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Résumé

Résumé

Cette these présente quelques résultats de la théorie des probabilités quantiques et
de 'analyse harmonique non commutative. Elle est constituée de trois parties. La pre-
miere partie démontre ’analogue non commutatif de I'inégalité de John-Nirenberg et la
décomposition atomique pour les martingales non commutatives. Ces résultats étendent
et améliorent ceux qui existent déja, et correspondent exactement & ceux que l’'on connait
dans le cas classique. La deuxiéme partie est consacrée a 1’étude des espaces de Hardy a va-
leurs opérateurs via la méthode d’ondelettes. Il est montré que les espaces de Hardy définis
par ondelettes coincident avec ceux définis par les fonctions carrées de Littlewood-Paley et
Lusin. Cette approche est similaire a celle du cas des martingales non commutatives, mais
I'utilisation des outils de martingales en analyse harmonique permet une démonstration
plus rapide. Dans la troisieme partie, nous nous tournons vers des applications de la théorie
bien établie des espaces de Hardy, c’est-a-dire des opérateurs de Calderén-Zygmund (OCZ
pour abréviation) associés a des noyaux a valeurs matricielles. On obtient des estimations
de type faible (1, 1) pour des OCZ dyadiques parfaites et des shifts de Haar annulateurs as-
sociés a des noyaux non commutatifs, ainsi que des estimations de type H; — L; pour des
OCZ arbitaires d’aprés une décomposition d’une fonction en ligne/colonne. En conjonc-
tion avec Lo, — BM O, nous établissons certaines estimations de type L,. Cette approche
s’applique aussi & des paraproduits et des transformées de martingales avec des symboles
et coefficients non commutatifs respectivement.

Mots-clefs

Algebres de von Neumann, espaces L, non commutatifs, martingales non commuta-
tives, inégalité de John-Nirenberg, décomposition atomique, espaces de Hardy et BMO a
valeurs matricielles, ondelettes, opérateurs de Calderon-Zygmund, noyaux a valeurs ma-
tricielles, shifts de Haar, transformées de martingale, paraproduits.




Some problems on noncommutative harmonique analysis

Abstract

This thesis presents some results in the theory of quantum probability and noncommu-
tative harmonic analysis. It consists of three parts. The first part presents the noncom-
mutative analogue of the John-Nirenberg inequality and atomic decomposition for the
noncommutative martingales. These results extend and improve the existing ones, and
correspond exactly to those in the classical case. The second part is devoted to the study
of operator-valued Hardy spaces via wavelet method. It is shown that Hardy spaces de-
fined by wavelets coincide with those defined through the usual Lusin and Littlewood-Paley
square functions. This approach is parallel to that in the noncommutative martingale case,
hence much concise. In the third part, we turn to applications of the well established the-
ory of Hardy spaces, i.e. Calderén-Zygmund operators (CZO for abbreviation) associated
to matrix-valued kernels. We obtain weak (1,1) type estimates for perfect dyadic CZO’s
and cancellative Haar shift associated to noncommuting kernels, and H; — L type esti-
mates for arbitrary CZO’s in terms of a row/column decomposition of the functions. In
conjunction with Lo, — BMO, we get certain row/column L, estimates. The approach
also applies to paraproducts and martingales transforms with noncommuting symbols and
coefficients respectively.

Keywords

Von Neumann algebras, noncommutative L,-spaces, noncommutative martingales, John-
Nirenberg inequality, atomic decomposition, matrix-valued Hardy spaces and BMO spaces,
wavelets, Calderéon-Zygmund operators, matrix-valued kernels, Haar shifts, martingales
transforms, paraproducts.



Table des matiéres

Introduction 9
0.1 Chapitre 1. . . . . . . . e 10
0.2 Chapitre 2. . . . . . . . 15
0.3 Chapitre 3. . . . . . . . 17

Introduction 21
0.1 Chapter 1 . . . . . . . o 22
0.2 Chapter 2 . . . . . . . . 27
0.3 Chapter 3 . . . . . . . . e 29

1 John-Nirenberg inequality and atomic decomposition for noncommuta-
tive martingales 33
1.1 Preliminaries and notations . . . . . . . .. .. .. ... ... ... ... .. 36
1.2 John-Nirenberg inequality . . . . . . . . . . ... ... ... ... 38
1.3 Atomic decomposition . . . . . .. ... L L 49
1.4  An open question of Junge and Musat . . . . . .. ... ... ... ... .. 57

2 Wavelet approach to operator-valued Hardy spaces 61
2.1 Preliminaries . . . . . . . . . .. 62
2.2 Duality . . . . o 66
2.3 Interpolation . . . . . . . ... 73
2.4 Comparison with Mei’sresults . . . . . . . .. ... ... ... ....... 76

3 Calderdén-Zygmund operators associated to matrix-valued kernels 81
3.1 Calderén-Zygmund decomposition . . . . . .. ... oL 85
3.2 Proof of Theorems Aand B . . . . . . ... ... ... ... ......... 87
3.3 Proof of Theorem C . . . . . .. .. .. . . . 98
3.4 Appendix. Open problems . . . . . . . . .. ... L 102

Bibliographie 105






Introduction

La théorie des probabilités quantiques et ’analyse harmonique non commutative se
posent dans le cadre des algebres de von Neumann. L’algebre de von Neumann est le
cadre naturel pour la théorie d’intégration non commutative, ou les fonctions de la théorie
de l'intégration classique sont remplacées par des opérateurs sur un espace de Hilbert, et les
mesure par des traces. Historiquement, c’est dans le but d’étudier la mécanique quantique
que von Neumann et ses collaborateurs ont posé les bases de la théorie de I'intégration non
commutative. Pour cette raison, ’étude des themes dans ’analyse non commutative était
sans surprise partiellement motivée par la mécanique quantique. Néanmoins, la théorie
des probabilités quantiques et I’analyse harmonique non commutative sont devenues les
domaines de recherche indépendants en mathématique.

La théorie des inégalités de martingales non commutatives est importante en probabi-
lités quantiques. Le développement moderne des inégalités de martingales non commuta-
tives a commencé avec le papier fondateur de Pisier et Xu [48] dans lequel les inégalités
de Burkholder-Gundy et le théoreme de dualité de Fefferman ont été étendus au cas non
commutatif. Depuis, de nombreux résultats classiques ont été tranférés avec succes dans
le monde non commutatif. Il doit étre souligné qu’étendre les résultats classiques au cadre
non commutatif exige souvent d’attaquer le probléme sous un autre angle. Par exemple,
I’argument de temps d’arrét et la fonction maximale ponctuelle, qui sont souvent utilisés
dans les preuves classiques, n’existent pas dans ce cadre. Par conséquent, des techniques ou
théories supplémentaires, comme par exemple la théorie des espaces d’opérateurs, sont ex-
ploitées afin de traiter les martingales non commutatives. De plus, ces techniques peuvent
donner de nouveaux résultats méme dans la théorie classique, comme illustré dans [25].

Il est bien connu qu’il existe de nombreuses interactions entre la théorie des probabili-
tés classiques et I'analyse harmonique. Ces interactions sont encore fructueuses et jouent
un réle important dans le cadre non commutatif. Ainsi, le deuxiéme théme de ce travail
concerne 'application de la théorie des martingales non commutatives a I’analyse harmo-
nique non commutative. Motivé par les inégalités de martingales non commutatives, Mei
[34] a effectué une étude systématique des espaces de Hardy de fonctions a valeurs dans
des espaces L, non commutatifs. Ses espaces de Hardy non commutatifs sont définis par
la fonction intégrale de Lusin non commutative, et sont étroitement liés a ceux définis via
le semigroupe de Poisson. Ensuite, en combinant ce lien avec la propriété de dilatation
Markovienne des semigroupes d’opérateurs et les propriétés des martingales non commu-
tatives relativement a une filtration continue, obtenus récemment, Junge et Mei [19] et
[35] ont établi la théorie des espaces de Hardy associés aux semigroupes d’opérateurs, et
ont trouvé quelques applications importantes. Certaines de ces applications sont nouvelles
méme dans le cadre classique.

Dans la théorie des martingales non commutatives, il existe une technique assez im-
portante : la construction de Cuculescu, qui constitue 'analogue de 'argument de temps
d’arrét, mais sous une forme plus faible que dans le cas classique. Randrianantoanina
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dans [51] [52] et [53] a utilisé cette construction pour démontrer des estimations de type
faible (1,1) des transformées de martingales et des fonctions carrées (conditionnelles). La
construction de Cuculescu est aussi un outil clef dans la décomposition de Gundy non
commutative démontrée par Parcet et Randrianantoanina [44]. Il est bien connu que la
transformée de martingales et la fonction carré correspondent en analyse harmonique a
la transformée de Hilbert et la fonction de Littlewood-Paley respectivement. Parcet [43]
a établi la décomposition de Calderén-Zygmund non commutative basée sur la construc-
tion de Cuculescu, et obtenu les estimations de type faible (1,1) pour les opérateurs de
Calderén-Zygmund. Par la suite, les estimations de type faible des fonctions carrées a
valeurs opérateurs ont également été obtenues par Parcet et Mei [37]. Une nouvelle pro-
priété découverte par Parcet est un principe de pseudo-localisation, qui est approfondi par
Hytonen [13] dans le cas classique.

Cette these est constituée de trois parties. Le premier chapitre présente un travail en
collaboration avec Mei intitulé “John-Nirenberg inequality and atomic decomposition for
noncommutative martingales", qui s’inscrit dans la théorie des martingales non commu-
tatives. Ce travail a été accepté par J. Funct. Anal. Le contenu du deuxiéme chapitre
concerne la théorie des espaces de Hardy mentionné dans le troisiéme paragraphe précé-
dent. Ce chapitre est un travail en collaboration avec Yin intitulé “Wavelet approach to
operator-valued Hardy spaces", qui a été accepté par Revista Mat. Iberoa. Le dernier cha-
pitre est centré sur les opérateurs de Calderén-Zygmund associés a des noyaux a valeurs
matricielles et la transformée de martingales. Il s’agit d’un travail effectué en collabora-
tion avec Lépez, Martell et Parcet intitulé “Calderén-Zygmund operators associated to
matrix-valued kernels".

Avant que je détaille chaque chapitre dans la suite de cette introduction, nous rappelons
I'objet principal des trois chapitres, c’est-a-dire des espaces L, non commutatifs. Soit
M une algebre de von Neumann semifinie munie d’une trace normale et fidele 7 et Sj{/l
I'ensemble des éléments positifs x de M tels que 7(s(z)) < oo, ou s(x) est la plus petite
projection vérifiant exe = x. Soit Spaq l’espace vectoriel engendré par SXA. Alors tout
élément x € Sy a une trace finie, et Sy est une *-sous-algeébre w*-dense de M. Soit
maintenant 0 < p < oo. Pour tout x € Spq, opérateur |z|P appartient a Sj(/t (ou |x| =
(z*z)'/? désigne le module de z). Nous définissons alors

1
[zl = (7([=[*))7, V2 € Spm.

On peut vérifier que || - ||, est bien définie et est une (quasi)norme sur Spq. Le complété
de (Sm, || - |lp) est noté Ly(M) : c’est I'espace usuel L, non commutatif associé a (M, 7).
Pour simplifier les notations, nous écrirons M & la place de Lo (M) munie de la norme
d’opérateur || - ||p. Les éléments de L, (M) peuvent étre décrits comme des opérateurs
fermés densément définis sur H, H étant ’espace de Hilbert sur lequel M agit.

0.1 Chapitre 1

La théorie des inégalités de martingales non commutatives a été développée au cours
des derniéres années. Nous renvoyons le lecteur, par exemple, a [48], [16], [25], [27] et [51]
pour les inégalités de martingales non commutatives, a [40], [2] pour les interpolations
des espaces de Hardy et a [44], [45] pour les décompositions de Gundy et Davis non
commutatives. Le chapitre 1 est également motivé par les deux travaux suivants. Le premier
concerne le théoréme de John-Nirenberg non commutatif démontré par Junge et Musat, et
le deuxieéme la décomposition 2-atomique des espaces de Hardy établie par Bekjan, Chen,
Perrin et Yin [2].
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D’abord, rappelons quelques notions élémentaires des martingales non commutatives.
Dans ce chapitre M est une algebre de von Neumann finie munie d’une trace normalisée.
Soit (M,,),>1 une filtration croissante de sous-algebres de von Neumann de M dont 'union
est w*-dense dans M. Soit &, I'espérance conditionnelle de M relativement a M,,. Une
suite z = (zp)n>1 de L1(M) est une martingale non commutative relativement a (My,),>1
si &, (2p41) = , pour tout n > 1. Si de plus tous les x,, sont dans L,(M) pour un certain
1 < p < o0, alors on dit que x est une martingale L,. Dans ce cas, on considere

1zl = sup [|znp-
n>1

Si ||z, < oo, on dit que x est une martingale bornée dans L,. Soit * = (z5)p>1 une
martingale non commutative relativement a (My,),>1. On définit dz,, = x,, — x,—1 pour
n > 1 avec la convention z¢ = 0. La suite dz = (dx,,),>1 est appelée la suite des différences
de la martingale x. Dans la suite, pour tout € L;(M) on note x,, = &,(x) pour n > 1. Soit
1 < p < oo. Définissons H, (resp. ’H;) comme le complété de ’ensemble des martingales
Ly finies pour la norme ||z = [|Sc(z)|p (resp. |lzllrg = [[Sr(2)]lp), ott Se(z) et Sy(x)
sont définis par
1/2
Se() = (Y ldaxl?)?, Si(x) = Se(a”).
k>1

Les espaces de Hardy non commutatifs H,(M) sont définis comme suit : si 1 < p < 2, on
pose

Hp(M) = Hp(M) + H,(M),
et on définit la norme

Il = inf {llylizg + N1zl }-

Si 2 < p < oo, on pose

Hp(M) = Hy (M) NH, (M),

et on munit cet espace de la norme
[#]l2, = max{{|z|lzg, 2]}
L’espace BMO€ est défini comme
BMO“M) = {z € Li(M) : [[z|pmo= < oo},

ou
|2l srmoe = sup [[Enla — 21 ]33,
n>1
et
BMO™(M) = {z : 2* € BMO“(M)}.

On considere 'espace
BMO(M) = BMO*(M)NBMO" (M)
muni de la norme

[zlls;mo = max{||z]|srmoe; €] Bmor -

On travaillera avec la version conditionnelle des espaces de Hardy et BMO introduite
dans [25]. Soit = (z5)n>1 une martingale finie dans Ly(M). On pose

se(@) = (Y Eldzi?)'? et si(2) = se(a”),

k>1
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ou par convention & = &;. Soit alors 0 < p < co. On définit I'espace hj(M) (resp.
h;,(M)) comme le complété de I'ensemble des martingales Lo, finies pour la (quasi)norme
[zllhe = [[sc(z)llp (resp. [|[lny = [[sr(2)][p). Soit hg(/\/l) I'espace des martingales dont la
suite des differences de martingale est dans ¢,(L,(M)), ou £,(L,(M)) est I'espace des
suites a = (ay)n>1 dans L,(M) telles que

lalle, a0y = (3 lanl2) ' < co.

n>1

La version conditionnelle des espaces de Hardy de martingales non commutatives est définie
comme suit : si 0 < p < 2,

hp (M) = hj (M) + hp (M) + (M)
muni de la (quasi)norme

2, = :E:yiggw{Hthg + llzllng =+ [lewllng}-

Si2<p<oo,
hp(M) = hS(M) N hI (M) N hE(M)

muni de la norme

[z[ln, = max{|[zlng, [[z[lny, [l=]lna}-
L’espace bmo® est défini par
bmo“(M) = {x € L1(M) : ||z|bmoc < 00}

ou

el = o { €10 50 o = 22 .
nz

On consideére

bmo”" (M) = {z : z* € bmo®(M)}.

Soit bmod(/\/l) I’espace des martingales dont la suite des differences de martingale est dans
loo(Loo(M)), 0l log(Loo(M)) est espace des suites a = (ap)n>1 dans Lo (M) telles que

llles (2o () = 8P flan]lo < o0
Notons que bmo?(M) = h% (M). Définissons 'espace
bmo(M) = bmo®(M) N bmo" (M) N bmo?(M),

muni de la norme

1Z][bmo = max{||Z|lbmo¢; | ||bmo"> ”memod}'
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0.1.1 L’inégalité de John-Nirenberg

On commence par rappeler 'inégalité de John-Nirenberg de la théorie classique des
martingales. Soit (£2, F,P) un espace probabilisé et (F,,),>1 une suite croissante de sous-
o-algebres de F. On notera E,, les espérances conditionnelles associées. L’espace BMO(2)
est défini comme ’ensemble des fonctions x € L1(f2) telles que

lzllBrvo = sup [|[En|z — 2p—1]||eo < 00.
n

Le théoreme de John-Nirenberg classique dit qu’il existe deux constantes universelles c1,
co > 0 telles que si ||z||ppo < c2, alors

sup |[E, (ectle=2n-1ly| o < 1. (0.1.1)
n

Ce résultat est équivalent a la propriété suivante : pour tout n > 1, £ € F, et A > 0, il
existe une constante universelle ¢ > 0 telle que

]P’(lE)]P)({w €E : |z(w) — zn1(w)] > A}) < cpexp(—cA/|z||Bmo). (0.1.2)

Il y a encore une caractérisation équivalente : il existe une constante universelle ¢ > 0 telle

que pour tout 1 < p < o0,

1
z|lppmo <sup sup ———|[(z — n_1)1E|» < epl|lz||BMO- 0.1.3
[z p sup P(E)l/pH( n-1)1Ep [Ed| (0.1.3)

Junge et Musat dans [23] ont démontré une version non commutative du théoreme de
John-Nirenberg similaire a (0.1.3), en prouvant qu’il existe une constante universelle ¢ > 0
telle que pour tout 2 < p < o0,

lzllsmo < Bp(x) < cpllzsmo,

ou
By(z) =max{sup  suwp (@~ za-1)bllp,
sup  sup  [|b(z — @p—1)llp}-

Cependant, ce théoréme n’est plus vrai (voir Remark 2.14 pour un contre-example) si
on considere BMQO(M) et BMO" (M) séparément. D’autre part, il ne correspond pas a
la forme utilisée couramment de I’inégalité de John-Nirenberg classique. Le premier but de
ce chapitre est de remédier a ces aspects du théoréme de Junge and Musat. Le théoréme
suivant est un de nos principaux résultats. Dans ce chapitre, P(M) dénote ’ensemble des
projections de M.

Théoréme 0.1.1. Pour tout 0 < p < oo,

05 @ llomee < 12llbmes,,. < Bpllllbmot

ol

|2 {|bmos

1
o = max {[E1@)e, sup sup [ — el 1

n eep(My) (T(€))

Les deux constantes oy, and 3, ont les propriétés suivantes
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(i) ap =1 pour2 <p<oo;
(ii) ap, < CVP=Y2 pour 0 <p < 2;

(iii) By < cp pour2 <p < oo;

)
)
)
(iv) Bp =1 pour 0 < p < 2.

Un résultat similaire est encore vrai pour BMO¢(M), mais uniquement pour 2 <
p < oo (voir Remark 2.9). D’un autre coté, notre preuve du Théoréme 0.1.1 peut étre
modifiée facilement afin d’étendre le résultat de Junge/Musat & tout 0 < p < oo sous la
forme (0.1.3) (voir Corollary 2.19). De plus, la constante optimale cp obtenue en utilisant
le résultat de Randrianantoanina [52] nous permet de formuler I'inégalité sous la forme
(0.1.1) et (0.1.2).

Dans la derniére section de ce chapitre, on donne une réponse négative a une question
posée dans [23] (page 136) : étant donné 2 < p < oo, existe-t-il une constante ¢, telle que

1
sup [[Exle = Exazlll < eplllmmo?

Théoréme 0.1.2. Supposons que supy, ||Ex|f — Sk_1f|p||éép

tain p > 3. Alors

< ¢p(n)|| fllBMoO pour un cer-
cp(n) > c(log(n + 1)7.

0.1.2 Décomposition atomique

Nous nous tournons maintenant vers le deuxiéme objectif de ce chapitre : la décompo-
sition atomique des espaces de Hardy non commutatifs. Nous rappelons que la décompo-
sition 2-atomique a déja été obtenue dans [2]. Un élément a € L1(M) est un (1, 2).-atome
relativement & (M,,),>1 s'il existe n > 1 et e € P(M,,) tels que

(i) Enla) = 0; (it)ae = a; (iid) [lall2 < (r(e) V2.

L’espace de Hardy atomique hiat(./\/l) est défini comme l'espace de tous les opérateurs
x € L1(M) tels que la norme | - [|ns -~ est finie, o

lzllng . = lI€1]l +in Y Ayl

1,at
J

Ici Vinfimum est pris sur toutes les décompositions possibles x — &1z = ) i Aja; telles que
Aj € C, a; est un (1,2).-atome. Il est démontré dans [2] que z € h§(M) si et seulement si
z € hi (M), avec

[[lne == [|z][ne

i,at'
Combiné a I'equivalence H§(M) = h§(M) + h¥(M), les auteurs de [2] ont aussi obtenu
une decomposition 2-atomique pour H{(M).

Nous rappelons brievement 'argument utilisé dans [2]. L’espace dual de h{ (M) peut
étre décrit comme

A(M) = {z € Ly(M) : ||z||ac < o0}

1 1
|z]|ac = max{||€17]lco, sup sup (——7(elz — z,|*))z}.
n>1eePy, 7—(6)
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En fait, le supremum dans la définition précédente peut étre pris sur tous les b € Li(M,,),
puisque les points extrémaux de la boule unité de L;(M,,) sont des multiples de projec-
tions. Par conséquent,

1 1
|z]|ac = max{||€12|cc, sup sup (—T(b\x—xn|2))2} (0.1.4)
n>1beM, |01

1
= max{||&17]|oo, sup |Enlz — 2n|?(|E}
n>1

= ||7/lbmoc-

Ainsi la dualité (h§(M))* = bmo“(M) implique h§ (M) = h§(M).

Il est bien connu dans le cas classique que les 2-atomes dans la décomposition précé-
dente peuvent étre remplacés par les g-atomes pour tout 1 < ¢ < oo. Nous rappelons la
définition de ces atomes dans le cadre classique. On dit qu'une fonction a € L1(2) est un
g-atome s’il existe n > 1 et B € F,, tels que

(i) Epa = 0; (i) {a # 0} C E; (i) ||al, < P(E) 4.

Nous nous référons a [57] pour plus d’information.

La principale difficulté pour obtenir la décomposition g-atomique dans le cadre non
commutatif est que 'équivalence clef (0.1.4) n’est plus vraie si on remplace dans (iii)
I'indice de puissance 2 par ¢ # 2, 1 < ¢’ < oo ou ¢‘ désigne 'indice conjugué de ¢q. On
surmonte cet obstacle par le Théoréme 0.1.1, et on obtient le théoréme suivant.

Théoréme 0.1.3. Pour tout 1 < g < oo,
hi(M) = h 4, . (M)

et ces normes sont équivalentes. Ici, h‘i’atq pr(/\/l) est l’espaces de Hardy q-atomique avec
ses atomes définis ainsi : a est un q-atome s’il existe n > 1 et une projection e € P(M,,)
tels que

(i) En(a) = 0; (i) ae = a; (iii) [lalln; < (7(e))

m\‘,_.

Notons que h i, (M) = h{ ,;(M), et la décomposition 2-atomique est ainsi retrouvée
dans [2]. Par ailleurs, en appliquant la version conditionnelle du théoreme de Junge et
Musat de la forme (0.1.3), on obtient une décomposition g-atomique pour hy(M) dans
laquelle les atomes sont définis d’une fagon similaire, ou la norme || - th dans (iii) ci-dessus
est remplacée par || ||, et la condition de support (ii) est affaiblie & r(a) < e ou l(a) < e
(voir Theorem 3.19). C’est exactement ’analogue non commutatif de la décomposition
atomique classique.

Les inégalités de John-Nirenberg et la décomposition établie ici seront apppliquées
pour démontrer les estimations de type H; — L; dans le chapitre 3.

0.2 Chapitre 2

Motivé par les probabilités quantiques mentionnées dans le chapitre 1 et l'analyse
harmonique a valeurs matricielles, Mei dans [34] a défini les espaces H,, pour des fonctions
a valeurs opérateurs en considérant la fonction de Lusin a valeurs opérateurs. Pour 1 <
p < 00, Mei définit ’espace HI‘;’(R, M) comme le complété de I'espace des fonctions simples
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[ & valeurs dans Spq tels que [|Sc(f)||, est finie, ot S¢(f) est analogue non commutatif
de l'intégrale de Lusin classique définie par

avec ' = {(y,t) € R% | |y| <t} et f(y,t) = P.f(y) pour le semi-groupe de Poisson (P;);>0.
Ensuite, H)(R, M) et H,(R, M) sont définis d'une fagon similaire aux espaces analogues
dans le cas des martingales.

Le résultat remarquable prouvé par Mei est que Hf(R, M) est le prédual de l’espace
BMO apparu dans 'analyse harmonique a valeurs matricielles noté BMO®(R, M). Cet
espace est constitué de tous les ¢ € Loo(M; L§(R, dt/1 + t2)) tels que

ol |55 [ie—er], <
@Yl|BMOe = 8up || 777 Y =PI 00.
rcr M| Jy M

Il a aussi obtenu les résultats d’interpolation désirés et les inégalités de Littlewood-Paley.
Mei a adapté ’approche classique dans sa recherche et réduit plusieurs problémes au cas
des martingales. Il a inventé une technique tres intéressante et puissante : 'espace BMO
sur R (aussi bien dans les cas classique et non commutatif) est l'intersection de deux
espaces BMO dyadiques.

