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T�`i Q7 BMDm`B2b rQ`H/rB/2 H2�/BM; iQ /Bb�#BHBiB2b �M/ 2p2M /2�i?bX 6Q` BMbi�M+2- BM
i?2 v2�` kyyy- 99W Q7 �HH ivT2b Q7 BMDm`B2b BM i?2 la `2bmHi2/ 7`QK i?2 HQbb Q7 #�H�M+2
r?B+? �++QmMi2/ 7Q` jyW Q7 BMDm`v +Qbib rQ`i? 0Rky #BHHBQM U*Q`bQ 2i �HX- kyyeVX aBKBH�`
i`2M/b �`2 Q#b2`p2/ 2Hb2r?2`2 �M/ �M 2biBK�i2/ yX38 iQ RX8W Q7 i?2 iQi�H ?2�Hi?+�`2
#m/;2i Bb bT2Mi QM 7�HH@`2H�i2/ BMDm`B2b BM i?2 1m`QT2�M lMBQM- �mbi`�HB� �M/ BM i?2
la U>2BM`B+? 2i �HX- kyRyVX JQ`2Qp2`- i?2 HQbb Q7 #�H�M+2 Bb KQ`2 7`2[m2Mi �KQM; i?2
2H/2`HvX AM 6`�M+2 �HQM2- i?2`2 �`2 k KBHHBQM 2H/2`Hv 7�HHb 2�+? v2�` `2bmHiBM; BM Nyyy
/2�i?b UaQ+B�H2- kyyRVX

� T�`iB+mH�` `BbFv #�H�M+2 bBim�iBQM Bb 2M+QmMi2`2/ #v i?2 T�bb2M;2`b Q7 i?2 Sm#HB+
h`�MbTQ`i�iBQM o2?B+H2b UShobV bm+? �b #mb2b �M/ i`�Kr�vbX h?2b2 p2?B+H2b QT2`�i2
BM m`#�M �M/ b2KB@m`#�M 2MpB`QMK2Mib �M/ BMpQHp2 bm//2M �++2H2`�iBQM �M/ /2+2H2`�iBQM
T?�b2bX Ai Bb � +QKKQM Q#b2`p�iBQM i?�i i?2B` KQiBQM T`2b2Mi � +QMbB/2`�#H2 +?�HH2M;2
iQ i?2 bi�M/BM; ?mK�M #�H�M+2 �M/ Bi Bb ;2M2`�HHv MQi TQbbB#H2 iQ bi�M/ }`KHv rBi?Qmi
�M 2ti`� bmTTQ`iX �b � K�ii2` Q7 7�+i- i?2 Q++m``2M+2 Q7 T�bb2M;2` +�bm�HiB2b BM Tm#HB+
i`�MbTQ`ib �`2 [mBi2 +QKKQM �M/ BM bBim�iBQMb bm+? �b 2K2`;2M+v #`�FBM; Q` b?�`T
im`Mb i?2 T�bb2M;2`b ?�p2 `2TQ`i2/Hv #22M brmM; �;�BMbi i?2 /QQ`b U/2 :`��7 �M/ p�M
q2T2`2M- RNNdVX h?Bb bBim�iBQM TQb2b ;`2�i ?2�Hi? `BbFb iQ bi�M/BM; T�bb2M;2`b BM
Tm#HB+ i`�MbTQ`i�iBQM p2?B+H2b �M/ K�v ?�p2 M2;�iBp2 BKT�+i QM i?2 ;2M2`�H #2?�pBQ`
Q7 i?2 bQ+B2iv iQr�`/b i?2b2 K2�Mb Q7 i`�MbTQ`iX

X h?Qm;? i?2 H�bi 72r /2+�/2b ?�p2 b22M BKT`2bbBp2 `2b2�`+? QM i?2 b�72iv Q7
i?2b2 p2?B+H2b BM +`�b?@`2H�i2/ BM+B/2Mib- i?2 Bbbm2 Q7 HQbb Q7 #�H�M+2 7`QK HQr BMi2MbBiv
/Bbim`#�M+2b ?�b `2+2Bp2/ Km+? H2bb �ii2MiBQMX u2i- �b r2 rBHH 2tTHQ`2 BM i?2 7QHHQrBM;
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T�`�;`�T?b- i?2 Bbbm2 Bb Q7 b2`BQmb M�im`2 BM i2`Kb Q7 T�bb2M;2` BMDm`B2b- i?2B` �bbQ+B�i2/
?2�Hi? +Qbib �M/ ;2M2`�H /Bb+QK7Q`iX

Ai Bb �M BMi2`2biBM; 7�+i i?�i KQbi Q7 i?2 i`�MbTQ`i@`2H�i2/ BMDm`B2b Q++m` BM bBim�iBQMb
r?2`2 i?2 p2?B+H2 Bb MQi BMpQHp2/ BM � +QHHBbBQMX 6Q` BMbi�M+2- "DQ`MbiB; 2i �HX Ukyy8V
`2TQ`i2/ i?�i 89W Q7 �HH BMDm`2/ T�bb2M;2`b r2`2 pB+iBKb Q7 MQM@+`�b? BM+B/2Mib BM
ar2/2M r?BH2 ejW Q7 bm+? BMDm`B2b r2`2 `2TQ`i2/ BM :`2�i "`Bi�BM UEB`F 2i �HX- kyyjVX
h?2 K�DQ` +�mb2 Q7 i?2b2 +�bm�HiB2b Bb i?2 2K2`;2M+v #`�FBM; Q` bm//2M �++2H2`�@
iBQMf/2+2H2`�iBQM Q7 i?2 p2?B+H2 `2bTQMbB#H2 7Q` �i H2�bi 8yW Q7 i?2 BMDm`B2b U"DQ`MbiB;
2i �HX- kyy8c >�HT2`M 2i �HX- kyy8VX 1p2M i?Qm;? bm+? BM+B/2Mib `2bmHi BM KBMQ` BMDm`B2b
BM KQbi +�b2b- MQM@+`�b? pB+iBKb ?�p2 � +QMbB/2`�#H2 ?2�Hi? +Qbi- mbBM; mTiQ 8dW Q7
�HH T�iB2Mi@/�vb �++Q`/BM; iQ "DQ`MbiB; 2i �HX Ukyy8VX

� K�DQ`Biv Q7 i?2 MQM@+`�b? BMDm`B2b �`2 2M/m`2/ #v bi�M/BM; �M/ 2H/2`Hv T�bb2M;2`bX
�++Q`/BM; iQ EB`F 2i �HX UkyyjV- 9NW Q7 b2`BQmb MQM@+QHHBbBQM BMDm`B2b Q++m``2/ iQ MQM@
b2�i2/ T�bb2M;2`b r?BH2 >�HT2`M 2i �HX Ukyy8V `2TQ`i2/ 3RW Q7 i?2 BMDm`B2b Q++m``BM;
iQ bi�M/BM; Q` KQpBM; T�bb2M;2`b BM i?2 #mbX JQ`2Qp2`- �`QmM/ 8e@dkW Q7 �HH BMDm`2/
T�bb2M;2`b �`2 QH/2` i?�M 88 v2�`b Q7 �;2 U"2M/2- kyyyc >�HT2`M 2i �HX- kyy8VX

h?2b2 bi�iBbiB+b TQBMi iQr�`/b �M BKTQ`i�Mi Tm#HB+ ?2�Hi? Bbbm2 `2;�`/BM; Tm#HB+ i`�Mb@
TQ`ibX h?2 T`2p�H2M+2 Q7 7�HHb �M/ BMDm`B2b BM i?2 /�BHv@HB72 BM+B/2Mib- �b r2HH �b i?2 �bbQ@
+B�i2/ /Bb+QK7Q`i- K�v �+im�HHv /Bb+Qm`�;2 T2QTH2 7`QK mbBM; i?2b2 K2�Mb Q7 i`�MbTQ`iX
JQ`2Qp2`- rBi? i?2 BM+`2�b2 BM TQTmH�iBQM- i?2 T`QTQ`iBQM Q7 i?2 KQbi 2tTQb2/ ;`QmTb
Ubi�M/BM; �M/ 2H/2`Hv T�bb2M;2`bV Bb BM+`2�bBM; rBi? iBK2 �M/ Bb 2tT2+i2/ iQ /Q bQ 7Q`
K�Mv v2�`bX 6Q` 2t�KTH2- Bi Bb 2biBK�i2/ i?�i �#Qmi k8W Q7 i?2 6`2M+? TQTmH�iBQM
rQmH/ #2 Qp2` ey v2�`b Q7 �;2 #v i?2 v2�` kyR8 r?BH2 i?Bb MmK#2` K�v `Bb2 iQ jjW #v
i?2 v2�` ky8y UAMb22- kyye- 6B;m`2 RXRVX aBKBH�` i`2M/b �`2 2K2`;BM; BM Qi?2` q2bi2`M

8



e

+QmMi`B2bX lM/2` i?2b2 +B`+mKbi�M+2b- i?2 T`Q#H2K Bb 2tT2+i2/ iQ #2+QK2 2p2M KQ`2
�+mi2 BM i?2 7mim`2X

PM i?2 Qi?2` ?�M/- i?2 Bbbm2 ?�b MQi #22M �//`2bb2/ `B;Q`QmbHv- #Qi? �i i?2 H2p2H
Q7 i?2 +QM+2TiBQM Q7 p2?B+H2b �b r2HH �b �i i?2 QT2`�iBM; H2p2HX h?2 K�DQ` `2�bQM Q7
#�H�M+2 HQbb BM i?2b2 p2?B+H2b Bb i?2 bm//2M �++2H2`�iBQM +?�M;2bX u2i i?2b2 HBKBib �`2
QMHv p�;m2Hv /2b+`B#2/ BM i?2 p2?B+H2 QT2`�iBM; MQ`KbX 6Q` 2t�KTH2- _Q#2`i UkyyeV
`2TQ`i2/ i?2 K�tBKmK HBKBib Q7 �++2H2`�iBQM �M/ D2`F UiBK2 /2`Bp�iBp2 Q7 �++2H2`�iBQMV
/2}M2/ #v _�hS Ui?2 S�`BbB�M i`�MbTQ`i QT2`�iQ`V �b R KXb−2 �M/ R KXb−3 `2bT2+@
iBp2HvX 6Q` i?2 ;mB/2/ p2?B+H2b Ui`�Kr�vb- i`�BMb 2i+XV- � 1m`QT2�M MQ`K U�7MQ`- kyyjV
bT2+B}2b T2`7Q`K�M+2 bi�M/�`/b 7Q` i?2 p2?B+H2 #`�FBM; bvbi2K T`2bmK�#Hv i�FBM; BMiQ
�++QmMi i?2 2z2+ib Q7 �++2H2`�iBQM QM i?2 T�bb2M;2`b^ b�72iv �M/ +QK7Q`iX >Qr2p2`-
i?2 b+B2MiB}+ #�bBb Q7 i?2b2 MQ`Kb �`2 MQi FMQrM �M/ i?2b2 bi�M/�`/b �`2 MQi 7mHHv
2M7Q`+2/ BM T`�+iB+2 M2Bi?2` U_Q#2`i- kyyeVX JQ`2Qp2`- i?2 BMi2`BQ` /2bB;Mb Q7 i?2b2
p2?B+H2b �`2 MQi 7mHHv �/�Ti2/ iQ 2Mbm`2 K�tBKmK Q++mT�Mi b�72iv BM +�b2 Q7 HQbb Q7
#�H�M+2X

e



d

hQ +QM+Hm/2- i?2`2 Bb � bi`QM; M22/ iQ �//`2bb i?2 Bbbm2 Q7 bi�M/BM; T�bb2M;2`b^ b�72iv
BM � bvbi2K�iB+ r�v bQ i?�i i?2b2 K2�Mb Q7 i`�MbTQ`i�iBQM `2K�BM �++2bbB#H2 iQ �HH
;`QmTb Q7 i?2 bQ+B2ivX 6Q` i?Bb Tm`TQb2- Bi Bb BKTQ`i�Mi iQ }`bi mM/2`bi�M/ i?2 T`Q+2bb
Q7 /2bi�#BHBx�iBQM +�mb2/ #v i?2 /Bbim`#�M+2b �M/ i?2 K2+?�MBbKb Q7 i?2 ?mK�M #�H�M+2
`2�+iBQMX

h?2 [m2biBQM Q7 ?mK�M #�H�M+2 +QMi`QH ?�b KQbiHv #22M bim/B2/ BM i?2 }2H/b Q7 #BQK2@
+?�MB+b �M/ KQiQ` +QMi`QHX h?2 K�BM KQiBp�iBQM ?�b #22M iQ mM/2`bi�M/ i?2 +�mb2b Q7
/2;2M2`�iBQM Q7 #�H�M+2 /m2 iQ �;2 �M/ /Bz2`2Mi T�i?QHQ;B2bX 1p2M i?Qm;? � /2i�BH2/
HBi2`�im`2 `2pB2r QM i?Bb bm#D2+i Bb T`2b2Mi2/ BM *?�Ti2` k- r2 #`B2~v bmKK�`Bx2 i?2
mbm�H �TT`Q�+?2b �HQM;rBi? i?2B` HBKBi�iBQMb BM i?2 +QMi2ti Q7 i?2 +m``2Mi rQ`FX

_2b2�`+?2`b BM i?2 }2H/b Q7 #BQK2+?�MB+b �M/ M2m`Qb+B2M+2b ?�p2 +QM+2Mi`�i2/ QM i?2
?mK�M bi�M+2 +QMi`QH bBM+2 HQM; iBK2X a2p2`�H K�i?2K�iB+�H KQ/2Hb ?�p2 �HbQ #22M
T`QTQb2/ 7Q` bi�iB+ Q` [m�bB@bi�iB+ bBim�iBQMbX >Qr2p2`- i?2 Bbbm2 Q7 #�H�M+2 `2+Qp2`v
U"_V mM/2` bi`QM; 2ti2`M�H /Bbim`#�M+2b Bb `2H�iBp2Hv M2r �M/ H2bb 2tTHQ`2/X JQbi Q7
i?2 `2b2�`+? bim/B2b �`2 2tT2`BK2Mi�H BM r?B+? `2�H@HB72 b+2M�`BQb bm+? �b bHBTb Q` i`BTb
�`2 `2T`Q/m+2/ mM/2` H�#Q`�iQ`v +QM/BiBQMbX h?2 `2bmHiBM; "_ `2�+iBQM Bb /2b+`B#2/ BM
i2`Kb Q7 FBM2K�iB+ �M/ /vM�KB+ T�`�K2i2`bX >Qr2p2`- i?2b2 /2b+`BTiBQMb �`2 #�`2Hv
�TTHB+�#H2 iQ i?2 b�72iv Q7 bi�M/BM; T�bb2M;2`b BM i?2 Shob /m2 iQ +QMi`�biBM; i2biBM;
T`Q+2/m`2b �M/ T`QiQ+QHbX

PM i?2 KQ/2HBM; bB/2- bQK2 �ii2KTib ?�p2 #22M K�/2 iQ KQ/2H ?mK�M #�H�M+2
mbBM; i?2 bBKTHB}2/ `2T`2b2Mi�iBQM Q7 ?mK�M #Q/v Umbm�HHv bBM;H2 Q` /Qm#H2 BMp2`i2/
T2M/mHmK bmTTH2K2Mi2/ #v � 7QQi b2;K2MiVX h?2b2 KQ/2Hb +�M #`Q�/Hv #2 /BpB/2/
BMiQ irQ ;`QmTbX h?2 }`bi +�i2;Q`v Q7 KQ/2Hb T`2/B+i i?2 TQbbB#BHBiv Q7 7�HH Q` MQi
7`QK � ;Bp2M bi�i2 mbBM; MQ Q` bBM;H2 `2+Qp2`v bi2T U2X;X >Q7 2i �HX- kyy8c JBHH2 2i �HX-

d
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kyyjc S�B �M/ S�iiQM- RNNdVX h?2 b2+QM/ +�i2;Q`v Q7 KQ/2Hb i`v iQ T`2/B+i i?2 TQbi@
/Bbim`#�M+2 FBM2K�iB+b U2X;X "�``2ii �M/ GB+?ir�`F- kyy3c "Q`iQH�KB 2i �HX- kyyjVX
>Qr2p2`- QMHv bK�HH TQbim`�H /Bbim`#�M+2b �`2 +QMbB/2`2/ r?B+? +�M #2 bmbi�BM2/ rBi?
bBKTH2 KQ/mH�iBQM Q7 �MFH2 �M/fQ` ?BT iQ`[m2 �M/ bi`B+iHv rBi?Qmi bi2TTBM;X

JQbi Q7 i?2 p2?B+H2 b�72iv `2b2�`+? ?�b +QM+2Mi`�i2/ QM +`�b?@`2H�i2/ BM+B/2Mib- r?2`2
i?2 p2?B+H2 Bb BMpQHp2/ BM � +QHHBbBQMX *`�b?rQ`i?BM2bb Bb � `2b2�`+? }2H/ BM Bib2H7 r?B+?
/2�Hb rBi? i?2 �#BHBiv 7Q` i?2 p2?B+H2 iQ rBi?bi�M/ �M BKT�+i �M/ T`Qi2+i Bib Q++mT�MibX
G�#Q`�iQ`v Q` +QKTmi2`@#�b2/ bBKmH�iBQMb Q7 i?2 +`�b? b+2M�`BQb �`2 Q7i2M T2`7Q`K2/X
PM i?2 Qi?2` ?�M/- KQ/2HBM; Q7 MQM@+QHHBbBQM BM+B/2Mib ?�b ;Qi Km+? H2bb �ii2MiBQM bQ
7�` /2bTBi2 i?2B` T`2p�H2M+2 BM Tm#HB+ i`�MbTQ`i�iBQM �b Bi r�b Q#b2`p2/ BM i?2 T`2pBQmb
b2+iBQMX h?2 KQ/2HBM; Q7 i?2b2 bBim�iBQMb 7mM/�K2Mi�HHv /Bz2`b 7`QK i?2 +`�b? b+2M�`@
BQb bBM+2 i?2 �+iBp2 `2+Qp2`v `2�+iBQM Q7 i?2 Q++mT�Mib Bb MQi M2;HB;B#H2 BM i?2 H�i2` +�b2
�M/ M22/b iQ #2 +QMbB/2`2/ iQ �++m`�i2Hv T`2/B+i i?2 +QMb2[m2M+2b Q7 i?2 /Bbim`#�M+2X

PMHv � 72r 2tT2`BK2Mi�H bim/B2b bT2+B}+�HHv �//`2bb i?Bb Bbbm2X h?2 b+2M�`BQ Bb
KQbiHv `2T`Q/m+2/ BM � H�#Q`�iQ`v 2MpB`QMK2Mi #v K2�Mb Q7 � i`�MbH�iBM; TH�i7Q`K QM
r?B+? i?2 ?mK�M bm#D2+ib bi�M/ U+X7X 6B;m`2 RXkVX h?2 TH�i7Q`K Bb �++2H2`�i2/ mM2t@
T2+i2/Hv �M/ i?2 bm#D2+ib^ `2�+iBQM Bb `2+Q`/2/X /2 :`��7 �M/ p�M q2T2`2M URNNdV �`2
�KQM; i?2 }`bi iQ �//`2bb i?Bb Bbbm2 #v 2tTHQ`BM; i?2 HBKBib Q7 i?2 p2?B+H2 �++2H2`�iBQM
r?B+? � bi�M/BM; bm#D2+i +QmH/ bmbi�BM BM HQM;Bim/BM�H �M/ bB/2r�`/ /B`2+iBQMb rBi?Qmi
?QH/BM; QM Q` i�FBM; � bi2T X Ai r�b +QM}`K2/ i?�i i?2 +QKKQMHv 2M+QmMi2`2/ �++2H@
2`�iBQMb BM Tm#HB+ i`�MbTQ`i +QmH/ MQi #2 bmbi�BM2/ BM i?2 bi�M/BM; TQbim`2X JQ`2Qp2`-
i?2 bim/v ?B;?HB;?i2/ i?2 7�+i i?�i i?2 D2`F Q7 i?2 KQiBQM Bb i?2 /2+BbBp2 7�+iQ` BM
bm+? /Bbim`#�M+2bX >Qr2p2`- i?2 bim/v /B/ MQi `2TQ`i QM i?2 `2+Qp2`v `2�+iBQM Q7 i?2
bm#D2+ib #2vQM/ i?2 �++2H2`�iBQMfD2`F HBKBibX

h?2 TQbi@/Bbim`#�M+2 FBM2K�iB+b Q7 i?2 bm#D2+ib r�b KQ`2 i?Q`Qm;?Hv i�F2M BMiQ
�++QmMi BM _Q#2`i UkyyeV mM/2` i?2 a�72i`�K T`QD2+i X h?2 bm#D2+ib r2`2 Tmi mM/2`
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i?2 /Bbim`#�M+2b Q7 p�`BQmb H2p2Hb �M/ i?2 `2bmHiBM; FBM2K�iB+b r�b `2+Q`/2/X >Qr@
2p2`- i?2 TH�i7Q`K r�b i`�MbH�i2/ rBi? � MQM@`2�HBbiB+ b2KB@bBMmbQB/�H T`Q}H2 �M/ Qp2`
� p2`v b?Q`i /m`�iBQM Q7 iBK2 U9yy KbVX AM `2�HBiv- i?2 /Bbim`#�M+2b BM Tm#HB+ i`�MbTQ`i
+�M T2`bBbi 7Q` b2p2`�H b2+QM/b �b MQi2/ #v /2 :`��7 �M/ p�M q2T2`2M URNNdVX h?Bb
/Bb+`2T�M+v r�b �//`2bb2/ BM o2``B2bi 2i �HX UkyRyV r?2`2 i?2 ?mK�M bm#D2+ib r2`2
/Bbim`#2/ #v �M 2K2`;2M+v #`�FBM; T`Q}H2 r?B+? H�bi2/ 7Q` kbX

h?2 H�bi irQ bim/B2b �`2 BMi2`2biBM; BM i?�i i?2b2 bT2+B}+�HHv +QMbB/2` i?2 2z2+ib
Q7 /Bbim`#�M+2 �M/ 2MpB`QMK2Mi�H T�`�K2i2`b QM i?2 `2+Qp2`v #2?�pBQ`X �T�`i 7`QK
i?2b2- i?2`2 �`2 � 72r Qi?2` bim/B2b r?B+? T2`7Q`K bBKBH�` 2tT2`BK2Mib #mi i?2 `2bmHib
�`2 /B{+mHi iQ ;2M2`�HBx2 /m2 iQ MQM@bi�M/�`/ 2tT2`BK2Mi�H T`QiQ+QHb �M/fQ` MQM@
`2�HBbiB+ �++2H2`�iBQM T`Q}H2bX h?Bb �bT2+i rBHH #2 /Bb+mbb2/ BM KQ`2 /2i�BH BM i?2 M2ti
+?�Ti2`X

hQ bmK mT- i?2 /QK�BM Q7 bi�M/BM; #�H�M+2 BM ?mK�Mb Bb � r2HH@`2b2�`+?2/ }2H/ �M/
BMi2`2biBM; K�i?2K�iB+�H KQ/2Hb ?�p2 2K2`;2/ �b � `2bmHiX >Qr2p2`- i?2 /QK�BM Q7
?mK�M #�H�M+2 mM/2` bi`QM; 2ti2`M�H /Bbim`#�M+2b Bb `2H�iBp2Hv H2bb FMQrM �M/ r2 �`2
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MQi �r�`2 Q7 � K�i?2K�iB+�H KQ/2H r?B+? �/2[m�i2Hv `2T`2b2Mib i?2 `2�+iBQM Q7 �
?mK�M BM i?2b2 +B`+mKbi�M+2bX :Bp2M i?2 T`2p�H2M+2 Q7 i?2 #�H�M+2 `2H�i2/ BM+B/2Mib
BM i?2 Shob- � 7�B` /2;`22 Q7 mM/2`bi�M/BM; �#Qmi i?Bb T?2MQK2MQM Bb M22/2/ BM Q`/2`
iQ HBKBi Bib M2;�iBp2 2z2+ib QM i?2 bQ+B2ivX

h?2 ;2M2`�H Q#D2+iBp2 Q7 i?Bb rQ`F Bb iQ /2p2HQT � MmK2`B+�H iQQH 7Q` i?2 �bb2bbK2Mi Q7
`BbFb �bbQ+B�i2/ rBi? i?2 HQbb Q7 #�H�M+2 7QHHQrBM; � bi`QM; 2ti2`M�H /Bbim`#�M+2X h?2
T`BK�`v �TTHB+�iBQM Q7 i?Bb iQQH Bb bQm;?i 7Q` bi�M/BM; T�bb2M;2`b BM Shob r?B+? Bb �
?B;? `BbF �M/ mM/2`@`2b2�`+?2/ b+2M�`BQ �b r2 Q#b2`p2/ BM i?2 T`2pBQmb b2+iBQMbX AM i?Bb
`2;�`/- i?2 2bb2MiB�H T�`i Bb iQ T`2/B+i i?2 TQbi@/Bbim`#�M+2 FBM2K�iB+b Q7 i?2 bm#D2+i
�b � 7mM+iBQM Q7 i?2 /Bbim`#�M+2 +?�`�+i2`BbiB+b UBMi2MbBiv- /m`�iBQM 2i+XVX >Qr2p2`-
;Bp2M i?2 `2�+iBpBiv Q7 i?2 ?mK�M- i?2 TQbi@/Bbim`#�M+2 FBM2K�iB+b �HbQ /2T2M/b mTQM
i?2 `2+Qp2`v �+iBQM i�F2M #v i?2 bm#D2+ibX

hQ i?Bb 2M/- i?2 �/p�M+2b BM i?2 }2H/ Q7 #BT2/ `Q#QiB+b +QmH/ T`Qp2 #2M2}+B�HX
PrBM; iQ i?2 KQ`T?QHQ;B+�H �M/ 7mM+iBQM�H bBKBH�`BiB2b- i?2b2 K�+?BM2b 7�+2 bBKBH�`
FBM/ Q7 #�H�M+2 +QMi`QH +?�HH2M;2b �b ?mK�MbX JQ`2Qp2`- i?2 }2H/ ?�b b22M BKT`2bbBp2
�/p�M+2b BM i?2 H�bi 72r /2+�/2b `2bmHiBM; BM bQK2 mb27mH K�i?2K�iB+�H KQ/2Hb �M/
+QMi`QH i2+?MB[m2bX >2M+2- �b Bi rBHH #2 b?QrM BM i?2 M2ti +?�Ti2`b- i?Bb FMQrH2/;2
rBHH #2 ?2HT7mH BM i?2 +QMi2ti Q7 i?2 Q#D2+iBp2b Q7 i?Bb i?2bBbX

r?B+? �`2 i?2 KQbi pmHM2`�#H2 iQ i?2 #�H�M+2 /Bbim`#�M+2bX h?Bb
rQmH/ `2[mB`2 i?2 BMi2;`�iBQM Q7 i?2 2z2+ib Q7 �;2BM; QM i?2 KQ/2H T�`�K2i2`bX

q2 bi�`i #v `2pB2rBM; i?2 `2H2p�Mi HBi2`�im`2 QM i?2 bm#D2+i Q7 #�H�M+2 BM *?�Ti2` kX
"Qi? 2tT2`BK2Mi�H �M/ KQ/2HBM; �bT2+ib �`2 /Bb+mbb2/ �HQM; rBi? i?2 7mM/�K2Mi�H
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+QMi`QH +QM+2Tib BM i?2 }2H/ Q7 #BT2/ `Q#QiB+bX �M�HvbBb Q7 i?2 2tT2`BK2Mi�H HBi2`�im`2
�{`Kb i?�i i?2 KQbi T`2p�H2Mi "_ bi`�i2;v BM ?mK�Mb Bb iQ i�F2 � `2+Qp2`v bi2T BM
i?2 /B`2+iBQM Q7 i?2 /Bbim`#�M+2X h?Bb Bb i?mb i?2 bm#D2+i Q7 *?�Ti2` j BM r?B+? p�`BQmb
#BT2/ bi2TTBM; +QMi`QH b+?2K2b �`2 T`2b2Mi2/ �M/ 2p�Hm�i2/X Ai Bb b?QrM i?�i BM i?2
+QMi2ti Q7 i?2 Q#D2+iBp2b Q7 i?Bb i?2bBb- i?2 JQ/2H S`2/B+iBp2 *QMi`QH UJS*V �TT`Q�+?
Bb p2`v T`QKBbBM;X Pm` "_ +QMi`QHH2` Bb i?mb #mBHi QM i?Bb �TT`Q�+? �M/ i?2 +QKTH2i2
/2p2HQTK2Mi Q7 � KmHiBTH2@bi`�i2;v JS* b+?2K2 Bb T`2b2Mi2/ BM *?�Ti2` 9X h?2 KQ/2H
T`2/B+iBQMb �`2 +QKT�`2/ �;�BMbi ?mK�M "_ /�i� b?QrBM; +HQb2 `2b2K#H�M+2X 6BM�HHv-
BM *?�Ti2` 8- i?2 "_ iQQH Bb 7m`i?2` /2p2HQT2/ iQ BM+Hm/2 `2H�iBp2Hv +QKTH2t bBim�iBQMb
bm+? �b /Bbim`#�M+2b Q7 HQM;2` /m`�iBQMb Q#b2`p2/ BM i?2 ShobX JQ`2Qp2`- � T`2HBKBM�`v
bim/v QM ;2M2`�iBM; �M 2H/2`Hv `2bTQMb2 Bb +�``B2/ Qmi BM i?2 2M/ #v p�`vBM; b2H2+i2/
T�`�K2i2`b Q7 i?2 KQ/2HX

RR



>mK�M #�H�M+2 Bb � 7�B`Hv QH/ bm#D2+i Q7 `2b2�`+?X �Hi?Qm;? i?2 Bbbm2 Q7 bi�M/BM;
#�H�M+2 ?�b #22M r2HH bim/B2/ 7Q` � HQM; iBK2- i?2 /QK�BM Q7 H�`;2 /Bbim`#�M+2b `2@
[mB`BM; `2+Qp2`v bi2Tb Bb `2H�iBp2Hv H2bb 2tTHQ`2/X h?2 T`Q#H2K ?�b KQbiHv #22M bim/B2/
rBi? i?2 ?2HT Q7 2tT2`BK2Mib QM ?mK�M bm#D2+ib �M/ iQ i?2 �mi?Q`^b FMQrH2/;2- 2t+2Ti
� 72r T`2/B+iBQM �M/ bi�M+2 +QMi`QH KQ/2Hb- � +QKT`2?2MbBp2 #�H�M+2 +QMi`QH KQ/2H
BMpQHpBM; `2+Qp2`v bi2Tb Bb BM@2tBbi2MiX h?2 Tm`TQb2 Q7 i?Bb +?�Ti2` Bb iQ `2pB2r 2tBbiBM;
FMQrH2/;2 �#Qmi ?mK�M `2+Qp2`v `2bTQMb2b 7`QK H�`;2 /Bbim`#�M+2bX

h?2 +?�Ti2` Bb #`Q�/Hv /BpB/2/ BMiQ k T�`ibX AM i?2 }`bi T�`i Ua2+iBQM kXRV- r2 `2pB2r
�M/ bvMi?2bBx2 2tT2`BK2Mi�H }M/BM;b �#Qmi i?2 ?mK�M #�H�M+2 `2+Qp2`v #2?�pBQ`X AM
i?2 b2+QM/ T�`i Ua2+iBQM kXkV- r2 7Q+mb QM i?2 KQ/2HBM; Bbbm2bX G�biHv- r2 rBHH `2pB2r
i?2 +QMi`QH i2+?MB[m2b T`QTQb2/ 7Q` i?2 #�H�M+BM; Q7 #BT2/ `Q#Qib r?B+? r2 #2HB2p2
+QmH/ T`QpB/2 BKTQ`i�Mi +Hm2b 7Q` Qm` #�H�M+2 `2+Qp2`v bBKmH�iBQM iQQHX
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� +QMbB/2`�#H2 MmK#2` Q7 2tT2`BK2Mi�H bim/B2b ?�p2 7Q+mb2/ QM i?2 [m2biBQM Q7 /Bb@
im`#2/ #�H�M+2X AM i?Bb b2+iBQM- r2 `2pB2r i?2b2 bim/B2b BM ;2M2`�H �M/ i`v iQ bvMi?2bBx2
i?2B` +QKKQM }M/BM;b �b r2HH �b i?2B` HBKBi�iBQMbX q2 rBHH T�`iB+mH�`Hv #2 7Q+mbBM; QM
bBim�iBQMb r?B+? BM/m+2 QM2 Q` b2p2`�H #�H�M+2 `2+Qp2`v bi2TbX

h?2 mbm�H T`Q+2/m`2 Q7 2tT2`BK2Mi�H bim/B2b +QMbBbib BM /Bbim`#BM; i?2 #�H�M+2 Q7 ?m@
K�M bm#D2+ib #v /Bz2`2Mi K2�Mb BM � H�#Q`�iQ`v +`2�i2/ 2MpB`QMK2MiX h?2 FBM2K�iB+b
�M/ FBM2iB+b Q7 i?2 `2bmHiBM; `2�+iBQM �`2 i?2M `2+Q`/2/ mbBM; bT2+B}+ BMbi`mK2Mi�iBQM
U`2~2tBp2 K�`F2`b- 7Q`+2 TH�i7Q`Kb 2i+XVX PM2 Q7 i?2 KQbi +QKKQM 2tT2`BK2Mi�H K2�Mb
Q7 BM/m+BM; � 7�HH Bb #v � i2i?2`@`2H2�b2 K2+?�MBbKX h?2 bm#D2+ib �`2 BM+HBM2/ BM � bi�@
iBQM�`v 7Q`r�`/ H2�MBM; TQbBiBQM `2i�BM2/ #v � i2i?2` �M/ � b�72iv ?�`M2bb U+X7X 6B;m`2
kXR VX h?2 i2i?2` Bb i?2M bm//2MHv `2H2�b2/ 7`QK i?�i mMbi�#H2 TQbim`2 BM/m+BM; � HQbb
Q7 #�H�M+2 mM/2` i?2 2z2+i Q7 ;`�pBivX h?2 K2i?Q/ r�b }`bi BMi`Q/m+2/ #v .Q 2i �HX
URN3kV �M/ ?�b #22M mb2/ 2ti2MbBp2Hv 2p2` bBM+2X .Bz2`2Mi bim/B2b �`2 +�``B2/ Qmi rBi?
/Bz2`2Mi Q#D2+iBp2b bm+? �b `2+Q`/BM; Q7 bi2TTBM; T`QT2`iB2b U.Q 2i �HX- RN3k- RNNNc
h?2H2M 2i �HX- RNNdV �M/fQ` �;2@`2H�i2/ /Bz2`2M+2b U>bB�Q@q2+FbH2` �M/ _Q#BMQpBi+?-
kyydc J�/B;�M �M/ GHQv/- kyy8VX

h?2 i`�MbTQ`i@`2H�i2/ /Bbim`#�M+2 b+2M�`BQ- r?B+? Bb i?2 7Q+mb Q7 i?Bb i?2bBb- Bb
bBKmH�i2/ mbBM; i?2 i`�MbH�iBM;@TH�i7Q`K T�`�/B;KX am#D2+ib bi�M/ QM � bmTTQ`i #�b2
r?B+? +�M #2 i`�MbH�i2/ BM �Mi2`BQ` fTQbi2`BQ` /B`2+iBQM Q` bB/2r�vbX PM i?2 #�bBb Q7
i?2 /Bbim`#�M+2 /m`�iBQM- i?2b2 bim/B2b +�M #2 /BpB/2/ BMiQ k K�DQ` ;`QmTbX PM QM2
bB/2- i?2`2 �`2 bim/B2b r?2`2 i?2 TH�i7Q`K Bb i`�MbH�i2/ QMHv 7Q` � p2`v #`B27 T2`BQ/ �M/
+�M �+im�HHv #2 pB2r2/ �b � ]bBM;H2 /2bi�#BHBxBM; 2p2Mi] UJ+AH`Qv �M/ J�FB- RNN9VX AM
i?Bb +�b2- i?2 �bbQ+B�i2/ /2+2H2`�iBQM T?�b2 Q7 i?2 TH�i7Q`K +�M �+im�HHv 7�+BHBi�i2 i?2
`2bi�#BHBx�iBQM Q7 i?2 7�HHBM; bm#D2+ib U"Qi?M2` �M/ C2Mb2M- kyyRVX AM Qi?2` bim/B2b- i?2
TH�i7Q`K KQiBQM T2`bBbib 7Q` � HQM;2` /m`�iBQM bQ i?�i Bib /Bbim`#BM; 2z2+i p�`B2b /m`BM;
i?2 #�H�M+2 `2+Qp2`v T`Q+2bb UJ+AH`Qv �M/ J�FB- RNNec _Q#2`i- kyyec o2``B2bi 2i �HX-
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kyRyVX q2 +QMbB/2` i?Bb H�i2` b+2M�`BQ +HQb2` iQ i?2 `2�H@iBK2 T2`im`#�iBQMb Q#b2`p2/ BM
Tm#HB+ i`�MbTQ`i�iBQM p2?B+H2b Ub22 2X;X `2�H /Bbim`#�M+2 T`Q}H2b BM 6B;m`2 j Q7 /2 :`��7
�M/ p�M q2T2`2M- RNNdVX

h?2 b�HB2Mi 72�im`2 Q7 bQK2 BKTQ`i�Mi KQpBM;@TH�i7Q`K bim/B2b �`2 bmKK�`Bx2/ BM
h�#H2 kXRX

−2

−2

−2

−2
>

−2
>

−2

Pi?2` /Bbim`#�M+2 b+2M�`BQb BM+Hm/2 r�Bbi@TmHH T2`im`#�iBQMb US�B 2i �HX- RNN3c
a+?mHx 2i �HX- kyy8V �M/ `2+Qp2`v 7`QK i`BTb USBDM�TT2Hb 2i �HX- kyy8c a+?BHHBM;b 2i �HX-
RNNeV Q` bHBTb U"?�ii 2i �HX- kyy8c S�B 2i �HX- kyyjVX h?2b2 b+2M�`BQb �`2 `2H�iBp2Hv H2bb@
+QKKQM BM HBi2`�im`2 �M/ /Q MQi T`2b2Mi � T�`iB+mH�` BMi2`2bi iQ Qm` `2b2�`+? T`Q#H2KX

h?`Qm;?Qmi i?2 i2ti- r2 rBHH 7Q+mb QM i?2 irQ #�H�M+2 `2+Qp2`v b+2M�`BQb, RV
h?2 i2i?2`@`2H2�b2 bBim�iBQM /m2 iQ Bib bBKTHB+Biv �M/ �#mM/�M+2 BM i?2 HBi2`�im`2- kV
h?2 i`�MbH�iBM; TH�i7Q`K T�`�/B;K /m2 iQ Bib `2H2p�M+2 rBi? i?2 i`�MbTQ`i `2H�i2/
/Bbim`#�M+2bX

h?2 2tT2`BK2Mi�H bim/B2b ?�p2 ;Bp2M ;QQ/ BMbB;?i BMiQ i?2 #�bB+ T?2MQK2M� �bbQ+B�i2/
rBi? i?2 #�H�M+2 `2+Qp2`vX h?2B` K�BM }M/BM;b +�M #2 bmKK�`Bx2/ �b 7QHHQrb,
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"�b2/ QM MmK2`Qmb 2tT2`BK2Mi�H Q#b2`p�iBQMb- i?2 #�H�M+2 bi`�i2;B2b +�M #2 #`Q�/Hv
+�i2;Q`Bx2/ BMiQ k +H�bb2b, RV 6Bt2/@amTTQ`i bi`�i2;B2b- r?B+? BM+Hm/2 i?2 �MFH2 �M/ i?2
>BT bi`�i2;B2b U>Q`�F �M/ L�b?M2`- RN3ec L�b?M2` �M/ J+*QHHmK- RN38VX h?2 �MFH2
bi`�i2;v `2T`2b2Mib i?2 `Qi�iBQM Q7 i?2 r?QH2@#Q/v �`QmM/ i?2 �MFH2 DQBMi �M/ Bb Q7i2M
mb2/ iQ i�+FH2 bK�HH 2ti2`M�H /Bbim`#�M+2bX >BT bi`�i2;v Bb +?�`�+i2`Bx2/ #v i?2 `Qi�iBQM
Q7 i?2 mTT2`@#Q/v �`QmM/ i?2 ?BT DQBMi BM i?2 b�;Bii�H TH�M2 �M/ Bb mbm�HHv 2KTHQv2/ 7Q`
bHB;?iHv H�`;2` /Bbim`#�M+2bX kV *?�M;2@Q7@amTTQ`i bi`�i2;B2b- r?B+? BMpQHp2 2Bi?2` i?2
mb2 Q7 +QKT2Mb�iQ`v bi2TTBM; Q` i�F2 �M 2ti`� bmTTQ`i 7`QK i?2 2MpB`QMK2Mi UJ�FB
�M/ J+AH`Qv- RNNdVX h?2b2 bi`�i2;B2b �`2 bmBi�#H2 7Q` i?2 H�`;2 /Bbim`#�M+2b r?2`2 i?2
}t2/@bmTTQ`i bi`�i2;B2b �`2 MQi bm{+B2Mi iQ `2+Qp2` #�H�M+2X

AM T`�+iB+2 i?Qm;?- i?2 MQiBQM Q7 b2[m2MiB�H i`�MbBiBQM 7`QK � HQr2`@H2p2H bi`�i2;v
iQ � ?B;?2` QM2 ?�b #22M `27mi2/ BM b2p2`�H bim/B2bX 1p2M i?Qm;? i?2 /Bbim`#�M+2
K�;MBim/2 `2K�BMb � `2H2p�Mi T�`�K2i2` 7Q` bi`�i2;v b2H2+iBQM- i?2 +?�`�+i2`BbiB+b Q7
i?2 /Bbim`#�M+2 UJ�FB 2i �HX- RNN9V �M/ i?2 2MpB`QMK2Mi�H +QMbi`�BMib U>Q`�F �M/
L�b?M2`- RN3eV �HbQ TH�v � `QH2X Ai ?�b #22M b?QrM i?�i- r?2M ;Bp2M i?2 +?QB+2- i?2
bi2TTBM; bi`�i2;v Bb T`272``2/ Qp2` i?2 }t2/@bmTTQ`i ?BT bi`�i2;v �M/ Bb i`B;;2`2/ #27Q`2
`2�+?BM; i?2 i?2Q`2iB+�H HBKBib Q7 i?2 }t2/@bmTTQ`i bi`�i2;B2b UJ�FB �M/ J+AH`Qv- RNNdc
S�B 2i �HX- kyyyVX aBKBH�`Hv- }t2/@bmTTQ`i bi`�i2;B2b Q7i2M +Q2tBbi UJ�FB �M/ J+AH`Qv-
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RNNdV BM bm+? � r�v i?�i i?2 `2H�iBp2 mb2 Q7 #Qi? bi`�i2;B2b ;`�/m�HHv 2pQHp2b rBi? i?2
T2`im`#�iBQM H2p2H US�`F 2i �HX- kyy9VX

�7i2` i?2 /Bbim`#�M+2- � ivTB+�H `2�+iBQM +�M #2 /BpB/2/ BMiQ b2p2`�H i2KTQ`�H T?�b2bX
hQ bi�`i rBi?- i?2`2 Bb �M BM2pBi�#H2 /2H�v #2ir22M i?2 �TTHB+�iBQM Q7 i?2 /Bbim`#�M+2 �M/
i?2 Qmi#`2�F Q7 i?2 }`bi K2+?�MB+�H `2bTQMb2X h?Bb /2H�v Bb `272``2/ iQ �b _2�+iBQM
hBK2 Q` _2�+iBQM .2H�vX JQbi 2tT2`BK2Mi�H bim/B2b `2TQ`i i?Bb /2H�v #2ir22M dy @
R3y Kb U*v` �M/ aK22bi2`b- kyyN#c .Q 2i �HX- RN3kc E�`�K�MB/Bb- kyyec _Q#2`i �M/
o2``B2bi- kyydV /2T2M/BM; mTQM i?2 ivT2 �M/ bQK2iBK2b i?2 bBx2 Q7 i?2 /Bbim`#�M+2X

6Q` i?2 bBim�iBQMb BMpQHpBM; bi2TTBM; `2bTQMb2b- i?2 bi2T QMb2i Bb mbm�HHv /2}M2/ �b
i?2 BMbi�Mi r?2`2 7Q`+2 #2HQr i?2 bi2TTBM; 7QQi Bb +QKTH2i2Hv x2`Q UrBi? i?2 2t+2TiBQM
Q7 J+AH`Qv �M/ J�FB URNNjV r?Q +QMbB/2` i?2 QMb2i Q7 bi2TTBM; �i i?2 TQBMi r?2`2
i?2 p2`iB+�H 7Q`+2 #2HQr #Qi? 722i bi�`i iQ /Bp2`;2VX h?2 /2H�v #2ir22M i?2 #2;BMMBM;
Q7 i?2 K2+?�MB+�H `2bTQMb2 �M/ i?2 QMb2i Q7 bi2T Bb `272``2/ iQ �b ai2T S`2T�`�iBQM
hBK2 Q` i?2 q2B;?i@h`�Mb72` hBK2X 6BM�HHv- i?2 G2;brBM; hBK2 Bb /2}M2/ �b i?2 /2H�v
#2ir22M bi2T QMb2i �M/ bi2T TH�+2K2Mi QM i?2 ;`QmM/X
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ai2TTBM; Bb � +QKKQM `2+Qp2`v bi`�i2;v r?B+? Bb +?�`�+i2`Bx2/ #v irQ K�DQ` p�`B�#H2b,
ai2T H2M;i? �M/ ai2T iBK2 UbmK Q7 bi2T T`2T�`�iBQM �M/ H2;brBM; iBK2bVX LQi bm`@
T`BbBM;Hv- i?2 `2+Qp2`v �#BHBiv 7`QK � ;Bp2M /Bbim`#�M+2 Bb 2M?�M+2/ #v i�FBM; [mB+F2`
�M/ H�`;2` bi2TbX 6Q` 2t�KTH2- PrBM;b 2i �HX UkyyRV 7QmM/ i?�i bi2T QMb2i iBK2b �M/
bi2T H2M;i?b r2`2 /2+BbBp2 7�+iQ`b #2ir22M 7�BH2/ �M/ bm++2bb7mH `2+Qp2`B2b BM ?mK�M
bm#D2+ibX aBKBH�`Hv- >bB�Q@q2+FbH2` �M/ _Q#BMQpBi+? UkyydV b?Qr2/ i?�i i?2 K�tBKmK
T2`KBbbB#H2 /Bbim`#�M+2 7`QK r?B+? bm#D2+ib +QmH/ `2+Qp2` rBi? bBM;H2 bi2T r�b bB;MB7@
B+�MiHv 2M?�M+2/ #v i�FBM; H�`;2` bi2TbX >Qr2p2`- #Qi? i?2b2 p�`B�#H2b Ubi2T H2M;i?
�M/ bi2T iBK2V �`2 TQbBiBp2Hv +Q``2H�i2/X � H�`;2` bi2T `2[mB`2b KQ`2 iBK2 iQ 2t2+mi2
/m`BM; r?B+? i?2 bvbi2K +QMiBMm2b iQ 7�HHX *QMp2`b2Hv- � [mB+F2` bi2T +�MMQi #2 TH�+2/
#2vQM/ � +2`i�BM /Bbi�M+2 /m2 iQ �+im�iBQM +QMbi`�BMibX >2M+2 � i`�/2@Qz Bb iQ #2
7QmM/ #2ir22M i?2b2 irQ p�`B�#H2b 7Q` � bm++2bb7mH #�H�M+2 `2+Qp2`vX

a2p2`�H bim/B2b ?�p2 7Q+mb2/ QM i?2 �;2@`2H�i2/ /Bz2`2M+2 BM i?2 #�H�M+2 `2+Qp2`v
�#BHBiv #v bm#D2+iBM; vQmM; �M/ 2H/2`Hv bm#D2+ib iQ p�`BQmb /Bbim`#�M+2 b+2M�`BQb �M/
+QKT�`BM; i?2B` `2bTQMb2X LQi bm`T`BbBM;Hv- `2+Qp2`v �#BHBiv /2+`2�b2b bB;MB}+�MiHv rBi?
�;2 /m2 iQ Kmb+mHQbF2H2i�H �M/ M2m`QHQ;B+�H /2;`�/�iBQMbX Ai ?�b #22M b?QrM i?�i i?2
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K�tBKmK T2`KBbbB#H2 T2`im`#�iBQM H2p2H Bb bB;MB}+�MiHv H2bb2` 7Q` i?2 2H/2`Hv U>bB�Q@
q2+FbH2` �M/ _Q#BMQpBi+?- kyydc E�`�K�MB/Bb- kyyec h?2H2M 2i �HX- RNNdVX JQ`2Qp2`-
2H/2`Hv �`2 KQ`2 HBF2Hv iQ 2KTHQv � bi2TTBM; bi`�i2;v UJ+AH`Qv �M/ J�FB- RNNec JBHH2
2i �HX- kyyjV �M/ �`2 7m`i?2` HBF2Hv iQ mb2 KQ`2 MmK#2` Q7 bi2Tb iQ `2+Qp2` #�H�M+2 i?�M
i?2B` vQmM; +QmMi2`T�`ibX

h?2 +�mb2b Q7 i?2b2 /Bz2`2M+2b ?�p2 #22M �bbQ+B�i2/ rBi? /Bz2`2Mi b2MbQ`v- M2m`�H
�M/ Kmb+mHQbF2H2i�H /2;`�/�iBQMb rBi? �;2X _2/m+2/ T`QT`BQ+2TiBQM BM i?2 HQr2` HBK#b-
`2/m+2/ �MFH2 /Q`bB~2tBQM �M/ [m�/`B+2Tb bi`2M;i? UGQ`/ 2i �HX- RNNR�-#V- BM+`2�b2/
`2�+iBQM iBK2b UJ�FB �M/ J+AH`Qv- RNNdV �M/ BKT�B`2/ +Q;MBiBp2 7mM+iBQM ?�p2 #22M
B/2MiB}2/ �b BKTQ`i�Mi /Bb+`BKBM�iQ`b #2ir22M 7�HHBM; �M/ MQM@7�HHBM; 2H/2`HvX

1p2M i?Qm;? i?2 2tT2`BK2Mi�H bim/B2b ;Bp2 � ;QQ/ BMbB;?i BMiQ p�`BQmb T?2MQK2M� Q7
#�H�M+2 `2+Qp2`v- Bi Bb biBHH T`2iiv /B{+mHi iQ 2p�Hm�i2 �M/ +QKT�`2 `2bmHib 7`QK /Bz2`2Mi
bim/B2bX h?Bb Bb T`BK�`BHv /m2 iQ i?2 /Bp2`bBiv Q7 i?2 Q#D2+iBp2b r?B+? H2�/b iQ +QMi`�biBM;
2tT2`BK2Mi�H +QM};m`�iBQMbX h?Bb Bb T�`iB+mH�`Hv i?2 +�b2 7Q` i?2 /Bbim`#�M+2b BMpQHpBM;
TH�i7Q`K i`�MbH�iBQMX q2 /Bb+mbb ?2`2 bQK2 Q7 i?2b2 /B{+mHiB2b #`B2~v,

6Q` i?2 /Bbim`#�M+2b BMpQHpBM; TH�i7Q`K i`�MbH�iBQMb- i?2 /2bi�#BHBxBM; 2z2+i QM i?2 #Q/v
Bb BM/m+2/ K�BMHv #v i?2 TH�i7Q`K �++2H2`�iBQM H2p2H UJ+AH`Qv �M/ J�FB- RNN9V �M/ Bb
�HbQ �z2+i2/ #v BMBiB�H BKT2imb UD2`FV p�Hm2b U/2 :`��7 �M/ p�M q2T2`2M- RNNdVX u2i
BM b2p2`�H bim/B2b- i?2 /Bbim`#�M+2 Bb +?�`�+i2`Bx2/ BM i2`Kb Q7 � TH�i7Q`K /BbTH�+2K2Mi
Q` p2HQ+Biv U2X;X .B2M2` 2i �HX- RN33VX h?Qm;? i?2 `2T`2b2Mi�iBp2 �++2H2`�iBQM p�Hm2b
�`2 mbm�HHv `2TQ`i2/- �++2H2`�iBQM Bb MQi mb2/ �b i?2 /`BpBM; /Bbim`#�M+2 p�`B�#H2 Ub22
2X;X _mM;2 2i �HX- RNNNc axim`K �M/ 6�HH�M;- RNN3VX h?Bb H2�/b iQ bi`QM; /Bz2`2M+2b
#2ir22M i?2 }M/BM;b Q7 irQ /Bz2`2Mi bim/B2bX 6Q` 2t�KTH2- i?2 K�tBKmK H2p2H Q7
#�+Fr�`/ �++2H2`�iBQM r?B+? � bm#D2+i +QmH/ bmbi�BM rBi?Qmi bi2TTBM; r�b `2TQ`i2/
iQ #2 yXeR KXb−2 BM /2 :`��7 �M/ p�M q2T2`2M URNNdV r?BH2 jk KXb−2 BM _mM;2
2i �HX URNNNV- Uh�#H2 kXRVX AM �//BiBQM- i?2 i`�MbB2Mi TH�i7Q`K /Bbim`#�M+2b `2TQ`i2/ BM

RN



ky

K�Mv bim/B2b /Q MQi �++m`�i2Hv `2T`2b2Mi i?2 `2�H@iBK2 /Bbim`#�M+2b Q#b2`p2/ BM i?2
i`�MbTQ`i�iBQMX

AM � #�H�M+2 `2+Qp2`v 2tT2`BK2Mi- i?2 `2�+iBQM +�M #2 bB;MB}+�MiHv �z2+i2/ #v i?2
BMbi`m+iBQMb ;Bp2M iQ i?2 bm#D2+ib T`BQ` iQ i?2 2tT2`BK2MiX h?2 KQbi +QKKQM BM@
bi`m+iBQM Bb �#Qmi bi2TTBM;X J+AH`Qv �M/ J�FB URNNjV `2TQ`i2/ i?�i bm#D2+ib i2M/2/
iQ bi2T KQ`2 7`2[m2MiHv 7Q` i?2 b�K2 /Bbim`#�M+2 r?2M MQ bT2+B}+ BMbi`m+iBQMb r2`2
;Bp2M �#Qmi bi2TTBM; i?�M r?2M i?2v r2`2 BMbi`m+i2/ iQ F22T i?2B` 722i BM TH�+2X u2i
/Bz2`2Mi bim/B2b �`2 +�``B2/ Qmi mM/2` /Bz2`2Mi bi2TTBM; BMbi`m+iBQMb r?B+? bQK2iBK2b
+QKTHB+�i2b i?2 +QKT�`BbQM #2ir22M Qi?2`rBb2 bBKBH�` T�`�K2i2`bX

:Bp2M i?2 p�`B2iv Q7 Tm`TQb2b Q7 /Bz2`2Mi bim/B2b- i?2 K2�bm`2/ Q` `2TQ`i2/ T�`�K2i2`b
�`2 MQi i?2 b�K2X 6Q` 2t�KTH2- �KQM; KmHiBTH2 i2i?2`@`2H2�b2 bim/B2b- QMHv *v` �M/
aK22bi2`b UkyyN#V ?�p2 `2TQ`i2/ i?2 FBM2K�iB+b Q7 bm++2bbBp2 bi2TbX aBKBH�`Hv- BM
i`�MbH�iBM; TH�i7Q`K bim/B2b- QMHv _Q#2`i UkyyeV �M/ o2``B2bi 2i �HX UkyRyV `2TQ`i i?2
FBM2K�iB+b Q7 KmHiBTH2 bi2TbX

hQ +QM+Hm/2- i?2 2tT2`BK2Mi�H bim/B2b K�BMHv ?B;?HB;?i i?2 #BQK2+?�MB+�H �bT2+ib Q7
#�H�M+2 `2+Qp2`v �M/ 2M?�M+2 Qm` mM/2`bi�M/BM; Q7 i?2 #�bB+ T?2MQK2M� BMpQHp2/X
>Qr2p2`- MQM@bi�M/�`/Bx�iBQM Q7 i?2 i2biBM; T`Q+2/m`2b K�F2 Bi BKTQbbB#H2 iQ /`�r
+QM+`2i2 [m�MiBi�iBp2 +QM+HmbBQMb �#Qmi i?2 #�H�M+2 `2+Qp2`v- T�`iB+mH�`Hv 7Q` i?2 /Bb@
im`#�M+2b Q7 KQpBM; TH�i7Q`K ivT2X 6Q` BMbi�M+2- QM2 +�MMQi 2biBK�i2 i?2 2z2+i Q7
BM/BpB/m�H /Bbim`#�M+2 T�`�K2i2`b U/Bbim`#�M+2 iBK2- �KTHBim/2 2i+XV b2T�`�i2Hv QM i?2
HQ+�iBQM �M/ MmK#2` Q7 `2+Qp2`v bi2TbX

ky
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h?2 `Q#mbi ?mK�M #2?�pBQ` �;�BMbi 2ti2`M�H /Bbim`#�M+2b Bb #v pB`im2 Q7 i?2 ?B;?Hv
2{+B2Mi �M/ �++m`�i2 #�H�M+2 +QMi`QH bvbi2KX h?2 2tTHQ`�iBQM Q7 i?Bb bvbi2K �M/ Bib
+?�`�+i2`BbiB+b Bb � `2b2�`+? }2H/ BM Bib2H7X AM i?Bb b2+iBQM r2 rBHH #`B2~v `2pB2r bQK2 Q7
i?2 T`BM+BT�H bim/B2b r?B+? �ii2KTi iQ KQ/2H ?mK�M #�H�M+2X

>mK�M #Q/v Bb � KmHiB@b2;K2Mi- KmHiB@/Q7 bvbi2KX >Qr2p2`- iQ bBKTHB7v i?2 i�bF
Q7 K�i?2K�iB+�H KQ/2HBM; �M/ �M�HvbBb- Bi Bb �TT`QtBK�i2/ #v bQK2 bBKTHB}2/ `2T`2b2M@
i�iBQMbX h?2 +?QB+2 Q7 i?2 bBKTHB}2/ KQ/2H Bb /`Bp2M #v i?2 /2bB`2/ H2p2H Q7 +QKTH2tBiv
Q7 i?2 KQiBQM mM/2` +QMbB/2`�iBQMX aQK2 Q7 i?2 KQbi +QKKQM `2T`2b2Mi�iBQMb �`2
/Bb+mbb2/ #2HQrX

AM K�Mv #�H�M+2 bim/B2b- i?2 ?mK�M@#Q/v Bb pB2r2/ �b � b�;Bii�H@TH�M2 bBKTH2 BM@
p2`i2/ T2M/mHmK- `Qi�iBM; �`QmM/ i?2 �MFH2 DQBMi UGQ`�K �M/ G�FB2- kyykc JQ`�bbQ
�M/ a+?B2TT�iB- RNNNc qBMi2` 2i �HX- RNN3- kyyRVX � }MBi2@bBx2/ 7QQi Bb mbm�HHv bmTTH2@
K2Mi2/ iQ `2T`2b2Mi i?2 #�b2 Q7 bmTTQ`i U6B;m`2 kX9�VX �HH i?2 K�bb Q7 i?2 bvbi2K Bb
+QMbB/2`2/ +QM+2Mi`�i2/ �i i?2 *QJ H2p2HX h?2 bi�i2 Q7 i?2 bvbi2K Bb +?�`�+i2`Bx2/
#v i?2 #Q/v br�v �M;H2 7`QK p2`iB+�H 7Q` [m�bB@bi�iB+ b+2M�`BQb Q` �//BiBQM�HHv- #v i?2
*QJ p2HQ+Biv 7Q` /vM�KB+ +QM/BiBQMb U2X;X S�B �M/ S�iiQM- RNNdVX h?2 KQ/2H ?�b #22M
H�`;2Hv /22K2/ �/2[m�i2 iQ `2T`2b2Mi ?mK�M bi�M/BM; #�H�M+2X

