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■❱✳ ▼❛rt✐♥ r❡♣r❡s❡♥t❛t✐♦♥✱ ❘❡❧❛t✐✈❡ ❋❛t♦✉ ❚❤❡♦r❡♠ ❛♥❞ ❍❛r❞② s♣❛❝❡s ❢♦r
❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ✇✐t❤ ❛ ❣r❛❞✐❡♥t ♣❡rt✉r❜❛t✐♦♥✱ ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥
❛✈❡❝ P✳ ●r❛❝③②❦ ❡t ❚✳ ❏❛❦✉❜♦✇s❦✐ ✭❈❤❛♣✐tr❡ ✺✮✳

✶✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡s ♣r♦♣r✐étés ❞❡s ❢♦♥❝t✐♦♥s ❤❛r♠♦♥✐q✉❡s ♣♦✉r ❧✬♦♣ér❛t❡✉r ❞❡ ▲❛♣❧❛❝❡
∆ =

∑d
i=1 ∂

2/∂x2
i ♦♥t été ✐♥t❡♥s✐✈❡♠❡♥t ét✉❞✐é❡s ❛✉ ❝♦✉rs ❞❡s ❞❡✉① ❞❡r♥✐❡rs

s✐è❝❧❡s✳ ❈❡tt❡ ❜r❛♥❝❤❡ ❞❡s ♠❛t❤é♠❛t✐q✉❡s✱ ❛♣♣❡❧é❡ ❧❛ t❤é♦r✐❡ ❞✉ ♣♦t❡♥t✐❡❧✱
♣r❡♥❞ s❡s ♦r✐❣✐♥❡s ❞❛♥s ❧❛ ♣❤②s✐q✉❡✳ ▲❛ ♠♦t✐✈❛t✐♦♥ ♣r✐♥❝✐♣❛❧❡ ❞❡ ❝❡s ét✉❞❡s
✈❡♥❛✐t ✐♥✐t✐❛❧❡♠❡♥t ❞❡ ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞❡s ❢♦r❝❡s ❞✬✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❞❡s ♦❜✲
❥❡ts ♣❤②s✐q✉❡s ❞❛♥s ✉♥ ❝❤❛♠♣ ❣r❛✈✐t❛t✐♦♥♥❡❧ ♦✉ é❧❡❝tr♦st❛t✐q✉❡✳ ▲❛ ♥♦t✐♦♥
❞❡ ♣♦t❡♥t✐❡❧✱ ✐♥tr♦❞✉✐t❡ ♣♦✉r ❧❛ ♣r❡♠✐èr❡ ❢♦✐s ♣❛r ❙✐♠é♦♥ ❉✳ P♦✐ss♦♥ ❞❛♥s
❧❛ ♣r❡♠✐èr❡ ♠♦✐t✐é ❞✉ ❳■❳è♠❡ s✐è❝❧❡✱ ❞és✐❣♥❡ ✉♥❡ s♦❧✉t✐♦♥ u ❞❡ ❧✬éq✉❛t✐♦♥
−∆u = ρ ✭❛♣♣❡❧é❡ ❧✬éq✉❛t✐♦♥ ❞❡ P♦✐ss♦♥✮✱ ♦ù ρ ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞♦♥♥é❡✳

✸



▲♦rsq✉❡ ρ = 0✱ ❛❧♦rs ❧❡ ♣♦t❡♥t✐❡❧ u ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❤❛r♠♦♥✐q✉❡✳ ▲✬éq✉❛✲
t✐♦♥ ❞❡ P♦✐ss♦♥✱ ❛✐♥s✐ q✉❡ ❧❡s ❢♦♥❝t✐♦♥s ❤❛r♠♦♥✐q✉❡s tr♦✉✈❡♥t ❛❝t✉❡❧❧❡♠❡♥t
❧❡✉rs ❛♣♣❧✐❝❛t✐♦♥s ❞❛♥s ❧❡ ❣é♥✐❡ ♠é❝❛♥✐q✉❡✱ ❞②♥❛♠✐q✉❡ ❞❡s ✢✉✐❞❡s✱ é❧❡❝tr♦✲
st❛t✐q✉❡✱ r♦❜♦t✐q✉❡✱ ✐♥❢♦❣r❛♣❤✐❡✱ ❡t❝✳

▲❛ t❤é♦r✐❡ ❞✉ ♣♦t❡♥t✐❡❧ ❝❧❛ss✐q✉❡ ❛ été ❡♥r✐❝❤✐❡ ❞❡ ♠❛♥✐èr❡ s✐❣♥✐✜❝❛t✐✈❡
❣râ❝❡ ❛✉① tr❛✈❛✉① ❞❡ ❙✳ ❑❛❦✉t❛♥✐ ❬✼✵✱ ✼✶❪ ❡♥ ✶✾✹✹✱ ♦ù ✐❧ ❛ ♠♦♥tré ✉♥❡ ❢♦rt❡
r❡❧❛t✐♦♥ ❡♥tr❡ ❧✬❤❛r♠♦♥✐❝✐té ❡t ❧❡s ❞✐str✐❜✉t✐♦♥s ❞❡ s♦rt✐❡ ❞✉ ♠♦✉✈❡♠❡♥t
❜r♦✇♥✐❡♥✳ ❈❡tt❡ ♦❜s❡r✈❛t✐♦♥ ❛ ♣❡r♠✐ ❞✬✐♥tr♦❞✉✐r❡ ❧❡s ♠ét❤♦❞❡s ♣r♦❜❛❜✐✲
❧✐st❡s à ❧✬ét✉❞❡ ❞❡s ❢♦♥❝t✐♦♥s ❤❛r♠♦♥✐q✉❡s ❡t ❡❧❧❡ ❛ ❝♦♥tr✐❜✉é ❛✉ ❞é✈❡❧♦♣♣❡✲
♠❡♥t ♣❧✉s r❛♣✐❞❡ ❞❡ ❧❛ t❤é♦r✐❡ ❞✉ ♣♦t❡♥t✐❡❧ ♣♦✉r ❞✬❛✉tr❡s ♦♣ér❛t❡✉rs ❧♦❝❛✉①
❡t ♥♦♥✲❧♦❝❛✉①✱ ❣é♥ér❛❧✐s❛♥t ❧❡ ▲❛♣❧❛❝✐❡♥ ❝❧❛ss✐q✉❡✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ✉♥❡
ré❢❡r❡♥❝❡ ❞❡ ❜❛s❡ tr❛✐t❛♥t ❞✉ ❝❛s ❞✉ ▲❛♣❧❛❝✐❡♥ ❡st ❧❡ ❧✐✈r❡ ❞❡ ❏✳▲✳ ❉♦♦❜ ❬✹✷❪✱
✈♦✐r ❛✉ss✐ ❬✹✹✱ ✸✻✱ ✾✻❪✳

❯♥❡ ♣❛rt✐❡ ✐♠♣♦rt❛♥t❡ ❞❡ ❝❡ ❞♦♠❛✐♥❡ ❞❡s ♠❛t❤é♠❛t✐q✉❡s ❡st ❧❛ t❤é♦r✐❡
❞❡s ❡s♣❛❝❡s ❞❡ ❍❛r❞②✱ ❝♦♥s✐❞éré❡ ♣♦✉r ❧❛ ♣r❡♠✐èr❡ ❢♦✐s ♣❛r ●✳ ❍❛r❞②✱ ❡t
♣✉✐s ♣❛r ❱✳ ❑r②❧♦✈✱ ❏✳ ❊✳ ▲✐tt❧❡✇♦♦❞✱ ■✳ ■✳ Pr✐✈❛❧♦✈✱ ❋✳ ❡t ▼✳ ❘✐❡s③ ❞❛♥s
❧❛ ♣r❡♠✐èr❡ ♠♦✐t✐é ❞✉ ❳❳è♠❡ s✐è❝❧❡ ✭❬✺✾✱ ✻✵✱ ✽✶✱ ✶✵✶✱ ✶✵✷❪✮✳ ■♥✐t✐❛❧❡♠❡♥t
❞é✈❡❧♦♣♣és ♣♦✉r ❧❡s ❢♦♥❝t✐♦♥s ❤♦❧♦♠♦r♣❤❡s ❞✬✉♥❡ ✈❛r✐❛❜❧❡ ❝♦♠♣❧❡①❡✱ ❧❡s
❡s♣❛❝❡s ❞❡ ❍❛r❞② ♦♥t été ❡♥s✉✐t❡ ét✉❞✐és ♣♦✉r ❧❡s ❢♦♥❝t✐♦♥s ❤❛r♠♦♥✐q✉❡s
❝❧❛ss✐q✉❡s ❞❡ ♣❧✉s✐❡✉rs ✈❛r✐❛❜❧❡s ré❡❧❧❡s ♣❛r ❊✳▼✳ ❙t❡✐♥✱ ❈✳ ❋❡✛❡r♠❛♥ ❡t ●✳
❲❡✐ss✱ ✈♦✐r ❬✶✵✾✱ ✶✵✻✱ ✶✵✼✱ ✺✵✱ ✺✶✱ ✶✵✽❪✳

❙✐ B = B(0, 1) ❡st ❧❡ ❞✐sq✉❡ ✉♥✐té ❞❛♥s R
2✱ ❧✬❡s♣❛❝❡ ❞❡ ❍❛r❞② ❝❧❛ss✐q✉❡

hp(B)✱ p ≥ 1✱ ❡st ❞é✜♥✐t ❝♦♠♠❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s u ❤❛r♠♦♥✐q✉❡s
♣♦✉r ∆ s✉r B✱ ✈ér✐✜❛♥t

sup
0<r<1

∫ 2π

0

|u(reit)|pdt <∞.

■❧ ❡st ❜✐❡♥ ❝♦♥♥✉ q✉❡ u ∈ hp(B) ♣♦✉r p > 1 s✐ ❡t s❡✉❧❡♠❡♥t s✐ u ❡st ❧✬✐♥t❡❣r❛❧❡
❞❡ P♦✐ss♦♥ ❞✬✉♥❡ ❢♦♥❝t✐♦♥ f ∈ Lp([0, 2π])✳ P♦✉r p = 1✱ ♦♥ r❡♠♣❧❛❝❡ f
♣❛r ✉♥❡ ♠❡s✉r❡ s✐❣♥é❡ ✜♥✐❡ s✉r [0, 2π]✳ ❯♥ ❛✉tr❡ rés✉❧t❛t ❝❧❛ss✐q✉❡ ❞✐t q✉❡
❝❤❛q✉❡ ❢♦♥❝t✐♦♥ u ∈ hp(B) ♣♦ssè❞❡ ❞❡s ❧✐♠✐t❡s ♥♦♥✲t❛♥❣❡♥t✐❡❧❧❡s ✜♥✐❡s s✉r
∂B✳ ❈❡ t❤é♦rè♠❡ ❛ été ❞é♠♦♥tré ♣♦✉r ❧❛ ♣r❡♠✐èr❡ ❢♦✐s ♣❛r P✳ ❋❛t♦✉ ❬✹✾❪ ♣♦✉r
❧❡s ❢♦♥❝t✐♦♥s ❤♦❧♦♠♦r♣❤❡s ♣♦s✐t✐✈❡s s✉r ❧❡ ❞✐sq✉❡✳ ▲❡s ♣r♦♣r✐étés ❛♥❛❧♦❣✐q✉❡s
♦♥t ❛✉ss✐ été ❝♦♥s✐❞éré❡s s✉r ❧❡ ❞❡♠✐✲❡s♣❛❝❡✱ ❛✐♥s✐ q✉❡ s✉r ❧❡s ❞♦♠❛✐♥❡s
❜♦r♥és ré❣✉❧✐❡rs✱ ✈♦✐r ❬✺✱ ✹✸✱ ✽✵✱ ✶✵✸✱ ✶✵✼✱ ✶✵✽✱ ✻✾❪✳ ▲❛ t❤é♦r✐❡ ❛ é❣❛❧❡♠❡♥t
tr♦✉✈é s❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❛♥s ❧✬❛✉t♦♠❛t✐q✉❡ ✭❡✳❣✳ ❧❛ ♠ét❤♦❞❡ H∞✱ ✈♦✐r ❬✺✷❪✮✳

❉❛♥s ❝❡tt❡ t❤ès❡✱ ♦♥ s✬✐♥tér❡ss❡ ❛✉① ❡s♣❛❝❡s ❞❡ ❍❛r❞② ❞❡s ❢♦♥❝t✐♦♥s
❤❛r♠♦♥✐q✉❡s ♣♦✉r ❧❡s ♦♣ér❛t❡✉rs s✉✐✈❛♥ts ✿

✶✳ ❧❡ ▲❛♣❧❛❝✐❡♥ ♣❡rt✉r❜é ✿ 1
2
∆ + b · ∇ ❡t 1

2
∆ + q✱

✷✳ ❧❡ ▲❛♣❧❛❝✐❡♥ ❢r❛❝t✐♦♥♥❛✐r❡ ∆α/2✱

✸✳ ❧❡ ▲❛♣❧❛❝✐❡♥ ❢r❛❝t✐♦♥♥❛✐r❡ ♣❡rt✉r❜é ∆α/2 + b · ∇✳

✹



▲✬♦♣ér❛t❡✉r 1
2
∆ + b · ∇ ❡st ✉♥ ❣é♥ér❛t❡✉r ✐♥✜♥✐tés✐♠❛❧ ❞❡ ❞✐✛✉s✐♦♥✳ ◆♦✲

t♦♥s é❣❛❧❡♠❡♥t✱ q✉❡ ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r b(x) = λx✱ λ ∈ R✱ ❡st ❧✐é à ❧❛ ❞✐✛✉s✐♦♥
❞✬❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦✱ q✉✐ ❡st ✐♠♣♦rt❛♥t❡ ❞❛♥s ❧❡s ❛♣♣❧✐❝❛t✐♦♥s ♣❤②s✐q✉❡s ❡t
✜♥❛♥❝✐èr❡s✳ ❉❛♥s ❧✬❛rt✐❝❧❡ ■ ♦♥ ❝♦♥s✐❞èr❡ ❧❡s ❡s♣❛❝❡s ❞❡ ❍❛r❞② ❞❡s ❢♦♥❝t✐♦♥s
❤❛r♠♦♥✐q✉❡s ♣♦✉r 1

2
∆ + b · ∇ ❡t ♣♦✉r ❧✬♦♣ér❛t❡✉r ❞❡ ❙❝❤rö❞✐♥❣❡r 1

2
∆ + q✳

■❧ ❡st à s♦✉❧✐❣♥❡r✱ q✉❡ ❧❡s ♦♣ér❛t❡✉rs ❡❧❧✐♣t✐q✉❡s à ❝♦❡✣❝✐❡♥ts ❝♦♥t✐♥✉s ♦✉
❍ö❧❞❡r ❝♦♥t✐♥✉s s✉r ❧❡ ❞❡♠✐✲❡s♣❛❝❡ ♦♥t été ét✉❞✐és ❞❛♥s ❝❡ ❝♦♥t❡①t❡ ♣❛r
❲✐❞♠❛♥ ❬✶✶✺❪✳ ▲✬♦♣ér❛t❡✉r ❞❡ ❙❝❤rö❞✐♥❣❡r 1

2
∆ − c ❛✈❡❝ ✉♥ ♣♦t❡♥t✐❡❧ ♣♦s✐✲

t✐✈❡ c s✉r ✉♥❡ ❜♦✉❧❡ ❛ été ❝♦♥s✐❞❡ré ❞❛♥s ❬✼✷❪ ❡t s✉r ❧❡ ❞❡♠✐✲❡s♣❛❝❡ ❞❛♥s ❬✼✸❪✳
❉❛♥s ❧❡ tr❛✈❛✐❧ ■ ♦♥ ♠♦♥tr❡ ❧❡ t❤é♦rè♠❡ ❞❡ r❡♣rés❡♥t❛t✐♦♥ ♣♦✉r ❧❡s ❡s♣❛❝❡s
❞❡ ❍❛r❞② ❞❡s ❢♦♥❝t✐♦♥s ❤❛r♠♦♥✐q✉❡s ♣♦✉r 1

2
∆+ b ·∇ ❡t ♣♦✉r 1

2
∆+ q s✉r ✉♥

❞♦♠❛✐♥❡ ❜♦r♥é ❞❡ ❝❧❛ss❡ C1,1 ❞❛♥s R
d✱ d ≥ 3✱ ♦ù b ❡t q ✈ér✐✜❡♥t ❞❡s ❝♦♥❞✐✲

t✐♦♥s ❞❡ t②♣❡ ❞❡ ❑❛t♦✳ ▲❛ t❡❝❤♥✐q✉❡ ✉t✐❧✐sé❡ ❞❛♥s ❧❛ ♣r❡✉✈❡ ❡st ❜❛sé❡ s✉r
❞❡s ❡st✐♠❛t✐♦♥s ✉♥✐❢♦r♠❡s ❞❡s ♠❡s✉r❡s ❤❛r♠♦♥✐q✉❡s ❝♦rr❡s♣♦♥❞❛♥t❡s ♣❛r
r❛♣♣♦rt ❛ ✉♥❡ ❝❧❛ss❡ ❞❡s ❞♦♠❛✐♥❡s ❛♣♣r♦①✐♠❛t✐❢s✱ ❛✐♥s✐ q✉❡ s✉r ❧❡ t❤é♦rè♠❡
❞❡ ❋❛t♦✉ r❡❧❛t✐❢✳ ❊❧❧❡ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❧❡s rés✉❧t❛ts ❛♥❛❧♦❣✐q✉❡s ♣♦✉r ✉♥❡
❢❛♠✐❧❧❡ très ❧❛r❣❡ ❞✬♦♣ér❛t❡✉rs ❞❡ ❞✐✛✉s✐♦♥✳

▲❡ ▲❛♣❧❛❝✐❡♥ ❢r❛❝t✐♦♥♥❛✐r❡ ∆α/2✱ ♦ù α ∈ (0, 2)✱ ❡st ❧❡ ❣é♥ér❛t❡✉r ✐♥✜♥✐✲
tés✐♠❛❧ ❞✉ ♣r♦❝❡ss✉s ❞❡ ▲é✈② α✲st❛❜❧❡ s②♠étr✐q✉❡✳ ■❧ ❝♦♥st✐t✉❡ ✉♥ ❡①❡♠♣❧❡
❢♦♥❞❛♠❡♥t❛❧ ❞✬♦♣ér❛t❡✉r ♥♦♥✲❧♦❝❛❧✳ ▲❛ t❤é♦r✐❡ ❞✉ ♣♦t❡♥t✐❡❧ ♣♦✉r ∆α/2 ❛
été ✐♥t❡♥s✐✈❡♠❡♥t ét✉❞✐é❡ ❞❛♥s ❧❡s ❛♥♥é❡s ré❝❡♥t❡s✱ ❡✳❣✳ ✈♦✐r ❬✾✱ ✸✸✱ ✶✵✱ ✶✸✱
✼✱ ✶✺✱ ✽✾✱ ✶✼✱ ✼✹✱ ✷✵✱ ✷✸✱ ✶✹✱ ✷✽✱ ✾✵✱ ✶✻❪✳ ▲✬❛rt✐❝❧❡ ■■ tr❛✐t❡ ❞❡s ❝❛r❛❝té✲
r✐s❛t✐♦♥s ❞❡s ❡s♣❛❝❡s ❞❡ ❍❛r❞② ❡t ❞❡s ❡s♣❛❝❡s ❞❡ ❍❛r❞② ❝♦♥❞✐t✐♦♥♥❡❧s ❞✉
▲❛♣❧❛❝✐❡♥ ❡t ❞✉ ▲❛♣❧❛❝✐❡♥ ❢r❛❝t✐♦♥♥❛✐r❡ à ❧✬❛✐❞❡ ❞❡s ✐❞❡♥t✐tés ❞❡ ❍❛r❞②✲
❙t❡✐♥ ♣♦✉r ❧❡s ❢♦♥❝t✐♦♥s ❤❛r♠♦♥✐q✉❡s ❛♣♣r♦♣r✐é❡s✳ ❈❡ tr❛✈❛✐❧ ❛ été ♠♦✲
t✐✈é ♣❛r ❧❛ ♥♦t✐♦♥ ❞❡ ❧❛ ✈❛r✐❛t✐♦♥ q✉❛❞r❛t✐q✉❡ ❞❡s ♠❛rt✐♥❣❛❧❡s✱ ❧❡ ❝❛rré ❞✉
❝❤❛♠♣ ❡t ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡s ❡s♣❛❝❡s ❞❡ ❍❛r❞② ❡t ❞❡ ❇❡r❣♠❛♥ ❝❧❛ss✐q✉❡s
✭❬✹✹✱ ✽✽✱ ✾✾✱ ✾✺✱ ✶✶✸✱ ✶✶✶✱ ✶✶✹❪✮✳ ▲✬❛♣♣r♦❝❤❡ ♣r❡s❡♥té❡ ét❛♥t ♣r♦❜❛❜✐❧✐st❡✱
❡❧❧❡ ✐♥❞✐q✉❡ ❞❡s ❡①t❡♥s✐♦♥s ♣♦ss✐❜❧❡s ♣♦✉r ❞✬❛✉tr❡s ♦♣ér❛t❡✉rs ❡t ♣r♦❝❡ss✉s
❞❡ ▼❛r❦♦✈✱ ❛✐♥s✐ q✉❡ ♣♦✉r ❞❡s s❡♠✐❣r♦✉♣❡s ❡t ❧❡✉r ❢♦♥❝t✐♦♥s ♣❛r❛❜♦❧✐q✉❡s✳

❉❛♥s ❧✬❛rt✐❝❧❡ ■■■ ♦♥ ét✉❞✐❡ ❧❡s ❢♦♥❝t✐♦♥s ❤❛r♠♦♥✐q✉❡s ♣♦✉r ∆α/2✱ α ∈
(1, 2)✱ s✉r R

d ♣r✐✈é ❞✬✉♥❡ s♣❤èr❡ ♦✉ ❞✬✉♥ ❤②♣❡r♣❧❛♥✳ ▲❛ ♠♦t✐✈❛t✐♦♥ ♣r✐♥❝✐✲
♣❛❧❡ ❞❡ ❝❡ tr❛✈❛✐❧ ✈✐❡♥t ❞✉ ❢❛✐t q✉❡ ❧❡s ♣r♦❜❛❜✐❧✐tés ❞❡ t♦✉❝❤❡r ✉♥❡ s♣❤❡r❡ ❡t
✉♥ ❤②♣❡r♣❧❛♥ s♦♥t ♥♦♥✲♥✉❧❧❡s ♣♦✉r ❧❡ ♣r♦❝❡ss✉s ❞❡ ▲é✈② α✲st❛❜❧❡ s②♠étr✐q✉❡
s✐ α ∈ (1, 2)✳ ▲❡s rés✉❧t❛ts ♦❜t❡♥✉s ❝♦♥❝❡r♥❡♥t ❧❡s t❤é♦rè♠❡s ❞❡ r❡♣rés❡♥t❛✲
t✐♦♥s ♣♦✉r ❧❡s ❡s♣❛❝❡s ❞❡ ❍❛r❞② ❡t ❧❡s t❤é♦rè♠❡s ❞❡ ❋❛t♦✉ ♣♦✉r ❧❡s ❢♦♥❝t✐♦♥s
α✲❤❛r♠♦♥✐q✉❡s✳ ❖♥ ét❛❜❧✐t é❣❛❧❡♠❡♥t ❧❛ ❢♦r♠✉❧❡ ❡①♣❧✐❝✐t❡ ♣♦✉r ❧❡ ♥♦②❛✉ ❞❡
▼❛rt✐♥ ❞❡ ∆α/2 s✉r R

d ♣r✐✈é ❞✬✉♥❡ s♣❤èr❡ ❡t ♣♦✉r ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ●r❡❡♥✱
❧❡ ♥♦②❛✉ ❞❡ ▼❛rt✐♥ ❡t ❧❛ ♠❡s✉r❡ ❤❛r♠♦♥✐q✉❡ ❞❡ ∆α/2 s✉r R

d ♣r✐✈é ❞✬✉♥
❤②♣❡r♣❧❛♥✳ ■❧ ❡st à s♦✉❧✐❣♥❡r✱ q✉❡ ❧❡s ❡s♣❛❝❡s ❞❡ ❍❛r❞② ❡t ❧❛ ❝♦♥✈❡r❣❡♥❝❡
♥♦♥✲t❛♥❣❡♥t✐❡❧❧❡ ❞❡s ❢♦♥❝t✐♦♥s α✲❤❛r♠♦♥✐q✉❡s s✉r ❧❡s ❞♦♠❛✐♥❡s ❜♦r♥és ré✲
❣✉❧✐❡rs ♦♥t ❞é❥à été ét✉❞✐és ♣❛r ❑✳ ▼✐❝❤❛❧✐❦ ❡t ▼✳ ❘②③♥❛r✱ ✈♦✐r ❬✽✾✱ ✾✵❪✳
▲✬❛rt✐❝❧❡ ■■■ ♠❡t ❡♥ é✈✐❞❡♥❝❡ ✉♥❡ ❞✐✛ér❡♥❝❡ s✐❣♥✐✜❝❛t✐✈❡ ❞❛♥s ❧❡ ❝♦♠♣♦r✲

✺



t❡♠❡♥t ❞❡ ❝❡s ❢♦♥❝t✐♦♥s s✉r ❞❡s ❡♥s❡♠❜❧❡s ♥♦♥✲❜♦r♥és✳ ❉❛♥s ❧❛ ❞❡r♥✐èr❡
♣❛rt✐❡ ❞✉ tr❛✈❛✐❧ ♦♥ ♠♦♥tr❡ q✉❡ ♣♦✉r α ∈ (1, 2)✱ ❧❡s ♣r♦❜❛❜✐❧✐tés ❞❡ t♦✉❝❤❡r
✉♥❡ s♣❤❡r❡ ❡t ✉♥ ❤②♣❡r♣❧❛♥ s♦♥t ♥♦♥✲♥✉❧❧❡s ♣♦✉r ❧❡s ♣r♦❝❡ss✉s α✲st❛❜❧❡s
r❡❧❛t✐✈✐st❡s ❀ ❝❡❧❛ ❝♦♥st✐t✉❡ ✉♥❡ ♠♦t✐✈❛t✐♦♥ ♣♦✉r ét✉❞✐❡r ❧❡s ♣r♦♣r✐étés ❞❡s
❢♦♥❝t✐♦♥s ❤❛r♠♦♥✐q✉❡s ❛♣♣r♦♣r✐é❡s✳

▲✬❛rt✐❝❧❡ ■❱ ❝♦♥❝❡r♥❡ ❧❛ t❤é♦r✐❡ ❞✉ ♣♦t❡♥t✐❡❧ ♣♦✉r ❧❡ ▲❛♣❧❛❝✐❡♥ ❢r❛❝t✐♦♥✲
♥❛✐r❡ ♣❡rt✉r❜é L = ∆α/2 + b · ∇✳ ◆♦t♦♥s q✉❡ ♣♦✉r b(x) = λx✱ λ ∈ R✱ L
❡st ❧❡ ❣é♥ér❛t❡✉r ✐♥✜♥✐tés✐♠❛❧ ❞✉ ♣r♦❝❡ss✉s ❞✬❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦ α✲st❛❜❧❡
✭❬✷✺✱ ✻✻✱ ✻✼✱ ✾✷❪✮✳ ▲❛ t❤é♦r✐❡ ❞✉ ♣♦t❡♥t✐❡❧ ♣♦✉r L ❛ été ✐♥✐t✐é❡ ♣❛r ❚✳ ❏❛❦✉✲
❜♦✇s❦✐ ❞❛♥s ❧❡ ❝❛s b(x) = λx ✭❬✻✻✱ ✻✼❪✮✳ ❊♥s✉✐t❡✱ ❡❧❧❡ ❛ été ❞é✈❡❧♦♣♣é❡ ♣❛r ❑✳
❇♦❣❞❛♥ ❡t ❚✳ ❏❛❦✉❜♦✇s❦✐ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ♣❧✉s ❣é♥ér❛❧ ❞❡s ♣❡rt✉r❜❛t✐♦♥s
❞❡ t②♣❡ ❣r❛❞✐❡♥t ❡t α ∈ (1, 2)✱ ❛✈❡❝ b ❛♣♣❛rt❡♥❛♥t à ❧❛ ❝❧❛ss❡ ❞❡ ❑❛t♦ Kα−1

d ✱
✈♦✐r ❬✶✽✱ ✶✾❪✳ ❉❛♥s ❧✬❛rt✐❝❧❡ ■❱ ♦♥ ♠♦♥tr❡ ❧✬❡①✐st❡♥❝❡ ❞✉ ♥♦②❛✉ ❞❡ ▼❛rt✐♥ ❞❡
L ♣♦✉r ❧❡s ❞♦♠❛✐♥❡s ❜♦r♥és ❞❡ ❝❧❛ss❡ C1,1✱ ❛✐♥s✐ q✉❡ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❞❡
▼❛rt✐♥ ♣♦✉r ❧❡s ❢♦♥❝t✐♦♥s s✐♥❣✉❧✐èr❡s L✲❤❛r♠♦♥✐q✉❡s ♣♦s✐t✐✈❡s✳ ▲❡ t❤é♦rè♠❡
❞❡ ❋❛t♦✉ r❡❧❛t✐❢ ❡t ❧❡ t❤é♦rè♠❡ ❞❡ r❡♣rés❡♥t❛t✐♦♥ ♣♦✉r ❧❡s ❡s♣❛❝❡s ❞❡ ❍❛r❞②
② s♦♥t é❣❛❧❡♠❡♥t ét❛❜❧✐s✳ ❉❡ ♣❧✉s✱ ♦♥ ♦❜t✐❡♥t ❧❡s ❢♦r♠✉❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥
♣♦✉r ❧❡ ♥♦②❛✉ ❞❡ ▼❛rt✐♥ ❞❡ L✱ ❧❛ ♠❡s✉r❡ L✲❤❛r♠♦♥✐q✉❡ ❡t ❧❡s ❢♦♥❝t✐♦♥s
s✐♥❣✉❧✐èr❡s L✲❤❛r♠♦♥✐q✉❡s ❞❡s ❡s♣❛❝❡s ❞❡ ❍❛r❞②✳

✶✳✷ ◆♦t❛t✐♦♥s ❡t ❞é✜♥✐t✐♦♥s é❧é♠❡♥t❛✐r❡s

❖♥ ♥♦t❡ ♣❛r R
d ❧✬❡s♣❛❝❡ ❡✉❝❧✐❞✐❡♥ d✲❞✐♠❡♥s✐♦♥♥❡❧✱ ♦ù d ≥ 2 ❡st ✉♥ ❡♥t✐❡r✳

❙♦✐t ∂B ❧❡ ❜♦r❞ ❞✬✉♥ ❡♥s❡♠❜❧❡ B ⊂ R
d ❡t s♦✐t δB(x) = dist(x, ∂B)✳ P♦✉r ✉♥

♦✉✈❡rt D ⊆ R
d✱ ❧❛ ♥♦t❛t✐♦♥ B ⊂⊂ D s✐❣♥✐✜❡ q✉❡ B ❡st ✉♥ s♦✉s✲❡♥s❡♠❜❧❡

♦✉✈❡rt ❡t ❜♦r♥é ❞❡ D✱ t❡❧ q✉❡ B ⊂ D✳ ❉❛♥s ❝❡tt❡ t❤ès❡✱ ✉♥ ❞♦♠❛✐♥❡ s✐❣♥✐✜❡
✉♥ ❡♥s❡♠❜❧❡ ♦✉✈❡rt ❡t ❝♦♥♥❡①❡ ❞❛♥s R

d✳ P♦✉r ✉♥❡ ❝♦♥st❛♥t❡ ❞♦♥♥é❡ c✱
❧❛ ♥♦t❛t✐♦♥ c = c(a, b) ✈❡✉t ❞✐r❡ q✉❡ c ♥❡ ❞é♣❡♥❞ q✉❡ ❞❡ a ❡t b✳ P♦✉r
✉♥ ❡♥s❡♠❜❧❡ ❜♦ré❧✐❡♥ B ⊆ R

d ♦♥ ♥♦t❡ ♣❛r M(B) ❧❛ ❢❛♠✐❧❧❡ ❞❡ ♠❡s✉r❡s
❜♦ré❧✐❡♥♥❡s s✐❣♥é❡s ✜♥✐❡s s✉r B✱ ❡t ♣♦✉r µ ∈ M(∂D) ♥♦t♦♥s ‖µ‖ = |µ|(B)✳
P♦✉r ❞❡✉① ❢♦♥❝t✐♦♥s ❞♦♥♥é❡s f, g✱ ♦♥ é❝r✐t f ≈ g s✬✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡
c > 0 t❡❧❧❡ q✉❡ c−1g ≤ f ≤ cg✳

❙♦✐t D ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é✳ ❖♥ ❞✐t q✉❡ D ❡st ✉♥ ❞♦♠❛✐♥❡ ❞❡ ❝❧❛ss❡ C1,1

s✬✐❧ ❡①✐st❡ ❞❡s ❝♦♥st❛♥t❡s r, λ q✉✐ ♥❡ ❞é♣❡♥❞❡♥t q✉❡ ❞❡ D✱ t❡❧❧❡s q✉❡ ♣♦✉r
t♦✉t z ∈ ∂D ✐❧ ❡①✐st❡ ✉♥❡ ❢♦♥❝t✐♦♥ F : R

d−1 → R ❡t ✉♥ s②stè♠❡ ♦rt❤♦♥♦r♠❛❧
❞❡ ❝♦♦r❞♦♥♥é❡s y = (y1, ..., yd) ✈ér✐✜❛♥t

D ∩B(z, r) = {y : yd > F (y1, ..., yd−1)} ∩B(z, r),

♦ù F ❡st ❞ér✐✈❛❜❧❡ ❡t ∇F ✈ér✐✜❡ ✉♥❡ ❝♦♥❞✐t✐♦♥ ❞❡ ▲✐♣s❝❤✐t③ ❛✈❡❝ ✉♥❡
❝♦♥st❛♥t❡ ✐♥❢ér✐❡✉r❡ ♦✉ é❣❛❧❡ à λ✳ ▲❛ ♣❛✐r❡ (λ, r) ❡st ❛♣♣❡❧é❡ ❧❛ ❝❛r❛❝té✲
r✐st✐q✉❡ ❞❡ D✳

❯♥❡ ❛✉tr❡ ❞é✜♥✐t✐♦♥ ❞✬✉♥ ❞♦♠❛✐♥❡ ❞❡ ❝❧❛ss❡ C1,1 ❡st ❞♦♥♥é❡ ♣❛r ❧❛
❝♦♥❞✐t✐♦♥ ❞❡ ❧❛ ❜♦✉❧❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é D ❡st ❞❡ ❝❧❛ss❡

✻



C1,1 s✐ ❡t s❡✉❧❡♠❡♥t s✬✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ r = r(D) t❡❧❧❡ q✉❡ ♣♦✉r t♦✉t
y ∈ ∂D ✐❧ ❡①✐st❡ ❞❡✉① ❜♦✉❧❡s B(cy, r) ⊂ D ❡t B(c̃y, r) ⊂ Dc✱ t❛♥❣❡♥t❡s ❞❛♥s
y✱ ✈♦✐r ❬✷✱ ▲❡♠♠❡ ✷✳✷❪✳

❙♦✐t α ∈ (0, 2]✳ ❖♥ ❞✐t q✉✬✉♥❡ ❢♦♥❝t✐♦♥ ♥♦♥✲♥é❣❛t✐✈❡ f s✉r R
d ❛♣♣❛rt✐❡♥t

à ❧❛ ❝❧❛ss❡ ❞❡ ❑❛t♦ Kα
d s✐

lim
ǫ→0

sup
x∈Rd

∫

|x−z|<ǫ

f(z)|x− z|α−ddz = 0.

✶✳✷✳✶ ▼♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ ❡t ❢♦♥❝t✐♦♥s ❤❛r♠♦♥✐q✉❡s

❈❡tt❡ s❡❝t✐♦♥ ❡st ✉♥❡ ❜rè✈❡ ✐♥tr♦❞✉❝t✐♦♥ à ❧❛ t❤é♦r✐❡ ❞✉ ♣♦t❡♥t✐❡❧ ♣♦✉r
❧❡ ▲❛♣❧❛❝✐❡♥✳ ❙❡s é❧é♠❡♥ts ❛♣♣❛r❛✐ss❡♥t ❞❛♥s ❧❡s ❛rt✐❝❧❡s ■ ❡t ■■✳ ❉❛♥s ❧❡s
❞é✜♥✐t✐♦♥s ❝✐✲❞❡ss♦✉s ♦♥ s✉♣♣♦s❡ q✉❡ d ≥ 3 ❡t D ⊆ R

d ❡st ✉♥ ❞♦♠❛✐♥❡
❛r❜✐tr❛✐r❡✳

❖♥ ♥♦t❡ ♣❛r (Wt,P
x) ❧❡ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ ❝❧❛ss✐q✉❡ ❞❛♥s R

d✱ ♦ù P
x

❡st ❧❛ ❧♦✐ ❞❡ ♣r♦❜❛❜✐❧✐té ❞✉ ♣r♦❝❡ss✉s ♣❛rt❛♥t ❞❡ x✳ ▲✬❡s♣ér❛♥❝❡ ❝♦rr❡s♣♦♥✲
❞❛♥t❡ ❡st ♥♦té❡ ♣❛r E

x✳ P♦✉r ✉♥ ❡♥s❡♠❜❧❡ B ⊂ R
d ♦♥ ❞é✜♥✐t ✉♥ t❡♠♣s ❞❡

s♦rt✐❡ ❞❡ B ♣♦✉r Wt ❝♦♠♠❡

τB = inf {t > 0 : Wt /∈ B} .

❯♥ t❡♠♣s ❞❡ s♦rt✐❡ ❞✬❛✉tr❡s ♣r♦❝❡ss✉s st♦❝❤❛st✐q✉❡s ❝♦♥s✐❞érés ❞❛♥s ❧❛
t❤ès❡✱ ❡st ♥♦té ❞❡ ❧❛ ♠ê♠❡ ❢❛❝♦♥ ❀ ✐❧ ❡st t♦✉❥♦✉rs ❛ss♦❝✐é ❛✉ ♣r♦❝❡ss✉s
❝♦♥❝❡r♥é✳

❖♥ ♥♦t❡ ♣❛r (WD
t ,P

x) ❧❡ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ t✉é s✉r D✱ ❝✬❡st✲à✲❞✐r❡
✉♥ ♣r♦❝❡ss✉s ❞♦♥♥é ♣❛r

WD
t =

{
Wt, t < τD,

∂, t ≥ τD,

♦ù ∂ ❡st ❛♣♣❡❧é ❧❡ ❝✐♠❡t✐èr❡✳ ▲❛ ❞❡♥s✐té ❞❡ ♣r♦❜❛❜✐❧✐té ❞❡ tr❛♥s✐t✐♦♥ ❞❡ ❝❡
♣r♦❝❡ss✉s ❡st ❞♦♥♥é❡ ♣❛r ❧❛ ❢♦r♠✉❧❡ ❞❡ ❍✉♥t

pD(t, x, y) = p(t, x, y) − E
x[p(t− τD,WτD

, y); τD < t],

♦ù p(t, x, y) ❡st ❧❛ ❞❡♥s✐té ❞❡ tr❛♥s✐t✐♦♥ ❞❡ Wt✳
❖♥ ❞✐t q✉✬✉♥❡ ❢♦♥❝t✐♦♥ u : D 7→ R ❡st ❤❛r♠♦♥✐q✉❡ s✉r D s✐ u ❡st ❞❡

❝❧❛ss❡ C2 s✉r D ❡t ❡❧❧❡ ✈ér✐✜❡ ❧✬éq✉❛t✐♦♥ ❞❡ ▲❛♣❧❛❝❡

∆u(x) =
d∑

i=1

∂2

∂x2
i

u(x) = 0, x ∈ D.

❯♥❡ ❛✉tr❡ ❝❛r❛❝tér✐s❛t✐♦♥ ❞✬❤❛r♠♦♥✐❝✐té✱ ❜❛sé❡ s✉r ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ s♦rt✐❡
❞✉ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥✱ ❛ été ❞♦♥♥é❡ ♣❛r ❙✳ ❑❛❦✉t❛♥✐ ❬✼✵✱ ✼✶❪✳ ■❧ ❛ ♠♦♥tré

✼



q✉✬✉♥❡ ❢♦♥❝t✐♦♥ u ❝♦♥t✐♥✉❡ s✉r D ❡st ❤❛r♠♦♥✐q✉❡ s✉r D s✐ ❡t s❡✉❧❡♠❡♥t s✐
♣♦✉r t♦✉t B ⊂⊂ D ♦♥ ❛

u(x) = E
xu(WτB

), x ∈ B.

▲❛ ❢♦♥❝t✐♦♥ ❞❡ ●r❡❡♥ ❞❡ 1
2
∆ ♣♦✉r D ❡st ❞♦♥♥é❡ ♣❛r

GD(x, y) =

∫ ∞

0

pD(t, x, y)dt.

❙✐ d ≥ 3✱ ❛❧♦rs 0 < GD(x, y) <∞ ♣♦✉r t♦✉t x, y ∈ D✱ x 6= y✱ ❡t GD(x, x) =
∞✱ x ∈ D✳ ❉❡ ♣❧✉s✱ ♣♦✉r t♦✉t y ∈ D✱ GD(·, y) ❡st ❤❛r♠♦♥✐q✉❡ s✉r D \ {y}✳
P♦✉r ♣❧✉s ❞❡ ♣r♦♣r✐étés ❞❡ GD ❛✐♥s✐ q✉❡ ♣♦✉r ❧❡s ❝❛s ♣❛rt✐❝✉❧✐❡rs d = 1, 2✱
✈♦✐r ❬✸✻❪✳

▲❛ ♠❡s✉r❡ ❤❛r♠♦♥✐q✉❡ ♣♦✉r D ❡st ❧❛ ♠❡s✉r❡ ❝♦♥❝❡♥tré❡ s✉r ∂D ❞♦♥♥é❡
♣❛r

ωx
∆(A,D) = P

x(WτD
∈ A; τD <∞), A ⊆ ∂D.

❙✐ D ❡st ❜♦r♥é✱ ❛❧♦rs P
x(τD < ∞) = 1 ❡t ωx

∆(·, D) ❡st ✉♥❡ ♠❡s✉r❡ ❞❡
♣r♦❜❛❜✐❧✐té s✉r ∂D✳

❙♦✐t h ✉♥❡ ❢♦♥❝t✐♦♥ ❤❛r♠♦♥✐q✉❡ ❡t ♣♦s✐t✐✈❡ s✉r ✉♥ ❞♦♠❛✐♥❡D✳ ▲❡ ♠♦✉✈❡✲
♠❡♥t ❜r♦✇♥✐❡♥ h✲❝♦♥❞✐t✐♦♥♥❡❧ ❡st ✉♥ ♣r♦❝❡ss✉s ❞♦♥t ❧❛ ❞❡♥s✐té ❞❡ tr❛♥s✐t✐♦♥
❡st ❞♦♥♥é❡ ♣❛r

ph(t, x, y) =
pD(t, x, y)h(y)

h(x)
.

❈❡ ♣r♦❝❡ss✉s ❡st ♥♦té t♦✉❥♦✉rs ♣❛r Wt✱ ♠❛✐s ♦♥ ✉t✐❧✐s❡ P
x
h✱ E

x
h ♣♦✉r ❧❡s

♣r♦❜❛❜✐❧✐tés ❡t ❧❡s ❡s♣ér❛♥❝❡s ❝♦rr❡s♣♦♥❞❛♥t❡s✳ P♦✉r ❧❡s ♣r♦♣r✐étés st❛♥❞❛r❞
❞✉ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ ❝♦♥❞✐t✐♦♥♥❡❧✱ ✈♦✐r ❬✸✻✱ ✹✷❪✳

❙✉♣♣♦s♦♥s ❡♥ ♣❧✉s✱ q✉❡ D ❡st ✉♥ ❞♦♠❛✐♥❡ ❞❡ ❝❧❛ss❡ C1,1✳ ▲❡ ♥♦②❛✉ ❞❡
P♦✐ss♦♥ ❞❡ 1

2
∆ ♣♦✉r D ❡st ❞♦♥♥é ♣❛r

PD(x, z) =
∂GD(x, z)

∂νz

, x ∈ D, z ∈ ∂D,

♦ù νz ❡st ❧❡ ✈❡❝t❡✉r ♥♦r♠❛❧ ✐♥tér✐❡✉r ♣❛rt❛♥t ❞❡ z ∈ ∂D✳ P♦✉r t♦✉t z ∈ ∂D✱
PD(·, z) ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❤❛r♠♦♥✐q✉❡ ❡t ♣♦s✐t✐✈❡ s✉r D✳ ❉❡ ♣❧✉s✱ ♦♥ ❛

ωx
∆(A,D) =

∫

A

PD(x, z)σ(dz), x ∈ D,A ⊆ ∂D,

♦ù σ ❡st ❧❛ ♠❡s✉r❡ ❞❡ ❍❛✉s❞♦r✛ (d − 1)✲❞✐♠❡♥s✐♦♥♥❡❧❧❡ s✉r ∂D✳ ▲❡ ♥♦②❛✉
❞❡ ▼❛rt✐♥ ❞❡ 1

2
∆ ♣♦✉r D ❡st ❞♦♥♥é ♣❛r

KD(x, z) = lim
D∋y→z

GD(x, y)

GD(x0, y)
=

PD(x, z)

PD(x0, z)
,

♦ù x0 ∈ D ❡st ✜①é✳ P♦✉r t♦✉t z ∈ ∂D✱ KD(·, z) ❡st ❛✉ss✐ ✉♥❡ ❢♦♥❝t✐♦♥
❤❛r♠♦♥✐q✉❡ ❡t ♣♦s✐t✐✈❡ s✉r D✳ ❖♥ ♥♦t❡ ♣❛r P

x
z ,E

x
z ❧❛ ❧♦✐ ❞❡ ♣r♦❜❛❜✐❧✐té ❡t

❧✬❡s♣ér❛♥❝❡ ❛ss♦❝✐é❡s ❛✉ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ KD(·, z)✲❝♦♥❞✐t✐♦♥♥❡❧ s✉r D✳

✽



✶✳✷✳✷ Pr♦❝❡ss✉s α✲st❛❜❧❡s ❡t ❢♦♥❝t✐♦♥s α✲❤❛r♠♦♥✐q✉❡s

❖♥ ✐♥tr♦❞✉✐r❛ ♠❛✐♥t❡♥❛♥t q✉❡❧q✉❡s ♥♦t✐♦♥s ❡t ❞é✜♥✐t✐♦♥s é❧é♠❡♥t❛✐r❡s
❞❡ ❧❛ t❤é♦r✐❡ ❞✉ ♣♦t❡♥t✐❡❧ ♣♦✉r ❧❡ ▲❛♣❧❛❝✐❡♥ ❢r❛❝t✐♦♥♥❛✐r❡ ∆α/2✱ ♦ù α ∈
(0, 2)✳ ❊❧❧❡ ❢❛✐t ❧✬♦❜❥❡t ♣r✐♥❝✐♣❛❧ ❞❡ r❡❝❤❡r❝❤❡s ❞❛♥s ❧❡s ❛rt✐❝❧❡s ■■ ❡t ■■■✱
❡t ♣❛rt✐❡❧❧❡♠❡♥t ❛✉ss✐ ❞❛♥s ❧✬❛rt✐❝❧❡ ■❱✳ ❉❛♥s ❧❡s ❞é✜♥✐t✐♦♥s ❝✐✲❞❡ss♦✉s ♦♥
s✉♣♣♦s❡ q✉❡ d ≥ 2 ❡t D ⊆ R

d ❡st ✉♥ ♦✉✈❡rt ❛r❜✐tr❛✐r❡ ✭❧❛ ❝♦♥♥❡①✐té ♥✬❡st
♣❛s s✉♣♣♦sé❡✮✳

❖♥ ♥♦t❡ ♣❛r (Xt,P
x) ✉♥ ♣r♦❝❡ss✉s s②♠étr✐q✉❡ ❞❡ ▲é✈② α✲st❛❜❧❡ ♣❛rt❛♥t

❞❡ x✱ ❝✬❡st✲à✲❞✐r❡ ✉♥ ♣r♦❝❡ss✉s ❞♦♥t ❧❛ ❢♦♥❝t✐♦♥ ❝❛r❛❝tér✐st✐q✉❡ ❡st ❞♦♥♥é❡
♣❛r

E
xeiξ·(Xt−x) = e−t|ξ|α , x, ξ ∈ R

d, t ≥ 0.

■❝✐✱ E
x ❡st ❧✬❡s♣ér❛♥❝❡ ❞✉ ♣r♦❝❡ss✉s ♣❛rt❛♥t ❞❡ x ❡t ” · ” s✐❣♥✐✜❡ ❧❡ ♣r♦❞✉✐t

s❝❛❧❛✐r❡ st❛♥❞❛r❞ ❞❛♥s R
d✳

❖♥ ❞✐t q✉✬✉♥❡ ❢♦♥❝t✐♦♥ u : R
d 7→ R ❡st α✲❤❛r♠♦♥✐q✉❡ s✉r D s✐

u(x) = E
xu(XτB

), x ∈ B,

♣♦✉r t♦✉t B ⊂⊂ D✳ ❙✐✱ ❡♥ ♣❧✉s✱ u ≡ 0 s✉r Dc✱ ❛❧♦rs u ❡st ❞✐t❡ s✐♥❣✉❧✐èr❡
α✲❤❛r♠♦♥✐q✉❡ s✉r D✳ ❖♥ ❞✐t q✉❡ u ❡st ré❣✉❧✐èr❡ α✲❤❛r♠♦♥✐q✉❡ s✉r D s✐

u(x) = E
xu(XτD

), x ∈ D.

❯♥❡ ❛✉tr❡ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡ α✲❤❛r♠♦♥✐❝✐té ❡st ❜❛sé❡ s✉r ❧❡ ▲❛♣❧❛❝✐❡♥ ❢r❛❝✲
t✐♦♥♥❛✐r❡

∆α/2ψ(x) = lim
ε→0

Ad,−α

∫

|x−y|>ε

ψ(y) − ψ(x)

|x− y|d+α
dy,

♦ù Ad,γ = Γ((d − γ)/2)/(2γπd/2|Γ(γ/2)|) ♣♦✉r −2 < γ < 2✳ P❧✉s ♣ré❝✐✲
sé♠❡♥t✱ ✉♥❡ ❢♦♥❝t✐♦♥ u ❡st α✲❤❛r♠♦♥✐q✉❡ s✉r D s✐ ❡t s❡✉❧❡♠❡♥t s✐ u ❡st
❝♦♥t✐♥✉❡ s✉r D✱

∫
Rd |u(y)|(1 + |y|)−d−αdy < ∞✱ ❡t ∆α/2u(x) = 0 ♣♦✉r t♦✉t

x ∈ D✱ ✈♦✐r ❬✶✸✱ ❚❤é♦rè♠❡ ✸✳✾❪✳
❉❡ ❢❛ç♦♥ ❛♥❛❧♦❣✉❡ q✉❡ ♣♦✉r ❧❡ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥✱ ♦♥ ❞é✜♥✐t ❧❡ ♣r♦✲

❝❡ss✉s ❞❡ ▲é✈② α✲st❛❜❧❡ t✉é s✉r D✳ ◆♦t❛♠♠❡♥t✱ ❧❛ ❞❡♥s✐té ❞❡ tr❛♥s✐t✐♦♥ ❞❡
❝❡ ♣r♦❝❡ss✉s ❡st ❞♦♥♥é❡ ♣❛r

pD
α (t, x, y) = pα(t, x, y) − E

x[p(t− τD, XτD
, y); τD < t],

♦ù pα(t, x, y) ❡st ❧❛ ❞❡♥s✐té ❞❡ tr❛♥s✐t✐♦♥ ❞❡ Xt✳ ▲❛ ❢♦♥❝t✐♦♥ ❞❡ ●r❡❡♥ ❞❡
∆α/2 ♣♦✉r D ❡st ❞♦♥♥é❡ ♣❛r

Gα
D(x, y) =

∫ ∞

0

pD
α (t, x, y)dt.

P♦✉r t♦✉t x, y ∈ D✱ x 6= y ♦♥ ❛ 0 < Gα
D(x, y) < ∞ ❡t Gα

D(x, x) = ∞✳ ❉❡
♣❧✉s✱ ♣♦✉r t♦✉t y ∈ D✱ Gα

D(·, y) ❡st s✐♥❣✉❧✐èr❡ α✲❤❛r♠♦♥✐q✉❡ s✉r D \ {y}✳

✾



▲❛ ♠❡s✉r❡ ❤❛r♠♦♥✐q✉❡ ❞❡ ∆α/2 ♣♦✉r D ✭❛♣♣❡❧é❡ é❣❛❧❡♠❡♥t ❧❛ ♠❡s✉r❡
α✲❤❛r♠♦♥✐q✉❡ ♣♦✉r D✮ ❡st ✉♥❡ ♠❡s✉r❡ ❝♦♥❝❡♥tré❡ s✉r Dc ❞♦♥♥é❡ ♣❛r

ωx
α(A,D) = P

x(XτD
∈ A; τD <∞), A ⊆ Dc.

❙✐ D 6= R
d✱ ❛❧♦rs ωx

α(·, D) ❛ ✉♥❡ ❞❡♥s✐té s✉r (D)c ♣❛r r❛♣♣♦rt à ❧❛ ♠❡s✉r❡
❞❡ ▲❡❜❡s❣✉❡✱ ❞♦♥♥é❡ ♣❛r ❧❛ ❢♦r♠✉❧❡ ❞✬■❦❡❞❛✲❲❛t❛♥❛❜❡ ✭✈♦✐r ❬✻✸❪✮

Pα
D(x, y) = Ad,−α

∫

D

Gα
D(x, z)

|z − y|d+α
dz, x ∈ D, y ∈ Dc.

Pα
D(x, y) ❡st ❛♣♣❡❧é ❧❡ ♥♦②❛✉ ❞❡ P♦✐ss♦♥ ❞❡ ∆α/2 ♣♦✉r D✳ ❙✐ D = B(a, r) ❡st

✉♥❡ ❜♦✉❧❡ ❞❡ ❝❡♥tr❡ a ∈ R
d ❡t ❞❡ r❛②♦♥ r > 0✱ ❛❧♦rs supp(ωx

α(·, D)) = (D)c

♣♦✉r t♦✉t x ∈ D ❡t ♦♥ ❛

Pα
B(a,r)(x, y) =

Γ(d/2) sin(πα/2)

π1+d/2

(
r2 − |x− a|2
|y − a|2 − r2

)α/2
1

|x− y|d .

❋✐①♦♥s x0 ∈ D✳ ▲❡ ♥♦②❛✉ ❞❡ ▼❛rt✐♥ ❞❡ ∆α/2 ♣♦✉r D ❡st ❞é✜♥✐ ♣❛r

MD(x, z) = lim
D∋y→z

Gα
D(x, y)

Gα
D(x0, y)

, x ∈ D, z ∈ ∂D ∪ {∞} .

❉✬❛♣rès ❬✷✵✱ ❚❤é♦rè♠❡ ✷❪✱ MD(x, z) ❡st ❜✐❡♥ ❞é✜♥✐✱ ✐✳❡✳✱ ❧❛ ❧✐♠✐t❡ ❡①✐st❡
t♦✉❥♦✉rs ❡t ❡❧❧❡ ❡st ✜♥✐❡✳ ❙✐ D = B(a, r)✱ ❛❧♦rs ♦♥ ❛

MD(x, z) =
(1 − |x|2)α/2

|x− z|d , |x| < 1,

❡t MD(x, z) = 0 s✐ |x| ≥ 1✳
❙♦✐t h ✉♥❡ ❢♦♥❝t✐♦♥ s✐♥❣✉❧✐èr❡ α✲❤❛r♠♦♥✐q✉❡ ❡t ♣♦s✐t✐✈❡ s✉rD✳ ❖♥ ❞é✜♥✐t

❧❡ ♣r♦❝❡ss✉s ❞❡ ▲é✈② α✲st❛❜❧❡ h✲❝♦♥❞✐t✐♦♥♥❡❧ ❝♦♠♠❡ ❧❡ ♣r♦❝❡ss✉s ❞♦♥t ❧❛
❞❡♥s✐té ❞❡ tr❛♥s✐t✐♦♥ ❡st ❞♦♥♥é❡ ♣❛r

ph
α(t, x, y) =

pD
α (t, x, y)h(y)

h(x)
,

❈❡ ♣r♦❝❡ss✉s ❡st ♥♦té ♣❛r (Xt,P
x
h)✱ ❡t ❧✬❡s♣ér❛♥❝❡ ❝♦rr❡s♣♦♥❞❛♥t❡ ♣❛r E

x
h✳

P♦✉r ❧❡s ♣r♦♣r✐étés st❛♥❞❛r❞ ❞✉ ♣r♦❝❡ss✉s α✲st❛❜❧❡ ❝♦♥❞✐t✐♦♥♥❡❧✱ ✈♦✐r ❬✶✸❪✳

✶✳✸ ❘és✉♠é ❞✉ ❈❤❛♣✐tr❡ ✷ ✿ ❊s♣❛❝❡s ❞❡ ❍❛r❞②

♣♦✉r ❧❡ ▲❛♣❧❛❝✐❡♥ ♣❡rt✉r❜é

❉❛♥s ❝❡tt❡ ♣❛rt✐❡✱ D ⊂ R
d ❡st ✉♥ ❞♦♠❛✐♥❡ ✜①é ❞❡ ❝❧❛ss❡ C1,1 ❡t ♦♥

❝♦♥s✐❞èr❡ d ≥ 3✳ ❙♦✐t b ✉♥ ❝❤❛♠♣ ❞❡ ✈❡❝t❡✉rs s✉r R
d t❡❧ q✉❡ |b| ∈ K1

d ❡t

✶✵



|b|2 ∈ K2
d✳ ❉✬❛♣rès ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ❞❛♥s ❬✸✽❪✱ ✐❧ ❡①✐st❡ ✉♥❡ s♦❧✉t✐♦♥

✉♥✐q✉❡ W̃t ❞❡ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ st♦❝❤❛st✐q✉❡ s✉✐✈❛♥t❡

dW̃t = dWD
t + b(W̃t)dt, W̃0 = x.

W̃t ❡st ✉♥❡ ❞✐✛✉s✐♦♥ ❛✈❡❝ ❧❡ ❣é♥ér❛t❡✉r ✐♥✜♥✐tés✐♠❛❧ L = 1
2
∆ + b(·) · ∇✳

❖♥ ❞✐t q✉✬✉♥❡ ❢♦♥❝t✐♦♥ u : D 7→ R ❡st L✲❤❛r♠♦♥✐q✉❡ s✉r D✱ s✐ ❡❧❧❡ ❡st
❝♦♥t✐♥✉❡ s✉r D ❡t

u(x) = E
xu(W̃τB

), x ∈ B,

♣♦✉r t♦✉t B ⊂⊂ D✳ ❯♥❡ ❛✉tr❡ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡ L✲❤❛r♠♦♥✐❝✐té ❜❛sé❡ s✉r
❧❡ ❣é♥ér❛t❡✉r ✐♥✜♥✐tés✐♠❛❧ ❡st ❧❛ s✉✐✈❛♥t❡ ✿ ✉♥❡ ❢♦♥❝t✐♦♥ u ❝♦♥t✐♥✉❡ s✉r D
❡st ❞✐t❡ L✲❤❛r♠♦♥✐q✉❡ s✉r D s✐ Lu ≡ 0 s✉r D ❛✉ s❡♥s ❢❛✐❜❧❡✱ ✐✳❡✳✱ ♣♦✉r t♦✉t
❢♦♥❝t✐♦♥ φ ∈ C∞

c (D) ♦♥ ❛

1

2

∫

D

u(x)∆φ(x)dx =

∫

D

u(x)b(x) · ∇φ(x)dx.

▲❛ ♠❡s✉r❡ L✲❤❛r♠♦♥✐q✉❡ ❞❡ D ❡st ❞♦♥♥é❡ ♣❛r

ωx
L(A,D) = P

x(W̃τD
∈ A), A ⊆ ∂D.

◆♦t♦♥s

M(t) =

∫ t

0

b(Ws)dWs, 〈M〉t =

∫ t

0

|b(Ws)|2ds,

N(t) = exp

{
M(t) − 1

2
〈M〉t

}
.

❉✬❛♣rès ❬✸✽✱ ❚❤é♦rè♠❡ ✸✳✹❪✱ ♣♦✉r t♦✉t x ∈ D ♦♥ ❛

ωx
L(dz,D) = E

x
zN(τD)ωx

∆(dz,D).

P❛r ❝♦♥séq✉❡♥t✱ ωx
L(·, D) ♣♦ssè❞❡ ✉♥❡ ❞❡♥s✐té ♣❛r r❛♣♣♦rt à σ s✉r ∂D ❞♦♥✲

♥é❡ ♣❛r
PL

D(x, z) = E
x
zN(τD)PD(x, z), x ∈ D, z ∈ ∂D.

PL
D(x, z) ❡st ❛♣♣❡❧é ❧❡ ♥♦②❛✉ ❞❡ P♦✐ss♦♥ ❞❡ L ♣♦✉r D✳ ■❧ ❡st ❝♦♥t✐♥✉ s✉r
D × ∂D ❡t ♣♦✉r t♦✉t z ∈ ∂D✱ PL

D(·, z) ❡st ✉♥❡ ❢♦♥❝t✐♦♥ L✲❤❛r♠♦♥✐q✉❡ s✉r
D✳

P♦✉r r > 0 ♥♦t♦♥s

Dr = {x ∈ D : δD(x) > r} .

❊♥ ♣❛rt✐❝✉❧✐❡r✱ D0 = D✳ ❉✬❛♣rès ❬✾✵✱ ▲❡♠♠❡ ✺❪✱ ✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡
r0 = r0(D) > 0✱ t❡❧❧❡ q✉❡ ♣♦✉r t♦✉t r ∈ [0, r0]✱ Dr ❡st ✉♥ ❞♦♠❛✐♥❡ ❞❡ ❝❧❛ss❡
C1,1✳ ❉❡ ♣❧✉s✱ ❧❛ ❝❛r❛❝tér✐st✐q✉❡ ❞❡Dr ♣❡✉t êtr❡ ✜①é❡ ❞❡ ❢❛❝♦♥ ✐♥❞é♣❡♥❞❛♥t❡
❞❡ r✳ ◆♦t❛♠♠❡♥t✱ ♦♥ ♣❡✉t s✉♣♣♦s❡r q✉❡ ♣♦✉r t♦✉t r ∈ [0, r0]✱ Dr ✈ér✐✜❡

✶✶



❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ ❧❛ ❜♦✉❧❡ ❛✈❡❝ ❧❛ ♠ê♠❡ ❝♦♥st❛♥t❡ r0✳ P♦✉r 0 < r ≤ r0 s♦✐t
πr : ∂D 7→ ∂Dr ❧❛ ♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡✱ ✐✳❡✳✱ πr(x) s✐❣♥✐✜❡ ❧❡ ♣♦✐♥t ❧❡ ♣❧✉s
♣r♦❝❤❡ ❞❡ x s✉r ∂Dr✳ ❙♦✐t PL

r (x, y) = PL
Dr

(x, y) ❧❡ ♥♦②❛✉ ❞❡ P♦✐ss♦♥ ❞❡ L
♣♦✉r Dr✱ r ∈ [0, r0]✳

▲❡ ♣r❡♠✐❡r rés✉❧t❛t ❞❡ ❧✬❛rt✐❝❧❡ ■ ❝♦♥❝❡r♥❡ ❞❡s ❡st✐♠❛t✐♦♥s ✉♥✐❢♦r♠❡s ❞❡s
♥♦②❛✉① PL

r (x, y)✱ r ∈ [0, r0]✳

❚❤é♦rè♠❡ ✶ ■❧ ❡①✐st❡ ❞❡s ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❡s C,R0 q✉✐ ♥❡ ❞é♣❡♥❞❡♥t q✉❡
❞❡ b ❡t D✱ t❡❧❧❡s q✉❡ ♣♦✉r t♦✉t r ∈ [0, R0]✱ x ∈ Dr ❡t y ∈ ∂Dr ♦♥ ❛

C−1 δDr(x)

|x− y|d ≤ PL
r (x, y) ≤ C

δDr(x)

|x− y|d .

▲✬❡ss❡♥t✐❡❧ ❞❡s ❡st✐♠❛t✐♦♥s ❝✐✲❞❡ss✉s ❡st ❧❡ ❢❛✐t q✉❡ ❧❛ ❝♦♥st❛♥t❡ C ♥❡ ❞é♣❡♥❞
♣❛s ❞❡ r ∈ [0, r0]✳ ❈❡tt❡ ♣r♦♣r✐été ❡st ❝r✉❝✐❛❧❡ ❞❛♥s ❧❛ t❤é♦r✐❡ ❞❡s ❡s♣❛❝❡s ❞❡
❍❛r❞② ❞❡s ❢♦♥❝t✐♦♥s L✲❤❛r♠♦♥✐q✉❡s✳ ❊❧❧❡ ❡st ♦❜t❡♥✉❡ ❣râ❝❡ ❛✉① ❡st✐♠❛t✐♦♥s
✉♥✐❢♦r♠❡s ❞❡ ❝❡rt❛✐♥❡s ♣r♦❜❛❜✐❧✐tés ❞❡ s♦rt✐❡ ♣♦✉r ❧❡ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥
❝♦♥❞✐t✐♦♥♥❡❧ s✉r Dr✱ ✈♦✐r ❧❛ ❙❡❝t✐♦♥ ✷✳✸✳

P♦✉r 1 ≤ p <∞ ♦♥ ❞é✜♥✐t ❧✬❡s♣❛❝❡ ❞❡ ❍❛r❞② hp
L(D) ❝♦♠♠❡ ❧✬❡♥s❡♠❜❧❡

❞❡s ❢♦♥❝t✐♦♥s u L✲❤❛r♠♦♥✐q✉❡s s✉r D ✈ér✐✜❛♥t

‖u‖hp = sup
0<r<r0

(∫

∂D

|u(πr(x))|pσ(dx)

)1/p

<∞,

♦ù σ ❡st ❧❛ ♠❡s✉r❡ ❞❡ ❍❛✉s❞♦r✛ (d − 1)✲❞✐♠❡♥s✐♦♥♥❡❧❧❡ s✉r ∂D✳ ▲✬❡s♣❛❝❡
h∞L (D) ❡st ❞é✜♥✐ ❝♦♠♠❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s u L✲❤❛r♠♦♥✐q✉❡s s✉r D
t❡❧❧❡s q✉❡ ‖u‖h∞ = supD |u| < ∞✳ ◆♦t♦♥s q✉❡ hp

L(D) ⊂ h1
L(D) ♣♦✉r t♦✉t

p > 1✳
P♦✉r µ ∈ M(∂D) ❡t f ∈ L1(∂D, σ) ♦♥ ❞é✜♥✐t ❧❡s L✲✐♥té❣r❛❧❡s ❞❡ P♦✐ss♦♥

❞❡ µ ❡t ❞❡ f ❝♦♠♠❡

PL[µ](x) =

∫

∂D

PL
D(x, y)µ(dy), PL[f ](x) =

∫

∂D

PL
D(x, y)f(y)σ(dy).

PL[µ] ❡t PL[f ] s♦♥t L✲❤❛r♠♦♥✐q✉❡s s✉r D ♣♦✉r t♦✉t µ ∈ M(∂D) ❡t f ∈
L1(∂D, σ)✳ ▲❡ rés✉❧t❛t ♣r✐♥❝✐♣❛❧ ❞❡ ❧✬❛rt✐❝❧❡ ■ ❡st ❧❡ t❤é♦rè♠❡ ❞❡ r❡♣rés❡♥✲
t❛t✐♦♥ s✉✐✈❛♥t✳

❚❤é♦rè♠❡ ✷ ❙♦✐t u L✲❤❛r♠♦♥✐q✉❡ s✉r D✳ ❖♥ ❛

✶✳ u ∈ h1
L(D) s✐ ❡t s❡✉❧❡♠❡♥t s✐ u = PL[µ] ♣♦✉r ✉♥❡ ♠❡s✉r❡ ✉♥✐q✉❡

µ ∈ M(∂D)✳ ❉❡ ♣❧✉s✱ ✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡ C = C(b,D)
t❡❧❧❡ q✉❡

C−1‖µ‖ ≤ ‖PL[µ]‖h1 ≤ C‖µ‖.

✶✷



✷✳ u ∈ hp
L(D) ♣♦✉r p > 1 s✐ ❡t s❡✉❧❡♠❡♥t s✐ u = PL[f ] ♣♦✉r ✉♥❡ ❢♦♥❝t✐♦♥

✉♥✐q✉❡ f ∈ Lp(∂D, σ)✳ ❉❡ ♣❧✉s✱ ✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡ C =
C(b,D) t❡❧❧❡ q✉❡

C−1‖f‖p ≤ ‖PL[f ]‖hp ≤ C‖f‖p.

❉❛♥s ❧❛ ♣r❡✉✈❡ ❞✉ ❚❤é♦rè♠❡ ✷ ♦♥ ✉t✐❧✐s❡ ❧❛ ❝♦♥str✉❝t✐♦♥ s✉✐✈❛♥t❡✳ P♦✉r ✉♥❡
❢♦♥❝t✐♦♥ u L✲❤❛r♠♦♥✐q✉❡ s✉r D ♦♥ ❞é✜♥✐t ur(x) = E

x|u(W̃τDr
)|✳ ❆❧♦rs✱ ♣♦✉r

t♦✉t r ∈ (0, r0) ♦♥ ❛ |u| ≤ ur✳ ❉❡ ♣❧✉s✱ ❞✬❛♣rès ❧❛ ♣r♦♣r✐été ❞❡ ▼❛r❦♦✈ ❢♦rt❡✱
ur ❡st ♥♦♥✲❞é❝r♦✐ss❛♥t q✉❛♥❞ r ց 0 ❡t ♦♥ ♣❡✉t ❞é✜♥✐r u∗ = limrց0 ur✳ ❊♥
✉t✐❧✐s❛♥t ❧❡s ❡st✐♠❛t✐♦♥s ❞✉ ❚❤é♦rè♠❡ ✶✱ ♦♥ ♦❜t✐❡♥t ✉♥❡ ✈❡rs✐♦♥ ♣❧✉s ❢❛✐❜❧❡
❞✉ ❚❤é♦rè♠❡ ✷✳

▲❡♠♠❡ ✶ ▲❡s ❝♦♥❞✐t✐♦♥s s✉✐✈❛♥t❡s s♦♥t éq✉✐✈❛❧❡♥t❡s✳

✶✳ u ∈ h1
L(D)✳

✷✳ u∗(x) = limrց0 ur(x) ❡st ✜♥✐❡ ♣♦✉r t♦✉t x✳

✸✳ u = PL[µ] ♣♦✉r ✉♥❡ ♠❡s✉r❡ µ ∈ M(∂D)✳

❙✐ u ∈ hp
L(D) ♣♦✉r p > 1✱ ❛❧♦rs u ∈ h1

L(D) ❡t ❞✬❛♣rès ❧❡ ▲❡♠♠❡ ✶ ♦♥
❛ u = PL[µ] ♣♦✉r ✉♥❡ ♠❡s✉r❡ µ ∈ M(∂D)✳ ❆✜♥ ❞❡ ♠♦♥tr❡r q✉❡ µ(dx) =
f(x)σ(dx) ♣♦✉r ✉♥❡ ❢♦♥❝t✐♦♥ f ∈ Lp(∂D, σ)✱ ♦♥ ✉t✐❧✐s❡ ❧❡ t❤é♦rè♠❡ ❞❡ ❋❛t♦✉
r❡❧❛t✐❢✳ P♦✉r z ∈ ∂D ❡t β > 0 ♦♥ ❞é✜♥✐t ❧❡ ❝ô♥❡ ΓD

β (z) ♣❛r

ΓD
β (z) = {x ∈ D : |x− z| < (1 + β)δD(x)} .

❚❤é♦rè♠❡ ✸ ✭❚❤é♦rè♠❡ ❞❡ ❋❛t♦✉ ❘❡❧❛t✐❢✮ ❙♦✐❡♥t u ❡t v ❞❡✉① ❢♦♥❝✲
t✐♦♥s L✲❤❛r♠♦♥✐q✉❡s s✉r D✱ ❞♦♥♥é❡s ♣❛r u = PL[µ]✱ v = PL[ν]✱ ♦ù µ, ν ∈
M(∂D) s♦♥t ♣♦s✐t✐✈❡s✳ ❉❡ ♣❧✉s✱ s♦✐t dµ = f dν + dµsing ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥
❞❡ ▲❡❜❡s❣✉❡ ❞❡ µ ♣❛r r❛♣♣♦rt à ν✱ ♦ù f ∈ L1(∂D, ν) ❡t ν(supp(µsing)) = 0✳
❆❧♦rs✱ ♣♦✉r ν✲♣r❡sq✉❡ t♦✉t z ∈ ∂D ♦♥ ❛

lim
ΓD

β (z)∋x→z

u(x)

v(x)
= f(z).

❋✐♥❛❧❡♠❡♥t✱ ❧❡ ❧❡♠♠❡ ❞❡ ❋❛t♦✉ ✐♠♣❧✐q✉❡ q✉✬❡♥ ❢❛✐t✱ f ∈ Lp(∂D, σ)✳ ◆♦t♦♥s
q✉❡ PL[σ] ≡ 1✱ ❞♦♥❝ ❡♥ ♣r❡♥❛♥t ν = σ ❞❛♥s ❧❡ ❚❤é♦rè♠❡ ✸ ♦♥ ♦❜t✐❡♥t ❧❡
t❤é♦rè♠❡ ❞❡ ❋❛t♦✉ ❝❧❛ss✐q✉❡✳

❉❛♥s ❧❛ ❞❡r♥✐èr❡ ♣❛rt✐❡ ❞❡ ❧✬❛rt✐❝❧❡ ■ ♦♥ ét✉❞✐❡ ❧❡s ♣r♦♣r✐étés ❛♥❛❧♦❣✐q✉❡s
♣♦✉r ❧❡s ❢♦♥❝t✐♦♥s q✲❤❛r♠♦♥✐q✉❡s✱ ♦ù q ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❜♦ré❧✐❡♥♥❡ s✉r R

d

t❡❧❧❡ q✉❡ |q| ∈ K2
d✳ ❖♥ ❞✐t q✉✬✉♥❡ ❢♦♥❝t✐♦♥ u : D 7→ R ❡st q✲❤❛r♠♦♥✐q✉❡ s✉r

D✱ s✐ ❡❧❧❡ ❡st ❝♦♥t✐♥✉❡ s✉r D ❡t 1
2
∆u + qu ≡ 0 ❛✉ s❡♥s ❢❛✐❜❧❡✳ P♦✉r t ≥ 0

s♦✐t

eq(t) = exp

{∫ t

0

q(Ws)ds

}
.
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❖♥ ❞é✜♥✐t ❧❛ ❥❛✉❣❡ ❡t ❧❛ ❥❛✉❣❡ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ♣♦✉r D ❝♦♠♠❡

g(x) = E
xeq(τD), x ∈ D,

g(x, z) = E
x
zeq(τD), x ∈ D, z ∈ ∂D.

❖♥ ❞✐t q✉❡ (D, q) ❡st ❥❛✉❣❡❛❜❧❡ s✐ g(x) ❡st ❜♦r♥é❡ s✉r D ✭♦✉ g(x0, z0) <∞
♣♦✉r ✉♥❡ ♣❛✐r❡ (x0, z0) ∈ D × ∂D✱ q✉✐ ❡st éq✉✐✈❛❧❡♥t✱ ✈♦✐r ❬✸✻❪✮✳ ❖♥ ❞é✜♥✐t
❧❡ q✲♥♦②❛✉ ❞❡ P♦✐ss♦♥ ♣♦✉r D ❝♦♠♠❡

P q
D(x, z) = g(x, z)PD(x, z), x ∈ D, z ∈ ∂D.

P♦✉r r ∈ [0, r0] s♦✐t P q
r (x, z) ❧❡ q✲♥♦②❛✉ ❞❡ P♦✐ss♦♥ ♣♦✉r Dr✳

❚❤é♦rè♠❡ ✹ ❙✉♣♣♦s♦♥s q✉❡ (D, q) ❡st ❥❛✉❣❡❛❜❧❡✳ ❆❧♦rs ✐❧ ❡①✐st❡ ❞❡s ❝♦♥st❛♥t❡s
♣♦s✐t✐✈❡s C,R0 q✉✐ ♥❡ ❞é♣❡♥❞❡♥t q✉❡ ❞❡ q ❡t D✱ t❡❧❧❡s q✉❡ ♣♦✉r t♦✉t r ∈
[0, R0]✱ x ∈ Dr ❡t y ∈ ∂Dr ♦♥ ❛

C−1 δDr(x)

|x− y|d ≤ P q
r (x, y) ≤ C

δDr(x)

|x− y|d .

P♦✉r 1 ≤ p ≤ ∞ ♦♥ ❞é✜♥✐t ❧✬❡s♣❛❝❡ ❞❡ ❍❛r❞② hp
q(D) ❝♦♠♠❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s

❢♦♥❝t✐♦♥s u q✲❤❛r♠♦♥✐q✉❡s s✉r D t❡❧❧❡s q✉❡ ‖u‖hp <∞ ✭❧❛ ♥♦r♠❡ ‖ · ‖hp ❡st
❞é✜♥✐❡ ❞❡ ❢❛ç♦♥ ❛♥❛❧♦❣✉❡ q✉❡ ♣♦✉r ❧❡ ❢♦♥❝t✐♦♥s L✲❤❛r♠♦♥✐q✉❡s✮✳

◆♦t♦♥s ♣❛r Pq[µ] ❡t Pq[f ] ❧❡s q✲✐♥té❣r❛❧❡s ❞❡ P♦✐ss♦♥ ❞❡ µ ∈ M(∂D)
❡t ❞❡ f ∈ L1(∂D, σ)✳ ▲❡ ❞❡r♥✐❡r rés✉❧t❛t ❞❡ ❧✬❛rt✐❝❧❡ ■ ❡st ❧❡ t❤é♦rè♠❡ ❞❡
r❡♣rés❡♥t❛t✐♦♥ ♣♦✉r ❧❡s ❡s♣❛❝❡s ❞❡ ❍❛r❞② hp

q(D)✳

❚❤é♦rè♠❡ ✺ ❙✉♣♣♦s♦♥s q✉❡ (D, q) ❡st ❥❛✉❣❡❛❜❧❡✳ ❆❧♦rs

✶✳ u ∈ h1
q(D) s✐ ❡t s❡✉❧❡♠❡♥t s✐ u = Pq[µ] ♣♦✉r ✉♥❡ ♠❡s✉r❡ ✉♥✐q✉❡

µ ∈ M(∂D)✳ ❉❡ ♣❧✉s✱ ✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡ C = C(q,D)
t❡❧❧❡ q✉❡

C−1‖µ‖ ≤ ‖Pq[µ]‖h1 ≤ C‖µ‖.
✷✳ u ∈ hp

q(D) ♣♦✉r p > 1 s✐ ❡t s❡✉❧❡♠❡♥t s✐ u = Pq[f ] ♣♦✉r ✉♥❡ ❢♦♥❝t✐♦♥
✉♥✐q✉❡ f ∈ Lp(∂D, σ)✳ ❉❡ ♣❧✉s✱ ✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡ C =
C(q,D) t❡❧❧❡ q✉❡

C−1‖f‖p ≤ ‖Pq[f ]‖hp ≤ C‖f‖p.

✶✳✹ ❘és✉♠é ❞✉ ❈❤❛♣✐tr❡ ✸ ✿ ■❞❡♥t✐tés ❞❡ ❍❛r❞②✲

❙t❡✐♥ ♣♦✉r ❧❡ ▲❛♣❧❛❝✐❡♥ ❡t ❧❡ ▲❛♣❧❛❝✐❡♥

❢r❛❝t✐♦♥♥❛✐r❡

▲❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❡st ❝♦♥s❛❝ré❡ ❛✉① ❢♦♥❝t✐♦♥s α✲❤❛r♠♦♥✐✲
q✉❡s s✉r ✉♥ ♦✉✈❡rt ❛r❜✐tr❛✐r❡ ❞❛♥s R

d✱ ♦ù d ≥ 2 ❡t α ∈ (0, 2)✳ ❋✐①♦♥s x0 ∈ D✳
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P♦✉r 0 < p < ∞ ♦♥ ❞é✜♥✐t ❧✬❡s♣❛❝❡ ❞❡ ❍❛r❞② Hp
α(D) ❝♦♠♠❡ ❧✬❡♥s❡♠❜❧❡

❞❡s ❢♦♥❝t✐♦♥s u α✲❤❛r♠♦♥✐q✉❡s s✉r D t❡❧❧❡s q✉❡

‖u‖Hp
α

:= sup
U⊂⊂D

(Ex0|u(XτU
)|p)1/p <∞ .

◆♦t♦♥s q✉❡ ❞✬❛♣rès ❧✬✐♥é❣❛❧✐té ❞❡ ❏❡♥s❡♥✱ ♦♥ ❛ Hq
α(D) ⊂ Hp

α(D) ♣♦✉r p ≤ q✳
▲❡ ♣r❡♠✐❡r rés✉❧t❛t ♣r✐♥❝✐♣❛❧ ❞❡ ❧✬❛rt✐❝❧❡ ■■ ❡st ❧❡ s✉✐✈❛♥t✳

❚❤é♦rè♠❡ ✻ ❙♦✐t 1 < p < ∞✳ ❆❧♦rs ‖u‖p
Hp

α
❡st ❝♦♠♣❛r❛❜❧❡ s✉r Hp

α(D)
❛✈❡❝

|u(x0)|p +

∫

D

Gα
D(x0, y)

∫

Rd

[u(z) − u(y)]2
(
|u(z)| ∨ |u(y)|

)p−2

|z − y|d+α
dz dy.

❊♥ ❢❛✐t✱ u ∈ Hp
α(D) s✐ ❡t s❡✉❧❡♠❡♥t s✐ u ❡st α✲❤❛r♠♦♥✐q✉❡ s✉r D ❡t ❧✬✐♥té✲

❣r❛❧❡ ❡st ✜♥✐❡✳

▲❛ ❞é♠♦♥str❛t✐♦♥ ❞✉ ❚❤é♦rè♠❡ ✻ ❡st ❜❛sé❡ s✉r ❧✬✐❞❡♥t✐té ❞❡ ❉②♥❦✐♥ s✉✐✲
✈❛♥t❡✳ ❈♦♥s✐❞ér♦♥s ✉♥ ❡♥s❡♠❜❧❡ U ⊂⊂ D ❡t ✉♥❡ ❢♦♥❝t✐♦♥ φ : R

d → R ❞❡
❝❧❛ss❡ C2 ❞❛♥s ✉♥ ✈♦✐s✐♥❛❣❡ ❞❡ U ✱ ✈ér✐✜❛♥t

∫
Rd |φ(y)|(1 + |y|)−d−α < ∞✳

❆❧♦rs ∆α/2φ ❡st ❜♦r♥é s✉r U ✱ ❡t ♣♦✉r t♦✉t x ∈ R
d ♦♥ ❛

φ(x) = E
xφ(XτU

) −
∫

U

Gα
U(x, y)∆α/2φ(y)dy. ✭✶✳✶✮

P♦✉r p > 1 ❡t a, b ∈ C ♦♥ ❞é✜♥✐t

F (a, b) = |b|p − |a|p − pa|a|p−2(b− a).

❊♥ ✉t✐❧✐s❛♥t ✭✶✳✶✮✱ ♦♥ ♦❜t✐❡♥t ❧✬✐❞❡♥t✐té ❞❡ ❍❛r❞②✲❙t❡✐♥ s✉✐✈❛♥t❡

‖u‖p
Hp

α
= |u(x0)|p +

∫

D

Gα
D(x0, y)

∫

Rd

Ad,−α
F (u(y), u(z))

|z − y|d+α
dzdy.

