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▲❡s ✐♥t❡r❛❝t✐♦♥s ❝❡❧❧✉❧❛✐r❡s ❥♦✉❡♥t ✉♥ rô❧❡ ❝❧é ❞❛♥s ❧❛ ❢♦r♠❛t✐♦♥ ❞❡ ♠♦✲
t✐❢s✱ ❡t ❧✬❡✛❡t ❞❡ ❝♦♠♠✉♥❛✉té ❡st ✉♥ ❡①❡♠♣❧❡ ❞✬✉♥❡ t❡❧❧❡ ✐♥t❡r❛❝t✐♦♥✳
❯♥❡ ♣♦♣✉❧❛t✐♦♥ ❞❡ ❝❡❧❧✉❧❡s ❞❛♥s ✉♥ ❡♠❜r②♦♥ ♣rés❡♥t❡ ✉♥ ❡✛❡t ❞❡ ❝♦♠✲

♠✉♥❛✉té q✉❛♥❞ ❡❧❧❡ ❢♦r♠❡ ✉♥❡ ❝♦♠♠✉♥❛✉té ❞❡ ❝❡❧❧✉❧❡s ❛②❛♥t ✉♥❡ ✐❞❡♥✲
t✐té ❝♦♠♠✉♥❡ ♦❜t❡♥✉❡ ❣râ❝❡ à ❧✬é❝❤❛♥❣❡ ❞❡ ♠♦❧é❝✉❧❡s ❞❡ s✐❣♥❛❧✐s❛t✐♦♥
q✉✐ ❞✐✛✉s❡♥t ❞❛♥s ❧❡ ♠✐❧✐❡✉ ✭✐✳❡✳ ❞❡s ♠♦r♣❤♦❣è♥❡s✮✳ ❈❡t ❡✛❡t ♣❡r♠❡t
❛✉① ❝❡❧❧✉❧❡s ❞❡ ❧❛ ❝♦♠♠✉♥❛✉té ❞❡ ♠❛✐♥t❡♥✐r ✉♥ ♣r♦✜❧ ❞✬❡①♣r❡ss✐♦♥ ❣é♥é✲
t✐q✉❡ ❝♦♠♠✉♥ ♣❡♥❞❛♥t ✉♥❡ ♣ér✐♦❞❡ ♣r♦❧♦♥❣é❡✱ ❡t ♣♦✉r s❡ ❞✐✛ér❡♥❝✐❡r
✜♥❛❧❡♠❡♥t ❞❡ ♠❛♥✐èr❡ ❝♦♦r❞♦♥♥é❡ ❞❛♥s ✉♥ t✐ss✉ ❢♦♥❝t✐♦♥♥❡❧✱ ❝♦♠♠❡ ❧❡
♠✉s❝❧❡✳
▲❡s ♣r♦❝❡ss✉s ❛✉t♦✲♦r❣❛♥✐sés t❡❧s q✉❡ ❧✬❡✛❡t ❞❡ ❝♦♠♠✉♥❛✉té s♦♥t ❞✐❢✲

✜❝✐❧❡s à ❝♦♠♣r❡♥❞r❡ ✐♥t✉✐t✐✈❡♠❡♥t✳ ❯♥❡ ❞❡s❝r✐♣t✐♦♥ s❛t✐s❢❛✐s❛♥t❡ ♣❡✉t
êtr❡ ♦❜t❡♥✉❡ s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥ ♠♦❞è❧❡ ❢♦r♠❡❧✳ ◗✉❡❧q✉❡s ♠♦❞è❧❡s ❝♦♠✲
♣✉t❛t✐♦♥♥❡❧s ❞❡s ❡✛❡ts ❞❡ ❧❛ ❝♦♠♠✉♥❛✉té ♦♥t été ❞♦♥♥és ❞❛♥s ❧❛ ❧✐t✲
tér❛t✉r❡✳ ❈❡♣❡♥❞❛♥t✱ ❧❛ ♥♦t✐♦♥ ❞✬❡s♣❛❝❡ ♥✬❛②❛♥t ♣❛s été ❡①♣❧✐❝✐t❡♠❡♥t
✐♥❝❧✉s❡ ❞❛♥s ❝❡s ♠♦❞è❧❡s✱ ✐❧ ❡st ❞✐✣❝✐❧❡ ❞❡ ❝♦♠♣r❡♥❞r❡ ❝♦♠♠❡♥t ❧✬❡✛❡t
❞❡ ❝♦♠♠✉♥❛✉té ♣❛rt✐❝✐♣❡ à ❧❛ ❢♦r♠❛t✐♦♥ ❞❡ ♠♦t✐❢s✳
❉❛♥s ❝❡ tr❛✈❛✐❧✱ ♥♦✉s ét✉❞✐♦♥s ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡ ❧✬❡✛❡t ❞❡ ❝♦♠✲

♠✉♥❛✉té ❞❛♥s ❧✬❡s♣❛❝❡ ❡t ét✉❞✐♦♥s s❡s rô❧❡s ❞❛♥s ❞✬❛✉tr❡s ♣r♦❝❡ss✉s ❞❡
❢♦r♠❛t✐♦♥ ❞❡ ♠♦t✐❢✱ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❝♦♠♣✉t❛t✐♦♥♥❡❧❧❡✳ ▲❡s
❝♦♥tr✐❜✉t✐♦♥s ♣r✐♥❝✐♣❛❧❡s ❞❡ ❝❡tt❡ t❤ès❡ s♦♥t ❧❡s s✉✐✈❛♥t❡s✿

❼ ❯♥❡ ♠ét❤♦❞❡ ❞❡ ré❞✉❝t✐♦♥ ❞❡ ♠♦❞è❧❡ ❡st ❞é✈❡❧♦♣♣é❡ ♣♦✉r ❧✬❛♥❛❧②s❡
st♦❝❤❛st✐q✉❡✳ P❛r ❝❡tt❡ ♠ét❤♦❞❡ ♥♦✉s ❛✈♦♥s ♣✉ ❞é♠♦♥tr❡r q✉❡ ❧❡
♠♦❞è❧❡ ❞❡ ❧✬❡✛❡t ❞❡ ❝♦♠♠✉♥❛✉té ❞❛♥s ❳❡♥♦♣✉s ❡st ✐♥✢✉❡♥❝é ♣❛r
✉♥ ❜r✉✐t st♦❝❤❛st✐q✉❡✳

❼ ❊♥ ✉t✐❧✐s❛♥t ✉♥ ♠♦❞è❧❡ s♣❛t✐❛❧ s✐♠♣❧❡ ❞✬❡✛❡t ❞❡ ❝♦♠♠✉♥❛✉té✱ ♥♦✉s
♠♦♥tr♦♥s q✉❡ ❝❡❧✉✐✲❝✐ ❞♦✐t ✜♥❛❧❡♠❡♥t s❡ ♣r♦♣❛❣❡r ❞❛♥s ❧✬❡♥s❡♠❜❧❡
❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞❡ ❝❡❧❧✉❧❡s q✉✐ ré❛❣✐ss❡♥t ❛✉ ♠♦r♣❤♦❣è♥❡✳ ❈❡❧❛
❡st ❝♦♥✜r♠é ♣❛r ✉♥ ♠♦❞è❧❡ ♣❧✉s ❞ét❛✐❧❧é✳

❼ ❉❡✉① ♠♦❞è❧❡s ♠♦♥tr❛♥t ❝♦♠♠❡♥t ❝❡tt❡ ❡①♣❛♥s✐♦♥ ♣❡✉t êtr❡ ❝♦♥✲
trô❧é❡ s♦♥t ♣rés❡♥tés✳ ❚♦✉t ❞✬❛❜♦r❞✱ s✐ ❧✬❡✛❡t ❞❡ ❝♦♠♠✉♥❛✉té ❡st
❛✉❣♠❡♥té ❞✬✉♥ ♠é❝❛♥✐s♠❡ ❞❡ rétr♦❛❝t✐♦♥ ♥é❣❛t✐✈❡✱ ✐❧ ❢♦r♠❡ ✉♥ s②s✲
tè♠❡ ❞❡ ré❛❝t✐♦♥✲❞✐✛✉s✐♦♥ q✉✐ s✬❛✉t♦✲♦r❣❛♥✐s❡ ❡t ❢♦r♠❡ ✉♥❡ ③♦♥❡
❞✬❛❝t✐✈❛t✐♦♥ st❛❜❧❡ ❡t ❧♦❝❛❧✐sé❡✳ ❊♥ s❡❝♦♥❞ ❧✐❡✉✱ q✉❛♥❞ ✉♥ ❝✐r❝✉✐t
s✐♠♣❧❡ ❞❡ r❡♣r❡ss✐♦♥ ❣é♥ét✐q✉❡ ❡st ❛ss♦❝✐é ❛✉ ❝✐r❝✉✐t ♣r♦❞✉✐s❛♥t
❧✬❡✛❡t ❞❡ ❝♦♠♠✉♥❛✉té✱ ✉♥ ♠♦t✐❢ ❞✬❡①♣r❡ss✐♦♥ ❞❡ ❣è♥❡ ❛✈❡❝ ✉♥❡

✺



❢r♦♥t✐èr❡ ❜✐❡♥ ❞é♠❛rq✉é❡ ❛♣♣❛r❛ît ❡♥ ré♣♦♥s❡ à ✉♥ ❣r❛❞✐❡♥t ❞❡
♠♦r♣❤♦❣è♥❡ tr❛♥s✐t♦✐r❡✳ ▲❡ ♠♦t✐❢ r❡st❡ st❛❜❧❡ ② ❝♦♠♣r✐s ❛♣rès ❞✐s✲
♣❛r✐t✐♦♥ ❞✉ ❣r❛❞✐❡♥t✱ ❝❡ q✉✐ ✐♥❞✐q✉❡ q✉❡ ❧❡ rés❡❛✉ ❞❡ ❣è♥❡s ❣❛r❞❡
❡♥ ♠é♠♦✐r❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ ♠♦r♣❤♦❣è♥❡✳

✻



❈❖◆❚❊◆❚❙

✶ ✐♥tr♦❞✉❝t✐♦♥ ✶✶

✶✳✶ ❈♦♠♠✉♥✐t② ❡✛❡❝ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✷ ❲❤② ❞♦ ✇❡ ♥❡❡❞ ♠♦❞❡❧❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✶✳✸ ❘❡s❡❛r❝❤ q✉❡st✐♦♥s ❛♥❞ ❝♦♥tr✐❜✉t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✶✳✸✳✶ ❙t♦❝❤❛st✐❝ ♣❤❡♥♦♠❡♥❛ ✐♥ ❝♦♠♠✉♥✐t② ❡✛❡❝ts ✳ ✳ ✳ ✶✸

✶✳✸✳✷ ❙♣❛t✐❛❧ ♠♦❞❡❧❧✐♥❣ ♦❢ ❝♦♠♠✉♥✐t② ❡✛❡❝ts ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✶✳✹ ❙tr✉❝t✉r❡ ♦❢ t❤❡ t❤❡s✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✶✳✺ P✉❜❧✐❝❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✷ ❝♦♠♣✉t❛t✐♦♥❛❧ ♠♦❞❡❧❧✐♥❣ ♦❢ ❜✐♦❧♦❣✐❝❛❧ s②s✲

t❡♠s ✶✾

✷✳✶ ●❡♥❡ r❡❣✉❧❛t♦r② ♥❡t✇♦r❦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✷ ❇✐♦❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥ s②st❡♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✷✳✷✳✶ ❊♠♣✐r✐❝❛❧ r❛t❡ ❧❛✇s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷✳✷✳✷ ❆♣♣r♦①✐♠❛t✐♥❣ ❛ss✉♠♣t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✷✳✸ ▼✐❝r♦s❝♦♣✐❝ ❧❡✈❡❧ ♠♦❞❡❧❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✷✳✸✳✶ ❙♠♦❧✉❝❤♦✇s❦✐✬s ❞✐✛✉s✐♦♥✲❧✐♠✐t❡❞ r❡❛❝t✐♦♥s t❤❡♦r② ✷✹

✷✳✸✳✷ ❉♦✐ ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✸✳✸ ❙♠♦❧✉❝❤♦✇s❦✐ ❡q✉❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✷✳✸✳✹ ❙t♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✷✳✹ ▼♦❞❡❧❧✐♥❣ ♦❢ ✇❡❧❧✲♠✐①❡❞ ❝♦♠♣❛rt♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✷✳✹✳✶ ❆♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❈▼❊ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✷✳✹✳✷ ▼♦♠❡♥t ❝❧♦s✉r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✷✳✹✳✸ ●✐❧❧❡s♣✐❡ ❛❧❣♦r✐t❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✷✳✹✳✹ ❉❡t❡r♠✐♥✐st✐❝ ♠♦❞❡❧❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✷✳✺ ❙♣❛t✐❛❧ ♠♦❞❡❧❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✷✳✺✳✶ ❘❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✷✳✺✳✷ ❘❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♠❛st❡r ❡q✉❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✷✳✻ ▼♦❞❡❧❧✐♥❣ ❧❛♥❣✉❛❣❡s ❛♥❞ t♦♦❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵
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❆❈❑◆❖❲▲❊❉●❊▼❊◆❚

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ♠② s✉♣❡r✈✐s♦rs✱ ❈é❧✐♥❡ ❑✉tt❧❡r ❛♥❞ ❈é❞r✐❝ ▲❤♦✉s✲
s❛✐♥❡✱ ❢♦r t❤❡✐r ❣♦♦❞ ❛❞✈✐❝❡✱ ♣❛t✐❡♥❝❡ ❛♥❞ ❤❡❧♣✳ ■ ❛♠ ❡①tr❡♠❡❧② ❣r❛t❡❢✉❧
❢♦r t❤❡✐r s✉♣♣♦rt✱ ❜♦t❤ ♦♥ ❛♥ ❛❝❛❞❡♠✐❝ ❛♥❞ ❛ ♣❡rs♦♥❛❧ ❧❡✈❡❧✳
■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ t❤❛♥❦ ❨❛s✉s❤✐ ❙❛❦❛✱ ✇❤♦s❡ ✇♦r❦ ♦♥ ❝♦♠♠✉♥✐t②

❡✛❡❝ts ✐♥ ❳❡♥♦♣✉s ✇❛s t❤❡ st❛rt✐♥❣ ♣♦✐♥t ❢♦r t❤✐s t❤❡s✐s✳ ▼✉❝❤ ♦❢ t❤❡
✇♦r❦ ♣r❡s❡♥t❡❞ ❤❡r❡ ✇❛s ❞♦♥❡ ✐♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤ ❤✐♠✳
■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❋r❛♥ç♦✐s ▲❡♠❛✐r❡✱ ✇❤♦s❡ ❛❞✈✐❝❡ ❛♥❞ ♣❛t✐❡♥❝❡

♠❛❞❡ ✐t ♣♦ss✐❜❧❡ t♦ ❝♦♠♣❧❡t❡ t❤❡ ♣❛rt ♦❢ ✇♦r❦ r❡❧❛t❡❞ t♦ ♠♦♠❡♥t ❝❧♦s✉r❡✳
■ ❛♠ ❣r❛t❡❢✉❧ t♦ ❏♦❛❝❤✐♠ ◆✐❡❤r❡♥✱ ♠② ❝♦✲s✉♣❡r✈✐s♦r✱ ❢♦r ❤✐s ❡①❝❡❧❧❡♥t

❛❞✈✐❝❡ ♦♥ ✇r✐t✐♥❣ t❤❡ ♣❛♣❡rs ❛♥❞ ❞♦✐♥❣ ♣r❡s❡♥t❛t✐♦♥s✳ ■ ✇♦✉❧❞ ❧✐❦❡
t♦ t❤❛♥❦ ❈r✐st✐❛♥ ❱❡rs❛r✐ ❢♦r ♠❛♥② ❞✐s❝✉ss✐♦♥s ❛❜♦✉t t❤❡ s②♠♠❡tr✐❝
r❡❞✉❝t✐♦♥✳ ■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ t❤❛♥❦ ▼✐❝❤❡❧ P❡t✐t♦t ❢♦r ♠❛♥② ♠❡❡t✐♥❣s
✐♥ ✇❤✐❝❤ ❤❡ s❤❛r❡❞ ❤✐s ❜r♦❛❞ ❡①♣❡rt✐s❡ ✐♥ ✈❛r✐♦✉s ❛♣♣❧✐❡❞ ♠❛t❤❡♠❛t✐❝s
s✉❜❥❡❝ts✱ ❛♥❞ t❤❡ ❋r❡♥❝❤ ❧❡ss♦♥s✳
■ ❛♣♣r❡❝✐❛t❡ ❛ ❧♦t ♦❢ ❤❡❧♣✱ ❦✐♥❞♥❡ss ❛♥❞ ❢r✐❡♥❞s❤✐♣ ♦❢ ♠② ❝♦❧❧❡❛❣✉❡s

❢r♦♠ t❤❡ ❇✐♦❈♦♠♣✉t✐♥❣ t❡❛♠ ✐♥ ▲■❋▲✳
▲❛st✱ ❜✉t ❜② ♥♦ ♠❡❛♥s ❧❡❛st✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ♠② ✇✐❢❡ ❨✐♥❣ ❋❛♥

❢♦r ❤❡r s✉♣♣♦rt✱ ❤❡❧♣ ❛♥❞ ❣r❡❛t ♣❛t✐❡♥❝❡ ❛t ❛❧❧ t✐♠❡s✳ ▼② ♠♦t❤❡r ❛♥❞
❛✉♥t ❤❛✈❡ ❣✐✈❡♥ ♠❡ t❤❡✐r ✉♥❡q✉✐✈♦❝❛❧ s✉♣♣♦rt t❤r♦✉❣❤♦✉t✱ ❢♦r ✇❤✐❝❤ ■
❛♠ ❡①tr❡♠❡❧② ❣r❛t❡❢✉❧ ❛s ✇❡❧❧✳

✾





1
■◆❚❘❖❉❯❈❚■❖◆

✶✳✶ ❝♦♠♠✉♥✐t② ❡❢❢❡❝ts

❉✉r✐♥❣ ❛♥✐♠❛❧ ❞❡✈❡❧♦♣♠❡♥t ❢r♦♠ ❛ ❢❡rt✐❧✐③❡❞ ❡❣❣ ✭❛ s✐♥❣❧❡ ❝❡❧❧✮ ✐♥t♦ ❛
♠✉❧t✐❝❡❧❧✉❧❛r ♦r❣❛♥✐s♠✱ ❡♠❜r②♦s ✉♥❞❡r❣♦ ❝♦♠♣❧❡① s❡r✐❡s ♦❢ tr❛♥s❢♦r♠❛✲
t✐♦♥s✳ ❇② ❛❝t✐✈❛t✐♥❣ s♣❡❝✐✜❝ s❡ts ♦❢ ❣❡♥❡s✱ ✐❞❡♥t✐❝❛❧ ❝❡❧❧s ❞✐✛❡r❡♥t✐❛t❡
❛♥❞ ❛r❡ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ ❞✐st✐♥❝t t✐ss✉❡s ✇✐t❤ ❝❧❡❛r ❜♦✉♥❞❛r✐❡s✳ ❉✐✛❡r✲
❡♥t✐❛t✐♥❣ t✐ss✉❡s ❛r❡ s✐♠✉❧t❛♥❡♦✉s❧② ♣❛tt❡r♥❡❞ ❛♥❞ ♠♦✈❡❞ t♦ t❤❡✐r ✜♥❛❧
❞❡st✐♥❛t✐♦♥s✳ ❚❤✐s ❜✐♦❧♦❣✐❝❛❧ ♣r♦❝❡ss✱ ✐♥ ✇❤✐❝❤ ❛♥ ♦r❣❛♥✐s♠ ❞❡✈❡❧♦♣s ✐ts
s❤❛♣❡✱ ✐s ❝❛❧❧❡❞ ♠♦r♣❤♦❣❡♥❡s✐s ✕ ❛ t❡r♠ ❝♦✐♥❡❞ ✐♥ t❤❡ ❧❛t❡ ✶✾t❤ ❝❡♥t✉r②✱
❤❛✈✐♥❣ ❛s ♦r✐❣✐♥ t❤❡ ●r❡❡❦ ✇♦r❞s ♠♦r♣❤❡ ✭s❤❛♣❡✮ ❛♥❞ ❣❡♥❡s✐s ✭♦r✐❣✐♥✱
❝r❡❛t✐♦♥✱ ❣❡♥❡r❛t✐♦♥✮✳ ❉✉r✐♥❣ t❤❡ s❡❧❢✲♦r❣❛♥✐③❡❞✱ ✜♥❡❧② r❡❣✉❧❛t❡❞ ♣r♦✲
❝❡ss ♦❢ ♠♦r♣❤♦❣❡♥❡s✐s✱ ❝❡❧❧s ❝♦♥st❛♥t❧② ❝r❡❛t❡ ❛♥❞ ❡①❝❤❛♥❣❡ ✐♥❢♦r♠❛t✐♦♥
❜② ♠❡❛♥s ♦❢ ❞✐✛✉s✐❜❧❡ ❢❛❝t♦rs✳ ❚❤❡s❡ s✐❣♥❛❧❧✐♥❣ ♠♦❧❡❝✉❧❡s ❞✐✛✉s❡ ❢r♦♠
❛ ❝❡♥tr❛❧ s♦✉r❝❡ t♦ ♦t❤❡r ❝❡❧❧s ✐♥ t❤❡ ❣r♦✇✐♥❣ ♦r❣❛♥✐s♠✱ ❢♦r♠✐♥❣ ❛ ❝♦♥✲
❝❡♥tr❛t✐♦♥ ❣r❛❞✐❡♥t ❛❧♦♥❣ ❛♥ ❛①✐s✳ ❆❧❛♥ ❚✉r✐♥❣ ✐♥tr♦❞✉❝❡❞ t❤❡ t❡r♠
♠♦r♣❤♦❣❡♥ ❢♦r ❞✐✛✉s✐❜❧❡ ❢❛❝t♦rs ✐♥ ❞❡✈❡❧♦♣♠❡♥t✱ ✐♥ ❤✐s s❡♠✐♥❛❧ ♣❛♣❡r
❚❤❡ ❝❤❡♠✐❝❛❧ ❜❛s✐s ♦❢ ♠♦r♣❤♦❣❡♥❡s✐s ❬❚✉r✐♥❣✱ ✶✾✺✷❪✳ ❆ ♠♦r♣❤♦❣❡♥ ✐s
r✐❣♦r♦✉s❧② ❞❡✜♥❡❞ ❛s ❛ ❞✐✛✉s✐♥❣ ❝❤❡♠✐❝❛❧ ✇❤♦s❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✈❛r✐❡s
❛❝r♦ss t❤❡ ❡♠❜r②♦ ❛♥❞ ✇❤✐❝❤ ✐s ✐♥✈♦❧✈❡❞ ✐♥ ♣❛tt❡r♥ ❢♦r♠❛t✐♦♥✳ ❈❡❧❧s
r❡s♣♦♥❞ ❞✐✛❡r❡♥t❧② t♦ ❞✐✛❡r❡♥t ❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ t❤❡ ♠♦r♣❤♦❣❡♥✱ ❛♥❞
❡✛❡❝t✐✈❡❧② ✐ts ❝♦♥❝❡♥tr❛t✐♦♥ ♣r♦✈✐❞❡s ♣♦s✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ❬❲♦❧♣❡rt
❡t ❛❧✳✱ ✶✾✾✽❪✳

❆ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✐s ❛ ❞❡✈❡❧♦♣♠❡♥t❛❧ ♣❤❡♥♦♠❡♥♦♥ ❛❧❧♦✇✐♥❣ t♦ ❡s✲
t❛❜❧✐s❤ ❛ ❝❡❧❧ ❝♦♠♠✉♥✐t② ✇✐t❤ ❛ ❝♦♠♠♦♥ ✐❞❡♥t✐t②✳ ❯♣♦♥ r❡❝❡♣t✐♦♥ ♦❢
❛♥ ✐♥❞✉❝✐♥❣ s✐❣♥❛❧✱ ❛ ❝❡❧❧ ♣♦♣✉❧❛t✐♦♥ st❛rts ❝♦✲♦r❞✐♥❛t❡❧② ❡①♣r❡ss✐♥❣ ❛
s♣❡❝✐✜❝ s❡t ♦❢ ❣❡♥❡s✳ ❲❤❡♥❡✈❡r t❤❡ ♣♦♣✉❧❛t✐♦♥ s✐③❡ ❡①❝❡❡❞s ❛ ❝❡rt❛✐♥
❝r✐t✐❝❛❧ t❤r❡s❤♦❧❞✱ t❤❡ ❝❡❧❧s ♠❛✐♥t❛✐♥ t❤❡✐r ❝♦♠♠♦♥ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ♣r♦✲
✜❧❡ ♦✈❡r ❛♥ ❡①t❡♥❞❡❞ ♣❡r✐♦❞ ♦❢ t✐♠❡✳ ❯♣♦♥ t❡r♠✐♥❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥✱ t❤❡
❝❡❧❧ ❝♦♠♠✉♥✐t② ❤❛s ❜❡❝♦♠❡ ❛ ❢✉♥❝t✐♦♥❛❧ t✐ss✉❡✱ s✉❝❤ ❛s ♠✉s❝❧❡✳

❆ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✇❛s ✜rst ✐❞❡♥t✐✜❡❞ ✐♥ t❤❡ ❆❢r✐❝❛♥ ❝❧❛✇❡❞ t♦❛❞
❳❡♥♦♣✉s ❧❛❡✈✐s✱ ✇❤❡r❡ ✐t ❛ss✐sts ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ♠✉s❝❧❡ ♣r❡❝✉rs♦r ❝❡❧❧s
❬●✉r❞♦♥✱ ✶✾✽✽✱ ●✉r❞♦♥ ❡t ❛❧✳✱ ✶✾✾✸❪✳ ■♥ t❤❡ ❡①♣❡r✐♠❡♥ts✱ ●✉r❞♦♥ t♦♦❦
♠❡s♦❞❡r♠ ❝❡❧❧s ❢r♦♠ ✾ ❤♦✉rs ♦❧❞ ❳❡♥♦♣✉s ❡♠❜r②♦s✱ s❡♣❛r❛t❡❞ t❤❡♠✱
❛♥❞ t❤❡♥ ✐♥s❡rt❡❞ t❤❡♠ ✐♥t♦ ❛ str✉❝t✉r❡ t❤❛t ❤❡ ❝❛❧❧❡❞ s❛♥❞✇✐❝❤✱ ✇❤✐❝❤
✐s t✇♦ ❧❛②❡rs ♦❢ ✼ ❤♦✉rs ♦❧❞ ❡❝t♦❞❡r♠ t✐ss✉❡✳ ❚❤❡ ♠❡s♦❞❡r♠ ❝❡❧❧s ❛r❡
✐♠♣❧❛♥t❡❞ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❧❛②❡rs✳ ❚❤❡ ❝❡❧❧s ✇❡r❡ ❧❡❢t t❤❡r❡ ❢♦r ✷✵ ❤♦✉rs✱
❛♥❞ t❤❡♥ t❡st❡❞ ❢♦r ♣r❡s❡♥❝❡ ♦❢ ❳❡♥♦♣✉s ▼②♦❉ ♣r♦t❡✐♥✱ ✇❤✐❝❤ ✐s ♦♥❧②
❡①♣r❡ss❡❞ ✐♥ t❤❡ ♥✉❝❧❡✐ ♦❢ ♠✉s❝❧❡ ❝❡❧❧s✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ ❳▼②♦❉ ♠❡❛♥s
t❤❛t t❤❡ ❝❡❧❧ ❤❛s ❞✐✛❡r❡♥t✐❛t❡❞ ✐♥t♦ ♠✉s❝❧❡✳ ❋✐❣✉r❡ ✶ s❤♦✇s t❤❡ ❞✐❛❣r❛♠
♦❢ t❤❡s❡ ❡①♣❡r✐♠❡♥ts✳

✶✶



❋✐❣✉r❡ ✶✿ ❉✐❛❣r❛♠ ♦❢ s❛♥❞✇✐❝❤ ❡①♣❡r✐♠❡♥ts ❢r♦♠ ❬●✉r❞♦♥ ❡t ❛❧✳✱ ✶✾✾✸❪✳

●✉r❞♦♥ ❢♦✉♥❞ t❤❛t ✐♥ ♦r❞❡r t♦ ❞✐✛❡r❡♥t✐❛t❡ ✐♥t♦ ♠✉s❝❧❡✱ t❤❡r❡ ♠✉st ❜❡
❛ ❧❛r❣❡ ♥✉♠❜❡r✱ ❛❜♦✉t ✶✵✵ t♦ ✷✵✵✱ ♦❢ ♠❡s♦❞❡r♠ ❝❡❧❧s ❝❧✉st❡r❡❞ t♦❣❡t❤❡r✳
■❢ t❤✐s ❝♦♥❞✐t✐♦♥ ✇❛s ♥♦t ♠❡t✱ t❤❡ ❳▼②♦❉ ✇❛s ♥♦t ❞❡t❡❝t❡❞✳ ❚❤✐s
s✉❣❣❡st❡❞ t❤❛t ❝❡❧❧ t♦ ❝❡❧❧ ✐♥t❡r❛❝t✐♦♥ ✐s r❡q✉✐r❡❞ t♦ ❜❡❣✐♥ ❞✐✛❡r❡♥t✐❛t✐♦♥✿
t❤❡ ❝❡❧❧s ❝♦✉❧❞ s❡♥s❡ ❤♦✇ ♠❛♥② ♦❢ t❤❡✐r ❦✐♥❞ ❛r❡ ❛r♦✉♥❞✱ ❤❡♥❝❡ t❤❡ ♥❛♠❡
✧❝♦♠♠✉♥✐t② ❡✛❡❝t✧✳ ❚❤❡ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ♥❡❡❞❡❞✱ ❝❛❧❧❡❞ t❤❡ ❝r✐t✐❝❛❧

♥✉♠❜❡r✱ ♠❡❛♥s t❤❛t t❤❡ ✐♥t❡r❛❝t✐♦♥ ✐s ❧✐❦❡❧② t♦ ❜❡ ❧♦♥❣✲r❛♥❣❡✱ t❤❡r❡❢♦r❡
❛♥ ✐♥✈♦❧✈❡♠❡♥t ♦❢ ❛ ♠♦r♣❤♦❣❡♥ ✇❛s ❤②♣♦t❤❡s✐③❡❞✳
❈♦♠♠✉♥✐t② ❡✛❡❝ts ❤❛✈❡ s✉❜s❡q✉❡♥t❧② ❜❡❡♥ ♦❜s❡r✈❡❞ ✐♥ ♦t❤❡r ♦r❣❛♥✲

✐s♠s✳ ❊①❛♠♣❧❡s ✐♥❝❧✉❞❡ t❤❡ s❡❛ ✉r❝❤✐♥ ♦r❛❧ ❡❝t♦❞❡r♠ s♣❡❝✐✜❝❛t✐♦♥
❬❇♦❧♦✉r✐ ❛♥❞ ❉❛✈✐❞s♦♥✱ ✷✵✶✵❪✱ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ♠❡s♦❞❡r♠ ❝❡❧❧s ✐♥t♦
♠✉s❝❧❡ ❝❡❧❧s ✐♥ ♠✐❝❡ ❬❈♦ss✉ ❡t ❛❧✳✱ ✶✾✾✺❪✱ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ❞♦rs❛❧ ❡♣✐✲
❞❡r♠❛❧ ❛♥❧❛❣❡ ❝❡❧❧s ✐♥t♦ ❡♣✐❞❡r♠❛❧ ❝❡❧❧s ✐♥ ❞r♦s♦♣❤✐❧❛ ❬❙tütt❡♠ ❛♥❞
❈❛♠♣♦s✲❖rt❡❣❛✱ ✶✾✾✶❪✳ ❈♦♠♠✉♥✐t② ❡✛❡❝t ❤❛s ❜❡❡♥ ❝♦♥❥❡❝t✉r❡❞ t♦ ❜❡
❛ ✇✐❞❡s♣r❡❛❞ ♣❤❡♥♦♠❡♥♦♥ ✐♥ ❞❡✈❡❧♦♣♠❡♥t ❬❉❛✈✐❞s♦♥✱ ✷✵✵✻❪✳
❚❤❡ t♦♣✐❝ ♦❢ t❤✐s t❤❡s✐s ✐s ♠♦❞❡❧❧✐♥❣ ♦❢ ❝♦♠♠✉♥✐t② ❡✛❡❝ts✳ ■♥ ♣❛rt✐❝✲

✉❧❛r✱ ✇❡ ❝♦♥s✐❞❡r ✐♥ ❞❡t❛✐❧ s♣❛t✐❛❧ ❛s♣❡❝ts ♦❢ ❝♦♠♠✉♥✐t② ❡✛❡❝ts ❢♦r t❤❡
✜rst t✐♠❡✳

✶✳✷ ✇❤② ❞♦ ✇❡ ♥❡❡❞ ♠♦❞❡❧❧✐♥❣

■♥ r❡❝❡♥t ②❡❛rs✱ q✉❛♥t✐t❛t✐✈❡ ♠♦❞❡❧❧✐♥❣ ❤❛s ❜❡❝♦♠❡ ❛♥ ✐♠♣♦rt❛♥t ❛❝✲
t✐✈✐t② ✐♥ ❜✐♦❧♦❣②✳ ❚❤❡♦r❡t✐❝✐❛♥s ❤❛✈❡ ♠♦❞❡❧❧❡❞ ❜✐♦❧♦❣✐❝❛❧ ♣r♦❝❡ss❡s ✐♥ ❛
♣✉r❡❧② ♠❛t❤❡♠❛t✐❝❛❧ ✇❛② ❢♦r ❛ ❧♦♥❣ t✐♠❡✱ ❢♦r ❡①❛♠♣❧❡ ❬❚✉r✐♥❣✱ ✶✾✺✷❪✳

✶✷



❍♦✇❡✈❡r✱ t❤❡s❡ ♠♦❞❡❧s ✇❡r❡ ✉s✉❛❧❧② ❤✐❣❤❧② ❛❜str❛❝t ❛♥❞ ❞✐✣❝✉❧t t♦ ❝♦♥✲
♥❡❝t t♦ t❤❡ r❡❛❧ ❞❛t❛ ❝♦❧❧❡❝t❡❞ ✐♥ t❤❡ ❧❛❜s✱ ❛♥❞ t❤✉s ❧❛r❣❡❧② ✐❣♥♦r❡❞ ❜②
t❤❡ ✇✐❞❡r ❝♦♠♠✉♥✐t② ♦❢ ✧r❡❛❧ ❜✐♦❧♦❣✐sts✧ ❬❇❛r♥❡s ❛♥❞ ❈❤✉✱ ✷✵✶✵❪✳
❚❤❡ ♠❛✐♥ r❡❛s♦♥ ❢♦r t❤✐s ✇❛s t❤❛t ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧❧✐♥❣ ❛❝t✐✈✐t②

✉s✉❛❧❧② s❡❡❦s ❛ s✐♠♣❧❡ ❢♦r♠✉❧❛ ✇❤✐❝❤ ❡①♣❧❛✐♥s t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥
✈❛r✐❛❜❧❡s ♦❢ t❤❡ s②st❡♠ ✐♥ st✉❞②✳ ❙✉❝❤ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s ❛r❡ ❛ttr❛❝✲
t✐✈❡✱ ❜❡❝❛✉s❡ t❤❡② ♣r♦✈✐❞❡ ❛♥ ❡❛s✐❧② ✉♥❞❡rst❛♥❞❛❜❧❡ ✐♥s✐❣❤t ✐♥t♦ t❤❡
❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s②st❡♠✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ❢♦r ♠❛♥② r❡❛❧✲✇♦r❧❞ ♠♦❞❡❧❧✐♥❣
♣r♦❜❧❡♠s✱ ✇❤✐❝❤ ♦❢t❡♥ ❢❡❛t✉r❡ ♠❛♥② ✐♥t❡r❛❝t✐♦♥s ❛♥❞ ♥♦♥✲❧✐♥❡❛r ❞❡♣❡♥✲
❞❡♥❝✐❡s ❜❡t✇❡❡♥ ❝♦♠♣♦♥❡♥ts✱ ✐t ✐s ✈❡r② ❤❛r❞ ♦r ✐♠♣♦ss✐❜❧❡ t♦ ✜♥❞ s✉❝❤
❡①❛❝t s♦❧✉t✐♦♥s✳ ❚❤✐s ❢♦r❝❡❞ t❤❡♦r❡t✐❝✐❛♥s t♦ ✉s❡ ♠♦❞❡❧s ✇❤✐❝❤ ✇❡r❡
s✐♠♣❧✐✜❡❞ ❛♥❞ ❛❜str❛❝t ✭❡✳❣✳ ♣❛tt❡r♥ ❢♦r♠❛t✐♦♥ ♠♦❞❡❧s ♦❢ ❚✉r✐♥❣ ❬✶✾✺✷❪✱
●✐❡r❡r ❛♥❞ ▼❡✐♥❤❛r❞t ❬✶✾✼✷❪✮✳
❆❞✈❛♥❝❡s ✐♥ ❝♦♠♣✉t❡r s❝✐❡♥❝❡ ✭❢♦r ❡①❛♠♣❧❡✱ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❡✣❝✐❡♥t

♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♠❡t❤♦❞s ❬❍✐❧❞❡❜r❛♥❞✱ ✶✾✽✼❪✮✱ ❛s ✇❡❧❧ ❛s ✐♥❝r❡❛s✐♥❣
❛✈❛✐❧❛❜✐❧✐t② ♦❢ ❝♦♠♣✉t✐♥❣ ♣♦✇❡r✱ ❤❛✈❡ ❧❡❞ t♦ ✇✐❞❡s♣r❡❛❞ ❛♣♣❧✐❝❛t✐♦♥
♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧✱ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s t♦ ❛♥❛❧②s❡ ♠♦❞❡❧s✳ ❈♦♠♣✉t❛✲
t✐♦♥❛❧ ❛♣♣r♦❛❝❤❡s ❝❛♥ ❜❡ ♦❢t❡♥ ✉s❡❞ t♦ tr❡❛t s②st❡♠s ✇❤❡r❡ ❛tt❡♠♣ts
❢♦r ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s✱ ❡✈❡♥ ❛♣♣r♦①✐♠❛t❡✱ ❛r❡ ❝✉rr❡♥t❧② ❤♦♣❡❧❡ss✳ ❯s✲
✐♥❣ ❝♦♠♣✉t❛t✐♦♥❛❧ ♠♦❞❡❧❧✐♥❣ t♦ st✉❞② ❜✐♦❧♦❣✐❝❛❧ s②st❡♠s ✐s t❤❡ t♦♣✐❝ ♦❢
t❤❡ ✜❡❧❞ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❇✐♦❧♦❣② ❬❑✐t❛♥♦✱ ✷✵✵✷❪✳ ❚❤❡ ✉s❡ ♦❢ ♥✉♠❡r✐❝❛❧
t❡❝❤♥✐q✉❡s ❤❛s ❛ ♣r✐❝❡✱ ❤♦✇❡✈❡r✿ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ t❤✐s ✇❛② ✉s✉❛❧❧②
t❛❦❡ t❤❡ ❢♦r♠ ♦❢ ♥✉♠❜❡rs ✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡❧✳
❚❤✐s ❞❡♣❡♥❞❡♥❝② ✐s ♦❢t❡♥ ♥♦t ♦❜✈✐♦✉s✱ ✇❤✐❝❤ ♠❛❦❡s t❤❡ r❡s✉❧ts ❤❛r❞❡r
t♦ ✐♥t❡r♣r❡t ❝♦♠♣❛r❡❞ t♦ ❛♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤❡s✳ ❚②♣✐❝❛❧❧② ♦♥❡ ❤❛s t♦
s❝❛♥ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ✐♥ ♦r❞❡r t♦ ❞✐s❝♦✈❡r ❞❡♣❡♥❞❡♥❝✐❡s ❜❡t✇❡❡♥
✈❛r✐❛❜❧❡s ❛♥❞ ❞r❛✇ ❣❡♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥s ❛❜♦✉t t❤❡ s②st❡♠✬s ❜❡❤❛✈✐♦✉r✳
■♥ t❤✐s t❤❡s✐s✱ ✇❡ ✇✐❧❧ ♠♦❞❡❧ ❝♦♠♠✉♥✐t② ❡✛❡❝ts ✉s✐♥❣ ❝♦♠♣✉t❛t✐♦♥❛❧

♠♦❞❡❧❧✐♥❣ ❛s t❤❡ ♠❛✐♥ t♦♦❧✱ ✇✐t❤ ❛♥ ♦❝❝❛s✐♦♥❛❧ ❡①❝✉rs✐♦♥ ✐♥t♦ ❛♥❛❧②t✐❝❛❧
tr❡❛t♠❡♥t✳

✶✳✸ r❡s❡❛r❝❤ q✉❡st✐♦♥s ❛♥❞ ❝♦♥tr✐❜✉t✐♦♥s

✶✳✸✳✶ ❙t♦❝❤❛st✐❝ ♣❤❡♥♦♠❡♥❛ ✐♥ ❝♦♠♠✉♥✐t② ❡✛❡❝ts

❉✉r✐♥❣ ❞❡✈❡❧♦♣♠❡♥t✱ ❛ ♠✉❧t✐❝❡❧❧✉❧❛r ♦r❣❛♥✐s♠ ♠✉st ❣❡♥❡r❛t❡ ♠❛♥② ❞✐❢✲
❢❡r❡♥t t②♣❡s ♦❢ ❝❡❧❧s✳ ❇❡❝❛✉s❡ t❤❡ ❝❡❧❧s ❛r❡ ❣❡♥❡t✐❝❛❧❧② ✐❞❡♥t✐❝❛❧✱ ❞✐✛❡r✲
❡♥t✐❛t✐♦♥ ♠✉st r❡❧② ♦♥ t✉♥✐♥❣ ❡①♣r❡ss✐♦♥ ❧❡✈❡❧s ♦❢ ❝❡rt❛✐♥ ❣❡♥❡s✳ ●❡♥❡
❡①♣r❡ss✐♦♥ ✐s ✐♥❤❡r❡♥t❧② ♥♦✐s② ❬❘❛❥ ❛♥❞ ✈❛♥ ❖✉❞❡♥❛❛r❞❡♥✱ ✷✵✵✾❪✱ ❛s ✐s
❝❡❧❧ s✐❣♥❛❧❧✐♥❣ ❛♥❞ ❣❡♥❡r❛❧❧② ❛❧❧ ❝❤❡♠✐❝❛❧ ♣r♦❝❡ss❡s ✇❤✐❝❤ ❞❡t❡r♠✐♥❡ t❤❡
r❡❣✉❧❛t♦r② st❛t❡ ♦❢ ❛ ❝❡❧❧✳ ❚❤✐s ♥♦✐s❡ ✉❧t✐♠❛t❡❧② ❝♦♠❡s ❢r♦♠ t❤❡ ❇r♦✇✲
♥✐❛♥ ♠♦t✐♦♥ ♦❢ ♠♦❧❡❝✉❧❡s ❛♥❞ t❛❦❡s t❤❡ ❢♦r♠ ♦❢ r❛♥❞♦♠❧② ✢✉❝t✉❛t✐♥❣
❝♦✉♥ts ♦❢ ♣r♦t❡✐♥s ✐♥✈♦❧✈❡❞ ✐♥ ❣❡♥❡ r❡❣✉❧❛t✐♦♥✳
❚❤✐s ♥♦✐s❡ ❤❛s ❜❡❡♥ ❢♦✉♥❞ t♦ ❤❛✈❡ ❛ ❢✉♥❝t✐♦♥❛❧ r♦❧❡ ✐♥ ♠❛♥② ♣r♦❝❡ss❡s

❞✉r✐♥❣ ❞❡✈❡❧♦♣♠❡♥t ❬❊❧❞❛r ❛♥❞ ❊❧♦✇✐t③✱ ✷✵✶✵✱ ❇❛❧á③s✐ ❡t ❛❧✳✱ ✷✵✶✶❪✳ ❍♦✇✲
❡✈❡r✱ t❤❡ ❡♠❜r②♦ ♠✉st ❜✉✐❧❞ t❤❡ ♦r❣❛♥✐s♠ ✐♥ ❛ ❤✐❣❤❧② r❡♣r♦❞✉❝✐❜❧❡ ❛♥❞

✶✸



r♦❜✉st ✇❛②✱ ❞❡s♣✐t❡ t❤❡ ♦♠♥✐♣r❡s❡♥t ♥♦✐s❡✳ ▼❡❝❤❛♥✐s♠s ♦❢ ♥♦✐s❡ r❡❞✉❝✲
t✐♦♥ ✐♥ ❡♠❜r②♦ ♣❛tt❡r♥✐♥❣ ✐s t❤❡ s✉❜❥❡❝t ♦❢ ♠❛♥② st✉❞✐❡s ❬❆r✐❛s ❛♥❞
❍❛②✇❛r❞✱ ✷✵✵✻✱ ❍♦r✐❦❛✇❛ ❡t ❛❧✳✱ ✷✵✵✻❪✳

Pr❡✈✐♦✉s ♠♦❞❡❧s ♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✇❡r❡ ♠❛✐♥❧② ❛♥❛❧②s❡❞ ✐♥ t❤❡
❞❡t❡r♠✐♥✐st✐❝ r❡❣✐♠❡✱ ✐❣♥♦r✐♥❣ t❤❡ st♦❝❤❛st✐❝ ♥♦✐s❡✳ ❙❛❦❛ ❡t ❛❧✳ ❬✷✵✶✶❪
♣❡r❢♦r♠❡❞ ❛ st♦❝❤❛st✐❝ ❛♥❛❧②s✐s ♦❢ t❤❡✐r ♠♦❞❡❧ ♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t
✐♥ ❳❡♥♦♣✉s✳ ❚❤✐s ❛♥❛❧②s✐s✱ ✇❤✐❝❤ ✇❛s t❤❡ st❛rt✐♥❣ ♣♦✐♥t ♦❢ t❤❡ ♣r❡s❡♥t
t❤❡s✐s✱ ✐♥❞✐❝❛t❡❞ t❤❡ ♣r❡s❡♥❝❡ ♦❢ st♦❝❤❛st✐❝ ❡✛❡❝ts✱ ❜✉t t❤✐s ✇❛s ♥♦t
❡①♣❧♦r❡❞ ❢✉rt❤❡r✳ ❚❤❡r❡❢♦r❡ ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ❛♥❛❧②s✐s ♦❢ t❤❡ st♦❝❤❛st✐❝
❜❡❤❛✈✐♦✉r ✐s ❞❡s✐r❛❜❧❡✳ ❚❤❡ q✉❡st✐♦♥s ❤❡r❡ ❛r❡✿ ✇❤❡t❤❡r t❤❡ ❝♦♠♠✉♥✐t②
❡✛❡❝t ✐♥ t❤✐s ♠♦❞❡❧ ✐s r♦❜✉st ✇✐t❤ r❡s♣❡❝t t♦ st♦❝❤❛st✐❝ ♥♦✐s❡✱ ✇❤✐❝❤
s❤♦✉❧❞ ❜❡ t❤❡ ❝❛s❡ ❢♦r ❛ ❜❛s✐❝ ♣❛tt❡r♥✐♥❣ ♠❡❝❤❛♥✐s♠ ✐♥ t❤❡ ❡♠❜r②♦❀
❛♥❞ ❤♦✇ t❤❡ st♦❝❤❛st✐❝ ❡✛❡❝ts ❛✛❡❝t t❤❡ ❝r✐t✐❝❛❧ ♥✉♠❜❡r✳

❚❤❡ ❛♥❛❧②s✐s ♣❡r❢♦r♠❡❞ ✐♥ ❈❤❛♣t❡r ✸ s❤♦✇s t❤❛t t❤✐s ♠♦❞❡❧ ♦❢ t❤❡
❝♦♠♠✉♥✐t② ❡✛❡❝t ✐s st✐❧❧ ♣r❡s❡♥t ✐❢ t❤❡ st♦❝❤❛st✐❝ ♥♦✐s❡ ✐s ❛❝❝♦✉♥t❡❞ ❢♦r✳
❍♦✇❡✈❡r✱ st♦❝❤❛st✐❝ ❡✛❡❝ts ✐♥❝r❡❛s❡ t❤❡ ❝r✐t✐❝❛❧ ♥✉♠❜❡r ❜② ❛❜♦✉t ✷✵✪✳
❚❤❡ ♠♦❞❡❧ ✇❛s ❛♥❛❧②s❡❞ ✉s✐♥❣ ❛ ♠❡t❤♦❞ ❝❛❧❧❡❞ ♠♦♠❡♥t ❝❧♦s✉r❡✳ ■♥ ❣❡♥✲
❡r❛❧✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤✐s ❛♥❛❧②s✐s ❣r♦✇s q✉❛❞r❛t✐❝❛❧❧②
✇✐t❤ t❤❡ s✐③❡ ♦❢ t❤❡ ♠♦❞❡❧✱ ❛♥❞ ✐t ❜❡❝♦♠❡s ♣r♦❤✐❜✐t✐✈❡❧② ❤✐❣❤ ❢♦r t❤❡
❝♦♠♠✉♥✐t② ❡✛❡❝t ♠♦❞❡❧ ✇✐t❤ ❛❜♦✉t ✶✵✵ ❝❡❧❧s✳ ❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ ♦❢
t❤✐s ♣❛rt ♦❢ t❤❡ ✇♦r❦ ✐s ❛ ♥❡✇ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ t❡❝❤♥✐q✉❡✱ ✜rst ♣r♦♣♦s❡❞
✐♥ ❇❛t♠❛♥♦✈ ❡t ❛❧✳ ❬✷✵✶✷❛❪✱ ✇❤✐❝❤ ❡①♣❧♦✐ts ♠♦❞❡❧✬s s②♠♠❡tr✐❡s✳ ■♥ ❛
❤✐❣❤❧② s②♠♠❡tr✐❝ ♠♦❞❡❧ s✉❝❤ ❛s t❤❡ s♣❛❝❡✲❧❡ss ❝♦♠♠✉♥✐t② ❡✛❡❝t✱ t❤✐s
♠❡t❤♦❞ ♠❛❦❡s t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❛♥❛❧②s✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ♥✉♠❜❡r ♦❢
❝❡❧❧s✳

✶✳✸✳✷ ❙♣❛t✐❛❧ ♠♦❞❡❧❧✐♥❣ ♦❢ ❝♦♠♠✉♥✐t② ❡✛❡❝ts

❚❤❡ s♣❛❝❡ ✐♥ ✇❤✐❝❤ ❝♦♠♠✉♥✐t② ❡✛❡❝ts ♦❝❝✉r ✇❛s ❞✐sr❡❣❛r❞❡❞ ✐♥ ♣r❡✲
✈✐♦✉s ♠♦❞❡❧s✳ ❍♦✇❡✈❡r✱ ❞✐✛❡r❡♥t ❝♦♠♠✉♥✐t✐❡s ✇✐t❤✐♥ t❤❡ ❡♠❜r②♦ ❛r❡
s♣❛t✐❛❧❧② ♦r❣❛♥✐③❡❞✱ ✇✐t❤ ❝❧❡❛r❧② ❞❡♠❛r❝❛t❡❞ ❜♦✉♥❞❛r✐❡s✳ ❚❤❡s❡ ✐♠♣♦r✲
t❛♥t ♣❤❡♥♦♠❡♥❛ ❝♦✉❧❞ ♥♦t ❜❡ ❡①♣❧❛✐♥❡❞ ✇✐t❤♦✉t ❡①♣❧✐❝✐t tr❡❛t♠❡♥t ♦❢
s♣❛❝❡ ✐♥ t❤❡ ♠♦❞❡❧s✳ ❚❤❡r❡❢♦r❡✱ t♦ st✉❞② ♣r♦♣❡rt✐❡s ♦❢ ❝♦♠♠✉♥✐t② ❡❢✲
❢❡❝ts ✐♥ s♣❛❝❡✱ ✐♥ ❈❤❛♣t❡r ✹ ✇❡ ❛❞♦♣t ❛ s♣❛t✐❛❧ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ ❝❡❧❧s
❛r❡ ❛rr❛♥❣❡❞ ❛❧♦♥❣ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ r♦✇✳ ❖♥❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ✇❛s
❝❤♦s❡♥ ❢♦r ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝②❀ ✐t ❝♦rr❡s♣♦♥❞s t♦ s♣❤❡r✐❝❛❧❧② s②♠✲
♠❡tr✐❝ ❣❡♦♠❡tr② ✐♥ t❤r❡❡ ❞✐♠❡♥s✐♦♥s✳ ❉✐✛✉s✐❜❧❡ ❢❛❝t♦rs ❢♦r ✐♥t❡r❝❡❧❧✉❧❛r
❝♦♠♠✉♥✐❝❛t✐♦♥ ❝❛♥ ♠✐❣r❛t❡ ❢r♦♠ ♦♥❡ ❝❡❧❧ t♦ t❤❡ t✇♦ ❞✐r❡❝t❧② ♥❡✐❣❤❜♦✉r✲
✐♥❣ ❝❡❧❧s ✐♥ t❤✐s ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❣r✐❞✳ ❆❧t❤♦✉❣❤ ❝♦♥s✐❞❡r✐♥❣ ♦♥❧② ♦♥❡
❞✐♠❡♥s✐♦♥ ♠✐❣❤t ❛♣♣❡❛r s✐♠♣❧✐st✐❝✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥s
❛❧♦♥❣ ✇❤✐❝❤ ❛♥ ❡♠❜r②♦ ❞❡✈❡❧♦♣s✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ✉s❡❢✉❧ ✐♥s✐❣❤ts ❢r♦♠ ✐t✳

❋✐rst ✇❡ st✉❞✐❡❞ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ♦❢ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t✱ ✇❤✐❝❤
✐s s❝❤❡♠❛t✐❝❛❧❧② ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷❛✳ ❚❤✐s ♠♦❞❡❧✱ ❛♥❞ t❤❡ ♦t❤❡rs
❢r♦♠ t❤✐s s❡❝t✐♦♥✱ ✇❡r❡ ✜rst ♣r❡s❡♥t❡❞ ✐♥ ❬❇❛t♠❛♥♦✈ ❡t ❛❧✳✱ ✷✵✶✷❜❪✳ ■t
❞✐st✐❧s ❡ss❡♥t✐❛❧ ♣r♦♣❡rt✐❡s ♦❢ ♣r❡✈✐♦✉s ❝♦♠♠✉♥✐t② ❡✛❡❝t ♠♦❞❡❧s✳ ■♥ t❤✐s
♠♦❞❡❧✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❝❤❡♠✐❝❛❧ s♣❡❝✐❡s u✱ ✇❤✐❝❤ ✐s ❡①❝❤❛♥❣❡❞ ❜❡t✇❡❡♥

✶✹



✭❛✮ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ✭❜✮ ❚✉r✐♥❣ ♣❛tt❡r♥
♠♦❞❡❧

✭❝✮ ❞②♥❛♠✐❝ ♠♦r✲
♣❤♦❣❡♥ ❣r❛❞✐❡♥t
♠♦❞❡❧

❋✐❣✉r❡ ✷✿ ■❧❧✉str❛t✐♦♥s ♦❢ t❤r❡❡ ♠♦❞❡❧s ❛♥❛❧②s❡❞ ✐♥ ❈❤❛♣t❡r ✹✳ ❚❤❡ ❢❡❡❞❜❛❝❦
❧♦♦♣ r❡s♣♦♥s✐❜❧❡ ❢♦r ❝♦♠♠✉♥✐t② ❡✛❡❝ts ✐s ❤✐❣❤❧✐❣❤t❡❞ ✐♥ r❡❞✳

❝❡❧❧s ✭t❤✉s ❜❡✐♥❣ ❛ ♠♦r♣❤♦❣❡♥✮ ❛♥❞ ♣r♦♠♦t❡s ✐ts ♦✇♥ ♣r♦❞✉❝t✐♦♥✳ ❚❤❡
✐♥❞✉❝✐♥❣ s✐❣♥❛❧ ❢♦r ✐♥✐t✐❛❧ ❛❝t✐✈❛t✐♦♥ ♦❢ u✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ s❡❧❢✲s✉st❛✐♥❡❞
❜② t❤❡ ♣♦s✐t✐✈❡ ❢❡❡❞❜❛❝❦ ❧♦♦♣✱ ✐s r❡♣r❡s❡♥t❡❞ ❜② ✐♥❥❡❝t✐♥❣ s♦♠❡ u ❛t t❤❡
st❛rt ♦❢ s✐♠✉❧❛t✐♦♥s ✐♥t♦ s♦♠❡ ❝❡❧❧s✳

❲❡ ✇✐❧❧ s❤♦✇ t❤r♦✉❣❤ st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s t❤❛t✱ ✐♥ t❤✐s ❝♦♥✜❣✉r❛✲
t✐♦♥✱ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t s♣r❡❛❞s ❛❝r♦ss t❤❡ s②st❡♠✳ ❚❤❡ ❝❡♥tr❛❧ q✉❡s✲
t✐♦♥ t❤❛t ❛r✐s❡s ✐s ❵❍♦✇ ❝❛♥ ✇❡ ❧✐♠✐t t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✐♥ s♣❛❝❡❄ ✬✳
■♥t✉✐t✐✈❡❧②✱ t❤❡ s②st❡♠ ♥❡❡❞s s♦♠❡ ♥❡❣❛t✐✈❡ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ♠❡❝❤❛✲
♥✐s♠✱ ✇❤✐❝❤ ✇✐❧❧ ❧✐♠✐t t❤❡ ❛r❡❛ ♦❢ ❛❝t✐✈❛t✐♦♥✳ ❚♦ ❛❞❞r❡ss t❤✐s ✐ss✉❡✱ ✇❡
♣r♦♣♦s❡ t✇♦ ❛♣♣r♦❛❝❤❡s✳

t❤❡ t✉r✐♥❣ ♣❛tt❡r♥ ♠♦❞❡❧ ❛❞❞s ❛ s❡❝♦♥❞ ❞✐✛✉s✐❜❧❡ ❢❛❝t♦r v
✇✐t❤ ❛♥ ✐♥❤✐❜✐t♦r② ❡✛❡❝t t♦ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧✬s s❡❧❢✲s✉st❛✐♥✐♥❣ s♣❡❝✐❡s
u✳ ❚❤✐s s❡❝♦♥❞ s♣❡❝✐❡s ✐s ❤✐❣❤❧✐❣❤t❡❞ ✐♥ ❜❧❛❝❦ ✐♥ ❋✐❣✉r❡ ✷❜✳ ■♥ ♦r❞❡r
t♦ ❝❧♦s❡ t❤❡ ❧♦♦♣ ♦❢ ♠✉t✉❛❧ ❞❡♣❡♥❞❡♥❝✐❡s✱ u ❛❝t✐✈❛t❡s ♥♦t ♦♥❧② ✐ts❡❧❢✱
❜✉t ❛❧s♦ v✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡ ❡✛❡❝t ♦❢ t❤✐s s❡❡♠✐♥❣❧② s♠❛❧❧ ❝❤❛♥❣❡ ✐♥ ♦♥❡
❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ✐s ♥♦t ❝❧❡❛r✳ ❯s✐♥❣ st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s✱ ✇❡ ♦❜t❛✐♥
t❤❡ ✐♥s✐❣❤t t❤❛t ✐♥ t❤✐s s②st❡♠✱ t❤❡ s♣r❡❛❞ ♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝ts ✐♥

s♣❛❝❡ ✐s r❡str✐❝t❡❞✳ ❍♦✇ ❝❛♥ t❤✐s ❜❡ ❡①♣❧❛✐♥❡❞❄

❆❧❛♥ ❚✉r✐♥❣✬s ♣❛♣❡r✱ ❚❤❡ ❈❤❡♠✐❝❛❧ ❇❛s✐s ♦❢ ▼♦r♣❤♦❣❡♥❡s✐s ❬❚✉r✐♥❣✱
✶✾✺✷❪✱ ❞❡❛❧s ✇✐t❤ t❤❡ ❛❜♦✈❡ ♥❡t✇♦r❦ ❢r♦♠ t❤❡ ♣❡rs♣❡❝t✐✈❡ ♦❢ ♣❛tt❡r♥ ❢♦r✲
♠❛t✐♦♥✳ ❚✉r✐♥❣ ❝❛❧❧❡❞ ✐t t❤❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠✳ ❲❤❡♥ t✇♦ ❞✐❢✲
❢✉s✐❜❧❡ ❢❛❝t♦rs ✐♥t❡r❛❝t ✐♥ t❤❡ ♠❛♥♥❡r s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷❜✱ t❤❡ r❡❛❝t✐♦♥✲
❞✐✛✉s✐♦♥ s②st❡♠ ♠❛② ❣❡♥❡r❛t❡ t❤❡ s♦✲❝❛❧❧❡❞ ❚✉r✐♥❣ ♣❛tt❡r♥s✳ ❚❤❡ ✐♥✲
t✉✐t✐✈❡ ❡①♣❧❛♥❛t✐♦♥ ✐s t❤❛t t❤❡ ✐♥❤✐❜✐t♦r ♠♦r♣❤♦❣❡♥ v✱ ✇❤✐❝❤ ❞✐✛✉s❡s
❢❛st❡r t❤❛♥ t❤❡ ❛❝t✐✈❛t♦r u✱ r❡❛❝❤❡s ❞✐st❛♥t ❛r❡❛s ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✜rst✱
❛♥❞ ♣r❡✈❡♥ts t❤❡✐r ❛❝t✐✈❛t✐♦♥ ❧❛t❡r✳ ❚❤❡ r❡s✉❧t ✐s ❛♥ ❛r❡❛ ♦❢ ❛❝t✐✈❛t✐♦♥
❝❡♥tr❡❞ ♦♥ t❤❡ ♣❧❛❝❡ ♦❢ ✐♥✐t✐❛❧ ✐♥❞✉❝t✐♦♥✱ ✇✐t❤ ❛ st❛❜❧❡ s✐③❡ ❛♥❞ ♣♦s✐t✐♦♥✳

■t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t t❤✐s s②st❡♠ ❝❛♥ ❣❡♥❡r❛t❡ ♠❛♥② ❞✐✈❡rs❡ ♣❛t✲
t❡r♥s ♦❜s❡r✈❡❞ ✐♥ ❞❡✈❡❧♦♣♠❡♥t ❬▼❡✐♥❤❛r❞t✱ ✶✾✽✷❪✱ ❢♦r ✐♥st❛♥❝❡✱ ❝♦❧♦✉r
str✐♣❡s ♦♥ ✜s❤ s❦✐♥ ❬❑♦♥❞♦ ❛♥❞ ▼✐✉r❛✱ ✷✵✶✵✱ ❙❛♥❞❡rs♦♥ ❡t ❛❧✳✱ ✷✵✵✻❪✱
❝♦❧♦✉r✐♥❣s ♦❢ s❡❛ s❤❡❧❧s ❬▼❡✐♥❤❛r❞t✱ ✶✾✾✺❪✱ ❡st❛❜❧✐s❤♠❡♥t ♦❢ t❤❡ ❧❡❢t✲
r✐❣❤t ❛s②♠♠❡tr② ✐♥ ✈❡rt❡❜r❛t❡s ❬❍❛♠❛❞❛ ❡t ❛❧✳✱ ✷✵✵✷❪ ❛♥❞ ♣❧❛♥t ❣r♦✇t❤

✶✺



❬❏♦♥ss♦♥ ❡t ❛❧✳✱ ✷✵✵✺❪✳ ❚❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t✱ ❤♦✇❡✈❡r✱ ❤❛s ♥♦t ❜❡❡♥
❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠✳

❚❤✐s ♠♦❞❡❧ ♦✛❡rs ❛ ♣❧❛✉s✐❜❧❡ ❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✐♥
s❡❛ ✉r❝❤✐♥✱ ❞❡s❝r✐❜❡❞ ❜② ❇♦❧♦✉r✐ ❛♥❞ ❉❛✈✐❞s♦♥ ❬✷✵✶✵❪✱ ✇✐t❤ u ❜❡✐♥❣ t❤❡
◆♦❞❛❧ ♣r♦t❡✐♥ ❛♥❞ v ✐ts ❛♥t❛❣♦♥✐st ▲❡❢t②✳ ❋✉rt❤❡r ❡✈✐❞❡♥❝❡ t♦ s✉♣♣♦rt
t❤✐s ♠♦❞❡❧ ✐s ❣✐✈❡♥ ❜② ❉✉❜♦❝ ❡t ❛❧✳ ❬✷✵✵✽❪✳

t❤❡ ❞②♥❛♠✐❝ ♠♦r♣❤♦❣❡♥ ❣r❛❞✐❡♥t ♠♦❞❡❧ s❦❡t❝❤❡❞ ✐♥
❋✐❣✉r❡ ✷❝ ✐♥tr♦❞✉❝❡s ❛ ❞✐✛✉s✐❜❧❡ ❢❛❝t♦r s✱ ✇❤✐❝❤ ❛❝t✐✈❛t❡s t✇♦ ♠✉t✉❛❧❧②
✐♥❤✐❜✐t♦r② s♣❡❝✐❡s v ❛♥❞ u✳ ❚❤❡ ❧❛tt❡r ♣❛rt✐❝✐♣❛t❡s ✐♥ ❛ s❡❧❢✲❛❝t✐✈❛t✐♥❣
❢❡❡❞❜❛❝❦ ❧♦♦♣ ✇✐t❤ w✱ ❛♥♦t❤❡r ❞✐✛✉s✐❜❧❡ s♣❡❝✐❡s✳ ❋✐❣✉r❡ ✷❝ ❤✐❣❤❧✐❣❤ts
t❤❡ u✲w ❝♦♠♠✉♥✐t② ❡✛❡❝t ❧♦♦♣ ✐♥ r❡❞✳ ❲✐t❤♦✉t t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t
❧♦♦♣ ❛♥❞ ❞✐✛✉s✐♦♥ ♦❢ t❤❡ ♠♦r♣❤♦❣❡♥ s ✐♥ ❝♦♥t✐♥✉♦✉s s♣❛❝❡✱ t❤✐s ❣❡♥❡ r❡❣✲
✉❧❛t♦r② ♥❡t✇♦r❦ ✭●❘◆✮ ✇❛s ♣r❡✈✐♦✉s❧② ❝♦♥s✐❞❡r❡❞ ✐♥ ❬❙❛❦❛ ❛♥❞ ❙♠✐t❤✱
✷✵✵✼❪✳

▼✉t✉❛❧ r❡♣r❡ss✐♦♥ ❜❡t✇❡❡♥ t✇♦ s♣❡❝✐❡s ✐s ✇✐❞❡s♣r❡❛❞✱ ❛♥❞ r❡s✉❧ts
✐♥ ❡①❝❧✉s✐✈❡ ❛❝t✐✈❛t✐♦♥ ♦❢ ❡✐t❤❡r ♦♥❡ s♣❡❝✐❡s ♦r t❤❡ ♦t❤❡r ❬❈❤❡rr② ❛♥❞
❆❞❧❡r✱ ✷✵✵✵❪✳ ■t ✐s ♦❢t❡♥ r❡❢❡rr❡❞ t♦ ❛s ❛ ❣❡♥❡t✐❝ t♦❣❣❧❡ s✇✐t❝❤✱ ❛♥❞
❝♦♥tr♦❧s ✈❛r✐♦✉s ❛s♣❡❝ts ♦❢ ❝❡❧❧ ❢❛t❡ ❞❡❝✐s✐♦♥✱ ❡✳❣✳✱ t❤❡ ❣❡♥❡t✐❝ s✇✐t❝❤ ♦❢
t❤❡ ❜❛❝t❡r✐♦♣❤❛❣❡ ❧❛♠❜❞❛ ❬❆❝❦❡rs ❡t ❛❧✳✱ ✶✾✽✷✱ Pt❛s❤♥❡✱ ✷✵✵✹❪✱ t❤❡ ❣❛♣
❣❡♥❡ ♥❡t✇♦r❦ ❬❏❛❡❣❡r ❡t ❛❧✳✱ ✷✵✵✹❛✱❜✱ P❛♣❛ts❡♥❦♦ ❛♥❞ ▲❡✈✐♥❡✱ ✷✵✶✶❪✱ ❛♥❞
♥❡✉r❛❧ t✉❜❡ ♣❛tt❡r♥✐♥❣ ❬❘✐❜❡s ❛♥❞ ❇r✐s❝♦❡✱ ✷✵✵✾❪✳

■♥ ♦✉r ♠♦❞❡❧✱ t❤❡ ♠♦r♣❤♦❣❡♥ s s♣r❡❛❞s ❛❧♦♥❣ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡
❢r♦♠ ❛ ❧♦❝❛❧✐③❡❞ s♦✉r❝❡✱ ❛♥❞ ❝r❡❛t❡s ❛ ♠♦r♣❤♦❣❡♥ ❣r❛❞✐❡♥t✳ ■t ✐s ♣♦s✲
t✉❧❛t❡❞ t❤❛t ❡♠❜r②♦♥✐❝ ❝❡❧❧s ❧❡❛r♥ t❤❡✐r ♣♦s✐t✐♦♥ ❜② s❡♥s✐♥❣ t❤❡ ❧♦❝❛❧
♠♦r♣❤♦❣❡♥ ❧❡✈❡❧ ✐♥ ❛ ❣r❛❞✐❡♥t ❢♦r ♣❛tt❡r♥ ❢♦r♠❛t✐♦♥ ❬❲♦❧♣❡rt✱ ✶✾✻✾❪✳
❚❤✐s s②st❡♠ ✐s ❛♥❛❧♦❣♦✉s t♦ ❡♠❜r②♦♥✐❝ ✐♥❞✉❝t✐♦♥✱ ✇❤❡r❡ ♦♥❡ t✐ss✉❡ ✐♥✲
str✉❝ts ❛♥❞ ♣❛tt❡r♥s t❤❡ ♥❡✐❣❤❜♦✉r✐♥❣ t✐ss✉❡ ❜② ❞✐✛✉s✐❜❧❡ ❢❛❝t♦rs✳

❆♥❛❧②s✐♥❣ t❤❡ ❞②♥❛♠✐❝ ♠♦r♣❤♦❣❡♥ ❣r❛❞✐❡♥t ♠♦❞❡❧✱ ✇❡ ❞❡♠♦♥str❛t❡
t❤❛t ✐t ❡✣❝✐❡♥t❧② ❧✐♠✐ts ❝♦♠♠✉♥✐t② ❡✛❡❝ts ✐♥ ❝♦♥t✐♥✉♦✉s s♣❛❝❡✳ ❲❡
❛❧s♦ s❤♦✇ t❤❛t ❛ tr❛♥s✐❡♥t ♠♦r♣❤♦❣❡♥ ❣r❛❞✐❡♥t ✐s s✉✣❝✐❡♥t ❢♦r ♣❛tt❡r♥
❢♦r♠❛t✐♦♥ ✐♥ t❤✐s s②st❡♠✳ ❚❤✐s s❡❧❢✲♦r❣❛♥✐③✐♥❣ ♣r♦♣❡rt② ✇❛s ♣r❡✈✐♦✉s❧②
✉♥❦♥♦✇♥✳ ❖✉r ❛♥❛❧②s✐s ✉s✐♥❣ st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ s②st❡♠ ✐♥❞✐✲
❝❛t❡s t❤❛t ❝♦♠♠✉♥✐t② ❡✛❡❝ts ❝♦♥❢❡r r♦❜✉st♥❡ss t♦ t❤✐s ♣❛tt❡r♥✐♥❣ ♣r♦✲
❝❡ss✳ ■♥t❡r❡st✐♥❣❧②✱ ✇❡ ❢♦✉♥❞ t❤❛t ❡✈❡♥ ✇❤❡♥ t❤❡ ♠♦r♣❤♦❣❡♥ ❞✐str✐❜✉✲
t✐♦♥ ❡✈❡♥t✉❛❧❧② ❜❡❝♦♠❡s ✉♥✐❢♦r♠✱ t❤❡ s②st❡♠ ❝❛♥ ♠❛✐♥t❛✐♥ t❤❡ ♣❛tt❡r♥✳
❚❤✉s ♦✉r ♠♦❞❡❧ ❝♦♥❢❡rs ♠❡♠♦r② t♦ t❤❡ s②st❡♠✳

❚❤✐s ♠♦❞❡❧ ✐s ❜❛s❡❞ ♦♥ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t ●❘◆ ❢♦✉♥❞ ✐♥ ❳❡♥♦♣✉s✱
❛s ❞❡s❝r✐❜❡❞ ✐♥ ❬❙❛❦❛ ❡t ❛❧✳✱ ✷✵✶✶✱ ❙❛❦❛ ❛♥❞ ❙♠✐t❤✱ ✷✵✵✼❪✳

✶✳✹ str✉❝t✉r❡ ♦❢ t❤❡ t❤❡s✐s

❈❤❛♣t❡r ✷ ❣✐✈❡s ❛♥ ♦✈❡r✈✐❡✇ ♦❢ ♠♦❞❡❧❧✐♥❣ ❛♥❞ ❛♥❛❧②s✐s ♠❡t❤♦❞s r❡❧❡✈❛♥t
t♦ t❤❡ t♦♣✐❝ ♦❢ t❤❡ t❤❡s✐s✳ ❆❧❧ t❡❝❤♥✐q✉❡s ✇❤✐❝❤ ❛r❡ ✉s❡❞ ✐♥ t❤✐s ✇♦r❦✱
❛♥❞ t❤❡✐r t❤❡♦r❡t✐❝❛❧ ❢♦✉♥❞❛t✐♦♥s✱ ❛r❡ ❡①♣❧❛✐♥❡❞✳

✶✻



❈❤❛♣t❡r ✸ ♣r❡s❡♥ts ❛♥ ❡①t❡♥❞❡❞ st♦❝❤❛st✐❝ ❛♥❛❧②s✐s ♦❢ ❛ ❝♦♠♠✉♥✐t②
❡✛❡❝t ♠♦❞❡❧ ✇✐t❤♦✉t ❝♦♥s✐❞❡r✐♥❣ s♣❛❝❡✳ ❆ ♠❛❥♦r ♣♦✐♥t t❤❡r❡ ✐s t❤❡
♣r♦♣♦s❡❞ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♠❡t❤♦❞ ✇❤✐❝❤ ❡①♣❧♦✐ts s②♠♠❡tr✐❡s ✐♥ t❤❡
♠♦❞❡❧ t♦ s✐♠♣❧✐❢② t❤❡ ❛♥❛❧②s✐s✳
❈❤❛♣t❡r ✹ ♣r❡s❡♥ts ♥❡✇ s♣❛t✐❛❧ ♠♦❞❡❧s ♦❢ ❝♦♠♠✉♥✐t② ❡✛❡❝ts✳ ❱❛r✐♦✉s

♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ ♠♦❞❡❧s r❡❧❛t❡❞ t♦ ♣❛tt❡r♥ ❢♦r♠❛t✐♦♥ ✐♥ ❡♠❜r②♦s ❛r❡
st✉❞✐❡❞✳
❈❤❛♣t❡r ✺ ❞✐s❝✉ss❡s ✜♥❞✐♥❣s ♦❢ t❤❡ ✇♦r❦ ❛♥❞ ❝♦♥♥❡❝ts t❤❡♠ t♦ r❡❧❛t❡❞

✇♦r❦s ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡✳
❈♦♥❝❧✉s✐♦♥s ✐♥ ❈❤❛♣t❡r ✻ ♣r♦✈✐❞❡ t❤❡ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ r❡s✉❧ts ❛♥❞

♦✉t❧✐♥❡ ❞✐r❡❝t✐♦♥s ❢♦r t❤❡ ❢✉t✉r❡ ✇♦r❦✳

✶✳✺ ♣✉❜❧✐❝❛t✐♦♥s

❚❤✐s t❤❡s✐s ✐s ❜❛s❡❞ ♦♥ t✇♦ ♣✉❜❧✐❝❛t✐♦♥s✿

❼ ❬❇❛t♠❛♥♦✈ ❡t ❛❧✳✱ ✷✵✶✷❛❪ ♣r❡s❡♥ts t❤❡ s②♠♠❡tr②✲❜❛s❡❞ ♠♦❞❡❧ r❡✲
❞✉❝t✐♦♥ ♠❡t❤♦❞ ❢♦r ♠♦♠❡♥t ❝❧♦s✉r❡s✱ ✇✐t❤ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡
❳❡♥♦♣✉s ❝♦♠♠✉♥✐t② ❡✛❡❝t ♠♦❞❡❧ ✇✐t❤♦✉t s♣❛❝❡✳

❼ ■♥ ❬❇❛t♠❛♥♦✈ ❡t ❛❧✳✱ ✷✵✶✷❜❪✱ t❤❡ s♣❛t✐❛❧ ♠♦❞❡❧s ♦❢ ❝♦♠♠✉♥✐t②
❡✛❡❝ts ✇❡r❡ ♣r❡s❡♥t❡❞ ❢♦r t❤❡ ✜rst t✐♠❡✳

■♥ ❛❞❞✐t✐♦♥✱ ❞✉r✐♥❣ t❤❡ P❤❉ st✉❞②✱ t❤❡ ❛✉t❤♦r ♣❛rt✐❝✐♣❛t❡❞ ✐♥ t❤❡
■❈❊❇❊❘● ❆◆❘ ♣r♦❥❡❝t✱ ✐♥ ♣❛rt✐❝✉❧❛r ❞❡✈❡❧♦♣✐♥❣ ❛ ♠✐❝r♦s❝♦♣② ✐♠❛❣❡
♣r♦❝❡ss✐♥❣ t♦♦❧✳ ❆ ♣❛♣❡r ❛❜♦✉t t❤❛t ✐s ✐♥ ♣r❡♣❛r❛t✐♦♥✳

✶✼
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❙❨❙❚❊▼❙

❈♦♠♣✉t❛t✐♦♥❛❧ ❜✐♦❧♦❣② ✐♥ ❣❡♥❡r❛❧ ✐s ❛ ❞✐✈❡rs❡ ✜❡❧❞✳ ❚❤❡r❡ ❛r❡ ♠❛♥②
♠♦❞❡❧❧✐♥❣ t❡❝❤♥✐q✉❡s ✇❤✐❝❤ ❛r❡ s✉✐t❛❜❧❡ ❢♦r ❞✐✛❡r❡♥t ♣r♦❜❧❡♠s ❬❞❡ ❏♦♥❣✱
✷✵✵✷❪✳ ■♥ ❞❡✈❡❧♦♣♠❡♥t❛❧ ❜✐♦❧♦❣②✱ t❤r❡❡ ♠♦❞❡❧❧✐♥❣ s❝❛❧❡s ❛r❡ ✐♠♣♦rt❛♥t✿
♠♦❧❡❝✉❧❛r✱ ❝❡❧❧✉❧❛r ❛♥❞ t✐ss✉❡ ❬❙❡tt②✱ ✷✵✶✷❪✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧
r❡✈✐❡✇ ♠♦❞❡❧❧✐♥❣ t❡❝❤♥✐q✉❡s ✇❤✐❝❤ ❛r❡ ♥❡❝❡ss❛r② t♦ ❞❡♠♦♥str❛t❡ ❤♦✇
❝♦♠♠✉♥✐t② ❡✛❡❝ts ❛t t✐ss✉❡ ❧❡✈❡❧ ❛r✐s❡s ❢r♦♠ ❛ ❣❡♥❡ r❡❣✉❧❛t♦r② ♥❡t✇♦r❦
❛t t❤❡ ♠♦❧❡❝✉❧❛r ❧❡✈❡❧✳

❚❤❡ ♠❛✐♥ ♣✉r♣♦s❡ ♦❢ t❤✐s r❡✈✐❡✇ ✐s t♦ s❤♦✇ ❤♦✇ ♠♦❞❡❧❧✐♥❣ ♠❡t❤♦❞s
✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ ❧❛t❡r ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ ✜rst ♣r✐♥❝✐♣❧❡s✳ ■♥ t❤❡ ❛✉t❤♦r✬s
♦♣✐♥✐♦♥✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ✉♥❞❡rst❛♥❞ t❤❛t t❤❡s❡ ♠❡t❤♦❞s✱ ❤♦✇❡✈❡r
❛❜str❛❝t t❤❡② ♠❛② s❡❡♠✱ ❛r❡ ✜r♠❧② ❣r♦✉♥❞❡❞ ✐♥ ❜❛s✐❝ ♣❤②s✐❝❛❧ ❧❛✇s✱ ✇✐t❤
❝❧❡❛r ❛ss✉♠♣t✐♦♥s ✇❤✐❝❤ ❛❧❧♦✇ s✐♠♣❧✐✜❡❞ tr❡❛t♠❡♥ts✳ ❯♥❞❡rst❛♥❞✐♥❣
t❤❡s❡ ❛ss✉♠♣t✐♦♥s ❤❡❧♣s ❝❤♦♦s✐♥❣ t❤❡ r✐❣❤t ♠♦❞❡❧❧✐♥❣ ❛♣♣r♦❛❝❤❡s ✐♥
♣❛rt✐❝✉❧❛r ❝❛s❡s✳

❆❢t❡r ❞❡✜♥✐♥❣ ❛ ✉s❡❢✉❧ ✐♥❢♦r♠❛❧ ❣r❛♣❤✐❝❛❧ ✇❛② t♦ ❡❛s✐❧② ❞❡s❝r✐❜❡ ♠♦❞✲
❡❧s ❛t ❤✐❣❤ ❧❡✈❡❧ ✐♥ ❙❡❝t✐♦♥ ✷✳✶✱ ✇❡ ❞❡✜♥❡ ❛ ❢♦r♠❛❧ ❧❛♥❣✉❛❣❡ ♦❢ ❝❤❡♠✐❝❛❧
r❡❛❝t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳ ❙♦♠❡ ❜❛s✐❝ ❞❡✜♥✐t✐♦♥s ❛r❡ ❣✐✈❡♥✱ ❛♥❞ ❛ s❤♦rt
♦✈❡r✈✐❡✇ ♦❢ ❡❛r❧② ❡♠♣✐r✐❝❛❧ ❛♣♣r♦❛❝❤❡s t♦ ♠♦❞❡❧❧✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢
❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s✳

❙❡❝t✐♦♥ ✷✳✸ ❧❛②s t❤❡ t❤❡♦r❡t✐❝❛❧ ❢♦✉♥❞❛t✐♦♥ ❢♦r ❛❧❧ ♦t❤❡r ♠♦❞❡❧❧✐♥❣
♠❡t❤♦❞s ✐♥ t❤✐s ❝❤❛♣t❡r ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❙♠♦❧✉❝❤♦✇s❦✐ ♠♦❞❡❧ ❛♥❞
t❤❡ ❉♦✐ ♠♦❞❡❧✳ ■♥ t❤❡s❡ ♠♦❞❡❧s✱ ✐♥❞✐✈✐❞✉❛❧ ♠♦❧❡❝✉❧❡s ❛r❡ t❤❡ ❜❛s✐❝
❡♥t✐t✐❡s✱ ❛♥❞ t❤❡✐r ♣♦s✐t✐♦♥s ❛♥❞ ❞✐✛✉s✐♦♥ s♣❡❡❞s ❛r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳

❙❡❝t✐♦♥ ✷✳✹ ❝♦♥s✐❞❡rs ❛♥ ✐♠♣♦rt❛♥t ❝❧❛ss ♦❢ ♠♦❞❡❧s ✇❤✐❝❤ ❛❧❧ s❤❛r❡
t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❢❛st ❞✐✛✉s✐♦♥✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ s✐♠♣❧✐✜❡s t❤❡ st❛t❡
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧✱ ❛s ✇❡ ♦♥❧② ❤❛✈❡ t♦ tr❛❝❦ ♣♦♣✉❧❛t✐♦♥ ❝♦✉♥ts
♦❢ ❞✐✛❡r❡♥t ♠♦❧❡❝✉❧❛r s♣❡❝✐❡s✳

❙❡❝t✐♦♥ ✷✳✺ ❜♦rr♦✇s s♦♠❡ ❛ss✉♠♣t✐♦♥s ❜❡❤✐♥❞ ♠♦❞❡❧s ✐♥ ❙❡❝t✐♦♥ ✷✳✹✱
❡①❝❡♣t t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❢❛st ❞✐✛✉s✐♦♥✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ♠♦❞❡❧ s②st❡♠s
✇✐t❤ s❧♦✇ ❞✐✛✉s✐♦♥ ❡✣❝✐❡♥t❧②✱ ❛♥❞ t❤✉s ♠❛❦❡ s♣❛t✐❛❧ ♠♦❞❡❧❧✐♥❣ ❢❡❛s✐❜❧❡✳

✷✳✶ ❣❡♥❡ r❡❣✉❧❛t♦r② ♥❡t✇♦r❦s

❆ ❣❡♥❡ r❡❣✉❧❛t♦r② ♥❡t✇♦r❦ ✭●❘◆✮ ✐s ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❣❡♥❡s ✇❤✐❝❤ ✐♥t❡r❛❝t
✇✐t❤ ❡❛❝❤ ♦t❤❡r✳ ❆♥ ❡①♣r❡ss❡❞ ✭❛❝t✐✈❛t❡❞✮ ❣❡♥❡ ♣r♦❞✉❝❡s ✐ts ♣r♦t❡✐♥✱
✇❤✐❝❤ ♠❛② ❛❝t✐✈❛t❡ ♦r ✐♥❤✐❜✐t ❡①♣r❡ss✐♦♥ ♦❢ ♦t❤❡r ❣❡♥❡s ♦r ✐ts❡❧❢✳ ❆♥
s❝❤❡♠❛t✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ●❘◆ ♠❛② ❜❡ ❣✐✈❡♥ ✉s✐♥❣ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤✱
s✉❝❤ ❛s ❋✐❣✉r❡ ✸✱ ❢♦r ❡①❛♠♣❧❡✳

✶✾



❋✐❣✉r❡ ✸✿ ❆ ❣❡♥❡ r❡❣✉❧❛t♦r② ♥❡t✇♦r❦✳

❆ ♥♦❞❡ ✐♥ t❤❡ ❣r❛♣❤ r❡♣r❡s❡♥ts ❛ ❣❡♥❡✳ ❚❤❡ ●❘◆ ♦♥ ❋✐❣✉r❡ ✸ ❤❛s
t✇♦ ❣❡♥❡s✱ u ❛♥❞ v✳ ❉✐r❡❝t❡❞ ❡❞❣❡s ♦♥ t❤❡ ❣r❛♣❤ r❡♣r❡s❡♥t ❣❡♥❡ ✐♥✲
t❡r❛❝t✐♦♥s ❜② ♠❡❛♥s ♦❢ ♣r♦t❡✐♥ ♣r♦❞✉❝t✐♦♥ ❛♥❞ s✉❜s❡q✉❡♥t r❡❣✉❧❛t✐♦♥
♦❢ ❡①♣r❡ss✐♦♥ ♦❢ ❛♥♦t❤❡r ❣❡♥❡ ❜② t❤❛t ♣r♦t❡✐♥✳ ❆ r❡❣✉❧❛r ❛rr♦✇❤❡❛❞
♦♥ t❤❡ ❡❞❣❡ ❢r♦♠ u t♦ v ♠❡❛♥s t❤❛t t❤❡ ✐♥t❡r❛❝t✐♦♥ ✐s ❛❝t✐✈❛t✐♦♥ ♦❢ v
❜② t❤❡ ♣r♦t❡✐♥ ♣r♦❞✉❝❡❞ ❜② u✳ ❲❡ ✇✐❧❧ s✐♠♣❧② s❛② t❤❛t u ❛❝t✐✈❛t❡s v✳
❆♥♦t❤❡r r❡❣✉❧❛r ❛rr♦✇ ❢r♦♠ u t♦ ✐ts❡❧❢ ❞❡♥♦t❡s s❡❧❢✲❛❝t✐✈❛t✐♦♥ ♦❢ u✳ ❆
❚✲s❤❛♣❡❞ ❛rr♦✇❤❡❛❞ ♦♥ t❤❡ ❡❞❣❡ ❢r♦♠ v t♦ u r❡♣r❡s❡♥ts ✐♥❤✐❜✐t✐♦♥ ♦❢
u✬s ❡①♣r❡ss✐♦♥ ❜② v✳ ■♥t❡r❛❝t✐♦♥s ♠❛② ✐♥✈♦❧✈❡ ✐♥t❡r♠❡❞✐❛t❡ ❛❣❡♥ts✱ s✉❝❤
❛s s✐❣♥❛❧❧✐♥❣ ♣❛t❤✇❛②s✱ ✇❤✐❝❤ ❛r❡ ✉s✉❛❧❧② ♦♠✐tt❡❞ ❢r♦♠ t❤❡ ❣r❛♣❤✳
●r❛♣❤✐❝❛❧ ●❘◆s ❛r❡ ✉s❡❢✉❧ t♦ ✐♥tr♦❞✉❝❡ ❛♥❞ ♣r❡s❡♥t ♠♦❞❡❧s ♦❢ ❣❡✲

♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥s✳ ❙✐♠✐❧❛r ♥♦t❛t✐♦♥s ❛r❡ ✇✐❞❡❧② ✉s❡❞ ❛s ❛ ❦♥♦✇❧❡❞❣❡
r❡♣r❡s❡♥t❛t✐♦♥ ❧❛♥❣✉❛❣❡ ✐♥ ❜✐♦❧♦❣✐❝❛❧ ❧✐t❡r❛t✉r❡ ❬❆❧♦♥✱ ✷✵✵✼✱ ❉❛✈✐❞s♦♥✱
✷✵✶✵❪✳ ❍♦✇❡✈❡r✱ t❤❡② ❛r❡ t♦♦ ❛❜str❛❝t t♦ ❢❛✐t❤❢✉❧❧② r❡♣r❡s❡♥t t❤❡ ♠♦❞❡❧s
♦❢ ❜✐♦❧♦❣✐❝❛❧ ♠❡❝❤❛♥✐s♠s ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❛ ♠♦r❡
❞❡t❛✐❧❡❞ ♠♦❞❡❧❧✐♥❣ ❧❛♥❣✉❛❣❡ ✇✐❧❧ ❜❡ r❡✈✐❡✇❡❞✱ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ❝❤❡♠✐❝❛❧
r❡❛❝t✐♦♥s✳

✷✳✷ ❜✐♦❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥ s②st❡♠s

❋♦r st✉❞②✐♥❣ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t✱ t❤❡ s❝❛❧❡ ♦❢ ✐♥t❡r❡st ✐s ❣❡♥❡ r❡❣✉✲
❧❛t✐♦♥ ❛♥❞ ❝❡❧❧ t♦ ❝❡❧❧ ❝♦♠♠✉♥✐❝❛t✐♦♥✳ ❆t t❤✐s ❧❡✈❡❧✱ s②st❡♠s ❛r❡ ♦❢t❡♥
♠♦❞❡❧❧❡❞ ✉s✐♥❣ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s ❬❇♦✇❡r ❛♥❞ ❇♦❧♦✉r✐✱ ✷✵✵✶❪✱ ❛♥❞ t❤✐s
✇✐❧❧ ❜❡ t❤❡ st❛rt✐♥❣ ♣♦✐♥t ❢♦r ❛❧❧ t❤❡ ♠♦❞❡❧s t❤❛t ❢♦❧❧♦✇✳
❆ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥

A+ 2B
k−→ 3C+ 4D ✭✶✮

st❛t❡s t❤❛t ❛ ♠♦❧❡❝✉❧❡ ♦❢ t②♣❡ A ❝❛♥ r❡❛❝t ✇✐t❤ t✇♦ ♠♦❧❡❝✉❧❡s ♦❢ t②♣❡ B
t♦ ♣r♦❞✉❝❡ t❤r❡❡ ♠♦❧❡❝✉❧❡s C ❛♥❞ ❢♦✉r D✳ ▼♦❧❡❝✉❧❡s ♦♥ t❤❡ ❧❡❢t s✐❞❡ ♦❢
t❤❡ ❛rr♦✇ ❛r❡ ❝❛❧❧❡❞ r❡❛❝t❛♥ts✱ ✇❤✐❧❡ ♠♦❧❡❝✉❧❡s ♦♥ t❤❡ r✐❣❤t ❛r❡ ❝❛❧❧❡❞
♣r♦❞✉❝ts✳ ❚❤❡ ♥✉♠❜❡rs ❜❡❢♦r❡ ♠♦❧❡❝✉❧❡ ♥❛♠❡s ❛r❡ ❝❛❧❧❡❞ st♦✐❝❤✐♦♠❡tr✐❝

❝♦❡✣❝✐❡♥ts✳ ❆ r❡❛❝t✐♦♥ ♠❛② ❤❛✈❡ ❛♥② ♥✉♠❜❡r ♦❢ r❡❛❝t❛♥ts ❛♥❞ ♣r♦❞✉❝ts✳
k ✐s t❤❡ r❡❛❝t✐♦♥ r❛t❡ ❝♦♥st❛♥t✱ ✇❤✐❝❤ ✐s ❛ ♣❛r❛♠❡t❡r s♣❡❝✐❢②✐♥❣ t❤❡ s♣❡❡❞
♦❢ t❤✐s r❡❛❝t✐♦♥✳ ❘❡❛❝t✐♦♥ s♣❡❡❞s ❛r❡ s♣❡❝✐✜❡❞ ❜② ❢✉♥❝t✐♦♥s✱ ❝❛❧❧❡❞ r❛t❡

❧❛✇s✱ ✇❤✐❝❤ ♠❛② ❞❡♣❡♥❞ ♦♥ ♠♦❧❡❝✉❧❡ ❝♦✉♥ts ❛♥❞ ♦t❤❡r ♣❛r❛♠❡t❡rs✳ ❆♥
✉♥❛♠❜✐❣✉♦✉s s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤✐s ❢✉♥❝t✐♦♥ ♠✉st ❜❡ ✇r✐tt❡♥ ❛❜♦✈❡ t❤❡
❛rr♦✇✳ ❙♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ r❛t❡ ❧❛✇ ❛s ❛ r❡❛❝t✐♦♥ r❛t❡ ❝♦♥st❛♥t ✐♥ t❤✐s
❝❛s❡ ❛ss✉♠❡s t❤❡ ♠❛ss ❛❝t✐♦♥ ❧❛✇✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞ s❤♦rt❧②✳

✷✵



■♥ ❣❡♥❡r❛❧ ❛ r❡❛❝t✐♦♥ ❛♠♦♥❣ n ❝❤❡♠✐❝❛❧ s♣❡❝✐❡s ✭✇❡ ✇✐❧❧ ✇r✐t❡ t❤❡
s♣❡❝✐❡s ❛s ❛ s❡q✉❡♥❝❡ (X1, . . . ,Xn) ❢♦r ♥♦t❛t✐♦♥❛❧ ❝♦♥✈❡♥✐❡♥❝❡✮✱ ❝❛♥ ❜❡
s♣❡❝✐✜❡❞ ❜② ❛ tr✐♣❧❡t (l,α,β)✳ α = (α1, . . . ,αn) ❛r❡ st♦✐❝❤✐♦♠❡tr✐❝
❝♦❡✣❝✐❡♥ts ♦♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ r❡❛❝t❛♥ts✳ β =

(β1, . . . ,βn) ❛r❡ t❤❡ st♦✐❝❤✐♦♠❡tr✐❝ ❝♦❡✣❝✐❡♥ts ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡✳ l
✐s ❛♥ ❡①♣r❡ss✐♦♥ s♣❡❝✐❢②✐♥❣ t❤❡ ❧❛✇ ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ r❡❛❝t✐♦♥ s♣❡❡❞✱
✇❤✐❝❤ s❤♦✉❧❞ r❡t✉r♥ ❛ r❡❛❧ ♥✉♠❜❡r✳ ■❢ ❛ ❝❤❡♠✐❝❛❧ s♣❡❝✐❡s ❞♦❡s ♥♦t
♣❛rt✐❝✐♣❛t❡ ✐♥ ❛ ❝❡rt❛✐♥ r❡❛❝t✐♦♥✱ ✐ts st♦✐❝❤✐♦♠❡tr✐❝ ❝♦❡✣❝✐❡♥t ✐s 0✳

❋♦r ❡①❛♠♣❧❡✱ t❤❡ r❡❛❝t✐♦♥ ✭✶✮✱ ✐❢ ✇❡ ♦r❞❡r t❤❡ s♣❡❝✐❡s ❛s (A,B,C,D)✱
❤❛s l = k[A][B]2✱ α = (1, 2, 0, 0)✱ β = (0, 0, 3, 4)✳ [A] ❛♥❞ [B] ❛r❡ t❤❡
❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ A ❛♥❞ B✳

■♥ ♦r❞❡r t♦ ❛♥❛❧②s❡ s②st❡♠s ♦❢ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s✱ ✇❡ ♥❡❡❞ s♦♠❡ ✇❛②
t♦ ❝♦♠♣✉t❡ t❤❡ r❡❛❝t✐♦♥ s♣❡❡❞s✱ ✐✳❡✳ t♦ ❞❡✜♥❡ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❧❛✇✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥s✱ ✇❡ ✇✐❧❧ r❡✈✐❡✇ ❡♠♣✐r✐❝❛❧ ❛♣♣r♦❛❝❤❡s t♦ t❤❛t
t❛s❦✳ ▲❛t❡r✱ st❛rt✐♥❣ ❢r♦♠ ❙❡❝t✐♦♥ ✷✳✸✱ ✇❡ ✇✐❧❧ ❢♦❧❧♦✇ ❛ ♠♦r❡ ♣r✐♥❝✐♣❧❡❞
❛♣♣r♦❛❝❤✳

✷✳✷✳✶ ❊♠♣✐r✐❝❛❧ r❛t❡ ❧❛✇s

❚r❛❞✐t✐♦♥❛❧❧②✱ ❝❤❡♠✐❝❛❧ s②st❡♠s ✇❡r❡ ❛♥❛❧②s❡❞ ✉♥❞❡r ❛ss✉♠♣t✐♦♥ ♦❢ ❝♦♥✲
st❛♥t ❝♦♠♣❛rt♠❡♥t ✈♦❧✉♠❡✱ ❤✐❣❤ ♠♦❧❡❝✉❧❡ ❝♦✉♥ts ❛♥❞ ❢❛st ❞✐✛✉s✐♦♥✳ ■♥
t❤❡s❡ ❝♦♥❞✐t✐♦♥s ✇❡ ❝❛♥ ❞❡✜♥❡ r❡❛❝t✐♦♥ r❛t❡ v ❬▼❝◆❛✉❣❤t ❛♥❞❲✐❧❦✐♥s♦♥✱
✶✾✾✼❪✱ ❡✳❣✳ ❢♦r t❤❡ r❡❛❝t✐♦♥ ❛❜♦✈❡✿

v = −
d[A]

dt
= −

1

2

d[B]

dt
=

1

3

d[C]

dt
=

1

4

d[D]

dt

✇❤❡r❡ [A](t) ✐s t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ s♣❡❝✐❡s A ✐♥ t❤❡ ❝♦♠♣❛rt♠❡♥t✱
tr❡❛t❡❞ ❛s ❛ ♥♦♥✲♥❡❣❛t✐✈❡ r❡❛❧ ♥✉♠❜❡r✳ ❚❤❡ ✉♥✐t ♦❢ v ✐s ❝♦♥❝❡♥tr❛t✐♦♥
♣❡r s❡❝♦♥❞✱ ❡✳❣✳ mol · l−1 · s−1✳ ❚❤❡ ❡q✉❛❧✐t✐❡s ❢♦❧❧♦✇ ❢r♦♠ t❤❡ ♠❛ss ❝♦♥✲
s❡r✈❛t✐♦♥ ❧❛✇✿ ❢♦r ❡❛❝❤ ♠♦❧❡❝✉❧❡ A t❤❛t ❞✐s❛♣♣❡❛rs t❤r❡❡ C ♠♦❧❡❝✉❧❡s
❛♣♣❡❛r✱ ❤❡♥❝❡ d[C]

dt = −3
d[A]

dt ✱ ❛♥❞ s♦ ♦♥✳ ◆♦t❡ t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥ ✐s
♦♥❧② ✈❛❧✐❞ ✐♥ ❛ ❝❧♦s❡❞ s②st❡♠ ✇❤❡r❡ ♦♥❧② ❛ s✐♥❣❧❡ r❡❛❝t✐♦♥ ♦❝❝✉rs✳

❍✐st♦r✐❝❛❧❧②✱ t❤❡ ✜rst ❛♣♣r♦❛❝❤ t♦ ✐❞❡♥t✐❢② t❤❡ ❧❛✇s ❣♦✈❡r♥✐♥❣ r❡❛❝t✐♦♥
s♣❡❡❞s ✇❛s ♣✉r❡❧② ❡♠♣✐r✐❝❛❧✿ ❛ r❡❛❝t✐♦♥ ✇❛s ✐s♦❧❛t❡❞ t♦ r❡❛s♦♥❛❜❧② ❢✉❧✜❧
t❤❡ ❛❜♦✈❡ ❝♦♥❞✐t✐♦♥s✱ ❛♥❞ t❤❡♥ ❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ ♣❛rt✐❝✐♣❛t✐♥❣ s♣❡❝✐❡s
✇❡r❡ ♠❡❛s✉r❡❞ ♦✈❡r ❛ ♣❡r✐♦❞ ♦❢ t✐♠❡✳ ■t ✇❛s ❢♦✉♥❞ t❤❛t t❤❡ r❡❛❝t✐♦♥
r❛t❡ ✉s✉❛❧❧② ❞❡♣❡♥❞s ♦♥ ❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ r❡❛❝t❛♥ts✱ ❛♥❞ ❛❧s♦ ♣r♦❞✉❝ts
✐♥ ❝❛s❡ ♦❢ r❡✈❡rs✐❜❧❡ r❡❛❝t✐♦♥s ❬❈♦♥♥♦rs✱ ✶✾✾✵❪✳ ❋♦r ❛♥ ❡❧❡♠❡♥t❛r② r❡✲

❛❝t✐♦♥✱ ✐✳❡✳ ❛ r❡❛❝t✐♦♥ ✇❤✐❝❤ ♦❝❝✉rs ✐♥ ❛ s✐♥❣❧❡ st❡♣ ❛♥❞ ✇❤✐❝❤ ❤❛s
♥♦ ✐♥t❡r♠❡❞✐❛t❡ ♣r♦❞✉❝ts ❝r❡❛t❡❞ ❞✉r✐♥❣ t❤❡ r❡❛❝t✐♦♥✱ t❤❡ ❧❛✇ ♦❢ ♠❛ss

❛❝t✐♦♥ ✐s ✉s✉❛❧❧② ♦❜s❡r✈❡❞✿

v = k

n∏

i=1

[Xi]
αi

✷✶



❋♦r ✐♥st❛♥❝❡✱ ✐❢ t❤❡ r❡❛❝t✐♦♥ ✭✶✮ ✐s ❛♥ ❡❧❡♠❡♥t❛r② ♦♥❡✱ ✐ts r❛t❡ ✇♦✉❧❞
❜❡ ✶

v = k[A][B]2

▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❛♥ ❛r❜✐tr❛r② ✐rr❡✈❡rs✐❜❧❡ r❡❛❝t✐♦♥ ✐s s❛✐❞ t♦ ❢♦❧❧♦✇ t❤❡
❧❛✇ ♦❢ ♠❛ss ❛❝t✐♦♥ ✐❢ ✐ts r❛t❡ ❢♦❧❧♦✇s t❤❡ ❢♦r♠

v = k

n∏

i=1

[Xi]
yi

✇❤❡r❡ [Xi] ❛r❡ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ n r❡❛❝t❛♥ts ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ r❡❛❝t✐♦♥✱
❛♥❞ yi ✐s t❤❡ ♦r❞❡r ♦❢ r❡❛❝t✐♦♥ ✇✳r✳t✳ Xi✳ ❋♦r ❡❧❡♠❡♥t❛r② r❡❛❝t✐♦♥s
yi = αi✳ ❚❤❡ ♦✈❡r❛❧❧ ♦r❞❡r ♦❢ r❡❛❝t✐♦♥ ✐s

∑n
i=1 yi✳

❙♦♠❡t✐♠❡s ✐t ✐s ✉s❡❢✉❧ t♦ ❝♦♥s✐❞❡r ❛ ❝❤❛✐♥ ♦❢ ❡❧❡♠❡♥t❛r② r❡❛❝t✐♦♥s ❛s
❛ s✐♥❣❧❡✱ ♥♦♥✲❡❧❡♠❡♥t❛r② r❡❛❝t✐♦♥✳ ❖♥❡ ❡①❛♠♣❧❡ ♦❢ t❤✐s ✐s ❛♥ ❡♥③②♠❛t✐❝

r❡❛❝t✐♦♥✱ ✇❤✐❝❤ ✐s ❛ ❢✉♥❞❛♠❡♥t❛❧ r❡❛❝t✐♦♥ t②♣❡ ✐♥ ❜✐♦❝❤❡♠✐❝❛❧ s②st❡♠s
❬❈❤❡♥ ❡t ❛❧✳✱ ✷✵✶✵❪✳ ❚❤❡ ✈❛st ♠❛❥♦r✐t② ♦❢ r❡❛❝t✐♦♥s t❛❦✐♥❣ ♣❧❛❝❡ ✐♥ ❧✐✈✐♥❣
♦r❣❛♥✐s♠s ❛r❡ ♦❢ t❤✐s t②♣❡ ❬❊r❞✐ ❛♥❞ ❚♦t❤✱ ✶✾✾✷❪✳ ❚❤❡ ❝❛♥♦♥✐❝❛❧ ♠♦❞❡❧
❢♦r ❛♥ ❡♥③②♠❛t✐❝ r❡❛❝t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠✿

E+ S
kf−⇀↽−
kb

C

C
kcat−−−→ E+ P

■t ✐s ❛ s✉❝❝❡ss✐♦♥ ♦❢ ❛ r❡✈❡rs✐❜❧❡ ❜✐♥❞✐♥❣ st❡♣✱ ✇❤❡r❡ ❛ s✉❜str❛t❡ ♠♦❧❡❝✉❧❡
S ❜✐♥❞s t♦ ❛♥ ❡♥③②♠❡ ✭♦r ❝❛t❛❧②st✮ E✱ ❛♥❞ ❛ ❧❛r❣❡❧② ✐rr❡✈❡rs✐❜❧❡ ❝❛t❛❧②t✐❝
st❡♣ ✇❤❡r❡ t❤❡ ❡♥③②♠❡ t✉r♥s t❤❡ s✉❜str❛t❡ ✐♥t♦ t❤❡ ♣r♦❞✉❝t P✳
❚♦ ♣r♦✈✐❞❡ ❛ s✐♠♣❧❡ tr❡❛t♠❡♥t ♦❢ t❤✐s ✐♠♣♦rt❛♥t s②st❡♠✱ t❤❡ ❢♦❧❧♦✇✐♥❣

❛ss✉♠♣t✐♦♥s ❛r❡ ❛❞♦♣t❡❞✿

✶✳ ❆❧❧ t❤r❡❡ r❡❛❝t✐♦♥s ❢♦❧❧♦✇ t❤❡ ❧❛✇ ♦❢ ♠❛ss ❛❝t✐♦♥✳

✷✳ ❚❤❡ ❡♥③②♠❡ ❞♦❡s ♥♦t ♣❛rt✐❝✐♣❛t❡ s✐❣♥✐✜❝❛♥t❧② ✐♥ ♦t❤❡r r❡❛❝t✐♦♥s✱
t❤❡r❡❢♦r❡ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s [E](t) + [C](t) = E0, [S](t) +

[C](t) + [P](t) = S0 ❤♦❧❞✳

✸✳ ❚❤❡ r❛t❡ ♦❢ t❤❡ r❡✈❡rs✐❜❧❡ r❡❛❝t✐♦♥ ✐s ♠✉❝❤ ❤✐❣❤❡r t❤❛♥ t❤❡ r❛t❡
♦❢ t❤❡ ❝❛t❛❧②t✐❝ st❡♣✳

❚❤❡ ❧❛st ♣♦✐♥t ❛❧❧♦✇s t♦ s♣❧✐t t❤❡ s②st❡♠ ✐♥t♦ ❛ ❢❛st ❛♥❞ ❛ s❧♦✇ ♦♥❡✳ ❋♦r
t❤❡ ❢❛st s✉❜s②st❡♠✱ ❞❡✜♥❡❞ ❜② t❤❡ r❡✈❡rs✐❜❧❡ r❡❛❝t✐♦♥✱ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥
♦❢ S ✐s ❝♦♥s✐❞❡r❡❞ ❝♦♥st❛♥t✱ s✐♥❝❡ ✐t ❝❤❛♥❣❡s s❧♦✇❧②✳ ❋♦r t❤❡ s❧♦✇ s✉❜s②s✲
t❡♠✱ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ C ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❛t ✐ts ❡q✉✐❧✐❜r✐✉♠ ❧✐♠✐t
❛t ❛❧❧ t✐♠❡s ✭✐t ✐s s❛✐❞ t♦ ❡①❤✐❜✐t q✉❛s✐✲st❡❛❞②✲st❛t❡ ❜❡❤❛✈✐♦✉r✮✳ ❯♥❞❡r
t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ♦❢ S ✐♥ t❤❡ s❧♦✇ s✉❜s②st❡♠ ✐s

v =
Vmax[S]

[S] +KM

✶ ◆♦t t♦ ❜❡ ❝♦♥❢✉s❡❞ ✇✐t❤ t❤❡ st♦❝❤❛st✐❝ ♣r♦♣❡♥s✐t② ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ✇✐❧❧ ❤❛✈❡ ❛ ❝♦❡❢✲

✜❝✐❡♥t ♦❢ 1/2✱ s❡❡ ❙❡❝t✐♦♥ ✷✳✹

✷✷



✇❤❡r❡ KM = kcat+kb

kf
✐s t❤❡ ▼✐❝❤❛❡❧✐s ❝♦♥st❛♥t✱ ❛♥❞ Vmax = kcatE0

✐s ❝❛❧❧❡❞ t❤❡ ♠❛①✐♠✉♠ r❛t❡✳ ❚❤✐s v ❝❛♥ ❜❡ t❤♦✉❣❤t ♦❢ ❛s t❤❡ r❛t❡ ♦❢
t❤❡ ♥♦♥✲❡❧❡♠❡♥t❛r② r❡❛❝t✐♦♥ S → P✱ ✇❤✐❝❤ ✐s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡
❡♥③②♠❛t✐❝ r❡❛❝t✐♦♥ s②st❡♠✳ ❚❤✐s r❡❛❝t✐♦♥ ✐s s❛✐❞ t♦ ❢♦❧❧♦✇ ▼✐❝❤❛❡❧✐s✲
▼❡♥t❡♥ ❦✐♥❡t✐❝ ❧❛✇✳

✷✳✷✳✷ ❆♣♣r♦①✐♠❛t✐♥❣ ❛ss✉♠♣t✐♦♥s

❚✇♦ tr❡❛t♠❡♥ts ♦❢ ❝❤❡♠✐❝❛❧ ❦✐♥❡t✐❝s ❛❜♦✈❡ ❛r❡ ♠❛❞❡ ❢♦r s♣❡❝✐✜❝ s②st❡♠s
❛♥❞ ✉♥❞❡r ♠❛♥② ❛ss✉♠♣t✐♦♥s✳ ❚♦ ❛♥❛❧②s❡ ❛♥ ❛r❜✐tr❛r② s②st❡♠✱ ❛ ♠♦r❡
❣❡♥❡r❛❧ t❤❡♦r② ✐s ♥❡❡❞❡❞✳ ❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❞❡r✐✈❡ ❛♥❛❧②s✐s ♠❡t❤♦❞s
❢♦r ❝❤❡♠✐❝❛❧ s②st❡♠s ❢r♦♠ ❜❛s✐❝ ♣❤②s✐❝❛❧ ❧❛✇s✱ ✉s✐♥❣ ✇❡❧❧✲✉♥❞❡rst♦♦❞
❛ss✉♠♣t✐♦♥s t♦ s✐♠♣❧✐❢② ❝❛❧❝✉❧❛t✐♦♥s✳

❚❤❡ ♠❛✐♥ q✉❡st✐♦♥ ♦❢ ✐♥t❡r❡st ✐♥ ❜✐♦❝❤❡♠✐❝❛❧ s②st❡♠s ✐s ❤♦✇ t❤❡ ❝♦✲
♦♣❡r❛t✐♦♥ ❜❡t✇❡❡♥ r❡❛❝t✐♦♥s ❣✐✈❡s r✐s❡ t♦ ♦❜s❡r✈❡❞ ❜❡❤❛✈✐♦✉rs ✭r❛t❤❡r
t❤❛♥✱ ❢♦r ❡①❛♠♣❧❡✱ ❞❡t❛✐❧s ♦❢ ♠❡❝❤❛♥✐❝s ♦❢ ✐♥❞✐✈✐❞✉❛❧ r❡❛❝t✐♦♥s✮ ❬❱♦✐t✱
✷✵✵✵❪✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❛♣♣r♦♣r✐❛t❡ ✐♥✐t✐❛❧ ❛ss✉♠♣t✐♦♥ ❛❜♦✉t t❤❡ s②st❡♠
✐s t❤❛t ✇❡ ❝❛♥ ✐❣♥♦r❡ t❤❡ ✐♥t❡r♥❛❧ st❛t❡s ♦❢ t❤❡ ♠♦❧❡❝✉❧❡s✳ ◆❛♠❡❧② ✇❡
✐❣♥♦r❡ ♦r✐❡♥t❛t✐♦♥s✱ ❛♥❣✉❧❛r ✈❡❧♦❝✐t✐❡s ❛♥❞ ♦t❤❡r st❛t❡s ✇❤✐❝❤ ❛r❡ ♣r❛❝✲
t✐❝❛❧❧② ✉♥♦❜s❡r✈❛❜❧❡ ✐♥ t❤❡ ❜✐♦❧♦❣✐❝❛❧ ❝♦♥t❡①t✳ ■♥ ❛❞❞✐t✐♦♥✱ ♦❢t❡♥ ❡♥t✐r❡
❝❤❛✐♥s ♦❢ r❡❛❝t✐♦♥s ✇✐❧❧ ❜❡ ❛❜str❛❝t❡❞ ✐♥t♦ ❛ s✐♥❣❧❡ r❡❛❝t✐♦♥✱ ✐❣♥♦r✐♥❣ t❤❡
✐♥t❡r♠❡❞✐❛t❡ st❡♣s ❬❉✐ ❱❡♥t✉r❛ ❡t ❛❧✳✱ ✷✵✵✻❪✳ ▼✐❝❤❛❡❧✐s✲▼❡♥t❡♥ ❦✐♥❡t✐❝s
❛❜♦✈❡ ✐s ♦♥❡ ❡①❛♠♣❧❡ ♦❢ t❤✐s✳ ❆♥♦t❤❡r ♦♥❡ ✐s t❤❡ tr❛♥s❝r✐♣t✐♦♥ ♦❢ ❛ ❣❡♥❡✱
✇❤✐❝❤ ✐s ❛ ❝♦♠♣❧❡① s❡t ♦❢ ❡✈❡♥ts t❤❛t ❝r❡❛t❡s ♠❘◆❆ ❢r♦♠ ❉◆❆✳ ■t ✐s
t②♣✐❝❛❧❧② r❡♣r❡s❡♥t❡❞ ❛s ❛ s✐♥❣❧❡ r❡❛❝t✐♦♥✳

❚✇♦ ✐♠♣♦rt❛♥t ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❖♥❡ st❛t❡s
t❤❛t ✇❡ ❝❛♥ ✐❣♥♦r❡ t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ♠♦❧❡❝✉❧❡s ✐♥ s♣❛❝❡✳ ❊✛❡❝t✐✈❡❧②
t❤✐s ❛ss✉♠❡s t❤❛t ✇✐t❤✐♥ t❤❡ ❝♦♠♣❛rt♠❡♥t ♦❢ ✐♥t❡r❡st t❤❡ ❞✐✛✉s✐♦♥ ♦❢
❛❧❧ ♠♦❧❡❝✉❧❡s ✐s s♦ ❢❛st ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ s♣❡❡❞ ♦❢ t❤❡ r❡❛❝t✐♦♥s t❤❛t
✐t ❝❛♥ ❜❡ t❛❦❡♥ t♦ ❜❡ ✐♥st❛♥t❛♥❡♦✉s✳ ❚❤❡ ♠✐①t✉r❡ ♦❢ ❝❤❡♠✐❝❛❧s ✉♥❞❡r
t❤❡s❡ ❛ss✉♠♣t✐♦♥ ✐s s♣❛t✐❛❧❧② ❤♦♠♦❣❡♥❡♦✉s✱ ✇❤✐❝❤ s✐♠♣❧✐✜❡s t❤❡ ❛♥❛❧②s✐s
❬●✐❧❧❡s♣✐❡✱ ✶✾✼✻❪✳

❆♥♦t❤❡r ❛ss✉♠♣t✐♦♥ t❤❛t ❝❛♥ ❜❡ ♠❛❞❡ ✐s t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ♠♦❧❡❝✉❧❡s
♣❛rt✐❝✐♣❛t✐♥❣ ✐♥ t❤❡ r❡❛❝t✐♦♥s ✐s s♦ ❧❛r❣❡ t❤❛t t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡
❝♦♥❝❡♥tr❛t✐♦♥s✱ ✇❤✐❝❤ ❛r✐s❡ ❢r♦♠ t❤❡ ✐♥❤❡r❡♥t❧② r❛♥❞♦♠ ♥❛t✉r❡ ♦❢ t❤❡
r❡❛❝t✐♦♥s✱ ❛r❡ ♥❡❣❧✐❣✐❜❧② s♠❛❧❧✳ ❚❤✐s ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛❧t❡r♥❛t✐✈❡❧② ❛s
❛ss✉♠♣t✐♦♥ ♦❢ ✐♥✜♥✐t❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ❝♦♠♣❛rt♠❡♥t ❬❑✉rt③✱ ✶✾✼✷❪✳ ❚♦✲
❣❡t❤❡r ✇✐t❤ t❤❡ ✇❡❧❧✲♠✐①❡❞ ❛ss✉♠♣t✐♦♥ t❤✐s ❛❧❧♦✇s ❢✉rt❤❡r ✭❞r❛♠❛t✐❝✮
s✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❛♥❛❧②s✐s✳

❚❤❡s❡ ❛♣♣r♦①✐♠❛t✐♥❣ ❛ss✉♠♣t✐♦♥s ❛r❡ ♥♦t ❛❧✇❛②s r❡❛s♦♥❛❜❧❡ ❢♦r ❜✐♦✲
❝❤❡♠✐❝❛❧ s②st❡♠s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧ r❡✈✐❡✇ t❤❡ ❤✐❡r❛r❝❤② ♦❢ ❛♥❛❧✲
②s❡s ❞❡✈❡❧♦♣❡❞ ❢♦r ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤✐❝❤ ❛ss✉♠♣t✐♦♥s
❝❛♥ ❜❡ ♠❛❞❡✳

✷✸



✷✳✸ ♠✐❝r♦s❝♦♣✐❝ ❧❡✈❡❧ ♠♦❞❡❧❧✐♥❣

❋✐rst✱ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ ♥♦ ❛❞❞✐t✐♦♥❛❧ ❛♣♣r♦①✐♠❛t✐♥❣ ❛ss✉♠♣t✐♦♥s
❛r❡ ♠❛❞❡✳ ❚❤❡♥ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s②st❡♠ ✇✐❧❧ ❞❡♣❡♥❞ ♦♥ t❤❡ ♣♦s✐✲
t✐♦♥s ♦❢ ♠♦❧❡❝✉❧❡s ✐♥ s♣❛❝❡✱ t❤❡r❡❢♦r❡ t❤❡ st❛t❡ ♦❢ t❤❡ s②st❡♠ ✇✐❧❧ ✐♥❝❧✉❞❡
❝♦♦r❞✐♥❛t❡s ♦❢ ❡✈❡r② ♠♦❧❡❝✉❧❡✳
❚❤✐s ✐s t❤❡ ♠♦st ❞❡t❛✐❧❡❞ ❧❡✈❡❧ ♦❢ ♠♦❞❡❧❧✐♥❣ ✇❤✐❝❤ ✐s ✉s✉❛❧❧② ❝♦♥s✐❞✲

❡r❡❞ ❢♦r ❜✐♦❝❤❡♠✐❝❛❧ s②st❡♠s✳ ❈♦rr❡❝t♥❡ss ♦❢ ✈❛r✐♦✉s ❛❜str❛❝t✐♦♥s ✐s
♠❡❛s✉r❡❞ ✉s✐♥❣ t❤✐s ♠✐❝r♦s❝♦♣✐❝ ❧❡✈❡❧ ❛s t❤❡ st❛♥❞❛r❞✳

✷✳✸✳✶ ❙♠♦❧✉❝❤♦✇s❦✐✬s ❞✐✛✉s✐♦♥✲❧✐♠✐t❡❞ r❡❛❝t✐♦♥s t❤❡♦r②

❖♥❡ ♠❛t❤❡♠❛t✐❝❛❧ tr❡❛t♠❡♥t ♦❢ ♠✐❝r♦s❝♦♣✐❝ ♠♦❞❡❧❧✐♥❣ ✇❛s ❣✐✈❡♥ ❜②
❙♠♦❧✉❝❤♦✇s❦✐ ✐♥ ❤✐s t❤❡♦r② ♦❢ ❦✐♥❡t✐❝s ♦❢ ❝♦❛❣✉❧❛t✐♥❣ ♣❛rt✐❝❧❡s ❬❙♠♦❧✉✲
❝❤♦✇s❦✐✱ ✶✾✶✼✱ ❑❡✐③❡r✱ ✶✾✽✷✱ ❋❛♥❣❡ ❡t ❛❧✳✱ ✷✵✶✵❪✳ ■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ t❤❡
♠♦❧❡❝✉❧❡s ❛r❡ tr❡❛t❡❞ ❛s ♣♦✐♥ts t❤❛t ❞✐✛✉s❡ ✐♥ ❝♦♥t✐♥✉♦✉s s♣❛❝❡ ❛♥❞
t✐♠❡✳
■♥ ❝❛s❡ ♦❢ ✉♥✐✲♠♦❧❡❝✉❧❛r r❡❛❝t✐♦♥s✱ ✐✳❡✳ r❡❛❝t✐♦♥s ✇❤✐❝❤ ❤❛✈❡ ♦♥❧② ❛

s✐♥❣❧❡ r❡❛❝t❛♥t ❛♥❞ ✐ts st♦✐❝❤✐♦♠❡tr✐❝ ❝♦❡✣❝✐❡♥t ✐s ♦♥❡✱ t❤❡ t❤❡♦r② ✐s
s✐♠♣❧❡✳ ❙✐♥❝❡ ✇❡ ✐❣♥♦r❡ ✐♥t❡r♥❛❧ st❛t❡s ♦❢ ♠♦❧❡❝✉❧❡s✱ ❢♦r ❡❛❝❤ s♠❛❧❧
♣❡r✐♦❞ ♦❢ t✐♠❡ ❡❛❝❤ ♠♦❧❡❝✉❧❡ ✇✐❧❧ ❤❛✈❡ ❛♥ ❡q✉❛❧ ♣r♦❜❛❜✐❧✐t② t♦ ✉♥❞❡r❣♦
t❤❡ r❡❛❝t✐♦♥✳ ❚❤❡r❡❢♦r❡ t❤❡ r❡❛❝t❛♥t ✉♥❞❡r❣♦❡s ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛②✱
❛♥❞ t❤❡ r❛t❡ ♦❢ t❤✐s r❡❛❝t✐♦♥ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s

v = λ[A]

✇❤❡r❡ [A] ✐s t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ r❡❛❝t❛♥t ❛♥❞ λ ✐s t❤❡ ❞❡❝❛② ❝♦♥st❛♥t✳
◆♦t❡ t❤❛t t❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♠❛ss ❛❝t✐♦♥ ❧❛✇ ❢♦r t❤✐s r❡❛❝t✐♦♥ ✇✐t❤
k = λ✳
❘❡❛❝t✐♦♥s ✇❤✐❝❤ ✐♥✈♦❧✈❡ ♠♦r❡ t❤❛♥ t✇♦ r❡❛❝t❛♥t ♠♦❧❡❝✉❧❡s s✐♠✉❧t❛✲

♥❡♦✉s❧②✱ ✐✳❡✳ ❢♦r ✇❤✐❝❤
∑n

i=1 αi > 2✱ ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ♥♦♥✲❡❧❡♠❡♥t❛r②✱
s✐♥❝❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♠♦r❡ t❤❛♥ t✇♦ ♠♦❧❡❝✉❧❡s ❝♦❧❧✐❞✐♥❣ s✐♠✉❧t❛♥❡✲
♦✉s❧② ✐s ③❡r♦✳ ■♥ ♦r❞❡r t♦ tr❡❛t t❤❡♠✱ ♦♥❡ ❤❛s t♦ ❞❡❝♦♠♣♦s❡ t❤❡♠ t♦
❡❧❡♠❡♥t❛r② r❡❛❝t✐♦♥s ✜rst✳
❚❤❡ ♠♦st ✐♥t❡r❡st✐♥❣ ❝❛s❡ t❤❡♥ ✐s t❤❡ ❜✐♠♦❧❡❝✉❧❛r r❡❛❝t✐♦♥✱ ✇❤❡♥

t✇♦ ♠♦❧❡❝✉❧❡s r❡❛❝t ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳ ■♥ ❙♠♦❧✉❝❤♦✇s❦✐✬s ♠♦❞❡❧✱ ❛ r❡❛❝✲
t✐♦♥ ❤❛♣♣❡♥s ✐♥st❛♥t❛♥❡♦✉s❧② ✇❤❡♥ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ r❡❛❝t❛♥t
♠♦❧❡❝✉❧❡s r❡❛❝❤❡s ❛ ❝❡rt❛✐♥ r❡❛❝t✐♦♥ r❛❞✐✉s R✱ ✇❤✐❝❤ ✐s t❤❡ ♦♥❧② ♣❛r❛♠✲
❡t❡r ♦❢ t❤❡ r❡❛❝t✐♦♥✳ ❚❤❡ r❡❛s♦♥✐♥❣ ❜❡❤✐♥❞ t❤✐s ✐s t❤❛t ❜✐♠♦❧❡❝✉❧❛r
r❡❛❝t✐♦♥ r❛t❡s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❞✐✛✉s✐♦♥✲❧✐♠✐t❡❞✿ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛
r❡❛❝t✐♦♥ ♦❝❝✉rr✐♥❣ ✇❤❡♥ t❤❡ r❡❛❝t❛♥ts ♠❡❡t ✐♥ s♣❛❝❡ ✐s s♦ ❤✐❣❤ t❤❛t t❤❡
r❛t❡ ✐s ❞❡t❡r♠✐♥❡❞ ♦♥❧② ❜② ❞✐✛✉s✐♦♥ s♣❡❡❞✳ ■♥ ❛ s❡♥s❡ t❤✐s ✐s t❤❡ ✐♥✈❡rs❡
♦❢ t❤❡ ✇❡❧❧✲♠✐①❡❞ ❛ss✉♠♣t✐♦♥ ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r✳
❚❤✐s ❢r❛♠❡✇♦r❦ ❧❡❛❞s t♦ ❛ ❦✐♥❡t✐❝ t❤❡♦r② ♦❢ s✉❝❤ r❡❛❝t✐♦♥s✱ ✐✳❡✳ ❛

❞❡s❝r✐♣t✐♦♥ ♦❢ t❤✐s ♣r♦❝❡ss ❢r♦♠ ♠❛❝r♦s❝♦♣✐❝ ♣❡rs♣❡❝t✐✈❡✳ ❆s s✉❝❤✱ ✐t
tr❡❛ts t❤❡ s②st❡♠ ❛s ❛ ✇❤♦❧❡✱ ❛♥❞ ❞♦❡s ♥♦t ❛❞❞r❡ss ❢♦r ❡①❛♠♣❧❡✱ ♣❤❡✲

✷✹



♥♦♠❡♥❛ ❛r✐s✐♥❣ ❢r♦♠ ✐♥❤♦♠♦❣❡♥❡♦✉s ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥s ♦❢ ❝❤❡♠✐❝❛❧s✳
▲❛t❡r ✇❡ ✇✐❧❧ r❡✈✐❡✇ ♠♦r❡ ❞❡t❛✐❧❡❞ tr❡❛t♠❡♥ts✳
❈♦♥s✐❞❡r ❛ r❡❛❝t✐♦♥ A+B → A✱ ✇✐t❤ r❡❛❝t✐♦♥ r❛❞✐✉s R✳ ❋✐rst✱ ❛ss✉♠❡

t❤❛t t❤❡r❡ ✐s ♦♥❡ A ♠♦❧❡❝✉❧❡ ❛♥❞ ❛ ❧❛r❣❡ ❛♠♦✉♥t ♦❢ B✳ ■❢ ✇❡ ❧♦♦❦ ❛t
❞✐str✐❜✉t✐♦♥ ♦❢ B r❡❧❛t✐✈❡ t♦ t❤❡ A ♠♦❧❡❝✉❧❡✱ ✇❡ ✇✐❧❧ ✜♥❞ ❛ ❣r❛❞✐❡♥t✱ ❜❡✲
❝❛✉s❡ B ✐s ❞❡♣❧❡t❡❞ ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ A✳ ❚❤✐s ❣r❛❞✐❡♥t ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞
❛s ❢♦❧❧♦✇s ❬❘✐❝❡✱ ✶✾✽✺❪✳ ▲❡t t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ❞❡♥s✐t② ❞✐str✐❜✉t✐♦♥ ♦❢
B ❛r♦✉♥❞ A ❜❡

ρ(r, t) = [B](r, t)/[B0] ✭✷✮

✇❤❡r❡ [B0] ✐s t❤❡ ✐♥✐t✐❛❧ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ B✱ [B](r, t) ✐s t❤❡ tr❛♥s✐❡♥t
❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ B r❡❧❛t✐✈❡ t♦ A ✭❤❡r❡ ♦♥❧② t❤❡ s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝
❝❛s❡ ✐s ❝♦♥s✐❞❡r❡❞✮✱ r ✐s t❤❡ ❞✐st❛♥❝❡ t♦ A✳ ❚❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ✐s

ρ(r, 0) =






1, r > R

0, r 6 R
✭✸✮

✇❤✐❝❤ ♠❡❛♥s t❤❛t ❛t t✐♠❡ t = 0 t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ B ✐s ❡q✉❛❧ t♦ [B0]

❡✈❡r②✇❤❡r❡ ❡①❝❡♣t ✐♥ t❤❡ s♣❤❡r❡ ♦❢ r❛❞✐✉s R ❛r♦✉♥❞ t❤❡ A ♠♦❧❡❝✉❧❡✳
❉✐✛✉s✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ R

3✱ t❤❡r❡❢♦r❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡

ρ(r −→ ∞, t) = 1, t > 0

ρ(R, t) = 0, t > 0
✭✹✮

❚❤❡ ✜rst ❝♦♥❞✐t✐♦♥ st❛t❡s t❤❛t t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ B t❡♥❞s t♦ ✐ts ✐♥✐t✐❛❧
✈❛❧✉❡ ❢❛r ❢r♦♠ A✳ ❚❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ st❛t❡s t❤❛t ♦♥ t❤❡ s♣❤❡r✐❝❛❧
❜♦✉♥❞❛r② ♦❢ r❛❞✐✉s R ❛r♦✉♥❞ t❤❡ A ♠♦❧❡❝✉❧❡ B ✐s ❛❧✇❛②s ❞❡♣❧❡t❡❞✳
❙✐♥❝❡ A ❛❝ts ❛s ❛ s✐♥❦✱ t❤❡r❡ ✇✐❧❧ ❜❡ ❞✐✛✉s✐♦♥ ♦❢ B t♦✇❛r❞s A✱ ✇❤✐❝❤

✇✐❧❧ ❢♦r♠ ❛ ❣r❛❞✐❡♥t ♦❢ B✳ ❚♦ ❝♦♠♣✉t❡ t❤❡ s♣❡❡❞ ♦❢ t❤✐s ❞✐✛✉s✐♦♥✱ ❋✐❝❦✬s
✜rst ❧❛✇ ✐s ✉s❡❞✳ ❚❤✐s ❧❛✇ ✇❛s ✜rst ❡♠♣✐r✐❝❛❧❧② ❞✐s❝♦✈❡r❡❞ ❜② ❆❞♦❧❢
❋✐❝❦ ✐♥ ✶✽✺✺✱ ❛♥❞ ❧❛t❡r ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ t❤❡♦r②✱ s❡❡
❢♦r ❡①❛♠♣❧❡ ❬❇❡r❣✱ ✶✾✾✸❪✳ ■t r❡❧❛t❡s t❤❡ ❞✐✛✉s✐✈❡ ✢✉①✱ ✐✳❡✳ ♠❡❛s✉r❡
♦❢ ❛♠♦✉♥t ♦❢ s✉❜st❛♥❝❡ ✇❤✐❝❤ ❝r♦ss❡s ❛ ✉♥✐t ❛r❡❛ ♣❡r ✉♥✐t t✐♠❡✱ t♦
t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♥❣ s♣❡❝✐❡s✳ ■♥ t❤❡ ❜❛s✐❝ ❢♦r♠✉❧❛t✐♦♥✱ ✐t
st❛t❡s✿

J = DB∇[B]

✇❤❡r❡ J ✐s ✢✉① ♦❢ B✱ ✐✳❡✳ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ♣❡r ✉♥✐t t✐♠❡ ❝r♦ss✐♥❣
✉♥✐t ❛r❡❛✱ ❛♥❞ DB ✐s ❝❛❧❧❡❞ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ B ✭❛❧s♦ ❞✐✛✉s✐✈✐t②✱
♦r ❋✐❝❦✬s ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t✮✳ ∇ ✐s t❤❡ ❣r❛❞✐❡♥t ♦♣❡r❛t♦r ✐♥ s♣❛❝❡
❝♦♦r❞✐♥❛t❡s✳
■♥ ♦✉r ❝❛s❡✱ t❤✐s s✐♠♣❧✐✜❡s t♦✿

J = D
∂[B]

∂r
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✇❤❡r❡ D ✐s t❤❡ ♠✉t✉❛❧ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t✱ D = DA +DB✱ t❤❡ s✉♠ ♦❢
❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts ♦❢ A ❛♥❞ B✳ ❚❤❡ t♦t❛❧ ♥✉♠❜❡r I ♦❢ B ♠♦❧❡❝✉❧❡s
❝r♦ss✐♥❣ ❛ s♣❤❡r❡ ♦❢ r❛❞✐✉s x ✇✐t❤ ❝❡♥tr❡ ❛t 0 ♣❡r ✉♥✐t t✐♠❡ ✐s t❤❡♥

I(x) = 4πx2J(x) = 4πx2D
∂[B]

∂r

∣

∣

∣

∣

r=x

❈♦♥s✐❞❡r t❤❡ q✉❛♥t✐t② I(x) − I(x + dx)✱ ✇❤✐❝❤ ✐s t❤❡ s♣❡❡❞ ♦❢ ✢♦✇
✭❝✉rr❡♥t✮ ♦❢ B t♦✇❛r❞s A ❝r♦ss✐♥❣ t❤❡ s♣❤❡r❡ ♦❢ r❛❞✐✉s x✱ ♠✐♥✉s t❤❡
❝✉rr❡♥t ❝r♦ss✐♥❣ t❤❡ s♣❤❡r❡ ♦❢ r❛❞✐✉s x + dx✳ ❚❤✐s ✐s t❤❡ ♥❡t ❧♦ss ♦❢
B ✇✐t❤✐♥ ❛ s♣❤❡r✐❝❛❧ s❤❡❧❧ ♦❢ t❤✐❝❦♥❡ss dx ♣❡r ✉♥✐t t✐♠❡✳ ❚❤❡ ✈♦❧✉♠❡
♦❢ t❤✐s s❤❡❧❧ ✐s 4πx2dx✳ ❉✐✈✐❞✐♥❣ t❤❡ ♥❡t ❧♦ss ♦❢ B ✐♥ t❤❡ s❤❡❧❧ ❜② t❤✐s
✈♦❧✉♠❡ ❣✐✈❡s t❤❡ r❛t❡ ♦❢ ❧♦ss ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ B✱

∂[B]

∂t
= D

(

∂2[B]

∂r2
+

2

r

∂[B]

∂r

)

♦r✱ ✉s✐♥❣ ✭✷✮

∂ρ

∂t
= D

(

∂2ρ

∂r2
+

2

r

∂ρ

∂r

)

●❡♥❡r❛❧✐③✐♥❣ t❤❡ s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝ ❝❛s❡ t♦ ❛r❜✐tr❛r② t❤r❡❡ ❞✐♠❡♥✲
s✐♦♥❛❧ s♣❛❝❡✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r

∆ = ∇2 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

s❤♦✉❧❞ ❜❡ ✉s❡❞ t♦ ❡①♣r❡ss t❤❡ ❞✐✛✉s✐♦♥✿

∂ρ

∂t
= D∆ρ

❚❤✐s ✐s t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❤❡❛t ❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s♦❧✈❡❞ ❛♥❛❧②t✐❝❛❧❧②
✉s✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✭✸✮ ❛♥❞ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✹✮✿

ρ(r, t) = 1−
R

r
erfc

(

R− r

(4Dt)1/2

)

✇❤❡r❡ erfc(x) = 2√
π

∫∞
x e−t2dt ✐s t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥ ❝♦♠♣❧❡♠❡♥t✳ ❚❤❡

st❡❛❞② st❛t❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ρ ✐s t❤❡♥

ρ(r,∞) = 1−
R

r

◆♦✇ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ I(R)✱ ✇❤✐❝❤ ✐s ❛❝t✉❛❧❧② t❤❡ r❛t❡ ♦❢ r❡❛❝t✐♦♥ ♦❢ B
✇✐t❤ t❤❡ A r❡❛❝t❛♥t✿

I(R) = 4πRD(1+ R(4πDt)−1/2)[B0]

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ ♠❛♥② A ♠♦❧❡❝✉❧❡s s✉✣❝✐❡♥t❧② ❢❛r ❢r♦♠ ❡❛❝❤
♦t❤❡r s✉❝❤ t❤❛t t❤❡ r❡❛❝t✐♦♥s ♦❢ B ✇✐t❤ t❤❡♠ ❞♦ ♥♦t ❛✛❡❝t ❡❛❝❤ ♦t❤❡r✳

✷✻



❚❤❡♥ t❤❡ r❛t❡ ♦❢ r❡❛❝t✐♦♥ ♣❡r ✉♥✐t ✈♦❧✉♠❡ ♦❢ ❛❧❧ B r❡❛❝t❛♥ts ✇✐t❤ ❛❧❧ A
r❡❛❝t❛♥ts ✇✐❧❧ ❜❡ I · [A]✿

−
d[A]

dt
=

d[B]

dt
= 4πRD(1+ R(4πDt)−1/2)[B0][A]

■t ❢♦❧❧♦✇s t❤❛t t❤❡ r❡❛❝t✐♦♥ r❛t❡ ❝♦❡✣❝✐❡♥t ❛s ✐t ✐s ✉s✉❛❧❧② ❞❡✜♥❡❞ ✉s✐♥❣
❧❛✇ ♦❢ ♠❛ss ❛❝t✐♦♥ ✐s

k(t) = 4πRD(1+ R(4πDt)−1/2)

◆♦t❡ t❤❛t t❤❡ r❛t❡ ❝♦❡✣❝✐❡♥t ❞❡♣❡♥❞s ♦♥ t✐♠❡✳ ■♥ t❤❡ ❧♦♥❣ t✐♠❡ ❧✐♠✐t✱
t❤❡ st❡❛❞② st❛t❡ r❛t❡ ❝♦♥st❛♥t ✐s

k(∞) = 4πRD

❚❤✐s r❡s✉❧t ✐s t②♣✐❝❛❧❧② ❡①tr❛♣♦❧❛t❡❞✱ ✇✐t❤♦✉t ❥✉st✐✜❝❛t✐♦♥✱ t♦ ❛♥② ❜✐✲
♠♦❧❡❝✉❧❛r r❡❛❝t✐♦♥s ✇✐t❤ ❛♥② ♥✉♠❜❡r ♦❢ ♠♦❧❡❝✉❧❡s ❬❲❛✐t❡✱ ✶✾✺✼❪✳ ❆❧✲
t❤♦✉❣❤ t❤✐s ❞❡r✐✈❛t✐♦♥ ✐s ✐♥t✉✐t✐✈❡ ❛♥❞ r❡sts ✉♣♦♥ ♠❛♥② ❛ss✉♠♣t✐♦♥s✱ ✐t
✐s ♣♦ss✐❜❧❡ t♦ ❞❡r✐✈❡ t❤❡ s❛♠❡ ❢♦r♠✉❧❛❡ ♠♦r❡ r✐❣♦r♦✉s❧② ✉s✐♥❣ ♣❛✐r ❞✐str✐✲
❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ❬❑♦t♦♠✐♥ ❛♥❞ ❑✉③♦✈❦♦✈✱ ✶✾✾✻✱ ❉♦✐✱ ✶✾✼✻✱ ❲❛✐t❡✱ ✶✾✺✼❪✳
❚❤❡ r❡s✉❧t ✐s ❝♦♥✈❡♥✐❡♥t✱ ❜❡❝❛✉s❡ ✐t ❛❧❧♦✇s ✉s✐♥❣ t❤❡ ❧❛✇ ♦❢ ♠❛ss ❛❝t✐♦♥
❢♦r ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧s ✇✐t❤ r❛t❡s ❞❡r✐✈❡❞ ❢r♦♠ ♠✐❝r♦s❝♦♣✐❝ ♣❛r❛♠❡✲
t❡rs ✭❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts ❛♥❞ t❤❡ r❡❛❝t✐♦♥ r❛❞✐✉s✮❀ ✐✳❡✳ t❤❡ ♠❛❝r♦s❝♦♣✐❝
♠♦❞❡❧ ✐s ❞❡r✐✈❡❞ ❢r♦♠ ♠✐❝r♦s❝♦♣✐❝ ♦♥❡✳ ◆♦t❡ t❤❛t t❤✐s ❞❡r✐✈❛t✐♦♥ ❞♦❡s
♥♦t ✉s❡ t❤❡ ✇❡❧❧✲♠✐①❡❞ ❛ss✉♠♣t✐♦♥✱ t❤❡r❡❢♦r❡ t❤❡ r❡❛❝t✐♦♥ r❛t❡ ❞❡♣❡♥❞s
♦♥ ❞✐✛✉s✐♦♥ s♣❡❡❞✳
❆ r❡✈❡rs✐❜❧❡ r❡❛❝t✐♦♥ ✐♥ t❤✐s ♠♦❞❡❧ ❝❛♥♥♦t ❜❡ ❞❡s❝r✐❜❡❞ ❛s t✇♦ ✐♥❞❡✲

♣❡♥❞❡♥t r❡❛❝t✐♦♥s✳ ■♥ r❡❛❝t✐♦♥ A+B −⇀↽− C✱ ❛ ♣❛✐r ♦❢ A ❛♥❞ B ✇❤✐❝❤ ❤❛s
❜❡❡♥ ❥✉st ♣r♦❞✉❝❡❞ ❤❛s ❛ ♠✉❝❤ ❣r❡❛t❡r ❝❤❛♥❝❡ ♦❢ ❝♦❧❧❛♣s✐♥❣ ❜❛❝❦ t♦ C

t❤❛♥ ❛ r❛♥❞♦♠ ♣❛✐r ♦❢ A ❛♥❞ B ❬❇❡r❧✐♥ ❡t ❛❧✳✱ ✶✾✽✵✱ ❆❣♠♦♥✱ ✶✾✽✹❪✳ ❚❤✐s
♠❡❛♥s t❤❛t ♦♥❧② ❛ ♣♦rt✐♦♥ ♦❢ C → A+ B r❡❛❝t✐♦♥s ✇✐❧❧ ❜❡ ❡✛❡❝t✐✈❡✳ ■t
❝❛♥ ❜❡ s❤♦✇♥ ❬❆♥❞r❡✇s ❛♥❞ ❇r❛②✱ ✷✵✵✹❪ t❤❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❢♦r✇❛r❞
r❡❛❝t✐♦♥ r❛t❡ ❝♦♥st❛♥t ✇✐❧❧ ❜❡✿

k(∞) =
4πRbD

1− Rb/Ru
✭✺✮

✇❤❡r❡ Rb ❛♥❞ Ru ❛r❡ ❢♦r✇❛r❞ ✭❜✐♥❞✐♥❣✮ ❛♥❞ ❜❛❝❦✇❛r❞ ✭✉♥❜✐♥❞✐♥❣✮ r❡✲
❛❝t✐♦♥ r❛❞✐✐✳

✷✳✸✳✷ ❉♦✐ ♠♦❞❡❧

❆ str❛✐❣❤t❢♦r✇❛r❞ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❙♠♦❧✉❝❤♦✇s❦✐✬s t❤❡♦r② ✐s t♦ ❝♦♥s✐❞❡r
r❡❛❝t✐♦♥s ✇❤✐❝❤ ❛r❡ ♥♦t ❝♦♠♣❧❡t❡❧② ❞✐✛✉s✐♦♥✲❧✐♠✐t❡❞✿ r❡❛❝t✐♦♥ r❛t❡s ✇✐❧❧
❞❡♣❡♥❞ ♥♦t ♦♥❧② ♦♥ ❞✐✛✉s✐♦♥ s♣❡❡❞s✱ ❜✉t ❛❧s♦ ♦♥ ✐♥tr✐♥s✐❝ ♣r♦❜❛❜✐❧✐t✐❡s
♦❢ r❡❛❝t✐✈❡ ✐♥t❡r❛❝t✐♦♥s✳ ❋♦❧❧♦✇✐♥❣ ❬■s❛❛❝s♦♥✱ ✷✵✶✷❪✱ ✇❡ ✇✐❧❧ r❡❢❡r t♦ t❤✐s
♠♦❞❡❧ ❛s ❉♦✐ ♠♦❞❡❧✳ ■t ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❚❡r❛♠♦t♦ ❛♥❞ ❙❤✐❣❡s❛❞❛✱
✶✾✻✼❪ ❛♥❞ ❬❉♦✐✱ ✶✾✼✻❪✳

✷✼



■♥ t❤✐s ♠♦❞❡❧✱ ❛ ❜✐♠♦❧❡❝✉❧❛r r❡❛❝t✐♦♥ ♦❝❝✉rs ✇✐t❤ ✜①❡❞ ♣r♦❜❛❜✐❧✐t②
k0 ♣❡r ✉♥✐t t✐♠❡ ✇❤❡♥ t✇♦ r❡❛❝t❛♥ts ❛r❡ s❡♣❛r❛t❡❞ ❜② ❛ ❞✐st❛♥❝❡ ❧❡ss
t❤❛♥ R✳ k0 ✐s ❝❛❧❧❡❞ ✐♥tr✐♥s✐❝ r❡❛❝t✐♦♥ r❛t❡✳ ❚❤❡ ❦✐♥❡t✐❝ t❤❡♦r② ❝❛♥ ❜❡
❞❡r✐✈❡❞ ✐♥ ❛ ✇❛② s✐♠✐❧❛r t♦ t❤❡ ❞✐✛✉s✐♦♥✲❧✐♠✐t❡❞ ❝❛s❡✱ ♦♥❧② r❡♣❧❛❝✐♥❣
s✐♥❦ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥ ✭✹✮ ✇✐t❤ ✢✉① ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

4πR2D
∂ρ(r, t)

∂t

∣

∣

∣

∣

r=R

= k0ρ(R, t)

■t s♣❡❝✐✜❡s t❤❛t ❛❜s♦r♣t✐♦♥ ♦❢ B ♠♦❧❡❝✉❧❡s ❛t t❤❡ ❞✐st❛♥❝❡ R ❢r♦♠ ❛♥ A

❞♦❡s ♥♦t ❤❛♣♣❡♥ ✐♥st❛♥t❛♥❡♦✉s❧②✱ ❜✉t ✇✐t❤ ❛ ✜♥✐t❡ s♣❡❡❞ ❞❡t❡r♠✐♥❡❞ ❜②
k0✳ ❋r♦♠ t❤✐s ♥❡✇ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❛ ♥❡✇ ❡①♣r❡ss✐♦♥ ❢♦r r❡❛❝t✐♦♥
r❛t❡ ❝♦♥st❛♥t ♦❢ ❛♥ ✐rr❡✈❡rs✐❜❧❡ r❡❛❝t✐♦♥ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❬❘✐❝❡✱ ✶✾✽✺❪✿

k(∞) =
4πRDk0

4πRD+ k0
✭✻✮

✷✳✸✳✸ ❙♠♦❧✉❝❤♦✇s❦✐ ❡q✉❛t✐♦♥

❚❤❡ ❦✐♥❡t✐❝ t❤❡♦r✐❡s r❡✈✐❡✇❡❞ ❛❜♦✈❡ ♠❛② ❜❡ ✉s❡❢✉❧ t♦ ❛♥❛❧②s❡ s♣❛t✐❛❧❧②
❤♦♠♦❣❡♥❡♦✉s s②st❡♠s ❛t t❤❡r♠♦❞②♥❛♠✐❝ ❧✐♠✐t✱ ❜✉t ✐♥ ❝❛s❡ ♦❢ ❜✐♦❧♦❣✐❝❛❧
s②st❡♠s ✐t ✐s ♦❢t❡♥ ❞❡s✐r❛❜❧❡ t♦ ♠♦❞❡❧ st♦❝❤❛st✐❝ ❡✛❡❝ts ❛♥❞ ✐♥❤♦♠♦❣❡✲
♥❡♦✉s s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥s ♦❢ ♠♦❧❡❝✉❧❡s✳

❚❤❡ ❣❡♥❡r❛❧ ❡q✉❛t✐♦♥ ❢♦r t❡♠♣♦r❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ ❉♦✐ ♠♦❞❡❧ ♦❢ r❡❛❝✲
t✐♦♥ A+ B → C ✐♥ d✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s
❬■s❛❛❝s♦♥✱ ✷✵✶✷❪✳ ▲❡t qa

l ∈ R
d ❞❡♥♦t❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ lt❤ ♠♦❧❡❝✉❧❡ ♦❢

A ✇❤❡♥ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ A ✐s a✳ ❚❤❡ st❛t❡ ✈❡❝t♦r ♦❢ A ✐s t❤❡♥
qa = (qa

1 , . . . , qa
a) ∈ R

da✳ ▲❡t f(a,b,c)(qa, qb, qc, t) ❜❡ t❤❡ ♣r♦❜❛❜✐❧✐t②
❞❡♥s✐t② ♦❢ a ♠♦❧❡❝✉❧❡s ♦❢ A✱ b ♠♦❧❡❝✉❧❡s ♦❢ B ❛♥❞ c ♠♦❧❡❝✉❧❡s ♦❢ C t♦
❜❡ ❧♦❝❛t❡❞ ✐♥ ♣♦s✐t✐♦♥s qa✱ qb ❛♥❞ qc ❛t t✐♠❡ t✳ ▲❡t DA✱ DB ❛♥❞ DC

❜❡ t❤❡ ❞✐✛✉s✐♦♥ ❝♦♥st❛♥ts ♦❢ A✱ B ❛♥❞ C✳ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ f(a,b,c) ✐s
❣✐✈❡♥ ❜②

∂f(a,b,c)

∂t
(qa, q

b, q
c, t) = (L+ R)f(a,b,c)(qa, q

b, q
c, t) ✭✼✮

❚❤✐s ✐s ❝❛❧❧❡❞ ❙♠♦❧✉❝❤♦✇s❦✐ ❡q✉❛t✐♦♥ ✭✇✐t❤♦✉t t❤❡ ❝♦♥✈❡❝t✐♦♥ t❡r♠✮✱ ❛
✈❛r✐❛♥t ♦❢ ❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥ ❬❑❛❞❛♥♦✛✱ ✷✵✵✵❪✳ L ✐s t❤❡ ❞✐✛✉s✐♦♥
♦♣❡r❛t♦r ✇❤✐❝❤ s♣❡❝✐✜❡s ❤♦✇ ♣♦s✐t✐♦♥s ♦❢ ♠♦❧❡❝✉❧❡s ❡✈♦❧✈❡ ❜② ❞✐✛✉s✐♦♥✱
R ✐s t❤❡ r❡❛❝t✐♦♥ ♦♣❡r❛t♦r ✇❤✐❝❤ s♣❡❝✐✜❡s ❤♦✇ t❤❡ s②st❡♠ ✐s ❝❤❛♥❣❡❞ ❜②
r❡❛❝t✐♦♥s✳

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ L s✐♠♣❧② st❛t❡s ❋✐❝❦✬s s❡❝♦♥❞ ❧❛✇ ♦❢ ❞✐✛✉s✐♦♥ ❢♦r ❡✈✲
❡r② ♠♦❧❡❝✉❧❡✳ ❚❤✐s ❧❛✇ ♣r❡❞✐❝ts ❤♦✇ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❛ ❞✐✛✉s✐♥❣ s♣❡❝✐❡s
❝❤❛♥❣❡s ♦✈❡r t✐♠❡ ❛♥❞ s♣❛❝❡✿

∂[A]

∂t
= DA∆[A] ✭✽✮

■t ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ ❋✐❝❦✬s ✜rst ❧❛✇ ❛♥❞ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ✐♥ t❤❡
❛❜s❡♥❝❡ ♦❢ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s✳ ❚❤✐s ✐s ❛❧s♦ ❡q✉❛❧ t♦ t❤❡ ❤❡❛t ❡q✉❛t✐♦♥✳

✷✽



■♥ ❝❛s❡ ♦❢ t❤❡ ❙♠♦❧✉❝❤♦✇s❦✐ ❡q✉❛t✐♦♥✱ ✐t ✐s ❛♣♣❧✐❡❞ ♥♦t t♦ ❝♦♥❝❡♥tr❛t✐♦♥s✱
❜✉t t♦ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t✐❡s ♦❢ ✐♥❞✐✈✐❞✉❛❧ ♠♦❧❡❝✉❧❡s✿

Lf(a,b,c) =

(

DA

a∑

l=1

∆a
l +DB

b∑

m=1

∆b
m +DC

c∑

n=1

∆c
n

)

f(a,b,c)

✇❤❡r❡ ∆a
l ✐s t❤❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r ✐♥ ❝♦♦r❞✐♥❛t❡ qa

l ✳
❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ R ✐s ♠♦r❡ ✐♥✈♦❧✈❡❞✳ ▲❡t

q
a\q

a
l = (qa

1 , . . . , q
a
l−1, q

a
l+1, . . . , q

a
a)

q
a ∪ q = (qa

1 , . . . , q
a
a, q)

❉❡♥♦t❡ ✶[0,R](r) t❤❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0,R]✱ ❛♥❞ Bc
l =

{q ∈ R
d
∣

∣ |q − qc
l | 6 R/2} t❤❡ s❡t ♦❢ ♣♦✐♥ts ❛ r❡❛❝t❛♥t ❝♦✉❧❞ ❜❡ ❛t t♦

♣r♦❞✉❝❡ ❛ C ♠♦❧❡❝✉❧❡ ❛t ♣♦✐♥t qc
l ✳ C ✐s ❝r❡❛t❡❞ ✐♥ t❤❡ ♠✐❞❞❧❡ ♣♦✐♥t

❜❡t✇❡❡♥ A ❛♥❞ B✳ ❚❤❡♥ t❤❡ r❡❛❝t✐♦♥ ♦♣❡r❛t♦r R ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s

(Rf(a,b,c))(qa, q
b, q

c, t) =

k0

( c∑

n=1

∫

Bc
n

f(a+1,b+1,c−1)(qa ∪ q, q
b ∪ (2q

c
n − q), q

c\q
c
n, t)dq−

a∑

l=1

b∑

m=1

✶[0,R](|q
a
l − q

b
m|)f(a,b,c)(qa, q

b, q
c, t)

)

❚❤❡ s✉♠ ✇✐t❤ ❛♥ ✐♥t❡❣r❛❧ ♦♥ t❤❡ s❡❝♦♥❞ ❧✐♥❡ ❣✐✈❡s t❤❡ t♦t❛❧ ❝♦♥tr✐❜✉✲
t✐♦♥ ♦❢ ❛❧❧ st❛t❡s ✇❤✐❝❤ ❝♦✉❧❞✱ ❛s ❛ r❡s✉❧t ♦❢ A+B → C r❡❛❝t✐♦♥✱ ❜r✐♥❣
t❤❡ s②st❡♠ ✐♥t♦ t❤❡ st❛t❡ (qa, qb, qc)✳ ❚❤✐s ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❝❤❛♥❣❡
♦❢ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ✐s ♥♦♥✲♥❡❣❛t✐✈❡✳ ❚❤❡ t❤✐r❞ ❧✐♥❡ ❣✐✈❡s t❤❡ ♥❡❣❛t✐✈❡
❝♦♥tr✐❜✉t✐♦♥ ♦❢ ♣♦ss✐❜✐❧✐t② t♦ ❧❡❛✈❡ t❤❡ st❛t❡ (qa, qb, qc) ❛s ❛ r❡s✉❧t ♦❢
❛ r❡❛❝t✐♦♥✳
✭✼✮ ✐s ❛ s②st❡♠ ♦❢ ♣❛rt✐❛❧ ✐♥t❡❣r❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭P■❉❊s✮✳ ■t

s♣❛♥s ❛❧❧ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ (a,b, c)✱ ❛♥❞✱ ❛❧t❤♦✉❣❤ ❢♦r t❤✐s r❡❛❝t✐♦♥ ✐t
✐s ✜♥✐t❡ ✭♣r♦✈✐❞❡❞ t❤❛t t❤❡ ✐♥✐t✐❛❧ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ s♣❛♥s ❛ ✜♥✐t❡
s❡t ♦❢ (a,b, c)✮✱ ✐t ♠❛② ❜❡ ✐♥✜♥✐t❡ ✐♥ ❣❡♥❡r❛❧✳

✷✳✸✳✹ ❙t♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s

❙♠♦❧✉❝❤♦✇s❦✐ ❡q✉❛t✐♦♥✱ ❧✐❦❡ ✭✼✮✱ ❤❛s ❝♦♥t✐♥✉♦✉s s♣❛❝❡ ❛♥❞ t✐♠❡ ✈❛r✐✲
❛❜❧❡s✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐s ✈❡r② ❞✐✣❝✉❧t t♦ s♦❧✈❡ ❡✈❡♥ ♥✉♠❡r✐❝❛❧❧②✳ ❲❤❡♥
t❤❡ ♥✉♠❜❡r ♦❢ ♠♦❧❡❝✉❧❛r ❝♦♥✜❣✉r❛t✐♦♥s ✐s ✐♥✜♥✐t❡ t❤❡ s♦❧✉t✐♦♥ ✐s ✉s✉✲
❛❧❧② ✐♠♣♦ss✐❜❧❡ ❡①❝❡♣t ✐♥ ✈❡r② s✐♠♣❧❡ ❝❛s❡s✱ ✇❤✐❝❤ ♠❛② ❜❡ ❛♥❛❧②t✐❝❛❧❧②
s♦❧✈❛❜❧❡✳ ❚❤❡ ♠❡t❤♦❞ ♦❢ ❝❤♦✐❝❡ ❢♦r ❛♥❛❧②s✐s ♦❢ t❤✐s ♠♦❞❡❧ ✐s st♦❝❤❛st✐❝

s✐♠✉❧❛t✐♦♥✳
❚❤✐s s✐♠✉❧❛t✐♦♥ ❝❛♥ ❜❡ t❤♦✉❣❤t ♦❢ ❛s ❛ ✭♣♦t❡♥t✐❛❧❧② ❛♣♣r♦①✐♠❛t❡✮

▼♦♥t❡✲❈❛r❧♦ s❛♠♣❧❡ ♦❢ ♦♥❡ ✈❛❧✉❡ ♦❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇❤♦s❡ P❉❋ ✐s f
❞❡✜♥❡❞ ❛❜♦✈❡✳ ❙✐♥❝❡ f ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡✱ ✐t ✐s s❛♠♣❧❡❞ ❛t ❛ s❡t ♦❢ t✐♠❡
♣♦✐♥ts✱ st❛rt✐♥❣ ❢r♦♠ s♦♠❡ ❦♥♦✇♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❛t t = 0✱ ✉s✉❛❧❧② ❛

✷✾



♣♦✐♥t ♠❛ss ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② r❡♣r❡s❡♥t✐♥❣ ❛ ❞❡t❡r♠✐♥✐st✐❝ ✐♥✐t✐❛❧ st❛t❡✳
❚❤❡♥ t❤✐s st❛t❡ ✐s ✉♣❞❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❙♠♦❧✉❝❤♦✇s❦✐ ❡q✉❛t✐♦♥ ♦r
s♦♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ✐t t♦ r❡♣r❡s❡♥t ❛ ♣r♦❜❛❜❧❡ s✐t✉❛t✐♦♥ ❛❢t❡r ❛ s❤♦rt
♣❡r✐♦❞ ♦❢ t✐♠❡ ∆t✳
❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♠❡t❤♦❞s t♦ ❝♦♠♣✉t❡ t❤❡ ✉♣❞❛t❡ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥✳

■♥ ❬✈❛♥ ❩♦♥ ❛♥❞ t❡♥ ❲♦❧❞❡✱ ✷✵✵✺❪ ❛♥ ❡✈❡♥t✲❞r✐✈❡♥ ❛♣♣r♦❛❝❤ ✐s ♣r♦♣♦s❡❞✱
♥❛♠❡❞ ●r❡❡♥✬s ❢✉♥❝t✐♦♥ r❡❛❝t✐♦♥ ❞②♥❛♠✐❝s ✭●❋❘❉✮✳ ❚❤❡ s✐♠✉❧❛t✐♦♥
❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✿

✶✳ ■♥✐t✐❛❧✐③❡ ♣♦s✐t✐♦♥s ❢♦r ❡✈❡r② ♠♦❧❡❝✉❧❡✱ s❡t t := 0✳

✷✳ ❋♦r ❡✈❡r② ❜✐♠♦❧❡❝✉❧❛r r❡❛❝t✐♦♥✱ ❛♥❞ ❢♦r ❡✈❡r② ♣❛✐r ♦❢ ✐ts r❡❛❝t❛♥ts✱
❝❛❧❝✉❧❛t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t✐♠❡ ♦❢ t❤❡ r❡❛❝t✐♦♥ ♦❝✲
❝✉rr✐♥❣ ❜❡t✇❡❡♥ t❤❡♠✱ ✐❣♥♦r✐♥❣ ❛❧❧ ♦t❤❡r ♠♦❧❡❝✉❧❡s ❛♥❞ r❡❛❝t✐♦♥s✳
❚❤✐s ❞✐str✐❜✉t✐♦♥ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② ♥✉♠❡r✐❝❛❧❧② ✐♥t❡❣r❛t✐♥❣ ✭✼✮
❢♦r t❤❡ ❝❛s❡ a = 1,b = 1, c = 0✳ ❋♦r ❡✈❡r② ✉♥✐✲♠♦❧❡❝✉❧❛r r❡❛❝t✐♦♥✱
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐str✐❜✉t✐♦♥ ✐s t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤
λ ❜❡✐♥❣ t❤❡ r❡❛❝t✐♦♥ r❛t❡✳

✸✳ ❉r❛✇ ❛ s❛♠♣❧❡ ❢r♦♠ ❡❛❝❤ ❞✐str✐❜✉t✐♦♥ ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ♣r❡✈✐♦✉s
st❡♣✱ t❤✐s ✇✐❧❧ ❜❡ t❤❡ ♥❡①t r❡❛❝t✐♦♥ t✐♠❡ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❛❝✲
t✐♦♥✳ ❆♣♣❧② t❤❡ r❡❛❝t✐♦♥ t♦ t❤❡ ♠♦❧❡❝✉❧❡✱ ♦r t❤❡ ♣❛✐r ♦❢ ♠♦❧❡❝✉❧❡s✱
✇✐t❤ t❤❡ ❧♦✇❡st ♥❡①t r❡❛❝t✐♦♥ t✐♠❡ τ✳

✹✳ ❆❞❥✉st ♣♦s✐t✐♦♥s ♦❢ ❛❧❧ ♠♦❧❡❝✉❧❡s✱ ❞r❛✇✐♥❣ s❤✐❢ts ❢r♦♠ ♥♦r♠❛❧ ❞✐s✲
tr✐❜✉t✐♦♥s N(0, 2

√
Dτ)✳

✺✳ ❯♣❞❛t❡ t❤❡ t✐♠❡ t := t+ τ✳

✻✳ ●♦ t♦ st❡♣ ✷✳

❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛ ❜✐♠♦❧❡❝✉❧❛r r❡❛❝t✐♦♥✬s t✐♠❡ ✐s ♣♦ss✐❜❧❡ ❜② ❛
♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ s♣❛t✐♦✲t❡♠♣♦r❛❧ ✐♥t❡❣r❛❧✱ t❤❛♥❦s t♦ t❤❡ ❛s✲
s✉♠♣t✐♦♥ t❤❛t ♥♦ ♦t❤❡r r❡❛❝t✐♦♥ ❤❛♣♣❡♥s✳ ❚❤❡ s♦❧✉t✐♦♥ ✐♥✈♦❧✈❡s ❝♦♠✲
♣✉t❛t✐♦♥ ♦❢ ❛ ●r❡❡♥✬s ❢✉♥❝t✐♦♥ ❢♦r t❤❡ L+ R ♦♣❡r❛t♦r✱ ❤❡♥❝❡ t❤❡ ♥❛♠❡
♦❢ t❤❡ ♠❡t❤♦❞✳
❚❤✐s ❛♣♣r♦❛❝❤ ✐s s✉✐t❛❜❧❡ ❢♦r s②st❡♠s ✇✐t❤ r❡❧❛t✐✈❡❧② ❧♦♥❣ t✐♠❡ ✐♥t❡r✲

✈❛❧s ❜❡t✇❡❡♥ r❡❛❝t✐♦♥s✱ ✇❤✐❝❤ ✐s t❤❡ ❝❛s❡ ✇✐t❤ s❧♦✇ ❞✐✛✉s✐♦♥ ❛♥❞ ❢❡✇
♠♦❧❡❝✉❧❡s✳ ■t ✐s ❡①❛❝t❧② t❤✐s ❦✐♥❞ ♦❢ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥s
✉s❡❞ ❜② ♦t❤❡r tr❡❛t♠❡♥ts ❢❛✐❧✱ ✇❤❡♥ st♦❝❤❛st✐❝ ❛♥❞ ❞✐✛✉s✐♦♥✲r❡❧❛t❡❞ ❡❢✲
❢❡❝ts ❞♦♠✐♥❛t❡ t❤❡ ❞②♥❛♠✐❝s✳
❆s ❛♥ ❡①❛♠♣❧❡✱ t❤❡ ❛✉t❤♦rs ❛♣♣❧② t❤❡✐r ♠❡t❤♦❞ t♦ ❛♥❛❧②s❡ st♦❝❤❛s✲

t✐❝ ✢✉❝t✉❛t✐♦♥s ♦❢ ❣❡♥❡ ❡①♣r❡ss✐♦♥✱ ❛♥❞ s❤♦✇ t❤❛t s♣❛t✐❛❧ ❡✛❡❝ts ♣❧❛②
❛ ♠❛❥♦r r♦❧❡✳ ❚❤❡② ❝❛❧❧ t❤❡ ❡✛❡❝t s♣❛t✐❛❧ ✢✉❝t✉❛t✐♦♥s✱ ❛s ♦♣♣♦s❡❞ t♦
st♦❝❤❛st✐❝ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ✇❡❧❧✲♠✐①❡❞ ♠♦❞❡❧ ✇❤✐❝❤ ❛r❡ ✉s✉❛❧❧② ❝♦♥✲
s✐❞❡r❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✇❤❡♥ st✉❞②✐♥❣ ♥♦✐s❡ ✐♥ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ❬❙✐♥❣❤
❡t ❛❧✳✱ ✷✵✶✷✱ ▼✉♥s❦② ❡t ❛❧✳✱ ✷✵✵✾❪✳
■❢ t❤❡ ❢r❡q✉❡♥❝② ♦❢ r❡❛❝t✐♦♥ ❡✈❡♥ts ✐♥ t❤❡ s②st❡♠ ✐s ❤✐❣❤✱ t❤❡ ❡✈❡♥t✲

❞r✐✈❡♥ ❛♣♣r♦❛❝❤ ✇✐❧❧ ❜❡ ✐♥❡✣❝✐❡♥t✱ ❜❡❝❛✉s❡ ❡❛❝❤ st❡♣ ✐s ❝♦♠♣✉t❛t✐♦♥❛❧❧②

✸✵



❡①♣❡♥s✐✈❡✳ ■♥ t❤✐s ❝❛s❡✱ ❛ ❞✐s❝r❡t❡ t✐♠❡ ❛♣♣r♦❛❝❤ ✐s ♠♦r❡ ❞❡s✐r❛❜❧❡✳ ■♥
❬❆♥❞r❡✇s ❛♥❞ ❇r❛②✱ ✷✵✵✹❪ ❛ ❝♦♥st❛♥t t✐♠❡ st❡♣ ✐s ✉s❡❞✳ ▼♦❧❡❝✉❧❡s ❛r❡
✜rst ♠♦✈❡❞ t♦ ♥❡✇ ♣♦s✐t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ ❋✐❝❦✬s ❞✐✛✉s✐♦♥ ♠♦❞❡❧✱ ❛♥❞
t❤❡♥ t❤♦s❡ ♣❛✐rs ✇❤✐❝❤ ❛r❡ ❝❧♦s❡r t❤❛♥ t❤❡✐r r❡❛❝t✐♦♥ r❛❞✐✉s r❡❛❝t✳ ❚❤✐s
♣r♦❝❡❞✉r❡ ✐❣♥♦r❡s ♣♦t❡♥t✐❛❧ r❡❛❝t✐♦♥s t❤❛t ❝♦✉❧❞ ❤❛✈❡ ❤❛♣♣❡♥❡❞ ❞✉r✐♥❣
t❤❡ ✉♣❞❛t❡ ♣❡r✐♦❞✱ t❤❡r❡❢♦r❡ t❤❡ s♠❛❧❧❡r ✐s ∆t✱ t❤❡ ♠♦r❡ ♣r❡❝✐s❡ t❤❡
s✐♠✉❧❛t✐♦♥ ✇✐❧❧ ❜❡✳ ■♥ ♦r❞❡r t♦ tr❡❛t t❤❡ r❡✈❡rs✐❜❧❡ r❡❛❝t✐♦♥ ♣r♦❜❧❡♠
❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱ t❤❡ ♠♦♥♦♠♦❧❡❝✉❧❛r ❞✐ss♦❝✐❛t✐♦♥ ♣❧❛❝❡s t❤❡ ♣r♦❞✉❝ts
s❧✐❣❤t❧② ❢✉rt❤❡r t❤❛♥ t❤❡ ❜✐♥❞✐♥❣ r❛❞✐✉s✳ ❚❤❡ ❡✛❡❝t✐✈❡ r❡✈❡rs✐❜❧❡ r❡❛❝✲
t✐♦♥ r❛t❡ t❤❡♥ ❛♣♣r♦❛❝❤❡s ✭✺✮ ✇❤❡♥ ∆t → 0✳

❯s✐♥❣ ❛ ❞✐s❝r❡t❡ t✐♠❡ ✉♣❞❛t❡ r❡s✉❧ts ✐♥ ❧✐♠✐t❡❞ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥ ♦❢
t❤❡ s✐♠✉❧❛t✐♦♥✳ ❚❤✐s ♠❡❛♥s t❤❛t ❡✛❡❝t✐✈❡ r❡❛❝t✐♦♥ r❛t❡ ✐♥ t❤✐s ♠♦❞❡❧
❞❡♣❡♥❞s ♦♥ ∆t✳ ■♥ ♦r❞❡r t♦ ❤❛✈❡ t❤❡ s✐♠✉❧❛t✐♦♥ ♠❛t❝❤ t❤❡ ❡①♣❡r✐♠❡♥t❛❧
❞❛t❛✱ ✇❡ ❤❛✈❡ t♦ ❝♦rr❡❝t❧② s♣❡❝✐❢② t❤❡ r❡❛❝t✐♦♥ ♣❛r❛♠❡t❡rs✱ ✐♥ t❤✐s ❝❛s❡
❜✐♥❞✐♥❣ ❛♥❞ ✉♥❜✐♥❞✐♥❣ r❛❞✐✐ ❛♥❞ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts✳ ❲❤✐❧❡ t❤❡ ❧❛tt❡r
✐s ♣♦ss✐❜❧❡ t♦ ❦♥♦✇ ❢r♦♠ ❡①♣❡r✐♠❡♥ts✱ t❤❡ r❛❞✐✐ ❤❛✈❡ t♦ ❜❡ ✜t t♦ t❤❡
♦❜s❡r✈❡❞ r❡❛❝t✐♦♥ r❛t❡s✳ ■♥ t❤✐s ♠♦❞❡❧✱ t❤✐s ✜tt✐♥❣ ❤❛s t♦ ❜❡ ❞♦♥❡ ✇✐t❤
r❡s♣❡❝t t♦ s♣❡❝✐✜❝ ∆t✳ ■♥ ❬❆♥❞r❡✇s ❛♥❞ ❇r❛②✱ ✷✵✵✹❪ ❛ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✲
✐♠❛t✐♦♥ ✐s ✉s❡❞ t♦ ♠❛t❝❤ Rb ❛♥❞ Ru t♦ t❤❡ s✉♣♣❧✐❡❞ ❡✛❡❝t✐✈❡ r❡❛❝t✐♦♥
r❛t❡s✱ ❛♥❞ ❧✐♠✐t ❝❛s❡s ♦❢ s♠❛❧❧ ❛♥❞ ❧❛r❣❡ ∆t ❛r❡ tr❡❛t❡❞ ❛♥❛❧②t✐❝❛❧❧②✳

❚♦ ❛♥❛❧②s❡ ❛ ❝❤❡♠✐❝❛❧ s②st❡♠ ✉s✐♥❣ st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s✱ ♦♥❡ r❡♣❡❛t✲
❡❞❧② ♣❡r❢♦r♠s ❛ ♥✉♠❜❡r ♦❢ s✐♠✉❧❛t✐♦♥s✱ ❛♥❞ t❤❡♥ ❡①tr❛❝ts q✉❛♥t✐t✐❡s ♦❢
✐♥t❡r❡st ❢r♦♠ t❤❡ s✐♠✉❧❛t❡❞ s❛♠♣❧❡s✳ ❚②♣✐❝❛❧❧② t❤❡ r❡s✉❧ts ❛r❡ st❛t✐st✐❝s
♦❢ ❝❡rt❛✐♥ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ s❛♠♣❧❡s✱ ❡✳❣✳ t❤❡ ♠❡❛♥ ♦r ✈❛r✐❛♥❝❡ ♦❢ ❝♦✉♥ts
♦❢ ❛ ❝❡rt❛✐♥ ♠♦❧❡❝✉❧❡ t②♣❡ ❛t ❛ ❝❡rt❛✐♥ t✐♠❡✱ ♠❡❛♥ t✐♠❡ ✉♥t✐❧ ❛ ❝❡rt❛✐♥
❡✈❡♥t✱ ♠❡❛♥ ❢r❡q✉❡♥❝② ♦❢ ❛ ❝❡rt❛✐♥ r❡❛❝t✐♦♥✱ ❛ ❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢
t✇♦ ✈❛r✐❛❜❧❡s ❡t❝✳

❆♥ ❡①❛♠♣❧❡ ♦❢ s✉❝❤ ❛♥❛❧②s✐s ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✹✳ ■t ✐s ❛ s✐♠♣❧❡
❞❡♠♦♥str❛t✐♦♥ ♦❢ ❤♦✇ s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ s❧♦✇❧② ❞✐✛✉s✐♥❣ ♠♦❧❡❝✉❧❡s
❛✛❡❝ts r❡❛❝t✐♦♥ r❛t❡s✳ ❚❤❡ r❡❛❝t✐♦♥ ❜❡✐♥❣ ♠♦❞❡❧❧❡❞ ✐s A+B → C✱ ✇✐t❤
✷✵✵ ❆✱ ✷✵✵ ❇ ❛♥❞ ♥♦ ❈ ♠♦❧❡❝✉❧❡s ✐♥✐t✐❛❧❧②✳ ❚❤❡ s♣❛❝❡ ✐s ❛ ❝✉❜❡ ✇✐t❤ s✐❞❡
10−5 ♠❡t❡rs ❛♥❞ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❖t❤❡r ♣❛r❛♠❡t❡rs ❛r❡✿
❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ ❛❧❧ ♠♦❧❡❝✉❧❡s D = 10−13♠2/s❀ r❡❛❝t✐♦♥ r❛❞✐✉s
R = 2.5 · 10−8♠❀ ✐♥tr✐♥s✐❝ r❡❛❝t✐♦♥ r❛t❡ k0 = 5 · 10−19♠3/s✳

❚❤r❡❡ ❞✐✛❡r❡♥t ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✇❡r❡ ✉s❡❞✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❡ ✉♥✐✲
❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦❢ ❆ ❛♥❞ ❇ ♠♦❧❡❝✉❧❡s ♦✈❡r t❤❡ s♣❛t✐❛❧ ❞♦♠❛✐♥✱ ✐❧❧✉s✲
tr❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹❛✿ t❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✉s✉❛❧❧② ❝♦♥s✐❞❡r❡❞ ❝❛s❡ ♦❢
t❤❡r♠♦❞②♥❛♠✐❝ ❡q✉✐❧✐❜r✐✉♠✳ ■♥ t❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ❆ ❛♥❞ ❇ ♠♦❧❡❝✉❧❡s
❛r❡ ♣✉t ✐♥ t✇♦ ❞✐✛❡r❡♥t ❤❛❧✈❡s ♦❢ t❤❡ ❝✉❜❡✱ ❋✐❣✉r❡ ✹❜✳ ❙✉❝❤ ❛ s✐t✉❛t✐♦♥
♠❛② ♦❝❝✉r✱ ❢♦r ❡①❛♠♣❧❡✱ ✐❢ t✇♦ ❛❞❥❛❝❡♥t t✐ss✉❡s ✐♥t❡r❛❝t ✉s✐♥❣ t✇♦ ♠♦r✲
♣❤♦❣❡♥s✳ ■♥ t❤❡ t❤✐r❞ ❝♦♥❞✐t✐♦♥✱ ❆ ❛♥❞ ❇ ♠♦❧❡❝✉❧❡s ❛r❡ ♣✉t ♥❡❛r ❡❛❝❤
♦t❤❡r✱ ❋✐❣✉r❡ ✹❝✳ ❚❤✐s ❛rt✐✜❝✐❛❧❧② r❡✢❡❝ts t❤❡ s✐t✉❛t✐♦♥ ✇❤❡♥ ❜♦t❤ ❆
❛♥❞ ❇ ❛r❡ ♣r♦❞✉❝❡❞ ✐♥ ❛ s✐♥❣❧❡ r❡❛❝t✐♦♥✳

✶✵✵ s✐♠✉❧❛t✐♦♥s ♦❢ ❡❛❝❤ ❝♦♥❞✐t✐♦♥ ✇✐t❤ ❞✐✛❡r❡♥t r❛♥❞♦♠ s❡❡❞s ✇❡r❡
♣❡r❢♦r♠❡❞ ✉s✐♥❣ ●❋❘❉ ❛❧❣♦r✐t❤♠✳ ❚❤❡ r❡s✉❧ts ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❋✐❣✲
✉r❡ ✹❞ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ ♣❧♦t s❤♦✇✐♥❣ ♠❡❛♥ ❝♦✉♥t ♦❢ ❈ ♠♦❧❡❝✉❧❡s ♦✈❡r

✸✶



0 0.2 0.4 0.6 0.8 1
x 10

−5
0

0.5
1

x 10
−5

0

0.2

0.4

0.6

0.8

1

x 10
−5

x
y

z

✭❛✮ r❛♥❞♦♠ ✐♥✐t✐❛❧✐③❛t✐♦♥

0 0.2 0.4 0.6 0.8 1
x 10

−5
0

0.5
1

x 10
−5

0

0.2

0.4

0.6

0.8

1

x 10
−5

x
y

z

✭❜✮ s❡♣❛r❛t❡❞ ✐♥✐t✐❛❧✐③❛t✐♦♥

0 0.2 0.4 0.6 0.8 1
x 10

−5
0

0.5
1

x 10
−5

0

0.2

0.4

0.6

0.8

1

x 10
−5

x
y

z

✭❝✮ ❝♦rr❡❧❛t❡❞ ✐♥✐t✐❛❧✐③❛t✐♦♥

0 2 4 6 8 10
0

10

20

30

40

50

Time

M
ea

n 
C

 c
ou

nt

 

 
correlated
separated
random

✭❞✮ ❛♥❛❧②s✐s ♦❢ s✐♠✉❧❛t✐♦♥s

0 2 4 6 8 10
0

1

2

3

4

5

6

7

8

Time

M
ea

n 
C

 c
ou

nt
 d

er
iv

at
iv

e

 

 
correlated
separated
random

✭❡✮ ❡st✐♠❛t❡❞ r❡❛❝t✐♦♥ r❛t❡s

❋✐❣✉r❡ ✹✿ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❛♥ ✐rr❡✈❡rs✐❜❧❡ r❡❛❝t✐♦♥✳ ✭❛✱ ❜✱ ❝✮ s❤♦✇ ❞✐✛❡r❡♥t ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥s ✉s❡❞✱ ✇✐t❤ ❆ ♠♦❧❡❝✉❧❡s ✐♥ r❡❞ ❛♥❞ ❇ ✐♥ ❜❧✉❡✳ ✭❞✮ s❤♦✇s
♠❡❛♥ ✈❛❧✉❡ ♦❢ ❈ ❝♦✉♥t ♦✈❡r t✐♠❡ ✐♥ ✶✵✵ s✐♠✉❧❛t✐♦♥ r✉♥s✳ ✭❡✮ s❤♦✇s
♥✉♠❡r✐❝❛❧❧② ❡st✐♠❛t❡❞ ❞❡r✐✈❛t✐✈❡s ♦❢ ✭❞✮✱ ✐♥❞✐❝❛t✐♥❣ r❡❛❝t✐♦♥ r❛t❡s✳
❚❤❡ s✐♠✉❧❛t✐♦♥s ✇❡r❡ ❞♦♥❡ ✉s✐♥❣ ❡●❋❘❉ ♣❛❝❦❛❣❡✱ ✇❤✐❝❤ ✐♠♣❧❡♠❡♥ts
●❋❘❉ ❛❧❣♦r✐t❤♠✳
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t✐♠❡✳ ❚❤❡ ♠❡❛♥ ✐s t❛❦❡♥ ♦✈❡r ✶✵✵ s✐♠✉❧❛t✐♦♥s ♦❢ ❡❛❝❤ t②♣❡✳ ■t ✐s ❡✈✲
✐❞❡♥t t❤❛t t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ r❡❛❝t✐♦♥ ✐s ✈❡r② ❞✐✛❡r❡♥t ✐♥ ❡❛❝❤ ❝♦♥✲
❞✐t✐♦♥ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ s✐♠✉❧❛t✐♦♥s✱ ❡s♣❡❝✐❛❧❧② ♦♥ t❤❡ ♣❧♦t ♦❢ t❤❡
❞❡r✐✈❛t✐✈❡ ♦❢ ♠❡❛♥ C ❝♦✉♥t✱ ❋✐❣✉r❡ ✹❡✳ ❚❤✐s q✉❛♥t✐t② ✐s ♣r♦♣♦rt✐♦♥❛❧
t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❛❝t✐♦♥ r❛t❡✳ ▲❛t❡r t❤❡ ❞②♥❛♠✐❝s ❜❡❝♦♠❡ s✐♠✐❧❛r
❞✉❡ t♦ t❤❡ s②st❡♠ s❤✐❢t✐♥❣ t♦✇❛r❞s t❤❡r♠♦❞②♥❛♠✐❝ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡
❝❛s❡ ♦❢ ❝♦rr❡❧❛t❡❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐❧❧✉str❛t❡s t❤❡ ♣r♦❜❧❡♠ ♦❢ ♠♦❞❡❧❧✐♥❣
r❡✈❡rs✐❜❧❡ r❡❛❝t✐♦♥s ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r✳ ■❢ ❛ s✐♥❣❧❡ r❡❛❝t✐♦♥ ♣r♦❞✉❝❡s ♠✉❧✲
t✐♣❧❡ ♠♦❧❡❝✉❧❡s✱ t❤❡✐r ♣♦s✐t✐♦♥s ✇✐❧❧ ❜❡ ❝♦rr❡❧❛t❡❞✳ ■❢ t❤❡s❡ ♠♦❧❡❝✉❧❡s ❝❛♥
t❤❡♥ r❡❛❝t ✇✐t❤ ❡❛❝❤ ♦t❤❡r✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤✐s r❡❛❝t✐♦♥ ✇✐❧❧ ❜❡ s✐❣♥✐❢✲
✐❝❛♥t❧② ❞✐✛❡r❡♥t ❢r♦♠ ✇❤❛t ✇♦✉❧❞ ❜❡ ❡①♣❡❝t❡❞ ✐♥ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝
❡q✉✐❧✐❜r✐✉♠ ❝❛s❡✳