>Qr2p2`- Bi ?�b #22M �`;m2/ i?�i � bBM;H2 b2;K2Mi �TT`QtBK�iBQM Q7 ?mK�M #Q/v
Bb MQi bm{+B2Mi iQ +QKTH2i2Hv 2tTH�BM +2`i�BM #�H�M+2 T`QT2`iB2b- 2p2M 7Q` bi�M/BM;
#�H�M+2 U*`2�i? 2i �HX- kyy8VX JQ`2Qp2`- BM T`2b2M+2 Q7 T2`im`#�iBQMb U>Q`�F �M/
L�b?M2`- RN3eV Q` b2+QM/�`v i�bFb U"�`/v- kyykV- i?2 `2T`2b2Mi�iBQM Q7 i?2 �MiB@T?�b2
`Qi�iBQM Q7 i?2 mTT2` �M/ HQr2` #Q/v BM2pBi�#Hv `2[mB`2b KmHiB@b2;K2Mi `2T`2b2Mi�iBQMbX
AM i?Bb `2;�`/- � +QKKQM KQ/2H Bb i?2 /Qm#H2@BMp2`i2/ T2M/mHmK KQ/2H mb2/ BM b2p2`�H
bim/B2b U"QMM2i 2i �HX- kyydc J�`iBM 2i �HX- kyyec S�`F 2i �HX- kyy9V U6B;m`2 kX9#VX �
j@DQBMi KQ/2H BM+Q`TQ`�iBM; � FM22 ?�b �HbQ #22M 2KTHQv2/ U�H2t�M/`Qp 2i �HX- kyyRc

kR



kk

�H2t�M/`Qp �M/ ��- kyy8c p�M /2` EQQBD 2i �HX- kyyRV U6B;m`2 kX9+VX

6B;m`2 kX9U/@7V b?Qrb � 72r KQ`2 bBKTHB}+�iBQMb T`QTQb2/ BM i?2 /QK�BM Q7 #BT2/
`Q#QiB+bX h?2 KQbi +QKKQM KQ/2H Bb i?2 i?2 GBM2�` AMp2`i2/ S2M/mHmK UGASV KQ/2H
T`QTQb2/ #v E�DBi� �M/ h�MB URNNRV U6B;m`2 kX9/VX h?Bb KQ/2H +QMbi`�BMb i?2 *QJ
iQ KQp2 BM � ?Q`BxQMi�H TH�M2 �#Qp2 ;`QmM/ �bbmKBM; i2H2b+QTB+ H2;bX h?Qm;? i?Bb
+QMbi`�BMi Bb H2bb `2�HBbiB+ #BQHQ;B+�HHv- Bi HBM2�`Bx2b �M/ /2+QmTH2b i?2 *QJ /vM�KB+b BM
b�;Bii�H �M/ 7`QMi�H TH�M2b r?B+? Bb � p�Hm�#H2 T`QT2`iv 7`QK i?2 +QMi`QH TQBMi Q7 pB2rX
Ai �//BiBQM�HHv M2;H2+ib i?2 `Qi�iBQM�H 2z2+ib Q7 /Bz2`2Mi #Q/v T�`ibX � bBKTH2 r�v iQ

kk



kj

BM+Hm/2 i?2 mTT2`@#Q/v BM2`iB�H 2z2+ib Bb #v mbBM; �M BM2`iB� r?22H +2Mi2`2/ �i i?2 *QJ
H2p2H UEQKm`� 2i �HX- kyy8c S`�ii 2i �HX- kyyeVU6B;m`2 kX92VX G�biHv- iQ BM+Q`TQ`�i2 H2;
+QKTHB�M+2- � bT`BM;@K�bb KQ/2H r�b T`QTQb2/ #v :2v2` 2i �HX UkyyeVU6B;m`2 kX97VX
h?2 KQ/2H +QMbBbib Q7 � K�bbH2bb bT`BM; �ii�+?2/ iQ � TQBMi K�bbX h?Bb KQ/2H Bb b?QrM
iQ /2KQMbi`�i2 `2�HBbiB+ /vM�KB+ T`QT2`iB2b Q7 ?mK�M r�HFBM; �M/ `mMMBM;X

"27Q`2 KQpBM; QMiQ i?2 +QKTH2i2 #�H�M+2 +QMi`QH b+?2K2b- H2i mb }`bi �M�Hvx2 bQK2
T`2/B+iBQM KQ/2Hb T`QTQb2/ BM i?2 #BQK2+?�MB+b HBi2`�im`2X h?2b2 KQ/2Hb 2biBK�i2 i?2
TQbbB#BHBiv Q7 7�HHBM; UQ` MQiV 7`QK � ;Bp2M bvbi2K bi�i2- mbBM; bBKTH2 `2T`2b2Mi�iBQMb
Q7 ?mK�M #Q/vX h?2 KQbi T`QKBM2Mi KQ/2H BM i?Bb `2;�`/ r�b Tmi 7Q`r�`/ #v S�B �M/
+QHH2�;m2b US�B 2i �HX- kyyyc S�B �M/ S�iiQM- RNNdc S�B 2i �HX- RNN3VX h?2v mb2/ i?2 BM@
p2`i2/ T2M/mHmK KQ/2H rBi? � 7QQi b2;K2Mi U+X7X 6B;m`2 kX9�V iQ +�H+mH�i2 i?2 bi�#BHBiv
#QmM/�`v Q7 i?2 �MFH2 bi`�i2;v BM i?2 *QJ /BbTH�+2K2Mi@p2HQ+Biv xQM2- mbBM; ?mK�M
�M�iQKB+�H �M/ T?vbBQHQ;B+�H +QMbi`�BMib U*QJ ?2B;?i- 7QQi bBx2- T2�F �MFH2 iQ`[m2b
2i+V U6B;m`2 kX8VX h?2 KQ/2H T`2/B+iBQMb r2`2 �HbQ +QKT�`2/ �;�BMbi i?2 2tT2`BK2Mi�H
/�i�X G�i2` � HBM2�` p2`bBQM Q7 i?Bb +QM+2Ti r�b T`QTQb2/ #v >Q7 2i �HX Ukyy8V 2pQHp@
BM; � `272`2M+2 TQBMi +�HH2/ i?2 1ti`�TQH�i2/ *2Mi2` Q7 J�bb TQbBiBQM Us*QJVX h?2b2
rQ`Fb ?B;?HB;?i2/ i?2 BKTQ`i�M+2 Q7 +QMbB/2`�iBQM Q7 bvbi2K p2HQ+Biv- BM �//BiBQM iQ Bib
TQbBiBQM rBi? `2bT2+i iQ i?2 7QQi- 7Q` +Q``2+i T`2/B+iBQMb BM /vM�KB+ #�H�M+2 `2+Qp2`v
b+2M�`BQbX

>Qr2p2`- i?Bb KQ/2H K2`2Hv +�H+mH�i2b i?2 i?2Q`2iB+�H #QmM/�`v Q7 i?2 �MFH2 bi`�i@
2;v r?B+? rQmH/ BKTHv- BM � +QMi`QH b+?2K2- i?�i � bi2T b?QmH/ #2 BMBiB�i2/ r?2M i?2
�MFH2 bi`�i2;v Bb MQi bm{+B2Mi iQ `2biQ`2 #�H�M+2X >Qr2p2`- �b r2 ?�p2 b22M BM i?2
2tT2`BK2Mi�H }M/BM;b- bi2TTBM; Bb � T`272``2/ bi`�i2;v BM ?mK�Mb �M/ Bb mbm�HHv BMpQF2/
#27Q`2 `2�+?BM; i?2 i?2Q`2iB+�H HBKBib Q7 i?2 }t2/@bmTTQ`i bi`�i2;B2bX AM i?Bb +QMi2ti-
i?2B` T`�+iB+�H mb2 7Q` i?2 T`2/B+iBQM Q7 ?mK�M `2bTQMb2b Bb [mBi2 HBKBi2/X

� 72r Qi?2` bim/B2b T`QTQb2 #�H�M+2 i?`2b?QH/ HBM2b #�b2/ QM 2tT2`BK2Mi�H Q#@
b2`p�iBQMbX JBHH2 2i �HX UkyyjV B/2MiB}2/ � i?`2b?QH/ HBM2 #2vQM/ r?B+? i?2 bi2TTBM;
r�b i`B;;2`2/ r?2M i?2 T�`iB+BT�Mib r2`2 TmHH2/ 7Q`r�`/ mM2tT2+i2/HvX JQ;HQ �M/

kj
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aK22bi2`b Ukyy8V T`QTQb2/ � bBKBH�` i?`2b?QH/ HBM2 #2ir22M `2+Qp2`B2b �M/ 7�HHb #mi
BM+Hm/2/ � bBM;H2@bi2T 7Q`r�`/X h?2v �HbQ b?Qr2/ i?�i i?2 i?`2b?QH/ Q7 #�H�M+2 `2+Qp@
2`v- BM i2`Kb Q7 Bib *QJ /BbTH�+2K2Mi@p2HQ+Biv bi�i2- /B/ MQi +?�M;2 rBi? i?2 ivT2 Q7
T2`im`#�iBQM �TTHB2/X

>Qr2p2`- �HH i?2b2 T`2/B+iBQMb QMHv bi�i2 B7 � ;Bp2M bi�i2 rBHH `2bmHi BM � `2+Qp2`v Q`
� 7�HH rBi?Qmi ;BpBM; Km+? B/2� �#Qmi i?2 M�im`2 Q7 i?2 `2+Qp2`v �+iBQM M2+2bb�`v iQ
�pQB/ i?Bb 7�HHX

h?2`2 �`2 b2p2`�H bim/B2b i?�i KQ/2H ?mK�M #�H�M+2 +QMi`QH #�b2/ mTQM i?2 #�bB+
?mK�M #�H�M+2 +QMi`QH T`BM+BTH2b �M/ i?2 bBKTHB}2/ ?mK�M@#Q/v `2T`2b2Mi�iBQMb /2@
b+`B#2/ �#Qp2X S2`?�Tb i?2 KQbi bBKTH2 bi�M+2 +QMi`QH KQ/2H r�b T`QTQb2/ #v qBMi2`
2i �HX URNN3VX Ai +QMbB/2`b i?2 #Q/v br�v bi�#BHBx�iBQM #2BM; � Tm`2Hv T`Q+2bbX
*QMbB/2`BM; i?2 ?mK�M #Q/v iQ br�v HBF2 � bBKTH2 BMp2`i2/ T2M/mHmK- i?2 KQ/2H HBK@
Bib i?2 `QH2 Q7 i?2 *2Mi`�H L2`pQmb avbi2K U*LaV iQ i?2 `2;mH�iBQM Q7 Kmb+H2 iQM2
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bm+? i?�i Bi F22Tb i?2 #Q/v mT`B;?i rBi? HBiiH2 br�vBM;X >Qr2p2`- +QMi`�/B+iQ`v pB2rb
2tBbi U2X;X JQ`�bbQ �M/ a+?B2TT�iB- RNNNV r?B+? +QMbB/2` i?2 �MFH2 Kmb+H2 biBzM2bb
BMbm{+B2Mi iQ F22T i?2 #Q/v mT`B;?iX

JQbi `2b2�`+?2`b KQ/2H i?2 ?mK�M #�H�M+2 +QMi`QH �b �M 722/#�+F bvbi2KX
h?2 H2p2H Q7 +QKTH2tBiv p�`B2b #2ir22M bim/B2bX JQbi Q7 i?2 KQ/2Hb +QMbB/2` � T2`72+i
2biBK�iBQM Q7 i?2 bvbi2K bi�i2 p�`B�#H2b �M/ 2KTHQv TQbBiBQM�H �M/ /2`Bp�iBp2 722/#�+F
;�BMb UJ�m`2` 2i �HX- kyyec J2`;M2` 2i �HX- kyyjc S�`F 2i �HX- kyy9c S2i2`F�- kyykVX
6Q` 2t�KTH2- S�`F 2i �HX Ukyy9V T`QTQb2/ � HBM2�` 722/#�+F KQ/2H r?B+? mb2/ � bBM;H2
b2i Q7 722/#�+F ;�BMb U+X7X 6B;m`2 kXeV 7Q` /Bz2`2Mi T2`im`#�iBQMbX h?2 KQ/2H 2K@
THQv2/ i?2 /Qm#H2@BMp2`i2/ T2M/mHmK `2T`2b2Mi�iBQM iQ +QMbB/2` mTT2`@#Q/v `Qi�iBQMX
h?2 KQ/2H Q7 S2i2`F� UkyykV mb2/ � bBKBH�` 722/#�+F HQQT #mi �//BiBQM�HHv +QMi�BM2/
i?2 B/2� Q7 b2MbQ`v `2@r2B;?iBM; #�b2/ QM 2MpB`QMK2Mi�H +QM/BiBQMb �M/ T2`im`#�iBQM
�KTHBim/2X h?2 KQ/2H +QMbB/2`2/ +QMi`B#miBQMb 7`QK #Qi? �+iBp2 �M/ T�bbBp2 iQ`[m2b
7Q` bi�M+2 +QMi`QH #mi b?Qr2/ i?�i i?2 �+iBp2 722/#�+F iQ`[m2b r2`2 K�BMHv `2bTQMbB#H2
7Q` TQbim`�H bi�#BHBivX

K

u x

� KQ`2 bQT?BbiB+�i2/ bi�M+2 +QMi`QH bvbi2K r�b T`QTQb2/ #v p�M /2` EQQBD 2i �HX
URNNNV mbBM; +QKTH2t b2MbQ` /vM�KB+ KQ/2Hb U"Q`�? 2i �HX- RN33V �M/ BMi2`b2MbQ`v BM@
i2`�+iBQMb U+X7X 6B;m`2 kXdVX h?2 KQ/2H2/ b2MbQ`v bvbi2Kb BM+Hm/2/ i?2 pBbm�H- p2biB#m@
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ke

H�` �M/ bQK�iQb2MbQ`v +QKTQM2Mib r?B+? �`2 +QMbB/2`2/ pBi�H BM K�BMi�BMBM; #�H�M+2
BM ?mK�MbX h?2 b2MbQ` /vM�KB+ KQ/2H +QKT`Bb2b Q7 i`�Mb72` 7mM+iBQMb `2T`2b2MiBM;
BMTmi@QmiTmi `2H�iBQMb Q7 p�`BQmb b2MbQ`v bvbi2KbX h?2 b2MbQ`v BMi2;`�iBQM r�b T2`@
7Q`K2/ mbBM; �M 2ti2M/2/ E�HK�M }Hi2` KQ/2H- r?BH2 M2m`�H /2H�vb r2`2 +QKT2Mb�i2/
#v mbBM; � T`2/B+iBp2 2H2K2Mi BM i?2 +QMi`QHH2`X AM �//BiBQM- i?2 #Q/v /vM�KB+b r�b
`2T`2b2Mi2/ #v � i?`22@HBMF b2;K2Mi KQ/2H Q7 � bi�M/BM; ?mK�M QM � KQp�#H2 bmTTQ`i
#�b2X

wst

ust

�M �Hi2`M�iBp2 �TT`Q�+? iQ i?2 +QMiBMmQmb 722/#�+F +QMi`QH Bb i?2 Q`
+QMi`QHX Ai +QMbBbib BM ;2M2`�iBM; BMi2`KBii2Mi +QMi`QH #m`bib r?2M i?2

bvbi2K bi�i2 H2�p2b �M �`2� �`QmM/ i?2 `272`2M+2 TQBMi U"Qii�`Q 2i �HX- kyy8- kyy3c
GQ`�K �M/ G�FB2- kyykVX h?2 KQ/2H ?�b #22M bBKmH�i2/ 7Q` ?mK�M TQbim`�H +QMi`QHX

h?2 �#Qp2@K2MiBQM2/ +QMi`QH b+?2K2b /2KQMbi`�i2 +HQb2 `2b2K#H�M+2 iQ �+im�H ?m@
K�M bi�M/BM; #�H�M+2 �M/ �`2 �HbQ mb27mH 7Q` mM/2`bi�M/BM; i?2 mM/2`HvBM; 2[mBHB#`BmK

ke



kd

K2+?�MBbKbX >Qr2p2`- �HH Q7 i?2b2 +QMi`QH b+?2K2b QMHv +QMbB/2` bK�HH #Q/v br�vb
�M/fQ` /Bbim`#�M+2b i?�i rQmH/ #2 +QKT2Mb�i2/ #v bBKTH2 KQ/mH�iBQM Q7 �MFH2 Q` ?BT
DQBMi �M/ T�`iB+mH�`Hv rBi?Qmi bi2TTBM;X h?Bb Bb [mBi2 � HBKBi�iBQM BM i?2 +QMi2ti Q7
i?2 Q#D2+iBp2b Q7 i?Bb i?2bBb- r?B+? ?�b � Km+? #`Q�/2` b+QT2 i?�M Dmbi bi�M/BM; #�H@
�M+2X "2BM; BMi2`2bi2/ BM KQ/2HBM; `2bTQMb2b 7`QK H�`;2` /Bbim`#�M+2b- bi2TTBM; Bb �M
BKTQ`i�Mi #�H�M+2 bi`�i2;v iQ ?�p2- �b Bi r�b MQi2/ BM i?2 T`2pBQmb b2+iBQMX

h?2 KQ/2HBM; Q7 bi`QM;Hv /Bbim`#2/ #�H�M+2 Bb � KQ`2 +QKTH2t Bbbm2X PrBM; iQ i?2
7�+i i?�i i?2 p2HQ+Biv Q7 i?2 KQiBQM Bb MQi M2;HB;B#H2 �M/ i?2 bvbi2K K�v ?�p2 BMi2`KBi@
i2Mi +QMi�+i T?�b2b rBi? i?2 2MpB`QMK2Mi U2X;X /m`BM; bi2TTBM;V- i?2 BMi2`T`2i�iBQM Q7
2[mBHB#`BmK �M/ i?2 2biBK�iBQM Q7 BMbi�#BHBiv Bb MQi [mBi2 bi`�B;?i7Q`r�`/X h?2b2 Bbbm2b
?�p2 #22M KQ`2 /B`2+iHv i�F2M mT BM i?2 }2H/ Q7 `Q#QiB+bX PrBM; iQ i?2 KQ`T?QHQ;B+�H
�M/ 7mM+iBQM�H bBKBH�`BiB2b- i?2 irQ@H2;;2/ U#BT2/V `Q#Qib �`2 bm#D2+i2/ iQ bBKBH�` FBM/
Q7 #�H�M+2 +QMi`QH +?�HH2M;2b �b ?mK�MbX h?2 }2H/ ?�b b22M BKT`2bbBp2 �/p�M+2b BM
i?2 H�bi /2+�/2b �M/ i?2 +QMiBMmBM; 2zQ`ib ?�p2 ;Bp2M i?2 `Q#QiB+Bbib � ;QQ/ mM/2`@
bi�M/BM; Q7 i?2 bi�#BHBiv +?�`�+i2`BbiB+b Q7 KQiBQMX a2p2`�H bi�#H2 r�HFBM; +QMi`QHH2`b
?�p2 #22M /2p2HQT2/ �M/ BKTH2K2Mi2/X q2 2biBK�i2 i?�i i?Bb FMQrH2/;2- i�FBM; i?2
7Q`K Q7 i?2 K�i?2K�iB+�H 7Q`KmH�iBQMb �M/ iQQHb- +�M T`Qp2 p2`v ?2HT7mH BM +QMi2ti Q7
i?2 Q#D2+iBp2b Q7 i?Bb i?2bBbX

>Qr2p2`- i?2 KQ/2HBM; Q7 #�H�M+2 ?�b iQ #2 `2Hv QM `2HB�#H2 +`Bi2`B� iQ 2biBK�i2 i?2
bvbi2K BMbi�#BHBiv- r?B+? /2}M2 2[mBHB#`BmK �M/ bi�#BHBiv BM � T�`iB+mH�` r�vX "27Q`2 r2
`2pB2r i?2 bim/B2b `2H�i2/ iQ i?2 +QMi`QH Q7 #BT2/ `Q#Qib- Bi Bb BKTQ`i�Mi iQ +H�`B7v i?2
K2�MBM; Q7 i?2b2 i2`Kb `2H�iBp2 iQ i?2 #BT2/ bvbi2KbX G2i mb bi�`i #v bBKTH2 i2ti#QQF
/2b+`BTiBQMb Q7 2[mBHB#`BmK 7Q` � K2+?�MB+�H bvbi2K �M/ ;`�/m�HHv KQp2 iQ KQ`2 bT2@
+B}+ +�b2 Q7 #BT2/bX

1[mBHB#`BmK �M/ bi�#BHBiv �`2 irQ /BbiBM+i +QM+2TibX � K2+?�MB+�H bvbi2K Bb b�B/
iQ #2 BM � bi�i2 Q7 2[mBHB#`BmK B7 Bi ?�b x2`Q �++2H2`�iBQMX h?�i Bb iQ b�v- 2Bi?2` i?2
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bvbi2K Bb �i `2bi U V Q` Bb KQpBM; rBi? � +QMbi�Mi p2HQ+Biv U
VX AM Qi?2` rQ`/b- � bvbi2K Bb BM 2[mBHB#`BmK B7 �HH i?2 �TTHB2/ �M/ BM2`iB�H

7Q`+2b UB7 �MvV �+iBM; QM Bi �`2 BM T2`72+i #�H�M+2X

PM i?2 Qi?2` ?�M/- i?2 i2`K /2b+`B#2b i?2 bi�i2 Q7 �M 2[mBHB#`BmKX �M
2[mBHB#`BmK +�M #2 bi�#H2 Q` mMbi�#H2 U�x2p2/Q 2i �HX- kyy9VX �M 2[mBHB#`BmK Bb +�HH2/
bi�#H2 B7 i?2 bvbi2K QMHv i2KTQ`�`BHv H2�p2b Bib 2[mBHB#`BmK TQbBiBQM U/m2 iQ � /Bbim`@
#�M+2 7Q` 2t�KTH2V- #mi +QK2b #�+F iQ Bi r?2M i?2 /Bbim`#�M+2 Bb `2KQp2/X � bBKTH2
T2M/mHmK �i `2bi Bb �M 2t�KTH2 Q7 bi�#H2 2[mBHB#`BmK UQ` KQ`2 T`2+Bb2Hv- �bvKTiQiB+�HHv
bi�#H2 BM +QMi`QH i?2Q`vVX A7 i?2 b�K2 T2M/mHmK Bb BMp2`i2/- Bib 2[mBHB#`BmK #2+QK2b mM@
bi�#H2- i?�i Bb- QMHv � bK�HH /Bbim`#�M+2 Bb bm{+B2Mi iQ T2`K�M2MiHv HQb2 Bib 2[mBHB#`BmK
mT`B;?i TQbBiBQMX

G2i^b +QMbB/2` �;�BM i?2 bi�M/�`/ /2}MBiBQM Q7 /vM�KB+ 2[mBHB#`BmK �M/ �/�Ti Bi 7Q`
i?2 #BT2/ bvbi2KbX Ai bi�i2b i?�i- 7Q` � `B;B/ #Q/v- i?2 iQi�H r`2M+? Q7 i?2 2ti2`M�H
7Q`+2b Kmbi #2 bi`B+iHv 2[m�H iQ i?2 /vM�KB+ r`2M+? Q7 i?2 #Q/vX AM +�b2 Q7 � #BT2/
HQ+QKQiBQM- i?2 2ti2`M�H 7Q`+2b BM+Hm/2 i?2 ;`�pBi�iBQM�H �M/ +QMi�+i 7Q`+2b #2ir22M
722i �M/ i?2 ;`QmM/X h?Bb +QM/BiBQM +�M i?2M #2 `2T`2b2Mi2/ �b U"�`i?2H2Kv �M/
"B/�m/- kyydV,

W i = W g +W c UkXRV

r?2`2W i-W g �M/W c �`2 `2bT2+iBp2Hv i?2 BM2`iB�H- ;`�pBi�iBQM�H �M/ +QMi�+i r`2M+?2bX

�Mv KQiBQM i`�D2+iQ`v Q7 � #BT2/ Kmbi Q#2v i?Bb T`BM+BTH2X

X
6m`i?2`KQ`2- i?2 +QMi�+i 7Q`+2b #2BM; +QMbi`�BM2/ #v i?2 7`B+iBQM �M/ i?2 mMBH�i2`�HBiv
+QM/BiBQMb- i?Bb +QM/BiBQM Q7 /vM�KB+ 2[mBHB#`BmK bBKTHv `272`b iQ � KQiBQM r?B+? Q#2vb
i?2 H�rb Q7 K2+?�MB+b �M/ bvbi2K +QMbi`�BMibX

LQi2 i?�i r2 ?�p2 MQi v2i BMi`Q/m+2/ i?2 TQbbB#BHBiv Q7 mMFMQrM 2ti2`M�H /Bbim`#BM;
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7Q`+2b �M/ i?2 TQbbB#H2 +QMi`QH �+iBQMb bm+? �b bi2TTBM;X "27Q`2 r2 /Q i?�i- H2i^b }`bi
BMi`Q/m+2 i?2 7�KQmb w2`Q JQK2Mi SQBMi UwJSV +QM+2TiX

w2`Q JQK2Mi SQBMi UwJSV UQ` KQ`2 T`2+Bb2Hv- x2`Q iBTTBM; KQK2Mi TQBMiV r�b }`bi
BMi`Q/m+2/ #v omFQ#`�iQpB+ �M/ URNeNVX Ai Bb i?2 TQBMi QM ;`QmM/ r?2`2 i?2 iBTTBM;
KQK2Mi �+iBM; QM i?2 #BT2/- /m2 iQ ;`�pBiv �M/ BM2`iB�H 7Q`+2b- Bb 2[m�H iQ x2`QX h?2
iBTTBM; KQK2Mi Bb /2}M2/ �b i?2 +QKTQM2Mi Q7 i?2 KQK2Mi r?B+? Bb i�M;2MiB�H iQ i?2
bmTTQ`iBM; bm`7�+2 Ua�`/�BM �M/ "2bbQMM2i- kyy9VX 6Q` +Q@TH�M�` +QMi�+ib- i?Bb Bb i?2
b�K2 TQBMi r?2`2 i?2 i�M;2MiB�H +QKTQM2Mi Q7 i?2 KQK2Mi Q7 +QMi�+i 7Q`+2b Bb x2`Q-
�HbQ FMQrM �b *QSX

.m2 iQ i?2 mMBH�i2`�HBiv +QM/BiBQM- i?2 wJS UQ` *QSV +�M QMHv `2bB/2 BMbB/2 i?2
bmTTQ`i TQHv;QM U�HbQ +�HH2/ i?2 "�b2 Q7 amTTQ`i U"QaVV /2}M2/ #v i?2 7QQif722i QM
;`QmM/X JQ`2Qp2`- B7 �HH i?2 +QMi�+ib #2ir22M #BT2/ �M/ i?2 2MpB`QMK2Mi �`2 BM i?2
b�K2 TH�M2- i?2 [m2biBQM Q7 p2`B7vBM; /vM�KB+ 2[mBHB#`BmK +QM/BiBQM UkXRV #QBHb /QrM
iQ p2`B7vBM; B7 wJS Bb BM i?2 "Qa Q` MQiX h?Bb r�v i?2 wJS +`Bi2`BQM T`QpB/2b � ?�M/v
iQQH iQ i2bi i?2 KQiBQM +QM7Q`KBiv rBi? `2bT2+i iQ i?2 H�rb Q7 K2+?�MB+bX

>Qr2p2`- i?2 bi�M/�`/ /2}MBiBQM UkXRV Q7 /vM�KB+ 2[mBHB#`BmK U≃ ]wJS BM "Qa] +QM@
/BiBQMV Bb MQi bm{+B2Mi iQ +QKTH2i2Hv �//`2bb i?2 bi�#BHBiv Bbbm2 Q7 #BT2/bX q?BH2 Bi
bm++2bb7mHHv /Bb+`BKBM�i2b #2ir22M T?vbB+�HHv `2�HBx�#H2 �M/ MQM@`2�HBx�#H2 KQiBQM- i?Bb
/2b+`BTiBQM /Q2b MQi �Mbr2` QM2 +`BiB+�H [m2biBQM `2H�i2/ iQ #BT2/ bi�#BHBiv BX2X i?2 TQb@
bB#BHBiv Q7 7�HH Q` MQi 7`QK � ;Bp2M bi�i2X :Bp2M � bi�i2 Q7 i?2 #BT2/- Bi +�M #2 +QMbB/2`2/
BM B7 Bi Bb TQbbB#H2 iQ ;2M2`�i2 � KQiBQM i`�D2+iQ`v r?B+? /Q2b
MQi `2bmHi BM � 7�HH UqB2#2`- kyy3- kyykVX AM i?Bb +QMi2ti- i?2 +QM/BiBQM UkXRV Bb KQ`2
� +QMbi`�BMi U+QM7Q`KBiv iQ i?2 H�rb Q7 K2+?�MB+bV i?�M � +`Bi2`BQMX AM 7�+i- /m`BM; �
`2�H 7�HH- i?2 H�rb Q7 K2+?�MB+b �`2 T2`72+iHv Q#2v2/ U"�`i?2H2Kv �M/ "B/�m/- kyydVX
JQ`2Qp2`- 7Q` 2[mBHB#`BmK iQ #2 +QMbB/2`2/ - i?2 #BT2/ /Q2b MQi ?�p2 iQ +QK2
#�+F iQ Bib BMBiB�H 2[mBHB#`BmK bi�i2 #mi +�M �+[mB`2 � /Bz2`2Mi 2[mBHB#`BmK bi�i2 U2X;
r?2M � bi2T Bb TH�+2/V U�x2p2/Q 2i �HX- kyy9VX
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�M �ii2KTi r�b K�/2 U:Qbr�KB- RNNNc SQTQpB+ 2i �HX- kyy8V iQ /2}M2 i?2 #BT2/
BMbi�#BHBiv BM i2`Kb Q7 6QQi _Qi�iBQM AM/B+�iQ` U6_AV �M/ i?2 *2Mi`QB/�H JQK2Mi SBpQi
U*JSV `272`2M+2 TQBMibX �b � r?QH2- i?2b2 bi�#BHBiv +`Bi2`B� `2[mB`2 � +2`i�BM +QMbi`�BMi
iQ #2 Q#2v2/ UMQ 7QQi `Qi�iBQM Q` x2`Q +2Mi`QB/�H KQK2Mi Q7 i?2 #BT2/V 7Q` i?2 bvbi2K
iQ #2 +QMbB/2`2/ bi�#H2X h?2 /Bbi�M+2 Q7 i?2b2 `272`2M+2 TQBMib rBi? `2bT2+i iQ i?2 wJS
�M/fQ` bmTTQ`i TQHv;QM Bb `2;�`/2/ �b �M BM/B+�iQ` Q7 i?2 H2p2H Q7 bi�#BHBivfBMbi�#BHBivX
>Qr2p2`- H�i2` Bi r�b �`;m2/ i?�i MQM2 Q7 i?2b2 �`#Bi`�`v +QM/BiBQMb �`2 M2+2bb�`v MQ`
bm{+B2Mi 7Q` T`2/B+iBM; BKT2M/BM; 7�HH Q` MQi BM ?mK�Mb US`�ii 2i �HX- kyyec qB2#2`-
kyy8VX

q?�i Bb KBbbBM; BM i?2 mbm�H 2[mBHB#`BmK /2b+`BTiBQM Bb i?2 +QMbB/2`�iBQM Q7 TQbbB#H2
`2+Qp2`v �+iBQMbX � #BT2/- r?2i?2` ?mK�M Q` � `Q#Qi- Bb �M �+iBp2 bvbi2K �M/ i?2
[m2biBQM Q7 7�HH UQ` MQiV 7`QK � ;Bp2M bi�i2 T`BK�`BHv /2T2M/b mTQM i?2 ivT2 Q7 �+iBQMb
i?�i +�M #2 i�F2M iQ bi�#BHBx2 i?2 bvbi2KX h?�i Bb iQ b�v- r?�i FBM/ Q7 7Q`+2b +�M #2
;2M2`�i2/- r?B+? bi`�i2;B2b +�M #2 mb2/ 2i+X AM i?Bb +QMi2ti- � KQ`2 `2H2p�Mi r�v iQ
HQQF *QM/BiBQM UkXRV Bb i?2 Qi?2` r�v `QmM/,

X h?2 i?`22 #�bB+ `2+Qp2`v bi`�i2;B2b U�MFH2- ?BT �M/
bi2TTBM;V /2b+`B#2/ 2�`HB2` b?QmH/ �+im�HHv #2 +QMbB/2`2/ � r�v iQ �++QKTHBb? i?Bb i�bFX

h?Bb [m2biBQM Q7 7�HH ?�b #22M KQ`2 /B`2+iHv �//`2bb2/ BM i?2 }2H/ Q7 #BQK2+?�MB+bX
S�B �M/ S�iiQM URNNdV +�M #2 `B;?iHv +`2/Bi2/ 7Q` 2pQHpBM; � xQM2 Q7 bi�#BHBiv BM i?2
bvbi2K^b bi�i2 bT�+2 7`QK r?2`2 7�HH +QmH/ #2 �pQB/2/ mbBM; QMHv i?2 �MFH2 bi`�i2;v
U+X7X b2+iBQM kXkXkVX h?Bb +QM+2Ti r�b H�i2` bBKTHB}2/ #v >Q7 2i �HX Ukyy8V #v bQHpBM;
i?2 /vM�KB+b Q7 i?2 BMp2`i2/ T2M/mHmKX h?Qm;? i?2b2 7Q`KmH�iBQMb +QMbB/2` QMHv i?2
�+iBQMb T2`i�BMBM; iQ BMp2`i2/ T2M/mHmK KQ/2H BX2X i?2 �MFH2 bi`�i2;v- Bi Bb � bi2T
7Q`r�`/ BM i?2 `B;?i /B`2+iBQMX

jy
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h?2 KQ/2H Q7 >Q7 2i �HX Ukyy8V 2KTHQvb i?2 r2HH@`2;�`/2/ BMp2`i2/ T2M/mHmK �M�HQ;v-
bmTTH2K2Mi2/ #v � 7QQi U6B;m`2 kX3VX h?2 r?QH2 K�bb m Q7 i?2 bvbi2K Bb +QMbB/2`2/
+QM+2Mi`�i2/ �i i?2 *QJ r?BH2 i?2 7Q`+2b #2HQr i?2 7QQi �`2 `2T`2b2Mi2/ #v � bBM;H2
7Q`+2 �+iBM; �i i?2 *QS- r?B+? Bb +QMbi`�BM2/ iQ `2K�BM rBi?BM i?2 7QQiX G2i

l #2 i?2 H2M;i? Q7 T2M/mHmK-
j i?2 KQK2Mi Q7 BM2`iB�-
α i?2 �M;mH�` �++2H2`�iBQM Q7 i?2 K�bb-
c̈x i?2 HBM2�` �++2H2`�iBQM Q7 i?2 K�bb-
px �M/ cx i?2 ?Q`BxQMi�H +Q@Q`/BM�i2b Q7 i?2 *QS �M/ *QJ `2bT2+iBp2Hv-

i?2M i?2 /vM�KB+b BM i?2 b�;Bii�H TH�M2 Q7 i?Bb bvbi2K +�M #2 �TT`QtBK�i2/ �b,

mg(px − cx) = jα ≈ −ml2
c̈x

l
UkXkV

c̈x = ω2
0(cx − px) UkXjV

r?2`2 ω0 =
√

g/l Bb 2[mBp�H2Mi iQ i?2 M�im`�H 7`2[m2M+v Q7 � ?�M;BM; T2M/mHmKX
h?2 �#Qp2 /Bz2`2MiB�H 2[m�iBQM +�M #2 bQHp2/- mM/2` i?2 +QM/BiBQM i?�i i?2 *QS Bb

+QMbi�Mi- ;BpBM;,

cx(t) = px + (cx(0)− px)cosh(ω0t) +
ċx(0)

ω0

sinh(ω0t) UkX9V

aQHpBM; i?2 �#Qp2 2[m�iBQM 7Q` cx(t) ≤ px `2bmHib BM � bBKTH2 +QM/BiBQM 7Q` /vM�KB+
bi�#BHBiv,

cx +
ċx

ω0

≤ px UkX8V

aBM+2 i?2 *QS +�MMQi H2�p2 i?2 bmTTQ`i TQHv;QM UQ` "QaV- >Q7^b /vM�KB+ bi�#BHBiv
+QM/BiBQM 7Q` bi�M/BM; #�H�M+2 bBKTHv `2[mB`2b i?2 [m�MiBiv cx +

ċx
ω0

iQ #2 rBi?BM i?2
"QaX h?Bb TQBMi Bb +�HH2/ i?2 1ti`�TQH�i2/ *2Mi2` Q7 J�bb Us*QJVX >2M+2- � #BT2/ Bb

jR



jk

BM /vM�KB+ 2[mBHB#`BmK UBX2X rBHH MQi 7�HH Qp2`V B7 s*QJ Bb rBi?BM i?2 bmTTQ`i TQHv;QM
U≃ i?2 bi�i2 Q7 i?2 bvbi2K HB2b BM i?2 ;`2v xQM2 BM 6B;m`2 kX3VX

s*QJ TQBMi Bb � bi2T 7Q`r�`/ BM i?2 `B;?i /B`2+iBQM BX2X 2biBK�iBM; i?2 TQbbB#BHBiv
Q7 `2+Qp2`v Q` 7�HH 7`QK � ;Bp2M bi�i2- mbBM; � +2`i�BM `2+Qp2`v �+iBQM U�MFH2 bi`�i2;vVX
>Qr2p2`- QM2 +�M BK�;BM2 i?�i B7 KQ`2 `2+Qp2`v �+iBQMb r2`2 �p�BH�#H2 U2X;X bi2TbV-
i?2 bi�#BHBiv �`2� BM 6B;m`2 kX3 rQmH/ #2 Km+? H�`;2`X h?Bb H2�/b mb iQ i?2 KQ`2 ;2M2`�H
7`�K2rQ`F Q7 oB�#BHBivX

h?2 `2+Qp2`v �#BHBiv Q` 7�HH 2biBK�iBQM Bb +QKT`2?2MbBp2Hv /2b+`B#2/ BM i2`Kb Q7 oB�@
#BHBiv U�m#BM- RNNRc qB2#2`- kyy3- kyykVX AM bBKTH2 i2`Kb- Bi /2}M2b � b2i Q7 bi�i2b
6 r?2`2 i?2 #BT2/ ?�b 7�HH2M �M/ � b2i Q7 bi�i2b o 7`QK r?2`2 i?2 bvbi2K Bb ;Q@
BM; iQ 7�HH MQi K�ii2` r?�i �+iBQM Bb i�F2MX >2M+2 i?2b2 irQ b2ib Q7 bi�i2b b?QmH/
#2 �#bQHmi2Hv �pQB/2/X h?2 +QKTH2K2Mi Q7 i?2b2 irQ b2ib Bb i?2M +�HH2/ i?2 oB�#BH@

jk



jj

Biv E2`M2H �bb2K#HBM; � b2i Q7 bi�i2b 7`QK r?2`2 � KQp2K2Mi rBHH M2p2` `2bmHi BM 6 Q` oX

h?2 oB�#BHBiv +QM+2Ti Bb +QKT`2?2MbBp2 2MQm;? iQ /2}M2 7�HH Q` `2+Qp2`v 7`QK �
;Bp2M bi�i2- #mi �i i?2 b�K2 iBK2 Bb iQQ +QKTmi�iBQM�HHv BMi2MbBp2 iQ #2 BKTH2K2Mi2/
MmK2`B+�HHv �b MQi2 #v qB2#2` UkyykVX :Bp2M i?2 +QKTH2t /vM�KB+b Q7 � #BT2/ bvbi2K-
Bi Bb /B{+mHi iQ 2bi�#HBb? B7 i?2`2 2tBbib � r�v iQ �pQB/ i?2 mM/2bB`�#H2 b2i Q7 bi�i2b 6
Q` oX

q?BH2 i?2 +�H+mH�iBQM Q7 +QKTH2i2 pB�#BHBiv F2`M2H KB;?i #2 T`�+iB+�HHv BM72�bB#H2- �M
BMi2HHB;2Mi r�v iQ ;2M2`�i2 � bi�#H2 #BT2/ KQiBQM Bb iQ KBMBKBx2 � /2`Bp�iBp2 Q7 Bib
KQiBQMX AM 7�+i- Bi Bb �`;m2/ BM qB2#2` Ukyy3V i?�i- r?BH2 +QMbB/2`BM; � #BT2/ 2[mBp�H2Mi
iQ i?2 r2HH@FMQrM +�`i@i�#H2 �M�HQ;v- i?2 Q#D2+iBp2 Q7 �pQB/BM; iQ 7�HH #QBHb /QrM iQ
�pQB/BM; +�`i@i�#H2 KQ/2H iQ /Bp2`;2 iQ BM}MBivX JQ`2 bT2+B}+�HHv- 7Q` /Bp2`;BM; U≃
7�HHBM;V KQiBQMb- i?2 BMi2;`�Hb Q7 i?2 MQ`Kb Q7 *QJ /2`Bp�iBp2b

∫ tk+T

tk
‖c(n)x ‖2dt rBHH

?�p2 BM}MBi2 p�Hm2b �M/ KBMBKBxBM; �Mv Q7 i?2b2 /2`Bp�iBp2b rQmH/ ;2M2`�i2 bi�#H2

jj
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KQiBQM i`�D2+iQ`B2b- B7 TQbbB#H2X � T`�+iB+�H /2KQMbi`�iBQM Q7 i?Bb ?�b #22M b?QrM
r?2`2 i?2 KBMBKBx�iBQM Q7 *QJ D2`F UE�DBi� 2i �HX- kyyjV Q` p2HQ+Biv U>2`/i 2i �HX-
kyRy�V `2bmHi2/ BM bi�#H2 r�FBM; KQiBQMbX

>Qr2p2`- �#Qp2 /Bb+mbbBQM Bb MQi BMi2M/2/ iQ /2T`Bp2 wJS Q7 Bib BKTQ`i�M+2X AM 7�+i-
Bib mb27mHM2bb HB2b BM i?2 r�v r2 2tTHQBi BiX h?Qm;? i?2 ]wJS BM "Qa] +`Bi2`BQM +�MMQi
2Mbm`2 i?2 bi�#BHBiv UBM i2`Kb Q7 7�HHBM;V Q7 � #BT2/- Bi +�M /Bb+`BKBM�i2 `2�HBx�#H2 �M/
MQM@`2�HBx�#H2 KQiBQMb �M/ b?QmH/ i?2`27Q`2 #2 +QMbB/2`2/ �b � M2+2bb�`v +QM/BiBQM BM
+QMi`QH �H;Q`Bi?KbX

AM pB2r Q7 i?2 �#Qp2 /Bb+mbbBQM- H2i mb `2pB2r bQK2 +QKKQM +QMi`QH �TT`Q�+?2b mb2/
7Q` i?2 #BT2/ `Q#Qib^ +QMi`QHX �HKQbi �HH #BT2/ r�HFBM; +QMi`QHH2`b 2tTHQBi i?2 wJS
+`Bi2`BQM BM QM2 r�v Q` �MQi?2`X JQbi +QMi`QHH2`b #�b2/ QM i?2 wJS +QMi`QH T�`�/B;K
`2Hv QM i?2 Q|BM2 i`�D2+iQ`v +�H+mH�iBQMbX Ai �KQmMib iQ }tBM; i?2 7mim`2 722i TQbBiBQMb
�M/ ;2M2`�iBM; i?2 *QJ i`�D2+iQ`B2b bm+? i?�i i?2 wJS `2K�BMb rBi?BM i?2 bmTTQ`i
TQHv;QM i?`Qm;?Qmi i?2 KQiBQMX h?2 #BT2/ bvbi2K Bb i?2M K�/2 iQ 7QHHQr i?2b2
T`2/2}M2/ i`�D2+iQ`B2b mbBM; � +QMi`QH H�rX am+? � b2iiBM; `2bmHib BM bi�#H2 r�HFBM;
KQiBQMb �b b?QrM BM b2p2`�H rQ`Fb U>B`�B 2i �HX- RNN3c E�;�KB 2i �HX- kyykc E�DBi�
2i �HX- kyyjc GBK �M/ h�F�MBb?B- kyyyc LBb?ir�FB 2i �HX- RNNNVX 62r b+?2K2b T`QTQb2
iQ KQ/B7v i?2 QM;QBM; KQiBQM BM +�b2 Q7 �M 2ti2`M�H /Bbim`#�M+2b US�`F �M/ *?Q- kyyyc
qB2#2` �M/ *?2p�HH2`2�m- kyyeVX
>Qr2p2`- i?2 K�BM /`�r#�+F Q7 i?2 wJS i`�+FBM; +QMi`QHH2`b Bb i?�i i?2v H2�/ iQ
TQQ` `Q#mbiM2bb iQ 2ti2`M�H /Bbim`#�M+2b r?2`2 *QJ /2pB�i2b bB;MB}+�MiHv 7`QK i?2
T`2/2}M2/ T�i?X AM 7�+i- QrBM; iQ HBiiH2 Q` MQ �/�Ti�iBQM Q7 i?2 T`2@;2M2`�i2/ wJS
i`�D2+iQ`v- i?2 +QMi�+i 7Q`+2b #2HQr i?2 722i +�MMQi #2 �/2[m�i2Hv �/Dmbi2/ �++Q`/BM;
iQ i?2 +?�M;BM; +QM/BiBQMbX h?Bb T�`�HH2Hb Qm` /2b+`BTiBQM Q7 i?2 +QM/BiBQM UkXRV, 7Q` �
#BT2/ iQ �+?B2p2 � /2bB`2/ KQiBQM UQ` iQ +?�M;2 �M QM;QBM; KQiBQMV- i?2 QMHv r�v Bb
iQ #2 �#H2 iQ +?�M;2 i?2 +QMi�+i 7Q`+2b #2HQr 722iX G�`;2` i?2 2ti2`M�H /Bbim`#�M+2-

j9
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KQ`2 bm#bi�MiB�H i?2 `2[mB`2/ +?�M;2 BM i?2 +QMi�+i 7Q`+2bX

>2M+2 i?2 #BT2/ KQiBQM +QMi`QH Bb i?2 BMp2`b2 T`Q#H2K Q7 i?2 mbm�H i`�D2+iQ`v i`�+FBM;
�H;Q`Bi?Kb, i?2 wJS TQbBiBQM Ur?B+? Bb /B`2+iHv `2H�i2/ iQ i?2 +QMi�+i 7Q`+2bV b?QmH/
#2 �+iBp2Hv �/Dmbi2/ iQ /`Bp2 i?2 *QJ /vM�KB+bX Ai Bb i?2 K2`Bi Q7 S`�ii 2i �HX UkyyeV
r?Q }`bi mb2/ i?Bb T`BM+BTH2 iQ �//`2bb i?2 #�H�M+2 `2+Qp2`v Bbbm2X h?2v T`QTQb2/ �
;2M2`�H p2HQ+Biv@#�b2/ 7Q`KmH�iBQM iQ +�H+mH�i2 � `272`2M+2 TQBMi QM ;`QmM/ r?2`2 �
#BT2/ Kmbi bi2T BM Q`/2` iQ `2+Qp2` #�H�M+2X h?2 TQBMi Bb +�HH2/ i?2 *�Tim`2 SQBMi �M/
Bb i?2 7mM+iBQM Q7 i?2 BMbi�Mi�M2Qmb bi�i2 U*QJ TQbBiBQM �M/ p2HQ+BivV Q7 i?2 bvbi2KX
h?2 *�Tim`2 SQBMi Bb �+im�HHv i?2 2z2+iBp2 wJS TQbBiBQM r?B+? B7 K�BMi�BM2/ rQmH/
`2bmHi BM bi�iB+ #BT2/ TQbim`2X aBKBH�` TQBMib r2`2 /2`Bp2/ 7Q` MQM@HBM2�` T2M/mH�` /v@
M�KB+b UqB;?i 2i �HX- kyy3V r?BH2 �M 2ti2MbBQM 7Q` MQM@~�i ;`QmM/ r�b T`QTQb2/ #v
umM �M/ :Qbr�KB UkyRRVX

AM �MQi?2` BMi2`2biBM; /2p2HQTK2Mi- >Q7K�MM UkyyeV �M�Hvx2/ i?2 2z2+i Q7 � 7Q`@
r�`/ bi2T QM i?2 bvbi2K^b FBM2iB+ 2M2`;v �M/ +QMb2[m2MiHv i?2 QM *QJ p2HQ+BivX h?Bb
B/2� r�b H�i2` 2ti2M/2/ #v ai2T?2Mb UkyydV iQ 2tTHB+BiHv +�H+mH�i2 i?2 `2+Qp2`v bi2T
HQ+�iBQM �M/ iBKBM;X

G�biHv- QM2 QTiBQM iQ /2�H 2tTHB+BiHv rBi? i?2 +QKTH2t /vM�KB+b Q7 i?2 r�HFBM;
bvbi2Kb Bb rBi? JQ/2H S`2/B+iBp2 *QMi`QH UJS*V- bm+? �b BMi`Q/m+2/ BM qB2#2` Ukyy3VX
Ai ;HQ#�HHv �KQmMib iQ `2T2�i2/Hv bQHpBM; QMHBM2 � b2`B2b Q7 QTiBK�H +QMi`QH T`Q#H2Kb-
�Hr�vb i�FBM; BMiQ �++QmMi i?2 H�i2bi Q#b2`p�iBQM Q7 i?2 `2�H bi�i2 Q7 i?2 bvbi2KX
>Qr2p2`- QMHv i?2 7Q`KmH�iBQM 7`QK U>2`/i 2i �HX- kyRy�V T`QTQb2 � +QKTH2i2Hv p�`B�#H2
bi2TTBM; TQbBiBQMbX h?2 bi�#BHBiv Q7 i?2 bvbi2K Bb 2Mbm`2/ #v `2;mH�iBM; i?2 *QJ p2HQ+Biv
U+X7X /Bb+mbbBQM BM a2+iBQM kXjX9V r?2`2�b i?2 wJS BM "Qa +QMbi`�BMi Bb 2tTHQBi2/ iQ
;2M2`�i2 i?2 �/�TiBp2 bi2TTBM; TQbBiBQMbX q2 2biBK�i2 i?�i i?2b2 b+?2K2b +�M #2 �
;QQ/ bi�`iBM; TQBMi 7Q` T`2/B+iBQM Q7 ?mK�M #�H�M+2 `2+Qp2`v `2bTQMb2b BMpQHpBM; bi2TbX

j8



je

h?2 Tm`TQb2 Q7 i?Bb +?�Ti2` r�b iQ `2pB2r i?2 2tBbiBM; FMQrH2/;2 �#Qmi i?2 Bbbm2
Q7 /Bbim`#2/ #�H�M+2 �M/ Bib KQ/2HBM;X �M BKTQ`i�Mi 72�im`2 Q7 i?Bb FBM/ Q7 #�H�M+2
Bb i?2 7`2[m2Mi mb2 Q7 bi2TTBM; `2bTQMb2b Q#b2`p2/ BM MmK2`Qmb 2tT2`BK2Mi�H bim/B2bX
>Qr2p2`- i?2 2tT2`BK2Mi�H `2bmHib �`2 ;2M2`�HHv HBKBi2/ iQ � bT2+B}+ bim/v /m2 iQ
+QMi`�biBM; 2tT2`BK2Mi�H +QM/BiBQMb �M/ +�MMQi #2 mb2/ iQ T`2/B+i � ;2M2`�H `2+Qp2`v
`2bTQMb2X PM i?2 Qi?2` ?�M/- i?2 2tBbiBM; +QMi`QH KQ/2Hb U+X7X a2+iBQM kXkV �`2 HBKBi2/
iQ i?2 bi�M/BM; #�H�M+2 +QMi`QH �M/ /Q MQi T`2/B+i i?2 bi2TTBM; `2bTQMb2b 2Bi?2`X AM i?2
2M/- r2 B/2MiB}2/ �i H2�bi � 72r 7Q`KmH�iBQMb BM i?2 �`2� Q7 #BT2/ `Q#Qib^ +QMi`QH r?B+?
?�p2 i?2 +�T�+Biv iQ BMpQHp2 �M �/�TiBp2 bi2TTBM; `2bTQMb2 #�b2/ QM i?2 T2`im`#2/
bvbi2K bi�i2X q2 T`2b2Mi i?2b2 7Q`KmH�iBQMb BM /2i�BH BM i?2 M2ti +?�Ti2` �M/ 2p�Hm�i2
i?2B` T2`7Q`K�M+2 rBi? `2bT2+i iQ i?2 �+im�H ?mK�M #�H�M+2 `2+Qp2`v /�i�X

je





ai2TTBM; Bb QM2 Q7 i?2 KQbi 2{+B2Mi �M/ 7`2[m2Mi bi`�i2;v Q7 `2+Qp2`BM; QM2^b
#�H�M+2 7`QK H�`;2` /Bbim`#�M+2b �b MQi2/ BM *?�Ti2` kX h?2 �++m`�i2 T`2/B+iBQM Q7
`2+Qp2`v bi2T HQ+�iBQMb �M/ iBKBM;b �`2 ?2M+2 2bb2MiB�H 7Q` Qm` #�H�M+2 `2+Qp2`v iQQHX
AM i?Bb +?�Ti2`- r2 2p�Hm�i2 i?2 �/�TiBp2 bi2TTBM; b+?2K2b T`2pBQmbHv T`QTQb2/ BM i?2
/QK�BMb Q7 #BQK2+?�MB+b �M/ `Q#QiB+bX Pm` 7Q+mb rBHH #2 QM i?2B` �#BHBiv iQ BMpQHp2 i?2
bi2TTBM; +?�`�+i2`BbiB+b Q#b2`p2/ BM ?mK�MbX

j3



jN
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G2i mb }`bi `2+�HH i?2 /vM�KB+ bi�#BHBiv +QM/BiBQM #v >Q7 2i �HX Ukyy8V 7`QK *?�Ti2` k,

cx +
ċx

ω0

≤ px UjXRV

r?2`2 px /2}M2b i?2 "�b2 Q7 amTTQ`i U"QaV- `Qm;?Hv 2[m�H iQ i?2 bBx2 Q7 i?2 7QQiX
h?2 +QM/BiBQM UjXRV `2[mB`2b i?2 [m�MiBiv cx +

ċx
ω0

b?QmH/ #2 rBi?BM i?2 "Qa BM Q`/2`
iQ `2+Qp2` #�H�M+2 rBi?Qmi bi2TTBM;X 6Q` TQBMi 722i- i?2 [m�MiBiv b?QmH/ #2 2[m�H iQ
x2`QX

A7 i?Bb +QM/BiBQM Bb pBQH�i2/- � bi2T Kmbi #2 TH�+2/ �i �M �TT`QT`B�i2 HQ+�iBQM �M/
iBKBM; iQ `2+Qp2` #�H�M+2X S`2/B+iBQM Q7 � bi2TTBM; #2?�pBQ` BMpQHp2b i?2 2biBK�iBQM
Q7 �i H2�bi k T�`�K2i2`b, ai2T H2M;i? �M/ ai2T /m`�iBQM UQ` +QMi�+i iBK2VX h?2`2
�`2 72r b+?2K2b r?B+? 2biBK�i2 QM2 Q` #Qi? Q7 i?2b2 T�`�K2i2`b mbBM; bBKTH2 KQ/2Hb
Q7 ?mK�M@#Q/v �M/ ;2M2`�H T?vbB+�H T`BM+BTH2bX h?2 mbm�H �TT`Q�+? Bb iQ +�H+mH�i2 �
`272`2M+2 TQBMi QM i?2 ;`QmM/ r?B+?- B7 bi2TT2/ QM- rQmH/ /BbbBT�i2 i?2 FBM2iB+ 2M2`;v
+�``B2/ #v i?2 bvbi2K �M/ �+?B2p2 � bi2�/v bi�i2 }M�H TQbim`2X AM i?Bb b2+iBQM- r2 #`B2~v
T`2b2Mi i?2b2 7Q`KmH�iBQMb rBi? � mMB}2/ MQi�iBQM #27Q`2 2p�Hm�iBM; i?2B` T2`7Q`K�M+2
BM i?2 M2ti b2+iBQMX

S`�ii 2i �HX UkyyeV T`2b2Mi2/ � bBKTH2 p2HQ+Biv #�b2/ 7Q`KmH�iBQM iQ bQHp2 7Q` i?2 `2@
[mB`2/ bi2T TQbBiBQM UQ` KQ`2 T`2+Bb2Hv i?2 `2[mB`2/ *QS TQbBiBQMV QM+2 i?2 2[mBHB#`BmK
Bb /Bbim`#2/X h?2v mb2/ i?2 GBM2�` AMp2`i2/ S2M/mHmK UGASV KQ/2H rBi? TQBMi 722i iQ
+�H+mH�i2 i?2 bQ@+�HH2/ *�Tim`2 SQBMiX h?2 *�Tim`2 SQBMi Bb BM/22/ i?2 2z2+iBp2 *QS
TQbBiBQM i?�i B7 K�BMi�BM2/ BMbi�Mi�M2QmbHv rQmH/ `2M/2` i?2 *QJ p2HQ+Biv iQ x2`Q Dmbi
Qp2` i?2 *QSX h?2 TQBMi Bb /2`Bp2/ �b 7QHHQrb,

h?2 t@�tBb /vM�KB+b Q7 i?2 GAS bvbi2K +�M bBKTHv #2 r`Bii2M �b,

9y
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c̈x = ω2(cx − px) UjXkV

r?2`2 ω =
√

g/h

h?Bb /vM�KB+ 2[m�iBQM +�M #2 BMi2;`�i2/ iQ +�H+mH�i2 � +QMb2`p2/ [m�MiBiv +�HH2/
P`#Bi�H 1M2`;v UE�DBi� �M/ h�MB- RNNRc E�DBi� 2i �HX- RNNkV r?B+? `2K�BMb +QMbi�Mi iBHH
7QQi BKT�+i QM ;`QmM/,

ELIP =
1

2
ċ2x −

g

2h
(cx − px)

2 UjXjV

hQ +�H+mH�i2 i?2 *�Tim`2 SQBMi U*SV- �bbmKBM; MQ 2M2`;v HQbb /m2 iQ BKT�+i- i?2
1[m�iBQM UjXjV Bb Tmi 2[m�H iQ x2`Q `2bmHiBM; BM i?2 7QHHQrBM; 2tT`2bbBQM,

px = xcapt = cx +
ċx

ω
UjX9V

9R
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r?B+? Bb i?2 2tT`2bbBQM 7Q` i?2 *�Tim`2 SQBMiX Ai Bb BMi2`2biBM; iQ MQi2 i?�i i?2 1[X
jX9 H2�/b mb 2bb2MiB�HHv iQ i?2 b�K2 +QM/BiBQM UjXRV #mi i?2 Qi?2` r�v `QmM/X AMbi2�/
Q7 +�H+mH�iBM; � b2i Q7 72�bB#H2 *QJ bi�i2b #v +QMbi`�BMBM; i?2 *QS rBi?BM i?2 bmTTQ`i
TQHv;QM U6B;m`2 kX3V- i?2 *�Tim`2 SQBMi +�H+mH�i2b i?2 2z2+iBp2 *QS TQbBiBQM +Q``2@
bTQM/BM; iQ � MQM@72�bB#H2 bi�i2X >2M+2 i?2 *�Tim`2 SQBMi xcapt +�M #2 /2}M2/ �b �
TQBMi QM ;`QmM/ i?�i i?2 `Q#Qi M22/b iQ +Qp2`- 2Bi?2` rBi? Bib bi�M+2 7QQi Q` #v bi2T@
TBM;- �M/ K�BMi�BM Bib *QS �i xcapt BM Q`/2` iQ 2M/ KQiBQM rBi? � x2`Q *QJ p2HQ+Biv
Dmbi �#Qp2 i?2 *QS US`�ii 2i �HX- kyyeVX AM Qi?2` rQ`/b- � #BT2/ +�M #2 bi�#BHBx2/ B7
Bib *QS +�M #2 BMbi�Mi�M2QmbHv b?B7i2/ iQ xcaptX

Pi?2` p�`B�iBQMb Q7 i?2 +�Tim`2 TQBMi +QM+2Ti BM+Hm/2 i?2 6QQi SH�+2K2Mi 1biBK�iQ`
U6S1V Q7 qB;?i 2i �HX Ukyy3V r?B+? mb2b i?2 MQM@HBM2�` T2M/mH�` /vM�KB+b �M/ i?2
:2M2`�HBx2/ 6QQi SH�+2K2Mi 1biBK�iQ` U:6S1V UumM �M/ :Qbr�KB- kyRRV 2ti2M/2/ iQ
MQM@H2p2H ;`QmM/ r�HFBM;X >Qr2p2`- i?2`2 7mM/�K2Mi�H T`BM+BTH2 `2K�BMb i?2 b�K2X

