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GENERAL INTRODUCTION 

 

The purpose… 

 

 

STATEMENT OF OBJECTIVE 

This chapter is to explain the primary premise of my thesis and what it is that we set out to 
explore. The following text will also put the specialized introduction (Chapter 1) in appropriate 

perspective. 

  

Life, sex and meiosis 

Life comes in many forms, from bacteria to multi-cellular organisms. The essence of life is the 
ability to replicate, forming more or less faithful copies of the original. While eubacteria and 
archae (all unicellular) divide, a single mother cell producing two daughter cells that are nearly 
identical copies of it, eukaryotes have the unique characteristic that they indulge in sex. 
Specifically, two parents rather than just one are used to go from one generation to the next, and 
at the heart of this process is “meiosis”. During meiosis of unicellular eukaryotes, a single 
“diploid” cell having n pairs of chromosomes (homologues) will produce “haploid” daughter 
cells having only one chromosome for each homologous pair; when two of these haploid cells 
fuse, one obtains a diploid cell that can start the process over again. In the case of multi-cellular 
organisms, specialized cells in the germ line of the organism undergo meiosis, producing the 
haploid gametes that then can produce the next generation by fusing to form the diploid zygote 
that is the single cell starting point for developing a new multicellular organism of the next 
generation. Note that for both the unicellular and multicellular cases, the “offspring” contains a 
mixture of the chromosomal content of its two “parents”. Thus “reproduction” in eukaryotes is 
fundamentally different from replication in bacteria or archae. Making sure that each offspring 
has exactly the same karyotype as the parents (the same number of pairs of homologues and 
nothing else) is a priori a challenge, so it will come as no surprise that meiosis involves a 
remarkably intricate system to position and properly separate chromosomes. If segregation errors 
arise as such in meiosis (trisomy being a common case in humans), generally the effects are 
deleterious if not lethal.  
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Is it a coincidence that all multicellular organisms reproduce via meiosis? It is tempting to 
postulate that the ability to produce offspring that are mixtures of their parents is evolutionarily 
advantageous, and there is a large body of research that has tried to demonstrate that this is so. 
Clearly the shuffling of chromosomes will allow for rapid enrichment in a population of 
favorable alleles for instance when the environment undergoes changes, so sex (in fact meiosis) 
should provide a selective advantage in adapting to new environments. It should be thus no 
surprise that meiosis is a focal point for many studies ranging from cell biology (because of the 
incredibly intricate molecular machinery required for faithful segregation of chromosomes) or in 
evolutionary biology (where much research focuses on modes and strategies of sexual 
reproduction). But meiosis is also of applied interest: by recurrent selection of offspring in 
breeding programs, humanity has domesticated numerous species (plants and animals) without 
which our lifestyles would be very different. In the last century the issue of fast effective 
breeding has become a major challenge, for instance to provide plant varieties that have high 
yield. Presently the stakes are in producing varieties that are more efficient in water and fertilizer 
use or are more resistant to disease. Although such programs can work by selecting one 
generation after another, recently it has transpired that manipulation of meiosis could 
dramatically speed up such programs. With this in mind, the present thesis is focused on the 
general question of understanding the mixing of alleles generated during meiosis and more 
specifically characterizing the pathways for crossover production. These questions are to a large 
extent questions of fundamental cell biology, but they also have potential impact for practical 
applications and for the long term sustainability of our way of life. 

 

Meiosis in a nutshell 

When a eukaryotic cell is not undergoing any kind of division – sexual or otherwise – it typically 
is in a diploid form with a complete set of chromosomes. By “complete” we mean that  
chromosomes come in pairs, one being maternal and one being paternal.  

Meiosis is preceded by replication of chromosomal DNA. After this replication (in essence each 
chromosome is duplicated or cloned), each chromosome appears as two sister chromatids (thus 
there are four copies of each chromosome) held together by cohesins. Cohesins are protein 
complexes that tie together these sisters. The centromere is a chromosomal region that is 
characterized by repeated sequences and is associated with different histones than the rest of the 
chromosome, but its main characteristic is that it recruits the proteins that assemble the 
kinetochore that attaches to microtubules. Microtubules thus can move the chromosomes and do 
so actively in meiosis. The centromere may be positioned towards the middle of the chromosome 
for metacentric chromosomes, rather to one side for acrocentric chromosomes or even at one end 
in telocentric chromosomes. In the first phase of meiosis, homologous chromosomes pair up and 
exchange chromosomal segments reciprocally (COs) or non-reciprocally (non-COs) between 
non-sister chromatids. Thereafter, first the pairs of homologues separate and in a second phase of 
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meiosis the remaining sister chromatids also separate in an orderly manner (in detail in Chapter 

1) to finally give gametes with only one copy per chromosome.      

 

Recombination or intra-chromosomal shuffling 

This exchange mixes the alleles, known as recombination. In the absence of COs, each gamete 
will inherit just one of the 2 homologues of its parent for each chromosome, this choice being 

random. If there are n pairs of homologues, there are 2n possible gametes that can be produced so 

we see the shuffling introduced by meiosis is important. However in the absence of COs, 
chromosomes would stay intact. By producing COs, meiosis introduces an additional level of 
shuffling that is intra-chromosomal, arising between homologues. When a chromosome of the 
gamete has for gene 1 the allele of homologue 1 and for gene 2 the allele of homologue 2, one 
says that it is recombinant for these 2 genes.  Recombination thus enhances the possibilities of 
genetic shuffling. Most certainly such shuffling is under selection constraints: too little shuffling 
reduces adaptability to changing environments while too much may break favorable associations 
of alleles. Thus one expects recombination rate to be regulated. This clearly must be the case as 
when one compares diverse organisms, the sizes of their genomes can differ by factors of 100 or 
more while their recombination rates vary typically only by factors of 2 to 3. How is this 
regulation implemented and why is it present? A better characterization of CO formation in 
many species should shed light on these questions.  

 

Variation in Recombination Rates 

Recombination rates are known to vary locally along chromosomes displaying several hotspots. 
However, these hotspots do not affect the global recombination landscape. Specific regions of a 
chromosome tend to recombine much more than others (telomeric regions for example as 
opposed to pericentromeric regions). But this tendency does not reflect on the relationship 
between genetic and physical distance, which remains monotonic. Genetic distance is measured 
in Morgan (1 unit = distance over which there is 1 CO on average) while physical distance units 
are base pairs (bp). So, with each Morgan, several hundreds of bp could be traversed on a 
chromosome. Thus it is befuddling how an almost constant slope is maintained despite the 
proved presence of recombination hotspots. 

In addition difference in recombination rates is also seen between sexes. For instance in 
Arabidopsis, female meiosis shows more recombination than male meiosis in general with the 
differences becoming more pronounced in certain chromosomal regions.  
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Interference amongst Crossovers 

COs do not form “randomly” nor independently along chromosomes. Two COs tend not be close 
to one another. This phenomenon is known as CO interference – formation of a CO interferes 
with the formation of COs in its neighborhood in either direction along the chromosome. Thus 
interference reduces variability in inter-CO distances by restricting nearby COs. But it is not 
known if it exercises an upper limit on inter-CO distances. It is however prudent to take note that 
higher inter-CO distance would indicate stronger interference.  

It has been seen that during meiosis each chromosome receives at least 1 CO. This is known as 
the obligate CO rule. But too many COs are also known to be deleterious. Hence interference 
could indeed be understood as a mechanism that helps strike a balance between these two 
scenarios.     

 

Diversity of crossover dynamics   

COs may also form without interference. Presently, at least two distinct CO formation pathways 
are known – interfering and non-interfering. So an organism might have only interfering COs or 
strictly non-interfering COs or a contribution from both kinds. When both pathways are found, 
the non-interfering COs constitute a minority of the total number of COs rather than majority. 
Further, inter-specific variations have been observed in interference strength as well as the 
proportion of the non-interfering pathway.  

These pathways are mediated by different gene families. But if we agree that interference is to 
restrict the number of COs, then what is the purpose of COs without any interference? Why is it 
that all organisms do not have both pathways? And how does sometimes only COs which do not 
interfere suffice to keep deleterious mutations at bay? 

 

What this thesis is about 

The work presented in this thesis focusses on understanding the two CO formation pathways in 
greater detail. For instance, how do they tend to vary at several levels – between chromosomes or 
between different regions of the same chromosome. Are these trends common to all species?  

We do our studies here mainly based on modeling CO interference. Modeling can provide 
insights which looking only at inter-CO distributions cannot. Till now, various models have been 
postulated – some statistical and others mechanistic. Each kind has its own ups and caveats. But 
due to the main disadvantage of no true likelihood for mechanistic models, we have dealt in the 
gamma model here based on stationary renewal processes (SRP). As the name suggests, the CO 
formation process is governed by a gamma SRP with the shape parameter quantifying 
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interference. This model is used as a powerful tool to make comparisons about interference at all 
levels and discovering distinct characteristics of the two pathways.  

If we can find an explanation to the arrangement of COs along chromosomes it would have far-
reaching applications in breeding programs.    

 

Data-inspired Models 

The kind of models formulated to study interference is also dependent on the kind of data. And 
the quality of data is indicated by several parameters. Firstly more the number of individuals in a 
dataset, the subsequent statistical analyses would be that much decisive and coherent. Second, 
whether information is available about every CO along each chromosome – one requires 
sufficient number of genetic markers or efficient microscopy (electron or immunofluorescence) 
techniques to detect all COs. Thirdly, the stage at which CO positions have been annotated - at 
the bivalent (four-stranded, during the first half of meiotic division or Meiosis I) level or at the 
gamete stage (double-stranded, at the end of sexual division or Meiosis II). On average, half the 
number of COs are observed on gametes as compared to bivalents.  

But models need to evolve as datasets become better and more detailed. Since though one can 
develop models including several experimentally proved details, this might entail increase in the 
number of parameters. And it is possible that the dataset then is not large enough to estimate that 
many parameters efficiently. Thus even if more intricate models can be developed and validated 
by simulations, for the purpose of application, larger datasets would need to be generated. Till 
sometime back, it was not possible to differentiate if COs were from one pathway or another on 
the same chromosome at the same time. However it was recently performed for the first time on 
tomato by the Anderson group (discussed later in the thesis). Thus now possibilities become 
manifold on the modeling front. Now we can actually validate the predicted landscapes for the 
two pathways.            

 

Guide to Chapters 

Chapter 1 gives a detailed introduction to the sexual division process of meiosis, CO formation 
and the various approaches followed to modeling CO interference over the years.  

Chapter 2 provides description of the different aspects of the gamma model of CO interference. 

Part I: 

We published a paper on the study of CO interference in Arabidopsis thaliana in Genetics. This 
data was from huge male and female backcross populations (1500 individuals each), prepared by 
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the Mézard group at INRA Versailles. So Chapter 3 details the methods proposed and 
implemented in the paper to analyze interference. Thereafter Chapter 4 summarizes the results 
presented in this work followed by its journal version.  

Part II: 

This portion describes the statistical analysis performed on the tomato (Solanum lycopersicum) 
data by the Anderson group (Colorado State University, USA). Thus Chapter 5 lays out the 
analysis details and the resulting insights from this first-of-its-kind data.  

Part III:  

The last part is about a model that we postulate by drawing from our observations in the Genetics 
publication. Chapter 6 explains the model intricacies. Finally Chapter 7 gives results from 
simulations and application to a dataset.  

Chapter 8 concludes the thesis. 
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Chapter 1: INTRODUCTION 

 

What it takes to begin… 

 
 

BACKGROUND: ON HINDSIGHT 

This introductory section intends to give an idea about the knowledge base we had at 
our disposal to begin building upon. In what follows, I explain to the best of my 

abilities, the three most important pillars of my thesis.  

 

MEIOSIS 

Eukaryotes reproducing sexually undergo meiosis where the first segregation Meiosis I (MI) is 
reductional and the second division or Meiosis II (MII) is equational. MI reduces the number of 
cytologically visible chromosomes to half while MII splits chromosomes into two chromatids 
without changing their number.  

The cell begins as diploid (say, 2N) with two sets of homologous chromosomes (maternal and 
paternal) followed by one round of replication. This leads to the appearance of sister chromatids 
held all along their length by cohesins and at the centromere for each homologue thus 
maintaining diploid status. And each chromosome then has four copies instead of the usual two.  

During the first stage of division (Meiosis I or MI), there is exchange of chromosomal segments 
(crossing over) between the homologues which finally separate into two cells (Figure 1.1). 
Crossing over allows recombination between parental chromosomes and creation of novel allelic 
combinations or genotypes. The cells during MI are diploid but possess only half of the 
chromosomes they began with, during the passage from MI to MII (say, n) having only one of 
the homologues for each homologue pair but with the sister chromatids still together. Further, 
there is stochasticity as to which cell receives which homologue in addition to crossing over as 
neither is purely maternal or paternal now. The second division phase (Meiosis II or MII) entails 
random segregation of the sister chromatids in each of the two nuclei dividing into two nuclei 
each, which are now haploid with a single chromatid per homologous chromosome pair. Hence 
meiosis derives four haploid cells (or gametes) from a diploid cell.  

Meiosis is an important process in the sexual life cycle of eukaryotes for largely two 
consequences (Figure 1.1). Firstly, the diploid status of organisms is restored when fertilization  
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Figure 1.1 Stages of Meiosis including Meiosis I and II. 
The diagram depicts details of the different stages of the process of meiosis using a cell having 4 
chromosomes in its diploid form and 2 for its haploid. The numbers indicated beside each ‘cell’ gives 
information about its contents. 2n  denoted diploid while 1n denotes haploid.   
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(fusion of the haploid gametes) takes place. Secondly, meiosis introduces genotypic variation in 
two specific ways: crossing over and random segregation at MI.  

 

1.1 The Process Overview 

1.1 (a) Interphase  

The cell prepares to carry out sexual division by rigorous manufacture of proteins such as 
enzymes and structural proteins essential to maintain cellular well-being. This is also known as 
the Growth I (G1) phase (Figure 1.1). At this stage nuclear De-oxy-ribonucleic acid (DNA) 
appears as chromatin, composed of euchromatin and heterochromatin. Subsequently the entire 
genetic material of the cell undergoes replication during the rather long Synthesis (S) phase (Cha 
et al. 2000). Thus each chromosome transforms into a complex of two sister chromatids held 
together by cohesins and the centromere (typically embedded in heterochromatin (Talbert & 
Henikoff 2010)), retaining diploidy.   

 

1.1 (b) Meiosis I 

The first prophase is the longest meiotic phase sub-divided into leptonema, zygonema, 
pachynema and diplonema, each with its characteristic changes in the emergence of double-
strand breaks (DSBs), positioning of the homologues with respect to each other, developmental 
stages of the synaptonemal complex (SC) and formation of late recombination nodules (SC-
associated cytological manifestation of DNA crossovers) (Figure 1.2).  

Leptonema sees initiation of an axial element (AE) along each sister chromatid pair followed by 
the formation of DSBs. These elements eventually become parts of the SC in the form of lateral 
elements. Chromosomes also begin to thicken, undergo various kinds of movements (e.g., 
attachment of telomeres to the nuclear membrane, Zickler &Kleckner 1998) which aid at least 
partly the homology search to complete homologous juxtaposition.  

Subsequently, the transverse elements (TEs) are gradually assembled between homologous AEs 
and in an attempt to repair the DSBs, intermediate joint molecules (JMs) such as single end 
invasion develop during zygonema. As the TEs appear in the region between the two pairs of 
sister chromatids in a homologue, each chromatid pair loops must align itself to opposite sides, 
away from the AEs such that the AEs face each other allowing space for the TEs to form in 
between (Bishop & Zickler 2004). SC formation is completed by pachynema and DSBs are 
repaired to either COs or non-crossovers (NCO) mediating recombination between mainly non-
sister chromatids. These two DSB repair classes differ in that COs result when the two 
chromosomal segments on either sides of the recombination site are inter-changed. 
Recombination plays an important role in ensuring meiosis is carried out efficiently as chiasmata  
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Figure 1.2 The sub-phases of the Prophase during Meiosis I. 
Leptonema - Interactions begin between the homologues (with 2 sister chromatids each) to move towards 
juxtaposition.  
Zygonema - The homologous axial elements begin to interact while the lateral element of the 
synaptonemal complex (SC) begins to take shape.  
Pachynema - Formation of  SC is complete and homologues have paired successfully. 
Diplonema – The homologues have completed exchange of segments at the chiasma where they remain 
attached.  
The cells have 4 chromosomes in their diploid state.  
 

Cell diagrams taken and modified from the Thesis of Nicolas Macaisne  (Defended on 26 November 2010)   
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establish connections between homologues. A fresh collage of alleles, drawing from the two 
parental homologues is more of a fortunate coincidence. This also explains the obligate-
crossover rule, adhered to by most eukaryotes.  

During the last phase, namely diplonema, there is an abrupt de-condensing and re-condensing of 
the homologues as the SC disintegrates leaving the homologues attached at the COs and the 
cohesins, responsible for the structural integrity of COs (Bishop 2006). Cohesins bind the sister 
chromatids along their entire lengths except where they are attached to a non-sister chromatid at 
a chiasma. Connected homologs hence become a single unit known as bivalent which facilitate 
bipolar spindle attachment of the centromeres to the MI spindle. Crucial to metaphase I are 
spindle-centromere interactions which stabilize only under tension, provided by “wrangling” of 
the microtubules between the two spindle poles (Bishop 2006). The inter-sister cohesin 
connections along arms prevent the chiasmata from separating by succumbing to the bi-polar 
forces before anaphase I.  

The homologues thus align towards opposite poles along the equatorial plate aided by their 
respective centromeres and conjoined via chiasmata while sister chromatids are kept together by 
the remnant cohesins near the centromeres as chiasmata are pulled apart to separate the 
homologues. The arm cohesins along sister chromatids are degraded by Separin as the cell enters 
anaphase I from metaphase I. And as the spindle now contracts to pull apart the homologous 
pairs, we observe opposite polar migration of one chromosome (sister chromatid pair) from each 
pair. Telophase I shows as the “dyad” stage with two polar chromosome groups in the cell which 
form the two daughter nuclei with half the number of chromosome sets such that each still has its 
sister chromatids together. These chromosomes de-condense to a certain degree but do not reach 
the interphase condition before entering the second meiotic division (Ross et al. 1996).      

 

 1.1 (c) Meiosis II 

Prophase II leads to disappearance of the two nuclei and thickening of the chromosomes and the 
microtubule organizing centers (MTOC) begin arranging spindle formation again (Figure 1.1). 
One spindle each is assembled for each of the two chromosome sets to separate their sister 
chromatids this time. Each chromatid has its centromere consisting of a kinetochore. The 
kinetochores of sister chromatids have opposite orientation thus enabling each sister chromatid in 
a particular pair to attach itself to opposing poles, randomizing which sister chromatid faces 
which pole. The spindle axis of MII is perpendicular to that of MI. At the end of metaphase II, 
the chromosomes lie at the middle, attached to the respective spindle, awaiting the impending 
split of the sister chromatids, which will then be known as sister chromosomes. Through 
telophase II, the sister chromatids finally separate to give four clusters each with a single 
chromatid per homologous pair. This is followed by formation of four nuclei surrounding the 
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clusters. Finally cytoplasmic division or cytokinesis is observed resulting in four haploid 
gametes. 

 

1.2 Details of the Important Events  

 1.2 (a) DNA Replication  

This is an immensely vital and lengthy process during the pre-meiotic S-phase (meiS). For 
instance, for budding yeast, this window lasts 65-80 minutes (Padmore et al. 1991, Williamson et 
al. 1983). Further, an essential aspect is fidelity; more so, because an anomalous gamete may 
result in an organism-wide defect. In order to keep a tab on replication, there exist several check-
points at crucial turn of events which are activated in case the molecular machinery errs. This 
might lead to temporary stalling of meiosis until rectification is ensured (reviewed in Liu et al. 
2003). In addition there also exists communication between DNA replication and DSB formation 
which initiates recombination in turn. The pachynema check-point (reviewed in Roeder & Bailis 
2000) monitors completion of recombination and resolution of its various intermediates. This 
pathway thwarts passage through prophase I unless recombination is successfully concluded.  

In recent years, it has been advocated that there is direct association between meiS and genetic 
recombination. Previous studies on budding yeast (Saccharomyces cerevisiae) have observed 
that recombination can be prohibited if meiS is hampered genetically or chemically (Budd et al. 
1989, Schild & Byers 1978, Simchen et al. 1976, Stuart & Wittenberg 1998). Closer temporal 
examination of these major events revealed that formation of DSBs necessarily followed bulk 
DNA synthesis (Borde et al. 2000, Smith et al. 2001). Though this suggests that replication and 
recombination are closely linked, there can be chiefly two possibilities. Either there is forthright 
ex-change of information between the development of the replication fork and the appearance of 
chromosomes having recombination capability. Or, an unsatisfactory meiS might hinder the 
subsequent events by activating the replication check-point system which may present itself 
further as an indirect hesitation for recombination to initiate. Finally the scenario might vary 
between organisms though there a hierarchical molecular vigil is inevitable to ensure replication 
is carried out efficiently (Strich 2004). 
 
  

1.2 (b) Inter-Homologue Interactions and Juxtaposition 

Homologous chromosomes appear to conclude the action of juxtaposition right at the outset of 
prophase I. They seem to perform this in two stages which are notionally distinct – the pairs of 
homologues co-localizing to a shared spatial region and thereafter co-aligning. These specific 
movements may not always be completely temporally separated (Kleckner & Weiner 1993, 
Scherthan et al. 1994). It has been suggested that this occurs via an onslaught of interstitial 
interactions which begin as unstable but become increasingly sure. Beginning slow aids just so 
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unfavorable interactions may be minimized early before turning enduring (Weiner & Kleckner 
1994, Kleckner & Weiner 1993). Several such interactions are observed using fluorescence in-
situ hybridization (FISH) analysis of yeast chromosome spreads (Weiner & Kleckner 1994). This 
communication is perhaps mediated by direct DNA-DNA contacts among undisturbed duplexes 
along with homology searching, made possible by appropriate accompanying proteins (Kleckner 
1996).  

These chromosomal movements chiefly involve homology recognition and as previously 
mentioned, a spatial meeting of the homologues (Kleckner & Weiner 1993, von Wettstein et al. 
1984, Wang et al. 2009). In a majority of organisms, pairing of homologues depends on and is 
carried out through the DNA recombination process. This is mediated by the physical 
localization of DNA recombination complexes (or “recombinosome”) to the underlying 
homologous axes (Henderson and Keeney 2005, Anderson and Stack 2005, Börner et al. 2004, 
Franklin et al. 2006). Recombinosome-axis tête-à-têtes occur immediately previous to or 
following the beginning of recombination expressed duly by the appearance of DSBs. Hereafter, 
both, recombination and attempt to juxtapose the homologous axes using recombination as a 
medium, progress together, synchronizing in time and function.  

Though DSBs usually play an indispensable role in the occurrence of homologous pairing, the 
extent to which DSB-mediated pathways may or may not be the favored tend to vary between 
organisms (Burgess 2002, Page & Hawley 2003). For Saccharomyces cerivisiae, even though the 
primary mode to establish homologue pairing is via DSBs, at least some pairing interactions do 
occur without their assistance (Peoples et al. 2002, Burgess 2002). In contrast, homologue 
pairing happens successfully without any DSBs whatsoever in C. elegans as well as both sexes 
of Drosophila melanogaster (Dernburg et al. 1998, McKim et al. 1998, MacQueen et al. 2002, 
Vazquez et al. 2002). The chromosomes of C. elegans begin meiosis unpaired and then submit to 
brisk alignment. Here aligning chromosomes requires no DSBs, thus recombination is not 
initiated and not even the function of proteins which will finally lead to synapsis (MacQueen et 
al. 2002). Rather in tandem for Drosophila females, the presence of previous somatic pairing 
seems to help evade DSB-mediated homology searches. Since forming recombination 
intermediates to reach synapsis is dispensable in these organisms, this probably reflects the 
ability of flies and worms to use homology recognition methods independent of DSBs.           

 

1.2 (c) Formation of the Synaptonemal Complex 

The principle purpose of this complex structure, which begins to form almost as soon as 
prophase begins, is not understood completely. Its assembling is concluded by pachynema and 
then it is taken apart through diplonema (Figure 1.3).   

When chromosomes begin leptonema, they appear as thin long chromatin strips which are 
starting to condense but without any hint towards homolog pairing. As prophase continues, the  



Cohesin 

Condensin Transverse filament proteins 

Axial/Lateral element (LE) proteins 

Sister 

chromatids 

Homologous 

chromosomes 

Sister 

chromatids 

LE 

LE 

CR 

S
C

 

   CR  Central Region         SC    Synaptonemal complex 

Figure 1.3 The Synaptonemal Complex. 
This is a schematic representation of this involved scaffolding formed between the homologous 
chromosomes during prophase I but degrading by metaphase I. The presence of this structure 
under the microscope indicates the completion of pairing between homologues. It has two 
prominent regions. The first beginning as the axial element holding sister chromatids together 
and then maturing into the lateral element. And the second portion known as the central region 
is formed between the two homologous lateral elements consisting of transverse filament 
proteins. Further the two proteins which are indispensable to the complex are cohesins and 
condensins.  
 
Taken and Modified from the Thesis of Nicolas Macaisne  (Defended on 26 November 2010) 
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chromatin condenses and the sister chromatids localize along protein scaffolds called axial 
elements (AEs).  

For most organisms, the induced DSBs, with complementary sequences on homologues, 
facilitates their alignment. The resulting interactions are seen as ~400nm inter-axis bridges 
(Albini & Jones 1987, Tesse et al. 2003). Each bridge probably consists of a DSB inducing a 
growing interaction with a homologous sequence. Gradually through leptonema, only a few of 
these bridges transform into axial associations (AAs), which then link the paired lateral elements 
(LEs) (Rockmill et al.1995). These AAs will finally serve as synapsis initiation sites leading to 
the formation of the SC intimately bound by the AEs on either side. Thus the AEs are integrated 
as part of the LEs in the SC architecture. The regions of synapsis lengthen between the 
homologous pair of chromosomes till the entire stretch is covered to conclude the event of 
synapsis, which happens by pachynema. Synapsis indicates that the chromosomes form a 
compact uninterrupted structure (the SC), wherein the four chromatids are arranged in an orderly 
fashion. The SC is now composed of the transverse filaments and the paired LEs. The filaments 
hold the LEs together by stitching in between them.  

Following pachynema, many organisms undergo de-condensation during which the SC 
disintegrates and the homologues are attached via chiasmata.       

 

1.2 (d) Double-strand Breaks and the Synaptonemal Complex 

Recombination is begun by the appearance of DSBs which are formed by Spo11 and its 
homologues in most organisms (Keeney et al. 1997, Grelon et al. 2001, Dernburg et al. 1998). 
And whether a DSB will become a reciprocal CO or a gene conversion event (or NCO) seems to 
be known quite early, almost at the time of DSB formation (Allers & Lichten 2001, Hunter & 
Kleckner 2001) (Figure 1.4). Though the succession of events which result in gene conversions 
is still unclear, it is known how DSBs mature into COs. A DSB usually undergoes resection 
leading to the formation of a gap (White and Haber 1990) which gives rise to two intermediates, 
single-end invasions (SEIs) and double Holliday junctions (dHJs, Holliday 1964) emerging from 
consecutive single-strand events taking place at each end of the double-strand gap (Hunter & 
Kleckner 2001, Schwacha & Kleckner 1995). Both intermediates are quite stable and in yeast, 
their sequential emergence and disappearance indicates advance in the meiotic prophase I. So in 
yeast, the DSBs show up before any SC is detected at leptonema; SEIs begin to show themselves 
as the first sign of SC formation is seen and become stable when SC is formed in its entirety; 
dHJs appear during pachynema and are resolved into COs (or NCOs) by the end of pachynema.  

As observed by Blat et al. (2002), the transformation of DSBs into COs is concurrent to 
structural changes in the AEs of meiotic chromosomes such that “interruption of DNA via a DSB 
may be accompanied by interruption of the underlying axis at the corresponding position”.  



Figure 1.4 The DSBR Model of Recombination. 
The classical explanation to the formation of crossovers and non-crossovers as proposed by Szostak et al. 
(1983). Colours pink and red are for the first homologue and the other is light and dark blue. Dashed lines 
indicate freshly formed DNA.  
Step 1 -  Double strand break (DSB) develops in one homologue. 
Step 2 - DNA ends are modified by degrading their 5’ strand ends giving single-stranded 3’-OH termini. 
Step 3 - One of the 3’ termini invades a complimentary sequence in the homologue forming a displacement 
loop (D-loop). Also called single end invasion (SEI). 
Steps 4 & 5 - The invading strand extends the D-loop by initiating DNA synthesis. This aids it in annealing to 
the single-strand on the other side of the break (second end capture). 
Step 6 - Continuing synthesis of DNA coupled with ligation of the breaks leads to the homologues being 
connected by two four-way DNA junctions, namely the double Holliday junction (dHJ). 
Steps 6 & 7 -  Cleavage of different strand pairs at each junction leads to chiasma formation and a crossover. 
When the same pair of strand is cleaved in the two junctions, it gives a non-crossover and no chiasma. 
 
Figure from Whitby M.C. (2005) Making crossovers during meiosis.  Biochem. Soc. Trans. 

{or (A+B)}  {or (A+b)}  
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Intuitively, it would be expected that the events which lead DSBs to the SEI stage and thereafter 
to dHJ are also associated with events which develop an axial break in the exchange partner and 
then repair the break to bring about an axial exchange. Finally it is indeed probable that these 
axis changes dictate which DSB will move towards becoming a CO and which will become a 
gene conversion instead. 

  

 1.2 (e) Homologous Recombination Models and ‘Synthesis-dependent Strand Annealing’    

In order to delve more into the story of gene conversions, it is important to go back to the 
decision-making involved once DSBs are formed. Also, gene conversions are more aptly 
described as chromosomal sites where recombination brings about non-Mendelian segregation of 
one or several genetic markers or alleles. Classically, it has been thought that there are 
alternative resolution pathways followed from a common precursor dHJs (Holliday 1964). The 
Double-Strand Break Repair (DSBR) model (Figure 1.4) found support from several studies 
(Bell and Byers 1983, Szotak et al. 1983) which suggested that a recombination event can have 
either of two orientations of the dHJ intermediate resolution leading to a CO or a NCO.  

Important transitional species and characteristics of the DSBR model have found acceptance 
through budding yeast (S. cerevisiae) studies (reviewed in Allers & Lichten 2001). But there 
have also been observations which challenge this model. Firstly several mutants have been 
recognized which exhibit high levels of DSBs and NCOs but reduced frequency of COs 
(Engebrecht et al. 1990, Fung et al. 2004). Proteins involved specifically in carrying out meiotic 
CO recombination include the following (Börner et al. 2004): (1) DNA helicase Mer3; (2) Msh4 
and Msh5, relatives of E. coli MutS not contributing to mismatch repair; (3) Zip1, a structural 
protein of the central region of the SC; and (4) Zip2 and Zip3, two proteins aiding Zip1 to begin 
polymerization along homologues. Mutation in any one of these four reduces the number of COs 
(but not that of NCOs). This appears to advocate that COs are formed via a more intricate 
pathway than NCOs. Secondly, the heteroduplex DNA configuration was found to be different 
on NCO recombinants from what is expected from COs by the DSBR model (Gibertson & Stahl 
1996, Porter et al. 1993). Again thirdly, physical detection methods have been utilized to detect 
that almost all of the dHJ intermediates are steps to form a CO in particular instead of being 
transitions on the way to form either COs or NCOs. Finally, more recent budding yeast studies 
(Allers & Lichten 2001, Hunter & Kleckner 2001) say that CO positions are determined much 
before in prophase than the time point at which dHJ resolution occurs. These studies profess the 
Early CO decision (ECD) model of recombination (Bishop & Zickler 2004) (Figure 1.5).   