D’un autre coté, en analyse harmonique classique, il est bien connu que H;(R) défini
par la fonction carrée et Hj(R) défini par ondelettes coincident puisque’ils admettent la
méme décomposition atomique. Comme expliqué dans le chapitre 1, il est tres difficile
d’obtenir la décomposition atomique pour les espaces de Hardy non commutatifs par la
construction explicite comme dans le cadre classique. On ne peut donc pas comparer ces
deux espaces en utilisant la méthode classique. Dans ce chapitre, on définit directement
Hp(R, M) et BMO(R, M) via ondelette. Les définitions sont similaires a celles du cas des
martingales, mais associées a une base d’ondelettes fixée (wr)rep. Par souci de simplicité,
on notera N lespace Lo (R)®M dans ce chapitre. Pour f € Sy, les fonctions carrées sont
définies par

S = (3 Wnl(@) 2 02.1)

1€D

et Sp(f) = Se(f*). Les normes sont données par

Il = 1S ,ovy, et [ f kg = 15r (A2, -

Puis I'espace Hy (R, M) (resp. H (R, M)) est défini comme ’espace complété de (S, || -

¢(R resp. (Sn, ||+ lme r . On définit alors les espaces de Hardy a valeurs opé-

M (R M) S 3 )))- On définit alors 1 de Hardy & val :
rateurs comme suit : pour 1 < p < 2,

Hp(R,M) = H;(R,M) + H;(R,M) (0.2.2)
munis de la norme

1£ll#, = nf{llglizg + |l : =9+ h,g €HpheHp},

et pour 2 < p < oo,
Hp(R,M) = Hg(R, M)n H;(R, M) (0.2.3)

munis de la norme

£ 117, = max{|| Fllg, |1l }-
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Pour ¢ € Loo(M; L§(R, 1j‘i%)), on pose

lellmor = sup | (o 3 e wnl®) (024)

IcJ M
et
lellsmor = @™ |Baoe®,Mm)-
Ce sont des normes modulo les fonctions constantes. Définissons
dx
14 a2

BMO"(R,M) = {¢ : ¢* € BMO“(R, M)},

BMO(R,M) = {p € Loo(M; L3(R ) = lellBamoe < oo},

et
BMO(R, M) = BMOR, M) N BMO" (R, M).

Ensuite, on obtient la dualité de Fefferman désirée, et les résultats d’interpolation.

Theorem 0.2.1. On a
(H{ (R, M))* = BMO°(R, M) (0.2.5)

avec normes équivalentes.
Theorem 0.2.2. Soit 1 <p < o0, on a

[BMO(R, M), H§ (R, M)]1 = HE(R, M) (0.2.6)

B =

avec normes équivalentes.

Finalement, on prouve directement que notre espace BMQO(R, M) est le méme que
dans le cadre de ’analyse harmonique a valeurs matricielles, et que nos espaces H;(R, M)
sont les mémes que ceux introduits par Mei par dualité et interpolation.

Theorem 0.2.3. On a
BMO(R, M) = BMO“(R, M)

avec normes équivalentes. De méme, Hy(R, M) = H (R, M) avec normes équivalentes.

En d’autres termes, on donne une autre approche pour traiter les espaces de Hardy a
valeurs opérateurs. Il doit étre souligné que notre méthode est treés similaire a celle utilisée
dans le cas des martingales non commutatives, c’est donc beaucoup plus simple que la
méthode de Mei. C’est aussi la premiere tentative de transférer des résultats en probabilités
quantiques a I'analyse harmonique a valeurs opérateurs en utilisant ’ondelette.

0.3 Chapitre 3

Les transformées de martingales non commutatives et les opérateurs de Calderén-
Zygmund rencontrés précedemment peuvent étre considérés comme des opérateurs d’inté-
grales avec des noyaux a valeurs scalaires, de méme les fonctions carrées non commutatives
et les fonctions carrées a valeurs opérateurs peuvent étre considérées comme des noyaux
a valeurs dans un espace de Hilbert. L’objectif principal de ce chapitre est d’obtenir les
estimations d’endpoint pour les OCZ ayant les noyaux qui ne commutent pas avec des
fonctions, motivé par une estimation récente dans [20] pour les OCZ semi-commutatifs.
Dans ce chapitre, on note A = Lo(R™")®B(¢2). Si k(x,y) agit linéairement sur B({2) et
satisfait la condition de finesse de Héormander pour la norme des applications linéaires
bornées sur B({2), le contenu de [20, Lemma 1.3] peut étre résumé comme suit



18 INTRODUCTION

e Si T est borné dans Lo (B(f2); L5(R™)), alors T : Loo(A) — BMO,(A),
e Si T est borné dans Lo (B(f2); L§(R™)), alors T': Loo(A) — BMO(A).
Ici, on dit que T est borné dans Lo (B(¢2); L§(R™)) si

H</nT'JP(I)*T‘}P(I)dm)é B(fz)rS H( Rn f(@)" f(x) dﬂc)é

et BMO,(.A) désigne la version dyadique de BMO®(R"™, B(¢3)) définie dans le chapitre 2
avec la norme donnée par

B(t2)’

sup
Q@ cube dyadique

( fQ (9(z) — 90)" (9(=) — 90) dw) : H

En prenant les ajoints—afin que le * passe partout de gauche a droite— on obtient la
définition de T' borné dans Lo (L%) et de la norme de BMO ligne. Ainsi, les arguments
standard d’interpolation et de dualité démontrent que 7" est borné dans L,(A) pour 1 <
p < 00 a condition que le noyau soit assez lisse par rapport aux deux variables et que T soit
une application normale auto-adjointe bornée dans Lo, (L5) et Loo(L$). En d’autre termes,
les conditions de bornitude ligne/colonne jouent essentiellement le rdle de I'hypothese de
bornitude dans Ly dans la théorie classique de Calderén-Zygmund.

Bien que cela fontionne certainement pour des noyaux non-scalaires —les actions de
produit de Schur ont été utilisées dans [20, Theorem B| par exemple— les hypothéses de
bornitude imposent les conditions que les noyaux commutent presque avec les fonctions,
qui sont trop fortes pour les OCZ associés aux noyaux qui ne commutent pas avec les
fonctions. C'est-a-dire, étant donnés k : R?" \ A — B(f3) lisse et = ¢ suppgn f, on définit
formellement les OCZ ligne/colonne ainsi :

B(fs)

T.f) = [ Maa)f)dy et Tf@) = [ fk)dy

Ce n’est pas difficile de constuire des noyaux qui ne commutent pas avec les fonctions mais
vérifiant

i) T, et T, sont bornés dans La(A),

ii) T et T, ne sont pas bornés dans L,(A) pour 1 < p # 2 < oo,
voir par exemple [43, Section 6.1] pour des exemples spécifiques. Par conséquent, les hy-
pothéses de bornitude dans Lo (L%) et Loo(LS) sont en général trop restrictives quand le
noyau et la fonction ne commutent pas. On suppose pour ce qui suit que 7T, et T, sont
bornés dans Ly(A). On s’intéresse aux formes affaiblies de bornitude dans L, et aux es-
timations d’endpoint pour ces OCZ. Un OCZ dyadique non commutant sera une paire
(T}, T¢) qui est bornée dans La(A) associée & un noyau ne commutant pas avec la fonction
mais vérifiant une des conditions suivantes :

a) Noyaux dyadiques Parfaits

Hk(x,y) - k(zay)HB(@) + Hk(y’x) - k(y7 Z)HB(Eg) =0

pour tous z,z € @, y € R et Q, R des cubes dyadiques disjoints.

b) Opérateurs de shifts de Haar annulateurs

k(z,y) = Z Z agShR(iﬁ)hS(y)>
Q dyadic R,S dyadic C Q
{R)=27T¢(Q)
£(S)=2"5¢(S)
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avec 1,5 € Z4 fixés, ou ags € B(l2) avec HagsHB(lig) < ||15||\S\. Ici les hg sont les

2" — 1 fonctions de Haar relativement au cube Q).
On écrit OCZ générique non commutant pour des paires (7,,7.) qui sont bornées dans
Ls(A) et dont les noyaux ne commutent pas avec les fonctions et vérifiant les conditions
de finesse standard. Notre premier résultat est le suivant.

Theorem 0.3.1. Les inégalités suivantes sont vraies:
i) OCZ Dyadique non commutant. Si f € L1(A)

0 Tl el 161

ii) OCZ Générique non commutant. Si f € Hy(A)

inf T frll, + | Tefe 5 '
ot Ty ITefelly < 0
Hi(A) est la version dyadique de H1(R™,B(¢2)) défini dans chapitre 2.

Pour la preuve de i), on utilise la décomposition de Calderén-Zygmund non com-
mutative et la troncature triangulaire. Pour les estimations de type ii), on se sert de la
décomposition atomique et I'inégalité de John-Nirenberg dans le section 1.1. En combinant
avec Loo — BMO, on obtient certaines estimations ligne/colonne L.

Theorem 0.3.2. Les inégalités suivantes sont vraies pour les OCZ générique non commutant:
i) Sil<p<2etfeLy(A)

nt T foll, + [ Tefell, < 11l

ii) Si2<p<ooetfeLy(A)

()

H;(A) + Hch’ HE(A) 5 HfHP

i) Si f € Loo(A), on a aussi [T f|lsmo, (4) + 1 TeflBymo.(a) S 1 lloo-

Notre approche s’applique aussi aux paraproduits et aux tranformées de martingales
dont les symboles et coefficients qui ne commutent pas avec les fonctions.
a) Transformées de martingales

MEf =Y Dp(f)ée-1 et MEF = &G1li(f).

k>1 k>1

b) Paraproduits de martingales

,(f) = Y Ex1(f)Ak(p) et TI5(f) =Y Ap(p)Er-1(f).

k>1 E>1

Ici Ag dénote lopérateur de la différence de martingale Ej, — Ex_1 et & € Ap est une
séquence adaptée. Bien siir, les symboles £ et p ne commutent pas nécessairement avec les
fonctions.

Theorem 0.3.3. Considérons les paires:
i) Transformées de martingales (M, M), avec supy, |[€kllam < oc.
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ii) Paraproduits de Martingales (II,I17), avec H;/C Lo(A)-borné.
Si 34 est réguliére, on obtient les inégalités de type faible (1,1) comme dans le Théoréme
0.3.1i) pour les tranformées et paraproduits de martingales. Les estimations dans les Théo-
rémes 0.3.1ii) et 0.3.2 sont aussi vraies pour les deux familles et les ¥ 4 arbitraires. De
plus, les paraproduits de martingales 11 et 119 sont bornés dans Ly pour 2 < p < oo et

Loo — BMO.

Nos résultats recouvrent ceux obtenus dans [51, 53] et sont dans un certain sens nets,
en fournissant les remplagants appropriés pour les coefficients ne commutant pas avec
les fonctions. Notre résultat pour les paraproduits va au-dela de [33, Theorem 1.2] pour
deux raisons. Premiérement, nos estimations pour p > 2 sont vraies pour les martingales
arbitraires, pas seulement pour celles qui sont régulieres. Deuxiemement, nous donnons
une réponse partielle & la question de Mei dans [33] apres la preuve du Théoréme 1.2 pour
les cas p < 2 et aussi pour les estimations de type faible (1,1).




Introduction

The theory of quantum probability and noncommutative harmonic analysis arise from
the setting of von Neumann algebras. The theory of von Neumann algebras is the natural
framework for non commutative integration theory, where functions in the classical integra-
tion theory are replaced by operators on a Hilbert space, measures by traces. Historically,
it is in order to study quantum mechanic that von Neumann and his collaborators laid
the foundation of noncommutative integration theory. Therefore, without surprise, the
study of these topics in noncommutative analysis has been partly motivated by quantum
mechanics. However, the theory of quantum probability and noncommutative harmonic
analysis have become independent fields of mathematical research.

The theory of noncommutative martingale inequalities is an important direction of
quantum probability. The modern period of development of noncommutative martingale
inequalities began with Pisier and Xu’s seminal paper [48] in which the noncommutative
Burkholder-Gundy inequalities and Fefferman duality theorem were established. Since
then, many classical results have been successfully transferred to the noncommutative
world. It should be pointed out that extending classical results to the noncommutative
setting often requires additional insights. For instance, stopping time arguments and
pointwise maximal function, which are often used in the classical proofs, appear unavailable
in this setting. Therefore, extra techniques or theories, e.g. operator space theory, are
exploited to deal with noncommutative martingales. Moreover, these techniques may yield
new results even in the classical theory, as illustrated in [25].

It is well known that there are numerous interactions between classical probability
theory and harmonic analysis. This interplay continues to be fruitful and play an impor-
tant role in the noncommutative setting. So the second subject of this thesis deals with
applications of noncommutative martingale theory to noncommutative harmonic analysis.
Motivated by noncommutative martingale inequalities, Mei [34] gave a systematic study
of Hardy spaces of functions with values in noncommutative L,-spaces. His noncommuta-
tive Hardy spaces are defined by the noncommutative Lusin integral function, which are
closely related to the ones defined through Poisson semigroup. Then by this connection,
combined with the recently established Markov dilation property of semigroups of oper-
ators and noncommutative continuous times martingale, Junge and Mei in [19] and [35]
built the theory of Hardy spaces associated with semigroups of operators, and find some
important applications. Some of the applications are new even in the classical setting.

In the theory of noncommutative martingales, there is an important technique: Cu-
culescu’s construction, which is the analogue of stopping time argument, but not strong
enough as that in the classical case. However, Randrianantoanina in [51] [52] and [53]
made use of this construction to prove weak (1, 1) type estimates of martingale transforms,
(conditional) square functions. As applications, he obtained the optimal order of the best
constants in several noncommutative martingale inequalities. Cuculescu’s construction is
also a key tool in Parcet-Randrianantoanina’s noncommutative Gundy decomposition [44].
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It is well known that the martingale transform and square function correspond to Hilbert
transform and Littlewood-Paley function respectively in harmonic analysis. Hence Parcet
[43] built the noncommutative Calderén-Zygmund decomposition based on Cuculescu’s
construction and obtained the weak (1,1) type estimate for Calderén-Zygmund operators.
Later the weak type estimates for operator-valued square functions was also obtained by
Parcet and Mei [37]. A new phenomenon found by Parcet is a pseudo-localization principle
which is pursed further by Hytonen [13] in the classical case.

This thesis consists of three chapters. The first chapter presents a joint work with
Mei entitled “John-Nirenberg inequality and atomic decomposition for noncommutative
martingales", which can be viewed as a part of noncommutative martingale theory. This
work has been accepted by J. Funct. Anal. The content of the second chapter is on theory
of Hardy spaces relating to the subject mentioned in the previous second paragraph. This
chapter is a joint work with Yin entitled “Wavelet approach to operator-valued Hardy
spaces", which has been accepted by Revista Mat. Iberoa. The last chapter is centered
on Calderén-Zygmund operator with matrix-valued kernels or noncommuting martingale
transforms, which is a joint work with Loépez, Martell and Parcet entitled “Calderén-
Zygmund operators associated to matrix-valued kernels".

Before I describe each chapter at length in the rest of this introduction, let us recall
the main object of the three chapters, that is the noncommutative L, spaces. Let M be
a semifinite von Neumann algebra equipped with a normal and faithful trace 7 and Sj(/l
be the set of all positive element z in M with 7(s(x)) < oo, where s(z) is the smallest
projection e such that exe = x. Let S be the linear span of SX/[. Then any x € Sy has
finite trace, and Sy is a w*-dense *-subalgebra of M. Let 1 < p < oco. For any = € Sy,
the operator |z|P belongs to Sy, (|z| = (a:*x)%) We define

1
lzllp = (r(l2[")) 7, V€ Sam.

One can check that || - ||, is a norm on Spq. The completion of (Si4, | - ||p) is denoted
by L,(M) which is the usual noncommutative L,- space associated with (M, 7). For
convenience, we usually set Lo,(M) = M equipped with the operator norm || - ||». The
elements of L,(M) can be described as closed densely defined operators on H (H being
the Hilbert space on which M acts).

0.1 Chapter 1

The theory of noncommutative martingales inequalities has been well developed in recent
years. We refer, for instance, to [48], [16], [25], [27], [51] for noncommutative martingales
inequalities, to [40], [2] for interpolation of noncommutative Hardy spaces and to [44], [45]
for the noncommutative Gundy and Davis decompositions. There are two other works that
motivate the content of chapter 1. The first one is Junge and Musat’s noncommutative
John-Nirenberg theorem [23] and the second the 2-atomic decomposition of the Hardy
spaces H1 by Bekjan, Chen, Perrin and Yin [2].

Let us recall some basic notions on noncommutative martingales. In this chapter, M
is a finite von Neumann algebra equipped with a normalized trace. Let (M,),>1 be an
increasing sequence of von Neumann subalgebras of M such that the union of the M,,’s
is w*-dense in M. Let &, be the conditional expectation of M with respect to M,,. A
sequence = = (Zy)p>1 in L1(M) is called a noncommutative martingale with respect to
(Myp)p>1 if En(@n41) = @y, for every n > 1. If in addition, all the x,,’s are in L,(M) for
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some 1 < p < oo, z is called an L,-martingale. In this case we set
|z]lp = sup [|z][p-
n>1

If ||z||, < oo, z is called a bounded Lj,-martingale. Let = (xy,),>1 be a noncommutative
martingale with respect to (M,,)n>1. Define dx,, = x,—x,—1 for n > 1 with the convention
that xg = 0 and & = &;. The sequence dx = (dx,), is called the martingale difference
sequence of z. In the sequel, for any operator x € L;(M) we denote x,, = &,(x) for n > 1.
For 1 < p < oo. Define Hj (resp. H,)) as the completion of all finite L)-martingales under
the norm ||z /ne = ||Sc(z)lp (vesp. [|z[#5 = [|Sr(z)|lp), where Sc(z) and S, (x) are defined
as

Se(a) = (Y lday?)?, Sp(x) = Se(a®).

k>1

The noncommutative martingale Hardy spaces H, (M) are defined as follows: if 1 < p < 2,
Hp(M) = H;(M) + H}, (M)
equipped with the norm
Izlhe, = inf (gl + 2l )

When 2 < p < o0,

Hp(M) = Hy (M) NHH(M)
equipped with the norm

]9, = max{{|lz]lxg, 2]}

The space BMQO€ is defined as

BMO“(M) = {z € Li(M) : [|z|pmoe < oo}

where
|2l smoe = sup [[Enlz — 21 |?[|22,
n>1
and
BMO"(M) ={z:x* € BMO°(M)}.
Define

BMO(M) = BMO“(M) N BMO" (M)
equipped with the norm
lzllsmo = max{||z||smos, |zl srmor }-

We will also work on the conditional version of Hardy and BMO spaces developed in
[25]. Let x = (x5,)n>1 be a finite martingale in La(M). We set

Se(z) = (Zé'k_1|dmk]2)l/2 and  s.(x) = sc(x¥).

k>1

Let 0 < p < co. Define hg (M) (resp. hy(M)) as the completion of all finite Loo-martingales
under the (quasi-)norm [|z{lne = [|sc(2)lp (vesp. [|z[[ny = [|sr(z)||p). Define hd(M) as the
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subspace of ¢,(L,(M)) consisting of all martingale difference sequences, where £, (L,(M))
is the space of all sequences a = (apn)n>1 in L,(M) such that

lalle, 0 = (3 llanl2)7? < oo

n>1

with the usual modification for p = oo. The noncommutative conditional martingale
Hardy spaces are defined as follows: if 0 < p < 2,

hp(M) = h&(M) + hl (M) + h(M)
equipped with the (quasi-)norm

Izl = _int (ol + 12llg + lhg)-

When 2 < p < o0,
hp(M) = he (M) N hI (M) N (M)

equipped with the norm
[]ln, = max{|[z[ng, [[<[lng, [l=]lna}-
The space bmo® is defined as
bmo®(M) = {z € Li(M) : [|z[lpmoc < o0}

where
el = e { 1€10)os st e = 2 P12
n>

Let
bmo”" (M) = {z : * € bmo®(M)}.

Let bmo?(M) be the subspace of £o(Loo(M)) consisting of all martingale difference se-
quences. Note that bmo?(M) = h% (M). Define

bmo(M) = bmo®(M) N bmo” (M) N bmo® (M)
equipped with the norm

[ ]lbmo = max{|z[lomoe [|[lbmos Il pmed }-

0.1.1 John-Nirenberg inequality

We begin with recalling the classical John-Nirenberg inequalities in the martingale theory.
Let (2, F,P) be a probability space and (F,),>0 an increasing sequence of sub-c-algebras
of F with the associated conditional expectations (E,),>0. The BMO(Q) space is defined
as the set of all x € L1(Q2) with the norm

2l Brro = sup [|[En |z — 2 —1]|lco < o0.
n

The classical John-Nirenberg theorem says that there exist two universal constants ci,
¢a > 0 such that if ||z||ppo < c2, then

sup || E, (el < 1, (0.1.1)
n
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which is equivalent to the statement: For any n > 1, £ € F,, and A > 0, there exists a
universal constant ¢ > 0 such that

IP’(IE)P({W €E : [z(w) — zn—1(w)| > A}) < caexp(—cA/||z]| rmo). (0.1.2)

There remains a equivalent characterization: There exists an absolute constant ¢ such that

for all 1 <p < o0,

1
z|lpmo <sup sup ———|[(x — xn—1)1E|» < cpl|z| | BMO- 0.1.3
[z 1p sup IP,(E)l/pH( n-1)1Ellp [E4| (0.1.3)

Junge and Musat [23] proved a noncommutative version of John-Nirenberg theorem
resembling (0.1.3): There exists an absolute constant ¢ such that for all 2 < p < oo,

zllBmo < Bp(z) < epllzlsmo,

where
By (x) = max{sup sup [(@ = 2n—1)blp,
nbEMnp,|blp<1
sup sup[lb(e — )]}

nbeEMan,[|bllp<1,

However, this theorem does not hold (see Remark 2.14 for a counterexample) when
considering BMO(M) or BMO"(M) separately. On the other hand, it does not cor-
respond to the commonly used form of the classical John-Nirenberg inequality. The first
purpose of this chapter is to remedy these aspects of Junge and Musat’s theorem. The fol-
lowing is one of our main results. In this chapter, P(M) denotes the set of all projections

of M.
Theorem 0.1.1. For all 0 < p < o0,

agl”bemoc < ”xubmo;’pr < ﬁpHbemoca

where

1
T|lbmoe . = max { |E1(2)]|oe, sup  sup  ———[[(x — zn)e|lne |-
el = max (€3 @)e, sty Sl el

The two constants oy, and B, have the following properties
(i) ap=1 for2 <p < oo;

(i) ap < CYP/2 for0 < p < 2;

(ili) Bp < ep for2 < p < oo;

(iv) Bp=1 for0 <p<2.

A similar result holds for BMO(M) but only with 2 < p < co (see Remark 2.9). On
the other hand, our proof of Theorem D can be easily modified to extend Junge/Musat’s
result to all 0 < p < oo and in the form (0.1.3) (see Corollary 2.19). Moreover the
optimal order c¢p obtained using very recent results of Randrianantoanina [52] enable us
to formulate the inequality in the form (0.1.1) and (0.1.2).

In the last section of chapter 1, we give an negative answer to an open question asked
in [23] (on page 136) that given 2 < p < oo, whether there exists a constant ¢, such that

1
sup [Ekl2 = Eprzl’[|8e < cpllzllBMmo?
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Theorem 0.1.2. Suppose supy, ||5k|f—€k_1f|p||<l>ép < ¢cp(n)||fllBMO for some p > 3. Then
cp(n) > c(log(n + 1))%

0.1.2 Atomic decomposition

We now turn to the second objective of this chapter: the atomic decomposition of different
noncommutative Hardy spaces. Let us recall the 2-atomic decomposition obtained in [2].
An element a € Ly(M) is said to be a (1,2).-atom with respect to (My,)p>1, if there exist
n > 1 and e € P(M,,) such that

(i) Enla) = 0; (it)ae = a; (i) [lafl2 < (r(e)~V/2.
The atomic Hardy space h{ (M) is defined as the space of all z € L1(M), such that the
following || - Hhiat norm is finite,

[]lns .

= [|Exzlly +inf > [Al.

J

Here the infimum is taken for possible decompositions z — &1z = > ;Aja; with Aj € C, a;
being (1,2).-atom. It is proved in [2] that x € h{(M) if and only if z € h{ (M) and
[#([he = ll2lng .-
Together with the equivalence H§(M) = h§(M) + h{(M), the authors of [2] also obtained
a 2-atomic decomposition for H{(M).
Let us briefly recall the argument used in [2]. The dual space of h{ , (M) can be
described as

A“M) =A{z € La(M) : |[z][ae < oo}
with )
1
][ac = max{[|€1z]loo, sUP sUP (=7 (elz — @a]?))2}.
n>1cep, T(€)
Actually, the supremum in the definition above can be taken for all b € L1(M,,) since the
extreme points of the unit ball of L;(M,,) are all multiples of projections. Therefore,

1 1
|z|[ac = max{||E1%|lce, sup sup (——7(blz — z,]?))2} (0.1.4)
n>1bem, |I0]1

1
= max{[|&12]lo, sup [|En]x — zn[?] &}
n>1

= |17/ bmoc-

Then the duality h{(M) = bmo®(M) yields h{ (M) = h{(M).

It is well known in the classical theory that 2-atoms in the previous atomic decompo-
sition can be replaced by g-atoms for any 1 < ¢ < oco. Let us recall these atoms in the
commutative case. A function a € L1(Q) is said to be a g-atom if there exist n > 1 and
E € F,, such that

(i) Ena = 0; (i) {a # 0} C B; (iii) |lall, < P(E) 1.

We refer to [57] for more information.

The main difficulty to obtain g-atomic decompositions in the noncommutative case is
that the key equivalence (1.0.8) no longer holds if one replaces the power indices 2 by
qd #2,1<¢ < oo. We overcome this obstacle by Theorem D.
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Theorem 0.1.3. For all 1 < g < oo,
hi(M) = hi ., . (M)

with equivalent norms. Here hiatq o (M) is the q-atomic Hardy spaces with its atoms
defined as: a is called a g-atom if there exist n > 1 and a projection e € P(M,,) such that

(1)) €ala) = 0; (i) ac = a; (iii) [lallng < (v(€)) 7.

Note that h{ i, (M) = h{ (M), so we recover the 2-atomic decomposition of [2].
Moreover, applying the conditional version of Junge/Musat’s theorem in the form (0.1.3),
we get a g-atomic decomposition for hy(M) in which the atoms are defined in a similar
way with || [[se in (iii) above replaced by || |l; and the support condition (ii) weakened to
r(a) <eorl(a) < e (see Theorem 3.19). This is exactly the noncommutative analogue of
the classical atomic decomposition.

The John-Nirenberg inequality and atomic decomposition established here will be ap-
plied to prove the H; — L type estimates in Chapter 3.