*Q``2bTQM/BM; iQ �M BMbi�Mi�M2Qmb bi�i2 Q7 i?2 *QJ- i?2`2 2tBbib � mMB[m2 *�Tim`2
SQBMi iQ #2 #2 bi2TT2/ QM BMbi�Mi�M2QmbHvX >Qr2p2`- r?2M �M BM2`iB� r?22H Bb K�/2
�p�BH�#H2 iQ KQ/2H mTT2`@#Q/v BM2`iB�H 2z2+ib U6B;m`2 jXRV- i?2 +�Tim`2 TQBMi 2tT�M/b
iQ � *�Tim`2 _2;BQM r?Qb2 bBx2 /2T2M/b mTQM i?2 T�`�K2i2`b �M/ i?2 H2p2H Q7 BM2`iB�
r?22H mb�;2X h?2 iQ`[m2 T`Q}H2 r?B+? ;Bp2b i?2 KQbi BM~m2M+2 QM *QJ p2HQ+Biv Bb
i?2 "�M;@"�M; T`Q}H2 r?B+? �++2H2`�i2b �b ?�`/ �b TQbbB#H2 BM QM2 /B`2+iBQM �M/ i?2M
/2+2H2`�i2b bBKBH�`Hv iQ `2bT2+i i?2 K�tBKmK DQBMi �M;H2 +QMbi`�BMi US`�ii 2i �HX- kyyeVX
h?Bb `2bmHib BM �M �//BiBQM�H i2`K BM 2[m�iBQM jX9,

xcapt = cx +
ċx

ω
± τmax

mg
[
eωTR2 − 2eω(TR2−TR1) + 1

eωTR2

] UjX8V

r?2`2 τmax Bb i?2 K�tBKmK ~vr?22H iQ`[m2 BM QM2 /B`2+iBQM- TR1 �M/ TR2 �`2 i?2
�++2H2`�iBQM �M/ iQi�H iBK2b Q7 i?2 ~vr?22H `Qi�iBQM- `2bT2+iBp2HvX h?2 bB;M Q7 i?2
~vr?22H i2`K /2T2M/b mTQM Bib /B`2+iBQM Q7 `Qi�iBQM UTQbBiBp2 7Q` +QmMi2`@+HQ+FrBb2
`Qi�iBQM �M/ pB+2 p2`b�VX

9k



9j

l

>Q7K�MM UkyyeV T`2b2Mi2/ � b�;Bii�H TH�M2 KQ/2H iQ �M�Hvx2 i?2 2z2+i Q7 bi2TTBM;
QM #�H�M+2 `2+Qp2`vX h?2 +�H+mH�iBQMb �`2 /QM2 BM irQ T?�b2b, .m`BM; i?2 T`2@BKT�+i
T?�b2- i?2 bvbi2K Bb KQ/2H2/ mbBM; i?2 bBKTH2 BMp2`i2/ T2M/mHmK rBi? }t2/ H2;b Q7
H2M;i? l U6B;m`2 jXkVX �7i2` i?2 }`bi bi2T TH�+2K2Mi- i?2 H2;b �+i HBF2 /�KT2`b �M/
K�BMi�BM � +QMbi�Mi *QJ ?2B;?i /m`BM; i?2 r?QH2 TQbi@BKT�+i T?�b2X h?2 2M2`;v Bb
�#bQ`#2/ /m`BM; i?2 BKT�+i �M/ i?2 TQbi@BKT�+i /Qm#H2@bmTTQ`i T?�b2X

lM/2` i?2b2 �bbmKTiBQMb- i?2 `2[mB`2/ bi2T H2M;i? Bb /2`Bp2/ #v ai2T?2Mb UkyydV
�b 7QHHQrb,

- i?2 ?Q`BxQMi�H �M/ p2`iB+�H p2HQ+BiB2b Q7 i?2 BMp2`i2/ T2M/mHmK
bvbi2K BM TQH�` +QQ`/BM�i2b +�M #2 r`Bii2M �b,

ċx = −l cosθ θ̇, ċz = −l sinθ θ̇ UjXeV

9j
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- i?2`2 Bb � /Bb+QMiBMmQmb +?�M;2 BM i?2b2 p2HQ+BiB2b ;Bp2M �b,

ċ+x − ċ−x
ċ+z − ċ−z

= tanθ UjXdV

r?2`2 ċ−x �M/ ċ+x �`2 i?2 ?Q`BxQMi�H *QJ p2HQ+Biv Dmbi #27Q`2 �M/ �7i2` BKT�+i `2bT2+@
iBp2Hv r?BH2 ċ−z �M/ ċ+z �`2 i?2 +Q``2bTQM/BM; p2`iB+�H p2HQ+BiB2bX

- �bbmKBM; i?�i i?2 p2`iB+�H p2HQ+Biv Q7 i?2 bvbi2K p�MBb?2b Dmbi �7i2`
BKT�+i Uċ+z = 0- 6B;m`2 jXkV- i?2 +?�M;2 BM i?2 ?Q`BxQMi�H p2HQ+Biv +�M #2 `2T`2b2Mi2/
�b,

ċ+x = ċ−x − ċ−z tanθ UjX3V

AM Q`/2` iQ �+?B2p2 bvbi2K bi�#BHBiv rBi? TQBMi 722i- i?2 TQbi@BKT�+i bi�i2 Q7 i?2
bvbi2K b?QmH/ Q#2v i?2 /vM�KB+ +QM/BiBQM UjXRV,

cx +
ċ+x
ω0

= 0 UjXNV

aQHpBM; 2[m�iBQMb jX3 �M/ jXN iQ;2i?2`- �M/ +QMp2`iBM; iQ TQH�` +QQ`/BM�i2b 7Q`
2�b2 Q7 +�H+mH�iBQMb mbBM; `2H�iBQMb UjXeV- i?2 7QHHQrBM; *QJ �M;mH�` TQbBiBQM@p2HQ+Biv
`2H�iBQMb?BT Dmbi #27Q`2 BKT�+i Bb Q#i�BM2/,

θ̇ = ω
sinθcos1/2θ

cos2θ
UjXRyV

r?2`2 θ Bb i?2 H2; �M;H2 Dmbi #27Q`2 BKT�+i U6B;m`2 jXkVX :Bp2M i?2 }t2/ T`2@BKT�+i
H2; H2M;i?b- i?2 bi2T Kmbi #2 TH�+2/ �i � /Bbi�M+2 +Q``2bTQM/BM; iQ i?2 H2; �M;H2 Q7
2θX

hQ +�H+mH�i2 i?2 QTiBKmK bi2T H2M;i?- i?2 T2`im`#2/ bi�i2 Q7 i?2 bvbi2K +�M #2
2ti`�TQH�i2/ BM iBK2 mbBM; i?2 BMp2`i2/ T2M/mHmK /vM�KB+b iBHH i?2 QTiBK�H +QM/BiBQM
UjXRyV Bb b�iBb}2/X h?Bb Bb b?QrM ;`�T?B+�HHv BM 6B;m`2 jXj r?2`2 #Hm2 +m`p2b `2T`2b2Mi
i?2 2ti`�TQH�iBQM Q7 T2M/mHmK bi�i2 7Q` /Bz2`2Mi H2p2Hb Q7 BMBiB�H T2`im`#�iBQMb r?BH2
i?2 #H�+F THQi `2T`2b2Mib i?2 QTiBK�H bi2TTBM; +QM/BiBQM UjXRyVX 1�+? BMi2`b2+iBQM
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+Q``2bTQM/b iQ � - b?QrM BM 6B;m`2
jX9- r?B+? bi�#BHBx2b i?2 bvbi2K �7i2` /Bbim`#�M+2X

qm 2i �HX UkyydV 2KTHQv2/ � MQM@HBM2�` QTiBKBx�iBQM i2+?MB[m2 iQ +�H+mH�i2 KBMBK�H
bi2T H2M;i? 7Q` � bBM;H2@bi2T #�H�M+2 `2+Qp2`v `2bTQMb2X lbBM; i?2 bBKTH2 BMp2`i2/
T2M/mHmK Y 7QQi KQ/2H �M/ bi�M/�`/ �Mi?`QTQKQ`T?B+ p�Hm2b- i?2 QTiBKBx�iBQM `QmiBM2
+?QQb2b iQ bi2T- B7 i?2 �MFH2 iQ`[m2 Bb MQi bm{+B2Mi iQ `2biQ`2 #�H�M+2X h?2 `2bmHiBM;
MQ`K�HBx2/ bi2T H2M;i?b BM i?2 *QJ T?�b2 TH�M2 �`2 b?QrM BM 6B;m`2 jX8X h?2 ]62�bB#H2
bi�#BHBiv xQM2- 6] BM/B+�i2b i?�i i?2 KBMBK�H bi2T H2M;i?b �`2 2[m�H iQ x2`Q- BM/B+�iBM;
i?�i MQ 7Q`r�`/ bi2T Bb M22/2/X h?Bb `2;BQM i?mb +Q``2bTQM/b iQ i?2 �MFH2 bi`�i2;v
bi�#BHBiv xQM2 Q7 S�B �M/ S�iiQM URNNdV �H`2�/v T`2b2Mi2/ BM *?�Ti2` k U+X7X 6B;m`2 kX8VX
A7 i?2 bi�i2 Q7 i?2 bvbi2K HB2b #2vQM/ i?Bb xQM2- � bi2T Kmbi #2 TH�+2/ BMbi�Mi�M2QmbHv
�i i?2 +Q``2bTQM/BM; TQbBiBQMX

�M BMi2`2biBM; bi2TTBM; KQ/2H r�b Tmi 7Q`r�`/ #v >bB�Q �M/ _Q#BMQpBi+? URNNNV mbBM;
�M BMp2`i2/ T2M/mHmK KQ/2H bmTTH2K2Mi2/ #v K�bbH2bb HBM2�` �M/ iQ`bBQM�H bT`BM;b BM
i?2 bi2TTBM; �M/ bi�M+2 722i `2bT2+iBp2Hv U6B;m`2 jXeVX h?2 +�H+mH�iBQMb �`2 ?Qr2p2`
HBKBi2/ iQ i?2 T`2/B+iBQMb 7Q` H2�M@7Q`r�`/ bBim�iBQMb T`2pBQmbHv /2b+`B#2/ U+X7X b2+iBQM
kXRVX h?2 KQ/2H `2H�i2b i?2 #Q/v BM+HBM�iBQM rBi? `2bT2+i iQ p2`iB+�H θc Dmbi #27Q`2
BKT�+i �b � 7mM+iBQM Q7 i?2 BMBiB�H BM+HBM�iBQM θ0 �M/ i?2 7QQi +QMi�+i iBK2 tcont �b
7QHHQrb,

θc = θ0cosh(

√

3g

2l
− 3ka

ml2
tcont) UjXRRV

PrBM; iQ i?2 +QKTHB�M+2 BM i?2 bi2TTBM; H2;- Bi +�M #2 TH�+2/ MQM@bvKK2i`B+�HHv
rBi? `2bT2+i iQ i?2 bi�M+2 H2; �M;H2- �HbQ θcX >Qr2p2`- i?2 QTiBK�H bi2T H2M;i? Bb
+?Qb2M QM i?2 #�bBb Q7 T2�F H2; 7Q`+2 Fmax KBMBKBx�iBQM r?B+? Bb �+?B2p2/ 7Q` bi2T
H2M;i? +Q``2bTQM/BM; iQ i?2 H2; �M;H2- α = 2θc- 7Q` �Mv p�Hm2 Q7 BMTmi 7QQi +QMi�+i
iBK2 tcontX

9e
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√
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9d



93

h?Bb KQ/2H Bb mMB[m2 BM i?2 b2Mb2 i?�i Bi +?QQb2b i?2 bi2T H2M;i? #�b2/ QM � #BQK2@
+?�MB+�H +`Bi2`BQM UT2�F H2; 7Q`+2 KBMBKBx�iBQMV `�i?2` i?�M QM i?2 bvbi2K /vM�KB+b
HBF2 i?2 *�Tim`2 TQBMiX >Qr2p2`- i?2 +?QB+2 Q7 i?2 +`Bi2`BQM Bb MQi +QKTH2i2Hv p�HB/�i2/
rBi? `2bT2+i iQ 2tT2`BK2Mi�H /�i�X

h?2 bi2TTBM; `272`2M+2 TQBMib T`2b2Mi2/ BM i?Bb b2+iBQM �`2 � ;QQ/ bi�`iBM; TQBMi 7Q`
i?2 T`2/B+iBQM Q7 � ?mK�M #�H�M+2 `2+Qp2`v `2bTQMb2X h?2v �`2 #�b2/ QM bBKTH2 +`Bi2`B�
U2X;X /BbbBT�iBQM Q7 FBM2iB+ 2M2`;vV �M/ `2bmHi BM 2�bv@iQ@BKTH2K2Mi �H;Q`Bi?KbX G2i mb
MQr �M�Hvx2 i?2b2 b+?2K2b BM `2H�iBQM iQ i?2 +QKKQM 72�im`2b Q7 � ?mK�M `2+Qp2`v
`2bTQMb2 T`2b2Mi2/ BM i?2 *?�Ti2` kX

�b r2 FMQr 7`QK i?2 2tT2`BK2Mi�H bim/B2b- i?2`2 Bb � MQM@M2;HB;B#H2 /2H�v #2ir22M i?2
bi2TTBM; /2+BbBQM �M/ Bib TH�+2K2MiX h?Bb /2H�v Bb +QKTQb2/ Q7 i?2 bi2T T`2T�`�iBQM
iBK2 U/m`BM; r?B+? i?2 #Q/v r2B;?i Bb i`�Mb72``2/ iQ i?2 MQM@bi2TTBM; HBK#V �M/ i?2
H2;brBM; iBK2X .m`BM; i?Bb /2H�v- i?2 bvbi2K +QMiBMm2b iQ 7�HH BM i?2 /B`2+iBQM Q7 i?2
/Bbim`#�M+2X JQ`2Qp2`- i?2 H2;brBM; iBK2 Bb BM/2T2M/2MiHv `2;mH�i2/ BM bm+? � r�v i?�i
i?2 bi2T `2bmHib BM �M 2z2+iBp2 #�H�M+2 `2+Qp2`vX >Qr2p2`- i?2b2 72�im`2b �`2 KBbbBM;
BM �HH Q7 i?2 bi2TTBM; `272`2M+2 b+?2K2b T`2b2Mi2/ �#Qp2X

aBM+2 i?2 *�Tim`2 SQBMif `2;BQM /2T2M/b mTQM i?2 BMbi�Mi�M2Qmb bi�i2 Q7 i?2 bvb@
i2K- i?2 *QS Kmbi #2 K�BMi�BM2/ �i i?2 `2[mB`2/ TQBMi BMbi�Mi�M2QmbHvX h?Bb Bb
;2M2`�HHv MQi TQbbB#H2 B7 i?2 *�Tim`2 SQBMi Bb HQ+�i2/ QmibB/2 i?2 bi�M+2 7QQi �M/ �
bi2T Bb `2[mB`2/X >2M+2 /m`BM; i?2 /2H�v #2ir22M bi2T i�F2@Qz �M/ H�M/BM;- i?2 TQBMi
rQmH/ KQp2 �r�v iQ � M2r HQ+�iBQMX a�K2 Bb i`m2 7Q` i?2 KQ/2H #v qm 2i �HX UkyydVX
>2M+2- 7Q` �M �++m`�i2 T`2/B+iBQM �M/ bm++2bb7mH `2+Qp2`v- i?2 �M/ i?2

b?QmH/ #2 FMQrMX
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h?Bb Bbbm2 r�b �//`2bb2/ #v >Q7K�MM UkyyeV #v KQ/2HBM; i?2 T`2@BKT�+i T?�b2 U+X7X
6B;m`2 jXkV �M/ BKTQbBM; � bvKK2i`B+�H bi2TTBM; `2bTQMb2X >Qr2p2`- BM i?2 �mi?Q`^b
pB2r- i?Bb +QMbi`�BMi Bb MQi #BQHQ;B+�HHv `2�HBbiB+- �b MQM@bvKK2i`B+�H bi2TTBM; Bb +QKKQM
BM ?mK�M #�H�M+2 `2+Qp2`v `2bTQMb2b Ub22 7Q` 2t�KTH2- >bB�Q �M/ _Q#BMQpBi+? URNNNV-
2tT2`BK2Mi�H `2bmHibVX �M �Hi2`M�i2 bQHmiBQM Bb iQ BKTQb2 � +QMi�+i iBK2 �M/ mb2 QM2
Q7 i?2 7QHHQrBM; k �TT`Q�+?2b,

UBV h?2 BMbi�Mi�M2Qmb *�Tim`2 SQBMi +�M #2 +�H+mH�i2/ �i `2;mH�` b�KTH2 T2`BQ/b
�M/ #2 mb2/ �b � i`�+FBM; `272`2M+2 Qp2` i?2 +Qm`b2 Q7 i?2 KQiBQM UqB;?i 2i �HX-
kyy3VX AM i?Bb +�b2- QM2 +�M BK�;BM2 i?2 +QMiBMmQmb b?B7i Q7 i?2 +�Tim`2 TQBMi BM
i?2 /B`2+iBQM Q7 i?2 KQiBQM �M/ i?2 H2; i`�D2+iQ`v ?�b iQ #2 +?�M;2/ �++Q`/BM;Hv
�i 2�+? b�KTH2 T2`BQ/ iBHH 7QQi BKT�+i QM ;`QmM/X

UBBV Q` i?2 TQbBiBQM Q7 i?2 *�Tim`2 SQBMi �i i?2 iBK2 Q7 BKT�+i +�M #2 2biBK�i2/ mbBM;
i?2 bQ@+�HH2/ +�Tim`2 TQBMi /vM�KB+b U1M;Hb#2`;2` 2i �HX- kyRRc EQQH2M 2i �HX-
kyRkVX q?BH2 i?Bb �TT`Q�+? `2bmHib BM � [m�bB@bi�iB+ *�Tim`2 SQBMi- i?2 +?QB+2 Q7
i?2 KQ/2H /m`BM; i?2 bi2T iBK2 #2+QK2b � +`BiB+�H 7�+iQ`- 2bT2+B�HHv BM i?2 +QMi2ti
Q7 ?mK�M #�H�M+2 `2+Qp2`v T`2/B+iBQM U�7i�# 2i �HX- kyRyVX

>mK�M 2KTHQv KmHiBTH2 `2+Qp2`v bi`�i2;B2b BM T�`�HH2HX 6Q` 2t�KTH2- r?2M � bi2T Bb
#2BM; 2t2+mi2/ iQ `2+Qp2` 7`QK � H�`;2` /Bbim`#�M+2- i?2 �MFH2 bi`�i2;v Bb �+iBp2 /m`BM;
i?Bb /2H�v #v K�BMi�BMBM; i?2 *QS �i i?2 #Q`/2` Q7 i?2 bi�M+2 7QQiX h?Bb T`QpB/2
HBKBi2/ v2i MQM@M2;HB;B#H2 #`�FBM; 2z2+i QM i?2 �++2H2`�iBM; *QJX a�K2 Bb i`m2 7Q` i?2
?BT bi`�i2;vX PM i?2 Qi?2` ?�M/- MQM2 Q7 i?2 �#Qp2 b+?2K2b T`QpB/2 bm+? � #2?�pBQ`X
�HH b+?2K2b +QMbB/2` TQBMi 722i- 2t+2Ti qm 2i �HX UkyydVX PMHv S`�ii 2i �HX UkyyeV
KQ/2H2/ i?2 mTT2`@#Q/v BM2`iB�H 2z2+ib mbBM; i?2 BM2`iB� r?22H KQ/2HX >Qr2p2`- QMHv
i?2 K�tBKmK TQbbB#H2 2z2+i Q7 Bib `Qi�iBQM r�b �M�Hvx2/ BM i2`Kb Q7 i?2 bBx2 Q7 i?2
*�Tim`2 _2;BQMX
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JmHiBTH2 `2+Qp2`v bi2Tb �`2 +QKKQM BM ?mK�Mb T�`iB+mH�`Hv 7Q` H�`;2` /Bbim`#�M+2b
�M/ 7Q` i?2 2H/2`HvX PM2 Q#pBQmb `2�bQM 7Q` +?QQbBM; � KmHiBTH2 bi2T bi`�i2;v Bb i?2
�+im�iBQM �M/ ;2QK2i`B+ +QMbi`�BMib r?B+? HBKBi i?2 H2M;i?X >Qr2p2`- i?Bb +?QB+2 Bb
�HbQ /`Bp2M #v i�bF +QMbi`�BMib �M/ i?2 bm#D2+ib^ /2bB`2 iQ `2+Qp2` KQ`2 +QK7Q`i�#Hv
U_Q#2`i- kyye- mMTm#HBb?2/ `2b2�`+?VX PM i?2 Qi?2` ?�M/- � +QKKQM HBKBi�iBQM Q7
�HH Q7 i?2 �#Qp2 b+?2K2b Bb i?2 +QMbB/2`�iBQM Q7 bBM;H2@bi2T `2+Qp2`B2bX �i i?2 #2bi-
KmHiBTH2 bi2Tb �`2 +QMbB/2`2/ QMHv B7 i?2 bvbi2K Bb biBHH mMbi�#H2 �7i2` ?�pBM; TH�+2/ i?2
T`2pBQmb bi2T �i i?2 K�tBKmK H2M;i? UEQQH2M 2i �HX- kyRkVX

>mK�M^b KQp2K2Mi bi`�i2;B2b �`2 Q7i2M #�b2/ QM KmHiBTH2 +`Bi2`B� bm+? �b KBMBKmK
2zQ`i +Qbi �M/fQ` K2i�#QHB+ 2M2`;v /2KQMbi`�i2/ BM b2p2`�H bim/B2b U2X;X �M/2`bQM
�M/ S�M/v- kyyRc G2#Q2m7 2i �HX- kyyeVX >2M+2- Bi Bb `2�bQM�#H2 iQ �bbmK2 i?�i i?Bb Bb
HBF2Hv i?2 +�b2 BM ?mK�M #�H�M+2 `2+Qp2`v i�bFb �b r2HHX >Qr2p2`- KQbi Q7 i?2 b+?2K2b
+�H+mH�i2 i?2 bi2T HQ+�iBQM #�b2/ QM � bBM;H2 +`Bi2`BQM- i?�i Bb- #`BM;BM; FBM2iB+ 2M2`;v
Q7 i?2 bvbi2K iQ x2`Q BM i?2 KQbi 2{+B2Mi r�vX q?BH2 i?Bb KB;?i #2 i?2 #2bi bi`�i2;v
iQ �pQB/ � 7�HH- KQ/2HBM; � ?mK�M #2?�pBQ` K�v `2[mB`2 +QMbB/2`�iBQM Q7 Qi?2` +`Bi2`B�
/2T2M/BM; mTQM i?2 i�bF `2[mB`2K2MibX

hQ mM/2`bi�M/ i?Bb- H2i mb +QKT�`2 i?2 bi2TTBM; T`2/B+iBQMb 7`QK i?2 *�Tim`2 SQBMi
rBi? �+im�H ?mK�M #�H�M+2 `2+Qp2`v /�i� BM irQ /Bz2`2Mi #�H�M+2 `2+Qp2`v i�bFbX

*�Tim`2 SQBMi Bb �M 2�bBHv@iQ@BKTH2K2Mi �H;Q`Bi?K �M/ +�M #2 /B`2+iHv +�H+mH�i2/ 7`QK
i?2 BMbi�Mi�M2Qmb *QJ bi�i2X AM i?Bb b2+iBQM- r2 +�H+mH�i2 i?2 *�Tim`2 SQBMi 7`QK i?2
�+im�H ?mK�M #�H�M+2 `2+Qp2`v /�i� �M/ Q#b2`p2 ?Qr i?2 ?mK�M bm#D2+ib TH�+2 i?2B`
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`2+Qp2`v bi2T BM `2H�iBQM iQ i?2 +QKTmi2/ *�Tim`2 SQBMi iQ `2+Qp2` #�H�M+2X
q2 mb2 i?2 #�H�M+2 `2+Qp2`v /�i� �+[mB`2/ #v bm#D2+iBM; vQmM; ?2�Hi?v pQHmMi22`b

iQ TH�i7Q`K i`�MbH�iBQMb U_Q#2`i- kyyeVX h?2 �++2H2`�iBQM T`Q}H2 Q7 i?2 TH�i7Q`K Bb
b?QrM BM i?2 6B;m`2 jXdX 1B;?i pQHmMi22`b T�`iB+BT�i2/ BM � Rst b2`B2b Q7 2tT2`BK2Mib
r?2`2 � H�`;2 bT�+2 r�b T`QpB/2/ 7Q` i?2 bm#D2+ib BM 7`QMi Q7 i?2K iQ i�F2 b2p2`�H bi2TbX
�KQM; i?2K- 7Qm` T�`iB+BT�i2/ BM � knd b2`B2b- r?2`2 i?2 bT�+2 r�b HBKBi2/ iQ �#Qmi
3y +K Ui?2 �p2`�;2 bi2TTBM; /Bbi�M+2 Q#b2`p2/ BM i?2 Rst b2`B2bVX :`QmM/ `2�+iBQM 7Q`+2
�M/ FBM2K�iB+b r2`2 `2+Q`/2/- #Q/v b2;K2Mib^ BM2`iB�H T�`�K2i2`b r2`2 2biBK�i2/ mbBM;
`2;`2bbBQM i�#H2b �M/ i?2 2tT2`BK2Mi�H r?QH2 #Q/v +2Mi2` Q7 K�bb U*QJV TQbBiBQM �M/
p2HQ+Biv r2`2 +QKTmi2/X

am#D2+i@bT2+B}+ *QJ /�i� 7`QK i?2 2tT2`BK2Mib Bb mb2/ iQ +�H+mH�i2 i?2 *�Tim`2 SQBMi
mbBM; 1[X jX9 �i 2�+? BMbi�Mi �7i2` i?2 /Bbim`#�M+2 QMb2i iBHH bi2T TH�+2K2MiX h?Bb
r�v i?2 +QMi�+i iBK2 �M/ i?2 bvbi2K^b bi�i2 �i BKT�+i �`2 /B`2+iHv �p�BH�#H2 7`QK i?2
2tT2`BK2Mi�H /�i�X h?2 +�Tim`2 `2;BQM Bb +�H+mH�i2/ mbBM; 1[X jX8 7Q` τmax = 190N.m

�M/ K�tBKmK ?BT �M;H2 Q7 Ny◦ 7`QK p2`iB+�H U*?�{M �M/ �M/2`bbQM- RN39V BM #Qi?
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/B`2+iBQMbX h?2 BM2`iB�H T`QT2`iB2b �`2 2biBK�i2/ 7`QK `2;`2bbBQMb #�b2/ QM bm#D2+i^b
�Mi?`QTQK2i`v U.mK�b 2i �HX- kyydVX �7i2` i?2 QMb2i Q7 /Bbim`#�M+2- i?2 2pQHmiBQM Q7
i?2 bm#D2+ib^ *QJ bi�i2 �M/ i?2 +Q``2bTQM/BM; +�Tim`2 TQBMif`2;BQM BM i?2 /B`2+iBQM
Q7 i?2 KQiBQM Bb Q#b2`p2/X q?2M i?2 }`bi bi2T Bb TH�+2/- i?2 /Bbi�M+2 #2ir22M i?2 iQ2
Q7 i?2 7QQi �M/ i?2 +�Tim`2 TQBMi U�M/ +�Tim`2 `2;BQMV �`2 +�H+mH�i2/X

1
st

6Q` i?2 bm#D2+ib BM i?2 Rst b2`B2b- r?2`2 � H�`;2 bT�+2 r�b T`QpB/2/- i?2 ;�T #2ir22M
i?2 �+im�H 7QQi TH�+2K2Mi �M/ i?2 +�Tim`2 TQBMi �i BKT�+i Bb H�`;2 U20.8 ± 6.4 cmVX
h?2b2 bm#D2+ib r2`2 Q#b2`p2/ iQ i�F2 b2p2`�H UQM �p2`�;2 jV bi2Tb iQ `2+Qp2` i?2B`
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#�H�M+2X >Qr2p2`- r?2M i?2 b�K2 /Bbim`#�M+2 Bb �TTHB2/ rBi? HBKBi2/ `2+Qp2`v bT�+2 BM
i?2 knd b2`B2b- bm#D2+ib bi2TT2/ `2H�iBp2Hv +HQb2` iQ i?2 +�Tim`2 TQBMi U;�T Q7 13±4.6 cm

�i BKT�+iV U6B;m`2 jX3VX PM2 bm#D2+i BMi2`b2+i2/ i?2 #�b2 Q7 bmTTQ`i rBi? i?2 +�Tim`2
`2;BQM U#mi MQi i?2 +�Tim`2 TQBMiV �M/ `2+Qp2`2/ �#bQHmi2Hv BM QM2 bi2T U6B;m`2 jXN VX
am#D2+ib r?Q bi2TT2/ +HQb2 iQ i?2 +�Tim`2 `2;BQM UrBi?BM 8+KV- #mi MQi 2t�+iHv QM Bi-
?�/ iQ i�F2 �MQi?2` bK�HH bi2T iQ `2i�BM #�H�M+2 Ub22 6B;m`2 jXRyVX

h?2b2 `2bmHib ;Bp2 mb � MB+2 BMbB;?i BMiQ i?2 `2H�iBQM #2ir22M i?2 *�Tim`2 SQBMi HQ@
+�iBQM �M/ ?mK�M #�H�M+2 `2+Qp2`vX hQ bi�`i rBi?- i?2 +�Tim`2 TQBMi b22Kb iQ #2 �
p�HB/ `272`2M+2 TQBMi 7Q` `2+Qp2`v BM � bBM;H2 bi2T- T`QpB/2/ i?2 *QJ p2HQ+Biv �i i?2
BMbi�Mi Q7 bi2T BKT�+i Bb FMQrMX h?Bb Bb bQK2r?�i BM �++Q`/�M+2 rBi? �M 2�`HB2` }M/BM;
U�`�KT�ixBb 2i �HX- kyy3V- b?QrBM; bBKBH�` `2bmHib BM i2`Kb Q7 i?2 1ti`�TQH�i2/ *QJ
Us*QJV +QM+2Ti U+X7X *?�Ti2` kVX "mi i?2 KQbi bi`BFBM; /Bb+Qp2`v Q7 Qm` +QKT�`BbQM
Bb i?�i B7 i?2 bm#D2+ib �`2 MQi #QmM/ iQ `2+Qp2` BM QM2 bi2T U�b BM i?2 1st b2`B2bV- i?2v
bi2T 7�` 7`QK i?2 +�Tim`2 TQBMif`2;BQM �M/ i�F2 b2p2`�H bi2Tb iQ `2+Qp2`X h?Bb TQBMib
iQr�`/b i?2 2tBbi2M+2 Q7 bQK2 Qi?2` +`Bi2`B� /m`BM; bi2TTBM; /2+BbBQMb i?�M Dmbi [mB+FHv
KBMBKBxBM; i?2 *QJ p2HQ+BivX

JQ`2Qp2`- i?2 7�+i i?�i QM2 bm#D2+i `2+Qp2`2/ #�H�M+2 BM � bBM;H2 bi2T #v bi2TTBM;
QM i?2 +�Tim`2 `2;BQM- �M/ MQi QM i?2 +�Tim`2 TQBMi Ub22 6B;m`2 jXNV- mM/2`HBM2b i?2
BKTQ`i�M+2 Q7 mTT2`@#Q/v BM2`iB� BM i?2 #�H�M+2 `2+Qp2`v T`Q+2bbX >Qr2p2`- i?2 +�T@
im`2 TQBMi �H;Q`Bi?K QMHv +QMbB/2`b i?2 K�tBKmK TQbbB#H2 2z2+i Q7 i?Bb bi`�i2;v BM
i2`Kb Q7 i?2 bBx2 Q7 i?2 +�Tim`2 `2;BQMX _2;mH�iBQM Q7 i?Bb bi`�i2;v KQ`2 bvbi2K�iB+�HHv
�b � 7mM+iBQM Q7 /Bbim`#�M+2 Q` bBim�iBQM rQmH/ `2[mB`2 � KQ`2 +QKT`2?2MbBp2 +QMi`QH
b+?2K2X

AM b?Q`i- i?2 *�Tim`2 SQBMi U�M/ Qi?2` bBKBH�` `272`2M+2 TQBMibV +�M #2 ;QQ/ K2@
+?�MB+�H `272`2M+2b BM bBim�iBQMb r?2`2 bBM;H2 bi2T `2+Qp2`B2b �`2 2KT?�bBx2/ �M/ BKT�+i
bvbi2K bi�i2 Bb �p�BH�#H2 UFMQrM Q` KQ/2H@#�b2/VX >Qr2p2`- i?2B` �TTHB+�iBQM iQ � KQ`2
;2M2`�H #�H�M+2 `2+Qp2`v T`2/B+iBQM iQQH- r?B+? BM+Hm/2b KmHiBTH2 bi2Tb �M/ mTT2`@#Q/v
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BM2`iB� `2;mH�iBQM- Bb [mBi2 HBKBi2/X q2 i?2`27Q`2 im`M Qm` �ii2MiBQM iQ � KQ`2 +QK@
T`2?2MbBp2 +QMi`QH �TT`Q�+? +�HH2/ i?2 JQ/2H S`2/B+iBp2 *QMi`QHX q2 rBHH b?Qr BM i?2
+QKBM; b2+iBQMb i?�i i?Bb �TT`Q�+? M�im`�HHv 2HBKBM�i2b KQbi Q7 i?2 HBKBi�iBQMb Q7 i?2
+�Tim`2 TQBMi �M/ bBKBH�` �H;Q`Bi?KbX

JQ/2H S`2/B+iBp2 *QMi`QH UJS*V Bb � +QMi`QH i2+?MB[m2 r?B+? �KQmMib iQ `2T2�i2/Hv
bQHpBM; QMHBM2 � b2`B2b Q7 PTiBK�H *QMi`QH T`Q#H2Kb- �Hr�vb i�FBM; BMiQ �++QmMi i?2
H�i2bi Q#b2`p�iBQM Q7 i?2 `2�H bi�i2 Q7 i?2 bvbi2KX Ai mbm�HHv i�F2b i?2 7Q`K Q7 KBMBKBxBM;
�i 2p2`v iBK2 tk � +Qbi 7mM+iBQM L- +QMbB/2`BM; � T`2/B+iBQM Q7 i?2 /vM�KB+b Q7 i?2
bvbi2K Qp2` � iBK2 ?Q`BxQM Q7 H2M;i? T ,

KBM
∫ tk+T

tk

L(q(t), q̇(t), q̈(t), u(t), λ(t))dt UjXRkV

h?2 +QMi`QH u(t) i?�i `2bmHib 7`QK i?Bb QTiBKBx�iBQM Bb �TTHB2/ iQ i?2 bvbi2K mMiBH
i?2 M2ti Q#b2`p�iBQM iBK2 tk+1 �M/ i?2 T`Q+2bb Bb `2T2�i2/X

�KQM; i?2 i`�/BiBQM�H �/p�Mi�;2b Q7 i?Bb b+?2K2 Bb Bib ~2tB#BHBiv BM 7Q`KmH�iBM;
i?2 +QMi`QH Q#D2+iBp2b �M/ Bib +�T�+Biv iQ 2tTHB+BiHv i�F2 BMiQ �++QmMi i?2 +QMbi`�BMib
Q7 i?2 /vM�KB+�H bvbi2Kb UqB2#2`- kyy3VX AM pB2r Q7 Qm` Q#D2+iBp2b �M/ 7QHHQrBM; i?2
/Bb+mbbBQM BM i?2 T`2pBQmb b2+iBQM- � K�DQ` �/p�Mi�;2 Q7 i?Bb �TT`Q�+? Bb i?2 +�H+mH�iBQM
Qp2` � 7mim`2 iBK2 ?Q`BxQM r?B+? �HHQrb i?2 +QMbB/2`�iBQM Q7 KmHiBTH2 bi2TbX JQ`2Qp2`-
Bi ?�b i?2 +�T�+Biv iQ +QMbB/2` � KmHiB@Q#D2+iBp2 +Qbi 7mM+iBQM r?B+? �;�BM ;Q2b r2HH
rBi? Qm` 2�`HB2` Q#b2`p�iBQM i?�i � ?mK�M bi2TTBM; /2+BbBQMb KB;?i MQi #2 bQH2Hv #�b2/
QM � bBM;H2 +`Bi2`BQMX G�bi #mi MQi H2�bi- i?2 /vM�KB+b Q7 i?2 bvbi2K +�M #2 i�F2M BMiQ
�++QmMi �HH �HQM; i?2 T`Q+2bbX

a2p2`�H JS* b+?2K2b ?�p2 #22M T`QTQb2/ 7Q` i?2 HQ+QKQiBQM Q7 #BT2/b mM/2` /Bbim`@
#�M+2b U�x2p2/Q 2i �HX- kyykc .B2/�K 2i �HX- kyy3c LBb?Br�FB 2i �HX- kyykc ai2T?2Mb
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�M/ �iF2bQM- kyRyc qB2#2`- kyyeVX "mi �HH i?2b2 b+?2K2b `2[mB`2 T`2@/2}M2/ `272`@
2M+2 bi2T TQbBiBQMb- r?B+? �`2 2Bi?2` }t2/ Q` �`2 QMHv bHB;?iHv KQ/B}2/ U2X;X .B2/�K
2i �HX Ukyy3VVX PMHv `2+2MiHv- >2`/i 2i �HX UkyRy�V T`QTQb2/ � #BT2/ +QMi`QH b+?2K2
r?2`2 7mim`2 bi2T HQ+�iBQMb �`2 H27i +QKTH2i2Hv 7`22 r?BH2 bi�#H2 KQiBQMb �`2 �+?B2p2/
K�BMHv #v `2;mH�iBM; i?2 *QJ p2HQ+Biv iQ � `272`2M+2 p�Hm2X h?Bb b+?2K2 Bb BMi2`2biBM;
BM KQ`2 i?�M QM2 r�vX Ai +QMi`QHb i?2 *QJ p2HQ+Biv Q7 i?2 bvbi2K #v K2�Mb Q7 k
b2T�`�i2 bi`�i2;B2b- M�K2Hv i?2 �MFH2 �M/ i?2 bi2TTBM;X JQ`2Qp2`- i?�MFb iQ � KmHiB@
Q#D2+iBp2 +Qbi 7mM+iBQM- i?2 bi2TTBM; /2+BbBQMb �`2 �HbQ �z2+i2/ #v Qi?2` +`Bi2`B� Ubm+?
�b KBMBKBx�iBQM Q7 i?2 D2`F Q7 *QJVX 1p2M i?Qm;? i?2 b+?2K2 M2;H2+ib i?2 mTT2`@#Q/v
BM2`iB�H 2z2+ib �i i?Bb bi�;2- r2 b22 � bi`QM; BM+2MiBp2 iQr�`/b #mBH/BM; Qm` +QMi`QHH2`
QM i?2 JS* 7Q`KmH�iBQM /m2 iQ i?2 �/p�Mi�;2b K2MiBQM2/ �#Qp2X q2 #`B2~v T`2b2Mi
i?Bb b+?2K2 ?2`2 #27Q`2 2p�Hm�iBM; Bib T2`7Q`K�M+2 BM i?2 T`2/B+iBQM Q7 ?mK�M #�H�M+2
`2+Qp2`v i�bFb BM a2+iBQM jX8X

h?2 b+?2K2b T`2b2Mi2/ BM >2`/i 2i �HX UkyRy�V �M/ >2`/i 2i �HX UkyRy#V �+im�HHv rQ`F
QM i?2 T`BM+BTH2 Q7 �MiB+BT�iBM; 7mim`2 KQiBQMb QM � T`2/B+iBQM ?Q`BxQM BMBiB�HHv T`QTQb2/
#v E�DBi� 2i �HX UkyyjVX h?2 ?Q`BxQM Bb +QKTQb2/ Q7 N iBK2 BMi2`p�Hb Q7 2[m�H H2M;i?
T QM r?B+? i?2 KQiBQM Bb +QMbB/2`2/ ?�pBM; � TB2+2rBb2 +QMbi�Mi i?B`/ /2`Bp�iBp2 XXX

c

Qp2` 2�+? iBK2 BMi2`p�HX *QMbB/2`BM; i?2 bi�i2

ĉk =

⎡

⎢

⎢

⎣

ck

ċk

c̈k

⎤

⎥

⎥

⎦

, UjXRjV

Q7 i?2 bvbi2K �i � iBK2 tk- �HH Bi i�F2b Bb � bi`�B;?i7Q`r�`/ iBK2 BMi2;`�iBQM iQ `2H�i2
i?2 TQbBiBQM- bT22/ �M/ �++2H2`�iBQM Q7 i?2 *QJ Qp2` i?2 r?QH2 T`2/B+iBQM ?Q`BxQM

Ck+1 =

⎡

⎢

⎢

⎣

ck+1

XXX
ck+N

⎤

⎥

⎥

⎦

, Ċk+1 =

⎡

⎢

⎢

⎣

ċk+1

XXX
ċk+N

⎤

⎥

⎥

⎦

, C̈k+1 =

⎡

⎢

⎢

⎣

c̈k+1

XXX
c̈k+N

⎤

⎥

⎥

⎦

UjXR9V
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iQ i?2 TB2+2rBb2 +QMbi�Mi i?B`/ /2`Bp�iBp2

XXX
Ck+1 =

⎡

⎢

⎢

⎣

XXX
c k+1

XXX
XXX
c k+N

⎤

⎥

⎥

⎦

UjXR8V

i?`Qm;? bBKTH2 K�i`B+2b,

Ck+1 = Spĉk + Up

XXX
Ck, UjXReV

Ċk+1 = Sv ĉk + Uv

XXX
Ck, UjXRdV

C̈k+1 = Saĉk + Ua

XXX
Ck. UjXR3V

.2i�BH2/ 7Q`KmH�b 7Q` i?2b2 K�i`B+2b +�M #2 7QmM/ BM >2`/i 2i �HX UkyRy�VX

h?2 t@�tBb KQiBQM Q7 i?2 *QS Bb �TT`QtBK�i2/ #v i?2 GBM2�` AMp2`i2/ S2M/mHmK
UGASV KQ/2H U+X7X 6B;m`2 jXR- rBi?Qmi ~vr?22HV- r?B+? `2H�i2b i?2 TQbBiBQM Q7 i?2 *QS
iQ i?2 KQiBQM Q7 i?2 *QJ �b,

zx = cx −
h

g
c̈x UjXRNV

ULQi2 i?2 +?�M;2 Q7 MQi�iBQM 7Q` *QS 7`QK px iQ zxVX

�b #27Q`2- r2 +�M 2�bBHv `2H�i2 i?2 TQbBiBQM Q7 i?2 *QS Qp2` i?2 r?QH2 T`2/B+iBQM
?Q`BxQM

Zk+1 =

⎡

⎢

⎢

⎣

zk+1

XXX
zk+N

⎤

⎥

⎥

⎦

UjXkyV

iQ i?2 TB2+2rBb2 +QMbi�Mi i?B`/ /2`Bp�iBp2
XXX
Ck i?`Qm;? bBKTH2 K�i`B+2b,

Zk+1 = Sz ĉk + Uz

XXX
Ck, UjXkRV

8d
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rBi?

Sz = Sp −
h

g
Sa, UjXkkV

Uz = Up −
h

g
Ua. UjXkjV

h?2 /vM�KB+b UjXRNV Q7 ?mK�M �M/ ?mK�MQB/ #�H�M+2 Bb bm#D2+i iQ FBM2K�iB+ �M/
/vM�KB+ +QMbi`�BMibX � ?B;?HB;?i Q7 JS* Bb Bib �#BHBiv iQ 2tTHB+BiHv i�F2 BMiQ �++QmMi
i?2b2 +QMbi`�BMib Qp2` i?2 r?QH2 T`2/B+iBQM ?Q`BxQMX h?Bb b+?2K2 BMi`Q/m+2b k 2tTHB+Bi
+QMbi`�BMibX 6B`bi- BM Q`/2` iQ 2Mbm`2 i?�i i?2 T`2/B+i2/ 7QQi TH�+2K2MiUbV �`2 rBi?BM
`2�+?�#H2 HBKBib BM � ;Bp2M iBK2- i?2 ?Q`BxQMi�H p2HQ+Biv Q7 i?2 brBM; 7QQi Bb #QmM/2/X A7
f ′

i `2T`2b2Mib i?2 ?Q`BxQMi�H TQbBiBQM Q7 i?2 brBM; 7QQi �#Qp2 i?2 ;`QmM/- i?Bb +QMbi`�BMi
+�M bBKTHv #2 `2T`2b2Mi2/ �b,

‖ḟ ′

i‖ ≤ ḟ ′ . UjXk9V

a2+QM/Hv- i?2 *QS zx Bb �HbQ +QMbi`�BM2/ iQ bi�v rBi?BM i?2 #QmM/�`B2b Q7 i?2
bmTTQ`i TQHv;QM- r?�i +�M #2 2tT`2bb2/ BM i?2 7QHHQrBM; r�v,

D(zi − fi) ≤ b, UjXk8V

r?2`2 D �M/ b �`2 � K�i`Bt �M/ � p2+iQ` 2M+Q/BM; i?2 b?�T2 Q7 i?2 7QQi rBi? `2bT2+i iQ
i?2 TQbBiBQM fi Q7 i?2 bmTTQ`i 7QQi QM i?2 ;`QmM/ UKQ`2 /2i�BHb +�M #2 7QmM/ BM >2`/i
2i �HX UkyRy#VVX

h?2 +QMi`QHH2` Bb /2bB;M2/ iQ `2;mH�i2 i?2 #BT2/^b *QJ bT22/ Ċk+1 iQ � `272`2M+2
p�Hm2 Ċ

ref
k+1 Qp2` i?2 T`2/B+iBQM ?Q`BxQM r?BH2 i�FBM; +�`2 Q7 �HH i?2 +QMbi`�BMib HBbi2/

2�`HB2`X >Qr2p2`- r2�FHv@r2B;?i2/ KBMBKBx�iBQMb Q7 i?2 i?B`/ /2`Bp�iBp2b
XXX
Ck Q7 i?2

KQiBQM �M/ Q7 i?2 /Bbi�M+2 #2ir22M i?2 TQbBiBQM Zk+1 Q7 i?2 *QS �M/ i?2 +2Mi2` Fk+1

Q7 i?2 bmTTQ`i 7QQi �`2 �HbQ BMi`Q/m+2/X h?2 `2bmHiBM; KmHiB@Q#D2+iBp2 +Qbi 7mM+iBQM Bb
i?2M ,
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KBM 1

c21
‖Ċk+1 − Ċ

ref
k+1‖2 +

1

c22
‖
XXX
Ck‖2 +

1

c23
‖Zk+1 − Fk+1‖2, UjXkeV

r?2`2 c1 - c2 �M/ c3 �`2 `2H�iBp2 r2B;?i +Q2{+B2Mib- r?BH2 i?2 +QMi`QH p�`B�#H2b �`2

`2T`2b2Mi2/ �b u =

[ XXX
Ck

F̄k+1

]

- r?2`2 i?2 i?B`/ /2`Bp�iBp2
XXX
Ck Q7 i?2 KQiBQM 2M/b mT

+QMi`QHHBM; i?2 *QS i?`Qm;? 1[X UjXkRV �M/ F̄k+1 �`2 i?2 7mim`2 722i TQbBiBQMbX h?2
MmK#2` Q7 bi2Tb T`2pB2r2/ /2T2M/ mTQM i?2 H2M;i? Q7 i?2 ?Q`BxQM �M/ i?2 bi2T iBK2b
}t2/ BM �/p�M+2X

AM i?Bb b2+iBQM- r2 �/�Ti i?2 JS* b+?2K2 T`2b2Mi2/ �#Qp2 iQ T`2/B+i i?2 bi2T HQ+�iBQM
7Q` `2�H 2tT2`BK2Mi�H bBim�iBQMbX q2 bi�`i #v KQ/2HBM; � bBKTH2 #�H�M+2 `2+Qp2`v
b+2M�`BQ 7Q` i?2 7�KQmb i2i?2`@`2H2�b2 bBim�iBQM U6B;m`2 jXRRV r?2`2 i?2 7�HH Bb mMB[m2Hv
/`Bp2M mM/2` i?2 ;`�pBi�iBQM�H 7Q`+2X �KQM; MmK2`Qmb 2tT2`BK2Mi�H bim/B2b r?B+? mb2
i?Bb K2+?�MBbK U+X7X b2+iBQM kXRXRV- r2 +?QQb2 i?2 7QHHQrBM; irQ bim/B2b r?B+? T`QpB/2
bm{+B2Mi /2i�BHb �#Qmi i?2 T2`im`#�iBQM- iBK2 /2H�vb �M/ i?2 `2bmHiBM; `2+Qp2`v bi2Tb,

RX i?2 bim/v 7`QK >bB�Q@q2+FbH2` �M/ _Q#BMQpBi+? UkyydV `2TQ`ib i?2 K�tBKmK
BM+HBM�iBQM �M;H2b 7Q` bBM;H2@bi2T `2+Qp2`v ;Bp2M � bT2+B}+ bi2T H2M;i?X uQmM;
bm#D2+ib r2`2 BM+HBM2/ 7Q`r�`/ �M/ �bF2/ iQ `2+Qp2` #�H�M+2 �7i2` `2H2�b2 #v
i�FBM; � bBM;H2 bi2T- MQ H�`;2` i?�M � ;Bp2M i�`;2i H2M;i?X h?2 K�tBKmK H2�M
�M;H2 7Q` 7Qm` i�`;2i H2M;i?b- �p2`�;2/ �+`Qbb bm#D2+ib- r2`2 BMTmi iQ Qm` KQ/2HX
h?2 T`2/B+i2/ bi2T H2M;i?b �`2 +QKT�`2/ iQ i?2 i�`;2i H2M;i?bX 6Q` +H�`Biv BM
}M�H `2bmHib- bi2T H2M;i?b 2tT`2bb2/ BM W Q7 #Q/v ?2B;?i �`2 i`�Mb7Q`K2/ BMiQ
K2i2`b- #�b2/ QM i?2 �p2`�;2 #Q/v ?2B;?i Q7 i?2 bm#D2+ibX

kX i?2 bim/v 7`QK *v` �M/ aK22bi2`b UkyyN�V Bb iQ Qm` FMQrH2/;2 i?2 QMHv bim/v
�#Qmi i?2 i?`2b?QH/ Q7 KmHiBTH2 bi2Tb #�H�M+2 `2+Qp2`v BM r?B+? FBM2K�iB+b �M/
iBKBM; Q7 �HH `2+Qp2`v bi2Tb �`2 `2TQ`i2/X AM i?Bb +�b2- i?2 bm#D2+ib r2`2 �bF2/ iQ
`2+Qp2` #�H�M+2 rBi?Qmi �Mv `2bi`B+iBQM QM i?2 K�tBKmK MmK#2` Q7 bi2TbX h?2

8N



ey

H2�M �M;H2 r�b ;`�/m�HHv BM+`2�b2/ mMiBH i?2 bm#D2+i 7�BH2/ iQ `2+Qp2` #�H�M+2X
6Q` +QKT�`BbQM- i?2 `2TQ`i2/ �p2`�;2 K�tBKmK H2�M �M;H2 p�Hm2 Q7 jyXd /2; Bb
mb2/ �b i?2 BMTmi iQ Qm` bBKmH�iBQMX

h?2 K2+?�MB+�H KQ/2H mb2/ 7Q` i?2 T`2/B+iBQM BM i?2 JS* b+?2K2 /Q2b MQi M22/ iQ
#2 i?2 b�K2 �b bBKmH�i2/ K2+?�MB+�H KQ/2HX h?Bb +�M ?2HT Q#i�BM KQ`2 +QKTH2t
#2?�pBQ`bX q2 T`QTQb2 ?2`2 iQ mb2 irQ /Bz2`2Mi ?mK�M #Q/v KQ/2Hb, PM2 Bb i?2
K2+?�MB+�H KQ/2H r?B+? Bb mb2/ iQ `2T`2b2Mi i?2 �+im�H ?mK�M #Q/v #2?�pBQ`X �i
i?Bb bi�;2- i?2 K2+?�MB+�H KQ/2H Bb F2Ti �b bBKTH2 �b TQbbB#H2 r?BH2 biBHH `2T`2b2MiBM;
� +Q``2+i Qp2`�HH FBM2K�iB+b 7Q` i?2 i2i?2`@`2H2�b2 b+2M�`BQX h?Bb K2+?�MB+�H KQ/2H
Bb � b�;Bii�H TH�M2 BMp2`i2/@T2M/mHmK@THmb@7QQi KQ/2H `2T`2b2MiBM; i?2 bmTTQ`i HBK#
Ub22 6B;m`2 jXRRVX h?2 i`�BHBM; HBK# Bb MQi 2tTHB+BiHv KQ/2H2/ �M/ Bib BM~m2M+2 QM i?2
bvbi2K /vM�KB+b Bb M2;H2+i2/X h?2 H2M;i? Q7 i?2 T2M/mHmK Bb +QMbi�Mi 7Q` 2�+? bi2T
#mi +�M +?�M;2 7`QK QM2 bi2T iQ �MQi?2`X h?2 `2bmHiBM; i`�D2+iQ`B2b Q7 i?2 *2Mi2` Q7
J�bb U*QJV �`2 i?mb +B`+H2b Q7 TQbbB#Hv /Bz2`2Mi /B�K2i2`b `2T`2b2MiBM; bi`B/2@iQ@bi`B/2
FM22 ~2tBQM Q#b2`p2/ BM i?2b2 FBM/b Q7 /Bbim`#�M+2bX >Qr2p2`- i?Bb KQ/2H +�M QMHv
2tT2`B2M+2 BMbi�Mi�M2Qmb /Qm#H2 bmTTQ`i T?�b2bX

Pi?2` Bb i?2 T`2/B+iBQM Q` BMi2`M�H KQ/2H mb2/ #v i?2 +QMi`QHH2` 7Q` T`2/B+iBM;
7mim`2 +QMi`QH �+iBQMb Qp2` � ;Bp2M iBK2 ?Q`BxQMX h?Bb Bb i?2 +H�bbB+�H GBM2�` AMp2`i2/
S2M/mHmK UGASV KQ/2H r?B+? +QMbB/2`b i?2 *QJ KQpBM; �i � +QMbi�Mi ?2B;?iX h?Bb
KQ/2H Bb +?Qb2M /m2 Bib HBM2�` /vM�KB+b `2bmHiBM; BM 7�bi2` �M/ KQ`2 bi�#H2 +QKTmi�iBQMb
i?`Qm;? Zm�/`�iB+ S`Q;`�KKBM; �H;Q`Bi?KbX

6Q` #�H�M+2 `2+Qp2`v b+2M�`BQb- i?2 +Qbi 7mM+iBQM UjXkeV Bb 2tTHQBi2/ #v b2iiBM; Ċk+1 = 0

BX2X i?2 bm#D2+ib i`v iQ #2 BM � bi2�/v bi�i2 TQbim`2X 6mim`2 �+iBQMb �`2 T`2/B+i2/ Qp2`
� iBK2 ?Q`BxQM Q7 /m`�iBQM T = 1 b2+QM/- Qp2` r?B+? i?2 +QMbi`�BMib QM i?2 *QS
rBi? `2bT2+i iQ i?2 TQbBiBQMb Q7 i?2 722i QM i?2 ;`QmM/ �`2 +?2+F2/ 2p2`v T = 25

KbX AM+B/2Mi�HHv- /Qm#H2 bmTTQ`i T?�b2b �`2 �bbmK2/ iQ +QBM+B/2 rBi? bm+? b�KTHBM;
BMi2`p�Hb- �M/ H�bi i?2`27Q`2 � K2`2 k8 Kb- bi�vBM; +HQb2 iQ i?2 BMbi�Mi�M2Qmb /Qm#H2

ey



eR

bmTTQ`i T?�b2b Q7 i?2 K2+?�MB+�H KQ/2HX h?2 iQi�H MmK#2` m Q7 bi2Tb +QMbB/2`2/
rBi?BM i?2 iBK2 ?Q`BxQM Bb /2i2`KBM2/ #v i?2b2 /Bz2`2Mi iBKBM;b Q7 7QQi +QMi�+ibX

AM �HH i?2 #BT2/ JS* b+?2K2b T`2b2Mi2/ bQ 7�`- i?2 iBKBM; Q7 i?2 7QQi +QMi�+ib Ui�F2@Qz
�M/ H�M/BM;V ?�b iQ #2 }t2/ BM �/p�M+2 iQ +QMb2`p2 i?2 HBM2�` M�im`2 Q7 i?2 �H;Q`Bi?KX
AM +QMi2ti Q7 i?2 ?mK�M #�H�M+2 `2+Qp2`v- i?2 7QQi +QMi�+i iBK2 Bb /BpB/2/ BMiQ U+X7X
b2+iBQM kXRXkV ,

@@ � `2�+iBQM iBK2- T - #2ir22M i?2 QMb2i Q7 i?2 T2`im`#�iBQM �M/ i?2 #2;BMMBM; Q7
i?2 `2�+iBQM U�+iBp�iBQM Q7 i?2 +QMi`QHH2`V-

eR



ek

@@ �M �//BiBQM�H /2H�v- i?2 bi2T T`2T�`�iBQM iBK2 T - +QMbB/2`2/ #27Q`2 i?2 BMBiB�iBQM
Q7 i?2 }`bi bi2T-

@@ i?2 /m`�iBQMb Q7 i?2 7m`i?2` bi2Tb U/2H�v #2ir22M +QMi`� H�i2`�H 722i H�M/BM;bV /2}M2/
#v i?2 p�Hm2b Q7 T X

6Q` K2�MBM;7mH +QKT�`BbQM #2ir22M i?2 bi2T T`2/B+iBQM Q7 i?2 JS* b+?2K2 �M/
i?2 2tT2`BK2Mi�H `2bmHib �i i?Bb bi�;2- r2 mb2 i?2 b�K2 iBK2 p�Hm2b BM Qm` bBKmH�iBQM
�b `2TQ`i2/ BM i?2 2tT2`BK2Mi�H bim/vX

h?2 KQ/2H T�`�K2i2`b +�M #2 #`Q�/Hv /BpB/2/ BMiQ k ;`QmTbX h?2 }`bi ;`QmT Q7 T�`�K@
2i2`b /2b+`B#2b i?2 2tT2`BK2Mi�H b+2M�`BQ +QMbB/2`2/X o�Hm2b mb2/ 7Q` 2�+? bBKmH�i2/
b+2M�`BQ �`2 `2TQ`i2/ BM h�#H2 jXkX h?2 bm#D2+ib^ bi�im`2 �`2 mb2/ iQ �/Dmbi i?2 /BK2M@
bBQMb Q7 i?2 K2+?�MB+�H KQ/2H Ub22 h�#H2 9XR 7`QK UqBMi2`- RNNyVVX h?2 bi2T iBKBM;
�`2 }t2/ #�b2/ QM i?2 2tT2`BK2Mi�H p�Hm2b `2TQ`i2/ �M/ `QmM/2/@Qz iQ i?2 M2�`2bi
KmHiBTH2 Q7 i?2 k8 Kb b�KTHBM; T2`BQ/X q?BH2 *v` �M/ aK22bi2`b UkyyN�V `2TQ`i2/
�HH p�Hm2b- >bB�Q@q2+FbH2` �M/ _Q#BMQpBi+? UkyydV QMHv `2TQ`i2/ i?2 }`bi bi2T H�M/BM;
iBK2 T = T + T + T X >Qr2p2`- 2�`HB2` `2TQ`ib bm;;2bi2/ i?�i T �M/
T +�M #2 +QMbB/2`2/ +QMbi�Mi 7Q` i?2b2 ivT2b Q7 T2`im`#�iBQMb U.Q 2i �HX- RN3kc
EBM; 2i �HX- kyy8VX h?2v �`2 i?mb }t2/ `2bT2+iBp2Hv iQ d8 Kb �M/ R8y Kb �M/ T Bb
/2}M2/ �b i?2 /Bz2`2M+2 #2ir22M i?2 `2TQ`i2/ T �M/ i?2 bmK T + T X

o�`B�#H2 a+�HBM;
"Q/v >2B;?i >
AMBiB�H T2M/mHmK H2M;i?- l yX8d8 × >
6QQi H2M;i?- lf yXR8k × >
>Q`BxQMi�H �MFH2@iQ@?22H /Bbi�M+2- a yXRN× lf
�MFH2 ?2B;?i yXyjN × >

h?2 `2K�BMBM; T�`�K2i2`b �`2 `2H�i2/ iQ i?2 +QMi`QHH2` �M/ /Q MQi /2T2M/ QM i?2
b+2M�`BQX h?2v �`2 `2TQ`i2/ BM h�#H2 jXjX h?2 K�tBK�H p2HQ+Biv Q7 i?2 brBM;BM; 7QQi Bb

ek



ej

θ H Treac Tprep

Tstep

H UKV θ U/2;V Treac UKbV TprepUKbV Tstep UKbV
>bB�Q@q2+FbH2` RXej RkX8 d8 R8y Ryy
2i �HX UkyydV RXej RdX8 d8 R8y Rk8

