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Résumé

L’objectif de cette these est d’étudier et de donner des outils pour la compréhension des
problemes de perturbations singuliéres pour des modeles épidémiques et des problémes
de dynamiques de populations. Les modeles considérés sont des équations structurées en
age qui peuvent dans certains cas se réécrire comme des équations a retard.

L’étude de ces classes d’exemples s’est faite avec succes et a permis de comprendre et
de mettre en évidence toute la complexité et '’étendue de ces problémes.

Comme on peut le remarquer dans la littérature, 'une des clés fondamentales a la
compréhension de ces problemes est 'étude des variétés normalement hyperboliques en
dimension infinie que nous avons largement étudiées dans cette these.

L’approche utilisée est la méthode de Lyapunov-Perron. Ce qui nous a amené a étudier
les problemes de persistance et d’existence de trichotomie (dichotomie) exponentielle qui
sont des éléments fondamentaux dans l'utilisation de cette méthode.

Mots-clés:
Perturbations singulieres, variétés normalement hyperboliques, trichotomie exponen-
tielle, dichotomie exponentielle, équations a retard, équations structurées en age.

Infinite Dimensional Singularly Perturbed Dynamical
Systems : Theory and Applications

Abstract

In this thesis we aim to give tools to understand singular perturbations in epidemic models
and population dynamic models. We study some singularly perturbed delay differential
equation which does not enter into the class frame work of geometric singular perturbation
for delay differential equations. An example of singularly perturbed age structured model
is also studied.

The study of these examples allowed us to understand and highlight some complexities
of these problems. One of the main tools in understanding such questions is the normally
hyperbolic manifolds theory which is our central focus in this thesis. The approach used
here is the Lyapunov-Perron method. Therefore the problems of persistence and existence
of exponential trichotomy (dichotomy) are also stressed since there are one of the main
ingredients of this method.

Keywords:
Singular perturbations, normally hyperbolic manifolds, exponential trichotomy, expo-
nential dichotomy, delay equations, age structured models.
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Introduction

1. Introduction

La théorie des variétés invariantes a pris un role prépondérant ces dernieres décennies
dans la compréhension des systemes dynamiques et s’est avérée indispensable dans I'étude
des problémes de perturbations singulieres. Elle regroupe deux grands axes: la théorie
de la variété centrale et la théorie des variétés normalement hyperboliques (voir Défini-
tion 5). Cette derniére citée constitue 'objet de cette these. Plus précisément nous nous
intéressons a la persistance de variétés normalement hyperboliques et au comportement
asymptotique des solutions au voisinage de la variété persistante. De maniere intuitive,
une variété invariante peut étre vue comme étant une variété incluse dans l'espace de
phase du systeme dynamique et sur laquelle toute orbite qui y démarre y reste pour tout
temps [166]. Cette théorie présente un intérét certain car elle est applicable dans plusieurs
classes de systemes intervenant dans la modélisation de phénomenes biologiques. Plus
particulierement lorsque le systeme modélisant le phénomene présente des entités évolu-
ant a des échelles de temps différentes induisant ce qui est communément appelé systéme
lent-rapide. Elle permet entre autres la réduction des systéemes par élimination d'une com-
posante sur laquelle on n’a pas de données précises ou de ramener I’étude a un systeme en
dimension finie.

2. Motivation

Le point de départ de cette these était de donner une justification mathématique d’une
réduction d'un systeme d’équations structurées en age décrivant un probléme d’infections
nosocomiales. Le systéme d’équations considéré est le suivant

(d
% — vpNp — vgS(t) — ”;:I By S(t)Ho(t)
Oi(t,a)  0i(t,a) :
5 + = —VRi(t, a),
vag? @Y
i(t,0) = N By S(t)He(t)
S(0) =50 >0
L i(0,.) =g € L (0, +00)
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= vy Ny — v Hy(t) — ”VNP CHy(t) [;°4(a)i(t, a)da
dHc(t) . VVPC r
dt  Np
Hy(0) = Hyo > 0
\ Hc(O) = HCO Z O

fo i(t,a)da — vy Ho(t) (2)

Le systéme (1)-(2) décrit un processus de contamination par des bactéries résistantes dans
un hoépital. Dans ce modele on suppose qu’on a une transmission croisée c’est-a-dire que
le personnel soignant peut transmettre les bactéries aux patients et réciproquement. La
variable S (t) représente le nombre de patients sensibles c’est-a-dire susceptible d’étre con-
taminés par un personnel soignant au temps ¢ tandis que la variable i (¢, a) représente le
nombre de patients infectés par une bactérie résistante au temps ¢ avec un age d’infection
a. C’est-a-dire [ i (t,a) da est le nombre de patients infecté ayant un 4ge d’infection com-
pris entre a_ et a,. La variable H(t) représente le nombre de personnel soignant non
porteur de bactéries a l'instant ¢ et Ho(t) le nombre de personnel soignant porteur de
bactéries a I'instant ¢.

Cette version particuliere du modele introduit dans les travaux de Magal and Mc-
Cluskey [94, Section 7] a pour but de décrire la propagation des bactéries résistantes
sur plusieurs mois induisant ainsi des échelles de temps différentes car le processus de
contamination des patients est a 'ordre de la semaine tandis que le processus de colonisa-
tion et de décolonisation du personnel soignant se fait a ’échelle de I'’heure. La question
posée est donc de savoir si le processus de colonisation et de décolonisation du personnel
soignant peut se réduire a I'état quasi stationnaire c’est-a-dire si le systéme (1)-(2) peut
étre approximé par

( dS(t P
B = v — w0 - 25, 50 ()
0i (t a) N di(t, a) — a)
. uvﬁ“ 3)
Z( ,0) = S(t)Ho(t)
S(0 ) = So Z 0
| (0,.) =i € L} (0,400),
avec Hq(t) et Hy(t) les solutions du systeme
I/VPC 00 .
0=vyNy —vyHy(t) — N Hy(t) [, v(a)i(t, a)da @
P 4
VVPC
0= v, () J3~ v(a)i(t,a)da — vy He(t).

Cette approximation a été utilisée dans D’Agata et al. [48] en faisant une hypothese
de quasi stationnarité pour le systeme (2). Il faut noter que le fait de pouvoir faire



I'approximation (3)-(4) permet d’étudier le probleme en ne considérant que des données
sur les patients ce qui tres pratique car en général on a pas de données concernant le
personnel soignant.

Pour donner une justification mathématique rigoureuse de 'approximation (3)-(4) il
semble claire qu’il faut faire appel a la théorie des perturbations singulieres pour les équa-
tions structurées en age. Cependant ces problémes ont été assez peu étudiés dans la littéra-
ture notamment quelques exemples assez généraux ont été traités par Arino et al. [5] et
Greiner et al. [69]. Nous référons aussi aux travaux de Banasiak et al. [14], Nguyen-Huu
et al. [108] et Ducrot, Magal and Seydi [55] pour plus de résultats dans ce sujet.

Une approche pour comprendre les problemes de perturbations singulieres pour les
équations structurées en age consiste a réécrire ces systemes sous forme d’équations dif-
férentielles a retard. Pour ce faire en supposant que la fonction ~y(a) qui décrit le temps
nécessaire pour devenir infectieux est une fonction qui vaut 0 sur un intervalle [0, 7] et 1
pour a > 7 et en supposant de plus que H¢ (t)+ Hy (t) = Ny etque S (t)+1 (t) = N, (avec
Ny et Np des constantes) nous avons réécrit le probleme (1)-(2) sous forme de systeme
d’équations différentielles a retard de la forme

dz=(t

dt
dys(t

~—

= —pz (t) +a(l—a°(t)y* (), t >0,

O 81— @) -7, 120, )

dt
2% (0) = ¢ (), V0 € [-7,0] ety (0) = yo,

ou u, o, v, f et ¢ < 1 sont des constantes strictement positives (voir Ducrot, Magal
and Seydi [57]). La aussi subsiste un probléme pour utiliser les résultats classiques de
la littérature car en faisant le changement de variables z(t) := z°(et) et §(t) := y°(et) on
obtient le systeme

df’i(t) =ecl—pz(t)+a(l—2()y(t)], t>0,
dz;—(;t):—yg(t)+5(1_g(t));f;(t—rg—l),tZO, ©

Z(0) =2 (0) ety (0) = yo

ou l'on peut choisir de définir $ soit par $ (f) = ¢ (ef) pour § € [—7e 1 0] soit par
p) = ¢ (g) pour § € [—7,0]. Le systeme (6) reste singulier en £ a cause du terme
B(1—g(t)z(t—71e 1) car le retard 7! tend vers +oo quand e — 0*. On ne peut donc
utiliser les théories classiques car elles sont faites sous I'hypothése d’un systéme régulier
en ¢ apres le changement de variables z(t) := x°(et) et §(t) := y°(et).

L’étude de perturbations singulieres pour les équations différentielles a retard est assez
complexe en générale et reste a ce jour assez peu comprise. Néanmoins il existe des
travaux de Artstein and Slemrod [9] sur la convergence locale en temps quand € — 0" via
des arguments de compacité et de mesures invariantes. Des auteurs comme Mallet-Paret
and Nussbaum [100], Chow, Lin and Mallet-Paret [43] ont aussi montré la complexité des
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ces problemes en étudiant la limite du systeme

dxzf(t
© xdt():_xs(t)+f(x€(t_7))€R", t>0avecn € N,

quand £ — 07 vers 'equation
x(t)=f(x(t—7)) €R" t>0avecn € N.

C’est ainsi que nous nous sommes naturellement intéressés aux problemes de pertur-
bations singuliéres et donc aux problémes de persistance de variétés invariantes dans cette
these. Comme nous 'avons souligné ci-dessus les problémes de perturbations singulieres
pour les équations structurées en age restent vastes et compliqués en général. En vue d'une
future étude plus approfondie et d’'une possible généralisation de la théorie des variétés
normalement hyperboliques pour les équations structurées en age, nous nous proposons
dans cette these d’apporter une contribution a la compréhension de cette théorie pour
les équations aux différences en dimension infinie. Cet intérét pour les équations aux
différences en dimension infinie vient du fait que les résultats obtenus peuvent étre trans-
posés au cas des systemes d’équations différentielles. Ce type d’approche a déja été utilisé
dans la littérature pour traiter notamment des systémes d’équations différentielles pour
lesquelles on a pas de formule de variation de la constante. Nous référons par exemple a
Chen and Hale [33], Kristin [86] et Magal [93].

3. Historique

La théorie des variétés invariantes occupe une place importante dans I'’étude des systéemes
dynamiques du fait de son vaste domaine d’application notamment en biologie, physique,
chimie... Il existe deux grands axes dans cette théorie: La théorie de la variété cen-
trale et la théorie des variétés normalement hyperboliques. Les questions principale-
ment traitées par les chercheurs dans ce domaine concernent lexistence, la régularité, la
persistance de ces variétés et aussi 'existence des variétés stable, instable, centre-stable,
centre-instable et les fibrés invariants qui leur sont associés. Les pionniers dans ce do-
maine ont été Poincaré [125, 1892], Hadamard [71, 1901], Lyapunov [92, 1907] et Per-
ron [117, 118, 116, respectivement en 1928, 1929 and 1930]. Ils ont d’ailleurs donné
leurs noms aux deux méthodes les plus utilisées dans cette théorie a savoir la méthode
d’Hadamard et la méthode de Lyapunov-Perron.

La méthode d’Hadamard est une approche a caractere géométrique qui utilise les
propriétés de la variété afin de construire des systémes de coordonnées et de faire un point
fixe sur un ensemble de fonctions Lipschitziennes tandis que la méthode de Lyapunov-
Perron qui sera amplement développée dans cette thése est a caractere analytique et fait
appelle a la formule de variation de la constante pour définir des points fixes avec des
équations intégrales.
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La grande difficulté liée a la méthode d’'Hadamard est de trouver 'ensemble de fonc-
tions lipschitziennes pour lequel le théoréme de point fixe de contraction peut s’appliquer.
L’avantage avec cette méthode est que I'on n’a pas besoin de formule de variation de la
constante pour le systéme dynamique considéré ce qui permet de couvrir beaucoup de cas
tandis que la méthode de Lyapunov-Perron qui est la méthode utilisée dans ce manuscrit
est elle basée sur I'utilisation de la formule de variation de la constante, ce qui limite tres
souvent le cadre d’application car dans certains cas nous n’avons pas de formule de vari-
ation de la constante. Néanmoins comme I'a été noté dans Bates, Lu and Zeng [19], une
utilisation de la méthode de Lyapunov-Perron peut donner plus d’informations sur la régu-
larité des variétés invariantes. Il faut noter aussi qu’il existe d’autres méthodes comme
la transformée de Lie et la méthode d’Irwin développées respectivement par Marsden and
Scheuler [105, 1987] et Irwin [79, 1970] dans le contexte de la théorie des variétés invari-
antes. Nous référons a Wiggins [166] pour une discussion plus détaillée sur ces méthodes.

La théorie de la variété centrale concerne l'existence de variété invariante pour un
systeme dynamique autour d'un point d’équilibre non hyperbolique. Lorsqu’elle est glob-
ale et dans le cadre des systémes dynamiques en temps continue, la variété centrale au-
tour d'un point d’équilibre non hyperbolique est une variété invariante par le systeme
dynamique et tangente aux sous-espaces propres associés aux valeurs propres a parties
réelles nulles. Il est évidemment connu que la variété centrale est a caractere locale mais
nous donnons ici une définition dans le cas ou elle est globale car les propriétés locales se
déduisent généralement de propriétés globales par troncature. Nous suggérons au lecteur
les travaux de Vanderbauwhede [159, 161] et Chow, Li and Wang [36] pour une bonne
introduction et nous référons a Pliss [124], Kelley [84], Carr [29], Sijbrand [151], Van-
derbauwhede and Iooss [160], Magal and Ruan [95], Bates and Jones [21], etc. pour plus
de détails a ce sujet.

la théorie des variétés normalement hyperboliques peut étre comprise comme une
extension de la théorie connue pour les points d’équilibres hyperboliques a un ensem-
ble invariant par exemple un ensemble de points d’équilibres, une orbite hétérocline ou
homocline etc. Cependant cet extension induit des difficultés liées a la dynamique dans
I'ensemble invariant qui peut s’avérer complexe. Il est donc nécessaire d’avoir une bonne
connaissance de la dynamique sur 'ensemble. Intuitivement I'idée des variétés normale-
ment hyperboliques est de considérer des variétés dans lesquelles les solutions du systeme
dynamique se comportent comme sur une variété centrale globale tandis que sur les direc-
tions normales a la variété les solutions convergent vers celle-ci ou divergent de celle-ci.
Cette théorie a suscité I'intérét de plusieurs chercheurs ces dernieres décennies et a connu
un grand bond en avant avec les travaux de Fenichel [64, 65, 66] et Hirsch, Pugh and
Shub [77] sur les variétés compactes normalement hyperboliques dans le cadre des sys-
temes dynamiques en dimension finie. Un exposé détaillé des théoremes de Fenichel, dans
le cas ou la variété est compacte et donnée par le graphe d’une application, a été présenté
par Jones [81] (voir aussi Wiggins [166]) avec des preuves tres différentes basées sur des
considérations géométriques et le principe de Wazewski. Toujours dans le méme cadre de
graphe d’'une application et en dimension finie, Sakamoto [144] a étendu les résultats de
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Fenichel en ne faisant pas d’hypothése de compacité et utilisant la méthode de Lyapunov-
Perron. Chow, Liu and Yi [40, 41] ont aussi démontré un résultat tres général concernant
I'existence et la régularité de variété centrale pour des ensembles invariants normalement
hyperboliques d’équations différentielles ordinaires. Récemment Pliss and Sell [122] ont
introduit la notion de variété faiblement normalement hyperbolique et étudié la robustesse
de ces variétés. Il est certain qu'au vue de cette précédente discussion, la question qui
arrive naturellement est: Est ce qu'une variété persistante pour un systeme dynamique est
normalement hyperbolique? La réponse a cette question a été apportée par Mané [104]
seulement dans le cadre des systemes dynamiques en dimension finie.

Contrairement a la dimension finie, il existe tres peu de travaux pour les systémes dy-
namiques en dimension infinie. Henry [76, p.278, Theorem 9.1.2] a étudié la persistance
et la régularité de variétés compactes pour des problémes paraboliques semi linéaires sous
la condition que la variété étudiée induit un systeme de coordonnées simple. Son résultat
est assez général avec une démonstration basée sur la méthode de Lyapunov-Perron et la
présentation de son théoreme principal permet de couvrir certains résultats obtenus par
Sakamoto [144]. Magalhdes [98] a étudié les problemes de persistence et de régularité
de variété normalement hyperboliques pour certaines classes d’équations différentielles a
retard. A ce jour nous pouvons noter la trés importante contribution de Bates, Lu and
Zeng [19] concernant les variétés compactes normalement hyperboliques pour les semi-
flots dans des espaces de Banach. Ils ont par la suite généralisé leur résultat dans [20] en
enlevant '’hypothese de compacité pour les remplacer par des estimation uniformes. La
particularité dans [20] est que les auteurs ont aussi étudié les cas ou la variété n’est que
positivement (ou négativement) invariante. Les démonstrations dans [19, 20] sont basées
sur une extension de la méthode d’Hadamard. Jones and Shkoller [82] ont aussi apporté
leur contribution pour certaines classes d’équations aux dérivées partielles. Récemment
Eldering [63] a étudié le probleme de persistance de variétés non compactes pour des sys-
temes dynamiques sur des variétés a géométrie bornée. Enfin basés aussi sur la méthode
de Lyapunov-Perron il y a les résultats Potzsche [130] pour les équations aux différences
non autonomes.
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4. Quelques exemples de perturbations singulieres en diemen-
sion infinie
Exemple 1:

Dans Ducrot, Magal and Seydi [55] (voir Chapitre 5), nous avons montré que le systéme

(

%(t,a) + %(t,a) =— |u(a) —|—in (/0 Oofyl(a)us(t,a)da) h(az u.(t, a)

~
competition entre especes

1 400 (7)
100 @ [ vel@)uta)da| wlta), a2 0
€ 0
competition ra;:iae entre especes
uc(t,0) = [ Ba)uc(t, a)da,
[ u:(0,.) = ¢ € L% ((0, +00); R),
converge, pour ¢ — 01, localement uniformément en temps vers le systéme
(0 0
St )+ o (ta) = “(a@pu(t.o
o ([ @t ada) n@lutt,, a2 o
0
competition:ntre especes (8)

u(t,0) = exp (— /0 m vo(a)u(t, a)da) " Ba)u(t, a)da,

v~

limitation des naissances

[ u(0,.) =¢ € L ((0,4+00); R), with 1 < p < +o0.

La fonction m : [0, +00) — [0, 4+00) est continue et locallement lipschitzienne et
Ky h € Lf ([07 +OO)aR) )

Ba Y15 V2 S Lﬁ ([0’ +OO)’ R) >
avec1<q§+ooet%+%:1.

L’étude de cet exemple montre que nous pouvons avoir des équations aux limites sur-
prenantes pour des EDPs singulieres structurées en age. Rapelons que le modele (8) com-
munément appelé modele de Ricker [135, 136] a été considéré par Liu and Cohen [89]
pour

m(z) =z, Vo > 0.
Nous référons aussi a [7, 28, 24, 25, 67, 70, 91, 134, 137, 138, 139, 158] pour plus de
résultats sur le systeme (8) et des applications dans le domaine de I’écologie.
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Exemple 2:

Dans Ducrot, Magal and Seydi [57] (voir Chapitre 6) nous avons étudié la convergence
uniforme sur [0,+o00) de ¢ (t) vers z (t) et y° (t) vers h(z (t — 7)) quand ¢ — 01 (voir
system 5) avec t € [0, +00) — z () solution de

{ T () 0 (- z @) b)) 20, ©
x(@) :(p(e), Vo ¢ [—7',0]7

et 'application z € [0, +00) — h (z) donnée par

Bx

hz) = v+ Bx’

Le résultat de convergence locale sur [0,4o00) est un résultat classique de Artstein and
Slemrod [9] tandis que le résultat de convergence uniforme sur [0, +00) est un peu plus
déclicat car il n’est pas toujours vrai. En effet dans [57] nous avons obtenu des résultats de
convergence uniforme sur [0, +00) (voir Chapitre 6) et nous avons obtenu de plus que pour
¢ =0 etyy # 0dans (5) 'application ¢ € [0, 4+00) — 2° () ne converge pas uniformément
vers la solution de (9) avec ¢ = 0 mais vers une unique orbite hétérocline du systeme
(9). Le graphique ci-dessous illustre I'erreur commise en approximant ¢ € [0, +00) +— ¢ (¢)
par ¢t € [0,+00) — x(t). Ici la simulation numérique a été faite en utilisant des données
réelles avec ¢ = % le temps de visite d'un personnel soignant a un patient (voir Chapitre
6 pour plus de détails).

-3

25X 10 ‘ ‘ |
—1,=1h
| —1v,=1h35 |
10, =2h10
1.5}
S
5
1,
0.5
0

0 50 100 150 200 250 300 350
Time in days



15

5. Analyse abstraite des perturbations singulieres géométriques

Soit (X, ||.||) un espace de Banach. On note (L', (X), ||.H£(X)> I'espace de Banach des appli-
cations linéaires bornées définies de X a valeurs dans X avec

Al 2(x) = sup {|[Az[| : 2 € X et [|zf| =1}, VA € L(X).

Dans la suite nous allons donner brievement les résultats principaux de chaque chapitre.

Chapitre 1:

Ce chapitre fait 'objet d’'un article soumis (voir Ducrot, Magal and Seydi [56]). Il est
consacré a I'étude de persistance de la trichotomie exponentielle (voir Définition 1 ci-
dessous). Soit A € £ (X) un opérateur linéaire borné sur (X, ||.||). Rappelons que le rayon
spectral de A est défini par

r(4) = lim [ AMZ5,) -

La définition de la trichotomie exponentielle ci-dessous est inspirée de la définition intro-
duite dans Hale and Lin [73].

Définition 1 Soit A € L (X) un opérateur linéaire borné sur (X, ||.|). On dira que A est
exponentiellement trichotomique s’il existe trois projecteurs I1,, 11,11, € £ (X) tels que

X:XS®XC®XU7 (10)
et
A(Xy) C Xy, VEk = s,c,u, (11)
avec
Xy =11 (X),Vk = s, ¢, u,
et

X ® Xy = (I_Hs)(X)J X, Xy = (]_Hc)(X) et X, X, = (]_Hu)(X)

De plus on suppose qu'il existe une constante « € (0, 1) telle que les propriétés suivantes sont
satisfaites:

() Soit As € L (X) la part de A dans X, (i.e. As(x) = A(x),Vx € X,). On suppose que
r(As) < a; (12)
(i) Soit A, € L(X,) la part de A dans X, (i.e. A,(z) = A(x),Vx € X,). On suppose que

A, est inversible et que
r (A’l) < (13)
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(iii) Soit A. € L(X,) la part de A dans X, (i.e. A.(x) = A(z),Vz € X,). On suppose que
A, est inversible et que
r(A) <altetr (A7) <a”l. (14)

Remarque 2 Les propriétés (12)-(14) sont équivalentes c’est-a-dire qu’il existe trois constante
k>1let0 < p, < p telles que

1Al g ox.) < ke®" n € Z, (15)

1Az (x,) < we™™" Vn €N, (16)
et

HA;TLHL(X ) Sre”Vn e N (17)

Dans la suite nous dirons que A est exponentiellement trichotomique avec les exposants p, < p,
la constante « et les projecteurs {11*} C L (X) pour signifier que les conditions (15)-
(17) sont satisfaites.

a=s,c,u

Cette précédente Définition 1 nous permet de donner la définition de la dichotomie
exponentielle comme suit:

Définition 3 SoitA € L (X) un opérateur linéaire borné sur (X,|.||). On dira que A est
exponentiellement dichotomique si A est exponentiellement trichotomique avec X. = {0} .

Le résultat principal du Chapitre 1 est le suivant.

Théoreéme 1 (Perturbation) Soit A € L (X) un opérateur linéaire borné sur X. Supposons
que A est exponentiellement trichotomique avec les exposants p, < p, une constante « et des
projecteurs {I1*} C L (X) (voir Remarque 2). Soient p,, p et & des constantes telles que

0<py<pp<p<petk>k.
I existe 5y = & (pg, Pos P p, K, K) € (0, V2 — 1) tel que pour tout § € ( T ) si||Bll o) <6,
alors (A+ B) € L(X) est exponentlellement trichotomique avec les exposants p, et p, la

constante % et les projecteurs Hs, HC, I, € L(X).
De plus les trois projecteurs HS, Hc, I,eLl (X) satisfont les estimations

<y <V2—1,Vk =s,c,u,

H—HH
H’“ e < 50—5

et le sous espace X, = II, (X) est isomorphique au sous espaces X = Il (X), pour tout
k=s,c, u.
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Pour toutn € Non a

~ KO N
A+ B)'TI, — A", < -
H( + B), s £(X)_50—5€
~ KO N
A+ B) "I, — A", < -
H< +B), v L(X)_éo—ée
et pour toutn € Zona
~ KO -
A+ B)'1, — AMI, < ———ePolnl,
H< + B). ¢ L(X)_50—5e

Dans le chapitre 1 nous avons obtenu comme conséquence du Théoreme 1 des résul-
tats de persistance de trichotomie exponentielle pour des équations aux différences non
autonomes (i.e. A et B dépendent de n € Z) ainsi que de persistance de la trichotomie
exponentielle pour des systemes dynamiques linéaires stochastiques (i.e. A et B dépen-
dent de variables aléatoires). Ces conséquences ont été obtenues a 'aide des semigroupes
de Howland (voir Chicone and Latushkin [35]) en rendant autonomes les systemes non
autonomes.

Chapitre 2:

Le Chapitre 2 fait 'objet d’un article soumis (voir Ducrot, Magal and Seydi [58]). Dans
ce chapitre nous considérons des équations aux différences non autonomes et traitons des
problemes de trcihotomie exponentielle sur des intervalles de longueur finie.

Soit {A,},., C L£(X) une famille d’opérateurs linéaires bornés. Rappelons que le
semigroupe d’évolution associé a A est donné par

Apq1.. Ay, sin>p
I[;(X), sin =Dp.

Ua (n,p) = {

Définition 4 Soit I un intervalle de Z et soit A = {A,},., : I — L(X) une famille
d’'opérateurs linéaires bornés sur X. Alors Uy admet une trichotomie exponentielle sur I
avec les exposants 0 < p, < p et la constante r s’il existe trois familles de projecteurs
M~ = {II}, o : T — L(X) avec o = w, s, ¢ satisfaisant les propriétés suivantes:

(i) Pour toutn € let a,f3 € {u,s,c}ona
3T = 0, sia # 3,

et
TS + 1% + 116 = 1.

(ii) Pour tout n,m € I avecn > mon a

Ux (n,m) :==10UA (n,m) = Ua (n,m) 1 avec a = u, s, c.
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(iii) Ug (n,m) est inversible de 11%, (X) a valeurs dans 11 (X) pour tout n,m € I, n > m,
a =u,cetonnote Uy (m,n) : 1% (X) — [1% (X) son inverse.

(iv) Pour tout x € X, pour tout n,m € I on a
1U& (n,m) IS,z < keoln=! ]|

etsin>mona
1UA (n,m) T, z|| < ke ?07™ ||

IUR (m,n) yz|| < ke |lz]].
Le théoreme principal du Chapitre 2 est le suivant.
Théoréme 2 Soient p > p > py > py > 0 et k > 1. Soit {0;},., C Z et Ty € N\ {0} tels que

7 :,gz 0;,0; + Tp) .

2

Soit A = {A,},c;, C L(X) une famille d'opérateurs linéaires bornés sur X. Supposons que
HATLHZI(X) < Ka Vn € Za

avec K > 0.

1l existe des constantes T := T (To, K, K, p, 0, po, Po) > 0 et k :=K(K, K, p) > k telles que pour
tout T > T si A est exponentiellement trichotomique sur chaque intervalle [0;,0; + T de Z
(avec les exposants p et p,, la constante ) alors A est exponentiellement trichotomique sur Z
(avec les exposants p et p, la constante k).

Chapitres 3 et 4:

Le Chapitre 3 est consacré a 'étude de persistance de variétés normalement hyperboliques.
Soit T : X — X une application continument différentiable sur X. On suppose qu’il
existe deux sous espaces vectoriels fermés X¢ et X" tels que

X=X®X"

et que X°¢ est invariant par I'application x — T (z). Dans la suite on notera I1" € £ (X)
I'opérateur linéaire de projection satisfaisant

M"(X)=X"et (I-1I") (X) = X°.

On pose
e := 11"
Supposons de plus que

DT (z) X¢ C X®et DT (z) X" ¢ X", Vo € X°¢

)
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avec de bonnes estimations sur la croissances des systemes linéarisés autour des orbites
sur X¢ (c’est la normale hyperbolicité voir Définition 5 ci-dessous).
Pour étudier un probleme avec un petit parametre on regardera une application G :
R x X — X telle que
G(0,.)=T.

On reformule alors le probléme perturbé
Tnr1 = Gl(e, xy,)
ou ¢ est supposé proche de 0, comme
Tnr = T(x,) + T (), (18)

avec T (z) = G(¢,z) — T(z), 2 € X une petite perturbation de 7.
Tout d’abord rappelons la définition de normale hyperbolicité et faisons le lien avec la
trichotomie exponentielle étudiée aux Chapitre 1 et Chapitre 2.

Définition 5 (Normale hyperbolicité) Soit T : X — X une application continument dif-
feérentiable. Soit M un ensemble invariant par T i.e.

T(M) = M.
On dira que M est normalement hyperbolique pour T si les propriétés suivantes sont veéri-
fiées:
(1) Pour tout x € M, il existe trois sous espaces vectoriels X", X? et X¢ tels que

X=XoX, 0 X, (19)

(ii) Pour tout o = s,c,uon a
DT () (X7) C X7y,
et pour o = u, ¢, Uapplication DT (x) |xe est un isomorphisme de X¢ a valeurs dans
Xg
(x)

(iii) Il existe une constante x > 1, des taux de croissance 0 < p, < p tels que pour tout n € N
et tout x € M on ait

{ }JDT” (@) [x;

—ef <inf {||DT™ (z) 2% : 2% € X% et ||2%|| = 1},
K

< ge= P
(20)

et

1
—e " <inf {||DT™ (z) 2°|| : 2° € XS et [|a°|| = 1} < || DT™ (2) |xe|| < re™™. (21)
K
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|DT™ () | x;

< ke ",

avec

DT (2) |x¢

£(x) = SUp {[|DT™ (z) 2] : 2% € X et ||z =1}, a=s,c.

Cette précédente définition est inspirée de la définition de Bates, Lu and Zeng [19,
p.12]. 1l faut noter que nous avons donné cette définition pour des systémes dynamiques
discrets et que nous avons utilisé le terme ensemble au lieu de variété. Mais il est clair
que dans le cas ou M est une variété on dira tout simplement que 7" possede une variété
normalement hyperbolique. Cependant la définition donnée dans [19] pour les variétés
est un peu plus générale que celle proposée ici. La différence principale entre les deux
définitions est la condition (iii) qui est donnée dans [19] qui peut étre interprété pour les
systemes dynamiques discrets sous la forme suivante:

(iii’) 1l existe une constante A\ € (0, 1) telle que pour tout z € M on a

Ainf {||DT (z) 2*|| : 2* € X2 et [|2*|| = 1} > max {1,||DT (z)|x:

}, (22)

et

Amin {1, inf {|| DT (z) 2°|| : 2° € X et ||z = 1}} > || DT () |x:]| - (23)

A noter aussi que dans le cas ott M est une variété, X¢ désigne l'espace tangent a M
au point z. Nous référons a [19, 64, 77] pour les définitions les plus courantes dans la
littérature.

Le lien entre la trichotomie exponentielle et la normale hyperbolicité est donné par le
lemme suivant.

Lemme 6 Soit T : X — X une application continument différentiable sur X. Soit M un
ensemble invariant par T tel que T définit une bijection de M a valeurs dans M. Alors les
propriétés suivantes sont équivalentes:

(i) M est normalement hyperbolique pour T avec les taux de croissances 0 < p, < p et les
projecteurs associés a la décomposition

X=X 00X X, ve€ M,
sont uniformément bornés par rapport a x € M.

(ii) Il existe une constante & > 0 telle que pour toute orbite compléte x = {x,}, ., de
T dans M (ie. z,1 = T (x,) € M, VYn € Z) le semigroupe d’évolution associé a
DF (x) = {DF (zn)},e; C L£(X) a une trichotomie exponentielle avec la constante
k > 0, et les taux de croissances 0 < p, < p.
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La preuve de la condition (i) = (i¢) est une simple observation tandis que la preuve de
(11) = (1) fait appel au Lemme 1.1.7 du Chapitre 1 (voir aussi Ducrot, Magal and Seydi
[56]) avec une simple vérification. Ce résultat apparait comme une généralisation du
résultat de Palmer [113] concernant le lien entre la dichotomie exponentielle et les variétés
hyperboliques. Il devient donc évident que I'étude des variétés normalement hyperboliques
est fortement liée a I'étude de la trichotomie ou dichotomie exponentielle.

Hypothese 1 On suppose que T' : X — X est continument différentiable sur X. On sup-
pose de plus qu’il existe deux sous-espaces vectoriels fermés X¢ (espace central) et X" (espace
hyperbolique) tels que

X=XaX"

On suppose aussi que M := X est normalement hyperbolique pour T et invariant par T (i.e.
T (M) = M). On supposera de plus que

(1) Pourtoutx € Mona: X =M = X°.

(ii) Pourtoutz € M ona: X" = X" @ X:.

On remarque que 'hypotheése ci-dessus consiste en plus de la normale hyperbolicité a
supposer que I'espace central X°¢ et 'espace hyperbolique X" sont independants du point
x € M et on suppose de plus que M coincide avec I’espace central X¢. Notons que 'on
regarde une variété normalement hyperbolique un peu moins générale qui sera suffisante
pour traiter bon nombre d’exemples. On peut aussi voir qu’en projetant sur X ¢ paralléle-
ment 4 X" (respectivement sur X" parallelement a X¢) le systétme (18) se met sous la
forme plus explicite suivante (voir Chapitre 3).

{ Tp41 = F (:L‘n) + Rc (:L‘nu yn) ) ne Ns (24)
Yn+1 = A (xn) Yn + Rh (:L‘nu yn) , N E N:

avec F': M — M, R.: M x X" — M, R, : M x X" = X" et A(): M — L (X").

Dans toute la suite de cette section nous supposerons que ’'Hypothese 1 est satisfaite.
Afin d’énoncer le résultat principal du chapitre 3 pour le systéme (24) nous avons besoin
de 'hypothése suivante.

Rappelons d’abord que pour une application H : Z; — Z, avec (Z1,||.||,,) et (Zs, ||l 4,)
des espaces vectoriels normés on note

|H () — H )]
1 Lipz 2 = 50D

T, YEZ1, Ty ||:L‘ _szl

Si Zy = Z, on écrira || H||},, 5, au lieude [[H| ;7 7, -

Hypothese 2 On suppose que:
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(H1) F est continument différentiable sur M et que

(i) DF(.): M — L (M) est continue et globalement lipschitzienne sur M,
(i) F(M)= M.

(H2) Il existe des constantes x> 1 et 0 < p, < p telles que

(i) Pour toute orbite compléte x ={x,},., de F dans M (ie. xpy1 = F(v,) €
M, Vn € Z) la famille d'opérateurs linéaires {A (z,)},c; C L (X") est expo-
nentiellement dichotomique sur Z avec la constante k, Uexposant p et la famille de
projecteurs {113 } . C L(X"), a=u,s.

(i) Pour tout v € M, DF (x) : M — M est inversible sur M et on a pour tout n € N

1
—e " <inf {||DF" () w| : w € M, [Jw| = 1} < kefo",
K

(H3) Pour tout i = c, h, Uapplication R; est bornée et globalement lipschitzienne sur M x X"
Le.

sup [ R (2, )|+ [ Bill i (arxn xn) < F00-
(z,y)EM X Xh

(H4) A(.): M — L (X") est bornée et globalement lipschitzienne sur M i.e.

$Up 14 @)l ey + IAlLip(anry) <+

(H5) Il existe une orbite compléte X={z,},., de F dans M(i.e. 41 = F (z,) € M, Vn € Z)
telle que
sup e M|z, || < 4o0.
nez

Le résultat principal du Chapitre 3 est le suivant.

Théoreme 3 (Persistance) Supposons que UHypothése 2 est satisfaite. Soient p,, p des con-
stantes positives telles que 0 < p, < p, < p < p. Soit n € (p,, p) donné et fixé. Il existe § > 0
(assez petit) tel que si

sup [ R (2, )|+ (1 Bill i (arxcn xny <90
(z,y)EM X Xh

alors il existe une fonction ¥ : M — X" tel que sont graphe
M= {r+9(x):2€ M},

satisfait les propriétés suivantes:
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(D) Pour tout x + V¥ (z) € M il existe une unique solution (x, ¥ (x)) = {(xn, ¥ (z,))}, -, de

(24) avec xq = x et

ne”L

sup MM [lan| + 19 (220) ] < o0,
ne

(ii) Si (x,y) = {(Zn,Yn)},,cz, €st une orbite complete de (24) et

sup 17 ||y, || < +os,
ne”L

alors .
To+yo € M & yo =V (70) .

(iii) La fonction ¥ : M — X" est bornée et globalement lipschitzienne sur M.

Pour des soucis de simplicité dans 'énoncé du Théoréme 3 nous avons omis les esti-
mations obtenues pour la borne supérieure et la constante de Lipschitz de V¥ ainsi que la
dépendance du parameétre § par rapport aux parametres. Nous référons aux Chapitre 3
pour plus de détails sur le Théoreme 3. Notons que ce dernier théoreme permet d’obtenir
les résultats de peristance de variétés normalement hyperboliques pour I'’équation aux dif-
férences (18). Un résultat de persistance de variétés normalement hyperboliques a été
aussi obtenu pour un semiflot {7 (¢)},., défini sur 'espace de Banach X (voir Chapitre 3)
comme conséquence du Théoréme 3.

Le Chapitre 4 est consacré a 'étude du comportement asymptotique des orbites de
(18) au voisinage de la variété persistante obtenue au chapitre 3. Nous ne donnerons ici
qu’une propriété pour illustrer le comportement asymptotique des orbites au voisinage de
la variété persistante pour (18).

Hypothese 3 On suppose en plus de U’Hypothese 1 que

(1) L’application DT (.) : X — L (X) est continue, bornée et globalement lipschitzienne sur
X i.e,
sup IDT (@)l ¢ x) + DT ()l i, e < 00

(ii) Il existe une orbite complete X = {7, }, ., de T dans M (i.e. xp41 =T (x,) € M, Vn €
Z) telle que sup,,c, e~"!" ||Z,|| < +oo.

L’Hypthese 3 permet de vérifier 'Hypthese 2. Le théoreme suivant donne un résultat
de stabilité de la variété persistante pour (18).

Théoréme 4 (Stabilité) Supposons que les Hypotheses 1 et 3 sont satisfaites. Supposons de
plus que T : X — X est continue, bornée et globalement Lipschitzienne sur X. Soient p,, p
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des constantes positives telles que 0 < p, < p, < p < p. Soit n € (p,, p) donné et fixé. Alors il
existe des constantes 6 > 6o > 0 (assez petites) et v > 0 telles que si

7.+l

<0,
Lip(X)

alors il existe une application ¥ : M — X" telle que son graphe
M={z+V(z):zeM},
satisfait les propriétés suivantes:

) M est invariant par T + T Cest-a-dire (T + T) (]\7) — M.

(ii) Il existe une application © : V (M, d,) — M (ot V (M, 6y) :=={yeX:|Iy| <}
telle que pour tout y € X satisfaisant

th (T+T>n (y)” < 8, ¥n € N,

ona . .
|(2+7) 00 - (147 £ e

5. Résumé, discussions et plan de la these

Ce travail consiste a apporter une contribution dans la compréhension de la théorie des
variétés normalement hyperboliques via la méthode de Lyapunov-Perron. Nous avons donc
été amenés dans cette these a développer ou démontrer au fur et a mesure des résultats
pour l'aboutissement de notre objectif. Nous avons donc eu besoin de démontrer des
résultats de persistances de trichotomie exponentielle et de dichotomie exponentielle dans
les chapitres 1 et 2 pour ensuite les utiliser dans les chapitres 3 et 4 afin de démontrer
les résultats de persistance de variétés normalement hyperboliques, d’existence de fibrés
invariants et de stabilité.

Dans le Chapitre 1, nous avons revisité le probléme de persistance de la trichotomie
(ou dichotomie) exponentielle (voir Définition 1 ou Définition 4 et Remarque 2) pour
des équations aux différences autonomes, non autonomes en dimension infinie et les sys-
témes dynamiques linéaires stochastiques en dimension infinie. Le résultat obtenu dans ce
chapitre n’est pas nouveau car il a été obtenu dans Potschze [127], Pliss and Sell [121].
Cependant l'originalité de ce chapitre vient de ’'approche utilisée et les avantages que peu-
vent procurer une telle approche. La méthode utilisée habituellement dans la littérature
consiste a faire un décalage du spectre pour utiliser les résultats connus sur la dichotomie
tandis que dans ce chapitre nous utilisons une méthode directe via une formulation en
terme de probléme de point fixe. Nous avons commencé par démontrer un résultat de
persistance de la trichotomie pour des équations aux différences autonomes. Ensuite pour
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obtenir nos résultats sur les équations aux différences non autonomes nous avons rendu
autonome le systeme non autonome a l'aide des semigroupes d’'Howland (voir Chicone and
Latushkin [35]) et appliqué le résultat obtenu pour les systémes autonomes. Enfin le ré-
sultat sur les systémes dynamiques linéaires stochastiques est obtenu a I'aide des résultats
obtenus sur les équations aux différences non autonomes.

Il faut noter que la clef fondamentale de cette approche est la formulation du probléme
de point fixe qui permet d’avoir une formule qui lie directement le semigroupe d’évolution
perturbé au semigroupe d’évolution d’origine. Par conséquent on obtient aussi une for-
mule qui lie les projecteurs d’origines a ceux obtenus par perturbation. I’avantage de cet
approche est que via les formules proposées on peut aussi étudier la dépendance des per-
turbations par rapport a des parametres comme la continuité, différentiabilité ou méme
étudier la trichotomie exponentielle non uniforme (voir Barreira and Valls [16]) mais ces
trois derniers points ne sont pas traités dans cette these et sont laissés pour un futur travail.

Les problemes de persistance de la dichotomie ou trichotomie exponentielle pour les
équations aux différences non autonomes ont été largement étudiés dans la littérature.
Plusieurs travaux successifs menés par différents auteurs ont permis d’arriver aux résultats
les plus généraux. Parmi ces travaux nous avons les résultats sur la dichotomie dans le
cas ou chaque élément de la famille d’opérateurs considérée est inversible sur I'espace de
phase [142, 143, 115, 13, 45]. Toujours dans le cas de la dichotomie nous avons les cas
ou I'inversibilité des opérateurs est restreinte sur la partie instable [76, 121, 127, 169, 38]
ainsi qu'une généralisation des taux de croissance [127, 16, 169].

Quant a la trichotomie exponentielle, les résultats les moins généraux ont été obtenus
dans la cas ol on a une contraction du semigroupe d’évolution suivant la partie centrale et
chaque élément de la famille d’opérateurs considérée est inversible sur 'espace de phase
[61, 62, 114]. Une généralisation a été apportée en remplacant la contraction suivant la
partie centrale par une borne uniforme [143, 12]. Enfin nous avons les cas plus généraux
qui consistent a restreindre l'inversibilité des opérateurs suivant les parties centrale et
instable et autoriser une croissance sous exponentielle suivant la partie centrale [127,
121].

Le Chapitre 2 constitue I'une des clefs fondamentales dans l'utilisation de la méth-
ode de Lyapunov-Perron dans le contexte de la théorie des variétés normalement hy-
perboliques. Il s’agit de donner une condition suffisante sur une famille d’intervalles de
longueur finie pour avoir la trichotomie (ou dichotomie) exponentielle sur Z d’'une équa-
tion aux différences non autonome en dimension infinie. Ce chapitre est une générali-
sation des travaux assez récents de Palmer [110, 2011] sur les équations aux différences
non autonomes en dimension finie. Dans [110] auteur suppose que chaque élément de
la famille d’opérateurs considérée est inversible sur I'espace de phase tandis que nous re-
streignons l'inversibilité sur les parties centrale et instable. Ce résultat a permis de donner
comme application I'existence de la trichotomie le long des pseudo orbites dans un voisi-
nage d'un ensemble normalement hyperbolique. Notons aussi que ce résultat a plusieurs
applications pour les systemes dynamiques discrets notamment sur la robustesse des en-
sembles hyperboliques, ’hyperbolicité le long des pseudo orbites, les systémes presques
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périodiques...(voir [110] pour plus d’applications).

Le but du Chapitre 3 est de démontrer un résultat de persistance de variétés normale-
ment hyperboliques pour des équations aux différences en dimension infinie et de faire une
application pour les semiflots dans les espaces de Banach. Nous avons étudié les équations
aux différences car sous certaines hypothéses nous pouvons toujours utiliser une formule
de variation de la constante en faisant des itérations. L’avantage est que nous pouvons
appliquer ces résultats a des semiflots qui ne permettent pas 'utilisation de la formule de
variations de la constante. Ces idées ont été utilisée par exemple dans Chen and Hale [33]
(voir aussi Magal [93]) pour I'étude de I'existence d’une variété centre-instable autour d'un
point d’équilibre non hyperbolique. Comparée a la littérature sur les systemes dynamiques
en temps continue, la littérature sur les systemes dynamiques en temps discret n’est pas
trés vaste. Nous pouvons citer notamment [1, 44, 83, 154, 130]. Il faut noter que dans
ce chapitre nous considérons des perturbations Lipschitziennes pour le systeme (24) et
que les références précédemment citées considérent toutes des perturbations qui sont au
moins C'. Enfin notons qu’en dehors de I'aspect dimension infinie, la contribution majeure
apprortée dans le systeme (24) est la nonlinéarité /. Une discussion plus détaillée est faite
dans la Section 3.2 du Chapitre 3.

Le Chapitre 4 est consacré a ’étude du comportement asymptotique des orbites au
voisinage de la variété persistante obtenue au Chapitre 3. Nous avons notamment montré
I'existence de fibré stable et invariant autour de la variété persistante et un résultat de
stabilité de cette variété dans son voisinage. Une application pour les semiflots dans les
espaces de Banach est aussi donnée.

Finalement les Chapitres 5 et 6 sont des études d’exemples de perturbations singulieres
en dimension infinie via des méthodes directes. Le Chapitres 5 fait I'objet d’'un article
publié et Chapitres 6 un article a paraitre dans un journal.



Chapitre 1

Persistence of exponential trichotomy
for bounded linear operators: A
Lyapunov-Perron approach

1.1 Introduction

Let A € L(X) be a bounded linear operator on a Banach space (X, ||.||). Recall that the
spectral radius of A is defined by

r(A) = lim A" 4 -

n—-+0o

Assume that A has a state space decomposition, whenever A is regarded as the following
discrete time dynamical system

{ z(n+ 1) = Az(n), forn € N, (1.1.1)

z(0) =z € X.

Namely, we can find three closed subspaces X, the stable subspace, X. the central sub-
space, and X, the unstable subspace such that

X=X,0X.® X,and A(X}) C Xy,,Vk = s,c,u.

Moreover if we define for each k = s,c,u A, € L£(X}) the part of A in X, (i.e. Ax(z) =
A(x),Vz € X}). Then there exists a constant o € (0, 1) such that

r(As) <a<l1
the linear operator A, on X, is invertible and

T(A;1)§a<1
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and the operator A, on X, is invertible and
r(A) <o tandr(A4]') <ol

We summarize the notion of state space decomposition into the following definition. In the
context of linear dynamical systems (or linear skew-product semiflows) this notion also
corresponds to the notion of exponential trichotomy. The following definition corresponds
to the one introduced by Hale and Lin in [73].

Definition 1.1.1 Let A € £ (X) be a bounded linear operator on a Banach space (X, ||.||). We
will say that (1.1.1) has an exponential trichotomy (or A is exponentially trichotomic) if
there exist three bounded linear projectors 11, 11, 11, € £ (X) such that

X=X, X.® X, (1.1.2)
and
A(Xy) C Xy, ,Vk = s, ¢, u, (1.1.3)
where
Xy =1 (X),Vk = s, ¢, u,
and

X Xy = (I -1L)(X), Xs & X, = (I —IL)(X) and X, & X, = (I — IL,)(X).
Moreover we assume that there exists a constant « € (0, 1) satisfying the following properties:
(D) Let A; € L (X;) be the part of Ain X (i.e. As(x) = A(z),Vx € X,) we assume that

r(A4s) < o (1.1.49)

(i) Let A, € L(X,) be the part of Ain X, (i.e. A,(z) = A(z),Vz € X,) we assume that
A, is invertible and
r (4,1 < (1.1.5)

a;
(iii)) Let A, € L (X,.) be the part of Ain X, (i.e. A.(x) = A(x),Vx € X.) we assume that A,
is invertible and
r(A) <alandr(AY) <a”l. (1.1.6)

Remark 1.1.2 The above properties (1.1.4)-(1.1.6) are also equivalent to say that there exist
three constants k > 1 and 0 < p, < p such that

HA?Hz:(XC) < kel"l wn € Z, (1.1.7)

1Al x,) < ke, VR €N, (1.1.8)
and

147" ¢ (x,y < KE™™, ¥R EN. (1.1.9)

In the sequel, the above estimates will be referred to as exponential trichotomy with exponents
po < p, constant x and associated to the projectors {I1*}

a=s,c,u’



29

By using the definition of exponential trichotomy we may also define the notion of
exponential dichotomy.

Definition 1.1.3 Let A € £ (X) be a bounded linear operator on a Banach space (X, ||.||). We
will say that A has an exponential dichotomy if A has an exponential trichotomy with

X, = {0}.

The notion of exponential dichotomy was introduced by Perron [116] to study the exis-
tence of bounded solutions for some non-autonomous differential equations. This has been
used and further developed by Coppel in [45] for finite dimensional ODE where the author
studied, in particular, the persistence of exponential dichotomy under small perturbation
using Perron fixed point formulation. Such a persistence result has been successfully used
by Palmer [111, 110] to get finite time conditions for exponential dichotomy for finite
dimensional ODE. This notion has been further investigated and developed in the 70’s by
Sacker and Sell (see [143, 142, 140] and the references therein) for linear skew-product
semiflows in Banach spaces. In this series of works the unstable projector is assumed
to have a finite rank. The finite dimensional assumption for the unstable projector has
been removed in the definition of exponential dichotomy given by Henry in [76]. The
characterisation of exponential dichotomy in term of admissible spaces (namely in term
of solvability of the non-homogeneous equation in some suitable spaces) is proved and
allows the author to prove the persistence of such an invariant splitting by using a fixed
point argument on suitable solutions of the inhomogeneous equation. (we also refer to
Chow and Leiva [38, 39] for discussions and new results in this direction). Let us mention
that Latushkin and Schnaubelt in [87] obtained persistence of exponential dichotomy of
cocycle using spectral properties of Howland semigroup. Let us also note that Potzsche in
[127] considered an other kind of difference equations (degenerate like) in Banach spaces
and proved the persistence of exponential dichotomy using Perron approach and without
any finite dimensional assumption. Let us also mention [129] where the lack of invertibil-
ity of infinite dimensional semiflows is stressed. More recently the concept of exponential
dichotomy (or trichotomy) has been extended to the so-called non-uniform exponential
dichotomy (or trichotomy) by Barreira and Valls in a series of papers (we refer to the
monograph [18] and the references therein). Using Perron approach, the authors proved
the persistence of non-uniform dichotomy under small weighted linear perturbations. Let
us also mention the recent work of Zhou et al [169] who deal with the perturbation of
tempered exponential dichotomy for linear random difference equations in Banach spaces
using a new characterisation with admissible spaces as well as Perron formulation.

Note that exponential dichotomy is a basic tool to study stability for non-autonomous
dynamical systems. It is also a powerful ingredient to construct suitable invariant man-
ifolds for non-linear hyperbolic problems. In order to take into account non-hyperbolic
dynamics one needs to take care of the center subspace behaviour leading to the notion
of exponential trichotomy. Such a notion has been introduced by Sacker and Sell in [143]
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in order to take into account uniformly bounded entire solutions for some linear dynam-
ical systems. Latter Hale and Lin in [73] introduced a weaker definition of exponential
trichotomy allowing small exponential growth of the solutions on the center subspace. In
this paper a persistence result of exponential trichotomy is proved under some finite di-
mensional assumption for the center part. This has been successfully used in the study of
persistence of heteroclinic orbits for some functional differential equations. Further gen-
eralisations have been investigated by Pliss and Sell in [121] where the finite dimensional
condition is removed. In this work the authors stated some equivalence between exponen-
tial trichotomy and exponential dichotomy for some shifted operators (to shift the spec-
trum). Based on the admissible space characterisation of dichotomy, the authors proved
a very general persistence result for exponential trichotomy. Let us also mention that a
similar definition of exponential trichotomy has been used by Chicone and Latushkin in
[34] to construct center manifold for some non-autonomous infinite dimensional dynam-
ical systems. Throughout this work we shall use this notion and we refer to Definitions
1.1.1, 1.1.6 and 1.1.11 for precise definitions of exponential trichotomy in several contexts
(namely autonomous, non-autonomous and random dynamical systems). In the context
of non-uniform trichotomy, let us mention the work of Barreira and Valls in [16] who used
this shifted technique to prove the persistence of non-uniform exponential trichotomy for
invertible time continuous semiflows. We also refer to [15] for another characterisation of
(non-uniform) exponential trichotomy in term of Lyapunov function and robustness result
for finite dimensional systems. (We refer to [107, 126, 148] and the references therein
for other results on this topic). We also refer to Lian and Lu [88] and the monograph of
Arnold [8] for the construction of stable and unstable manifold for some inifinite dimen-
sional random dynamical systems and to Barreira and Valls [17, 18] for a center manifold
using non-uniform exponential trichotomy. Note that these constructions are based on the
Lyapunov-Perron method. (we refer to [116, 159, 95] and the references cited therein)
and to Bates et al [19, 20], Chow et al [36, 40, 41] and the references therein for the
construction of invariant manifolds using Hadamard method.