The Lichten group postulated that NCO recombinants are formed via a pathway not involving 
dHJ intermediates. Perhaps NCOs occur by ephemeral invasion of one or both of the two DNA 
ends resulting from a DSB. Such an invasion might allow the invading 3’ end to be lengthened 
using the invaded duplex as template. It is possible that NCOs are formed via an alternative  



Figure 1.5 Present Meiotic DSB repair pathways (incl. ECD Model). 
A DSB formed in one of the homologues is resected to give single-stranded 3’ ends. One such end invades 
the other homologue (single end invasion or SEI; Steps 3a, 3b, 3c).  
SEI is not very stable and may or may not recruit molecules to stabilize itself. In case of non-recruit of 
additional molecule for stability, the invasion is withdrawn after initial DNA synthesis giving the synthesis-
dependent strand annealing (SDSA) pathway and thus, non-crossovers (Steps 4b, 5b, 6b).   
The two other pathways lead to either interfering or non-interfering crossovers. If  an SEI recruits the ZMM 
proteins (Msh4, Msh5, Mer3) to stabilize strand invasion intermediates, it results in the formation of the 
stable structure of a double Holliday junction cleaving it in a way so that only (interfering) crossovers are 
formed (Steps 4a, 5a, 6a, 7a). Another molecule that may be recruited by SEIs is the complex formed by 
Mus-81 with Eme1/Mms4. This preferentially avoids Holliday junction formation and cleaves D-loops 
instead to give (non-interfering) crossovers (Steps 4c, 5c, 6c). 
 
 
Figure from Whitby M.C. (2005) Making crossovers during meiosis.  Biochem. Soc. Trans. 



13 
 

 
 

mechanism, called “synthesis-dependent strand annealing” (SDSA), which involves dissociation 
of the SEI after DNA synthesis is followed by annealing of the two broken ends (Figure 1.5). 
This hypothesis sounds impressive and successfully explains most of present data. Subsequently 
it has been reported that once SEIs are formed, most of them remain unstable and result in NCOs 
following SDSA while an appropriate fraction is stabilized via various meiosis-specific proteins 
such as the ZMM proteins leading to dHJs and finally COs (McMahill et al. 2007). In addition 
there exists another but minority CO formation pathway as well dictated by Mus81 and Mms4 
(details under Crossover Formation) to which branch some COs are pushed towards directly 
from the SEI stage or the nicked dHJ state (Whitby 2005) (Figure 1.5).  

 

1.2 (f) Assembling the Microtubule apparatus 

The microtubule organizing centers (MTOCs) for yeast and animals are respectively the spindle 
pole body (SPB) and the centrosome. MTOCs nucleate microtubules and mediate spindle 
orientation for cell division (Pereira & Schiebel 2001). Within the centrosome and the SPB lies a 
pair of centrioles that consist of γ-tubulin, the nucleation site for microtubules (Job et al. 2003). 
Even though γ-tubulin is conserved across eukaryotes, plants do not possess a discernible MTOC 
in the form of a centrosome. Microtubules nucleate in the cortical cytoplasm and on the nuclear 
membrane from sites along existing microtubules which are marked by γ-tubulin (Paradez et al. 
2006). Thus microtubule nucleation for plants appears to be spatially distributed within the cell. 
Several studies have even hypothesized that perhaps γ-tubulin functions as MTOC for plants but 
the process is still not completely understood (Ehrhardt & Shaw 2006).       
 
Spindle assembly is very integral to cell division, both mitosis and meiosis (Hyams 1996, Vernos 
& Karsenti 1995). Presently there exist two models of assembling the spindle, the ‘search and 
capture’ model and the ‘self-assembly’ model. In the ‘search and capture’ model, the 
centrosomes nucleate and organize the microtubules of the spindle (Ki rschner & Mitchison 
1986). The microtubules have their minus ends at the centrosomes as the microtubules are 
captured and stabilized when the plus ends come in contact with kinetochores, which are 
specialized protein complexes which assemble onto centromeric DNA. In this model, bipolarity 
and spindle orientation is established by the freshly divided centrosome, before nuclear envelope 
is lost (Vernos & Karsenti 1995). This model is based on observations on somatic and early 
embryonic cells of animals. And though centrosomes are absent in somatic cells of higher plants, 
bipolar spindle arrays are still formed before the nuclear membrane degrades, indicating that in 
the larger scheme of things the same process is followed in plant cells as well (Baskin & Cande 
1990, Palevitz 1993).  
 
The second model, ‘self-assembly’ is observed during meiosis of some animal species and higher 
plants. This model advocates that once the nuclear envelope ceases to exist, microtubules 
develop from multiple sites around the condensed chromatin. Thereafter the microtubules self-
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organize into a spindle even though there is no centrosome or any well-defined MTOCs 
(Theurkauf & Hawley 1992, Vernos & Karsenti 1995, Chan & Cande 1998). During female 
meiosis in Drosophila (Theurkauf & Hawley 1992) and Xenopus (Vernos & Karsenti 1995), 
forming the meiotic spindle involves randomly oriented growth of microtubules which then self-
organize into bipolar arrays. The same is observed during Maize meiosis (Chan & Cande 1998). 
The conundrum as to how microtubules developed bipolarity in the absence of centrosomes in 
this model subdued when it was suggested that bipolarity could be an intrinsic property of newly 
forming microtubule arrays (Heald et al. 1996).  
 
Another aspect of spindle assembly which has been studied extensively is its elongation which 
follows after being assembled. There are at least two known processes among different 
organisms. For yeast and diatoms, spindle elongation depends on sliding of the inter-zonal 
microtubules which extend from both poles and interlink near the equator (Baskin & Cande 
1990, Shelden & Wadsworth 1990). As the microtubules slide, the spindle elongates and the 
overlap reduces temporarily, which implies that continuous microtubule growth is required to 
maintain such overlap. In contrast in higher animals it has been proposed that elongation of the 
spindle is achieved by the pulling force exerted on the two opposite poles with no significant 
sliding of the inter-zonal microtubules (Mastronarde et al. 1993).  
 
Further it is also known that microtubules are dynamic as the tubulins polymerize and 
depolymerize in ‘bursts’, enabling the tubules to grow in discrete movements. In fact it is 
possible that spindle elongation may occur in discrete steps and hence spindle lengths do not 
contribute to a continuous distribution (Yang & Ma 2001). And rather interestingly this 
characteristic has been observed among many diverse organisms, including slime mould (Moens 
1976), the diatom Fragilaria capucina (Tippit et al. 1978), rat kangaroo (Armstrong & Snyder 
1989), budding yeast S. cerevisiae (Winey et al. 1995) and Arabidopsis pollen (Yang & Ma 
2001). And the striking commonality was seen to be that all spindles elongated by multiples of 
0.7 µm!  
 
1.3 Comparison with Mitosis 

The challenge is the same during both mitosis and meiosis – to communicate an intact genome to 
the next generation. While mitosis keeps the chromosome composition and retains diploidy, 
meiotic products are a result of recombining parental features and result in haploid gametes.  
Ploidy is maintained during mitosis via one round of DNA replication followed by one equal 
division (Figure 1.6). In contrast, meiosis leads to haploidy owing to one round of replication and 
two subsequent equal division rounds without any intervening replication (Figure 1.6). The first 
of these divisions (MI) leads to two products consisting of chromosomes with their sister 
chromatids intact and the next equal division of each of these finally gives four haploid gametes 
with one copy of each chromosome.  
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Figure 1.6 Comparing the Meiotic division against the Mitotic division. 
Since mitosis gives begins with a diploid cell and gives 2 diploid cells, it is a cycle. But meiosis is not so 
as it begins with one diploid cell and gives four haploid gametes.  
Nevertheless there exist common events such as DNA replication and the separation of the resulting sister 
chromatids albeit during different stages. Also, the homologous chromosomes never separate during 
mitosis whereas they do at the end of the first meiotic division. We illustrate these differences using the 
example of a cell again with 2n = 4. The number beside each cell gives the ploidy.   
 
Cell diagrams taken and modifed from the Thesis of Nicolas Macaisne  (Defended on 26 November 2010) 
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So mitosis and MII are conceptually similar except the former works on a diploid cell and the 
latter applies to a half the number of chromosomes present in a somatic cell, but in both cases 
each chromosome has two copies (two chromatids) and separating sister centromeres 
successfully is the purpose of the division (Figure 1.6).  

Faithful chromosome segregation is vital to the continued viability of a cell, an organism as well 
as its offspring. Segregation has thus evolved into a highly precise process. Mitotic 
chromosomes separate abnormally in yeast once every     divisions while during meiosis, 
segregation aberrations happen at the rate of one in     meioses in both yeast and Drosophila 
(Murray & Szostak 1985). In addition, though mitosis is a ‘cycle’, meiosis is not. This is to 
indicate that each mitotic division leads to two identical copies of the initial cell itself, each of 
which can in turn undergo mitosis and the process continues. Whereas meiosis leads to four 
haploid products each of which is unlike the initial cell – neither diploid nor identical genetically, 
hence, this process is not a cycle. Another distinct difference between the two divisions is in the 
role played by the cohesin complex. During MI, the sister chromatids are held together along 
their arms and centromere during prophase I. The cohesins are first released along their arms 
during metaphase I to ensure that sister chromatids remain together and then released from the 
centromere during metaphase II to separate sisters. In contrast during mitosis though cohesins 
hold chromatids in the same way to begin with, cohesins give way along the whole chromosome 
in one go during metaphase and not in stages. Thus cohesins mediate an intrinsic mechanistic 
hand.      

Pre-mitotic interphase involves replication of the genetic material in each chromosome and leads 
to the appearance of sister chromatids and their dual kinetochores. Through prophase there is 
condensation of chromosomes till they transform to their shortest at metaphase. Onset of 
metaphase is ensured as the bipolar microtubules, which develop either from centrosomes in 
animal cells or induced directly from the cytoplasm as seen among plants, apply forces on the 
paired sister kinetochores of each chromosome. This phase concludes when the opposing stresses 
balance each other as a kinetochore per chromosome attaches itself according to the pole it 
orients itself towards. The chromosomes at this stage present themselves aligned at the equatorial 
plane of the cell with microtubular aid. The next chromosomal movement ushers in anaphase 
when the sister chromatids are pulled towards opposite poles as the spindle contracts separating 
the two identical chromosome copies from each other to the two poles. Hereafter, telophase leads 
to the formation of two nuclei having one diploid set of chromosomes each, usually followed by 
cytokinesis.      

 

CROSSOVER FORMATION 

COs are extremely important for faithful homologue segregation during MI as they ensure 
developing proper orientation and appropriate spindle force. Once the bipolar forces are 
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balanced, segregation is carried out successfully when the homologues separate at the COs. The 
role played by COs in implementing proper segregation cannot be stated enough as most human 
aneuploidy cases result from defective number and/or distribution of COs (Lamb et al. 2005). So 
when a gamete is formed, accurate transmission of an intact genome entails that enough number 
of COs are placed precisely throughout the genome so that each chromosome receives at least 
one (the obligate CO). However, the number of COs is not determined simply by the genome 
size as intra-specific differences in recombination rates are seen between sexes (Lenormand & 
Dutheil 2005, Giraut et al. 2011) and between genotypes within a species (Bauer et al. 2013). 
Also, COs do not occur randomly across genomes or chromosomes. Usually there are regions 
which show lower probability of CO occurrence than others (the centromere and its 
neighborhood for instance). And in addition CO positions are not independent either which 
constitutes the phenomenon of interference.      

Coming back to recombination, the source of COs, we recall that meiotic recombination follows 
the Early Crossover Decision (ECD) model as opposed to the Double-Strand Break Repair 
(DSBR) model, also known as the Szostak Model (Szostak et al. 1983). What follows is a short 
tour through the many facets of CO formation and interference! 

 

The DSBR Model of Recombination 

It involves a single pathway of DNA intermediates which leads to both COs and NCOs wherein 
both are initiated by the formation of DNA DSBs (Figure 1.4). Each DSB results in two duplex 
ends each of which are processed to give single-stranded extensions by degrading one of the 
duplex ends to make them unequal in a complementary manner and generate scope for 
homologous interactions. Then single-end invasion (SEI) occurs where one of the two processed 
DSB ends invades the homologue, forming a displacement-loop (D-loop) structure (Figure 1.4). 
Subsequently the second processed DSB end adheres to the D-loop. This joint molecule (JM) 
then receives DNA repair to complete the single strand gaps. This molecule is held together by 
two structures in which strands are exchanged between the interacting duplexes. Individually 
these structures are called Holliday junctions (HJs) and together they are known as the double 
Holliday junction (dHJ). Severing pairs of strands in one of two orientations which is picked at 
random decides a CO or NCO outcome. Gene conversions can be associated with a CO or a 
NCO since they appear via mismatch repair in heteroduplex DNA regions in the JM. Though 
expected intermediates such as DSBs have been observed in budding yeast, fission yeast and 
concluded in mice (Schwacha & Kleckner 1995, Mahadevaiah et al. 2001, Qin et al. 2004), it is 
increasingly becoming evident that this model is not generic but specific to only CO formation. 

CO and NCO formation pathways 

DSBs are precursors to both COs (reciprocal exchange of chromosomal segments between non-
sister chromatids) as well as NCOs (a non-reciprocal exchange of the same kind) but the other 
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transitory molecules of the DSBR model (D-loops and dHJs) seem to be a part of only the CO 
pathway. For instance in budding yeast, comparing the timing of dHJ appearance with the 
appearance of COs and NCOs suggests that they are precursors only to COs (Allers & Lichten 
2001). Several mutant analyses in budding yeast, mice and Drosophila also lend support to this 
(Allers & Lichten 2001, Guillon et al. 2005, Bhagat et al. 2004). Thus it appears that the decision 
to form a CO or a NCO is taken early which is after DSB formation but before HJ or even SEI 
formation.  

For NCOs, as previously mentioned, the SDSA or ‘synthesis-dependent strand annealing’ 
diversion is suggested. DSB formation if followed by development of the usual single-stranded 
overhangs, strand invasion, transient DNA repair and a subsequent strand ‘pull-out’ before 
reaching the HJ stage (Figure 1.5). A budding yeast study (Terasawa et al. 2007) has been 
reported in support for this conjecture.  

Usually all DNA repair relies on using a non-sister chromatid from the homologous counterpart 
as a template. This is ensured as there is a barrier in place to avoid sister chromatid-assisted 
repair during meiosis (Carballo et al. 2008). In situations when this is not possible, DSBs might 
use sister chromatids to carry out repair, which does not lead to CO formation and thus may 
result in error-prone homologue separation.   

Two CO formation pathways 

Studying various organisms has led to the conclusion that indeed there exist at least two CO 
formation pathways, each of which is monitored by a group of specific proteins and thus 
imparting different spatial properties to the resultant COs.  

One pathway depends on the Msh4-Msh5 complex (from the ‘ZMM’ protein group) and it 
exhibits a form of CO position control, known as interference (details later). The second 
pathway, exhibiting no interference, is mediated by the Mus81-Eme1 (Eme1 is called Mms4 in 
budding yeast) complex. Nevertheless both these pathways and the NCO formation pathway 
begin with DSBs (Figure 1.5).  

But the situation varies between organisms as for fission yeast and some eukaryotes such as fruit 
flies (Sekelsky et al. 2000) lack the interfering CO pathway, which is active in mammals, 
budding yeast and plants. And the pattern of interference seen in each organism relies on whether 
one or both pathways is/are found. The worm C. elegans prefers only the interfering pathway 
thus suffering extreme interference (de los Santos et al. 2003) and the other extreme behavior is 
seen in fission yeast with no interference (Munz 1994). Further, budding yeast, plants and 
mammals seem to be in possession of proteins for both pathways to form COs ( de los Santos et 
al. 2003, Guillon et al. 2005, Copenhaver et al. 2002, Housworth & Stahl 2003, Mercier et al. 
2005, Lhuissier et al. 2007, Falque et al. 2009). Hence, both interfering as well as non-
interfering COs are present.  



19 
 

 
 

Though both CO formation pathways initiate at DSBs, they might proceed via differing DNA 
intermediates. In fission yeast with only the Mus81 pathway, single HJs (sHJs) were found to be 
prevalent via electron microscopic (EM) and gel electrophoresis studies (Cromie et al. 2006). In 
addition, an EM analysis indicates a sizeable minority of sHJs in budding yeast (Osman et al. 
2003). These observations suggest that sHJs were targeted by the Mus81 pathway while dHJs 
mediate the ZMM pathway. An sHJ might arise by cleaving a D-loop before instead of after the 
second end is also involved in invading the homologue.          

Crossover Position, Number and Interference Regulation 

There are many successive levels of control exerted on the different aspects of crossovers. To 
begin with, the DSBs already have a non-random distribution, appearing more frequently in 
specific regions known as hotpots along chromosomes in many organisms (de Massy 2003). 

DSB distribution and number 

Early studies revealed local chromatin structure to be an important indication for DSB formation. 
DSBs were more abundant (the hotspots) in regions that correlated with nuclease-hyper-sensitive 
regions (Petes 2001). In fact, histone H3 trimethylation of lysine 4 (H3K4me3), an epigenetic 
mark for active chromatin appears to mark DSBs in S. cerevisiae (Borde et al. 2009). Higher 
order chromosome features also yield control on the DSB number and positions, as seen in 
C.elegans mutants (Tsai et al. 2008).  

Recently several groups have undertaken genome-wide studies in budding yeast to explore 
meiotic DSB positions using Spo11-based chromatin immune-precipitation (ChIP) and 
microarray analysis or the technique commonly known as ChIP-chip. Spo11 is a topoisomerase-
like active-site like protein that is responsible for DSB formation. Hence ChIP-enriched loci are 
concluded to be the positions where DSBs have appeared. Such mapping of DSBs in S. 
cerevisiae shows that majority of DSBs occur in intergenic regions consisting of promoters and 
in regions 20-120 kb away from telomeres but are absent from the 20 kb region adjacent to 
telomeres (Blitzbau et al. 2007). Rather unexpectedly, DSBs were also found in pericentromeric 
regions which are bereft of COs and which were previously thought to be DSB coldspots 
(Blitzbau et al. 2007, Smith et al. 2003 ). These results clearly demonstrate that DSB positions 
are monitored both locally (via chromatin) and globally (position relative to telomeres). 

To be or not to be a CO 

In most organisms studied till now, the number of DSBs outnumber resulting CO number 
manifold. For example, in maize for a particular meiosis, it was observed that of 560 post-DSB 
intermediates, only about 20 matured into COs ( Franklin et al. 1999). Interestingly it has been 
concluded in budding yeast, human and mice that, COs and NCOs arise from the same 
recombination-rich regions (Al lers & Lichten 2001, Jeffreys & May 2004, Guillon & de Massy 
2002, Hunter & Kleckner 2001). This is consistent with the hypothesis that the CO v/s NCO fate 
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of a DSB is not pre-determined merely from its genomic position but follows from a more 
intricate set of molecular modifications. On the other hand, in maize, the distribution of DSBs 
(from RAD51 ChIP-Seq) is almost uniform even near centromeres. But this is very different 
from the distributions of the COs which subsequently form showing scarcity (of COs) in large 
peri-centromeric regions (W.P. Pawlowski et al., personal communication).  Thus determining 
which DSB will transform into a CO is the second vital level of control exercised in the journey 
of CO formation.  

Interference 

In addition, the distribution of COs is extremely non-random in most organisms studies till now 
(Figure 1.7). And though the overall CO number tends to be low, even the smallest chromosome 
receives at least one (obligate CO rule). Thus there seem to be two tenets to follow here. First is 
the presence of the mandatory CO on each chromosome. Second, there is a suppression gradient 
in the vicinity of each CO which diminishes the probability of nearby COs without affecting the 
occurrence of DSBs or NCOs. This suppressive behavior is known as CO interference (Figure 
1.7). 

Initially it seemed that it is the SC which communicates interference along chromosomes. 
Especially since the only organisms known without interference, the two fungi S. pombe and 
Aspergillus nidulans also lack SCs and a mutation in budding yeast surrounding Zip1, an SC 
component, obliterates SC as well as interference. But contemporary work suggests that the 
interference plan is set out before the appearance of the SC. The Zip2 and Zip3 are proteins from 
the ZMM group, used to devise interfering COs in particular (Börner et al. 2004). Msh4-Msh5, 
also a ZMM group member, is found to co-localize with Zip2-Zip3 (Novak et al. 2001). While 
Zip2-Zip3 foci mark the interference-sensitive CO loci in budding yeast, Msh4-Msh5 do the 
same for mice (Rockmill et al. 2003, Fung et al. 2004, Henderson & Keeney 2004, de Boer et al. 
2006). Since SC nucleation is also initiated at these foci, it implies that SC begins to appear from 
CO positions exhibiting interference. 

Further an interesting study in the worm C. elegans reveals that the chromosome axis structure 
might propagate interference. In C. elegans only the Msh4-Msh5 pathway is present with severe 
interference which always gives exactly one CO per chromosome (Meneely et al. 2002). 
Interestingly, when two or even three chromosomes are fused end-to-end, instead of forming two 
or three COs respectively, it again gave only one CO in a chromosome CO (Hillers & Villeneuve 
2003). So for this meiotic system it seems that CO interference is controlled by considering a 
chromosome as a unit, no matter what its length, it is ensured that each chromosome receives 
one. This exemplifies a chromosome-wide control on CO distribution that can extend beyond the 
usual chromosome length specific to an organism.      

A stress relief model (discussed in detail later, Figure 1.9) professes a link between CO 
interference and changes in the physical properties of a chromosome – mechanical stress along  
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Figure 1.7 Inter-crossover distance distributions. 
Distances between non-interfering crossovers give an exponential distribution (a). And interfering 
crossovers tend to be separated by distances which are much more regular and have a lower variance.  

Figure 1.8 The Poisson Model (without interference). 
If  the number of crossovers is drawn from a Poisson distribution and then they are distributed randomly 
along the chromosome to mimic the without interference case. Or, the inter-event distances are considered 
from an exponential distribution and placed along the real line (orange). Those event positions included in 
the bivalent length alone are taken as crossovers, again with no interference. 
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chromosomes initiates CO formation and COs relieve this stress locally and thus prevent 
occurrence of additional COs closeby (Börner et al. 2004, Kleckner et al. 2004). An added level 
of complexity here is that since all COs do not show interference, this model has difficulty in 
generalizing the CO formation process to all COs. This also leads us to the subtlety that 
interference is not a characteristic that is intrinsic to every CO event per se. Moreover, genome-
wide mapping of recombination events has also revealed that interference is present between 
COs and NCOs as well (Mancera et al. 2008). This very short range interference may be the 
consequence of interference between DSBs (de Boer et al. 2006). Note that this kind of 
interference is unlikely to contribute significantly to CO-CO interference because the distance 
scale of interference between DSBs is much smaller than the average distance between COs. It 
remains a non-trivial problem to understand interference and its molecular mechanism.         

Crossover Homeostasis 

A recent work discovered a hitherto unknown and non-linear relationship between DSBs and 
COs (Martini et al. 2006). Mutants of S. cerevisiae with DSB levels as ~80%, ~30%, ~20% of 
those present in the wild-type were utilized to examine the effect on the outcome of COs. CO 
frequencies were observed for eight intervals along the length of three chromosomes. 
Surprisingly, it was noted that despite reduced DSBs, the meiotic CO levels were maintained. 
This occurrence was termed as crossover homeostasis.  

But some genome regions were less capable of exhibiting this phenomenon than others. For 
example, when the ARG4 locus (a meiotic recombination hotspot in the genome) was looked at 
more closely, it seemed that as DSBs reduced, CO frequency was maintained by compromising 
on the number of NCOs. More interestingly, when DSB levels decreased, there was slight or 
negligible impact on interference intensity or the distance till which it could be diagnosed. Thus 
interference in a given chromosomal interval might be quite independent of the DSBs in the 
region. In an overall glance, CO homeostasis seems to lend a bias towards CO formation, 
probably to ensure proper chromosome segregation during the first half of meiosis. This also 
indicates that this homeostasis might have a role to play in making the obligate CO and also 
might be involved in the molecular apparatus bringing about CO interference (Martinez-Perez & 
Colaiacovo 2009).      

Heterochiasmy: opposing Recombination 

Recombination rates may or may not vary between sexes. There are several comparative data on 
male and female meiosis for plants as well as animals showing that recombination levels remain 
the same in both sexes for some organisms, while in others, extreme differences exist. The 
disagreeability in the frequency of recombination may be restricted to a specific portion of the 
genome. Alternatively the difference could be negligible, constrained or unconfined. These 
possibilities manifest in various combinations with respect to recombination.  
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A typical observation has been that reduced recombination (higher linkage) occurs in the 
heterogametic sex than the homogametic (1918 Haldane rule). Several studies have reported 
achiasmate meiosis, usually in the heterogametic sex in plants as well as animals. Among human 
populations too, mapping linkages using segregation and pedigree analysis reflects lower intra-
chromosomal recombination (for instance in chromosome 1) in males than in females (Karlin & 
Liberman 1994, Lenormand & Dutheil 2005). 

Finally, theoretical understanding of differential sex-related recombination reveals that such 
dimorphism promotes polymorphic expression. This conclusion is in adherence to the finding 
that recombination rate might be affected by agents such as temperature, age, internal 
physiology, overall energy, enzymes, radiation, enzymes and so on. These factors influence 
genders disparately to maximize overall fitness. This characteristic aids populations to efficiently 
harness inherent environmental properties via fitness plasticity and this flexibility is truly 
expanded by sexuality.      

   

A HISTORICAL PERSPECTIVE ON MODELING CROSSOVER INTERFERENCE 

CO distribution along chromosomes has puzzled researchers since interference was observed as a 
phenomenon. The observation was made by Alfred H Sturtevant in 1913 that crossovers tend to 
be further away from each other in Drosophila than would be expected if their positions had been 
random (Sturtevant 1913). Thereafter, he addressed this behavior as ‘interference’ and duly 
acknowledged Muller’s contribution to the discovery and the term (Sturtevant 1915). It is to be 
noted that here interference refers strictly to positive interference where the COs are further away 
from each than would be expected if they were distributed randomly across chromosomes. It 
follows that if COs are placed closer than if they were positioned randomly, then interference is 
negative.  

Since then it has been a pertinent question in the meiosis community to delineate the molecular 
machinery behind interference. But traditional genetic screens are quite labor-intensive. Also, 
each protein playing a role in the interference story will more often have an integral part in 
meiosis as well, which adds to the complexity of the problem. Thirdly, till now mutants have 
been obtained with disrupted interference though the few of these which are not accompanied by 
changes in CO frequency are all in S. cerevisiae (Berchowitz & Copenhaver 2010). Lastly, 
interference is not an absolute phenotype in most species, it depicts a reduced probability of 
nearby COs in the most common scenario when interfering and non-interfering COs co-exist. 

On the other hand, modelling is a non-invasive technique which can ably complement 
experimental insights. It is possible to test statistical or mechanistic hypotheses about CO 
formation and subsequently accept or reject them. A complicated system such as the one at hand 
needs to be approached with caution. As a model becomes more complicated, several challenges 
arise - either computational or data-related limitations. Hence it is the earnest endeavor of 



24 
 

 
 

modelers to always begin with the simplest structure and introduce modifications (read 
complexities) gradually and slowly.  

There are two perspectives to understand with respect to modelling about CO formation. One 
class of models is based on statistics of various associated measurements, the inter-CO distances 
in particular. The second category pertains to the mechanistic models.  

Determining Crossover Positions 

For any kind of modeling, it is important to take into consideration the nature of the data at 
disposal. Earlier, mainly recombination data was available where genetic markers would be 
placed along chromosomes and experimental algorithms were utilized to deduce recombination 
between adjacent markers (usually at gamete level) following meiosis. Often the number of 
markers were far and few such as nine marker loci along the X-chromosome in Morgan’s 
(Morgan et al. 1935) Drosophila dataset as opposed to present-day data with as many as hundred 
markers along each chromosome (Maize in Bauer et al. 2013). As the number of markers (apart 
from sample size) increase, the uncertainty associated with ‘real’ CO positions reduces. Further, 
more than the number of markers, the number of individuals often limit the scope of statistical 
analysis deemed possible later. The Giraut Arabidopsis dataset (Giraut et al. 2011) had an 
unusually large backcross population (about 1500) for both male and female meiosis but such 
sample sizes are rather rare often due to infeasible experimental costs and also the sheer labour 
involved in preparing the samples.  

In addition, more understanding about the meiotic process has resulted in a different kind of data 
as well. Using immunofluorescence labeling and EM techniques, late recombination nodules (all 
COs) and MLH1 loci (interfering COs only) can be demarcated which provide us with rather 
precise CO positions along the SCs (bivalent level). So apart from the indirect way of observing 
CO formation via recombination, direct methods have also become possible.  

From the modeling perspective, it is important to keep in mind whether we are dealing with data 
at the gamete or the bivalent level. However it is also important to first understand the system at 
the bivalent level and then come down to the gamete level. This is the process which is termed as 
thinning. The number of COs is halved on a gamete as compared to a bivalent. We go from the 
bivalent to the gamete using precisely this understanding. Each CO is equally probable to be 
present or absent on the resulting gamete. So from the CO pattern on a bivalent, COs are kept or 
removed on the derived gamete with probability ½ to perform thinning. 

Recombination: When recombination is observed across two adjacent genetic markers, it is 
implied that an odd number of COs (1 or 3 and so on) have been formed in the intervening 
region. In a likewise manner, absence of recombination denotes the presence of an even number 
of COs (0 or 2 and so on).    

 



25 
 

 
 

Statistical Methods 

Coincidence: Let there be two disjoint genomic regions A and B. The effect of CO recombination 
was assessed by Muller (1916) via the coefficient of coincidence ( ):                                  |                                                      … (1.1)                                                    

where,            stands for the event that there is a recombination in region   as well as 
region  . So   is expressed as the ratio between the probability of recombination occurring in   
given that recombination is known to exist in  , and the unconditional probability of 
recombination in  . An equivalent expression is:                                                                            … (1.2) 

where,       is a combination of regions   and   resulting in        denoting the    � (there is recombination in region   accompanied by no recombination in  ) or (no 
recombination in   while recombination is seen in region  ) . As recombination rates are really 
probabilities, this coefficient can be equivalently presented in such terms as well. Let     2 

denote the probability of    recombination events in the first interval   and     occurrences in 
second region  ,   ,       , then we define   as:                                                                                                                 … (1.3) 

 

Finally, interference is classified based on the value of coincidence as follows:        >     negative interference        <     positive interference                                                                                  … (1.4)             no interference 

Cytological data more often exhibit positive interference. But negative interference has also been 
observed between chromosomal arms for instance such that occurrence of a CO on one arm 
increases the probability of there being one on the other arm (Karlin & Liberman 1994). More 
recently (Auger & Sheridan 2001), apparent negative interference has been concluded in Maize 
while mapping reciprocal translocation breakpoints using classical genetic markers.   