RXej kRXe d8 R8y R8y
RXej kdX8 d8 R8y kk8

*v` 2i �HX UkyyNV RXdj jyXd d8 R8y Rd8- 9yy- kd8

b2i iQ e m.s−1- BX2X bHB;?iHv 7�bi2` i?�M /m`BM; MQ`K�H ;�Bi UqBMi2`- RNNkVX h?2 iBK2
?Q`BxQM URbV Bb +?Qb2M bm+? i?�i BKTQ`i�Mi 2p2Mib `2H�i2/ iQ #�H�M+2 `2+Qp2`v- bm+?
�b bi2TTBM;- +QmH/ �`Bb2 /m`BM; BiX h?2 bBKmH�iBQM iBK2 UkbV Bb +?Qb2M H�`;2 2MQm;?
iQ �HHQr +QKTH2i2 +QMp2`;2M+2 Q7 *QJ p2HQ+Biv iQ x2`QX AM i?Bb }`bi �TT`Q�+? r2
+QMbB/2` �M �HKQbi +QMiBMmQmb +QMi`QH- BX2X i?2 +QMi`QHH2` Bb +�HH2/ 2p2`v b�KTHBM; iBK2
U2p2`v k8 KbVX h?2 r2B;?i +Q2{+B2Mib c1 @ c3 �`2 +?Qb2M bm+? i?�i KBMBKBx�iBQM Q7
*QJ p2HQ+Biv `2K�BMb i?2 K�DQ` #�H�M+2 `2+Qp2`v +`Bi2`BQM- �b i?2 Tm`TQb2 Q7 *QJ D2`F
KBMBKBx�iBQM �M/ *QS +2Mi2`BM; BM i?2 7QQi Dmbi ?2HT Q#i�BM bKQQi? +QMi�+i 7Q`+2b �M/
� +QK7Q`i�#H2 }M�H TQbim`2 �b MQi2/ BM >2`/i 2i �HX UkyRy�VX >2M+2- 7Q` c1 = 1 m.s−1-
c2 �M/ c3 �`2 b2i 2[m�H iQ 100 2�+?X

S�`�K2i2` o�Hm2
LQ Q7 b�KTH2b- L 9y
a�KTHBM; hBK2- h k8 Kb
>Q`BxQM H2M;i?- L×h R b2+
aBKmH�iBQM hBK2 k b2+
q2B;?i +Q2{+B2Mi- c1 R KXb−1

q2B;?i +Q2{+B2Mi- c2 Ryy KXb−3

q2B;?i +Q2{+B2Mi- c2 Ryy K
6QQi H2M;i?- lf +X7X h�#H2 9XR
J�t 7QQi p2HQ+Biv- vmax e KXb−1

ej
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*QMb2[m2MiHv- i?2 /2i2`KBM�iBQM Q7 i?2 QTiBK�H 7QQi TH�+2K2Mib �M/ *QJ i`�D2+iQ`v
#QBHb /QrM iQ KBMBKBxBM; � [m�/`�iB+ +Qbi 7mM+iBQM mM/2` HBM2�` +QMbi`�BMib- BX2X iQ bQHp2
� Zm�/`�iB+ S`Q;`�K UZSVX .2i�BHb +�M #2 7QmM/ BM >2`/i 2i �HX UkyRy�VX PM+2 i?Bb
QTiBK�H +QMi`QH bi`�i2;v ?�b #22M /2i2`KBM2/- Bi Bb �TTHB2/ iQ i?2 K2+?�MB+�H KQ/2H
Q7 i?2 ?mK�M #Q/v /m`BM; � r?QH2 b�KTHBM; T2`BQ/ T - �7i2` r?B+? i?2 bi�i2 Q7
i?2 bvbi2K U�HiBim/2 �M/ ?Q`BxQMi�H TQbBiBQM- p2HQ+Biv �M/ �++2H2`�iBQM Q7 i?2 *QJV
Bb K2�bm`2/ �;�BM �M/ i?2 r?QH2 JS* Bb `2+QKTmi2/ QM � M2r iBK2 ?Q`BxQM b?B7i2/
�++Q`/BM;Hv U6B;m`2 jXRkVX

*QKT�`BbQM #2ir22M i?2 2tT2`BK2Mi�H �M/ bBKmH�i2/ `2bmHib �`2 /BbTH�v2/ BM 6B;m`2b
jXRj �M/ jXR9X q?Bi2 THQib b?Qr i?2 2tT2`BK2Mi�H `2bmHib U�p2`�;2 ± bX/XV r?BH2 i?2
#H�+F THQib `2T`2b2Mi i?2 +Q``2bTQM/BM; KQ/2H T`2/B+iBQMbX

e9



e8

6B;m`2 jXRj b?Qrb i?2 `2bmHib 7Q` i?2 9 BM+HBM�iBQM +�b2b +QMbB/2`2/ #v >bB�Q@
q2+FbH2` �M/ _Q#BMQpBi+? UkyydVX Ai +�M #2 T2`+2Bp2/ i?�i bBKmH�i2/ �M/ 2tT2`BK2Mi�H
bi2T H2M;i?b K�i+? r2HH- BM T�`iB+mH�` 7Q` i?2 bK�HH2` BM+HBM�iBQM �M;H2bX

6B;m`2 jXR9 b?Qrb i?2 `2bmHib 7Q` i?2 2ti`2K2 BM+HBM�iBQM +�b2 Q7 *v` �M/ aK22bi2`b
UkyyN�V rBi? MQ HBKBi QM MmK#2` Q7 bi2TbX ai`B/2 H2M;i?b BMbi2�/ Q7 bi2T H2M;i?b �`2
`2TQ`i2/ iQ #2 +Q?2`2Mi rBi? i?Bb bim/vX S`2/B+i2/ �M/ `2TQ`i2/ bi`B/2 H2M;i? �`2 Q7
i?2 b�K2 Q`/2`X LQi2 i?�i i?2 i?B`/ bi2T- `2TQ`i2/ #v *v` �M/ aK22bi2`b UkyyN�V #mi
MQi T`2/B+i2/ #v i?2 KQ/2H- r�b QMHv Q#b2`p2/ 7Q` irQ Qmi Q7 k3 bm#D2+ibX

6B;m`2 jXR8 b?Qrb i?2 2pQHmiBQM Q7 i?2 K2+?�MB+�H KQ/2H /m`BM; i?2 T`2/B+i2/
`2+Qp2`v 7Q` i?2 b+2M�`BQ Q7 *v` �M/ aK22bi2`b UkyyNVX Ai +�M #2 b22M i?�i i?2 *QJ
i`�D2+iQ`v 7QHHQrb +B`+mH�` �`+b Q7 p�`vBM; H2M;i?bX

±

h?2 +QKT�`BbQM Q7 T`2/B+i2/ �M/ `2TQ`i2/ `2bmHib bm;;2bi i?�i i?2 KQ/2H T`2/B+iBp2
+QMi`QH b+?2K2 UjXkeV +�M T`2/B+i i?2 bBM;H2 �b r2HH �b KmHiBTH2 bi2T H2M;i?b rBi?
`2�bQM�#H2 �++m`�+vX >Qr2p2`- i?2 T`2/B+i2/ bi2T H2M;i?b �`2 bHB;?iHv H�`;2` i?�M i?2

e8



ee

±

2tT2`BK2Mi�H p�Hm2b BM �HH +�b2bX � +HQb2` HQQF `2p2�Hb i?�i i?2b2 /Bz2`2M+2b b+�H2/
`Qm;?Hv rBi? i?2 BM+HBM�iBQM H2p2HX h?Bb +QmH/ #2 �ii`B#mi2/ iQ i?2 bBKTHB}+�iBQM Q7 i?2
?mK�M #Q/v KQ/2H mb2/- �M/ BM T�`iB+mH�` iQ i?2 7�+i i?�i `Qi�iBQMb Q7 i?2 mTT2` #Q/v
�`2 MQi +QMbB/2`2/ BM i?2 +m``2Mi KQ/2HX AM/22/- Bi Bb FMQrM i?�i mTT2` #Q/v BM2`iB�
TH�vb � `QH2 BM i?2 #�H�M+2 `2+Qp2`v U2X;X >Q`�F �M/ L�b?M2`- RN3ec J+HH`Qv �M/ J�FB-
RNN9c p�M /2` "m`; 2i �HX- kyydV- �M/ +�M #2 mb2/ iQ HBKBi i?2 `2+Qp2`v bi2T H2M;i?X
JQ`2Qp2`- S�`F 2i �HX Ukyy9V b?Qr2/ i?�i mTT2` #Q/v `Qi�iBQMb b+�H2 TQbBiBp2Hv rBi? i?2
H2p2H Q7 T2`im`#�iBQMX h�F2M iQ;2i?2`- i?2b2 `2bmHib i2M/ iQ bmTTQ`i Qm` ?vTQi?2bBb,
M2;H2+iBM; mTT2` #Q/v `Qi�iBQMb BM i?2 T`2/B+iBQM KQ/2H H2�/b iQ Qp2`@2biBK�i2 i?2
`2+Qp2`v bi2T H2M;i?- �M/ i?Bb #B�b BM+`2�b2b rBi? i?2 T2`im`#�iBQM H2p2HX
� 7m`i?2` HBKBi�iBQM Q7 i?Bb b+?2K2 Bb i?2 T`2@�HHQ+�iBQM Q7 i?2 +QMi�+i iBK2bX 6Q` i?2
Tm`TQb2 Q7 +QKT�`BbQM BM i?Bb b2+iBQM- r2 +?Qb2 i?2b2 iBKBM;b iQ +Q``2bTQM/ iQ i?2
`2TQ`i2/ 2tT2`BK2Mi�H p�Hm2bX 1p2M i?Qm;? i?2 `2�+iBQM �M/ bi2T T`2T�`�iBQM iBK2b
+QmH/ #2 +QMbB/2`2/ �HKQbi +QMbi�Mi 7Q` � ;Bp2M /Bbim`#�M+2 ivT2- �M/ bQK2iBK2b
/Bbim`#�M+2 H2p2H- i?2 iBK2 Q7 i?2 H2;brBM; Bb �M BKTQ`i�Mi p�`B�#H2 �M/ b?QmH/ #2
QTiBK�HHv �/Dmbi2/ �++Q`/BM; iQ i?2 T2`im`#�iBQMX
.2bTBi2 i?2b2 HBKBi�iBQMb- i?2 `2�H bi`2M;i? Q7 i?Bb �TT`Q�+? HB2b BM Bib �#BHBiv iQ T`2/B+i

ee



ed

KmHiBTH2@bi2T `2+Qp2`B2b �M/ Bib TQbbB#H2 2ti2MbBQM iQ BM+Hm/2 KQ`2 +QKTH2t #2?�pBQ`b-
i?�MFb iQ � KmHiB@Q#D2+iBp2 +Qbi 7mM+iBQMX q2 i?2`27Q`2 b22 � bi`QM; BM+2MiBp2 iQ 7m`i?2`
+QMiBMm2 QM i?Bb �TT`Q�+? �M/ �//`2bb Bib HBKBi�iBQMbX

"�H�M+2 `2+Qp2`v #v bi2TTBM; Bb � +QKKQM bi`�i2;v BM ?mK�MbX u2i i?2`2 �`2 QMHv �
?�M/7mH Q7 bim/B2b r?B+? KQ/2H i?Bb #2?�pBQ`X JQbi Q7 i?2b2 +QM+2Tib +QK2 7`QK i?2
}2H/ Q7 #BT2/ `Q#QiB+bX AM i?2 }`bi T�`i Ua2+iBQMb jXR �M/ jXkV- r2 T`2b2Mi2/ �M/ 2p�Hm@
�i2/ bQK2 T`QKBM2Mi 7Q`KmH�iBQMb 7Q` 2biBK�iBM; i?2 HQ+�iBQM Q7 � bBM;H2 `2+Qp2`v bi2T
�M/ /Bb+mbb2/ i?2B` bi`QM; �M/ r2�F TQBMib BM i?2 +QMi2ti Q7 ?mK�M #�H�M+2 `2+Qp2`v
`2bTQMb2X AM ;2M2`�H- i?2 KQ/2Hb +QMbB/2` i?2 bvbi2K^b *QJ bi�i2 �b BMTmi �M/ T`2/B+i
i?2 HQ+�iBQM Q7 i?2 `2+Qp2`v bi2TX PMHv >Q7K�MM UkyyeV �//BiBQM�HHv T`2/B+i2/ i?2
+QMi�+i iBK2- i?Qm;? Bi r�b K2`2Hv � +QMb2[m2M+2 Q7 i?2 BMp2`i2/ T2M/mHmK �bbmKT@

ed



e3

iBQM �M/ � i`BpB�H +QMbi`�BMi Q7 bvKK2i`B+�H bi2TTBM;X aBKBH�`Hv- QMHv S`�ii 2i �HX UkyyeV
KQ/2H2/ i?2 2z2+i Q7 i?2 mTT2`@#Q/v `Qi�iBQM �M/ [m�MiB}2/ Bib K�tBKmK 2z2+i BM
i2`Kb Q7 bBx2 Q7 i?2 +�Tim`2 `2;BQMX >Qr2p2`- i?2 Q#HB;�iBQM Q7 bBM;H2@bi2T `2+Qp2`B2b-
�KQM; Qi?2` HBKBi�iBQMb- HBKBi i?2B` T`�+iB+�H mb�;2 7Q` T`2/B+iBQM Q7 ?mK�M `2+Qp2`v
#2?�pBQ`X

PM i?2 Qi?2` ?�M/- i?2 JQ/2H S`2/B+iBp2 *QMi`QH UJS*V �TT`Q�+?2b BM ;2M2`�H-
�M/ i?2 b+?2K2 Q7 >2`/i 2i �HX UkyRy#V BM T�`iB+mH�`- T`Qp2/ iQ #2 [mBi2 +�T�#H2 Q7
2HBKBM�iBM; bQK2 F2v HBKBi�iBQMb Q7 i?2 �#Qp2 KQ/2HbX h?2 JS* �TT`Q�+? `2HB2b QM
� KQ`2 ;2M2`�H QTiBKBx�iBQM@#�b2/ �TT`Q�+? iQ +QMbB/2` MQi QMHv i?2 KmHiBTH2 bi2T
`2+Qp2`B2b #mi �//BiBQM�HHv i?2 bvbi2K^b /vM�KB+b �M/ Bib 2pQHmiBQM �HH �HQM; i?2 `2+Qp@
2`v T`Q+2bbX JQ`2Qp2`- i?2 T`2/B+i2/ bi2T H2M;i?b K�i+?2/ r2HH rBi? i?2 2tT2`BK2Mi�H
`2bmHib 7Q` � bBKTH2 #�H�M+2 `2+Qp2`v b+2M�`BQ +QMbB/2`2/ BM a2+iBQM jX8X q2 i?2`27Q`2
#mBH/ 7m`i?2` QM i?Bb �TT`Q�+? #v �//`2bbBM; Bib HBKBi�iBQMb Q7 MQM@+QMbB/2`�iBQM Q7
mTT2`@#Q/v BM2`iB�H 2z2+ib �M/ MQM@QTiBKBx2/ +QMi�+i iBK2b BM i?2 M2ti +?�Ti2`X

e3





h?2 JS* b+?2K2 T`2b2Mi2/ BM i?2 T`2pBQmb +?�Ti2` U>2`/i 2i �HX- kyRy�V `2HB2b
QM � bBKTHB}2/ GAS KQ/2H �M/ QMHv +QMbB/2`b i?2 �MFH2 �M/ bi2TTBM; bi`�i2;B2bX �
7m`i?2` HBKBi�iBQM Bb i?2 bi2T /m`�iBQMb }t2/ BM �/p�M+2X �b r2 MQi2/ BM +?�Ti2` k-
i?2 lTT2`@"Q/v AM2`iB� Ul"AV ?�b �M BKTQ`i�Mi `QH2 BM ?mK�M #�H�M+2 `2+Qp2`v �M/
i?2 /m`�iBQM Q7 � `2+Qp2`v bi2T Bb �HbQ �M BKTQ`i�Mi p�`B�#H2- Dmbi HBF2 Bib HQ+�iBQMX Ai
Bb 7m`i?2` Q#b2`p2/ i?�i BM ?mK�Mb- �MFH2 �M/ ?BT bi`�i2;B2b Q7i2M 2tBbi BM T�`�HH2H BM
#�H�M+2 `2+Qp2`v i�bFb UJ�FB �M/ J+AH`Qv- RNNdV �M/ i?2 mb2 Q7 i?2 ?BT bi`�i2;v Bb
TQbBiBp2Hv b+�H2/ rBi? i?2 T2`im`#�iBQM K�;MBim/2 US�`F 2i �HX- kyy9VX
AM i?Bb +?�Ti2`- r2 7m`i?2` #mBH/ QM i?2 JS* b+?2K2 T`QTQb2/ #v >2`/i 2i �HX UkyRy�V
iQ BKTH2K2Mi �M �TT`QT`B�i2 +QK#BM�iBQM Q7 �MFH2- ?BT �M/ bi2TTBM; bi`�i2;B2bX Pm`
;Q�H Bb iQ /2p2HQT � bBM;H2 JS* +QMi`QHH2` r?B+? +�M T`Q/m+2 � #�H�M+2 `2+Qp2`v #2@
?�pBQ` �b +HQb2 �b TQbbB#H2 iQ i?2 ?mK�M #2?�pBQ` /2b+`B#2/ �#Qp2X 6m`i?2`KQ`2- r2
BMi2;`�i2 � T`QT2` QTiBKBx�iBQM Q7 i?2 bi2T /m`�iBQM 7Q` BKT`Qp2/ 2{+B2M+vX

dy



dR



dk

hQ i?2 �mi?Q`^b FMQrH2/;2- MQ JS* +QMi`QHH2` ?�b BMi2;`�i2/ v2i i?2 mTT2`@#Q/v BM2`@
iB�H 2z2+ibX >Qr2p2`- i?2`2 2tBbi bQK2 Qi?2` #�H�M+2 `2+Qp2`v b+?2K2b r?B+? KQ/2H �M/
+QMi`QH KQ`2 i?�M QM2 #�H�M+2 bi`�i2;B2b bBKmHi�M2QmbHvX aQK2 Q7 i?2b2 �TT`Q�+?2b
�`2 `2pB2r2/ BM i?Bb b2+iBQMX

h?2 `2;mH�iBQM Q7 KmHiBTH2 bi`�i2;B2b Bb � /2HB+�i2 Bbbm2 7`QK i?2 +QMi`QH TQBMi
Q7 pB2rX Ai ;HQ#�HHv �KQmMib iQ /2+B/BM; �i r?�i TQBMi i?2 +QMi`QHH2` brBi+?2b 7`QK
QM2 bi`�i2;v iQ �MQi?2`X JQbi 2tBbiBM; +QMi`QH b+?2K2b `2;mH�i2 QMHv k }t2/@bmTTQ`i
bi`�i2;B2b �M/ 7m`i?2` bm;;2bi � b2[m2MiB�H i`�MbBiBQM 7`QK �MFH2 iQ ?BT bi`�i2;vX 6Q`
2t�KTH2 L2M+?2p �M/ LBb?BQ UkyydV mb2/ i?2 b2MbQ` �++2H2`�iBQM /�i� �M/ �M �`#Bi`�`v
i?`2b?QH/ iQ BMpQF2 i?2 ?BT bi`�i2;vX E�M�KBv� 2i �HX UkyRyV T`QTQb2/ i`�MbBiBQM iQ ?BT
bi`�i2;v r?2M i?2 �MFH2 bi`�i2;v Bb b�im`�i2/X �iF2bQM �M/ ai2T?2Mb UkyydV T`QTQb2/
� MQM@HBM2�` +QMi`QHH2` mbBM; � bBM;H2 QTiBKBx�iBQM +`Bi2`BQM iQ brBi+? #2ir22M i?2 irQ
bi`�i2;B2bX h�F2M�F� 2i �HX UkyyNV T`QTQb2/ � bBKBH�` +QK#BM�iBQM #mi rBi? bBKTH2
2KTB`B+�H `mH2b rBi?Qmi Km+? 2tTH�M�iBQMX "QMM2i �M/ +QHH2�;m2b BM b2p2`�H rQ`Fb
U"QMM2i 2i �HX- kyyN- kyyd- kyRRV mb2/ +QMbi`�BM2/ QTiBKBx�iBQM �M/ � S. +QMi`QHH2`
iQ bBKmH�i2 ?mK�M i`�+FBM; i�bFb r?BH2 KBMBKBxBM; ;HQ#�H DQBMi iQ`[m2 p�`B�iBQMX h?2v
Q#b2`p2/ i`�MbiBQMb #2ir22M i?2 irQ bi`�i2;B2b �i i?2 TQBMi Q7 �MFH2 iQ`[m2 b�im`�iBQMX
uBM �M/ p�M /2 S�MM2 UkyyeV r2Mi � bi2T 7m`i?2` #v BM+Hm/BM; bi2TTBM; �M/ `2;mH�i2/
i?`22 bi`�i2;B2b �i � iBK2X >Qr2p2`- i?2 brBi+?BM; Bb #�b2/ QM ?2m`BbiB+ T`BM+BTH2b r?B+?
H�+F T`Qp�#H2 bi�#BHBiv �M/ 2z2+iBp2 BKTH2K2Mi�iBQM BM � KQ`2 ;2M2`�H #�H�M+2 `2+Qp2`v
KQ/2HX

AM i?2 M2ti b2+iBQM- r2 T`2b2Mi BM /2i�BH i?2 +QKTH2i2 /2p2HQTK2Mi Q7 Qm` JS*
b+?2K2 rBi? i?2 i?`22 #�H�M+2 `2+Qp2`v bi`�i2;B2bX G�i2` BM i?2 +?�Ti2` r2 /2KQM@
bi`�i2 ?Qr �HH i?`22 bi`�i2;B2b �`2 2{+B2MiHv `2;mH�i2/ BM Qm` +QMi`QHH2` rBi?Qmi /2}MBM;
�`#Bi`�`v i?`2b?QH/BM; Q` 2KTB`B+�H `mH2bX

dk



dj

q2 2KTHQv i?2 r2HH@`2;�`/2/ GAS KQ/2H �M/ bmTTH2K2Mi Bi rBi? � bBKTH2 ~vr?22H �b
BM S`�ii 2i �HX UkyyeV- H2�/BM; iQ i?2 bBKTH2 HBM2�` /vM�KB+b,

mh c̈x + j θ̈ = mg(cx − zx) U9XRV

r?2`2 cx �M/ zx �`2 i?2 ?Q`BxQMi�H +QQ`/BM�i2b Q7 i?2 *QJ �M/ *QS- θ Bb i?2 Q`B2Mi�iBQM
Q7 i?2 i`mMF- j i?2 BM2`iB� Q7 i?2 i`mMF �M/ g i?2 MQ`K Q7 i?2 ;`�pBiv 7Q`+2X h?2 JS*
+QMi`QHH2` BM >2`/i 2i �HX UkyRy�V U+X7X *?�Ti2` jV Bb #�b2/ QM �MiB+BT�iBM; 7mim`2
KQiBQMb QM � T`2/B+iBQM ?Q`BxQM +QKTQb2/ Q7 N iBK2 BMi2`p�Hb Q7 2[m�H H2M;i? T X
E22TBM; i?2 b�K2 T`BM+BTH2 �M/ 2ti2M/BM; Bi iQ i?2 KQiBQM Q7 i?2 ~vr?22H- r2 +QMbB/2`
i?2 KQiBQM Q7 #Qi? *QJ �M/ i?2 ~vr?22H QM i?2 7mim`2 iBK2 ?Q`BxQM ?�pBM; +QMbi�Mi
i?B`/ /2`Bp�iBp2b XXX

c �M/
XXX
θ Qp2` 2�+? iBK2 BMi2`p�HX >2M+2 Dmbi HBF2 i?2 *QJ- 7Q` i?2

bi�i2

θ̂k =

⎡

⎢

⎢

⎣

θk

θ̇k

θ̈k

⎤

⎥

⎥

⎦

U9XkV

Q7 i?2 ~vr?22H �i � iBK2 tk- Bib TQbBiBQM- bT22/ �M/ �++2H2`�iBQM Qp2` i?2 r?QH2 T`2@
/B+iBQM ?Q`BxQM

Θk+1 =

⎡

⎢

⎢

⎣

θk+1

XXX
θk+N

⎤

⎥

⎥

⎦

, Θ̇k+1 =

⎡

⎢

⎢

⎣

θ̇k+1

XXX
θ̇k+N

⎤

⎥

⎥

⎦

, Θ̈k+1 =

⎡

⎢

⎢

⎣

θ̈k+1

XXX
θ̈k+N

⎤

⎥

⎥

⎦

U9XjV

Bb `2H�i2/ iQ i?2 TB2+2rBb2 +QMbi�Mi i?B`/ /2`Bp�iBp2

XXX
Θk+1 =

⎡

⎢

⎢

⎣

XXX
θ k+1

XXX
XXX
θ k+N

⎤

⎥

⎥

⎦

U9X9V

dj



d9

i?`Qm;? bBKTH2 K�i`B+2b,

Θk+1 = Spθ̂k + Up

XXX
Θk, U9X8V

Θ̇k+1 = Svθ̂k + Uv

XXX
Θk, U9XeV

Θ̈k+1 = Saθ̂k + Ua

XXX
Θk. U9XdV

LQi2 i?�i B/2MiB+�H `2H�iBQMb ?QH/ 7Q` i?2 *QJ KQiBQM �H`2�/v /2`Bp2/ BM a2+iBQM jX9X
h?2 K�i`B+2b Sp, Up 2i+X 7QHHQr /B`2+iHv 7`QK i?2 `2+m`bBp2 /vM�KB+bX .2i�BHb +�M #2
7QmM/ BM U>2`/i 2i �HX- kyRy�-#VX

h?2 HBM2�` /vM�KB+b U9XRV +�M #2 `2p2`b2/ iQ +QKTmi2 i?2 TQbBiBQM Q7 i?2 *QS 7`QK
i?2 KQiBQM Q7 i?2 ?mK�M Q` ?mK�MQB/ bvbi2K,

z = cx −
h

g
c̈x −

j

mg
θ̈. U9X3V

�b #27Q`2- r2 +�M 2�bBHv `2H�i2 i?2 TQbBiBQM Q7 i?2 *QS Qp2` i?2 r?QH2 T`2/B+iBQM ?Q`BxQM

Zk+1 =

⎡

⎢

⎢

⎣

zk+1

XXX
zk+N

⎤

⎥

⎥

⎦

U9XNV

iQ i?2 TB2+2rBb2 +QMbi�Mi i?B`/ /2`Bp�iBp2b
XXX
Ck �M/

XXX
Θk i?`Qm;? bBKTH2 K�i`B+2b,

Zk+1 = Sz

[

ĉk

θ̂k

]

+ Uz

[XXX
CkXXX
Θk

]

, U9XRyV

rBi?

Sz =
[

Sp − h
g
Sa − j

mg
Sa

]

, U9XRRV

Uz =
[

Up − h
g
Ua − j

mg
Ua

]

. U9XRkV

d9



d8

P7 +Qm`b2- i?2 /vM�KB+b U9XRV Q7 ?mK�M �M/ ?mK�MQB/ #�H�M+2 Bb bm#D2+i iQ � b2`B2b Q7
FBM2K�iB+ �M/ /vM�KB+ +QMbi`�BMib i?�i ?�p2 iQ #2 b�iBb}2/ Qp2` i?2 r?QH2 T`2/B+iBQM
?Q`BxQM- 7Q` �HH i ∈ [k + 1, . . . k +N ]X hQ bi�`i rBi?- i`mMF `Qi�iBQM Bb HBKBi2/ #v DQBMi
+QMbi`�BMibX qBi? bm+? � bBKTH2 KQ/2H- Bi rBHH #2 +QMbi`�BM2/ #v /B`2+i #QmM/b

θ ≤ θi ≤ θ . U9XRjV

h?2 b�K2 +QM+2`MBM; ?BT iQ`[m2b,

j|θ̈i| ≤ τ U9XR9V

A7 fi `2T`2b2Mib i?2 ?Q`BxQMi�H TQbBiBQM Q7 i?2 bmTTQ`i 7QQi QM i?2 ;`QmM/ �i iBK2 ti-
i?2 K�tBKmK 2ti2MbBQM Q7 i?2 bmTTQ`i H2; +�M #2 bBKTHv 2M7Q`+2/ rBi? i?2 ?Q`BxQMi�H
TQbBiBQM Q7 i?2 *QJ,

‖cix − fi‖ ≤ l . U9XR8V

>Qr2p2`- BMbi2�/ Q7 +QMbi`�BMBM; i?2 brBM; 7QQi 7Q`r�`/ p2HQ+Biv �b /QM2 BM i?2 T`2@
pBQmb +?�Ti2`- r2 +QMbB/2` +QMbi`�BMBM; Bib 7Q`r�`/ �++2H2`�iBQM iQ #2 KQ`2 #BQHQ;B+�HHv
`2�HBbiB+X A7 f ′

i `2T`2b2Mib i?2 ?Q`BxQMi�H TQbBiBQM Q7 i?2 brBM; 7QQi �#Qp2 i?2 ;`QmM/-
i?Bb +QMbi`�BMi +�M bBKTHv #2 `2T`2b2Mi2/ �b,

‖f̈ ′

i‖ ≤ f̈ ′ U9XReV

h?2 KQiBQM Q7 i?2 brBM; 7QQi Bb BMi2`TQH�i2/ rBi? 8i? /2;`22 TQHvMQKB�Hb #2ir22M Bib
+m``2Mi TQbBiBQM- p2HQ+Biv �M/ �++2H2`�iBQM �M/ i?2 /2bB`2/ TQbBiBQM QM i?2 ;`QmM/ rBi?
x2`Q p2HQ+Biv �M/ �++2H2`�iBQM UMQ BKT�+iVX

6BM�HHv- i?2 *QS zx Bb �HbQ +QMbi`�BM2/ iQ bi�v rBi?BM i?2 #QmM/�`B2b Q7 i?2 bmTTQ`i
TQHv;QM- r?�i +�M #2 2tT`2bb2/ BM i?2 7QHHQrBM; r�v,

D(zi − fi) ≤ b, U9XRdV

d8



de

r?2`2 D �M/ b �`2 � K�i`Bt �M/ � p2+iQ` 2M+Q/BM; i?2 b?�T2 Q7 i?2 7QQi rBi? `2bT2+i iQ
i?2 TQbBiBQM fi Q7 i?2 bmTTQ`i 7QQi QM i?2 ;`QmM/X AM Q`/2` iQ 2tT`2bb i?2b2 +QMbi`�BMib
Qp2` i?2 r?QH2 T`2/B+iBQM ?Q`BxQM- r2 ?�p2 iQ `2H�i2 i?2 TQbBiBQM Q7 i?2 bmTTQ`i 7QQi
Qp2` i?2 r?QH2 T`2/B+iBQM ?Q`BxQM

Fk+1 =

⎡

⎢

⎢

⎣

fk+1

XXX
fk+N

⎤

⎥

⎥

⎦

U9XR3V

rBi? i?2 +m``2Mi bmTTQ`i 7QQi TQbBiBQM fk r?B+? Bb }t2/ QM i?2 ;`QmM/ �M/ i?2 TQbBiBQMb
F̄k+1 Q7 i?2 7mim`2 bi2Tb r?B+? rBHH ?�p2 iQ #2 /2+B/2/ #v i?2 #�H�M+2 +QMi`QHH2`X A7
i?2 bi2T /m`�iBQMb �`2 }t2/ BM �/p�M+2- i?Bb +�M #2 /QM2 2�bBHv rBi? K�i`B+2b Vk+1 �M/
V̄k+1 }HH2/ rBi? yb �M/ Rb bBKTHv BM/B+�iBM; r?B+? b�KTHBM; iBK2b ti 7�HH rBi?BM r?B+?
bi2Tb �b /QM2 BM >2`/i 2i �HX UkyRy#V,

Fk+1 = Vk+1fk + V̄k+1F̄k+1. U9XRNV

rBi?

Vk+1 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1
XXX
1

0
XXX
0

0
XXX
0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, V̄k+1 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 0
XXX XXX
0 0

1 0
XXX XXX
1 0

0 1
XXX XXX
0 1

X X X

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

U9XkyV

r?2`2 `Qrb +Q``2bTQM/ iQ b�KTHBM; iBK2b �M/ +QHmKMb iQ bi2TbX

>Qr2p2`- r?2M bi2T /m`�iBQM Bb H27i �b � 7`22 T�`�K2i2`- r?B+? Bb i?2 Q#D2+iBp2 Q7
Qm` +QMi`QHH2`- i?2 }HHBM; Q7 i?2b2 K�i`B+2b Bb MQi bi`�B;?i7Q`r�`/ �M/ i?2 QTiBKBx�iBQM
T`Q#H2K #2+QK2b MQM@HBM2�`X h?Bb `2[mB`2b KQ`2 +QKTH2t MmK2`B+�H bQHp2`b bm+? �b i?2

de



dd

QM2 T`QTQb2/ BM .B2/�K UkyyNVX >Qr2p2`- bBM+2 i?Bb i?2bBb Bb 7Q+mb2/ QM i?2 KQ/2HBM;
Q7 #�H�M+2 �M/ �M�HvbBb Q7 /Bz2`2Mi +Qbi 7mM+iBQMb- � bBKTH2` KmHiB@Bi2`�iBp2 T`Q+2bb Bb
mb2/X �i 2�+? b�KTH2 iBK2- KmHiBTH2 bBKmH�iBQMb �`2 +�``B2/ Qmi i2biBM; /Bz2`2Mi bi2T
/m`�iBQMb �M/ i?2 +Q``2bTQM/BM; p�Hm2b Q7 i?2 +Qbi 7mM+iBQM �`2 biQ`2/X h?2 QTiBK�H
bi2T /m`�iBQM Bb i?2M +?Qb2M �b i?2 QM2 r?B+? `2bmHib BM i?2 KBMBKmK p�Hm2 Q7 i?2 +Qbi
7mM+iBQMX

aBM+2 i?2 #�bB+ Q#D2+iBp2 Q7 Qm` +QMi`QHH2` Bb iQ `2;mH�i2 #�H�M+2 iQ � bi�M/biBHH TQbim`2-
i?2 JS* b+?2K2 b?QmH/ 2bb2MiB�HHv KBMBKBx2 i?2 bT22/ Ċk+1 Q7 i?2 *QJ �M/ i?2
`Qi�iBQM bT22/ Θ̇k+1 Q7 i?2 BM2`iB� r?22H Qp2` i?2 T`2/B+iBQM ?Q`BxQM r?BH2 i�FBM;
+�`2 Q7 �HH i?2 +QMbi`�BMib HBbi2/ 2�`HB2`X JQ`2Qp2`- �b rBHH #2 /Bb+mbb2/ BM a2+iBQM
9XjXj- KBMBKBxBM; i?2 �++2H2`�iBQM F̈ ′

k+1 Q7 i?2 brBM; 7QQi Qp2` i?2 r?QH2 T`2/B+iBQM
?Q`BxQM ?2HTb iQ b2H2+i i?2 bi2T /m`�iBQMbX h?Bb H2�/b mb iQ � KmHiB@Q#D2+iBp2 +QMi`QHH2`
KBMBKBxBM; � r2B;?i2/ bmK

KBM 1

c21
‖Ċk+1‖2 +

1

c22
‖Θ̇k+1‖2 +

1

c23
‖F̈ ′

k+1‖2. U9XkRV

>Qr2p2`- i?2 `2bmHiBM; KQiBQMb �TT2�` iQ #2 bB;MB}+�MiHv BKT`Qp2/ r?2M KBMBKBxBM;
�HbQ i?2 i?B`/ /2`Bp�iBp2b

XXX
Ck �M/

XXX
Θk Q7 i?2 KQiBQM �M/ i?2 /Bbi�M+2 #2ir22M i?2

TQbBiBQM Zk+1 Q7 i?2 *QS �M/ i?2 +2Mi2` Fk+1 Q7 i?2 bmTTQ`i 7QQi �b /QM2 BM i?2
T`2pBQmb +?�Ti2`X h?2 }M�H KmHiB@Q#D2+iBp2 +QMi`QHH2` HQQFb i?2`27Q`2 iQ KBMBKBx2

KBM 1

c21
‖Ċk+1‖2 +

1

c22
‖Θ̇k+1‖2 +

1

c23
‖F̈ ′

k+1‖2

+
1

c24
‖
XXX
Ck‖2 +

1

c25
‖
XXX
Θk‖2 +

1

c26
‖Zk+1 − Fk+1‖2, U9XkkV

rBi? i?2 +QMi`QH p�`B�#H2b u =
[XXX
Ck

XXX
Θk F̄k+1

]T

X h?2 +?QB+2 Q7 i?2 r2B;?ib c1 iQ
c6 rBHH ?2HT imM2 i?2 /Bz2`2Mi bi`�i2;B2b BMpQHp2/ BM i?2 #�H�M+2 `2+Qp2`v T`Q+2bbX

dd



d3

o�`B�#H2 avK#QH o�Hm2 _27X
"Q/v ?2B;?i H RXd8 K *?�{M �M/ �M/2`bbQM URN39V
"Q/v K�bb m d8 F; *?�{M �M/ �M/2`bbQM URN39V
*QJ ?2B;?i h = 0.575×H RXyRk K qBMi2` URNNyV
6QQi H2M;i? lf = 0.152×H yXke K qBMi2` URNNyV
�MFH2 iQ iQ2 /Bbi�M+2 0.81× lf yXkR K qBMi2` URNNyV
�MFH2 iQ ?22H /Bbi�M+2 0.19× lf yXy8 K qBMi2` URNNyV
J�t i`mMF `Qi�iBQM θ U7Q`r�`/V π/2 `�/
JBM i`mMF `Qi�iBQM θ U#�+Fr�`/V −π/2 `�/
h`mMF BM2`iB� j 3 F;XK2 qBMi2` URNNyV
J�t ?BT iQ`[m2 τmax RNy LXK *?�{M �M/ �M/2`bbQM URN39V

G2i^b }`bi �M�Hvx2 i?2 +Qbi 7mM+iBQM U9XkkV bi2T #v bi2T �M/ 2tTHQ`2 i?2 `QH2 Q7 Bib
/Bz2`2Mi i2`Kb BM i?2 Qp2`�HH #�H�M+2 `2+Qp2`vX 6Q` i?Bb Tm`TQb2- bBKTH2 bBKmH�iBQMb
�`2 T2`7Q`K2/ +QMbB/2`BM; � ?mK�M@bBx2/ KQ/2H U+X7X h�#H2 9XRV BM i?2 mT`B;?i TQbim`2
�M/ 2tT2`B2M+BM; b�;Bii�H TH�M2 T2`im`#�iBQMb Q7 p�`BQmb �KTHBim/2bX h?2 /Bbim`#�M+2
Bb +?�`�+i2`Bx2/ #v � TQbi@BKT�+i *QJ p2HQ+Biv r?B+? Bb BMTmi iQ i?2 +QMi`QHH2` 7Q`
`2+Qp2`v �+iBQMX *�H+mH�iBQMb �`2 /QM2 Qp2` � T`2/B+iBQM ?Q`BxQM Q7 R bX

q2 bi�`i Qm` �M�HvbBb #v +QMbB/2`BM; QMHv i?2 }t2/@bmTTQ`i bi`�i2;B2bX h?2 bi�#BHBiv Q7
i?2 bvbi2K +�M #2 �+?B2p2/ #v KBMBKBxBM; � +Qbi 7mM+iBQM �b bBKTH2 �b,

KBM 1

c21
‖Ċk+1‖2 +

1

c22
‖Θ̇k+1‖2. U9XkjV

rBi? +QMi`QH p�`B�#H2b- u =
[XXX
Ck

XXX
Θk

]T

�M/ mM/2` +QMbi`�BMib U9XRjV- U9XR9V �M/
U9XRdVX

h?2 �KQmMi Q7 /Bbim`#�M+2 i?�i +�M #2 /2�Hi rBi? /2T2M/b mTQM K�tBKmK �MFH2
iQ`[m2 �M/ BM2`iB� r?22H T�`�K2i2`bX �MFH2 iQ`[m2 Bb HBKBi2/ #v i?2 bBx2 Q7 i?2 #�b2

d3



dN

π
2
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3y

Q7 bmTTQ`i Ui?2 H2M;i? Q7 7QQi BM b�;Bii�H TH�M2V r?B+? Bb BM/B`2+iHv i�F2M +�`2 Q7 #v
i?2 *QS +QMbi`�BMi U9XRdVX h?2 BM2`iB� r?22H ?�b iQ `mM rBi?BM i?2 K�tBKmK �M;H2
�M/ iQ`[m2 HBKBib U+QMbi`�BMib U9XRjV �M/ U9XR9VVX h?2 2z2+i Q7 τmax �M/ θmax QM
i?2 K�tBKmK T2`KBbbB#H2 TQbi@BKT�+i p2HQ+Biv Bb b?QrM BM i?2 6B;m`2b 9XR �M/ 9Xk
b2T�`�i2HvX q2 +�M b22 i?�i B7 i?2 �MFH2 bi`�i2;v Bb mb2/ �HQM2 U+Q``2bTQM/BM; iQ
x2`Q ?BT iQ`[m2V- � bi�#BHBiv HBKBi Bb `2�+?2/ 7Q` � TQbi@BKT�+i p2HQ+Biv Q7 yXe9 KXb−1

BM i?2 7Q`r�`/ /B`2+iBQM �M/ yXRe KXb−1 BM i?2 #�+Fr�`/ /B`2+iBQMX h?Bb /B`2+iBQM�H
/Bz2`2M+2 Bb /m2 iQ i?2 MQM@bvKK2i`B+ bi`2i+? Q7 7QQi �`QmM/ i?2 `272`2M+2 2[mBHB#`BmK
TQbBiBQM BX2X i?2 �MFH2 U+X7X h�#H2 9XRVX AM T`2b2M+2 Q7 i?2 BM2`iB� r?22H- �M/ rBi?
�Mi?`QTQKQ`T?B+ HBKBib Q7 τmax = 190N.m �M/ θmax = π

2
- i?2 TQbi@BKT�+i p2HQ+BiB2b

Q7 mTiQ yX33 KXb−1 BM i?2 7Q`r�`/ /B`2+iBQM �M/ yX9y KXb−1 BM i?2 #�+Fr�`/ /B`2+iBQM
+�M #2 K�M�;2/ rBi?Qmi bi2TTBM; 7`QK � bi�M/biBHH BMBiB�H TQbim`2X

h?Bb �M�HvbBb +�M 7m`i?2` #2 2ti2M/2/ iQ MQM@mT`B;?i TQbim`2b BM i2`Kb Q7 � bi�#BHBiv
`2;BQM Ub22 6B;m`2 9XjVX h?2 BMM2` #Hm2 �`2� +Q``2bTQM/b iQ i?2 �MFH2 bi`�i2;v bi�#BHBiv
xQM2 bBKBH�` iQ QM2 T`QTQb2/ #v >Q7 2i �HX Ukyy8V U+X7X a2+iBQM kXkXkVX Pmi2` HBM2b

3y



3R

`2T`2b2Mi i?2 HBKBib Q7 i?2 �MFH2 �M/ ?BT bi`�i2;B2b rQ`FBM; iQ;2i?2` Q#i�BM2/ #v KBMB@
KBxBM; i?2 +Qbi 7mM+iBQM U9XkjV mbBM; �Mi?`QTQKQ`T?B+ T�`�K2i2`b HBbi2/ BM h�#H2 9XRX
Ai b?Qrb i?�i i?2 /BbTQbBiBQM Q7 mTT2`@#Q/v BM2`iB� 2M?�M+2b i?2 }t2/@bmTTQ`i bi�#BHBiv
�`2� #v �#Qmi 8yWX h?Bb K�i+?2b r2HH rBi? i?2 BM+`2�b2 Q7 �`QmM/ jyW `2TQ`i2/ #v
EQQH2M 2i �HX UkyRkV ;Bp2M i?�i i?2v mb2/ � `2H�iBp2Hv HQr T2�F ?BT iQ`[m2 p�Hm2 URyy
LXKVX AMi2`2biBM;Hv- i?2 iQ`[m2 T`Q}H2 T`2/B+i2/ #v Qm` +QMi`QHH2` �i i?2 HBKBi Q7 +QK@
#BM2/ �MFH2Y?BT bi`�i2;v U�HQM; i?2 Qmi2` #H�+F HBM2 BM 6B;m`2 9XjV Bb �HbQ p2`v bBKBH�`
iQ i?2 #�M;@#�M; T`Q}H2 mb2/ BM EQQH2M 2i �HX UkyRkV iQ 2t2`i K�tBKmK 2z2+i QM i?2
*QJ p2HQ+BivX U6Q` � [mB+F `272`2M+2- i?2 `2�/2` K�v `272` iQ i?2 6B;m`2 9XN BM a2+iBQM
9X9 r?B+? b?Qrb iBK2 T`Q}H2b Q7 ?BT iQ`[m2 +Q``2bTQM/BM; iQ /Bbim`#�M+2b Q7 p�`vBM;
H2p2HVX

h?Qm;? i?2 #�bB+ }t2/@bmTTQ`i bi�#BHBiv +�M #2 �+?B2p2/ #v KBMBKBxBM; i?2 +Qbi 7mM+@
iBQM U9XkjV- i?2 `2bmHiBM; KQiBQMb �`2 MQi p2`v bKQQi?X 6Q` 2t�KTH2- 6B;m`2 9X9 b?Qrb
T`Q}H2b Q7 *QJ 7Q`r�`/ �++2H2`�iBQM UiQTV �M/ ?BT �M;mH�` �++2H2`�iBQM U#QiiQKV r?BH2
`2+Qp2`BM; 7`QK � TQbi@BKT�+i p2HQ+Biv Q7 yXd KXb−1 mbBM; i?2 +Qbi 7mM+iBQM U9XkjVX
�b � r?QH2- � K2�M x2`Q �++2H2`�iBQM Bb K�BMi�BM2/ iQr�`/b i?2 2M/ Q7 i?2 KQiBQM
7Q` #Qi? *QJ �M/ i?2 ~vr?22HX >Qr2p2`- MQi QMHv �#`mTi �++2H2`�iBQM +?�M;2b �`2
Q#b2`p2/ /m`BM; i?2 BMBiB�H T?�b2 Q7 i?2 KQiBQM- i?2 �#bQHmi2 �++2H2`�iBQM p�Hm2 Bb M2p2`
+QMp2`;BM; iQ x2`QX

JBMBKBxBM; � r2�FHv@r2B;?i2/ *QJ D2`F i2`K ‖
XXX
Ck‖2 ?2HTb bKQQi?BM; i?2 KQiBQM

iQ Km+? 2ti2Mi U6B;m`2 9X8- H27iV #mi i?2 Qb+BHH�iBQMb Q7 i?2 BM2`iB� r?22H biBHH /Bbim`#
i?2 bvbi2KX 6BM�HHv- i?2 KBMBKBx�iBQM Q7 #Qi? *QJ �M/ ~vr?22H D2`Fb U6B;m`2 9X8-
`B;?iV `2bmHib BM � Km+? bKQQi?2` i`�D2+iQ`v �M/ `2bmHib BM � bi2�/v bi�i2 TQbim`2X

>Qr2p2`- i?Bb i`�D2+iQ`v bKQQi?BM; Bb MQi rBi?Qmi � +QbiX S2M�HBxBM; i?2 D2`Fb Q7
KQiBQM +�M `2/m+2 i?2 bi�#BHBiv K�`;BMb BM 6B;m`2 9Xj #v R@k +KXb−1- 2p2M 7Q` r2�F
T2M�HBx�iBQMb c4 �M/ c5 U#Qi? c4 �M/ c5 2[m�H jyy KXb−3 �M/ `�/Xb−3 `2bT2+iBp2Hv BM
i?Bb +�b2VX Ai Bb i?2`27Q`2 Dm/B+BQmb iQ T2M�HBx2 i?2K �b 7�BMiHv �b TQbbB#H2X h?2 Bbbm2
Q7 +QMi`QH r2B;?i p�Hm2b rBHH #2 /Bb+mbb2/ KQ`2 i?Q`Qm;?Hv BM a2+iBQM 9XjX9X

3R



3k

G2i^b MQr Q#b2`p2 i?2 `QH2 Q7 KBMBKBxBM; i?2 brBM; 7QQi �++2H2`�iBQM i2`K BM QTiBKBxBM;
bi2T /m`�iBQMbX �HHQrBM; i?2 /m`�iBQM Q7 i?2 bi2Tb iQ p�`v BM �M JS* b+?2K2 ?�b #22M
i`B2/ BM .B2/�K UkyyNV- #mi i?2 bi2Tb 2M/2/ mT #2BM; �Hr�vb +?Qb2M i?2 [mB+F2bi
TQbbB#H2, B7 MQ 2tTHB+Bi HQr2` HBKBi r�b b2i QM i?2B` /m`�iBQM- i?2v r2`2 +?Qb2M iQ #2
BM}MBi2Hv [mB+F5

h?2 `2�bQM 7Q` i?Bb BHH #2?�pBQ` HB2b BM i?2 Q#D2+iBp2 7mM+iBQM r?B+? Bb 2bb2MiB�HHv

3k
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#�b2/ QM i?2 *QJ `2;mH�iBQMX hQ mM/2`bi�M/ i?Bb- H2i^b i�F2 � bBKTH2 +�b2 Q7 � bBM;H2@
bi2T `2+Qp2`v `2bTQMb2 7Q` � TQbi@BKT�+i *QJ p2HQ+Biv Q7 yX8 KXb−1X 6Q` i?2 bvbi2K
rBi?Qmi BM2`iB� r?22H- KBMBKBxBM; � +Qbi 7mM+iBQM �b bBKTH2 �b ‖Ċk+1‖2 rQmH/ `2bmHi BM
� #�bB+ bi�#BHBx�iBQM Q7 i?2 bvbi2K rBi? /Bz2`2Mi bi2T H2M;i?b /2T2M/BM; QM i?2 BKTQb2/
bi2T /m`�iBQM Ub22 6B;m`2 9XeVX >Qr2p2`- B7 i?2 p�Hm2 Q7 i?Bb +Qbi 7mM+iBQM Bb THQii2/
�;�BMbi i?2 bi2T /m`�iBQMb U+X7X 6B;m`2 9Xd- H27iV- r2 +�M Q#b2`p2 i?�i i?2 Q#D2+iBp2
7mM+iBQM /2+`2�b2b +QMiBMmQmbHv rBi? b?Q`i2` bi2T /m`�iBQMb, [mB+F2` bi2Tb �Hr�vb �HHQr
KBMBKBxBM; i?2 *QJ bT22/ KQ`2 �M/ KQ`2 2{+B2MiHvX h?Bb #2?�pBQ` Bb mM�z2+i2/ #v
i?2 BM+HmbBQM Q` MQi Q7 i?2 i?B`/@/2`Bp�iBp2 Q7 KQiBQM Q` i?2 +2Mi2`BM; Q7 i?2 *QS rBi?BM
i?2 7QQi �b /QM2 BM >2`/i 2i �HX UkyRy�VX

>Qr2p2` i?Bb #2?�pBQ` Bb mM/2`bi�M/�#H2 ;Bp2M Qm` bBKTHB}2/ KQ/2H �M/ +QMi`QH
b+?2K2X ZmB+F2` bi2Tb BM+m` � K2+?�MB+�H �M/ 2M2`;2iB+ +Qbi U.QF2 �M/ EmQ- kyydc
w�``m;? 2i �HX- RNd9V BM ?mK�M bi2TTBM; /m2 iQ i?2 7�+i i?�i H2;b �`2 MQi K�bbH2bb
2MiBiB2bX *QMb2[m2MiHv- ?mK�Mb +?QQb2 � `2�bQM�#H2 bi2TTBM; 7`2[m2M+v /m`BM; r�HFBM;
Q` #�H�M+2 `2+Qp2`vX PM i?2 Qi?2` ?�M/- i?Bb +Qbi Bb ;2M2`�HHv M2;H2+i2/ #v �HKQbi �HH
+QMi`QH b+?2K2b- JS* Q` Qi?2`rBb2X

AM i?Bb `2;�`/- r2 T`QTQb2 iQ BMi`Q/m+2 � bBKTH2 KQ/2H Q7 i?Bb K2+?�MB+�H +Qbi BM
i?2 Q#D2+iBp2 7mM+iBQM #v T2M�HBxBM; i?2 �++2H2`�iBQM F̈ ′

k+1 Q7 i?2 brBM; 7QQiX 6B;m`2
9Xd U`B;?iV b?Qrb i?2 p�Hm2 Q7 i?2 M2r +Qbi ‖F̈ ′

k+1‖2 �;�BMbi bi2T /m`�iBQMb 7Q` i?2

3j
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b�K2 /Bbim`#�M+2X *H2�`Hv- i?Bb M2r +Qbi `Bb2b bi22THv 7Q` [mB+F bi2Tb �M/ Bb KBMBKBx2/
7Q` H�`;2` bi2T /m`�iBQMbX

A7 i?2b2 irQ Kmim�HHv QTTQbBM; +Qbib �`2 +QK#BM2/ iQ;2i?2` BM � bBM;H2 Q#D2+iBp2
7mM+iBQM- �M/ ;Bp2M �TT`QT`B�i2 `2H�iBp2 r2B;?i +Q2{+B2Mib p�Hm2b- �M BMi2`K2/B�i2
p�Hm2 +�M #2 Q#i�BM2/ 7Q` i?2 QTiBK�H bi2T /m`�iBQMX .2T2M/BM; mTQM i?2 Q`/2` Q7
K�;MBim/2 Q7 i?2b2 irQ i2`Kb Ub22 6B;m`2 9Xd- v@�tBb p�Hm2bV- Bi +�M #2 /2/m+2/ i?�i
i?2 7QQi �++2H2`�iBQM i2`K b?QmH/ #2 T2M�HBx2/ KQ`2X 6Q` 2t�KTH2- KBMBKBxBM; i?2
+QK#BM2/ Q#D2+iBp2 7mM+iBQM 1

c2
1

‖Ċk+1‖2 + 1
c2
3

‖F̈ ′

k+1‖2 rBi? � +Q2{+B2Mi `�iBQ Q7 c3
c1

2[m�H iQ Ryy KXb−2 b2H2+ib � bi2T /m`�iBQM Q7 yXk b U+X7X 6B;m`2 9X3V 7Q` r?B+? i?2
+Q``2bTQM/BM; bi2T H2M;i? Bb yXj K 7`QK i?2 6B;m`2 9XeX h?Bb 2t�KTH2 /2KQMbi`�i2b
i?2 p�HB/Biv Q7 Qm` B/2� 7Q` QTiBKBxBM; i?2 bi2T /m`�iBQMX G�i2`- BM i?2 M2ti b2+iBQM- r2
rBHH b?Qr Bib `QH2 BM i?2 bi`�i2;v `2;mH�iBQMX

AM � KmHiB@Q#D2+iBp2 7mM+iBQM HBF2 U9XkkV- Bi Bb BKTQ`i�Mi iQ +�`27mHHv b2H2+i i?2 `2H�iBp2
+QMi`QH r2B;?i p�Hm2b 7Q` � `2�bQM�#H2 KQ/2H #2?�pBQ`X h?Bb Bb MQi [mBi2 bi`�B;?i7Q`r�`/
�b 2�+? +Q2{+B2Mi Bb KmHiBTHB2/ #v � /Bz2`2Mi i2`K Q7 /Bz2`2Mi K�;MBim/2X JQ`2Qp2`-
i?2 r2B;?i p�Hm2 b?QmH/ �HbQ i�F2 BMiQ �++QmMi i?2 `2H�iBp2 BKTQ`i�M+2 Q7 � ;Bp2M p�`B@
�#H2 BM i?2 Qp2`�HH #�H�M+2 `2+Qp2`v i�bFX AM i?Bb b2+iBQM- r2 i`v iQ /2p2HQT � ;2M2`�H
;mB/2HBM2 7Q` i?2 b2H2+iBQM Q7 i?2b2 +QMi`QH r2B;?ib p�Hm2bX
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c3

ai�`iBM; 7`QK i?2 i?B`/ /2`Bp�iBp2b Q7 KQiBQM- �b MQi2/ BM b2+iBQM 9XjXk- QMHv r2�F
T2M�HBx�iBQMb UBX2X ?B;? r2B;?ib c4 �M/ c5V �`2 M2+2bb�`v iQ bKQQi? i?2 `2bmHiBM;
KQiBQMX 6Q` � `272`2M+2 r2B;?i c1 2[m�H iQ R KXb−1- ivTB+�H p�Hm2b Q7 c4 UBM KXb−3V �M/
c5 UBM `�/Xb−3V �`2 Q7 i?2 Q`/2` Q7 Ryy@Ryyy- rBi?Qmi Km+? 2z2+i QM i?2 }M�H `2+Qp2`v
#2?�pBQ`X h?2 b�K2 T`BM+BTH2 �TTHB2b iQ i?2 }M�H i2`K r?B+? K�F2b i?2 *QS `Qm;?Hv
+QMp2`;2 mM/2` i?2 �MFH2 TQbBiBQM iQ �ii�BM � +QK7Q`i�#H2 }M�H TQbim`2X hvTB+�H p�Hm2b
�`2 MQi2/ BM h�#H2 9XkX

h?2 KQbi BKTQ`i�Mi T2M�HBx�iBQMb BM i?Bb +Qbi 7mM+iBQM �`2 i?�i Q7 i`mMF `Qi�iBQM
bT22/ Uc2V �M/ 7QQi �++2H2`�iBQM Uc3VX _2;�`/BM; c2- Bib p�Hm2 +QMbB/2`�#Hv �z2+ib i?2
H2p2H Q7 mb2 Q7 i?2 BM2`iB� r?22H �b r2 rBHH b22 BM a2+iBQM 9X9X "�b2/ QM bBKmH�iBQMb-
ivTB+�H p�Hm2b Q7 c2 �`QmM/ j iQ jy `�/Xb−1 �`2 7QmM/ iQ #2 `2�bQM�#H2X h?2 T2M�HBx�iBQM
c3 Bb BKTQ`i�Mi 7Q` �M 2z2+iBp2 bi2T iBK2 QTiBKBx�iBQMX �b r2 b�r BM b2+iBQM 9XjXj i?�i
i?2 p�Hm2 Q7 Bib �bbQ+B�i2/ 7QQi �++2H2`�iBQM i2`K ‖F̈ ′

k+1‖2 Bb `Qm;?Hv 103 iQ 104 iBK2b
?B;?2` i?�M i?2 +Q``2bTQM/BM; p2HQ+Biv MQ`K ‖Ċk+1‖2- 7Q` � ;Bp2M T2`im`#�iBQMX PM2
+�M BK�;BM2 i?�i B7 i?2 /Bbim`#�M+2 H2p2H Bb BM+`2�b2/ Q` /2+`2�b2/- i?2 irQ +Qbib p�`v
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3e

*QMi`QH q2B;?i _2�bQM�#H2 _�M;2
c1 R KXb−1

c2 j@jy `�/Xb−1

c3 jyy@Ryyy KXb−2

c4 Ryy@Ryyy KXb−3

c5 Ryy@Ryyy `�/Xb−3

c6 Ry@Ryy K

BM i?2 b�K2 /B`2+iBQM- 7QHHQrBM; i?2 �#Qp2 2KTB`B+�H `2H�iBQM �b � r?QH2X >2M+2 7Q` �
mMBi p�Hm2 Q7 c1- i?2 +Q``2bTQM/BM; 2[mBp�H2Mi p�Hm2 Q7 c3 rQmH/ #2 ≈ Ryy KXb−2X q2
rBHH 7m`i?2` b?Qr BM i?2 7QHHQrBM; b2+iBQM ?Qr i?Bb T2M�HBx�iBQM ?2HTb `2;mH�i2 /Bz2`2Mi
bi`�i2;B2bX

q?BH2 i?2 /BbTQbBiBQM Q7 KmHiBTH2 #�H�M+2 bi`�i2;B2b ;`2�iHv 2M?�M+2b i?2 `2+Qp2`v �#BH@
Biv- i?2B` 2z2+iBp2 `2;mH�iBQM +�M #2 � i2/BQmb i�bF 7`QK i?2 +QMi`QH TQBMi Q7 pB2rX
AM i?Bb b2+iBQM- r2 b?Qr ?Qr p�`BQmb bi`�i2;B2b �`2 `2;mH�i2/ rBi? � bBM;H2 +Qbi 7mM+@
iBQM BM Qm` +QMi`QHH2` #v bBKTHv �/DmbiBM; i?2 `2H�iBp2 +QMi`QH r2B;?i p�Hm2bX q2 bi�`i
Qm` �M�HvbBb #v }`bi }tBM; i?2 722i iQ i?2B` TQbBiBQMb �M/ b22 ?Qr i?2 �MFH2 �M/ ?BT
bi`�i2;B2b +QK#BM2 iQ;2i?2`X L2ti- i?2 722i rBHH #2 7`22/ �M/ �HH i?`22 bi`�i2;B2b rBHH
#2 `2;mH�i2/ bBKmHi�M2QmbHvX

G2i^b `2+�HH Qm` +Qbi 7mM+iBQM U9XkkV,

KBM 1

c21
‖Ċk+1‖2 +

1

c22
‖Θ̇k+1‖2 +

1

c23
‖F̈ ′

k+1‖2

+
1

c24
‖
XXX
Ck‖2 +

1

c25
‖
XXX
Θk‖2 +

1

c26
‖Zk+1 − Fk+1‖2

AM Q`/2` iQ bBKmH�i2 QMHv i?2 �MFH2 �M/ ?BT bi`�i2;B2b- r2 KBMBKBx2 i?Bb +Qbi 7mM+@
iBQM rBi?Qmi i?2 7QQi �++2H2`�iBQM T2M�HBx�iBQM +Qbi �M/ }t i?2 bi2Tb iQ i?2B` BMBiB�H

