +[5 4]
] b3 con b
and using (7.7.19) :
b‘/ngé.QVMMod b [ 196:]|IVMod) + ’14(:7} |1+M7?f‘

.

. b(/ |1vfi§+’1vfi>2 (/<1+r2>yvm|2+|m,2+l 1fogl2>
22 \2r. |\

. b<|10gb|0”52”%é+b10+\1ogb\2> [|bsl+ ;+bu

b2 2o\
S C@“Mm<mwﬂmﬁamw+mwﬂ
3 3
< |&Qmﬂ%+cm@®;A.

This concludes the control of the forcing induced by the modulation parameters.
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step 9 E; terms. We split
As
Ei=—-CG+E, Eii= —TAC
(2 terms : Fom (7.5.15) :
: :
Gmee) = ([avmar) ([avme?)

b4

< 2
< 100/Q|VM52| O

Next, after an integration by parts :

S b (/Q!VMCQ\Q); </|Vé12+ l‘i';)%

’/AQ+2QA£C2

b b
< M
< g [H 5+ >H62H%}
bi b
< -

Similarily, using Lemma 7.5.3 :

<o(f7) @Wﬁf

b2 b
s b[ 2o * gy

b* 63
b .

To control the last terms, we introduce the decomposition from (7.5.22) :

b] [ v Qv

N

G=0b-bAQ+ &, {=E+Lm, £=[b-0O (ifﬁi)

Observe using Lemma 7.5.3 that :

iy . (7561)
e S Toghe * ToghP? Jros, 1575 = logh -

and using by construction [{; = 0 and (7.7.5) :

- b3
2 < 2, S ——. .5.62
J196e S1GIE, < pom (7.5.62)
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We therefore estimate in brute force :

/ AQ+2Q Y

b o2

S bllleallzz, + Icellzz, | 1l e

b? b
S bi —

b’ b3
< b .

Similarily,

N[ [IV%) &
b/|51 Ve, Sb /(1+r )let] /1+r2 SbC(M)HﬁQHLém.

and for the term induced by the radiation using (7.5.62), (7.5.61) and the degeneracy (7.5.41) :

b‘/(zcbg ‘ S oo — 5|/‘52¢AQ‘ +b/|V¢§2|2
3 b4
< <
S a1+ g g

b| [ @vime) v,

It remains to estimate the term :

b(b — b) [/ AQC;QQ AgAQ—2/51 wsAQ] = b(b— b)/A {WHWCJ].

Here we need an additional algebra in order to be able to use dissipation?’. We compute from
(7.2.11) :
AQ(AQ +2Q) AQ\?
@t ()
We now use (7.5.45), integrate by parts and use the degeneracy (7.2.33) and (7.5.41) to estimate :
. [AQAQ +2Q)
€9 o2
- '/égM(AQQ + 2AQ)‘ —

(Jaruwear) (] 244227)' < famosear)

and hence the control of the last term :

o - ) | [ 29022 enq -2 [ 21 Tong|
< o (Javmer)
< @/QW(M@)HCH;;P-

20. for which a better bound than for HEQHLzQ holds in time averaged sense.

+ 2¢AQ” = ‘/52/\4(1\2@)‘
[ M- r(aQ + 20))
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Eq 1 terms : We systematically use the rough pointwise bound from (7.4.28) :

As

<b
A

~ 7

For the first term, we estimate first using the decomposition (7.5.22), (7.5.23) and (7.5.10) :

a ME(AGu))| S HE + Lo ML) + Bl 1A
b? L6l ) 2 b3
<
s b </r231 [logb|? (1 + r8 )Q / ||£(ACsm)||L2 + b’ 2| ”52||L2

1 1
b3 2 b3 2 b% b4 b%
b b——+ < b .
(\logb|2> <|logb|2> + [logb| H€2||L?2 ~ |logb|? + [logb| ||€2”L2Q

We now observe using (7.3.19) the cancellation

AN

FOL(ATY) = O (1 ha “Og”)

1474

which implies

Véyp, 1
/QIVMA(X31T1)I2 N / 1’_‘?; /(1+T4)|VA(X31T1)|2+(1—|—r2)|A(XBlT1)|2
< 1 <1
~ Bi<r<a2p 1+712 7~

from which :

bl(Eas ML(AGg)| = blb— 1] ’ [avae. VMA(XBlTl)