❖♥ ♥♦t❡ q✉❡ ♣♦✉r p = 2 ♦♥ ❛ F (a, b) = (a− b)2✳ ❉❡ ♣❧✉s✱

F (a, b) ≈ (b− a)2(|b| ∨ |a|)p−2, a, b ∈ R

✭✈♦✐r ▲❡♠♠❡ ✸✳✷✳✹✮✳
▲❡ rés✉❧t❛t s✉✐✈❛♥t ❝❧❛r✐✜❡ ❧❛ str✉❝t✉r❡ ❞❡s ❡s♣❛❝❡s Hp

α(D)✳

▲❡♠♠❡ ✷ ❙✉♣♣♦s♦♥s q✉❡ u ∈ H1
α(D)✳ ■❧ ❡①✐st❡ ✉♥❡ ♣❛✐r❡ ✉♥✐q✉❡ f, g ❞❡s

❢♦♥❝t✐♦♥s α✲❤❛r♠♦♥✐q✉❡s ❡t ♣♦s✐t✐✈❡s s✉r D✱ t❡❧❧❡s q✉❡ u = f −g ❡t f(x0)+
g(x0) = ‖u‖H1

α
✳ ❙✐ u ❡st s✐♥❣✉❧✐èr❡ α✲❤❛r♠♦♥✐q✉❡ s✉r D✱ ❛❧♦rs f ❡t g s♦♥t

❛✉ss✐ s✐♥❣✉❧✐èr❡s α✲❤❛r♠♦♥✐q✉❡s s✉r D✳ ❙✐ 1 ≤ p <∞ ❡t u ∈ Hp
α(D)✱ ❛❧♦rs

‖u‖p
Hp

α
= ‖f‖p

Hp
α

+ ‖g‖p
Hp

α
✳

✶✺



❉✬❛♣rès ❧❡ ▲❡♠♠❡ ✷ ❡t ❬✷✵✱ ❚❤é♦rè♠❡ ✸❪✱ t♦✉t❡ ❢♦♥❝t✐♦♥ u ∈ H1
α(D) ❛ ❧❛

r❡♣rés❡♥t❛t✐♦♥ s✉✐✈❛♥t❡

u(x) =

∫

∂MD

MD(x, z)µ(dz) +

∫

Dc

f(y)Pα
D(x, y)dy , x ∈ D,

♦ù ∂MD ⊆ ∂D∪{∞} ❡st ❧❛ ❢r♦♥t✐èr❡ ❞❡ ▼❛rt✐♥ ❞❡ ∆α/2 ♣♦✉r D✱ µ ❡st ✉♥❡
♠❡s✉r❡ ✜♥✐❡ s✐❣♥é❡ s✉r ∂MD ❡t ❧❛ ❢♦♥❝t✐♦♥ f ✈ér✐✜❡

∫
Dc |f(y)|Pα

D(x0, y)dy <
∞ ✭♣♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s✱ ✈♦✐r ❬✷✵❪✮✳

❙♦✐t h ✉♥❡ ❢♦♥❝t✐♦♥ s✐♥❣✉❧✐èr❡ α✲❤❛r♠♦♥✐q✉❡ ❡t ♣♦s✐t✐✈❡ s✉r D✳ P♦✉r
0 < p < ∞ ♦♥ ❞é✜♥✐t ❧✬❡s♣❛❝❡ ❞❡ ❍❛r❞② Hp

h(D,α) ❝♦♠♠❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s
❢♦♥❝t✐♦♥s u s✐♥❣✉❧✐èr❡s α✲❤❛r♠♦♥✐q✉❡s s✉r D t❡❧❧❡s q✉❡

‖u‖p
Hp

h
:= sup

U⊂⊂D
E

x0
h

∣∣∣∣
u(XτU

)

h(XτU
)

∣∣∣∣
p

=
1

h(x0)
sup

U⊂⊂D
E

x0
|u(XτU

)|p
h(XτU

)p−1
<∞ ,

♦ù E
x0|u(XτU

)|p/h(XτU
)p−1 s✐❣♥✐✜❡ E

x0
[
XτU

∈ D; |u(XτU
)|p/h(XτU

)p−1
]
✳

❖♥ ❛♣♣❡❧❧❡ Hp
h(D,α) ❧❡s ❡s♣❛❝❡s ❞❡ ❍❛r❞② ❝♦♥❞✐t✐♦♥♥❡❧s ♣♦✉r ∆α/2 s✉r

D✳ ▲❡s ❛♥❛❧♦❣✉❡s ❞✉ ❚❤é♦rè♠❡ ✻ ❡t ❞✉ ▲❡♠♠❡ ✷ ♣♦✉r ❧❡s ❡s♣❛❝❡s Hp
h(D,α)

s♦♥t ❧❡s s✉✐✈❛♥ts✳

❚❤é♦rè♠❡ ✼ ❙♦✐t 1 < p < ∞✳ ❆❧♦rs ‖u‖p
Hp

h
❡st ❝♦♠♣❛r❛❜❧❡ s✉r Hp

h(D,α)
❛✈❡❝

|u(x0)|p
h(x0)p

+

∫

D

Gα
D(x0, y)

h(x0)h(y)

∫

Rd

( |u(z)|
h(z)

∨|u(y)|
h(y)

)p−2
[
u(z)

h(z)
− u(y)

h(y)

]2
h(z)dz h2(y)dy

h(y)|z − y|d+α
.

▲❡♠♠❡ ✸ ❙♦✐t u ∈ H1
h(D,α)✳ ■❧ ❡①✐st❡ ✉♥❡ ♣❛✐r❡ ✉♥✐q✉❡ f, g ∈ H1

h(D,α)
❞❡s ❢♦♥❝t✐♦♥s α✲❤❛r♠♦♥✐q✉❡s ❡t ♣♦s✐t✐✈❡s s✉r D✱ t❡❧❧❡s q✉❡ u = f − g ❡t
f(x0)+g(x0) = ‖u‖H1

h
h(x0)✳ ❙✐ 1 ≤ p <∞ ❡t u ∈ Hp

h(D,α)✱ ❛❧♦rs ‖u‖p
Hp

h
=

‖f‖p
Hp

h
+ ‖g‖p

Hp
h
✳

◆♦t♦♥s q✉✬❡♥ ❣é♥ér❛❧✱ ❧❡s ❢♦♥❝t✐♦♥s ❝♦♥st❛♥t❡s ♥❡ s♦♥t ♣❛s s✐♥❣✉❧✐èr❡s α✲
❤❛r♠♦♥✐q✉❡s ✭à ❧✬❡①❝❡♣t✐♦♥ ❞❡s ❝❛s ♣❛rt✐❝✉❧✐❡rs✮✱ ❞♦♥❝ ❧❡ ❚❤é♦rè♠❡ ✼ ♥✬✐♠✲
♣❧✐q✉❡ ♣❛s ❧❡ ❚❤é♦rè♠❡ ✻✳

❉❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ♦♥ ❝♦♥s✐❞èr❡ ❧❡s ❢♦♥❝t✐♦♥s ❤❛r♠♦♥✐q✉❡s ♣♦✉r
❧❡ ▲❛♣❧❛❝✐❡♥ s✉r ✉♥ ❞♦♠❛✐♥❡ D ⊆ R

d✱ ♦ù d ≥ 3✳ P♦✉r 0 < p <∞ ♦♥ ❞é✜♥✐t
❧✬❡s♣❛❝❡ ❞❡ ❍❛r❞② Hp(D) ❝♦♠♠❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s u ❤❛r♠♦♥✐q✉❡s
s✉r D ✈ér✐✜❛♥t

‖u‖Hp := sup
U⊂⊂D

(
E

x0|u(WτU
)|p
)1/p

<∞.

❙✐ D ❡st ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é ❞❡ ❝❧❛ss❡ C1,1✱ ❛❧♦rs ❧❛ ❞é✜♥✐t✐♦♥ ❝✐✲❞❡ss✉s ❡st
éq✉✐✈❛❧❡♥t❡ à ❧❛ ❞é✜♥✐t✐♦♥ ❛♥❛❧②t✐q✉❡ ❞❡ ❧❛ ❙❡❝t✐♦♥ ✶✳✸ ♣♦✉r b ≡ 0✳

✶✻



❙♦✐t h ✉♥❡ ❢♦♥❝t✐♦♥ ❤❛r♠♦♥✐q✉❡ ❡t ♣♦s✐t✐✈❡ s✉r D✳ P♦✉r 0 < p < ∞ ♦♥
❞é✜♥✐t ❧✬❡s♣❛❝❡ ❞❡ ❍❛r❞② Hp

h(D) ❝♦♠♠❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s u ❤❛r♠♦✲
♥✐q✉❡s s✉r D ✈ér✐✜❛♥t

‖u‖p
Hp

h
:= sup

U⊂⊂D
E

x0
h

∣∣∣∣
u(WτU

)

h(WτU
)

∣∣∣∣
p

=
1

h(x0)
sup

U⊂⊂D
E

x0
|u(WτU

)|p
h(WτU

)p−1
<∞.

❖♥ ❛♣♣❡❧❧❡ Hp
h(D) ❧❡s ❡s♣❛❝❡s ❞❡ ❍❛r❞② ❝♦♥❞✐t✐♦♥♥❡❧s ♣♦✉r ∆ s✉r D✳ ▲❡

t❤é♦rè♠❡ s✉✐✈❛♥t ❞♦♥♥❡ ✉♥❡ ❝❛r❛❝tér✐s❛t✐♦♥ éq✉✐✈❛❧❡♥t❡ ❞❡ ❝❡s ❡s♣❛❝❡s ♣♦✉r
1 < p <∞✳

❚❤é♦rè♠❡ ✽ ❙♦✐t 1 < p < ∞✳ ❆❧♦rs✱ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ u ❤❛r♠♦♥✐q✉❡
s✉r D ♦♥ ❛

‖u‖p
Hp

h
=

|u(x0)|p
h(x0)p

+ p(p− 1)

∫

D

GD(x0, y)

h(x0)h(y)

∣∣∣∣
u(y)

h(y)

∣∣∣∣
p−2 ∣∣∣∇u

h
(y)
∣∣∣
2

h2(y)dy.

❊♥ ❢❛✐t✱ u ∈ Hp(D) s✐ ❡t s❡✉❧❡♠❡♥t s✐ u ❡st ❤❛r♠♦♥✐q✉❡ s✉r D ❡t ❧✬✐♥té❣r❛❧❡
❡st ✜♥✐❡✳

❉❛♥s ❧❛ ♣r❡✉✈❡ ❞✉ ❚❤è♦ré♠❡ ✽ ♦♥ ✉t✐❧✐s❡ ❧✬✐❞❡♥t✐té ❞❡ ❉②♥❦✐♥ ♣♦✉r ❧❡ ▲❛✲
♣❧❛❝✐❡♥ ✿

φ(x) = E
xφ(WτU

) −
∫

U

GU(x, y)∆φ(y) dy , x ∈ D,

♦ù U ⊂⊂ D ❡t φ ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❝❧❛ss❡ C2 s✉r ✉♥ ✈♦✐s✐♥❛❣❡ ❞❡ U ✳
◆♦t♦♥s q✉❡ ♣♦✉r h ≡ 1 ♦♥ ❛ Hp

h(D) = Hp(D) ❡t ❧❡ ❚❤è♦ré♠❡ ✽ ❞♦♥♥❡
❧✬✐❞❡♥t✐té s✉✐✈❛♥t❡✳

❈♦r♦❧❧❛✐r❡ ✶ ❙♦✐t 1 < p < ∞✳ ❆❧♦rs✱ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ u ❤❛r♠♦♥✐q✉❡
s✉r D ♦♥ ❛

‖u‖p
Hp = |u(x0)|p + p(p− 1)

∫

D

GD(x0, y)|u(y)|p−2|∇u(y)|2dy.

❖♥ r❡♠❛rq✉❡ q✉❡ ❞❡s ✈❡rs✐♦♥ ❛♥❛❧♦❣✐q✉❡s ❞✉ ▲❡♠♠❡ ✷ ❡t ❞✉ ▲❡♠♠❡ ✸ s♦♥t
✈r❛✐s ♣♦✉r ❧❡s ❡s♣❛❝❡s ❞❡ ❍❛r❞②Hp(D) ❡tHp

h(D)✳ ❈❡❧❛ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ✉♥❡
♣r❡✉✈❡ ❝♦✉rt❡ ❞❡ ❧✬✐♥é❣❛❧✐té ❞❡ ▲✐tt❧❡✇♦♦❞✲P❛❧❡②✱ ✈♦✐r ❧❛ Pr♦♣♦s✐t✐♦♥ ✸✳✺✳✹✳

✶✳✺ ❘és✉♠é ❞✉ ❈❤❛♣✐tr❡ ✹ ✿ Pr♦♣r✐étés ❛✉ ❜♦r❞

❞❡s ❢♦♥❝t✐♦♥s α✲❤❛r♠♦♥✐q✉❡s s✉r R
d ♣r✐✈é

❞✬✉♥❡ s♣❤èr❡ ♦✉ ❞✬✉♥ ❤②♣❡r♣❧❛♥

P♦✉r d ≥ 2 ♦♥ ❞é✜♥✐t

S :=
{
x ∈ R

d : |x| = 1
}
, L :=

{
x = (x1, ..., xd) ∈ R

d : xd = 0
}
.

✶✼



❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♦♥ ❝♦♥s✐❞èr❡ ❧❡s ♣r♦♣r✐étés ❛✉ ❜♦r❞ ❞❡s ❢♦♥❝t✐♦♥s α✲
❤❛r♠♦♥✐q✉❡s s✉r ❧❡s ❡♥s❡♠❜❧❡s D = R

d \ S ❡t H = R
d \ L✱ ♣♦✉r α ∈ (1, 2)✳

◆♦t♦♥s q✉❡ D ❡t H s♦♥t ♥♦♥✲❜♦r♥és✳ ▲✬❡①❝❡♣t✐♦♥♥❛❧✐té ❞❡ ❝❡s ❞❡✉① ❡♥✲
s❡♠❜❧❡s ❡st ❧✐é❡ ❛✉ ❢❛✐t q✉❡ ❧❡s ♣r♦❜❛❜✐❧✐tés ❞❡ t♦✉❝❤❡r S ❡t L ♣♦✉r Xt s♦♥t
♥♦♥✲♥✉❧❧❡s s✐ α ∈ (1, 2)✱ ❡t ❞❡ ♣❧✉s✱ D

c = S ❡t H
c = L s♦♥t ❞❡ ♠❡s✉r❡

❞❡ ▲❡❜❡s❣✉❡ ♥✉❧❧❡✳ P❛r ❝♦♥séq✉❡♥t✱ ❧❡s tr❛❥❡❝t♦✐r❡s ❞✉ ♣r♦❝❡ss✉s Xt s♦♥t
❝♦♥t✐♥✉❡s ♣r❡sq✉❡ sûr❡♠❡♥t ❛✉ t❡♠♣s ❞❡ t♦✉❝❤❡r S ❡t L✱ ❝♦♠♠❡ ❞❛♥s ❧❡
❝❛s ❞✉ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥✳ ❘❛♣♣❡❧♦♥s ❧❛ ♣r♦♣r✐été s✉✐✈❛♥t❡ ✿ s✐ u ❡st ✉♥❡
❢♦♥❝t✐♦♥ α✲❤❛r♠♦♥✐q✉❡ ♣♦s✐t✐✈❡ s✉r ✉♥ ♦✉✈❡rt D✱ ❛❧♦rs Mt = u(Xt∧τD

) ❡st
✉♥❡ s✉r✲♠❛rt✐♥❣❛❧❡✳ ❉✬❛♣rès ❧❛ t❤é♦r✐❡ ❞❡ ❉♦♦❜✱ Mt ❛ ❞❡s ❧✐♠✐t❡s ♣r❡sq✉❡
sûr❡♠❡♥t q✉❛♥❞ t→ ∞✳ ▲♦rsq✉❡ Xt ❡st ❝♦♥t✐♥✉ ❡♥ t = τD✱ ❛❧♦rs ❧❛ ❝♦♥✈❡r✲
❣❡♥❝❡ ❞❡ Mt ✐♠♣❧✐q✉❡ ❧✬❡①✐st❡♥❝❡ ❞❡s ❧✐♠✐t❡s ♥♦♥✲t❛♥❣❡♥t✐❡❧❧❡s ❞❡ u✳ ❈❡tt❡
❛♣♣r♦❝❤❡ ❛ été ♣r♦♣♦sé❡ ♣❛r ❉♦♦❜ ❬✹✷❪ ❞❛♥s ❧❡ ❜✉t ❞❡ ❞é♠♦♥tr❡r ❧❡ t❤é♦✲
rè♠❡ ❞❡ ❋❛t♦✉ ❝❧❛ss✐q✉❡ ❡t ❡❧❧❡ ❝♦♥st✐t✉❡ ✉♥❡ ♠♦t✐✈❛t✐♦♥ ♣♦✉r ét✉❞✐❡r ❧❡
❝♦♠♣♦rt❡♠❡♥t ❞❡s ❢♦♥❝t✐♦♥s α✲❤❛r♠♦♥✐q✉❡s s✉r D ❡t H✳

❉✬❛♣rès ❬✾✽✱ ❚❤é♦rè♠❡ ✷✳✶❪✱ ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡ t♦✉❝❤❡r S ♣♦✉r Xt✱ Φ(x) =
P

x(τD <∞)✱ 1 < α < 2✱ ❡st ❞♦♥♥é❡ ♣❛r

Φ(x) =

{
C1 ||x|2 − 1|(α/2)−1 |x|1−d/2P

1−d/2
−α/2

(
|x|2+1
||x|2−1|

)
, x ∈ D, x 6= 0,

C1/Γ(d/2), x = 0,

♦ù C1 = π1/222−αΓ((α + d)/2 − 1)/Γ((α − 1)/2) ❡t P ν
µ ❡st ❧❛ ❢♦♥❝t✐♦♥ ❞❡

▲❡❣❡♥❞r❡ ❛ss♦❝✐é❡ ❞❡ ♣r❡♠✐èr❡ ❡s♣è❝❡✳ Φ ❡st ✉♥❡ ❢♦♥❝t✐♦♥ r❛❞✐❛❧❡✱ ❞♦♥❝ ♣♦✉r
r ≥ 0✱ r 6= 1 ♦♥ ♣❡✉t ❞é✜♥✐r φ(r) := Φ(rz)✱ z ∈ S✳

❙♦✐t σ ❧❛ ♠❡❛s✉r❡ ❞❡ ❍❛✉s❞♦r✛ ✉♥✐t❛✐r❡ s✉r S✳ ❉✬❛♣rès ❬✾✽✱ ❚❤é♦rè♠❡
✸✳✶❪✱ ❧❛ ♠❡s✉r❡ α✲❤❛r♠♦♥✐q✉❡ ❞❡ D ❛ ✉♥❡ ❞❡♥s✐té ♣❛r r❛♣♣♦rt à σ s✉r S

❞♦♥♥é❡ ♣❛r

PD(x, y) =
C1

Γ(d/2)

||x|2 − 1|α−1

|x− y|d+α−2
, x ∈ D, y ∈ S.

❊♥ ♣❛rt✐❝✉❧✐❡r✱ Φ(x) =
∫
S
PD(x, y)σ(dy)✳ ❖♥ ❛♣♣❡❧❧❡r❛ PD(x, y) ❧❡ ♥♦②❛✉ ❞❡

P♦✐ss♦♥ ❞❡ ∆α/2 ♣♦✉r D✳ ❉✬❛♣rès ❬✾✽✱ ❚❤é♦rè♠❡ ✹✳✶❪ ♦♥ ❛

Gα
D
(x, y) =

Ad,α

|x− y|d−α

[
1 − Φ

(
y

|y − x|
∣∣x− y/|y|2

∣∣
)]

, x, y ∈ D.

❙♦✐t MD(x, z) ❧❡ ♥♦②❛✉ ❞❡ ▼❛rt✐♥ ❞❡ ∆α/2 ♣♦✉r D ❛✈❡❝ x0 = 0✱ ✐✳❡✳✱

MD(x, z) = lim
D∋y→z

Gα
D
(x, y)

Gα
D
(0, y)

, x ∈ D, z ∈ S ∪ {∞} .

■❧ ❡st ❢❛❝✐❧❡ à ✈ér✐✜❡r q✉❡

MD(x,∞) =
1 − Φ(x)

1 − Φ(0)
.

▲❡ ♣r❡♠✐❡r rés✉❧t❛t ❞❡ ❧✬❛rt✐❝❧❡ ■■■ ❡st ❧❡ s✉✐✈❛♥t✳

✶✽



Pr♦♣♦s✐t✐♦♥ ✶ P♦✉r t♦✉t x ∈ D ❡t z ∈ S ♦♥ ❛

MD(x, z) =
PD(x, z)

PD(0, z)
=

||x|2 − 1|α−1

|x− z|d+α−2
.

▲❛ Pr♦♣♦s✐t✐♦♥ ✶ ♠♦♥tr❡ q✉❡ ❧❡ ♥♦②❛✉ ❞❡ ▼❛rt✐♥ ❡t ❧❡ ♥♦②❛✉ ❞❡ P♦✐ss♦♥
❞❡ ∆α/2 ♣♦✉r D s♦♥t é❣❛✉① à ✉♥❡ ❝♦♥st❛♥t❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♣rès✳ ◆♦t♦♥s
é❣❛❧❡♠❡♥t✱ q✉❡ ❝❡tt❡ ❛✣r♠❛t✐♦♥ ❡st ❣é♥ér❛❧❡♠❡♥t ❢❛✉ss❡ ✭❡✳❣✳✱ ♣♦✉r ✉♥❡
❜♦✉❧❡✮✳

P♦✉r f ∈ L1(S, σ) ❡t µ ∈ M(S)✱ ♦♥ ❞é✜♥✐t ❧❡s ∆α/2✲✐♥té❣r❛❧❡s ❞❡ P♦✐ss♦♥
❞❡ f ❡t ❞❡ µ s✉r D ♣❛r

PD[µ](x) =

∫

S

PD(x, y)µ(dy), PD[f ](x) =

∫

S

PD(x, y)f(y)σ(dy).

P♦✉r t♦✉t f ∈ L1(S, σ) ❡t µ ∈ M(S)✱ PD[f ] ❡t PD[µ] s♦♥t α✲❤❛r♠♦♥✐q✉❡s
s✉r D✳ P♦✉r p ∈ [1,∞) ♦♥ ❞é✜♥✐t ❧✬❡s♣❛❝❡ ❞❡ ❍❛r❞② hp

α(D) ❝♦♠♠❡ ❧✬❡♥s❡♠❜❧❡
❞❡s ❢♦♥❝t✐♦♥s u α✲❤❛r♠♦♥✐q✉❡s s✉r D t❡❧❧❡s q✉❡

‖u‖hp := sup
r∈R+\{1}

(∫

S

|u(rx)|pσ(dx)

)1/p

<∞.

▲✬❡s♣❛❝❡ h∞α (D) ❡st ❞é✜♥✐ ❝♦♠♠❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s α✲❤❛r♠♦♥✐q✉❡s
❜♦r♥é❡s s✉r D ❡t ‖u‖h∞ = supD |u|✳ ◆♦t♦♥s q✉❡ ❧❛ ❞é✜♥✐t✐♦♥ ❞❡s ❡s♣❛❝❡s
hp

α(D) ❡st t②♣✐q✉❡♠❡♥t ❛♥❛❧②t✐q✉❡ ❡t ❡❧❧❡ s❡ ❞✐✛èr❡ ❝♦♥s✐❞ér❛❜❧❡♠❡♥t ❞❡
❧❛ ❞é✜♥✐t✐♦♥ ♣r♦❜❛❜✐❧✐st❡ ❞❡s ❡s♣❛❝❡s Hp

α(D) ✐♥tr♦❞✉✐t❡ ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✶✳✹✳
◆é❛♥♠♦✐♥s✱ ❞❛♥s ❧❡ ❝❛s ❞✉ ❝♦♠♣❧é♠❡♥t❛✐r❡ ❞❡ ❧❛ s♣❤èr❡ ❧❡s ❞❡✉① ❞é✜♥✐t✐♦♥s
s♦♥t éq✉✐✈❛❧❡♥t❡s✳ ▲❡s rés✉❧t❛ts ♣r✐♥❝✐♣❛✉① ❞❡ ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❞❡ ❧✬❛rt✐❝❧❡
■■■ s♦♥t ❧❡s s✉✐✈❛♥ts✳

❚❤é♦rè♠❡ ✾ ❙♦✐t u α✲❤❛r♠♦♥✐q✉❡ s✉r D✳

✶✳ u ∈ h1
α(D) s✐ ❡t s❡✉❧❡♠❡♥t s✐ u(x) = PD[µ](x) + c(1−Φ(x)) ♣♦✉r ✉♥❡

♣❛✐r❡ (µ, c) ∈ M(S) × R✳ ❉❡ ♣❧✉s✱ µ ❡t c s♦♥t ✉♥✐q✉❡s ❡t ‖u‖h1 =
‖µ‖ ∨ |c|✳

✷✳ ❙♦✐t p ∈ (1,∞]✳ ❆❧♦rs✱ u ∈ hp
α(D) s✐ ❡t s❡✉❧❡♠❡♥t s✐ u(x) = PD[f ](x)+

c(1−Φ(x)) ♣♦✉r ✉♥❡ ♣❛✐r❡ (f, c) ∈ Lp(S, σ)×R✳ ❉❡ ♣❧✉s✱ f ❡t c s♦♥t
✉♥✐q✉❡s ❡t ‖u‖hp = ‖f‖p ∨ |c|✳

P♦✉r p ∈ [1,∞) s♦✐t Hp
α(D) ❧✬❡s♣❛❝❡ ❞❡ ❍❛r❞② ❞é✜♥✐ ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✶✳✹

❛✈❡❝ x0 = 0✱ ✐✳❡✳✱ Hp
α(D) ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s u α✲❤❛r♠♦♥✐q✉❡s s✉r

D ✈ér✐✜❛♥t
‖u‖Hp

α
:= sup

U⊂⊂D

(
E

0|u(XτU
)|p
)1/p

<∞.

❚❤é♦rè♠❡ ✶✵ P♦✉r t♦✉t p ∈ [1,∞) ♦♥ ❛ Hp
α(D) = hp

α(D)✳ ❉❡ ♣❧✉s✱

✶✾



✶✳ ❙✐ u(x) = PD[µ](x) + c(1 − Φ(x)) ♣♦✉r ✉♥❡ ♣❛✐r❡ (µ, c) ∈ M(S) × R✱
❛❧♦rs

‖u‖H1
α

= Φ(0)‖µ‖ + |c|(1 − Φ(0)).

✷✳ ❙✐ p ∈ [1,∞) ❡t u(x) = PD[f ](x)+ c(1−Φ(x)) ♣♦✉r ✉♥❡ ♣❛✐r❡ (f, c) ∈
Lp(S, σ) × R✱ ❛❧♦rs

‖u‖Hp
α

=
[
Φ(0)‖f‖p

p + |c|p(1 − Φ(0))
]1/p

.

P♦✉r y ∈ S ❡t β > 0 ♦♥ ❞é✜♥✐t ❧❡ ❝ô♥❡ ΓD

β (y) ❞❛♥s D ❝♦♠♠❡

ΓD

β (y) = {x ∈ D : |x− y| < (1 + β)δD(x)} .

◆♦t♦♥s q✉❡ δD(x) = |1 − |x|| ♣♦✉r t♦✉t x✳ ❖♥ ❞✐t q✉✬✉♥❡ ❢♦♥❝t✐♦♥ u ❞é✜♥✐❡
s✉r D ♣♦ssè❞❡ ✉♥❡ ❧✐♠✐t❡ ♥♦♥✲t❛♥❣❡♥t✐❡❧❧❡ L ❡♥ y ∈ S s✐✱ ♣♦✉r t♦✉t β > 0
♦♥ ❛

lim
ΓD

β(y)∋x→y
u(x) = L.

▲❡ ❚❤é♦rè♠❡ ❞❡ ❋❛t♦✉ ♣♦✉r ❧❡s ❢♦♥❝t✐♦♥s α✲❤❛r♠♦♥✐q✉❡s s✉r D ❡st ❧❡ ❞❡r♥✐❡r
rés✉❧t❛t ❞❡ ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❞❡ ❧✬❛rt✐❝❧❡ ■■■✳

❚❤é♦rè♠❡ ✶✶ ✭❚❤é♦rè♠❡ ❞❡ ❋❛t♦✉✮ ❙♦✐t µ ∈ M(S) ❡t s♦✐t µ(dx) =
f(x)σ(dx) + ν(dx) ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ▲❡❜❡s❣✉❡ ❞❡ µ ♣❛r r❛♣♣♦rt à σ✱ ♦ù
f ∈ L1(S, σ) ❡t σ ❡t ν s♦♥t s✐♥❣✉❧✐èr❡s✳ ❆❧♦rs PD[µ] ♣♦ssè❞❡ ❧❛ ❧✐♠✐t❡ ♥♦♥✲
t❛♥❣❡♥t✐❡❧❧❡ f(y) ❡♥ σ✲♣r❡sq✉❡ t♦✉t y ∈ S✳

■❧ ❡st à ♥♦t❡r✱ q✉❡ ❧❡ t❤é♦rè♠❡ ❞❡ ❋❛t♦✉ ♥✬❡st ♣❛s ✈r❛✐ ♣♦✉r ❧❡s ❢♦♥❝t✐♦♥s
α✲❤❛r♠♦♥✐q✉❡s s✉r ❧❡s ❞♦♠❛✐♥❡s ❜♦r♥és ré❣✉❧✐❡rs✱ ✈♦✐r ❬✶✹✱ ❊①❡♠♣❧❡ ✸✳✸✳✱ ♣✳
✺✾❪✳ ❊♥ ❢❛✐t✱ ❞❛♥s ❧❡s ❝❛s ❞❡s ❡♥s❡♠❜❧❡s ❜♦r♥és ✐❧ ❢❛✉t ❝♦♥s✐❞ér❡r ✉♥❡ ✈❡rs✐♦♥
r❡❧❛t✐✈❡ ❞❡ ❝❡ t❤é♦rè♠❡ ✭✈♦✐r ❧❛ ❙❡❝t✐♦♥ ✶✳✸ ♦✉ ❧❛ ❙❡❝t✐♦♥ ✶✳✻✮✳

❉❛♥s ❧❛ s✉✐t❡✱ ♦♥ ét✉❞✐❡ ❧❡s ♣r♦♣r✐étés ❞❡s ❢♦♥❝t✐♦♥s α✲❤❛r♠♦♥✐q✉❡s
s✉r H = R

d \ L✳ ❖♥ ✐❞❡♥t✐✜❡ L = ∂H =
{
x = (x1, ..., xd) ∈ R

d : xd = 0
}

❛✈❡❝ ❧✬❡s♣❛❝❡ ❡✉❝❧✐❞✐❡♥ R
d−1 ❡t ♣♦✉r x ∈ R

d ♦♥ ♥♦t❡ x = (x, xd)✱ ♦ù
x ∈ R

d−1, xd ∈ R✳
❖❜s❡r✈♦♥s q✉❡ ❧❛ ❞èr♥✐❡r❡ ❝♦♦r❞♦♥♥é❡ ❞❡ Xt = (X1

t , ..., X
d
t ) ❡st ✉♥ ♣r♦✲

❝❡ss✉s s②♠étr✐q✉❡ ❞❡ ▲é✈② α✲st❛❜❧❡ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧✳ ❙♦✐t

T{0} = inf
{
t > 0 : Xd

t = 0
}
.

❱✉ q✉❡ α ∈ (1, 2)✱ Xd
t ❡st ✉♥ ♣r♦❝❡ss✉s ♣♦♥❝t✉❡❧❧❡♠❡♥t ré❝✉rr❡♥t ✭✈♦✐r ❬✾✽❪✮✱

❞♦♥❝ ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡ t♦✉❝❤❡r L ♣♦✉r Xt ❡st ❞♦♥♥é❡ ♣❛r

P
x(τH <∞) = P

xd(T{0} <∞) = 1, x ∈ H.

■❝✐✱ P
xd s✐❣♥✐✜❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✉ ♣r♦❝❡ss✉s Xd

t ♣❛rt❛♥t ❞❡ xd✳ ▲❡ ♣r❡♠✐❡r
rés✉❧t❛t ❞❡ ❝❡tt❡ ♣❛rt✐❡ ❝♦♥❝❡r♥❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ s♦rt✐❡ ❞❡ H ♣♦✉r Xt✳

✷✵



Pr♦♣♦s✐t✐♦♥ ✷ ▲❛ ♠❡s✉r❡ α✲❤❛r♠♦♥✐q✉❡ ❞❡ H ❛ ✉♥❡ ❞❡♥s✐té ♣❛r r❛♣♣♦rt
à ❧❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ (d− 1)✲❞✐♠❡♥s✐♦♥♥❡❧❧❡ s✉r L ❞♦♥♥é❡ ♣❛r

PH(x, y) = C2
|xd|α−1

|x− y|d+α−2
, x ∈ H, y ∈ L,

♦ù C2 = π(1−d)/2Γ((α+ d)/2 − 1)/Γ((α− 1)/2)✳

▲❛ Pr♦♣♦s✐t✐♦♥ ✷ ❡st ♦❜t❡♥✉❡ ❣râ❝❡ ❛✉① ♠ét❤♦❞❡s ❞é✈❡❧♦♣♣é❡s ♣❛r ❚✳ ❇②❝③✲
❦♦✇s❦✐✱ ❏✳ ▼❛➟❡❝❦✐ ❡t ▼✳ ❘②③♥❛r ❞❛♥s ❬✷✼❪✳ ❖♥ ❛♣♣❡❧❧❡r❛ PH(x, y) ❧❡ ♥♦②❛✉
❞❡ P♦✐ss♦♥ ❞❡ ∆α/2 ♣♦✉r H✳

❙♦✐t ed = (0, ..., 0, 1) ❡t s♦✐t MH(x, z) ❧❡ ♥♦②❛✉ ❞❡ ▼❛rt✐♥ ❞❡ ∆α/2 ♣♦✉r
H ❛✈❡❝ x0 = ed✱ ✐✳❡✳✱

MH(x, z) = lim
H∋y→z

Gα
H
(x, y)

Gα
H
(ed, y)

, x ∈ H, z ∈ L ∪ {∞} .

❖♥ ♦❜t✐❡♥t ❧❡s ❢♦r♠✉❧❡s ❡①♣❧✐❝✐t❡s ♣♦✉r Gα
H
❡t MH ❡♥ ✉t✐❧✐s❛♥t ❧❡s rés✉❧✲

t❛ts ❞❡ ❬✾✽❪ ❡t ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❑❡❧✈✐♥ ❞é✈❡❧♦♣♣é❡ ♣♦✉r ❧❡ ▲❛♣❧❛❝✐❡♥
❢r❛❝t✐♦♥♥❛✐r❡ ♣❛r ❑✳ ❇♦❣❞❛♥ ❡t ❚✳ ➏❛❦ ❞❛♥s ❬✷✸❪✳

Pr♦♣♦s✐t✐♦♥ ✸ ❖♥ ❛

Gα
H
(x, y) =

Ad,α

|x− y|d−α

[
1 − φ

(√
1 +

4xdyd

|x− y|2

)]
, x, y ∈ H,

MH(x, z) =
PH(x, z)

PH(ed, z)
=

|xd|α−1 |ed − z|d+α−2

|x− z|d+α−2
, x ∈ H, z ∈ L,

❡t
MH(x,∞) = |xd|α−1, x ∈ H.

◆♦t♦♥s q✉❡ ❧❡ ♥♦②❛✉ ❞❡ ▼❛rt✐♥ ❡t ❧❡ ♥♦②❛✉ ❞❡ P♦✐ss♦♥ ❞❡ ∆α/2 ♣♦✉r H s❡
❞✐✛èr❡♥t s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ✭❝♦♥tr❛✐r❡♠❡♥t ❛✉ ❝❛s ❞❡ D✮✳

P♦✉r µ ∈ M(Rd−1) ❡t f ∈ Lp(Rd−1)✱ 1 ≤ p ≤ ∞✱ ♦♥ ❞é✜♥✐t ❧❡s ∆α/2✲
✐♥té❣r❛❧❡s ❞❡ P♦✐ss♦♥ ❞❡ f ❡t ❞❡ µ s✉r H ❝♦♠♠❡

PH[µ](x) =

∫

Rd−1

PH(x, y)µ(dy), PH[f ](x) =

∫

Rd−1

PH(x, y)f(y)dy.

❆♥❛❧♦❣✐q✉❡♠❡♥t ♦♥ ❞é✜♥✐t ❧❛ ∆α/2✲✐♥té❣r❛❧❡ ❞❡ ▼❛rt✐♥ MH[µ] ♣♦✉r µ ∈
M(Rd−1)✳ MH[µ]✱ PH[µ] ❡t PH[f ] s♦♥t α✲❤❛r♠♦♥✐q✉❡s s✉r H ♣♦✉r t♦✉t µ ∈
M(Rd−1) ❡t f ∈ Lp(Rd−1)✱ 1 ≤ p ≤ ∞✳ ❉❡ ♣❧✉s✱ PH[f ] ❡st ❜✐❡♥ ❞é✜♥✐❡ ❡t
α✲❤❛r♠♦♥✐q✉❡ s✉r H ♣♦✉r t♦✉t f ∈ Lp(Rd−1, ωα)✱ 1 ≤ p < ∞✱ ♦ù ωα :=
ωed

α (·,H) ❡st ❧❛ ♠❡s✉r❡ α✲❤❛r♠♦♥✐q✉❡ ♣♦✉r H ❛✈❡❝ ❧❡ ♣♦✐♥t ❞❡ ❞é♣❛rt ed✳
❙♦✐t ‖ · ‖p,α ❧❛ ♥♦r♠❡ ❛ss♦❝✐é❡ à ❧✬❡s♣❛❝❡ Lp(Rd−1, ωα)✳

✷✶



P♦✉r p ∈ [1,∞) s♦✐t Hp
α(H) ❧✬❡s♣❛❝❡ ❞❡ ❍❛r❞② ❞é✜♥✐ ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✶✳✹

❛✈❡❝ x0 = ed✱ ✐✳❡✳✱ Hp
α(H) ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s u α✲❤❛r♠♦♥✐q✉❡s s✉r

H ✈ér✐✜❛♥t
‖u‖Hp

α
:= sup

U⊂⊂H

(Eed |u(XτU
)|p)1/p <∞.

▲❛ ❝❛r❛❝tér✐s❛t✐♦♥ s✉✐✈❛♥t❡ ❞❡s ❡s♣❛❝❡s Hp
α(H) ❡st ❧✬✉♥ ❞❡s rés✉❧t❛ts ♣r✐♥✲

❝✐♣❛✉① ❞❡ ❧❛ ❞❡✉①✐è♠❡ ♣❛rt✐❡ ❞❡ ❧✬❛rt✐❝❧❡ ■■■✳

❚❤é♦rè♠❡ ✶✷ ❙♦✐t u ✉♥❡ ❢♦♥❝t✐♦♥ α✲❤❛r♠♦♥✐q✉❡ s✉r H✳

✶✳ u ∈ H1
α(H) s✐ ❡t s❡✉❧❡♠❡♥t s✐ u(x) = MH[µ](x) + c|xd|α−1 ♣♦✉r ✉♥❡

♣❛✐r❡ (µ, c) ∈ M(Rd−1)×R✳ ❉❡ ♣❧✉s✱ µ ❡t c s♦♥t ✉♥✐q✉❡s ❡t ‖u‖H1
α

=
‖µ‖ + |c|✳

✷✳ ❋✐①♦♥s p ∈ (1,∞)✳ ❆❧♦rs u ∈ Hp
α(H) s✐ ❡t s❡✉❧❡♠❡♥t s✐ u = PH[f ] ♣♦✉r

✉♥❡ ❢♦♥❝t✐♦♥s f ∈ Lp(Rd−1, ωα)✳ ❉❡ ♣❧✉s✱ f ❡st ✉♥✐q✉❡ ❡t ‖u‖Hp
α

=
‖f‖p,α✳

❖♥ ❝♦♥s✐❞èr❡ ❡♥s✉✐t❡ ✉♥❡ ❛♣♣r♦❝❤❡ ❛♥❛❧②t✐q✉❡ ❛✉① ❡s♣❛❝❡s ❞❡ ❍❛r❞② s✉r H✳
P♦✉r p ∈ [1,∞) ♦♥ ❞é✜♥✐t ❧✬❡s♣❛❝❡ hp

α(H) ❝♦♠♠❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s
u α✲❤❛r♠♦♥✐q✉❡s s✉r H t❡❧❧❡s q✉❡

‖u‖hp := sup
t∈R\{0}

(∫

Rd−1

|u(x, t)|pdx
)1/p

<∞.

▲✬❡s♣❛❝❡ h∞α (H) ❡st ❞é✜♥✐ ❝♦♠♠❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s α✲❤❛r♠♦♥✐q✉❡s
❜♦r♥é❡s s✉r H ❡t ‖u‖h∞ = supH |u|✳

❚❤é♦rè♠❡ ✶✸ ❙♦✐t u ✉♥❡ ❢♦♥❝t✐♦♥ α✲❤❛r♠♦♥✐q✉❡ s✉r H✳

✶✳ u ∈ h1
α(H) s✐ ❡t s❡✉❧❡♠❡♥t s✐ u = PH[µ] ♣♦✉r ✉♥❡ ♠❡s✉r❡ µ ∈

M(Rd−1)✳ ❉❡ ♣❧✉s✱ µ ❡st ✉♥✐q✉❡ ❡t ‖PH[µ]‖h1 = ‖µ‖✳
✷✳ ❙♦✐t p ∈ (1,∞]✳ ❆❧♦rs u ∈ hp

α(H) s✐ ❡t s❡✉❧❡♠❡♥t s✐ u = PH[f ] ♣♦✉r
✉♥❡ ❢♦♥❝t✐♦♥s f ∈ Lp(Rd−1)✳ ❉❡ ♣❧✉s✱ f ❡st ✉♥✐q✉❡ ❡t ‖PH[f ]‖hp =
‖f‖p✳

▲❡ ❚❤é♦rè♠❡ ✶✸ ♠♦♥tr❡✱ q✉❡ hp
α(H) ⊂ Hp

α(H) ♣♦✉r t♦✉t p ∈ [1,∞)✱ ♠❛✐s
❧✬✐♥❝❧✉s✐♦♥ ✐♥✈❡rs❡ ♥✬❡st ♣❛s ✈r❛✐❡ ✭❝♦♥tr❛✐r❡♠❡♥t ❛✉ ❝❛s ❞❡s ❡s♣❛❝❡s ❞❡
❍❛r❞② s✉r D✮✳

▲❡ ❞❡r♥✐❡r rés✉❧t❛t ❝♦♥❝❡r♥❛♥t ❧❡s ❢♦♥❝t✐♦♥s α✲❤❛r♠♦♥✐q✉❡s s✉r H ❡st ❧❡
t❤é♦rè♠❡ ❞❡ ❋❛t♦✉✳ P♦✉r y ∈ L ❡t β > 0 ♦♥ ❞é✜♥✐t ❧❡ ❝ô♥❡ ΓH

β (y) ❞❛♥s H

❝♦♠♠❡
ΓH

β (y) = {x ∈ H : |x− y| < (1 + β)δH(x)} .
◆♦t♦♥s q✉❡ δH(x) = |xd|✳ ❉❡ ❢❛ç♦♥ ❛♥❛❧♦❣✉❡ q✉❡ ♣ré❝é❞❡♠♠❡♥t✱ ♦♥ ❞é✜♥✐t
❧❛ ❧✐♠✐t❡ ♥♦♥✲t❛♥❣❡♥t✐❡❧❧❡ ❞❡s ❢♦♥❝t✐♦♥s s✉r H✳

✷✷



❚❤é♦rè♠❡ ✶✹ ✭❚❤é♦rè♠❡ ❞❡ ❋❛t♦✉✮ ❙✉♣♣♦s♦♥s q✉❡ µ ∈ M(Rd−1) ❡t
s♦✐t µ(dx) = f(x)ωα(dx) + ν(dx) ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ▲❡❜❡s❣✉❡ ❞❡ µ ♣❛r
r❛♣♣♦rt à ωα✱ ♦ù f ∈ L1(Rd−1, ωα) ❡t ν ❡t ωα s♦♥t s✐♥❣✉❧✐èr❡s✳ ❆❧♦rs MH[µ]
♣♦ssè❞❡ ❧❛ ❧✐♠✐t❡ ♥♦♥✲t❛♥❣❡♥t✐❡❧❧❡ f(x) ❡♥ ♣r❡sq✉❡ t♦✉t y = (y, 0) ∈ L ♣❛r
r❛♣♣♦rt à ❧❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ (d− 1)✲❞✐♠❡♥s✐♦♥♥❡❧❧❡✳

▲❛ ❞❡r♥✐èr❡ ♣❛rt✐❡ ❞❡ ❧✬❛rt✐❝❧❡ ■■■ ❡st ❝♦♥s❛❝ré❡ ❛✉ ❝♦♠♣♦rt❡♠❡♥t ❞❡s
♣r♦s❡ss✉s r❡❧❛t✐✈✐st❡s s✉r D ❡t H✳ ▲❡ ♣r♦❝❡ss✉s α✲st❛❜❧❡ r❡❧❛t✐✈✐st❡ Xm

t ✱ ♦ù
m > 0 ❡t α ∈ (0, 2)✱ ❡st ✉♥ ♣r♦❝❡ss✉s ❞♦♥t ❧❛ ❢♦♥❝t✐♦♥ ❝❛r❛❝tér✐st✐q✉❡ ❡st
❞♦♥♥é❡ ♣❛r

E
xeiξ·(Xm

t −x) = emte−t(|ξ|2+m2/α)α/2

, x, ξ ∈ R
d, t ≥ 0.

Xm
t ❡st ✉♥ ♣r♦❝❡ss✉s ❞❡ ▲é✈② ❛✈❡❝ ❧❡ ❣é♥ér❛t❡✉r ✐♥✜♥✐tés✐♠❛❧ é❣❛❧ à

m− (m2/α − ∆)α/2.

P♦✉r ✉♥ ❡♥s❡♠❜❧❡ B ⊂ R
d ♦♥ ♥♦t❡ τm

B = inf {t > 0 : Xm
t /∈ B}✳

Pr♦♣♦s✐t✐♦♥ ✹ ❋✐①♦♥s m > 0✳ ❖♥ ❛
✶✳ ❙✐ α ∈ (0, 1]✱ ❛❧♦rs S ❡t L s♦♥t ♣♦❧❛✐r❡s ♣♦✉r Xm

t ✱ ✐✳❡✳✱ P
x(τm

D
<∞) =

0 ❡t P
y(τm

H
<∞) = 0 ♣♦✉r t♦✉t x ∈ D ❡t y ∈ H✳

✷✳ ❙✐ α ∈ (1, 2)✱ ❛❧♦rs P
x(τm

D
< ∞) > 0 ❡t P

y(τm
H
< ∞) = 1 ♣♦✉r t♦✉t

x ∈ D ❡t y ∈ H✳

❉❛♥s ❧❡ ❝❛s α ∈ (1, 2)✱ ❧❛ ♣r♦❜❛❜✐❧✐té P
x(τm

D
<∞) ❡st ❞♦♥♥é❡ ♣❛r ❧❡ q✉♦t✐❡♥t

❞❡s ♣♦t❡♥t✐❡❧s ❛♣♣r♦♣r✐és✱ ✈♦✐r ❧❛ Pr♦♣♦s✐t✐♦♥ ✹✳✺✳✶✳
P♦✉r ✉♥ ♦✉✈❡rt D ⊂ R

d ❡t λ > 0✱ ❧❛ ♠❡s✉r❡ λ✲❤❛r♠♦♥✐q✉❡ ❞❡ D ♣♦✉r
Xm

t ❡st ❞♦♥♥é❡ ♣❛r

ωx
m,λ(A,D) := E

x [exp(−λτm
D )1A(Xm(τm

D )); τm
D <∞] , x ∈ D,A ⊂ Dc,

♦ù 1A ❡st ❧❛ ❢♦♥❝t✐♦♥ ❝❛r❛❝tér✐st✐q✉❡ ❞❡ A✳ ◆♦t♦♥s ωx
m(A,D) := ωx

m,m(A,D)✳
▲❛ ♠❡s✉r❡ ωx

m ♣❡✉t êtr❡ ❝♦♥s✐❞éré❡ ❝♦♠♠❡ ❧❛ ♠❡s✉r❡ ❤❛r♠♦♥✐q✉❡ ♣♦✉r ❧❡
♣r♦❝❡ss✉s α✲st❛❜❧❡ r❡❧❛t✐✈✐st❡ t✉é ❡♥ t❡♠♣s ❡①♣♦♥❡♥t✐❡❧ ✐♥❞é♣❡♥❞❛♥t ❞✬❡s✲
♣ér❛♥❝❡ 1/m✳ ▲❡ ❣é♥ér❛t❡✉r ✐♥✜♥✐tés✐♠❛❧ ❞❡ ❝❡ ♣r♦❝❡ss✉s ❡st é❣❛❧ à

−(m2/α − ∆)α/2.

▲❡ ❞❡r♥✐❡r rés✉❧t❛t ❞❡ ❧✬❛rt✐❝❧❡ ■■■ ❡st ❧❛ ❢♦r♠✉❧❡ ❡①♣❧✐❝✐t❡ ♣♦✉r ❧❛ ❞❡♥s✐té
❞❡ ωx

m(·,H)✳

Pr♦♣♦s✐t✐♦♥ ✺ ❙♦✐t α ∈ (1, 2)✳ ▲❛ ♠❡s✉r❡ ωx
m(·,H) ❛ ✉♥❡ ❞❡♥s✐té ♣❛r r❛♣✲

♣♦rt à ❧❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ (d− 1)✲❞✐♠❡♥s✐♦♥♥❡❧❧❡ s✉r L ❞♦♥♥é❡ ♣❛r

Pm
H

(x, y) = C4
|xd|α−1

|x− y| d+α−2
2

K d+α−2
2

(
m1/α|x− y|

)
, x ∈ H, y ∈ L,

♦ù C3 = ((α − 1)(m1/α/2)(d+α−2)/2)/(π(d−1)/2Γ((α + 1)/2)) ❡t Kϑ ❡st ❧❛
❢♦♥❝t✐♦♥ ❞❡ ❇❡ss❡❧ ♠♦❞✐✜é❡ ❞❡ ✷è♠❡ ❡s♣è❝❡✳

✷✸



▲❛ Pr♦♣♦s✐t✐♦♥ ✹ ❡t ❧❛ Pr♦♣♦s✐t✐♦♥ ✺ ❝♦♥st✐t✉❡♥t ✉♥❡ ♠♦t✐✈❛t✐♦♥ ♣♦✉r ❞é✲
✈❡❧♦♣♣❡r ❧❛ t❤é♦r✐❡ ❞✉ ♣♦t❡♥t✐❡❧ ♣♦✉r ❧❡s ♣r♦❝❡ss✉s α✲st❛❜❧❡s r❡❧❛t✐✈✐st❡s
s✉r D ❡t H✱ α ∈ (1, 2)✳ ◆♦t❛♠♠❡♥t✱ ❝✬❡st ✉♥ ♣r♦❜❧è♠❡ ✐♥tér❡ss❛♥t ❞❡ tr♦✉✲
✈❡r ❞❡s ❡st✐♠❛t✐♦♥s ❞❡s ♠❡s✉r❡s ❤❛r♠♦♥✐q✉❡s ❞❡ m − (m2/α − ∆)α/2 ♣♦✉r
D ❡t H ❛✐♥s✐ q✉❡ ❞✬ét✉❞✐❡r ❧❛ t❤é♦r✐❡ ❞❡s ❡s♣❛❝❡s ❞❡ ❍❛r❞② ❞❡s ❢♦♥❝t✐♦♥s
❤❛r♠♦♥✐q✉❡s ❛♣♣r♦♣r✐é❡s✳

✶✳✻ ❘és✉♠é ❞✉ ❈❤❛♣✐tr❡ ✺ ✿ Pr♦♣r✐étés ❛✉ ❜♦r❞

❞❡s ❢♦♥❝t✐♦♥s ❤❛r♠♦♥✐q✉❡s ♣♦✉r ❧❡ ▲❛♣❧❛✲

❝✐❡♥ ❢r❛❝t✐♦♥♥❛✐r❡ ♣❡rt✉r❜é

❙♦✐t D ⊂ R
d ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é ❞❡ ❝❧❛ss❡ C1,1✳ ❉❛♥s ❝❡tt❡ ♣❛rt✐❡ ❞❡

❧❛ t❤ès❡✱ ♦♥ ❝♦♥s✐❞èr❡ ❧❡s ♣r♦♣r✐étés ✜♥❡s ❞❡s ❢♦♥❝t✐♦♥s ❤❛r♠♦♥✐q✉❡s s✉r
D ♣♦✉r ❧✬♦♣ér❛t❡✉r L = ∆α/2 + b · ∇✱ ♦ù α ∈ (1, 2) ❡t b ❡st ✉♥ ❝❤❛♠♣
❞❡ ✈❡❝t❡✉rs s✉r R

d t❡❧ q✉❡ |b| ∈ Kα−1
d ✳ ▲✬❛♣♣r♦❝❤❡ ♣r❡s❡♥té❡ ✐❝✐ ❡st ❜❛ssé❡

s✉r ❧❛ ❝♦♠♣❛r❛❜✐❧✐té ❞❡s ❢♦♥❝t✐♦♥s ❞❡ ●r❡❡♥ ❞❡ ∆α/2 ❡t L✱ ❞é♠♦♥tré❡ ❞❛♥s
❬✶✾❪✳ ▲✬♦❜❥❡❝t✐❢ ❡st ❞❡ ♣r♦✉✈❡r ❧✬❡①✐st❡♥❝❡ ❞✉ ♥♦②❛✉ ❞❡ ▼❛rt✐♥ ❞❡ L ❡t ❞❡
❧❛ r❡♣rés❡♥t❛t✐♦♥ ❞❡ ▼❛rt✐♥ ♣♦✉r ❧❡s ❢♦♥❝t✐♦♥s s✐♥❣✉❧✐èr❡s L✲❤❛r♠♦♥✐q✉❡s
s✉r D✱ ❛✐♥s✐ q✉❡ ❞✬ét✉❞✐❡r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ♥♦♥✲t❛♥❣❡♥t✐❡❧❧❡ ❡t ❧❡s ❡s♣❛❝❡s ❞❡
❍❛r❞② ❞❡ ❝❡s ❢♦♥❝t✐♦♥s✳

❖♥ ♥♦t❡ ♣❛r (X̃t,P
x) ❧❡ ♣r♦❝❡ss✉s ❞❡ ▼❛r❦♦✈ ❛ss♦❝✐é à L ✭♣♦✉r ❧❛

❞é✜♥✐t✐♦♥ ❞ét❛✐❧❧é❡ ✈♦✐r ❬✶✾❪✮✳ ❖♥ ❞✐t q✉✬✉♥❡ ❢♦♥❝t✐♦♥ u : R
d 7→ R ❡st L✲

❤❛r♠♦♥✐q✉❡ s✉r D s✐

u(x) = E
xu(X̃τB

), x ∈ B,

♣♦✉r t♦✉t B ⊂⊂ D✳ ❙✐✱ ❡♥ ♣❧✉s✱ u ≡ 0 s✉r Dc✱ ❛❧♦rs u ❡st ❞✐t❡ s✐♥❣✉❧✐èr❡
L✲❤❛r♠♦♥✐q✉❡ s✉r D✳

❙♦✐t pD
L (t, x, y) ❧❛ ❞❡♥s✐té ❞❡ tr❛♥s✐t✐♦♥ ❞✉ ♣r♦❝❡ss✉s X̃t t✉é s✉r D✱ ✐✳❡✳✱

pD
L (t, x, y) = pL(t, x, y) − E

x[pL(t− τD, X̃τD
, y); τD < t],

♦ù pL(t, x, y) ❡st ❧❛ ❞❡♥s✐té ❞❡ tr❛♥s✐t✐♦♥ ❞❡ X̃t✳ ▲❛ ❢♦♥❝t✐♦♥ ❞❡ ●r❡❡♥ ❞❡ L
♣♦✉r D ❡st ❞♦♥♥é❡ ♣❛r

GL
D(x, y) =

∫ ∞

0

pD
L (t, x, y)dt.

▲❡ rés✉❧t❛t ♣r✐♥❝✐♣❛❧ ❞❡ ❬✶✾❪ ❞✐t q✉❡ GL
D(x, y) ≈ Gα

D(x, y)✳ ❉❡ ♣❧✉s✱ ♦♥ ❛ ❧❛
❢♦r♠✉❧❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥ s✉✐✈❛♥t❡

GL
D(x, y) = Gα

D(x, y) +

∫

D

GL
D(x, y)b(z) · ∇zG

α
D(z, y)dz.

✷✹



❖♥ ❞é✜♥✐t ❧❡ ♥♦②❛✉ ❞❡ ▼❛rt✐♥ ❞❡ L ♣♦✉r D ♣❛r ❧❛ ❧✐♠✐t❡ s✉✐✈❛♥t❡

ML
D(x, z) = lim

y→z

GL
D(x, y)

GL
D(x0, y)

, x ∈ D, z ∈ ∂D,

♦ù x0 ∈ D ❡st ✉♥ ♣♦✐♥t ✜①é✳ ▲❡ ♣r❡♠✐❡r rés✉❧t❛t ♣r✐♥❝✐♣❛❧ ❞❡ ❧✬❛rt✐❝❧❡ ■❱
❝♦♥❝❡r♥❡ ❧✬❡①✐st❡♥❝❡ ❞❡ ML

D(x, z)✳

❚❤é♦rè♠❡ ✶✺ ◆♦t♦♥s

lD(x, z) = MD(x, z) +

∫

D

GL
D(x, y)b(y) · ∇yMD(y, z)dy, x ∈ D, z ∈ ∂D.

▲❛ ❢♦♥❝t✐♦♥ lD(x, z) ❡st ❜✐❡♥ ❞é✜♥✐❡ ❡t str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡ s✉r D×∂D✳ ❉❡
♣❧✉s✱ ❧❡ ♥♦②❛✉ ❞❡ ▼❛rt✐♥ ❞❡ L ♣♦✉r D ❡①✐st❡ ❡t ♦♥ ❛

ML
D(x, z) =

lD(x, z)

lD(x0, z)
. ✭✶✳✷✮

▲❛ ❢♦r♠✉❧❡ ✭✶✳✷✮ ❡st ♦❜t❡♥✉❡ ❣râ❝❡ ❛✉① ♣r♦♣r✐étés ❞❡s ❞ér✐✈é❡s ❞❡ ❧❛ ❢♦♥❝t✐♦♥
❞❡ ●r❡❡♥ ❞❡ ∆α/2 s✉r D ❛✐♥s✐ q✉✬❛✉① ❡st✐♠❛t✐♦♥s ❞✉ ❣r❛❞✐❡♥t ❞✉ ♥♦②❛✉ ❞❡
P♦✐ss♦♥ ❞❡ ∆α/2 s✉r ✉♥❡ ❜♦✉❧❡ ✭❬✷✶❪✮✱ ✈♦✐r ▲❡♠♠❡ ✺✳✸✳✶✳ ◆♦t♦♥s q✉❡ ❧❛
❝♦♠♣❛r❛❜✐❧✐té ❞❡ Gα

D ❡t GL
D ❞♦♥♥❡ ML

D(x, z) ≈Mα
D(x, z)✳

❖♥ ét✉❞✐❡ ♣r♦❝❤❛✐♥❡♠❡♥t ❧❡s ♣r♦♣r✐étés ❞❡ ML
D(x, z)✳ ❖♥ ❛ ❧❡ t❤é♦rè♠❡

s✉✐✈❛♥t✳

❚❤é♦rè♠❡ ✶✻ ▲❡ ♥♦②❛✉ ❞❡ ▼❛rt✐♥ ML
D(·, ·) ❡st ❝♦♥t✐♥✉ s✉r D × ∂D✳ ❉❡

♣❧✉s✱ ♣♦✉r t♦✉t z ∈ ∂D✱ ML
D(·, z) ❡st ✉♥❡ ❢♦♥❝t✐♦♥ s✐♥❣✉❧✐èr❡ L✲❤❛r♠♦♥✐q✉❡

♣♦s✐t✐✈❡ s✉r D✳

P♦✉r µ ∈ M(∂D) ❡t f ∈ L1(∂D, σ)✱ ♦♥ ❞é✜♥✐t ❧❡s L✲✐♥té❣r❛❧❡s ❞❡ ▼❛rt✐♥
❞❡ µ ❡t ❞❡ f s✉r D ♣❛r

ML
D[µ](x) =

∫

∂D

ML
D(x, z)µ(dz), ML

D[f ](x) =

∫

∂D

ML
D(x, z)f(z)σ(dz),

♦ù σ ❡st ❧❛ ♠❡s✉r❡ ❞❡ ❍❛✉s❞♦r✛ (d− 1)✲❞✐♠❡♥s✐♦♥♥❡❧❧❡ s✉r ∂D✳ ▲❡ rés✉❧t❛t
s✉✐✈❛♥t ❝♦♥❝❡r♥❡ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❞❡ ▼❛rt✐♥ ♣♦✉r ❧❡s ❢♦♥❝t✐♦♥s s✐♥❣✉❧✐èr❡s
L✲❤❛r♠♦♥✐q✉❡s ♣♦s✐t✐✈❡s s✉r D✳

❚❤é♦rè♠❡ ✶✼ ✭❘❡♣rés❡♥t❛t✐♦♥ ❞❡ ▼❛rt✐♥✮ P♦✉r t♦✉t ♠❡s✉r❡ ♣♦s✐t✐✈❡
µ ∈ M(∂D) ❧❛ ❢♦♥❝t✐♦♥ u = ML

D[µ] ❡st s✐♥❣✉❧✐èr❡ L✲❤❛r♠♦♥✐q✉❡ ♣♦s✐t✐✈❡
s✉r D✳ ■♥✈❡rs❡♠❡♥t✱ s✐ u ❡st s✐♥❣✉❧✐èr❡ L✲❤❛r♠♦♥✐q✉❡ ♣♦s✐t✐✈❡ s✉r D✱ ❛❧♦rs
✐❧ ❡①✐st❡ ✉♥❡ ♠❡s✉r❡ ✉♥✐q✉❡ ♣♦s✐t✐✈❡ µ ∈ M(∂D) t❡❧❧❡ q✉❡ u = ML

D[µ]✳

▲❛ ♣r❡✉✈❡ ❞✉ ❚❤é♦rè♠❡ ✶✼ ❡st ❜❛ssé❡ s✉r ❧❡s ❢♦r♠✉❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥
✭✈♦✐r ❧❛ ❙❡❝t✐♦♥ ✺✳✸✳✸✮✳ ❊♥ ❢❛✐t✱ ❧❡s ♠ét❤♦❞❡s ✉t✐❧✐sé❡s ♣♦✉r ❞é♠♦♥tr❡r ❧❛

✷✺



r❡♣rés❡♥t❛t✐♦♥ ❞❡ ▼❛rt✐♥ ❞❡s ❢♦♥❝t✐♦♥s s✐♥❣✉❧✐èr❡s α✲❤❛r♠♦♥✐q✉❡s ❞❛♥s ❬✶✵❪
♥❡ s✬❛♣♣❧✐q✉❡♥t ♣❛s ❛✉ ❝❛s ♣rés❡♥t✱ ❝❛r ❧❛ ❢♦♥❝t✐♦♥ GL

D(x, ·) ♥✬❡st ♣❛s L✲
❤❛r♠♦♥✐q✉❡ s✉r D \ {x}✳

▲❡ ❚❤é♦rè♠❡ ✶✼ ❡t ✭✶✳✷✮ ❞♦♥♥❡♥t ❧❛ ❢♦r♠✉❧❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥ s✉✐✈❛♥t❡
♣♦✉r ❧❡s ❢♦♥❝t✐♦♥s s✐♥❣✉❧✐èr❡s L✲❤❛r♠♦♥✐q✉❡s ♣♦s✐t✐✈❡s s✉r D✳

❈♦r♦❧❧❛✐r❡ ✷ ❙♦✐t u = ML
D[µ] ♣♦✉r ✉♥❡ ♠❡s✉r❡ ♣♦s✐t✐✈❡ µ ∈ M(∂D)✳ ❖♥

❞é✜♥✐t ✉♥❡ ❢♦♥❝t✐♦♥ u∗ s✐♥❣✉❧✐èr❡ α✲❤❛r♠♦♥✐q✉❡ s✉r D ♣❛r

u∗(x) =

∫

∂D

MD(x, z)
µ(dz)

lD(x0, z)
, x ∈ D.

❆❧♦rs

u(x) = u∗(x) +

∫

D

GL
D(x, y)b(y) · ∇u∗(y)dy. ✭✶✳✸✮

▲❛ s✉✐t❡ ❞❡ ❧✬❛rt✐❝❧❡ ■❱ ❡st ❝♦♥s❛❝ré❡ à ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ♥♦♥✲t❛♥❣❡♥t✐❡❧❧❡
❡t ❛✉① ❡s♣❛❝❡s ❞❡ ❍❛r❞② ❞❡s ❢♦♥❝t✐♦♥s s✐♥❣✉❧✐èr❡s L✲❤❛r♠♦♥✐q✉❡s s✉r D✳
❘❛♣♣❡❧♦♥s q✉❡ ❧❡ ❝ô♥❡ ΓD

β (z)✱ ♦ù z ∈ ∂D ❡t β > 0✱ ❡st ❞é✜♥✐t ♣❛r

ΓD
β (z) = {x ∈ D : |x− z| < (1 + β)δD(x)} .

❙♦✐❡♥t u ❡t v ❞❡✉① ❢♦♥❝t✐♦♥s s✐♥❣✉❧✐èr❡s L✲❤❛r♠♦♥✐q✉❡s ♣♦s✐t✐✈❡s s✉r D✱
❞♦♥♥é❡s ♣❛r ❧❡s r❡♣rés❡♥t❛t✐♦♥s ❞❡ ▼❛rt✐♥ s✉✐✈❛♥t❡s

u(x) = ML
D[µ](x), v(x) = ML

D[ν](x), x ∈ D,

♦ù µ, ν ∈ M(∂D) s♦♥t ♣♦s✐t✐✈❡s✳ ❉❡ ♣❧✉s✱ s♦✐t dµ = f dν + dµsing ❧❛
❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ▲❡❜❡s❣✉❡ ❞❡ µ ♣❛r r❛♣♣♦rt à ν✱ ♦ù f ∈ L1(∂D, ν) ❡st
♣♦s✐t✐✈❡ ❡t ν(supp(µsing)) = 0✳

❚❤é♦rè♠❡ ✶✽ ✭❚❤é♦rè♠❡ ❞❡ ❋❛t♦✉ ❘❡❧❛t✐❢✮ P♦✉r ν✲♣r❡sq✉❡ t♦✉t z ∈
∂D ♦♥ ❛

lim
ΓD

β (z)∋x→z

u(x)

v(x)
= f(z).

■❧ ❡st à ♥♦t❡r q✉❡ ❧❡ t❤é♦rè♠❡ ❞❡ ❋❛t♦✉ ❝❧❛ss✐q✉❡ ♥✬❡st ♣❛s ✈r❛✐ ♣♦✉r ❧❡s
❢♦♥❝t✐♦♥s s✐♥❣✉❧✐èr❡s L✲❤❛r♠♦♥✐q✉❡s s✉r D✳ ❈✬❡st✲à✲❞✐r❡✱ ✐❧ ❡①✐st❡ ✉♥❡ ❢♦♥❝✲
t✐♦♥ s✐♥❣✉❧✐èr❡ L✲❤❛r♠♦♥✐q✉❡ ♣♦s✐t✐✈❡ s✉r D q✉✐ ♥❡ ♣♦ssè❞❡ ♣❛s ❞❡ ❧✐♠✐t❡s
♥♦♥✲t❛♥❣❡♥t✐❡❧❧❡s ✜♥✐❡s s✉r ∂D✳ ❊♥ t❛♥t q✉✬❡①❡♠♣❧❡✱ ✐❧ s✉✣t ❞❡ ❝♦♥s✐❞ér❡r
❧❛ ❢♦♥❝t✐♦♥

N(x) = ML
D[σ](x) =

∫

∂D

ML
D(x, z)σ(dz).

●râ❝❡ ❛✉① ❡st✐♠❛t✐♦♥s ❞✉ ♥♦②❛✉ ❞❡ ▼❛rt✐♥ML
D(x, z)✱ ♦♥ ❛N(x) ≈ δD(x)α/2−1✱

❛❧♦rs N(x) → ∞ q✉❛♥❞ x→ y ∈ ∂D✳

✷✻



P♦✉r p ≥ 1 ♦♥ ❞é✜♥✐t ❧✬❡s♣❛❝❡ ❞❡ ❍❛r❞② Hp
L(D) ❝♦♠♠❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s

❢♦♥❝t✐♦♥s u s✐♥❣✉❧✐èr❡s L✲❤❛r♠♦♥✐q✉❡s s✉r D ✈ér✐✜❛♥t

‖u‖Hp
L

:= sup
0<r<r0

(∫

∂D

∣∣∣∣
u(πr(x))

N(πr(x))

∣∣∣∣
p

σ(dx)

)1/p

<∞,

♦ù πr ❡t r0 ♦♥t été ❞é✜♥✐s ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✶✳✸✳ ❖♥ r❡♠❛rq✉❡ q✉❡ ❝❡tt❡
❞é✜♥✐t✐♦♥ s❡ ❞✐✛èr❡ ❝♦♥s✐❞ér❛❜❧❡♠❡♥t ❞❡s ❞é✜♥✐t✐♦♥s ❞❡s ❡s♣❛❝❡s ❞❡ ❍❛r❞②
✐♥tr♦❞✉✐t❡s ❞❛♥s ❧❡s ❛rt✐❝❧❡s ■ ❡t ■■■ ✭✈♦✐r ❧❛ ❙❡❝t✐♦♥ ✶✳✸ ❡t ❧❛ ❙❡❝t✐♦♥ ✶✳✺✮✳
❊♥ ❢❛✐t✱ s✐ b ≡ 0✱ ❛❧♦rs L = ∆α/2 ❡t ❧❛ ❞é✜♥✐t✐♦♥ ❝✐✲❞❡ss✉s ❡st éq✉✐✈❛❧❡♥t❡
à ❧❛ ❞é✜♥✐t✐♦♥ ❞❡s ❡s♣❛❝❡s ❞❡ ❍❛r❞② ❝♦♥❞✐t✐♦♥♥❡❧s Hp

N(D,α) ❞❡ ❧✬❛rt✐❝❧❡ ■■
✭❧❛ ❙❡❝t✐♦♥ ✶✳✹✮✱ ✈♦✐r ❬✾✵✱ ❚❤é♦rè♠❡ ✸❪✳ ▲❡ ❞❡r♥✐❡r rés✉❧t❛t ❞❡ ❧✬❛rt✐❝❧❡ ■❱
❡st ❧❡ t❤é♦rè♠❡ ❞❡ r❡♣rés❡♥t❛t✐♦♥ ♣♦✉r Hp

L(D)✳

❚❤é♦rè♠❡ ✶✾ ❙♦✐t u s✐♥❣✉❧✐èr❡ L✲❤❛r♠♦♥✐q✉❡ s✉r D✳

✶✳ u ∈ H1
L(D) s✐ ❡t s❡✉❧❡♠❡♥t s✐ u = ML

D[µ] ♣♦✉r ✉♥❡ ♠❡s✉r❡ µ ∈
M(∂D)✳ ❉❡ ♣❧✉s✱ µ ❡st ✉♥✐q✉❡ ❡t ✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ C = C(α, b,D) >
0 t❡❧❧❡ q✉❡

C−1‖µ‖ ≤ ‖u‖H1
L
≤ C‖µ‖.

✷✳ ❋✐①♦♥s p > 1✳ ❆❧♦rs u ∈ Hp
L(D) s✐ ❡t s❡✉❧❡♠❡♥t s✐ u = ML

D[f ] ♣♦✉r
✉♥❡ ❢♦♥❝t✐♦♥ f ∈ Lp(∂D, σ)✳ ❉❡ ♣❧✉s✱ f ❡st ✉♥✐q✉❡ ❡t ✐❧ ❡①✐st❡ ✉♥❡
❝♦♥st❛♥t❡ C = C(α, b,D) > 0 t❡❧❧❡ q✉❡

C−1‖f‖p ≤ ‖u‖Hp
L
≤ C‖f‖p.

P♦✉r p ≥ 1 s♦✐t Hp
α(D) ❧✬❡s♣❛❝❡ ❞❡ ❍❛r❞② ❞❡s ❢♦♥❝t✐♦♥s s✐♥❣✉❧✐èr❡s α✲

❤❛r♠♦♥✐q✉❡s s✉r D ✭✐✳❡✳✱ Hp
α(D) = Hp

L(D) ♣♦✉r b ≡ 0✮✳ ▲❡ ❚❤é♦rè♠❡ ✶✾ ❡t
❧❛ ❢♦r♠✉❧❡ ✭✶✳✸✮ ❞♦♥♥❡♥t ❧❡ ❝♦r♦❧❧❛✐r❡ s✉✐✈❛♥t✳

❈♦r♦❧❧❛✐r❡ ✸ ❙♦✐t p ≥ 1✳ ▲❡s ❡s♣❛❝❡s ❞❡ ❍❛r❞② Hp
α(D) ❡t Hp

L(D) s♦♥t
❤♦♠é♦♠♦r♣❤❡s✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧✬❛♣♣❧✐❝❛t✐♦♥

u(x) → ũ(x) = u(x) +

∫

D

GL
D(x,w)b(w) · ∇u(w)dw

❡st ✉♥❡ ❜✐❥❡❝t✐♦♥ ❡♥tr❡ Hp
α(D) ❡t Hp

L(D) ❡t ‖u‖Hp
α
≈ ‖ũ‖Hp

L
✳

✷✼



❈❤❛♣✐tr❡ ✷

❍❛r❞② s♣❛❝❡s ❢♦r t❤❡ ▲❛♣❧❛❝✐❛♥

✇✐t❤ ❧♦✇❡r ♦r❞❡r ♣❡rt✉r❜❛t✐♦♥s

✷✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡t L ❜❡ t❤❡ ♦♣❡r❛t♦r ♦❢ t❤❡ ❢♦r♠ L = 1
2
∆ + b(·) · ∇ ♦♥ ❛ C1,1 ❞♦♠❛✐♥

D ✐♥ R
d✱ d ≥ 3✱ ✇❤❡r❡ b ✐s ❛ ✈❡❝t♦r ✜❡❧❞ s✉❝❤ t❤❛t |b| ❜❡❧♦♥❣s t♦ t❤❡ ❑❛t♦

❝❧❛ss K1
d(D) ❛♥❞ |b|2 ❜❡❧♦♥❣s t♦ K2

d(D)✳ ❲❡ st✉❞② t❤❡ ❍❛r❞② s♣❛❝❡s hp
L(D)✱

1 ≤ p ≤ ∞✱ ♦❢ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦❢ L ♦♥ D ❛♥❞ ✇❡ ❡①t❡♥❞ t❤❡ r❡s✉❧ts
♦❜t❛✐♥❡❞ ✐♥ ❬✸✽❪ ❢♦r t❤❡ ♣♦s✐t✐✈❡ s♦❧✉t✐♦♥s ♦❢ Lu ≡ 0✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡
❝❧❛ss✐❝❛❧ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥✱ ✐✳❡✳ ✇❤❡♥ b ≡ 0✱ t❤✐s t♦♣✐❝
❤❛s ❜❡❡♥ ✐♥t❡♥s✐✈❡❧② st✉❞✐❡❞ ✭s❡❡ ❬✸✾❪✱ ❬✻✽❪✱ ❬✻✾❪✱ ❬✽✼❪✱ ❬✶✵✼❪✱ ❬✶✵✽❪✮✳ ❚❤❡ ❜❛s✐❝
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❍❛r❞② s♣❛❝❡s ♦♥ t❤❡ ❜❛❧❧ ❛♥❞ t❤❡ ❤❛❧❢✲s♣❛❝❡ ✐♥ R

d

❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❬✺❪✳ ❚❤❡ ❝❛s❡ ♦❢ s♠♦♦t❤ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥s ✐s ❞✐s❝✉ss❡❞ ✐♥
❬✶✵✽❪✱ t❤❡ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✸✾❪ ❛♥❞ ❬✻✾❪ ❛♥❞ t❤❡ s♦✲❝❛❧❧❡❞
♥♦♥t❛♥❣❡♥t✐❛❧❧② ❛❝❝❡ss✐❜❧❡ ❞♦♠❛✐♥s ✐♥ ❬✻✽❪✳ ❆ t②♣✐❝❛❧ t❤❡♦r❡♠ ✐♥ t❤❡ t❤❡♦r②
♦❢ ❍❛r❞② s♣❛❝❡s s❛②s t❤❛t ❛ ❢✉♥❝t✐♦♥ u ❤❛r♠♦♥✐❝ ♦♥ D ❜❡❧♦♥❣s t♦ t❤❡ ❍❛r❞②
s♣❛❝❡ hp(D) ❢♦r ❛ ❣✐✈❡♥ p ∈ (1,∞] ✐❢ ❛♥❞ ♦♥❧② ✐❢ u ✐s t❤❡ P♦✐ss♦♥ ✐♥t❡❣r❛❧ ♦❢
s♦♠❡ ❢✉♥❝t✐♦♥ f ∈ Lp(∂D, σ) ✇❤❡r❡ σ ✐s t❤❡ s✉r❢❛❝❡ ♠❡❛s✉r❡✳ ❋♦r p = 1✱ f
s❤♦✉❧❞ ❜❡ ❛ ✜♥✐t❡ ❝♦♠♣❧❡① ❇♦r❡❧ ♠❡❛s✉r❡ ♦♥ ∂D✳ ❚♦ ❛❞❞r❡ss t❤❡ ♦♣❡r❛t♦rs
♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ 1

2
∆✱ ✇❡ ♥♦t❡ t❤❛t t❤✐s t♦♣✐❝ ✐s ❝♦♥s✐❞❡r❡❞ ❜② ❲✐❞♠❛♥

✐♥ ❬✶✶✺❪ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❤❛❧❢✲s♣❛❝❡ ❛♥❞ ❡❧❧✐♣t✐❝ ♦♣❡r❛t♦rs ✇✐t❤ ❝♦♥t✐♥✉♦✉s
♦r ❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s ❝♦❡✣❝✐❡♥ts✳ ❚❤❡ ❙❝❤rö❞✐♥❣❡r ♦♣❡r❛t♦r 1

2
∆ − c ✇✐t❤

♥♦♥♥❡❣❛t✐✈❡ ♣♦t❡♥t✐❛❧ c ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✼✷❪ ❢♦r t❤❡ ❜❛❧❧ ❛♥❞ ✐♥ ❬✼✸❪ ❢♦r
t❤❡ ❤❛❧❢✲s♣❛❝❡✳ ❘❡❝❡♥t❧②✱ s✐♠✐❧❛r ♣r♦♣❡rt✐❡s ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ ❜② ▼✐❝❤❛❧✐❦
❛♥❞ ❘②③♥❛r ❢♦r ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ s✐♥❣✉❧❛r α✲
❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ✭s❡❡ ❬✾✵❪✮✳ ❲❡ s❤♦✉❧❞ ♥♦t❡ t❤❡r❡ ✐s ❛❧s♦ ❛ ❞✐✛❡r❡♥t ❧✐♥❡
♦❢ r❡s❡❛r❝❤ ♦♥ ❍❛r❞② s♣❛❝❡s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ♠❛①✐♠❛❧ ❢✉♥❝t✐♦♥s ♦❢ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ s❡♠✐❣r♦✉♣s✱ ❢♦r ❡①❛♠♣❧❡ s❡❡ ❬✷✾❪✱ ❬✹✻❪ ♦r ❬✹✼❪✳ ❚❤❡ ❢♦❝✉s ♦❢
t❤❡ ♣r❡s❡♥t ♥♦t❡ ✐s ❤♦✇❡✈❡r ✐♥ t❤❡ s♣✐r✐t ♦❢ ❬✽✼❪ ❛♥❞ ❬✶✵✽❪✳

❚❤❡ st❛rt✐♥❣ ♣♦✐♥t ❢♦r ♦✉r r❡s✉❧ts ✐s t❤❡ ♣❛♣❡r ❬✸✽❪✱ ✇❤❡r❡ t❤❡ ❛✉t❤♦rs

✷✽



❤❛✈❡ ♣r♦✈❡❞ t❤❛t ❢♦r ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥s t❤❡ ❤❛r♠♦♥✐❝ ♠❡❛s✉r❡ ❛♥❞ ●r❡❡♥
❢✉♥❝t✐♦♥ ♦❢ L ❛r❡ ❝♦♠♣❛r❛❜❧❡ ✇✐t❤ t❤❡ ❤❛r♠♦♥✐❝ ♠❡❛s✉r❡ ❛♥❞ ●r❡❡♥ ❢✉♥❝✲
t✐♦♥ ♦❢ 1

2
∆✳ ■♥ t❤❡ ❝❛s❡ ♦❢ C1,1 ❞♦♠❛✐♥s s✐♠✐❧❛r r❡s✉❧ts ✇❡r❡ ♦❜t❛✐♥❡❞ ✐♥ ❬✻✶❪

❢♦r ❡❧❧✐♣t✐❝ ♦♣❡r❛t♦rs ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✇❤✐❝❤ ❛r❡ ❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s ✉♣ t♦ t❤❡
❜♦✉♥❞❛r② ♦❢ D✳ ■♥ ❬✻✷❪ ■❢r❛ ❛♥❞ ❘✐❛❤✐ ❤❛✈❡ s❤♦✇♥ ❛♥❛❧♦❣♦✉s ♣r♦♣❡rt✐❡s ❢♦r
t❤❡ ♦♣❡r❛t♦r div(A(·)∇) + b(·) · ∇✱ ✇❤❡r❡ A ✐s ❛♥ ✉♥✐❢♦r♠❧② ❡❧❧✐♣t✐❝ ♠❛tr✐①
✇✐t❤ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❝♦❡✣❝✐❡♥ts✱ ❜✉t t❤❡✐r ♠❡t❤♦❞s ♠❛❦❡ ❛ r❡str✐❝t✐✈❡
❛ss✉♠♣t✐♦♥ ♦❢ s♠❛❧❧♥❡ss ♦❢ t❤❡ ❑❛t♦ ♥♦r♠ ♦❢ b✱ ❛t t❤❡ s❛♠❡ t✐♠❡ r❡❧❛①✐♥❣
t❤❡ ❝♦♥❞✐t✐♦♥ |b|2 ∈ K2

d(D)✳ ❋✐♥❛❧❧②✱ s♦♠❡ ♦❢ t❤❡ r❡s✉❧ts ✇❡r❡ ❣❡♥❡r❛❧✐③❡❞ ❜②
❑✐♠ ❛♥❞ ❙♦♥❣ ✐♥ ❬✼✼❪ t♦ t❤❡ ♦♣❡r❛t♦rs ♦❢ t❤❡ ❢♦r♠ L+µ ·∇+ ν✱ ✇❤❡r❡ L ✐s
✉♥✐❢♦r♠❧② ❡❧❧✐♣t✐❝ ❛♥❞ t❤❡ ♠❡❛s✉r❡s µ, ν ❜❡❧♦♥❣ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❑❛t♦
❝❧❛ss❡s✳ ❲❡ ❧✐❦❡ t♦ ♥♦t❡✱ ❤♦✇❡✈❡r✱ t❤❛t t❤❡ ♣❛♣❡rs ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ ✐♥ t❤✐s
♣❛r❛❣r❛♣❤ ❞♦ ♥♦t ❛❞❞r❡ss t❤❡ ❍❛r❞② s♣❛❝❡s✳

❚❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ♥♦t❡ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ hp✲t❤❡♦r② t♦ L✲
❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦♥ ❛ C1,1 ❞♦♠❛✐♥ D✱ ✇✐t❤ L s❛t✐s❢②✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥s
♦❢ ❬✸✽❪✳ ❖✉r ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ L✲❤❛r♠♦♥✐❝ ❍❛r❞② s♣❛❝❡s hp

L(D) ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ ♦♥❡ ✐♥tr♦❞✉❝❡❞ ❜② ❙t❡✐♥ ✐♥ ❬✶✵✽❪ ✭s❡❡ s❡❝t✐♦♥ ✹✮✱ ❛♥❞ ✇❡ ♣r♦✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✷✳✶✳✶ ▲❡t u ❜❡ L✲❤❛r♠♦♥✐❝ ♦♥ ❛ ❜♦✉♥❞❡❞ C1,1 ❞♦♠❛✐♥ D ⊂ R
d✱

✇❤❡r❡ d ≥ 3✳ ❚❤❡♥

✶✳ u ∈ h1
L(D) ✐❢ ❛♥❞ ♦♥❧② ✐❢ u = PL[µ] ✇✐t❤ ❛ ✉♥✐q✉❡ µ ∈ M(∂D)✳

❋✉rt❤❡r♠♦r❡✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c1 ❞❡♣❡♥❞✐♥❣ ♦♥ D ❛♥❞ b s✉❝❤
t❤❛t✱ ❢♦r ❡✈❡r② µ ∈ M(∂D)

c−1
1 ‖µ‖ ≤ ‖PL[µ]‖h1 ≤ c1‖µ‖.

✷✳ u ∈ hp
L(D) ❢♦r ❛ ❣✐✈❡♥ p ∈ (1,∞] ✐❢ ❛♥❞ ♦♥❧② ✐❢ u = PL[f ] ✇✐t❤ ❛

✉♥✐q✉❡ f ∈ Lp(∂D, σ)✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c2 ❞❡♣❡♥✲
❞✐♥❣ ♦♥ D ❛♥❞ b s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② f ∈ Lp(∂D, σ)

c−1
2 ‖f‖p ≤ ‖PL[f ]‖hp ≤ c2‖f‖p.