3e



3d

TQbBiBQMbX h?2 bvbi2K Bb i?2M 2tTQb2/ iQ BKT�+ib Q7 BM+`2�bBM; K�;MBim/2b BM i?2
7Q`r�`/ /B`2+iBQM +?�`�+i2`Bx2/ #v i?2 TQbi@BKT�+i *QJ p2HQ+BivX hBK2 T`Q}H2b Q7 `2@
bmHiBM; �MFH2 �M/ ?BT iQ`[m2 p�Hm2b �`2 b?QrM 7Q` p�`BQmb T2`im`#�iBQMb Q#i�BM2/ mbBM;
c24Ry `�/Xb−1 �M/ c54Ryyy `�/Xb−3 U+X7X 6B;m`2b 9XN �M/ 9XRyVX Pi?2` T�`�K2i2`b �`2
b2i �++Q`/BM; iQ i?2 ;mB/2HBM2b BM h�#H2 9XkX Pp2`�HH- i?2 THQib b?Qr � r2HH b+�H2/ mb2

3d
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Q7 #Qi? bi`�i2;B2b BM T�`�HH2H r?B+? Bb +QMbBbi2Mi rBi? i?2 #BQK2+?�MB+�H Q#b2`p�iBQMb
�b MQi2/ BM *?�Ti2` kX >Qr2p2`- i?2 }M�H `2+Qp2`v TQbim`2 Bb MQi +QKTH2i2Hv mT`B;?i-
�b 2pB/2Mi 7`QK i?2 �MFH2 iQ`[m2 THQib- BM/B+�iBM; � +QMbi�Mi *QS /2pB�iBQM 7`QK i?2
�MFH2 TQbBiBQM iQr�`/b i?2 2M/ Q7 i?2 KQiBQMX h?Bb ?B;?HB;?ib QM2 Q7 i?2 i`�Bib Q7 Qm`
+QMi`QHH2` BM r?B+? i?2 Q#D2+iBp2 Q7 i?2 #�H�M+2 `2+Qp2`v U[mB+F +QMp2`;2M+2 Q7 *QJ
p2HQ+Biv iQ x2`QV Bb T`BpBH2;2/ Qp2` i?2 Qi?2` Q#D2+iBp2bX

JQ`2Qp2`- 7Q` i?2 bK�HH2` T2`im`#�iBQMb UyXR �M/ yXk KXb−1V i?2 ?BT iQ`[m2 p�Hm2b
�`2 iQQ bK�HH iQ #2 pBbB#H2 BM 6B;m`2 9XNX hQ mM/2`bi�M/ i?2 `2�bQM Q7 i?Bb #2?�pBQ`- H2i^b
Q#b2`p2 i?2 +Q2tBbi2M+2 Q7 i?2 irQ bi`�i2;B2b BM /2i�BH #v p�`vBM; i?2 +QMi`QH r2B;?ib
c2 �M/ c5 U+X7X 6B;m`2 9XRRVX PMHv i?2 T2�F p�Hm2b Q7 i?2 �MFH2 �M/ ?BT iQ`[m2 p�H@
m2b U#H�+F �M/ #Hm2 THQib `2bT2+iBp2HvV �`2 THQii2/ �;�BMbi i?2 /Bbim`#�M+2b Q7 p�`BQmb
K�;MBim/2b iBHH +QK#BM2/ �MFH2 �M/ ?BT bi`�i2;B2b HBKBi 7Q` i?2 mT`B;?i TQbim`2X h?2
+QMi`QH r2B;?i c2 p�`B2b #2ir22M j@jy `�/Xb−1 #2ir22M THQib r?BH2 c5 Bb p�`B2/ QM 2�+?
THQi #2ir22M jyy �M/ Ryyy `�/Xb−3X

AM �HH +�b2b- �MFH2 bi`�i2;v Bb mb2/ BM+`2�bBM;Hv 7Q` bK�HH /Bbim`#�M+2b mMiBH Bi `2�+?2b
Bib HBKBi iQ`[m2 Q7 �`QmM/ Rey LXK BM i?2 7Q`r�`/ /B`2+iBQMX hBHH i?Bb TQBMi- i?2 mb2
Q7 BM2`iB� r?22H Bb M2;HB;B#Hv bK�HH Ui?Qm;? MQi +QKTH2i2Hv x2`QV- BM/2T2M/2Mi Q7 +QM@
i`QH r2B;?ib c2 �M/ c5X PM+2 i?2 HBKBi Q7 i?2 �MFH2 iQ`[m2 Bb `2�+?2/- i?2 +QMi`QHH2`
i?2M brBi+?2b iQ +QK#BM2/ �MFH2Y?BT bi`�i2;v iQ �TTHv bm{+B2Mi /2+2H2`�iBQM iQ i?2
bvbi2KX h?Bb T?2MQK2MQM Bb +QMbBbi2Mi rBi? i?2 Q#b2`p�iBQM #v "QMM2i 2i �HX UkyRRV
r?Q /2bB;M2/ � +QMi`QHH2` 7Q` � ?mK�M i`�+FBM; i�bF �M/ b?Qr2/ KBMBK�H ?BT mb2 mMiBH
i?2 �MFH2 iQ`[m2 b�im`�iBQMX

h?2 H2p2H Q7 mb�;2 Q7 i?2 mTT2`@#Q/v BM2`iB� #2vQM/ i?Bb ^i`�MbBiBQM^ TQBMi /2T2M/b
mTQM Bib +QMi`QH r2B;?i p�Hm2bX 6Q` 2t�KTH2- � bi`QM; T2M�HBx�iBQM Q7 BM2`iB� r?22H �M@
;mH�` D2`F `2/m+2b Bib Qp2`�HH mb�;2 BM �HH +�b2bX aBKBH�`Hv- 7Q` � bi`QM; �M;mH�` p2HQ+Biv
T2M�HBx�iBQM Uc2 4 j `�/Xb−1- 6B;m`2 9XRRV- i?2 mb2 Q7 ?BT bi`�i2;v Bb KBMBK�H mMiBH i?2
�MFH2 bi`�i2;v HBKBi Q7 �`QmM/ yXe9 KXb−1 Bb `2�+?2/X LQi2 �HbQ i?�i i?2 ~vr?22H �M;H2
HBKBi Q7 Ny◦ Bb `2�+?2/ UBM/B+�i2/ #v r?Bi2 +B`+H2b QM T2�F ?BT iQ`[m2 THQibV �i /Bz2`2Mi
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Ny

BMbi�Mib /2T2M/BM; mTQM c2 �M/ c5 p�Hm2bX h?2 r2�F2` i?2 c2 T2M�HBx�iBQM- i?2 2�`HB2`
i?2 �M;H2 Bb b�im`�i2/ U+QKT�`2 r?Bi2 +B`+H2b^ HQ+�iBQM QM +Q``2bTQM/BM; THQibV �M/
pB+2 p2`b�X >2M+2- #v �TT`QT`B�i2 imMBM; Q7 i?2b2 +QMi`QH r2B;?ib- /Bz2`2Mi #�H�M+2
`2+Qp2`v #2?�pBQ`b +�M #2 Q#i�BM2/X

c4

�T�`i 7`QK i?2 +QMi`QH r2B;?ib Q7 i?2 BM2`iB� r?22H- Qi?2` +Q2{+B2Mib �HbQ TH�v
BMi2`2biBM; `QH2b BM i?2 bi`�i2;v `2;mH�iBQMX qBi? c6 4 Ry K- i?2 *QJ D2`F T2M�HBx�iBQM
c4 bi`QM;Hv BM~m2M+2b i?2 TQBMi Q7 �MFH2 iQ`[m2 b�im`�iBQMX h?2 r2�F2` i?2 *QJ D2`F
T2M�HBx�iBQM Uc4 = 1000 m.s−2 +QMiBMmQmb THQib BM 6B;m`2 9XRkV- i?2 2�`HB2` i?2 �MFH2
iQ`[m2 Bb b�im`�i2/ �M/ pB+2 p2`b�X h?Bb Bb +QMbBbi2Mi rBi? Qm` 2�`HB2` Q#b2`p�iBQM
BM b2+iBQM 9XjXk �#Qmi �#`mTi KQiBQMb 7Q` r2�F Q` MQ T2M�HBx�iBQM Q7 ?B;?2` KQiBQM
/2`Bp�iBp2bX AMi2`2biBM;Hv- i?2 i`�MbBiBQM 7`QK �MFH2 iQ +QK#BM2/ �MFH2Y?BT bi`�i2;v
�;�BM +QBM+B/2b rBi? i?Bb M2r TQBMi Q7 �MFH2 iQ`[m2 b�im`�iBQM +QM}`KBM; Qm` 2�`HB2`
}M/BM;X >Qr2p2`- B7 i?2 *QS /Bp2`;2M+2 Bb KQ`2 bi`QM;Hv T2M�HBx2/ U2X;X c6 4 j K-
6B;m`2 9XRjV- i?2 mb2 Q7 �MFH2 iQ`[m2 Ur?B+? Bb T`QTQ`iBQM�H iQ i?Bb /Bp2`;2M+2V Bb
M�im`�HHv `2/m+2/ �M/ i?Bb HQbb Bb +QKT2Mb�i2/ #v �M BM+`2�b2/ mb2 Q7 mTT2`@#Q/v
BM2`iB� 2p2M 7Q` bK�HH2bi /Bbim`#�M+2bX >Qr2p2`- 2p2M BM i?Bb +�b2- i?2 �MFH2 iQ`[m2

Ny



NR

c6

`2K�BMb i?2 K�DQ` +QMi`B#miQ` �;�BMbi bK�HH2` /Bbim`#�M+2bX

Pp2`�HH- i?2b2 `2bmHib b?Qr � `2�bQM�#H2 #2?�pBQ` Q7 i?2 bvbi2K �;�BMbi p�`vBM; T2`@
im`#�iBQMb �M/ +QMi`QH r2B;?ibX h?2 +Q2tBbi2M+2 Q7 �MFH2 �M/ ?BT bi`�i2;B2b #27Q`2
`2�+?BM; i?2 �MFH2 bi`�i2;v HBKBi ?�b #22M `2TQ`i2/ BM i?2 #BQK2+?�MB+b HBi2`�im`2
US�`F 2i �HX- kyy9VX "v KBMBKBxBM; � bBM;H2 +Qbi 7mM+iBQM mM/2` HBM2�` +QMbi`�BMib- r2
�`2 �#H2 iQ `2T`Q/m+2 i?Bb T?2MQK2MQMX JQ`2Qp2`- i?2 2ti2Mi Q7 mb2 Q7 i?2 ?BT bi`�i2;v
Bb �HbQ imM2/ BM Qm` +QMi`QHH2` #v �/DmbiBM; i?2 +QMi`QH r2B;?ib c2 iQ c6X

q2 MQr KQp2 QM iQ 7`22 mT i?2 722i �M/ b?Qr i?2 `2;mH�iBQM Q7 j bi`�i2;B2b �i �
iBK2X

G2i^b +QKTH2i2 MQr i?2 #�H�M+2 `2+Qp2`v #2?�pBQ` rBi? i?2 bi2TTBM; bi`�i2;vX AM Q`/2`
iQ �M�Hvx2 ?Qr i?2 i?`22 bi`�i2;B2b +QK#BM2- H2i^b +QMbB/2` � bBim�iBQM r?2`2 i?2 bi2T
/m`�iBQM Bb }t2/ iQ yXj bX q2 +�M b22 BM 6B;m`2 9XR9 i?�i B7 i?2 �++2H2`�iBQM F̈ ′′

k+1 Q7

NR



Nk

i?2 brBM; 7QQi Bb MQi T2M�HBx2/- i?2 bi2TTBM; bi`�i2;v Bb BMBiB�i2/ 2p2M 7Q` i?2 bK�HH2bi
T2`im`#�iBQMbX h?Bb T�`�HH2Hb i?2 /Bb+mbbBQM r2 �H`2�/v ?�/ BM a2+iBQM 9XjXj, B7 i?2
bi2TTBM; bi`�i2;v BM+m`b MQ +Qbi- i?2M i?2`2^b MQ `2�bQM MQi iQ Tmi Bi �i rQ`F- 2p2M
r?2M Bi^b �#bQHmi2Hv MQi M2+2bb�`v MQ` 2p2M T�`iB+mH�`Hv ?2HT7mHX

.2T2M/BM; QM ?Qr Km+? i?Bb �++2H2`�iBQM Bb T2M�HBx2/- i?2 bi2TTBM; bi`�i2;v rBHH
#2 �+iBp�i2/ �i /Bz2`2Mi H2p2Hb Q7 T2`im`#�iBQMb- �b b?QrM BM 6B;m`2 9XR9X 6Q` � bK�HH
T2M�HBx�iBQM Uc3 =jyy KXb−2V- i?2 bi2TTBM; bi`�i2;v Bb BMBiB�i2/ #27Q`2 2p2M `2�+?BM;
i?2 bi�#BHBiv HBKBi Q7 i?2 �MFH2 bi`�i2;v �HQM2X h?Bb #2?�pBQ` ?�b #22M Q#b2`p2/ BM
?mK�M #�H�M+2 `2+Qp2`v 2tT2`BK2Mib r?2M i?2 bm#D2+ib �`2 MQi BMbi`m+i2/ iQ �pQB/
bi2TTBM; UJ�FB �M/ J+AH`Qv- RNNdVX 6Q` � bi`QM; T2M�HBx�iBQM Uc3 =j KXb−2V- Bi Bb
BMBiB�i2/ QMHv r?2M `2�+?BM; i?2 bi�#BHBiv HBKBi Q7 i?2 �MFH2 �M/ ?BT bi`�i2;B2b rQ`FBM;
iQ;2i?2`X q2 +�M imM2 i?2`27Q`2 p2`v 2�bBHv r?2M i?2 /2+BbBQM Bb i�F2M iQ mb2 i?2
bi2TTBM; bi`�i2;v- �M/ ?Qr Km+?X

c3
F̈ ′

k+1

Nk



Nj

AM Q`/2` iQ p�HB/�i2 Qm` M2r JS* b+?2K2- H2i mb +QKT�`2 Bib T`2/B+iBQMb �;�BMbi
2tT2`BK2Mi�H `2bmHib HBF2 r2 /B/ BM *?�Ti2` j U+X7X a2+iBQM jX8VX h?2 #�bB+ �TT`Q�+? Bb
i?2 b�K2 r?2`2 � K2+?�MB+�H KQ/2H Q7 ?mK�M #Q/v U?2`2 i?2 bBKTH2 BMp2`i2/ T2M/mHmK
Y BM2`iB� r?22H KQ/2HV Bb T2`im`#2/ �M/ Bib bi�i2 Bb 72/ iQ i?2 JS* +QMi`QHH2` BM �
722/#�+F HQQTX h?2 QmiTmi Q7 i?2 +QMi`QHH2` UK�BMHv i?2 *QS HQ+�iBQM �M/ mTT2`@#Q/v
bi�i2V Bb i?2M �TTHB2/ iQ i?2 KQ/2H /m`BM; i?2 r?QH2 b�KTHBM; T2`BQ/ TsamplingX

h?2 K�DQ`Biv Q7 i?2 bBKmH�iBQM T�`�K2i2`b �`2 F2Ti i?2 b�K2X h?2 `2�+iBQM �M/ bi2T
T`2T�`�iBQM iBK2b UTreac- TprepV p�Hm2b �`2 i�F2M 2Bi?2` 7`QK i?2 bim/v Q` 7`QK i?2 HBi@
2`�im`2X h?2 /m`�iBQM Q7 i?Bb brBM; T?�b2 Tstep Bb �miQK�iB+�HHv +?Qb2M #v i?2 b+?2K2
mMH2bb Qi?2`rBb2 BM/B+�i2/X h?2 p�Hm2b Q7 +QMi`QH r2B;?ib �`2 b2i �++Q`/BM; iQ i?2
;mB/2HBM2b /2p2HQT2/ BM b2+iBQM 9XjX9X h?2b2 p�Hm2b �`2 `2T`Q/m+2/ BM h�#H2 9Xj �M/
�`2 F2Ti i?2 b�K2 i?`Qm;?QmiX h?2 bBKmH�iBQMb �`2 T2`7Q`K2/ Qp2` � iBK2 ?Q`BxQM Q7
R bX

AM i?2 7QHHQrBM; bm#b2+iBQMb- r2 T`2b2Mi i?2 +QKT�`BbQM #2ir22M KQ/2H T`2/B+iBQMb �M/
2tT2`BK2Mi�H `2bmHib 7Q` j /Bz2`2Mi bim/B2b,

BV aBM;H2@bi2T `2+Qp2`v `2bmHib 7`QK >bB�Q@q2+FbH2` �M/ _Q#BMQpBi+? UkyydV 7Q` 9
BM+HBM�iBQM b+2M�`BQb

BBV JmHiBTH2@bi2T `2+Qp2`v `2bmHi 7`QK *v` �M/ aK22bi2`b UkyyN�V 7Q` � 7Q`r�`/ BM+HB@
M�iBQM Q7 jyXd◦

BBBV aBM;H2@bi2T `2+Qp2`v `2bmHib 7`QK JQ;HQ �M/ aK22bi2`b Ukyy8V 7Q` i?2 +QK#BM2/
BM+HBM�iBQM �M/ TmHH 7Q`+2 2tT2`BK2Mib

Nj



N9

S�`�K2i2` o�Hm2
LQ Q7 b�KTH2b- L 9y
a�KTHBM; hBK2- h k8 Kb
>Q`BxQM H2M;i?- L×h R b2+
aBKmH�iBQM hBK2 k b2+
6QQi H2M;i?- lf +X7X h�#H2 9XR
J�t 7QQi �++2H2`�iBQM- f̈ ′ R3y KXb−2

J�t *QJ@bmTTQ`i 7QQi /Bp2`;2M+2 yX38 K
J�t i`mMF `Qi�iBQM- θ π/2 `�/
J�t ?BT iQ`[m2- τmax RNy LXK
*QMi`QH r2B;?i- c1 R KXb−1

*QMi`QH r2B;?i- c2 Ry `�/Xb−1

*QMi`QH r2B;?i- c3 Ryyy KXb−2

*QMi`QH r2B;?i- c4 jyy KXb−3

*QMi`QH r2B;?i- c5 jyy `�/Xb−3

*QMi`QH r2B;?i- c6 jy K

AM �HH +�b2b- i?2 +QMbB/2`2/ T2`im`#�iBQMb +Q``2bTQM/ iQ i?2 �p2`�;2 K�tBKmK T2`@
KBbbB#H2 /Bbim`#�M+2b bmbi�BM2/ #v i?2 bm#D2+ib r?BH2 Q#2vBM; i?2 bi2TTBM; BMbi`m+iBQMbX
hQ #2 +Q?2`2Mi rBi? i?2 bim/B2b- i?2 +QKT�`BbQM Bb K�/2 7Q` i?2 p�`B�#H2b `2TQ`i2/ BM
2�+? T�`iB+mH�` bim/vX h?2 bim/B2b 7`QK >bB�Q@q2+FbH2` �M/ _Q#BMQpBi+? UkyydV �M/
JQ;HQ �M/ aK22bi2`b Ukyy8V `2TQ`i i?2 bi2T /Bbi�M+2b r?BH2 i?2 bim/v 7`QK *v` �M/
aK22bi2`b UkyyN�V `2TQ`ib i?2 bi`B/2 H2M;i?bX h?2 /Bz2`2M+2 #2ir22M � bi2T �M/ �
bi`B/2 Bb b?QrM BM 6B;m`2 9XR8- i�F2M 7`QK *v` �M/ aK22bi2`b UkyyN�VX h?2 bi2T
H2M;i? Bb /2}M2/ �b i?2 /Bbi�M+2 #2ir22M bm++2bbBp2 7QQi TH�+2K2Mib r?BH2 � bi`B/2
H2M;i? Bb K2�bm`2/ 7`QK i?2 bi�`iBM; TQbBiBQM Q7 i?2 BM/BpB/m�H 7QQiX >2M+2- 7Q` i?2
722i BMBiB�HHv �HB;M2/ BM i?2 b�;Bii�H TH�M2- bi2T �M/ bi`B/2 H2M;i?b �`2 i?2 b�K2 QMHv 7Q`
}`bi bi2T #mi �`2 /Bz2`2Mi 7Q` bm++2bbBp2 bi2Tb U+X7X 6B;m`2 9XR8VX

aBKBH�`Hv- >bB�Q@q2+FbH2` �M/ _Q#BMQpBi+? UkyydV `2TQ`i i?2 bi2T H�M/BM; iBK2
UTlandV r?B+? Bb i?2 iQi�H iBK2 BMi2`p�H #2ir22M i?2 i2i?2`@`2H2�b2 �M/ bi2T BKT�+i
QM ;`QmM/X h?Bb iBK2 Bb +QKTQb2/ Q7 `2�+iBQM- bi2T T`2T�`�iBQM �M/ H2;brBM; iBK2b
UTland = Treac + Tprep + Tstep- +X7X *?�Ti2` kVX 6Q` i?2 Qi?2` irQ bim/B2b U*v` �M/
aK22bi2`b- kyyN�c JQ;HQ �M/ aK22bi2`b- kyy8V- i?2 `2TQ`i2/ iBKBM;b +Q``2bTQM/ iQ

N9



N8

TstepX

G2i mb bi�`i #v +QMbB/2`BM; i?2 2z2+i Q7 mTT2`@#Q/v BM2`iB� QM i?2 #�H�M+2 `2+Qp2`v
#2?�pBQ`X �i i?2 }`bi TH�+2- i?2 bi2T /m`�iBQMb �`2 }t2/ �++Q`/BM; iQ i?2 `2bT2+iBp2
bim/B2b �b /QM2 BM *?�Ti2` j U+X7X h�#H2 jXkVX h?2 +Qbi 7mM+iBQM U9XkkV Bb KBMBKBx2/
rBi?Qmi i?2 brBM; 7QQi �++2H2`�iBQM i2`K iQ #2 �#H2 iQ �M�Hvx2 BM/2T2M/2MiHv i?2 2z2+i
Q7 i?2 mTT2`@#Q/v BM2`iB� QM i?2 `2+Qp2`v bi2T H2M;i?X 6B;m`2 9XRe b?Qrb i?2 +QKT�`@
BbQM #2ir22M 2tT2`BK2Mi�H `2bmHib U�p2`�;2 ± bX/XV �M/ KQ/2H T`2/B+iBQMb 7Q` i?2 9
BM+HBM�iBQM b+2M�`BQb Q7 >bB�Q@q2+FbH2` �M/ _Q#BMQpBi+? UkyydVX "H�+F #�`b `2T`2b2Mi
i?2 `2bmHib rBi?Qmi mTT2`@#Q/v BM2`iB�H Ul"AV +QMbB/2`�iBQMb U�b �H`2�/v T`2b2Mi2/ BM
*?�Ti2` j- rBi? bHB;?i KQ/B}+�iBQM /m2 iQ M2r +QMbi`�BMib U9XR8V �M/ U9XReVVX :`2v
#�`b `2T`2b2Mi KQ/2H T`2/B+iBQMb rBi? l"AX *H2�`Hv i?2 T`2/B+i2/ bi2T H2M;i?b rBi? l"A
�`2 `2/m+2/ #v j@RRWX JQ`2 BKTQ`i�MiHv- i?2 `2bmHib #2+QK2 +HQb2` iQ i?2 �p2`�;2
`2TQ`i2/ 2tT2`BK2Mi�H p�Hm2b T�`iB+mH�`Hv 7Q` H�`;2` BM+HBM�iBQMbX h?Bb `2BM7Q`+2b Qm`
?vTQi?2bBb i?�i l"A ?�b � MQM@M2;HB;B#H2 `QH2 BM i?2b2 #�H�M+2 `2+Qp2`v i�bFb �M/ Bib
BM+HmbBQM BM i?2 #�H�M+2 `2+Qp2`v KQ/2H Bb BKT2`�iBp2 7Q` �++m`�i2 T`2/B+iBQMbX

6B;m`2 9XRd b?Qrb i?2 T2�F ?BT iQ`[m2 p�Hm2b mb2/ #v Qm` +QMi`QHH2` 7Q` i?2 7Qm`
b+2M�`BQb �HQM;rBi? � b+?2K�iB+ `2T`2b2Mi�iBQM Q7 i?2 }M�H `2+Qp2`v TQbim`2X h?2 +QM@

N8



Ne

±

i`QHH2` T`Q/m+2b � b+�H2/ mb2 Q7 l"A rBi? i?2 T2`im`#�iBQM H2p2H #Qi? BM i2`Kb Q7 i?2
T2�F ?BT iQ`[m2 �M/ i?2 mTT2`@#Q/v `Qi�iBQM �M;H2X LQi2 i?�i i?2 FM22 DQBMi Bb �//2/
7Q` #2ii2` pBbm�H +QKT�`BbQM �M/ Bb MQi i?2 T�`i Q7 Qm` T`2/B+iBQM KQ/2HX

6B;m`2 9XR3 b?Qrb i?2 bi`B/2 H2M;i? +QKT�`BbQM 7Q` i?2 KmHiBTH2@bi2T `2+Qp2`v b+2@
M�`BQ Q7 *v` �M/ aK22bi2`b UkyyN�VX AM i?Bb +�b2- i?2 2ti2MbBp2 mb2 Q7 l"A UT2�F ?BT
iQ`[m2 Q7 Rde LXKV `2bmHib BM � bB;MB}+�Mi `2/m+iBQM Q7 kM/ bi`B/2 H2M;i?X AMi2`2biBM;Hv
i?Qm;?- i?2 H2M;i? Q7 Rbi bi`B/2 UR KV Bb mM+?�M;2/ 2p2M i?Qm;? i?2 BM2`iB� r?22H bi�`ib
`Qi�iBM; �b bQQM �b i?2 +QMi`QHH2` Bb �+iBp�i2/X h?Bb TQBMib iQr�`/b i?2 BKTQ`i�M+2 Q7
� H�`;2` }`bi bi2T iQ `2+Qp2` #�H�M+2 KQ`2 2z2+iBp2HvX

6B;m`2 9XRN +QKT�`2b i?2 bM�Tb?Qib Q7 T`2/B+i2/ #�H�M+2 `2+Qp2`v rBi? i?�i Q7 �M
2t�KTH2 bm#D2+i `2TQ`i2/ #v *v` �M/ aK22bi2`b UkyyN�V �i j F2v BMbi�Mib U#27Q`2 `2@
H2�b2 �M/ �i i?2 BMbi�Mib Q7 }`bi �M/ b2+QM/ bi2T BKT�+ib QM ;`QmM/VX h?2 +QKT�`BbQM
b?Qrb +HQb2 `2b2K#H�M+2 #2ir22M `2�H �M/ bBKmH�i2/ `2+Qp2`v #2?�pBQ`X Ai Bb T�`iB+m@
H�`Hv BMi2`2biBM; iQ Q#b2`p2 i?2 BKTQ`i�Mi FM22 ~2tBQM U2[mBp�H2Mi iQ i?2 `2/m+iBQM Q7
T2M/mHmK H2M;i?V /m`BM; i?2 knd bi`B/2 BM 2tT2`BK2Mi�H �b r2HH �b bBKmH�i2/ `2+Qp2`v

Ne



Nd

±

Nd



N3

`2bTQMb2X h?Bb DmbiB}2b Qm` +?QB+2 Q7 bBKTH2 BMp2`i2/ T2M/mHmK �b i?2 ?mK�M@#Q/v
`2T`2b2Mi�iBQM 7Q` i?2b2 b+2M�`BQb r?2`2 i?2 H2M;i? Q7 T2M/mHmK +?�M;2b 7`QK QM2 bi2T
iQ �MQi?2`X

LQr r2 KBMBKBx2 Qm` +QKTH2i2 +Qbi 7mM+iBQM U9XkkV �M/ BMi`Q/m+2 i?2 �miQK�iB+ bi2T
iBK2 b2H2+iBQMX h?2 `2�+iBQM �M/ bi2T T`2T�`�iBQM iBK2b �`2 b2i iQ d8 Kb �M/ R8y Kb
`2bT2+iBp2Hv �b #27Q`2 r?BH2 i?2 H2;brBM; iBK2 Tstep Bb QTiBKBx2/ #2ir22M 8y@9yy Kb
rBi? k8 Kb BM+`2K2MiX h?2 +QMi`QH r2B;?i c3 Bb b2i iQ Ryyy KXb−2X 6B;m`2b 9Xky �M/
9XkR b?Qr i?2 QTiBKBx2/ bi2T H2M;i? �M/ bi2T H�M/BM; iBK2 `2bmHib 7Q` >bB�Q@q2+FbH2`
�M/ _Q#BMQpBi+? UkyydVX h?2 +QKT�`BbQM Bb K�/2 rBi? l"A U;`2v THQibV �b r2HH �b
rBi?Qmi U#H�+F THQibVX Pp2`�HH- i?2 T`2/B+i2/ bi2T H2M;i?b �M/ bi2T H�M/BM; iBK2b b?Qr
`2�bQM�#H2 �++m`�+v rBi? `2bT2+i iQ i?2 2tT2`BK2Mi�H p�Hm2bX >Qr2p2`- 7Q` i?2 bK�HH2bi
BM+HBM�iBQM Q7 RkX8◦- i?2 T`2/B+i2/ bi2T H2M;i? Bb bB;MB}+�MiHv `2/m+2/ �;�BMbi �M Qp2`2b@
iBK�i2/ bi2T H�M/BM; iBK2X h?Bb TQBMib iQr�`/b � irQ@r�v 2z2+i Q7 T2M�HBxBM; i?2 brBM;
7QQi �++2H2`�iBQM 7Q` bK�HH2` /Bbim`#�M+2b, i?2 +Qbi 7mM+iBQM Bb KBMBKBx2/ 7Q` H�`;2` bi2T
/m`�iBQM r?BH2 bBKmHi�M2QmbHv `2/m+BM; i?2 bi2T bBx2- B7 i?2 /Bbim`#�M+2 Bb MQi iQQ H�`;2X

N3



NN

±

Tland

h?2 T2�F ?BT iQ`[m2 �;�BM b+�H2b r2HH rBi? i?2 BM+HBM�iBQM H2p2H U+X7X 6B;m`2 9XkkVX
h?2 mb2 Q7 l"A /B/ MQi �z2+i i?2 H�M/BM; iBK2 QTiBKBx�iBQM `2bmHib- 2t+2Ti 7Q` i?2
H�`;2bi BM+HBM�iBQM r?2`2 Bi r�b `2/m+2/ #v k8 KbX

NN



Ryy

Tstep

6B;m`2b 9Xkj �M/ 9Xk9 b?Qr i?2 KmHiBTH2 bi2T `2+Qp2`v `2bmHib 7Q` *v` �M/ aK22bi2`b
UkyyN�VX qBi? Q` rBi?Qmi l"A- i?2 T`2/B+i2/ bi`B/2 iBK2b K�i+? r2HH UrBi?BM R bX/X
Q7 2tT2`BK2Mi�H /�i�V rBi? i?2 `2TQ`i2/ �p2`�;2 p�Hm2bX >Qr2p2`- rBi? l"A- � H�`;2`
bi`B/2 iBK2 Ukyy KbV `2bmHib BM �M 2p2M H�`;2` }`bi bi`B/2 H2M;i?X LQi2 i?�i i?2 i?B`/
bi2T- `2TQ`i2/ #v *v` �M/ aK22bi2`b UkyyN�V #mi MQi T`2/B+i2/ #v i?2 KQ/2H- r�b QMHv
Q#b2`p2/ 7Q` irQ Qmi Q7 k3 bm#D2+ibX

G�biHv r2 bBKmH�i2 i?2 bBM;H2@bi2T `2+Qp2`v b+2M�`BQ 7`QK JQ;HQ �M/ aK22bi2`b
Ukyy8V r?2`2 i?2 bm#D2+ib �`2 BM+HBM2/ �b r2HH �b �`2 TmHH2/ 7Q`r�`/ �i i?2 r�Bbi H2p2HX
h?2 bim/v `2TQ`ib irQ /Bz2`2Mi +QK#BM�iBQMb Q7 H2�M �M;H2 �M/ TmHH 7Q`+2b #2vQM/
r?B+? `2+Qp2`v Bb MQi TQbbB#H2 mbBM; � bBM;H2 7Q`r�`/ bi2TX 6Q` bBKmH�iBQMb- �p2`�;2
p�Hm2b Q7 H2�M �M;H2b �M/ 7Q`+2b �`2 i�F2M �b BMTmib r?BH2 i?2 bi2T H2M;i? �M/ i?2 brBM;
iBK2 Tstep �`2 T`2/B+i2/X h?2 7Q`+2 Bb �TTHB2/ ?Q`BxQMi�HHv �i i?2 *QJ H2p2HX Pi?2`
T�`�K2i2`b �`2 F2Ti i?2 b�K2 �b BM h�#H2 9XjX

*QKT�`BbQM #2ir22M 2tT2`BK2Mi�H �M/ bBKmH�i2/ `2bmHib Bb b?QrM BM 6B;m`2b 9Xk8
�M/ 9XkeX "2BM; �i i?2 bBM;H2@bi2T `2+Qp2`v HBKBi- �HKQbi B/2MiB+�H bi2T H2M;i?b �M/
iBKBM;b �`2 `2TQ`i2/ BM i?2 bim/v 7Q` #Qi? T2`im`#�iBQMb- r?B+? K�i+? r2HH rBi? Qm`

Ryy



RyR

±

RyR



Ryk

Ryk



Ryj

T`2/B+i2/ `2bmHibX q?2M T`2/B+i2/ rBi? i?2 mTT2`@#Q/v BM2`iB� U;`2v #�`bV- i?2 bi2T
H2M;i? Bb `2/m+2/ #v kR +K U+X7X 6B;m`2VX h?Bb `2/m+iBQM Bb � +QK#BM2/ `2bmHi Q7 l"A
mb�;2 UT2�F ?BT iQ`[m2 4 3y LXKV �M/ i?2 b2H2+iBQM Q7 � bK�HH2` brBM; T?�b2 URd8 Kb
rBi? l"A �;�BMbi kyy Kb rBi?Qmi- +X7X 6B;m`2 9XkeVX Pp2`�HH BM #Qi? +�b2b- i?2 T`2@
/B+i2/ bi2T +?�`�+i2`BbiB+b �`2 rBi?BM `2�bQM�#H2 `�M;2 Q7 `2TQ`i2/ �p2`�;2 2tT2`BK2Mi�H
`2bmHibX

AM i?Bb +?�Ti2`- r2 T`2b2Mi2/ � +QKT`2?2MbBp2 #�H�M+2 `2+Qp2`v b+?2K2 #�b2/ QM i?2
JQ/2H S`2/B+iBp2 *QMi`QH UJS*VX q?BH2 2KTHQvBM; � bBKTH2 T`2/B+iBQM KQ/2H UHBM2�`
BMp2`i2/ T2M/mHmK Y BM2`iB� r?22HV- i?2 JS* b+?2K2 /2KQMbi`�i2/ i?2 +�T�+Biv iQ
T`2/B+i �M �/�TiBp2 bi2TTBM; `2bTQMb2 iQ 2ti2`M�H TQbim`�H /Bbim`#�M+2b r?BH2 bBKmH@
i�M2QmbHv `2;mH�iBM; i?2 �MFH2- ?BT �M/ bi2TTBM; bi`�i2;B2bX AM i?2 H�bi b2+iBQM- i?2
KQ/2H T`2/B+iBQMb r2`2 �HbQ +QKT�`2/ �;�BMbi i?2 2tT2`BK2Mi�H /�i� �M/ r2`2 b?QrM
iQ K�i+? r2HH- #Qi? BM i2`Kb Q7 bi2T H2M;i?b �M/ iBKBM;bX h?2 mb2 Q7 mTT2`@#Q/v BM2`iB�
b+�H2/ rBi? i?2 T2`im`#�iBQM H2p2H r?B+? Bb +QMbBbi2Mi rBi? i?2 2tT2`BK2Mi�H Q#b2`p�@
iBQMb r?BH2 i?2 +QMi`QHH2` T�`�K2i2`b U+QMi`QH r2B;?ib- H2M;i? Q7 ?Q`BxQM- +QMbi`�BMibV
r2`2 F2Ti i?2 b�K2 BM �HH +�b2bX

AM i?2 M2ti +?�Ti2`- r2 rBHH 7m`i?2` i2bi i?Bb iQQH 7Q` /Bz2`2Mi �M/ bHB;?iHv +QKTH2t
/Bbim`#�M+2 b+2M�`BQb bm+? �b 7Q` TH�i7Q`K ivT2 /Bbim`#�M+2bX

Ryj



AM i?2 T`2pBQmb +?�Ti2`- r2 /2p2HQT2/ � +QKT`2?2MbBp2 KQ/2H T`2/B+iBp2 +QMi`QH
b+?2K2 +�T�#H2 Q7 T`Q/m+BM; `2�HBbiB+ `2bmHib r?2M +QKT�`2/ iQ ?mK�M #�H�M+2 `2+Qp@
2`v /�i�X >Qr2p2`- i?2 bBKmH�i2/ /Bbim`#�M+2 b+2M�`BQb r2`2 `2H�iBp2Hv bBKTH2 BM �i
H2�bi irQ r�vb,

RX h?2 /Bbim`#�M+2b U7Q`r�`/ BM+HBM�iBQMb �M/ TmHH 7Q`+2bV r2`2 +QMbi�Mi BM i?2 b2Mb2
i?�i i?2B` T`QT2`iB2b /B/ MQi +?�M;2 /m`BM; i?2 +Qm`b2 Q7 #�H�M+2 `2+Qp2`vX h?2
TmHH 7Q`+2b r2`2 �TTHB2/ BMbi�Mi�M2QmbHv r?BH2 i?2 7Q`r�`/ BM+HBM�iBQMb i`B;;2`2/
� 7�HH Tm`2Hv mM/2` i?2 2z2+i Q7 ;`�pBiv- r?B+? Bb �H`2�/v i�F2M BMiQ �++QmMi BM
i?2 T`2/B+iBp2 bvbi2K /vM�KB+bX

kX h?2 #�H�M+2 r�b /Bbim`#2/ iQ i?2 K�tBKmK `2+Qp2`�#H2 HBKBib Q7 i?2 bm#D2+ib 7Q`
� ;Bp2M bi2TTBM; +QM/BiBQMX h?Bb `2[mB`2/ i?2 bm#D2+ib iQ 2t2`i i?2B` #2bi 2zQ`i
iQ `2+Qp2` #�H�M+2 #v KBMBKBxBM; i?2 7Q`r�`/ bT22/ �b [mB+FHv �b TQbbB#H2X

PM i?2 Qi?2` ?�M/- i?2 /Bbim`#�M+2b Q#b2`p2/ BM i?2 Tm#HB+ i`�MbTQ`i�iBQM p2?B+H2b
�`2 Q7 � /Bz2`2Mi M�im`2X h?2b2 /Bbim`#�M+2b �`2 7�` 7`QK #2BM; BMbi�Mi�M2Qmb- r?B+?
M2+2bbBi�i2b T�`iB+mH�` �ii2MiBQM iQ Bib p�`vBM; T`Q}H2 �M/ �TT`QT`B�i2 �/DmbiK2Mi Q7
i?2 `2+Qp2`v bi`�i2;vX AM �//BiBQM- ivTB+�H `2�H@HB72 /Bbim`#�M+2b /Q MQi M2+2bb�`BHv
+?�HH2M;2 i?2 #�H�M+2 iQ Bib K�tBKmK HBKBibX h?2 `2+Qp2`v bi`�i2;B2b BM i?2b2 bQ@+�HH2/

Ry9



bm#@K�tBK�H b+2M�`BQb K�v #2 bB;MB}+�MiHv �z2+i2/ #v /Bz2`2Mi #BQK2+?�MB+�H +`Bi2`B�
bm+? �b 2+QMQKv Q7 KQiBQM �M/fQ` KBMBKmK 2zQ`iX

AM i?Bb +?�Ti2`- r2 rBHH 2tTHQ`2 bm+? b+2M�`BQbX q2 rBHH bBKmH�i2 i?2 /Bbim`#�M+2b Q7
i`�MbH�iBM; TH�i7Q`K ivT2 r?B+? �`2 i?2 KQbi +QKKQM K2�Mb Q7 `2THB+�iBM; i?2 Tm#HB+
i`�MbTQ`i b+2M�`BQbX q2 rBHH �HbQ 2tTHQ`2 ?Qr Qm` `2H�iBp2Hv bBKTH2 #�H�M+2 `2+Qp2`v
KQ/2H +�M #2 imM2/ iQ Q#i�BM bm#@K�tBK�H `2+Qp2`v #2?�pBQ`bX AM i?2 H�bi b2+iBQM-
r2 rBHH +QM/m+i � T`2HBKBM�`v bim/v QM i?2 2z2+i Q7 �;2@`2H�i2/ T�`�K2i2`b QM i?2
T`2/B+i2/ `2+Qp2`v `2bTQMb2X

q2 bi�`i #v bBKmH�iBM; i?2 #�H�M+2 `2+Qp2`v +�b2b 7`QK _Q#2`i UkyyeV r?B+? Bb QM2
Q7 i?2 `�`2 bim/B2b iQ `2TQ`i i?2 �++2H2`�iBQM T`Q}H2 Q7 i?2 TH�i7Q`K �M/ i?2 +QKTH2i2
FBM2K�iB+b Q7 KmHiBTH2 bi2T `2+Qp2`B2bX

Ry8



Rye



Ryd

G2i mb `2+�HH i?2 /Bbim`#�M+2 b+2M�`BQ /Bb+mbb2/ BM *?�Ti2` j Ua2+iBQM jXjV r?2`2 i?2
*�Tim`2 SQBMi T`2/B+iBQMb r2`2 +QKT�`2/ �;�BMbi }`bi bi2T 2tT2`BK2Mi�H `2bmHib 7Q` irQ
/Bz2`2Mi b+2M�`BQb 7`QK _Q#2`i UkyyeVX AM i?Bb b2+iBQM- r2 T`2b2Mi i?2 /2i�BH2/ 2tT2`@
BK2Mi�H `2bmHib �HQM;@rBi? KmHiBTH2 bi2T H2M;i?b �M/ iBKBM;b #27Q`2 i`vBM; iQ T`2/B+i
i?2b2 `2bmHib rBi? Qm` JS* +QMi`QHH2`X

h?2 bim/v 7`QK _Q#2`i UkyyeV /2bB;M2/ k /Bz2`2Mi `2+Qp2`v i�bFb 7Q` i?2 b�K2
/Bbim`#�M+2 H2p2HX am#D2+ib biQQ/ QM � TH�i7Q`K r?B+? r�b �++2H2`�i2/ #�+Fr�`/ mM@
2tT2+i2/Hv U+X7X 6B;m`2 8XR 7Q` TH�i7Q`K �++2H2`�iBQM T`Q}H2VX 3 pQHmMi22`b T�`iB+BT�i2/
BM � Rst b2`B2b Q7 2tT2`BK2Mib r?2`2 � H�`;2 bT�+2 r�b T`QpB/2/ 7Q` i?2 bm#D2+ib BM 7`QMi
Q7 i?2K iQ i�F2 b2p2`�H bi2TbX �KQM; i?2K- 9 T�`iB+BT�i2/ BM � knd b2`B2b- r?2`2 i?2
bT�+2 r�b HBKBi2/ iQ H2bb i?�M R K #v K2�Mb Q7 �M Q#bi�+H2 U6B;m`2 8XkVX :`QmM/
`2�+iBQM 7Q`+2 �M/ FBM2K�iB+b r2`2 `2+Q`/2/- #Q/v b2;K2Mib^ BM2`iB�H T�`�K2i2`b r2`2
2biBK�i2/ mbBM; `2;`2bbBQM i�#H2b �M/ i?2 2tT2`BK2Mi�H r?QH2 #Q/v +2Mi2` Q7 K�bb
U*QJV TQbBiBQM �M/ p2HQ+Biv r2`2 +QKTmi2/X

h?2 2tT2`BK2Mi�H `2bmHib 7Q` i?2 K�BM FBM2K�iB+ T�`�K2i2`b �`2 bmKK�`Bx2/ BM h�#H2
8XRX Ai +�M #2 T2`+2Bp2/ i?�i i?2`2 Bb � K�`F2/ /Bz2`2M+2 #2ir22M i?2 #2?�pBQ` Q7 i?2
bm#D2+ib BM i?2 irQ b+2M�`BQb- /2bTBi2 #2BM; bm#D2+i2/ iQ i?2 b�K2 H2p2H Q7 /Bbim`#�M+2X
AM i?2 Rst b2`B2b- r?2`2 � H�`;2 bT�+2 Bb T`QpB/2/ iQ i?2 bm#D2+ib- i?2v i�F2- QM �p2`�;2-
j bi2Tb iQ `2+Qp2` #�H�M+2 �M/ +Qp2` � H�`;2 /Bbi�M+2 URX38 K QM �p2`�;2VX PM i?2
Qi?2` ?�M/- BM i?2 knd b2`B2b- #�H�M+2 Bb �+?B2p2/ mbBM; � bBM;H2 7Q`r�`/ bi2T- 7QHHQr2/
bQK2iBK2b #v � p2`v bK�HH b2+QM/ bi2TX >Qr2p2` BM i?Bb +�b2- R Qmi Q7 9 bm#D2+ib +QmH/
MQi �pQB/ i?2 Q#bi�+H2 �M/ r�b MQi BM+Hm/2/ BM i?2 �M�HvbBbX

Ryd



Ry3

Ry3



RyN

a+2M�`BQ _2�+iBQM iBK2-
Treac

ai2T T`2T�@
`�iBQM iBK2-
Tprep

G2; brBM;
iBK2UbV- Tstep

ai2T H2M;i?b

G�`;2 bT�+2 N9 ± Ry Kb k83 ± 9j Kb kyN ± 98 Kb- yXdN ± yXy3 K
je9 ± 3y Kb- yXey ± yXR8 K
j39 ± dd Kb yX99 ± yXRj K

GBKBi2/ bT�+2 RRj ± Rk Kb kkd ± 99 Kb R33 ± R3 Kb yX33 ± yXRR K
Re3 ± R9e Kb- yXyN ± yXyN K

h?2b2 2tT2`BK2Mi�H `2bmHib mM/2`HBM2 i?2 BKTQ`i�M+2 Q7 i?2 BMbi`m+iBQMb Q` i�bF +QM@
bi`�BMib QM i?2 #�H�M+2 `2+Qp2`v bi`�i2;v Q#b2`p2/ BM bQK2 T`2pBQmb bim/B2b U�/FBM
2i �HX- kyyyc J+AH`Qv �M/ J�FB- RNNjVX >Qr2p2`- HBiiH2 ?�b #22M `2~2+i2/ �#Qmi i?2
#BQK2+?�MB+�H +`Bi2`B� r?B+? ;Qp2`M i?Bb /Bz2`2M+2X AM i?2 �mi?Q`^b pB2r- i?Bb /Bz2`@
2M+2 +�M TQbbB#Hv #2 2tTH�BM2/ BM i2`Kb Q7 i?2 QTiBKBx�iBQM T`BM+BTH2bX Ai Bb ;2M2`�HHv
�++2Ti2/ i?�i ?mK�M KQp2K2Mi i�bFb Ubm+? �b `2�+?BM; � i�`;2i- r�HFBM;- bBi@iQ@bi�M/
2i+V i2M/ iQ 7mH}HH bQK2 bQ`i Q7 QTiBK�HBiv +`Bi2`BQMX a2p2`�H T2`7Q`K�M+2 +`Bi2`B� ?�p2
#22M T`QTQb2/ �M/ p�HB/�i2/ �;�BMbi i?2 2tT2`BK2Mi�H /�i�X 6Q` 2t�KTH2- Bi ?�b #22M
/2KQMbi`�i2/ i?�i BM ?�M/@`2�+?BM; KQiBQMb- ?mK�Mb i2M/ iQ KBMBKBx2 i?2 D2`F Q7
KQiBQM iQ T`Q/m+2 bKQQi? i`�D2+iQ`B2b U6H�b? �M/ >Q;�M- RN38c >Q;�M- RN39VX AM
KQ`2 +QKTH2t KQiBQMb bm+? �b r�HFBM; Q` ;vKM�biB+b- KBMBKmK 2M2`;v �M/fQ` 2zQ`i
+Qbi T`Q/m+2 `2�HBbiB+ KQiBQM i`�D2+iQ`B2b U�M/2`bQM �M/ S�M/v- kyyRc G2#Q2m7 2i �HX-
kyyeVX Pi?2` T2`7Q`K�M+2 +`Bi2`B� BM+Hm/2 KBMBKmK iQ`[m2 +?�M;2 UEmx2HB+FB 2i �HX-
kyy8c lMQ 2i �HX- RN3NV �M/ iBK2 /2`Bp�iBp2 Q7 Kmb+H2 7Q`+2b US�M/v 2i �HX- RNN8VX

h?Qm;? i?2 �#Qp2 bim/B2b T`BK�`BHv +QMbB/2`2/ pQHmMi�`v KQiBQMb �b QTTQb2/ iQ
`2�+iBp2 KQiBQMb BM +�b2 Q7 #�H�M+2 `2+Qp2`v- Bi Bb `2�bQM�#H2 iQ �bbmK2 i?�i i?2 bi2T@
TBM; /2+BbBQMb BM � #�H�M+2 `2+Qp2`v i�bFb �`2 �HbQ BM~m2M+2/ #v bBKBH�` #BQK2+?�MB+�H
7�+iQ`b r?2M MQi bm#D2+i2/ iQ 2ti`2K2 bBim�iBQMbX >Qr2p2`- i?2 `2H�iBp2 T`2/QKBM�M+2
Q7 i?2b2 +`Bi2`B� K�v +?�M;2 7`QK QM2 `2+Qp2`v i�bF iQ �MQi?2`X AM +�b2 Q7 K�tBK�H
T2`7Q`K�M+2 U2X;X HBKBi2/ `2+Qp2`v bT�+2V- i?2 T`BK�`v Q#D2+iBp2 Bb iQ `2+Qp2` #�H�M+2

RyN



RRy

RRy



RRR

#v KBMBKBxBM; i?2 bT22/ Q7 KQiBQM �b [mB+FHv �b TQbbB#H2X >Qr2p2`- BM +�b2 Q7 bm#@
K�tBK�H bBim�iBQMb Ubm+? �b i?2 H�`;2 bT�+2 b+2M�`BQbV- i?2 Q#D2+iBp2 K�v 2pQHp2 iQ
BM+Hm/2 i?2 i`�D2+iQ`v bKQQi?M2bb �M/fQ` bi2TTBM; 2zQ`i KBMBKBx�iBQMX h?2 /Bz2`2M+2
#2ir22M i?2 irQ #2?�pBQ`b +�M +H2�`Hv #2 b22M BM i?2 iBK2 T`Q}H2b Q7 i?2 bm#D2+ib^ *QJ
p2HQ+BiB2b U+X7X 6B;m`2 8XjVX AM +�b2 Q7 � H�`;2 �p�BH�#H2 bT�+2- i?2 p2HQ+Biv Bb bKQQi?Hv
#`Qm;?i #�+F iQ x2`Q Qp2` � H�`;2` T2`BQ/ Q7 iBK2X

q2 MQr bBKmH�i2 i?2b2 `2+Qp2`v b+2M�`BQb rBi? Qm` JS* +QMi`QHH2` �M/ i2bi Bib
�#BHBiv iQ T`2/B+i i?2 bi2TTBM; +?�`�+i2`BbiB+b BM #Qi? b+2M�`BQbX

hQ bBKmH�i2 i?2 i`�MbH�iBM; TH�i7Q`K b+2M�`BQ- i?2 K2+?�MB+�H KQ/2H Bb +QMbB/2`2/
KQmMi2/ QM � KQpBM; +�`i U6B;m`2 8X9VX h?2 +�`i Bb ;Bp2M � #�+Fr�`/ �++2H2`�iBQM
bBKBH�` iQ i?2 QM2 �TTHB2/ /m`BM; i?2 2tT2`BK2Mib U+X7X 6B;m`2 8XRVX h?2 bi�M/�`/
/vM�KB+b Q7 i?2 BMp2`i2/ T2M/mHmK@QM@+�`i bvbi2K Bb bQHp2/ �M/ i?2 `2bmHiBM; T2M/mH�`
bi�i2 Bb 72/ iQ i?2 JS* +QMi`QHH2`X h?2 `2bmHiBM; 722/#�+F Bb i?2M �TTHB2/ #�+F iQ i?2
bvbi2KX h?2 +Qbi 7mM+iBQM mb2/ BM i?2 +QMi`QHH2` Bb i?2 b�K2 �b BM *?�Ti2` 9 �M/ Bb
`2T`Q/m+2/ ?2`2,

KBM 1

c21
‖Ċk+1‖2+

1

c22
‖Θ̇k+1‖2+

1

c23
‖F̈ ′

k+1‖2+
1

c24
‖
XXX
Ck‖2+

1

c25
‖
XXX
Θk‖2+

1

c26
‖Zk+1−Fk+1‖2

U8XRV
lbBM; i?2 T�`�K2i2`b HBbi2/ BM h�#H2b 8XR �M/ 8Xk- i?2 T`2/B+i2/ bi2T H2M;i? `2bmHib

7Q` i?2 irQ b+2M�`BQb �`2 b?QrM BM 6B;m`2 8X8X h?2 +QMi`QH r2B;?ib c1 iQ c6 �`2 +?Qb2M
BM i?2 b�K2 r�v �b BM *?�Ti2` 9 r?2`2 i?2 +Qbi 7mM+iBQM i2`Kb Qi?2` i?�M i?2 *QJ
p2HQ+Biv �`2 r2�FHv T2M�HBx2/X Ai +�M #2 b22M i?�i i?2 +QMi`QHH2` T`2/B+ib � bBM;H2 7Q`r�`/
bi2T BM #Qi? +�b2bX h?Bb T`2/B+iBQM Bb bQK2r?�i +HQb2` iQ i?2 HBKBi2/@bT�+2 b+2M�`BQ
U6B;m`2 8X8- `B;?iV +QM}`KBM; Qm` 2�`HB2` ?vTQi?2bBb i?�i BM bm+? bBim�iBQMb- bm#D2+ib
�BK iQ KBMBKBx2 i?2 *QJ p2HQ+Biv �b [mB+FHv �b TQbbB#H2X >Qr2p2`- bm+? � b2iiBM; Bb
7�` 7`QK T`2/B+iBM; i?2 bm#@K�tBK�H bBim�iBQM U6B;m`2 8X8- H27iV r?2`2 b2p2`�H bi2Tb �`2
Q#b2`p2/ /m`BM; i?2 2tT2`BK2MibX

RRR



RRk

S�`�K2i2` o�Hm2
_2�+iBQM iBK2- Treac Ryy Kb
ai2T T`2T�`�iBQM iBK2- Tprep k8y Kb 7Q` i?2 Rst b2`B2b-

kk8 Kb 7Q` i?2 knd b2`B2b
G2; brBM; iBK2- Tstep *?Qb2M #v i?2 +QMi`QHH2`
LQ Q7 b�KTH2b- L 9y
a�KTHBM; hBK2- h k8 Kb
>Q`BxQM H2M;i?- L×h R b2+
aBKmH�iBQM hBK2 k b2+
J�t 7QQi �++2H2`�iBQM- f̈ ′ R3y KXb−2

J�t *QJ@bmTTQ`i 7QQi /Bp2`@
;2M+2

yX38 K

J�t i`mMF `Qi�iBQM- θ π/2 `�/
J�t ?BT iQ`[m2- τmax RNy LXK
*QMi`QH r2B;?i- c1 R KXb−1

*QMi`QH r2B;?i- c2 Ry `�/Xb−1

*QMi`QH r2B;?i- c3 Ryyy KXb−2

*QMi`QH r2B;?i- c4 jyy KXb−3

*QMi`QH r2B;?i- c5 Ryy `�/Xb−3

*QMi`QH r2B;?i- c6 jy K

RRk



RRj

hQ bBKmH�i2 i?2 H�`;2 bT�+2 b+2M�`BQ- KQ`2 2KT?�bBb QM #BQK2+?�MB+�H T2`7Q`K�M+2
+`Bi2`B� K�v #2 M22/2/ BM Qm` +Qbi 7mM+iBQMX h?Bb Bb MQi [mBi2 bi`�B;?i7Q`r�`/ �b KQbi
Q7 bm+? +`Bi2`B� BMpQHp2 /vM�KB+ p�`B�#H2b UDQBMi iQ`[m2b- Kmb+H2 7Q`+2b 2i+V �b QTTQb2/
iQ i?2 FBM2K�iB+ p�`B�#H2b QM r?B+? Qm` bBKTH2 KQ/2H Bb #�b2/ UBX2X KQiBQM �M/ Bib
/2`Bp�iBp2bVX >Qr2p2`- +QM+2Tim�HHv i?2 �++2H2`�iBQM �M/ DQBMi iQ`[m2b +�M #2 `2;�`/2/
�b 2[mBp�H2Mi i2`Kb BM i?�i KBMBKBxBM; QM2 p�`B�#H2 /B`2+iHv `2bmHib BM `2;mH�iBM; i?2
Qi?2`X >2M+2- i?2 bi2TTBM; 2zQ`i KBMBKBx�iBQM +�M #2 BMi`Q/m+2/ #v T2M�HBxBM; KQ`2
bi`QM;Hv i?2 brBM; 7QQi �++2H2`�iBQM i2`K ‖F̈ ′

k+1‖2 BM Qm` +Qbi 7mM+iBQM U8XRVX aBKBH�`Hv-
i?2 /2bB`2 iQ ;2M2`�i2 bKQQi?2` KQiBQM i`�D2+iQ`B2b +�M #2 /B`2+iHv `2T`2b2Mi2/ #v
bi`QM;Hv T2M�HBxBM; i?2 D2`F Q7 i?2 *QJ i2`K ‖

XXX
Ck‖2 BM Qm` +Qbi 7mM+iBQMX h?2 2z2+i Q7

p�`vBM; i?2B` +Q``2bTQM/BM; +QMi`QH r2B;?ib c3 �M/ c4 QM i?2 }`bi bi2T H2M;i? �`2 b?QrM
BM 6B;m`2 8XeX h?2 `2bmHiBM; MmK#2` Q7 7Q`r�`/ bi2Tb Bb �HbQ MQi2/ �i i?2 #QiiQK Q7
2�+? THQiX

Ai Bb 2pB/2Mi BM 6B;m`2 8Xe i?�i i?2 KQ`2 r2 T2M�HBx2 i?2 *QJ D2`F �M/ 7QQi �++2H@
2`�iBQM i2`Kb UbK�HH2` c3 �M/ c4 p�Hm2bV- i?2 KQ`2 i?2 }`bi bi2T H2M;i?b �`2 `2/m+2/
�M/ KmHiBTH2 bi2Tb T`272``2/X lbBM; c3 4 kyy KXb−2 �M/ c4 4 jy KXb−3- 2t�+iHv j
7Q`r�`/ bi2Tb �`2 T`2/B+i2/ #v Qm` +QMi`QHH2` r?Qb2 H2M;i?b �`2 +QKT�`2/ �;�BMbi i?2
2tT2`BK2Mi�H /�i� BM 6B;m`2 8XdX h?2 +QKT�`BbQM b?Qrb +HQb2 �;`22K2Mi #2ir22M
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c3 c4

RR9



RR8

2tT2`BK2Mi�H �M/ T`2/B+i2/ `2bmHib r?2`2 i?2 KQ/2H T`2/B+iBQMb �`2 rBi?BM i?2 bBM;H2
bi�M/�`/ /2pB�iBQM Q7 i?2 2tT2`BK2Mi�H /�i� 7Q` �HH bi2TbX h?2 +Q``2bTQM/BM; bi2T iBK2b
UMQi b?QrMV �`2 kyy- jyy �M/ 8yy Kb `2bT2+iBp2Hv 7Q` j bi2Tb r?B+? �;�BM K�i+? r2HH
rBi? i?2 2tT2`BK2Mi�H /�i� U+X7X h�#H2 8XRVX