< /Q|VM62|2 + O

> [ Qvmae TP

bP
4

b
< /Q|VM52|2 + C’ P

100

We further estimate using Lemma 7.5.3 :

AQ+2QA R b b?
b| [ 25 teeba0)| £ PIEIIEAl s S |CODEly + o] Toam
3
b3 b3
< b|— T o
~ []logb\ H52HL2Q + |logb|21 ’
AQ+20, 22 [ b } b’
2000)| < b AClp2 < b —| —
b| [ Fgrta®a0| < Bl Iace <b |l + o] Gorg

3
2

L
logb2 " " |logb|" 2" %




7.5. ng BOUND

b’/él-ww
v 2
< b (/( + 72 \81!2+/1+r \VC|2+/|C’2 | ¢d> <
b b b b3
< p? M <
S b {C( )H@HL?Q + |logbd llogb| ~ |logb|? +b|10gb]||€2HL2Q’

and using Proposition 7.7.4 :

(QE+VQ -V, AC) + b

b) [ Vo @uMOBAQ)| 5 )

N

njw

|logb|

step 10 Non linear terms. We estimate the contribution of the non linear term

N(e) =V - (eVe.) = e® + Ve - V.

We decompose using (7.2.9) :

QVMN(e) = VN(e) + QVon() + N(e)Vog = S1 + 52

with

S1 =2eVe + V3¢, - Ve + QVn ) + N(e)Vdg, S2 = V?eVo..

We claim the bounds :

¥2 < p < 400, [[Von(oller S Cp)[logh|“® [Hmié + bw] :

[INE < gty +
Bk 20,
< logb|" || +b
| g < sl
V-5
[V S hogCealty, + v,

|52\
HLZ ’

Ja+ r2>\5212 S uogb\f’u@wzé 2,
Proof of (7.5.64) : We estimate from Sobolev and Plancherel :

IV6ellzee S 1V20cllz < llellz S C(M)le2l g -

IV(y- Vool

[ ve:-@von

1 1
2 A2 Voel*\? | o MIRE [Vpacl?
bHAC\m(/E\ e A e

< 0 (1elCleallzg + ) S g + bl
~ 7 logy] \ 10871 NE21ILg ~ Tlogb]2 " "logb| "L

241

)

(7.5.63)

(7.5.64)
(7.5.65)
(7.5.66)
(7.5.67)

(7.5.68)

(7.5.69)

(7.5.70)
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We then estimate from Hardy Littlewood Sobolev :

2
V6 lee S INE)lr with 7= =5 € (1,2).

Then from Sobolev and (7.7.20), (7.5.70) :

IN@Elzr S llelfer +1Ve - Vel S llellzze + Ve - Vel

Vo
S el + |75 (10 + ) Velle + 13+ 1)Vl ] + 1920l o] Ve
T oo
< flogbl®(leallzz + )l 2 (7.5.71)

and (7.5.64) follows.
Proof of (7.5.65) : It follows from the chain of estimates (7.5.71) with r = 2.
Proof of (7.5.66) : We estimate in brute force using (7.5.70), (7.5.64), (7.5.65) :

S 2 \% € 2
[ 5 el + 192005 fa e iwep + [ 290 [y

S CODleallty + Vone 3+ logblCleallty +57
< floghlCles | + .
Proof of (7.5.67) : We compute :
V-5 =2eAe+2|Vel* + V- (V0. - Ve) + VQ - Vo) + 2QN(€) + Vg - VN (e)

and hence the bound :

\Y%
V-S| £ |€HA6\+\VE|2+|V3¢6HVE|+W2¢5|v2€|+|1(T7(*€5)|
e + VellVoel | [ell Vel + [V26elIVe] +V%elVoel ooy

144 1+7r

We have the nonlinear estimate using Sobolev :

4
/%

N

J1velt 422 [ vl + el
S el + =20 ([ 1910+ ) ([ 1920+ w)e)?)