▼♦r❡♦✈❡r✱ ♦✉r r❡s✉❧ts ❡①t❡♥❞ t♦ t❤❡ ♦♣❡r❛t♦rs ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✻✶❪✱ ❬✻✷❪✱ ❬✼✼❪
❛♥❞ ❬✶✵✵❪✱ s❡❡ ❘❡♠❛r❦ ✷✳✺✳✺✳ ■♥ ♦r❞❡r t♦ st✉❞② t❤❡ ❍❛r❞② s♣❛❝❡s ♦❢ L✲
❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ✇❡ ❛❞❛♣t t❤❡ ✐❞❡❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✾✵❪✳ ❆s ✇❡ ♣r♦❝❡❡❞✱
✇❡ ♥❡❡❞ s♦♠❡ str♦♥❣ ❛ss❡rt✐♦♥s ❛❜♦✉t t❤❡ ❝♦♠♣❛r❛❜✐❧✐t② ♦❢ t❤❡ ❤❛r♠♦✲
♥✐❝ ♠❡❛s✉r❡s ♦❢ 1

2
∆ ❛♥❞ L ♦♥ C1,1 ❞♦♠❛✐♥s✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ♣r♦✈❡ t❤❛t

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ P♦✐ss♦♥ ❦❡r♥❡❧s ❛r❡ ✉♥✐❢♦r♠❧② ❝♦♠♣❛r❛❜❧❡ ❢♦r t❤❡ s❡ts
{x ∈ D : dist(x, ∂D) > r}✱ ✇❤❡♥ r ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✳ ❚❤❡ s❡❝♦♥❞ ✐♠♣♦r✲
t❛♥t t♦♦❧ ✐s t❤❡ r❡❧❛t✐✈❡ ❋❛t♦✉ t❤❡♦r❡♠ ❢♦r t❤❡ r❛t✐♦s ♦❢ ♣♦s✐t✐✈❡ ❤❛r♠♦♥✐❝
❢✉♥❝t✐♦♥s✳ ❲❡ ❡①t❡♥❞ ✐t t♦ t❤❡ ♦♣❡r❛t♦r L ❛♣♣❧②✐♥❣ t❤❡ ♠❡t❤♦❞s ♦❢ ❬✶✶✼❪✳

❆t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣❛♣❡r ✇❡ ❣✐✈❡ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ♦✉r r❡s✉❧ts t♦ t❤❡
❙❝❤rö❞✐♥❣❡r ♦♣❡r❛t♦r 1

2
∆+q✱ ✇❤✐❝❤ ♠❛② ❜❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✐♥t❡r❡st✳ ■♥ t❤✐s

✷✾



♣❛rt✱ ✇❡ ✇♦r❦ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s q ∈ K2
d(D) ❛♥❞ t❤❡ ❣❛✉❣❡❛❜✐❧✐t② ♦❢

(D, q)✱ s❡❡ ❬✸✻❪ ❛♥❞ ❬✸✼❪✳
❚❤❡ hp✲t❤❡♦r② ❢♦r t❤❡ ❞✐✛✉s✐♦♥ ♦♣❡r❛t♦rs ♠❛② ❛❧s♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❢♦r

▲✐♣s❝❤✐t③ ❞♦♠❛✐♥s✱ ❤❡r❡ t❤❡ ✉s❡ ♦❢ ♣r♦❜❛❜✐❧✐st✐❝ t❡❝❤♥✐q✉❡s ✐♥tr♦❞✉❝❡❞ ✐♥
❬✾✵❪ s❡❡♠s s✉✐t❛❜❧❡✳ ❆ ♣❛rt ♦❢ t❤❡ r❡❧❡✈❛♥t ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❍❛r❞② s♣❛❝❡s
s❤♦✉❧❞ t❤❡♥ ❢♦❧❧♦✇ ❢r♦♠ t❤❡ ♠❛rt✐♥❣❛❧❡ t❤❡♦r②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❛ ♣✉r❡❧②
❛♥❛❧②t✐❝ ❛♣♣r♦❛❝❤ t♦ t❤✐s ♣r♦❜❧❡♠ s❡❡♠s t♦ ❜❡ ❞✐✣❝✉❧t ❛♥❞ ♠❛② ❜❡ ❛♥
♦❜❥❡❝t✐✈❡ ♦❢ ❢✉rt❤❡r r❡s❡❛r❝❤ ❜❛s❡❞ ♦♥ t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ ❡st✐♠❛t❡s ♦❢ ❬✶✶❪
❛♥❞ ❛✈❛✐❧❛❜❧❡ ❡st✐♠❛t❡s ♦❢ ❣r❛❞✐❡♥t ♦❢ ♥♦♥♥❡❣❛t✐✈❡ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✱ ❢♦r
❡①❛♠♣❧❡ s❡❡ ❬✷✶❪✳ ■♥ t❤✐s ❝♦♥t❡①t✱ s♦♠❡ r❡s✉❧ts ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ ❤❛r♠♦♥✐❝
❢✉♥❝t✐♦♥s ♦♥❡ ❝❛♥ ✜♥❞ ✐♥ ❬✸✾❪✱ ❬✻✽❪ ❛♥❞ ❬✻✾❪✱ ❜✉t t❤❡② ❛r❡ ❜❛s❡❞ ♦♥ ❞✐✛❡r❡♥t
❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ t❤❡ hp✲s♣❛❝❡s t❤❛t t❤❡ ♦♥❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✶✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ s❡❝t✐♦♥ ✷ ✇❡ ❣✐✈❡ ❜❛s✐❝ ❞❡✜♥✐t✐♦♥s
❛♥❞ ❢❛❝ts ❝♦♥❝❡r♥✐♥❣ t❤❡ ❝❧❛ss✐❝❛❧ ♣♦t❡♥t✐❛❧ t❤❡♦r② ❛♥❞ r❡❝❛❧❧ s♦♠❡ ♦❢ t❤❡
r❡s✉❧ts ♦❢ ❬✸✽❪✳ ■♥ s❡❝t✐♦♥ ✸ ✇❡ ♣r♦✈❡ t❤❡ ✉♥✐❢♦r♠ ❝♦♠♣❛r❛❜✐❧✐t② ♦❢ t❤❡ P♦✐s✲
s♦♥ ❦❡r♥❡❧s ♦❢ L ❛♥❞ 1

2
∆ ♦♥ ❛ ❝❧❛ss ♦❢ s✉❜❞♦♠❛✐♥s ♦❢ D✳ ❚❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡

❜❡t✇❡❡♥ t❤❡ L✲❤❛r♠♦♥✐❝ ❍❛r❞② s♣❛❝❡s ❛♥❞ Lp s♣❛❝❡s ❢♦r 1 < p ≤ ∞ ❛♥❞
✇✐t❤ t❤❡ s♣❛❝❡ ♦❢ ✜♥✐t❡ ♠❡❛s✉r❡s ❢♦r p = 1 ✐s ❣✐✈❡♥ ✐♥ s❡❝t✐♦♥ ✹✳ ■♥ s❡❝t✐♦♥
✺ ✇❡ ♣r♦✈❡ ❛♥❛❧♦❣♦✉s r❡s✉❧ts ❢♦r t❤❡ ❙❝❤rö❞✐♥❣❡r ♦♣❡r❛t♦r 1

2
∆ + q✳

✷✳✷ Pr❡❧✐♠✐♥❛r✐❡s

❇② R
d ✇❡ ❞❡♥♦t❡ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ ✇✐t❤ ♥♦r♠ |·|✳ ❍❡r❡

❛♥❞ t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r ✇❡ ❝♦♥s✐❞❡r ❞✐♠❡♥s✐♦♥s d ≥ 3✳ ▲❡t ∂B ❞❡♥♦t❡
t❤❡ ❜♦✉♥❞❛r② ♦❢ B ❛♥❞ ❧❡t δB(x) = dist(x, ∂B)✳ ❆❧❧ ❝♦♥st❛♥ts ✐♥ t❤✐s ♣❛♣❡r
❛r❡ ✭str✐❝t❧②✮ ♣♦s✐t✐✈❡ ❛♥❞ ✇❡ ✉s❡ ❛ ❝♦♥✈❡♥t✐♦♥ t❤❛t ❝♦♥st❛♥ts ❞❡♥♦t❡❞ ❜②
s♠❛❧❧ ❧❡tt❡rs ♠❛② ❞✐✛❡r ✐♥ ❡❛❝❤ ❧❡♠♠❛✱ ✇❤✐❧❡ ❝♦♥st❛♥ts ❞❡♥♦t❡❞ ❜② ❝❛♣✐t❛❧
❧❡tt❡rs ❞♦ ♥♦t ❝❤❛♥❣❡✳ ❚❤❡ ♥♦t❛t✐♦♥ c = c(a, b) ♠❡❛♥s t❤❛t t❤❡ ❝♦♥st❛♥t c
❞❡♣❡♥❞s ♦♥❧② ♦♥ a ❛♥❞ b✳ ❆❧❧ ❢✉♥❝t✐♦♥s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♠♣❧❡① ✈❛❧✉❡❞
✉♥❧❡ss st❛t❡❞ ♦t❤❡r✇✐s❡✳ ■♥ t❤✐s ♣❛♣❡r✱ ❜② ❛ ❞♦♠❛✐♥ ✇❡ ♠❡❛♥ ❛ ❝♦♥♥❡❝t❡❞
♦♣❡♥ s✉❜s❡t ♦❢ R

d✳
▲❡t D ❜❡ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥✳ ❲❡ s❛② t❤❛t D ✐s ❛ C1,1 ❞♦♠❛✐♥✱ ✐❢ t❤❡r❡

❡①✐st ❝♦♥st❛♥ts r, λ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ D s✉❝❤ t❤❛t ❢♦r ❡✈❡r② z ∈ ∂D t❤❡r❡
✐s ❛ ❢✉♥❝t✐♦♥ F : R

d−1 → R ❛♥❞ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❝♦♦r❞✐♥❛t❡ s②st❡♠ y =
(y1, ..., yd) s✉❝❤ t❤❛t

D ∩B(z, r) = {y : yd > F (y1, ..., yd−1)} ∩B(z, r),

✇❤❡r❡ F ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ∇F ✐s ❛ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ ✇✐t❤ t❤❡ ▲✐♣s❝❤✐t③
❝♦♥st❛♥t ♥♦t ❣r❡❛t❡r t❤❛♥ λ✳

❊q✉✐✈❛❧❡♥t❧②✱ ✇❡ ♠❛② ❞❡✜♥❡ ❛ C1,1 ❞♦♠❛✐♥ D ❛s ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥
s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♦♠❡tr✐❝ ❝♦♥❞✐t✐♦♥✱ ❝❛❧❧❡❞ t❤❡ ❜❛❧❧ ❝♦♥❞✐t✐♦♥ ✭s❡❡
❬✷❪✮ ✿ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t r = r(D) s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ y ∈ ∂D t❤❡r❡ ❛r❡
❜❛❧❧s B(cy, r) ⊂ D ❛♥❞ B(c̃y, r) ⊂ Dc✱ t❛♥❣❡♥t ❛t y✳

✸✵



❋r♦♠ ♥♦✇ ♦♥ D ✇✐❧❧ ❜❡ ❛ ✜①❡❞ ♥♦♥❡♠♣t② C1,1 ❞♦♠❛✐♥ ✐♥ R
d✳ ❋♦r r ≥ 0

✇❡ ❞❡✜♥❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ✐♥♥❡r s❡ts Dr ❛s

Dr = {x ∈ D : δD(x) > r} .

◆♦t❡ t❤❛t D0 = D✳ ▲❡t σr ❞❡♥♦t❡ t❤❡ (d−1)✲❞✐♠❡♥s✐♦♥❛❧ ❍❛✉s❞♦r✛ s✉r❢❛❝❡
♠❡❛s✉r❡ ♦♥ ∂Dr✱ ❛♥❞ ❞❡♥♦t❡ σ = σ0 ✭♦❝❝❛s✐♦♥❛❧❧②✱ ❜② σ ✇❡ ✇✐❧❧ ❛❧s♦ ❞❡✲
♥♦t❡ t❤❡ ❍❛✉s❞♦r✛ s✉r❢❛❝❡ ♠❡❛s✉r❡ ♦♥ s♣❤❡r❡s✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❧❡♠♠❛s
♣r♦✈✐❞❡ s♦♠❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ Dr ✭s❡❡ ❬✾✵❪ ❢♦r t❤❡ ♣r♦♦❢s✮✳

▲❡♠♠❛ ✷✳✷✳✶ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t r0 = r0(D)✱ s✉❝❤ t❤❛t ❢♦r ❡✈❡r②
r ∈ [0, r0]✱ Dr ✐s ❛ C1,1 ❞♦♠❛✐♥ ❛♥❞ s❛t✐s✜❡s t❤❡ ❜❛❧❧ ❝♦♥❞✐t✐♦♥ ✇✐t❤ r0✳
❋✉rt❤❡r♠♦r❡✱

∂Dr = {x ∈ D : δD(x) = r} .
■♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✷✳✷✳✶✱ ❢♦r r s✉✣❝✐❡♥t❧② s♠❛❧❧ ❛♥❞ 0 ≤ s < r ✇❡ ♠❛②

❞❡✜♥❡ t❤❡ ♣r♦❥❡❝t✐♦♥s πs,r : ∂Ds → ∂Dr✱ ✇❤❡r❡ πs,r(x) ♠❡❛♥s t❤❡ ❝❧♦s❡st
♣♦✐♥t t♦ x ♦♥ ∂Dr✱ ❛♥❞ ❧❡t πr = π0,r✳ ❚❤❡♥ ❢♦r ❛❧❧ x ∈ ∂Ds ✇❡ ❤❛✈❡
|x − πs,r(x)| = r − s✱ ❛♥❞ t❤❡ ❜❛❧❧ B(x, r − s) ⊂ Dc

r ✐s t❛♥❣❡♥t t♦ ∂Dr ❛t
πs,r(x) ❛s ✇❡❧❧ ❛s t❤❡ ❜❛❧❧ B(πs,r(x), r− s) ⊂ Ds ✐s t❛♥❣❡♥t t♦ ∂Ds ❛t x✳ ■♥
♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡

πr(x) = πs,r(πs(x)), x ∈ ∂D. ✭✷✳✶✮

▲❡♠♠❛ ✷✳✷✳✷ ❚❤❡r❡ ❡①✐st ❝♦♥st❛♥ts c, r0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ D s✉❝❤ t❤❛t
❢♦r ❛❧❧ r ∈ (0, r0]✱ s ∈ [0, r) ❛♥❞ ❡✈❡r② ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ f ♦♥ D ✇❡ ❤❛✈❡

c−1

∫

∂Dr

f(x)dσr(x) ≤
∫

∂Ds

f(πs,r(y))dσs(y) ≤ c

∫

∂Dr

f(x)dσr(x).

▲❡t Gr(x, y) ❜❡ t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ ♦❢ 1
2
∆ ❢♦r Dr✳ ■❢ r ✐s s✉✣❝✐❡♥t❧②

s♠❛❧❧✱ t❤❛♥ Dr ✐s ❛ C1,1 ❞♦♠❛✐♥✱ ❛♥❞ t❤❡ P♦✐ss♦♥ ❦❡r♥❡❧ ♦❢ 1
2
∆ ❢♦r Dr ✐s

❣✐✈❡♥ ❜②

Pr(x, z) = −∂Gr(x, z)

∂νr
z

, x ∈ Dr, z ∈ ∂Dr, ✭✷✳✷✮

✇❤❡r❡ νr
z ✐s t❤❡ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠❛❧ ✈❡❝t♦r ❛t z✳

▲❡♠♠❛ ✷✳✷✳✸ ❚❤❡r❡ ❡①✐st ❝♦♥st❛♥ts r0, c1, c2, c3 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ D✱ s✉❝❤
t❤❛t ❢♦r ❛❧❧ r ∈ [0, r0]✱ x, y ∈ Dr ❛♥❞ z ∈ ∂Dr✱

c−1
1 Φr(x, y) ≤ Gr(x, y) ≤ c1Φr(x, y) ✭✷✳✸✮

✇❤❡r❡

Φr(x, y) = min

{
1

|x− y|d−2
,
δDr(x)δDr(y)

|x− y|d
}
,

✸✶



❛♥❞ ✇❡ ❤❛✈❡

c−1
2

δDr(x)

|x− z|d ≤ Pr(x, z) ≤ c2
δDr(x)

|x− z|d , ✭✷✳✹✮

|∇Pr(x, z)| ≤ c3
1

|x− z|d . ✭✷✳✺✮

Pr♦♦❢ ❲✐t❤ r ✜①❡❞ ❛♥❞ t❤❡ ❝♦♥st❛♥ts c1, c2, c3 ❞❡♣❡♥❞✐♥❣ ♦♥ Dr✱ t❤❡ ❡s✲
t✐♠❛t❡s ❛❜♦✈❡ ❢♦❧❧♦✇ ❢r♦♠ ❬✶✶✻❪✱ ❬✶✶✾❪ ❛♥❞ ❬✶✷✵❪✳ ❚❤❡ ✉♥✐❢♦r♠✐t② ♦❢ ✭✷✳✸✮
✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❬✶✶✱ ✭✷✷✮❪ ❛♥❞ ▲❡♠♠❛ ✷✳✷✳✶✳ ❚❤❡ ✉♣♣❡r
❜♦✉♥❞s ♦❢ ✭✷✳✹✮ ❛♥❞ ✭✷✳✺✮ ❢♦❧❧♦✇ ❢r♦♠ ✭✷✳✷✮✱ ✭✷✳✸✮ ❛♥❞ ❣r❛❞✐❡♥t ❡st✐♠❛t❡s
❢♦r ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ✭✷✳✹✮✱ ✐t ✐s ❡①♣❧❛✐♥❡❞ ✐♥ ❬✶✶✾✱ ♣r♦♦❢ ♦❢
▲❡♠♠❛ ✶✱ ♣✳✷✺❪ t❤❛t t❤❡ ❝♦♥st❛♥t ✐♥ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡
❞✐❛♠❡t❡r ♦❢ t❤❡ ❞♦♠❛✐♥✱ t❤❡ r❛❞✐✉s r0 ❢r♦♠ t❤❡ ❜❛❧❧ ❝♦♥❞✐t✐♦♥ ❢♦r Dr ❛♥❞ c
s✉❝❤ t❤❛t

inf {Pr(x, z) : x ∈ Dr, δDr(x) ≥ r0/2, z ∈ ∂Dr} ≥ c,

s❡❡ ❬✶✶✾✱ ♣✳✷✷❪✳ ❍♦✇❡✈❡r✱ ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✷✳✷✳✶ ❛♥❞ t❤❡ ❍❛r♥❛❝❦ ✐♥❡q✉❛✲
❧✐t②✱ c ❝❛♥ ❜❡ t❛❦❡♥ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ r ∈ [0, r0]✱ z ∈ ∂Dr ❛♥❞ x ∈ D2r0 ✳
❚❤✐s ❣✐✈❡s t❤❡ ❞❡s✐r❡❞ ❝♦♥❝❧✉s✐♦♥✳

✷

❋r♦♠ ♥♦✇ ♦♥✱ ❜② R0 ✇❡ ✇✐❧❧ ❞❡♥♦t❡ t❤❡ ❝♦♥st❛♥t r0 s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐✲
t✐♦♥s ♦❢ ▲❡♠♠❛ ✷✳✷✳✶✱ ✷✳✷✳✷ ❛♥❞ ✷✳✷✳✸✳ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r r ∈ [0, R0]✳ ❲❡ ❞❡✜♥❡
t❤❡ ▼❛rt✐♥ ❦❡r♥❡❧ ❢♦r Dr✱

Kr(x, z) = lim
Dr∋y→z

Gr(x, y)

Gr(x0, y)
, x ∈ Dr, z ∈ ∂Dr,

✇❤❡r❡ x0 ✐s ❛ ✜①❡❞ ♣♦✐♥t ✐♥ DR0 ✳ ❇② ✭✹✳✽✮ ✇❡ ❤❛✈❡

Kr(x, z) =
Pr(x, z)

Pr(x0, z)
. ✭✷✳✻✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ❛r❡ ❦♥♦✇♥ ❛s ✸● ❚❤❡♦r❡♠✳

▲❡♠♠❛ ✷✳✷✳✹ ❚❤❡r❡ ❡①✐st ❝♦♥st❛♥ts c1, c2, c3 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ D✱ s✉❝❤
t❤❛t ❢♦r ❛❧❧ r ∈ [0, R0]✱ x, y, w ∈ Dr ❛♥❞ z ∈ ∂Dr ✇❡ ❤❛✈❡

Gr(x, y)Gr(y, w)

Gr(x,w)
≤ c1

(
1

|x− y|d−2
+

1

|y − w|d−2

)
,

Gr(x, y)Kr(y, z)

Kr(x, z)
≤ c2

(
1

|x− y|d−2
+

1

|y − z|d−2

)
,

Gr(x, y)|∇Kr(y, z)|
Kr(x, z)

≤ c3

(
1

|x− y|d−1
+

1

|y − z|d−1

)
.

✸✷



Pr♦♦❢ ■t ✐s ✇❡❧❧ ❦♥♦✇♥✱ t❤❛t t❤❡ ❝♦♥st❛♥ts ✐♥ t❤❡ ✐♥❡q✉❛❧✐t✐❡s ❛❜♦✈❡ ❞❡♣❡♥❞
♦♥❧② ♦♥ t❤❡ ❡st✐♠❛t❡s ✭✷✳✸✮✱ ✭✷✳✹✮✱ ✭✷✳✺✮ ❛♥❞ t❤❡ ❞✐♠❡♥s✐♦♥ d✱ ❢♦r ❡①❛♠♣❧❡
s❡❡ ❬✸✼❪ ♦r ❬✻✷❪✳ ❚❤✉s t❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✷✳✸✳ ✷

❋♦r r ≥ 0 ✇❡ ❧❡t (Wt,P
x
r ) ❜❡ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❦✐❧❧❡❞ ♦♥ ❡①✐t✐♥❣

Dr ❛♥❞ ❧❡t pr(t, x, y) ❜❡ ✐ts tr❛♥s✐t✐♦♥ ❞❡♥s✐t②✳ ❋♦r z ∈ ∂Dr ✇❡ ❞❡✜♥❡ t❤❡
Kr(·, z)✲❝♦♥❞✐t✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ♦♥ Dr ❛s t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤
t❤❡ tr❛♥s✐t✐♦♥ ❞❡♥s✐t②

pz
r(t, x, y) =

pr(t, x, y)Kr(y, z)

Kr(x, z)
.

❋♦r z ∈ Dr ✇❡ ❝♦♥s✐❞❡r t❤❡ Gr(·, z)✲❝♦♥❞✐t✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ♦♥ Dr \
{z} ❞❡✜♥❡❞ ❜②

pz
r(t, x, y) =

pr(t, x, y)Gr(y, z)

Gr(x, z)
.

❆❧s♦ (Wt,P
x
z,r)✱ ✐❢ z ∈ ∂Dr✱ ✇✐❧❧ ❞❡♥♦t❡ t❤❡ Kr(·, z)✲❝♦♥❞✐t✐♦♥❛❧ ❇r♦✇♥✐❛♥

♠♦t✐♦♥ ♦♥ Dr ✭Gr(·, z)✲❝♦♥❞✐t✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✐❢ z ∈ Dr✮✳ ❋♦r st❛♥✲
❞❛r❞ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❝❡ss❡s s❡❡ ❬✸✻❪ ❛♥❞ ❬✹✷❪✳ ❊q✉✐✈❛❧❡♥t❧②✱
✇❡ ♠❛② ❞❡✜♥❡ t❤❡s❡ ♣r♦❝❡ss❡s ❛s t❤❡ r❡s♣❡❝t✐✈❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✿

dYt = dWt +
∇Kr(Yt, z)

Kr(Yt, z)
dt, z ∈ ∂Dr,

dỸt = dWt +
∇Gr(Ỹt, z)

Gr(Ỹt, z)
dt, z ∈ Dr.

▲❡t b ❜❡ ❛ ✈❡❝t♦r ✜❡❧❞ ♦♥ D s✉❝❤ t❤❛t |b| ∈ K1
d(D) ❛♥❞ |b|2 ∈ K2

d(D)✱
✐✳❡✳✱ |b| ✐s ✉♥✐❢♦r♠❧② ✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡❛s✉r❡s µ(x, dy) =
|x − y|1−ddy✱ x ∈ D ❛♥❞ |b|2 ✐s ✉♥✐❢♦r♠❧② ✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
♠❡❛s✉r❡s ν(x, dy) = |x− y|d−2dy✱ x ∈ D✳ ❆s ❡①♣❧❛✐♥❡❞ ✐♥ ❬✸✽❪✱ t❤❡r❡ ❡①✐sts
❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ W̃t ♦❢ t❤❡ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

dW̃t = dWt + b(W̃t)dt, W̃0 = x,

✇❤❡r❡ Wt ✐s t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❦✐❧❧❡❞ ♦♥ D✳ W̃t ✐s ❛ ❞✐✛✉s✐♦♥ ✇✐t❤ t❤❡
❣❡♥❡r❛t♦r L = 1

2
∆ + b(·) · ∇✳ ❲❡ s❛② t❤❛t ❛ ❢✉♥❝t✐♦♥ u ♦♥ D ✐s L✲❤❛r♠♦♥✐❝

♦♥ D✱ ✐❢ ✐t ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ❢♦r ❡✈❡r② ♦♣❡♥ s❡t B ⊂ D ✇✐t❤ B ⊂ D ✇❡
❤❛✈❡

u(x) = E
xu(W̃τB

), x ∈ B, ✭✷✳✼✮

✇❤❡r❡ τB = inf
{
t ≥ 0 : W̃t /∈ B

}
✳ ❊q✉✐✈❛❧❡♥t❧②✱ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ u ♦♥

D ✐s L✲❤❛r♠♦♥✐❝ ♦♥ D ✐❢ Lu ≡ 0 ✐♥ t❤❡ ✇❡❛❦ s❡♥s❡✱ ✐✳❡✳✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥
φ ∈ C∞

c (D) ✇❡ ❤❛✈❡

1

2

∫

D

u(x)∆φ(x)dx =

∫

D

u(x)b(x) · ∇φ(x)dx.

✸✸



❋♦r t ≥ 0 ✇❡ ❞❡✜♥❡ M(t) =
∫ t

0
b(Ws)dWs✱ 〈M〉t =

∫ t

0
|b(Ws)|2ds✱ ❛♥❞

N(t) = exp
{
M(t) − 1

2
〈M〉t

}
✳ ▲❡t Hr(x, dz) ❜❡ t❤❡ ❤❛r♠♦♥✐❝ ♠❡❛s✉r❡ ♦❢

1
2
∆ ❢♦r Dr ❛♥❞ ❧❡t GL

r (x, y)✱ HL
r (x, dz) ❜❡ t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❤❛r✲

♠♦♥✐❝ ♠❡❛s✉r❡ ♦❢ L ❢♦r Dr✱ r❡s♣❡❝t✐✈❡❧②✳ ❆s ♦♣♣♦s❡❞ t♦ ✭✷✳✼✮✱ s❡t τDr =
inf {t ≥ 0 : Wt /∈ Dr}✳ ■♥ ❬✸✽❪ ✐t ✐s s❤♦✇♥ t❤❛t

GL
r (x, y) = E

x
y,rN(τDr)Gr(x, y), x, y ∈ Dr, ✭✷✳✽✮

❛♥❞ ♦♥ ∂Dr ✇❡ ❤❛✈❡

HL
r (x, dz) = E

x
z,rN(τDr)Hr(x, dz), x ∈ Dr.

❋✉rt❤❡r♠♦r❡✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t c ❞❡♣❡♥❞✐♥❣ ♦♥ b ❛♥❞ Dr s✉❝❤ t❤❛t

c−1 ≤ E
x
z,rN(τDr) ≤ c, x ∈ Dr, z ∈ Dr.

❲❡ ❝♦♥❝❧✉❞❡✱ t❤❛t t❤❡ P♦✐ss♦♥ ❦❡r♥❡❧ ♦❢ L ❢♦r Dr s❛t✐s✜❡s

PL
r (x, z) = E

x
z,rN(τDr)Pr(x, z). ✭✷✳✾✮

■♥ ♣❛rt✐❝✉❧❛r✱

E
x
rN(τDr) =

∫

∂Dr

E
x
z,rN(τDr)Pr(x, z)dσr(z) = 1, ✭✷✳✶✵✮

❛♥❞
c−1Pr(x, z) ≤ PL

r (x, z) ≤ cPr(x, z). ✭✷✳✶✶✮

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤❡ ❡st✐♠❛t❡ ✭✷✳✶✶✮ ❤♦❧❞s ✇✐t❤ ❛
❝♦♥st❛♥t ✇❤✐❝❤ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ s♠❛❧❧ r✳

✷✳✸ ❊st✐♠❛t❡s ❢♦r ❈♦♥❞✐t✐♦♥❛❧ ❇r♦✇♥✐❛♥ ▼♦✲

t✐♦♥

❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✷✳✸✳✶ ❚❤❡r❡ ❡①✐st ❝♦♥st❛♥ts c, r0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ b ❛♥❞ D✱
s✉❝❤ t❤❛t ❢♦r ❛❧❧ r ∈ [0, r0]✱ x ∈ Dr ❛♥❞ z ∈ ∂Dr ✇❡ ❤❛✈❡

c−1 ≤ E
x
z,rN(τDr) ≤ c.

❚❤❡ ✐❞❡❛ ♦❢ ♣r♦♦❢ ✐s t❤❡ s❛♠❡ ❛s ✐♥ ❬✸✽❪✱ ❛♥❞ ✐t ♦r✐❣✐♥❛t❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢
t❤❡ ❈♦♥❞✐t✐♦♥❛❧ ●❛✉❣❡ ❚❤❡♦r❡♠ ✭s❡❡ ❬✸✻❪✮✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ♣r❡s❡♥t ❝♦♥t❡①t
✇❡ ❛✐♠ ❛t ✉♥✐❢♦r♠ ❡st✐♠❛t❡s ❢♦r t❤❡ ✈❛r✐❛❜❧❡ s❡ts Dr✱ ✇❤✐❝❤ ♠❛❦❡s t❤❡
❝❛❧❝✉❧❛t✐♦♥s ❛ ❧✐tt❧❡ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳ ❚❤❡ ❡ss❡♥t✐❛❧ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ♣r♦♦❢
✐s ▲❡♠♠❛ ✷✳✸✳✻✳

✸✹



❘❡❝❛❧❧ t❤❛t t❤❡ ❝♦♥st❛♥ts ❞❡♥♦t❡❞ ❜② ❝❛♣✐t❛❧ ❧❡tt❡rs ❞♦ ♥♦t ❝❤❛♥❣❡ ❢r♦♠
♣❧❛❝❡ t♦ ♣❧❛❝❡✳ ❯s✐♥❣ ✭✷✳✹✮ ❛♥❞ ✭✷✳✻✮ ✜① ❛ ❝♦♥st❛♥t C1 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥
D s✉❝❤ t❤❛t

C−1
1

δDr(x)

|x− z|d ≤ Kr(x, z) ≤ C1
δDr(x)

|x− z|d , ✭✷✳✶✷✮

❢♦r ❡✈❡r② r ∈ [0, R0]✱ x ∈ Dr ❛♥❞ z ∈ ∂Dr✳

▲❡♠♠❛ ✷✳✸✳✷ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c = c(D) s✉❝❤ t❤❛t ✐❢ 0 < ρ′ < ρ✱
r ∈ [0, R0]✱ z ∈ ∂Dr ❛♥❞ x, y ∈ Dr ❛r❡ s✉❝❤ t❤❛t |x−y| < ρ′ ❛♥❞ B(y, 2ρ) ⊂
Dr✱ t❤❡♥ ❢♦r ❡✈❡r② ❇♦r❡❧ s❡t A ⊂ ∂B(y, ρ) ✇❡ ❤❛✈❡

P
x
z,r(WτB(y,ρ)

∈ A) ≥ c(ρ− ρ′)σ(A).

Pr♦♦❢ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ P
x
z,r ✇❡ ❤❛✈❡

P
x
z,r(WτB(y,ρ)

∈ A) =
1

Kr(x, z)

∫

A

Kr(w, z)PB(y,ρ)(x,w)dσ(w)

=
Γ (d/2)

2πd/2ρKr(x, z)

∫

A

Kr(w, z)
ρ2 − |x− y|2
|x− w|d dσ(w)

≥ c

Kr(x, z)
· ρ− ρ′

ρd

∫

A

Kr(w, z)dσ(w),

✇❤❡r❡ c = Γ (d/2)/(2d+1πd/2)✳ ❇② ✭✷✳✶✷✮ ✇❡ ♦❜t❛✐♥

P
x
z,r(WτB(y,ρ)

∈ A) ≥ c

C2
1

· |x− z|d
δDr(x)

· ρ− ρ′

ρd

∫

A

δDr(w)

|z − w|ddσ(w).

❙✐♥❝❡ z ∈ ∂Dr ❛♥❞ B(y, 2ρ) ⊂ Dr✱ ✇❡ ❤❛✈❡

P
x
z,r(WτB(y,ρ)

∈ A) ≥ c

C2
1

· (ρd−1)(ρ− ρ′)

ρd

∫

A

ρ

(diam(D))d
dσ(w)

= c̃(ρ− ρ′)σ(A).
✷

❚❤❡ ♥❡①t ❧❡♠♠❛ ♣r♦✈✐❞❡s s♦♠❡ ❣❡♦♠❡tr✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❞♦♠❛✐♥s Dr✱
♥❡❡❞❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✶✳

▲❡♠♠❛ ✷✳✸✳✸ ❋♦r ❡✈❡r② δ > 0 t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts r1, r2, r3 ❞❡♣❡♥❞✐♥❣
♦♥❧② ♦♥ D ❛♥❞ δ✱ s✉❝❤ t❤❛t r1 < R0 ❛♥❞

2r3 < r2 <

(
1

C2
12d+1

) 1
d−1

r1,

❢♦r ✇❤✐❝❤ t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣❛❝t ❝♦♥♥❡❝t❡❞ s❡t F0 ⊂ D✱ ❛♥❞ ❢♦r ❡✈❡r②
r ∈ [0, r3] t❤❡r❡ ❡①✐sts ❛ ❞♦♠❛✐♥ Ur ⊂ Dr s✉❝❤ t❤❛t

✸✺



✭✐✮ Dr\Dr1 ⊂ Ur✱ ❛♥❞ t❤✉s ∂Dr ⊂ ∂Ur✱

✭✐✐✮ ∂Dr2 ⊂ F0 ⊂ Ur✱

✭✐✐✐✮ dist(F0, ∂D) ≥ 2r3✱ ❛♥❞ t❤✉s dist(F0, ∂Dr) ≥ 2r3 − r✱

✭✐✈✮ B(x, r3) ⊂ Ur ❢♦r ❡✈❡r② x ∈ F0✱

✭✈✮ m(Ur) < δ✱ ✇❤❡r❡ m ✐s d✲❞✐♠❡♥s✐♦♥❛❧ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳

Pr♦♦❢ ❋✐① δ > 0✳ ❙✐♥❝❡ D ✐s ❛ C1,1 ❞♦♠❛✐♥✱ ∂D =
⋃n

i=1 Fi✱ ✇❤❡r❡ Fi ❛r❡
❝❧♦s❡❞✱ ❞✐s❥♦✐♥t ❛♥❞ ❝♦♥♥❡❝t❡❞✳ ❈❤♦♦s❡ ❛ ❝♦♥st❛♥t r1 = r1(D, δ)✱ 0 < r1 <
R0✱ ❢♦r ✇❤✐❝❤ t❤❡ s❡ts Ui = {x ∈ D : dist(x, Fi) < r1} ❛r❡ ❞✐s❥♦✐♥t ✭❛♥❞
♦❜✈✐♦✉s❧② ❝♦♥♥❡❝t❡❞✮✱ ❛♥❞ m(

⋃n
i=1 Ui) < δ/2✳ ❚❛❦❡ r2 > 0 s✉❝❤ t❤❛t

r2 < r1

(
1

C2
12d+1

) 1
d−1

.

❇② ▲❡♠♠❛ ✷✳✷✳✶✱

∂Dr2 = {x ∈ D : δD(x) = r2} = {y − r2νy : y ∈ ∂D} ,

✇❤❡r❡ νy ✐s t❤❡ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠❛❧ ✈❡❝t♦r ❛t y✳ ❖❜✈✐♦✉s❧②✱ ∂Dr2 ⊂
⋃n

i=1 Ui✳
❲❡ ❤❛✈❡ ∂Dr2 =

⋃n
i=1 F̃i✱ ✇❤❡r❡ F̃i = {y − r2νy : y ∈ Fi} ❛r❡ ❝❧♦s❡❞✱ ❝♦♥♥❡❝✲

t❡❞✱ ❛♥❞ F̃i ⊂ Ui ❢♦r ❡✈❡r② i✳ ❋✐① xi ∈ F̃i✱ i = 1, ..., n✳ ❙✐♥❝❡ D ✐s ❝♦♥♥❡❝t❡❞✱
❢♦r ❡✈❡r② i = 1, ..., n−1 t❤❡r❡ ❡①✐sts ❛ ❝✉r✈❡ Γi ⊂ D ❝♦♥♥❡❝t✐♥❣ xi ✇✐t❤ xi+1✱
❛♥❞ t❤✉s F̃i ✇✐t❤ F̃i+1✳ ❙❡t F0 = ∂Dr2 ∪

⋃n−1
i=1 Γi✳ ❚❤❡♥ F0 ✐s ❛ ❝♦♠♣❛❝t✱

❝♦♥♥❡❝t❡❞ s❡t ❝♦♥t❛✐♥❡❞ ✐♥ D✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t r3✱ s✉❝❤ t❤❛t
dist(F0, ∂D) > 2r3✳ ❋♦r ❡✈❡r② i = 1, ..., n − 1 ✇❡ ❞❡✜♥❡ ❛ ✧t✉❜❡✧ ❛r♦✉♥❞
Γi ❛s βi = {x : dist(x, Γi) < r3}✳ ❚❤❡♥ ❢♦r ❡✈❡r② i✱ βi ✐s ❛❧s♦ ❝♦♥t❛✐♥❡❞ ✐♥
D ❛♥❞ ❝♦♥♥❡❝ts Ui ✇✐t❤ Ui+1✳ ❖❜✈✐♦✉s❧②✱ r3 < r2/2✳ ❚❛❦✐♥❣ r3 = r3(D, δ)
s✉✣❝✐❡♥t❧② s♠❛❧❧ ✇❡ ♠❛② ❛ss✉♠❡✱ t❤❛t m(

⋃n−1
i=1 βi) < δ/2✳ ❋♦r r ∈ [0, r3]

❧❡t

Ur =

(
n⋃

i=1

Ui ∪
n−1⋃

i=1

βi

)
∩Dr.

❚❤❡♥ ✐t ✐s ❡❛s✐❧② s❡❡♥✱ t❤❛t Ur ❛♥❞ F0 t♦❣❡t❤❡r ✇✐t❤ ❝♦♥st❛♥ts r1, r2, r3
s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ❧❡♠♠❛✳

✷

▲❡♠♠❛ ✷✳✸✳✹ ❋♦r r ∈ [0, R0] ❧❡t Ur ❜❡ ❛ ❞♦♠❛✐♥ ❝♦♥t❛✐♥❡❞ ✐♥ Dr ✇✐t❤
∂Dr ⊂ ∂Ur✳ ▲❡t 0 < ε < 1

4
✳ ❚❤❡r❡ ❡①✐sts ❛ δ = δ(ε, b,D) > 0 s✉❝❤ t❤❛t ✐❢

m(Ur) < δ ❢♦r ❡✈❡r② r✱ t❤❡♥

sup
(x,z)∈Ur×∂Dr

E
x
z,r

∣∣∣∣M(τUr) −
1

2
〈M〉τUr

∣∣∣∣ < ε

❛♥❞
sup

(x,z)∈Ur×∂Dr

E
x
z,rN(τUr) <

1

1 − 4ε
.

✸✻



Pr♦♦❢ ❲❡ ❢♦❧❧♦✇ t❤❡ ♣r♦♦❢ ♦❢ ❬✸✽✱ ▲❡♠♠❛ ✸✳✷❪ t♦ ♦❜t❛✐♥ t❤❡ ✜rst ❡st✐♠❛t❡✳
❚❤❡ ❞❡s✐r❡❞ ❝♦♥❝❧✉s✐♦♥ ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✷✳✷✳✹ ❛♥❞ t❤❡ ❛s✲
s✉♠♣t✐♦♥s ♦♥ b✳ ❚❤❡ s❡❝♦♥❞ ❡st✐♠❛t❡ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✜rst ♦♥❡ ❜② t❤❡
❏♦❤♥✲◆✐r❡♥❜❡r❣ ✐♥❡q✉❛❧✐t②✳

✷

❋♦r ε0 = 1/8✱ ✇❡ ✜① δ0 = δ0(ε0, b,D) > 0 s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s
♦❢ ▲❡♠♠❛ ✷✳✸✳✹✳ ❋r♦♠ ♥♦✇ ♦♥✱ R1, R2, R3 r❡s♣❡❝t✐✈❡❧②✱ ✇✐❧❧ ❞❡♥♦t❡ t❤❡
❝♦♥st❛♥ts ❛♥❞ F0, Ur t❤❡ s❡ts ❢r♦♠ ▲❡♠♠❛ ✷✳✸✳✸ ✇✐t❤ r❡s♣❡❝t t♦ δ0✳ ❚❤❡♥
❢♦r ❛❧❧ r ∈ [0, R3] ✇❡ ❤❛✈❡ ∂Dr ⊂ ∂Ur ❛♥❞ m(Ur) < δ0✱ s♦ ❜② ▲❡♠♠❛ ✷✳✸✳✹
✐t ❢♦❧❧♦✇s✱ t❤❛t

sup
(x,z)∈Ur×∂Dr

E
x
z,r

∣∣∣∣M(τUr) −
1

2
〈M〉τUr

∣∣∣∣ <
1

8
✭✷✳✶✸✮

❛♥❞
sup

(x,z)∈Ur×∂Dr

E
x
z,rN(τUr) < 2. ✭✷✳✶✹✮

❙✐♥❝❡ Dr s❛t✐s✜❡s t❤❡ ❜❛❧❧ ❝♦♥❞✐t✐♦♥ ✇✐t❤ R0 ❛♥❞ s✐♥❝❡ R2 < R0✱ ❢♦r
❡✈❡r② r ∈ [0, R2) ❛♥❞ z ∈ ∂Dr t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♣♦✐♥t xz ∈ ∂DR2 ✱ ❢♦r
✇❤✐❝❤

δDr(xz) = |z − xz| = R2 − r.

▲❡♠♠❛ ✷✳✸✳✺ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c < 1 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ D ❛♥❞ b✱
s✉❝❤ t❤❛t ❢♦r ❛❧❧ r ∈ [0, R3]✱ z ∈ ∂Dr ❛♥❞ x ∈ B(xz, (R2 − r)/2) ✇❡ ❤❛✈❡
P

x
z,r (τUr < τDr) ≤ c✳

Pr♦♦❢ ▲❡t r ∈ [0, R3]✱ z ∈ ∂Dr ❛♥❞ ❞❡♥♦t❡ Bz,r = B(z,R1 − r) ∩ Dr✳ ❇②
▲❡♠♠❛ ✷✳✸✳✸✱ Bz,r ⊂ Ur✳ ❇② ✭✷✳✶✷✮✱ ❢♦r ❡✈❡r② x ∈ B(xz, (R2 − r)/2) ⊂ Bz,r

✇❡ ❤❛✈❡
P

x
z,r (τUr < τDr) ≤ P

x
z,r

(
τBz,r < τDr

)

=
1

Kr(x, z)
E

x
[
Kr(WτBz,r

, z); τBz,r < τDr

]

≤ C2
1 · |x− z|d

δDr(x)
E

x

[
δDr(WτBz,r

)

|WτBz,r
− z|d ; τBz,r < τDr

]
.

❙✐♥❝❡ 2R2 < R1✱ t❤❡ ❧❛st t❡r♠ ✐s ❧❡ss t❤❛♥

C2
1 · 2(2(R2 − r))d

R2 − r
· R1 − r

(R1 − r)d
= C2

12d+1 ·
(
R2 − r

R1 − r

)d−1

≤ C2
12d+1 ·

(
R2

R1

)d−1

< 1,

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✸✳✸✱ t♦♦✳
✷

✸✼



▲❡♠♠❛ ✷✳✸✳✻ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c = c(b,D)✱ s✉❝❤ t❤❛t ❢♦r ❡✈❡r②
r ∈ [0, R3] ✇❡ ❤❛✈❡

inf
(x,z)∈∂DR2

×∂Dr

P
x
z,r (τUr = τDr) ≥ c.

Pr♦♦❢ ▲❡t ρ = R3/12✳ ❙✐♥❝❡ F0 ✐s ❝♦♠♣❛❝t✱ ❜② ❱✐t❛❧✐ ❝♦✈❡r✐♥❣ ❧❡♠♠❛✱ ❢r♦♠
t❤❡ ❢❛♠✐❧② ♦❢ ❜❛❧❧s {B(y, ρ)}y∈F0

✇❡ ♠❛② ❝❤♦♦s❡ ❛ ❞✐s❥♦✐♥t✱ ✜♥✐t❡ s✉❜❝♦✈❡r
{B(yi, ρ)}i∈I ✱ s✉❝❤ t❤❛t F0 ⊂ ⋃i∈I B(yi, 3ρ)✳ ❋✐① r ∈ [0, R3]✱ z ∈ ∂Dr ❛♥❞
x ∈ ∂DR2 ✳ ❈❤♦♦s❡ xz ∈ ∂DR2 ✱ s✉❝❤ t❤❛t

δDr(xz) = |z − xz| = R2 − r.

❙✐♥❝❡ F0 ✐s ❛❧s♦ ❝♦♥♥❡❝t❡❞✱ ✇❡ ♠❛② ❝❤♦♦s❡ ❛ s❡t ♦❢ ❜❛❧❧s

{B(y1, 3ρ), ..., B(ym, 3ρ)} ⊂ {B(yi, 3ρ)}i∈I ,

s✉❝❤ t❤❛t x ∈ B(y1, 3ρ)✱ xz ∈ B(ym, 3ρ) ❛♥❞

B(yk, 3ρ) ∩B(yk+1, 3ρ) 6= ∅

❢♦r ❡✈❡r② k = 1, ...,m− 1✳ ▲❡t

τk = inf {t ≥ 0 : Wt /∈ B(yk, 4ρ)} ,

Tk = inf

{
t ≥ 0 : Wt /∈

k⋃

i=1

B(yi, 4ρ)

}
,

❛♥❞ ❢♦r k = 1, ...,m− 1 s❡t

Ak = B(yk+1, 3ρ) ∩ ∂B(yk, 4ρ).

▲❡t Sk ∈ ∂B(yk, 4ρ) ❜❡ t❤❡ ❝❧♦s❡st ♣♦✐♥t t♦ yk+1✳ ❚❤❡♥ |Sk − yk+1| ≤ 2ρ
❛♥❞

B(Sk, ρ) ∩ ∂B(yk, 4ρ) ⊂ B(yk+1, 3ρ).

❋✉rt❤❡r♠♦r❡✱

σ(Ak) ≥ σ(B(Sk, ρ) ∩ ∂B(yk, 4ρ)) = c1 = c1(ρ, d) > 0,

✇❤❡r❡ σ ✐s t❤❡ ❍❛✉s❞♦r✛ s✉r❢❛❝❡ ♠❡❛s✉r❡ ♦♥ ∂B(yk, 4ρ)✳ ❇② ▲❡♠♠❛ ✷✳✸✳✸✱

m⋃

k=1

B(yk, 8ρ) ⊆ Ur ⊆ Dr,

❛♥❞ ❜② ▲❡♠♠❛ ✷✳✸✳✷ ✭✇✐t❤ 4ρ, 3ρ ✐♥st❡❛❞ ♦❢ ρ, ρ′✮✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t
c2 = c2(D) s✉❝❤ t❤❛t ❢♦r ❡✈❡r② k ∈ {1, ...,m− 1} ❛♥❞ y ∈ B(yk, 3ρ)

P
y
z,r(Wτk

∈ Ak) ≥ c2ρσ(Ak) ≥ c1c2ρ.

✸✽



■♥ ♣❛rt✐❝✉❧❛r✱ P
x
z,r(Wτ1 ∈ A1) ≥ c1c2ρ✱ ❛♥❞ ❜② str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt②✱ ❢♦r

❡✈❡r② k ∈ {2, ...,m− 1} ✇❡ ❤❛✈❡

P
x
z,r(WTk

∈ Ak) = E
x
z,r

[
P

WTk−1
z,r (WTk

∈ Ak)
]
≥

E
x
z,r

[
P

WTk−1
z,r (Wτk

∈ Ak) ;WTk−1
∈ Ak−1

]
≥ c1c2ρP

x
z,r

(
WTk−1

∈ Ak−1

)
.

❍❡♥❝❡❢♦rt❤✱

P
x
z,r(WTm−1 ∈ B(xz, 6ρ)) ≥ P

x
z,r(WTm−1 ∈ B(ym, 3ρ))

≥ P
x
z,r(WTm−1 ∈ Am−1) ≥ (c1c2ρ)

m−1.

❖❜s❡r✈❡✱ t❤❛t
R2 − r

2
≥ R2 −R3

2
≥ R2

4
≥ R3

2
= 6ρ,

s♦ B(xz, 6ρ) ⊆ B(xz, (R2 − r)/2)✳ ❇② ▲❡♠♠❛ ✷✳✸✳✺✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t
c3 < 1 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ D ❛♥❞ b✱ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② y ∈ B(xz, 6ρ) ✇❡
❤❛✈❡

P
y
z,r(τUr = τDr) = 1 − P

y
z,r(τUr < τDr) ≥ 1 − c3.

❍❡♥❝❡✱

P
x
z,r(τUr = τDr) = E

x
z,r

[
P

WTm−1
z,r (τUr = τDr)

]

≥ E
x
z,r

[
P

WTm−1
z,r (τUr = τDr);WTm−1 ∈ B(xz, 6ρ)

]
≥ (1 − c3)(c1c2ρ)

m−1.
✷

▲❡♠♠❛ ✷✳✸✳✼ ❚❤❡r❡ ❡①✐st ❛ ❝♦♥st❛♥t c = c(b,D)✱ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② r ∈
[0, R3]✱ z ∈ ∂Dr ❛♥❞ x ∈ ∂DR2 ✇❡ ❤❛✈❡

c−1 ≤ E
x
z,r [N(τDr); τUr = τDr ] ≤ c.

Pr♦♦❢ ❚❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ❡st✐♠❛t❡ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✸✳✻✱ t❤❡
❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ❛♥❞ ✭✷✳✶✸✮✱ ❡①❛❝t❧② ❛s
✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❬✸✽✱ ▲❡♠♠❛ ✸✳✸❪✳ ❚❤❡ ✉♣♣❡r ❜♦✉♥❞ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠
✭✷✳✶✹✮✳

✷

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✷✳✸✳✶✳ ❇❛s✐❝❛❧❧② ✇❡ ❢♦❧❧♦✇ t❤❡ ♣r♦♦❢
♦❢ ❬✸✽✱ ❚❤❡♦r❡♠ ✸✳✶❪✱ ❜✉t t♦ ❜❡ ❝❧❡❛r ♦♥ t❤❡ ✉♥✐❢♦r♠✐t② ♦❢ t❤❡ ❡st✐♠❛t❡ ✇❡
♣r❡s❡♥t t❤❡ ❞❡t❛✐❧s✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✶
❋✐① r ∈ [0, R3]✳ ❉❡✜♥❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s ❛s ❢♦❧❧♦✇s ✿

T0 = 0, T2n−1 = T2n−2 + τDR2
◦ θT2n−2 ,

T2n = T2n−1 + τUr ◦ θT2n−1 ; n ≥ 1.

✸✾



❙✐♥❝❡ P
x
z,r(τDr < ∞) = 1 ❢♦r ❡✈❡r② x ∈ Dr✱ ✇❡ ❤❛✈❡ ❛✳s✳✱ t❤❛t t❤❡r❡ ❡①✐sts

n s✉❝❤ t❤❛t T2n = τDr ✳ ❇② t❤❡ str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt②✱ ❢♦r ❛❧❧ x ∈ Dr ✇❡
♦❜t❛✐♥

E
x
z,rN(τDr) =

∞∑

n=1

E
x
z,r [N(τDr);T2n−2 < τDr , T2n = τDr ]

=
∞∑

n=1

E
x
z,r

{
N(T2n−1)E

WT2n−1
z,r [N(τDr); τUr = τDr ] ;T2n−2 < τDr

}
.

❖♥ {T2n−2 < τDr} ✇❡ ❤❛✈❡ WT2n−1 ∈ ∂DR2 ❀ ❜② ▲❡♠♠❛ ✷✳✸✳✼✱ ❢♦r s♦♠❡
❝♦♥st❛♥t c1 = c1(D, b) ❛♥❞ ❛❧❧ x ∈ Dr ✇❡ ❤❛✈❡

c−1
1

∞∑

n=1

E
x
z,r [N(T2n−1);T2n−2 < τDr ] ≤ E

x
z,rN(τDr)

≤ c1

∞∑

n=1

E
x
z,r [N(T2n−1);T2n−2 < τDr ] .

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ P
x
z,r✱

E
x
z,r [N(T2n−1);T2n−2 < τDr ]

=
1

Kr(x, z)
E

x
r

[
Kr(WT2n−1 , z)N(T2n−1);T2n−2 < τDr

]
.

❙✐♥❝❡ D ✐s ❜♦✉♥❞❡❞ ❛♥❞

dist
(
DR2 , ∂Dr

)
= R2 − r ≥ 2R3 − r ≥ R3,

❜② ✭✷✳✶✷✮ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c2 = c2(D, b)✱ s✉❝❤ t❤❛t

c−1
2 ≤ Kr(y, z)

Kr(x, z)
≤ c2

❢♦r ❛❧❧ x ∈ DR2 ✱ y ∈ ∂DR2 ❛♥❞ z ∈ ∂Dr✳ ❲❡ ✇✐❧❧ ♥♦✇ ❢♦❝✉s ♦♥ x ∈ DR2 ✳
❚❤❡♥ ✇❡ ❝♦♥❝❧✉❞❡

c−1
2 E

x
r [N(T2n−1);T2n−2 < τDr ] ≤ E

x
z,r [N(T2n−1);T2n−2 < τDr ]

≤ c2E
x
r [N(T2n−1);T2n−2 < τDr ] ,

❛♥❞ s♦

(c1c2)
−1

∞∑

n=1

E
x
r [N(T2n−1);T2n−2 < τDr ] ≤ E

x
z,rN(τDr)

✹✵



≤ c1c2

∞∑

n=1

E
x
r [N(T2n−1);T2n−2 < τDr ] .

❚❤✐s ❣✐✈❡s
sup

z∈∂Dr

E
x
z,rN(τDr) ≤ (c1c2)

2 inf
z∈∂Dr

E
x
z,rN(τDr).

❋✉rt❤❡r♠♦r❡✱ ❜② ✭✷✳✶✵✮ ✇❡ ❤❛✈❡

inf
z∈∂Dr

E
x
z,rN(τDr) ≤ 1 ≤ sup

z∈∂Dr

E
x
z,rN(τDr).

❚❤✉s✱ ❢♦r ❡✈❡r② z ∈ ∂Dr ❛♥❞ x ∈ DR2

(c1c2)
−2 ≤ E

x
z,rN(τDr) ≤ (c1c2)

2.

■❢ x ∈ Dr\DR2 ✱ t❤❡♥ x ∈ Ur✳ ❇② t❤❡ str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt②

E
x
z,rN(τDr) = E

x
z,r [N(τUr); τUr = τDr ]

+E
x
z,r

[
N(τUr)E

WτUr
z,r N(τDr); τUr < τDr

]
.

❙✐♥❝❡ WτUr
∈ DR2 ♦♥ {τUr < τDr}✱ ✇❡ ❤❛✈❡

E
x
z,rN(τDr) ≤ E

x
z,r [N(τUr); τUr = τDr ] + (c1c2)

2
E

x
z,r [N(τUr); τUr < τDr ]

≤ (c1c2)
2
E

x
z,rN(τUr) < 2(c1c2)

2,

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✶✹✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

E
x
z,rN(τDr) ≥ E

x
z,r [N(τUr); τUr = τDr ] + (c1c2)

−2
E

x
z,r [N(τUr); τUr < τDr ]

≥ (c1c2)
−2

E
x
z,rN(τUr).

❯s✐♥❣ ❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ✭✷✳✶✸✮ ✇❡ ♦❜t❛✐♥

E
x
z,rN(τDr) ≥ (c1c2)

−2 exp

[
−E

x
z,r

∣∣∣∣M(τUr) −
1

2
〈M〉τUr

∣∣∣∣
]
≥ (c1c2)

−2e−
1
8 ,

❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠ ✐s ❝♦♠♣❧❡t❡✳

✷

❈♦r♦❧❧❛r② ✷✳✸✳✽ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C2 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ D ❛♥❞ b
s✉❝❤ t❤❛t ❢♦r ❛❧❧ r ∈ [0, R3]✱ x ∈ Dr ❛♥❞ z ∈ ∂Dr ✇❡ ❤❛✈❡

C−1
2

δDr(x)

|x− z|d ≤ PL
r (x, z) ≤ C2

δDr(x)

|x− z|d . ✭✷✳✶✺✮

✹✶



Pr♦♦❢ ❚❤✐s ❡st✐♠❛t❡ ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✷✳✹✮✱ ✭✷✳✾✮ ❛♥❞ ❚❤❡♦✲
r❡♠ ✷✳✸✳✶✳

✷

❘❡♠❛r❦ ✷✳✸✳✾ ❚❤❡ ❡st✐♠❛t❡ ✐♥ ❚❤❡♦r❡♠ ✷✳✸✳✶ ❝❛♥ ❛❧s♦ ❜❡ ♣r♦✈❡❞ ❢♦r z ∈
Dr ✉s✐♥❣ s✐♠✐❧❛r t❡❝❤♥✐q✉❡s ❛♥❞ ❢♦❧❧♦✇✐♥❣ t❤❡ ♠❡t❤♦❞s ♦❢ ❈r❛♥st♦♥✱ ❋❛❜❡s
❛♥❞ ❩❤❛♦ ❬✸✼❪ ✭s❡❡ ❛❧s♦ ❬✸✻✱ ❊①t❡♥❞❡❞ ❈♦♥❞✐t✐♦♥❛❧ ●❛✉❣❡ ❚❤❡♦r❡♠❪✮✱ ❜✉t
t❤❡ ♣r♦♦❢ ✐s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ✐♥ t❤✐s ❝❛s❡✳ ❇② ✭✷✳✽✮ ✇❡ t❤❡♥ ♦❜t❛✐♥ t❤❡ s❛♠❡
❡st✐♠❛t❡ ❢♦r t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ GL

r ❛s ❢♦r Gr ✐♥ ✭✷✳✸✮✳ ❚❤✐s r❡s✉❧t ❝❛♥ ❛❧s♦
❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ ❬✼✻❪✱ ✇❤❡r❡ t❤❡ ❛✉t❤♦rs ❤❛✈❡ s❤♦✇♥ t❤❡ ❝♦♠♣❛r❛❜✐❧✐t② ♦❢ t❤❡
●r❡❡♥ ❢✉♥❝t✐♦♥s ♦❢ 1

2
∆ ❛♥❞ 1

2
∆+µ(·) ·∇ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❤❡❛t ❦❡r♥❡❧

❡st✐♠❛t❡s✳ ❍❡r❡ µ ✐s ❛ ✈❡❝t♦r✲✈❛❧✉❡❞ s✐❣♥❡❞ ♠❡❛s✉r❡✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s❧✐❣❤t❧②
♠♦r❡ s✐♥❣✉❧❛r t❤❛♥ t❤❡ ❞r✐❢t ✐♥ ❬✸✽❪ ❛♥❞ ✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✳ ❍♦✇❡✈❡r✱ ♦✉r
❛♣♣r♦❛❝❤ t♦ t❤✐s s✉❜❥❡❝t ✐s ❞✐✛❡r❡♥t ❛♥❞ ♠❛② ❜❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✐♥t❡r❡st✳

✷✳✹ ❍❛r❞② s♣❛❝❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❞❡✜♥❡ t❤❡ L✲❤❛r♠♦♥✐❝ ❍❛r❞② s♣❛❝❡s hp
L(D) ❛♥❞

✇❡ ✇✐❧❧ ♣r♦✈❡ ❚❤❡♦r❡♠ ✷✳✶✳✶✳ ❇②M(∂D) ✇❡ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ✜♥✐t❡ ❝♦♠♣❧❡①
❇♦r❡❧ ♠❡❛s✉r❡s ♦♥ ∂D ❛♥❞ ❢♦r µ ∈ M(∂D) ❧❡t ‖µ‖ ❜❡ t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥
♥♦r♠ ♦❢ µ✳ ❋♦r 1 ≤ p <∞ ❛♥❞ ❛ ❇♦r❡❧ ❢✉♥❝t✐♦♥ f ♦♥ ∂D ❧❡t

‖f‖p =

(∫

∂D

|f(x)|pdσ(x)

) 1
p

,

❛♥❞ ❧❡t ‖f‖∞ ❞❡♥♦t❡ t❤❡ ❡ss❡♥t✐❛❧ s✉♣r❡♠✉♠ ♥♦r♠ ♦♥ ∂D ✇✐t❤ r❡s♣❡❝t t♦
σ✳ ❋♦r f ∈ L1(∂D, σ) ❛♥❞ µ ∈ M(∂D)✱ t❤❡ P♦✐ss♦♥ ✐♥t❡❣r❛❧s ♦❢ f ❛♥❞ µ
❛r❡ ❞❡✜♥❡❞ ❜②

PL[f ](x) =

∫

∂D

PL
0 (x, y)f(y)dσ(y),

PL[µ](x) =

∫

∂D

PL
0 (x, y)dµ(y).

❯s✐♥❣ ✭✷✳✼✮ ❛♥❞ t❤❡ str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt②✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② ♣r♦✈❡ t❤❛t PL[f ]
❛♥❞ PL[µ] ❛r❡ L✲❤❛r♠♦♥✐❝ ♦♥ D✳

❋♦r 1 ≤ p ≤ ∞ ✇❡ ❞❡✜♥❡ t❤❡ ❍❛r❞② s♣❛❝❡ hp
L(D) t♦ ❜❡ t❤❡ ❝❧❛ss ♦❢

❢✉♥❝t✐♦♥s u L✲❤❛r♠♦♥✐❝ ♦♥ D ❢♦r ✇❤✐❝❤

‖u‖hp = sup
0<r<R3

‖u ◦ πr‖p <∞,

✇❤❡r❡ πr ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ❞❡✜♥❡❞ ❛❢t❡r ▲❡♠♠❛ ✷✳✷✳✶ ❛♥❞ R3 ✇❛s ✐♥tr♦❞✉❝❡❞
❛❢t❡r ▲❡♠♠❛ ✷✳✸✳✹✳ ❙✐♥❝❡ σ(∂D) < ∞✱ ✇❡ ❤❛✈❡ hp

L(D) ⊂ h1
L(D) ❢♦r ❛❧❧

p > 1✳ ❲❡ ♥♦t❡ ❛❧s♦ t❤❛t h∞L (D) ❝♦♥s✐sts ♦❢ t❤❡ ❢✉♥❝t✐♦♥s L✲❤❛r♠♦♥✐❝ ❛♥❞
❜♦✉♥❞❡❞ ♦♥ D✱ ❛♥❞

‖u‖h∞ = sup
x∈D

|u(x)|.

✹✷



❋r♦♠ ✭✷✳✻✮ ❛♥❞ ✭✷✳✾✮ ✇❡ ❝♦♥❝❧✉❞❡✱ t❤❛t t❤❡ ▼❛rt✐♥ ❦❡r♥❡❧ ♦❢ L ❢♦r Dr

s❛t✐s✜❡s

KL
r (x, z) =

E
x
z,rN(τDr)

E
x0
z,rN(τDr)

Kr(x, z) =
PL

r (x, z)

PL
r (x0, z)

. ✭✷✳✶✻✮

❆s st❛t❡❞ ✐♥ ❬✸✽❪✱ ❡✈❡r② ♣♦s✐t✐✈❡ L✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ u ♦♥ D ❤❛s t❤❡ ✉♥✐q✉❡
▼❛rt✐♥ r❡♣r❡s❡♥t❛t✐♦♥

u(x) =

∫

∂D

KL
0 (x, y)dµ(y), ✭✷✳✶✼✮

❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ µ ∈ M(∂D)✳ ❍❡♥❝❡ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t u = PL[µ̃]✱
✇❤❡r❡ dµ̃ = dµ/PL

r (x0, ·)✳
❲❡ ✇✐❧❧ ♥♦✇ ❞✐s❝✉ss t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❡rs✐♦♥ ♦❢ t❤❡ r❡❧❛t✐✈❡ ❋❛t♦✉

t❤❡♦r❡♠✳ ■♥ t❤❡ ❝❧❛ss✐❝❛❧ ❝❛s❡✱ t❤✐s t❤❡♦r❡♠ ✇❛s ♣r♦✈❡❞ ✐♥ ❬✹✶❪ ❢♦r ♣♦s✐t✐✈❡
❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦♥ t❤❡ ❜❛❧❧ ✐♥ R

d✱ ❛♥❞ ✐♥ ❬✶✶✼❪ ♦♥ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥s✳
❆♥❛❧♦❣♦✉s r❡s✉❧ts ❢♦r t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ✇❡r❡ ♦❜t❛✐♥❡❞ ✐♥ ❬✶✺❪ ❢♦r C1,1

❞♦♠❛✐♥s ❛♥❞ ❢♦r ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥s ✐♥ ❬✽✾❪✳ ❋♦r ❡❛❝❤ z ∈ ∂D ❛♥❞ α > 0 ✇❡
❞❡✜♥❡ t❤❡ ✧❝♦♥❡✧ ♦❢ ❛♣❡rt✉r❡ α ❛♥❞ ✈❡rt❡① z ❛s

Γα(z) = {x ∈ D : |x− z| < (1 + α)δD(x)} .

❲❡ s❛② t❤❛t ❛ ❢✉♥❝t✐♦♥ u ♦♥ D ❤❛s ❛ ♥♦♥t❛♥❣❡♥t✐❛❧ ❧✐♠✐t l ❛t z ∈ ∂D ✐❢✱
❢♦r ❡✈❡r② α > 0✱ u(x) → l ❛s x→ z ✇✐t❤✐♥ Γα(z)✳

Pr♦♣♦s✐t✐♦♥ ✷✳✹✳✶ ✭❘❡❧❛t✐✈❡ ❋❛t♦✉ t❤❡♦r❡♠✮
▲❡t u✱ v ❜❡ t✇♦ ♣♦s✐t✐✈❡ L✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦♥ D✱ ❛♥❞ ❧❡t µ✱ ν ∈ M(∂D)
❜❡ t❤❡ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡s s✉❝❤ t❤❛t u = PL[µ] ❛♥❞ v = PL[ν]✳ ❚❤❡♥ u/v ❤❛s
❛ ✜♥✐t❡ ♥♦♥t❛♥❣❡♥t✐❛❧ ❧✐♠✐t ❛t ν✲❛❧♠♦st ❡✈❡r② ♣♦✐♥t ♦❢ ∂D✳ ❚❤✐s ❧✐♠✐t ✐s ν✲
❛❧♠♦st ❡✈❡r②✇❤❡r❡ ❡q✉❛❧ t♦ t❤❡ ❘❛❞♦♥✲◆✐❦♦❞②♠ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❛❜s♦❧✉t❡❧②
❝♦♥t✐♥✉♦✉s ❝♦♠♣♦♥❡♥t ♦❢ µ ✇✐t❤ r❡s♣❡❝t t♦ ν✳

Pr♦♦❢ ❋♦❧❧♦✇✐♥❣ ❬✶✶✼❪ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t ❢♦r ❡✈❡r② z ∈ ∂D t❤❡r❡ ✐s
❛ ❝♦♥st❛♥t c1 ❞❡♣❡♥❞✐♥❣ ♦♥ z✱ α ❛♥❞ b✱ s✉❝❤ t❤❛t

lim sup
Γα(z)∋x→z

u(x)

v(x)
≤ c1 lim

ρ→0

µ(∇(z, ρ))

ν(∇(z, ρ))
, ✭✷✳✶✽✮

✇❤❡r❡ ∇(z, ρ) = ∂D ∩ B(z, ρ)✳ ❉❡♥♦t❡ u′(x) =
∫

∂D
P0(x, z)dµ(z)✱ v′(x) =∫

∂D
P0(x, z)dν(z)✱ ✇❤❡r❡ P0(x, z) ✐s t❤❡ P♦✐ss♦♥ ❦❡r♥❡❧ ♦❢ 1

2
∆ ❢♦r D✳ ❚❤❡♥

❜② ✭✷✳✶✶✮ ✇❡ ❤❛✈❡

c−1
2

u′(x)

v′(x)
≤ u(x)

v(x)
≤ c2

u′(x)

v′(x)
,

✇❤❡r❡ c2 ❞❡♣❡♥❞s ♦♥❧② ♦♥ D ❛♥❞ b✳ ❆s st❛t❡❞ ✐♥ ❬✶✶✼❪✱ t❤❡ ✐♥❡q✉❛❧✐t② ✭✷✳✶✽✮
❤♦❧❞s ✇✐t❤ u′/v′ ✐♥st❡❛❞ ♦❢ u/v✱ ❛♥❞ t❤✉s t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s ♣r♦✈❡❞✳

✷

✹✸



❆s ✇❡ ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥✱ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✶
✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♠❡t❤♦❞s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✾✵❪✳ ❲❡ st❛rt ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣
❡st✐♠❛t❡ ♦❢ t❤❡ P♦✐ss♦♥ ❦❡r♥❡❧✳

▲❡♠♠❛ ✷✳✹✳✷ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c = c(D, b) s✉❝❤ t❤❛t ❢♦r ❛❧❧ r ∈
(0, R3]✱ s ∈ [0, r) ❛♥❞ z, w ∈ ∂Ds ✇❡ ❤❛✈❡

c−1PL
s (πs,r(w), z) ≤ PL

s (πs,r(z), w) ≤ cPL
s (πs,r(w), z).

Pr♦♦❢ ❇② ✭✷✳✶✺✮✱ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t

c−1 ≤ |πs,r(z) − w|
|πs,r(w) − z| ≤ c.

❙✐♥❝❡ ❢♦r ❡✈❡r② r ∈ [0, R3]✱ Dr s❛t✐s✜❡s t❤❡ ❜❛❧❧ ❝♦♥❞✐t✐♦♥ ✇✐t❤ t❤❡ s❛♠❡
❝♦♥st❛♥t R0 ✭▲❡♠♠❛ ✷✳✷✳✶✮✱ t❤❡ ♣r♦♦❢ ✐s t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♥❛❧♦❣♦✉s
❡st✐♠❛t❡ ♦❢ t❤❡ ▼❛rt✐♥ ❦❡r♥❡❧ ✐♥ ❬✾✵✱ ▲❡♠♠❛ ✻❪✳

✷

▲❡♠♠❛ ✷✳✹✳✸ ▲❡t u = PL[µ] ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ µ ∈ M(∂D)✳ ❚❤❡r❡ ❡①✐sts
❛ ❝♦♥st❛♥t c = c(D, b) s✉❝❤ t❤❛t ❢♦r ❛❧❧ r, s ∈ (0, R3] ✇❡ ❤❛✈❡

c−1‖u ◦ πr‖1 ≤ ‖µ‖ ≤ c‖u ◦ πs‖1.

Pr♦♦❢ ❇② ▲❡♠♠❛ ✷✳✹✳✷✱ ❢♦r r ∈ (0, R3] ✇❡ ❤❛✈❡

‖u ◦ πr‖1 =

∫

∂D

∫

∂D

PL
0 (πr(x), y)dµ(y)dσ(x)

≤ c

∫

∂D

∫

∂D

PL
0 (πr(y), x)dσ(x)dµ(y) = c‖µ‖.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

‖u ◦ πs‖1 ≥ c−1

∫

∂D

∫

∂D

PL
0 (πs(y), x)dσ(x)dµ(y) = c−1‖µ‖,

❢♦r ❛♥② s ∈ (0, R3]✳ ✷

▲❡t u ❜❡ L✲❤❛r♠♦♥✐❝ ♦♥ D✳ ❋♦r r ∈ (0, R3] ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❢✉♥❝t✐♦♥s

ur(x) =

{∫
∂Dr

PL
r (x, y)|u(y)|dσr(y), x ∈ Dr,

|u(x)|, x ∈ D\Dr.

■t ✐s ❝❧❡❛r t❤❛t ur ❛r❡ ♥♦♥♥❡❣❛t✐✈❡ ♦♥ D ❛♥❞ L✲❤❛r♠♦♥✐❝ ♦♥ Dr✳ ❋♦r ❡✈❡r②
x ∈ D ❛♥❞ r ✇❡ ❤❛✈❡ |u(x)| ≤ ur(x)✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ s ∈ (0, r) ❛♥❞ x ∈ Dr✱
t❤❡♥

ur(x) =

∫

∂Dr

PL
r (x, y)|u(y)|dσr(y)

✹✹



≤
∫

∂Dr

PL
r (x, y)

(∫

∂Ds

PL
s (y, z)|u(z)|dσs(z)

)
dσr(y)

=

∫

∂Ds

PL
s (x, z)|u(z)|dσs(z) = us(x).

❍❡♥❝❡✱ t❤❡r❡ ❡①✐sts
u∗(x) = lim

rց0
ur(x),

❛♥❞ |u(x)| ≤ u∗(x) ❢♦r ❡✈❡r② x ∈ D✳ ■❢ u∗ ✐s ✜♥✐t❡✱ t❤❡♥ ♠♦♥♦t♦♥❡ ❝♦♥✈❡r✲
❣❡♥❝❡ ✐♠♣❧✐❡s t❤❛t ✐t ✐s L✲❤❛r♠♦♥✐❝ ♦♥ D✳

▲❡♠♠❛ ✷✳✹✳✹ ▲❡t u ❜❡ L✲❤❛r♠♦♥✐❝ ♦♥ D✳ ❚❤❡♥ u = PL[µ] ❢♦r s♦♠❡ µ ∈
M(∂D) ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ L✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ v ♦♥ D
s✉❝❤ t❤❛t |u| ≤ v✳ ■♥ ❢❛❝t✱ ✐❢ u = PL[µ]✱ t❤❡♥ u∗ = PL[|µ|]✳
Pr♦♦❢ ❯s✐♥❣ ✭✷✳✼✮✱ ✭✷✳✶✻✮✱ ✭✷✳✶✼✮ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✹✳✶ ✇❡ ❢♦❧❧♦✇ t❤❡ ♣r♦♦❢
♦❢ ❛♥❛❧♦❣♦✉s ♣r♦♣❡rt✐❡s ✐♥ ❬✾✵✱ ▲❡♠♠❛ ✶ ❛♥❞ ❚❤❡♦r❡♠ ✶❪✱ ✇❤✐❝❤ ❝♦♥s✐sts ✐♥
❝♦♥s✐❞❡r✐♥❣ u∗ − u ≥ 0✳

✷

❆ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✷✳✹✳✹ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡❛❦❡r ✈❡rs✐♦♥ ♦❢ ❚❤❡♦✲
r❡♠ ✷✳✶✳✶✳

▲❡♠♠❛ ✷✳✹✳✺ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳

✶✳ u ∈ h1
L(D)✳

✷✳ u∗(x) = limrց0 ur(x) ✐s ✜♥✐t❡ ❢♦r ❡✈❡r② x✳

✸✳ u = PL[µ] ❢♦r s♦♠❡ µ ∈ M(∂D)✳

Pr♦♦❢ 1 .⇒ 2 .
■❢ u ∈ h1

L(D) t❤❡♥ ❜② t❤❡ ❡st✐♠❛t❡ ✭✷✳✶✺✮ ❛♥❞ ▲❡♠♠❛ ✷✳✷✳✷ ✇❡ ❤❛✈❡

u∗(x) = lim
rց0

ur(x) = lim
rց0

∫

∂Dr

PL
r (x, y)|u(y)|dσr(y)

≤ lim sup
rց0

∫

∂Dr

C2
δDr(x)

|x− y|d |u(y)|dσr(y) ≤
C2c

(δD(x))d−1
‖u‖h1 ,

✇❤❡r❡ t❤❡ ❝♦♥st❛♥t c ❞❡♣❡♥❞s ♦♥❧② ♦♥ D✳
2 .⇒ 3 .
■❢ u∗ ✐s ✜♥✐t❡✱ t❤❡♥ ✐t ✐s L✲❤❛r♠♦♥✐❝ ❛♥❞ ♣♦s✐t✐✈❡ ♦♥ D ✭♦r u ≡ 0)✳ ❙✐♥❝❡
|u(x)| ≤ u∗(x) ♦♥ D✱ u = PL[µ] ❜② ▲❡♠♠❛ ✷✳✹✳✹✱ ❢♦r s♦♠❡ µ ∈ M(∂D)✳
3 .⇒ 1 .
■❢ u = PL[µ]✱ t❤❡♥ ❜② ▲❡♠♠❛ ✷✳✹✳✹✱ u∗ = PL[|µ|]✳ ❋r♦♠ ▲❡♠♠❛ ✷✳✹✳✸ ✐t
❢♦❧❧♦✇s✱ t❤❛t u∗ ∈ h1

L(D)✱ ❛♥❞ t❤✉s u ∈ h1
L(D)✳

✷

✹✺



▲❡♠♠❛ ✷✳✹✳✻ ■❢ u ∈ h1
L(D)✱ t❤❡♥ u∗ ∈ h1

L(D)✳ ■♥ ❢❛❝t✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t
c = c(b,D) s✉❝❤ t❤❛t

‖u∗‖h1 ≤ c lim sup
rց0

∫

∂D

|u(πr(y))|dσ(y).

Pr♦♦❢ ❇② t❤❡ ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱ ❢♦r r ∈ (0, R3] ✇❡ ❤❛✈❡

‖u∗ ◦ πr‖1 =

∫

∂D

u∗(πr(x))dσ(x)

=

∫

∂D

lim
sց0

us(πr(x))dσ(x) = lim
sց0

∫

∂D

us(πr(x))dσ(x).

❇② ✭✷✳✶✮ ✇❡ ❤❛✈❡

‖u∗ ◦ πr‖1 = lim
sց0

∫

∂D

(∫

∂Ds

PL
s (πr(x), y)|u(y)|dσs(y)

)
dσ(x)

= lim
sց0

∫

∂Ds

(∫

∂D

PL
s (πs,r(πs(x)), y)dσ(x)

)
|u(y)|dσs(y).

❇② ▲❡♠♠❛ ✷✳✹✳✷✱ ❢♦r ❛ ❝♦♥st❛♥t c1 = c1(b,D)✱ t❤❡ ❧❛st t❡r♠ ✐s ❧❡ss t❤❛♥

c1 lim sup
sց0

∫

∂Ds

(∫

∂D

PL
s (πs,r(y), πs(x))dσ(x)

)
|u(y)|dσs(y)

≤ c1c2 lim sup
sց0

∫

∂Ds

(∫

∂Ds

PL
s (πs,r(y), z)dσs(z)

)
|u(y)|dσs(y)

= c1c2 lim sup
sց0

∫

∂Ds

|u(y)|dσs(y) ≤ c1c
2
2 lim sup

sց0

∫

∂D

|u(πs(y))|dσ(y),

✇❤❡r❡ t❤❡ ❝♦♥st❛♥t c2✱ ❜② ▲❡♠♠❛ ✷✳✷✳✷✱ ❞❡♣❡♥❞s ♦♥❧② ♦♥ D✳
✷

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✶
❇② ▲❡♠♠❛ ✷✳✹✳✺✱ ✐❢ u ∈ h1

L(D) t❤❡♥ u = PL[µ] ❢♦r s♦♠❡ µ ∈ M(∂D) ❛♥❞✱
❜② ▲❡♠♠❛ ✷✳✹✳✹✱ u∗ = PL[|µ|]✳ ▲❡♠♠❛ ✷✳✹✳✸ ❛♥❞ ✷✳✹✳✻ ❣✐✈❡

‖µ‖ ≤ c1‖u∗‖h1 ≤ c1c2‖u‖h1 ≤ c1c2‖u∗‖h1 ≤ c21c2‖µ‖.

❚❤✐s ♣r♦✈❡s t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ t❤❡♦r❡♠✳
◆♦✇ ❧❡t p > 1✳ ■❢ u = PL[f ] ❢♦r s♦♠❡ f ∈ Lp(∂D, σ)✱ t❤❡♥ ❜② ❏❡♥s❡♥✬s

✐♥❡q✉❛❧✐t②✱ ❢♦r p <∞ ✇❡ ❤❛✈❡

|u(x)|p ≤
∫

∂D

PL
0 (x, y)|f(y)|pdσ(y) = PL [|f |p] (x).

✹✻



❇② ▲❡♠♠❛ ✷✳✹✳✸ ✇❡ ♦❜t❛✐♥

‖u‖p
hp ≤ ‖PL [|f |p] ‖h1 ≤ c1‖f‖p

p.

■❢ u = PL[f ] ❢♦r s♦♠❡ f ∈ L∞(∂D, σ)✱ t❤❡♥

|u| ≤ PL[|f |] ≤ ‖f‖∞,

❛♥❞ t❤✉s ‖u‖h∞ ≤ ‖f‖∞✳
❈♦♥✈❡rs❡❧②✱ s✉♣♣♦s❡ t❤❛t u ∈ hp

L(D)✳ ❚❤❡♥ u ∈ h1
L(D) ❛♥❞ u = PL[µ]

❢♦r s♦♠❡ µ ∈ M(∂D)✳ ❲❡ ♠❛② ❞❡❝♦♠♣♦s❡ µ ✐♥t♦ dµ = fdσ + dµs✱ ✇❤❡r❡
µs ✐s s✐♥❣✉❧❛r ✇✐t❤ r❡s♣❡❝t t♦ σ✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✹✳✶✱ ❢♦r σ✲❛❧♠♦st ❡✈❡r②
z ∈ ∂D✱ limr→0 u(πr(z)) = f(z)✳ ❇② ❋❛t♦✉ ❧❡♠♠❛✱ ❢♦r p <∞

∫

∂D

|f(z)|pdσ(z) ≤ lim inf
r→0

∫

∂D

|u(πr(z))|pdσ(z) ≤ ‖u‖p
hp .

■❢ p = ∞✱ t❤❡♥ ❢♦r σ✲❛❧♠♦st ❡✈❡r② z ∈ ∂D

|f(z)| = lim
r→0

|u(πr(z))| ≤ lim sup
r→0

‖u ◦ πr‖∞ ≤ ‖u‖h∞ .

❚❤❡r❡❢♦r❡ f ∈ Lp(∂D, σ) ❛♥❞ PL[f ] ∈ hp
L(D)✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❛❧s♦ v =

PL[µs] ∈ hp
L(D)✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t ‖µs‖ = 0✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ v ∈ hp

L(D) ❢♦r
p > 1 ✐♠♣❧✐❡s✱ t❤❛t t❤❡ ❢❛♠✐❧② v(πr(·))✱ r > 0 ✐s ✉♥✐❢♦r♠❧② ✐♥t❡❣r❛❜❧❡✳ ❇②
Pr♦♣♦s✐t✐♦♥ ✷✳✹✳✶✱ limr→0 v(πr(z)) = 0 σ✲❛✳❡✳ ♦♥ ∂D✱ ❛♥❞ ❤❡♥❝❡

lim
r→0

∫

∂D

|v(πr(z))|dσ(z) = 0.