6B;m`2 8X3 +QKT�`2b i?2 +Q``2bTQM/BM; 2pQHmiBQM Q7 i?2 T`2/B+i2/ *QJ p2HQ+Biv
U+QMiBMmQmb THQiV rBi? i?�i Q7 � `2�H bm#D2+i U/Qii2/ THQiVX AM #Qi? +�b2b- i?2 p2HQ+Biv
Q7 i?2 *QJ Bb bKQQi?Hv #`Qm;?i iQ x2`Q Qp2` � HQM;2` T2`BQ/ Q7 iBK2X "�b2/ QM i?Bb
`2bmHi- r2 +�M bT2+mH�i2 i?�i K�tBKBxBM; bKQQi?M2bb �M/fQ` KBMBKBxBM; bi2TTBM; 2zQ`i
�`2 BKTQ`i�Mi +`Bi2`B� iQ +QMbB/2` r?BH2 bBKmH�iBM; bm#@K�tBK�H b+2M�`BQbX

h?2 Tm`TQb2 Q7 i?Bb b2+iBQM r�b iQ /2KQMbi`�i2 i?2 �#BHBiv Q7 Qm` JS* +QMi`QHH2` iQ
;2M2`�i2 /Bz2`2Mi #�H�M+2 `2+Qp2`v #2?�pBQ`b #v KQ/B7vBM; i?2 `2H�iBp2 T2M�HBx�iBQMb
Q7 i?2 +Qbi 7mM+iBQM i2`KbX Ai im`Mb Qmi i?�i BM i?2 K�tBKmK T2`7Q`K�M+2 b+2M�`BQb-
KBMBKBxBM; i?2 *QJ bT22/ b?QmH/ #2 i?2 K�DQ` +`Bi2`BQM Uc1 ≪ c3, c4V r?BH2 BM i?2
bm#@K�tBK�H bBim�iBQMb- Qi?2` T2`7Q`K�M+2 +`Bi2`B� bm+? �b KQiBQM bKQQi?M2bb �M/
2zQ`i KBMBKBx�iBQM #2+QK2 2[m�HHv BKTQ`i�MiX

LQi2 i?�i BM i?Bb b2+iBQM- i?2 +QMi`QH r2B;?ib r2`2 K�Mm�HHv �/Dmbi2/ iQ bBKTHB7v Qm`
�M�HvbBbX >Qr2p2` � KQ`2 bQT?BbiB+�i2/ �TT`Q�+? Bb bQm;?i BM i?2 7mim`2 r?B+? rQmH/
BMpQHp2 � KQ`2 bvbi2K�iB+ /2}MBiBQM Q7 i?2 i�bF +QMbi`�BMi U2X;X K�tBKmK `2+Qp2`�#H2
/Bbi�M+2VX h?2 +QMi`QHH2` rQmH/ i?2M T2`7Q`K i?2 M2+2bb�`v imMBM; iQ ;2M2`�i2 i?2
`2+Qp2`v `2�+iBQM- `2bmHiBM; BM � mMB}2/ b+?2K2 7Q` �HH bBim�iBQMbX JQ`2Qp2`- i?Bb bim/v
QMHv 2tTHQ`2/ irQ TQbbB#H2 T2`7Q`K�M+2 +`Bi2`B� iQ ;2M2`�i2 /BbiBM+i `2+Qp2`v T�ii2`MbX
>Qr2p2`- Qi?2` #BQK2+?�MB+�H +`Bi2`B� U2X;X 2M2`;v QTiBKBx�iBQMV- /Bz2`2Mi TQbi@bi2T
`2+Qp2`v #2?�pBQ`b U2X;X T2M/mH�` pbX 7`22@7�HH 2pQHmiBQMV Q` +Q;MBiBp2 �bT2+ib K�v �HbQ
BM~m2M+2 i?2b2 `2+Qp2`v #2?�pBQ`b �M/ rQmH/ #2 BMp2biB;�i2/ BM i?2 7mim`2X
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−3
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�b K2MiBQM2/ BM i?2 BMi`Q/m+iBQM- i?2 /�BHv@HB72 /Bbim`#�M+2b Q#b2`p2/ BM i?2 Tm#HB+
i`�MbTQ`i p2?B+H2b T2`bBbi 7Q` HQM;2` T2`BQ/b Q7 iBK2 U�+im�HHv 7Q` b2p2`�H b2+QM/bVX lM@
/2` i?2b2 +QM/BiBQMb- K�BMi�BMBM; Q` `2+Qp2`BM; QM2^b #�H�M+2 BMpQHp2 irQ BKTQ`i�Mi
T`QT2`iB2bX 6B`bi Bb � `Qm;? 2biBK�iBQM Q7 i?2 7mim`2 2pQHmiBQM Q7 i?2 /Bbim`#�M+2 U/Bbim`@
#�M+2 7Q`2+�biBM;V r?B+? ?2HTb iQ TH�M M2+2bb�`v `2+Qp2`v �+iBQMb BM �/p�M+2X a2+QM/ Bb
i?2 7`2[m2M+v �i r?B+? i?Bb `2+Qp2`v �+iBQM Bbf+�M #2 `2@TH�MM2/ 7Q` TQbbB#H2 p�`B�iBQMb
BM i?2 /Bbim`#�M+2 H2p2HX Ai Bb `2�bQM�#H2 iQ ?vTQi?2bBx2 i?�i � ?B;?2` `2@TH�MMBM; 7`2@
[m2M+v �M/ � KQ`2 �++m`�i2 /Bbim`#�M+2 7Q`2+�biBM; rQmH/ BKT`Qp2 `2+Qp2`v `2bTQMb2
iQ HQM;2` /Bbim`#�M+2bX

PM i?2 Qi?2` ?�M/- r2 T`2pBQmbHv i2bi2/ Qm` #�H�M+2 `2+Qp2`v U"_V iQQH �;�BMbi
2Bi?2` i?2 +QMbi�Mi Q` BMbi�Mi�M2Qmb /Bbim`#�M+2 bBim�iBQMb U*?�Ti2` j �M/ 9V Q` �;�BMbi
b?Q`i TH�i7Q`K /Bbim`#�M+2b Ua2+iBQM 8XRXk- /Bbim`#�M+2 /m`�iBQM 4 9yy KbVX h?2
+QMi`QHH2` r�b `mM BM � +QMiBMmQmb 722/#�+F K�MM2` �M/ Bib BMi2`M�H KQ/2H UGAS KQ/2H
Y BM2`iB� r?22HV 2biBK�i2/ i?2 bvbi2K^b 2pQHmiBQM Qp2` � 7mim`2 iBK2 ?Q`BxQM Tm`2Hv
mM/2` i?2 2z2+i Q7 ;`�pBivX �`;mBM; i?�i i?2 T`2/B+iBQM Q7 i?2 2ti2`M�H /Bbim`#�M+2
TH�vb �M BKTQ`i�Mi `QH2 BM i�+FHBM; HQM;2` /Bbim`#�M+2b- r2 7m`i?2` /2p2HQT Qm` "_ iQQH
BM i?Bb b2+iBQM iQ BM+Hm/2 �TT`QT`B�i2 /Bbim`#�M+2 7Q`2+�biBM;X Pm` Q#D2+iBp2 rBHH #2 iQ
2tTHQ`2 ?Qr i?2 `2+Qp2`v �+iBQM Bb �z2+i2/ #v i?2 T`2b2M+2 Q` �#b2M+2 Q7 i?Bb T`QT2`ivX
JQ`2Qp2`- r2 rBHH �HbQ 2tTHQ`2 i?2 2z2+i Q7 `2@TH�MMBM; 7`2[m2M+v QM i?2 `2+Qp2`v
�+iBQM- r?B+? +�M #2 �M BKTQ`i�Mi 7�+iQ` 7Q` p�`B�#H2 /Bbim`#�M+2 H2p2HbX :Bp2M i?�i
i?2b2 irQ T`QT2`iB2b �`2 �HbQ +HQb2Hv `2H�i2/ iQ i?2 +Q;MBiBp2 �bT2+ib Q7 #�H�M+2 `2+Qp2`v-
i?2B` BM+HmbBQM rBHH �HbQ �HHQr iQ bim/v i?2 2z2+ib Q7 +Q;MBiBp2 7�+iQ`b QM i?2 #�H�M+2
`2+Qp2`v T2`7Q`K�M+2X

q2 i�F2 � 7�KBHB�` bBim�iBQM 2tT2`B2M+2/ #v i?2 bi�M/BM; T�bb2M;2`b /m`BM; �M 2K2`@
;2M+v #`�FBM; bBim�iBQM BM m`#�M i`�Kb �M/ `�BHr�v p2?B+H2bX h?2 /Bbim`#�M+2 T`Q}H2 Bb
b?QrM BM 6B;m`2 8XN r?B+? ?�b #22M 2tTHQBi2/ BM �M 2tT2`BK2Mi�H b2imT #v o2``B2bi 2i �HX
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UkyRyVX h?2 iQi�H /m`�iBQM Q7 i?2 /Bbim`#�M+2 Bb kb /BpB/2/ 2[m�HHv BMiQ � +QMbi�Mi D2`F
U9 KXb−3V T?�b2 7QHHQr2/ #v � +QMbi�Mi �++2H2`�iBQM U9 KXb−2V T?�b2X

AM i?2 +QMi2ti Q7 Qm` KQ/2H- i?2 /Bbim`#�M+2 7Q`2+�biBM; +�M #2 /2}M2/ �b i?2
2biBK�iBQM Q7 i?2 7mim`2 /Bbim`#�M+2 K�;MBim/2 �M/ /m`�iBQM K�/2 #v i?2 +QMi`QHH2` �b
bQQM �b i?2 /Bbim`#�M+2 bi�`ib �M/ Bb `27`2b?2/ mMiBH i?2 /Bbim`#�M+2 /Bb�TT2�`bX aBKB@
H�`Hv- i?2 7`2[m2M+v Q7 `2@TH�MMBM; +�M #2 /2}M2/ BM i2`Kb Q7 i?2 *QMi`QHH2` a�KTHBM;
hBK2 U*ahV r?B+? Bb i?2 iBK2 /2H�v #2ir22M 2�+? +�HH Q7 i?2 +QMi`QHH2`X h?2 +QMi`QH
Bb +QMbB/2`2/ +QMiBMmQmb B7 i?2 +QMi`QHH2` Bb +�HH2/ �i 2�+? iBK2 bi2T h U4 k8 KbV Q7
i?2 bBKmH�iBQM- r?BH2 BMi2`KBii2Mi B7 *ah 4 Mh- r?2`2 ^M^ Bb �Mv BMi2;2` ;`2�i2` i?�M RX

aBKmH�iBQMb �`2 T2`7Q`K2/ 7Q` 9 /Bz2`2Mi 7Q`2+�bi b+2M�`BQb,

U�V LQ /Bbim`#�M+2 7Q`2+�biBM;- r?2`2 MQ BM7Q`K�iBQM Bb ;Bp2M iQ i?2 +QMi`QHH2` �#Qmi
i?2 7mim`2 2pQHmiBQM Q7 i?2 TH�i7Q`K �++2H2`�iBQM T`Q}H2X

U#V J2�M �++2H2`�iBQM 7Q`2+�biBM;- r?2`2 i?2 +QMi`QHH2` K�F2b Bib QrM 2biBK�iBQM Q7
i?2 7mim`2 /Bbim`#�M+2 T`Q}H2 #�b2/ QM i?2 T`2pBQmb iBK2 ?BbiQ`v Q7 i?2 �+im�H
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/Bbim`#�M+2X AM i?Bb +�b2- i?2 +QMi`QHH2` i�F2b i?2 K2�M TH�i7Q`K �++2H2`�iBQM
2tT2`B2M+2/ Qp2` i?2 H�bi Rb �M/ T`QD2+ib Bi i?2 iQ i?2 M2ti Rb �b i?2 7mim`2
2tT2+i�iBQM U+X7X 6B;m`2 8XRy- H27iVX

U+V AMbi�Mi�M2Qmb �++2H2`�iBQM 7Q`2+�biBM;- r?2`2 �i 2�+? BMbi�Mi- i?2 +QMi`QHH2` 2biB@
K�i2b i?2 +m``2Mi `2�H TH�i7Q`K �++2H2`�iBQM iQ +QMiBMm2 /m`BM; i?2 M2ti Rb U+X7X
6B;m`2 8XRy- `B;?iVX

U/V S2`72+i 7Q`2+�biBM;- r?2`2 i?2 +QMi`QHH2` Bb BM7Q`K2/ �#Qmi i?2 2t�+i 7mim`2 TH�i@
7Q`K �++2H2`�iBQM T`Q}H2 �i 2�+? b�KTHBM; iBK2X

h?2 BM7Q`K�iBQM �#Qmi i?2 TH�i7Q`K /Bbim`#�M+2 Bb BMi2;`�i2/ BM i?2 BMi2`M�H KQ/2H Q7
i?2 JS* +QMi`QHH2`X G2ib `2+�HH i?2 #�bB+ /vM�KB+ 2[m�iBQM Q7 i?2 GAS KQ/2H rBi?
BM2`iB� r?22H 7`QK *?�Ti2` 9,

c̈x =
g

h
(cx − zx)−

j

mh
θ̈ U8XkV
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h?2 /Bbim`#�M+2 BM7Q`K�iBQM Bb BMi2;`�i2/ BM i2`Kb Q7 i?2 TH�i7Q`K �++2H2`�iBQM
`2bmHiBM; BM i?2 7QHHQrBM; /vM�KB+b 2[m�iBQM,

c̈x =
g

h
(cx − zx)−

j

mh
θ̈ ± ẍ

pf
Fcast U8XjV

r?2`2 ẍ
pf
Fcast Bb i?2 +QMi`QHH2`^b 2biBK�iBQM Q7 i?2 TH�i7Q`K �++2H2`�iBQMX

h?2 722/#�+F HQQT Bb BKTH2K2Mi2/ �b #27Q`2 U+X7X 6B;m`2 8X9V mbBM; i?2 +QMi`QHH2`
T�`�K2i2`b ;Bp2M BM h�#H2 8XkX h?2 2{+B2M+v Q7 � `2+Qp2`v �+iBQM Bb K2�bm`2/ BM i2`Kb
Q7 i?2 M2i /Bbi�M+2 i`�p2H2/ #v i?2 *QJ #27Q`2 +QKBM; iQ � +QKTH2i2 ?�HiX h?2 bi2T
iBKBM;b �`2 }t2/ BM �/p�M+2 iQ yXj b iQ bBKTHB7v TQbi@bBKmH�iBQM �M�HvbBbX

G2i^b }`bi +QMbB/2` i?2 `2bmHib rBi? i?2 +QMiBMmQmb +QMi`QH KQ/2 U*ah 4 k8 KbV BM
6B;m`2 8XRRX SHQib QM i?2 H27i b?Qr i?2 iBK2 T`Q}H2b Q7 *QJ TQbBiBQM U#H�+FV �HQM;
rBi? i?2 �MFH2 TQbBiBQMb Q7 i?2 +Q``2bTQM/BM; 7QQi TH�+2K2Mib U#Hm2 /QibVX h?2 THQib
QM i?2 `B;?i b?Qr i?2 +Q``2bTQM/BM; 2pQHmiBQM Q7 i?2 *QJ p2HQ+BivX i4y BM/B+�i2b i?2
QMb2i Q7 /Bbim`#�M+2X

Ai +�M #2 b22M i?�i i?2`2 �`2 K�`F2/ /Bz2`2M+2b #2ir22M i?2 7QQi TH�+2K2Mib
�M/ i?2 `2bmHiBM; /Bbi�M+2 i`�p2H2/ #v i?2 bvbi2K /2T2M/BM; mTQM i?2 �++m`�+v Q7
7Q`2+�biBM;X AM i?2 }`bi b+2M�`BQ- r?2`2 i?2 /Bbim`#�M+2 7Q`2+�biBM; Bb �#b2Mi- i?2
`2bmHiBM; `2�+iBQM Bb Km+? bHQr2` /m`BM; Rb 7QHHQrBM; i?2 /Bbim`#�M+2 QMb2iX .m`BM;
i?Bb T?�b2- i?2 `2H�iBp2Hv bK�HH /Bbim`#�M+2 H2p2H iQ;2i?2` rBi? i?2 �#b2M+2 Q7 �Mv
7Q`2+�biBM; `2bmHib BM M2;HB;B#Hv bK�HH BMBiB�H bi2TbX >Qr2p2`- �b i?2 /Bbim`#�M+2 T2�Fb
iQ 9 KXb−2 �i i 4 Rb QMr�`/- H�`;2` bi2Tb �`2 `2[mB`2/ iQ +QKT2Mb�i2 7Q` i?2 2�`HB2`
H�i2Mi `2bTQMb2 `2bmHiBM; BM � H�`;2 Qp2`�HH *QJ /Bbi�M+2 URXde KVX

h?2 b2+QM/ `Qr Q7 i?2 };m`2 b?Qrb i?2 `2bmHi 7Q` i?2 b+2M�`BQ U#V r?2`2 i?2
+QMi`QHH2` K�F2b Bib QrM 2biBK�iBQM Q7 i?2 7mim`2 �++2H2`�iBQM T`Q}H2 #�b2/ QM i?2
T`2pBQmb Rb iBK2 ?BbiQ`v Q7 i?2 �+im�H TH�i7Q`K �++2H2`�iBQMX 1p2M i?Qm;? i?2 7Q`2+�bi2/
2pQHmiBQM Bb 7�` 7`QK #2BM; �++m`�i2 Ub22 6B;m`2 8XRyV- i?2 `2bmHiBM; `2+Qp2`v `2bTQMb2
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Bb Km+? BKT`Qp2/ BM i?Bb +�b2X h?2 b2+QM/ bi2T Bb TH�+2/ �i � `2H�iBp2Hv H�`;2` /Bbi�M+2
r?BH2 i?2 K�tBKmK *QJ 2t+m`bBQM Bb HBKBi2/ iQ �`QmM/ yXee KX �HbQ MQi2 i?�i �7i2`
i?2 �+im�H /Bbim`#�M+2 p�MBb?2b �7i2` i 4 kb- i?2 *QJ p2HQ+Biv bHB;?iHv bHB/2b iQ i?2
M2;�iBp2 bB/2 #27Q`2 #2BM; #`Qm;?i iQ x2`Q �;�BMX h?Bb T?2MQK2MQM Bb ivTB+�H Q7 �M
Qp2`@2biBK�i2/ /Bbim`#�M+2 7Q`2+�bi- bBM+2 i?2 +QMi`QHH2` biBHH 2tT2+ib i?2 /Bbim`#�M+2
iQ +QMiBMm2 7Q` �MQi?2` Rb U+X7X 6B;m`2 8XRy- i4k bVX � #�+F bi2T Bb �+im�HHv i�F2M iQ
`2bi�#BHBx2 i?2 bvbi2KX

h?2 i?B`/ `Qr b?Qrb i?2 `2bmHi 7Q` i?2 b+2M�`BQ U+V r?2`2 �i 2�+? BMbi�Mi- i?2
+QMi`QHH2` �bbmK2b i?2 TH�i7Q`K iQ KQp2 rBi? i?2 +m``2Mi �++2H2`�iBQM /m`BM; i?2 M2ti
RbX AM i?Bb +�b2- i?2 knd bi2T Bb TH�+2/ 2p2M 7�`i?2` /m2 iQ i?2 2tT2+i�iBQM Q7 `2H�iBp2Hv
H�`;2` TH�i7Q`K /Bbim`#�M+2 �M/ i?2 `2bmHiBM; `2+Qp2`v /Bbi�M+2 Bb 2p2M KQ`2 `2/m+2/X
AMi2`2biBM;Hv- /m`BM; i?2 H�i2` T�`i Q7 i?2 T2�F �++2H2`�iBQM T?�b2 Ui 4 R@k bV- i?2
p2HQ+Biv Bb +QKTH2i2Hv +QMp2`;2/ iQ x2`Q �b i?2 +QMi`QHH2` 2tT2+i�iBQM K�i+?2b r2HH
rBi? i?2 �+im�H /Bbim`#�M+2 BM i?Bb T?�b2X h?Bb T?2MQK2MQM Bb 2p2M KQ`2 T`QMQmM+2/
i?`Qm;?Qmi i?2 b+2M�`BQ U/V r?2`2 i?2 +QMi`QHH2` Bb 72/ rBi? i?2 2t�+i 7mim`2 TH�i7Q`K
KQiBQM T`Q}H2X AM i?Bb +�b2- i?2 bi2Tb �`2 TH�+2/ BM bm+? � r�v i?�i i?2 mT+QKBM;
/Bbim`#�M+2 Bb +QKTH2i2Hv KBiB;�i2/ T`Q/m+BM; KBMBK�H /2pB�iBQM Q7 *QJ p2HQ+Biv 7`QK
Bib `272`2M+2 x2`Q p�Hm2X

AM b?Q`i- i?2 `2bmHib b?Qr ;QQ/ �;`22K2Mi rBi? Qm` ?vTQi?2bBb �#Qmi i?2 TQbBiBp2
+Q``2H�iBQM #2ir22M i?2 /Bbim`#�M+2 7Q`2+�bi �++m`�+v �M/ i?2 2{+B2M+v Q7 i?2 `2+Qp2`v
�+iBQMX

AM i?2 �#Qp2 `2bmHib- i?2 +QMi`QHH2` Bb `mM BM � +QMiBMmQmb K�MM2` U*ah 4 hV K2�MBM;
i?�i �Mv p�`B�iBQM BM i?2 bvbi2K^b bi�i2 Bb `2�/BHv /2i2+i2/ #v i?2 +QMi`QHH2` �M/ i?2
`2+Qp2`v bi`�i2;v Bb `2@TH�MM2/X LQr H2ib Q#b2`p2 ?Qr i?2 `2+Qp2`v �+iBQM- BM i2`Kb Q7
K�tBKmK `2+Qp2`v /Bbi�M+2- Bb �z2+i2/ B7 i?2 +QMi`QHH2` �+iBQM Bb `27`2b?2/ BMi2`KBi@
i2MiHvX 6Q` i?Bb Tm`TQb2- r2 bBKmH�i2 i?2 �#Qp2 b+2M�`BQb rBi? /Bz2`2Mi p�Hm2b Q7 i?2
+QMi`QHH2` b�KTHBM; iBK2b U*ah 4 8y- Ryy- R8y- kyy KbV �M/ THQi i?2 `2bmHiBM; `2@
+Qp2`v /Bbi�M+2b BM 6B;m`2 8XRkX *H2�`Hv- i?2 `2+Qp2`v /Bbi�M+2 BM+`2�b2b rBi? i?2 *ah
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p�Hm2 BM �HH +�b2b- 2t+2Ti r?2`2 i?2 2t�+i /Bbim`#�M+2 Bb 72/ iQ i?2 +QMi`QHH2` Ub+2M�`BQ
U/VVX �HbQ Q#b2`p2 i?�i i?2 #2ii2` i?2 7Q`2+�biBM; �++m`�+v- i?2 H2bb2` Bb i?2 2z2+i Q7
i?2 *ah QM i?2 `2+Qp2`v /Bbi�M+2X Pp2`�HH i?Bb `2bmHi b?Qrb i?2 BKTQ`i�M+2 Q7 [mB+F
KQiBQM `2@TH�MMBM; BM +�b2 Q7 HQM;2` /Bbim`#�M+2b- bm;;2biBM; � T�`iB+mH�` �ii2MiBQM iQ
Bib p�`vBM; T`Q}H2 7Q` 2z2+iBp2 `2+Qp2`vX

h?2 Tm`TQb2 Q7 i?Bb b2+iBQM r�b iQ 2ti2M/ Qm` #�H�M+2 `2+Qp2`v iQQH #2vQM/ i`�MbBiQ`v
/Bbim`#�M+2 b+2M�`BQb �M/ bBKmH�i2 HQM;2` /Bbim`#�M+2b rBi? i?2B` �bbQ+B�i2/ T?2MQK@
2M�X h?2 iQQH b?Qr2/ �M 2tT2+i2/ `2+Qp2`v #2?�pBQ` /2T2M/BM; mTQM p�`vBM; H2p2Hb Q7
/Bbim`#�M+2 7Q`2+�biBM; �M/ i?2 `2@TH�MMBM; 7`2[m2M+vX h?2 `2bmHib bm;;2bi i?�i i?2
`2+Qp2`v �#BHBiv Bb bB;MB}+�MiHv �z2+i2/ #v i?2 �++m`�+v Q7 i?2 /Bbim`#�M+2 7Q`2+�biBM;
�M/ i?2 7`2[m2M+v Q7 `2@TH�MMBM; BM +�b2 Q7 HQM;2` /Bbim`#�M+2bX >2M+2 7m`i?2` BMp2b@
iB;�iBQM b?QmH/ 7Q+mb QM /2}MBM; �TT`QT`B�i2 T�`�K2i2`b Q7 i?2b2 T`QT2`iB2b iQ 2pQHp2
`2�HBbiB+ `2+Qp2`v #2?�pBQ`bX 6BM�HHv- i?2b2 irQ T`QT2`iB2b ?�p2 � bi`QM; +Q``2H�iBQM rBi?
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i?2 +Q;MBiBp2 T`Q+2bbBM; +�T�+BiB2b BM ?mK�Mb r?B+? �`2 FMQrM iQ /2;`�/2 rBi? �;2X
>2M+2- � /2;`�/2/ "_ `2bTQMb2 /m2 iQ �M BM�++m`�i2 /Bbim`#�M+2 7Q`2+�biBM; �M/ �
HQr `2@TH�MMBM; 7`2[m2M+v �HbQ +?�`�+i2`Bx2b QM2 Q7 i?2 �;2@`2H�i2/ /2}+B2M+B2bX JQ`2
�;2@`2H�i2/ 2z2+ib �M/ i?2B` bBKmH�iBQM Bb i?2 bm#D2+i Q7 M2ti b2+iBQMX

6�HHb `2bmHiBM; 7`QK i?2 HQbb Q7 #�H�M+2 �`2 � K�DQ` ?2�Hi? +QM+2`M BM i?2 2H/2`HvX h?2b2
�`2 � H2�/BM; +�mb2 Q7 BMDm`v `2H�i2/ ?QbTBi�HBx�iBQMb BM T2`bQM �;2/ e8 v2�`b �M/ Qp2` BM
K�Mv +QmMi`B2b UGQ`/ 2i �HX- kyyRVX h?Bb ?�b H2/ iQ MmK2`Qmb bim/B2b r?B+? BMp2biB;�i2
i?2 `2�bQMb Q7 i?2 2H/2`^b pmHM2`�#BHBiv BM i2`Kb Q7 #�H�M+2X AM i?Bb b2+iBQM- r2 #`B2~v
`2pB2r �M/ bvMi?2bBx2 bQK2 K�DQ` 2H/2`Hv +?�`�+i2`BbiB+b r?B+? +�M #2 bBKmH�i2/ rBi?
Qm` "_ iQQHX q2 i�F2 �M 2tTHQ`�iQ`v �TT`Q�+? �M/ 7Q+mb KQ`2 QM i?2 [m�HBi�iBp2-
`�i?2` i?�M [m�MiBi�iBp2- �bb2bbK2Mi Q7 i?2 T`2/B+i2/ `2bmHibX

Ai Bb � r2HH@2bi�#HBb?2/ 7�+i i?�i i?2 #�H�M+2 `2+Qp2`v �#BHBiv `2/m+2b bB;MB}+�MiHv rBi?
�;2X h?2 `2�bQMb Q7 i?Bb /2;`�/2/ `2bTQMb2 ?�p2 #22M BMp2biB;�i2/ �i /Bz2`2Mi H2p2HbX
ai�`iBM; 7`QK i?2 Kmb+mHQbF2H2i�H bvbi2K- 2tT2`BK2Mib b?Qr � bi`QM; +Q``2H�iBQM #2@
ir22M Kmb+H2 r2�FM2bb BM HQr2` HBK#b �M/ i?2 TQbim`�H BMbi�#BHBiv BM i?2 2H/2`Hv U*�`iv
2i �HX- kyRkc GQ`/ 2i �HX- RNNR#VX JQ`2Qp2`- i?2 `�i2 �i r?B+? 7Q`+2 +�M #2 T`Q/m+2/ BM
Kmb+H2b Bb `2/m+2/ rBi? �;2 Uh?2H2M 2i �HX- RNNeVX �i i?2 7mM+iBQM�H H2p2H- i?Bb H2�/b iQ
� /2+`2�b2 BM i?2 K�tBKmK bT22/ rBi? r?B+? H2;b +QmH/ #2 KQp2/ BM #�H�M+2 `2+Qp2`v
i�bFb Uh?2H2M 2i �HX- RNNdc qQD+BF 2i �HX- RNNNV- `2bmHiBM; BM H�`;2 +QMi�+i iBK2b 7Q` i?2
2H/2`Hv rBi? `2bT2+i iQ i?2 vQmM;2` �/mHib 7Q` i?2 b�K2 bi2T H2M;i? U>bB�Q@q2+FbH2`
�M/ _Q#BMQpBi+?- kyydVX h?Bb HQr2`@HBK# r2�FM2bb +�M #2 `2T`2b2Mi2/ BM Qm` KQ/2H
#v � `2/m+2/ T2�F �++2H2`�iBQM Q7 i?2 brBM; 7QQi BM Qm` KQ/2HX aBKBH�`Hv `2/m+2/ DQBMi
~2tB#BHBiv �M/ i?2 `2/m+2/ 7mM+iBQM�H "Qa BM i?2 2H/2`Hv UG22 �M/ .2KBM;- RN33V +�M
�HbQ #2 i�F2M BMiQ �++QmMi BM i2`Kb Q7 KQ/2H +QMbi`�BMibX

Pi?2` K�DQ` �;2@`2H�i2/ T?2MQK2M� �TT2�` �b i?2 /2i2`BQ`�iBQM Q7 i?2 b2MbQ`B@
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KQiQ` 7mM+iBQMbX SQQ` H2; T`QT`BQ+2TiBQM T`QT2`iB2b Q`B;BM�iBM; 7`QK TQQ` i�+iBH2 b2M@
b�iBQM #2HQr 722i ?�b #22M �bbQ+B�i2/ rBi? BM+`2�b2/ 7�HHb UGQ`/ 2i �HX- RNNR�-#V �M/
bi2T BMBiB�iBQM iBK2b UJ�FB 2i �HX- kyyjV BM i?2 2H/2`HvX h?Bb `2/m+2/ b2MbBiBpBiv iQ;2i?2`
rBi? bHQr M2m`�H T`Q+2bbBM;f+QM/m+iBQM `2bmHi BM HQM;2` `2�+iBQM iBK2b BM i?2 2H/2`Hv
UJ�FB �M/ J+AH`Qv- RNNdV �M/ ?�b #22M b?QrM iQ #2 � K�DQ` /2i2`KBM�Mi Q7 � bm+@
+2bb7mH Q` � 7�BH2/ `2+Qp2`v `2bTQMb2 UPrBM;b 2i �HX- kyyRc o�M /2M "Q;2`i 2i �HX- kyykVX

6BM�HHv- Bi ?�b #22M 2bi�#HBb?2/ i?�i `2+Qp2`BM; #�H�M+2 7`QK 2ti2`M�H /Bbim`#�M+2b
`2[mB`2b +QMbB/2`�#H2 +Q;MBiBp2 `2bQm`+2b �M/ T`Q+2bbBM; +�T�+Biv U"`QrM 2i �HX- RNNNc
J�FB �M/ J+AH`Qv- kyydVX h?Bb K�BMHv BMpQHp2b i?2 �#BHBiv iQ `�TB/Hv TH�M �M/ 2t2+mi2
i?2 `2+Qp2`v bi`�i2;v �M/ Bb FMQrM iQ /2;2M2`�i2 rBi? �;2X h?2 2z2+ib Q7 bQK2 Q7
i?2 +Q;MBiBp2 7�+iQ`b �`2 �H`2�/v b?QrM BM i?2 T`2pBQmb b2+iBQM BM i2`Kb Q7 7Q`2+�biBM;
�++m`�+v �M/ i?2 7`2[m2M+v Q7 `2@TH�MMBM; �M/ i?2`27Q`2 rBHH MQi #2 bim/B2/ BM i?Bb
b2+iBQMX "2HQr- r2 KQ/B7v Qi?2` �7Q`2K2MiBQM2/ �;2@`2H�i2/ T�`�K2i2`b BM Qm` KQ/2H
�M/ 2tTHQ`2 ?Qr i?2 T`2/B+i2/ #�H�M+2 `2+Qp2`v �+iBQM Bb Q`;�MBx2/X

G2i^b +QMbB/2` �;�BM i?2 #�H�M+2 `2+Qp2`v b+2M�`BQ 7`QK >bB�Q@q2+FbH2` �M/ _Q#B@
MQpBi+? UkyydV r?2`2 vQmM; �M/ 2H/2`Hv bm#D2+ib r2`2 BM+HBM2/ 7Q`r�`/ �M/ �bF2/ iQ
`2+Qp2` #�H�M+2 �7i2` `2H2�b2 #v i�FBM; � bBM;H2 bi2T- MQ H�`;2` i?�M � ;Bp2M i�`;2i
H2M;i?X h?2 +QKT�`BbQM 7Q` vQmM; bm#D2+ib r�b K�/2 BM i?2 *?�Ti2` j �M/ 9 Q7 i?Bb
i?2bBbX >2`2- F22TBM; i?2 b�K2 T`BM+BTH2- r2 bBKmH�i2 Qm` KQ/2H #v BMTmiiBM; K�tBKmK
H2�M �M;H2 7Q` i?2 2H/2`Hv �M/ +�H+mH�i2 i?2 +Q``2bTQM/BM; bi2T H2M;i?b �M/ iBKBM;bX
aBKmH�iBQMb �`2 T2`7Q`K2/ mbBM; i?2 T�`�K2i2`b ;Bp2M BM h�#H2 8XjX h?2 �;2@`2H�i2/
T�`�K2i2`b �`2 KQ/B}2/ �b 7QHHQrb,

− h?2 HQr2` HBK# r2�FM2bb BM i?2 2H/2`Hv Bb bBKmH�i2/ #v `2/m+BM; i?2 K�tBKmK
7Q`r�`/ �++2H2`�iBQM Q7 i?2 brBM; 7QQi 7`QK R3y KXb−2 iQ bK�HH2` p�Hm2b Q7 ey-
3y- Ryy �M/ R9y KXb−2X aBKBH�`Hv- mTT2`@#Q/v T2�F iQ`[m2 Bb `2/m+2/ 7`QK RNy
iQ Ryy LXKX hQ `2T`2b2Mi `2/m+2/ DQBMi ~2tB#BHBiv- K�tBKmK mTT2`@#Q/v `Qi�iBQM
�M;H2 Bb �HbQ `2/m+2/ 7`QK π/2 iQ π/3 `�/X
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S�`�K2i2` o�Hm2
"Q/v >2B;?i- > RX8d K
"Q/v J�bb e8 F;
6QQi H2M;i?- lf yXR8k × >
ai2T T`2T�`�iBQM iBK2- Tprep R8y Kb U}t2/V
_2�+iBQM iBK2- Treac o�`B2/ #2ir22M d8 �M/

R8y Kb
G2; brBM; iBK2- Tstep *?Qb2M #v i?2 +QMi`QHH2`
J�t 7QQi �++2H2`�iBQM- f̈ ′ o�`B2/ #2ir22M ey �M/

R3y KXb−2

J�t i`mMF `Qi�iBQM- θ π/3 `�/
J�t ?BT iQ`[m2- τmax Ryy LXK

− hQ bBKmH�i2 i?2 b2MbQ`B@KQiQ` /2;`�/�iBQM- BM+`2�b2/ `2�+iBQM iBK2 p�Hm2b Q7 Ryy
�M/ R8y Kb �`2 i2bi2/- �T�`i 7`QK i?2 T`2pBQmbHv mb2/ p�Hm2 Q7 d8 KbX

− 6BM�HHv- 7QHHQrBM; i?2 �M�HvbBb 7`QK G22 �M/ .2KBM; URN33V �M/ S�B �M/ S�iiQM
URNNdV- i?2 `2/m+2/ 7mM+iBQM�H *QS `�M;2 BM i?2 2H/2`Hv Bb bBKmH�i2/ #v `2/m+BM;
i?2 2z2+iBp2 bBx2 Q7 i?2 #�b2 Q7 bmTTQ`iX h?2 bBKmH�iBQMb �`2 T2`7Q`K2/ rBi? i?2
7mHH 2z2+iBp2 "Qa 2[m�H iQ i?2 7mHH 7QQi H2M;i? �b r2HH �b rBi? 88W `2/m+iBQM BM
Bib bBx2 U�M 2ti`2K2 +�b2 mb2/ #v US�B �M/ S�iiQM- RNNdVVX

*QMi`QH r2B;?ib c1 iQ c6 �M/ Qi?2` T�`�K2i2`b �`2 F2Ti i?2 b�K2 �M/ �`2 ;Bp2M BM
h�#H2 8XkX h?2 bi2T iBK2 Tstep Bb QTiBKBx2/ #2ir22M 8y �M/ 8yy KbX

h?2 `2bmHib 7Q` �HH 7Qm` BM+HBM�iBQM b+2M�`BQb �`2 b?QrM BM 6B;m`2b 8XRj �M/ 8XR9X 6Q`
2�+? BM+HBM�iBQM- T`2/B+i2/ bi2T H2M;i? �M/ bi2T iBK2 `2bmHib �`2 b?QrM 7Q` irQ +�b2b,
G27i ?�M/ bB/2 THQib �bb2K#H2 `2bmHib r?2`2 2z2+iBp2 "Qa Bb `2/m+2/ #v 88W r?BH2 `B;?i
?�M/ bB/2 THQib b?Qr i?2 `2bmHib rBi? 7mHH "QaX h?2 T2�F brBM; 7QQi �++2H2`�iBQM Bb
p�`B2/ �HQM; i?2 t@�tBb QM BM/BpB/m�H THQibX _2�+iBQM iBK2 Bb p�`B2/ #2ir22M d8- Ryy
�M/ R8y KbX
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�b � r?QH2- i?2 T`2/B+iBQM `2bmHib i2M/ iQ +QM}`K 2�`HB2` 2tT2`BK2Mi�H }M/BM;bX
6Q` 2�+? BM+HBM�iBQM b+2M�`BQ- `2/m+BM; i?2 2z2+iBp2 "Qa bBx2 bB;MB}+�MiHv BM+`2�b2b i?2
`2[mB`2/ bi2T H2M;i? iQ `2+Qp2` #�H�M+2 BM �HH +�b2bX h?Bb b?Qrb i?2 BKTQ`i�Mi `QH2 Q7
i?2 �MFH2 iQ`[m2 Ur?B+? Bb T`QTQ`iBQM�H iQ i?2 bBx2 Q7 "Qa BM Qm` KQ/2HV �TTHB2/ /m`BM;
i?2 /2H�v r?2M i?2 bi2T Bb #2BM; T`2T�`2/ �M/ 2t2+mi2/X :Bp2M i?2 BKTQ`i�Mi /Bz2`2M+2
#2ir22M i?2 `2bmHib rBi? 7mHH �M/ `2/m+2/ 2z2+iBp2 "Qa H2M;i? 2p2M 7Q` bK�HH2` BM+HBM�@
iBQMb- i?Bb T�`�K2i2` K�v M22/ T�`iB+mH�` �ii2MiBQM r?BH2 bBKmH�iBM; �M 2H/2`Hv `2�+iBQMX

6QHHQrBM; � TQbim`�H /Bbim`#�M+2- i?2 bvbi2K ?�b � HBKBi2/ �KQmMi Q7 iBK2 iQ
TH�+2 i?2 `2+Qp2`v bi2T iQ �pQB/ � 7�HHX qBi?BM i?Bb iBK2- i?2 bi2T b?QmH/ #2 TH�+2/ �i �
bm{+B2Mi /Bbi�M+2 iQ #2 K2+?�MB+�HHv 2z2+iBp2X q?2M i?2 �#BHBiv iQ bi2T 7�` BM i?2 ;Bp2M
iBK2 Bb `2/m+2/ U2Bi?2` #v Kmb+H2 r2�FM2bb BM i?2 2H/2`Hv Q` #v HBKBiBM; i?2 brBM; 7QQi
�++2H2`�iBQM BM Qm` bBKmH�iBQMV- i?2 bi2T iBK2b �`2 #QmM/ iQ BM+`2�b2X h?Bb BM+`2�b2-
2tT2`BK2Mi�HHv Q#b2`p2/ BM i?2 2H/2`Hv U2X;X >bB�Q@q2+FbH2` �M/ _Q#BMQpBi+?- kyydV- Bb
+QM}`K2/ BM Qm` bBKmH�iBQMbX 6Q` 2t�KTH2- �i H�`;2` BM+HBM�iBQMb �M/ `2/m+2/ "Qa- �
KQ`2 bi`BM;2Mi 7QQi �++2H2`�iBQM +QMbi`�BMi 7`2[m2MiHv `2bmHib BM H�`;2` bi2T iBK2b- 7Q`
�HH `2�+iBQM iBK2 p�Hm2b U+X7X 6B;m`2 8XR9- `2/ THQibVX >Qr2p2`- �i bK�HH2` BM+HBM�iBQMb-
i?Bb +QMbi`�BMi TH�vb �HKQbi MQ `QH2 bBM+2 i?2 `2[mB`2/ `2+Qp2`v bi2T H2M;i?b �`2 bK�HH
�M/ i?2 brBM; 7QQi Bb MQi �++2H2`�i2/ iQ Bib K�tBKmK HBKBiX

aBKBH�`Hv- bi2T H2M;i?b �`2 TQbBiBp2Hv +Q``2H�i2/ rBi? i?2 `2�+iBQM iBK2 BM �HH +�b2bX
h?Bb Bb +Q?2`2Mi rBi? i?2 Q#b2`p�iBQM i?�i i?2 2H/2`Hv `2[mB`2 H�`;2` `2+Qp2`v /Bbi�M+2b
iQ bi�#BHBx2 i?2Kb2Hp2b- BM T�`i- /m2 iQ H�`;2` `2�+iBQM iBK2bX JQ`2Qp2`- �i H�`;2` BM+HB@
M�iBQMb- bi2T iBK2b �`2 �HbQ BM+`2�b2/ rBi? BM+`2�bBM; `2�+iBQM iBK2 r?B+? Bb +QMbBbi2Mi
rBi? i?2 �#Qp2 Q#b2`p�iBQM i?�i H�`;2` bi2T H2M;i?b `2[mB`2 H�`;2` bi2T iBK2bX q?2M i?2
`2�+iBQM iBK2 #2+QK2b iQQ H�`;2 �M/ i?2 bi2T +�MMQi #2 TH�+2/ 7�` 2MQm;?- `2+Qp2`v
K�v MQi #2 TQbbB#H2 mbBM; � bBM;H2 bi2T �i H�`;2` BM+HBM�iBQMbX h?Bb Bb r?�i +�M #2
Q#b2`p2/ BM 6B;m`2 8XR9 7Q` i?2 T2�F BM+HBM�iBQM Q7 ReX3◦ rBi? `2�+iBQM iBK2 Q7 R8y
Kb U`2T`2b2Mi2/ #v � bi�` U⋆VVX AMi2`2biBM;Hv- i?2 b�K2 T?2MQK2MQM r�b Q#b2`p2/ BM
i?2 2tT2`BK2Mi�H bim/B2b U2X;X S�pQH 2i �HX- kyyRV r?2`2 2H/2`Hv bm#D2+ib r?Q 7�BH2/ iQ
`2+Qp2` #�H�M+2 7QHHQrBM; � /Bbim`#�M+2 ?�/ bHQr2` `2bTQMb2 iBK2b �M/ bK�HH2` bi2T
H2M;i?b i?�M i?Qb2 r?Q r2`2 bm++2bb7mH BM `2+Qp2`BM; #�H�M+2X

Rkd



Rk3

Rk3



RkN

⋆

RkN



Rjy

�HH BM �HH- i?Bb #`B27 bim/v b?Qrb i?2 +�T�+Biv Q7 Qm` "_ iQQH iQ 2pQHp2 bBKBH�` i`2M/b
�b Q#b2`p2/ BM i?2 2H/2`Hv r?2M i?2 �;2@`2H�i2/ T�`�K2i2`b �`2 KQ/B}2/X h?2 2z2+iBp2
"Qa bBx2- `2�+iBQM iBK2- HQr2`@HBK# bi`2M;i?- �HH b22K iQ #2 BKTQ`i�Mi T�`�K2i2`b
T�`iB+mH�`Hv mM/2` H�`;2 BM+HBM�iBQMbX 6m`i?2` BMp2biB;�iBQM b?QmH/ 7Q+mb QM B/2MiB7vBM;
`2�HBbiB+ p�Hm2b Q7 i?2b2 T�`�K2i2`b �HQM; rBi? i?2 BMi2;`�iBQM Q7 Qi?2` �;2@`2H�i2/
T`QT2`iB2bX

h?Bb +?�Ti2` r�b �BK2/ �i bBKmH�iBM; i?2 b+2M�`BQb Q7 TH�i7Q`K /Bbim`#�M+2 ivT2 r?B+?
+HQb2Hv `2b2K#H2 iQ i?2 T2`im`#�iBQMb Q#b2`p2/ BM i?2 Tm#HB+ i`�MbTQ`i�iBQM p2?B+H2bX
hQ bi�`i rBi?- i?2 #�H�M+2 `2+Qp2`v iQQH r�b i2bi2/ �;�BMbi i`�MbB2Mi TH�i7Q`K /Bb@
im`#�M+2bX h?2 +QMi`QHH2` ;2M2`�i2/ `2�bQM�#H2 `2+Qp2`v `2bTQMb2b iQ #Qi? K�tBK�H
�M/ bm#@K�tBK�H `2+Qp2`v bBim�iBQMb #v �/DmbiK2Mi Q7 �TT`QT`B�i2 +Qbi 7mM+iBQM T�@
`�K2i2`bX q2 i?2M BMi`Q/m+2/ i?2 MQiBQM Q7 /Bbim`#�M+2 7Q`2+�biBM; BM i?2 +QMi`QHH2`
iQ i�+FH2 HQM;2` /Bbim`#�M+2b �M/ b?Qr2/ ?Qr i?2 `2+Qp2`v �#BHBiv Bb �z2+i2/ #v i?2
�++m`�+v Q7 7Q`2+�biBM;X q?BH2 /Bz2`2Mi 7Q`2+�bi T`Q}H2b r2`2 i2bi2/- i?2 [m2biBQM Q7 �
`2�HBbiB+ 2biBK�i2/ T`Q}H2 +?Qb2M #v � ?mK�M bm#D2+i `2K�BMb QT2MX AM i?2 2M/- i?2 27@
72+i Q7 bQK2 �;2@`2H�i2/ T�`�K2i2`b QM i?2 T`2/B+i2/ `2+Qp2`v `2bTQMb2 r�b 2tTHQ`2/X
h?2 [m�HBi�iBp2 �M�HvbBb Q7 i?2 `2bmHib b?Qr2/ i?2 +�T�+Biv Q7 Qm` +QMi`QHH2` iQ T`Q@
/m+2 bBKBH�` i`2M/b �b Q#b2`p2/ BM i?2 2tT2`BK2Mi�H bim/B2b �;�BMbi `2H2p�Mi T�`�K2i2`
p�`B�iBQMX

Rjy





h?2 Q#D2+iBp2 Q7 i?Bb rQ`F r�b iQ /2p2HQT � K�i?2K�iB+�H KQ/2H Q7 ?mK�M #�H�M+2 `2@
+Qp2`v 7QHHQrBM; bi`QM; 2ti2`M�H /Bbim`#�M+2bX h?2 K�BM KQiBp�iBQM Q7 i?Bb rQ`F +�K2
7`QK i?2 �#mM/�M+2 Q7 #�H�M+2@`2H�i2/ +�bm�HiB2b BM Tm#HB+ i`�MbTQ`i- i?Qm;? i?2 B/2�b
�M/ i?2 KQ/2H /2p2HQT2/ �`2 MQi HBKBi2/ iQ i?Bb T�`iB+mH�` b+2M�`BQX lbBM; ;2M2`�H
T?vbB+�H T`BM+BTH2b- bQK2 +QMi`QH B/2�b 7`QK i?2 }2H/ Q7 `Q#QiB+b �M/ 7Q+mb2/ /2p2H@
QTK2Mi BMbTB`2/ 7`QK i?2 ?mK�M #�H�M+2 `2+Qp2`v- r2 /2p2HQT2/ � #�H�M+2 `2+Qp2`v
U"_V KQ/2H r?B+? b?Qr2/ +HQb2 `2b2K#H�M+2 iQ �M �+im�H ?mK�M `2bTQMb2X

hQ bi�`i rBi?- � #`B27 HBi2`�im`2 `2pB2r r�b +QM/m+i2/ BM *?�Ti2` k iQ }M/ Qmi bQK2
7mM/�K2Mi�H ?mK�M "_ +?�`�+i2`BbiB+bX Ai im`M2/ Qmi i?�i ?mK�Mb 2KTHQv /Bz2`2Mi
`2+Qp2`v bi`�i2;B2b BM T�`�HH2H- BM+Hm/BM; K�BMHv i?2 bQ@+�HH2/ �MFH2- ?BT �M/ bi2TTBM;
bi`�i2;B2bX aBM;H2 �M/ KmHiBTH2 bi2Tb r2`2 T�`iB+mH�`Hv T`2/QKBM�Mi BM M�im`�H +QM/B@
iBQMb rBi? bi2T TH�+2K2Mib �M/ iBKBM;b #2BM; K2iB+mHQmbHv `2;mH�i2/ iQ ;2M2`�i2 �M
2{+B2Mi `2+Qp2`v `2bTQMb2X h?2b2 T`QT2`iB2b b2`p2/ �b � `272`2M+2 7Q` i?2 `2bi Q7 i?2
/2p2HQTK2Mi Q7 Qm` "_ +QMi`QHH2`X

q2 2p�Hm�i2/ bQK2 2tBbiBM; "_ b+?2K2b BM i?2 }2H/b Q7 #BQK2+?�MB+b �M/ `Q#QiB+b
BM *?�Ti2` j �M/ +QM+Hm/2/ i?�i MQM2 Q7 i?2K Qz2`2/ bm+? � p2`b�iBH2 `2+Qp2`v `2bTQMb2

Rjk



Rjj

�b ?mK�MbX q2 +QmH/ M2p2`i?2H2bb B/2MiB7v i?�i JQ/2H S`2/B+iBp2 *QMi`QH UJS*V Bb �
T`QKBbBM; i2+?MB[m2X � T�`iB+mH�` +?�`�+i2`BbiB+ Q7 i?Bb �TT`Q�+? BM pB2r Q7 Qm` Q#D2+iBp2
Q7 bBKmH�iBM; ?mK�M #2?�pBQ` Bb i?2 +�H+mH�iBQMb Qp2` � 7mim`2 iBK2 ?Q`BxQM mbBM; �
bBKTH2` BMi2`M�H `2T`2b2Mi�iBQM Q7 i?2 �+im�H bvbi2KX >2M+2 #mBH/BM; Qm` +QMi`QHH2` QM
i?2 JS* �TT`Q�+?- r2 /2p2HQT2/ Bi 7m`i?2` BM *?�Ti2` 9 �M/ 8 iQ BM+Hm/2 ?mK�M@HBF2
p2`b�iBHBivX h?2 K�BM +QMi`B#miBQMb Q7 i?Bb i?2bBb +�M #2 bmKK�`Bx2/ �b 7QHHQrb,

h?2 }`bi K�BM +QMi`B#miBQM Q7 i?Bb rQ`F Bb iQ i?2 }2H/ Q7 ?mK�M #�H�M+2X lMHBF2 2tBbiBM;
KQ/2Hb r?B+? QMHv +QMbB/2` TQbim`�H #�H�M+2- i?Bb rQ`F bT2+B}+�HHv i�`;2i2/ i?2 #�H�M+2
`2+Qp2`v 7`QK H�`;2 2ti2`M�H /Bbim`#�M+2b BM+Hm/BM; `2+Qp2`v bi2TbX �Mi?`QTQKQ`T?B+
#�H�M+2 T`QT2`iB2b bm+? �b Q7 /Bz2`2Mi bi`�i2;B2b r2`2
`2T`Q/m+2/ rBi?BM � bBM;H2 QTiBKBx�iBQM `QmiBM2X

h?2 b2+QM/ +QMi`B#miBQM Q7 i?Bb rQ`F Bb iQ i?2 }2H/ Q7 #BT2/ `Q#QibX h?2b2 K�+?BM2b
�`2 +QM+2Bp2/ iQ TQbb2bb bBKBH�` bFBHHb �b ?mK�Mb #mi �`2 biBHH Km+? H2bb p2`b�iBH2 BM "_
i�bFb i?�M i?2B` ?mK�M +QmMi2`T�`ibX h?2 +QKTH2t #BT2/ /vM�KB+b H2�/b `2b2�`+?2`b
iQ K�F2 b2p2`�H bBKTHB7vBM; �bbmKTiBQMb bm+? �b M2;H2+iBM; i?2 `2;mH�iBQM Q7 mTT2`@
#Q/v BM2`iB� Ul"AV �M/fQ` }tBM; i?2 bi2T iBKBM;b BM �/p�M+2 iQ bBKTHB7v i?2 +�H+mH�iBQM
T`Q+2bbX >Qr2p2`- Qm` +QMi`QHH2` �//`2bb2b #Qi? i?2b2 Bbbm2b �M/ BMi2;`�i2b i?2

7Q` i?2 }`bi iBK2X

6`QK i?2 �TTHB+�iBQM TQBMi Q7 pB2r- Qm` "_ iQQH Bb � bi2T 7Q`r�`/ iQr�`/b i?2
iQ i?2 bi�M/BM; T�bb2M;2`b BM i?2 Tm#HB+ i`�MbTQ`iX h?2 ^T�bbBp2^

b�72iv Q7 i?2b2 p2?B+H2b- r?B+? /2�Hb rBi? i?2 TQbi@BM+B/2Mi b�72iv Q7 Bib Q++mT�Mib- Bb
�M BKTQ`i�Mi `2b2�`+? }2H/X hQ /2bB;M �M BMDm`v@7`22 BMi2`M�H bi`m+im`2 �b r2HH �b /2}M@
BM; ;QQ/ QT2`�iBM; T`�+iB+2b Q7 i?2b2 p2?B+H2b- i?2 2biBK�iBQM Q7 T�bb2M;2` FBM2K�iB+b
7QHHQrBM; � /Bbim`#�M+2 Bb 2bb2MiB�HX h?2 +m``2Mi KQ/2H +�M #2 2tTHQBi2/ iQ 2p�Hm�i2

Rjj



Rj9

T�bb2M;2` #2?�pBQ` mM/2` p�`vBM; /Bbim`#�M+2 b+2M�`BQb r?B+? Bb ?Bi?2`iQ bim/B2/ mbBM;
2tT2`BK2MibX h?Bb +�M i?mb ?2HT `2/m+2f2HBKBM�i2 i?2 M22/ Q7 2tT2MbBp2 2tT2`BK2Mi�H
T`Q+2/m`2bX

h?Qm;? T`2/B+iBQM `2K�BMb i?2 +?B27 ;Q�H Q7 K�i?2K�iB+�H KQ/2HBM; BM #BQK2+?�MB+b-
i?2 T`Q+2bb �HbQ T`QpB/2b BMbB;?ib BMiQ i?2 `2�H T?vbB+�H T?2MQK2M� �M/ +�M ;mB/2 7mim`2
`2b2�`+? /B`2+iBQMX h2biBM; KQ/2H #2?�pBQ` #v p�`vBM; �bbmKTiBQMb U2X;X r?�i r2 /B/
BM a2+iBQM 8XR `2;�`/BM; 2MpB`QMK2Mi�H +QM/BiBQMbV Q` #v KQ/B7vBM; KQ/2H T�`�K2i2`b
U�b r2 /B/ BM a2+iBQM 8Xj 7Q` i?2 2H/2` `2�+iBQMV Bb �M BMi2HH2+im�HHv 7`mBi7mH T`�+iB+2X

h?Qm;? Qm` "_ iQQH bBKmH�i2b r2HH � ?mK�M "_ `2�+iBQM- Bi biBHH ?�b `QQK 7Q` BKT`Qp2@
K2MibX q2 /Bb+mbb bQK2 Q7 i?2 TQbbB#H2 7mim`2 `2b2�`+? i`�+Fb BM i?Bb b2+iBQMX

hrQ b2T�`�i2 #mi p2`v bBKBH�` ?mK�M@#Q/v KQ/2Hb �`2 mb2/ BM Qm` "_ iQQHX � K2@
+?�MB+�H KQ/2H rBi? }t2/ H2; H2M;i?b UBMp2`i2/ T2M/mHmK �bbmKTiBQMV `2T`2b2Mib i?2
bvbi2K iQ #2 +QMi`QHH2/ r?BH2 i?2 JS* +QMi`QHH2` Bib2H7 2KTHQvb �M BMi2`M�H KQ/2H rBi?
+QMbi�Mi *QJ ?2B;?i UGAS �bbmKTiBQMVX h?Bb bK�HH KQ/2HBM; 2``Q` Bb +QKT2Mb�i2/ #v
i?2 722/#�+F ivT2 +QMi`QHX h?Bb �TT`Q�+? Bb +QKT�`�#H2 iQ r?�i ?�b #22M bm;;2bi2/ BM
i?2 ^BMi2`M�H KQ/2H ?vTQi?2bBb^ 7Q` ?mK�M i�bFb BM i?2 }2H/ Q7 M2m`Qb+B2M+2b Ub22 2X;X
i?2 `2pB2rb 7`QK .2bKm`;2i �M/ :`�7iQM- kyyyc E�r�iQ- RNNNVX h?Bb i?2Q`v T`QTQb2b
i?�i- BM Q`/2` iQ 2t2+mi2 � i�bF- i?2 ?mK�M #`�BM 2KTHQvb M2m`�H K2+?�MBbKb BM i?2
7Q`K Q7 BMp2`b2 BMi2`M�H KQ/2Hb iQ +�H+mH�i2 i?2 `2[mB`2/ KQiQ` +QKK�M/ BM �/p�M+2X
h?2 +QKK�M/ +QmH/ i?2M #2 �TTHB2/ BM � 722/7Q`r�`/ K�MM2` iQ �+?B2p2 i?�i i�bF- #mi
i?2 KQ/2HBM; �M/ T2`+2TiBQM 2``Q`b `2[mB`2 Bib }M2@imMBM; /m`BM; Bib 2t2+miBQM #�b2/
QM i?2 KQbi `2+2Mi b2MbQ`v 722/#�+FX

Rj9



Rj8

>Qr2p2`- i?2 +?QB+2 �M/ bi`m+im`2 Q7 i?2b2 bBKTHB}2/ BMi2`M�H `2T`2b2Mi�iBQMb 7Q` �
;Bp2M i�bF `2K�BMb �M QT2M [m2biBQMX .Bz2`2Mi BMi2`M�H KQ/2Hb K�v H2�/ iQ /Bz2`2Mi
bQHmiBQMb �M/ ?2M+2 p�`vBM; `2bTQMb2bX AM i?Bb `2;�`/- 7m`i?2` /2p2HQTK2Mi b?QmH/ 7Q+mb
QM i2biBM; /Bz2`2Mi BMi2`M�H #Q/v `2T`2b2Mi�iBQMb BM Qm` JS* +QMi`QHH2` �M/ 2p�Hm�iBM;
i?2B` 2z2+i QM i?2 #�H�M+2 `2+Qp2`vX 6Q` 2t�KTH2- � 7`22 7�HH *QJ 2pQHmiBQM +QmH/ #2
2MpBb�;2/ /m`BM; i?2 bi2T 2t2+miBQM U�7i�# 2i �HX- kyRyV r?2`2 i?2 *QJ 7QHHQrb �
T�`�#QHB+ T�i? rBi? +QMbi�Mi 7Q`r�`/ *QJ p2HQ+BivX

PM i?2 Qi?2` ?�M/- i?2 +QMi`QHH2/ K2+?�MB+�H KQ/2H +�M #2 7m`i?2` BKT`Qp2/ iQ
BM+Hm/2 KQ`2 `2�HBbiB+ 7mM+iBQMbX h?2 +m``2Mi KQ/2H UBMp2`i2/ T2M/mHmK rBi? i?2 BM2`iB�
r?22HV Bb MQi +QKT�iB#H2 rBi? i?2 /Qm#H2 bmTTQ`i U.aV T?�b2b #2ir22M bi2Tb- MQ` +�M
Bi �++QmMi 7Q` i?2 TQbbB#H2 2M2`;v /BbbBT�iBQM BM i?2 H2; �7i2` � bi2TX JQ`2Qp2`- i?2 bQ@
+�HH2/ ?BT bi`�i2;v Bb QMHv +?�`�+i2`Bx2/ #v i?2 mTT2`@#Q/v BM2`iB�H Ul"AV 2z2+ib r?BH2
Bib FBM2K�iB+ �bT2+ib �`2 M2;H2+i2/ UBX2X i?2 �MiB@T?�b2 `Qi�iBQM Q7 mTT2`@ �M/ HQr2`@
#Q/v- b22 BHHmbi`�iBQM BM 6B;m`2 kXkVX hQ �//`2bb i?2b2 HBKBi�iBQMb- irQ KQ`2 `2�HBbiB+
�Hi2`M�iBp2b K�v #2 2tTHQ`2/, 6B`bi- i?2 .a T?�b2 �M/ i?2 TQbi@bi2T H2; +QKTHB�M+2
+�M #2 KQ/2H2/ mbBM; � bT`BM; KQ/2H bm+? �b i?2 QM2 T`QTQb2/ #v :2v2` 2i �HX UkyyeV
U+X7X 6B;m`2 eXRVX a2+QM/- � /Qm#H2@BMp2`i2/ T2M/mHmK U.ASV KQ/2H +�M #2 mb2/ iQ
`2T`2b2Mi KQ`2 `2�HBbiB+�HHv i?2 bBM;H2@bmTTQ`i T?�b2 r?2`2 HQr2` �M/ mTT2` #Q/v �`2
`2T`2b2Mi2/ #v irQ b2;K2Mib +QMM2+i2/ �i i?2 ?BT H2p2HX Ai Bb 2tT2+i2/ i?�i- /2bTBi2
i?2 `2bmHiBM; MQM@HBM2�` bvbi2K /vM�KB+b- Bi +QmH/ biBHH #2 +Q``2+iHv QT2`�i2/ #v Qm`
^HBM2�`^ JS* +QMi`QHH2`- r?B+? Bb QM2 Q7 i?2 bi`QM; TQBMib Q7 i?Bb �TT`Q�+?X