0.2 Chapter 2

Motivated by quantum probability mentioned in chapter 1 and matrix-valued harmonic
analysis, Mei in [34] defined H,, spaces for operator-valued functions by considering the
operator-valued Lusin’s square function. For 1 < p < oo, his H]‘j(]R,M) is defined to be
the completion of the space of all Spy-valued simple functions f’s with norm [|S.(f)|,
finite, where S.(f) is the noncommutative analogue of the classical Lusin integral defined
by

of* (9f of* of dydt\ 3
Se(f)(@) = </1‘ { ot ot Z] y; ay]] T+y.1) t”*l)
with T' = {(y,¢) € R | |y| <t} and f(y,t) = P;f(y) for the Poisson semigroup (P;)¢>o.
Then Hj(R, M) and H,(R, M) are defined in the same way as those in martingale case.
The remarkable result proved by Mei is that H{(R, M) is the predual of the BMO
space appeared in matrix-valued harmonic analysis denoted by BMO¢(R, M). This space
is defined to be the space of all ¢ € Loo(M; L§(R,dt/1 + t?)) such that

1 3
2
SDBMOCZSUPH/SD—SDI H < Q.
el Sup |7, II | “

He also obtained desired interpolation results and Littewood-Paley inequality. Mei adapted
the classical approach in his study and reduced many problems to the martingale case. To
do so he invented a very interesting and powerful technique: the BMO space on R (both
in the classical and noncommutative cases) is the intersection of two dyadic BMO spaces.

On the other hand, in classical harmonic analysis, it is well known that H;(R) defined
by square function and H;(R) defined by wavelets coincide since they admit the same
atomic decomposition. As explained in chapter 1, it is very difficult to obtain the atomic
decomposition for noncommutative Hardy spaces by explicit construction as in the classical
situation, hence we cannot compare these two spaces by the classical way. In this chapter,
we directly define H,(R, M) and BMO(R, M) via wavelets. The definitions are similar
to the ones in the martingale case, but associated to a fixed wavelet basis of (wy)rep. In
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this chapter, for simplicity, we denote Lo (R)&M by N. For f € Sy, the square functions

are defined as ) .
Se(f)(x) = (Z Wﬂﬂx)) ’ (0.2.1)

1€D
and S, (f) = Sc(f*). The norms are defined as

Il = 1Se( M rpovy,  and ([ Fllsg = 1S:(HllL, -

So the spaces Hj (IR, M) (resp. H,(R, M)) are defined to the space of the completion of
(Snr, || - HH;(R,M)) (resp. (Sa, | - ||H5(R,M))' We then define the operator-valued Hardy
spaces as follows: for 1 <p < 2,

Hp(R, M) = HIC,(]R, M) + H;(R, M) (0.2.2)
with the norm

£, = inf{l[gllxg + [Pl : f =g+ h,g € Hy h € Hy}
and for 2 < p < oo,
Hp(R, M) = H, (R, M) N H, (R, M) (0.2.3)

with the norm defined as

£ 117, = max{|| Fllg, |l }-

For ¢ € Loo(M; L§(R, 142;)), set

Jellamor = sup (= 3 [ ) 2) (0.2.4)

IcJ M

and
lellsmor = €[l BMoO< (R, M)-

These are norms modulo constant functions. Define

dzx

BMO(R,M) = {¢ € Loo(M; L5(R, 1122

) = llellBmos < oo},

BMO™(R, M) = {: ¢* € BMOY(R, M)},

and

BMO(R, M) = BMO(R, M) N BMO" (R, M).
Then we obtain the desired Fefferman duality theorem, and interpolation results.
Theorem 0.2.1. We have
(H{(R,M))* = BMO°(R, M) (0.2.5)
with equivalent norms.
Theorem 0.2.2. Let 1 < p < oo, we have

[BMO®(R, M), HS (R, M)]1 = H(R, M) (0.2.6)

with equivalent norms.
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At last, we directly prove our BMO(R, M) is as same as the one in matrix-valued
harmonic analysis, hence our Hg(R, M) are the same as Mei’s by duality and interpolation.

Theorem 0.2.3. We have
BMO(R, M) = BMO*‘(R, M)
with equivalent norms. Similarly, Hy(R, M) = Hj(R, M) with equivalent norms.

In other words, we give another approach to deal with operator-valued Hardy spaces.
It should be pointed out that our method is very parallel to the way in noncommutative
martingale case, hence it is much simpler than Mei’s method. This is also the first attempt
by using wavelet to transfer the results in quantum probability to operator-valued harmonic
analysis.

0.3 Chapter 3

The noncommutative martingale transforms and Calderén-Zygmund operators considered
before can be viewed as integral operators with scalar-valued kernels, while noncommu-
tative square functions and operator-valued square functions Hilbert-valued kernels. The
main goal of this chapter is to obtain endpoint estimates for CZO’s with noncommuting
kernels, motivated by a recent estimate from [20] for semicommutative CZO’s. In this
chapter, we denote A = Lo (R")®@B({2) for simplification. If k(z,y) acts linearly on B(¢2)
and satisfies the Hormander smoothness condition in the norm of bounded linear maps on
B(¢2), the content of [20, Lemma 1.3] can be summarized as follows

o If T is Loo(B(¢2); L5(R™))-bounded, then T : Lo (A) — BMO,(A),
o If T is Loo(B(¢2); L§(R™))-bounded, then T : Ly (A) — BMO,(A).

Here, the Loo(L$)-boundedness assumption refers to

H</an(x)*Tf(m) dx)é B S H( Rnf(x)*f(a:) ala:>é

while BMO,(.A) is the dyadic version of BMO¢(R", B(¢3)) defined in chapter 2 with norms
given by

B(ts)

sup

Q@ dyadic cube B(¢2)

( fQ (9(z) — 90)" (9(z) — 90) dx) : H

Taking adjoints —so that the % switches everywhere from left to right— we find Lo (L5)-
boundedness and the row-BMO norm. Thus, standard interpolation and duality arguments
show that T : L,(A) — Ly(A) for 1 < p < oo provided the kernel is smooth enough in both
variables and 7T is a normal self-adjoint map satisfying the Lo (L5) and Loo(L§) bound-
edness assumptions. In other words, the row/column boundedness conditions essentially
play the role of the Lo-boundedness assumption in classical Calderén-Zygmund theory.

Although this certainly works for non-scalar kernels —Schur product actions were
used e.g. in [20, Theorem B|— the boundedness assumptions impose nearly commuting
conditions on the kernel which are too strong for CZO’s associated to noncommuting
kernels. Namely, given k : R?" \ A — B(f3) smooth and given x ¢ suppgn f, let us set
formally the row/column CZO’s

T.f@) = [ Moy and Tof@) = [ k) dy

It is not difficult to construct noncommuting kernels with
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i) T, and T¢ are La(.A)-bounded,
ii) T, and T, are not Ly(A)-bounded for 1 < p # 2 < oo,

see e.g. [43, Section 6.1] for specific examples. Therefore, the Lo (L5) and Lo (L§) bound-
edness assumption is in general too restrictive when kernel and function do not commute.
Assume for what follows that T, and T, are La(A)-bounded. We are interested in weakened
forms of L, boundedness and endpoint estimates for these CZO’s. A dyadic noncommuting
CZO will be a La(.A)-bounded pair (7)., T;) associated to a noncommuting kernel satisfying
one of the following conditions:

a) Perfect dyadic kernels

Hk(m,y) — k(z,y)HB(KZ) + Hk(y,x) — k(y, Z)HB(EQ) =0
whenever x, z € (Q and y € R for some disjoint dyadic cubes @, R.

b) Cancellative Haar shift operators

Ka,y) = > S afshr(2)hs(y),

Q@ dyadic R,S dyadic C Q
L(R)=27"£(Q)
L(S)=27%¢(S)

for some fixed r, s € Z where the O‘?zs € B(l3) with HagsHB(éz) < ||g\‘|5\. Here hq

refers to any of the 2" — 1 Haar functions related to the cube Q.

We write generic noncommuting CZO for Ly(A)-bounded pairs (7)., 7,) with a noncom-
muting kernel satisfying the standard smoothness. Our first result is the following.

Theorem 0.3.1. The following inequalities hold:

i) Dyadic noncommuting CZO’s. Given f € L1(A)

nt (Tl ITefell e 110

ii) Generic noncommuting CZO’s. Given f € Hi(A)

f:ifrrlifc HTTfTHI + HchcH1 S ||f”H1(A)

Again, Hyi(A) is the dyadic version of Hi(R"™,B(f2)) defined in chapter 2.

For the proof of i), we use the noncommutative Calderén-Zygmund decomposition and
triangular truncation. For the type estimates of ii), we use the atomic decomposition and
John-Nirenberg inequality in section 1.1. In conjunction with L., — BMQO, we get certain
row/column L, estimates.

Theorem 0.3.2. The following inequalities hold for generic noncommuting CZ0O’s:

i) Ifl<p<2and f e Ly(A)

it Tgl|,+ T, S 1
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ii) If2<p<oo and f € Ly(A)

(s

HZ(A) + Hch} H;(.A) 5 Hf”p

iii) Given f € Loo(A), we also have ||T; f|Bmo, 4) + | Tef lBMOo(a) S 1 flloo-

Our approach also applies to noncommutative paraproducts and martingale transforms
with noncommuting symbols/coefficients.

a) Noncommuting martingale transforms

MIf=>> Ap(f)e—1 and MEf=> & 18k(f).

k>1 E>1

b) Paraproducts with noncommuting symbol

I (f) =Y Ex1(f)Ar(p) and TI(f) = Ap(p)Ee1(f).

k>1 E>1

Here Aj denotes the martingale difference operator Ep — Ex_1 and & € Ay is an adapted
sequence. Of course, the symbols € and p do not necessarily commute with the function.

Theorem 0.3.3. Consider the pairs:

i) Martingale transforms (M, M¢), with supy, [|{x]|m < oo.

ii) Martingale paraproducts (II, I17), with H;/ ¢ La(A)-bounded.

If ¥ 4 is reqular, we obtain weak type (1, 1) inequalities like in Theorem 0.3.1i) for martin-
gale transforms and paraproducts . The estimates in Theorems 0.3.1ii) and 0.3.2 also hold
for both families and for arbitrary filtrations X 4. Moreover, the martingale paraproducts
I}, and 11, are Ly-bounded for 2 < p < oo and Loc — BMO.

Our results recover those in [51, 53] and are in some sense sharp, providing appropriate
substitutes for noncommuting coefficients. Our result for paraproducts goes beyond [33,
Theorem 1.2] in two aspects. First, our estimates for p > 2 hold for arbitrary martingales,
not just for regular ones. Second, we give a partial answer to Mei’s question in [33] after
the proof of Theorem 1.2 for the case p < 2 and also for the weak type (1,1) estimates.






Chapter 1

John-Nirenberg inequality and
atomic decomposition for
noncommutative martingales

Introduction

This chapter deals with BMO spaces and atomic decomposition for noncommutative mar-
tingales. The modern period of development of noncommutative martingale inequalities
began with Pisier and Xu’s seminal paper [48] in which they established the noncom-
mutative Burkholder-Gundy inequalities and Fefferman duality theorem between H; and
BMOQO. Since then remarkable progress has been made in the field. We refer, for instance,
to [16], [25], [27], [51] for other noncommutative martingales inequalities, to [40], [2] for
interpolation of noncommutative Hardy spaces and to [44], [45] for the noncommutative
Gundy and Davis decompositions. Let us also mention two other works that motivate the
present chapter. The first one is Junge and Musat’s noncommutative John-Nirenberg the-
orem [23] and the second the 2-atomic decomposition of the Hardy spaces H; by Bekjan,
Chen, Perrin and Yin [2].

Before describing our main results, we recall the classical John-Nirenberg inequalities
in the martingale theory. Let (£, F,P) be a probability space and (F,)n>0 an increasing
sequence of sub-o-algebras of F with the associated conditional expectations (E,),>o. The
BMO() space is defined as the set of all x € L;(£2) with the norm

lz|| Baro = sup [|[Enlz — 2p—1]||cc < o0. (1.0.1)
n

The classical John-Nirenberg theorem says that there exist two universal constants cq,
co > 0 such that if ||z|ppo < c2, then

sup ||Ey, (e 1#=mn-11)] o < 1. (1.0.2)
n

This statement is equivalent to the following one: there exists an absolute constant ¢ such
that for all 1 < p < o0,

1
[zl Baro < sup [|Enfz — 2n1||[% < epllz]Baro- (1.0.3)
n

A duality argument yields

1
L P
Bz — 2o alP| = sup (/ o — xn_llpbdl[”> (1.0.4)
be Lo (Fa).IBl1 <1
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= sup |(z — zp—1)b||p- (1.0.5)
bE Lo (Fn), ||l p<1

Furthermore, by the extreme point property of Li(F,) and (1.0.4), the John-Nirenberg
theorem (1.0.3) can be rewritten as follows

1

||| Bro < sup sup ——[|(z — zn—1)1E|p < cpllzlBMO- (1.0.6)
n Ber, P(E)

Accordingly, (1.0.2) can be reformulated as: For any n > 1, F € F,, and A > 0

}P’(lE)P({w € B ¢ |r(w) — a1 ()] > A}) < caexp(—ciallpao).  (1.0.7)

Junge and Musat [23] proved a noncommutative version of John-Nirenberg theorem
corresponding to (1.0.5). To state their result we need fix some notation. Let M be a
finite von Neumann algebra with a normal faithful tracial state 7. Let (My,)p>1 be an
increasing sequence of von Neumann subalgebras of M such that the union of M,’s is
w*-dense in M. Let &, be the conditional expectation of M with respect to M,,. Define

1
2l Bamoe = sup ||Enla — xn—1[*]|Z
n>1
and
BMO(M) = {l‘ S Ll(./\/l) : ||1'”BM(9 < OO}
with
[zl sB:mo = max{|[z]Bmoe, 27| Bamoc}-

Then Junge and Musat’s John-Nirenberg inequality reads as follows: there exists an ab-
solute constant ¢ such that for all 2 < p < oo,

[zllmo < Bp(z) < epllz]smo,

where
By(x) = max{sup s ||(z — 21)bllp
nbEMap,||bllp,<1
sup  sup  [|b(z — zp-1)|lp}-

n bEanHbHPSL

However, this theorem does not hold (see Remark 2.14 for a counterexample) when
considering BMO(M) or BMO"(M) separately. On the other hand, it does not cor-
respond to the commonly used form of the classical John-Nirenberg inequality. The first
purpose of this paper is to remedy these aspects of Junge and Musat’s theorem. The fol-
lowing is one of our main results. We refer to the next section for all spaces and notation
used below. P(M) denotes the set of all projections of M.

Theorem D. For all 0 < p < 00,

a;1H$||meC S Hx||bm°;,pr S ﬁpHZL‘Hbmoca

where

1
mot = 8 00 _— — Ip c .
qub Op,pr maX{H 1('7;)“ Sl?llpee’ls;(ljl\)/ln) (T(e))l/pH(x T )e”hp}

The two constants oy, and 3, have the following properties
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(i) ap=1 for2 <p < oo;

(i) a, < CVYP=Y2 for 0 < p < 2;
(iii) Bp < ep for2 < p < oo;
(iv) Bp=1for0<p<2.

A similar result holds for BMO(M) but only with 2 < p < co (see Remark 2.9). On
the other hand, our proof of Theorem D can be easily modified to extend Junge/Musat’s
result to all 0 < p < oo and in the form (1.0.6) (see Corollary 2.19).

We now turn to the second objective of this paper: the atomic decomposition of differ-
ent noncommutative Hardy spaces. Let us recall the 2-atomic decomposition obtained in
[2]. An element a € L;(M) is said to be a (1, 2).-atom with respect to (My,),>1, if there
exist n > 1 and e € P(M,,) such that

(i) Enla) = 0; (iD)ae = a; (iii) lall» < (7(e))~/2.

The atomic Hardy space h (M) is defined as the space of all z € L1(M), such that the
following || - [[¢ ., norm is finite,

2]

1,at

= [|Exzlly + inf > [Al.

J

Here the infimum is taken for possible decompositions x — 1z = j Aja; with A\; € C, a;
being (1,2).-atom. It is proved in [2] that x € h{(M) if and only if z € h{ (M) and
2]l = |2 lne -
Together with the equivalence H§(M) = h{(M) + h{(M), the authors of [2] also obtained
a 2-atomic decomposition for H{(M).
Let us briefly recall the argument used in [2]. The dual space of h{ (M) can be
described as

A (M) = {z € La(M) : [|z]|ae < oo}
with

1
]| ac = max{[[€1z]loc,  sup sup (——<7(e|z — zn[*))2}.

n>1eeP, 7‘(6)
Actually, the supremum in the definition above can be taken for all b € L1(M,,) since the
extreme points of the unit ball of L;(M,,) are all multiples of projections. Therefore,
1

1
|z||lae = max{||1%]c0, sup sup (—T(b\x—xn|2))§} (1.0.8)
n>1beM, lIbll1

1
= max{[|&1z]cc, sup|[|Enlr —zul?|Z}
n>1

= llzllomor-

Then the duality h{(M) = bmo®(M) yields h{ (M) = h{(M).

It is well known in the classical theory that 2-atoms in the previous atomic decompo-
sition can be replaced by g-atoms for any 1 < g < co. Let us recall these atoms in the
commutative case. A function a € L1(Q2) is said to be a g-atom if there exist n > 1 and
FE € F,, such that

() Ena = 0; (il) {a # 0} C E; (iii) [lall, < P(E)"*5.

We refer to [57] for more information.



CHAPTER 1. JOHN-NIRENBERG INEQUALITY AND ATOMIC DECOMPOSITION FOR
36 NONCOMMUTATIVE MARTINGALES

The main difficulty to obtain g-atomic decompositions in the noncommutative case is
that the key equivalence (1.0.8) no longer holds if one replaces the power indices 2 by
qd #2,1<¢q < oo. We overcome this obstacle by Theorem D.

Theorem E. For all 1 < g < o0,
hi(M) = h 4, (M)

with equivalent norms. Here hy . pr(/\/l) is the g-atomic Hardy spaces with its atom a
defined as: there exist n > 1 and a projection e € P(M,,) such that

(i) gn(a) =0;

(ii) ae = a;

»Q\‘ =

(iii) [lallng < (7(e))

Note that h{ ., (M) = hi, (M), so we recover the 2-atomic decomposition of [2].
Moreover, applying the conditional version of Junge/Musat’s theorem in the form (1.0.6),
we get a g-atomic decomposition for hy(M) in which the atoms are defined in a similar
way with [| [|ne in (iii) above replaced by || [|q and the support condition (ii) weakened to
ae = a or ea = a (see Theorem 3.19). This is exactly the noncommutative analogue of the
classical atomic decomposition.

This chapter is organized as follows. Section 1.1 is on preliminaries and notation.
All the results on John-Nirenberg inequality will be presented in section 1.2. Section
1.3 is devoted to the atomic decomposition of Hardy spaces. In section 1.4, we answer
Junge/Musat’s question in [23] which implies that the John-Nirenberg inequality in the
classical sense does not hold any more in the noncommutative setting.

In this chapter, the letter ¢ always denotes an absolute positive constant, while C' an
absolute constant bigger than 1. They may vary from lines to lines.

1.1 Preliminaries and notations

Throughout this chapter, we will work on a von Neumann algebra M with a normal faithful
normalized trace 7. For all 0 < p < oo, let L,(M,7) or simply L,(M) be the associated
noncommutative L, spaces. For x € L,(M) we denote the right and left supports of = by
r(z) and I(x) respectively. r(x) (resp. I(x)) is also the least projection e such that ze = x
(resp. ex = x). If x is selfadjoint, r(z) = l(z), denoted by s(x). We mainly refer the
reader to [49] for more information on noncommutative L, spaces.

Let us recall some basic notions on noncommutative martingales. Let (Mj)p>1 be
an increasing sequence of von Neumann subalgebras of M such that the union of the
M, ’s is w*-dense in M. Let &, be the conditional expectation of M with respect to M,,.
A sequence x = (x,) in Li(M) is called a noncommutative martingale with respect to
(Myp)p>1 if En(@ny1) = xy, for every n > 1. If in addition, all the x,,’s are in L,(M) for
some 1 < p < oo, x is called an L,-martingale. In this case we set

|zl = sup [|znp-
n>1

If ||z||, < oo, x is called a bounded L,-martingale.
Let x = (x,) be a noncommutative martingale with respect to (My)p>1. Define
dxr, = x, — xp_1 for n > 1 with the convention that g = 0 and & = &;. The sequence
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dx = (dzy), is called the martingale difference sequence of z. In the sequel, for any
operator x € L1(M) we denote x,, = E,(z) for n > 1.

The sequence (My,)n>1 will be fixed throughout the chapter. All martingales will be
with respect to (M, )n>1. Let 1 < p < oo. Define H;, (resp. Hy)) as the completion of all
finite Lj-martingales under the norm ||z = [|[Sc(z)|p (vesp. [[z|lny = [|Sr(2)l]p), where
Se(z) and S, (z) are defined as

Se(a) = (Y lday?)?, Si(x) = Se(a™).

k>1
The noncommutative martingale Hardy spaces H, (M) are defined as follows: if 1 < p < 2,
Hp(M) = Hp(M) + H}, (M)
equipped with the norm
e, = _int (gl + 112l

When 2 < p < o0,

Hp(M) = Hy (M) NHH(M)
equipped with the norm

[#]l2, = max{{|z]lzg, 2]}

The space BMQO€ is defined as

BMO“M) = {z € Li(M) : ||z Bmoe < oo}

where
|2l smoe = sup [[Enlz — 21 |?[|22,
n>1
and
BMO"(M) = {x: " € BMO*(M)}.
Define

BMO(M) = BMO(M) N BMO" (M)

equipped with the norm

2|l Brmo = max{||z||smos, ||zl sBror }-

Pisier and Xu [48] proved the two fundamental results: H,(M) = L,(M) and Feffer-
man duality between H;(M) and BMO(M). Their work triggered a rapid development
of the noncommutative martingale theory.

We will also work on the conditional version of Hardy and BMO spaces developed in
[25]. Let = (xy)n>1 be a finite martingale in Lo(M). We set

Se(T) = (ng_1|d:vk]2)1/2 and  sp(x) = sc(z).
k>1

Let 0 < p < co. Define hy (M) (resp. h}(M)) as the completion of all finite Loo-martingales
under the (quasi-)norm [|z[lne = [|sc(2)]lp (vesp. [|z[[ny = [|sr(z)]|p). Define hi(M) as the
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subspace of ¢,(L,(M)) consisting of all martingale difference sequences, where £, (L,(M))
is the space of all sequences a = (apn)n>1 in L,(M) such that

lalle, 2,y = (3 lanl2)? < oo

n>1

with the usual modification for p = co. The noncommutative conditional martingale
Hardy spaces are defined as follows: if 0 < p < 2,

hp(M) = h&(M) + hl (M) + h(M)
equipped with the (quasi-)norm

Izlln, = _mf  {llyling + Izl + lwllag}-

When 2 < p < o0,
hp(M) = he(M) N hI (M) N (M)

equipped with the norm
1[I, = max{{|z|lng, [z /lny, ll2]la}-
The space bmo® is defined as
bmo®(M) = {x € Li(M) : ||z|lbmoc < o0}
where
el = e {160}, sup Enfe =2 P2 .
n>

Let
bmo”" (M) = {x : ™ € bmo®(M)}.

Let bmo?(M) be the subspace of £o(Loo(M)) consisting of all martingale difference se-
quences. Note that bmo?(M) = h% (M). Define

bmo(M) = bmo®(M) N bmo” (M) N bmo® (M)
equipped with the norm

[ /lbmo = max{|z[lomoe [|[lbmos I/l pmed }-

We refer to [25], [28], [51], [53], [18], [45] for more information on these spaces.

1.2 John-Nirenberg inequality

1.2.1 A crude version

Definition 2.1. For 0 < p < 0o, we define
(i)
bmog (M) = {x € Ly (M) : [[2]Jbmo < o0}
with

|2llbmog, = max {[|€1(2)llc, sup  sup |[(z = zn)allng };
N a€My,|lallp<1,
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(1)
bmoy (M) = {z : 2 € bmo,(M)};

(iii)
bmo,, (M) = bmoy, (M) N bmoy, (M) N bmo? (M)

equipped with the (quasi-)norm

Hwamol0 = max{”bemOf,7 HbemOZT,v Hx”bmod}‘

Remark 2.2. When p = 2, these are exactly the spaces bmo“(M), bmo” (M) and bmo(M).
Below is our first version of the column (resp. row) John-Nirenberg inequality.
Theorem 2.3. For all 0 < p < oo, there exist two constants o, and (3, such that
Iz lomor < 12 llbmog < Bpllzlbmor,

with oy and By, satisfying

(i) ap=1 for2 <p < oo;

(ii) ap < CYP=V2 for 0 < p < 2;

(iii) By <ep for2 <p < oo;

(iv) Bp=1 for0 <p<2.
The similar inequalities hold for || - [[omor and || - [lbmor -

Proof. We only need to prove the column case, since the row case can be done by replacing
x with x*. First consider the case 2 < p < co. We will show the following inequalities:

[ ]lbmog < [l ]lbmog < epl|[[bmos-

The left inequality is obtained directly by Holder’s inequality. In fact, taking a € M,
with ||al2 < 1, there exists a factorization a = apa; such that |lagll, = HaHg/p < 1 and

-2
latlap/p—2) = lallF~P < 1, s0
(@ — zn)allf; = T(aiaps?(x — xn)agar)
< |lat] 2 llags2(x — zn)ao|ellar] 2o
p—2 2 p—2
< |l — zn)ao 1%

We invoke complex interpolation to prove the right inequality. Fix n, let b € L,(M,)
with [|b]|, <1 and S = {z € C: 0 < Rez < 1}. Then by interpolation between L,, spaces
L, = (L2, L), there exists an operator-valued function B which is continuous on S and
analytic in the interior of S such that B(#) = b and

sup [ B(it)ll <1, sup||B(1+it)[[ec < 1.
teR teR

Define
f(z) = (z — 2n)B(2).
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Then on the one hand, by the definition of bmo$(M), we have
£ () llng < [|2lbmog-
On the other hand, by a simple calculation, we have
Hf(l + Z.t)Hbmog < ||$ - xn”bmog”B(l + it)HOO < Hbemog-

Therefore, by interpolation,

Hf(e)H(hg,bmoC)g < Hmemog = Hbemoc-
However by [2],
(h3, bmo©)y C hy

with relevant constant majorized by cp. We then deduce that

1£ (@)1l < cpllzllbmos (1.2.1)

hence the desired inequality holds.
For the case 0 < p < 2. We show the following inequalities:

Hbemog < ||x”bmo§ < Cl/pilﬂ”‘r”bmo;'

Again, the left inequality is obtained by Holder’s inequality. It remains to prove the right
one. We choose 2 < p; < oo and 0 < 6 < 1 such that 1/2 = (1 —0)/p+ 0/p1. Fix n, by
the definition of bmoy (M), we can view x — x,, as a bounded operator from L,(M,) to
hy(M). Then we have the following two inequalities:

[ = 2allL, M) —hg < M2llomog, 2 = 2nllL,, (Ma)—hg, < [1]lbmog -
Then by interpolation, we get

1-60 0
12 = Zn | Lama) = hghg Do < 12l bmog 1 lbmos, -

Now by the trivial contractive inclusion (hg, hgl)g C h§, and the right inequality in the
case 2 < p; < 00, we get

—6 (%

|z — J:HHLQ(Mn)—mg < Clex”l})mo;Hbemog'
Therefore,
6 -0 0
I lIbmos < (€P1)” 1l bma 1 1 mos
hence
0
Hbemog < (Cp1)1*9 H'r”bmo;-

Noting that /(1 —0) = (1/p—1/2)/(1/2 — 1/p1), we get the desired estimate by taking
C = (Cpl)l/(1/2_l/pl). O

Remark 2.4. The constant in (1.2.1) is optimal. This can be seen as follows. By Lemma
4.3 in [2], h, (M) embeds into (h§(M),h{(M))y with constant independent of p’. So
((h5(M))*, (h§(M))*)e embeds into (hf,(M))* with constant independent of p by dual-
ity. Finally, by the optimal embedding (hf,(M))* C hj(M) with constant cp in [25]
and bmo“(M) C (h§(M))* in [45], (h§(M),bmo(M))g embeds into hy (M) with optimal
constant cp.
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It is natural to ask whether there is a result similar to Theorem 2.3 for BMO° by
replacing hy and x — z,, in the definition of bmoj, by H; and x — x,,_1 respectively. Using
the identity

BMO*(M) ~ bmo®(M) N bmo?(M)

proved in [45], we are reduced to deal with the diagonal space bmo?(M). Surprisingly, the
result is true only for 2 < p < co (see Remark 2.9).