❋✐♥❛❧❧②✱ ❜② ▲❡♠♠❛ ✷✳✹✳✸✱ ▲❡♠♠❛ ✷✳✹✳✹ ❛♥❞ ▲❡♠♠❛ ✷✳✹✳✻ ✇❡ ❤❛✈❡

‖µs‖ ≤ c1‖v∗‖h1 ≤ c2 lim sup
r→0

∫

∂D

|v(πr(z))|dσ(z) = 0,

s♦ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳
✷

✷✳✺ ❙❝❤rö❞✐♥❣❡r ♦♣❡r❛t♦rs

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❡①t❡♥❞ t❤❡ hp✲t❤❡♦r② t♦ t❤❡ q✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✱
✇❤❡r❡ q ∈ K2

d(D)✱ ✐✳❡✳✱ |q| ✐s ✉♥✐❢♦r♠❧② ✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡❛✲
s✉r❡s µ(x, dy) = |x − y|2−ddy✱ x ∈ D✳ ❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ✇❡
♦♥❧② ❝♦♥s✐❞❡r d ≥ 3✳ ❲❡ ✇✐❧❧ s❛② t❤❛t ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ u ♦♥ D ✐s
q✲❤❛r♠♦♥✐❝ ♦♥ D ✐❢ 1

2
∆u + qu ≡ 0 ✐♥ t❤❡ ✇❡❛❦ s❡♥s❡✳ ❋♦r st❛♥❞❛r❞ ♣r♦✲

♣❡rt✐❡s ♦❢ q✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s s❡❡ ❬✸✻❪ ❛♥❞ ❬✸✼❪✳ ▲❡t✱ ❛s ❜❡❢♦r❡✱ Wt ❜❡ t❤❡
❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❦✐❧❧❡❞ ♦♥ ❡①✐t✐♥❣ Dr✱ ✇❤❡r❡ r ∈ [0, R0] ❛♥❞ R0 ✐s ❞❡✜♥❡❞

✹✼



❛❢t❡r ▲❡♠♠❛ ✷✳✷✳✸✳ ❋♦r t ≥ 0 ❧❡t eq(t) = exp
{∫ t

0
q(Ws)ds

}
✳ ❚❤❡ ❣❛✉❣❡ ❛♥❞

❝♦♥❞✐t✐♦♥❛❧ ❣❛✉❣❡ ❢♦r Dr ❛r❡ ❞❡✜♥❡❞✱ r❡s♣❡❝t✐✈❡❧②✱ ❛s

gr(x) = E
x
req(τDr), x ∈ Dr,

gr(x, z) = E
x
z,req(τDr), x ∈ Dr, z ∈ ∂Dr.

❋✐① r ∈ [0, R0]✳ ❙✉♣♣♦s❡ t❤❛t gr(x0, z0) <∞ ❢♦r s♦♠❡ (x0, z0) ∈ Dr × ∂Dr✱
♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ t❤❛t (Dr, q) ✐s ❣❛✉❣❡❛❜❧❡ ✭✐✳❡✳ gr(x) ✐s ❜♦✉♥❞❡❞ ✐♥ Dr✱ s❡❡
❬✸✻❪✮✳ ❚❤❡♥ ❜② t❤❡ ❈♦♥❞✐t✐♦♥❛❧ ●❛✉❣❡ ❚❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c
❞❡♣❡♥❞✐♥❣ ♦♥ Dr ❛♥❞ q s✉❝❤ t❤❛t

c−1 ≤ gr(x, z) ≤ c.

❇② t❤❡ ❋❡②♥♠❛♥✲❑❛❝ ❢♦r♠✉❧❛✱ t❤❡ q✲P♦✐ss♦♥ ❦❡r♥❡❧ ❢♦r Dr ✐s ❣✐✈❡♥ ❜②

P q
r (x, z) = gr(x, z)Pr(x, z), x ∈ Dr, z ∈ ∂Dr. ✭✷✳✶✾✮

❚❤❡ ♠❛✐♥ t♦♦❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♥✐❢♦r♠ ✈❡rs✐♦♥ ♦❢ t❤❡ ❈♦♥❞✐✲
t✐♦♥❛❧ ●❛✉❣❡ ❚❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✷✳✺✳✶ ❙✉♣♣♦s❡ t❤❛t (D, q) ✐s ❣❛✉❣❡❛❜❧❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts
c, r0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ D ❛♥❞ q s✉❝❤ t❤❛t ❢♦r ❛❧❧ r ∈ [0, r0]✱ x ∈ Dr ❛♥❞
z ∈ ∂Dr ✇❡ ❤❛✈❡

c−1 ≤ gr(x, z) ≤ c.

Pr♦♦❢ ❊①❛❝t❧② ❛s ✐♥ ❬✸✻✱ ▲❡♠♠❛ ✼✳✶❪ ✐t ❢♦❧❧♦✇s t❤❛t ❢♦r ❛♥② ♦♣❡♥ s✉❜s❡t Cr

♦❢ Dr ❛♥❞ ❡✈❡r② (x, z) ∈ Dr × ∂Dr ✇❡ ❤❛✈❡

E
x
z,r

∫ τCr

0

|q(Ws)| ds =

∫

Cr

Gr(x, y)|q(y)|Kr(y, z)

Kr(x, z)
dy.

■♥✈♦❦✐♥❣ ❛ss✉♠♣t✐♦♥s ♦♥ q ❛♥❞ ✉s✐♥❣ ▲❡♠♠❛ ✷✳✷✳✹ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡r❡
❡①✐sts δ = δ(q,D) > 0 s✉❝❤ t❤❛t✱ ✐❢ m(Cr) < δ t❤❡♥

sup
(x,z)∈Dr×∂Dr

E
x
z,r

∫ τCr

0

|q(Ws)| ds <
1

2
✭✷✳✷✵✮

❢♦r ❡✈❡r② r ∈ [0, R0]✳ ❇② ❑❤❛s✬♠✐♥s❦✐✐✬s ❧❡♠♠❛ ✭❬✸✻✱ ▲❡♠♠❛ ✸✳✼❪✮ ✇❡ ❤❛✈❡

sup
(x,z)∈Dr×∂Dr

E
x
z,re|q|(τCr) < 2. ✭✷✳✷✶✮

▲❡t r1, r2, r3 ❜❡ t❤❡ ❝♦♥st❛♥ts ❛♥❞ F0, Ur t❤❡ s❡ts ❢r♦♠ ▲❡♠♠❛ ✷✳✸✳✸ ❢♦r
❣✐✈❡♥ δ✳ ❚❤❡♥ ❢♦r ❡✈❡r② r ∈ [0, r3] ✇❡ ❤❛✈❡ ∂Dr ⊂ ∂Ur✱ m(Ur) < δ✱ ❛♥❞
✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ ▲❡♠♠❛ ✷✳✸✳✻ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t
c1 = c1(D, q) s✉❝❤ t❤❛t ❢♦r ❡✈❡r② r ∈ [0, r3]

inf
(x,z)∈∂Dr2×∂Dr

P
x
z,r (τUr = τDr) ≥ c1.

✹✽



❈♦♥s❡q✉❡♥t❧②✱ ✐♥ t❤❡ s❛♠❡ ♠❛♥♥❡r ❛s ✐♥ ▲❡♠♠❛ ✷✳✸✳✼ ✭✉s✐♥❣ ✭✷✳✷✵✮✱ ✭✷✳✷✶✮
✐♥st❡❛❞ ♦❢ ✭✷✳✶✸✮✱ ✭✷✳✶✹✮✮ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡r❡ ✐s c2 = c2(D, q) s✉❝❤ t❤❛t
❢♦r ❡✈❡r② r ∈ [0, r3]✱ z ∈ ∂Dr ❛♥❞ x ∈ ∂Dr2 ✇❡ ❤❛✈❡

c−1
2 ≤ E

x
z,r [eq(τDr); τUr = τDr ] ≤ c2,

❛♥❞ ❢♦❧❧♦✇✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✶ ✇❡ ♦❜t❛✐♥

sup
z∈∂Dr

gr(x, z) ≤ c3 inf
z∈∂Dr

gr(x, z)

❢♦r ❡✈❡r② r ∈ [0, r3] ❛♥❞ x ∈ Dr2 ✱ ✇❤❡r❡ c3 = c3(D, q)✳ ❇② ❬✸✻✱ Pr♦♣♦s✐t✐♦♥
✺✳✶✷❪ ✇❡ ❤❛✈❡

gr(x) =

∫

∂Dr

gr(x, z)Pr(x, z)dσr(z)

❛♥❞ s♦
inf

z∈∂Dr

gr(x, z) ≤ gr(x) ≤ sup
z∈∂Dr

gr(x, z).

❙✐♥❝❡ (D, q) ✐s ❣❛✉❣❡❛❜❧❡✱ ❜② t❤❡ ❈♦♥❞✐t✐♦♥❛❧ ●❛✉❣❡ ❚❤❡♦r❡♠

c−1
4 ≤ g0(x) ≤ c4,

✇❤❡r❡ c4 = c4(D, q)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② t❤❡ str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt②

g0(x) = E
x
0eq(τD) = E

x
0

[
eq(τDr)g0(WτDr

)
]
.

❍❡♥❝❡
c−1
4 gr(x) ≤ g0(x) ≤ c4gr(x),

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t
c−2
4 ≤ gr(x) ≤ c24,

❢♦r ❡✈❡r② r ∈ [0, R0] ❛♥❞ x ∈ Dr✳ ❚❤❡r❡❢♦r❡

1

c3c24
≤ gr(x, z) ≤ c3c

2
4,

❢♦r ❡✈❡r② r ∈ [0, r3] ❛♥❞ (x, z) ∈ Dr2 × ∂Dr✳ ❋♦r x ∈ D \Dr2 ✇❡ ❢♦❧❧♦✇ t❤❡
♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✶✱ r❡♣❧❛❝✐♥❣ N(τDr) ✇✐t❤ eq(τDr)✳

✷

❆♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✷✳✹✮✱ ✭✷✳✶✾✮ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✺✳✶ ✐s t❤❡ ❢♦❧❧♦✲
✇✐♥❣ ❡st✐♠❛t❡✳

❈♦r♦❧❧❛r② ✷✳✺✳✷ ❙✉♣♣♦s❡ t❤❛t (D, q) ✐s ❣❛✉❣❡❛❜❧❡✳ ❚❤❡r❡ ❡①✐st ❝♦♥st❛♥ts
c, r0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ D ❛♥❞ q s✉❝❤ t❤❛t ❢♦r ❛❧❧ r ∈ [0, r0]✱ x ∈ Dr ❛♥❞
z ∈ ∂Dr ✇❡ ❤❛✈❡

c−1 δDr(x)

|x− z|d ≤ P q
r (x, z) ≤ c

δDr(x)

|x− z|d .

✹✾



■♥ ❛ s✐♠✐❧❛r ✇❛② ❛s ✐♥ s❡❝t✐♦♥ ✹ ✇❡ ❞❡✜♥❡ ♥♦✇ t❤❡ q✲❤❛r♠♦♥✐❝ ❍❛r❞② s♣❛❝❡s
hp

q(D)✳ ❯s✐♥❣ t❤❡ ❜❛s✐❝ ❢❛❝ts s❤♦✇❡❞ ✐♥ ❬✸✻❪ ❛♥❞ ❬✸✼❪ ❢♦r q✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s
❛♥❞ t❤❡ ♠❡t❤♦❞s ❢r♦♠ s❡❝t✐♦♥ ✹ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✱ ✇❤✐❝❤ ✐s
t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥✳

❚❤❡♦r❡♠ ✷✳✺✳✸ ❙✉♣♣♦s❡ t❤❛t (D, q) ✐s ❣❛✉❣❡❛❜❧❡ ❛♥❞ ❧❡t u ❜❡ q✲❤❛r♠♦♥✐❝
♦♥ D✳ ❚❤❡♥

✶✳ u ∈ h1
q(D) ✐❢ ❛♥❞ ♦♥❧② ✐❢ u = Pq[µ] ✇✐t❤ ❛ ✉♥✐q✉❡ µ ∈ M(∂D)✳

❋✉rt❤❡r♠♦r❡✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c1 ❞❡♣❡♥❞✐♥❣ ♦♥ D ❛♥❞ q s✉❝❤
t❤❛t✱ ❢♦r ❡✈❡r② µ ∈ M(∂D)

c−1
1 ‖µ‖ ≤ ‖Pq[µ]‖h1 ≤ c1‖µ‖.

✷✳ u ∈ hp
q(D) ❢♦r ❛ ❣✐✈❡♥ p ∈ (1,∞] ✐❢ ❛♥❞ ♦♥❧② ✐❢ u = Pq[f ] ✇✐t❤ ❛ ✉♥✐q✉❡

f ∈ Lp(∂D, σ)✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c2 ❞❡♣❡♥❞✐♥❣ ♦♥
D ❛♥❞ q s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② f ∈ Lp(∂D, σ)

c−1
2 ‖f‖p ≤ ‖Pq[f ]‖hp ≤ c2‖f‖p.

❘❡♠❛r❦ ✷✳✺✳✹ ▲❡t M = L − µ✱ ✇❤❡r❡ µ ∈ K loc
d (D) ✐s ❛ s✐❣♥❡❞ ❇♦r❡❧

♠❡❛s✉r❡ ❛♥❞ ❢♦r r s✉✣❝✐❡♥t❧② s♠❛❧❧ ❧❡t E
x
z,reµ(τDr) ❜❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❣❛✉❣❡

❢♦r Dr ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ L✲❞✐✛✉s✐♦♥ W̃t ✭s❡❡ ❬✸✵❪✮✳ ❙✉♣♣♦s❡ t❤❛t ❢♦r s♦♠❡
(x0, z0) ∈ Dr×∂Dr ✇❡ ❤❛✈❡ E

x0
z0,reµ(τDr) <∞✳ ❚❤❡♥ ❜② ❬✸✽✱ ❚❤❡♦r❡♠ ✸✳✶✺❪✱

PM
r (x, z) = E

x
z,reµ(τDr)P

L
r (x, z), x ∈ Dr, z ∈ ∂Dr,

✇❤❡r❡ PM
r (x, dz) ✐s t❤❡ P♦✐ss♦♥ ❦❡r♥❡❧ ♦❢ M ❢♦r Dr✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡r❡

❡①✐sts ❛ ❝♦♥st❛♥t c ❞❡♣❡♥❞✐♥❣ ♦♥ Dr✱ b ❛♥❞ µ s✉❝❤ t❤❛t

c−1 ≤ E
x
z,reµ(τDr) ≤ c.

❯s✐♥❣ s✐♠✐❧❛r ♠❡t❤♦❞s ❛s ✐♥ s❡❝t✐♦♥s ✸ ❛♥❞ ✺ ✇❡ ♣r♦✈❡ t❤❛t c ❞♦❡s ♥♦t ❞❡♣❡♥❞
♦♥ s♠❛❧❧ r✱ ✐❢ (D,µ) ✐s ❣❛✉❣❡❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ W̃t ✭s❡❡ ❬✸✵❪✮ ❀ ❤♦✇❡✈❡r✱
✐♥ t❤✐s ❝❛s❡ ✇❡ ♥❡❡❞ ❛❧s♦ t❤❡ ✉♥✐❢♦r♠ ❡st✐♠❛t❡ ♦❢ t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥s GL

r

✭s❡❡ ❘❡♠❛r❦ ✷✳✸✳✾✮✳ ■♥ ✈✐❡✇ ♦❢ ❬✸✽✱ ❚❤❡♦r❡♠ ✸✳✶✺❪✱ ✐♥ ❛ s✐♠✐❧❛r ✇❛② ❛s
✐♥ s❡❝t✐♦♥ ✹ ♦♥❡ ♦❜t❛✐♥s ❛♥❛❧♦❣♦✉s ♣r♦♣❡rt✐❡s ♦❢ t❤❡ M✲❤❛r♠♦♥✐❝ ❍❛r❞②
s♣❛❝❡s✳

❘❡♠❛r❦ ✷✳✺✳✺ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ♦♣❡r❛t♦r L + µ · ∇ + ν ✇✐t❤ µ, ν s❛t✐s✲
❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❬✼✼❪✱ ❛♥❞ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡ ❣❛✉❣❡❛❜✐❧✐t②
♦❢ (D, ν)✱ t❤❡ ♦❜t❛✐♥❡❞ ❡st✐♠❛t❡s ❢♦r t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ ❛r❡ t❤❡ s❛♠❡ ❛s
❢♦r t❤❡ ▲❛♣❧❛❝✐❛♥✳ ❆♥❛❧②③✐♥❣ t❤❡ ♣r♦♦❢s ♦♥❡ ❝❛♥ ✈❡r✐❢② t❤❛t t❤❡ ❝♦♠♣❛r✐s♦♥
❝♦♥st❛♥t ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ C1,1✲❝❤❛r❛❝t❡r✐st✐❝s✱ ❞✐❛♠❡t❡r ♦❢ t❤❡ ❞♦♠❛✐♥
❛♥❞ t❤❡ ❑❛t♦ ♥♦r♠s ♦❢ µ ❛♥❞ ν✳ ❇② t❤❡ ❛r❣✉♠❡♥t ❣✐✈❡♥ ✐♥ ❬✹❪ ♦r ❬✸✺❪✱
t❤✐s ✐♠♣❧✐❡s ❛❧s♦ t❤❡ ✉♥✐❢♦r♠ ❡st✐♠❛t❡ ❢♦r t❤❡ ❤❛r♠♦♥✐❝ ♠❡❛s✉r❡✱ s♦ ♦♥❡
❝❛♥ ❡①t❡♥❞ t❤❡ hp✲t❤❡♦r② ✐♥ t❤✐s ❞✐r❡❝t✐♦♥ ❛s ✇❡❧❧✳ ❚❤❡ s❛♠❡ ❝♦♥❝❡r♥s t❤❡
♦♣❡r❛t♦rs ❞✐s❝✉ss❡❞ ✐♥ ❬✻✶❪✱ ❬✻✷❪ ❛♥❞ ❬✶✵✵❪✳

✺✵



❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❚❤✐s r❡s❡❛r❝❤ ✇❛s ♣❛rt❧② s✉♣♣♦rt❡❞ ❜② ❆❣❡♥❝❡ ◆❛t✐♦♥❛❧❡ ❞❡ ❧❛ ❘❡❝❤❡r❝❤❡
❣r❛♥t ❆◆❘✲✵✾✲❇▲❆◆✲✵✵✽✹✲✵✶ ❛♥❞ ❜② ▼◆✐❙❲ ❣r❛♥t ◆ ◆✷✵✶ ✸✼✸✶✸✻✳ ❚❤❡
❛✉t❤♦r ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ P✳ ●r❛❝③②❦✱ ❚✳ ❏❛❦✉❜♦✇s❦✐ ❛♥❞ ❑✳ ❇♦❣❞❛♥ ❢♦r
t❤❡✐r ❤❡❧♣ ✐♥ ♣r❡♣❛r❛t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r✳ ❚❤❛♥❦s ❛r❡ ❛❧s♦ ❞✉❡ t♦ t❤❡ r❡❢❡r❡❡
❢♦r ❛ ❝❛r❡❢✉❧ r❡❛❞✐♥❣ ❛♥❞ ❤❡❧♣❢✉❧ ❝♦♠♠❡♥ts ♦♥ t❤❡ ♠❛♥✉s❝r✐♣t✳

✺✶



❈❤❛♣✐tr❡ ✸

❍❛r❞②✲❙t❡✐♥ t②♣❡ ✐❞❡♥t✐t✐❡s ❢♦r

t❤❡ ▲❛♣❧❛❝✐❛♥ ❛♥❞ t❤❡ ❢r❛❝t✐♦♥❛❧

▲❛♣❧❛❝✐❛♥

✸✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡t D ⊂ R
d ❜❡ ♦♣❡♥ ❛♥❞ ❧❡t x0 ∈ D✳ ❋♦r p > 0 ❛♥❞ 0 < α < 2 ✇❡ ✇✐❧❧

❝♦♥s✐❞❡r t❤❡ ❍❛r❞② s♣❛❝❡ Hp
α(D) ♦❢ t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ∆α/2✱

∆α/2u(x) = lim
η→0+

∫

|y−x|>η

A u(y) − u(x)

|y − x|d+α
dy . ✭✸✳✶✮

❍❡r❡ A = Γ((d + α)/2)/(2−απd/2|Γ(−α/2)|)✳ Hp
α(D) ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳

▲❡t X ❜❡ t❤❡ ✐s♦tr♦♣✐❝ α✲st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ✭❬✶✹❪✮✱ ✐✳❡✳ t❤❡ s②♠♠❡tr✐❝
▲é✈② ♣r♦❝❡ss ♦♥ R

d ✇✐t❤ t❤❡ ▲é✈② ♠❡❛s✉r❡ ν(dy) = A|y|−d−αdy ❛♥❞ ③❡r♦
●❛✉ss✐❛♥ ♣❛rt ✭❬✶✹❪✮✳ ▲❡t E

x ❜❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ❢♦r X st❛rt✐♥❣ ❛t x ∈ R
d✳

❲❡ ❞❡✜♥❡ τD = inf{t ≥ 0 : Xt 6∈ D}✱ t❤❡ ✜rst ❡①✐t t✐♠❡ ♦❢ X ❢r♦♠ D✳ ❆
❇♦r❡❧ ❢✉♥❝t✐♦♥ u : R

d → R ✐s ❝❛❧❧❡❞ α✲❤❛r♠♦♥✐❝ ♦♥ D ✐❢ ❢♦r ❡✈❡r② ♦♣❡♥ U
r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t ✐♥ D ✭❞❡♥♦t❡❞ U ⊂⊂ D✮ ✇❡ ❤❛✈❡

u(x) = E
xu(XτU

) , x ∈ U. ✭✸✳✷✮

❍❡r❡ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❡①♣❡❝t❛t✐♦♥ ✐s ❛❜s♦❧✉t❡❧② ❝♦♥✈❡r❣❡♥t✱ ✐♥ ♣❛rt✐❝✉❧❛r✕
✜♥✐t❡✳ ❊q✉✐✈❛❧❡♥t❧②✱ u ✐s α✕❤❛r♠♦♥✐❝ ♦♥ D ✐❢ u ✐s t✇✐❝❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡✲
r❡♥t✐❛❜❧❡ ♦♥ D✱

∫
Rd |u(y)|(1 + |y|)−d−αdy <∞✱ ❛♥❞

∆α/2u(x) = 0 , x ∈ D . ✭✸✳✸✮

❲❡ r❡❢❡r t♦ ❬✶✸❪ ❛♥❞ ❬✷✵❪ ❢♦r t❤✐s ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❛♥❞ ❛ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥
♦❢ α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✱ ✐♥❝❧✉❞✐♥❣ str✉❝t✉r❡ t❤❡♦r❡♠s ❢♦r ♥♦♥♥❡❣❛t✐✈❡ α✲
❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✱ ❛♥❞ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛s ❢♦r t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥✱ P♦✐ss♦♥

✺✷



❦❡r♥❡❧ ❛♥❞ ▼❛rt✐♥ ❦❡r♥❡❧ ♦❢ ∆α/2 ❢♦r t❤❡ ❜❛❧❧✳ ❲❡ ❛❧s♦ r❡❢❡r t♦ r❡♠❛r❦s
✐♥ ❬✷✷✱ ♣✳ ✶✷✵❪ ❡①♣❧❛✐♥✐♥❣ ✇❤② t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♣r♦♣❡rt② ✭✸✳✷✮ ✐s ♣r❡❢❡rr❡❞
♦✈❡r ❛♥❛❧♦❣✉❡s ♦❢ ✭✸✳✸✮ ❢♦r ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦❢ ♠♦r❡ ❣❡♥❡r❛❧ ▼❛r❦♦✈ ♣r♦✲
❝❡ss❡s✳ ❚❤❡ r❡❛❞❡r ♠❛② ✈❡r✐❢②✱ ✉s✐♥❣ ✭✸✳✷✮ ❛♥❞ t❤❡ str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt②
♦❢ X✱ t❤❛t {u(XτU

)}U⊂⊂D ✐s ❛ ♠❛rt✐♥❣❛❧❡ ♦r❞❡r❡❞ ❜② ✐♥❝❧✉s✐♦♥ ♦❢ s❡ts U ✳
■♥ ♣❛rt✐❝✉❧❛r✱ E

x|u(XτU
)|p ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣ ✐♥ U ✱ ✐❢ p ≥ 1✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✶ ▲❡t 0 < p <∞✳ ❲❡ ✇r✐t❡ u ∈ Hp
α(D)✱ ✐❢ u ✐s α✲❤❛r♠♦♥✐❝

♦♥ D ❛♥❞
‖u‖Hp

α
:= sup

U⊂⊂D
(Ex0|u(XτU

)|p)1/p <∞ . ✭✸✳✹✮

❚❤❡ ✜♥✐t❡♥❡ss ❝♦♥❞✐t✐♦♥ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ x0✱ ❜❡❝❛✉s❡ U ∋
x 7→ E

x|u(XτU
)|p s❛t✐s✜❡s ❍❛r♥❛❝❦ ✐♥❡q✉❛❧✐t② ❢♦r ❛r❜✐tr❛r② ✭❇♦r❡❧✮ ❢✉♥❝t✐♦♥

u ✭❬✷✵❪✮✳ ■❢ p ≤ q✱ t❤❡♥ Hp
α(D) ⊃ Hq

α(D)✳
❲❡ ✇✐❧❧ s❛② t❤❛t ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s f(u) ❛♥❞ g(u) ❛r❡ ❝♦♠♣❛r❛❜❧❡✱

❛♥❞ ✇r✐t❡ f(u) ≍ g(u)✱ ✐❢ ♥✉♠❜❡rs 0 < c ≤ C < ∞ ❡①✐st s✉❝❤ t❤❛t
cf(u) ≤ g(u) ≤ Cf(u) ❢♦r ❡✈❡r② u✳

❚❤❡ r❡❛❞❡r ♠❛② ♥♦t✐❝❡ t❤❛t ✭✸✳✹✮ ✐s ❢❛r ❢r♦♠ ❜❡✐♥❣ ❡①♣❧✐❝✐t ❜❡❝❛✉s❡ ✐t
✐♥✈♦❧✈❡s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ XτU

❢♦r ❛❧❧ U ⊂ D✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❛♥❞ t❤❡
❡①❛❝t ❢♦r♠✉❧❛ ❢♦r ‖u‖Hp

α
❣✐✈❡♥ ✐♥ ✭✸✳✶✽✮ ❜❡❧♦✇ ♠❛② s✐♠♣❧✐❢② t❤❡ ♣❡rs♣❡❝t✐✈❡✳

▲❡t GD(x, y) ❜❡ t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ ♦❢ ∆α/2 ❢♦r t❤❡ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠ ♦♥ D
✭❬✷✵❪✮✳

❚❤❡♦r❡♠ ✸✳✶✳✷ ■❢ 1 < p <∞✱ t❤❡♥ ‖u‖p
Hp

α
✐s ❝♦♠♣❛r❛❜❧❡ ♦♥ Hp

α(D) ✇✐t❤

|u(x0)|p +

∫

D

GD(x0, y)

∫

Rd

[u(z) − u(y)]2
(
|u(z)| ∨ |u(y)|

)p−2

|z − y|d+α
dz dy.

✭✸✳✺✮
■♥ ❢❛❝t✱ u ∈ Hp

α(D) ✐❢ ❛♥❞ ♦♥❧② ✐❢ u ✐s α✲❤❛r♠♦♥✐❝ ✐♥ D ❛♥❞ t❤❡ ✐♥t❡❣r❛❧ ✐s
✜♥✐t❡✳

❇❡❧♦✇ ✇❡ ❛♥❛❧♦❣♦✉s❧② ❞❡❝r✐❜❡ ❍❛r❞② s♣❛❝❡s Hp
h = Hp

h(D,α) r❡❧❛t❡❞ t♦

∆
α/2
h (u) =

1

h
∆α/2(hu) . ✭✸✳✻✮

❍❡r❡ h ✐s ❛ ✜①❡❞ ❢✉♥❝t✐♦♥ ❤❛r♠♦♥✐❝ ❢♦r ∆α/2✱ ♣♦s✐t✐✈❡ ♦♥D ❛♥❞ ✈❛♥✐s❤✐♥❣ ♦♥
Dc✳ ❚❤❡ ❜♦✉♥❞❛r② ❜❡❤❛✈✐♦r ♦❢ ❢✉♥❝t✐♦♥s ✐♥ Hp

h ✐s ♦❢ ❝♦♥s✐❞❡r❛❜❧❡ ✐♥t❡r❡st
❜❡❝❛✉s❡ ✐t ❞✐r❡❝t❧② r❡❧❛t❡s t♦ r❛t✐♦s ♦❢ α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✳ ■♥ ❢❛❝t✱ t❤❡
❛❜♦✈❡ h✲tr❛♥s❢♦r♠ ✭✸✳✻✮ ♦❢ ∆α/2 ✐s ✐♠♣❧✐❝✐t ✐♥ t❤❡ r❡❧❛t✐✈❡ ❋❛t♦✉ t❤❡♦r❡♠s
st✉❞✐❡❞ ✐♥ ❬✽✾✱ ✼✹✱ ✶✺❪ ❛♥❞ ✐♥ t❤❡ t❤❡♦r② ♦❢ ❝♦♥❞✐t✐♦♥❛❧ st❛❜❧❡ ♣r♦❝❡ss❡s
❬✶✸✱ ✷✸❪✳

❲❡ ❛❧s♦ ❣✐✈❡ s✐♠✐❧❛r ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ❢♦r ❍❛r❞② s♣❛❝❡s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧
▲❛♣❧❛❝✐❛♥ ∆ ✿ ❢♦r♠✉❧❛ ✭✸✳✸✻✮ ❜❡❧♦✇ ✐s t❤❡ ❝❡❧❡❜r❛t❡❞ ❍❛r❞②✲❙t❡✐♥ ✐❞❡♥t✐t②

✺✸



❜✉t ❚❤❡♦r❡♠ ✸✳✹✳✶✱ ✇❤✐❝❤ ♠❛② ❜❡ ❝♦♥s✐❞❡r❡❞ ❛ ❝♦♥❞✐t✐♦♥❛❧ ❍❛r❞②✲❙t❡✐♥
✐❞❡♥t✐t②✱ ✐s ❛♣♣❛r❡♥t❧② ♥❡✇✱ ❛♥❞ ♠❛② ❜❡ ✐♥t❡r❡st✐♥❣ ❢♦r ✐ts ♦✇♥ s❛❦❡✳

❚❤❡ ♣❛♣❡r ✐s ❝♦♠♣♦s❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✸✳✷ ✇❡ ♦❜s❡r✈❡ t❤❡ ❢♦r♠✉❧❛

sup
U⊂⊂D

E
x0u2(XτU

) = |u(x0)|2 +

∫

D

GD(x0, y)

∫

Rd

A [u(z) − u(y)]2

|z − y|d+α
dz dy

✭✸✳✼✮
❢♦r t❤❡ ♥♦r♠ ♦❢H2

α(D)✱ ❛♥❞ ✇❡ ❡①t❡♥❞ ✐t ✐♥ ▲❡♠♠❛ ✸✳✷✳✺ ❛♥❞ ❚❤❡♦r❡♠ ✸✳✶✳✷
t♦ Hp

α(D) ❢♦r p > 1✳ ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❍❛r❞② s♣❛❝❡s Hp
h ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞

✐♥ ▲❡♠♠❛ ✸✳✸✳✺✱ ❚❤❡♦r❡♠ ✸✳✸✳✻ ❛♥❞ ❢♦r♠✉❧❛ ✭✸✳✸✺✮ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✱ s❡❡ ❛❧s♦
❘❡♠❛r❦ ✸✳✸✳✷✳ ■♥ ❙❡❝t✐♦♥ ✸✳✹ ✇❡ st❛t❡ t❤❡ r❡s✉❧ts ❢♦r t❤❡ ▲❛♣❧❛❝✐❛♥ ✿ ❢♦r♠✉❧❛
✭✸✳✸✻✮ ❛♥❞ ❚❤❡♦r❡♠ ✸✳✹✳✶✳ ■♥ ❙❡❝t✐♦♥ ✸✳✺ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ♥♦r♠ ♦❢ t❤❡ ❍❛r❞②
s♣❛❝❡s ✐♥ t❡r♠s ♦❢ t❤❡ ❑r✐❝❦❡❜❡r❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r p ≥ 1✱ ❛♥❞ ✇❡ ♣r♦✈❡ ❛
❝❧❛ss✐❝❛❧ ▲✐tt❧❡✇♦♦❞✲P❛❧❡② ✐♥❡q✉❛❧✐t②✳

❋♦r♠✉❧❛ ✭✸✳✼✮ ❛♥❞ ✐ts ♠♦❞✐✜❝❛t✐♦♥s ✭✸✳✶✽✱ ✸✳✸✺✱ ✸✳✸✼✮ ❜❡❧♦✇ ❛r❡ t❤❡
♠❛✐♥ s✉❜❥❡❝t ♦❢ t❤❡ ♣❛♣❡r✱ ❛♥❞ t❤❡② ♠❛② ❜❡ ❝♦♥s✐❞❡r❡❞ ♥♦♥❧♦❝❛❧ ♦r ❝♦♥❞✐✲
t✐♦♥❛❧ ❡①t❡♥s✐♦♥s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❍❛r❞②✲❙t❡✐♥ ❡q✉❛❧✐t②✱ ❢♦r ✇❤✐❝❤ ✇❡ r❡❢❡r
t❤❡ r❡❛❞❡r t♦ ✭✸✳✸✻✮ ✐♥ ❙❡❝t✐♦♥ ✸✳✹ ❛♥❞ ❬✶✶✶✱ ✾✹✱ ✾✺❪✳

❖✉r ✇♦r❦ ✇❛s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ♥♦t✐♦♥ ♦❢ t❤❡ q✉❛❞r❛t✐❝ ✈❛r✐❛t✐♦♥ ♦❢
♠❛rt✐♥❣❛❧❡s✱ ❝❛rré ❞✉ ❝❤❛♠♣✱ ❛♥❞ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❛♥❞
♠❛rt✐♥❣❛❧❡ ❍❛r❞② ❛♥❞ ❇❡r❣♠❛♥ s♣❛❝❡s ✭❬✹✹✱ ✽✽✱ ✾✾✱ ✾✺✱ ✶✶✸✱ ✶✶✶✱ ✽✺✱ ✶✶✹❪✮✳
❚❤❡ r❡s✉❧t✐♥❣ t❡❝❤♥✐q✉❡ s❤♦✉❧❞ ❛♣♣❧② t♦ ❍❛r❞② s♣❛❝❡s ♦❢ ♦♣❡r❛t♦rs ❛♥❞
▼❛r❦♦✈ ♣r♦❝❡ss❡s ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ❛♥❞ t❤❡ ✐s♦✲
tr♦♣✐❝ st❛❜❧❡ ▲é✈② ♣r♦❝❡ss✳ ❚❤❡ st②❧❡ ♦❢ t❤❡ ♣r❡s❡♥t❛t✐♦♥ ❛♥❞ t❤❡ ✐♥❝❧✉s✐♦♥
♦❢ ❜♦t❤ ❥✉♠♣ ❛♥❞ ❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss❡s ✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✐s ✐♥t❡♥❞❡❞ t♦
❝❧❛r✐❢② t❤❡ ♠❡t❤♦❞♦❧♦❣② ❛♥❞ ✐♥❞✐❝❛t❡ s✉❝❤ ❡①t❡♥s✐♦♥s✳ ❖✉r ❞❡✈❡❧♦♣♠❡♥t ✐s
❛♥❛❧②t✐❝✳ ■♥ ❢❛❝t✱ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ❍❛r❞② s♣❛❝❡s ❝❛♥ ❜❡ ❡❛s✐❧② ❢♦r♠✉❧❛✲
t❡❞ ❛♥❛❧②t✐❝❛❧❧② ❜② ✉s✐♥❣ t❤❡ ❤❛r♠♦♥✐❝ ♠❡❛s✉r❡s ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ❛♥❞ t❤❡
❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ✭❬✽✱ ✽✹❪✮✳ ❆ ❝❧❛r✐❢②✐♥❣ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧
❛♥❞ t❤❡ ♥♦♥✲❝♦♥❞✐t✐♦♥❛❧ ❝❛s❡s ✐s ♠❛❞❡ ❛t t❤❡ ❡♥❞ ♦❢ ❙❡❝t✐♦♥ ✸✳✹✳

✸✳✷ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ Hp
α(D)

❈♦♥s✐❞❡r ♦♣❡♥ U ⊂⊂ D ❛♥❞ ❛ r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ φ : R
d → R ✇❤✐❝❤

✐s C2 ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ U ❛♥❞ s❛t✐s✜❡s
∫

Rd |φ(y)|(1 + |y|)−d−α < ∞✳
❚❤❡♥ ∆α/2φ ✐s ❜♦✉♥❞❡❞ ♦♥ U ✱ ❛♥❞ ❢♦r ❡✈❡r② x ∈ R

d ✇❡ ❤❛✈❡

φ(x) = E
xφ(XτU

) −
∫

U

GU(x, y)∆α/2φ(y) dy . ✭✸✳✽✮

■♥❞❡❡❞✱ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ ❜♦t❤ s✐❞❡s ♦❢ ✭✸✳✽✮ ✈❛♥✐s❤❡s ❝♦♥t✐♥✉♦✉s❧② ♦♥ U c ❛♥❞
❛♥♥✐❤✐❧❛t❡s ∆α/2 ♦♥ U ✳ ❚❤✉s t❤❡ ❞✐✛❡r❡♥❝❡ ✐s ③❡r♦ ♦♥ U ❜② t❤❡ ♠❛①✐♠✉♠
♣r✐♥❝✐♣❧❡ ❢♦r ∆α/2✱ s❡❡ ❬✶✸✱ ▲❡♠♠❛ ✸✳✽ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✾❪✱ ♦r ❬✶✾✱
❆♣♣❡♥❞✐①❪✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ✭✸✳✽✮ ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❉②♥❦✐♥✬s ❢♦r♠✉❧❛✳

✺✹



▲❡♠♠❛ ✸✳✷✳✶ ■❢ u ✐s α✲❤❛r♠♦♥✐❝ ♦♥ D ❛♥❞ U ⊂⊂ D✱ t❤❡♥

E
x0u2(XτU

) = u(x0)
2 +

∫

U

GU(x0, y)

∫

Rd

A [u(z) − u(y)]2

|z − y|d+α
dz dy . ✭✸✳✾✮

Pr♦♦❢ ■❢
∫

Rd u(y)
2(1+ |y|)−d−α = ∞✱ t❤❡♥

∫
Rd [u(z)−u(y)]2/|z− y|d+α dz =

∞ ❢♦r ❡✈❡r② y✳ ❆❧s♦ E
x0u2(XτU

) = ∞✱ ❜❡❝❛✉s❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ XτU

❤❛s ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ❜♦✉♥❞❡❞ ❜❡❧♦✇ ❜② ❛ ♠✉❧t✐♣❧❡ ♦❢ (1 + |y|)−d−α ✐♥ t❤❡
❝♦♠♣❧❡♠❡♥t ♦❢ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ U ✭❬✾❪✮✳ ❚❤❡r❡❢♦r❡ ✐♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡
♠❛② ❛ss✉♠❡ t❤❛t

∫
Rd u(y)

2(1 + |y|)−d−α < ∞✳ ❙✐♥❝❡ u2 ✐s s♠♦♦t❤ ✐♥ ❛
♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ U ✱ ∆α/2(u2) ✐s ❜♦✉♥❞❡❞ ♦♥ U ✳ ❇② ✭✸✳✽✮ ✇✐t❤ φ = u2✱ ❢♦r
x ∈ R

d ✇❡ ❤❛✈❡

E
xu2(XτU

) = u2(x) +

∫

U

GU(x, y)∆α/2(u2)(y) dy . ✭✸✳✶✵✮

❋♦r y ∈ U ✱ z ∈ R
d✱ ✇❡ ❤❛✈❡ u2(z) − u2(y) − 2u(y)[u(z) − u(y)] = [u(z) −

u(y))]2✳ ❙✐♥❝❡ ∆α/2u(y) = 0✱ ✇❡ ❤❛✈❡

∆α/2u2(y) = ∆α/2u2(y) − 2u(y)∆α/2u(y)

= lim
η→0+

∫

{z∈Rd: |z−y|>η}

A u2(z) − u2(y) − 2u(y)[u(z) − u(y)]

|z − y|d+α
dz

=

∫

Rd

A [u(z) − u(y)]2

|z − y|d+α
dz ,

❛♥❞ ✭✸✳✾✮ ❢♦❧❧♦✇s✳
✷

❘❡❝❛❧❧ t❤❛t GU(x, y) ↑ GD(x, y) ❛s U ↑ D✳ ❇② t❤❡ ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡
t❤❡♦r❡♠ ✇❡ ♦❜t❛✐♥ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ H2

α(D) ❛❢♦r❡♠❡♥t✐♦♥❡❞ ✐♥ ■♥tr♦❞✉❝✲
t✐♦♥✳

❈♦r♦❧❧❛r② ✸✳✷✳✷ ■❢ u ✐s α✲❤❛r♠♦♥✐❝ ✐♥ D✱ t❤❡♥ ✭✸✳✼✮ ❤♦❧❞s✳

❲❡ ❝♦♥❝❧✉❞❡ t❤❛tH2
α(D) ❝♦♥s✐sts ♦❢ ♣r❡❝✐s❡❧② ❛❧❧ t❤♦s❡ ❢✉♥❝t✐♦♥s α✲❤❛r♠♦♥✐❝

♦♥ D ❢♦r ✇❤✐❝❤ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✼✮ ✐s ✜♥✐t❡✳
❲❡ ✇✐❧❧ ♥♦✇ ❝♦♥s✐❞❡r ✭❣❡♥❡r❛❧✮ p > 1✳ ❲❡ ♥♦t❡ t❤❛t x 7→ |x|p ✐s ❝♦♥✈❡①

♦♥ R✱ ✇✐t❤ t❤❡ ❞❡r✐✈❛t✐✈❡ pa|a|p−2 ❛t x = a✳ ❋♦r a✱ b ∈ C ✇❡ ❧❡t

F (a, b) = |b|p − |a|p − pa|a|p−2(b− a) , ✭✸✳✶✶✮

❛ s❡❝♦♥❞ ♦r❞❡r ❚❛②❧♦r r❡♠❛✐♥❞❡r✳ ❲❡ ❤❛✈❡ F (a, b) = |b|p ✐❢ a = 0 ❛♥❞
F (a, b) = (p− 1)|a|p ✐❢ b = 0✳ ❇② ❝♦♥✈❡①✐t②✱ F (a, b) ≥ 0 ❢♦r a, b ∈ R✳

❊①❛♠♣❧❡ ✸✳✷✳✸ ❋♦r ✭❡✈❡♥✮ p = 2, 4, . . . ❛♥❞ a, b ∈ R✱ ✇❡ ❤❛✈❡

F (a, b) = bp − ap − pap−1(b− a) = (b− a)2

p−2∑

k=0

(k + 1)bp−2−kak.

✺✺



❋♦r p ∈ (1, 2) ✇❡ ✇✐❧❧ ✉s❡ ❛ ❝❡rt❛✐♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡✳ ▲❡t ε✱ b ❛♥❞
a ❜❡ r❡❛❧ ♥✉♠❜❡rs✱ ❛♥❞ ❞❡✜♥❡

Fε(a, b) = ReF (a+ iε, b+ iε) = |b+ iε|p − |a+ iε|p − pa|a+ iε|p−2(b− a) .
✭✸✳✶✷✮

❖❢ ❝♦✉rs❡✱ Fε(a, b) → F (a, b) ❛s ε→ 0✳

▲❡♠♠❛ ✸✳✷✳✹ ❋♦r ❡✈❡r② p > 1✱ ✇❡ ❤❛✈❡

F (a, b) ≍ (b− a)2(|b| ∨ |a|)p−2, a, b ∈ R. ✭✸✳✶✸✮

■❢ p ∈ (1, 2)✱ t❤❡♥ ✉♥✐❢♦r♠❧② ✐♥ ε, a, b ∈ R✱ ✇❡ ❤❛✈❡

Fε(a, b) ≤ c(b− a)2(|b| ∨ |a|)p−2. ✭✸✳✶✹✮

Pr♦♦❢ ❲❡ ❞❡♥♦t❡K(a, b) = (b−a)2(|b|∨|a|)p−2✳ ❋♦r ❡✈❡r② k ∈ R✱ F (ka, kb) =
|k|pF (a, b) ❛♥❞ K(ka, kb) = |k|pK(a, b)✳ ■❢ a = 0✱ t❤❡♥ ✭✸✳✶✸✮ ❜❡❝♦♠❡s
❡q✉❛❧✐t②✱ ❤❡♥❝❡ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t a 6= 0✱ ✐♥ ❢❛❝t ✕ t❤❛t a = 1✳ ▲❡t
f(b) = F (1, b) = |b|p − 1 − p(b− 1)✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t

cp(b− 1)2(|b| ∨ 1)p−2 ≤ f(b) ≤ Cp(b− 1)2(|b| ∨ 1)p−2. ✭✸✳✶✺✮

❙✐♥❝❡ f(1) = f ′(1) = 0 ❛♥❞ f ′′(y) = p(p− 1)|y|p−2✱ ✇❡ ♦❜t❛✐♥

f(b) = p(p− 1)

∫ b

1

∫ x

1

|y|p−2dydx = p(p− 1)

∫ b

1

|y|p−2(b− y)dy . ✭✸✳✶✻✮

❚❤❡ ✜rst ✐♥t❡❣r❛❧ ✐s ♦✈❡r ❛ s✐♠♣❧❡① ♦❢ ❛r❡❛ (b− 1)2/2✱ ❛♥❞ ✐t ✐s ❛ ♠♦♥♦t♦♥❡
❢✉♥❝t✐♦♥ ♦❢ t❤❡ s✐♠♣❧❡① ✭❛s ♦r❞❡r❡❞ ❜② ✐♥❝❧✉s✐♦♥✮✳ ❋♦r b ❝❧♦s❡ t♦ 1 t❤❡ ✐♥t❡❣r❛❧
✐s ❝♦♠♣❛r❛❜❧❡ t♦ (b−1)2✳ ❋♦r ❧❛r❣❡ |b| t❤❡ ✭s❡❝♦♥❞✮ ✐♥t❡❣r❛❧ ✐s ❝♦♠♣❛r❛❜❧❡ t♦
|b|p✳ ❚❤✐s ♣r♦✈❡s ✭✸✳✶✺✮✱ ❤❡♥❝❡ ✭✸✳✶✸✮✳ ❲❡ ✇✐❧❧ ♥♦✇ ♣r♦✈❡ ✭✸✳✶✹✮ ❢♦r p ∈ (1, 2)✳
▲❡t fε(b) = Fε(1, b) = (b2 + ε)p/2 − (1 + ε2)p/2 − p(1 + ε2)(p−2)/2(b− 1) . ❲❡
❤❛✈❡ fε(1) = f ′

ε(1) = 0 ❛♥❞

f ′′
ε (b) = (b2 + ε2)(p−4)/2p[b2(p− 1) + ε2] ≍ (b2 + ε2)(p−2)/2 ≤ |b|p−2.

❚❤✉s✱ ✉♥✐❢♦r♠❧② ✐♥ ε✱

fε(b) ≤ c

∫ b

1

∫ x

1

|y|p−2dydx = c

∫ b

1

(b− y)|y|p−2dy ≍ (b− 1)2(|b| ∨ 1)p−2.

■❢ a 6= 0✱ t❤❡♥ Fε(a, b) = |a|pfε/a(b/a) ≤ c|a|p(b/a − 1)2(|b/a| ∨ 1)p−2✳ ■❢
a = 0✱ t❤❡♥ Fε(a, b) = (b2 + ε2)p/2 − |ε|p ≍ |ε|p[(b/ε)2 ∧ |b/ε|p] ≤ |b|p✳ ❚❤❡
♣r♦♦❢ ♦❢ ✭✸✳✶✹✮ ✐s ❝♦♠♣❧❡t❡✳

✷

✺✻



▲❡♠♠❛ ✸✳✷✳✺ ■❢ u ✐s α✲❤❛r♠♦♥✐❝ ✐♥ D✱ U ⊂⊂ D✱ ❛♥❞ p > 1✱ t❤❡♥

E
x0|u(XτU

)|p = |u(x0)|p +

∫

U

GU(x0, y)

∫

Rd

A F (u(y), u(z))

|z − y|d+α
dz dy . ✭✸✳✶✼✮

Pr♦♦❢ ❲❡ ♣r♦❝❡❡❞ ❛s ✐♥ ▲❡♠♠❛ ✸✳✷✳✶✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t∫
Rd |u(y)|p(1 + |y|)−d−α <∞✱ ❢♦r ♦t❤❡r✇✐s❡ ❜♦t❤ s✐❞❡s ♦❢ ✭✸✳✶✼✮ ❛r❡ ✐♥✜♥✐t❡✳
❲❡ ✇✐❧❧ ✜rst ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ p ≥ 2 ❛♥❞ ❛♣♣❧② ✭✸✳✽✮ t♦ φ = |u|p ∈ C2(D)✳
❋♦r y ∈ D ✇❡ ❤❛✈❡ ∆α/2u(y) = 0✱ ❤❡♥❝❡

∆α/2|u|p(y) = ∆α/2|u|p(y) − pu(y)|u(y)|p−2∆α/2u(y)

= lim
η→0+

∫

{z∈Rd: |z−y|>η}

A |u(z)|p − |u(y)|p − pu(y)|u(y)|p−2[u(z) − u(y)]

|z − y|d+α
dz

=

∫

Rd

A F (u(y), u(z))

|z − y|d+α
dz.

❚❤✐s ❛♥❞ ✭✸✳✽✮ ②✐❡❧❞ ✭✸✳✶✼✮ ❢♦r p ≥ 2✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r 1 < p < 2✳ ❲❡ ♥♦t❡
t❤❛t |u+ iε|p ∈ C2(D)✳ ❆s ✐♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r♦♦❢✱

∆α/2|u+ iε|p(y) = ∆α/2|u+ iε|p(y) − pu(y)|u(y) + iε|p−2∆α/2u(y)

=

∫

Rd

A Fε(u(y), u(z))

|z − y|d+α
dz,

❤❡♥❝❡

E
x0|u(XτU

) + iε|p = |u(x0) + iε|p +

∫

U

GU(x0, y)

∫

Rd

A Fε(u(y), u(z))

|z − y|d+α
dz dy.

❲❡ ❧❡t ε→ 0✳ ❇② ❋❛t♦✉✬s ❧❡♠♠❛✱ ✭✸✳✶✹✮✱ ✭✸✳✶✸✮ ❛♥❞ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡✱
✇❡ ♦❜t❛✐♥ ✭✸✳✶✼✮✳

✷

Pr♦♦❢ ❬Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳✷❪ ▲❡♠♠❛ ✸✳✷✳✹✱ ▲❡♠♠❛ ✸✳✷✳✺ ❛♥❞ ♠♦♥♦t♦♥❡
❝♦♥✈❡r❣❡♥❝❡ ✐♠♣❧② t❤❡ ❝♦♠♣❛r❛❜✐❧✐t② ♦❢ ‖u‖p

Hp
α
❛♥❞ ✭✸✳✺✮ ✇✐t❤ t❤❡ s❛♠❡

❝♦♥st❛♥ts ❛s ✐♥ ✭✸✳✶✺✮✱ ✉♥❞❡r t❤❡ ♠❡r❡ ❛ss✉♠♣t✐♦♥ t❤❛t u ❜❡ α✲❤❛r♠♦♥✐❝
♦♥ D✳ ■♥ ❢❛❝t✱

‖u‖p
Hp

α
= |u(x0)|p +

∫

D

GD(x0, y)

∫

Rd

A F (u(y), u(z))

|z − y|d+α
dz dy . ✭✸✳✶✽✮

✷

❲❡ ♥♦t❡ t❤❛t ✐♥ ♠❛♥② ❝❛s❡s t❤❡ ❡①❛❝t ❛s②♠♣t♦t✐❝s ♦❢ GD ✐s ❦♥♦✇♥✳ ❋♦r
✐♥st❛♥❝❡✱ ✐❢ D ✐s ❛ ❜♦✉♥❞❡❞ C1,1 ❞♦♠❛✐♥ ✐♥ R

d ❛♥❞ d > α✱ t❤❡♥

GD(x0, y) ≍ δD(y)α/2|y − x0|α−d ,

✺✼



✇❤❡r❡ δD(y) := dist(y,Dc)✳ ❍❡r❡ ✇❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✻✺❪✱ ❛❧s♦ ❢♦r t❤❡
❝❛s❡ ♦❢ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥s✳

❘❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Fε✱ ✭✸✳✶✷✮✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t F0 = F ♦❢ ✭✸✳✶✶✮✳
❇❡❢♦r❡ ♠♦✈✐♥❣ t♦ ❝♦♥❞✐t✐♦♥❛❧ ❍❛r❞② s♣❛❝❡s ✇❡ ✇✐❧❧ r❡❝♦r❞ t❤❡ ❢♦❧❧♦✇✐♥❣
♦❜s❡r✈❛t✐♦♥✳

▲❡♠♠❛ ✸✳✷✳✻ ❋♦r ❡✈❡r② p > 1 ❛♥❞ a1✱ a2✱ b1✱ b2✱ ε ∈ R✱ ✇❡ ❤❛✈❡

Fε(a1 ∧ a2, b1 ∧ b2) ≤ Fε(a1, b1) ∨ Fε(a2, b2), ✭✸✳✶✾✮

Fε(a1 ∨ a2, b1 ∨ b2) ≤ Fε(a1, b1) ∨ Fε(a2, b2). ✭✸✳✷✵✮

■♥ ♣❛rt✐❝✉❧❛r✱ F (a∧ 1, b∧ 1) ≤ F (a, b) ❛♥❞ F (a∨ (−1), b∨ (−1)) ≤ F (a, b)✱
❢♦r ❛❧❧ a, b ∈ R✳ ❚❤❡ ❧❛tt❡r ❛❧s♦ ❡①t❡♥❞s t♦ K(a, b) = (b− a)2(|b| ∨ |a|)p−2✳

Pr♦♦❢ ▲❡t ε 6= 0✳ ❲❡ ❝❧❛✐♠ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ b 7→ Fε(a, b) ❞❡❝r❡❛s❡s ♦♥
(−∞, a] ❛♥❞ ✐♥❝r❡❛s❡s ♦♥ [a,∞)✳ ❚♦ s❡❡ t❤✐s✱ ✇❡ ❝♦♥s✐❞❡r

∂Fε

∂b
(a, b) = pb(b2 + ε2)p/2−1 − pa(a2 + ε2)p/2−1 . ✭✸✳✷✶✮

❚❤❡ ❢✉♥❝t✐♦♥ h(x) = px(x2 + ε2)p/2−1 ❤❛s ❞❡r✐✈❛t✐✈❡

h′(x) = p(x2 + ε2)p/2−2(x2(p− 1) + ε2) > 0.

■❢ ❢♦❧❧♦✇s t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ✭✸✳✷✶✮ ✐s ♣♦s✐t✐✈❡ ✐❢ b > a ❛♥❞ ♥❡❣❛t✐✈❡ ✐❢
b < a✳ ❚❤✐s ♣r♦✈❡s ♦✉r ❝❧❛✐♠✳

❋✉rt❤❡r♠♦r❡ t❤❡ ❢✉♥❝t✐♦♥ a 7→ Fε(a, b) ❞❡❝r❡❛s❡s ♦♥ (−∞, b] ❛♥❞ ✐♥✲
❝r❡❛s❡s ♦♥ [b,∞)✱ ❛s ❢♦❧❧♦✇s ❢r♦♠ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡✱

∂Fε

∂a
(a, b) = p(a− b)(a2 + ε2)p/2−2(a2(p− 1) + ε2) . ✭✸✳✷✷✮

❲❡ ✇✐❧❧ ♥♦✇ ♣r♦✈❡ ✭✸✳✶✾✮✳ ■❢ b1 ∧ b2 = b1 ❛♥❞ a1 ∧ a2 = a1 ✭♦r b1 ∧ b2 = b2
❛♥❞ a1 ∧ a2 = a2✮✱ t❤❡♥ ✭✸✳✶✾✮ ✐s tr✐✈✐❛❧✳ ■❢ b1 ∧ b2 = b1 ❛♥❞ a1 ∧ a2 = a2✱
t❤❡♥ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ F ②✐❡❧❞s

Fε(a2, b1) ≤ Fε(a1, b1), ✐❢ b1 < a2,

Fε(a2, b1) ≤ Fε(a2, b2), ✐❢ b1 ≥ a2.

❚❤❡ ❝❛s❡ b1 ∧ b2 = b2 ❛♥❞ a1 ∧ a2 = a1 ♦❜t❛✐♥s ❜② r❡♥❛♠✐♥❣ t❤❡ ❛r❣✉♠❡♥ts✳
❚❤✐s ♣r♦✈❡s ✐♥❡q✉❛❧✐t② ✭✸✳✶✾✮✳ ✭✸✳✷✵✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✶✾✮ ❛♥❞ t❤❡ ✐❞❡♥t✐t②

Fε(−a,−b) = Fε(a, b).

❚❤❡ ❝❛s❡ ε = 0 ♦❜t❛✐♥s ❜② ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t✳ ❲❤❡♥ a = b✱ ✇❡ ❤❛✈❡
F (a, b) = 0✱ ✇❤✐❝❤ ②✐❡❧❞s t❤❡ s❡❝♦♥❞ ❧❛st st❛t❡♠❡♥t ♦❢ t❤❡ ❧❡♠♠❛✳ ❋♦r K
✇❡ ♦❜✈✐♦✉s❧② ❤❛✈❡ (b∧ 1− a∧ 1)2(|b∧ 1| ∨ |a∧ 1|)p−2 ≤ (b− a)2(|b| ∨ |a|)p−2

❛♥❞ (b∨ (−1)−a∨ (−1))2(|b∨ (−1)|∨ |a∨ (−1)|)p−2 ≤ (b−a)2(|b|∨ |a|)p−2✳✷

■♥ ♣❛ss✐♥❣ ✇❡ ♥♦t❡ t❤❛t ✐❢ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✶✼✮ ✐s ✜♥✐t❡ ❢♦r u✱
t❤❡♥ ✐t ✐s ❛❧s♦ ✜♥✐t❡ ✭✐♥ ❢❛❝t✕s♠❛❧❧❡r✮ ❢♦r u ∧ 1 ❛♥❞ u ∨ (−1)✳ ❚❤❡ ❧❛tt❡r
❢✉♥❝t✐♦♥s ❤❛✈❡ s♠❛❧❧❡r ✈❛❧✉❡s ❛♥❞ ✐♥❝r❡♠❡♥ts t❤❛♥ u✱ ❛ ♣r♦♣❡rt② ❞❡✜♥✐♥❣
♥♦r♠❛❧ ❝♦♥tr❛❝t✐♦♥s ❢♦r ❉✐r✐❝❤❧❡t ❢♦r♠s ✭❬✺✸❪✮✳

✺✽



✸✳✸ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ Hp
h(D,α)

❚❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ✐s ❛ ♥♦♥❧♦❝❛❧ ♦♣❡r❛t♦r ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥✲
❞✐♥❣ st♦❝❤❛st✐❝ ♣r♦❝❡ss X ❤❛s ❥✉♠♣s✳ ■♥ ❝♦♥s❡q✉❡♥❝❡ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢
α✲❤❛r♠♦♥✐❝✐t② ✭✸✳✷✮ ❛♥❞ ✭✸✳✸✮ ✐♥✈♦❧✈❡ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ♦♥ t❤❡
✇❤♦❧❡ ♦❢ Dc ✭❬✷✵❪✮✳ ❚❤✐s ✐s s♦♠❡✇❤❛t ✉♥✉s✉❛❧ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❝❧❛ss✐✲
❝❛❧ t❤❡♦r② ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ❛♥❞ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✱ ❛♥❞ ❛tt❡♠♣ts ✇❡r❡
♠❛❞❡ ❜② ✈❛r✐♦✉s ❛✉t❤♦rs t♦ ❛s❝r✐❜❡ ❣❡♥✉✐♥❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s t♦ s✉❝❤
♣r♦❝❡ss❡s ❛♥❞ ❢✉♥❝t✐♦♥s ✭❬✼✱ ✶✷✱ ✺✽✱ ✽✾❪✮✳ ❖♥❡ ♣♦ss✐❜✐❧✐t② ✐s t♦ st✉❞② t❤❡
❜♦✉♥❞❛r② ❜❡❤❛✈✐♦r ♦❢ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ❛❢t❡r ❛♥ ❛♣♣r♦♣r✐❛t❡ ♥♦r♠❛❧✐③❛✲
t✐♦♥✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ✈❛♥✐s❤✐♥❣ ♦♥
Dc✱ s♦ t❤❛t Dc ♠❛② ❜❡ ✐❣♥♦r❡❞✱ ❛♥❞ ✇❡ ✇✐❧❧ ✉s❡ ❉♦♦❜✬s h✲❝♦♥❞✐t✐♦♥✐♥❣ t♦
♥♦r♠❛❧✐③❡ ✭❬✹✷❪✮✳ ▲❡t h ❜❡ ❤❛r♠♦♥✐❝ ❛♥❞ ♣♦s✐t✐✈❡ ♦♥ D✱ ❛♥❞ ❧❡t h ✈❛♥✐s❤ ♦♥
Dc✳ ■♥ ♣❛rt✐❝✉❧❛r h ♠❛② ❜❡ ❛ ▼❛rt✐♥ ✐♥t❡❣r❛❧✱

h(x) =

∫
M(x, z)µ(dz) , x ∈ D ,

✇❤❡r❡ µ ≥ 0 ✐s ❛ ✜♥✐t❡ ♥♦♥③❡r♦ ❇♦r❡❧ ♠❡❛s✉r❡ ♦♥ t❤❡ s❡t ♦❢ t❤❡ s♦✲❝❛❧❧❡❞
❛❝❝❡ss✐❜❧❡ ♣♦✐♥ts ♦❢ ∂D✱ ❛♥❞ M(·, z) ❞❡♥♦t❡s t❤❡ ▼❛rt✐♥ ❦❡r♥❡❧ ✇✐t❤ t❤❡
♣♦❧❡ ❛t z ∈ ∂D✱ s❡❡ ❬✷✵❪✳ ❲❡ ❧✐❦❡ t♦ ♥♦t❡ t❤❛t ✐❢ D ✐s ▲✐♣s❝❤✐t③✱ t❤❡♥ ❛❧❧
t❤❡ ♣♦✐♥ts ♦❢ ∂D ❛r❡ ❛❝❝❡ss✐❜❧❡ ✭❬✷✵❪✮✱ ✇❤✐❧❡ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ∂MD ⊂
∂D∪{∞}✳ ❉♦♦❜✬s h✲tr❛♥s❢♦r♠ ✭✸✳✻✮ ②✐❡❧❞s ❛ ♥♦♥tr✐✈✐❛❧ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡
♣♦t❡♥t✐❛❧ t❤❡♦r② ♦❢ ∆α/2✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ r❛t✐♦ u/h ✐s ❤❛r♠♦♥✐❝ ❢♦r ∆

α/2
h

✐❢ u ✐s α✲❤❛r♠♦♥✐❝ ❛♥❞ ✈❛♥✐s❤❡s ♦♥ Dc ✭s❡❡ ❜❡❧♦✇✮✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ♦✛❡rs ❛
❝♦♥✈❡♥✐❡♥t ❢r❛♠❡✇♦r❦ ❢♦r st✉❞②✐♥❣ ❣r♦✇t❤ ❛♥❞ ❜♦✉♥❞❛r② ❜❡❤❛✈✐♦r ♦❢ s✉❝❤
r❛t✐♦s✳

❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ tr❛♥s✐t✐♦♥ s❡♠✐❣r♦✉♣

P h
t f(x) =

1

h(x)

∫
pD(t, x, y)f(y)h(y)dy . ✭✸✳✷✸✮

❍❡r❡ pD(t, x, y) = E
x{t < τD : p(t− τD, XτD

, y)} ✐s t❤❡ t✐♠❡✲❤♦♠♦❣❡♥❡♦✉s
tr❛♥s✐t✐♦♥ ❞❡♥s✐t② ♦❢ X ❦✐❧❧❡❞ ♦♥ ❧❡❛✈✐♥❣ D ✭❬✶✸❪✮✳ ❚❤❡ s❡♠✐❣r♦✉♣ ♣r♦♣❡rt②
♦❢ P h

t ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❈❤❛♣♠❛♥✲❑♦❧♠♦❣♦r♦✈ ❡q✉❛t✐♦♥s ❢♦r pD✱
∫

Rd

pD(s, x, y)pD(t, y, z)dy = pD(s+ t, x, z) .

❇② α✲❤❛r♠♦♥✐❝✐t② ❛♥❞ t❤❡ ♦♣t✐♦♥❛❧ st♦♣♣✐♥❣ t❤❡♦r❡♠✱ E
xh(XτU∧t) = h(x)✱

✐❢ x ∈ U ⊂⊂ D✳ ▲❡tt✐♥❣ U ↑ D✱ ❜② ❋❛t♦✉✬s ❧❡♠♠❛ ✇❡ ♦❜t❛✐♥
∫
pD(t, x, y)h(y)dy = E

x{t < τD : h(Xt)} ≤ h(x),

✐✳❡✳ P h
t ✐s s✉❜♣r♦❜❛❜✐❧✐st✐❝✳

✺✾



❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❝❡ss ✐s ❞❡✜♥❡❞ ❛s t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ t❤❡ tr❛♥✲
s✐t✐♦♥ s❡♠✐❣r♦✉♣ P h✱ ❛♥❞ ✐t ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② t❤❡ s❛♠❡ s②♠❜♦❧ X✳ ❲❡ ❧❡t
E

x
h ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡①♣❡❝t❛t✐♦♥ ❢♦r X st❛rt✐♥❣ ❛t x ∈ D✱

E
x
hf(Xt) =

1

h(x)
E

x[t < τD; f(Xt)h(Xt)] ,

s❡❡ ❛❧s♦ ❬✶✸❪✳ ❆ ❇♦r❡❧ ❢✉♥❝t✐♦♥ r : D → R ✐s h✲❤❛r♠♦♥✐❝ ✭♦♥ D✮ ✐❢ ❛♥❞ ♦♥❧②
✐❢ ❢♦r ❡✈❡r② ♦♣❡♥ U ⊂⊂ D ✇❡ ❤❛✈❡

r(x) = E
x
hr(XτU

) =
1

h(x)
E

x[XτU
∈ D; r(XτU

)h(XτU
)] , x ∈ U. ✭✸✳✷✹✮

❍❡r❡ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❡①♣❡❝t❛t✐♦♥ ✐s ❛❜s♦❧✉t❡❧② ❝♦♥✈❡r❣❡♥t✱ ✐♥ ♣❛rt✐❝✉❧❛r✕
✜♥✐t❡✳ ■t ✐s ❡✈✐❞❡♥t t❤❛t r ✐s h✲❤❛r♠♦♥✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢ r = u/h ♦♥ D✱ ✇❤❡r❡
u ✐s s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝ ♦♥ D ✭❬✷✵❪✮✱ ✐✳❡✳ u ✐s α✲❤❛r♠♦♥✐❝ ♦♥ D ❛♥❞ u = 0
♦♥ Dc✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ Lp ✐♥t❡❣r❛❜✐❧✐t② ♦❢ u/h✱ s✐♥❝❡ ✐t ❛♠♦✉♥ts t♦
✇❡✐❣❤t❡❞ Lp ✐♥t❡❣r❛❜✐❧✐t② ♦❢ u✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ✐s ❛❞❛♣t❡❞ ❢r♦♠
❬✾✵❪✳

❉❡✜♥✐t✐♦♥ ✸✳✸✳✶ ❋♦r 0 < p <∞ ✇❡ ❞❡✜♥❡ Hp
h = Hp

h(D,α) ❛s t❤❡ ❝❧❛ss ♦❢
❛❧❧ t❤❡ ❢✉♥❝t✐♦♥s u : R

d → R✱ s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝ ♦♥ D✱ ❛♥❞ s✉❝❤ t❤❛t

‖u‖p
Hp

h
:= sup

U⊂⊂D
E

x0
h

∣∣∣∣
u(XτU

)

h(XτU
)

∣∣∣∣
p

=
1

h(x0)
sup

U⊂⊂D
E

x0
|u(XτU

)|p
h(XτU

)p−1
<∞ ,

✇❤❡r❡ E
x0 |u(XτU

)|p/h(XτU
)p−1 ♠❡❛♥s E

x0
[
XτU

∈ D; |u(XτU
)|p/h(XτU

)p−1
]
✳

❇② ❍❛r♥❛❝❦ ✐♥❡q✉❛❧✐t②✱ Hp
h ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ x0 ∈ D✳

❘❡♠❛r❦ ✸✳✸✳✷ ◆♦t❡ t❤❛t t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤✐s Hp
h ❛r❡ α✲❤❛r♠♦♥✐❝✱ r❛t❤❡r

t❤❛♥ h✲❤❛r♠♦♥✐❝✳ ■♥ ✈✐❡✇ ♦❢ ❉❡✜♥✐t✐♦♥ ✸✳✸✳✶✱ t❤❡ ❣❡♥✉✐♥❡ ❝♦♥❞✐t✐♦♥❛❧ ❍❛r❞②
s♣❛❝❡ ♦❢ ∆α/2 ✐s 1

h
Hp

h = {u/h : u ∈ Hp
h}✱ ✇✐t❤ t❤❡ ♥♦r♠ ‖u/h‖ = ‖u‖Hp

h
✳

Hp
h ✐s ♠♦r❡ ♦❢ ❛ ✇❡✐❣❤t❡❞ ❍❛r❞② s♣❛❝❡ ♦❢ ∆α/2✱ ❜✉t ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ❝❛❧❧ ✐t

t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❍❛r❞② s♣❛❝❡✱ t♦♦✳ ❇❡❧♦✇ ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ ❝❛❧❝✉❧❛t✐♥❣ ‖u‖Hp
h
✱

✇❤✐❝❤ ②✐❡❧❞s ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❜♦t❤ s♣❛❝❡s✳

▲❡♠♠❛ ✸✳✸✳✸ ■❢ u ✐s s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝ ♦♥ D ❛♥❞ U ⊂⊂ D✱ t❤❡♥

E
x0
u2(XτU

)

h(XτU
)

=
u(x0)

2

h(x0)
+

∫

U

GU(x0, y)

∫

Rd

A
[
u(z)

h(z)
− u(y)

h(y)

]2
h(z)dzdy

|z − y|d+α
.

✭✸✳✷✺✮

Pr♦♦❢ ▲❡t y ∈ D✳ ❋♦r ❛r❜✐tr❛r② z ∈ R
d ✇❡ ❤❛✈❡

u2(z)

h(z)
− u2(y)

h(y)
− 2

u(y)

h(y)
(u(z) − u(y)) +

u2(y)

h2(y)
(h(z) − h(y))

=

[
u(z)

h(z)
− u(y)

h(y)

]2

h(z) . ✭✸✳✷✻✮

✻✵



❇② ✭✸✳✷✻✮ ❛♥❞ α✲❤❛r♠♦♥✐❝✐t②✱

∆α/2

(
u2

h

)
(y) = ∆α/2

(
u2

h

)
(y) − 2

u(y)

h(y)
∆α/2u(y) +

u2(y)

h2(y)
∆α/2h(y)

=

∫

Rd

A
[
u(z)

h(z)
− u(y)

h(y)

]2

|z − y|−d−αh(z) dz . ✭✸✳✷✼✮

◆♦t❡✇♦rt❤②✱ t❤❡ ✐♥t❡❣r❛♥❞ ✐s ♥♦♥♥❡❣❛t✐✈❡✳ ❋♦❧❧♦✇✐♥❣ ✭✸✳✶✵✮✱ ❢♦r u2/h ✇❡ ❣❡t

E
x0
u2(XτU

)

h(XτU
)

=
u(x0)

2

h(x0)
+

∫

U

GU(x0, y)∆
α/2

(
u2

h

)
(y) .

❇② ✉s✐♥❣ ✭✸✳✷✼✮ ✇❡ ♦❜t❛✐♥ ✭✸✳✷✺✮✳
✷

❲❡ ❝❛♥ ✐♥t❡r♣r❡t ✭✸✳✷✺✮ ✐♥ t❡r♠s ♦❢ h✲❝♦♥❞✐t✐♦♥✐♥❣ ❛♥❞ r = u/h ❛s ❢♦❧❧♦✇s✱

E
x0
h r(XτU

)2 = r(x0)
2 +

∫

U

GU(x0, y)

h(x0)h(y)

∫

Rd

A [r(z) − r(y)]2

|z − y|d+α

h(z)

h(y)
dz h2(y)dy .

✭✸✳✷✽✮
❚❤✐s ✐s ❛♥ ❛♥❛❧♦❣✉❡ ♦❢ ✭✸✳✼✮✱ ❛♥❞ ❛❧s♦ ✐♥❞✐❝❛t❡s t❤❡ ❣❡♥❡r❛❧ s✐t✉❛t✐♦♥✳ ❋♦r
p > 1 ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ❢♦r♠

F
(a
s
,
b

t

)
, a, b ∈ C, s, t > 0 ,

s❡❡ ✭✸✳✶✶✮✳ ■❢ 1 < p < 2✱ t❤❡♥ ✇❡ ✇✐❧❧ ♥❡❡❞ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❜❛s❡❞ ♦♥

Fε

(a
s
,
b

t

)
, a, b ∈ C, s, t > 0, ε ∈ R,

✇❤❡r❡ Fε ✐s ❞❡✜♥❡❞ ✐♥ ✭✸✳✶✷✮✳ ❇② ▲❡♠♠❛ ✸✳✷✳✹ ✇❡ ❤❛✈❡ t❤❛t F (a/s, b/t) ≥ 0✱

F (
a

s
,
b

t
) ≍

(b
t
− a

s

)2( |b|
t
∨ |a|

s

)p−2

, a, b ∈ R, s, t > 0 , ✭✸✳✷✾✮

❛♥❞ ✉♥✐❢♦r♠❧② ✐♥ ε ∈ R ✇❡ ❤❛✈❡

Fε(
a

s
,
b

t
) ≤ c

(b
t
− a

s

)2( |b|
t
∨ |a|

s

)p−2

, a, b ∈ R , s, t > 0 , ✭✸✳✸✵✮

❛♥❞ t❤❡ ❝♦♠♣❛r✐s♦♥s ✐♥ ✭✸✳✷✾✮ ❤♦❧❞ ✇✐t❤ t❤❡ ❝♦♥st❛♥ts cp ❛♥❞ Cp ♦❢ ✭✸✳✶✺✮✳

▲❡♠♠❛ ✸✳✸✳✹ ❋♦r p > 1✱ a, b ∈ C ❛♥❞ s, t > 0✱ ✇❡ ❤❛✈❡

F
(a
s
,
b

t

)
=

|b|p
tp

− |a|p
tsp−1

− p|a|p−2a(b− a)

tsp−1
+

(p− 1)|a|p(t− s)

tsp
. ✭✸✳✸✶✮

Pr♦♦❢ ❚❤❡ ❡q✉❛❧✐t② ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ✈❡r✐❢②✱ ❛♥❞ ✐s ❧❡❢t t♦ t❤❡ r❡❛❞❡r✳
✷

✻✶



❚❤❡ ❤♦♠♦❣❡♥❡✐t② s❡❡♥ ♦♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✸✶✮ ✐s ❛♥ ✐♥t❡r❡st✐♥❣ ❢❡❛✲
t✉r❡ ❢♦r t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✸✶✮✳ ❲❡ ❛❧s♦ ❧✐❦❡ t♦ ♥♦t❡ t❤❛t tF (a/s, b/t)
✐s t❤❡ r❡♠❛✐♥❞❡r ✐♥ t❤❡ ✜rst ♦r❞❡r ❚❛②❧♦r✬s ❡①♣❛♥s✐♦♥ ♦❢ (a, s) 7→ |a|p/sp−1

❛t (b, t) ❛♥❞✱ ♦❢ ❝♦✉rs❡✱ Fε(a/s, b/t) → F (a/s, b/t) ❛s ε→ 0✳

▲❡♠♠❛ ✸✳✸✳✺ ■❢ u ✐s s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝ ♦♥ D✱ U ⊂⊂ D ❛♥❞ p > 1✱
t❤❡♥

E
x0

|u(XτU
)|p

h(XτU
)p−1

=
|u(x0)|p
h(x0)p−1

+

∫

U

GU(x0, y)

∫

Rd

F

(
u(y)

h(y)
,
u(z)

h(z)

)
A h(z)dzdy

|z − y|d+α
.

Pr♦♦❢ ■❢ p ≥ 2✱ t❤❡♥ |u|p/hp−1 ∈ C2(D)✳ ❇② ✭✸✳✶✵✮✱

E
x0

|u(XτU
)|p

h(XτU
)p−1

=
|u(x0)|p
h(x0)p−1

+

∫

U

GU(x0, y)∆
α/2

( |u|p
hp−1

)
(y) dy. ✭✸✳✸✷✮

❇② α✲❤❛r♠♦♥✐❝✐t② ♦❢ h ❛♥❞ u✱ ❛♥❞ ❜② ▲❡♠♠❛ ✸✳✸✳✹✱

∆α/2

( |u|p
hp−1

)
(y) = ∆α/2

( |u|p
hp−1

)
(y) − p|u(y)|p−2u(y)

h(y)p−1
∆α/2u(y)

+
(p− 1)|u(y)|p

h(y)p
∆α/2h(y)

= lim
η→0+

∫

{z∈Rd: |z−y|>η}

A
[ |u(z)|p
h(z)p−1

− |u(y)|p
h(y)p−1

− p|u(y)|p−2u(y)

h(y)p−1
(u(z) − u(y))

+
(p− 1)|u(y)|p

h(y)p
(h(z) − h(y))

]
|z − y|−d−α dz

=

∫

Rd

h(z)F (u(y)/h(y), u(z)/h(z)) A |z − y|−d−αdz , ✭✸✳✸✸✮

s❡❡ ✭✸✳✸✶✮✳ ❚❤✐s ❣✐✈❡s t❤❡ r❡s✉❧t ❢♦r p ≥ 2✳ ■❢ 1 < p < 2 t❤❡♥ ✇❡ ❛r❣✉❡
❛s ❢♦❧❧♦✇s✳ ▲❡t ε → 0 ❛♥❞ ❝♦♥s✐❞❡r u + iεh ✐♥ ♣❧❛❝❡ ♦❢ u ✐♥ ✭✸✳✸✷✮✳ ❇②
α✲❤❛r♠♦♥✐❝✐t②✱ ∆α/2 (|u+ iεh|ph1−p) (y) ❡q✉❛❧s

lim
η→0+

∫

{z∈Rd: |z−y|>η}

A
[ |u(z) + iεh(z)|p

h(z)p−1
− |u(y) + iεh(z)|p

h(y)p−1

− p|u(y) + iεh(y)|p−2u(y)

h(y)p−1
(u(z) − u(y))

+
(p− 1)|u(y) + iεh(y)|p

h(y)p
(h(z) − h(y))

]
|z − y|−d−α dz

=

∫

Rd

h(z)Fε(u(y)/h(y), u(z)/h(z)) A |z − y|−d−αdz . ✭✸✳✸✹✮

❲❡ t❤❡♥ ✉s❡ ▲❡♠♠❛ ✸✳✸✳✹✱ ❋❛t♦✉✬s ❧❡♠♠❛✱ ❛♥❞ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡✳

✻✷



✷

❚❤❡♦r❡♠ ✸✳✸✳✻ ▲❡t 1 < p <∞✳ ❋♦r u s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝ ♦♥ D✱ ‖u‖p
Hp

h

✐s ❝♦♠♣❛r❛❜❧❡ ✇✐t❤

|u(x0)|p
h(x0)p

+

∫

D

GD(x0, y)

h(x0)h(y)

∫

Rd

( |u(z)|
h(z)

∨|u(y)|
h(y)

)p−2
[
u(z)

h(z)
− u(y)

h(y)

]2
h(z)dz h2(y)dy

h(y)|z − y|d+α
.

Pr♦♦❢ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✸✳✸✳✺ ❛♥❞ ✭✸✳✷✾✮✳ ■♥ ❢❛❝t✱

‖u‖p
Hp

h
=

|u(x0)|p
h(x0)p

+

∫

D

GD(x0, y)

h(x0)h(y)

∫

Rd

F

(
u(y)

h(y)
,
u(z)

h(z)

)
A h(z)dz h2(y)dy

h(y)|z − y|d+α
.

✭✸✳✸✺✮
✷

❲❡ r❡♠❛r❦ ✐♥ ♣❛ss✐♥❣ t❤❛t ❢♦r h ≡ 1 ✇❡ ♦❜t❛✐♥ Hp
h(D,α) = Hp

α(D)✳ ❚♦
r✐❣♦r♦✉s❧② st❛t❡ t❤✐s ♦❜s❡r✈❛t✐♦♥✱ ♦♥❡ s❤♦✉❧❞ ❞✐s❝✉ss ❝♦♥❞✐t✐♦♥✐♥❣ ❜② ❢✉♥❝✲
t✐♦♥s h ✇✐t❤ ♥♦♥tr✐✈✐❛❧ ✈❛❧✉❡s ♦♥ Dc ✭❬✷✵❪✮✳ ❲❡ ✇✐❧❧ ♥♦t ❡♠❜❛r❦ ♦♥ t❤✐s
❡♥❞❡❛✈♦r✱ ✐♥st❡❛❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❢✉❧❧② ❞✐s❝✉ss t❤❡ ❝♦♥❞✐t✐♦♥❛❧
❍❛r❞② s♣❛❝❡s ♦❢ ❛ ❧♦❝❛❧ ♦♣❡r❛t♦r✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ ✈❛❧✉❡s ♦❢ h ♦♥ Dc ❛r❡
✐rr❡❧❡✈❛♥t✳

✸✳✹ ❈❧❛ss✐❝❛❧ ❍❛r❞② s♣❛❝❡s

❲❡ ✇✐❧❧ ❞❡s❝r✐❜❡ t❤❡ ❍❛r❞② s♣❛❝❡s ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❍❛r❞② s♣❛❝❡s ♦❢
❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ∆ =

∑d
j=1 ∂

2/∂x2
j ✳ ❚❤❡ ❢♦r♠❡r ❝❛s❡

❤❛s ❜❡❡♥ ✇✐❞❡❧② st✉❞✐❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ♠❛✐♥❧② ❢♦r t❤❡ ❜❛❧❧ ❛♥❞ t❤❡ ❤❛❧❢✲
s♣❛❝❡✱ ❜✉t ❛❧s♦ ❢♦r s♠♦♦t❤ ❛♥❞ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥s✱ s❡❡ ❬✺✱ ✽✵✱ ✶✵✼✱ ✶✵✽✱ ✻✾❪✳
❚❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❍❛r❞② s♣❛❝❡s ✐♥ t❡r♠s ♦❢ q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥s
❛♣♣❡❛r❡❞ ✐♥ ❬✶✵✻❪ ❛♥❞ ❬✶✶✺❪ ❢♦r ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦♥ t❤❡ ❤❛❧❢✲s♣❛❝❡ ✐♥ R

d✳
❚❤❡ ❝❛s❡ ♦❢ D ❜❡✐♥❣ t❤❡ ✉♥✐t ❜❛❧❧ ✇❛s st✉❞✐❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ ❬✶✶✷✱ ✾✹❪✳ ❋♦r
♠♦r❡ ❣❡♥❡r❛❧ ❞♦♠❛✐♥s ✐♥ R

d s❡❡ ❬✶✶✸✱ ✶✵✽✱ ✻✾❪✳
❚❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❛❞❞✐t✐♦♥❛❧❧② ❛ss✉♠❡ t❤❛t d ≥ 3 ❛♥❞

D ⊂ R
d ✐s ♦♣❡♥ ❛♥❞ ❝♦♥♥❡❝t❡❞✱ ✐✳❡✳ ✐t ✐s ❛ ❞♦♠❛✐♥✳ ❋♦r 0 < p < ∞✱ t❤❡

❝❧❛ss✐❝❛❧ ❍❛r❞② s♣❛❝❡ Hp(D) ♠❛② ❜❡ ❞❡✜♥❡❞ ❛s t❤❡ ❢❛♠✐❧② ♦❢ ❛❧❧ t❤♦s❡
❢✉♥❝t✐♦♥s u ♦♥ D ✇❤✐❝❤ ❛r❡ ❤❛r♠♦♥✐❝ ♦♥ D ✭✐✳❡✳ u ∈ C2(D) ❛♥❞ ∆u(x) = 0
❢♦r x ∈ D✮ ❛♥❞ s❛t✐s❢②

‖u‖Hp := sup
U⊂⊂D

(
E

x0|u(WτU
)|p
)1/p

<∞.