AM i?2 +m``2Mi KQ/2H- Bi Bb �bbmK2/ i?�i i?2 /Bbim`#2/ bi�i2 Q7 i?2 bvbi2K Bb �++m`�i2Hv
FMQrM #v i?2 +QMi`QHH2`- M2;H2+iBM; �Mv K2�bm`2K2Mi �M/ T2`+2TiBQM 2``Q`b i?�i K�v
#2 T`2b2Mi BM ?mK�MbX AM i?Bb +QMi2ti- �M BMi2`2biBM; 7mim`2 /B`2+iBQM rQmH/ #2 iQ
KQ/2H i?2 ?mK�M b2MbQ`v bvbi2Kb �M/ iQ 2tTHQ`2 i?2B` 2z2+i QM i?2 #�H�M+2 `2+Qp2`v
bBKmH�iBQMX

Ai Bb r2HH FMQrM i?�i ?mK�Mb `2Hv QM b2p2`�H b2MbQ`v bvbi2Kb iQ /2i2+i � #�H�M+2

Rj8
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T2`im`#�iBQMX h?2 i?`22 bvbi2Kb K�BMHv +QMi`B#miBM; iQ #�H�M+2 �`2 i?2 pBbm�H- p2biB#m@
H�` �M/ i?2 bQK�iQb2MbQ`v Ui�+iBH2 �M/ T`QT`BQ+2TiBp2V bvbi2Kb- 2�+? Q7 r?B+? K�F2
�M 2biBK�iBQM Q7 BMbi�#BHBiv BM Bib QrM 7`�K2 Q7 `272`2M+2X *QMi`B#miBQM Q7 2�+? Q7 i?2
b2MbQ`v bvbi2Kb Bb +QMbB/2`2/ M2+2bb�`v 7Q` � #2bi 2biBK�iBQM Q7 bvbi2K bi�i2 BM ?m@
K�MbX AM i?2 �mi?Q`^b pB2r- BMi2;`�iBQM Q7 i?2b2 b2MbQ`v bvbi2Kb- rBi? i?2B` �bbQ+B�i2/
BM�++m`�+B2b �M/ bB;M�H MQBb2- rQmH/ �HHQr bim/vBM; KQ`2 +QKTH2t "_ T?2MQK2M�X 6Q`
2t�KTH2- bBM+2 �;BM; �/p2`b2Hv �z2+ib i?2 b2MbQ`v �+mBiv BM i?2 2H/2`Hv- i?2B` `2�+iBQMb
+�M #2 #2ii2` bBKmH�i2/ �M/ mM/2`biQQ/ #v i?Bb BM+HmbBQMX aBKBH�`Hv- i?2 2z2+ib Q7
mTT2`@#Q/v `Qi�iBQM- 2bT2+B�HHv Q7 i?2 ?2�/ r?2`2 i?2 p2biB#mH�` bvbi2K Bb HQ+�i2/- QM
i?2 #�H�M+2 T2`+2TiBQM �M/ T2`7Q`K�M+2 +�M #2 �M�Hvx2/X

� b+?2K�iB+ /B�;`�K Q7 i?2 TQbbB#H2 BMi2;`�iBQM Q7 i?2 b2MbQ`v KQ/2Hb Bb b?QrM BM
i?2 6B;m`2 eXkX h?2 K2i?Q/ Bb BMbTB`2/ 7`QK i?2 rQ`Fb 7`QK "Q`�? 2i �HX URN33V �M/
p�M /2` EQQBD 2i �HX URNNNV r?B+? r2`2 #`B2~v /Bb+mbb2/ BM *?�Ti2` k Q7 i?Bb i?2bBbX h?2
bvbi2K /vM�KB+b Bb +�H+mH�i2/ �b mbm�H #v � K2+?�MB+�H `2T`2b2Mi�iBQM Q7 i?2 ?mK�M
#Q/v �M/ i?2 `2H2p�Mi /vM�KB+ p�`B�#H2 Bb i`�MbKBii2/ iQ b2T�`�i2 b2MbQ`v /vM�KB+
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bvbi2KbX 6Q` 2t�KTH2- ?2�/ �++2H2`�iBQMb �`2 BMTmi iQ i?2 p2biB#mH�` bvbi2Kb- �MFH2
�M;H2 iQ i?2 T`QT`BQ+2TiBp2 bvbi2K- 2i+X 1biBK�iBQMb 7`QK 2�+? b2MbQ`v KQ/2H �`2 i?2M
BMi2;`�i2/ iQ;2i?2` BM � b2MbQ`v BMi2;`�iBQM +2Mi2` iQ K�F2 �M Qp2`�HH 2biBK�iBQM Q7
i?2 bvbi2K bi�i2X �HH i?2 T`Q+2bbBM; Q` i`�MbKBbbBQM /2H�vb �`2 `2T`2b2Mi2/ #v � bBM;H2
/2H�v BM i?2 HQQTX h?Bb b22Kb iQ #2 � T`QKBbBM; �TT`Q�+?- r?B+? iQ@/�i2 ?�p2 QMHv
#22M 2tTHQBi2/ 7Q` bBKmH�iBM; i?2 TQbim`�H ?mK�M #�H�M+2X

PM i?2 �TTHB+�iBQM bB/2- i?2 +m``2Mi iQQH +�M #2 2ti2M/2/ iQ /Bz2`2Mi BMBiB�H TQbim`2bX
G�i2`�H T2`im`#�iBQM �b r2HH �b T2`im`#�iBQMb /m`BM; r�HFBM; �`2 �HbQ +QKKQM BM i?2
Tm#HB+ i`�MbTQ`i �M/ b?QmH/ #2 +QMbB/2`2/ BM i?2 7mim`2X aBKBH�`Hv- i?2 2z2+i Q7 2ti`�
MQM@+QTH�M�` bmTTQ`ib Ubm+? �b ?�M/`�BHbV QM i?2 #�H�M+2 `2+Qp2`v rQmH/ �HbQ BM+`2�b2
i?2 p2`b�iBHBiv Q7 i?2 T`2/B+iBQM iQQHX

Rj3





G� T2`i2 /^û[mBHB#`2 +?2x H^?mK�BM 2bi mM T?ûMQKĕM2 +Qm`�Mi /2 H� pB2 [mQ iB/B@
2MM2X SHmbB2m`b +�mb2b T2mp2Mi āi`2 B/2MiB}û2b- /QMi MQi�KK2Mi /2b T2`im`#�iBQMb
2tiû`B2m`2bX PM T2mi +Bi2` T�` 2t2KTH2 H2b ;HBbb2K2Mib Qm /2b /ûTH�+2K2Mib /2 H� #�b2
/2 bmTTQ`i UmM 7`2BM�;2 /^m`;2M+2 /�Mb mM i`�Kr�v T�` 2t2KTH2VX *2b BM+B/2Mib 2M@
;2M/`2Mi /2b #H2bbm`2b [mB +Qȿi2Mi i`ĕb +?2` �m MBp2�m /m #m/;2i /2 H� b�MiûX

G2 b+ûM�`BQ [mB MQmb BMiû`2bb2 T�`iB+mHBĕ`2K2Mi 2bi +2HmB /2b T�bb�;2`b /2#Qmi /�Mb
H2b i`�MbTQ`ib 2M +QKKmMX G� +QK#BM�BbQM /2 THmbB2m`b ûim/2b �++B/2MiQHQ;B[m2b 7�Bi
`2bbQ`iB` mM `Bb[m2 /2 #H2bbm`2 BKTQ`i�Mi TQm` +2 ivT2 /2 bBim�iBQMbX 1M 2z2i- BH �TT�`�ŗi
[mǶmM2 T�`i BKTQ`i�Mi2 /2b HûbBQMb `2+2Mbû2b /�Mb H2b i`�MbTQ`ib 2M +QKKmM BMi2`pB2Mi
/�Mb /2b BM+B/2Mib b�Mb +QHHBbBQMX G2 +?Bz`2 p�`B2 /2 89W TQm` "DQ`MbiB; 2i �HX Ukyy8V ¨
ejW TQm` EB`F 2i �HX UkyyjVX lM2 /2b `�BbQMb K�D2m`2b 2bi HǶ�++ûHû`�iBQM Qm /û+ûHû`�iBQM
/m pû?B+mH2 T`QpQ[m�Mi �m KQBMb 8yW /2b #H2bbm`2b U"DQ`MbiB; 2i �HX- kyy8c >�HT2`M
2i �HX- kyy8VX .2 THmb- b�Mb ;`�M/2 bm`T`Bb2- H2b T�bb�;2`b /2#Qmi 2i H2b T2`bQMM2b
�;û2b bQMi H2b THmb 2tTQbûb /�Mb +2b b+ûM�`BQbX

.Ƕ�mi`2b ûHûK2Mib BM/B[m2Mi [m2 +2 T`Q#HĕK2 `Bb[m2 /2 /2p2MB` THmb 2M THmb T`ûQ+@
+mT�MiX S�` 2t2KTH2- H2b MQmp2�mt /2bB;Mb /2 pû?B+mH2 BMiĕ;`2Mi /2 THmb 2M THmb /2
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T�bb�;2`b /2#QmiX .2 THmb- H� TQTmH�iBQM �;û2- 2i /QM+ ¨ `Bb[m2- 2bi 2M 7Q`i2 �m;K2M@
i�iBQM 2M 6`�M+2 2i �BHH2m`b U+7X 6B;m`2 eXjVX S�` +QMbû[m2Mi- BH v � mM 7Q`i #2bQBM
/^�#Q`/2` H� [m2biBQM /2 H� bû+m`Biû /2b T�bb�;2`b /2#Qmi /2b i`�MbTQ`ib 2M +QKKmM
TQm` [m^BHb `2bi2Mi �++2bbB#H2b ¨ iQmi2b H2b TQTmH�iBQMb /2 H� bQ+BûiûX

SQm` i`�Bi2` +2 T`Q#HĕK2- BH 7�mi +QKT`2M/`2 H2b T`BM+BT�mt T?ûMQKĕM2b /2 H� +?mi2 Qm
/m `�ii`�T�;2 /Ƕû[mBHB#`2X SHmb T`û+BbûK2Mi- BH 2bi Mû+2bb�B`2 /^ûp�Hm2` H� +BMûK�iB[m2
/ǶmM2 T2`bQMM2 bmBi2 ¨ mM2 T2`im`#�iBQM /2 bQM û[mBHB#`2 �}M /^2biBK2` H2b `Bb[m2b /2
+?mi2 Qm /^BKT�+i b2+QM/�B`2 �p2+ H^2MpB`QMM2K2MiX P`- /�Mb H2b bBim�iBQMb ûim/Bû2b- H�
`û�+iBQM /2b T2`bQMM2b bmBi2 ¨ H� T2`im`#�iBQM � mM2 BM~m2M+2 T`ûTQM/û`�Mi2 bm` H� +BMû@
K�iB[m2 /m `�ii`�T�;2 Qm /2 H� +?mi2X AH 2bi /QM+ Mû+2bb�B`2 /2 T`2M/`2 +2ii2 `û�+iBQM
2M +QKTi2X .2 THmb +2ii2 `û�+iBQM 2bi 7Q`i2K2Mi /ûT2M/�Mi2 /2b +�T�+Biûb T?vbB[m2b
2i +Q;MBiBp2b /2b T2`bQMM2b- +�T�+Biûb ivTB[m2K2Mi /û;`�/û2b HQ`b /m pB2BHHBbb2K2MiX

G2b [m2biBQMb [mǶQM b2 TQb2 bQMi /QM+ , UBV +QKK2Mi +2ii2 `û�+iBQM ûpQHm2 2M
7QM+iBQM /2b T�`�Kĕi`2b /2 H� T2`im`#�iBQM Ui2H [m2 bQM BMi2MbBiû K�Bb �mbbB b� /m`û2V
\ UBBV Zm2H 2bi H^2z2i /2 HǶ�;2 bm` +2ii2 `û�+iBQM \
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AH 2tBbi2 k �TT`Q+?2b /BbiBM+i2b TQm` ûim/B2` +2b [m2biBQMb , 2tTû`BK2Mi�H2 Qm
MmKû`B[m2

PM i`Qmp2 /�Mb H2 /QK�BM2 /2 H� #BQKû+�MB[m2 mM2 HBiiû`�im`2 `2H�iBp2K2Mi �#QM/�Mi2
bm` H2b T`Q#HĕK2b /2 +?mi2 2i /2 K�BMiB2M /2 H^û[mBHB#`2X G� T`Q+û/m`2 ;ûMû`�H2K2Mi miBH@
Bbû2 2bi +H�bbB[m2 , H^û[mBHB#`2 /2 bmD2ib pQHQMi�B`2b 2bi T2`im`#û T�` /Bzû`2Mib KQv2Mb-
i2Hb [m^mM2 KQ/B}+�iBQM /2 H� 7`B+iBQM /m bQH Qm /2b �++ûHû`�iBQMb /2 H� #�b2 /2 bmTTQ`i-
2i H2m` `û�+iBQM 2bi 2M`2;Bbi`û2 2i �M�Hvbû2X

*2b ûim/2b 2tTû`BK2Mi�H2b 7QMi `2bbQ`iB` /2b +�`�+iû`BbiB[m2b BKTQ`i�Mi2b /m `�ii`�@
T�;2 /^û[mBHB#`2X S�` 2t2KTH2- QM Q#b2`p2 [m2 H2b bmD2ib miBHBb2Mi bQmp2Mi j bi`�iû;B2b
/2 `�ii`�T�;2 @ Qm �+iBQMb /2 +QMi`ƬH2 @ [mB bQMi bQmp2Mi +�`�+iû`Bbû2b 2M i2`K2b +BMû@
K�iB[m2 U>Q`�F �M/ L�b?M2`- RN3eV , H� bi`�iû;B2 /Bi2 ]/2 +?2pBHH2] [mB `2T`ûb2Mi2 H�
`Qi�iBQM /m +Q`Tb 2MiB2` �miQm`b /2b +?2pBHH2bc H� bi`�iû;B2 /2 ?�M+?2 [mB `2T`ûb2Mi2
H� `Qi�iBQM 2M �MiBT?�b2 /m ?�mi 2i /m #�b /m +Q`Tbc 2i 2M}M H2 7�Bi /2 7�B`2 mM Qm
THmbB2m`b T�b /2 `�ii`�T�;2X *2b bi`�iû;B2b bQMi bQmp2Mi 2tTHQBiû2b 2M T�`�HHĕH2 2i H2m`
miBHBb�iBQM /ûT2M/ /m MBp2�m /2 T2`im`#�iBQM- /2b +QMi`�BMi2b 2MpB`QMM2K2Mi�H2b 2i+X
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UJ�FB 2i �HX- RNN9VX AH �TT�`�ŗi �mbbB [m2 H� bi`�iû;B2 /2 T�b /2 `�ii`�T�;2 2bi i`ĕb
7`û[m2KK2Mi miBHBbû2- 2M T�`iB+mHB2` +?2x H2b T2`bQMM2b �;û2bX

*2b ûim/2b 2tTû`BK2Mi�H2b MQmb �TTQ`i2Mi /QM+ mM2 +QMM�Bbb�M+2 �bb2x T`û+Bb2
/2b �+iBQMb /2 `�ii`�T�;2 2KTHQvû2b T�` /2b bmD2ib bmBi2 ¨ mM2 T2`im`#�iBQM /2 H2m`
û[mBHB#`2X 1M `2p�M+?2- 2HH2b M2 `ûTQM/2Mi T�b +QKTHĕi2K2Mi ¨ MQb [m2biBQMb /2 #�b2bX
lM2 /2b `�BbQMb K�D2m`2 2bi [m2 H2b `ûbmHi�ib /2b /Bzû`2Mi2b ûim/2b bQMi /B{+BH2K2Mi
+QKT�`�#H2b- MQi�KK2Mi /m 7�Bi /2 H^�#b2M+2 /2 T`QiQ+QH2 /2 i2bi bi�M/�`/X .2 THmb-
/�Mb H2 +�b /^mM KQmp2K2Mi /2 H� bm`7�+2 /^�TTmB- H2b T2`im`#�iBQMb �TTHB[mû2b bQMi
bQmp2Mi K�H /û}MB2b- 2i +Q``2bTQM/2Mi `�`2K2Mi ¨ +2 [m2 HǶQM Q#b2`p2 `û2HH2K2Mi /�Mb
H2b i`�MbTQ`ib 2M +QKKmMX lM2 �mi`2 HBKBi�iBQM pB2Mi /m 7�Bi [m^BH 2bi i`ĕb /ûHB+�i-
pQB`2 BKTQbbB#H2- /^2z2+im2` /2b 2bb�Bb bm` /2b T2`bQMM2b 7`�;BH2b UivTB[m2K2Mi /2b
T2`bQMM2b �;û2bV [mB bQMi TQm`i�Mi H2b T2`bQMM2b ¨ `Bb[m2X AH 2bi /QM+ [m�bBK2Mi
BKTQbbB#H2 /2 T`û/B`2 H2b +QMbû[m2M+2b /ǶmM2 T2`im`#�iBQM /2 H^û[mBHB#`2 ¨ T�`iB` /2 +2b
/QMMû2b 2tTû`BK2Mi�H2bX AH �TT�`�ŗi �HQ`b Mû+2bb�B`2 /2 K2ii`2 2M TH�+2 mM KQ/ĕH2 TQm`
`ûTQM/`2 ¨ MQb [m2biBQMbX

AH 2tBbi2 THmbB2m`b �TT`Q+?2b /2 KQ/ûHBb�iBQM /2 HǶû[mBHB#`2 /�Mb H� HBiiû`�im`2 2M #BQKû@
+�MB[m2 2i 2M M2m`Qb+B2M+2bX G2b THmT�`i /2 +2b KQ/ĕH2b M2 +QMbB/ĕ`2Mi [m2 H^û[mBHB#`2
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TQbim`�H- +^2bi@¨@/B`2 bi�iB[m2 Qm 7�B#H2K2Mi T2`im`#ûX .�Mb +2 +�b- H2b �bT2+ib /v@
M�KB[m2b /m KQmp2K2Mi M2 bQMi T�b T`Bb 2M +QKTi2X .2 THmb- �m+mM /2 +2b KQ/ĕH2b
M2 +QMbB/ĕ`2 H2 7�Bi /2 7�B`2 mM T�b /2 `�ii`�T�;2X
1M `2p�M+?2- MQi`2 +�b /^ûim/2 2bi #B2M /Bzû`2MiX LQmb bQKK2b BMiû`2bbûb T�` KQ/ûHBb2`
H� +QMbû[m2M+2 /2 T2`im`#�iBQMb `2H�iBp2K2Mi BKTQ`i�Mi2b- Qɍ /2b T�b /2 `�ii`�T�;2
bQMi +Qm`�KK2Mi KBb 2M Q2mp`2X PM T�`H2 �HQ`b /^û[mBHB#`2 /vM�KB[m2- T�` QTTQbBiBQM
¨ H^û[mBHB#`2 TQbim`�HX

G� KQ/ûHBb�iBQM /2 H^û[mBHB#`2 /vM�KB[m2 2bi �#Q`/û2 /2 K�MBĕ`2 THmb 7Q`K2HH2 /�Mb
H2 /QK�BM2 /2 H� `Q#QiB[m2 #BTĕ/2X 1i�Mi /QMMû [m2 +2b K�+?BM2b `2bb2K#H2Mi ¨
/2b ?mK�BM 2i bQMi bQmKBb2b ¨ /2b +QMi`�BMi2b bBKBH�B`2b UH^mMBH�iû`�HBiû /2b +QMi�+ib
TB2/fbQH T�` 2t2KTH2V- QM +QMbi�i2 [m2 H2b �p�M+ûb /�Mb +2 /QK�BM2 TQm``�Bi /QMM2`
/2b TBbi2b TQm` /ûp2HQTT2` MQi`2 KQ/ĕH2 /2 `�ii`�T�;2 /^û[mBHB#`2X

PM T2mi +QMbB/û`2` H2 #BTĕ/2 +QKK2 mM bvbiĕK2 /2 +Q`Tb `B;B/2b [mB /QBi `2bT2+i2`
H2b HQBb /2 H� Kû+�MB[m2 HQ`b /2 H� `û�HBb�iBQM /^mM KQmp2K2Mi , H2b 2zQ`ib 2tiû`B2m`2b
U2M H^Q++m``2M+2- H� T2b�Mi2m` 2i H2b 7Q`+2b /2 +QMi�+ib �p2+ H2 bQHV /QBp2Mi û[mBHB#`2`
H2b 2zQ`ib BM2`iB2Hb HBûb �m KQmp2K2Mi U"�`i?2H2Kv �M/ "B/�m/- kyydVX *2ii2 +QM/BiBQM
T2mi āi`2 `2T`ûb2Miû2 +QKK2,

W i = W g +W c UeXRV

Qɍ W i - W g - W c bQMi `2bT2+iBp2K2Mi H2b iQ`b2m`b /2b 2zQ`ib /^BM2`iB2- /2 H� ;`�pBiû
2i /2b +QMi�+ibX
SQm` [m2 H2b KQmp2K2Mib bQB2Mi i?ûQ`B[m2K2Mi `û�HBb�#H2b- H2 bvbiĕK2 /QBi `2bT2+i2` H�
+QM/BiBQM eXRX AH 7�mi /2 THmb `2bT2+i2` mM +2`i�BM MQK#`2 /2 +QMi`�BMi2b bm` H2b 2zQ`ib
/2 +QMi�+i UmMBH�iû`�HBiû 2i MQM ;HBbb2K2Mi T�` 2t2KTH2V 2i H2 bvbiĕK2 UHBKBi�iBQM /2b
7Q`+2b KQi`B+2b T�` 2t2KTH2VX SQm` /2b `Q#Qib #BTĕ/2b- +2ii2 7�Bb�#BHBiû /2b KQmp2@
K2Mib 2bi bQmp2Mi ûp�Hmû2 ¨ H^�B/2 /^mM +`Biĕ`2 #�bû bm` mM TQBMi /2 `û7û`2M+2- �TT2Hû
H2 wJS Qm w2`Q JQK2Mi SQBMi- 2M biBTmH�Mi [m2 +2HmB@+B /QBi b2 i`Qmp2` ¨ H^BMiû`B2m`
/2 H� "�b2 /2 amTTQ`iX J�Bb H� /B{+mHiû K�D2m`2 /�Mb H� KQ/ûHBb�iBQM /2 H^û[mBHB#`2
/vM�KB[m2 2bi /2 `2T`ûb2Mi2` H2 `Bb[m2 /2 +?mi2X 1M 2z2i- H� +QM/BiBQM eXR- [mB `2~ĕi2
H� +QM7Q`KBiû /m KQmp2K2Mi �p2+ H2b HQBb /2 H� Kû+�MB[m2- MǶBKTHB[m2 T�b [m2 H2 bvb@
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iĕK2 M2 p� T�b +?mi2`X
.�Mb +2 i`�p�BH- MQmb �pQMb /û}MB H� bi�#BHBiû /^mM bvbiĕK2 +QKK2 H� TQbbB#BHBiû /2
;ûMû`2` mM KQmp2K2Mi [mB M2 /QMM2 T�b HB2m ¨ mM2 +?mi2 ûi�Mi /QMMû H2b �+iBQMb /2
+QMi`ƬH2 2i H2b +QMi`�BMi2b /m bvbiĕK2X *2ii2 MQiBQM b2 #�b2 bm` H2 +QM+2Ti /2 MQv�m
/2 pB�#BHBiû- T`QTQbû T�` qB2#2`X *2 MQv�m `2;`QmT2 H^2Mb2K#H2 /2b ûi�ib /m bvbiĕK2
¨ T�`iB` /2b[m2Hb BH 2bi TQbbB#H2 /ǶûpBi2` H� +?mi2 U+X7X 6B;m`2 eXe qB2#2`- kyy3- kyykVX

*2ii2 `2T`ûb2Mi�iBQM /û}MBi T�`7�Bi2K2Mi H� bi�#BHBiû 2M i?ûQ`B2- K�Bb 2M T`�iB[m2 BH
2bi [m�bBK2Mi BKTQbbB#H2 /2 +�H+mH2` T`û+BbûK2Mi +2 MQv�m /m TQBMi /2 pm2 MmKû`B[m2
qB2#2` Ukyy3VX *2T2M/�Mi- MQmb �pQMb Tm B/2MiB}2` /2mt �TT`Q+?2b [mB T2`K2ii2Mi
/2 +QMiQm`M2` +2ii2 /B{+mHiûX

G� T`2KBĕ`2 `2TQb2 bm`H2 +QM+2Ti /2 +�Tim`�#BHBiû- T`QTQbû `û+2KK2Mi T�` S`�ii
2i +QHHĕ;m2b UEQQH2M 2i �HX- kyRkc S`�ii 2i �HX- kyRkVX *2H� `2pB2Mi ¨ 2biBK2` H2b ûi�ib
TQm` H2b[m2Hb H^û[mBHB#`2 TQm``� āi`2 `ûi�#HB 2M miBHBb�Mi iQmi2b H2b �+iBQMb /2 +QMi`ƬH2b
UMQi�KK2Mi H2b T�bV �m K�tBKmKX *2H� `2pB2Mi ¨ �TT`QtBK2` H2 MQv�m /2 pB�#BHBiû /2
qB2#2` UkyykVX *2ii2 �TT`Q+?2- i`ĕb BMiû`2bb�Mi2- 2bi +2T2M/�Mi �bb2x HBKBiû2 /�Mb H2
+QMi2ti2 /2 +2 i`�p�BHX 1M 2z2i MQmb M2 +?2`+?QMb T�b ¨ b�pQB` mMB[m2K2Mi bB mM ûi�i
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2bi ]`�ii`�T�#H2] Qm MQM U#B2M [m2 +2 bQBi mM2 BM7Q`K�iBQM miBH2V K�Bb THmiƬi ¨ b�pQB`
+QKK2Mi H^û[mBHB#`2 p� āi`2 `�ii`�TûX

lM2 /2mtBĕK2 �TT`Q+?2 +QMbBbi2 i`Qmp2` mM +`Biĕ`2 [mB ;�`�MiBbb2 /2 `2bi2` ¨
H^BMiû`B2m` /m MQv�m /2 pB�#BHBiû- b�Mb TQm` �mi�Mi �pQB` ¨ 2biBK2` +2 MQv�m �p2+ T`û@
+BbBQMX lM2 bQHmiBQM � ûiû T`QTQbû2 û;�H2K2Mi T�` qB2#2` Ukyy3VX 1HH2 `2TQb2 bm` H2
7�Bi [m2 H� +?mi2 /ǶmM #BTĕ/2 2bi û[mBp�H2Mi2 ¨ H� /Bp2`;2M+2 /2 bQM */J 2i iQmb b2b
/û`Bpûb ¨ HǶBM}MBX �BMbB- HǶBMiû;`�H2 /2 H� MQ`K2 /2 MǶBKTQ`i2 [m2HH2 /û`Bpû2 /m */J
�m`� mM2 p�H2m` }MB2 TQm` H2b KQmp2K2Mib bi�#H2bX S�` +QMbû[m2Mi- BH 2bi TQbbB#H2 /2
;ûMû`2` /2b KQmp2K2Mib bi�#H2b 2M KBMBKBb�Mi mM2 /û`Bpû2 /m +2Mi`2 /2 K�bb2X *2ii2
B/û2 � 2MbmBi2 ûiû 7Q`K�HBbû2 bQmb H� 7Q`K2 /^mM2 +QKK�M/2 T`û/B+iBp2 T�` >2`/i 2i �HX
UkyRy�V- bm` H2[m2H MQi`2 T`2KB2` KQ/ĕH2 /2 `�ii`�T�;2 /^û[mBHB#`2 2bi #�bûX

G2 T`BM+BT2 /2 H� +QKK�M/2 T`û/B+iBp2 U�mbbB �TT2Hû JS*V +QMbBbi2 ¨ `ûbQm/`2 mM2
bû`B2 /2b T`Q#HĕK2b /^QTiBKBb�iBQM bm` mM ?Q`BxQM /m i2KTbX G2 +QMi`ƬH2m` +QMbBbi2
2M mM2 7QM+iBQM +Qȿi 2i 2M mM KQ/ĕH2 BMi2`M2 /m bvbiĕK2- THmb bBKTH2 T�` `�TTQ`i �m
bvbiĕK2 `û2HX G� 7QM+iBQM +Qȿi 7Q`K�HBb2 H^Q#D2+iB7 ¨ �ii2BM/`2 /�Mb H2 i2KTb- i2H [m2
H^ûi�i /ûbB`û /m bvbiĕK2- 2i H2 KQ/ĕH2 BMi2`M2 T2`K2i /^2biBK2` H� +QMbû[m2M+2 /2 H�
+QKK�M/2 +�H+mHû bm` mM ?Q`BxQM /m i2KTbX lM2 7QBb +2ii2 +QKK�M/2 /ûi2`KBMû2-
2HH2 2bi �TTHB[mû2 �m bvbiĕK2 +QKTH2i 2i H2 `ûbmHi�i 2bi `ûBMiû;`û 2M 2Mi`û2 /2 H� +QK@
K�M/2 T`û/B+iBp2X lM2 MQmp2HH2 bQHmiBQM 2bi �HQ`b /ûi2`KBMû2 bm` mM ?Q`BxQM /2 i2KTb
Hû;ĕ`2K2Mi /û+�Hû T�` `�TTQ`i �m T`û+û/2Mi- 2i �BMbB /2 bmBi2X
S�`KB THmbB2m`b +QMi`ƬH2m`b /2 K�`+?2 /2 `Q#Qi #BTĕ/2 #�bûb bm` H� +QKK�M/2 T`û/B+@
iBp2- +2HmB /2 >2`/i 2i �HX UkyRy�V 2bi mMB[m2 2M +2 [mB +QM+2`M2 H2 TH�+2K2Mi /2b T�bX
G2 +QMi`ƬH2m` b2 #�b2 bm` H� `û;mH�iBQM /2 pBi2bb2 /2 */J T�` `�TTQ`i ¨ mM2 `û7û`2M+2-
2M miBHBb�Mi H� bi`�iû;B2 /2 +?2pBHH2 U/ûTH�+2` bQM *2Mi`2 /2 S`2bbBQM /�Mb H2 TQHv;QM2
/2 bmTTQ`iV 2i /2 T�b /2 `�ii`�T�;2X
*2 +QMi`ƬH2m` � ûiû �/�Tiû TQm` `2T`ûb2Mi2` /2b bBim�iBQMb /2 `�ii`�T�;2 /^û[mBHB#`2X
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PM 7�Bi HǶ?vTQi?ĕb2 [m2 TQm` H2 `�ii`�T�;2 /^û[mBHB#`2- H^Q#D2+iB7 T`BM+BT�H 2bi /2 `�K2M2`
�m THmb pBi2 H� pBi2bb2 /m bvbiĕK2 ¨ xû`QX *2H� 2bi �++QKTHB T�` mM2 KBMBKBb�iBQM /2
H� pBi2bb2 /2 *QJ iQmi �m HQM; /2 HǶ?Q`BxQM /m i2KTbX G� 7QM+iBQM /2 +Qȿi T`2M/
�mbbB 2M +QKTi2 H^BKTmHbBQM UD2`FV /m *QJ- TQm` ;ûMû`2` mM KQmp2K2Mi THmb HBbb2- 2i
H^û+�`i 2Mi`2 H2 *QS 2i H� +?2pBHH2- TQm` Q#i2MB` mM2 TQbim`2 }M�H2 THmb +QM7Q`i�#H2X *2b
/2mt i2`K2b bQMi 7�B#H2K2Mi TQM/û`ûb TQm` M2 T�b i`QT �z2+i2` H^Q#D2+iB7 T`BM+BT�HX
G� /vM�KB[m2 /m bvbiĕK2 2bi `2T`ûb2Miû2 T�` mM KQ/ĕH2 /2 T2M/mH2 BMp2`bû HBMû�B`2
+Qm`�KK2Mi miBHBbû 2M `Q#QiB[m2X
G� 7QM+iBQM +Qȿi 2bi /QM+ ,

KBM 1

c21
‖Ċk+1 − Ċ

ref
k+1‖2 +

1

c22
‖
XXX
Ck‖2 +

1

c23
‖Zk+1 − Fk+1‖2, UeXkV

Qɍ c1 - c2 2i c3 bQMi H2b +Q2{+B2Mib /2 TQM/û`�iBQM- u =

[ XXX
Ck

F̄k+1

]

bQMi H2b p�`B�#H2b

/2 +QMi`ƬH2- B+B H2 D2`F /m */J
XXX
Ck 2i H2b TQbBiBQMb /2 T�b /2 `�ii`�T�;2 F̄k+1X � +2

MBp2�m- H2b /m`û2b /2 T�b bQMi }tû2b ¨ H^�p�M+2X
G2 KQmp2K2Mi /m bvbiĕK2 2bi bQmKBb ¨ /2b +QMi`�BMi2b HBMû�B`2b /^BMû;�HBiû [mB +QMbBbi2
¨ UBV +QMi`�BM/`2 H2 wJS ¨ `2bi2` /�Mb H2 TQHv;QM2 /2 bmbi2Mi�iBQM /û}MB T�` H2b TB2/b
�m bQH 2i UBBV +QMi`�BM/`2 H� pBi2bb2 K�tBKmK /2b TB2/bX

SQm` +QKT�`2` H2b T`û/B+iBQMb /2 +2 KQ/ĕH2 T�` `�TTQ`i �mt /QMMû2b 2tTû`BK2Mi�H2b-
QM +?QBbBi mM T�`�/B;K2 2tTû`BK2Mi�H bBKTH2 /2 H� HBiiû`�im`2 Qɍ H2b bmD2ib bQMi H�+?ûb
/�Mb mM2 TQbim`2 bi�iB[m2 BMbi�#H2 UH2 7�K2mt i2i?2`@`2H2�b2VX .2mt ûim/2b- /QMi H2b
T�`�Kĕi`2b 2i `ûbmHi�ib bQMi #B2M /û+`Bib- bQMi miBHBbû2b TQm` H� +QKT�`�BbQMX G^ûim/2
/2 >bB�Q@q2+FbH2` �M/ _Q#BMQpBi+? UkyydV [mB BKTQb2 mM T�b /2 `�ii`�T�;2 2i H^ûim/2
/2 *v` �M/ aK22bi2`b UkyyN#V b�Mb �m+mM2 +QMi`�BMi2 bm` H2 MQK#`2 /2 T�bX G^�M;H2
/^BM+HBM�BbQM BMBiB�H 2bi H^2Mi`û2 T`BM+BT�H2 /m KQ/ĕH2- �p2+ H� ;ûQKûi`B2 KQv2MM2 /2b
bmD2ib 2i H2b BMbi�Mib /2b T�b /2 `�ii`�T�;2X G� p�`B�#H2 /2 +QKT�`�BbQM 2bi H� TQbBiBQM
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/2b T�b /2 `�ii`�T�;2X
G2b `ûbmHi�ib bQMi i`�+ûb /�Mb H2b 6B;m`2 eXd 2i eX3X

.�Mb H2b /2mt +�b- H2b T`û/B+iBQMb /m KQ/ĕH2 bQMi /m KāK2 Q`/`2 [m2 H2b `ûbmHi�ib
2tTû`BK2Mi�mt- +2 [mB +QM}`K2 MQb ?vTQi?ĕb2b /2 i`�p�BHX *2T2M/�Mi- QM Q#b2`p2 [m2
H2b T`û/B+iBQMb /2 MQi`2 KQ/ĕH2 bQMi iQmDQm`b THmb ;`�M/2b [m2 H2b `ûbmHi�ib 2tTû`BK2M@
i�mt 2i [m2 +2ii2 /Bzû`2M+2 2bi #B2M +Q``ûHû2 �p2+ H2 MBp2�m /2 H^BM+HBM�BbQM U6B;m`2
eXdVX *2H� T2mi āi`2 /ȿ ¨ H� MQM@+QMbB/û`�iBQM /2 H^BM2`iB2 /m ?�mi /m +Q`Tb- [mB 2bi
mM2 HBKBi�iBQM /m KQ/ĕH2 T2M/mH2 BMp2`bûX G2b i2M/�M+2b bQMi B/2MiB[m2b TQm` H2 +�b
/2 THmbB2m`b T�b Qɍ H2b T`û/B+iBQMb /m KQ/ĕH2 bQMi ;HQ#�H2K2Mi +Q``2+i2b- b�m7 mM2
bm`@2biBK�iBQM /2 H� HQM;m2m` T�` MQi`2 KQ/ĕH2X
J�H;`û +2b `ûbmHi�ib 2M+Qm`�;2�Mi- MQmb 2biBKQMb [m2 H� MQM@+QMbB/û`�iBQM /2 H^BM2`iB2
/m ?�mi /m +Q`Tb 2i H2 7�Bi /2 }t2` H2b /m`û2b /2 T�b bQMi /2b HBKBi�iBQMb BKTQ`i�Mi2b
/2 +2 KQ/ĕH2X *2b HBKBi�iBQMb bQMi /QM+ �#Q`/û2b /�Mb H� bmBi2 /2 +2 i`�p�BHX

SQm` T`2M/`2 2M +QKTi2 H2b 2z2ib BM2`iB2Hb /m ?�mi /m +Q`Tb- MQmb +?QBbBbbQMb mM KQ/ĕH2
bBKTH2 [mB +QMbBbi2 2M mM pQH�Mi /^BM2`iB2 +2Mi`û �m */J U+X7X 6B;m`2 eXNVX
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G� /vM�KB[m2 /2 +2 MQmp2�m bvbiĕK2 2bi `2T`ûb2Miû2 T�` H^û[m�iBQM bmBp�Mi2 ,

mh c̈x + j θ̈ = mg(cx − zx) UeXjV

/QMi QM T2mi +�H+mH2` H2 wJS,

z = cx −
h

g
c̈x −

j

mg
θ̈. UeX9V

Qɍ j `2T`ûb2Mi2 H^BM2`iB2 /2 +2 b2;K2Mi 2i θ bQM Q`B2Mi�iBQMX
*QKK2 H^Q#D2+iB7 T`BM+BT�H2 /m +QMi`ƬH2m` 2bi /2 `2p2MB` �m THmb pBi2 ¨ mM2 TQbim`2
bi�iB[m2- H� 7QM+iBQM +Qȿi +QMbBbi2 MQi�KK2Mi ¨ KBMBKBb2` H� pBi2bb2 /m */J Ċk+1

2i /m pQH�Mi /^BM2`iB2 Θ̇k+1 iQmi �m HQM; /2 H^?Q`BxQMX .2 THmb- TQm`
/�Mb MQi`2 +QMi`ƬH2m`- H^�++ûHû`�iBQM

/2 H� D�K#2 F̈ ′

k+1 2bi �mbbB TûM�HBbû2X *2 T�`�Kĕi`2 T2mi āi`2 `�TT`Q+?û /m +QmTH2 ¨
7Qm`MB` TQm` �++ûHû`2` H2 TB2/ 2M pQH p2`b H^�p�MiX *2H� /QMM2 H� 7QM+iBQM +Qȿi bmBp�Mi2,

KBM 1

c21
‖Ċk+1‖2 +

1

c22
‖Θ̇k+1‖2 +

1

c23
‖F̈ ′

k+1‖2. UeX8V

*2T2M/�Mi- H2b KQmp2K2Mi ;ûMû`ûb bQMi +QMbB/û`�#H2K2Mi �KûHBQ`ûb bB QM KBMBKBb2 H2b
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/û`Bpû2b i`QBbBĕK2b /m KQmp2K2Mib
XXX
Ck 2i

XXX
Θk �BMbB [m2 H� /Bbi�M+2 2Mi`2 H� TQbBiBQM

Zk+1 /m *QS �M/ H2 +2Mi`2 /m TB2/ /^�TTmBbX S�` +QMbû[m2Mi- QM KBMBKBb2 ,

KBM 1

c21
‖Ċk+1‖2 +

1

c22
‖Θ̇k+1‖2 +

1

c23
‖F̈ ′

k+1‖2

+
1

c24
‖
XXX
Ck‖2 +

1

c25
‖
XXX
Θk‖2 +

1

c26
‖Zk+1 − Fk+1‖2, UeXeV

�p2+ +QKK2 p�`B�#H2 /2 +QMi`ƬH2 u =
[XXX
Ck

XXX
Θk F̄k+1

]T

X G2 +?QBt /2b TQM/û`�iBQMb
c1 ¨ c6 T2`K2i /2 `û;mH2` /Bzû`2Mi2b bi`�iû;B2b T2M/�Mi H2 `�ii`�T�;2 /^û[mBHB#`2X
G2 bvbiĕK2 2bi bQmKBb ¨ /2b +QMi`�BMi2b /^BMû;�HBiûb HBMû�B`2b- MQi�KK2Mi bm` H2 *QS-
H^�++ûHû`�iBQM /2 H� D�K#2 �BMbB [m2 bm` H2 +QmTH2 2i H^�M;H2 /2 `Qi�iBQM /2 pQH�Mi
/^BM2`iB2X
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SQm` +QKT�`2` H2b T`û/B+iBQMb /2 MQi`2 KQ/ĕH2- T`2MQMb H2b KāK2b b+ûM�`BQb /2 `�ii`�@
T�;2 [m2 MQmb �pQMb +QMbB/û`û /�Mb H� T`û+û/2Mi2 b2+iBQMX G2b `ûbmHi�ib bQMi KQMi`ûb
/�Mb H2b 6B;m`2b eXRy ¨ eXR9X
G2b };m`2b eXRy 2i eXRR +QKT�`2Mi H2b HQM;m2m`b 2i H2b /m`û2b /2 T�b Q#b2`pû2b /�Mb
H2b 2bb�Bb U2M #H�M+- KQv2MM2 2i û+�`i@ivT2V 2i H2b T`û/B+iBQMb /m KQ/ĕH2 b�Mb UMQB`V 2i
�p2+ U;`BbV H^BM2`iB2 /m ?�mi /m +Q`TbX PM T2mi +QMbi�i2` [m2 H^miBHBb�iBQM /2 H^BM2`iB2
/m ?�mi /m +Q`Tb `û/mBi H� /Bbi�M+2 /2 `�ii`�T�;2X *2ii2 `û/m+iBQM 2bi #B2M +Q``ûHû2
�p2+ H2 MBp2�m /^BM+HBM�BbQM BMBiB�H- +^2bi@¨@/B`2 �p2+ H� T2`im`#�iBQMX .2 THmb- /�Mb H�
THmT�`i /2b +�b- H2b T`û/B+iBQMb BM+Hm�Mi H^BM2`iB2 bQMi THmb T`Q+?2b /2b `ûbmHi�ib 2t@
Tû`BK2Mi�mt- +2 [mB +QM}`K2 MQi`2 ?vTQi?ĕb2 [m2 +2ii2 BM2`iB2 DQm2 mM `ƬH2 BKTQ`i�Mi
/�Mb +2b b+ûM�`BQb /2 `�ii`�T�;2X

G� 6B;m`2 eXRk KQMi`2 H2 TB+ /^�++ûHû`�iBQM /m pQH�Mi /^BM2`iB2 TQm` /Bzû`2Mib
MBp2�mt /^BM+HBM�BbQMX PM T2mi `2K�`[m2` H� +Q``ûH�iBQM 2Mi`2 +2 TB+ 2i H2 MBp2�m
/^BM+HBM�BbQM- mM2 i2M/�M+2 +Q?û`2Mi2 �p2+ H� HBiiû`�im`2 bm` H2 `�ii`�T�;2 /^û[mBHB#`2
U2X;X S�`F 2i �HX- kyy9VX
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G2b 6B;m`2b eXRj 2i eXR9 KQMi`2Mi H2b `ûbmHi�ib TQm` H2 b+ûM�`BQ ¨ THmbB2m`b T�b /2
`�ii`�T�;2 /2 *v` �M/ aK22bi2`b UkyyN�VX PM T2mi pQB` mM2 #QMM2 +Q?û`2M+2 2Mi`2
H2b 2tTû`B2M+2b 2i H2b bBKmH�iBQMb 2M i2`K2b /2 TQbBiBQM 2i /2 /m`û2 /2 T�bX AH 7�mi
MQi2x [m2 H2 i`QBbBĕK2 T�b- MQM T`û/Bi T�` MQi`2 KQ/ĕH2- � ûiû Q#b2`pû TQm` b2mH2K2Mi
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k bmD2ib bm` k3X
SQm` +QM+Hm`2- H2b +QKT�`�BbQMb T`ûb2Miû2b /�Mb +2ii2 T�`iB2 /ûKQMi`2Mi H� +�T�+@

Biû /2 MQi`2 KQ/ĕH2 ¨ T`û/B`2 /2b +QKTQ`i2K2Mib /2 `�ii`�T�;2 /^û[mBHB#`2 `û�HBbi2b
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TQm` /2b T2`im`#�iBQMb bBKTH2 2i mM2 T2`7Q`K�M+2 /2 `�ii`�T�;2 K�tBK�H2X PM T2mi
�mbbB MQi2` [m2 MQi`2 KQ/ĕH2 `2T`Q/mBi /2b +�`�+iû`BbiB[m2b /m `�ii`�T�;2 ?mK�BM Q#@
b2`pû2b /�Mb H2b ûim/2b 2tTû`BK2Mi�H2b- +QKK2 H^miBHBb�iBQM /2b bi`�iû;B2b 2M T�`�HHĕH2-
H^miBHBb�iBQM /2 H^BM2`iB2 /m ?�mi /m +Q`Tb +Q``ûHû2 �p2+ H� T2`im`#�iBQM- Qm H^QTiBKBb�iBQM
/2 H� /m`û2 /2 T�bX

*QMbB/û`QMb K�BMi2M�Mi /2b +�b THmb �TTHB+�iB7bX h`QBb +�b /2 };m`2 QMi ûiû i2biûb, RV
mM b+ûM�`BQ /2 T2`im`#�iBQM +Qm`i2- K�Bb TQm` H�[m2HH2 H2b bmD2ib TQmp�B2Mi �/QTi2` /2b
bi`�iû;B2b bQmb QTiBK�H2bc kV mM b+ûM�`BQ /2 T2`im`#�iBQM `2H�iBp2K2Mi HQM;m2- TQb�Mi
H2 T`Q#HĕK2 /2 H^2biBK�iBQM /2 H� T2`im`#�iBQM ¨ p2MB` 2i /2 b� T`Bb2 2M +QKTi2 /�Mb H2
`�ii`�T�;2c jV mM2 ûim/2 T`QbT2+iBp2 bm` H2b 2z2ib /2 H^�;2 bm` H2 `�ii`�T�;2 /^û[mBHB#`2X

.�Mb +2ii2 T�`iB2 MQmb MQmb bQKK2b BMiû`2bbûb ¨ bBKmH2` /2b bBim�iBQMb i2biû2b 2tTû`B@
K2Mi�H2K2Mi HQ`b /^mM2 ûim/2 T`û+û/2Mi2 U_Q#2`i- kyyeVX .Bt bmD2ib pQHQMi�B`2b QMi
ûiû T2`im`#ûb T�` mM2 i`�MbH�iBQM bQm/�BM2 /2 H2m` #�b2 /2 bmTTQ`i p2`b H^�``Bĕ`2X G2
T`Q}H /^�++ûHû`�iBQM ûi�Bi mM2 /2KB@bBMmbQś/2 /^�KTHBim/2 R: /^mM2 /m`û2 /2 9yy KbX
G� /Bbi�M+2 /m `�ii`�T�;2 M^ûi�Bi T�b +QMi`�BMi2 2tTû`BK2Mi�H2K2Mi 2i �m+mM2 BMbi`m+@
iBQM T�`iB+mHBĕ`2 ¨ +2 bmD2i M^ûi�Bi /QMMû2 �mt pQHQMi�B`2bX .�Mb mM /2mtBĕK2 i2KTb-
[m�i`2 /2 +2b /Bt bmD2ib QMi ûiû bQmKBb ¨ H� KāK2 T2`im`#�iBQM- K�Bb H� /Bbi�M+2 /2
`�ii`�T�;2 ûi�Bi +QMi`�BMi2 T�` mM Q#bi�+H2- 7Q`Ï�Mi H2b bmD2ib ¨ b2 `�ii`�T2` �p2+ mM
MBp2�m /2 T2`7Q`K�M+2 T`Q+?2 /2 H2m` K�tBKmKX a�Mb bm`T`Bb2 H2b +�`�+iû`BbiB[m2b /m
`�ii`�T�;2 2Mi`2 H2b /2mt bû`B2b bQMi i`ĕb /Bzû`2Mi2bX PM T2mi 2M /û/mB`2 [m2- b�Mb
+QMi`�BMi2 T�`iB+mHBĕ`2- H� `û�+iBQM /2b bmD2ib 2bi `2H�iBp2K2Mi ûHQB;Mû2 /2 H� T2`7Q`@
K�M+2 K�tBK�H2 U/Bbi�M+2 /2 `�ii`�T�;2 KBMBKmKVX .2 7�Bi- H� `û�+iBQM bBKmHû2 2M
miBHBb�Mi H2 KQ/ĕH2 2i H2b T�`�Kĕi`2b /2 H� b2+iBQM T`û+û/2Mi2 2bi �bb2x ûHQB;Mû2 /m
`ûbmHi�i /2 H� T`2KBĕ`2 bû`B2 /^2bb�Bb- K�Bb #2�m+QmT THmb T`Q+?2 /2 H� /2mtBĕK2X

LQmb �pQMb /QM+ +?QBbB /2 KQ/B}2` H^BKTQ`i�M+2 `2H�iBp2 /2b T�`�Kĕi`2b /2 MQi`2
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7QM+iBQM /2 +QȿiX LQmb MQmb bQKK2b MQi�KK2Mi BMiû`2bbûb ¨ /2mt T�`�Kĕi`2b , H2
+Qȿi �bbQ+Bû ¨ H^�++ûHû`�iBQM K�tBK�H /m TB2/ 2M pQH U‖F̈ ′

k+1‖2V- [m2 H^QM T2mi `2HB2`
¨ H^2zQ`i Mû+2bb�B`2 TQm` 7�B`2 +2 T�b- 2i H2 +Qȿi �bbQ+Bû �m C2`F /m */J U‖

XXX
Ck‖2V-

[mB +Q``2bTQM/ ¨ H� +QMiBMmBiû /2b KQmp2K2MibX 1M 7�Bb�Mi p�`B2` H2b TQM/û`�iBQMb
�bbQ+Bû2b ¨ +2b /2mt +Qȿib MQmb TQmpQMb �HQ`b `2T`ûb2Mi2` H2b /2mt ivT2b /2 `û�+iBQMb
Q#b2`pû2b 2tTû`BK2Mi�H2K2MiX

.�Mb +2ii2 b2+iBQM MQmb MQmb bQKK2b BMiû`2bbûb ¨ bBKmH2` /2b T2`im`#�iBQMb `2H�iBp2@
K2Mi HQM;m2b- ivTB[m2K2Mi mM T`Q}H /2 7`2BM�;2 /^m`;2M+2 /^mM2 /m`û2 /2 /2mt b2+QM@
/2b UmM2 b2+QM/2 /2 KQMiû2 2M �++ûHû`�iBQM 2i mM2 b2+QM/2 /2 TH�i2�m ¨ 9 KXb−2VX
1M T�`iB+mHB2` b2 TQb2 H� [m2biBQM , Rf /2 H^2biBK�iBQM- 2i H� T`Bb2 2M +QKTi2 /�Mb H�
`û�+iBQM- /2 +2 [m2 b2`� H� T2`im`#�iBQM �m +Qm`i /2 H^?Q`BxQM /2 i2KTb ¨ p2MB`c kf /2
H� 7`û[m2M+2 ¨ H�[m2HH2 H� `û�+iBQM 2bi KBb2 ¨ DQm` UH� 7`û[m2M+2 ¨ H�[m2HH2 2bi �TT2Hû H2
+QMi`ƬH2m` T`û/B+iB7VX

G2 KQ/ĕH2 BMi2`M2 /m +QMi`ƬH2m` � ûiû Hû;ĕ`2K2Mi KQ/B}û �}M /2 T`2M/`2 2M +QKTi2
H2b KQmp2K2Mib 2biBKûb /2 H� #�b2 /2 bmTTQ`i /�Mb H� /vM�KB[m2 /m bvbiĕK2X .B7@
7û`2Mi2b 2biBK�iBQMb QMi ûiû i2biû2b U/2 H� T2`im`#�iBQM 2t�+i2 ¨ �m+mM2 �MiB+BT�iBQMVX
.2 KāK2- /Bzû`2Mi2b 7`û[m2M+2b /^�TT2H /m +QMi`ƬH2m` QMi ûiû i2biû2bX G2b 6B;m`2b
eXR8 BHHmbi`2Mi H2b `ûbmHi�ib Q#i2Mmb 2i MQi�KK2Mi UBV H^ûMQ`K2 BM~m2M+2 /2 H� [m�HBiû
/2 H^2biBK�iBQM /2 H� T2`im`#�iBQM ¨ p2MB` bm` H^2{+�+Biû /m `�ii`�T�;2- UBBV H� Mû+2bbBiû
/^mM2 `2TH�MB}+�iBQM /2 H� `û�+iBQM 7`û[m2Mi2 HQ`b[m2 H� T2`im`#�iBQM ¨ p2MB` 2bi K�H
2biBKû2X

LQmb �pQMb 2MbmBi2 BMi2``Q;û H� +�T�+Biû /2 MQi`2 KQ/ĕH2 ¨ `2T`ûb2Mi2` H2 `�ii`�T�;2 /2
/Bzû`2Mib ivT2b /2 TQTmH�iBQM- 2M T�`iB+mHB2` H2b T2`bQMM2b �;û2bX .�Mb +2ii2 b2+iBQM
MQmb �pQMb bQm?�Biû pQB` bB MQmb TQmpBQMb ]7�B`2 pB2BHHB`] MQi`2 KQ/ĕH2X *2H� +QMbBbi2
¨ UBV B/2MiB}2` /2b T�`�Kĕi`2b /m KQ/ĕH2 [mB bQMi `2T`ûb2Mi�iB7b /2 +�`�+iû`BbiB[m2b
T?vbB[m2b Qm +Q;MBiBp2b MQ`K�H2K2Mi /û;`�/û2b �p2+ H^�;2c UBBV KQ/B}2` H2b p�H2m`b
/2 +2b T�`�Kĕi`2b- BMBiB�H2K2Mi �Dmbiûb TQm` mM2 TQTmH�iBQM D2mM2 Ub2+iBQM 9Vc UBBBV

R88



R8e

R8e



R8d

Q#b2`p2` H^BM~m2M+2 /2 +2b KQ/B}+�iBQM bm` H� `ûTQMb2 /m KQ/ĕH2 U/Bbi�M+2 /2 `�ii`�@
T�;2- MQK#`2 2i HQM;m2m` /2b T�b- XXXV 2i UBpV pû`B}2` bB +2ii2 BM~m2M+2 +Q``2bTQM/
�mt /Bzû`2M+2b /2 `�ii`�T�;2 2Mi`2 bmD2ib �;ûb 2i bmD2ib D2mM2b `�TTQ`iû2b /�Mb H�
HBiiû`�im`2X

LQmb MQmb bQKK2b T2M+?ûb bm` i`QBb T�`�Kĕi`2b , H� /û;`�/�iBQM /2b +�T�+Biûb
T?vbB[m2b � ûiû `2T`ûb2Miû2 2M `û/mBb�Mi H^�++ûHû`�iBQM K�tBK�H2 /m TB2/ 2M pQH 2i H�
#�b2 /2 bmTTQ`i 7QM+iBQMM2HH2- 2i H� /û;`�/�iBQM /2b +�T�+Biûb �ii2MiBQMM2HH2b 2i b2M@
bQ`BKQi`B+2b � ûiû `2T`ûb2Miû2 2M �m;K2Mi�Mi H2 i2KTb /2 `û�+iBQMX G2b `ûbmHi�ib U+7X
6B;m`2b eXRdV BM/B[m2Mi [m2 H2 KQ/ĕH2 /û;`�/û ¨ i2M/�M+2 ¨ 7�B`2- TQm` mM2 KāK2
T2`im`#�iBQM- /2b T�b THmb ;`�M/b 2i THmb HQM;bX .2 KāK2- H� T2`im`#�iBQM K�tBK�H2
�/KBbbB#H2 2bi /`�biB[m2K2Mi `û/mBi2X *2b `ûbmHi�ib pQMi /�Mb H2 b2Mb /2b Q#b2`p�iBQMb
`2TQ`iû2b /�Mb H� HBiiû`�im`2X "B2M [m2 /2b i`�p�mt bmTTHûK2Mi�B`2b bQB2Mi Mû+2bb�B`2b
�}M /^B/2MiB}2` H2b p�H2m`b `û�HBbi2b /2 +2b T�`�Kĕi`2b- +2b `ûbmHi�ib KQMi`2Mi H2 TQ@
i2MiB2H /m KQ/ĕH2X
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G^Q#D2+iB7 /2 +2ii2 i?ĕb2 ûi�Bi /2 T`QTQb2` mM KQ/ĕH2 +�T�#H2 /2 T`û/B`2 H2 `�ii`�T�;2
/^û[mBHB#`2 /2 bmD2ib ?mK�BMb bmBi2 ¨ /2b T2`im`#�iBQMb `2H�iBp2K2Mi BKTQ`i�Mi2bX

LQmb �pQMb iQmi /^�#Q`/ �/�Tiû mM +QMi`ƬH2m` BMBiB�H2K2Mi /ûp2HQTTû TQm` H�
K�`+?2 /2b `Q#Qib #BTĕ/2bX *2 +QMi`ƬH2m` � 2MbmBi2 ûiû KQ/B}û �}M /^BMiû;`2` MQi�K@
K2Mi H^BM2`iB2 /m ?�mi /m +Q`Tb 2i /2 KQ/mH2` H� /m`û2 /2b T�bX G2 KQ/ĕH2 � 2MbmBi2 ûiû
p�HB/û TQm` /2b +�b /2 T2`im`#�iBQM bBKTH2 2i /2 T2`7Q`K�M+2 /2 `�ii`�T�;2 K�tBK�H2 ¨
H^�B/2 /2 /QMMû2b 2tTû`BK2Mi�H2b Bbbm2b /2 H� HBiiû`�im`2X LQmb �pQMb 2MbmBi2 +?2`+?û ¨
ûp�Hm2` H2b T2`7Q`K�M+2b /m KQ/ĕH2 /�Mb /2b bBim�iBQMb THmb +QKTH2t2b- �}M /^�#Q`/2`
H2b [m2biBQMb UBV /m `�ii`�T�;2 ¨ T2`7Q`K�M+2 bQmb QTiBK�H2- UBBV /2 H^2biBK�iBQM /2 H�
T2`im`#�iBQM ¨ p2MB` UBBBV /m `�ii`�T�;2 TQm` H2b bmD2ib �;ûbX G2b `ûbmHi�ib [m�HBi�iB7b
Q#i2Mmb bQMi 2M+Qm`�;2�Mib bm` H2b +�T�+Biûb /m KQ/ĕH2X S�` H� bmBi2 BH b2`� BMiû`2bb�Mi
/2 +QMiBMm2` ¨ /ûp2HQTT2` +2`i�BMb �bT2+ib /2 +2 KQ/ĕH2- MQi�KK2Mi 2M KQ/B}�Mi H2
KQ/ĕH2 Kû+�MB[m2 +QMi`ƬHû Qm 2M BMiû;`�Mi H2b �bT2+ib /^BMiû;`�iBQM b2MbQ`B2HX 1M}M BH
7�m/`�Bi }M�HBb2` H2b i`�p�mt 2Mi`2T`Bb /�Mb H2 /2`MB2` +?�TBi`2 /m K�Mmb+`Bi- 2i i2bi2`
H2 KQ/ĕH2 /�Mb /^�mi`2 +�b �TTHB+�iB7b UHQ`b /2 H� K�`+?2 T�` 2t2KTH2VX

R8N



�/FBM- �X GX- 6`�MF- CX aX- *�`T2Mi2`- JX :X- �M/ S2vb�`- :X qX UkyyyVX SQbim`�H
+QMi`QH Bb b+�H2/ iQ H2p2H Q7 TQbim`�H i?`2�iX :�Bi � SQbim`2- RkUkV,3d @@ NjX