Another related interference measure, �  may be defined as below (Foss et al. 1993): �                                                                                                 … (1.5) 
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Here,     2 have the same definition as for   where the lengths of the intervals are   and   

respectively which are at a genetic distance   from each other. �  provides a better perspective 
on interference than   (McPeek & Speed 1995). 

Approaches galore  

The Mather Case: Consider the simplest case – a homologous pair is represented by a four-
stranded structure of which crossing of two of the four chromatids leads to a CO. Mather’s 
formula (1936) predicts that for all COs, under no chromatid interference assumption, the 
probability of recombination in a well-defined region A on a specific chromatid is given by:                                                                                                                          … (1.6) 

where,        denotes the probability of a total of   COs in region   on the four strands. This 
expression shows that the highest value for the recombination rate of a genomic region is ½. 
Mather also gave an extension which is useful to deal with the recombination distributions from 
multiple markers. Let there be m distinct genomic regions, namely,           . If    
represents a recombination event (odd number of COs) on    and    indicates the presence of at 
least one CO in    considering the four-strand ensemble, then we know as follows (Karlin & 
Liberman 1983, Risch & Lange 1983):    �                        �                                                        … (1.7) 

Formula (1.5) gives us bounds such as, Prob(double recombinant)     , Prob(triple 
recombinant)       and so on. In contrast when chromatid interference is allowed, the bounds 
increase to 1. But the hunch on this interference has thereafter been unsubstantiated (Zhao et al. 
1995). 

Map Functions: These functions (reviewed in Zhao & Speed 1996) scale an observed 
recombination ratio between genetic markers into the distance between COs. Such ability would 
allow us to convert the observed recombination fraction   to the genetic distance   between COs, 
written as,         . Also a consistent process to do so for all organisms might provide a 
novel outlook on meiosis.  

Haldane proposed the first map function (Haldane 1919) and a differential equation method 
which served as a scaffold for the subsequent map functions. So the Haldane map function 
assuming no interference between COs is given as:           �                       �                                                … (1.8) 

When using map functions, it is assumed that the map function or the functional relationship 
between genetic distances and recombination fractions remains the same along the entire genome 
of a particular organism. So if we consider three genetic markers, then this in turn means that the 
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associated coincidence   would depend only on the inter-marker distances. Let these markers be       while the distances between them be   and  . Then we have using the     2convention 

introduced before: 

                                                               
Thus,                    –                    ,                           
Finally if      and we assume that                   , we  have the differential equation:                                                                                                                      …. (1.9) 

Varied values substituted for      will give different map functions. In practice, when markers 
are dense,   is proportional to   easing things out for modeling.  

We next put forward the two most well-known map functions while associating them with 
Stationary Renewal Processes (SRPs).  

Relating Map functions & SRPs: Usually there are two levels to consider recombination, either at 
the four-strand level or at the single strand level. Crossover modeling has been approached as a 
renewal process since a long time. For example, Fisher (1947) modeled crossovers via renewal 
processes at the single-strand level where in crossovers were considered to for along the strand in 
an order, beginning from the centromere and the distances between them followed a specific 
distribution. Now of course it is known that crossover formation does not begin at the 
centromeres (Whitehouse 1982) and a single-strand system was considered without connecting it 
to the more realistic chiasma process. Subsequent work attempted ensured that the association to 
a chiasma process was included (Cobbs 1978, Stam 1979).   

Previously it was thought that chromatid interference also exists but it was later found to be 
inconsistent with experimental observations (Whitehouse 1982, Zhao et al. 1995a). Thus 
crossover interference exists of the two interferences. The assumption of no chromatid 
interference (NCI) imposes some conditions on map functions (Speed 1995) just as it would 
affect the mathematical notion of recombination: 

                           

Also, if the point process under consideration is simple and stationary, then,        and         (Daley and Vere-Jones 1988). Finally, a map function   defined on       satisfies 
condition ‘A’ if: 
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   � ∞                                        

Under the NCI assumption and that condition that the crossover process is a simple stationary 
point process, except     . This left-out condition professes that two genetic markers placed 
very far apart on a chromosome usually segregate independently as they tend to behave as 
markers on different chromosomes altogether. Further here is a theorem to define this class of 
map functions (Zhao & Speed 1996): 

‘Let map function,  , adhere to the NCI condition on a chromosome arm of indefinite length and 
denote an SRP. This indicates that   satisfies ‘A’. Conversely, if there exists a function which 
maps       into         such that it meets condition ‘A’. Then there is an associated SRP with 
map function,   and renewal density, –   .’                                                          … (T1) 

The two most well-known map functions are Haldane (1919) and Kosambi (1944). 

1. modified Haldane map function 

This function gives us that: 

                                  
This implies that, then                                                                         
Again we have,                                                         
and thus,                                                                                                
Now,                     2 >                                                                           
Finally,       2                                                           
Clearly, condition ‘A’ is satisfied by    which implies that due to Theorem (T1), there is a 
stationary renewal process resulting in    much like the traditional Haldane which is only the 

second part (             ).  
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2. Kosambi map function 

Here we have that,                          �        � . 
Then,                                                                                                         
and,               �       �        �         �         �     �   >                                                                                        
Next,                                                                                                       

Also,               �     �    �     �   <                              
Lastly,    � ∞               � ∞                                         
Thus we can safely say that condition ‘A’ is satisfied and the inter-event distribution is given by         .   
Each genetic map function represents varying degrees of interference. Hence, the same map 
function does not fit data from different organisms as each organism has its own interference 
magnitude range. Since map function do not give joint recombination probabilities in case of 
genetic markers number more than three, it is rather inconvenient to use them. Map functions 
have been extended in several ways to make them more generic in their usage. 

One such approach involves assuming that the recombination pattern across two marker intervals 
is independent of the distance between them, but this does not support observed data (Liberman 
& Karlin 1984). Since the idea was found to be flawed, this criterion had expectedly out-ruled 
some map functions which fitted well to recombination data, such as the Kosambi function.  

Nevertheless, we saw above that there is another way to modify map functions towards crossover 
interference modeling. Theorem (T1) gives a way to extend these functions to analyze multilocus 
data (Zhao & Speed 1996). If it becomes possible to find a point process such that it generates 
the map function under consideration, then multilocus joint recombination probabilities which 
are readily compatible with the map function follow. Various map functions can be derived from 
SRPs, the most common among which have been explained above – Haldane and Kosambi.  

Towards Crossover Formation Processes: There are several ways in which this process has been 
approached. Here we present the most persistent of them in limited detail – renewal and count-
location processes and, a less studied but interesting possibility, namely Markov process. 

(a) Serial Recombination Processes: This kind of a (renewal) CO formation process is 
described as follows. Let us assume that each chromosome arm is defined in the interval 
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      where   represents a natural starting point such as the centromere. Subsequently the 
COs begin to arise the centromere onwards, in a sequential manner. The inter-crossover 
distances are regarded to be independent and identically distributed according to a 
probability distribution function,  . In fact the renewal process is completely defined by 
this function. When      is an exponential distribution, the CO positions are derived 
from a Poisson process (Haldane case, discussed later). CO data for Drosophila and 
Neurospora crassa have been modeled as a specific renewal process with      being a 
Gamma distribution allowing for only integer-valued shape (Foss et al. 1993, McPeek & 
Speed 1995).  
Nonetheless, CO events occur simultaneously at several positions along eukaryotic 
chromosomes rendering serial models less generic. In contrast, viruses and fungi might 
be appropriate for applying renewal processes to (Fisher et al. 1947, Owen 1950). 
   
Further, a renewal process is termed as stationary when the occurrence of successive 
events is independent of the position of the first event (in this case it denotes CO 
formation). A special kind of stationary renewal process (SRP) called chi-square models 
were examined recently. The models were named after the distribution followed by the 
distances between COs but it is a special case of gamma, being restricted to have only 
even degrees of freedom. This model was found to show efficient goodness of fit to data 
of several organisms (Zhao et al. 1995b).     
   

(b) The Count-Location (C-L) Process: Consider a chromosome of length   and markers 
numbered           arranged along it randomly. The process is outlined by a discrete 
probability set,                    ∑       and a family of distribution functions           ∞  defined continuously on the interval      .      denote the probabilities that   
COs are formed. Given that   COs have been formed, these COs are distributed along the 
chromosomes as   independent samples from the distribution      .  
A special case is when     , without any dependence on  , then      or its probability 
density      determines the regions where COs would form. So for regions for which     such as the centromeric portion, no COs will be formed there. The frequency series      is called the crossover count C-distribution and         is the conditional crossover 
location L-distribution (Karlin & Liberman 1978, Risch & Lange 1979). If              , that is Poisson and       is a uniform distribution then the C-L process 
becomes the classical Haldane model (explained later). Here while the C-distribution 
introduces overall variation in recombination rates possibly mediated by environmental 
factors such as temperature, the L-distribution ensures more intricate control over meiotic 
CO locations.   
 

(c) Markov Growth CO Formation Process: Under this framework, it is assumed that the CO 
events are formed according to a time-dependent sequence where ‘time’ simply relates to 
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the distance of a CO along the chromosome. Continuing with this thought, we can 
consider CO formation as a continuous Markov growth process, beginning from one end 
or from the centromere where time,    . So if      gives the number of CO events in 
the duration      , then        for     becomes a Markov process with the following 
transition probabilities, which are also stationary: 
           �         |                                                            … (1.10) 

 
Also, being an increasing process,          if  <  . Hence the two factors impacting 

the CO count in an interval are the length of the interval and the cumulative number of 
COs which have already formed. The actual positions of previously formed COs do not 
influence the position of the CO being formed presently. 
  

Map functions are usually not efficient at imitating crossover interference. Further, an SRP or a 
count-location process could result in a map function, though interference is expressed in 
contrasting ways in the two cases. Take for example, the simple map function               . This function can be given by a count-location model with        for    , length of the 

chromosome is defined to be ½ which means      exists only in the interval        . On the 
other hand, the corresponding SRP has the following inter-CO distribution,           and   
can take values all along      .  
An interesting observation is that the distribution of the distances between crossovers for an SRP 
can more often be estimated by a gamma distribution. Thus, map functions such as Haldane and 
Kosambi can be neared via the gamma model or the chi-square model. Finally the use of map 
functions and SRPs requires the underlying process to be uniform, that is, interference magnitude 
must not alter along the chromosome. Though this may not reflect reality, it would require a 
dataset with a large sample size and numerous markers to understand the true nature (predictably 
non-stationary) of the process under study. But various SRPs have been modified to 
accommodate the concept of interference which fit data across organisms as well. 

Renewal Process Models: These models represent recombination as a point process and each 
point represents a recombination event across a bivalent – the structure formed when paired 
homologues are composed of two sister chromatids each. It is assumed that only non-sister 
chromatids interact leading to the formation of a crossover (NCI). And crossing over leads to the 
four chromatids being a mosaic of the parental genotypes. The point process occurring on a 
single chromatid can be derived from the four-strand bundle by independently deleting (or 
thinning) each point with probability ½ . A given chromatid has an equal opportunity to be or not 
to be involved in a crossover independent of the role played by any other chromatid. Also due to 
NCI, recombination probability increases as the marker interval size becomes larger with an 
upper limit of ½. 
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We consider these point processes to be stationary in constant multiples of genetic distance. This 
distance metric for a particular chromosomal stretch is defined as the average number of 
crossovers formed on a single chromatid in that interval.       

(a) Poisson model (Haldane 1919): This is a simple point process which does not allow any 
interference (Figure 1.8). That is, crossovers occur in nearby positions independently and 
randomly leading to the value of coincidence   being 1 throughout the chromosome. 
Under this model, we let µ  be the strength of the process at position   along the 
chromosome such that: 

 µ                                                                                                       … (1.11) 

 
We only consider cases where the above limit exists and µ  can be integrated. So the 
probability of there being no crossovers at all in an interval    �  is given by exp   ∫ µ      , or  exp   µ �      when µ  µ for all  . If there are   markers, 

then let their physical positions be            and the inter-marker genetic distances be             . Using recombination data, we can estimate these distances as follows: 
      ∫ µ     2        ∫ µ              ∫ µ               2                             … (1.12) 

 
The additional factor ½ comes from the assumption that a given chromatid shows 
probability ½ of being involved in crossover formation. From here, it is difficult to 
conclude about heterogeneity in the Poisson process strength and also the actual physical 
positions of markers. To arrive at a more amicable scenario, let us scale the interval       
to the distances between the first and last markers such that,     <    <  <       , let   ∫        and         ∫       , for all        . This will give us a 

function  :             which is an increasing monotone and for each        , 
there is a         satisfying,       . Hence   is continuous on       and can also 
be considered akin to a cumulative distribution function (cdf) on this interval on the real 
line.  
 
Finally transforming all Poisson process points by  , will give a homogenous process 
with overall intensity  . Now there are two processes defined on      , the homogenous                     and the heterogeneous             of which we proceed 
with the former as both give the same recombination data distribution. Thus the 
homogenous Poisson process        considers         . 
 
To obtain the probability of an event   which encompasses two sub-events, either no 
crossovers in an interval  , i.e.,      or at least one crossover in the interval which is 
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represented by     . The joint probability for the recombination data for a whole 
chromosome is given by multiplying the probabilities for individual intervals (as 
independent events). Thus the probability of the event   is: 
 ∏ exp            exp                                                                               … (1.13)       

 where   is as defined above in (1.12) and it can also be observed that    ∑         .  

(b) Gamma model: The inter-crossover distance distribution of the homogeneous Poisson 
model is an exponential random variable which is also a gamma variable with its shape 
parameter as 1 (Figure 1.9). This process can be generalized by having a renewal process 
with its inter-arrivals governed by the gamma distribution. The SRP with gamma inter-
arrivals can be formulated as follows. Let there be a position  , then the density of the 
distance of the first point to the right will be: 
                   Г                                                                                     … (1.14) 
 

where   is for ‘inter-arrival’ and Г    ∫             ∞ . Also the event whose density 

is given by (1.14) occurs independently of all events to the left of   as an expression of 
the memory-less property. Distribution of the next point to the left of   is also governed 
by (1.12), thus there is no directionality. If it is assumed that no event has taken place at  , then the density to the next event (left or right) is given by: 
          Г     ∫             ∞                                                                         … (1.15) 

 
The strength of the process now becomes    . When    , we obtain the Poisson 
model.  
 
As before, let us scale the four chromatid bundle to the interval       and restrict the 
range of the inter-arrival distribution to       as well. Then the probability of having at 

least one crossover along the bundle of chromatids is,   ∫            . Again, if it is 

known that at least one crossover forms, the probability density of the distance from the 
end equated to   to the first crossover position on the bundle will be           . Now if 
it is known that there is a crossover at position        , then the probability of the 

presence of another crossover between   and   is given by      ∫            . 

Similarly, in addition to a crossover at  , if it is also known that there is at least one 
crossover between   and  , then the density of the distance from   to the next crossover 
(between   and  ) will be            . It must be noted here that though the  
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Figure 1.9 Interference Models.  

a| Gamma Model 

The crossover positions are obtained from a Stationary Renewal Process (SRP) with the inter-crossover 
distances from a gamma distribution. The rate (shape) of this distribution denotes the interference strength 
among the resulting crossovers. The gamma shape gives much lower variance than exponential giving 
interfering crossovers. 

b| Mechanical Stress Model (Beam-film) 

Formation of crossovers from DSBs is compared to flaws along a thin ceramic film coating a sizeable 
metallic beam developing into cracks as stress along the beam increases. With increase in stress when a 
flaw turns into a crack it releases stress on nearby flaws preventing their conversion into cracks, thus 
mediating interference. 
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relationship of the metric of these described distances with physical distance remain 
uncertain, this metric is indeed a constant multiple of the genetic distance.   
Just as in the Poisson model, thinning is implemented where each crossover event on the 
four-strand bundle is equally probable to be kept or to be removed to arrive at the 
crossover events for a single chromatid. 
 
Though here we do not restrict ourselves to the integral shape parameter case of gamma, 
the gamma SRP with its shape parameter value constrained only to integers has been 
implemented and examined since long. Fisher had suggested (Fisher et al. 1947) that the 
point process of crossovers observed along a chromatid can be equated to an inter-arrival 

renewal process with density         e            . Thereafter, it was found 

(Owen 1950) that the gamma density with 2 as the shape and rate parameters for the 
inter-arrivals closely resembled Fisher et al’s renewal process. The gamma SRP has been 
applied at the four-strand level with various models of chromatid interference (Carter and 
Robertson 1952), without chromatid interference (Cobbs 1978) and also at the two-strand 
level (Payne 1956). The gamma model at the four-strand level with no chromatid 
interference has also been fitted to data from Drosophila and Neurospora by way of 
comparison between the observed and expected crossover distribution (disregarding those 
that could not be observed due to experimental limitations) in a particular chromosomal 
segment (Cobbs 1978). Various mathematical aspects of the same model were also 
explored and fits were presented for data from the same organisms by contrasting the 
coincidence curves obtained from the experiment and from the model (Stam 1979, Foss 
et al. 1993). 
 
Thus, this set-up with the inter-arrivals from a gamma distribution and only integer 
shapes has been utilized generously mainly since it is mathematically manageable. But it 
has also been projected to have the capability to elucidate specific experimental 
observations about the formation of gene conversions (non-reciprocal exchange between 
homologues) and recombination (Foss et al. 1993). To begin with, gene conversions have 
been seen to be accompanied by high recombination frequency in surrounding markers 
(Mortimer & Fogel 1974). In addition, gene conversions tend to appear independently in 
marker intervals whereas gene conversions with recombination do not. So a new 
perspective was presented by Foss et al. (1993). This entails that there be a Poisson 
process for the initial pre-crossover events which result in gene conversions. These 
conversions may or may not become crossovers. In this model, also known as a counting 
model, every         event matures into a crossover. If the first event is given the 
probability         to lead to a crossover, then this model is nothing but a gamma 
SRP for the inter-arrivals with shape parameter as    .  
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Fitting a stationary gamma renewal process also results in permitting the associated real 
physical map to be non-stationary. As in the Poisson model, for convenience, we assume 
that a non-decreasing and onto (continuous) transformation function  :             
(cdf on      ) exists which maps the model to a stationary process.  

 
 

Mechanistic Methods 

Under this we mainly have two approaches which have been proposed: the King-Mortimer 
model and the mechanical stress model. Here is a conceptual overview of these models: 

(a) King-Mortimer model: This model is also known as the polymerization model (King & 
Mortimer 1990) as it suggests recombination travels as a polymerizing signal along the 
chromosome. What is proposed is as follows. Early recombination structures (such as 
DSBs or early recombination nodules) are distributed independently along the 
chromosomes and are granted constant probability per unit of time to initiate bi-
directional polymerization. The polymer extends from its initiation site and is capable of 
preventing further addition of early structures into the bivalent. These sites where 
initiation begins are suggested to finally mature into crossovers. This model is 
remembered as it explains interference as well as the obligatory crossover rule. Also the 
foreseen crossover pattern is a result of interference which is the strongest when nearest 
to initiation sites and reduces in strength in a distance-dependent manner. Simulations of 
the associated parameters have been fit efficiently against data from Drosophila and S. 
cerevisiae.  
 
One of the motivations behind this model was that an optimal interference model will be 
useful in systems with numerous magnitudes of differences in their genome sizes in base-
pairs or bp. Also physical distances measured in terms of SC length rather than bp are 
closer among organisms, hence the signal is considered to be moving along the SC axis. 
This idea which entails that interference, though propagating via physical distance but is 
measured along SC length, and the interference signal disseminates along the SC axis is 
engaging as species with varied sizes of genome can be normalized by changing the axis-
associated DNA loop sizes. But model-supporting experimental observations have not 
been made yet.  
 

(b) Beam-film (stress-based) model: Among physical systems, it is commonly seen that a 
disturbance such as an increasing or decreasing stress originates at a point and dissipates 
outward from that point (Figure 1.9). Stress is usually generated along chromosomes as 
they contract and expand. And this model (Kleckner et al. 2004) advocates that 
crossovers form to release this stress locally. Stress relief in the neighborhood of a 
crossover travels down the chromosome in both directions down the SC axis.  
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Conceptual Background – When there is a thin film bound to a thick substrate (metallic 
beam here), it is able to support a tensile stress �  parallel to the film (Figure XX). This 
stress can build up when the film is deposited or it can occur later when temperature 
increases are imposed on the system. Subsequently thermal expansion differences as 
explained above mediate initiation and formation of crack from the flaws. In case the film 
is fragile and well-bound, the cracks which penetrate to the beam will travel across the 
film perpendicular to the stress.  
This model has a very complex implementation as certain heterogeneities must be 
introduced in the mechanical properties of the film to lead to precursors (flaws) of 
varying fragility (explained later). As the beam is subjected to stress and expands as a 
result, each precursor can resist a critical amount of stress beyond which it “cracks” 
(forming a CO). In the limit that the film is thin, how the stress propagates along the film 
is given by a simple linear partial differential equation. Once a crack develops, the stress 
disappears at the crack while on its either side the stress in the film relaxes to its crack-
independent value exponentially with distance. Let us denote the distance over which this 
relaxation happens as λ. Then the stress in an interval along the film without any cracks is 

given by �        �     . For additional cracks to form, they will more often be 
initiated beyond the stress-relieved regions near already-formed cracks. As stress 
increases (e.g. continued temperature rise), this physical process is led towards relatively 
uniformly spaced crack sites in the film. Thus the crack positions can be considered 
analogous to interfering CO positions on a bivalent. 
In addition, it is necessary to specify the stress at the chromosome ends (Kleckner et al. 
2004). The boundary conditions given by Neuman (Landau & Lifshitz 1986) could be 
utilized for this purpose which ensures that the stress at the film ends (bivalent) has zero 
derivative. The partial differential equation associated with the system can be solved 
analytically with the general solution of the form: 
 �    �                         
                  … (1.16) 
for the stress �    at the point   on one side of a crack at position   . A subtle point in 
the value of B specific for each interval, restricted between cracks or an edge of a 
chromosome. Each value of B must be adjusted for the boundary conditions to be 
satisfied and �      at the crack. An explicit formula at any given point provided the 
crack positions are known, is derived from this piecewise solution. Lastly, it is important 
to adjust the model by setting the maximum possible stress in the beam to yield the 
correct mean number of COs (twice the genetic length of a chromosome in Morgans) 
while   is chosen based on how interfering the CO positions must be. Very thin films 
correspond to a small value for λ and a very limited interference range. 
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In addition to the restrictions exercised on the final outcome, there is a need to set the 
ratio of the number of precursors (DSBs) to the final number of crossovers as well, which 
remains organism-dependent (varying from 4 to 25 in maize experiments {Franklin et al. 
1999, Stack & Anderson 2002}) and 20 was used by our group for modeling maize data 
{Falque et al. 2009}; also, 17 in tomato studies {Stack & Anderson 1986}). These 
precursors are distributed randomly on the bivalent and a random threshold is also 
assigned to each based on the formula: 
      √                                                                                                    … (1.17)  

 
where,    represents a random variable distributed uniformly in the interval [0, 1]. When 
the stress at the precursor exceeds this threshold, it turns into a crack. There is an inherent 
stochasticity in the model which lends strong randomness in the determination of which 
precursor will lead to a crack and which won’t. If the stress at a precursor does not reach 
the threshold they are considered to be conversions.   

This model is appealing as it ensures crossover interference and homeostasis. Since each 
chromosome is under stress, the formation of the first crossover becomes indispensable 
(preserving the obligate CO rule). The signal of a CO being formed travelling along a 
chromosome acts as an inhibitory signal. Numerous events can happen on a chromosome 
but the tendency to be evenly spaced would be retained. 

Though mathematical simulations of this model have been fit to experimental data, its 
predictions remain difficult to verify. Further, DSBs may relieve tensile stress but the role 
of crossovers in stress relief is elusive to gauge. Lastly it is also arduous to conjecture 
about a mechanism which allows some COs to release stress while some escape as in the 
case of organisms with both interfering and non-interfering crossover formation 
pathways.          
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Chapter 2 

Readily available…  

 

MODELS OF CROSSOVER INTERFERENCE 

Here I discuss the theory which was used frequently throughout my thesis. Apart from the 
interference models, this chapter covers statistical techniques related to model or model 

parameter optimization.   

 

Single Pathway Interference models 

Gamma model (McPeek & Speed 1995) 

As presented before (in the last section of the previous chapter) the so-called Gamma model is a 
framework which considers the inter-crossover distances as being generated from a stationary 
renewal process (SRP) (Figure 9). We begin by launching the renewal process from an initial 
position a long distance to the left of the chromosome to ensure that once we reach the 
chromosome domain, the CO events there become independent of initial position. This is to take 
advantage of the memorylessness of the SRP.  

Continuing with previous notations, the gamma probability distribution function has shape 
parameter   and rate as  . This defines in the Gamma model the distribution of inter-crossover 
distances     :                      � Г                                                                                         … (2.1a) 

Statistically it is always in the interest of modelers to make a model more parsimonious. In the 
same spirit, the Gamma model rate parameter is set so the density of COs is 2 per Morgan so it is 
twice the shape which is usually denoted as � or nu. Historically, it has been found that the 
Gamma model provides reasonably good fits to experimental data, though such early data had 
rather limited statistics. Thus the modified distribution form from (2.1a) we will be using in 
further analysis is given as:        �  �    �  �     2  Г �         �                                                                        … (2.1b)   

This model quantifies crossover interference by the parameter, � (hereafter referred to as nu), the 
interference strength or intensity.  
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The model is mathematically very elegant, and in particular allows for an easy likelihood for any 
realization of the CO positions. This allows one to use the maximum likelihood framework for 
inferring the “optimum” parameter values. Further, the Gamma model is formulated in the space 
of genetic positions and in practice one may scale all distances to lie in the interval       since 
the distribution of crossovers in this space is uniform. Note that by definition, a distance of one 
Morgan (the genetic distance unit) is defined as an interval for which the mean number of COs 
per meiosis is 1 at the level of gametes (and thus 2 at the level of bivalents). Thus each additional 
Morgan indicates that the average number of crossovers increased by one.    

Beam-film model (Kleckner et al. 2004) 

This model hypothesizes that the formation of crossovers can be explained via a framework to 
quantify mechanistic effects which go as described (refer also detailed description in the last 
section of the previous chapter) (Figure 9). It considers an (e.g., metallic) elastic beam or plate 
which is laminated tightly on one side by a thin fragile film (for instance, porcelain) with a 
considerable number of flaws lining its edges. When this ensemble is heated, the beam will 
expand more than the film owing to its higher thermal expansion coefficient. As the metal 
expands, it forces the film to stretch along with it, leading to a tensile stress on the film. The film 
resists to a certain extent, creating an opposing compressional force in the metallic beam. As the 
film is fragile compared to the beam, the tensile stress will lead to the initiation of crack 
formation at the flaws in the film. Once begun, a crack extends down to the film-beam interface 
and then travels across the whole, reaching the other edge and completing the crack. When a 
crack forms, it leads to local stress release on both sides of the crack site. The elasticity of the 
beam (in practice the value of the Young modulus) introduces a characteristic scale for stress 
relief; beyond that distance, the influence of crack on the stress on the film decays exponentially. 
This characteristic distance is put in correspondence with an interference parameter  . This 
“relief” of stress spreads outwards from a crack in both directions and decreases steadily with 
distance from the crack. Newer cracks may subsequently develop but outside the stress relief 
region. Development of a crack hence interferes with the formation of nearby cracks.  

The likelihood for this model has not been ever determined and it is unlikely a closed form can 
be obtained. In such situations, it is possible to use an approach based on summary statistics: a 
score is introduced which is used to quantify a goodness of fit and then one has to maximize this 
score as if it were a likelihood (details under Parameter Estimation).        

Incorporating Two Pathways: interfering & non-interfering 

Since it is known that the interfering and non-interfering pathways co-exist in most organisms 
with their respective contributions being in general unknown, it is important for models to have a 
way to achieve incorporating these two pathways. Thus in the following we cover two kinds of 
such models. 
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A two-pathway model includes an interfering (the first pathway or   ) as well as non-interfering 
pathway (denoted as the second pathway or   ) of crossover formation. An additional parameter   gives the proportion of the non-interfering pathway (thus also called     ). If the first pathway 
is taken to be described by the Gamma model, the rate parameter of the gamma distribution for 
COs from the first pathway is then            while the Poisson density rate for the non-
interfering fraction of crossovers is       . The pathway 2 COs can be thought of as 
superposed (independently) onto those of the first pathway, which is why the non-interfering 
COs are said to be “sprinkled” (Copenhaver et al. 2002) on top of the interfering crossovers.  
Such a sprinkling of non-interfering COs on top of interfering COs does not care what the first 
pathway is, so it can be implemented also when the interfering COs are produced by the beam-
film model.  

 

Parameter Estimation 

Likelihood Maximization (Rothenburg & Leenders 1964, Theil 1971):  Under this approach it is 
assumed that the data has been produced via a procedure involving unknown parameters and that 
these are to be inferred from the data. In our case, the parameters are for instance those of the 
family of gamma distributions. Under this assumption, we can compute the likelihood function 
of the parameters by applying Bayes’ theorem and using the probability of the measured data for 
given values of the parameter(s). The maximization of the likelihood (we seek the global 
maximum) provides the estimates of the parameter values. Usually we work with the log 
likelihood as it is more convenient to handle numerically. In the case of a single pathway 
Gamma model, the inter-crossover distances come from a gamma SRP but one has to deal with 
the fact that the chromosome is finite whereas the SRP is defined on the infinite line. The 
densities with which the SRP enters (first crossover position) and then leaves (the last crossover) 
the chromosome have to be treated with some care (details in the Supplementary Materials of 
Basu-Roy et al. 2013). Hence a systematic algorithm to navigate through the parametric space is 
required. This need is heightened when we consider two-pathway models where two parameters 
must be estimated.   

There are two more issues that need to be kept in mind: the matter of thinning (going from the 
four chromatids or bivalent to a single chromatid or gamete) and considering all possible ways of 
allocating experimentally observed crossovers to the two pathways when the non-interfering 
pathway is also incorporated. Thinning has been discussed before. But for the latter, what is done 
in practice is if a gamete (or chromosome) has k crossovers, then each of them can come from 
either the interfering or the non-interfering pathway, giving    possibilities. And to compute the 
likelihood of such a collection of COs, the probability for each possibility needs to be calculated 
and then summed.  
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Score maximization (Falque et al. 2009): In models such as the Gamma model constructed from 
SRP, the likelihood can generally be calculated, though as is shown in Supplementary Materials 
of Basu-Roy et al. 2013, the calculation can become quite complex if there is missing data. 
However in the case of the beam-film model, there is no known procedure for computing the 
likelihood of data. In its absence, one can define a score which is based on summary statistics 
deduced from comparing simulated (at least     simulations) and observed histograms of inter-
crossover distances. Let                  be the model probabilities of the formation of          crossovers on a bivalent and    be the inter-crossover distance density on a bivalent 
with exactly   crossovers. Then the (score proposed in Falque et al. 2009) is given by: 

   �      ∑                                                                                                                 … (2.2) 

where,    is the     inter-crossover length between the      and          crossover. 

 

Optimization algorithms 

The maximization of the likelihood or of a score requires searching through the parametric 
space. Some methods are more efficient than others, and we have had to adapt when necessary 
our implementations. Nevertheless, if details are omitted, here are the two major classes of 
searching in the parameter space.  