Definition 2.5. For 1 < p < oo, we define
(i)
BMOGM) = {z € LiM) [0 < oo}
with

z]lBrmog =sup  sup [z — 2p—1)allpg;
o a€Ma,|lallp<1

(ii)
BM(’);(M) ={z:2" € B./\/l(’)g(/\/l)};
(iii)
BMO,(M) = BMO;(M) NBMO,(M)
equipped with the norm

2]l Brmo, = max{||z|smog, [zl Brmos}-

Remark 2.6. For p = 2, we recover the spaces BMO°(M), BMO"(M) and BMO(M).
The following lemma will alow us to handle with the diagonal space bmo?(M).

Lemma 2.7. For 2 < p < oo, we have

_ 1
cpIbllee < sup [lballg < cp? bl
aeM,|lallp<1

Proof. Note that |- [jg < ep/?|| - ||p (see [51], Remark 5.4 as a reference for the constant
we use here), we have
1 1
sup |lballng <cpz  sup |lballp = cp?[b|oo-
a€M,allp<1 aeM,allp<1
For the first inequality, without loss of generality assume ||b||oc = 1. Note that for selfad-
joint z € M, [|z|[, < cp||z[lg (see [51], Remark 5.4). Then

[6llc = sup  [lyb*l2p
yeMv“:U”QPSl

1
sup [|bly[*b*|3
yeM,lyll2p<1

1 1
<ep2  sup  [|blylPb*]|Ze
yeM, |lyll2p<1 P
1 1
<cp?  sup |lballj,.

aeM,lal[p<1

And then cp™!(|blloc < SUPgep[jaf, <1 [baf|# . D
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Theorem 2.8. For all 2 < p < oo, we have
BMOZ(M) = BMO(M)
with equivalent norms. More precisely,
cp~ |zl smor < llzllsmos < epllz|smor
Similarly, BMO,(M) = BMO" (M) with equivalent norms.

Using the previous lemma and the identity BMO®(M) ~ bmo®(M) N bmo? (M), we
can easily deduce Theorem 2.8 from Theorem 2.3. We will however present a direct proof.
Proof. We only prove the inequalities for the column case, the row case can be dealt with
similarly. By the previous lemma and Hoélder’s inequality, we have

o 00
1€ " ldaglloc < sup T ( > Idxk\2b> + g — 2l
k=n

beMt,|bll1 <1

k=n+1
o0
< sup T ( > Hdwr)br b e )
beMELbI1<l  \p=pt1
+ cp? sup | (zr, — xn_l)aH%c
A€M, [laflp<1 3
1 —2
< swp (CEN I
be M3 1Bl <1 || St » (2)
2
+ CP2 sup [(2n — xn—l)angig
a€My, |lallp<1
1112
< sup H(a:_’xn)bp
beML (bl <1 p
+ CP2 sup [(xn — xn—l)angig‘
a€My, |lallp<1
Then by |[Enzllrg < [|z]#s,
[zllBrmos <ep sup  |[(z — zp—1)allye = cpllz|Bros-
aeMy,[lafp<1 P
Conversely, by the previous lemma,
[zllBmog <sup sup (2 — 2p)allye
naeMy,allp<1 !
+sup  sup (@0 — zn-1)almg
o a€Mp,llafp<1
1
< sup sup |(x — zn)al|ye + cp? sup ||z, — Tn—1]lco
" a€My,|lal[p<1 P n
1
<sup sup ||{(dzea)ilnia || ) + P2 l2lBMOS- (1.2.2)

naeMu,llallp<1

Note that, by the Hahn-Banach theorem and the duality between H§(M) and BMO¢(M),
there exists a sequence (by,)22 | € Loo(M;£5) such that

1bn)nz1ll Lo o) = lzllBMOes  dok = Exbr — Ep—1by.
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Thus by the noncommutative Stein inequality (see [51] for the constant used below)
and Holder’s inequality,

drga)i c
aEMiﬁEHpSl H ( xka)k_n—H HLP(£2)

- £ (b)) c
< aeMil,IHIc)Lllpgl (€ (Ora)iZn il sy

+  osup ([ Eebr+10)7inll L, )
aEMu;|lallp<1

< bra)?o c
sep o sw 10xa)RZ 11l 1, )

> [bel?
k=1

Combining this with (1.2.2) we finish the proof. O

<cp = cpllz|Bmos-

1
2
e

Remark 2.9. It is a bit surprising that Theorem 2.8 is actually wrong for any p < 2.
Indeed, choose a filtration My, Mg, Ms,....M;,_1 and y € M,,_; such that |ly||, =1 and
Iyl = ¢ >> 1. Let My = Log(Q, My_1) with Q = {0,1} with p{1} = {0} = 1/2.
We certainly can view My, k < n as the space of constant functions on 2, so M, C M,,.
Let z =1 on {0} and z = —1 on {1} then z,,_1 = 0. Let a = y on {0} and a = —y on
{1}. Then (z — z,—1)a = y whose H} norm equals ¢, and |laf, = 1, so [[z[lsmog > cn.
But |[z|smos = 1.

In the rest of this subsection, we turn to Junge/Musat’s type of John-Nirenberg in-
equality. In [23], Junge and Musat established the inequality for 2 < p < oo in the state
case. Later the second author of the present paper gave a simple proof for all 1 < p < oo in
the tracial setting (see [33]). The idea of the proof of Theorem 2.3 can be applied to obtain
this inequality for all 0 < p < oo (see Corollary 2.13). We start again with bmo(M).

Theorem 2.10. For all 0 < p < o0, we have

a;IH'THbmo < bp(x) < 5p||$||bmo

where

by(2) = max{sup [[(dzn)nllo, sup  sup |[[(z —2n)bl|p,
n nbEMan,[|bllp<1

sup  sup [|b(z — zn)|[p}
n bEMn,||bl|p<1

The constant oy, and 3, have the same orders as those in Theorem 2.3.

Proof. We first treat the case 2 < p < oo. For p = 2, it is trivial. So we can assume
2 < p < 0o. The inequality
||'r||bmo < bp(x)

follows from Hoélder’s inequality. We will prove the reverse inequality by interpolation. By
a simple calculation, we have the following estimates

1z = 2)bllomes < l2llomor 1Bl1c-

Iz = 2n)bllomor < lzllomor 1Bl
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1@ = 2n)bllbmot < 112 llpmo l1D]lco-

Then it follows that
|(z — 21)b|lbmo < [|]|bmo|b]]s0-

On the other hand, it is clear that
[(@ — zn)bll2 = [|(x = zn)bllng < [lz]lbmollb]l2-
Then by the interpolation result of [2], we have
[(z = 2n)bllp < cpll(z — n)bll(L,,6mo)q (1.2.3)
< cpl[z/[bmoll]lp-

In the same way, we obtain

16(z = z0) [l < cpl|z[lbmol[b]] -

Thus we prove the assertion.
Now we turn to the case 0 < p < 2, by Holder’s inequality, we obtain the trivial part

bp(z) < ba(x) = [|2/[bmo-
Let us prove the inverse one, let 2 < p; < oo and 6 be such that

1 1-6 6

2 p p
We view z — x,, and (z — x,,)* as two operators. By interpolation,
||(CL‘ - xn)HLZ n)_’L2(M)

<l = 2l o @ = 2% oy )

and similarly for (z — x,,)*. By the estimate for p; > 2, we have

ba(2) < (ep1)’by " (2)b3(x).

Therefore, we obtain

%)
|z]lbmo < (ep1) 7 by(ar) = CV/P712by(a),
with C' = (epy)'/(1/2=1/p1), O

Remark 2.11. The constant in (1.2.3) is optimal. This can be seen as follows. By Lemma
4.3 in [2], hy, (M) embeds into (h§(M),h{(M))e with constant independent of p/. So
h,y (M) embeds into (ha(M), h1(M))g with constant independent of p’. Now by Theorem
4.11n [53], Ly (M) embeds into h,y (M), hence into (ha(M), h1(M))g with optimal constant
¢/(p'—1). Then by duality, ((h2(M))*, (h1(M))*)y embeds into (L, (M))* = L,(M) with
best constant cp. At last, by bmo(M) C (hi(M))* in [45], (ha(M),bmo(M))s embeds
into L,(M) with optimal constant cp.

Remark 2.12. We can directly compare the norms || - |lbmo, and by(-) directly for 1 <
p < oo by using Theorem 2.3.
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Let us justify this remark. We first deal with the case 2 < p < oco. Fix n, for any
b € M,, with |||, < 1, by the noncommutative Burkholder inequality [25], we have

[z = zn)bllng < cpll(z = 2n)bllp,  10(z = zn)llny < cpllbl@ —z0)llp,
hence
1= )bl 16 = 20) g < cpby()
Then by Theorem 2.3,
H5E||bmop < Cpbp(x)~
Another direction can be done by the way in Theorem 2.10,
bp(]") < CPH‘T”bmo < CpHbemop'

For the case 1 < p < 2. The trivial part

by () < ¢[[z]|bma,

follows from the noncommutative Burkholder inequality in [25]. Now let us prove the
inverse one. Take b € M,, with ||b||2 < 1. By Hélder’s inequality, we have

(@ = 2a)blI3 = T(0*7 (x — )" (& — 2,)6°/7)
< (877 (2 = @n)* [l Il (2 = 2a) 0P|
and
Ib(@ — 2)l[5 = (& — ) VP07 (2 - @)
< (@ = 2n) By 027 (@ = )
So by the result in Theorem 2.3 for 2 < p’ < oo, we have
Ib(z — zu)3, ll(z — 2n)b13
< max{ [/ (z — @n)" |, 1 (@ — ) *0*7 [}
~max{ ||z — )0 |y, 077 (x — @) |}
< ¢l zllbmo,, - bp(x) < cp’[|z]lbmo, - by ()
Then by the definition of bmog (M), we finish the proof by Theorem 2.3

llbmo, < l|2llbmo, < cp'bp().

The following corollary extends Junge/Musat’s theorem to all 0 < p < oco. It can
be proved similarly as Theorem 2.3. However, using the identity BMO(M) ~ bmo(M)
proved in [45], we give a simpler proof.

Corollary 2.13. For 0 < p < oo, we have

oy zllsao < By(z) < Byllzllsmo,

where

By(x) = max{sup  sup  [[(& — za1)bps
nbEMn,|bl|p<1

sup sup - [|b(z = @n-1)lp}-
n be My, [bllp<1

The constant oy, and (3, have the same orders as those in Theorem 2.3.
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Proof. For 2 < p < oo, it is very easy to get

By(x) < by(x) < epllzflomo < epllzllsmo

from the triangular inequality

(& = zn-1)bllp < [[(z = 2n)bllp + (20 = 2n-1)bllp,
with b € M,, and [|b||, < 1. And the rest of the proof is the same to Theorem 2.10. O

Remark 2.14. The following example shows that Junge/Musat’s John-Nirenberg inequal-
ity does not hold for bmo® or BMO€. The example is the same as the one given in Remark
3.20 of [23]. Let n be a positive integer and consider the von Neumann algebra

M = Loo(T)RM,,

where M, is the algebra of n x n matrices with normalized trace. For k > 1 let Fj, be the
o-algebra generated by dyadic intervals in T of length 27%. Denote by M, the subalgebra
Loo(T, Fi)@M,, of M and let & = Ej ® idy, be the conditional expectation onto My.
Let r; be the k-th Rademacher function on T and consider

n

szm@elk.

k=1

Then z is a martingale relative to the filtration (M})r>1 and the martingale differences
are given by dxy = ri ® eqx. A simple calculation shows that

1 1
sup |z — x|, = (n —1)2n" 7,
m
while 1
n 2
|2 [lbmos = sup || > Emldpzl?|| = 1.
m k=m+1 0

Let p > 2. Then for any ¢ > 0, there exists n > 1 such that (n — 1)/?2n"1/? > ¢. Hence

sup sup [(x — )by > sup [z — 2 |lp >> |7 bmoc-
m e M, ||b]|p<1 m

1.2.2 A fine version

Now we can formulate the fine version of the column (resp. row) John-Nirenberg inequality.

Definition 2.15. For 0 < p < oo, we define

bmof, (M) = {z € Li(M) : [zllbmog ,, < oo}
with .
¢ = & 00 —dn )T 77, 11hE g
el = m (1€, sup s 1o )l
Similarly,
bmoy, . (M) = {z : 2" € bmoj, , (M)} with [|lz[lbmor . = 2" [[bmos .-
Finally,
bmoy, pr (M) = bmoy, (M) N bmo, ., (M) N bmo?(M)

equipped with

[ ]lbmop, pr = max{[|[lomog .+ € ]lbmoy . %[l pmod }-
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The fine version of the column (resp. row) John-Nirenberg inequality is stated as
follows.

Theorem 2.16. For all 0 < p < 0o, we have

angbemoc < Hwamo;,pr < /BpHbemoc-

The constants oy and (3, have the same properties as those in Theorem 2.3. The same

inequalities hold for || - |lbmor and || - [[omoy . -

Proof. We first consider the case 0 < p < 1. By Theorem 2.3, the trivial part
||x”bmop or < Hx”bmof7 < || |lbmoe

follows from the fact that e/(7(e))'/? € M,, and its Ly-norm equals 1. Now we turn to
the proof of the inverse inequality. Since any a € M,, with ||a|l, < 1 can be approximated
by sums >, Arer/(7(e)) /P with eg’s in M,, and 37, [A\x[P < 1. Thus we can assume that
a itself is such a sum. Then

€
(@~ uhe—uZAkxﬂn EERAL

€k
< Z|)\k‘pH $_xn) (7_( ))1/p||p
S Z|>\k‘p‘x”bmo — ”wamoppr'
k

Therefore by Theorem 2.3,
||:E”bmoC < C’l/p_l/QH:L‘Hbmog < Cd/p_l/QHx”bmo;’plr

Now let 1 < p < co. Again, because of the fact that e/(7(e))'/? € M,, and its L,-norm
equals 1, by Theorem 2.3,

[ llbmog , < ll#[lbmog < c1pl[][bmor- (1.2.4)

We exploit the result for p = 1 to prove the inverse inequality. By Holder’s inequality, we
have

H‘7:||bmo1 P ||bemop pr
We end the proof by Theorem 2.3 and the result for p =1,

2 lbmos < ol/r= 1/2H$Hbmoc < ol/r— 1/2Hbemoipr < Cl/P—l/QHbemozpr

g

Now we give the distributional form of the John-Nirenberg inequality for bmo®(M)
and bmo"(M).

Theorem 2.17. Let x € bmo®(M). Then for all natural numbers n > 1, all e € P(M,,)
and for all A > 0, we have

cA

||| bmoc

I)Ta(x,oo)(sc((:v — 2,)e)) < 2exp(~ )

7(e

with ¢ an absolute constant. Here 1) ) (a) denotes the spectral projection of a positive
operator a corresponding to the mterval ()\, 00).
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Proof. By homogeneity, we can assume ||z||pmoc = 1. We first deal with the case A\ > 2¢y,
where ¢; is the constant in inequality (1.2.4). Let p = A/(2¢1) > 1, by Chebychev’s
inequality and Theorem 2.16,

[(z = zn)ellpe
7(L o) (52 ( = 2 )e))) < 7(€) ———— 0

\P
—1yp —1 In2
< 71(e)(cipA™ )P = 7(e) exp(pln(cipA™)) = 7(e) exp(_2ic1 )
When 0 < A < 2¢q,
1 In2
T(e)T(]l(A,oo)(Sc((x —xn)e))) <1< 2exp(—71)\),
Therefore, we obtain the desired result by letting ¢ = In2/(2¢1). 0

Based on the crude version of Junge/Musat’s John-Nirenberg inequality in Theorem
2.10 (resp. Corollary 2.8) for bmo(M) (resp. BMO(M)), the argument in the proof of
Theorem 2.16 can be adapted to get the fine version of Junge/Musat’s John-Nirenberg
inequality.

Corollary 2.18. For all 0 < p < 00, we have
O‘;1H:Z:||bmo < Pbp($) < ﬁpHbemOa
where

e
Pb,(x) = max{sup ||[(dzn)nl|lcc, sup sup ||(z — zn)——F||»,
p(2) { 1 [(dp)all 1 eeMnll( )(T(e))l/pllp

oy @ bk

sup sup ||
n GEMTL

The constants oy, and 3, have the same orders as those in Theorem 2.3.

Corollary 2.19. For 0 < p < oo, we have

a, zlBmo < PBy(x) < Byllzllsrmo,

where
e
B = —n—=1)7"""N1/p ?
PBylw) =max{sup sup @ = w1 iz o
e
e s W~ et

The constant oy, and 3, have the same orders as those in Theorem 2.3.

Again, based on Corollary 2.19, by arguments similar to the proof of Thoerem 2.17, we
obtain the exponential integrability form of the John-Nirenberg inequality for BMO(M).

Theorem 2.20. Let x € BMO(M). Then for all natural numbers n > 1, all e € P(M,,)
and for all A > 0, we have

cA

1
%T(ﬂ(k,oo)a(l' —zp-1)e]) + L o) (le(@ — zn-1)])) < 4eXp(_m

with ¢ an absolute constant.
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1.3 Atomic decomposition

1.3.1 A crude version of atoms

According to the crude version of the noncommutative John-Nirenberg inequality, we in-
troduce the following

Definition 3.1. For 1 < g < 00, a € L1(M) is said to be a (1, ¢, ¢)-atom with respect to
(M) n>1, if there exist n > 1 and a factorization a = yb such that

(i) Enly) =0;
(i) b€ Ly(M,) and blly < 1
(i) [lyllne <1 for 1 < g < 00; [|y[lbmoc < 1 for ¢ = oo.
Similarly, we define the notion of a (1, ¢, r)-atom with a = yb replaced by a = by.
Lemma 3.2. Let 1 < g < oo. Ifa is a (1,q,c)-atom, then
lallng < 1.
The analogous inequality holds for (1, q,r)-atoms.

Proof. We first deal with the case 1 < g < co. By definition, there exists an n such that
the (1, ¢, c)-atom a admits a factorization a = yb as in Definition 3.1. Then

s2(a) = b* Z Ep—1|dyr|*b = b*s%(y)b.
k>n

Thus by Holder’s inequality,

lallng = llsc(@)llr < [lsc(w)llqllblly < 1.

For the case ¢ = oo, the calculation is a bit different,

lallng = [[b*s2(w)b]l; > = 7(En(b"s2(1)0)"/2)
< T(Enl"se()D)'?) < [1En(5e(®)) o bl

< [[Yllpmoe 1Bl < 1.
We have used the trace preserving property of conditional expectations in the fourth equal-

ity and the operator Jensen inequality in the first inequality. For the second inequality,
we have used the property that &, - Ex_1 = &, for all k > n and Hoélder’s inequality. [

Definition 3.3. We define h{ ,; (M) as the Banach space of all z € L;(M) which admit
a decomposition x = ), Apay, where for each k, aj a (1,¢,c)-atom or an element in the
unit ball of Li(My), and A, € C satisfying Y, |\x| < co. We equip this space with the

norm
g ., = inf 3 Al
k

where the infimum is taken over all decompositions of x described above. Similarly, we
define hf ,; (M).

Now, by Lemma 3.2, we have the obvious inclusion h ¢ (M) C h§(M). In fact, the
two spaces coincide thanks to the following theorem.
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Theorem 3.4. For all 1 < q < 0o, we have
hi(M) = hf 4, (M)
with equivalent norms. Similarly, hi(M) = hi ; (M) with equivalent norms.

We prove this theorem by duality. We require the following lemmas.

Lemma 3.5. (i) For all 1 < q < 2, La(M) densely and continuously embeds into
h{l:,atq(M)'
(i) For all 2 < g < o0, Lg(M) densely and continuously embeds into hS ,; (M).

Proof. (i). For any = € Ly(M), we decompose it as a linear combination of two atoms:

o ED oy, B0
Indeed, on the one hand, & (x)/||€1(x)]]2 € La(M1) C Li(M;) and
& () [€1(2)]1
@R = el <"
On the other hand,
r—E&(z) - &(x) 1=yb

lr=&@]2  llz =&
Clearly, &1(y) =0, ||b|l¢ < 1 and

x — & (x) x — & (x)

e = ||l ————— e < || m/—————F——
Ivlls = =2 @R " < e —awh

Thus z is a sum of two atoms and

lzlng ,,, < llz = E1(@)]l2 + [E1(2) 2 < V2]

latq —

The density is trivial.
(ii). This case is similar to the previous one. We first deal with the case 2 < ¢ < 0.
Given z € Ly(M), we write again:

= cq||T — T CU——&(JJ) o
o=ale = a@l 5z oy, * 18Ol g,

where ¢, is fixed below. Indeed, & (z)/||&1(2)|lq € Lq(M1) C L1(M;) and

8@ 6@
<1.
IEor = Taen,
On the other hand,
x —&1(x) oz &1(x)

cllz =& (@)]lg  cqllr — En(@)llq

z —&1(x)

5—
Gle—a@l,

) =0, [lblly <1
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and the noncommutative Burkholder inequality in [25] yields

x—&(x x—&(x
Ik = |- il <l = el < 1.
Therefore,
[2lng ., < callz = E(@)llg + [ (2)]lg < (2¢q + Dl[2]lg-
The case ¢ = oo is proved in the same way just by replacing the noncommutative

Burkholder inequality by the trivial fact that || - [[bmoc < || * [[oo- The density is trivial. O

Lemma 3.6. Let 1 < g < co. Then

(h{ at, (M))" = bmog, (M)

q

with equivalent norms. More precisely,

(i) Every x € bmoy, (M) defines a bounded linear functional on hy ,; (M) by
vz(a) = 7(x*a),Va € (1,q,c)-atoms. (1.3.1)

(i) Conversely, each ¢ € (h{ 5 (M))* is given as (1.5.1) by some x € bmog, (M).
Similarly, (hf ,, (M))* = bmoy, (M) with equivalent norms.

Proof. (i) Let z € bmog,, and a = yb where a is a (1, ¢, ¢)-atom as in Definition 3.1. Then

7(z"a)| = [7(En(z7y)b)|
= [7(En((2" = zp)y)b)| = [7(((x — 2n)b7)"y)|.

Thus, by the duality identity hg(M) = (hg, (M))* (see [25] for the relevant constants),

(@)l < [z — 2n)b" e, [Yllng < 12 [lomo;, -

ii). Let ¢ be any linear functional on . enl<q<2, emma 3.5 we
(ii). Let ¢ be any linear f Lon h§ . (M). When 1 2, by L 3.5
can find z € La(M) such that

oly) =7(x"y),  Vye& La(M),

and

lell = sup |7(z"y)l.

yeLs Jyllne . <1
;atq

When 2 < ¢ < 0o, by the same Lemma 3.5, we get the same representation of ¢ with an

x € Ly(M). Then fix n and take any b € M, with ||b||; < 1. Again, by the duality
hg(M) = (hg,(M))*, we do the following calculation:

Iz = zn)bllne, = sup|7(b" (2" —z3,)y)|
HyH(hg,)*Sl

< sup  [T(b" (2" — @)y
1yllvg <cq

= sup [7((z" — ;) (y — yn)b7)]
1yllvg <cq
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= sup |7(z"((y — yn)b"))|
Iyl <cq

< cqll¢

Here, we have used the fact that 7(x —z,) = 7(y —y»n) = 0 in the second and third equality
respectively. The second inequality is due to the fact that (y —y,)b* is a (1, ¢, ¢)-atom. O

Now we are at a position to prove Theorem 3.4.
Proof. We consider here only the case 1 < ¢ < oo and postpone the case ¢ = oo to the
end of the proof of Theorem 3.12 below. We only need to show the inclusion

hi(M) C hi a, (M).

Take x € h{ ,; (M), by Theorem 2.3 and Lemma 3.6, we can conduct the following calcu-
lation,

l2llng,, = sup  |7(z"y)|
PR Yyl ye<1
»atq

< sup |7(2"y)|
HyHbmoZ, <cq

< sup  |7(2"y)| < cqllz|pe.
19 llbmoc <cgq

Then we end the proof with the density of h{ ,; (M) in h{(M). O

Definition 3.7. We define
hiat, (M) = hf 4, (M) + T 4, (M) + h{(M)
equipped with the sum norm

(@l eg = 00 (el + ol o, + Il

Then by Theorem 3.4, we obtain the atomic decomposition of hy(M).