S Dl
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Similarily, using Lemma 7.7.1 with p =1 :
|V3 ¢E |4

S [192t + 2, [ 1910+ 292"

S IVl + 52y ([ 1910+ V20 ) ([ 19200+ 007200

S Nl + S (el + [12sP192(0)R) (lelBe + [ loilPIV3 (7260 )
S el + =2 (Jellye + [ PIAT6R) (el + [ loiPla(v2601)

— el + (el + [ 1aiPIV@601) (el + [ laiIv2(260P)
S C(M)eallz -

We then estimate using (7.5.64), (7.5.70), (7.5.72), (7.7.15), (7.7.20) :
V- 5|2 |Ac|? |V5|4+ V36, |4 |V2¢]2
[ Sl / +f L4 IVl |
Q Q
V¢ v¢ Vel|?
o [0l e T, [V

1+r2
+ (llellie + ||V2¢5HLO<>)/(1 + 1) Vel* + I

Nz
Vcbs

N [0+ 9%l

< CONleality + Vonl3s + sl floghl® (||52u% +4°)

S llogb|“fleallzz + b

Proof of (7.5.68), (7.5.69) : From (7.7.17) :

S5 ) [IVP et
| S Ve [ S S el ™

From (7.7.20) :

Vo |?

/(1—1—7‘2)\52]2 / 14+ 72)|V2%|? Ve |? < ' T

el S Dogh|lleallzy + 0%

We are now in position to obtain admissible bounds for the nonlinear terms in (7.5.44). From
(7.5.63), (7.2.2) and the nonlinear estimates (7.5.67), (7.5.69) :

(g2, MLN(€))] < [(Me2, V- S1)| + [(VMez - S)

% ’S |2 %

2
S leallig 19+ Sills, + [ Qv MesP) ( / Q)

71 2 C 2 10 4— L
< 105 [ ATMel + OO0 ezl [l + ) + CONJealy, ™
<

4
/Q‘VMEQ‘Q—FC( ) [bb‘l”EQHLQ + b ]

100 [logb|?
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We estimate the radiation term using Lemma 7.5.3 :

(G2, MLN ()] S !(M@,V-SI)H!(VM@,&)\

S o™l + ([ omr)’ ( ’S2|2>

3

b2
ey [loBblC el + 8| + el
b4
[logb|?*

S

S

Next, using the degeneracy (7.5.41) and integrating by parts :

9|20 [ g [V s+

S bllellze + 1Cz2) [V - Sullpz, + (L +7)Sall 12
+ b(I(L+ ) Vellg2 + [[(1+ 1)V 2l (1 + 1) sl 2
<

b b
b (leallg, + o) [loetCNeality + ) < o [lealy +4).

€ HSz!

’/AQ—FZQA

)4 |vells, @

Using (7.5.64), (7.7.16) :

b‘/él “Von()

< (/ e+ [P+ [+ |vq?+/’w<'2> (/'fo‘ﬁp)é

b b
S b|CODl + oo | Vone s S Hlozbl” |CODleally + o | Iealfy + 0]

b
S oo |[HEQHL2 +b4]

Using (7.5.64), (7.5.66), (7.5.69) and (7.7.19) :

1 1
V.| /W@P ? (/ 2 2 2 )2
< 1
S b(/Hrz+ VL) ([as s s
b C
b (el + o) et

b 2 4
o [leal +04).

b ’ / Vs - QUMN(e)

AN

2 10
b
[H52HL22 + }

N

step 11 Small linear terms. We estimate the contribution of the small linear error ©(¢)
given by (7.4.21). We expand :

Oy(e) = Ve - Vo, o+ 2@ — Qe+ V(Qy— Q) - Vo
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We claim the bounds :
[100) s Beanle); (7.5.73)
’v¢@b(6)|2
1472
[ @vMELE)P S oMl (7.5.75)
Proof of (7.5.73), (7.5.74), (7.5.75) : We recall the pointwise bounds (7.5.29), (7.5.30) :

1 + [logr| & |V¢>a|]
- - = + R
1+7r

SVC(M)le2]l7z (7.5.74)

|Ve| +

<b
’@b(g)‘ ~ |: 1 +T2 1 +7‘3

L+ [logr| oo 1+ [logr| [V26el + el | [Vl
1+7r Vel + 1472 Vel + 1473 +1+7“4

The bound (7.5.73) now follows from Proposition 7.7.4. We estimate using (7.7.4), HLS and
(7.5.29) :