Two-dimensional Scan: When using this algorithm, we replace all possible values for a 
parameter if there is only one parameter by the values on a mesh, defined using a parameter “step 
size” which is defined by the user. The search on the whole space is replaced by the scan 
throughout the whole mesh In case there are two parameters as in a two-pathway model, one  
moves along a two-dimensional mesh based on the two “step sizes” given as input.  

The precision reached by such an approach depends on the step size input, but decreasing this 
step size increases the amount of computation. Clearly it would be appropriate to reduce the step 
size but force the search to stay localized to the best point found. This is in effect close in spirit 
to the hill climbing approach. 

Hill-climbing: Here, beginning with an initial value with likelihood   , several neighbors are 
considered at a time, to the left, to the right and a trial point via polynomial interpolation, which 
are decided based on the initial step size. This initial step size depends on the range provided for 
each parameter as well as on the upper and lower limits for the respective range. The initial step 
size is initially relatively large because one may be far away from the optimum. So the likelihood 
for all the neighbors are compared against the present likelihood    and the move is decided. 
When a better neighbor is not found, the step size is revised to a smaller value as the absence of a 
better neighbor usually indicates close proximity to the optimum hence the need to make the 
search more thorough and the moves more cautious. As the procedure is iterated, the trajectory 
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converges to a local maximum. Experience shows whether in general there is a single such 
optimum parameter point; interestingly, as long as there are not too many parameters, this seems 
to be the case for the models we have studied in this thesis.  

When there is one parameter, it is very straight forward to check all neighbors and keep moving 
till the optimum is reached. In case of two parameters, changes are made to parameters in an 
alternate manner, checking for neighbors with higher likelihoods. This can be done one 
parameter at a time or not, with generally no consequence on the final result.    

 

Confidence intervals 

The one parameter case: In our work, we will generally use confidence intervals derived from 
the Fisher information matrix (Rao 1973, Theil 1971). Fisher information, denoted as       
represents the amount of information that an observed random variable    contains on the 
unknown parameter   in case of the single parameter model. The partial derivative of the natural 
logarithm of the likelihood         is known as the expected score. The first moment of the 
score is 0 under some regularity conditions (Theil 1971): 

        ∏       |    ∑[ {             | }]    ∫                                
 ∫                   ∫                     

                                                                                                                              … (2.3) 

If we consider the notation,     |     ∏        |   

the Fisher information is given by the second moment of the score, and this will be as follows 
when     |   is doubly differentiable, 

                      |              |                                                                       … (2.4)       is in fact the expected Fisher information for the whole sample      and      denotes the 
information corresponding to one random variable,   . Further, the observed Fisher information 
is:               |                                                                                                                  … (2.5) 

By using finite differences and limits, we have:       |           |         |     , for small                                                  … (2.6a) 



54 
 

 
 

                |          |             |          |       |      , 
for small                                                                                                                              … (2.6b) 

The only condition for (2.5) to be computable is the existence of a smooth likelihood. The 
observed Fisher information can also be represented as:        ∑  2  2       |                                                                                                  … (2.6c) 

Since      are considered to be independent and identically distributed, the summation terms 
also have the same property. So by the law of large numbers, we have that their average 
converges to the expectation of one term, which is,     .  In addition since the observed and 
expected Fisher information are related by the theory of consistent estimation, we have:              in probability,                                                                                              … (2.7) 

We may also write:                    . Hence for large samples,       and       
approximate each other. Since in our case we utilize the maximum likelihood estimate of the 

parameter, denoted as  ̂, we can also say that,   ( ̂)      ̂ . Thus in the case of large samples, 

we obtain that,  ̂                ̂     using the expected Fisher information. Or, in terms of 

the observed Fisher information, we can also write that,  ̂                ̂    . Hence the 
Fisher confidence intervals can be expressed as: 

  ̂       ̂                                                                                                                          … (2.8) 

where,   denotes the appropriate  -value corresponding to the confidence limits required (e.g., 

1.96 for 95%). Finally the confidence intervals may also be:  ̂       ̂      . This expression is 
more realistic since we know the actual value of the observed Fisher information, not the 
expected one.  

The several parameter case: Here the parameter is a vector     , a column vector with the k-
parameters. The logic of the computation of the confidence intervals remains similar apart from 
the fact that now all concepts are extended to the multi-variable case. So the first partial 
derivative is a vector of partial derivatives instead of one first derivative written as:         |            |                                                                                       … (2.9)                     

Again, the double derivative will be a matrix now instead, denoted as       |  . While the 
diagonal terms will be partial derivatives with respect to the same parameter twice, the off-
diagonal terms will be double partial derivatives corresponding to all paired combinations of 
parameters in a symmetric manner.  

As before we have:   {         |  }                                                                  … (2.10) 
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Hence, from (2.9), we also have that:            |              |                                                                                 … (2.11a) 

We can also write the above    equation from the double partial derivative matrix as:   {     |          |     }     { 2    |        }                                                                 … (2.11b)  

Thus, finally from (2.11a), we obtain that:                 |   , and as seen previously,              |  . 
Proceeding as before and applying multivariate convergence theory, we have the following result 

that,  ̂                ̂    , and also  ̂                ̂    . This gives us the expression 
to arrive at the confidence interval of the     parameter as follows: 

 ̂   √     ̂                                                                                                                   … (2.12) 

Also the same expression holds by replacing    by   . What the term      ̂        represents in 
(2.13) must be emphasized. First the Fisher matrix is to be inverted and then the diagonal 
element corresponding to the     parameter must be considered to obtain the confidence interval.  

 

Model selection 

The Bayesian Information Criterion (BIC) was introduced by Schwarz (1978) as a competitor to 
the Akaike (1974) Information Criterion (AIC). The computation of BIC is based on the log 
likelihood without any need to define priors and it is given by the following formula:         ( | ̂)                                                                                                     … (2.13) 

where,   is the number of parameters (vector,   with its estimate  ̂) in the model and   is the 

sample size while   ( | ̂)    ∏       ̂ | ̂  or the log likelihood as before.  

The other criterion, AIC has a similar expression for its computation:         ( | ̂)                                                                                                        … (2.14) 

with the same notation convention as before. 

As can be clearly observed, the term for goodness of fit is the same for both criteria. But the 
penalty term is more stringent for BIC than for AIC since for large samples, that is when       
we see that,        >   . This leads to BIC preferring more parsimonious models than AIC. 
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Hence the differences in models selected by the two criteria would be especially glaring in large 
sample settings.  

Further, let us consider two definitions: consistency and asymptotic efficiency. Suppose that the 
generating model is of a finite dimension, and that this model is represented in the candidate 
collections under consideration. A consistent criterion will asymptotically select the fitted 
candidate model having the correct structure with probability one in the limit of infinite amount 
of data. On the other hand, if we assume that the generating model is of infinite dimension, and 
thus lies outside of the candidate collection under consideration. Then, an asymptotically efficient 
criterion will asymptotically select the fitted candidate model which minimizes the mean square 
error of prediction. AIC is asymptotically efficient yet not consistent whereas BIC is consistent 
and not asymptotically efficient. 

A pragmatic point of view would advocate the following: 

a. AIC should be preferred when the ultimate goal of the model is predictive, that is to 
profess a model which predicts new outcomes efficiently. 

b. BIC is useful when more importance is granted to the description of a model, that is, to 
build a model which will include the most important contributing factors to the outcome.   

Lastly, with increasing sample size, predictive accuracy is enhanced as subtle effects are 
included in the model. While AIC will support the inclusion of such influences, BIC will not.  

 

References 

Akaike H. (1974) A new look at the statistical model identification. IEEE Trans. Autom. Control 
19(6): 716-23. 
 
Copenhaver G.P., Housworth E.A., Stahl F.W. (2002) Crossover interference in Arabidopsis. 
Genetics 160: 1631-39. 
 
Falque M., Anderson L. K., Stack S. M. et al. (2009) Two types of meiotic crossovers coexist in 
maize. Plant Cell 21: 3915-25. 
 
Kleckner N., Zickler D., Jones, G.H. et al. (2004) A mechanical basis for chromosome function. 
Proc. Natl. Acad. Sci. USA 101: 12592-97. 
 
McPeek M. S., Speed T.P. (1995) Modeling interference in genetic recombination. Genetics 139: 
1031-44. 
 
Rao C. R. (1973) Linear Statistical Inference and Its Applications. New York: Wiley. 
 



57 
 

 
 

Rothenburg T. J., Leenders C. T. (1964) Efficient estimation of simultaneous equation systems. 
Econometrica 32: 57-76. 
 
Schwarz G. (1978) Estimating the dimension of a model. Ann. Statist. 6(2): 461-64. 
 
Theil, H. (1971) Principles of Econometrics. New York: Wiley. 
 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



58 
 

 
 

 

…………………………….………………………………………………………       PART I 

STUDY OF INTERFERENCE HETEROGENEITY IN ARABIDOPSIS 

Chapter 3 

Making things happen…  

 

PEDAGOGICAL EXPLANATION OF OUR METHODS  

This chapter describes the innovative developments reported in the first publication of my thesis 
(Basu-Roy et al. 2013). Since the entire published text will follow after Chapter 4, I remain 

relatively succinct here.  

 

Ad-hoc interference heterogeneity detection 

There exists a very useful statistical measure of the degree of variation of observables, known as 
the coefficient of variation (  ) which is the ratio of the standard deviation, � and the mean,  ̅ 
of a dataset. For the present discussion, the dataset consists of inter-crossover distances. In the 
case of data generated using the Gamma model,    has been found to be inversely proportional 
to interference strength, so that higher    indicates less interference and vice-versa.  

We wanted to utilize    (�  ̅) to probe whether interference strength varies with position along 
the chromosome. When using    to provide an overall intuition about interference variation 
along a chromosome, it becomes important to modify the    formula so that it focuses on a local 
region. What is done is position-related weights are assigned to each distance between adjacent 
crossovers and then the    is computed with these weights. These weights are taken to be 
exponential with the distance of the current position and the mid-point of the COs under 
consideration, making the procedure akin to a sliding window along the chromosome.  

Let the present position be denoted as   which is usually the mid-point between two genetic 
markers. And suppose that the mid-point between the     adjacent pair of crossovers is   , then 
the associated weight is considered to be     exp             . Thus using these weights, a    is computed corresponding to each position   on the chromosome. So we have a weighted 
mean and weighted standard deviation as follows:  ̅  ∑         ∑      and,  
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�      ∑        ̅    ∑                                                                                             ... (3.1) 

 

Likelihood for discontinuous chromosome regions 

This likelihood computation was done as a part of our endeavour to compare interference 
between different regions for the same chromosome. When it was required to see if there is was 
significant difference between the central portion and distal regions of chromosomes, it was 
imperative to deduce likelihood for the extremities. These regions were the first and last quarter 
of the chromosome in genetic length with an intervening hidden region. This implied that this 
central region had to be treated as missing data. The only information available at hand was 
whether that missing region was recombinant or not. For our work which was implemented in 
our computer code, we had to consider both the recombinant and the non-recombinant cases.  

When the hidden region is recombinant, the hidden region must have an odd number of 
crossovers (one or three or five and so on..). While if the central portion is non-recombinant, one 
has to consider all even numbers of COs (zero or two or four and so on…). Here what stood us in 
good stead was the additive property of the shape parameter of the gamma distribution. The 
second layer of complexity is added to the situation when we first need to understand the 
problem at the bivalent or four-chromatid level (before thinning) and then assess the situation at 
gamete or single-chromatid level (after thinning). It is necessary to have a clear picture in both 
scenarios as the data available could be at either level. In this particular case, we worked with the 
Arabidopsis data (Giraut et al. 2011, Data I in Supporting Datasets). 

We began with the likelihood provided by Broman & Weber (2000) for the full chromosome and 
proceeded with the ‘without thinning’ case and moved on to ‘with thinning’. This quite involved 
computation is laid out comprehensively with explanatory figures and text in the Supplementary 
Information section of my Genetics paper (pages 10 SI – 19 SI). 

 

Discerning non-interfering pathway (P2) heterogeneity  

We undertook this analysis by comparing simulated and observed histograms using Pearson’s 
chi-square test within the R statistical software.  

Each interval between markers is considered the reference interval in turn. For each interval, 
considering only those gametes with a crossover in this interval, we count the number of 
crossovers in each of the other intervals. Keeping the reference fixed, the number of crossovers 
in the other intervals in gametes with a total of two and three crossovers are enumerated 
separately. The frequency corresponding to the reference interval of course is ignored. Once we 
have these separate two and three-crossover frequency series or histograms corresponding to 
each inter-marker interval from the experimental data, we follow the same steps to derive their 
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counterparts using data simulated with the Gamma model where the parameters are obtained 
from the global fit for each chromosome. Then each pair of frequency series are compared using 
the R chi-square test function,              .  
The combined p-values from two and three-crossover gametes were procured using the R 
function,          . This function first retrieves the Pearson’s chi-square statistic based on the 
two p-values (two and three-crossover cases), adds these statistic values and recalculates the p-
value. Further this function in perspective to our case can only be used if there exist both two as 
well as three-crossover gametes for a particular reference interval. If both cases do not exist, then 
the previous p-values are retained. Finally, we apply the Bonferroni correction at a family-wise 
error rate of 5% for male and female meioses and each chromosome (more details on page 20 SI 
of Supplementary Information of Genetics paper).  
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Chapter 4 

Mission published…  

 

INTERFERENCE IN ARABIDOPSIS IS HETEROGENOUS 

I will give a concise tour of the work we published in the paper (Basu-Roy et al. 2013; called 
13BR hereafter), the journal version of which follows this chapter. Without going into elaborate 
details, I describe the various analyses undertaken on this data to further the understanding of 

interference in Arabidopsis in particular and of all organisms in general.  

Note: No Beam-film model results were provided in the paper. Nevertheless I present them here 
under one particular head as their comparison with the Gamma model results draws interesting 
parallels between the two approaches. 

 

Qualitative Results 

The position-dependent coefficient of variation explained in the previous chapter provides some 
intuition about the variation in interference along chromosomes (Figure 4.1). This approach 
indicates that interference shows variation, it does not remain constant. Also in a previous 
publication by Drouaud et al. (2007), the same conclusion had been reached for chromosome 
number 4.  What are the scales of this variation and how does it differ between sexes or between 
chromosomes? Are there any trends for interference variation in different regions of 
chromosomes regardless of the sex? This paper has tried to explore the different levels of 
interference variation in Arabidopsis.  

 

Parameter estimation given the interference models: Global view on comparisons 

Recall that the Gamma model is a statistical model while the beam-film model is mechanistic. 
Within the Gamma model, we typically maximize the likelihood to obtain the best-fitted 
parameter(s) whereas the projected likelihood score (PLS) is maximized to infer the beam-film 
parameter(s).  

To make a justified comparison between these two models, the importance of using the same 
score cannot possibly be overstated. To compare these two models the simplest approach is to fit 
both using the same PLS score; as shown previously, the PLS provides nearly the same inference 
of parameters in the Gamma model as the maximum likelihood approach (Falque et al. 2009).  



Figure 4.1 Coefficient of Variation.   
This quantity (inversely proportional to 
interference strength) is computed in a 
location-dependent way for all chromosomes 
of Arabidopsis (Data I). Red is for female 
meiosis and black for male.       
Variation trend varies between male and 
female meiosis.  
(See Supplementary Materials of  Basu-Roy 
et al. 2013 for discussion) 
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In the published work in absence of the beam-film, all Gamma model results are obtained from 
maximizing the likelihood. 

 

Single pathway (Gamma v/s Beam-film) 

Using PLS score maximization, we first obtain the best fits of the gamma parameter,    and the 
beam-film parameter,   assuming a single (interfering) pathway only. Then in order to compare 
the two models, we inquire if they show similar trends when it comes to the different sexes 
(Figure 11). Such a direct comparison is possible as both parameters,    and  , are directly 
monotone in interference strength.  

From both models, the trend is seen to be similar (Figure 4.2). Female meiosis shows higher 
interference than male meiosis. The interference estimates are more clustered for the Gamma 
model than for beam-film.  

Note that since it is known that Arabidopsis shows non-interfering crossovers as well as 
interfering ones, the single pathway results give only a qualitative perspective. 

 

Two-pathway (Gamma v/s Beam-film) 

Here we estimate the parameter values using the PLS score for the Gamma model and the beam-
film model. In addition to the parameter nu associated with interference strength (Figure 4.2), 
there is the parameter   which gives the proportion of the non-interfering pathway (Figure 4.3).  
The 95% confidence interval limits are also determined for each of these parameters. 
Subsequently we compare separately the two parameter classes across sexes and chromosomes 
for each model.  

Our study leads to similar conclusions in the two models. While the interfering parameter is 
found to be higher in female meiosis, the parameter p is lower in female meiosis (Figure 4.3 (a), 
(b)). Further, since the parameter p is common to both models and has the same meaning in both, 
it is worthwhile to delve into whether the value of this parameter is consistent in these models. 
Interestingly, the value of p is found to be strikingly close and strongly correlated when 
considering the different sexes and chromosomes (Figure 4.3 (c)). This shows that even though 
the Gamma and beam-film models use completely different frameworks, there is good agreement 
in the final conclusions they lead to.  

 

 

 



Figure 4.2 a| Single Pathway Interference Model Estimates. 

The interference strength parameters nu (gamma model) and λ (beam-film) have been estimated for male 
and female meiosis for the five chromosomes (numbered 1 through 5) of Arabidopsis (Data I) . The 
estimated values are compared between male and female meiosis. Female meiosis shows higher 
interference. 
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Figure 4.2 b|  Gamma Two-

pathway Model Estimates. The 
gamma interference strength parameter nu 
has been estimated for male and female 
meiosis for the five chromosomes (numbered 
1 through 5) of Arabidopsis (Data I) . The 
estimated values are compared between male 
and female meiosis. Female meiosis again 
shows higher interference. 
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Figure 4.2 c|  Beam-film Two-

pathway Model Estimates. The beam-
film interference strength parameter λ has been 
estimated for male and female meiosis for the 
five chromosomes (numbered 1 through 5) of 
Arabidopsis (Data I) . The estimated values are 
compared between male and female meiosis. 
Female meiosis shows higher interference yet 
again. 

λ (male meiosis) 

λ 
(f

e
m

a
le

 m
e
io

s
is

) 



Figure 4.3 b|  Beam-film Two-pathway 

Model Estimates. The beam-film parameter p 
denoting the proportion of non-interfering pathway 
has been estimated for male and female meiosis for 
the five chromosomes (numbered 1 through 5) of 
Arabidopsis (Data I) . The estimated values are 
compared between male and female meiosis. Male 
meiosis shows higher values than female. 
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Figure 4.3 a|  Gamma Two-pathway 

Model Estimates. The gamma parameter p 
denoting the proportion of non-interfering 
pathway has been estimated for male and female 
meiosis for the five chromosomes (numbered 1 
through 5) of Arabidopsis (Data I) . The 
estimated values are compared between male 
and female meiosis. The parameter values are 
higher for male meiosis than for female. 

Figure 4.3 c|  Comparison 

between Models. The second 
parameter p in two-pathway models 
common to gamma and beam-film are 
compared in all the five chromosomes 
(numbers 1 through 5 for male; 6 
through 10 for female meiosis) of 
Arabidopsis (Data I).      
Two different models give highly 
correlated results for the parameter 
common among them. 
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Whole chromosome interference comparison (Gamma model only) 

All these comparisons were done using the Welch  -test, since unlike the traditional  -test, the 
Welch test does not assume that the two datasets of interest have equal variances.  

Male v/s Female 

This comparison has become possible as male and female meiosis data sets have become 
available. Although such differences have long been speculative, at present there are numerous 
organisms where differences between sexes have been exhibited.  Posteriori, such differences are 
not unexpected because male and female meiosis usually occur in different parts of an organism 
and within very different cells. Meiosis regulation is likely to be different in these cells, leading 
to potentially both different genetic lengths and interference strengths. 

We have discussed the male-female comparison to a certain extent in the previous section using 
a single pathway. The change here is that we focus on the Gamma model only, and then the 
parameter estimation can be performed using the likelihood. This approach results in the same 
observational trends for both single and two-pathway models. The highest female to male 
interference ratio (1.3) is seen in the fifth chromosome under the single pathway model (Figure 
S1, 13BR). The two-pathway framework in contrast finds the highest ratio (3.9) to concern the 
second chromosome (Figure 1, 13BR). For the additional parameter,   which is higher for male 
than female meiosis, the highest male/female ratio is observed in the third chromosome (Figure 
2, 13BR).  

Between chromosomes for male and for female meiosis 

Variation in interference amongst chromosomes is not expected if interference is a simple 
mechanical consequence of crossover formation. Nevertheless, previous reports have found 
differences in interference strength between chromosomes in various species, so it would not be 
surprising to find the same trend in Arabidopsis. Furthermore, it is possible that interference 
strength as we measure it is affected by chromosome size even if the underlying mechanism is 
not.     

The fourth chromosome exhibits the highest interference in male and female meiosis via the 
single pathway model. Interestingly, this higher interference among female chromosomes may 
justify why they have fewer crossovers if interference is an evolutionary mechanism for 
minimizing the number of COs. Within male or female meiosis, the chromosome with the 
highest or lowest values of interference (or the parameter  ) show significant differences against 
intermediate-valued chromosomes (Tables 1 and S1 in 13BR). 
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Int ra-chromosomal interference comparisons (Gamma model only) 

When comparing sub-parts of chromosomes, the amount of data available (in particular the 
number of COs one can work with) reduces a lot leading to a reduction in statistical power of any 
test that is done on the two sub-datasets. Thus, when we compared the two chromosome arms or 
central and distal chromosomal regions, many comparisons yielded non-significant p-values.  

In order to see if some overall trends existed even if individual chromosomes did not statistically 
suffice to detect them, we grouped the Arabidopsis chromosomes according to the position of the 
centromere - metacentric and acrocentric. While the second and fourth chromosomes are 
acrocentric, the first, third and fifth are metacentric. We thus grouped the chromosomes 
accordingly and re-did the comparisons to unravel any trends which might exist. Grouping 
chromosomes in this manner led to some interesting trends. 

 

Between the two chromosome arms (Table S2, 13BR) 

Under the single pathway model, the fourth chromosome shows significant difference in the 
parameter    between the two unequal arms – the longer arm (on the right) is more interfering. 
And two-pathway analyses showed a notable difference between the arms of the second 
chromosome during male meiosis for both    as well as  . When acrocentric chromosomes 2 
and 4 were grouped together, we saw significantly lower value for   in the shorter left arm for 
male as well as female meiosis.   

 

Between the central and distal chromosomal regions (Table S2, 13BR) 

Considering the single pathway model (with the interfering pathway only), five of the ten 
chromosomes led to higher interference in the central region and some of these differences were 
significant. Further, the two-pathway model obtained higher values for both    and   in the 
distal regions of chromosomes, a few of which were significant as well. And merging 
metacentric chromosomes gave significantly higher    (male meiosis) as well as   (male and 
female meioses) in the extremities of chromosomes. 

 

Heterogeneity in the non-interfering pathway (P2) 

A special kind of scatter plot for all gametes having more than one crossover, where co-ordinates 
of adjacent crossover positions were displayed, led us to decipher the reason behind some 
unusually close crossovers. These plots clearly showed enrichment of nearby crossovers which 
we interpreted as COs contributing to the non-interfering pathway. Indeed, if there is a local 
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enrichment of COs from the non-interfering pathway, this is exactly the pattern that should 
emerge.  

To delve deeper into this hypothesis, the Pearson’s chi-square test was applied to compare the 
observed and model-predicted inter-crossover distance distributions, as explained in the previous 
chapter. This test results in highly significant  -values for several intervals (Figure 5, 13BR), for 
most of the chromosomes. That conclusion shows explicitly that the current two-pathway 
modeling is unable to explain all statistical aspects of observed crossover arrangement along 
chromosomes. To err on the cautious side, note that our test would yield significant results if 
gene conversions affected our data. To take a conservative approach, we thus re-did our analysis 
after removing all those cases that were compatible with gene conversions, i.e., where crossovers 
occurred in adjacent marker intervals (Figure S4, 13BR). This gave 29 intervals with significant  -values. Thus the heterogeneity we see is not only driven by gene conversions. Clearly the 
present two-pathway models assuming uniform interference and fraction p of non-interfering 
COs along chromosomes has to be amended.  

  

The endeavor of this published work was to explore interference variations and test the limits of 
the current modeling on state of the art data sets. Both crossover formation pathways consider 
the corresponding parameters to be constant along chromosomes. As we dug more into the 
variation scales, it became increasingly clear that in addition to varying between chromosomes 
and between male and female meiosis, interference shows variations along the chromosome 
length as well. Interference strength and the non-interfering crossover fraction exhibit local 
fluctuations from the global value considered by the two-pathway model framework. Given what 
we found, it is now time  to suggest models that incorporate such heterogeneities. I have done so 
towards the end of my thesis.  
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(Sturtevant 1915; Muller 1916), leading to a lower variabil-

ity in inter-CO distances than in the absence of interference.

It has been suggested that CO interference plays a role in

controlling the number of COs formed for each pair of

homologs. Indeed, most organisms obey the obligate CO

rule whereby each bivalent must have at least one CO to

ensure proper segregation of the homologs; one way to en-

sure such an obligate CO is to have many DSBs and let them

develop into COs. But at the same time having many COs

may be deleterious, inducing genomic errors or breaking

advantageous allelic associations. Interference might then

be the signature of a mechanism allowing for the appear-

ance of an obligate CO followed by suppression of CO for-

mation in favor of NCOs. Such an interpretation is supported

by the fact that most organisms produce far more DSBs than

COs (Baudat and De Massy 2007), so that high interference

strengths probably reflect selection pressures to control the

number of COs. Interference is thus integral to a mechanistic

understanding of meiosis, and it comes as no surprise that

most organisms that have been studied do exhibit CO

interference.

In the past decade, much progress has been made in

identifying key genes and the associated pathways for CO

formation. A first pathway (P1) is interfering and depends

on proteins of the ZMM family such as MLH1 and MLH3. A

second pathway (P2) seems to be noninterfering and

depends on MUS81 with other associated proteins. The

two pathways have been found to coexist in Saccharomyces

cerevisiae (Hollingsworth and Brill 2004; Stahl et al. 2004),

Arabidopsis thaliana (Higgins et al. 2004; Mercier et al.

2005), tomato (Solanum lycopersicum, Lhuissier et al.

2007), and mouse (Mus musculus, Guillon et al. 2005).

These studies indicate that the proportion of P2 COs varies

from species to species. For example, in tomato it hovers at

�30% (Lhuissier et al. 2007) while in mouse it is �10%

(estimated by putting together results from Broman et al.

2002; Froenicke et al. 2002; Falque et al. 2007). Outliers are

Caenorhabditis elegans with only interfering COs and Schiz-

osaccharomyces pombe, which shows only noninterfering

COs. Variations in the proportion of P2 COs also seem to

arise within a given species when comparing different chro-

mosomes (Copenhaver et al. 2002; Falque et al. 2009).

Early ways to detect CO interference were based on the

coefficient of coincidence (Ott 1999). More recently, various

models of CO formation have been introduced; the fitting

of these mathematical models to the experimental data

allows one to (1) extract a quantitative estimate of interfer-

ence strength and (2) dissect interference effects that are

entangled in the mixture of interfering and noninterfering

pathways, following present biological knowledge summa-

rized in the previous paragraph. Multiple models have been

proposed to incorporate interference in CO formation mod-

eling. The most widely used ones take the COs to be gener-

ated by a stationary renewal process, which assumes that

the genetic distances between successive COs are indepen-

dently and identically distributed. This is the case of the

gamma model (McPeek and Speed 1995), called so because

the inter-CO distances follow a gamma distribution. When

the shape parameter of this gamma distribution is restricted

to be an integer, the model reduces to the chi square (Bailey

1961; Foss et al. 1993) or the counting model. All such

models of interference have been designed to describe the

formation of COs within the P1 pathway. In the case of

modeling COs from two pathways (P1 being interfering

and P2 not), one first simulates COs from P1 and then one

uniformly “sprinkles” additional P2 COs without interfer-

ence (Copenhaver et al. 2002). Using the gamma model

for the P1 pathway accompanied by P2 sprinkling has led

to estimates of p (the proportion of P2 COs) varying from 19

to 20% in Arabidopsis chromosomes 1, 3, and 5 (Copenhaver

et al. 2002), 3 and 5% for Arabidopsis chromosomes 2 and 4

(Lam et al. 2005), �12% for the 10 maize chromosomes

(Falque et al. 2009), 0–21% for humans depending on the

chromosome (Housworth and Stahl 2003), and �10% for

baker’s yeast chromosome 7 (Malkova et al. 2004). Such

modeling studies have also provided estimates of interference

strengths via the fitted value of the shape parameter of the

gamma model distribution. Note that the availability of confi-

dence intervals on these parameters is often an issue, and

systematic testing of differences between chromosomes has

not yet been attempted. Are the currently estimated differ-

ences in interference strength or the P2 proportion p signifi-

cant? Would it be possible instead to assign an overall

(chromosome and sex-independent) interference and/or P2

proportion value to each species? Finally, is there any evidence

of variation in interference at the intrachromosomal level?

As a first answer to these questions, previous work on

Arabidopsis male chromosome 4 (Drouaud et al. 2007)

found that both the local recombination rates and the syn-

aptonemal complex lengths were significantly different

when comparing male and female meiosis. Furthermore,

those authors concluded that interference strength varied

along the length of chromosome 4 through tests using the

classical coefficient of coincidence (Ott 1999). But these

tests had two limitations. First, large intervals were used

to avoid statistical noise, erasing any small-scale variations

in interference. Second, different interval sizes were pooled

together to gain statistical power, introducing biases. It is

thus worthwhile to see whether the modeling approach

(based on fitting parameters of CO formation models rather

than on measuring coefficients of coincidence) gives results

similar to those of Drouaud et al. (2007) while adding more

insight. A first step in this direction was provided by Giraut

et al. (2011) using the single pathway gamma model. Al-

though these researchers found higher interference

strengths in female than male meiosis for all five chromo-

somes of Arabidopsis, they provided no tests and thus made

no claims of statistically significant differences. As we shall

see, the single-pathway approach has serious shortcomings,

making it essential to use two-pathway modeling, which

allows one to resolve interference into properties of the

two pathways P1 and P2.
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In this work, we exploit the two large reciprocal backcross

populations produced by Giraut et al. (2011) to study CO

interference in A. thaliana. The gamma single and two-

pathway models are used to fit the data of male and female

meiosis for all five chromosomes. The variability in interfer-

ence at several levels is then analyzed: between different

chromosomes (separately for male and female meiosis), be-

tween male and female meiosis for each chromosome pair,

and finally, between different regions of the same chromo-

some. Significant differences are found at all levels. We also

obtain a genome-wide picture of candidate intervals that are

anomalously hot for the proportion of the noninterfering

pathway. Finally, the discrepancies unveiled in this work

between the Arabidopsis data and the fits demonstrate the

need for more sophisticated models than the ones available

today.

Materials and Methods

Experimental data

Plant material: The two A. thaliana accessions, Columbia-

0 (Col) (186AV) and Landsberg erecta (Ler) (213AV), were

obtained from the Centre de Ressources Biologiques at the

Institut Jean Pierre Bourgin, Versailles, France (http://

dbsgap.versailles.inra.fr/vnat/). The Col accession was

crossed with Ler to obtain F1 hybrids. These hybrids were

backcrossed with Col: their pollen was used for male meio-

sis, while Col pollen was used for female meiosis. Further

details of the crossings are given in Giraut et al. (2011).