Corollary 3.8. We have
hl(M) = hlyatq (M)

with equivalent norms.

Combined with Davis’ decomposition presented in [45], the above theorem yields
Hi(M) = hygat, (M) with equivalent norms. In other words, we obtain an atomic de-
composition for H; (M) too.

1.3.2 A fine version of atoms

Definition 3.9. For 1 < g < 00, a € L1(M) is said to be a (1, ¢, ¢)pr-atom with respect
to (My)n>1, if there exist n > 1 and a projection e € P(M,,) such that

(i) gn(a) = 0;

(i) r(a) < e

1 _
(iii) [lallne < ((e)) ¢ for 1 < ¢ < o0; [|allbmos < (7(e€)) ! for ¢ = .
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Similarly, we define (1, g, r)p-atoms with 7(a) replaced by I(a).

Remark 3.10. A (1, ¢, ¢)pr-atom a is necessarily a (1, ¢, ¢)-atom. Indeed, we can factorize
a as a = yb with y = a(r(e))l/q/ and b = e(T(e))*l/q/.

Definition 3.11. We define h{, (M) to be the Banach space of all € L1(M) which
admit a decomposition z = ), Agay, where for each k, ay, is a (1, ¢, ¢)pr-atom or an element
in the unit ball of L;(M;), and A\, € C satisfying >, |A\x| < co. We equip this space with

the norm
Izl . =Y A,
k

where the infimum is taken over all decompositions of x described above. Similarly, we
define hf ;. = (M).

Now, by Remark 3.10 and Lemma 3.4, we have the obvious inclusion hf . (M) C
h{(M). In fact, the two spaces coincide thanks to the following theorem.

Theorem 3.12. For all 1 < q < oo, we have

hé (M) = h¢

1,&tq,pr

(M)
with equivalent norms. Similarly, hi(M) = hi ,; (M) with equivalent norms.

Again, we prove this theorem for 1 < ¢ < oo by showing (h§ ¢  (M))* = bmoy, ,.(M).

The latter duality equality is proved in the same way as Theorem 3.6. We leave the details
to the reader. However by the argument in Theorem 4.6, we can not prove the theorem
in the case ¢ = oo, due to the lack of Riesz representation. Here we provide another way
to do it, which seems new, even in the commutative case.

Let P be the set of projections of M. Given e € P let

ne = min{k : e € P(My)}.

Note that ne = oo if the set on the right hand side is empty. This case is of no interest in
the discussion below. For a family (ge)eer C bmo®(M) define

| (Qe)eHL]’(bmoc) = Z 7(€)|gellbmos-

ecP

We will consider the Banach space:

LT (bmo®) = {(ge)e : ge€ = ge, Enge =0, ”(ge)eHLf(bmoc) < oo}

We will also need the following space consisting of families in h{(M):

Lfo(hi) - {(fe>e o fee = fe, gnefe =0, H<fe)eHL7o)o(h§) < OO}7

where )
[(fe)ell Lz (hey = 2272@ | fellng -

For convenience, we denote LT (bmo®) by X and L% (h§) by Z. We embed bmo§ (M)
isomorphically into Z via the following map

T(y) = (¥ — Ync)e)e-
Set Y = w(bmof ,.(M)).
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Lemma 3.13. With the notation above we have
(i) Z is a subspace of X* with equivalent norms, so is 'Y .
(i) Y is w*-closed in X*.

Proof. (i). Let (fe)e € Z, for any (g.). € X, we have
((Fedes (9e)e)l = 1 ((fe) e

(&4
< V2D | fellngllgellbmor
(&4

1
<V2 sup 3 elng > 7() 1 9ellbmer

= V2[|(fe)ell zll(ge)ellx -

Thus we get [[(fo)ellx- < V2N(fo)ellz-
We turn to the proof of the inverse inequality. For any (fe)e € Z, fix 9 € P, we have

e

e [feollng =~ sup |7((feo)"9)]|

1
7(eo g llomee <1 T(€0)

= Sup T((f )*(g_g . )60)
lgllbmoc <1 7(eo) ‘ 0 Teg ‘
1
< sup
1(9=neg )eollomoe<1 T(€0)

|T((feo)*(g - gneo)eoﬂ-

Then we define (ge)e as ge = (g — gn.,€0)/7(eo) if € = e, otherwise g = 0. Thus

1
—— feollng < 1(fe)ellxlI(ge)ellx < [1(fe)ellx-,

7(eo)

which implies [|(fe)ellz < [[(fe)ellx

(ii). Since Y is a subspace of X* by Krein and Smulian’s theorem, we only need to
prove that for all ¢ > 0, Y N By(X™) is w*-closed in X*, where B;(X™) is the closed ball
of X* centered at the origin and with radius ¢. Take a net (y*)n C bmof , (M) such that
T((y*)a) CY N By(X*). Hence (y)a are bounded in bmof ,,(M). Suppose that,

(m(y); (ge)e) = (& (ge)e)s  V(ge)e € X, (1.3.2)

for some & € By(X*). We will show that £ € Y, which will complete the proof. We need
two facts. The first one is that bmo{ ,.(M) is a dual space by Theorem 2.16, so its unit ball
is w*-compact. Therefore, the bounded net (y*), in bmo{ (M) admits a w*-cluster point
y. Without loss of generality, we assume that (y%), converges to y in the w*-topology:

(y*, x) — (y,z), Vo € h{(M). (1.3.3)

The second fact is that for any (ge)e € X, the sum ) _ g, is absolutely summable in h{(M).
Indeed, by Lemma 3.2

D llgellng < D (@)l gellomos = ll(ge)ellx-
e

e
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Therefore, for any (ge)e € X, we have
(m(y™), (ge)e) = D 7(((We = vi.)e) ge)
=7((y")* ) ge)

Combining 1.3.2 and 1.3.3, we deduce that £ = 7(y) € Y, as desired. O

We can now prove Theorem 3.12 in the case of ¢ = oo
Proof. Let Y| be the preannihilator of Y in X™:

Vi ={(ge)e € X = (m(y), (9e)e) = 0,Vy € bmog ., (M)}

Then by the bipolar theorem
~ (X/Y))".

Using the second fact in the proof of the previous lemma, we get
Y1 ={(ge)e € X : 7(y" D ge) =0,Vy € bmof (M)}

:{(ge)EEX : de:Oin hi(M)}

Then for (ge)e € X/Y], let

g = de-

ecP
Then

1(ge)ellx/v, = mf{z ) (gh)ellomor = 9= g6, (gh)e € X}
. 1
= 1nf{z |)\e’ g = ;Aeae, ()\ea:e)e S X, HaeHbmoC S T(e)}

= Hthc

l,ateo pr

Consequently, for any x € hiatw’pr (M) and any decomposition z = )", Acae,

[[][ng

oo = | Aete)ellxyy,
= [[(Aeae)elly=
= sup ‘(()‘eae)a 77(3])>|

yebmos [ (y)lly <1

< sup |7( Z)\ ae)*y)| < cf|x||ne.
Hy”bmoc<C

Therefore, combined with Lemma 3.2 and Remark 3.10, the density of h{, (M) in
h{(M) (due to Lemma 3.5) yields the desired duality identity h{ (M) =h{(M). O

Lateo,pr
Let us return back to the unsettled case ¢ = oo in the proof of Theorem 3.4. Since a fine
atom is necessarily a crude atom, we get h{(M) C h§ ;; (M), hence h{(M) = h§ ,; (M)

1,ate0
with equivalent norms due to Lemma 3.2. Thus Theorem 3.4 is completely proved.
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Definition 3.14. We define
Wt pe (M) = hS o, (M) + 0] e (M) + hf(M)
equipped with the sum norm

[l g =, 8F (el + ol Boallg:

Then by Theorem 3.12 and Perrin’s noncommutative Davis decomposition (see [45]),
we get the atomic decomposition of hi (M) and Hy(M).

Corollary 3.15. We have
Hl(M) = hl(M) = hlyatq,pr(M)7
for any 1 < q < 0o, with equivalent norms.

However, using Corollary 2.18, we can obtain another kind of atomic decomposition
for hy(M) or Hy (M), which is exactly the noncommutative analogue of the classical case.

Definition 3.16. For 1 < ¢ < o0, a € L1(M) is said to be a (1, g)-atom with respect to
(Mp)n>1, if there exist n > 1 and a projection e € P(M,,) such that

(i) Enla) = 0;

(ii) 7(a) < eorl(a)

(iif) [lallq < (7(e))

Definition 3.17. We define hi', (M) as the Banach space of all z € L1 (M) which admit a
decomposition x =y + >, Apa, where for each k, ay, is a (1, ¢)-atom or an element in the

unit ball of Li(My), Ay € C satisfying >, |\x| < oo, and where the martingale differences
of y satisfy Zj>1 lldy;|[1 < co. We equip this space with the norm

lllpee, = inf { > lldy;ll+ Y IAel}s
J k

€;

I

~|

for 1 < g < o0.

where the infimum is taken over all decompositions of x as above.

Lemma 3.18. If a is a (1, q)-atom, then

cq
< —.
lalln, < 5

Proof. Without loss of generality, suppose a is a (1, g)-atom with r(a) < e. We apply
Corollary 3.18 and the duality (hy;(M))* = bmo(M).

lalln, <c sup 7(z%a)
”bemogl

=c sup 7((z—x,)"a)
[[2]lbmo<1

—c swp (@ —an)e)a)
[l][bmo <1

< dllallqll(z — zn)elly < cq"
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Theorem 3.19. For all 1 < q < oo, we have
Hi(M) = hi(M) = hi' (M)
with equivalent norms.

By Lemma 3.18, Corollary 2.18 and using arguments similar to those in the proof of
Theorem 3.4, we can prove the theorem for the case 1 < ¢ < oo. For the case ¢ = o0,
we use the argument in Theorem 3.12. Instead of LT (bmo®) and L%, (h$), we consider the
following two spaces:

L?(LOO) = {(96)6 D el = e Or €ge = ge; En.ge = 0, H(Qe)EHL?(Lm) < 00}7
Lfo(Ll) = {(fe)e o fee = feorefe = fe, En.fe =0, H(fe)eHLfo(Ll) < oo},

where

1(ge)ellLp 1y = D () gelloos

e

1 1
[(fe)ellp () = max { sgp@ | feell1, sup 7 lefell1}-

Then by Lemma 3.18 and Corollary 2.18, we get the announced results. We leave the
details to the reader.

Remark 3.20. The part of this paper on the crude versions of the John-Nirenberg in-
equalities and atomic decomposition can be easily extended to the type III case with minor
modifications.

1.4 An open question of Junge and Musat

It is an open question asked in [23] (on page 136) that given 2 < p < oo, whether there
exists a constant ¢, such that

1
Sup [€klz = Ee—12[P[|8 < cpll@]lBMO? (1.4.1)

It is easy to see that the answer is negative for matrix-valued functions with irregular
filtration. In the following, we show that the answer is negative even for matrix-valued
dyadic martingales. Recall that Remark 2.14 already shows that the answer is negative if
one considers the column norm || - ||gpmee alone on the right hand side.

Let M and M, be as in Remark 2.14. We consider this special case and show that
the best constant c¢,(n) such that (1.4.1) holds is bigger than c(log(n -+ 1))'/? for all p > 3.
Let b be an My-valued function on T. We need the so-called “sweep” function of b

S(b) =Y |dbg|*.
k=1

Note that it is just the square of the usual square function. Matrix-valued sweep functions
have been studied in [4], [11], [33] etc. It is proved in [33] that the best constant ¢, such
that

15 (®) | Baoe < enllbllz (1.4.2)

is c(log(n+1))2. A similar result had been proved previously by Blasco and Pott (see [4])
by considering ||b]|% e on the right side of (1.4.2).
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Lemma 4.1. Assume || f|smoc < c¢(n)supy, ||Exlf —Ek—1fl|co for any selfadjoint f. Then
c(n) > c(log(n + 1))%.

Proof. Under the assumption, we have

15(0)lBmos < e(n) sup [[Em|S(b) = Em—15(b)]dt]|o

n)sup & i Ay — € i vl |
Qmug‘E:M@F ml}jum|m

Let x = Y 22 |db|? and y = En—1 Y e, |dbx|?. By the convexity of |- |2, we get

o 2 2 2 2 2
‘x v |z] -2F|y! < |z| +2Hy||oo]1 < (!x\+||2yHoo]l) _

Then by Loéwner-Heinz’s inequality,

‘x_yl < 2] 4[|yl oo 1

V2

Thus by the triangle inequality, we have

15(b)] BMmoe < 2¢(n Sup 1€mz + [[Ylloo ]

(n)
2c(n) s up 1€m|b = Em—1b*[lc0 + 2¢(n) |Em-1]b = Em—16]*[|oo
(n)HbHBMoc +2¢(n) [ Em]b = Em—1b]|

4e(n)

A

c(n)[|bllBagoe-

We then get c(n) > c(log(n + 1))? by (1.4.2). O

Lemma 4.2. Let 0 < p < oo and &, be the conditional expectation from M onto M,,,
we have

p+1 1 1
1Emla] > lloo < N[ Emz["l[o]|Eml|5-

Proof. By Holder’s inequality, we get

ptl p+1
[€mlz] 2 e = sup  T(Emlz| 7 a)
S
1 P 1 1
—  swp r(abfof3laltas)
lall L+ (i <1

sup  (7(alz[?))2 (r(ala]))?

LF Mm)<1

IN

llall
1 1
= N &mlPllS [ Emlz]|%-
g
Theorem 4.3. Suppose supy, [|Ex|f — Ek_1f|p||<1>ép < cp(n)||fllBMO for some p > 3. Then

2
p

¢p(n) > cllog(n + 1))".
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Proof. Fix a selfadjoint M,-valued function b. By the operator Jensen inequality and
Lemma, 4.2, for p > 3,

blivo = sup [Enlb— Em 1]l
m
_4
< sup [|Emlb — Em1b] T ||5
m
_2 _2
< sup |Emlb — Em1bP|| 2T SUp [|Enlb — Em1b][| 2
m m
2 .
< (ep(m)[bllBA0) 7T SUp [[Emlb — Em_1b]|ZT
m

Then
[bllBmo < (ep(n))P sup [[Em b — Em—1b]]|oo-

By Lemma 4.1, we get
(ep(n))? = c(log(n +1))*.
0

From Theorem 4.3, we get a negative answer for the open question by letting n — oo.






Chapter 2

Wavelet approach to
operator-valued Hardy spaces

Introduction

In this chapter, we exploit Meyer’s wavelet methods to the study of the operator-valued
Hardy spaces. We are motivated by two rapidly developed fields. The first one is the theory
of noncommutative martingales inequalities. This theory had been already initiated in the
1970’s. Its modern period of development has begun with Pisier and Xu’s seminal paper
[48] in which the authors established the noncommutative Burkholder-Gundy inequalities
and Fefferman duality theorem between H; and BMO. Since then many classical results
have been successfully transferred to the noncommutative world (see [25], [28], [34], [2]).
In particular, motivated by [17], Mei [34] developed the theory of Hardy spaces on R™ for
operator-valued functions.

Our second motivation is the theory of wavelets founded by Meyer. It is nowadays
well known that this theory is important for many domains, in particular in harmonic
analysis. For instance, it provides powerful tools to the theory of Calderén-Zygmund
singular integral operators. More recently, Meyer’s wavelet methods were extended to
study more sophistical subjects in harmonic analysis. For example, the authors of [9]
exploited the properties of Meyer’s wavelets to give a characterization of product BMO
by commutators; [39] deals with the estimates of bi-parameter paraproducts.

It is in this spirit that we wish to understand how useful wavelet methods are for
noncommutative analysis. The most natural and possible way would be first to do this
in the semi-commutative case. This is exactly the purpose of the present chapter which
could be viewed as the first attempt towards the development of wavelet techniques for
noncommutative analysis.

A wavelet basis of La(R) is a complete orthonormal system (w;)rep, where D denotes
the collection of all dyadic intervals in R, w is a Schwartz function satisfying the properties
needed for Meryer’s construction in [38], and

. L oz—a
R

wite) 1

where ¢y is the center of I. The central facts that we will need about the wavelet basis
are the orthogonality between different wy’s, ||wl|r,®) = 1 and the regularity of w,

max(jw(z)], [w'()]) 3 A1+ |27, ¥Ym > 2.
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The analogy between wavelets and dyadic martingales is well known. The key obser-
vation is the following parallelism:

Z <f7wl>wl Ndfna

|I|:27'n+1

where df,, denotes the n-th dyadic martingale difference of f. As dyadic martingales are
much easier to handle, this parallelism explains why wavelet approach to many problems in
harmonic analysis is usually simple and efficient. On the other hand, it also indicates that
martingale methods may be used to deal with wavelets. With this in mind, we develop
the operator-valued Hardy spaces based on the wavelet methods in the way which is well
known in the noncommutative martingales case. Then we show that our Hardy and BMO
spaces coincide with Mei’s. In other words, we provide another approach, which is much
simpler than Mei’s original one, to recover all the results of [34].

This chapter is organized as follows. In section 2.1, we will give some preliminaries on
noncommutative analysis, the definition of H,(R, M) with 1 < p < oo and LZMO(R, M)
with 2 < ¢ < oo in our setting. In section 2.2, we are concerned with three duality results.
The most important one is the noncommutative analogue of the famous Fefferman duality
theorem between HS§(R, M) and BMO°(R, M). The second one is the duality between
Hy (R, M) and L, MO(R, M) with 1 < p < 2, where we need the noncommutative Doob’s
inequality, this is why we consider the case 1 < p < 2 independently. The last one is the
duality between Hjj(R, M) and H, (R, M) with 1 < p < co. As a corollary of the last
two results, we identify H¢(R, M) and LEMO(R, M) with 2 < ¢ < oo. Section 2.3 deals
with the interpolation of our Hardy spaces. In section 2.4, we show that our Hardy spaces
coincide with those of [34]. So, we can give an explicit completely unconditional basis for
the space Hi(R), when H;(R) is equipped with an appropriate operator space structure.

We end this introduction by the convention that throughout the chapter the letter c
will denote an absolute positive constant, which may vary from lines to lines, and ¢, a
positive constant depending only on p.

2.1 Preliminaries

2.1.1 Operator-valued noncommutative L,-spaces

Let M be a von Neumann algebra equipped with a normal semifinite faithful trace 7 and
Sy be the set of all positive element x in M with 7(s(z)) < co, where s(x) is the smallest
projection e such that exe = x. Let Spq be the linear span of S/‘C[. Then any x € Sy has
finite trace, and Sy is a w*-dense *-subalgebra of M.
Let 1 < p < oo. For any = € Sy, the operator |z[P belongs to S¥, (|z| = (:z*x)%) We
define )
lall, = (r(2")7, V€ Sa.

One can check that |- ||, is well defined and is a norm on Sx4. The completion of (S, ||-]|p)
is denoted by L, (M) which is the usual noncommutative L,- space associated with (M, 7).
For convenience, we usually set Lo(M) = M equipped with the operator norm || - || ss.
The elements of L,(M,7) can be described as closed densely defined operators on H (H
being the Hilbert space on which M acts). We refer the reader to [49] for more information
on noncommutative Ly-spaces.

In this chapter, we are concerned with three operator-valued noncommutative L,-
spaces. The first one is the noncommutative space L, (M;¥5) (resp. L,(M;{4)), which is
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studied at length in [17]. For this space, we need the following properties. In the sequel,
p’ will always denote the conjugate index of p.

Lemma 1.1. Let 1 < p < oco. Then
(Ly(M; 65))" = Ly (M; 5). (2.1.1)
Thus, for f = (fi)r € Lpy(M;L5) and g = (gr)k € Ly (M;15), we have
[T({F o)l < Wl vsellgle,, (vies)
where
(f,9) =Y frgi:
k

Lemma 1.2. Let1§p0<p<p1§oo,0<9<1,I%zlp;oe—kp%. Then

[Lpo (M £3), Lp, (M; £3)]g = Lp(M; £3). (2.1.2)
A similar equality holds for row spaces.

The second one is the o -valued noncommutative space Ly,(M;{s,), which is studied
by Pisier [47] for an injective M and Junge [16] for a general M (see also [25] and [27] for
more properties). About this one, we need the following property:

Lemma 1.3. Let 1 < p < oo. Then
(Lp(M; £1))" = Ly (M; leo).

Thus, for x = (xn)n € Ly(M;l1) and y = (Yn)n € Ly (M;lx), we have

1D m(@nyn)| < 12/, (A 191l (Mito) (2.1.3)
n>1

where Ly,(M;{y) is the space of all sequences x = (zp)n such that

1(@e)kllL, ve) = sup 1> lan k215210 ool
n, k

— *
Znizkan,kbnvk n, k

The third one is L,(M;¢5,) for 2 < p < oo, which was introduced in [7] and is related
with the second one by

@n)allz, iz = I(@nlnllog (itee)-
And these are normed spaces by the following characterization

|(@n)nllL,(Mee) = o, ok 1Y)l te (oo (M) 1] L (A1)

=Yna
We need the interpolation results about these spaces (see [40]):
Lemma 1.4. Let2§po<p<p1§oo,0<9<1,%:11);094—7%. Then

[Lipo (M5 €50), Lipy (M £3,)]g = Lp(M; £5,). (2.1.4)
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2.1.2 Operator-valued Hardy spaces

In this chapter, for simplicity, we denote Lo (R)®&M by AN. As indicated in the introduc-
tion, one can observe that we have the following operator-valued Calderén identity

fla) =Y {fwrwi(z), (2.1.5)

1eD

which holds when f € Ly(N). As in the classical case, for f € Sy, we define the two
Littlewood-Paley square functions as

(Z I f’wf x))é. (2.1.6)

1eD

(Z 10 IIU\}I x))é. (2.1.7)

IeD
For 1 < p < o, define
1fll#g = [1Se(H)I L, @)
1fll#y = 118+ ()l z, v

These are norms, which can be seen easily from the space L,(N;£5(D)). So we define
the spaces Hj(R, M) (resp. Hj(R,M)) as the completion of (Sn, || - [[2(r,rm)) (resp.
(Sas Il - N5 (R, Mmy)- Now, we define the operator-valued Hardy spaces as follows: for 1 <
p<2

Hp(R, M) = Hy (R, M) + H; (R, M) (2.1.8)

with the norm
[ flln, = inf{llgllmg + |l « f =g+ h,g € Hy, h € Hp}

and for 2 < p < oo,
Hpy(R,M) = Hg(R,M) NH,(R, M) (2.1.9)

with the norm defined as

[ F 117, = max{|[fllxg, [ Fllre}-
We can identify H; (R, M) as a subspace of L,(N;£5(D)), which is related with the

two maps below.

Definition 1.5. (i) The embedding map ® is defined from Hj (R, M) to L,(N;£5(D)) by

o(f) = (O’c’lﬁﬁﬂz)lep. (2.1.10)

(i) The projection map ¥ is defined from Lo(N;¢5(D)) to HS(R, M) by

Z/ 1 dy - wy. (2.1.11)

IeD |7 ’2
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2.1.3 Operator-valued BMQO spaces

For ¢ € Loo(M; L§(R, %)), set

(2.1.12)

1 1
Iellsaor = sup | (5 - I, wi) )

M

and

lellsmor = 9" lBrmoe @, Mm)-

These are again norms modulo constant functions. Define

dx

BMO(R,M) = {¢ € Loo(M; L5(R, 11 a2

) = lellBamoe < oo}

and
dx

BMO"(R,M) = {¢ € Loo(M; Ly(R, 1122

) = lellsmor < oo}

Now we define

BMO(R, M) = BMO(R, M) N BMO" (R, M).

As in the martingale case [25], we can also define Ly MO(R, M) for all 2 < p < oo.

For ¢ € L,(M; L5(R, %)), set

1 2
lellemo = H(7 (e, w1>|2)kH (2.1.13)
g |Ik’| ]gl:locc L%(N;Eoo)

and

lellrmo = [l gm0,
where I} denotes the unique dyadic interval with length 27k+1 that containing x. We will
use the convention adopted in [27] for the norm in L (N;ls). Thus

=
-

1
(7
Iz

> e, wn)P)

Icry

2 1
2 " ,
Lg(/\/;foo) H i ‘Ik‘ § : |{p, wr)]

These are norms, which can be seen from the Banach spaces L,(N®B(l2(D));(5,).
Again, we can define

dx
LyMOR, M) = {p € Ly(M; L5(R, m)) lellLgmo < oo}
and
dzx
L;M(’)(R,M) = {p € Lp(M; Ly(R, m)) lellemo < oo}
Define

L,MO(R, M) = LSMO(R, M) N L MO(R, M).

Note that LS MO(R, M) = BMO(R, M). 1t is easy to check all the spaces we defined
here with respect to the relevant norms are Banach spaces.
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2.2  Duality

To prove the first two duality results in this section, we need the following noncommutative
Doob’s inequality from [16].
Let (&,)n be the conditional expectation with respect to a filtration (), of N.

Lemma 2.1. Let 1 <p < oo and f € L,(N). Then
HSlrllp+5n(f)||Lp(/\/) < ¢pll fllp, - (2.2.1)

Theorem 2.2. We have
(H{ (R, M))* = BMO°(R, M) (2.2.2)

with equivalent norms. That is, every ¢ € BMO(R, M) induces a continuous linear
functional I, on HS(R, M) by

L) =7 [@f ¥resy. (2.23)

Conversely, for every l € (H{(R, M))*, there exists a ¢ € BMO*(R, M) such that | = L.
Moreover,

¢ Hellsamos < Nl < cllellzmos

where ¢ > 0 is a universal constant.
Similarly, the duality holds between H| and BMO", between Hi and BMO with equiv-

alent norms.

In order to adapt the arguments in the martingale case, we need to define the truncated
square functions for n € Z,

Sen(f (Z S Wﬂl(:ﬁ))é.

k=—o00 |I|=2—k+1

Proof. Since Sy is dense in H{(R, M), by an approximation argument, we only need to
prove the inequality

o (DI < cllelisroe | £l

for f € Sy. By approximation we may assume that S, (f)(x) is invertible in M for all
x € R and n € Z. Then we have

L) =17 [ " pdl
‘Z/ Z (p,wr) wy Z (f,wp)wpda:‘

|I‘ 2—n+1 |[/|:2—n+1

IV STV e

|]=2-n+1 =zt ]2

([ y Sahpsi)

|[I|=2—n+1 |

(1 Erhps )

j1j=2-r1

| A
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Z/ 3 ‘<f7|w|l>’]ls (f))é

1j=2-
2 1
Z /lll ;nﬂ <SO’QIU’I>| ]IISC’"(f))
=A. B.