In this work we propose to revisit the problem of persistence of exponential trichotomy
by dealing with a direct proof based on Perron fixed point argument for the perturbed
semiflows and projectors. More specifically if B € £ (X) (with || B[y, small enough) we
aim at investigating the persistence of such state space decomposition for a bounded linear
perturbation of system (1.1.1) that reads as

{ z(n+1)=(A+ B)x(n), forn €N, (1.1.10)

x (O) =1x9 € X.
The main result of the manuscript is the following theorem.

Theorem 1.1.4 (Perturbation) Let A € L (X) be a bounded linear operator on a Banach
space X, and assume that A has exponential trichotomy with exponents p, < p, constant
k and associated to the projectors {11} _, . (see Remark 1.1.2). Then for each B € L (X)
with || B|| ;x, small enough the linear operator (A + B) has an exponential trichotomy, which
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corresponds to the following state space decomposition
X=X,®X.® X,
and which corresponds to the bounded linear projectors 1,1, 1, € £ (X) satisfying
X, o= 11, (X),Vk = s,c,u,
and
X.oX,=(-IL)(X), X,® X, = —IL)(X)and X, & X, = (I — II,)(X).
More precisely, let three constants p,, p € (0,+00) and k be given such that
0<py<pp<p<pandr > k.

There exists 5o = &9 (po, Po, P ps #5, 1) € (0,2 —1) such that for each § € (O’%) i
|Bllz(x) < 9, then (A + B) has an exponential trichotomy with exponent p, and p and with
constant .

Moreover, the three associated projectors ﬁs, ﬁc, ﬁu € L (X) satisfy

)

< — =
- <0y <V2—1,Vk =s,c,u,

[ -m,,,, <
L(X)
and as a consequence the subspace X, := 11, (X) is isomorphic to the subspace X}, = II; (X) .
Furthermore the following estimates hold true for each n € N,
)
<
LX)~ 0g—0
) -

e "

e P

)

H(A + B)"I, — AMI,

<
LX) 0g—0

|4+ B - azem,

?

and for eachn € Z

<« PO polnl

A+ B)'1I, — A",
H< + B). ¢ LX)~ 0g—0

Remark 1.1.5 The last inequality shows that (by choosing the norm of B small enough) the
growth on the central part for the perturbed system satisfies

~

(A+ B)!1I.

sup e*ﬁo‘"‘ < 400.

ne”L L(X)

This result has several consequences for non-autonomous discrete time linear equations
and linear random difference equations by using Howland semigroup procedure to re-
formulate these problems as autonomous systems.

In the next subsection we will state the consequences of Theorem 1.1.4 on the above
mentioned topics. Section 2 is devoted to the proof of Theorem 1.1.4. Sections 3 and
4 are respectively concerned with an application of Theorem 1.1.4 for non-autonomous
dynamical system (see Theorem 1.1.8) and for random linear difference equation (see
Theorem 1.1.13).
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1.1.1 Consequences of Theorem 1.1.4 for discrete time non-autonomous
dynamical system

As mentioned above, exponential trichotomy or dichotomy plays an important role in the
study of the asymptotic behaviour of non-autonomous dynamical systems. Roughly speak-
ing exponential trichotomy generalizes the usual spectral theory of linear semigroups to
linear evolution operators. It ensures an invariant state space decomposition at each time
into three sub-spaces: a stable, an unstable and a central space in which the the evolution
operator has different exponential behaviours. Let A = {A,},., : Z — L(Y) be a given
sequence of bounded linear operators on the Banach space (Y. || ||). Consider the linear
non-autonomous system

{ z(n+1) = A,z(n), forn >m, (1.1.11)

x(m) =z, €Y.

Let us introduce the discrete evolution semigroup associated to A defined as the 2—parameters
linear operator on A, := {(n,m) € Z*: n > m} by

A,_1... A, ifn>m,

Ua (n,m) = {

Iy, if n =m,

wherein [y denotes the identity operator in Y. In the following we will always use the
notation n > m as well as Ua (n, m) for the evolution semigroup. Whenever U, (m,n) is
considered this will mean that Ua (n,m) is invertible and

Ua (m,n) = Ux (n,m)"".
Let us observe that U, satisfies
Ua (n,k)Ua (k,m) = Ua (n,m) for eachn >k > m.
Then let us recall the following definition taken from Hale and Lin [73].

Definition 1.1.6 (Exponential trichotomy) Let A = {A,}, _, : Z — L(Y) be given. Then
Ua has an exponential trichotomy (or A is exponentially trichotomic) on Z with constant
K, exponents 0 < p, < p if there exist three families of projectors I1* = {II%} _, : Z — L(Y),
with o = u, s, ¢ satisfying the following properties:

(i) Foralln € Z and «, § € {u, s, c} we have
IoTI) = 0, if a # 8,

and
I + I + 11¢ = Iy
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(ii) For all n,m € Z with n > m we have

Ux (n,m) :==T0UA (n,m) = Ua (n,m) I3 for a = u, s, c.

(iii) Uy (n,m) is invertible from IIS, (V) into II% (V) for all n > m in Z, o = u,c and its
inverse is denoted by Ug (m,n) : I3 (V) — II%, (V).

(iv) For each y € Y we have for all n,m € Z

1U4 (n,m) TS,y || < werel™=™1|ly]|, (1.1.12)
andifn>m

1U (n,m) Iyl < ke ?™ ™) |y, (1.1.13)

UL (m,n) Ty < ke P ||y]|. (1.1.14)

Let us observe that the operators UY (n,p) € L(Y),forn > pinZ and a = u, s, ¢ (resp.
US (p,n), for n > pin Z and « = u, ¢) inherit the evolution property of U, that reads as

Ua (n,p)Ux (p,m) =Ux (n,m), ¥n >p>minZand o = u, s,c,
respectively
Ux (m,p)UY (p,n) =Ux (m,n), Yn>p>minZand a = u,c.

Before stating our result, let us note that since [I¢ = U} (n,n), for « = u,s,cand n € Z,
property (iv) in Definition 1.1.6 implies that the projectors are uniformly bounded by the
constant .

The following lemma is well known in the context of exponential dichotomy (see for in-
stance [128]).

Lemma 1.1.7 Let A : 7Z — L(Y') be given such that U has an exponential trichotomy on 7
with constant k, exponents 0 < p, < p and projectors I1* = {11’} _, for a = u, s, c. Then the
state decomposition is uniquely determined by

I (y) = {y €Y : sup eE||Up (k,n)y|| < +oo} )

k>n

yeY : IH{uktpe, CY With yp = Ap Y1, Yn =y

L) = and sup e*" M) ||y, || < +oo ’
k<n
and .
y €Y H{yntper CY With Y1 = Arye, Yo =y
I, (V) =

and sup e oIkl ||y, || < 400
keZ
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The above lemma ensures the uniqueness of the sequence of projectors appearing in the
splitting of an exponential trichotomy in Z. Furthermore whenever U, has an exponential
trichotomy on Z, the range of the center projector IIf corresponds to the global center-
manifold of the linear discrete non-autonomous equation

Yn+1 = Anyna n > 0.

Using Howland’s semigroups like procedure (see Chicone and Latushkin [35]), as a conse-
quence of Theorem 1.1.4, we obtain the following version for non-autonomous dynamical
systems.

Theorem 1.1.8 (Perturbation) Let A : Z — L(Y') be a given uniformly bounded sequence
such that Ua has an exponential trichotomy on Z with constant «, exponents 0 < p, < p and
associated to the three families of projectors {I1* : Z — L(Y)},_, ... Let py < py <p < p

and & > k be given Then there exists 0y := 0o (py, Pos P» s ks &) € (0,2 — 1) such that for
each 0 € < ) and each B : Z — L(Y) with

7+5

sup || B[l <4,

nez
the evolution semigroup Ua g has an exponential trichotomy on Z with constant k, exponents
P, Po and projectors {H“} . For each n € Z and o = u, s, ¢, the spaces R (II) and

a=s,c,u
R (ﬁg) are isomorphic. Moreover the following perturbation estimates hold true: we have
forall n > p,

5
|Ua 5 (n,p) — Ua (n.p)|| < O'{_ 5e*f’<"*p>, (1.1.15)
Uk 5 (p.n) — Ui (p,n)| < pn=p), (1.1.16)
and for all (n,p) € Z
5
|Us sn (0, p) = US (n,p)]| < — seroln 7l (1.1.17)

1.1.2 Consequences of Theorem 1.1.4 for discrete time random dy-
namical system

The aim of this section is to apply Theorem 1.1.4 and Theorem 1.1.8 to study the pertur-
bation of trichotomy for some linear random difference equations in Banach space. (we
refer to the monograph of Arnold [8] for the notion of dichotomy for random dynamical
systems and Zhou et al [169] for recent results on this topics).
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Let (€2, F,P) be a given probability space and let (Y, ||.||) be a Banach space. Let us
consider a strongly measurable map A : Q@ — L£(Y) as well as the linear random difference
equation

Tpr1 = A0"w)x,, n>m, x, €Y,

wherein {0"},cz is a measurable dynamical system on 2. Here we recall the following
definition:

Definition 1.1.9 Amap 6 : Z x 2 — § is said to be a measurable dynamical system on 2 if

(i) The map 0 is measurable;
(i) 0(0,.) =Igand O(n+m,.) =0(n,.)oB(m,.) forall n,m € Z;

Definition 1.1.10 Let (Z, ||.|) be a given Banach space and a map A : Q — L(Z) is said to
be strongly measurable if for each z € Z the map A(.)z : Q — Z is measurable from (2, F)
to (Z,B(Z)). Here B(Z) denotes the Borel c—algebra generated by the open sets in Z.

Similarly to the case of non-autonomous linear difference equation, one introduces the
random evolution operation associated to the strongly measurable operator A : Q — L(Y')
defined by

A (0”_1(,0) LAOTwW) ifn >m

Iy ifn=m

Ualn,m,w) = {

Setting ®(n,w) := Ua(n,0,w) for all n > 0 note that ® is a linear random dynamical system
(see Arnold [8]) and it enjoys the well-known cocycle property, namely

®(0,w) = Iy and ®(n + m,w) = ®(n,0"w) o ®(m,w), Yn,m >0, w € .
Let us also note that
Us(n,m,0%w) = Us(n+k,m+kw), Yn>m, k€ Z, we.

Let us also recall the following definition extended from the notion of dichotomy taken
from Arnold [8]

Definition 1.1.11 The linear random evolution operator U, has an exponential trichotomy if
there exists a —invariant set 2 C ) with P(Q2) = 1 and three strongly measurable projectors
1> : Q — L(Y) such that

(i) Foralln e N, we Qand o, € {u, s, c} we have

(@) (w) = 0, if a # 6,

and
I (w) + II"(w) + [I(w) = Iy.
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(ii) For all n,m € Z with n > m we have

US (ny,m,w) :=*0"w)Uy (n,m,w) = Ua (n, m,w) [I*(0™w), for a =u,s,c.

(iii) For each w € €, U% (n,m,w) is invertible from II*(§™w) (Y) into I1*("w) (X) for all
n > min Z, a« = u,c and its inverse is denoted by U (m,n,w) : [1*(0"w) (Y) —
[1*(0™w) (Y'). Furthermore for each o = s, ¢, u the operators w — U (n, m,w)[1*(6™w)
are strongly measurable for each n > m if « = s, each n < m if « = u and each
(n,m) € Z* for a = c.

(iv) For each y € Y we have for all n,m € Z

U (n,m, ) 0" w)y || < w(w)er @y, (1.1.18)
andifn>m

U* (n,m, ) I (0" w)y|| < w(w)e ™ ly][, (1.1.19)

U (m, n,w) IT4(0"w)y|| < k(w)e @0 ||y|| . (1.1.20)

Here the maps p, p, are §—invariant random variables from Q — (0, 00) while k is a
random variable from Q2 — (0, c0).

Remark 1.1.12 Let us note that the above definition shows that for a = s, ¢, u:

sup [|TI*(0"w)ler) < h(w), Y € Q.
me

Then our result reads as:

Theorem 1.1.13 Let A : Q — L(Y) be a given strongly linear operator. Let us assume

that U, has an exponential trichotomy according to Definition 1.1.11 with set Q, exponent
po(w) < p(w) and constant k(w). Assume furthermore that

sup [ A(0"w)||zv) < 00, Vw € Q.
ne”L

Let By, p: Q — (0, 00) be two §—invariant random variables and 7 : €2 — (0, 00) be a random
variable such that B
po() < Po(w) < Plw) < plw), Vw € O,

K(w) < K(w).

There exists a random variable 5, : Q — (0, 00) such that if § : Q — (0, 00) is a given random

variable with 6(w) < % and B : Q — L(Y) is a strongly measurable linear operator
with

sup || B (0"w) ||lzvy < 6(w), Vw € Q:

nez
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then the evolution operator U, g has an exponential trichotomy with exponents p, < p and
constant k. We furthermore have the following perturbation estimates for each w € §:
forall n > p,

[Usp (n,p,w) = U3 (n,p,w)]|| < —5()%‘;):5((%)@?(“’)("@, (1.1.21)
U445 (pn,w) = U (p,n,w)|| < %6_%(”‘“, (1.1.22)

and for all (n,p) € Z
|USs 5 (n,p,0) = Ug (n, p,w)|| < %eﬁow”, Y (n,p). (1.1.23)

1.2 Proof of Theorem 1.1.4

1.2.1 A continuity projector lemma

The following lemma is inspired from [19, Lemma 4.1].

Lemma 1.2.1 LetI1: X — X and Il : X — X be two bounded linear projectors on a Banach
space X. Assume that

HH—ﬁH < Swith0 <0 <V2 -1, (1.2.1)
£

Then I1 is invertible from I (X) into I1 (X) and

-1
H (H|ﬁ(X)> x

Remark 1.2.2 By symmetry, the bounded linear projector 11 is also invertible from 11 (X)

into I (X) and
~ -1

Proof. We will first prove two claims.

1
< 1_5HxH, Ve e I1(X). (1.2.2)

1 ~
< 7 el Vo e I1(X) (1.2.3)

Claim 1.2.3 If IIII is invertible from ﬁ(X) into ﬁ(X) then 1I is onto from I1(X) into
I (X).
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Proof of Claim 1.2.3 Let y € 1 (X) . Since the map [I1 is invertible on II (X), there exists a
unique = € I1 (X) such that
[z = y.

Therefore by setting 7 = Ilz € II (X)) we have
Mz =y,
which implies the surjectivity of II from II (X) into II (X).

Claim 1.2.4 If Il is invertible from T1(X) into I1(X) then II is one to one from I1(X) into
I(X).

Proof of Claim 1.2.4 Let « € II(X) such that Iz = 0. Then we have
[z = 0 = Iz = 0.
Since II11 is invertible fronl I1(X) into II(X) we Eleduce thaic x =0.
Let us now prove that IIII is invertible from II(.X') into II(.X'). Indeed we have
fin = 7 - (1 - Tim)
hence it is sufficient to prove that

’p—ﬁHHA <1 (1.2.4)
£(T(x))

Let z € II(X). We have
z — Iz = [z — Mz
= [z — Mz + Iz — [
= (-1 e+ [0-n) .

thus

f-ine] < -, et + -,
) L(X)

L(x

and
Hx—ﬁnﬂkgﬁmu+amuu

Since x € ﬁ(X) we have

e =1lx —xz+=x
:Hx—ﬁx—l—x
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hence N
e < 1=, el + ]
and
M| < (1+96) 2]
We obtain

Hx—ﬁHxH <6(2+0) |-
and since § € (0,v2 — 1), we have
0(246) <1,

we deduce that III1 is invertible from II(X) into II(X). By symmetry it follows that ITI is
also invertible from I1(X) into I1(X).

To conclude the proof let us estimate the norm of the inverse of Il . Let z € ﬁ(X ).
We have

e =1lx —x+=x

=[x — ﬁx +x
thus
INz] > 2] — ||l - T
> |z - |[T-m| a
L(X)
> (1=0) =,
and the result follows. [

1.2.2 Derivation of the fixed point problem
Recall the discrete time variation of constant formula. Namely we have
(A+B)" = A(A+B)" "+ B(A+B)""
— A(A+B)"*+AB(A+B)"?+B(A+B)""
thus by induction
(A+B)"=A"+ A" 'B(A+B)+ ..+ AB(A+B)" >+ B(A+B)""',  (1.2.5)

so that for each n > p we obtain

n—1
(A+B)"P=A"7+> A" 'B(A+B)"". (1.2.6)

m=p
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In the sequel and throughout this work we shall use the following summation conven-
tion:

m

Z:Oifm<n.

n

This notational convention is similar to the one used by Vanderbauwhede in [159] who
specified this using the symbol > .

Then using the above constant variation formula, one obtains the following fixed point
formulation for a perturbed trichotomic semiflows:

Lemma 1.2.5 Let A € L(X) be given such that it has an exponential trichotomy with con-
stant r, exponents 0 < p, < p and associated to the three projectors 1, k = s,c,u. Let
B € L(X) be given such that A + B has an exponential trichotomy with constant &, expo-
nents 0 < p, < p such that p, < p, < p < p and associated to the three projectors I,
k = s,c,u. Then one has for each n € N,

n—1
(A+B)'T, = AMLIL+ Y A" 'LB(A+ B)I'I, (1.2.7)
m=0
“+00 .
=) (A L+ A, L] B(A+ BT,
m=0
(A+B)"II, = A;"IL1I, (1.2.8)

n—1
—> [A,mML) B(A+ B)p T,
m=0

+oo
+ 3 [ATIL + AT B (A+ B)," L,

m=0

n—1
(A+ B!, = AMLI + Y Ar ™ 'I.B(A+ B)I'II, (1.2.9)

m=0

+o0
—> A MILB(A+ B)M L
m=0
iy m —m—1+n 17
+Y ATMIB(A+ B), II..

m=0
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n—1
(A+B)"II. = AMILI, -y A" '.B(A+B)! "I, (1.2.10)
m=0
+o0o .
SSS A LB (A B
m=0
“+00

+3 APILB(A+ B)" L.

m=0

+oo
0, = m,-Y ArmB [(A +B)," M, + (A+ B),™! Hc] (1.2.11)
m=0
+o0

=" (AL + AL B (A + BT L,

m=0

“+00
0, = I+ Y [AMI.+ATIL] B(A+B)," ', (1.2.12)
m=0
o0 - -
+ > ALB (A BT+ (A+ B T

m=0

and

. = 71, -1, (1.2.13)
—+o00
m=0
400 . .
= ALB (A4 BN L + (A+ B L
m=0
+o0 R R
+ 3 AMLB [(A+ B);" T L, + (A4 B) L
m=0
+o0 -
+ ) [A T, + AL L] B(A+ B)L

m=0

Proof. Derivation of formula (1.2.11) for I,: By applying I, on the right side of (1.2.6)
we obtain

n—1
(A+B)! T, = A" PI,+ Y A" 'B(A+ B)" "1, Vn > p. (1.2.14)

m=p
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By fixing p = 0 and by applying A, "I, on the left side of the above formula we obtain
n—1
AL (A+ B) T = ILIL, + Y A,™'I1L,B (A + B)!' L. (1.2.15)
m=0

Since for each n > 0 one has

HA;”Hqu(X) < ke " |1, ]| ) and H(A + B)" I ) < ke P ||, 0’
by letting n go to +oo in (1.2.15) it follows that
I, =—-Y A ™ ',B(A+ B)!"Il,. (1.2.16)
m=0

By fixing p = 0 and by applying A_"II. (instead of A, "II,) on the left side of (1.2.14) we

obtain
—+o0

M, = - A7 LB (A+ B)I .. (1.2.17)
m=0

Then combining (1.2.16) and (1.2.17) leads us to

ﬁs = Hsﬁs + Huﬁs + Hcﬁs

~ oo ~ 1.2.18
— ILI, — 3 [A;™ 0, + A; 1) B (A + B)™ II,. ( )
m=0

It thus remains to reformulate IT, I, by using
1,10, = II, [I 1, - ﬁc} .
Therefore we will compute Hsﬁu andAHSﬁc.

Computation of II,I1,: By applying II, on the right side of (1.2.6) we have
n—1
(A+B)y 7'M, = AP, + > A" ™ 'B(A+ B), " 1L,, ¥n > p. (1.2.19)
m=p

By applying II, on the left side of the above formula we obtain

n—1
I, (A+ B), PII, = AT PILIL, + > AT MLB(A+B); "I, ¥n >p,  (1.2.20)

m=p

and by applying (A + B)?™" I1, on the right side of (1.2.20) we have

n—1
ILID, = AT PIL, (A+ B "ML, + > AV MI,B(A+ B)) "I, ¥n>p,  (1.2.21)

m=p
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and since
[ A PIL | ) < we PP I oy
and R - R
|cas By, < mee ]

L(X) L(X)

by taking the limit when p go to —oo in (1.2.21) yields
LI, =Y A'ILB(A+B)," ', (1.2.22)
m=0

Computation of ILIL,: Starting from the equality

n—1

(A+B)r PH.= A" Pl + Y A" 'B(A+ B)" "1, Yn > p.
m=p

and applying (A + B)"™" I1, on the right side of this formula we obtain for each n > p

n—1
00, = AVPIL (A+ B)P "I, + Y A" LB (A+ B)" "M, ¥n>p.  (1.2.23)

k=p

and since
1AL 2y < eIl
and R R R
o i, s,
£(X) £(X)

with p, < p, by letting p go to —oo into (1.2.23) we derive

—+o00
LI =Y APILB (A + B)," L. (1.2.24)

m=0

Computation of Hsﬁsz By summing (1.2.22) and (1.2.24) it follows that

+oo
11, [ﬁ + ﬁu} =Y ArmB [(A +B) " L 4+ (A+ B)," ! ﬁu] , (1.2.25)
m=0

and since ﬁc + ﬁu =1 ﬁs it follows that

“+00
LI, =11, - Y APILB [(A + B o+ (A+ B),™ ! ﬁu] . (1.2.26)

m=0

Finally the expression of ﬁs in (1.2.11) follows by combining (1.2.18) and (1.2.26).
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Computation of H and H The derivation of the formula (1.2.12) for H uses t the same
arguments as for I1,. The formula (1.2.13) for I, is obtained by using II, = I — H T
Computation of (A + B)! Il,: Next we derive (1.2.7). By applying (A+ B)! II, on the
right side of (1.2.11) we obtain

+o0o
(A+B)! T, =1, (A+ BT, = ) [A," '+ A" B(A+ B! L, (1.2.27)

m=0

In order to determine II, (A + B)" I, we apply II, on the left side of (1.2.14) and we
obtain

n—1
I, (A + B)! Tl = AT PILIL + AV MI,B(A+ B)"'I,, ¥n €N, (1.2.28)

m=0

and (1.2.7) follows. R R
Computation of (A + B)II. for n > 0: By applying (A + B)" II. on the right side of
(1.2.13) we obtain for eachn € N

“+00
(A+ BT, = T (A+B)! 0. — > A" 'MLB(A+B)" "I (1.2.29)
m=0
+o0 .
+) AMILB(A+ B);" L.
m=0

Next we compute II. (A + B)” II.. By using the variation of constant formula (1.2.6) with
p = 0, and applying II. on the right side and II. on the left side we obtain

n—1
e (A+ B)r T = AMTLIL + Y~ Ar™ 1B (A+ B)"' I, (1.2.30)

m=0

and (1.2.9) follows. R R
Computation of (A + B)"II. for n < 0: By applying (A + B)_" Il on the right side of
(1.2.13) we obtain

(A+B)."ll, = IL(A+B),"IL (1.2.31)
“+00
S AL B (4 By
m=0
400 N
+) AMILB(A+ B)" L.

m=0
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Next we compute II. (A + B)_" . By applying (A + B)_" [I. on the right side of the vari-
ation of constant formula (1.2.6) (with p = 0) we obtain

n—1
M.=A"(A+B)"l.+Y A" 'B(A+ B)" "IL. (1.2.32)

m=0

By applying A_"II, on the left side of the above formula we get

n—1
AL =11 (A+ B)," T+ Y A" MI.B (A+ B)" "L, (1.2.33)
m=0
and the result follows. n

1.2.3 Abstract reformulation of the fixed point problem
In this section we reformulate the fixed point problem (1.2.7)-(1.2.12) by using an abstract
fixed point formulation. Let > 0. Define
L_,(N,£(X)):= {u N = L(X) :supe™ |Ju,| < +oo} :
neN

which is a Banach space endowed with the norm

[ally_ = supe™ [lu,l|.
neN

Define
L,(Z,L(X)) = {v 7 — L(X) :supe " [vnll gy < +oo}

neL
which is a Banach space endowed with the norm
IVl = sup e ol x, -
neL
Consider S_ the shift operators on L, (N, £ (X))
S_ (u), = up+1 whenever n € Z orn € N.

Let C' € £ (X). In the following we will use the linear operators

n—1 400
do(u), = Z C™Up—1-m, and O¢(u), = Z C™ Up -
m=0 m=0

Reformulations of equation (1.2.7) on )A(S: Set

E::=(A+B)"Il,, neN,
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we require
E° € L,ﬁ (N, L (X)) ,

where » is the constant introduced in Theorem 1.1.4. Consider the linear operator ®, :
L 5 (N, £ (X)) = L_5 (N, £ (X))
Qs = Pa,m,
and
Ocu = @(A;1H0+A;1Hu)'
We observe that

n—1 n—1
®,0Bo (E%), =Y AILBE,(A+B): ', => A" 'IL,B(A+B)"'L,

=0 m=0
therefore the equation (1.2.7) can be rewritten for n € N as
ES = AMLII, + @, 0 Bo (E®), — Ou,((A;'TL, + A;'T1,) BE®),,. (1.2.34)
In order to solve the fixed point problem we will use the following lemma.

Lemma 1.2.6 The operators ®, and O., map L_; (N, £ (X)) into itself and are bounded
linear operators on L_; (N, £ (X)). More precisely we have

kel
@5 (W)l < 1o Jall, , VueL;(N,£(X)),
and
K K
10 (W)l < |7+ 7y | Il Va € L5 (N £ (X)),

Reformulation of equation (1.2.8) on X,: Set
EY:=(A+B);"I,, neN,
we require
E'eL_; (N, L(X)),

where » is the constant introduced in Theorem 1.1.4. Consider the linear operator @, :
L 5 (N, £ (X)) = L_s (N, £ (X))
q)u = CI)AJIHu

and O, : L_; (N, £ (X)) = L_, (N, £ (X))

Ose := O (A, 11,4 A1) -
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We observe that

i
L

®, 0 (A;'T,B) oS (EY), = A, (A, B) EX_,,

3‘3
Ll

_ (A, 11,] B(A+ B)" "I,
0

3
|

therefore equation (1.2.8) can be rewritten for each n € N as
EY = A", — @, 0 (A;'T1,B) 0 S_ (E"), +©,.0 BoS_(EY), . (1.2.35)

Lemma 1.2.7 The operators ®, and ©,. map L_; (N, £ (X)) into itself and are bounded
linear operators on L_; (N, £ (X)). More precisely we have

Heﬁ
[ (Wl < " ull, , Ya € L (N, £(X)),

and
K

oD " 1 —ero-

10. (W), < | lull,_, . Yu e Loy (N, £(X)).

Reformulation of equation (1.2.9)-(1.2.10) on )A(c: Set

ES:=(A+B)'ll,, neZ

we require
E¢el; (Z,L(X)).
Define )
ST A Ty, ifn >0
CI)C(u)n = m:—%—l
— > A" M ttyy, ifn <0
m=0
and

+oo +oo
O (u), == — Z AT M U + Z ATty 1, forn € Z,

therefore equations (1.2.9)-(1.2.10) can be rewritten for each n € Z as

EC = A", [1 . (ﬁ v ﬁu)} 4 ®,(BE), + Oy (BE°),.. (1.2.36)
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Lemma 1.2.8 The operators ®. and O, map L;, (Z, L (X)) into itself and are bounded lin-
ear operators on L (Z, L (X)). More precisely we have

1®e (Vlle,, = 7= Vil - ¥V €Ly, (2, £(X)),

ePo— Po

and

KkeP ke P

1—ePo=P 1 —ePo—

0 Wy, < 5 Wi, v e 15, @2 (x0).

Reformulation of equation (1.2.11)-(1.2.12) for the projectors on X, and X,: Define
the linear operator

O4(u) == O4,11, (u o—ZAmHum

then equation (1.2.11) becomes
M, =TI, — ©,0 BoS_(E" + x_ (E°)) + O.((A; 'L, + A1) BE®), (1.2.37)
where x_ : Lp, (Z, £ (X)) — L, (N, £ (X)) is defined by
x_ (E°), = E°, forn > 0.
Define
+o0
Ou(u) =0 41y, (Wo = > A" Ty,

M, =T, + O 0 BoS_ (E"), + Ou(A; LB (E* + x (E°))) (1.2.38)
where x, : L; (Z,L (X)) = Ly, (N, £ (X)) is defined by

X4 (E9), = Ef forn > 0.
Lemma 1.2.9 The operators O, and ©,, have the following properties:

(1) ©,and ©, map L; (N, L (X)) into £ (X) with

19s (Wl £(x) < Vi, » ¥v els, (N, £(X)),

1 — ePo—p

and

10u (V) 2(x) < Vg, » ¥v e lp, (N, £(X));

1 — ePo—p
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(i) ©5,and ©, map L_; (N, £ (X)) C L, (N, £ (X)) into £ (X) with

K
19s V) € 77— VI, » Vv e L3 (N, L(X)),

— 1 —e PP

KR
100 ey < T IVl » ¥ € L (N, £(X)).

By using the expressions of I, and II, obtained in (1.2.37) and (1.2.38), and by replac-
ing those expressions into A?Hsﬁs (respectively into A;, ”Huﬁu and A"l [[ — (ﬁs + ﬁuﬂ)

in equation (1.2.34) (respectively in (1.2.35) and (1.2.36)) we will derive a new fixed
point problem only for £, E* and E° given explicitly as follow

+oo
Ey = AN, - A'TILB[EL,, +E°,, ] (1.2.39)
m=0
n—1 +o0
+Y  A™LBE], - Y [A L + A;" 'L BES,,,,
m=0 m=0
+o0
EY = A+ ) A" LB(ES, + B (1.2.40)
m=0
n—1 +o0
[A,"'IL,] BE}_,, + Z [AS L + AL BER, 1
m=0 m=0
and for eachn € Z
+o0
E; = AMI. - AMTMIBEL,, + Z AV I, BE?, (1.2.41)
m=0 m=0
n—1 —n—1
+ ZAZ‘”‘llICBEfn — > A" 'LBES,,
m=0
—+00
_ZA " MI,BES,,, + > AU'TLBE®,, .
m=0

Moreover with this notation the explicit formulas for ﬁk, k = s,c,uread as

+0o0
M, = I,— Y A'ILB[EL,, +E°,, ] (1.2.42)
m=0
+o00
=Y [A, L + AL BE,,

m=0
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+o0
M, = I+ Y A" 'LBE,+ ES) (1.2.43)
m=0
+o0

+ ) AL + APIL] B,

m=0

and

+o0 +o0
M, = I.— Y AMIBEY,, +> A" '.BE; (1.2.44)

+o0o +oo
-y A;"LBES + Y AMILBES,, .

Observe that we have the following relation

Eg = ﬁk, k=s,c,u, (1.2.45)
and the following identity
Ey+ES+ EY =T, + .+ 1, = 1. (1.2.46)
Furthermore the system (1.2.39)-(1.2.41) also re-writes as the following compact form
E® AT, Ju T2 T E®
Ev = AL, |+ | T T2 To3 E* |, (1.2.47)
E¢ Al Js1 T2 Js3 E*

wherein the linear operators {.7;; are given by

}1§i,j§3

T =A L0000, (-)y 0 (AT, + A;'TI) o B+ ®,0 B
— Ouy 0 (AL, + A7) o B

Ji2 i =—All;j0oOs0B05_

Jig:=—All;00,0B085_ox_

Jon =A,1l,00,0 A;lﬂu oB

Joz :=A, 11,00, (-)yoBoS_ —®,0 A, 0BoS_
4+ O,,0BoS_

Joz :=A,1l, 00,0 A;lﬂu oBox,

Tz = — A1 0Op(-)o 0 (4, 'L, + A, '11,) o B
— A ll.00,(-)o A, ', 0B
Js2 =All.0oO,0B0S_ —All. 0O, (-)yoBoS_
J33 :=All,oO©;0B0S5 ox_
Agﬂco@quglﬂuoBoXJr—i—CbcoB—l—@suoB.
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Therfore one can define a matrix of bounded linear operators 7 on L_; (N, £ (X)) x
L;(N,L(X)) xLp, (Z, L (X)) by

jll j12 \.713
J = T Jo2 Jos . (1.2.48)
Ts1 T2 T3
In the sequel we define a normin L_; (N, £ (X)) x L5 (N, £ (X)) x L, (Z, £ (X)) by

= max {|[ B, I B, b
EC

Lemma 1.2.10 Let the conditions of Theorem 1.1.4 be satisfied. Then the linear operator [J
defined in (1.2.48) is bounded on IL_5; (N, £ (X)) xLL_5 (N, £ (X)) x L, (Z, L (X)). More pre-
cisely there exists a constant C := C (k, p, py, P, po) Such that foreach E* € L_; (N, L (X)), E* €
L_5(N,£(X))and E° € Lp, (Z, L (X)) we have
ES
Eu
EC

ES
J | E*
EC

Proof. Let us note that y, and y_ are bounded linear operators defined from L;, (Z, £ (X))
into IL; (N, £ (X)) . Furthermore we have

< OBl gy

HX+ HZZ(LEO(Z,L(X)),]L% (N,ZZ(X))) < 17 (1.2.49)

and

Ix- Hz: SZL) Ly (vex)) = 1 (1.2.50)

We also note that S_ € £ (L, (Z, £ (X ))) and S_ € £ (L_;(N, £ (X))) with
HS_HLZ(]L;O(Z,E(X))) < eﬁO and HS—HL(]L_ﬁ(N,L(X))) < 1. (1.2.51)

Therefore by combining (1.2.49)-(1.2.51) with lemmas (1.2.6)-(1.2.9) the result follows
easily by simple computations. ]

Remark 1.2.11 SimilarlyAto the definition of operator J (see (1.2.39)-(1.2.41)), one may
define the linear operator J € L (L_; (N, X) x L5 (N, X) x L, (Z, X)) by

r g°
JVrl=19"],
I g°
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such that forn > 0

+00 +oo
gh = = Y AVTILB [fiy + S0n] = D (AT L+ AL B,
m=0 m=0
n—1
+> AUTTMLBSY,
m=0
+00 oo

gn = D ASTILBfL A L+ D AT+ ATIL B
m=0 m=0

n—

— [A;mflﬂu] Bf ..,

=

m=0
and for each n € Z
+o0 +o0
g5 = =Y AMTILBfu, + Y AUULBS,
m=0 m=0
n—1 —n—1
+y CATULBLL - Y ATULBSS,,,
m=0 m=0

+00 +oo
> ATMLBSS,, + Y ATILBC, .

Note that one has for each (f*, f*, f©)" € L_; (N, X) x L_5 (N, X) x L, (Z,X):

| I
J| <C|Bllzexy || | f* ;
f L_5(N,X)XL_5(N,X) XLz (Z,X) f L_5(N,X)xL_5(N,X)xLp, (Z,X)

and wherein the constant C > ( is provided by Lemma 1.2.10.
As a consequence of the above lemma we obtain the following result:

Proposition 1.2.12 Let the conditions of Theorem 1.1.4 be satisfied. Then there exists 6y :=
8o (K, py pos P, Po) € (0,C71) such that for each 6 € <0 % ) and each B € L(X) with
0,

) I€+50

1Bl £x) <

there exists a unique E* € L_; (N, £ (X)), £* € L_;(N,£(X)) and E° € L; (Z, L (X))
such that (1.2.47) (or equivalently (1.2.39)-(1.2.41)) holds true. Moreover we have the
following properties
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(i) Foreachn € N

s "150 —pn u ’%50 —pn
||En||£(X) < me 7 and ||EnHL(X) < me o,
and for eachn € Z
c 550 Soln
1ER | zx) < 57_6’)0‘ .
(ii) The following estimates hold:
s n K0 —pn
|ES — ASHSHL(X) < 50— 5¢ moneN,
u —-n K0 —pn
1B = AL T| ) < 55 o nEN
and 5
B — AL 1) < %eﬁoln‘, VA
Proof. Let 6, € (0,C~') be given. Assume that
52
B <Sswithée (0, —2— ). 1.2.52
Bl < Switha e (0.2 ) (1252)

Then since Hﬁso < dp, the existence and the uniqueness of a fixed point of (1.2.47) (or
equivalently (1.2.39)-(1.2.41)) follows from Lemma 1.2.10.

In order to obtain the properties (i) and (ii)) we will make use of (1.2.47). First of all let
us observe that AIl, € L_; (N, £ (X)), A, 1, e L5 (N,£(X)) and A 1L, € L;, (Z, L (X))
and by using (1.1.7)-(1.1.9) we obtain

AT,
AT, ||| < s (1.2.53)
AlL,

Proof of (i): By using the fixed point problem (1.2.47) combined with Lemma 1.2.10 and

(1.2.52) we obtain that
Es E*
£ <k+0CH E ,
FE¢ E¢

ES
EU
EC

so that

(1.2.54)
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This prove(i).
Proof of (ii): By using the fixed point problem (1.2.47) combined with Lemma 1.2.10 and
(1.2.52) we obtain that

E AL, E*
Ev | - 4, || <cs| | B |, (1.2.55)
E° AT, E°

so that plugging (1.2.54) into (1.2.55) yields

rkCd < KO
1-C§5 ~ 6p—06

Es— Al
EY — AT, <
— ATl
This prove (ii). [

1.2.4 Regularized semigroup property and orthogonality property

Definition 1.2.13 A family of bounded linear operators {W,}, . C L (X) is a discrete time
regularized semigroup if
W W, =W, 1p, Vn,p € N. (1.2.56)

Remark 1.2.14 If {W,},  C £ (X) is a regularized semigroup then W} is a bounded linear
projector on X. In fact we have

WoWo = Woso = Wo.

Remark 1.2.15 Observe that if {W,}, .y C £(X) is a discrete time regularized semigroup
then trivially by setting

C =W, (1.2.57)
and using the property (1.2.56) we obtain
W,W, = CW, 1. (1.2.58)

The property (1.2.57) and (1.2.58) correspond to the notion of C-regularized semigroup
given in [51, Definition 3.1 p.13] for discrete time.

In the next lemmas we will show that {E}} _ , k = s,¢,u, are regularized semigroups
and that we have the orthogonality property namely for each n € N

EFEL = 0g(x) if k1 = s, c,u with k # 1.

The latter equality will allows us to obtain that the bounded linear projectors I, = Ef k=
s, ¢, u satisfy the orthogonality property

ﬁkﬁl = OK(X) if k’,l =3S,Cc,Uu with & # l.
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Lemma 1.2.16 Let the conditions of Theorem 1.1.4 be satisfied. If

: o
1Bl zx) < 6, with é € (07 /<a+(50)

where ) is given in Proposition 1.2.12 then the following properties hold:
(i) for each n,p € N we have

E'E" = E;f_,_p and EZE;; = O[;(X),

n-p

and for each n € Z, p € N we have

ESE" = Oz(x).

(ii) I, is a bounded linear projector on X.

Proof. First of all let us note that since we have I, = E{ the property (ii) is a direct
consequence of the property (i). Therefore we will focus on the property (ii).

The idea of this proof is to derive a suitable closed system of equations for the following
three quantities (wherein p € N is fixed)

{E}jE;j B Eg'i‘P}nEN’{EZEg}nEN and {EEE;}TLEZ'

Equation for {E;E; — E,,} _ : Letn € Nand p € N be given. Multiplying the right
side of £ given in (1.2.40) by Ey leads us to

+oo
EYEY = AMLER+ Y A" 'IL,B(EEY + EfE) (1.2.59)
m=0
n—1 +o0

=Y [A,L] BEY L EY + > [ATTL + AT BEY,,,, EY.

n—mp

Next by using also (1.2.40) and replacing n with n + p we obtain

+oo
Ey, = AL+ Y AL BIE;, + By (1.2.60)
m=0
n+p—1 40

- Z [A;milﬂu] BE, o+ Z [ATTLs + AL BE 4y
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Therefore by subtracting (1.2.60) from (1.2.59) we get

E'EY —E',, = A'E"— A", (1.2.61)
+oo
=Y AL B (ES, + EX)

m=0

[y

n+p—1 n—

+ > [A L] BEY,, L, — Y [A L] BEY, EY
m=0

n+p—m n—m-—p
0

3
]

+oo
> A, LB [EjEY + ELEY]
m=0
+o0o
+ Z [A;an + A::an] B [E;LLerJrlEg - Engpfm] .
m=0

Now note that by using (1.2.40), replacing n with p in order to obtain £ and multiplying
its left side by A, "Il, we obtain

+oo
ALEY = AL+ Y AP LBIES, + B

m=0
p—1
— Z [A;nfmfll—[u] BE;_m,
m=0
and since we have
p—1 n+p—1
=Y (A, 'L] BEY,, =— Y [A,"TL] BEY,, .
m=0 m=n
it follows that
+oo
ALEY = AL+ Y AP L BIES, + B (1.2.62)
m=0
n+p—1

- > [A,"L] BEY,, .

m=n
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Therefore by plugging the expression of A, "II,E} given by (1.2.62) into (1.2.61) we ob-
tain that

n—1
EiEY—EY, = =Y [A,"'L|B[EY E—EY, ] (1.2.63)

m=0

+oo

> A;vmLLB (E3LEY + B EY]

m=0
+o0

+ 3 [ATTL + AL B [EY By = By -
m=0

Equation for {EﬁEg}neN: Let n € N and p € N be given. Then by using (1.2.39) and
multiplying the right side of £} by £} we obtain

+oo
EiEY = AULEY - AMMILB(EL E'+E, \EY] (1.2.64)
m=0
n—1 400
+ Y ATMLBELEY - Y [A, L, + AL BE L, B
m=0 m=0

Next by replacing n by p in (1.2.40) we obtain £} and by multiplying its left side by A7TI,
we get

+oo
ATLE) =Y AUTILEY, .. (1.2.65)
m=0
Then plugging (1.2.65) into (1.2.64) yields
+oo
EyEy = = AV [E) G EY — By (1.2.66)
m=0

+oo
— Y AMTILBEC,, \EY
m=0
n—1
+) A" 'I,BE; EY
m=0
+oo
=y [A;mL + A;" L) BES,, B

n+m>—p
m=0
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Equation for {£;Ey} _:Lletn € Z and p € N be given. By multiplying the right side of
(1.2.41) by E} we get

“+00 —+00
cou n u m+n u u n—m-—1 S u
ECEY = AMLE!-Y AMILBEY, E'+ Y A" ,BEE!
n—1 —n—1

+3 " A MLBELEY — Y AT LBES,, B! (1.2.67)
m=0 m=0

p

+00 +oo
-> A, LBEG,,EY+ ) AMILBES,, ., EY.
m=0 m=0
Next by replacing n by p in (1.2.40) we obatin £} and by multiplying its left side by A7TI.
we get

AMLE! = +Z APTILEY, (1.2.68)
m=0
Therefore by plugging (1.2.68) into (1.2.67) we get
—+00
EcEY = =Y AMMIB(EY EY — Ep ) (1.2.69)
?Zf n—1
+Y  ArmLBELEY + Y A" 'ILBESEY
m=0 m=0

—n—1

“+00
- Y A"IBEG,,EY - A" 'LBES,, B
m=0 m=0

+o0
+)  AMILBES,, B}

m=0

Now observe that by letting p € N fixed and setting

~

E'=FE'E*— B, n€N,
E: = E5E", n €N,
and R
ES = ESE", n € Z,

we obtain that E* € L_; (N, £ (X)), E* € L_, (N, £ (X)) and E* € L, (Z, £ (X)). We also
observe by using (1.2.63), (1.2.66) and (1.2.69) that the sequences ES, E“, Ee satisfy

lgu ::é7 l;u ,
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where the bounded linear operator 7 is defined in (1.2.48). Hence we infer from Lemma
1.2.10 that

B B
B || <cuBlo || B
E° E°

and since we have
C”BHE(X) <Co <1,

it follows that

and R
Ez = Og(X), Vn € Z.

This completes the proof of this lemma. |

Remark 1.2.17 The arguments for the proof of the next two lemmas are similar to the ar-
guments for the proof of Lemma 1.2.16. Therefore, in the sequel, we will only sketch the
important steps.

Lemma 1.2.18 Let the conditions of Theorem 1.1.4 be satisfied. If

| 52
1Bl < 6, with 5 € (o, o 50)

where § is given in Proposition 1.2.12 then the following properties hold:
(i) for each n,p € N we have

ESES = E

ntp and EgE; = OL(X)7

and for each n € Z, p € N we have

ELE) = 0r(x).

(i) 11, is a bounded linear projector on X.

Proof. First of all let us note that since we have I, = E}§ the property (ii) is a direct

consequence of the property (i). Therefore we will focus on the property (ii).

The idea of this proof is to derive a suitable closed system of equations for the following

three quantities (wherein p € N is fixed):
(BB} = iy} A BT

p}nEN

and {ESE;

p}nEZ :



60

By proceeding as in the proof of Lemma 1.2.16 we obtain the following closed system of

equations:
foreachn € N
+oo
EyE—-E;,, = — Z A™MI,B [E;fLHE; + Eim_lEIﬂ (1.2.70)
m=0
n—1
+Y  ArLB [ELES - B
m=0
+oo
- Z [A;m_lnu + Ac_m_lnc} B [EZ+mE; - Efz+p+m} )

m=0

+oo
EiE; = Y A LBELE; - Ej, (1.2.71)

m=0

“+00
+> AL BEE B,
m=0

n—1 +o0
-y [A,"'L) BEY B+ Y (AL + APIL] By B
m=0

m=0

and foreachn € Z

+0o0
ECE; = > ArmB[ELE; - Ei,,] (1.2.72)
m=0
n—1 —n—1
+Y A" LBEE; - Y A" 'LBE;,, E;
m=0 m=0

+00 +oo
—m—1 c S m c s
-y A;"LBE,, B+ Y AMILBEC, ,,E;.

m=0 m=0
Thus by letting p € N fixed and setting

ES = BB~ B, , neN,
EY:= EE*, n €N,

n n-—p>
E¢:=ESE, n€Z,

we obtain that E* € L5 (N, £(X)), Ev e L5 (N, £(X))and E° e L, (Z, £ (X)). We also

~

observe that by using (1.2.70)-(1.2.72) the sequences F?, E“, Ee satisfy
s s
lgu ::é7 l;u
FEc FEc



Hence it follows that R R
EfL = E;f = OL(X)7 Vn € N,

and R
EfL = O,C(X)u Vn € Z.

This completes the proof of this lemma.

Lemma 1.2.19 Let the conditions of Theorem 1.1.4 be satisfied. If

| 2
Bl gy, < 6, with § € (o, = 50)

where ) is given in Proposition 1.2.12 then the following properties hold:

(i) for each n,p € Z we have
E B, =E;, .,
and for each n € N, p € Z we have

ESES = BYES = Ocx).

(i) I, is a bounded linear projector on X.

Proof. First of all let us note that since we have . = E§ the property (ii) is a direct
consequence of the property (i). Therefore we will focus on the property (ii).
The idea of this proof is to derive a suitable closed system of equations for the following

three quantities (wherein p € N is fixed):

VLB, — By} en A Bn By} ey and { BBy}

neN’

By proceeding as in the proof of Lemma 1.2.16 we obtain the following closed system of

equations:
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foreachn € Z

+oo
ECES - ES,, = —Y AM'ILBE} Ef (1.2.73)
m=0

+o0o
+> " ArmIBES ES
m=0

n—1
+ Y ATMLB B E; - E
m=0

—n—1
_ Z A" LB B B — By
m=0
—+00
— Y A;LB [ES,, B — ESy )
m=0
+00
+ Y CAMLBE, B = B ] -

m=0

for eachn € N

+o0
EiE; = > A" '1,BE,E; (1.2.74)
m=0
+oo
+Y A LB (B ES — B,
m=0
n—1 +o0
- [A," ML) BEYES+ ) AL + APTL) By B
m=0 m=0
and
+o0
EyE = — > AUMILBEY, Ef (1.2.75)
m=0
—+00
- AMMLB(EC,, \ES-E°, ]
:jf +oo
+Y  ATMILBELES - [A" L, + AL BES, B
m=0 m=0

Thus by letting p € Z fixed and setting
B¢ :=ESEC— ES,.,, nel,
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E" = B“E°, n € N,

n n-—'p’
E::=E5ES, neN,

we obtain that E* € L_; (N, £ (X)), E* € L, (N, £ (X)) and E* € L;, (Z, £ (X)). We also
observe that by using (1.2.74)-(1.2.75) the sequences Es, Ev, E° satisfy

E° E?
Eu — j Eu ,
E* E*

and it follows that

~

ES = E* = Oz(x), Vn €N,

and R
Efl = Og(X), Vn € Z.

This completes the proof of this lemma. |

1.2.5 Proof of Theorem 1.1.4

In this section we complete the proof of Theorem 1.1.4. The main points are summarized
in the following lemma.

Lemma 1.2.20 Let us assume that the conditions of Theorem 1.1.4 are satisfied. Up to reduce
the value of &, provided by Proposition 1.2.12 so that 6, < min {z5-=,v2 — 1}, if B € L(X)
satisfies

| 2
IBllace) < 0, with s < (0,2

then the following properties hold:
(i) The three bounded linear projectors ﬁs, 1, and II. provided by Lemmas 1.2.16, 1.2.18

and 1.2.19 satisfy L
II.II, = OL(X) lfk' # l, with k’,l = S5,u,c, (1.2.76)

and
)

do —

Hﬁk _ HkH < < . (1.2.77)
£(x)

(ii) For each n € Nand k = s, c we have EF = (A + B)"1I,.
(iii) For each n € N and k = u, ¢ (A + B)"II is invertible from II,, (X) into II,, (X) with
E° (A+ B)"II, = (A+ B)"Il.E*, =TI, (1.2.78)

and
E*(A+ B)"II, = (A+ B)"II,E* =11, (1.2.79)
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(iv) The projectors ﬁk, k = s,u, c satisfy

(A+ B)II, =1, (A+ B). (1.2.80)

Proof. Proof of (i): By recalling that E} = I, it follows from Lemmas 1.2.16, 1.2.18 and
1.2.19 that (1 2 76) holds true. Moreover the condition (ii) of Proposition 1.2.12 together

with 6 € ( ) provide that

) n+5

an _ HkH < b€ (0 V2 — 1) (1.2.81)

KO
50 )
This completes the proof of (7). R
Proof of (ii): Let n € N\ {0} be given. We will first prove that Es = (A+ B)"1I,. By
replacing n by n — 1 in (1.2.39) and multiplying the left side of F? ;| by A it follows that

AE, | =FE,—BE;, <= E'=(A+B)E;

n—1

so that
=(A+B)"E;=(A+ B)" H

Next we prove that E¢ = (A + B)"II. for each n € N. Let n e N\ {0} be given. By
replacing n by n — 1 in (1 2.41) and multiplying the left side of E¢ ; by A we obtain
AE, | =FE,—BE. <= FE, =(A+B)E;

n—1

providing that R
= (A+ B)"II. (1.2.82)

This completes the proof of (ii).
Proof of (iii): The proof of this point is split into two parts: the central case and the
unstable case.
Invertibility of the central part:
Let us prove that for each n € N the operator (A + B)" 1, is invertible from II, (X) into
I, (X).

In fact each n € N by using Lemma 1.2.19 combined with (1.2.82) we obtain

~

E° (A+B)'Il, = E° E¢ = E; =1, = ESE°, = (A+ B)"IL.E° .

This prove that (A + B)" 1, is invertible from II, (X) into 11, (X) and (1.2.78) holds true.
Invertibility of the unstable part: R R
we will prove that (A + B)"I1,, is invertible from I, (X) into IT, (X') or equivalently (1.2.79)
holds true. To prove this result we will proceed into two steps. R
Step 1: Let n € N\ {0} be given. We first prove that (A + B)" I, E* = II,. To do so we
multiply the left side of E! given in (1.2.40) by A to obtain

AE* = E" | — BE* < (A+ B)E" = E"

n—1
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providing that R
(A+ B)" E} = Ef =11, (1.2.83)

and since by Lemma 1.2.19 we have ﬁuEg = EYE" = E} it follows from (1.2.83) that
(A+ B)"1I,E* =1I,. (1.2.84)

Step 2: It remains to show that E* (A + B)"II, = II,. Because of the semiflows property
for £ provided in Lemma 1.2.16, in order to prove the above equality it is sufficient to
show that it holds true for n = 1, namely E} (A + B) I, = II, or equivalently

EUIL, (A+ B) I, =11,. (1.2.85)

Hence in what follows we will prove that (1.2.85) holds true. To do so, let us note that
due to (1.2.84) we have R R L R

I, (A+ B) I, EY = 11,1, = I,. (1.2.86)
Thus because of the left invertibility provided by the above equality, in order to prove
(1.2.85) we only need to prove that II,, (A + B) I, | (x) - I, (X) — II, (X) is invertible.