[VOu(e)| S b

‘V¢eb(8)|2 < \v4 2 < e} 2
W Sl ¢®b(s)||L4 S b(€)||L%
S COMNYJlesllzy (7.5.76)
and (7.5.74) is proved. We then compute like for (7.5.63) :
QVMOy(e) = VOy(e) + QV e, () + O(e)Voq
and estimate using (7.5.29), (7.5.30), (7.5.76) and Proposition 7.7.4 :
1 + |logr|? 1+ [logr|?
2 < b2/ 144y [T 4 Rosr
Javmener < v ot S0 T
[V20e| + |e|? i Ve | |v¢@b(5)‘2
1416 1418 1418

S PO,

~

]V25|2 + ]Vs\z

+

this is (7.5.75).
We now estimate all corresponding terms in (7.5.44). From (7.5.75), (7.4.12) :

(62, MEBY(E))| = i [ AVMar £ [Qvamen )

/ QV - M2, - VMO,(e)| <

~ 100
< /Qywm 24 oon-—2
= 100 2 logb[2”
Next, integrating by parts :
A 2 3
’/ AQT2Q . o) <b/1+r (yv5\+ 1l )QyVM@()y

A

(/IV Py ) (Jarvmeer)’

3
b b2
< b M — b
S b|CODlelzy + o | el S brleally + oo
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Similarily, using (7.5.73) :

AQ +2Q . b
b| [ Fgraen| < Healiy l0nelie b (leally, + o ) W2l

3

b leallyr + —
[logb| 2y + llogb|?

N

Using (7.5.74), (7.7.16) :

) 1
. ~ 2 |v¢@ 5‘2 2
b‘/gl.Wp@b(a) < b(/(1+r2)]€1\2> ( e
b4

3
b b3
S bO(M b
S 0000 (Nl + o) Mlealy, S bcgrlieelizg + ooz

< o[ (Jommaner)’

b
) (leally, + oy ) Vsl

b \ [ 6. -@umene)

AN

3
5 4
2
< b2 L
~ |10gb| ||52”L2Q + HOgb|2

step 12 Conclusion. Injecting the collection of bounds obtained in steps 4 through 8 into
(7.5.44) yields the following preliminary estimate :

(MEQ,EQ) + 0 C(M)b3
2 dt T N [logb[2
1 o, bC(M) [ b2 b3 Z»
< = oz
< 2/QA\VMAw2\ + 6 Llogb[”EQHL% Togb2| T 6 (Mé2,€2).

We now make an essential of the precise numerology to treat the remaining (Més, &3) term
which has the wrong sign. We multiply this identity by A? and obtain using the rough bound
from (7.4.30), (7.5.3) :

As - b
SR el (7.5.77)
the control :
1d [ (Méy,8) C(M)b?
5 { 0 ()\2|logb|2 (7.5.78)
_ boM) b3 ol b3
= T | logn] 2218 T logpP
As - ) 1| \s| C(M)Y?
— 12 4h .
+oap|3+ ‘I(M e+ 51 |5 o
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We now develop the quadratic term and estimate using (7.5.13), (7.5.14) :

(Még, &) = (Meg,e2) +2(M(a,e2) + (M2, (2)

b3 b3
- o — =
(Meg,e2) + (\logb\ H52||L2Q + |10gb]2>

which implies the upper bound

b3

|(Még, &2)| < e 2||L2 * Togb? llogb|?

Injecting these bounds together with (7.5.77), (7.4.9) into (7.5.78) yields (7.5.31) and concludes
the proof of Proposition 7.5.7.

7.6 Sharp description of the singularity formation

We are now in position to conclude the proof of the bootstrap Proposition 7.4.3 from which
Theorem 7.1.1 easily follows.

7.6.1 Closing the bootstrap

We now conclude the proof of Proposition 7.4.3.

Proof of Proposition 7.4.3. The L' bound (7.4.11) follows from (7.4.24). The pointwise upper
bound on b (7.4.10) follows from (7.5.24) which implies by < 0 and the conclusion follows from
(7.5.3). The lower bound b > 0 follows from the bootstrap bound (7.4.9). Indeed, if b(s*) = 0,
then £(s*) = 0 from (7.4.9) and then [u(s*) = [Q = [up by conservation mass, and a
contradiction follows from (7.4.2).