In the above estimates, the first equality has used the orthogonality of the w;’s on different
levels, the second one the orthogonality of the w;’s on the same level and the disjoint of
different dyadic I’s on the same level; the first inequality has used the Hélder inequality
in Lemma 1.1, and the second one the Cauchy-Schwarz inequality and the disjointness of
different I’s on the same level.

Now, let us estimate A:

<2307 [(Senlf) = Sena (1)

For the first inequality, we have used the Hélder inequality and the positivity of S.,(f) —
Sen—1(f)-

The second term is estimated as follows:

w 2
:;T/wc,k(f)— Y 3 ety

n>k|I|=2-n+1

_ - _ |<90va>’
_Z (Sc,k:(f ck 1 /Z Z |I| 1y

k j Te n>k |1|=2—n+1

_%:T;/liqu(f)— ot |k‘§7!
SIS 7 (Serlf) = Sep—( H 7 ,w1>!2H
v g Ul il Icrj -

< el 3 7 / (Serl(f) = Ser1())
Lk 1}

= [lelB o 1 fll2s

The fist equality has used the Fubini theorem, the second one the fact that S¢,—1(f) and
Sci(f) are constant on the dyadic interval IJ [127F+1 (j +1)27kF1); the first inequality
has used the Hélder inequality and the p051t1v1ty of Sqn( f) = Sen—1(f).

Now, let us begin to deal with the other direction, i.e. suppose that [ is a bounded linear
functional on HS (R, M), we want to find an operator-valued function ¢ in BMO¢(R, M),
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such that | = I, and l,(f) = 7 [¢*f for f € Sy. By the embedding operator ® in
(2.1.10) and by the Hahn-Banach theorem, [ extends to a bounded continuous functional on
Li(N;45(D)) of the same norm. Then by the results in Lemma 1.1 there exists g = (g97)rep
such that [|g[| .. ves(py) = [I7l], and

/Z ALy e sy

IeD 1 ’2

Now let ¢ = ¥(g), where ¥ is defined as (2.1.11). The orthogonality of the w;’s yields

I ewn Pl =N [ Pl < IS [l

IcJ IcJ IcJ
< |J|H Z lgrI? HLOC(N) < |J|H g1 ]HLOO(N;Zg(D))’
1cJ

where the first inequality has used the Kadison-Schwartz inequality. Also thanks to the
orthogonality of the wy’s, we get
fa w] *
Lr=7[¢f

. / S g

1eD
for all f € Sy. Therefore, we complete the proof about H{(R, M) and BMO(R, M).
Passing to adjoint, we have the conclusion concerning H| and BMQO". Finally, by the
classical fact that the dual of a sum space is the intersection space, we obtain the duality
between H; and BMO. O

Theorem 2.3. Let 1 < p < 2. We have
(HH (R, M))* = Ly MO(R, M) (2.2.4)

with equivalent norms. That is, every ¢ € L;,M(’)(R,M) induces a continuous linear
functional l, on Hg(R, M) by

lo(f) = T/w*f, Vf € Sy (2.2.5)

Conversely, for every I € (Hy(R, M))*, there exists an operator-valued function ¢ €
LY, MO(R, M) such that I =1, and

& I¢llze o < llolipg)s < V2lelze, mo

Similarly, the duality holds between H;, and L;,, between Hy, and Ly MO with equiva-
lent norms.

We need the following lemma of [25]. We write it down for the reader’s convenience
but without proof.

Lemma 2.4. Let s,t be two real numbers such that s <t and 0 < s <1<t <2. Letz,y
be two positive operators such that x <y and z'7% y'=% € L1(N). Then

T/y 2(yt _ gty < QT/y(s+lt)/2(y )y /2,
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Proof. We need only to prove the first assertion on H;. Since Sy is dense in ’Hg(]R, M),
by an approximation argument, we only need to prove the inequality

o (NI < cllellze, moll fllmg

for f € Syr. By approximation we may assume that S, (f)(x) is invertible in M for all
x € R and n € Z. By the similar principle as in the noncommutative martingale case as
in [25], we have

L) =7 [ " pdl
)Z/ Z (o, wr) wr Z <f,U}]/>'LU[/d.’L"

|1 =2=n+1 PR
_’Z / 3 <%w11> Yy <f’w£/>]1]/d$‘
|I|=2-n+1 ]2 |I/|=2—n+1 ]2
/} f,wf 2 52 )5
‘[l 9—n+1 |I‘
/‘ <P,’w1 2 s27( )5
|I|=2—n+1 1 |2
Z / ¥ ’<f,|w|1>| 1572(f )
=21
(2rf ¥ Beplus)
e M |
=A-B.

Now we need the above lemma to estimate the first term. Take s = 2 — p and t = 2,
the lemma yields

=[S0 - S A ()SEA)
= Yo [ SRS - SE A (DS
<23 [ SIPPI)Sun()  Sen NS

=23 [ 8en() = Sena(NSE )
<2Ys JERGET NG

.

The last inequality has used two elementary inequalities: 0 < SC n—1(f) < Senlf ) implies
SPLL(F) < ST for 0 < p— 1< 15 and 7(S7,,_,(£)) < 7(S2, 1 (F)SEn (F)S201(F)).

c,n—1
The second term can be deduced from the nontrivial duality results in Lemma 2.1.3

for 1 < p < oo as follows.
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W 2
Z;T/Sf’gp( sHY Y |<907|I|I>\ 1

n>k |I|=2—n+1

w2
=SSP - S /Z 3 \<¢,‘I’1)| 1
k J

Iy n>k |[|=2—n+1

=YY [ 1@ 0@ - S5 D@ 3 llpwnPds
k J

| k’ Icﬂ

-y, / SE @) = ST Im, > I wn)Pde
% IC['T
< HZS ck 1( )”L(p 1/2)! |Iﬂc| Z (e I>’2‘ Ly /o
ICIf

= H(PHL;,MOHfHH_g

The fist equality has used the Fubini theorem, the second one the fact that S.,_1(f) and
Sci(f) are constant on the dyadic intervals with length ulany

For the other direction, we can carry out the proof as that in the case p = 1. Suppose
that [ is a bounded linear functional on H5(R, M). By the embedding operator ® and by
Hahn-Banach theorem, and the results in Lemma 1.1, we can find g = (g7)7ep such that
HQHLP,(N;eg(D)) = 7] and

]lz,Vf € SN

_T/Z

1€eD

Now let ¢ = ¥(g) defined in (2.1.11), the orthogonality of the w;’s yields

Z (e I>|2HLP//2(N)
ICIz
3| [
1)2

Iczw
/ ik HL,/Q(/\/)

s -

M)

ICII I
< [lsup 7= / > lorP L, 0
nICII
<Hsup 7] / Z’g‘ HL//2(/\/)
I3 1eD
<l S lorPll,, 0
1eD

= cllon1ll,,, wies )

where for the first inequality we have used the Kadison-Schwartz inequality, and the last
inequality is (2.2.1). Also due to the orthogonality of the wy’s, we get

/g) ]11— /sO*f,
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for all f € Sy. Therefore, we complete the proof about Hj(R, M) and L, MO(R, M).
O

Instead of using the noncommutative Doob’s inequality, we will use the following
noncommutative Stein inequality from [48] to prove the duality between the spaces Hys
1 <p<oo.

Let (€,)n be the conditional expectation with respect to a filtration (NV,), of V.

Lemma 2.5. Let 1 < p < 0o and a = (ap), € Ly(N;£5). Then there exists a constant
depending only on p such that

1
5 O, <ec an|?)? . 2.2.6
[(Cieat?], < (Slea?)] (2:2.6)
Theorem 2.6. For any 1 < p < 0o, we have
(Hp(R, M))" = H (R, M), (2.2.7)

Proof. By a similar reasoning as in the corresponding part of the proof of Theorem 2.2,
we can carry out the following calculation,

L) =7 [ " pdl
_‘Z/ Z (p,wr) wr Z (f,’w[/>w]/dib"

|I|=2—n+1 I/ =21
_ ‘Z / Z <90»w11> ]ll<f’uil>]lldx‘
|[‘ 2—n+1 |I‘§ ’1’5
’ f7w ‘ gp,w
[DIE-E=E L] IR [ Pt 2 HL ')
IeD IeD

Now, we turn to the proof of the inverse direction. Take a bounded linear functional
l € (Hy(R, M))*, by the embedding operator ® and the Hahn-Banach extension theorem,
[ extends to a bounded linear functional on Ly(N; ¢§) with the same norm. Thus by (1.1),
there exists a sequence g = (gr)s such that

1911 gy = 121

—T/Z 9, fw[>]11,VfESN

1eD ’
Now let ¢ = ¥(g) where W is defined in (2.1.11), then applying the Stein inequality (2.5)
to the conditional expectation

1
£t =3 15 /J h(y)dy 1,

where J is dyadic interval with the same length as I, we get

el @ =1 (2 17 ,/gfdy 112}, o0

1€D

<> |51(91)‘2)§HLP/(N)

1€D

1
< el (D larl)? L, v)-
IeD

and
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By the orthogonality of the w;’s, we have

0= [ Sy o [

IeD |1 ’2
for all f € Sy O

From the proof of the second part of Theorem 2.2, Theorem 2.3 and Theorem 2.6, we
state the boundedness of ¥ as a corollary.

Corollary 2.7. (i) Let 1 < p < oo, U is a projection map from Ly(N;€5(D)) onto
Hg(R,M) if we identify the latter as a subspace of the former.
(ii) Let 2 < p < o0, W is also a bounded map from Ly(N;L5(D)) to LyMO(R, M).

Theorem 2.3 and Theorem 2.6 immediately imply the following corollary:
Corollary 2.8. Let 2 < p < oco. Then
Hy(R, M) = LLMOR,M), V2 <p<oo
with equivalent norms.

However, for the part LyMO(R, M) C Hi(R, M), we can give another proof. The
idea is essentially similar to that in [34], the good news is that in our case, the argument
seems very elegant. Now we give the detailed proof.

proof. Our tent space is defined as

~{r=tme oy 7 [ (X L)< o)

lo(f) = T/Z <*0’wf>*1n]1111da;

rep M2 ||
and [[ly| < [|¢ll e mo®,m)- The proof is just the copy of the proof of the first part in the
last theorem. Now T7 is naturally embedded into Ly (N £5(D)) by (fr)r — (<-17);7. So

112
by the Hahn-Banach extension theorem, [, extends to an bounded linear functional on

L,y (N;05(D)) with the same norm. Then by the duality between
(Ly (N5 £5(D)))" = Lp(N;£5(D)).
there exists a unique h = (hr)r such that ||h[|1,ves(py) < [yl and for f = (fr)r € T,

lo(f) _T/Zhl I 1 1de

12

IeD
So we get
oowrdy .
1]2
thus,
<30¢w1>* 1
el = | (30 E1n)?|
e M2 Le )

= [1h1ll L, g ) < Nl
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2.3 Interpolation

This section is devoted to the interpolation of our wavelet Hardy spaces. The interpolation
results below will be needed in the next section to compare our Hardy spaces with those
of Mei.

Lemma 3.1. Let 1 < pg < p < p1 < 00, we have
[Hp, (R, M), Hyy (R, M)]g = H (R, M) (2.3.1)

with equivalent norms, where 0 satisfies % = 11?;09 + pil.

Proof. The embedding map @ yields

[H

C C
PO’HP1]9 - HP'

On the other hand, it is the boundedness of the projection map ¥ from L,(N;¢5(D)) to
Hy(R, M) stated in Corollary 2.7 that yields the inverse direction. O

Theorem 3.2. Let 1 < g < p < 00, we have

[BMO(R, M), HS(R, M)] 2 = HE(R, M) (2.3.2)

q
p
with equivalent norms.

Proof. We will prove the theorem by a general strategy as appeared in [40].
Step 1: We prove the conclusion for 2 < g < p < oo:

[BMO®(R, M), HS(R, M)]a = H

(R, M). (2.3.3)

a1

The identity can be seen easily from the following two inclusions. On one hand, the
operator ® which in (2.1.10), together with (2.1.2) yields

[Hf(R,M),Hg/(R,M)]% C Hy (R, M).
Then by duality and Corollary 2.8, we have

LEMO(R, M) C [BMO®(R, M), LLMO(R, M) (2.3.4)

q.
p
On the other hand, the operator 7 identifies the space L;MO(R,M) as a subspace of
Ly(Loo(N®B(l2(D)); L) defined by

T(p) = (fwn| "2 e (1) @ ery, (2.3.5)
together with Lemma 1.4 yields
[BMO*(R, M), LLMO(R, M)]a € LEMO(R, M). (2.3.6)

Step 2: we prove the conclusion for 1 < ¢ < p < co. This step can be divided into two
substeps.
Substep 21: p > 2. Let p < s < co. By Step 1, we have

[BMO®(R, M), HS(R, M)]2 = HE(R, M).

EAS]
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On the other hand, by Theorem 3.1, we have
[H;,Hg]g =H,,

where(and in the rest of the paper) 6 denote the interpolation parameter. Then Wolff’s
interpolation theorem yields the result.
Substep 22: p < 2. Let s > 2, then by Substep 21, we have

[BMO®(R, M), HS(R, M)]2 = HE(R, M).

® 3

Then together with Lemma 3.1, Wolff’s interpolation theorem yields the result.
Step 3: we prove the conclusion for 1 = ¢ < p < co. Take s > max(p,2). By Step 2
and duality [3, Theorem 4.3.1], we get

[ ‘1:7 H§]9 = H;:
Then together with Step 2, Wolff’s interpolation yields the conclusion. Il

Remark 3.3. If one can directly prove Lemma 3.1 for pg = 1, we can prove the above
theorem without the help of L MO(R, M) for 2 < p < oo as carried out in [2], where one
needs an auxiliary space.

Theorem 3.4. For 1 < p < oo, we have
Hp(R, M) = Lp(N)
with equivalent norms.

Proof. There are several ways to prove this result. One can prove it by the strategy in
[48] together with Stein’s inequality (2.5). Here, we just use the fact that L,(M) with
1 < p < o is a UMD space and our (wy)s is an complete orthonormal basis. So by
Theorem 3.8 in [15], we have

i = (B[ S e f’“” 1|

Then we complete the proof for 2 < p < oo by Khintchine’s inequalities. Now, let us prove
the case 1 < p < 2. Let f € H,(R, M), then for any € > 0, by the definition of H,(R, M),
there exists a decomposition f = f. + f,. such that

p 1

Lp(/\/))p'

1 fellre @y + Il @it < 1f 1@ + €

Take any g € Ly (N), by the results for p’ > 2, the operator-valued Calderén identity
(2.1.5) yields

P fori=1xr [t oty

TeD ||
<‘Z / gawf fcaw1>]1[|
TeD 12 |1]2
ngl f ,1U[>
o7 Tt
IeD 12 1]z

< ISe(@lz,, o 1Se(fe)llz, vy + 15+ L, i 1S (F)ll L, o0
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< ey llgllz, (1f 17, a0 + €)-

Taking sup and let € — 0, we get the required result.
Finally, we prove the inverse inequality. Let f € L,(N), by duality, we can find
two sequences of functions (Fi1); € Ly(N;45(D)) and (Fy1)r € Lp(N;05(D)) such that
1
Fer+ For=(f,wn)|I|" 21 and

1(Ee,D) 1|, vies (o)) + (D1l L)) < Iz,

Let fo =Y ((F.r)r) and f, = W((F,1)r), by identity (2.1.5), we have f = f.+ f,. On the
other hand, by the Stein inequality (2.5), we have || fellye® ) < [(Fe,0)1ll L, (vieg(p)) and
HfrHH;;(R,M) < (£, D) 1llz,;e5(p))- So we have found the desired decomposition of f. [

Theorem 3.5. The following results hold with equivalent norms:
(i) Let 1 < g < p < o0, we have

[BMO(R, M), Ly(N)]2 = Ly(N). (2.3.7)
(ii) Let 1 < ¢ < p < oo, we have
[0, M), Ly ()] = Lo(N): (2.3.8)
(iii) Let 1 < p < oo, we have
[BMO®, M), Ha (B, M]3 = Ly(A). (2.3.9)

In order to prove this theorem, we need the following result from the theory of inter-
polation. We formulate it here without proof.

Lemma 3.6. Let Agy, By, A1, By be four Banach spaces satisfying the property needed for
interpolation. Then

[Ag + By, A1 + Bilg D [Ao, Ailg + [Bo, Bilg

and
[Ao N By, A1 N Byl C [Ao, A1]o N [Bo, Bils.

Proof. (i) We also exploit the similar but different strategy with that in the proof of
Theorem 3.2.

Step 1: we prove the results for 2 < g < p < co. By Theorem 3.4, Theorem 3.2 and
the lemma, we have

BMO(R, M), Ly(N)]s © Ly(\).
The inverse direction follows from Ly (N) C BMO(R, M),

Lp(N) = [Loo(-/\/)v Lq(N)]g
C [BMO(R, M), Ly(N)]

q
P

Step 2: we prove the results for 1 < g <2 < p < oco. By Step 1, we have

[BMO(R, M), Ly(N)]2 = Ly(N).

2
p
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Together with
LQ(N) = [LP(N)thI(N)]%

Wolff’s interpolation yields the conclusion.
Step 3: we prove the results for 1 < g < p < 2. By Step 2, we have

[BMO(R, M), Ly(N )]z = La(N).

Together with
Ly(N) = [L2(N), Lg(N)]o,

Wolff’s interpolation yields the conclusion.

(ii) The results for 1 < ¢ < p < oo can be immediately proved by duality and the
partial results in (). For p = oo, take ¢ < s < 0o, then by Wolff’s argument, we get the
conclusion.

(iii) First, we prove conclusion for p < 2. Then by (i) and (ii), we have

[BMO(R, M), Ly(N)] 5, = Ly (\)

pl

and

[Hl(R,M), Lp’(N)]ﬂ = Lp(N)'

p/
Therefore, we end with Wolff’s argument. Second, the proof for p > 2 is the same. At
last, when p = 2, we can take s > 2, by the results for p # 2 and reiteration theorem in
[3, Theorem 4.6.1], we get

Ly = Ly, Lyl = [BMO(R, M), Hy (R, M)] 1, BMO(R, M), Hy (R, M)] 1 Jg
= [BMO(R, M), H1 (R, M)]s.

2.4 Comparison with Mei’s results

We denote the column Hardy space defined in [34] through operator-valued Lusin square
function by Hg(R,M) and the column bounded mean oscillation space appeared in the
matrix-valued harmonic analysis by BMO°(R, M) (see e.g. [34]). We have the following
result.

Theorem 4.1. We have
BMO(R, M) = BMO‘(R, M)

with equivalent norms. Similar results holds for the row spaces. Consequently, BMO(R, M) =
BMO(R, M) with equivalent norms.

The theorem can be easily seen from the corresponding BMO(R, H)-spaces. However,
we can exploit the idea of [15] to prove our BMO(R, M) also coincide with that defined
by the mean oscillation BMO(R, H).

Proof. BMO(R, M) C BMO“(R,M). Let ¢ € BMO.(R, M). As in the beginning of
the proof of Theorem 1.2 in [15], fix a finite interval I C R, and consider the collections of
dyadic intervals

(1) Dy i={J € D;2J| > 1]y



2.4. COMPARISON WITH MEI’S RESULTS 77

(2) Dy :={J € D;2|J| <|I],2J N2I =0},
(3) D3 :={J € D;2|J| <|I],2J N2 # 0}.

Let ay = (p,wy), then we have a priori formal series

pr(z) = Y aslws(z) —wsler)] =Y ajwy(@),i=2,3,

JeD, JeD;

where ¢y is the center of the interval I. Denote o5 = v1 + w2 + 3, by a similar discussion
n [15], we only need to prove:

1
B / o1 (@) 2da| s < oo.
1 ),

By scaling we can assume:

SUP ||Z|GJ| =1

JCI

Then we have the obvious bound for individual terms |[las|| < |J \%
Estimates for ¢;:

I [ ler@ Pzl < O3 Nasllosa) = wsten)ds

JeDy

_3 dist(I,J) 212,
<o [I30 IR0+ ST

JeD,

= c[i oo nIta+ dist(l, J) ‘]))—2}2 < 00.

3=0[J]e(2/~1,29]|1] 1l

Estimates for o:

1 2)2dx 1 ajwy(z)||>dx
g7 [ leatePan) < m/fu%j 50 (2)
1
< /1 <Z laslles(@)])2dz

1 dzstI J
<eqp I 1T () 2

— 3 3 (W)—QP < oc.

3=1 |J|e(25=1 279) 1] dist(I,7)>2~1 1|

Estimates for 3:

g7 [ les@Pall < 2l 3 hasPl < 5l 3 fasffl < o0

J€EDs3 Jc4al

Hence we deduce that:

3
H /I or(@)Pdzllm < eS| /I i) Pl < €l
=1
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Now we turn to the proof of inverse direction BMO®(R, M) C BMO®(R, M). Let
¢ € BMO®(R, M). The proof is very similar to that of Lemma 4.1 in Mei’s work [34].
For any dyadic interval I C R, write ¢ = 1 + @2 + @3, where p1 = (p — par)xar, P2 =

(80 - <P21)X216, Y3 = Pa71-
Thus

Yo lownl? <203 ler,wn)lP + D Hpz.ws)?)

JCI JcI JcI

Estimates for ¢y:

IS Heonwa) Pl < | / o1 (@)[2da]| < ¢ / o= pull < el

Jci

Estimates for o:

IS emwn) Pl = 113013 / o ydal?|

Jcl JCI k=1V2FFH 2
oo 1 o
I [ P [ Pl
JZC:I kzzl 2%k Joksrpjory kz:; ok+17/2k ]

o> L / o — war 2l
=1 22k 2k+1[

(3 o / wsf?)

JClk=1  J2HFU/2EI
o o y
. 27913
<cltllelivo. Y 2> [ 2
MO ]go ; 2k+1[/2k1 ‘2k1—’4
< c|{]
Therefore || Y ;- [{(¢, ws)|?|| < ¢|I|, which completes our proof. O

Combined with Theorem 2.3 and Theorem 3.2, we have the following corollary
Corollary 4.2. For 1 <p < oo, we have
Hy (R, M) = H5(R, M).
Similar results hold for H;, and Hy, and H;, and Hp.

If M =C, Hi(R,C) is just the usual Hardy space Hi(R) on R. H;(R) also has the
following characterization:

Hi(R) ={f € Li(R) : H(f) € L1(R)},
where H is the Hilbert transform. For any f € H;(R),

Il my = 1f 1y w) + 1H ()l 2y w)-

Thus Hi(R) can be viewed as a subspace of Li(R) @1 Li(R). The latter direct sum has
its natural operator structure as an L space. This induces an operator space structure
on Hj(R). Although (wr)rep is a unconditional basis of H;(R), Ricard [54] (see also [55])
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proved that Hi(R) does not have complete unconditional basis. However, in noncom-
mutative analysis, one can introduce another natural operator space structure on Hj(R)
as follows: S1(H1(R)) = Hi(R, B({2)), where S; is the trace class on ¢3. Then we have
the following result. Note that Ricard [55] obtained a similar result using Hilbert space
techniques.

Corollary 4.3. The complete orthogonal systems (wr)rep of L2(R) is a completely un-
conditional basis for Hy(R) if we define the operator space structure imposed on Hi(R) by
S1(H1(R)) = Hi(R, B(¢2)).

Proof. Fix a finite subset Z C D. Let T.f = > ;.7 er(f, wr)ws, where e = 1. By the
definition of H{(R, M), the orthogonality of (wr)rep yields immediately that

= (5 0

IeT L)
[, wi) 2 } _
<||( IZD 7 1(x)) po = Ml

Similarly, the above inequality holds for Hj (R, M). Now, let f € H;(R, M), then for any
€ > 0, there exists a decomposition f = g + h such that

191l ®opty + 1Rl Aty < Il @A) + €
Therefore

1T flly @) < N Tegllme @y + 1 T2h]l4e @ a0
< gl @) + Pl @t < IFll#H @A) + €

Let € — 0, we get the result. O






Chapter 3

Calderén-Zygmund operators
associated to matrix-valued
kernels

Introduction

A semicommutative CZO has the formal expression

Tf) ~ [ k) () dy,

where the kernel acts linearly on the matrix-valued function f = (fi;) and satisfies standard
size /smoothness Calderén-Zygmund type conditions. This is the operator model for quite a
number of problems which have attracted some attention in recent years, including matrix-
valued paraproducts, operator-valued Calderén-Zygmund theory or Fourier multipliers on
group von Neumann algebras, see [18, 20, 33, 41, 43] and the references therein. To be more
precise, let B(¢3) stand for the matrix algebra of bounded linear operators on . Consider
the algebra formed by essentially bounded functions f : R™ — B(¢3). Its weak operator
closure is a von Neumann algebra A and as such we may construct noncommutative L,
spaces over it. Let us highlight a few significant examples:

e Scalar kernels. k(z,y) € C and

k) (F0) = (k@) fim).

e Schur product actions. k(z,y) € B(¢3) and

k) (FW) = (kw9 fis)-

e Fully noncommutative model. k(z,y) € B({2)®B(¢3) and

R ) () = (3 (ki) f@)ki(@)is)-
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e Partial traces, noncommuting kernels. k(z,y) € B(¢3) and

(Zs kis (2, y)fsj(y)),

k(x, =
SO (5 bk te).

Scalar kernels required in [43] a matrix-valued Calderén-Zygmund decomposition in
terms of noncommutative martingales and a pseudo-localization principle to control the
tails of T'f in the Lo-metric. Hilbert space valued kernels were later considered in [37],
see also [34, 48, 51] for previous related results. The second case refers to the Schur
matrix product k(x,y) e f(y), considered for the first time in [20] to analyze cross product
extensions of classical CZQO’s. It is instrumental for Hérmander-Mihlin type theorems on
Fourier multipliers associated to discrete groups and for Schur multipliers with a Calderén-
Zygmund behavior [20, 21]. In the fully noncommutative model, we approximate k(z,y)
by a sum of elementary tensors »_ k() ® ki, (y) and the action is given by

Tf(x) ~ /n(id®tr) [k:(x,y)(l ®f(y))} dy.