Before proceeding to the proof of this statement let us note that since we have E} = I,
k = s,u, c it follows from the condition (i) of Proposition 1.2.12 that

~ )
HHkH Uy (1.2.87)
LX)~ 0g—0
Now note that
fi,(A+B)fi, — fi,Af, + 1,50,

= M,A[M, + I, + 1] 11, + I1,, B,
= TI,AIL,T, + I, ATL, + 0, AILIL,
+I1,BI1,,
that is R R R
I, (A + B)II, = ILAILIL, + L,
wherein we have set R R L
L, = 11, AIl 1L, + 11, ATL 1T, + 11, BII,.
Next observe that due to (1.2.81) Lemma 1.2.1 applies to II, and 11, and provides that
IL|g, x) is an isomorphism from I, (X) onto II, (X) while 11, 1,(x) is an isomorphism
from II, (X) onto II, (X). One furthermore has

1
~ 1—99

~ -1
(M) = lall, Vo € T, (X).
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and
2|, Vo € II, (X).

H(H”|ﬁu<X>> d s

Therefore since AIl, is an isomorphism from I1, (X') onto itself one deduces that ﬁuAHuﬁu |ﬁu( x)
is an isomorphism from II,, (X) onto itself and

1
<
— (1=4o)
< 1
~ (1—=20o)

~ ~ —1
H (HUAHuHu\ﬁu(X)> © 145 | 1] (1.2.88)

ke ||z|, Vo e II, (X).

Hence in order to prove that II, (A+ B) I, is an isomorphism of II,, (X) let us observe
that

—~ —~ ~ ~ —~ ~ ~ —1
M, (A+ B)1I, = T,AILIL|g, ) [Hu + <HUAHuHu|ﬁu(X)> Lu} :

and let us prove that

<L
£(Tu (X))

. Note that we have

—~ —~ -1
H (AT, ) L

To do so we will first estimate || L, || £(f.(X))

L, = II,AIIIl, +1I,AIlII, + II,BII,
— TI,A,I, [ﬁu _ Hu] 4TI, AL [ﬁu _ Hu} +1i, B,
Then by using (1.2.77) and (1.2.87) one gets
HLuHL(ﬁu(X)) < (K + Kdo) ke™Pdg + (K + ko) ke 0o + (K + ko) || Bl zox) »

and recalling that
1B z(x) < 6 < do and d € (0, 1),
it follows that
IZull g, yy S 26°00 +267€™ + 25y (1.2.89)
< 6KZePd,.

Now combining (1.2.88) with (1.2.89) provides that

~ ~ -1 ~ ~
H(HUAHumﬁu(X)) L < H(HUAHuHu|ﬁu(X)) R
£(Tu (X)) £(Tu (X))
< “PGr2eP0 S
< (1_50)/16 Kk“ef0d
65>

< — 4,
= (1=10p) "
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so that up to reduce §, such that

1
50 < min {0_1, m} , (1.2.90)

with C the constant provided by Lemma 1.2.10 we obtain that

<1,

~ N -1
H(HUAHuHu|ﬁu(X)> o £(Tu ()

and the result follows. This completes the proof of (iii).
Proof of (iv): Recall that by (ii) we have

EF = (A+ B, Vk = s,c,

so that R R R R
I, (A+ B)Il, = II,EY = EYEY = EF = (A + B) 114,

that is R R R
(A+ B)II, =1y (A+ B) Iy, k= s,c. (1.2.91)

Moreover the property (iii) implies that (A + B) II, maps II, (X) into itself that is
(A+ B)II, =11, (A + B)1I,. (1.2.92)

Therefore for each k£ = s, ¢, u by using (1.2.91) and (1.2.92) combined with the orthogo-
nality property in (1.2.76) we obtain

I, (A+B) = I, (A+ B) |l +II, + I,
— T, (A+ B)II; = (A + B)II,.
This completes the proof of this lemma. ]

Together with the above material we are now able to complete the proof of Theorem
1.1.4.

Proof of Theorem 1.1.4. By observing that for each k = s,u,c, (A+ B), € L(X}) the
part of A+ Bin Il (X) (i.e. (A+ B),z = (A+ B) z, Vo € 11, (X)) satisfy

(A+ B), Iy = (A+ B) I,

the proof of Theorem 1.1.4 becomes a direct consequence of Proposition 1.2.12 and Lemma
1.2.20. u
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1.3 Proof of Theorem 1.1.8

The aim of this section is to complete the proof of Theorem 1.1.8. The proof of this result
is based on the reformulation of the non-autonomous linear difference equation as an
autonomous one using Howland semigroup approach (see Chicone and Latushkin [35]).
We will then use Theorem 1.1.4 to perturb the Howland semigroup and complete the proof
of Theorem 1.1.8.

Let (Y,||.||) be a given Banach space. Let A = {A,},., : Z — L(Y) be a given se-
quence of bounded linear operators such that U, has an exponential trichotomy on Z
with constant «, exponents 0 < p, < p and associated to the three families of projectors
(I1°:Z = LX)}, 0

In order to prove the above result let us introduce some notations and operator frame-
work. Let ¢ € [1, 00| be given and let us introduce the Banach space X = [%(Z,Y"). Let us
consider the bounded linear operator A : [%(Z;Y) — 19(Z;Y") defined by

(Au)k = A,_up_1, Yk €Z, Yu € lq(Z; Y)

Next let us consider the three bounded linear operators P, € £(X) defined for o = s, ¢, u
by
(Pau)k = HZ[U]@, Vk € Z, Vu € X.

Using the above notations let us note that for each o = s, ¢, u, P, is a projector on X that
satisfies

o P,Ps = 0r(x) forall a # f.
o P+ P.+P,= IE(X)-

e for each o = s, ¢, u, one has

PoA = AP,

Next we set X, = P,(X) for a = s, ¢, v and the following straightforward lemma holds
true:

Lemma 1.3.1 The following holds true:

(i) The part A, of Ain X* satisfies r (A;) < e’. We furthermore have for each u € X* and
each (n,k) € N x Z:

(ii) The part A, of Ain X" is invertible and it satisfies r (A;') < e=?. We furthermore have
for each uw € X" and each (n,k) € N x Z:

(‘Ainu)k = Ux<k7 k+ n>Hz+nuk+n

U
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(iii) The part A. of A in X°¢ is invertible and it satisfies:
r(A.) <emandr (AJY) <e.
We furthermore have for each u € X* and each (n,k) € Z x 7Z:

(Afu), = Ux(k, k=)l up

Remark 1.3.2 The above discussion and the above lemma imply that the operator A has an
exponential trichotomy according to Definition 1.1.1.

Let B = {B, }.cz be a bounded sequence in £(Y). Then let us consider the bounded
linear operator B € £(X) defined by

(Bu), = By_1uk—1, Vk € Z, Yu € X.

Then note that one has:
1Bl zx) < iug | Bre|l 2vy- (1.3.1)
S

We are now interesting in the spectral properties of A + B by applying Theorem 1.1.4. We
fix0 < py, < py < p < pandr > k. Using the constant §, > 0 provided by Theorem 1.1.4,
we fix a bounded sequence B = { B, },,cz in £(Y") such that

52
/<;+<5

SUPHB o)

In view of (1.3.1), Theorem 1.1.4 applies to the perturbation problem 4 + B and operator
(A + B) has an exponential trichotomy with exponent Po and p and with constant k. If
we denote the three corresponding projectors by P, P., P, € L (X) and X =P, (X) we
have:

(A+B), P AP,
(A+B), P | = —=T)" | AP (1.3.2)
(A+ B), P. AP

wherein the bounded linear operator 7 acting on the Banach space X' := L_5;(N, £(X)) x
L_5(N,£(X)) x L;,(Z, £(X)) is defined in (1.2.48). One furthermore has the following
estimates

H(A B P <rell vnez, (1.3.3)
£(x)
H(A +B)"P <Re P VneN, (1.3.4)
e
and R
H(A LB <Re P VneN, (1.3.5)
£(X)
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as well as the following estimates for each n € N,

~ K0 .
" — A" < - 1.3.
H(A+B)s P AP S5 (1.3.6)
~ ) _
o - A" < - 1.3.
H(A+B)u P AP < g™ (1.3.7)
and foreachn € Z 5
~ K ~
n _ A < 7 cholnl 1.3.
H(A+B)C P AP, <5 (1.3.8)

In order to prove our perturbation result, namely Theorem 1.1.8, we will show that the
perturbed projectors exhibit a suitable structure that inherited from the one of the shift
operators .4 and B that read as

(ﬁau>k = ﬁz‘uk, Yue X, a=s,c,u,

and wherein for each £ € Z and a = s, ¢, u, ﬁg denotes a projector of Y. To do so, let us
introduce for each p € Z the linear bounded operator D, € £(X) defined for each u € X

and k € Z by
u, ifk=p
(Dpu)y, =14
Oif k #£p

Together with this notation, let us note that for each p € Z the following commutativity
properties hold true:

D,AYP; = APsDy_p,, Y >0, Vp € Z,
D, A" Py = A" PuDpin, Yn >0, Vp € Z, (1.3.9)
D, AP, = AP, Dp_p, Vn € Z, Vp € Z.

One may also note that B satisfies:
D,B = BD,_, Yp € Z. (1.3.10)

If one considers the closed subspace Z C X defined by

E® D,E* — E*D,_.
z={|E"|ecx: [DE"—ED,, | =0x, WpeZ},
E° D,E° — E°D,_.

then we claim that
Claim 1.3.3 The linear bounded operator J : X — X satisfies:

JZCZ.
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We postpone the proof of this claim and complete the proof of Theorem 1.1.8.
Using the above claim and recalling that Z is a closed subspace of X" lead us to

I-J)"'zcz

Indeed since || 7| zx) < 1 then (I —J)~" = 7%, J". Hence due to (1.3.9) one obtains
that

AP
AP, | € Z,
A P.
while (1.3.2) ensures that
(A+B), Ps
(A+B), P.| €2
(A+B).P.
The above statement completes the proof of Theorem 1.1.8. Indeed let us first note that
the above result implies that for each p € Z and a = s, ¢, u,

D,Po = P D,.
This means that for each p € Z there exists three projectors ﬁg‘ for a = s, ¢, u such that:

<ﬁau> = ﬁg‘up forallpe Z, ue X and a = s, ¢, u.
p

Note that the properties 73a735 =0 for a #  and 735 + 736 + 73u = [x directly re-write as for
each p € Z: L R

¢TIV = 0 for o # B and TI3 + TI§ 4TI = Iy
It remains to check that A + B has an exponential trichotomy with constant x, exponents
Po < p and associated to the projectors {ﬁg}k with a = s, ¢, u.

E€Z

Property (i) of Definition 1.1.6:
For each k € Z and n > 0 and o = s, ¢, v one has for each u € X:

Pa(A+B)"u| =T [(A+B)" ul, = T3Unsp (k. k= n)ucs.
Since P, (A + B)" = (A + B)" P, one obtains that

ﬁgUA+B(k7 k—n)ug—n = Unys(k, k—n) [ﬁau] = UaB(k, k — ”)ﬁg—nukfn-
This proves statement (ii).
Proof of (:ii) in Definition 1.1.6:
Let us set for each k € Z the subspaces Y,* = II{(Y). Let n > 0 be given. Recall that
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(A+ B)" is invertible from X, onto itself. Hence for each v € X, there exists a unique
u € X, such that (A + B)" u = v. Rewrite this as for each k € Z:

UA+B(k’, k— n)uk_n = Vg.

This proves that for each n > 0 and each & € Z the linear operator Ua.g(k,k — n) is
invertible from Y,*  onto Y}*. Furthermore one has for each n > 0 and p € Z:

~

(A+B) " Pyo] = Unen(pp )T 0

The same arguments hold true for the central part and one obtains that for each k € Z and
n > 0 the linear operator Ua g (k, k — n) is invertible from Y;° , onto Y,°. Furthermore one
has for eachn € Z and p € Z:

(A+B)" P = Unin(p.p = )Ty 0y

This proves that (7i7) is true.
Proof of (iv) in Definition 1.1.6:
The proof of the growth estimates directly follow from the trichotomy estimates for (A + B);,
recalled in (1.3.3)-(1.3.5).

Finally the perturbed estimates for projected evolution semiflows stated in Theorem
1.1.8 directly follows from (1.3.6)-(1.3.8). This completes the proof of the result.

To complete the proof of Theorem 1.1.8 it remains to prove Claim 1.3.3.

Proof of Claim 1.3.3. Let (E°, E* E)" € X be given. Let us set (F*, F* F)" =

J (E*, E", EC)T. Then according to the definition of 7 (see (1.2.48) and (1.2.39)-(1.2.41))
for each n > 0 one has

+oo
Fy =AP =y AUTPB By + B, ]

m=0
n—1 oo
Y ATTIPBE, - 3 [A P+ AP BES,
m=0 m=0

Recalling (1.3.9) and (1.3.10) one directly check that
D,FS = FD,_,, ¥/n>0, peL.

Using the formula described in (1.2.40) and (1.2.41) one may directly check the claim. =

1.4 Proof of Theorem 1.1.13

The aim of this section is to complete the proof of Theorem 1.1.13. Similarly to the proof
of Theorem 1.1.8 we shall use Howland semigroup formulation.
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In order to prove this result let us consider for each w € ) the sequence of bounded
linear operators A(w) = {A(0"w)}, o, € 1™ (Z,L(Y)). Using the notations of Theorem

1.1.8, note that for each w € Q:
Ua(n,m,w) = Uprw(n,m), ¥Yn>m.

Furthermore if we set for each w € Q, n € Z and o = s, ¢, u, [1%(w) = I1*(6"w), one obtains
that for each fixed w € () the linear evolution operator U A(w) has an exponential trichotomy
with exponents py(w) < p(w), constant «(w) and projectors {II7}(w)}, ;-
Let 5,, p and % be three given random variables from © to (0, c0) such that for each
w e @:
po() < Po(w) < Plw) < p(w),
{/i(w) < K(w).

For each w € Q let dy(w) = & (p(w), Po(w), p(w), p(w), K(w), k(w)) > 0 be the constant
provided by Theorem 1.1.8. Using the explicit formula of ¢, (see (1.2.90) and Lemme
1.2.10), one can observe that w — dy(w) can be chosen as a measurable function. Next we
choose a strongly measurable w — B(w) from Q — £(Y) such that

52 -
sup || B (0"w) || vy < @) e

neZ F(w) + do(w)

Next if we set for each w € Q, B(w) = {B(0"w)}, e € 1°°(Z,L(Y)) then Theorem 1.1.8

applies for each given and fixed w € . Hence for each w € €, the evolution opera-
tor Ua+B)() has an exponential trichotomy with exponents py(w) < p(w) and constant

k(w). We furthermore denote by {ﬁg (w)} with a = s, ¢, u, the perturbed sequence of
neZ

projectors.
To complete the proof of Theorem 1.1.13 two points remain to be proved:
The structure of the perturbed projectors; The measurability of the regularized semiflows.

Structure of the projectors:
Let us show that R R N
I (w) =15 (0"w), YweQ, neZ, a=s,c,u.

To do so let us note that for each k € Z, eachn > m, w € Q) one has:
Ua+B)0*w) (n,m) = Uarp(n,m,0°w) = Upsp(k +n,k +m,w) = Ua+B)w)(k +n, k+m).

Hence Uy, 5(n, m,0"w) has an exponential trichotomy with exponent p,(w) < 7(w) and
associated to the projectors I1%(#*w) and I1% , (w). As a consequence of the uniqueness of
the trichotomic projectors (see Lemma 1.1.7) one gets for a = s, ¢, u:

I (0"w) = ﬁg+k (W), Y(k,n)eZ? wel.
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The result follows. R R _
In the sequel we shall denote I1%(w) = II§(w) for each a = s, ¢,u and w € Q.

Measurability:

We will prove that the map w — U3, z(n,m,w) (xresp. w — U}, g(n,m,w), resp. w —
U4, (n,m,w)) is strongly measurable for each n > m (resp. n < m, resp. (n,m) € Z*). To
do that we will come back to the fixed point formulation using Howland semigroup. Let
us introduce X = [}(Z;Y) as well as for each w € Q) the bounded linear operators on X,
A(w) and B(w) defined for all u € X by

(A(w)u), = A (0" W) up—1, (Bw)u), = B (0*'w) w1, Vk € Z.
Then our first lemma reads as:
Lemma 1.4.1 Let E : Q — L(Y) be a strongly measurable map such that

sup || E (0"w) || civy < 00 Yw € Q.
neZ

Then the shift operator £ : Q. — L (I*(Z,Y)) is strongly measurable. Here the shift operator
is defined by
(E(wu), =FE (Qk_lw) Up_1

Proof. Let us consider the sequence {v" } voy € 1M(Z;Y) defined by
vr =y, if k < N else 0.

One the other hand note that ||€(w)v" — E(w)v|[p@zy) = 0 as N — oo for each w € Q.

Hence since for each N > 1, the map w — £(w)v” is measurable from ( into I*(Z; V) the
result follows. We refer for instance to the textbook of Dudley [59] for metric space valued
measurability. N ]
Let us define for each w € ) the three linear operators P,(w) € L(X) defined for
a = s,c,u by
(Pa(w)u), = 1* (0*w) uy, Vk € Z, Vu € X.

Let us introduce for each w € Q the linear operator 7, defined on the Banach space
L5 (N, £(X)) x L5)(N, £(X)) x Lj,)(Z, £(X)) defined in (1.2.48). Hence one gets

for each w € Q:

(A+B), (@P.w) | =S T | Ay @)Puw)
A+ B @Pw) | =\ Aw)Pw)

(A -+ B), (w)Py(w) 2 (A@MM@)
7 Tr ; (1.4.1)
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We fix v € X. Then one has for each w € Q:

) (A B), (w)Py(w)v

P (A+B), (W) Pu(w)v | € X :=1(N; X) x I®(N; X) x I°(Z; X).
P @ (A 4 B (w)Pe(w)v

Let us introduce for each w € Q the linear operator H(w) : X — L 5N, £(X)) x
L) (N, £{X)) X Ly (Z, £(X)) by

fs e—’ﬁ(w).fs
H(W) fu — e—’ﬁ(w).fu )
fe ePo(@)l-| fe

Recalling the definition of operator J in Remark 1.2.11, one may introduce for each w € ()
the linear operator J(w) € L (X') defined by

J(w) = H(w) o T (w) o H(w).

Note that for each w € Q, Hj(w)HL(X) < 1 (see estimate of 7 in Remark 1.2.11). Further-
more using this notation note that one has for each w € )

) (A+ B, (w)Ps(w)v o o [ PO A(W)Pw)
) (A+B), (W) Puw)v | =D [J (w)] e P AL (w) Pu(w) (1.4.2)
@ (A + B) (w)Pu(w)v k=0 ePo @ A (W)P,(w)v

4

Here for each w € () the above series converges for the topology of X. To complete the
proof of this result we require to introduce the following definition:

Definition 1.4.2 Amap f = (f*, f*, f) Q — X is said to be component measurable if the
map w — f%(w) is measurable from ) into (X, B(X)) for any n > 0 for a = s,u and any
n € Z for a = c.

Then we claim that:

Claim 1.4.3 For each component measurable map f : Q — X the map w — J(w)f(w) is
component measurable.

Before proving this claim let us observe that due to Lemma 1.4.1 the following map is
component measurable from 2 to X’:
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Hence Claim 1.4.3 coupled with (1.4.2) ensures that the the following map is component
measurable

P (A + B), (@) Ps(w)v

w— | W (A+B); (w)Pulw)v

P @I (A + B):, (w )7/5 (w)v
To finally complete the proof of Theorem 1.1.13 it remains to prove Claim 1.4.3.
Proof of Claim 1.4.3. Let f = (f*, f*, f¢) : 2 — X be a component measurable map. Let
us set

g(w) = J(w) f(w) with g = (¢°, 4", 5°).-
Then due the definition of j in Remark 1.2.11 one has for each n > 0

_ ep ZAern ) (w> [6 p(w)(m+1) m+ ( )+ €ﬁ0(w)‘m+1‘fim,1(w)]

n—1

+ Py AT W) Py(w)Bw)e P £ (w)

m=0
—+00

— PN AT (W) Pulw) + AT (W) Pe(w)] Blw)e P g2 (w).

m=0

Here the series converges for the topology of X so that, using Lemma 1.4.1, ¢¢ is measur-
able for each n > 0. Using the definition of the other components (see Remark 1.2.11),
one may similarly conclude that g is measurable for each n > 0 while g¢ is measurable
for any n € Z. This completes the proof of Claim 1.4.3. ]



Chapitre 2

A finite-time condition for exponential
trichotomy in infinite dynamical systems

2.1 Introduction

Consider the following linear non-autonomous discrete time dynamical system

Tpy1 = Apz,, for eachn > m,

and (2.1.1)

Tm =7 € X,
where r= {z,},.,, is a sequence in a Banach space (X, |.||) and A = {A,},, is a se-
quence in £ (X) the space of bounded linear operators on X. The discrete time evolution
semigroup associated to the system (2.1.1) or equivalently associated to the sequence of
bounded linear operator A ={A,}, ., C £ (X) is defined as {Ua (n,p)},~, C £ (X) which
is a parametrized family of bounded linear operators on X defined on

n>p

Ay = {(n,p)€Z22 an}a

by
A,y Ay, ifn > p,
I, ifn=np.

Ua (n,p) == {

In this work we will use the following notion of exponential dichotomy taken from Hale
and Lin [73].

Definition 2.1.1 Let A = {A,}, . : Z — L(X) be given with I an interval of Z. Then Ux
has an exponential dichotomy (or A is exponentially dichotomic) on I with constant &,
exponents p > 0 if there exist two families of projectors II* = {I1%} _, : 1 — L(X), with
o = u, s satisfying the following properties:

nel

77



78

(i) Foralln € land «, 5 € {u, s} we have
ITL) = 0, if o # B,

and
IS+ 1% = 1.

(ii) For all n,m € I with n > m we have
Ua (n,m) :=1I0Ua (n,m) = Ua (n,m) 1L, for a = u,s.
(iii) Uy (n,m) is invertible from II% (X) into II*(X) for all n > m in [ and its inverse is
denoted by U (m,n) : II%(X) — II% (X).
(iv) For each x € X we have for alln > minl
U (n, m) I || < ke ™) ||z, (2.1.2)
|U% (m,n) Tz|| < ke P™=™) ||z . (2.1.3)

We also introduce the following notion of relatively dense subset of integers taken from
Palmer [110].

Definition 2.1.2 Let D = {0;},., C Z be a non decreasing sequence of integers and let
Th € N\ {0}

(i) We will say that D is a relatively dense subset of integers for T if every interval (in
7,) of length T, contains at least one point of D.

(ii)) We will say that D is a Ty—covering of Z if

7 :igz 0;,0; + To]

where [0;,0; + Tpy] is understood as an interval in Z.

Lemma 2.1.3 The properties (i) and (ii) in Definition 2.1.2 are equivalent.

Proof. (i)=(ii). Let n € Z be given. Then [n — Ty, n| is an interval of length 7; and there
exists 0; € [n — Ty, n] so that n € [6;,0; + Ty] . (i))=>(i). Let [n,p] be an interval of Z of
length 7. Then one has [n,p] = [n,n + Tp). By using (ii) and since p = n + Ty € Z, we
can find ; € D such that n + Ty € [0;,0; + Ty] . Therefore 0; € [n,n + Ty]. The proof is
completed. ]

In continuation of a recent work by Palmer [110] on the finite time condition for expo-
nential dichotomy, here we will prove the following theorem.
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Theorem 2.1.4 Let p > p > O and k > 1. Let D = {0;},., be a Ty-covering of Z. Let
A = {A,},c;, C L(X) be a given sequence of bounded linear operators on a Banach space
X. Assume that

[Anllzxy < K

for some positive real constant K > 0.

There exist two constants T := T (Ty, K, K, p,p) > 0 and k := K(K, K, p) > k such that for
each T >T if A is exponentially dichotomic on each intervals [0;,0; + T of Z (with constant
k > 1 and exponent p > 0) then A is exponentially dichotomic on Z (with constant k and
exponent p).

Compared to Theorem 2.1 in Palmer [110] one may observe that in Theorem 2.1.4 the
invertibility of the bounded linear operators A, is not required. We also refer to Palmer
[113, Lemma 2.17] for early results on this topic. In [113, Lemma 2.17], Palmer considers
intervals of the form [(i — 1) m, im| (Where m a fixed positive integer) and assume that the
projectors

{Ii*,n € [(i — 1) m,im]},

n

for o = u, s are close at the endpoints. That is to say that the norm of TI:¢, — HE;: e is small
enough. In Palmer [110] this condition is not required anymore. Actually the closeness of
the projectors follows from the exponential dichotomy property on intervals large enough
(see Lemma 2.4.8). Nevertheless the proof of Lemma 2.4.8 will be different compared to
Palmer [110] due to the non invertibility of the linear operators.

We should also mention that there are various perturbation results using finite time
conditions. We refer to Henry [76, Theorem 7.6.8 p. 234], Sakamoto [145, Theorem 4],
Palmer [110, 111, 112, 113] and P6tzsche [129] for more results on this subject.

Theorem 2.1.4 has many consequences, namely shadowing in dynamical systems, ro-
bustness of hyperbolic sets (see also Sacker and Sell [140, Theorem 6] for spectral theory
approach), hyperbolicity along pseudo orbits, slowly varying systems, almost periodic sys-
tems... (see for instance [110, Section 3] and [45]). This concept is also the main tools
in the theory of invariant hyperbolic sets and invariant normally hyperbolic sets using
Lyapunov-Perron approach. We refer the reader to Sakamoto [144, 145], Henry [76] for
more results on this topic.

The main goal of this chapter is to extend Palmer’s [110] results from the exponential
dichotomy to the exponential trichotomy (see section 2.2) for infinite dimensional dynam-
ical systems.

The plan of this chapter is the following. In section 2.2 we will present Theorem 2.2.3
which is the main result of this chapter. In section 2.3 we present an application of this
theorem to study the persistence of exponential trichotomy along pseudo orbits. The last
part of this chapter is mainly devoted to the proof of Theorem 2.2.3.
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2.2 Main results

Before presenting the main results of this chapter, we first need to define the notion of
exponential trichotomy. The notion used here is taken from Hale and Lin [73].

Definition 2.2.1 Let I be an interval of Z and let A = {A,}, ., : 1 — L(X) be a map. Then
Ua has an exponential trichotomy (or A is exponentially trichotomic) on I with constant
K, exponents 0 < p, < p if there exist three families of projectors I1* = {II} _; : I — L(X),
with o = u, s, ¢ satisfying the following properties:

(i) Foralln € land o, € {u, s, c} we have
oY =0, if a # B,

and
I + 11 + 117 = 1.

(ii) For all n,m € I with n > m we have

Ux (n,m) :==T0UA (n,m) = Ua (n,m) I3 for a = u, s, c.

(iii) Uy (n,m) is invertible from II%, (X)) into IIS (X) for all n > m in I, a = u,c and its
inverse is denoted by UJ (m,n) : II¢ (X) — II% (X).

(iv) For each x € X we have for all n,m €1

|US (n, m)TIE z|| < kel ||| (2.2.1)
andifn>m

1UR (n,m) I, 2|| < ke P~ ||| (2.2.2)

U4 (m,n) Tz|| < ke P0=™) ||z . (2.2.3)

Remark 2.2.2 The above definition coincides with the Definition 2.1.1 whenever 11§ = O, (x), Vn €
I.

The main result of this chapter is the following.

Theorem 2.2.3 Let p > p > py > py > 0and k > 1. Let D = {0;},., be a Ty-covering of
Z. Let A = {A,}, ., C L(X) be a given sequence of bounded linear operators on a Banach

space X. Assume that
[Anllzix) < K,

for some positive real constant K > 0.

There exists T := T (Ty, K, K, p, p, Py, Po) > 0 and kK := R(K, k,p) > k such that for each
T>T if A is exponentially trichotomic on each intervals [0;,0; + T| of Z (with constant
exponents p and p,) then A is exponentially trichotomic on 7 (with constant k exponents p
and py).
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2.3 Application

In this section, we present an application of Theorem 2.2.3 to study the persistence of the
normal hyperbolicity along pseudo orbits for the discrete time dynamical system

Tpe1 = F(x,),Yn >0, with zg =z € X, (2.3.1)

whenever F' : X — X is a continuously differentiable map on the Banach space X.
Recall that a sequence 2= {x,},., C X is called a —pseudo-orbit for F if

[Zni1 — F (z)]| <0, Vn € Z, (2.3.2)
while we will say that 2= {z,},., is a complete orbit for I if
Tpt1 = F(x,), Vn € Z.

So a complete orbit is nothing but a §—pseudo-orbit with 6 = 0 in (2.3.2).

Next we recall the definition of normally hyperbolic invariant sets inspired by Bates, Lu
and Zeng [19]. This notion plays a crutial role in the context of the theory of geometric
singular perturbation and we refer to [19, 64, 77] (and reference therein) for more results.

Definition 2.3.1 (Normally hyperbolic set) Let F' : X — X be a continuously differen-
tiable map on the Banach space X. Let M C X be an invariant subset for F, that is to say
that

F(M) = M.

Then we will say that M C X is normally hyperbolic for F if the following properties are
satisfied:

(i) For each x € M, there exists three closed subspaces X with o = s, ¢, u such that
X=X"®X & X, (2.3.3)
for each a = s,c,u, DF (z)(Xy) C X§(,) and for a = u,c, the map DF (z)|xo is
invertible from X3 onto X7, ;
(ii) There exist a constant k > 1, rates 0 < p, < p such that for each n > 0 and each z € M,
|DF™ () | x;|| < werm,

cind (2.3.4)
—ef <inf {||DF™ (x) "] : 2" € X% and ||z"|| = 1},
K

and
Lemron <inf {|[DF™ (z)2°| : 2° € X¢ and [l2°]| = 1}

< DF" () (2.3.5)

xs|| < wero,
where

|DF" (z) |xo|| = sup {|DF" (z) z|| : v € X$ and ||z|| = 1} for a = s, c.
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By using the property (i), for each x € M, we can define three projectors I1¢ for o =
u, s, c associated to the state decomposition (2.3.3). For each = € M and each « € {s, ¢, u}
these projectors are uniquely determined by

R(I9) =Xgand N (D)= P X

xT

o' e{s,c,ut\{a}
Define an (open) e-neighborhood of a subset M C X
V(M,e) ={ze X dx,M) <e}

where
= inf ||z —y||.

One may equivalently define V (M, ¢) as

V(M,e):= U B(z,¢)

zeM

where
B(a,):={y€ X : e -yl <e}.

Now we make the following assumption.

Assumption 2.3.2 Let F': X — X be a continuously differentiable map on the Banach space
X. Let M C X be an invariant subset for F. We assume that:

(i) M is normally hyperbolic for F' with the constant x > 1 and the rates 0 < p, < p.
(ii) There exists ko > 1 such that
sup |3 2 (x) < Ko, @ = s, ¢, u. (2.3.6)
zeM
(iii) There exist K > 0 and ¢y > 0 such that the map x — DF(x) is uniformly continuous
from V (M, e) into L(X) and

|F (z) = F ()|l < K [lz —yl[,Vo,y € V (M, ),
and (2.3.7)
sup,ens [DF (2)] £ (x) < K.

Remark 2.3.3 Whenever V (M, ) is convex, assertion (iii) can be replaced by

sup [|DF (x)HE(X) < K.
z€V(M,e0)

The main result of this section is the following Proposition.
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Proposition 2.3.4 Let Assumption 2.3.2 be satisfied. Let 0 < p, < py < p < p. There exist
two constants

0o := 00 (K, K, Ko, po, Py Pos P) > 0 and g¢ := €0 (K, K, Ko, Py, Ps Pos ) > 0

such that for each § € [0,0¢), € € [0,e¢) if v={xpn},c; C V (M, ¢) is a §—pseudo-orbit of F
in the neighborhood V (M, ¢) of M then DF (x) = {DF (zn)},, C L (X) is exponentially
trichotomic on Z with a constant k := & (K, k, py, p) and exponents p,, p.

Remark 2.3.5 Under Assumption 2.3.2, for each complete orbit x = {x,}, ., of F'in M the
family of bounded linear operators DF (x) = {DF (x,)},c, C L£(X) is exponentially tri-
chotomic on Z with constant k := kko and exponents p,, p.

2.4 Proof of Theorem 2.2.3

We will start this section by considering the case where A : Z — £ (X) is exponentially
trichotomic on intervals of the form

[(i — 1) m,im] for eachi € Z,

where m > 0 is some integer. We observe that Z is a disjoint union of the intervals
{le = 1) m,im[},., . Therefore

Z :z‘gz[(i — 1)m,im[= igz[(i —1)ym,im —1].

As we will see at the end of this section, this is not a real restriction for the proof of
Theorem 2.2.3. In order to clarify the notion of exponential trichotomy on a family of
intervals, we introduce the following definition.

Definition 2.4.1 Let m > 0 be an integer. We will say that a sequence of bounded lin-
ear operators A ={A,},., C L(X) is exponentially trichotomic on the family of intervals
{[(i = 1) m,im] : i € Z} with uniform constant x and uniform exponents p > 0 and p, € (0, p)
if on each interval [(i — 1) m,im]| the following properties are satisfied:

(i) There exist three families of projectors {II'* n € [(i — 1) m,im]} C L(X), with a =
u, s, ¢ satisfying for each n € [(i — 1) m,im]

LY =0, if a # 5,

and ‘ ‘ ‘
IS + 10 + 11" = 1.

(i) For all n,p € [(i — 1) m,im] with n > p we have

Ui (n,p) := U, (n,p) = Ua (n,p) H;a, for a = u,s,c. (2.4.1)
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(iii) The map Uy (n,p) is invertible from I (X)) into 1T} (X) for all n > pin [(i — 1) m, im]
and « = u, ¢ and its inverse is denoted by

U (p,n) : I8 (X)) — 19 (X) . (2.4.2)

(iv) For each x € X we have for all n,p € [(i — 1) m,im)]

|UX (n,p) x| < merol Pz, (2.4.3)
and if n > p

|US (n,p) T z|| < we?™ P || (2.4.4)

HUA w> | < ke ] (2.4.5)

Remark 2.4.2 Let us notice that due to the condition (iv), we have for each i € Z and each
n € [(i—1)m,im)]
HHWHﬁ <K, a=u,s,c. (2.4.6)

Let us recall a perturbation theorem proved in Ducrot, Magal and Seydi [56, Theorem
1.1.8].

Theorem 2.4.3 (Perturbation) Let A : 7 — L(X) be a given uniformly bounded sequence
such that Ua has an exponential trichotomy on 7Z with constant x, exponents 0 < p, < p and
associated to the three families of projectors {I1* : Z — L(X)},_, ... Let po <Py <p < p

and & > k be given Then there exists 0y := 0o (py, Po: P» p £, &) € (0,v2 — 1) such that for
each § € < ) and each B : Z — L(X) with

) IQJr(S

sup || Bnllzox) <9,
nez

the evolution semigroup Ua g has an exponential trichotomy on Z with constant k, exponents
D, Po and projectors {ﬁo‘} . For each n € Z and each o = u, s, ¢, the spaces R (I11%) and

a=s,c,u
R (ﬁﬁ) are isomorphic. Moreover the following perturbation estimates hold true: we have
forall n > p,

o
HUZJrB (n7p) UA n,p H,C(X = 5 li_ 5€—p(n—p)7 (247)

5
[U% 8 (0m) = UK (00 gy < 5 g™ (2.4.8)

and for all (n,p) € Z?

o -
HURJFB (n,p) —Ux (n,p HE(X <5 li_ 5€Po|n—p\. (2.4.9)
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In the next lemma we will show that if A ={A,}, ., C L£(X) is exponentially tri-

chotomic on the family of intervals {[i — 1m,im]},., (m a positive integer large enough)
and that the norm of IT*® — I ; ¢ 7 is small then A is exponentially trichotomic on

Z. This lemma generalizes Lemma 2.3 in [110].
Lemma 2.4.4 Let p > p > p, > po > 0, k > 1 and K > 1 be fixed. Define

k= max {2r%e’ ™ (3kK + K) k}
and (2.4.10)

me :=max<2, —==Ink, =>—Ink?}.
pP—p Po—Po

Let A={A,},c; C L(X) be a sequence of bounded linear operators on X. Assume that

D
su}Z)||An||£(X) < K. (2.4.11)
ne

(ii) There exists an integer m > myg such that A={A,}, ., C L(X) is exponentially tri-
chotomic on the family of intervals {[(i — 1) m,im| : i € Z} with uniform constant
and uniform exponents p and p,,.

Then there exist two constants % := K(K, k, p, py) > &* and 1y = 1, (po, o, P» ps k> Ry K) €
(0,v2 — 1) such that

HHZZQ _ e

<Ny, Vi € L,V = u, s, c, (2.4.12)
L(X)

implies that A={A,},., C L(X) is exponentially trichotomic on Z with constant x and
exponents p and p,.

In order to prove Lemma 2.4.4, we will need the following auxiliary lemma (see [19]
or [56, Lemma 1.2.1]).

Lemma 2.4.5 LetIT: X — X and Il : X — X be two bounded linear projectors on a Banach
space X. Assume that

HH—ﬁHw) < Swith0 <8 <2 -1, (2.4.13)

Then 11 is invertible from II (X) into IT (X) and

—1
H <H|ﬁ(x)> x

Remark 2.4.6 By symmetry, the bounded linear projector Il is also invertible from I1(X)

into 11 (X) and
~ —1
' <H|H(X)> X

1
< 7 llzll, Vo e I(X). (2.4.14)

< 2|, Vo € I1 (X) (2.4.15)

1—90
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Proof of Lemma 2.4.4. The principle of the proof is to construct an auxiliary sequence
of bounded linear operators A : Z — £ (X) and three families of projectors {I1}4—y 5. C
L (X), such that A is exponentially trichotomic on Z, and A is close to A.

To do so let m > mg be the positive integer defined in the assumption of Lemma 2.4.4. Re-
call that for each i € Z, A is exponentially trichotomic on [(i — 1) m, im] , with uniform con-
stant x and uniform exponents p > 0, p, € (0, p) and projectors {II?*, n € [(i — 1) m,im]} C
L(X), a = u, s, c satisfying the properties (i)-(iv) stated in Definition 2.4.1.

We define a family of bounded linear projectors {TI} _ C L(X), o = u,s,c given on
each interval [(i — 1) m,im[= [(i — 1) m,im — 1] of Z by

[ := 1", for (i —1)m <n <im— 1. (2.4.16)

It follows that ) ‘
me =1 viez. (2.4.17)

We define A : Z — £ (X) on each intervals [(i — 1) m, im[= [(i — 1) m,im — 1] of Z by

- A,, ifne(li—1)m,im—2],
Avi=q  miVeq, Tmeifp = im — 1. (2.4.18)

a=u,s,c

Next we will prove that A = {A,,} _ C £ (X) is exponentially trichotomic with projectors
{I1°} 4=, and that A is close to A.

To do so, we verify the properties (i)-(iv) stated in Definition 2.2.1. Without loss of gener-
ality, we can assume that n, € (0,1/2), and that

<1y, Vi € Zand a = u, s, ¢, (2.4.19)

im

HHZZQ _ e

L(X)
Proof of (i). From (2.4.16) for each n € Z we have
% + 115 + I1 = I (x) and TI2T1Y = O¢x) for a, B € {u, s, c} with o # 3,

and property (i) is satisfied.
Proof of (ii). We will prove that

ﬁgﬂf_ln = A,J1%, Vn € Z and a = u, s, c, (2.4.20)
or equivalently
U (n,p) :== Uz (n,p) I =2 Ux (n,p), ¥n > pand a = u, s, c. (2.4.21)

Let n € Z be given. Let i € Z be given such that n € [(i — 1) m,im[. Then if (i —1)m <
n+ 1 < im that is n # im — 1 by using (2.4.16) and (2.4.18), property (2.4.20) is clearly
verified.
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If n+1=1im (i.e. n =im — 1) one has from (2.4.17)-(2.4.18) that for each o = u, s, ¢
_ H(z-i—l)a Z H (i+1) BA 1H .
B=u,s,c
= Hl(;:;l) Alm 1Hzm 1

im—1
B=u,s,c

= Azm 1HZQ

im—1»

so we obtain
n+1A = A 1Hw‘ = A g, = ALY, Ya = u, s, c.

Proof of (iii). We need to prove that for each n > p and each a = wu, ¢ the linear opera-
tor U% (n, p) is invertible from I1% (X) into I1% (X). Due to the definition of the evolution
semigroup U{ in (2.4.21) it is sufﬁc1ent to prove that for each n € Z and each a = u, ¢, the
operator A, Ha is invertible from I1% (X) into 1%, (X)) . But on each interval [(i — 1) m zm[
i € Z the operator

A I8 = AT, with n € [(i — 1) m,im[ and n # im — 1,

is invertible from I3 (X) = II* (X) into II3,, (X) = IIi%, (X). Therefore, it is suffi-
cient to prove that Alm (I0¢, | is invertible from 112, | (X) = II!¢_, (X) into I12, (X) =
1"V (X). But due to (2.4.18), we have

Ap 1112 =TI 4, T Vie Zand a = u, s, c,

im—1»
hence
App a8 =TI 4, WieZanda =u,s,c. (2.4.22)
But by assumption Aj,, ; is invertible from 11¢,_, (X) = T2 | (X) into IT¢ (X) and since

21,

m

HH@Q _lte

L(X)

we deduce from Lemma 2.4.5, that IT"" " is invertible from IT® (X) into II:* V' (X) . Therefore
Aim_1 is invertible from ITi® | (X) into 1"V (X) and

m

(Azm IHzm 1) ' - (AZm 1Hzm 1) : |:H(i+1)a:| 717 Vi€ Zand a = u,C.

So we deduce that for each n > p and each a = u, c, the operator Ug (n, p) is invertible
from R (I1) into R (I1%) and its inverse is defined by

U (p,n) : R (T12) — R (I12) . (2.4.23)
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More precisely, for each i € Z and each a = u, c the inverse of U$ (im,im — 1) is given by
Ug (im —1,im) : R (1Ig,,) — R (11,4 -

which is defined by
. . —1
US (im — 1,im) = Ui (im — 1,im) [Hgf;”“]  VieZanda=u,c (2.4.24)

and by using again Lemma 2.4.5 combined with (2.4.19), we also deduce that for each
i € Z and each oo = u, ¢

2 0Po
U = L Ty < 0 < g 01/ 2429
0

Closeness of A and A: Let us now give some estimate of the supremum norm of A—A.
By using (2.4.18) we have

ilélz) Hfln — A”H[,(X) = Szlelg HAimfl — Az’m—lHﬁ(X)
But

HAim—l - Aim—lHE(X) = Z Hé%Aim—l - Z Hg:;jl)aﬁim—l

a=u,s,c a=u,s,c

L(X)

- Z |:H§O¢ Aim 1Hzm 1 _HE:;LH) Azm 1Hz7ofn 1i|

a=u,s,c L£(X)
< Z Iy, — I, o 1A Ty
Sa USCHHZQ B ZJrl L(X) HAimilHl: H ;m 1H£
So by using (2.4.6), (2.4.11) and (2.4.19) we deduce that
sup [[An = Au| ) < 36Eg, Vg € (0,V2 1), (2.4.26)
neZ
and by using (2.4.11) and (2.4.26) we obtain
ilélz) HA"HZZ(X) < ilélz) HA" — A”HL(X) + ilélz) HATLHL(X) <3kK + K. (2.4.27)

Proof of (iv). We will proceed into three steps to provide some growth rate estimates for
Uxs.
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Step 1. Let i € Z be given. Let n,p € [(i — 1) m, im] be such that
(i—1)m<p<n<im.
Then we have
Ug (n,p) = Uz (n,p) 113 = Ua (n,p) IL* = U (n,p) , for a = u, s, c.
Hence we deduce from (2.4.3), (2.4.4) and (2.4.5) thatfor (i — 1) m <p <n <im

|1UX (n.p H,;m < e, ||UF (p

)Hgm < ge—pn-p),
U5 (

< kePo(n—p) HUC )H[:(X) < fePo(n=p) (2.4.28)

n,p HL(X

Step 2. Let i € Z be given. Let n,p € [(i — 1) m,im| be such that (i — 1)m < p < n = im.
First note that we have

Ug (im,p) =113, = ﬁgi:l)a if p=im
and
Ug (im,p) = U§ (im,im — 1) U (im — 1,p) = A1 UY (im — 1,p), if p < im.
Therefore it follows from the Step 1 and (2.4.27) that
HU% (n,p)Hﬁ(X) < (3K + K) ePrePim=p)

and A
HU; (n,p) H < (3kK + K) ke PoePolim=p)
Note that one has for o« = u, ¢
Ug (p,im) =113, = = [0 =
and ‘
Ui (p,im) = Uy (p,im — 1) Ug (im — 1,im) , if p <im,
so that we deduce from Step 1 and (2.4.25) that

|U% (p.n)|| < 2k2ePo kefe Pm=P) and |U% (p.n)|| < 2k2ePo e PoePlim=P)

Step 3. We can summarize Step 1 and Step 2 as follows for each i € Z and each n,p €
[(i — 1) m,im]| with n > p we have

,n) HL(X) < fe~rnp),

< RepPo(n=p),

1Ux (n
1U% (n

Re—Pn— p) HUu

Dl
. [k

<
<K

Hz(x HL(X)

where & is defined in (2.4.10).
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Now let n, p € Z with n > p be given. Then there exists j < i such that
j—1)m<p<jmand (i—1)m <n <im.

Since the case j = i is already studied in Step 1 and Step 2, it is sufficient to study the case
j<i—1. Infactif j <i—1onehasfora=s

|Ux (n.p)[| = |UX (n. (i = 1)m) U (i = 1) m, jm) U (5m. p)|
< [|Ux (n, i = )m)[[ [[UR (G = 1) m, jm) || [|U (Gm. p)|
< fePln=(i=1)m) (/%e_p) (=Dm=gm - —p(jm—p)
< F2i—1=i g=p(n—p)

and since (i — 1 — j)m < n — p and £ > 1 one obtains

U () < & (e70) "7 < Remlemmnn)o), (2429

Similarly we also obtain

U (n,p)|| < #2elrotmmm)o—p), (2.4.30)
U (p,n)|| < #2elrotmnm)n—p) (2.4.31)
|U% (n, p)|| < #2e~(rmmR)p), (2.4.32)

Now note that since m > mgq with m, defined in (2.4.10) one has the following inequality

1 N ﬁo—l—po 754—;) 1 ~
po—l—mn/-i< 5 < 2 <p mn/-i,

Therefore one can claim that A is exponentially trichotomic with constant #*, exponents
PoTlo 0;”) o and £22. The proof is completed. .

Remark 2.4.7 Let us notice that in Lemma 2.4.4, condition (2.4.11) can be replaced by

AR oy < K. Vi € Zand n € [(i — 1) m, im]. (2.4.33)

In fact by using (2.4.3), (2.4.5) and (2.4.33), we deduce that for each i € 7Z and n €

[(i —1)m,im]|

HAnHz:(X) S HA”H?HL(X) + HAanf
< K + ke P + refo,

_'_HA Hzc

lecx leco

The next lemma will allow to derive the closeness of the projectors. This lemma gen-
eralizes Lemma 2.2 in [110], but this proof is different since the linear operators are not
invertible.
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Lemma 2.4.8 Let k > 0, 0 < p, < p be given and let | > 0 be an integer. Let a,b € Z such
that b—a > 2l. Assume that there exist two families of projectors {I1*} and {Ho‘}a:u e

such that A={A,},., C L (X) has two exponentially trichotomies on [a, b]NZ, with constant
Kk, exponents 0 < p, < p, with respect to both famillies of projectors. Then we have

a=u,s,c

sup Hﬁg — HgHL(X) < Grie (PPl (2.4.34)
né€la+l,b—1NZ

Proof. Let n € [a+1,b — [] be given. Denote by U, the evolution semigroup associated to
A. For each a = u,c and each n,p € [a,b] with n > p we defined Ug (p,n) : 11} (X) —
IT5 (X) the inverse of the bounded linear operator Ua (n,p) I : 115 (X) — II; (X). We
claim that B

[Tz < kPe PPz, Vo € I (X), Vo = u,c. (2.4.35)

Let z € II% (X) with o = u, c. We have
r=1ljx =Uar(n,n—0Ux (n—1,n)x,

which implies
[Bx=Up(n,n—0)IE UL (n—1,n)x

hence
[I5]| < wPem =) ]|

Similarly by using I1* and U (n — [, n) instead of I1¥ and U} (n — I,n) we obtain that
T2z < K2e™ PPl ||2||, Vo € TIY(X),Va = u, c. (2.4.36)
Next we claim that
ITlz|| < K2e~ =Pl ||z||, Vo € TIY(X),Va = s,c. (2.4.37)
Let x € [1% (X) be given with a = s, c. Then
Mlx =Ux (n,n+1)Us(n+1l,n)x=Ux (n,n+1)Us(n+1,n) 0

so that
TIez|| < w2e” @m0t ||z,

and we obtain in a similar way that
|iz|| < w2e~ PP |z||, Vo € IS (X)), Vo = u, c. (2.4.38)
Finally we claim that

TS z|| < KZe~ PPl ||z||, Vo € TIY(X),Va = u, c. (2.4.39)
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Let z € IT* (X) be given. Then one has
v ="'z =Ux (n,n—0Uj (n—1,n)z,
which implies that )
x=Uz (n,n—10)Ux (n—1,n)x,

thus
T z|| < K2e=0mPol ||zl

Let x € 1% (X) be given. Then

x=Us (ny,n+10)Ua(n+1l,n)x=Us (n,n+1)Ua (n+1,n)1x
and we obtain
T < KPem Pl ||z
Now we prove the inequality (2.4.34).
Let x € X be given. Then we have
[T, = 105 | = [l = I I — 105 [7 — 10 ]
= [|[TIg + I I3 — TI3) [ + 102 ||
< TSI e|| + (eI x| + ||| + ||| -
Hence by (2.4.36), (2.4.37) and (2.4.39) we obtain

[0 =T ]| < e oo T3]+ [sa] + o]+ [T2ef] 2440
< 3r3e (PPl || .
Similarly we have
| [T — IT] || = || TG + 105 ke — TG — T || (2.4.41)
< |IGe]| + [T + IR e]] + [T |
< we oo [ + [ Ma| + ||| + [0

< 3r3e (PPl || .
Since I1¢ = I — IT* — II? and I1¢ = I — ITI* — II* we obtain from (2.4.40) and (2.4.41) that
| [T — 115 ] 2| < 6r3e= (PPl ||z . (2.4.42)

The proof is complete. u
Proof of Theorem 2.2.3. Let D = {0;},_, be a Tj-covering of Z. Therefore from Defini-
tion 2.1.2 one knows that for each interval of Z of length Tj there exists some ¢; in this
interval. Let T > 37T; be an integer which is assumed to be divisible by 6. Assume that A
is exponentially trichotomic on each interval [¢,, 6, + T7.
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T
Let n € Z be given. Since T' > 3Ty, it follows that the interval {n — 3 n] contains at
least one 0; € D, and

T
|:TL,’/L+§:| C [(9j,9j"|‘T],

T 2T
{n+g,n+€} - [Hj,0j+T].

Since n is an arbitrary integer, by choosing n = s for some integer i € Z there exists an
integer j € Z such that

T T T T T 3T
— =+ = | = |i—,i=— + — 0;,0;, +T].
{26’26+2} {26,26+6}C[],]+ ]
Assuming that A is exponentially trichotomic on [#;,0; + T]. It follows that A is also
exponentially trichotomic on
T T
{(z’ + 1)6, (i + 2)6} WVieZ

and the exponential trichotomy can be extended to the interval
T T T
i (i +2)=+ = |.
[ZG,(H— )6 + 6}
Now since T' > 37} can be chosen arbitrary large, the result follows from Lemma 2.4.4 and
Lemma 2.4.8. ]

2.5 Proof of Proposition 2.3.4

Before proving Proposition 2.3.4 we first prove Remark 2.3.5. This remark will be useful
during the proof of Proposition 2.3.4.

Claim 2.5.1 We claim that if x = {x,},,., is a complete orbit of I in M then the evolution
semigroup Uy := Uppx) associated to DF' (x) = {DF (z,,)},,., has an exponential trichotomy
with constant ko and exponents py, p.

nez

Let x be a complete orbit of F'in M. By (2.4.4) and condition (i) of Definition 2.3.1 we

can find three families of projectors {II } _,, a = u,s,csatisfying

Me N =0ifa’ #aand ¢ +105 + 15 =1 (2.5.1)
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Recall that the evolution semigroup Uy associated to DF (x) is defined by

DF (x,_1)..DF (x,), if n > p,
Ux(n,p)::{ F (@) (p)ifn:p?

Remark that since x is a complete orbit of /', by condition (i) of Definition 2.3.1, one has
that for eachn € Z

H‘;(mn)DF () I = DF (x,) 113

% DF (2,)11% = DF (z,) 1% . (2.5.2)

Tn+1

Hence (2.5.2) combined with (2.5.1) implies that for each n € Z and each o = u, s, ¢

¢ . DF(z,) =T DF (z,) 1% (2.5.3)

Tn+1 Tn+1

and (2.5.2) combined with (2.5.3) yields

¢ DF (x,) = DF (2,) 1%, Yn € Z. (2.5.4)

Tn+1

Therefore by using (2.5.4) one can deduce that for each n > p and each a = u, s, ¢
Ug (n,p) =113 Ux (n,p) = Ux (n,p) I3 = DF (z,—1) 113 ...DF (z,) 113 .

By using again Definition 2.3.1-(i) we have for each n > p and each o = u, c that the
bounded linear operator Ug (n, p) : II3 (X) — IIg (X) is invertible. Define its inverse as

Ug (p,n) - 11 (X) = 113 (X).
By observing that
Ux (nap) = DFn_p (:Ep) ) vn Z D,
we obtain from Definition 2.3.1-(ii) and (2.3.6) that for each n > p

HUi (n,p)HL(X) S ﬁﬁ-oe_p(n—p),
||U)1: (p7 n)“ﬁ(}() < /ilioe_p(”_P)’

and for each (n,p) € Z?
”U; (n7p>”L(X) S ﬁ/{oepO‘"*pL

This prove the exponential trichotomy for U.
We now turn to the proof of Proposition 2.3.4.