❍❡r❡ W ✐s t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ♦♥ R
d ❛♥❞ τU = inf{t ≥ 0 : Wt /∈ D}✳ ❋♦r

❛ ♣♦s✐t✐✈❡ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ h ♦♥ D ❛♥❞ 0 < p < ∞ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡
s♣❛❝❡ Hp

h(D) ♦❢ ❛❧❧ t❤♦s❡ ❢✉♥❝t✐♦♥s u ❤❛r♠♦♥✐❝ ♦♥ D ✇❤✐❝❤ s❛t✐s❢②

‖u‖p
Hp

h
:= sup

U⊂⊂D
E

x0
h

∣∣∣∣
u(WτU

)

h(WτU
)

∣∣∣∣
p

=
1

h(x0)
sup

U⊂⊂D
E

x0
|u(WτU

)|p
h(WτU

)p−1
<∞,

✻✸



✇❤❡r❡ E
x
h ✐s t❤❡ ❡①♣❡❝t❛t✐♦♥ ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✭❝♦♠♣❛r❡

❙❡❝t✐♦♥ ✸✳✸ ♦r s❡❡ ❬✹✷❪✮✳ ▲❡t GD ❜❡ t❤❡ ❝❧❛ss✐❝❛❧ ●r❡❡♥ ❢✉♥❝t✐♦♥ ♦❢ D ❢♦r
∆✳ ■❢ 1 < p < ∞ ❛♥❞ u ✐s ❤❛r♠♦♥✐❝ ♦♥ D✱ t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❍❛r❞②✲❙t❡✐♥
✐❞❡♥t✐t② ❤♦❧❞s

‖u‖p
Hp = |u(x0)|p + p(p− 1)

∫

D

GD(x0, y)|u(y)|p−2|∇u(y)|2dy. ✭✸✳✸✻✮

❚❤❡ ✐❞❡♥t✐t② ✭✸✳✸✻✮ ♦❜t❛✐♥s ❜② t❛❦✐♥❣ h ≡ 1 ✐♥ t❤❡ ♥❡①t t❤❡♦r❡♠✳ ✭✸✳✸✻✮
❣❡♥❡r❛❧✐③❡s ❬✶✶✷✱ ▲❡♠♠❛ ✶❪ ❛♥❞ ❬✾✹✱ ❚❤❡♦r❡♠ ✹✳✸❪✱ ✇❤❡r❡ t❤❡ ❢♦r♠✉❧❛ ✇❛s
❣✐✈❡♥ ❢♦r t❤❡ ❜❛❧❧ ✐♥ R

d✱ s❡❡ ❛❧s♦ ❬✶✶✵❪✳ ❲❡ ♥♦t❡ t❤❛t ✭✸✳✸✻✮ ✐s ✐♠♣❧✐❝✐t ✐♥ ❬✶✶✸✱
▲❡♠♠❛ ✻❪✱ ❜✉t ❛♣♣❛r❡♥t❧② t❤❡ ✐❞❡♥t✐t② ❞✐❞ ♥♦t r❡❝❡✐✈❡ ❡♥♦✉❣❤ ❛tt❡♥t✐♦♥ ❢♦r
❣❡♥❡r❛❧ ❞♦♠❛✐♥s✳ ❲❡ ❛❧s♦ ♥♦t❡ t❤❛t ✐♥ ♠❛♥② ❝❛s❡s t❤❡ ❡①❛❝t ❛s②♠♣t♦t✐❝s
♦❢ GD ✐s ❦♥♦✇♥✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ ❡①♣❧✐❝✐t ❡st✐♠❛t❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ D ✐s ❛
❜♦✉♥❞❡❞ C1,1 ❞♦♠❛✐♥ ✐♥ R

d ❛♥❞ d ≥ 3✱ t❤❡♥ GD(x0, y) ≍ δD(y)|y − x0|2−d✱
✇❤❡r❡ δD(y) := dist(y,Dc)✱ s❡❡ ❬✶✶❪✱ ❛❧s♦ ❢♦r t❤❡ ❝❛s❡ ♦❢ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥s✳

❚❤❡♦r❡♠ ✸✳✹✳✶ ■❢ 1 < p <∞ ❛♥❞ u ✐s ❤❛r♠♦♥✐❝ ♦♥ D✱ t❤❡♥

‖u‖p
Hp

h
=

|u(x0)|p
h(x0)p

+ p(p− 1)

∫

D

GD(x0, y)

h(x0)h(y)

∣∣∣∣
u(y)

h(y)

∣∣∣∣
p−2 ∣∣∣∇u

h
(y)
∣∣∣
2

h2(y)dy.

✭✸✳✸✼✮

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✹✳✶✳
❚❤❡ r❡❛❞❡r ✐♥t❡r❡st❡❞ ♠♦st❧② ✐♥ ✭✸✳✸✻✮ ✐s ❡♥❝♦✉r❛❣❡❞ t♦ ❝❛rr② ♦✉t s✐♠✐❧❛r
❜✉t s✐♠♣❧❡r ❝❛❧❝✉❧❛t✐♦♥s ❢♦r h ≡ 1 ❛♥❞ p > 2✳ ❲❡ ♥♦t❡ t❤❛t ✭✸✳✸✼✮ ✐s q✉✐t❡
♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ ✭✸✳✸✻✮ ❜❡❝❛✉s❡ ✉s✉❛❧❧② u/h ✐s ♥♦t ❤❛r♠♦♥✐❝✳ ❚❤❡ s❛♠❡
r❡♠❛r❦ ❝♦♥❝❡r♥s ✭✸✳✸✾✱ ✸✳✹✵✮ ❢♦r ❣❡♥❡r❛❧ h ❛s ♦♣♣♦s❡❞ t♦ ✭✸✳✸✾✱ ✸✳✹✵✮ ❢♦r
h = 1✱ ✇❤✐❝❤ ✐s ❛ ❝❧❛ss✐❝❛❧ r❡s✉❧t ✭❬✶✵✼✱ ❱■■✳✸❪✮✳ ❲❡ st❛rt ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣
✇❡❧❧✲❦♥♦✇♥ ●r❡❡♥✲t②♣❡ ❡q✉❛❧✐t②✳ ❈♦♥s✐❞❡r ♦♣❡♥ U ⊂⊂ D ❛♥❞ ❛ r❡❛❧✲✈❛❧✉❡❞
❢✉♥❝t✐♦♥ φ : R

d → R ✇❤✐❝❤ ✐s C2 ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ U ✳ ❚❤❡♥ ∆φ ✐s
❜♦✉♥❞❡❞ ♦♥ U ✱ ❛♥❞ ❢♦r ❡✈❡r② x ∈ D✱

φ(x) = E
xφ(WτU

) −
∫

U

GU(x, y)∆φ(y) dy , ✭✸✳✸✽✮

s❡❡✱ ❡✳❣✳✱ ❬✹✺✱ ♣✳ ✶✸✸❪ ❢♦r t❤❡ ♣r♦♦❢✳

▲❡♠♠❛ ✸✳✹✳✷ ▲❡t ε 6= 0 ❛♥❞ ❧❡t u ❜❡ ❤❛r♠♦♥✐❝ ♦♥ D✳ ❲❡ ❤❛✈❡

∆

[(
u2

h2
+ ε2

)p/2

h

]
= p

(
u2

h2
+ ε2

)(p−4)/2[
(p− 1)

u2

h2
+ ε2

]∣∣∣∣∇
u

h

∣∣∣∣
2

. ✭✸✳✸✾✮

■❢ u 6= 0 ♦r p ≥ 2✱ t❤❡♥

∆

( |u|p
hp−1

)
= p(p− 1)

∣∣∣∣
u

h

∣∣∣∣
p−2∣∣∣∣∇

u

h

∣∣∣∣
2

h . ✭✸✳✹✵✮

✻✹



Pr♦♦❢ ❉❡♥♦t❡ ui = ∂u/∂xi✱ hi = ∂h/∂xi✱ uii = ∂2u/∂x2
i ❛♥❞ hii = ∂2h/∂x2

i ✱
i = 1, . . . , d✳ ❚❤❡ ❧❡♠♠❛ r❡s✉❧ts ❢r♦♠ str❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥s ❜❛s❡❞ ♦♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥s ✿

∇|u|p = ∇
(
u2)p/2 = p|u|p−2u∇u , ✐❢ p ≥ 2 ♦r u 6= 0 ,

∂2

∂x2
i

|u|p = p(p− 1)|u|p−2u2
i + p|u|p−2uuii , ✐❢ p ≥ 2 ♦r u 6= 0 ,

∇h1−p = (1 − p)h−p∇h ,
∆(fg) = f∆g + 2∇f ◦ ∇g + g∆f .

❚❤✐s ②✐❡❧❞s ✭✸✳✹✵✮ ✐❢ p ≥ 2 ♦r u(x) 6= 0 ❛t t❤❡ ♣♦✐♥t x ✇❤❡r❡ t❤❡ ❞❡r✐✈❛t✐✈❡s
❛r❡ ❝❛❧❝✉❧❛t❡❞ ✭❛♥❞ s♦ |u|ph1−p ✐s ♦❢ ❝❧❛ss C2 t❤❡r❡✮✳ ❚♦ ♣r♦✈❡ ✭✸✳✸✾✮ ✇❡ ❧❡t
ε 6= 0✱ ❞❡♥♦t❡ f(x) = u2/h2 + ε2✱ ❛♥❞ ✉s❡ ❛ ❢❡✇ ♠♦r❡ ✐❞❡♥t✐t✐❡s ✿

∇u

h
=

∇u
h

− u∇h
h2

, ∇
(
u

h

)2

= 2
u

h
∇u

h
,

∆

(
u

h

)2

=
2|∇u|2
h2

− 8u∇u ◦ ∇h
h3

+
6u2|∇h|2

h4
,

∇fp/2 =
p

2
fp/2−1∇

(
u

h

)2

,

∆fp/2 =
p(p− 2)

4
fp/2−2

∣∣∣∣∇
(
u

h

)2∣∣∣∣
2

+
p

2
fp/2−1∆

(
u

h

)2

,

∆

(
fp/2h

)
=
p(p− 2)

4
fp/2−2

∣∣∣∣∇
(
u

h

)2∣∣∣∣
2

h+ pfp/2−1

∣∣∣∣∇
u

h

∣∣∣∣
2

h .
✷

◆♦t❡✇♦rt❤②✱ ✇❡ ♦❜t❛✐♥❡❞ ♥♦♥♥❡❣❛t✐✈❡ ❡①♣r❡ss✐♦♥s ✐♥ ✭✸✳✸✾✮ ❛♥❞ ✭✸✳✹✵✮✳ ❆❧s♦✱
✐❢ ε→ 0✱ t❤❡♥ ∆[(u2/h2 + ε2)p/2h] → ∆(|u|ph1−p) ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ♦♥ D✳

▲❡♠♠❛ ✸✳✹✳✸ ■❢ u ✐s ❤❛r♠♦♥✐❝ ♦♥ D✱ U ⊂⊂ D ❛♥❞ p > 1✱ t❤❡♥

E
x0

|u(XτU
)|p

h(XτU
)p−1

=
|u(x0)|p
h(x0)p−1

+p(p−1)

∫

U

GU(x0, y)

∣∣∣∣
u(y)

h(y)

∣∣∣∣
p−2∣∣∣∣∇

u

h
(y)

∣∣∣∣
2

h(y)dy.

Pr♦♦❢ ❋♦r p ≥ 2 ✇❡ ❤❛✈❡ |u|ph1−p ∈ C2(D) ❛♥❞ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠
✭✸✳✸✽✮ ❛♥❞ ▲❡♠♠❛ ✸✳✹✳✷✳ ■❢ 1 < p < 2✱ t❤❡♥ ✇❡ ❝♦♥s✐❞❡r u + iεh ✐♥ ♣❧❛❝❡
♦❢ u ❛♥❞ ✇❡ ❧❡t ε → 0✳ ❇② ✭✸✳✸✾✮✱ ✭✸✳✸✽✮✱ ❋❛t♦✉✬s ❧❡♠♠❛ ❛♥❞ ❞♦♠✐♥❛t❡❞
❝♦♥✈❡r❣❡♥❝❡ ✇❡ ♦❜t❛✐♥ t❤❡ r❡s✉❧t✳

✷

Pr♦♦❢ ❬Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✹✳✶❪ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✸✳✹✳✸ ❛♥❞
♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡✱ ❛❢t❡r ❞✐✈✐❞✐♥❣ ❜② h(x0) ❛♥❞ r❡❛rr❛♥❣✐♥❣ t❤❡ ✐♥t❡✲
❣r❛♥❞✳

✷

✻✺



❲❡ ♦❜s❡r✈❡ ✈❡r② ❝❧♦s❡ s✐♠✐❧❛r✐t✐❡s ❜❡t✇❡❡♥ t❤❡ ❍❛r❞②✲❙t❡✐♥ ✐❞❡♥t✐t✐❡s ❛♥❞
❝♦♥❞✐t✐♦♥❛❧ ❍❛r❞②✲❙t❡✐♥ ✐❞❡♥t✐t✐❡s ❞✐s❝✉ss❡❞ ✐♥ t❤✐s ♣❛♣❡r✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❢✉♥❝✲
t✐♦♥s u ❛♥❞ u/h ✉♥❞❡r❣♦ t❤❡ s❛♠❡ tr❛♥s❢♦r♠❛t✐♦♥ ✉♥❞❡r t❤❡ ✐♥t❡❣r❛❧ s✐❣♥✳
■♥ ❡❛❝❤ ❝❛s❡ ✇❡ s❡❡ t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ ✭❛♥❞ ❥✉♠♣ ❦❡r♥❡❧s ✐♥ t❤❡ ♥♦♥✲
❧♦❝❛❧ ❝❛s❡✮ ❛♣♣r♦♣r✐❛t❡ ❢♦r t❤❡ ❣✐✈❡♥ ♦♣❡r❛t♦r✱ ❛♥❞ ✐♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝❛s❡✱
h2(y)dy ❛♣♣❡❛rs ❛s ❛ ♥❛t✉r❛❧ r❡❢❡r❡♥❝❡ ♠❡❛s✉r❡✳ ❲❡ r❡♠❛r❦ ✐♥ ♣❛ss✐♥❣ t❤❛t
t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❝♦♥❞✐t✐♦♥❛❧ s❡♠✐❣r♦✉♣s ✭✸✳✷✸✮ s❤♦✉❧❞ ❜❡ ❝♦♥✈❡♥✐❡♥t ❢♦r
s✉❝❤ ❝❛❧❝✉❧❛t✐♦♥s ✐♥ ♠♦r❡ ❣❡♥❡r❛❧ s❡tt✐♥❣s✳

✸✳✺ ❋✉rt❤❡r r❡s✉❧ts

❲❡ ✇✐❧❧ ♥♦✇ ❞✐s❝✉ss t❤❡ str✉❝t✉r❡ ♦❢ Hp
α(D)✳ ❲❡ st❛rt ✇✐t❤ p = 1✳ ❚❤❡

❢♦❧❧♦✇✐♥❣ ✐s ❛ ❝♦✉♥t❡r♣❛rt ♦❢ t❤❡ t❤❡♦r❡♠ ♦❢ ❑r✐❝❦❡❜❡r❣ ❢♦r ♠❛rt✐♥❣❛❧❡s
✭❬✹✵❪✮✱ ❛♥❞ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❬✾✵✱ ❚❤❡♦r❡♠ ✶❪✱ ✇❤❡r❡ t❤❡ r❡s✉❧t ✇❛s ♣r♦✈❡❞
❢♦r s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦♥ ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥s✳

▲❡♠♠❛ ✸✳✺✳✶ ▲❡t u ∈ H1
α(D)✳ ❚❤❡r❡ ❡①✐st ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s f ❛♥❞

g ✇❤✐❝❤ ❛r❡ α✲❤❛r♠♦♥✐❝ ♦♥ D✱ s❛t✐s❢② u = f − g ❛♥❞ ✉♥✐q✉❡❧② ♠✐♥✐♠✐③❡
f(x0) + g(x0)✳ ■♥ ❢❛❝t✱ f(x0) + g(x0) = ‖u‖Hp

α
✳ ■❢ u ✐s s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝

♦♥ D✱ t❤❡♥ s♦ ❛r❡ f ❛♥❞ g✳ ■❢ 1 ≤ p < ∞ ❛♥❞ u ∈ Hp
α(D)✱ t❤❡♥ ‖u‖p

Hp
α

=

‖f‖p
Hp

α
+ ‖g‖p

Hp
α
✳

Pr♦♦❢ ▲❡t Un ❜❡ ♦♣❡♥✱ Un ⊂⊂ Un+1 ❢♦r n = 1, 2 . . . ❛♥❞
⋃

n Un = D✳ ▲❡t
τn = τUn ✳ ❲❡ ❤❛✈❡

‖u‖H1
α

= lim
n→∞

E
x0|u(Xτn)| <∞ .

▲❡t u+ = max(u, 0) ❛♥❞ u− = max(−u, 0)✳ ❋♦r n = 1, 2, . . .✱ ✇❡ ❞❡✜♥❡

fn(x) = E
xu+(Xτn) , gn(x) = E

xu−(Xτn) , x ∈ R
d .

❖❜✈✐♦✉s❧②✱ ❢✉♥❝t✐♦♥s fn ❛♥❞ gn ❛r❡ ♥♦♥♥❡❣❛t✐✈❡ ♦♥ R
d✱ ❛♥❞ ✜♥✐t❡ ❛♥❞ α✲

❤❛r♠♦♥✐❝ ♦♥ Un✳ ❲❡ ❤❛✈❡ u = fn − gn✳ ❙✐♥❝❡ τn ≤ τn+1✱ ❢♦r ❡✈❡r② x ∈ R
d✱

fn(x) = E
x
[
E

Xτnu(Xτn+1) ; u(Xτn) > 0
]
≤ E

x
[
E

Xτnu+(Xτn+1)
]

= fn+1(x) ,

❛♥❞ gn(x) ≤ gn+1✳ ❲❡ ❧❡t f(x) = lim fn(x) ❛♥❞ g(x) = lim gn(x)✳ ❇② t❤❡
♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♣r♦♣❡rt② ✭✸✳✷✮ ❤♦❧❞s ❢♦r f
❛♥❞ g✳ ❲❡ ♦❜t❛✐♥

f(x0) + g(x0) = lim
n→∞

E
x0|u(Xτn)| = ‖u‖H1

α
<∞ .

■♥ ✈✐❡✇ ♦❢ ❍❛r♥❛❝❦ ✐♥❡q✉❛❧✐t② ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t f ❛♥❞ g ❛r❡ ✜♥✐t❡✱ ❤❡♥❝❡
α✲❤❛r♠♦♥✐❝ ♦♥ D✳ ❆❧s♦✱ u = f − g✳ ■❢ u ✈❛♥✐s❤❡s ♦♥ D✱ t❤❡♥ s♦ ❞♦ f ❛♥❞ g✳

✻✻



❋♦r t❤❡ ✉♥✐q✉❡♥❡ss✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ✐❢ f̃ , g̃ ≥ 0 ❛r❡ α✲❤❛r♠♦♥✐❝ ♦♥ D✱ ❛♥❞
u = f̃ − g̃✱ t❤❡♥ −g̃ ≤ u ≤ f̃ ✱ ❤❡♥❝❡ f ≤ f̃ ❛♥❞ g ≤ g̃ ❜② t❤❡ ❝♦♥str✉❝t✐♦♥
♦❢ f ❛♥❞ g✳ ❚❤❡r❡❢♦r❡ f(x0) + g(x0) ≤ f̃(x0) + g̃(x0)✱ ❛♥❞ ❡q✉❛❧✐t② ❤♦❧❞s ✐❢
❛♥❞ ♦♥❧② ✐❢ f(x0) = f̃(x0) ❛♥❞ g(x0) = g̃(x0)✱ ❤❡♥❝❡❢♦rt❤ f = f̃ ❛♥❞ g = g̃✳

▲❡t p > 1 ❛♥❞ s✉♣♣♦s❡ t❤❛t u ∈ Hp
α(D) ⊂ H1

α(D)✳ ❇② ❏❡♥s❡♥✬s ✐♥❡q✉❛✲
❧✐t②✱

fn(x)p ≤ E
xu+(Xτn)p, gn(x)p ≤ E

xu−(Xτn)p,

❤❡♥❝❡
fn(x)p + gn(x)p ≤ E

x|u(Xτn)|p.
❋♦r m < n ✇❡ ❤❛✈❡

E
x0(fn(Xτm)p + gn(Xτm)p) ≤ E

x0E
Xτm |u(Xτn)|p = E

x0|u(Xτn)|p.

▲❡tt✐♥❣ n→ ∞✱ ✇❡ ❣❡t

E
x0(f(Xτm)p + g(Xτm)p) ≤ ‖u‖p

Hp
α
.

❍❡♥❝❡ ‖f‖p
Hp

α
+ ‖g‖p

Hp
α
≤ ‖u‖p

Hp
α
✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ f, g ≥ 0✱ ❤❡♥❝❡

‖u‖p
Hp

α
= lim

n→∞
E

x0|f(Xτn) − g(Xτn)|p

≤ lim
n→∞

E
x0(f(Xτn)p + g(Xτn)p) = ‖f‖p

Hp
α

+ ‖g‖p
Hp

α
.

❚❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳
✷

❲❡ ♥♦t❡ t❤❛t ‖u‖p
Hp

α
= ‖f‖p

Hp
α
+ ‖g‖p

Hp
α
❤❛s ❛ tr✐✈✐❛❧ ❛♥❛❧♦❣✉❡ ❢♦r Lp s♣❛❝❡s✳

■♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✸✳✺✳✶ ❛♥❞ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♣♦s✐t✐✈❡ α✲❤❛r♠♦♥✐❝
❢✉♥❝t✐♦♥s ❬✷✵✱ ❚❤❡♦r❡♠ ✸❪✱ ❡❛❝❤ u ∈ H1

α(D) ❤❛s ❛ ✉♥✐q✉❡ ✐♥t❡❣r❛❧ r❡♣r❡s❡♥✲
t❛t✐♦♥

u(x) =

∫

∂MD

MD(x, z)µ(dz) +

∫

Dc

f(y)PD(x, y)dy , x ∈ D , ✭✸✳✹✶✮

✇❤❡r❡ µ ✐s ❛ ✭✜♥✐t❡✮ s✐❣♥❡❞ ♠❡❛s✉r❡ ♦♥ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② ♦❢ D✱ MD ✐s
t❤❡ ▼❛rt✐♥ ❦❡r♥❡❧ ♦❢ D✱ PD ✐s t❤❡ P♦✐ss♦♥ ❦❡r♥❡❧ ♦❢ D✱ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ f
s❛t✐s✜❡s

∫
Dc |f(y)|PD(x0, y)dy <∞✱ s❡❡ ❬✷✵❪✳

▲❡♠♠❛ ✸✳✺✳✷ ▲❡t u ∈ H1
h✳ ❚❤❡r❡ ❛r❡ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s f, g ∈ H1

h

✇❤✐❝❤ s❛t✐s❢② u = f − g ❛♥❞ ✉♥✐q✉❡❧② ♠✐♥✐♠✐③❡ f(x0) + g(x0)✳ ■♥ ❢❛❝t✱
f(x0) + g(x0) = ‖u‖H1

h
h(x0)✳ ■❢ 1 ≤ p < ∞ ❛♥❞ u ∈ Hp

h✱ t❤❡♥ ‖u‖p
Hp

h
=

‖f‖p
Hp

h
+ ‖g‖p

Hp
h
✳

✻✼



Pr♦♦❢ ■❢ u ∈ H1
h✱ t❤❡♥ u ✐s s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝ ♦♥ D✱ u ∈ H1

α(D) ❛♥❞
‖u‖H1

h
= h(x0)

−1‖u‖H1
α
✭❝♦♥❞✐t✐♦♥✐♥❣ ✐s tr✐✈✐❛❧ ❢♦r p = 1✮✳ ❇② ▲❡♠♠❛ ✸✳✺✳✶✱

u ❤❛s t❤❡ ❑r✐❝❦❡❜❡r❣ ❞❡❝♦♠♣♦s✐t✐♦♥ u = f − g✱ ❛♥❞ f, g ❛r❡ ♥♦♥♥❡❣❛t✐✈❡
❛♥❞ s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝ ♦♥ D✳ ■♥ ♣❛rt✐❝✉❧❛r ‖f‖H1

h
= f(x0)/h(x0) ❛♥❞

‖g‖H1
h

= g(x0)/h(x0) ❛r❡ ✜♥✐t❡✳ ❚❤❡ r❡❛❞❡r ♠❛② ❡❛s✐❧② ✈❡r✐❢② t❤❡ r❡st ♦❢
t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ ❧❡♠♠❛✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢ ❛♥❞ ✉s✐♥❣ t❤❡
❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ Eh✳ ✷

❘❡♠❛r❦ ✸✳✺✳✸ ❆♥❛❧♦❣✉❡s ♦❢ ▲❡♠♠❛ ✸✳✺✳✶ ❛♥❞ ▲❡♠♠❛ ✸✳✺✳✷ ❛r❡ tr✉❡ ❢♦r
t❤❡ ❝❧❛ss✐❝❛❧ ❍❛r❞② s♣❛❝❡s Hp(D) ❛♥❞ Hp

h(D) ❢♦r ❝♦♥♥❡❝t❡❞ D✳

❆s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✭✸✳✸✻✮ ✇❡ ❣✐✈❡ ❛ s❤♦rt ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ▲✐tt❧❡✇♦♦❞✲
P❛❧❡② t②♣❡ ✐♥❡q✉❛❧✐t② ✭s❡❡ ❬✾✸❪✱ ✇❡r❡ t❤❡ r❡s✉❧t ✇❛s ❣✐✈❡♥ ❢♦r t❤❡ ❜❛❧❧ ✐♥ R

2✮✳
❘❡❝❛❧❧ t❤❡ ♥♦t❛t✐♦♥ δD(y) = dist(y,Dc)✳

Pr♦♣♦s✐t✐♦♥ ✸✳✺✳✹ ❈♦♥s✐❞❡r ❛ ❞♦♠❛✐♥ D ⊂ R
d✱ ❛♥❞ ❧❡t p ≥ 2✳ ❚❤❡r❡ ✐s ❛

❝♦♥st❛♥t c > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥ u ❤❛r♠♦♥✐❝ ♦♥ D✱

‖u‖p
Hp − |u(x0)|p ≥ p(p− 1)d2−p21−p

∫

D

GD(x0, y)δD(y)p−2|∇u(y)|pdy .

Pr♦♦❢ ❲❡ ♠❛② ❛ss✉♠❡ t❤❛t ‖u‖Hp < ∞✳ ■♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✸✳✺✳✶ ❛♥❞
❘❡♠❛r❦ ✸✳✺✳✸✱ u = f − g✱ ✇❤❡r❡ f, g ❛r❡ ♣♦s✐t✐✈❡ ❛♥❞ ❤❛r♠♦♥✐❝ ♦♥ D
❛♥❞ ‖u‖p

Hp = ‖f‖p
Hp + ‖g‖p

Hp ✳ ❈❧❡❛r❧②✱ |u(x0)|p ≤ f(x0)
p + g(x0)

p✱ ❤❡♥❝❡
‖u‖p

Hp − |u(x0)|p ≥ ‖f‖p
Hp − |f(x0)|p + ‖g‖p

Hp − |g(x0)|p✳ ❋✉rt❤❡r♠♦r❡✱ ❜②
❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t②✱

|∇u|p ≤ 2p−1(|∇f |p + |∇g|p) .
❘❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣r❛❞✐❡♥t ❡st✐♠❛t❡ ❢♦r t❤❡ ♥♦♥♥❡❣❛t✐✈❡ ❤❛r♠♦♥✐❝ ❢✉♥❝✲
t✐♦♥ f ✱

f(x) ≥ |∇f(x)|δD(x)/d , x ∈ D ,

✭❬✺✺✱ ❊①❡r❝✐s❡ ✷✳✶✸❪✱ s❡❡ ❛❧s♦ ❬✻❪✮✳ ❍❡r❡ d ✐s t❤❡ ❞✐♠❡♥s✐♦♥✳ ❇② ✭✸✳✸✻✮✱

‖f‖p
Hp − |f(x0)|p = p(p− 1)

∫

D

GD(x0, y)|f(y)|p−2|∇f(y)|2dy

≥ p(p− 1)d2−p

∫

D

GD(x0, y)δD(y)p−2|∇f(y)|pdy ,

❛♥❞ ❛ s✐♠✐❧❛r ❡st✐♠❛t❡ ❤♦❧❞s ❢♦r g✳
✷

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts✳ P❛rt ♦❢ t❤❡ ❛❜♦✈❡ r❡s✉❧ts ♦♥ Hp(D,α) ✇❡r❡ ♣r❡✲
s❡♥t❡❞ ❛t t❤❡ ✹t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❙t♦❝❤❛st✐❝ ❆♥❛❧②s✐s ❛♥❞ ■ts
❆♣♣❧✐❝❛t✐♦♥s ❤❡❧❞ ❛t ❑❛♥s❛✐ ❯♥✐✈❡rs✐t②✱ ❖s❛❦❛✱ ❆✉❣✉st ✸✵ ✲ ❙❡♣t❡♠❜❡r ✸✱
✷✵✶✵✳ ❲❡ ❣r❛t❡❢✉❧❧② t❤❛♥❦ t❤❡ ♦r❣❛♥✐③❡rs ❢♦r t❤❡ ♦♣♣♦rt✉♥✐t②✳ ❲❡ t❤❛♥❦
❘♦❞r✐❣♦ ❇❛ñ✉❡❧♦s ❛♥❞ ❏❛❝❡❦ ❩✐❡♥❦✐❡✇✐❝③ ❢♦r ❝♦♠♠❡♥ts ♦♥ ❝❧❛ss✐❝❛❧ ❍❛r❞②
s♣❛❝❡s ❛♥❞ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✳

✻✽



❈❤❛♣✐tr❡ ✹

❇♦✉♥❞❛r② ❜❡❤❛✈✐♦r ♦❢

α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦♥ t❤❡

❝♦♠♣❧❡♠❡♥t ♦❢ t❤❡ s♣❤❡r❡ ❛♥❞

❤②♣❡r♣❧❛♥❡

✹✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡t Xt ❜❡ ❛ s②♠♠❡tr✐❝ α✲st❛❜❧❡ ▲é✈② ♣r♦❝❡ss ♦♥ R
d✱ d ≥ 2✱ ✇✐t❤ t❤❡

✐♥❞❡① α ∈ (0, 2) ❛♥❞ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥

E
xeiξ·(Xt−x) = e−t|ξ|α , x, ξ ∈ R

d, t ≥ 0. ✭✹✳✶✮

❍❡r❡ E
x ✐s t❤❡ ❡①♣❡❝t❛t✐♦♥ ❢♦r t❤❡ ♣r♦❝❡ss st❛rt✐♥❣ ❢r♦♠ x ❛♥❞ · ❞❡♥♦t❡s

t❤❡ st❛♥❞❛r❞ ✐♥♥❡r ♣r♦❞✉❝t✳ ❚❤❡ st✉❞② ♦❢ t❤❡ α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✱ ✐✳❡✳✱
❢✉♥❝t✐♦♥s ✇❤✐❝❤ ❛r❡ ❤❛r♠♦♥✐❝ ❢♦r Xt ✭s❡❡ Pr❡❧✐♠✐♥❛r✐❡s ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥✮✱
❤❛s ❜❡❡♥ ♦❢ ✐♥t❡r❡st ✐♥ r❡❝❡♥t ②❡❛rs✱ s❡❡ ❬✾✱ ✸✸✱ ✶✵✱ ✶✸✱ ✾✶✱ ✶✵✺✱ ✼✱ ✶✺✱ ✽✾✱
✶✼✱ ✼✹✱ ✷✵✱ ✷✸✱ ✶✹✱ ✷✽✱ ✾✵✱ ✶✻❪✳ ■♥ s♦♠❡ r❡s♣❡❝ts✱ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡s❡
❢✉♥❝t✐♦♥s ❝♦♥tr❛sts s❤❛r♣❧② ✇✐t❤ t❤❛t ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦❢
t❤❡ ▲❛♣❧❛❝✐❛♥ ✭❢♦r ✇❤✐❝❤ s❡❡✱ ❡✳❣✳✱ ❬✶✵✼✱ ✶✵✽✱ ✻✽✱ ✺✱ ✶❪✮✳ ❚❤✐s ✐s ❞✉❡ t♦ ❥✉♠♣s
♦❢ t❤❡ ♣r♦❝❡ss Xt✳ ❖♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♣r♦♣❡rt✐❡s ❞✐st✐♥❣✉✐s❤✐♥❣
Xt ❢r♦♠ ❞✐✛✉s✐♦♥s ✐s t❤❡ ❢❛❝t t❤❛t Xt ❞♦❡s ♥♦t ❤✐t t❤❡ ❜♦✉♥❞❛r② ✇❤✐❧❡
❧❡❛✈✐♥❣ ❛ s✉✣❝✐❡♥t❧② r❡❣✉❧❛r ❞♦♠❛✐♥✳ ■♥st❡❛❞ ✐t ❥✉♠♣s t♦ t❤❡ ✐♥t❡r✐♦r ♦❢
t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ t❤❡ ❞♦♠❛✐♥✳ ❉✐s❝♦♥t✐♥✉✐t② ♦❢ t❤❡ tr❛❥❡❝t♦r✐❡s ❛t t❤❡ ❡①✐t
t✐♠❡ ❤❛s ❛ s✐❣♥✐✜❝❛♥t ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❜♦✉♥❞❛r② ♣r♦♣❡rt✐❡s ♦❢ α✲❤❛r♠♦♥✐❝
❢✉♥❝t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐t ❛❧❧♦✇s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣♦s✐t✐✈❡ α✲❤❛r♠♦♥✐❝
❢✉♥❝t✐♦♥ ♦♥ t❤❡ ✉♥✐t ❜❛❧❧ ✐♥ R

d ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❧✐♠✐ts ✐❞❡♥t✐❝❛❧❧② ❡q✉❛❧ t♦
∞✱ s❡❡ ❬✶✹✱ ❊①❛♠♣❧❡ ✸✳✸✳✱ ♣✳ ✺✾❪✳ ■♥ t❤❡ ❝❧❛ss✐❝❛❧ ❝❛s❡ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥✱ ✇❤❡♥
t❤❡ ✉♥❞❡r❧②✐♥❣ ♣r♦❝❡ss ✐s t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✱ s✉❝❤ ❡①❛♠♣❧❡s ❞♦ ♥♦t ❡①✐st
❜❡❝❛✉s❡ ♦❢ t❤❡ ❋❛t♦✉ t❤❡♦r❡♠ ❛♥❞ t❤❡ s♦✲❝❛❧❧❡❞ ♥♦♥t❛♥❣❡♥t✐❛❧ ❝♦♥✈❡r❣❡♥❝❡
♦❢ ♣♦s✐t✐✈❡ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✱ s❡❡ ❬✶✶✺✱ ✶✵✼✱ ✶✵✽✱ ✸✱ ✶✶✼✱ ✻✽✱ ✹✷✱ ✺✱ ✶❪✳ ■♥

✻✾



❢❛❝t✱ ❋❛t♦✉✲t②♣❡ t❤❡♦r❡♠s ❢♦r α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s r❡q✉✐r❡ ❛♥ ❛♣♣r♦♣r✐❛t❡
♥♦r♠❛❧✐③❛t✐♦♥✱ s❡❡ ❬✶✺✱ ✽✾✱ ✼✹✱ ✾✵❪ ❛♥❞ ❬✼❪✳

■♥ t❤✐s ♣❛♣❡r ✇❡ s❤♦✇ t❤❛t ❜❡tt❡r ❛♥❛❧♦❣✉❡s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ❛r❡
♦❜t❛✐♥❡❞ ❢♦r s❡ts ✇❤✐❝❤ ❛r❡ ❝♦♠♣❧❡♠❡♥ts ♦❢ s♠♦♦t❤ s✉r❢❛❝❡s✱ r❛t❤❡r t❤❛♥
❢♦r s♠♦♦t❤ ❞♦♠❛✐♥s✳ ❲❡ ♣r♦❝❡❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t✇♦ ♣❛rt✐❝✉❧❛r ❡①❛♠♣❧❡s ✿
t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ s♣❤❡r❡ S :=

{
x ∈ R

d : |x| = 1
}

❛♥❞ ♦❢ t❤❡ ❤②♣❡r♣❧❛♥❡
L :=

{
x = (x1, ..., xd) ∈ R

d : xd = 0
}
✳ ❍❡r❡ d ≥ 2 ❛♥❞ α ∈ (1, 2)✳

❲❡ s❤♦✉❧❞ ♥♦t❡ t❤❛t S ❛♥❞ L ❛r❡ ♥♦♥✲♣♦❧❛r s❡ts ❢♦r Xt ✇❤❡♥❡✈❡r
α ∈ (1, 2)✳ ❚❤❡ ❤✐tt✐♥❣ ♣r♦❜❛❜✐❧✐t② ♦❢ S ❢♦r Xt ✐s ❣✐✈❡♥ ✐♥ ❬✾✽✱ ❚❤❡♦r❡♠
✷✳✶❪✳ ❈♦rr❡s♣♦♥❞✐♥❣❧②✱ t❤❡ ❧❛st ❝♦♦r❞✐♥❛t❡ ♦❢ Xt = (X1

t , ..., X
d
t ) ✐s ❛ ♦♥❡✲

❞✐♠❡♥s✐♦♥❛❧ s②♠♠❡tr✐❝ α✲st❛❜❧❡ ▲é✈② ♠♦t✐♦♥✱ ✇❤✐❝❤ ❤✐ts ③❡r♦ ❛❧♠♦st s✉r❡❧②
❢♦r α ∈ (1, 2) ✭✐✳❡✳✱ Xd

t ✐s ♣♦✐♥t✇✐s❡ r❡❝✉rr❡♥t✱ s❡❡ ❬✾✽❪✮✳ ❲❡ ❣✐✈❡ t❤❡ ❡①♣❧✐❝✐t
❢♦r♠✉❧❛ ❢♦r t❤❡ ❤✐tt✐♥❣ ❞✐str✐❜✉t✐♦♥ ♦❢ L ❢♦r Xt ✐♥ ❙❡❝t✐♦♥ ✹✳✹✱ s❡❡ ✭✹✳✶✽✮ ❛♥❞
Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✶✳ ■t t✉r♥s ♦✉t t❤❛t t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ Xt ❛r❡ ❛❧♠♦st s✉r❡❧②
❝♦♥t✐♥✉♦✉s ♦♥ ❤✐tt✐♥❣ S ❛♥❞ L✱ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❲❡
✇♦✉❧❞ ❧✐❦❡ t♦ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝t✳ ■❢ u ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ α✲❤❛r♠♦♥✐❝
❢✉♥❝t✐♦♥ ♦♥ ❛♥ ♦♣❡♥ s❡t D ❛♥❞ τD ✐s t❤❡ ✜rst ❡①✐t t✐♠❡ ❢r♦♠ D ❢♦r Xt✱ t❤❡♥
Mt = u(Xt∧τD

) ✐s ❛ ♣♦s✐t✐✈❡ s✉♣❡r♠❛rt✐♥❣❛❧❡✳ ❇② ❉♦♦❜✬s t❤❡♦r②✱ Mt ❤❛s
❧✐♠✐ts ❛s t → ∞✳ ■❢ Xt ✐s ❝♦♥t✐♥✉♦✉s ❛t t = τD✱ t❤❡♥ ✇❡ ❝❛♥ tr❛♥s❧❛t❡ t❤❡
❝♦♥✈❡r❣❡♥❝❡ ♦❢Mt ✐♥t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ♥♦♥t❛♥❣❡♥t✐❛❧ ❧✐♠✐ts ❢♦r u✳ ❙✉❝❤
❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ❜② ❉♦♦❜ ✐♥ ❬✹✷❪ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❝❧❛ss✐❝❛❧
❋❛t♦✉ t❤❡♦r❡♠ ❛♥❞ s❡r✈❡s ✉s ❛s ❛ ♠♦t✐✈❛t✐♦♥ ❢♦r st✉❞②✐♥❣ D := R

d \ S ❛♥❞
H := R

d \L✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ α✲❤❛r♠♦♥✐❝ ✈❡rs✐♦♥s ♦❢ t❤❡ ❋❛t♦✉ t❤❡♦r❡♠
♦♥ D ❛♥❞ ♦♥ H ❛r❡ ❣✐✈❡♥ ❛s ❚❤❡♦r❡♠ ✹✳✸✳✶✶ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✹✳✶✽✳ ❲❡ s❤♦✉❧❞
r❡❝❛❧❧ t❤❛t t❤❡ r❡s✉❧t ❞♦❡s ♥♦t ❤♦❧❞ ❢♦r ♥♦♥♥❡❣❛t✐✈❡ α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s
♦♥ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥s✱ ❡✈❡♥ ❢♦r ❞♦♠❛✐♥s ✇✐t❤ ✈❡r② r❡❣✉❧❛r ❜♦✉♥❞❛r② ✭❬✶✹✱
❊①❛♠♣❧❡ ✸✳✸✳✱ ♣✳ ✺✾❪✮✳

❲❡ ❛r❡ ❛❧s♦ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❍❛r❞② s♣❛❝❡s ♦❢ α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s
♦♥ D ❛♥❞ ♦♥ H✳ ❚❤❡ t♦♣✐❝ ✇❛s ✐♥t❡♥s✐✈❡❧② st✉❞✐❡❞ ❢♦r ❝❧❛ss✐❝❛❧ ❤❛r♠♦♥✐❝
❢✉♥❝t✐♦♥s✱ ♠❛✐♥❧② ♦♥ t❤❡ ❜❛❧❧ ❛♥❞ ♦♥ t❤❡ ❤❛❧❢✲s♣❛❝❡✱ ❜✉t ❛❧s♦ ♦♥ ❜♦✉♥❞❡❞
s♠♦♦t❤ ❛♥❞ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥s✱ s❡❡ ❬✹✸✱ ✶✵✼✱ ✶✵✽✱ ✻✽✱ ✽✵✱ ✺❪ ✭✇✐❞❡r ❝❧❛ss❡s
♦❢ ❞✐✛✉s✐♦♥ ♦♣❡r❛t♦rs ✇❡r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✶✶✺✱ ✽✺❪✮✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ❍❛r❞②
s♣❛❝❡s ♦♥ t❤❡ ✉♥✐t ❜❛❧❧ ✐♥ R

d ❛r❡ ❞❡✜♥❡❞ ❜② t❤❡ ❝♦♥❞✐t✐♦♥

sup
0≤r<1

∫

S

|u(rx)|pσ(dx) <∞,

✇❤❡r❡ σ ✐s t❤❡ s✉r❢❛❝❡ ♠❡❛s✉r❡✳ ❲❡ ❝♦♥s✐❞❡r ❛♥❛❧♦❣♦✉s ✭❛♥❛❧②t✐❝✮ ❞❡✜♥✐✲
t✐♦♥s ♦❢ ❍❛r❞② s♣❛❝❡s ♦❢ α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ❢♦r D ❛♥❞ H✳ ❚❤❡ ❛♥❛❧②t✐❝
❍❛r❞② s♣❛❝❡s ❛r❡ ❞❡♥♦t❡❞ ❜② hp

α(D) ❛♥❞ hp
α(H)✱ r❡s♣❡❝t✐✈❡❧② ✭s❡❡ ❉❡✜♥✐✲

t✐♦♥s ✹✳✸✳✺ ❛♥❞ ✹✳✹✳✶✶✮✱ ❛♥❞ t❤❡② ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ ❚❤❡♦r❡♠s ✹✳✸✳✻✱ ✹✳✸✳✶✵
❛♥❞ ✹✳✹✳✶✼✳ ❲❡ ❛❧s♦ ❞✐s❝✉ss t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ✈❡rs✐♦♥ ♦❢ ❍❛r❞② s♣❛❝❡s✱ ❞❡✲
♥♦t❡❞ ❜② Hp

α(D) ❛♥❞ Hp
α(H)✱ r❡s♣❡❝t✐✈❡❧② ✭❉❡✜♥✐t✐♦♥s ✹✳✸✳✶✸ ❛♥❞ ✹✳✹✳✽✮✳

❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✶✻❪✱ ✇❤❡r❡ t❤❡ s♣❛❝❡s ✇❡r❡ ✜rst ❞❡s❝r✐❜❡❞ ❜② t❤❡

✼✵



s♦✲❝❛❧❧❡❞ ❍❛r❞②✲❙t❡✐♥ ✐❞❡♥t✐t② ❢♦r ❛r❜✐tr❛r② ♦♣❡♥ s❡ts ✐♥ R
d✳ ❲❡ s❤♦✇ t❤❛t

t❤❡ ❛♥❛❧②t✐❝ ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ❞❡✜♥✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t ♦♥ D ❢♦r ❛❧❧
p ∈ [1,∞)✱ s❡❡ ▲❡♠♠❛ ✹✳✸✳✽ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✸✳✶✺✱ ✇❤✐❧❡ t❤❡ s♣❛❝❡ Hp

α(H)
✐s ❡ss❡♥t✐❛❧❧② ❜✐❣❣❡r t❤❛♥ hp

α(H)✱ s❡❡ ❚❤❡♦r❡♠ ✹✳✹✳✶✵✳
■♥ t❤❡ ♣❛♣❡r ✇❡ ❛❧s♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥❡✇ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛s ✿ ❢♦r t❤❡

▼❛rt✐♥ ❦❡r♥❡❧ ♦❢ D ❢♦r Xt ✭Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✮✱ ❢♦r t❤❡ ❤✐tt✐♥❣ ❞✐str✐❜✉t✐♦♥
♦❢ L ❢♦r Xt ✭Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✶ ❀ t❤❡ ❢♦r♠✉❧❛ ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ✐♥ ❬✻✹❪ ♦♥❧②
❢♦r d = 2✮✱ ❛♥❞ ❢♦r t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ▼❛rt✐♥ ❦❡r♥❡❧ ♦❢ H ❢♦r Xt

✭Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✷✮✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❢♦r♠✉❧❛s ✇❛s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥
♠♦t✐✈❛t✐♦♥s ❢♦r t❤✐s ✇♦r❦✳ ❆♥♦t❤❡r ♠♦t✐✈❛t✐♦♥ ✐s t♦ ❡♥❝♦✉r❛❣❡ t❤❡ st✉❞② ♦❢
t❤❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s ❢♦r t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ∆α/2✳ ❖✉r st✉❞②
s❤♦✇s t❤❛t t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ ❉✐r✐❝❤❧❡t t②♣❡ ❛r❡ ♦❢ s✉❜st❛♥t✐❛❧
✐♥t❡r❡st ✇❤❡♥ ❞❡✜♥❡❞ ♦♥ s♠♦♦t❤ s✉r❢❛❝❡s ❢♦r α ∈ (1, 2)✳

❲❤❡♥ α ∈ (0, 1]✱ S ❛♥❞ L ❛r❡ ♣♦❧❛r ❢♦r Xt ✭t❤❡ ❤✐tt✐♥❣ ♣r♦❜❛❜✐❧✐t② ✐s
③❡r♦✮✱ s♦ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ♣r♦❜❛❜✐❧✐st✐❝ ♠♦t✐✈❛t✐♦♥ ❞✐s❛♣♣❡❛rs✳ ❍♦✇❡✲
✈❡r✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥s✐❞❡r t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❍❛r❞② s♣❛❝❡s ✐♥ t❤❡ s♣✐r✐t ♦❢
❬✾✵❪ ❛♥❞ ❬✶✻❪✳

■♥ t❤❡ ❧❛st ♣❛rt ♦❢ t❤❡ ♣❛♣❡r ✇❡ s❤♦✇ t❤❛t s✐♠✐❧❛r ♣r♦❜❧❡♠s ❝❛♥ ❛❧s♦
❜❡ st✉❞✐❡❞ ❢♦r ♦t❤❡r t②♣❡s ♦❢ ♣r♦❝❡ss❡s ✇✐t❤ ❞✐s❝♦♥t✐♥✉♦✉s tr❛❥❡❝t♦r✐❡s✳ ❆s
❛♥ ❡①❛♠♣❧❡ ✇❡ ❣✐✈❡ t❤❡ s♦✲❝❛❧❧❡❞ r❡❧❛t✐✈✐st✐❝ α✲st❛❜❧❡ ♣r♦❝❡ss Xm

t ✱ ✇❤❡r❡
m > 0 ✐s ❛ ♣❛r❛♠❡t❡r ✭s❡❡ ❙❡❝t✐♦♥ ✹✳✺ ❢♦r ❞❡t❛✐❧s✮✳ ❲❡ ♣r♦✈❡ t❤❛t t❤❡
s♣❤❡r❡ ❛♥❞ t❤❡ ❤②♣❡r♣❧❛♥❡ ❛r❡ ♥♦♥✲♣♦❧❛r ❢♦r Xm

t ✐❢ ❛♥❞ ♦♥❧② ✐❢ α ∈ (1, 2)
✭Pr♦♣♦s✐t✐♦♥ ✹✳✺✳✶ ❛♥❞ ❘❡♠❛r❦ ✹✳✺✳✷✮✳ ❲❡ ❛❧s♦ ❣✐✈❡ t❤❡ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛
❢♦r t❤❡ s♦✲❝❛❧❧❡❞ λ✲❤❛r♠♦♥✐❝ ♠❡❛s✉r❡ ♦❢ H ❢♦r Xm

t ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡
λ = m✱ α ∈ (1, 2) ✭Pr♦♣♦s✐t✐♦♥ ✹✳✺✳✸✮✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✹✳✷ ✇❡ ❣✐✈❡ ❜❛s✐❝ ❞❡✜♥✐✲
t✐♦♥s ❛♥❞ ❢❛❝ts ❝♦♥❝❡r♥✐♥❣ t❤❡ ♣♦t❡♥t✐❛❧ t❤❡♦r② ♦❢ t❤❡ s②♠♠❡tr✐❝ α✲st❛❜❧❡
♣r♦❝❡ss❡s ❛♥❞ ✇❡ r❡❝❛❧❧ t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ ❬✾✽❪ ✿ t❤❡ ❤✐tt✐♥❣ ♣r♦❜❛❜✐❧✐t②
♦❢ S✱ t❤❡ ❤✐tt✐♥❣ ❞✐str✐❜✉t✐♦♥ ♦❢ S ❛♥❞ t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ ♦❢ D ❢♦r Xt✳ ■♥
❙❡❝t✐♦♥ ✹✳✸ ✇❡ ♣r♦✈❡ t❤❡ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛ ❢♦r t❤❡ ▼❛rt✐♥ ❦❡r♥❡❧ ♦❢ D ❢♦r
Xt ❛♥❞ ✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ α✲❤❛r♠♦♥✐❝ ❍❛r❞② s♣❛❝❡s ♦♥
D✳ ❲❡ ❛❧s♦ ♣r♦✈❡ t❤❡ ❋❛t♦✉ t❤❡♦r❡♠ ❢♦r α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✳ ❆♥❛❧♦❣♦✉s
♣r♦❜❧❡♠s ❢♦r H ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✹✳ ■♥ ❙❡❝t✐♦♥ ✹✳✺ ✇❡ ❛♥❛❧②③❡ t❤❡
❝❛s❡ ♦❢ t❤❡ r❡❧❛t✐✈✐st✐❝ st❛❜❧❡ ♣r♦❝❡ss❡s✳

✹✳✷ Pr❡❧✐♠✐♥❛r✐❡s

❚❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✱ (Xt,P
x) ✇✐❧❧ ❞❡♥♦t❡ ❛ s②♠♠❡tr✐❝ α✲st❛❜❧❡ ▲é✈②

♣r♦❝❡ss ♦♥ R
d st❛rt✐♥❣ ❢r♦♠ x ❛♥❞ ❣✐✈❡♥ ❜② t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ✭✹✳✶✮✳

❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ✐♥❞❡① α ∈ (1, 2) ❛♥❞ t❤❡ ❞✐♠❡♥s✐♦♥ d ≥ 2 ✉♥❧❡ss
st❛t❡❞ ♦t❤❡r✇✐s❡✳ ❋♦r ❛ s❡t B ⊂ R

d ❧❡t ∂B ❞❡♥♦t❡ t❤❡ ❜♦✉♥❞❛r② ♦❢ B✱ ❛♥❞ ❧❡t
τB = inf {t > 0 : Xt /∈ B}✱ TB = τBc ❜❡ t❤❡ ✜rst ❡①✐t t✐♠❡ ❛♥❞ t❤❡ ✜rst ❡♥tr②

✼✶



t✐♠❡ ❢♦r B✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ t❤❡ ♣❛♣❡r ✇❡ ✉s❡ ❛ ❝♦♥✈❡♥t✐♦♥ t❤❛t ❝♦♥st❛♥ts
❞❡♥♦t❡❞ ❜② s♠❛❧❧ ❧❡tt❡rs ♠❛② ❞✐✛❡r ✐♥ ❡❛❝❤ ❧❡♠♠❛✱ ✇❤✐❧❡ ❝♦♥st❛♥ts ❞❡♥♦t❡❞
❜② ❝❛♣✐t❛❧ ❧❡tt❡rs ❞♦ ♥♦t ❝❤❛♥❣❡✳ ❚❤❡ ♥♦t❛t✐♦♥ c = c(a, b) ♠❡❛♥s t❤❛t t❤❡
❝♦♥st❛♥t c ❞❡♣❡♥❞s ♦♥❧② ♦♥ a ❛♥❞ b✳

▲❡t D ⊂ R
d ❜❡ ♦♣❡♥✳ ❆ ❇♦r❡❧ ❢✉♥❝t✐♦♥ u : R

d → R ✐s ❝❛❧❧❡❞ α✲❤❛r♠♦♥✐❝
♦♥ D ✐❢ ❢♦r ❡✈❡r② ❜♦✉♥❞❡❞ ♦♣❡♥ U ⊂ D ✇✐t❤ U ⊂ D ✭❞❡♥♦t❡❞ U ⊂⊂ D✮
✇❡ ❤❛✈❡

u(x) = E
xu(XτU

), x ∈ U. ✭✹✳✷✮

■❢ u ≡ 0 ♦♥Dc✱ t❤❡♥ u ✐s ❝❛❧❧❡❞ s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝ ♦♥D✳ ■❢ ✭✹✳✷✮ ❤♦❧❞s ✇✐t❤
U = D✱ t❤❡♥ u ✐s ❝❛❧❧❡❞ r❡❣✉❧❛r α✲❤❛r♠♦♥✐❝ ♦♥ D✳ ❇② t❤❡ str♦♥❣ ▼❛r❦♦✈
♣r♦♣❡rt②✱ ❡✈❡r② r❡❣✉❧❛r α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ ♦♥ D ✐s ❛❧s♦ α✲❤❛r♠♦♥✐❝ ♦♥
D✳

❊q✉✐✈❛❧❡♥t❧②✱ ❛ ❇♦r❡❧ ❢✉♥❝t✐♦♥ u ♦♥ R
d ✐s α✲❤❛r♠♦♥✐❝ ♦♥ D ✐❢ ✐t ✐s ❝♦♥t✐✲

♥✉♦✉s ♦♥ D✱
∫

Rd |u(y)|(1 + |y|)−d−αdy <∞✱ ❛♥❞

∆α/2u(x) = lim
ε→0

Ad,−α

∫

|x−y|>ε

u(y) − u(x)

|x− y|d+α
dy = 0, x ∈ D, ✭✹✳✸✮

s❡❡ ❬✶✸✱ ❚❤❡♦r❡♠ ✸✳✾❪✳ ❍❡r❡ Ad,γ = Γ((d− γ)/2)/(2γπd/2|Γ(γ/2)|) ❢♦r −2 <
γ < 2✳ ❚❤❡ ♦♣❡r❛t♦r ∆α/2 ✐s ❝❛❧❧❡❞ t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ❛♥❞ ✐t ✐s t❤❡
✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ t❤❡ ♣r♦❝❡ss Xt✳

▲❡t pD(t, x, y) ❜❡ t❤❡ tr❛♥s✐t✐♦♥ ❞❡♥s✐t② ♦❢ t❤❡ ♣r♦❝❡ss Xt ❦✐❧❧❡❞ ♦♥ ❡①✐✲
t✐♥❣ D✳ ❚❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ ♦❢ D ❢♦r Xt ✐s ❞❡✜♥❡❞ ❜②

GD(x, y) =

∫ ∞

0

pD(t, x, y)dt.

❋♦r x ∈ D✱ t❤❡ α✲❤❛r♠♦♥✐❝ ♠❡❛s✉r❡ ❢♦r D ✐s t❤❡ ♠❡❛s✉r❡ ωx(·, D) ♦♥ Dc

❣✐✈❡♥ ❜②
ωx(A,D) := P

x(XτD
∈ A; τD <∞), A ⊆ Dc, ✭✹✳✹✮

✐✳❡✳✱ ωx(·, D) ✐s t❤❡ ❡①✐t ❞✐str✐❜✉t✐♦♥ ❢r♦♠ D ❢♦r Xt st❛rt✐♥❣ ❢r♦♠ x✳ ❚❤❡
P♦✐ss♦♥ ❦❡r♥❡❧ ♦❢ D ❢♦r Xt✱ D 6= R

d✱ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦r♠✉❧❛

PD(x, y) = Ad,−α

∫

D

GD(x, z)

|z − y|d+α
dz, x ∈ D, y ∈ Dc. ✭✹✳✺✮

❲❡ ❤❛✈❡

ωx(A,D) =

∫

A

PD(x, y)dy, x ∈ D,A ⊆ (D)c,

✐✳❡✳✱ PD(x, y) ✐s t❤❡ ❞❡♥s✐t② ♦❢ ωx(·, D) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡
♦♥ (D)c ❛♥❞ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❡✛❡❝t ♦❢ ❧❡❛✈✐♥❣ D ❜② ❛ ❥✉♠♣ ✭s❡❡ ❬✶✶✽❪ ❢♦r
❞❡t❛✐❧s✮✳ ■❢ D = B(a, r) ✐s ❛ ❜❛❧❧ ♦❢ ❝❡♥t❡r a ∈ R

d ❛♥❞ r❛❞✐✉s r > 0✱ t❤❡♥
✇❡ ❤❛✈❡

PB(a,r)(x, y) = C1

(
r2 − |x− a|2
|y − a|2 − r2

)α/2
1

|x− y|d , ✭✹✳✻✮

✼✷



✇❤❡r❡ C1 = Γ(d/2)π−1−d/2 sin(πα/2)✳ ❋♦rD = D ♦rD = H ✇❡ ❤❛✈❡D = R
d

❛♥❞ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✺✮ ✐s ❡q✉❛❧ t♦ ∞ ❢♦r ❛❧❧ x ∈ D ❛♥❞ y ∈ Dc

✭s❡❡ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥s ✹✳✸✳✷✮✳
❇② ❬✾✽✱ ❚❤❡♦r❡♠ ✷✳✶❪✱ t❤❡ ❤✐tt✐♥❣ ♣r♦❜❛❜✐❧✐t② Φ(x) := P

x(TS < ∞) ✐s
❣✐✈❡♥ ❜②

Φ(x) =

{
C2 ||x|2 − 1|(α/2)−1 |x|1−d/2P

1−d/2
−α/2

(
|x|2+1
||x|2−1|

)
, x ∈ D, x 6= 0,

C2/Γ(d/2), x = 0,

✭✹✳✼✮
✇❤❡r❡ C2 = π1/222−αΓ((α + d)/2 − 1)/Γ((α − 1)/2) ❛♥❞ P ν

µ ✐s t❤❡ ✉s✉❛❧
▲❡❣❡♥❞r❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜rst ❦✐♥❞✳ ❙✐♥❝❡ Φ ✐s r❛❞✐❛❧✱ ❢♦r r ≥ 0✱ r 6= 1 ✇❡ ❧❡t
φ(r) := Φ(rz)✱ z ∈ S✳ ❇② ❬✹✽✱ ❱♦❧✳ ■✱ ❢♦r♠✉❧❛ ✷✵✱ ♣✳ ✶✻✹❪ ✇❡ ❤❛✈❡ φ(r) → 1
✇❤❡♥ r → 1 ❛♥❞ ❢r♦♠ ❬✹✽✱ ❱♦❧✳ ■✱ ❢♦r♠✉❧❛ ✸✱ ♣✳ ✶✻✸❪ ✐t ❢♦❧❧♦✇s t❤❛t φ(r) → 0
❛s r → ∞✳

▲❡t σ ❜❡ t❤❡ ♥♦r♠❛❧✐③❡❞ s✉r❢❛❝❡ ♠❡❛s✉r❡ ♦♥ S✳ ❇② ❬✾✽✱ ❚❤❡♦r❡♠ ✸✳✶❪✱
t❤❡ ❤✐tt✐♥❣ ❞✐str✐❜✉t✐♦♥ ♦❢ S ❢♦r Xt ✭♦r t❤❡ α✲❤❛r♠♦♥✐❝ ♠❡❛s✉r❡ ❢♦r D✮ ❤❛s
❛ ❞❡♥s✐t② ✇✐t❤ r❡s♣❡❝t t♦ σ ❣✐✈❡♥ ❜②

PD(x, y) =
C2

Γ(d/2)

||x|2 − 1|α−1

|x− y|d+α−2
, x ∈ D, y ∈ S. ✭✹✳✽✮

■♥ ♣❛rt✐❝✉❧❛r✱ Φ(x) =
∫
S
PD(x, y)σ(dy)✳ ❲❡ ✇✐❧❧ ❝❛❧❧ PD(x, y) t❤❡ P♦✐ss♦♥

❦❡r♥❡❧ ♦❢ D ❢♦r Xt✳ ❇② t❤❡ s②♠♠❡tr② ✇❡ ❤❛✈❡

PD(ry, z) = PD(rz, y), y, z ∈ S, r ≥ 0, r 6= 1. ✭✹✳✾✮

❇② ❬✾✽✱ ❚❤❡♦r❡♠ ✹✳✶❪✱ t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ ♦❢ D ❢♦r Xt ✐s ❣✐✈❡♥ ❜②

GD(x, y) =
Ad,α

|x− y|d−α

[
1 − Φ

(
y

|y − x|
∣∣x− y/|y|2

∣∣
)]

, x, y ∈ D. ✭✹✳✶✵✮

❋♦r ❛♥ ♦♣❡♥ s❡t D ⊂ R
d ❛♥❞ ❛ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ f ♦♥ R

d ✇❡ ❞❡✜♥❡

FD[f ](x) = sup
U⊂⊂D

E
xf(XτU

). ✭✹✳✶✶✮

❚❤❡ ❢✉♥❝t✐♦♥ F ✇✐❧❧ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ ♦✉r st✉❞②✳ ❇❛s✐❝❛❧❧②✱ ✇❡ ✇✐❧❧
❝♦♥s✐❞❡r ♦♥❧② FD ❛♥❞ FH✱ ❜✉t t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t r❡♠❛✐♥s tr✉❡ ❢♦r ❛r❜✐tr❛r②
♦♣❡♥ s✉❜s❡ts ♦❢ R

d✳

▲❡♠♠❛ ✹✳✷✳✶ ▲❡t D ⊂ R
d ❜❡ ♦♣❡♥ ❛♥❞ ❧❡t u ❜❡ α✲❤❛r♠♦♥✐❝ ♦♥ D✳ ❙✉♣♣♦s❡

t❤❛t ❢♦r s♦♠❡ x ∈ D ❛♥❞ s♦♠❡ p ∈ [1,∞) ✇❡ ❤❛✈❡ FD[|u|p](x) <∞✳ ❚❤❡♥
FD[|u|p] ✐s t❤❡ ♠✐♥✐♠❛❧ α✲❤❛r♠♦♥✐❝ ♠❛❥♦r❛♥t ♦❢ |u|p ♦♥ D✳

✼✸



Pr♦♦❢ ▲❡t Un ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♦♣❡♥ ❜♦✉♥❞❡❞ s❡ts s✉❝❤ t❤❛t Un ⊂ D✱
Un ⊆ Un+1 ❢♦r ❡✈❡r② n ❛♥❞

⋃
n Un = D✳ ❙❡t τn := τUn ✳ ❚❤❡♥ τn ≤ τn+1✱ s♦

❜② t❤❡ str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt② ❛♥❞ t❤❡ ❏❡♥s❡♥ ✐♥❡q✉❛❧✐t② ✇❡ ❤❛✈❡

E
x|u(Xτn)|p ≤ E

x[EXτn |u(Xτn+1)|p] = E
x|u(Xτn+1)|p.

❍❡♥❝❡ FD[|u|p](x) = limn E
x|u(Xτn)|p✳ ❚❤❡ ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠

❛♥❞ t❤❡ ❍❛r♥❛❝❦ ✐♥❡q✉❛❧✐t② ✭s❡❡ ❬✷✵✱ ❚❤❡♦r❡♠ ✶❪✮ ✐♠♣❧② t❤❛t ❡✐t❤❡r FD[|u|p]
✐s α✲❤❛r♠♦♥✐❝ ♦♥ D ♦r FD[|u|p] ≡ ∞✳ ❚❤❡r❡❢♦r❡✱ ✐❢ FD[|u|p](x) <∞ ❢♦r s♦♠❡
x ∈ D ❛♥❞ s♦♠❡ p ∈ [1,∞) t❤❡♥ FD[|u|p] ✐s α✲❤❛r♠♦♥✐❝ ❛♥❞ ♥♦♥♥❡❣❛t✐✈❡
♦♥ D✳ ❇② ❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t② ✇❡ ❤❛✈❡ |u|p ≤ E

x|u(Xτn)|p ≤ FD[|u|p]✳ ❋✉r✲
t❤❡r♠♦r❡✱ ✐❢ h ✐s ♥♦♥♥❡❣❛t✐✈❡ ❛♥❞ α✲❤❛r♠♦♥✐❝ ♦♥ D s✉❝❤ t❤❛t |u|p ≤ h✱
t❤❡♥ E

x|u(Xτn)|p ≤ E
xh(Xτn) = h(x) ❢♦r ❡✈❡r② n✳ ❍❡♥❝❡ FD[|u|p] ≤ h✱ ❛s

❞❡s✐r❡❞✳
✷

✹✳✸ α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦♥ t❤❡ ❝♦♠♣❧❡♠❡♥t

♦❢ t❤❡ s♣❤❡r❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s
♦♥ D = R

d \ S✳ ❲❡ ❞❡♥♦t❡ ❜② C(S) t❤❡ s♣❛❝❡ ♦❢ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ♦♥ S

❛♥❞ ❜② M(S) t❤❡ s♣❛❝❡ ♦❢ ✜♥✐t❡ s✐❣♥❡❞ ❇♦r❡❧ ♠❡❛s✉r❡s ♦♥ S✳ ❋♦r µ ∈ M(S)
❧❡t ‖µ‖ ❞❡♥♦t❡ t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ ♥♦r♠ ♦❢ µ✳ ❋♦r 1 ≤ p < ∞ ❛♥❞ ❛ ❇♦r❡❧
❢✉♥❝t✐♦♥ f ♦♥ S ❧❡t

‖f‖p :=

(∫

S

|f(x)|pσ(dx)

)1/p

,

❛♥❞ ❧❡t ‖f‖∞ ❞❡♥♦t❡ t❤❡ ❡ss❡♥t✐❛❧ s✉♣r❡♠✉♠ ♥♦r♠ ♦♥ S ✇✐t❤ r❡s♣❡❝t t♦ σ✳
❋♦r f ∈ L1(S, σ) ❛♥❞ µ ∈ M(S)✱ ✇❡ ❞❡✜♥❡ t❤❡ P♦✐ss♦♥ ✐♥t❡❣r❛❧s ♦❢ f

❛♥❞ µ ♦♥ D ❛s

PD[µ](x) =

∫

S

PD(x, y)µ(dy), PD[f ](x) =

∫

S

PD(x, y)f(y)σ(dy).

❋♦r ❡✈❡r② f ∈ L1(S, σ)✱ t❤❡ ❢✉♥❝t✐♦♥ u ❣✐✈❡♥ ❜②

u(x) =

{
PD[f ](x), x ∈ D,

f(x), x ∈ S,

✐s r❡❣✉❧❛r α✲❤❛r♠♦♥✐❝ ♦♥ D✱ ❛♥❞ ❤❡♥❝❡ PD[f ] ✐s α✲❤❛r♠♦♥✐❝ ♦♥ D✳ ❋♦r
❡✈❡r② µ ∈ M(S)✱ PD[µ] ✐s ❛❧s♦ α✲❤❛r♠♦♥✐❝ ♦♥ D✱ ✇❤❛t ❝❛♥ ❜❡ s❤♦✇♥ ❜②
❝♦♥s✐❞❡r✐♥❣ ❛ s❡q✉❡♥❝❡ ♦❢ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ♦♥ S ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ µ
✐♥ ✇❡❛❦∗ t♦♣♦❧♦❣②✳ ❙❡❡ ❛❧s♦ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✳

✼✹



❲❡ ❞❡✜♥❡ t❤❡ ▼❛rt✐♥ ❦❡r♥❡❧ ♦❢ D ❢♦r Xt ❛s

MD(x, z) = lim
D∋y→z

GD(x, y)

GD(0, y)
, x ∈ D, z ∈ S ∪ {∞} . ✭✹✳✶✷✮

❇② ❬✷✵✱ ❚❤❡♦r❡♠ ✷❪✱ t❤❡ ❧✐♠✐t ✐♥ ✭✹✳✶✷✮ ❛❧✇❛②s ❡①✐sts✳ ❉✐r❡❝t❧② ❢r♦♠ ✭✹✳✶✵✮
✇❡ ❣❡t

MD(x,∞) =
1 − Φ(x)

1 − Φ(0)
. ✭✹✳✶✸✮

❋♦r z ∈ S t❤❡ ❢♦r♠✉❧❛ ✐s ❣✐✈❡♥ ✐♥ t❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥✱ ❛♥❞ ✐t s❤♦✇s t❤❡
r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ▼❛rt✐♥ ❦❡r♥❡❧ ❛♥❞ t❤❡ α✲❤❛r♠♦♥✐❝ ♠❡❛s✉r❡ ♦❢ D✳ ❲❡
✇♦✉❧❞ ❧✐❦❡ t♦ r❡♠❛r❦ t❤❛t✱ ♣r♦❜❛❜❧②✱ t❤✐s ♦❜s❡r✈❛t✐♦♥ ♠❛② ❜❡ ❣❡♥❡r❛❧✐③❡❞
❢♦r ✇✐❞❡r ❝❧❛ss ♦❢ ♦♣❡♥ s❡ts ✇✐t❤ ♥♦♥✲♣♦❧❛r ❜♦✉♥❞❛r②✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶ ❋♦r ❛❧❧ x ∈ D ❛♥❞ z ∈ S ✇❡ ❤❛✈❡

MD(x, z) =
PD(x, z)

PD(0, z)
=

||x|2 − 1|α−1

|x− z|d+α−2
. ✭✹✳✶✹✮

Pr♦♦❢ ❲❡ s❤♦✇ t❤❡ ♣r♦♣♦s✐t✐♦♥ ♦♥❧② ❢♦r |x| < 1✱ ❢♦r |x| > 1 t❤❡ ♣r♦♦❢ ✐s
s✐♠✐❧❛r✳ ❙✐♥❝❡ t❤❡ ❧✐♠✐t ✐♥ ✭✹✳✶✷✮ ❡①✐sts ❢♦r ❡✈❡r② z ∈ S✱ ✇❡ ♠❛② ❛ss✉♠❡
t❤❛t y = rz✱ ❛♥❞ t❛❦❡ r → 1−✳ ▲❡t

wr =
rz

|rz − x| |x− z/r| .

❚❤❡♥ |wr| > 1✱ wr → z ❛s r → 1− ❛♥❞ ❜② ✭✹✳✶✵✮ ✇❡ ❤❛✈❡

MD(x, z) =
1

|x− z|d−α
· lim

r→1−

1 − Φ (wr)

1 − Φ (z/r)
.

❇② ❬✹✽✱ ❱♦❧✳ ■✱ ❢♦r♠✉❧❛ ✭✾✮✱ ♣✳ ✶✷✸ ❛♥❞ ❢♦r♠✉❧❛ ✭✶✽✮✱ ♣✳ ✶✷✺❪ ✇❡ ❤❛✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ▲❡❣❡♥❞r❡ ❢✉♥❝t✐♦♥

P
1−d/2
−α/2 (t) = f1(d, α, t)F

(
1 − α

2
,
d− α

2
; 2 − α;

2

1 + t

)

+f2(d, α, t)F

(
α

2
,
d+ α

2
− 1;α;

2

1 + t

)
, t > 1,

✇❤❡r❡ F ✐s t❤❡ ❤②♣❡r❣❡♦♠❡tr✐❝ ❢✉♥❝t✐♦♥ ❣✐✈❡♥ ❜②

F (a, b; c; s) =
∞∑

n=0

(a)n(b)n

(c)nn!
sn, c 6= 0,−1,−2, ...,

(·)n := Γ(· + n)/Γ(·)✱ ❛♥❞

f1(d, α, t) =
21−α/2Γ(α− 1)

Γ
(

α
2

)
Γ
(

α+d
2

− 1
) · (t+ 1)α/2−d/4−1/2(t− 1)d/4−1/2,

✼✺



f2(d, α, t) =
2α/2Γ(1 − α)

Γ
(
1 − α

2

)
Γ
(

d−α
2

) · (t+ 1)1/2−d/4−α/2(t− 1)d/4−1/2.

❋♦r v ∈ D✱ |v| > 1 ❞❡♥♦t❡

I(d, α, v) = C2

(
|v|2 − 1

)α/2−1 |v|1−d/2.

❚❤❡♥ ✇❡ ❤❛✈❡

Φ(v) = I(d, α, v)P
1−d/2
−α/2

( |v|2 + 1

|v|2 − 1

)

= I(d, α, v)

[
f1

(
d, α,

|v|2 + 1

|v|2 − 1

)
+ f2

(
d, α,

|v|2 + 1

|v|2 − 1

)
+G(d, α, v)

]
,

✇❤❡r❡

G(d, α, v) = f1

(
d, α,

|v|2 + 1

|v|2 − 1

) ∞∑

n=1

An(d, α)

( |v|2 − 1

|v|2
)n

+f2

(
d, α,

|v|2 + 1

|v|2 − 1

) ∞∑

n=1

Bn(d, α)

( |v|2 − 1

|v|2
)n

,

❛♥❞

An(d, α) =

(
1 − α

2

)
n

(
d−α

2

)
n

(2 − α)nn!
, Bn(d, α) =

(
α
2

)
n

(
d+α

2
− 1
)

n

(α)nn!
.

❲❡ ❤❛✈❡

f1

(
d, α,

|v|2 + 1

|v|2 − 1

)
=

Γ(α− 1)

Γ
(

α
2

)
Γ
(

α+d
2

− 1
) · |v|α−1−d/2

(
|v|2 − 1

)1−α/2
,

f2

(
d, α,

|v|2 + 1

|v|2 − 1

)
=

Γ(1 − α)

Γ
(
1 − α

2

)
Γ
(

d−α
2

) · |v|1−d/2−α
(
|v|2 − 1

)α/2
.

❋✉rt❤❡r♠♦r❡✱ ✉s✐♥❣ t❤❡ ❞✉♣❧✐❝❛t✐♦♥ ❢♦r♠✉❧❛✱

I(d, α, v)f1

(
d, α,

|v|2 + 1

|v|2 − 1

)
= |v|α−d.

❲❡ ✇r✐t❡

I(d, α, v)f2

(
d, α,

|v|2 + 1

|v|2 − 1

)
= c

(
|v|2 − 1

)α−1 |v|2−d−α,

✇❤❡r❡ c = c(d, α) = C22
α/2Γ(1 − α)/[Γ (1 − α/2) Γ((d − α)/2)]✳ ❍❡♥❝❡ ✇❡

♦❜t❛✐♥

1 − Φ(v) = 1 − |v|α−d − c
(
|v|2 − 1

)α−1 |v|2−d−α − I(d, α, v)G(d, α, v)

✼✻



=
(
|v|2 − 1

)α−1
[

1 − |v|α−d

(|v|2 − 1)α−1 − c|v|2−d−α − I(d, α, v)G(d, α, v)

(|v|2 − 1)α−1

]
.

❙✐♥❝❡ α < 2✱

lim
|v|→1+

1 − |v|α−d

(|v|2 − 1)α−1 = 0.

❋✉rt❤❡r♠♦r❡✱

I(d, α, v)G(d, α, v)

(|v|2 − 1)α−1 = |v|α−d−2
(
|v|2 − 1

)2−α
∞∑

n=1

An(d, α)

( |v|2 − 1

|v|2
)n−1

+c|v|2−d−α

∞∑

n=1

Bn(d, α)

( |v|2 − 1

|v|2
)n

,

❛♥❞ t❤✉s

lim
|v|→1+

I(d, α, v)G(d, α, v)

(|v|2 − 1)α−1 = 0.

❲❡ ❤❛✈❡

|wr|2 − 1 =

∣∣∣∣
rz

|rz − x| |x− z/r|
∣∣∣∣
2

− 1 =
(1 − r2) (1 − |x|2)

|rz − x|2 .

❚❤❡r❡❢♦r❡

lim
r→1−

1 − Φ (wr)

1 − Φ (z/r)
= lim

r→1−

( |wr|2 − 1

|z/r|2 − 1

)α−1

= lim
r→1−

[
(1 − r2) (1 − |x|2)
|rz − x|2(1/r2 − 1)

]α−1

=
(1 − |x|2)α−1

|z − x|2α−2
lim

r→1−

(
1 − r2

1/r2 − 1

)α−1

=
(1 − |x|2)α−1

|z − x|2α−2
.

✷

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶ s❤♦✇s t❤❛t t❤❡ ▼❛rt✐♥ ❦❡r♥❡❧ ❛♥❞ t❤❡ P♦✐ss♦♥ ❦❡r♥❡❧ ♦❢
D ❛r❡ t❤❡ s❛♠❡ ♦❜❥❡❝ts ✉♣ t♦ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥ts✳ ❚❤✐s ♣r♦♣❡rt②
t♦❣❡t❤❡r ✇✐t❤ t❤❡ r❡s✉❧ts ♦❢ ❬✷✵❪ ❣✐✈❡ ✉s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r
♥♦♥♥❡❣❛t✐✈❡ α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦♥ D✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷ ❋♦r ❡✈❡r② ♥♦♥♥❡❣❛t✐✈❡ ♠❡❛s✉r❡ µ ∈ M(S) ❛♥❞ ❡✈❡r②
❝♦♥st❛♥t c ≥ 0 t❤❡ ❢✉♥❝t✐♦♥ u ❣✐✈❡♥ ❜②

u(x) =

∫

S

PD(x, y)µ(dy) + c(1 − Φ(x)), x ∈ D ✭✹✳✶✺✮

✐s α✲❤❛r♠♦♥✐❝ ♦♥ D✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ u ✐s ♥♦♥♥❡❣❛t✐✈❡ ❛♥❞ α✲❤❛r♠♦♥✐❝ ♦♥
D t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♥♦♥♥❡❣❛t✐✈❡ ♠❡❛s✉r❡ µ ∈ M(S) ❛♥❞ ❛ ✉♥✐q✉❡
❝♦♥st❛♥t c ≥ 0 s❛t✐s❢②✐♥❣ ✭✹✳✶✺✮✳

✼✼



Pr♦♦❢ ❙✐♥❝❡
(
D
)c

= ∅ ❛♥❞ ∂D = S ✐s ♦❢ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ✵✱ ❡✈❡r②
α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ ♦♥ D ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝ ❢✉♥❝✲
t✐♦♥ ♦♥ D✳ ❚❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❬✷✵✱ ▲❡♠♠❛ ✶✹❪✱ ✭✹✳✽✮✱
✭✹✳✶✸✮ ❛♥❞ ✭✹✳✶✹✮ s✐♥❝❡ ❛❧❧ ♣♦✐♥ts ♦❢ S∪{∞} ❛r❡ ❛❝❝❡ss✐❜❧❡ ❢r♦♠ D ✭s❡❡ ❬✷✵✱
♣✳✸✹✼❪ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛❝❝❡ss✐❜✐❧✐t②✮✳ ❋♦r z ∈ S t❤✐s ♣r♦♣❡rt② ❝❛♥ ❜❡
❞❡❞✉❝❡❞ ❢r♦♠ ❬✷✵✱ ✭✼✺✮ ❛♥❞ ✭✼✻✮❪ ❛♥❞ t❤❡ ❢❛❝t✱ t❤❛t GBz(x, y) ≤ GD(x, y)✱
✇❤❡r❡ Bz ✐s ❛ ❜❛❧❧ ❝♦♥t❛✐♥❡❞ ✐♥ D ❛♥❞ t❛♥❣❡♥t t♦ S ❛t z✳ ❇② ✭✹✳✺✮ ❛♥❞ ✭✹✳✻✮
✇❡ t❤❡♥ ❤❛✈❡ ∫

D

GD(0, y)

|y − z|d+α
dy ≥ PBz(0, z) = ∞.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢r♦♠ ✭✹✳✶✵✮ ✐t ❢♦❧❧♦✇s t❤❛t GD(0, y) ≈ Ad,α|y|α−d(1 −
Φ(0)) ❛s y → ∞✳ ❍❡♥❝❡

∫
Rd GD(0, y)dy = ∞✱ ✇❤✐❝❤ ❣✐✈❡s t❤❡ ❛❝❝❡ss✐❜✐❧✐t②

♦❢ t❤❡ ♣♦✐♥t ❛t ✐♥✜♥✐t②✳
✷

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷ ✐♠♣❧✐❡s t❤❛t ❢♦r ❡✈❡r② ♣❛✐r (µ, c) ∈ M(S)×R t❤❡ ❢✉♥❝t✐♦♥
u(x) = PD[µ](x) + c(1 − Φ(x)) ✐s α✲❤❛r♠♦♥✐❝ ♦♥ D✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡
♦❢ t❤❡ ❍❛❤♥ ❞❡❝♦♠♣♦s✐t✐♦♥ µ = µ+ − µ−✳

❋♦r r > 0✱ r 6= 1 ❛♥❞ ❛ ❢✉♥❝t✐♦♥ u ♦♥ D ✇❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ ur ♦♥ S

❜②
ur(x) := u(rx), x ∈ S. ✭✹✳✶✻✮

▲❡♠♠❛ ✹✳✸✳✸ P♦✐ss♦♥ ✐♥t❡❣r❛❧s ♦♥ D ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ✿

✭✐✮ ■❢ µ ∈ M(S)✱ t❤❡♥ ‖PD[µ]r‖1 ≤ ‖µ‖ ❢♦r ❡✈❡r② r✳

✭✐✐✮ ■❢ 1 ≤ p ≤ ∞ ❛♥❞ f ∈ Lp(S, σ)✱ t❤❡♥ ‖PD[f ]r‖p ≤ ‖f‖p ❢♦r ❡✈❡r② r✳

✭✐✐✐✮ ■❢ f ∈ C(S)✱ t❤❡♥ ‖PD[f ]r − f‖∞ → 0 ❛s r → 1✳

✭✐✈✮ ■❢ 1 ≤ p <∞ ❛♥❞ f ∈ Lp(S, σ)✱ t❤❡♥ ‖PD[f ]r − f‖p → 0 ❛s r → 1✳

✭✈✮ ■❢ µ ∈ M(S)✱ t❤❡♥ PD[µ]r → µ ✇❡❛❦∗ ✐♥ M(S) ❛s r → 1✳

✭✈✐✮ ■❢ f ∈ L∞(S, σ)✱ t❤❡♥ PD[f ]r → f ✇❡❛❦∗ ✐♥ L∞(S, σ) ❛s r → 1✳

Pr♦♦❢ ❲❡ st❛rt ✇✐t❤ t❤❡ ♣r♦♣❡rt② ✭✐✐✐✮✳ ▲❡t f ∈ C(S)✳ ❋♦r x ∈ S ❛♥❞ r > 0✱
r 6= 1 ✇❡ ❤❛✈❡

|PD[f ]r(x) − f(x)| =

∣∣∣∣
∫

S

PD(rx, y)f(y)σ(dy) − f(x)

∣∣∣∣

≤
∫

S

PD(rx, y)|f(y) − f(x)|σ(dy) + (1 − φ(r))|f(x)|

▲❡t ε > 0✳ ❙✐♥❝❡ S ✐s ❝♦♠♣❛❝t✱ t❤❡r❡ ❡①✐sts δ > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ x s✉❝❤
t❤❛t |f(x) − f(y)| < ε ✐❢ |x− y| < δ✳ ❍❡♥❝❡ t❤❡ ❧❛st t❡r♠ ✐s ❧❡ss t❤❛♥

ε+

∫

|x−y|>δ

PD(rx, y)|f(y) − f(x)|σ(dy) + (1 − φ(r))|f(x)|

✼✽



≤ ε+ 2‖f‖∞
∫

|x−y|>δ

PD(x, y)σ(dy) + (1 − φ(r))‖f‖∞

≤ ε+ ‖f‖∞
[
2C1Γ(d/2)−1|r2 − 1|α−1δ2−d−α + 1 − φ(r)

]
.

❚❤❡ st❛t❡♠❡♥t ♥♦✇ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t φ(r) → 1 ❛s r → 1 ✭s❡❡
Pr❡❧✐♠✐♥❛r✐❡s✮ ❛♥❞ α ∈ (1, 2)✳ ❲❡ ♣r♦✈❡ t❤❡ ♦t❤❡r st❛t❡♠❡♥ts ♦❢ t❤❡ ❧❡♠♠❛
✉s✐♥❣ t❤❡ s②♠♠❡tr② ♣r♦♣❡rt② ✭✹✳✾✮ ❛♥❞ t❤❡ ❏❡♥s❡♥ ✐♥❡q✉❛❧✐t②✱ ✐♥ ❛ s✐♠✐❧❛r
✇❛② ❛s ✐♥ t❤❡ ♣r♦♦❢s ♦❢ ❛♥❛❧♦❣♦✉s ♣r♦♣❡rt✐❡s ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ❝❛s❡ ✐♥ ❬✺✱
❚❤❡♦r❡♠ ✻✳✹✱ ✻✳✼ ❛♥❞ ✻✳✾❪✳

✷

❈♦r♦❧❧❛r② ✹✳✸✳✹ ❙✉♣♣♦s❡ u ✐s α ❤❛r♠♦♥✐❝ ♦♥ D✳ ❚❤❡♥ u(x) = PD[µ](x) +
c(1 − Φ(x)) ❢♦r s♦♠❡ ♣❛✐r (µ, c) ∈ M(S) × R ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛
♥♦♥♥❡❣❛t✐✈❡ α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ v ♦♥ D s✉❝❤ t❤❛t |u| ≤ v✳ ❋✉rt❤❡r♠♦r❡✱
µ ❛♥❞ c ❛r❡ ✉♥✐q✉❡✳

Pr♦♦❢ ■♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✱ ✇❡ ♦❜t❛✐♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ❝♦r♦❧❧❛r②
✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❬✾✵✱ ▲❡♠♠❛ ✶❪✳ ❚❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡
r❡♣r❡s❡♥t❛t✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✹✳✸✳✸ ✭✈✮✳

✷

❉❡✜♥✐t✐♦♥ ✹✳✸✳✺ ❋♦r p ∈ [1,∞] ✇❡ ❞❡✜♥❡ t❤❡ ❍❛r❞② s♣❛❝❡ hp
α(D) ❛s t❤❡

❢❛♠✐❧② ♦❢ ❢✉♥❝t✐♦♥s u α✲❤❛r♠♦♥✐❝ ♦♥ D s✉❝❤ t❤❛t

‖u‖hp := sup
r∈R+\{1}

‖ur‖p <∞.