✷✳✹ ♠♦❞❡❧❧✐♥❣ ♦❢ ✇❡❧❧✲♠✐①❡❞ ❝♦♠♣❛rt♠❡♥ts

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ ❞✐✛✉s✐♦♥ ✐s ❢❛st ❝♦♠♣❛r❡❞ t♦ r❡❛❝t✐♦♥ r❛t❡s✳
■♥ t❤✐s ❝♦♥❞✐t✐♦♥✱ ❞✐✛✉s✐♦♥ ❞♦❡s ♥♦t ♣❧❛② ❛ s✐❣♥✐✜❝❛♥t r♦❧❡ ✐♥ t❤❡ ❞②✲
♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠✳ ■♥st❡❛❞✱ t❤❡ ❞②♥❛♠✐❝s ❛r❡ ❞❡t❡r♠✐♥❡❞ ♦♥❧② ❜②
♥✉♠❜❡r ♦❢ ♠♦❧❡❝✉❧❡s ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ r❡❛❝t✐♦♥s ♦❝❝✉rr✐♥❣ ✇❤❡♥
t❤❡ ♠♦❧❡❝✉❧❡s ❛r❡ ❝❧♦s❡ ❡♥♦✉❣❤✱ ❛ ❝♦♥❝❡♣t ❢r♦♠ ❉♦✐ ♠♦❞❡❧ r❡✈✐❡✇❡❞
❡❛r❧✐❡r✳
●✐❧❧❡s♣✐❡ ❬✶✾✾✷❪ ❛❞♦♣ts ❛ ♠♦❞❡❧ s✐♠✐❧❛r t♦ ❉♦✐ ♠♦❞❡❧✱ ❜✉t ✐♥ t❤❡

t❤❡r♠❛❧ ❡q✉✐❧✐❜r✐✉♠ ❝❛s❡✳ ❚❤❡ ❡①❛❝t ❛ss✉♠♣t✐♦♥s t❤❛t ❤❡ ✉s❡s ❛r❡✿

✶✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ❝❡♥tr❡ ♦❢ ❛♥② r❛♥❞♦♠❧② s❡❧❡❝t❡❞ ♠♦❧❡❝✉❧❡
♦❢ t❤❡ s②st❡♠ ✇✐❧❧ ❜❡ ❢♦✉♥❞ t♦ ❧✐❡ ✐♥s✐❞❡ ❛♥② ❝♦♥t❛✐♥❡r s✉❜r❡❣✐♦♥
♦❢ ✈♦❧✉♠❡ ∆Ω ✐s ❡q✉❛❧ t♦ ∆Ω/Ω✱ ✇❤❡r❡ Ω ✐s t❤❡ t♦t❛❧ ✈♦❧✉♠❡ ♦❢
t❤❡ s②st❡♠✳ ■ ✇✐❧❧ ❝❛❧❧ ✐t ✇❡❧❧✲♠✐①❡❞ ❛ss✉♠♣t✐♦♥✳

✷✳ ❚❤❡ ✈❡❧♦❝✐t② ♦❢ ❡✈❡r② ♠♦❧❡❝✉❧❡ ❢♦❧❧♦✇s ❛ ▼❛①✇❡❧❧✲❇♦❧t③♠❛♥♥ ❞✐s✲
tr✐❜✉t✐♦♥✳ ❚❤✐s ❛ss❡rts t❤❛t t❤❡ s②st❡♠ ✐s ✐♥ t❤❡r♠❛❧ ❡q✉✐❧✐❜r✐✉♠✳

❋r♦♠ t❤❡s❡ ❛ss✉♠♣t✐♦♥s ❤❡ ❞❡r✐✈❡s t❤❛t ❢♦r ❡❛❝❤ r❡❛❝t✐♦♥ j✱ t❤❡r❡
❡①✐sts ❛ ❝♦♥st❛♥t cj s✉❝❤ t❤❛t cjdt ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ r❛♥❞♦♠❧②
s❡❧❡❝t❡❞ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ r❡❛❝t❛♥ts ♦❢ r❡❛❝t✐♦♥ j ❛t t✐♠❡ t ✇✐❧❧ r❡❛❝t ❞✉r✐♥❣
t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ t✐♠❡ ✐♥t❡r✈❛❧ [t, t+ dt)✳ ❚❤✐s st❛t❡♠❡♥t ♠❡❛♥s t❤❛t
❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥ s②st❡♠s ❡✈♦❧✈❡ ❛s ❛ ❝♦♥t✐♥✉♦✉s t✐♠❡ ▼❛r❦♦✈ ❝❤❛✐♥✳ cj
✐s ❝❛❧❧❡❞ ♣r♦❜❛❜✐❧✐t② r❛t❡ ❝♦♥st❛♥t✳ ◆♦t❡ t❤❛t ♣r♦❜❛❜✐❧✐t② r❛t❡ ❝♦♥st❛♥t
✐s ❛♥❛❧♦❣♦✉s t♦ r❡❛❝t✐♦♥ r❛t❡ ❝♦♥st❛♥t ❞❡✜♥❡❞ ❢♦r t❤❡ ♠❛ss ❛❝t✐♦♥ ❧❛✇✳
❚❤❡ ♣r❡❝✐s❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡♠ ✇✐❧❧ ❜❡ ❞❡r✐✈❡❞ ❧❛t❡r ✭✶✽✮✳
❲❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ♣r♦♣❡♥s✐t② ❢✉♥❝t✐♦♥ ❢♦r r❡❛❝t✐♦♥ j✿

aj(ν) = cj

(

ν

αj

)

✭✾✮

✇❤❡r❡ ν(t) = (ν1, . . . ,νn) ✐s t❤❡ st❛t❡ ✈❡❝t♦r ❢♦r n ❝❤❡♠✐❝❛❧ s♣❡❝✐❡s
♣❛rt✐❝✐♣❛t✐♥❣ ✐♥ t❤❡s❡ r❡❛❝t✐♦♥s✱ νi(t) ✐s t❤❡ ❝♦✉♥t ♦❢ ♠♦❧❡❝✉❧❡s ♦❢ t②♣❡
i ❛t t✐♠❡ t✳ ❚❤❡ t❡r♠

(

ν
αj

)

=
∏n

i=1

(

νi

αji

)

❣✐✈❡s t❤❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡

✸✸



❝♦♠❜✐♥❛t✐♦♥s ♦❢ r❡❛❝t❛♥ts ✐♥ st❛t❡ ν✳ ❚❤❡r❡❢♦r❡ aj(ν)dt ✐s t❤❡ ♣r♦❜❛✲
❜✐❧✐t②✱ ❣✐✈❡♥ t❤❛t t❤❡ s②st❡♠ ✐s ✐♥ st❛t❡ ν ❛t t✐♠❡ t✱ t❤❛t ♦♥❡ r❡❛❝t✐♦♥
j ✇✐❧❧ ♦❝❝✉r ✐♥ t❤❡ ✐♥t❡r✈❛❧ [t, t+ dt)✳ ❚❤✐s ❛❧❧♦✇s ❞❡s❝r✐❜✐♥❣ tr❛♥s✐t✐♦♥
♣r♦❜❛❜✐❧✐t✐❡s ✐♥ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ❡❛s✐❧②✳

❲r✐t✐♥❣ t❤❡ ❑♦❧♠♦❣♦r♦✈ ❢♦r✇❛r❞ ❡q✉❛t✐♦♥ ❢♦r t❤✐s ▼❛r❦♦✈ ❝❤❛✐♥✱ ✇❡
♦❜t❛✐♥ t❤❡ ❝❤❡♠✐❝❛❧ ♠❛st❡r ❡q✉❛t✐♦♥ ✭❈▼❊✮✿

dπν

dt
=

m∑

j=1

aj(ν+αj −βj)πν+αj−βj
− aj(ν)πν ✭✶✵✮

✇❤❡r❡ m ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s✱ πν = πν(t) ✐s t❤❡ ♣r♦❜❛✲
❜✐❧✐t② ♦❢ t❤❡ s②st❡♠ ❜❡✐♥❣ ✐♥ st❛t❡ ν ❛t t✐♠❡ t✳ ❚❤❡ ❈▼❊ ✐s ❛ ♣♦t❡♥t✐❛❧❧②
✐♥✜♥✐t❡ s②st❡♠ ♦❢ ❧✐♥❡❛r ❝♦✉♣❧❡❞ ❖❉❊s✳

■♥t✉✐t✐✈❡❧②✱ ✭✶✵✮ ✐s s✐♠✐❧❛r t♦ t❤❡ ❙♠♦❧✉❝❤♦✇s❦✐ ❡q✉❛t✐♦♥✱ ❡✳❣✳ ✭✼✮✱
✇✐t❤ s♣❛t✐❛❧ ✈❛r✐❛❜❧❡s ❞r♦♣♣❡❞✱ ❞✐✛✉s✐♦♥ ♦♣❡r❛t♦r L ❞✐s❝❛r❞❡❞ ❛♥❞ t❤❡
✐♥t❡❣r❛❧ ✐♥ t❤❡ r❡❛❝t✐♦♥ ♦♣❡r❛t♦r R s♦❧✈❡❞ ✉s✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥s✳ ❍♦✇✲
❡✈❡r✱ t❤❡ r✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥ ✐s ❝♦♠♣❧✐❝❛t❡❞✳

❈▼❊ ❤❛s ❜❡❡♥ ❦♥♦✇♥ ❛♥❞ ✉s❡❞ t♦ ❛♥❛❧②s❡ ❝❤❡♠✐❝❛❧ s②st❡♠s ❧♦♥❣ ❜❡✲
❢♦r❡ t❤✐s ❞❡r✐✈❛t✐♦♥ ✇❛s ❞♦♥❡ ❬▼❝◗✉❛rr✐❡✱ ✶✾✻✼✱ ●✐❧❧❡s♣✐❡✱ ✶✾✼✼❪✳ ❲❡❧❧✲
♠✐①❡❞ ❝❤❡♠✐❝❛❧ s②st❡♠s ✇❡r❡ ♣♦st✉❧❛t❡❞ t♦ ❜❡❤❛✈❡ ❧✐❦❡ ❛ ❥✉♠♣ ▼❛r❦♦✈
♣r♦❝❡ss ✇✐t❤ st❛t❡s ❞❡✜♥❡❞ ❜② ❝♦✉♥ts ♦❢ ❝❤❡♠✐❝❛❧ s♣❡❝✐❡s✱ ❛♥❞ st❛t❡
tr❛♥s✐t✐♦♥s ❢♦❧❧♦✇✐♥❣ t❤❡ ❧❛✇ ♦❢ ♠❛ss ❛❝t✐♦♥✳ ❚❤❡♥ ❛ ❑♦❧♠♦❣♦r♦✈ ❢♦r✲
✇❛r❞ ❡q✉❛t✐♦♥ ✇❛s ✇r✐tt❡♥ ❢♦r t❤✐s ♣r♦❝❡ss✱ ✇❤✐❝❤ ✐s ✐❞❡♥t✐❝❛❧ t♦ ✭✶✵✮✳
❚❤❡ ❞❡r✐✈❛t✐♦♥ ❞♦♥❡ ❜② ●✐❧❧❡s♣✐❡ ❤❛s s❤♦✇♥ t❤❛t t❤✐s ♠♦❞❡❧ ❤❛s ❛ ✈❛❧✐❞
♠✐❝r♦s❝♦♣✐❝ ❜❛s✐s✳

❈▼❊ ✐s ♠✉❝❤ ❡❛s✐❡r t♦ ❛♥❛❧②s❡ t❤❛♥ ✭✼✮✱ ❛♥❞ ❛ ♥✉♠❜❡r ♦❢ ❡①❛❝t
s♦❧✉t✐♦♥s ❢♦r ✈❛r✐♦✉s s②st❡♠s ✐s ❦♥♦✇♥✱ ♠❛✐♥❧② ❢♦r ♠❡❛♥s ♦❢ ♠♦❧❡❝✉❧❡
❝♦✉♥ts ❛♥❞ ❢♦r ❝❤❡♠✐❝❛❧ ❡q✉✐❧✐❜r✐✉♠ ❧✐♠✐ts ❬▼❝◗✉❛rr✐❡✱ ✶✾✻✼✱ ❏❛❤♥❦❡
❛♥❞ ❍✉✐s✐♥❣❛✱ ✷✵✵✼✱ ●❛❞❣✐❧ ❡t ❛❧✳✱ ✷✵✵✺❪✳ ■❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡
st❛t❡s ♦❢ t❤❡ s②st❡♠ ✐s ❧♦✇ ❡♥♦✉❣❤✱ ✐t ♠❛② ❜❡ ♣♦ss✐❜❧❡ t♦ s♦❧✈❡ t❤❡ ❈▼❊
♥✉♠❡r✐❝❛❧❧②✳

❍❡r❡ ✐s t❤❡ ❈▼❊ ❢♦r A+ B
λ−→ C s②st❡♠✱ ✇❤✐❝❤ ✐s s✉♣♣♦s❡❞ t♦ st❛rt

✇✐t❤ t✇♦ A ❛♥❞ t✇♦ B ♠♦❧❡❝✉❧❡s ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣✱ ✐✳❡✳ t❤❡ ✐♥✐t✐❛❧ st❛t❡
✐s ν(0) = (2, 2, 0)✿

dπ(2,2,0)

dt
= −4λπ(2,2,0)

dπ(1,1,1)

dt
= 4λπ(2,2,0) − λπ(1,1,1)

dπ(0,0,2)

dt
= λπ(1,1,1)
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❋✐❣✉r❡ ✺✿ ❚❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ t❤❡ A+B
1−→ C s②st❡♠ ✇✐t❤ ✷ ✐♥✐t✐❛❧ A ❛♥❞ B

♠♦❧❡❝✉❧❡s✳

■♥ t❤✐s ❝❛s❡ t❤❡ s②st❡♠ ❤❛s ♦♥❧② t❤r❡❡ st❛t❡s r❡❛❝❤❛❜❧❡ ✇✐t❤ ♥♦♥✲③❡r♦
♣r♦❜❛❜✐❧✐t②✱ t❤❡r❡❢♦r❡ ✐ts ❈▼❊ ✐s ✜♥✐t❡✱ ❛♥❞ ✐s ✐♥ ❢❛❝t q✉✐t❡ s✐♠♣❧❡✳ ■ts
❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ✐s✿

π(2,2,0) = e−4λt

π(1,1,1) = −
4

3
e−4λt +

4

3
e−λt

π(0,0,2) =
1

3
e−4λt −

4

3
e−λt + 1

✭✶✶✮

❋r♦♠ t❤✐s ✇❡ ❝❛♥ ❝♦♠♣✉t❡✱ ❢♦r ❡①❛♠♣❧❡✱ ♠❡❛♥ C ❝♦✉♥t✱ ✇❤✐❝❤ ✐s
2π(0,0,2) + π(1,1,1)✳ ■t ✐s ♣❧♦tt❡❞ ✐♥ ❋✐❣✉r❡ ✺ ❢♦r λ = 1✳

✷✳✹✳✶ ❆♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❈▼❊

■♥ t❤❡ ♠♦st ❣❡♥❡r❛❧ ❝❛s❡✱ ✇❤❡♥ t❤❡ s②st❡♠ ❝♦♥t❛✐♥s s♣❡❝✐❡s ✇❤♦s❡ ❝♦✉♥t
✐s ✉♥❜♦✉♥❞❡❞✱ ❛♥❞ t❤❡r❡ ✐s ❛ s❡❝♦♥❞ ♦r❞❡r r❡❛❝t✐♦♥✱ t❤❡ ❡①❛❝t ❛♥❛❧②t✐❝❛❧
s♦❧✉t✐♦♥ ♦❢ t❤❡ ❈▼❊ ✐s ♥♦t ❦♥♦✇♥✳ ❖♥❡ ❤❛s t♦ r❡s♦rt t♦ ❛♥ ❛♣♣r♦①✐♠❛t❡
s♦❧✉t✐♦♥✳
❖♥❡ ❝❧❛ss ♦❢ t❤❡s❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❛✐♠s t♦ r❡❞✉❝❡ t❤❡ st❛t❡ s♣❛❝❡ ♦❢

t❤❡ s②st❡♠ t♦ ❛ ♠❛♥❛❣❡❛❜❧❡ s✐③❡✱ ✇❤✐❧❡ ♣r❡s❡r✈✐♥❣ t❤❡ ❡ss❡♥t✐❛❧ ❞②♥❛♠✲
✐❝s✳ ❆♥ ❛❧❣♦r✐t❤♠ ❝❛❧❧❡❞ ✜♥✐t❡ st❛t❡ ♣r♦❥❡❝t✐♦♥ ❬▼✉♥s❦② ❛♥❞ ❑❤❛♠♠❛s❤✱
✷✵✵✻❪ ♣r♦✈✐❞❡s ❛ ✇❛② t♦ s♦❧✈❡ t❤❡ ❈▼❊ ❛♣♣r♦①✐♠❛t❡❧② ❝♦♥s✐❞❡r✐♥❣ ❛
✜♥✐t❡ s✉❜s❡t ♦❢ st❛t❡s✱ ❛♥❞ ❛t t❤❡ s❛♠❡ t✐♠❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❛♣♣r♦①✐♠❛✲
t✐♦♥ ❡rr♦r✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ✐❣♥♦r❡ t❤❡ st❛t❡s ✇✐t❤ ♥❡❣❧✐❣✐❜❧❡ ♣r♦❜❛❜✐❧✐t②✳
❚❤❡ ❡rr♦r ♠❛② ❜❡ r❡❞✉❝❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ♠♦r❡ st❛t❡s✱ ✇❤✐❝❤ ❝❛♥ ❜❡
❞♦♥❡ ♦♥✲❧✐♥❡✳ ❚❤❡ r❡s✉❧t✐♥❣ ♣r♦❜❧❡♠ ✐s ❛ ✜♥✐t❡ s②st❡♠ ♦❢ ❧✐♥❡❛r ❖❉❊s✱
❢♦r ✇❤✐❝❤ ♠❛♥② ❡✣❝✐❡♥t s♦❧✉t✐♦♥ ♠❡t❤♦❞s ❡①✐st✳ ❚❤❡r❡ ❛r❡ ❛ ♥✉♠❜❡r ♦❢
♦♣t✐♠✐③❛t✐♦♥s ❛♥❞ ✈❛r✐❛t✐♦♥s ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ❬P❡❧❡s ❡t ❛❧✳✱ ✷✵✵✻✱ ▼✉♥✲
s❦② ❛♥❞ ❑❤❛♠♠❛s❤✱ ✷✵✵✼✱ ▼✉♥s❦② ❡t ❛❧✳✱ ✷✵✵✼✱ ❍❡♥③✐♥❣❡r ❡t ❛❧✳✱ ✷✵✵✾❪✳
▼❛✐♥❧② t❤❡② tr② t♦ t✉♥❡ t❤❡ s❡❧❡❝t✐♦♥ ♦❢ t❤❡ s❡t ♦❢ st❛t❡s ❞②♥❛♠✐❝❛❧❧②
t♦ ❛❝❤✐❡✈❡ ❜❡st ♣r❡❝✐s✐♦♥✴❝♦♠♣✉t❛t✐♦♥ s♣❡❡❞ tr❛❞❡✲♦✛✳
❲❤✐❧❡ t❤❡ ✜♥✐t❡ st❛t❡ ♣r♦❥❡❝t✐♦♥ ❛❧❣♦r✐t❤♠ ♠❛❦❡s t❤❡ ♣r♦❜❧❡♠ ❞✐r❡❝t❧②

s♦❧✈❛❜❧❡✱ ✐♥ ♣r❛❝t✐❝❡ t❤❡ ♥✉♠❜❡r ♦❢ s✐❣♥✐✜❝❛♥t st❛t❡s ❝❛♥ st✐❧❧ ❜❡ ❤✉❣❡✱
❡s♣❡❝✐❛❧❧② ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝❤❡♠✐❝❛❧ s♣❡❝✐❡s ✐s ❧❛r❣❡✳ ❚❤❡ st❛t❡
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s♣❛❝❡ ❣r♦✇s ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ s♣❡❝✐❡s✱ ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠
s✉✛❡rs ❢r♦♠ t❤❡ ❝✉rs❡ ♦❢ ❞✐♠❡♥s✐♦♥❛❧✐t②✳ ❆ ❝♦♠♣❧❡♠❡♥t❛r② ❛♣♣r♦❛❝❤
✐s t♦ ❛❣❣r❡❣❛t❡ t❤❡ st❛t❡s ✇❤✐❝❤ ❛r❡ ❝❧♦s❡ t♦ ❡❛❝❤ ♦t❤❡r ❛♥❞ ❞♦ ♥♦t
❤❛✈❡ t♦ ❜❡ ❞✐st✐♥❣✉✐s❤❡❞ ❬❍❡❣❧❛♥❞ ❡t ❛❧✳✱ ✷✵✵✼❪✳ ❚②♣✐❝❛❧❧② st❛t❡s ❛r❡
❥✉❞❣❡❞ t♦ ❜❡ ❝❧♦s❡ ✐❢ s♣❡❝✐❡s✬ ❝♦✉♥ts ✐♥ t❤❡♠ ❛r❡ s✉✣❝✐❡♥t❧② s✐♠✐❧❛r s♦
t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ❞♦❡s ♥♦t ❛✛❡❝t q✉❛♥t✐t✐❡s ♦❢ ✐♥t❡r❡st s✐❣♥✐✜❝❛♥t❧②✳
❆❢t❡r ❛♣♣❧②✐♥❣ ❛ ✜♥✐t❡ st❛t❡ ♣r♦❥❡❝t✐♦♥✱ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ✐♥ t❤❡
❖❉❊ s②st❡♠ ✐s ♣❡r❢♦r♠❡❞✱ s✉❝❤ t❤❛t t❤❡ ♥❡✇ ✈❛r✐❛❜❧❡s ❛r❡ ♣r♦❜❛❜✐❧✐t✐❡s
♦❢ ❛❣❣r❡❣❛t❡❞ st❛t❡s✳ ❲❤❡♥ t❤❡ ♥❡✇ s②st❡♠✱ ✇❤✐❝❤ ✐s st✐❧❧ ❧✐♥❡❛r✱ ✐s
s♦❧✈❡❞✱ ❛♥ ✐♥✈❡rs❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐s ❛♣♣❧✐❡❞ t♦ ♦❜t❛✐♥ t❤❡ ❛♣♣r♦①✐♠❛t❡
♣r♦❜❛❜✐❧✐t✐❡s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ st❛t❡s✳ ❊rr♦r ❜♦✉♥❞s ❝❛♥ ❛❧s♦ ❜❡ ❝♦♠♣✉t❡❞
❢♦r t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ❬❍❡❣❧❛♥❞✱ ✷✵✵✽❪✳
❆ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❈▼❊ s♦❧✉t✐♦♥ ✐s t♦ tr❛♥s✲

❢♦r♠ ✐t t♦ ❛ s②st❡♠ ♦❢ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭❙❉❊s✮✳ ❆♥ ❙❉❊
✐s ❛ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ ♦♥❡ ♦r ♠♦r❡ t❡r♠s ✐s ❛ st♦❝❤❛st✐❝ ♣r♦✲
❝❡ss✱ ♠❛❦✐♥❣ t❤❡ ❙❉❊✬s s♦❧✉t✐♦♥ ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss ✐ts❡❧❢✳ ❚❤❡ r❡s✉❧t
♦❢ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❈▼❊ ✐♥t♦ ❛♥ ❙❉❊ ✐s ❝❛❧❧❡❞ t❤❡ ❝❤❡♠✐❝❛❧ ▲❛♥❣❡✈✐♥

❡q✉❛t✐♦♥ ❬●✐❧❧❡s♣✐❡✱ ✷✵✵✵❪✳ ❇❡❝❛✉s❡ ✐t ✐s ❛♥ ✐♠♣♦rt❛♥t st❡♣ t♦✇❛r❞s ✉♥✲
❞❡rst❛♥❞✐♥❣ ❞❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥s✱ ■ ✇✐❧❧ ♦✉t❧✐♥❡ t❤❡ ❞❡r✐✈❛t✐♦♥✳
▲❡t✬s ✐♥tr♦❞✉❝❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Xi(t) = νi(t) ✇❤✐❝❤ tr❛❝❦ t❤❡ ❝♦✉♥ts

♦❢ it❤ ❝❤❡♠✐❝❛❧ s♣❡❝✐❡s ✐♥ t❤❡ s②st❡♠✳ ❙✉♣♣♦s❡ t❤❡ st❛t❡ ♦❢ t❤❡ s②st❡♠
❛t t✐♠❡ t ✐s νt✳ ❚❤❡♥ ❢♦r ❛♥② τ > 0

Xi(t+ τ) = νti +

m∑

j=1

Kj(νt, τ)(βji −αji), i = 1, . . . ,n ✭✶✷✮

✇❤❡r❡ m ✐s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ r❡❛❝t✐♦♥s ❛♥❞ Kj(νt, τ) ✐s ❛ r❛♥❞♦♠
✈❛r✐❛❜❧❡ ❣♦✈❡r♥✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ r❡❛❝t✐♦♥ j st❛rt✐♥❣ ❢r♦♠ st❛t❡ νt✳ νti

✐s t❤❡ it❤ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ✈❡❝t♦r νt✳ Kj(νt, τ) r❡♣r❡s❡♥ts
t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s r❡❛❝t✐♦♥ j ✐s ❣♦✐♥❣ t♦ ♦❝❝✉r ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧ τ✱
❝♦♥s✐❞❡r✐♥❣ ❛❧s♦ ❛❧❧ ♦t❤❡r r❡❛❝t✐♦♥s✳ ❚❤❡r❡❢♦r❡ ✐♥ ❣❡♥❡r❛❧✱ ❛❧❧ Kj ✇✐❧❧
❞❡♣❡♥❞ ♦♥ ❡❛❝❤ ♦t❤❡r✳ ❙♦ ❢❛r t❤✐s ✐s ❥✉st ❛ r❡❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❈▼❊✿
✜♥❞✐♥❣ Kj ✐s ❡q✉✐✈❛❧❡♥t t♦ s♦❧✈✐♥❣ t❤❡ ❈▼❊✳ ◆♦✇ ✇❡ ✇✐❧❧ ✜♥❞ ❛ s✐♠♣❧❡
❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r Kj✳ ❈♦♥s✐❞❡r t✇♦ ❛ss✉♠♣t✐♦♥s ❢♦r τ✿

✶✳ ▲❡❛♣ ❝♦♥❞✐t✐♦♥✿ τ ✐s s♦ s♠❛❧❧ t❤❛t t❤❡ ❝❤❛♥❣❡ ♦❢ t❤❡ ♣r♦♣❡♥s✐t②
❢✉♥❝t✐♦♥s ✐♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [t, t+ τ] ✐s ♥❡❣❧✐❣✐❜❧❡✿ aj(X(t

′)) ≈
aj(νt), t

′ ∈ [t, t+ τ]✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ r❡❛❝t✐♦♥ ❡✈❡♥ts ✐♥ t❤❛t
t✐♠❡ ✐♥t❡r✈❛❧ ✇✐❧❧ ❜❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❡❛❝❤ ♦t❤❡r✱ ❛♥❞ Kj(νt, τ) ✇✐❧❧
❜❡ s✐♠♣❧② t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s r❡❛❝t✐♦♥ j ♦❝❝✉rs ✐♥ ❞✉r❛t✐♦♥ τ ✐❢
t❤❡ ♣r♦♣❡♥s✐t② ❢✉♥❝t✐♦♥ ✐s ❝♦♥st❛♥t aj(νt)✱ ❛s ✐❢ ♥♦ ♦t❤❡r r❡❛❝t✐♦♥s
❤❛✈❡ ♦❝❝✉rr❡❞✳ ❚❤❡♥ ❡❛❝❤ Kj(νt, τ) ✐s ❛♥ ✐♥❞❡♣❡♥❞❡♥t P♦✐ss♦♥
r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Pj(aj(νt)τ)✳

✷✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❧❡❛♣ ❝♦♥❞✐t✐♦♥✱ τ ✐s s♦ ❧❛r❣❡ t❤❛t t❤❡ ❡①♣❡❝t❡❞
♥✉♠❜❡r ♦❢ ♦❝❝✉rr❡♥❝❡s ♦❢ ❡❛❝❤ r❡❛❝t✐♦♥ j ✐♥ [t, t + τ] ✐s ♠✉❝❤
❣r❡❛t❡r t❤❛♥ ✶✿

E[Pj(aj(νt)τ)] = aj(νt)τ ≫ 1 ✭✶✸✮

✸✻



❚❤✐s ❛❧❧♦✇s ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ P♦✐ss♦♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❜② ♥♦r✲
♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ t❤❡ s❛♠❡ ♠❡❛♥ ❛♥❞ ✈❛r✐❛♥❝❡✳

❚❤❡ ❛ss✉♠♣t✐♦♥s ❧✐♠✐t τ ❢r♦♠ ❜♦t❤ s✐❞❡s✱ ❛♥❞ ❢♦r s♦♠❡ s②st❡♠s s✉❝❤ ❛ τ

❞♦❡s ♥♦t ❡①✐st✳ Pr♦♣❡♥s✐t② ❢✉♥❝t✐♦♥s ❞❡♣❡♥❞ ♦♥ ♥♦♥✲♥❡❣❛t✐✈❡ ♣♦✇❡rs ♦❢
♠♦❧❡❝✉❧❡ ❝♦✉♥ts✱ ❛♥❞ t❤❡ ❝♦✉♥ts ✉s✉❛❧❧② ❝❤❛♥❣❡ ❜② ❛t ♠♦st t✇♦ ✐♥ ❡❛❝❤
r❡❛❝t✐♦♥✳ ❚❤❡r❡❢♦r❡ ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ r❡❛❝t✐♦♥ ♦❝❝✉rr✐♥❣ ❞✉r✐♥❣ t❤❡ ✐♥✲
t❡r✈❛❧ ✐s ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡ s♠❛❧❧❡st ❝♦✉♥t ♦❢ ♠♦❧❡❝✉❧❛r s♣❡❝✐❡s✱ t❤❡
❧❡❛♣ ❝♦♥❞✐t✐♦♥ ✇✐❧❧ ❜❡ ❢✉❧✜❧❧❡❞✳ ❚❤✐s ❝❛♥ ❛❧✇❛②s ❜❡ s❛t✐s✜❡❞ ✐❢ ♠♦❧❡❝✉❧❡
❝♦✉♥ts ❛r❡ ♠✉❝❤ ❧❛r❣❡r t❤❛♥ ✶✳ ▲❛r❣❡ ♠♦❧❡❝✉❧❡ ❝♦✉♥ts ❣❡♥❡r❛❧❧② ♠❛❦❡
✐t ❡❛s✐❡r t♦ s❛t✐s❢② ✭✶✸✮ ❛s ✇❡❧❧✱ ❜❡❝❛✉s❡ t❤❡ ♣r♦♣❡♥s✐t② ❢✉♥❝t✐♦♥s ✇✐❧❧
❤❛✈❡ ❤✐❣❤ ✈❛❧✉❡s✳
❯s✐♥❣ t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱ ✇❡ ❝❛♥ r❡✇r✐t❡ ✭✶✷✮ ✐♥t♦

Zi(t+ τ) = νti +

m∑

j=1

Nj(aj(νt)τ,aj(νt)τ)(βji −αji) =

νti +

m∑

j=1

(βji −αji)aj(νt)τ+

m∑

j=1

(βji −αji)[aj(νt)τ]
1/2Nj(0, 1),

i = 1, . . . ,n

✇❤❡r❡ Nj ❛r❡ m ✐♥❞❡♣❡♥❞❡♥t ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱
❛♥❞ Zi ❛r❡ t❤❡ ♥❡✇✱ ❝♦♥t✐♥✉♦✉s st❛t❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s r❡♣r❡s❡♥t✐♥❣ t❤❡
❛♣♣r♦①✐♠❛t❡❞ ❝♦✉♥ts ♦❢ ♠♦❧❡❝✉❧❡s ✐♥ r❡❛❧ ❞♦♠❛✐♥✳
◆♦t❡ t❤❛t ✐♥ t❤✐s st❡♣ ✇❡ ❤❛✈❡ ❝♦♥✈❡rt❡❞ ❞✐s❝r❡t❡ P♦✐ss♦♥ r❛♥❞♦♠

✈❛r✐❛❜❧❡s ❢♦r ♠♦❧❡❝✉❧❡ ❝♦✉♥ts ✐♥t♦ ❝♦♥t✐♥✉♦✉s r❡❛❧✲✈❛❧✉❡❞ ♥♦r♠❛❧ ✈❛r✐✲
❛❜❧❡s✳
■❢ ✇❡ tr❡❛t τ ❛s ❛ ♠❛❝r♦s❝♦♣✐❝ ✐♥✜♥✐t❡s✐♠❛❧ dt✱ ✐✳❡✳ ❛ q✉❛♥t✐t② ♠✉❝❤

s♠❛❧❧❡r t❤❛♥ t❤❡ t✐♠❡ s❝❛❧❡ ♦❢ ✐♥t❡r❡st✱ ✇❡ ❝❛♥ ✇r✐t❡ ❛ st❛♥❞❛r❞✲❢♦r♠
▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥ ❢♦r ❛ ♠✉❧t✐✈❛r✐❛t❡ ❝♦♥t✐♥✉♦✉s ▼❛r❦♦✈ ♣r♦❝❡ss✿

Zi(t+ dt) = Zi(t) +

m∑

j=1

(βji −αji)aj(Z(t))dt+

m∑

j=1

(βji −αji)a
1/2
j (Z(t))Nj(t)(dt)

1/2

✭✶✹✮

✇❤❡r❡ Nj(t) ❛r❡ ♥♦r♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ③❡r♦ ♠❡❛♥ ❛♥❞ ✉♥✐t ✈❛r✐✲
❛♥❝❡s✱ ❛♥❞ Nj(t) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ Nj ′(t

′) ✐❢ j 6= j ′ ❛♥❞ t 6= t ′✳ ❚❤✐s
❡q✉❛t✐♦♥ ❛♣♣r♦①✐♠❛t❡s t❤❡ ❥✉♠♣ ▼❛r❦♦✈ ♣r♦❝❡ss ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❈▼❊
❛s ❛ ❝♦♥t✐♥✉♦✉s ▼❛r❦♦✈ ♣r♦❝❡ss✳
❚❤✐s ❙❉❊ ❝❛♥ ❜❡ ❛♥❛❧②s❡❞ ♥✉♠❡r✐❝❛❧❧②✱ ✉s✐♥❣ st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s

✐♥ ❛ ✇❛② s✐♠✐❧❛r t♦ ♠✐❝r♦s❝♦♣✐❝ s✐♠✉❧❛t✐♦♥s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✳ ❍♦✇❡✈❡r✱
❤❡r❡ t❤❡ st❛t❡ ✐s ❛ r❡❛❧ ✈❡❝t♦r ♦❢ ♦♥❧② n ❞✐♠❡♥s✐♦♥s✱ r❡♣r❡s❡♥t✐♥❣ ❛✈❡r❛❣❡
❝♦✉♥ts ♦❢ ❡❛❝❤ ♠♦❧❡❝✉❧❛r s♣❡❝✐❡s✳ ■♥ t❤❡ ♠✐❝r♦s❝♦♣✐❝ s✐♠✉❧❛t✐♦♥s t❤❡
st❛t❡ ✐s ❛♥

∑n
i=1 3νi✲❞✐♠❡♥s✐♦♥❛❧ r❡❛❧ ✈❡❝t♦r r❡♣r❡s❡♥t✐♥❣ t❤❡ ♣♦s✐t✐♦♥s

♦❢ ❛❧❧ ♠♦❧❡❝✉❧❡s ✐♥ ✸❉ s♣❛❝❡✳ ❚♦ s✐♠✉❧❛t❡ ❛ s②st❡♠ ✇✐t❤ s✉❝❤ ❛ ❧❛r❣❡
st❛t❡ s♣❛❝❡ ✐s ♠✉❝❤ ❤❛r❞❡r ❝♦♠♣✉t❛t✐♦♥❛❧❧②✳ ❊✣❝✐❡♥t ♣r♦❝❡❞✉r❡s ❢♦r
s✐♠✉❧❛t✐♥❣ ❙❉❊s ❡①✐st ❬❍✐❣❤❛♠✱ ✷✵✵✶❪✳

✸✼



✷✳✹✳✷ ▼♦♠❡♥t ❝❧♦s✉r❡

❆ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤ t♦ s♦❧✈✐♥❣ ❈▼❊ ✐s t♦ r❡✇r✐t❡ ✐t ✐♥ t❡r♠s ♦❢♠♦♠❡♥ts

♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Xi(t)✳ ❚❤❡♥ ✇❡ ❝❛♥ s✐♠♣❧✐❢② t❤❡ r❡s✉❧t✐♥❣ s②st❡♠
✉s✐♥❣ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s✱ ♦❜t❛✐♥✐♥❣ ❛ ♠♦♠❡♥t ❝❧♦s✉r❡ ✭▼❈✮✳
❚❤✐s ❛♣♣r♦❛❝❤ ❤❛s ❛ ❧♦♥❣ ❤✐st♦r②✿ ✐t ❤❛s ❜❡❡♥ ✉s❡❞ t♦ ❛♥❛❧②s❡ st♦❝❤❛st✐❝
s②st❡♠s ✐♥ t❤❡ ✜❡❧❞s ♦❢ ❡❝♦❧♦❣② ❬❲❤✐tt❧❡✱ ✶✾✺✼❪✱ ❞❡♠♦❣r❛♣❤✐❝s ❬●♦♦❞✲
♠❛♥✱ ✶✾✺✸❪✱ ❡♣✐❞❡♠✐♦❧♦❣② ❬●r❡♥❢❡❧❧ ❡t ❛❧✳✱ ✶✾✾✺❪ ❛♥❞ st❛t✐st✐❝❛❧ ♣❤②s✐❝s
❬▲❡✈❡r♠♦r❡✱ ✶✾✾✻❪✳ ❚r❛❞✐t✐♦♥❛❧❧② t❤❡② ✇❡r❡ ❞❡r✐✈❡❞ ♠❛♥✉❛❧❧②✳ ❘❡❝❡♥t❧②✱
♠❡t❤♦❞s ❢♦r ❛✉t♦♠❛t✐❝ ▼❈ ❞❡r✐✈❛t✐♦♥ ✇❡r❡ ♣r♦♣♦s❡❞ ❬●✐❧❧❡s♣✐❡✱ ✷✵✵✾❛✱
❍❡s♣❛♥❤❛ ❛♥❞ ❙✐♥❣❤✱ ✷✵✵✺✱ ❱✐❞❛❧ ❡t ❛❧✳✱ ✷✵✶✵❪ ❢♦r ❜✐♦❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥
s②st❡♠s✳
❇❡❝❛✉s❡ ✇❡ ✇✐❧❧ ✉s❡ t❤✐s ♠❡t❤♦❞ t♦ ❛♥❛❧②s❡ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t

s②st❡♠✱ ■ ✇✐❧❧ ♦✉t❧✐♥❡ ❛ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠✉❧❛✳ ■t ✐s ❜❛s❡❞ ♦♥ ✉s❛❣❡
♦❢ ♣r♦❜❛❜✐❧✐t②✲❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥s ❢r♦♠ ❬❱✐❞❛❧ ❡t ❛❧✳✱ ✷✵✶✵❪✳
❆ kt❤ ♦r❞❡r r❛✇ ♠♦♠❡♥t ♦❢ ❛♥ ✐♥t❡❣❡r✲✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ✐s

µk = E[Xk] =
∑

x x · Prob(Xk = x) =
∑

x x
kProb(X = x)✳ ●✐✈❡♥

k ∈ N
n ✇❡ ❝❛♥ ❞❡✜♥❡ ❛♠✐①❡❞ ♠♦♠❡♥t ♦❢ ❛ ✈❡❝t♦r ♦❢ n r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

X ❛s µ(k) = E[Xk] = E[
∏n

i=1 X
ki

i ]✳ ❚❤❡ ♦r❞❡r ♦❢ ❛ ♠✐①❡❞ ♠♦♠❡♥t ✐s
∑n

i=i ki✳ ◆♦t❡ t❤❛t ❛❧❧ t❤❡ ♠♦♠❡♥ts ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② ❡①✐st ❢♦r ❛❧❧
❞✐str✐❜✉t✐♦♥s✳
❲❡ ❝❛♥ ❛❧s♦ ❞❡✜♥❡ ❥♦✐♥t ❢❛❝t♦r✐❛❧ ♠♦♠❡♥t ♦❢ t❤❡ s❛♠❡ ✈❛r✐❛❜❧❡s✿

µ(k) = E[X(k)] = E[X(k1) · · ·X(kn)] =

∑

x1

· · ·
∑

xn

[

n∏

i=1

x
(ki)

i

]

Prob(X = x)
✭✶✺✮

✇❤❡r❡ xy = x(x − 1)(x − 2) · · · (x − y + 1) ✐s t❤❡ ❢❛❧❧✐♥❣ ❢❛❝t♦r✐❛❧✱ ♦r
❢❛❧❧✐♥❣ ♣♦✇❡r✳ ❚❤❡ r❛✇ ❛♥❞ ❢❛❝t♦r✐❛❧ ♠♦♠❡♥ts ❛r❡ r❡❧❛t❡❞✱ ❛♥❞ ❝❛♥
❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠ ❡❛❝❤ ♦t❤❡r✳ ■♥ ♣❛rt✐❝✉❧❛r✱ µ1 = µ1, µ2 = µ2 −

µ1✳ ❆ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢♦r t❤❡ ❝♦♥✈❡rs✐♦♥ ❜❡t✇❡❡♥ t❤❡♠
✉s✐♥❣ ❙t✐r❧✐♥❣✬s ♥✉♠❜❡rs✱ ❜✉t ✇❡ ✇✐❧❧ ♥♦t ♥❡❡❞ t♦ ❝♦♥✈❡rt ❤✐❣❤❡r✲♦r❞❡r
♠♦♠❡♥ts✳
❆ ♣r♦❜❛❜✐❧✐t②✲❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ ❛ ✈❡❝t♦r ♦❢ ✐♥t❡❣❡r✲✈❛❧✉❡❞ r❛♥❞♦♠

✈❛r✐❛❜❧❡s X ✐s

φ(z) = E[zX]

z ✐s ❛ ✈❡❝t♦r ♦❢ ❢♦r♠❛❧ ✈❛r✐❛❜❧❡s ✇❤✐❝❤ ✐s ✐♥tr♦❞✉❝❡❞ ✇✐t❤ t❤✐s ❢✉♥❝t✐♦♥✱
♦❢ t❤❡ s❛♠❡ ❞✐♠❡♥s✐♦♥ ❛s X✳ ■♥ ❣❡♥❡r❛❧ t❤❡s❡ ❢♦r♠❛❧ ✈❛r✐❛❜❧❡s ❛r❡ ♥♦t
♠❡❛♥t t♦ r❡♣r❡s❡♥t ♥✉♠❜❡rs✱ ❛❧t❤♦✉❣❤ ✇❡ ✇✐❧❧ s♦♠❡t✐♠❡s s✉❜st✐t✉t❡
♥✉♠❜❡rs ❢♦r t❤❡♠✳
❖♥❡ ♣r♦♣❡rt② ♦❢ ♣r♦❜❛❜✐❧✐t②✲❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥s t❤❛t ✇❡ ✇✐❧❧ ✉s❡ ✐s

t❤❛t ❜② t❛❦✐♥❣ ❢♦r♠❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ ✐t ✇❡ ❝❛♥ ♦❜t❛✐♥ ❢❛❝t♦r✐❛❧ ♠♦♠❡♥ts
♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✿

∂kφ

∂zk

∣

∣

∣

∣

∣

z=1

=
∂k1

∂zk1

1

. . .
∂knφ

∂zkn
n

∣

∣

∣

∣

∣

z=1

= µ(k)

✸✽



❈♦♥s✐❞❡r t❤❡ ♣r♦❜❛❜✐❧✐t②✲❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ φ(z, t) ❢♦r t❤❡ r❛♥❞♦♠
✈❛r✐❛❜❧❡ ✈❡❝t♦r X(t) t❤❛t tr❛❝❦s t❤❡ ❝♦✉♥ts ♦❢ ♠♦❧❡❝✉❧❡s ♦❢ ❡❛❝❤ t②♣❡ ✐♥
❛ ❝❤❡♠✐❝❛❧ s②st❡♠✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ r❡✇r✐t❡ t❤❡ ❈▼❊ ✭✶✵✮ ✐♥t♦ t❤❡ ❢♦❧✲
❧♦✇✐♥❣ P❉❊✱ ✇❤✐❝❤ ✐s t❤❡ ❣❡♥❡r❛❧ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ♣r♦❜❛❜✐❧✐t②✲
❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ❬❊r❞✐ ❛♥❞ ❚♦t❤✱ ✶✾✾✷❪✿

∂φ

∂t
= Hφ ✭✶✻✮

H ✐s ❛ ❍❛♠✐❧t♦♥✐❛♥ ♦♣❡r❛t♦r

H =

m∑

j=1

cj

αj!
(zβj − zαj)

( ∂

∂z

)αj

✇❤❡r❡ αj! =
∏n

i=1 αji!✳ ■t ✐s ❝❛❧❧❡❞ s♦ ❜② ❛♥❛❧♦❣② t♦ q✉❛♥t✉♠ ♣❤②s✐❝s✱
✭✶✻✮ ❜❡✐♥❣ t❤❡ ❛♥❛❧♦❣✉❡ ♦❢ t❤❡ ❙❝❤r♦❡❞✐♥❣❡r ❡q✉❛t✐♦♥✳ H ✐s ❛ ❞✐✛❡r❡♥t✐❛❧
♦♣❡r❛t♦r✱ ✐✳❡✳ ❛ ❤✐❣❤❡r ♦r❞❡r ❢✉♥❝t✐♦♥ ✇❤✐❝❤ t❛❦❡s ❛♥♦t❤❡r ❢✉♥❝t✐♦♥ ❛s ❛♥
❛r❣✉♠❡♥t ❛♥❞ tr❛♥s❢♦r♠s ✐t✱ ❞✐✛❡r❡♥t✐❛t✐♦♥ ❜❡✐♥❣ ♦♥❡ ♦❢ t❤❡ tr❛♥s❢♦r♠❛✲
t✐♦♥s ✇❤✐❝❤ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✳ ■♥ t❤✐s ♥♦t❛t✐♦♥✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ( ∂

∂zi
)k

♠❡❛♥s t❛❦✐♥❣ kt❤ ❞❡r✐✈❛t✐✈❡ ❜② zi✳ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ♦t❤❡r t❡r♠s ❞❡✲
♥♦t❡s t❤❡ ♦r❞✐♥❛r② ♠✉❧t✐♣❧✐❝❛t✐♦♥✳
❇② t❛❦✐♥❣ ❢♦r♠❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ ✭✶✻✮ ❛♥❞ ❡✈❛❧✉❛t✐♥❣ ❛t z = 1✱ ✇❡

❝❛♥ ♣r♦❞✉❝❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ❢♦r ❛r❜✐tr❛r② ❥♦✐♥t ❢❛❝t♦r✐❛❧ ♠♦♠❡♥ts
♦❢ X(t)✿

∂k

∂zk
∂φ

∂t

∣

∣

∣

∣

∣

z=1

=
∂

∂t

∂kφ

∂zk

∣

∣

∣

∣

∣

z=1

=
dµ(k)

dt
=

∂k

∂zk
Hφ

∣

∣

∣

∣

∣

z=1

❆❧❧ ❞❡r✐✈❛t✐✈❡s ♦❢ φ ✐♥ t❤❡ ❧❛st ❡①♣r❡ss✐♦♥ ✇✐❧❧ ❜❡ r❡♣❧❛❝❡❞ ❜② ❝♦rr❡s♣♦♥❞✲
✐♥❣ ❢❛❝t♦r✐❛❧ ♠♦♠❡♥ts✳
■♥ t❤✐s ✇❛②✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ❢♦r ❛♥② ♠♦♠❡♥ts ♦❢

X(t)✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ♠❡❛♥ ♦❢ ♠♦❧❡❝✉❧❛r s♣❡❝✐❡s i ✐s

µ(k)(t) = µ(k)(t),

kj = δij =






1, i = j

0, i 6= j

■♥ ❣❡♥❡r❛❧✱ ❛♥ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r ❛ ♠♦♠❡♥t ♦❢ ♦r❞❡rN ✇✐❧❧ ❞❡♣❡♥❞
♦♥ ♠♦♠❡♥ts ♦❢ ♦r❞❡rs ✉♣ t♦ N+M− 1✱ ✇❤❡r❡ M ✐s t❤❡ ♠❛①✐♠✉♠ ♦r❞❡r
♦❢ ❛ r❡❛❝t✐♦♥ ✐♥ t❤❡ s②st❡♠✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ✜rst ♦r❞❡r s②st❡♠s✱ t❤✐s
♣r♦❝❡❞✉r❡ ❛❧❧♦✇s t♦ ♦❜t❛✐♥ ❝❧♦s❡❞✱ ✜♥✐t❡ ❛♥❞ ❧✐♥❡❛r ❖❉❊ s②st❡♠s ❢♦r
t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛♥② ✜♥✐t❡ ♠♦♠❡♥t✱ ✇❤✐❝❤ ❝❛♥ ❜❡ r❡❛❞✐❧② s♦❧✈❡❞✳
■♥ t❤❡ ♠♦r❡ ✐♥t❡r❡st✐♥❣ ❝❛s❡ ♦❢ s❡❝♦♥❞ ♦r❞❡r s②st❡♠s✱ t❤❡ ❡q✉❛t✐♦♥ ❢♦r

❛♥② ♠♦♠❡♥t ♦❢ ♦r❞❡r N ✇✐❧❧ ❞❡♣❡♥❞ ♦♥ ♠♦♠❡♥ts ♦❢ ♦r❞❡r N+ 1✱ t❤❡②
✐♥ t✉r♥ ✇✐❧❧ ❞❡♣❡♥❞ ♦♥ ♠♦♠❡♥ts ♦❢ ♦r❞❡r N+ 2 ❛♥❞ s♦ ♦♥✳ ❚❤❡ s②st❡♠
♦❢ ❡q✉❛t✐♦♥s ❢♦r♠s ❛♥ ✐♥✜♥✐t❡ ❝❛s❝❛❞❡✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ t♦ s♦❧✈❡ ♥✉✲
♠❡r✐❝❛❧❧②✱ ❥✉st ❛s t❤❡ ❈▼❊ ✐ts❡❧❢✳ ■♥ ♦r❞❡r t♦ s♦❧✈❡ ✐t ❛♣♣r♦①✐♠❛t❡❧②✱ ✇❡

✸✾



❤❛✈❡ t♦ tr✉♥❝❛t❡ t❤❡ ❝❛s❝❛❞❡✳ ❚❤✐s ✐s ❞♦♥❡ ❜② ❛ss✉♠✐♥❣ ❛ ❢✉♥❝t✐♦♥❛❧
r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♠♦♠❡♥ts ♦❢ ♦r❞❡r N ❛♥❞ ❧♦✇❡r ♦r❞❡r ♠♦♠❡♥ts ❢♦r
❛ ❝❡rt❛✐♥ N✳ ❚❤❡ tr✉♥❝❛t✐♦♥ ✐s ❝❛❧❧❡❞ ♠♦♠❡♥t ❝❧♦s✉r❡✳

❖♥❡ ❡①❛♠♣❧❡ ♦❢ s✉❝❤ ❛ r❡❧❛t✐♦♥s❤✐♣ ✐s t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ③❡r♦ ❝♦✲
✈❛r✐❛♥❝❡s ❜❡t✇❡❡♥ ❝♦✉♥ts ♦❢ ♠♦❧❡❝✉❧❛r s♣❡❝✐❡s✿ Cov(Xi,Xj) = 0✳ ❚❤✐s
❛❧❧♦✇s ❡①♣r❡ss✐♥❣ s❡❝♦♥❞ ♦r❞❡r ♠♦♠❡♥ts ✐♥ t❡r♠s ♦❢ ✜rst ♦r❞❡r ♦♥❡s✿
E[XiXj] = E[Xi]E[Xj]✳ ■♥ t❤✐s ✇❛② ❛ s❡t ♦❢ ❡q✉❛t✐♦♥s ❢♦r t❤❡ t✐♠❡ ❡✈♦✲
❧✉t✐♦♥ ♦❢ ✜rst ♦r❞❡r ♠♦♠❡♥ts✱ ✐✳❡✳ t❤❡ ♠❡❛♥ ♠♦❧❡❝✉❧❡ ❝♦✉♥ts✱ ♠❛② ❜❡
❞❡r✐✈❡❞✳ ❚❤❡s❡ ❡q✉❛t✐♦♥s ✇✐❧❧ ❜❡ ❡q✉❛❧ t♦ r❡❛❝t✐♦♥ r❛t❡ ❡q✉❛t✐♦♥s✱ ✇❤✐❝❤
✇✐❧❧ ❜❡ ♠♦r❡ r✐❣♦r♦✉s❧② ❞❡r✐✈❡❞ ❧❛t❡r✳ ◆♦t❡ t❤❛t t❤✐s ❛ss✉♠♣t✐♦♥ ✐♠♣❧✐❡s
③❡r♦ ✈❛r✐❛♥❝❡s ❢♦r t❤❡ ✈❛r✐❛❜❧❡s ❛s ✇❡❧❧✱ ✇❤✐❝❤ ♠❛❦❡s t❤✐s ❛♥❛❧②s✐s ❞✐s✲
r❡❣❛r❞ t❤❡ st♦❝❤❛st✐❝ ❡✛❡❝ts✳ ■♥ ❛❞❞✐t✐♦♥ ✐t ♣♦s❡s ❛ t❡❝❤♥✐❝❛❧ ❞✐✣❝✉❧t②
✇❤✐❝❤ ♣r❡✈❡♥ts r✐❣♦r♦✉s ❛♥❛❧②s✐s ♦❢ t❤✐s ♠❡t❤♦❞✿ t❤❡ ③❡r♦✲✈❛r✐❛♥❝❡ ❞✐s✲
❝r❡t❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❝❛♥ ♦♥❧② ❛ss✉♠❡ ❛ s✐♥❣❧❡ ✈❛❧✉❡✱ ✐♥ t❤✐s ❝❛s❡ ❛
♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r✱ t❤❡r❡❢♦r❡ t❤❡ ❖❉❊s ❢♦r t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡✐r
♠❡❛♥s ❞♦ ♥♦t ♠❛❦❡ s❡♥s❡✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ t❤✐s tr❡❛t♠❡♥t ♠✐ss❡s ❛ ❝r✉✲
❝✐❛❧ st❡♣✱ ✇❤✐❝❤ ❛❧❧♦✇s r❡♣❧❛❝✐♥❣ ✐♥t❡❣❡r✲✈❛❧✉❡❞ ♠♦❧❡❝✉❧❡ ❝♦✉♥ts ✇✐t❤
r❡❛❧ ♥✉♠❜❡rs✳ ❚❤✐s ✇❛s ❞♦♥❡ ❢♦r t❤❡ ❝❤❡♠✐❝❛❧ ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥ ❛❜♦✈❡❀
❧❛t❡r ✇❡ ✇✐❧❧ s❡❡ ❤♦✇ t❤✐s ❜r✐♥❣s ❛ r✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❞❡t❡r♠✐♥✲
✐st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥✳

❋♦r ♥♦✇✱ ❛ ♠♦r❡ ✉s❡❢✉❧ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s t♦ ❛ss✉♠❡ t❤❛t t❤❡ t❤✐r❞
♦r❞❡r ♠✐①❡❞ ❝❡♥tr❛❧ ♠♦♠❡♥ts ❢♦r ❛❧❧ ✈❛r✐❛❜❧❡s ❛r❡ ③❡r♦✳ ❚❤✐s ❛ss✉♠♣✲
t✐♦♥ ✇♦✉❧❞ ❜❡ tr✉❡✱ ❢♦r ❡①❛♠♣❧❡✱ ✐❢ t❤❡ ✈❛r✐❛❜❧❡s ❛r❡ ❥♦✐♥t❧② ♥♦r♠❛❧❧②
❞✐str✐❜✉t❡❞ ❬■ss❡r❧✐s✱ ✶✾✶✽❪✳ ❚❤✐s ✐s ✐♠♣♦ss✐❜❧❡ s✐♥❝❡ t❤❡ ♠♦❧❡❝✉❧❡ ❝♦✉♥ts
❝❛♥ ♦♥❧② t❛❦❡ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r ✈❛❧✉❡s✱ ❛♥❞ t❤❡ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥
❛❧❧♦✇s ❛♥② r❡❛❧ ✈❛❧✉❡❀ ♥♦♥❡t❤❡❧❡ss t❤✐s ❛ss✉♠♣t✐♦♥ ✇♦r❦s q✉✐t❡ ✇❡❧❧ ✐♥
♣r❛❝t✐❝❡✳ ❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ♠♦♠❡♥ts ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✲
✐♥❣✿

0 = E[(Xi − E[Xi])(Xj − E[Xj])(Xk − E[Xk])] = E[XiXjXk]−

E[XiXj]E[Xk] − E[XiXk]E[Xj] − E[XjXk]E[Xi] + 2E[Xi]E[Xj]E[Xk]
✭✶✼✮

❯s✐♥❣ t❤✐s r❡❧❛t✐♦♥✱ ❛♥② t❤✐r❞ ♦r❞❡r ♠♦♠❡♥t ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② ❛ ♥♦♥✲
❧✐♥❡❛r ❡①♣r❡ss✐♦♥ ❞❡♣❡♥❞✐♥❣ ♦♥ ✜rst ❛♥❞ s❡❝♦♥❞✲♦r❞❡r ♠♦♠❡♥ts ♦❢ t❤❡
s❛♠❡ ✈❛r✐❛❜❧❡s✳ ❆ ❝❧♦s❡❞ s②st❡♠ ♦❢ ❥♦✐♥t t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ✜rst ❛♥❞
s❡❝♦♥❞ ♦r❞❡r ♠♦♠❡♥ts ❝❛♥ t❤✉s ❜❡ ❞❡r✐✈❡❞✳ ❲❡ ✇✐❧❧ ❝❛❧❧ t❤✐s tr❛♥s❢♦r✲
♠❛t✐♦♥ ♥♦r♠❛❧ ❝❧♦s✉r❡✳

▼♦♠❡♥t ❝❧♦s✉r❡ ✐s t②♣✐❝❛❧❧② ❞♦♥❡ ✇✐t❤ ❤❡❧♣ ♦❢ ❛ ❝♦♠♣✉t❡r ❛❧❣❡❜r❛
s②st❡♠ t♦ ❣❡♥❡r❛t❡ t❤❡ ❡q✉❛t✐♦♥s ❬❱✐❞❛❧ ❡t ❛❧✳✱ ✷✵✶✵✱ ●✐❧❧❡s♣✐❡✱ ✷✵✵✾❛✱
❙✐♥❣❤ ❛♥❞ ❍❡s♣❛♥❤❛✱ ✷✵✵✻❛❪✳ ❚❤❡♥ ❛♥ ❖❉❊ s♦❧✈❡r ✐s ✉s❡❞ t♦ s✐♠✉❧❛t❡
t❤❡ r❡s✉❧t✐♥❣ ♥♦♥✲❧✐♥❡❛r s②st❡♠✳

❆s ❛♥ ❡①❛♠♣❧❡✱ ❧❡t✬s ❝♦♥s✐❞❡r ❛❣❛✐♥ t❤❡ s②st❡♠ A + B
λ−→ C✳ ❚❤❡

❍❛♠✐❧t♦♥✐❛♥ ❢♦r t❤✐s s②st❡♠ ✐s

H = λ · (zazb − zc)
∂

∂za

∂

∂zb

✹✵



❙✐♥❝❡ t❤✐s ✐s ❛ s❡❝♦♥❞ ♦r❞❡r s②st❡♠s✱ t❤❡ ♠♦♠❡♥t ❡q✉❛t✐♦♥s ❢♦r♠ ❛♥
✐♥✜♥✐t❡ ❝❛s❝❛❞❡✳ ❚❤❡ ✜rst t✇♦ ❧❡✈❡❧s ♦❢ t❤✐s ❝❛s❝❛❞❡✱ ✐♥✈♦❧✈✐♥❣ ♠♦♠❡♥ts
♦❢ ✉♣ t♦ t❤✐r❞ ♦r❞❡r✱ ❛r❡

dE[A]

dt
= −λE[AB]

dE[B]

dt
= −λE[AB]

dE[C]

dt
= λE[AB]

dE[AB]

dt
= λ(E[AB] − E[A2B] − E[AB2])

dE[A2]

dt
= λ(E[AB] − 2E[A2B])

dE[B2]

dt
= λ(E[AB] − 2E[AB2])

❚❤❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡ t❤✐r❞ ♦r❞❡r ♠♦♠❡♥ts E[A2B] ❛♥❞ E[AB2] ✇✐❧❧
✐♥✈♦❧✈❡ ❢♦✉rt❤ ♦r❞❡r ♠♦♠❡♥ts ❛♥❞ s♦ ♦♥✱ s♦ t❤❡ ❖❉❊ s②st❡♠ ✐s ✐♥✜♥✐t❡
❛♥❞ ✉♥s♦❧✈❛❜❧❡✳
❯s✐♥❣ t❤❡ ♥♦r♠❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ✭✶✼✮✱ ✇❡ ❝❛♥ ✇r✐t❡

E[A2B] = E[A2]E[B] + 2E[AB]E[A] − 2E[A]2E[B]

E[AB2] = E[A]E[B2] + 2E[AB]E[A] − 2E[A]E[B]2

❚❤✐s ❛❧❧♦✇s ♦❜t❛✐♥✐♥❣ t❤❡ ♥♦r♠❛❧ ❝❧♦s✉r❡ ❢♦r t❤❡ s②st❡♠✿

dE[A]

dt
= −λE[AB]

dE[B]

dt
= −λE[AB]

dE[C]

dt
= λE[AB]

dE[AB]

dt
= λ(2(E[A]E[B] − E[AB])(E[A] + E[B]) − E[A2]E[B] − E[A]E[B2] + E[AB])

dE[A2]

dt
= λ(−4E[A]E[AB] + 4E[A]2E[B] − 2E[A2]E[B] + E[AB])

dE[B2]

dt
= λ(−4E[B]E[AB] + 4E[A]E[B]2 − 2E[A]E[B2] + E[AB])

❙✐♠✉❧❛t✐♥❣ ✐t ❢r♦♠ ❛ ❞❡t❡r♠✐♥✐st✐❝ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✇✐t❤ ✷✵✵ ❆ ❛♥❞
✷✵✵ ❇ ♠♦❧❡❝✉❧❡s ✉s✐♥❣ ❛♥ ❖❉❊ s♦❧✈❡r ❣✐✈❡s t❤❡ r❡s✉❧t s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✻✳
❚❤❡ ♦♥❧② ♣❛r❛♠❡t❡r ♦❢ t❤❡ ♠♦❞❡❧ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② r❛t❡ ❝♦♥st❛♥t λ✳ ■t ✐s
❝♦♠♣✉t❡❞ ❛s λ = k/Ω✱ ✇❤❡r❡ k ✐s t❤❡ r❡❛❝t✐♦♥ r❛t❡ ❝♦♥st❛♥t ❛♥❞Ω ✐s t❤❡
s②st❡♠ ✈♦❧✉♠❡✳ ❚❤✐s r❡❧❛t✐♦♥ ✇✐❧❧ ❜❡ ❞❡r✐✈❡❞ ❧❛t❡r ✭✶✽✮✳ k ✐s ❝♦♠♣✉t❡❞
❛❝❝♦r❞✐♥❣ t♦ ✭✻✮✱ ❛♥❞ ❛❧❧ ♦t❤❡r q✉❛♥t✐t✐❡s ❛r❡ s❡t t♦ t❤❡ s❛♠❡ ✈❛❧✉❡s
❛s ❢♦r t❤❡ ●❋❘❉ ♠✐❝r♦s❝♦♣✐❝ s✐♠✉❧❛t✐♦♥ ❡①❛♠♣❧❡ ❛❜♦✈❡✳ ❚❤❡♦r❡t✐❝❛❧❧②
t❤❡ r❡s✉❧t ♦❢ t❤✐s ♥♦r♠❛❧ ❝❧♦s✉r❡ ❛♣♣r♦①✐♠❛t❡s t❤❛t ❡①❛♠♣❧❡✳ ◆♦t❡✱
❤♦✇❡✈❡r✱ t❤❛t ✭✻✮ ✐s ❞❡r✐✈❡❞ ❢♦r ♣❛rt✐❛❧❧② ❞✐✛✉s✐♦♥✲❝♦♥tr♦❧❧❡❞ r❡❛❝t✐♦♥s✱
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GFRD simulation (mean)
GFRD simulation (std. dev.)
normal closure (mean)
normal closure (std. dev.)

❋✐❣✉r❡ ✻✿ ◆♦r♠❛❧ ❝❧♦s✉r❡ ❛♥❞ ●❋❘❉ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts

✇❤✐❧❡ ❈▼❊ ❛ss✉♠❡s ✇❡❧❧✲♠✐①❡❞ ❝♦♠♣❛rt♠❡♥t ❛t ❛❧❧ t✐♠❡s✳ ❚❤❡r❡❢♦r❡
t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ✇✐❧❧ ❣❡t ✇♦rs❡ ✇✐t❤ ❧♦✇❡r ❞✐✛✉s✐♦♥ s♣❡❡❞✳
■♥ ❋✐❣✉r❡ ✻✱ t❤❡ ❝♦♠♣✉t❡❞ ♠❡❛♥ ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ❈ ❝♦✉♥t

✐s ❝♦♠♣❛r❡❞ t♦ t❤♦s❡ ❞❡r✐✈❡❞ ❢r♦♠ ●❋❘❉ s✐♠✉❧❛t✐♦♥s st❛rt✐♥❣ ✇✐t❤ ❛
✉♥✐❢♦r♠ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✭❋✐❣✉r❡ ✹❛✮✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♥♦r♠❛❧ ❝❧♦s✉r❡
❣✐✈❡s ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❉♦✐ ♠♦❞❡❧ s✐♠✉❧❛t✐♦♥✱ ❛♥❞ ✐t ✐s s❡✈❡r❛❧
♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❢❛st❡r✳ ❚❤❡ ❞♦✇♥s✐❞❡ ✐s t❤❛t ✐t ✐s ✐♠♣♦ss✐❜❧❡ t♦
s✐♠✉❧❛t❡ t❤❡ s②st❡♠s ✇❤❡r❡ t❤❡ s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ♠♦❧❡❝✉❧❡s ♣❧❛②s
❛ s✐❣♥✐✜❝❛♥t r♦❧❡ ✭❡✳❣✳ s✐t✉❛t✐♦♥s ♦♥ ❋✐❣✉r❡ ✹❜ ❛♥❞ ❋✐❣✉r❡ ✹❝✮✳

✷✳✹✳✸ ●✐❧❧❡s♣✐❡ ❛❧❣♦r✐t❤♠

❨❡t ❛♥♦t❤❡r ✇❛② t♦ ♦❜t❛✐♥ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ ❈▼❊ ✐s t❤r♦✉❣❤ st♦❝❤❛s✲
t✐❝ s✐♠✉❧❛t✐♦♥s✳ ❊❛❝❤ s✐♠✉❧❛t✐♦♥ ❝♦♠♣✉t❡s ❛ ▼♦♥t❡✲❈❛r❧♦ s❛♠♣❧❡ ♦❢ ❛
❝♦♥t✐♥✉♦✉s t✐♠❡ ❞✐str✐❜✉t✐♦♥ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❈▼❊✳
❙✐♠✉❧❛t✐♦♥s ❛r❡ ♣r❡❢♦r♠❡❞ ✉s✐♥❣ ❛ ✈❛r✐❛♥t ♦❢●✐❧❧❡s♣✐❡ ❛❧❣♦r✐t❤♠ ❬●✐❧❧❡✲

s♣✐❡✱ ✶✾✼✼❪✳ ❚❤❡ ❜❛s✐❝ ✈❡rs✐♦♥✱ ❝❛❧❧❡❞ ❉✐r❡❝t ▼❡t❤♦❞✱ ✐s ❛s ❢♦❧❧♦✇s✿

✶✳ ■♥✐t✐❛❧✐③❡ ♠♦❧❡❝✉❧❡ ❝♦✉♥ts ν := ν0✱ s❡t t := 0✳

✷✳ ❈❛❧❝✉❧❛t❡ ♣r♦♣❡♥s✐t✐❡s aj ❢♦r ❛❧❧ r❡❛❝t✐♦♥s ✉s✐♥❣ ✭✾✮✳

✸✳ ❈❤♦♦s❡ r❡❛❝t✐♦♥ µ ✇❤✐❝❤ ❤❛♣♣❡♥s ♥❡①t ❢r♦♠ t❤❡ ❞✐str✐❜✉t✐♦♥

Prob(❘❡❛❝t✐♦♥ = µ) = aµ/
m∑

j=1

aj✳

✹✳ ❈❤♦♦s❡ t❤❡ t✐♠❡ τ ♦❢ t❤❡ ♥❡①t r❡❛❝t✐♦♥ ❢r♦♠ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞✐s✲

tr✐❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡r λ =
m∑

j=1

aj✳

✺✳ ❯♣❞❛t❡ ♠♦❧❡❝✉❧❡ ❝♦✉♥ts ν := ν−αµ +βµ ❛♥❞ t✐♠❡ t := t+ τ✳

✻✳ ●♦ t♦ st❡♣ ✷✳

❖♥❡ ❝②❝❧❡ ♦❢ t❤✐s ❛❧❣♦r✐t❤♠✱ ✇❤✐❝❤ ❝♦♠♣✉t❡s ❛ s✐♥❣❧❡ r❡❛❝t✐♦♥ ❡✈❡♥t✱
t❛❦❡s O(m) t✐♠❡✱ ✇❤❡r❡ m ✐s t❤❡ ♥✉♠❜❡r ♦❢ r❡❛❝t✐♦♥s ✐♥ t❤❡ s②st❡♠✳
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GFRD simulation (mean)
GFRD simulation (std. dev.)
Gillespie simulation (mean)
Gillespie simulation (std. dev.)

❋✐❣✉r❡ ✼✿ ●✐❧❧❡s♣✐❡ ❛❧❣♦r✐t❤♠ ❛♥❞ ●❋❘❉ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts

❚❤❡r❡ ❛r❡ ♦♣t✐♠✐③❡❞ ✈❛r✐❛♥ts ♦❢ t❤✐s ❛❧❣♦r✐t❤♠✳ ◆❡①t r❡❛❝t✐♦♥ ♠❡t❤♦❞
❬●✐❜s♦♥ ❛♥❞ ❇r✉❝❦✱ ✷✵✵✵❪ ✐s O(logm)✳ ■t ✐s ❡✈❡♥ ♣♦ss✐❜❧❡ t♦ ❤❛✈❡ O(1)

❝♦♠♣❧❡①✐t② ✉♥❞❡r s♦♠❡ ❝♦♥❞✐t✐♦♥s ❬❙❧❡♣♦② ❡t ❛❧✳✱ ✷✵✵✽❪✳
❙t♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s ❛r❡ ❛ ♣♦♣✉❧❛r ♠❡t❤♦❞ ♦❢ ❛♥❛❧②s✐s ♦❢ t❤❡ ❈▼❊✳

❚❤❡♦r❡t✐❝❛❧❧② ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❛❝❤✐❡✈❡ ❛r❜✐tr❛r② ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥✱
✉s✐♥❣ ❡♥♦✉❣❤ s✐♠✉❧❛t✐♦♥ r✉♥s✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦❢ s✐♠✲
✉❧❛t✐♦♥s ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❡✈❡♥ts ✇❡ ♥❡❡❞ t♦ s✐♠✉❧❛t❡✱
✇❤✐❝❤ ✐♥ t✉r♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ♠♦❧❡❝✉❧❡ ❝♦✉♥ts ✐♥ t❤❡ s②st❡♠✳ ❚❤❡r❡❢♦r❡
t❤✐s ♠❡t❤♦❞ ♠❛② ❜❡ ♣r♦❜❧❡♠❛t✐❝ ✐❢ t❤❡ ♠♦❧❡❝✉❧❡ ❝♦✉♥ts ❛r❡ ✈❡r② ❤✐❣❤✳
■❢ ❛❧❧♠♦❧❡❝✉❧❛r s♣❡❝✐❡s ✐♥ t❤❡ s②st❡♠ ❜❡✐♥❣ st✉❞✐❡❞ ❤❛✈❡ ❤✐❣❤ ♥✉♠❜❡rs✱

t❤❡♥ ❛r❣✉❛❜❧② ❛ ❝❤❡♠✐❝❛❧ ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥ ❛♣♣r♦❛❝❤ ❞❡s❝r✐❜❡❞ ❡❛r❧✐❡r✱
♦r ❡✈❡♥ ❞❡t❡r♠✐♥✐st✐❝ ♠♦❞❡❧❧✐♥❣✱ ♠❛② ✇♦r❦ ✇❡❧❧✳ ❍♦✇❡✈❡r✱ ✐t ✇✐❧❧ ♥♦t
✇♦r❦ ✐❢ t❤❡ s②st❡♠ ✐s ❤❡t❡r♦❣❡♥❡♦✉s ✐♥ t❤✐s r❡s♣❡❝t✱ ✇✐t❤ s♦♠❡ ♠♦❧❡❝✉❧❡s
❜❡✐♥❣ ❛❜✉♥❞❛♥t ❛♥❞ ♦t❤❡rs ❜❡✐♥❣ s❝❛r❝❡✳ ❆❧s♦✱ ❢♦r s♦♠❡ s♣❡❝✐❡s t❤❡
♠♦❧❡❝✉❧❡ ❝♦✉♥ts ♠❛② ✈❛r② ❣r❡❛t❧② ✇✐t❤✐♥ ❛ s❤♦rt t✐♠❡ ♣❡r✐♦❞✳ ❚♦ ❛❞❞r❡ss
t❤✐s ✐ss✉❡✱ r❡❝❡♥t❧② ❤②❜r✐❞ ❛♣♣r♦❛❝❤❡s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❬P❛❤❧❡✱ ✷✵✵✾❪✳
❚❤❡② ✇♦r❦ ❜② ✜rst s❡♣❛r❛t✐♥❣ ❛❧❧ r❡❛❝t✐♦♥s ✐♥t♦ s❧♦✇ ❛♥❞ ❢❛st s✉❜s❡ts✱
❛♥❞ t❤❡♥ ❛♣♣❧②✐♥❣ ❞✐✛❡r❡♥t s✐♠✉❧❛t✐♦♥ ♠❡t❤♦❞s t♦ t❤❡♠✳
●✐❧❧❡s♣✐❡ ❛❧❣♦r✐t❤♠ ✐s ♦❢t❡♥ ❝❛❧❧❡❞ ❡①❛❝t s✐♠✉❧❛t✐♦♥ ❛❧❣♦r✐t❤♠✱ ❜❡❝❛✉s❡

✐t ❞r❛✇s s❛♠♣❧❡s ❡①❛❝t❧② ❛❝❝♦r❞✐♥❣ t♦ ♣r♦❜❛❜✐❧✐t✐❡s ❞❡s❝r✐❜❡❞ ❜② t❤❡
❈▼❊✳ ❚❤❡r❡ ❛r❡ ❛❧s♦ ♠♦r❡ ❡✣❝✐❡♥t ❛♣♣r♦①✐♠❛t❡ s✐♠✉❧❛t✐♦♥ ❛❧❣♦r✐t❤♠s✱
♥♦t❛❜❧② t❤❡ τ✲❧❡❛♣✐♥❣ ♠❡t❤♦❞ ❬●✐❧❧❡s♣✐❡✱ ✷✵✵✶❪✳ ■t ✇♦r❦s ✇❡❧❧ ✐❢ t❤❡ ❧❡❛♣
❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✱ ✇❤✐❝❤ ♠❛❦❡s ✐t ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥
❜❡t✇❡❡♥ ❡①❛❝t s✐♠✉❧❛t✐♦♥s ❛♥❞ t❤❡ ❝❤❡♠✐❝❛❧ ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥✳

❯s✐♥❣ t❤❡ s❛♠❡ A+B
λ−→ C ❡①❛♠♣❧❡ ❛s ❜❡❢♦r❡✱ ❋✐❣✉r❡ ✼ ❝♦♠♣❛r❡s r❡✲

s✉❧t ♦❢ ✶✵✵✵✵ ●✐❧❧❡s♣✐❡ s✐♠✉❧❛t✐♦♥s ♣❡r❢♦r♠❡❞ ✐♥ ❈❖P❆❙■ t♦ ✶✵✵ ●❋❘❉
s✐♠✉❧❛t✐♦♥s ✇✐t❤ ✉♥✐❢♦r♠ ✐♥✐t✐❛❧ s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ A ❛♥❞ B✳ Pr♦❜✲
❛❜✐❧✐t② r❛t❡ ❝♦♥st❛♥t λ ✐s t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ♠♦♠❡♥t ❝❧♦s✉r❡ ❡①❛♠♣❧❡✳
❚❤❡ ♠❛t❝❤ ❜❡t✇❡❡♥ s✐♠✉❧❛t✐♦♥s ✐s ❛❣❛✐♥ ✈❡r② ❣♦♦❞✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢
●✐❧❧❡s♣✐❡ ❛❧❣♦r✐t❤♠ ♦✈❡r ♠♦♠❡♥t ❝❧♦s✉r❡s ✐s t❤❛t ✇❡ ❝❛♥ ❝♦♥tr♦❧ t❤❡ ❛♣✲
♣r♦①✐♠❛t✐♦♥ ❡rr♦r ❡❛s✐❧②✿ ❝♦♥✜❞❡♥❝❡ ❜♦✉♥❞s ♦♥ ❡✈❡r② st❛t✐st✐❝ ❝❛♥ ❜❡
❝♦♠♣✉t❡❞✱ ❛♥❞ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♥✉♠❜❡r ♦❢ s✐♠✉✲
❧❛t✐♦♥s ♥❡❡❞❡❞ t♦ r❡❛❝❤ t❤❡ ❞❡s✐r❡❞ ❝♦♥✜❞❡♥❝❡✳ ■♥ ♠♦♠❡♥t ❝❧♦s✉r❡ t❤❡

✹✸



❡rr♦r ✐s ♠✉❝❤ ❤❛r❞❡r t♦ ❡st✐♠❛t❡ ❛♥❞ ❝♦♥tr♦❧✳ ❚②♣✐❝❛❧❧② ✐t ❤❛s t♦ ❜❡
❝♦♠♣❛r❡❞ t♦ ●✐❧❧❡s♣✐❡ s✐♠✉❧❛t✐♦♥s ✐♥ ♦r❞❡r t♦ ❛ss❡ss ✐ts q✉❛❧✐t②✳ ❚♦ r❡✲
❞✉❝❡ t❤❡ ❡rr♦r ✐♥ ♠♦♠❡♥t ❝❧♦s✉r❡✱ ♦♥❡ ♠❛② ❝❤♦♦s❡ ❛ ♠♦r❡ ❛♣♣r♦♣r✐❛t❡
❝❧♦s✉r❡ t②♣❡✱ ♦r ❛ ❤✐❣❤❡r ♦r❞❡r ♦❢ t❤❡ ❝❧♦s✉r❡✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♠♦♠❡♥t ❝❧♦s✉r❡✱ ❜❡✐♥❣ ❛♥ ❖❉❊ s②st❡♠✱ ❛❧❧♦✇s

❡❛s✐❡r ♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞ ❢♦r♠❛❧ ❛♥❛❧②s✐s✳ ❋♦r t❛s❦s ❧✐❦❡ ♣❛r❛♠❡t❡r ❡st✐✲
♠❛t✐♦♥✱ ✐t ✐s ✈❛st❧② ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ ❛ ♥❛✐✈❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ●✐❧❧❡s♣✐❡
❛❧❣♦r✐t❤♠✱ s✐♥❝❡ t❤❡ ❧❛tt❡r ✇✐❧❧ r❡q✉✐r❡ ♠❛♥② s✐♠✉❧❛t✐♦♥s ❢♦r ❡✈❡r② s❡t ♦❢
♣❛r❛♠❡t❡r ✈❛❧✉❡s ✇❤✐❝❤ ❛r❡ ❜❡✐♥❣ t❡st❡❞✳ ❆♥♦t❤❡r ♣♦ss✐❜❧❡ ❛♣♣❧✐❝❛t✐♦♥
✐s ♠♦❞❡❧ r❡❞✉❝t✐♦♥✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞❡s❝r✐❜❡❞ ❧❛t❡r ✐♥ ❈❤❛♣t❡r ✸✳

✷✳✹✳✹ ❉❡t❡r♠✐♥✐st✐❝ ♠♦❞❡❧❧✐♥❣

❚❤❡ ✜♥❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❞②♥❛♠✐❝s ♦❢ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥ s②st❡♠s ✐s
t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♠♦❞❡❧✱ ❝❛❧❧❡❞ r❡❛❝t✐♦♥ r❛t❡ ❡q✉❛t✐♦♥ ✭❘❘❊✮✳ ■t ✐s t❤❡
♠♦st ✇✐❞❡❧② ✉s❡❞ ♠♦❞❡❧✱ ❜❡❝❛✉s❡ ♦❢ ✐ts s✐♠♣❧✐❝✐t② ❛♥❞ ❡✣❝✐❡♥❝②✳
❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❘❘❊ r❡sts ✉♣♦♥ ❛ ❢✉rt❤❡r ❛♣♣r♦①✐♠❛t✐♥❣ ❛ss✉♠♣✲

t✐♦♥ ❝❛❧❧❡❞ t❤❡r♠♦❞②♥❛♠✐❝ ❧✐♠✐t✳ ■t ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❧✐♠✐t ✇❤❡r❡ t❤❡
s②st❡♠ ✈♦❧✉♠❡ Ω t❡♥❞s t♦ ✐♥✜♥✐t②✱ ✇❤✐❧❡ ❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ t❤❡ ❝❤❡♠✐❝❛❧
s♣❡❝✐❡s ❛r❡ ♣r❡s❡r✈❡❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❝♦♥s✐❞❡r Ω ❛s ❛ ❧❛r❣❡ ✈❛❧✉❡✱
s✉❝❤ t❤❛t Ω−1 ❝❛♥ ❜❡ t❛❦❡♥ t♦ ❜❡ ③❡r♦✳
■♥ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ❧✐♠✐t✱ ❛❧❧ ❝♦✉♥ts ♦❢ ❝❤❡♠✐❝❛❧ s♣❡❝✐❡s ❛r❡ ✐♥✲

✜♥✐t❡❧② ❧❛r❣❡✱ ❜✉t t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥s ❛r❡ ✜♥✐t❡✳ ■♥t✉✐t✐✈❡❧②✱ t❤✐s ❛❧❧♦✇s
♥❡❣❧❡❝t✐♥❣ st♦❝❤❛st✐❝ ✢✉❝t✉❛t✐♦♥s ♦❢ ♠♦❧❡❝✉❧❛r ❝♦✉♥ts✱ ✇❤✐❝❤ ♠❛❦❡s t❤✐s
tr❡❛t♠❡♥t ❜❛s❡❞ ♦♥ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ❧✐♠✐t ❞❡t❡r♠✐♥✐st✐❝✳ ■♥ t❤❡ ❢♦❧✲
❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ♦✉t❧✐♥❡ t❤❡ ❢♦r♠❛❧ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❘❘❊✱ ✇❤✐❝❤ ❜♦✐❧s
❞♦✇♥ t♦ r❡♠♦✈✐♥❣ t❤❡ st♦❝❤❛st✐❝ t❡r♠ ❢r♦♠ t❤❡ ❝❤❡♠✐❝❛❧ ▲❛♥❣❡✈✐♥ ❡q✉❛✲
t✐♦♥✱ t✉r♥✐♥❣ ✐t ✐♥t♦ ❛♥ ❖❉❊ s②st❡♠✳ ❚❤✐s ✇✐❧❧ ❛❧s♦ ❛❧❧♦✇ ❞❡r✐✈✐♥❣
❡①❛❝t❧② t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ r❡❛❝t✐♦♥ r❛t❡s ❛♥❞ ♣r♦❜❛❜✐❧✐t② r❛t❡
❝♦♥st❛♥ts✳
❲❡ st❛rt ❢r♦♠ t❤❡ ❧❡❛♣ ❝♦♥❞✐t✐♦♥✳ ■t ✐s ♣r♦✈❡♥ ✐♥ ❬●✐❧❧❡s♣✐❡✱ ✷✵✵✾❜❪

t❤❛t ❝❧♦s❡ t♦ t❤❡r♠♦❞②♥❛♠✐❝ ❧✐♠✐t✱ t❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❝❤❡♠✐❝❛❧
▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥ ✇✐❧❧ ❛❧s♦ ❤♦❧❞✱ t❤❡r❡❢♦r❡ ✭✶✹✮ ❤♦❧❞s✳
◆❡①t✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ❢♦r ③❡r♦✲✱ ✉♥✐✲ ❛♥❞ ❜✐♠♦❧❡❝✉❧❛r ❡❧❡♠❡♥t❛r②

r❡❛❝t✐♦♥s t❤❡ q✉❛♥t✐t② aj/Ω✱ ✇❤❡r❡ aj ✐s t❤❡ r❡❛❝t✐♦♥✬s ♣r♦♣❡♥s✐t② ❢✉♥❝✲
t✐♦♥✱ ✐s ❛s②♠♣t♦t✐❝❛❧❧② ❝♦♥st❛♥t ✇❤❡♥ ❣♦✐♥❣ t♦ t❤❡r♠♦❞②♥❛♠✐❝ ❧✐♠✐t
✭❛❧t❤♦✉❣❤ ✐t ♠❛② ♥♦t ❜❡ ❝♦♥st❛♥t ✐♥ t✐♠❡✮✳ ▲❡t✬s s❡❡ ✇❤② t❤✐s ✐s t❤❡
❝❛s❡✳
❋♦r s♦✉r❝❡✲❧✐❦❡✱ ③❡r♦t❤✲♦r❞❡r r❡❛❝t✐♦♥s t♦ ❜❡❤❛✈❡ s❡♥s✐❜❧② ✐♥ t❤❡ t❤❡r✲

♠♦❞②♥❛♠✐❝ ❧✐♠✐t✱ t❤❡✐r aj ♠✉st ❤❛✈❡ t❤❡ ❢♦r♠ aj = aj0Ω✱ ✇❤❡r❡ aj0

✐s ❝♦♥st❛♥t ✇✳r✳t✳ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ❧✐♠✐t✳ ■❢ t❤✐s ✐s ♥♦t s♦✱ t❤❡ ♥✉♠✲
❜❡r ♦❢ ♠♦❧❡❝✉❧❡s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ s②st❡♠ ♣❡r ✉♥✐t t✐♠❡ ❛♥❞ ♣❡r ✉♥✐t
✈♦❧✉♠❡ ✇♦✉❧❞ t❡♥❞ t♦ ③❡r♦ ♦r t♦ ✐♥✜♥✐t②✳
❋♦r ✉♥✐♠♦❧❡❝✉❧❛r r❡❛❝t✐♦♥s ✇✐t❤ r❡❛❝t❛♥t i✱ aj = cjνi = cj[Xi]Ω✱

✇❤❡r❡ [Xi] ✐s t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ r❡❛❝t❛♥t✱ ✇❤✐❝❤ ✐s ❝♦♥st❛♥t ✐♥ t❤❡
t❤❡r♠♦❞②♥❛♠✐❝ ❧✐♠✐t✳ ❚❤❡r❡❢♦r❡ aj/Ω ✐s ❛❧s♦ ❛ ❝♦♥st❛♥t✳
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■♥ ❛ ❜✐♠♦❧❡❝✉❧❛r r❡❛❝t✐♦♥ ✇✐t❤ r❡❛❝t❛♥ts i ❛♥❞ k✱ aj = cjνiνk ✐❢ i 6= k

❛♥❞ aj = cj
1
2νi(νi − 1) ♦t❤❡r✇✐s❡✳ ❍❡r❡ cjdt = ProbcProbr✱ ✇❤❡r❡

Probc ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t✇♦ r❛♥❞♦♠❧② ❝❤♦s❡♥ r❡❛❝t❛♥t ♠♦❧❡❝✉❧❡s
✇✐❧❧ ❝♦❧❧✐❞❡ ✐♥ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ✐♥t❡r✈❛❧ dt✱ ❛♥❞ Probr ✐s t❤❡ ♣r♦❜❛❜✐❧✲
✐t② t❤❛t t❤❡ r❡❛❝t✐♦♥ ✇✐❧❧ ❤❛♣♣❡♥ ❣✐✈❡♥ ❛ ❝♦❧❧✐s✐♦♥✳ ❚❤❡ ❧❛tt❡r ❞♦❡s
♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♠♦❧❡❝✉❧❛r ♣♦♣✉❧❛t✐♦♥s ❛♥❞ Ω✳ ●✐❧❧❡s♣✐❡ ❬✷✵✵✾❜❪
s❤♦✇❡❞ t❤❛t✱ ❛ss✉♠✐♥❣ t❤❡ s②st❡♠ ✐s ✇❡❧❧✲♠✐①❡❞ ❛♥❞ ✐♥ t❤❡r♠❛❧ ❡q✉✐✲
❧✐❜r✐✉♠✱ Probc = (k ′/Ω)dt✱ ✇❤❡r❡ k ′ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ♠♦❧❡❝✉❧❛r
♣♦♣✉❧❛t✐♦♥s ❛♥❞ Ω✳ ❈♦♠❜✐♥✐♥❣ ❛❧❧✱ ✇❡ ❣❡t aj = (k ′/Ω)Probrνiνk =

k ′Probr[Xi][Xk]Ω ✐♥ ❝❛s❡ ♦❢ ❞✐✛❡r❡♥t r❡❛❝t❛♥ts✱ ❛♥❞
aj = (k ′/Ω)Probr

1
2νi(νi − 1) = 1

2k
′Probr([Xi]