Claim 2.5.2 Let 0 < p, < py < p < p be given. We claim that if z = {z,},,, is a §—pseudo-
orbit of F in a neighborhood V (M, ¢) of M for some ¢ and 6 small enough then the evolution
semigroup U, := Upp(,) associated to DF (z) = {DF (z,)},c, has an exponential trichotomy
with constant ~ and exponents p, and p.

nel
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In order to prove Claim 2.5.2 we will need the following corollary of Theorem 2.4.3.

Corollary 2.5.3 Let I be a given interval in Z. Let A : Z — L(X) be a given uniformly
bounded sequence such that Up has an exponential trichotomy on Z with constant k, expo-
nents 0 < p, < p and associated to the three families of projectors {I1* : Z — L(X)}
Let p, p and & be three real numbers such that

a=s,c,u’

Po<po<p<pandk > k.

Then there exists 5o := 0o (py, Do, s ps K, &) € (0,v/2 — 1) such that for each § € (O, Kﬁo) and
each B : I — L(X) with
sg[) ”BTLH[:(X) <9,

the evolution semigroup Ua g has an exponential trichotomy on I with constant x, exponents
P, P and projectors {Ha} . Moreover for each n € I and « = u, s, ¢, the spaces R (11%)

a=s,c,u

and R (ﬁg) are isomorphic.

Proof. To prove the Corollary we define the sequences x : Z — {0, 1}
[ lifnel,
Xn = 0ifn ¢l

and B : Z — £(X) by

B .= xB.
Theorem 2.4.3 applies with A and B and the result follows since A+ B=A +Bonl. =
Proof of Claim 2.5.2. First recall that by Claim 2.5.1 for each complete orbit x = {z,},.,
of F'in M, the evolution semigroup Uy associated to DF’ (x) has an exponential trichotomy
with constant x > 0 and exponents 0 < p, < p. Let z = {Z,},., be a 0—pseudo orbit of F
lying in a neighborhood V (M, ) of M. Then there exists a sequences z = {2,},., C M
such that
120 — zal| < e, Vn € Z.

Let us proof that z = {2,},., C M is a pseudo orbit of F' in M. In fact by using Assumption
2.3.2-(iii) we have

[2n+1 = F (za) | < l|lzns1 = Zngall + [[Znsr = F (Za) || + [ F (Z0) — F (20) ]
<e+0d+ Ke,

so that z = {2,},., is a € (1 + K) + d—pseudo orbit of ' in M. Next let ¢ € Z and T be a
positive integer. Consider the complete orbit x given by x,, = F"~? (2) for each n € Z with
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the notation zy = F(zy) . Then since z is a ¢ (1 + K) + é-pseudo orbit of /' in M one has

|zo4+2 — zo12|| = HF2 (20) — ZG+2H
< 1F(F (20)) = F (z011)|| + [|1F (2041) — 2042l
< K||F (20) — 2ol + [|F (2041) — 2041
<Kle(l+K)+d+e(1+K)+6.

By induction one can easily derive that for each £ € [0, T

Zosr — zosnl| < 1+ K+ ..+ K* ) (14 K) + 4]
<(I4+K+..+K™)[e(1+K)+4].

Since by Assumption 2.3.2 the map « — DF (z) is uniformly continuous on V (M, &;) , we
can define the modulus of continuity of x+ — DF (x) which is a map w : [0, 0] — [0, +00)
defined by

w(e) = sup IDF () = DF (y)]-

z,y€V(M,eo):[|x—y| <e

Thus one gets for each k € [0, T
|IDF (z91x) — DF (zo3n)| Sw (1 + K+ ...+ K" ) [e(1+ K)+4]) .
Therefore we obtain that

|DF (zox) — DF (Zo4t)|| < [|DF (xo4x) — DF (2044)|| + |DF (2041) — DF (Zo11)||
(2.5.5)

<w@E)+w((I+K+..+K"™)[e(1+K)+4)).

Next observe that
DF (z) = DF (x) + [DF (z) — DF (x)].

Recalling that the evolution semigroup U, has an exponential trichotomy on Z and writing
(2.5.5) as

k;e%ueIiT} |DF (z) — DF (%) Sw (&) +w (1 + K+ ...+ K" ") [e(1+ K) +4)),

Corollary 2.5.3 applies and ensures that for § and ¢ sufficiently small, depending only on
K, K, py, p, o, p and T, that U, has an exponential trichotomy on [#, 6 + T] with constant

k= K+ 1, exponents 22, ”OQL% € (0, %ﬁ) and projectors {II3} _, with a =u,s,c.

We now complete the proof by applying Theorem 2.2.3. To do so first note that since
U, has exponential trichotomy on each [0, § + 7| with § € Z whenever ¢ and ¢ sufficiently
small, one can use Z as a relative dense subset of integers or equivalently a 1-covering.
Furthermore we also note that
PotPy _~ _~ _pPED

< < p < —
9 pO P 9 )
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and since the choices of ¢ and ¢ depend only on K, s, py, p, py, p and T', one can choose T’
large enough (depending only on K, , py, p, py, p) in the previous lines such that Theorem
2.2.3 holds for 7', with the constant of trichotomy « + 1 and exponents %Qﬂ and %ﬁ. The
proof is complete. ]



Chapitre 3

Persistence of a class of normally
hyperbolic invariant manifolds in
Banach spaces

3.1 Introduction

The invariant manifolds theory plays an important role in the study of dynamical sys-
tems due to its various subjects. The pioneer works on such a topic have been consid-
ered by Poincaré [125, 1892], Hadamard [71, 1901], Lyapunov [92, 1907] and Perron
[117, 118, 116, respectively in 1928, 1929 and 1930]. There are two main axes in the
theory of invariant manifold: the center manifold theory and the hyperbolic or normally hy-
perbolic invariant manifolds theory. The main questions addressed in both theories are the
existence, the smoothness and the persistence of such manifolds as well as their associated
stable, unstable, center-stable and center-unstable manifolds. Two main approaches have
been extensively used in the theory of invariant manifolds: the so-called Lyapunov-Perron
method and the Hadamard’s graph transform method.

The Hadamard’s graph transform method is based on geometric ideas and relies on a
fixed point formulation over a metric space of Lipschitz graphs while the Lyapunov-Perron
method is more analytic and is based on a fixed point formulation in term of integral equa-
tions using constant variation formula. Let us also mention that the so-called Lie Trans-
form’s Method (or Deformation method) and the Irwin’s method have been developed
respectively by Marsden and Scheuler [105, 1987] and Irwin [79, 1970] in the context
of invariant manifolds theory. We refer to Wiggins [166] for more details on these two
methodologies.

The center manifold theory is concerned with the existence and smoothness of an
invariant manifold for a dynamical system around a nonhyperbolic equilibrium point.
There are several results and huge literature on this subject. We refer the reader to Pliss
[124], Kelley [84], Carr [29], Sijbrand [151], Vanderbauwhede and Iooss [160], Vander-
bauwhede [159, 161], Magal and Ruan [95], Bates and Jones [21], Chow, Li and Wang

98
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[36], etc.

The normally hyperbolic invariant manifold theory can be viewed as an extension of
the persistence of hyperbolic equilibrium points to invariant sets (for example a set of
equilibrium points, heteroclinic orbit, homoclinic orbit). However this extension induces
important difficulties due to the fact that the dynamics on the invariant sets can be very
complicated. Therefore it becomes crucial to have a good knowledge of the dynamic on the
invariant manifold as well as on the normal directions. Roughly speaking the orbits lying
on the normally hyperbolic invariant manifolds behave like in a center manifold while the
orbits lying on the normal directions expend or contract toward the manifold.

This theory has a long and rich history. Let us mention that great progresses have
been obtained in the remarkable and independent works of Fenichel in the series of papers
[64, 65, 66] and of Hirsch, Pugh and Shub [77], for compact normally hyperbolic mani-
folds of finite dimensional dynamical systems. Since then many authors have worked on
this subject and the literature in the finite dimensional case becomes very large so that it is
impossible to give an exhaustive list. However let us mention that in the case of the com-
pact invariant manifold given as a graph of a function, a detailed exposition of Fenichel’s
theorems [66] has been given by Jones in [81] (see also Wiggins [166] for further discus-
sion on Fenichel’s theorems). In his work [81] the author provided fairly different proofs
based on geometric considerations and topological arguments such as Wazewski Principle.
Sakamoto in [144] extended the results of Fenichel in the noncompact invariant graph
case for ODEs (Ordinary Differential Equations). His proof is essentially based on the
Lyapunov-Perron approach. Recently a very general results for invariant sets of ODEs has
been prove in Chow, Liu and Yi in [40, 41] while Pliss and Sell [122] generalize the notion
of normally hyperbolic set into the so-called weakly normally hyperbolic sets and investigate
on the persistence of such manifolds. Finally let us mention an important result proved by
Mané in [104] that states that persistent invariant manifold for finite dimensional dynam-
ical systems are normally hyperbolic.

By contrast of the finite dimensional case, there are only few references for infinite dy-
namical systems as far as we know. Henry [76] obtained one of the ealiest results on this
context by considering semi linear parabolic equations with a proof based on Lyapunov-
Perron approach. He proved the persistence and smoothness of a compact invariant man-
ifolds with trivial normal bundle. Note that Henry’s theorem [76, p.278, Theorem 9.1.2]
applies to ODEs and covers some of the results obtained by Sakamoto [144]. We also note
that Magalhaes [98] proved persistence and smoothness of hyperbolic manifold for some
class of delay differential equations. The more important progress were made by Bates, Lu
and Zeng [19] for compact normally hyperbolic manifolds. In their manuscript the authors
considered semiflows in Banach spaces and deal with existence, persistence and smooth-
ness of compact normally hyperbolic manifolds as well as their associated center-stable
and center-unstable manifolds. Further generalization to noncompact manifold which is
inflowing or (and) overflowing have been made by the same authors in [20]. A closely
related result to [19] can be be found in Jones and Shkoller [82] where the authors have
investigated invariant manifolds for PDEs. We also refer to Eldering [63] for recent results
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on the persistence of noncompact normally hyperbolic manifolds in bounded geometry.

In this chapter we will deal with persistence of normally hyperbolic manifolds for dis-
crete dynamical systems under a small Lipschitz continuous perturbation. Such perturba-
tions in the context of normally hyperbolic manifolds have been hardly considered in the
literature. We will give further discussion and comparison with the existing literature after
the statement of our main result.

To put our work into this context, let us consider

Upr1 =T (u,), n €N, ug € X, (3.1.1)

where (X, ||.||) is a Banach space and 7" : X — X a continuously differentiable map on X.
The aim of this work is to provide a persistence result of invariant manifolds for (3.1.1)
under a small Lipschitz continuous perturbation. The sense of the Lipschitz continuous
perturbation of (3.1.1) as well as the precise context will be made clear throughout the
following discussions. Let T : X — X be a continuous map on X. Consider the following
perturbed system

Unpr =T (un) + T (up), n € Nyug € X. (3.1.2)

Following the definition given in [19], let us give the definition of what we mean by
normally hyperbolic set. For the usual definition of a normally hyperbolic manifold we
refer to [19, 64, 77] and the references therein.

Definition 3.1.1 A set M C X is said to be normally hyperbolic invariant for T if the
following properties are satisfied:

(D) The set M is invariant under T, namely T'(M) = M.
(ii) For each x € M, there exists three closed subspaces X¢ with o = s, ¢, u such that
X=X 0X, X, (3.1.3)

and for each o = s,c,u, DT (z) (X3) C X7,y and for o = u, ¢, the map DT (z) [xo is
an isomorphism from X onto Xz,

(iii) There exist a constant k > 1, rates 0 < p, < p such that for each n € N and each x € M,

|DT™ () |x:|| < we™m
1 3.1.
inf {||DT" (z) z*|| : z* € X* and ||z"] = 1} > —ef", (3.1.4)
K
and
1
—e " <inf {|| DT (z) 2°|| : 2° € X{ and [|z°]| = 1} < || DT" () |x: || < re",
K
(3.1.5)

where

|DF" () |xo|| == sup {||[DF" (z) z|| : # € XJ and |z| =1} for a = s,candn € N.
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Observe that due to (ii), one can define for each = € M, the projectors I1¢ for o = u, s, ¢
associated to the state decomposition (3.1.3) that satisfy for each x € M and « € {s, ¢, u}:

R(IY) =Xgand N (D)= P X, (3.1.6)
a’e{s,c,u\{a}

where R (I12) is the range of I1? and N (II2) its kernel. Let (Y, |.||,) be a normed space
and £ C Y. We denote by Lip (E,Y") the space of Lipschitz continuous maps defined from
E into Y. We set

1H | ipyy = sup llz—ylly' | H ()~ Hy)lly, YH € Lip (EY).

z,yEE Ay

In the sequel, when E =Y we will simply write || H ||, ) instead of |[H| ;5 p)-
In order to make clear the context of our work let us make the following assumption.

Assumption 3.1.2 Assume that the map T : X — X is continuously differentiable on X.
Assume that there existe two closed subspaces X¢ (center space) and X" (hyperbolic space)
such that

X=X X"

Assume moreover that M := X°¢is a normally hyperbolic space for T (i.e. T (M) = M).
Furthermore we will assume in addition that

(1) For each x € M we have: X{ =M = X°.

(ii) For each x € M we have: X" = X" @ X3,

From now on we will always consider that Assumption 3.1.2 is satisfied. One may
observe that due to the conditions (i) and (ii) of Assumption 3.1.2, for each = € X the
projector II¢ defined in (3.1.6) does not depend on z as well as the projector IT% + II%.
Therefore we set

I1° := I1¢ and 11" := TI“ + II¢, Va € X. (3.1.7)

Note that one also has

X=M®oX" R(II)=M and R (II") = X".
If {u, }nez is a solution of (3.1.2), let us define for each n € Z
z, = %, € M and y, = I"u, € X"

Recalling that
R(I1°) =M =T (M) and DT (z) X" Cc X", Vo € M,
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and projecting system (3.1.2) along X¢ = M and X", we obtain that the sequences x =
{#n},ez and y = {yn},,;, satisfy the following system

{ :L‘n—i-l - T (xn) + RC (xTH yn) Y n 6 N’ (3.1 8)
Ynt1 = DT () Yn + Ry (Tn,yn), n € N. '
wherein the maps R, : M x X" —+ M and R, : M x X" — X" are given by
R (z,y) :=1I° [T(x+y)—T(x)+T(:c+y)} , (3.1.9)
and .
Ra (z,y) := 11" [T (x+y)+T(;c+y)} ~ DT (2)y. (3.1.10)
One may observe that system (3.1.8) takes the following general form
Tp41 = F (xn) + Rc (.’L’n, yn) ) ne N;
3.1.11
{ Yn+1 :A(xn)yn+Rh (:L‘nayn)7 n GN: ( )

where FF : M — M, R. : M x X" — M, R, : M x X" — X"and A(.) : M — L (X").
In order to provide a more general result we will study the system (3.1.11) and derive
consequences for system (3.1.8) (or equivalently (3.1.2)). System (3.1.11) is the discrete
analogy of the slow-fast system. This kind of systems has been extensively studied in the
context of continuous time dynamical systems. All the references cited above are mainly
focused upon continuous time dynamical system while the literature on discrete time dy-
namical systems is not as extensive. The main advantage using discrete time formulation
is that one can deduce results for continuous time semiflows (see for instance to [33, 86]
where this technique was successfully used). Without pretending to give an exhaustive
list we refer the reader to [1, 44, 83, 154, 130] and the references therein. Comments,
improvements and comparison with this literature will be discussed in Section 3.2.

In Section 3.2 we will present the main results of this work concerning system (3.1.11)
and derive some consequences for the map 7" + 7" as well as a consequence for continuous
time semiflows. In Section 3.3.1 we present some preliminary lemmas and finally the
Section 3.3 is devoted to the proof of the main theorem.

3.2 Main results and consequences

Before going to the main results of this section, let us give the definitions and notations
that will be used throughout this chapter. Let u :={u,},., : Z — X be a given sequence
and ¢ a non negative real value. Then u is called a e-pseudo-orbit (resp. complete orbit
or O-pseudo-orbit) of amap H : X — X if

|tns1 — H (u,)|| < e,Vn € Z (resp. up1 = H (uy,), Vn € Z).
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Let A ={A,}, ., :Z — L(X) be a given sequence of operators. Then we denote by U, its

nez *
associated evolution semigroup defined by
A, 1. Ay, ifn>p,
Un (n,p) = St 2020 (3.2.1)
I, ifn=np,

wherein I denotes the identity operator in X. In what follows we will always use the
notation n > p as well as U, (n,p) for the evolution semigroup. Whenever Ua (p,n) is
considered this will mean that Ua (n, p) is invertible and

Ua (p,n) = Ua (n,p)~".
Let us observe that Uy, satisfies
Ua (n,p) Ua (p,m) = Ua (n,m) forn >p>m.

With this notation we recall the following definition of exponential trichotomy taken
from [73].

Definition 3.2.1 Let A = {A,},., : Z — L(X) be given. Let I be an interval of Z. Then
Ua has an exponential trichotomy on I with constant x, exponents 0 < p, < p if there
exist three families of projectors I1* = {I1®} _. : 1 — L(X), with a = u, s, ¢ satisfying the
following properties:

nel

(i) Foralln € Tand o, § € {u, s, c} we have
MOTI = 0, if o # B,

and
I + 100 + 11 = 1.

(ii) For all n,p € I with n > p we have
Ua (n,p) :=1IUA (n,p) = Ua (n,p) I, for a = u,s,ec.
(ii)) Ug (n,p) is invertible from R (I1) into R (II¥) for all n > pin I, a = u,c and its
inverse is denoted by Ug (p,n) : R (II%) — R (I12).
(iv) For each y € X we have for all n,p € 1
|U& (n,p) Tyy]|| < werol™# |y,

andifn >p
U4 (n,p) y|| < ke ™2 |1y,

|Us (p,n) ly|| < ke ?"P) ||y
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Remark 3.2.2 When II, = 0O,(x) for all n € I in the above definition, we say that Ua
has an exponential dichotomy on 1 with constant x and exponent p. Note that this notion
corresponds to the notion given in [72] and [127].

Let us observe that the operators U} (n,p), for n > pin I and o« = u,s,c (resp.
U (p,n), forn > pin I and o« = u,c) inherit the evolution property of U, that reads
as
Ux (n,p)Ux (p,m) =Ux (n,m), ¥n>p>minland a =u,s,c,

respectively
Ux (m,p) Uy (p,n) =Ux (m,n), Vn>p>minland a = u,c.

Before stating the assumption for this section, let us define for eachn > 0 and W = M, X"
the following weighted Banach space

L, (Z,W) := {w : Z — W such that [|wl|, := suIZ) e |w, || < —i—oo} . (3.2.2)
ne
Observe that for n = 0 we have
Lo (Z, W) =1>°(Z,W) = {w : Z — W such that ||w||, := sup ||w,| < +oo} . (3.2.3)
neL

Note that {L, (Z, W) ,n > 0} form a scale of Banach spaces that is for each 0 <7 <7 we

have
L, (zZ,W)CLsz(Z,W),

and the embedding is continuous namely

Iwiy < lIwll,, ¥ €L, (Z, W)
The assumption for this section is the following
Assumption 3.2.3 We assume that
(H1) F is continuously differentiable on M and

(i) DF(.): M — L (M) is Lipschitz continuous on M,
(i) F(M)= M.

(H2) There exists a constant ~ > 1, rates p > 0 and p, € (0, p) such that

(i) For each complete orbit complete orbit x = {x,}, ., of F the sequences A(x) =
{A(24)},ez C L (X") is exponentially dichotomic on Z with constant x > 1 and
exponent p > 0 associated to the families of projectors {13 } _, C L(X"), a =
u, s.
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(ii) For each x € M, the operator DF (z) : M — M is invertible. Furthermore for
each n € N we have

1
et < inf {|DF" () wl| s w € M, [[wl| = 1} < [DF" (@) gy, < v
K
(3.2.4)
(H3) For each i = c, h the map R; is bounded and Lipschitz continuous on M x X" that is
||Ri||C(MxXh,Xh) + ||Ri||Lip(MxXh,Xh) < +00,
with
HRZ'HC(MxXh,Xh) = sup |Ri(zy).
(z,y)EM x XN
(H4) A(.) is bounded and Lipschitz continuous on M that is
HAHLz’p(M,L(Xh)) + HAHC(M,L(Xh)) < 400, (3.2.5)
with

1Al ¢ (are(xnyy = sup 1A @)l ey -

(H5) There exists a complete orbit X = {Zy,}, ., C M of F such thatx € L, (Z,M).

Our main result is stated as follow

Theorem 3.2.4 Let Assumption 3.2.3 be satisfied. Let p,, p be given such that 0 < p, < p, <
p < p. Let n € (py, p) be given. Let us define

Kp = DF Ollipocon » and Ka = Al iy e (xn)) T 1Alloare(xny) -
Then there exist four constants ¢ := € (K, p, po, P, Po» Ka, Kr) > 0, K := R (K, p, pg, Ka) > K,

C = C (K, pos Po Ka,m) and v := 7y (K, p, P, po, Po, K 4, n) such that if

. ) 1
HRCHC(MxXh’Xh) < min (1,¢) and HRCHLz‘p(MxXh,M) < min (1, %> ,

and

1 1 1
R Rl } in{ —
maX{H h”C(MxXhJ\/[) |l h”sz(Mxxh,M) < min { 67 12C~’ 12C~2 HA”Lip(M o) } ’

then there exists some function ¥ : M — X" such that the graph

o~

M={(z,¥(x)):x e M},

has the following properties:
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(i) Foreach (x,¥ (z)) € M there exists a unique solution (x, ¥ (x)) = {(zn, ¥ (zn)) } ez Of
(3.1.11) with zo = z and (x,V (x)) € L, (Z, M) x L, (Z, X") .

G If (x,¥) = {(Zn, Yn) } ez, is asolution of (3.1.11) and y € L, (Z, X") then (zo,yo) € M.

(iii) The map ¥ : M — X" is bounded and Lipschitz continuous on M with the following
estimates.

6
sup || (z)| < v sup || By (z, 0)l],
xeM zeM

and

W () =@ @) <48 |1+ Al iy ey | 1Bl ip(arxr xoy 12 = 21, Y, 2 € M.

It is important to point out the fact that, in the system (3.1.11), when F' is a bounded
linear operator and A does not depend on the variable z, the above theorem corresponds
to the classical center manifold theorem for discrete time dynamical systems. We refer for
instance to Bravo de la Parra and Sanchez [23] for an application to population dynam-
ics discrete time models with different time scales (see also Bouyekhf et al. [27]). Such
systems (3.1.11) has been studied in Potzsche [130] when F' = I;(x) in a very general
manner considering explicit dependence of the discrete time and where the perturbations
R. and R, were considered to be at least continuously differentiable with respect to the
state space. See also Praly [132] who investigates a spacial case of [130]. However the
result in [130, 132] cannot be applied to our system due to the non linearity F' and the
Lipschitz regularity. For dynamical systems like (3.1.11) considering bounded and Lips-
chitz continuous perturbations, the literature is significantly small. We refer to Sakamoto
[145] and Yi [167] for ODEs and to [132] for finite dimensional discrete time system.

3.2.1 Consequence for 7 + T

Before stating the main result of this section, we will make in addition to Assumption
3.1.2, the following assumption.

Assumption 3.2.5 We assume that:

(i) There exists a complete orbit x = {x,}, ., of T in M with x €L, (Z, M).

(ii) DT (.): X — L (X) is uniformly bounded and Lipschitz continuous; that is
IDT Ollecx,eioy T IPT Ol pipx,c oy < 400 (3.2.6)
(iii) We have the following uniform bound

sup (|1 zx) < K, a =u,s. (3.2.7)
zeM
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The main theorem for this section is concerned to the persistence of the normally hyper-
bolic manifold M.

Theorem 3.2.6 Let Assumption 3.1.2 and Assumption 3.2.5 be satisfied. Let p,, p be given
such that 0 < p, < py < p < p. Let n € (py, p) be given. Then there exist 6 > 0 and a constant
~ > 0 such that if

+||T < 6%

Lip(X)

7l

then there exists some ¥ : M — X" such that the manifold
M={z+V(z):zec M},
has the following properties:
D Ifx+y ={xy + Yn}t,ez C M & X" is a complete orbit of T + T with
lynll <6, Vn € Z,

then zo + yo € M.

(ii) For each z+WV () € M there exists a unique solution x+¥ (x) = {z, + ¥ (#n) }rez C M
of T+ T withzg = z and (x, ¥ (x)) € L, (Z, M) x L, (Z, X").

(iii) W is a bounded and Lipschitz continuous map on M with
W (x) =¥ (2)| <70 |z — 2|, Vo, 7 € M, and

and

sup 0 ()] < 2 |7]

xeM C(X

where -y is the constant defined in Theorem 3.2.4.

Remark 3.2.7 Observe that the property (ii) stated in Theorem 3.2.6 ensures that the map
T +T: X — X is a bijection from M into M.

Proof of Theorem 3.2.6. As in the classical center manifold theorem, we will need the cut
off function x € C* (R, [0, 1]) defined by

[ if <,
x(t) = { 0. if [t] > 2 (3.2.8)

)

in order to modify the system

{ Tp+1 = T (xn) + RC (xTH yn) ’ ne N’ (3.29)

Yn+1 = DT (xn) Yn + Rh (:L‘nayn)a n € N.
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(or equivalently (3.1.2)) so that it satisfies Assumption 3.2.3. Let us firstly note that con-
ditions (H1), (H2), (H4) and (H5) stated in Assumption 3.2.3 are direct consequences
of Assumption 3.1.2 and Assumption 3.2.5 combined with (3.1.7) and Remark 2.3.5 in
Ducrot, Magal and Seydi [58] (see Chapter 2).

Next we claim that

I1Be e 9)ll < K IDT Ol Il +5 [T v @y) e Mx X" (3210

and

I8 (2. )1l < 26 1DT Oll iy oy Mol +26 | 7))V (wy) € Mx X% @.210)

while for each (z,y), (7,7) € M x X" we have

1B (2,y) = Be (2, 9)| < RIDT Ol ipx.coon e =2l + lly ol (3.2.12)

7)), =2+l =)
and
1B (,9) = Ba @D < 26 [DT (Ollegreoy e =2+ Iy =3l (3.2.13)
2u |||l =2+ )

+ HDT(’)HC(X,E(X)) ly =gl + [lz —z[ |1ll]

We will only give details for the estimates of ||R. (z,y)|| and ||R, (z,y) — Ry (Z,7)|| since
the arguments are quite similar and even easier for ||R. (z,y) — R.(Z,y)| and || Ry (z,v)|| -
Before proving this claim recall that due to (3.2.7) we have

Tl () < % and HH”HE(X) <N 2oy + Tl oy < 265, Y € M. (3.2.14)

Estimate of || R, (x,y)||: Let (z,y) € M x X" be given. Recalling the definition of R, in
(3.1.9), observe that we have

Re(e.y) = T[T (@+y) =T (@) +T(@+y)
1
= HC/ DT (z +ly)dl.y + TI°T (z + ). (3.2.15)
0

Hence since we have [1°DT (x) y = 0 by using (3.2.15) one can re-write R, (x,y) as

1
R, (z,y) = HC/ (DT (x + ly) — DT (x)]dl.y + TI°T (z +y) , Yu € X, (3.2.16)
0

and (3.2.10) follows by combining (3.2.16) and (3.2.6) with (3.2.14).
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Estimate of || R, (v,y) — Ry (Z,%)|: Let (z,v),(Z,4) € M x X" be given. Then recalling
the definition of R, in (3.1.9) one has

Ri(w,y) = Ru(@,5) = T[T (x+y) =T @+p]+ 10" [T (@+y) - T (@ +9)]
—DT (z)y+ DT (z)y

1
= [ DTty + (- D@ p)di a3ty
0
AU [T (2 +y) = T (2 + )
—DT (x) (y — §) + (DT (z) — DT (z))
so that using (3.2.14) and (3.2.6) one obtains

[1Bn (2, y) = B (2, 9) < 26([DT (leex e e =2l + [ly = 9l

mHTH =2+ lly = 5]

+1DT (')Hc x.co0 lv =l
HIDT Ol pipx. ey 2 =2l 31

and (3.2.13) follows. This completes the proof of (3.2.13).

Then it is clear that the maps R;, i = ¢, h do not satisfy the condition (H3) stated in
Assumption 3.2.3. Therefore to obtain this condition we consider, as in the classical center
manifold theory, the following truncated system

Tn41 = T (xn) + Rc (57 xnann) ) ne N’

{ Yn+1 = DT () Yn + R (8, Zn, yn) , m €N, (3.2.17)
with § > 0 and the maps R, (5,.) : M x X" — M and Ry, (6,.) : M x X" — X" defined by
Ri (6, 2,y) == x (vl 07") Ri (w,9), ¥ (z,y) € M x X", fori=c,h. (3.2.18)

Hence using the definition of y in (3.2.8) one may observe that the system (3.2.17)
agrees with the system (3.2.9) when ||y,|| < 0. Therefore by using (3.2.10)-(3.2.13) it
becomes easy to show that there exists a positive constant C;; > 0 depending only on

5 IDT Oll i e - 10T Ol oy and 1]l such that if
7]y 7y <
Lip(X)
then
sup  ||R; (8, 2,9)| < Coé?, fori =c,h, (3.2.19)
(z,y)eEM X XN
and
| Rp, (9, .)HMP(MXX,L’M) < Cpd and || R, (9, ')”Lip(MxXh,M) < Cyf. (3.2.20)
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The idea is to prove the persistence property for system (3.2.17) and deduce properties of
(3.2.9) (or equivalently (3.1.2)). In fact letting ¢ go to 0 ensure that there exists 5 > 0 such
that for each 6 € (0, dy) the condition in Theorem 3.2.4 are satisfied so that the properties
(i)-(iii) stated in Theorem 3.2.4 are satisfied for system (3.2.17). Thus the property (i)
stated in Theorem 3.2.6 follows by using the fact that the system (3.2.17) agrees with
system (3.2.9) when ||y, || < 0 as well as the Lipschitz property of ¥ in the property (iii).
Let us now show that the property (ii) stated in Theorem 3.2.6 and the uniform bound of
VU in the property (iii) holds true. To do so we make use of the property (iii) in Theorem
3.2.4 that is

6
sup ||V (2)]] < v sup || By (6, 2,0,
zeM zeM
with v > 0 given in Theorem 3.2.4. In fact since we have

Ry (0,2,0) = Ry (,0) =T (z), Yz € M,

it follows that

sup ||V (z) < VSUP HT H < 752 < 0 (up to reduce §),
rxeM

so that solutions (x,y) = {(Zn, Yn) },ez Of (3.2.17) starting from M satisfies
(x,y) €L, (Z,M) x L, (Z,X"),

and
Yn =V (), Vn € Z and [y, = ||V (z,)[| < 0.

This means that (x,y) = {(zn,Yn) ez = {(@n, ¥ (20))},,cz is also a solution of (3.2.9).
Therefore we deduce that M is invariant by (3.2.9). The proof is complete. [

3.2.2 Consequence for time continuous maps

In this section we will derive a consequence of Theorem 3.2.6 for time continuous maps.
Recall that a family {7'(¢)},., defines a continuous semiflow on X if

(1) TO)=Igxyand T (t+1) =T ()T (), ¥t,1 >0,
(ii) The map (¢t,u) — T (t) u is continuous from [0, +00) x X into X.
We also recall that v € C'(R, X) is a complete orbit of {T"(¢)},., if
v(t)=T{t—Dv(l), Vt,l € Rwitht > L.

The main result of this section is the following
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Theorem 3.2.8 Let {T (t)},5, be a continuous semiflow on X. Let Ty : X — X be a C' map
satisfying Assumption 3.1.2 and Assumption 3.2.5. Assume that there exists t, > 0 such that

v (to) == sup [T ()|l 1ipex) < +00, (3.2.21)
1€[0,t0]

and
T()M c M, Vi €l0,t).

Then for each p, and p with 0 < p, < py < p < p and each n € (p,,p) there exist two
constants 6 > 0 and 7 > 0 such that if

IT (to) = Toll oy + 11T (t0) = Toll Lipexy < 0%
then there exists some function ¥ : M — X" such that the manifold
M={z+V(z):zec M},
has the following properties:
(i) The map V is bounded and Lipschitz continuous on M with
W () =V (2)|| <70 ||lz — ]|, Vo,7 € M,
and
sup |1 (2)] < 2917 (t0) = Tll o
where -y is the constant defined in Theorem 3.2.4.
(ii) For each t > 0 the map T (t) is a bijection from M into M.

(iii) For each x + U (z) € M, there exists a unique complete orbit v : R —M of {T () }s0
with v (0) =z + VU ().

(iv) If v € C (R, X) is a complete orbit of {T (t)},, such that
|1 (¢)|| < 0, Vt € R,
then v (t) € M forall t € R.

Proof. It is clear that under conditions of Theorem 3.2.8, Theorem 3.2.6 holds true for
T =Tyand T = T (ty) — T, with § > 0 small enough. Let ¥ : M — X" be the map such
that the manifold

M={z+V(z):zec M},

satisﬁes the properties (i)-(vi) stated in Theorem 3.2.6 for T = Ty, T =T (to) — Tp and
T+ T =T (ty) . Therefore the condition (i) holds true. Before proceeding to the proof of
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properties (ii)-(vi) let us assume without loss of generality that ¢ satisfies also the inequal-
ity

§<— (3.2.22)
Ky (to) 2
wherein v (¢y) is defined in (3.2.21).
Proof of (ii): Let us first prove that
T (t)M = M, ¥t > 0. (3.2.23)
First of all we infer from Remark 3.2.7 that
T (to) M = M. (3.2.24)

Now let us prove that 7' (t) M = M for all ¢ € [0,,] .

Let t € [0,ty] be given and fixed. Let xo+¥ (zy) € M. Then there exists a unique
complete orbit x+V (x) = {z,+V (v,)},c;, C M of T (t;). Observe that the sequence
{T (t) (2 +¥ (z)) },,cz is @ complete orbit of T' (ty) . Hence in order to obtain that 7" (t) (zo+W (z¢)) €
M we only need to prove that

|TI"T (t) (20 + ¥ (2,))| < 6, Yn € Z, (3.2.25)

and apply the property (ii) stated in Theorem 3.2.6 for T + T = T (t;). In fact since for
each t € [0, ty] we have T'(t) M C M it follows that

T (t) (2, 4+ (2,,)) = O [T (t) (2 + ¥ () — T (t) ] - (3.2.26)

Next recalling that

762,

Ut O

6
sup |V (z)[| < v 1T (to) — Tollex) <
xeM 5
we infer from (3.2.22) and (3.2.26) that for eachn € Z

IT7 () oot @ )| < 1y 50 1T Dllipiaren sup 1 @)1

6
k7 (to) 5752
< 9,

IN

so that (3.2.25) holds true and we conclude that
T (t)M c M, ¥Vt € [0,t]. (3.2.27)

In order to obtain the inverse inclusion in (3.2.27) we just observe that by using (3.2.24)

we have ) . . )
M=T{)M=T )T (to —t) M C T (t) M, Vt € [0,1] .
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We have proved that . .
T(t)M =M, vVt €[0,t]. (3.2.28)

Finally for each ¢ > ¢, there exist n € N and [ € [0, ¢¢] such that ¢ = nt;, + [ and we obtain
by the semiflows property combined with (3.2.24) and (3.2.28) that

T(t)M="T (nto+1) M =T"(to)T (1) M = M, (3.2.29)

so that 7' (t) M = M for all t > 0.

It remains to prove that the map 7' () : X — X is one to one on M for each t > 0. To
do so let us recall that due to Remark 3.2.7 the map T (t) is a bijection from M into M.
Therefore by using the semiflows property we have

T (to) =T )T (to —t), Vt € [0,10],

and since 7T (t,) is one to one on M we obtain that for each ¢ € [0, %] the map T (t, — t) :
X — X is one to one on M or equivalently for ¢ € [0,t,] the map 7' (t) : X — X is one to
one on M. The conclusion for ¢ > t, follows from the semiflows property as is (3.2.29).
The proof of (ii) is complete.

Proof of (iii): Let u € M be given. Then due to the property (ii) one can define

v(t):=T{#)ue Mandwv(—t):=T ) 'ue M, Vt>0,

and the result follows by simple verification.
Proof of (iv): Let v € C (R, X) be a complete orbit of {7T'(¢)},, such that

| (¢)|| < 0, vVt €R.

Then we have in particular
|10 (mto) || < 6, Vm € Z. (3.2.30)

Next we first prove that v (pty) € M for each p € Z. To do so we will make use of the
property (ii) stated in Theorem 3.2.6. Let p € Z be given. Observe that since v € C' (R, X)
is a complete orbit of {7'(t)},., , the sequence {v (nty + pto)}, ., satisfies

v((n+1)tyg+ pto) =T (to) v (nty + pto) , Vn € Z,

so that {v (nty + plo)},; is @ complete orbit of T'(ty) and we infer from (3.2.30) and the
property (ii) stated in Theorem 3.2.6 that v (pty) € M.
In order to finish the proof ot (iv) we note that in general for ¢ € R one can write that

t =pty+ I withp € Zand ! € |0,t,]. Therefore since we have
v(pty+1) =T () v (pty) and T (1) M = M,

by recalling that v (pt,) € M for all p € Z it follows that v (pty, + 1) = v () € M. The proof
of (iv) is complete. ]
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3.3 Proof of the global center-like manifold theorem

The goal of this section is to provide a proof of the global center-like manifold theorem for
the system (3.1.11).
Next we fix the notations that will be used throughout this section. Letx = {z,}, ., be a

given sequence in ). For notational simplicity we denote in the sequel by {Ug (n,p)},~, C
L (M) the evolution semigroup associated to {DF ()}, ., C £ (M) that is
. | DF (zy_1)...DF (), if n > p,
Ug (n,p) = { Teon, if 1 = p, (3.3.1)

and by {Ux (n,p)},, C £ (X") the evolution semigroup associated to {A (z,)},., C
L (X") that is
A(zp_)...A(xy), if n > p,
Ux (n,p) = { ]E(Xh)’ if n = p. (3.3.2)

3.3.1 Preliminary lemmas

In this section we will give some technical lemmas that will be used in the sequel. Let us
firstly make the following remark

Remark 3.3.1 Observe that if x = {2y}, ., C M is a complete orbit of F then one has for

eachn > p
Ug (n,p) = DF""" (z,),

so that US (n,p) : M — M is invertible with inverse
US (p,n) = US (n,p) "« M = M
and condition (3.2.4) ensures that

HUi <n7p)”[,(]\/[) < H€p°|n7p‘, V(n,p) c 72

Next note that a direct consequence of condition (H1) and condition (H2)-(ii) in As-
sumption 3.2.3 is the following

Lemma 3.3.2 F is a bijection from M onto M and F~! is Lipschitz continuous on M with

N ipary < e (3.3.3)

1#
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Proof. Recalling that F' (M) = M it is sufficient to prove that F is one to one on M. To do
so let z, 7 € M be given. Then by using (3.2.4) one has

|F (2) — F ()] = /0 DF (lz + (1 — 1) @) dl. (x — 7)

1
> —e oz —z|. (3.3.4)
K

since [z + (1 — 1)z € M for each [ € [0,1]. This prove that F is one to one on M and that
(3.3.3) holds true. [

The next proposition is a perturbation result of exponential dichotomy along pseudo
orbits of F.

Proposition 3.3.3 Let conditions (H1)-(H4) in Assumption 3.2.3 be satisfied. Let 0 < p, <
Do < p < p be given. There exist ¢ := ¢ (k, p, py, Ka, Do, Kr,p) > 0and & := & (k, p, py, Ka) >
Kk with

Ky = HA”Lip(MXL(Xh)) + ”AHC(M,L(Xh)) and Kp = |[DF (')HL@'p(M,lI(M))’
such that for each sequence x = {w,},,., C M with
[ 241 = F (zn) || < e,
the following properties hold true:
(i) For each n,p € Z with n > p the operator U (n,p) : M — M is invertible with inverse
US(p,n) :=US(n,p)" : M — M (3.3.5)

and R
||U§ (n>p)||L(M) S E€p0|n—p\7 ‘v’(n,p) € Z’2'

(i) The family of operators {Ux (n,p)},, C L (X") has an exponential dichotomy on Z
with constant &, exponent p and projectors I1* (x) = {II% (x)},,., C £ (X"), a = u, s.

Proof. Proof of (i): Firstly note that one can say from Remark 3.3.1 that for each complete
orbit X = {Z,},., C M of F, {DF (Z,)},; C L (M) is exponentially trichotomic on Z
with constant «, exponents p and p, € (0, p) associated to the three families of projectors
{IIy (X) },,ez» @ = u, s, c such that

IT¢, (}_() = [ll(M) and I ()_() =1L (}_() = O[;(M), Vn € Z.
Let m > 0 be a positive integer satisfying

n(x+1) _po—r
m 2 7

(3.3.6)
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Let € > 0 be given. Let x = {x,},., C M be given satisfying

|Tni1 — F (x,)]| <e, ¥Yn € Z. (3.3.7)
Define the family of intervals {I;},_, of Z as

I; :==[im, (i + 1) m], Vi € Z.

Next on each interval I;, i € Z, we will rewrite { DF (z,,)},., C £ (M) as a perturbation of
a sequence {B.}, _, C L (M) which is exponentially trichotomic on Z.
To be more precise recall that F' is invertible on M and define for each i € Z

Bl .= DF (F"" (x,)) , Vn € Z.

Since for each i € Z A A A
X' = {x;}nEZ = {F”_Zm (xim)}nez’
is a complete orbit of ' we know that {B.} _, C L (M) is exponentially trichotomic on

Z with constant x, exponents p and p, € (0, p) associated to three families of projectors
{112 (x")},,ez» @ = u, s, csuch that

I (x') = Igr and I (x') =1L (x°) = Oz, Vn € Z.
Let us now show that for each i € Z the sequence of operators {DF (x,)}, ., C L (M) is

close to {B} ., C L(M) onI,.
Let us first observe that for each ¢ € Z one has

x§m+2 — Tim+2 — F? (Tim) — Timt2
= [F(F(zim)) = F (@ims1)] + [F (Tims1) — Time2]

= /1 DF (IF (zim) + (1 = DTimr1) dl. (F (Tin) — Tim41)
+OF (Tima1) — Timao
and since DF (.) is uniformly bounded on M and
IT (i) + (1 = Daipsr € M, VL € [0,1],
we infer from (3.3.7) that

| Zima2 — Tima|| < sup IDF ()| z(ary € + &

By observing that from (3.2.4) one has

sup || DF (@)l ary < Ke™,
zeM
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on can easily obtain by induction that for each k£ € [0, m]
szmﬂc — xszrkH < (1 + kefo 4+ ... + ﬁk_lePO(k_l)) e < (1+ ke’ 4 ...+ k"™ e.
Thus one gets for each k£ € [0, m]

| Biyn s = DF (Zim |DF (3 i4) = DF (@amri) || o oa)

< NDF Ol pipar,cany (1 + e + o+ 5™e™™) g,

) HL(M)

so that

elim i1y 1B = DF (@0)l| siary < IDF (Wl ipiar.ary (1+ 56 + 4 7™ e (3.3.8)

Now recalling that we have

P0+P0<P+P<

0< <
Po 9 9

P,
one can chose ¢ small enough depending only on &, m, py, g, 0, o, |1DF ()| 1ip(ar,cary) SO
that Corollary 2.5.3 in Ducrot, Magal and Seydi [58] (see Chapter 2) applies on each
interval I; := [im, (i +1)m], ¢ € Z and provides that for each i € Z, {DF (z,)}, ., C
L (M) is exponentially trichotomic on each I; with constant x + 1, exponents @ and
%ﬁ associated to three families of projectors {II;* (x)},,o; , @ = u, s, c. Moreover since we
have the isomorphism properties between the projectors {II\* (x)}, ., and {II3} (x")}
a=u,s,cwe get for eachn € I;

n€el;?

I} (x) = 1T, (x') = e,
I (x') = 1T (x') =TI (x) = 112 (x) = Ogqan)-

So one can summarize what we have proved as follow. On each interval I; = [im, (i + 1) m],
i € Z we have
US(n,p): M — M,

is invertible for each n > p in I; with inverse defined as in (3.3.5) and

PO+

102 (1, D)l gqary < (5 + 1) e 2207 v, p € T = fim, (i + 1) m]. (3.3.9)

Therefore it is clear that for each n,p € Z with n > p the operator U (n,p) : M —
M is invertible with inverse define as in (3.3.5). It remains now to give an estimate of
{Usg (n,p)},, C L (M) for n, p varying in Z.
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Now let n,p € Z such that n > p. Then there exists ¢,j € Z with ¢ > j such that n €
[im, (i +1)m] and p € [jm, (j + 1) m] so that by using (3.3.9) we obtain

1Ux (nvp)”[:(M) = [|Ux (n,im) U (im, jm) Uy (jm,p)Hz:(M)
< UL (n, ’im)”c(xc) 1Ux (im,jm)”a(xc) 1Ux (jmap>H£(M)
< (w4 1) " FEOm T (i, i) | cixe (B+1) )
< (k1P SRS 5 (i m)|
and since we have
[Ux (im, gm)|l g ey = U (im, (i = 1)m) ..U ((5 — 1) m, jm)|| 2 any

Po+Po

< (k4 1)) M im=jm)

)

it follows that

PO+P0

1Ux (n’p)HE(M) <(k+1)e >

Furthermore by observing that

(n=p) (5 4 1)+ (3.3.10)

m—jm-+m<n-—p,

we obtain from (3.3.10) that

Po+Po P

U (.0l ary < (k+1)e 2 (=P) (g +1)"m
(k+1) 257

N

n—p)+(n—p) et

IN

Finally we infer from (3.3.6) that

U (7, D)l p ey < (54 1) P00, (3.3.11)
We also have in a similar manner that for each n,p € Z withn > p

U5 (0, )|l papy < (54 1) P07, (3.3.12)

This completes the proof of (7).

Proof of (ii): The idea of the proof is the same as in the proof of (i). By proceeding as in
the proof of (i) one can easily prove that for a given positive integer m > 0 large enough
and ¢ small enough depending only on «, m, py, py, P, p and upon the quantity

mas {0 14 @) WAl uncony |
for any given sequence x = {x,},., C M

HxTLJrl —F (xn)H S &, Vn € Za
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the sequence {4 (z,)},., C £ (X") is exponentially dichotomic on each interval [im, (i + 1) m] , i €

Z with uniform constant x+1, and exponents @ and %ﬁ. Then Theorem 2.2.3 in Ducrot,
Magal and Seydi [58] (see Chapter 2) applies and allows us to conclude to the proof of

(ii). n
From now on, recalling that p, and p are given and fixed by Assumption 3.2.3 we fix

Do, p and n such that
0<py<py<p<pandn e (py,p)- (3.3.13)

As a consequence of the above lemma one can deduce the following technical lemma.

Lemma 3.3.4 Let conditions (H1)-(H4) in Assumption 3.2.3 be satisfied. Let x = {xn}neZ -
M be a sequence satisfying
|21 — F (@0)]| < e,

with € provided by Proposition 3.3.3. Then for each pair of sequences u = {u,},., C M and
w = {wy}, e, C M satisfying

Upr1 = DF (z,) up + wy, Yn € Z, (3.3.14)
we have (recalling (3.3.13))

ZoPo
sup ekl lukll < K ||uol| + 7/%A —  sup ekl |wgl|, Vn >0, (3.3.15)
1 — ¢Po—7
ke[—n,n| PO kel—n,n

and where % is provided by Proposition 3.3.3.

Proof. Letu = {u,},., C M and w = {w,}, ., C X satisfying (3.3.14). By using the
variation of constants formula one has

n—1

u, = Ug (n,p) up+ZU§ (n,k+ 1)wy, Yn > p. (3.3.16)
k=p
Hence for p = 0 in (3.3.16) we obtain
n—1
= Ug (n,0)ug + Y _US (n, k+ 1) wy, ¥n € N, (3.3.17)
k=0

Next multiplying the left side of (3.3.16) by U¢ (p, n) we obtain

n—1
Uy (p,n) wy = up, + Z Ug(p,k+1), Yn > p, (3.3.18)
k=p
so that letting n = 0 in (3.3.18) provides
-1
up = Ug (p,0)ug — Y Us (p,k+1), ¥p <0, (3.3.19)

k=p
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It remains to prove the estimates in (3.3.15).
Let n € N be given. Then on one hand, by using (3.3.17), we have

n—1
e fluall < e U (n, 0) ol + D e ™ U (ny k4 1) wy
k=0
n—1
< ol + 3 R IAOT up o |
=0 keo,n]
Re™
< R — —nk
< Eluoll + T kzl[a} e |lwgll
so that R
ok - ke " ok
sup e ™ ||lugl] < E||lugl| + ———=— sup e " ||wg]| - (3.3.20)
kel0n) 1 — €™ kcion

On the other hand by using (3.3.19) we have

-1
e lusnll < e |UE (=0, 0) uoll + > e |US (—n, K+ 1) wy|

k=—n
//56?30
o~ nk
< Rlluwoll + == P e [[wr |,
so that R
nk = Ke™ nk
sup € ||ugl] <R |uol| + ——=— sup €7 |jwy] . (3.3.21)
ke[—n,—1] 1 —epomn ke[—n,—1]
The result follows by combining (3.3.20) and (3.3.21). [

In the next lemma we prove a perturbation result for the z-equation of system (3.1.11).

Lemma 3.3.5 Let conditions (H1), (H2)-(ii) and (H3) in Assumption 3.2.3 be satisfied. Let
H : M x X" — M be a Lipschitz continuous map on M such that

| aparscm oy 1F iy < 1 (3.3.22)

Then for each sequence y = {y,}, ., C X" and zy € M, there exists a unique complete orbit
X = {Zn},cq C M of
Tpi1 = F(x,) + H (2p,yn), n € Z.

Proof. To prove this lemma we only need to prove that for each y € X" the map F (.) +
H(.,y) : M — M is invertible on M. To do so we will prove that for each 7 there exists a
unique = € M such that F' (z) + H (z,y) = Z by using a fixed point argument.

Let z € M be given.
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Recalling that F' is invertible from M into M one can define a map J : M — M by
J(z) =F (1 - H(2,y)),

and observe that
J(x)=x<+= F(x)+ H (z,y) = 7.

Now note that by using Lemma 3.3.2 one obtains for each z,z € M
17 (z) = J (@) < Sup [F 7 Lipany 1 (2, 9) = H (2, 9)]]
1 _
< sup [|F] iy SUP 1 | a1 = 211

and we infer from (3.3.22) that J is a strict contraction on the Banach space M. The result
follows. |

In order to state our next lemma we define for a given continuous function g : [0, 1] —
X the regularized pointwise Lipschitz constant at [ € [0, 1] as

; FE. 1 / /
Lip[g] (1) := l/l}%om lg (' +R)—g ()] (3.3.23)

This definition is inspired from the definition of the pointwise Lipschitz constant at [
[0, 1] given in [60] namely

: — 1
Lipg (1) := ] lg (L4 h) =g D] (3.3.24)
The following lemma reads as:

Lemma 3.3.6 Let g : [0,1] — X be a globally Lipschitz continuous function on [0, 1]. Then
we have

1
lo(1) =9l < [ Lipla (DA (@),
with \ the Lebesgue measure on [0, 1].

In order to prove Lemma 3.3.6 we will need a generalized version of Fatou’s lemma due
to Serfozo [150] and generalized in [80]. The version stated here is inspired from [80,
Lemma 3.2 and Lemma 3.3]. Let us define as in [150] and [80] the following “generalized
liminf” (respectively “generalized limsup”)

fo(l) = inf{ lim f, () : 1, — l}, (3.3.25)
n——+00
and
(1) = sup{ g_r+n fo(ln) : 1y — l} : (3.3.26)

where { .}, is a family of Borel measurable functions on [0, 1] .
The generalized Fatou’s lemma is recalled in the following lemma.
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Lemma 3.3.7 Let P ([0, 1]) be the set of probability measures on [0, 1] . Let {1, },..y C P ([0, 1])
and 1 € P ([0, 1]) such that
i, — 1 weakly,

that is for any bounded continuous function f on [0, 1]

/0 f(l),un(dl)—>/0 f () p(dl) asn — +oo.

If { fn},en 1S a sequence of non negative Borel measurable functions on [0, 1] then

1
/ fe(Dp(dl) < lim fo (D) 1, (dD) (3.3.27)
n—-+oo J(Q
and if in addition the sequence { f,,}, .y is bounded above we have
_ 1 1
fim / £ (D) . (dl) < / £ () (D). (3.3.28)
n—+oo 0 0

Remark 3.3.8 We should point out the fact that the usual version of Fatou’s lemma fails in
general for varying probability measures. In order to see this we consider

f () = 1rgnpy (1), V1€ [0,1], (3.3.29)

and observe that
f«(l)=0, Yl e[0,1].