�7MQ` UkyyjVX �TTHB+�iBQMb 72``QpB�B`2b @ 7`2BM�;2 @ bvbiK2b /2 7`2BM�;2 /2b i`�MbTQ`ib
Tm#HB+b m`#�BMb 2i bm#m`#�BMb @ T�`iB2 R , 1tB;2M+2b /2 T2`7Q`K�M+2bX M7 2M Rj98k@RX
h2+?MB+�H `2TQ`i- �bbQ+B�iBQM 6`�M�Bb2 /2 LQ`K�HBb�iBQM U�6LP_VX

�7i�#- wX- qB2#2`- SX@"X- �M/ _Q#2`i- hX UkyRyVX *QKT�`BbQM Q7 +�Tim`2 TQBMi 2b@
iBK�iBQM rBi? ?mK�M 7QQi TH�+2K2Mi, �TTHB+�#BHBiv �M/ HBKBi�iBQMbX AM �+i2b /2b
8BK2b CQm`M2b L�iBQM�H2b /2 H� _Q#QiB[m2 >mK�MQ/2- CmM2 j@9 kyRy- 6mim`Q@
b+QT2 SQBiB2`b U6`�M+2VX

�H2t�M/`Qp- �X- 6`QHQp- �X- �M/ J�bbBQM- CX UkyyRVX "BQK2+?�MB+�H �M�HvbBb Q7 KQp2@
K2Mi bi`�i2;B2b BM ?mK�M 7Q`r�`/ i`mMF #2M/BM;X BX KQ/2HBM;X "BQHQ;B+�H *v#2`M2iB+b-
39UeV,9k8@@9j9X

�H2t�M/`Qp- �X oX �M/ ��- 6X Ukyy8VX 622/#�+F 2[mBHB#`BmK +QMi`QH /m`BM; ?mK�M
bi�M/BM;X "BQHQ;B+�H *v#2`M2iB+b- NjU8V,jyN@@jkkX

�M/2`bQM- 6X *X �M/ S�M/v- JX :X UkyyRVX .vM�KB+ QTiBKBx�iBQM Q7 ?mK�M r�HFBM;X
CQm`M�H Q7 "BQK2+?�MB+�H 1M;BM22`BM;- RkjU8V,j3R@@jNyX

�`�KT�ixBb- �X- E�`�K�MB/Bb- EX- �M/ J�/2KHB- GX Ukyy3VX .2}+Bib BM i?2 r�v iQ
�+?B2p2 #�H�M+2 `2H�i2/ iQ K2+?�MBbKb Q7 /vM�KB+ bi�#BHBiv +QMi`QH BM i?2 2H/2`HvX
CQm`M�H Q7 "BQK2+?�MB+b- 9RU3V,Rd89 @@ RdeRX

Rey



ReR

�iF2bQM- *X �M/ ai2T?2Mb- "X UkyydVX JmHiBTH2 #�H�M+2 bi`�i2;B2b 7`QK QM2 QTiBKBx�iBQM
+`Bi2`BQMX AM >mK�MQB/ _Q#Qib- kyyd di? A111@_�a AMi2`M�iBQM�H *QM72`2M+2 QM-
T�;2b 8d@@e9X

�m#BM- CX URNNRVX oB�#BHBiv i?2Q`vX "B`F?�mb2`X

�x2p2/Q- *X- �K#H�`/- "X- 1bTB�m- "X- �M/ �bb�B�Mi2- *X Ukyy9VX � bvMi?2bBb Q7 #BT2/�H
HQ+QKQiBQM BM ?mK�M �M/ `Q#QibX `2b2�`+? `2TTQ`i- AL_A�X

�x2p2/Q- *X- SQB;M2i- SX- �M/ 1bTB�m- "X UkyykVX JQpBM; ?Q`BxQM +QMi`QH 7Q` #BT2/
`Q#Qib rBi?Qmi `272`2M+2 i`�D2+iQ`vX AM S`Q+22/BM;b@ A111 AMi2`M�iBQM�H *QM72`2M+2
QM _Q#QiB+b �M/ �miQK�iBQM- pQHmK2 j- T�;2b kdek@@kdedX

"�`/v- "X :X UkyykVX *QQ`/BM�iBQM /vM�KB+b, Abbm2b �M/ i`2M/b- +?�Ti2` SQbim`�H
*QQ`/BM�iBQM .vM�KB+b BM ai�M/BM; >mK�Mb- T�;2b Ryj@@RkRX aT`BM;2`X

"�``2ii- _X aX �M/ GB+?ir�`F- :X �X Ukyy3VX 1z2+i Q7 �Hi2`BM; M2m`�H- Kmb+mH�` �M/
i2M/BMQmb 7�+iQ`b �bbQ+B�i2/ rBi? �;BM; QM #�H�M+2 `2+Qp2`v mbBM; i?2 �MFH2 bi`�i2;v,
� bBKmH�iBQM bim/vX CQm`M�H Q7 h?2Q`2iB+�H "BQHQ;v- k89UjV,89e@@889X

"�`i?2H2Kv- aX �M/ "B/�m/- SX UkyydVX i�i /2 H�`i bm` H2 +QMi`H2 /2 H[mBHB#`2X h2+?@
MB+�H `2TQ`i- AaA_ UG_SVX

"2M/2- CX UkyyyVX *Biv #mb b�72iv @ � +�bm�Hiv bim/v 7`QK i?2 pB2r Q7 i?2 �++B/2Mib
`2b2�`+? U+Bi2/ #v EB`F 2i �HX kyyjVX h2+?MB+�H `2TQ`i- AMbiBimi2 7Q` o2?B+H2 a�72iv
JmMB+?X

"?�ii- hX- q2MBM;- CX .X- �M/ S�B- uX@*X Ukyy8VX AM~m2M+2 Q7 ;�Bi bT22/ QM bi�#BHBiv,
`2+Qp2`v 7`QK �Mi2`BQ` bHBTb �M/ +QKT2Mb�iQ`v bi2TTBM;X :�Bi � SQbim`2- kRUkV,R9e@
@R8eX

"DQ`MbiB;- lX- �H#2`ibbQM- SX- "DQ`MbiB;- CX- "vHmM/- SX- 6�HFK2`- hX- �M/ S2ix�HH-
CX Ukyy8VX AMDm`v 2p2Mib �KQM; #mb �M/ +Q�+? Q++mT�Mib@ MQM@+`�b? BMDm`B2b �b
BKTQ`i�Mi �b +`�b? BMDm`B2bX A�haa _2b2�`+?- kNURV,dNX

ReR



Rek

"QMM2i- oX- 6`�Bbb2- SX- _�K/�MB- LX- G�;�`/2- CX- _�K/�MB- aX- �M/ "�`/v- "X UkyyNVX
� `Q#QiB+ +HQb2/@HQQT b+?2K2 iQ KQ/2H ?mK�M TQbim`�H +QQ`/BM�iBQMX AM A111f_aC
AMi2`M�iBQM�H *QM72`2M+2 QM AMi2HHB;2Mi _Q#Qib �M/ avbi2KbX

"QMM2i- oX- G�;�`/2- CX- 6`�Bbb2- SX- _�K/�MB- LX- _�K/�MB- aX- SQB;M2i- SX- �M/ "�`/v-
"X UkyydVX JQ/2HBM; ?mK�M TQbim`�H +QQ`/BM�iBQM iQ BKT`Qp2 i?2 +QMi`QH Q7 #�H�M+2
BM ?mK�MQB/bX AM A111@_�a AMi2`M�iBQM�H *QM72`2M+2 QM >mK�MQB/ _Q#Qib- T�;2b
jk9@@jkNX A111X

"QMM2i- oX- _�K/�MB- aX- 6`�Bbb2- SX- _�K/�MB- LX- G�;�`/2- CX- �M/ "�`/v- "X :X
UkyRRVX � bi`m+im`�HHv QTiBK�H +QMi`QH KQ/2H 7Q` T`2/B+iBM; �M/ �M�HvxBM; ?mK�M
TQbim`�H +QQ`/BM�iBQMX CQm`M�H Q7 "BQK2+?�MB+b- 99URRV,kRkj @@ kRk3X

"Q`�?- CX- uQmM;- GX- �M/ *m``v- _X URN33VX PTiBK�H 2biBK�iQ` KQ/2H 7Q` ?mK�M bT�iB�H
Q`B2Mi�iBQMX �MM�Hb Q7 i?2 L2r uQ`F �+�/2Kv Q7 a+B2M+2b- 898URV,8R@@djX

"Q`iQH�KB- aX "X- .BwBQ- SX- _�#BM- 1X- �M/ G�+FM2`- CX _X UkyyjVX �M�HvbBb Q7 ?mK�M
TQbim`�H `2bTQMb2b iQ `2+Qp2`�#H2 7�HHbX 1tT "`�BM _2b- R8RUjV,j3d@@9y9X

"Qi?M2`- EX 1X �M/ C2Mb2M- CX GX UkyyRVX >Qr /Q MQM@Kmb+mH�` iQ`[m2b +QMi`B#mi2 iQ
i?2 FBM2iB+b Q7 TQbim`�H `2+Qp2`v 7QHHQrBM; � bmTTQ`i bm`7�+2 i`�MbH�iBQMX CQm`M�H Q7
"BQK2+?�MB+b- j9UkV,k98@@k8yX

"Qii�`Q- �X- *�b�/BQ- JX- JQ`�bbQ- SX :X- �M/ a�M;mBM2iB- oX Ukyy8VX "Q/v br�v
/m`BM; [mB2i bi�M/BM;, Bb Bi i?2 `2bB/m�H +?�ii2`BM; Q7 �M BMi2`KBii2Mi bi�#BHBx�iBQM
T`Q+2bb}X >mK�M JQp2K2Mi a+B2M+2- k9U9V,833@@eR8X

"Qii�`Q- �X- u�bmi�F2- uX- LQKm`�- hX- *�b�/BQ- JX- �M/ JQ`�bbQ- SX Ukyy3VX "QmM/2/
bi�#BHBiv Q7 i?2 [mB2i bi�M/BM; TQbim`2, �M BMi2`KBii2Mi +QMi`QH KQ/2HX >mK�M
JQp2K2Mi a+B2M+2- kdUjV,9dj@@9N8X

"`QrM- GX �X- a?mKr�v@*QQF- �X- �M/ qQQHH�+Qii- JX >X URNNNVX �ii2MiBQM�H /2K�M/b
�M/ TQbim`�H `2+Qp2`v, h?2 2z2+ib Q7 �;BM;X h?2 CQm`M�Hb Q7 :2`QMiQHQ;v a2`B2b �,
"BQHQ;B+�H a+B2M+2b �M/ J2/B+�H a+B2M+2b- 89U9V,JRe8@@JRdRX

Rek



Rej

*�`iv- *X SX- "�``2ii- _X aX- *`QMBM- LX CX- GB+?ir�`F- :X �X- �M/ JBHHb- SX JX UkyRkVX
GQr2` HBK# Kmb+H2 r2�FM2bb T`2/B+ib mb2 Q7 � KmHiBTH2@ p2`bmb bBM;H2@bi2T bi`�i2;v
iQ `2+Qp2` 7`QK 7Q`r�`/ HQbb Q7 #�H�M+2 BM QH/2` �/mHibX h?2 CQm`M�Hb Q7 :2`QMiQHQ;v
a2`B2b �, "BQHQ;B+�H a+B2M+2b �M/ J2/B+�H a+B2M+2bX

*?�{M- .X �M/ �M/2`bbQM- :X URN39VX P++mT�iBQM�H "BQK2+?�MB+bX CX qBH2v � aQMb-
L2r uQ`F- Lu- 9i? 2/BiBQMX

*Q`bQ- SX- 6BMF2Hbi2BM- 1X- JBHH2`- hX- 6B2#2HFQ`M- AX- �M/ w�HQb?MD�- 1X UkyyeVX AM+B/2M+2
�M/ HB72iBK2 +Qbib Q7 BMDm`B2b BM i?2 mMBi2/ bi�i2bX AMDm`v S`2p2MiBQM- RkU9V,kRk@@kR3X

*`2�i?- _X- EB2K2H- hX- >Q`�F- 6X- S2i2`F�- _X- �M/ C2F�- CX Ukyy8VX � mMB}2/ pB2r Q7
[mB2i �M/ T2`im`#2/ bi�M+2, bBKmHi�M2Qmb +Q@2tBbiBM; 2t+Bi�#H2 KQ/2bX L2m`Qb+B2M+2
G2ii2`b- jddUkV,d8 @@ 3yX

*v`- JX@�X �M/ aK22bi2`b- *X UkyyN�VX EBM2K�iB+b Q7 i?2 i?`2b?QH/ Q7 #�H�M+2 `2+Qp2`v
�`2 MQi �z2+i2/ #v BMbi`m+iBQMb HBKBiBM; i?2 MmK#2` Q7 bi2Tb BM vQmM;2` �/mHibX :�Bi
� SQbim`2- kNU9V,ek3@@ejjX

*v`- JX@�X �M/ aK22bi2`b- *X UkyyN#VX J�tBKmK �HHQr�#H2 7Q`+2 QM � b�72iv ?�`@
M2bb +�#H2 iQ /Bb+`BKBM�i2 � bm++2bb7mH 7`QK � 7�BH2/ #�H�M+2 `2+Qp2`vX CQm`M�H Q7
"BQK2+?�MB+b- 9kURyV,R8ee@@R8eNX

/2 :`��7- "X �M/ p�M q2T2`2M- qX URNNdVX h?2 `2i2MiBQM Q7 #�H�M+2, �M 2tTHQ`�iQ`v
bim/v BMiQ i?2 HBKBib Q7 �++2H2`�iBQM i?2 ?mK�M #Q/v +�M rBi?bi�M/ rBi?Qmi HQbBM;
2[mBHB#`BmKX >mK�M 6�+iQ`b- jNURV,RRR@@RR3X

.2bKm`;2i- JX �M/ :`�7iQM- aX UkyyyVX 6Q`r�`/ KQ/2HBM; �HHQrb 722/#�+F +QMi`QH 7Q`
7�bi `2�+?BM; KQp2K2MibX h`2M/b *Q;M a+B- 9URRV,9kj@@9jRX

.B2/�K- >X UkyyNVX 6�bi MKT+ �H;Q`Bi?Kb 7Q` ?mK�MQB/ `Q#Qi r�HFBM;X J�bi2`^b
i?2bBb- lMBp2`bBiv Q7 >2B/2H#2`;X

.B2/�K- >X- .BKBi`Qp- .X- qB2#2`- SX- JQK#�m`- EX- �M/ .B2?H- JX Ukyy3VX PMHBM2
r�HFBM; ;�Bi ;2M2`�iBQM rBi? �/�TiBp2 7QQi TQbBiBQMBM; i?`Qm;? HBM2�` KQ/2H T`2/B+@
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iBp2 +QMi`QHX AM S`Q+22/BM;b Q7 i?2 A111f_aC AMi2`M�iBQM�H *QM72`2M+2 QM AMi2HHB;2Mi
_Q#Qib �M/ avbi2KbX

.B2M2`- >X- >Q`�F- 6X- �M/ L�b?M2`- GX URN33VX AM~m2M+2 Q7 biBKmHmb T�`�K2i2`b QM
?mK�M TQbim`�H `2bTQMb2bX CQm`M�H Q7 M2m`QT?vbBQHQ;v- 8NUeV,R333@@RNy8X

.Q- JX- "`2MB2`2- uX- �M/ "`2M;mB2`- SX URN3kVX � #BQK2+?�MB+�H bim/v Q7 #�H�M+2
`2+Qp2`v /m`BM; i?2 7�HH 7Q`r�`/X CQm`M�H Q7 "BQK2+?�MB+b- R8URkV,Njj@@NjNX

.Q- JX *X- a+?M2B/2`- *X- �M/ *?QM;- _X EX URNNNVX 6�+iQ`b BM~m2M+BM; i?2 [mB+F QMb2i
Q7 bi2TTBM; 7QHHQrBM; TQbim`�H T2`im`#�iBQMX CQm`M�H Q7 "BQK2+?�MB+b- jkU3V,dN8@@
3ykX

.QF2- CX �M/ EmQ- �X UkyydVX 1M2`;2iB+ +Qbi Q7 T`Q/m+BM; +v+HB+ Kmb+H2 7Q`+2- `�i?2`
i?�M rQ`F- iQ brBM; i?2 ?mK�M H2;X CQm`M�H Q7 1tT2`BK2Mi�H "BQHQ;v- kRyURjV,kjNy@
@kjN3X

.mK�b- _X- *?2x2- GX- �M/ o2``B2bi- CX@SX UkyydVX �/DmbiK2Mib iQ K++QMpBHH2 2i �HX �M/
vQmM; 2i �HX #Q/v b2;K2Mi BM2`iB�H T�`�K2i2`bX CQm`M�H Q7 "BQK2+?�MB+b- 9y,89j@@
88jX

1M;Hb#2`;2`- CX- Pii- *X- _Q�- JX �X- �H#m@a+?�z2`- �X- �M/ >B`xBM;2`- :X UkyRRVX
"BT2/�H r�HFBM; +QMi`QH #�b2/ QM +�Tim`2 TQBMi /vM�KB+bX AM A111f_aC AMi2`M�iBQM�H
*QM72`2M+2 QM AMi2HHB;2Mi _Q#Qib �M/ avbi2Kb UA_PaV- T�;2b 99ky @@99kdX

6H�b?- hX �M/ >Q;�M- LX URN38VX h?2 +QQ`/BM�iBQM Q7 �`K KQp2K2Mib, �M 2tT2`BK2M@
i�HHv +QM}`K2/ K�i?2K�iB+�H KQ/2HX h?2 CQm`M�H Q7 L2m`Qb+B2M+2- 8,Re33@@RdyjX

:2v2`- >X- a2v7�`i?- �X- �M/ "HB+F?�M- _X UkyyeVX *QKTHB�Mi H2; #2?�pBQm` 2t@
TH�BMb #�bB+ /vM�KB+b Q7 r�HFBM; �M/ `mMMBM;X S`Q+22/BM;b Q7 i?2 _Qv�H aQ+B2iv
"- kdjUReyjV,k3eRX

:Qbr�KB- �X URNNNVX SQbim`�H bi�#BHBiv Q7 #BT2/ `Q#Qib �M/ i?2 7QQi@`Qi�iBQM BM/B+�iQ`
U7`BV TQBMiX h?2 AMi2`M�iBQM�H CQm`M�H Q7 _Q#QiB+b _2b2�`+?- R3UeV,8kjX
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>�HT2`M- SX- aB2#x2?M2`- JX AX- �H�/;2K- .X- aQ`FBM2- SX- �M/ "2+?�`- _X Ukyy8VX LQM@
+QHHBbBQM BMDm`B2b BM Tm#HB+ #mb2b, � M�iBQM�H bm`p2v Q7 � M2;H2+i2/ T`Q#H2KX 1K2`;2M+v
J2/B+BM2 CQm`M�H- kkUkV,Ry3@@RRyX

>2BM`B+?- aX- _�TT- EX- _BbbK�MM- lX- "2+F2`- *X- �M/ EQMB;- >X UkyRyVX *Qbi Q7 7�HHb
BM QH/ �;2, � bvbi2K�iB+ `2pB2rX Pbi2QTQ`QbBb AMi2`M�iBQM�H- kRUeV,3NR@@NykX

>2`/i- �X- .B2/�K- >X- qB2#2`- SX- .BKBi`Qp- .X- JQK#�m`- EX- �M/ .B2?H- JX UkyRy�VX
PMHBM2 r�HFBM; KQiBQM ;2M2`�iBQM rBi? �miQK�iB+ 7QQi bi2T TH�+2K2MiX �/p�M+2/
_Q#QiB+b- k9,dRN@@djdX

>2`/i- �X- S2``BM- LX- �M/ qB2#2`- SX UkyRy#VX q�HFBM; rBi?Qmi i?BMFBM; �#Qmi BiX
AM A111f_aC AMi2`M�iBQM�H *QM72`2M+2 QM AMi2HHB;2Mi _Q#Qib �M/ avbi2Kb UA_PaV
kyRy- T�;2b RNy@@RN8X A111X

>B`�B- EX- >B`Qb2- JX- >�BF�r�- uX- �M/ h�F2M�F�- hX URNN3VX h?2 /2p2HQTK2Mi Q7
?QM/� ?mK�MQB/ `Q#QiX AM S`Q+X A111 AMi2`M�iBQM�H *QM72`2M+2 QM _Q#QiB+b �M/
�miQK�iBQM- pQHmK2 k- T�;2b RjkR@@Rjke pQHXkX

>Q7- �X- :�x2M/�K- JX- �M/ aBMF2- qX Ukyy8VX h?2 +QM/BiBQM 7Q` /vM�KB+ bi�#BHBivX
CQm`M�H Q7 "BQK2+?�MB+b- j3URV,R@@3X

>Q7K�MM- �X UkyyeVX _Q#mbi 1t2+miBQM Q7 "BT2/�H q�HFBM; h�bFb 6`QK "BQK2+?�MB+�H
S`BM+BTH2bX S?. i?2bBb- *QKTmi2` a+B2M+2 �M/ �`iB}+B�H AMi2HHB;2M+2 G�#Q`�iQ`v-
J�bb�+?mb2iib AMbiBimi2 Q7 h2+?MQHQ;vX

>Q;�M- LX URN39VX �M Q`;�MBxBM; T`BM+BTH2 7Q` � +H�bb Q7 pQHmMi�`v KQp2K2MibX h?2
CQm`M�H Q7 L2m`Qb+B2M+2- 9,kd98@@kd89X

>Q`�F- 6X "X �M/ L�b?M2`- GX JX URN3eVX *2Mi`�H T`Q;`�KKBM; Q7 TQbim`�H KQp2K2Mib,
�/�Ti�iBQM iQ �Hi2`2/ bmTTQ`i@bm`7�+2 +QM};m`�iBQMbX CQm`M�H Q7 L2m`QT?vbBQHQ;v-
88UeV,RjeN@@Rj3RX

>bB�Q- 1X hX �M/ _Q#BMQpBi+?- aX LX URNNNVX "BQK2+?�MB+�H BM~m2M+2b QM #�H�M+2
`2+Qp2`v #v bi2TTBM;X CQm`M�H Q7 "BQK2+?�MB+b- jkURyV,RyNN@@RRyeX
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>bB�Q@q2+FbH2`- 1X hX �M/ _Q#BMQpBi+?- aX LX UkyydVX h?2 2z2+i Q7 bi2T H2M;i? QM
vQmM; �M/ 2H/2`Hv rQK2M^b �#BHBiv iQ `2+Qp2` #�H�M+2X *HBMB+�H "BQK2+?�MB+b U"`BbiQH-
�pQMV- kkU8V,8d9@@83yX

AMb22 UkyyeVX S`QD2+iBQMb /2 TQTmH�iBQM TQm` H� 7`�M+2 Ki`QTQHBi�BM2  H?Q`BxQM ky8y
UTQTmH�iBQM i`2M/b BM 7`�M+2 @ HQQFBM; �?2�/ iQ ky8y @ �M BM+`2�bBM; �M/ �;2BM;
TQTmH�iBQMVX PMHBM2X

E�;�KB- aX- EBi�;�r�- hX- LBb?Br�FB- EX- am;B?�`�- hX- AM�#�- JX- �M/ AMQm2- >X
UkyykVX � 7�bi /vM�KB+�HHv 2[mBHB#`�i2/ r�HFBM; i`�D2+iQ`v ;2M2`�iBQM K2i?Q/ Q7
?mK�MQB/ `Q#QiX �miQMQKQmb _Q#Qib- Rk,dR@@3kX RyXRykjf�,RyRjkRyNyN39yX

E�DBi�- aX- E�M2?B`Q- 6X- E�M2FQ- EX- 6mDBr�`�- EX- >�`�/�- EX- uQFQB- EX- �M/
>B`mF�r�- >X UkyyjVX "BT2/ r�HFBM; T�ii2`M ;2M2`�iBQM #v mbBM; T`2pB2r +QMi`QH
Q7 x2`Q@KQK2Mi TQBMiX AM A111 AMi2`M�iBQM�H *QM72`2M+2 QM _Q#QiB+b �M/ �miQK�@
iBQM- pQHmK2 k- T�;2b Reky@@RekeX *Bi2b22`X

E�DBi�- aX �M/ h�MB- EX URNNRVX aim/v Q7 /vM�KB+ #BT2/ HQ+QKQiBQM QM `m;;2/ i2``�BM@
/2`Bp�iBQM �M/ �TTHB+�iBQM Q7 i?2 HBM2�` BMp2`i2/ T2M/mHmK KQ/2X A111 AMi2`M�iBQM�H
*QM72`2M+2 QM _Q#QiB+b �M/ �miQK�iBQM- k,R9y8 @@R9RR pQHXkX

E�DBi�- aX- u�K�m`�- hX- �M/ EQ#�v�b?B- �X URNNkVX .vM�KB+ r�HFBM; +QMi`QH Q7 � #BT2/
`Q#Qi �HQM; � TQi2MiB�H 2M2`;v +QMb2`pBM; Q`#BiX A111 h`�Mb�+iBQMb QM _Q#QiB+b �
�miQK�iBQM- 3,9jR@@9j3X

E�M�KBv�- uX- Pi�- aX- �M/ a�iQ- .X UkyRyVX �MFH2 �M/ ?BT #�H�M+2 +QMi`QH bi`�i2;B2b
rBi? i`�MbBiBQMbX AM _Q#QiB+b �M/ �miQK�iBQM UA*_�V- kyRy A111 AMi2`M�iBQM�H
*QM72`2M+2 QM- T�;2b j99e @@j98RX

E�`�K�MB/Bb- EX UkyyeVX JQiQ` #2?�pBQm` /m`BM; bm//2M T2`im`#�iBQM �M/ `2T2iBiBp2
MQM@bi`�i2;B+ i�bFb BM +QMbB/2`�iBQM Q7 Kmb+H2@i2M/QM mMBi +�T�+BiB2b, 2z2+ib Q7 �;BM;
�M/ `mMMBM;X S?. i?2bBb- AMbiBimi2 Q7 "BQK2+?�MB+b �M/ P`i?QT�2/B+b :2`K�M aTQ`i
lMBp2`bBiv- *QHQ;M2X

E�r�iQ- JX URNNNVX AMi2`M�H KQ/2Hb 7Q` KQiQ` +QMi`QH �M/ i`�D2+iQ`v TH�MMBM;X *m``2Mi
PTBMBQM BM L2m`Q#BQHQ;v- NUeV,dR3@@dkdX

Ree



Red

EBM;- :X- Gm+?B2b- *X- aivHB�MQm- �X- a+?BzK�M- CX- �M/ h?2H2M- .X Ukyy8VX 1z2+ib
Q7 bi2T H2M;i? QM bi2TTBM; `2bTQMb2b mb2/ iQ �``2bi � 7Q`r�`/ 7�HHX :�Bi � SQbim`2-
kkUjV,kRN@@kk9X

EB`F- �X- :`�Mi- _X- �M/ "B`/- _X UkyyjVX S�bb2M;2` +�bm�HiB2b BM MQM@+QHHBbBQM BM+B/2Mib
QM #mb2b �M/ +Q�+?2b BM ;`2�i #`Bi�BMX AM S`Q+22/BM;b Q7 i?2 R3i? AMi2`M�iBQM�H
h2+?MB+�H *QM72`2M+2 QM i?2 1M?�M+2/ a�72iv Q7 o2?B+H2bX Ü la .2T�`iK2Mi Q7
h`�MbTQ`i�iBQMX

EQKm`�- hX- G2mM;- >X- Em/Q?- aX- �M/ EmzM2`- CX Ukyy8VX � 722/#�+F +QMi`QHH2` 7Q`
#BT2/ ?mK�MQB/b i?�i +�M +QmMi2`�+i H�`;2 T2`im`#�iBQMb /m`BM; ;�BiX AM S`Q+22/BM;b
Q7 i?2 kyy8 A111 AMi2`M�iBQM�H *QM72`2M+2 QM _Q#QiB+b �M/ �miQK�iBQM UA*_�V-
T�;2b RN3N@@RNN8X A111X

EQQH2M- hX- "Q2`- hX .X- _2#mH�- CX- :Qbr�KB- �X- �M/ S`�ii- CX UkyRkVX *�Tim`�#BHBiv@
#�b2/ �M�HvbBb �M/ +QMi`QH Q7 H2;;2/ HQ+QKQiBQM- T�`i R, h?2Q`v �M/ �TTHB+�iBQM iQ
i?`22 bBKTH2 ;�Bi KQ/2HbX AMi2`M�iBQM�H CQm`M�H Q7 _Q#QiB+b _2b2�`+?- bm#KBii2/X

Emx2HB+FB- CX- w27`�M- JX- "m`;2`- >X- �M/ "�D/- hX Ukyy8VX avMi?2bBb Q7 bi�M/BM;@mT
i`�D2+iQ`B2b mbBM; /vM�KB+ QTiBKBx�iBQMX :�Bi � SQbim`2- kRURV,R @@ RRX

G2#Q2m7- 6X- "2bbQMM2i- :X- a2;mBM- SX- �M/ G�+Qmim`2- SX UkyyeVX 1M2`;2iB+ p2`bmb
bi?2MB+ QTiBK�HBiv +`Bi2`B� 7Q` ;vKM�biB+ KQp2K2Mi bvMi?2bBbX JmHiB#Q/v avbi2K
.vM�KB+b- ReUjV,kRj@@kjeX

G22- qX �X �M/ .2KBM;- GX _X URN33VX �;2@`2H�i2/ +?�M;2b BM i?2 bBx2 Q7 i?2 2z2+iBp2
bmTTQ`i #�b2 /m`BM; bi�M/BM;X S?vbB+�H h?2`�Tv- e3,38NX

GBK- >X@PX �M/ h�F�MBb?B- �X UkyyyVX q�b2/� #BT2/ ?mK�MQB/ `Q#Qib `2�HBxBM; ?mK�M@
HBF2 KQiBQMX AM S`Q+22/BM;b Q7 ei? AMi2`M�iBQM�H qQ`Fb?QT QM �/p�M+2/ JQiBQM
*QMi`QHX

GQ`�K- AX .X �M/ G�FB2- JX UkyykVX >mK�M #�H�M+BM; Q7 �M BMp2`i2/ T2M/mHmK, TQ@
bBiBQM +QMi`QH #v bK�HH- #�HHBbiB+@HBF2- i?`Qr �M/ +�i+? KQp2K2MibX h?2 CQm`M�H Q7
T?vbBQHQ;v- 89yUSi jV,RRRR@@RRk9X
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GQ`/- aX- *H�`F- _X- �M/ q2#bi2`- AX URNNR�VX S?vbBQHQ;B+�H 7�+iQ`b �bbQ+B�i2/ rBi? 7�HHb
BM �M 2H/2`Hv TQTmH�iBQMX CQm`M�H Q7 i?2 �K2`B+�M :2`B�i`B+b aQ+B2iv- jNURkV,RRN9@@
kyyX

GQ`/- aX _X- *H�`F- _X .X- �M/ q2#bi2`- AX qX URNNR#VX SQbim`�H bi�#BHBiv �M/ �bbQ+B@
�i2/ T?vbBQHQ;B+�H 7�+iQ`b BM � TQTmH�iBQM Q7 �;2/ T2`bQMbX CQm`M�H Q7 :2`QMiQHQ;v-
9eUjV,JeN@@JdeX

GQ`/- aX _X- a?2``BM;iQM- *X- �M/ J2Mx- >X "X UkyyRVX 6�HHb BM PH/2` S2QTH2, _BbF
6�+iQ`b �M/ ai`�i2;B2b 7Q` S`2p2MiBQMX *�K#`B/;2 lMBp2`bBiv S`2bbX

J�/B;�M- JX �M/ GHQv/- 1X Ukyy8VX �;2 �M/ bi2TTBM; HBK# T2`7Q`K�M+2 /Bz2`2M+2b
/m`BM; � bBM;H2@bi2T `2+Qp2`v 7`QK � 7Q`r�`/ 7�HHX h?2 CQm`M�Hb Q7 :2`QMiQHQ;v a2`B2b
�, "BQHQ;B+�H a+B2M+2b �M/ J2/B+�H a+B2M+2b- eyU9V,93R@@938X

J�FB- "X �M/ J+AH`Qv- qX URNNdVX h?2 `QH2 Q7 HBK# KQp2K2Mib BM K�BMi�BMBM; mT`B;?i
bi�M+2, i?2] +?�M;2@BM@bmTTQ`i] bi`�i2;vX S?vbB+�H h?2`�Tv- ddU8V,933X

J�FB- "X �M/ J+AH`Qv- qX UkyydVX *Q;MBiBp2 /2K�M/b �M/ +Q`iB+�H +QMi`QH Q7 ?mK�M
#�H�M+2@`2+Qp2`v `2�+iBQMbX CQm`M�H Q7 L2m`�H h`�MbKBbbBQM- RR9,RkdN@@RkNeX

J�FB- "X- J+AH`Qv- qX- �M/ 62`MB2- :X UkyyjVX *?�M;2@BM@bmTTQ`i `2�+iBQMb 7Q` #�H�M+2
`2+Qp2`vX A111 1M;BM22`BM; BM J2/B+BM2 �M/ "BQHQ;v J�;�xBM2- kkUkV,ky @@ keX

J�FB- "X- J+AH`Qv- qX- �M/ S2``v- aX URNN9VX *QKT2Mb�iQ`v `2bTQMb2b iQ KmHiB@
/B`2+iBQM�H T2`im`#�iBQMbX AM h�;m+?B- EX- A;�`�b?B- JX- �M/ JQ`B- aX- 2/BiQ`b- o2biB#m@
H�` �M/ L2m`�H 6`QMiX- T�;2b 9jd@@99y- �Kbi2`/�K- i?2 L2i?2`H�M/bX 1Hb2pB2` a+B2M+2
Sm#HBb?2`b "oX

J�`iBM- GX- *�?Qmďi- oX- 62``v- JX- �M/ 6Qm[m2- 6X UkyyeVX PTiBKBx�iBQM KQ/2H
T`2/B+iBQMb 7Q` TQbim`�H +QQ`/BM�iBQM KQ/2bX CQm`M�H Q7 "BQK2+?�MB+b- jNURV,Rdy @@
RdeX

J�m`2`- *X- J2`;M2`- hX- �M/ S2i2`F�- _X UkyyeVX JmHiBb2MbQ`v +QMi`QH Q7 ?mK�M
mT`B;?i bi�M+2X 1tT2`BK2Mi�H "`�BM _2b2�`+?- RdR,kjR@@k8yX RyXRyydfbyykkR@yy8@
yk8e@vX

Re3



ReN

J+AH`Qv- qX �M/ J�FB- "X URNNjVX h�bF +QMbi`�BMib QM 7QQi KQp2K2Mi �M/ i?2 BM+B/2M+2
Q7 +QKT2Mb�iQ`v bi2TTBM; 7QHHQrBM; T2`im`#�iBQM Q7 mT`B;?i bi�M+2X "`�BM _2b2�`+?-
eReUR@kV,jy@@j3X

J+AH`Qv- qX �M/ J�FB- "X URNNeVX �;2@`2H�i2/ +?�M;2b BM +QKT2Mb�iQ`v bi2TTBM; BM
`2bTQMb2 iQ mMT`2/B+i�#H2 T2`im`#�iBQMbX CQm`M�Hb Q7 :2`QMiQHQ;v a2`B2b �, "BQHQ;B+�H
a+B2M+2b � J2/B+�H a+B2M+2b- 8R�,Jk3N@@JkNeX

J+AH`Qv- qX 1X �M/ J�FB- "X 1X URNN9VX h?2 /2+2H2`�iBQM `2bTQMb2 iQ i`�MbB2Mi T2`im`@
#�iBQM Q7 mT`B;?i bi�M+2X L2m`Qb+B2M+2 G2ii2`b- Rd8,Rj @@ ReX

J+HH`Qv- qX �M/ J�FB- "X URNN9VX *QKT2Mb�iQv �`K KQp2K2Mib 2pQF2/ #v i`�MbB2Mi
T2`im`#�iBQMb Q7 mT`B;?i bi�M+2X AM h�;m+?B- EX- A;�`�b?B- JX- �M/ JQ`B- aX- 2/BiQ`b-
o2biB#mH�` �M/ L2m`�H 6`QMiX- T�;2b 93N@@9Nk- �Kbi2`/�K- i?2 L2i?2`H�M/bX 1Hb2pB2`
a+B2M+2 Sm#HBb?2`b "oX

J2`;M2`- hX- J�m`2`- *X- �M/ S2i2`F�- _X UkyyjVX S`Q;`2bb BM "`�BM _2b2�`+?- pQHmK2
R9k- +?�Ti2` � KmHiBb2MbQ`v TQbim`2 +QMi`QH KQ/2H Q7 ?mK�M mT`B;?i bi�M+2X 1Hb2pB2`
a+B2M+2 "XoX

JBHH2- JX@GX- _Q;2`b- JX qX- J�`iBM2x- EX- >2/K�M- GX .X- CQ?MbQM- JX 1X- GQ`/- aX _X-
�M/ 6BixT�i`B+F- _X *X UkyyjVX h?`2b?QH/b 7Q` BM/m+BM; T`Qi2+iBp2 bi2TTBM; `2bTQMb2b
iQ 2ti2`M�H T2`im`#�iBQMb Q7 ?mK�M bi�M/BM;X C L2m`QT?vbBQH- NyUkV,eee@@ed9X

JQ;HQ- EX �M/ aK22bi2`b- *X Ukyy8VX h?2 i?`2b?QH/ Q7 #�H�M+2 `2+Qp2`v Bb MQi �z2+i2/
#v i?2 ivT2 Q7 TQbim`�H T2`im`#�iBQMX AM Aa" ssi? *QM;`2bb @ �a" kNi? �MMm�H
J22iBM;X

JQ`�bbQ- SX �M/ a+?B2TT�iB- JX URNNNVX *�M Kmb+H2 biBzM2bb �HQM2 bi�#BHBx2 mT`B;?i
bi�M/BM;\ CQm`M�H Q7 L2m`QT?vbBQHQ;v- 3kUjV,Rekk@@RekeX

L�b?M2`- GX JX �M/ J+*QHHmK- :X URN38VX h?2 Q`;�MBx�iBQM Q7 ?mK�M TQbim`�H KQp2@
K2Mib, � 7Q`K�H #�bBb �M/ 2tT2`BK2Mi�H bvMi?2bBbX "2?�pBQ`�H �M/ "`�BM a+B2M+2b-
3,Rj8@@R8yX

ReN



Rdy

L2M+?2p- .X �M/ LBb?BQ- �X UkyydVX 1tT2`BK2Mi�H p�HB/�iBQM Q7 �MFH2 �M/ ?BT bi`�i2;B2b
7Q` #�H�M+2 `2+Qp2`v rBi? � #BT2/ bm#D2+i2/ iQ �M BKT�+iX AM A111f_aC AMi2`M�iBQM�H
*QM72`2M+2 QM AMi2HHB;2Mi _Q#Qib �M/ avbi2Kb UA_PaV- T�;2b 9yj8 @@9y9yX

LBb?Br�FB- EX- E�;�KB- aX- EmMBvQb?B- uX- AM�#�- JX- �M/ AMQm2- >X UkyykVX PMHBM2
;2M2`�iBQM Q7 ?mK�MQB/ r�HFBM; KQiBQM #�b2/ QM � 7�bi ;2M2`�iBQM K2i?Q/ Q7 KQ@
iBQM T�ii2`M i?�i 7QHHQrb /2bB`2/ xKTX AM A111f_aC AMi2`M�iBQM�H *QM72`2M+2 QM
AMi2HHB;2Mi _Q#Qib �M/ avbi2Kb- pQHmK2 j- T�;2b ke39@@ke3NX A111X

LBb?ir�FB- EX- L�;�b�F�- EX- AM�#�- JX- �M/ AMQm2- >X URNNNVX :2M2`�iBQM Q7 `2�+@
iBp2 bi2TTBM; KQiBQM 7Q` � ?mK�MQB/ #v /vM�KB+�HHv bi�#H2 KBtim`2 Q7 T`2@/2bB;M2/
KQiBQMbX AM S`Q+22/BM;b Q7 A111 AMi2`M�iBQM�H *QM72`2M+2 QM avbi2Kb- J�M- �M/
*v#2`M2iB+b UA111 aJ*^NNV- pQHmK2 e- T�;2b Nyk@@NydX A111X

PrBM;b- hX JX- S�pQH- JX CX- �M/ :`�#BM2`- JX .X UkyyRVX J2+?�MBbKb Q7 7�BH2/ `2+Qp@
2`v 7QHHQrBM; TQbim`�H T2`im`#�iBQMb QM � KQiQ`Bx2/ i`2�/KBHH KBKB+ i?Qb2 �bbQ+B�i2/
rBi? �M �+im�H 7Q`r�`/ i`BTX *HBMB+�H "BQK2+?�MB+b U"`BbiQH- �pQMV- ReUNV,3Rj@@3RNX

S�B- uX- J�FB- "X- A[#�H- EX- J+AH`Qv- qX- �M/ S2``v- aX UkyyyVX h?`2b?QH/b 7Q` bi2T
BMBiB�iBQM BM/m+2/ #v bmTTQ`i@bm`7�+2 i`�MbH�iBQM, � /vM�KB+ +2Mi2`@Q7@K�bb KQ/2H
T`QpB/2b Km+? #2ii2` T`2/B+iBQM i?�M � bi�iB+ KQ/2HX CQm`M�H Q7 "BQK2+?�MB+b-
jjUjV,j3d@@jNkX

S�B- uX *X �M/ S�iiQM- CX URNNdVX *2Mi2` Q7 K�bb p2HQ+Biv@TQbBiBQM T`2/B+iBQMb 7Q`
#�H�M+2 +QMi`QHX CQm`M�H Q7 "BQK2+?�MB+b- jyU9V,j9d@@j89X

S�B- uX *X- _Q;2`b- JX qX- S�iiQM- CX- *�BM- hX .X- �M/ >�MF2- hX �X URNN3VX ai�iB+
p2`bmb /vM�KB+ T`2/B+iBQMb Q7 T`Qi2+iBp2 bi2TTBM; 7QHHQrBM; r�Bbi@TmHH T2`im`#�iBQMb
BM vQmM; �M/ QH/2` �/mHibX CQm`M�H Q7 "BQK2+?�MB+b- jRURkV,RRRR@@RRR3X

S�B- uX@*X- q2MBM;- CX .X- _mMix- 1X 6X- A[#�H- EX- �M/ S�pQH- JX CX UkyyjVX _QH2 Q7
722/7Q`r�`/ +QMi`QH Q7 KQp2K2Mi bi�#BHBiv BM `2/m+BM; bHBT@`2H�i2/ #�H�M+2 HQbb �M/
7�HHb �KQM; QH/2` �/mHibX CQm`M�H Q7 L2m`QT?vbBQHQ;v- NyUkV,d88@@dekX
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S�M/v- JX :X- :�`M2`- "X �X- �M/ �M/2`bQM- 6X *X URNN8VX PTiBK�H +QMi`QH Q7 MQM@
#�HHBbiB+ Kmb+mH�` KQp2K2Mib, � +QMbi`�BMi@#�b2/ T2`7Q`K�M+2 +`Bi2`BQM 7Q` `BbBM;
7`QK � +?�B`X CQm`M�H Q7 "BQK2+?�MB+�H 1M;BM22`BM;- RRdURV,R8@@keX

S�`F- CX >X �M/ *?Q- >X *X UkyyyVX �M QMHBM2 i`�D2+iQ`v KQ/B}2` 7Q` i?2 #�b2 HBMF Q7
#BT2/ `Q#Qib iQ 2M?�M+2 HQ+QKQiBQM bi�#BHBivX AM _Q#QiB+b �M/ �miQK�iBQM- kyyyX
S`Q+22/BM;bX A*_� ^yyX A111 AMi2`M�iBQM�H *QM72`2M+2 QM- pQHmK2 9- T�;2b jj8j
@@jj83 pQHX9X

S�`F- aX- >Q`�F- 6X- �M/ EmQ- �X Ukyy9VX SQbim`�H 722/#�+F `2bTQMb2b b+�H2 rBi? #BQK2@
+?�MB+�H +QMbi`�BMib BM ?mK�M bi�M/BM;X 1tT2`BK2Mi�H "`�BM _2b2�`+?- R89U9V,9Rd@
@9kdX

S�pQH- JX CX- PrBM;b- hX JX- 6QH2v- EX hX- �M/ :`�#BM2`- JX .X UkyyRVX J2+?�MBbKb
H2�/BM; iQ � 7�HH 7`QK �M BM/m+2/ i`BT BM ?2�Hi?v QH/2` �/mHibX h?2 CQm`M�Hb Q7
:2`QMiQHQ;v a2`B2b �, "BQHQ;B+�H a+B2M+2b �M/ J2/B+�H a+B2M+2b- 8eUdV,J9k3@@J9jdX

S2i2`F�- _X UkyykVX a2MbQ`BKQiQ` BMi2;`�iBQM BM ?mK�M TQbim`�H +QMi`QHX CQm`M�H Q7
L2m`QT?vbBQHQ;v- 33UjV,RyNd@@RRR3X

SBDM�TT2Hb- JX- "Q##2`i- JX 6X- �M/ p�M .B2M- CX >X Ukyy8VX >Qr 2�`Hv `2�+iBQMb BM i?2
bmTTQ`i HBK# +QMi`B#mi2 iQ #�H�M+2 `2+Qp2`v �7i2` i`BTTBM;X CQm`M�H Q7 "BQK2+?�MB+b-
j3UjV,ekd@@ej9X

SQTQpB+- JX "X- :Qbr�KB- �X- �M/ >2``- >X Ukyy8VX :`QmM/ `272`2M+2 TQBMib BM H2;;2/
HQ+QKQiBQM, .2}MBiBQMb- #BQHQ;B+�H i`�D2+iQ`B2b �M/ +QMi`QH BKTHB+�iBQMbX h?2 AMi2`@
M�iBQM�H CQm`M�H Q7 _Q#QiB+b _2b2�`+?- k9URkV,RyRj@@RyjkX

S`�ii- CX- *�`z- CX- .`�FmMQp- aX- �M/ :Qbr�KB- �X UkyyeVX *�Tim`2 TQBMi, � bi2T
iQr�`/ ?mK�MQB/ Tmb? `2+Qp2`vX AM S`Q+22/BM;b Q7 i?2 kyye ei? A111@_�a AMi2`@
M�iBQM�H *QM72`2M+2 QM >mK�MQB/ _Q#Qib- T�;2b kyy@@kydX

S`�ii- CX- EQQH2M- hX- "Q2`- hX .X- _2#mH�- CX- *QiiQM- aX- *�`z- CX- CQ?MbQM- JX- �M/
L2m?�mb- SX UkyRkVX *�Tim`�#BHBiv@#�b2/ �M�HvbBb �M/ +QMi`QH Q7 H2;;2/ HQ+QKQiBQM
- T�`i k, �TTHB+�iBQM iQ Kkpk - � HQr2` #Q/v ?mK�MQB/X AMi2`M�iBQM�H CQm`M�H Q7
_Q#QiB+b _2b2�`+?- bm#KBii2/X

RdR
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_Q#2`i- hX UkyyeVX �M�Hvb2 #BQKû+�MB[m2 /m K�BMiB2M /2 H^û[mBHB#`2 /2#Qmi bmBi2 ¨
mM2 �++ûHû`�iBQM i`�MbBiQB`2 /2 H� bm`7�+2 /^�TTmB @ �TTHB+�iBQM ¨ H^�KûHBQ`�iBQM /2
H� T`Qi2+iBQM /2b T�bb�;2`b /2 i`�MbTQ`ib 2M +QKKmMX S?. i?2bBb- AMbiBimi L�iBQM�H
/2b a+B2M+2b �TTHB[mû2b /2 GvQMX

_Q#2`i- hX �M/ o2``B2bi- CX UkyydVX G�i2M+v Q7 i?2 �+iBp2 K2+?�MB+�H `2bTQMb2 7QHHQr@
BM; � i`�MbH�iBQM Q7 i?2 bmTTQ`i bm`7�+2X *QKTmi2` J2i?Q/b BM "BQK2+?�MB+b �M/
"BQK2/B+�H 1M;BM22`BM;- Ry,R9R@@R9kX

_mM;2- *X 6X- a?mT2`i- *X GX- >Q`�F- 6X "X- �M/ w�D�+- 6X 1X URNNNVX �MFH2 �M/ ?BT
TQbim`�H bi`�i2;B2b /2}M2/ #v DQBMi iQ`[m2bX :�Bi � SQbim`2- RyUkV,ReR@@RdyX

a+?BHHBM;b- �X- q2x2H- "X oX- �M/ .mvb2Mb- CX URNNeVX J2+?�MB+�HHv BM/m+2/ bimK#HBM;
/m`BM; ?mK�M i`2�/KBHH r�HFBM;X CQm`M�H Q7 L2m`Qb+B2M+2 J2i?Q/b- edURV,RR @@ RdX

a+?mHx- "X- �b?iQM@JBHH2`- CX- �M/ �H2t�M/2`- LX Ukyy8VX *QKT2Mb�iQ`v bi2TTBM; BM
`2bTQMb2 iQ r�Bbi TmHHb BM #�H�M+2@BKT�B`2/ �M/ mMBKT�B`2/ rQK2MX :�Bi � TQbim`2-
kkUjV,RN3@@kyNX

aQ+B�H2- aX UkyyRVX G2b +Hûb /m #B2M pB2BHHB`, S`ûp2MiBQM /2b +?mi2b +?2x H2b b2MBQ`bX
h2+?MB+�H `2TQ`i- *QKBiû 6`�MÏ�Bb /^1/m+�iBQM TQm` H� a�Miû U*61aVX

ai2T?2Mb- "X UkyydVX >mK�MQB/ Tmb? `2+Qp2`vX AM A111@_�a AMi2`M�iBQM�H *QM72`2M+2
QM >mK�MQB/ _Q#QibX *Bi2b22`X

ai2T?2Mb- "X �M/ �iF2bQM- *X UkyRyVX Smb? `2+Qp2`v #v bi2TTBM; 7Q` ?mK�MQB/ `Q#Qib
rBi? 7Q`+2 +QMi`QHH2/ DQBMibX AM AMi2`M�iBQM�H *QM72`2M+2 QM >mK�MQB/ _Q#Qib kyRyX

axim`K- hX �M/ 6�HH�M;- "X URNN3VX 1z2+ib Q7 p�`vBM; �++2H2`�iBQM Q7 TH�i7Q`K i`�Mb@
H�iBQM �M/ iQ2b@mT `Qi�iBQMb QM i?2 T�ii2`M �M/ K�;MBim/2 Q7 #�H�M+2 `2�+iBQMb BM
?mK�MbX CQm`M�H Q7 p2biB#mH�` `2b2�`+?, 2[mBHB#`BmK � Q`B2Mi�iBQM- 3U8V,j3R@@jNdX

h�F2M�F�- hX- J�ibmKQiQ- hX- uQb?BBF2- hX- >�b2;�r�- hX- a?B`QFm`�- aX- E�M2FQ-
>X- �M/ P`Bi�- �X UkyyNVX _2�H iBK2 KQiBQM ;2M2`�iBQM �M/ +QMi`QH 7Q` #BT2/ `Q#Qi
@9i? `2TQ`i, AMi2;`�i2/ #�H�M+2 +QMi`QHX AM A111f_aC AMi2`M�iBQM�H *QM72`2M+2 QM
AMi2HHB;2Mi _Q#Qib �M/ avbi2KbX

Rdk



Rdj

h?2H2M- .X- a+?mHix- �X- �H2t�M/2`- LX- �M/ �b?iQM@JBHH2`- CX URNNeVX 1z2+ib Q7 �;2 QM
`�TB/ �MFH2 iQ`[m2 /2p2HQTK2MiX h?2 CQm`M�Hb Q7 :2`QMiQHQ;v a2`B2b �, "BQHQ;B+�H
a+B2M+2b �M/ J2/B+�H a+B2M+2b- 8RU8V,Jkke@@jkX

h?2H2M- .X- qQD+BF- GX- a+?mHix- �X- �b?iQM@JBHH2`- CX- �M/ �H2t�M/2`- LX URNNdVX �;2
/Bz2`2M+2b BM mbBM; � `�TB/ bi2T iQ `2;�BM #�H�M+2 /m`BM; � 7Q`r�`/ 7�HHX h?2 CQm`M�Hb
Q7 :2`QMiQHQ;v, a2`B2b �- 8kURV,J3X

lMQ- uX- E�r�iQ- JX- �M/ amxmFB- _X URN3NVX 6Q`K�iBQM �M/ +QMi`QH Q7 QTiBK�H
i`�D2+iQ`v BM ?mK�M KmHiBDQBMi �`K KQp2K2MiX "BQHQ;B+�H *v#2`M2iB+b- eR,3N@@RyRX

o�M /2M "Q;2`i- �X- S�pQH- JX- �M/ :`�#BM2`- JX UkyykVX _2bTQMb2 iBK2 Bb KQ`2
BKTQ`i�Mi i?�M r�HFBM; bT22/ 7Q` i?2 �#BHBiv Q7 QH/2` �/mHib iQ �pQB/ � 7�HH �7i2` �
i`BTX CQm`M�H Q7 #BQK2+?�MB+b- j8UkV,RNN@@ky8X

p�M /2` "m`;- CX *X 1X- SBDM�TT2Hb- JX- �M/ p�M .B2M- CX >X UkyydVX h?2 BM~m2M+2 Q7
�`iB}+B�HHv BM+`2�b2/ i`mMF biBzM2bb QM i?2 #�H�M+2 `2+Qp2`v �7i2` � i`BTX :�Bi SQbim`2-
keUkV,kdk@@kd3X

p�M /2` EQQBD- >X- C�+Q#b- _X- EQQTK�M- "X- �M/ :`QQi2M#Q2`- >X URNNNVX � KmHiBb2M@
bQ`v BMi2;`�iBQM KQ/2H Q7 ?mK�M bi�M+2 +QMi`QHX "BQHQ;B+�H *v#2`M2iB+b- 3y,kNN@@jy3X

p�M /2` EQQBD- >X- C�+Q#b- _X- EQQTK�M- "X- �M/ p�M /2` >2HK- 6X UkyyRVX �M
�/�TiBp2 KQ/2H Q7 b2MbQ`v BMi2;`�iBQM BM � /vM�KB+ 2MpB`QMK2Mi �TTHB2/ iQ ?mK�M
bi�M+2 +QMi`QHX "BQHQ;B+�H +v#2`M2iB+b- 39UkV,Ryj@@RR8X

o2``B2bi- CX@SX- >2iB2`- JX- *?2p�HB2`- JX@*X- _Q#2`i- hX- �M/ "2BHH�b- SX UkyRyVX EBM2@
K�iB+b Q7 � bi�M/BM; T�bb2M;2` bm#D2+i2/ iQ �M 2K2`;2M+v #`�FBM; /2+2H2`�iBQM TmHb2X
AM S`Q+22/BM;b Q7 i?2 ei? qQ`H/ *QM;`2bb Q7 "BQK2+?�MB+b- R @ e �m;mbi kyRy- aBM@
;�TQ`2 UaBM;�TQ`2VX

qB2#2`- SX Ukyy8VX aQK2 +QKK2Mib QM i?2 bi`m+im`2 Q7 i?2 /vM�KB+b Q7 �`iB+mH�i2/
KQiBQMX AM 6�bi JQiBQMb BM "BQK2+?�MB+b �M/ _Q#QiB+bX

qB2#2`- SX Ukyy3VX oB�#BHBiv �M/ T`2/B+iBp2 +QMi`QH 7Q` b�72 HQ+QKQiBQMX AM A111@_aC
AMi2`M�iBQM�H *QM72`2M+2 QM AMi2HHB;2Mi _Q#Qib � avbi2KbX

Rdj
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qB2#2`- SX �M/ *?2p�HH2`2�m- *X UkyyeVX PMHBM2 �/�Ti�iBQM Q7 `272`2M+2 i`�D2+iQ`B2b 7Q`
i?2 +QMi`QH Q7 r�HFBM; bvbi2KbX _Q#QiB+b �M/ �miQMQKQmb avbi2Kb- 89UdV,88N@@8eeX

qB2#2`- SX "X UkyykVX PM i?2 bi�#BHBiv Q7 r�HFBM; bvbi2KbX AM S`Q+22/BM;b Q7 i?2
AMi2`M�iBQM�H qQ`Fb?QT QM >mK�MQB/ �M/ >mK�M 6`B2M/Hv _Q#QiB+bX

qB2#2`- SX@"X UkyyeVX h`�D2+iQ`v 7`22 HBM2�` KQ/2H T`2/B+iBp2 +QMi`QH 7Q` bi�#H2 r�HFBM;
BM i?2 T`2b2M+2 Q7 bi`QM; T2`im`#�iBQMbX AM A111@_�a AMi2`M�iBQM�H *QM72`2M+2 QM
>mK�MQB/ _Q#QibX

qB;?i- .X GX- Em#B+�- 1X :X- �M/ q�M;- .X qX GX Ukyy3VX AMi`Q/m+iBQM Q7 i?2 7QQi
TH�+2K2Mi 2biBK�iQ`, � /vM�KB+ K2�bm`2 Q7 #�H�M+2 7Q` #BT2/�H `Q#QiB+bX CQm`M�H
Q7 *QKTmi�iBQM�H �M/ LQMHBM2�` .vM�KB+b- j,RRyyNX

qBMi2`- .X URNNyVX "BQK2+?�MB+b �M/ JQiQ` *QMi`QH Q7 >mK�M JQp2K2MiX qBH2v-
L2r uQ`FX

qBMi2`- .X �X URNNkVX 6QQi i`�D2+iQ`v BM ?mK�M ;�Bi, � T`2+Bb2 �M/ KmHiB7�+iQ`B�H
KQiQ` +QMi`QH i�bFX S?vbB+�H h?2`�Tv- dkURV,98@@8jX

qBMi2`- .X �X- S�iH�- �X 1X- S`BM+2- 6X- Ab?�+- JX- �M/ :B2HQ@S2`+x�F- EX URNN3VX aiBz@
M2bb +QMi`QH Q7 #�H�M+2 BM [mB2i bi�M/BM;X CQm`M�H Q7 L2m`QT?vbBQHQ;v- 3yUjV,RkRR@@
RkkRX

qBMi2`- .X �X- S�iH�- �X 1X- _B2i/vF- aX- �M/ Ab?�+- JX :X UkyyRVX �MFH2 Kmb+H2
biBzM2bb BM i?2 +QMi`QH Q7 #�H�M+2 /m`BM; [mB2i bi�M/BM;X CQm`M�H Q7 L2m`QT?vbBQHQ;v-
38UeV,kejy@@kejjX

qQD+BF- GX- h?2H2M- .X- a+?mHix- �X- �b?iQM@JBHH2`- CX- �M/ �H2t�M/2`- LX URNNNVX �;2
�M/ ;2M/2` /Bz2`2M+2b BM bBM;H2@bi2T `2+Qp2`v 7`QK � 7Q`r�`/ 7�HHX h?2 CQm`M�Hb Q7
:2`QMiQHQ;v a2`B2b �, "BQHQ;B+�H a+B2M+2b �M/ J2/B+�H a+B2M+2b- 89URV,J99@@J8yX

qm- JX- CB- GX- CBM- .X- �M/ +?mM; S�B- uX UkyydVX JBMBK�H bi2T H2M;i? M2+2bb�`v 7Q`
`2+Qp2`v Q7 7Q`r�`/ #�H�M+2 HQbb rBi? � bBM;H2 bi2TX C "BQK2+?- 9yUdV,R88N@@R8eeX

Rd9



Rd8

uBM- EX �M/ p�M /2 S�MM2- JX UkyyeVX PKMB/B`2+iBQM�H ?mK�MQB/ #�H�M+2 +QMi`QH,
JmHiBTH2 bi`�i2;B2b 7Q` `2�+iBM; iQ � Tmb?X h2+?MB+�H `2TQ`i- lMBp2`bBiv Q7 "`BiBb?
*QHmK#B�- *QKTmi2` a+B2M+2 .2T�`iK2MiX

umM- aX@EX �M/ :Qbr�KB- �X UkyRRVX JQK2MimK@#�b2/ `2�+iBp2 bi2TTBM; +QMi`QHH2`
QM H2p2H �M/ MQM@H2p2H ;`QmM/ 7Q` ?mK�MQB/ `Q#Qi Tmb? `2+Qp2`vX AM S`Q+22/BM;b Q7
A111f_aC AMi2`M�iBQM�H *QM72`2M+2 QM AMi2HHB;2Mi _Q#Qib �M/ avbi2KbX

w�``m;?- JX- hQ//- 6X- �M/ _�HbiQM- >X URNd9VX PTiBKBx�iBQM Q7 2M2`;v 2tT2M/Bim`2
/m`BM; H2p2H r�HFBM;X 1m`QT2�M CQm`M�H Q7 �TTHB2/ S?vbBQHQ;v �M/ P++mT�iBQM�H
S?vbBQHQ;v- jjU9V,kNj@@jyeX
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