2Ω − [Xi]) ❢♦r ❛ r❡❛❝✲
t✐♦♥ ♦❢ i ✇✐t❤ ✐ts❡❧❢✳ ■♥ ❜♦t❤ ❝❛s❡s✱ aj/Ω ✐s ❛s②♠♣t♦t✐❝❛❧❧② ❝♦♥st❛♥t ✐♥
t❤❡r♠♦❞②♥❛♠✐❝ ❧✐♠✐t✳
◆♦✇ ✐❢ ✇❡ ❞✐✈✐❞❡ ✭✶✹✮ ❜② Ω ❛♥❞ ❣♦ t♦ t❤❡r♠♦❞②♥❛♠✐❝ ❧✐♠✐t✱ t❤❡

❝♦❡✣❝✐❡♥t ♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❣♦❡s t♦ ③❡r♦✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ ❖❉❊✿

[Xi](t+ dt) = [Xi](t) +

m∑

j=1

(βji −αji)aj([X](t))/Ωdt

♦r ❡q✉✐✈❛❧❡♥t❧②✱

d[Xi]

dt
=

m∑

j=1

(βji −αji)aj([X](t))/Ω

❯s✐♥❣ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ❧✐♠✐t✱ ✇❡ ❝❛♥ s✐♠♣❧✐❢② t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡
❛s ❢♦❧❧♦✇s✳ ■♥ ❝❛s❡ ♦❢ s♦✉r❝❡✲❧✐❦❡ r❡❛❝t✐♦♥s✱ aj([X](t))/Ω = aj0✱ ❢♦r
✉♥✐♠♦❧❡❝✉❧❛r r❡❛❝t✐♦♥s aj([X](t))/Ω = cj[Xi]✳ ❋♦r ❜✐♠♦❧❡❝✉❧❛r r❡❛❝✲
t✐♦♥s ✇✐t❤ ❞✐✛❡r❡♥t r❡❛❝t❛♥ts✱ aj([X](t))/Ω = cjΩ[Xi][Xk]✱ ❛♥❞ ❢♦r
s❡❧❢✲r❡❛❝t✐♦♥ aj([X](t))/Ω = 1

2cjΩ[Xi]
2✳ ❚❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡

❝♦♥✈❡♥✐❡♥t ❢♦r♠ ♦❢ t❤❡ ❘❘❊✿

d[Xi]

dt
=

m∑

j=1

kj(βji −αji)[X]
αj

✇❤❡r❡ kj ✐s t❤❡ r❡❛❝t✐♦♥ r❛t❡ ❝♦♥st❛♥t ♦❢ t❤❡ ♠❛ss ❛❝t✐♦♥ ❧❛✇✳ ❚❤❡
r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ r❡❛❝t✐♦♥ r❛t❡ ❝♦♥st❛♥t ❛♥❞ st♦❝❤❛st✐❝
♣r♦❜❛❜✐❧✐t② r❛t❡ ❝♦♥st❛♥t cj ✐s ♥♦✇ ❝❧❡❛r✿

kj =






cj/Ω, ❢♦r s♦✉r❝❡✲❧✐❦❡ r❡❛❝t✐♦♥s ✇✐t❤ ③❡r♦ r❡❛❝t❛♥ts

cj, ❢♦r ✉♥✐♠♦❧❡❝✉❧❛r r❡❛❝t✐♦♥s

cjΩ, ❢♦r ❜✐♠♦❧❡❝✉❧❛r r❡❛❝t✐♦♥s ✇✐t❤ ❞✐✛❡r❡♥t r❡❛❝t❛♥ts

1
2cjΩ, ❢♦r r❡❛❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ s❛♠❡ ♠♦❧❡❝✉❧❛r s♣❡❝✐❡s

✭✶✽✮

❚❤❡ r❛t❡s ♠✉st ❜❡ ❝♦♥✈❡rt❡❞ ❛❝❝♦r❞✐♥❣❧② ✇❤❡♥ s✇✐t❝❤✐♥❣ ❜❡t✇❡❡♥
❞✐✛❡r❡♥t ❛♥❛❧②s✐s ♠❡t❤♦❞s✳ ◆♦t❡ t❤❛t ✐t ✐s ♥❡❝❡ss❛r② t♦ ❦♥♦✇ t❤❡ s②st❡♠
✈♦❧✉♠❡ Ω ✐♥ ♦r❞❡r t♦ ♣❡r❢♦r♠ t❤❡ ❝♦♥✈❡rs✐♦♥✳

✹✺
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Deterministic approximation
Gillespie simulation (mean)

✭❛✮ ✐♥✐t✐❛❧ A ❛♥❞ B✿ ✷✵✵
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Deterministic approximation
Exact solution
Gillespie simulation (mean)

✭❜✮ ✐♥✐t✐❛❧ A ❛♥❞ B✿ ✷

❋✐❣✉r❡ ✽✿ ❉❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ❝♦♠♣❛r❡❞ t♦ ●✐❧❧❡s♣✐❡ s✐♠✉❧❛t✐♦♥s ❛♥❞
❛♥ ❡①❛❝t s♦❧✉t✐♦♥✳

❚❤❡ ✜rst ❢♦r♠❛❧ ❞❡r✐✈❛t✐♦♥ ♦❢ ❘❘❊ ❢r♦♠ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ♠♦❞❡❧ ✇❛s
❣✐✈❡♥ ✐♥ ❬❑✉rt③✱ ✶✾✼✷❪✳ ■t ❞✐❞ ♥♦t ✉s❡ t❤❡ ❝❤❡♠✐❝❛❧ ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥✱
❤♦✇❡✈❡r t❤❡ ❛r❣✉♠❡♥t ✇❛s ♠♦r❡ ♠❛t❤❡♠❛t✐❝❛❧❧② ✐♥✈♦❧✈❡❞✳

❆♣♣❧②✐♥❣ ❞❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ A + B
λ−→ C s②st❡♠

②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ❘❘❊✿

d[A]

dt
=

d[B]

dt
= −k[A][B]

d[C]

dt
= k[A][B]

■ts s♦❧✉t✐♦♥ ✐s ♣❧♦tt❡❞ ♦♥ ❋✐❣✉r❡ ✽✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♠❡❛♥ ♦❢ ✶✵✵✵✵
●✐❧❧❡s♣✐❡ s✐♠✉❧❛t✐♦♥s✱ ♠❡❛♥t t♦ ✐♥❞✐❝❛t❡ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ t❤❡ ❈▼❊✳
k ✐s s❡t ❛❝❝♦r❞✐♥❣ t♦ ✭✶✽✮✱ ✇✐t❤ t❤❡ s❛♠❡ λ ❛s ✐♥ t❤❡ ❡①❛♠♣❧❡s ❜❡❢♦r❡✳
❈♦♥❝❡♥tr❛t✐♦♥ [C] ✇❛s ❝♦♥✈❡rt❡❞ ❜❛❝❦ t♦ ♠♦❧❡❝✉❧❛r ❝♦✉♥ts✳ ❖♥ ❋✐❣✲
✉r❡ ✽❛✱ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐s t❤❡ s❛♠❡ ❛s ❜❡❢♦r❡✱ ❛♥❞ t❤❡ ❛❣r❡❡♠❡♥t
❜❡t✇❡❡♥ st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s ❛♥❞ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s
❣♦♦❞✳ ❖♥ ❋✐❣✉r❡ ✽❜✱ ♠♦❧❡❝✉❧❡ ❝♦✉♥ts ❛r❡ ❧♦✇ ❛♥❞ t❤❡ s②st❡♠ ✈♦❧✉♠❡
✐s ✶✵✵✵ t✐♠❡s s♠❛❧❧❡r✳ ❯♥❞❡r t❤✐s ❝♦♥❞✐t✐♦♥✱ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ❧✐♠✐t
❛ss✉♠♣t✐♦♥ ♦❢ ❘❘❊ ✐s ♥♦ ❧♦♥❣❡r ❥✉st✐✜❡❞✱ ❛♥❞ ✇❡ ♦❜s❡r✈❡ ❛ ❝♦♥s✐❞❡r❛❜❧❡
❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r✳ ❚❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ t❤❡ ❈▼❊ ✭✶✶✮ ✐s ♣❧♦tt❡❞ ❢♦r
r❡❢❡r❡♥❝❡✳

✷✳✺ s♣❛t✐❛❧ ♠♦❞❡❧❧✐♥❣

❲❤❡♥ t❤❡ ❞✐✛✉s✐♦♥ ✐s t♦♦ s❧♦✇ ❢♦r t❤❡ ✇❡❧❧✲♠✐①❡❞ ❛ss✉♠♣t✐♦♥ t♦ ❜❡ ❥✉st✐✲
✜❡❞✱ ✇❡ ❤❛✈❡ t♦ ♠♦❞❡❧ t❤❡ s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠♦❧❡❝✉❧❡s✳ ▼✐❝r♦✲
s❝♦♣✐❝ ♠♦❞❡❧s ❞✐r❡❝t❧② ❜❛s❡❞ ♦♥ ❙♠♦❧✉❝❤♦✇s❦✐ ❡q✉❛t✐♦♥✱ ❧✐❦❡ ●❋❘❉✱ ❛r❡
❝♦♠♣✉t❛t✐♦♥❛❧❧② ✈❡r② ❡①♣❡♥s✐✈❡✱ s♦ ❛♣♣r♦①✐♠❛t✐♦♥s ❛r❡ t②♣✐❝❛❧❧② ✉s❡❞
✐♥st❡❛❞✳ ❚❤✐s ✐s ❛ ✈❡r② ❧❛r❣❡ s✉❜❥❡❝t✱ s♦ ■ ✇✐❧❧ ❜r✐❡✢② r❡✈✐❡✇ ♦♥❧② t❤❡
❛♣♣r♦❛❝❤❡s ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s✳

✹✻



✷✳✺✳✶ ❘❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s

❆ ♥❛t✉r❛❧ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❘❘❊ ❛♣♣r♦❛❝❤ ✐s t♦ ❝♦♥s✐❞❡r ❝♦♥❝❡♥tr❛t✐♦♥s
❛s ❢✉♥❝t✐♦♥s ♦❢ t✐♠❡ ❛♥❞ s♣❛❝❡ ❛♥❞ ❛❞❞ ❞✐✛✉s✐♦♥ t❡r♠s t♦ t❤❡ ❡q✉❛t✐♦♥s✳
❚❤❡ ❖❉❊s ✇✐❧❧ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ P❉❊s ❬❊❞❡❧st❡✐♥✲❑❡s❤❡t✱ ✷✵✵✺❪✳ ❋♦r
♠❛ss ❛❝t✐♦♥ ❧❛✇ t❤✐s P❉❊ ✐s✿

∂[Xi]

∂t
=

m∑

j=1

kj(βji −αji)[X]
αj +Di∆[Xi]

✇❤❡r❡ ❝♦♥❝❡♥tr❛t✐♦♥ [Xi] = [Xi](x, t) ✐s t❤❡ ❢✉♥❝t✐♦♥ ♦❢ s♣❛❝❡ x ∈ R
d

❛♥❞ t✐♠❡✱ ∆[Xi] ✐s t❤❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r ❛♥❞ Di ✐s t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡❢✲
✜❝✐❡♥t ♦❢ i ♠♦❧❡❝✉❧❡s✳ ❚❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❜② ❝♦♠❜✐♥✐♥❣ t❤❡
♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✇✐t❤ ❋✐❝❦✬s s❡❝♦♥❞ ❧❛✇ ♦❢ ❞✐✛✉s✐♦♥ ✭✽✮ ❛♥❞ t❤❡
❘❘❊ ♠♦❞❡❧ ♦❢ r❡❛❝t✐♦♥s ❬❊❞❡❧st❡✐♥✲❑❡s❤❡t✱ ✷✵✵✺❪✳ ■♥ ♦r❞❡r t♦ s♦❧✈❡ t❤✐s
❡q✉❛t✐♦♥✱ t❤❡ ❜♦✉♥❞❛r② ❛♥❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ♠✉st ❜❡ s♣❡❝✐✜❡❞✳
❙✉❝❤ ❡q✉❛t✐♦♥s ❛r❡ t②♣✐❝❛❧❧② s♦❧✈❡❞ ✉s✐♥❣ ❛ ✈❛r✐❛♥t ♦❢ t❤❡ ✜♥✐t❡ ✈♦❧✉♠❡

♠❡t❤♦❞ ❬❊②♠❛r❞ ❡t ❛❧✳✱ ✷✵✵✵❪✱ ✇❤✐❝❤ ✜rst s✉❜❞✐✈✐❞❡s t❤❡ s♣❛❝❡ ✐♥t♦ ❛
♥✉♠❜❡r ♦❢ s♠❛❧❧ s✉❜✲✈♦❧✉♠❡s✱ ♦r ❝❡❧❧s✳ ❚❤❡♥ t❤❡ P❉❊ ✐s tr❛♥s❢♦r♠❡❞
✐♥t♦ ❛♥ ❖❉❊ ❢♦r ❡❛❝❤ s✉❜✲✈♦❧✉♠❡✱ ✇✐t❤ t❤❡ t✐♠❡ ❛s t❤❡ ✈❛r✐❛❜❧❡✳ ❆❧❧ t❤❡
❖❉❊s ❛r❡ ❝♦✉♣❧❡❞ ❜② t❡r♠s ❞❡s❝r✐❜✐♥❣ ✢✉①❡s ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥s ❛❝r♦ss
❝❡❧❧ ❜♦✉♥❞❛r✐❡s✳ ■♥ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s t❤❡s❡ ✢✉①❡s ✇✐❧❧ ❜❡ ♦♥❧②
❞✉❡ t♦ ❞✐✛✉s✐♦♥✳ ❲✐t❤✐♥ ❡❛❝❤ ❝❡❧❧✱ ❝♦♥❝❡♥tr❛t✐♦♥s ❛r❡ r❡♣r❡s❡♥t❡❞ ❜②
t❤❡✐r ✈♦❧✉♠❡ ❛✈❡r❛❣❡s✱ t❤✉s t❤❡ ❧♦❝❛❧ ❖❉❊s ❢♦r t❤❡ ❝❡❧❧s ❛r❡ ❥✉st ✐❞❡♥t✐❝❛❧
❘❘❊s✳ ❙♦♠❡t✐♠❡s s✉❝❤ ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ✐s ❝♦♥str✉❝t❡❞ ♠❛♥✉❛❧❧② ❬❚✉r✐♥❣✱
✶✾✺✷❪✳
❘❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ❛r❡ ♦❢t❡♥ ✉s❡❞ t♦ ♠♦❞❡❧ ♣❛tt❡r♥ ❢♦r♠❛t✐♦♥

✐♥ ❧✐✈✐♥❣ ♦r❣❛♥✐s♠s ❬❚✉r✐♥❣✱ ✶✾✺✷✱ ▼❡✐♥❤❛r❞t ❛♥❞ ●✐❡r❡r✱ ✶✾✼✹✱ ❑♦♥❞♦
❛♥❞ ❆s❛✐✱ ✶✾✾✺✱ ▼✐✉r❛ ❛♥❞ ▼❛✐♥✐✱ ✷✵✵✹✱ ❙❤❡t❤ ❡t ❛❧✳✱ ✷✵✶✷❪✳ ❚❤❡② ❛r❡
❛♣♣❡❛❧✐♥❣ s✐♥❝❡ t❤❡② ♣r♦✈✐❞❡ ✈❡r② s✐♠♣❧❡ ❡①♣❧❛♥❛t✐♦♥s ❢♦r ❝♦♠♣❧❡① ♣❛t✲
t❡r♥ ❢♦r♠❛t✐♦♥ ♣❤❡♥♦♠❡♥❛✱ t②♣✐❝❛❧❧② r❡q✉✐r✐♥❣ ✐♥t❡r❛❝t✐♦♥ ♦❢ ♦♥❧② ❛ ❢❡✇
s✉❜st❛♥❝❡s✳

✷✳✺✳✷ ❘❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♠❛st❡r ❡q✉❛t✐♦♥

❙♦♠❡t✐♠❡s t❤❡ ❞❡t❡r♠✐♥✐st✐❝ tr❡❛t♠❡♥t ✇✐t❤ t❤❡ P❉❊s ✐s ♥♦t s❛t✐s✲
❢❛❝t♦r②✱ ❜❡❝❛✉s❡ ✐t r❡sts ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡r♠♦❞②♥❛♠✐❝ ❧✐♠✐t✳
❚❤✐s ♠❛② ❜❡❝♦♠❡ ❡s♣❡❝✐❛❧❧② ♣r♦❜❧❡♠❛t✐❝ ✇✐t❤ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❜②
s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥✱ s✐♥❝❡ ✇✐t❤ ❛ ✜♥❡ ♠❡s❤ ♠♦❧❡❝✉❧❡ ❝♦✉♥ts ✐♥ t❤❡ s✉❜✲
✈♦❧✉♠❡s ♠❛② ❜❡ ❧♦✇ ❡♥♦✉❣❤ ❢♦r st♦❝❤❛st✐❝ ❡✛❡❝ts t♦ ❜❡❝♦♠❡ s✐❣♥✐✜✲
❝❛♥t✳ ❚❤✐s ❝❛❧❧s ❢♦r ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ♠❡t❤♦❞ ❜❡t✇❡❡♥ ♠✐❝r♦s❝♦♣✐❝ s✐♠✲
✉❧❛t✐♦♥s ❛♥❞ t❤❡ ❈▼❊✱ ✇❤✐❝❤ ❛❝❝♦✉♥ts ❢♦r ❜♦t❤ s♣❛t✐❛❧ ✐♥❤♦♠♦❣❡♥❡✐t②
❛♥❞ st♦❝❤❛st✐❝✐t②✱ ❜✉t ❞♦❡s ♥♦t r❡q✉✐r❡ tr❛❝❦✐♥❣ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ♠♦❧❡❝✉❧❡s✳
❘❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♠❛st❡r ❡q✉❛t✐♦♥ ✭❘❉▼❊✮ ✐s s✉❝❤ ❛ ♠❡t❤♦❞✳ ■t ✇❛s
✐♥tr♦❞✉❝❡❞ ✐♥ ❬❑✉r❛♠♦t♦✱ ✶✾✼✹❪ ❛♥❞ ❬●❛r❞✐♥❡r ❡t ❛❧✳✱ ✶✾✼✻❪✳
❚❤❡ ✐❞❡❛ ✐s s✐♠✐❧❛r t♦ t❤❡ ✜♥✐t❡ ✈♦❧✉♠❡ ♠❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ r❡❛❝t✐♦♥✲

❞✐✛✉s✐♦♥ s②st❡♠s✳ ❚❤❡ s♣❛❝❡ ✐s ❞✐✈✐❞❡❞ ✐♥ s✉❜✲✈♦❧✉♠❡s ∆Vr✳ ❋♦r ❡❛❝❤

✹✼



s✉❜✲✈♦❧✉♠❡ t❤❡ ❈▼❊ ✐s ✇r✐tt❡♥✱ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❞✐✛✉s✐♦♥ r❡❛❝t✐♦♥s✳
❚❤❡ ❞✐✛✉s✐♦♥ r❡❛❝t✐♦♥s ❛r❡ ✜rst ♦r❞❡r r❡❛❝t✐♦♥s ❞❡s❝r✐❜✐♥❣ ❥✉♠♣s ♦❢
♠♦❧❡❝✉❧❡s ✐♥t♦ ❛ ♥❡✐❣❤❜♦✉r s✉❜✲✈♦❧✉♠❡✳ Pr♦❜❛❜✐❧✐t② r❛t❡ ❝♦♥st❛♥ts ♦❢
t❤❡s❡ ♥❡✇ r❡❛❝t✐♦♥s ❞❡♣❡♥❞ ♦♥ t❤❡ ✈♦❧✉♠❡s ❛♥❞ t❤❡ s✉r❢❛❝❡s ♦❢ t❤❡
❝♦♥t❛❝ts ❜❡t✇❡❡♥ ♥❡✐❣❤❜♦✉rs✳ ■♥ ❝❛s❡ ♦❢ ❛ ❤♦♠♦❣❡♥❡♦✉s s✉❜❞✐✈✐s✐♦♥
❬❇❛r❛s ❛♥❞ ▼❛♥s♦✉r✱ ✶✾✾✻❪✿

Di =
l2

2d
λi

✇❤❡r❡ λi ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② r❛t❡ ❝♦♥st❛♥t ♦❢ t❤❡ ❞✐✛✉s✐♦♥ r❡❛❝t✐♦♥ ♦❢
s♣❡❝✐❡s i✱ Di ✐s ✐ts ❋✐❝❦✬s ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t✱ d ✐s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡
s♣❛❝❡ ❛♥❞ l = ∆V1/d ✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ♦❢ t❤❡ ❝❡❧❧✳
❚❤❡ r❡s✉❧t ✐s ❛❣❛✐♥ ❛ ❧❛r❣❡ ❈▼❊✳ ■t ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ❛♥② ♠❡t❤♦❞ ❞❡✲

s❝r✐❜❡❞ ❛❜♦✈❡✳ ■♥ ❛❞❞✐t✐♦♥ t❤❡r❡ ✐s ❛ s♣❡❝✐❛❧✐③❡❞ ✈❛r✐❛♥t ♦❢ t❤❡ ●✐❧❧❡s♣✐❡
❛❧❣♦r✐t❤♠✱ ❝❛❧❧❡❞ ◆❡①t ❙✉❜✈♦❧✉♠❡ ♠❡t❤♦❞ ❬❊❧❢ ❛♥❞ ❊❤r❡♥❜❡r❣✱ ✷✵✵✹❪✳
❙♣❡❝✐❛❧ ❝❛r❡ ♠✉st ❜❡ t❛❦❡♥ ✇❤❡♥ ❝❤♦♦s✐♥❣ t❤❡ s✉❜✲✈♦❧✉♠❡ s✐③❡ ❢♦r ❞✐s✲

❝r❡t✐③❛t✐♦♥ ✐♥ t❤✐s ♠❡t❤♦❞✳ ❖❜✈✐♦✉s❧② t❤❡ ❝❡❧❧s s❤♦✉❧❞ ♥♦t ❜❡ t♦♦ ❧❛r❣❡✱
♦r t❤❡ ♠♦❞❡❧ ✇✐❧❧ ❢❛✐❧ t♦ r❡♣r❡s❡♥t s♣❛t✐❛❧ ✐♥❤♦♠♦❣❡♥❡✐t② ❛❞❡q✉❛t❡❧②✳
❇✉t t❤❡r❡ ✐s ❛❧s♦ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ❝❡❧❧ s✐③❡✳ ■❢ t❤❡ ✈♦❧✉♠❡s ❛♣♣r♦❛❝❤
③❡r♦✱ ❜✐♠♦❧❡❝✉❧❛r r❡❛❝t✐♦♥s ✐♥ t❤✐s ♠♦❞❡❧ ✇✐❧❧ ❤❛✈❡ ③❡r♦ ♣r♦❜❛❜✐❧✐t②✱ ❜❡✲
❝❛✉s❡ r❡❛❝t❛♥ts ✇✐❧❧ ❛❧♠♦st ♥❡✈❡r ♠❡❡t ✐♥ t❤❡ s❛♠❡ ✈♦❧✉♠❡ ❬❍❡❧❧❛♥❞❡r
❡t ❛❧✳✱ ✷✵✶✷❪✳ ❈♦♠♣✉t✐♥❣ t❤❡ ♠✐♥✐♠✉♠ ✈♦❧✉♠❡ s✐③❡ ❢♦r ✇❤✐❝❤ t❤❡ r❡s✉❧ts
❛❣r❡❡ ✇✐t❤ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ♠♦❞❡❧ ✐s ❞✐✣❝✉❧t✱ ❜❡❝❛✉s❡ ✐t ❞❡♣❡♥❞s ♦♥ t❤❡
s②st❡♠ ❣❡♦♠❡tr② ❛♥❞ r❡❛❝t✐♦♥s✳ ❆ ❝♦rr❡❝t✐♦♥ ❝❛❧❧❡❞ ❈♦♥✈❡r❣❡♥t ❘❉▼❊
❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ❬■s❛❛❝s♦♥✱ ✷✵✶✷❪✱ ❜✉t ✐t r❡q✉✐r❡s t❤❛t ♠♦❧❡❝✉❧❡s ✐♥
t❤❡ ❞✐✛❡r❡♥t ✈♦❧✉♠❡s r❡❛❝t ✇✐t❤ ❡❛❝❤ ♦t❤❡r✱ ♠❛❦✐♥❣ s✐♠✉❧❛t✐♦♥s ♠♦r❡
❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡①♣❡♥s✐✈❡✳
❚❤❡r❡ ✐s ♥♦ ❢♦r♠❛❧ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧ ❘❉▼❊ ❢r♦♠ ♦t❤❡r ♠♦❞❡❧s✱

s♦ ✐t s❤♦✉❧❞ ❜❡ r❡❣❛r❞❡❞ ❛s ❛ ❤❡✉r✐st✐❝ ❡①t❡♥s✐♦♥ ♦❢ ❈▼❊✳ ❍♦✇❡✈❡r✱ t❤❡
❞❡r✐✈❛t✐♦♥ ✇❛s ❞♦♥❡ ❢♦r s♦♠❡ s✐♠♣❧❡ s♣❡❝✐❛❧ ❝❛s❡s ❬■s❛❛❝s♦♥✱ ✷✵✵✾❪✱ ❛♥❞
❡①t❡♥s✐✈❡ ♥✉♠❡r✐❝❛❧ t❡st✐♥❣ s❤♦✇❡❞ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ ♠✐❝r♦s❝♦♣✐❝
♠♦❞❡❧s ❬❇❛r❛s ❛♥❞ ▼❛♥s♦✉r✱ ✶✾✾✻✱ ❇❡r♥st❡✐♥✱ ✷✵✵✺❪✳
❘❉▼❊ ✐s ✉s❡❞ t♦ st✉❞② ❛ r❛♥❣❡ ♦❢ ♣❤❡♥♦♠❡♥❛✱ ❢♦r ❡①❛♠♣❧❡ ✐♥tr❛✲

❝❡❧❧✉❧❛r s✐❣♥❛❧❧✐♥❣ ❬❊❧❢ ❡t ❛❧✳✱ ✷✵✵✸❪✱ s♣❛t✐♦t❡♠♣♦r❛❧ ♦s❝✐❧❧❛t✐♦♥s ✐♥ ❝❡❧❧s
❬❋❛♥❣❡ ❛♥❞ ❊❧❢✱ ✷✵✵✻❪✱ ❛♥❞ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ❬■s❛❛❝s♦♥ ❡t ❛❧✳✱ ✷✵✶✶❪✳

❋✐❣✉r❡ ✾ s❤♦✇s t❤❡ ❘❉▼❊ ♠❡t❤♦❞ ❛♣♣❧✐❡❞ t♦ t❤❡ A+B
λ−→ C s②st❡♠✳

❋✐rst✱ t❤❡ ❝✉❜❡ ✐s s♣❧✐t ✐♥t♦ s♠❛❧❧❡r t❡tr❛❤❡❞r♦♥s ✉s✐♥❣ ●♠s❤ ✜♥✐t❡ ❡❧❡✲
♠❡♥t ♠❡s❤ ❣❡♥❡r❛t♦r✱ s❡❡ ❋✐❣✉r❡ ✾❛✳ ❚❤❡♥ t❤❡ r❡s✉❧t✐♥❣ ♠❡s❤ t♦❣❡t❤❡r
✇✐t❤ t❤❡ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥ s②st❡♠ ✐s ♣r♦❝❡ss❡❞ ❜② t❤❡ ❙❚❊P❙ s✐♠✉❧❛t♦r
❬❍❡♣❜✉r♥ ❡t ❛❧✳✱ ✷✵✶✷❪✱ ✇❤✐❝❤ ❣❡♥❡r❛t❡s ❛♣♣r♦♣r✐❛t❡ ❞✐✛✉s✐♦♥ r❡❛❝t✐♦♥s
❜❡t✇❡❡♥ ♥❡✐❣❤❜♦✉r s✉❜✈♦❧✉♠❡s✳ ❆ ✶✵✵✵ s✐♠✉❧❛t✐♦♥ r✉♥s ✐s t❤❡♥ ♣❡r✲
❢♦r♠❡❞✳ ❖♥ ❋✐❣✉r❡ ✾❜✱ A ❛♥❞ B ❛r❡ ❞✐str✐❜✉t❡❞ ✉♥✐❢♦r♠❧② ❛❝r♦ss t❤❡
s♣❛❝❡ ❛t t = 0✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ❛❣r❡❡♠❡♥t ✇✐t❤ ●❋❘❉ s✐♠✉❧❛t✐♦♥s ✐s
❣♦♦❞✱ ❜✉t t❤✐s ✐s ♥♦t ❛♥ ✐♥t❡r❡st✐♥❣ ❝❛s❡ s✐♥❝❡ ❡✈❡♥ ❞❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦①✲
✐♠❛t✐♦♥ ❝❛♥ ❤❛♥❞❧❡ ✐t ✭❋✐❣✉r❡ ✽❛ ❛♥❞ ❋✐❣✉r❡ ✼✮✳
❘❉▼❊ ✐s ❛❧s♦ ❝❛♣❛❜❧❡ ♦❢ tr❡❛t✐♥❣ ✐♥❤♦♠♦❣❡♥❡♦✉s ❝❛s❡s✱ ❧✐❦❡ t❤❡ s♣❛✲

t✐❛❧❧② s❡♣❛r❛t❡❞ ✐♥✐t✐❛❧✐s❛t✐♦♥ ❡①❛♠♣❧❡ ♦❢ ❋✐❣✉r❡ ✹❜✳ ❍♦✇❡✈❡r✱ t❤❡ ♣r❡✲

✹✽



✭❛✮ ❝r♦ss s❡❝t✐♦♥ ♦❢ t❤❡ ❝✉❜❡ s❤♦✇✐♥❣
s✉❜✈♦❧✉♠❡s ❝♦♠♣✉t❡❞ ❜② ●♠s❤
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✭❜✮ ✉♥✐❢♦r♠ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ A

❛♥❞ B
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✭❝✮ s♣❛t✐❛❧❧② s❡♣❛r❛t❡❞ ✐♥✐t✐❛❧ ❞✐str✐❜✉✲
t✐♦♥ ♦❢ A ❛♥❞ B

❋✐❣✉r❡ ✾✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❘❉▼❊ ❛♥❞ ●❋❘❉ s✐♠✉❧❛t✐♦♥s✳ ❙✉❜✈♦❧✉♠❡s ❢♦r
❘❉▼❊ ✇❡r❡ ❣❡♥❡r❛t❡❞ ❜② ●♠s❤✱ ❛♥❞ s✐♠✉❧❛t✐♦♥s ✇❡r❡ ♣❡r❢♦r♠❡❞
✉s✐♥❣ ❙❚❊P❙✳
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❝✐s✐♦♥ ♦❢ ❘❉▼❊ ✐♥ t❤✐s ❝❛s❡ ✐s ♥♦t ❛s ❣♦♦❞✱ ❛s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✾❝✳
▼❛❦✐♥❣ t❤❡ ♠❡s❤ ✜♥❡r ❞♦❡s ♥♦t ✐♠♣r♦✈❡ t❤❡ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ s✐♠✲
✉❧❛t✐♦♥s✳ ❚❤❡r❡ ✐s ♥♦ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡♦r❡t✐❝❛❧❧②✲❞❡r✐✈❡❞ ♣❛r❛♠❡t❡rs
♦❢ t❤❡ s②st❡♠ ✇✐❧❧ ✇♦r❦ ✇❡❧❧ ❢♦r ❘❉▼❊✱ ❜❡❝❛✉s❡ ✐t ✇❛s ♥♦t ❞❡r✐✈❡❞
❢♦r♠❛❧❧② ❢r♦♠ t❤❡ ❜❛s✐❝ ♠♦❞❡❧s✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ ✐s st✐❧❧ ✉s❡❢✉❧✱ ❜✉t t❤❡
♣❛r❛♠❡t❡rs ❤❛✈❡ t♦ ❜❡ ❛❞❥✉st❡❞ ✐❢ ♥✉♠❡r✐❝❛❧❧② ♣r❡❝✐s❡ r❡s✉❧ts ❛r❡ ❞❡s✐r❡❞✳

✷✳✻ ♠♦❞❡❧❧✐♥❣ ❧❛♥❣✉❛❣❡s ❛♥❞ t♦♦❧s

❆❧❧ ♠♦❞❡❧❧✐♥❣ ♠❡t❤♦❞s ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ❤❛✈❡ ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞
✐♥ ✈❛r✐♦✉s t♦♦❧s✳ ❙♦♠❡ ♦❢ t❤❡♠ ❛r❡ ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✶✳
❇❡❝❛✉s❡ ❛❧❧ t❤❡ ♠❡t❤♦❞s ❛r❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❜❛s❡❞ ♦♥ ❛ss✉♠♣t✐♦♥s

✇❤♦s❡ ✈❛❧✐❞✐t② ✐s ❞✐✣❝✉❧t t♦ ❡st❛❜❧✐s❤✱ ✐t ✐s ♦❢t❡♥ ✉s❡❢✉❧ t♦ ❝♦♠♣❛r❡
t❤❡ r❡s✉❧ts ♦❢ ❞✐✛❡r❡♥t ♠❡t❤♦❞s ✇✐t❤ ✈❛r②✐♥❣ ❞❡❣r❡❡s ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥✳
❍♦✇❡✈❡r✱ ♠❛♥② ♦❢ t❤❡ t♦♦❧s ✉s❡ t❤❡✐r ♦✇♥ ❧❛♥❣✉❛❣❡s t♦ s♣❡❝✐❢② t❤❡
♠♦❞❡❧s✱ ♠❛❦✐♥❣ ✐t ❞✐✣❝✉❧t t♦ ❛♥❛❧②s❡ t❤❡ s❛♠❡ s②st❡♠ ✇✐t❤ ❞✐✛❡r❡♥t
♠❡t❤♦❞s✳
❙❇▼▲ ❬❍✉❝❦❛ ❡t ❛❧✳✱ ✷✵✵✸❪ ✐s ❛♥ ❳▼▲✲❜❛s❡❞ ♠♦❞❡❧❧✐♥❣ ❧❛♥❣✉❛❣❡ ❛✐♠✲

✐♥❣ t♦ ❜❡ ❛ st❛♥❞❛r❞ t♦ ❞❡s❝r✐❜❡ ❜✐♦❝❤❡♠✐❝❛❧ ♠♦❞❡❧s✳ ■t ✐s ❡①t❡♥s✐❜❧❡
❛♥❞ ✇✐❞❡❧② s✉♣♣♦rt❡❞✱ ❤♦✇❡✈❡r ✐t ❝✉rr❡♥t❧② ❤❛s ♥♦ r✉❧❡✲❜❛s❡❞ ❢❛❝✐❧✐t✐❡s
✇❤✐❝❤ ❛r❡ ♥❡❝❡ss❛r② t♦ ❞❡s❝r✐❜❡ s♦♠❡ s②st❡♠s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ t❤❡ s②s✲
t❡♠ ❤❛s s♦♠❡ r❡♣❡t✐t✐✈❡ str✉❝t✉r❡✱ t❤❡r❡ ✐s ♥♦ ♠❡t❤♦❞ t♦ ❞❡s❝r✐❜❡ ✐t ✐♥ ❛
❝♦♠♣❛❝t ✇❛②✳ ■t ✐s ❛❧s♦ ✐♥❝♦♥✈❡♥✐❡♥t ✭❛❧t❤♦✉❣❤ ♣♦ss✐❜❧❡✱ ❛s ✐♥ ▼❡s♦❘❉✮
t♦ ❞❡s❝r✐❜❡ ❣❡♦♠❡tr✐❡s✳
❚❤❡ t♦♦❧s ❞❡✈❡❧♦♣❡❞ ❞✉r✐♥❣ t❤✐s ✇♦r❦ ✉s❡ ❙❇▼▲ ❢♦r s♣❡❝✐✜❝❛t✐♦♥ ♦❢

❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥ s②st❡♠s✳

✺✵



◆❛♠❡ ♦❢ t❤❡

t♦♦❧

▼♦❞❡❧❧✐♥❣ ❧❛♥❣✉❛❣❡ ✉s❡❞ ❆♥❛❧②s✐s ♠❡t❤♦❞s

✐♠♣❧❡♠❡♥t❡❞

❙♠♦❧❞②♥ ❬❆♥✲
❞r❡✇s ❡t ❛❧✳✱
✷✵✶✵❪

❈✉st♦♠ r✉❧❡✲❜❛s❡❞ ❧❛♥❣✉❛❣❡
t♦ ❞❡s❝r✐❜❡ r❡❛❝t✐♦♥s ❛♥❞ ❣❡✲
♦♠❡tr②

❙✐♠✉❧❛t♦r ♦❢ ❛ ❞✐s❝r❡t❡✲
t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢
❙♠♦❧✉❝❤♦✇s❦✐ ♠♦❞❡❧

▼❈❡❧❧ ❬❙t✐❧❡s ❛♥❞
❏r✱ ✶✾✾✽❪

❈✉st♦♠ ❧❛♥❣✉❛❣❡ ✭▼❉▲✮ t♦
❞❡s❝r✐❜❡ r❡❛❝t✐♦♥s✱ ❡✈❡♥ts ❛♥❞
❣❡♦♠❡tr②

❙✐♠✉❧❛t♦r ♦❢ ❛ ❞✐s❝r❡t❡✲
t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢
❉♦✐ ♠♦❞❡❧

❊✲❈❡❧❧ ❬❚❛❦❛❤❛s❤✐
❡t ❛❧✳✱ ✷✵✵✸❪

❈✉st♦♠ ✐♠♣❡r❛t✐✈❡ ❧❛♥❣✉❛❣❡
✭❛❧s♦ ♣♦ss✐❜❧❡ t♦ ✉s❡ ❈✰✰✮ ❛♥❞
♠♦❞❡❧❧✐♥❣ ❡♥✈✐r♦♥♠❡♥t

●❋❘❉ ❢♦r ❉♦✐ ♠♦❞❡❧

❈❖P❆❙■ ❬❍♦♦♣s
❡t ❛❧✳✱ ✷✵✵✻❪

❙❇▼▲ ●✐❧❧❡s♣✐❡ ❛♥❞ τ✲❧❡❛♣✐♥❣
s✐♠✉❧❛t♦r✱ ❘❘❊

❇✐♦❝❤❛♠
❬❈❤❛❜r✐❡r✲❘✐✈✐❡r
❡t ❛❧✳✱ ✷✵✵✹❪

❈✉st♦♠ r✉❧❡✲❜❛s❡❞ ❧❛♥❣✉❛❣❡✱
❙❇▼▲ ❡①t❡♥s✐♦♥

●✐❧❧❡s♣✐❡ ❛♥❞ τ✲❧❡❛♣✐♥❣
s✐♠✉❧❛t♦r✱ ❘❘❊ ❛♥❞ ❛
❜♦♦❧❡❛♥ ❛♣♣r♦①✐♠❛t✐♦♥
✇✐t❤ ❛ t❡♠♣♦r❛❧ ❧♦❣✐❝✲
❜❛s❡❞ ❛♥❛❧②s✐s

❑❛❙✐♠ ❬❉❛♥♦s
❛♥❞ ▲❛♥❡✈❡✱ ✷✵✵✹❪

❘✉❧❡✲❜❛s❡❞ ❧❛♥❣✉❛❣❡ ❑❛♣♣❛ ●✐❧❧❡s♣✐❡ s✐♠✉❧❛t♦r✱
❘❘❊✱ ❛ ♠♦❞❡❧ r❡❞✉❝✲
t✐♦♥ ♠❡t❤♦❞

❘❡❛❝t✭❈✮ ❬❏♦❤♥
❡t ❛❧✳✱ ✷✵✶✶❪

❘✉❧❡✲❜❛s❡❞ ❧❛♥❣✉❛❣❡ ❘❡✲
❛❝t✭❈✮

●✐❧❧❡s♣✐❡ s✐♠✉❧❛t♦r

▼♦♠❡♥t❈❧♦s✉r❡
❬●✐❧❧❡s♣✐❡✱ ✷✵✵✾❛❪

❙❇▼▲ ●❡♥❡r❛t❡s ❖❉❊s ♦❢ ♠♦✲
♠❡♥t ❝❧♦s✉r❡

▼❡s♦❘❉ ❬❍❛tt♥❡
❡t ❛❧✳✱ ✷✵✵✺❪

❙❇▼▲ ✇✐t❤ ❡①t❡♥s✐♦♥s t♦ ❞❡✲
s❝r✐❜❡ ❣❡♦♠❡tr②

❘❉▼❊ ✇✐t❤ ❛✉t♦♠❛t✐❝
❝✉❜✐❝ ♠❡s❤ ❣❡♥❡r❛t✐♦♥✱
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ P❉❊
s♦❧✈❡r ✉s✐♥❣ t❤❡ s❛♠❡
♠❡s❤

❙❚❊P❙ ❬❍❡♣❜✉r♥
❡t ❛❧✳✱ ✷✵✶✷❪

❙❇▼▲ ❢♦r r❡❛❝t✐♦♥s✱ s❡✈❡r❛❧
♠❡s❤ ❢♦r♠❛ts ❢♦r ❣❡♦♠❡tr②✱
P②t❤♦♥ t♦ ❝♦♥♥❡❝t t❤❡♠ ✐♥t♦
❛ ♠♦❞❡❧

❘❉▼❊✱ r❡❛❝t✐♦♥✲
❞✐✛✉s✐♦♥ P❉❊ s♦❧✈❡r
♦♥ t❤❡ ❝✉st♦♠ ♠❡s❤✱
●✐❧❧❡s♣✐❡ s✐♠✉❧❛t♦r ❛♥❞
❘❘❊

❯❘❉▼❊ ❬❉r❛✇✲
❡rt ❡t ❛❧✳✱ ✷✵✶✷❪

❈✉st♦♠ ▼❛t❧❛❜✲❜❛s❡❞ s②st❡♠
t♦ s♣❡❝✐❢② t❤❡ ♠♦❞❡❧✱ ❈♦♠s♦❧
✸❉ ♠♦❞❡❧❧✐♥❣ s♦❢t✇❛r❡ t♦ s♣❡❝✲
✐❢② ✐ts ❣❡♦♠❡tr②

❘❉▼❊ ✇✐t❤ ❝✉st♦♠
♠❡s❤✱ ✜♥✐t❡ st❛t❡
♣r♦❥❡❝t✐♦♥ ♦♥ t❤❡
s✉❜✲✈♦❧✉♠❡s

❚❛❜❧❡ ✶✿ ▼♦❞❡❧❧✐♥❣ t♦♦❧s

✺✶





3
❙❚❖❈❍❆❙❚ ■❈ ❆◆❆▲❨❙ ■ ❙ ❖❋ ❆ ❙P❆❈❊ ✲▲❊❙❙
❈❖▼▼❯◆■❚❨ ❊❋❋❊❈❚ ▼❖❉❊▲

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ ✜rst r❡✈✐❡✇ t❤r❡❡ ❡①✐st✐♥❣ ♠♦❞❡❧s ♦❢ ❝♦♠♠✉♥✐t②
❡✛❡❝ts ❢r♦♠ ❇♦❧♦✉r✐ ❛♥❞ ❉❛✈✐❞s♦♥ ❬✷✵✶✵❪ ❛♥❞ ❙❛❦❛ ❡t ❛❧✳ ❬✷✵✶✶❪✱ ❛♥❞
t❤❡✐r ♠❛✐♥ ❛♥❛❧②s✐s r❡s✉❧ts✳
■♥ s❡❝t✐♦♥s ✸✳✷ ✲ ✸✳✸✳✸✱ ❛ ♠♦r❡ ✐♥✲❞❡♣t❤ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞❡t❛✐❧❡❞ ♠♦❞❡❧

❢r♦♠ ❙❛❦❛ ❡t ❛❧✳ ❬✷✵✶✶❪ ✐s ❣✐✈❡♥✱ ✇✐t❤ ❛♥ ❡♠♣❤❛s✐③❡ ♦♥ st♦❝❤❛st✐❝ ❡❢✲
❢❡❝ts ✐♥ ♣❛rt✐❝✉❧❛r✳ ❚❤❡ ♠❡t❤♦❞ ♦❢ ❝❤♦✐❝❡ ❢♦r t❤❡ st♦❝❤❛st✐❝ ❛♥❛❧②s✐s ✐s
♠♦♠❡♥t ❝❧♦s✉r❡✱ t❤❡ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ ✇❤✐❝❤ ✇❛s ❣✐✈❡♥ ✐♥ s✉❜s❡❝✲
t✐♦♥ ✷✳✹✳✷✳ ■t ✇♦r❦s ❜② r❡✇r✐t✐♥❣ t❤❡ ❈▼❊ ♦❢ t❤❡ ❝❤❡♠✐❝❛❧ s②st❡♠ ✐♥t♦
❛ ✜♥✐t❡ s❡t ♦❢ ❖❉❊s✱ ✇✐t❤ ♦r✐❣✐♥❛❧ s②st❡♠✬s ♣❛r❛♠❡t❡rs ✐♥ ✐t✳ ❚❤✐s ✐s
❛♥ ❛❞✈❛♥t❛❣❡ ✐❢ ✇❡ ✇❛♥t t♦ s❝❛♥ ❛ r❛♥❣❡ ♦❢ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ s②st❡♠✱
✇❤✐❝❤ ✐s ♦❢t❡♥ t❤❡ ❝❛s❡ ✐♥ q✉❛♥t✐t❛t✐✈❡ ❛♥❛❧②s✐s✳
❆ ❞✐s❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ♠♦♠❡♥t ❝❧♦s✉r❡ ♠❡t❤♦❞ ✐s t❤❛t t❤❡ ♥✉♠❜❡r

♦❢ ❣❡♥❡r❛t❡❞ ❖❉❊s q✉✐❝❦❧② ❣r♦✇s ✇✐t❤ t❤❡ s②st❡♠ s✐③❡✱ ♠❛❦✐♥❣ ✐t ♣♦✲
t❡♥t✐❛❧❧② ❞✐✣❝✉❧t t♦ s❝❛❧❡ t♦ ❧❛r❣❡r s②st❡♠s✳ ❘❡❞✉❝t✐♦♥ t❡❝❤♥✐q✉❡s ❛r❡
♥❡❡❞❡❞ t♦ ❦❡❡♣ t❤❡ ❛♥❛❧②s✐s tr❛❝t❛❜❧❡✳ ■♥ ❙❡❝t✐♦♥ ✸✳✸✱ ✇❡ ❡①♣❧♦✐t s②♠✲

♠❡tr✐❡s ✐♥ ❝❡❧❧ s✐❣♥❛❧❧✐♥❣ t♦ ♣❡r❢♦r♠ ♠♦❞❡❧ r❡❞✉❝t✐♦♥✳
❚♦ ✉♥❞❡rst❛♥❞ t❤❡ ♥♦t✐♦♥ ♦❢ s②♠♠❡tr② ✐♥ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥ ♥❡t✇♦r❦s✱

❝♦♥s✐❞❡r ❛ ♣♦♦❧ ♦❢ ✐❞❡♥t✐❝❛❧ ❝❡❧❧s ❝♦♠♠✉♥✐❝❛t✐♥❣ ♦✈❡r ❛ s❤♦rt ❞✐st❛♥❝❡
t❤r♦✉❣❤ t❤❡ ❡①❝❤❛♥❣❡ ♦❢ ♠♦❧❡❝✉❧❡s✱ ✇❤✐❝❤ ❛r❡ r❡❧❡❛s❡❞ ❜② ♦♥❡ ❝❡❧❧✱ t❤❡♥
❞✐✛✉s❡ ❛♥❞ ♠❛❦❡ ❝♦♥t❛❝t ✇✐t❤ ❛♥♦t❤❡r ❝❡❧❧✳ ❚❤❡ r❡❛❝t✐♦♥ s❡t

ri : Ai +Bi −⇀↽− C, ❢♦r i ∈ {1 . . . n} ✭✶✾✮

❞❡s❝r✐❜❡s s✉❝❤ ❛ s②st❡♠ ✇✐t❤ n ❝❡❧❧s✳ ■ts s②♠♠❡tr② ✐s ✐❧❧✉str❛t❡❞ ✐♥
❋✐❣✉r❡ ✶✵✳ ❆ r❡❛❝t✐♦♥ ❜❡t✇❡❡♥ ❛ ♣❛✐r ♦❢ A ❛♥❞ B✱ ✇✐t❤✐♥ t❤❡ it❤ ❝❡❧❧✱
r❡s✉❧ts ✐♥ ❛ C✱ ✇❤✐❝❤ ✐s ❡①♣❡❧❧❡❞ t♦ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r ♠❡❞✐✉♠✳ ◆♦t❡ t❤❛t
t❤❡ ❡①tr❛❝❡❧❧✉❧❛r C ❧❛❝❦s ❛ ♣♦s✐t✐♦♥❛❧ ✐♥❞❡①✱ ✉♥❧✐❦❡ t❤❡ ♦t❤❡r ♠♦❧❡❝✉❧❡s✳
C ❝❛♥ ♠✐❣r❛t❡ ❜❛❝❦ ❢r♦♠ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r ♠❡❞✐✉♠ t♦ ❛♥② ♦❢ t❤❡ n ❝❡❧❧s✳
❚❤❡ s②♠♠❡tr② ♦❢ t❤✐s ♠✐♥✐♠❛❧ s②st❡♠ ❝❧❡❛r❧② ❛♣♣❡❛rs✱ ✇✐t❤ C ❛s t❤❡
❝❡♥tr❡✱ ❛r♦✉♥❞ ✇❤✐❝❤ t❤❡ n ❡q✉❛❧ ❝❡❧❧s ❣❛t❤❡r✱ ❛♥❞ t❤r♦✉❣❤ ✇❤✐❝❤ t❤❡②
❝♦♠♠✉♥✐❝❛t❡✳ ❖✉r ♠♦❞❡❧ r❡❞✉❝t✐♦♥ str❛t❡❣② ✉s❡s ❛ ♥♦t✐♦♥ ♦❢ s②♠♠❡✲
tr② ❜❛s❡❞ ♦♥ ✐♥✈❛r✐❛♥❝❡ ✉♥❞❡r ❝❡rt❛✐♥ ❝❤❛♥❣❡s ♦❢ t❤❡ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥

❋✐❣✉r❡ ✶✵✿ ❙②♠♠❡tr② ✐♥ ❝❡❧❧✲t♦✲❝❡❧❧ ❝♦♠♠✉♥✐✲
❝❛t✐♦♥✿ n ❝❡❧❧s ✇✐t❤ ❡q✉❛❧ ✐♥tr❛❝❡❧✲
❧✉❧❛r r❡❛❝t✐♦♥ ♥❡t✇♦r❦✱ ✐♥✈♦❧✈✐♥❣
♠♦❧❡❝✉❧❡s A ❛♥❞ B✱ ✐♥t❡r❛❝t t❤r♦✉❣❤
t❤❡ ❡①❝❤❛♥❣❡ ♦❢ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r
♠♦❧❡❝✉❧❡ C✳

✺✸



✭❛✮ ●❘◆

L+A
kf1−−⇀↽−−
kr1

LA

L
kdL−−→

LA
kdL−−→ A

L+N
kf2−−⇀↽−−
kr2

LN

N
kdN−−−→

LN
kdL−−→ N

LN
kdN−−−→ L

N+A
kf3−−⇀↽−−
kr3

NA

NA
kdN−−−→ A

■♥✐t✐❛❧❆❝t✐✈❛t♦r−−−−−−−−−→ N♠❘◆❆

NA
ktN−−→ N♠❘◆❆ +NA

N♠❘◆❆

ksN−−→ N+N♠❘◆❆

N♠❘◆❆

kdN♠❘◆❆−−−−−−→

NA
ktL−−→ L♠❘◆❆ +NA

L♠❘◆❆

ksL−−→ L+ L♠❘◆❆

L♠❘◆❆

kdL♠❘◆❆−−−−−−→

✭❜✮ ❈❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s

❋✐❣✉r❡ ✶✶✿ ▼♦❞❡❧ ♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✐♥ s❡❛ ✉r❝❤✐♥✳

♥❡t✇♦r❦✳ ■♥t✉✐t✐✈❡❧②✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❣❧♦❜❛❧ ❞②♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠
r❡♠❛✐♥s ✐♥✈❛r✐❛♥t ❛s ✇❡ s✇❛♣ ❝❡❧❧ ✐♥❞✐❝❡s✱ ❜❡❝❛✉s❡ ❛❧❧ ❝❡❧❧s ❛r❡ ❡q✉❛❧✳

✸✳✶ ♣r❡✈✐♦✉s ♠♦❞❡❧s ♦❢ ❝♦♠♠✉♥✐t② ❡❢❢❡❝ts

✸✳✶✳✶ ❇♦❧♦✉r✐ ❛♥❞ ❉❛✈✐❞s♦♥✬s ♠♦❞❡❧

❋✐rst ❝♦♠♣✉t❛t✐♦♥❛❧ ♠♦❞❡❧ ♦❢ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✇❛s ♠❛❞❡ ❢♦r t❤❡
❝♦♠♠✉♥✐t② ❡✛❡❝t ✐♥ s❡❛ ✉r❝❤✐♥ ❬❇♦❧♦✉r✐ ❛♥❞ ❉❛✈✐❞s♦♥✱ ✷✵✶✵❪✳ ❚❤❡ ♠♦❞❡❧
❝♦♥s✐❞❡rs ❛ s✐♥❣❧❡ ❝❡❧❧✱ ❛♥❞ ❤❛s ♥♦ ♥♦t✐♦♥ ♦❢ s♣❛❝❡✳ ■ts ●❘◆ ✐s ❣✐✈❡♥
✐♥ ❋✐❣✉r❡ ✶✶❛✳ ■t ✐s t❤❡ s❛♠❡ ❛s t❤❡ ❛❜str❛❝t ●❘◆ ✐♥ ❋✐❣✉r❡ ✷❜✱ ✇❤✐❝❤
✇✐❧❧ ❜❡ st✉❞✐❡❞ ❧❛t❡r ✐♥ ❈❤❛♣t❡r ✹✳ ■t ❝♦♥s✐sts ♦❢ t✇♦ ✐♥t❡r❛❝t✐♥❣ ❣❡♥❡s✱
♥♦❞❛❧ ❛♥❞ ❧❡❢t②✳ ❇♦t❤ ♣r♦t❡✐♥s t❤❡② ♣r♦❞✉❝❡ ❛r❡ ♠♦r♣❤♦❣❡♥s✱ ✐✳❡✳ t❤❡②
❝❛♥ ❞✐✛✉s❡ ♦✉t ♦❢ t❤❡ ❝❡❧❧ ❛♥❞ ❛✛❡❝t ♦t❤❡r ❝❡❧❧s ✐♥ t❤❡ ❡♠❜r②♦✳ ♥♦❞❛❧

❛❝t✐✈❛t❡s ✐ts❡❧❢ ❢♦r♠✐♥❣ ❛ ♣♦s✐t✐✈❡ ❢❡❡❞❜❛❝❦ ❧♦♦♣✱ ✇❤✐❝❤ ✐s ❤②♣♦t❤❡s✐③❡❞
t♦ ✉♥❞❡r❧✐❡ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ❝✐r❝✉✐t✳ ❚❤❡ r♦❧❡ ♦❢ ❧❡❢t②✱ ✇❤✐❝❤ ✐♥❤✐❜✐ts
♥♦❞❛❧✱ ✐s t♦ ❦❡❡♣ ♥♦❞❛❧✬s ❡①♣r❡ss✐♦♥ ❢r♦♠ ❛❝❝❡❧❡r❛t✐♥❣ ❝♦♥t✐♥✉♦✉s❧②✳ ❚❤✐s
✇♦✉❧❞ ❡①♣❧❛✐♥ t❤❡ ♦❜s❡r✈❡❞ ❡✈✐❞❡♥❝❡ t❤❛t ♥♦❞❛❧✬s ❡①♣r❡ss✐♦♥ st❛❜✐❧✐③❡s
❛t t❤❡ ❧❡✈❡❧ ♦❢ ♦♥❧② ❛ ❢❡✇ ♣❡r❝❡♥t ♦❢ ✐ts t❤❡♦r❡t✐❝❛❧ ♠❛①✐♠✉♠ ✇❤✐❝❤ ✐t
❝♦✉❧❞ r❡❛❝❤ ✐❢ ♥♦t ✐♥❤✐❜✐t❡❞✳

❚❤❡ ♦r✐❣✐♥❛❧ ♠♦❞❡❧ ✐s ❣✐✈❡♥ ✐♥ ❬❇♦❧♦✉r✐ ❛♥❞ ❉❛✈✐❞s♦♥✱ ✷✵✶✵❪ ❛s ❛ s②s✲
t❡♠ ♦❢ ❖❉❊s✳ ❆♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ✐t ✐♥ t❤❡ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥ ❧❛♥❣✉❛❣❡
✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✶✶❜✳ N✱ L✱ ❛♥❞ A ❞❡♥♦t❡ ❢r❡❡ ✭✉♥❜♦✉♥❞✮ ◆♦❞❛❧✱ ▲❡❢t②✱
❛♥❞ ❆❧❦✹✳ ❆❧❦✹ ✐s ❛ r❡❝❡♣t♦r ✇❤✐❝❤ r❡s✐❞❡s ♦♥ t❤❡ s✉r❢❛❝❡ ♦❢ ❝❡❧❧s ❛♥❞
r❡❛❝ts t♦ ♣r❡s❡♥❝❡ ♦❢ ◆♦❞❛❧ ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r ❡♥✈✐r♦♥♠❡♥t✳ LA✱ LN✱

✺✹



❛♥❞ NA ❛r❡ t❤❡ ♣❛✐r✇✐s❡ ❝♦♠♣❧❡①❡s ♦❢ t❤❡ t❤r❡❡ ♣r♦t❡✐♥s✳ L♠❘◆❆ ❛♥❞
N♠❘◆❆ ❛r❡ ♠❘◆❆ ♣r♦❞✉❝❡❞ ❜② ❧❡❢t② ❛♥❞ ♥♦❞❛❧ ❣❡♥❡s✳
❚❤❡ r❡❛❝t✐♦♥s ♦♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ❋✐❣✉r❡ ✶✶❜ ❞❡s❝r✐❜❡ t❤❡ ❢♦r♠❛✲

t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡①❡s✱ t❤❡✐r ❞✐ss♦❝✐❛t✐♦♥ ❛♥❞ ❞❡❣r❛❞❛t✐♦♥✳ ❚❤❡ r❡❛❝t✐♦♥s
♦♥ t❤❡ r✐❣❤t ❞❡s❝r✐❜❡ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ♦❢ ❧❡❢t② ❛♥❞ ♥♦❞❛❧✳ ◆♦t❡ t❤❛t ❆❧❦✹
❞♦❡s ♥♦t ❞❡❣r❛❞❡✱ s♦ ✐ts ♦✈❡r❛❧❧ q✉❛♥t✐t②✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❝♦♠♣❧❡①❡s✱ ✐s
❝♦♥st❛♥t✳ ■t ✇❛s s❡t t♦ ✶✵✵✵✵✵✳
❚❤❡ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ❢♦❧❧♦✇s ❛ t✇♦ st❡♣ ♠♦❞❡❧✱ ❛♥❞ t❤❡ ❣❡♥❡s ❛r❡ ♥♦t

❡①♣❧✐❝✐t❧② r❡♣r❡s❡♥t❡❞✳ ■♥ t❤❡ ✜rst st❡♣ ♠❘◆❆ ✐s ❝r❡❛t❡❞ ❡✐t❤❡r ❢r♦♠
✐♥✐t✐❛❧ ❛❝t✐✈❛t♦r✱ ♦❢ ❢r♦♠ ◆♦❞❛❧✲❆❧❦✹ ❝♦♠♣❧❡①❡s✳ ❚❤✐s ♠♦❞❡❧s✿ ❛✮ t❤❡
❝❤❛✐♥ ♦❢ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s ✐♥✐t✐❛t❡❞ ❜② ❛♥ ❆❧❦✹ r❡❝❡♣t♦r ✐♥ t❤❡ ♣r❡s❡♥❝❡
♦❢ ◆♦❞❛❧✱ ✇❤✐❝❤ ✉❧t✐♠❛t❡❧② ❧❡❛❞s t♦ ❣❡♥❡ tr❛♥s❝r✐♣t✐♦♥✱ ✐✳❡✳ t❤❡ ♣r♦♣❛❣❛✲
t✐♦♥ ♦❢ t❤❡ s✐❣♥❛❧ ♦❢ ◆♦❞❛❧✬s ♣r❡s❡♥❝❡ t❤r♦✉❣❤ ❛ s✐❣♥❛❧❧✐♥❣ ♣❛t❤✇❛②❀ ❜✮
t❤❡ ❣❡♥❡ tr❛♥s❝r✐♣t✐♦♥ ✐ts❡❧❢✳ ❚❤❡ s❡❝♦♥❞ st❡♣ ✐s t❤❡ tr❛♥s❧❛t✐♦♥✱ ✇❤✐❝❤
♣r♦❞✉❝❡s t❤❡ ♣r♦t❡✐♥ ❢r♦♠ ✐ts ♠❘◆❆✳
■♥ t❤✐s ♠♦❞❡❧ ▲❡❢t② ❛❝ts ❛s ✐♥❤✐❜✐t♦r ♦❢ ◆♦❞❛❧✬s ❛❜✐❧✐t② t♦ ❛❝t✐✈❛t❡

❣❡♥❡s ❜② ❜✐♥❞✐♥❣ ❝♦♠♣❡t✐t✐✈❡❧② t♦ t❤❡ ❆❧❦✹ r❡❝❡♣t♦r✱ ❛s ✇❡❧❧ ❛s ❜✐♥❞✲
✐♥❣ t♦ ◆♦❞❛❧ ❞✐r❡❝t❧②✱ t❤✐s ❜❡❤❛✈✐♦✉r ❤❛s ❜❡❡♥ ❞❡♠♦♥str❛t❡❞ ♣r❡✈✐♦✉s❧②
❬❈❤❡♥ ❛♥❞ ❙❤❡♥✱ ✷✵✵✹❪✳ ▲❡❢t② ❤❛s ❜❡❡♥ s❤♦✇♥ t♦ ❜❡ ❛♥ ❡ss❡♥t✐❛❧ ♠♦❞✉❧❛✲
t♦r ♦❢ ◆♦❞❛❧ ❛❝t✐✈✐t② ✐♥ s❡❛ ✉r❝❤✐♥ ❡♠❜r②♦s ❬❉✉❜♦❝ ❡t ❛❧✳✱ ✷✵✵✽❪✳ ◆♦❞❛❧
❝❛♥ ❛❝t✐✈❛t❡ ❡①♣r❡ss✐♦♥ ♦❢ ✐ts❡❧❢ ❛s ✇❡❧❧ ❛s ▲❡❢t②✳
❚❤❡ ♠♦❞❡❧ ✇❛s ❛♥❛❧②s❡❞ ❞❡t❡r♠✐♥✐st✐❝❛❧❧② ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❖❉❊

s②st❡♠✿

d[LA]

dt
= kf1[L][A] − kr1[LA]

d[LN]

dt
= kf2[L][N] − kr2[LN]

d[NA]

dt
= kf3[N][A] − kr3[NA]

[A] = [At♦t❛❧] − [LA] − [NA]

[N] = [Nt♦t❛❧] − [LN] − [NA]

[L] = [Lt♦t❛❧] − [LN] − [LA]

d[N♠❘◆❆]

dt
= [■♥✐t✐❛❧❆❝t✐✈❛t♦r] + ktN[NA] − kdN♠❘◆❆

[N♠❘◆❆]

d[Nt♦t❛❧]

dt
= ksN[N♠❘◆❆] − kdN[Nt♦t❛❧]

d[L♠❘◆❆]

dt
= ktL[NA] − kdL♠❘◆❆ [L♠❘◆❆]

d[Lt♦t❛❧]

dt
= ksL[L♠❘◆❆] − kdL[Lt♦t❛❧]

✭✷✵✮

❚❤❡ ❛✉t❤♦rs ❛r❣✉❡ t❤❛t t❤❡ ❧✐♥❡❛r tr❛♥s❝r✐♣t✐♦♥ ♠♦❞❡❧ ✐s ❛♣♣r♦♣r✐❛t❡✱
s✐♥❝❡ t❤❡ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ✐♥ t❤❡ s❡❛ ✉r❝❤✐♥ ❡♠❜r②♦ ♦❝❝✉rs ♦♥ s❤♦rt t✐♠❡
s❝❛❧❡s ❬❇♦❧♦✉r✐ ❛♥❞ ❉❛✈✐❞s♦♥✱ ✷✵✵✸❪✳
❚❤❡ ♠♦❞❡❧✬s ♣❛r❛♠❡t❡rs ✇❡r❡ ✜t t♦ ♦❜s❡r✈❡❞ ❞❛t❛ ♦r s❡t t♦ ♣❧❛✉s✐✲

❜❧❡ ♥✉♠❜❡rs ✇❤❡r❡ t❤❡ ❞❛t❛ ✇❛s ♥♦t ❛✈❛✐❧❛❜❧❡✳ ❚❤❡ ♠♦❞❡❧ r❡♣r♦❞✉❝❡s

✺✺



❋✐❣✉r❡ ✶✷✿ ●❘◆ ♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✐♥ ❳❡♥♦♣✉s✳

❝❡rt❛✐♥ ❛s♣❡❝ts ♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ❛t t❤❡ s✐♥❣❧❡ ❝❡❧❧ ❧❡✈❡❧✱ ❢♦r ❡①✲
❛♠♣❧❡ ❢♦r♠❛t✐♦♥ ♦❢ st❡❛❞② st❛t❡ ❧❡✈❡❧ ♦❢ ◆♦❞❛❧ ✉♥❞❡r t❤❡ ✐♥✢✉❡♥❝❡ ♦❢
▲❡❢t② ♥❡❣❛t✐✈❡ ❢❡❡❞❜❛❝❦✳ ❍♦✇❡✈❡r✱ ❜❡✐♥❣ ❛ ♠♦❞❡❧ ♦❢ ❛ s✐♥❣❧❡ ❝❡❧❧✱ ✐t
✐s ✉♥❛❜❧❡ t♦ r❡♣r♦❞✉❝❡ ❝❡❧❧✉❧❛r ✐♥t❡r❛❝t✐♦♥s ❧❡❛❞✐♥❣ t♦ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢
t❤❡ t❤r❡s❤♦❧❞ ♦❢ ♣♦♣✉❧❛t✐♦♥ s✐③❡✱ ❛♥❞ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ t❤❡ ❝♦♠♠✉♥✐t②
❡✛❡❝t ③♦♥❡✳
❚❤❡ ❛✉t❤♦rs ❛❧s♦ ✉s❡❞ ❛ ♠✉❝❤ s✐♠♣❧❡r ♠♦❞❡❧ r❡s❡♠❜❧✐♥❣ ❛ t✇♦ ❞✐♠❡♥✲

s✐♦♥❛❧ ❝❡❧❧✉❧❛r ❛✉t♦♠❛t♦♥ t♦ s❤♦✇ t❤❛t t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ♠❛② ❧❡❛❞
t♦ ✉♥✐❢♦r♠ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ❛❝r♦ss t❤❡ ❞♦♠❛✐♥ ✇❤❡r❡ ✐t ✐s ❛❝t✐✈❡✳

✸✳✶✳✷ ❙❛❦❛ ❡t ❛❧✳✬s ♠♦❞❡❧

■♥ ❬❙❛❦❛ ❡t ❛❧✳✱ ✷✵✶✶❪✱ t✇♦ ♠♦❞❡❧s ♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✐♥ ❳❡♥♦♣✉s

❛r❡ ♣r❡s❡♥t❡❞✳ ■t ✐♥❝❧✉❞❡s ♠✉❧t✐♣❧❡ ❝❡❧❧s ❛♥❞ ❝❡❧❧ t♦ ❝❡❧❧ ❝♦♠♠✉♥✐❝❛t✐♦♥✱
❛♥❞ ❛❧❧♦✇s ❞❡❡♣❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥✳
❇♦t❤ ♠♦❞❡❧s ❤❛✈❡ t❤❡ s❛♠❡ ✉♥❞❡r❧②✐♥❣ ●❘◆ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✶✷✳

❚✇♦ ❣❡♥❡s ❛r❡ ✐♥✈♦❧✈❡❞✱ ❳❜r❛ ❛♥❞ ❋●❋✹✳ ❋●❋✹ ♣r♦t❡✐♥s ❝❛♥ ❞✐✛✉s❡ ♦✉t
♦❢ ❝❡❧❧s ❛♥❞ ❛❝t✐✈❛t❡ ❳❜r❛ ✐♥ ♦t❤❡r ❝❡❧❧s✱ ✇❤✐❝❤ ✐♥ t✉r♥ ❛❝t✐✈❛t❡s ❋●❋✹✱
❝❧♦s✐♥❣ t❤❡ ♣♦s✐t✐✈❡ ❢❡❡❞❜❛❝❦ ❧♦♦♣✳
❚❤❡ ✜rst ♠♦❞❡❧ ✐s ❛ ❤✐❣❤❧② ❛❜str❛❝t ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❛t ●❘◆✱ ❛♥❞

t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ♠♦r❡ ❞❡t❛✐❧❡❞✳ ■♥ t❤❡ ❢♦r♠❛❧ ♠♦❞❡❧s✱ t❤❡ ♣r♦t❡✐♥s ❛r❡
♥♦t ❝❛❧❧❡❞ ❜② t❤❡✐r ♥❛♠❡s✱ ❡♠♣❤❛s✐③✐♥❣ t❤❛t t❤❡ ❛♥❛❧②s✐s ✐s ❣❡♥❡r❛❧❧②
❛♣♣❧✐❝❛❜❧❡ t♦ ❛♥② s②st❡♠ ✇❤✐❝❤ ❤❛s t❤❡ s❛♠❡ ●❘◆✳

❚❤❡ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧

❚❤❡ r❡❛❝t✐♦♥s ♦❢ t❤❡ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧ ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✶✸❛✳ xi ❛♥❞ yi

r❡♣r❡s❡♥t t✇♦ ♣r♦t❡✐♥s ✐♥ ❝❡❧❧ i✱ z r❡♣r❡s❡♥ts t❤❡ ♠♦r♣❤♦❣❡♥ ✐♥ t❤❡ ❡①tr❛✲
❝❡❧❧✉❧❛r ❡♥✈✐r♦♥♠❡♥t❀ Vs ✐s t❤❡ t♦t❛❧ s②st❡♠ ✈♦❧✉♠❡✱ Vc ✐s t❤❡ ✈♦❧✉♠❡
♦❢ ❛ ❝❡❧❧✱ ❛♥❞ N ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s✳ ❚❤❡ ✜rst t❤r❡❡ r❡❛❝t✐♦♥s ❢♦❧❧♦✇
▼✐❝❤❛❡❧✐s✲▼❡♥t❡♥ ❦✐♥❡t✐❝s ✇✐t❤ t❤❡ t✇♦ ♣❛r❛♠❡t❡rs ❣✐✈❡♥ ❛❜♦✈❡ t❤❡✐r
❛rr♦✇s✳ ❚❤❡ ♠♦❞❡❧ ✇❛s ❛♥❛❧②s❡❞ ✉s✐♥❣ t❤❡ ❘❘❊ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✶✸❜✳
■♥ t❤✐s ♠♦❞❡❧✱ s②♥t❤❡s✐s ♦❢ xi ✐s ❛❝t✐✈❛t❡❞ ❜② t❤❡ ♠♦r♣❤♦❣❡♥ z✱ yi ✐s

❛❝t✐✈❛t❡❞ ❜② xi✱ ❛♥❞ z ✐s t❤❡ yi tr❛♥s♣♦rt❡❞ ♦✉t ♦❢ t❤❡ ❝❡❧❧ i✳ ❚❤❡ tr❛♥✲
s❝r✐♣t✐♦♥ ❛♥❞ tr❛♥s❧❛t✐♦♥ ❛r❡ ♥♦t ❡①♣❧✐❝✐t❧② ♠♦❞❡❧❧❡❞✱ ✐♥st❡❛❞ t❤❡ ❖❉❊s
s♣❡❝✐❢② ▼✐❝❤❛❡❧✐s✲▼❡♥t❡♥ ❦✐♥❡t✐❝s ❢♦r ❣❡♥❡ ❡①♣r❡ss✐♦♥✳ ❊①♣r❡ss✐♦♥ ♦❢
Vc/(Vs −N ·Vc) ✐s t❤❡ ❢❛❝t♦r ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥ ❛❞❥✉st♠❡♥t✳ ■t ❛❝❝♦✉♥ts
❢♦r ✈♦❧✉♠❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ✐♥tr❛❝❡❧❧✉❧❛r ❛♥❞ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡✳

✺✻



z
k1,1−−→ xi + z

xi
k2,1−−→ yi + xi

yi

Vck3
Vs−N·Vc

,1
−−−−−−→ z+ yi

xi
δ1−→

yi
δ2−→

z
δ3−→

i = 1 . . .N

✭❛✮ ❘❡❛❝t✐♦♥s

dxi
dt

=
k1z

z+ 1
− δ1xi

dyi

dt
=

k2xi

xi + 1
− δ2yi

dz

dt
=

N∑

j=1

( Vc

Vs −N · Vc

k3yj

yj + 1

)

− δ3z,

i = 1 . . .N

✭❜✮ ❖❉❊s

❋✐❣✉r❡ ✶✸✿ ❚❤❡ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧✳

❚❤❡ ♠♦r♣❤♦❣❡♥ ❡①♣♦rt❡❞ ❢r♦♠ ❝❡❧❧s ❢♦r♠s ❛♥ ❡①tr❛❝❡❧❧✉❧❛r ♣♦♦❧✱ ❢r♦♠
✇❤❡r❡ ✐t ❝❛♥ ❡♥t❡r ❛♥② ♦t❤❡r ❝❡❧❧ ✇✐t❤ ❡q✉❛❧ r❛t❡✳ ❚❤❡r❡❢♦r❡ t❤❡r❡ ✐s
♥♦ ♥♦t✐♦♥ ♦❢ s♣❛❝❡ ✐♥ t❤✐s ♠♦❞❡❧✱ s✐♥❝❡ ❛♥② ❝❡❧❧ ❛✛❡❝ts ❛♥② ♦t❤❡r ❝❡❧❧
❡q✉❛❧❧②✳
❋♦r t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ xi = 0,yi = 0, z > 0✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t

xi(t) = xj(t),yi(t) = yj(t) ❢♦r i, j = 1 . . .N ❛♥❞ ❛❧❧ t✳ ❯s✐♥❣ t❤✐s ✇❡
❝❛♥ r❡❞✉❝❡ t❤❡ ♠♦❞❡❧✱ ✐♥tr♦❞✉❝✐♥❣ ♥❡✇ ✈❛r✐❛❜❧❡s x = xi,y = yi✿

dx

dt
=

k1z

z+ 1
− δ1x

dy

dt
=

k2x

xi + 1
− δ2y

dz

dt
=

µy

y+ 1
− δ3z

✭✷✶✮

✇❤❡r❡

µ =
N · Vck3

Vs −N · Vc

❚❤❡ r❡❞✉❝❡❞ ♠♦❞❡❧ ❝♦♥s✐sts ♦❢ ❥✉st t❤r❡❡ ❖❉❊s ♣❛r❛♠❡tr✐③❡❞ ❜② t❤❡
♥✉♠❜❡r ♦❢ ❝❡❧❧s N✳ ■t ❝❛♥ ❜❡ s♦❧✈❡❞ ❢♦r t❤❡ st❡❛❞② st❛t❡ ❛♥❛❧②t✐❝❛❧❧②✱
❛♥❞ ❛ ❤✐❣❤❡r t❤❛♥ ③❡r♦ st❡❛❞② st❛t❡ ✐s ♦♥❧② ♣♦ss✐❜❧❡ ❢♦r

N > Nc =
Vs

Vc(ξ+ 1)

✇❤❡r❡

ξ =
k1k2k3

δ1δ2δ3

❚❤✐s ♠❡❛♥s t❤❛t ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ✐s ❣r❡❛t❡r t❤❛♥ Nc✱ ✇❤✐❝❤ ✐s
❝❛❧❧❡❞ t❤❡ ❝r✐t✐❝❛❧ ♥✉♠❜❡r✱ t❤❡ ❛❝t✐✈✐t② ✐♥ t❤❡ s②st❡♠ ✇✐❧❧ s✉st❛✐♥ ✐ts❡❧❢
✐♥❞❡✜♥✐t❡❧②✱ ✇❤✐❧❡ ✐❢ N 6 Nc✱ t❤❡ ❛❝t✐✈✐t② ✇✐❧❧ ❝❡❛s❡✱ s❡❡ ❋✐❣✉r❡ ✶✹✳

✺✼



❋✐❣✉r❡ ✶✹✿ ■♥ t❤❡ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧✱ ❝❡❧❧ ♣♦♣✉❧❛t✐♦♥ s✐③❡ ❞❡t❡r♠✐♥❡s s✉st❛✐♥❡❞
❛❝t✐✈✐t②

Ap

Cp

outBpBpin
Br

Ag

Ar

Bg

Ac

Ba

cell i

❋✐❣✉r❡ ✶✺✿ ❙❝❤❡♠❡ ♦❢ t❤❡ ❞❡t❛✐❧❡❞ ♠♦❞❡❧

❚❤✐s ✐s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t✳ ◆♦t❡ t❤❛t t❤❡
♦✉t❝♦♠❡ ❞♦❡s♥✬t ❞❡♣❡♥❞ ♦♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱ ♣r♦✈✐❞❡❞ t❤❛t ❛♥② ♦❢
x✱ y ♦r z ✐s ❣r❡❛t❡r t❤❛♥ ③❡r♦✳
■❢ ✇❡ ❞❡✜♥❡ t❤❡ ❝❡❧❧ ❞❡♥s✐t② η = N · Vc/Vs✱ ✇❡ ❝❛♥ ✐♥❢❡r t❤❡ ❝r✐t✐❝❛❧

❝❡❧❧ ❞❡♥s✐t②

ηc =
1

ξ+ 1

■❢ η > ηc✱ t❤❡ s②st❡♠ ✇✐❧❧ s❤♦✇ s✉st❛✐♥❡❞ ❛❝t✐✈✐t②✳ ❚❤❡r❡❢♦r❡ ✇❡ ❝❛♥
s❛② t❤❛t ✐♥ t❤✐s ♠♦❞❡❧ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✐s ❝❡❧❧ ❞❡♥s✐t②✲❞❡♣❡♥❞❡♥t✳

❚❤❡ ❞❡t❛✐❧❡❞ ♠♦❞❡❧

❚❤❡ ❞❡t❛✐❧❡❞ ♠♦❞❡❧ ❤❛s t❤❡ s❛♠❡ ✉♥❞❡r❧②✐♥❣ str✉❝t✉r❡ ❛s t❤❡ s✐♠♣❧✐✲
✜❡❞ ♠♦❞❡❧✱ ❜✉t tr❛♥s❧❛t✐♦♥ ❛♥❞ tr❛♥s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❣❡♥❡s ❛r❡ tr❡❛t❡❞
❡①♣❧✐❝✐t❧②✱ r❛t❤❡r t❤❛♥ ✉s✐♥❣ ❛❜str❛❝t ▼✐❝❤❛❡❧✐s✲▼❡♥t❡♥ ❦✐♥❡t✐❝s✳ ❚❤❡
♠♦❞❡❧ ✐s r❡♣r❡s❡♥t❡❞ s❝❤❡♠❛t✐❝❛❧❧② ✐♥ ❋✐❣✉r❡ ✶✺✳ ❚❤❡ r❡❛❝t✐♦♥s✱ ✇❤✐❝❤
❛❧❧ ❢♦❧❧♦✇ ♠❛ss ❛❝t✐♦♥ ❦✐♥❡t✐❝ ❧❛✇✱ ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✶✻✳
❚❤❡ ♠♦❞❡❧ ❝♦♥s✐sts ♦❢ ❛ ❧✐♥❡❛r ❝❛s❝❛❞❡ ♦❢ t✇♦ ❣❡♥❡s✱ A ❛♥❞ B✳ Ag ❛♥❞

Bg ❛r❡ ✐♥❛❝t✐✈❡ ❢♦r♠s ♦❢ t❤❡ ❣❡♥❡s✱ ✇❤✐❧❡ Ac ❛♥❞ Ba ❛r❡ t❤❡✐r ❛❝t✐✈❛t❡❞

✺✽



Cpi +Agi
α1−⇀↽−
α2

Aci

Aci
β−→ Ari +Aci

Ari
γ−→ Api +Ari

Api +Bgi
α1−⇀↽−
α2

Bai

Bai
β−→ Bri +Bai

Bri
γ−→ Bpini

+Bri

Bpini

κ−→ Bpout

Bpout
ε−→ Cpi

Cpi
δc−→

Api
δa−→

Ari
δm−−→

Bpini

δb−→

Bri
δm−−→

Bpout
δd−→

i = 1 . . .N

❋✐❣✉r❡ ✶✻✿ ❘❡❛❝t✐♦♥s ♦❢ t❤❡ ❞❡t❛✐❧❡❞ ♠♦❞❡❧

d[Ac]

dt
= α1[Cp][Ag] −α2[Ac]

d[Ar]

dt
= β[Ac] − δm[Ar]

d[Ap]

dt
= γ[Ar] −α1[Ap][Bg] +α2[Ba] − δa[Ap]

d[Ba]

dt
= α1[Ap][Bg] −α2[Ba]

d[Br]

dt
= β[Ba] − δm[Br]

d[Bpin]

dt
= γ[Br] − (κ+ δb)[Bpin]

d[Bpout]

dt
= N · κ[Bpin] − (N · ε+ δd)[Bpout]

d[Cp]

dt
= ε[Bpout] −α1[Cp][Ag] +α2[Ac] − δc[Cp]

[Ag] + [Ac] = [Bg] + [Ba] = 1

❋✐❣✉r❡ ✶✼✿ ❖❉❊s ♦❢ t❤❡ r❡❞✉❝❡❞ ❞❡t❛✐❧❡❞ ♠♦❞❡❧✳

✺✾



❢♦r♠s✳ ●❡♥❡ B ♣r♦❞✉❝❡s t❤❡ ♣r♦t❡✐♥ Bp✳ Bpin ✐s t❤❡ Bp ✐♥s✐❞❡ ❛ ❝❡❧❧✱
❛♥❞ Bpout ✐s t❤❡ s❛♠❡ ♣r♦t❡✐♥ ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r ❡♥✈✐r♦♥♠❡♥t✳ Bpin

❞✐✛✉s❡s ♦✉t ♦❢ t❤❡ ❝❡❧❧ ✇✐t❤ r❛t❡ κ✱ ♣r♦❞✉❝✐♥❣ Bpout✳ ❲❤❡♥ Bpout

❜✐♥❞s t♦ ♦♥❡ ♦❢ t❤❡ ❝❡❧❧s✱ ✐t ♣r♦❞✉❝❡s t❤❡ ❛❝t✐✈❛t♦r Cp✳ ❚❤✐s ❝♦♥✈❡rs✐♦♥ ♦❢
Bpout ✐♥t♦ Cp ✐s ❛♥ ❛❜str❛❝t r❡♣r❡s❡♥t❛t✐♦♥ ❛ ❝♦♠♣❧✐❝❛t❡❞ ❝❛❧❧ s✐❣♥❛❧❧✐♥❣
♣r♦❝❡ss✱ ✇✐t❤ ❛ s✐♥❣❧❡ r❛t❡ ε✳ Cp ❛❝t✐✈❛t❡s t❤❡ ❣❡♥❡ A✱ ✇❤♦s❡ ♣r♦❞✉❝t
Ap ❛❝t✐✈❛t❡s t❤❡ ❣❡♥❡ B✱ ❝❧♦s✐♥❣ t❤❡ ♣♦s✐t✐✈❡ ❢❡❡❞❜❛❝❦ ❧♦♦♣✳ ❆s ❜❡❢♦r❡✱
t❤❡ ❝❤❡♠✐❝❛❧ s♣❡❝✐❡s ❛r❡ ✐♥❞❡①❡❞ ❜② t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧ t❤❡② r❡s✐❞❡ ✐♥✱
s♦ Api ✐s t❤❡ A✬s ♣r♦t❡✐♥ ✐♥ ❝❡❧❧ i✳
❚❤❡ ♠♦❞❡❧ ✇❛s ✜rst ❛♥❛❧②s❡❞ ❞❡t❡r♠✐♥✐st✐❝❛❧❧②✳ ❚❤❡ ❘❘❊ ✐s ❣✐✈❡♥ ✐♥

❋✐❣✉r❡ ✶✼✱ ❛❧r❡❛❞② r❡❞✉❝❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✭✷✶✮✳ ❆❢t❡r t❤✐s r❡❞✉❝t✐♦♥✱
✇❡ ❞r♦♣ ❝❡❧❧ ✐♥❞✐❝❡s ❢r♦♠ ♥❛♠❡s ♦❢ s♣❡❝✐❡s✱ s✐♥❝❡ ❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ ❝♦rr❡✲
s♣♦♥❞✐♥❣ ♠♦❧❡❝✉❧❡s ✐s t❤❡ s❛♠❡ ✐♥ ❛❧❧ ❝❡❧❧s✿ [Api] = [Ap], i = 1 . . .N ❡t❝✳
❚❤❡ ❧❛st ❡q✉❛t✐♦♥ s♣❡❝✐✜❡s t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ♦❢ t❤❡ ❣❡♥❡s✱ s✐♠✐❧❛r t♦
t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ❆❧❦✹ ✇❛s s♣❡❝✐✜❡❞ ✐♥ ✭✷✵✮✳ ❚♦t❛❧ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ✶
❤❡r❡ ✐s ❛r❜✐tr❛r②✳
❚❤❡ ♣❛r❛♠❡t❡rs ✇❡r❡ s❡t t♦ ❜✐♦❧♦❣✐❝❛❧❧② ♣❧❛✉s✐❜❧❡ ✈❛❧✉❡s t❛❦❡♥ ❢r♦♠

✈❛r✐♦✉s s♦✉r❝❡s✳ ε ✇❛s ❝❤♦s❡♥ s✉❝❤ t❤❛t t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ❝❛♥ ❜❡
♦❜s❡r✈❡❞✳
❯s✐♥❣ t❤❡ s❛♠❡ st❡❛❞② st❛t❡ ❛♥❛❧②s✐s ❛s ❢♦r t❤❡ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧✱ ✇❡

❣❡t

Nc =
δd

ε(ρ− 1)

✇❤❡r❡

ρ =
α2
1β

2γ2κ

α2
2δaδcδ

2
m(κ+ δb)

✭✷✷✮

❚❤❡ ❝♦♥❝❧✉s✐♦♥ ✐s t❤❛t t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤✐s ♠♦❞❡❧ ✐s s✐♠✐❧❛r t♦ t❤❡
s✐♠♣❧✐✜❡❞ ♠♦❞❡❧✳ ■t ❞❡♠♦♥str❛t❡s t❤❡ t❤r❡s❤♦❧❞ ♣♦♣✉❧❛t✐♦♥ s✐③❡ ❢♦✉♥❞
❡①♣❡r✐♠❡♥t❛❧❧②✱ ✇❤✐❝❤ ❞♦❡s♥✬t ❞❡♣❡♥❞ ♦♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛s ❧♦♥❣ ❛s
t❤❡② ❛r❡ ♥♦♥✲③❡r♦✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ ✐♠♣♦rt❛♥t ❝♦♥❝❧✉s✐♦♥ t❤❛t t❤❡
❝♦♠♠✉♥✐t② ❡✛❡❝t ✐s ❛ s❡❧❢✲♦r❣❛♥✐③✐♥❣ s②st❡♠✿ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❡①t❡r♥❛❧
❝♦♥tr♦❧ ✐t r❡❛❝❤❡s t❤❡ s❛♠❡ st❛t❡ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ❛♠♦✉♥t ♦❢ ✐♥✐t✐❛❧
✐♥❞✉❝t✐♦♥✳
❇❡✐♥❣ ♠♦r❡ ❞❡t❛✐❧❡❞✱ t❤✐s ♠♦❞❡❧ ❛❧❧♦✇s ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢

❣❡♥❡ ❝♦♣② ♥✉♠❜❡r ♦♥ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t✳ ❆❧s♦ ❢r♦♠ ✭✷✷✮ ✇❡ ❝❛♥
s❡❡ ✇❤✐❝❤ ♣❛r❛♠❡t❡rs ✐♥✢✉❡♥❝❡ t❤❡ ❝r✐t✐❝❛❧ ♥✉♠❜❡r✿ t❤❡ ♣❛r❛♠❡t❡rs
✇❤✐❝❤ ♣r♦♠♦t❡ t❤❡ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ♠❛❦❡ Nc ❧♦✇❡r✱ ✇❤✐❧❡ t❤❡ ♦♣♣♦s✐t❡
♣❛r❛♠❡t❡rs✱ ❧✐❦❡ ❞❡❣r❛❞❛t✐♦♥ r❛t❡s✱ ✐♥❝r❡❛s❡ ✐t✳
❖♥❡ ❞r❛✇❜❛❝❦ ♦❢ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ tr❡❛t♠❡♥t ♦❢ t❤❡ ❞❡t❛✐❧❡❞ ♠♦❞❡❧ ✐s

t❤❛t t❤❡ ❣❡♥❡ ❝♦✉♥t ✐s ❝♦♥t✐♥✉♦✉s✳ ■♥st❡❛❞ ♦❢ ❛ss✉♠✐♥❣ ♦♥❧② t✇♦ st❛t❡s✱
❛❝t✐✈❡ ❛♥❞ ✐♥❛❝t✐✈❡✱ t❤❡ ❣❡♥❡s ❛ss✉♠❡ ❛ ❝♦♥❝❡♥tr❛t✐♦♥ ✈❛❧✉❡ ❜❡t✇❡❡♥ ✵

❛♥❞ ✶✳ ❆s ✇❛s ❞✐s❝✉ss❡❞ ♣r❡✈✐♦✉s❧②✱ t❤❡ ♠♦❞❡❧ ✇✐t❤ s✉❝❤ ❧♦✇ ♠♦❧❡❝✉❧❡
❝♦✉♥t ❞♦❡s♥✬t ❢✉❧✜❧ t❤❡ ❛ss✉♠♣t✐♦♥s ❜❡❤✐♥❞ ❘❘❊ ♠♦❞❡❧❧✐♥❣✳ ❇❡❝❛✉s❡
♦❢ t❤✐s✱ ❛♥❞ ❛❧s♦ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ♥♦✐s❡ ♦♥ Nc✱ st♦❝❤❛st✐❝
s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ s❛♠❡ ♠♦❞❡❧ ✇❡r❡ ♣❡r❢♦r♠❡❞✳
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❚❤❡ ♦✉t❝♦♠❡ ♦❢ t❤❡ ●✐❧❧❡s♣✐❡ s✐♠✉❧❛t✐♦♥s ✇❛s ❛♣♣r♦①✐♠❛t❡❧② ✐♥ ❛❣r❡❡✲
♠❡♥t ✇✐t❤ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ tr❡❛t♠❡♥t✳ ❲❤❡♥ N ✐s ❝❧♦s❡ t♦ Nc t❤❡
s②st❡♠ ♠❛② ❡♥t❡r t❤❡ s✉st❛✐♥❡❞ ❛❝t✐✈❛t✐♦♥✱ ♦r t❤❡ ❛❝t✐✈✐t② ♠❛② st♦♣
✇✐t❤ s♦♠❡ ♣r♦❜❛❜✐❧✐t②✳ ❖♥❧② ✇❤❡♥ N ✐s s♦♠❡✇❤❛t ❤✐❣❤❡r t❤❛♥ Nc t❤❡
❛❝t✐✈❛t✐♦♥ ❜❡❝♦♠❡s r❡❧✐❛❜❧❡✳