Next consider the family of probability measures {11, },.x C P ([0, 1]) defined by

—_

3

J

0

)

S|

Mo =

3=

i

where §i, k = 0,1,...,n — 1 denotes the Dirac measure on [0, 1] concentrated on {%} It is

well known that i, — A weakly where X\ denotes the Lebesgue measure on [0, 1]. Furthermore
we have

1—/f MNdl) > lim 1f()un(dl):(),

n—-+00

while

0—/ fe (DA (dl) < lim 1f(),un(dl):O.

n—+oo J 0

Now by using Lemma 3.3.7 we are now able to prove Lemma 3.3.6.
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Proof of Lemma 3.3.6. To prove our lemma we will make use of Lemma 3.3.7. To do so
we will construct a sequence of bounded Borel non negative measurable functions { f,,}

neN
on [0, 1] and a family of probability measures {1, }, . C P ([0, 1]) such that
1
o) =g O < [ @) (), ¥ = 1. (3330)
0
To do so we observe that
n—1 k 1 k
IS99 ta)=90
s =g = 132t 700) 5
k=0 n
so that :
1= E 1)y _g(k
lo@-g < 25 |L6ra) oG g sy (3331)
k=0 n

Therefore by setting

Xl[ ](l),VnZL

0,1-1
n

and considering the probability measures {1, },,.y C P ([0,1]) defined by

where 6x, k = 0,1,...,n — 1 denotes the Dirac measure on [0, 1] concentrated on {%}

it becomes clear from (3.3.31) that (3.3.30) holds true. Furthermore the sequence of
functions { f,}, .y is bounded above due to the fact that g is globally Lipschitz continuous
on [0, 1]. Thus since p,, — A weakly with \ the Lebesgue measure on [0, 1] it follows from
Lemma 3.3.7 that

n—-+o0o

1 1
[ fu @) < [ 5@,
0 0
so that (3.3.30) ensures that
1
M@—MMSAfWMW%
Next we observe that due to Definitions in (3.3.23) and (3.3.26) we have

fr() < Liplgl (1), VI € [0,1],

and the result follows. n
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3.3.2 Proof of Theorem 3.2.4

The main idea of this proof is to re-write system (3.1.11) as the following fixed point
problem
x = K°(20,y) and y = K" (x,G (x,y)), (3.3.32)

where K¢, K", G are operators that will be precisely defined in the following lemmas.
Roughly speaking we will prove that for any given sequence y = {y,},., C X" and
xy € M there exists a unique sequence x = {z,},., C M such that

Tpnt1 = F(x,) + Re (Xn,yn), VR €EZ < x = K (20,y) - (3.3.33)

Hence we decouple the system (3.3.32) into a unique fixed point problemony = {yn},c; C
X" as

y =K" (G (,y)) o K* (w0,¥). (3.3.34)
This section is devided into two parts. The first part is devoted to the construction of
the fixed point problem (3.3.34) by defining explicitly the operators and studying their
properties while in the second part we will complete the proof of Theorem 3.2.4 by using
the results obtained in the first part.

3.3.3 Fixed point problem

In order to define the operator K¢, we first prove the following lemma. For technical
reasons that will appear in the proof of Lemma 3.3.12 we will explicitly write down the
dependence of the solutions of (3.3.33) with respect to the map R., y ={yn},c; C X"
and the initial value.

Proposition 3.3.9 Let conditions (H1) and (H2) in Assumption 3.2.3 be satisfied. Let ¢ > 0
be the constant provided by Proposition 3.3.3. Let us set (recalling (3.3.13))

AR Do

C := max {L, 4/@6’)0} ) (3.3.35)
1 — ePo—1

Then for each bounded and Lipschitz continuous map H : M x X" — M with

||H||C(M><Xh,Xh) <e€ and ||H||Lip(M><Xh7M) < 0_1, (3336)

for each sequencey = {y,,},, C X" and xy € M, there exists a unique solution x = {x,,}, ., C
M denoted by x := x (xo,y,H) of the problem

Tpi1 = F(x,) + H (zp,yn), n € 7. (3.3.37)

Moreover for each (xzo,y), (%o, ¥) € M x L, (Z,X"), each H, H : M x X" — M satisfying
(3.3.36) we have B
X(l‘o,y,H) —X (Qfo,}_’,H) S H"n <Z7M)7
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and
Hx(xo,y,hf)—)((J:O,SI,H)H77 < 2R ||zo — Zo| (3.3.38)

+C (”H”Lip(MxXh,M) + HFIHLip(MXXh,M)> ly - y”n

+2  sup |[H (z,y) — H (z,y)]|.
(z,y)EM X Xh

Proof. Firstly let us observe that if H : M x X" — M satisfies condition (3.3.36) then one
has

HH”C(MXXh7Xh> <eg, (3.3.39)

and R
KePo 1 oo 1
m "H|’Lip<M><Xh,M) < Z and Re ”HHLip(MXXh,M) < Z (3.3.40)

Thus by using (3.3.40) we obtain from (3.3.3) that HHHLZ.p(MXxh’X,L) IF~ | ipary < 1 and

we infer from Lemma 3.3.5 that for eachy = {y,},., € X", 20 € Mand H : M x X" — M
satisfying (3.3.36) there exists a unique solution x := X (z9,y,H) = {2}, of (3.3.37).
We will know prove further properties of this solution and in particular the dependence
with respect to zq,y and H.

Let (z9,y), (To,y) € M x L, (Z, X") be given. Let H, H : M x X" — M satisfying (3.3.36)
be given and let us denote

x =X (z9,y,H) and X :=x (xo,y,H) ,
the unique solution of

Tpi1 = F(x,) + H(zp,yn), n €Z, (3.3.41)

and

Tpi1 = F(Z,) + H (Zp,Yn), n € Z.
Next define for each [ € [0, 1]

ao () == lmo + (1 — 1) Zo and by, (1) := lyp+ (1 — 1) G, Vn € Z, (3.3.42)

and

G(l,)=IH\)+(1-10)H(). (3.3.43)

Observe that for each [ € [0,1] the map G (I,.) : M x X" — M is bounded and Lipschitz
continuous on M x X" and satisfies (3.3.36).

Moreover for each [ € [0,1], ao (1) € M and b (I) = {b, (I)},.c; € L, (Z, X") so that due to
the existence part, there exists a unique sequence solution of the system

ani1 (1) = F(an, (1)) + G (L a, (1) ,b, (1), n€Z. (3.3.44)
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Note that since ag (1) = ¢, ap (0) = Ty and
G(1,)=H()and G(0,.) = H,
by the uniqueness of the solutions one has
a, (1) =z, and a,, (0) = z,, Vn € Z. (3.3.45)

Furthermore recalling that /' and F'~! are both Lipschitz continuous on M and using the
fact that ao (.) : [0,1] - X aswellas b, (.) : [0,1] = X, n € Z are all Lipschitz continuous
on [0, 1], it is clear that for each n € Z, a,, (.) : [0, 1] — X is Lipschitz continuous on [0, 1] .
Therefore one can define for each n € Z, Lip[a,] (1), | € [0,1] as in (3.3.23).

We claim that for each [ € [0, 1]

supe || Lip [a,] ()| < 2R ||zo — Tol| (3.3.46)

nez
2RePo _ ~
+1 - — (HHHLip(MXXh,M) + HHHLz‘p(MxXh,M)> Iy = y”n

+( )Selzlé) - HH(x,y) — FI(x,y)H )

In order to prove that (3.3.46) holds true we will make use of Lemma 3.3.6 and Lemma
3.3.4. To do so we will first estimate the quantity + [a, (I + h) — a,, (I)]. Set

Un (I, 1) = % [an (14+h) —a, (1)), Vn € Zand 1+ h,l € [0,1], (3.3.47)

and note that by using (3.3.44) {u,}, ., satisfies for eachn € Z, [ + h,1 € [0, 1]
Uns1 (I,h) = DF (ay (1)) un (I, h) + fo (I, 1) | (3.3.48)
where we have set for eachn € Z, [ + h,l € [0, 1]

ful,h) : = % [F (an (1 + 1)) — F (an (1))] — DF (ay, (1)) % lan (1 + ) — a, (1{3.3.49)

—1—%[G(l+h,an(l+h),bn(l+h))—G(laan(l)abn(l))]'

Next we note that due to (3.3.44) and (3.3.43) one gets

|ans1 (1) = F (an ()| < €, Vn € Z, (3.3.50)
so that by using (3.3.48) we infer from Lemma 3.3.4 that
PP p e S LB, € N.

sup e fuy, (I, B)|| < R [luo (I, B)|| + 1 8
€l—n,n|
(3.3.51)

kel—n,n] —ePoTT g
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Next on the one hand we derive from (3.3.49) that for eachn € Z, [ + h,l € [0, 1]

Lo(Lh) = %/O (DF (san (1+ h) + (1— ) an (1)) — DF (an (1))] s [an (I + h) — an (1]

1
On the other hand by setting for each n € Z, I + h,l € [0, 1]
gn(L,h) =G+ hya, (I4+h), b, (I+h)—G(a,(l),b, (1)), (3.3.52)

one has
1
£ @I < IDF Ol spiar.ccany b ltn GBI+ g (1] (3.3.53)

Let us now derive an estimate for the norm of g, (I, ). To do so, recalling (3.3.43), we
obtain that for eachn € Z, [ + h,l € [0,1] :

gn(Lh) = (I+h)H (a, (I+h),b, (I+h)+ (1 —1—h)H (a, (I +h),b, (I +h))

—lH (ay (1), b, (1)) = (1 = 1) H (an (1) , by (1))

= [[H(an(I+h),b,(I+h))—H (a,(l),b, (1))]
+h [H (ap (I+h) by (14 h)) — H (an, (L+ 1), b, (I + h))]
+ (1= 1) [H (an (L4 h) , by (L+ h)) — H (ay (1), b, ()] -

Hence we get for eachn € Z, 1 + h, 1 € [0, 1]
lgn A < (I L pipatcnay + [ E ]y aiscxn an) ) llan (4 1) = an ()] (3:3.54)

(1 N ipapnan) = 1B i arxoany ) 1o (L 1) = b (D
+h  sup ||H (z,y) — H (z,y)]].

(zy)eMx XM

Plugging (3.3.54) into (3.3.53) yields for eachn € Z, [ + h,l € [0, 1]
1o GBI < IDE Ol pipar,ccary P lam (4RI (3.3.55)
T <||H||Lip(MxXh,M) + HHHLz‘p(MxXh,M)> [[un (L, )]

(i arnan) + 1 pgarsccn ) 7 100 0+ 8) = o O

+ sup HH(.T,y)—H({L',y)H
(z,y)EM x XN

Now observe that due to the definition of a, (/) and b (I) = {b,, (1)}, in (3.3.42) we have
forn e Z,1+ h,1 €10,1]

uo (I, h) = z9 — Ty and % o (L4 1) — b ()] = 4 — (3.3.56)
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so that
Ifo (LR < ||IDF (')”Lip(M,L(M)) hun (L, h)H2
* <||H||Lip(MxXh,M) + HHHLz‘p(MxXh,M)> [[un (1, D)
+ <||H||Lip(M><Xh,M) + HHHLz‘p<M><Xh,M)> ||yn - @n”
+  sup|H (z,y) - H(z,y)|.
(z,y)EM x XN
Recalling that

lim wu, (I',h) = Lip[a,] (I) < +o0,

I'—1,h—0

one obtains that for each n € Z
l/al%,rf{lao ”f" (l/’ h)” S <HH”LZ‘p(M><Xh,M) + HHHLip(MxXh,M)> Lip [a"] (l) (3357)

(1 g ar) + 1B iparn ar)) 1 = 3l
+ sup HH(:c,y)—H(x,y)H.

(z,y)EM X Xh

Therefore combining (3.3.51) with (3.3.56) and (3.3.57) we obtain that for each n € N
and [ € [0, 1]:

s[up ]e"““ | Lip [ax] ()] < & ||xo — Zol| (3.3.58)
ke[—n,n
RePo _
""1 - — (HHHLip(MXXh,M) + HHHLip(MxXh,M))
x sup e M| Lip[ay] (1)]]

ke[—n,n]
KePo _
+1 g — (HHHLip(MXXh,M) + HHHLip(MxXh,M))

x sup e "M e — Ul

ke[—n,n]
+ sSup HH(.%‘,y)—H({L',y)H
(z,y)EM x XN
Hence by using the fact that
sup e My — 7l < |y — yll,, vn €N, (3.3.59)

ke[—n,n]
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we infer from (3.3.58) and (3.3.40) that for eachn € Nand [ € [0, 1]
sup e " Lip[a] ()] < 28 ||z — o)
k€[—n,n]
2k ePo _ ~
+1 - R— <”HHLip(M><Xh,M) + HHHLip(MXXh,M)) ly = y”n
+2  sup ||H (z,y) — H(z,9)],

(z,y)EM X XN

and (3.3.46) follows.
Next we infer from Lemma 3.3.6 and the equalities in (3.3.45) that for each n € Z

e |z, — || = e [|an (1) — ay (0)]] < e—nln/0 Lip[a,] () X (dl) < /0 Lip[a,] (1) X (dl),

and since we have

1
/ Liplag (DA (dl) < 25 [l — 3o
0
2RePo _ ~
+1 — ePo—n (”HHLZ‘p(MxXh,M) + HHHLip(MxXh,M)> ly =¥,

+2  sup ||H (z,y) - H (z,y)
(z,y)EMx XN

I

estimate (3.3.38) follows and completes the proof of Proposition 3.3.9. ]

Notation 3.3.10 For convenience for the next argument we introduce for each n > 0 the set
E,(Z,M) :={x €L, (Z,M) : (A-1) and (A-2) are satisfied} ,
where
(A-1) for each n > p, the operator US (n,p) : M — M is invertible with inverse US (p, n) and

1US (n,p) y|| < RePo"Ply||, Yy € M, ¥ (n,p) € Z*. (3.3.60)

(A-2) {Ux(n,p)},s, C L (X") has an exponential dichotomy on Z with constant % and expo-

nents p > p, associated with projectors {II$ (x)},.c,, @ = u,s.

Recall that condition (A-2) implies that
H;LL (X) + HZ (X) = [E(Xh)7 Vn € Z,

Ug (n,p) := 11}, (x) Ux (n, p) = Ux (n,p) I} (x), ¥n > p, a = u,s,
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and Uy (n, p) is invertible from R (II% (x)) into R (II% (x)) with inverse
Uy (p.n) « R (IT; (%)) = R (11 (%)) ,
while the growth estimates are given as

U2 (n,p) T (x) y|| < Re PP |ly||, Vy € X", (3.3.61)
UL (p,n) T (x) y|| < Re PP y|, Yy € X" (3.3.62)

Remark 3.3.11 Observe if x € E, (Z, M) then due to (3.3.61) and (3.3.62) one has
U (n,n) IS (X)||£(Xh) = ||TI3 (X)||£(Xh) <k, Vn€Zand o = u,s.

In the next lemma we give the precise definition of K¢ stated in (3.3.32) as well as
some properties that will be used in the sequel.

Lemma 3.3.12 Let Assumption 3.2.3 be satisfied. Assume moreover that
HRCHC(MxXh,Xh) < e and HRCHL@'p(MxXh,M) <Cc7
where ¢ is defined in Proposition 3.3.3 and C' given in Proposition 3.3.9. Then the operator
K¢:MxL,(Z,X") = E,(Z,M),
defined by x = K¢ (x¢,y) with x given by the solution of
Tpi1 = F(x,) + Re (Tp,yn), n €7, (3.3.63)
is well defined and satisfies the following Lipschitz estimate:
1K G, ¥) = K2 (@0, 5, < 2 120 = Toll +2C IRl papcrnny Iy = 9, (3.3.64)
for each (z0,y), (%o, ¥) € M x L, (Z, X").

Proof. Let us notice that under conditions of Lemma 3.3.12 one obtains from Proposition
3.3.9 that for each (zo,y) € M xL, (Z, X") there exists a unique solution x = x (zo,y, R.) =
{#n},ez € M of (3.3.63). Furthermore we have

Next we prove that for each (z,y) € M x L, (Z, X") the solution x (zy, y, R.) of (3.3.63)
belongs to L, (Z, M) .

Let (zo,y) € M x L, (Z, X") be given. Recall that due to condition (H5) there exists
a unique complete orbit X = {¥,}, ., of F' such thatx € L, (Z, M) C LL,,(Z, M) (p, < n).
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Note that according to the notations of Proposition 3.3.9 one also has X = x (7, y,0) where
0 is understood as the null function from M x X" into X". Therefore one has

X (l‘o, Yy, Rc) —X (§07y70> S ]L’W (Za M) .

Writing X (‘TOa Yy, Rc) = [X (an Yy, Rc) - X (‘//L‘\Oa Yao)] +x (jT\(), y70) it follows that x (i’o, Yy, Rc) €
L, (Z, M).
Thus by setting

K¢ (zo,y) ==x(z0,y,Re) € Ly, (Z, M), ¥V (x9,y) € M x L, (Z,Xh) ,

the inequality (3.3.64) follows from (3.3.38). Finally we infer from (3.3.65) and Proposi-
tion 3.3.3 that
K¢ (z0,y) € E,(Z, M), ¥ (o,y) € M x L, (Z,X") .

The proof is complete. ]

Now it remains to state a precise definition of operators K" and G (see (3.3.32)). To
do so let us first prove the following integrale representation for the resolution of the
y—equation.

Lemma 3.3.13 Let conditions (H1)-(H4) in Assumption 3.2.3 be satisfied. Let x = {:zsn}nEZ €
E, (Z, M) be given. Then a sequence 'y ={y,}, ., € L, (Z, X") satisfies

Ynt1 = A(xn) Yn + Ry (Tn, yn) , n € Z, (3.3.66)
if and only if
n—1 +o00
Yo=Y Us(n,k+1)Ry(x,ye) — > Ut (nk+1) Ry (zi,0), Vn €Z.  (3.3.67)
k=—00 k=n

Proof Let x ={z,},; € E,(Z,M) be given. Let y ={y,},., € L, (Z,X") satisfying
(3.3.66).
Thus due to the variation of constants formula one has

n—1

Yn = Ux (n,p) yp + Z Ux (n,k+ 1) Ry (zx, yx) , Yn > p. (3.3.68)

k=p
On the one hand, multiplying the left side of (3.3.68) by II? (x) yields

n—1

IT, (%) g = U3 (m,0) gy + 3 Us (k4 1) Ry (e, ) , ¥ > . (3.3.69)

k=p
Thus since 1 € (p,, p) and

Uz (. p) | < R POy, ¥n > p,
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by letting p go to —oco in (3.3.69) one gets

n—1
I (X)yn = Y Us(n,k+1) Ry (z,3), Vn € Z. (3.3.70)

k=—o00
On the other hand multiplying the left side of (3.3.68) by U} (p, n) II; (x) we obtain

n—1

U (p,n) yn =TI (x) yp+ Y Ust (p, ki + 1) By (i, yi) - Y > p. (3.3.71)

k=p
Thus since 1 € (p,, p) and
U (p,10) ull < R PP |yl ¥n > p,
by letting n go to +oo in (3.3.71) one gets
+oo
I (x)yp = — > Up (p,k+1) Ry (2, 41) , Vp € Z. (3.3.72)
k=p

Since y,, = 1% (x) y,, + [I¥ (x) y,, € X" for all n € Z, adding up (3.3.70) to (3.3.72) (with p
replaced by n), yields to (3.3.67).

Conversely lety € L, (Z, X") satisfy (3.3.67). Then one easily obtains that (3.3.66) holds
true by multiplying the left side of (3.3.67) by A (x,,) . ]

The foregoing lemma allows us to define the operator K" stated in (3.3.32).
Lemma 3.3.14 Let conditions (H1)-(H4) in Assumption 3.2.3 be satisfied. Then the operator

K":E,(Z,M)xL,(z,X") =L, (Z,X"),

given by
n—1 400
K'(xy), =Y Usmk+1)y—Y Ut(nk+1)y, ¥ne, (3.3.73)
k=—o00 k=n

is well defined. Moreover if one sets v > 0 defined by

re' rRe P R re P
l—er? l1—er? 1l—e? 1—e7?]’

7 := max {
then the following properties hold true:
i) Foreachx € E, (Z,M) andy € L, (Z, X") we have

K" ¥, < lyll,- (3.3.74)
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ii) Foreachx € K, (Z, M) andy € Lo (Z,X") (see (3.3.75)), K" (x,y) € Lo (Z, X") and
1" Gyl < v ¥l - (3.3.75)
iii) For each x,x € E, (Z,M) and y € L, (Z, X") we have

H’Ch (x,y) = K" (%, Y)Hn <7’ ||AHLz‘p(M,L(M)) Iy llo llx— iHn : (3.3.76)

Proof. Note that since K" (x,0) = 0, property (i) will imply that K" is well defined and
maps into L, (Z, X h). Therefore we will directly focus on properties (i), (ii) and (iii).
Proof of (i) and (ii): In order to prove (i) and (ii) let us fix € [0,p]. Let x € E, (Z, M)
and y € L; (Z, X") be given. Then by using (3.3.61)-(3.3.62) one has for each n € Z

n—1 +oo
MK eyl < 3 ReTMMeTOTE lyl] £ 3 Re e P iy |

k=—o00 k=n
n—1
< Z R Inl g —P(n—k—1) k| Iyll; +Z,{e 7n| ,—P(k+1-n) k| Iyl
k=—o00 k=n
n—1 +o0o
< Z Rell(n=k) =p(n—k-1) ||yHﬁ+ den(n—k)e—p(kﬂ—n) HY“ﬁa
k=—o00 k=n
so that
—7lnl || b e’ Re?
ein H]C (x,y) H < 17 1yl + = lylls, Vn € Z. (3.3.77)

Hence chosing 77 = 0 and 7) = ) in (3.3.77) we obtain
K" x,¥)|[, < v llyll, and K" (x3)[|, < vyl

where we have set

—~ ~ ~

re' N Re P " N ke~ P
v 1= max _ _: _ _ 5.
l—em? 1—etr P 1—eP 1—¢eP

This completes the proof of (i) and (ii).

Proof of (iii):

Letx,x € E, (Z, M) and y € L, (Z, X") be given. Firstly note that multiplying the left side
of K" (x,y), (resp. K" (X,y),) by A (z,) (resp. A(Z,)) yields

A(x,) KM (%, ), +yn = K" (x, Y)pi1, V0 € Z, (3.3.78)

and
A(x,) KM R,y), +yo = K" (X,y),.,, Vn € Z. (3.3.79)
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Therefore by setting

an = K" (x,y), - K" (%,y), € X", Vn € Z, (3.3.80)
and
by = [A(2n) — A (@) K" (R,y), € X", ¥n €Z, (3.3.81)
one has
ani1 = A(x,) ay + by, Yn € Z. (3.3.82)

Hence since y € L, (Z,X") C L, (Z,X") by using (3.3.80) and property (ii) one can
easily see that a € L, (Z, X") C L, (Z, X") . Therefore by using similar arguments as in
the proof of Lemma 3.3.13 we obtain that the sequence a = {a,}, ., satisfies

n—1 +o0
an =Y U(nk+1)by— > Us(nk+1)b, Vn € Z. (3.3.83)
k=—o00 k=n

Furthermore recalling that A (.) is Lipschitz continuous on M we obtain

1oall = [[[A (z0) = A@IIE" (X, ¥)ull < NAl ipar.camy 120 = Tall [[K" (x,3),,

, Vn € Z.

(3.3.84)
Thus since y € Lo (Z,X") and x,x € E, (Z, M) C L, (Z, M), (3.3.84) combined with
property (ii) provide that b € L, (Z, X") and

Bl < AN Lipa e any 1% =X, ¥ [[yllo - (3.3.85)

Now since b € L, (Z, X") it follows from (3.3.83) that a = K" (x, b) and due to property
(i) we obtain
lall, = [[£" (x,b)||, < b,

Finally (3.3.80) and (3.3.85) combined with the above inequality imply that
lall, = [|K" (x,3) = K" & )|, < vIbll, < ¥ 1A Liparcam 71X =X, Iyl (3.3.86)
The proof of (iii) is complete. [
In the next lemma we deal with operator G stated in (3.3.32).
Lemma 3.3.15 Let condition (H3) in Assumption 3.2.3 be satisfied. Then the operator
G:E,(zZ M)xL,(Z,X") - L, (Z,X"),

given by
g (Xa y>n = Ry, (.’L’n, yn) R Vn € Z.

is well defined. Moreover the following properties hold true:
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i) foreachx € E,(Z, M) and y € L, (Z, X") we have
G (x.y) € Lo (2.X") and 16 ()l < IRilourmccs ) (3:3.87)
i) foreach x,x € E, (Z, M) and y,y € L, (Z, X") we have
16 6, ¥) = G (% 9y < IRull ip(arxr oy [y =9, + Ix=x],] - (3.3.88)

Proof. The proof of this lemma is straightforward and thus omitted. ]

3.3.4 Proof of Theorem 3.2.6

Now with the above material we are able to give the proof of Theorem 3.2.6.
Proof of Theorem 3.2.6. The proof of this theorem is divided into three steps. Assume
that

. ) 1
HRCHC(MX)(},,’X;L) < min (1,¢) and HRCHMP(MX)(}L’M) < min (1, %) : (3.3.89)

with € given in Proposition 3.3.3 and C given in Proposition 3.3.9. Assume moreover that

1 1 1
e {1 Ballo(anscxn ) | Ballp(arsccear) p < i { 67" 12C7" 12C7 1Al yyar 2omy } |
(3.3.90)
Step 1: Existence of an invariant manifold.
Let us notice that according to Lemmas 3.3.12-3.3.14 we know that sequences x € IL,, (Z, M)
and y € L, (Z, X") satisfy the system

Tp4+1 = T (:L'n) + Rc (:L'na yn) 5 n c Z’:
3.3.91
{ Yn+1 = DT (xn) Yn + Rh (xnayn) , N Z, ( )
if and only if
x =K (z0,y) € E, (Z, M), (3.3.92)
and
y=K"(,G(.,y)) oK (x0,y) €L, (Z, Xh) ) (3.3.93)

Therefore the above system ((3.3.91) or equivalently (3.3.92)-(3.3.93)) decouples and it
is sufficient to solve the fixed point problem (3.3.93) for each xy € M.

Now we will prove that for each given zy € M there exists a unique y :=y (zy) €
L, (Z, X") satisfying the fixed point problem (3.3.93). To do so we define the operator

J:MxL,(Z, X" - L, (z,X"),

by
J (o, y) = K" (,G (., y)) o K (20, y), ¥ (20,y) € M x L, (Z, X").
which is well defined due to Lemmas 3.3.12-3.3.14.
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Claim 3.3.16 We claim that there exists a constant Cq > 0 such that for each y,y €
L, (Z,X") and xo,zy € M

”‘-7 (x07y) - \-7 (i‘07y)Hn S CYO ”RhHLip(MXXh7Xh) on - EOH (3.3.94)
1 _
+5 ly =¥, -
In order to prove our claim let us define for a giveny,y € L, (Z, X h) and zg, 1o € M
x :=K¢ (zo,y) € E, (Z, M) and X :=K° (Z,,y) € E, (Z, M) . (3.3.95)
Then one has

J (z0,y) = T (#0,9) = K"(x,G(x,y)) —K" (%G (X,7))
K" (x,G (x,y)) — K" (x,G (%.9))]
+[K"(x,6(%,9) - K" (%,6 (%,))]

so that by using (3.3.74) and (3.3.76) we obtain

1T (z0,y) = T (Zo,¥)l, < 719xy) -G &),
+v AN Lipar, ey 19 & 9) Ml [1x — X[, -

Hence since
19 (%, %) = G &9, < 1Bl pip(apsxn oy 1 = 51, + I ==, |

and
||g (3_(7 S’)Ho < HRth(Mxxh,Xh) )

it follows that
17 (0,3) = T @03y < 3 1By (apscriny [y =51, + Ix = %I, ] (3:3.96)
+’72 ”AHLz‘p(M,L(M)) HRh”c(MXxh,Xh) ”X - 3_(”77 .
Recalling the definition of x and X stated in (3.3.95) we infer from (3.3.64) that

Ix =%, = [IK*(z0,y) = K* (Zo, ¥)I, (3.3.97)
< QEHIEO - fOH +2C ||RC||Lip(M><Xh7M) ||y - }_’Hn

Therefore by plugging (3.3.97) into (3.3.96) one gets
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1T (20, ¥) = T (@0, ), < Y IBul ip(arex x0) 25 120 — ol

+’72 ”AHLz’p(M,ll(M)) HRhHC(MxXh,Xh) 2K ||lzo — Zo|

+v ||RhHLZ-p(MXxh,Xh) ly =¥,

F207 1Bl s ) 1Rl iparscscionn) Iy = 91,

+20W2 HAHLip(M,E(M)) ||RhHC(M><Xh,Xh) HRCHLip(MXXh,M) Hy - 3_’”77'
Setting

Co:=2r [V + 72 ||AHLz‘p(M,L(M))] ’ (3.3.98)

we conclude from (3.3.89) and (3.3.90) that Claim 3.3.16 holds true.
Next we infer from (3.3.94) that for each 2o € M and y,y € L, (Z, Xh)

1

so that the uniform Banach fixed point theorem ensures that for each x(, € M there exists
a unique fixed point y := v (o) = {¢ (%0),,},, o5, of T (20,.) in L, (Z, X") such that

¥ (20) = K" (-, G (.4 (x0))) 0 K° (o, % (0)) -
Then we can define amap ¢ : M — X" as
U (x0) := ¥ (20)y, Vo € M, (3.3.100)
and we consider the manifold

M = {(x, ¥ (x9)) : o € M} . (3.3.101)

Step 2: Invariance of M.

In this step we will show that M is invariant under system (3.3.91). To do so let (zg, ¥ (z0)) €
M then there exists a unique (x,y) € E, (Z, M) x L, (Z, X") satisfying (3.3.91). Now let
p € Z be fixed and consider (X,y) € L, (Z, M) x L, (Z, X") defined by

Tn = Tpyp and Y, = Ynip, VN € Z.
Then it is easy to verify that (X,y) € E, (Z, M) x L, (Z, X") and satisfies (3.3.91) so that
Yo =V (To) <= yp =V ().

That proves the invariance of M since p € Z is arbitrary.
Step 3: Properties of V.
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Let us prove that ¥ is uniformly bounded on ). To do so we know due to the invariance of
M that for each = € M there exists a unique (x,V (x)) = {(2n, V (2,))},,c; € Ey (Z, M) x
L, (Z,X") with 2, = « satisfying (3.3.91) and V¥ (x) satisfies

U(x) = K"(,G(,¥(x))) oK (z0, ¥ (x))
- ’Ch (X> g (X> v (X))) >
with x = K¢ (x, ¥ (x)) . Recalling (3.3.74) we obtain
1 )l = [ K" (x.G (x, ¥ (x)))]|, <G (x, ¥ (x))]l,,
so that
W x)[l, <vIG x ¥ ), <79 (x, ¥ (x)) =G (x,0)[, +7F (x,0)],-
Then by using (3.3.88) we obtain
1 GOl = Y I BAl ip(arxcn x0) 12 G, + 711G (x, 0)]], -

This re-writes due to (3.3.90) as

8
¥ &), <
TT 1=y ”RhHLz‘p(MxXh,Xh)

6
IG (x, 0)ll,, = 71 (x, 0)1,- (3.3.102)

Now we use the explicit expression of the operator G to deduce that

1G (%,0),|| = | Rp (zn,0)|| < sup Ry (z,0)], VYn € Z. (3.3.103)
S
Then we infer from (3.3.102) and (3.3.103) that
6
I G)ll, < & sup [|Ba (2, 0]
xeM

and it follows that

6
sup ||V (2)]| < =7 sup | Ry, (x,0)]| . (3.3.104)
xeM xeM

Next we prove that the map ¥ : M — X" is Lipschitz continuous on M. Let 2,7 € M
be given. Then we know that there exists (x,V (x)) = {(zn, ¥ (2n))},cz € Ey(Z, M) x
L, (Z,X") and (X,V (X)) = {(Zn, V (Z,))},cr € B, (Z, M) x L, (Z, X") with 2 = z and
ZTo = T such that

x = K (20, ¥ (x))
{ v ol (3.3.105)

% = K° (20, ¥ (X))
{ v i ol . (3.3.106)
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Hence due to (3.3.94) one gets
196 =R, < Coll Bl (arexe oy 70 — ol
1 60— ¥ (R,
(with Cj defined in (3.3.98)) so that
1% () = @ (®)], < 2C0 [1Rull iy (s ) 120 = Foll.
One deduces that
1V (o) =W (Zo) | < 2C0 [[Bnll Lip( s x0) w0 — Toll

This completes the proof of Theorem 3.2.6.

(3.3.107)

(3.3.108)

(3.3.109)



Chapitre 4

Asymptotic behaviour near the
persistent invariant manifolds

4.1 Introduction

The invariant foliations theory is a very important tool in understanding asymptotic be-
havior of solutions of dynamical systems near invariant manifolds. Special interest is to
understand how solutions are moving toward or away from the invariant manifold at a
specific rates. Specifically one would like to know if the solutions moving toward are at-
tracted by a solution lying in the manifold. This is the case in the global center manifold
theory for non hyperbolic equilibrium points. In fact it is a well known that a solution
starting outside the global center manifold is exponentially attracted by a unique com-
plete orbit lying in the global center-unstable manifold. Such a question is well known
and extensively studied in the literature. We refer for instance to Vanderbauwhede [159]
and Chow, Li and Wang [36] for a nice introduction in the context of ordinary differential
equations and for example to Chen, Hale and Tan [33], Liu, Magal and Ruan [90] as well
as the references therein for the infinite dimensional dynamical systems.

In the context of normally hyperbolic (or hyperbolic) invariant manifolds existence
and smoothness of invariant foliations was proved in Hirsch, Pugh and Shub [77], Fenichel
[65, 66] for finite dimensional dynamical systems (see also Jones [81] and Wiggins [166]).
We also refer to Kirchgraber and Palmer [85], Sakamoto [146] for applications of invariant
foliations to linearization of vector fields near invariant manifolds for finite dimensional
systems and to Sakamoto [144] for application to heteroclinic connection. Bates, Lu and
Zeng [22] give an extension of the foliations theory to compact normally hyperbolic in-
variant manifolds for semiflows in Banach spaces where the authors prove a very general
result. They later generalize their result in [20] to the so called approximately normally
hyperbolic manifolds with no compactness assumption. All the previous cited references
are concerned to continuous time dynamical systems while for the discrete time cases we
only refer to Vanderbauwhede [162], Aulbach and Potzsche [12], Potzsche [131], Aulbach
and Wanner [11] for related results.
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In order to clarify our work and put it in the context of invariant foliations theory, we

consider the system
Up1 =T (up), ug € X, 4.1.1)

where (X, ||.||) is a Banach space and 7" : X — X a continuously differentiable map on
X. Let T : X — X be a Lipschitz continuous map and consider the following perturbed

system )
Up1 =T (up) + T (uy), uo € X. (4.1.2)

Then we will make the following assumptions.
Assumption 4.1.1 We assume that the map T : X — X is continuously differentiable and

(H1) There exists a normally hyperbolic invariant subspace M C X of T with rates 0 < p, < p
and constant k (see Definition (3.1.1) in Chapter 3 for more general definition), this
means that there exists a closed vector space X" such that

(i) T (M) = M and for each x € M, there exists two closed subspaces X, o = u, s
with
XhM=X@ X" and X = M @ X", (4.1.3)

and
DT (x)M Cc M, DT (z) Xy C Xy, for a =u,s.

(i) for each x € M, DT (x) is invertible from M (resp. X“) into M (resp. X!) with

IDT™ (@)l x5y < we™" 1 414
inf {||DT" (z) || : z* € X and ||z"| =1} > —ef™, o
K

1
—e " <inf {||DT" (x) || 2% € M and ||2%]| = 1} < [|1DT" ()| ary < re™™
(4.1.5)

(iii) The projectors 11%, o = u, s and I1¢ associated to the state decomposition (4.1.3)
that satisfy for each x € M

R(I7) = X7

x

a=u,sand R (II°) = M, (4.1.6)
with

NI =X oM, N(IL)) = Xy @ M and N (I1°) = N (IT}) = X & X3,
are uniformly bounded on M, that reads as

up 112wy < 4y 0= s and [T < 4.1.7)
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(H3) There exists a complete orbit x = {x,,}, ., of T in M with sup,,c; e " ||z, || < +oc.

(H4) DT (.): X — L (X) is uniformly bounded and Lipschitz continuous on X that is

IDT ()llex,co0) T IPT Ol pipcx,e i) < 00 (4.1.8)

Let us notice that in the foregoing Assumption we take, without loss of generality, the
same constant x in (H1)-(ii) and (H1)-(iii) in order to simplify the computations in the
sequel. In fact if we have two different constants «q and «; respectively in (H1)-(ii) and
(H1)-(iii) one can replace them by s := max {ko, ;1 } so that the conditions (H1)-(ii) and
(H1)-(iii) remain true.

For the sake of completeness, let us now recall the result obtained in the previous
Chapter 3 for the perturbed system (4.1.2).

Theorem 4.1.2 Let Assumption 4.1.1 be satisfied. Let p,, p be given such that 0 < p, < p, <
p < p. Let n € (py, p) be given. Then there exist § > 0 and constants 7 > 0, v > 0 such that if

T T

[l *

< 62,

Lip(X)
then there exists some V¥ : M — X" such that the manifold
M={x+V(zx):zeM},

as the following properties:

@D Ifx+y = {xy+Yn}t,cyg C M ® X" is a complete orbit of T + T with ||y,|| < & for all
n € Z then zy + yo € M, that is yo = U (zg) -

(ii) For each v+ (x) € M there exists a unique solution x+V (x) = {z, + ¥ (z,)},c, C M
of T + T with zo = x and

sup e " ||z, || < 400 and sup e " || (z,)|| < +oo.
neL nez

(iii) V is bounded and Lipschitz continuous on M with

- 6 ~
1% (2) ~ W (@) <56 ||~ 2ll, Yo,z € M and sup |0 (@) < 29 ||T
zeM D C(X)

The aim of this chapter is to study the asymptotic behavior of the orbits of the perturbed
system (4.1.2) lying outside of the persistent invariant manifold M stated in Theorem
4.1.2. We will prove in particular existence of invariant foliations for system (4.1.2) and
an attraction property for the persistent manifold M. We also give a consequence for
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semiflows in Banach spaces. It should be pointed out the fact that the result proved by
Bates, Lu and Zeng [20] may be applied to our system with some modifications since
their proof uses essentially the time-t map. However we have to mention that the main
difference between the result in [22] and our result is that we prove invariant foliations
for the perturbed system with Lipschitz continuous small perturbations while in [20] the
authors proved invariant foliations for C'* semiflows.

Note that the invariant manifold considered here is non compact and the center part
associated to the state decomposition of the normal hyperbolicity is allowed to be infinite
dimensional. Our result is a generalization of the result proved by Sakamoto [144] in the
context of singularly perturbed ordinary differential equations with C'* small perturbations.

The chapter is organized as follow: In Section 4.2 we give our main result and a con-
sequence for semiflows in Banach spaces. Section 4.3 is devoted to the proof of the main
result.

4.2 Main result and consequences

Similarly to Chapter 3, in what follows our functional framework will be the following
weighted Banach spaces for =N, N_, Zand Y = M, X" X

L,(LY):= {y : [ — Y such that [ly]|, , :==sup ™ [jy,|| < —|—oo} , nER,
’ nel
with
Lo(I,Y) =1 (I,Y) = {y : I — Y such that |y|| ., :=sup |ly.|| < +oo} :
’ nel
where N_ = {0, —1, -2, ...} . Note that {L, (N,Y"),n > 0} form a scale of Banach spaces
that is for each 0 < 7 <7 we have
]L’ﬁ (N7 Y) g Ln (N7 Y) )
with continuous embedding, namely
Iyll, < llyll, Vy €Lg (N,Y).

Similarly to Chapter 3, let us introduce some notations that will be used in the sequel. Let
X = {Zn},c;, C M be a given sequence in M. Note that due to the property (H1)-(i) in
Assumption 4.1.1 one has

°DT (z) = DT (z) 1I° and 1" DT () = DT (z) IT*, V& € M,

so that we define the evolution semigroup {U¢ (n,p)}
{DT (x,)1I°}, ., C L(M) by

nsp C L (M) associated to

DT (xp_1)...DT (z,) II¢, if n > p,

. 4.2.1
[l:(M)7 1fn:p7 ( )

Uz () = {
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and we define the evolution semigroup {Uy (n,p)},. C £ (X") associated to
{DT (x) 11"} _, C L(X") by

DT (zy—1) ..DT (z,) 1", if n > p,
U)}cL (n7p> = { I g

: 4.2.2
L(Xh)’ ifn= D- ( )

Observe that with this definition we have

Ug (n,p) = H°U; (n,p) = Uy (n,p) I1°, Vn > p,

and
Ul (n,p) = TI"UL (n,p) = UL (n,p) "

Let us now consider the following discrete dynamical system
gy = II° <T + T) (2n + VU (2,)), Yn € Nand zp = 2 € M, (4.2.3)

where ¥ : M — X" is the map given in Theorem 4.1.2.
Then since for each z € M, x + U (z) € M it follows from the property (ii) stated in
Theorem 4.1.2 and the property

°0 (z) = 0, Vo € M,

that for each x € M there exists a unique complete orbit of (4.2.3). Hence for simplicity
in the notations and for future references it will be denoted by o (z) = {0, (2)},c, C M
the unique complete orbit of (4.2.3) with

oo (x) =z, Vo € M.

Furthermore remark that for each € M, the sequence {o, (z) + ¥ (0, (2))},z is the
complete orbit of T+ T with

oo (x)+ VU (og(x)) =2+ V(x).

Hence according to the above introduced notations we are able to introduce some vector
spaces that will be used in the statement of the main theorem. Let p, and p be given such
that 0 < p, < p, < p < p. We define for each = € M the following vector spaces

Epi={y e X": {Uky, (n,0)y},., € Ly (N, X") < o0}, (4.2.4)

and

ye X3yt C X"
B = { Webneri. . (425)

with y,, = DT (0-1 (%)) Yn—1, yo =y and y €L_5 (N_, X")
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We also define the stable bundle E° by

Ef={z+ycX:xc Mandyc E}, (4.2.6)
and the unstable bundle E* by

E'={x4+yeX:xe Mandy € E}}. (4.2.7)
The main result of this section is stated as follow

Theorem 4.2.1 Let Assumption 4.1.1 be satisfied. Let p,, p be given such that 0 < p, < p, <
p < p. Let n € (py, p) be given. Then there exists 6; > dy > 03 > d4 > 0,y; > 0and v, > 0
such that if

< 61,
Lip(X)

[, 1]

c(x)

then X" = E" & ES, for all z € M and there exist some functions
U, W' B (6y) = M@ X" = X,

with
E°(6y) ={r+z€X:xe M, ze E;and |z]| <},

and a family of leaves {Wj; (x,02)},_,, with
To+yo € M D X"z =x+ U (z + 2°)
Wy (z,62) = Yo =V (o) + 2° + V" (z + 2%) , Vz € M,
z* € Ef and ||2°|] < 09
that are Lipschitz stable manifolds with the following properties:

(i) Foreachx € M
U () =0, a =u,c,

and for each x + z° € E* (65) we have
U (x+2%) € By, Ve (x+2°) € M,

and
|25 4+ U (z + 2°)|| <61 and ||¥° (z + 2°)|| < d5.

(ii) For each = + z°, x + z° € E® (02) we have
0" (2 +2°) =" (z + 2°) | < vy |12° = 27|

and
[0 (z + 2°) =0 (2 + 2°) || <y |27 = 27
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(iii) For each ug € W (v,62), x € M, the positive orbit u = {u,}, .y of T + T satisfies

sup e [|on (2) + W (00 (7)) — un|| < 7201
ne

(iv) Ifu = {un}, .y C X is a positive orbit of T+ T with
HHhUQ - v (HCUO)H S 53,
and

sup " |[IT"u, — ¥ (I1°u,,)|| < 61 and sup €™ ||°u,, — o, ()|| < 01,
neN neN

for some x € M then ug € W; (z,92) .

) Ifu = {u,},. C X is a positive orbit of T + T with
1M0ug|| < 8, and sup [T, | < 2.
neN 2

then there exists a unique x € M such that ug € W (,01) .
(vi) The manifolds W;, (z,d2), © € M are disjoint or equal.
(vii) The union of the manifolds
W, (02) = U Wy (,05),

is forward invariant for T + T in the following sense: There exists p € N such that if
u € Wy (z,62) for some x € M then

<T+T)” (u) € W (0, (2),6), ¥n > p.

4.2.1 Consequence for continuous time maps

In this section we will derive a consequence of Theorem 4.2.1 for time continuous maps.
Recall that a family {7 (¢)},., defines a continuous semiflow on X if

(1) TO)=Igxyand T (t+1) =T ()T (), Vt,1 >0,
(ii) The map (t,u) — T (t) u is continuous from [0, +00) x X into X.

We also recall that v € C' (R, X) (resp. C (R, X)) is a positive orbit (resp. complete
orbit) of {T'(t)},5, if

v(t)=T @t —-0Dv(l), Vt,l € Ry (resp. Vt,l € R) with t > [.

Before stating the main result of this section, let us recall the following result obtained in
Chapter 3 for the semiflow {T'(t)},., on X. It reads as:
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Theorem 4.2.2 Let {T (t)},5, be a continuous semiflow on X. Let Ty : X — X be a C' map
satisfying Assumption 4.1.1. Assume that there exists t, > 0 such that

v (to) == sup [|T" ()|l pipixy < 00, (4.2.8)
1€[0,¢0]

and
T()M c M, Vi €l0,t).

Then for each p, and p with 0 < p, < p, < p < p and each n € (p,,p) there exist three
constants 6 > 0, ¥ > 0 and v > 0 such that if

1T (t0) = Tollogxy + IT (t0) = Toll iy < 6%
then there exists some function ¥ : M — X" such that the manifold
M={z+V(z):zec M},

has the following properties:

(i) The map V is bounded and Lipschitz continuous on M with

|V (z) =V (Z)|| <70l — Z||, Vo, z € M,
and 6
sup [ (@)l < 5717 (fo) = Tollex) -
(ii) For each t > 0 the map T (t) is a bijection from M into M.

(iii) For each xz + VU (x) € M, there exists a unique complete orbit v : R —M of {T (t)}0
withv (0) =z + ¥ (z).

(v) Ifv € C (R, X) is a complete orbit of {T ()}, such that
| (8)]| < 0, Vt €R,
then v (t) € M forall t € R.
The main result of this section is the following:

Theorem 4.2.3 (Stability) Let {T (t)},, be a continuous semiflow on X. Let T : X — X
be a C* map satisfying Assumption 4.1.1. Assume that there exists t, > 0 such that

v (to) == sup [T (D ipx) < +00, (4.2.9)
1€[0,¢0]
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and
T()M c M, Vi €l0,t).

Then for each p, and p with 0 < p, < p, < p < p and each n € (p,, p) there exist §; > 05 >
03 > 94 > 0 (small enough) and constants v, > 0, v, > 0,7 > 0 and v > 0 such that if

1T (t6) = Toll ey + IT (t) = Toll i < 5%

then the properties of Theorem 4.1.2 and Theorem 4.2.1 holds true for T = Ty and T =
T (to) — To. Moreover if u € C (R4, X) is a positive orbit of {T'(t)},., with

Hﬂhu (O)H < d4 and stt>1£) HHhu (t)H < %,

then there exists a unique complete orbit v : R — M of {T (t)},0 such that

lu (£) — v (8)]] < 7 (to) Ya01€"e 70", YVt > 0. (4.2.10)

Proof. 1t is clear that under conditions of Theorem 4.2.3, Theorem 4.2.2 holds true for the
semiflow {T (t)},, on X. Furthermore Theorem 4.2.1 appliesto 7' = Ty and T' = T (t,)— Ty
provided that the conditions (i)-(vii) stated in Theorem 4.2.1 hold true for T = T; and
T = T (ty) — Ty. In the sequel the constants &y, s, ds, 04, 7, and v, > 0 are provided by
the application of Theorem 4.2.1 as mentioned above.

In order to complete the proof we will make use of the property (v) stated in Theorem
421 forT=Tyand T =T (t) — Tp.

Let u € C' (R, X) be a given positive orbit of {7 (¢)},, such that

[ (0)] < 8, and sup |11 (1) < % (4.2.11)

t>0
The remaining part of the proof will be split into two steps. In the first step we prove the
existence of a positive orbit of {7 (t)},, lying in M such that (4.2.10) holds true. In the
second step we prove its uniqueness.
Existence: Let v € C'(R;, X)) be a positive orbit of {7 (t)},., satisfying (4.2.11). Then by
setting N
up = u (0)

one has
u(t) =T (t)up, Vt >0,

and due to (4.2.11) we have in particular that

[ (0)] < 8, and sup [T (ntg) | < (4.2.12)
n>0
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Hence since {7 (nto) uo}, oy is @ positive orbit of 7' (Z,) , we infer from properties (v) and
(iii) stated in Theorem 4.2.1 that there exists a unique = € M such that

sup " ||oy, () + ¥ (0, (x)) — T (ntg) ugl| < 7501, (4.2.13)

neN

where {0, (2)}, ., C M solve of the system
Tpp1 = HT (to) (xp, + ¥ (2,)), VN € Z, 29 = .

In particular {0, () + ¥ (0, (7))}, C M is a complete orbit of T (ty) lying in M. Note
that by setting

vy =09 () + ¥ (0¢ () =2+ V¥ (x) € M,
one obtains
on () + VU (0, (z)) =T (nty) vo, Vn € N. (4.2.14)
Moreover since vy = =+ W (z) € M due to the condition (iii) stated in Theorem 4.2.2 there
exists a unique complete orbit v € C' (R, M ) of {T'(t)} >, with

v(0)=vo=z+V(x) € M,

so that ) ~
v(t) =T (t)vg € M, t >0=v(nty) =T (nty) vy € M, Yn € N.

Let us now show that the complete orbit v € C <]R, M ) of {T'(t)},, satisfies (4.2.10). To
do so we first infer from (4.2.13) and (4.2.14) that

suIN) e ||T (ntg) vo — T (nto) uel|| = suIN) e™ ||v (nty) — u (nto)|] < v5901. (4.2.15)
ne ne
Then on the one hand for [ € [0, ¢,]
fu(@) —v @Dl = [T ) uo—T()vo
< sup ||T(l)||Lip(X) lvo — ol
1€]0,t0]

< 7 (to) [[vo — uol,
so that due to (4.2.15) one obtains ||v (0) — u (0)|| < 7,9, and
lu () = v (D] < 7 (to) 7201, VI € [0, 8] = sup €0 [lu(l) — v (1)|| < 7 (to) 7201€”.

1€[0,¢0]
(4.2.16)
On the other hand for each ¢ > t, by writing that ¢ = nt, + [ for some n € N and [ € [0, ¢]
we infer from (4.2.15) that

[u () = v (1)

17" () vo = T'(t) uo|
T (1) T (nto) vo — T (1) T (nto) uo|

< sup HT(Z)”Lip(X) Yo01e” "
1€[0,¢0]

t—1
Ukre

v (to) o010,

IN
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so that )
sup % ||u (1) — v ()| <7 (to) v01€". (4.2.17)

t>to
Therefore (4.2.10) follows by combining (4.2.16) with (4.2.17).
Uniqueness: Let v, v € C (R, M ) be two complete orbits of {7 (?)},., with v (0) = v, and
v (0) = g such that for each ¢ > 0

lu (£) = v ()| < 7 (o) o617 "6 and [|u (£) — 0 (1) < 7 (o) yob1€" "6,  (4.2.18)

where v € C (R4, X) satisfies (4.2.11).
Since for each ¢t > 0, T'(t) is a bijection from M into M, in order to prove that v = © we
only need to prove that there exists p € N such that v (pty) = v (pto) .
Let p € N be given. Consider the sequences {v (nty + pto)}, s, {0 (nto + pto)},, and
{u (nto + pto)}, oy Parametrized by p. Observe that the sequences {v (nto + pto)},.cz , {0 (nto + pto)},,.
are complete orbits of 7T (,) lying in M while the sequence {u (nt, + pto) } ey 1S @ positive
orbit of T ().
Next for more convenience and to get back to the notations used in Theorem 4.2.1 we
define

v (nto+ pto) ==, + VY (x,) = 0, (29) + ¥ (0, (20)), n € Z,
and

U (nto+ pto) == Tp + Y (Z,) = 0, (o) + ¥ (0, (Z0)), n € Z.

and observe that one has
v (pt()) =0 (pto) <~ Op (l’o) = i’o = i’o =0y (ZZ‘Q) .

The idea of the proof is to show that there exists p € N such that u (pty) € W (0, d2) N
W, (%o, 02) and since the manifolds {W,j (x, 62)}%,e ,, are disjoint or equal this would lead
us to ry = xg.

To do so we will make use of the property (iv) stated in Theorem 4.2.1. In fact by using
(4.2.18) it follows that for each n > 0

||u (nto + pto) — o (x0) — W (0, (20))|| = ||u(nto + pto) — v (ntg + pto)|| (4.2.19)
< Y (to) Vz(sleneinpeinn.

Then since

[T°u (ntg + pto) — o, (o) = TI°[u(ntg + pto) — o (x0) — ¥ (0, (70))],
"u (ntg + pto) — W (0, (20)) = TI"[u(nty + pto) — o (w0) — U (0, (20))]

and

T"u (nto + pto) — W (°u (nto + pto)) = T1" [u (nto + pto) — V (0, (20))] +
W (an (o)) = W (Il (nto + plo)) ,
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by using the fact that W is Lipschitz continuous on M combined with (4.2.19) it can be
easily obtained that for p € N large enough the condition of (iv) stated in Theorem 4.2.1
are satisfied so that u (pty) € W; (70, 02). By changing the role z,, 7, one can similarly
obtains that u (pty) € W (%0, 01) . The result follows. |

4.3 Asymptotic behavior

This section is devoted to the proof of Theorem 4.2.1. We decompose it into two sub-
sections. In the first subsection we prove some perturbations results of exponential tri-
chotomy. In the second subsection we provide the proof of Theorem 4.2.1.

4.3.1 Exponential trichotomy along pseudo-orbits

Recall that a sequence x = {z,},., C M is called an -pseudo orbit of 7" with ¢ > 0 a non
negative real value if
[2n1 =T (z)|| < &,Yn € Z.

Next we deal with the existence of exponential trichotomy, according to the Definition
3.2.1 in Chapter 3, along the pseudo-orbit of 7' This result is very similar to that of Propo-
sition 3.3.3 in Chapter 3 but we give here the proof for the sake of clarity.

Proposition 4.3.1 Let Assumption 4.1.1 be satisfied. Let p,, p be given such that 0 < p, <
Do < p < p. There exists ¢ > 0 depending only on k, p, py, o, P, K1 with

Kr = max {IDT ()l yyecooy 1P Olloceci | -
and & := & (k, p, py, K1) > K% with (2= € [0,1] such that if x = {x,,},,., C M satisfies
[#ni1 =T (2a)|| <&, ¥n € Z,
then the following properties hold true:

(i) For each n > p, the bounded linear operator US (n,p) : M — M defined in (4.2.1) is
invertible on M with inverse

Us (p,n) = Ug (n,p)"" = M — M,

and R
1Ux (. D)l oy < RePoln =P (n, p) € Z2.