DNA extraction: The plant material from the Colx(ColxLer)

and (ColxLer)xCol populations was lyophilized (specifics in

Giraut et al. 2011). Then DNA was extracted as explained in

Giraut et al. (2011).

Selection of single-nucleotide polymorphism markers and

genotyping: For the two populations associated with male

and female meiosis, a set of 384 SNP markers (Supporting

Table S1 of Giraut et al. 2011) were chosen from the

Monsanto and Salk Institute databases based on even phys-

ical spacing along the chromosomes (details in Giraut et al.

2011). Markers and plants with too many undetermined

genotypes were removed from the final data set. The result-

ing populations consisted of 1505 and 1507 plants having

genotype data from 380 and 386 markers for the male and

the female populations, respectively (380 markers in com-

mon). Totals of 222 and 163 singletons were verified in the

male and female populations, respectively, using PCR and

DNA sequencing.

Single-pathway interference modeling

Model:We have worked within the standard hypothesis that

the two CO formation pathways produce COs independently

(Copenhaver et al. 2002; Argueso et al. 2004) and that P2

has no interference at all (Copenhaver et al. 2002). P2 par-

ticipates only in the two-pathway modeling, which will be

discussed below; here we need to consider only the first

pathway that is interfering. To specify the P1 pathway

framework, we used the gamma model (McPeek and Speed

1995) at the level of the bivalent (two homologs, four chro-

matids). To completely define the model, one has to provide

the genetic length LG of the chromosome considered and the

interference parameter nu, which can take any value in

[1, N]; these two quantities are independent. LG is simply

set to the experimentally observed genetic length. The pa-

rameter nu quantifying the pathway’s interference strength

corresponds to the “shape parameter” of the gamma distri-

bution used in the process of generating the genetic posi-

tions of successive COs. In addition, 2*(nu) is the “rate” of

that gamma distribution on the bivalent, ensuring that the

density of COs is two per Morgan as it should be by defini-

tion of genetic distances. Note that the backcross data lead

to information on only one of the four gametes produced

during each meiosis. Properties of CO patterns at the gamete

level were deduced using the assumption of no “chromatid

interference” (Zhao et al. 1995; Copenhaver 1998) (details

in Supporting Information).

Estimation: Given a value nu of interference strength, the

likelihood for each backcross genotype was computed. Since

each backcross is associated with a different meiosis, the

likelihood L for the whole data set is the product of the

likelihoods of each meiosis. Then we obtained the “best”

value of the interference strength nu by maximizing L (this

is the classical maximum-likelihood method), adjusting the

model parameter nu using a “hill-climbing” procedure

(Gauthier et al. 2011) (details in Supporting Information).

Although the computation of likelihoods has been provided

previously for whole chromosomes, in the present work we

were also able to compute the likelihoods when chromo-

some portions under consideration did not form a continuous

stretch (details given in Supporting Information). Such cal-

culations allowed us to perform comparisons of interference

strength between the central regions and the extremities of

chromosomes. Not surprisingly, our whole-chromosome sin-

gle-pathway estimates agree with those reported by Giraut

et al. (2011) as these were based on the same data and same

maximum-likelihood approach. Confidence intervals were

computed using the Fisher information matrix.

Two-pathway modeling via sprinkling

The P2 (noninterfering) COs were put down randomly with

uniform density in genetic position (that is, along the

genetic map) and then superimposed or “sprinkled”

(Copenhaver et al. 2002) onto the P1 COs. On the bivalent,

the density of P2 COs (defined as their mean number per

Morgan) was 2 times the proportion (chromosome-wide) of

the noninterfering pathway COs, p, where p lies in [0,1].

Similarly, the density of P1 COs was 2 times (1 2 p), leading

to a value of the rate parameter 2*(nu)*(1 2 p). This two-

pathway gamma model is then specified by the genetic

length LG, nu, and p; these three quantities are independent.
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The first is set to its experimentally observed value while the

other two are adjustable. The adjustment was obtained by

maximizing the likelihood L for a given chromosome as de-

scribed above except that here L had two parameters (nu, p)

spanning a two-dimensional parameter space. Again, the

hill-climbing algorithm (Gauthier et al. 2011) was used for

maximization. After the adjustment, confidence intervals

were obtained from the Fisher information matrix.

Statistical procedures and comparison tests

Comparing two data sets (separate chromosomes or

different regions of one chromosome): We examined

differences of interference strength at three levels. We

compared the effective interference (using the single-pathway

model) as well as the P1 interference and the proportion

of non-interfering COs (using the two-pathway model)

between (1) male and female meiosis for the same chromo-

somes, (2) between the different chromosomes but for a given

sex, and (3) between different regions or the two arms of

the same chromosomes. We tested the null hypothesis (H0)

that the two data sets being compared have equal means,

using the Welch t-test rather than a t-test. Indeed, the clas-

sical two-sample t-test assumes the sample variances to be

equal, which is not valid for the comparisons here. The

Welch t-test generalizes the standard t-test to allow for un-

equal variances for the two samples. When the null hypoth-

esis is rejected, it indicates that there is a statistically

significant difference between the means of the two samples

(details given in Supporting Information).

Detecting intervals hot for P2 COs: We compared simu-

lated and experimental data sets to detect hot intervals

specific for P2. For each interval between adjacent markers,

we first selected the plants having a CO in that interval. The

frequency of COs in each of the other intervals was then

computed, separating the cases of gametes with a total of

two and three COs. The same was done for simulated data,

generated with the simdata option in CODA (Gauthier et al.

2011) using the nu and p values obtained by fitting the

experimental data. Expected (simulated or “theoretical”)

and observed (experimental) distributions of COs for each

intermarker interval were contrasted by Pearson’s chi-square

test (Lindsey 1995) within the R statistical software, chisq.

test(). This allowed us to test for each interval the null hy-

pothesis that the two distributions (experimental and simu-

lated) are similar. Furthermore, to better exploit the data,

we merged the values from the two-CO and three-CO cases

by taking the sum of the corresponding chi-square values

(for intervals having data for two COs and three COs).

The corresponding P-value was then computed by the R

function, pchisq(). For intervals with data for one case only,

the previous chi square and P-values were retained (details

in Supporting Information). Since Pearson’s test is per-

formed for all the intervals, we applied the Bonferroni cor-

rection at a family-wise error rate (FWER) of 5% for male

and female meioses and each chromosome.

Results

Whole-chromosome analyses

Single-pathway analyses: For each of the five chromosomes

in A. thaliana, we estimated the values of the effective in-

terference strength (given by the parameter nu) in male and

female meiosis with the corresponding 95% confidence

intervals, using the gamma model (see Materials and Meth-

ods). The fitted values of nu fall in a rather small range—

from 2.4 to 4.1. Interestingly, female meiosis consistently

exhibits higher values of nu than male meiosis (Figure

S1). The highest female/male (F/M) interference ratios

are seen for chromosomes 5 (1.3) and 4 (1.2) although

these differences are not significant statistically (diagonal

entries of Table S1). Comparing now different chromosomes

for male meiosis, chromosome 4 has the largest nu, which is

statistically different from the nu of chromosomes 1, 2, and

3 (top triangular part of Table S1). Furthermore, chromo-

some 5 has the second highest effective interference, and

when compared to the two chromosomes with the lowest

values (2 and 3), the differences in nu are statistically sig-

nificant. Finally, for female meiosis, chromosome 4 has the

highest effective interference while chromosome 3 has the

lowest and the difference between them is significant (bot-

tom triangular part of Table S1).

Two-pathway analyses: For the gamma-sprinkling two-

pathway model, we found values of nu between 8 and 37,

with the range for male meiosis being 8–15, and for female

meiosis, 13–37 (Figure 1). These values are systematically

higher than the ones obtained in the single-pathway mod-

eling. Such a trend is expected since the single-pathway

modeling provides only an effective interference strength

that mixes contributions from the two pathways; whenever

p is appreciable, effective interference strength will neces-

sarily be low. Considering now the estimates of p, the values

found lay within the range 0.06–0.19, with 0.12–0.19 for

male and 0.06–0.12 for female meiosis (Figure 2).

Comparing the male and female meioses, just as in the

single-pathway analyses, we find that nu is consistently

higher in female meiosis than in male meiosis for all chro-

mosomes; in particular, the female-to-male ratios for nu are

highest for chromosomes 2 and 4 (3.9 and 2.2, respectively).

These differences are statistically significant for three chro-

mosome pairs (diagonal entries of Table 1 associated with

nu). Furthermore, the F/M ratios for nu are much higher

than those obtained within the single-pathway analyses that

do not dissect the interference signal into two pathways.

We obtain confidence intervals on p that do not contain

the point p = 0. We therefore exclude at the 5% significance

level the possibility of having only P1 COs: it indeed is nec-

essary to use the two-pathway framework for all of the

chromosomes for a sensible modeling. Furthermore, just as

nu is larger for female meiosis than for male meiosis, we find

that female meiosis has lower values of p than male meiosis;

the highest male-to-female ratio (1.9) occurs for chromosome
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3. This difference is significant for two among the five chro-

mosome pairs (diagonal entries of Table 1 associated with p).

Compare now the different chromosomes for their level

of P1 interference strength nu and proportion p of P2 COs

for male and female meiosis separately. Beginning with male

meiosis, chromosome 4 has the highest nu value (14.6) that

is statistically different from that for chromosomes 1 and 5

(male-male comparisons, top triangular part of Table 1,

entries associated with nu). Considering the values of p in

male meiosis, chromosome 3 has a significantly larger pro-

portion of P2 COs than chromosomes 1, 4, and 5 (top tri-

angular part of Table 1, entries associated with p). For

female meiosis, chromosomes 2 and 4 have higher values

of nu as compared to chromosomes 1, 3, and 5, and many

of the associated comparisons are statistically significant

(female-female comparisons, bottom triangular part of Table

1, entries associated with nu). We also find that chromo-

somes 1 and 2 have greater values of p than the others,

while chromosome 4 has the lowest; most of the statistically

significant comparisons arise when including chromosome

4 (bottom triangular part of Table 1, entries associated

with p).

Intrachromosomal variation of interference

Uniformity of interference along chromosomes was tested

via the difference in interference strength nu or parameter

p (1) between the two arms of the chromosome (denoted

“left” and “right” and separated by the centromere) or (2)

between the central region (corresponding to half of the

genetic length, taken between the fractions 0.25 and 0.75

of the whole chromosome) and the rest of the chromosome

(extremities). These analyses were performed on individual

chromosomes and when pooling the acrocentric chromosomes

2 and 4 on the one hand and the metacentric chromosomes

1, 3, and 5 on the other.

Single-pathway analyses: A few of the comparisons suggest

interference strength heterogeneities. For example, chromo-

some 4F shows a significant difference between the nu val-

ues of the left and right arms (the suffix M or F denotes male

or female meiosis, respectively); the right arm that is longer

shows a higher interference strength (first column of Table

S2). But whenmerging data sets into two groups—metacentric

chromosomes 1, 3, and 5 and acrocentric chromosomes

2 and 4 — no significant differences are found between

left and right arms in either groups, be it for male or

female meiosis.

When comparing the central region to the extremities,

there is no overall trend for nu: five chromosomes show

higher interference in the central region while the remaining

exhibit the opposite behavior. In spite of that, the difference

is significant for certain chromosomes (see the second col-

umn of Table S2). Here again, merged data sets for chro-

mosomes 1, 3, 5 and for chromosomes 2 and 4 do not yield

significant differences.

Being based on a single pathway, all these results should

be considered in a qualitative spirit only since the two-

pathway analyses exclude the possibility that p = 0.

Two-pathway analyses: First consider the P1 interference

strength parameter, nu. Among the comparisons between

left and right arms, only chromosome 2M shows a significant

difference, with a higher value for the right arm (third

Figure 1 Estimated values of nu for the two-pathway gamma model. The

nu estimates (black circles) for the five chromosome pairs (1–5 in red) for

male (x-axis) and female (y-axis) meiosis with their 95% confidence inter-

vals (black solid lines). The diagonal (black dashed line) is for y = x.

Figure 2 Estimated values of p for the two-pathway gamma model. The

estimates for the model parameter p (black circles), which is the propor-

tion of COs from the noninterfering pathway for the five chromosome

pairs (1–5 in red) for male (x-axis) and female (y-axis) meiosis with their

95% confidence intervals (black solid lines). The diagonal (black dashed

line) is for y = x.
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column of Table S2). Merged data sets for chromosomes 1,

3, 5 and for chromosomes 2, 4 give no significant differ-

ences. However, for comparisons between the central region

and extremities, nu tends to be higher in the extremities for

the majority of the chromosomes (fifth column of Table S2;

see also Figure 3). For the metacentric merged data consist-

ing of chromosomes 1M, 3M, and 5M, we find a significant

difference between these regions, with higher nu for the

extremities. The other merged data show no trend.

Second, for the parameter p, the difference between left

and right arms is significant only for chromosomes 2M and

3M (fourth column of Table S2). Considering merged data

sets for acrocentric chromosomes 2 and 4, the right long arm

shows significantly higher p than the left short arm in male

as well as female meiosis. For comparisons between the

central region and extremities, p is observed to be higher

in the extremities for most chromosomes with several sig-

nificant differences (sixth column of Table S2). For the

merged data sets, metacentric chromosomes (1, 3, and 5)

exhibit (significantly) higher values for p in the extremities

for both male and female meiosis.

The passage from single to two-pathway modeling leads

to fewer statistically significant differences because there is

an additional parameter to fit and thus loss of power.

Nevertheless, the merged data analysis provides an un-

ambiguous trend of intrachromosomal interference hetero-

geneity, namely higher interference as well as a higher

proportion of noninterfering COs in the extremities.

Hot intervals for the noninterfering (P2) pathway

Scatter plots of positions of CO pairs (see Figure S2 and

Figure S3) reveal the presence of pairs close to the diago-

nal, indicating an anomalously low effective interference

and thus presumably a high contribution of P2 in the cor-

responding regions. Furthermore, if an interval I* is hot for

P2, that is, if the fraction of P2 COs arising in that interval

is much higher than the value p inferred from the standard

two-pathway modeling, then there will be an enrichment

phenomenon whereby gametes with two or three (or

more) COs will have a particularly high probability of hav-

ing I* be recombinant. Such an enrichment leads to an

excess of points on the horizontal or vertical line associ-

ated with that interval in the scatter plot of pairs of COs;

this is indeed what is observed for a number of intervals

(cf. Figure 4 and Figure S2 and Figure S3). Note that some

of the events displayed correspond to CO position pairs

that arise in several gametes; that is, there are points with

multiplicities going up to 4 [Figure 4, made visible by in-

troducing random noise in both axes using the R function

jitter()].

To have an objective criterion for considering an interval

to be hot for P2, we apply Pearson’s chi-square test, compar-

ing the theoretical and observed distribution of genetic dis-

tances between successive COs. The Bonferroni correction is

then applied to take into account that there are as many

P-values calculated for each chromosome as there are inter-

vals (cf.Materials and Methods and Supporting Information).

These tests reveal highly significant P-values for several

intervals along most of the chromosomes, showing that

the current two-pathway modeling does not adequately de-

scribe all of the statistical features in the experimental CO

patterns. From the P-values derived for each interval, we

obtain a putative genome-wide profile of hot P2 intervals

(Figure 5). We see that the intervals for which P-values

are highly significant suggest the presence of hot regions

for the noninterfering (P2) pathway. In addition to the het-

erogeneity within these P2 hot regions, the pattern varies

between chromosomes and between male and female mei-

osis. Some chromosomes show several average and major

peaks while others show only one high peak. The positions

of the peaks also vary, sometimes occurring next to the cen-

tromere in particular for male meiosis, sometimes farther

down each arm as seems to be typical in female meiosis

(Figure 5).

The profiles of Figure 5 suggest hot regions for P2 COs,

but our test would also generate small P-values if there were

many gene conversion events (due to NCOs) affecting our

data. Noting that these events would give rise to double

recombinants in adjacent intervals, we have reanalyzed

the data after removing all such cases. For this modified data

set, 29 intervals lead to significant P-values (Figure S4).

Thus we reject the hypothesis that current two-pathway

modeling (where P2 COs are uniformly sprinkled along

chromosomes) describes the statistical features of the exper-

imental CO patterns. This result was also reached before

removing double recombinants in adjacent intervals, so gene

Table 1 Results (P values) for two-pathway gamma-sprinkling model comparisons

1M 2M 3M 4M 5M Male

1F nu* 1F — — — — p* 3M nu* 4M — — — 1M

2F nu* 2F — nu* 2F — — — — — — — 2M

3F — — — — — p* 3M — p* 3M — p* 3M 3M

4F nu* 4F p* 1F — p* 2F — — nu* 4F p* 4M nu* 4M — 4M

5F — — nu* 2F — — — nu* 4F — — — 5M

Female 1F 2F 3F 4F 5F

Comparisons (1) between male and female meioses for the same chromosome (diagonal values boxed) and (2) between different chromosomes in male meiosis (upper left

values) and female meiosis (lower left values) separately. There are two boxes corresponding to each comparison, the left one for nu and the right one for p. The P values

were computed for the null hypothesis that the two meioses under consideration are associated with the same value of nu or p (separately). Note that an asterisk indicates

that the P-value is significant at a 95% level of significance. For every significant comparison, the chromosome indicated is the one having the higher nu or p. Empty cells

refer to non-significant statistical tests.
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conversions on their own do not explain the heterogeneities

we find in either Figure 5 or Figure S4.

Discussion

Female meiosis exhibits higher “effective” interference
than male meiosis

Fitting data to the single-pathway gamma model provides

a value for the associated interference parameter. The

estimated values here are in agreement with those reported

earlier (Giraut et al. 2011). We further find that the five

chromosomes show higher effective interference in female

meiosis than in male meiosis (Figure S1 and Table S1).

However, we also find that the single-pathway model gives

rise to poor adjustments to the experimental data. Such be-

havior is not surprising since, when using the two-pathway

model, fitting leads to estimates of p (the P2 parameter) that

are always incompatible with zero. To be on the safe side,

single-pathway approaches should be considered to provide

qualitative information only.

Female meiosis exhibits higher P1 interference
and lower P2 proportion than male meiosis

We find that two-pathway modeling points to higher P1

interference strength in female than in male meiosis (Figure

1). Furthermore, the values for p are significantly higher in

male than in female meiosis (Figure 2). These systematic

differences, arising in all chromosomes, suggest that the

action of interference is affected by the cellular environ-

ment; i.e., the male and female meiocytes provide environ-

ments where the interference strength and presumably the

proportions for each pathway are modulated at a systemic

level. Clearly, the cellular environment effects recombina-

tion rates, and thus its effecting interference strength does

not come as a surprise.

In the light of these results for P1 and P2, we can look

back at the results of the single-pathway analysis. Because

P1 is more interfering in females and p is higher in males,

one expects the effective interference inferred by the single-

pathway modeling to be stronger in females. As shown

above, this is indeed what the single pathway finds; in fact,

it does so for all chromosomes.

In previous studies (Vizir and Korol 1990; Giraut et al.

2011), it was observed that the M/F overall recombination

ratio in A. thaliana is �1.93. Could the extra genetic length

of the male genetic maps be due to just an increase in COs

from P2, keeping P1 unchanged both for the number of COs

and their level of interference? The answer is “no”: we know

that P1 COs see both their numbers increased and their in-

terference level reduced when going from female to male

meiosis because the male–female differences in nu are often

statistically significant.

Comparison to previous two-pathway studies

Genome-wide CO interference in Arabidopsis has been stud-

ied previously by other authors (Copenhaver et al. 2002;

Lam et al. 2005) but only for male meiosis. Using the

single-pathway gamma model, it was concluded that the

effective interference parameter nu lies in the range 4–10

(Copenhaver et al. 2002) while in our analyses we have nu

going from 2.4 to 3.5 (Figure S1); it is not possible to make

Figure 4 Scatter plot of successive CO positions for gametes having

three COs on chromosome 2 in female meiosis. Each point gives the

positions of the pair (CO 1, CO 2), i.e., (first CO, second CO) or of the

pair (CO 2, CO 3), i.e., (second CO, third CO) where the positions are

genetic and rescaled to lie in [0,1]. CO positions in adjacent or nearby

intermarker intervals are close to the diagonal (black dashed line, y = x).

Figure 3 Comparison of the interference parameter (nu) between central

region and extremities of chromosomes (two-pathway gamma model).

The nu estimates (black circles) for the eight chromosomes (1–5 for male

meiosis and 1, 3, and 5 for female meiosis) for the central region (x-axis)

and the extremities (y-axis). The central region is defined as the middle

half of the chromosome in genetic length, the rest of the chromosome

forming the extremities. The diagonal (black dashed line) is for y = x.
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Figure 5 Genome-wide view of intervals hot for the (noninterfering) P2 pathway. x-axis: marker interval positions in mega basepairs along the

chromosome considered. y-axis: minus the natural logarithm of the P-value of Pearson’s chi-square comparison test for that interval. This P-value

corresponds to the null hypothesis that P2 crossovers are uniformly distributed along the chromosomes. The dashed horizontal line corresponds to the

FWER of 5% when using the Bonferroni correction for the multiple tests on the chromosome considered. Panels A-J refer to the different chromosomes

and to male/female meiosis, as indicated in each plot title.
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a more quantitative comparison because those authors do

not provide confidence intervals. They also performed two-

pathway analyses, estimating nu to be between 10 and 21

and p between 0 and 0.2. Our values range from 8.8 to 14.6

for nu (Figure 1) and from 0.12 to 0.19 for p (Figure 2), so

the results are qualitatively similar, but again a more de-

tailed comparison cannot be given in the absence of confi-

dence intervals. Also, our confidence intervals for p do not

include zero, precluding the presence of only the interfering

CO-formation pathway in agreement with Copenhaver et al.

(2002). Another two-pathway analysis was performed (Lam

et al. 2005) with a larger data set for chromosomes 2M and

4M, each of which bears a nucleolus-organizing region

(NORs). Those authors find p to be 0.029 [confidence in-

terval (0.003, 0.059)] for chromosome 2M and 0.054 [con-

fidence interval (0.023, 0.097)] for chromosome 4M. These

estimates are lower than what we find here, namely 0.14

[confidence interval (0.106, 0.176)] for 2M and 0.12 [con-

fidence interval (0.087, 0.151)] for 4M (Figure 2). The dif-

ference might be attributed to several factors: (i) we have 71

SNP markers (they had 17) on chromosome 2 and 44

markers (they had 21) on chromosome 4; (ii) our data set

contains .1500 gametes while theirs contains 143 tetrads

(tetrad data bring roughly four times more power to the

analysis as compared to the same number of gametes, so

1500 gametes here should be compared to the equivalent

of �572 tetrads); and (iii) the plants were not subject to

exactly the same growth conditions.

Chromosome-specific effects

Analysis using the two-pathway framework leads to mark-

edly higher P1 interference parameter values in female

meiosis for chromosomes 2 and 4. It may be a coincidence,

but these are the two short, acrocentric, NOR-bearing

chromosomes. Within the NOR regions, one does not have

exploitable markers, so no COs are detected there. Such

missing data can very well lead to fitting biases, especially if

the remaining COs are few as in the female meioses. This

effect may thus explain why chromosomes 2 and 4 are nu

outliers for female meiosis (Figure 1 and bottom triangular

part of Table 1); note furthermore that chromosome 4 is

a nu outlier for male meiosis also (top triangular part of

Table 1), giving further credence to the hypothesis that

chromosomal architecture and in particular NOR regions

are responsible for high P1 interference parameters.

A similar analysis for the parameter p reveals that chro-

mosome 4 has a markedly lower proportion of P2 COs than

the other chromosomes in male meiosis (Figure 2 and top

triangular part of Table 1). The same reasons as above are

plausible causes.

Heterogeneity of interference within chromosomes

In a previous study (Drouaud et al. 2007) of chromosome

4M of A. thaliana, it had been observed by analyzing coef-

ficients of coincidence that the left side of that chromosome

had higher effective interference than the right side. Even

though our data set comes from a plant panel different from

the one of Drouaud et al., the two have similar interference

characteristics (see Supporting Information and Figure S5

and Figure S6). In particular, using the coefficient of varia-

tion of inter-CO distances, which provides a qualitative mea-

sure of effective interference, we find very good agreement

between the two data sets (see Figure S6) and that effective

interference is stronger on the left side than on the right side

of chromosome 4M.

The present work extends intrachromosomal interference

comparison to all five chromosomes while also basing such

comparisons on model fitting. We compare left vs. right arms

and central region vs. extremities (Table S2). When doing

so, we consider only a portion of each chromosome, and so

the number of CO events is reduced, thus diminishing sta-

tistical power to a large extent. This difficulty explains why

our comparison tests are often inconclusive. One striking

result of the two-pathway modeling is the generally higher

value of the interference strength parameter nu as well as p

in the extremities, compared to the central region, for both

male and female meiosis (see Figure 3). In addition to sev-

eral significant comparisons yielded by analyzing one chro-

mosome at a time, the merged data sets also provided

conclusive results. The metacentric chromosomes 1, 3, and

5 together give significant differences between the central

region and the extremities for nu and p. Both parameters are

higher in the extremities. This may indicate that, while in-

terference strength (or nu) increases toward the extremities,

reducing the number of interfering COs, the fraction of non-

interfering COs (or p) rises in compensation. Whereas to-

ward the central region, the opposite behavior presents

itself, with the proportion of noninterfering COs (or p) de-

creasing and interfering COs populating the region, which is

more in keeping with the decreased interference (or nu).

Perhaps this effect is governed by some architectural prop-

erties of the chromosomes. These could involve, for exam-

ple, the level of compaction of the chromatin or mechanical

stiffness that certainly plays a role in a number of other

phenomena (Kleckner et al. 2004). Or the centromere itself

could play a role, given that the merged data for the three

metacentric chromosomes (1, 3, and 5) gives lower nu in the

central part than in their extremities in both male and fe-

male meiosis.

The heterogeneities hereby demonstrated have never

been considered in any interference model. Models to date

consider interference to be constant along the chromosome

with a single representative parameter (nu in the gamma

model). Our results suggest that modifications of the gamma

model should be considered, for example, by replacing the

single value of nu for the entire chromosome by a vector of

local nu values. Unfortunately, this increases greatly the

number of parameters to be estimated so that a much larger

data set would be required to perform reliable parameter

estimation.

There were some instances when it was difficult to obtain

estimates for the parameters nu and/or p when comparing
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subparts of the chromosomes, especially for chromosomes 2

and 4. In addition to being the smaller chromosomes, for

female meiosis in particular, where interference is higher,

the number of COs plummet rapidly in general and further

when we look at smaller regions rather than the whole

chromosome. Also, the left arm in general is very small,

which leads the maximum-likelihood algorithm to allow

for large values for interference.

P2-associated hot regions within chromosomes

In light of the evidence for intrachromosomal variations of

(i) interference strength and (ii) proportion p of noninter-

fering COs, we tested within our modeling framework

for intervals that may be anomalously hot for P2. This pos-

sibility is not considered by any of the currently available

interference models, but may be of strong biological rele-

vance. Indeed, one already knows that double-strand breaks

mature into crossovers or into noncrossovers in proportions

depending on the locus (Mancera et al. 2008); such a pro-

pensity may extend to the choice of using one CO pathway

rather than the other. Differences in the treatment of dou-

ble-strand breaks may in fact tie in with the different mech-

anisms that are used for mis-match repair in the two

pathways of CO formation (Getz et al. 2008).

Performing our tests for male and female meiosis in each

interval, we found a number of very strong candidate

intervals where P2 COs likely arise at significantly higher

frequencies than expected (Figure 5 and Figure S4). This

result suggests that not only does interference strength vary

along chromosomes, but so does p, the relative contribution

of P2 COs to recombination rates. Our genome-wide explo-

ration revealed a heterogeneous pattern; on average some

large-scale regions are likely to be hotter than others, but

otherwise there do not seem to be any global trends. Clearly,

current models, in particular the two-pathway gamma

model in which P2 COs are sprinkled uniformly, are simply

too crude. A new class of models has to be formulated to

incorporate this knowledge. The molecular mechanisms

specifying the relative proportions of P1 and P2 COs are only

beginning to be unveiled (Crismani et al. 2012); one may

also speculate that the chromosomal architectural properties

can play an important role in determining these proportions.

With high-quality data, some of these speculations could

provide useful guidance for the modeling.

In summary, our use of crossover formation models to

analyze meiotic recombination in A. thaliana has led to

a genome-wide view of interference. Although some

trends are obtainable from the coefficients of coincidence

as developed for a single chromosome in (Drouaud et al.

2007), the use of the two-pathway modeling provides

numerous new insights. For example, there are marked

differences in the inferred model parameters when com-

paring male and female meiosis as well as when compar-

ing different chromosomes. A number of trends emerge

such as higher P1 interference strength in female meiosis

and higher proportions of P2 COs in male meiosis. Further-

more, we find that the model parameters have clear intra-

chromosomal variations. For example, the interference

strength as well as proportion of noninterfering COs is

higher in the extremities compared to the central region

for most chromosomes. And, when merging data sets, we

find this trend to be significant for male and female mei-

osis for the metacentric chromosomes 1, 3, and 5. In fact,

we reveal genome-wide intrachromosomal heterogeneities

arising at scales going from centimorgan distances to the

size of a whole chromosome. In particular, the large data

set used in this study (taken from Giraut et al. 2011)

allowed us to present the first genome-wide picture of

candidate hot regions for the (noninterfering) P2 pathway.

It remains to be seen whether this phenomenon is specific

to Arabidopsis or more general. Finally, given these strong

heterogeneities, it will be necessary to introduce more so-

phisticated models of crossover formation that allow for

such behavior. Just as when going from single- to two-

pathway modeling, these improvements will bring deeper

biological insights, but because of the increase in their

number of parameters, the use of such models will require

still larger data sets.
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dista e e e ts. As a esult, i easi g i te fe e e st e gth ill edu e the oeffi ie t of a iatio  of dista es et ee  adja e t COs. 
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I  the Ga a odel, the pa a ete  ua tif i g i te fe e e st e gth is alled �: it is the shape pa a ete  of the Ga a  dist i utio  

of dista es et ee  adja e t COs, hile    �  , that is,  �,  is the ate  of that Ga a dist i utio  o  the i ale t he  the de sit  

of COs is  pe  Mo ga . A o e ie t featu e is that the COs ge e ated alo g the i ale t a e di e tl  spe ified ia thei  ge eti  

positio s i  Mo ga s o  e tiMo ga s  fo  this odel.  

I  the p ese t o k, the e pe i e tal data a e ot gi e  at the i ale t le el: e o l  ha e o e of the fou  ga etes p odu ed du i g 

ea h eiosis. I  this situatio  o e sa s that the CO data a e thi ed . The e is e ide e that COs a ise et ee  o -siste  h o atids 

ithout a  pa ti ula  ias i  fa o  of a  of these o -siste s )hao et al. ; Cope ha e  . Be ause of this e ide e, hi h also 

si plifies odeli g, ost o k is pe fo ed e fo i g o ias at all. This assu ptio  is efe ed to as o h o atid i te fe e e . It is 

the  possi le to de i e the statisti s of the CO patte s at the le el of the ga etes usi g the p ope ties at the le el of the i ale ts e e  

i  the a se e of k o ledge of hi h h o atids e e i ol ed i  the ge eti  e ha ge.  