It remains to close the bound (7.4.12) which is the heart of the analysis, and this follows from
the monotonicity formula (7.5.7). Indeed, we rewrite (7.5.31) using (7.4.9) :

d (Méz,é‘z) b3 b4
——= M»VK*——— <SVEK¥f————. 6.1
dt { 2o 0 (C( ) A2|logb|2 ) | ~ Alogb|? (7.6.1)

In order to integrate this between ¢ = 0 and t*, we first observe from (7.5.3), (7.5.25), (7.4.28)
the bounds
v A+ b S C(M b

|bs| < (7.6.2)

from which :

t* b4
———dt =
/o Alogb|? / /\3]10gb]2 +O< )\4|logb|5 )
_ 1 df o
Ilogbl2 0 2Ads Ilogbl2

N [2)\2|logb|2] (/ Nlogh? )

</ X logh[s )
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and hence using the a priori smallness of b :

A b3(t) A)\? 63(0)
N2(t) o M|logh|2 = [logb(t)|? * <)\(0))

Integrating (7.6.1) in time, we conclude using (7.2.58) :

5(M)H€2(t)|!ig? S (Mea(t), e2(t)) (7.6.3)
A2 b3(0 b3
S C(M) {)\2((8)) [H@(O)Hié + \/ﬁlogb((()))P + \/ﬁylogb((tg)‘Q}

for some small enough universal constants §(M),C(M) > 0 independent of K*. Moreover,

(7.6.2) implies
73
L LA (7.6.4)
ds | A2|logh|?

and thus (7.6.3) and the initialization (7.4.4) ensure :

. b3(0) b3(t)
SODl=®lf; 5 CONVE® [V“)Az(o)uogmon?*|1ogb<t>|2]

A

- 5%(0) b()
COMVE® lv(t) A2(0)[logh(0)|2 " \logb(t)P]
b3 (t)

(1) :
S CONVE P

[logh(t)[? ™

A

C(M)VEK*

and (7.4.12) follows for K* = K*(M) large enough. This concludes the proof of Proposition
7.4.3. O

7.6.2 Sharp control of the singularity formation

We are now in position to conclude the proof of Theorem 7.1.1.

Proof of Theorem 7.1.1. step 1 Let ug € O and u € C([0,T), ) be the corresponding solution
to (7.1.1) with lifetime 0 < T' < +o00, then the estimates of Proposition 7.4.3 hold on [0,T).
Observe from (7.6.4) the bound

A< pd

from which using (7.6.2)
AN 2 b > C(ug)A3 and thus — (A3), > Clug) > 0

implies that A(¢) touches zero in some finite time 0 < Ty < +o00. Note that the bounds of
Proposition 7.4.3 injected into the decomposition (7.4.5) ensure

lle(®)||gz <1 for 0<t<Ty and }%ITH |u(t)]| gz = +o0
0
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and thus from standard Cauchy theory, the solution blows up at T' = Ty < +00. Moreover, we
obtain from (7.6.2) the rough bound :

As
|IAN] = | =

<1 and thus \(¢t) S VT —t,

and hence from (7.4.13) :
s(t) = 400 as t —T. (7.6.5)

step 2 Blow up speed. We now derive the sharp asymptotics at blow up time by reintegrating
the modulation equations for (b, ) in the vicinity of blow up time or equivalently as s — oo.
We estimate from (7.5.24), (7.4.12) :

L2k b?
bs + —| S —. (7.6.6)
[logd| [logb|?
We then argue as in [88]. We multiply (7.6.6) by HE—%B' and obtain :
bslogh 1
blogb _ 9iof- 1 ).
b? [logb|
We use | N |
togt | 1) logt
( i " t) 2
to conclude after integration :
logh + 1 s
il ([0
b 0 |logb|
and thus
A logs A
b(s) = o (1+o0(1)), logb=loglogs—logs+ O(1).
This finally yields the aysmptotic development near blow up time :
b(s) = i(lo s — loglo s)—l—O(l)
~ 9 g glog s/
We now rewrite the modulation equations for A using (7.6.2), (7.5.3) :
As = b 1 1
——=5b = — (logs — logl - .6.
3 +O(|logb]> 2S(ogs ogogs)—i—O(s) (7.6.7)

which time integration yields :

2
—logh = (logs) [1 _ 2loglogs L0 < 1 )} ‘

2 _ = T
[(logs) 210gsloglogs} + O(logs) 4 logs logs

W=

In particular,

1 logl 1
g = 5 [y oo (1]
2 logs logs



250 CHAPITRE 7. ARTICLE [89] SUR LE MODELE DE PATLAK-KELLER-SEGEL

which also implies :

62\/|log)\\+0(1) — 1 s , s= “Og)\‘62\/m+0(1)‘
ogs

We use these relations to rewrite the modulation equation (7.6.7) :

As 21/JlogN+0(1) y y
—37 = —/|log)\|e Vllog| A = 4/ |log\| + O(1)

“A\ eV ogAl — o)

The time integration with boundary condition A(7") = 0 yields

_, /[ log(T—1)]|
At) = VT —te 7 W st T,

and thus

this is (7.1.11).