(it) The evolution semigroup {U} (n,p)} ,CL (X") has an exponential dichotomy on Z

n>
with constant constant &, exponent p and projectors I1* (x) = {II% (x)},.c, C £ (X"), a =
u, S.
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In order to prove Proposition 4.3.1, we will need the following result on exponential
trichotomy along complete orbits of 7.

Lemma 4.3.2 Let Assumption 4.1.1 be satisfied. Then for each complete orbit x = {z,}, .,
of T the following properties hold true:

(i) For each n > p, the bounded linear operator US (n,p) : M — M defined in (4.2.1) is
invertible on M with inverse

Us (p,n) = Ug (n,p)~" : M — M,
and
1Ux (n>p)||£(M) < keP" Y (n,p) € 22,

(it) The evolution semigroup {U} (n,p)} ,CL (X") has an exponential dichotomy on Z

n> B
with constant constant x* and exponent p > p, and projectors {I12 }nEZ CL(X"), a=

U, S.

Proof. First remark that since x is a complete orbit of 7', by the condition (H1) stated in
Assumption 4.1.1 one has for each n € Z

W7 DT (2,) = DT (x,) 11 < 115 | DT (z,) = DT (z,) 115, fora =u,s,  (4.3.1)

Tn+1
and
DT (z,) = DT (z,) II°. (4.3.2)
On one hand note that by using the definition of {Ug (n,p)},>, C £ (M) in (4.2.1) one
obtains -

Ug (n,p) = DT"? (), ¥n > p,

so that the property (i) stated in this lemma follows directly from the condition (H1)-(ii)
stated in Assumption 4.1.1.

On the other hand recalling the definition of {U} (n,p)} _ C £ (X") in (4.2.2) yields

nzp
Uy (n,p) = DT (x,), ¥n > p,

so that by setting )
e y:=M2 y, Vn € Z,Vy € X",

the properties for the dichotomy condition can be easily verified using the condition (H1)-
(ii) stated in Assumption 4.1.1. [

Now with the above lemma we are ready to complete the proof of Proposition 4.3.1.
Proof of Proposition 4.3.1. Before proceeding to our proof, let kK, > 0 be the smallest
positive value with

Ko > k* > Kk and £ e 0,1].
In Ky
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Let us fix m € N a positive integer large enough such that Theorem 2.2.3 in Ducrot, Magal
and Seydi [58] (see Chapter 2) holds true with m and such that

<ln/<ao<p0—p0. (4.3.3)
m 2

Proof of (i): Firstly note that one gets from Lemma 4.3.2 that for each complete orbit
X = {Tn}yey € M of T, {DT (z,)1I°}, ., C L(M) is exponentially trichotomic on Z
with constant «, exponents p and p, € (0, p) associated to the three families of projectors

{ﬁgn ez = U S, C such that

e = [ll(M) and ﬁ;n =1I

In

= O[;(M), Vn € Z.

Let ¢ > 0 be given. Let x = {2,},., C M be given satisfying

|1 — T (zn)|| < &, Vn € Z. (4.3.4)
Define the family of intervals {I;},_, of Z as

L; :== [im, (i + 1) m], Vi € Z.

Next on each interval I;, we will rewrite { DT (x,,) II°},,_, C £ (M) as a small perturbation
of a sequence {B}}, ., C £ (M) which is exponentially trichotomic on Z.
To do so recall that 7" is invertible on M and define for each i € Z

Bl = DT (T" " (xs)) I, Vn € Z.
Since for each i € Z ‘ ‘ ‘

x' = {x;}nez = {Tn_lm (xim)}neza
is a complete orbit of 7" we know that for any ¢ € Z, {B.}, ., C L (M) is exponentially
trichotomic on Z with constant x, exponents p and p, € (0,p) associated to the three
families of projectors {II% (x)},c;, @ = u, s, c defined by

IS (x') = Ipr and I3 (x7) =112 (x') = Oz, Vn € Z.

Let us now show that for each i € Z the sequence of operators {DF (x,) [I°} ., C L (M)

is close to {B}},,., C L (M) onI,.
We first observe that for each ¢ € Z one has

$§m+2 — Tim+2 = T? (Tim) — Tim+2
T (T (zim)) = T (zim+1)] + [T (@ims1) — Tim2]

+T (Timt1) — Timt2-
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Next recalling the notation

Kr = max{HDT (')HLz‘p(X,L(X)) DT (')HC(X,E(X))} g (4.3.5)
we infer from (4.3.4) that
[ Zims2 = Tim2|| < | DT o ey e +e < Kre+e
By induction one obtains for each k € [0,m], i € Z :
|k — Timek|| < (1 + Kr+ .+ K537 ) e < (14+ Kr + ...+ K')e.
Thus one gets for each k£ € [0, m]

[ B — DT(xim+k)”L(M) = || DT (wisx) I° = DT (i) HCHE(M)
< DT Ol pipex.coon MM goary (L 4+ Kz + .+ Kit) €
< KT(1+KT+...+Km) £,
so that for each i € Z

P ]HB,Q DT (xi)| p ) < Kr (1 + Kz + ... + K7 e. (4.3.6)
elim,(i+1)m

Now by observing that we have

:00+750<P+75

Ko >rand 0 < p, <
Ko > KR Po 9 9

<P

one can choose ¢ small enough depending only on &, m, p,, o, p, p, K7 so that Corollary
2.5.3 in Ducrot, Magal and Seydi [58] (see Chapter 2) applies on each interval I; :=
[im, (i +1)m], i € Z and provides that for each i € Z, {DT (z,)1I°}, ., C L (M) is
exponentially trichotomic on each I; with constant %y, exponents ”0“0 and ’”p associated
to the three families of projectors {IT}* (x)},. , @ = u,s,c. Moreover since we have the
isomorphism properties between the projectors {IT* (x)}neﬂi and {ITy; (x)},,cp, @ = u,s,¢
we get for each n € I
L (x) =115, (x') = Iz,
and
I (XZ) =117 (XZ) = I (x) = I (x) = Oz

One can summarize what we have proved as follow: On each interval I; = [im, (i + 1) m],

i € Z, we have
Ug(n,p): M — M,

is invertible for each n > p in I; with inverse US (p,n) : M — M and

U (.9l pay < Roe~ 3Pl Vi p e T, = [im, (i + 1) m]. (4.3.7)
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Therefore it is clear that for each n,p € Z with n > p the operator US (n,p) : M — M
is invertible with inverse U¢ (p,n) : M — M. It remains now to give an estimates of
{Ux (n,p)},,5, C L (M) for n,p varying in Z.

Now let n,p € Z be given such that n > p. Then there exist i, j € Z with i > j such that
n € [im, (i +1)m| and p € [jm, (j + 1) m] so that by using (4.3.7) we obtain

1Ux (nap)HL(M) = || (n,im) Uy (im, jm) U (jm>P)||L(M)
1Ux (n, im)HLZ(M) 1Ux (imajm)"ﬁ(M) 1Ux (jmm)”c(M)

Rue"3 0 [T (i, )| g Roe ™2 07

IN

IN

~2 POFPO (1) POTPO (G oo c /- .
S ’%36 2 ( p)e 2 G ) ”Ux (th?m)HL(M)a
and since we have
|Ux (im, jm) || cary = [[Ux (im, (@ = 1) m) UL ((5 — 1) m, jm) || g
S k\g—]‘)e@(imfjm),
it follows that -
¢ ~  POFPO ()~ (i1
1Us (1, 2)|| gy < Foe™ 2 ( p)li(() i+ (4.3.8)

Furthermore by observing that
m—jim+m<n—p,

we obtain from (4.3.8) that

. POtPO n=-p

HU§<n7p)H[:(M) < Kope 2 (”*p)gom

~  POHPO () _p)nFo
< Rpe 2z (p)Hnmp) TR

Finally we infer from (4.3.3) that

U (0, 9)l| cary < RoePo 2. (4.3.9)
We also have in a similar manner that for each n,p € Z withn > p

U ()| gary < RoePo 2. (4.3.10)

This completes the proof of (7).

Proof of (ii): The idea of the proof is the same as in the proof of (i). By proceeding as in the
proof of (i) one can easily prove that for ¢ small enough depending only on «, m, py, Py, P, P
and K (defined in (4.3.5)) we have for each sequence x = {z,}, ., C M satisfying

[2nt1 =T (wn)ll <&, Vn € Z,
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the sequence {DF (z,)11"} _, C L(X") is exponentially dichotomic on each interval
[im, (i + 1) m], i € Z with uniform constant x + 1 and exponent %ﬁ. Then observing that

0<p< —
we apply Theorem 2.2.3 in Ducrot, Magal and Seydi [58] (see Chapter 2) to obtain
that {DF (z,) 11"} _, C L(X") is exponentially dichotomic on Z with constant 7 :=
K (Kr, K, p,p) and exponent p. This completes the proof of (ii).
To finish the proof of our result we just note that by setting

-~

k= max {k,ko} = L 0,1],

Ink
the estimates (4.3.9)-(4.3.10) remain true and {DF (z,) Hh}n o CL (X") is again expo-
nentially dichotomic on Z with constant x and exponent p. ]

4.3.2 Proof of Theorem 4.2.1

The proof of Theorem 4.2.1 will be given along several technical lemmas. Before proceed-
ing, let us introduce the following notation:

Notation 4.3.3 For convenience for the next argument we introduce for each n > 0 the set
E,(Z,M) :={x €L, (Z,M) : (A-1) and (A-2) are satisfied} ,
where
(A-1) for each n > p, the operator US (n,p) : M — M is invertible with inverse US (p, n) and
U (n,p) yll < ReP™ # |ly||, ¥y € M, ¥ (n,p) € Z*. (4.3.11)

(A-2) {U! (n,p)}n>p C L (X") has an exponential dichotomy on Z with constant & and

exponents p > p, associated with projectors {11 (x)} a=u,s.

nez

Recall that the condition (A-2) implies that
HZ (X) —+ HfL (X) = [L(Xh)’ Vn € Z,
Ug (n,p) =113 (x) UL (n,p) = U} (n,p) 113 (x), Vn > p, o =u,s,
and U} (n, p) is invertible from R (H;; (x)) into R (II% (x)) with inverse
Uy (p;m) : R(IT; (%)) = R (1T (%)) ,
while the growth estimates are given as
U (n, p) I3 (x) yl| < Re P77 [ly ]|, vy € XP, (4.3.12)

and
UL (p,n) T (x) y|| < Re PP |ly||, Yy € X" (4.3.13)
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Remark 4.3.4 Observe if x € E, (Z, M) then due to (4.3.12) and (4.3.13) one has

U (n,n) IT (X)HL(X,,) = [|TI (X)HZZ(X,I) <k, Vne€Zand o = u,s. (4.3.14)

Remark 4.3.5 From now on we will fix the exponents p, > 0,p > 0 and n > 0 such that
0<py<pPo<n<p<p. (4.3.15)

Lemma 4.3.6 Let Assumption 4.1.1 be satisfied. Then there exists 0 € (0, min (0,¢)) with ¢
given in Proposition 4.3.1 and ¢ given in Theorem 4.1.2 such that if

~2
<9,

+|T

)f

)C(X) Lip(X)

then for each each x € M, the complete orbit o (x) = {0, (x)},., C M of (4.2.3) belongs to
E, (Z, M).

Proof. In order to prove this lemma we will make of use of Proposition 4.3.1. Let x € M
be given. Let us set for notational simplicity

T, = op (x), Vn € Z.
Thus recalling that the sequence x = {z,}, ., satisfies
Tpy1 = 0T (2, + U (2,)) + 1T (2, + ¥ (2,)), Vn € Z,
we obtain for each n € Z
Tnpr — T () = T[T (20 + Y (2,)) = T (z)] + 1T (2, + ¥ (,))
_ Hc/1 DT (20 + 19 (2,)) AL (1)
+HCOT (xp + ¥ (z,))
so that
[2ne1 =T (@)l < I 2y 1DT O)ll e,z 51611\13 W ()]

T HTHC(X)-

Since we have from Theorem 4.1.2 that

6 ~
Vel <5 (7],
sup |1 ()| < 29 |7

xeM
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with v > 0 a positive constant, we obtain that for each n € Z

c 6 T
lanis =T @)l < Il g IDT Ollegecon 37 | 7]

T |

C(X)
‘~H X)
C(X)

The result follows by taking 0 small enough such that

C 6 C < <
I 20y 1PT (Ol o200 57 a1t ”L(X):| 0<landd <e.

We also make the following remark.

Remark 4.3.7 Under the condition of the above Lemma 4.3.6, the projectors {1l (o (x))},,c, C
L (X") associated to the exponential dichotomy of {Ug(x) (n,p)} C L (X") satisfy
n>p

I (o (0, (2))) = 1I;

n+p

(o (x)), Vn,p € Zand o = u, s, c. (4.3.16)
Indeed by using the fact that
On (Up (QJ)) = On+p (l‘) ) vnap S Z;

the equality (4.3.16) follows directly from Lemma 1.1.7 in Chapter 1 on the uniqueness of the
projectors. Furthermore let us also notice that again by Lemma 1.1.7 in Chapter 1 we have

EY =R (o (2))], Vo € M and o = u, s. (4.3.17)

xT

and
E={x+y:ye R (o(x))]}, a=u,s,

where R [II§ (o (x))] is the range of 11§ (o (x)) while ES, o = u, s and E“ are defined respec-
tively in (4.2.4)-(4.2.5) and in (4.2.6)-(4.2.7).

With the above material we are now ready to argue for the more technical part of the
proof of Theorem 4.1.2.
To do so we need to bring the system (4.1.2) into a suitable system of coordinates. In
fact by projecting (4.1.2) successively along M and X" we obtain the following equivalent
system
Tnor =1 (T+T) (xn+yn), n €N

- (4.3.18)
Y1 =" (T +T) (0 +yn), n €N,
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wherein x = {z,,}, .y C M and y = {y,},,.y C X". Next we make the following change of
variables
Zn =Yn — ¥V (z,), Vn €N,

so that the sequence (x,z) = {(x, 2,)},,oy satisfies the system

Topr =0 (T +T) (20 + 2 + ¥ (2,))
tppr =0 (T +T) (20 + 2 + T (2,)) (4.3.19)
—y (Hc <T n T) (2 + 2n + U (xn))> .

Now let > 0 defined in (4.3.15). We define a stable leaf with respect to the complete
orbit o (2) = {0y, (2)},,c;, C M, 0o (x) = v € M of (4.2.3) as follow

(z0,20) € M x X" : (x,2) = {(4, 2n) },,cy 1S the solution of (4.3.19)
i — — nn —
W (2,7) = with [x — o (z)]], | sup ¢ lzn — on (2)]| <7
and ||z]], , = sup e ||z,]| < r
’ neN
(4.3.20)
wherein r > 0 is a positive real parameter.

Remark 4.3.8 Note that the invariance property of M stated in Theorem 4.1.2 can be char-
acterized by the equality

' <T + T) (@ +V(x) = U (HC (T + T) (x+ 0 (g;))) , Wz € M, (4.3.21)

so that W* (z,r) is not empty since it always contains the point (z,0) due to the fact that the
sequence (o (x),0) = {(oy, (v),0)},., solves the system (4.3.19).

In order to characterize the elements W* (z,7), € M, r > 0, let us now notice that
(x0,20) € W*(x,r) with (x,2) = {(x,, 2,)}, . the associated solution of (4.3.19) if and
only if there exists

neN

W= {0} © M. (Wl = sup ™ | <1,
ne

and
z = {Zn}neN - Xh> ||Z||77,+ =sup e HZnH <,
neN

such that x = o (z) + w and (w,z) = {(wn, 2,) },,cy satisfies the system

{ Wpy1 = DT (0, (z)) w, + Gy (0, (2) ywp, 2,), 1 €N,

o e DT (JTL (x‘)) Zn -+ G2 (JTL (x) s Wy, Zn) . n c N, (4.3.22)
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where the maps G : M x M x X" — M and G, : M x M x X" — X" are given for each
(v,w,z) € M x M x X" by

Gy (v,w,z) = =TI <T+T> (w+v+z+T(w+v)) (4.3.23)
e <T + T) (v+ T (v)) — DT (v) w,
and
Gy (v,w,z) = =TI" <T+T> (w+v+z+T(v) (4.3.24)

-0 <Hc <T+T> (w+v+z+\11(w+v))> — DT (v) 2.

In order to simplify the notation in the sequel we define for Y = M, X" the closed ball of
L, (N,Y),n >0, centered at 0 €L, (N, Y'), with radius r > 0 by

BLW(va) (O7T) = {y E Ln (N’Y) : ||y||n7+ S r} .

The next lemma will allow us to rewrite the above system (4.3.22) in term of a fixed point
problem.

Lemma 4.3.9 Let Assumption 4.1.1 be satisfied. Let 7j € [0, n] with n defined in (4.3.15). Let
v E€E,(Z M) and (w,z) = {(wn, 20) },en € Ly (N, M) x Lg (N, X") be given. Then (w,z)
satisfies the system

Wpy1 = DT (vy) wy + Gy (U, W, 2,), 1 €N,
{ Znt1 = DT (vy,) 2 + Go (U, Wy, 2,) , 1 EN, (4.3.25)
if and only if there exists z5 € R (II§ (v)) with z§5 = IIj (v) 2, such that
+oo
wy, ==Y _Ug(n,k+1) Gy (vg, wy, %), ¥n €N, (4.3.26)
k=n
and
n—1 +o0
zn = Uy, (n,0) ZS+ZUE (n, k + 1) Gz (vg, wi, 25) — ZU:}L (n,k +1) Gy (vg, wy, 21) , Vn € N
k=0 k=n
(4.3.27)

Proof Letv € E,(Z, M) and (w,z) = {(wy, 2,)},.cy € Ly (N, M) x Ly (N, X") be given.
Assume that (w,z) = {(wy, 2,)}, oy satisfies (4.3.25). By using the variation of constants
formula combined with the fact that {(w,, z,)},cy € M x X" one has from the definition
of {Ug (n,p)},5, C £ (M) and {U!(n,p)} ,CL (X") that

n>

n—1
wy, = Uy, (n,p) wy, + Z Us (n,k+1) Gy (vg, wg, 2), Y >p >0, (4.3.28)

k=p
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and

n—1
zn = Ul (n,p) 2, + Z Ul (n, k+1) Gy (v, wp, 21) , Y > p > 0. (4.3.29)

k=p

Next on the one hand by multiplying the left side of (4.3.28) by U¢, (p,n), n > p we deduce
that

n—1
U (p,n) w, = w, + Z US (p,k+1) Gy (wy, 2z, x), Yn>p > 0. (4.3.30)
k=p
On the other hand by multiplying the left side of (4.3.29) by U (p, n) we deduce that
n—1

Uy (p,n) 20 =101 (V) 2, + Z U, (p,k+1)Gy (vg, wy, 2) , Vn>p > 0. (4.3.31)

k=p
Now observe that due to (4.3.11) and (4.3.13) we have

U5 (p.n) wa| < RePo®Pe™™ |[wl|, ., ¥n > p >0,

n+
and i i

U2 (pr) 20| < Re P Pe ™ gl ¥n > p >0,
so that by letting n goes to +oc in (4.3.30)-(4.3.31) it follows that

+o0
wy, ==Y US(p.k+1) Gy (vg, wy, ), Vp >0, (4.3.32)
k=p
and N
Iy (v) 2y = = Y U (p,k+1) Gy (g, wy, 2) , Vp > 0. (4.3.33)
k=p

Finally by multiplying the left side of (4.3.29) by II? (v) and let p = 0 we obtain
n—1
Iy (v) z, = Uy, (n,0) zo + Z Us(n,k+1)Gq (vg, wg, 2), Vn € N. (4.3.34)
k=0
Therefore since
I (V) 2, + 1I% (V) 2, = 2, VR €N

the system (4.3.26)-(4.3.27) follows from (4.3.32)-(4.3.34) with z§ = II (v) 29. The con-
verse property follows directly by multiplying the left side of (4.3.26) and (4.3.27) respec-
tively by DT (v,,) I1¢ and DT (v,,) 11", n € N. ]

Inspired by the above Lemma 4.3.9 we define for each v € E, (Z, M), w = {wy}, o C
M and z = {z,}, .y C X" the operator K by

+o0
Ke(v,w), ==Y U (nk+1)w, Vn €N, (4.3.35)
k=n
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the operators K" by

n—1 “+o00o
K'(v,z), =Y Us(nk+1)z—Y Ut(nk+1)z, ¥neN, (4.3.36)
k=0 k=n

and the operators S, G; and G, by
S (v,y), :==U: (n,0)I (v)y, ¥n € Nand y € X", (4.3.37)
and
Gi(v,z,w), =G (Vn, Wy, 2,) and Gy (v,2, W), = G (Uy, Wy, 2,), Yn € N (4.3.38)
As a consequence of the above Lemma 4.3.9 we have

Lemma 4.3.10 (fixed point formulation) Let Assumption 4.1.1 be satisfied. Assume more-
over that

P PWNELE
C(X) Lip(X)

with § given in Lemma 4.3.6. Let © € M be given. Then (20, 20) € W?*(z,7), r > 0, with
(x,2) = {(Tn, 2n) },,en the associated solution of (4.3.19) if and only if there exists

(w,2) = {(wn, 20) b pen € Br,avan (0,7) X By (g xy (0,7)
such that
(i) The sequence x is given by x = o () + w
(ii) (w,z) satisfies the fixed point problem

{ w=K(o(z),G (o(x),z,w))
z=38(o(x),2)+K"(o(z),G (0 (x),2,W)) (4.3.39)
1§ (o () 20 = 25-

In the sequel we will investigate on the fixed point problem (4.3.39) in By v .ar) (0,7) X
By, (N,.x) (0,7) for some r > 0 small enough. To do so we will first prove some properties

related to the operators K¢, K", S, G, G, defined in (4.3.35)-(4.3.38).

Lemma 4.3.11 Let Assumption 4.1.1. Then the operators K¢ is a well defined from E,, (Z, M) x
L, (N, M) into L, (N, M) . Moreover there exists a constant

e’ﬁO

C.: =k (4.3.40)

1 — ePo—n’
(with p,, p, ) defined in (4.3.15)) such that for each v € E, (Z, M) and w,w € L, (N, M) we
have

1K (v, w) — K¢ (v, W) < Cellw—wl, .. (4.3.41)

”777+ —
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Proof. Letv € K, (Z, M) and w = {wy}, .y C M be given. Then for each n € N one has

+oo
MK (o, W) <Y e UG (k1) wy|

k=n
+oo

< Z M ePo(k+1-n) HWHﬁ . il
k=n
N eﬁO

S K" Iwll,, +

The result follows by observing that £¢ (v, .) is a bounded linear operator. n

Lemma 4.3.12 Let Assumption 4.1.1 be satisfied. Let nj € [0,n]| with n defined in (4.3.15).
Then the operators K" is well defined from E,, (Z, M) x Ly (N, X") into L5 (N, X") . Moreover

there exists a constant R
e e P

Ch:=F% (4.3.42)

4R )
—er?  "T—e

(with p,n defined in (4.3.15)) such that for each v € E, (Z, M) and z,z € Ly (N, X") we
have
K" (v,2) = K" (v,2))| LS Chllz—2|; - (4.3.43)

/ﬁv

Proof. Letv € K, (Z, M) and z € L; (N, X") be given. Then for each n € N one has

n—1 +00
e |KM (v,2), || < D MU (kA1) 2l + ) e [US (n, k4 1) 2|

k=0 k=n
n—1 +o00

< Y eMRe P E D gl e 4y T e Re PR gL e
k=0 k=n
S e

< Ry lelly + Ry—== 2l
N e

S KMo z]l5 . + A ][5 . -

The result follows by observing that K" (v, .) is a bounded linear operator. n

Lemma 4.3.13 Let Assumption 4.1.1 be satisfied. Let nj € [0,n] with n defined in (4.3.15).
Then the operators S is well defined from E, (Z, M) x X" into L, (N, X") . Moreover for each

(v,y) € M x X" we have
IS (v, y)ll,, <=yl (4.3.44)

Proof. The proof of this lemma is trivial and thus omitted. |
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Lemma 4.3.14 Let Assumption 4.1.1 be satisfied. Assume moreover that

< 67

Lip(X)

T T

[l *

with 0 given in Theorem 4.1.2. Let ij € [0, n]| with n defined in (4.3.15) and let r > 0 be given.
Then the operators

g1 : EW (Z, M) X ]BS]L;](N,M) (0,7’) X BL@(N,X}L) (0,7’) — ]Lrﬁ (N, M) s
and
Ga : By (Z, M) X Bruany (0,7) X By ) (0,7) = Lg (N, x"),

7

are well defined with the following properties
() Foreachv € E, (Z, M)

G1 (v,0,0) = 0 and G, (v,0,0) = 0.

(i) There exists a constant Cy depending only on &, || DT ()|l Lipix.cx)y » 1PT (Olloix oy
74 and v (v and 7 given in Theorem 4.1.2) such that for each v € E,(Z, M) and
(z,w), (2, W) € BL. v (0,7) X B (n.x") (0,r) we have

7

161 (0,2, W) = Gy (0,2, < Ci(r+6)[Iw—wl,. + |22, (345

(i) Zhere exists a constant Cy c.iepending only on &, |[DT () ipix.coxn » 1PT Ollocxcoxy
7 and v (v and 7 given in Theorem 4.1.2) such that for each v € E, (Z, M) and
(z,w), (2, W) € BL. v ) (0,7) X B (N,x") (0,r) we have

gl

1Gs (v, 2, W), — Gs (0,7, W), | < Cs(r+90) [||w —w|, . +lz - zy|n7+@4.3.46)

Proof. Firstly observe that the conditions (i) and (ii) ensure that the maps G, and G, are
well defined. Therefore we will directly focus on the proof of (i) and (ii).
Proof of (i): Let v € E, (Z, M) be given. By using the explicit definition of G; and G, one
gets for eachn € N

Gi1(v,0,0), = Gy (v,,0,0) =0,

and due to Remark 4.3.8 we also obtain
g2 (’Ua Oa O)n - Gl (Una 07 0)

— 1 <T + T) (U + 0 (0,)) — O (HC (T + T) (vp + W (vn>>)
= 0.
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The proof of (i) is complete.
Proof of (ii): Let v € E, (Z, M) and (z,w), (2, W) € B ) (0,7) x B, (N,x") (0,r) be

gl

given. Note that we have
zall < [zl <7y fJwnll <7 @]l <7, Vo€ N (4.3.47)
Recall that for each n € N we have
G (v,z,w), = II° (T + T) (Up + Wy + 20, + ¥ (W, +vy))
e (T + T) (VU + U (0,)) — DT () Wy,
and
Gy (0,2,W), = T°(T+T) (vn+ @y + 20+ ¥ (@ + v,)
I (T + T) (U + U (v,)) — TIDT (v,) .
Then by setting for each n € N
ap = Wy, + 2, + V¥ (w, +v,), ¥n €N, (4.3.48)

and
ap = Wy, + Zp + ¥V (0, +v,), ¥n € N, (4.3.49)

we obtain that

G (v,z,w), — G (v,Z,W), = T (v,+an) — T (v, + ay)]
+1II¢ [T (U + ay) — T (v, + dn)}
—I1°DT (v,) (w, — wy,)

S / DT (v + Ly + (1 — 1) @,) — DT (u,)] (w0 — )

+II¢ [T (U + an) = T (v, + dn)}
—11°DT (v,,) (w, — w,) .

Therefore for each n € N we get
161 (0.2, %), — G (0.2.9), ] < [Ty 1DT Ol (4.3.50)
1
></ lan + (1 — ) | [10n — @] dl
0

I e || 7] lan = el
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Next recalling that
sup [0 ()] < 2|7

zeM C(X

and
¥ (z) =W ()| <7z — 2|, Vo, € M,

with v, 7 provided by Theorem 4.1.2 we obtain that for each n € N

lan — an|| = ||wp —Wn + 20 — Zp + U (w,, +v,,) — Y (0, + v,) ]|

< Nwn = Wn|| + (|20 — Zal| +70 (|w — W] +70 |20 — 20| ,

and

6 Il ~
anll < ||lw, Zn = TH ’
llan|| < ||@nll + ||Z.]] + 5W H )

By plugging (4.3.53) and (4.3.54) into (4.3.50) we obtain

G, (v.2.w), — G (©.2.%), | < &IDT Ol ox, e Il s — ]

+6 DT (Ol Lapex,cxy [zl [[wn — @n]]
11T gz 27| T, N
+k || T || wy, — wy]|

Lip(X)
+5||T |20 — Znl|

Lip(X)
+k || T 0 ||wy, — wy||

Lip(X)
+5||T 0 ||z — Zn]| -

Lip(X)

Thus by using (4.3.47), (4.3.46) follows.

(4.3.51)

(4.3.52)

(4.3.53)

(4.3.54)

_U_Jn”

Proof of (iii): Let v € E, (Z, M) and (z,w), (2, W) € By (0,7) X ]B%LW(NX,L) (0,7) be

given and observe that
lznll <7 1Z0]l < 7y fJwnl] < 7 fl@n]] <7, VR €N

Recall that for each n € N one has

Gy (v,z,W), = " (T + T) (Wp + Uy + 20 + ¥ (V) — n"DT (Un) 20,

— (HC (T+T> (W, + Uy + 2, + \If(wn+vn))> ,
and

gQ <U7

NI

— (HC (T+T) (wn+un+2n+\11(wn+un))) )

W), = I (T + T) (@ + Un + 20+ 0 (0)) — DT (v,) 7



167

Then by setting )
b, := w, + z, and b, := w,, + Z,, (4.3.55)

we obtain for each n € N
Go(v,2,W), —Go (0,2,W), = I"[T(by+v,+V (V) =T (b +vn + ¥ (v,))]
T [T (by + Un + U (0,)) = T (by + v, + 0 (Un))]
— (HC (T + T) (b + vy + ¥ (w,, + un))>
+U <H"’ (T + T) (bn + vn + O (W, + vn))>
—1"DT (v,) (20 — %)
— Hh/lDT (Iby + (1 = 1) by + vy + V (v,)) dl (b, — by,)

—Hh(})T (Un) (20 — Zn)
— (HC (T + T) (by + vy + U (w,, + vn)))
+0 (HC (T - T) (bn + vn + U (@, + vn))) .

Next observe that since {w,}, . C M and {w,},.y C M we have for eachn € N

I"DT (vy,) (20 — 2,) = I"DT (v,,) (20 — 2y + W, — W,,) = 1"DT (v,) (by — by,)

so that

Gy (v, 2, W), — Gy (0,7, W), = Hh/ DT (Iby + (1 = 1) by + v, + U (0,)) dl (b, — by,)
—II"DT (vy,) (b — by)
( (T+T) by +Un+\I/(wn+vn)))

< <T+T> (bn +Un+\I/(an+Un))>.

Hence by using the Lipschitz property of 7,7 combined with (4.3.51) and (4.3.52) we
obtain for each n € N

G2 (v, 2, W), = Go (0,2, W), [| < 26[DT ()l Lipx.c0x))
1
x / |16 + (1 = 1) by 4+ (vn) || dl || b — by
0
+|DT (')HC(X,L(X)) K0 an — an
+IDT (Wl ox,e00 K207 ||wn, —

+70 [T (B0 = Bl + 36 llwn — @all]

Lip(X)
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and since we have

an - ?nH < lwy = wu| + |20 — Zall 5
6n]] < ll@nll + [1Z2]] and [[bn]] < llwnll + (|2l

by setting

Cy 1= max {2’1 |1DT (')”Lip(X,L(X)) DT (')HC(X,L(X)) &7, DT (-)HC(X,z:(X)) "‘ﬁZ}

we obtain

1
1Gs (v,2,w), — G (0.2,%),]| < Gy [/ ol + (1= 1) |[5.]| i + van)r\]
X [”wn - U_JHH + Hzn - Zn”]
+C%0 [Hwn - U_]n” + ”Zn - 2n”]
+C'252 Hwn — Wy |
1 1536% [l — Bl + 1|20 — 2] 4+ 5 0 — @l

and (4.3.46) follows with simple computations.
The proof is complete. ]

Now we are in a position to give the following proposition which is the main step for
the proof of Theorem 4.2.1.
Proposition 4.3.15 Let Assumption 4.1.1 be satisfied. There exists 0y € <O, min (6 ,3)) with
0 given in Theorem 4.1.2, 5 given in Lemma 4.3.6 such that if

< dg,

[P, 7
C(X) Lip(X)

then there exist some
T, W' B (60/2R) = M & X" = X,

with
E® (80/2R) :=={x + 2z : z5 € E; and ||z5|| < 00/2R},

such that the following properties hold true:

(i) For each x € M the subset W* (x,00/2K) of W* (x, ) defined as

we (x,00/2R) := {(z0, 20) € W? (x,00) : ||II§ (o (2)) 20| < do/2K},
satisfies:

W* (2,80/2R) = {(z + U (z + 2), 25 + U (x + 2)) s @ + 25 € E* (50/2R)}.
(4.3.56)
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(i) If (x,2) = {(Tn, 20) },,cn 1S a solution of (4.3.19) with || z|| < do/2R” and

sup " ||z, — oy, (2)]| < do and sup €™ ||z, || < o,
neN neN

for some x € M then (zy, 29) € ws (x,60/2RK) .
(iii)) For each x + 2§ € E* (6o/2K) we have
U (z+25) € By, Ve (z+25) € M,

and
llzg + " (z + z5)|| < dpand ||¥°(x + 23)|| < do.

(iv) For each x € M we have
U (x+0)=0, a=u,c.

(v) For each x € M, =5, z5 € E3 with ||z5|| < 0o/2k and ||Z5|| < d0/2K we have
0 (2 + 25) = 0 (2 + )| < Nl — =0l + 2R ll25 — =5l

and
[0° (x + 25) =9 (x + 2)[| < 25 |25 — Zl -

(vi) The set
W* (60/2R) : = gMWS (x,80/2F) (4.3.57)
= {(x+V(x+2),20 + V" (x4 23)) :x+ 25 € E°(00/2R)},

is forward invariant with respect to /t\he system (4.3.19) in the following sense: there
exists p € N such that if (zo, z9) € W? (z,00/2k) for some x € M then the associated
solution (x,z) = {(xn, 2n)}, oy Of (4.3.19) satisfies

neN

(Zn, 20) € W* (0 (z),80/2R) , Vn > p.

Proof. Let §, € <O, min (6 ,3\)) be small enough such that all the previous lemmas as well

as Theorem 4.1.2 remain true with & and & replaced by d, and such that

2C.Cy + 2C,Ch) 6g < (4.3.58)

| —

where the constant C, and C}, are defined respectively in (4.3.40) and (4.3.42) while
and C, are defined in Lemma 4.3.14.
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Let z € M be given. Note that under the condition of this proposition one has from Lemma
4.3.10 that (zg, z9) € W* (x,00/2k) with (x,z) = {(xn, 2,)}, .y the associated solution of
(4.3.19) if and only if there exists

neN

(W, Z) = {(wn, ZTL)}neN - B]LW(N,M) (0, 50) X BLn(N,Xh) (0, (50)

such that
(a) The sequence x is given by x = o (z) + w
(b) (w, z) satisfies the fixed point problem

w = K¢ (0’ (x)agl (U (.’L’) 7Z7W))
z=S8(o(2),z)+K" (o (2),G: (0 (v),2,W))
11§ (0 (2)) 20 = 25 € E; = R[IIj (o ()]

(© 1251l < 6o/27
Hence according to the foregoing observation we consider for each x € M and 2§ € E?
with ||z§|| < 60/2% the operator

J(x,25,.) L, (N,M) x L, (N, X") - L, (N, M) x L, (N, X")
defined for each (z,w) € L, (N, M) x L, (N, X") by
J (x,25,2,w) = (K (0 (2),G1 (0 (2),2,W)) ; S(o(2),2)+K" (o (2),G (0 (x),2,w))).

Next we investigate the existence of fixed points of the operator J (z, 25, .) in By, (v ar) (0, o) X
]B%Ln(N X4 (0,d). To do so let us endow L, (N, M) x L, (N, X") with the norm

12 w)l,. = Dzl o+ Wil . . ¥ (w,2) € L, (N, M) x L, (N, X").
Now note that by using the properties of K¢, S, K", G, and G, combined with the fact that
Gi (o (2),0,0) =Gy (o (x),0,0) =0, (4.3.59)

and
(2, W), . < 2do,

one gets from Lemma 4.3.11 and Lemma 4.3.14

1K (e (%), G1 (o (z),2,wW))l, + Cel|G1 (o (z) 2, W), .

CellG1 (o (2),2,w) — Gi (o (2),0,0)], .
C.C1d ||(z, W)
2C,C, 62

Hn,+

VAN VAN VAN VAN

and similarly (see Lemma 4.3.12 and Lemma 4.3.14)

HlCh (o (2),G: (0 () ,z, W>)Hn,+ < 20,0552,
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while we have from Lemma 4.3.13
IS (o (), z)ll,, + < Rzl < do/2.

Hence for each (z,w) € B, v ) (0,00) X an(N xh) (0, do) we obtain

1T (2,25, 2, W), . < K (o(2),Gi(0(x),2,w)), .
+ HICh (o (z),Gs (o () ’Z’W))Hn,Jr
+ IS (e (z), )1, +
< [2C.C1 + 20,Co) 53 + 60/2.

Thus we infer from (4.3.58) that the operator J (z, 2§, .) maps By, 1) (0, do) x]BLn(N’Xh) (0, o)

into itself. Furthermore by using the same arguments, one has for each (z,w), (z,w) €
By, v, (0,d0) X BLW(NX;L) (0,d0)

||\7(:L‘>ZS>Z>W) - j(l‘, 28>Z>W)||n,+ < [20001 + 20/102] 53 ||(Z>W) - (ZV_V)

1 =
5 ”(Z,W) - (Z7W>Hn7+a

.+

IN

that is 7 (z, 2§, .) is a 3-contraction on By ar (0, o) X By, (N,x") (0,00) uniformly with
respect to x € M and z§ € EZ with ||z§|| < 00/2k. Therefore we infer from the uniform

Banach fixed point theorem that for each x € M and 2§ € E: with ||z5|| < 00/2kK the
operator J (zo, 2§, .) admits a unique fixed point that we will denote by

z:=z(z,2) € BLW(N,Xh) (0,60) and w := w (z, 25) € By, v,ar) (0, d0),
Moreover by using the explicit formula of the operators one gets
z(,25) = 25 + 15 (o () 2 (2, 5), -
Therefore one can define ¥* : £E° (§y/2k) — X, a = u, c by
U (x4 z5) =11 (o (2)) z (2, 25), and ¥ (z + 25) = W (2, 25), -

Then the characterization of {WS (x, 60/ 22)} o stated in (i) of the proposition as well as
Te
the property (ii)-(iii) stated in the proposition follows easily.

In order to see that the property (iv) holds true we just observe that for each = € M by
using (4.3.59) we have
J (2,0,0,0) = (0,0),

and the uniqueness of the fixed point of 7 (z, 0, .) implies that

z(z,0) =0and w (z,0) =0, Yz € M,
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so that
U (2 +0) = ¥ (z + 0) = 0.
Next we prove the property (v).
To do so since (z (x, z5) , w (2, 2§)) is a fixed point of J (z, 2§, .) one can deduce easily that
for each z§, z5 € E2 with x € M and ||z5|| < do/2R, ||Z5]] < 00/2K we have

(2 (2, 25) s w (2, 25)) = (2 (2, %) , w (2, )|, <Rl — =]

+5 (2 (2, 25) , w (2, ) = (2 (. 55) , w (, ),
(4.3.60)
so that
(2 (z, 25) s w (2, 25)) = (2 (2, 25) , W (2, %))+ < 2 |25 — Zll
Then we have in particular for any x € M and z§, z5 € ES with ||2§]| < d0/2k and ||Z5]| <
do/2R

Iz (2, 28) — 2 (2.2l + W (2, 28) — w (2. 2]l < 2R |25 — 2. (4.3.61)
that is due to the definition of U* and W¢

120 + 9 (x + 25) — 25 — W (2 + Z) | + [V (2 + 25) =0 (z + Z) || < 2K |25 — = -
(4.3.62)
Hence we deduce from (4.3.62) that for any x € M and 2§, z5 € EZ with ||z§|| < do/2k and
1251 < d0/2R
W (@ + 25) — W (2 + 20)[| < |26 — 21| + 2R |25 — =
and
W€ (2 + 25) =V (2 + 25)|| < 2R ||25 — Z]l -

This completes the proof of (v).
Next we prove the property (vi).
To do so we first recall that

W* (60/2R) = ) gMWS (z,80/2R).

Let (wo, 20) € W (z,00/2k) for some r € M and denote by (x,z) = {(2n,2n)},cy the
associated solution of (4.3.19). Then by using the definition of W* (z, 5o/28) C W* (z, &)
we know that there exists a unique w = {wy}, .y € Br, ) (0,60) and z = {2z}, €
]B%Ln(N’Xh) (0,60) such that x = o () + w and (w,z) = {(wp, 2n) },,cy Satisfies

{ Wpy1 = DT (0, (z)) wy, + Gy (0, (x) ywp, 2,), 1 €N, (4.3.63)

Zne1 = DT (0, () 2p + Go (0 (x) Wy, 2,) , m € N.

Let p > 1 be given such that ke ?? < 1. Let us set
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Then recalling that
Ontp (x) =04 (0p (2)) =0, (Z), Vn €N, (4.3.64)

by using (4.3.63) and (4.3.64) we obtain that

{ Wntp+1 = DT (Un ( )) Wpp + Gl (Un (ZL‘) y Wntp, ZTH—P) ; N E N’ (4365)

Zn4p+1l = DT (Un ( )) Zn+p + G2 (Un (.’L’) y Wn4-ps Zner) , nE N.

Next note that due to Lemma 4.3.6 and the fact that (w, z) € By v, (0, do) X]BM(N xn) (0, dp)
one has

{ o (z) € E, (Z, M)

(Wp+’ ZP+) = {(wn-i-pa ZTL'HD)}TLEN € BLn(N,M) (07 50) X BLW(N,X}L) (O, 50) . (4'3'66)

On the one hand, using system (4.3.65) and the same arguments as in the proof of Lemma
4.3.9, one gets for each n € N,

Wptn = Z n k41 G1 (Uk ( ) Zptk U}erk) , (4367)

and

Zptn = U, (x) (n,0)IL; (o (Z)) 2, (4.3.68)

o

+ZUS (nk+1) G2 (0% (T) ; Zpks Wpik)

—ZUg (n,k+1)Ga (0k (Z), Zpsk, Wprk) -

On the other hand using system (4.3.63) we obtain from Lemma 4.3.9 that for each n € N,

Wpin = Z Ug(w) (0 + 1,k + 1) Gy (wy, 25, ) (4.3.69)
k=p+n
and
p+n—1
Zpin = Ugy (n+p,0 Z (n+p,k+1)Gs (o) (), 2, wi) (4.3.70)
+o0
— > Uty (n+p,k+1)Gs (0% (), 21, wy)
k=p+n

Moreover note that using the Remark 4.3.7 and (4.3.64) one has

I}, (o (2)) =11, (0 (0, (2))) = I}, (o (2)), Vn € N, (4.3.71)

n-+p
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so that
Ugz) (n,1) =Ugy (p+n,p+1), Vi,n € N, I > nand a = u,c, (4.3.72)

o

and
o@ (1) =Usy (p+n,p+7), ¥r,neN,n>r. (4.3.73)

So the change of variable k£ «— &k —p in the sums in (4.3.69)-(4.3.70) yields for each n € N
to

Wpin = Z o@) (M, k + 1) Gy (0% (7)), 2p1ks Wpik) (4.3.74)
and
n—1
Zpin = Ugpy (n+p,0) 25+ Z Ug@) (0 ki +1) Ga (01 () , 21k, Wpsr) (4.3.75)
k=0
+o0
- Z Us(z) (n,k +1) Gz (0 (zp) , 2pk, Wpt) -
k=n

Next we infer from (4.3.72) that
Ug(z) (0 +p,0) 25 = Ug ) (n+p,0) Us () (9, 0) 25 = Upgzy (7, 0) Uy (p, 0) 25, Vn € N.
Finally recalling that Ze~”? < 1 we obtain
do
2/\’

so that using the system (4.3.74)-(4.3.75) it follows that the sequence (z,.,w,) is a fixed
point of 7 (Z, z z, .) with z, = Uy, (p,0) 25 and the uniqueness ensures that

|Us @) (2,0) 25 || < Re ™™ ||z <

zp =2+ V" (7,2)) and w, = ¥° (Z,2)) = 2, = 2+ V" (7,2)) and z, = 2, + V° (7,2)) .
The proof of (vi) is complete. ]

In order to complete the proof of Theorem 4.2.1 we will also need the following lemma
that will allow us to know when a initial value (o, z9) of a solution (x,z) = {(x,, 2n) },,cy
of (4.3.19) lies in some W* (z, dy) , with = € M and ¢, the positive value defined in Propo-
sition.4.3.15.

Lemma 4.3.16 Let Assumption 4.1.1 be satisfied. Assume moreover that
7)., <4
Lip(X)

+|7

where §, > 0 is given in Proposition.4.3.15. If (x,2) = {(2n, 2) },,eny C M x X" is a solution
of (4.3.19) with
||ZQ|| S 50/2/152 and z € BLO(N,Xh) (O, 50) ,

then there exists a unique x € M such that (x¢, 29) € ws (x,00/2K) .
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Proof. Let (x,2) = {(n, 2) },eny € M x X" be a solution of (4.3.19) that is for each n € N

xn-l—l:HC T+T (xn+zn+qj(xn))>n€N
Zogr =M (T +T (Tn + 20 + ¥ (24)) (4.3.76)
0 (10 (T + T) (@0 + 20+ ¥ (), n € N.

In order to prove the lemma we will firsly prove that
Z < BLW(N,X’l) (0, 50) (4.3.77)

and secondly that there exists a unique = € M such that

TG (& () 20]| < do/2F and ||lx — o ()], ,

=sup " ||z,—o, (2)] < do. (4.3.78)
neN

The arguments that will be used for the proof of conditions (4.3.77) and (4.3.78) are

similar to those used in the proof Proposition 4.3.15. We will need in particular to extend

the sequence x = {z, },.y C M into a sequence defined in Z and such that the extended

sequence belongs to E, (Z, M) . To do so consider the extended sequence z = {z,}

defined by

nel

Zn = Zn, ifne€Nandz, =0, if n € N_\ {0},

and note that
sup ||Zn|| = sup ||zn|| < do. (4.3.79)
ne”L neN

Moreover since x, € M we know from Theorem 4.1.2 that there exists a unique sequence
X+ V(%)= {7, + ¥ (7,)},cy With Ty = z satisfying

Tosr + U (Tns1) = (T + T) (T + U (2,)), ¥n € Z. (4.3.80)
Hence by projecting (4.3.80) along M we obtain that
Tosr = II° <T + T) (T + U (7,)), VnEZ & X =0 (x0) . (4.3.81)
Consider the extended sequence x = {7}, ., defined by
T, =y, ifn € Nand z, = z,, if n € N_\ {0},
so that due to (4.3.76) and (4.3.81) the sequence X = {7}, satisfies
Fopr = II° <T + T) @+ 20+ T (), n €L (4.3.82)

Now we proceed to the proof in three steps. In the first step we prove that the extended
sequence X € E, (Z, M), in the second step we prove that the condition (4.3.77) is satisfied
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and finally in the last step we prove that there exists a unique x € M such that condition
(4.3.78) holds true.

Step 1: In this step we will prove that x € E, (Z, M). To do so we will make use of
Proposition 4.3.1. Indeed by using (4.3.82) one gets for eachn € Z

Faor =T (@) = T[T @t 30+ (@) + T (@ + 50+ U (30)) = T (F)
_ / DT (G, 415, 410 (7)) dL G, + T (7,))
+0HCT (T + 20 + T (7))
Therefore by using the fact that
DT (%) (Z, + ¥ (7)) = 0, Vn € Z,

it follows that for eachn € Z

1
Tp1 — T (x,) = HC/ (DT (z, + 1z, + 1V (T,)) — DT (Z,,)] dl. (Z,, + ¥ (Z,))
0
T (T + 20 + U (T0)) -
Hence
|Znis =T @)l < KIDT ()l ipix.cexy 172+ ¥ @)l
] ez
C(X)

and since 6
v @) < 5|7, and 7]
sup | ()] < 5|7 an

zeM

we infer from (4.3.79) that

< 62
ox) — ¥

N - 6 2
[Zni1 = T (Zn) || < KIIDT ()l pipx.c) (1 + 5750) 86, Vn € Z.

Then Proposition 4.3.1 applies and ensures that x € E, (Z, M) up to reduce §,. The proof
of Step 1 is complete.

Step 2: Let us now prove that (4.3.77) holds true. First of all let us notice that due to the
definition of x = {,},., one has for eachn € N :

i = I (T + T) (T + 20 + T (T)) (4.3.83)

v (HC (T + T) (T + 20 + U @n))) .
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Then we re-write (4.3.83) as the following equivalent system
Zne1 = DT (zy,) 25, + G2 (71,0, 2,,) , Vn € N, (4.3.84)

where G, is defined in (4.3.24). Then since X = {7, },., € E, (Z, M) one can use the same
arguments as in the proof of Lemma 4.3.9 to obtain that z € L (N, X") for every 7) € [0, 7]
satisfies (4.3.84) if and only if for each n € N

n—1

Z = UL(n,0)I1 (X) 20+ Ug (n,k + 1) Ga (T, 0, 2) (4.3.85)
k=0
+o0

= UL (nk+ 1) Ga (3,0, ),

k=n

or equivalently, by recalling (4.3.36)-(4.3.38)
z =S (X115 (X) 20) + K" (X, G, (X, 2,0)) . (4.3.86)

Thus as for the proof of Proposition 4.3.1 by using Lemma 4.3.14 .it is easy to see that for
5o small enough if ||z < §,/2%> that is

~ do
I <R < 2,
115 ) 2oll < 7 ol] < 52

then for each 7 € [0, 5] the operator S (X, IT§ (X) z9)+K" (X, G2 (X, ., 0)) maps ]B%LE(N’X,L) (0, 0)

into itself and is a strict contraction. Therefore for each 7 € [0, 5], (4.3.86) admits a unique
solution in B (N,x*) (0, dp) . Finally by using the fact that

BLQ(N,Xh) (07 60) = ]BZOO<N,Xh) (O, 50) D BLn(N,Xh> (0, (50) 5

it follows from the uniqueness of solutions that z € BM(N, xh) (0,4p) . The proof of Step 2

is complete.

Step 3: Now we will make of use the fact that z € B (0,00) in order to prove that

Ly, (N,Xh)
there exists a unique x such that the condition (4.3.78) hold true.
Define the sequence w = {w,}, .y C M by

Wy = 0y, () — Ty = 0y () — T, Y €N,

for some » € M that will be determined latter. Then w = {w,}, . satisfies for each n € N,

Wpyp = II° <T+T> (W, + Ty + U (W, + Ty))

e <T ¥ T) (T + 20 + T (T))
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or equivalently N
Wyt = DT (Ty) wy, + Gy (T, 20, wy) , Y€ N (4.3.87)

Here we have set
G (T, 2my ) = II° <T n T) (Wn + T + U (wy, + T))

N N N (4.3.88)
I (T v T> (T + 20 + U (F2)) — DT () wy, ¥n € N.

Then since x € E, (Z, M) as for the proof of Lemma 4.3.9 we obtain that w € L, (N, M)
satisfies (4.3.87) if and only if

+oo
wy, ==Y _Us(n,k+1) Gy (Fy, 25, wi,) , Vn € N.
k=n
Next we define the operator
G (X,2z,w), = Gh (T, 2n, wy) , Yn € N.

Then we obtain that w € L, (N, M) satisfies (4.3.87) if and only if w satisfies the fixed
point problem

w = K¢ <§ G (X, 2, w)) . (4.3.89)
Now remark that for each w € L, (N, M) we have for each n € N
G (Xz,w), = G(%0,w) +II (T n T) (T + T (T,)) (4.3.90)
T (T + 20+ U (7)),

with G, defined in (4.3.38). Thus we infer from (4.3.90) and Lemma 4.3.14 that for each
W, W C ]B]Ln(N,M) (O, (50) :

Moreover since z € IB%]LW(N xn) (0, dp) and since for each n € N one has:

gl (ia z, W) - gl (ia z, V_V>

< 16 (%.0,w) -G (X, 0, W)[,, (439D

n,+
S 0150 HW — WHWHF .