Likelihood Co putatio : “i e the Ga a odel p odu es COs usi g a statio a  e e al p o ess, it is possi le to o st u t the e a t 

likelihood fu tio  fo  a  list of COs assu i g a gi e  alue of the i te fe e e st e gth �. This likelihood takes i to a ou t the effe ts 

of thi i g B o a  a d We e  . “i e ea h a k oss is asso iated ith a diffe e t i depe de t  eiosis, the likelihood of the 

hole data set is the p odu t of likelihoods of ea h a k oss pla t. Thus o e a  o tai  the est  alue of the i te fe e e st e gth 

 a i izi g this p odu t; a d this is hat e do i  the a i u  likelihood ethod.  

The likelihood o putatio  e o es i ol ed athe ati all  he  the h o oso e po tio s u de  o side atio  do ot fo  a 

o ti uous st et h; this is the situatio  he  esti ati g the i te fe e e pa a ete s fo  the distal egio s of the h o oso es e ause 

the e t al egio  has ee  e o ed a d has to e t eated as issi g data. No  e e pli itl  add ess this situatio , usi g the otatio s 

i  B o a  a d We e  .  

Likelihood of data i  distal regio s of a hro oso e o thi i g : We egi  ith the COs o  the i ale ts assu ed to e fo ed  

the P  path a . If the e is at least o e CO, let            e the   o espo di g ge eti  positio s. The  the i te -CO dista es,             a e i depe de t a do  a ia les that follo  a Ga a dist i utio  ith shape � a d ate pa a ete   �, so ha e p o a ilit  

de sit ,    ;  �     � �    � � �  Г � ⁄ . We fu the o e defi e       hi h has its o  dist i utio  o espo di g to ha i g a  

i te al size at least as la ge as   . Follo i g B o a  a d We e  , the de sit  of    is,    ; �         ;  �  , he e    ;  �  

is the u ulati e de sit  fu tio  df  of    ;  � . The likelihood of these i ale ts ith at least o e CO o tai s a last fa to  fo  the 

last i te al of le gth         he e   is the ge eti  le gth of the h o oso e; this fa to  is        ;  �  . If the i ale t has o 

COs, its likelihood is the p o a ilit  that the hole h o oso e of le gth   a  e pla ed i  a  i te al of de sit ,    ;  � . Agai  

follo i g B o a  a d We e  , this p o a ilit  a  e o tai ed i  losed fo . To su a ize, the likelihoods fo  diffe e t alues 

of   is gi e  i  E . a , ,  alo g ith the o espo di g diag a s. 
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L ν;               ;  ν , he        is the df of                                          … a  

 

L ν;            ;  ν          ;  �  , he                                        …   

  

 

L ν;           ;  ν  ∏            ;  ν             ;  ν  , he   >                            …  

 

We p o ide a s he ati  ep ese tatio  follo i g ea h ase to p o ide i tuitio  to a ds the o e i ol ed likelihood o putatio s that 

follo . The st aight li e f o   to   de otes the i ale t he e a d the shaded i les sho  the CO ge eti  positio s hile a  a  

et ee  adja e t COs o  a oss the e ti e st u tu e  i di ates the le gth to e used as a gu e t to the fu tio  gi e  the e. 

Ho  does this f a e o k fo  the likelihood ge e alize he  data is a aila le o l  fo  the distal pa ts of the h o oso e e.g., the fi st 

a d last ua te s of the ge eti  le gth of the i ale t ? I  effe t, o e has issi g data  e ause the e t al egio  is hidde , a d so e 

o l  k o  hethe  that egio  is e o i a t o  ot; i  pa ti ula , all i fo atio  o  CO positio s is lost. CO positio s a e o l  k o  

i  the t o isi le egio s that a e disjoi t: left sa  the f a tio   – .  a d ight sa  the f a tio  .  – .  ea h of hi h a  o  a  

ot ha e COs. “i e the e o i atio  data Gi aut et al.  has high a ke  de sit , e assig  COs to the id-poi t of the 

e o i a t a ke  i te als i  these isi le egio s. This e a les us to etai  a o ti uous pi tu e. Co side i g the isi le egio s to 

egi  ith, the e a e fou  possi le situatio s: i  o COs isi le to the left o  to the ight of the hidde  egio , ii  at least o e CO i  the 

left isi le egio  ut o CO i  the ight isi le egio , iii  o CO i  the left isi le egio  ut at least o e ight isi le CO a d fi all , i  

at least o e CO i  the left as ell as ight isi le egio s.  

I  ea h of these fou  ases, the hidde  egio  ould e e o i a t o  o - e o i a t. Co side  fi st the ase he  it is o -

e o i a t. This i plies that the e is a  e e  u e  of hidde  COs, that is,  o   o   a d so o . Whe  the hidde  egio  is 

e o i a t, e k o  that the u e  of COs the e is odd  o   a d so o . The o putatio  is u e so e due to the u e tai  

u e  of these hidde  COs a d e ust o side  all possi ilities o pati le ith the e o i atio  state of the hidde  egio . Whe  

the e a e o hidde  COs, the situatio  is the si plest. With  hidde  CO, o e has to al ulate a o e-di e sio al i teg al. With at least  

hidde  COs hethe  e e  o  odd , o e has to al ulate a t o-di e sio al i teg al. 
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To p o eed, e follo  the p e iousl  des i ed logi  E .  a d t eat su essi el  the    ,     a d  >   ases. No ,  

de otes the total o i i g the left a d the ight isi le egio s  u e  of isi le COs. “o e e  otatio s eed to e i t odu ed. 

Fi st, let   a d   e the left a d ight e ds of the hidde  egio  i  ge eti  u its the  sta ds fo  i do .“e o d, if the e is o e 

hidde  CO espe ti el  at least t o, as the ase a e , let the i teg atio  a ia le asso iated ith the fi st hidde  CO ge eti  positio  

e     espe ti el  the a ia le fo  the last hidde  CO ge eti  positio  e    .We egi   o side i g the likelihood fo  the ase     a d he e the hidde  egio  is o - e o i a t. The likelihood is the su  of t o likelihoods:   , he  the e a e o hidde  COs 

a d   , he  the e a e a  e e  u e  of hidde  COs. I  the figu es to follo , the dashed outli ed o  ep ese ts the hidde  egio  

a d the shaded t ia gles a e the fi st o  last hidde  COs hile the shaded i les a e the isi le COs. The o e tio s a e the sa e as 

efo e u less othe ise e tio ed. Whe      a d the o - e o i a t hidde  egio  has o hidde  COs as i  E . a  a o e, e 

ha e: 

 

 

 

P  ν;                 ;  ν                                          … a  

 

 

 

Whe      a d i stead the e a e a  e e  u e  ot  of COs i  the hidde  egio , e ha e to i teg ate o e  all possi le ge eti  

positio s of     a d    . P  ν;       is thus gi e  as: 

∫ ∫       ;  �  �                     ;  �              
 �� 

 
  

                      …  

I  this e p essio , 
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 �                     ;  �            ;   �  ⋯ 

o espo di g to ha i g , , ,… COs i  additio  to     a d    . I  p a ti e, this i fi ite su  is t u ated as a d he  

the e ui ed p e isio  is o tai ed. Note that the ate   � e ai s the sa e fo  all the de sities i  E .  ut the shape 

pa a ete  ha ges, a o e ie t featu e of the Ga a dist i utio . Note also that fo  the hidde  egio , e ha e i t odu ed 

a dou le a  et ee      a d     to st ess that the e a  e additio al COs i  that i te al. 

Thus, the likelihood fo      a d fo  the i do  to e o - e o i a t is: L ν;        P  ν;         P  ν;      . 

Co ti ui g ith the ase,    , ut ith the hidde  egio  ei g e o i a t, agai  the e ill e t o lasses of e e ts to o side  

ith a  odd u e  of COs i  the hidde  egio : ha i g o l  o e o  at least th ee. The total likelihood ill e the su  of the 

o espo di g t o p o a ilities. 

 

 

Fo  the fi st lass, o e has to i teg ate o e  all ge eti  positio s of    . This gi es P  ν;       as: 

∫      ;  �           ;  �                                                                                  … a  

 

 

 

“i ila l  fo  the se o d lass o e has to i teg ate o e  all ge eti  positio s of     a d    . P  ν;       is thus o puted as: 

∫ ∫       ;  �                       ;  �              
 �� 

 
  

                                     …  

I  this e p essio , i  di e t a alog  ith hat e sa  efo e, o e has 

                      ;   �            ;   �  ⋯ 
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o espo di g to ha i g , , , … COs i  additio  to     a d    . Just as fo   �   the se ies is t u ated a d the ate   �, e ai s the sa e fo  all the de sities i   hile the shape pa a ete  a ies.  

This o ludes the     ase. 

“i ila  al ulatio s appl  to the ases  >  . Let us illust ate the al ulatio s he  the e is o l  o e isi le CO a d it is to the left of the 

hidde  egio . We ill ha e the sa e su - ases as efo e ith ega d to the hidde  egio  hi h a  e e o i a t o  o -

e o i a t.  

 

 

Co side  fi st the o - e o i a t ase. Whe  the hidde  egio  has o COs, e ha e a fi st likelihood as illust ated i  the figu e a o e: 

 P  ν;              ;  ν          ;  ν         … a  

 Note that      –   . 

 

 

If i stead the hidde  egio  has COs, the  ust e a  e e  u e ; the o espo di g likelihood e ui es pe fo i g a dou le i teg al 

i  a alog  to the     ase. This leads to the fo ula fo   P  ν;      : 

    ;  ν [∫ ∫            �                     ;  �            
 �� 

 
 ] 

…  

he e  �            is as defi ed i  E . . 
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The sa e logi  applies to the situatio  he  the hidde  egio  is e o i a t. The ase of e a tl  o e hidde  CO leads to P  ν;      , 

gi e  :  

    ;  ν ∫         ;  �           ;  �              … a  

 

 

 

Whe  the e at least  COs, e see that the te , P  ν;       is the p odu t of     ;  ν  a d the dou le i teg al: 

[∫ ∫          ;  �                       ;  �            
 �� 

 
 ] 

          …   

he e              is as defi ed p e iousl  i  E .  

This ase of the e ei g e a tl  o e isi le left CO a  e ge e alized e  si pl  to a  u e  of isi le left COs the e is si pl  a  

additio al fa to       fo  e e  a  et ee  su essi e isi le left COs .  

“i ila l  if the i ale t has o l  ight isi le COs o e o  the left , the  the ele a t diag a s a e the i o  i ages of the o es 

p ese ted a o e fo  isi le left COs. The likelihood fo ulae the  follo  st aightfo a dl . 

Fi all  he  e ha e isi le COs to the left as ell as to the ight, o e has that i  ea h of the e d i te als o t i utes a fa to           a d to o e of these e asso iate a  additio al fa to   a alogous to usi g      o  o e side a d          o  the othe , ii  all 

si ple a s o e ti g COs a  a fa to      , iii  all dou le a s a  a fa to   �   espe ti el      he  the i te al       
is o - e o i a t espe ti el  e o i a t , i  he  the e is o e hidde  CO, the i teg atio  a ge is             a d if 
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the e a e at least t o COs, the i teg atio  a ge is                  . 

Likelihood of data i  the distal regio s of a hro oso e with thi i g : Ha i g t eated hat happe s o  the i ale t, e ha e to 

o side  o  the likelihood of a ga ete, o e of the fou  p odu ts of the i ale t f . su -head, Fit of the Ga a Model  i  the 

Mate ials & Methods se tio  of B o a  a d We e  . I  the a se e of h o atid i te fe e e, ea h CO o  the i ale t has a % 

p o a ilit  of ei g passed to the o side ed ga ete. This p o ess of e o i g COs a do l  is alled thi i g  a d leads to odified 

fo ulae fo  the likelihoods. B o a  a d We e  de i ed these fo ulae he  the hole h o oso e is isi le. The pu pose of this 

se tio  is to ge e alize these fo ulae to the ase he e the h o oso e o tai s a hidde  egio . Fo  o plete ess, e egi   

e alli g the esults of B o a  a d We e .  

Co side  a a do  eioti  p odu t, that is, a ga ete. The COs of the i ale t ha e ee  thi ed i depe de tl  ith p o a ilit  / . If 

the i te - osso e  ge eti  dista es alo g the ga ete a e          the  the  ha e si ila  statisti al p ope ties as the di i t odu ed 

a o e. “pe ifi all , the    a e i depe de t a d         ha e de sit ,     ;  �   ∑       ∞       ;  � , he e     ;  �  is a Ga a 

de sit  ith ate  � a d shape  �. Fu the o e, the de sit  of l  the dista e et ee  the left e d of the h o oso e a d the fi st 

CO  is     ;  �        ;  � , he e     ;  �  is the df of     ;  �  details a e gi e  i  B o a  a d We e  . I  effe t, the 

al ulatio  of the likelihood of a ga ete afte  thi i g is as ithout thi i g ut he e    epla es   i  the de i atio . Let us go o e  

the diffe e t ases. “uppose the ga ete has  COs afte  thi i g a d let the i te - osso e  dista es e             .We fu the o e 

set l  to e the ge eti  positio  of the fi st CO a d    to e the le gth of the i te al et ee  the e d of the h o oso e a d CO 

u e  . As efo e, L is the ge eti  le gth of the ga ete. The  depe di g o  , the likelihood of the ga ete ill e: 

  �;                   ;  �  , he         is the df of   
     … a  

 

  �;              ;  �        ;  � , he             …  

 

 

L ν;            ;  � ∏            ;  �        ;  � , he   >                 …  

 

Gi e  these fo ulae fo  the hole h o oso e, e o  ge e alize to the ase of dis o ti uous egio s as efo e. The otatio s a e 
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the sa e as efo e. Thus, e ha e   isi le COs afte  thi i g. Apa t f o  the isi le CO positio s afte  thi i g, e ust o side  

the possi ilit  of the e ei g a CO efo e  thi i g i  ea h isi le i te - a ke  i te al. “o let the e e   a ke s a el ,                       alo g the ga ete i  the isi le egio  of hi h    a e o  the left of the hidde  egio  a d    a e o  the 

ight. Fi all , as fa  as the hidde  egio  is o e ed, o thi i g is e pli itl  a ied out the e. I  fa t all COs e efe  to i  the hidde  

egio  a e efo e  thi i g. 

Just as i  the des iptio  ithout thi i g, let us egi  ou  e pla atio s he  the e a e o COs afte  thi i g  i  the isi le egio s. 

The e a e  asso iated p o a ilities hi h a e i po ta t to u de sta d: a  the p o a ilit     that the hidde  egio  is e o i a t 

afte  thi i g; ote that this e e t a  o u  o l  if the e is at least o e hidde  CO ot ze o  efo e  thi i g a d  the p o a ilit     that the hidde  egio  is o - e o i a t afte  thi i g: this e e t is possi le o atte  hat the u e  of hidde  COs i ludi g 

ze o  efo e  thi i g. These p o a ilities depe d o   su - ases i  hi h the hidde  egio  has ze o, o e o  at least t o COs efo e  

thi i g . If these  su - ases ha e p o a ilities        a d   , the :              ⁄   a d                 ⁄  . Fo  the 

al ulatio  of       a d   , the e a e  su -su - ases, ea h ased o  hethe  the e a e o  ot a  left o  ight  isi le CO s  efo e  

thi i g. I  the ep ese tatio  elo , the e pt  i les ep ese t COs i  the isi le egio  the  ould e eithe  a se t altogethe  o  

p ese t o l  o  o e side  p ese t efo e  thi i g ut hi h a e thi ed out, that is disappea  afte  thi i g. The shaded t ia gles 

i di ate hidde  COs efo e  thi i g that a  o  a  ot e thi ed out . 

 

 

To e spe ifi , o side  the su - ase of the p o a ilit     a d its su -su - ase he  the e a e isi le COs to e thi ed out o  oth 

sides of the hidde  egio . Let   e the ge eti  positio  of the last left isi le CO to e thi ed a d   that of the fi st ight isi le CO to 

e thi ed. The p o a ilit  of this su -su - ase a  e itte  as follo s: 

∫     ∫       ∫                ;  ν         –  ;   ν      –     ;  ν    –         ;  ν       
…  

I  p a ti e, the i teg atio s i ol i g   a d   a e epla ed  su atio s usi g the i te - a ke  i te al sizes a d thei  id-poi ts  

hi h gi e good app o i atio s i  this ase as the a ke s a e de sel  pla ed alo g the le gth of the ga ete. The othe  su -su - ases 

a e t eated a alogousl .  If the e is o isi le CO to e thi ed o  o e side o  oth , the  the e is o e o  t o  less a ia le s  to 

i teg ate o e  a d the p odu t                is epla ed          . 
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Mo i g to the su - ase he e at least t o COs a ise i  the hidde  egio ,    eaks do  i to the  

 

 

sa e su -su - ases. The diffe e e o pa ed to the    ase lies i  . He e the te   is the a e age of  �             a d               si e e allo  fo  e e  o  odd u e  of hidde  COs i  this ase. Ea h possi ilit  e e  o  odd  ill lead to a 

e o i a t o  o - e o i a t  hidde  egio  ith p o a ilit  ½. “o he e it is e essa  to i teg ate o e      a d    , hi h 

gi es us a uad uple i teg al: 

∫     ∫      ∫        ∫         ��           ;  ν         –   ;  ν           ;  ν      –          –         ;  ν      
             …  

Agai , as efo e, he e e a tuall  do a dou le i teg al, the i teg als o e   a d  a e e aluated  su i g o e  the i te - a ke  

i te al id-poi ts. Also, i  ase the e is o isi le CO to thi ed o  eithe  side o  ot at all , the , the p odu t                

ha ges to o l         a d the e is o e o  t o  less a ia le s  to i teg ate fo . This o pletes the ases he  the e a e o isi le 

COs afte  thi i g    .  

Lastl , the e a  e isi le COs afte  thi i g  >  . If so, o side  the last left isi le CO he  the e is o e a d the fi st ight isi le 

CO he  it e ists. These COs o t i ute to the   isi le COs afte  thi i g . The o putatio  of the o espo di g likelihoods 

ge e alizes hat e ha e see  efo e he  the e e e left o  ight COs ithout the hidde  egio  to i lude the su -su - ases ased 

o  the thi ed that e e just dis ussed he     . Clea l , these thi ed COs ha e a odified i teg atio  a ge. Fo  i sta e, he  

i teg ati g o e    the ge eti  positio  of the last thi ed CO o  the left , the lo e  ou d is the ge eti  positio  of the last left isi le 

CO. The sa e o e t applies to  hi h ust ot go e o d the positio  of the fi st ight isi le CO. The e p essio s fo  the hidde  

egio  as ell as the u e  of a ia les to e i teg ated o e  follo  the sa e ules as fo     .    

 

Fitti g Pro edures, Co fide e i ter als: Adjusti g the odel pa a ete  to fit the e pe i e tal data e ui es sea hi g fo  the 

a i u  likelihood s o e  . We do this sea h ia a hill- li i g  p o edu e Gauthie  et al.  as follo s. Gi e  a poi t i  the 

sea h spa e spe ified  the odel's pa a ete  alue o  alues , e al ulate   , the likelihood the e, a d also the s o e at 

eigh o i g poi ts o tai ed  i easi g a d de easi g the pa a ete   a ha a te isti  step. We also o side  a t ial poi t usi g 

pol o ial i te polatio  a d easu e the s o e the e. If at least o e of these eigh o s has likelihood la ge  tha    , e o e to the 

0 L 

Wl Wr 

f(.) f(.) 1-F*(.) 1-F*(.) W 
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poi t ith the highest s o e. If o e of the eigh o i g poi ts has a s o e la ge  tha    , e edu e the size of the ha a te isti  step 

hile also t i g a  i te ediate poi t ased o  pol o ial i te polatio . The p o edu e is ite ated a d the positio  o e ges to a 

lo al  a i u  of  . We pe fo  he ks to e if  that this a i u  is i  fa t a glo al a i u , attai a le f o  diffe e t i itial 

positio s. This fitti g leads to the alue �  of the i te fe e e st e gth hi h gi es the a i u  likelihood i  the pa a et i  spa e. The 

o fide e i te als a e o puted usi g Fishe s I fo atio  at i . 

T o-path a  odeli g ia spri kli g 

Fra e ork: To i lude COs f o  the P  path a , the sp i kli g p o edu e Cope ha e  et al.  is used, hi h is si pl  the 

supe positio  of the o -i te fe i g COs, ge e ated usi g the Poisso  dist i utio , o to the o es f o  the i te fe i g P  path a . The 

f a tio  of P  COs is thus a  additio al pa a ete  to the o e i  the si gle-path a  odeli g; o  the i ale t, it is the p opo tio  of 

o -i te fe i g COs, that is  . Whe    >   , the de sit  of P  COs is o lo ge   pe  Mo ga , ut        . Co pa i g to the 

p o edu e fo  p odu i g P  COs i  the si gle path a  odel, e see that the shape pa a ete  of the Ga a  dist i utio  of dista es 

et ee  adja e t COs is still �, ut the ate pa a ete  is ha ged f o     �   to     �       , that is f o   �  to   �     . 

 

Likelihood Co putatio : As des i ed a o e fo  the si gle path a  ase, the p o ess a d logi  e ai  the sa e e ept that i  all 

likelihoods, the shape pa a ete  ha ges f o   �  to   �      .  

Fitti g Pro edures, Co fide e I ter als: The p i iples used he e a e the sa e as those e tio ed fo  si gle path a  odeli g; the 

ai  diffe e e is that the likelihood Fal ue et al.  L o  is a fu tio  of t o a ia les so the pa a ete  spa e to sea h is t o-

di e sio al. Agai  the hill- li i g algo ith  as used Gauthie  et al. . A d the Fishe  I fo atio  at i  as o puted to 

o tai  the o fide e i te als. 

Statisti al a al ses a d o pariso  tests  

Co pari g t o datasets separate hro oso es or differe t regio s of o e hro oso e : We pe fo ed th ee le els of o pa iso s 

to e a i e the a iatio  i  i te fe e e et ee  a d ithi  h o oso es. Usi g ai l  the t o-path a  odel, e o pa ed the 

i te fe e e st e gth:  et ee  ale a d fe ale eiosis,  et ee  the diffe e t h o oso es ut fo  a gi e  se , a d  

et ee  seg e ts of the sa e h o oso e, looki g at a iatio s i  i te fe e e alues et ee  the t o a s of a h o oso e a d 

also et ee  the e t al a d distal egio s of a h o oso e.  

To ake these o pa iso s, e tested the ull h pothesis    that the ea s � o    he e  of the populatio s, f o  hi h the t o 
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sa ples u de  o side atio  ha e ee  d a , a e e ual. He e the populatio  a ia es a e u e ual hi h e ui es ha gi g the 

fo ulae fo  the test statisti  as ell as the a o pa i g deg ees of f eedo  fo  this odified t o-sa ple  -test; fo  this e follo  

Wel h s  -test. Let the sa ple ea s e   ̅̅̅̅  a d   ̅̅̅̅ , the espe ti e sta da d de iatio s e �  �  a d lastl  the sa ple sizes e    a d   . The  u de  the   : µ    µ  µ a e populatio  ea s: i te p eted he e as � o   , the statisti     �   �    follo s a  -dist i utio  

ith deg ees of f eedo      Thei  o espo di g fo ulae a e gi e  as follo s: 

   �   �       ̅̅̅̅     ̅̅̅̅     √� 2   � 2   

       � 2   � 2        � 4  2        � 4  2        

Fi all , the fu tio  pt . , of the ‘ statisti al pa kage, as used to o pute the t o-sided P- alue at the % le el of sig ifi a e. Whe  

the P- alue is sig ifi a t, e eje t the ull h pothesis. This i di ates that the diffe e e et ee  the sa ples u de  o side atio  a  

ot e o side ed egligi le. 

Co pari g t o dis rete distri utio s si ulated a d e peri e tal : We pe fo ed a othe  ki d of o pa iso  et ee  si ulated 

datasets a d e pe i e tal data. This as e essa  he  e tested fo  hot  egio s spe ifi  fo  the o -i te fe i g P  path a . The 

sta ti g poi t is the dist i utio  of COs gi e  the e is a CO i  a efe e e  i te al u de  o side atio . Fo  ea h i te al spa i g 

adja e t a ke s assu i g at least  ga ete has a CO i  this i te al , the f e ue  of COs i  ea h of the othe  i te als is o puted, 

usi g ga etes hi h ha e ultiple COs t eati g sepa atel  those ith  a d  COs . The a alogous f e ue ies a e o tai ed i  the 

o te t of the odel's p edi tio s. “pe ifi all , the odel's eha io  is o tai ed f o  si ulated data, ge e ated usi g the si data 

optio  of CODA Gauthie  et al.  ith � a d   set to the alues o tai ed f o  fitti g the e pe i e tal data. The , e tested fo  a 

sig ifi a t diffe e e et ee  the e pe ted si ulated o  theo eti al  a d o se ed e pe i e tal  f e ue  dist i utio s of CO 

o u e es fo  ea h i te - a ke  i te al at a ti e. We used the Pea so 's hi-s ua e test fu tio  Li dse   ithi  the ‘ 

statisti al soft a e, his .test .  to test the ull h pothesis that the o se ed dist i utio  is ot statisti all  diffe e t f o  the o se ed 

o e, sepa atel  fo  all i te als. Fu the o e, to o tai  a glo al ie  of the esults, e e ged the alues f o  the  COs a d  COs 

ases  taki g the su  of the o espo di g hi-s ua e alues fo  i te als ha i g data fo  the COs a d  COs ases . The e  P-

alues e e o puted  the ‘ fu tio , p his . . A d if a  i te al had data o l  fo   COs o  o l  fo   COs, e etai ed the p e ious 

hi-s ua e a d P- alues.  

Coeffi ie t of ariatio  of i ter-CO dista es alo g hro oso es: Gi e  a list of dista es et ee  adja e t COs, let µ a d � e the 

asso iated ea  a d sta da d de iatio . The  the oeffi ie t of a iatio  CV is defi ed as the atio � µ. Lo  alues of CV o espo d to 

high le els of effe ti e i te fe e e. To allo  CV to e positio  depe de t so as to get a pi tu e of effe ti e i te fe e e st e gth alo g a 
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h o oso e, e appl  a eight to ea h ele e t of the list a dista e et ee  adja e t COs  as follo s. Let   e the u e t positio  

he e the lo al CV is to e easu ed a d let   e the idpoi t of the  COs u de  o side atio . The  the eight assig ed to the 

asso iated CO-CO dista e is take  as exp            . The  the  -depe de t ea  µ a d sta da d de iatio  � defi i g CV   a e 

si pl  o puted usi g these eights. E pli itl , e ha e: 

µ    ∑   �  ∑      a d   σ     ∑    �  µ   2 ∑     

he e   is the i de  of the ele e t i  the list of dista es    et ee  adja e t COs. The o espo di g CV   u es a e displa ed i  Fig 

“ . Note that the eights i i  a slidi g i do  ithout ha i g the d a a k of a dis o ti uous eha io  i   .  

 

Co pariso  to Drouaud et al. results 

I  a p e ious stud  D ouaud et al.  of h o oso e M of A. thalia a, a ia ilit  i  i te fe e e st e gth as e ealed  usi g 

th ee-poi t oeffi ie ts of oi ide e o  C s that use  adja e t i do s . Those autho s fou d that the effe ti e i te fe e e as 

highe  o  the left side tha  o  the ight side. We ea h the sa e o lusio  f o  a al si g ou  M data that as ge e ated 

i depe de tl  of that of D ouaud et al. The o e all si ila it  of these data sets is de o st ated i  Figu e “  hi h sho s the 

dist i utio  of COs i  M ga etes ha i g e a tl  t o COs, fo  the t o data sets. Figu e “  A uses the data of D ouaud et al. a d thus 

p o ides ua titati el  the sa e i fo atio  as gi e  i  Figu e  A  of thei  pape . At a o e athe ati al le el, e ha e e t a ted 

f o  ea h data set the dist i utio  of dista es et ee  adja e t COs f o  hi h e dete i e the asso iated oeffi ie t of a iatio  

CV  as a fu tio  of positio  alo g the h o oso e see p e ious pa ag aph . I  Figu e “  e displa  the asso iated u e fo  ea h data 

set: the t o u es a e ualitati el  si ila . Fu the o e, CV is lea l  lo e  o  the left tha  o  the ight, poi ti g to a highe  effe ti e 

i te fe e e o  the left side tha  o  the ight side, i  ag ee e t ith the o lusio  of D ouaud et al. Ne e theless, the C  alues i  

D ouaud et al. s o k also suggested that i te fe e e st e gth as eakest i  the iddle, ot all the a  o  the ight e d see Figu e  

A  i  D ouaud et al.  a d Figu e “  he e . “u h diffe e es a  a ise e ause C s a d CV a e se siti e to diffe e t aspe ts of 

i te fe e e. I deed, CV i o po ates all adja e t i te -CO dista es fo  ea h i te - a ke  i te al to o pute the CV alue fo  that 

i te al, he eas the C  alues i  D ouaud et al. depe d o  e o i atio  ithi  i do s su ou di g the poi t of i te est. Thus the 

C  app oa h is less se siti e to ea  COs e ause o l  a el  do these lead to e o i atio  i  oth of the asso iated i do s. To 

illust ate this diffe e e, o side  agai  the COs displa ed i  Figu e “ .  O  the fa  left side, the data of D ouaud et al. has a fe  lose-  

COs ut e e theless the C  alues a e ti  the e, sho i g that i deed su h lose-  COs do ot lead to dou le e o i atio  e e ts 

o t i uti g to C .  
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Ta le S    Results P- alues  for Si gle-Path a  Ga a Co pariso s. Co pa iso s et ee  a  ale a d fe ale eioses fo  the sa e 
h o oso e: diago al alues e losed i  old  a d  diffe e t h o oso es  ale eiosis uppe  t ia gle alues  a d fe ale 
eiosis lo e  t ia gle alues  sepa atel . The P- alues e e o puted fo  the ull h pothesis that the  eioses u de  o side atio  

a e asso iated ith the sa e alue of u o  � . 

 M M M M M Male 

F - - - u* M - M 

F - - - u* M u* M M 

F - - - u* M u* M M 

F u* F u* F u* F - - M 

F u* F - u* F - - M 

Fe ale F F F F F  

Note: '*' i di ates P- alue is sig ifi a t at the 5% th eshold. Fo  e e  sig ifi a t o pa iso , the h o oso e i di ated has the highe  
u. 
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TableLS2L ResultsLFP-values)LforLIntra-chromosomalLComparisons. Comparisonsgareg”aEgbetweengthegleftg”LEgandgrightg”REgarmsg”LvREgofg

eachgchromosomegandg”bEgbetweengthegcentralg”CEgregiong”fractiong*T25gtog*T75gofgtheggenetic lengthEgandgthegdistalgregionsgorg

“extremities” ”EGguniongofg*gtog*T25gandg*T75gtog1gofgtheggenetic lengthEgofgthegchromosomeg”CvEEGgforgGammagmodels:gSinglegasgwellgasg

Two:pathwayT ThegP:valuesgweregcomputedgfor thegnullghypothesisgthatgtheg2gchromosomegregionsgundergconsiderationgaregassociatedg

withgthegsamegvaluegofgnu (or �) org� ”separatelyETg

SingleLpathway Two-pathway

L/R C/E L/R C/E

Nu nu nu p nu P

1M : ,gC : : : ,gE

2M : : ,gR ,gR : ,gE

3M : : : ,gL : :

4M : : : : ,gE :

5M : ,gE : : : ,gC

1F : : : : : :

2F : ,gC : : : :

3F : : : : ,gE :

4F ,gR : : : : :

5F : ,gC : : ,gE ,gE

Note: '*' indicates P-value is significant at the 5% threshold. For every significant comparison, the portion of the chromosome indicated 

(L/R for left/right or C/E for centre/extremities) is the one having the higher nu or �T
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…….……………………….……………………………………………………       PART II 

CHARACTERIZATION OF THE TWO PATHWAYS IN TOMATO 

Chapter 5 

Between interfering and not…  

 

METHODS & RESULTS OBTAINED ON THE TOMATO DATA 

This chapter describes the tests used to investigate the (lack-of) interactions between the two 
crossover formation pathways. These tests have been applied to the tomato data produced by the 
Anderson group. The main results have subsequently been highlighted. To our knowledge, this 
unique dataset allowed testing of some very interesting hypotheses for the first time. The latest 

manuscript on the analysis follows this chapter.   