Observe now that the chain of above estimates ensures in particular
b(t) -0 as t =T
which easily implies using Proposition 7.3.5 :

HQ_Qb”Hé —0 as t— T,

and the strong convergence (7.1.10) now follows from (7.4.12).
This concludes the proof of Theorem 7.1.1.

7.7 Appendix

7.7.1 Estimates for the Poisson field

This appendix is devoted to the derivation of linear estimates, in particular for for the
Poisson field in Hgg and £. We start with weighted H? type bounds :

Lemme 7.7.1 (H? bound). Let p = 1,2, then for all u € D(R?),
/|xy2p|v2u|2 ,S/|x]2p|Au\2+/\w|2p—2|Vu]2. (7.7.1)
Proof of Lemma 7.7.1. We integrate by parts to compute :
/x%p(auu + 822u)2 = /x%p {(811u)2 + (82211)2} + 2/x?p811u822u
— /x%p [(Onu)Q + (6221;)2} — 2/1‘%1762’&8211’&
= /fU%p [(511@6)2 + (32216)2} + 2/312U [ﬁpauu + 21795?713214
_ / 22 [(@11u)? + (D2zu)? + 2(0nzu)?] — 2p(2p — 1) / 222 (Dou)?

and similarly with x9, and (7.7.1) follows. O
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We now turn to the linear control of the Poisson field :

Lemme 7.7.2 (Estimates for the Poisson field). There holds the bounds on the Poisson field :
(i) General LQQ bounds :

|ul
141 ull oo _Pul < : 7.2
100+ Nogrulss + Woulaizn + |15 g ol (17.2)
IVoullr S llullrz, (7.7.3)
i) Improved L%, bound : if moreover [u =0, then :
(ii) Q
[Pullzee S llullrz,, (7.7.4)
./W%Pz—/ﬁ%ﬁﬂw%. (7.7.5)
(7ii) Energy bound :
=8 =1y, 15
VI<p<2, [[Voullree < Cpllull s’ lullpz [[ull. *- (7.7.6)
(iv) Decay in the energy space : Y0 < o < 1,
[[ulle
< .
[[ulle
Vou(lx)| < Cf———. 7.7.8
Voule)] < Capl (1.75)

Proof of Lemma 7.7.2. : Proof of (i)-(ii) : By Cauchy-Schwarz :

1
2
[t ogrDlu(wl < el ( [ 1+ hogr)*Q ) < lulza,
For |z| < 1, we estimate using Cauchy-Schwarz :
ou@)l S [ fogla —yDlutw)dy+ [ flogla — yllju(y)ldy
lz—y|<1 lz—y|=>1
S Nullzg,+ [ (1 RoglylDlu(w) < llull,

For |z| > 1, we rewrite

log|z| |z —y|
0u() =52 [ < [ hoa( ) utw)ldy

r—y T —y
S / o] |log(| |)Hu(y)|dy+/ " ]log(’ |)|]u(y)]dy
|x—y\27 \a:—y|§7

] |z]
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For the outer term, we estimate :

3 3
|z =y |z —y[\* ly|

[ et uwlay 5 [ (M) utwlay s [ (14 2 ) futw)lay
lz—y|> 5 |z lz—y[>5 |z ||

Jull

S lullp + S Nlullzz-

||

On the singularity, we estimate using a simple change of variables :

lz —yl |z — y| 2 3
[ e |xy>uu<y>|dys</x_y|§@ o ‘x|y)l2dy> (/|$_y|§@\u<y>\2dy>
< (nacu? ., toslz1d: /||" u<y>|2dy) < ([1PtuwPay)

S

Jull

and this concludes the proof of (7.7.2) and (7.7.4).
We then estimate from the 2 dimensional Hardy-Littlewood-Sobolev and Hélder :

1 1
[Voullzs < HW cullpa S lull g S lullzz 1QN 2

and (7.7.3) is proved. Let a smooth cut off function y(x) =1 for |z| < 1, x(x) = 0 for |z| > 2,
and xg(z) = x(§), then from (7.7.4) :