◆♦t❡ t❤❛t s✐♥❝❡ σ(S) < ∞✱ ❢♦r 1 ≤ p < q ≤ ∞ ✇❡ ❤❛✈❡ hq
α(D) ⊂ hp

α(D)✱
❛♥❞

‖u‖h∞ = sup
x∈D

|u(x)|.

❲❡ ✇✐❧❧ ❞❡s❝r✐❜❡ t❤❡ s♣❛❝❡s hp
α(D) ✐♥ t❡r♠s ♦❢ t❤❡ P♦✐ss♦♥ ✐♥t❡❣r❛❧s✳ ❚❤❡

✜rst ♣❛rt ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✹✳✸✳✻ ▲❡t u ❜❡ α✲❤❛r♠♦♥✐❝ ♦♥ D✳

✶✳ ■❢ u(x) = PD[µ](x) + c(1 − Φ(x)) ❢♦r s♦♠❡ ♣❛✐r (µ, c) ∈ M(S) × R✱
t❤❡♥ u ∈ h1

α(D) ❛♥❞ ‖u‖h1 = ‖µ‖ ∨ |c|✳
✷✳ ▲❡t p ∈ (1,∞]✳ ■❢ u(x) = PD[f ](x)+c(1−Φ(x)) ❢♦r s♦♠❡ ♣❛✐r (f, c) ∈

Lp(S, σ) × R✱ t❤❡♥ u ∈ hp
α(D) ❛♥❞ ‖u‖hp = ‖f‖p ∨ |c|✳

Pr♦♦❢ ▲❡t u(x) = PD[µ](x) + c(1 − Φ(x)) ❢♦r s♦♠❡ (µ, c) ∈ M(S) × R✳ ❇②
▲❡♠♠❛ ✹✳✸✳✸ ✭✐✮ ✇❡ ❤❛✈❡ ‖PD[µ]‖h1 ≤ ‖µ‖✳ ❙✐♥❝❡ Φ ✐s ❜♦✉♥❞❡❞✱ ✇❡ ❤❛✈❡ u ∈
h1

α(D)✳ ❋r♦♠ ▲❡♠♠❛ ✹✳✸✳✸ ✭✈✮ ✐t ❢♦❧❧♦✇s t❤❛t ‖µ‖ ≤ lim infr→1 ‖PD[µ]r‖1✱
s♦

‖µ‖ = lim
r→1

‖PD[µ]r‖1 = ‖PD[µ]‖h1 .

✼✾



❲❡ ❤❛✈❡ ‖PD[µ]r‖1 → 0 ✇❤❡♥ r → ∞✳ ❋✉rt❤❡r♠♦r❡✱ φ(r) → 1 ❛s r → 1
❛♥❞ φ(r) → 0 ❛s r → ∞✳ ❙✐♥❝❡

‖ur‖1 ≥ |‖PD[µ]r‖1 − |c|(1 − φ(r))| ,

✇❡ ❤❛✈❡ ‖u‖h1 ≥ ‖µ‖ ∨ |c|✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ✭✹✳✾✮ ✇❡ ❤❛✈❡

‖ur‖1 ≤
∫

S

∫

S

PD(rx, y)|µ|(dy)σ(dx) + |c|(1 − φ(r))

=

∫

S

∫

S

PD(ry, x)σ(dx)|µ|(dy) + |c|(1 − φ(r))

= ‖µ‖φ(r) + |c|(1 − φ(r)) ≤ ‖µ‖ ∨ |c|.
❚❤✐s ❣✐✈❡s t❤❡ ✜rst ♣❛rt✳ ❚♦ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ♣❛rt ❝❤♦♦s❡ p ∈ (1,∞] ❛♥❞
s✉♣♣♦s❡ t❤❛t u(x) = PD[f ](x) + c(1 − Φ(x)) ❢♦r s♦♠❡ (f, c) ∈ Lp(S, σ) ×
R✳ ❚❤❡♥ ❜② ▲❡♠♠❛ ✹✳✸✳✸ ✭✐✐✮ ✇❡ ❤❛✈❡ ‖PD[f ]‖hp ≤ ‖f‖p✱ ❛♥❞ s✐♥❝❡ Φ ✐s
❜♦✉♥❞❡❞ ✇❡ ❤❛✈❡ u ∈ hp

α(D)✳ ❯s✐♥❣ ▲❡♠♠❛ ✹✳✸✳✸ ✭✐✈✮ ❛♥❞ ✭✈✐✮ ✇❡ ♦❜t❛✐♥

‖PD[f ]‖hp = lim
r→1

‖PD[f ]r‖p = ‖f‖p.

❙✐♥❝❡
‖ur‖p ≥ |‖PD[f ]r‖p − |c|(1 − φ(r))| ,

❛s ✐♥ t❤❡ ❝❛s❡ p = 1 ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ‖u‖hp ≥ ‖f‖p ∨ |c|✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ ❢♦r p <∞ ✇❡ ❤❛✈❡

‖ur‖p ≤
(∫

S

∣∣∣∣
∫

S

PD(rx, y)f(y)σ(dy)

∣∣∣∣
p

σ(dx)

) 1
p

+ |c|(1 − φ(r)).

❇② ❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ✭✹✳✾✮✱ t❤❡ ❧❛st t❡r♠ ❛❜♦✈❡ ✐s ❧❡ss t❤❛♥

(
φ(r)p−1

∫

S

∫

S

PD(ry, x)σ(dx)|f(y)|pσ(dy)

) 1
p

+ |c|(1 − φ(r))

= φ(r)‖f‖p + |c|(1 − φ(r)) ≤ ‖f‖p ∨ |c|.
❋♦r p = ∞ ✐t s✉✣❝❡s t♦ ❡st✐♠❛t❡ f ❜② ‖f‖∞✳

✷

❖✉r ❛✐♠ ♥♦✇ ✐s t♦ ♣r♦✈❡ t❤❡ ✐♥✈❡rs❡ ✐♠♣❧✐❝❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✹✳✸✳✻✳ ■♥ ♦r❞❡r
t♦ ❞♦ t❤✐s✱ ✇❡ ✇✐❧❧ ✜rst s❤♦✇ t❤❛t t❤❡ s♣❛❝❡s hp

α(D) ❝❛♥ ❜❡ ❡q✉✐✈❛❧❡♥t❧②
❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥ FD✳ ❋♦r n = 2, 3, ... ❧❡t

Dn = {x : |x| < 1 − 1/n} ∪ {x : 1 + 1/n < |x| < n} .

Dn ❛r❡ ❜♦✉♥❞❡❞✱ Dn ⊂ D✱ Dn ⊂ Dn+1 ❢♦r ❡✈❡r② n ❛♥❞
⋃

n Dn = D✳ ❚❤❡
❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ♦❢ t❤❡ P♦✐ss♦♥ ❦❡r♥❡❧s PDn(x, y) ✇✐❧❧ ❜❡ ✐♠♣♦rt❛♥t ✐♥ ♦✉r
❛♣♣r♦❛❝❤✳

✽✵



▲❡♠♠❛ ✹✳✸✳✼ ❋✐① n ∈ N, n ≥ 2✳ ❋♦r ❛❧❧ r ∈ [0, 1 − 1/n) ∪ (1 + 1/n, n)✱
s ∈ (1 − 1/n, 1 + 1/n) ∪ (n,∞) ❛♥❞ y ∈ S ✇❡ ❤❛✈❡

∫

S

PDn(rx, sy)σ(dx) =

∫

S

PDn(ry, sx)σ(dx). ✭✹✳✶✼✮

❋✉rt❤❡r♠♦r❡✱ t❤❡ ✐♥t❡❣r❛❧s ❛r❡ ❝♦♥st❛♥t ✇✐t❤ r❡s♣❡❝t t♦ y✳

Pr♦♦❢ ❚❤❡ ✐❞❡♥t✐t② ✭✹✳✶✼✮ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t✱ t❤❛t ❢♦r r, s ❛s ❛❜♦✈❡ ❛♥❞
❛❧❧ x, y ∈ S ✇❡ ❤❛✈❡ PDn(rx, sy) = PDn(ry, sx)✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡
r♦t❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡ ❛♥❞ ♦❢ t❤❡ s②♠♠❡tr② ♦❢ t❤❡ ♣r♦❝❡ss Xt✳ ❈❧❡❛r❧②✱ ❢♦r ❛♥②
r♦t❛t✐♦♥ T ♦♥ R

d ❛♥❞ ❛❧❧ x, y ∈ Dn ✇❡ ❤❛✈❡ GDn(x, y) = GT Dn(T x, T y)✳
❖❜✈✐♦✉s❧②✱ T Dn = Dn✳ ❋✐① ♥♦✇ x, y ∈ S✱ r ∈ [0, 1 − 1/n) ∪ (1 + 1/n, n)
❛♥❞ s ∈ (1 − 1/n, 1 + 1/n) ∪ (n,∞)✳ ▲❡t T0 ❜❡ ❛ r♦t❛t✐♦♥ ♦♥ R

d ❢♦r ✇❤✐❝❤
T0x = y✳ ❚❤❡♥ ✭✹✳✺✮ ❛♥❞ t❤❡ r♦t❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡ ✐♠♣❧② t❤❛t

PDn(rx, sy) = PDn(rT −1
0 x, sx).

❋✉rt❤❡r♠♦r❡✱ ❜② t❤❡ s②♠♠❡tr②✱

PDn(rT −1
0 x, sx) = PDn(rT0x, sx) = PDn(ry, sx).

❚♦ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❧❡♠♠❛✱ ✜① ❛♥ ❛r❜✐tr❛r② r♦t❛t✐♦♥ T ✳ ❚❤❡♥
❢♦r y ∈ S ❛♥❞ r, s ❛s ❜❡❢♦r❡ ✇❡ ❤❛✈❡
∫

S

PDn(rx, sT y)σ(dx) =

∫

S

PDn(rT −1x, y)σ(dx) =

∫

S

PDn(rz, sy)σ(dz).

❈❧❡❛r❧②✱ σ(T (E)) = σ(E) ❢♦r ❡✈❡r② ❇♦r❡❧ s❡t E ⊂ S✳
✷

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✹✳✸✳✼ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥t ❝❤❛r❛❝✲
t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s♣❛❝❡s hp

α(D) ❢♦r p ∈ [1,∞)✳

▲❡♠♠❛ ✹✳✸✳✽ ▲❡t u ❜❡ α✲❤❛r♠♦♥✐❝ ♦♥ D✳ ❚❤❡♥ u ∈ hp
α(D) ❢♦r ❛ ❣✐✈❡♥

p ∈ [1,∞) ✐❢ ❛♥❞ ♦♥❧② ✐❢ FD[|u|p](x) < ∞ ❢♦r s♦♠❡ x ∈ D✳ ❋✉rt❤❡r♠♦r❡✱
‖u‖p

hp = ‖FD[|u|p]‖h1✳

Pr♦♦❢ ❙✉♣♣♦s❡ ✜rst t❤❛t FD[|u|p](x) < ∞ ❢♦r s♦♠❡ p ∈ [1,∞) ❛♥❞ s♦♠❡
x ∈ D✳ ❚❤❡♥ ❜② ▲❡♠♠❛ ✹✳✷✳✶✱ FD[|u|p] ✐s ♥♦♥♥❡❣❛t✐✈❡ ❛♥❞ α✲❤❛r♠♦♥✐❝ ♦♥
D ❛♥❞ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✸✳✻ ✐t ❢♦❧❧♦✇s t❤❛t FD[|u|p] ∈
h1

α(D)✳ ❙✐♥❝❡ |u|p ≤ FD[|u|p]✱ ✇❡ ❤❛✈❡ u ∈ hp
α(D)✳

❈♦♥✈❡rs❡❧②✱ s✉♣♣♦s❡ t❤❛t u ∈ hp
α(D) ❢♦r ❛ ❣✐✈❡♥ p ∈ [1,∞)✳ ▲❡t

Fn[|u|p](x) := E
x |u(X(τDn))|p , n = 2, 3, ...

❇② t❤❡ ❏❡♥s❡♥ ✐♥❡q✉❛❧✐t② ✇❡ ❤❛✈❡ |u|p ≤ Fn[|u|p] ❢♦r ❡✈❡r② n✳ ❚❤❡r❡❢♦r❡✱ ❜②
❋✉❜✐♥✐ t❤❡♦r❡♠✱ ❢♦r ❛♥② r ∈ [0, 1 − 1/n) ∪ (1 + 1/n, n) ✇❡ ♦❜t❛✐♥

‖ur‖p
p ≤ ‖Fn[|u|p]r‖1

✽✶



=

∫

S

∫

(Dn)c

PDn(rx, y)|u(y)|pdyσ(dx) =

∫

(Dn)c

∫

S

PDn(rx, y)σ(dx)|u(y)|pdy

=

(∫ 1+1/n

1−1/n

+

∫ ∞

n

)∫

S

∫

S

PDn(rx, sz)σ(dx)|u(sz)|pσ(dz)sd−1ds.

❇② ▲❡♠♠❛ ✹✳✸✳✼✱ t❤❡ ❧❛st t❡r♠ ✐s ❡q✉❛❧ t♦
(∫ 1+1/n

1−1/n

+

∫ ∞

n

)
fn(r, s)‖us‖p

ps
d−1ds

≤ ‖u‖p
hp

(∫ 1+1/n

1−1/n

+

∫ ∞

n

)∫

S

PDn(rw, sx)σ(dx)sd−1ds = ‖u‖p
hp .

■♥ t❤❡ ❧❛st ✐♥t❡❣r❛❧✱ w ∈ S ✐s ❛r❜✐tr❛r②✳ ❚❤❡r❡❢♦r❡✱ Fn[|u|p] ✐s ✜♥✐t❡ σ✲❛✳❡✳
♦♥ rS✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ❍❛r♥❛❝❦ ✐♥❡q✉❛❧✐t② ✭s❡❡ ❬✷✵✱ ❚❤❡♦r❡♠ ✶❪✮✱ Fn[|u|p] ✐s
✜♥✐t❡ ❛♥❞ α✲❤❛r♠♦♥✐❝ ♦♥ Dn ❢♦r ❡✈❡r② n✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✷✳✶
✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ Fn[|u|p] ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ FD[|u|p] =
limn Fn[|u|p]✳ ❚❤❡r❡❢♦r❡✱ ❜② t❤❡ ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ✇❡ ♦❜t❛✐♥

‖ur‖p
p ≤ ‖FD[|u|p]r‖1 ≤ ‖u‖p

hp <∞,

❛♥❞ ❢r♦♠ ▲❡♠♠❛ ✹✳✷✳✶ ✐t ❢♦❧❧♦✇s t❤❛t FD[|u|p] ✐s ✜♥✐t❡ ❛♥❞ α✲❤❛r♠♦♥✐❝ ♦♥
D✳ ❚❛❦✐♥❣ t❤❡ s✉♣r❡♠✉♠ ♦✈❡r r ✇❡ ♦❜t❛✐♥ ‖u‖p

hp = ‖FD[|u|p]‖h1 ✱ ❛s ❞❡s✐r❡❞✳
✷

❈♦r♦❧❧❛r② ✹✳✸✳✾ ▲❡t u ❜❡ α✲❤❛r♠♦♥✐❝ ♦♥ D✳ ❚❤❡♥ u ∈ hp
α(D) ❢♦r ❛ ❣✐✈❡♥

p ∈ [1,∞) ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛ ♥♦♥♥❡❣❛t✐✈❡ α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ v
♦♥ D s✉❝❤ t❤❛t |u|p ≤ v✳

Pr♦♦❢ ■❢ s✉❝❤ ❛ v ❡①✐sts✱ t❤❡♥ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✷✳✶ ✇❡ ❣❡t
FD[|u|p] ≤ v ❛♥❞ t❤❡ ❝♦r♦❧❧❛r② ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✹✳✸✳✽✳

✷

❚❤❡ ♥❡①t t❤❡♦r❡♠ ❝♦♠♣❧❡t❡s t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s♣❛❝❡s hp
α(D)✱ 1 ≤

p ≤ ∞✱ t❤❛t ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❚❤❡♦r❡♠ ✹✳✸✳✻✳

❚❤❡♦r❡♠ ✹✳✸✳✶✵ ▲❡t u ❜❡ α✲❤❛r♠♦♥✐❝ ♦♥ D✳

✶✳ ■❢ u ∈ h1
α(D)✱ t❤❡♥ u(x) = PD[µ](x) + c(1 − Φ(x)) ❢♦r s♦♠❡ ♣❛✐r

(µ, c) ∈ M(S) × R✳ ❋✉rt❤❡r♠♦r❡✱ µ ❛♥❞ c ❛r❡ ✉♥✐q✉❡✳

✷✳ ■❢ u ∈ hp
α(D) ❢♦r ❛ ❣✐✈❡♥ p ∈ (1,∞]✱ t❤❡♥ u(x) = PD[f ](x)+c(1−Φ(x))

❢♦r s♦♠❡ ♣❛✐r (f, c) ∈ Lp(S, σ)×R✳ ❋✉rt❤❡r♠♦r❡✱ f ❛♥❞ c ❛r❡ ✉♥✐q✉❡✳

Pr♦♦❢ ❚❤❡ ✜rst ♣❛rt ♦❢ t❤❡ t❤❡♦r❡♠ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ ❈♦r♦❧❧❛r② ✹✳✸✳✾
❛♥❞ ❈♦r♦❧❧❛r② ✹✳✸✳✹✳ ❚♦ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ♣❛rt ❝❤♦♦s❡ p ∈ (1,∞] ❛♥❞ s✉♣✲
♣♦s❡ t❤❛t u ∈ hp

α(D)✳ ❚❤❡♥ u ∈ h1
α(D) ❛♥❞ ❜② t❤❡ ✜rst ♣❛rt✱ u(x) =

PD[µ](x) + c(1 − Φ(x)) ❢♦r ❛ ✉♥✐q✉❡ ♣❛✐r (µ, c) ∈ M(S) × R✳ ❍❡♥❝❡✱

✽✷



✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t dµ = fdσ ❛♥❞ f ∈ Lp(S, σ)✳ ❙✐♥❝❡ Φ ✐s ❜♦✉♥✲
❞❡❞✱ c(1 − Φ(·)) ∈ hp

α(D) ❛♥❞ t❤✉s PD[µ] ∈ hp
α(D)✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❢❛♠✐❧②

{PD[µ]r : r > 0 ∧ r 6= 1} ✐s ♥♦r♠✲❜♦✉♥❞❡❞ ✐♥ Lp(S, σ)✳ ❇② ❇❛♥❛❝❤✲❆❧❛♦❣❧✉
t❤❡♦r❡♠✱ t❤❡r❡ ✐s ❛ s❡q✉❡♥❝❡ rn t❡♥❞✐♥❣ t♦ ✶ s✉❝❤ t❤❛t PD[µ]rn t❡♥❞s ✇❡❛❦∗

t♦ s♦♠❡ f ∈ Lp(S, σ)✱ ✐✳❡✳✱ ❢♦r q = p/(p− 1) ✭q = 1 ✇❤❡♥ p = ∞✮ ❛♥❞ ❡✈❡r②
g ∈ Lq(S, σ) ✇❡ ❤❛✈❡

∫

S

g(x)PD[µ](rnx)σ(dx)
n→∞−→

∫

S

g(x)f(x)σ(dx).

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ▲❡♠♠❛ ✹✳✸✳✸ ✭✈✮✱ ❢♦r ❡✈❡r② g ∈ C(S) ✇❡ ❤❛✈❡
∫

S

g(x)PD[µ](rnx)σ(dx)
n→∞−→

∫

S

g(x)µ(dx).

❙✐♥❝❡ C(S) ⊂ Lq(S, σ)✱ ✇❡ ❤❛✈❡ dµ = fdσ✳
✷

❲❡ ✇✐❧❧ ♥♦✇ s❤♦✇ t❤❛t t❤❡ ❋❛t♦✉ t❤❡♦r❡♠ ❤♦❧❞s ❢♦r α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s
♦♥ D✳ ❋♦r y ∈ S ❛♥❞ β > 0 ✇❡ ❞❡✜♥❡ t❤❡ ❝♦♥❡ Γβ(y) ❛s

Γβ(y) = {x ∈ D : |x− y| < (1 + β)|1 − |x||} .

❲❡ s❛② t❤❛t ❛ ❢✉♥❝t✐♦♥ u ♦♥ D ❤❛s ❛ ♥♦♥t❛♥❣❡♥t✐❛❧ ❧✐♠✐t L ❛t y ∈ S ✐❢✱ ❢♦r
❡✈❡r② β > 0✱

lim
Γβ(y)∋x→y

u(x) = L.

❚❤❡♦r❡♠ ✹✳✸✳✶✶ ▲❡t µ ∈ M(S) ❛♥❞ ❧❡t µ(dx) = f(x)σ(dx) + ν(dx) ❜❡
t❤❡ ▲❡❜❡s❣✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ µ ✇✐t❤ r❡s♣❡❝t t♦ σ✳ ❚❤❡♥ PD[µ] ❤❛s t❤❡
♥♦♥t❛♥❣❡♥t✐❛❧ ❧✐♠✐t f(y) ❛t σ✲❛❧♠♦st ❡✈❡r② y ∈ S✳

Pr♦♦❢ ❋♦r y ∈ S ❛♥❞ r > 0 ❧❡t K(y, r) := B(y, r) ∩ S✳ ❉❡✜♥❡

L[µ](y) := sup
r>0

|µ|(K(y, r))

σ(K(y, r))
.

❋♦❧❧♦✇✐♥❣ ❬✺✱ ❚❤❡♦r❡♠ ✻✳✸✾ ❛♥❞ ✻✳✹✷❪ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t ❢♦r ❛♥②
β > 0 t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t c = c(α, β, d) > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② y ∈ S ✇❡
❤❛✈❡

sup
x∈Γβ(y)

|PD[µ](x)| ≤ cL[µ](y).

❋✐① y ∈ S ❛♥❞ x ∈ Γβ(y)✳ ■❢ |x| ≥ 2✱ t❤❡♥ PD(x, z) ≤ c✱ ✇❤❡r❡ c = c(α, d) >
0✱ s♦

|PD[µ](x)| ≤
∫

S

PD(x, z)|µ|(dz) ≤ c‖µ‖ ≤ cL[µ](y).

✽✸



❙✉♣♣♦s❡ t❤❛t |x| < 2 ❛♥❞ ❞❡♥♦t❡ η = |x− y|✳ ❲❡ ❤❛✈❡

|PD[µ](x)| ≤
∫

S

PD(x, z)|µ|(dz) =

∫

|z−y|<2η

PD(x, z)|µ|(dz)

+
∞∑

k=2

∫

2k−1η<|z−y|<2kη

PD(x, z)|µ|(dz).

❋✉rt❤❡r♠♦r❡✱

PD(x, z) ≤ c1
||x| − 1|α−1

|x− y|d+α−2
≤ c1

||x| − 1|d−1
≤ c2η

1−d,

✇❤❡r❡ c2 = c2(α, β, d) > 0✳ ❍❡♥❝❡
∫

|z−y|<2η

PD(x, z)|µ|(dz) ≤ c2η
1−d|µ|(K(y, 2η))

≤ c3
|µ|(K(y, 2η))

σ(K(y, 2η))
≤ c3L[µ](y),

❢♦r s♦♠❡ c3 = c3(α, β, d) > 0✳ ❋♦r 2k−1η < |z − y| < 2kη✱ k ≥ 2 ✇❡ ❤❛✈❡

|x− z| ≥ |z − y| − |y − x| ≥ 2k−1η − η ≥ 2k−2η,

❛♥❞ s♦

PD(x, z) ≤ c1
||x| − 1|α−1

|x− y|d+α−2
≤ c1

ηα−1

(2k−2η)d+α−2
=

c4
2k(d+α−2)ηd−1

≤ c5
2k(α−1)σ(K(y, 2kη))

,

✇❤❡r❡ c5 = c5(α, β, d) > 0✳ ❚❤❡r❡❢♦r❡

∫

2k−1η<|z−y|<2kη

PD(x, z)|µ|(dz) ≤ c5|µ|(K(y, 2kη))

2k(α−1)σ(K(y, 2kη))
≤ c5

2k(α−1)
L[µ](y).

❙✐♥❝❡ α > 1 ✇❡ ❤❛✈❡ c6 =
∑∞

k=2 2−k(α−1) <∞ ❛♥❞ ❤❡♥❝❡

|PD[µ](x)| ≤ c3L[µ](y) +
∞∑

k=2

c5
2k(α−1)

L[µ](y) = (c3 + c5c6)L[µ](y).

✷

❈♦r♦❧❧❛r② ✹✳✸✳✶✷ ❙✉♣♣♦s❡ u ✐s α✲❤❛r♠♦♥✐❝ ❛♥❞ ♥♦♥♥❡❣❛t✐✈❡ ♦♥ D✳ ❚❤❡♥
u ❤❛s ❛ ♥♦♥t❛♥❣❡♥t✐❛❧ ❧✐♠✐t ❛t σ✲❛❧♠♦st ❡✈❡r② y ∈ S✳

Pr♦♦❢ ❚❤❡ ❝♦r♦❧❧❛r② ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✸✳✶✶✳
✷

✽✹



❆t t❤❡ ❡♥❞ ♦❢ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❧♦♦❦ ❛t t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ❛♣♣r♦❛❝❤ t♦ t❤❡
❍❛r❞② s♣❛❝❡s ❞✐s❝✉ss❡❞ ✐♥ ❬✶✻❪ ❛♥❞ ❬✾✵❪✳

❉❡✜♥✐t✐♦♥ ✹✳✸✳✶✸ ❋♦r p ∈ [1,∞) ✇❡ ❞❡✜♥❡ t❤❡ s♣❛❝❡ Hp
α(D) ❛s t❤❡ ❢❛♠✐❧②

♦❢ ❢✉♥❝t✐♦♥s u α✲❤❛r♠♦♥✐❝ ♦♥ D s✉❝❤ t❤❛t

‖u‖Hp
α

:= sup
U⊂⊂D

(
E

0|u(XτU
)|p
)1/p

<∞.

■♥ ✈✐❡✇ ♦❢ ✭✹✳✶✶✮ ✇❡ ❤❛✈❡ ‖u‖Hp
α

= (FD[|u|p](0))1/p✳ ❚❤❡♥ ▲❡♠♠❛ ✹✳✸✳✽
✐♠♣❧✐❡s ✐♠♠❡❞✐❛t❡❧② t❤❛t Hp

α(D) = hp
α(D) ❢♦r ❛❧❧ p ∈ [1,∞)✳ ❚♦ ✐❞❡♥t✐❢② t❤❡

♥♦r♠ ‖u‖Hp
α
✇❡ ✇✐❧❧ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

▲❡♠♠❛ ✹✳✸✳✶✹ ▲❡t u ❜❡ α✲❤❛r♠♦♥✐❝ ♦♥ D✳

✶✳ ■❢ u(x) = PD[µ](x) + c(1 − Φ(x)) ❢♦r s♦♠❡ ♣❛✐r (µ, c) ∈ M(S) × R✱
t❤❡♥ FD[u](x) = PD[|µ|](x) + |c|(1 − Φ(x))✳

✷✳ ▲❡t p ∈ (1,∞)✳ ■❢ u(x) = PD[f ](x) + c(1 − Φ(x)) ❢♦r s♦♠❡ ♣❛✐r
(f, c) ∈ Lp(S, σ)×R✱ t❤❡♥ FD[|u|p](x) = PD[|f |p](x) + |c|p(1−Φ(x))✳

Pr♦♦❢ ▲❡t u(x) = PD[µ](x)+c(1−Φ(x)) ❢♦r s♦♠❡ ♣❛✐r (µ, c) ∈ M(S)×R ❛♥❞
s❡t h(x) = PD[|µ|](x)+|c|(1−Φ(x))✳ ❚❤❡♥ h ✐s ♥♦♥♥❡❣❛t✐✈❡ α✲❤❛r♠♦♥✐❝ ♦♥ D

❛♥❞ |u| ≤ h✳ ❍❡♥❝❡ FD[u] ≤ h✱ ❛♥❞ ❜② ▲❡♠♠❛ ✹✳✷✳✶✱ FD[u] ✐s ♥♦♥♥❡❣❛t✐✈❡ α✲
❤❛r♠♦♥✐❝ ♦♥ D✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✱ FD[u](x) = PD[ν](x)+ c̃(1−Φ(x)) ❢♦r
s♦♠❡ ♥♦♥♥❡❣❛t✐✈❡ ν ∈ M(S) ❛♥❞ c̃ ≥ 0✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❬✾✵✱ ❚❤❡♦r❡♠ ✶❪
✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ν ≤ |µ| ❛♥❞ c̃ ≤ |c|✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ FD[u]−u ≥
0✱ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷ ❛♥❞ ❈♦r♦❧❧❛r② ✹✳✸✳✹ ✇❡ ❤❛✈❡ FD[u](x) − u(x) =
PD[ν − µ](x) + (c̃− c)(1−Φ(x))✱ s♦ ν − µ ≥ 0 ❛♥❞ c̃− c ≥ 0✳ ❆♣♣❧②✐♥❣ t❤❡
s❛♠❡ ❛r❣✉♠❡♥t t♦ −u ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❍❛❤♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢
µ ✇❡ ♦❜t❛✐♥ ν ≥ |µ| ❛♥❞ c̃ ≥ |c|✳ ❚❤✐s ❣✐✈❡s t❤❡ ✜rst ♣❛rt✳

▲❡t ♥♦✇ p ∈ (1,∞) ❛♥❞ ❧❡t u(x) = PD[f ](x) + c(1 − Φ(x)) ❢♦r s♦♠❡
(f, c) ∈ Lp(S, σ) × R✳ ❙❡t h(x) = PD[|f |p](x) + |c|p(1 − Φ(x))✳ ❚❤❡♥ ❜②
t❤❡ ❏❡♥s❡♥ ✐♥❡q✉❛❧✐t② ✇❡ ❤❛✈❡ |u|p ≤ h ❛♥❞ t❤✉s FD[|u|p] ≤ h✳ ❯s✐♥❣
▲❡♠♠❛ ✹✳✷✳✶✱ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷ ❛♥❞ t❤❡ ❛r❣✉♠❡♥ts ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ♣❛rt
✇❡ ❝♦♥❝❧✉❞❡ t❤❛t FD[|u|p](x) = PD[g](x) + c̃(1 − Φ(x)) ❢♦r s♦♠❡ ♣♦s✐t✐✈❡
❢✉♥❝t✐♦♥ g ∈ L1(S, σ) ✇✐t❤ g ≤ |f |p ❛♥❞ 0 ≤ c̃ ≤ |c|p✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
❜② t❤❡ ❛r❣✉♠❡♥ts ❣✐✈❡♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✸✳✻ ✇❡ ❤❛✈❡

‖|f |p‖1 = lim
r→1

‖|ur|p‖1 ≤ lim
r→1

‖FD[|u|p]r‖1 = ‖g‖1.

❍❡♥❝❡ g = |f |p σ✲❛✳❡✳ ❋✉rt❤❡r♠♦r❡✱

|c|p = lim
x→∞

|u(x)|p ≤ lim
x→∞

FD[|u|p](x) = c̃,

s♦ c̃ = |c|p✳
✷

✽✺



❇② ❚❤❡♦r❡♠ ✹✳✸✳✻✱ ❚❤❡♦r❡♠ ✹✳✸✳✶✵ ❛♥❞ ▲❡♠♠❛ ✹✳✸✳✶✹ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✲
✇✐♥❣ ❝♦♠♣❧❡t❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s♣❛❝❡s Hp

α(D)✳

❚❤❡♦r❡♠ ✹✳✸✳✶✺ ▲❡t u ❜❡ α✲❤❛r♠♦♥✐❝ ♦♥ D✳ ❚❤❡♥

✶✳ u ∈ H1
α(D) ✐❢ ❛♥❞ ♦♥❧② ✐❢ u(x) = PD[µ](x)+ c(1−Φ(x)) ❢♦r s♦♠❡ ♣❛✐r

(µ, c) ∈ M(S) × R✳ ❋✉rt❤❡r♠♦r❡✱ µ ❛♥❞ c ❛r❡ ✉♥✐q✉❡ ❛♥❞

‖u‖H1
α

= Φ(0)‖µ‖ + |c|(1 − Φ(0)).

✷✳ u ∈ Hp
α(D) ❢♦r ❛ ❣✐✈❡♥ p ∈ (1,∞) ✐❢ ❛♥❞ ♦♥❧② ✐❢ u(x) = PD[f ](x) +

c(1 − Φ(x)) ❢♦r s♦♠❡ ♣❛✐r (f, c) ∈ Lp(S, σ) × R✳ ❋✉rt❤❡r♠♦r❡✱ f ❛♥❞
c ❛r❡ ✉♥✐q✉❡ ❛♥❞

‖u‖Hp
α

=
[
Φ(0)‖f‖p

p + |c|p(1 − Φ(0))
]1/p

.

■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❛♥② p ∈ [1,∞) ❛♥❞ ❛♥② α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ u ♦♥ D ✇❡
❤❛✈❡

[Φ(0) ∧ (1 − Φ(0))] ‖u‖hp ≤ ‖u‖Hp
α
≤ ‖u‖hp .

❲❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ t❤❛t s✉❝❤ ❛ r❡❧❛t✐♦♥ ❞♦❡s ♥♦t ❤♦❧❞ ❢♦r
❛♥❛❧♦❣♦✉s ❝♦♥str✉❝t✐♦♥s ♦❢ ❍❛r❞② s♣❛❝❡s ♦♥ H✳

✹✳✹ α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦♥ t❤❡ ❝♦♠♣❧❡♠❡♥t

♦❢ t❤❡ ❤②♣❡r♣❧❛♥❡

❲❡ ✇✐❧❧ st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦♥ H = R
d \ L✳

❲❡ ✇✐❧❧ ✐❞❡♥t✐❢② L = ∂H =
{
x = (x1, ..., xd) ∈ R

d : xd = 0
}
✇✐t❤ t❤❡ ❡✉✲

❝❧✐❞❡❛♥ s♣❛❝❡ R
d−1 ❛♥❞ ❢♦r x ∈ R

d ✇❡ ✇✐❧❧ ❞❡♥♦t❡ x = (x, xd)✱ ✇❤❡r❡
x ∈ R

d−1, xd ∈ R✳ ▲❡t C(Rd−1) ❞❡♥♦t❡ t❤❡ s♣❛❝❡ ♦❢ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s
♦♥ R

d−1 ❛♥❞ ❧❡t M(Rd−1) ❜❡ t❤❡ s♣❛❝❡ ♦❢ ✜♥✐t❡ s✐❣♥❡❞ ❇♦r❡❧ ♠❡❛s✉r❡s ♦♥
R

d−1 ✇✐t❤ t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ ♥♦r♠ ‖ · ‖✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛❧s♦ ❞❡♥♦t❡ ❜②
Cb(R

d−1), C0(R
d−1), Cc(R

d−1) t❤❡ s✉❜s♣❛❝❡s ♦❢ C(Rd−1) ♦❢ ❢✉♥❝t✐♦♥s ❜♦✉♥✲
❞❡❞ ♦♥ R

d−1✱ ✈❛♥✐s❤✐♥❣ ❛t ∞ ❛t ❤❛✈✐♥❣ ❛ ❝♦♠♣❛❝t s✉♣♣♦rt ♦♥ R
d−1✱ r❡s♣❡❝✲

t✐✈❡❧②✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ✇✐❧❧ ❛❞❛♣t t❤❡ ♥♦t❛t✐♦♥ ♦❢ t❤❡ Lp✲♥♦r♠ ❢r♦♠ t❤❡
♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✐✳❡✳✱ ❢♦r ❛ ❇♦r❡❧ ❢✉♥❝t✐♦♥ f ♦♥ R

d−1 ❛♥❞ 1 ≤ p <∞ ❧❡t

‖f‖p :=

(∫

Rd−1

|f(x)|pdx
)1/p

,

❛♥❞ ❧❡t ‖f‖∞ ❞❡♥♦t❡ t❤❡ ❡ss❡♥t✐❛❧ s✉♣r❡♠✉♠ ♥♦r♠ ♦♥ R
d−1 ✇✐t❤ r❡s♣❡❝t t♦

t❤❡ (d− 1)✲❞✐♠❡♥s✐♦♥❛❧ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳
❲❡ s❤❛❧❧ r❡t✉r♥ t♦ t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ❤✐tt✐♥❣ ♣r♦❜❛❜✐❧✐t② ♦❢ L ❢♦r Xt✳ ❆s

✇❡ ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥✱ t❤❡ ❧❛st ❝♦♦r❞✐♥❛t❡ ♦❢ Xt = (X1
t , ..., X

d
t )

✽✻



✐s ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧✱ s②♠♠❡tr✐❝ α✲st❛❜❧❡ ▲é✈② ♣r♦❝❡ss✳ ❙✐♥❝❡ ✇❡ ❝♦♥s✐❞❡r
♦♥❧② α ∈ (1, 2)✱ s✉❝❤ ❛ ♣r♦❝❡ss ✐s ♣♦✐♥t✇✐s❡ r❡❝✉rr❡♥t ✭s❡❡ ❬✾✽❪✮✳ ❍❡♥❝❡

P
x(TL <∞) = P

xd(T{0} <∞) = 1, x ∈ H. ✭✹✳✶✽✮

❍❡r❡ P
xd ♠❡❛♥s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❝❡ss Xd

t st❛rt✐♥❣
❢r♦♠ xd ❛♥❞ T{0} := inf

{
t > 0 : Xd

t = 0
}
✳ ❲❡ ✇✐❧❧ ♥♦✇ ❝❛❧❝✉❧❛t❡ t❤❡ ❤✐tt✐♥❣

❞✐str✐❜✉t✐♦♥ ♦❢ L ❢♦r Xt ✭✐✳❡✳✱ t❤❡ α✲❤❛r♠♦♥✐❝ ♠❡❛s✉r❡ ❢♦r H✮✳ ❚❤❡ ❢♦r♠✉❧❛
❤❛s ❜❡❡♥ ♣r♦✈❡❞ ✐♥ ❬✻✹❪ ♦♥❧② ✐♥ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳ ❘❡❝❡♥t r❡s✉❧ts ♦❢ ❬✷✼❪
❛❧❧♦✇ ✉s t♦ ❣✐✈❡ t❤❡ ♣r♦♦❢ ❢♦r ❛❧❧ d ≥ 2✳

Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✶ ❚❤❡ α✲❤❛r♠♦♥✐❝ ♠❡❛s✉r❡ ❢♦r H ❤❛s ❛ ❞❡♥s✐t② ✇✐t❤ r❡s✲
♣❡❝t t♦ t❤❡ (d− 1)✲❞✐♠❡♥s✐♦♥❛❧ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ L ❣✐✈❡♥ ❜②

PH(x, y) = C3
|xd|α−1

|x− y|d+α−2
, x ∈ H, y ∈ L,

✇❤❡r❡ C3 = π(1−d)/2Γ((α+ d)/2 − 1)/Γ((α− 1)/2)✳

Pr♦♦❢ ❲❡ ✉s❡ t❤❡ ♠❡t❤♦❞s ♦❢ ❬✷✼✱ ❙❡❝t✐♦♥ ✸❪✳ ▲❡t Y(t) = (Bd(t), Y (t))
❜❡ ❛ (d + 1)✲❞✐♠❡♥s✐♦♥❛❧ ❞✐✛✉s✐♦♥ ✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t ❝♦♠♣♦♥❡♥ts✱ ✇❤❡r❡
Bd(t) = (B1(t), ..., Bd(t)) ✐s t❤❡ st❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✐♥ R

d ❛♥❞ Y (t)
✐s t❤❡ ❇❡ss❡❧ ♣r♦❝❡ss ✇✐t❤ ✐♥❞❡① −α/2✳ ▲❡t

L̃ =
{
x̃ = (x1, ..., xd+1) ∈ R

d+1 : xd = 0 ∧ xd+1 = 0
}

❛♥❞ s❡t H̃ = R
d+1 \ L̃✳ ▲❡t τ

H̃
= inf

{
t > 0 : Y(t) /∈ H̃

}
❛♥❞ ❞❡✜♥❡ Z(t) =

√
(Bd(t))2 + (Y (t))2✳ ❚❤❡♥ Z(t) ✐s t❤❡ ❇❡ss❡❧ ♣r♦❝❡ss ✇✐t❤ ✐♥❞❡① δ = (1 −

α)/2✳ ❙✐♥❝❡ 1 < α < 2 ✇❡ ❤❛✈❡ −1/2 < δ < 0 ❛♥❞ ❤❡♥❝❡✱ ❢♦r ❛♥② a > 0 ❛♥❞
T0 = inf {t > 0 : Z(t) = 0} ✇❡ ❤❛✈❡ P

a(T0 < ∞) = 1✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❛♥②
x̃ = (x1, ..., xd, 0) ∈ H × {0} ✇❡ ♦❜t❛✐♥

P
x̃(τ

H̃
<∞) = P

|xd|(T0 <∞) = 1.

▼♦r❡♦✈❡r✱ s✐♥❝❡ 0 ✐s r❡❣✉❧❛r ❢♦r Z(t)✱ ❡✈❡r② ♣♦✐♥t ♦❢ L̃ ✐s r❡❣✉❧❛r ❢♦r L̃ ✇✐t❤
r❡s♣❡❝t t♦ Y✳ ▲❡t x ∈ H ❛♥❞ s❡t T |xd|

0 = T0 ✇✐t❤ t❤❡ st❛rt✐♥❣ ♣♦✐♥t Z0 = |xd|✳
❆s ❜❡❢♦r❡ ✇❡ s❡t τH = inf {t > 0 : X(t) /∈ H}✳ ❚❤❡♥ ❜② ❬✷✼✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶✱
s❡❡ ❛❧s♦ ▲❡♠♠❛ ✻✳✷✱ ▲❡♠♠❛ ✻✳✹ ❛♥❞ ❈♦r♦❧❧❛r② ✻✳✺❪✱ ❢♦r A ⊂ R

d−1 ✇❡ ❤❛✈❡

P
x (X(τH) ∈ A× {0}) = P

x
(
Bd−1

(
T

|xd|
0

)
∈ A

)
.

❇② ❬✷✹✱ ♣✳ ✼✺❪ ✇❡ ❤❛✈❡

P
a(T0 ∈ dt) =

−2δ

a2δ
· tδ−1

21−δΓ(1 − δ)
exp

(−a2

2t

)
dt, a > 0.

✽✼



❙✐♥❝❡ Bd−1 ❛♥❞ Z ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ ✇❡ ♦❜t❛✐♥

P
x
(
Bd−1

(
T

|xd|
0

)
∈ A

)
=

∫ ∞

0

P
x(Bd−1(t) ∈ A)P|xd|(T0 ∈ dt)

=

∫ ∞

0

∫

A

1

(2πt)
d−1
2

exp

(−|x− y|2
2t

)
(α− 1)t

−(α+1)
2

|xd|1−α2
α+1

2 Γ
(

α+1
2

) exp

(−|xd|2
2t

)
dydt

=
(α− 1)|xd|α−1

2
d+α

2 π
d−1
2 Γ

(
α+1

2

)
∫

A

∫ ∞

0

(
1

t

) d+α
2

exp

(− (|x− y|2 + |xd|2)
2t

)
dtdy.

❇❡❝❛✉s❡ ❢♦r a > 1 ❛♥❞ b > 0✱
∫ ∞

0

t−ae−b/tdt = b1−a

∫ ∞

0

sa−2e−sds = b1−aΓ(a− 1),

✇❡ ♦❜t❛✐♥
P

x (X(τH) ∈ A× {0}) =

=
(α− 1)Γ

(
d+α

2
− 1
)
|xd|α−1

2
d+α

2 π
d−1
2 Γ

(
α+1

2

)
∫

A

(
2

|x− y|2 + |xd|2
) d+α−2

2

dy

=
Γ
(

d+α
2

− 1
)

π
d−1
2 Γ

(
α−1

2

)
∫

A

|xd|α−1

|x− (y, 0)|d+α−2
dy.

✷

❲❡ ✇✐❧❧ ❝❛❧❧ PH(x, y) t❤❡ P♦✐ss♦♥ ❦❡r♥❡❧ ♦❢ H ❢♦r Xt✳ ❆ s✐♠♣❧❡ ❝♦♥s❡q✉❡♥❝❡
♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✶ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ s②♠♠❡tr② ♣r♦♣❡rt②

PH((x, t), y) = PH((y, t), x), x, y ∈ L, t ∈ R \ {0} . ✭✹✳✶✾✮

▲❡t GH(x, y) ❜❡ t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ ♦❢ H ❢♦r Xt ❛♥❞ ❧❡t ed = (0, ..., 0, 1)✳
❲❡ ❞❡✜♥❡ t❤❡ ▼❛rt✐♥ ❦❡r♥❡❧ ♦❢ H ❢♦r Xt ❜②

MH(x, z) = lim
H∋y→z

GH(x, y)

GH(ed, y)
, x ∈ H, z ∈ L ∪ {∞} . ✭✹✳✷✵✮

❇② ❬✷✵✱ ❚❤❡♦r❡♠ ✷❪✱ t❤❡ ❧✐♠✐t ✐♥ ✭✹✳✷✵✮ ❛❧✇❛②s ❡①✐sts✳ ❲❡ ✇✐❧❧ ❝❛❧❝✉❧❛t❡
GH ❛♥❞ MH ✉s✐♥❣ t❤❡ ♠❡t❤♦❞s ♦❢ ❬✷✸❪✳ ❚❤❡ ✐♥✈❡rs✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ S ✐s
❞❡✜♥❡❞ ❜②

Tx =





x/|x|2, x ∈ R
d \ {0} ,

∞, x = 0,

0, x = ∞.

✭✹✳✷✶✮

❚❤✐s ♠❛♣ t❛❦❡s s♣❤❡r❡s ❝♦♥t❛✐♥✐♥❣ ✵ ♦♥t♦ ❤②♣❡r♣❧❛♥❡s✳ ▲❡t T̃ ❜❡ t❤❡ ✐♥✈❡r✲
s✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s♣❤❡r❡ S(−ed,

√
2)✱ ✐✳❡✳✱

T̃ x := 2T (x+ ed) − ed, ✭✹✳✷✷✮

✽✽



❛♥❞ ❧❡t H
′ := H \ {−ed}✳ ❚❤❡♥ ✇❡ ❤❛✈❡ H

′ = T̃ (D) ❛♥❞ L = T̃ (S \ {−ed})✳
❇② ❬✷✸✱ ❚❤❡♦r❡♠ ✷❪✱ t❤❡ s❝❛❧✐♥❣ ♣r♦♣❡rt② ❛♥❞ t❤❡ tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡ ♦❢
t❤❡ s②♠♠❡tr✐❝ st❛❜❧❡ ♣r♦❝❡ss❡s ✇❡ ♦❜t❛✐♥

GH′(x, y) = 2d−α|x+ ed|α−d|y + ed|α−dGD(T̃ x, T̃ y). ✭✹✳✷✸✮

Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✷ ❲❡ ❤❛✈❡

GH(x, y) =
Ad,α

|x− y|d−α

[
1 − φ

(√
1 +

4xdyd

|x− y|2

)]
, x, y ∈ H, ✭✹✳✷✹✮

✇❤❡r❡ φ ✐s t❤❡ ❤✐tt✐♥❣ ♣r♦❜❛❜✐❧✐t② ❣✐✈❡♥ ✐♥ ✭✹✳✼✮ ❛♥❞ Ad,α ✐s ❞❡✜♥❡❞ ✐♥ ✭✹✳✸✮✳
❋✉rt❤❡r♠♦r❡✱

MH(x, z) =
PH(x, z)

PH(ed, z)
=

|xd|α−1 |ed − z|d+α−2

|x− z|d+α−2
, x ∈ H, z ∈ L, ✭✹✳✷✺✮

❛♥❞
MH(x,∞) = |xd|α−1, x ∈ H. ✭✹✳✷✻✮

Pr♦♦❢ ❋♦r ❛❧❧ x, y ∈ R
d \ {0} ✇❡ ❤❛✈❡ |Tx − Ty| = |x − y|/(|x||y|)✳ ❍❡♥❝❡

✇❡ ♦❜t❛✐♥

|T̃ x− T̃ y| =
2|x− y|

|x+ ed||y + ed|
, x, y ∈ R

d \ {−ed} .

❇② ✭✹✳✷✸✮ ✇❡ ♦❜t❛✐♥

GH′(x, y) = Ad,α
2d−α|x+ ed|α−d|y + ed|α−d

|T̃ x− T̃ y|d−α
×

[
1 − Φ

(
T̃ y

|T̃ x− T̃ y|

∣∣∣∣∣T̃ x−
T̃ y

|T̃ y|2

∣∣∣∣∣

)]
=

Ad,α

|x− y|d−α
[1 − Φ (N(x, y))] ,

✇❤❡r❡

N(x, y) =
T̃ y

|T̃ x− T̃ y|

∣∣∣∣∣T̃ x−
T̃ y

|T̃ y|2

∣∣∣∣∣ =
T̃ y

|T̃ y||T̃ x− T̃ y|

∣∣∣∣∣|T̃ y|T̃ x−
T̃ y

|T̃ y|

∣∣∣∣∣

=
T̃ y

|T̃ y||T̃ x− T̃ y|

(
|T̃ y|2|T̃ x|2 − 2〈T̃ x, T̃ y〉 + 1

) 1
2

=
T̃ y

|T̃ y||T̃ x− T̃ y|

[
|T̃ x− T̃ y|2 +

(
1 − |T̃ x|2

)(
1 − |T̃ y|2

)] 1
2

✽✾



=
T̃ y

|T̃ y|


1 +

(
1 − |T̃ x|2

)(
1 − |T̃ y|2

)

|T̃ x− T̃ y|2




1
2

.

❋✉rt❤❡r♠♦r❡✱

1 − |T̃ x|2 = 4〈T (x+ ed), ed〉 − 4|T (x+ ed)|2 =
4xd

|x+ ed|2
,

s♦

N(x, y) =
T̃ y

|T̃ y|

√
1 +

4xdyd

|x− y|2 .

❙✐♥❝❡ {−ed} ✐s ❛ ♣♦❧❛r s❡t✱ ❢♦r ❛❧❧ x, y ∈ H
′ ✇❡ ❤❛✈❡ GH(x, y) = GH′(x, y)✱

❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ GH ❣✐✈❡s ✭✹✳✷✹✮✳
❚♦ ♦❜t❛✐♥ ✭✹✳✷✺✮ ❛♥❞ ✭✹✳✷✻✮ ✇❡ ♦❜s❡r✈❡ ✜rst✱ t❤❛t T̃ ed = 0✳ ❋r♦♠ ✭✹✳✷✵✮

❛♥❞ ✭✹✳✷✸✮ ✐t ❢♦❧❧♦✇s t❤❛t

MH(x, z) = 2d−α|x+ ed|α−dMD(T̃ x, T̃ z), x ∈ H
′, z ∈ L ∪ {∞} .

❇② ✭✹✳✶✹✮✱ ❢♦r x ∈ H
′ ❛♥❞ z ∈ L ✇❡ ❤❛✈❡

MH(x, z) = 2d−α|x+ ed|α−d ||T̃ x|2 − 1|α−1

|T̃ x− T̃ z|d+α−2
=

|xd|α−1|ed − z|d+α−2

|x− z|d+α−2
.

❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ T̃∞ = −ed✱ ❢♦r x ∈ H
′ ✇❡ ❤❛✈❡

MH(x,∞) = 2d−α|x+ ed|α−d ||T̃ x|2 − 1|α−1

|T̃ x+ ed|d+α−2
= |xd|α−1.

❋✐♥❛❧❧②✱ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ MH(·, z) ❢♦r ❛❧❧ z ∈ L ∪ {∞} ❣✐✈❡s ✭✹✳✷✺✮ ❛♥❞
✭✹✳✷✻✮✱ s♦ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s ♣r♦✈❡❞✳

✷

❲❡ r❡♠❛r❦ t❤❛t✱ ✐♥ ♦♣♣♦s✐t❡ t♦ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡ ♦❢ D✱ t❤❡ P♦✐ss♦♥ ❦❡r♥❡❧
❛♥❞ t❤❡ ▼❛rt✐♥ ❦❡r♥❡❧ ♦❢ H ❛r❡ ♥♦ ❧♦♥❣❡r t❤❡ s❛♠❡ ♦❜❥❡❝ts✳ ■♥ t❤❡ ♥❡①t
♣❛rt ♦❢ t❤✐s s❡❝t✐♦♥✱ ❢♦r x ∈ H ❛♥❞ y ∈ R

d−1 ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♥♦t❛t✐♦♥
PH(x, y) := PH(x, y) ✇❤❡r❡ y = (y, 0) ∈ L✳ ❆♥❛❧♦❣♦✉s❧② ✇❡ ❞❡✜♥❡MH(x, y)✳

Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✸ ❋♦r ❡✈❡r② ♥♦♥♥❡❣❛t✐✈❡ ♠❡❛s✉r❡ µ ∈ M(Rd−1) ❛♥❞
❡✈❡r② ❝♦♥st❛♥t c ≥ 0 t❤❡ ❢✉♥❝t✐♦♥ u ❣✐✈❡♥ ❜②

u(x) =

∫

Rd−1

MH(x, y)µ(dy) + c|xd|α−1, x ∈ H, ✭✹✳✷✼✮

✐s α✲❤❛r♠♦♥✐❝ ♦♥ H✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ u ✐s ♥♦♥♥❡❣❛t✐✈❡ ❛♥❞ α✲❤❛r♠♦♥✐❝ ♦♥ H

t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♥♦♥♥❡❣❛t✐✈❡ ♠❡❛s✉r❡ µ ∈ M(Rd−1) ❛♥❞ ❛ ✉♥✐q✉❡
❝♦♥st❛♥t c ≥ 0 s❛t✐s❢②✐♥❣ ✭✹✳✷✼✮✳

✾✵



Pr♦♦❢ ❲❡ ✉s❡ s✐♠✐❧❛r ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✳ ❍♦✇❡✲
✈❡r✱ ✐t ❝♦✉❧❞ ❜❡ s❧✐❣❤t❧② ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ t♦ s❡❡ ❞✐r❡❝t❧② ❢r♦♠ ✭✹✳✷✹✮ t❤❛t∫

H
GH(ed, y)dy = ∞ ✭t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♦❢ t❤❡ ♣♦✐♥t ❛t ✐♥✜♥✐t②✮✳ ❲❡ ♠❛②

❛✈♦✐❞ t❤✐s ❞✐✣❝✉❧t② ❜② t❤❡ ❢❛❝t t❤❛t ∞ ✐s ❛❝❝❡ss✐❜❧❡ ❢r♦♠ H ✐❢ ❛♥❞ ♦♥❧② ✐❢
✵ ✐s ❛❝❝❡ss✐❜❧❡ ❢r♦♠ T (H) = H ✭s❡❡ ❬✷✵✱ ✭✽✷✮❪✮✳

✷

❋♦r µ ∈ M(Rd−1) ❛♥❞ f ∈ Lp(Rd−1)✱ 1 ≤ p ≤ ∞✱ ✇❡ ❞❡✜♥❡ t❤❡ P♦✐ss♦♥
✐♥t❡❣r❛❧s ♦❢ µ ❛♥❞ f ♦♥ H ❛s

PH[µ](x) =

∫

Rd−1

PH(x, y)µ(dy), PH[f ](x) =

∫

Rd−1

PH(x, y)f(y)dy.

❆♥❛❧♦❣♦✉s❧② ✇❡ ❞❡✜♥❡ t❤❡ ▼❛rt✐♥ ✐♥t❡❣r❛❧MH[µ] ❢♦r µ ∈ M(Rd−1)✳ Pr♦♣♦✲
s✐t✐♦♥ ✹✳✹✳✸✱ ✭✹✳✷✺✮ ❛♥❞ t❤❡ ❍❛❤♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r s✐❣♥❡❞ ♠❡❛s✉r❡s ✐♠♣❧②
t❤❛t MH[µ]✱ PH[µ] ❛♥❞ PH[f ] ❛r❡ α✲❤❛r♠♦♥✐❝ ♦♥ H ❢♦r ❡✈❡r② µ ∈ M(Rd−1)
❛♥❞ f ∈ Lp(Rd−1)✱ 1 ≤ p ≤ ∞✳ ❋✉rt❤❡r♠♦r❡✱ ❜② ✭✹✳✷✺✮ ✇❡ ❣❡t t❤❛t PH[µ]
✐s ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞ α✲❤❛r♠♦♥✐❝ ♦♥ H ❢♦r ❛ ♠❡❛s✉r❡ µ ✇✐t❤ ♥♦t ♥❡❝❡ss❛r✐❧②
✜♥✐t❡ ✈❛r✐❛t✐♦♥✱ ❜✉t ✈❡r✐❢②✐♥❣

∫

Rd−1

|µ|(dx)
|ed − (x, 0)|d+α−2

<∞. ✭✹✳✷✽✮

❚♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥✱ ✇❡ ❧❡t ωα := ωed(·,H) ❜❡ t❤❡ α✲❤❛r♠♦♥✐❝ ♠❡❛s✉r❡
❢♦r H ✇✐t❤ t❤❡ st❛rt✐♥❣ ♣♦✐♥t ed✳ ❈❧❡❛r❧②✱ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✶✱ ωα ✐s ❛
♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ R

d−1 ❣✐✈❡♥ ❜②

ωα(dx) = PH(ed, x)dx =
C3dx

|ed − (x, 0)|d+α−2
. ✭✹✳✷✾✮

■♥ ✈✐❡✇ ♦❢ ✭✹✳✷✽✮✱ ❢♦r ❛♥② f ∈ Lp(Rd−1, ωα)✱ 1 ≤ p < ∞✱ PH[f ] ✐s ✇❡❧❧✲
❞❡✜♥❡❞ ❛♥❞ α✲❤❛r♠♦♥✐❝ ♦♥ H✳ ❲❡ r❡♠❛r❦ t❤❛t Lp(Rd−1, ωα) ✐s ❡ss❡♥t✐❛❧❧②
❜✐❣❣❡r t❤❛♥ Lp(Rd−1) ❢♦r ❡✈❡r② p ∈ [1,∞)✳ ▲❡t ‖ · ‖p,α ❞❡♥♦t❡ t❤❡ ♥♦r♠
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s♣❛❝❡ Lp(Rd−1, ωα)✳ ❲❡ ❛❧s♦ ❛❞❛♣t t♦ t❤❡ ♣r❡s❡♥t ❝❛s❡
t❤❡ ♥♦t❛t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ✭✹✳✶✻✮✱ ✐✳❡✳✱ ❢♦r t ∈ R \ {0} ❛♥❞ ❛ ❢✉♥❝t✐♦♥ u ♦♥
H ✇❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ ut ♦♥ R

d−1 ❜②

ut(x) := u(x, t), x ∈ R
d−1. ✭✹✳✸✵✮

❚❤❡ ♥❡①t ✸ ❧❡♠♠❛s ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ P♦✐ss♦♥ ❛♥❞ ▼❛rt✐♥
✐♥t❡❣r❛❧s ♦♥ H✳

▲❡♠♠❛ ✹✳✹✳✹ P♦✐ss♦♥ ✐♥t❡❣r❛❧s ♦♥ H ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ✿

✭✐✮ ■❢ µ ∈ M(Rd−1)✱ t❤❡♥ ‖PH[µ]t‖1 ≤ ‖µ‖ ❢♦r ❡✈❡r② t✳

✭✐✐✮ ■❢ 1 ≤ p ≤ ∞ ❛♥❞ f ∈ Lp(Rd−1)✱ t❤❡♥ ‖PH[f ]t‖p ≤ ‖f‖p ❢♦r ❡✈❡r② t✳

✭✐✐✐✮ ■❢ f ∈ C0(R
d−1)✱ t❤❡♥ ‖PH[f ]t − f‖∞ → 0 ❛s t→ 0✳

✾✶



✭✐✈✮ ■❢ 1 ≤ p <∞ ❛♥❞ f ∈ Lp(Rd−1)✱ t❤❡♥ ‖PH[f ]t − f‖p → 0 ❛s t→ 0✳

✭✈✮ ■❢ µ ∈ M(Rd−1)✱ t❤❡♥ PH[µ]t → µ ✇❡❛❦∗ ✐♥ M(Rd−1) ❛s t→ 0✳

✭✈✐✮ ■❢ f ∈ L∞(Rd−1)✱ t❤❡♥ PH[f ]t → f ✇❡❛❦∗ ✐♥ L∞(Rd−1) ❛s t→ 0✳

Pr♦♦❢ ❯s✐♥❣ t❤❡ ♣r♦♣❡rt② ✭✹✳✶✾✮ ❛♥❞ t❤❡ ❏❡♥s❡♥ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❢♦❧❧♦✇ t❤❡
♣r♦♦❢s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❝♦✉♥t❡r♣❛rts ✐♥ ❬✺✱ ❚❤❡♦r❡♠s ✼✳✹✱ ✼✳✻✱ ✼✳✽ ❛♥❞ ✼✳✶✵❪✳

✷

▲❡♠♠❛ ✹✳✹✳✺ ▲❡t u(x) = MH[µ](x)+c|xd|α−1 ❢♦r s♦♠❡ (µ, c) ∈ M(Rd−1)×
R✳ ❚❤❡♥ t❤❡ ❢❛♠✐❧② ♦❢ ♠❡❛s✉r❡s

µα
t (dx) := ut(x)ωα(dx), 0 < |t| < ε,

✐s ♥♦r♠✲❜♦✉♥❞❡❞ ✐♥ M(Rd−1) ❢♦r ❡✈❡r② ε > 0✳ ❋✉rt❤❡r♠♦r❡✱ µα
t → µ ✇❡❛❦❧②

❛s t→ 0✳

Pr♦♦❢ ▲❡t ε > 0✳ ❋✐rst ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c1 > 0
❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ ε, α ❛♥❞ d s✉❝❤ t❤❛t ❢♦r ❡✈❡r② y ∈ R

d−1 ❛♥❞ 0 < |t| < ε
✇❡ ❤❛✈❡ ∫

Rd−1

MH((x, t), y)ωα(dx) ≤ c1. ✭✹✳✸✶✮

❋♦r ❛♥② t 6= 0 t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✸✶✮ ✐s ❡q✉❛❧ t♦

∫

Rd−1

|t|α−1|(y, 0) − ed|d+α−2

|(x, t) − (y, 0)|d+α−2
ωα(dx)

≤ |t|α−12d+α−2

∫

Rd−1

(|(y, 0) − (x, t)| ∨ |(x, t) − ed|)d+α−2

|(x, t) − (y, 0)|d+α−2
ωα(dx)

≤ |t|α−12d+α−2

(
1 +

∫

Rd−1

|(x, t) − ed|d+α−2

|(x, t) − (y, 0)|d+α−2
ωα(dx)

)
.

❚❤❡r❡ ✐s ❛ ❝♦♥st❛♥t c2 > 1 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ ε s✉❝❤ t❤❛t ❢♦r ❡✈❡r② x ∈ R
d−1

❛♥❞ |t| < ε ✇❡ ❤❛✈❡ |(x, t) − ed| ≤ c2|(x, 0) − ed|✳ ❍❡♥❝❡✱ ❢♦r 0 < |t| < ε ✇❡
♦❜t❛✐♥

∫

Rd−1

|(x, t) − ed|d+α−2

|(x, t) − (y, 0)|d+α−2
ωα(dx) ≤

∫

Rd−1

C3c
d+α−2
2

|(x, t) − (y, 0)|d+α−2
dx

=

∫

Rd−1

C3c
d+α−2
2

|(x, 0) − (y, t)|d+α−2
dx = |t|1−αcd+α−2

2 .

❚❤❡r❡❢♦r❡ ✭✹✳✸✶✮ ❢♦❧❧♦✇s ✇✐t❤ c1 = 2d+α−2(εα−1 + cd+α−2
2 )✳ ❋♦r 0 < |t| < ε

✇❡ ♥♦✇ ❤❛✈❡

‖µα
t ‖ =

∫

Rd−1

|MH[µ]t(x)+c|t|α−1|ωα(dx) ≤
∫

Rd−1

MH[|µ|]t(x)ωα(dx)+|c||t|α−1

✾✷



=

∫

Rd−1

∫

Rd−1

MH((x, t), y)ωα(dx)|µ|(dy) + |c||t|α−1 ≤ c1‖µ‖ + |c|εα−1.

❚♦ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❧❡♠♠❛✱ ❝❤♦♦s❡ g ∈ Cb(R
d−1)✳ ❲❡ ❤❛✈❡

∫

Rd−1

g(x)µα
t (dx) =

∫

Rd−1

∫

Rd−1

g(x)MH((x, t), y)ωα(dx)µ(dy)+c|t|α−1PH[g](ed).

❖❜✈✐♦✉s❧②✱ c|t|α−1PH[g](ed) ✈❛♥✐s❤❡s ❛s t→ 0✳ ❋✉rt❤❡r♠♦r❡✱ ❜② ✭✹✳✸✶✮✱
∣∣∣∣
∫

Rd−1

g(x)MH((x, t), y)ωα(dx)

∣∣∣∣ ≤ c1‖g‖∞.

❇② ✭✹✳✷✺✮ ❛♥❞ ✭✹✳✶✾✮
∫

Rd−1

g(x)MH((x, t), y)ωα(dx) =

∫

Rd−1

g(x)
PH((x, t), y)

PH(ed, y)
PH(ed, x)dx

=

∫

Rd−1

PH((y, t), x)

PH(ed, y)
g(x)PH(ed, x)dx =

PH[gPH(ed, ·)]t(y)
PH(ed, y)

,

❛♥❞ s✐♥❝❡ gPH(ed, ·) ∈ C0(R
d−1)✱ ❜② ▲❡♠♠❛ ✹✳✹✳✹ ✭✐✐✐✮ ✇❡ ❤❛✈❡

PH[gPH(ed, ·)]t(y)
PH(ed, y)

t→0−→ g(y), y ∈ R
d−1.

❍❡♥❝❡✱ ❜② t❤❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ✇❡ ♦❜t❛✐♥
∫

Rd−1

∫

Rd−1

g(x)MH((x, t), y)ωα(dx)µ(dy)
t→0−→

∫

Rd−1

g(y)µ(dy),

s♦ t❤❡ ❧❡♠♠❛ ✐s ♣r♦✈❡❞✳
✷

❈♦r♦❧❧❛r② ✹✳✹✳✻ ▲❡t u ❜❡ α✲❤❛r♠♦♥✐❝ ♦♥ H✳ ❚❤❡♥ u(x) = MH[µ](x) +
c|xd|α−1 ❢♦r s♦♠❡ ♣❛✐r (µ, c) ∈ M(Rd−1) × R ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛
♥♦♥♥❡❣❛t✐✈❡ α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ v ♦♥ H s✉❝❤ t❤❛t |u| ≤ v✳ ❋✉rt❤❡r♠♦r❡✱
µ ❛♥❞ c ❛r❡ ✉♥✐q✉❡✳

Pr♦♦❢ ■♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✸ ❛♥❞ ▲❡♠♠❛ ✹✳✹✳✺ t❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r ❛s
✐♥ t❤❡ ❝❛s❡ ♦❢ ❈♦r♦❧❧❛r② ✹✳✸✳✹✳

✷

▲❡♠♠❛ ✹✳✹✳✼ ▲❡t f ∈ Lp(Rd−1, ωα) ❢♦r ❛ ❣✐✈❡♥ p ∈ [1,∞)✳ ❚❤❡♥ ‖PH[f ]t−
f‖p,α → 0 ❛s t→ 0✳

Pr♦♦❢ ❋✐① f ∈ Lp(Rd−1, ωα) ❛♥❞ ε > 0✳ ❈❤♦♦s❡ g ∈ Cc(R
d−1) s✉❝❤ t❤❛t

‖f − g‖p,α < ε✳ ❚❤❡♥ ✇❡ ❤❛✈❡

‖PH[f ]t − f‖p,α ≤ ‖PH[f ]t − PH[g]t‖p,α + ‖PH[g]t − g‖p,α + ε.

✾✸



❇② ▲❡♠♠❛ ✹✳✹✳✹ ✭✐✐✐✮✱ PH[g]t → g ✉♥✐❢♦r♠❧② ❛s t→ 0✱ s♦ ‖PH[g]t−g‖p,α < ε
❢♦r |t| s✉✣❝✐❡♥t❧② s♠❛❧❧✳ ❋✉rt❤❡r♠♦r❡✱ ❜② t❤❡ ❏❡♥s❡♥ ✐♥❡q✉❛❧✐t②✱

‖PH[f ]t − PH[g]t‖p
p,α =

∫

Rd−1

|PH[f ]t(x) − PH[g]t(x)|pωα(dx)

≤
∫

Rd−1

∫

Rd−1

PH((x, t), y)|f(y) − g(y)|pdyωα(dx).

❇② ✭✹✳✶✾✮✱ ✭✹✳✷✺✮ ❛♥❞ ❋✉❜✐♥✐ t❤❡♦r❡♠✱ t❤❡ ❧❛st t❡r♠ ❛❜♦✈❡ ✐s ❡q✉❛❧ t♦
∫

Rd−1

∫

Rd−1

MH((x, t), y)ωα(dx)|f(y) − g(y)|pωα(dy),

❛♥❞ ❜② ✭✹✳✸✶✮✱ ❢♦r 0 < |t| < 1 ✇❡ ❣❡t

‖PH[f ]t − PH[g]t‖p
p,α ≤ c‖g − f‖p

p,α ≤ cεp,

✇❤❡r❡ c ❞❡♣❡♥❞s ♦♥❧② ♦♥ d ❛♥❞ α✳ ❙✐♥❝❡ ε ✇❛s ❛r❜✐tr❛r②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
‖PH[f ]t − f‖p,α → 0 ✇❤❡♥ t→ 0✱ ❛s ❞❡s✐r❡❞✳

✷

❲❡ ✇✐❧❧ ♥♦✇ ❞❡s❝r✐❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❍❛r❞② s♣❛❝❡s ♦♥ H✳ ■♥ ♦♣♣♦s✐t❡ t♦
t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ st❛rt ✇✐t❤ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ❞❡✜♥✐t✐♦♥ ♦❢ Hp

α(H)✳

❉❡✜♥✐t✐♦♥ ✹✳✹✳✽ ❋♦r p ∈ [1,∞) ✇❡ ❞❡✜♥❡ t❤❡ s♣❛❝❡ Hp
α(H) ❛s t❤❡ ❢❛♠✐❧②

♦❢ ❢✉♥❝t✐♦♥s u α✲❤❛r♠♦♥✐❝ ♦♥ H s✉❝❤ t❤❛t

‖u‖Hp
α

:= sup
U⊂⊂H

(Eed |u(XτU
)|p)1/p <∞.

■♥ ✈✐❡✇ ♦❢ ✭✹✳✶✶✮✱ ‖u‖Hp
α

= (FH[|u|p](ed))
1/p✳ ❇② t❤❡ ❏❡♥s❡♥ ✐♥❡q✉❛❧✐t②✱ ❢♦r

1 ≤ p < q ≤ ∞ ✇❡ ❤❛✈❡ ‖u‖Hp
α
≤ ‖u‖Hq

α
❛♥❞ ❤❡♥❝❡ Hq

α(H) ⊂ Hp
α(H)✳ ❚❤❡

❢♦❧❧♦✇✐♥❣ ✐s ❛ ❝♦✉♥t❡r♣❛rt ♦❢ ▲❡♠♠❛ ✹✳✸✳✶✹✳

▲❡♠♠❛ ✹✳✹✳✾ ▲❡t u ❜❡ α✲❤❛r♠♦♥✐❝ ♦♥ H✳

✶✳ ■❢ u(x) = MH[µ](x) + c|xd|α−1 ❢♦r s♦♠❡ (µ, c) ∈ M(Rd−1) × R✱ t❤❡♥
FH[u](x) = MH[|µ|](x) + |c||xd|α−1✳

✷✳ ▲❡t p ∈ [1,∞)✳ ■❢ u = PH[f ] ❢♦r s♦♠❡ f ∈ Lp(Rd−1, ωα)✱ t❤❡♥
FH[|u|p] = PH[|f |p]✳

Pr♦♦❢ ■♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✸✱ ❈♦r♦❧❧❛r② ✹✳✹✳✻ ❛♥❞ ▲❡♠♠❛ ✹✳✹✳✼✱ t❤❡
♣r♦♦❢ ✐s s✐♠✐❧❛r ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ ▲❡♠♠❛ ✹✳✸✳✶✹✳

✷

❚❤❡ ♥❡①t t❤❡♦r❡♠ ❢✉❧❧② ❝❤❛r❛❝t❡r✐③❡s t❤❡ s♣❛❝❡s Hp
α(H) ✐♥ t❡r♠s ♦❢ t❤❡

▼❛rt✐♥ ❛♥❞ P♦✐ss♦♥ ✐♥t❡❣r❛❧s✳

❚❤❡♦r❡♠ ✹✳✹✳✶✵ ▲❡t u ❜❡ α✲❤❛r♠♦♥✐❝ ♦♥ H✳

✾✹



✶✳ u ∈ H1
α(H) ✐❢ ❛♥❞ ♦♥❧② ✐❢ u(x) = MH[µ](x) + c|xd|α−1 ❢♦r s♦♠❡ ♣❛✐r

(µ, c) ∈ M(Rd−1)×R✳ ❋✉rt❤❡r♠♦r❡✱ µ ❛♥❞ c ❛r❡ ✉♥✐q✉❡ ❛♥❞ ‖u‖H1
α

=
‖µ‖ + |c|✳

✷✳ u ∈ Hp
α(H) ❢♦r ❛ ❣✐✈❡♥ p ∈ (1,∞) ✐❢ ❛♥❞ ♦♥❧② ✐❢ u = PH[f ] ❢♦r s♦♠❡

❢✉♥❝t✐♦♥ f ∈ Lp(Rd−1, ωα)✳ ❋✉rt❤❡r♠♦r❡✱ f ✐s ✉♥✐q✉❡ ❛♥❞ ‖u‖Hp
α

=
‖f‖p,α✳

Pr♦♦❢ ■❢ u(x) = MH[µ](x) + c|xd|α−1 ❢♦r s♦♠❡ (µ, c) ∈ M(Rd−1) × R✱
t❤❡♥ ❜② ▲❡♠♠❛ ✹✳✹✳✾ ✇❡ ❤❛✈❡ FH[u](x) = MH[|µ|](x) + |c||xd|α−1✳ ❍❡♥❝❡
‖u‖H1

α
= FH[u](ed) = ‖µ‖ + |c| ❛♥❞ u ∈ H1

α(H)✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ u ∈ H1
α(H)

t❤❡♥ ❜② ▲❡♠♠❛ ✹✳✷✳✶✱ FH[u] ✐s ✜♥✐t❡ ❛♥❞ α✲❤❛r♠♦♥✐❝ ♦♥ H ❛♥❞ |u| ≤ FH[u]✳
❇② ❈♦r♦❧❧❛r② ✹✳✹✳✻ ✇❡ ❤❛✈❡ u(x) = MH[µ](x) + c|xd|α−1 ❢♦r ❛ ✉♥✐q✉❡ ♣❛✐r
(µ, c) ∈ M(Rd−1) × R✳ ❚❤✐s ♣r♦✈❡s t❤❡ ✜rst ♣❛rt✳

▲❡t ♥♦✇ p ∈ (1,∞)✳ ■❢ u = PH[f ] ❢♦r s♦♠❡ f ∈ Lp(Rd−1, ωα)✱ t❤❡♥ ❜②
▲❡♠♠❛ ✹✳✹✳✾ ✇❡ ❤❛✈❡FH[|u|p] = PH[|f |p]✳ ❍❡♥❝❡ ‖u‖Hp

α
= (FH[|u|p](ed))

1/p =
‖f‖p,α ❛♥❞ u ∈ Hp

α(H)✳ ❈♦♥✈❡rs❡❧②✱ s✉♣♣♦s❡ t❤❛t u ∈ Hp
α(H)✳ ❚❤❡♥ ❜②

▲❡♠♠❛ ✹✳✷✳✶✱ FH[|u|p] ✐s ✜♥✐t❡ ❛♥❞ α✲❤❛r♠♦♥✐❝ ♦♥ H ❛♥❞ |u|p ≤ FH[|u|p]✳
❙✐♥❝❡ Hp

α(H) ⊂ H1
α(H)✱ ❜② t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ t❤❡♦r❡♠ ✇❡ ❤❛✈❡ u(x) =

MH[µ](x) + c1|xd|α−1 ❢♦r ❛ ✉♥✐q✉❡ ♣❛✐r (µ, c1) ∈ M(Rd−1) × R✳ ❇❡❝❛✉s❡
|xd|α−1 ✐s ❜♦✉♥❞❡❞ ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ L✱ t❤❡r❡ ❡①✐sts ❛ ♥♦♥♥❡❣❛✲
t✐✈❡ α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ v ♦♥ H s✉❝❤ t❤❛t |MH[µ](x)|p ≤ v(x) ❢♦r ❡✈❡r②
x ∈ R

d s✉❝❤ t❤❛t 0 < |xd| < 1/2✳ ❋✉rt❤❡r♠♦r❡✱ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✸
✇❡ ❤❛✈❡ v(x) = MH[ν](x) + c2|xd|α−1 ❢♦r ❛ ✉♥✐q✉❡ ♥♦♥♥❡❣❛t✐✈❡ ♠❡❛s✉r❡
ν ∈ M(Rd−1) ❛♥❞ ❛ ❝♦♥st❛♥t c2 ≥ 0✳ ❍❡♥❝❡✱ ❢♦r 0 < |t| < 1/2 ✇❡ ♦❜t❛✐♥

∫

Rd−1

|MH[µ]t(x)|pωα(dx) ≤
∫

Rd−1

MH[ν]t(x)ωα(dx) + c2(1/2)α−1.

❇② ▲❡♠♠❛ ✹✳✹✳✺ ✇❡ ❝♦♥❝❧✉❞❡✱ t❤❛t t❤❡ ❢❛♠✐❧② MH[µ]t✱ 0 < |t| < 1/2 ✐s
♥♦r♠✲❜♦✉♥❞❡❞ ✐♥ Lp(Rd−1, ωα)✳ ❇② ❇❛♥❛❝❤✲❆❧❛♦❣❧✉ t❤❡♦r❡♠ t❤❡r❡ ✐s ❛ s❡✲
q✉❡♥❝❡ tn t❡♥❞✐♥❣ t♦ ✵ s✉❝❤ t❤❛t MH[µ]tn t❡♥❞s ✇❡❛❦∗ t♦ s♦♠❡ ❢✉♥❝t✐♦♥
f ∈ Lp(Rd−1, ωα)✱ ✐✳❡✳✱ ❢♦r q = p/(p − 1) ❛♥❞ ❡✈❡r② g ∈ Lq(Rd−1, ωα) ✇❡
❤❛✈❡ ∫

Rd−1

g(x)MH[µ]tn(x)ωα(dx)
n→∞−→

∫

Rd−1

g(x)f(x)ωα(dx).

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ▲❡♠♠❛ ✹✳✹✳✺✱ ❢♦r ❛♥② g ∈ Cb(R
d−1)

∫

Rd−1

g(x)MH[µ]tn(x)ωα(dx)
n→∞−→

∫

Rd−1

g(x)µ(dx).

❙✐♥❝❡ Cb(R
d−1) ⊂ Lq(Rd−1, ωα) ✇❡ ❤❛✈❡ µ(dx) = f(x)ωα(dx) ❛♥❞ MH[µ] =

PH[f ]✳ ❚❤❡r❡❢♦r❡ u(x) = PH[f ](x)+c1|xd|α−1✳ ❇❡❝❛✉s❡ ❜♦t❤ |u|p ❛♥❞ |PH[f ]|p
❤❛✈❡ ♥♦♥♥❡❣❛t✐✈❡ α✲❤❛r♠♦♥✐❝ ♠❛❥♦r❛♥ts✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ❛❧s♦ |c1|p|xd|p(α−1)

❤❛s ❛♥ α✲❤❛r♠♦♥✐❝ ♠❛❥♦r❛♥t✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✸ ✇❡ ❤❛✈❡ |c1|p|xd|p(α−1) ≤

✾✺



MH[ν̃](x) + c3|xd|α−1 ❢♦r ❛ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ν̃ ∈ M(Rd−1) ❛♥❞ ❛ ❝♦♥st❛♥t
c3 ≥ 0✳ ❚❛❦✐♥❣ xn = ned✱ n = 1, 2, ... ✇❡ ♦❜t❛✐♥

|c1|pnp(α−1) ≤ nα−1

∫

Rd−1

( |ed − (y, 0)|
|ned − (y, 0)|

)d+α−2

ν̃(dy) + c3n
α−1

≤ nα−1‖ν̃‖ + c3n
α−1 = c4n

α−1.

❙✐♥❝❡ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡ ✐s ❢❛❧s❡ ❢♦r c1 6= 0 ❛♥❞ s✉✣❝✐❡♥t❧② ❜✐❣ n✱ ✇❡ ❤❛✈❡
c1 = 0 ❛♥❞ u = PH[f ]✱ ❛s ❞❡s✐r❡❞✳

✷

❲❡ ✇✐❧❧ ♥♦✇ ❢♦❝✉s ♦♥ t❤❡ ❛♥❛❧②t✐❝ ❝❛s❡✳ ❲❡ r❡❝❛❧❧ t❤❛t ✐♥ t❤✐s s❡❝t✐♦♥✱ t❤❡
♥♦t❛t✐♦♥ ut ✐s ❣✐✈❡♥ ❜② ✭✹✳✸✵✮✳

❉❡✜♥✐t✐♦♥ ✹✳✹✳✶✶ ❋♦r p ∈ [1,∞] ✇❡ ❞❡✜♥❡ t❤❡ s♣❛❝❡ hp
α(H) ❛s t❤❡ ❢❛♠✐❧②

♦❢ ❢✉♥❝t✐♦♥s u α✲❤❛r♠♦♥✐❝ ♦♥ H s✉❝❤ t❤❛t

‖u‖hp := sup
t∈R\{0}

‖ut‖p <∞.

❲❡ r❡♠❛r❦ t❤❛t t❤❡ s♣❛❝❡s hp
α(H) ❛r❡ s❧✐❣❤t❧② ♠♦r❡ ❞✐✣❝✉❧t t♦ st✉❞② t❤❛♥

t❤❡ s♣❛❝❡s hp
α(D) s✐♥❝❡ ∂H = L ✐s ♥♦t ❝♦♠♣❛❝t✳ ❋♦r ε > 0 ✇❡ ❞❡✜♥❡

Hε :=
{
x = (x1, ..., xd) ∈ R

d : |xd| > ε
}
.

❲❡ ❤❛✈❡ Hε ⊂ H ❢♦r ❡✈❡r② ε > 0✱ Hε1 ⊂ Hε2 ❢♦r ε1 > ε2 > 0 ❛♥❞⋃
ε>0 Hε = H✳ Hε ✇✐❧❧ ♣❧❛② t❤❡ r♦❧❡ ♦❢ t❤❡ s❡ts Dn ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s s❡❝✲

t✐♦♥s✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ Hε ✐s ✉♥❜♦✉♥❞❡❞✱ ♥♦t ❡✈❡r② α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ ♦♥
H s❛t✐s✜❡s t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♣r♦♣❡rt② ✭✹✳✷✮ ✇✐t❤ U = Hε✳ ❆ s✐♠♣❧❡ ❝♦✉♥✲
t❡r❡①❛♠♣❧❡ ✐s |xd|α−1✳ ❲❡ s♦❧✈❡ ♣❛rt✐❛❧❧② t❤✐s ♣r♦❜❧❡♠ ✐♥ t❤❡ ♥❡①t ❧❡♠♠❛
❜② ❣✐✈✐♥❣ ❛ s✉✣❝✐❡♥t ✭❜✉t ♥♦t ♥❡❝❡ss❛r②✮ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ♣r♦♣❡rt② t♦ ❜❡
✈❡r✐✜❡❞✳

▲❡♠♠❛ ✹✳✹✳✶✷ ▲❡t u ❜❡ α✲❤❛r♠♦♥✐❝ ♦♥ H ❛♥❞ ❧❡t ε > 0 ❜❡ ✜①❡❞✳ ❙✉♣♣♦s❡
t❤❛t u ✐s ❜♦✉♥❞❡❞ ♦♥ Hε ❛♥❞ E

x0 |u (X(τHε))| <∞ ❢♦r s♦♠❡ x0 ∈ Hε✳ ❚❤❡♥

u(x) = E
xu (X(τHε)) , x ∈ Hε. ✭✹✳✸✷✮

Pr♦♦❢ ❋♦r n = 1, 2, ... s❡t Un := B(0, n)∩Hε✳ ❚❤❡♥ ❢♦r ❡✈❡r② n > ε ✇❡ ❤❛✈❡
τUn ≤ τHε ❛✳s✳ ❛♥❞

u(x) = E
x [u (X(τUn)) ; τUn = τHε ] + E

x [u (X(τUn)) ; τUn < τHε ] .