✸✳✷ st♦❝❤❛st✐❝ ❛♥❛❧②s✐s ♦❢ t❤❡ s♣❛❝❡✲❧❡ss ♠♦❞❡❧ ♦❢

t❤❡ ❝♦♠♠✉♥✐t② ❡❢❢❡❝t

❚♦ st✉❞② t❤❡ st♦❝❤❛st✐❝ ❛s♣❡❝t ♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✐♥ t❤❡ ❞❡t❛✐❧❡❞
♠♦❞❡❧ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ♥❛♠❡❧② t❤❡ t❤r❡s❤♦❧❞ ♦♥ t❤❡ ♥✉♠❜❡r
❝❡❧❧s✱ ✇❡ ♥❡❡❞ t♦ r❡❞❡✜♥❡ t❤❡ ♥♦t✐♦♥ ♦❢ s✉st❛✐♥❡❞ ❛❝t✐✈❛t✐♦♥✳ ■♥ t❤❡
st♦❝❤❛st✐❝ ❝❛s❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ s✉st❛✐♥❡❞ ❛❝t✐✈❛t✐♦♥✱ s✐♥❝❡
t❤❡ ♦✉t❝♦♠❡s ❛r❡ ♥♦✇ r❛♥❞♦♠✳
❆❧s♦ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ s②st❡♠ ✐♥ ❋✐❣✉r❡ ✶✻ ❤❛s ❛♥ ❛❜s♦r❜✐♥❣

st❛t❡✱ ✇❤❡r❡ Agi = Bgi = 1 ❛♥❞ ♥♦♥❡ ♦❢ t❤❡ ♦t❤❡r s♣❡❝✐❡s ❛r❡ ♣r❡s❡♥t✳
❖♥❝❡ t❤❡ s②st❡♠ ❢❛❧❧s ✐♥t♦ t❤✐s ✐♥❛❝t✐✈❡ st❛t❡✱ ♥♦ ❢✉rt❤❡r r❡❛❝t✐♦♥s ❝❛♥
❤❛♣♣❡♥✳ ❚❤❡ ❛❜s♦r❜✐♥❣ st❛t❡ ✐s r❡❛❝❤❛❜❧❡ ❢r♦♠ ❛♥② ♦t❤❡r st❛t❡✱ ❜❡❝❛✉s❡
❛❧❧ ♠♦❧❡❝✉❧❡s ❝❛♥ ❞❡❣r❛❞❡ ✇✐t❤ ♥♦♥✲③❡r♦ ♣r♦❜❛❜✐❧✐t✐❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ ♥♦♥❡
♦❢ t❤❡ s♣❡❝✐❡s ❝❛♥ ❛❝❝✉♠✉❧❛t❡ ✐♥❞❡✜♥✐t❡❧② ✇✐t❤ ♥♦♥✲③❡r♦ ♣r♦❜❛❜✐❧✐t②✱
❛❣❛✐♥ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❞❡❣r❛❞❛t✐♦♥✳ ❆❧❧ t♦❣❡t❤❡r t❤✐s ♠❡❛♥s t❤❛t ✐♥ t❤❡
❧♦♥❣ t✐♠❡ ❧✐♠✐t✱ t❤❡ s②st❡♠ ✐s ❞♦♦♠❡❞ t♦ ❢❛❧❧ ✐♥t♦ t❤❡ ❛❜s♦r❜✐♥❣ st❛t❡✱
♠❛❦✐♥❣ ✐t t❤❡ ♦♥❧② tr✉❡ st❡❛❞② st❛t❡✳
❚❤✐s ♦❜s❡r✈❛t✐♦♥ ✐s ♥♦t ✈❡r② ❤❡❧♣❢✉❧✱ ❤♦✇❡✈❡r✱ ❜❡❝❛✉s❡ ♦♥❝❡ t❤❡ s②s✲

t❡♠ ❤❛s r❡❛❝❤❡❞ ❛ ❤✐❣❤ ❧❡✈❡❧ ♦❢ ❛❝t✐✈❛t✐♦♥ ❛♥❞ ❛❝❝✉♠✉❧❛t❡❞ ❧❛r❣❡ ❛♠♦✉♥ts
♦❢ ♠♦❧❡❝✉❧❡s ✐♥ ❝❡❧❧s✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❝♦❧❧❛♣s✐♥❣ t♦ t❤❡ ❛❜s♦r❜✐♥❣ st❛t❡
❜❡❝♦♠❡s ❡①tr❡♠❡❧② s♠❛❧❧✱ ❛♥❞ t❤✐s ✇✐❧❧ ♥♦t ❤❛♣♣❡♥ ❢♦r ❛ ✈❡r② ❧♦♥❣ t✐♠❡✳
❲❡ ❛r❡ ♠♦r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♥♦t✐♦♥ ♦❢ q✉❛s✐ st❡❛❞② st❛t❡ ✭♦r ✧tr❛♥s✐❡♥t
st❡❛❞② st❛t❡✧✮✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❞❡✜♥❡ s✐♠♣❧② ❛s t❤❡ s②st❡♠✬s st❛t❡ ❛❢t❡r ❛
✜①❡❞✱ s✉✣❝✐❡♥t❧② ❧♦♥❣ ♣❡r✐♦❞ ♦❢ t✐♠❡✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s②st❡♠ t♦ ❜❡ ❛t
❛ q✉❛s✐ st❡❛❞② st❛t❡ ❛t t✐♠❡ T = 105 s❡❝♦♥❞s ❛❢t❡r t❤❡ ✐♥✐t✐❛❧ ✐♥❞✉❝t✐♦♥✳
❲❡ ❝❛♥ ♥♦✇ ❞❡✜♥❡ t❤❡ ❝r✐t✐❝❛❧ ♥✉♠❜❡r Nc ✐♥ t❤❡ st♦❝❤❛st✐❝ s❡tt✐♥❣ ❛s

t❤❡ s♠❛❧❧❡st ♥✉♠❜❡r ♦❢ ❝❡❧❧s ✐♥ t❤❡ s②st❡♠ ❢♦r ✇❤✐❝❤ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢
❝♦❧❧❛♣s✐♥❣ t♦ t❤❡ ✐♥❛❝t✐✈❡ st❛t❡ ❛t t✐♠❡ T ✐s ❧❡ss t❤❛♥ ✵✳✺✳ ❚❤❡ ♦❜❥❡❝t✐✈❡
♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s t♦ ❝♦♠♣✉t❡ t❤✐s Nc✳

✸✳✷✳✶ ❙t♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s

❋✐rst ✇❡ ♣❡r❢♦r♠❡❞ ●✐❧❧❡s♣✐❡ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❞❡t❛✐❧❡❞ ♠♦❞❡❧ ✐♥ ❋✐❣✲
✉r❡ ✶✻✳ ❚❤r❡❡ ❡①❛♠♣❧❡s ♦❢ t❤❡s❡ s✐♠✉❧❛t✐♦♥s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✽✳ ■t
✐s ❡✈✐❞❡♥t t❤❛t ❛s t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s N ❣r♦✇s✱ s♦ ❞♦❡s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢
t❤❡ s②st❡♠ t♦ ❡♥t❡r t❤❡ ❛❝t✐✈❡ q✉❛s✐ st❡❛❞② st❛t❡✿ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t
✇♦r❦s✳ ■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❛✈❡r❛❣❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s②st❡♠ ❛❝r♦ss ♠❛♥②
s✐♠✉❧❛t✐♦♥s✱ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ❞✐✈❡r❣❡s
s✐❣♥✐✜❝❛♥t❧② ❢r♦♠ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r N = 100 ✭❋✐❣✲
✉r❡ ✶✽❛✮ ❛❧♠♦st ❛❧❧ st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s ❡♥❞ ✐♥ t❤❡ ✐♥❛❝t✐✈❡ st❛t❡ ❛t
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✭❛✮ N = 100

✭❜✮ N = 160

✭❝✮ N = 300

❋✐❣✉r❡ ✶✽✿ ●✐❧❧❡s♣✐❡ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❞❡t❛✐❧❡❞ ♠♦❞❡❧ ❢♦r ❞✐✛❡r❡♥t ❝❡❧❧ ❝♦✉♥ts✳
Bpout ✐s ♣❧♦tt❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡✳ ●r❡❡♥✿ ❞❡t❡r♠✐♥✐st✐❝ s♦✲
❧✉t✐♦♥❀ ②❡❧❧♦✇✿ ♠❡❛♥ ♦❢ s✐♠✉❧❛t✐♦♥s❀ r❡❞✿ ✐♥❞✐✈✐❞✉❛❧ s✐♠✉❧❛t✐♦♥s
✇❤✐❝❤ ❡♥❞ ✐♥ t❤❡ ❛❝t✐✈❡ st❛t❡ ❛t t = T ❀ ❜❧✉❡✿ s✐♠✉❧❛t✐♦♥s ✇❤✐❝❤ ❡♥❞
✐♥ t❤❡ ✐♥❛❝t✐✈❡ st❛t❡✳
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t = T ✱ ❛♥❞ t❤❡ ♠❡❛♥ ♦❢ Bpout✱ ✇❤✐❝❤ ✇❡ ❝♦♥s✐❞❡r ❛s t❤❡ ♠❛✐♥ ✐♥❞✐❝❛t♦r
♦❢ s②st❡♠✬s ❛❝t✐✈✐t②✱ ✐s ❝♦♥✈❡r❣✐♥❣ t♦ ③❡r♦✳ ❚❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦①✐♠❛✲
t✐♦♥✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♣r❡❞✐❝ts ❛ ♥♦♥✲③❡r♦ st❡❛❞② st❛t❡ ❢♦r ❛❧❧ N > 97✳
❚❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♠❡❛♥ ♦❢ Bpout ✐♥ st♦❝❤❛st✐❝ ❛♥❞ ❞❡t❡r♠✐♥✐st✐❝
s✐♠✉❧❛t✐♦♥s ✐s ❛❧s♦ s✐❣♥✐✜❝❛♥t ❢♦r ❤✐❣❤❡r ❝❡❧❧ ❝♦✉♥ts ✭❋✐❣✉r❡ ✶✽❜✮✱ ❜✉t
❜❡❝♦♠❡s r❡❧❛t✐✈❡❧② s♠❛❧❧❡r ❛s t❤❡ ❝❡❧❧ ❝♦✉♥t ❣r♦✇s ✭❋✐❣✉r❡ ✶✽❝✮✳
❲❡ ♣❡r❢♦r♠❡❞ ❛ ♣❛r❛♠❡t❡r s❝❛♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ✐♥ t❤❡ st♦❝❤❛s✲

t✐❝ s✐♠✉❧❛t✐♦♥s ❢♦r N = 0 . . . 210✱ ✇❤✐❝❤ ✐s s✉♠♠❛r✐③❡❞ ✐♥ ❋✐❣✉r❡ ✶✾✳
❋✐❣✉r❡ ✶✾❛ ❞❡♠♦♥str❛t❡s t❤❡ ❛❧❧✲♦r✲♥♦t❤✐♥❣ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s②st❡♠✱
✇✐t❤ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ s②st❡♠ t♦ ❜❡ ♣❛rt✐❛❧❧② ❛❝t✐✈❡ ✐s ❡ss❡♥t✐❛❧❧②
③❡r♦ ✐♥ ❛❧❧ ❝❛s❡s✳ ❲❡ ✉s❡❞ Api > 0 ❛s t❤❡ ✐♥❞✐❝❛t♦r ♦❢ ❛♥ ❛❝t✐✈❡ ❝❡❧❧✱
❢♦❧❧♦✇✐♥❣ ❬❙❛❦❛ ❡t ❛❧✳✱ ✷✵✶✶❪✳ ❚❤❡ s❛♠❡ ❞❛t❛ ✐s ♣r❡s❡♥t❡❞ ❞✐✛❡r❡♥t❧② ✐♥
❋✐❣✉r❡ ✶✾❜✳ ❚❤❡ st❛t✐st✐❝❛❧❧② ❡st✐♠❛t❡❞ ❝r✐t✐❝❛❧ ♥✉♠❜❡r Nc ✐s ❛❜♦✉t ✶✶✼
❛❝❝♦r❞✐♥❣ t♦ t❤❡ s✐♠✉❧❛t✐♦♥s✱ ✇❤✐❝❤ ✐s ✷✵✪ ❤✐❣❤❡r t❤❛♥ ✾✼ ♣r❡❞✐❝t❡❞ ❜②
t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥✱ ♠❛❦✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ s✐❣♥✐✜❝❛♥t✳
❲❤✐❧❡ st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s ♣r♦✈✐❞❡ ❛ s✐♠♣❧❡ ✇❛② t♦ st✉❞② t❤❡ st♦❝❤❛s✲

t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥ s②st❡♠s✱ t❤❡② ❞♦ ♥♦t ♣r♦✈✐❞❡ t❤❡ s❛♠❡
✢❡①✐❜✐❧✐t② ♦❢ ❛♥❛❧②s✐s ❛s t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ❜❡❝❛✉s❡ ♦❢ t❤❡
❛ss♦❝✐❛t❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✳ ❚❤❡ s✐♠✉❧❛t✐♦♥s ❛❜♦✈❡ t♦♦❦ ♦✈❡r t❡♥
❞❛②s t♦ ❝♦♠♣✉t❡ ♦♥ ❛ ❞❡s❦t♦♣ ❝♦♠♣✉t❡r✳ ■t ✐s ✈❡r② ✐♥❝♦♥✈❡♥✐❡♥t t♦
♣❡r❢♦r♠ ♣❛r❛♠❡t❡r s❝❛♥s ❧✐❦❡ t❤♦s❡ ✐♥ ❬❙❛❦❛ ❡t ❛❧✳✱ ✷✵✶✶❪ ✉s✐♥❣ ❡①❛❝t
s✐♠✉❧❛t✐♦♥s✳
❚♦ ♦✈❡r❝♦♠❡ t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ✇✐❧❧ ❛♣♣❧② ♠♦♠❡♥t ❝❧♦s✉r❡ ♠❡t❤♦❞ t♦

t❤❡ ❞❡t❛✐❧❡❞ ❝♦♠♠✉♥✐t② ❡✛❡❝t ♠♦❞❡❧✳

✸✳✸ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♠♦♠❡♥t ❝❧♦s✉r❡s

❲❡ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ ❛ s♦❢t✇❛r❡ t♦♦❧ ✇❤✐❝❤ ❝❛♥ ❝♦♠♣✉t❡ ❛ ♠♦♠❡♥t
❝❧♦s✉r❡ ♦❢ ❛ ❣✐✈❡♥ s②st❡♠✳ ❚❤❡ t♦♦❧ ✐s ✇r✐tt❡♥ ✐♥ ▼❛♣❧❡✶ s②♠❜♦❧✐❝ ❝♦♠✲
♣✉t❛t✐♦♥ ♣❛❝❦❛❣❡✱ ✇❤✐❝❤ ❛❧❧♦✇s ❡❛s② ♠❛♥✐♣✉❧❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥s✳ ❚❤❡
❛❝t✉❛❧ ❛❧❣♦r✐t❤♠ ❝❧♦s❡❧② ❢♦❧❧♦✇s t❤❡ ♦✉t❧✐♥❡ ✐♥ s✉❜s❡❝t✐♦♥ ✷✳✹✳✷✱ ✜rst
❞❡s❝r✐❜❡❞ ❜② ❱✐❞❛❧ ❡t ❛❧✳ ❬✷✵✶✵❪✳
▼♦♠❡♥t ❝❧♦s✉r❡ ♦❢ ♦r❞❡r m ❢♦r ❛ s②st❡♠ ✇✐t❤ n s♣❡❝✐❡s ❣❡♥❡r❛t❡s

O(nm) ❖❉❊s✱ ❜❡❝❛✉s❡ ♠♦♠❡♥ts ❢♦r ❛❧❧ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ n s♣❡❝✐❡s ♠❛②
❜❡ ✐♥❝❧✉❞❡❞✳ ❋♦r t❤❡ s❡❝♦♥❞ ♦r❞❡r ❝❧♦s✉r❡ ♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ♠♦❞❡❧✱
✇❤✐❝❤ ❤❛s ✾ s♣❡❝✐❡s ♣❡r ❝❡❧❧✱ t❤❡ ♠♦♠❡♥t ❝❧♦s✉r❡ ♣r♦❝❡❞✉r❡ ❣❡♥❡r❛t❡s
40.5N2+ 22.5N+N ♠♦♠❡♥t ❡q✉❛t✐♦♥s✷ ✉♣ t♦ ♦r❞❡r t✇♦ ❢♦rN ❝❡❧❧s✳ ❋♦r
✶✷✵ ❝❡❧❧s✱ ✇❤✐❝❤ ✐s ♥❡❛r t❤✐s s②st❡♠✬s tr✉❡ Nc✱ ✐t ✇♦✉❧❞ ❣❡♥❡r❛t❡ ✺✽✺✾✵✷
❡q✉❛t✐♦♥s✳ ❚❤✐s ❜② ❢❛r ❡①❝❡❡❞s ♣r♦❝❡ss✐♥❣ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ t❤❡ s♦❢t✇❛r❡
✇❡ ✉s❡❞✳ ❚❤❡ ♥❛✐✈❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♠♦♠❡♥t ❝❧♦s✉r❡ t♦ s②st❡♠s ♦❢ t❤✐s
s✐③❡ ✐s ✐♠♣r❛❝t✐❝❛❧✳ ❆tt❡♠♣ts ✇❡r❡ ♠❛❞❡ t♦ s✐♠♣❧✐❢② ♠♦❞❡❧s ❜❛s❡❞ ♦♥
✈❛r✐♦✉s ♣r♦♣❡rt✐❡s✱ ❡✳❣✳ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s ❛♥❞ ❜♦✉♥❞s ♦♥ ♥✉♠❜❡rs ♦❢
s♣❡❝✐❡s ❬❱✐❞❛❧ ❡t ❛❧✳✱ ✷✵✶✵❪✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❛ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♠❡t❤♦❞
❜❛s❡❞ ♦♥ s②♠♠❡tr✐❡s ✐♥ t❤❡ r❡❛❝t✐♦♥ s❡t ✐s ♣r❡s❡♥t❡❞✱ ✇❤✐❝❤ ❝❛♥ r❡❞✉❝❡

✶ http://www.maplesoft.com/

✷ ❚❤✐s ✐s ❛❧✇❛②s ❛♥ ✐♥t❡❣❡r✳
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✭❛✮ ✷❉ ❤✐st♦❣r❛♠ ♦❢ ❞✐✛❡r❡♥t ♣❡r❝❡♥t❛❣❡s ♦❢ ❛❝t✐✈❡ ❝❡❧❧s ❛t t❤❡
❡♥❞ ♦❢ s✐♠✉❧❛t✐♦♥s ❢♦r ✈❛r✐♦✉s N✳ ❇r✐❣❤t♥❡ss ♦❢ ❛ sq✉❛r❡
❞❡♥♦t❡s t❤❡ ❝♦✉♥t ♦❢ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❣✐✈❡♥ ♥✉♠❜❡r ♦❢ ❝❡❧❧s
✇❤✐❝❤ ❡♥❞❡❞ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❡r❝❡♥t ♦❢ ❛❝t✐✈❡ ❝❡❧❧s✳
❚❤✐s ❣r❛♣❤ ✐s ❛♥❛❧♦❣♦✉s t♦ ❋✐❣✉r❡ ✺❆ ✐♥ ❬❙❛❦❛ ❡t ❛❧✳✱ ✷✵✶✶❪

✭❜✮ ❊st✐♠❛t❡❞ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡♥t❡r✐♥❣ t❤❡ ❛❝t✐✈❡ q✉❛s✐ st❡❛❞②
st❛t❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ♥✉♠❜❡r ♦❢ ❝❡❧❧s

❋✐❣✉r❡ ✶✾✿ ❘❡s✉❧ts ♦❢ s❝❛♥ ♦❢ N = 0 . . . 210 ❜② st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s✳

✻✹



t❤❡ ♠♦❞❡❧ ❞r❛♠❛t✐❝❛❧❧② ✐♥ s♦♠❡ ❝❛s❡s✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t
♠♦❞❡❧✳ ■t ✜rst ❛♣♣❡❛r❡❞ ✐♥ ❬❇❛t♠❛♥♦✈ ❡t ❛❧✳✱ ✷✵✶✷❛❪✳

✸✳✸✳✶ ❘❡❞✉❝t✐♦♥ ❜② ❡①❛♠♣❧❡

❲❡ ❞❡♠♦♥str❛t❡ t❤❡ ✐❞❡❛ ❜② ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡✳ ❈♦♥s✐❞❡r t❤❡ s❡t ♦❢ p =

2n+ 1 ❝❤❡♠✐❝❛❧ s♣❡❝✐❡s A1, . . . ,An,B1, . . . ,Bn,C ❛ss♦❝✐❛t❡❞ ✇✐t❤ st❛t❡
r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ①(t) = (A1(t), . . . ,An(t),B1(t), . . . ,Bn(t),C(t)) ❛♥❞
t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ r❡❛❝t✐♦♥s

R = {Ai +Bi
κ1−⇀↽−
κ2

C | i ∈ {1, . . . ,n}}

❚❤✐s s②st❡♠ ✐s s❤♦✇♥ ❣r❛♣❤✐❝❛❧❧② ✐♥ ❋✐❣✉r❡ ✶✵✳ ❲❡ ❛ss✉♠❡ t❤❛t ❢♦r
❛♥② ✜①❡❞ t✐♠❡ t✱ R ❛♥❞ ❛♥ ✐♥✐t✐❛❧ st❛t❡ ①(0) = ν0 ∈ N

p ❞❡✜♥❡s ❛
♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦✈❡r ①(t) ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♠❛ss ❢✉♥❝t✐♦♥ πν(t)✳
❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r✐♥❣ ❝♦♠❜✐♥❛t♦r✐❛❧ ♠❛ss ❛❝t✐♦♥ ❦✐♥❡t✐❝s✱ πν(t) ✇✐❧❧
❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❈▼❊ ✭✶✵✮✳
❲❡ ✇❛♥t t♦ ✐❞❡♥t✐❢② ♠♦♠❡♥t ❡q✉❛❧✐t✐❡s ❢r♦♠ s✐♠♣❧❡ s②♠♠❡tr✐❡s ✐♥

t❤❡ r❡❛❝t✐♦♥ s②st❡♠✳ ❙✐♥❝❡ ❛ ♠♦♠❡♥t ✐s ❢✉❧❧② ❞❡✜♥❡❞ ❜② ♠❛r❣✐♥❛❧ ❞✐str✐✲

❜✉t✐♦♥s ♦❢ ✈❛r✐❛❜❧❡s ❝♦♠♣♦s✐♥❣ ✐t✱ ✇❡ ❛❝t✉❛❧❧② ✐❞❡♥t✐❢② ❡q✉❛❧ ♠❛r❣✐♥❛❧
❞✐str✐❜✉t✐♦♥s ❢r♦♠ s②♠♠❡tr✐❡s✳ ❚❤❡ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✈❛r✐✲
❛❜❧❡s A1 ❛♥❞ B1 ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤✐s s❡t ♦❢ ✈❛r✐❛❜❧❡s✱
✐❣♥♦r✐♥❣ t❤❡ ♦t❤❡rs✳ ❇② s②♠♠❡tr② ♦❢ t❤❡ r❡❛❝t✐♦♥ s❡t✱ ✇❡ ♠❡❛♥ t❤❛t
t❤❡ r❡❛❝t✐♦♥ s❡t r❡♠❛✐♥s ✐♥✈❛r✐❛♥t ✉♥❞❡r ♣❡r♠✉t❛t✐♦♥ ♦❢ t❤❡ ❝❤❡♠✐❝❛❧

s♣❡❝✐❡s✳ ❆♥ ♦❜✈✐♦✉s ♣❡r♠✉t❛t✐♦♥ ♦❢ t❤✐s ❦✐♥❞ ❢♦r R ✐s s✇❛♣♣✐♥❣ A1 ✇✐t❤
A2 ❛♥❞ B1 ✇✐t❤ B2✳ ■♥ t❤❛t ❝❛s❡✱ R r❡♠❛✐♥s ✉♥❝❤❛♥❣❡❞✳ ❙✉♣♣♦s❡ ✇❡
❢✉rt❤❡r ❛ss✉♠❡ t❤❛t t❤❡ ✐♥✐t✐❛❧ st❛t❡ ✐s ✐♥✈❛r✐❛♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
s❛♠❡ ♣❡r♠✉t❛t✐♦♥✳ ❚❤❛t ✐s✱ ✐♥✐t✐❛❧ ♥✉♠❜❡rs ♦❢ A1 ❛♥❞ A2 ❛r❡ t❤❡ s❛♠❡✱
❛s ✇❡❧❧ ❛s t❤♦s❡ ♦❢ B1 ❛♥❞ B2✳ ❇❡❝❛✉s❡ ✇❡ ❝♦♥s✐❞❡r ♣r♦❜❛❜✐❧✐t② ❞✐str✐✲
❜✉t✐♦♥s t❤❛t ❛r❡ ❝♦♠♣❧❡t❡❧② ❞❡✜♥❡❞ ❜② t❤❡ r❡❛❝t✐♦♥s R ❛♥❞ t❤❡ ✐♥✐t✐❛❧
st❛t❡✱ t❤❡ st♦❝❤❛st✐❝ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✈❛r✐❛❜❧❡ s❡t {A1,B1} ❝❛♥♥♦t ❜❡
❞✐st✐♥❣✉✐s❤❡❞ ❢r♦♠ t❤❛t ♦❢ {A2,B2}✳ ❆s ♣r♦✈❡❞ ❜❡❧♦✇✱ t❤✐s ♠❡❛♥s t❤❛t
t❤❡✐r ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥s ❛r❡ ❡q✉❛❧

Prob(A1(t) = a,B1(t) = b) = Prob(A2(t) = a,B2(t) = b),

∀t ∈ R>0,a,b ∈ N

P❡r♠✉t✐♥❣ ♦❢ C ✇✐t❤ ✐ts❡❧❢✱ ✇❡ ❣❡t

Prob(A1(t) = a,B1(t) = b,C(t) = c) =

Prob(A2(t) = a,B2(t) = b,C(t) = c),

∀t ∈ R>0,a,b, c ∈ N ✭✷✸✮

■♠♣♦rt❛♥t❧②✱ t❤✐s ❡♥t❛✐❧s t❤❡ ♠♦♠❡♥t ❡q✉❛❧✐t✐❡s E[Ai
1B

j
1C

k] = E[Ai
2B

j
2C

k]

❢♦r ❛♥② i, j,k > 0✳ ❆s ❛♥♦t❤❡r ❡①❛♠♣❧❡ ♦❢ s②♠♠❡tr②✱ ❛ss✉♠✐♥❣ n > 4

♦♥❡ ❝❛♥ s✇❛♣ A1 ✇✐t❤ A3✱ A2 ✇✐t❤ A4✱ B1 ✇✐t❤ B3✱ B2 ✇✐t❤ B4✱ C

✻✺



✇✐t❤ ✐ts❡❧❢✳ ❆❣❛✐♥✱ ❛❧s♦ ❛ss✉♠✐♥❣ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ❜② t❤✐s
♣❡r♠✉t❛t✐♦♥✱ ✇❡ ❤❛✈❡

Prob(A1(t) = a1,A2(t) = a2,B1(t) = b1,B2(t) = b2,C(t) = c) =

Prob(A3(t) = a1,A4(t) = a2,B3(t) = b1,B4(t) = b2,C(t) = c),

∀t ∈ R>0,a1,a2,b1,b2, c ∈ N ✭✷✹✮

■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ✉s❡ ❡q✉❛❧✐t✐❡s ♦❢ t❤❡ ❢♦r♠ ✭✷✸✮✲✭✷✹✮ t♦ r❡❞✉❝❡
❛ s❡t ♦❢ ♠♦♠❡♥t ❡q✉❛t✐♦♥s ♦❢ t❤❡ s②st❡♠✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ s②st❡♠ ❝♦♥✲
s✐❞❡r❡❞ ❛❜♦✈❡ ❣❡♥❡r❛t❡s✱ ❛♠♦♥❣ ♦t❤❡rs✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦♠❡♥t ❡q✉❛t✐♦♥s
❢♦r s❡❝♦♥❞ ♦r❞❡r ♠♦♠❡♥ts✿

dE[AiC]

dt
= κ1

(

n∑

j=1

E[AiAjBj]
)

− κ1(E[AiBi] + E[AiBiC]) −

κ2(E[C] − E[C2] +n · E[AiC]) i = 1 . . . n

✭✷✺✮

❯s✐♥❣ r❡❧❛t✐♦♥s ❛s ✭✷✸✮✱ ✇❡ ❝❛♥ ✐♥❢❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦♠❡♥t ❡q✉❛❧✐✲
t✐❡s✿ E[AiC] = E[A1C]✱ E[AiBi] = E[A1B1]✱ E[AiBiC] = E[A1B1C]✱
E[A2

iBi] = E[A2
1B1]✱ ❛♥❞ ✉s✐♥❣ ❡q✉❛❧✐t✐❡s ❛s ✭✷✹✮ ✇❡ ❤❛✈❡ E[AiAjBj] =

E[A1A2B2], i = 1 . . . n, j = 1 . . . n, i 6= j✳ ❚❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ❡q✉✐✈❛❧❡♥t❧②
r❡✇r✐t❡ ❛❧❧ n ❡q✉❛t✐♦♥s ✐♥ ✭✷✺✮ ✐♥t♦ ♦♥❡✿

dE[A1C]

dt
= κ1((n− 1)E[A1A2B2] + E[A2

1B1]) −

κ1(E[A1B1] + E[A1B1C]) −

κ2(E[C] − E[C2] +n · E[A1C]) ✭✷✻✮

❲❡ ❝❛♥✬t ❡①❝❤❛♥❣❡ ♠♦♠❡♥ts ❢♦r Ai ❛♥❞ Bi ❜❡❝❛✉s❡ t❤❡② ♠❛② ❤❛✈❡
❞✐✛❡r❡♥t ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✐♥ ❣❡♥❡r❛❧✳ ❯s✐♥❣ t❤✐s ❛♣♣r♦❛❝❤✱ t❤❡ s②st❡♠
♦❢ ♠♦♠❡♥t ❡q✉❛t✐♦♥s ✉♣ t♦ ♦r❞❡r t✇♦ ✐s r❡❞✉❝❡❞ ❢r♦♠ 2n2 + 5n+ 2 t♦
✶✶ ❖❉❊s ❢♦r ❛♥② n > 2✳ ❚❤❡ r❡st ♦❢ t❤❡ ❡q✉❛t✐♦♥s ❛r❡ r❡❞✉♥❞❛♥t ❛♥❞
❝❛♥ ❜❡ s❛❢❡❧② ❡①❝❧✉❞❡❞✳ ❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐s ❡①❛❝t✱ ❛♥❞ ✇❡ ❝❛♥ r❡❝♦✈❡r
t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠ ❢r♦♠ t❤❡ r❡❞✉❝❡❞ ♦♥❡✳ ■♥ ♦r❞❡r t♦
❝♦♠♣✉t❡ t❤❡ ♠♦♠❡♥t ❞②♥❛♠✐❝s✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ♣❡r❢♦r♠ ❛ ❝❧♦s✉r❡ ♦❢
t❤❡ r❡❞✉❝❡❞ s②st❡♠ ❛s ❞❡s❝r✐❜❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ✷✳✹✳✷✳

✸✳✸✳✷ ❋♦r♠❛❧ r❡❞✉❝t✐♦♥

❲❡ ♥♦✇ ❢♦r♠❛❧❧② ❞❡✜♥❡ t❤❡ ♣r❡✈✐♦✉s ♥♦t✐♦♥s✳ ❲❡ ❤♦✇❡✈❡r ✇♦♥✬t ♠❛❦❡
✉s❡ ♦❢ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥s✱ s✐♥❝❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ ❢✉❧❧ ❥♦✐♥t ♣r♦❜❛✲
❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❡♥t❛✐❧s ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ✐ts ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥s✳
❲❡ ❝♦♥s✐❞❡r ♣❡r♠✉t❛t✐♦♥s σ ♦✈❡r t❤❡ s❡t ♦❢ s♣❡❝✐❡s ✐♥❞✐❝❡s {1, . . . ,n}✳

P❡r♠✉t❛t✐♦♥s ♦❢ ✈❡❝t♦rs ❛♥❞ r❡❛❝t✐♦♥ s❡ts ❛r❡ ❞❡✜♥❡❞ ❛s

aσ = (aσ(1), . . . ,aσ(n))

Rσ = {(κ,ασ,βσ) | (κ,α,β) ∈ R}

✻✻



❲❡ s❛② t❤❛t ❛ ✈❡❝t♦r a✱ r❡s♣✳ ❛ r❡❛❝t✐♦♥ s❡t R✱ ✐s σ✲✐♥✈❛r✐❛♥t✱ ✐✛ a = aσ✱
r❡s♣✳ R = Rσ✳ ❲❡ ❞❡♥♦t❡ P t❤❡ ❢✉♥❝t✐♦♥ t❤❛t✱ ❢♦r ❛ ❣✐✈❡♥ s❡t R ♦❢ r❡❛❝✲
t✐♦♥s✱ ✐♥✐t✐❛❧ st❛t❡ ν0 ❛♥❞ t✐♠❡ t✱ ❣✐✈❡s ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦✈❡r
t❤❡ ❝♦✉♥ts ♦❢ t❤❡ s♣❡❝✐❡s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♠❛ss ❢✉♥❝t✐♦♥ πν(t)✳ ❙♦♠❡✲
❤♦✇ P ❣✐✈❡s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ❞②♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠✳ ❋♦r
❡①❛♠♣❧❡✱ P ❝♦✉❧❞ ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠✬s ❈▼❊✱ ♦r ❛♥ ❛♣♣r♦①✐✲
♠❛t✐♦♥ ♦❢ ✐t✱ ❧✐❦❡ ❛ ♠♦♠❡♥t ❝❧♦s✉r❡✳ ❲❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥
❛❜♦✉t P✳

❆ss✉♠♣t✐♦♥ ✶✳ ▲❡t πν(t) = P(R,ν0, t) ❛♥❞ π ′
ν(t) = P(Rσ,ν0σ, t)✱

❢♦r s♦♠❡ r❡❛❝t✐♦♥ s❡t R✱ ✐♥✐t✐❛❧ st❛t❡ ν0✱ t✐♠❡ t✱ ❛♥❞ ♣❡r♠✉t❛t✐♦♥ σ ♦❢

t❤❡ s♣❡❝✐❡s ✐♥❞✐❝❡s✳ ❋♦r ❛♥② ν ∈ N
n✱ ✇❡ ❤❛✈❡ πν(t) = π ′

ν(t)✳

❚❤✐s ❛ss✉♠♣t✐♦♥ r❡❧❛t❡s ♣❡r♠✉t❛t✐♦♥s ❛t t❤❡ ❧❡✈❡❧ ♦❢ r❡❛❝t✐♦♥s t♦ ♣❡r✲
♠✉t❛t✐♦♥ ❛t t❤❡ ❧❡✈❡❧ ♦❢ ✐ts st♦❝❤❛st✐❝ s❡♠❛♥t✐❝s✳ ■t ❥✉st st❛t❡s t❤❛t t❤❡
st♦❝❤❛st✐❝ ❞②♥❛♠✐❝s ♦❢ ❛ s♣❡❝✐❡s A ♣r♦✈✐❞❡❞ ❜② P ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥
✐ts ♣♦s✐t✐♦♥ ✐♥ t❤❡ st❛t❡ ✈❡❝t♦r✳ ❙❛②✐♥❣ ✐t ❞✐✛❡r❡♥t❧②✱ ✇❡ ❛ss✉♠❡ t❤❛t
t❤❡ st♦❝❤❛st✐❝ ❜❡❤❛✈✐♦✉r ✐s ✐♥s❡♥s✐t✐✈❡ t♦ s♣❡❝✐❡s r❡♥❛♠✐♥❣✱ ♣r♦✈✐❞❡❞
t❤❛t t❤✐s r❡♥❛♠✐♥❣ ❞♦❡s♥✬t ❝r❡❛t❡ ♥❛♠❡ ❝♦♥✢✐❝ts✳ ❚❤✐s ✐s ❛ r❡❛s♦♥❛❜❧❡
❛ss✉♠♣t✐♦♥ t❤❛t ✐s✱ ❢♦r ✐♥st❛♥❝❡✱ s❛t✐s✜❡❞ ❜② t❤❡ ♠❛st❡r ❡q✉❛t✐♦♥✳

❚❤❡♦r❡♠ ✸✳✸✳✶✳ ▲❡t R ❜❡ ❛ s❡t ♦❢ k r❡❛❝t✐♦♥s ♦❢ n s♣❡❝✐❡s✱ ν0 ∈
N

n ❜❡ ❛♥ ✐♥✐t✐❛❧ st❛t❡✱ ❛♥❞ σ ❜❡ ❛ ♣❡r♠✉t❛t✐♦♥ ♦✈❡r {1, . . . ,n}✳ ▲❡t

πν(t) = P(R,ν0, t)✱ ✐❢ R ❛♥❞ ν0 ❛r❡ σ✲✐♥✈❛r✐❛♥t✱ t❤❡♥✱ ❢♦r ❛♥② ν ∈ N
n✱

πν(t) = πνσ(t)✳

Pr♦♦❢✳ ❚❤✐s t❤❡♦r❡♠ ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❛❜♦✈❡ ❛s✲
s✉♠♣t✐♦♥✳ ■♥❞❡❡❞✱ ❧❡t πν(t) = P(R,ν0, t) ❛♥❞ π ′

ν(t) = P(Rσ,ν0σ, t)✱
s✐♥❝❡ R = Rσ ❛♥❞ ν0 = ν0σ✱ ✇❡ ❤❛✈❡ πν(t) = π ′

ν(t)✳ ❇② t❤❡ ❆ss✉♠♣✲
t✐♦♥ ✶ ✐t ❢♦❧❧♦✇s t❤❛t πν(t) = π ′

νσ(t) = πνσ(t)✳

❈♦r♦❧❧❛r② ✸✳✸✳✷✳ ▲❡t R ❜❡ ❛ s❡t ♦❢ k r❡❛❝t✐♦♥s ♦❢ n s♣❡❝✐❡s✱ ν0 ∈ N
n

❜❡ ❛♥ ✐♥✐t✐❛❧ st❛t❡ ❛♥❞ σ ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢ t❤❡ s♣❡❝✐❡s ✐♥❞✐❝❡s✳ ■❢ R ❛♥❞

ν0 ❛r❡ σ✲✐♥✈❛r✐❛♥t✱ t❤❡♥ µ(m) = µ(mσ)✳

Pr♦♦❢✳ ❆t ❛♥② t✐♠❡ t ✇❡ ❤❛✈❡

µ(m)(t) = E[①m(t)]

=
∑

ν νmπν(t)

=
∑

ν νmσ
σ πν(t) ❜② ❝♦♠♠✉t❛t✐✈✐t② ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥

=
∑

ν νmσ
σ πνσ(t) ❜② ❚❤❡♦r❡♠ ✸✳✸✳✶

= E[①mσ(t)] = µ(mσ)(t)

❲❡ ❞❡♥♦t❡ ❜② Σ(R,ν0) t❤❡ s❡t ♦❢ ♣❡r♠✉t❛t✐♦♥s σ s✉❝❤ t❤❛t R ❛♥❞
ν0 ❛r❡ σ✲✐♥✈❛r✐❛♥t✳ ❇② ❈♦r♦❧❧❛r② ✸✳✸✳✷✱ t❤✐s s❡t ❞❡✜♥❡s ❡q✉✐✈❛❧❡♥❝❡
❝❧❛ss❡s [µ(m)]Σ ♦❢ ♠♦♠❡♥ts✱ ✐✳❡✳ t❤❡ s❡t ♦❢ ♠♦♠❡♥ts µ(m ′) s✉❝❤ t❤❛t

✻✼



µ(m ′) = µ(mσ) ❢♦r s♦♠❡ σ ∈ Σ = Σ(R,ν0)✳ ❆s ✉s✉❛❧✱ ✇❡ ❛❧s♦ ✇r✐t❡
[µ(m)]Σ ❢♦r t❤❡ r❡♣r❡s❡♥t❛t✐✈❡ ♠♦♠❡♥t ♦❢ t❤✐s s❡t t❤❛t ✐s✱ ❢♦r ✐♥st❛♥❝❡✱
t❤❡ s♠❛❧❧❡st ♦❢ t❤♦s❡ ♠♦♠❡♥ts ❢♦r t❤❡ ❧❡①✐❝♦❣r❛♣❤✐❝❛❧ ♦r❞❡r ♦♥ N

n✳ ❲❡
❞❡♥♦t❡ µk ❛ ✈❡❝t♦r ♦❢ ❛❧❧ M ♠♦♠❡♥ts ✉♣ t♦ ♦r❞❡r k✳ ▲❡t

M(R,k) = {µ̇(m) = L · µh | order(m) 6 k,L ∈ R
M}

❜❡ ❛ s❡t ♦❢ ♠♦♠❡♥t ❡q✉❛t✐♦♥s ♦❜t❛✐♥❡❞ ❜② s♦♠❡ ♠♦♠❡♥t ❣❡♥❡r❛t✐♦♥
♠❡t❤♦❞✱ ✇✐t❤ ♠♦♠❡♥ts ✉♣ t♦ ♦r❞❡r k ✭r❡❝❛❧❧ t❤❛t ♠♦♠❡♥t ❡q✉❛t✐♦♥s
❛r❡ ❛❧✇❛②s ❧✐♥❡❛r✮✳ h ✐s t❤❡ ♠❛①✐♠✉♠ ♦r❞❡r ♦❢ t❤❡ ♠♦♠❡♥ts ✐♥ t❤❡
❡q✉❛t✐♦♥s✱ ✐t ❝❛♥ ❜❡ ❣r❡❛t❡r t❤❛♥ k ❢♦r s②st❡♠s ♦❢ ♠♦♠❡♥t ❡q✉❛t✐♦♥s
✇✐t❤ ❛♥ ✉♥❝❧♦s❡❞ ❝❛s❝❛❞❡ ♦❢ ❞❡♣❡♥❞❡♥❝✐❡s✳
❚❤❡ r❡❞✉❝❡❞ s❡t ♦❢ ♠♦♠❡♥t ❡q✉❛t✐♦♥s ✐s ❞❡✜♥❡❞ ❜②

Mr❡❞(R,ν0,k) = {ρ(µ̇(m)) = L · ρ(µh) | (µ̇
(m) = L ·µh) ∈ M(R,k)}

✇❤❡r❡ ρ ✐s t❤❡ s✉❜st✐t✉t✐♦♥ ♦❢ ♠♦♠❡♥ts ❢♦r t❤❡✐r r❡♣r❡s❡♥t❛t✐✈❡

ρ = {µ(m) ✐s s✉❜st✐t✉t❡❞ ❜② [µ(m)]Σ | order(m) 6 k ❛♥❞ Σ = Σ(R,ν0)}

❚❤✐s tr❛♥s❢♦r♠❛t✐♦♥ ❥✉st ❡①❝❧✉❞❡s ❢r♦♠ M(R,k) r❡♣❡❛t❡❞ ❡q✉❛t✐♦♥s ❢♦r
t❤❡ ✈❛r✐❛❜❧❡s ✇❤✐❝❤ ❛r❡ ♣r♦✈❛❜❧② ❡q✉❛❧✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐s ❡①❛❝t✳

✸✳✸✳✸ ❘❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❞❡t❛✐❧❡❞ ♠♦❞❡❧

❚❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ♠♦❞❡❧✬s str✉❝t✉r❡ r❡s❡♠❜❧❡s ❛ st❛r✱ ❥✉st ❛s ❋✐❣✲
✉r❡ ✶✵ ♦♥ ♣❛❣❡ ✺✸ ❞♦❡s✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t
♠♦❞❡❧ ❡①❤✐❜✐ts t❤❡ s②♠♠❡tr✐❡s r❡q✉✐r❡❞ ❜② ❚❤❡♦r❡♠ ✸✳✸✳✶✱ ✇❤✐❝❤ ❛❧❧♦✇s
t♦ r❡❞✉❝❡ ✐ts ♠♦♠❡♥t ❡q✉❛t✐♦♥s ❢♦r ❛♥② ♥✉♠❜❡r ♦❢ ❝❡❧❧s t♦ ❛ s②st❡♠ ♦❢
❝♦♥st❛♥t s✐③❡✱ s✐♠✐❧❛r t♦ t❤❡ ❡①❛♠♣❧❡ ✐♥ s✉❜s❡❝t✐♦♥ ✸✳✸✳✶✳
❲❡ ❤❛✈❡ ❛♣♣❧✐❡❞ t❤❡ s②♠♠❡tr✐❝ r❡❞✉❝t✐♦♥ t♦ t❤❡ ♥♦r♠❛❧ ❝❧♦s✉r❡ ♦❢

t❤❡ ❞❡t❛✐❧❡❞ ❝♦♠♠✉♥✐t② ❡✛❡❝t ♠♦❞❡❧ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✻✳ ❚❤❡ r❡❞✉❝❡❞
♠♦❞❡❧ ❝♦♥t❛✐♥s ✶✹✻ ❡q✉❛t✐♦♥s ❢♦r ❛♥② N✳ ❚❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦①✐♠❛✲
t✐♦♥✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✜rst ♦r❞❡r ♠♦♠❡♥t ❝❧♦s✉r❡✱ ❝❛♥ ❛❧s♦ ❜❡
r❡❞✉❝❡❞ ✉s✐♥❣ t❤❡ s❛♠❡ ♠❡t❤♦❞✳ ❚❤✐s ❦✐♥❞ ♦❢ r❡❞✉❝t✐♦♥✱ ❛♠♦♥❣ ♦t❤❡rs✱
❤❛s ❜❡❡♥ ❞♦♥❡ ✐♥ ❬❙❛❦❛ ❡t ❛❧✳✱ ✷✵✶✶❪✱ ✇❤❡r❡ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦①✐♠❛✲
t✐♦♥ ❝♦♥s✐st❡❞ ♦❢ ♦♥❧② ✽ ❖❉❊s ❢♦r ❛♥② N✳ ❖✉r ▼❛♣❧❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢
t❤❡ ▼❈ ♠❡t❤♦❞ ❛♥❞ t❤❡ r❡❞✉❝t✐♦♥ ❢♦r t❤✐s ♠♦❞❡❧ ❛r❡ ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡✸✳

✸✳✸✳✹ ❈♦♠♣❛r✐s♦♥ ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥s

❋✐❣✉r❡ ✷✵ ♣❧♦ts t❤❡ Bpout ❞②♥❛♠✐❝s✱ ❝♦♠♣✉t❡❞ ❜② t❤r❡❡ ❞✐✛❡r❡♥t ❛♣✲
♣r♦①✐♠❛t✐♦♥s✳ ❋✐rst ✐s ❛ ♠❡❛♥ ♦❢ ♠❛♥② st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s✳ ❆s t❤❡
♥✉♠❜❡r ♦❢ s✐♠✉❧❛t✐♦♥s ✐♥❝r❡❛s❡s✱ t❤✐s ❝♦♥✈❡r❣❡s t♦ t❤❡ tr✉❡ ♠❡❛♥ ✲ ❤♦✇✲
❡✈❡r ✐t ✐s ♥♦✐s② ❛♥❞ t❤❡ s✐♠✉❧❛t✐♦♥s t❛❦❡ ✈❡r② ❧♦♥❣ t✐♠❡✳ ❚❤❡ s✐♠✉❧❛✲
t✐♦♥s ✇❡r❡ ❞♦♥❡ ✉s✐♥❣ ❈❖P❆❙■ s♦❢t✇❛r❡ ❬❍♦♦♣s ❡t ❛❧✳✱ ✷✵✵✻❪✳ ❙❡❝♦♥❞

✸ http://www.lifl.fr/~batmanov/cmsb2012-files/

✻✽
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✭❛✮ N < Nc
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✭❜✮ N > Nc

❋✐❣✉r❡ ✷✵✿ ❚r❛❝❡s ♦❢ Bpout ♦✈❡r t✐♠❡ ❢♦r s②st❡♠s ♦❢ s✐③❡s ❜❡❧♦✇ ❛♥❞ ❛❜♦✈❡
Nc✱ ❝♦♠♣✉t❡❞ ✉s✐♥❣ st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s✱ ❞❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦①✐✲
♠❛t✐♦♥ ❛♥❞ t❤❡ r❡❞✉❝❡❞ s❡❝♦♥❞ ♦r❞❡r ♠♦♠❡♥t ❝❧♦s✉r❡ ✉s✐♥❣ ♥♦r♠❛❧
❛♣♣r♦①✐♠❛t✐♦♥✳

✐s ❛ ✭✉s✉❛❧✮ ❞❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s②st❡♠✱ ✇✐t❤ ♦♥❡ ❖❉❊
♣❡r s♣❡❝✐❡s✱ ✇❤✐❝❤ ✐s t❤❡ ❢❛st❡st ✐♥ t❡r♠s ♦❢ ❝♦♠♣✉t❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ✐t
t❡♥❞s t♦ ❞✐✈❡r❣❡ ❢r♦♠ t❤❡ st♦❝❤❛st✐❝ ❡st✐♠❛t❡s✳ ❚❤✐s ✐♥❞✐❝❛t❡s t❤❡ ♣r❡s✲
❡♥❝❡ ♦❢ s✐❣♥✐✜❝❛♥t st♦❝❤❛st✐❝ ❡✛❡❝ts ✐♥ t❤❡ ♠♦❞❡❧✳ ❚❤✐r❞ ✐s ❛ r❡❞✉❝❡❞

♠♦♠❡♥t ❝❧♦s✉r❡ ♦❢ ♦r❞❡r t✇♦✱ ✉s✐♥❣ t❤❡ ♥♦r♠❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r tr✉♥✲
❝❛t✐♦♥✳ ❚❤❡ ♥♦r♠❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ♥♦t t❤❡ ❜❡st ❝❤♦✐❝❡ ❢♦r ❝❤❡♠✐❝❛❧
r❡❛❝t✐♦♥ s②st❡♠s ❣❡♥❡r❛❧❧②✱ ❜✉t ✐t ✐s s✐♠♣❧❡ t♦ ✐♠♣❧❡♠❡♥t ❛♥❞ ✐t ❣✐✈❡s
❣♦♦❞ r❡s✉❧ts ✐♥ t❤✐s ❝❛s❡✳
❉✉❡ t♦ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ r❡s✉❧t✐♥❣ s②st❡♠ ♦❢ ❖❉❊s ✐♥ t❤❡ ♠♦♠❡♥t

❝❧♦s✉r❡✱ ✇❡ ❝♦✉❧❞♥✬t ❞❡r✐✈❡ ❛♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❢♦r Nc✳ ❇② ❡①❛♠✐♥✐♥❣
t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ N✱ ✇❡ ❢♦✉♥❞ t❤❛t t❤❡
♠♦♠❡♥t ❝❧♦s✉r❡ ❣✐✈❡s Nc = 117✱ t❤❡ s❛♠❡ ❛s ❞❡r✐✈❡❞ ❢r♦♠ st❛t✐st✐❝❛❧
❛♥❛❧②s✐s ♦❢ st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s✳
❚❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♣r❡❞✐❝ts Nc =

97✱ ❛♥❞ t❤❡r❡❢♦r❡ ♠✐s❝❛❧❝✉❧❛t❡s t❤❡ q✉❛❧✐t❛t✐✈❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s②st❡♠
❢♦r ❛ r❛♥❣❡ ♦❢ N✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❡st✐♠❛t❡ ♦❢ Bpout

str♦♥❣❧② ❞✐✈❡r❣❡s ❢r♦♠ t❤❡ st♦❝❤❛st✐❝ ♦♥❡✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ t❤❡ ❝❡❧❧ ♥✉♠✲
❜❡r N ✐s ❝❧♦s❡ t♦ Nc✳
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■♥ t❤✐s ❝❤❛♣t❡r✱ s❡✈❡r❛❧ s♣❛t✐❛❧ ♠♦❞❡❧s ♦❢ ❝♦♠♠✉♥✐t② ❡✛❡❝ts ✇✐❧❧ ❜❡
♣r❡s❡♥t❡❞✱ ✇❤✐❝❤ ❛♣♣❡❛r❡❞ ✜rst ✐♥ ❬❇❛t♠❛♥♦✈ ❡t ❛❧✳✱ ✷✵✶✷❜❪✳

■♥ ❙❡❝t✐♦♥ ✹✳✶ ❛ ❢♦r♠❛❧ ❧❛♥❣✉❛❣❡ ✐s ✐♥tr♦❞✉❝❡❞ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ✉s❡ t♦
❞❡✜♥❡ t❤❡ ♠♦❞❡❧s✳ ❙❡❝t✐♦♥ ✹✳✷ ♣r❡s❡♥ts t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ♦❢ ❛ ❝♦♠✲
♠✉♥✐t② ❡✛❡❝t✱ ✇❤♦s❡ ●❘◆ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✶❛✳ ■t ✐s ❛ s✐♠♣❧❡
♠♦❞❡❧ ✇✐t❤ ❛ s✐♥❣❧❡ s♣❡❝✐❡s u ✇❤✐❝❤ ♣r♦♠♦t❡s ✐ts ♦✇♥ ♣r♦❞✉❝t✐♦♥✳ ■♥
❙❡❝t✐♦♥ ✹✳✸✱ t❤✐s ♠♦❞❡❧ ✐s r❡✜♥❡❞ t♦ r❡♣r❡s❡♥t t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✐♥
❳❡♥♦♣✉s ✐♥ ♠♦r❡ ❞❡t❛✐❧✱ ❢♦❧❧♦✇✐♥❣ ❙❛❦❛ ❡t ❛❧✳ ❬✷✵✶✶❪✱ ❜✉t ♥♦✇ ✇✐t❤ s♣❛❝❡✳

❚❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡s❡ ♠♦❞❡❧s s❤♦✇s t❤❛t ❝♦♠♠✉♥✐t② ❡✛❡❝ts s♣r❡❛❞
t❤r♦✉❣❤ s♣❛❝❡ ✇✐t❤♦✉t r❡str✐❝t✐♦♥✳ ❚✇♦ ♦t❤❡r ♠♦❞❡❧s ❛r❡ ♣r♦♣♦s❡❞ ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡ ❞✐✛❡r❡♥t ♠❡❝❤❛♥✐s♠s t♦ ❝♦♥tr♦❧
t❤❡ ❛r❡❛ ♦❢ ❝♦♠♠✉♥✐t② ❡✛❡❝ts✳

❚❤❡ ❚✉r✐♥❣ ♣❛tt❡r♥ ♠♦❞❡❧✱ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥
t❤❡♦r②✱ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✹✳ ■t ❛❞❞s ❛ s❡❝♦♥❞ ❞✐✛✉s✐❜❧❡ ❢❛❝t♦r v
✇✐t❤ ❛♥ ✐♥❤✐❜✐t♦r② ❡✛❡❝t t♦ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧✬s s❡❧❢✲s✉st❛✐♥✐♥❣ s♣❡❝✐❡s
u✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✶❜✳

❚❤❡ ❞②♥❛♠✐❝ ♠♦r♣❤♦❣❡♥ ❣r❛❞✐❡♥t ♠♦❞❡❧ ♦❢ ❙❡❝t✐♦♥ ✹✳✺ ✐s s❦❡t❝❤❡❞
✐♥ ❋✐❣✉r❡ ✷❝✳ ■t ✐♥tr♦❞✉❝❡s ❛ ❞✐✛✉s✐❜❧❡ ❢❛❝t♦r s✱ ✇❤✐❝❤ ❛❝t✐✈❛t❡s t✇♦
♠✉t✉❛❧❧② ✐♥❤✐❜✐t♦r② s♣❡❝✐❡s v ❛♥❞ u✳ ❚❤❡ ❧❛tt❡r ♣❛rt✐❝✐♣❛t❡s ✐♥ ❛ s❡❧❢✲
❛❝t✐✈❛t✐♥❣ ❢❡❡❞❜❛❝❦ ❧♦♦♣ ✇✐t❤ w✱ ❛♥♦t❤❡r ❞✐✛✉s✐❜❧❡ s♣❡❝✐❡s✳ ❋✐❣✉r❡ ✷❝
❤✐❣❤❧✐❣❤ts t❤❡ u✲w ❝♦♠♠✉♥✐t② ❡✛❡❝t ❧♦♦♣ ✐♥ r❡❞✳ ❲✐t❤♦✉t t❤❡ ❝♦♠♠✉✲
♥✐t② ❡✛❡❝t ❧♦♦♣ ❛♥❞ ❞✐✛✉s✐♦♥ ♦❢ t❤❡ ♠♦r♣❤♦❣❡♥ s ✐♥ ❝♦♥t✐♥✉♦✉s s♣❛❝❡✱
t❤✐s ●❘◆ ✇❛s ♣r❡✈✐♦✉s❧② ❝♦♥s✐❞❡r❡❞ ✐♥ ❬❙❛❦❛ ❛♥❞ ❙♠✐t❤✱ ✷✵✵✼❪✳

❲❤❛t ❤❛s ❡♠❡r❣❡❞ ❢r♦♠ t❤❡ ❛♥❛❧②s❡s ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ✐s t❤❛t
❞✐✛✉s✐❜❧❡ ❢❛❝t♦rs ❢♦r ✐♥t❡r❝❡❧❧✉❧❛r ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦✉❧❞ ♣r♦✈✐❞❡ ♠❛♥②
❜❡♥❡✜ts t♦ ❡♠❜r②♦♥✐❝ ♣❛tt❡r♥✐♥❣✱ ✇❤❡♥ ✐♥t❡r❧✐♥❦❡❞ ✇✐t❤ ❞❡✈❡❧♦♣♠❡♥t❛❧
●❘◆s✳

✭❛✮ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ✭❜✮ ❚✉r✐♥❣ ♣❛tt❡r♥
♠♦❞❡❧

✭❝✮ ❞②♥❛♠✐❝ ♠♦r✲
♣❤♦❣❡♥ ❣r❛❞✐❡♥t
♠♦❞❡❧

❋✐❣✉r❡ ✷✶✿ ●❘◆s ♦❢ t❤r❡❡ ♠♦❞❡❧s ❛♥❛❧②s❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✳ ❚❤❡ ❢❡❡❞❜❛❝❦ ❧♦♦♣
r❡s♣♦♥s✐❜❧❡ ❢♦r ❝♦♠♠✉♥✐t② ❡✛❡❝ts ✐s ❤✐❣❤❧✐❣❤t❡❞ ✐♥ r❡❞✳

✼✶



✹✳✶ s♣❛t✐❛❧ ♠♦❞❡❧❧✐♥❣ ❢r❛♠❡✇♦r❦s

▲❛t❡r ✐♥ t❤✐s ❝❤❛♣t❡r✱ s♣❛t✐❛❧ ♠♦❞❡❧s ♦❢ ❝♦♠♠✉♥✐t② ❡✛❡❝ts ✇✐❧❧ ❜❡ ♣r❡✲
s❡♥t❡❞✳ ❚❤❡ ♠♦❞❡❧s ❝♦♥s✐st ♦❢ t✇♦ ♣❛rts✿ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❝❤❡♠✐❝❛❧ r❡✲
❛❝t✐♦♥ ♥❡t✇♦r❦✱ ❣✐✈❡♥ ❛s ❛ ❧✐st ♦❢ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s❀ ❛♥❞ ❛ ❞❡s❝r✐♣t✐♦♥
♦❢ s♣❛❝❡ ✐♥ ✇❤✐❝❤ t❤❡s❡ r❡❛❝t✐♦♥s t❛❦❡ ♣❧❛❝❡✳
❚❤❡ ❛♥❛❧②s✐s ✐s t❤❡♥ ♣❡r❢♦r♠❡❞ ✉s✐♥❣ t✇♦ ❞✐✛❡r❡♥t ♠❡t❤♦❞s ❛s ❛♣♣r♦✲

♣r✐❛t❡✳ ❚❤❡ s✐♠♣❧❡ ❝❤♦✐❝❡ ✐s t♦ tr❡❛t t❤❡ ♠♦❞❡❧ ❛s ❛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥
s②st❡♠✱ ✇✐t❤ ❝♦♥t✐♥✉♦✉s ❝♦♥❝❡♥tr❛t✐♦♥s ❛♥❞ s♣❛❝❡✳ ❲❤❡♥ ✇❡ ❛r❡ ✐♥t❡r✲
❡st❡❞ ✐♥ ❡✛❡❝ts ♦❢ t❤❡ st♦❝❤❛st✐❝ ♥♦✐s❡ ✐♥ t❤❡ s②st❡♠✱ ✇❡ ✉s❡ t❤❡ ❘❉▼❊
❛♣♣r♦❛❝❤✳
❋♦r t❤❡ ❘❉▼❊✱ ❛ ♥❛t✉r❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ s♣❛❝❡ ✐s ❝❤♦s❡♥✱ ✇❤❡r❡ ♦♥❡

s✉❜✈♦❧✉♠❡ r❡♣r❡s❡♥ts ❛ s✐♥❣❧❡ ❝❡❧❧✳ ❚❤❡r❡❢♦r❡ ✇❡ ❛ss✉♠❡ t❤❛t ❞✐✛✉s✐♦♥
♦❢ ♠♦❧❡❝✉❧❡s ✐♥s✐❞❡ ❝❡❧❧s ✐s ❢❛st✱ ✇❤✐❧❡ ❞✐✛✉s✐♦♥ t❤r♦✉❣❤ ❝❡❧❧ ♠❡♠❜r❛♥❡s
❛♥❞ ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡ ✐s s❧♦✇❡r✳
❙✐♥❝❡ ✇❡ ❝♦♥s✐❞❡r ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ r♦✇ ♦❢ ❝❡❧❧s✱ ❡❛❝❤ s✉❜✈♦❧✉♠❡

✐♥s✐❞❡ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✇✐❧❧ ❤❛✈❡ t✇♦ ♥❡✐❣❤❜♦✉rs✱ ❛♥❞ t✇♦ s✉❜✈♦❧✉♠❡s
♦♥ t❤❡ ❜♦r❞❡rs ✇✐❧❧ ❤❛✈❡ ♦♥❡ ♥❡✐❣❤❜♦r ❡❛❝❤✳ ❚❤❡ s✉❜✈♦❧✉♠❡s ❝❛♥ ❜❡
❛ss✐❣♥❡❞ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ✐♥t❡❣❡r ❝♦♦r❞✐♥❛t❡ x✱ ❛♥❞ t❤❡ ❞✐✛✉s✐♦♥ ✇✐❧❧
t❛❦❡ ♣❧❛❝❡ ❜❡t✇❡❡♥ s✉❜✈♦❧✉♠❡s x ❛♥❞ x+ 1✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ t❤❡ s✉r❢❛❝❡
❛r❡❛ ♦❢ ❝♦♠♠♦♥ ❜♦✉♥❞❛r✐❡s ♦❢ ♥❡✐❣❤❜♦✉r s✉❜✈♦❧✉♠❡s ✐s t❤❡ s❛♠❡ ❢♦r ❛❧❧
❝❡❧❧s✱ t❤❡ r❛t❡s ♦❢ ❞✐✛✉s✐♦♥ r❡❛❝t✐♦♥s ❛❞❞❡❞ ❜② t❤❡ ❘❉▼❊ ✇✐❧❧ ❜❡ ❛❧❧
t❤❡ s❛♠❡✳ ❚❤✐s ❛❧❧♦✇s r❡❢♦r♠✉❧❛t✐♥❣ t❤❡ ❘❉▼❊ ❛s ❛ s✐♠♣❧❡r r✉❧❡✲❜❛s❡❞
♠♦❞❡❧ ✇✐t❤ ❝❤❡♠✐❝❛❧ s♣❡❝✐❡s ✐♥❞❡①❡❞ ❜② ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ s✉❜✈♦❧✉♠❡s
✇❤❡r❡ t❤❡② r❡s✐❞❡✱ s♦ s♣❡❝✐❡s A ✐♥ s✉❜✈♦❧✉♠❡ x ✐s ✇r✐tt❡♥ ❛s A(x)✳ ❚❤❡
❝♦♦r❞✐♥❛t❡ x+ 1 ✐♥❞✐❝❛t❡s t❤❡ ♥❡✐❣❤❜♦✉r s✉❜✈♦❧✉♠❡ t♦ t❤❡ r✐❣❤t ♦❢ x✳
❉✐✛✉s✐♦♥ r❡❛❝t✐♦♥s t❤❡♥ ❝♦♥✈❡rt s♣❡❝✐❡s ♦❢ ♦♥❡ s✉❜✈♦❧✉♠❡ ✐♥t♦ s♣❡❝✐❡s

♦❢ ❛♥♦t❤❡r s✉❜✈♦❧✉♠❡✱ ❢♦r ❡①❛♠♣❧❡ A(x)
D−→ A(x + 1)✳ ❆❧❧ r❡❛❝t✐♦♥s

❡①❝❡♣t ❞✐✛✉s✐♦♥ ♠✉st ♦♥❧② ✐♥✈♦❧✈❡ s♣❡❝✐❡s ✇✐t❤ t❤❡ s❛♠❡ ❝♦♦r❞✐♥❛t❡✱
❜❡❝❛✉s❡ t❤❡ r❡❛❝t✐♦♥s ❝❛♥ ♦♥❧② t❛❦❡ ♣❧❛❝❡ ❜❡t✇❡❡♥ s♣❡❝✐❡s ✐♥ t❤❡ s❛♠❡
s✉❜✈♦❧✉♠❡ ✐♥ t❤❡ ❜❛s✐❝ ❘❉▼❊ ♠♦❞❡❧✳
❚♦ ✉♥❛♠❜✐❣✉♦✉s❧② ❞❡✜♥❡ r❛t❡ ❧❛✇s ♦❢ r❡❛❝t✐♦♥s✱ ✇❡ ✇✐❧❧ ✇r✐t❡ ✐ts ❢✉❧❧

❡①♣r❡ss✐♦♥ ❛❜♦✈❡ t❤❡ ❛rr♦✇✳ ■♥ t❤❡s❡ ❡①♣r❡ss✐♦♥s✱ t❤❡ ❝♦✉♥t ♦❢ ♠♦❧❡❝✉❧❡

X ✇✐❧❧ ❜❡ ✇r✐tt❡♥ ❛s ♯X✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ s②st❡♠ A+ B
λ−→ C ✇✐t❤ t❤❡

♠❛ss ❛❝t✐♦♥ ❧❛✇ ✇✐❧❧ ❜❡ ✇r✐tt❡♥ ❛s A+B
λ ♯A ♯B−−−−−→ C✳

✹✳✷ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ♦❢ ❛ ❝♦♠♠✉♥✐t② ❡❢❢❡❝t

✹✳✷✳✶ ▼✐♥✐♠❛❧ ♠♦❞❡❧ ♦❢ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❛ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ♦❢ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✐♥
♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ■ts ●❘◆ ✐s ♠✐♥✐♠❛❧✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ♣♦s✐✲
t✐✈❡ ❢❡❡❞❜❛❝❦ ❧♦♦♣ ❢♦r ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t ❧♦♦♣ ✐s t❤❡ s♠❛❧❧❡st ♣♦ss✐❜❧❡✱
✇✐t❤ t❤❡ s✐♥❣❧❡ s♣❡❝✐❡s u ✕ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✶❛✳ Pr❡✈✐♦✉s ✇♦r❦
❝♦♥s✐❞❡r❡❞ ❛ ✇❡❧❧✲♠✐①❡❞ s②st❡♠ ♦❢ ❝❡❧❧s✱ ✐♥ ✇❤✐❝❤ ❛ ❢❛❝t♦r ❝♦✉❧❞ ❞✐✛✉s❡
❢r♦♠ ♦♥❡ ❝❡❧❧ t♦ ❛♥② ♦t❤❡r ✇✐t❤ ❡q✉❛❧ ♣r♦❜❛❜✐❧✐t② ❬❙❛❦❛ ❡t ❛❧✳✱ ✷✵✶✶❪✱

✼✷



❋✐❣✉r❡ ✷✷✿ ❉✐✛✉s✐♦♥ ♠♦❞❡❧ s❝❤❡♠❡✿ r♦✇ ♦❢ Na ❛❝t✐✈❡ ❝❡❧❧s✱ ✢❛♥❦❡❞ ❜② 2×Np

♣❛ss✐✈❡ ❝❡❧❧s✳ ❍❡r❡ Na = 6,Np = 1✳

♦r ❞✐❞♥✬t ✐♥❝❧✉❞❡ ♠✉❧t✐♣❧❡ ❝❡❧❧s ❡①♣❧✐❝✐t❧② ❛t ❛❧❧ ❬❇♦❧♦✉r✐ ❛♥❞ ❉❛✈✐❞s♦♥✱
✷✵✶✵❪✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧ r❡♥❞❡rs ♠♦❧❡❝✉❧❛r ❞✐✛✉s✐♦♥ ✐♥ ❛ ♠♦r❡ r❡❛❧✲
✐st✐❝ ✇❛②✱ ❝♦♥s✐❞❡r✐♥❣ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ r♦✇ ♦❢ ❝❡❧❧s✱ ✐♥ ✇❤✐❝❤ ✇❡ ❞✐s✲
t✐♥❣✉✐s❤ ❛❝t✐✈❡ ❝❡❧❧s ✭✐♠♣❧❡♠❡♥t✐♥❣ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ●❘◆✮ ✢❛♥❦❡❞
❜② ♣❛ss✐✈❡ ❝❡❧❧s ✭t❤❛t ♠❡r❡❧② s✉♣♣♦rt ❞✐✛✉s✐♦♥✮✳ ❲✐t❤ t❤❡ r❡str✐❝t✐♦♥
t❤❛t ♠♦❧❡❝✉❧❡s tr❛✈❡❧ ♦✈❡r ❧♦♥❣❡r ❞✐st❛♥❝❡s ❜② ❛ r❛♥❞♦♠ ✇❛❧❦ ❜❡t✇❡❡♥
✐♠♠❡❞✐❛t❡ ♥❡✐❣❤❜♦✉rs✱ ✇❡ ❝❛♥ s❡❡ ❤♦✇ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t ❜❡❤❛✈❡s ✐♥
s♣❛❝❡✳

❙♣❛❝❡ s♣❡❝✐✜❝❛t✐♦♥

❖✉r ♠♦❞❡❧ ♦❢ s♣❛❝❡ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✷✳ ❈❡❧❧s ❛r❡ ❛rr❛♥❣❡❞ ✐♥
❛ r♦✇ ♦❢ ✜♥✐t❡ ❧❡♥❣t❤✳ ❚❤❡ r♦✇ ❝♦♥t❛✐♥s ❛ ❞♦♠❛✐♥ ♦❢ ❛❝t✐✈❡ ❝❡❧❧s ✐♥
t❤❡ ♠✐❞❞❧❡✱ ✇❤✐❝❤ ✐s ✢❛♥❦❡❞ ❜② ♣❛ss✐✈❡ ❝❡❧❧s✳ ❖♥❧② ❛❝t✐✈❡ ❝❡❧❧s ❝❛♥
r❡s♣♦♥❞ t♦ t❤❡ ✐♥❞✉❝✐♥❣ s✐❣♥❛❧ ❛♥❞ ♣r♦❞✉❝❡ t❤❡ ❞✐✛✉s✐❜❧❡ ❢❛❝t♦rs ❢♦r ❛
❝♦♠♠✉♥✐t② ❡✛❡❝t✳ P❛ss✐✈❡ ❝❡❧❧s ❞♦ ♥♦t r❡s♣♦♥❞ t♦ ✐♥❞✉❝✐♥❣ s✐❣♥❛❧s ❛♥❞
♠❡r❡❧② ♦❝❝✉♣② t❤❡ s♣❛❝❡ ♦♥ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❛❝t✐✈❡ ❝❡❧❧s✳ Np ❛♥❞ Na

❤❡♥❝❡❢♦rt❤ r❡❢❡r t♦ t❤❡ ♥✉♠❜❡rs ♦❢ ♣❛ss✐✈❡ ❛♥❞ ❛❝t✐✈❡ ❝❡❧❧s✱ r❡s♣❡❝t✐✈❡❧②✳
■♥ t❤❡ ❘❉▼❊ tr❡❛t♠❡♥t✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ✜rst✱ ♠♦❧❡❝✉❧❛r ❞✐❢✲

❢✉s✐♦♥✱ ✐✳❡✳ t❤❡ ❡①❝❤❛♥❣❡ ♦❢ ❛ ❞✐✛✉s✐❜❧❡ ❢❛❝t♦r✱ ♦❝❝✉rs st❡♣✇✐s❡ ❜❡t✇❡❡♥
❛❞❥❛❝❡♥t ♣♦s✐t✐♦♥s✳ ▼♦❧❡❝✉❧❡s ❝❛♥ ♠♦✈❡ t❤r♦✉❣❤♦✉t t❤❡ ❡♥t✐r❡ r♦✇ ❜②
r❛♥❞♦♠ ✇❛❧❦✳
■♥ t❤❡ ❝♦♥t✐♥✉♦✉s✱ ❞❡t❡r♠✐♥✐st✐❝ P❉❊ tr❡❛t♠❡♥t t❤❡ ❞✐✛✉s✐♦♥ ✇♦r❦s

❛❝❝♦r❞✐♥❣ t♦ ❋✐❝❦✬s s❡❝♦♥❞ ❧❛✇✳
■♥ ♦✉r ♠♦❞❡❧✱ ♣❛ss✐✈❡ ❝❡❧❧s ❛r❡ r❡q✉✐r❡❞ t♦ ♦❜t❛✐♥ ❝❡rt❛✐♥ ❛s♣❡❝ts ♦❢

❝♦♠♠✉♥✐t② ❡✛❡❝ts✳ ❲✐t❤♦✉t ♣❛ss✐✈❡ ❝❡❧❧s✱ t❤♦s❡ ❡✛❡❝ts ❞♦ ♥♦t ♦❝❝✉r✱
r❡❣❛r❞❧❡ss ♦❢ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳ ❲❡ ♣r♦✈❡ t❤✐s ❧❛t❡r ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✷✳✹
❛❢t❡r ❢♦r♠❛❧❧② ❞❡✜♥✐♥❣ t❤❡ ♠♦❞❡❧✳
❚❤❡ ❝♦♠♠♦♥ str✉❝t✉r❡ ♦❢ ●❘◆s ❢♦r ❝♦♠♠✉♥✐t② ❡✛❡❝ts ❬❉❛✈✐❞s♦♥✱

✷✵✶✵❪ ✐s ❛ s❡❧❢✲s✉st❛✐♥✐♥❣ ❢❡❡❞❜❛❝❦ ❧♦♦♣ ✇✐t❤ ❞✐✛✉s✐❜❧❡ ❢❛❝t♦rs✳ ❚❤❡ ●❘◆
♦❢ ♦✉r ❛❝t✐✈❡ ❝❡❧❧s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✶❛ ✐♠♣❧❡♠❡♥ts s✉❝❤ ❛ ❢❡❡❞❜❛❝❦
❧♦♦♣ ✐♥ ❛ ♠✐♥✐♠❛❧ ❢❛s❤✐♦♥✿ t❤❡ ❞✐✛✉s✐❜❧❡ ❢❛❝t♦r u ❞✐r❡❝t❧② ❡♥❤❛♥❝❡s ✐ts
♦✇♥ ♣r♦❞✉❝t✐♦♥✳ ❈❡❧❧s ✐♥ t❤❡ s②st❡♠ ❛r❡ ✐♥❞✉❝❡❞ ❜② ❛ tr❛♥s✐❡♥t s✐❣♥❛❧✱
❛♣♣❧✐❡❞ ❡✐t❤❡r ❧♦❝❛❧❧② ♦r ❣❧♦❜❛❧❧②✳ ■♥ ♦✉r ♠♦❞❡❧✱ t❤❡ ✐♥❞✉❝✐♥❣ s✐❣♥❛❧
✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ♥✉♠❜❡r ♦❢ ❞✐✛✉s✐❜❧❡ ❢❛❝t♦r ♠♦❧❡❝✉❧❡s✱ ✇❤✐❝❤ ❛r❡
❞❡♣♦s✐t❡❞ ❛t s♦♠❡ ❝❡❧❧s ❛t t✐♠❡ ③❡r♦✳

❘✉❧❡✲❜❛s❡❞ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧

❈❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s ✇❤✐❝❤ ❤❛♣♣❡♥ ✐♥ ❛❝t✐✈❡ ❝❡❧❧s ♦❢ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧
❛r❡ ❞❡✜♥❡❞ ✐♥ ❋✐❣✉r❡ ✷✸✳
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s❡❧❢✲❛❝t✐✈❛t✐♦♥✿ u
αu

♯u
ku+♯u−−−−−−→ 2u ✭✷✼✮

❞❡❣r❛❞❛t✐♦♥✿ u
µu♯u−−−→ 0 ✭✷✽✮

❋✐❣✉r❡ ✷✸✿ ❘❡❛❝t✐♦♥s ♦❢ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧✳

s❡❧❢✲❛❝t✐✈❛t✐♦♥✿ ∀x ∈ ActiveCells, u(x)
αu

♯u(x)
ku+♯u(x)−−−−−−−→ 2u(x)

✭✷✾✮

❞❡❣r❛❞❛t✐♦♥✿ ∀x ∈ AllCells, u(x)
µu♯u(x)−−−−−→ ✭✸✵✮

❞✐✛✉s✐♦♥✿ ∀x ∈ AllCells− {LastCell}, u(x)
Du♯u(x)−−−−−−−−⇀↽−−−−−−−−

Du♯u(x+1)
u(x+ 1)

✭✸✶✮

✇❤❡r❡ ActiveCells = {1 + Np, . . . ,Np + Na}✱ AllCells =

{1, . . . ,LastCell}✱ ❛♥❞ LastCell = 2Np +Na✳

❋✐❣✉r❡ ✷✹✿ ❘✉❧❡s ♦❢ ♠✐♥✐♠❛❧ ♠♦❞❡❧✬s ❘❉▼❊✳

❘❡❛❝t✐♦♥ ✭✷✼✮ ❞❡s❝r✐❜❡s u✬s s❡❧❢✲❛❝t✐✈❛t✐♦♥✱ ✇❤✐❝❤ ✐s t❤❡ ●❘◆ ♦❢ t❤✐s
♠♦❞❡❧✳ ■t ❝r❡❛t❡s t✇♦ u ♠♦❧❡❝✉❧❡s ❢r♦♠ ❛ s✐♥❣❧❡ ♦♥❡✳ ❚❤❡ r❛t❡ ❧❛✇ ✐s
❞❡s❝r✐❜❡❞ ❜② t❤❡ ❡①♣r❡ss✐♦♥ αu

♯u
ku+♯u ✇❤✐❝❤ ❞❡✜♥❡s ❛ ▼✐❝❤❛❡❧✐s✲▼❡♥t❡♥

❦✐♥❡t✐❝ ❧❛✇✳ αu ❛♥❞ ku ❛r❡ t❤❡ r❛t❡ ♣❛r❛♠❡t❡r ❛♥❞ t❤❡ ▼✐❝❤❛❡❧✐s ❝♦♥✲
st❛♥t✳ ▼✐❝❤❛❡❧✐s✲▼❡♥t❡♥ ❧❛✇ ✐s ❛ st❛♥❞❛r❞ ✇❛② t♦ ♠♦❞❡❧ s❛t✉r❛t✐♥❣
r❡❛❝t✐♦♥s ✐♥ ❜✐♦❝❤❡♠✐str②✳ ❲❡ ♥❡❡❞ t❤❡ s❡❧❢✲❛❝t✐✈❛t✐♦♥ t♦ ❜❡ s❛t✉r❛t✐♥❣✱
♦t❤❡r✇✐s❡ ♯u ♠❛② ❣r♦✇ ✐♥❞❡✜♥✐t❡❧②✳
❘❡❛❝t✐♦♥ ✭✷✽✮ ❞❡s❝r✐❜❡s ❞❡❣r❛❞❛t✐♦♥ ♦❢ u✱ ✇✐t❤ ♠❛ss ❛❝t✐♦♥ ❦✐♥❡t✐❝s✳
❚❤❡ ❘❉▼❊ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✲

✉r❡ ✷✹✱ ✉s✐♥❣ t❤❡ r✉❧❡✲❜❛s❡❞ ❧❛♥❣✉❛❣❡ ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳ ❍❡r❡✱
r✉❧❡s ✭✷✾✮ ❛♥❞ ✭✸✵✮ ❞❡s❝r✐❜❡ u✬s s❡❧❢✲❛❝t✐✈❛t✐♦♥ ❛♥❞ ❞❡❣r❛❞❛t✐♦♥✳ ❚❤❡
s❡❧❢✲❛❝t✐✈❛t✐♦♥ r✉❧❡ ❛♣♣❧✐❡s t♦ u ❛t ♣♦s✐t✐♦♥s ❢r♦♠ t❤❡ s❡t ♦❢ ❛❝t✐✈❡ ❝❡❧❧s✱
✇❤✐❝❤ ✐s ❞❡♥♦t❡❞ ActiveCells✳ ❚❤❡ ❞❡❣r❛❞❛t✐♦♥ r✉❧❡ ❛♣♣❧✐❡s t❤r♦✉❣❤♦✉t
t❤❡ ❡♥t✐r❡ r♦✇✳
❚❤❡ ❧❛st r✉❧❡ ✭✸✶✮ ❞❡✜♥❡s ❞✐✛✉s✐♦♥ ✇✐t❤ ❞✐✛✉s✐♦♥ r❛t❡ Du✳ Du ✐s ❝♦♥✲

st❛♥t t❤r♦✉❣❤♦✉t t❤❡ s♣❛❝❡ ❜❡❝❛✉s❡ ✐t ✐s ❛ss✉♠❡❞ t❤❛t ❛❧❧ ❝❡❧❧s ❤❛✈❡ t❤❡
s❛♠❡ ✈♦❧✉♠❡ ❛♥❞ ❣❡♦♠❡tr②✱ ❛♥❞ t❤❛t t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❛❧❧ ♥❡✐❣❤✲
❜♦✉rs ✐s t❤❡ s❛♠❡✳ ❚❤❡ ❞✐✛✉s✐♦♥ r❛t❡ Du ❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ ❋✐❝❦✬s
❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t✱ ✇❤✐❝❤ ✐s ✐♥✈❛r✐❛♥t t♦ ❣❡♦♠❡tr② ❛♥❞ ❞✐s❝r❡t✐③❛t✐♦♥
♦❢ s♣❛❝❡✳ ❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❜② ❛♣♣❧②✐♥❣ t❤❡ ✜♥✐t❡ ✈♦❧✉♠❡
♠❡t❤♦❞ ❬❊②♠❛r❞ ❡t ❛❧✳✱ ✷✵✵✵❪ t♦ ❋✐❝❦✬s s❡❝♦♥❞ ❧❛✇✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡s ❞✐❢✲
❢✉s✐♦♥ ✐♥ ❝♦♥t✐♥✉♦✉s s♣❛❝❡✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❇❡r♥st❡✐♥✱
✷✵✵✺❪✳

✼✹



P❛r❛♠❡t❡r ❉❡s❝r✐♣t✐♦♥ ❱❛❧✉❡

αu u s❡❧❢✲❛❝t✐✈❛t✐♦♥ ♠❛①✐♠✉♠ r❛t❡ ✸✸✳✷✺

ku u s❡❧❢✲❛❝t✐✈❛t✐♦♥ ▼✐❝❤❛❡❧✐s ❝♦♥st❛♥t ✹✺✵

αv ❛❝t✐✈❛t✐♦♥ ♦❢ v ❜② u ♠❛①✐♠✉♠ r❛t❡ ✻✵

kv ❛❝t✐✈❛t✐♦♥ ♦❢ v ❜② u ▼✐❝❤❛❡❧✐s ❝♦♥st❛♥t ✹✺✵

αi ✐♥❤✐❜✐t✐♦♥ ♦❢ u ❜② v ♠❛①✐♠✉♠ r❛t❡ ✵✳✵✹

ki ✐♥❤✐❜✐t✐♦♥ ♦❢ u ❜② v ▼✐❝❤❛❡❧✐s ❝♦♥st❛♥t ✵✳✶

µu ❞❡❣r❛❞❛t✐♦♥ ♦❢ u ✵✳✵✸✺

µv ❞❡❣r❛❞❛t✐♦♥ ♦❢ v ✵✳✶

Du ❞✐✛✉s✐♦♥ ♦❢ u ✵✳✹

Dv ❞✐✛✉s✐♦♥ ♦❢ v ✶✺

❚❛❜❧❡ ✷✿ P❛r❛♠❡t❡r ✈❛❧✉❡s ❢♦r st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s ✐♥ ❙❡❝t✐♦♥s ✹✳✷✳✷ ❛♥❞
✹✳✹✳✷✳

❚❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❢♦r t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ❛r❡ ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✷ ♦♥
♣❛❣❡ ✼✺ ✭✇❤❡r❡ ❛♣♣❧✐❝❛❜❧❡✮✱ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ Du✱ ✇❤✐❝❤ ✐s s❡t t♦
1.6 ❢♦r t❤✐s ❝❛s❡✳ ❚❤❡ ♣❛r❛♠❡t❡rs ❝❤♦✐❝❡ ✐s s✉❝❤ t❤❛t t❤❡ ♠♦❞❡❧ ❝❛♥ ❜❡
s✐♠✉❧❛t❡❞ ✐♥ ❛ r❡❛s♦♥❛❜❧❡ t✐♠❡✱ ❛♥❞ s❤♦✇s t❤❡ r❡q✉✐r❡❞ ♣r♦♣❡rt✐❡s✳

❆❧❧ t❤❡ ♠♦❞❡❧s ✉s❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❙❇▼▲ ❛t http:
//www.lifl.fr/~batmanov/fi2012-models/✳

✹✳✷✳✷ ❙t♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s s❤♦✇ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✇✐t❤ ✉♥❧✐♠✐t❡❞

s♣r❡❛❞

❲❡ ♣❡r❢♦r♠❡❞ st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s ♦❢ r✉❧❡✲❜❛s❡❞ ♠♦❞❡❧s ✉s✐♥❣ ❛ ✈❛r✐✲
❛♥t ♦❢ t❤❡ ●✐❜s♦♥ ❛♥❞ ❇r✉❝❦ ♠❡t❤♦❞ ❬●✐❜s♦♥ ❛♥❞ ❇r✉❝❦✱ ✷✵✵✵❪✱ ❛♥
♦♣t✐♠✐③❛t✐♦♥ ♦❢ ●✐❧❧❡s♣✐❡✬s ❛❧❣♦r✐t❤♠ ❬●✐❧❧❡s♣✐❡✱ ✶✾✼✻❪✳ ■t ✇❛s ✐♠♣❧❡✲
♠❡♥t❡❞ ✐♥ t❤❡ ❙❝❛❧❛ ❧❛♥❣✉❛❣❡✶✳ ❚❤❡ s♦✉r❝❡ ❝♦❞❡ ♦❢ ●✐❧❧❡s♣✐❡ s✐♠✉❧❛t♦rs✱
❛s ✇❡❧❧ ❛s ❛ ▼❛t❤❡♠❛t✐❝❛ ♥♦t❡❜♦♦❦ s❤♦✇✐♥❣ P❉❊ s♦❧✉t✐♦♥s ✉s❡❞ ❧❛t❡r
✐♥ t❤✐s ❝❤❛♣t❡r✱ ✐s ❛✈❛✐❧❛❜❧❡ ❛t
http://www.lifl.fr/~batmanov/thesis/simulationCode.zip✳

❲❡ s❤♦✇ t②♣✐❝❛❧ s✐♥❣❧❡ s✐♠✉❧❛t✐♦♥ r✉♥s ✐♥ ❋✐❣✉r❡s ✷✺❛ ❛♥❞ ✷✺❜✳ ❚❤❡
♣❧♦ts s❤♦✇ t❤❡ ❞②♥❛♠✐❝s ♦❢ u ❛❝r♦ss t❤❡ ❝❡❧❧ r♦✇ ♦✈❡r t✐♠❡ ✇✐t❤ ❞✐✛❡r❡♥t
♥✉♠❜❡rs ♦❢ ❛❝t✐✈❡ ❝❡❧❧s✱ ❜❡❧♦✇ ✭Na = 9✱ ❛✮ ❛♥❞ ❛❜♦✈❡ ✭Na = 11✱ ❜✮ t❤❡
❝♦♠♠✉♥✐t② ❡✛❡❝t✬s ❛❝t✐✈❛t✐♦♥ t❤r❡s❤♦❧❞ ✭Na = 10✮✳ ❇♦t❤ s✐♠✉❧❛t✐♦♥s
st❛rt ❢r♦♠ ❛♥ ✐♥✐t✐❛❧ ✐♥❞✉❝t✐♦♥ ✇✐t❤ ♯u(x) = 10 ♠♦❧❡❝✉❧❡s ♣❡r ❛❝t✐✈❡
❝❡❧❧ ❛t t✐♠❡ ③❡r♦✳ ❚❤❡ s②st❡♠ ❝❛♥ r❡❛❝❤ ❡✐t❤❡r ❛ st❛t❡ ✇✐t❤ ♯u(x) = 0

✐♥ ❛❧❧ ❝❡❧❧s✱ t❤❡ ③❡r♦ st❛t❡✱ ♦r ❡♥t❡r t❤❡ s❡❧❢✲s✉st❛✐♥❡❞ ❛❝t✐✈❛t✐♦♥ st❛t❡✱
✇❤❡r❡ ♯u(x) st❛❜✐❧✐③❡s ❛❜♦✈❡ ③❡r♦✳ ❙✐♥❝❡ u ❝❛♥ ❞❡❣r❛❞❡ ❛t ❛♥② ♠♦♠❡♥t✱
t❤❡r❡ ✐s ❛ ♥♦♥✲③❡r♦ ♣r♦❜❛❜✐❧✐t② ❢♦r t❤❡ s②st❡♠ t♦ ❝♦❧❧❛♣s❡ t♦ t❤❡ ③❡r♦
st❛t❡ ❛t ❛❧❧ t✐♠❡ ♣♦✐♥ts✳ ❍♦✇❡✈❡r✱ t❤✐s ♣r♦❜❛❜✐❧✐t② ❜❡❝♦♠❡s ♥❡❣❧✐❣✐❜❧②

✶ http://www.scala-lang.org/

✼✺
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✭❛✮ Na = 9✱ Np = 50✳ ✭❜✮ Na = 11✱ Np = 50✳

✭❝✮ ◆✉♠❜❡r ♦❢ u ♠♦❧❡❝✉❧❡s ✐♥ t❤❡ ♠✐❞✲
❞❧❡ ❝❡❧❧ ❛t t = 2000✱ ❛✈❡r❛❣❡❞
❛❝r♦ss ✶✵✵ r✉♥s✳