In this case, we regard the space L,(A) = L,(R™; L,(B(¢2))) as a whole. In other words, the
noncommutative nature of L,(.A) predominates and the presence of a Euclidean subspace
is ignored. That is what happens for purely noncommutative CZO’s [22] and justifies the
presence of id ® tr, to integrate over the full algebra A and not just over the Euclidean
part. The last case refers to matrix-valued kernels acting on f by left /right multiplication,
k(xz,y)f(y) and f(y)k(z,y). Matrix-valued paraproducts are prominent examples [30, 33,
36, 41, 50]. This is the only case in which the kernel does not commute with f, since the
Schur product is abelian and we find (id®@tr)[k(z,y)(1Q f(y))] = (id@tr)[(1Q f(y))k(z,y)]
by traciality.

Our main goal is to obtain endpoint estimates for CZO’s with noncommuting kernels,
motivated by a recent estimate from [20] for semicommutative CZO’s. If k(z,y) acts
linearly on B(¢3) and satisfies the Hormander smoothness condition in the norm of bounded
linear maps on B({2), the content of [20, Lemma 1.3] can be summarized as follows

o If Tis Loo(B(¢2); L5(R™))-bounded, then T : Lo (A) — BMO,(A),
o If T is Loo(B(f2); L5(R™))-bounded, then T : Lo (A) — BMO.(A).

Here, the Lo (L§)-boundedness assumption refers to

H(/an(x)*Tf(x)dxf By S H( R f(@) f(x) da:>é

B(ts)

while the column-BMO norm of a matrix-valued function g is given by

(001 50)"015) - a0) )",

B(£2)

sup
Q@ cube

Taking adjoints —so that the % switches everywhere from left to right— we find Lo (L5)-
boundedness and the row-BMO norm. The noncommutative BMO space BMO(A) =
BMO,(A) N BMO.(A) was introduced in [48]. According to [40] it has the expected in-
terpolation behavior in the L, scale. Thus, standard interpolation and duality arguments
show that T": L,(A) — L,(A) for 1 < p < oo provided the kernel is smooth enough in both
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variables and 7" is a normal self-adjoint map satisfying the Lo (L%) and Lo (L§) bound-
edness assumptions. In other words, the row/column boundedness conditions essentially
play the role of the Lo-boundedness assumption in classical Calderén-Zygmund theory.

Although this certainly works for non-scalar kernels —Schur product actions were
used e.g. in [20, Theorem B]— the boundedness assumptions impose nearly commuting
conditions on the kernel which are too strong for CZQO’s associated to noncommuting
kernels. Namely, given k : R?" \ A — B(f3) smooth and given = ¢ suppg.f, let us set
formally the row/column CZO’s

Tf@)= | Mew)f@dy md Tf@) = | k).

It is not difficult to construct noncommuting kernels with
i) T, and T¢ are La(.A)-bounded,
ii) T, and T, are not Ly(A)-bounded for 1 < p # 2 < o0,

see e.g. [43, Section 6.1] for specific examples. Therefore, the Lo (L5) and Lo (L§) bound-
edness assumption is in general too restrictive when kernel and function do not commute.
Assume for what follows that T, and T, are La(.A)-bounded. We are interested in weakened
forms of L, boundedness and endpoint estimates for these CZO’s. A dyadic noncommuting
CZO will be a La(.A)-bounded pair (7)., T,) associated to a noncommuting kernel satisfying
one of the following conditions:

a) Perfect dyadic kernels

Hk(fﬂ,y) - k(zvy)HB(fz) + Hk(y,l‘) - k(y’ Z)Hg(gz) =0
whenever z, z € () and y € R for some disjoint dyadic cubes @, R.

b) Cancellative Haar shift operators

k(z,y) = Z Z agsh}z(w)hs(y),

Q@ dyadic R,S dyadic C Q
LR)=27"4(Q)
£(S)=2"5¢4(S)

for some fixed r, s € Z; where the O‘%S € B(/l) with HagSHB(@) < Y Vg“s‘. Here hq
refers to any of the 2" — 1 Haar functions related to the cube Q.

Perfect dyadic kernels were introduced in [1] and include Haar multipliers, as well as
paraproducts and their adjoints. If J_ and Jy denote the left/right halves of a dyadic
interval in R, the standard model for Haar shifts is the dyadic Hilbert transform with ker-
nel > ;(hy_(y) —hy (y))hs(z). It appeared after Petermichl’s crucial result [46], showing
the classical Hilbert transform as a certain average of dyadic Hilbert transforms. Hyto-
nen’s representation theorem [14] extends this result to arbitrary CZO’s. We will write
generic noncommuting CZO for Ly (A)-bounded pairs (7)., T,) with a noncommuting kernel
satisfying the standard smoothness. Our first significant result is the following.

Theorem A. The following inequalities hold:
i) Dyadic noncommuting CZO’s. Given f € L;i(A)

it Tl + Tl S 5
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ii) Generic noncommuting CZO’s. Given f € Hi(A)

nb TSl 1 Zefelly S 1T

The noncommutative forms of Lj  and the Hardy space H; are well-known in the
subject. Nevertheless, they will also be properly defined in the body of the chapter. Our
main result is the inequality given in Theorem A i) and their noncommutative generaliza-
tions in Theorem C below. As we shall explain in the Appendix, the left/right modular
nature of T, /T, is essential for the weak type (1, 1) estimates, see also Remark 2.5. The
following result easily follows from Theorem A by interpolation/duality and it can also be
derived from [20]. Nevertheless, it is worth mentioning the L, inequalities that we find.

Theorem B. The following inequalities hold for generic noncommuting CZ0O’s:

i) If1<p<2and f e L,(A)

fzifrrlf‘rfc HTrfer + Hchch S ||f||p

ii) If2<p<oo and f € Ly(A)

17 /]

HZ(A) + Hch‘ Hg(A) S Hf”p

iii) Given f € Loo(A), we also have || T; f|gmo,(4) + [ITeflBMOc(a) S [1flloo-

Theorems A and B also hold for other operator-valued functions, replacing B(¢2) by
any semifinite von Neumann algebra M. Our proof will be written in this framework. Let
us now consider a weak-* dense filtration ¥ 4 = (A,)p>1 of von Neumann subalgebras of
an arbitrary semifinite von Neumann algebra A. In the following result, we will consider
two kind of operators in Ly(A):

a) Noncommuting martingale transforms

M{f =Y Ap(f)e—1 and MEf=> & aAw(f).

E>1 k>1

b) Paraproducts with noncommuting symbol

I(f) =D Ex1(f)Ak(p) and TI(f) =D Ap(p)Ex—1(f)-

k>1 k>1

Here Ay denotes the martingale difference operator E;, — E;_1 and &, € Ay is an adapted
sequence. Of course, the symbols £ and p do not necessarily commute with the function.
Randrianantoanina considered in [51] noncommutative martingale transforms with com-
muting coefficients. As for paraproducts with noncommuting symbols, Mei studied the
L,-boundedness for p > 2 and regular filtrations in [33] and also analyzed in [36] the case
p < 2 in the dyadic matrix-valued case under a strong BMO condition of the symbol. Our
theorem below goes beyond these results, see also [37] for related results.

Theorem C. Consider the pairs:

i) Martingale transforms (M, M¢), with supy, [|{x]|m < oo.
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ii) Martingale paraproducts (II}, I17), with H,T,/ ¢ La(A)-bounded.

If ¥ 4 is regular, we obtain weak type (1,1) inequalities like in Theorem Ai) for martingale
transforms and paraproducts . The estimates in Theorems Aii) and B also hold for both
families and for arbitrary filtrations X 4. Moreover, the martingale paraproducts 11, and
117 are Ly-bounded for 2 < p < oo and Lo, — BMO.

In the case of martingale transforms, there are also examples of noncommuting kernels
failing L,-boundedness for p # 2. Hence, our results recover those in [51, 52] and are in
some sense sharp, providing appropriate substitutes for noncommuting coefficients. Our
result for paraproducts goes beyond [33, Theorem 1.2] in two aspects. First, our estimates
for p > 2 hold for arbitrary martingales, not just for regular ones. Second, we give a
partial answer to Mei’s question in [33] after the proof of Theorem 1.2 for the case p < 2
and also for the weak type (1, 1) estimates. The chapter is organized following the order
in the Introduction. We include an Appendix at the end with further comments and open
problems. Along the chapter we shall assume some familiarity with basic notions from
noncommutative integration. The content of [43, Section 1] is enough for our purposes,
more can be found in [29, 49, 56].

3.1 Calderén-Zygmund decomposition

Let M be a semifinite von Neumann algebra equipped with a normal semifinite faithful
trace 7. Consider the algebra of essentially bounded functions R" — M equipped with
the n.s.f. trace

o) = [ rlr(a)da.

Its weak-operator closure is a von Neumann algebra A. If 1 < p < oo, we write L,(M)
and Ly(A) for the noncommutative L, spaces associated to the pairs (M, 7) and (A, ¢).
The lattices of projections are written M, and A, while 1, and 14 stand for the unit
elements. The set of dyadic cubes in R™ is denoted by Q and we use Qj for the k-th
generation, formed by cubes @ with side length £(Q) = 27%. If f : R® — M is integrable

on ) € 9, we set the average
1
fo= g1 | fw)dn
C7al Jo

Let us write (Eg)rez for the family of conditional expectations associated to the classical
dyadic filtration on R™. E; will also stand for the tensor product E; ® idas acting on A.
Ifl<p<ooand f € Ly(A)

Qe

Auf) = die = Y (fo-Ta)le
QEQk

where @ denotes the dyadic parent of Q. We will write (Ak)kez for the filtration A, =
Er(A). The noncommutative weak Li-space, denoted by Lj o (A), is the set of all ¢-
measurable operators f for which || f||; ., = supysg A@{|f| > A} < oo, see [8] for a more
in depth discussion. In this case, we write ©f{|f| > A} to denote the trace of the spectral
projection of | f| associated to the interval (A, 00). We find this terminology more intuitive,
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since it is reminiscent of the classical one. The space L1 (A) is a quasi-Banach space and
satisfies the quasi-triangle inequality below which will be used with no further reference

xe{lfi+ fol > 2} <xe{int > a2+ ae{inl > a2},
Let us consider the dense subspace
Acr =Li(A)N {f R — M ‘ fe Ay, suppga f is compact} C LT (A).

Here suppg» means the support of f as a vector-valued function in R"”. In other words,
we have suppgn f = supp||f||a. We employ this terminology to distinguish from supp f,
the support of f as an operator in A. Any function f € A, gives rise to a martingale
(fx)kez with respect to the dyadic filtration. Moreover, it is clear that given f € A. 4
and A > 0, there must exist my(f) € Z so that 0 < fr < A for all k& < my(f). The
noncommutative analogue of the weak type (1, 1) boundedness of Doob’s maximal function
is due to Cuculescu. Here we state it in the context of operator-valued functions from A.

Cuculescu’s construction [6]. Let f € A. 1 and consider the corresponding martingale
(fx)kez relative to the filtration (Ag)kez. Given A € Ry, there exists a decreasing sequence
of projections (gi(A))rez in A satisfying

i) gr(A\) commutes with gx—1(\) frqr—1(A) for each k,
ii) gx(A) belongs to Ay for each k and gi (M) frgr(A) < Age(N),
iii) The following estimate holds
1 1
o(1a= Aa) < $swlfih = 5Iflh.
ke kEZ
EXpliCitly, take qk()\) = X(O)\}(qk,l()\)fqu,l()\)) with qk()\) = ].A for k < m,\(f)

Given f € A 4, consider the Cuculescu’s sequence (gi(\))gez associated to (f, \) for
a given A > 0. Since A will be fixed most of the time, we will shorten the notation by
qr and only write gi(\) when needed. Define the sequence (py)xez of disjoint projections
Pk = Gk—1 — qk, so that

» p=1a—q with ¢= )\ g

kEZ keZ

Calderén-Zygmund decomposition [43]. Given f € A.; and A > 0, we may de-
compose f = gq + gog + ba + bog as the sum of four operators defined in terms of the
Cuculescu’s construction as follows

9a = afq+ Y orfipk,

kez
bi = > ok(f— fr)ok:
kez
bog = Y _pilf — fivi)ps,
i#]
Go = Y _pifiipi + af(Qa—q) + 1Qa—q)fq.

i#]
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Moreover, we have the diagonal estimates

quq+2pkfkpkH <2l and Y [lpef = flpall, < 201l

keZ

The expression below for g,z will be also instrumental

o0 oo [e.e] o0 [e.e]
Goff =D Y DPrllfitsQhrs—1 + Ghiso1dfiisPh = > > Gks =D G(s)
s=1

s=1 k=m)+1 s=1 k=m)+1

3.2 Proof of Theorems A and B

The key result of this chapter is Theorem A, since the remaining theorems follow from it
or by using analog ideas. We begin with the proof of the weak type estimates for perfect
dyadic CZQO’s and then make the necessary adjustments to make it work for Haar shift
operators. The proof of Theorem Aii) will require to recall some recent results on square
function and atomic Hardy spaces.

3.2.1 Perfect dyadic CZO’s

To the best of our knowledge, the notion of perfect dyadic Calderén-Zygmund operator
was rigorously defined for the first time in [1] by Auscher, Hofmann, Muscalu, Tao and
Thiele. Accordingly, we define a perfect dyadic CZO with noncommuting kernel as a pair
(T}, T,) formally given by

L) ~ [ k)i
Tef(x) ~ A fW)k(z,y) dy,
with an M-valued kernel satisfying the perfect dyadic conditions

[k(2,y) = k(z,9)]| , + [[k(y, 2) = k(y, 2)|[ o, = 0

whenever z,z € @ and y € R for some disjoint dyadic cubes @), R. Alternatively, we may
think of perfect dyadic kernels k& : R?® \ A — M as those which are constant on 2n-
cubes of the form @ x R, where @, R are distinct dyadic cubes in R with the same side
length and sharing the same dyadic parent. Classical perfect dyadic CZO’s include Haar
multipliers/martingale transforms and dyadic paraproducts. In other words, operators of
the following form

€@ .
Het@) = [ (3 S 1o -2 "10)0) £ d

QeQ

fa@) = [ (X gile—ra)le@?"15) fw v

QeQ

with supg [£(Q)| < oo and p : R* — C in dyadic BMO. Adjoints of paraproducts are
also perfect dyadic. In the noncommuting setting, the coefficients £(Q) and the symbol
p become operators in M and an M-valued function respectively which do not commute
a priori with f € L,(A). Nevertheless, the perfect dyadic condition for the kernel is still
satisfied in these cases.
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Proof of Theorem Ai) — Perfect dyadic CZO’s. Splitting f as a sum of four positive
operators and by density of A. 4+ in the positive cone of L (.A), we may clearly assume that
[ € Ac+. A well-known lack of Cuculescu’s construction is that we do not necessarily
have gip(A1) < gr(A2) for Ay < Xa. This is typically solved restricting our attention to
lacunary values for A. Define

Tk = /\ qx(2°) — /\ qe(2%) for j keZ.

s2j s>j—1
SOT
We have Zj ik = 14—y, where

vk = /\ ar(2%).

SEZL

Observe that rdfy, = dfxyr = 0 for k € Z. Indeed, we have

1 1 1 1

[Vrdfella < Nowfd Lall fell 2 + e fis g Lall fe—1ll
1 1 1 1 s 1
= rfitrl 20 el + N feorull 2l feall < dim 221 £]1%

In particular, we find f =3, (14 — ¥r—1)dfx(14 — ¥r—1) and set f = f, + f. with

fr = ZLTk—l(dfk:) = Z(Zm,k—1dfk77j,k—1),

kez KeZ  i>j
foo= Y _ UTea(dfy) = Z(Zﬂ'i,kfldfkﬂj,kfl>-
keZ KeZ i<y

This is the decomposition we will use for any perfect dyadic CZO. Given such an operator
T = (T,,T.) and A > 0, the goal is to show that there exists an absolute constant ¢y so
that Ap{|T5 fr| > A} + Xp{|Tefe] > A} < col/f]]1 for any f € A.+ and any A > 0. By
symmetry in the argument, we will just prove the inequality for 7. f.. Moreover, replacing
co by 2¢o we may also assume that A\ = 2¢ for some ¢ € Z. Having fixed the value of ), we
may consider the Calderén-Zygmund decomposition f = g4 + gop + bg + bog and set

99 = ZUTk—l(Ak(gd))a Ioff = ZUTk—l(Ak(goﬁ))7

kEZ kez
by = D UTia(Ak(ba), by = D UTio1(Ax(boy)).
keZ keZ

By the quasi-triangle inequality it suffices to show
Ap{Tegsl > A} + o{Imbsl > A} + o{ITugsyl > 2} + o{ITbip] > A} S 18-
The first term is first estimated by Chebychev’s inequality in A
c 1 cl|2 < 1 c||2
€o{[Tegil > A} < SITegilly S Sllasl

We use that UT;_; (Ak(gd)) are in fact martingale differences, so that

1
XHQCCIH% = )\ZHUTk 1(Ak(9q) H2 < )\ZHAk 94)|3
kez kez
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= %HZAk(gd)Hz = %H(JfQ‘f‘ZPkfkpkHz < 2"[|flr-
kEZ keZ

Indeed, the first inequality above follows from the fact that triangular truncations are
contractive in Ly(A) while the last inequality arise from the diagonal estimates in the
noncommutative CZ decomposition stated above. To handle the remaining terms, we

introduce the projection
7= Na2) = N\ N\ «®).
s>4 s>l keZ

According to Cuculescu’s construction, we find

1 2
p(la—7) <) e(la—q2)) < Z;Hf”l = Il

s>0 s>l

This reduces our problem to show that

Me{ w9l > 3} + {11007l > 3} + {10508 > 4] % 151

The perfect dyadic nature of T, comes now into scene. Indeed, we claim that the three
terms T¢.(b3)q, Te(955)q, Te(by ) q vanish whenever T, is perfect dyadic. This will be enough
to conclude the proof. If Q(z) is the only cube in Qj containing z, we find a.e. z

T)@)aw) = Y Te(UTio1(Ak(ba)) (2) 2(x)
keZ
= ST (UTe (kb g, ) (@) ()
keZ
LYY / (2, Y)UTh 1 (Ak(ba)) () dy ) ().
k€Z QEQ)_1

¢Q

The last term on the right vanishes since the term UTj_1(Ag(bg)) has mean 0 in any
Q € Qj_1, so that we may replace k(x,y) by k(x,y) — k(x,cq), which is 0 when = ¢ @ by
the perfect dyadic cancellation of the kernel. On the other hand, if we define the projection

Ge1 = /\ 6-1(2%),

s>4

~,

we see that q(x) = qr—1(z)q(x) = qr—1(y)q(x) for any y € Qr_1(z). This gives

T0)@)a) = >, To(UTe 1 (Ak(ba)) G110, () ) (@) A(@).
The exact same argument applies for Ior and bf)ﬁ, so that it suffices to prove

UTi—1(Ak(ba)) Q1
UTi—1(Ar(9og)) @1 = 0,
UTk—1(Ak(bog)) Qr—1

)

for all k£ € Z. In all these cases we will be using the following two key identities

° Zl\k—lﬂ'i,k—l = Wj,k—lak—l =0for¢,j >Cand k € Z,
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® T k—1Pk—s = Pk—sTjk—1 = 0 for s >1,4,5 </ and k € Z.

The proof is straightforward and left to the reader. It only requires to apply the mono-
tonicity properties of A 5>j qr(2°), which increases in j and decreases in k. If we apply the
first identity to UTg_1(Ak(7)) gp—1 for any -, we get

UTi 1 (Dk(0) @eo1 = Y ik 1Tk 1Gk-1-
i<j<t

Therefore, if we know that dvy, = Ar+ By where the left support of A and the right support
of By, are dominated by 2821 Pr—s = 1a4—qr—1, then we deduce that UTy_1(Ar(7)) Gk—1 =
0. In other words, it suffices to prove that

Ge—1Dk(V)qe—1 = 0 for v = ba, gogr, bogr-

We have
Ar(ba) = > Aw(pi(f = £i)pj)
J

= ij(fk—fj)pj— Z pj(fk—l_fj)pj

i<k j<h—1
= Y pidfip; = (La— qe-1)Ar(ba) (14 — gr1).
j<h1

To calculate the martingale differences for g,z, we invoke the formula
o0
Goff = D> Djfisstire1 + Grs1dfirsp;
s=1 jeZ

given in the statement of the Calderén-Zygmund decomposition. Then we find

Ap(gog) = > Proslfiti1 + ar-1dfipr—s
s=1
= (1A — qk—1)dfkqk-1 + @r—1dfk(1a — gr—1).

Finally, it remains to consider the martingale differences of b,s

Aplbog) = DO Du(pi(f = fi+o)pivs + pivs(f = Fivs)D))

s=1 jeZ
oo
= > > pilfe = firs)pits +0jts(fx — fits)Ds
s=1 j<k—s
oo
= > > pilfro1 = fivs)Pivs + Pirs(feo1 = fiv)ps
s=1 j<k—s—1
oo o
= > pidfipiis+ Y Y. pivsdfsp; = Ag+ B
s=1 j<k—s s=1 j<k—s

So Qk—lAk = Bka—l =0 and qk_lAk(’y)qk_l =0 for Y= bd, YGoff» boﬁv as desired. O
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3.2.2 Haar shift operators

The Haar system has the form

ho(x) = ~(x5) + 6]11+([E]))

n
where Q =11 x Iy x --- x I, € Qand € = (e1,€2,...,6,) # (1,1,...,1) with e; € £1. We
are using I, and I;r for the left/right halves of the intervals I;. It yields an orthonormal

system in Lo(R™) composed of mean zero functions. If we write hg for any Haar function
of the form hg,), a noncommuting dyadic shift with complexity (r, s) has the form

= > Aqf =Y > afy(f hs)hr(@),

Qe QeQ R,S dyadicCQ
L(R)=27"4(Q)
£(S)=27°4(Q)

VIEIS]

where (f,hs) = [ fhg and O‘gs are operators in M satisfying ||a%s||M < 0l
Lemma 2.1. We have ||, fll2 < ||f]l2-

Proof. The argument is standard, observe that

LA = 3 Y r(hsiafiaRsdfbe)) [ hahe()dy

Q.Q' R,R'S,S'

The integral on the right imposes R = R/, which in turn gives Q = Q' since @ is the
unique r-th ancestor of R and the same happens for (R/, Q’). Once we know that Q = @',
we may write

s = 3 IdeflE = Y [4a( X (rhsins)|

Qe QeQ ScQ
£(S)=27°¢(Q)
It is worth mentioning that the double use above of hg always refers to the same choice of

hS in both instances. On the other hand, it is easily seen that Ag is a contractive operator
on Ly(A). Indeed, we have

Q 2
l4aslp < | n[;uamrw 151 1o lisody) e e
< /Q ( fQ 9} oy dv) dz < 7{2 o2, e = lgl2, -
This yields
LI < 52 | > onsns|, = | S tnhaina||, = 1513 O
SCQ QeQ
£(S)=27°4(Q)

The next lemma is crucial to analyze Haar shifts and general Calderén-Zygmund op-
erators with noncommuting kernels. We take here the opportunity to slightly modify the
argument in [43, Lemma 4.2], which was not entirely correct.

Lemma 2.2. Given s € Z,, there exists ( € Ap such that:
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i) Ap(la=¢) < 2],
ii) If Qo € Qk, and x € @8, then {(x) < qi, (y) for all y € Qo.
In the second property, we write @8 for the unique s-th dyadic ancestor of Qq.

Proof. We have

1A—qu=Z( 1) ZZpQ®1Q— Z [ZpR]@)lQ

i<k i<k QeQ; QeQr RDQ

for some family of projections pg € M. Define

¢= NG with G =14-V\ V polg.

kez i<k QEQ;
It is clear that the (;’s are decreasing in k£ and we find
Ap(la—¢) = Alim o(La—G)

< Ahmzz (PQ)IQ

J<k QeQ;
= 2" hm )\Z Z (po ®1q)
i<k QEQ;
= 2p(la—7) = 22 Y p(La—a@") S 27flh.

m>l

To prove the second property, it will be useful to observe that @)1 € ()2 implies that
pQ. L pg, are orthogonal projections. Indeed, according to the definition of pg above, we

have lepQ21Q1 = (Z]\]d—l - Z]\]i)(/q\]é—l - Z]\jz)lQl = 0 for E(Ql) =277 and K(QQ) = 2772,
Then, we find

= 1u—-V V rels(@)

J<ko Q€Q;
< 1um— \/PRZlM_ZPR
RDQo RDQo
= (= 3 [ o] @10)w) = Guly). 0
QeQr, ROQ
Proof of Theorem Ai) — Haar shift operators. As in the perfect dyadic case, we

assume f € A, and decompose f = f, + f. in the same way. Once more the argument
is row/column symmetric, and we just consider the column part. After fixing A\ = 2°
for some ¢ € Z, we construct the corresponding Calderén-Zygmund decomposition for
fe=9gq+ g5 + b5+ byg. According to Lemma 2.1, we may control the term Ill,(gg) in
the usual way. Given v € {bg, gof,bog }, the other terms can be decomposed as follows

(%) = > T (UTe1(A(7)))
kEZ
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=YY Y e[ UTa@uhs dn)hae)

keZ QeQ R,SCQ
{R)=27"¢(Q)
£(9)=274(Q)

=3 X + X + X ]=4a+B+0,

keZ QeQ QeQ QeQ
YQ)<2—hk+ (Q)>27k+1 £(Q)>2s—k+1
QQ)<2s—h+1

We claim that C,, = 0. Namely, we have £(S) = 27%¢(Q) > 27%*1. This means that
Ex—1(hs) = hg since the Haar functions hg are constant in the dyadic children of S, whose
length sides are greater or equal than 2~(*~1_ This yields

[ UTauahsdy = / B (UTi 1 (Ak()hs) dy

- / CEx (UTh1(84(2)) hs dy

= /n (UTk—l(Ek—lAk('Y))hde = 0.