 

Due to similar arm length ratios, the synaptonemal complexes (SCs) of certain chromosomes 
could not be differentiated from each other. Specifically, it was not possible to distinguish 
chromosome 5 from chromosome 12 and chromosome 7 from chromosome 9. Thus, we pooled 
the corresponding SCs together. 

 

Statistical Analyses 

Non independence between interfering and non-interfering crossovers 

A fundamental assumption in the Gamma two-pathway model is that the two crossover classes 
form independently. Hence, the non-interfering crossovers are ‘sprinkled’ (Copenhaver et al. 
2002) over the interfering ones to obtain the combined distribution of crossovers along a 
chromosome. Here we propose three tests to examine whether this assumption indeed holds. The 
null hypothesis    is that the pathways P1 and P2 are independent.  

First test of independence 

This test probes whether the number of MLH1-positive (pos) and MLH1-negative (neg) foci on 
SCs are independent of each other. Let us assume that an SChas   ‘pos’ foci and   ‘neg’ foci. 
Let the associated experimental probabilities be       and       while the joint experimental 
probability of these two events is       . Under  the hypothesis    of independence of the two 
random variables, we will have,  



106 
                   , accompanied with quantifiable statistical noise.  

To inquire if the observed joint probability distribution deviates significantly from the one 
expected under    , we rely on the Fisher exact test. What we have at our disposal is the 
experimental contingency table enlisting the number of SCs having a specific pair of (   ). 
Define      as the number of SCs with   ‘pos’ LNs and      as the number of SCs exhibiting   ‘neg’ LNs. From the contingency table,      (respectively     ) will be the sum of SC 
numbers in row ‘ ’ (respectively column ‘ ’). In the Fisher exact test, all possible tables giving 
the same      and      as the experimental table are taken into consideration to test the 
hypothesis. If          represent a table entries, the likelihood of the table is given by,       ∏          ∏               ∏          ⁄       
where,    is the factorial of   and   is the total SC number. Using this expression, the 
likelihoods of all contingency tables under the null hypothesis are computed. And if the 
equivalent experimental likelihood is      , then the p-value for    is obtained as ∑               . This procedure is attained by applying the R function                and it is 

performed for each chromosome separately from the data.  

A global version of this test was also done using all chromosomes. However, because the 
combinatorics explodes, the R function                is not adapted to carry out the Fisher 
exact test in case of multiple experimental contingency tables (or   s). So the test at this level 
was conducted by sampling instead of enumerating the rather numerous possible contingency 
tables. For each SC, we shuffle around the values of   so that they are no longer correlated with 
the value of   leading to one table per chromosome per shuffle. The likelihood for each table is 
derived using the above-mentioned formula and a product is taken across chromosomes for the 
total probability. Further such shuffling is repeated     times. The p-value is given by the 
fraction of the times a shuffle leads to a likelihood at least as small as the experimental 
likelihood. This test expectedly gives a much smaller p-value than when the test is done for 
individual chromosomes.   

Second test of independence 

In this test, we compare the observed and shuffled distance distributions in micrometers between 
each ‘pos’ foci and all other ‘neg’ foci along an SC using the chi-square test. The shuffling is 
done as follows. For every studied SC, we shuffle the ‘pos’ LN positions keeping the ‘neg’ 
positions fixed. The shuffling done here varies from the previous in that here the foci positions 
are also considered, not just their number. The null p-value is found via a chi-square test to 
compare the observed and shuffled distributions.    

Third test of Independence 
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The third test is the same as the second one except here the foci positions are considered in 
genetic units (cM) instead of cytogenetic units (micrometers).  

 

Finer Points 

The procedures derived for the above tests are valid even if P1 and P2 are heterogeneous along 
the chromosome. Secondly, there is a subtle issue to be considered about the distance 
distributions between the ‘pos’ and ‘neg’ foci. In a dataset, if   denotes the genetic position of a 
‘pos’ LN along an SC of length  , then the possible values for the distance between this position 
and a ‘neg’ focus lie not in       but in       for LNs to the left and         for LNs to the 
right. This constraint must be taken into account when computing the density of CO distances.  

Inter-crossover distance distributions are represented as histograms. We begin by defining the 
range       divided into 10 equal bins. For each ‘pos’ LN, introduce bins for the left range       
and bins for the right range and         . (Generally the last bin will not be complete, but we 
allow for such bins.) Now for each bin and each SC, our first counter    is incremented by one if 
for the SC under consideration, it is possible to have an inter-crossover distance in that bin. And 
if there are 1, 2, … ‘neg’ LNs in a bin, then we add that number to our counter   . Finally, the 
ratio of    to    gives the frequency of ‘neg’ LNs in every bin.  

 

Role of an intervening P2 crossover on interactions among flanking P1 crossovers 

If the above series of tests rejects the null hypothesis of independence, then we can conclude that 
there is P1-P2 crossover interference. There could then be variouspostulates on the nature of the 
interaction between pathwaysTo scrutinize this possibility, we could consider that P2 crossovers 
appear only after the formation of those from P1, resulting in P1-P1 crossover interference not 
being influenced by P2 crossovers. But the late-forming P2 crossovers would then locate 
themselves away from the P1 ones to ensure P1-P2 interference while the P1 crossovers would 
remain unaware of the P2 crossovers. Another possibility could be that the two crossover classes 
arise simultaneously and each kind is subjected to some interference from the other. Further P2 
crossovers might neutralize the interference from adjacent P1 crossovers, acting as a screen and 
they in turn could emit their own (weakly) interfering signal; in such a scenario, one could enrich 
the frequency of two P1 crossovers flanking one P2 crossover. 

These possibilities lead us to ask if the presence of a P2 crossover in between two P1 COs 
reduces the mean P1-P1 crossover distance. Let   represent the difference between the average 
P1-P1 crossover distances when there is and when there is not an interposed P2 crossover. The 
experimental value is determined from the data while the “theoretical” value is obtained by 
shuffling as before (One value per shuffle for     shuffles). This shuffling  gives the test statistic 
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to examine the null hypothesis that the P1-P1 crossover interference is immune to the presence 
of P2 crossovers. The hypothesis is rejected if a two-sided p-value, given by the fraction of 
shuffles which result in a   higher than the experimental  , is significant.             

 

Highlights of our Results 

Applying the first test of independence, the null hypothesis that the two pathways are 
independent was rejected for chromosomes 3, for the pooled set of 5 with 12, as well as 10 with 
11. In addition, when all chromosomes were pooled together, the p-value was highly significant, 
suggesting that the numbers of the two kinds of foci, MLH1-positive and MLH1-negative, are 
not independent. Using linear regression it was seen that this relationship was explained with a 
negative slope for most chromosomes. This implies that an SC with more MLH1-positive LNs 
will tend to have less MLH1-negative foci. 

The second as well as third test for examining independence, where the distances between the 
two crossover classes are considered, yield p-values which are significant for almost all 
chromosomes whether the cytogenetic distance (second test) in considered or the genetic 
distance (third test). And when all chromosomes are pooled together, both tests give significant 
results again, indicating dependence among the crossover realizations in the two pathways.  

When examining if an interposed P2 crossover between two P1 crossovers leaves P1-P1 
interference unchanged, no significant p-value was found. Thus one cannot provide evidence that 
P2 crossovers intrude on the interference among P1 crossovers.    

 

Reference  

Copenhaver G. P., Housworth E.A., Stahl F.W. (2002) Crossover interference in Arabidopsis. 
Genetics 160: 1631-39. 
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Combined fluorescence and electron microscopic imaging unveils the specific 

properties of two classes of meiotic crossovers 

  

Lorinda K. Anderson, Leslie D. Lohmiller, Xiaomin Tang, D. Boyd Hammond, Lauren 

Javernick, Lindsay Shearer, Sayantani Basu-Roy, Olivier C. Martin, and Matthieu Falque  

 

 

While light microscopy (LM) is efficient for evaluating cellular function using 

fluorescent probes, it lacks the high resolution capability of electron microscopy (EM).   

Here, we maximize the advantages of both methods by imaging the same sample of 

pachytene meiotic chromosomes first by immunofluorescence LM and then by EM to 

localize crossovers (COs). COs are formed via either of two molecularly distinct pathways, 

requiring different protein complexes. Our imaging technique allows, for the first time, the 

identification of the pathway origin for all COs in meiotic cells from wild-type tomato, 

unveiling specific characteristics of each pathway. In particular, we observe an enrichment 

in COs from one pathway in pericentric heterochromatin, a feature potentially exploitable 

in plant breeding. Furthermore, we demonstrate cross-talk between the two pathways, 

showing that they are not independent. Our technique is general and can provide 

functional insights of proteins and cellular structures at a very fine scale. 

 

Eukaryotic sexual reproduction involves meiosis in which the genetic material is halved 

after two specialized cell divisions to produce genetically balanced gametes.  Crossing over 
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between homologous chromosomes is critical in meiosis because the mechanical link generated 

allows for the accurate separation of homologs during the first division. Furthermore, crossovers 

drive genetic diversification by shuffling alleles within homologs and thereby play a key role in 

adaptation and evolution.  To detect meiotic COs we image two cytological structures, 

synaptonemal complexes (SCs) that link each pair of homologous chromosomes during 

pachytene and recombination nodules (RNs) that are ellipsoidal structures along SCs 1. Each RN 

marks a CO site 2-4. RNs are too small (50-100 nm) to be observed by LM, but they can be 

readily visualized by EM, particularly in two-dimensional spreads of SCs 3. 

Meiotic recombination is initiated by the formation of DNA double-strand breaks which 

may then follow one of several repair pathways, two of which result in COs 5-8. Pathway 1 (P1) 

produces class I COs that show interference (defined as a lowered probability of nearby COs 

compared to random placement 9, 10). Antibodies to MLH1 protein have been used as 

immunofluorescent probes to map class I COs on SCs (e.g.4, 11). Pathway 2 (P2) produces class II 

COs that are thought to be non-interfering. No satisfactory immunolabeling is currently available 

for these COs. The P1 pathway produces the majority of COs, and the P2 pathway accounts for 

5-30% of COs 4, 12, 13. Because individual COs cannot be assigned to a particular pathway using 

marker segregation, little is known in wild-type organisms about the properties of each pathway 

or whether they interact.  

Here we developed a new approach utilizing SC spreads from wild-type tomato (Solanum 

lycopersicum, n = 12) to identify the pathway of origin for each CO in a meiotic cell: we 

superimposed the immunofluorescent LM image of an SC spread showing MLH1 foci locations 

onto the EM image of the same SC spread showing RN locations. Unlike other correlative LM 

and EM techniques that have been applied to whole cells 14, here the same preparation is 
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visualized without further complicated treatments (such as immunogold labeling and/or cell 

sectioning), allowing us to unveil directly the separate properties of the P1 and P2 pathways. 

We analyzed nuclei in which each of the twelve chromosomes had at least one MLH1 

focus to make sure that any absence of MLH1 immunolabeling was not due to defects in 

spreading 4. RNs were first identified by EM based on their association with SCs, size, shape, 

and staining intensity 3, and then RNs were classified as MLH1-positive or MLH1–negative 

using the corresponding LM image (Fig. 1; Supplementary Fig. 1). From 162 nuclei, we were 

able to map RN positions on 1882 individual chromosomes that were identified based on relative 

length and kinetochore position (= arm ratio; Supplementary Tables 1 and 2).  We observed a 

mean of 18.8 RNs per nucleus, with 82% MLH1-positive RNs and 18% MLH1-negative RNs 

(see also Supplementary Fig. 2).  A large fraction of these SCs (1419/1882 = 75%) had no 

MLH1-negative RN (Supplementary Table 3).  

MLH1-positive RNs were more dense and significantly larger in both length (parallel to 

the SC) and width (transverse to the SC) than MLH1-negative RNs (Supplementary Fig. 3; 

Supplementary Table 4).  These differences in RN size and density may indicate that protein 

components other than MLH1 differ between the two RN types, as would be expected from 

molecular and genetic studies regarding proteins involved in the two different pathways of 

crossing over 6-8.  

One of the most obvious CO trends observed in many organisms is a high level of 

crossing over in distal euchromatin and a low level in pericentric heterochromatin, whether 

assayed using linkage maps, RNs, or MLH1 foci (e.g., 4, 11, 15, 16).  Similarly, we find for tomato 

that most RNs arise in euchromatin with only 5% of all RNs (=162/2953) located in the roughly 

30% of SC length in pericentric heterochromatin (Fig. 2; Supplementary Fig. 4; 
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Supplementary Table 5). We find, however, that the presence of pericentric heterochromatin 

does not affect both RN types equally since only 3% of all MLH1-positive RNs were located in 

the pericentric heterochromatin compared to nearly 17% of all MLH1-negative RNs.  It is 

notable that COs from both pathways occur in the pericentric heterochromatin, albeit at much 

different rates. Modifying local recombination frequencies in pericentric regions is an important 

challenge for plant breeding (e.g.  for positional cloning). Knowing that heterochromatic regions 

are more prone to class II COs may lead to new strategies using P2 to promote COs in those 

regions, e.g. by acting on the FANCM gene 17. 

When considered separately, the distributions of MLH1-positive and MLH1-negative 

RNs were significantly different for all chromosomes (Kolmogorov-Smirnov p-value < 0.04) 

except 11. In addition to the heterochromatin differences, MLH1-negative RNs were 

disproportionately observed on the short arms of most chromosomes while MLH1-positive RNs 

were slightly overrepresented on the long arms of most chromosomes (Fig. 2;  Supplementary 

Fig. 4).  This difference is particularly striking for chromosome 6 (short arm = 23% of 

chromosome length) in which 54% of all MLH1-negative RNs were observed in the short arm 

compared to only 7% of all MLH1-positive RNs. The relationship between RN frequency and 

SC length was also different between MLH1-positive RNs (significant positive correlation) and 

MLH1-negative RNs (no significant correlation) (Supplementary Fig. 5;  see also 4).  While no 

one has been able to definitively map class II COs in a wild-type organism before, our results are 

broadly consistent with results from Arabidopsis msh4 (P1) mutants showing that when class I 

crossovers were blocked, chromosome length and the frequency of residual chiasmata (from 

class II COs) were not related 18. The tomato results also fit with the model of Housworth and 

Stahl19 in which the mean number of class I COs varies according to chromosome length while 
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the mean number of class II COs remains the same for all chromosomes, regardless of 

chromosome length.  

We also investigated whether synaptic initiation patterns correlated with the patterns of 

the two RN types.  In tomato, synapsis usually begins in distal euchromatin, and pericentric 

heterochromatin synapses last 20. Using chromosome arm-specific DNA probes for markers in 

distal euchromatin, we observed that synapsis was initiated in long arms as much as two times 

more often than expected based on arm length (Supplementary Table 6; Supplementary Fig. 

6).  Combining the observed distributions of RN types with these synaptic patterns indicates that 

MLH1-positive RNs are more likely to be in earlier synapsing parts of chromosomes, and 

MLH1-negative RNs are more likely to be in the later synapsing parts (short arms and pericentric 

heterochromatin). 

For all chromosomes, MLH1-positive RNs showed significant interference (ν ~ 7; 

Supplementary Table 7; Supplementary Fig. 7; see Online Methods). This is expected since 

MLH1 marks interfering class I COs in several animals (e.g., 21, 22 ) and in tomato 4. In contrast, 

we found no significant interference between MLH1-negative RNs for any chromosome (ν ~ 1; 

Supplementary Table 7). This was expected since MLH1-negative RNs mark class II COs that 

were previously suggested to be non-interfering in mutants defective for the P1 pathway (e.g., 12, 

13, 23. What is novel here is the demonstration that class II COs are not interfering in a wild-type 

background in which both pathways are intact, and that this lack of interference extends over the 

whole genome.  

We next asked if there is any cross-talk between the two pathways. First, we tested the 

hypothesis that the distribution of the numbers of MLH1-negative RNs per SC is the same 

whether the SCs have one, two, or three MLH1-positive RNs. This hypothesis was rejected at the 
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5% level for chromosomes 3, 5/12, 10, and 11 (Fisher’s exact test, all p-values provided in 

Supplementary Table 8). Pooling all chromosomes together (see Online Methods), the p-value 

was less than 10-5, indicating that the number of MLH1-negative RNs is not independent from 

the number of MLH1-positive RNs. Furthermore, these two numbers were negatively correlated 

(p-value<0.05 for four chromosomes; details in Supplementary Table 9). 

Second, we tested whether SC distances (measured in µm of SC length) between MLH1-

positive and MLH1-negative RNs present on the same SC (Fig. 1) were compatible with no 

interference. For most chromosomes, we found a lower-than-expected frequency of MLH1-

negative RNs close to MLH1-positive RNs, indicating interference between the two RN types 

(Supplementary Table 10; Supplementary Fig. 8). This result was confirmed when all 

chromosomes were pooled together (Fig. 3a) and also when using genetic distance 

(Supplementary Figs. 9-10). We performed a similar analysis for all pairs of MLH1-positive 

RNs. As expected, highly significant interference between MLH1-positive RNs was found for all 

individual chromosomes and for the pooled set of chromosomes (Fig. 3b; Supplementary 

Figs. 11-13) using both SC distance (all p-values below 10-63) and genetic distance (all p-values 

below 10-45). Comparison of Figure 3a with Figure 3b (and Supplementary Figs. 10 and 13 for 

genetic distances) shows that interference is much stronger between two MLH1-positive RNs 

(extending out to about 10 µm) than between MLH1-positive RNs and MLH1-negative RNs 

(extending out to about 6 µm). Note that the much smaller p-values obtained with SC distances 

are consistent with the hypothesis that the “repulsion” between COs depends on physical 

distances rather than genetic distances, as is assumed in structural models for interference 24, 25.  

The question of interference between class I and class II COs had not been amenable to 

investigation before our study because it was not possible to reliably specify individual class I 
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and class II COs on the same chromosome. Our combined LM and EM method presented here 

overcomes this hurdle and explicitly demonstrates cross-talk between the two CO pathways. 

Previously, it had been speculated that class I and class II COs might interfere because of a 

signal produced by class I COs 26. While we cannot confirm that there is such a signal, our 

results demonstrate that inter-pathway interference does exist. 

Given that cross-talk between the two CO pathways is inhibitory (the numbers of COs in 

each pathway are negatively correlated and there is interference between nearby COs), it seems 

likely that some kind of balance exists between the pathways. Consequently, one would expect 

suppression or absence of P1 to allow more double-strand breaks to be repaired as class II COs 

(at the expense of non-COs) and compensate to some degree for the reduction in class I COs. 

Evidence of such balance comes from increased numbers of MLH1 foci when class II crossovers 

are blocked in mus81-/-  male mice27. Future experiments using our combined LM and EM 

method with mutants in P1 and/or P2 CO pathways should make it possible to further test these 

hypotheses. 

Overall, our simultaneous mapping of MLH1-positive RNs (class I COs) and MLH1-

negative RNs (class II Cos) has provided access for the first time to the characteristics of CO 

formation pathways in a wild-type organism. This breakthrough reveals that (1) the patterns of 

distribution of class I and class II COs differ along the chromosomes, (2) class II COs do not 

interfere with each other, and (3) there is interference between class I and class II COs. 

Application of our technique to other challenges requiring fine scale co-localizations should 

provide analogous advances in our understanding of cellular processes. 
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ONLINE METHODS 

SC spreading, immunolabeling, microscopy and measuring: Primary microsporocytes in the 

pachytene of Prophase I from the highly inbred cherry tomato line (LA4444) were used to 

prepare SC spreads as described 27, 28. In brief, protoplasts were prepared by enzymatic digestion, 

then the protoplasts were mixed with a dilute detergent solution on microscope slides that had 

been coated with 0.6% Falcon plastic. After nuclei swelled and burst to produce SC spreads, the 

slides were air-dried for two hours, then stored at -80C for up to two months before 

immunolabeling. Slides were thawed at room temperature, then SC spreads were treated for 10 

min with DNase I (1 µg/ml in 10 mM Tris-HCl, 2.5 mM MgCl2, 5.0 mM CaCl2, pH 7.5), 

washed, then immunolabeled with affinity-purified chicken anti-SlSMC1 diluted 1:50 and 

affinity-purified rabbit anti-SlMLH1 diluted 1:50 27, 29, 30 followed by goat anti-chicken Dylight 

649 and goat anti-rabbit AlexaFluor 488 (both from Jackson Labs and diluted 1:500). Primary 

antibody incubations were performed overnight at 4˚C, and secondary antibody incubations were 

performed at 37˚C for one hour. Coverglasses were mounted with Vectashield (Vector Labs) and 

visualized by fluorescence light microscopy (LM) with a 100X Plan-Apo objective with an 

adjustable iris and a Leica DM5000 microscope equipped for both phase contrast and 

fluorescence microscopy with FITC and TRITC filter cubes with zero pixel shift.  Using an 

automated stage (Prior), coordinates for spreads in which all twelve SCs were well-separated and 

each SC had at least one MLH1 focus 28 were recorded. Red and green signals for each spread 
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were captured individually using a cooled Hamamatsu monochrome 1344X1044 pixel camera 

and IP Lab software (ver 4). Because some MLH1 foci were quite small and dim, we used long 

exposure times (1.5 – 2.5 sec. depending on the slide) to be sure that even dim foci would be 

imaged. Images for each spread were artificially colored using IPLab and merged using 

Photoshop CS2. After images were captured, the coverglass of each slide was removed carefully 

by placing the slides in a horizontal Coplin jar containing an aqueous solution of 0.05% Triton 

X-100, 150 mM NaCl, and 50 mM Tris (pH 7.5; TBST). After 10-15 min, the coverglasses were 

loose enough that each could be carefully removed from the slide. Slides were then placed into 

TBST in an upright Coplin jar and washed 3 x 5 min with TBST. Slides were given a final wash 

of deionized water, placed into a slide rack, air-dried, and covered with a 25X50 mm coverglass. 

Then, using previously recorded coordinates, each spread was re-imaged by phase microscopy 

using a 40X objective and 2X magnifier inserted before the camera. Coverglasses were gently 

removed to avoid damaging the plastic surface, and the slides were stained with phosphotungstic 

acid 29. After drying, phase microscopy was used to visualize SC spreads, and 50-mesh copper 

finder grids (GC50 – Ted Pella) were placed over as many of the previously imaged SC spreads 

as possible. Previously captured phase images aided identification of SC spreads for grid 

placement. The plastic around the grids was scored with a sharp probe, and then the plastic with 

grids was lifted from the surface of the slide using 1% hydrofluoric acid followed by 5% acetic 

acid. Grids with attached plastic were floated onto a distilled water surface where the grids were 

picked up using small strips of Parafilm 29. After air drying, the grids were scanned by phase 

contrast microscopy, and the grid coordinates of each SC spread were recorded for examination 

by EM. SC spreads were photographed at a magnification of 3000 (generally requiring 3 – 6 

images per SC spread) using a JEOL 2000 electron microscope, and the negatives were scanned 
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at 800 dpi using an Epson Perfection V700 Photo scanner.  A montage of each SC spread was 

assembled either by hand using separate layers in Adobe Photoshop CS2 or automatically using 

Microsoft ICE with Planar Motion 1 setting that ensures a rigid scale with no warping when 

assembling montages.  For each EM montage, RNs were identified based on their association 

with SCs, size (around 100 nm), staining (more dense than lateral elements), and indefinite 

margins (in contrast to stain precipitate that has sharp margins)30, and the positions of RNs and 

kinetochores were marked.  The corresponding LM fluorescence image was pasted as a separate 

layer over the 800 dpi EM montage, and the size and rotation of the LM image was adjusted as 

necessary to fit over the EM image. Enhancement of EM or LM images to increase contrast was 

done uniformly to the entire LM or EM image using the Photoshop levels command. While 

matching the sizes of the LM and EM images was straightforward, matching the rotation was 

more difficult because the position of each SC spread on each grid as well as the rotation of the 

grid in the EM holder differed.  Therefore, the LM and EM images often were not perfectly 

matched for every SC. Consequently, each SC was analyzed individually by precisely aligning 

the red (SC) and green (MLH1) combined fluorescence image over the EM image of the same 

SC.  Then, the MLH1 fluorescent signal at each previously identified RN position was assessed. 

Each “unlabeled” RN was then more carefully evaluated using only the green channel (instead of 

the red and green combined image), and any RNs that corresponded to a dim green MLH1 signal 

were also marked as MLH1-positive RNs. When no green signal could be observed under these 

conditions (including additional temporary enhancement of the green signal), the RN was 

marked as an MLH1-negative RN.  On a separate layer, dots (using the pencil tool) of different 

colors were used to mark the positions of kinetochores, MLH1-positive RNs, MLH1-negative 

RNs, and MLH1 foci on SCs that did not correspond to RNs. Layers corresponding to the EM 
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montage, the RN and kinetochore dots, and SC numbers (used only to identify the order in which 

the SCs were to be measured) were merged into one layer and saved as a separate bitmap file for 

measuring using MicroMeasure 3.0 (http://www.colostate.edu/Depts/Biology/MicroMeasure/). 

The image resolution of the bitmap file was adjusted to 200 dpi so the files were not too large to 

be processed by the MicroMeasure program. After measurement, the chromosome identification 

of each SC was determined using relative length and arm ratio (Supplementary Table 1).  In 

some cases, one or more SCs in a set had to be excluded due to a lack of distinct kinetochores or 

to the presence of stain precipitate at the EM level that obscured large portions of SCs. SCs from 

these groups were used for counting the number of RNs per SC set but were not used for 

mapping RN positions.  Positions of RNs on SCs were measured as a percentage of the arm 

length from the kinetochore 31.  Each RN position was converted to a µm position on the 

appropriate chromosome using average arm lengths 31 (Supplementary Table 1).  Data on RN 

positions for each SC were combined into an Excel spreadsheet for analysis.   

 

RN Density: Density measurements of lateral elements, MLH1-negative RNs, and 

MLH1-positive RNs were taken from 800 dpi EM images using Image J after correcting for 

background. 

 

Fluorescence in situ hybridization (FISH) on zygotene SC spreads: SC spreads from 

tomato primary microsporocytes in the zygotene stage of meiosis were prepared on uncoated 

glass slides as described above for plastic-coated slides. FISH was performed as described 29, 33 

using biotin and digoxigenin labeled DNA probes from bacterial artificial chromosomes (BACs) 

LE_HBa0176H22 to identify the short arm of chromosome 10, LE_HBa0013B20 to identify the 

http://www.colostate.edu/Depts/Biology/MicroMeasure/
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long arm of chromosome 10, LE_HBa0045N22 to identify the short arm of chromosome 12 and 

LE_HBa0030J22 to identify the long arm of chromosome 12 

(http://solgenomics.net/cview/map.pl?map_id=13).   Hybridized biotin-labeled probes were 

detected using consecutive antibody labeling of mouse anti-biotin (1:50), biotinylated donkey 

anti-mouse (1:100) and streptavidin-DTAF (1:100) and hybridized digoxigenin-labeled probes 

were detected using consecutive antibody labeling of sheep anti-digoxigenin (1:125) and donkey 

anti-sheep TRITC.  The microscope system and imaging parameters were the same as those used 

for the SC and MLH1 focus imaging (above).  All antibodies were from Jackson 

ImmunoResearch Labs except sheep anti-digoxigenin that was from Roche.   

 

Genetic coordinates and local recombination rates along chromosomes: SC 

coordinates of COs (MLH1 foci and/or RN) and the kinetochore were constructed from the 

curvilinear distance as described above. Given the SC positions of all COs, the genetic 

coordinate of an arbitrary point is defined as half the mean number of COs detected between the 

left end of the SC and the point of interest. Furthermore, local recombination rates are measured 

in cM (centiMorgan) per µm along the SC by introducing intervals and taking 50 times the mean 

number of COs per µm in that interval. 

 

Interference strength inferred using the Gamma model: The Gamma model 32 

provides a standard framework for modeling CO formation and CO interference in a pathway 

(see more details in Supplementary Methods). The model's parameter ν quantifies the strength 

of interference: absence of interference corresponds to the value ν=1 and increasing interference 

corresponds to increasing ν>1. For any realization of COs on an SC, it is possible to calculate its 

http://solgenomics.net/cview/map.pl?map_id=13
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likelihood within the Gamma model assuming a value of ν 33. This allows us to use the maximum 

likelihood method to determine for each chromosome its “optimal” ν , i.e., that which best fits 

the experimental data 34. Confidence intervals for the fitted ν's are computed based on the Fisher 

information matrix using the CODA software 34. 

 

Tests of no cross-talk between the two CO formation pathways: Our first test is based 

on the numbers of MLH1-positive and MLH1-negative RNs on each SC, and applying a Fisher’s 

exact test on the frequency of these numbers. To be able to perform this test on data pooled over 

all chromosomes, we wrote an implementation of Fisher’s exact test in which we compute the 

log-likelihood of the data by summing log-likelihoods over all chromosomes. We then obtain the 

p-value of the test by comparing this log-likelihood with 105 log-likelihood values obtained after 

shuffling the list of MLH1-negative RNs amongst all SCs to remove any correlation between 

MLH1-negative and MLH1-positive RNs while keeping the exact same distribution of numbers 

per SC of MLH1-positive RNs and of MLH1-negative RNs (see Supplementary Methods). We 

checked this procedure by ensuring that for individual chromosomes, we obtained the same p-

values as when using the fisher.test() function in R.  

Our second test is based on distances between MLH1-positive and MLH1-negative RNs. 

We test for independence of the two pathways by comparing the distributions of those distances 

when there is and when there is not shuffling just as in the previous test. The chi-square (function 

chisq.test() in R) test applied to the histograms representing these distributions was used to 

produce p-values. 
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Test of no P1-P1 interference based on inter-CO distances: In this case, the observed 

distribution of distances between each class I CO and all other class I COs on the same SC was 

compared to the distribution expected in the absence of interactions, which was obtained again 

by a shuffling procedure. Specifically, while keeping the same number of MLH1-positive RNs 

for each SC, we shuffled their positions across the whole data set. 
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Figure legends. 