G (X,2,0), = TIT (&, + V¥ (T,)) — IT (T + 20 + ¥ (T))
+IT (T, + ¥ (T,)) — T (2, + 2, + ¥ (7))

1
_ / T°DT (7 + U () + 12 dl.z
0
+IIT (z,, + V (7)) — T (T, + 2, + ¥ (Z))
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by observing that
1 1
/ DT (z, + Y (Z,) + l2,) dl.z, = / II° [DT (z,, + ¥ (Ty) + l2,) — DT (Z,,)] dl.zp,
0 0

it follows that the exists a constant C, such that

< Cy62. (4.3.92)
n,+

HQ] (X,2,0)

Thus for each w € By, v ar) (0, d9) we obtain from Lemma 4.3.11 and (4.3.92) that

H/Cc (sz G (X, 2, w))

< H/c <§ G (%, 2, w)) _ K (i G %,z 0))
+ H/c (i G (%2, 0))

n,+ n,+

n,+

< C g1<§,z,w)_§1(§,z,o)H +C
B

gl (ia z, 0)

,'77+

with C, defined in (4.3.40) and we infer from (4.3.91) and (4.3.92) that

H/E (sz G (%2, w))

< C.Cido||wl, . + C.Ci6)
n,+ ’

< C.0102 + C.0y 02

Furthermore for each w, W € By, v,ar) (0, 69) we obtain similarly that

H/cc (sz G (%, z,w)) — K (sz G (X2, v—v))

SO = W],

Hence up to reduce ¢, the operator K¢ <§, G (X, z, )) maps By, ) (0,d0) into itself and

is a strict contraction uniformly with respect to z and z. So by using the fact that z,, = x,,
for n € N one can claim that there exists a unique w € By, (v 1) (0, do) such that for each
neN

Wy = 1I° (T + T) (wp + zp + U (W, + )
—1II° (T + T) (T + 20 + U (3,)) .
Furthermore note that by using the fact that x = {z,},, . satisfies
iy = TI° <T+T) (&0 + 20 + W (2,)), V1 € N,
we obtain that

Wyt + Tpyy = 11° (T+T) (wp, + xp + VU (w, +x,)), Vn € N,
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that is
w+x =0 (wy + zo),

and we set © = wy + xo which is unique since wy is unique. The proof is complete.
u

Now we are able to give the proof of Theorem 4.2.1.
Proof of Theorem 4.2.1. Without loss of generality let us choose §, small enough such that

6 do do o~
—02 < — < = > 1 4.3.93

and

< &3,
Lip(X)

[T, 17

so that Theorem 4.1.2 as well as Proposition 4.3.15 and Lemma 4.3.16 hold true with such
choice of §y. Thus we set

51 = 50, 52 = 50/271\, 53 = (50/27%2 and (54 = 50/47%2

v, =7+ 2and v, := 1+ 2k, (4.3.94)
and define

THYEM®XM: 2 =0+ T (z+ 2%
W (7,02) = g=V(Z)+ 2+ V" (x+2°) »,
with z* € E¥ and ||2°|| < 09

and
WS ((52) = mgMWS (l’, 52) .

Then all the properties (i), (ii), (iv), (vi) and (vii) stated in Theorem 4.2.1 follow directly
from Proposition 4.3.15 and Lemma 4.3.16. Let us now prove the properties (iii), (v) and
(vi) that need a little more arguments.

Proof of (iii): Let ug € W, (z,d2) for some z € M. Then using the definition of W, (z, d2)
it is clear that there exists z* € Ef with ||2*|| < . such that

HCU/O =x+ e (.I' + 28) and Hhuo =y (HCU/O) + P + P (ZL' 4 Zs) ’

that is .
(ITug, M"ug — W (IT°ug)) € W* (,65) -

Then by using the definition of {WS (z, (52)} ; in (4.3.20) we know that there exists a
S

unique solution (x,z) = {(zy, 2n)},cy € M x X" of (4.3.19) satisfying

sup €™ ||o, () — x,]| < 67 and sup €™ ||z, || < Iy, (4.3.95)
neN neN
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with
= Mg and 2y = T"ug — ¥ (Muy) . (4.3.96)

Now note by using (4.3.19) it follows easily that the sequence {z,, + 2z, + V¥ ()}, is @
positive orbit of 7"+ T. Furthermore since we have from (4.3.96) that

To + 20 + U (20) = g + Mug — U (M) + U (M) = uo,
the uniqueness of the positive orbit ensures that
Up = Tp + 2, + VU (x,), Vn € N.
Then we infer from (4.3.95) and (4.3.94) that

ilellN)enn [on (z) + W (0, () —un| = ilelIN) e lon () + W (0 (7)) — [Tn + 20 + U (z,)]|

< sup €™ |loy () — |
neN

+sup " ||V (o, (z)) — U (z,) |

neN

+sup €” ||z, ||
neN

< 01+ 761+ 61 < 61

where 70 is the corresponding Lipschitz constant of .
Proof of (v): To prove this property we will make use of Lemma 4.3.16. Let u = {u,}, .y C
X be a positive orbit of T+ T with

51 0o

do
HHhuoH <y = = and sup HHhunH < = 5 =5

In fact since the sequence { (IT°u,, 1"u, — ¥ (II°y,) )}n is a positive orbit of (4.3.19) we
just need to verify the conditions stated in Lemma 4.3.1 6. To do so we infer from Theorem
4.1.2 and (4.3.93) that

[T g — W (I"uo) || < 04+ sup [ ()]

zeM
6 -
< M—vHTH
(5
S 54+ 752 02'
2K

Similarly we also have

T, — @ (T, H<5—+ —765 < do.
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Thus Lemma 4.3.16 applies to the sequence { (ITuy,, T"u, — ¥ (I°u,,)) }, _ and provides
that there exists a unique = € M such that (II°ug, T"ug — ¥ (II°u)) € W (x,65) . Thus

Muy = 2 + V° (x + 2°) and TT"ug — W (M) = 2§ + V" (z + 2°),

for some = € M and 2° € E? with ||2%|| < 0. The result follows.

Proof of (vi): Let us prove that the manifolds W (x,4:), € M are disjoint or equal. Let
ug € W, (x,61) N W, (z,0,) with x, 7 € M. We will prove that = = z. To do so note that
since ug € W (z,91), by the property (iii) stated in Theorem 4.2.1 one has

sup €™ ||oy () + ¥ (0, (2)) — || < ¥901- (4.3.97)

neN

Then since
on () — Mu, =1[o, () + V¥ (0, (2)) — u,], Vn €N,

we have on the one hand for each n € N

lon (2) = DUy || < [T o (2) + ¥ (0 (2)) — | (4.3.98)
< T 2oy Mon (@) + P (00 () = w|
< Ky e ™

on the other hand for eachn € N

|11, — W (IT°u,,) | |y — W (0 ()| + 1V (0 (2)) — ¥ (IT°u,)|| (4.3.99)
Ky101€” """ + 70, IIOn( ) — Hu|

Ky 01e” " + Ky 0187

IAIACINA

Therefore by choosing p € N large enough such that
4]
/1’71(516_7”7 +/y\51ﬁy1516_"p < (53 = 2—/?2 < 51 and ’}/2(516_7”7 < 53 < 51,
K

we obtain from (4.3.97)-(4.3.99) that

sup ¢ [ontp (2) + ¥ (Tnsp (7)) = Ungpll < I,
ne

and

sug ™ |ty — W (MUpyy) || < 05 and sug e ||\ MUy p — Ty ()] < 3.
ne ne

Hence since 0,,, () = 0, (0, (v)) by setting u,, := u,1,, n € N we obtain that

sup ™" [low (0 (2)) + W (o (o (7)) = U] < 05,
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and

sup " ||11"@, — ¥ (11U, )|| < 65 and sup €™ || 11Uy, — 0y (2)]| < 83,

neN neN
we infer from the conditions (iv) stated in Theorem 4.2.1 that uy = u, € W, (0, () ,92) .
By proceeding similarly with = replaced by z one obtains (up to increase p) that 1y = u, €
W (0 (%) , d2) . Furthermore since the sequence { (IT;, TI}u, — ¥ (IT54)) }, _, is a positive
orbit of (4.3.19) and

sup ™ [ 115, — W (I15,)|| < 65 = [[I05, — ¥ (19, < 6 = £, ¥n € N
neN K

we infer from Lemma 4.3.16 that 0, () = o, (z) so that + = z. The proof of (vi) is
complete. ]



Chapitre 5

Nonlinear boundary conditions derived
by singular pertubations in age
structured population dynamics models

5.1 Introduction

Age structured models have been extensively used in the context of population dynamics
mainly to take care of the history of individuals. We refer to the books [2, 46, 78, 119,
157, 163] for a nice overview and more results on this topics. In this chapter, we consider
a singular perturbation problem for a class of nonlinear age structured model. As far as
we know, the only work going in that direction is due to Arino et al. [5]. In [5] they
investigate the singular limit of patch and age structured model, and by assuming that the
spatial motion is fast, and they derive a limit model without space. Here we will focus
on another modelling issue. Our goal is to derive (\to understand) Ricker’s [135, 136]
type nonlinear boundary condition as a singular limit. The main question adressed in this
chapter is to understand in which sense the limit exists.
The class of age structured model considered in this chapter is the following

( Ou ou

E(t’ a) + %(7@ a) = —p(a)u(t, a)

o ( /0 (@, a)da) h(a)J]u(t, a),a>0,

v~

intraspecific competition (5 1. 1)
+00
u(t,0) = exp (_ / 72(a)u(t,a)da) o Ba)u(t, a)da
0

limitation of births

[ u(0,.) =¢ € L% ((0,400);R), with 1 < p < +o0.

In order to define properly this semiflow generated by (5.1.1) we make the following
assumption.

184
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Assumption 5.1.1 We assume that m : [0,4+o00) — [0, +00) is locally Lipschitz continuous,
and
b€ L (0, +0): B). (5.1.2)

67717’72 € Li]l— ((07+OO)7R)7 (5-13)

o1 1
where 1 < ¢ < +oowith — 4+ - = 1.
P q

In this context of ecology this class of model corresponds to density dependent age
structured population dynamics models. The model (5.1.1) has been considered previously

by Liu and Cohen [89] for
m(z) =z, Vo >0.

We also refer to [7, 28, 24, 25, 67, 70, 91, 134, 137, 138, 139, 158] for more information
and results on this topic in the context of the ecology.
Here the distribution a — u(t, a) is the density of a population at time ¢ > 0. This means

that o
/ u(t,a)da

is the number of individuals at time ¢ with an age between a; and a, (with 0 < a; < ay <
+00). Therefore the total number of individuals in the population is given by

+oo
/ u(t,a)da.
0

The term —pu(a)u(t,a) describes the mortality of individuals, and u(a) is the age-specific
mortality rate of individuals. The term f0+°° f(a)u(t,a)da is the flux of new born individuals

while (a) is the age-specific fertility rate. The term —m ( f0+°° 71 (a)u(t, a)da) h(a)u(t,a)
describes an intra-specific competition between individuals. Namely this term is introduced

to describe the limitations for resources (food, space, etc...). Here we focus on the last term
arising in the boundary condition of (5.1.1) that reads as

exp (— /O +OO vo(a)ult, a)da) ,

and that describes a birth limitation. In the context of fishieries, Ricker [135, 136] intro-
duced this term to describe a canibalism phenomenon of larvea by adults. In the context
forests, this term can be regarded as a term of competition for light between small trees
with large trees.
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In order to understand this term, we consider the following system
(

ou, (1a) + ou,
ot @ Oa

(o)== |+ [ +°°vl<a>v,eg<t,a>da) ha) | ue(t,0)

N

intraspecific competition

1 . (5.1.4)
_ g1[076} (a)/ Yola)u(t,a)da| us(t,a), a >0,
0

(. s

~
fast intraspecific competition

u:(t,0) = [;7° B(a)u.(t, a)da
( u:(0,.) = ¢ € L ((0,+00);R).

where f [0, €]
1, ifa € [0, €],
g (a) = { 0, otherwise.

One may observe that system (5.1.4) has a linear boundary condition. From a modelling
point of view the term f0+°° vo(a)u(t, a)da appears in system (5.1.4) as a fast predation or
competition process between young individuals and older individuals.

Since the population is usually assumed to have a finite number of individuals at each
time. Hence, one usually imposes

+oo
/ u(t,a)da < 400, Vt > 0,
0

so that the natural state space for the age structured model is L! (i.e. p = 1). Here in order
to derive some convergence results when ¢ — 0 we will rather consider the general case
p € [1,+00). We refer to Magal and Ruan [96, 97, 95] and Thieme [156] for results on
this topic. A direct consequence of the results in [97, (see section 3)] combined together
with the application part in [96, (section 6)] we obtain the following result.

Theorem 5.1.2 Let Assumption 5.1.1 be satisfied. Let p € [1,00) and ¢ > 0. There exists
a unique continuous semiflow {ﬁg(t)}tzo on L% (0,00) (respectively {ﬁ(t)}tzo on L% (0,00))
such that for each ¢ € L% (0,00) the map t — [Z(t)gp = u?(t) (respectively the map t —
U(t)y) is an integrated (or mild) solution of (5.1.4) (respectively of (5.1.1)).

In order to derive a convergence result of the solution of system (5.1.4) to the solution
of system (5.1.1) when ¢ — 0, we need to impose some extra conditions on the map ~,.

Assumption 5.1.3 We assume that

vy € WH((0, +00),R), (5.1.5)
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and

- 1
K= sup —|[7allpa(o) < 00 (5.1.6)
ee(0,1]€

wherein q € (1,00] is defined by ; + ¢ = 1.

The condition (5.1.6) reads as

1 15
lim sup —/ Yo(a)lda < +o0, if ¢ € (1,4+00),
e=0 €1 ),
and .
limsup — sup 7,(a) < o0, if ¢ = +00.
e—=0 € agl0,¢]

Therefore the condition (5.1.6) combined with (5.1.5) implies
72(0) =0, (5.1.7)

and the condition (5.1.6) is satisfied if (for example) there exists a constant § > 0, such
that
/72((1) S 5&,

for all a > 0 small enough.
Under the above conditions we obtain the following convergence result.

Theorem 5.1.4 Let Assumptions 5.1.1 and 5.1.3 be satisfied. Let T > 0. Then for each
p € L ((0,+00); R)

U.(t)p — Ut)y

sup
tel0,7]

—0ase(>0)—0.
Lr

Remark 5.1.5 Beyond this convergence result, this class of examples provides a class of non-
densely defined Cauchy problem that can be approximated by a singular limit of densely
defined semi-linear Cauchy problem. Indeed, it is well know that problem (5.1.4) has a densely
defined Cauchy problem formulation, and system (5.1.1) has "only" a non-densely defined
Cauchy problem formulation (see Proposition 5.2.6 for more presicions).

Theorem 5.1.4 shows that Ricker’s type boundary conditions can be interpreted as a
fast predation (or limitation) process. But it seems that some extra-conditions on -, (see
Assumption 5.1.3) are needed to derive such a result.

We now turn to convergence results uniformly with respect to the initial distribution ¢
in a bounded set. In order consider this problem, we will need to introduce the following
definition.
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Definition 5.1.6 Let p € [1,00) be given. Let B be a subset of L% ((0,+00);R). We define
the quantity k,(B) € [0,00) as

kp(B) i= lim sup ( / @l da)% .

INOT peB
We will say that B is a (p—)non-atomic set at 0 if
kp(B) = 0.
The first main result of this chapter is the following theorem.

Theorem 5.1.7 Let Assumptions 5.1.1 and 5.1.3 be satisfied. Let p € [1,00) and T > 0. Then
for each B bounded subset of L" (0, 0o) there exists a constant C=C (71, Y9, B, 7, B) > 0 such
that

< Cry(B).

limsup sup sup ||U.(t)p — U(t)y
LP

e(>0)—0 t€[0,7] peB

Set
Byo,6) == {‘P\(o,a) tpE B} C L7(0,9),
for each constant § > 0.

In section 2.1, we will see that the functional «,(B) satisfies most of the properties of a
measure of non-compactness. In particular, if B ) is compact in L” (0, §) for some § > 0,
then

kyp(B) = 0.
Of course the converse implication is false. This question will be studied in section 2.1.

As a direct consequence of Theorem 5.1.7 we obtain the following corollary.

Corollary 5.1.8 (Strong uniform convergence) Let Assumptions 5.1.1 and 5.1.3 be satis-
fied. Let 7 > 0. Assume that

p € [1,00),
and B is a bounded subset of L"_(0, c0) satifying
kp(B) = 0.

Then

A~

U(t)p = Ult)e|| =0

lim sup sup

£20¢elo,7] peB Lp

Remark 5.1.9 From this corollary we deduce that if B is a compact subset of L% (0, cc), then
U.()p — U(t)p as e — 0 in L*(0, 0),

and the convergence is uniform with respect to t in bounded intervals and uniform with respect
to p in B.

Note that when B consists of a single point B = {}, it is compact and Corollary 5.1.8
implies Theorem 5.1.4.
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The second main result of this chapter is the following theorem.

Theorem 5.1.10 (Weak uniform convergence) Let Assumptions 5.1.1 and 5.1.3 be satis-
fied. Let 7 > 0 and M > 0. Assume that

p € (1,00).

Then
ﬁa(t)cp - ﬁ(t)cp as € — 0 for the weak topology in L”

uniformly with respect to t € [0, 7], and ¢ € L% (0, 00) with ||¢||;, < M. That is to say that,
for each v € L9 (0,+00),

lim sup sup +Oo Y (a) ((Z(t)gp (a) — U(t)y (a)) da = 0.

e70te]0,7] peL” (0,00): |1l Lp <M JO

The plan of this chapter is the following. The section 2 is spitted into two parts. The
section 2.1 summarizes some properties of «,. The section 2.2 is devoted to the existence
of a continuous semiflow by applying integrated semigroups theory. Section 2.3 is focusing
on Volterra’s integral equations formulations. In section 3, we will prove Theorem 5.1.7
and Theorem 5.1.10.

5.2 Preliminary

5.2.1 Pseudo measure of non compactness

Let B be a bounded subset of L” ((0, +0),R) for some p € [1, 00). For each ¢y > 0 we set

Bﬁo,éo) = {|90|1\3(0,50) RS B} C L (0,6)-

We summarize some properties of «, in the following proposition.

Proposition 5.2.1 Let p € [1,00) and 6, > 0. Let B and B’ be two bounded subsets of
LP ((0,+00) ;R). Then the following properties are satisfied:

@ If B‘Z’(Q 50) 1s relatively compact for the weak topology o(L', L>), then k,(B) = 0;

(ii) If there exists p’ € (p, +00), such that By s,) is a bounded in L’_’; (0, 6o) then k,(B) = 0;
(iii) If Bjo,s,) is compact for the strong topology of L” (0, 6y) then ,(B) = 0;
(iv) kp(B+B') < 5y(B) + k5, (B');

(v) B C B = k,(B) < k,(B');
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VD) ky (B) = 1, (B);
(vi)) kp (conv (B)) = &, (B);
(iii) k,(BUB') = max {r,(B), k,(B)} ;
(ix) r,y(cB) = |c| k,(B), Ve € R.

Proof. The proof for (i) and (ii) are respectively direct consequences of Dunford-Pettis’s
Theorem (see Brezis [26, Theorem 4.30 p.115]) and De la Vallée-Poussin’s theorem (see
Brezis [26, Problem 23-D p.468]). To prove (iii), let n > 0 be given. Then since B s,) is
compact without loss of generality we may assume that

Biosoy © Y B (¢en),

where B (y,,n) is an open ball in L% (0,d,). Hence for v € Bjqs,), there exists kg €
{1,..,m} such that ¢ € B (¢y,,n) and we have for each 6 € (0, dy)

(/jwwpda); < (06\%@—1/} V’da) (/ e \da) |

A
3
+

Y
o
(=2
S
g
=
—

QU

)
v

5 v
< 7+ max ( \(pk(a)|pda) , Vo € (0,d) -
= m 0
Thus letting § \, 0 leads us to
KJP(B) S 777 VTI > O

and the results follows. The proofs of properties (iv)-(iz) are similar to the proofs for
measure of non-compactness (see Deimling [53], Martin [106], Sell and You [149]). n

To conclude this subsection, we will characterize the fact that B is atomic set at 0, that
is to say that

K1 (B) > 0.

To do so, let us first recall some definitions and basic facts on bounded variation functions.

Definition 5.2.2 A map 7 : [0,1] — R has a bounded variation on [0, 1] if

4 (777 [07 1]) = Sup Z |77(xi+1) - 77(IEZ)| < 400

i=1

where the supremum is taken over all the partitions r1 =0 < 23 < ... < Tp41 = 1.
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Recall that by the Riesz’s representation theorem, for each p* € C'([0,1],R)" the dual
space of C'([0,1],R) , we can find 7 : [0, 1] — R a function with bounded variation on [0, 1]
such that for each y € C' ([0, 1],R),

<§0*,X>c*,c=/0 dn(z)x(z),

where the last integral is a Stieltjes integral which is defined as follows

n

(/ dn()x(@) = Tim S [e) — ()] x()

0 A(T)—0 Y
where the limit is taken over all the partition I = (1, xo, ..., x,41) satisfying
1 =0< 22 < ... <Tpyq =1,

with
Ui € [T, i41],

and

.....

As a direct consequence of the definition of the Stieltjes integral, one deduces that

@ X o <V (0,00,1]) Xl -

Definition 5.2.3 An element of ©* of C'([0,1],R)" is said to have a non null mass at 0, if
and only if

lim sup (@, X) e o > 0.
£20yeC with Support(x)C[0,e) ’
We also recall that
QO* 2 0 <80*, X>C*,C 2 O,VX c C+ ([O, 1] ,R) .

We remark that if y € C ([0, 1], R) with Support(x) C [0,¢) then

wﬁmaczlwmmmm.

Furthermore, if o* € C, ([0,1],R)", then the map x — n(x) is a non-negative and increas-
ing function from [0, 1] into R. Hence one deduces that

V (777 [07 6]) Z Sup <§D*a X>C*,C Z llm V (90*7 [07/5\]) .
x€C with Support(x)C[0,¢) e/
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As a consequence, ¢* has a non null mass at 0 if and only if

c:= lim V(n,[0,¢]) > 0.

e(>0)—0

This implies that
n(x) —n(0) > ¢,Vx > 0.

therefore
<()0*7 X)C*,C > 050 (X) ’VX € O+ ([07 1] 7R) )

where ¢ is the Dirac mass a 0.
The main theorem of this section is the following.

Theorem 5.2.4 Let B be a bounded subset of L ((0,1),R). Then
K1 (B) >0

if and only if the weak* closure of B considered as a subset of the dual space of C ([0,1],R)
contains at least one element with non zero mass at 0. More precisely x,(B) > 0 if and only if
B contains a sequence ¢, such that

e " in O([0,1], R)’
and there exists a positive constant ¢ > 0 such that
@ > cdo < (0", X) o = o (X),Vx € C1 ([0,1],R).

Proof. Let B C L% ((0,+0c0),R) be a given bounded subset. Assume that it satisfies
5
ﬁleimsu/ a)da > 0.
1(B) = lim, sup |, p(a)

Set
p = Kk1(B).

Then we can find a decreasing sequence of positive numbers {4, },, . such that
0n (0, asn — 400,

and a sequence
v, €B

such that

/:n v, (a)da > p/2.
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Let ¢ > 0 be given. Let xy € C(]0, 1], R) be given such that

x =0,
x(x)=11if z € [0,¢/2]
Support(x) C [0,¢).

Then recall that )

lin [, (@)x(a)da = / (@)do* (@),

n—oo

Since x > 0 then one obtains that

1 €/2
/ enl@)x(a)da > / oo(a)da, ¥n > 0.
0 0

Now since §,, — 0, there exists N = N, such that for all n > N, one has §,, < ¢/2 and
therefore

p [ :

f< [ e@idas [ @da

2 0 0
This implies that

1
£ < [ ),
0

and the result follows. The converse easily holds true. ]

5.2.2 Integrated semigroup formulation

In order to explain the meaning of mild solutions for systems (5.1.1) and (5.1.4) we first
introduce a suitable functional framework. Let p € [1,00). Consider the Banach space X
as well as its positive cone X, respectively defined by

X =R x LP(0,00), X, =R, x L2(0,00),

and endowed with the usual product norm

1(5)] =t Wt ¥(5) €

Next consider the linear operator A : D(A) C X — X defined by
()=t
v —¢" = p()d

D(A) = {0g} x W*(0, 00).

with
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Set
Xy := D(A) = {0} x LP(0, o0).

Consider the bounded linear operator B : X, — X defined by
. (o) _ < S Bl (o) da) |
(4 0L

XO+ = XO N X+ = {OR} X Lg_(o, OO)
Recall that, (A+ B), : D ((A+ B),) C Xo = X, the partof A+ B: D(A) C X — X in X

is defined by . .
(A+ By (@D) B <—¢' —Rm.m)

“+00

pia+m)={(7) e v = [ s

0

Set

and

By combining the bounded perturbation result of section 3 in [96], and by applying the
results of section 6 in [96] we obtain the following result.

Lemma 5.2.5 Let Assumption 5.1.1 be satisfied. Then the linear operator (A + B), : D ((A+ B),) C
Xo — Xy is the infinitesimal generator a strongly continuous semigroup {T( At B)O(t)} o0 O
bounded linear operators on Xj. N

Next consider the map F': Xy — X by

F<0) ) (exp( S da) 7 B(a)) (a) da).

IR (fo >da) @) (@)

(0
For each ¢ > 0, we consider the map F. : Xy — X

[ a) da
= < 2} ) - <_ [m (f0+°° () (a) da) h(a) — 11[061( ) fy vg(a)@/)(a)da} w(a))

and G, : Xg — X, defined by

0

Or
“(v)=( (5 @) (@)d0) bia) = 0 (@) ;7 ralapblada] v <a>)'
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By identifying u(t,.) to v () = (. ), the problem (5.1.1) can be reformulated as the

u(t,.)
following abstract non-densely Cauchy problem
dvu(t
ZZSE ) = Av(t) + F(v(t)), v(0) = (2) € Xog, (5.2.1)

and u, (t,.) to v, (t) = (u(%)), the problem (5.1.4) can be reformulated as the following
abstract non-densely Cauchy problem

dv.(t)
dt

= Av.(t) + F.(ve(t)), v-(0) = ( g ) € Xog- (5.2.2)

This former problem is also equivalent to the following densely defined Cauchy problem

dv;—it) = (A4 B)yve(t) + Ge(ve(t)), v-(0) = ( g ) € Xoy. (5.2.3)
Now in order to derive a global existence result for the semiflow generated by (5.2.1) and
(5.2.2) it is sufficient to use the following arguments combined together with the results
in [97]. First since I’ and F. are Lipschitz continuous on bounded sets, the existence and
uniqueness of a maximal semiflow follows. Secondly, the positivity of solutions is obtained
by observing

(M — A" X, C X, for each A > 0 large enough,

and that for each constant M > 0 there exists A = A(M) > 0 such that

(F+ ) < 10/} ) € Xot, (5.2.4)

()

solutions follows from the sub-linearity argument

P(v) = (3 )man (i) =2 (3)

whenever ( 0 € Xog-

P

Now by applying the results in [97] we obtain the following theorem.

whenever < ?/} ) € Xoy and < M. Finally, the global existence of positive

Proposition 5.2.6 Let Assumption 5.1.1 be satisfied. Then there exists a unique continuous
semiflow {U(t)}1>0 on Xo such that for each x € X, the map t — U(t)x is the unique
integrated solution (or mild solution) of (5.2.1) that is to say that U(.)xz € C ([0, +00), Xo4)
and satisfies the following properties

t
/ U(s)xds € D(A),Vt > 0,
0
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and
t t
Ult)r =x+ A/ U(s)xds +/ F(U(s)x)ds, Vt > 0.
0 0

Similarly, for each ¢ € (0,1], there exists a unique continuous semiflow {U.(t)}1>0 on Xo4
such that for each x € Xy, the map t — U.(t)x is a mild solution of (5.2.2), that is to say
that U.(.)x € C ([0, +0), Xo,) and satisfies the following properties

¢
/ U.(s)xds € D(A), vVt > 0,
0

and . .
Ust)x =z + A/ U.(s)xds + / F.(U.(s)x)ds, ¥t > 0.
0 0

Moreover U.(.)x € C ([0,400), Xo) is a mild solution of the densely defined Cauchy problem
of (5.2.3), that is to say that

t
Uc(t)x = Tiayp), (1) +/ Tia+ ), (t — 8)G(Us(s)x)ds, Vt > 0.
0

5.2.3 Volterra’s integral equation formulation

In this subsection, we present a Volterra’s integral equation formulation of the age-structured
systems (5.1.1) and (5.1.4). We refer to the book of Webb [163] and Iannelli [78] for more
results and informations on this subject. Set

Te(t) == [ y(a)u?(t, a)da, ¥t >0, for y = 7y, 75, 8. (5.2.5)

for v = ~,,7, or 5 and each initial distribution ¢ € L% ((0,+o0),R).
The solution of system (5.1.1) integrated along the characteristics is given by

I? (t,a,a —t)p(a — 1), ifa > t,

UW(a,t) — (5.2.6)

1% (t,a,0) exp (-r% (t— a)) %(t —a), ifa <t

where
I? (t,a,s) = exp (—/S [u(r) +m <F:’;1 (r+t— a)) h(r)] dr) , (5.2.7)

for each a > s > 0. Combining (5.2.5) and (5.2.6) we deduce that ¢t — re (), t — re (t)
and ¢t — I';(t) are the unique continuous solutions of the system of Volterra’s integral
equations:

£ (t) = ft I‘Ptaa—t)cp(a—tda+f071 a)I? (t,a,0)T4(t — a)e 20— dq,
2t = ()[“"(taa—t)@(a—tdaijO% )I? (t,a,0) T4 (t — a)e 929 daq,
F‘p(t) ft B( )17 (t,a,a —t) p(a — t)da + [, Ba)I? (t,a,0) It — a)e 29 da.
(5.2.8)

©
B
©
B
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Similarly, set

re () = /0 T (@t (t, a)da, (5.2.9)
for v = 7,,7, or 5 and each initial distribution ¢ € L% ((0,+00),R). As before we have
uf (t,a) = { ﬁz EZZ:& ré)ﬁ(a _)t,) 1fi£a;t,t’ (5.2.10)
wherein
a min(e,a)
I? (t,a,s) :=exp <—/8 [,u (r)+m <Ff17€ (r+t— a)) h(r)} dr — /min(m) —F% L(r+t—a) dr) :

(5.2.11)
foreacha > s> 0,andt — I'Y (), t = T¥ _(t)andt — T';_(¢) are the unique continuous
solutions of the system of Volterra’s integral equations:

7 ) = ft+oo 71 (@) I (t,a,a —t) p (a —t)da
+ Jy 7 (@) I (t,0,0) T (t — a) da
Pﬁga(t) = ftﬂo% (a)I¢ (t,a,a —t)p(a—t)da
+ Jy 72 (@) I£ (t,a,0)T% _(t — a) da
L. (t)= )" B )I“”(t a,a—1)¢(a—1t)da
+ Jy B(a)I# (t,a,0)T% _(t — a) da.

(5.2.12)

5.3 Proofs of the main results

We start this section with a preliminary estimate.

Lemma 5.3.1 Let Assumption 5.1.1 be satisfied. Let p € [l,+00). Then for each ¢ €
L* (0, 00) we have the following upper bound

IIBII

Hﬁ(t)SOHLP < el e * ' V=0, (5.3.1)
d
o ~ IIﬁH I8lLa ,
) Us(t)wHLp < lellpoy e ® 5 VEZ0. (5.3.2)

As a consequence we deduce that for each v € L% ((0,00);R) we have for each ¢ > 0, ¢ €
L% ((0,00); R) ;
I8

0< T2 (1) < [7llpallell e »", Ve >0. (5.3.3)
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Proof. The proof of the two inequalities are similar. Let us for example consider inequality
(5.3.2). By using (5.2.10) we obtain

+oo —+o00 t
/ lu?(t,a)|’ da < / lo (I —t)|Pdl + / }Iwﬁ(t — r)}p dr
0 0 0

t —+o00 p
< ol + / ()t —r,0)do| dr
0
t
< gl + 18I / lu(r, )2, dr,
and the result follows from Gronwall’s lemma. ]

5.3.1 Preliminary estimates

To derive the main results of this chapter it will be important to give some estimates of the

quantity
+oo

V(@) (et a) —u” (b a))da,

for some given test function ¢» € L?(0,00). To do so we shall re-write the above quantity
as follows
Jo " (@) (ug (ta) — u? (t,a)) da =[5 4 (a) HE (a,t — a) da
€ too € (5.3.4)
+ [, (@) JE (a,a—t) ¢ (a—t)da,
where we have set for each ¢ € [0, 7],

HE (a,t —a) = I¥(t,a,0) e—%(t—@rg(t —a) = I (t,a,0)T5_(t —a), Ya<t, (5.3.5)

and
JE (a,a—t) =19 (t,a,a—1t) — I (t,a,a — 1), Ya > t. (5.3.6)

Let us first derive some Lipschitz estimates independent of ¢ for some useful linear form,
namely of the form I'Y__.

Lemma 5.3.2 Let Assumptions 5.1.1 and 5.1.3 be satisfied. Let 7 > 0 and M > 0. Then
for each ¢ € (0,1] and each ¢ € L% ((0,00); R) with ||p||;, < M, the map t — 'Y _(t) is
Lipschitz continuous on |0, 7|, and we have the following estimate

]
L.

) F'ij,E Lip,[0,7] S HWQ (T7 M) Me » (537)
where
[Y,() = 1%, (5)
[rz.cll,, =, o |
27| Lip,[0,7] t,5€[0,7]:t#s |t - 8‘
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and the constant

"1’72 (T7M> = ’

Yall po + elloc 12l e

E

+moo [l 172l o + 1ol KMe ™

T

where k is defined in (5.1.6) and

Moo 1= sup m(x).

1612,
z€ |Oy|lv1llpgMe P

Proof. By choosing the initial distribution ¢ smooth enough that is to say that
+oo

D:{goevvl’p<o,+oo>:go<o>: 0 ﬂ(a)w(a)da}

then it is well known that ¢ — u? (¢, .) is from [0, +00) into L (0, 400), and for ¢ > 0,
+oo
uf (t,.) € W (0, 4+00) with u? (t,0) = Bla)uf (t,a)da.
0

Hence for such an initial distribution ¢ +— T'Y _(¢) is continuously differentiable and we
have

dre (t) oo ou? (t,a)
Y2,€ _ 3 ) d
Tl / 12 a) 2 d

- - [Tn@2e e [ @p @ t0)do
—m <F£17€ (t)) /0+°° Vs (a) b (a) u? (t,a)da

+0c0 1
50 [ @) T0a (o) (t0) da
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since 7, (0) = 0, by integrating by parts we obtain

dl'¥ (t) 400

+o0
Sl 0 [ Bz taydat [ o (e)u (t)da
0 0

—/O " s (@) 1 (a)u? (¢, 0) da
+o0
—m (T2, (1)) / 7 (@) h(a) uf (£, a) da
400
e (1) /0 v, (a) éyo,s] (a)u? (t, a) da,
- / " (@) (t, @) da
’ +o0
- / o (@) 1 (a) ¥ (t, 0) da
400 +00
m ( T <a>uf<t,a>da) | @n@ o da

([T o) ([0 g @ o da).

Using Holder’s inequality and Lemma 5.3.1, we obtain (5.3.7).
Now let ¢ € L% (0,400). Since D N L% (0,4o00) and dense in L% (0, +o0) , we can find
a sequence {y,},-, C DN L% (0, +o00) such that

¢, — @inLP(0,4+00).

n—-+o00

Therefore from the fact that
T2 (s) = Ten (1) < ky (6, M) |s = 1|, Vs,l € [0,t], Vn > 0.

Passing to the limit n — oo and using the continuity of the semiflow with respect to the
initial value, we obtain

T2 (s) =T (D] < ky (8, M) |s = 1], Vs, 1€ [0,1], Ve € Xos,

this completes the proof of Lemma 5.3.2. ]
Now we are ready to give the estimates which are the key point to prove our main
results.

Lemma 5.3.3 Let Assumptions 5.1.1 and 5.1.3 and be satisfied. Let 7 > 0 and M > 0. Then
there exists a constant Cy = Cy(r, M) > 0 such that for each ¢ € (0,1],

S (a)] [HE (ayt — a)| da

< Co [HwHL‘ﬁ% + [T (¢ =)+ Y]l a) Fa(go)(r)dr] (5.3.8)
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whenever ¢ € L% ((0,400),R) with ||¢||» < M, t € [0,7], ¥ € LI((0,+00),R), and
F(o)t)= > |Te.()—-T2)], vrelor]. (5.3.9)
Y=71:72,8

Proof Let ¢ € L% ((0,00),R) be such that |l¢||;, < M and ¢y € L9((0,+0c0),R). Let
e € (0,1]. Then for each ¢ € [0, 7] and each a € [0, ],

HE (a,t —a) = |19 (t,a,0) e 5= — [# (q, O)] L5 (t—a)+If (t,a,0) [T5(t —a) =T _(t —a)] .

Recall that
|I? (t,a,0)| <1, Ya € [0,t], Vt < T,

hence

/w 1M (0.t — o)l da < ||T%|| [OT/W)
+/0 |w(a)|}Fg(t—a)—Fg’E(t—a)’da.

da

| 117 (t,a,0)exp (—F%(t - a)) —I1?(t,a,0)

It remains to evaluate the integral

I = / v (a
Since

19 (t,a,0) exp (—Fﬁ2 (t— a)) = exp (— /Oa [u(r) +m (Fﬁl (r+t— a)) h(r)] dr —T7 (t — a)) :

and

I? (t,a,0) = exp <— /Oa [u (r)+m (tha (r+t— a)) h(r)} dr — /Omin(a,a) EF% L(r+t—a) dr)

we deduce that

[ 117 (t,a 0)exp< r 2(t—a)> —I7 (t,a,O)‘da.

1% (t,a,0) exp <—Fﬁ2 (t— a)) _I?(t,a, 0))

<l Wl [ 05,0+t = ) =TE r+ =@ ar
min(e,a) 1
—i—F%(t—a)—/ —FfQE(r—i-t—a)dr
0
< mllpncn Il [ |05, =0 =15, - D]
0

+|re (t—a)y -T2 (- a))

min(e,a) 1
F%E(t—a)—/o —Ff2€(r—|—t—a)dr
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P
where C) = ||| 4 Me L . Next let us set

Cy = Hm”Lip,[O,Cl] HhHLoo TP

Then by using Holder’s inequality, we obtain

I, < 02/ ]| | T2 (¢ 1) — F,fhs(t—l)’dlda

/w

(t—a)=T7 (t— a)) da

da.

min(e,a)
/ |V (a (t—a)— /o EP%’E (r+t—a)dr
Now it remains to evaluate
min(e,a) 1
IQ._/W e (t—a)— / —F%E(r—l-t—a)dr da.
0

If t < e, we have

I, < [ (a)] [F%,e (t—a)+/0a éFi’; E(T+t—a)dr} da

‘P
with C5 1= 2|7y, Me e . Hence by using Holder’s inequality, we obtain
IQ S 035 /p||77z)||[,q.

If t > ¢, we have

“1
I : /W re (t—a)— / —FﬁQE(Tth—a)dr da
0
°1
/WJ re (t—a)— / —ngs(r—i-t—a)dr da
0
< Cae' || s
t 1
+/ |w(a)|g/ F%E(t—a)—Ff27€(r—|—t—a)‘drda
< Cae' ||
t 1 €
re - drd
+‘ V2E Lip,[O,T]/E [ (@) 6/0 raraa
— (LellP . ’pp E/ d
el + ez, 5 ) da
< Coe'7p) o + || o

V2,€

ipf0.7] 2
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the result follows. [

Lemma 5.3.4 Let Assumptions 5.1.1 and 5.1.3 be satisfied. Let 7 > 0 and M > 0. Then
there exists a constant Cy = Cy(r, M) > 0 such that for each ¢ € (0,1],

7N @12 (a0 = D) o (a 1)) da (5.3.10)
< Co [0l Jy 12,0 = T2, ()] dr + Ji 10 0+ D)l | (@) da 3.
whenever ¢ € L'} ((0,+00);R) with ||¢l|» < M, t € [0,7], and ¢ € L ((0, +00); R) .

Proof. Let M > 0 and 7 > 0 be given. Let ¢ € L% ((0,+00);R) be given such that
llellz» < M . Then we have for each a > t and for each ¢ € [0, 7],

J¢ (a,a—t) =17 (t,a,a—t) — 19 (t,a,a — 1)
a min(e,a 1
= exp (— L, [,u (r)+m <Ff§fl7€ (r+t—a) h(r)} dr — fmin((&;f)t) EF%’E (r+t—a) dr)

—exp (= f1, |ulr) +m (T2 (r + £ = a)) h(r)] dr)
h(

<[, [m (Fﬁl’e (r+t— a)) -m <Fﬁl(r +t— a))] r)dr)
min(e,a 1
+ fmin(é,;zt) grfg s(r+t—a)dr

Let ¢ € L?((0,+00),R). Then

1= 7 [ @)1 (a0 = )] | (a — )] da

< [l iy Il e ;7 16 (@) (fy |72, ) = T2, . (0] dt) Lo (@ = )] da
oo min(e,a —a 1

+ W @ e ST (D dl | (a = )] da

= [l oo WAl J;7° 10 @1 (fo 12,00 = T, . )] ) | (a = )| da

min(e,a —a 1
[rinEarttze Zpe (1) d

min(e,a—t)+t—a g V2,€

+ [ v ()] o (a — )] da

therefore we obtain

“+o00 t
B < ol - [ 10 @) ( /
t 0

50, [0,7] /jﬂ ¢ ()] | (a —t)] da

T (1) - T7 (l)’ dl) o (a— 1) da

©
Y2,€

+’F

and the result follows. n
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5.3.2 Proof of Theorem 5.1.7

Lemma 5.3.5 (Gronwall’s like inequality) Let 7 > 0 be fixed and f € L% ((0,7),R).Assume
in addition that there exist two constants o > 0 and 3 > 0 such that

: !
0<f(t)<a+p (/ f(s)? ds) , for almost every t € (0, 7). (5.3.11)
0

Then

P 3P

2P
f(t) §2anp< P

t) , for almost every t € (0,7).

Proof. We first observe that
(a+ )P < (2max(a, b))’ < 27 (aP + bP) (5.3.12)

whenever a > 0, b > 0 and p € [1,00) . The inequality (5.3.11) implies

p < p d v
Floy < <a+6 ([ resras) )
and by using (5.3.12) we obtain
rr s (o e [ rora)
0

and by using Gronwall inequality in L' the result follows. ]

Proof. (of Theorem 5.1.7) Let B C L% ((0,+00) ; R) be a given bounded set. Let 7 > 0 be
given and fixed. Since B is bounded, we set

M := sup ||| Le-
peB

Recalling that

Elp)t)= ) [M.()-T2(),

Y=7172,8

we first observe that N

Fe(o)(t) < Colluf () —u? (£, )1,
with N

Co == (Ivallpe + l1v2ll e + 11811 L0) -

Moreover it is well known that

+o0

Juf (t,.) —u? (t, )|, = sup ¥ (a) (uf (t,a) —u? (t,a))da.
YELL((0,400);R) /0
Il g <1
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Let ¢ € L9((0, +00); R) with ||¢||;, < 1. We have

JoF 4 (a) (ug (8, a) — u? (t,a)) da = [3 4 (a) HE (a,t — a)da
+ft+oo¢(a) J# (a,a —t) ¢ (a —t)da.

therefore due to Lemma 5.3.4 and Lemma 5.3.3, we obtain for each ¢ € (0,1], each ¢ €
[0, 7] and each ¢ € B that

Fe(p)(t) < Gy [8; +/0 (It =7)[+2) Fs(w)(r)dTvL/: ¥ (a+1)] Iw(a)\da} :

where
Cy = Gy (00 n 60) .

So by using Holder’s inequality, we deduce that

o ( / 5 |¢<a>\pda) y 1161+ 2l a0 | ( / Fs<*0><7“>pd7°) W] /

and this implies the following:

o ( /0 e (@) da) R < /0 t Fg(go)(r)pdr) 1/1 |

By applying Gronwall’s like inequality given in Lemma 5.3.5, we obtain

. : e 2vCY [1 + 27Y/4]
€5+</\g0(a)|pda) ]exp( 1[;7— }7' ,
0

the proof of Theorem 5.1.7 is completed. |

Fe(p)(t) < 2C

5.3.3 Proof of Theorem 5.1.10

By definition we have

et = 3 /wwa)(uf(t,a)—u@(t,a»da
Y=71,72:8 17O
< /Om ( > Bv(@) U (£, a) — ¥ (¢, a)| da.

Set
x= > ()€ Ll (0,+00).

Y=Y1,72:8
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By using the same argument as in the proof of Theorem 5.1.7 with ) = y, we obtain
- 1 t €
@0 <85+ [ (xe-nl+2 R0+ [ olle@lda]
0 0

for some constant C; = Cy (7, M, x|l 1a) > 0.
Now Holder’s inequality leads us to

<&%4w(47xm+wvm)w>+{mm+2MWﬂ](Aﬁquvw)wl.

Hence Gronwall’s inequality (see Lemma 5.3.5) provides

—~ p
; e vl (26 [+ 2lsn)
e ([Tl e aE
: p

Next, we infer from the continuity of the map ¢ — f(f |x (a)|? da that

Fo(p)(t) < Gy

F.(p)(t) < 20

sup F.(p)(t) > 0ase— 0.
t€[0,7] and peB

Let ¢y € L? (0,+400) be given and fixed. We have

I(t) = [0 (a) (u¢ (t,a) — u? (t,a)) da = [j 1) (a) HE (a,t — a)da
+ft+oo¢(a) J# (a,a —t) ¢ (a —t)da.

And by using the same arguments as in the proof of Theorem 5.1.7 we obtain

(1) < Cy [€%+/0 (\w(t—r)\+2)Fs(90)(7’)d7’+/0€\w(a+t)\\@(a)lda ,

that completes the proof of the result.



Chapitre 6

A singularly perturbed Delay Differential
Equation modeling nosocomial
infections

6.1 Introduction

In this chapter, we consider a model describing bacterial nosocomial infections (i.e. hos-
pital acquired infections). In such a problem the pathogens (bacteria) are assumed to be
transmitted from the patients to HealthCare Workers (HCW) and from the HCWs to the
patients. A Susceptible (S) patients may become newly Infected (/) patient by contact
with a colonized HCW. Typically, the colonization of HCWs is of a superficial form such
as dirty hands that carry the pathogen. The HCWs are decomposed into the Uncolonized
(Hy) and the Colonized (H). The fluxes of patients and HCWs are summarized in Figure
6.1.

The time scales for the process of colonization for HCWs and the process of infection
for patients are fairly different. HCWs may recover from the colonization due to hygiene
or due to the turn over in the medical unit (i.e. a shifts of 8 Hours). When a HCW becomes
colonized, the HCW is assumed to be immediately capable to transmit the pathogen to a
patient. The average time during which the HCW stays colonised is approximatively one or
two hours. For a patient the infection process is much longer, and a patient needs several
days to be capable to transmit the pathogen to HCWs. Therefore when a patient become
infected, the period of time necessary to transmit the pathogen from patients to an HCW
is much longer. In this sense there is (at least) one order of magnitude between the time
scale for HCWs and the time scale for patients.

In this chapter, we will consider a special version of a model presented in Magal and
McCluskey [94, Section 7]. By using the usual idea coming from slow-fast systems, we will
cancel out the HCWs component of the system. Similar idea was already used in D’Agata
et al. [48] (without mathematical justification), and as in [48] we will endup with a single
equation for patients. The model derived turns to be similar (but different) to the one
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introduced in Webb et al. in [164]. A practical motivation for this study comes from the
fact that (usually) no data are available for the colonized HCWs. Therefore it also makes
sense to try to get rid of the HCWs component in such a problem.

T

PATIENTS | — ] S

l

Figure 6.1: The figure represents a diagram of the individuals fluxes used to describe hospital
acquired infections. In this diagram each solid arrow represents a flux of individuals, while
the dashed arrows represent the influence of either infected patients or colonized HCWs on the
pathogen acquisition.

A

Let S(t) be the number of susceptible patients at time ¢, and i(¢,a) be the density of
infected patients who have been infected for a duration « at time ¢. This means that

a+
/ i(t,a)da

is the number of infected patients having an age of infection (i.e. the time since infection)
0 < a_ < a < a,. The age of infection is introduced in such a context to account for
antibiotic treatment in the model. Let Hy (t) be the number of un-colonized HCWs, H¢ (t)
be the number of colonized HCWs. Assume that the number of patients and HCWs is
constant in the hospital (or the intensive care unit), therefore we must have

—+oc0
S(t) +/ i(t,a)da = Np  and  Hy(t) + Ho(t) = Ny. (6.1.1)
0
4
%ff) = vgrNp —vRS(t) — ”X[I]j LBy S(t) He(t)
di(t,a)  0i(t,a) ,
Patient ot + 15% = —vpi(t, a), (6.1.2)
equation i(£,0) = V]‘\/[Hlﬂvs(t)Hc(t)
S(0)=5y>0
\ Z(07 ) = Z.0 € L}l,- (07 +OO) )
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The rate vy at which contacts between staff and patients occur is taken to be constant.
The probability for a patient to have contact with a HCW is 3, := Ny /N, and when a
contact occurs the probability that is with a contaminated HCW is the faction HC of HCWs
that are colonized, where Ny is the total number of HCWs and N, is the total ‘humber of
patients. Finally, given a contact between a susceptible patient and a contaminated HCW,
the probability that the patient becomes infected is P; € (0,1]. Thus, the rate at which
incidence of new infections in the patient population is ”;—51 By SHc. All newly infected
patients enter the infected population with infection age 0.

Next, we determine equations for the HCWs, beginning with the incidence. while the
system describing the HCWs colonization is the following

( dHy(t vy P - .
dUt( D= v Ny~ v (1) - ]VV S Hy (1) [ A(a)ilt, a)da
P
HCW dHC(t) . ]/Vpc
equation i Np (t) Jy v(@)i(t, a)da — virHe(t) (6.1.3)
Hy(0) = Hyo > 0
( Ho(0) = Heo 2> 0.

As in the patient equations, contacts occur at rate vy. Let Po € (0, 1] be the maximum
probability that a contact between an infected patient and a uncontaminated HCW leads
to a new contamination. The relative infectivity of patients of infection age a is v(a)
and the density of contacts with patients of infection age a is ( Ny , Where Np is the total
number of patlents Thus, the incidence of new contaminations in the HCW population is
%H Je i(t, a)da. The decontamination rate for HCWs is vy.

The meanlng of the parameters, as well as the values used in simulations, are listed in
Table 1.

Symbol Interpretation Value Units
Np total number of patients 400* -
Ny total number of HCWs 100* -
Ty = -~ average time during which an HCW stays colonized 1* hours
Ty = £ average duration of visit to a patient by 1.58*** hours
a HCW plus time to the next visit
Tr = i average time spent in the hospital for an 28* days
infected patient
Py probability for a patient to be infected by 0.06™*
a HCW per visit
Pe probability for a HCW to be colonized by 0.4** -
a patient per visit
v(a) relative infectivity of patients of infection age a
T time necessary to become infectious 9.86 days

Table 1: The parameter values are taken from [48], and are used in numerical simula-
tions. Values marked with * were estimated for Beth Israel Deaconess Medical Center, Boston.
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Values marked with ** were estimated for Cook County Hospital, Chicago. The parameter
value 7 is estimated in this work.
By using (6.1.1), the system (6.1.2)-(6.1.3) can be reduced to the following system

( 8i(t a) N di(t,a)

yvp@%

= —ij(t, a),

“+o0 .
;; oz ; vy (NP — z(t,a)da) He(l) 6.1.4)
C vy lc
= N, (Ng — He(t) fo i(t,a)da — vy Ho(t)
L i(0,.) = ip € L} (0,+00), Ho(0) = HCO > 0.
Assuming for simplicity that
[ 1, a€[r,+0)
(@) = { 0, otherwise. (6.1.5)
By setting
+oo
I(t) ::/ i(t,a)da, (6.1.6)
0
the system (6.1.4) can be rewritten for ¢t > 7,
dI(t vy P
d(t ) _ VNfV (Np — I(t)) Ho(t) — vl (t)
dHe(t vy P 6.1.
olt) _ P N By eI - 1) — v Hol) (6.1.7)
dt Np

I(t,.) = Iy(t) > 0,Vt € [-7,0], Ho(0) = Hgo > 0.

The global asymptotic behabior of system (6.1.2)-(6.1.3) has been studied in [94]. For
example the basic repoductive number for system (6.1.7) is given by

VHVR

2
Ro :\/ g P;3,, Poe—vrT, (6.1.8)

The above formula suggests that the parameters 7 play a crucial role for the persistence
(or the invasion) of resistant pathogens. Clearly, these parameters are related to antibiotic
treatment (see D’Agata et al. [48]). At the level of a single patient, antibiotic treat-
ment provides an in-host environment that selects in favour of the resistant strain. As a
consequence, due to antibiotic treatment, patients may becomes more likely to transmit
resistant pathogens. But the effects of treatments for a single patient is a fairly complex
system. Some mechanisms involved in such problems have described in [49, 3] (see also
references therein).

As far as we know no singular perturbation results are known for such age structured
systems. Moreover relatively few examples has been considered in the literature. We refer
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to Arino et al. [5] and Ducrot et al. [55] for two examples of singularly perturbed age
structured systems. One may also observe that for the functional differential equations
(6.1.7) (as far as we know) the usual theory does not apply (see Hale and Verduyn Lunel
[74], Diekmann et al. [54], Arino et al. [6], and Smith [153]). We also refer to Magalhaes
[99, 98] and Artstein and Slemrod [9] for more result on singular perturbations theory in
the context of delay differential equations.

In order to introduce the singularly perturbed system a discussion of the processes is in
order. First the goal of the model is to describe the spread of the hospital epidemic over
several months or a year. We observe that on the scale of one month year, a HCW visit of
an average period -~ ~ 1.5 hours is very short. Thus, we should use the idea of slow-fast
systems which as been successfully used for several classes of bio-medical problems (see
Auger et al. [10], Hek [75]). The fast process corresponds here to HCW visit during which
that contamination may happen while the slow processes correspond to patient infection,
admission, and exit. Here we set % = ¢ << 1. In order to re-scale (6.1.7) with respect
to ¢, let us first notice that parameter i, the average time during which an HCW stays
colonized is also related to . Indeed the longer the visit, the larger the bacterial load, and
therefore the longer the time during which an HCW stays colonized. Here we shall assume
a simple proportional law, that is

YH
Ve = YpgVv = _5 .

Let us also mention that the probability P; for a patient to become infected during a HCW
visit also depends on —. Indeed since patients are motionless, the contamination process
arises to due mampulatlon of the material, the patlents themselves As a consequence, the
probability P; can be decomposed as P; = Pr x V— where P; denotes the probab1l1ty for

a patient to become infected during a unit time of HCW visit. Here we assume that D is
fixed so that
P] = P]€.