✭❞✮ Na = 500✱ Np = 50✳ ■♥✐t✐❛❧ ✐♥❞✉❝✲
t✐♦♥ ❧♦❝❛❧✐③❡❞ ❛t x = 300✳

✭❡✮ ❊✛❡❝t ♦❢ t❤❡ ✐♥✐t✐❛❧ u ❛♠♦✉♥t ♦♥
t❤❡ t❤r❡s❤♦❧❞✳ Np = 50✳

✭❢✮ ❊✛❡❝t ♦❢ Np ♦♥ t❤❡ t❤r❡s❤♦❧❞✳ ■♥✐✲
t✐❛❧ ♯u(x) = 10✳

❋✐❣✉r❡ ✷✺✿ ❙t♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ♦❢ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t✳
✭❛✱ ❜✱ ❞✮✿ s✐♥❣❧❡ s✐♠✉❧❛t✐♦♥ r✉♥s✳ ✭❝✱ ❡✱ ❢✮✿ s✉♠♠❛r② ♦❢ ♠❛♥②
s✐♠✉❧❛t✐♦♥s✳

✼✻



❧♦✇ ❢♦r t❤❡ ❝❛s❡s st✉❞✐❡❞ ❤❡r❡ ♦♥❝❡ t❤❡ s②st❡♠ r❡❛❝❤❡s s❡❧❢✲s✉st❛✐♥✐♥❣
❛❝t✐✈❛t✐♦♥❀ t❤❡r❡❢♦r❡ ✇❡ ❝❛❧❧ t❤✐s ♦✉t❝♦♠❡ ❛ st❡❛❞② st❛t❡✳

❼ ❋✐❣✉r❡ ✷✺❛✳ Na = 9✿ t❤❡ s②st❡♠ ✐s ✉♥❛❜❧❡ t♦ s✉st❛✐♥ ❛❝t✐✈❛t✐♦♥✳
❚❤❡ u ♠♦❧❡❝✉❧❡s ❢♦r ✐♥❞✉❝t✐♦♥ ❛t t = 0 ❛r❡ ✈✐s✐❜❧❡ ❛s ❛ ♣❡❛❦ ✐♥
❛❧❧ ❛❝t✐✈❡ ❝❡❧❧s✳ ❍♦✇❡✈❡r✱ t❤❡② q✉✐❝❦❧② ❞✐ss✐♣❛t❡✳ ❚❤✐s ✐s ❛ t②♣✐❝❛❧
s✐♠✉❧❛t✐♦♥ ♦✉t❝♦♠❡✳ ❖♥❧② ✶ ♦✉t ♦❢ ✶✵✵ s✐♠✉❧❛t✐♦♥s s❤♦✇❡❞ ❛♥②
r❡s✐❞✉❛❧ ❛❝t✐✈✐t② ❛t t = 2000✳

❼ ❋✐❣✉r❡ ✷✺❜✳ Na = 11✿ t❤❡ s②st❡♠ ❡♥t❡rs s✉st❛✐♥❡❞ ❛❝t✐✈❛t✐♦♥ ✐♥
❛❧❧ ✶✵✵ s✐♠✉❧❛t✐♦♥ r✉♥s✳

❚♦ ❝❤❡❝❦ ✐❢ t❤❡ s②st❡♠ ❤❛s r❡❛❝❤❡❞ s❡❧❢✲s✉st❛✐♥✐♥❣ ❛❝t✐✈❛t✐♦♥✱ ✇❡ s✐♠✲
✉❧❛t❡ ✉♥t✐❧ t > 2000✳ ❚❤✐s ✐s ❧♦♥❣ ❡♥♦✉❣❤ ❢♦r t❤❡ ✐♥✐t✐❛❧ ✐♥❞✉❝t✐♦♥
t♦ ❞❡❣r❛❞❡✳ ❆♥② r❡s✐❞✉❛❧ ❛❝t✐✈✐t② ✐♥ t❤❡ s②st❡♠ ❝❛♥ ❜❡ ❛s❝r✐❜❡❞ t♦
s❡❧❢✲s✉st❛✐♥✐♥❣ ❛❝t✐✈❛t✐♦♥✳ ❲❡ ✉s❡❞ t❤✐s ❝r✐t❡r✐♦♥ t♦ s②st❡♠❛t✐❝❛❧❧② ✐♥✲
✈❡st✐❣❛t❡ t❤❡ ❛❝t✐✈❛t✐♦♥ t❤r❡s❤♦❧❞ ♥✉♠❜❡r ♦❢ ❛❝t✐✈❡ ❝❡❧❧s✿

❼ ❋✐❣✉r❡ ✷✺❝ s✉♠♠❛r✐③❡s s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ✭✷✶✵✵ r✉♥s ✐♥ t♦t❛❧✮✳
❊❛❝❤ ♣♦✐♥t ✐♥ t❤✐s ♣❧♦t ✐s t❤❡ ♠❡❛♥ u ❛♠♦✉♥t ❛t t = 2000 ✐♥ t❤❡
❝❡❧❧ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ❝♦♠♠✉♥✐t②✱ ❢♦r ✶✵✵ s✐♠✉❧❛t✐♦♥s ✇✐t❤ t❤❡
❣✐✈❡♥ Na✳ ❚❤❡ t❤r❡s❤♦❧❞ ✈❛❧✉❡ ♦❢ Na = 10 ❝❧❡❛r❧② ❛♣♣❡❛rs✳ ❚❤❡
s②st❡♠ ❡♥t❡rs s✉st❛✐♥❡❞ ❛❝t✐✈❛t✐♦♥ ♦♥❧② ✇❤❡♥ Na ✐s ❛❜♦✈❡ t❤✐s
✈❛❧✉❡✳ ❆s Na ✐♥❝r❡❛s❡s✱ t❤❡ st❡❛❞② st❛t❡ ❛♠♦✉♥t ♦❢ u ❛♣♣r♦❛❝❤❡s
✺✵✵✱ ✐ts t❤❡♦r❡t✐❝❛❧ ♠❛①✐♠✉♠ ✇❤❡♥ t❤❡ ❢❡❡❞❜❛❝❦ ❧♦♦♣ s❛t✉r❛t❡s✳

◆❡①t✱ ✇❡ ❡①❛♠✐♥❡❞ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠ ✐♥ s♣❛❝❡ ❛♥❞ ♠❛❞❡
❛♥ ✐♥t❡r❡st✐♥❣ ♦❜s❡r✈❛t✐♦♥✳

❼ ❋✐❣✉r❡ ✷✺❞✳ ❲✐t❤ Na = 500 ✇❡❧❧ ❛❜♦✈❡ t❤❡ t❤r❡s❤♦❧❞✱ t❤❡ s②s✲
t❡♠ ❡♥t❡rs s✉st❛✐♥❡❞ ❛❝t✐✈❛t✐♦♥ ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t② ❡✈❡♥ ✇❤❡♥
✐♥❞✉❝✐♥❣ ♦♥❧② ♦♥❡ ❛❝t✐✈❡ ❝❡❧❧ ❛t t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ r♦✇✱ ✇✐t❤ ♯u(x) =

10 ❛t t✐♠❡ ③❡r♦✳ ◆♦t❡ t❤❛t✱ ✐♥ ❋✐❣✉r❡ ✷✺❛ ❛♥❞ ❋✐❣✉r❡ ✷✺❜✱ t❤❡ s❛♠❡
❛♠♦✉♥t ✇❛s ✐♥❥❡❝t❡❞ ✐♥t♦ ❛❧❧ ❛❝t✐✈❡ ❝❡❧❧s✳ ❙✐❣♥✐✜❝❛♥t❧②✱ ❛❝t✐✈❛t✐♦♥
s♣r❡❛❞s ♦✈❡r t❤❡ ❡♥t✐r❡ r♦✇ ♦❢ ❛❝t✐✈❡ ❝❡❧❧s ❢r♦♠ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡
✐♥✐t✐❛❧ ✐♥❞✉❝t✐♦♥ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ r♦✇✳

❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ s✉st❛✐♥❡❞ ❛❝t✐✈❛t✐♦♥ ✈❛r✐❡s ✇✐t❤ t❤❡ t♦t❛❧ ❛♠♦✉♥t
♦❢ t❤❡ ✐♥✐t✐❛❧ ✐♥❞✉❝t✐♦♥ ✇❤❡♥ ✐t ✐s ❧♦✇✳ ❲❡ ❢♦✉♥❞ t❤❛t ✐♥✐t✐❛❧ ❛❝t✐✈❛t✐♦♥
❜② ♯u(x) = 10 ♠♦❧❡❝✉❧❡s ♣❡r ❝❡❧❧ ✐s s✉✣❝✐❡♥t t♦ ❡①❝❧✉❞❡ t❤✐s ✈❛r✐❛t✐♦♥✿

❼ ❋✐❣✉r❡ ✷✺❡✳ ❚❤❡ ❡✛❡❝t ♦❢ ✐♥✐t✐❛❧ u ❛♠♦✉♥t ♦♥ ❛❝t✐✈❛t✐♦♥ t❤r❡s❤✲
♦❧❞Na✳ ❊❛❝❤ sq✉❛r❡ ✐♥ t❤❡ ❣r✐❞ ❞✐s♣❧❛②s t❤❡ ❝♦❧♦✉r✲❝♦❞❡❞ ♯u(x) ✐♥
t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❛t st❡❛❞② st❛t❡ ✭t = 1000✮✱ ❛✈❡r❛❣❡❞
♦✈❡r ✷✺ s✐♠✉❧❛t✐♦♥s✱ ✇✐t❤ ❛ ❣✐✈❡♥ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ Na ❛♥❞ ✐♥✐t✐❛❧
♯u(x) ♣❡r ❛❝t✐✈❡ ❝❡❧❧✳ ❋♦r ❧♦✇ ✐♥✐t✐❛❧ u ❛♠♦✉♥ts✱ t❤❡ t❤r❡s❤♦❧❞ Na

❢♦r s❡❧❢✲s✉st❛✐♥✐♥❣ ❛❝t✐✈❛t✐♦♥ ✐♥❝r❡❛s❡s✳ ❇❡②♦♥❞ ♯u(x) = 10✱ t❤❡
t❤r❡s❤♦❧❞ st❛❜✐❧✐③❡s✳ ◆♦t❡ t❤❛t Np = 50 ❢♦r ❛❧❧ s✐♠✉❧❛t✐♦♥s✳

✼✼



❼ ❋✐❣✉r❡ ✷✺❢✳ ❚❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛ss✐✈❡ ❝❡❧❧s Np ♦♥ t❤❡
t❤r❡s❤♦❧❞ ♦❢ ❛❝t✐✈❡ ❝❡❧❧ ♥✉♠❜❡r Na✳ ❚❤❡ ❧♦✇❡r Np✱ t❤❡ ❤✐❣❤❡r t❤❡
❝❤❛♥❝❡ ❢♦r u t♦ r❡✲❡♥t❡r t❤❡ ❛❝t✐✈❡ ❛r❡❛ ❛❢t❡r ❜❡✐♥❣ r❡✢❡❝t❡❞ ❜❛❝❦
❛t t❤❡ s②st❡♠✬s ❜♦✉♥❞❛r②✳ ❲❤❡♥ Np = 0✱ t❤✐s ❜♦✉♥❞❛r② ❡✛❡❝t
✐♥❝r❡❛s❡s ❛♥❞ ❡✛❡❝t✐✈❡❧② ❡❧✐♠✐♥❛t❡s t❤❡Na t❤r❡s❤♦❧❞✱ ❞♦✇♥ t♦ ③❡r♦
✭s❡❡ ❛❧s♦ s✉❜s❡❝t✐♦♥ ✹✳✷✳✹✮✳ ❲✐t❤ ✐♥❝r❡❛s✐♥❣ Np✱ t❤❡ ❜♦✉♥❞❛r②
❡✛❡❝t ❜❡❝♦♠❡s ♥❡❣❧✐❣✐❜❧❡✱ ❛♥❞ t❤❡ ❝r✐t✐❝❛❧ Na t❤r❡s❤♦❧❞ ❜❡❝♦♠❡s
✐♥❞❡♣❡♥❞❡♥t ♦❢ Np✳

❙✐♠✉❧❛t✐♦♥s ✐♥❞✐❝❛t❡ t❤❛t t❤❡ st❡❛❞②✲st❛t❡ ♥✉♠❜❡r ♦❢ u✱ ✐❢ t❤❡ s②st❡♠
❡✈❡r r❡❛❝❤❡s ❛ ♥♦♥✲③❡r♦ st❡❛❞② st❛t❡✱ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❧♦❝❛t✐♦♥✱ s✐③❡
✭✇✐❞t❤✮✱ ❛♥❞ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ✐♥❞✉❝t✐♦♥✳ ❙✐♠✐❧❛r ❜❡❤❛✈✐♦✉r
✇❛s ♦❜s❡r✈❡❞ ✐♥ t❤❡ s♣❛❝❡❧❡ss ♠♦❞❡❧ ♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✐♥ ❬❙❛❦❛
❡t ❛❧✳✱ ✷✵✶✶❪✳ ❲❡ ❣❡♥❡r❛❧❧② ♦❜s❡r✈❡❞ t❤❛t✱ ❢♦r ❛ s❡❧❢✲s✉st❛✐♥✐♥❣ ❛❝t✐✈❛t✐♦♥✱
t❤❡ ♥✉♠❜❡r ♦❢ ❛❝t✐✈❡ ❝❡❧❧s ♠✉st ❡①❝❡❡❞ ❛ ❝r✐t✐❝❛❧ t❤r❡s❤♦❧❞✱ ✇❤✐❝❤ ✐s
♦♥❡ ♦❢ t❤❡ ❤❛❧❧♠❛r❦s ♦❢ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t✳ ❲❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡
❝♦♠♠✉♥✐t② ❡✛❡❝t s♣r❡❛❞s ✐♥ ❛♥ ✉♥❧✐♠✐t❡❞ ♠❛♥♥❡r ✐♥ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧
❞❡s❝r✐❜❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳

✹✳✷✳✸ ❇✐♦❧♦❣✐❝❛❧ r❡❧❡✈❛♥❝❡ ♦❢ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧

❚❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ✐s ❛❜str❛❝t✱ ❜✉t ♥♦♥❡t❤❡✲
❧❡ss ✉s❡❢✉❧ ❜❡❝❛✉s❡ ✐t ✐s s✐♠♣❧❡ ❛♥❞ ✐t r❡♣r♦❞✉❝❡s t❤❡ ❡ss❡♥t✐❛❧ ❢❡❛t✉r❡s
♦❢ ❝♦♠♠✉♥✐t② ❡✛❡❝ts✳ ❲❡ ❛❧s♦ ♠♦❞❡❧❧❡❞ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✐♥ ❳❡♥♦✲

♣✉s ✐♥ ❣r❡❛t❡r ❞❡t❛✐❧✱ ✉s✐♥❣ t❤❡ ❘❉▼❊ ❛s ✇❡❧❧ ❛s P❉❊ tr❡❛t♠❡♥ts✳ ❙❡❡
❙❡❝t✐♦♥ ✹✳✸ ❢♦r t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤♦s❡ ❞❡t❛✐❧❡❞ ♠♦❞❡❧s ❛♥❞ ❞✐s❝✉ss✐♦♥s✳

❚❤❡ s❛t✉r❛t✐♥❣ s❡❧❢✲❛❝t✐✈❛t✐♦♥ r❡❛❝t✐♦♥ ❛❜str❛❝ts ❛ ♣r♦❝❡ss ❜② ✇❤✐❝❤
❛ ❞✐✛✉s✐❜❧❡ ❢❛❝t♦r ❡♥❤❛♥❝❡s ✐ts ♦✇♥ ♣r♦❞✉❝t✐♦♥✳ ■♥ r❡❛❧ ❝❡❧❧s t❤✐s ✐♥✲
✈♦❧✈❡s ❜✐♥❞✐♥❣ ♦❢ ❛ ❞✐✛✉s✐❜❧❡ ❢❛❝t♦r t♦ t❤❡ ❝❡❧❧ s✉r❢❛❝❡✱ ❛❝t✐✈❛t✐♦♥ ♦❢
t❤❡ s✐❣♥❛❧❧✐♥❣ ♣❛t❤✇❛② ❛♥❞ t❤❡ ✐♥❞✉❝t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣❡♥❡✳ ■♥
❛❞❞✐t✐♦♥✱ t❤❡ ❣❡♥❡ t❤❛t ♣r♦❞✉❝❡s t❤❡ ❞✐✛✉s✐❜❧❡ ❢❛❝t♦rs ♠❛② ❜❡ ✐♥❞✉❝❡❞
✐♥❞✐r❡❝t❧②✱ ❜② ❛ ❝❛s❝❛❞❡ ♦❢ ✐♥❞✉❝t✐♦♥s ♦❢ ✐♥t❡r♠❡❞✐❛t❡ ❣❡♥❡s✱ ❛s ❤❛♣♣❡♥s
✐♥ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ♦❢ ❳❡♥♦♣✉s ♠✉s❝❧❡ ♣r❡❝✉rs♦r ❝❡❧❧s ❬❙❛❦❛ ❡t ❛❧✳✱
✷✵✶✶❪✳

❚❤❡ ❞✐✛✉s✐♦♥ s❝❤❡♠❡ ✇✐t❤ t❤❡ r♦✇ ♦❢ ❛❝t✐✈❡ ❝❡❧❧s ❜❡t✇❡❡♥ t✇♦ ❧❛②❡rs
♦❢ ♣❛ss✐✈❡ ❝❡❧❧s r❡✢❡❝ts t❤❡ s❛♥❞✇✐❝❤✲❧✐❦❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ♦❢ ●✉r❞♦♥
❡t ❛❧✳ ❬●✉r❞♦♥ ❡t ❛❧✳✱ ✶✾✾✻✱ ✶✾✾✸❪✱ ✐♥ ✇❤✐❝❤ ❛♥ ✐♥❞✉❝❡r✲s♦❛❦❡❞ ❜❡❛❞ ✐s
♣❧❛❝❡❞ ❜❡t✇❡❡♥ t✇♦ s❧✐❝❡s ♦❢ ❡❝t♦❞❡r♠ t✐ss✉❡✳ ❚♦ ❜❡ ♠♦r❡ ♣r❡❝✐s❡✱ ♦✉r
♠♦❞❡❧✬s r♦✇ ❝♦rr❡s♣♦♥❞s t♦ ❛ ✈❡rt✐❝❛❧ ❝✉t t❤r♦✉❣❤ t❤❡ s❛♥❞✇✐❝❤ ♦❢ ❝❡❧❧s✳
❚❤❡ ✐♥♥❡r ❧❛②❡r ♦❢ t❤❡ ❡❝t♦❞❡r♠ t✐ss✉❡ ❝♦rr❡s♣♦♥❞s t♦ ❛❝t✐✈❡ ❝❡❧❧s ❛♥❞
♦✉t❡r✲♠♦st ❧❛②❡r t♦ ♣❛ss✐✈❡ ❝❡❧❧s✳

✼✽



✹✳✷✳✹ P❛ss✐✈❡ ❝❡❧❧s ❛r❡ r❡q✉✐r❡❞ ❢♦r t❤❡ ❝❡❧❧ ♥✉♠❜❡r✲❞❡♣❡♥❞❡♥t ❝♦♠♠✉✲

♥✐t② ❡✛❡❝t

❲❡ ❝♦♥❝❧✉❞❡ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ❜② ♣r♦✈✐♥❣ t❤❛t t❤❡
❝❧♦s❡❞ s②st❡♠ ✇✐t❤♦✉t ♣❛ss✐✈❡ ❝❡❧❧s ❝❛♥♥♦t ❤❛✈❡ t❤❡ t❤r❡s❤♦❧❞ ♦❢ Na

✇❤❡r❡ ✐ts st❡❛❞② st❛t❡ ❝❤❛♥❣❡s✳ ❚♦ ❢♦r♠❛❧❧② ❛♥❛❧②s❡ t❤❡ st❡❛❞② st❛t❡s
♦❢ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧✱ ✇❡ tr❡❛t ✐t ❞❡t❡r♠✐♥✐st✐❝❛❧❧② ✉s✐♥❣ t❤❡ ❝♦♥t✐♥✉✲
♦✉s r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ t❤❡♦r② ✭s❡❡ s✉❜s❡❝t✐♦♥ ✷✳✺✳✶✮✳ ❚❤❡ P❉❊ ♦❢ t❤❡
♠✐♥✐♠❛❧ ♠♦❞❡❧ ✐s✿

∂u

∂t
=

αuu

ku + u
− µuu+ λu∆u ✭✸✷✮

✇❤❡r❡ u(x, t) ✐s t❤❡ ❛✈❡r❛❣❡ ♯u ❛t s♣❛❝❡ ❝♦♦r❞✐♥❛t❡ x ❛♥❞ t✐♠❡ t✱ ✇❤✐❝❤
r❡♠❛✐♥ ❛❧✇❛②s ✐♠♣❧✐❝✐t ✐♥ P❉❊s✳ λu ✐s ❛ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t✱ ✇❤✐❝❤
❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ Du ❛♥❞ t❤❡ s♣❛t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡ ♣r❡❝✐s❡
❡①♣r❡ss✐♦♥ ❢♦r ✐t ✐s ♥♦t ✐♠♣♦rt❛♥t ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❛❧②s✐s✳ ❚❤❡r❡
❛r❡ ♥♦ ♣❛ss✐✈❡ ❝❡❧❧s ✐♥ t❤✐s P❉❊ ♠♦❞❡❧ ❜❡❝❛✉s❡ t❤❡ ❛❝t✐✈❛t✐♦♥ t❡r♠ ✐s
❛♣♣❧✐❝❛❜❧❡ ❡✈❡r②✇❤❡r❡✳ ❆❧❧ t❤❡ ♣❛r❛♠❡t❡rs ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ♣♦s✐t✐✈❡✳
❚❤✐s ♠♦❞❡❧ ✐s ✉s✐♥❣ t❤❡ ▲❛♣❧❛❝✐❛♥ ∆u t♦ ❞❡s❝r✐❜❡ t❤❡ ❞✐✛✉s✐♦♥ ♦❢ ✉✱
❛♥❞ t❤❡r❡❢♦r❡ ✐s ❛♣♣❧✐❝❛❜❧❡ t♦ ♥✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳ λu∆u(x, t) ❞❡✜♥❡s
t❤❡ r❛t❡ ♦❢ u ❞✐✛✉s✐♥❣ t♦ ♣♦✐♥t x ❛t t✐♠❡ t✳ ▲❡t Ω ⊂ R

n ❜❡ t❤❡ s♣❛t✐❛❧
❞♦♠❛✐♥ ♦❢ t❤❡ s②st❡♠✱ ❛ ❝♦♠♣❛❝t✱ ❝♦♥♥❡❝t❡❞ s❡t✱ ❛♥❞ Ω ✐ts ❜♦✉♥❞❛r②✳
❲❡ ❝♦♥s✐❞❡r ❛ ❝❧♦s❡❞ s②st❡♠ ✇✐t❤ ♥♦ ♣❛ss✐✈❡ ❝❡❧❧s✱ s♦ ♦♥❡ ♦❢ t❤❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ✐s

∇u(x, t) ·n(x) = 0, ∀x ∈ Ω, ∀t > 0 ✭✸✸✮

✇❤❡r❡ n(x) ✐s ❛♥ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠❛❧ ♦❢ t❤❡ ❜♦✉♥❞❛r② Ω ❛♥❞ ∇ ✐s t❤❡
❣r❛❞✐❡♥t ♦♣❡r❛t♦r✳ ❚❤✐s st❛t❡s t❤❛t t❤❡ ✢✉① ♦❢ u ❛❝r♦ss t❤❡ ❜♦✉♥❞❛r② ✐s
③❡r♦ ❛t ❛❧❧ ♣♦✐♥ts✳ ❆♥♦t❤❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐s t❤❡ ✐♥✐t✐❛❧ ✐♥❞✉❝t✐♦♥

u(x, 0) = f(x) > 0, ∀x ∈ Ω ✭✸✹✮

▲❡t g(u) = αuu
ku+u −µuu ❛♥❞ uc = αu−µuku

µu
✳ ◆♦t❡ t❤❛t g(u) ❤❛s t✇♦

③❡r♦ ♣♦✐♥ts✿ g(0) = 0 ❛♥❞ g(uc) = 0✱ ❛♥❞ g(u) > 0, ∀u : 0 < u < uc✳
❋✐rst✱ ♥♦t❡ t❤❛t ∀t > 0, ∀x ∈ Ω,u(x, t) > 0✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✐♥✐t✐❛❧

❝♦♥❞✐t✐♦♥ ❜❡✐♥❣ ♥♦♥♥❡❣❛t✐✈❡ ❛♥❞ g(0) = 0✳
❙❡❝♦♥❞✱ ♥♦t❡ t❤❛t ✐❢ f(x) = 0 ❢♦r s♦♠❡ x✱ ❜✉t

∫

Ω

f(x)dΩ > 0 ❛♥❞ uc >

0✱ t❤❡♥ ∀t > 0,u(x, t) > 0✱ ❜❡❝❛✉s❡ ❞✐✛✉s✐♦♥ ❞✐str✐❜✉t❡s ❝♦♥❝❡♥tr❛t✐♦♥
❛❝r♦ss s♣❛❝❡ ✐♥st❛♥t❧②✳ ❚♦ s❤♦✇ t❤✐s✱ ✇❡ ❝♦♥s✐❞❡r ✐♥✐t✐❛❧ ✐♥❞✉❝t✐♦♥ t♦
❜❡ ❛ δ ❢✉♥❝t✐♦♥ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❤❡❛t ❡q✉❛t✐♦♥ ∂u

∂t = λu∆u✳ ■t ❤❛s
❛♥ ❛♥❛❧②t✐❝❛❧ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ✇❤✐❝❤ ✐s ♣♦s✐t✐✈❡ ❢♦r t > 0✱ ❜✉t t❤❡
s♦❧✉t✐♦♥ ♦❢ ✭✸✷✮ ✐s ❛❧✇❛②s ❣r❡❛t❡r ♦r ❡q✉❛❧ t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❤❡❛t
❡q✉❛t✐♦♥✱ ❜❡❝❛✉s❡ g(u) > 0✳

✼✾



❆❧s♦ u(x, t) ✐s ❝♦♥t✐♥✉♦✉s ∀t > 0, ∀x ∈ Ω✳ ❙♦✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥✲
❡r❛❧✐t②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✐♥✐t✐❛❧ ✐♥❞✉❝t✐♦♥ f(x) t♦ ❜❡ ❝♦♥t✐♥✉♦✉s✱ ❛♥❞ ✐❢
uc > 0 t❤❡♥ ❛❧s♦ f(x) > 0✳
❲❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ s✐♠♣❧❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s ♦♥ t❤❡ s♦❧✉t✐♦♥s✱

✇❤✐❝❤ ❝❛♥ ❜❡ ❡❛s✐❧② ❛♥❛❧②s❡❞✳

▲❡♠♠❛ ✹✳✷✳✶ ✭▲♦✇❡r ❜♦✉♥❞✮✳ ■❢ uc > 0✱ t❤❡♥ ∀x ∈ Ω, ∀t > 0,u(x, t) >

u(x, t)✱ ✇❤❡r❡ u ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✸✷✮✲✭✸✸✮ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ u(x, 0) =

min
Ω

f(x)/2✳

❋✐rst✱ ♥♦t❡ t❤❛t u ✐s ❤♦♠♦❣❡♥❡♦✉s ✐♥ s♣❛❝❡ ❛t ❛❧❧ t✐♠❡s✳ ❚❤❡ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥ ✐s ❤♦♠♦❣❡♥❡♦✉s✱ s♦ t❤❡r❡ ✐s ♥♦ ❞✐✛✉s✐♦♥ ✐♥s✐❞❡ t❤❡ s②st❡♠❀
❛❧s♦ ❜② ✭✸✸✮ t❤❡r❡ ✐s ♥♦ ❞✐✛✉s✐♦♥ t❤r♦✉❣❤ t❤❡ ❜♦r❞❡rs✳ ❙♦ ✇❡ ❝❛♥ ✇r✐t❡
u(x, t) = u(t)✱ ✇❤✐❝❤ ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❖❉❊

du

dt
= g(u)

u(0) = min
Ω

f(x)/2
✭✸✺✮

❚❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ♦❢ u ✐s ❝❤♦s❡♥ ✐♥ t❤✐s ✇❛② t♦ ❣✉❛r❛♥t❡❡ 0 <

u(0) < u(x, 0), ∀x ∈ Ω✳
❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❲❡ ❝♦♥s✐❞❡r ❛

♣♦✐♥t x∗ ✇❤❡r❡ u ❝r♦ss❡s u t❤❡ ✜rst t✐♠❡✳ ❚❤❡♥ ✐t ♠✉st ❜❡ t❤❡ ♠✐♥✐♠✉♠
♦❢ u✱ ❛♥❞ t❤✉s u ✇✐❧❧ ❣r♦✇ t❤❡r❡ ❛t ❧❡❛st ❛s ❢❛st ❛s u✱ ❜❡❝❛✉s❡ u ❝❛♥♥♦t
❞✐✛✉s❡ ♦✉t ♦❢ t❤❡ ♠✐♥✐♠✉♠ ♣♦✐♥t✳ ❚❤❡♥ ✐t ❝❛♥♥♦t ❣♦ ❜❡❧♦✇ u ❛t t❤✐s
♣♦✐♥t✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❛t u(x, t) < u(t) s♦♠❡✇❤❡r❡✳ ◆♦t❡ t❤❛t u(x, 0) >

u(0), ∀x ∈ Ω✳ ▲❡t t∗ = inf{t > 0 : ∃x ∈ Ω : u(x, t) < u(t)}✳ ◆♦t❡ t❤❛t

u(x, t∗) > u(t∗), ∀x ∈ Ω, ✭✸✻✮

❜❡❝❛✉s❡ t❤❡ s♦❧✉t✐♦♥s ❛r❡ ❝♦♥t✐♥✉♦✉s✳ ■t ❢♦❧❧♦✇s t❤❛t

∃x∗ : u(x∗, t∗) = u(t∗), ✭✸✼✮

❛♥❞ ❢♦r ❛♥② s✉✣❝✐❡♥t❧② s♠❛❧❧ ǫ > 0 : u(x∗, t∗ + ǫ) < u(t∗ + ǫ)✳ ❙✉❜✲
tr❛❝t✐♥❣ u(x∗, t∗) ❢r♦♠ t❤❡ ❧❡❢t s✐❞❡ ❛♥❞ u(t∗) ❢r♦♠ t❤❡ r✐❣❤t s✐❞❡ ♦❢ t❤❡
❧❛st ✐♥❡q✉❛❧✐t②✱ ❞✐✈✐❞✐♥❣ ❜② ǫ✱ ❛♥❞ t❛❦✐♥❣ lim

ǫ→0
✱ ✇❡ ❣❡t

∂u

∂t
(x∗, t∗) <

du

dt
(t∗) ✭✸✽✮

❋r♦♠ ✭✸✻✮ ❛♥❞ ✭✸✼✮✱ u(x∗, t∗) 6 u(x, t∗), ∀x ∈ Ω✱ ✐✳❡✳ u(x∗, t∗) ✐s ❛
❧♦❝❛❧ ♠✐♥✐♠✉♠ ✐♥ s♣❛❝❡✳ ❚❤❡♥ ∆u(x∗, t∗) > 0✱ ❛♥❞ ✇❡ ❤❛✈❡

∂u

∂t
(x∗, t∗) = g(u(x∗, t∗))+∆u(x∗, t∗) > g(u(x∗, t∗)) = g(u(t∗)) =

du

dt
(t∗),

❜✉t t❤✐s ❝♦♥tr❛❞✐❝ts ✭✸✽✮✳
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▲❡♠♠❛ ✹✳✷✳✷ ✭❯♣♣❡r ❜♦✉♥❞✮✳ ∀x ∈ Ω, ∀t > 0,u(x, t) 6 u(x, t)✱ ✇❤❡r❡

u ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✸✷✮✲✭✸✸✮ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ u(x, 0) = max
Ω

f(x) ·
2✳

❚❤❡ ♣r♦♦❢ ✐s ❛♥❛❧♦❣♦✉s t♦ ❧❡♠♠❛ ✹✳✷✳✶✱ ❡①❝❤❛♥❣✐♥❣ max ❛♥❞ min ❛♥❞
r❡✈❡rs✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ❛s ❛♣♣r♦♣r✐❛t❡✳

❚❤❡♦r❡♠ ✹✳✷✳✸✳ ■❢ uc > 0✱ t❤❡♥ lim
t→∞

u(x, t) = uc, ∀x ∈ Ω✳

Pr♦♦❢✳ ❋r♦♠ t❤❡ ❧❡♠♠❛s ✇❡ ❤❛✈❡ u(t) 6 u(x, t) 6 u(t), ∀t > 0, ∀x ∈ Ω✳
❙✐♥❝❡ uc > 0✱ t❤❡ ❖❉❊s ❢♦r u ❛♥❞ u ❤❛✈❡ ❛♥ ❛ttr❛❝t♦r ❛t uc✱ t♦ ✇❤✐❝❤
t❤❡② ✇✐❧❧ ❝♦♥✈❡r❣❡ ❛s②♠♣t♦t✐❝❛❧❧② st❛rt✐♥❣ ❢r♦♠ ❛♥② ♣♦✐♥t ❣r❡❛t❡r t❤❛♥
③❡r♦✳ ❚❤❡r❡❢♦r❡✱ lim

t→∞
u(t) = lim

t→∞
u(t) = uc✱ ❢r♦♠ ✇❤✐❝❤ ❢♦❧❧♦✇s t❤❡

st❛t❡♠❡♥t✳

❚❤❡♦r❡♠ ✹✳✷✳✹✳ ■❢ uc 6 0✱ t❤❡♥ lim
t→∞

u(x, t) = 0, ∀x ∈ Ω✳

Pr♦♦❢✳ ❋r♦♠ t❤❡ ❧❡♠♠❛s ✇❡ ❤❛✈❡ 0 6 u(x, t) 6 u(t), ∀t > 0, ∀x ∈ Ω✳
❙✐♥❝❡ uc 6 0✱ g(u) 6 0 ✐♥ t❤❡ ❖❉❊ ❢♦r u✱ ❛♥❞ ✐t ❤❛s ❛♥ ❛ttr❛❝t♦r ❛t
u = 0✱ t♦ ✇❤✐❝❤ ✐t ✇✐❧❧ ❝♦♥✈❡r❣❡ ❛s②♠♣t♦t✐❝❛❧❧② st❛rt✐♥❣ ❢r♦♠ ❛♥② ♣♦✐♥t
❣r❡❛t❡r t❤❛♥ ③❡r♦✳ ❚❤❡r❡❢♦r❡✱ lim

t→∞
u(t) = 0✱ ❢r♦♠ ✇❤✐❝❤ ❢♦❧❧♦✇s t❤❡

st❛t❡♠❡♥t✳

❋r♦♠ t❤❡ t❤❡♦r❡♠s ✐t ❢♦❧❧♦✇s t❤❛t ❢♦r t❤❡ ❝❧♦s❡❞ s②st❡♠✱ ✇❤❡r❡ ❛❧❧ ❝❡❧❧s
❛r❡ ❛❝t✐✈❡✱ t❤❡ ♦✉t❝♦♠❡ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❣❡♦♠❡tr② ♦❢ s♣❛❝❡ ❛♥❞
t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s❀ ✐t ❞❡♣❡♥❞s s♦❧❡❧② ♦♥ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ●❘◆✳
❚❤❡r❡❢♦r❡ ✇❡ ❝❛♥♥♦t ♦❜s❡r✈❡ t❤❡ ♣r♦♣❡rt② t❤❛t t❤❡r❡ ❡①✐sts ❛ t❤r❡s❤♦❧❞
♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ❜❡❧♦✇ ✇❤✐❝❤ t❤❡r❡ ✐s ♥♦ s✉st❛✐♥❡❞ ❛❝t✐✈❛t✐♦♥✳
◆✉♠❜❡r ♦❢ ❝❡❧❧s ✐♥ t❤✐s ♠♦❞❡❧ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✈♦❧✉♠❡ ♦❢ Ω✳ ❲❡ s❡❡
t❤❛t ❢♦r ❛♥② s♣❛t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥✱ t❤❡ s②st❡♠ ✇✐❧❧ ❡✐t❤❡r ❛❧✇❛②s ❡♥t❡r
t❤❡ s✉st❛✐♥❡❞ ❛❝t✐✈❛t✐♦♥✱ ♦r✱ ✐❢ uc 6 0✱ t❤❡ ❛❝t✐✈✐t② ✇✐❧❧ ❛❧✇❛②s ❢❛❧❧ t♦
③❡r♦✳ ❋♦r t❤❡ ♣❛r❛♠❡t❡rs ✇❡ ✉s❡❞ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s✱ uc = 500✳
■❢ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♣❛ss✐✈❡ ❝❡❧❧s✱ ✐♥ t❡r♠s ♦❢ t❤❡ P❉❊ t❤❡ ❛r❡❛s ✇❤❡r❡

g(u) = −µuu✱ t❤❡ ❧❡♠♠❛s st✐❧❧ s❡❡♠ t♦ ❤♦❧❞✱ ❜✉t t❤❡ P❉❊s ❢♦r u ❛♥❞
u ❝❛♥ ♥♦ ❧♦♥❣❡r ❜❡ r❡❞✉❝❡❞ t♦ ❖❉❊s✱ s✐♥❝❡ t❤❡ s♦❧✉t✐♦♥s ✇✐❧❧ ♥♦t ❜❡
❤♦♠♦❣❡♥❡♦✉s ❛♥②♠♦r❡✳ ❲❡ ❞♦ ♥♦t ✐♥✈❡st✐❣❛t❡ t❤❡ s②st❡♠ ✇✐t❤ ♣❛ss✐✈❡
❝❡❧❧s ❢✉rt❤❡r✱ ❜❡❝❛✉s❡ ✐ts P❉❊ ❝♦♥t❛✐♥s ❞✐s❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ❛♥❞ t❤✉s
✐ts ❢♦r♠❛❧ ❛♥❛❧②s✐s ✐s ❞✐✣❝✉❧t✳ ❘❛t❤❡r✱ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s②st❡♠ ✐♥
t❤✐s ❝❛s❡ ✇❛s ✐♥✈❡st✐❣❛t❡❞ ❛❜♦✈❡ ✐♥ t❤❡ st♦❝❤❛st✐❝ r❡❣✐♠❡✱ ✉s✐♥❣ t❤❡
❘❉▼❊ s✐♠✉❧❛t✐♦♥s✳

✹✳✸ s♣❛t✐❛❧ ♠♦❞❡❧ ♦❢ ❛ ❝♦♠♠✉♥✐t② ❡❢❢❡❝t ✐♥ ①❡♥♦♣✉s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ❛ ♠♦❞❡❧ ♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✐♥ ❳❡♥♦♣✉s✳
■t ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ❡①♣❛♥s✐♦♥ ♦❢ ♦✉r ♠✐♥✐♠❛❧ ♠♦❞❡❧ ✐♥ ❙❡❝t✐♦♥ ✹✳✷ ♦♥
t✇♦ ❧❡✈❡❧s✳ ❋✐rst✱ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ❧♦♦♣ ❤❡r❡ ✐♥✈♦❧✈❡s t✇♦ ❣❡♥❡s ❛♥❞
t❤❡✐r ♣r♦t❡✐♥ ♣r♦❞✉❝ts✱ ✐♥st❡❛❞ ♦❢ ♦♥❡✱ ✐♥ ✐♥t❡r❝❡❧❧✉❧❛r ❝♦♠♠✉♥✐❝❛t✐♦♥
✭❋✐❣✉r❡ ✷✻✮✳ ❙❡❝♦♥❞✱ ✐♥st❡❛❞ ♦❢ ❝♦❧❧❛♣s✐♥❣ ❛ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ✐♥t♦ ♦♥❡
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❋✐❣✉r❡ ✷✻✿ ❚❤❡ ●❘◆ ❢♦r t❤❡ ❝♦♠♠✉♥✐t② ❡❢✲
❢❡❝t ✐♥ ❛♥ ❛❝t✐✈❡ ❝❡❧❧ ✇✐t❤ ❣❡♥❡s
A ❛♥❞ B✳ ●❡♥❡ A ❛❝t✐✈❛t❡s ❣❡♥❡
B✱ ♣r♦t❡✐♥ B ✐s ❡①♣❡❧❧❡❞ ❢r♦♠ t❤❡
❝❡❧❧✱ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ ❞✐✛✉s✐❜❧❡
❢❛❝t♦r✱ ❤❡r❡ ❝❛❧❧❡❞ ❧✐❣❛♥❞✱ t❤❛t ❞✐❢✲

❢✉s❡s t♦ ❛❞❥❛❝❡♥t ❝❡❧❧s✳ ❚❤✐s s✐❣✲
♥❛❧✬s r❡❝❡♣t✐♦♥ ❛❝t✐✈❛t❡s ♣r♦t❡✐♥ C✱

✇❤✐❝❤ ✐♥ t✉r♥s ❛❝t✐✈❛t❡s ❣❡♥❡ A✳

gene A

gene B

ligand

protein C

protein B

r❡❛❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r s❡♣❛r❛t❡❧② tr❛♥s❝r✐♣t✐♦♥ ♦❢ ❣❡♥❡s ✐♥t♦ ♠❡ss❡♥❣❡r
❘◆❆✱ ❛♥❞ ✐ts tr❛♥s❧❛t✐♦♥ ✐♥t♦ ♣r♦t❡✐♥s✳ ❚❤✐s ❞❡t❛✐❧❡❞ r❡❛❝t✐♦♥ ♥❡t✇♦r❦
✇❛s ♣r❡✈✐♦✉s❧② ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬❙❛❦❛ ❡t ❛❧✳✱ ✷✵✶✶❪✳ ❚❤❡ ♥❡✇ ❝♦♥tr✐❜✉t✐♦♥
♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❝♦♥s✐❞❡r t❤❡ s❛♠❡ ❞❡t❛✐❧❡❞ ♥❡t✇♦r❦ ♦❢ ❛ ❝♦♠♠✉✲
♥✐t② ❡✛❡❝t ✐♥ s♣❛❝❡✳ ❇❛s❡❞ ♦♥ ❛ ❘❉▼❊ ❛♥❛❧②s✐s ✭s✉❜s❡❝t✐♦♥ ✹✳✸✳✸✮✱ ✇❡
♦❜s❡r✈❡ ❛♥ ✉♥❧✐♠✐t❡❞ s♣r❡❛❞ ♦❢ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✐♥ st♦❝❤❛st✐❝ s✐♠✉✲
❧❛t✐♦♥✳ ❚❤✐s ❝♦♥✜r♠s ♦✉r ♦❜s❡r✈❛t✐♦♥s ❜❛s❡❞ ♦♥ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ✐♥
❙❡❝t✐♦♥ ✹✳✷✳ ❚♦ ❝♦♥✜r♠ ♦✉r r❡s✉❧ts ♦❜s❡r✈❡❞ ✐♥ ❞✐s❝r❡t❡ s♣❛❝❡✱ ✇❡ ✐♥✈❡s✲
t✐❣❛t❡ ❛ ❞❡t❡r♠✐♥✐st✐❝ P❉❊ ♠♦❞❡❧ ✇✐t❤ ❡①♣❧✐❝✐t ❞✐✛✉s✐♦♥ ✐♥ ❝♦♥t✐♥✉♦✉s

♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✸✳✹✳ ❚❤❡ ✜♥❞✐♥❣s ❝♦♥✜r♠ ♦✉r
♣r❡✈✐♦✉s ❝♦♥❝❧✉s✐♦♥s ✐♥ ❬❙❛❦❛ ❡t ❛❧✳✱ ✷✵✶✶❪ ❛♥❞ str❡♥❣t❤❡♥ t❤❡ r❡s✉❧ts ✇❡
❤❛✈❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳

✹✳✸✳✶ ■♥❢♦r♠❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ●❘◆ ✇✐t❤ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❞✐✛✉s✐♦♥

❉✉❡ t♦ t❤❡ ❣r❡❛t❡r ❧❡✈❡❧ ♦❢ ❞❡t❛✐❧s✱ ✇❡ r❡s♦rt t♦ ❛ ❞✐✛❡r❡♥t ❣r❛♣❤✐❝❛❧
♥♦t❛t✐♦♥ ❢♦r t❤❡ ●❘◆ ♦❢ ❛❝t✐✈❡ ❝❡❧❧s ✐♥ ❋✐❣✉r❡ ✷✻✳ ❊❛❝❤ ❝❡❧❧ ❝♦♥t❛✐♥s
t✇♦ ❣❡♥❡s A ❛♥❞ B✱ ✇❤❡r❡ A ❛❝t✐✈❛t❡s B✳ ■♥ t✉r♥✱ B ❛❝t✐✈❛t❡s A ♦✈❡r
❛ ❢❡❡❞❜❛❝❦ ❧♦♦♣ ♠❡❞✐❛t❡❞ ❜② ✐♥t❡r✲❝❡❧❧✉❧❛r ❝♦♠♠✉♥✐❝❛t✐♦♥✿ ●❡♥❡ B ❡①✲
♣r❡ss❡s ❛ ♣r♦t❡✐♥✱ ✇❤✐❝❤ ✐s t❤❡♥ ❡①♣♦rt❡❞ ♦✉t ♦❢ t❤❡ ❝❡❧❧ ❛♥❞ t✉r♥❡❞
✐♥t♦ ❛ ❞✐✛✉s✐❜❧❡ ❢❛❝t♦r✱ ♥❛♠❡❞ ligand✳ ❚❤✐s ligand ❡✐t❤❡r ❞❡❣r❛❞❡s✱
♦r ❞✐✛✉s❡s t♦ ❛ ❞✐r❡❝t❧② ♥❡✐❣❤❜♦✉r✐♥❣ ❝❡❧❧✳ ❘❡❝❡♣t✐♦♥ ♦❢ ❛ ❧✐❣❛♥❞ ❜② ❛♥
❛❝t✐✈❡ ❝❡❧❧ r❡s✉❧ts ✐♥ ❛♥ ✐♥tr❛✲❝❡❧❧✉❧❛r s✐❣♥❛❧✱ ✇❤✐❝❤ ❝r❡❛t❡s ❛ ♣r♦t❡✐♥ C✳
❚❤✐s ♣r♦t❡✐♥ C t❤❡♥ ❛❝t✐✈❛t❡s ❣❡♥❡ A✳

✹✳✸✳✷ ❈❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s ♦❢ t❤❡ ❞❡t❛✐❧❡❞ ♠♦❞❡❧

❚❤❡ ❞❡t❛✐❧❡❞ r❡❛❝t✐♦♥ ♥❡t✇♦r❦ ✐♥❝❧✉❞✐♥❣ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ st❡♣s ♦❢ tr❛♥✲
s❝r✐♣t✐♦♥ ❛♥❞ tr❛♥s❧❛t✐♦♥ ✐s ❧✐st❡❞ ✐♥ ❋✐❣✉r❡ ✷✼✳ ◆♦t❡ t❤❛t t❡r♠s s✉❝❤ ❛s
●❡♥❡(A) ✐♥❝❧✉❞❡ t❤❡ s♣❡❝✐❡s ✈❛r✐❛❜❧❡s ∈ {A,B,C} ❛s t❤❡ ♣❛r❛♠❡t❡r✳ ❆s
✇✐t❤ ♣♦s✐t✐♦♥ ✈❛r✐❛❜❧❡s✱ t❤✐s ♠❡❛♥s t❤❛t ❢♦r ❡❛❝❤ ✈❛❧✉❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡
t❤❡r❡ ✐s ❛ s❡♣❛r❛t❡ ❝❤❡♠✐❝❛❧ s♣❡❝✐❡s✱ ❛s ✇❡❧❧ ❛s ❛♥ ✐♥st❛♥❝❡ ♦❢ t❤❡ r❡❛❝✲
t✐♦♥ ✇❤❡r❡ t❤✐s s♣❡❝✐❡s ❛♣♣❡❛r✳ ❆❧❧ ❧✐st❡❞ r❡❛❝t✐♦♥s ❛r❡ ♣r❡s❡♥t ✐♥ t❤❡
❛❝t✐✈❡ ❝❡❧❧s✱ ✇❤✐❧❡ ✐♥ ♣❛ss✐✈❡ ❝❡❧❧s ♦♥❧② ❞❡❣r❛❞❛t✐♦♥ ♦❢ ♣r♦t❡✐♥s ♦❝❝✉rs
✭r❡❛❝t✐♦♥s ✭✹✸✮✱ ✭✹✹✮✱ ❛♥❞ ✭✹✼✮✮✳

❘❡❛❝t✐♦♥ ✭✸✾✮ ❞❡♥♦t❡s t❤❡ ❛❝t✐✈❛t✐♦♥ ♦❢ t❤❡ ❣❡♥❡ A ✐♥ ❛♥ ❛❝t✐✈❡ ❝❡❧❧✱
r❡♣r❡s❡♥t❡❞ ❜② t❤❡ t❡r♠ ●❡♥❡(A)✱ ❜② t❤❡ ♣r♦t❡✐♥ Pr♦t(C)✳ ■t r❡s✉❧ts

✽✷



●❡♥❡(A) +Pr♦t(C)
α1−⇀↽−
α2

■♥❞✉❝❡❞●❡♥❡(A) ✭✸✾✮

●❡♥❡(B) +Pr♦t(A)
α2−⇀↽−
α2

■♥❞✉❝❡❞●❡♥❡(B) ✭✹✵✮

■♥❞✉❝❡❞●❡♥❡(s)
β−→ ■♥❞✉❝❡❞●❡♥❡(s) +♠❘◆❆(s) ✭✹✶✮

♠❘◆❆(s)
γ−→ ♠❘◆❆(s) +Pr♦t(s) ✭✹✷✮

♠❘◆❆(s)
δm−−→ ✭✹✸✮

Pr♦t(s ′)
δp−→ ✭✹✹✮

■♥❞✉❝❡❞●❡♥❡(s)
δp−→ ●❡♥❡(s) ✭✹✺✮

Pr♦t(B)
κ−→ ▲✐❣❛♥❞ ✭✹✻✮

▲✐❣❛♥❞
δℓ−→ ✭✹✼✮

▲✐❣❛♥❞
ǫ−→ Pr♦t(C) ✭✹✽✮

✇❤❡r❡ s ∈ {A,B}, s ′ ∈ {A,B,C}✳

❋✐❣✉r❡ ✷✼✿ ❈❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s ♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✐♥ ❳❡♥♦♣✉s✳

✐♥ ❛♥ ✐♥❞✉❝❡❞ ❣❡♥❡✱ r❡♣r❡s❡♥t❡❞ ❜② ■♥❞✉❝❡❞●❡♥❡(A)✳ ❚❤✐s ✐s ✐♥❞❡❡❞ ❛
❝♦♠♣❧❡① ❜❡t✇❡❡♥ t❤❡ ♣r♦t❡✐♥ C ❛♥❞ t❤❡ ❣❡♥❡ A✬s ♣r♦♠♦t❡r✳ α1 ❛♥❞ α2

❛r❡ t❤❡ r❛t❡ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ ❢♦r✇❛r❞ ❛♥❞ r❡✈❡rs❡ r❡❛❝t✐♦♥s✱ r❡s♣❡❝✲
t✐✈❡❧②✳ ❚❤❡s❡ ♣❛r❛♠❡t❡rs ❞❡✜♥❡ t❤❡ ♠❛ss ❛❝t✐♦♥ r❛t❡ ♦❢ t❤✐s ❡✈❡♥t✳ ■♥
t❤✐s ♠♦❞❡❧✱ ✇❡ ♦♥❧② ✇r✐t❡ t❤❡ r❛t❡ ♣❛r❛♠❡t❡rs✱ s✐♥❝❡ ❛❧❧ t❤❡ r❛t❡ ❡①♣r❡s✲
s✐♦♥s ❛r❡ ❞❡✜♥❡❞ ❜② t❤❡ ♠❛ss ❛❝t✐♦♥ r✉❧❡✳ ▲✐❦❡✇✐s❡✱ t❤❡ r❡❛❝t✐♦♥ ✭✹✵✮
❞❡s❝r✐❜❡s t❤❡ ❛❝t✐✈❛t✐♦♥ ♦❢ ❣❡♥❡ B ❜② ♣r♦t❡✐♥ A✳

❚r❛♥s❝r✐♣t✐♦♥ ❛♥❞ tr❛♥s❧❛t✐♦♥ ♦❢ ❛ ❣❡♥❡ ❛r❡ ❞❡✜♥❡❞ ❜② r❡❛❝t✐♦♥ ✭✹✶✮
❛♥❞ ✭✹✷✮✳ ❚r❛♥s❝r✐♣t✐♦♥ r❡q✉✐r❡s ❛♥ ✐♥❞✉❝❡❞ ❣❡♥❡✳ ❇♦t❤ ♠❘◆❆ ❛♥❞
♣r♦t❡✐♥ ❞❡❣r❛❞❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r✉❧❡s ✭✹✸✮ ❛♥❞ ✭✹✹✮✳ Pr♦t❡✐♥s ♠❛② ❛❧s♦
❞❡❣r❛❞❡ ✇❤✐❧❡ t❤❡② ❛r❡ ❜♦✉♥❞ t♦ ❛ ❣❡♥❡✱ ❛s st❛t❡❞ ✐♥ r✉❧❡ ✭✹✺✮✳ ❚❤❡ r❛t❡
♦❢ t❤✐s ❞❡❣r❛❞❛t✐♦♥ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ❞❡❣r❛❞❛t✐♦♥ r❛t❡ ♦❢ t❤❡ ✉♥❜♦✉♥❞
♣r♦t❡✐♥✱ δp✳

✹✳✸✳✸ ❘❉▼❊ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞❡t❛✐❧❡❞ ♠♦❞❡❧

❋✐rst✱ ✇❡ ❛♥❛❧②s❡❞ t❤❡ ❞❡t❛✐❧❡❞ ♠♦❞❡❧ ✐♥ t❤❡ ❘❉▼❊ ❢r❛♠❡✇♦r❦✳ ❚❤❡
s♣❛t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ✐s t❤❡ s❛♠❡ ❛s ❢♦r t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ♦❢ ❙❡❝t✐♦♥ ✹✳✷✱
t❤❡r❡❢♦r❡ ✐ts ❘❉▼❊ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ✐♥ t❤❡ r✉❧❡✲❜❛s❡❞ ❧❛♥❣✉❛❣❡ ✇✐t❤
♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♦r❞✐♥❛t❡ ✈❛r✐❛❜❧❡ ❛s ❜❡❢♦r❡✳ ❚❤✐s ♠♦❞❡❧ ✐s ❣✐✈❡♥ ✐♥
❋✐❣✉r❡ ✷✽✳ ◆♦✇ ❡✈❡r② s♣❡❝✐❡s ❤❛s ❛♥ ❛❞❞✐t✐♦♥❛❧ ♣❛r❛♠❡t❡r ✇❤✐❝❤ ✐s t❤❡
❝♦♦r❞✐♥❛t❡ ♦❢ t❤❡ ❝❡❧❧✱ s♦ t❤❡r❡ ❛r❡ 2Np +Na ❝♦♣✐❡s ♦❢ ❡✈❡r② s♣❡❝✐❡s ✐♥
t❤❡ ♠♦❞❡❧✳

✽✸



∀x ∈ ❆❝t✐✈❡❈❡❧❧s,

●❡♥❡(A, x) +Pr♦t(C, x)
α1−⇀↽−
α2

■♥❞✉❝❡❞●❡♥❡(A, x) ✭✹✾✮

∀x ∈ ❆❝t✐✈❡❈❡❧❧s,

●❡♥❡(B, x) +Pr♦t(A, x)
α2−⇀↽−
α2

■♥❞✉❝❡❞●❡♥❡(B, x) ✭✺✵✮

∀x ∈ ❆❝t✐✈❡❈❡❧❧s, ■♥❞✉❝❡❞●❡♥❡(s, x)
β−→ ■♥❞✉❝❡❞●❡♥❡(s, x) +♠❘◆❆(s, x)

✭✺✶✮

∀x ∈ ❆❝t✐✈❡❈❡❧❧s, ♠❘◆❆(s, x)
γ−→ ♠❘◆❆(s, x) +Pr♦t(s, x)

✭✺✷✮

∀x ∈ ❆❝t✐✈❡❈❡❧❧s, ♠❘◆❆(s, x)
δm−−→ ✭✺✸✮

∀x ∈ ❆❝t✐✈❡❈❡❧❧s, Pr♦t(s ′, x)
δp−→ ✭✺✹✮

∀x ∈ ❆❝t✐✈❡❈❡❧❧s, ■♥❞✉❝❡❞●❡♥❡(s, x)
δp−→ ●❡♥❡(s, x) ✭✺✺✮

∀x ∈ ❆❝t✐✈❡❈❡❧❧s, Pr♦t(B, x)
κ−→ ▲✐❣❛♥❞(x) ✭✺✻✮

∀x ∈ ❆❧❧❈❡❧❧s− LastCell, ▲✐❣❛♥❞(x)
D−⇀↽−
D

▲✐❣❛♥❞(x+ 1) ✭✺✼✮

∀x ∈ ❆❧❧❈❡❧❧s, ▲✐❣❛♥❞(x)
δℓ−→ ✭✺✽✮

∀x ∈ ❆❝t✐✈❡❈❡❧❧s, ▲✐❣❛♥❞(x)
ǫ−→ Pr♦t(C, x) ✭✺✾✮

✇❤❡r❡ s ∈ {A,B}, s ′ ∈ {A,B,C}✱ ❆❝t✐✈❡❈❡❧❧s = {1+Np, . . . ,Np +Na}✱
❆❧❧❈❡❧❧s = {1, . . . , 2Np +Na}✱ ❛♥❞ LastCell = {2Np +Na}✳

❋✐❣✉r❡ ✷✽✿ ❉❡t❛✐❧❡❞ r✉❧❡✲❜❛s❡❞ ♠♦❞❡❧ ♦❢ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✇✐t❤ ❞✐✛✉s✐♦♥ ✐♥
♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳

✽✹



P❛r❛♠❡t❡r ❉❡s❝r✐♣t✐♦♥ ❱❛❧✉❡

α1 ❜✐♥❞✐♥❣ ♦❢ ❛ tr❛♥s❝r✐♣t✐♦♥ ❢❛❝t♦r t♦ ❛ ❣❡♥❡ 1.93× 10−4

α2 ❞✐ss♦❝✐❛t✐♦♥ ♦❢ ❛ tr❛♥s❝r✐♣t✐♦♥ ❢❛❝t♦r ❢r♦♠ ❛ ❣❡♥❡ 3.47× 10−2

β tr❛♥s❝r✐♣t✐♦♥ ♦❢ ❛ ❣❡♥❡ t♦ ♠❘◆❆ 1.16× 10−2

γ tr❛♥s❧❛t✐♦♥ ♦❢ ♠❘◆❆✱ ❝r❡❛t✐♥❣ ❛ ♣r♦t❡✐♥ 2.31× 10−2

δm ❞❡❣r❛❞❛t✐♦♥ ♦❢ ♠❘◆❆s 1.16× 10−3

δp ❞❡❣r❛❞❛t✐♦♥ ♦❢ ♣r♦t❡✐♥s 3.47× 10−4

δl ❞❡❣r❛❞❛t✐♦♥ ♦❢ ▲✐❣❛♥❞ 1.4× 10−2

κ ❡①♣♦rt ♦❢ Pr♦t✭❇✮ ♦✉ts✐❞❡ ♦❢ ❛ ❝❡❧❧✱ ❝r❡❛t✐♥❣ ❛ ▲✐❣❛♥❞ 3.85× 10−4

ǫ ❜✐♥❞✐♥❣ ♦❢ ▲✐❣❛♥❞ t♦ ❛♥ ❛❝t✐✈❡ ❝❡❧❧✱ ❝r❡❛t✐♥❣ ❛ Pr♦t✭❈✮ 5.78× 10−5

D ❞✐✛✉s✐♦♥ ♦❢ ▲✐❣❛♥❞ ❜❡t✇❡❡♥ t✇♦ ❛❞❥❛❝❡♥t ❝❡❧❧s 5.205× 10−2

❚❛❜❧❡ ✸✿ P❛r❛♠❡t❡r ✈❛❧✉❡s ❢♦r st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ ❬❙❛❦❛
❡t ❛❧✳✱ ✷✵✶✶❪✱ ❡①❝❡♣t t❤♦s❡ ❝♦♥❝❡r♥✐♥❣ ▲✐❣❛♥❞✳

❉✐✛✉s✐♦♥ ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛ ♠♦r❡ ✜♥❡✲❣r❛✐♥❡❞ ♠❛♥♥❡r t❤❛♥ t❤❡
♦♥❡ ❞❡s❝r✐❜❡❞ ♣r❡✈✐♦✉s❧②✳ ❘✉❧❡ ✭✺✻✮ ❞❡✜♥❡s t❤❡ ❡①♣♦rt ♦❢ ❛ B ♣r♦t❡✐♥
❢r♦♠ t❤❡ xt❤ ❝❡❧❧ ✐♥t♦ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡ ❛♥❞ ✐ts ❝♦♥✈❡rs✐♦♥ ✐♥t♦ ❛
❧✐❣❛♥❞✳ ❚❤❡ ♣♦s✐t✐♦♥ ♦❢ ❛ ❧✐❣❛♥❞ ✐s s♣❡❝✐✜❡❞ ❜② ❛♥ ✐♥t❡❣❡r x ∈ ❆❧❧❈❡❧❧s✱
t❤❡ s❛♠❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❛s t❤❡ ❝❡❧❧✳ ◆♦t❡ t❤❡ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥
❛❝t✐✈❡ ❝❡❧❧s ✭♣✐♥❦ ♦✈❛❧s✮ ❛♥❞ ✐ts ♥❡✐❣❤❜♦✉r❤♦♦❞ ✭❣r❡② ❜♦① ✇✐t❤♦✉t ♦✈❛❧s✮
✐♥ ❋✐❣✉r❡ ✷✷ ♦♥ ♣❛❣❡ ✼✸✳ ❆ s❡❝r❡t❡❞ ❧✐❣❛♥❞ ❤♦♣s ❢r♦♠ ♦♥❡ ♣♦s✐t✐♦♥ t♦
t❤❡ ♥❡①t ❜② r❛♥❞♦♠ ✇❛❧❦✱ ✇❤✐❝❤ ❛♣♣r♦①✐♠❛t❡s ✐ts ❞✐✛✉s✐♦♥ ✐♥ t❤❡ ❡♥t✐r❡
❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡ ✈✐❛ ✭✺✼✮✳ ◆♦t❡ t❤❛t Ligand ✐s t❤❡ ♦♥❧② ❞✐✛✉s✐♥❣
s♣❡❝✐❡s ✐♥ t❤✐s ♠♦❞❡❧✳ ■♥ ❛♥② ♣♦s✐t✐♦♥✱ t❤❡ ❧✐❣❛♥❞ ❝❛♥ ❞❡❣r❛❞❡ ✭s❡❡ r✉❧❡
✭✺✽✮✮✳ ❋✐♥❛❧❧②✱ t❤❡ ❜✐♥❞✐♥❣ ♦❢ ❛ ❧✐❣❛♥❞ t♦ ❛ ❝❡❧❧✉❧❛r r❡❝❡♣t♦r ♦❢ ❛♥ ❛❝t✐✈❡
❝❡❧❧ ❛♥❞ s✉❜s❡q✉❡♥t ♣r♦❞✉❝t✐♦♥ ♦❢ ♣r♦t❡✐♥ C ✐s ❣♦✈❡r♥❡❞ ❜② r✉❧❡ ✭✺✾✮✳

❙t♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s

❲❡ s✐♠✉❧❛t❡❞ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❡❧❧ r♦✇ ♦✈❡r t✐♠❡
❜② st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s s✐♠✐❧❛r t♦ t❤♦s❡ ✉s❡❞ ♣r❡✈✐♦✉s❧②✳ ❆❣❛✐♥✱ ✇❡
✜rst ❝♦♥s✐❞❡r t②♣✐❝❛❧ s✐♥❣❧❡ s✐♠✉❧❛t✐♦♥ r✉♥s ✐♥ ❋✐❣✉r❡ ✷✾✳ P❛♥❡❧s ✭❛✱ ❝✱
❡✮ s❤♦✇ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ Ligand ♥✉♠❜❡r ❛❝r♦ss t❤❡ ❝❡❧❧ r♦✇ ♦✈❡r
t✐♠❡✳ P❛♥❡❧s ✭❜✱ ❞✱ ❢✮ ❛r❡ s♥❛♣s❤♦ts ♦❢ Prot(A) t❛❦❡♥ ❛t t❤❡ ❡♥❞ ♦❢
t❤♦s❡ s✐♠✉❧❛t✐♦♥s✳ ❆❧❧ s✐♠✉❧❛t✐♦♥s ❛r❡ ✐♥✐t✐❛t❡❞ ❜② t❤❡ ✐♥✐t✐❛❧ ✐♥❞✉❝t✐♦♥
✇✐t❤ ✶✵✵ Ligand ♠♦❧❡❝✉❧❡s ✐♥ t❤❡ ❧❡❢t♠♦st ❛❝t✐✈❡ ❝❡❧❧ ❛t t✐♠❡ ③❡r♦✳ ❲❡
t❡st❡❞ t❤r❡❡ ❞✐✛❡r❡♥t ❝♦♠❜✐♥❛t✐♦♥s ♦❢ (Na,Np) ❢♦r s✐♠✉❧❛t✐♦♥s✳ ❙❡❡
❚❛❜❧❡ ✸ ❢♦r t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ✉s❡❞ ✐♥ s✐♠✉❧❛t✐♦♥s✳

❲❡ ♦❜s❡r✈❡ ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡ ❜❡❤❛✈✐♦✉r ❛s ✐♥ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧
✐♥ ❙❡❝t✐♦♥ ✹✳✷✿

❼ Na = 25✱ Np = 100✿ ❜❡❧♦✇ t❤❡ t❤r❡s❤♦❧❞ ♥✉♠❜❡r ♦❢ ❛❝t✐✈❡ ❝❡❧❧s✱
t❤❡ s②st❡♠ ✐s ✉♥❛❜❧❡ t♦ s✉st❛✐♥ ❛❝t✐✈❛t✐♦♥ ✭❋✐❣✉r❡ ✷✾❛✱ ❋✐❣✉r❡ ✷✾❜✮✳

✽✺



✭❛✮ ▲✐❣❛♥❞✿ Na = 25✱ Np = 100✳ ✭❜✮ Pr♦t✭❆✮✿ Na = 25✱ Np = 100✱ t =
6× 105✳

✭❝✮ ▲✐❣❛♥❞✿ Na = 50✱ Np = 100✳ ✭❞✮ Pr♦t✭❆✮✿ Na = 50✱ Np = 100✱ t =
6× 105✳

✭❡✮ ▲✐❣❛♥❞✿ Na = 500✱ Np = 100✳ ✭❢✮ Pr♦t✭❆✮✿ Na = 500✱ Np = 100✱ t =
6× 105✳

❋✐❣✉r❡ ✷✾✿ ❙✐♥❣❧❡ r✉♥s ♦❢ st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❞❡t❛✐❧❡❞ ♠♦❞❡❧ ♦❢ ❛ ❝♦♠✲
♠✉♥✐t② ❡✛❡❝t✳ ▲❡❢t ❝♦❧✉♠♥✿ t✐♠❡ ❝♦✉rs❡ ♦❢ Ligand ♦✈❡r t❤❡ ❡♥t✐r❡
❝❡❧❧ r♦✇✳ ❘✐❣❤t ❝♦❧✉♠♥✿ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ t♦ t❤❡ ❧❡❢t✱
❧❡✈❡❧ ♦❢ ♣r♦t❡✐♥ A ✐♥ ❛❝t✐✈❡ ❝❡❧❧s✳

✽✻



❖♥❧② ✶✻ ♦❢ ✶✵✵ s✐♠✉❧❛t✐♦♥s s❤♦✇❡❞ ❛♥② r❡s✐❞✉❛❧ ❛❝t✐✈✐t② ❛t t =

6× 105✳

❼ Na = 50✱ Np = 100✿ t❤❡ s②st❡♠ ❡♥t❡rs s✉st❛✐♥❡❞ ❛❝t✐✈❛t✐♦♥ ✐♥ ❛❧❧
♦❢ ✶✵✵ s✐♠✉❧❛t✐♦♥ r✉♥s✱ ❛s s❤♦✇♥ ❢♦r ❛ t②♣✐❝❛❧ r✉♥ ✐♥ ❋✐❣✉r❡ ✷✾❝✳
❚❤✉s t❤❡ ❛❝t✐✈❛t✐♦♥ t❤r❡s❤♦❧❞ ❧✐❡s ✐♥ t❤❡ r❛♥❣❡ ❜❡t✇❡❡♥ ✷✺ ❛♥❞ ✺✵

❛❝t✐✈❡ ❝❡❧❧s✳ ❆t t❤❡ ❡♥❞ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✱ Prot(A) ✐s ♣r❡s❡♥t ✐♥ ❛❧❧
❛❝t✐✈❡ ❝❡❧❧s ✭❋✐❣✉r❡ ✷✾❞✮✱ ✐♥❞✐❝❛t✐♥❣ ❛ ❝♦♦r❞✐♥❛t❡❞ ❣❡♥❡ ❡①♣r❡ss✐♦♥
✐♥ t❤❡ ❝♦♠♠✉♥✐t②✳

❼ Na = 500✱ Np = 100✿ ❲✐t❤ Na ✇❡❧❧ ❛❜♦✈❡ t❤❡ t❤r❡s❤♦❧❞✱ ❛❧❧ s✐♠✲
✉❧❛t✐♦♥s s❤♦✇❡❞ s✉st❛✐♥❡❞ ❛❝t✐✈❛t✐♦♥✱ ❛s ✐♥ t❤❡ r✉♥ ✐♥ ❋✐❣✉r❡s ✷✾❡
❛♥❞ ✷✾❢✱ ✇❤❡r❡ ❛❧❧ ❛❝t✐✈❡ ❝❡❧❧s r❡❛❝❤❡❞ ❛ s❡❧❢✲s✉st❛✐♥✐♥❣ ❣❡♥❡ ❡①✲
♣r❡ss✐♦♥ ❛t ❛ s✐❣♥✐✜❝❛♥t ❧❡✈❡❧✳ ❲❡ ♦❜s❡r✈❡ t❤❛t✱ ❛s ✐♥ t❤❡ ♠✐♥✐♠❛❧
♠♦❞❡❧✱ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t s♣r❡❛❞s ❛❧❧ ♦✈❡r t❤❡ ❛❝t✐✈❡ ❝❡❧❧s✱ s✐♠✐❧❛r
t♦ ❋✐❣✉r❡ ✷✺❞ ♦♥ ♣❛❣❡ ✼✻✳

❚♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ ♦✉r ♦❜s❡r✈❛t✐♦♥ ✐♥ st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s ❛♥❞
t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ Np✱ Na ❛♥❞ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t✱ ✇❡ ❝♦♥✲
str✉❝t❡❞ ❛ ❞❡t❡r♠✐♥✐st✐❝ ♠♦❞❡❧✱ ✇❤✐❝❤ ✇❡ ❞❡s❝r✐❜❡ ❜❡❧♦✇✳

✹✳✸✳✹ P❉❊ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞❡t❛✐❧❡❞ ♠♦❞❡❧

❚❤❡ P❉❊ ♠♦❞❡❧ ✐s ♠❛❞❡ ✉s✐♥❣ t❤❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❢r❛♠❡✇♦r❦ ❢r♦♠
t❤❡ r❡❛❝t✐♦♥s ❞❡✜♥❡❞ ✐♥ ❋✐❣✉r❡ ✷✼ ❛♥❞ t❤❡ s♣❛t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡
s②st❡♠✳ ■♥ t❤✐s ❞❡t❡r♠✐♥✐st✐❝ ♠♦❞❡❧ ♠♦❧❡❝✉❧❛r ❞✐✛✉s✐♦♥ ❤❛♣♣❡♥s ✐♥ ❝♦♥✲

t✐♥✉♦✉s ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ❚♦ ❛✈♦✐❞ ❛♥② ❝♦♥❢✉s✐♦♥✱ ✇❡ ✉s❡ ❞✐✛❡r❡♥t
♥♦♠❡♥❝❧❛t✉r❡s ❢♦r t❡r♠s ✐♥ t❤❡ r✉❧❡✲❜❛s❡❞ ♠♦❞❡❧ ✭r❡♣r❡s❡♥t✐♥❣ ♥✉♠❜❡rs

♦❢ ♠♦❧❡❝✉❧❡s✮ ❛♥❞ ✈❛r✐❛❜❧❡s ✐♥ t❤✐s ❞❡t❡r♠✐♥✐st✐❝ ♠♦❞❡❧ ✭✇❤✐❝❤ st❛♥❞ ❢♦r
❝♦♥❝❡♥tr❛t✐♦♥s✮✱ ❛s s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✹✳

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♣❧✐❝❛t✐♦♥s✳ ❋✐rst✱ t❤❡ ♠♦❞❡❧ ✐s s❧✐❣❤t❧②
r❡❞✉❝❡❞ ✉s✐♥❣ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s✳ ❙❡❝♦♥❞✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥❝❡♣t ♦❢
❝❡❧❧ ❞❡♥s✐t②✱ ✇❤✐❝❤ ✇❛s ✐♠♣❧✐❝✐t ✐♥ ❘❉▼❊ t❤❛♥❦s t♦ s✐♠♣❧❡ s♣❛❝❡ s✉❜❞✐✲
✈✐s✐♦♥✱ ✇✐t❤ ♦♥❡ ❝❡❧❧ ❜❡✐♥❣ r❡♣r❡s❡♥t❡❞ ✇✐t❤ ♦♥❡ s✉❜✈♦❧✉♠❡✳ ❚❤✐r❞✱ t❤❡
s♣❛t✐❛❧ ✐♥❤♦♠♦❣❡♥❡✐t✐❡s✱ ♥❛♠❡❧② t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛❝t✐✈❡✲♣❛ss✐✈❡ ❝❡❧❧ ❜♦r✲
❞❡r ❛♥❞ ♥♦♥✲✉♥✐❢♦r♠ ✐♥✐t✐❛❧ ✐♥❞✉❝t✐♦♥✱ r❡q✉✐r❡s s♣❡❝✐❛❧ tr❡❛t♠❡♥t✳ ❚❤❡
❞❡t❛✐❧❡❞ ❡①♣❧❛♥❛t✐♦♥ ✐s ❛s ❢♦❧❧♦✇s✿

❇❡❝❛✉s❡ t❤❡ ♥✉♠❜❡r ♦❢ ❣❡♥❡ ❝♦♣✐❡s ♣❡r ❝❡❧❧ ✭= 1 ✐♥ ♦✉r ♠♦❞❡❧✮ ✐s
❝♦♥s❡r✈❡❞✱ ✐♥ t❤❡ r❡❣✐♦♥ ♦❝❝✉♣✐❡❞ ❜② ❛❝t✐✈❡ ❝❡❧❧s✱

Ag+Agi = ρ

Bg+Bgi = ρ,
✭✻✵✮

✇❤❡r❡ ρ ✐s t❤❡ ❝❡❧❧ ❞❡♥s✐t②✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✈❛r✐❛❜❧❡s ❛r❡ ❞❡s❝r✐❜❡❞
❜② ❛ s❡t ♦❢ P❉❊s✿
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▼♦❧❡❝✉❧❡s P❉❊ ✈❛r✐❛❜❧❡s ❘✉❧❡✲❜❛s❡❞ t❡r♠s

●❡♥❡ ❆ Ag ●❡♥❡(A, x)

●❡♥❡ ❇ Bg ●❡♥❡(B, x)

■♥❞✉❝❡❞ ❣❡♥❡ ❆ Agi ■♥❞✉❝❡❞●❡♥❡(A, x)

■♥❞✉❝❡❞ ❣❡♥❡ ❇ Bgi ■♥❞✉❝❡❞●❡♥❡(B, x)

❚r❛♥s❝r✐♣ts ✭♠❘◆❆✮ ♦❢ ❣❡♥❡ ❆ Ar ♠❘◆❆(A, x)

❚r❛♥s❝r✐♣ts ✭♠❘◆❆✮ ♦❢ ❣❡♥❡ ❇ Br ♠❘◆❆(B, x)

Pr♦t❡✐♥ ♣r♦❞✉❝t ♦❢ ❣❡♥❡ ❆ Ap Pr♦t(A, x)

Pr♦t❡✐♥ ♣r♦❞✉❝t ♦❢ ❣❡♥❡ ❇ Bp Pr♦t(B, x)

Pr♦t❡✐♥ ❈ Cp Pr♦t(C, x)

❚❤❡ ❞✐✛✉s✐❜❧❡ ❢❛❝t♦r Lp ▲✐❣❛♥❞(x)

❚❛❜❧❡ ✹✿ ❚❡r♠s ♦❢ t❤❡ st♦❝❤❛st✐❝ ♠♦❞❡❧ ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛r✐❛❜❧❡s ♦❢ t❤❡
❞❡t❡r♠✐♥✐st✐❝ ♠♦❞❡❧✳ ❱❛r✐❛❜❧❡s ✐♥ t❤❡ P❉❊ ♠♦❞❡❧✱ ❜r✐❡✢② r❡❢❡rr❡❞ t♦
❛s ❡✳❣✳ Ap✱ ❛r❡ ✐♥❞❡❡❞ ❢✉♥❝t✐♦♥s ♦❢ ✭❝♦♥t✐♥✉♦✉s✮ s♣❛❝❡ x ❛♥❞ t✐♠❡ t✱
❡✳❣✳ Ap(x, t)✳

∂Agi

∂t
= α1AgCp− (α2 + δp)Agi, ✭✻✶✮

∂Bgi

∂t
= α1 BgAp− (α2 + δp)Bgi, ✭✻✷✮

∂Ar

∂t
= βAgi− δmAr, ✭✻✸✮

∂Br

∂t
= βBgi− δm Br, ✭✻✹✮

∂Ap

∂t
= γAr+α2 Bgi−α1 BgAp− δpAp, ✭✻✺✮

∂Bp

∂t
= γBr− (κ+ δp)Bp, ✭✻✻✮

∂Cp

∂t
= ǫLp+α2Agi−α1AgCp− δpCp, ✭✻✼✮

∂Lp

∂t
= λ∆Lp− δℓ Lp+ J+ I, ✭✻✽✮

✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥s J ❛♥❞ I ✐♥ ✭✻✽✮ ❛r❡ ❞❡✜♥❡❞ ❛s

J(x, t) = κBp(x, t) − ǫLp(x, t), ✭✻✾✮

I(t) = η θ(τ− t). ✭✼✵✮

❍❡r❡✱ θ ✐s t❤❡ ✉♥✐t st❡♣ ❢✉♥❝t✐♦♥✿

θ(x) =






0, x < 0

1, x > 0

❛♥❞ J ✐s t❤❡ ♥❡t ✢♦✇ ♦❢ Lp ✐♥ ❛♥❞ ♦✉t ♦❢ t❤❡ ❝❡❧❧✳ ❚❤❡ ❢✉♥❝t✐♦♥ I ✐s
t❤❡ ✐♥✐t✐❛❧ ✐♥❞✉❝t✐♦♥ ♦❢ ❛♠♣❧✐t✉❞❡ η ❛♥❞ ❞✉r❛t✐♦♥ τ✳ ❚❤❡ t❡r♠ λ∆Lp

✽✽



P❛r❛♠❡t❡r ❉❡s❝r✐♣t✐♦♥ ❱❛❧✉❡ ❘❛♥❣❡

α1 ❜✐♥❞✐♥❣ ♦❢ Cp t♦ Ag 1.93× 10−4 ✜①❡❞ ✈❛❧✉❡

α2 ❞✐ss♦❝✐❛t✐♦♥ ♦❢ Cp ❢r♦♠ Ag 3.47× 10−2 ✜①❡❞ ✈❛❧✉❡

β tr❛♥s❝r✐♣t✐♦♥ 1.16× 10−2 ✜①❡❞ ✈❛❧✉❡

γ tr❛♥s❧❛t✐♦♥ w 2.31× 10−2 ✜①❡❞ ✈❛❧✉❡

δm ❞❡❣r❛❞❛t✐♦♥ ♦❢ ♠❘◆❆s 1.16× 10−3 ✜①❡❞ ✈❛❧✉❡

δp ❞❡❣r❛❞❛t✐♦♥ ♦❢ ♣r♦t❡✐♥s 5.78× 10−4 ✜①❡❞ ✈❛❧✉❡

δℓ ❞❡❣r❛❞❛t✐♦♥ ♦❢ Lp 5× 10−4 ✜①❡❞ ✈❛❧✉❡

ǫ ✐♠♣♦rt ❛♥❞ ❝♦♥✈❡rs✐♦♥ ♦❢ Lp ✐♥t♦ Cp 10−5 ♥✳❛✳

κ ❡①♣♦rt ❛♥❞ ❝♦♥✈❡rs✐♦♥ ♦❢ Bp ✐♥t♦ Lp 3.85× 10−4 ✜①❡❞ ✈❛❧✉❡

λ ❞✐✛✉s✐♦♥ r❛t❡ ♦❢ Lp ✷✵ ✜①❡❞ ✈❛❧✉❡

ρ ❝❡❧❧ ❞❡♥s✐t② s❡❡ ❋✐❣✳✸✵ 0 6 ρ 6 20

η ❛♠♣❧✐t✉❞❡ ♦❢ ✐♥❞✉❝t✐♦♥ ✷ ✜①❡❞ ✈❛❧✉❡

τ ❞✉r❛t✐♦♥ ♦❢ ✐♥❞✉❝t✐♦♥ ✷✵✵ ✜①❡❞ ✈❛❧✉❡

ra ❞♦♠❛✐♥ s✐③❡ ♦❢ ❛❝t✐✈❡ ❝❡❧❧s ✭❝♦♠♠✉♥✐t②
s✐③❡✮

s❡❡ ❋✐❣✳✸✵ 0 6 ra 6 400

rp ❞♦♠❛✐♥ s✐③❡ ♦❢ ♣❛ss✐✈❡ ❝❡❧❧s s❡❡ ❋✐❣✳✸✵ s❡❡ ❋✐❣✳✸✵

❚❛❜❧❡ ✺✿ P❛r❛♠❡t❡r ✈❛❧✉❡s ❢♦r ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✐♥
s✉❜s❡❝t✐♦♥ ✹✳✸✳✹✳ ❯s❡❞ ❢♦r s✐♠✉❧❛t✐♦♥s✱ ✉♥❧❡ss ❞❡✜♥❡❞ ❡①♣❧✐❝✐t❧② ✐♥ t❤❡
♠❛✐♥ t❡①t✳ P❛r❛♠❡t❡r r❛♥❣❡s ✐♥ t❤❡ ❧❛st ❝♦❧✉♠♥ ❛r❡ ✉s❡❞ ❢♦r ♣❤❛s❡
❞✐❛❣r❛♠s✳

❞❡s❝r✐❜❡s ❞✐✛✉s✐♦♥ ♦❢ Lp✱ ✇❤❡r❡ λ ✐s t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t✳ ❚❤❡ ❜♦✉♥❞✲
❛r② ❝♦♥❞✐t✐♦♥ ✐s

Ag(x, 0) = Bg(x, 0) = ρ,

❛♥❞ ❛❧❧ ♦t❤❡r ✈❛r✐❛❜❧❡s ❛r❡ 0 ❛t t = 0✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s②st❡♠ ✐♥
0 6 x 6 d ✇✐t❤ ❝❧♦s❡❞ ❜♦✉♥❞❛r✐❡s✱ t❤❡r❡❢♦r❡

∂Lp

∂x
= 0, x =






0

d
. ✭✼✶✮

❆s ✐♥ t❤❡ r✉❧❡✲❜❛s❡❞ ♠♦❞❡❧✱ t❤❡ ❛❝t✐✈❡ ❝❡❧❧s ♦❝❝✉♣② t❤❡ ♠✐❞❞❧❡ ❞♦♠❛✐♥
♦❢ ✇✐❞t❤ ra✱ ❛♥❞ ❛r❡ ✢❛♥❦❡❞ ❜② ❛ ♣❛ss✐✈❡ ❝❡❧❧ r❡❣✐♦♥ ♦❢ s✐③❡ rp ♦♥ ❡❛❝❤
s✐❞❡✳ ❚❤❡r❡❢♦r❡✱

d = ra + 2rp.