1
/ Xr|Véu|? = 3 / AXR¢; — / XRUPy (7.7.9)
S ulliee + ldullpellullr S HUII%E2
with constants independent of R > 0, and hence
/\quu\? < +o0. (7.7.10)

Moreover, integrating by parts :

2
/| <R |v¢u|2 = R/O ¢uar¢ud0 - Uy

lz|<R

From (7.7.10), we can find a sequence R,, — oo such that

27
Ri/o 10rdul? = 0

and then from (7.7.4) :

1
21 27 2
R, 0 ¢uar¢u S HQZ)U”L‘X’ (Ri/O ‘8T¢u|2) —0
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and thus
/|v¢u|2 = lim IVou|* = —/uqsu.

Rp—+o0 || <R,

The estimate (7.7.5) now follows from (7.7.4).
Proof of (iii) : Let 1 < p < 2, we estimate in brute force :

1 [u(y)| [u(y)
Véul < *\u|5/| dy+/| dy

s—y|<R |7 — Y| a—y|>R [T — Yl

1
o

AN

We optimize in R and interpolate :

8 R < ol P
IV@ullLee < CpllullZollullos® < Cpllull o Il llullr*

[MS]

this is (7.7.6).

1 LY Julzr
lalse [ el ([ ) S Rl +
zI<R |2| 21>R |2 RV

253

Proof of (iv) : By density, it suffices to prove (7.7.7) for u € D(R?). Let (v;; = x;0ju)1<i j<2,

we estimate from (7.7.1) with p =2 :

Jiesal + (190052 5 [t 1aPITu? + [0+ o) [(0uu) + @) + @] S iy,

and thus from Sobolev :
VP> 2, lvigllee S llviglla S llull g -
We now recall the standard Sobolev bound, see for example [10] :

¥p>2, VfEDRY), |f(@)— W) Sl -yl PV F] -

We may find |a| <1 such that

NI

NOIE ( /. \f(y)\%zy)

and hence the growth estimate :

F@)] ( /. rf<y>12dy> +lal "HV Al

We apply this to f; = z;u and conclude from (7.7.11), (7.7.18) : Vp > 2 and i = 1,2 :

2 2
lzul < </|<1 |95iu’2dy> + |2 TR |V (i) | e
y|<

1-2 1-2
S lullzee + 127 [llvigllze + llullze] S (0 J2]#)[ulle

(7.7.11)
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and hence the decay :
ju(e)| 5 e,
1+ [af?

which yields (7.7.7).
Let 0 < a <1 and |z| > 1, we estimate the Poisson field in brute force using (7.7.7) :

Vo) 5 [l [ utw)| | ju(y)

2=yl Jp—y>2)2 [T =yl Sp—yl<i? [T~y
< Hu\lé1 +/ ) u(y)| < Hqu N HuHsa/ adi
|| 2 >l je—yl<lzl® [T —yl ™ 2|2 L]z S |2
< ulle
1+ |a:|%
and (7.7.8) is proved. O

7.7.2 Hardy bounds

We recall some standard weighted Hardy inequalities :

Lemme 7.7.3 (Weighted Hardy inequality). There holds the Hardy bounds :

2
Voo > =2, /ra”]&nu!Q > (Qtfé) /ro‘uQ, (7.7.12)
Vo|? Vg|?

A¢l* > / | / 7.1

/| 9 1+ |10gr|) 1+ 7Y (7.7.13)
2 2
/ Vel” L (7.7.14)
r2(1 + |logr|)? (1+7r) 1+ logr))2 ) 146

Proof of Lemma 7.7.8 Let u € CSO(RQ). We integrate by parts to estimate :

1 1
c ;— 2 /7"0‘u2 = —/ro‘Huaru < (/ ro‘u2> i (/ ro‘+2(8ru)2> i

and (7.7.12) follows.
Let now ¢ € D(R?) and consider the radial continuous and piecewise C' function

— L for 0<r<i T
_ r(1—logr) -5 _ e
fr) = { L for r>1 » Fla)= ﬂr)r

r(1+logr)
then

. _ r2(1—logr)
V- F(z) for r>1 ’

{ ——L _ for 0<r<1,
1
" 7r2(1+logr)?

and thus :

1
— V¢ < V- F|Vo|? — V- F|Vo|?
/ S ea eV S [V oFver - [ V- FIve

[ f1vokds+ [1719(vaP)
r=1

[ svepao s ([1serwer)” ([1v0er)’

N

N
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Now by Sobolev :
| fIVoldo s [ (90 + %)
r=1 5<r<2

and thus
1 2
/7"2(1 ogrE V!