On the other hand the contamination process of an HCW by the contaminated patient and
described by P, is rather different. Indeed, the contamination of the environment holds as
soon as the patient is contaminated. This environmental contamination occurs due to the
bacterial spread as well as the manipulation of the material by the HCW. As a consequence,
a contaminated patient and his environment ensure a rather strong probability of HCW
colonisation even if the visit tlme is short. Hence we decompose the probability P into
two terms Po = P2 + Pox L wherem P2 > 0 corresponds to the initial probability of an

HWC to become colonlzed as soon as he enters the contaminated environment while PC
corresponds to an additional probability to become colonized per unit time of visit. As a
consequence one has R

PC = Pc(é-f) = Pg + Pcz:‘.



212

Thus, the above system (6.1.7) becomes

I P =y
- fviv (Np = Ji"™ it a)da ) Ho (1) — vl (1

{-:deCt(t) _ P]CVES) (NH - Hc(t)) e*VRTI(t — 7—) _ 'VHHC(t) (6.1.9)

I(t,.) = Iy(t) > 0,Vt € [-7,0], Ho(0) = Hgo > 0.

Formally, when ¢ = 0 the second equation of the above system gives

He(t) = h(I(t —7)) (6.1.10)
where h : [0, +00) — [0, +00)
_ PNur e PC
h(z) := po—c with 5 := Npe :

The so called reduced system corresponds to the first equation of (6.1.9) (i.e. the slow
equation of (6.1.9)) in which Hq(¢) is replaced by h(I(t — 7)). Therefore the results model
is nothing but the following single delay differential equation

dI(t) _ Pify
dt Ny

(Np — I() R(I(t — 7)) — vrI(t). (6.1.11)

In section 2, we will provide a careful comparison between the solutions of system (6.1.9)
and the solution of system (6.1.11). A question left for future investigation is the compar-
ison of the original model with age of infection with the following model

di(t,a) n di(t,a)

ot da - _VRi(t7 a’)a
. Prf . (6.1.12)
i(t,0) = NHV <Np — i(t,a da) (J5= v(a)i(t, a)da)

i(0,.) = ig € L (0, +oo).

One may observe that this reduced model also corresponds to the model introduced in
Webb et al. in [164]. We refer to [32, 50, 68, 109] (and the references therein) for more
results on nosocomial infections modelling.

The plan of this chapter is the following. In section 2, we summarize the main results
of this chapter. Section 3 is devoted to deriving preliminary result that will be used to
the proof of Theorem 6.2.1 in Section 4. Finally Section 5 is devoted to the study of the
convergence as ¢ — 0 to the unique heteroclinic solution of the reduced system.

6.2 Main results

For simplicity we fix Pe = 0, so we assume that Po(e) = P2. Then by introducing the
prevalence z° = Nip and y° = ﬁ—i, system (6.1.9) can be rewritten as the following delay
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differential equations

( dxf (t
xdt( ) —pa® (t) + oy (1) (1 — 27 (t)), V¢t >0,
dy® (t
€ ydt( ) =—vy*(t)+ Pt (t—7)(1—y° (), YVt >0, (6.2.1)
y°(0) =y €R,
L 2°(0) = ¢ (0),¥0 € [-7,0],
wherein we have set
P P
IL=VR, Q= JIVBV, v=vyand 3= N—Ce”’RT, (6.2.2)
H P

while € € (0, 1) is a small parameter. Note that using the above notations, R, defined in

(6.1.8) re-writes as
Ry = ‘/O‘_ﬁ, (6.2.3)
0%

Let C' := C([-7,0],R) be the Banach space of continuous functions from [—7,0] to R
endowed with the supremum norm

lolle = sup [p(0)].
0e[—7,0]

By taking ¢ = 0 in equation (6.2.1) and solving the second equation in y, we obtain

y(t) = M By replacing y by this expression in the first equation of system
Ba(t—7)+v
(2.4.29), we obtain the reduced equation of (6.2.1)
dr (t)
{ DU = )+ ah (o (t =) (1= 2 (1), Ve 20, 6.2.4)
z(0) = ¢(0),v0 € [-7,0],
where the function » : R, — R, is defined by
Bx
= > 0. 2.
h(x) 6$+V,Vx_0 (6.2.5)
Set
M :=C (]-7,0],[0,1]) x [0,1]. (6.2.6)

The main results are stated as follows.

Y0) ¢ M. Let (=, y°)

¥
(resp. x) be the solution of (6.2.1) with initial data (p,yy) € M (resp. of (6.2.4) with initial
data ¢) with

Theorem 6.2.1 Let 7, i, o, v, 3 > 0 be given positive constants and let (

¢ # Oc.
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Then the following properties are satisfied

lim sup |2°(t) — z(t)| =0

e=0 >0
and

lig sup (8~ (elt = )] =0
Remark 6.2.2 If Ry < 1 and ¢ = 0 then the above uniform convergence holds true.
Remark 6.2.3 By using the classical change of time scale

2(t) = 2°(ct) and y (1) = o (1),

system (6.2.1) becomes

QU

95@) — el—ux a —x
A =el-puz(t) +ay () (1 -z (@), (6.2.7)
— = vy (1) B (=) (L—y ().

QU

T . o
where 7. := — — 400 as (> 0) — 0. One may observe that the equations remain singular

after this change of time scale since the delay 7. goes to infinity as ¢ — 0. To the best of our
knowledge the only available nonlinear theory is concerned with convergence local in time
towards the reduced system. We refer to Artstein and Slemrod [9] and the references therein
for general results on this topic.

Remark 6.2.4 Roughly speaking the proof of the above result shows that in a very fast time t.
of order €| In¢|, y°(t.) becomes very close to h (p(t. — 7)). Next y°(t) stays close to h (z*(t — 7))
with the following kind of estimate for t > T and ¢ small enough:

v(0) = bt =)+ 0() + 0 (7).

It is important to point out the fact that the above theorem is established in the context
that the same initial condition ¢ is taken for the system (6.2.1) and (6.2.4). When ¢ is the
zero function we do not have a global uniform convergence of z° to = whenever y, # 0
and R, > 1. The study of the convergence of z¢ to z is much more delicate. The result
obtained is the following

Theorem 6.2.5 Assume that Ry > 1. Then the reduced system (6.2.4) has a unique (up to
time shift) heteroclinic orbit x> such that

: 0o _ . 0o = aﬁ - pv
tl}r_noox (t) = 0and tl}inoox (t) =1z := PR (6.2.8)
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Furthermore x> is increasing on R. Let yo € (0, 1] be given and let us denote by (x°,y°) the
solution of (6.2.1) with initial data (O¢, yo). Define

le :=sup {t >0: a2%(t) = %} < +o0.

Then we have

limt, = +o0
e—0

and
lim 2% ( + ) = (1),

uniformly in t on each interval of the form [T, +o0) with T' > 0 and where x> = z>°(t) is
the unique heteroclinic orbit of the reduced system (6.2.4) satisfying

In order to illustrate the latter results and more specifically Theorem 6.2.1 with realistic
parameters, we shall use the values described in Table 1. Notice that the average time
necessary to become infectious, namely 7, is unknown and needs to be estimated. This
is performed by using the expression of the endemic prevalence equilibrium 7 given in
(6.2.8). Using the parameters of Table 1, to reach 10% prevalence of patient we obtain
7 = 9.86 days. Figure 6.2-(a) illustrates how the equilibrium prevalence of patients varies
with respect to the parameters 7 and % Note that the prevalence is very sensitive with
respect to the average time of HCW visit. Indeed for the value 7 = 9.86 days the prevalence
at equilibrium varies from 10% to 18% when the length of visit varies from 95 min to
90 min. Figure 6.2- (b) illustrates the dependence on the basic reproduction number R,
with respect to 7 and --. An increasing of the length of visit -- leads to a decrease of the
basic reproduction number and thus on the bacteria’s spread
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Figure 6.2: Figures (a) and (b) describe respectively the evolution of the prevalence of infected
patients at the equilibrium and R, with respect to 1/vy and .
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Finally the convergence result stated in Theorem 6.2.1 is illustrated in Figure 6.3. The
error between the prevalence for the full and reduced system is plotted for different values
for the time of HCW visit. Together with the parameters of Table 1 and the different values
of vy recalled in Figure 6.3, we obtain a maximal error of order 10~ over one year’s
computation time.

25X 10 ‘ ‘
—1N,=1h
| — 1Mv,=1h35| |
10, =2h10
1.5}
S
5
l,
0.5
0

0 50 100 150 200 250 300 350

Time in days
Figure 6.3: Errors between the full and the reduced systems for the same non zero initial data
and different vy. Precisely error(t) = |x°(t) — z(t)|, the parameters v, p, «, 8 are computed
using the relation (6.2.2) with the approximation P2 = Pc for the parameter value of the
Table 1. The intial data for y is yo = 0.5 and the initial data for x and x° is ¢(t) = 0.6 for
t € [—9.86,0].

6.3 Preliminaries

The aim of this section is to derive preliminary results for (6.2.1) and (6.2.4). We shall
more specifically focus one existence and uniqueness of the solution as well as asymptotic
behavior. We shall use the usual history function to deal with the delay differential equa-
tion, namely for each continuous function = : [—7,7) — R for some given 7" > 0 we write
t €0,7) — z; € C defined by x,(f) = x(t + 0) for each § € [-7,0] and ¢t € [0,T"). We first
state a preliminary result for the reduced system (2.4.31).

Lemma 6.3.1 Consider the set

M:={peC: 0c<p<lc}. (6.3.1)
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Then M is positively invariant with respect to the semiflow generated by (6.2.4). If we de-
note by {U(t)}+>o the strongly continuous semiflow on M generated by (6.2.4) defined by
U(t)p = x; the following holds true:

(i) foreach (p,) € (M)2

p<v = Ult)p <UL, ¥t > 0. (6.3.2)

(ii)) When Ry < 1 then the semiflow U only has the trivial equilibrium O0c. When Ry > 1
the semiflow admits exactly two equilibrium points: the trivial one and the constant T
defined by

o

= . 6.3.3
af + up ( )

When R, > 1 then the positive equilibrium z is globally asymptotically stable in M \

{0c}.

Proof The proof of the forward invariance of M as well as (i) directly follows from the
results of Smith [152]. Indeed if we define g : C — R by

9(W) == = (0) + ah (¢ (=7)) (1 = (0)) .

Then one has g (1¢) < 0 and g (0¢) = 0 so that M is forward invariant and on M function
g is quasi monotone. Now the proof (ii) comes from straightforward computations. It
remains to prove (iii). To do so let us first notice that

e af
lim == :—u+7=u[R§—1}>0.

(iii)) When R, < 1 then the trivial equilibrium O is globally asymptotically stable in M.

Then using the results of Smith [152] for each ¢ € (0, 1) small enough we have U (¢) (§1¢) —
T as t — +oo. On the other hand let us also notice that g(1¢) < 0 so that we deduce using
(1) that U(t)1¢ — T as t — oo. To complete the proof (iii) it remains to show that for each
¢ € M\ {0¢} the solution t — x, = U (t) ¢ of the system (6.2.4) satisfies z (t) > 0 for all
t > 7. Since ¢ € M\ {0¢} there exists t, € [0, 7] such that z (¢,) > 0. Hence one gets for
each

x(t) = e Ht=to) g, (to) + / e M=) oy (x(s—71))(1—x(s))ds

to
> emHE) g (1) > 0, Vi > t,

and the result follows. u
Let us now state a similar preliminary result for System (6.2.1).
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Lemma 6.3.2 Let ¢ > 0 be given. Then the subset M C C x R (defined in (6.2.6)) is
positively invariant by the semiflow generated by (6.2.1). If we denote by {U®(t)}i>o the
continuous semiflow on M generated by (6.2.1) defined by U¢(t) = (x5,4°(t))" then the
following holds true:

(i) for each (p, ) € (M)
 <oxr ¥ = Ut)p <cxr U(t)Y, vt >0, (6.3.4)
where the partial order <cr is defined by the usual positive cone C x R™ C C' x R.

(ii) When Ry, < 1 then the only equilibrium of the semiflow U¢ is the trivial equilibrium
(0c,0)". When Ry > 1 the semiflow admits exactly two equilibrium points: the trivial
one and the constant (Z,7)" where T is defined in defined in (6.3.3) while j = h (%).

(iii)) When R, < 1 then the trivial equilibrium (0¢,0)" is globally asymptotically stable in
M. When Ry > 1 then the interior equilibrium (z,7)" is globally asymptotically stable
in M\ {(0c,0)}.

The proof of this results is straightforward and follows by the same steps and arguments
as the one of Lemma 6.3.1.

Our next preliminary result relies on some property of the entire solutions of the re-
duced system (6.2.4). This will be needed in the proof of Theorem 6.2.1 as well as Theo-
rem 6.2.5.

Lemma 6.3.3 Assume that Ry > 1. Then {z(t)}cr is a complete orbit in M of (6.2.4) if and
only if one of the following properties are satisfied:

() x is an equilibrium point of the system (6.2.4), namely x(t) = 0¢ or x(t) = Z.
(ii) x is a heteroclinic orbit of the system (6.2.4) satisfying the following properties

(@) 0 <z(t)<zforaltekR.
(b) lim z(t) =z and lim x(t) =0.

t—+4o00 t——o0

Proof. Let us first notice that (i) or (ii) implies that = is an complete orbit of (6.2.4) in M.
Let {z(t)};cr be a given complete orbit of the system (6.2.4) in M such that z # 0o and
x Z I.

Let us first prove that x satisfies (ii)-(a). Since z(t) € M for each t € R one has
Oc < x5 < 1¢ foreacht € R and s € R. Lemma 6.3.1-(i) yields that 0c < z; < U (s) 1¢
for each s > 0 and ¢t € R. Lemma 6.3.1-(iii) implies that U (s)1 — = as s — +oo that
ensures that 0 < z(t) < 7 for all ¢t € R. To complete the proof of ii)-(a) it remains to prove
that 0 < x(t) for all t € R. To prove this property let us argue by contradiction by assuming
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that there exists ¢ € R such that z () = 0. Let us first notice that from the reduced system,
one gets
d etz (t)]
dt

so that t — ez (t) is non-decreasing. Hence z(t) = 0 for all t < t. Since z(t) = 0 on
[t — 7,t] one concludes that x(t) = 0 for all t > t. We obtain that z(¢) = 0, a contradiction
that completes the proof of (ii)-(a).

It remains to prove (ii)-(b). First since = # 0¢, Lemma 6.3.1-(iii) yields that z(¢) — z as
t — oo. As a consequence we only need to show that x(¢) — 0 as t — —oo. This property
is related to the following functional

=eh(z(t—7))(1—a() >0, Vt € R,

¢
V(ze) =a(t)+ u/ x(s)ds, Vt € R. (6.3.5)
t—r1

Straightforward computations yields that

dVv (l't)
dt

=h(z(t—7)[a(@—a@)+p@—at—r1))], VteR. (6.3.6)

Then due to (ii)-(a), z(t) < z for all ¢ € R and ¢ — V'(z;) is non-decreasing. To conclude
let us consider a decreasing sequence {t,},, such that ¢, — —oo as n — +oo. Let us
define the uniformly bounded sequence of shifted maps {z"},> be

() =z (t+t,), VL eR.

Since 2" is a an entire solution of (6.2.4) and since {z"} is uniformly bounded, one con-
cludes that {4~ o is also uniformly bounded. As a consequence, possibly along a sub-
sequence, one may assume that 2" (t) — 2°(t) as n — oo locally uniformly in ¢ € R and
wherein 2> is also an entire solution in M of (6.2.4). Next for each n > 0 and K > 0,

integrating (6.3.6) over [t, — K, t,, + K] yields

V@w%):/?h@wﬁ—ﬂﬂa@—$WU%HN$—ﬂU—”»Wt
+V (2) (t, — K).

Since ¢ — V/(x,) is non-increasing and bounded from below one obtains when n — +o00
that

/_Kh(xoo (t—7))[a@—2>@)+p@E—a>(@t—r71))]dt =0, VK > 0.
This implies that

h(@=(t—7))[a(@ -2 () +p(@ -2 -7))] =0,



220

so that z>(t) = 0 or z*°(t) = 7. To conclude the proof we need to prove that z*(t) = 0.
Let us argue by contradiction by assuming that +*°(¢) = z. Then the functional ¢ — V()
is monotone increasing therefore

since t € R — V (z;) is non-decreasing we also have
V(Z) < V(xy).

Therefore

Vies) —
dat

hz(t—=7))a@—x()+pE-—z(-7)]=0,

As a consequence 0 that re-writes as

so that z(t) = 0 or x(t) = 7, a contradiction. The proof is completed. |

6.4 Proof of Theorem 6.2.1

The aim of this section is to prove Theorem 6.2.1. This proof is divided into two parts. The
first part is devoted to the convergence z; — z; as ¢(> 0) — 0. The second part is related
the behavior of ¢t — y° ().

6.4.1 Convergence of ¢ — z° ()

In order to investigate the uniform convergence of z° let us first prove the following local
uniform convergence:

Y

Lemma 6.4.1 (Local uniform convergence) Let %) € M be given. Let x be the solution
¥

of (6.2.4) with initial data . Then for each 7 > 0 we have

lim sup |2°(t) —x ()] =0,

e=04¢ [—7,7]

and A A

lim [ y* () 9 (t) dt :/ h(x(t—7))v(t)dt, Vi € L' (0,7;R) .

E—> 0 0

Note that the proof of the above result can be directly obtained using the theory of Art-

stein and Slemrod in [9]. For the sake of completeness we provide a direct and easy proof
that takes into account the particular structure of our system to conclude to the local weak
star convergence for the y—component. Let us also notice that since the work of Artstein
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and Slemrod [9] deals with Young measure narrow convergence for the y—component, it
allows to conclude to the (local) strong L'—convergence of y*(¢) to h(x(t — 7)). Such a
strong convergence will be derived latter on by deriving direct uniform estimates as well
as layer time estimates.

Proof. The proof of the above result also relies on Arzela-Ascoli’s theorem. Since {(z%,y)}.c (1) C
C([0,00), M) is uniformly bounded, one gets by using (6.2.1) that {4~} __  is also uni-
formly bounded in C ([0, 00),R). Since z§ = ¢ for all ¢ € (0,1) we infer from Arzela-
Ascoli’s theorem that {2°}_ ) is relatively compact in Cj, <[—T, 00), M ) while due to
Banach-Alaoglu-Bourbaki’s theorem {y°}_ , ;) is relatively compact for the weak-« topol-

ogy of o (L2, ((0,0),R), L}, ((0,00), R)).

loc

Let 7 > 0 be given and let {¢,, },>1 C (0, 1) be a given sequence tending to 0 as n — oc.
Up to a sub-sequence, one may assume that 2°» — 2% € C([—7, 7], M) uniformly on [—7, 7]
with 2°(f) = ¢(f) for each § € [-7,0] and y** = yo € L>((0,7),R) for the weak-*
topology of L>°((—7,7),R). That is to say that for each 7 € (0, +00)

7

lim Y= () p(t)dt = /OT Yy (t)o(t)dt, Yo € L' ((0,7),R).

n—-+o0o 0

It follows that

/OT O ()6(t)dt > 0 and /0 11— ()] S(t)dt > 0,6 € I ((0,7) ,R).

Since 7 < +o00, we deduce that
y’ € L'((0,7),R)

and ) )
| vz o0and [ [1- 0] o0 = 0.6 € LT ((0.7),B).
0 0
Now by applying the Hahn-Banach in L' ((0,7),R), it follows that

0<y <L

On the one hand, let v» € C'([0,7],R) be a given test function. Multiplying the y*"-
equation in (6.2.1) by ¢ and integrating over (0, 7) yields for each n > 0

e[V () () — yotb (0)] — & / Sy () (1) de

= [ e == g ) e )0 0
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Letting n — +oco provides

/OT [82° (t — 7) (1 — 5 (8)) — v ()] ¥ (£) dt = 0, Y € C* ([0, 7], R),
so that
() =h(2"(t—7)) ae forte0,7]. (6.4.1)

On the other hand, from the z°"-equation in (6.2.1) one has for each n > 0:

2 (t) = ¢ (0) +/O [a (1 =2 (s))y™ (s) — px" (s)| ds, Vt € [0,7].

Letting n — +oco provides that

2% (t) = ¢ (0) + /0 [ (1= 2°(s)) 4° (s) — pa® (s)] ds, Vt € [0,7].

Recalling (6.4.1) and that 2° satisfies 2°(0) = () for each # € [—7,0] we obtain that
2% = z on [—7,7]. This completes the proof of the result. u

Before proving Theorem 6.2.1 we need some preliminary lemmas. First we have an
estimation from below of solutions independent of the parameter ¢ > 0.

Lemma 6.4.2 Assume that Ry > 1. Then for all (yo) € M with ¢ # 0¢, the map t — w® (t)
12
defined by

t
wh (8) = 2° (&) + %“ya(t) o / 2° (s) ds, Yt >0, (6.4.2)
t—1

satisfies the following properties:
(i) Forallt >0ande > 0

dwe (t)
dt

= ay® (1) (7 —2° () + py” (1) (T — 2" (t = 7))

(ii) There exist n > 0 and ¢ > 0 such that

w® (t) > n,Vt > 1,Ve € (0,¢) .

Proof. The proof of (i) follows from straightforward computations. In order to prove (ii),
let’s observe that by integrating the z-equation in system (6.2.1) between ¢t — 7 and ¢ we
obtain that

xa(t)—k,u/t l‘E(S)dS:l‘a(t—T)—l—Oé/t y° (s) (1 —a°(s))ds, Vt > 7.

T
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Thus

w%o:%%ﬂw+xwpqg+a[Ty@M1—f@»@ngT

Since w*(t) > x°(¢) for all t > 0, one obtains
w® (t) > max {z° (t),2° (t — 1)}, VYt > 7. (6.4.3)

If one sets z; = U(t)¢ then since ¢ # 0 one has z(7) = [U(7)¢] (0) > 0. On the other hand
due to Lemma 6.4.1 we know that 2°(7) — z(7) as ¢ — 0. Thus there exists ¢, > 0 such
that

(1) > ? > 0,Ve € (0,¢). (6.4.4)
To conclude the proof of (ii) we will use the following claim.
Claim 6.4.3 Let ¢ € (0, z) be given. Then for each § € (0,1) such that 3z (1) < T we have
0
2
To prove this claim, let us notice that by (6.4.3) and (6.4.4) we have

we(t) > —x(r),Vt > 1.

w® (1) > 2°(1) > gl’(T)

Let us consider

|

to ::sup{t>7': w® (1) >

xﬁ%WGhﬂ}

Then let us prove that
t() = +00.

Assume that ¢, < 400, then one has

we (tg) = gl’(T) < Z.
One can therefore introduce ¢; > t, defined by
ty =sup{t >ty :w () <z, VI € [to,t]}.
We infer from (6.4.3) that
2°(t) <Tand 2°(t — 7) < T, Vit € [to,11).

As a consequence (i) the map ¢ — w*(¢) is non-decreasing on [t ¢;), that implies

w® (t) > w® (ty) > gl‘(T), Vit € [to, t1).

This contradicts the definition of ¢, and completes the proof of (ii). ]

Coupling Lemma 6.3.3 and Lemma 6.4.2 lead to the following lemma.
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Yo

Lemma 6.4.4 Let us assume that Ry > 1. Let € M be given such that ¢ # 0c. Then

for each sequence {¢,},-, C (0,1) and {t,},~, C (0,00) such that e, — 0 and t,, — +o0 as
n — 400 we have

lim z (t+t,) = &, locally uniformly fort € R.

n—-+o0o

Proof. Let {e,},>, and {t,},, be given sequences such that ¢, — 0 and ¢, — +oc as
n — +oo. Define the sequences of shifted maps

2" (t) =2 (t+t,) € [0,1] and y" (¢) := vy (t + t,) € [0,1],

withn > 0 and ¢ € (—t,, +00), that satisfy the system of equations:

dx;t(t) = —pa (1) + (1 —a" (1) y" (1), Vt = —tn,
g”dydt(t = —vy" (t) + Ba" (t —7) (1 —y" (1)), YVt > —t,.

Thus by using the same techniques as in the proof of Lemma 6.4.1, up to a sub-sequence,
one may assume that 2" — x* locally uniformly for ¢ € R wherein 2 is a complete orbit
of (6.2.4) in M. It remains to prove that 2 = z that is a consequence of the uniform
persistence result stated in Lemma 6.4.2-(ii). Indeed, since ¢ # 0, there exists n > 0 and
N > 0 such that foreachn > N and each ¢t > 7 — t,,:

t
x (t+t,) + %yan (t+t,) +u/ " (s +t,)ds > n.
t—1

Letting n — oo yields
t
:coo(t)—i-,u/ x> (s)ds > n, Vt € R.
t

The classification of complete orbits of (6.2.4) provided by Lemma 6.3.3 allows us to

conclude that 2*°(¢) = 7 and the result follows. n
We are now ready to prove the first part of Theorem 6.2.1.

Theorem 6.4.5 Let < Z£ ) € M be given such that

: 0
ther o # 0 y):< )
either v # or<(p 0c

Let x be the solution of (6.2.4) with initial data p. Then we have

limsup |z°(t) — x(t)| = 0. (6.4.5)

e—0 t>0
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Remark 6.4.6 Using similar argument as in the proof of Theorem 6.4.5, the conclusion re-
mains true whenever Ry < 1 and ¢ = 0. However when R, > 1 then Theorem 6.4.5 is no
longer true when ¢ = 0 and yo > 0. The question will be studied in Theorem 6.2.5.

Proof. Let us first remark that when ¢ = 0 and y, = 0 then (6.4.5) is trivial verified since

" (t) = x(t) = 0,Vt > 0,Ve > 0.
Let ( Yo ) € M with ¢ # 0. Assume that (6.4.5) is not satisfied. Then there exist > 0
and tw(g sequences {¢,},-, — 0 and {t,},, such that

|z (t,) — x(t,)| > n, Yn > 0. (6.4.6)
Moreover by Lemma 6.4.1 we must have
{t”}nZO — 400.
Define the shifted maps
" (t) ==z (t + t,) and y" (¢t) :== y* (t + t,),

foralln > 0 and all ¢t € (—t,,, +00). Then we have

0<z"(t)<land 0 <y"(t) <1,

foralln > 0and t € (—t,, +00).
By using the same techniques as in the proof of Lemma 6.4.1, one may assume that
x"(t) — x*°(t) locally uniformly where 2> is a complete orbit of (6.2.4) in M such that

[2°(0) = L| > n (6.4.7)
where
L= tLlfrnoox(t).
So either
L=0orL=m=.

According to the classification provided by Lemma 6.3.1-(iii) we will now split the proof
into two parts: a) Ry < land L =0;b) Ry > 1and L =T.

a) If Ry < 1 then z is an entire solution of (6.2.4) in M so that one can deduce that
x>(t) = 0. This is a direct consequence of Lemma 6.3.1 (i7) and (zii). Since L = 0 we
obtain a contradiction with (6.4.7).

b) If we consider the case when R, > 1. Then by Lemma 6.4.4 we deduce that z>* = 7.
But ¢ # 0 we also have I = 7 and we obtain a contradiction with (6.4.7). This completes
the proof of the result. u
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6.4.2 Convergence of y°

The aim of this section is to study the convergence property of y° as ¢ — 0 in order to
complete the proof of Theorem 6.2.1. Let’s start with an estimation of y© () — h (2° (t — 7))
fort € [1,+00).

Lemma 6.4.7 For each € > 0 and each initial datum (yo) € M we have
2

Y (t) = h (2= (t = 7)) < e =T |y (7) = h((0))] + ke, VE > T,
with
B(p+a)

Ri=———F—".
V2

Proof. Let us first notice that the integration of the y—equation in (6.2.1) yields for each
t > T to:

t
S () = ot _:(z/Jrﬁxf(lfT))dlys )+ ot j(vw:rf(lfr))dléxs s —7)ds. (6.4.8)
Y €

Equation (6.4.8) may of course be re-written for each ¢t > 7 as
Y (8) = e O (1) 4o (1),

where the map v° : [1,00) — R* is defined by

t
ve(t) == / et fiwsprsma D e (s —7)ds
. 5

then we observe that

¢
v(t) = / 4 [e_é st(”ﬂhi(l—T))dl} h(zf(s—7))ds
. ds

= |:€_% f:(y+ﬂqj5(l—T))dlh (xa (S - T)):|

s=t

s=T

td 1t dxz®
. el fs (v+Bzf(I1—7))dl ! (. & . .
/T — [e ]h (e (s = 7)) == (s = 7)ds

Therefore for each ¢ > 7 one has
V(1) = h (2 (t = 7)) = —e £ B, (6 (0)) — wi (1),
with

dz®
dt

1

t
w(t) = / e~z Js Bz (l=m))dl (25 (s — 7))

(s —T)ds.
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Together with these notations, one gets for each ¢ > 7
[y* (1) = (2* (t = 7)) < e 2y (r) — b (0(0))] + [w" (1)) (6.4.9)

It remains to obtain an estimate for the last term in the above inequality. But by using the
x—equation in (6.2.1) we have

dx(t
xdt( )‘ < (a+p), vt >0.
Therefore .
o)< [T g
and the estimate follows from (6.4.9). n

Next we evaluate y°(t) — h(x(t — 7)) for t € [0, 7]. Set

17| o,y 7= sup [P ()]

z€[0,1]

Lemma 6.4.8 Let (p,y9)" € M be given. Then for each § > 0 there exists ) := n () > 0 such
that for each ¢ € (0,1) and t € [0, 7]

_wt 14
(@) —h(pt—m)<e = +Mllopy——

Proof. Let 6 > 0 be given. Since ¢ is uniformly continuous on [—7,0], there exists n :=
n (§) > 0 such that for each 0,, 6, € [—7,0],

By using similar arguments as in the proof of Lemma 6.4.7 we obtain
yF (t) = e FlotaBel=mDdly 4 (1) Vit € [0, 7]

with v° : [0, 7] — R is defined by

t

A1

V(8 = / & Je et o (s — ) ds, i € 0,7].
0

Therefore we obtain

e () —hp(t—T)| < e+ [ (t) = h(pt—1))|, Vteo,1]. (6.4.11)



228

In order to provide a suitable estimate of the second term of the right hand side of the
above inequality let us notice that

o~ [ Bl
vE(t)—/O de2h B (s— 7)) — h(p(t— 7)) ds

ds
t do—t JLw+Be(i-T))dl . ;
t_
- [ (o (t— 7)) ds
et [ 0+Bioti=r))d
- [ e =) — b e - s

+hp(t—1))—h(p(t—r7))e s hbrdet=md

thus

of () — h (o (t = 7)) < Jy i

< W o 222 fi e 5D [0 (5 = 7) — o (¢ = 7)| d

< ooy 222 [, €20 o (5 = ) — o (= 1) ds
o e o (s —7) - ¢<t—7>|ds}

de— L JEw+Bea— T>)dl’|h( (S—T))—h(@(t_T)”ds

1% t— —_= S
< 2||W[| o 0.1y ::B 0 ne =9ds
+ (|7 o 1] ”Jgﬁ 0 € ° (t—7—=10)—pt—"1)|dl.

Due to (6.4.10) one obtains
,r] v ,r] v
/ e ot —T =) —pt—T1)|d < / e~ <'odl, Yt € [0,7],
0 0

that implies that for all ¢ € [0, 7],

t—=n n
R L N L R e
0 0

that completes the proof. ]
We are now able to complete the proof of Theorem 6.2.5 by investigating the limit
behavior of y° as ¢ — 0.

Theorem 6.4.9 (Almost global uniform convergence) Let (Z?) € M be given such that
¢ # 0¢. Then the following holds true for each K > 0

lim sup |y°(t) —h(z(t—7))|=0.

£=0 t>Ke|lne|
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Proof. Let K > 0 be given. Let § > 0 be given. Due to Lemma 6.4.8 that there exists n > 0
such that for all ¢ > 0 small enough and ¢ € [K¢|In¢|, 7] one has

—Kv|lne / v+ _L
ly* () = h(p (t — 7)) < e el !Ihlloo,[o,l}Tﬁ [2e —s”+5] (6.4.12)

On the other hand from Lemma 6.4.7 we have
Y () — h (2 (t = 7))| < ke + e =Dy (7) — h((0))], Vt > 7.

Now using (6.4.12) with ¢ = 7 to estimate |y°(7) — h((0))|, one obtains that for all ¢ > 0
small enough and each ¢ > ¢|In¢|

+ vn
07 (0) = o (0 = D] < e e gy T [ ]

As a consequence one obtains

fimsup sup [y (1) — (o (¢ = D) < [y 00, V6> 0

e—=0 t>Ke|lne|

and the result follows. n

6.5 Heteroclinic orbits

The aim of this section is to prove Theorem 6.2.5. To be more specific, in this section we
consider the case where ¢ = 0¢ and y, € (0, 1] and we are interested by the convergence
of 2 whenever R, > 1. In such a case, due to Lemma 6.3.2-(iii), the uniform convergence
on the half line toward the solution of the reduced problem cannot hold true. Instead of
that we will prove the convergence to the unique heteroclinic orbit of the reduced system.
We conclude this chapter with a convergence result which achieves the proof of Theorem
6.2.5.

6.5.1 Existence and uniqueness of heteroclinic orbits for the reduced
system

Our first result deals with the existence of heteroclinic orbits for the reduced system and
the result reads as follows:

Proposition 6.5.1 Assume that Ry, > 1. Then there exists an heteroclinic orbit = of the re-
duced system (6.2.4) that satisfies

0<z(t) <=z VteR; tlim z(t)=0and lim z(t) =z.

——00 t—+oo
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Proof. Let ¢ = 0¢ and y, € (0, 1] be given. Due to Lemma 6.3.2 (iii) we know that for each
e >0, 2°(t) - T as t — oco. Next since z¢ (0) = ¢ (0) = 0, for each € > 0 there exists t. > 0
such that 2° (t.) = Z. Moreover due to Lemma 6.4.1 the family of maps ¢ — 2§ converges
locally uniformly to the equilibrium 0¢, so that ¢. — +oco as ¢ — 0. Hence one can define
the family of shifted maps

2 =27, and g (t) = y° (t +t.), Vt > —t..

Similarly to the proof of Lemma 6.4.1, there exists a sequence {¢,},>0 C (0,1], tending
to 0 as n — oo such that 2°» — 2° locally uniformly and where 2° is an entire solution of
(6.2.4) such that

2*0) ==, 0<a2™(t) <1, VteR.

o | 8|

As a consequence of the first constraint, 2> cannot be identically equal to an equilibrium
point of (6.2.4), namely O or Z. Then Lemma 6.3.3 applies and completes the proof of
the result. ]

The next result of this section is related to the uniqueness of the heteroclinic orbit
constructed in Proposition 6.5.1. Our precise result reads as follows:

Theorem 6.5.2 Assume that Ry > 1. The reduced system (6.2.4) has a unique (up to time
shift) heteroclinic orbit x such that

lim z(t) =0and lim x(t) = z.
t——o0 t——+o00

The proof of this result will be related to Ikehara’s theorem (see Carr and Chmaj [30]
and the references cited therein) and Laplace transform (see Widder [165]). Our proof is
inspired by the one by Carr and Chmaj [30] and Yu and Mei [168]. Before proving the
above result, several lemmas are necessary. The uniqueness of this orbit is related to a
suitable description of its behavior as ¢ — —oo, when the function is approaching 0.. We
will therefore consider the linearized equation associated to (6.2.4) around 0., namely

du(t) _ :
e t)+ah (0)u(t—1), (6.5.1)
Uy = @ € C.
The characteristic equation of the above delay differential equation is
AN i=A+p— b xr (6.5.2)
1%

Then our first result is related to the location of the roots of the characteristic function A.

Lemma 6.5.3 Assume that Ry > 1. Then the following properties are satisfied
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(i) There exists a unique \g > 0 such that A ()\¢) = 0 and

A ()\0) # 0and A ()\) <0, VA e [O, )\0)

(ii) For all = € C we have

A(z) =0and Re (z) = \g <= z = Ao.

Proof. The proof of (i) is obvious and thus omitted. Now let us prove (ii). Let z € C

be given such that A (z) = 0 and Re(z) = Ao. Then we have A (Ao + iIm (z)) = 0 which
implies that

Ao+ 4= O‘—fe_”‘o cos (tIm(z)),

{ Im(z) = —%e ™o sin (1Im (2)) . (6.5.3)

Since A (X\g) = 0, namely \g + u = “—fe*TAO, we infer from (6.5.3) that

&_56*7)\0 — af

y 76*7)‘0 cos (TIm (z)) = cos (TIm (2)) = 1,

thus
sin (7Im (z)) = 0.

The result follows by using the second equation of (6.5.3). ]
In the sequel, we always assume that R, > 1 and let = be a given heteroclinic orbit of
the reduced system (6.2.4) such that

0<z(t)<land lim z(t) =0and lim z(t) =7.
t——o00 t—o0
The aim of the next lemma is to prove that the convergence to 0 as t — —oo is exponential.
In the sequel we will prove that we have in fact z (t) = O (e™') as t — —oco where ), is
described in Lemma 6.5.3.

Lemma 6.5.4 Assume that Ry > 1. There exists p > 0 such that x (t) = O (e”*) as t — —oc.

The proof of this result is split into three steps. In step 1, we show that ffoo x(s)ds <
+oo for all ¢t € R. Step 2 is devoted to show that there exists p > 0 such that

t
sup e”t/ z(s)ds < +o0.

<0 oo

Finally step 3 completes the proof of the lemma.
Proof. Note that

> 0. (6.5.4)

g
]l oo = 1 (0) = =
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Since R, > 1 we can find n € (0, 1) such that
af

14

(1—=n) > p. (6.5.5)

Moreover due to (6.5.4), we can find § > 0 small enough such that

O<x<5:>h(x)>§(1—n)x, (6.5.6)
and
? (1—n)(1—=90) > u. (6.5.7)

Step 1: Let us prove that for each t € R, ffoo x (s)ds < +o0. Integrating (6.2.4) from ¢, to
t yields

x(t) —x(to) = —,u/t x(s)ds + oz/t h(z(s—71))(1—x(s))ds. (6.5.8)

Recalling that z(t) — 0 as t — —oo, there exists 7" > 0 large enough such that for all
t< =T

0<z(t) <9,
where 6 > 0 is defined in (6.5.6). Hence we obtain
h(l‘(S—T))Zé(l—n)lL‘(S—T), Vs < T, (6.5.9)
1%

and by combining (6.5.8) and (6.5.9) we obtain for all ¢, < t < —T, that

x(t)—x(to)Z—u/t x(s)ds+/t a—f(l—n)x(s—T)(l—x(s))ds.

But due to Lemma 6.3.3, we have
0<az(t) <zVteR,

therefore for all t) <t < —T,

x(t)—x(to)Z—u/ x(s)ds—l—/ ?(1—77)(1—5)33(3—7)613,

to to

thus .

(1) — () > A/t (s —7) - 2(s)] ds+B/ 2 (s) ds, (6.5.10)

to to

where

A::?(l—n)(1—5)>0and3:: {&—f(l—n)(l—é)—u} > 0.
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Let us notice that
t t 0 0
/ [x(s—7)—xz(s)]ds= —/ / Wdlds: —/ [z (l4+1t) —x(l+to)]dl.
to to —T —T

Due to the above reformulation and B > 0, recalling that =(¢) — 0 as t — —oo, allow us to
let tc — —oc into (6.5.10) yielding that for all t < —T,

0 t
x(t)—i—A/ x(l+t)dl23/ x (s)ds, (6.5.11)

-7 —00

that completes the proof of Step 1.
Step 2: Let us prove that there exists p > 0 and some constant x > 0 such that e~ ffoo x(s)ds <
K, for all t € (—o0,0]. To do so let us define X : R — R* by

X () = /t x (r)dr.

—00

Note that due to (6.5.11), X € L'(—oo, —T). Since X is non-decreasing, one has for each
t< -T

t 0 0
/ / x(l+s)dsdl = X(t+10)d <7X(1),

therefore by integrating (6.5.11) over (—oo, t] we obtain
t
B/ X(s)ds<(1+1A)X(t), vVt < -T. (6.5.12)
Now let ¢; > 0 be given large enough such that

1 Bt
=—1 > 0.
p tl n(l"‘TA)

Then note that since X is increasing then

X(t—t)<X(t+s), Vse[—t,0], Vt € (—oo,—T].

This implies that for each ¢t < —T
1 t
X(t—t) < t_/ X (s)ds, (6.5.13)
1 Jt—t1

and this latter inequality combined together with (6.5.12) provides that for all t < —T":

1+7A
Bty

X(t—tl)g%/oo)((s)dsg X (t).
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Due to the definition of p, one obtains that

sup e "X (t) < oo,
t<—T

that completes the proof of Step 2.
Step 3: This step will conclude the proof of Lemma 6.5.4. Integrating (6.2.4) over (—oc, t)
for some given ¢ < 0 yields to

t t

Czh(x(s—T))dsg/ %x(s—ﬂds,

v

t
x (t) g/ ah(z(s—71)) (1 —x(s))ds §/
Step 2 applies and provides that the right hand side of this inequality is bounded by Ke**
on (—o0, 0] for some constant KX > 0 and the result follows. n
Define the Laplace transform of u

L)) = /0 T ) et

whenever the integral exists. We will say that the Laplace transform converges if the limit

.
lim e Mu(t)dt
T—400 0
exists, and we will say that the Laplace transform diverges otherwise.

For convenience let us recall the following theorem which can be found in Carr and
Chmaj [30].

Theorem 6.5.5 (Ikehara’s) Let u : [0,+00) — [0,+00) a positive decreasing locally in-
tegrable function. Assume that there exists a function H which is analytic in the strip
Y :={AeC:—( < Re()\) <0} and there exists an integer k > —1 such that

H

W,VA €.

L(u)(A) =

Then
lim u (t)

exists
t—+oo the—Ct

and this limit is equal to
H(=¢)
r¢+1)

where I' (x) is the gamma function.
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Before recalling Widder’s theorem, let us recall that for a function u : [0, +00) — R, we
call abscissa of convergence of u,

abs(u) :=inf {Re () : there exists A € C for which £(u)(\) exists} .

Recall also that the abscissa of absolute convergence of u is abs(|ul).
We refer to the proof of Proposition 1.4.1 p. 28 in Arendt et al. [4] of the following
lemma.

Lemma 6.5.6 Let u : [0, +00) — [0, 4+00) be a locally integrable map. Assume that L(u)()o)
converges for some complex number \y € C. Then L(u)()) converges for each A € C with
Re (\) > Re (\).

Remark 6.5.7 By using this lemma we deduce that the Laplace transform of u converges for
each \ € C with Re (\) > abs(u) and diverges for each A € C with Re (\) < abs(u). This last
property sometimes serves as a definition for the abscissa of convergence of u.

The following Theorem is due to Widder [165, p.58] (see also Arendt et al. [4, Theorem
1.5.3. p. 34]).

Theorem 6.5.8 (Widder’s) Let u : [0,4+00) — [0,+00) be a non-negative and locally inte-
grable map. Assume that abs(u) < +o00. Then L(u) (\) is holomorphicin {\ € C : Re (\) > abs(u)} .
If in addition abs(u) > —oo, then L(u) (\) has a singularity at abs(u).
Now let us set
v(t):=x(-t), Vt € R,
that is an entire solution of the equation
dv (t)

— - =) —ah((t+7)(L-v(t), teR (6.5.14)

Due to Lemma 6.5.4, we have
v(t) =0 (e") ast — oc.

Therefore the Laplace transform L(v) (\) converges for each A € C with Re (\) > —p, and
we must have
abs(v) < —p.
By applying the Laplace transform to (6.5.14) yields to
<>\ -+ %e”> L) (\) =v(0)+ OB ar / v (t)e Mdt + L(R)(N),

v v 0

where
afB
R(t) = 7U<t+7) —ah(w(t+7))(1—v(t)).

Recalling the definition of A in (6.5.2), the latter equation rewrites as

—A(=N L)\ =v(0)+ B s /0 v (t)e Mdt + L(R)(N). (6.5.15)

v
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Remark 6.5.9 Note that for all t € R

ah(olt+ ) (L-0@) = oz - o)
= am(5+7)5v(t:7)+y< —v(®)
< Dy,
thus for all t € R
R(t)>a—f'u(t+r)—(wv<j+7)(1 0 ()2 Do+ v () >0,

and we deduce that

v

ab s\ [T ~at e —at
v(0)+ —e v (t) e Mdt + R(t)e ™dt >0,
0 0

whenever A € R and L (v) (\) < +o0.
In the next lemma we investigate to the analyticity of £ (v) ()).

Lemma 6.5.10 Let \q € R be the real number defined in Lemma 6.5.3. Then the Laplace
transform L (v) (A\) is well defined and analytic in the strip {\ € C : Re (\) > —\o} . Moreover
we have
li L A) =
o L) (A) = oo,
while
abs(R) < —Mo.
Proof. Let us first prove that

lim L (v) (\) = +o0.

AG=AD)—==AF
Let us assume that
lim L (v) () < +oo. (6.5.16)

A=A —==AF

Next note that since v (t) > 0 for all ¢t € R, we have for each A\, \; € R
/\1 > )\2 — L (U) (/\1) < L (U) (/\2) .
Therefore (6.5.16) implies that

L (v) (\) < 400, YA € R with A > —),. (6.5.17)
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But by using Fatou’s Lemma we obtain
L(v)(=X) = /+00 lim M (t)dt < lim /+0<> eMu (t) dt < +oo.
0 A>—Xo)——Xo A(>=X0)—=—Ao J0O
We conclude from (6.5.17) that
L (v)(N) < 400, VA € [—Ag, +00).
Now by using (6.5.15), it follows that
0< L(R)(AN) <400, YA € [—Ag, +00),

and since A()\) = 0 by taking the limit when X goes to —\{ (with A € R) into (6.5.15) we

obtain

lim  L(R)(\) = L(R) (=)o) = —v(0) — OB —or / " (t) e'dt < 0,

>\(>—>\0)—>—)\0 14

that is a contradiction with the fact that R(¢) > 0 for each ¢ > 0 (see Remark 6.5.9).
The contradiction proves that £ (v) has a singularity at —\, and

lim L (v) (\) = +o0.

A=) —=A¢
As a consequence of Lemma 6.5.6, we deduce that
—Xo < abs(v) < —p < 0.

Next we will prove that £(v) is analyticit on the strip {\ € C: —\g < Re(\)}. Due to
Theorem 6.5.8 it is sufficient to show that

abs(v) = —X\.
Assume by contradiction that
—Xo < abs(v).
Since \* := abs(v) < 0, we have
- < A< 0,
therefore by Lemma 6.5.3-(i) we obtain
A(=)\") <0. (6.5.18)
Letn € (0, p) (where p > 0 is defined above). We also have for each ¢t € R
_af o (t+T)
0 < R(t)= ” v(t+7) aﬁv(t+7)+u (1—wv(t)
_ab o (=v(@)
v v(t+7) [1 Vﬁv(t—FT)—FV
_ o put+7)+vu(l)
v v(t+7) [ pu(t+7)+v
af

< 7@(t+7)v(t).
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Hence
+00 af +oo .
/ R(t)e W12t < &2 / v(t+7)v(t)e N
0

ﬁ oe
/ e~ 0/t gy supev (t+ 7).

t>0

Recalling Lemma 6.5.4 and the definition of v, due to the choice of € (0, p) one has

sup e™v (t + 7) < 400,
>0

while since abs(v) + n/2 > abs(v) we obtain that
+oo .
/ v (t) e N < oo
0

so by (6.5.15)
+oo
/ R(t) e N1t < 0.
0
Thus
abs(R) < abs (v) —n/2, ¥n € (0, p).

Moreover since abs(R) < abs(v) and since —\g < abs(v) there exists x > 0 small enough
such that the map

1 af [T Xt
A ——— v (0) + —e t dt + L(R)(A
o+ ao [PO+ 2 [Cowerans e,
is analytic on the strip {\ € C: Re(\) > abs(v) — k} and it is an extension of £(v), a con-
tradiction with Widder’s theorem, namely Theorem 6.5.8. As a consequence abs(v) = —\g.
To complete the proof of the Lemma let us notice that using the same arguments as before,
one has abs(R) < —\o(= abs(v)) and the result follows. |

Before proving Theorem 6.5.2 we need to derive the precise behavior of z(¢) when ¢
goes to —oo. This will be achieved in the next lemma. Before let us introduce, due to
Lemma 6.5.10 the analytic function H acting from the strip {\ € C: Re(\) > —\} into
C defined by

HA) =+ X)) L(v)(N) (6.5.19)

or equivalently

(A + o)

H(\) = Y

[v (0) + a—ﬂe” /T v(t)e Mdt + L(R)(N) ] . (6.5.20)

v

Using this function, our next lemma reads as
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Lemma 6.5.11 The following holds true

e (=g
t——oco erot T (14 Ng+ p)

> 0, (6.5.21)

with \q defined in Lemma 6.5.3.

Proof. Since we have defined v (t) = = (—t) for all t € R, (6.5.21) is equivalent to

L) H(d-p)
im ——= = .
t=+oo et T (14 Ao + )

But equation (6.5.14) implies that
d e " (t)]
dt

therefore the map ¢ € [0, +00) — e v () is decreasing. Set

=—eMah(v(t+7))(1—-v(t) <0, Vt €R,

o(t) :=e o (t), Vt > 0.

Next notice that for each \ € {5\ eC:—-X—pu<Re <)\> < O} one has

Therefore since ¢ is positive and decreasing, Ikehara’s theorem implies

po 00 H(h—p) v H(de—p)
m = <= 1l = .
totoo e”Qotmt T (14 Ng+p)  t=—oco eMt T (1+ X+ p)

That completes the proof. ]
Corollary 6.5.12 Function z is increasing on R.

Proof. According to Lemma 6.5.11, there exists o, > 0 such that e %'z (t) — a, ast — —oo.
Now from (6.2.4) one obtains that

lim e %2/ () = o, [—,u + a—ﬂe%f} = azA\ > 0.
14

t——00

The result follows from the results of Smith [152]. [
We now have all the necessary ingredient to complete the proof of Theorem 6.5.2.

Proof of Theorem 6.5.2. Let x and y be two heteroclinic orbits of the reduced system
(6.2.4). From Lemma 6.5.11 there exists «, > 0 and «,, > 0 such that

tlim e M'2(t) = a, and lim e y(t) = .
5 —00 t——o0
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Hence there exists i € R such that

lim e 2'z(t) = lim e *y(t + h).

t——00 t——00
Up to change y(t) by y(¢ + h), one may assume that h = 0, that is

tlim e Miz(t) = lim e oly(t).
——00 t——o0

Next let us define

w(t) == w Vvt € R.

We aim to show that w(t) = 0, so that z(¢) = y(¢). To do so note that Lemma 6.5.11 ensures
that w(t) — 0 as t - —oo and one can also notice that since x and y are bounded, one
has w(t) — 0 as t — oo. We conclude that w is bounded on R. Assume by contradiction
that w(t) # 0. Then, replacing enventually x — y by y — x, we can assume, without loss of
generality, there exists ¢y € R such that

w(ty) = iu{g |w (t)] > 0. (6.5.22)
We claim that w (ty) = w (to — 7). Indeed since w (t() is @ maximum, we have
dwdit()) =0=—Qo+pwt)
e g (@ (g — 7)) (1 2 (t0)) — ah (3 (to — 7)) (1 — g (t0))].
thus
oty o) = o EOZIDERIOZI )~ aw ) (0 (00 )
(=)~ byt — 7))

= oot

< a/o h (sz(to—7)+ (1 —s)y(to — 7)) dsw (to — 7)

< ah (0)w(ty—7)

< a—ﬂe’AoTw (to— 7).

Here recalling that \g + 1 = %ﬁe*AOT it follows that
U}(to) S’w(to—T)

Therefore since w (ty) is a maximum point we also have w (¢y) > w (t, — 7) so that w (ty) =
w (ty — 7). By induction one concludes w (tq) = w (ty — n7) for all n € N which implies
that

w(ty) = lm w(t—n) = lim w(t)=0.

That contradict the fact that w (¢y) > 0. Therefore w(¢) = 0 and the result follows. n



241

6.5.2 Convergence to the heteroclinic orbits

In this subsection we study the convergence of 2 whenever the initial conditions ¢ = 0¢
and y, # 0 and we complete the convergence part stated in Theorem 6.2.5. In the sequel
we denote x> the unique heteroclinic orbit of the reduced system provided by Theorem

6.5.2 such that 2>°(0) = £.

Lemma 6.5.13 Assume that Ry > 1. Let yo € (0, 1] be given and let us denote by (z°,y°) the
solution of (6.2.1) with initial data (O¢, yo). Then for each € > 0 one has

te :=sup {t >0: a2°(t) = E} < oo and limt,. = oo,
2 e—0

and the following convergence holds true

lim 2° (t + t.) = (),

e—0

converges uniformly on any intervals of the form [-T, +oo) with T > 0.

Proof. By using the same arguments as in the proof of Proposition 6.5.1 we obtain that
there exists a family {¢.}__, such that for each ¢ > 0:

z° (L) =

N | 8

and lim¢, = cc. (6.5.23)
e—0

and such that the family of functions z°(¢) := z°(¢ + t.) converges locally uniformly to
the unique heteroclinic orbit z*°. Now let 7' > 0 be given. We claim that Z° converges
uniformly to > on [—T,+4o00). Indeed assume that the convergence is not uniform on
[—T, 4+00). Then there exists a sequence {¢, } tending to 0 as n — oo, n > 0 and a sequence
t, — +o0o as n — +oo such that

|z (L) — 2™ (t,)] > n, Yn > 0. (6.5.24)

Consider now the sequence of maps z"(t) := @ (t, +t). Then since #*"(0) = £, Lemma
6.4.4 applies and provides that

lim 2z (t +t,) = z, locally uniformly.

n—-+o0o

Since z*°(t,,) — T as n — oo we reach a contradiction with (6.5.24). This completes the
proof of the lemma and therefore completes the proof of Theorem (6.2.4). ]
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