 

Figure 1.  Identifying MLH1-positive and MLH1-negative RNs using consecutive light 

and electron microscopy of the same SC spread.  (a) LM view of complete set of 12 tomato SCs 

labeled with antibodies to MLH1 (green) and SMC1, an SC component (magenta).  (b) Area 

boxed in a, enlarged to match EM image.  (c) Fluorescent LM image from b made partially 

transparent (25% opacity) and superimposed over the corresponding EM image.  Two complete 

SCs, each with a kinetochore (k) are shown along with a part of another SC.  Numbered 

arrowheads point to RNs that are visible in the EM image.  Four RNs (numbers 2-5) correspond 

to sites of MLH1 foci (= MLH1-positive RNs) while two RNs (numbers 1 and 6) do not 

correspond with MLH1 foci (= MLH1-negative RNs).  (d) Enlarged view of RNs without the 

LM overlay.  MLH1-positive RNs (numbers 2-5) are larger than MLH1-negative RNs (numbers 

1 and 6).  The complete SC spread with LM, superimposed and EM images is illustrated in 

Supplementary Figure 1.  Scale bars are 4 µm for (a-c) and 250 nm for (d). 
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Figure 2. Distributions of MLH1-positive RNs (blue bars) and MLH1-negative RNs (red 

bars) for tomato chromosomes 1, 6 and 10.  (See Supplementary Fig. 2 for the distributions for 

all tomato SCs.)  Histogram bars are in 2% SC length intervals (X-axis) and show the number of 

RNs observed per interval (left Y-axis). The red histogram has been superimposed on the blue 

histogram for each chromosome.  To highlight differences between the individual histograms, 

lines showing the cumulative frequency (right Y-axis) of all RNs (black), of MLH1-positive RNs 

(blue), and of MLH1-negative RNs (red) have been added.  The black numbers in each 

histogram indicate the length of the short arm as a percentage of the entire SC. The red and blue 

numbers in each histogram indicate the percentage of MLH1-negative RNs and MLH1-positive 

RNs, respectively, that were observed on the short arm. The length of each chromosome has 

been scaled to represent its appropriate length relative to the other chromosomes.   

 

Figure 3. Distribution of distances (in µm SC) between MLH1-positive RNs (class I 

COs) and MLH1-negative RNs (class II COs) or between pairs of MLH1-positive RNs (class I 

COs) pooled over all chromosomes. Vertical bars represent 95% confidence intervals for each 

bin of the histogram. The expected distribution in the absence of any interaction between class I 

and class II COs (see Online Methods) is plotted as a broken line with the associated 95% 

confidence intervals (dashed lines). (a) Interference between class I and class II COs and (b) 

between class I COs is indicated by the lower than expected frequency of events at short 

distances. Similar figures for all individual chromosomes are shown in Supplementary Figure 8 

for class I – class II CO distances and in Supplementary Figure 11 for class I – class I CO 

distances. 
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…….……………………….…………………………………………………       PART III 

A MODEL HAVING DIFFERENT RECOMBINATION LANDSCAPES FOR 

INTERFERING AND NON-INTERFERING PATHWAYS 

Chapter 6 

Setting a Model up…  

 

 

THE PATHWAY-SPECIFIC LANDSCAPES GAMMA SPRINKLING MODEL (PSL-GS) 

 

A Gamma Recall 

As we have discussed before, the single pathway Gamma model is based on an inter-crossover 
distance distribution and a stationary gamma renewal process with its shape parameter twice its 
scale, denoted as nu. Since this model is accompanied by a computable likelihood, the maximum 
likelihood approach can be used to infer the best value of nu for the data at hand. Furthermore, 
one can extend it to the two-pathway Gamma model by incorporating the non-interfering 
pathway. This is done by the random sprinkling of a Poisson (with rate  ) number of non-
interfering crossovers, superposing these on top of the first (interfering) pathway. Again the 
likelihood of any realization of COs can be computed. We use the hill climbing algorithm to 
navigate the parametric space and maximize the likelihood, leading to the optimal parameter 
values. In addition we are able to compute Fisher information matrix, leading to the 95% 
confidence intervals for each parameter.     

The PSL-GS Model  

We introduce a model here which incorporates the knowledge that the recombination landscapes 
of the two pathways are not necessarily proportional. Indeed, the two-pathway models to date 
take the framework that the proportion of non-interfering COs is p, assumed to be constant along 
the whole chromosome. Here we want the parameter   which determines the fraction of 
crossovers contributing to the non-interfering pathway to be an arbitrary function along the 
chromosome (Figure 13). Note that since the non-interfering crossover fraction is allowed to 
vary along the chromosome, standard modeling will lead to the conclusion that the interference 
strength nu is also not constant along chromosomes.  



bivalent 

Gamma SRP 

events 

Crossover 

events 

Figure 6.1 The Pathway-specific Landscapes Gamma Sprinkling Model. 
The PSL-GS model is a generalization of the Gamma two-pathway model to allow for interference 
heterogeneity along the chromosome. Under this model, we assign different proportions of the non-
interfering pathway P2 (denoted as  ) in each inter-marker interval (the varying green and orange 
histograms). This is done in practice by considering each   as a polynomial written as a linear 
combination of Legendre polynomials of degree   , the additional specific in this model.  
The crossovers assigned to the interfering and the non-interfering pathway in each marker interval is done 
in the same way as the gamma model. Interfering crossovers are from a gamma SRP and the non-
interfering crossovers come from an exponential SRP.  
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Additional parameters  

The parameters specific to this model are related only to  . We retain the same interference 
parameter nu as in a gamma model. As seen in our previous work (see e.g. our paper in 
Genetics), different marker intervals are likely to have different values for the fractions of the 
interfering and non-interfering COs. Taking this into consideration, let each marker interval 
along a chromosome have a different value for    such. Note that the genetic distance between 
two markers is receives a contribution from the interfering and non-interfering pathways (Figure 
13). Thus we have:                                                                                                                    … (6.1) 

where,      indicates the     marker,   denotes the genetic distance between the markers      
and       . Also,    stands for the interfering crossover formation pathway while    
represents the non-interfering pathway.     

Unfortunately, such a framework would result in a huge number of parameters to estimate as the 
number of marker intervals along a chromosome may be as many as 100 or even more. This 
severely reduces the statistical usefulness of our model, limiting in particular the possibility of 
estimating the model’s parameters. To counter this hindrance, we consider that the parameter   
along the chromosome is given by a polynomial in the genetic position          of degree   K. 

Without loss of generality, the polynomial which represents each interval’s non-interfering 
fraction   can be considered as a function     , written as a linear combination of       
Legendre polynomials of degrees, 0, 1, 2, …, K. Here   denotes the position along the 
chromosome in genetic units. A nice feature of this framework is that, when K = 0, this model 
becomes equivalent to the Gamma two-pathway model.     

Thus the parameters to be estimated for this model are    along with the       coefficients 
corresponding to the contributing Legendre polynomials (     ). In practice we use shifted 

Legendre polynomials (written as  ̃     and explained in the next sub-head) which are 
orthogonal in the domain [0, 1]. This is convenient for us as we want our model to be defined in 
the (relative) genetic space. Thus, the new model’s function      is defined as follows:      ∑        ̃                                                                                                              … (6.2) 

where,    is the coefficient corresponding to the ith shifted Legendre polynomial. The vector   
(with as many elements as (K+1)) gives the additional parameters to be estimated in this model, 
apart from nu.    

Legendre (L) polynomials 

This polynomial class are solutions to the Legendre differential equation that is often used in 
quantum mechanics. The equation is given as follows: 



134 
 

 
 

                                                                                                           … (6.3) 

where,        and           

Since the differential equation is of second order (the highest derivative is of that order), when 
considering the Legendre polynomials, two constants of integration,       must be considered. 
These polynomials are denoted as       wherein   gives the   polynomial degree. Without loss 
of generality,    is taken to be zero when   is even and    is put to zero if   is odd. Then, by 
convention, one chooses the value of the non-zero    or    such that we have,        . And 
the recursive formula which these polynomials satisfy is:                                                                                                                                        … (6.4) 

For example, consider the     order   polynomial,     and     , but     , then we have                               . Clearly all odd terms are zero and    as well when this relation is used, 

thus we conclude that,                                 . This implies that all the even terms also 

reduce to zero. Thus we can say that         . Now the condition         gives        .  

 

Next for the first order   polynomial,     and      with     . This leads to:                                . All the even terms disappear here and for the odd terms we have                                  which means all odd terms apart from    must be zero. Hence,          . Again with        , we can see that     . This gives us that        .  

 

Going on to the second order polynomial, we have:                . 

All odd terms disappear and for the even terms we can say that:                                     but the remaining terms will again be zero, as                                 . So we get,               . Then, under the convention, we have,                , which gives,        . Finally we have                . 
One may derive the following third and fourth order   polynomials in exactly the same way. One 
obtains the following results: 
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                 and,                      . 
It is convenient to use   polynomials which are orthogonal on the domain      . This property is 

provided by the shifted   polynomials where the   is replaced by       , that is,  ̃             . This transformation maps between the intervals       and       . With this 
convention, the recursive expression for these shifted polynomials is given as:  ̃          ∑                                                                                             … (6.5) 

where,                                               . 
For completeness, the first 5 shifted   polynomials are the following:  ̃                                                                                                                                 … (6.6a)  ̃                                                                                                                            ... (6.6b)  ̃                                                                                                                    … (6.6c)  ̃                                                                                                         … (6.6d)  ̃                                                                                                … (6.6e) 

 

Non-interfering pathway & L polynomials   polynomials are mutually orthogonal but the important point is that they form a basis of the 
space of polynomials. Hence decomposing the non-interfering crossover fraction function      
along a chromosome as a linear combination of a finite number of such polynomials provides a 
very convenient representation. In practice, we work with genetic data providing genotypes at a 
set of markers. If an interval is recombinant, we infer a CO and assign its position to the 
interval’s mid-point and then the relevant value of p is the value of the polynomial at that 
midpoint. The polynomial’s degree K to be considered for each      is data-dependent and will 
be inferred based on systematic examination of the fitting of the data under consideration.  

 

Likelihood & Hill-climbing for more than 2 parameters 

In the PSL-GS model, the likelihood for any given list of   crossover positions is obtained by 
considering all possible assignments of each crossover to either P1 or P2. Then one must take 
into account the fact that a different    fraction for each interval also affects the    landscape. 
And as the number of parameters increases to more than two, moving through the parametric 
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space becomes more challenging. For our work, implemented in a C++ computer program, we 
perform the hill climbing search by changing one parameter at a time, beginning with    and 
proceeding with the successive coefficients multiplying the shifted Legendre polynomials, 
whatever their number may be.    has its own range while for simplicity each of the coefficients 
is taken to have the same range.   

The initial likelihood    is defined at the point with coordinates as the initial value for all 
parameters. All parameters’ initial values are defined at     of the range of the corresponding 
parameter plus the lower range limit. Beginning with the first parameter, left and right neighbors 
are considered which are at a distance given by a step size (this step size is initialized but then 
can be reduced). Once we have the values of these two neighbors, a curvature is computed based 
on the central parameter with the left and right neighbors. If this curvature is positive, we simply 
move to the neighbor which gives the highest likelihood. If the curvature is negative, we 
compute the likelihood at a trial position based using quadratic interpolation; then we move to 
the best point among the central one, the neighbors and the trial one. Once we have scanned 
through the neighbors of all parameters the first time, it is important to revise the step sizes if 
appropriate. The criterion for reducing the step size for each parameter is based on not having 
found any better neighbors. Following this iterative procedure, as the likelihood increases 
monotonically, the step size decreases. The process halts when the step sizes for all parameters 
are all below a predefined value.  

In the algorithm it is important to update the genetic positions of each marker, for both the 
interfering and the non-interfering pathways, every time one of the coefficients multiplying a   
polynomial is modified. 

 

Fishers’ confidence intervals for more than 2 parameters  

This has already been described in Chapter 2 (The several parameter case under Confidence 
Intervals). For each parameter, we consider its optimum value obtained using the likelihood 
method and left and right neighbors defined using a step-size. The likelihood corresponding to 
these three parameter values are then used to compute the corresponding diagonal term in the 
Fisher matrix. The procedure to get the off-diagonal terms of the Fisher matrix requires 
considering all possible parameter pairs. We do that too, defining step sizes to estimate the 
mixed second order derivatives. As a last operation, as seen in formula (2.12) in Chapter 2, the 
Fisher matrix is inverted. The 95% confidence interval of a parameter is then given by 1.96 times 
the square root of the corresponding diagonal term in the inverse matrix. 

 ̂   √     ̂                                                                                                                … (2.12) 

where,  ̂  is the     parameter estimate,   is 1.96 for 95% confidence intervals and      ̂        
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is the     diagonal term in the inverse of the Fisher matrix. 

 

Simulating PSL-GS model data 

We have implemented a simulation program in C++ that produces a PSL-GS dataset, that is 
which generated bivalents or gametes where COs are produced, allowing the fraction of non-
interfering crossovers to vary from one marker interval to the next.  The     interval of a 
chromosome (bivalent) will have a    crossover with probability                  . The 

remaining genetic length is contributed by   . It is important to understand that having a 
different    for each interval affects the    landscape as well. The two maps need to be 
recalculated every time one of the parameters defining the position dependence of p are changed.  
Only then can the likelihood for each set of COs (from each pathway) be determined. Note that 
one can also define overall value for   given by its mean in genetic space along the chromosome; 
this can be useful for comparing to the standard Gamma sprinkling model results. 
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Chapter 7 

Exploring PSL-GS…  

 

BENCHMARKING & EXPLOITATION OF THE PSL-GS MODEL 

In this chapter we first perform a detailed study of the efficiency of our inference approach 
(maximum likelihood method) to estimate the parameters of the PSL-GS model using simulated 
data. This kind of benchmarking is imperative when a new model is proposed as it reveals its 
potential as well as drawbacks. Simulated datasets provide an indispensable tool to study the 
practical usefulness of inferring parameters in a model, regardless of whether the model is 
biologically relevant. In the second part of this chapter we use this PSL-GS model on 
Arabidopsis data.  

Accuracy & Precision of the Inference 

Accuracy of inference refers to the reliability of parameter estimation, assuming that the model 
at hand correctly describes the data. Explicitly, consider that data is produced by simulating the 

model with parameter τ*. For each realization k of a simulated data set, the inference will 

provide an estimate τk for τ* and so τk can be thought of as a random variable. Accuracy is 

defined as the difference between τ*  and the mean of τk and so is a measure of the bias of the 
inference. Similarly, one defines the precision of the inference as the spread (standard deviation) 

of the random variable τk. For maximum likelihood methods, the inference will become both 
more accurate and more precise as the sample size increases (in our case the sample size is the 
number of gametes or bivalents). Also since data at the bivalent level (without thinning) gives 
information about all four chromatids, it should give better estimates (higher accuracy and 
precision) than a dataset with an equal number of gametes (with thinning). Given that the 
Arabidopsis data set we have is based on gametes, we provide here the benchmarking only for 
the case with thinning. 

Procedures 

When only one Legendre polynomial of zeroth order is allowed (  = 0), then the PSL-GS model 
is in principle the same as the two-pathway Gamma model with parameters    and  . We 
checked that our coding of the PSL-GS model satisfied this constraint; specifically, maximum 
likelihood inference using the Gamma-Sprinkling code or the PSL-GS code gave the same 
optimal parameters as shown in Figure 7.1.  

In our first benchmarking of the PSL-GS model, the sample sizes (number of gametes produced 
by simulating the PSL-GS CO formation procedure) are: 100, 200, 400, 800 and 1600. Datasets 
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of each size are simulated 20 times using the GS model with the value of    as 9.5 and   as 
0.14. These 20 simulations are different from each other only in terms of the random number 
seeds used for generating them, leading to 20 independent realizations of simulated data within 
the GS model. The choice of the parameter values used in these runs is directly dictated by the 
inferred values on the Arabidopsis data set, chromosome 1 (male meiosis).   

Given these simulated data, how well does our inference work? And in particular, what happens 
to accuracy and precision when we increase the number of parameters in this new model? We 
performed the analyses for Legendre polynomials of degree 0, 1, 2 and 3 in the PSL-GS model 
on the simulated data described above. The maximum likelihood method was used to determine 

the best fit for the αi. The 20 repetitions provided estimates of the mean and spread of these 

inferred parameters. Since the simulated datasets have been produced with αi=0, for i > 0, the fits 

should lead to values for these parameters that are compatible with zero values when the data 
sets are sufficiently large. Furthermore the trend with data set size provides information about 
the accuracy and precision of the inference procedure.  

For a second way to benchmark the inference procedure in the PSL-GS model, the previous 

analysis was repeated but on simulated data in which α0  = α1 = 0.14 and αi = 0 for i > 1. Again 
we fit these data to the PSL-GS model using Legendre polynomials of degree 0, 1, 2 and 3. If the 
inference works well, the fitting will lead to parameter estimates that are close to the values used 
for the simulations.  

 

Results 

We obtained good agreement between the parameters of simulated datasets and the 
corresponding parameter values estimated by the PSL-GS (Figure 7.1). For both parameters,    

as well as   (or α0 in case of PSL-GS), the values used for simulation are reproduced very 

reliably as these values always remain in the estimated confidence intervals. The overall trend 
followed by the confidence interval lengths is also similar in the two models. With increase in 
sample size, the estimated value creeps closer to the actual parameter value and the confidence 
interval becomes smaller as well.  

Secondly, we look at the performance of the PSL-GS model for increasing number of parameters 
(Figure 7.2). The uncertainty in estimation increases when there are additional parameters to be 
estimated; this is to be expected and is always a challenge when models become more 
complicated. When there are 2 parameters (Figure 7.2 (a)) considered in addition to nu (K = 1), 

then the first Legendre coefficient, α0 is estimated reliably as the sample sizes increase from 100 

to 1600 whereas the value of the second coefficient α1 is compatible with zero as expected from  

 



Figure 7.1 PSL-GS estimates against Gamma two pathway estimates. 

These figures establish that indeed the new model Pathway-Specific Landscapes Gamma Sprinkling 
(PSL-GS) is a generalization of the Gamma Sprinkling (GS) or Gamma two pathway model. All datasets 
were simulated using the Gamma model. The same data was then used to estimate best-fit parameters 
using the two models. Black gives PSL-GS estimates while Red gives those from GS.  

a| Interfering pathway (P1) parameter nu 

This P1 parameter gives very consistent estimates. The error bars reduce with increase in sample size as 
expected. They increasingly close in on the value used for nu during simulation (9.506, dotted line).   

b| Non-interfering pathway (P2) parameter p (proportion of P2) 

This parameter also gives very consistent estimates. Again the error bars reduce with increase in sample 
size, growing closer to the real value (0.137, dotted line). 
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Figure 7.2 PSL-GS estimates. 

a| PSL-GS estimates for K=1 

The estimates of each parameter nu with α0, α1 for 
100, 200, 400, 800 and 1600 simulated gametes. 
The mean 95% confidence intervals have also been 
shown. The dotted line denotes the actual value of 
the parameter.  

b| PSL-GS estimates for K=2 

The same as part (a) except there is an additional 
parameter, α2 here that has been estimated.  
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data construction. Values estimated for nu are well-estimated also. Further, if we introduce 
another parameter in the model (K = 2), then nu is underestimated even for 1600 gametes. And 

the first coefficient (α0) also shows lower values than 0.137 (Figure 7.2 (b)). As a result the 

subsequent 2 coefficients (α1 and α2) are also not estimated reliably. This shows that if we have 
data at the gamete level, then estimates are reliable for the case with 2 coefficients (K=1) with 
~1600 gametes. If more parameters are to be estimated, then tests need to be done with greater 
sample sizes.    

 

Model selection 

When confronted with real data, one does not know a priori the number of parameters that 
should be included. Furthermore, adding more parameters is sure to improve the fit. It is thus 
necessary to take into account this advantage of models with more parameters and avoid over 
fitting data. This challenge of selecting which model (or how many parameters should be used) is 
“best” is precisely what the Bayesian Information criterion (BIC) does. We are interested in the 
optimal value of K to represent a dataset when PSL-GS model parameters are estimated. We use 
the same simulated datasets as above (20 simulations for sample sizes 100, 400 and 1600 only) 
restricting ourselves to the case of K=1, before looking towards real data. Subsequently, each 
dataset is analyzed using different parameter numbers (K = 0, 1, 2) from which we take the 
average of likelihoods for each sample size (for a particular value of K) to compute the 
associated BIC.  

Results 

The model with the lowest BIC is considered to be the best: having fewer parameters introduces 
systematic biases while having more parameters leads to over fitting. Since the simulated data 
comes from the PSL-GS case with K = 1 (K+1 is indicated on the x-axis of the plots), it is 
expected that all datasets show the lowest BIC for this case. In fact it is indeed concluded to be 
so (Figure 7.3 (a)) for all three sample sizes.  

 

Application to Arabidopsis 

Here we have fitted our model to the data from the first chromosome of Arabidopsis produced 
during male meiosis with 1499 gametes. We chose this chromosome as it is the longest among 
the five chromosomes. Further, we considered male meiosis as it shows more recombination, the 
larger number of COs allowing more precise inference. We study the trend in the BIC as the 
number of parameters are increased (  = 0, 1, 2, 3) in the PSL-GS model. 

 



Figure 7.3 b| BIC values for  

Arabidopsis data. 

The data for chromosome 1 (male meiosis) of 
Arabidopsis was analyzed with PSL-GS 
using K = -1, 0, 1, 2, 3. When K =  -1, it is 
the Gamma Single pathway model and for K 
= 0 is the Gamma Sprinkling (GS) model.  
The corresponding BIC were computed and 
plotted. It is seen that the GS model (best 
model in this case) gives the lowest BIC 
value.  
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Figure 7.3 a| BIC Values for PSL-

GS Simulations. 

Data was simulated for PSL-GS (K = 1) with 
parameter nu with α0, α1 for 100, 400 and 
1600 simulated gametes. Then these data sets 
were analyzed with PSL-GS with K = 0, 1 
and 2.  
The corresponding BIC were plotted for each 
simulated number of gametes. BIC is seen to 
be the minimum (thus chosen) for K = 1 for 
all data sets.  
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Results  

We observe that there is a big dip in the value of BIC (Figure 7.3 (b)) as we go from no non-
interfering pathway associated parameter (K = -1) to at least one (K = 0). Thereafter, with 

addition of each αi (K= 1, 2, 3), the BIC keeps increasing in much smaller amounts than the first 
dip, giving lower goodness of fit than before. Thus when K = 0 and the model is equivalent to a 
Gamma Sprinkling model, this dataset is able to facilitate parameter estimation efficiently.  

 

Our PSL-GS model is actually a family of models that allows for a transition from the Gamma 
Sprinkling model to models incorporating heterogeneity in the interfering and non-interfering 
crossover landscapes. The model tested on simulated dataset the size of 1600 gives parameter 
estimates consistent with their actual values when K = 1. However, for the same maximum 
sample size (1600), when another parameter has to be estimated (K = 2), the estimate of nu 

suffers and so does that of α0 , α1 and α2 . Clearly with 1600 gametes, we are able to go till K = 1 
but not much beyond. And when considering the BIC for simulated datasets, it perhaps 
overestimates the efficiency of the PSL-GS as when we move on to the experimental dataset at 
hand, it provides the best fit with K = 0. Thus the preliminary testing on real data still favors the 
PSL-GS version equivalent to the Gamma-sprinkling model. It is possible that the heterogeneity 
(or differences in landscapes of the two pathways) contains mainly small scale differences that 
are not accessible to low order polynomial representations. 
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The Ending. 

CONCLUSION 

 

Recombination is an integral player in creating newer allelic combinations in each successive 
generation of sexually reproducing organisms. And it is mediated by crossing over between 
homologous chromosomes during meiosis. As this process is able to bring together previously 
apart genes, it is a strategic tool in artificial breeding. However it remains difficult to foresee 
exactly which alleles will come together or under what conditions a particular portion of a 
chromosome will recombine or not. The phenomenon of interference further adds to the 
complexity of the scenario. It has been known since early 20th century that interference monitors 
crossover number and position along chromosomes but several aspects still remain mysterious. 

It can also be argued that interference is not a cause but only a coincidence. But then the till date 
intriguing fact remains that there are two crossover formation pathways, one that interferes and 
one that does not. And thus it must be an effect with certain consequence. Though modeling of 
crossover interference has been performed quite scarcely, related biological data have improved 
steadily. As genotyping sequencing became the norm, increasingly higher throughput 
experiments along with techniques such as immuno-precipitation and electron microscopy 
resulted in various modern data types. Thus the main objective of this thesis is to explore the 
scope of current modeling techniques.       

We began by studying the interference in Arabidopsis. Analysis of mutants in the mid-last 
decade showed that there exist two active pathways of crossover formation (Higgins et al. 2004, 
Mercier et al. 2005). Further there had been one modeling study on male meiosis providing 
estimates of the properties of each pathway (Copenhaver et al. 2002). It was concluded that the 
proportion of the non-interfering pathway (p) in this plant usually measures upto 20% or less. 
Subsequently better data has become available (Giraut et al. 2011: male and female backcross 
population genotyping data) encouraging more stringent testing of models. The Gamma single 
pathway model fits gave values of nu in the range between 2.4 and 4.1. Further Gamma two-
pathway modeling yielded values of nu in the interval (8, 37) accompanied by p varying from 
6% to 19%. The non-zero values of p for all chromosomes supported the presence of the non-
interfering pathway in addition to the interfering one.  

Subsequently we attempted to explore if two-pathway modeling indeed describes the Giraut data 
completely. Were heterogeneities present which were not detected when the model is applied to 
the whole chromosome? How much does interference vary between chromosomes or even 
between different regions of the same chromosome? Variations in crossover interference were 
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investigated at all levels possible – between meiosis in the male and female reproductive organs, 
between chromosomes in general and also among regions of the same chromosome. In addition 
to interesting variation patterns in the Gamma single and two-pathway interference parameters at 
all these levels, we also deduced heterogeneity in the fraction of the non-interfering pathway 
along each chromosome. An overall major difficulty to overcome here was computation of the 
likelihood for discontinuous chromosome regions. This happens when a part of the chromosome 
is hidden and this region in turn is flanked by visible regions. The situation is complicated by the 
fact that all possible crossover positions and number are to be considered for the hidden regions 
(details in Supplementary Material of Basu-Roy et al. 2013). And this analysis was published in 
Genetics (2013).   

Then we moved towards the Tomato data from the Anderson group at our disposal. This is the 
only group to have developed and mastered the technique via which we have the first ever data 
to allocate crossovers to interfering and non-interfering pathways on the same synaptonemal 
complex of a wild-type organism. This data clearly shows that the two pathways have different 
recombination landscapes. We developed novel statistical tools to examine subtle interaction 
aspects between the interfering and non-interfering crossover formation pathways referred to as 
“cross-talk” between the two pathways. Since data of this nature where crossovers have been 
known to contribute to one pathway or the other on the same synaptonemal complex in a wild-
type species became available for the first time, there was no previous scope to explore such 
queries. This rendered the developed tests rather unique and specific in capturing crucial 
information from the data. It was concluded that the two pathways do interact as opposed to 
being independent. The manuscript summarizing this work will soon be submitted for 
publication.    

Since analyzing the Tomato data reveals the need for at least two different landscapes for the two 
crossover formation pathways, we venture to postulate a model in the same spirit. This model is 
also follow-up to the observed interference heterogeneity in Arabidopsis at sub-chromosome 
level.  This new model, known as the Position-specific Landscapes Gamma-Sprinkling (PSL-
GS) is a generalization of the standard two-pathway Gamma Sprinkling (GS) model. It 
encompasses the variation by considering a different non-interfering pathway fraction for each 
inter-marker interval. There was a need to parametrize these variations as otherwise the model 
has too many parameters and would lead to over fitting. We have chosen to parametrize by 
polynomials of a given degree, K. A “natural” choice is to take the basis provided by the shifted 
Legendre polynomials. The model has the advantage that it is identical to the usual GS model 
when K= 0. Once the model was set up it was important to benchmark it to ask how many 
parameters can indeed be efficiently estimated with present datasets. Finally applying the model 
to Arabidopsis shows higher (maximized) likelihood for this model as the number of parameters 
to be fitted increase, indicating improvement in the model to describe the data. But model 
selection criterion does not permit its selection over the GS model. More work is underway to 
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explore the model and drive it towards publishing as this is the very first endeavor to incorporate 
heterogeneity in an interference model.  

 

As increasingly detailed and high-throughput biological data becomes the norm, we head 
towards more involved modeling approaches to crossover interference. Our PSLGS model is a 
tool that should become more useful as data sets increase in size. In addition, as more data sets 
with the two pathways annotated separately become available, it would help delve deeper into 
the various interactions between pathways. Such modeling, in tandem with biologists would 
further and deepen our present understanding of interference in particular and sexual 
reproduction in general.  

This thesis has been a wonderful opportunity for me, providing the perfect amalgam of two of 
my cherished interests: modeling and biology. I earnestly hope to continue this journey of 
learning, contemplation and discovery.  
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Résumé 

Dans la plupart des organismes, les crossovers se formant au cours de la méiose sont 
interférérents : deux crossovers sont rarement à  proximité. Nous avons étudié ce phénomène en 
détail dans la plante modèle Arabidopsis thaliana en utilisant une grande population de rétro-
croisements, en méiose mâle et en méiose femelle. Nous avons utilisé le modèle Gamma à deux 
voies, superposant à la voie interférente une  proportion p de crossovers d'une deuxième voie non 
interférente. La méiose femelle montre une interférence plus élevée et une proportion p plus 
faible que la méiose mâle. Par ailleurs nos comparaisons intra-chromosomiques concluent qu'il 
existe des variations d'interférence entre le bras gauche et le bras droit d'une part et entre la partie 
centrale et les régions distales d'autre part. Nous avons ensuite développé des tests statistiques 
qui ont révélé des hétérogénéités dans la proportion p le long des chromosomes. De telles 
variations ont ensuite été trouvées dans un jeu de données de tomate où notre analyse statistique 
nous a permis de montrer pour la première fois sur un organisme «sauvage» que la deuxième 
voie était très peu interférente et qu'en fait les deux voies avaient un peu de « cross-talk ». Vu 
que la limitation la plus sévère des modèles utilisés jusqu'à présent est l'hypothèse de constance 
du paramètre p, nous avons développé un modèle généralisé où les deux voies peuvent avoir des 
paysages de recombinaison différents. Ce modèle nommé PSL-GS a été implémenté en logiciel 
et testé sur des données simulées et sur trois jeux de données de plantes. L'utilisation du critère 
BIC suggère que tout comme chez la tomate, les paysages de recombinaison d'Arabidopsis et du 
maïs sont différents entre les 2 voies.  

Mots clés: méiose, crossovers, interférence entre crossovers, deux voies de formation des 
crossovers 
 

Abstract 

For most organisms, crossovers forming during meiosis exhibit crossover interference – nearby 
crossovers are rare. This phenomenon was studied in great detail in Arabidopsis thaliana using a 
large backcross population for male and female meiosis. We used the gamma two-pathway 
model by superposing proportion (1- p) of interfering crossovers with p of non-interfering 
crossovers. It was observed that female meiosis shows higher interference but lower proportion 
of non-interfering crossovers than male meiosis. Further intra-chromosomal interference 
comparisons conclude that there are variations between (a) left and right arms, and (b) the central 
versus distal regions of a chromosome. Then statistical tests revealed heterogeneities in the non-
interfering crossover proportion along chromosomes. Thereafter various statistical tools 
developed to examine a very novel wild-type tomato data annotating crossover positions from 
both pathways provided evidence for ‘cross-talk’ between the two pathways of crossover 
formation as opposed to being independent. Finally a model named Pathway-Specific 
Landscapes Gamma-Sprinkling (PSL-GS) incorporating chromosomal non-uniformity in the 
individual pathways has been proposed to extend present state-of-the-art interference modeling 
which consider both pathways to be uniform along chromosomes.  

Keywords: meiosis, crossovers, crossover interference, two crossover formation pathways 