Sy 802 + ([ e ¢|2) (/ |A¢|2)2

which implies (7.7.13).
Similarily, for r» > rg large enough :

¢* - . ! AP

/r>ro (1+ 1)1 + [logr|)? & >T0V {(1+T3)(1+ [logr|)? !yl} ¢
2 ¢l[V|

< /r: i da+/>r0 1+ 73)(1 + [logr|)?

and (7.7.14) follows again from Cauchy Schwarz and Sobolev.
This concludes the proof of Lemma 7.7.3.

7.7.3 Interpolation bounds

We collect in this appendix the bootstrap bounds on e which are a consequence of the
spectral estimates of Proposition 7.2.8 and further interpolation estimates.

Proposition 7.7.4 (Interpolation bounds). Fori=0,1 :
(i) ng bound :

/(1+r4)|v25|2—|—/ 1+'r2)|Ve|2+/52 (7.7.15)
Vo.|?
A 2 / ‘ £ < M 2
+ 1808+ [ e S CON,
Jasm)al s conlelss . (7.7.16)
(ii) L*° bounds :
1
Vo<n<g, [IVeelpe <C HEQHLQ : (7.7.17)
and V0 < a < %,
10+ J2)ell o + |1+ 12]2) V(@) . S 3. (7.7.18)

(iii) Hgg bound with logarithmic loss :

Vo |?
1+ log(1 C’—€<l bc( 2 b10> 7.1
/( +log(1 +1)) r2(1 + |logr|)2 ™~ llogh HSzHLQQ * ’ (7.7.19)
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(iv) L™ bound with loss :

Vo | C( 2 10)
S [logb b1%). 7.7.20
|75l . = st (tealy + (7.7.20)
(v) Weighted bound with loss :
el ¢ 10
[ 2 s canyiogll] s + b (r7.21)

Proof of Proposition 7.7.4. Proof of (i) : The estimate (7.7.15) follows directly from (7.2.58),
(7.2.60), our choice of orthogonality conditions (7.4.6) and (7.7.1) with p = 2. We then estimate
from the definitions (7.5.36), (7.5.37) and (7.7.15) :

Jasmlal s [a+r) [19eP + Vool + Qvodl’
[V e|” >

< < M .

< el + [ oy gz S CODIE,
Proof of (ii) : Let p=2(1 —n) € [1,2), then from (7.7.6), Sobolev, (7.7.15) and the bootstrap
bound (7.4.8) :

P 1-2 _
IVl S Co(M)lleallze llellzn® < Cn\|52||1%n-

The decay bound (7.7.18) follows from the interpolation bounds (7.7.7), (7.7.8), the H% bound
(7.7.15) and the bootstrap bounds (7.4.8), (7.4.9).

Proof of (i#) : The lossy bound (7.7.19) follows from (7.7.15), (7.7.18) with a = 1. Indeed, let
B =01 then :

C |V¢5]2
fa+tog1-+0) P2(1 1 Jlogr])?
Vo.|? V. |?
< 1+ log(1 C|—5 / (14 log(1 c___17vel
~ /T§B< +log(1+7)) r2(1 + |logr|)? + >B +1og(l + 7)) r2(1 + |logr|)?

Vol (1+ logr))°
< bcl<c>/\a / (1 + [logr|)™
e T A s

1
< |10gbycl( ”EQHLZ + — \/E < ‘logb|Cl(C) <||52]%§? +b10> .
Proof of (iv) : From Sobolev :
\% \% Ve |?
’ ¢€ < ¢€ | ¢€|2 + ||6||§{2
T ol | e ST+ ol > ) 157

and (7.7.20) follows from (7.7.19).
Proof of (7.7.21) : We use the global L! bound (7.4.8), (7.7.15) and Cauchy Schwarz to estimate :

1
el . (/ 1)2 / e}
/1—1—?“ S el r<b-20 72 - r>p-20 1+ 71
S C(M)y/llogblllealle, + b lle] s

and (7.7.21) is proved. O
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