❙✐♥❝❡ u ✐s ❜♦✉♥❞❡❞ ♦♥ Hε✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t c > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ x ❛♥❞
n s✉❝❤ t❤❛t

E
x [|u (X(τUn))| ; τUn < τHε ] ≤ cPx(τUn < τHε).

✾✻



❋♦r ✜①❡❞ x ∈ Hε ❛♥❞ n > |x| ✇❡ ❤❛✈❡ P
x(τUn < τHε) ≤ P

x(τB(0,n) ≤ τHε)✱ s♦

lim
n→∞

P
x(τUn < τHε) ≤ lim

n→∞
P

x(τB(0,n) ≤ τHε) = P
x(
⋂

n

{
τB(0,n) ≤ τHε

}
).

❙✐♥❝❡
{τHε <∞} ∩

⋂

n

{
τB(0,n) ≤ τHε

}
= ∅

❛♥❞ P
x(τHε <∞) = 1✱ ✇❡ ❤❛✈❡

lim
n→∞

|Ex[u (X(τUn)) ; τUn < τHε ]| ≤ c lim
n→∞

P
x(τUn < τHε) = 0.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

E
x[u (X(τUn)) ; τUn = τHε ] =

∫

(Hε)
c
PUn(x, y)u(y)dy.

❙✐♥❝❡ GUn(x, y) ր GH(x, y) ❛s n → ∞✱ ❢r♦♠ ✭✹✳✺✮ ❛♥❞ t❤❡ ♠♦♥♦t♦♥❡
❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ✇❡ ❤❛✈❡ PUn(x, y) ր PHε(x, y) ❢♦r ❡✈❡r② y ∈ (Hε)

c✳
❇❡❝❛✉s❡ E

x0 |u (X(τHε))| <∞✱ ❜② t❤❡ ❍❛r♥❛❝❦ ✐♥❡q✉❛❧✐t② ✭s❡❡ ❬✷✵✱ ❚❤❡♦r❡♠
✶❪✮✱ E

x |u (X(τHε))| < ∞ ❢♦r ❡✈❡r② x✱ ❛♥❞ t❤❡ ❧❡♠♠❛ ❢♦❧❧♦✇s ❢r♦♠ t❤❡
❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✳

✷

▲❡♠♠❛ ✹✳✹✳✶✸ ❙✉♣♣♦s❡ t❤❛t u ∈ hp
α(H) ❢♦r s♦♠❡ p ∈ [1,∞]✳ ❚❤❡♥ u ✐s

❜♦✉♥❞❡❞ ♦♥ Hε ❢♦r ❡✈❡r② ε > 0✳

Pr♦♦❢ ❙✐♥❝❡ ❢♦r p = ∞ t❤❡ r❡s✉❧t ✐s ♦❜✈✐♦✉s✱ ✇❡ ❛ss✉♠❡ t❤❛t 1 ≤ p < ∞✳
▲❡t u ∈ hp

α(H) ❛♥❞ ❧❡t ε > 0✱ x0 ∈ Hε ❜❡ ✜①❡❞✳ ❙❡t r = ε/3 ❛♥❞

τ0 = inf {t > 0 : X(t) /∈ B(x0, r)} , τx = inf {t > 0 : X(t) /∈ B(x, 2r)} .

❋♦r x ∈ B(x0, r) ❧❡t f1(x) := E
x |u(X(τ0))|p✱ f2(x) = E

x |u(X(τx))|p✳ ❙✐♥❝❡
B(x0, r) ⊂ B(x, 2r) ❢♦r ❛❧❧ x ∈ B(x0, r)✱ ✇❡ ❤❛✈❡ τ0 ≤ τx✳ ▼♦r❡♦✈❡r✱
B(x, 2r) ⊂ H✳ ❇② t❤❡ str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt② ❛♥❞ t❤❡ ❏❡♥s❡♥✬s ✐♥❡q✉❛✲
❧✐t② ✇❡ ❤❛✈❡

f1(x) = E
x
∣∣EX(τ0)u(X(τx))

∣∣p ≤ E
x
[
E

X(τ0) |u(X(τx))|p
]

= f2(x).

❋✉rt❤❡r♠♦r❡✱
∫

B(x0,r)

f2(x)dx =

∫

B(x0,r)

∫

2r<|y−x|<3r

PB(x,2r)(x, y)|u(y)|pdydx

+

∫

B(x0,r)

∫

|y−x|>3r

PB(x,2r)(x, y)|u(y)|pdydx = I1 + I2.

✾✼



❇② ✭✹✳✻✮ ✇❡ ❤❛✈❡

I1 = C1

∫

B(x0,r)

∫

2r<|y−x|<3r

(
4r2

|x− y|2 − 4r2

)α/2 |u(y)|p
|x− y|ddydx

=

∫

B(x0,r)

∫

B(x0,4r)

PB(y,2r)(y, x)|u(y)|p1{2r<|y−x|<3r}(x, y)dydx

=

∫

B(x0,4r)

∫

B(x0,r)

PB(y,2r)(y, x)1{2r<|y−x|<3r}(x, y)dx|u(y)|pdy

≤
∫

B(x0,4r)

|u(y)|pdy ≤
∫ xd

0+4r

xd
0−4r

∫

Rd−1

|u(y, t)|pdydt ≤ 8r ‖u‖p
hp ,

✇❤❡r❡ xd
0 ✐s t❤❡ ❧❛st ❝♦♦r❞✐♥❛t❡ ♦❢ x0✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

I2 = C1

∫

B(x0,r)

∫

|y−x|>3r

(
4r2

|x− y|2 − 4r2

)α/2 |u(y)|p
|x− y|ddydx

≤ C1

∫

B(x0,r)

∫

|y−x|>3r

|u(y)|p
|x− y|ddydx.

❋♦r ✜①❡❞ x ∈ B(x0, r) ✇❡ s❡t

A0 = {y : xd − 4r < yd < xd + 4r} ∩ {y : |x− y| > 3r} ,

An = {y : xd − nr < yd ≤ xd − (n− 1)r}∪
{y : xd + (n− 1)r ≤ yd < xd + nr} .

❚❤❡♥ ✇❡ ♦❜t❛✐♥
∫

|y−x|>3r

|u(y)|p
|x− y|ddy =

∫

A0

|u(y)|p
|x− y|ddy +

∞∑

n=5

∫

An

|u(y)|p
|x− y|ddy

≤ (3r)−d8r ‖u‖p
hp + 2r1−d ‖u‖p

hp

∞∑

n=5

1

(n− 1)d
.

❙✐♥❝❡ d ≥ 2✱ ✇❡ ❤❛✈❡ I2 ≤ c1 ‖u‖p
hp ✱ ✇❤❡r❡ c1 = c1(α, d, r) <∞✳ ❍❡♥❝❡

∫

B(x0,r)

f1(x)dx ≤
∫

B(x0,r)

f2(x)dx ≤ (8r + c1) ‖u‖p
hp .

❋✐♥❛❧❧② ✇❡ ❤❛✈❡

∫

B(x0,r/2)

f1(x)dx = C1

∫

B(x0,r/2)

∫

|x0−y|>r

(
r2 − |x0 − x|2
|x0 − y|2 − r2

)α/2 |u(y)|p
|x− y|ddydx

✾✽



≥ C1

∫

B(x0,r/2)

dx

∫

|x0−y|>r

(
r2/2

|x0 − y|2 − r2

)α/2 |u(y)|p
2d|x0 − y|ddy

= c2

∫

|x0−y|>r

PB(x0,r)(x0, y)|u(y)|pdy ≥ c2|u(x0)|p,

✇❤❡r❡ c2 = c2(α, d, r) ❛♥❞ t❤❡ ❧❛st ❡st✐♠❛t❡ ❢♦❧❧♦✇s ❢r♦♠ ❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t②✳
❚❤❡r❡❢♦r❡✱ |u(x0)| ≤ [(8r+ c1)/c2]

1/p ‖u‖hp ✳ ❚❤✐s ❣✐✈❡s t❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤❡
❧❡♠♠❛✳

✷

❘❡♠❛r❦ ✹✳✹✳✶✹ ▲❡♠♠❛ ✹✳✹✳✶✸ ❝❛♥ ❛❧s♦ ❜❡ ♣r♦✈❡❞ ✉s✐♥❣ ❛ ♠♦❞✐✜❡❞ P♦✐s✲
s♦♥ ❦❡r♥❡❧ ❢♦r t❤❡ ❜❛❧❧✱ ❞❡s❝r✐❜❡❞ ✐♥ ❬✶✸✱ ♣✳✻✺❪✳ ❍❡r❡ ✇❡ ♣r❡s❡♥t ❛ ❞✐✛❡r❡♥t
♠❡t❤♦❞✱ ✇❤✐❝❤ ♠❛② ❜❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✐♥t❡r❡st✳

❚❤❡ ♥❡①t ♣r♦♣❡rt② ♦❢ t❤❡ P♦✐ss♦♥ ❦❡r♥❡❧s PHε(x, y) ✐s ❛ ❝♦✉♥t❡r♣❛rt ♦❢
▲❡♠♠❛ ✹✳✸✳✼ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ■♥ t❤❡ ♣r❡s❡♥t ❝♦♥t❡①t✱ t❤❡ r❡✲
s✉❧t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ s②♠♠❡tr✐❝ st❛❜❧❡
♣r♦❝❡ss❡s✳

▲❡♠♠❛ ✹✳✹✳✶✺ ❋✐① ε > 0✳ ❋♦r ❛❧❧ t, s ∈ R s✉❝❤ t❤❛t |s| < ε < |t| ❛♥❞ ❛❧❧
y ∈ R

d−1 ✇❡ ❤❛✈❡
∫

Rd−1

PHε ((x, t), (y, s)) dx =

∫

Rd−1

PHε ((y, t), (x, s)) dx.

❋✉rt❤❡r♠♦r❡✱ t❤❡ ✐♥t❡❣r❛❧s ❛r❡ ❝♦♥st❛♥t ✇✐t❤ r❡s♣❡❝t t♦ y✳

Pr♦♦❢ ❲❡ ♣r♦❝❡❡❞ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✸✳✼✱ ✉s✐♥❣ t❤❡ tr❛♥s❧❛t✐♦♥
✐♥✈❛r✐❛♥❝❡ ♦❢ Xt ✐♥st❡❛❞ ♦❢ t❤❡ r♦t❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡✳

✷

❲❡ ✇✐❧❧ ♥♦✇ ❛♣♣❧② t❤❡ ❧❛st t❤r❡❡ ❧❡♠♠❛s t♦ ♦❜t❛✐♥ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥
‖u‖hp ❛♥❞ FH[|u|p]✳

▲❡♠♠❛ ✹✳✹✳✶✻ ■❢ u ∈ hp
α(H) ❢♦r ❛ ❣✐✈❡♥ p ∈ [1,∞)✱ t❤❡♥ FH[|u|p] ✐s ✜♥✐t❡✳

❋✉rt❤❡r♠♦r❡✱ FH[|u|p] ∈ h1
α(H) ❛♥❞ ‖FH[|u|p]‖h1 = ‖u‖p

hp✳

Pr♦♦❢ ❋✐① p ∈ [1,∞) ❛♥❞ ❧❡t u ∈ hp
α(H)✳ ❙❡t

Fε[|u|p](x) := E
x |u (X(τHε))|p .

❇② ❋✉❜✐♥✐ t❤❡♦r❡♠ ✇❡ ❤❛✈❡

‖Fε[|u|p]t‖1 =

∫

Rd−1

∫

(Hε)
c
PHε ((x, t), y) |u(y)|pdydx

=

∫ ε

−ε

∫

Rd−1

|u(y, s)|p
∫

Rd−1

PHε ((x, t), (y, s)) dxdyds.

✾✾



❇② ▲❡♠♠❛ ✹✳✹✳✶✺ t❤❡ ❧❛st t❡r♠ ❛❜♦✈❡ ✐s ❡q✉❛❧ t♦
∫ ε

−ε

fε(t, s)

∫

Rd−1

|u(y, s)|pdyds

≤ ‖u‖p
hp

∫ ε

−ε

∫

Rd−1

PHε ((w, t), (x, s)) dxds = ‖u‖p
hp .

■♥ t❤❡ ❧❛st ✐♥t❡❣r❛❧ ❛❜♦✈❡✱ w ∈ R
d−1 ✐s ❛r❜✐tr❛r②✳ ❚❤❡r❡❢♦r❡✱ Fε[|u|p] ✐s ✜♥✐t❡

❛✳❡✳ ♦♥
{
x ∈ R

d : xd = t
}

✇✐t❤ r❡s♣❡❝t t♦ (d − 1)✲❞✐♠❡♥s✐♦♥❛❧ ▲❡❜❡s❣✉❡
♠❡❛s✉r❡✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ❍❛r♥❛❝❦ ✐♥❡q✉❛❧✐t② ✭s❡❡ ❬✷✵✱ ❚❤❡♦r❡♠ ✶❪✮✱ Fε[|u|p]
✐s ✜♥✐t❡ ❡✈❡r②✇❤❡r❡ ♦♥ Hε✱ ❛♥❞ t❤✉s α✲❤❛r♠♦♥✐❝ ♦♥ Hε✳ ❇② t❤❡ ❏❡♥s❡♥
✐♥❡q✉❛❧✐t②✱ Fε[u]

p ≤ Fε[|u|p]✱ s♦ Fε[u] ❛❧s♦ ✐s ✜♥✐t❡✳ ❍❡♥❝❡✱ ❜② ▲❡♠♠❛ ✹✳✹✳✶✸
❛♥❞ ▲❡♠♠❛ ✹✳✹✳✶✷✱ u s❛t✐s✜❡s t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♣r♦♣❡rt② ✭✹✳✸✷✮ ❢♦r ❡✈❡r② ε > 0
❛♥❞ x ∈ Hε✱ ❛♥❞ t❤✉s |u|p ≤ Fε[|u|p]✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ ε1 ≥ ε2 > 0✱ t❤❡♥ ❜②
t❤❡ str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt②✱

Fε1 [|u|p](x) ≤ Fε1 [Fε2 [|u|p]](x) = Fε2 [|u|p](x).

❍❡♥❝❡ t❤❡ ❧✐♠✐t v = limε→0 Fε[|u|p] ❡①✐sts✳ ❙✐♥❝❡ ‖Fε[|u|p]t‖1 ≤ ‖u‖p
hp ❢♦r

❛❧❧ t 6= 0 ❛♥❞ ε > 0✱ t❤❡ ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ❛♥❞ t❤❡ ❍❛r✲
♥❛❝❦ ✐♥❡q✉❛❧✐t② ✐♠♣❧② t❤❛t v ✐s α✲❤❛r♠♦♥✐❝ ♦♥ H ❛♥❞ ‖v‖h1 ≤ ‖u‖p

hp ✳ ❖❜✲
✈✐♦✉s❧②✱ |u|p ≤ v ❛♥❞ ❤❡♥❝❡ ‖v‖h1 = ‖u‖p

hp ✳ ❋✉rt❤❡r♠♦r❡✱ FH[|u|p] ≤ v ❜②
▲❡♠♠❛ ✹✳✷✳✶✳ ❚❤❡r❡❢♦r❡ FH[|u|p] ∈ h1

α ❛♥❞ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ u ✇❡ ❝♦♥❝❧✉❞❡
t❤❛t FH[|u|p] s❛t✐s✜❡s t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♣r♦♣❡rt② ✭✹✳✸✷✮ ❢♦r ❡✈❡r② ε > 0 ❛♥❞
x ∈ Hε✳ ❍❡♥❝❡ Fε[|u|p] ≤ FH[|u|p] ❢♦r ❡✈❡r② ε > 0✱ ✇❤✐❝❤ ❣✐✈❡s v ≤ FH[|u|p]✱
s♦ t❤❡ ❧❡♠♠❛ ✐s ♣r♦✈❡❞✳

✷

❋r♦♠ ▲❡♠♠❛ ✹✳✹✳✶✻ ✐t ❢♦❧❧♦✇s t❤❛t hp
α(H) ⊂ Hp

α(H) ❢♦r ❡✈❡r② p ∈ [1,∞)✳
❚❤❡ ♥❡①t t❤❡♦r❡♠ s❤♦✇s t❤❛t t❤❡ ❡q✉❛❧✐t② ✐s ♥♦ ❧♦♥❣❡r tr✉❡ ✐♥ ♦♣♣♦s✐t❡ t♦
t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳

❚❤❡♦r❡♠ ✹✳✹✳✶✼ ▲❡t u ❜❡ α✲❤❛r♠♦♥✐❝ ♦♥ H✳

✶✳ u ∈ h1
α(H) ✐❢ ❛♥❞ ♦♥❧② ✐❢ u = PH[µ] ❢♦r s♦♠❡ µ ∈ M(Rd−1)✳ ❋✉rt❤❡r✲

♠♦r❡✱ µ ✐s ✉♥✐q✉❡ ❛♥❞ ‖PH[µ]‖h1 = ‖µ‖✳
✷✳ u ∈ hp

α(H) ❢♦r ❛ ❣✐✈❡♥ p ∈ (1,∞] ✐❢ ❛♥❞ ♦♥❧② ✐❢ u = PH[f ] ❢♦r s♦♠❡
f ∈ Lp(Rd−1)✳ ❋✉rt❤❡r♠♦r❡✱ f ✐s ✉♥✐q✉❡ ❛♥❞ ‖PH[f ]‖hp = ‖f‖p✳

Pr♦♦❢ ■❢ u = PH[µ] ❢♦r s♦♠❡ µ ∈ M(Rd−1)✱ t❤❡♥ ❜② ▲❡♠♠❛ ✹✳✹✳✹ ✭✐✮ ✇❡
❤❛✈❡ ‖u‖h1 ≤ ‖µ‖✱ ✇❤❛t ❣✐✈❡s u ∈ h1

α(H)✳ ▼♦r❡♦✈❡r✱ ❜② ▲❡♠♠❛ ✹✳✹✳✹ ✭✈✮✱
ut → µ ✇❡❛❦∗ ❛s t→ 0✱ s♦ ‖µ‖ ≤ lim inft→0 ‖ut‖1✳ ❍❡♥❝❡

‖u‖h1 = lim
t→0

‖ut‖1 = ‖µ‖.

❈♦♥✈❡rs❡❧②✱ s✉♣♣♦s❡ t❤❛t u ∈ h1
α(H)✳ ❚❤❡♥ ❜② ▲❡♠♠❛ ✹✳✹✳✶✻✱ FH[u] ✐s ✜♥✐t❡

❛♥❞ ‖FH[u]‖h1 = ‖u‖h1 ✳ ❇② ❚❤❡♦r❡♠ ✹✳✹✳✶✵✱ u(x) = MH[µ](x) + c|xd|α−1

✶✵✵



❢♦r ❛ ✉♥✐q✉❡ ♣❛✐r (µ, c) ∈ M(Rd−1) × R ❛♥❞ ❜② ▲❡♠♠❛ ✹✳✹✳✾✱ FH[u](x) =
MH[|µ|](x) + |c||xd|α−1✳ ❆s |xd|α−1 /∈ hp

α(H) ❢♦r ❛♥② p ∈ [1,∞]✱ ✇❡ ❤❛✈❡
c = 0✳ ❇② ✭✹✳✷✺✮ ✇❡ ❤❛✈❡ u = PH[ν]✱ ✇❤❡r❡ ν(dx) = µ(dx)/PH(ed, x)✳
❍❡♥❝❡ FH[u] = PH[|ν|] ❛♥❞ ❢♦r t ∈ R \ {0} t❤❡ ✐❞❡♥t✐t② ✭✹✳✶✾✮ ❣✐✈❡s

‖FH[u]t‖1 =

∫

Rd−1

∫

Rd−1

PH((x, t), y)|ν|(dy)dx

=

∫

Rd−1

∫

Rd−1

PH((y, t), x)dx|ν|(dy) = ‖ν‖,

s♦ ν ∈ M(Rd−1)✳ ❚❤✐s ❣✐✈❡s t❤❡ ✜rst ♣❛rt✳
▲❡t ♥♦✇ 1 < p ≤ ∞✳ ■❢ f ∈ Lp(Rd−1) ❛♥❞ u = PH[f ]✱ t❤❡♥ ❢r♦♠

▲❡♠♠❛ ✹✳✹✳✹ ✭✐✐✮✱ ✭✐✈✮ ❛♥❞ ✭✈✐✮ ✐t ❢♦❧❧♦✇s✱ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ❢♦r p = 1✱
t❤❛t u ∈ hp

α(H) ❛♥❞ ‖u‖hp = ‖f‖p✳ ❈♦♥✈❡rs❡❧②✱ s✉♣♣♦s❡ t❤❛t u ∈ hp
α(H)

❢♦r ❛ ❣✐✈❡♥ p ∈ (1,∞)✳ ❚❤❡♥ ❜② ▲❡♠♠❛ ✹✳✹✳✶✻✱ FH[|u|p] ✐s ✜♥✐t❡ ❛♥❞
‖FH[|u|p]‖h1 = ‖u‖p

hp ✳ ❇② ❚❤❡♦r❡♠ ✹✳✹✳✶✵✱ u = PH[f ] ❢♦r ❛ ✉♥✐q✉❡ ❢✉♥❝✲
t✐♦♥ f ∈ Lp(Rd−1, ωα)✳ ❋✉rt❤❡r♠♦r❡✱ ❜② ▲❡♠♠❛ ✹✳✹✳✾✱ FH[|u|p] = PH[|f |p]
❛♥❞ ❡①❛❝t❧② ❛s ✐♥ t❤❡ ❝❛s❡ p = 1 ✇❡ ♦❜t❛✐♥ ‖FH[|u|p]t‖1 = ‖f‖p

p ❢♦r ❛♥②
t 6= 0✱ s♦ f ∈ Lp(Rd−1)✳ ❋✐♥❛❧❧②✱ ❧❡t u ∈ h∞α (H)✳ ❚❤❡♥ u ✐s ❜♦✉♥❞❡❞
♦♥ H✱ ❛♥❞ ❤❡♥❝❡ FH[|u|q] ✐s ✜♥✐t❡ ❢♦r ❡✈❡r② q ∈ [1,∞)✳ ❚❤❡r❡❢♦r❡✱ ❜②
❚❤❡♦r❡♠ ✹✳✹✳✶✵✱ u = PH[g] ❢♦r ❛ ✉♥✐q✉❡ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ g s✉❝❤ t❤❛t
‖g‖q,α = (FH[|u|q](ed))

1/q ≤ ‖u‖h∞ ✳ ❍❡♥❝❡ ‖g‖∞ < ∞✱ s♦ t❤❡ ♣r♦♦❢ ✐s
❝♦♠♣❧❡t❡✳ ✷

❲❡ ✇✐❧❧ ♥♦✇ ❞✐s❝✉ss t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❡rs✐♦♥ ♦❢ t❤❡ ❋❛t♦✉ t❤❡♦r❡♠ ❢♦r t❤❡
α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦♥ H✳ ❋♦r y ∈ L ❛♥❞ β > 0✱ t❤❡ ❝♦♥❡ Γβ(y) ♦♥ H ✐s
❞❡✜♥❡❞ ❛s

Γβ(y) = {x ∈ H : |x− y| < (1 + β)|xd|} .
❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✇❡ ❞❡✜♥❡ t❤❡ ♥♦♥t❛♥❣❡♥t✐❛❧ ❧✐♠✐ts ♦❢
❢✉♥❝t✐♦♥s ♦♥ H✳ ❋♦r ❛ ❢✉♥❝t✐♦♥ u ♦♥ R

d ✇❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ ❑❡❧✈✐♥ tr❛♥s❢♦r♠
♦❢ u ❜②

Kα[u](x) = |x|α−du(Tx), x 6= 0,

❛♥❞ t❤❡ ♠♦❞✐✜❡❞ ❑❡❧✈✐♥ tr❛♥s❢♦r♠ ♦❢ u ❜②

K̃α[u](x) = 2(d−α)/2|x+ ed|α−du(T̃ x), x 6= −ed,

✇❤❡r❡ T, T̃ ❛r❡ t❤❡ ✐♥✈❡rs✐♦♥s ❞❡✜♥❡❞ ✐♥ ✭✹✳✷✶✮ ❛♥❞ ✭✹✳✷✷✮✳ ▲❡t D ⊂ R
d\{0}

❜❡ ♦♣❡♥✳ ■♥ ✈✐❡✇ ♦❢ ❬✷✸✱ ▲❡♠♠❛ ✼❪✱ ❛ ❢✉♥❝t✐♦♥ u ✐s α✲❤❛r♠♦♥✐❝ ♦♥ D ✐❢
❛♥❞ ♦♥❧② ✐❢ Kα[u] ✐s α✲❤❛r♠♦♥✐❝ ♦♥ TD✳ ❚❤❡ s❝❛❧✐♥❣ ♣r♦♣❡rt② ❛♥❞ t❤❡
tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡ ♦❢ s②♠♠❡tr✐❝ st❛❜❧❡ ♣r♦❝❡ss❡s ✐♠♣❧② t❤❛t ❛ ❢✉♥❝t✐♦♥
u ✐s α✲❤❛r♠♦♥✐❝ ♦♥ H

′ = H \ {−ed} ✐❢ ❛♥❞ ♦♥❧② ✐❢ K̃α[u] ✐s α✲❤❛r♠♦♥✐❝ ♦♥
T̃ (H′) = D✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ u ✐s α✲❤❛r♠♦♥✐❝ ♦♥ H✱ t❤❡♥ K̃α[u] ✐s α✲❤❛r♠♦♥✐❝
♦♥ D✳ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ T̃ ✐s ❝♦♥❢♦r♠❛❧ ✭s❡❡ ❬✺✱ Pr♦♣♦s✐t✐♦♥ ✼✳✶✽❪✮✱ u ❤❛s ❛
♥♦♥t❛♥❣❡♥t✐❛❧ ❧✐♠✐t ❛t y ∈ L ✐❢ ❛♥❞ ♦♥❧② ✐❢ K̃α[u] ❤❛s ❛ ♥♦♥t❛♥❣❡♥t✐❛❧ ❧✐♠✐t
❛t T̃ y ∈ S✳

✶✵✶



❚❤❡♦r❡♠ ✹✳✹✳✶✽ ❙✉♣♣♦s❡ µ ∈ M(Rd−1) ❛♥❞ ❧❡t µ(dx) = f(x)ωα(dx) +
ν(dx) ❜❡ t❤❡ ▲❡❜❡s❣✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ µ ✇✐t❤ r❡s♣❡❝t t♦ ωα✳ ❚❤❡♥ MH[µ]
❤❛s t❤❡ ♥♦♥t❛♥❣❡♥t✐❛❧ ❧✐♠✐t f(y) ❛t ❛❧♠♦st ❡✈❡r② y = (y, 0) ∈ L ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ (d− 1)✲❞✐♠❡♥s✐♦♥❛❧ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳

Pr♦♦❢ ❯s✐♥❣ t❤❡ ♠♦❞✐✜❡❞ ❑❡❧✈✐♥ tr❛♥s❢♦r♠✱ ❚❤❡♦r❡♠ ✹✳✸✳✶✶ ❛♥❞ ▲❡♠♠❛ ✹✳✹✳✼
✇❡ ♣r♦❝❡❡❞ ❛s ✐♥ ❬✺✱ ❚❤❡♦r❡♠s ✼✳✷✽ ❛♥❞ ✼✳✷✾❪✳

✷

❈♦r♦❧❧❛r② ✹✳✹✳✶✾ ❙✉♣♣♦s❡ u ✐s α✲❤❛r♠♦♥✐❝ ❛♥❞ ♥♦♥♥❡❣❛t✐✈❡ ♦♥ H✳ ❚❤❡♥
u ❤❛s ❛ ♥♦♥t❛♥❣❡♥t✐❛❧ ❧✐♠✐t ❛t ❛❧♠♦st ❡✈❡r② y ∈ L ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ (d−1)✲
❞✐♠❡♥s✐♦♥❛❧ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳

Pr♦♦❢ ❚❤❡ ❝♦r♦❧❧❛r② ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✸ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✹✳✶✽✳
✷

❲❡ ✇✐❧❧ ✜♥✐s❤ t❤✐s s❡❝t✐♦♥ ✇✐t❤ ❢❡✇ ❡①❛♠♣❧❡s ♦❢ α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s t❤❛t
❞♦ ♥♦t ❜❡❧♦♥❣ t♦ ❛♥② ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ❍❛r❞② s♣❛❝❡s✳ ▲❡t d = 2 ❛♥❞ ❧❡t
u(x) = u(x1, x2) = x1✳ ❚❤❡♥ ♦♥❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t ∆α/2u ≡ 0 ✐❢ ❛♥❞
♦♥❧② ✐❢ α ∈ (1, 2) ✭❢♦r α ∈ (0, 1] t❤❡ ✐♥t❡❣r❛❧s ✐♥ ✭✹✳✸✮ ❛r❡ ♥♦t ❛❜s♦❧✉t❡❧②
❝♦♥✈❡r❣❡♥t✮✳ ❋✐rst ♦❜✈✐♦✉s ♦❜s❡r✈❛t✐♦♥ ✐s t❤❛t u /∈ hp

α(H) ❢♦r ❛♥② p ∈ [1,∞]✳
❋✉rt❤❡r♠♦r❡✱ u /∈ h1

α(D) ✭❛♥❞ ❤❡♥❝❡ u /∈ hp
α(D) ❢♦r ❛♥② p ∈ [1,∞]✮ s✐♥❝❡

u ✐s ✉♥❜♦✉♥❞❡❞ ❛t ✐♥✜♥✐t②✳ ❋✐♥❛❧❧②✱
∫

R
|x1|PH(e2, (x1, 0))dx1 = ∞✱ s♦ ✐♥

✈✐❡✇ ♦❢ ▲❡♠♠❛ ✹✳✹✳✺ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✹✳✶✵✱ u /∈ H1
α(H)✱ ❛♥❞ t❤❡r❡❢♦r❡

u /∈ Hp
α(H) ❢♦r ❛♥② p ≥ 1✳ ❚♦ ♦❜t❛✐♥ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ ❢✉♥❝t✐♦♥ ❜♦✉♥❞❡❞

❛t ✐♥✜♥✐t② ✇❡ t❛❦❡ Kα[u] = x1|x|α−4✳ ❙✐♥❝❡ TH = H✱ Kα[u] ✐s α✲❤❛r♠♦♥✐❝
♦♥ H ❜② ❬✷✸✱ ▲❡♠♠❛ ✼❪✳ ❋✉rt❤❡r♠♦r❡✱ Kα ✐s ❧✐♥❡❛r✱ ♣r❡s❡r✈❡s ♥♦♥♥❡❣❛✲
t✐✈❡ α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ❛♥❞ Kα[Kα[v]] = v ❢♦r ❛♥② ❢✉♥❝t✐♦♥ v ♦♥ H✳ ▲❡t
Hα(H) ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ♥♦♥♥❡❣❛t✐✈❡ α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦♥ H✳ ❇② ❚❤❡♦✲
r❡♠ ✹✳✹✳✶✵ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✸ ✇❡ ❤❛✈❡ H1

α(H) = Hα(H) −Hα(H)✱ ❛♥❞
❤❡♥❝❡ Kα[H1

α(H)] = H1
α(H)✳ ❚❤❡r❡❢♦r❡ Kα[u] /∈ H1

α(H)✳ ❚❤❡ ❧❛st ❡①❛♠♣❧❡
✇❡ ❣✐✈❡ ✐s K̃α[u](x) = 2(4−α)/2x1|x+ e2|α−4✱ t❤❡ ♠♦❞✐✜❡❞ ❑❡❧✈✐♥ tr❛♥s❢♦r♠
♦❢ u✳ K̃α[u] ✐s α✲❤❛r♠♦♥✐❝ ♦♥ D ❛♥❞ ❜♦✉♥❞❡❞ ❛t ✐♥✜♥✐t②✳ ❋✉rt❤❡r♠♦r❡✱ ❢♦r
|x+ e2| < 1 ✇❡ ❤❛✈❡

|x1|
|x+ e2|4−α

≥ |x1|
|x+ e2|2

=

∣∣∣∣ℑ
(

1

1 + z

)∣∣∣∣ ,

✇❤❡r❡ z = x2 + ix1 ❛♥❞ ℑ(1/(1 + z))✱ t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ 1/(1 + z)✱ ✐s ❛
✇❡❧❧ ❦♥♦✇♥ ❡①❛♠♣❧❡ ♦❢ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ♥♦t ❜❡✐♥❣ ✐♥ t❤❡
❝❧❛ss✐❝❛❧ ❍❛r❞② s♣❛❝❡ h1 ♦♥ t❤❡ ✉♥✐t ❜❛❧❧ ✐♥ R

2 ✭s❡❡✱ ❡✳❣✳✱ ❬✾✵✱ ♣✳ ✶✼✽❪✮✳ ❙✐♥❝❡
t❤❡ ♥♦r♠ ♦❢ h1

α(D) ✐s ❛♥❛❧♦❣♦✉s t♦ t❤❡ ❝❧❛ss✐❝❛❧ ♦♥❡✱ ✇❡ ❤❛✈❡ K̃α[u] /∈ h1
α(D)✳

✶✵✷



✹✳✺ ❍✐tt✐♥❣ ♣r♦❜❛❜✐❧✐t✐❡s ❢♦r r❡❧❛t✐✈✐st✐❝ st❛❜❧❡

♣r♦❝❡ss❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❞✐s❝✉ss t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛ ❞✐s❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss
❞✐✛❡r❡♥t t❤❛♥ t❤❡ s②♠♠❡tr✐❝ α✲st❛❜❧❡ ♦♥❡ ✐♥ ❝♦♥t❡①t ♦❢ t❤❡ ❤✐tt✐♥❣ ♣r♦❜❛❜✐✲
❧✐t✐❡s ♦❢ S ❛♥❞ L✳ ◆❛♠❡❧②✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ s♦✲❝❛❧❧❡❞ r❡❧❛t✐✈✐st✐❝ α✲st❛❜❧❡
♣r♦❝❡ss✳ ❋♦r ❛ ❣✐✈❡♥ m > 0 ❛♥❞ α ∈ (0, 2)✱ t❤❡ r❡❧❛t✐✈✐st✐❝ α✲st❛❜❧❡ ♣r♦❝❡ss
Xm

t ✐s ❞❡✜♥❡❞ ❛s ❛ ♣r♦❝❡ss ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥

E
xeiξ·(Xm

t −x) = emte−t(|ξ|2+m2/α)α/2

, x, ξ ∈ R
d, t ≥ 0.

Xm
t ✐s ❛ ▲é✈② ♣r♦❝❡ss ✇✐t❤ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ❡q✉❛❧ t♦ m− (−∆ +

m2/α)α/2✳ ❚❤❡ ♣♦t❡♥t✐❛❧ t❤❡♦r② ♦❢ t❤✐s ♣r♦❝❡ss ❤❛s ❜❡❡♥ ✇✐❞❡❧② st✉❞✐❡❞ ✐♥
r❡❝❡♥t ②❡❛rs✱ s❡❡ ❬✶✵✹✱ ✸✹✱ ✽✸✱ ✺✻✱ ✼✺✱ ✺✼✱ ✼✾✱ ✷✻✱ ✷✼✱ ✸✶❪✳ ❚❤❡ ❜♦✉♥❞❛r②
❜❡❤❛✈✐♦r ♦❢ ❢✉♥❝t✐♦♥s ❤❛r♠♦♥✐❝ ❢♦r Xm

t r❡♠✐♥❞s t❤❡ ♦♥❡ ♦❢ α✲❤❛r♠♦♥✐❝
❢✉♥❝t✐♦♥s ♦♥ ❜♦✉♥❞❡❞ r❡❣✉❧❛r ❞♦♠❛✐♥s✱ s❡❡ ❬✶✵✹✱ ✸✹✱ ✼✹✱ ✺✻✱ ✼✺❪✳ ❍♦✇❡✈❡r✱ ✐♥
t❤❡ ❝❛s❡ ♦❢ ✉♥❜♦✉♥❞❡❞ s❡ts t❤❡ ❜❡❤❛✈✐♦r ✐s s❧✐❣❤t❧② ❞✐✛❡r❡♥t ✭s❡❡ ❬✺✼✱ ✷✻✱ ✸✶❪✮✱
❛♥❞ ♠❛♥② ♣r♦♣❡rt✐❡s ❛r❡ st✐❧❧ ✉♥❦♥♦✇♥✱ s✉❝❤ ❛s✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ▼❛rt✐♥
r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s ❤❛r♠♦♥✐❝ ❢♦r Xm

t ✭s❡❡ ❬✼✺❪✱ ✇❤❡r❡
t❤❡ r❡s✉❧t ✇❛s ♣r♦✈❡❞ ❢♦r ❜♦✉♥❞❡❞ κ✲❢❛t s❡ts✮✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛✐♠ t♦
s❤♦✇ t❤❛t S ❛♥❞ L ❛r❡ ♥♦♥✲♣♦❧❛r ❢♦r Xm

t ❢♦r α ∈ (1, 2)✱ ✇❤❛t ♠❛② s❡r✈❡
❛s ❛ ♠♦t✐✈❛t✐♦♥ ❢♦r st✉❞②✐♥❣ t❤❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s ❢♦r m− (−∆ +
m2/α)α/2 ♦♥ D ❛♥❞ H✳

❋♦r ❛ s❡t B ⊂ R
d ❞❡♥♦t❡ τm

B = inf {t > 0 : Xm
t /∈ B}✱ Tm

B = τm
Bc ✳ ▲❡t

St ❜❡ t❤❡ ✉s✉❛❧ α/2✲st❛❜❧❡ s✉❜♦r❞✐♥❛t♦r ❣✐✈❡♥ ❜② t❤❡ ▲❛♣❧❛❝❡ ❡①♣♦♥❡♥t
ψ(λ) = λα/2✱ ❛♥❞ ❧❡t Sm

t ❜❡ t❤❡ r❡❧❛t✐✈✐st✐❝ α/2✲st❛❜❧❡ s✉❜♦r❞✐♥❛t♦r✱ ✐✳❡✳✱ t❤❡
s✉❜♦r❞✐♥❛t♦r ✇✐t❤ t❤❡ ▲❛♣❧❛❝❡ ❡①♣♦♥❡♥t ψm(λ) = (λ+m2/α)α/2−m✳ ❉❡♥♦t❡
❜② h(t, x)✱ hm(t, x) t❤❡ tr❛♥s✐t✐♦♥ ❞❡♥s✐t✐❡s ♦❢ St ❛♥❞ Sm

t ✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡
❤❛✈❡

hm(t, x) = emte−m2/αxh(t, x), ✭✹✳✸✸✮

s❡❡ ❬✶✵✹❪✳ ■t ✐s ❛ ✇❡❧❧ ❦♥♦✇♥ ❢❛❝t t❤❛t t❤❡ ♣♦t❡♥t✐❛❧ ❞❡♥s✐t② ♦❢ St ✐s ❡q✉❛❧
t♦ xα/2−1/Γ(α/2)✱ s❡❡✱ ❡✳❣✱ ❬✶✹✱ ♣✳ ✾✼❪✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♣♦t❡♥t✐❛❧ ❞❡♥s✐t②
♦❢ Sm

t ✐s ❣✐✈❡♥ ❜②

qm(x) = e−m2/αxxα/2−1Eα/2,α/2(mx
α/2), x > 0, ✭✹✳✸✹✮

✇❤❡r❡

Eγ,β(t) =
∞∑

n=0

tn

Γ(β + γn)
, γ, β, t > 0,

✐s t❤❡ t✇♦ ♣❛r❛♠❡t❡r ▼✐tt❛❣✲▲❡✤❡r ❢✉♥❝t✐♦♥✱ s❡❡ ❬✶✹✱ ♣✳ ✾✼❪✳ ▲❡t Zm
t := |Xm

t |
❛♥❞ ❧❡t Bt ❜❡ t❤❡ ✉s✉❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ♦♥ R

d✳ ❙❡t Y (t) := |Bt|✳ ❚❤❡♥
Zm

t ❛♥❞ Y (Sm
t ) ❛r❡ ❡q✉✐✈❛❧❡♥t ♣r♦✈✐❞❡❞ t❤❛t Y (t) ❛♥❞ Sm

t ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳

✶✵✸



■t ✐s ✇❡❧❧ ❦♥♦✇♥ ✭s❡❡✱ ❡✳❣✳✱ ❬✾✽✱ ♣✳ ✶✶✻❪✮ t❤❛t t❤❡ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ Y (t)
✐s ❣✐✈❡♥ ❜②

P
x(Y (t) ∈ A) =

∫

A

f(t, x, y)µ(dy),

✇❤❡r❡ µ(dy) = 2−d/2[Γ(d/2 + 1)]−1yddy✱ ❛♥❞

f(t, x, y) = Γ(d/2)
1

2t

(xy
2

)1−d/2

exp

[−(x2 + y2)

4t

]
Id/2−1

(xy
2t

)
, ✭✹✳✸✺✮

✇❤❡r❡ Iϑ ✐s t❤❡ ♠♦❞✐✜❡❞ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜rst ❦✐♥❞✳ ❚❤✐s t❤❡♥ ✐♠♣❧✐❡s✱
t❤❛t t❤❡ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ Zm

t ✐s ❣✐✈❡♥ ❜②

P
x(Zm

t ∈ A) =

∫

A

fm(t, x, y)µ(dy),

✇❤❡r❡ µ ✇❛s ❞❡✜♥❡❞ ❛❜♦✈❡ ❛♥❞

fm(t, x, y) =

∫ ∞

0

hm(t, s)f(s, x, y)ds. ✭✹✳✸✻✮

❋✉rt❤❡r♠♦r❡✱ t❤❡ ♣♦t❡♥t✐❛❧ ❞❡♥s✐t② ♦❢ Zm
t ✐s ❣✐✈❡♥ ❜②

um(x, y) =

∫ ∞

0

qm(t)f(t, x, y)dt. ✭✹✳✸✼✮

❋♦r r > 0 ❧❡t Sr := rS✳ ■t ✐s ❝❧❡❛r t❤❛t Sr ✐s ♣♦❧❛r ❢♦r Xm
t ✐❢ ❛♥❞ ♦♥❧② ✐❢ {r}

✐s ♣♦❧❛r ❢♦r Zm
t ✳ ▲❡t Φm

r (x) := P
x(Tm

Sr
< ∞) ❜❡ t❤❡ ❤✐tt✐♥❣ ♣r♦❜❛❜✐❧✐t② ♦❢

Sr ❢♦r Xm
t ✳ ■♥ t❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② d ≥ 2✳

Pr♦♣♦s✐t✐♦♥ ✹✳✺✳✶ {r} ✐s ♣♦❧❛r ❢♦r Zm
t ♣r♦✈✐❞❡❞ α ∈ (0, 1]✳ ❲❤❡♥ α ∈

(1, 2) t❤❡♥ r ✐s r❡❣✉❧❛r ❢♦r {r} ❢♦r Zm
t ❛♥❞ ❢♦r ❛❧❧ x̃ ∈ R

d ✇❡ ❤❛✈❡

Φm
r (x̃) =

{
1, d = 2,
um(|x̃|,r)
um(r,r)

, d ≥ 3.
✭✹✳✸✽✮

Pr♦♦❢ ❲❡ ❛♣♣❧② t❤❡ ♠❡t❤♦❞s ♦❢ ❬✾✽✱ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶❪✳ ❋♦r λ > 0
✇❡ ❞❡✜♥❡ t❤❡ λ✲♣♦t❡♥t✐❛❧ ♦❢ Zm

t ❜②

uλ
m(x, y) =

∫ ∞

0

e−λtfm(t, x, y)dt, x, y ≥ 0.

❇② ✭✹✳✸✸✮✱ ✭✹✳✸✻✮ ❛♥❞ ❋✉❜✐♥✐ t❤❡♦r❡♠ ✇❡ ❤❛✈❡

uλ
m(x, y) =

∫ ∞

0

e−m2/αsf(s, x, y)

∫ ∞

0

e(m−λ)th(t, s)dtds.

✶✵✹



■♥ ✈✐❡✇ ♦❢ ✭✹✳✸✹✮✱ ❢♦r 0 < λ < m ✇❡ ♦❜t❛✐♥

uλ
m(x, y) =

∫ ∞

0

e−m2/αssα/2−1f(s, x, y)Eα/2,α/2((m− λ)sα/2)ds. ✭✹✳✸✾✮

❲❡ ❤❛✈❡
Eγ,β(t) ∼= γ−1t(2−2β)/(2γ)et1/γ

, t→ ∞,

s❡❡✱ ❡✳❣✳✱ ❬✺✹✱ ❚❤❡♦r❡♠ ✶❪✳ ❍❡r❡ f(t) ∼= g(t) ♠❡❛♥s t❤❛t t❤❡ r❛t✐♦ ♦❢ f ❛♥❞
g t❡♥❞s t♦ 1✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛s②♠♣t♦t✐❝s ♦❢ t❤❡ ❇❡ss❡❧
❢✉♥❝t✐♦♥ Iϑ ✿

Iϑ(r) ∼=
1

Γ(ϑ+ 1)

(r
2

)ϑ

, r → 0+,

Iϑ(r) ∼= (2πr)−1/2er, r → ∞.

❍❡♥❝❡✱ ❢♦r x, y > 0 ✇❡ ❣❡t

e−m2/αsf(s, x, y)sα/2−1Eα/2,α/2((m− λ)sα/2)

∼= Γ(d/2)

Γ(α/2)
2d/2−2π−1/2(xy)(1−d)/2e−m2/αse−(x−y)2/(4s)s(α−3)/2, s→ 0+.

✭✹✳✹✵✮
❲❤❡♥ x = 0 ♦r y = 0✱ t❤❡♥

e−m2/αsf(s, x, y)sα/2−1Eα/2,α/2((m− λ)sα/2)

∼= Γ(α/2)−12−d/2e−m2/αse−(x2+y2)/(4s)sα/2−d/2−1, s→ 0+, ✭✹✳✹✶✮

❛♥❞ ❢♦r ❛❧❧ x, y ≥ 0 ✇❡ ❣❡t

e−m2/αsf(s, x, y)sα/2−1Eα/2,α/2((m− λ)sα/2)

∼= α−121−d/2(m− λ)2/α−1e[(m−λ)2/α−m2/α]se−(x2+y2)/(4s)s−d/2, s→ ∞.
✭✹✳✹✷✮

❚❤❡r❡❢♦r❡✱ ❢♦r α ∈ (0, 1] ❛♥❞ y > 0 ✇❡ ❤❛✈❡ uλ
m(x, y) → ∞ ✇❤❡♥ x → y✱

✇❤✐❧❡ ❢♦r α ∈ (1, 2)✱ uλ
m(x, y) ✐s ❜♦✉♥❞❡❞ ❛♥❞ ❝♦♥t✐♥✉♦✉s ✐♥ x ✐♥ ❛ ♥❡✐❣❤✲

❜♦r❤♦♦❞ ♦❢ y✳ ❋♦r r > 0 ❧❡t Tm
r := inf {t > 0 : Zm

t = r}✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢
❬✾✽✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶❪ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ✐❢ α ∈ (0, 1] t❤❡♥ {r} ✐s ♣♦❧❛r ❢♦r Zm

t

❢♦r ❡✈❡r② r✱ ✇❤✐❧❡ ❢♦r α ∈ (1, 2) ✇❡ ❤❛✈❡

E
x(e−λT m

r ;Tm
r <∞) =

uλ
m(x, r)

uλ
m(r, r)

> 0, x ≥ 0, r > 0. ✭✹✳✹✸✮

❚❤✐s t❤❡♥ ✐♠♣❧✐❡s t❤❛t r ✐s r❡❣✉❧❛r ❢♦r {r} ❢♦r Zm
t ✳ ❙✉♣♣♦s❡ ✜rst d ≥ 3✳ ■♥

✈✐❡✇ ♦❢ ✭✹✳✸✼✮✱ ✭✹✳✸✾✮✱ ✭✹✳✹✵✮✱ ✭✹✳✹✶✮ ❛♥❞ ✭✹✳✹✷✮✱ ❢♦r ❛❧❧ x ≥ 0✱ r > 0 ❛♥❞
α ∈ (1, 2) ✇❡ ❤❛✈❡ uλ

m(x, r) → um(x, r) <∞ ❛s λ→ 0✳ ❍❡♥❝❡

Φm
r (x̃) = P

|x̃|(Tm
r <∞) =

um(|x̃|, r)
um(r, r)

, x̃ ∈ R
d.

✶✵✺



▲❡t ♥♦✇ d = 2✳ ❚❤❡♥ ❜② ✭✹✳✹✷✮✱ uλ
m(x, r) → um(x, r) = ∞ ❛s λ → 0✱ ✇❤✐❧❡

✭✹✳✹✵✮✱ ✭✹✳✹✶✮ ❛♥❞ ✭✹✳✹✷✮ ✐♠♣❧② t❤❛t uλ
m(x, r)/uλ

m(r, r) → 1 ❛s λ → 0✳ ❇②
✭✹✳✹✸✮ ✇❡ ❣❡t Φm

r (x̃) = 1 ❢♦r ❛❧❧ x̃ ∈ R
d✱ ❛s ❞❡s✐r❡❞✳

✷

❘❡♠❛r❦ ✹✳✺✳✷ ❋♦r d = 1 t❤❡ r❡❧❛t✐✈✐st✐❝ α✲st❛❜❧❡ ♣r♦❝❡ss ✐s ♣♦✐♥t✇✐s❡ r❡✲
❝✉rr❡♥t ✭✐✳❡✳ ❤✐ts ♣♦✐♥ts ❛❧♠♦st s✉r❡❧②✮ ❢♦r α ∈ (1, 2) ❛♥❞ tr❛♥s✐❡♥t ❢♦r
α ∈ (0, 1]✳ ❚❤✐s ❝❛♥ ❜❡ ♣r♦✈❡❞ ✉s✐♥❣ s✐♠✐❧❛r ♠❡t❤♦❞s ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢
Pr♦♣♦s✐t✐♦♥ ✹✳✺✳✶✱ s❡❡ ❛❧s♦ ❬✾✼❪ ❢♦r t❤❡ s②♠♠❡tr✐❝ α✲st❛❜❧❡ ❝❛s❡✳ ❋✉rt❤❡r✲
♠♦r❡✱ ❢r♦♠ t❤❡ s✉❜♦r❞✐♥❛t✐♦♥ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ Xm

t ❛r❡ ♦♥❡✲
❞✐♠❡♥s✐♦♥❛❧ r❡❧❛t✐✈✐st✐❝ α✲st❛❜❧❡ ♠♦t✐♦♥s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❢♦r d ≥ 2 ❛♥❞
α ∈ (1, 2) t❤❡ ♣r♦❝❡ss Xm

t ❤✐ts L ❛❧♠♦st s✉r❡❧② ✭s❡❡ ❢♦r♠✉❧❛ ✭✹✳✶✽✮✮✳

❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♣♦✐♥t ♦✉t t❤❛t ✐♥ ✈✐❡✇ ♦❢ ✭✹✳✼✮✱ ❢♦r d = 2 ❛♥❞ α ∈ (1, 2)
t❤❡ ❤✐tt✐♥❣ ♣r♦❜❛❜✐❧✐t② ♦❢ S ❢♦r t❤❡ s②♠♠❡tr✐❝ α✲st❛❜❧❡ ♣r♦❝❡ss ✐s str✐❝t❧②
❧❡ss t❤❛♥ ✶✱ ✐♥ ♦♣♣♦s✐t❡ t♦ t❤❡ ♣r❡s❡♥t ❝❛s❡✳ ■t s❡❡♠s t♦ ❜❡ ❛♥ ✐♥t❡r❡st✐♥❣
♣r♦❜❧❡♠ t♦ ✜♥❞ s♦♠❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ❤❛r♠♦♥✐❝ ♠❡❛s✉r❡s ♦❢ D ❛♥❞ H ❢♦r
Xm

t ✱ α ∈ (1, 2)✳ ❲❡ ✇✐❧❧ ❣✐✈❡ ❤❡r❡ t❤❡ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛ ♦♥❧② ❢♦r t❤❡ s♦✲❝❛❧❧❡❞
λ✲❤❛r♠♦♥✐❝ ♠❡❛s✉r❡ ♦❢ H ❢♦r Xm

t ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ λ = m✳
❋♦r ❛♥ ♦♣❡♥ s❡t D ⊂ R

d✱ t❤❡ λ✲❤❛r♠♦♥✐❝ ♠❡❛s✉r❡ ♦❢ D ❢♦r Xm
t ✐s ❣✐✈❡♥

❜②

ωx
m,λ(A,D) := E

x [exp(−λτm
D )1A(Xm(τm

D )); τm
D <∞] , x ∈ D,A ⊂ Dc,

✇❤❡r❡ 1A ✐s t❤❡ ✐♥❞✐❝❛t♦r ♦❢A✳ ❋♦r s✐♠♣❧✐❝✐t② ❞❡♥♦t❡ ωx
m(A,D) := ωx

m,m(A,D)✳
❚❤❡ ♠❡❛s✉r❡ ωx

m ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s t❤❡ ❤❛r♠♦♥✐❝ ♠❡❛s✉r❡ ❢♦r t❤❡ r❡❧❛✲
t✐✈✐st✐❝ α✲st❛❜❧❡ ♣r♦❝❡ss ❦✐❧❧❡❞ ❛t ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❡①♣♦♥❡♥t✐❛❧ t✐♠❡ ✇✐t❤
❡①♣❡❝t❛t✐♦♥ 1/m✳ ❚❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ t❤✐s ♣r♦❝❡ss ✐s ❡q✉❛❧ t♦
−(m2/α − ∆)α/2✳

Pr♦♣♦s✐t✐♦♥ ✹✳✺✳✸ ▲❡t α ∈ (1, 2)✳ ❚❤❡ ♠❡❛s✉r❡ ωx
m(·,H) ❤❛s ❛ ❞❡♥s✐t②

✇✐t❤ r❡s♣❡❝t t♦ t❤❡ (d− 1)✲❞✐♠❡♥s✐♦♥❛❧ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ L ❣✐✈❡♥ ❜②

Pm
H

(x, y) = C4
|xd|α−1

|x− y| d+α−2
2

K d+α−2
2

(
m1/α|x− y|

)
, x ∈ H, y ∈ L,

✇❤❡r❡ C4 = ((α−1)(m1/α/2)(d+α−2)/2)/(π(d−1)/2Γ((α+1)/2)) ❛♥❞ Kϑ ✐s t❤❡
♠♦❞✐✜❡❞ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ t❤✐r❞ ❦✐♥❞✳

Pr♦♦❢ ❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ t❤❡ r❡s✉❧ts ♦❢ ❬✷✼❪ ❛♥❞ ✐s ❛ s♠❛❧❧ ♠♦❞✐✜❝❛t✐♦♥ ♦❢
t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✶✳ ❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡❣r❛❧ r❡♣r❡s❡♥t❛t✐♦♥
♦❢ t❤❡ ❢✉♥❝t✐♦♥ Kϑ(z) ✿

Kϑ(z) = 2−ϑ−1zϑ

∫ ∞

0

e−te−z2/(4t)t−ϑ−1dt,

✇❤❡r❡ ℜ(z2) > 0✱ | arg z| < π
2
✱ ϑ ∈ R✱ s❡❡ ❬✹✽✱ ❱♦❧✳ ■■✱ ✼✳✶✶ ✭✷✸✮❪✳

✶✵✻



✷

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts✳ ❚❤✐s ♣❛♣❡r ✐s ❛ ♣❛rt ♦❢ t❤❡ ❛✉t❤♦r✬s P❤✳❉✳ t❤❡s✐s✳
❍❡ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ Pr♦❢✳ P✳ ●r❛❝③②❦✱ ❤✐s s✉♣❡r✈✐s♦r✱ ❢♦r ❤✐s ❤❡❧♣ ❛♥❞
❣✉✐❞❛♥❝❡ ✐♥ ♣r❡♣❛r✐♥❣ t❤❡ ♠❛♥✉s❝r✐♣t✳ ❙♣❡❝✐❛❧ t❤❛♥❦s ❣♦ t♦ Pr♦❢✳ ❑✳ ❇♦❣❞❛♥
❢♦r ♠❛♥② ❤❡❧♣❢✉❧ s✉❣❣❡st✐♦♥s ❛♥❞ r❡♠❛r❦s✱ ❛♥❞ t♦ Pr♦❢✳ ▼✳ ❘②③♥❛r ❢♦r
♣♦✐♥t✐♥❣ ♦✉t ❤✐s r❡s✉❧ts ✐♥ ❬✷✼❪✳

✶✵✼



❈❤❛♣✐tr❡ ✺

❍❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦❢ t❤❡

❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ✇✐t❤ ❛

❣r❛❞✐❡♥t ♣❡rt✉r❜❛t✐♦♥

✺✳✶ ■♥tr♦❞✉❝t✐♦♥ ❛♥❞ Pr❡❧✐♠✐♥❛r✐❡s

❙t❛❜❧❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ✇✐t❤ ❣r❛❞✐❡♥t ♣❡rt✉r❜❛t✐♦♥s ♦♥ R
d✱ d ≥ 2✱

✐✳❡✳ ✇✐t❤ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r

L = ∆α/2 + b · ∇, ✭✺✳✶✮

✇❤❡r❡ α ∈ (0, 2)✱ ❝♦♥st✐t✉t❡ ❛♥ ✐♠♣♦rt❛♥t ❝❧❛ss ♦❢ ❥✉♠♣ ♣r♦❝❡ss❡s✱ ✐♥t❡♥✲
s❡❧② st✉❞✐❡❞ ✐♥ r❡❝❡♥t ②❡❛rs✳ ❚❤❡✐r ♠♦st ❝❡❧❡❜r❛t❡❞ ❝❛s❡ ❛r❡ t❤❡ ❖r♥st❡✐♥✲
❯❤❧❡♥❜❡❝❦ st❛❜❧❡ ♣r♦❝❡ss❡s ✇✐t❤ b(x) = λx✱ λ ∈ R✳ ❚❤❡② ❤❛✈❡ ✐♠♣♦rt❛♥t
♣❤②s✐❝❛❧ ❛♥❞ ✜♥❛♥❝✐❛❧ ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ ❢♦r♠ ❛ ♣❛rt ♦❢ ▲é✈②✲❞r✐✈❡♥ ❖r♥st❡✐♥✲
❯❤❧❡♥❜❡❝❦ ♣r♦❝❡ss❡s✱ ❝❢✳ ❬✷✺✱ ✾✷❪✳ ❚❤❡ ♠♦t✐✈❛t✐♦♥s ♦❢ t❤✐s ♣❛♣❡r ✇❡r❡ t♦ ✿

✭✐✮ ❡st❛❜❧✐s❤ t❤❡ t❤❡♦r② ♦❢ t❤❡ ▼❛rt✐♥ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r s✐♥❣✉❧❛r L✲
❤❛r♠♦♥✐❝ ♥♦♥✲♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s

✭✐✐✮ st✉❞② ❜♦✉♥❞❛r② ❧✐♠✐t ♣r♦♣❡rt✐❡s ♦❢ L✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ❛♥❞ t♦
♦❜t❛✐♥ ❛ ❘❡❧❛t✐✈❡ ❋❛t♦✉ ❚❤❡♦r❡♠ ❢♦r t❤❡♠

✭✐✐✐✮ ❞❡✈❡❧♦♣ t❤❡ t❤❡♦r② ♦❢ ❍❛r❞② s♣❛❝❡s ♦❢ L✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✳

❆❧❧ t❤❡s❡ t♦♣✐❝s ❛r❡ ❢✉♥❞❛♠❡♥t❛❧ ❢♦r t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ L✲❤❛r♠♦♥✐❝ ❢✉♥❝✲
t✐♦♥s✳ ❚❤❡ t♦♣✐❝s ✭✐✮✱ ✭✐✐✮ ❛♥❞ ✭✐✐✐✮ ❛r❡ ✇❡❧❧ ❞❡✈❡❧♦♣❡❞ ❢♦r ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛✲
❝✐❛♥s✳ ❚❤❡ ▼❛rt✐♥ r❡♣r❡s❡♥t❛t✐♦♥ ✇❛s ❡st❛❜❧✐s❤❡❞ ✐♥ t❤✐s ❝❛s❡ ✐♥ ❬✶✵❪✱ ❬✾✶❪
❛♥❞ ❬✷✵❪✳ ❚❤❡ ❘❡❧❛t✐✈❡ ❋❛t♦✉ ❚❤❡♦r❡♠ ✇❛s ♣r♦✈❡❞ ❢♦r α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s
♦♥ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥s ✐♥ ❬✽✾❪✱ s❡❡ ❛❧s♦ t❤❡ s✉r✈❡② ❬✶✹✱ ❈❤❛♣t❡r ✸❪ ❛♥❞ ❬✼✹❪✳
❆❧s♦ s♦♠❡ ✐♠♣♦rt❛♥t ✈❛r✐❛♥ts ♦❢ st❛❜❧❡ ♣r♦❝❡ss❡s s✉❝❤ ❛s r❡❧❛t✐✈✐st✐❝ ❛♥❞
tr✉♥❝❛t❡❞ st❛❜❧❡ ♣r♦❝❡ss❡s ✇❡r❡ st✉❞✐❡❞ ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ t♦♣✐❝s
✭✐✮ ❛♥❞ ✭✐✐✮✱ s❡❡ ❬✶✹✱ ❙❡❝t✐♦♥ ✸✳✹❪✱ ❬✼✺❪ ❛♥❞ ❬✼✽❪✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ♠❡t❤♦❞s

✶✵✽



♦❢ t❤❡s❡ ❡①t❡♥s✐♦♥s ❞♦ ♥♦t ❛♣♣❧② t♦ t❤❡ ♦♣❡r❛t♦r L ♦❢ t❤❡ ❢♦r♠ ✭✺✳✶✮✳ ❚❤❡
t❤❡♦r② ♦❢ ❍❛r❞② s♣❛❝❡s ❢♦r α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ✇❛s ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✽✾❪ ❛♥❞
r❡❝❡♥t❧② ✐♥ ❬✶✻✱ ✽✻❪✳ ■t ✇❛s ♥❡✈❡r ❞✐s❝✉ss❡❞ ❢♦r ❛♥② ✈❡rs✐♦♥s ♦❢ st❛❜❧❡ ♣r♦✲
❝❡ss❡s✳ ▲❡t ✉s ♥♦t✐❝❡ t❤❛t ❛❧❧ ♦✉r r❡s✉❧ts ❛r❡ ❛❧s♦ tr✉❡ ❢♦r ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦
st❛❜❧❡ ♣r♦❝❡ss❡s✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❞✐✛✉s✐♦♥ ♦♣❡r❛t♦rs✱ ❍❛r❞② s♣❛❝❡s
❛♥❞ ❋❛t♦✉✲t②♣❡ t❤❡♦r❡♠s ❢♦r ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ✇❡r❡ ✇✐❞❡❧② st✉❞✐❡❞ ✐♥
t❤❡ ❧✐t❡r❛t✉r❡✱ s❡❡ ❬✹✸✱ ✶✵✼✱ ✶✵✽✱ ✸✱ ✶✶✼✱ ✹✷✱ ✻✾✱ ✽✵✱ ✶❪ ❢♦r t❤❡ r❡s✉❧ts ♦♥ t❤❡
❝❧❛ss✐❝❛❧ ▲❛♣❧❛❝✐❛♥ ∆ =

∑d
i=1 ∂

2/∂x2
i ✱ ❛♥❞ ❬✶✶✺✱ ✽✺❪ ❢♦r t❤❡ ▲❛♣❧❛❝✐❛♥ ✇✐t❤

✈❛r✐♦✉s ♣❡rt✉r❜❛t✐♦♥s✳
❚❤❡ ♣♦t❡♥t✐❛❧ t❤❡♦r② ♦❢ st❛❜❧❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ✇✐t❤ ❣r❛❞✐❡♥t ♣❡r✲

t✉r❜❛t✐♦♥s ✇❛s st❛rt❡❞ ✐♥ t❤❡ ❖r♥st❡✐♥✕❯❤❧❡♥❜❡❝❦ ❝❛s❡ ❜② ❚✳ ❏❛❦✉❜♦✇s❦✐
❬✻✻✱ ✻✼❪✳ ◆❡①t✱ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝♦♥t❡①t ♦❢ ❣r❛❞✐❡♥t ♣❡rt✉r❜❛t✐♦♥s ❛♥❞ α > 1✱
✇✐t❤ ❛ ❢✉♥❝t✐♦♥ b ❢r♦♠ t❤❡ ❑❛t♦ ❝❧❛ss Kα−1

d ✐t ✇❛s ❞❡✈❡❧♦♣❡❞ ❜② ❑✳ ❇♦❣✲
❞❛♥ ❛♥❞ ❚✳ ❏❛❦✉❜♦✇s❦✐ ❬✶✽✱ ✶✾❪✳ ❚❤✐s ✇♦r❦ ✐s ❛ ♥❛t✉r❛❧ ❝♦♥t✐♥✉❛t✐♦♥ ♦❢ t❤❡
r❡s❡❛r❝❤ ♣r❡s❡♥t❡❞ ✐♥ ❬✶✾❪✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ s❡♥❞ t❤❡ r❡❛❞❡r t♦ ❬✶✾❪ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ❢r❛❝✲
t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥✱ C1,1 ❞♦♠❛✐♥s✱ ●r❡❡♥ ❢✉♥❝t✐♦♥s ❛♥❞ P♦✐ss♦♥ ❦❡r♥❡❧s✱ ✇✐t❤
r❡s♣❡❝t t♦ ❜♦t❤ ♦♣❡r❛t♦rs ∆α/2 ❛♥❞ L✳ ❚❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ α✲❤❛r♠♦♥✐❝✱ r❡✲
❣✉❧❛r α✲❤❛r♠♦♥✐❝ ❛♥❞ s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ❡✳❣✳ ✐♥
t❤❡ ♠♦♥♦❣r❛♣❤② ❬✶✹✱ ♣❛❣❡ ✻✶❪ ❛♥❞ ❛r❡ ❛♥❛❧♦❣♦✉s ❢♦r L✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✳

❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ ❧✐❦❡ ✐♥ ❬✶✾❪✱ ✇❡ s✉♣♣♦s❡ 1 < α < 2✳ ❲❡ ❝♦♥s✐❞❡r
❛ ❞♦♠❛✐♥ D ♦❢ ❝❧❛ss C1,1 ❛♥❞ ❛ ✈❡❝t♦r ✜❡❧❞ b ∈ Kα−1

d ♦♥ R
d✱ ✐✳❡✳✱

lim
ǫ→0

sup
x∈Rd

∫

|x−z|<ǫ

|b(z)||x− z|α−1−ddz = 0.

❚❤❡ ♣♦t❡♥t✐❛❧ t❤❡♦r② ♦❜❥❡❝ts r❡❧❛t❡❞ t♦ t❤❡ ♦♣❡r❛t♦r L ❞❡✜♥❡❞ ✐♥ ✭✺✳✶✮ ✇✐❧❧
❜❡ ❞❡♥♦t❡❞ ✇✐t❤ ❛ t✐❧❞❡ ✱̃ ✇❤✐❧❡ t❤♦s❡ r❡❧❛t❡❞ t♦ t❤❡ ♦♣❡r❛t♦r ∆α/2 ✇✐❧❧ ❜❡
❞❡♥♦t❡❞ ✇✐t❤♦✉t ✐t✳ ■♥ ♣❛rt✐❝✉❧❛r G̃D ✐s t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ ♦❢ L ♦♥ D ❛♥❞
GD ✐s t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ ♦❢ ∆α/2 ♦♥ D✳ ❲❡ ✜① t❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r ❛
♣♦✐♥t x0 ∈ D ❛♥❞ ❞❡✜♥❡ t❤❡ ▼❛rt✐♥ ❦❡r♥❡❧ ♦❢ D ❜②

MD(x,Q) = lim
y→Q

GD(x, y)

GD(x0, y)
, x ∈ D,Q ∈ ∂D.

❚❤❡ L✲▼❛rt✐♥ ❦❡r♥❡❧ ✐s ❞❡✜♥❡❞ ❜②

M̃D(x,Q) = lim
y→Q

G̃D(x, y)

G̃D(x0, y)
, x ∈ D,Q ∈ ∂D

❛♥❞ ✇❡ s❤♦✇ ✐♥ ❙❡❝t✐♦♥ ✺✳✸ ✐ts ❡①✐st❡♥❝❡✳
❚❤❡ st❛rt✐♥❣ ♣♦✐♥t ♦❢ t❤❡ r❡s❡❛r❝❤ ❝♦♥t❛✐♥❡❞ ✐♥ t❤✐s ♣❛♣❡r ❛r❡ t❤❡ ❢♦❧✲

❧♦✇✐♥❣ ♠✉t✉❛❧ ❡st✐♠❛t❡s ♦❢ ●r❡❡♥ ❢✉♥❝t✐♦♥s ❛♥❞ P♦✐ss♦♥ ❦❡r♥❡❧s ❢♦r L ❛♥❞

✶✵✾



∆α/2 ✭s❡❡ ❬✶✾✱ ❚❤❡♦r❡♠ ✶ ❛♥❞ ✭✼✷✮❪✮✳

❈♦♠♣❛r❛❜✐❧✐t② ❚❤❡♦r❡♠✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C = C(α, b,D) s✉❝❤
t❤❛t ❢♦r ❛❧❧ x, y ∈ D ❛♥❞ z ∈ (D)c✱

C−1GD(x, y) ≤ G̃D(x, y) ≤ CGD(x, y), ✭✺✳✷✮

C−1PD(x, z) ≤ P̃D(x, z) ≤ CPD(x, z). ✭✺✳✸✮

❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ✭✺✳✷✮ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❡rt✉r✲
❜❛t✐♦♥ ❢♦r♠✉❧❛✱ t❤❛t ✇✐❧❧ ❜❡ ❛❧s♦ ✈❡r② ✉s❡❢✉❧ ✐♥ ♦✉r ♣r❡s❡♥t ✇♦r❦ ✭s❡❡ ❬✶✾✱
▲❡♠♠❛ ✶✷❪✮✳

P❡rt✉r❜❛t✐♦♥ ❢♦r♠✉❧❛ ❢♦r ●r❡❡♥ ❢✉♥❝t✐♦♥s✳ ▲❡t x, y ∈ R
d, x 6= y. ❲❡

❤❛✈❡

G̃D(x, y) = GD(x, y) +

∫

D

G̃D(x, z)b(z) · ∇zGD(z, y)dz. ✭✺✳✹✮

❲❡ st❛rt ♦✉r ♣❛♣❡r ❜② ♣r♦✈✐♥❣ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳✶ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡
❈♦♠♣❛r❛❜✐❧✐t② ❚❤❡♦r❡♠ ✿ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✺✳✷✳✶✱ t❤❡ ❝♦♥st❛♥t C ✐♥ t❤❡
❡st✐♠❛t❡s ✭✺✳✷✮ ♠❛② ❜❡ ❝❤♦s❡♥ t❤❡ s❛♠❡ ❢♦r s❡ts Dr s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦
D✳ ❚❤❡ s❛♠❡ ♣❤❡♥♦♠❡♥♦♥ ❤♦❧❞s ❛❧s♦ ❢♦r t❤❡ P♦✐ss♦♥ ❦❡r♥❡❧s P̃D(x, y) ❛♥❞
PD(x, y)✳ ■♥ ❙❡❝t✐♦♥ ✺✳✷ ✇❡ ❛❧s♦ ♣r♦✈❡ t❤❡ α✲❤❛r♠♦♥✐❝✐t② ♦❢ t❤❡ ✜rst ♣❛rt✐❛❧
❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥GD(·, z) ❛♥❞ ❛ ✉♥✐❢♦r♠ ✐♥t❡❣r❛❜✐❧✐t② r❡s✉❧t✱
t❤❛t ✇✐❧❧ ❜❡ ♥❡❡❞❡❞ ✐♥ ♣r♦✈✐♥❣ t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤❡ ♣❛♣❡r✱ ❝♦♥t❛✐♥❡❞ ✐♥
❙❡❝t✐♦♥s ✺✳✸ ❛♥❞ ✺✳✹✳

■♥ ❙❡❝t✐♦♥ ✺✳✸ ✇❡ ❞❡✈❡❧♦♣ t❤❡ ▼❛rt✐♥ t❤❡♦r② ♦❢ L✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✳
❲❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ L✲▼❛rt✐♥ ❦❡r♥❡❧ ✇❤✐❝❤ ✐s L✲❤❛r♠♦♥✐❝ ✭❚❤❡♦✲
r❡♠s ✺✳✸✳✷ ❛♥❞ ✺✳✸✳✻✮✳ ◆❡①t ✇❡ ♦❜t❛✐♥ t❤❡ ▼❛rt✐♥ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ s✐♥❣✉❧❛r
L✲❤❛r♠♦♥✐❝ ♥♦♥✲♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s ♦♥ D✱ s❡❡ ❚❤❡♦r❡♠ ✺✳✸✳✼✳

❚❤❡ ❢♦r♠✉❧❛ ✭✺✳✹✮ ❛❧❧♦✇s ✉s t♦ ♣r♦✈❡ ✈❡r② ✉s❡❢✉❧ ♣❡rt✉r❜❛t✐♦♥ ❢♦r♠✉❧❛s
❢♦r ▼❛rt✐♥ ❦❡r♥❡❧s ✭✺✳✶✼✮✱ P♦✐ss♦♥ ❦❡r♥❡❧s ✭✺✳✷✵✮ ❛♥❞ s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝
❢✉♥❝t✐♦♥s ✭✺✳✸✶✮✳ ■♥ ❙❡❝t✐♦♥ ✺✳✸✳✹✱ ✭✺✳✹✮ ❛♥❞ ✭✺✳✶✼✮ ❛r❡ ♣r♦✈❡❞ ✐♥ t❤❡ ❞✐✛✉s✐♦♥
❝❛s❡ α = 2✳ ❆❧s♦ ❛ ♣❡rt✉r❜❛t✐♦♥ ❢♦r♠✉❧❛ ✭✺✳✸✻✮ ❢♦r t❤❡ L✲P♦✐ss♦♥ ❦❡r♥❡❧ ✐s
❞❡r✐✈❡❞✳

❙❡❝t✐♦♥ ✺✳✹ ✐s ❞❡✈♦t❡❞ t♦ ✐♠♣♦rt❛♥t ✜♥❡ ❜♦✉♥❞❛r② ♣r♦♣❡rt✐❡s ♦❢ s✐♥✲
❣✉❧❛r L✲❤❛r♠♦♥✐❝✲❢✉♥❝t✐♦♥s✳ ❋✐rst ✇❡ ♣r♦✈❡ t❤❡ ❘❡❧❛t✐✈❡ ❋❛t♦✉ ❚❤❡♦r❡♠
✭❚❤❡♦r❡♠ ✹✳✸✳✶✶✮✳ ❲❡ ♣r♦✈✐❞❡ ❛ ❞✐r❡❝t ♣r♦♦❢ ♦❢ ✐t ❜❛s❡❞ ♦♥ t❤❡ ♣❡rt✉r❜❛✲
t✐♦♥ ❢♦r♠✉❧❛ ❢♦r s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ✭✺✳✸✶✮✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ♣r♦♦❢
❜❛s❡❞ ♦♥ ❝♦♠♣❛r❛❜✐❧✐t② ♦❢ L✲❤❛r♠♦♥✐❝ ❛♥❞ α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✭❈♦r♦❧❧❛r②
✺✳✸✳✶✵✮ ✐s ❛❧s♦ ❣✐✈❡♥✳

◆❡①t ✇❡ ❡st❛❜❧✐s❤ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ ♦❢ ❍❛r❞② s♣❛❝❡s ♦❢ L✲
❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✳ ❚❤❡ r❡s✉❧ts ♦♥ t❤❡ L✲❍❛r❞② s♣❛❝❡s ❝♦♥st✐t✉t❡ ❛ st❛❜❧❡
❝♦✉♥t❡r♣❛rt ❢♦r t❤❡ r❡s✉❧ts ♦♥ t❤❡ ❞✐✛✉s✐♦♥s ✇✐t❤ ❛ ❣r❛❞✐❡♥t ♣❡rt✉r❜❛t✐♦♥
♣r♦✈❡❞ ❜② ❚✳ ▲✉❦s ✐♥ ❬✽✺❪✳ ❇② t❤❡ s❛♠❡ ♠❡t❤♦❞s ♦♥❡ ❝❛♥ ♣r♦✈❡ t❤❡ r❡✲
♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ ♦❢ ❍❛r❞② s♣❛❝❡s ♦❢ r❡❧❛t✐✈✐st✐❝ α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s
✭❘❡♠❛r❦ ✺✳✹✳✶✷✮✳

✶✶✵



✺✳✷ Pr❡♣❛r❛t♦r② r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ s♦♠❡ r❡s✉❧ts✱ ✐♥t❡r❡st✐♥❣ ✐♥❞❡♣❡♥❞❡♥t❧②✱ t❤❛t
✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐♥ ♣r♦✈✐♥❣ t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤❡ ♣❛♣❡r✱ ❝♦♠✐♥❣ ✐♥ t❤❡ ♥❡①t
s❡❝t✐♦♥s✳

✺✳✷✳✶ ❯♥✐❢♦r♠ ❝♦♠♣❛r❛❜✐❧✐t② ♦❢ ●r❡❡♥ ❢✉♥❝t✐♦♥s ❛♥❞

P♦✐ss♦♥ ❦❡r♥❡❧s

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ R
d ❞❡♥♦t❡s t❤❡ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥ d ≥ 2✱

dy st❛♥❞s ❢♦r t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ R
d✳ ❲✐t❤♦✉t ❢✉rt❤❡r ♠❡♥t✐♦♥ ✇❡

✇✐❧❧ ♦♥❧② ❝♦♥s✐❞❡r ❇♦r❡❧✐❛♥ s❡ts✱ ♠❡❛s✉r❡s ❛♥❞ ❢✉♥❝t✐♦♥s ✐♥ R
d✳ ❇② x · y ✇❡

❞❡♥♦t❡ t❤❡ ❊✉❝❧✐❞❡❛♥ s❝❛❧❛r ♣r♦❞✉❝t ♦❢ x, y ∈ R
d✳ ❲r✐t✐♥❣ f ≈ g ✇❡ ♠❡❛♥

t❤❛t t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t C−1g ≤ f ≤ Cg✳ ❆s ✉s✉❛❧✱ a∧ b =
min(a, b) ❛♥❞ a ∨ b = max(a, b)✳ ❲❡ ❧❡t B(x, r) = {y ∈ R

d : |x − y| < r}✳
❋♦r U ⊂ R

d ✇❡ ❞❡♥♦t❡
δU(x) = dist(x, U c) ,

t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ U ✳

■♥ ✇❤❛t ❢♦❧❧♦✇s D ✐s ❛ ❜♦✉♥❞❡❞ C1,1 ❞♦♠❛✐♥✳

❋♦r r ≥ 0 ❞❡✜♥❡
Dr = {x ∈ D : δD(x) > r} .

❲❤❡♥ r ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✱ t❤❡♥ Dr ✐s ❛❧s♦ ❛ C1,1 ❞♦♠❛✐♥✱ s❡❡ ❬✽✾✱ ▲❡♠♠❛
✺❪✳

■♥ t❤❡ s❡q✉❡❧ ✇❡ ✇✐❧❧ ♦❢t❡♥ ✉s❡ t❤❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ ✭❬✽✷❪✱
❬✸✷❪✱ s❡❡ ❛❧s♦ ❬✻✺❪✮ ♦❢ ❛ C1,1 ❞♦♠❛✐♥

GD(y, z) ≈ |y − z|α−d

(
δD(y)α/2δD(z)α/2

|y − z|α ∧ 1

)
, ✭✺✳✺✮

❛♥❞ ♦❢ t❤❡ ▼❛rt✐♥ ❦❡r♥❡❧ ✭❬✸✸❪✮

MD(x,Q) ≈ δD(x)α/2

|x−Q|d . ✭✺✳✻✮

▼♦r❡♦✈❡r✱ ✐♥ t❤❡ st❛❜❧❡ ❝❛s❡✱ t❤❡ ❡st✐♠❛t❡s ✭✺✳✺✮ ❛r❡ ✉♥✐❢♦r♠ ✇❤❡♥ ✇❡ ❝♦♥s✐✲
❞❡r t❤❡ s❡ts Dr s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ D✱ ✐✳❡✳ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts c, r0 > 0
❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ D ❛♥❞ α s✉❝❤ t❤❛t ❢♦r ❛❧❧ r ∈ [0, r0] ❛♥❞ x, y ∈ Dr ✇❡
❤❛✈❡

c−1|y − z|α−d

(
δDr(y)

α/2δDr(z)
α/2

|y − z|α ∧ 1

)
≤ GDr(y, z) ✭✺✳✼✮

≤ c|y − z|α−d

(
δDr(y)

α/2δDr(z)
α/2

|y − z|α ∧ 1

)
,

✶✶✶



s❡❡ ❬✻✺✱ ❚❤❡♦r❡♠ ✷✶❪✳ ❲❡ ✇✐❧❧ ♥♦✇ s❤♦✇ ❛♥❛❧♦❣♦✉s ✉♥✐❢♦r♠✐t② ♦❢ ❝♦♥st❛♥ts
❢♦r t❤❡ ❢❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ✇✐t❤ ❛ ❣r❛❞✐❡♥t ♣❡rt✉r❜❛t✐♦♥✳

▲❡♠♠❛ ✺✳✷✳✶ ✭✐✮ ❚❤❡r❡ ❡①✐st ❝♦♥st❛♥ts c, r0 > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ D✱ α
❛♥❞ b s✉❝❤ t❤❛t ❢♦r ❛❧❧ r ∈ [0, r0] ❛♥❞ x, y ∈ Dr ✇❡ ❤❛✈❡

c−1GDr(x, y) ≤ G̃Dr(x, y) ≤ cGDr(x, y).

✭✐✐✮❚❤❡r❡ ❡①✐st ❝♦♥st❛♥ts C, r0 > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ D✱ α ❛♥❞ b s✉❝❤
t❤❛t ❢♦r ❛❧❧ r ∈ [0, r0]✱ x ∈ Dr ❛♥❞ y ∈ Dc

r ✇❡ ❤❛✈❡

C−1PDr(x, y) ≤ P̃Dr(x, y) ≤ CPDr(x, y).