To deal with the remaining terms A, and B, we invoke the identity qz—1Ak(y)gr—1 =0
which was already justified in the perfect dyadic case whenever v = by, gof, bogr. Namely,
since 7 k—1(14 — qx—1) = (1a — qe—1)mjk—1 = 0 for i, 5 < ¢, we find

UTi—1(Ak(7)) = Zﬂi,kflAk(’Y)Wj,kfl = Zﬂi,kflAk(’Y)Wj,kfl-
i< 1<j
5>t

Let us now consider the term A, we have

~ - A
)\tp{|A7| > )\} < )\cp(lA—q) + A¢{|A7q‘ > 5}

We already know that the first term on the right is dominated by || f||1 and

Ag = > > > a%s(/w UTk-l(Ak(W))hde>hR(iU)qA(fC)-

keZ Qe R,SCQ
HQ)<27FHL U(R)=2""4(Q)
£(S)=27°4(Q)

Given Q € Q with £(Q) < 27%+! let
kg >k —1 determined by £(Q)=2"%e.

~ ~

It is clear that g(z) = Qi (2)q(*) = Gk, (¥)q(x) = Gr—1(y)q(z) whenever z,y belong to Q.
However, the presence of hr(x),hs(y) implies (unless the corresponding term is 0) that
the pair (z,y) € R x S C @ x @ so that we may write

ai= X X e[ UTa i) b dy) (o) (o).

keEZ QeQ R,SCQ
QQ)<27F L (R)=27"4(Q)
£(S)=27°4(Q)

Therefore, we conclude
UThot (Ak())Tr—1 = > Tih1D%(9)Tk-1Gk—1 = 0

i<j
>t
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since 7 ;—1qr—1 = 0 when j > £. This shows that A,g = 0. Let us finally consider the
term B,. We will follow a similar argument with the projection ¢ from Lemma 2.2 instead.
Namely, we have

Ao{By| > A} < Ap(1a—¢) + )\go{}BWC‘ > %}

According to property i) of Lemma 2.2, it suffices to show that B,{ = 0. Now we know
that £(Q) < 25—k+1 g0 that kg > k — s — 1. Let us now consider the 2"* dyadic cubes T}
having @ as their s-th dyadic ancestor. This gives rise to the identities

() = Crors()C(@) = Cro+s(W)C(2) = Tugrs(2)C(2) = G1(2)C()

for (z,y, 2) € @xQxT}. Indeed, the second identity follows from the fact that Ex, (Ckg+s) =
Ckg+s» the third one from the second property in Lemma 2.2 and the last one from the
inequality kg > k — s — 1. Hence, given y € S C @ we pick the unique j for which S = T}
and deduce that {(x) = @x—1(y)((x). Then it yields the identity

B, = Z Z Z ags(/w UTr—1(Ax(7))qr-1hs dy>hR($)€(9ﬁ)-

kEZ QeQ R,SCQ
QQ)>27F+ ((R)=2""4(Q)
Q)25 k+1 (S)=27°¢(Q)

The integrand UTx_1(Ag(7y))qx—1 vanishes for the same reason as it did above. O

Remark 2.3. Our constants are ~ 2°" and seem far to be sharp. Unfortunately, the
classical argument leading to constants ~ s encounters a major obstacle due to the presence
—in the noncommutative setting— of triangular truncations, which are not bounded in
Lq. The Appendix below contains more details on this topic.

3.2.3 Noncommuting CZO’s

The proofs of Theorems Aii), B and C arise from a careful combination of recent results in
the theory of noncommutative Hardy spaces. Let us begin introducing Mei’s notion [34] of
row and column Hardy spaces for our algebra of operator-valued functions A. In order to
distinguish from order Hardy spaces to be introduced below, let us follows Mei’s notation
and define

H;(R"; M) = HI(R"; M) + H{(R"; M)

as the space of functions f € Li(A) for which we have

1 flle, @rom) = if;frh g1l ®n ) + ([ PllS (R A1) < 00,

f

where the row/column norms are given by

sy = ([ 55,5 ],

with T' = {(z,t) € R | |z| < y} and fz,t) = P.f(z) for the Poisson semigroup
(P;)t>0. In other words, operator-valued forms of Lusin’s square function. We say that
a € Li(M; L5(R™)) is a column atom if there exists a cube @ so that
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o suppgra = Q,

TR
o llallzyaszgmn) =T[(/Q!a(y)\2dy)2} <=

According to [34, Theorem 2.8], we have

| f e (®n a1y ~ inf { Zk | Ak] } f= Zk Akar with ag column atoms}.

On the other hand, we have already settled a dyadic filtration (Ag)rez for our algebra
of operator-valued functions .A. Then, we may follow [48] to define the corresponding
noncommutative Hardy space H;(.A) as the completion of the space of finite martingales
in L;(A) with respect to the norm

1 1
e = it || dandgi)* | + | (3 dniani)®
L keZ ! keZ !

g,h martingales

In other words, Hy (A) = HY(A)+HS(A) where the spaces on the right are the completions
of the spaces of finite Li-martingales with respect to the norms in L of the corresponding
row /column square functions given above. By the use of a dyadic covering [5, 34], it can
be shown that there exists n + 1 dyadic filtrations ¥/, (0 < j < n) in R” so that

Jj=0

where the latter spaces are defined as H;(.A) after replacing the standard filtration 2?4 by
any other dyadic filtration in our family. Moreover, this isomorphism also holds indepen-
dently for row/column Hardy spaces.

Proof of Theorem Aii). It suffices to show
T, :H{(A) — Li(A) and T,:H{(A) — Li(A),

for any generic noncommuting CZO (7,,T.). Indeed, in that case we decompose f =
fr + fe € Hi(A), so that || fllg, 4y ~ HfrHH;(A) + ||fCHH;f(A) and we deduce that

1T frlle + [ Tefelln S W frllapcay + 1 ellmg ) ~ 1l ca)-

According to our observation above, Hi(A) embeds isomorphically into H;(R"™; M) by
means of a suitably choice of dyadic coverings of R™, and the same holds for row and
column spaces isolatedly. Therefore, it also suffices to show that

T, : H{(R"; M) — Ly (A),
T. : H{(R"; M) — Ly (A).

Both estimates are identical, let us prove the column case. According to the atomic
decomposition of H{(R"; M) we just find a uniform upper estimate for the L; norm of
T.(a) valid for an arbitrary column atom

[Te(a)]l1 < HTC(a)12QH1 + HTC(Q)lR"\QQHy
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The second term is dominated by

| Te(a)lpmaoll, = T/Rn\w’/Qk(%y)a(y)dy’d:v
/Q</Rn\2Q [k(@,y) = k(@ Q)| da) Tla(y)| dy

< o [ lawia) < VR[] lawr )] < 1

where the next to last estimate follows from Hansen’s inequality or as a consequence of
the operator-convexity of the function a ~ |a|?. As for the first term, it suffices to show
that T¢. : L1(M; L§(R™)) — Ly (M; L§(R™)), since then we find again

[Tl = ([ @)
VEQIT|( [ @)@ o)’

2

IN

IN

Q
1
< VRaI[( [ @] <1
The Li(M; L§(R™))-boundedness of T¢. follows from anti-linear duality

HTC(f)HLl(M;Lg(]R”)) < ( Sup HT:(Q)HLW(M;Lg(R”)))HfHLl(M;LE(R”))'
H9||LOO(L3)S1
It is easily checked that the adjoint T}/ (g) has the form T g(x) ~ [g. k( (y) dy when
we construct it with respect to the anti-linear bracket (f, > = o(f * g) ThlS means in
particular that T is still an Lo-bounded column CZO associated to a kernel satisfying
Hoérmander smoothness. This gives rise to

1
HTC*<9)HLO<,(M;L§(R”)) - H(/ 179 ]Qda:>2HM
1
= s ([ (T @@) )y, ds)
l[ull £y Ay <1 "
= ([l )
lull Ly a) <1 "
1
< sup (/ Hg(ﬂf)“Hig(M) dx)Q
el Ly <1 "
1
= ([ la@Paz)’] .
The third identity above uses the right M-module nature of column CZO’s. O

Remark 2.4. Theorem Aii) could have also been derived from the L., — BMO type
estimates in [20]. We have preferred to include this alternative argument using atomic
decompositions. Still a third approach is possible using more recent atomic decompositions
from [2, 12]. This will be needed below for martingale transforms and paraproducts. The
proof goes in fact a little further than the statement, since it emphasizes row/column H; —
L; type estimates for T, /T, respectively. This also works for arbitrary semicommutative
CZO'’s under suitable assumptions, see [20] for details.
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Remark 2.5. The proof above also shows that Ll(Lg) and LOO(LJQ) boundedness of T}
for 1 € {r,c} follow from the corresponding Lo boundedness of the same operator. As
noticed in [20], this is very specific of CZO’s with noncommuting kernels since other
semicommutative CZO’s fail to satisfy this implication. The key property here is left /right
M-modularity, so that

ul(f) =T(uf) and T(f)u=T.(fu).

This also explains our approach through weak type estimates, see the Appendix.

3.2.4 Row/column L, estimates

Theorem B follows as an easy consequence of Theorem A after applying suitable inter-
polation/duality results. Thus, we will only outline the definition of the involved spaces
and the necessary results to deduce Theorem B from Theorem A. Given 1 < p < oo, the
noncommutative Hardy space Hy(A) is defined as

Ho(A) = {H;(A)Jng(A) if1<p<2,
P = .
H(A) NHG(A) if 2 <p < oo,
where the corresponding row /column Hardy spaces arise as the completion of the subspace

of finite martingales in L,(A) with respect to the norms given by the row and column
square functions

N

)
p

Wl = || dhvari)
keZ

1 llgay = H(%df;dfk); P
S

Pisier/Xu obtained in [48] the noncommutative Burkholder-Gundy inequalities which can
be formulated as L,(A) ~ H,(A) for 1 < p < co. On the other hand, we know from
[16, 25] that H;,(.A)* ~ HL,(.A) for { € {r,c} and 1 < p < oco. Regarding interpolation, we
know from Musat [?] that

HL(A) = [H}, (A), H, ()],

where 1 € {r,c} and % = 1});09 + p%. The proof of Theorem B is now straightforward.
Proof of Theorem B. We know that

T, :H7(A) — Li(A) and 7T.:H{(A) — Li(A).

If 1 <p <2, wefind T, : Hy(A) — Ly(A) and T;. : Hj(A) — L,(A) by interpolation
with Lo(A) = H5(A) = HS(A). Hence, taking a decomposition f = f, + f. satisfying
[l ~ Nl ~ [ frllapeay + 1 ellngay we get [T frllp + [[Tefelly < I1fllp- Now if

2 < p < oo, recalling that T, T are again row/column CZO’s with the same properties,
duality gives T} : Lp(A) — Hj(A) and T¢ : Lp(A) — H(A). This immediately yields the
inequality in Theorem Bii). The L., — BMO type estimates were originally proved in

[20], these also follows by duality from Theorem A. O

Remark 2.6. Alternatively, it can be proved that the row/column L, estimates in The-
orem Bi) for 1 < p < 2 also follow by real interpolation from the weak type estimates in
Theorem Ai). Moreover, since Mei’s spaces Hy,(R"; M) also behave well for interpolation
and duality, the statement of Theorem B could have been done in terms of these other
Hardy spaces.
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3.3 Proof of Theorem C

In this section we turn our attention to noncommutative martingale transforms and para-
products. In particular, the former pair (A, ¢) will refer in what follows to an arbitrary
semifinite von Neumann algebra equipped with a normal faithful semifinite trace. Our
filtration ¥ 4 = (Ag)k>1 will be any increasing family of von Neumann subalgebras, whose
union is weak-* dense in A. The operators E;, and Ay, still denote the corresponding condi-
tional expectations and martingale difference operators. As mentioned in the Introduction,
we will deal with

a) Noncommuting martingale transforms

M{f =Y Ap(f)e—1 and MEf=> & aAw(f).

k>1 E>1

b) Paraproducts with noncommuting symbol

=Y Er1(HAk(p) and I(f) =D Au(p)Eror(f).

k>1 k>1

The martingale coefficients & € Aj form an adapted sequence and it is easy to show that
Lso-boundedness of Mg and Mg holds iff the &;’s are uniformly bounded in the norm of
A. On the other hand, the classical characterization II, : Ly — Lo iff p € BMO was
disproved by Nazarov, Pisier, Treil and Volberg [41], see also Mei’s paper [33]. Hence,
the Lo-boundedness of II} and II7 will be simply assumed in what follows. Regarding
Cuculescu’s construction and CZ decomposition, no essential changes are needed. Namely,
given f € LT(A) (the former space A. 4 is unnecessary since our filtration starts now at
k =1) and A € Ry, Cuculescu’s construction is verbatim the same. The only difference is
on the diagonal estimate

quq+ ZpkfkpkH Al

This inequality requires to work with regular filtrations, which are defined through the
additional condition Ex(f) < cEx_1(f) for some absolute constant ¢ > 0 and every pair
(f,k) € Ay x Z4. Of course, the reader might think that it is more appropriate to use in
this case the noncommutative form of Gundy’s decomposition [44], which does not require
any regularity assumption on the martingale. This leads unfortunately to some problems
related to our triangular truncations which will be explained in the Appendix below.

Proof of Theorem C — Weak type inequalities. The argument is essentially the
same as in the perfect dyadic case. Given f € LT(A), we construct the same decomposition
f = fr + fc via the projections 7;; and fix A = 2¢ for some ¢ € Z. A further CZ
decomposition gives f. = g5 + ggﬂ + b5 + bf)ﬁ as usual. According to our regularity
assumption, we still have

maxc { 9513, 96113 } < ugdug—)(qmzpkfkpku Al

Thus, arguing as in the proof of Theorem A it suffices to show that

qM{(Y") = M¢(v)q = qlI(v") = I;(v)g = 0
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for any v € {gof,bd, bog }- As usual, we just consider the column case by symmetry. Let
us begin with martingale transforms. Since v¢ = Zj UT;-1(Aj(vy)) and the triangular
truncation UT;_; is built with j-predictable projections, we see that UT;_1(A;(v)) is a
j-th martingale difference, so that

Ap(v9) = UTp—1(Ar(9))-

By the proof of Theorem A, we know UT,_1(Ak(7))qgr—1 = 0 and

M) = > &Ga1Ak(7)T = Y &1UTeo1(Ak() @17 = O.
k=1 k=1

For martingale paraproducts, we observe that E;_1 (7€) = Zj<k UTj—l(Aj(’Y)) and
(AT =D Ak(p) Y_UT;1(8(1))17 = 0. 0
k=1 i<k
Remark 3.1. Adjoints of martingale paraproducts have the form
] f = > Exci (Ak(p)AR(f)) and  [I]"f =3 B (Au(f)Ak(Y))
k>1 =1

when using the anti-linear duality bracket. It is easy to adapt the argument above for
these maps, to obtain weak type inequalities for adjoints of noncommutative paraproducts
associated to regular filtrations

it NI el o + 5] el oo < 0

We defined above the noncommutative Hardy spaces Hj(A). Alternatively, we may
also consider the noncommutative form hy(A) = h’(A)+h$(A)+h?¢(A) of the conditional
Hardy space hy, where the norms are given by

g = || e (i)

k>1

Ilsea = || B (i)

17

)
1

k>1
gy = | Do tanl], = 3 sl
k>1 k>1

The space hy(A) was studied in [18, 45], it was independently proved that

Hi(A) ~ hi(A)+h{(A),
HS(A) ~ h{(A)+hi(A).

In conjunction, these isomorphisms could be regarded as a noncommutative form of Davis’
decomposition for martingales. Shortly after, it was found in [2] an atomic decomposition
for the spaces h’(,A) and h{(A). More precisely, an element a in L;(A) N La(A) is called
a column atom with respect to the filtration (Ay)g>1 if there exists kg € Z, and a finite
projection e € Ay, such that

® a = ae,
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e E; (a) =0,

1
o llalla < p(e)=.

An element a € Li(A) is called a ¢ — atom if it is a column atom or a € Ay with ||alj; < 1.
Row atoms are defined to satisfy a = ea instead and r — atoms are defined similarly.
We also refer to [12] for g-analogs of these notions. In the following result, we collect
some norm equivalences coming from atomic decompositions and John-Nirenberg type
inequalities. Recall that

I lsvo.ay = sup||Ex[(f = fe1) (/= fy-1)]

k>1

2
.A’
1

J
A .

As usual, the corresponding row norms of f arise as the column norms of f*. If we also
define || f|bmoy(4) = supy, [|dfx]| .4, then we can define the spaces BMO(A) and bmo(A) as
follows

17 omercy = e {[E2() |1 sup[Ex[(7 = fi" (S = )]

| fllBMO(4) = max {HfHBMOT(A)v HfHBMOC(A)}7
[ fllbmo(4y = max {Hf”bmor(A)a | £ 1lbmoc(A4)» ||f||bmod(.A)}'

The isomorphism BMO(A) ~ bmo(A) was independently proved in [18, 45].

Atoms and John-Nirenberg inequality [2, 12]. We have
[ fllny  ~ inf{zk\)\k| | f:Zk Akay and ay r—atom},
”f”hg ~ inf { Zk | Ak ] } f= Zk Mear and ay ¢ — atom},

Ifllbmoay ~ sup [dekHoov sup [|B(f — fi)|l, vV sup H(f—fk)ﬂHJ-
k>1 BeA BeA

k k
lBll<1 811 <1
The last equivalence is a John-Nirenberg type inequality, which differs from [23].

Proof of Theorem C — H,/L, type inequalities. Let us begin with Hy — L,
type inequalities. As pointed out in the proof of Theorem Aii), it suffices to show that
T: : HI(A) — L1 (A) with { € {r, ¢} and for both martingale transforms and paraproducts.
Since we have

H{(A) ~ hi(A) + hi(A),

it suffices to show that T} : X — L;(A) with X any of the two spaces appearing on the
right. Once more, the argument is row/column symmetric and we just consider columns.
To see that T¢. : h{(A) — Li(A) we may use the atomic decomposition above, so that it
suffices to find a uniform upper bound for ||T.(a)||; with a being a ¢ — atom. If a € A
with |lal[; < 1, then we see that

M¢(a) = &ar and 1j(a) = ba = HZ(u\aﬁ)]a\% for a=ulal.

In particular, [[M¢(a)ll1 + [TI5(a)[1 < [lalli < 1. If @ is a column atom, we find

M) = Y Goabila) = Y Goili@e = M(a)e,

k>kq k>ko
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M(a) = Y Ap(p)Era(a) = D Ap(p)Bra(a)e = Ij(a)e.

k>ko+1 k>ko+1

This gives rise to [|[Te(a)|1 = ||Te(a)ellr < || Te(a)]2]le]l2 < |lall2]lelle < 1 for both martin-
gale transforms and paraproducts. We have already justified the hf{ — L; boundedness.
Let us now look at h{

IMEDI < 3 Neelool Al < (sup lello) 1 hgea

k>1

As for the paraproduct, we use the John-Nirenberg inequality above

AC I DIFR) SINTE] §

k=1 j<k
B H;(P—Pk)ﬁk(f)Hl < lollomota 1 £lluga-

According to [18, 45] and [33, 41], we have

[pllbmoa)y ~ llpllBMO(A) S maX{HHZ : Ly — Lo, |15 : Ly — LzH}-

All together gives that M and IIf take H7(A) into L1(A) as we claimed. In fact slight
modifications of the given argument yield the same result for [II7]*, details are left to
he reader. This is all what is needed to produce analog inequalities in this setting to
those in Theorems A and B, we just need to follow the arguments verbatim. It remains
to show that IIf : L,(A) — Lp(A) for p > 2, for which it will be enough to prove
Lo, — BMO boundedness and use interpolation. The Lo, — BMO, boundedness follows
by duality from the Hf — L; boundedness of [II]*. On the other hand, the Lo, — BMO,
boundedness is very simple

1
I Fllenio, = sup [Ex( S0 Asseena i) ||
= i>k A
= sup|[E Ai(p)E;—1(PE;—1 () A (0)*) ||
sup k(Zk JOE 1 (DE 1 (F 8007 |
< su A oo X [elold
< sl (;k @) 1fle < Nolanio, ol
Now we majorize ||p||gmo, (4) by the Loy — La norm of II, as we did above. O

Observe that we have not needed to assume regularity of our martingale filtration
and we find that [II7]*, [IIJ]* take Hy — Ly and L, — L, for 1 < p < 2 by duality.
In some sense, row/column noncommutative paraproducts present a similar behavior as
row/column square functions in the noncommutative Burkholder-Gundy and Khintchine
inequalities [31, 32, 48]. On the other hand, [52, Theorem 5.7] yields LlogL — L,
type estimates for a finite von Neumann algebra A with (7,,7.) a martingale trans-
form /paraproduct with noncommuting coefficients/symbol

flnf T felly + | Tefell;, S 1SNz 10g La)-
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3.4 Appendix. Open problems

A.1. CZO’s with noncommuting kernels

Our proof of Theorem Ai) is not entirely satisfactory, since it does not include arbitrary
CZO’s with noncommuting kernels. In the general case, we can not expect to annihilate the
terms associated to gop, bg, bogr. 1f the reader considers the simplest term b4, a difficulty
with triangular truncations in L; will be immediately recognized. In fact, our proof for
Haar shifts operators does not provide sharp constants for the same reason.

Problem 1. Extend Theorem Ai) to arbitrary CZO’s with noncommuting kernels.

Here is a possible alternative argument. Once we have f = f, + f., the same decom-
position constructed in the proof of the perfect dyadic case, we could consider a left CZ
decomposition for f, and a right CZ decomposition for f. as follows. Given A € R4 we let
Jr =gr + by and fc = gc + b. with

gr = Z]\fr'i‘zp\szk(fT) and b, = Zﬁk(fr_ Ek(fr))a

keZ kEZ

where P, = qp—1 — @x- The column decomposition just requires to put Py and ¢ on the
right. The advantage of this approach is that we do not find off-diagonal terms which were
much harder to deal in [43]. Moreover, it is not very difficult to show that

max {9,113, lgel3} < Ml

as expected. Problem 1 would be solved if we knew that

Z Hﬁk(fr - Ek(f?“))Hl + H(fc - Ek(fC))]/’\k}ll 5 Hf”l

keZ

It is perhaps too optimistic to expect that the inequality above holds, since the triangular
truncations LT, and UT; appear to be incomparable for different values of k. We wonder
whether some noncommutative form of Davis’ decomposition in the sense of [53] could be
useful to modify our row/column decomposition f = f, + f. before performing the CZ
decomposition, see also [42] for related ideas. Note that such a row/column CZ decompo-
sition would provide in particular a much simpler proof of the main result in [43], since
off diagonal terms would disappear.

Problem 2. Find a row/column CZ decomposition of f in the line explained above.

A.2. CZO’s on general von Neumann algebras

As explained in [43], a key ingredient for a successful application of the noncommutative
CZ decomposition is to use it on M-bimoludar maps. In this paper, our decomposition
f = f-+ fc has allowed us to make it work for either left or right M-module maps. There
are however many other semicommutative CZQ’s, some of which were mentioned in the
Introduction. We know from [20] that a semicommutative CZO satisfying Lo (L5) and
Lo (L5) boundedness also satisfies T : Loo(A) — BMO(A).

Problem 3. Do we have T': L1(A) — Lj o(A) under the same assumptions?

According to [20], solving Problem 3 for CZO’s associated to a kernel acting by Schur
multiplication would provide weak type (1,1) inequalities for crossed product extensions
of classical CZO’s

75 ~ Y [ Ko yn) o M) dy

geG
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on A= Lo(R™) x, G. This in turn is closely related to weak type estimates for Fourier
multipliers on group von Neumann algebras, see [20] for further details. On the other
hand, consider CZQO’s of the form

Tf@) ~ [ (e ) ke e )] dy

As we have seen along this paper and in [43], weak type inequalities require to find vanish-
ing products q1(y)qa2(z) with ¢1, g2 certain projections in A, see e.g. Lemma 2.2. However,
we find T'(fq1)(x)g2(x) ~ [ (id@tr)[k(x, y)(g2(2) ® fq1(y))]dy in the model above and no
interaction between ¢; and ¢y takes place. This is due to the lack of right M-modularity
for T'. In fact, solving Problem 3 for this kind of CZO’s is very much related to the CZ
theory for von Neumann algebras developed in [22]. Namely, the projection in Lemma 2.2
is a dyadic dilation on R™ of ¢ not affecting its M ‘structure’ because the CZO is given
as a partial trace on R™, but not on M. The idea in the model above is to dilate both in
R™ and M. Dilating in M has to do with finding a suitable ‘metric’ in M to work with.
This is what is done in [22] in terms of diffusion semigroups on the given algebra. Under
this point of view, we could relate CZO’s on (A, ¢) with those in [43] when ¢ is tracial
and with the ones considered in this paper when ¢ is a nontracial weight.

Problem 4. Prove a CZ decomposition/weak type inequalities for CZO’s in [22].

A.3. Gundy’s decomposition vs triangular truncations

It is a little bit unsatisfactory to require regular filtrations to provide weak type inequalities
for martingales transforms/paraproducts with noncommuting coefficients/symbols. It is
well-known that these estimates hold in the classical setting for any filtration by means
of Gundy’s decomposition. The noncommutative extension of Gundy’s decomposition
was constructed in [44]. Given a positive martingale f = (f1, f2,...) in L1(A), we may
decompose it as f = o+ 3 + v with

day = qedfrar — Ex—1 (andfear),
B = @r—1dfri—1 — @wdfuar + Er—1 (adfrar),
dvk = dfy — qe-1dfrqr—1-

It was proved in [44] that
1 *
maxc { T3, Y- Nl e\ suppde) b < I1fIh.
k>1 k>1

where supp*a = 14 —q with ¢ the greatest projection satisfying qaq = 0. If we try to prove
Theorem C using Gundy’s decomposition instead of Calderén-Zygmund decomposition, we
will not find any trouble controlling the terms associated to o and =y. The term 3 presents
however a significant difficulty due to the presence of triangular truncations LTy and UTy
in L;(A). This difficulty can be summarized as follows. Consider a family Trj, of upper
triangular truncations and assume that (ay, Bk) € Loo(A) x Li(A), do we have

| > awTm@|| < 3 lawil?
k>1 1

Or at least

HZakTrk(ﬂk)Hl S <i§1)”ak”°°) S 1klh?

k>1 k>1
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The first condition suffices to manage paraproducts with noncommuting symbols, the sec-
ond one is weaker but sufficient to deal with martingale transforms having noncommuting
coefficients. When dealing with lower triangular truncations, we should have Try(5k)oy
on the left and Gray on the right hand side.

Problem 5. Does any of these inequalities hold?

Problem 6. Can we eliminate the regularity assumption from Theorem C?
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