❈♦♠♠✉♥✐t② ❡✛❡❝ts ❛r❡ s✐③❡✲ ❛♥❞ ❞❡♥s✐t②✲❞❡♣❡♥❞❡♥t ✐♥ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧

♠♦❞❡❧

❚❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ P❉❊ ♠♦❞❡❧ ❛r❡ q✉❛❧✐t❛t✐✈❡❧② s✐♠✐❧❛r t♦
✇❤❛t ✇❡ ♦❜s❡r✈❡❞ ✐♥ st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s ✭❋✐❣✉r❡ ✸✵✮✳ ❚❤❡ ♠♦st ♥♦✲
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✭❛✮ ✭❜✮

✭❝✮

ρ = 10
d = ra + 200
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❋✐❣✉r❡ ✸✵✿ ❙✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♠♦❞❡❧ ♦❢ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t✳ ✭❛✱
❜✮ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ Ap ✐♥ ✶❉ s♣❛❝❡ ♦✈❡r t✐♠❡✱ ❢♦r t✇♦ ❞✐✛❡r❡♥t ❞❡♥✲
s✐t✐❡s✳ ❚❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✐s ❝♦❧♦✉r✲❝♦❞❡❞ ❛s ✐♥❞✐❝❛t❡❞✳ ✭❛✮ ❆t ❤✐❣❤
❞❡♥s✐t② ✭ρ = 15✮ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t s♣r❡❛❞s r❛♣✐❞❧② ♦♥❝❡ ✐♥✐t✐✲
❛t❡❞✳ ✭❜✮ ❲✐t❤ ❧♦✇ ❞❡♥s✐t② ✭ρ = 5✮✱ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ✐s tr❛♥s✐❡♥t✳
◆♦t❡ t❤❡ ❞✐✛❡r❡♥t s❝❛❧❡ ♦❢ ❝♦❧♦✉r✲❝♦❞✐♥❣ ❢♦r ❣❡♥❡ ❡①♣r❡ss✐♦♥ ❧❡✈❡❧✳
P❛r❛♠❡t❡r ✈❛❧✉❡s ❢♦r ✐♥❞✉❝t✐♦♥ ❛r❡ η = 2, τ = 200 ❛♥❞ t❤❡ ✇✐❞t❤ ♦❢
✐♥❞✉❝t✐♦♥ ✐s ✶✳ ✭❝✮ P❤❛s❡ ❞✐❛❣r❛♠ ✐♥ t❤❡ ♣❛r❛♠❡t❡r ♣❧❛♥❡ (ρ, ra)✳
■♥✐t✐❛❧ ✐♥❞✉❝t✐♦♥ ✐s ❛♣♣❧✐❡❞ ✉♥✐❢♦r♠❧② ❛❝r♦ss t❤❡ ❝♦♠♠✉♥✐t②✳ Ap

❝♦♥❝❡♥tr❛t✐♦♥ ❛t q✉❛s✐✲st❡❛❞② st❛t❡ (t = 4× 105) ✐s ❝♦❧♦✉r✲❝♦❞❡❞
❛s ✐♥❞✐❝❛t❡❞✳ ❈♦♥t♦✉rs ❛r❡ ❛❧s♦ s❤♦✇♥✳ ●❡♥❡ ❡①♣r❡ss✐♦♥ ❞❡♣❡♥❞s
♦♥ t❤❡ ❝❡❧❧ ❞❡♥s✐t② ρ ❛♥❞ t❤❡ s✐③❡ ♦❢ t❤❡ ❝♦♠♠✉♥✐t② r2✳ ❚❤❡ ❜❧✉❡
❞♦ts ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♣❛r❛♠❡t❡r s❡ts ✐♥ ♣❛♥❡❧s ✭❛✮ ❛♥❞ ✭❜✮✳ ✭❞✮
Ap ❝♦♥❝❡♥tr❛t✐♦♥ ♣❧♦tt❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝♦♠♠✉♥✐t② s✐③❡ ra✳
❙✐♠✉❧❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ ❝♦♥st❛♥t rp = 100 ❛♥❞ ρ = 10✳
■♥✐t✐❛❧ ✐♥❞✉❝t✐♦♥ ✐s ❛♣♣❧✐❡❞ ✉♥✐❢♦r♠❧② ❛❝r♦ss t❤❡ ❝♦♠♠✉♥✐t②✳ ❚❤❡
♣❧♦t s❤♦✇s ♠❛♥② ❞✐s❝♦♥t✐♥✉♦✉s ❥✉♠♣s ✐♥ ❝♦♥❝❡♥tr❛t✐♦♥✱ ✇❤✐❝❤ ✐s
♠♦st ❧✐❦❡❧② ❛♥ ❛rt❡❢❛❝t ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥✳

t❛❜❧❡ ♦❜s❡r✈❛t✐♦♥ ✐s t❤❛t s❡❧❢✲s✉st❛✐♥❡❞ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡
❝❡❧❧ ❞❡♥s✐t② ❛♥❞ t❤❡ s✐③❡ ♦❢ t❤❡ ❝♦♠♠✉♥✐t② r❡❧❛t✐✈❡ t♦ t❤❛t ♦❢ t❤❡ ✇❤♦❧❡
s②st❡♠✳ ❚❤✐s ✐♥❞✐❝❛t❡s t❤❛t ❝♦♠♠✉♥✐t② ❡✛❡❝ts ❛r❡ ✐♥✢✉❡♥❝❡❞ ❜② t❤❡
s♣❛t✐❛❧ ❛rr❛♥❣❡♠❡♥t ♦❢ ❝❡❧❧s✳ ▲❡t ✉s ♥♦✇ ❡①♣❧❛✐♥ t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts
♦❢ t❤❡ P❉❊ ♠♦❞❡❧✳

✾✵



❋✐❣✉r❡ ✸✵❛ ❛♥❞ ❋✐❣✉r❡ ✸✵❜ s❤♦✇ t❤❡ t②♣✐❝❛❧ ❞②♥❛♠✐❝s ♦❢ Ap ❝♦♥❝❡♥✲
tr❛t✐♦♥ ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ✇✐t❤ ❞✐✛❡r❡♥t ❝❡❧❧ ❞❡♥s✐t✐❡s✳ ■♥ t❤❡s❡
s✐♠✉❧❛t✐♦♥s✱ d = 100 ❛♥❞ ra = 60 (rp = 20)✳ ❆❧t❤♦✉❣❤ ♦♥❧② t❤❡ ♥❛rr♦✇
♠✐❞❞❧❡ r❡❣✐♦♥ ♦❢ ✇✐❞t❤ ♦♥❡ ✐s ✐♥❞✉❝❡❞ ❢♦r ❛ ❜r✐❡❢ ♣❡r✐♦❞✱ t❤❡ ❡♥t✐r❡ ❞♦✲
♠❛✐♥ ♦❢ ❛❝t✐✈❡ ❝❡❧❧s st❛rts ❡①♣r❡ss✐♥❣ Ag ❛❢t❡r ❛ t✐♠❡ ❧❛❣✳ ❚❤✐s s❡❡♠✐♥❣❧②
❞♦r♠❛♥t ♣❡r✐♦❞ ❜❡❢♦r❡ t❤❡ s✉r❣❡ ♦❢ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ✇❛s ♣r❡✈✐♦✉s❧② ♦❜✲
s❡r✈❡❞ ✇✐t❤ ❛ s♣❛❝❡❧❡ss ♠♦❞❡❧ ♦❢ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t ❬❙❛❦❛ ❡t ❛❧✳✱ ✷✵✶✶❪✳
❙✉❝❤ ❡①♣r❡ss✐♦♥ s✉r❣❡ ❤❛♣♣❡♥s ❛❧♠♦st s✐♠✉❧t❛♥❡♦✉s ❛❝r♦ss t❤❡ ❝♦♠♠✉✲
♥✐t② ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡ s♣❡❡❞ ♦❢ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ ❛ ❝♦♠♠✉♥✐t②
❡✛❡❝t ♦❜✈✐♦✉s❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❞✐✛✉s✐♦♥ r❛t❡ ♦❢ t❤❡ ❧✐❣❛♥❞ δℓ✳ ❲✐t❤
❧♦✇❡r ❞✐✛✉s✐♦♥ r❛t❡s✱ ✐t ❜❡❝♦♠❡s s❧♦✇❡r ❛♥❞ ✐s q✉❛❧✐t❛t✐✈❡❧② s✐♠✐❧❛r t♦
t❤❡ s♣r❡❛❞ ♦❢ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✺❞ ❛♥❞ ❋✐❣✉r❡ ✷✾❡✳ ■♥
t❤❡ s✐♠✉❧❛t✐♦♥ ✐♥ ❋✐❣✉r❡ ✸✵❛✱ t❤❡ ❧✐❣❛♥❞ ❝♦♥❝❡♥tr❛t✐♦♥ ❜❡❝♦♠❡s ❛❧♠♦st
✉♥✐❢♦r♠ ❛❝r♦ss t❤❡ ✇❤♦❧❡ s②st❡♠ ❛t st❡❛❞② st❛t❡ ✭❞❛t❛ ♥♦t s❤♦✇♥✮✳

❚❤❡ s②st❡♠ r❡♣r♦❞✉❝❡s ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✿ ♦♥❝❡ t❤❡ s✐③❡ ❛♥❞ ❞❡♥s✐t②
♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❡①❝❡❡❞s ❝❡rt❛✐♥ t❤r❡s❤♦❧❞s t❤❡ ❣r♦✉♣ ❝❛♥ ♠❛✐♥t❛✐♥
❣❡♥❡ ❡①♣r❡ss✐♦♥ ❛❢t❡r ❛ tr❛♥s✐❡♥t ✐♥❞✉❝t✐♦♥✳ ❲❡ ♥❡①t ❛s❦❡❞ ✇❤❛t ✐s t❤❡
r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❛♥❞ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡

❝❡❧❧ ❣r♦✉♣✳ ❋✐❣✉r❡ ✸✵❝ ✐s ❛ ♣❤❛s❡ ❞✐❛❣r❛♠ ♣❧♦tt❡❞ ❢♦r t❤❡ ♣❛r❛♠❡t❡r ♣❛✐r
(ρ, ra)✱ ✇✐t❤ ❛ ❝♦♥st❛♥t s②st❡♠ s✐③❡ d = 100✳ ❚❤❡ ❞✐❛❣r❛♠ ✐♥❞✐❝❛t❡s t❤❛t
t❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r ❛ s❡❧❢✲s✉st❛✐♥❡❞ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ✐s str♦♥❣❧② ❝♦rr❡❧❛t❡❞
✇✐t❤ t❤❡ ❝❡❧❧ ❞❡♥s✐t② ❛♥❞ t❤❡ ❝♦♠♠✉♥✐t② s✐③❡✳ ❚❤❡ ❝r✐t✐❝❛❧ ❝♦♥t♦✉r ❢♦r
Ap = 0.2 ✭❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ❝❧♦s❡ t♦ 0✮ s❤♦✇♥ ✐♥ t❤❡ ♣❛♥❡❧ ❞♦❡s ♥♦t
✜t t♦ raρ ✭♥✉♠❜❡r ♦❢ ❝❡❧❧s✮ = constant✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡ ♦❜s❡r✈❡❞
❝♦♠♠✉♥✐t② ❡✛❡❝ts ❛r❡ ♥♦t ❛ s✐♠♣❧❡ ❝❡❧❧ ♥✉♠❜❡r ✲❞❡♣❡♥❞❡♥t ♣❤❡♥♦♠❡♥❛✱
❜✉t ❛r❡ ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ ❝❡❧❧ ❞❡♥s✐t② ❛♥❞ t❤❡ ❝♦♠♠✉♥✐t②✬s s✐③❡✳

❲❡ ❛❧s♦ ♣❡r❢♦r♠❡❞ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❛ ❝♦♥st❛♥t ❝❡❧❧ ❞❡♥s✐t②✱ ❝♦♥st❛♥t
♣❛ss✐✈❡ r❡❣✐♦♥ rp = 100 ❛♥❞ ✈❛r②✐♥❣ ra✱ t❤❛t ✐s✱ d = ra + 200✿ t❤✐s
s❝❡♥❛r✐♦ r❡s❡♠❜❧❡s t❤❛t ♦❢ t❤❡ st♦❝❤❛st✐❝ r✉❧❡✲❜❛s❡❞ ♠♦❞❡❧ ♦❢ s✉❜s❡❝✲
t✐♦♥ ✹✳✸✳✸✳ ❚❤❡ r❡s✉❧ts ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥
r❡s✉❧ts✱ s❤♦✇✐♥❣ t❤❡ ❝❧❡❛r ♠✐♥✐♠❛❧ ❝r✐t✐❝❛❧ ra t❤❛t ✐s r❡q✉✐r❡❞ ❢♦r ❛ ❝♦♠✲
♠✉♥✐t② ❡✛❡❝t ✭❋✐❣✉r❡ ✸✵❞✮✳ ❚❤❡ ♦❜s❡r✈❡❞ ❜❡❤❛✈✐♦✉r ✐s q✉❛❧✐t❛t✐✈❡❧②
s✐♠✐❧❛r t♦ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t✱ s❡❡ ❋✐❣✉r❡ ✷✺❝✳

✹✳✹ r❡❣✉❧❛t✐♦♥ ♦❢ ❛ ❝♦♠♠✉♥✐t② ❡❢❢❡❝t ❜② ❛ t✉r✐♥❣

♣❛tt❡r♥ ♠❡❝❤❛♥✐s♠

❚❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t s♣r❡❛❞s ✐♥ ❛♥ ✉♥❧✐♠✐t❡❞ ♠❛♥♥❡r ♦✈❡r t❤❡ ❡♥t✐r❡
r❛♥❣❡ ♦❢ ❛❝t✐✈❡ ❝❡❧❧s ✐♥ ❙❡❝t✐♦♥ ✹✳✷✬s ♠✐♥✐♠❛❧ ♠♦❞❡❧✱ ❝♦♥tr❛❞✐❝t✐♥❣ ❡①♣❡r✲
✐♠❡♥t❛❧ ♦❜s❡r✈❛t✐♦♥s ❬❇♦❧♦✉r✐ ❛♥❞ ❉❛✈✐❞s♦♥✱ ✷✵✶✵✱ ❉✉❜♦❝ ❡t ❛❧✳✱ ✷✵✵✽✱
●✉r❞♦♥ ❡t ❛❧✳✱ ✶✾✾✸❪✳ ❲❡ ❛❞❞r❡ss t❤❡ ✐ss✉❡ ♦❢ ✉♥❧✐♠✐t❡❞ s♣r❡❛❞ ❜② t✇♦
❞✐✛❡r❡♥t ♠♦❞❡❧s ✐♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ❝❤❛♣t❡r✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥✲
s✐❞❡r ❛ s②st❡♠ ✇✐t❤ t✇♦ ✐♥t❡r❛❝t✐♥❣ ❞✐✛✉s✐❜❧❡ ❢❛❝t♦rs✿ t❤❡ s❡❧❢✲❡♥❤❛♥❝✐♥❣
s♣❡❝✐❡s ❢♦r ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t✱ ❛♥❞ ❛ s❡❝♦♥❞ s♣❡❝✐❡s ✇❤✐❝❤ ♥❡❣❛t✐✈❡❧②
r❡❣✉❧❛t❡s ✐t✳ ❲❡ r❡✈✐❡✇ t❤✐s ❝♦♠❜✐♥❛t✐♦♥✱ ✇❤✐❝❤ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❚✉r✲
✐♥❣✬s r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ t❤❡♦r② ❬❚✉r✐♥❣✱ ✶✾✺✷❪✱ ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✹✳✶✳ ■♥

✾✶



✭❛✮ ❆ t②♣✐❝❛❧ ❚✉r✐♥❣ ♣❛tt❡r♥ ✐♥ ♦♥❡ ❞✐✲
♠❡♥s✐♦♥❛❧ s♣❛❝❡✳

✭❜✮ ●❘◆ ♦❢ t❤❡ ❚✉r✐♥❣ ♣❛tt❡r♥ ♠♦❞❡❧✳

❋✐❣✉r❡ ✸✶✿ ❆ ❚✉r✐♥❣ ♣❛tt❡r♥ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ●❘◆✳

s✉❜s❡❝t✐♦♥ ✹✳✹✳✷✱ ✇❡ s❤♦✇ t❤❛t ✐t ❛❧❧♦✇s ❧✐♠✐t✐♥❣ ❝♦♠♠✉♥✐t② ❡✛❡❝ts ✐♥
s♣❛❝❡✳ ❊st❛❜❧✐s❤✐♥❣ t❤✐s ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ❛♥❞
❚✉r✐♥❣✬s r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ t❤❡♦r② ❝♦♥st✐t✉t❡s ♦♥❡ ♦❢ t❤❡ ❝♦r❡ ❝♦♥tr✐❜✉✲
t✐♦♥s ♦❢ t❤✐s ❝❤❛♣t❡r✳

✹✳✹✳✶ ❚✉r✐♥❣✬s r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ t❤❡♦r②

❚✉r✐♥❣ ✐♥✈❡st✐❣❛t❡❞ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ✭s❡❡ s✉❜s❡❝t✐♦♥ ✷✳✺✳✶✮ ✇✐t❤
t✇♦ ✐♥t❡r❛❝t✐♥❣ ❛♥❞ ❞✐✛✉s✐♥❣ s♣❡❝✐❡s ✐♥ ❣❡♥❡r❛❧✱ r❡❣❛r❞❧❡ss ♦❢ t❤❡ t②♣❡
♦❢ t❤❡✐r ✐♥t❡r❛❝t✐♦♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ P❉❊s ❞❡s❝r✐❜✐♥❣ t❤❡ ❞②♥❛♠✐❝s
♦❢ t✇♦ ✐♥t❡r❛❝t✐♥❣ ❛♥❞ ❞✐✛✉s✐♥❣ s♣❡❝✐❡s u ❛♥❞ v✱ ✐s t❤❡ s✐♠♣❧❡st ❞❡t❡r✲
♠✐♥✐st✐❝ ♠♦❞❡❧ ♦❢ s✉❝❤ ❛ s②st❡♠ ❬❑♦♥❞♦ ❛♥❞ ❆s❛✐✱ ✶✾✾✺❪✿

∂u

∂t
= c1 u+ c2 v+ c3 + λu∆u− µu u,

∂v

∂t
= c4 u+ c5 v+ c6 + λv∆v− µv v,

✇❤❡r❡ u(x, t) ❛♥❞ v(x, t) ❛r❡ ❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ t❤❡ t✇♦ s♣❡❝✐❡s ❛t s♣❛❝❡
♣♦✐♥t x ❛♥❞ t✐♠❡ t✳ ❚❤❡ ❝♦♥t✐♥✉♦✉s s♣❛❝❡ ✐s ♦❢ ❛r❜✐tr❛r② ❞✐♠❡♥s✐♦♥✱ ✐✳❡✳
x ∈ R

n✱ s✐♠✐❧❛r t♦ t❤❡ ♠♦❞❡❧ ✉s❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✷✳✹✳ ❚❤❡ ✐♥t❡r❛❝t✐♦♥s
❜❡t✇❡❡♥ u ❛♥❞ v ❛r❡ s♣❡❝✐✜❡❞ ❜② t❤❡ ♣❛r❛♠❡t❡rs c1, . . . , c6✳ ❇② t❛❦✐♥❣
♣♦s✐t✐✈❡ ♦r ♥❡❣❛t✐✈❡ ✈❛❧✉❡s✱ t❤❡s❡ ❝❛♥ r❡♣r❡s❡♥t ❛❝t✐✈❛t✐♦♥ ♦r ✐♥❤✐❜✐t✐♦♥✱
❡①❡rt❡❞ ❜② ❡✐t❤❡r s♣❡❝✐❡s ♦♥ ✐ts❡❧❢ ✭c1, c5✮✱ ♦♥ t❤❡ ♦t❤❡r ✭c2, c4✮✱ ♦r ❜❛s❛❧
♣r♦❞✉❝t✐♦♥ ✭c3, c6✮✳ ❉✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts λu ❛♥❞ λv ❞❡✜♥❡ ❞✐✛✉s✐♦♥
s♣❡❡❞s ♦❢ u ❛♥❞ v✱ ❢♦❧❧♦✇✐♥❣ ❋✐❝❦✬s s❡❝♦♥❞ ❧❛✇✱ ❛s ✉s✉❛❧❧② ❞♦♥❡ ✐♥ t❤❡
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♠♦❞❡❧s✳ ❋✐♥❛❧❧②✱ µu ❛♥❞ µv ❛r❡ ❞❡❣r❛❞❛t✐♦♥ r❛t❡s✳
❚✉r✐♥❣ s❤♦✇❡❞ t❤❛t✱ st❛rt✐♥❣ ❢r♦♠ ❤♦♠♦❣❡♥❡♦✉s ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥s

♦❢ t❤❡ t✇♦ s♣❡❝✐❡s ✐♥ s♣❛❝❡✱ ✇✐t❤ s♠❛❧❧ r❛♥❞♦♠ ♣❡rt✉r❜❛t✐♦♥s✱ t❤✐s s②s✲
t❡♠ ❡✈❡♥t✉❛❧❧② ❝♦♥✈❡r❣❡s t♦ ❛ st❡❛❞② st❛t❡✳ ■t ❝❛♥ r❡❛❝❤ s✐① ❞✐✛❡r❡♥t
st❛t❡s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❬❚✉r✐♥❣✱ ✶✾✺✷❪✳

❚✉r✐♥❣ ♣❛tt❡r♥s ❛r❡ t❤❡ ♠♦st ✐♥t❡r❡st✐♥❣ ❛♠♦♥❣ t❤❡ s✐① ♣♦ss✐❜❧❡ st❛❜❧❡
st❛t❡s ♦❢ s✉❝❤ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s✳ ■♥ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✱

✾✷



t❤❡② ❝❛♥ ❣❡♥❡r❛t❡ ❛ ♥❡❛r❧② ❡♥❞❧❡ss ✈❛r✐❡t② ♦❢ s♣❛t✐❛❧ ♣❛tt❡r♥s✳ ❋♦r t❤❡
s✐♠♣❧❡r ❝❛s❡ ♦❢ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ t❤❛t ✇❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s ✇♦r❦✱
❚✉r✐♥❣ ♣❛tt❡r♥s ❝♦rr❡s♣♦♥❞ t♦ st❛❜❧❡ ♣❡r✐♦❞✐❝ ✇❛✈❡s✳ ❋✐❣✉r❡ ✸✶❛ s❤♦✇s
❛ t②♣✐❝❛❧ ❡①❛♠♣❧❡✳ u ❛♥❞ v ❝♦♥❝❡♥tr❛t✐♦♥s ❛r❡ ♣❧♦tt❡❞ ❛❣❛✐♥st t❤❡ s♣❛❝❡
❝♦♦r❞✐♥❛t❡ x✱ t❤❡② ♦s❝✐❧❧❛t❡ ✐♥ s♣❛❝❡✳ ◆♦t❡ t❤❛t t❤❡ ♣❛tt❡r♥ ✐s st❛❜❧❡ ✐♥
t✐♠❡✱ ✐✳❡✳ ✐t ✐s ❛ st❡❛❞② st❛t❡ ♦❢ t❤❡ s②st❡♠✳ ●❡♥❡r❛❧❧②✱ t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♥❞✐t✐♦♥s ♠✉st ❤♦❧❞ ♦♥ t❤❡ t✇♦ s♣❡❝✐❡s ♦❢ ❛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠✱
✐♥ ♦r❞❡r ❢♦r ❚✉r✐♥❣ ♣❛tt❡r♥s t♦ ❛♣♣❡❛r ❬▼❡✐♥❤❛r❞t ❛♥❞ ●✐❡r❡r✱ ✶✾✼✹❪✿

❼ ❖♥❡ ♦❢ t❤❡ s♣❡❝✐❡s✱ ❝❛❧❧❡❞ ❛❝t✐✈❛t♦r✱ ♠✉st ❤❛✈❡ ❛ ♣♦s✐t✐✈❡ ❡✛❡❝t
♦♥ ❜♦t❤ ✐ts❡❧❢ ❛♥❞ t❤❡ ♦t❤❡r✳ ❚❤❡ s❡❝♦♥❞ s♣❡❝✐❡s✱ ❝❛❧❧❡❞ ✐♥❤✐❜✐t♦r✱
♠✉st ❤❛✈❡ ❛ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ ❛❝t✐✈❛t♦r✳ ❋✐❣✉r❡ ✸✶❜ ✐❧❧✉str❛t❡s
t❤✐s ●❘◆✱ ✇✐t❤ ❛❝t✐✈❛t♦r u ❛♥❞ ✐♥❤✐❜✐t♦r v✳ ❲❡ r❡❢❡r t♦ t❤✐s ●❘◆
❛s t❤❡ ❚✉r✐♥❣ ♣❛tt❡r♥ ♠♦❞❡❧✳

❼ ❚❤❡ ✐♥❤✐❜✐t♦r ♠✉st ❞✐✛✉s❡ ❢❛st❡r t❤❛♥ t❤❡ ❛❝t✐✈❛t♦r✳

❋♦r r❡❛❧ ❜✐♦❧♦❣✐❝❛❧ s②st❡♠s✱ ✐t ✐s ❤❛r❞ t♦ ♣r♦✈❡ ❡①♣❡r✐♠❡♥t❛❧❧② t❤❛t
t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ❢✉❧✜❧❧❡❞✳ ❍♦✇❡✈❡r✱ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ❡①✲
♣❧❛✐♥ ♠❛♥② ♦❜s❡r✈❡❞ ♣❛tt❡r♥s✳ ❖♥❡ ✇❡❧❧✲st✉❞✐❡❞ ❝❛s❡ ✐s t❤❡ ❢♦r♠❛t✐♦♥
♦❢ t❤❡ ♦r❛❧ ❡❝t♦❞❡r♠ ✐♥ s❡❛ ✉r❝❤✐♥ ❡♠❜r②♦s✳ ❚❤❡r❡ ✐s s✐❣♥✐✜❝❛♥t ❡✈✐❞❡♥❝❡
❬❉✉❜♦❝ ❡t ❛❧✳✱ ✷✵✵✽❪ t❤❛t ✐ts ❛r❡❛ ✐s ❡st❛❜❧✐s❤❡❞ ❜② ❛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥
s②st❡♠ ✇✐t❤ ◆♦❞❛❧ ✭❛❝t✐✈❛t♦r✮ ❛♥❞ ▲❡❢t② ✭✐♥❤✐❜✐t♦r✮✳ ■♥ t❤✐s s②st❡♠✱ ❛
❝♦♠♠✉♥✐t② ❡✛❡❝t ✐s s✉❣❣❡st❡❞ t♦ ♦❝❝✉r ✇✐t❤ ◆♦❞❛❧ ❛s ❞✐✛✉s✐❜❧❡ ❢❛❝t♦r
❢♦r ❝❡❧❧✲t♦✲❝❡❧❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❇♦❧♦✉r✐ ❛♥❞ ❉❛✈✐❞s♦♥ ❬✷✵✶✵❪✳ ❚❤✉s✱ ✐t
♠❛② ♥♦t s❡❡♠ t♦♦ s♣❡❝✉❧❛t✐✈❡ t♦ ❡①♣❡❝t s♦♠❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠ ❛♥❞ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t✳
❖♥❡ ♦❢ ♦✉r ✐♠♣♦rt❛♥t ✐♥s✐❣❤ts ✐s t❤❛t ❚✉r✐♥❣ ♣❛tt❡r♥s ❝❛♥ ❡①♣❧❛✐♥

t❤❡ s♣❛t✐❛❧ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✐♥ ♦✉r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧
♠♦❞❡❧✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t ✇❤✐❧❡ ✐♥ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ❢♦r ❛ ❝♦♠♠✉♥✐t②
❡✛❡❝t✱ u✬s ❛❝t✐✈✐t② s♣r❡❛❞s ♦✈❡r t❤❡ ❡♥t✐r❡ ❛✈❛✐❧❛❜❧❡ s♣❛❝❡✱ ❡♠❜❡❞❞✐♥❣
t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ✐♥t♦ t❤❡ ❚✉r✐♥❣ ♣❛tt❡r♥ ♠♦❞❡❧ ❝♦♥✜♥❡s u✬s ❛❝t✐✈✐t②
t♦ ❛ s✐♥❣❧❡ ✇❛✈❡ ♦❢ ❧✐♠✐t❡❞ ✇✐❞t❤✳

✹✳✹✳✷ ❚✉r✐♥❣ ♣❛tt❡r♥ ♠♦❞❡❧

■♥ ❋✐❣✉r❡ ✸✷✱ ✇❡ ♣r❡s❡♥t ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s ♦❢ ❛ ♥❡✇ ♠♦❞❡❧ ♦❢ ❛ ❝♦♠✲
♠✉♥✐t② ❡✛❡❝t✱ ❝❛❧❧❡❞ ❚✉r✐♥❣ ♣❛tt❡r♥ ♠♦❞❡❧✳ ■t ❤❛s t✇♦ ❞✐✛✉s✐❜❧❡ s♣❡❝✐❡s✱
u ❛♥❞ v✳ ❚❤❡ ✜rst t✇♦ r❡❛❝t✐♦♥s✱ ✭✼✷✮ ❛♥❞ ✭✼✸✮✱ ❛r❡ ❡q✉❛❧ t♦ t❤♦s❡ ♦❢
t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ♦❢ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✇✐t❤ t❤❡ ❞✐✛✉s✐❜❧❡ ❢❛❝t♦r u

✭❋✐❣✉r❡ ✷✸ ♦♥ ♣❛❣❡ ✼✹✮✳ ❚❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s❡❝♦♥❞ ❞✐✛✉s✐❜❧❡ ❢❛❝t♦r v
✐s ❞❡s❝r✐❜❡❞ ❜② t❤r❡❡ ❛❞❞✐t✐♦♥❛❧ r❡❛❝t✐♦♥s✳ ❘❡❛❝t✐♦♥s ✭✼✹✮ ❛♥❞ ✭✼✺✮ r❡♣✲
r❡s❡♥t ❛❝t✐✈❛t✐♦♥ ♦❢ t❤❡ ✐♥❤✐❜✐t♦r ❛♥❞ ✐♥❤✐❜✐t✐♦♥ ♦❢ t❤❡ ❛❝t✐✈❛t♦r r❡q✉✐r❡❞
❢♦r ❚✉r✐♥❣ ♣❛tt❡r♥s✱ ✇✐t❤ ▼✐❝❤❛❡❧✐s✲▼❡♥t❡♥ ❦✐♥❡t✐❝ ❧❛✇s✳ ❘❡❛❝t✐♦♥ ✭✼✻✮
❞❡✜♥❡s ❞❡❣r❛❞❛t✐♦♥ ♦❢ v✱ s✐♠✐❧❛r t♦ t❤❛t ♦❢ u✳
❚❤❡s❡ r❡❛❝t✐♦♥s ♦❝❝✉r ✐♥ s♣❛❝❡ ❞❡✜♥❡❞ s✐♠✐❧❛r❧② t♦ t❤❛t ♦❢ t❤❡ ♠✐♥✐♠❛❧

♠♦❞❡❧✿ ❛ s✐♥❣❧❡ r♦✇ ♦❢ ❝❡❧❧s ✇✐t❤ ❛❝t✐✈❡ ❝❡❧❧s ❜❡✐♥❣ ✢❛♥❦❡❞ ❜② ♣❛ss✐✈❡
❝❡❧❧s✱ t❤❡ ❧❛tt❡r ♦♥❧② s✉♣♣♦rt✐♥❣ ❞✐✛✉s✐♦♥ ❛♥❞ ❞❡❣r❛❞❛t✐♦♥ r❡❛❝t✐♦♥s✳

✾✸



s❡❧❢✲❛❝t✐✈❛t✐♦♥ ♦❢ u✿ u
αu

♯u
ku+♯u−−−−−−→ 2u ✭✼✷✮

❞❡❣r❛❞❛t✐♦♥ ♦❢ u✿ u
µu♯u−−−→ ✭✼✸✮

❛❝t✐✈❛t✐♦♥ ♦❢ v✿ u
αv

♯u
kv+♯u−−−−−→ u+ v ✭✼✹✮

✐♥❤✐❜✐t✐♦♥ ♦❢ u✿ u+ v
αi♯v

♯u
ki+♯u−−−−−−→ v ✭✼✺✮

❞❡❣r❛❞❛t✐♦♥ ♦❢ v✿ v
µv♯v−−−→ ✭✼✻✮

❋✐❣✉r❡ ✸✷✿ ❘❡❛❝t✐♦♥s ♦❢ t❤❡ ❚✉r✐♥❣ ♣❛tt❡r♥ ♠♦❞❡❧✳

s❡❧❢✲❛❝t✐✈❛t✐♦♥ ♦❢ u✿ ∀x ∈ ❆❝t✐✈❡❈❡❧❧s, u(x)
αu

♯u(x)
ku+♯u(x)−−−−−−−→ 2u(x)

❞❡❣r❛❞❛t✐♦♥ ♦❢ u✿ ∀x ∈ ❆❧❧❈❡❧❧s, u(x)
µu♯u(x)−−−−−→

❞✐✛✉s✐♦♥ ♦❢ u✿ ∀x ∈ ❆❧❧❈❡❧❧s− {▲❛st❈❡❧❧}, u(x)
Du♯u(x)−−−−−−−−⇀↽−−−−−−−−

Du♯u(x+1)
u(x+ 1)

❛❝t✐✈❛t✐♦♥ ♦❢ v✿ ∀x ∈ ❆❝t✐✈❡❈❡❧❧s, u(x)
αv

♯u(x)
kv+♯u(x)−−−−−−−→ u(x) + v(x)

✐♥❤✐❜✐t✐♦♥ ♦❢ u✿ ∀x ∈ ❆❝t✐✈❡❈❡❧❧s, u(x) + v(x)
αi♯v(x)

♯u(x)
ki+♯u(x)−−−−−−−−−−→ v(x)

❞❡❣r❛❞❛t✐♦♥ ♦❢ v✿ ∀x ∈ ❆❧❧❈❡❧❧s, v(x)
µv♯v(x)−−−−−→

❞✐✛✉s✐♦♥ ♦❢ v✿ ∀x ∈ ❆❧❧❈❡❧❧s− {▲❛st❈❡❧❧}, v(x)
Dv♯v(x)−−−−−−−⇀↽−−−−−−−

Dv♯v(x+1)
v(x+ 1)

✇❤❡r❡ ❆❝t✐✈❡❈❡❧❧s = {1 + Np, . . . ,Np + Na}✱ ❆❧❧❈❡❧❧s =

{1, . . . ,▲❛st❈❡❧❧}✱ ▲❛st❈❡❧❧ = 2Np +Na✳

❋✐❣✉r❡ ✸✸✿ ❘✉❧❡s ♦❢ ❚✉r✐♥❣ ♣❛tt❡r♥ ♠♦❞❡❧✳
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✭❛✮ ■♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ u ✐s ✉♥✐❢♦r♠
❛❝r♦ss ❛❧❧ ❛❝t✐✈❡ ❝❡❧❧s✳

✭❜✮ ■♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ u ✐s ❧♦❝❛❧✐③❡❞
❛t ❝❡❧❧ ✶✼✺✳

✭❝✮ ❱❛r②✐♥❣ ✐♥✐t✐❛❧ u ❛♠♦✉♥t ✐s ❧♦❝❛❧✲
✐③❡❞ ❛t ❝❡❧❧ ✺✶✳

✭❞✮ ❋✐①❡❞ ✐♥✐t✐❛❧ ❛♠♦✉♥t ♦❢ u = 10

✐s s♣r❡❛❞ ♦✈❡r ❛♥ ❛r❡❛ ♦❢ ✈❛r②✐♥❣
✇✐❞t❤ st❛rt✐♥❣ ❛t ❝❡❧❧ ✺✶✳

❋✐❣✉r❡ ✸✹✿ ❙t♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s ♦❢ ❚✉r✐♥❣ ♣❛tt❡r♥ ♠♦❞❡❧✱ Na ❂ ✷✵✵✱ Np ❂
✺✵✳ ✭❛✱ ❜✮✿ s✐♥❣❧❡ r✉♥s✱ ♥✉♠❜❡r ♦❢ u ♠♦❧❡❝✉❧❡s ❛❣❛✐♥st t✐♠❡ ❛♥❞
s♣❛❝❡ ❝♦♦r❞✐♥❛t❡s✳ ✭❝✱ ❞✮✿ ■♠♣❛❝t ♦❢ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛t t = 1000✳

❚❤❡ ❘❉▼❊ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ s♣❛t✐❛❧ ♠♦❞❡❧ ✐s ❣✐✈❡♥ ✐♥ t❤❡ r✉❧❡✲❜❛s❡❞
❧❛♥❣✉❛❣❡ ✐♥ ❋✐❣✉r❡ ✸✸✳ ❆s ❜❡❢♦r❡✱ t❤❡ ❞✐✛✉s✐❜❧❡ ❛❝t✐✈❛t♦r ❛t t❤❡ xt❤

♣♦s✐t✐♦♥ ✐s u(x)✱ ❛♥❞ t❤❡ ❞✐✛✉s✐❜❧❡ ✐♥❤✐❜✐t♦r ✐s v(x)✳

❋✐❣✉r❡ ✸✹❛ ❛♥❞ ❋✐❣✉r❡ ✸✹❜ s❤♦✇ t②♣✐❝❛❧ st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts
♦❢ t❤❡ s②st❡♠✱ ✉s✐♥❣ t❤❡ s❛♠❡ ✈✐s✉❛❧✐③❛t✐♦♥ ❛s ✐♥ ❋✐❣✉r❡ ✷✺✳ ❚❤❡ ♣❛✲
r❛♠❡t❡r ✈❛❧✉❡s ❢♦r t❤❡s❡ s✐♠✉❧❛t✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✷ ♦♥ ♣❛❣❡ ✼✺✳
❚❤❡ s②st❡♠ ✐s ✈❡r② s❡♥s✐t✐✈❡ t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✱ ❛♥❞ t❤❡②
✇❡r❡ t✉♥❡❞ ✐♥ ❛ ✇❛② t❤❛t ❛❧❧♦✇s ❞❡♠♦♥str❛t✐♦♥ ♦❢ t❤❡ ♣❛tt❡r♥s ✇❤✐❧❡
❦❡❡♣✐♥❣ s✐♠✉❧❛t✐♦♥ t✐♠❡ r❡❛s♦♥❛❜❧❡✳ ❖♥❧② u ✐s s❤♦✇♥✱ ❛s t❤❡ ❛♠♦✉♥t
♦❢ v ✐s str♦♥❣❧② ❝♦rr❡❧❛t❡❞ ✇✐t❤ ✐t✱ s❡❡ ❋✐❣✉r❡ ✸✶❛✳ ❆s ✇✐t❤ t❤❡ ♠✐♥✐♠❛❧
♠♦❞❡❧✱ t❤❡ s②st❡♠ ✐s ✐♥✐t✐❛❧✐③❡❞ ✇✐t❤ t❡♥ u ♠♦❧❡❝✉❧❡s ✐♥ s♦♠❡ ❝❡❧❧s ❛t
t✐♠❡ ③❡r♦✱ ✇❤✐❝❤ r❡♣r❡s❡♥t t❤❡ tr❛♥s✐❡♥t s✐❣♥❛❧ t❤❛t st❛rts t❤❡ ❞✐✛❡r❡♥t✐✲
❛t✐♦♥ ✐♥ ❜✐♦❧♦❣✐❝❛❧ s②st❡♠s✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝❛s❡s
✇❡ s❤♦✇ ♦r✐❣✐♥❛t❡s ❢r♦♠ ❤♦✇ ♠❛♥② ❛❝t✐✈❡ ❝❡❧❧s ❛r❡ ✐♥✐t✐❛❧✐③❡❞ ✇✐t❤ u

❛t t✐♠❡ ③❡r♦✿ ❡✐t❤❡r ❛❧❧ ♦❢ t❤❡♠ ✭❛✮✱ ♦r ❥✉st ♦♥❡ ✭❜✮✳ ❚❤❡ ❝♦♠♠✉♥✐t②

❡✛❡❝t ✐s ♣r❡s❡♥t ✐♥ ❡✐t❤❡r ❝❛s❡✿ ✇✐t❤ Na = 5✱ ✶✸ ♦✉t ♦❢ ✶✵✵ s✐♠✉❧❛t✐♦♥s
s❤♦✇ ❛❝t✐✈✐t② ❛t t = 1000✱ ✇❤✐❧❡ ✇✐t❤ Na = 10 ❛❧❧ ✶✵✵ s✐♠✉❧❛t✐♦♥s ❡♥t❡r
s✉st❛✐♥❡❞ ❛❝t✐✈❛t✐♦♥✳ ❚❤✉s t❤❡ ❝r✐t✐❝❛❧ ♥✉♠❜❡r ❢♦r t❤❡ ✉s❡❞ ♣❛r❛♠❡t❡r
s❡t ✐s ❜❡t✇❡❡♥ ✺ ❛♥❞ ✶✵✳
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❲✐t❤ ❤♦♠♦❣❡♥❡♦✉s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✐♥ ❛❧❧ ❛❝t✐✈❡ ❝❡❧❧s ✭❋✐❣✉r❡ ✸✹❛✮✱
t❤❡ s②st❡♠ ❡①❤✐❜✐ts ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❚✉r✐♥❣ ♣❛tt❡r♥✱ ✐✳❡✳✱ st❛❜❧❡ ♣❡r✐✲
♦❞✐❝ ✇❛✈❡s ♦❢ ❤✐❣❤ u ❧❡✈❡❧s ♦✈❡r t✐♠❡✳ ❚❤✐s ♦❝❝✉rs ❜❡❝❛✉s❡ t❤❡ st♦❝❤❛s✲
t✐❝ ♥♦✐s❡ ✐♥ ♯u ❛♥❞ ♯v ✐♥tr♦❞✉❝❡s ❛♥ ✐♥✐t✐❛❧ r❛♥❞♦♠ ❛s②♠♠❡tr②✱ ✇❤✐❝❤ ✐s
❧❛t❡r ❛♠♣❧✐✜❡❞ ❜② t❤❡ s②st❡♠ t♦ ❧❛r❣❡r s❝❛❧❡s✳ ◆♦t❡ t❤❛t t❤✐s ✐s ✐♠♣♦s✲
s✐❜❧❡ ✐♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♠♦❞❡❧✱ ✇❤❡r❡ st❛rt✐♥❣ ❢r♦♠ ❛ ❤♦♠♦❣❡♥❡♦✉s
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✇✐❧❧ ❛❧✇❛②s ❣✐✈❡ ❛ ❤♦♠♦❣❡♥❡♦✉s s♦❧✉t✐♦♥✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥ ✐s ❡ss❡♥t✐❛❧✿ ✐❢ t❤❡ ✐♥✐t✐❛❧ s✐❣♥❛❧ ✐s ❧♦❝❛❧✐③❡❞
t♦ ❛ ♥❛rr♦✇❡r ❛r❡❛ t❤❛♥ t❤❡ ✇✐❞t❤ ♦❢ ♦♥❡ ✇❛✈❡ ♦❢ t❤❡ ♣❛tt❡r♥ ✭❡✳❣✳✱ ❛
s✐♥❣❧❡ ❝❡❧❧ ❛s ✐♥ ❋✐❣✉r❡ ✸✹❜✮✱ t❤❡ s✉st❛✐♥❡❞ ❛❝t✐✈❛t✐♦♥ ❛❧s♦ r❡♠❛✐♥s ❧♦❝❛❧✲
✐③❡❞✳ ■t ❛♣♣❡❛rs ❛s ❛♥ ✐s♦❧❛t❡❞ ✇❛✈❡ t❤❛t ✐s st❛❜❧❡ ♦✈❡r t✐♠❡✳ ❚❤❡ r❡❛❞❡r
♠✐❣❤t ✇❛♥t t♦ r❡❢❡r ❜❛❝❦ t♦ ❋✐❣✉r❡ ✷✺❞✿ ✇❤❡♥ ♥♦ ♥❡❣❛t✐✈❡ ❢❡❡❞❜❛❝❦ ✐s
♣r❡s❡♥t✱ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t s♣r❡❛❞s ♦✈❡r t❤❡ ❡♥t✐r❡ r❛♥❣❡ ♦❢ ❛❝t✐✈❡ ❝❡❧❧s
❢r♦♠ ❛♥ ✐♥✐t✐❛❧ ❧♦❝❛❧✐③❡❞ st✐♠✉❧❛t✐♦♥✳ ■♥ t❤✐s ♠♦❞❡❧✱ t❤❡ ❛❝t✐✈❛t❡❞ ❛r❡❛
✐s ❝❡♥tr❡❞ ♦♥ t❤❡ ✐♥✐t✐❛❧ s✐❣♥❛❧✬s ❧♦❝❛t✐♦♥ ❛♥❞ ✐t ✐s ❛❜♦✉t ✷✵ ❝❡❧❧s ✇✐❞❡✳

❋✐❣✉r❡ ✸✹❝ ❛♥❞ ❋✐❣✉r❡ ✸✹❞ s❤♦✇ t❤❡ ♦✉t❝♦♠❡s ♦❢ t❤❡ ♣❛tt❡r♥ ❢♦r♠❛✲
t✐♦♥ ✉♥❞❡r ❞✐✛❡r❡♥t ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳ ❊❛❝❤ r♦✇ ✐s ❛ s♥❛♣s❤♦t ♦❢ ♦♥❡
s✐♠✉❧❛t✐♦♥ ♦❢ ❛ s②st❡♠ ❛t t = 1000✱ ✇✐t❤ Na = 200 ❛♥❞ Np = 50 ❢♦r ❛❧❧
❝❛s❡s✳

❋✐❣✉r❡ ✸✹❝ s❤♦✇s t❤❡ ❡✛❡❝t ♦❢ ✈❛r②✐♥❣ t❤❡ ✐♥✐t✐❛❧ u ❛♠♦✉♥t✱ ✇❤✐❧❡
❧♦❝❛❧✐③✐♥❣ ✐t ❛t t❤❡ ❧❡❢t♠♦st ❛❝t✐✈❡ ❝❡❧❧✳ ▲♦❝❛❧✐③❛t✐♦♥ ❛t t❤❡ ❡❞❣❡ ♦❢ t❤❡
❛❝t✐✈❡ ❛r❡❛ ✐s ❜✐♦❧♦❣✐❝❛❧❧② ♣❧❛✉s✐❜❧❡✱ s✐♥❝❡ t❤❡ ✐♥❞✉❝t✐♦♥ s✐❣♥❛❧ ✉s✉❛❧❧②
❝♦♠❡s ❢r♦♠ ❛♥♦t❤❡r t✐ss✉❡❀ ❛❧s♦ t❤❡ r❡s✉❧t✐♥❣ ♣❛tt❡r♥ ✐s ❜❡tt❡r ❛❧✐❣♥❡❞
✐♥ t❤✐s ❝❛s❡✳ ●❡♥❡r❛❧❧②✱ ❛ str♦♥❣❡r ✐♥✐t✐❛❧ s✐❣♥❛❧ ②✐❡❧❞s ❛ ♠♦r❡ st❛❜❧❡
♣❛tt❡r♥✳ ■❢ ♣r❡s❡♥t✱ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ♣❛tt❡r♥ ✐s ♠♦st❧② t❤❡ s❛♠❡✳ ■♥
r❛r❡r ❝❛s❡s✱ s❡❝♦♥❞❛r② ♣❛tt❡r♥s ❝❛♥ ❜❡ s❡❡♥ ✲ ✐♥ r❡❛❧ ❡♠❜r②♦s t❤♦s❡
❝♦✉❧❞ ❜❡ s✉♣♣r❡ss❡❞ ❜② ♦t❤❡r✱ ❧❡ss ♣r❡❝✐s❡ ♠❡❝❤❛♥✐s♠s✳

❋✐❣✉r❡ ✸✹❞ s❤♦✇s t❤❡ ❡✛❡❝t ♦❢ ✈❛r✐❛❜❧❡ ✐♥✐t✐❛❧ ✐♥❞✉❝t✐♦♥ ❛r❡❛ ♦♥ t❤❡
♣❛tt❡r♥✳ ❚❤❡ ✐♥✐t✐❛❧ ✐♥❞✉❝t✐♦♥ s✐❣♥❛❧ ✐s ✶✵ u ♠♦❧❡❝✉❧❡s ✐♥ ❡✈❡r② ❝❡❧❧ ✐♥
t❤❡ ✐♥❞✉❝t✐♦♥ ❛r❡❛✱ ✇❤✐❝❤ ✐s ❛❣❛✐♥ ❧♦❝❛t❡❞ ♦♥ t❤❡ ❧❡❢t ♦❢ t❤❡ ❛❝t✐✈❡ ❝❡❧❧s
r♦✇✳ ❚❤❡ ✇✐❞t❤ ♦❢ t❤❡ ❣❡♥❡r❛t❡❞ ♣❛tt❡r♥ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ✇✐❞t❤
♦❢ t❤❡ ✐♥✐t✐❛❧ s✐❣♥❛❧✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ✐♥✐t✐❛❧ s✐❣♥❛❧ ✐s s♠❛❧❧❡r t❤❛♥ t❤❡
♣❛tt❡r♥ ✐ts❡❧❢✳

❚❤❡r❡❢♦r❡✱ t❤❡ s②st❡♠ ✐s ♦r❣❛♥✐③❡❞ ✐♥t♦ ❛ r♦❜✉st st❛❜❧❡ ♣❛tt❡r♥✱ ✇❤✐❝❤
✐s ♥♦t ❢✉❧❧② s♣❡❝✐✜❡❞ ❜② t❤❡ ✐♥✐t✐❛❧ s✐❣♥❛❧✳ ❘❛t❤❡r✱ ✐t ✐s ❞❡✜♥❡❞ ❜②
t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❣❡♥❡ r❡❣✉❧❛t♦r② ♥❡t✇♦r❦✳ ■♥ s✉♠♠❛r②✱ t❤❡ s❡❧❢✲

r❡❣✉❧❛t✐♦♥ ✐♠♣♦s❡❞ ❜② t❤✐s ❘❉ s②st❡♠ ❝♦♥str❛✐♥s t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t

✇✐t❤✐♥ ❛♥ ❛r❡❛ ✇✐t❤ ✇❡❧❧✲❞❡✜♥❡❞ ❜♦✉♥❞❛r✐❡s✳

✹✳✺ ♣❛tt❡r♥ ❢♦r♠❛t✐♦♥ ❜② ❛ ❞②♥❛♠✐❝ ♠♦r♣❤♦❣❡♥ ❣r❛✲

❞✐❡♥t ❛♥❞ ❛ ❝♦♠♠✉♥✐t② ❡❢❢❡❝t

❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ ❛ s❡❝♦♥❞ ♠♦❞❡❧ t❤❛t ♣r❡✈❡♥ts t❤❡ s♣r❡❛❞ ♦❢ ❛ ❝♦♠✲
♠✉♥✐t② ❡✛❡❝t ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ■t ✐s ❜❛s❡❞ ♦♥ ❛ ❣❡♥❡ r❡❣✉❧❛t♦r②
♥❡t✇♦r❦ ❝♦♥tr♦❧❧✐♥❣ ♣❛tt❡r♥ ❢♦r♠❛t✐♦♥ ✐♥ r❡s♣♦♥s❡ t♦ ❛ ♠♦r♣❤♦❣❡♥ ❣r❛✲
❞✐❡♥t ✐♥ ❳❡♥♦♣✉s ❡♠❜r②♦s ❬❙❛❦❛ ❛♥❞ ❙♠✐t❤✱ ✷✵✵✼❪✳ ❋✐❣✉r❡ ✸✺❛ s❤♦✇s

✾✻



✭❛✮ ✭❜✮

❋✐❣✉r❡ ✸✺✿ ❆ ♠♦❞❡❧ ♦❢ ❡♠❜r②♦♥✐❝ ✐♥❞✉❝t✐♦♥ ❜② ❞②♥❛♠✐❝ ♠♦r♣❤♦❣❡♥ ❣r❛❞✐❡♥t
❛♥❞ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t✳ ✭❛✮ ●❘◆✳ ✭❜✮ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ♠♦r✲
♣❤♦❣❡♥ ❣r❛❞✐❡♥t ❛❧♦♥❣ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ♦❢ ❧❡♥❣t❤ d✱ ✇✐t❤
❝❡❧❧s ✐♠♣❧❡♠❡♥t✐♥❣ t❤❡ ●❘◆✳

t❤✐s ●❘◆ ✇❡ r❡❢❡r t♦ ❛s t❤❡ ❞②♥❛♠✐❝ ♠♦r♣❤♦❣❡♥ ❣r❛❞✐❡♥t ♠♦❞❡❧✳ ❋✐rst✱
✐t ❝♦♥t❛✐♥s ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t ❧♦♦♣ ❜❡t✇❡❡♥ t✇♦ ♠✉t✉❛❧❧② ❛❝t✐✈❛t✐♥❣
❣❡♥❡s u ❛♥❞ w✳ ❚❤❡ ❧❛tt❡r ✐s ❛ ❞✐✛✉s✐❜❧❡ ❢❛❝t♦r ❢♦r ❝❡❧❧✲t♦✲❝❡❧❧ ❝♦♠♠✉✲
♥✐❝❛t✐♦♥✱ ✇❤✐❝❤ ❝♦♥tr♦❧s t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t✳ ❙❡❝♦♥❞✱ ✐t ❤❛s ❛ ❣❡♥❡t✐❝
t♦❣❣❧❡ s✇✐t❝❤ ❬●❛r❞♥❡r ❡t ❛❧✳✱ ✷✵✵✵❪ ✕ ❛ ✇❡❧❧✲❦♥♦✇♥ ●❘◆ ♠♦t✐❢ ✕ ❢♦r♠❡❞
❜② t❤❡ ♠✉t✉❛❧ r❡♣r❡ss✐♦♥ ❜❡t✇❡❡♥ u ❛♥❞ v✳ ❚❤✐r❞✱ ❜♦t❤ u ❛♥❞ v ❛r❡
♣♦s✐t✐✈❡❧② ❝♦♥tr♦❧❧❡❞ ❜② s✳ ❋♦✉rt❤✱ ❛♥❞ ✐♠♣♦rt❛♥t❧②✱ s ✐s ❛ ♠♦r♣❤♦❣❡♥ ✲
❢♦r♠✐♥❣ ❛ ❣r❛❞✐❡♥t ❜② ❞✐✛✉s✐♦♥ ❢r♦♠ ❛ s♦✉r❝❡ ✐♥ s♣❛❝❡✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥
❋✐❣✉r❡ ✸✺❜✳
❆s ❜❡❢♦r❡ ✐♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❢♦r♠✉❧❛t❡ t❤❡ ♠♦❞❡❧ ✐♥ t❡r♠s ♦❢ ❝❤❡♠✲

✐❝❛❧ r❡❛❝t✐♦♥s✳ ❚❤❡ s♣❛❝❡ ✐s ❞❡✜♥❡❞ t❤❡ s❛♠❡ ✇❛② ❛s ❢♦r t❤❡ ♠✐♥✐♠❛❧
♠♦❞❡❧✳ ❲❡ ♣r♦✈✐❞❡ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❛♥❛❧②s✐s ♦❢ t❤❡ ♠♦❞❡❧ ✜rst✱ ✉s✐♥❣
t❤❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❢r❛♠❡✇♦r❦✳ ❲❡ ❛❧s♦ ♣r♦✈✐❞❡ ❛ st♦❝❤❛st✐❝ ❛♥❛❧②s✐s
♦❢ t❤❡ ♠♦r♣❤♦❣❡♥ ❣r❛❞✐❡♥t ♠♦❞❡❧ ✉s✐♥❣ ✐ts ❘❉▼❊ ❢♦r♠✉❧❛t✐♦♥ ✐♥ t❤❡
r✉❧❡✲❜❛s❡❞ ❧❛♥❣✉❛❣❡ ❞❡✜♥❡❞ ❡❛r❧✐❡r✳
❚❤❡ ✐♥s✐❣❤ts ♦❢ t❤✐s s❡❝t✐♦♥ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

❼ ❲❡ s❤♦✇ t❤❛t ❛ ♣❛tt❡r♥ ♦❢ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ❡♠❡r❣❡s ✇✐t❤ ❛ s❤❛r♣
❜♦✉♥❞❛r② ✐♥ s♣❛❝❡✱ ❛♥❞ t❤❛t t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ♦r✐❡♥ts t❤✐s
s♣❛t✐❛❧ ♣❛tt❡r♥✳

❼ ❲❡ ❡①❛♠✐♥❡ t❤❡ s②st❡♠✬s ❜❡❤❛✈✐♦✉r ❛s t❤❡ ♠♦r♣❤♦❣❡♥ s❛t✉r❛t❡s
t❤❡ ❡♥t✐r❡ s♣❛❝❡✳ ❙✉r♣r✐s✐♥❣❧②✱ t❤❡ ❡st❛❜❧✐s❤❡❞ ♣❛tt❡r♥ ✐s ♠❛✐♥✲
t❛✐♥❡❞ ✐♥ t❤❡ ❝♦♠♠✉♥✐t② ✇✐t❤ ✉♥✐❢♦r♠ ♠♦r♣❤♦❣❡♥ ❝♦♥❝❡♥tr❛t✐♦♥✳
❚❤✐s s❤♦✇s t❤❛t ♣♦s✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ✐s ♥♦t ♣r♦✈✐❞❡❞ ❜② ♠♦r✲

♣❤♦❣❡♥ ❝♦♥❝❡♥tr❛t✐♦♥ ❛❧♦♥❡✱ ❜✉t ✐s ❡♥❝♦❞❡❞ ✐♥ t❤❡ ♠♦r♣❤♦❣❡♥ ❞②✲

♥❛♠✐❝s✳

❼ ❆ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✐s ❞✐s♣❡♥s❛❜❧❡ ❢♦r ♣❛tt❡r♥ ❢♦r♠❛t✐♦♥✳ ❍♦✇❡✈❡r✱
✐t ✐s ❡ss❡♥t✐❛❧ ❢♦r t❤❡ r❡✜♥❡♠❡♥t ♦❢ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ❜♦✉♥❞❛r② ❛♥❞
❝♦♥❢❡rs r♦❜✉st♥❡ss t♦ ♣❛tt❡r♥✐♥❣ ♣r♦❝❡ss❡s✳

✾✼



❋✐❣✉r❡ ✸✻✿ ●❘◆ ✇✐t❤♦✉t ♣♦s✐t✐✈❡ ❢❡❡❞❜❛❝❦ ❛♥❞ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t✱ ❛♥❛❧②s❡❞
✐♥ ❋✐❣✉r❡ ✹✷✳

❛❝t✐✈❛t✐♦♥ ♦❢ u ❜② s✿ s
k1

♯s
(δ♯v)n+1−−−−−−→ s+ u ✭✼✼✮

❛❝t✐✈❛t✐♦♥ ♦❢ v ❜② s✿ s
k3

♯s
(δ♯u)n+1−−−−−−→ s+ v ✭✼✽✮

❛❝t✐✈❛t✐♦♥ ♦❢ u ❜② w✿ w
k2

(δ♯w)n

δ((δ♯v)n+1)((δ♯w)n+1)−−−−−−−−−−−−−−→ w+ u ✭✼✾✮

❛❝t✐✈❛t✐♦♥ ♦❢ w ❜② u✿ u
k4

(δ♯u)n

δ((δ♯u)n+1)−−−−−−−−→ u+w ✭✽✵✮

❞❡❣r❛❞❛t✐♦♥ ♦❢ u✿ u
µ1♯u−−−→ ✭✽✶✮

❞❡❣r❛❞❛t✐♦♥ ♦❢ v✿ v
µ2♯v−−−→ ✭✽✷✮

❞❡❣r❛❞❛t✐♦♥ ♦❢ w✿ w
µ3♯w−−−→ ✭✽✸✮

❞❡❣r❛❞❛t✐♦♥ ♦❢ s✿ s
µ4♯s−−−→ ✭✽✹✮

❋✐❣✉r❡ ✸✼✿ ❘❡❛❝t✐♦♥s ♦❢ ❞②♥❛♠✐❝ ♠♦r♣❤♦❣❡♥ ❣r❛❞✐❡♥t ♠♦❞❡❧✳

✹✳✺✳✶ ❉②♥❛♠✐❝ ♠♦r♣❤♦❣❡♥ ❣r❛❞✐❡♥t ♠♦❞❡❧

■t ✇❛s ♣r❡✈✐♦✉s❧② s❤♦✇♥ ❬❙❛❦❛ ❛♥❞ ❙♠✐t❤✱ ✷✵✵✼❪ t❤❛t t❤❡ ♥❡t✇♦r❦ ✐♥
❋✐❣✉r❡ ✸✻✱ ✇✐t❤♦✉t t❤❡ ♣♦s✐t✐✈❡ ❢❡❡❞❜❛❝❦ ♠❡❞✐❛t❡❞ ❜② w✱ ❝❛♥ ❝♦♥✈❡rt ❛
❣r❛❞❡❞ ♠♦r♣❤♦❣❡♥ s✐❣♥❛❧ ✐♥t♦ ❛ ❜✐♥❛r② ♦✉t♣✉t ✭u ❖◆ v ❖❋❋✱ ♦r ✈✐❝❡
✈❡rs❛✮✳ ❲❡ ♥♦✇ ❡①♣❧✐❝✐t❧② t❛❦❡ ❛❝❝♦✉♥t ♦❢ ♠♦❧❡❝✉❧❛r ❞✐✛✉s✐♦♥ ♦❢ s ❛♥❞
w✳ ❲❡ ❝♦♥s✐❞❡r ❛ ❣r❛❞✐❡♥t ♦❢ t❤❡ ♠♦r♣❤♦❣❡♥ s✱ t❤❛t ❛r✐s❡s ❜② ❞✐✛✉s✐♦♥
❢r♦♠ t❤❡ ♦r✐❣✐♥ ❛t ♣♦s✐t✐♦♥ x = 0 ✐♥t♦ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ❆t t❤❡
st❛rt ♦❢ ❛ s✐♠✉❧❛t✐♦♥ ✭t = 0✮✱ t❤❡ ❧❡✈❡❧s ♦❢ t❤❡ ♦t❤❡r s♣❡❝✐❡s u, v ❛♥❞ w

❛r❡ s❡t t♦ ③❡r♦✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ✉♥❞✐✛❡r❡♥t✐❛t❡❞ st❛t❡✱ ❜❡❢♦r❡
t❤❡ ♠♦r♣❤♦❣❡♥ s st❛rts t♦ ✐♥❞✉❝❡ t❤❡ s②st❡♠✳

❚❤❡ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧ ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✸✼✳ ❘❡❛❝t✐♦♥
✭✼✼✮ ❞❡✜♥❡s t❤❡ ❛❝t✐✈❛t✐♦♥ ♦❢ u ❜② s✱ ✐♥❤✐❜✐t❡❞ ❜② v✳ ❘❡❛❝t✐♦♥ ✭✼✽✮
❞❡✜♥❡s t❤❡ ❛❝t✐✈❛t✐♦♥ ♦❢ v ❜② s✱ ✐♥❤✐❜✐t❡❞ ❜② u✳ ❘❡❛❝t✐♦♥ ✭✼✾✮ ❞❡✜♥❡s u✬s

✾✽



❛❝t✐✈❛t✐♦♥ ❜② w ✇✐t❤ s❛t✉r❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❛❧s♦ ✐♥❤✐❜✐t❡❞ ❜② v✳ ❘❡❛❝t✐♦♥
✭✽✵✮ ❞❡✜♥❡s w✬s s❛t✉r❛t✐♥❣ ❛❝t✐✈❛t✐♦♥ ❜② u✳ ❘❡❛❝t✐♦♥s ✭✽✶✮✲✭✽✹✮ ❞❡✜♥❡
t❤❡ ❞❡❣r❛❞❛t✐♦♥ ♦❢ ❛❧❧ s♣❡❝✐❡s✳
δ = Ω−1✱ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ s②st❡♠ ✈♦❧✉♠❡✱ ✐s t❤❡ s❝❛❧✐♥❣ ❝♦❡✣❝✐❡♥t

✇❤✐❝❤ r❡❧❛t❡s ❝♦♥❝❡♥tr❛t✐♦♥s ✐♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♠♦❞❡❧ t♦ ♥✉♠❜❡r ♦❢
♠♦❧❡❝✉❧❡s ✐♥ t❤❡ st♦❝❤❛st✐❝ ♠♦❞❡❧s✳ ■t ✐s ✐♥tr♦❞✉❝❡❞ t♦ ❢❛❝✐❧✐t❛t❡ tr❛♥✲
s✐t✐♦♥ ❜❡t✇❡❡♥ ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ st♦❝❤❛st✐❝ r❛t❡ ❧❛✇s ✇✐t❤ ❝♦♠♣❧✐❝❛t❡❞
❤✐❣❤❡r✲♦r❞❡r ❡①♣r❡ss✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ✉s❡❞ ✐♥ t❤✐s ♠♦❞❡❧✳ δ ✐s s❡t t♦ 1/100✱
❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✶✵✵ ♠♦❧❡❝✉❧❡s ♣❡r ♦♥❡ ✉♥✐t ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥✳ k1 t♦ k4

❛r❡ s②♥t❤❡s✐s r❛t❡s ❛♥❞ µ1 t♦ µ4 ❛r❡ ❞❡❣r❛❞❛t✐♦♥ r❛t❡s✳ ❚❤❡ s②♥t❤❡s✐s
t❡r♠s ❢♦r u ✭❧❛✇s ♦❢ r❡❛❝t✐♦♥s ✭✼✼✮✱ ✭✼✾✮✮ ❛r❡ ✐♥✈❡rs❡❧② ♣r♦♣♦rt✐♦♥❛❧ t♦
(δ♯v)n + 1 t♦ ♠♦❞❡❧ r❡♣r❡ss✐♦♥ ♦❢ u ❜② v✳ ❘❡♣r❡ss✐♦♥ ♦❢ v ❜② u ✐s ✐♠♣❧❡✲
♠❡♥t❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✳ ❚❤❡ ❍✐❧❧ ❝♦❡✣❝✐❡♥t n r❡♣r❡s❡♥ts ❝♦♦♣❡r❛t✐✈✐t②✱
✇❤✐❝❤ ✐♥tr♦❞✉❝❡s ♥♦♥✲❧✐♥❡❛r✐t② t♦ t❤❡ ♥❡t✇♦r❦ ❬❙❛❦❛ ❛♥❞ ❙♠✐t❤✱ ✷✵✵✼❪✳

✹✳✺✳✷ P❉❊ tr❡❛t♠❡♥t

❋✐rst✱ ✇❡ ❛♥❛❧②s❡❞ t❤❡ ♠♦❞❡❧ ✐♥ t❤❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❢r❛♠❡✇♦r❦✱ ✇✐t❤
❝♦♥t✐♥✉♦✉s s♣❛❝❡ ❛♥❞ ❝♦♥❝❡♥tr❛t✐♦♥ ✈❛r✐❛❜❧❡s✳ ❚❤❡ P❉❊s ♦❢ t❤❡ ♠♦❞❡❧
❛r❡ ❛s ❢♦❧❧♦✇s✿

∂u

∂t
=

k1 s+ k2 (
wn

wn+1)

vn + 1
− µ1 u

∂v

∂t
=

k3 s

un + 1
− µ2 v

∂w

∂t
= D1 ∆w+ k4 (

un

un + 1
) − µ3w

∂s

∂t
= D2 ∆s− µ4 s✱

✭✽✺✮

✇❤❡r❡ D1 ❛♥❞ D2 ❛r❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts✳ ◆♦t❡ t❤❛t t❤❡ δ ❝♦❡✣❝✐❡♥ts
❛r❡ ❝❛♥❝❡❧❧❡❞ ♦✉t✳ ❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡✿

s = 1− e−τt, x = 0 ✭✽✻✮

∂s

∂x
= 0, x = d ✭✽✼✮

∂w

∂x
= 0, x =






0

d ✳
✭✽✽✮

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♠♦r♣❤♦❣❡♥ s ✐s ♣r♦❞✉❝❡❞ ♦✉ts✐❞❡ ♦❢ ♦✉r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧
s♣❛❝❡✱ ❧❡❢t ♦❢ t❤❡ ♦r✐❣✐♥ ✭x < 0✮✱ ❛♥❞ t❤❛t ✐ts ❝♦♥❝❡♥tr❛t✐♦♥ ❛t x = 0

✐s ❞❡✜♥❡❞ ❜② ✭✽✻✮✳ ❚❤❡ s♣❡❡❞ ♦❢ ✐♥❥❡❝t✐♦♥ ♦❢ t❤❡ ♠♦r♣❤♦❣❡♥ s ✐♥t♦ t❤❡
♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ✈❛r✐❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡r τ✳ ❋♦r
t❤✐s ❞❡t❡r♠✐♥✐st✐❝ ♠♦❞❡❧✱ t❤❡ s②st❡♠ ✐s ❝❧♦s❡❞✱ ♠❡❛♥✐♥❣ t❤❛t ❡①❝❡♣t ❢♦r
t❤❡ s✉♣♣❧② ♦❢ s ❢r♦♠ t❤❡ ❜♦✉♥❞❛r② x = 0✱ ♥♦ ❞✐✛✉s✐♦♥ ♦❢ ❛♥② ♠♦❧❡❝✉❧❡
✐♥t♦ ♦r ♦✉t ♦❢ t❤❡ s②st❡♠ ♦❝❝✉rs✳ ❚❤✐s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❝♦rr❡s♣♦♥❞s
t♦ ❡q✉❛t✐♦♥s ✭✽✼✮ ❛♥❞ ✭✽✽✮✳

✾✾



✭❛✮ ✭❜✮

✭❝✮ ✭❞✮

❋✐❣✉r❡ ✸✽✿ P❛tt❡r♥ ❢♦r♠❛t✐♦♥ ❜② ❛ ❞②♥❛♠✐❝ ♠♦r♣❤♦❣❡♥ ❣r❛❞✐❡♥t ❛♥❞ ❛ ❝♦♠✲
♠✉♥✐t② ❡✛❡❝t✳

◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ P❉❊ ♠♦❞❡❧

❲❡ ♣❡r❢♦r♠❡❞ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s t♦ ❛♥❛❧②s❡ t❤❡ s②st❡♠✬s ❞②♥❛♠✐❝s✱
✜①✐♥❣ t❤❡ ❧❡♥❣t❤ ♦❢ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ t♦ d = 100 ❢♦r ❛❧❧ s✐♠✉❧❛t✐♦♥s✳
❊①♣❧♦r✐♥❣ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ♦❢ t❤❡ s②st❡♠✱ ✇❡ ❢♦✉♥❞ t❤r❡❡ ❝❛t❡❣♦r✐❡s
♦❢ ♣❛tt❡r♥s ♦❢ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ❛t st❡❛❞② st❛t❡ ❛❧♦♥❣ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧
s♣❛❝❡ ✭❜❡②♦♥❞ t❤❡ tr✐✈✐❛❧ ❝❛s❡ ♦❢ u = v = w = 0 ✮✿

❼ ✉♥✐❢♦r♠ ❡①♣r❡ss✐♦♥ ♦❢ u✱ ❞❡♥♦t❡❞ ❛s [u]✱

❼ ✉♥✐❢♦r♠ ❡①♣r❡ss✐♦♥ ♦❢ v✱ ❞❡♥♦t❡❞ ❛s [v]✱

❼ [v,u]✱ ❞❡♥♦t✐♥❣✿ v ♦♥ ❛♥❞ u ♦✛ ❝❧♦s❡ t♦ t❤❡ ♦r✐❣✐♥ x = 0✱ ❛♥❞
❢✉rt❤❡r ❛✇❛②✱ v ♦✛ ❛♥❞ u ♦♥✳

❋✐❣✉r❡ ✸✽❛ ❛♥❞ ❋✐❣✉r❡ ✸✽❜ s❤♦✇ ❝♦♥❝❡♥tr❛t✐♦♥ ♣r♦✜❧❡s ♦❢ u✱ v ❛♥❞
t❤❡ ❞✐✛✉s✐❜❧❡ ♠♦❧❡❝✉❧❡ w ♦✈❡r t❤❡ ❡♥t✐r❡ r❛♥❣❡ ♦❢ ❝❡❧❧s✱ ❛t t✐♠❡ ♣♦✐♥ts
t = 150 ✭❛✮ ❛♥❞ t = 5000 ✭❜✮✱ ♦❜t❛✐♥❡❞ ❜② s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ P❉❊ ♠♦❞❡❧✱
✇✐t❤ t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ✐♥ ❚❛❜❧❡ ✻ ♦♥ ♣❛❣❡ ✶✵✶✳ ❈♦♥❝❡♥tr❛t✐♦♥ ♣r♦✲
✜❧❡s ♦❢ t❤❡ ♠♦r♣❤♦❣❡♥ s ❛t t❤❡ s❛♠❡ t✐♠❡ ♣♦✐♥ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✽❝
❛♥❞ ❋✐❣✉r❡ ✸✽❞✳
❆t t❤❡ st❛❜❧❡ st❛t❡ ✭t = 1500✮✱ s✐♠✉❧❛t✐♦♥ ②✐❡❧❞s ❛ s❤❛r♣ ❜♦✉♥❞❛r②

♦❢ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♣❛tt❡r♥ [v,u]✳ ❚❤✐s ❣❡♥❡ ❡①♣r❡ss✐♦♥ ♣❛tt❡r♥
✐s s❡❧❢✲♦r❣❛♥✐s✐♥❣ ❛♥❞ ✐s r❡✜♥❡❞ s♣❛t✐❛❧❧② ✐♥ r❡s♣♦♥s❡ t♦ t❤❡ ❞②♥❛♠✐❝
❣r❛❞✐❡♥t ♦❢ t❤❡ ♠♦r♣❤♦❣❡♥ s✳ ❙♠❛❧❧ ❜✉♠♣s ❛t t❤❡ [v,u] ❜♦✉♥❞❛r② ✐♥
❋✐❣✉r❡ ✸✽❜ ❛r❡ ❛rt❡❢❛❝ts ♦❢ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥s✳ ■♥t❡r❡st✐♥❣❧②✱ ♦♥❝❡
❡st❛❜❧✐s❤❡❞✱ t❤❡ [v,u] ❜♦✉♥❞❛r② ✐s ♠❛✐♥t❛✐♥❡❞ ❡✈❡♥ ✇❤❡♥ t❤❡ ♠♦r♣❤♦❣❡♥
❝♦♥❝❡♥tr❛t✐♦♥ ❛❧♦♥❣ s♣❛❝❡ ❜❡❝♦♠❡s ✉♥✐❢♦r♠ ❛t st❡❛❞② st❛t❡✱ ✐✳❡✳✱ ❡✈❡♥
✇❤❡♥ t❤❡ ❣r❛❞✐❡♥t ✐s tr❛♥s✐❡♥t ✭❋✐❣✉r❡ ✸✾✮✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ✐♥❞✐❝❛t❡s

✶✵✵



P❛r❛♠❡t❡r ❉❡s❝r✐♣t✐♦♥ ❱❛❧✉❡ ❘❛♥❣❡

D1 ❞✐✛✉s✐♦♥ ♦❢ w ✷✵ 0 6 D1 6 100

D2 ❞✐✛✉s✐♦♥ ♦❢ s ✷✵ 0 6 D2 6 100

k1 ❛❝t✐✈❛t✐♦♥ ♦❢ u ❜② s ✵✳✻ 0 6 k1 6 1

k2 ❛❝t✐✈❛t✐♦♥ ♦❢ u ❜② w ✵✳✷ ♥✳❛✳

k3 ❛❝t✐✈❛t✐♦♥ ♦❢ v ❜② s ✵✳✽ 0 6 k3 6 1

k4 ❛❝t✐✈❛t✐♦♥ ♦❢ w ❜② u ✵✳✷ ♥✳❛✳

µ1 ❞❡❣r❛❞❛t✐♦♥ ♦❢ u ✵✳✵✽ ♥✳❛✳

µ2 ❞❡❣r❛❞❛t✐♦♥ ♦❢ v ✵✳✵✹ ♥✳❛✳

µ3 ❞❡❣r❛❞❛t✐♦♥ ♦❢ w ✵✳✵✶ ♥✳❛✳

µ4 ❞❡❣r❛❞❛t✐♦♥ ♦❢ s ✵✳✵✵✶ ♥✳❛✳

τ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡r ❢♦r s(0, t) ✵✳✵✵✹ 10−3 6 τ 6 10−1

❞ r❡s♣♦♥❞✐♥❣ t✐ss✉❡ s✐③❡ ✶✵✵ ♥✳❛✳

❚❛❜❧❡ ✻✿ P❛r❛♠❡t❡r ✈❛❧✉❡s ❢♦r ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✹✳✺✳ ❯s❡❞ ❢♦r
s✐♠✉❧❛t✐♦♥s✱ ✉♥❧❡ss ❞❡✜♥❡❞ ❡①♣❧✐❝✐t❧② ✐♥ t❤❡ ♠❛✐♥ t❡①t✳ P❛r❛♠❡t❡r
r❛♥❣❡s ✐♥ t❤❡ ❧❛st ❝♦❧✉♠♥ ❛r❡ ✉s❡❞ ❢♦r ♣❤❛s❡ ❞✐❛❣r❛♠s✳ ♥✳❛✳✱ ♥♦t
❛♣♣❧✐❝❛❜❧❡✳

✭❛✮

✭❜✮

❋✐❣✉r❡ ✸✾✿ P❛tt❡r♥ ❢♦r♠❛t✐♦♥ ✐♥ ❛ ✉♥✐❢♦r♠ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♠♦r♣❤♦❣❡♥ ❛❧♦♥❣
♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ❛t st❡❛❞② st❛t❡✳ ❯♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡
♠♦r♣❤♦❣❡♥ ❛t st❡❛❞② st❛t❡ ✐s ❡st❛❜❧✐s❤❡❞ ✇✐t❤ µ4 ❂ ✵✳ ❚❤❡ s✐♠✉❧❛✲
t✐♦♥ r❡s✉❧t ❛t ❛ q✉❛s✐✲st❡❛❞② st❛t❡ ✭t = 5000✮ ✐s s❤♦✇♥✳ P❛r❛♠❡t❡r
✈❛❧✉❡s ✉s❡❞ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ❛r❡ ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✻ ❡①❝❡♣t µ4 ❂ ✵✳

✶✵✶



✭❛✮

✭❜✮ ✭❝✮

❋✐❣✉r❡ ✹✵✿ ❙✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ P❉❊ ♠♦❞❡❧ s❤♦✇ t❤❛t ❝❡❧❧✲t♦✲❝❡❧❧ ❝♦♠♠✉♥✐❝❛✲
t✐♦♥ ❜② t❤❡ ❞✐✛✉s✐❜❧❡ ❢❛❝t♦r w ✐s ❞✐s♣❡♥s❛❜❧❡ ❢♦r ♣❛tt❡r♥ ❢♦r♠❛t✐♦♥✱
❜✉t ✐s ❡ss❡♥t✐❛❧ ❢♦r ❝♦♠♠✉♥✐t② ❡✛❡❝ts✳ ✭❛✮ ❙t❡❛❞② st❛t❡ ♣r♦✜❧❡✳ ✭❜✱
❝✮ P❤❛s❡ ❞✐❛❣r❛♠s ✐♥ t❤❡ ♣❛r❛♠❡t❡r ♣❧❛♥❡ ✭k1✱ k3✮ ✇✐t❤ D1 = 20

✭❜✮ ❛♥❞ D1 = 0 ✭❝✮✳ ❚❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ ❜♦✉♥❞❛r② ❢♦r
[v,u] ♣❛tt❡r♥ ✐s ❝♦❧♦✉r✲❝♦❞❡❞ ❛s ✐♥❞✐❝❛t❡❞✳ ❇♦r❞❡rs ❜❡t✇❡❡♥ t❤❡
♣❛tt❡r♥s [u]✱ [v] ❛♥❞ [v,u] ❛r❡ ✐♥❞✐❝❛t❡❞ ❜② ❣r❡② ❧✐♥❡s✳ ❙✐♠✉❧❛t✐♦♥
♣❛r❛♠❡t❡rs ❢♦r ✭❜✱❝✮ ❛r❡ ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✻✱ ❡①❝❡♣t k1, k3 ❛♥❞ D1❛s
✐♥❞✐❝❛t❡❞ ✐♥ t❤❡ ♣❛♥❡❧s✳

t❤❛t ❛ tr❛♥s✐❡♥t ♠♦r♣❤♦❣❡♥ ❣r❛❞✐❡♥t ✐s s✉✣❝✐❡♥t✱ ❛♥❞ t❤❛t ♠❛✐♥t❡♥❛♥❝❡
♦❢ t❤❡ ♠♦r♣❤♦❣❡♥ ❣r❛❞✐❡♥t ❛t st❡❛❞② st❛t❡ ✐s ♥♦t ❛ ♣r❡r❡q✉✐s✐t❡ ❢♦r ♣❛t✲
t❡r♥ ❢♦r♠❛t✐♦♥ ✐♥ ♦✉r ♠♦❞❡❧✳

❲❡ ❢♦✉♥❞ t❤❛t t❤❡ st❡❛❞②✲st❛t❡ ♣❛tt❡r♥ ✐s ❡✐t❤❡r [u]✱ [v] ♦r [v,u]✱ ♦✈❡r
❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ♣❛r❛♠❡t❡r ✈❛❧✉❡s✱ ❛s s❤♦✇♥ ❜② ♣❤❛s❡ ❞✐❛❣r❛♠s ♦❢ t❤❡
♣❛r❛♠❡t❡r ♣❧❛♥❡ ✐♥ ❋✐❣✉r❡ ✹✵✳ ❲❡ ✇✐❧❧ ❧❛t❡r s❤♦✇ t❤❛t t❤❡ ♣❛tt❡r♥
[u, v] ♦♥❧② ❛♣♣❡❛rs ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ❛♥❞ ♣♦s✐t✐✈❡
❢❡❡❞❜❛❝❦ ❧♦♦♣✳ ❚❤❡r❡❢♦r❡ ✐t s❡❡♠s t❤❛t t❤❡ ♣♦s✐t✐✈❡ ❢❡❡❞❜❛❝❦ ♦❢ ❝♦♠✲

♠✉♥✐t② ❡✛❡❝t ✐♥tr♦❞✉❝❡s ❛♥ ❛s②♠♠❡tr② t♦ t❤❡ s②st❡♠✱ ❛♥❞ ♦r✐❡♥ts t❤❡

s♣❛t✐❛❧ ♣❛tt❡r♥ ♦❢ ❣❡♥❡ ❡①♣r❡ss✐♦♥✳ ❲❡ ♥❡①t ❡①❛♠✐♥❡❞ ❤♦✇ t❤❡ ❣❡♥❡ ❡①✲
♣r❡ss✐♦♥ ♣❛tt❡r♥ ✐s ❛✛❡❝t❡❞ ❜② t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❞✐✛✉s✐❜❧❡ ❢❛❝t♦rs s

✭♠♦r♣❤♦❣❡♥✮ ❛♥❞ w ✭❝♦♠♠✉♥✐t② ❡✛❡❝t ❢❛❝t♦r✮✳

❞✐s❛❜❧✐♥❣ t❤❡ ❝❡❧❧✲t♦✲❝❡❧❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠❡❞✐❛t❡❞

❜② w✳ ❋✐rst✱ ✇❡ t❡st❡❞ t❤❡ s②st❡♠✬s ❜❡❤❛✈✐♦✉r ✇✐t❤♦✉t ❝❡❧❧✲t♦✲❝❡❧❧

✶✵✷
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✭❛✮ ✭❜✮

❋✐❣✉r❡ ✹✶✿ ❚❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ❜♦✉♥❞❛r② ❞❡♣❡♥❞s ♦♥ t❤❡ ❞②✲
♥❛♠✐❝s ♦❢ t❤❡ ♠♦r♣❤♦❣❡♥ s✳ ❚❤❡ ✜❣✉r❡s ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ s✐♠✉❧❛✲
t✐♦♥s ♦❢ t❤❡ P❉❊ ♠♦❞❡❧✳ ✭❛✮ P♦s✐t✐♦♥ ♦❢ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ❜♦✉♥❞❛r②
✐s ♣❧♦tt❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ τ ✭✐♥ ❧♦❣ s❝❛❧❡✮✳ τ ❞❡✜♥❡s t❤❡ s♣❡❡❞
♦❢ ♠♦r♣❤♦❣❡♥ s✉♣♣❧② ✭t❤❡ ❧❛r❣❡r τ ✐s✱ t❤❡ ❢❛st❡r t❤❡ s✉♣♣❧② ❛♥❞ s
❣r❛❞✐❡♥t r❡❛❝❤❡s ❛ st❡❛❞② st❛t❡✮✳ ❚❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ✉s❡❞ ❛r❡
t❤❡ s❛♠❡ ❛s ❋✐❣✉r❡ ✸✽✱ ❡①❝❡♣t τ✳ ✭❜✮ P❤❛s❡ ❞✐❛❣r❛♠ ✐♥ t❤❡ ♣❛r❛♠✲
❡t❡r ♣❧❛♥❡ (D1, D2)✳ ❚❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ✉s❡❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥
❚❛❜❧❡ ✻✱ ❡①❝❡♣t D1 ❛♥❞ D2✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ❜♦✉♥❞❛r② ✐s r❡❧❛t✐✈❡❧②
✐♥s❡♥s✐t✐✈❡ t♦ t❤❡ ✢✉❝t✉❛t✐♦♥ ♦❢ D1✱ t❤❡ ❞✐✛✉s✐♦♥ r❛t❡ ♦❢ w✳ ❇②
❝♦♥tr❛st✱ t❤❡ ❜♦✉♥❞❛r② ♣♦s✐t✐♦♥ ✐s s❡♥s✐t✐✈❡ t♦ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡
♠♦r♣❤♦❣❡♥ s ❛♥❞ s❤✐❢ts ❜② ❝❤❛♥❣❡s ✐♥ τ ♦r D2 ✈❛❧✉❡✳

❝♦♠♠✉♥✐❝❛t✐♦♥ ♠❡❞✐❛t❡❞ ❜② w ✭❜② s❡tt✐♥❣ D1 = 0✮ ✕ ✇❤✐❧❡ ♣r❡s❡r✈✐♥❣
t❤❡ ♠✉t✉❛❧ ❛❝t✐✈❛t✐♦♥ ❜❡t✇❡❡♥ w ❛♥❞ u ✇✐t❤✐♥ t❤❡ s❛♠❡ ❝❡❧❧ ✭k2 , k4 >

0✮✳ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ P❉❊ ♠♦❞❡❧ s❤♦✇s t❤❛t t❤❡ [v , u] ♣❛t✲
t❡r♥ ♦❢ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡ ❡st❛❜❧✐s❤❡❞ ✇✐t❤♦✉t ❝❡❧❧✲t♦✲❝❡❧❧ ❝♦♠♠✉♥✐✲
❝❛t✐♦♥ ✭❋✐❣✉r❡ ✹✵❛✮✳ ❋✐❣✉r❡ ✹✵❜ ❛♥❞ ❋✐❣✉r❡ ✹✵❝ s❤♦✇ ♣❤❛s❡ ❞✐❛❣r❛♠s ✐♥
t❤❡ ♣❛r❛♠❡t❡r ♣❧❛♥❡ (k1 , k3) ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ P❉❊ ♠♦❞❡❧ ✇✐t❤ ❝❡❧❧✲
t♦✲❝❡❧❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✭❜✮✱ ✈❡rs✉s ✇✐t❤♦✉t ✭❝✮✳ ❚❤❡② ✇❡r❡ ♦❜t❛✐♥❡❞ ❜②
❧❡❛✈✐♥❣ w✬s ❞✐✛✉s✐♦♥ r❛t❡ ♦♥ ✭D1 = 20✮ ❛♥❞ s✇✐t❝❤✐♥❣ ✐t ♦✛ ✭D1 = 0✮✳
❲❡ r❡❝❛❧❧ t❤❛t k1 ✐s t❤❡ r❛t❡ ❢♦r u✬s ❛❝t✐✈❛t✐♦♥ ❜② t❤❡ ♠♦r♣❤♦❣❡♥ s✱
❛♥❞ k3 ✐s t❤❡ r❛t❡ ♦❢ v✬s ❛❝t✐✈❛t✐♦♥ ❜② t❤❡ ♠♦r♣❤♦❣❡♥✳ ❚❤❡ ♣❛r❛♠❡t❡r
♣❛✐r (k1 , k3) ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ✐♥ ❋✐❣✉r❡ ✹✵❛ ✐s ♠❛r❦❡❞ ❜② ❛ ❜❧✉❡ ❞♦t
✐♥ ❋✐❣✉r❡ ✹✵❝✳ ❆s t❤❡ ♣❤❛s❡ ❞✐❛❣r❛♠s s❤♦✇✱ t❤❡ ♣❛r❛♠❡t❡r r❛♥❣❡ ❢♦r ❛
[v , u] ♣❛tt❡r♥ ✇✐❞❡♥s ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❝❡❧❧✲t♦✲❝❡❧❧ ❝♦♠♠✉♥✐❝❛t✐♦♥✳

♣❛tt❡r♥ ❢♦r♠❛t✐♦♥ ✐s s❡♥s✐t✐✈❡ t♦ t❤❡ ❞②♥❛♠✐❝s ♦❢

♠♦r♣❤♦❣❡♥ ❣r❛❞✐❡♥t✳ ❲❡ ♥❡①t ❡①❛♠✐♥❡❞ ❤♦✇ t❤❡ ❣❡♥❡ ❡①♣r❡s✲
s✐♦♥ ♣❛tt❡r♥ ✐s ❛✛❡❝t❡❞ ❜② t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♠♦r♣❤♦❣❡♥ s ❛♥❞ t❤❡
❝♦♠♠✉♥✐t② ❡✛❡❝t ❢❛❝t♦r w✳ ❋✐❣✉r❡ ✹✶❛ s❤♦✇s ❛ ♣❧♦t ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢
t❤❡ ❜♦✉♥❞❛r② ❜❡t✇❡❡♥ v ❛♥❞ u ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ τ ✭log τ✮✱ t❤❡ ♣❛r❛♠✲
❡t❡r ❝♦♥tr♦❧❧✐♥❣ t❤❡ s✉♣♣❧② ♦❢ s t♦ t❤❡ s②st❡♠✳ ❚❤❡ ♣❧♦t ❞❡♠♦♥str❛t❡s
t❤❛t t❤❡ ❜♦✉♥❞❛r② s❤✐❢ts ❛s τ ❝❤❛♥❣❡s✿ t❤❡ ❢❛st❡r t❤❡ s✉♣♣❧② ♦❢ s t♦
t❤❡ s②st❡♠✱ t❤❡ ❜r♦❛❞❡r t❤❡ ❡①♣r❡ss✐♦♥ ❞♦♠❛✐♥ ♦❢ v ✐s ❛t st❡❛❞② st❛t❡✳

✶✵✸



❋✐❣✉r❡ ✹✶❜ ✐s ❛ ♣❤❛s❡ ❞✐❛❣r❛♠ ✐♥ t❤❡ ♣❛r❛♠❡t❡r ♣❧❛♥❡ (D1, D2)✳ ❚❤❡
❞✐❛❣r❛♠ ✐♥❞✐❝❛t❡s t❤❛t ❢❛st❡r ❞✐✛✉s✐♦♥ ♦❢ t❤❡ ♠♦r♣❤♦❣❡♥✱ ✐✳❡✳✱ ❧❛r❣❡r
❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t D2 s❤✐❢ts t❤❡ ❡①♣r❡ss✐♦♥ ❜♦✉♥❞❛r② ❛✇❛② ❢r♦♠ t❤❡
♦r✐❣✐♥✳ ❚❤✐s ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❛❜♦✈❡ r❡s✉❧ts s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✶❛✳ ■♥
❝♦♥tr❛st✱ ❛s s❤♦✇♥ ✐♥ t❤❡ s❛♠❡ ❞✐❛❣r❛♠✱ t❤❡ ❜♦✉♥❞❛r② ♦❢ [v,u] ✐s ✐♥s❡♥✲
s✐t✐✈❡ t♦ t❤❡ ❝❤❛♥❣❡ ♦❢ D1✱ t❤❡ ❞✐✛✉s✐♦♥ r❛t❡ ♦❢ w✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ D2

✈❛❧✉❡ ✐s ❧♦✇✳ ❚❤✐s ✐s ❛❧s♦ ❡✈✐❞❡♥t ✐♥ t❤❡ st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s✱ ❢♦❧❧♦✇✐♥❣
✐♥ s✉❜s❡❝t✐♦♥ ✹✳✺✳✸✳

♣❛tt❡r♥ ❢♦r♠❛t✐♦♥ ✇✐t❤♦✉t ❜♦t❤ ♣♦s✐t✐✈❡ ❢❡❡❞❜❛❝❦

❛♥❞ ❝♦♠♠✉♥✐t② ❡❢❢❡❝t✳ ❋✐♥❛❧❧② ✇❡ ❝♦♥s✐❞❡r t❤❡ s②st❡♠ ✇✐t❤✲
♦✉t ❜♦t❤ ♣♦s✐t✐✈❡ ❢❡❡❞❜❛❝❦ ❛♥❞ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✭❋✐❣✉r❡ ✸✻✮✳ ❚❤✐s
❣❡♥❡ r❡❣✉❧❛t♦r② ♥❡t✇♦r❦ ✇✐t❤♦✉t w ✐s ❡✛❡❝t✐✈❡❧② ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♦♥❡
❞❡s❝r✐❜❡❞ ✐♥ ❬❙❛❦❛ ❛♥❞ ❙♠✐t❤✱ ✷✵✵✼❪✱ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥
t❡r♠ ♦❢ s✳ ■♥ ❝♦♥tr❛st t♦ t❤❡ ♥❡t✇♦r❦ ✇✐t❤ w✱ t❤✐s s②st❡♠ st✐❧❧ ❢♦r♠s
t❤❡ [v,u] ♣❛tt❡r♥ ❛t st❡❛❞② st❛t❡✱ ❜✉t ❛❧s♦ t❤❡ ♣r❡✈✐♦✉s❧② ✉♥s❡❡♥ ♣❛tt❡r♥
[u, v]✱ ✐♥ ✇❤✐❝❤ u ✐s ♦♥ ✐♥ ❛ ❞♦♠❛✐♥ ❝❧♦s❡r t♦ t❤❡ ♦r✐❣✐♥✱ ✇❤✐❧❡ v ✐s ♦♥
❢✉rt❤❡r ❛✇❛②✳ ❚❤❡ ♣❛tt❡r♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ✭❋✐❣✉r❡ ✹✷✮✳
❍♦✇❡✈❡r✱ ❛ ♣❤❛s❡ ❞✐❛❣r❛♠ ✐♥ t❤❡ ♣❛r❛♠❡t❡r ♣❧❛♥❡ (k1, k3) s❤♦✇s t❤❛t
t❤❡ [u, v] ❛♥❞ [v,u] ♣❛tt❡r♥s ♦♥❧② ❛♣♣❡❛r ❢♦r ♥❛rr♦✇ ♣❛r❛♠❡t❡r r❛♥❣❡s

✭❋✐❣✉r❡ ✹✷❛✱ ❋✐❣✉r❡ ✹✷❝✮✳ ■♥ ❢❛❝t✱ st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s ❝♦♥✜r♠ t❤❛t
t❤❡ s②st❡♠ ♠♦st❧② ❡♥❞s ✉♣ ✇✐t❤ ♥♦ ❝❧❡❛r ♣❛tt❡r♥✱ ❛♥❞ ❛ ❤❡t❡r♦❣❡♥❡♦✉s
♣♦♣✉❧❛t✐♦♥ ♦❢ u✲❖◆ ❛♥❞ v✲❖◆ ❝❡❧❧s ❛t st❡❛❞② st❛t❡ ✭❞❛t❛ ♥♦t s❤♦✇♥✮✳
❚❤❡s❡ r❡s✉❧ts ❤✐❣❤❧✐❣❤t ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t t❤❛t
❝♦♥❢❡rs r♦❜✉st♥❡ss t♦ t❤✐s ♣❛tt❡r♥✐♥❣ s②st❡♠✳

✹✳✺✳✸ ❘❉▼❊ tr❡❛t♠❡♥t

■♥ ♦r❞❡r t♦ st✉❞② r♦❜✉st♥❡ss ♦❢ ♣❛tt❡r♥ ❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢
♥♦✐s❡✱ ✇❡ ❛♥❛❧②s❡❞ t❤❡ s❛♠❡ ♠♦❞❡❧ ✐♥ t❤❡ ❘❉▼❊ ❢r❛♠❡✇♦r❦✳ ■♥ ❋✐❣✲
✉r❡ ✹✸ t❤❡ s♣❛t✐❛❧ ♠♦❞❡❧ ✐s ✇r✐tt❡♥ ✐♥ t❤❡ ✶❉ r✉❧❡✲❜❛s❡❞ ❧❛♥❣✉❛❣❡ ✇❤✐❝❤
✇❡ ✉s❡❞ ❡❛r❧✐❡r✳

❙❡✈❡r❛❧ ♣♦✐♥ts ♥❡❡❞ ❝❧❛r✐✜❝❛t✐♦♥✳ ❘✉❧❡s ✭✾✼✮✱ ✭✾✽✮ ❞❡✜♥❡ t❤❡ ❞✐✛✉s✐♦♥
❢♦r w ❛♥❞ s✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ❞✐✛✉s✐♦♥ s❝❤❡♠❡ ♦❢ ❙❡❝t✐♦♥ ✹✳✷✳ D̃1 ❛♥❞ D̃2

❛r❡ ❞✐✛✉s✐♦♥ r❛t❡s ♦❢ w ❛♥❞ s ❜❡t✇❡❡♥ ♥❡✐❣❤❜♦✉r ❝❡❧❧s✳ ❚❤❡s❡ ❣❡♥❡r❛❧❧②
❞❡♣❡♥❞ ♦♥ D1 ❛♥❞ D2✱ ❛s ✇❡❧❧ ❛s ♦♥ ❢✉rt❤❡r ❞❡t❛✐❧s ❛❜♦✉t ❝❡❧❧ ❣❡♦♠❡✲
tr✐❡s ✇❤✐❝❤ ✇❡ ❞✐❞ ♥♦t s♣❡❝✐❢②❀ t❤❡r❡❢♦r❡ t❤❡② ❛r❡ ❝❤♦s❡♥ ✐♥ ❛ ✇❛② t❤❛t
♠❛❦❡s s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❝❧♦s❡ t♦ t❤❡ ❝✉r✈❡s ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ P❉❊
♠♦❞❡❧✳ ❘✉❧❡ ✭✾✾✮ ❞❡s❝r✐❜❡s t❤❡ ❝r❡❛t✐♦♥ ♦❢ s ❛t t❤❡ ❧❡❢t♠♦st ❛❝t✐✈❡ ❝❡❧❧✱
❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ P❉❊s ✭✽✻✮ ♦♥ ♣❛❣❡ ✾✾✳
❙✐♥❝❡ ✇❡ ❞✐❞ ♥♦t ♣❡r❢♦r♠ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ✈❛r②✐♥❣ τ✱ τ ✐s ♥♦t ♣r❡s❡♥t ✐♥
t❤❡ r❡❛❝t✐♦♥ r❛t❡✳ ■♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♦♥❧② r✉❧❡ ✭✾✾✮✱ t❤❡ ♠❡❛♥ ♥✉♠❜❡r ♦❢
♯s(Np + 1) ❛t t✐♠❡ t ✇♦✉❧❞ ❜❡ (1− e−t)δ−1✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✇✐t❤ τ = 1✳ ❇❡❝❛✉s❡ ♯s(Np + 1) ✐s ❛❧s♦ ❛✛❡❝t❡❞ ❜②
r✉❧❡s ✭✾✻✮ ❛♥❞ ✭✾✽✮✱ ✐ts ❛❝t✉❛❧ ♥✉♠❜❡r ✇✐❧❧ ❜❡ ❧♦✇❡r ✐♥ ❣❡♥❡r❛❧✳ ■ts ♠❛①✲
✐♠✉♠✱ ❢♦r ❡①❛♠♣❧❡✱ ✐s ❛❜♦✉t ✺✺ ✐♥st❡❛❞ ♦❢ ✶✵✵✳ ❚❤✐s ✐s t❤❡ ♠❛✐♥ s♦✉r❝❡

✶✵✹



✭❛✮ ✭❜✮

✭❝✮ ✭❞✮

❋✐❣✉r❡ ✹✷✿ P❛tt❡r♥ ❢♦r♠❛t✐♦♥ ✇✐t❤♦✉t ♣♦s✐t✐✈❡ ❢❡❡❞❜❛❝❦ ❛♥❞ ❛ ❝♦♠♠✉♥✐t② ❡❢✲
❢❡❝t ✭k2 = k4 = 0, D1 = 0✮ ✐♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♠♦❞❡❧✳ ✭❛✮ P❤❛s❡
❞✐❛❣r❛♠ ✐♥ ♣❛r❛♠❡t❡r ♣❧❛♥❡ (k1, k3) ❢♦r (µ1,µ2) = (0.04, 0.08)✳ ✭❜✮
❙t❡❛❞②✲st❛t❡ ♣r♦✜❧❡ ✭t = 5000✮ ❢♦r t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ✐♥❞✐❝❛t❡❞
❛s ❛ ❜❧✉❡ ❞♦t ✐♥ ✭❛✮✳ ✭❝✮ P❤❛s❡ ❞✐❛❣r❛♠ ❢♦r (µ1,µ2) = (0.08, 0.04)✳
✭❞✮ ❙t❡❛❞②✲st❛t❡ ♣r♦✜❧❡ ✭t = 5000✮ ❢♦r t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ✐♥❞✐✲
❝❛t❡❞ ❛s ❛ ❜❧✉❡ ❞♦t ✐♥ ✭❝✮✳ ❚❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ❢♦r [v,u] ✭❛✮ ♦r
[u, v] ♣❛tt❡r♥ ✭❜✮ ✭✐✳❡✳✱ ✇✐t❤♦✉t w✮ ✐s ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ ✐♥ t❤❡ s②s✲
t❡♠ ✇✐t❤ ♣♦s✐t✐✈❡ ❢❡❡❞❜❛❝❦ ❛♥❞ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t✳ ❲✐t❤♦✉t w✱
❜♦t❤ [v,u] ❛♥❞ [u, v] ♣❛tt❡r♥s ❛r❡ ♣♦ss✐❜❧❡✳ ❊①❝❡♣t ❢♦r t❤♦s❡ ✐♥❞✐✲
❝❛t❡❞ ✐♥ t❤❡ ✜❣✉r❡✱ t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❢♦r s✐♠✉❧❛t✐♦♥s ❛r❡ ❧✐st❡❞
✐♥ ❚❛❜❧❡ ✻✳

✶✵✺



❛❝t✐✈❛t✐♦♥ ♦❢ u ❜② s✿ ∀x ∈ ❆❝t✐✈❡❈❡❧❧s, s(x)
k1

♯s(x)
(δ♯v(x))n+1−−−−−−−−→ s(x) + u(x)

✭✽✾✮

❛❝t✐✈❛t✐♦♥ ♦❢ v ❜② s✿ ∀x ∈ ❆❝t✐✈❡❈❡❧❧s, s(x)
k3

♯s(x)
(δ♯u(x))n+1−−−−−−−−→ s(x) + v(x)

✭✾✵✮

❛❝t✐✈❛t✐♦♥ ♦❢ u ❜② w✿ ∀x ∈ ❆❝t✐✈❡❈❡❧❧s,

w(x)
k2

(δ♯w(x))n

δ((δ♯v(x))n+1)((δ♯w(x))n+1)−−−−−−−−−−−−−−−−−→ w(x) + u(x)

✭✾✶✮

❛❝t✐✈❛t✐♦♥ ♦❢ w ❜② u✿ ∀x ∈ ❆❝t✐✈❡❈❡❧❧s,

u(x)
k4

(δ♯u(x))n

δ((δ♯u(x))n+1)−−−−−−−−−−→ u(x) +w(x)

✭✾✷✮

❞❡❣r❛❞❛t✐♦♥ ♦❢ u✿ ∀x ∈ ❆❝t✐✈❡❈❡❧❧s, u(x)
µ1♯u(x)−−−−−→ ✭✾✸✮

❞❡❣r❛❞❛t✐♦♥ ♦❢ v✿ ∀x ∈ ❆❝t✐✈❡❈❡❧❧s, v(x)
µ2♯v(x)−−−−−→ ✭✾✹✮

❞❡❣r❛❞❛t✐♦♥ ♦❢ w✿ ∀x ∈ ❆❧❧❈❡❧❧s, w(x)
µ3♯w(x)−−−−−→ ✭✾✺✮

❞❡❣r❛❞❛t✐♦♥ ♦❢ s✿ ∀x ∈ ❆❧❧❈❡❧❧s, s(x)
µ4♯s(x)−−−−−→ ✭✾✻✮

❞✐✛✉s✐♦♥ ♦❢ w✿ ∀x ∈ ❆❧❧❈❡❧❧s− {▲❛st❈❡❧❧},

w(x)
D̃1♯w(x)−−−−−−−−⇀↽−−−−−−−−

D̃1♯w(x+1)

w(x+ 1)

✭✾✼✮

❞✐✛✉s✐♦♥ ♦❢ s✿ ∀x ∈ ❆❧❧❈❡❧❧s− {▲❛st❈❡❧❧},

s(x)
D̃2♯s(x)−−−−−−−⇀↽−−−−−−−

D̃2♯s(x+1)

s(x+ 1)

✭✾✽✮

❡①t❡r♥❛❧ ✐♥✢♦✇ ♦❢ s✿
max(δ−1−♯s(Np+1),0)−−−−−−−−−−−−−−−−→ s(Np + 1)

✭✾✾✮

✇❤❡r❡ ❆❝t✐✈❡❈❡❧❧s = {1 + Np, . . . ,Np + Na}✱ ❆❧❧❈❡❧❧s =

{1, . . . ,▲❛st❈❡❧❧}✱ ❛♥❞ ▲❛st❈❡❧❧ = 2Np +Na✳

❋✐❣✉r❡ ✹✸✿ ❘✉❧❡s ♦❢ ❞②♥❛♠✐❝ ♠♦r♣❤♦❣❡♥ ❣r❛❞✐❡♥t ♠♦❞❡❧✳

✶✵✻



❋✐❣✉r❡ ✹✹✿ ❙t♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ♠♦r♣❤♦❣❡♥ ❣r❛❞✐❡♥t ♠♦❞❡❧✱ ❡♥❛❜❧✐♥❣
❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✭❧❡❢t ❝♦❧✉♠♥✮ ♦r ❞✐s❛❜❧✐♥❣ ✐t ✭r✐❣❤t ❝♦❧✉♠♥✮✳

♦❢ ♥✉♠❡r✐❝❛❧ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ st♦❝❤❛st✐❝ ❛♥❞ t❤❡ ❞❡t❡r♠✐♥✐st✐❝
♠♦❞❡❧s✳

❙t♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s

❲❡ ❝❛rr✐❡❞ ♦✉t st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s ♦❢ t❤✐s s②st❡♠✱ r❡s✉❧ts ♦❢ ✇❤✐❝❤
❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✹✳ ❲❡ ♣❛✐❞ ♣❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥ t♦ t❤❡ r♦❧❡s ♦❢ t❤❡
❝♦♠♠✉♥✐t② ❡✛❡❝t✱ ❛♥❞ ♦❜s❡r✈❡❞ t❤❡ ✐♠♣❛❝t ♦❢ ❡♥❛❜❧✐♥❣ ♦r ❞✐s❛❜❧✐♥❣ ✐t✳
❉✐s❛❜❧✐♥❣ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✐♥ t✇♦ t❡❝❤♥✐❝❛❧ ✇❛②s
✐♥ t❤❡ r✉❧❡ ❜❛s❡❞ ♠♦❞❡❧✱ ❡✐t❤❡r ❜② s❡tt✐♥❣ w✬s ❞✐✛✉s✐♦♥ r❛t❡ t♦ ③❡r♦✱
❢♦❧❧♦✇✐♥❣ t❤❡ P❉❊ ♠♦❞❡❧✱ ♦r ❡q✉✐✈❛❧❡♥t❧② ❜② ✇✐t❤❞r❛✇✐♥❣ ✭✾✼✮ ❢r♦♠
♦✉r r✉❧❡ ❜❛s❡❞ ♠♦❞❡❧ ✐♥ ❋✐❣✉r❡ ✹✸✳

✶✵✼



❋✐❣✉r❡ ✹✹ s❤♦✇s s♥❛♣s❤♦ts ❛t t = 990 ✭q✉❛s✐✲st❡❛❞② st❛t❡✮ ❢♦r ✼✵ s✐♠✲
✉❧❛t✐♦♥s ✇✐t❤ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✭❧❡❢t ❝♦❧✉♠♥✮ ❛♥❞ ✇✐t❤♦✉t ❝♦♠♠✉♥✐t②
❡✛❡❝t ✭r✐❣❤t ❝♦❧✉♠♥✮✳ ❚❤❡ ♣❛♥❡❧s ✐♥ t❤❡ ✜rst r♦✇ s❤♦✇ t❤❡ ❛❝t✐✈❡ ❝❡❧❧s✬
❧❡✈❡❧ ♦❢ s✱ ❛✈❡r❛❣❡❞ ♦✈❡r ❛❧❧ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ r♦✇ ✐♥
❋✐❣✉r❡ ✹✹ s❤♦✇ t❤❡ ♥✉♠❜❡r ♦❢ u ❛♥❞ w ♠♦❧❡❝✉❧❡s✱ r❡s♣❡❝t✐✈❡❧②✱ ✐♥ ❛❝t✐✈❡
❝❡❧❧s ❛t t = 990✳ ❊❛❝❤ ♣❧♦t ❝♦♥t❛✐♥s ✼✵ ❧✐♥❡s✱ ❡❛❝❤ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
♦✉t❝♦♠❡ ♦❢ ♦♥❡ st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥✳ ❲❡ ❞♦ ♥♦t s❤♦✇ t❤❡ ❞✐str✐❜✉t✐♦♥
♦❢ v ♠♦❧❡❝✉❧❡s ❛❝r♦ss ❛❝t✐✈❡ ❝❡❧❧s❀ ✐t ✐s ♦♣♣♦s✐t❡ t♦ t❤❛t ♦❢ u ✭♠✐❞❞❧❡ ♣❛♥✲
❡❧s✮✳ ❙✐♠✉❧❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ t❤❡ s❛♠❡ ❛s t❤♦s❡ ♦❢ t❤❡ P❉❊ ♠♦❞❡❧
✭❚❛❜❧❡ ✻ ♦♥ ♣❛❣❡ ✶✵✶✮✱ ❡①❝❡♣t k2 = 0.3 t❤❛t r❡♣r❡s❡♥ts u✬s ❛❝t✐✈❛t✐♦♥
❜② w✳
❚❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ❜❡✐♥❣ t✉r♥❡❞ ♦♥ ✭❧❡❢t ❝♦❧✉♠♥✮✱ t❤❡ r❡s✉❧t ♦❢ t❤❡

st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s ❛r❡ s✐♠✐❧❛r t♦ t❤♦s❡ ♦❢ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♠♦❞❡❧✱
❡①❝❡♣t st♦❝❤❛st✐❝ ♥♦✐s❡✳ ■♥ st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s✱ ❛❧t❤♦✉❣❤ ❛ ❜♦✉♥❞❛r②
✐s ❢♦r♠❡❞ ❛r♦✉♥❞ x = 30✱ ♠✐♥♦r ♣♦♣✉❧❛t✐♦♥s ♦❢ r♦❣✉❡ ❝❡❧❧s ✇✐t❤ ♦♣♣♦s✐t❡
❣❡♥❡ ❡①♣r❡ss✐♦♥ ♣❛tt❡r♥ ❛r❡ ❡✈✐❞❡♥t ✐♥ ❜♦t❤ u✲❖◆ ❛♥❞ v✲❖◆ ❞♦♠❛✐♥s
❛r♦✉♥❞ t❤❡ ❜♦✉♥❞❛r② ✐♥ ❛♣♣r♦①✐♠❛t❡❧② ✽✵✪ ♦❢ s✐♠✉❧❛t✐♦♥s✳
■♥t❡r❡st✐♥❣❧②✱ s✐♠✉❧❛t✐♦♥s r❡✈❡❛❧❡❞ t❤❛t st♦❝❤❛st✐❝✐t② ♥❡❛r t❤❡ ❡①♣r❡s✲

s✐♦♥ ❜♦✉♥❞❛r② ✐s ♠♦r❡ ♣r♦♥♦✉♥❝❡❞ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t
✇✐t❤ ♠♦r❡ r♦❣✉❡ ❝❡❧❧s ✭❋✐❣✉r❡ ✹✹✱ r✐❣❤t ❝♦❧✉♠♥✮✳ ❚❤✐s r❡s✉❧t ❞❡♠♦♥✲
str❛t❡s t❤❛t ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t s❤❛r♣❡♥s t❤❡ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ❜♦✉♥❞❛r②

✐♥ ♦✉r ♠♦❞❡❧✱ ❛❧t❤♦✉❣❤ r♦❣✉❡ ❝❡❧❧s ❛r❡ ♥♦t ❝♦♠♣❧❡t❡❧② ❡❧✐♠✐♥❛t❡❞✳ ❲✐t❤✲
♦✉t t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t t❤❡ ❜♦✉♥❞❛r② ✐s ❜❧✉rr❡❞✳ ■t ❤❛s r❡✈❡❛❧❡❞ ❛♥
✐♥t❡r❡st✐♥❣ r♦❧❡ ♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ❢♦r r❡✜♥✐♥❣ ❣❡♥❡ ❡①♣r❡ss✐♦♥
❜♦✉♥❞❛r✐❡s ❞✉r✐♥❣ ♣❛tt❡r♥✐♥❣✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ ✐ts ❦♥♦✇♥ r♦❧❡ ❢♦r ❛ ❝♦♦r✲
❞✐♥❛t❡❞ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ✐♥ ❛ ❣r♦✉♣ ♦❢ ❝❡❧❧s✳
■♥ ❝♦♥❝❧✉s✐♦♥✱ st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s s❤♦✇❡❞ t❤❛t t❤❡ ❞②♥❛♠✐❝ ♠♦r✲

♣❤♦❣❡♥ ❣r❛❞✐❡♥t ♠♦❞❡❧ ❤❛s ♠♦r❡ r♦❜✉st ♣❛tt❡r♥ ❢♦r♠❛t✐♦♥ ✇❤❡♥ ✐♥❝❧✉❞✲
✐♥❣ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t✳ ❆❧t❤♦✉❣❤ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✐s ❞✐s♣❡♥s❛❜❧❡
❢♦r ♣❛tt❡r♥✐♥❣ ♣r♦❝❡ss ♣❡r s❡ ✭s❡❡ ❋✐❣✉r❡ ✹✶✮✱ ✐t ♣❧❛②s ❛ ❝r✉❝✐❛❧ r♦❧❡ ❢♦r
r❡✜♥✐♥❣ t❤❡ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ❜♦✉♥❞❛r②✳

✶✵✽
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✺✳✶ ♠♦❞❡❧❧✐♥❣ ♠❡t❤♦❞s

✺✳✶✳✶ ❙t♦❝❤❛st✐❝ ♠♦❞❡❧❧✐♥❣

❙t♦❝❤❛st✐❝ ❛♥❛❧②s✐s ❞❡r✐✈❡❞ ❢r♦♠ ❈▼❊✱ ❛s ✉s❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs✱
r❡sts ✉♣♦♥ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ✇❡❧❧✲♠✐①❡❞ ❝♦♠♣❛rt♠❡♥ts ❛♥❞ ❡❧❡♠❡♥t❛r②
r❡❛❝t✐♦♥s✳ ■t ✐s ✉♥❝❧❡❛r t♦ ✇❤✐❝❤ ❡①t❡♥t t❤❡s❡ ❛ss✉♠♣t✐♦♥s ❛♣♣❧② t♦
✐♥tr❛❝❡❧❧✉❧❛r r❡❛❝t✐♦♥s✳
❆ r❡✈✐❡✇ ♦❢ ♠❡t❤♦❞s ✇❤✐❝❤ ♠♦❞❡❧ ✐♥tr❛❝❡❧❧✉❧❛r ❞✐✛✉s✐♦♥ ✐♥ ❞❡t❛✐❧ ✐s

❣✐✈❡♥ ✐♥ ❬❑❧❛♥♥ ❛♥❞ ❑♦❡♣♣❧✱ ✷✵✶✷❪✳ ❚❤❡s❡ ✐♥❝❧✉❞❡ ♠❡t❤♦❞s r❡✈✐❡✇❡❞
✐♥ ❈❤❛♣t❡r ✷✱ ❛s ✇❡❧❧ ❛s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ s✐♠✉❧❛t♦rs ✇❤✐❝❤ ♠♦❞❡❧
r❡♣✉❧s✐✈❡ ❢♦r❝❡s ❜❡t✇❡❡♥ ♠♦❧❡❝✉❧❡s ✐♥ ❝r♦✇❞❡❞ ❡♥✈✐r♦♥♠❡♥ts ✭r❡❢❡rr❡❞
t♦ ❛s ❇r♦✇♥✐❛♥ ❞②♥❛♠✐❝s s✐♠✉❧❛t♦rs✮ ❛♥❞ ✢❡①✐❜❧❡ ❝❤❛✐♥s ♦❢ ❝♦♥♥❡❝t❡❞
♠♦❧❡❝✉❧❡s✳
❉❡r✐✈❛t✐♦♥s ♦❢ st♦❝❤❛st✐❝ ❜❡❤❛✈✐♦✉r ❢r♦♠ ❈▼❊ ❛ss✉♠❡s t❤❛t t❤❡ ❈▼❊

❞❡s❝r✐❜❡s t❤❡ s②st❡♠ ❝♦♠♣❧❡t❡❧②✳ ❚❤✐s ❝❛♥ ♥❡✈❡r ❜❡ t❤❡ ❝❛s❡✿ t❤❡r❡ ❛r❡
❛❧✇❛②s ♠✐ss✐♥❣ ❞❡t❛✐❧s ❛❜♦✉t t❤❡ ❝❤❡♠✐❝❛❧ ✐♥t❡r❛❝t✐♦♥s ✐♥ ❛❧❧ ❜✉t ✈❡r②
s✐♠♣❧❡ s②st❡♠s✳ ❋♦r ❡①❛♠♣❧❡✱ ♠♦❞❡❧s ❣✐✈❡♥ ❜❡❢♦r❡ ❛❧❧ ✐♥❝❧✉❞❡ ❣❡♥❡ ❡①✲
♣r❡ss✐♦♥ ✐♥ s♦♠❡ ❢♦r♠✱ ✇❤✐❝❤ ✐s ✉s✉❛❧❧② ♠♦❞❡❧❧❡❞ ❛s ♦♥❡ ♦r t✇♦ r❡❛❝t✐♦♥s✳
■♥ t❤❡ r❡❛❧✐t② t❤✐s ✐s ❛ ❝♦♠♣❧✐❝❛t❡❞ ♠✉❧t✐✲st❡♣ ♣r♦❝❡ss ✇❤✐❝❤ t❛❦❡s ❝♦♥✲
s✐❞❡r❛❜❧❡ t✐♠❡ ❛♥❞ ✐♥✈♦❧✈❡s t❤♦✉s❛♥❞s ♦❢ ✐♥t❡r♠❡❞✐❛t❡ ✐♥t❡r❛❝t✐♦♥s ✇✐t❤
♦t❤❡r ♠♦❧❡❝✉❧❡s✳ ❚♦ ♠♦❞❡❧ ❛❧❧ t❤✐s ❛s ❛♥ ❡❧❡♠❡♥t❛r② r❡❛❝t✐♦♥ ✐s ❛ ❤✉❣❡
s✐♠♣❧✐✜❝❛t✐♦♥✳ ❘❛♥❞♦♠ ✢✉❝t✉❛t✐♦♥s ♦❢ ♠♦❧❡❝✉❧❡ ❝♦✉♥ts ✇✐❧❧ ❤❛✈❡ ❞✐❢✲
❢❡r❡♥t ❞✐str✐❜✉t✐♦♥s t❤❛♥ ✇❤❛t ✐s ♣r❡❞✐❝t❡❞ ❜② t❤❡ ❡❧❡♠❡♥t❛r② r❡❛❝t✐♦♥
♠♦❞❡❧✳ ❈♦♥s✐❞❡r✐♥❣ t❤✐s✱ st♦❝❤❛st✐❝ ♠♦❞❡❧s ♠❛② ♥♦t ♣r❡❞✐❝t ✇❡❧❧ st❛t✐s✲
t✐❝s ♦❢ t❤❡ ✈❛r✐❛❜❧❡s ❜❡②♦♥❞ ✜rst ♦r❞❡r ✭✇❤✐❝❤ ✐s t②♣✐❝❛❧❧② ✜t t♦ t❤❡
♦❜s❡r✈❛t✐♦♥s✮✱ s✉❝❤ ❛s ✈❛r✐❛♥❝❡s✳
P❡r❤❛♣s ❛ ❝❧❡❛♥❡r ❛♣♣r♦❛❝❤ t♦ t❛❦❡ st♦❝❤❛st✐❝ ♥♦✐s❡ ✐♥t♦ ❛❝❝♦✉♥t

✇♦✉❧❞ ❜❡ t♦ ❝♦♥s✐❞❡r ✐t ❡①♣❧✐❝✐t❧② ❛s ❛♥♦t❤❡r ♣❛r❛♠❡t❡r ✭♦r ♣❛r❛♠❡✲
t❡rs✮✱ ❡✳❣✳ ✉s✐♥❣ ❙❉❊s✳ ■♥ t❤✐s ✇♦r❦✱ s✐♥❝❡ ✇❡ ❛r❡ ♠♦r❡ ✐♥t❡r❡st❡❞ ✐♥
q✉❛❧✐t❛t✐✈❡ ❜❡❤❛✈✐♦✉r t❤❛♥ ❡①❛❝t q✉❛♥t✐t❛t✐✈❡ ♣r❡❞✐❝t✐♦♥s✱ ✇❡ ✉s❡ t❤❡
❈▼❊ ❢♦r s✐♠♣❧✐❝✐t②✳

✺✳✶✳✷ ▼♦♠❡♥t ❝❧♦s✉r❡s

❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ✐♥ ❛♣♣❧②✐♥❣ ♠♦♠❡♥t ❝❧♦s✉r❡s ✐s t❤❡ ❧❛❝❦ ♦❢ ✉♥❞❡r✲
st❛♥❞✐♥❣ ♦❢ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ t❤❡② ❣✐✈❡ ❣♦♦❞ r❡s✉❧ts✳ ■t ✐s ♠❛❞❡
✇♦rs❡ ❜② t❤❡ ❧❛❝❦ ♦❢ ❝♦♥tr♦❧ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r✳ ■♥ t❤❡♦r②✱ t❤❡
❤✐❣❤❡r ♦r❞❡r ❝❧♦s✉r❡ s❤♦✉❧❞ ❜❡ ♠♦r❡ ♣r❡❝✐s❡✱ ❜✉t ✐♥ ♣r❛❝t✐❝❡ ✇❡ ❝❛♥ ♦♥❧②
❛♣♣❧② s❡❝♦♥❞ ♦r❞❡r ❝❧♦s✉r❡s✱ ❜❡❝❛✉s❡ t❤✐r❞ ♦r❞❡r ♦♥❡s ❛r❡ ❛❧r❡❛❞② t♦♦

✶✵✾



❧❛r❣❡ ❢♦r ♠♦st s②st❡♠s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❡sts ♦❢ s✐♠♣❧❡ s②st❡♠s ✐♥❞✐❝❛t❡
t❤❛t r❛✐s✐♥❣ t❤❡ ♦r❞❡r ❞♦❡s♥✬t ❤❡❧♣ t♦ r❡❞✉❝❡ t❤❡ ❡rr♦r ✐♥ s♦♠❡ ❝❛s❡s✳
❚❤✐s ❧❡❛✈❡s ✉s t❤❡ ♦♥❧② ♣r❛❝t✐❝❛❧ ♠❡t❤♦❞ t♦ ❝♦♥tr♦❧ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥

♣r❡❝✐s✐♦♥✿ ❝❤❛♥❣✐♥❣ t❤❡ t②♣❡ ♦❢ t❤❡ ❝❧♦s✉r❡ ❜② tr✐❛❧ ❛♥❞ ❡rr♦r✳ ❚❤❡
♥♦r♠❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ✉s✉❛❧❧② t❤❡ ✜rst ❝❤♦✐❝❡✱ ❜✉t ✐t ❝❛♥ ❜❡❤❛✈❡ ❜❛❞❧②
❡✈❡♥ ❢♦r ✈❡r② s✐♠♣❧❡ s②st❡♠s✱ ❡✳❣✳ 2A −→✱ ❛s ❞❡♠♦♥str❛t❡❞ ✐♥ ❬❱✐❞❛❧
❡t ❛❧✳✱ ✷✵✶✵❪✳ ●❡♥❡r❛❧❧② ✐s ❤❛s tr♦✉❜❧❡s ✇❤❡♥ ❝♦✉♥t ♦❢ s♦♠❡ s♣❡❝✐❡s
❛♣♣r♦❛❝❤❡s ③❡r♦✿ ✉♥❞❡r ♥♦r♠❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ t❤❡ ❝♦✉♥t ✇✐❧❧ ❤❛♣♣✐❧②
❝r♦ss ③❡r♦ ✭r❡❝❛❧❧ t❤❛t t❤❡ ♥♦r♠❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❧♦✇s ♥❡❣❛t✐✈❡ ✈❛❧✉❡s✮✱
✇❤✐❝❤ ❤❛s ❞❡✈❛st❛t✐♥❣ ❡✛❡❝t ♦♥ s✉❜s❡q✉❡♥t ❝❛❧❝✉❧❛t✐♦♥s✳ ■♥ t❤✐s r❡s♣❡❝t✱
t❤❡ ❧♦❣♥♦r♠❛❧ ❝❧♦s✉r❡ ♠❛② ❜❡ ♠♦r❡ ❛♣♣r♦♣r✐❛t❡ ❬❙✐♥❣❤ ❛♥❞ ❍❡s♣❛♥❤❛✱
✷✵✵✻❜❪✳
❋♦r ♥♦✇✱ t❤❡ ♦♥❧② r❡❛s♦♥❛❜❧❡ ♠❡t❤♦❞ t♦ ❝❤❡❝❦ ✐❢ ❛ ♠♦♠❡♥t ❝❧♦s✉r❡

✐s ✇♦r❦✐♥❣ ❝♦rr❡❝t❧② ✐s t♦ ❝♦♠♣❛r❡ ✐t t♦ ♠❛♥② st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s✳
❖❢ ❝♦✉rs❡✱ ❞♦✐♥❣ s♦ ❢♦r ❡✈❡r② r✉♥ ♦❢ ♠♦♠❡♥t ❝❧♦s✉r❡ ✇♦✉❧❞ ❞❡❢❡❛t ✐ts
♣✉r♣♦s❡✱ s♦ ✐t ❤❛s t♦ ❜❡ ❞♦♥❡ s❡❧❡❝t✐✈❡❧②✱ ♣r❡s✉♠❛❜❧② ✐♥ ♣❧❛❝❡s ✇❤❡r❡ ✐ts
r❡s✉❧t ❧♦♦❦s ❛❜♥♦r♠❛❧✳ ❚❤✐s ♠❛❦❡s ✐ts ✉s❡ ✐♥❝♦♥✈❡♥✐❡♥t✱ ✉♥❧✐❦❡ ✬s✐♥❣❧❡
❝❧✐❝❦✬ s♦❧✉t✐♦♥s ♦✛❡r❡❞ ❜② ♦t❤❡r ❛♣♣r♦①✐♠❛t✐♦♥s✳
❍♦♣❡❢✉❧❧② t❤✐s ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ✐♥ t❤❡ ❢✉t✉r❡ ❜② ❞❡✈❡❧♦♣✐♥❣ ♠♦r❡

r♦❜✉st ❝❧♦s✉r❡s✱ ♦r ❝❤❡❝❦✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r ❝❧♦s✉r❡s ❛t r✉♥ t✐♠❡ ✭❡✳❣✳✱
s♣❡❝✐❡s ❝♦✉♥t ❛♣♣r♦❛❝❤✐♥❣ ③❡r♦✮ ❛♥❞ ❛❞❥✉st✐♥❣ t❤❡ s♦❧✉t✐♦♥ ❛❝❝♦r❞✐♥❣❧②✳

✺✳✶✳✸ ❙②♠♠❡tr✐❝ r❡❞✉❝t✐♦♥

❉❡s♣✐t❡ ✐ts s❤♦rt❝♦♠✐♥❣s✱ t❤❡ ♠♦♠❡♥t ❝❧♦s✉r❡ ♠❡t❤♦❞ ✐s ❛ ✢❡①✐❜❧❡ t♦♦❧
❢♦r ❛♣♣r♦①✐♠❛t❡ st♦❝❤❛st✐❝ ❛♥❛❧②s✐s✳ ■t ❛❧❧♦✇s ♠❛♥✐♣✉❧❛t✐♦♥s ♦❢ ♠♦♠❡♥t
❡q✉❛t✐♦♥s s✐♠✐❧❛r t♦ t❤♦s❡ t❤❛t ❝❛♥ ❜❡ ❞♦♥❡ ✇✐t❤ ❞❡t❡r♠✐♥✐st✐❝ ❖❉❊s✱
❜✉t ✐♥❝❧✉❞✐♥❣✱ ❛♣♣r♦①✐♠❛t❡❧②✱ t❤❡ st♦❝❤❛st✐❝ ❡✛❡❝ts✳
▼♦❞❡❧ r❡❞✉❝t✐♦♥ ✐s ♦♥❡ ❦✐♥❞ ♦❢ s✉❝❤ ♠❛♥✐♣✉❧❛t✐♦♥s✳ ■t ❛✐♠s t♦ ❡❧✐♠✲

✐♥❛t❡ r❡❞✉♥❞❛♥t ✈❛r✐❛❜❧❡s ❢r♦♠ t❤❡ s②st❡♠ ♦❢ ❖❉❊s✱ ♠❛❦✐♥❣ ✐t ❡❛s✐❡r
t♦ s♦❧✈❡✳ ❋♦r ♠♦♠❡♥t ❝❧♦s✉r❡✱ ✇❤✐❝❤ t❡♥❞ t♦ ❣❡♥❡r❛t❡ ❛ ❧❛r❣❡ ♥✉♠❜❡r
♦❢ ❖❉❊s✱ r❡❞✉❝t✐♦♥s ❛r❡ ❡s♣❡❝✐❛❧❧② ✐♠♣♦rt❛♥t✳ ❲❡ ❤❛✈❡ ❞❡s❝r✐❜❡❞ ❛
♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ s②♠♠❡tr✐❡s✱ ✇❤✐❝❤ ✐♥ ❝❛s❡ ♦❢ ♠♦✲
♠❡♥t ❝❧♦s✉r❡ ✐s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ t❤❛♥ ✇❤❛t ✐s ✉s❡❞ ✇✐t❤ ❞❡t❡r♠✐♥✐st✐❝
❛♣♣r♦①✐♠❛t✐♦♥✳
❈✉rr❡♥t❧②✱ t❤❡ ♦♥❧② ✇❛② t♦ ❡①♣❧♦✐t s✉❝❤ s②♠♠❡tr✐❡s ✇❤✐❧❡ ♣❡r❢♦r♠✐♥❣

st♦❝❤❛st✐❝ ❛♥❛❧②s✐s ♦❢ ❛ s②st❡♠ ✐s t❤r♦✉❣❤ ♠♦♠❡♥t ❝❧♦s✉r❡✿ r❡❞✉❝❡❞
♠♦❞❡❧s ❛r❡ ♥♦t ❛♠❡♥❛❜❧❡ t♦ ●✐❧❧❡s♣✐❡ s✐♠✉❧❛t✐♦♥✳ ■❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
s♣❡❝✐❡s ✐♥ t❤❡ ❝❡❧❧s ❛r❡ ✧❧✉♠♣❡❞✧ t♦❣❡t❤❡r✱ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ t❤❡
❞❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❡ r❡s✉❧ts ❞✐✈❡r❣❡ q✉✐❝❦❧② ❢r♦♠ t❤❡ ♥♦♥✲
r❡❞✉❝❡❞ s②st❡♠✳ ❆❧s♦ ♥♦t❡ t❤❛t✱ ❛s t❤❡ ♦r❞❡r ♦❢ t❤❡ ❝❧♦s✉r❡ ❣r♦✇s✱
t❤❡ s②♠♠❡tr✐❝ r❡❞✉❝t✐♦♥ ❝❛♥ ❡❧✐♠✐♥❛t❡ ❛ s♠❛❧❧❡r ❢r❛❝t✐♦♥ ♦❢ ♠♦♠❡♥ts✱
s✉❣❣❡st✐♥❣ t❤❛t ❢♦r t❤❡ ❧✐♠✐t ❝❛s❡ ♦❢ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ t❤❡ ❣❛✐♥ ❢r♦♠
t❤❡ r❡❞✉❝t✐♦♥ ✇✐❧❧ ❜❡ ♥❡❣❧✐❣✐❜❧❡✳ ❲❡ ❜❡❧✐❡✈❡ t❤❛t✱ ❢♦r t❤❡ ❝♦♠♠✉♥✐t②
❡✛❡❝t ♠♦❞❡❧✱ t❤❡ ❛♣♣r♦❛❝❤ ♣r❡s❡♥t❡❞ ❤❡r❡ ♣r♦✈✐❞❡s t❤❡ ♦♥❧② tr❛❝t❛❜❧❡
❛♥❛❧②s✐s✳

✶✶✵



❙②♠♠❡tr②✲❜❛s❡❞ r❡❞✉❝t✐♦♥ ✐s ♣♦t❡♥t✐❛❧❧② ❛♣♣❧✐❝❛❜❧❡ t♦ ♠❛♥② ❤✐❣❤❧②
r❡❣✉❧❛r s②st❡♠s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ❬❈❛♠♣♦r❡s✐ ❛♥❞ ❋❡r❡t✱ ✷✵✶✶❪ ❛ ♠♦❞❡❧
r❡❞✉❝t✐♦♥ ♠❡t❤♦❞ ❢♦r ❞❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❛♣♣❧✐❡❞ t♦ ❛ s②st❡♠
t❤❛t ❝♦♥t❛✐♥s ❛ ♣r♦t❡✐♥ ✇✐t❤ s②♠♠❡tr✐❝ ❛❝t✐✈❛t✐♦♥ s✐t❡s✳ ❚❤❛t s②st❡♠ ✐s
❛❧s♦ s②♠♠❡tr✐❝ ✐♥ t❤❡ s❡♥s❡ ❞❡s❝r✐❜❡❞ ❤❡r❡✱ ✇✳r✳t✳ ❡①❝❤❛♥❣✐♥❣ ❛❝t✐✈❛t✐♦♥
st❛t❡s ❢♦r ❞✐✛❡r❡♥t s✐t❡s✳ ❚❤✉s✱ ✐ts ♠♦♠❡♥t ❝❧♦s✉r❡ ❝♦✉❧❞ ❜❡ r❡❞✉❝❡❞
✇✐t❤ ♦✉r ♠❡t❤♦❞ ❛s ✇❡❧❧✳ ❆♥♦t❤❡r ❡①❛♠♣❧❡ ✐s ❛ ❞✐s❝r❡t❡ r✐♥❣ ♦❢ ✐❞❡♥t✐❝❛❧
❝❡❧❧s✱ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬❚✉r✐♥❣✱ ✶✾✺✷❪✱ ✇❤✐❝❤ ✐s s②♠♠❡tr✐❝ ✉♥❞❡r r♦t❛t✐♦♥
♦❢ ❛❧❧ ❝❡❧❧s✳ ▼❛♥② ❤✐❣❤❡r ♦r❞❡r ♠♦♠❡♥ts ❝♦✉❧❞ ❜❡ ❡❧✐♠✐♥❛t❡❞ ✇✐t❤ ♦✉r
♠❡t❤♦❞ ✉s✐♥❣ t❤✐s ♣r♦♣❡rt②✳

✺✳✷ ❝♦♠♠✉♥✐t② ❡❢❢❡❝t

✺✳✷✳✶ ❙t♦❝❤❛st✐❝ ♣❤❡♥♦♠❡♥❛

❉✉r✐♥❣ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ♠✉❧t✐❝❡❧❧✉❧❛r ♦r❣❛♥✐s♠✱ t❤❡ ❝❡❧❧ ♣♦♣✉❧❛t✐♦♥s
❡①♣❛♥❞s q✉✐❝❦❧② ✇❤✐❧❡ ❞✐✛❡r❡♥t✐❛t✐♥❣ ✐♥t♦ ❞✐✛❡r❡♥t t②♣❡s✳ ❚❤✐s ♣♦s❡s ❛
t❤r❡❛t ♦❢ ❡rr♦r ❛♠♣❧✐✜❝❛t✐♦♥✱ ✇❤❡r❡❜② ❛ r❛♥❞♦♠ s✇✐t❝❤ t♦ ❛♥ ✐♥❝♦rr❡❝t
❝❡❧❧ ❢❛t❡ ✐♥ t❤❡ ✇r♦♥❣ ♣❧❛❝❡ ♦r ❛t t❤❡ ✇r♦♥❣ t✐♠❡ ❝♦✉❧❞ ❤❛✈❡ ❞❡tr✐♠❡♥t❛❧
❝♦♥s❡q✉❡♥❝❡s ❢♦r t❤❡ ❞❡✈❡❧♦♣✐♥❣ ❡♠❜r②♦ ❬❇❛❧á③s✐ ❡t ❛❧✳✱ ✷✵✶✶❪✳ ❈♦❧❧❡❝t✐✈❡
❞❡❝✐s✐♦♥ ♠❛❦✐♥❣ ✇❛s ♣r❡✈✐♦✉s❧② ❢♦✉♥❞ t♦ ❜❡ ❡ss❡♥t✐❛❧ ❢♦r ♥♦✐s❡ r❡❞✉❝t✐♦♥
❞✉r✐♥❣ ❞❡✈❡❧♦♣♠❡♥t ❬●r❡❣♦r ❡t ❛❧✳✱ ✷✵✵✼❪✳ ❚❤❡r❡❢♦r❡ ✐t ✐s ❛♥ ✐♥t❡r❡st✐♥❣
q✉❡st✐♦♥ ❤♦✇ ❝♦♠♠✉♥✐t② ❡✛❡❝ts ❜❡❤❛✈❡ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♥♦✐s❡✳

❖✉r ❛♥❛❧②s✐s s❤♦✇❡❞ t❤❛t ❝♦♠♠✉♥✐t② ❡✛❡❝ts ❞♦ ♥♦t ❝❤❛♥❣❡ s✐❣♥✐✜✲
❝❛♥t❧② ✐❢ t❤❡ ♥♦✐s❡ ✐s ❝♦♥s✐❞❡r❡❞✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♥♦✐s❡✲❢r❡❡ ❞❡t❡r♠✐♥✲
✐st✐❝ ❝❛s❡✳ ❚❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ❝❡❧❧s r❡q✉✐r❡❞ t♦ ♠❛❦❡ ❛ ❞❡❝✐s✐♦♥
✐s ❤✐❣❤❡r ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♥♦✐s❡ ✭❋✐❣✉r❡ ✶✾❛✮✱ ✇❤✐❝❤ ✐s ♥♦t s✉r♣r✐s✐♥❣✿
t❤❡ ♥♦✐s❡ ✐♥t❡r❢❡r❡s ✇✐t❤ t❤❡ ❝❡❧❧✉❧❛r ❞❡❝✐s✐♦♥ ♠❡❝❤❛♥✐s♠ ❛♥❞✱ ✐♥ t❤✐s
❝❛s❡✱ ❜✐❛s❡s ✐t t♦✇❛r❞s t❤❡ ✐♥❛❝t✐✈❡ st❛t❡✱ ✇❤✐❝❤ ✐s ❛❜s♦r❜✐♥❣✳

❆♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ♦❜s❡r✈❛t✐♦♥ ✐♥ t❤✐s r❡s♣❡❝t ✐s t❤❛t ✇✐t❤ ♠♦r❡ ❝❡❧❧s
✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ t♦ ✐ts q✉❛s✐ st❡❛❞②
st❛t❡ s❡❡♠s t♦ ❤❛♣♣❡♥ ❢❛st❡r✱ ✈✐s✐❜❧❡ ♦♥ ❋✐❣✉r❡ ✶✽✳ ❚❤✐s ♠❛② ❜❡ ❝♦♥✲
♥❡❝t❡❞ t♦ t❤❡ r❡s✉❧ts ♦❢ ●r❡❣♦r ❡t ❛❧✳ ❬✷✵✵✼❪✱ ✇❤♦ ❢♦✉♥❞ t❤❡ ❞❡♣❡♥❞❡♥❝②
❜❡t✇❡❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ♣❛rt✐❝✐♣❛t✐♥❣ ✐♥ ❛ ❝❡❧❧ ❢❛t❡ ❞❡❝✐s✐♦♥ ✐♥ t❤❡
♣r❡s❡♥❝❡ ♦❢ ♥♦✐s❡✱ ❛♥❞ t❤❡ s❤♦rt❡st ♣♦ss✐❜❧❡ t✐♠❡ t♦ t❛❦❡ t❤✐s ❞❡❝✐s✐♦♥✳

❆ ♥♦✐s❡✲s✉♣♣r❡ss✐♥❣ ❢❡❛t✉r❡ ♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✐♥ ❳❡♥♦♣✉s ✐s
❞❡♠♦♥str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✹✱ ✇❤❡r❡ ✐t ❤❡❧♣s t♦ s❤❛r♣❡♥ t❤❡ ❣❡♥❡ ❡①♣r❡s✲
s✐♦♥ ❜♦✉♥❞❛r②✳ ❙✉❝❤ ❛♥ ❡✛❡❝t ✐s ❝❧❡❛r❧② ✉s❡❢✉❧ ❞✉r✐♥❣ ❞❡✈❡❧♦♣♠❡♥t✱
♠❛❦✐♥❣ t❤❡ ♣❛tt❡r♥✐♥❣ ♠❡❝❤❛♥✐s♠s ♠♦r❡ r♦❜✉st✳

✺✳✷✳✷ ❙❡❧❢✲♦r❣❛♥✐③❡❞ ♣❛tt❡r♥✐♥❣

❙♣❛t✐❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ t❤r❡❡ ●❘◆s ✐♥ ❈❤❛♣t❡r ✹ ❧❡❞ t♦ s❡✈❡r❛❧ ✐♥s✐❣❤ts
❛❜♦✉t t❤❡ s❡❧❢✲♦r❣❛♥✐s❛t✐♦♥ r❡❧❛t❡❞ t♦ ❝♦♠♠✉♥✐t② ❡✛❡❝ts✳

✶✶✶



❛♥ ✐♥❝♦♥✈❡♥✐❡♥t tr✉t❤ ♦❢ t❤❡ ❝♦♠♠✉♥✐t② ❡❢❢❡❝t✳ ❲❡
❤❛✈❡ s❤♦✇♥ t❤❛t ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t s♣r❡❛❞s ❛❝r♦ss t❤❡ s②st❡♠✱ ✇✐t❤♦✉t
❛♥② ✐♥t❡r❧♦❝❦❡❞ ♥❡❣❛t✐✈❡ ❢❡❡❞❜❛❝❦✳ ❆❧t❤♦✉❣❤ t❤✐s ✐s ✐♥❞❡❡❞ ❛♥ ✐♥❝♦♥✲
✈❡♥✐❡♥t ♣r♦♣❡rt② ❢♦r ♣❛tt❡r♥✐♥❣ ♦❢ t❤❡ ❡♠❜r②♦✱ ✐t ❤❛s t✉r♥❡❞ ✐♥t♦ ❛
❝♦♥tr♦❧ ♠❡❝❤❛♥✐s♠ ❢♦r ❝♦♦r❞✐♥❛t❡❞ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ✐♥ ♥❛t✉r❡✳ ❖✉r t✇♦
❞✐✛❡r❡♥t ♠♦❞❡❧s ❞❡♠♦♥str❛t❡❞ t❤❛t ✐t ❝❛♥ ♣❧❛② ❛♥♦t❤❡r r♦❧❡ ❛s ❛ ❝♦♥tr♦❧
s✉❜✲❝✐r❝✉✐t ❢♦r ♣❛tt❡r♥ ❢♦r♠❛t✐♦♥✳

❲❡ ❤❛✈❡ ❛❧s♦ s❤♦✇♥ t❤❛t✱ ✇❤❡♥ t❤❡ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥ ✐s t❛❦❡♥ ✐♥t♦
❛❝❝♦✉♥t✱ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ♠✉st ❜❡ tr❡❛t❡❞ ❛s ♥♦t ❛ s✐♠♣❧❡ ❝❡❧❧✲
♥✉♠❜❡r ❞❡♣❡♥❞❡♥t ♣❤❡♥♦♠❡♥♦♥✱ ❜✉t ❛❧s♦ ❛s t✐ss✉❡ s✐③❡ ❛♥❞ ❝❡❧❧✲❞❡♥s✐t②
❞❡♣❡♥❞❡♥t ✭❙❡❝t✐♦♥ ✹✳✸✮✳

❝♦♠♠✉♥✐t② ❡❢❢❡❝ts ❛♥❞ ♣❛tt❡r♥ ❢♦r♠❛t✐♦♥ ❜② t✉r✐♥❣

♠❡❝❤❛♥✐s♠✳ ❚✉r✐♥❣ ♣❛tt❡r♥s ❡♠❡r❣❡ ❢r♦♠ ❛ ✉♥✐❢♦r♠ s✐❣♥❛❧ ✇✐t❤
♥♦✐s❡ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✹❛✳ ❊♠❜r②♦♥✐❝ ✐♥❞✉❝t✐♦♥✱ ❜② ❝♦♥tr❛st✱ ✐s
✐♥✐t✐❛t❡❞ ❜② ❞✐✛✉s✐♦♥ ♦❢ s✐❣♥❛❧❧✐♥❣ ♠♦❧❡❝✉❧❡s ❢r♦♠ ❛ ❧♦❝❛❧✐s❡❞ s♦✉r❝❡✳
❖✉r s✐♠✉❧❛t✐♦♥ r❡s✉❧ts s✉❣❣❡st❡❞ t❤❛t t❤❡ ❚✉r✐♥❣ ♣❛tt❡r♥ ♠❡❝❤❛♥✐s♠
❝❛♥ ❜❡ ❡①♣❧♦✐t❡❞ ❛s ❛ ♠❡❝❤❛♥✐s♠ t♦ r❡str✐❝t t❤❡ ❡✛❡❝t✐✈❡ r❛♥❣❡ ♦❢ ❛
❝♦♠♠✉♥✐t② ❡✛❡❝t✱ ✐♥ r❡s♣♦♥s❡ t♦ ❛ ❧♦❝❛❧✐s❡❞ ✐♥❞✉❝✐♥❣ s✐❣♥❛❧ ✭❋✐❣✉r❡ ✸✹❜✮✳
❙✉❝❤ ❛♥ ✐s♦❧❛t❡❞ ❛r❡❛ ✐s ♠❛✐♥t❛✐♥❡❞ ❛s ❛ st❛❜❧❡ ✇❛✈❡✳ ❆ ❝♦♠♠✉♥✐t②
❡✛❡❝t ♠❛② ❛❧s♦ ❝♦♦r❞✐♥❛t❡ t❤❡ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ✇✐t❤✐♥ t❤❡ ❛r❡❛✳

❚❤❡ ❚✉r✐♥❣ ♣❛tt❡r♥ t❤❡♦r② ✇❛s ✐♥✐t✐❛❧❧② ♠❡t ✇✐t❤ s❝❡♣t✐❝✐s♠✱ ❜✉t
r❡❝❡♥t❧② ♠❛♥② ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♣♦✐♥t❡❞ t♦ ♣♦ss✐❜✐❧✐t② ♦❢ s✉❝❤ ♠❡❝❤✲
❛♥✐s♠s ✐♥ ♠❛♥② ♦r❣❛♥✐s♠s✳ ❚❤✐s ✐♥❝❧✉❞❡s ✇♦r❦s ♦❢ ❑♦♥❞♦ ❛♥❞ ▼✐✉r❛
❬✷✵✶✵❪ ❛♥❞ ▼ü❧❧❡r ❡t ❛❧✳ ❬✷✵✶✷❪✱ ✇❤♦ ❢♦✉♥❞ t❤❛t ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥
▲❡❢t② ❛♥❞ ◆♦❞❛❧ ♣r♦t❡✐♥s✱ ✇❤✐❝❤ ❞✐✛✉s❡ ✇✐t❤ ❞✐✛❡r❡♥t s♣❡❡❞s✱ ❧❡❛❞s t♦
❢♦r♠❛t✐♦♥ ♦❢ ❛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠ ✐♥ ③❡❜r❛✜s❤✳ ❙✐♠✐❧❛r ✜♥❞✐♥❣s
❛r❡ r❡♣♦rt❡❞ ❜② ❉✉❜♦❝ ❡t ❛❧✳ ❬✷✵✵✽❪ ❢♦r ▲❡❢t② ❛♥❞ ◆♦❞❛❧ ✐♥t❡r❛❝t✐♦♥
✇❤✐❝❤ ❛r❡ s❤♦✇♥ t♦ s♣❡❝✐❢② t❤❡ ❛r❡❛ ♦❢ ♦r❛❧ ❡❝t♦❞❡r♠ ✐♥ s❡❛ ✉r❝❤✐♥✳
■♥ ❬❙✉ ❡t ❛❧✳✱ ✷✵✵✾❪ ❛ ●❘◆ ♦❢ s❡❛ ✉r❝❤✐♥ ♦r❛❧ ❡❝t♦❞❡r♠ s♣❡❝✐✜❝❛t✐♦♥
❝✐r❝✉✐t ✐s ❣✐✈❡♥✳ ❚♦❣❡t❤❡r ✇✐t❤ t❤❡ ❢❛❝t t❤❛t ◆♦❞❛❧ ✐s ✐♥✈♦❧✈❡❞ ✐♥ ❛ ❝♦♠✲
♠✉♥✐t② ❡✛❡❝t ❢♦✉♥❞ ✐♥ t❤❡ s❛♠❡ s②st❡♠ ❬❇♦❧♦✉r✐ ❛♥❞ ❉❛✈✐❞s♦♥✱ ✷✵✶✵❪✱
t❤❡② ♣r♦✈✐❞❡ ❡✈✐❞❡♥❝❡ t♦ s✉♣♣♦rt t❤❡ ❚✉r✐♥❣ ♣❛tt❡r♥ ♠♦❞❡❧ st✉❞✐❡❞ ✐♥
❙❡❝t✐♦♥ ✹✳✹✳

■♥ ♦t❤❡r ♦r❣❛♥✐s♠s✱ ❚✉r✐♥❣ ♣❛tt❡r♥s✱ ♦r✱ ♠♦r❡ ❣❡♥❡r❛❧❧②✱ r❡❛❝t✐♦♥✲
❞✐✛✉s✐♦♥ s②st❡♠s✱ ❤❛✈❡ ❜❡❡♥ ❢♦✉♥❞✿ ❙❤✐r❛t♦r✐ ❛♥❞ ❍❛♠❛❞❛ ❬✷✵✵✻❪✱ ◆❛❦❛✲
♠✉r❛ ❡t ❛❧✳ ❬✷✵✵✻❪ s❤♦✇ t❤❛t ▲❡❢t②✲◆♦❞❛❧ ✐♥t❡r❛❝t✐♦♥ ❡st❛❜❧✐s❤❡s ❧❡❢t✲
r✐❣❤t ❛s②♠♠❡tr② ✐♥ ♠♦✉s❡✱ ❛ ❝♦♠♣❧❡① ♣❤❡♥♦♠❡♥♦♥ ❛❧s♦ st✉❞✐❡❞ ❜② ❚✉r✲
✐♥❣ ❬✶✾✺✷❪❀ ❙❤❡t❤ ❡t ❛❧✳ ❬✷✵✶✷❪ s❤♦✇ t❤❛t ❍♦① ❣❡♥❡s r❡❣✉❧❛t❡ ❛ ❚✉r✐♥❣
♣❛tt❡r♥ ♠❡❝❤❛♥✐s♠ ✇❤✐❝❤ ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r ♣❛tt❡r♥✐♥❣ ♦❢ ❞✐❣✐ts ✐♥ ♠✐❝❡✳
❆ r❡✈✐❡✇ ♦❢ ❡①♣❡r✐♠❡♥t❛❧ ❡✈✐❞❡♥❝❡ ❢♦r ❚✉r✐♥❣ ♣❛tt❡r♥s ✐♥ ❞❡✈❡❧♦♣♠❡♥t
✐s ❣✐✈❡♥ ❜② ▼❛r❝♦♥ ❛♥❞ ❙❤❛r♣❡ ❬✷✵✶✷❪✳

❚❤❡ ♣❛♣❡r ♦❢ ❍s✐❛ ❡t ❛❧✳ ❬✷✵✶✷❪✱ ✉s✐♥❣ ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ st♦❝❤❛st✐❝
s♣❛t✐❛❧ ♠♦❞❡❧❧✐♥❣✱ s❤♦✇s ❤♦✇ ❛♥ ♦s❝✐❧❧❛t♦r② ❝✐r❝✉✐t ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛
❚✉r✐♥❣ ♣❛tt❡r♥ ●❘◆ ❝❛♥ ❢♦r♠ ♠❛♥② t②♣❡s ♦❢ ♣❛tt❡r♥s✱ ❢♦❝✉s✐♥❣ ♦♥ ❡❛s❡
♦❢ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ s✉❝❤ ❛ ❝✐r❝✉✐t ❛rt✐✜❝✐❛❧❧②✳

✶✶✷



r♦❧❡s ♦❢ ❝♦♠♠✉♥✐t② ❡❢❢❡❝t ✐♥ ❞②♥❛♠✐❝ ♠♦r♣❤♦❣❡♥

❣r❛❞✐❡♥t ✐♥t❡r♣r❡t❛t✐♦♥✳ ❉②♥❛♠✐❝ ❛ss❡ss♠❡♥t ♦❢ ❛ ♠♦r♣❤♦❣❡♥
❣r❛❞✐❡♥t ❤❛s ❜❡❡♥ s✉❣❣❡st❡❞ ♣r❡✈✐♦✉s❧② ❜❛s❡❞ ♦♥ ❡①♣❡r✐♠❡♥t❛❧ ❡✈✐❞❡♥❝❡
❬❉❡ss❛✉❞ ❡t ❛❧✳✱ ✷✵✶✵✱ ●✉r❞♦♥ ❡t ❛❧✳✱ ✶✾✾✺✱ ❍❛r✈❡② ❛♥❞ ❙♠✐t❤✱ ✷✵✵✾✱
❏❛❡❣❡r ❡t ❛❧✳✱ ✷✵✵✹❛❪✳ ❙✉r♣r✐s✐♥❣❧②✱ ♦✉r s✐♠✉❧❛t✐♦♥s ✐♥❞✐❝❛t❡ t❤❛t ❛ ♠♦r✲
♣❤♦❣❡♥ ❣r❛❞✐❡♥t ❛t st❡❛❞② st❛t❡ ✐s ♥♦t ❛ ♣r❡r❡q✉✐s✐t❡ ❢♦r ♣❛tt❡r♥ ❢♦r✲
♠❛t✐♦♥✳ ■t t✉r♥❡❞ ♦✉t t❤❛t ❛ tr❛♥s✐❡♥t ❣r❛❞✐❡♥t ✐s s✉✣❝✐❡♥t ❢♦r ♣❛t✲
t❡r♥✐♥❣ ❛♥❞ t❤❡ st❡❛❞②✲st❛t❡ ♠♦r♣❤♦❣❡♥ ❞✐str✐❜✉t✐♦♥ ❝❛♥ ❜❡ ✉♥✐❢♦r♠
✭❋✐❣✉r❡ ✸✾✮✳

■♥ ♦✉r ❞②♥❛♠✐❝ ♠♦r♣❤♦❣❡♥ ❣r❛❞✐❡♥t ♠♦❞❡❧✱ t❤❡r❡❢♦r❡✱ ♣♦s✐t✐♦♥❛❧ ✐♥✲
❢♦r♠❛t✐♦♥ ✐s ❡♥❝♦❞❡❞ ✐♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❞✐✛✉s✐♥❣ ♠♦r♣❤♦❣❡♥s✱ r❛t❤❡r
t❤❛♥ ❜② t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥ ❛ st❛❜❧❡ ❣r❛❞✐❡♥t✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡
s②st❡♠ ❝♦♥❢❡rs ♠❡♠♦r② ♦❢ ♠♦r♣❤♦❣❡♥ ❞②♥❛♠✐❝s✳ ❚❤❡ ❞②♥❛♠✐❝ ♠♦r✲
♣❤♦❣❡♥ ❣r❛❞✐❡♥t ♠♦❞❡❧ t❤✉s ♣r♦✈✐❞❡s ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡ s♦✲❝❛❧❧❡❞
❋r❡♥❝❤ ✢❛❣ ♠♦❞❡❧ ❛♥❞ t❤❡ ❝♦♥❝❡♣t ♦❢ ♣♦s✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ❢♦r ❡♠❜r②✲
♦♥✐❝ ♣❛tt❡r♥✐♥❣ ❬❲♦❧♣❡rt✱ ✶✾✻✾❪✳ P❛tt❡r♥ ❢♦r♠❛t✐♦♥ ♠❡❝❤❛♥✐s♠s ❜❛s❡❞
♦♥ ❞②♥❛♠✐❝ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ❣❡♥❡s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ♠♦❞❡❧❧❡❞ ♣r❡✈✐✲
♦✉s❧② ❢♦r ❉r♦s♦♣❤✐❧❛ ❜② ▲❡♠❜♦♥❣ ❡t ❛❧✳ ❬✷✵✵✾❪✳
❚❤❡ ♥❡t✇♦r❦ ♦❢ ❛ ♠✉t✉❛❧❧②✲r❡♣r❡ss✐✈❡ ♣❛✐r ♦❢ ❣❡♥❡s ❤❛s ❜❡❡♥ ✐♠♣❧✐✲

❝❛t❡❞ ✐♥ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ♣♦s✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ❣r❛❞✐❡♥ts ♦❢ ♠❛✲
t❡r♥❛❧ ♣r♦t❡✐♥s✱ ✇❤✐❝❤ ✇♦r❦ ❛s ♠♦r♣❤♦❣❡♥s ❬❏❛❡❣❡r ❡t ❛❧✳✱ ✷✵✵✹❛❪ ✐♥
t❤❡ s❡❣♠❡♥t❛t✐♦♥ ♦❢ ❉r♦s♦♣❤✐❧❛ ❡♠❜r②♦s✳ ❍♦✇❡✈❡r✱ ❜❡❝❛✉s❡ ✐t ✐♥✈♦❧✈❡s
❛ ❝♦♠♣❧❡① ●❘◆✱ ✐ts ❡①❛❝t ♠❡❝❤❛♥✐s♠ r❡♠❛✐♥s ✉♥r❡s♦❧✈❡❞✳ ❲❡ ❢♦✉♥❞
t❤❛t✱ ✇❤❡♥ ❜❡✐♥❣ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t✱ t❤✐s ❝r♦ss r❡♣r❡s✲
s✐♦♥ s✉❜✲❝✐r❝✉✐t ✭❣❡♥❡t✐❝ t♦❣❣❧❡ s✇✐t❝❤✮ t✉r♥❡❞ ✐♥t♦ ❛ r♦❜✉st ♣❛tt❡r♥✐♥❣
●❘◆ ✇✐t❤ ❝♦♦r❞✐♥❛t❡❞ ❣❡♥❡ ❡①♣r❡ss✐♦♥✳ ❚❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ♣❧❛②s ❛
r♦❧❡ ✐♥ r❡✜♥✐♥❣ ♣❛tt❡r♥s ❜② s❤❛r♣❡♥✐♥❣ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ❜♦✉♥❞❛r✐❡s✳
❖✉r s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❤❛✈❡ ❛❧s♦ s❤♦✇♥ t❤❛t ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t ❤❡❧♣s

♦r✐❡♥t ❣❡♥❡ ❡①♣r❡ss✐♦♥ ♣❛tt❡r♥s ✐♥ s♣❛❝❡ ✭❋✐❣✉r❡ ✸✽✮✳ ❚❤✐s ✐s ♦♥❡ ♦❢ t❤❡
r♦❧❡s ♦❢ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t ♥♦t r❡❝♦❣♥✐s❡❞ ♣r❡✈✐♦✉s❧②✳ ■♥ t❤❡ ❝♦♥t❡①t
♦❢ ❛♥✐♠❛❧ ❞❡✈❡❧♦♣♠❡♥t✱ t❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ❛♥❞ t❤❡ ●❘◆ ❞❡♣✐❝t❡❞
✐♥ ❋✐❣✉r❡ ✸✺❛ ✐s ❛ r♦❜✉st s②st❡♠ t♦ ❡st❛❜❧✐s❤ ❛♥ ❛s②♠♠❡tr✐❝ ♣❛tt❡r♥
✐♥ ❡♠❜r②♦♥✐❝ t✐ss✉❡s✳ ❚❤❡s❡ r❡s✉❧ts ✐♥❞✐❝❛t❡ t❤❛t ❞✐✛✉s✐❜❧❡ ❢❛❝t♦rs ❢♦r
❝❡❧❧✲t♦✲❝❡❧❧ ❝♦♠♠✉♥✐❝❛t✐♦♥✱ ❡✐t❤❡r ✇✐t❤ ♣♦s✐t✐✈❡ ♦r ♥❡❣❛t✐✈❡ ✐♥✢✉❡♥❝❡
❢r♦♠ ♦♥❡ ❝❡❧❧ t♦ t❤❡ ♦t❤❡r✱ ♠❛② ♣r♦✈✐❞❡ ♠②r✐❛❞ ♠❡❝❤❛♥✐s♠s ❢♦r ❡♠❜r②✲
♦♥✐❝ ♣❛tt❡r♥✐♥❣ ✇❤❡♥ ✐♥t❡r❧✐♥❦❡❞ ✇✐t❤ ❛ s✉❜✲❝✐r❝✉✐tr② ♦❢ ❞❡✈❡❧♦♣♠❡♥t❛❧
●❘◆s✳
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❚❤❡ ❣♦❛❧ ♦❢ t❤✐s ✇♦r❦ ✇❛s t♦ ♠♦❞❡❧ ❝♦♠♠✉♥✐t② ❡✛❡❝ts ✐♥ ♠♦r❡ ❞❡t❛✐❧
t❤❛♥ ✇❛s ❝♦♥s✐❞❡r❡❞ ✐♥ ♣r❡✈✐♦✉s st✉❞✐❡s✱ ✐♥ ♣❛rt✐❝✉❧❛r ✐♥❝❧✉❞✐♥❣ s♣❛t✐❛❧
❛♥❞ st♦❝❤❛st✐❝ ❛s♣❡❝ts✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ❞❡✈❡❧♦♣♠❡♥t✱ s♣❛t✐❛❧ ♣❤❡♥♦♠✲
❡♥❛ ❛r❡ ♦❜✈✐♦✉s❧② ✐♠♣♦rt❛♥t✱ s✐♥❝❡ ❢♦r♠❛t✐♦♥ ♦❢ s♣❛t✐❛❧ ♦r❣❛♥✐s❛t✐♦♥ ♦❢
t✐ss✉❡s ✐s ❛♥ ❡ss❡♥t✐❛❧ t❛s❦ ♦❢ ❡♠❜r②♦❣❡♥❡s✐s✳ ■t ✐s ❛❧s♦ ✐♠♣♦rt❛♥t t♦ ❝♦♥✲
s✐❞❡r st♦❝❤❛st✐❝✐t②✱ ❜❡❝❛✉s❡ ❞❡✈❡❧♦♣♠❡♥t❛❧ ♣r♦❝❡ss❡s ❤❛✈❡ t♦ ❜❡ r♦❜✉st
✇✐t❤ r❡s♣❡❝t t♦ ✢✉❝t✉❛t✐♦♥s ✐♥❤❡r❡♥t ✐♥ ❝❤❡♠✐❝❛❧ s②st❡♠s✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❧✐st t❤❡ s♣❡❝✐✜❝ r❡s❡❛r❝❤ q✉❡st✐♦♥s ❛♥❞ t❤❡ ♦❜✲

t❛✐♥❡❞ r❡s✉❧ts✱ t♦❣❡t❤❡r ✇✐t❤ s♦♠❡ ❞✐r❡❝t✐♦♥s ❢♦r t❤❡ ❢✉t✉r❡ ✇♦r❦✳

✇❤❛t ✐s t❤❡ ✐♥❢❧✉❡♥❝❡ ♦❢ st♦❝❤❛st✐❝ ♥♦✐s❡ ♦♥ ❛ ❝♦♠✲

♠✉♥✐t② ❡❢❢❡❝t❄ ❲❡ ❤❛✈❡ ❛♥❛❧②s❡❞ ❛ ❞❡t❛✐❧❡❞ ♠♦❞❡❧ ♦❢ ❛ ❝♦♠♠✉✲
♥✐t② ❡✛❡❝t ✐♥ ❳❡♥♦♣✉s ❛♥❞ ❝♦♥❝❧✉❞❡❞ t❤❛t t❤❡ ♦♥❧② ✐♥✢✉❡♥❝❡ t❤❛t t❤❡
st♦❝❤❛st✐❝ ♥♦✐s❡ ❤❛s ✐♥ t❤❛t ♠♦❞❡❧ ✐s t❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❝r✐t✐❝❛❧ ♥✉♠❜❡r
❜② ❛❜♦✉t ✷✵✪✳
❆s ❛ ♣❛rt ♦❢ t❤✐s ✇♦r❦✱ ❛ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♠❡t❤♦❞ ✇❛s ❞❡✈❡❧♦♣❡❞ ✐♥

❬❇❛t♠❛♥♦✈ ❡t ❛❧✳✱ ✷✵✶✷❛❪✱ ✇❤✐❝❤ ❝❛♥ ❣r❡❛t❧② r❡❞✉❝❡ ❛ s②♠♠❡tr✐❝ ♠♦❞❡❧✱
❢❛❝✐❧✐t❛t✐♥❣ ❛❞✈❛♥❝❡❞ st♦❝❤❛st✐❝ ❛♥❛❧②s✐s✳
❙②♠♠❡tr✐❝ r❡❞✉❝t✐♦♥ ♣r❡s❡♥t❡❞ ❤❡r❡ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ✐♥ ❛ ♥✉♠❜❡r

♦❢ ✇❛②s✳ ❈❤❡❝❦✐♥❣ ❛♥❞ ✜♥❞✐♥❣ t❤❡ r❡q✉✐r❡❞ s②♠♠❡tr✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❛
r❡❛❝t✐♦♥ s❡t ❝❛♥ ❜❡ ❛✉t♦♠❛t❡❞ r❛t❤❡r ❡❛s✐❧②✳ ❚❤❡ s②♠♠❡tr✐❡s ❝♦♥s✐❞✲
❡r❡❞ ❤❡r❡ ❛r❡ ❥✉st t❤❡ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ t❤❡ r❡❛❝t✐♦♥ ❣r❛♣❤ ✇✐t❤ t❤❡
❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥ts t❤❛t t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
s♣❡❝✐❡s ♠✉st ❜❡ ❡q✉❛❧ ❛♥❞ t❤❡ r❛t❡s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❛❝t✐♦♥s ♠✉st
❜❡ ❡q✉❛❧✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ ❛❧❧ ❛✉t♦♠♦r♣❤✐s♠s ❜❡❧♦♥❣s t♦ t❤❡ ◆P
❝❧❛ss ♦❢ ❝♦♠♣❧❡①✐t②✱ ❤♦✇❡✈❡r ❢♦r r❡❛❧ s②st❡♠s t❤❡ r❡q✉✐r❡♠❡♥t ♦❢ ❤❛✈✐♥❣
t❤❡ s❛♠❡ r❛t❡s ❛♥❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s r❡str✐❝ts t❤❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡
s②♠♠❡tr✐❡s✳ ❱❡r✐✜❝❛t✐♦♥ ♦❢ ❛ s♣❡❝✐✜❡❞ s②♠♠❡tr② ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ ♣♦❧②✲
♥♦♠✐❛❧ t✐♠❡✳
❖♥❡ ❞✐r❡❝t✐♦♥ ❢♦r ❢✉t✉r❡ ❞❡✈❡❧♦♣♠❡♥ts ❤❡r❡ ✐s t♦ ❞✐r❡❝t❧② ❞❡r✐✈❡ ❛

r❡❞✉❝❡❞ ♠♦♠❡♥t ❝❧♦s✉r❡ ❢r♦♠ ❛ r✉❧❡✲❜❛s❡❞ r❡♣r❡s❡♥t❛t✐♦♥✱ ✇✐t❤♦✉t ❡①✲
♣❛♥❞✐♥❣ ✐t t♦ t❤❡ ❢✉❧❧ s②st❡♠✳ ❚❤✐s ❜❡❝♦♠❡s ✐♥t❡r❡st✐♥❣ ✐❢ t❤❡ ❡①♣❛♥❞❡❞
s②st❡♠✬s s✐③❡ ✐s ❤✉❣❡✱ ❛♥❞ t❤❡ s②st❡♠ ✐s ❤✐❣❤❧② s②♠♠❡tr✐❝✱ s♦ t❤❛t ✐t
❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ❛ ♠❛♥❛❣❡❛❜❧❡ s❡t ♦❢ ♠♦♠❡♥t ❡q✉❛t✐♦♥s✳ ■♥ t❤✐s
❝❛s❡✱ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ r✉❧❡✲❜❛s❡❞ ♠♦❞❡❧ t♦ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s ❜❡✲
❝♦♠❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❜♦tt❧❡♥❡❝❦✱ ✇❤✐❝❤ ❝❛♥ ♣♦ss✐❜❧② ❜❡ ❛✈♦✐❞❡❞✳ ■t
r❡s❡♠❜❧❡s ✇❤❛t ✐s ❞♦♥❡ ✐♥ ❬❈❛♠♣♦r❡s✐ ❛♥❞ ❋❡r❡t✱ ✷✵✶✶❪✳
❍♦✇❡✈❡r✱ t❤❡ ❝✉rr❡♥t ♠❡t❤♦❞ ✐s ♥♦t ❛♣♣❧✐❝❛❜❧❡ t♦ s♣❛t✐❛❧ s②st❡♠s ✇✐t❤

❜♦r❞❡rs✳ ❇② ❜♦r❞❡rs✱ ✇❡ ♠❡❛♥ t❤❡ ♦✉t❡r♠♦st ❝❡❧❧s ✐♥ ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧
r♦✇ ♦❢ ❝❡❧❧s✱ ♦r ✐♥ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❣r✐❞✱ t❤♦s❡ ❝❡❧❧s t❤❛t ❢r❛♠❡ t❤❡ ❣r✐❞✳
■♥ s✉❝❤ s②st❡♠✱ ❛ ❞✐st✐♥❝t ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❜♦r❞❡r✭s✮ ✉♥✐q✉❡❧② ✐❞❡♥t✐✜❡s

✶✶✺



❡❛❝❤ ❝❡❧❧✳ ❋♦r ❡①❛♠♣❧❡✱ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛t✐❛❧ ♠♦❞❡❧s ♦❢ t❤❡ ❝♦♠♠✉✲
♥✐t② ❡✛❡❝t ❢r♦♠ ❈❤❛♣t❡r ✹ ❝❛♥ ❜❡ r❡❞✉❝❡❞ ✐♥ ❤❛❧❢ ❜② ❝❡♥tr❛❧ s②♠♠❡tr②✳
❇✉t✱ ❢♦r ❛ s❡❝♦♥❞ ♦r❞❡r ♠♦♠❡♥t ❝❧♦s✉r❡✱ t❤❡ q✉❛❞r❛t✐❝ ❞❡♣❡♥❞❡♥❝② ♦❢
♥✉♠❜❡r ♦❢ ❡q✉❛t✐♦♥s ♦♥ t❤❡ s②st❡♠ s✐③❡ r❡♠❛✐♥s✳ ❇❡❝❛✉s❡ ♦❢ t❤✐s✱ ✇❡
r❡s♦rt❡❞ t♦ ❧❡♥❣t❤② st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s ❢♦r t❤❡ s♣❛t✐❛❧ ♠♦❞❡❧s✳
▼♦♠❡♥t ❝❧♦s✉r❡s ❢♦r s♣❛t✐❛❧ ♠♦❞❡❧s ❤❛✈❡ ❜❡❡♥ ♣r❡✈✐♦✉s❧② ❞❡r✐✈❡❞ ✐♥

❡❝♦❧♦❣② ❬●❛♥❞❤✐ ❡t ❛❧✳✱ ✷✵✵✵❪ ❛♥❞ st❛t✐st✐❝❛❧ ♣❤②s✐❝s ❬▲❡✈❡r♠♦r❡✱ ✶✾✾✻❪✳
■♥ t❤❡ ❢✉t✉r❡✱ ✇❡ ♣❧❛♥ t♦ ❞❡✈❡❧♦♣ ♠❡t❤♦❞s t♦ ✐♥❢❡r s♣❛t✐❛❧ ♠♦♠❡♥t
❝❧♦s✉r❡s ❛✉t♦♠❛t✐❝❛❧❧② ❢♦r ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥ s②st❡♠s ❛s ✇❡❧❧✳

❤♦✇ ❝♦♠♠✉♥✐t② ❡❢❢❡❝ts ❜❡❤❛✈❡ ✐♥ s♣❛❝❡❄ ❚♦ ❛♥s✇❡r
t❤✐s q✉❡st✐♦♥✱ ✇❡ ❤❛✈❡ ❝♦♥str✉❝t❡❞ ❛ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ❛♥❞ ❛♥❛❧②s❡❞ ✐ts
❜❡❤❛✈✐♦✉r ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ❖♥❡ ✜♥❞✐♥❣ ✇❛s t❤❛t ❢♦r ❛ ❝♦♠♠✉✲
♥✐t② ❡✛❡❝t ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s✱ ✐✳❡✳ ✐❢ ✇❡ ❝♦♥s✐❞❡r
s✐③❡ ♦❢ t❤❡ ❝❡❧❧s ❛♥❞ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ t❤❡♠ ✜①❡❞✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❤❛✈❡
❛ ❧♦ss ♦❢ t❤❡ ❞✐✛✉s✐❜❧❡ ❢❛❝t♦r✳ ❚❤✐s ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛ ❜✐♦❧♦❣✐❝❛❧❧②
♣❧❛✉s✐❜❧❡ ✇❛② ✇✐t❤ ❛❝t✐✈❡ ❛♥❞ ✐♥❛❝t✐✈❡ ❝❡❧❧s✱ ❛♥❞ t❤✐s s❡t✉♣ ✇❛s ✉s❡❞ ✐♥
t❤❡ r❡st ♦❢ t❤❡ ✇♦r❦✳
❖✉r ♠✐♥✐♠❛❧ ♠♦❞❡❧ ♦❢ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✐❧❧✉♠✐♥❛t❡❞ ❛♥♦t❤❡r ♣r♦♣✲

❡rt② ♦❢ ❝♦♠♠✉♥✐t② ❡✛❡❝ts✱ t❤❛t ✐s✱ ✐ts ✉♥✐❢♦r♠ ✉♥r❡str✐❝t❡❞ ❡①♣❛♥s✐♦♥
t❤r♦✉❣❤♦✉t t❤❡ ❝❡❧❧ ♣♦♣✉❧❛t✐♦♥✳ ❚❤✐s ♣r♦♣❡rt② ✐s ♦❜✈✐♦✉s❧② ✐♥❝♦♥✈❡♥✐❡♥t
❢♦r ♣❛tt❡r♥ ❢♦r♠❛t✐♦♥ ❞✉r✐♥❣ ❡♠❜r②♦❣❡♥❡s✐s✳ ❚❤✐s r❛✐s❡❞ t❤❡ ♥❡①t q✉❡s✲
t✐♦♥✿

❤♦✇ ❝❛♥ t❤❡ s♣r❡❛❞ ♦❢ ❛ ❝♦♠♠✉♥✐t② ❡❢❢❡❝t ❜❡ ❧✐♠✲

✐t❡❞❄ ❚♦ r❡s♦❧✈❡ t❤✐s ✐ss✉❡✱ ✇❡ ❤❛✈❡ ♣r♦♣♦s❡❞ t✇♦ ❞✐✛❡r❡♥t ♠♦❞❡❧s
t❤❛t ❧✐♠✐t t❤❡ s♣r❡❛❞ ♦❢ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✇✐t❤✐♥ ❛ ❝❡❧❧ ♣♦♣✉❧❛t✐♦♥✿
t❤❡ ❚✉r✐♥❣ ♣❛tt❡r♥ ♠♦❞❡❧ ❛♥❞ t❤❡ ❞②♥❛♠✐❝ ♠♦r♣❤♦❣❡♥ ❣r❛❞✐❡♥t ♠♦❞❡❧✳
❚❤❡s❡ ♥♦t ♦♥❧② ♣r❡s❡♥t❡❞ ♠❡❝❤❛♥✐s♠s ♦❢ r❡❣✉❧❛t✐♥❣ ❝♦♠♠✉♥✐t② ❡✛❡❝ts✱
❜✉t ❛❧s♦ r❡✈❡❛❧❡❞ s❡✈❡r❛❧ ✐♥t❡r❡st✐♥❣ ✐♥s✐❣❤ts ✐♥t♦ ❡♠❜r②♦♥✐❝ ♣❛tt❡r♥✐♥❣✳
❖✉r ✜♥❞✐♥❣s ❛r❡ s✉♠♠❛r✐s❡❞ ❛s ❢♦❧❧♦✇s✿

✶✳ ❆ ❝♦♠♠✉♥✐t② ❡✛❡❝t s♣r❡❛❞s ♦✉t ✇✐t❤♦✉t ❛♥② ♥❡❣❛t✐✈❡ ❢❡❡❞❜❛❝❦
✭❋✐❣✉r❡ ✷✺❞✮✳

✷✳ ❲✐t❤ ♥❡❣❛t✐✈❡ ❢❡❡❞❜❛❝❦✱ ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t ❞♦❡s ♥♦t s♣r❡❛❞ ✉♥✲
r❡str✐❝t❡❞❧②✳ ❲❡ s❤♦✇ t❤❛t ❧♦❝❛❧✐s❡❞ ✐♥❞✉❝t✐♦♥ ❧❡❛❞s t♦ ❧♦❝❛❧✐s❡❞
❣❡♥❡ ❡①♣r❡ss✐♦♥ ✐♥ ♦✉r ❚✉r✐♥❣ ♣❛tt❡r♥ ♠♦❞❡❧ ✭❋✐❣✉r❡ ✸✹❜✮✳

✸✳ ❈♦♠♠✉♥✐t②✬s ❝❡❧❧ ❞❡♥s✐t② ❛♥❞ s✐③❡ ❜❡❝♦♠❡ ❝r✐t✐❝❛❧ ❢♦r s❡❧❢✲s✉st❛✐♥✐♥❣
❣❡♥❡ ❡①♣r❡ss✐♦♥ ❜② ❛ ❝♦♠♠✉♥✐t② ❡✛❡❝t ✭s✉❜s❡❝t✐♦♥ ✹✳✸✳✹✮✳ ❚❤✐s ✐s
r❡❧❡✈❛♥t t♦ ❡♠❜r②♦♥✐❝ ♣❛tt❡r♥✐♥❣✱ ❜❡❝❛✉s❡ ❡♠❜r②♦s ✉♥❞❡r❣♦ ❞②✲
♥❛♠✐❝ ♠♦r♣❤♦❣❡♥❡t✐❝ ♠♦✈❡♠❡♥t✳ ■t r❛✐s❡s ❛ q✉❡st✐♦♥✿ ❍♦✇ ❞♦❡s

t✐ss✉❡ ❣❡♦♠❡tr② ❛✛❡❝t ♣❛tt❡r♥✐♥❣❄ ❲❡ ♣❧❛♥ t♦ ❛❞❞r❡ss t❤✐s ✐ss✉❡
✐♥ t❤❡ ❢✉t✉r❡✳

✹✳ ❆ ♠♦❞✐✜❡❞ ❢♦r♠ ♦❢ ❣❡♥❡t✐❝ t♦❣❣❧❡ s✇✐t❝❤ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❝♦♠✲
♠✉♥✐t② ❡✛❡❝t ❧♦♦♣ ❝♦♥✈❡rts ❛ ❞②♥❛♠✐❝ ♠♦r♣❤♦❣❡♥ ❣r❛❞✐❡♥t ✐♥t♦

✶✶✻



❛ s♣❛t✐❛❧❧②✲❛s②♠♠❡tr✐❝ ♣❛tt❡r♥ ♦❢ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ✭❋✐❣✉r❡ ✸✽✮✳
❚❤❡ ❝♦♠♠✉♥✐t② ❡✛❡❝t ❧♦♦♣ ✐♥tr♦❞✉❝❡s ❛♥ ❛s②♠♠❡tr② t♦ t❤❡ ●❘◆✱
✇❤✐❝❤ ❜✐❛s❡s ♣❛tt❡r♥ ❢♦r♠❛t✐♦♥ t♦✇❛r❞s [v,u] ♣❛tt❡r♥✳ ❍♦✇❡✈❡r✱
t❤❡ ❢✉♥❞❛♠❡♥t❛❧✱ ♥♦♥✲tr✐✈✐❛❧ q✉❡st✐♦♥ r❡♠❛✐♥s ✉♥❛♥s✇❡r❡❞✿ ❤♦✇
❞♦❡s t❤❡ t♦♣♦❧♦❣✐❝❛❧ ❛s②♠♠❡tr② ♦❢ t❤❡ ●❘◆ ❜r✐♥❣ ❛❜♦✉t t❤❡ ❜✐❛s
✐♥ ♣❛tt❡r♥ ❢♦r♠❛t✐♦♥❄ ❚❤✐s ✐s ❛ s✉❜❥❡❝t ♦❢ ♦✉r ❢✉t✉r❡ ✇♦r❦✳

✺✳ ❆ tr❛♥s✐❡♥t ❛♥❞ ❞②♥❛♠✐❝ ♠♦r♣❤♦❣❡♥ ❣r❛❞✐❡♥t ✐s s✉✣❝✐❡♥t ❢♦r ♣❛t✲
t❡r♥✐♥❣✳ ▼♦r❡♦✈❡r✱ ❛ ✉♥✐❢♦r♠ ♠♦r♣❤♦❣❡♥ ❞✐str✐❜✉t✐♦♥ ❛❝r♦ss t❤❡
✐♥❞✉❝❡❞ t✐ss✉❡ ❝❛♥ ♠❛✐♥t❛✐♥ t❤❡ ❡st❛❜❧✐s❤❡❞ ♣❛tt❡r♥ ✇✐t❤ ❛ ✇❡❧❧✲
❞❡♠❛r❝❛t❡❞ ❜♦✉♥❞❛r② ✭❋✐❣✉r❡ ✸✾✮✳

■♥ t❤✐s ✇♦r❦✱ ✇❡ ❤❛✈❡ ♦♥❧② ❛♥❛❧②s❡❞ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛t✐❛❧ ♠♦❞❡❧s✳
❚❤❡② r❡♣r❡s❡♥t ❛♥ ✐❞❡❛❧✐③❡❞✱ s♣❤❡r✐❝❛❧❧②✲s②♠♠❡tr✐❝ ❝❛s❡✳ ❚❤✐s ❝♦♥✜❣✉r❛✲
t✐♦♥ ✇❛s ❝❤♦s❡♥ ❢♦r ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝②✳ ■♥ ♦r❞❡r t♦ st✉❞② ♣❛tt❡r♥✲
✐♥❣ ✐♥ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❣❡♦♠❡tr✐❡s✱ ❤♦✇❡✈❡r✱ t✇♦✲ ♦r t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧
s♣❛❝❡ r❡♣r❡s❡♥t❛t✐♦♥s ✇✐❧❧ ❜❡ ♥❡❡❞❡❞✱ ✇❤✐❝❤ ✐s s✐❣♥✐✜❝❛♥t❧② ❤❛r❞❡r ✐♥
t❡r♠s ♦❢ r❡q✉✐r❡❞ ❝♦♠♣✉t❛t✐♦♥s✳ ❇✉✐❧❞✐♥❣ s✉❝❤ ♠♦❞❡❧s ✐s ❛♥♦t❤❡r s✉❜✲
❥❡❝t ♦❢ ♦✉r ❢✉t✉r❡ ✇♦r❦✳

✻✳✶ ♦♥ ❛✉t❤♦rs❤✐♣ ♦❢ ❝♦♥tr✐❜✉t✐♦♥s

❚❤✐s t❤❡s✐s ✐s ❛ r❡s✉❧t ♦❢ ❝♦❧❧❛❜♦r❛t✐✈❡ ✇♦r❦✳ ■♥ ♦r❞❡r t♦ ❦❡❡♣ t❤❡ ♣r❡✲
s❡♥t❛t✐♦♥ ❝♦❤❡r❡♥t✱ ■ ❤❛✈❡ ✐♥❝❧✉❞❡❞ ❛❧❧ t❤❡ ♠❛t❡r✐❛❧ ❢r♦♠ ❝♦✲❛✉t❤♦r❡❞
♣✉❜❧✐❝❛t✐♦♥s✳ ❲❤✐❧❡ ✐♥ ❣❡♥❡r❛❧ ✐t ✐s ❞✐✣❝✉❧t t♦ ❛ttr✐❜✉t❡ ✐❞❡❛s t♦ ❛ s✐♥❣❧❡
♣❡rs♦♥✱ ■ ✇✐❧❧ ❧✐st s❡✈❡r❛❧ ❝❧❡❛r ❝❛s❡s ❜❡❧♦✇✳
❚❤❡ ❞②♥❛♠✐❝ ♠♦r♣❤♦❣❡♥ ❣r❛❞✐❡♥t ♠♦❞❡❧ ❢r♦♠ ❙❡❝t✐♦♥ ✹✳✺ ✇❛s ❝r❡❛t❡❞

❜② ❨❛s✉s❤✐ ❙❛❦❛✳ ❆❧❧ P❉❊✲❜❛s❡❞ ❛♥❛❧②s✐s ♦❢ ✐t✱ ❛s ✇❡❧❧ ❛s t❤❛t ♦❢ t❤❡ ❞❡✲
t❛✐❧❡❞ s♣❛t✐❛❧ ♠♦❞❡❧ ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✸✳✹ ✇❛s ❛❧s♦ ❞♦♥❡ ❜② ❤✐♠✳ ❍❡ ♠❛❞❡
t❤❡ ▼❛t❤❡♠❛t✐❝❛ ♥♦t❡❜♦♦❦ ♣r♦✈✐❞❡❞ ✐♥ t❤❡ s✉♣♣♦rt✐♥❣ ♦♥✲❧✐♥❡ ❝♦❞❡
✭http://www.lifl.fr/~batmanov/thesis/simulationCode.zip✮✳

❲❤✐❧❡ t❤❡ ✐❞❡❛ ♦❢ t❤❡ s②♠♠❡tr✐❝ r❡❞✉❝t✐♦♥ ✜rst ♦❝❝✉rr❡❞ t♦ ♠❡✱ t❤❡
❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ♣r❡s❡♥t❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ✸✳✸✳✷ ✐s ❞♦♥❡ ❜② ❈é❞r✐❝
▲❤♦✉ss❛✐♥❡✳
❚❤❡ ▼❛♣❧❡ ❝♦❞❡ t♦ ❞❡r✐✈❡ ♠♦♠❡♥t ❝❧♦s✉r❡s ✇❛s ❧❛r❣❡❧② ✐♥s♣✐r❡❞ ❜② ❛

s✐♠✐❧❛r ♣❛❝❦❛❣❡ ✇r✐tt❡♥ ❜② ▼✐❝❤❡❧ P❡t✐t♦t✳

✶✶✼

http://www.lifl.fr/~batmanov/thesis/simulationCode.zip




❇■❇▲ ■❖●❘❆P❍❨

●❛r② ❑✳ ❆❝❦❡rs✱ ❆❧❡①❛♥❞❡r ❉✳ ❏♦❤♥s♦♥✱ ❛♥❞ ▼❛❞❡❧✐♥❡ ❆✳ ❙❤❡❛✳ ◗✉❛♥t✐✲
t❛t✐✈❡ ♠♦❞❡❧ ❢♦r ❣❡♥❡ r❡❣✉❧❛t✐♦♥ ❜② λ ♣❤❛❣❡ r❡♣r❡ss♦r✳ Pr♦❝❡❡❞✐♥❣s ♦❢
t❤❡ ◆❛t✐♦♥❛❧ ❆❝❛❞❡♠② ♦❢ ❙❝✐❡♥❝❡s ❯❙❆✱ ✼✾✭✹✮✿✶✶✷✾✕✶✶✸✸✱ ❋❡❜r✉❛r②
✶✾✽✷✳ ✭❈✐t❡❞ ♦♥ ♣❛❣❡ ✶✻✳✮

◆♦❛♠ ❆❣♠♦♥✳ ❉✐✛✉s✐♦♥ ✇✐t❤ ❜❛❝❦ r❡❛❝t✐♦♥✳ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ ❈❤❡♠✲

✐❝❛❧ P❤②s✐❝s✱ ✽✶✭✻✮✿✷✽✶✶✱ ✶✾✽✹✳ ■❙❙◆ ✵✵✷✶✾✻✵✻✳ ❞♦✐✿ ✶✵✳✶✵✻✸✴✶✳
✹✹✼✾✺✹✳ ❯❘▲ http://link.aip.org/link/JCPSA6/v81/i6/p2811/

s1&Agg=doi✳ ✭❈✐t❡❞ ♦♥ ♣❛❣❡ ✷✼✳✮

❯r✐ ❆❧♦♥✳ ◆❡t✇♦r❦ ♠♦t✐❢s✿ t❤❡♦r② ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ ❛♣♣r♦❛❝❤❡s✳ ◆❛✲
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