Pr♦♦❢ ■♥ ♦r❞❡r t♦ s❤♦✇ ✭✐✮ ✇❡ ❢♦❧❧♦✇ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❚❤❡♦r❡♠ ✶ ✐♥ ❬✶✾❪✳
❲❡ ❛♥❛❧②s❡ ❜❡❧♦✇ ✐ts ❝r✉❝✐❛❧ ♣♦✐♥ts✳

✶✳ ❈♦♠♣❛r✐s♦♥ ♦❢ ●r❡❡♥ ❢✉♥❝t✐♦♥s G̃S(x, y) ❛♥❞ GS(x, y) ❢♦r ✧s♠❛❧❧✧
s❡ts S✱ ❬✶✾✱ ▲❡♠♠❛ ✶✸❪✱ ❜❛s❡❞ ♦♥ ❡st✐♠❛t❡s ❢r♦♠ ❬✶✾✱ ▲❡♠♠❛ ✶✶❪✳ ❚❤❛♥❦s
t♦ ♣r♦♣❡rt② ✭✺✳✼✮✱ ✇❡ s❡❡ t❤❛t t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ ●r❡❡♥ ❢✉♥❝t✐♦♥s G̃Sr(x, y)
❛♥❞ GSr(x, y) ❢♦r s♠❛❧❧ s❡ts S ❤♦❧❞s ✇✐t❤ ❛ ❝♦♠♠♦♥ ❝♦♥st❛♥t c✱ ✇❤❡♥
r ∈ [0, r0]✳

✷✳ ❍❛r♥❛❝❦ ✐♥❡q✉❛❧✐t✐❡s ❢♦r L ❛♥❞ t❤❡ ❇♦✉♥❞❛r② ❍❛r♥❛❝❦ Pr✐♥❝✐♣❧❡✱ ❬✶✾✱
▲❡♠♠❛s ✶✺✱ ✶✻❪✳ ❚❤❛♥❦s t♦ ✶✳✱ ✇❡ ❣❡t t❤❡♠ ✉♥✐❢♦r♠❧② ✇✐t❤ r❡s♣❡❝t t♦
r ∈ [0, r0]✳

✸✳ ◆♦✇ t❤❡ ♣r♦♦❢ ♦❢ ✭✐✮ ❢♦r ❛♥② C1,1 ❞♦♠❛✐♥ D ✐s t❤❡ s❛♠❡ ❛s ✐♥ ❙❡❝t✐♦♥
✺ ♦❢ ❬✶✾❪✳

❚❤❡ ♣❛rt ✭✐✐✮ ✐s ✐♠♣❧✐❡❞ ❜② ✭✐✮✱ ❛♣♣❧②✐♥❣ t❤❡ ■❦❡❞❛✲❲❛t❛♥❛❜❡ ❢♦r♠✉❧❛ ❢♦r
t❤❡ P♦✐ss♦♥ ❦❡r♥❡❧ P̃D✱ s❡❡ ❬✶✾✱ ▲❡♠♠❛ ✻ ❛♥❞ ✭✸✾✮❪✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ▲é✈②
s②st❡♠ ❢♦r t❤❡ ♣r♦❝❡ss X̃t ✐s ❣✐✈❡♥ ❜② t❤❡ ▲é✈② ♠❡❛s✉r❡ ♦❢ t❤❡ α✲st❛❜❧❡
♣r♦❝❡ss Xt✳

✷

❆♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✺✳✷✳✶ ❛♥❞ ❬✻✺✱ ❚❤❡♦r❡♠ ✷✷❪ ✐s t❤❡
❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ♦❢ t❤❡ P♦✐ss♦♥ ❦❡r♥❡❧ ♦❢ L ❢♦r Dr✳

❈♦r♦❧❧❛r② ✺✳✷✳✷ ❚❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C, r0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ D✱
α ❛♥❞ b s✉❝❤ t❤❛t ❢♦r ❛❧❧ r ∈ [0, r0]✱ x ∈ Dr ❛♥❞ y ∈ Dc

r ✇❡ ❤❛✈❡

C−1δ
α/2
Dr

(x)

δ
α/2
Dr

(y)(1 + δDr(y))
α/2|x− y|d

≤ P̃Dr(x, y) ≤
Cδ

α/2
Dr

(x)

δ
α/2
Dr

(y)(1 + δDr(y))
α/2|x− y|d

.

✺✳✷✳✷ ❉❡r✐✈❛t✐✈❡s ♦❢ t❤❡ P♦✐ss♦♥ ❦❡r♥❡❧ ❛♥❞ ♦❢ t❤❡ ●r❡❡♥

❢✉♥❝t✐♦♥ ❢♦r ∆α/2

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ ✉s❡❢✉❧ ❣r❛❞✐❡♥t ❡st✐♠❛t❡s ❢♦r t❤❡ P♦✐ss♦♥ ❦❡r♥❡❧
♦❢ α✲st❛❜❧❡ ♣r♦❝❡ss❡s✱ 0 < α < 2✳ ◆❡①t✱ ❢♦r 1 < α < 2✱ ✇❡ st✉❞② t❤❡
α✲❤❛r♠♦♥✐❝✐t② ♦❢ t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥✳

✶✶✷



❈♦♥s✐❞❡r ❛ ❜❛❧❧ B = B(ξ0, r) ⊂ B ⊂ D ❛♥❞ ❧❡t PB ❜❡ t❤❡ P♦✐ss♦♥ ❦❡r♥❡❧
♦❢ B

PB(x, y) = Cd
α

[
r2 − |x− ξ0|2
|y − ξ0|2 − r2

]α/2

|x− y|−d, x ∈ B, y ∈ B̄c ✭✺✳✽✮

❛♥❞ ❡q✉❛❧ t♦ ✵ ❡❧s❡✇❤❡r❡✳ ❇② ❬✷✶✱ ▲❡♠♠❛ ✸✳✶❪✱

|∇xPB(x, y)| ≤ (d+ α)
PB(x, y)

r − |x− ξ0|
, x ∈ B, y ∈ (B)c. ✭✺✳✾✮

❲❡ ✇✐❧❧ ♥♦✇ s❤♦✇ ❛♥❛❧♦❣♦✉s ❡st✐♠❛t❡ ❢♦r ❛r❜✐tr❛r② ♦♣❡♥ s❡ts✳

▲❡♠♠❛ ✺✳✷✳✸ ❙✉♣♣♦s❡ 0 < α < 2✳ ▲❡t U ❜❡ ❛♥ ❛r❜✐tr❛r② ♦♣❡♥ s❡t ✐♥ R
d

❛♥❞ ❧❡t PU(x, y) ❜❡ t❤❡ P♦✐ss♦♥ ❦❡r♥❡❧ ♦❢ ∆α/2 ❢♦r U ✳ ❚❤❡♥ ✇❡ ❤❛✈❡

|∇xPU(x, y)| ≤ (α+ d)
PU(x, y)

δU(x)
, x ∈ U , y ∈ (U)c. ✭✺✳✶✵✮

Pr♦♦❢ ❋♦r x ∈ U ❞❡♥♦t❡ Bx = B(x, δU(x))✳ ■♥ ✈✐❡✇ ♦❢ ❬✷✵✱ ✭✷✾✮❪ ✇❡ ❤❛✈❡

PU(x, y) = PBx(x, y) +

∫

Bc
x

PBx(x, z)PU(z, y)dz.

❇② ✭✺✳✾✮ ❛♥❞ ❜♦✉♥❞❡❞ ❝♦♥✈❡r❣❡♥❝❡ ✇❡ ❤❛✈❡

|∇xPU(x, y)| ≤ |∇xPBx(x, y)| + |∇x

∫

Bc
x

PBx(x, z)PU(z, y)dz|

≤ (d+ α)
PBx(x, y)

δU(x)
+

∫

Bc
x

|∇xPBx(x, z)|PU(z, y)dz ≤ (d+ α)
PU(x, y)

δU(x)
.
✷

❋r♦♠ ✭✺✳✾✮ ❛♥❞ t❤❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ✐t ❢♦❧❧♦✇s✱ t❤❛t ✐❢ f
✐s α✲❤❛r♠♦♥✐❝ ✐♥ D t❤❡♥

∂

∂xi

f(x) =

∫

Bc

∂

∂xi

PB(x, y)f(y) dy, i = 1, . . . , d. ✭✺✳✶✶✮

❚❤❡ ❡s✐t♠❛t❡ ✭✺✳✾✮ ❛♥❞ ❢♦r♠✉❧❛ ✭✺✳✶✶✮ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✭s❡❡ ❬✷✶✱
▲❡♠♠❛ ✸✳✷❪✮✳

▲❡♠♠❛ ✺✳✷✳✹ ▲❡t U ❜❡ ❛♥ ❛r❜✐tr❛r② ♦♣❡♥ s❡t ✐♥ R
d ❛♥❞ ❧❡t α ∈ (0, 2)✳ ❋♦r

❡✈❡r② ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ u ♦♥ R
d ✇❤✐❝❤ ✐s α✲❤❛r♠♦♥✐❝ ✐♥ U ✇❡ ❤❛✈❡

|∇u(x)| ≤ d
u(x)

δU(x)
, x ∈ U . ✭✺✳✶✷✮

✶✶✸



❙✐♥❝❡ GU(·, y) ✐s α✲❤❛r♠♦♥✐❝ ✐♥ U \ {y}✱ ❢♦r ❡✈❡r② y ∈ U ✇❡ ♦❜t❛✐♥

|∇xGU(x, y)| ≤ d
GU(x, y)

δU(x) ∧ |x− y| , x, y ∈ U, x 6= y . ✭✺✳✶✸✮

■♥ t❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ GD ❛r❡ ❛❧s♦
α✲❤❛r♠♦♥✐❝ ❢♦r α ∈ (1, 2)✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✺ ❙✉♣♣♦s❡ t❤❛t α ∈ (1, 2)✳
✭❛✮ ❋✐① z ∈ D✳ ❚❤❡♥ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ∂

∂xj
GD(x, z) ✐s s✐♥❣✉❧❛r α✲

❤❛r♠♦♥✐❝ ✐♥ x ♦♥ D \ {z}.
✭❜✮ ❋✐① x ∈ D✳ ❚❤❡♥ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ∂

∂xj
GD(x, z) ✐s r❡❣✉❧❛r α✲

❤❛r♠♦♥✐❝ ✐♥ z ♦♥ D \B(x, r) ❢♦r ❡✈❡r② r > 0✳

Pr♦♦❢ ✭❛✮ ▲❡t x ∈ D\{z}. ❈♦♥s✐❞❡r ❛ ❜❛❧❧ B = B(ξ0, r) ⊂ B̄ ⊂ D\{z} ❛♥❞
❧❡t PB ❜❡ t❤❡ P♦✐ss♦♥ ❦❡r♥❡❧ ♦❢ B ✭s❡❡ ✭✺✳✽✮✳ ❚❤❡ ❢✉♥❝t✐♦♥ x → GD(x, z)
✐s α✲❤❛r♠♦♥✐❝ ♦♥ D \ {z} ❝♦♥t❛✐♥✐♥❣ B̄✳ ❚❤❡r❡ ❡①✐sts s0 > 0 s✉❝❤ t❤❛t ❢♦r
s ∈ R s❛t✐s❢②✐♥❣ 0 < |s| < s0

GD(x+ sej, z) =

∫

B(ξ0+sej ,r)c

PB(ξ0+sej ,r)(x+ sej, y)GD(y, z)dy

=

∫

B(ξ0+sej ,r)c

PB(ξ0,r)(x, y − sej)GD(y, z)dy

=

∫

B(ξ0,r)c

PB(ξ0,r)(x, y)GD(y + sej, z)dy

❛♥❞ ❝♦♥s❡q✉❡♥t❧②✱

GD(x+ sej, z) −GD(x, z)

s
=

∫

Bc

PB(x, y)
GD(y + sej, z) −GD(y, z)

s
dy.

✭✺✳✶✹✮
◆♦✇ ✇❡ t❛❦❡ ❧✐♠✐t ✇❤❡♥ s→ 0 ✐♥ t❤❡ ❢♦r♠✉❧❛ ✭✺✳✶✹✮✳ ■♥ ♦r❞❡r t♦ ❥✉st✐❢② t❤❡
♣❛ss❛❣❡ ✇✐t❤ t❤❡ ❧✐♠✐t ✉♥❞❡r t❤❡ ✐♥t❡❣r❛❧ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✺✳✶✹✮
✇❡ ✉s❡ ✭✺✳✺✮ ❛♥❞ ✭✺✳✶✸✮✳

▲❡t 0 < s < s0 ❜❡ ✜①❡❞✳ ❈❤♦♦s❡ δ > 0 s✉❝❤ t❤❛t B(z, δ) ⊂ D2s0 ❛♥❞
B(z, 2δ)∩B(ξ0, r) = ∅✳ ❋♦r y ∈ D ∩ (B(ξ0, r)

c \ (z + Rej)) ✇❡ ❝♦♥s✐❞❡r t❤❡
❢♦❧❧♦✇✐♥❣ ❝❛s❡s✳

✶✳ y ∈ D2s ❛♥❞ |y−z| ≥ δ✳ ❇② t❤❡ ❣r❛❞✐❡♥t ❡st✐♠❛t❡s ❛♥❞ ✭✺✳✺✮ ✇❡ ❤❛✈❡
∣∣∣∣
GD(y + sej, z) −GD(y, z)

s

∣∣∣∣ ≤
1

s

∫ s

0

|∇GD(y + tej, z)|dt

≤ C

s

∫ s

0

δD(y + tej)
α/2−1dt ≤ C(δD(y) − s)α/2−1 ≤ C(δD(y)/2)α/2−1.

✶✶✹



✷✳ y ∈ D \D2s✱ s♦ |y − z| ≥ δ✳ ❚❤❡♥ δD(y) ≤ 2s ❛♥❞ ✇❡ ❣❡t

GD(y + sej, z)

s
≤ C

δD(y + sej)
α/2

s
≤ C

(δD(y) + s)α/2

s

≤ C3α/2sα/2−1 ≤ CδD(y)α/2−1,

❛♥❞ s✐♠✐❧❛r❧② GD(y,z)
s

≤ CδD(y)α/2−1✳
✸✳ y ∈ B(z, δ) ❛♥❞ |y − z| > 2s✳ ❲❡ ❤❛✈❡

∣∣∣∣
GD(y + sej, z) −GD(y, z)

s

∣∣∣∣ ≤
1

s

∫ s

0

|∇GD(y + tej, z)|dt

≤ C

s

∫ s

0

|y + tej − z|α−1−ddt ≤ C(|y − z| − s)α−1−d ≤ C|y − z|α−1−d.

✹✳ y ∈ B(z, δ) ❛♥❞ |y − z| ≤ 2s✳ ❚❤❡♥

GD(y + sej, z)

s
≤ C|y + sej − z|α−ds−1 ≤ C|y + sej − z|α−d|y − z|−1

≤ C|y + sej − z|α−1−d + C|y − z|α−1−d,

❛♥❞ GD(y,z)
s

≤ C|y − z|α−1−d✳

❲❡ r❡♠❛r❦ t❤❛t ✐♥ ❛❧❧ ❝❛s❡s t❤❡ ❝♦♥st❛♥ts ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ s ∈ (0, s0) ❛♥❞
y ∈ D ∩ (B(ξ0, r)

c \ (z + Rej))✳ ❚❤❡ ❛r❣✉♠❡♥t ✐s ✐❞❡♥t✐❝❛❧ ❢♦r s ∈ (−s0, 0)✳
❲❡ ✜♥❛❧❧② ♦❜t❛✐♥
∣∣∣∣
GD(y + sej, z) −GD(y, z)

s

∣∣∣∣ ≤ C(δD(y)α/2−1+|y+sej−z|α−1−d+|y−z|α−1−d),

❛♥❞ t❤❡ ❧❛st t❡r♠ ✐s ✉♥✐❢♦r♠❧② ✐♥ s ✐♥t❡❣r❛❜❧❡ ❛❣❛✐♥st PB(ξ0,r)(x, y)dy ✇❤❡♥
1 < α < 2✳ ■t ♥♦✇ ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✶✹✮ t❤❛t

∂

∂xj

GD(x, z) =

∫

Bc

PB(x, y)
∂

∂yj

GD(y, z)dy,

s♦ t❤❡ ❢✉♥❝t✐♦♥ x→ ∂
∂xj
GD(x, z)✱ x ∈ D✱ ✐s s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝ ♦♥ D\{z}✳

✭❜✮ ■t s✉✣❝❡s t♦ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ B(x, r) ⊂ D✳ ❲❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t
t❤❡ ❢✉♥❝t✐♦♥ GD(x, z) ✐s r❡❣✉❧❛r α✲❤❛r♠♦♥✐❝ ✐♥ z ♦♥ V = D \ B(x, r)✱ s❡❡
❡✳❣✳ ❬✶✵✱ ♣✳ ✷✸✶❪✳ ❚❤✉s✱ ❢♦r z ∈ V = D \B(x, r)

GD(x, z) =

∫

V c

PV (z, w)GD(x,w)dw =

∫

B(x,r)

PV (z, w)GD(x,w)dw.

✶✶✺



■t ❢♦❧❧♦✇s t❤❛t

GD(x+ sej, z) −GD(x, z)

s
=

∫

B(x,r)

PV (z, w)
GD(x+ sej, w) −GD(x,w)

s
dw.

✭✺✳✶✺✮
▲❡t 0 < |s| < r/2 ❛♥❞ w ∈ B(x, r) \ (x + Rej)✳ ❲❡ ❡st✐♠❛t❡ t❤❡ q✉♦✲
t✐❡♥t GD(x+sej ,w)−GD(x,w)

s
✱ s✐♠✐❧❛r❧② t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣❛rt ✭❛✮ ✸✳ ❛♥❞ ✹✳✱

s❡♣❛r❛t❡❧② ❢♦r |w − x| > 2|s| ❛♥❞ |w − x| ≤ 2|s|✳ ❲❡ ♦❜t❛✐♥
∣∣∣∣
GD(x+ sej, w) −GD(x,w)

s

∣∣∣∣ ≤ C(|x+ sej − w|α−1−d + |x− w|α−1−d).

❚❤❡ ❧❛st t❡r♠ ✐s ✉♥✐❢♦r♠❧② ✐♥ s ✐♥t❡❣r❛❜❧❡ ❛❣❛✐♥st PV (z, w)dw ♦♥ B(x, r)✳
❇② ✭✺✳✶✺✮ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

∂

∂xj

GD(x, z) =

∫

V c

PV (z, w)
∂

∂xj

GD(x,w)dw.
✷

❘❡♠❛r❦ ✺✳✷✳✻ ■t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❞✐s❝✉ss t❤❡ q✉❡st✐♦♥ ♦❢ α✲❤❛r♠♦♥✐❝✐t②
♦❢ ∂f

∂xj
❢♦r ❛♥② ♥♦♥✲♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ f s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝ ♦♥ D✳ ❆❧r❡❛❞②

t❤❡ ❡①❛♠♣❧❡ f(x) = MB(x,Q)✱ Q ∈ ∂B ❛♥❞ B ✐s ❛ ❜❛❧❧✱ s❤♦✇s t❤❛t t❤❡
α✲❤❛r♠♦♥✐❝✐t② ♦❢ ∂f

∂xj
♠✉st ❜❡ r❡❞❡✜♥❡❞ ✇❤❡♥ ∂f

∂xj
✐s ❛ ❞✐str✐❜✉t✐♦♥✳

✺✳✷✳✸ ❆ ✉♥✐❢♦r♠ ✐♥t❡❣r❛❜✐❧✐t② r❡s✉❧t

❖♥❡ ♦❢ t❤❡ ✐♠♣♦rt❛♥t r❡s✉❧ts ♦❢ ❬✶✾❪ ✐s

▲❡♠♠❛ ✺✳✷✳✼ GD(y, w)/[δ(w)∧|y−w|] ✐s ✉♥✐❢♦r♠❧② ✐♥ y ✐♥t❡❣r❛❜❧❡ ❛❣❛✐♥st
|b(w)|dw✳
■♥ t❤❡ ♥❡①t ❧❡♠♠❛ ✇❡ ✇✐❧❧ s❤♦✇ ❛ s✐♠✐❧❛r ♣r♦♣❡rt② ❢♦r t❤❡ ❢❛♠✐❧② ♦❢ ❢✉♥❝t✐♦♥s
GD2−n (x,w)MD(w,Q)δD2−n (w)−1✳

▲❡♠♠❛ ✺✳✷✳✽ ▲❡t x ∈ D ❜❡ ✜①❡❞✳ ❚❤❡r❡ ❡①✐sts N = N(D, x) ∈ N s✉❝❤
t❤❛t t❤❡ ❢✉♥❝t✐♦♥s

GD2−n (x,w)MD(w,Q)δD2−n (w)−1

❛r❡ ✉♥✐❢♦r♠❧② ✐♥ Q ∈ ∂D ❛♥❞ n > N ✐♥t❡❣r❛❜❧❡ ❛❣❛✐♥st |b(w)|dw✳
Pr♦♦❢ ■♥ ✈✐❡✇ ♦❢ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ D ❛♥❞ ♦❢ t❤❡ ❡st✐♠❛t❡s ♦❢ GD2−n (x,w)
❛♥❞ MD(w,Q)✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ N = N(D, x) ∈ N s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ s✉❝❤
t❤❛t ❢♦r ❛❧❧ n > N ✇❡ ❤❛✈❡

GD2−n (x,w)MD(w,Q)

δD2−n (w)
≤

c1D2−n (w)δD(w)α/2

δD2−n (w)1−α/2|w −Q|d|w − x|d−α

✶✶✻



≤ c̃1D2−n (w)

(
|w − x|α−d +

δD(w)α/2

δD2−n (w)1−α/2|w −Q|d
)
,

✇❤❡r❡ c ❛♥❞ c̃ ❞❡♣❡♥❞s ♦♥❧② ♦♥D,α ❛♥❞ x✳ ❚❤❡ ✜rst t❡r♠ ✐♥ t❤❡ ♣❛r❡♥t❤❡s❡s
✐s ✐♥t❡❣r❛❜❧❡ ❛❣❛✐♥st |b(w)|dw ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ Q, n✱ s♦ ✇❡ ♦♥❧② ♥❡❡❞ t♦
❝♦♥s✐❞❡r t❤❡ s❡❝♦♥❞ ♦♥❡✳ ❋♦r w ∈ D2−N ❛♥❞ Q ∈ ∂D ✇❡ ❤❛✈❡

δD(w)α/2

δD2−n (w)1−α/2|w −Q|d ≤ diam(D)α/22(N+1)(d+1−α/2),

❛♥❞ ❢♦r w ∈ D2−n \D2−N ✱ Q ∈ ∂D ✇❡ ❣❡t

δD(w)α/2

δD2−n (w)1−α/2|w −Q|d =
(δD2−n (w) + 2−n)α/2

δD2−n (w)1−α/2|w −Q|d

≤ 2α/2

(
|w −Q|α−d−1 +

2−nα/2

δD2−n (w)1−α/2|w −Q|d
)
.

❙✐♥❝❡ 1D2−n (w)|w−Q|α−d−1 ✐s ✉♥✐❢♦r♠❧② ✐♥Q, n ✐♥t❡❣r❛❜❧❡ ❛❣❛✐♥st |b(w)|dw✱
✇❡ ❝❛♥ r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ ❢✉♥❝t✐♦♥

Hn(w,Q) =
2−nα/2

1D2−n (w)

δD2−n (w)1−α/2|w −Q|d

▲❡t R > N ✱ R ∈ N✳ ❋♦r k,m, n ∈ N✱ k ≥ R✱ m ≥ N ✱ n > N ✇❡ ❞❡✜♥❡

W n
k,m(Q,R) =

{
w ∈ D2−n :

1

2k+1
< δD2−n (w) ≤ 1

2k
,

1

2m+1
< |w −Q| ≤ 1

2m

}
,

W n
k (Q,R) =

{
w ∈ D2−n :

1

2k+1
< δD2−n (w) ≤ 1

2k
, |w −Q| > 1

2N

}
.

❲❡ ♥♦t❡ t❤❛t W n
k,m(Q,R) = ∅ ❢♦r k < m ♦r m ≥ n✳ W n

k,m(Q,R) ❝❛♥ ❜❡
❝♦✈❡r❡❞ ❜② c1(2

k−m)d−1 ❜❛❧❧s ♦❢ r❛❞✐✐ 2−k✱ ✇❤❡r❡ c1 = c1(D)✳ ❋♦r r > 0
❞❡♥♦t❡

Kr = sup
z∈Rd

∫

B(z,r)

|b(w)||z − w|α−d−1dw.

❚❤❡♥ Kr → 0 ❛s r ↓ 0✳ ❲❡ ❤❛✈❡
∫

W n
k,m(Q,R)

Hn(w,Q)|b(w)|dw

≤ (2k+1)1−α/2(2m+1)d2−nα/2c1(2
k−m)d−1 sup

z∈D

∫

B(z,2−k)

|b(w)|dw

≤ (2k+1)1−α/2(2m+1)d2−nα/2c1(2
k−m)d−1(2k)α−d−1K2−k

≤ c2K2−R(2k)α/2−12m2−nα/2,

✶✶✼



✇❤❡r❡ c2 = c2(D, b, α)✳ ❋✉rt❤❡r♠♦r❡✱W n
k (Q,R) ❝❛♥ ❜❡ ❝♦✈❡r❡❞ ❜② c3(2k)d−1

❜❛❧❧s ♦❢ r❛❞✐✐ 2−k✱ ✇❤❡r❡ c3 = c3(D)✱ ❛♥❞ t❤✉s
∫

W n
k (Q,R)

Hn(w,Q)|b(w)|dw

≤ (2k+1)1−α/22Nd2−nα/2c3(2
k)d−1 sup

z∈D

∫

B(z,2−k)

|b(w)|dw

≤ (2k+1)1−α/22Nd2−nα/2c3(2
k)d−1(2k)α−d−1K2−k

≤ c4K2−R(2k)α/2−12−nα/2,

✇❤❡r❡ c4 = c4(D, b, α)✳ ▲❡t An
R =

{
w ∈ D2−n : δD2−n (w) ≤ 2−R

}
✳ ❚❤❡♥

An
R =

∞∑

k=R

W n
k (Q,R) +

n−1∑

m=N

∞∑

k=R∨m

W n
k,m(Q,R),

❛♥❞ ✇❡ ♦❜t❛✐♥ ∫

An
R

Hn(w,Q)|b(w)|dw

≤ c4K2−R2−nα/2

∞∑

k=R

(2k)α/2−1 +
n−1∑

m=N

∞∑

k=R∨m

c2K2−R(2k)α/2−12m2−nα/2

≤ c5K2−R

(
2−nα/2(2R)α/2−1 +

n−1∑

m=N

(2n−m)−α/2

)
≤ c6K2−R ,

✇❤❡r❡ c6 = c6(D, b, α)✳ ❋♦r w ∈ D2−n \ An
R ✇❡ ❤❛✈❡

Hn(w,Q) < 2−nα/2(2R)1−α/2

(
1

2R
+

1

2n

)−d

< 4dR,

s♦ Bn
R(Q) :=

{
w : Hn(w,Q) > 4dR

}
⊂ An

R ❢♦r ❛❧❧ Q ∈ ∂D ❛♥❞ n > N ✳
❚❤❡r❡❢♦r❡

lim
R→∞

sup
Q∈∂D,n>N

∫

Bn
R(Q)

Hn(w,Q)|b(w)|dw ≤ lim
R→∞

c6K2−R = 0.
✷

✺✳✸ ▼❛rt✐♥ ❦❡r♥❡❧ ❛♥❞ ▼❛rt✐♥ r❡♣r❡s❡♥t❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❞✐s❝✉ss t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
▼❛rt✐♥ ❦❡r♥❡❧ ♦❢ L ❢♦rD ❛♥❞ t❤❡ ▼❛rt✐♥ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r ♣♦s✐t✐✈❡ s✐♥❣✉❧❛r
L✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦♥ D✳

✶✶✽



✺✳✸✳✶ ❊①✐st❡♥❝❡ ❛♥❞ P❡rt✉r❜❛t✐♦♥ ❢♦r♠✉❧❛ ❢♦r t❤❡ L✲
▼❛rt✐♥ ❦❡r♥❡❧

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ L✲▼❛rt✐♥ ❦❡r♥❡❧✱ ✇❡ ✇✐❧❧ ♥❡❡❞ t❤❡
❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ♦❢ t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥✳

▲❡♠♠❛ ✺✳✸✳✶ ❋♦r ❛❧❧ x ∈ D ❛♥❞ Q ∈ ∂D ✇❡ ❤❛✈❡

lim
y→Q

∇xGD(x, y)

GD(x0, y)
= ∇xMD(x,Q).

Pr♦♦❢ ▲❡t z ∈ D,Q ∈ ∂D ❛♥❞ ❝❤♦♦s❡ r > 0 s✉❝❤ t❤❛t B(z, r) ⊂ D
❛♥❞ B(z, r) ∩ B(Q, r) = ∅✳ ❙✐♥❝❡ GD(·, y) ✐s α✲❤❛r♠♦♥✐❝ ✐♥ B(z, r) ❢♦r
y ∈ B(Q, r) ∩D✱ ❜② ✭✺✳✶✶✮✱ ✇❡ ❤❛✈❡

∇xGD(x, y)

GD(x0, y)
= ∇x

∫

B(z,r)c

PB(z,r)(x,w)
GD(w, y)

GD(x0, y)
dw

=

∫

B(z,r)c

∇xPB(z,r)(x,w)
GD(w, y)

GD(x0, y)
dw, x ∈ B(z, r).

❋✉rt❤❡r♠♦r❡✱ ❜② ✭✺✳✾✮ ❛♥❞ ✭✺✳✺✮✱

|∇xPB(z,r)(x,w)|GD(w, y)

GD(x0, y)
≤ C

PB(z,r)(x,w)

r − |x− z|
GD(w, y)

δD(y)α/2
.

❲❡ ♥♦✇ ✉s❡ t❤❡ ❡st✐♠❛t❡ ❬✶✾✱ ✭✷✺✮❪ ❛♥❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝❛s❡s δD(w) >

|w−y| ❛♥❞ δD(w) ≤ |w−y| ✇❡ ❣❡t GD(w,y)

δD(y)α/2 ≤ C|w−y|α/2−d✳ ❍❡♥❝❡ t❤❡ ❧❛st
t❡r♠ ✐s ✉♥✐❢♦r♠❧② ✐♥ y ∈ B(Q, r/2) ∩D ✐♥t❡❣r❛❜❧❡ ❛❣❛✐♥st dw✱ ❛♥❞ t❤✉s

lim
y→Q

∫

B(z,r)c

∇xPB(z,r)(x,w)
GD(w, y)

GD(x0, y)
dw

=

∫

B(z,r)c

∇xPB(z,r)(x,w)MD(w,Q)dw = ∇xMD(x,Q).

❚❤❡ ❧❛st ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✶✶✮ ❛♥❞ t❤❡ α✲❤❛r♠♦♥✐❝✐t② ♦❢ t❤❡ ▼❛rt✐♥
❦❡r♥❡❧✳

❆❧t❡r♥❛t✐✈❡ ♣r♦♦❢✳ ▲❡♠♠❛ ✺✳✸✳✶ ❝❛♥ ❜❡ ❛❧s♦ ❥✉st✐✜❡❞ ❜② ✉s✐♥❣ t❤❡ ❝❧❛s✲
s✐❝❛❧ t❤❡♦r❡♠ ♦❢ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥ s❡q✉❡♥❝❡s✳ ❆s

lim
y→Q

GD(z, y)

GD(x0, y)
= M(z,Q),

✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t t❤❡ ❢✉♥❝t✐♦♥s
∇GD(z, y)

GD(x0, y)
❝♦♥✈❡r❣❡ ❧♦❝❛❧❧② ✉♥✐❢♦r♠❧②

✇✳r✳ t♦ z ✇❤❡♥ y → Q✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡② s❛t✐s❢② t❤❡ ❈❛✉❝❤② ❝♦♥❞✐t✐♦♥

✶✶✾



❧♦❝❛❧❧② ✉♥✐❢♦r♠❧② ✐♥ z✱ ✐✳❡✳ ❢♦r ❛♥② z0 ∈ D ❛♥❞ ǫ > 0 t❤❡r❡ ❡①✐st η > 0 ❛♥❞
δ > 0 s✉❝❤ t❤❛t

sup
z∈B(z0,η)

sup
y,y′∈B(Q,δ)∩D

∣∣∣∣
∇GD(z, y)

GD(x0, y)
− ∇GD(z, y′)

GD(x0, y′)

∣∣∣∣ < ǫ. ✭✺✳✶✻✮

❇② Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✺✭❜✮✱ t❤❡ ❢✉♥❝t✐♦♥ ∇zGD(z, y) ✐s r❡❣✉❧❛r α✲❤❛r♠♦♥✐❝ ✐♥
y ♦♥ D\B(z, r0)✱ ❢♦r ❛♥② z ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ z0 ❝♦♥t❛✐♥❡❞ ✐♥ D\B(Q, ǫ0)
❛♥❞ ❛ s✉✣❝✐❡♥t❧② s♠❛❧❧ r0✳ ❚❤❡♥ ✭✺✳✶✻✮ ❢♦❧❧♦✇s ❢r♦♠ ❛ ❧♦❝❛❧ ✈❡rs✐♦♥ ♦❢ ❇❍P✱
s❡❡ ❬✶✵✱ ▲❡♠♠❛ ✸❪✳

✷

▲❡♠♠❛ ✺✳✸✳✶ ❛❧❧♦✇s ✉s t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✺✳✸✳✷ ▲❡t x ∈ D ❛♥❞ Q ∈ ∂D✳ ▲❡t MD(x,Q) ❜❡ t❤❡ ▼❛rt✐♥
❦❡r♥❡❧ ♦❢ D ❢♦r ∆α/2✳ ❉❡♥♦t❡

lD(x,Q) = MD(x,Q) +

∫

D

G̃D(x, z)b(z) · ∇zMD(z,Q)dz

❚❤❡ ❢✉♥❝t✐♦♥ lD(x,Q) ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❢♦r x ∈ D ❛♥❞ Q ∈ ∂D ❛♥❞ lD(x,Q) >
0✳ ▼♦r❡♦✈❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♠✐t ❡①✐sts ❛♥❞ ❡q✉❛❧s

lim
y→Q

G̃D(x, y)

G̃D(x0, y)
=

lD(x,Q)

lD(x0, Q)
.

❚❤✉s t❤❡ ▼❛rt✐♥ ❦❡r♥❡❧ ♦❢ D ❢♦r L = ∆α/2 + b · ∇ ❡①✐sts ❛♥❞ ❡q✉❛❧s

M̃D(x,Q) =
1

lD(x0, Q)

[
MD(x,Q) +

∫

D

G̃D(x, z)b(z) · ∇zMD(z,Q)dz

]
.

✭✺✳✶✼✮

Pr♦♦❢ ❲❡ ❞✐✈✐❞❡ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❢♦r♠✉❧❛ ✭✺✳✹✮ ❢♦r t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥
G̃D(x, y) ❜② GD(x0, y) ❛♥❞ ❧❡t y → Q✳

❚❤❡ ❡①❝❤❛♥❣❡ ♦❢ limy→Q ❛♥❞
∫

D
✐s ❥✉st✐✜❡❞ ❜② ▲❡♠♠❛ ✶✶ ♦❢ ❬✶✾❪✱ s❡❡ t❤❡

❢♦r♠✉❧❛ ✭✹✾✮ ✐♥ ✐ts ♣r♦♦❢✳ ◆♦t❡ t❤❛t ❜② t❤❡ ❇♦✉♥❞❛r② ❍❛r♥❛❝❦ Pr✐♥❝✐♣❧❡✱
GD(x0, y) ≈ GD(x, y) ✇❤❡♥ y ∈ B(Q, ǫ0)✱ ❛ s✉✣❝✐❡♥t❧② s♠❛❧❧ ❜❛❧❧ ❛r♦✉♥❞
Q✳ ❲❡ ❛❧s♦ ✉s❡ t❤❡ ❡st✐♠❛t❡s ✭✺✳✺✮✱ ✭✺✳✶✸✮ ❛♥❞ ✭✺✳✷✮✳

❚❤❡ ❡①❝❤❛♥❣❡ ♦❢ limy→Q ❛♥❞ ∇z ✐s ❥✉st✐✜❡❞ ❜② ▲❡♠♠❛ ✺✳✸✳✶✳ ❋✐♥❛❧❧②

lim
y→Q

G̃D(x, y)

GD(x0, y)
= MD(x,Q) +

∫

D

G̃D(x, z)b(z) · ∇MD(z,Q) = lD(x,Q).

❚❤❡ str✐❝t ♣♦s✐t✐✈✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥ lD(x,Q) ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✷✮✱ ✇❤✐❝❤ ✐♠✲
♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts a > 0 s✉❝❤ t❤❛t

lD(x,Q) ≥ aMD(x,Q) > 0. ✭✺✳✶✽✮

✶✷✵



◆♦✇ ✇❡ ❝♦♥s✐❞❡r t❤❡ q✉♦t✐❡♥t

G̃D(x, y)

G̃D(x0, y)
=

G̃D(x, y)

GD(x0, y)

GD(x0, y)

G̃D(x0, y)
→ lD(x,Q)

lD(x0, Q)
,

✇❤❡♥ y → Q✳
✷

❉✐r❡❝t❧② ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ M̃D(x,Q) ❛♥❞ ✭✺✳✷✮ ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦♠♣❛r❛✲
❜✐❧✐t② ♦❢ t❤❡ ▼❛rt✐♥ ❦❡r♥❡❧s MD ❛♥❞ M̃D✳

❈♦r♦❧❧❛r② ✺✳✸✳✸ ❚❤❡r❡ ✐s ❛ ❝♦♥st❛♥t c s✉❝❤ t❤❛t ❢♦r ❛❧❧ x ∈ D ❛♥❞ Q ∈
∂D✱

c−1MD(x,Q) ≤ M̃D(x,Q) ≤ cMD(x,Q). ✭✺✳✶✾✮

✺✳✸✳✷ Pr♦♣❡rt✐❡s ♦❢ t❤❡ L✲▼❛rt✐♥ ❦❡r♥❡❧

▲❡♠♠❛ ✺✳✸✳✹ ❈♦♥s✐❞❡r ❛ C1,1 ❞♦♠❛✐♥ U ⊂ U ⊂ D✳
✭✐✮ ✭P❡rt✉r❜❛t✐♦♥ ❢♦r♠✉❧❛ ❢♦r t❤❡ P♦✐ss♦♥ ❦❡r♥❡❧✮ ❋♦r ❛❧❧ x ∈ U, z ∈
(U)c

P̃U(x, z) = PU(x, z) +

∫

U

G̃U(x,w)b(w) · ∇PU(w, z)dw. ✭✺✳✷✵✮

✭✐✐✮ ▲❡t Q ∈ ∂D✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ L✲P♦✐ss♦♥ ✐♥t❡✲
❣r❛❧ ♦❢ t❤❡ ▼❛rt✐♥ ❦❡r♥❡❧ MD ✿

P̃UMD(x,Q) :=

∫

Uc

P̃U(x, y)MD(y,Q)dy

= MD(x,Q) +

∫

U

G̃U(x, z)b(z) · ∇MD(z,Q)dz, x ∈ U.

✭✺✳✷✶✮

Pr♦♦❢ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❛♣♣❧② t❤❡ ■❦❡❞❛✲❲❛t❛♥❛❜❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ P♦✐s✲
s♦♥ ❦❡r♥❡❧s P̃U ❛♥❞ PU ✳ ❇② ✭✺✳✹✮ ❛♥❞ ❋✉❜✐♥✐✬s t❤❡♦r❡♠✱ ❢♦r ❛♥② x ∈ U ❛♥❞
z ∈ U c✱

P̃U(x, z) =

∫

U

Ad,α
G̃U(x, y)

|z − y|d+α
dy

=

∫

U

Ad,α

|z − y|d+α

[
GU(x, y) +

∫

U

G̃U(x,w)b(w) · ∇GU(w, y)dw

]
dy

= PU(x, z) +

∫

U

G̃U(x,w)b(w) · ∇PU(w, z)dw.

❋♦r t❤❡ ♥❡❝❡ss❛r② ❡①❝❤❛♥❣❡s ♦❢ ♦r❞❡r ♦❢ ✐♥t❡❣r❛t✐♦♥ ❛♥❞ ❞❡r✐✈❛t✐♦♥ ✐♥ t❤❡
❧❛st ❢♦r♠✉❧❛✱ ✇❡ ❛♣♣❧② ✭✺✳✶✸✮✱ ✭✺✳✷✮✱ ▲❡♠♠❛ ✺✳✷✳✼ ❛♥❞ ❜♦✉♥❞❡❞ ❝♦♥✈❡r❣❡♥❝❡

✶✷✶



t❤❡♦r❡♠✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ ✭✐✐✮✱ ✇❡ ✉s❡ ✭✐✮ ❛♥❞ ✐♥s❡rt t❤❡ ❢♦r♠✉❧❛ ✭✺✳✷✵✮ ✐♥∫
Uc P̃U(x, y)MD(y,Q)dy✳ ❲❡ ♦❜t❛✐♥

∫

Uc

P̃U(x, y)MD(y,Q)dy = MD(x,Q) +

∫

U

G̃U(x, z)b(z) · ∇MD(z,Q)dz

■♥ t❤❡ ❧❛st ❡q✉❛❧✐t② t❤❡ ✉s❡ ♦❢ ❋✉❜✐♥✐ t❤❡♦r❡♠ ❛♥❞ t❤❡ ❡①❝❤❛♥❣❡ ♦❢
∫

❛♥❞
∇ ❛r❡ ❥✉st✐✜❡❞ ❜② ✭✺✳✶✵✮✱ ✭✺✳✻✮✱ ▲❡♠♠❛ ✺✳✷✳✼ ❛♥❞ ❜♦✉♥❞❡❞ ❝♦♥✈❡r❣❡♥❝❡✳

✷

▲❡♠♠❛ ✺✳✸✳✺ ❚❤❡ ▼❛rt✐♥ ❦❡r♥❡❧ M̃D(·, ·) ✐s ❥♦✐♥t❧② ❝♦♥t✐♥✉♦✉s ♦♥ D×∂D✳

Pr♦♦❢ ❇② ❚❤❡♦r❡♠ ✺✳✸✳✷ ❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ MD(·, ·)✱ ✐t s✉✣❝❡s t♦ s❤♦✇
t❤❡ ❥♦✐♥t ❝♦♥t✐♥✉✐t② ♦♥ D × ∂D ♦❢ t❤❡ ❢✉♥❝t✐♦♥

f(x,Q) =

∫

D

G̃D(x, z)b(z) · ∇MD(z,Q)dz.

▲❡t z ∈ D✳ ❇② ✭✺✳✶✶✮ ❛♥❞ t❤❡ α✲❤❛r♠♦♥✐❝✐t② ♦❢ MD(·, Q)✱ ❢♦r r > 0 s✉✣✲
❝✐❡♥t❧② s♠❛❧❧✱ ✇❡ ❤❛✈❡

∇MD(z,Q) = ∇
∫

B(z,r)c

PB(z,r)(z, w)MD(w,Q)dy

=

∫

B(z,r)c

∇PB(z,r)(z, w)MD(w,Q)dw.

❋r♦♠ ✭✺✳✾✮ ❛♥❞ ✭✺✳✻✮ ✐t ❢♦❧❧♦✇s✱ t❤❛t∇PB(z,r)(z, w)MD(w,Q) ✐s ✉♥✐❢♦r♠❧② ✐♥
Q ✐♥t❡❣r❛❜❧❡ ❛❣❛✐♥st dw✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ∇MD(z, ·) ✐s ❝♦♥t✐♥✉♦✉s ♦♥ ∂D
❢♦r ❡✈❡r② z ∈ D✳ ▲❡t ♥♦✇ x ∈ D ❛♥❞ ❝❤♦♦s❡ r > 0 s✉❝❤ t❤❛t B(x, r) ⊂ D✳
❇② ✭✺✳✷✮✱ ✭✺✳✺✮✱ ✭✺✳✶✷✮ ❛♥❞ ✭✺✳✻✮✱ ❢♦r ❛❧❧ y ∈ B(x, r)✱ z ∈ D ❛♥❞ Q ∈ ∂D✱
✇❡ ❤❛✈❡

G̃D(y, z)|∇MD(z,Q)| ≤ CδD(z)α−1

|y − z|d−α|z −Q|d ≤ C

|y − z|d−α|z −Q|d+1−α
.

✭✺✳✷✷✮
❍❡♥❝❡✱ G̃D(y, z)|∇MD(z,Q)| ✐s ✉♥✐❢♦r♠❧② ✐♥ y ∈ B(x, r) ❛♥❞ Q ∈ ∂D
✐♥t❡❣r❛❜❧❡ ❛❣❛✐♥st |b(z)|dz✱ ✇❤✐❝❤ ❣✐✈❡s t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ f(·, ·)✳

✷

❚❤❡♦r❡♠ ✺✳✸✳✻ ❋♦r ❡✈❡r② Q ∈ ∂D t❤❡ ▼❛rt✐♥ ❦❡r♥❡❧ M̃(x,Q) ✐s ❛ s✐♥❣✉✲
❧❛r L✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ ♦❢ x ♦♥ D✳

Pr♦♦❢
❋✐① Q ∈ ∂D✳ ❇② ✭✺✳✶✼✮✱

lD(x0, Q)M̃D(x,Q) = MD(x,Q)+

∫

D

G̃D(x, z)b(z)·∇MD(z,Q)dz, x ∈ D.

✶✷✷



❚❤✉s✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥ ✐s s✐♥❣✉❧❛r L✲❤❛r♠♦♥✐❝
♦♥ D ✿

l(x) = MD(x,Q) +

∫

D

G̃D(x, z)b(z) · ∇MD(z,Q)dz.

❉❡✜♥❡

ln(x) = MD(x,Q) +

∫

D1/n

G̃D1/n
(x, z)b(z) · ∇MD(z,Q)dz.

❲❡ ❤❛✈❡ G̃D1/n
(x, z) ր G̃D(x, z) ❛s n→ ∞ ❛♥❞✱ ❜② ✭✺✳✷✷✮✱
∫

D

G̃D(x, z)|b(z)||∇MD(z,Q)|dz <∞.

❇② t❤❡ ▲❡❜❡s❣✉❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ✇❡ ❣❡t limn ln(x) = l(x)✳
❇② ▲❡♠♠❛ ✺✳✸✳✹

ln(x) =

∫

Dc
1/n

P̃D1/n
(x, y)MD(y,Q)dy,

s♦ t❤❡ ❢✉♥❝t✐♦♥s ln(x) ❛r❡ L✲❤❛r♠♦♥✐❝ ♦♥ D1/n✳ ❋✐① ♦♣❡♥ B ⊂⊂ D ❛♥❞ ❧❡t
x ∈ B✳ ❋♦r n ❜✐❣ ❡♥♦✉❣❤ ✇❡ ❤❛✈❡ B ⊂⊂ D1/n ❛♥❞ ❤❡♥❝❡✱

l(x) = lim
n
ln(x) = lim

n

∫

Bc

P̃B(x, y)ln(y)dy.

❆❧s♦✱ ❜② ▲❡♠♠❛ ✺✳✷✳✶ ✇❡ ❣❡t ln(y) ≤ cMD(y,Q)✱ ✇❤❡r❡ c > 0 ❞❡♣❡♥❞s ♦♥❧②
♦♥ D ❛♥❞ α✳ ❋✉rt❤❡r♠♦r❡✱ P̃B(x, y) ≤ CPB(x, y)✱ ✇❤❡r❡ C ❞❡♣❡♥❞s ♦♥❧②
♦♥ B ❛♥❞ α✳ ❍❡♥❝❡✱

∫

Bc

P̃B(x, y)MD(y,Q)dy ≤ CMD(x,Q),

❛♥❞ t❤❡ ▲❡❜❡s❣✉❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ❣✐✈❡s t❤❡ ❞❡s✐r❡❞ ❝♦♥❝❧✉✲
s✐♦♥✳

❆❧t❡r♥❛t✐✈❡ ♣r♦♦❢✳ ❋✐rst ❝♦♥s✐❞❡r C1,1 ❞♦♠❛✐♥s U = D1/n✳ ❲❡ ♥♦t❡ t❤❛t

G̃D(x,w) = G̃U(x,w) +

∫

Uc

P̃U(x, z)G̃D(z, w)dz. ✭✺✳✷✸✮

❇② ✭✺✳✷✶✮✱ ✭✺✳✷✵✮✱ ✭✺✳✷✸✮ ❛♥❞ ❋✉❜✐♥✐✬s t❤❡♦r❡♠

P̃U lD(x,Q) =

∫

Uc

P̃U(x, z)lD(z,Q)dz

=

∫

Uc

P̃U(x, z)MD(z,Q)dz+

∫

Uc

P̃U(x, z)

∫

D

G̃D(z, w)b(w)·∇MD(w,Q)dwdz

✶✷✸



= MD(x,Q) +

∫

Uc

∫

U

G̃U(x,w)b(w) · ∇PU(w, z)dwMD(z,Q)dz

+

∫

D

[∫

Uc

P̃U(x, z)G̃D(z, w)dz

]
b(w) · ∇MD(w,Q)dw

= MD(x,Q) +

∫

U

G̃U(x,w)b(w) · ∇MD(w,Q)dw

+

∫

D

[G̃D(x,w) − G̃U(x,w)]b(w) · ∇MD(w,Q)dw

= MD(x,Q) +

∫

D

G̃D(x,w)b(w) · ∇MD(w,Q)dw = lD(x,Q).

❚❤✉s t❤❡ ❢✉♥❝t✐♦♥ lD(x,Q) ✐s r❡❣✉❧❛r L✲❤❛r♠♦♥✐❝ ♦♥ ❡❛❝❤ s❡t U = D1/n✳
❇② t❤❡ str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt②✱ ✐t ❤❛s t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♣r♦♣❡rt② ♦♥ ❡❛❝❤
♦♣❡♥ s❡t U ⊂ U ⊂ D✳

✷

✺✳✸✳✸ L✲▼❛rt✐♥ r❡♣r❡s❡♥t❛t✐♦♥

❲❡ ✇✐❧❧ ♥♦✇ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ▼❛rt✐♥ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ ❢♦r ♣♦✲
s✐t✐✈❡ s✐♥❣✉❧❛r L✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦♥ ❛ C1,1 ❞♦♠❛✐♥ D✳

❚❤❡♦r❡♠ ✺✳✸✳✼ ❋♦r ❡✈❡r② ♥♦♥♥❡❣❛t✐✈❡ ✜♥✐t❡ ♠❡❛s✉r❡ ν ♦♥ ∂D t❤❡ ❢✉♥❝✲
t✐♦♥ u ❣✐✈❡♥ ❜②

u(x) =

∫

∂D

M̃D(x,Q)dν(Q), ✭✺✳✷✹✮

✐s s✐♥❣✉❧❛r L✲❤❛r♠♦♥✐❝ ♦♥ D✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ u ✐s ♥♦♥♥❡❣❛t✐✈❡ s✐♥❣✉❧❛r L✲
❤❛r♠♦♥✐❝ ♦♥ D✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♥♦♥♥❡❣❛t✐✈❡ ✜♥✐t❡ ♠❡❛s✉r❡ ν ♦♥
∂D ✈❡r✐❢②✐♥❣ ✭✺✳✷✹✮✳

Pr♦♦❢ ❚❤❡ L✲❤❛r♠♦♥✐❝✐t② ♦❢ t❤❡ ▼❛rt✐♥ ✐♥t❡❣r❛❧ ✭✺✳✷✹✮ ❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss
♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦❧❧♦✇ ❢r♦♠ ❚❤❡♦r❡♠ ✺✳✸✳✻✱ ▲❡♠♠❛ ✺✳✸✳✺✱ ✭✺✳✻✮✱ ✭✺✳✶✾✮
❛♥❞ ❋✉❜✐♥✐ t❤❡♦r❡♠✱ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ▼❛rt✐♥ r❡♣r❡s❡♥✲
t❛t✐♦♥ ❢♦r α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ✐♥ ❬✶✵✱ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶❪✳ ❲❡ ✇✐❧❧ ♥♦✇
❢♦❝✉s ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♣❛rt✳ ❇② L✲❤❛r♠♦♥✐❝✐t② ♦❢ u ❛♥❞ ❜② ✭✺✳✷✵✮ ✇❡ ❤❛✈❡
❢♦r ❡❛❝❤ n

u(x) =

∫

Dc
1/n

P̃D1/n
(x, y)u(y)dy

=

∫

Dc
1/n

u(y)[PD1/n
(x, y) +

∫

D1/n

G̃D1/n
(x,w)b(w) · ∇PD1/n

(w, y)dw]dy.

❉❡♥♦t❡

u∗n(x) =

∫

Dc
1/n

PD1/n
(x, y)u(y)dy.

✶✷✹



❇② ✭✺✳✶✵✮✱ ❬✶✾✱ ✭✼✷✮❪ ❛♥❞ ▲❡♠♠❛ ✺✳✷✳✼ ✇❡ ❤❛✈❡
∫

Dc
1/n

∫

D1/n

G̃D1/n
(x,w)|b(w)||∇PD1/n

(w, y)|u(y)dwdy

≤ C

∫

D1/n

G̃D1/n
(x,w)|b(w)| u(w)

δD1/n
(w)

dw <∞,

✇❤❡r❡ C = C(α, b,D1/n) > 0✳ ❍❡♥❝❡✱ ❜② ❋✉❜✐♥✐ t❤❡♦r❡♠

u(x) = u∗n(x) +

∫

D1/n

G̃D1/n
(x,w)b(w) ·

∫

Dc
1/n

∇PD1/n
(w, y)u(y)dydw.

❚❤❡ ❢✉♥❝t✐♦♥ u∗n ✐s α✲❤❛r♠♦♥✐❝ ♦♥ D1/n✱ s♦ ✐t ✐s ❞✐✛❡r❡♥t✐❛❜❧❡✳ ■♥ ♦r❞❡r t♦
❥✉st✐❢② t❤❡ ❡①❝❤❛♥❣❡ ♦❢

∫
❛♥❞ ∇ ✐♥ t❤❡ ❧❛st ✐♥t❡❣r❛❧ ✇❡ ✜① w ∈ D1/n✳ ❚❤❡♥

❜② ✭✺✳✶✵✮ ❛♥❞ ❬✶✾✱ ✭✼✷✮❪✱ ❢♦r ε > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧ ❛♥❞ ❛❧❧ w′ ∈ B(w, ε)
❛♥❞ y ∈ Dc

1/n ✇❡ ❤❛✈❡

|∇PD1/n
(w′, y)u(y)| ≤ C

u(y)

δD1/n
(y)α/2

,

✇❤❡r❡ C = C(α, b,D1/n, ε) > 0✳ ❙✐♥❝❡ t❤❡ ❧❛st t❡r♠ ✐s ✐♥t❡❣r❛❜❧❡ ♦♥ Dc
1/n✱

❜② t❤❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ ✇❡ ♦❜t❛✐♥

u(x) = u∗n(x) +

∫

D

G̃D1/n
(x,w)b(w) · ∇u∗n(w)dw. ✭✺✳✷✺✮

❲❡ ♥♦✇ st✉❞② t❤❡ s❡q✉❡♥❝❡ u∗n(x) ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ❑✳ ❇♦❣❞❛♥ ❬✶✵❪ ✐♥
t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♣❛rt ♦❢ t❤❡ ∆α/2−▼❛rt✐♥ r❡♣r❡s❡♥t❛t✐♦♥✱ ✇✐t❤
t❤❡ ❞✐✛❡r❡♥❝❡ t❤❛t ✐♥ ♦✉r ❝❛s❡ t❤❡ ❢✉♥❝t✐♦♥ u ✉♥❞❡r t❤❡ ✐♥t❡❣r❛❧ ❞❡✜♥✐♥❣ u∗n
✐s ♥♦t α✲❤❛r♠♦♥✐❝✳

▲✐❦❡ ✐♥ ❬✶✵✱ ✭✷✳✷✼✮❪ ✇❡ ❤❛✈❡

u∗n(x) =

∫

Dc
1/n

PD1/n
(x, y)u(y)dy =

∫

Dc
1/n

∫

D1/n

u(y)Ad,α

GD1/n
(x, ξ)

|ξ − y|d+α
dξdy

❙❡t µn(dξ) = Ad,αGD1/n
(x0, ξ)

∫
D1/n

u(y)
|ξ−y|d+αdydξ✳ ▲❡♠♠❛ ✺✳✷✳✶ ✐♠♣❧✐❡s t❤❛t

µn(Rd) =

∫

Dc
1/n

PD1/n
(x0, y)u(y)dy

≤ C

∫

Dc
1/n

P̃D1/n
(x0, y)u(y)dy = cu(x0) <∞

✶✷✺



✭r❡❝❛❧❧ t❤❛t ✐❢ u ✇❛s α✲❤❛r♠♦♥✐❝✱ t❤❡♥ µn(Rd) = u(x0))✳ ❲❡ ♦❜t❛✐♥

u∗n(x) =

∫

D1/n

GD1/n
(x, ξ)

GD1/n
(x0, ξ)

µn(dξ).

❚❤❡ ♦♥❧② ♦t❤❡r ♣r♦♣❡rt② ♦❢ t❤❡ ❢✉♥❝t✐♦♥ u ✐♥t❡r✈❡♥✐♥❣ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡
❡①✐st❡♥❝❡ ♣❛rt ♦❢ t❤❡ ∆α/2−▼❛rt✐♥ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ ❬✶✵❪ ✐s

lim
n

∫

Dc
1/n

u(y)dy = 0

❛♥❞ ✐t ❛❧s♦ ❤♦❧❞s ✐♥ ♦✉r ❝❛s❡ ✿ t❤❡ L✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ u ✐s ✐♥t❡❣r❛❜❧❡
♦♥ Dc

1/n ❢♦r ❡✈❡r② n✳ ❚❤❡ s❡q✉❡♥❝❡ (µn) ♦❢ s✐♠✉❧t❛♥❡♦✉s❧② ❜♦✉♥❞❡❞ ✜♥✐t❡

♠❡❛s✉r❡s ✇✐t❤ s✉♣♣♦rt ❝♦♥t❛✐♥❡❞ ✐♥ D ✐s t✐❣❤t✳ ❲❡ ❝❤♦♦s❡ ❛ s✉❜s❡q✉❡♥❝❡
µnk

❝♦♥✈❡r❣✐♥❣ t♦ ❛ ✜♥✐t❡ ✭♣❡r❤❛♣s ③❡r♦✮ ♠❡❛s✉r❡ µ✳ ❚❤✐s ❝❤♦✐❝❡ ✐s ❝♦♠♠♦♥
❢♦r ❛❧❧ x✳ ❲❡ ♠❛② s✉♣♣♦s❡ t❤❛t (nk) ✐s ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (2−n)✳ ❚❤❡ ❧✐♠✐t
♠❡❛s✉r❡ µ s❛t✐s✜❡s

supp(µ) ⊂ ∂D.

❊①❛❝t❧② ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♣❛rt ♦❢ t❤❡ ∆α/2−▼❛rt✐♥ r❡♣r❡s❡♥✲
t❛t✐♦♥ ✐♥ ❬✶✵❪✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛❧❧ x ∈ D t❤❡ ❧✐♠✐t

lim
k
u∗nk

(x) = u∗(x)

❡①✐sts ❛♥❞

u∗(x) =

∫

∂D

MD(x,Q)dµ(Q). ✭✺✳✷✻✮

❋✉rt❤❡r♠♦r❡✱ ✐♥ ✈✐❡✇ ♦❢ ✭✺✳✶✶✮✱ ❢♦r x ∈ D1/n ❛♥❞ r > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧
✇❡ ❤❛✈❡

∇u∗n(x) = ∇
∫

B(x,r)c

PB(x,r)(x, y)u
∗
n(y)dy =

∫

B(x,r)c

∇PB(x,r)(x, y)u
∗
n(y)dy.

❇② ▲❡♠♠❛ ✺✳✷✳✶ ❛♥❞ ✭✺✳✾✮ ✇❡ ❤❛✈❡

|∇PB(x,r)(x, y)u
∗
n(y)| ≤ C

PB(x,r)(x, y)

r − |x| u(y),

❛♥❞ ❜② t❤❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ ✇❡ ❣❡t ∇u∗nk
(x) → ∇u∗(x) ❛s k → ∞✳

❲❡ ❛❧s♦ ❤❛✈❡ G̃D1/n
(x,w) ր G̃D(x,w)✳ ■♥ ♦r❞❡r t♦ ❥✉st✐❢② t❤❡ ♣❛ss❛❣❡ ✇✐t❤

t❤❡ ❧✐♠✐t ✉♥❞❡r t❤❡ ✐♥t❡❣r❛❧ s✐❣♥ ✐♥ ✭✺✳✷✺✮ ✇✐t❤ nk ✐♥st❡❛❞ ♦❢ n ✇❡ ♦❜s❡r✈❡
t❤❛t t❤❡ ❢✉♥❝t✐♦♥s G̃D1/nk

(x,w)b(w) · ∇u∗nk
(w) ❛r❡ ✉♥✐❢♦r♠❧② ✐♥t❡❣r❛❜❧❡ ♦♥

D✳ ❈❧❡❛r❧②✱ ❜② ▲❡♠♠❛ ✺✳✷✳✶ ✇❡ ❤❛✈❡ c−1u∗n(w) ≤ u(w) ≤ cu∗n(w)✱ ✇❤❡r❡ c

✶✷✻



❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ n✱ t❤✉s u∗n(w) ≤ cu∗(w)✳ ❇② t❤❡ ❣r❛❞✐❡♥t ❡st✐♠❛t❡s ✇❡
❣❡t

G̃D1/n
(x,w)|b(w)||∇u∗n(w)| ≤ G̃D1/n

(x,w)|b(w)| u∗(w)

δD1/n
(w)

,

❛♥❞ t❤❡ ✉♥✐❢♦r♠ ✐♥t❡❣r❛❜✐❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✷✻✮✱ ▲❡♠♠❛ ✺✳✷✳✶ ❛♥❞ ▲❡♠♠❛
✺✳✷✳✽✳ ❚❤❡r❡❢♦r❡

u(x) = u∗(x) +

∫

D

G̃D(x,w)b(w) · ∇u∗(w)dw, ✭✺✳✷✼✮

✇❤✐❝❤✱ ✉s✐♥❣ ✭✺✳✷✻✮✱ ❜❡❝♦♠❡s

u(x) = ✭✺✳✷✽✮

=

∫

∂D

MD(x,Q)dµ(Q) +

∫

D

G̃D(x,w)b(w) · ∇
∫

∂D

MD(w,Q)dµ(Q)dw.

❇② t❤❡ ❣r❛❞✐❡♥t ❡st✐♠❛t❡s ❛♥❞ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ ✇❡ ❛❧s♦ ❣❡t

∇
∫

∂D

MD(w,Q)dµ(Q) =

∫

∂D

∇MD(w,Q)dµ(Q), w ∈ D.

❉❡✜♥❡ ❛ ♠❡❛s✉r❡ ν ♦♥ ∂D ❜② ν(dQ) = lD(x0, Q)dµ(Q)✳ ❆s t❤❡ ❢✉♥❝t✐♦♥
Q → lD(x0, Q) ✐s ❝♦♥t✐♥✉♦✉s ♣♦s✐t✐✈❡✱ t❤❡ ♠❡❛s✉r❡ ν ✐s ✜♥✐t❡ ♣♦s✐t✐✈❡ ♦♥
∂D✳ ❯s✐♥❣ ❋✉❜✐♥✐ t❤❡♦r❡♠ ✐♥ ✭✺✳✷✽✮ ❛♥❞ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❢♦r♠✉❧❛ ❢♦r M̃D

❢r♦♠ ❚❤❡♦r❡♠ ✺✳✸✳✷✱ ✇❡ ♦❜t❛✐♥

u(x) =

∫

∂D

M̃D(x,Q)dν(Q).
✷

❘❡♠❛r❦ ✺✳✸✳✽ ❲❡ ♣♦✐♥t ♦✉t t❤❛t t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✸✳✼ ✐s ❜❛s❡❞ ♦♥
t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❢♦r♠✉❧❛s✳ ■♥ ❢❛❝t✱ t❤❡ ♠❡t❤♦❞s ✉s❡❞ ✐♥ ❬✶✵❪ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡
t❤❡ ▼❛rt✐♥ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ ❢♦r s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ❝❛♥
♥♦t ❜❡ ❛♣♣❧✐❡❞ ✐♥ t❤❡ ♣r❡s❡♥t ❝❛s❡ ❜❡❝❛✉s❡ t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ G̃D(x, y) ✐s
♥♦t L✲❤❛r♠♦♥✐❝ ♦♥ D \ {x} ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ y✳

❈♦r♦❧❧❛r② ✺✳✸✳✾ ▲❡t v(x) ≥ 0 ❜❡ ❛ s✐♥❣✉❧❛r L✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ ♦♥ D
✇✐t❤ t❤❡ ▼❛rt✐♥ r❡♣r❡s❡♥t❛t✐♦♥

v(x) =

∫

∂D

M̃D(x,Q)dν(Q), x ∈ D. ✭✺✳✷✾✮

❉❡✜♥❡ ❛ s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ v∗ ♦♥ D ❜②

v∗(x) =

∫

∂D

MD(x,Q)
dν(Q)

l(x0, Q)
, x ∈ D ✭✺✳✸✵✮

❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛ ❤♦❧❞s

v(x) = v∗(x) +

∫

D

G̃D(x,w)b(w) · ∇v∗(w)dw. ✭✺✳✸✶✮

✶✷✼



Pr♦♦❢ ❖❜s❡r✈❡ t❤❛t ❜② ✭✺✳✶✽✮ t❤❡r❡ ❡①✐sts δ > 0 s✉❝❤ t❤❛t

lD(x0, Q) > δ > 0

❢♦r ❛❧❧ Q ∈ ∂D✳ ❚❤✉s t❤❡ ♠❡❛s✉r❡ dµ(Q) = dν(Q)/lD(x0, Q) ✐s ✜♥✐t❡ ❛♥❞
t❤❡ ❢✉♥❝t✐♦♥ v∗ ✐s ✇❡❧❧ ❞❡✜♥❡❞✳ ❇② t❤❡ ✉♥✐❝✐t② ♦❢ t❤❡ ▼❛rt✐♥ r❡♣r❡s❡♥t❛t✐♦♥
❛♥❞ t❤❡ ❢♦r♠✉❧❛ ✭✺✳✷✻✮✱ t❤❡ ❢✉♥❝t✐♦♥ v∗ ❞❡✜♥❡❞ ❜② ✭✺✳✸✵✮ ✐s t❤❡ s❛♠❡ ❛s t❤❡
❢✉♥❝t✐♦♥ v∗ ❞❡✜♥❡❞ ❜② ❛ ❧✐♠✐t ♣r♦❝❡❞✉r❡ ❛♥❞ ❛ss♦❝✐❛t❡❞ t♦ v ✐♥ t❤❡ ♣r♦♦❢
♦❢ t❤❡ ❚❤❡♦r❡♠ ✺✳✸✳✼✳ ❍❡♥❝❡ t❤❡ ❢♦r♠✉❧❛ ✭✺✳✷✼✮ ❤♦❧❞s ❢♦r v ❛♥❞ v∗✳ ■t ✐s
❡q✉✐✈❛❧❡♥t t♦ ✭✺✳✸✶✮✳

✷

❈♦r♦❧❧❛r② ✺✳✸✳✶✵ ▲❡t v(x) ≥ 0 ❜❡ ❛ s✐♥❣✉❧❛r L✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ ♦♥ D✳
❚❤❡ ❢✉♥❝t✐♦♥s v ❛♥❞ v∗ ❛r❡ ❝♦♠♣❛r❛❜❧❡ ✿ t❤❡r❡ ❡①✐sts c > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧
x ∈ D

c−1v∗(x) ≤ v(x) ≤ cv∗(x). ✭✺✳✸✷✮

Pr♦♦❢ ❲❡ ✉s❡ t❤❡ ▼❛rt✐♥ r❡♣r❡s❡♥t❛t✐♦♥s ✭✺✳✷✾✮✱ ✭✺✳✸✵✮✱ t❤❡ ❈♦r♦❧❧❛r② ✺✳✸✳✸
❛♥❞ t❤❡ ❢❛❝t t❤❛t l(x0, Q) > δ > 0 ❢♦r ❛❧❧ Q ∈ ∂D✳

✷

✺✳✸✳✹ P❡rt✉r❜❛t✐♦♥ ❢♦r♠✉❧❛s ✐♥ t❤❡ ❞✐✛✉s✐♦♥ ❝❛s❡

■♥ t❤❡ ♣r❡s❡♥t ❛rt✐❝❧❡ ✇❡ ❡①♣❧♦✐t t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❢♦r♠✉❧❛s ✐♥ t❤❡ ❝❛s❡
♦❢ t❤❡ s✐♥❣✉❧❛r ♦♣❡r❛t♦r L = ∆α/2 + b · ∇✱ 1 < α < 2✳ ■♥ t❤✐s s❤♦rt ❝❤❛♣t❡r
✇❡ ♠❛❦❡ ❛ ♣❛r❡♥t❤❡s✐s ❛♥❞ ❜r✐❡✢② ❞✐s❝✉ss t❤❡ ❝❛s❡ α = 2✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦
t❤❡ ❞✐✛✉s✐♦♥ ♦♣❡r❛t♦r

L =
1

2
∆ + b · ∇

♦♥ R
d, d ≥ 3✳ ❚❤❡ ♣♦t❡♥t✐❛❧ t❤❡♦r② ❢♦r s✉❝❤ ❞✐✛✉s✐♦♥ ❣❡♥❡r❛t♦rs ✇❛s st✉❞✐❡❞

❜② ❈r❛♥st♦♥ ❛♥❞ ❩❤❛♦ ❬✸✽❪✱ ❛♥❞ ♠♦r❡ r❡❝❡♥t❧② ❜② ■❢r❛ ❛♥❞ ❘✐❛❤✐ ❬✻✷❪✱ ❑✐♠
❛♥❞ ❙♦♥❣ ❬✼✻❪ ❛♥❞ ▲✉❦s ❬✽✺❪✳ ❖✉r ♠❡t❤♦❞s ❛❧❧♦✇ t♦ ❡♥r✐❝❤ t❤✐s t❤❡♦r② ❜②
s♦♠❡ ♥❡✇ ♣❡rt✉r❜❛t✐♦♥ ❢♦r♠✉❧❛s✳

❲❡ s✉♣♣♦s❡ t❤❛t b ∈ K1
d✳ ❘❡❝❛❧❧ t❤❛t ❈r❛♥st♦♥ ❛♥❞ ❩❤❛♦ ❬✸✽❪ ✇♦r❦❡❞

✉♥❞❡r t❤✐s ❝♦♥❞✐t✐♦♥ ❛♥❞ ❛ ❝♦♠♣❧❡♠❡♥t❛r② s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ |b|2 ∈ K2
d ❀

❑✐♠ ❛♥❞ ❙♦♥❣ ❬✼✻❪ s✉♣r❡ss❡❞ t❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ |b|2 ❛♥❞ ❝♦♥s✐❞❡r❡❞ s✐❣♥❡❞
♠❡❛s✉r❡s ✐♥ t❤❡ ♣❧❛❝❡ ♦❢ b✳

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✶✶ ▲❡t L = 1
2
∆ + b · ∇ ✇✐t❤ b ∈ K1

d✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣
♣❡rt✉r❜❛t✐♦♥ ❢♦r♠✉❧❛ ❢♦r t❤❡ L✲●r❡❡♥ ❢✉♥❝t✐♦♥ G̃D ❤♦❧❞s ✐❢ x, y ∈ R

d, x 6= y.

G̃D(x, y) = GD(x, y) +

∫

D

G̃D(x, z)b(z) · ∇zGD(z, y)dz. ✭✺✳✸✸✮

✶✷✽



Pr♦♦❢ ◆♦t❡ t❤❛t ❜② ❬✼✻✱ ❚❤❡♦r❡♠ ✻✳✷❪✱ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t❡

G̃D(x, y) ≤ C|x− y|2−d, x, y ∈ R
d. ✭✺✳✸✹✮

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ Pr♦♣♦s✐t✐♦♥ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♣r♦♦❢ ♦❢ ❬✶✾✱ ▲❡♠♠❛ ✶✷❪ ✐♥
t❤❡ ❝❛s❡ 1 < α < 2✱ ✇✐t❤ ✭✺✳✸✹✮ r❡♣❧❛❝✐♥❣ ❬✶✾✱ ▲❡♠♠❛ ✼❪✳

✷

▲❡t ✉s ♠❡♥t✐♦♥ t❤❛t ❛ ♣❡rt✉r❜❛t✐♦♥ ❢♦r♠✉❧❛ ❢♦r t❤❡ L✲●r❡❡♥ ❢✉♥❝t✐♦♥ ✇❛s
♣r♦♣♦s❡❞ ✐♥ ❬✻✷❪✱ ❜✉t ✉♥❞❡r ❛ r❡str✐❝t✐✈❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡
❑❛t♦ ♥♦r♠ ‖b‖ ♦❢ b✳ ❆ s✐♠♣❧❡r ❞✐r❡❝t ♣r♦♦❢ ♦❢ t❤❡ ❡st✐♠❛t❡ ✭✺✳✸✹✮ ✇✐t❤♦✉t
✉s✐♥❣ t❤❡ ♣r❡❝✐s❡ ❡st✐♠❛t❡s ❬✼✻✱ ❚❤❡♦r❡♠ ✻✳✷❪ s❤♦✉❧❞ ❜❡ ❛✈❛✐❧❛❜❧❡✳

◆❡①t ✇❡ ♦❜t❛✐♥ ❛ ♣❡rt✉r❜❛t✐♦♥ ❢♦r♠✉❧❛ ❢♦r t❤❡ ▼❛rt✐♥ ❦❡r♥❡❧ ♦❢ ▲❛♣❧❛✲
❝✐❛♥s ✇✐t❤ ❛ ❣r❛❞✐❡♥t ♣❡rt✉r❜❛t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✶✷ ▲❡t L = 1
2
∆ + b · ∇ ✇✐t❤ b ∈ K1

d✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣
♣❡rt✉r❜❛t✐♦♥ ❢♦r♠✉❧❛ ❢♦r t❤❡ L✲▼❛rt✐♥ ❦❡r♥❡❧ M̃D ❤♦❧❞s ✐❢ x ∈ D ❛♥❞ Q ∈
∂D✳

M̃D(x,Q) =
1

lD(x0, Q)

[
MD(x,Q) +

∫

D

G̃D(x, z)b(z) · ∇zMD(z,Q)dz

]

✭✺✳✸✺✮
✇❤❡r❡ lD(x0, Q) ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦♥ ∂D✱ ❡q✉❛❧

lD(x0, Q) = MD(x0, Q) +

∫

D

G̃D(x0, z)b(z) · ∇zMD(z,Q)dz > 0.

Pr♦♦❢ ❲❡ ❢♦❧❧♦✇ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❚❤❡♦r❡♠ ✺✳✸✳✷ ✐♥ t❤❡ ❝❛s❡ α = 2✳
✷

❚❤❡ ♥❡①t ♣❡rt✉r❜❛t✐♦♥ ❢♦r♠✉❧❛ ❝♦♥❝❡r♥s t❤❡ L✲P♦✐ss♦♥ ❦❡r♥❡❧ P̃D(x,Q)✳

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✶✸ ▲❡t L = 1
2
∆ + b · ∇ ✇✐t❤ b ∈ K1

d✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣
♣❡rt✉r❜❛t✐♦♥ ❢♦r♠✉❧❛ ❢♦r t❤❡ L✲P♦✐ss♦♥ ❦❡r♥❡❧ P̃D ❤♦❧❞s ✐❢ x ∈ D ❛♥❞ Q ∈
∂D✳

P̃D(x,Q) = PD(x,Q) +

∫

D

G̃D(x, z)b(z) · ∇zPD(z,Q)dz. ✭✺✳✸✻✮

Pr♦♦❢ ❖❜s❡r✈❡ t❤❛t ❜② t❤❡ ❢♦r♠✉❧❛ ✭✺✳✸✸✮ t❤❡ ❢✉♥❝t✐♦♥ G̃D ❤❛s t❤❡ s❛♠❡
❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ❛s t❤❡ ❢✉♥❝t✐♦♥ GD✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡ ✐♥♥❡r ♥♦r✲
♠❛❧ ❞❡r✐✈❛t✐✈❡ ∂G̃D

∂n
(x,Q) ❡①✐sts ❢♦r x ∈ D ❛♥❞ Q ∈ ∂D✳ ■t ✐s ❦♥♦✇♥ ✭s❡❡

❬✻✷✱ ♣❛❣❡ ✶✼✸❪✮ ❛♥❞ ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ ❜② t❤❡ ●r❡❡♥ ❢♦r♠✉❧❛ t❤❛t

P̃D(x,Q) =
∂G̃D

∂n
(x,Q).

❚❤❡ ❢♦r♠✉❧❛ ✭✺✳✸✻✮ t❤❡♥ ❢♦❧❧♦✇s ❜② ❞✐✛❡r❡♥t✐❛t✐♥❣ ♦❢ t❤❡ ❢♦r♠✉❧❛ ✭✺✳✸✸✮
✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ✐♥♥❡r ♥♦r♠❛❧ ✉♥✐t ✈❡❝t♦r n✳ ❲❡ ♦♠✐t t❤❡ t❡❝❤♥✐❝❛❧
❞❡t❛✐❧s✳

✶✷✾



✷

▲❡t ✉s ✜♥✐s❤ t❤✐s s❡❝t✐♦♥ ❜② s♦♠❡ r❡♠❛r❦s✳ ❚❤❡ ❢♦r♠✉❧❛ P̃D(x,Q) =
∂G̃D

∂n
(x,Q) ✐♠♣❧✐❡s✱ ❧✐❦❡ ✐♥ t❤❡ ▲❛♣❧❛❝✐❛♥ ❝❛s❡✱ t❤❛t t❤❡ L✲▼❛rt✐♥ ❛♥❞ t❤❡

L✲P♦✐ss♦♥ ❦❡r♥❡❧s ❛r❡ r❡❧❛t❡❞ ❜② t❤❡ ❢♦r♠✉❧❛

M̃D(x,Q) =
P̃D(x,Q)

P̃D(x0, Q)
. ✭✺✳✸✼✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ ✇❡ ✐♥s❡rt t❤❡ ❢♦r♠✉❧❛MD(x,Q) = PD(x,Q)
PD(x0,Q)

✐♥t♦ ✭✺✳✸✻✮✱
✇❡ ♦❜t❛✐♥ ✉s✐♥❣ ✭✺✳✸✺✮

P̃D(x,Q) = PD(x0, Q)lD(x0, Q)M̃D(x,Q).

❊✈❛❧✉❛t✐♥❣ t❤❡ ❧❛st ❡q✉❛t✐♦♥ ❛t x0 ✇❡ ♦❜t❛✐♥ ❛ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❢✉♥❝t✐♦♥
lD(x0, Q) ✐♥t❡r✈❡♥✐♥❣ ✐♥ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❢♦r♠✉❧❛ ✭✺✳✸✺✮

lD(x0, Q) =
P̃D(x0, Q)

PD(x0, Q)

❛♥❞ ❛♥♦t❤❡r ♣r♦♦❢ ♦❢ t❤❡ ❢♦r♠✉❧❛ ✭✺✳✸✼✮✳

✺✳✹ ❇♦✉♥❞❛r② ♣r♦♣❡rt✐❡s ♦❢ L✲❤❛r♠♦♥✐❝ ❢✉♥❝✲

t✐♦♥s

❲❡ ♣r♦✈❡ ✐♥ t❤✐s s❡❝t✐♦♥ t✇♦ ✐♠♣♦rt❛♥t ❜♦✉♥❞❛r② ♣r♦♣❡rt✐❡s ♦❢ L✲
❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ✿ t❤❡ ❘❡❧❛t✐✈❡ ❋❛t♦✉ ❚❤❡♦r❡♠ ❛♥❞ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥
t❤❡♦r❡♠ ♦❢ ❍❛r❞② s♣❛❝❡s✳ ❆s ✐♥ t❤❡ ♣r❡❝❡❞✐♥❣ s❡❝t✐♦♥s✱ ✇❡ ❝♦♥s✐❞❡r ❛ ♥♦✲
♥❡♠♣t② ❜♦✉♥❞❡❞ C1,1 ❞♦♠❛✐♥ D✳

✺✳✹✳✶ ❘❡❧❛t✐✈❡ ❋❛t♦✉ ❚❤❡♦r❡♠

❘❡❝❛❧❧ t❤❡ ❘❡❧❛t✐✈❡ ❋❛t♦✉ ❚❤❡♦r❡♠ ✐♥ t❤❡ α✲st❛❜❧❡ ❝❛s❡✳ ■t ✇❛s ♣r♦✈❡❞
✐♥ ❬✽✾❪ ❢♦r ▲✐♣s❝❤✐t③ s❡ts D✳

❚❤❡♦r❡♠ ✺✳✹✳✶ ▲❡t g ❛♥❞ h ❜❡ t✇♦ ♥♦♥✲♥❡❣❛t✐✈❡ s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝
❢✉♥❝t✐♦♥s ♦♥ D✱ ✇✐t❤ ▼❛rt✐♥ r❡♣r❡s❡♥t❛t✐♦♥s

g(x) =

∫

∂D

MD(x,Q)dµ(g)(Q), h(x) =

∫

∂D

MD(x,Q)dµ(h)(Q), x ∈ D.

❚❤❡♥✱ ❢♦r µ(h)✲❛❧♠♦st ❛❧❧ Q ∈ ∂D✱

lim
x→Q

g(x)

h(x)
= f(x)

✶✸✵



✇❤❡r❡ f ✐s t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ❛❜s♦❧✉t❡ ❝♦♥t✐♥✉♦✉s ♣❛rt ♦❢ µ(g) ✐♥ t❤❡ ❞❡❝♦♠✲
♣♦s✐t✐♦♥ µ(g) = fdµ(h) + µ

(g)
sing ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡❛s✉r❡ µ(h)✱ ❛♥❞ x→ Q

♥♦♥✲t❛♥❣❡♥t✐❛❧❧②✳

❖✉r ♦❜❥❡❝t✐✈❡ ✐♥ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ ❛♥ ❛♥❛❧♦❣♦✉s ❧✐♠✐t ♣r♦♣❡rt② ❢♦r
♥♦♥✲♥❡❣❛t✐✈❡ s✐♥❣✉❧❛r L✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s u ❛♥❞ v ♦♥ D✳

■❢ ✇❡ ❞❡♥♦t❡ t❤❡ ✐♥t❡❣r❛❧ ♣❛rt ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❢♦r♠✉❧❛ ✭✺✳✸✶✮ ❜②

Iv∗(x) =

∫

D

G̃D(x,w)b(w) · ∇v∗(w)dw

t❤❡♥ ✇❡ ❤❛✈❡
u = u∗ + Iu∗ , v = v∗ + Iv∗

✇❤❡r❡ u∗ ❛♥❞ v∗ ❛r❡ s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝ ♥♦♥✲♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s✳ ❲❡
✇r✐t❡

u(x)

v(x)
=
u∗(x)

v∗(x)

1 + Iu∗ (x)
u∗(x)

1 + Iv∗ (x)
v∗(x)

✭✺✳✸✽✮

❚❤❡ ❧✐♠✐t ❜♦✉♥❞❛r② ❜❡❤❛✈✐♦rs ♦❢ t❤❡ q✉♦t✐❡♥ts u(x)
v(x)

❛♥❞ u∗(x)
v∗(x)

✇✐❧❧ ❜❡

r❡❧❛t❡❞ ✐❢ ✇❡ ❝♦♥tr♦❧ t❤❡ ❧✐♠✐t ❜❡❤❛✈✐♦r ♦❢ t❤❡ q✉♦t✐❡♥ts Iu∗ (x)
u∗(x)

❛♥❞ Iv∗ (x)
v∗(x)

✳

❚❤✉s ✇❡ st❛rt ✇✐t❤ ❞✐s❝✉ss✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ q✉♦t✐❡♥t Ih(x)
h(x)

❢♦r ❛
s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝ ♥♦♥✲♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ h✳

▲❡♠♠❛ ✺✳✹✳✷ ▲❡t h(x) =
∫

∂D
MD(x,Q)dµ(h)(Q) ❢♦r s♦♠❡ ♥♦♥✲♥❡❣❛t✐✈❡

✜♥✐t❡ ♠❡❛s✉r❡ µ ♦♥ ∂D✳ ❚❤❡♥✱ ✐❢ Q 6∈ supp(µ(h))

lim
x→Q

h(x) = 0,

❛♥❞ ✐❢ Q ∈ supp(µ(h)) ❛♥❞ x→ Q ♥♦♥✲t❛♥❣❡♥t✐❛❧❧②

lim
x→Q

h(x) = +∞.

Pr♦♦❢ ❚❤❡ ❧✐♠✐t ✐♥ t❤❡ ❝❛s❡ Q 6∈ supp(µ(h)) ❢♦❧❧♦✇s ❡❛s✐❧② ❢r♦♠ t❤❡ ▼❛rt✐♥
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ h ❛♥❞ t❤❡ ▲❡❜❡s❣✉❡ t❤❡♦r❡♠✳ ■♥ t❤❡ ❝❛s❡ Q ∈ supp(µ(h))
✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ♦❢ ❲✉ ❬✶✶✼❪✳

▲❡t f ❜❡ ❛ ∆✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ ♦♥ D✱ ❝♦rr❡s♣♦♥❞✐♥❣ ✈✐❛ t❤❡ ▼❛rt✐♥
r❡♣r❡s❡♥t❛t✐♦♥ t♦ ❛ ✜♥✐t❡ ♠❡❛s✉r❡ µ = µ(h) ♦♥ ∂D✳ ■❢ Q ∈ suppµ✱ t❤❡♥

lim inf
x→Q

f(x) > 0,

♣r♦✈✐❞❡❞ x→ Q ♥♦♥✲t❛♥❣❡♥t✐❛❧❧②✳ ❲❡ ❤❛✈❡✱ ♦♥ D ♦❢ ❝❧❛ss C1,1

✶✸✶



f(x) =

∫

∂D

P∆
D (x, y)µ(dy) ≤ c

∫

∂D

δD(x)

|x− y|dµ(dy)

= cδD(x)1−α
2

∫

∂D

δD(x)
α
2

|x− y|dµ(dy) ≤ CδD(x)1−α
2

∫

∂D

MD(x, y)µ(dy).

❈♦♥s❡q✉❡♥t❧②✱

h(x) ≥ 1

C

f(x)

δD(x)1−α
2

❛♥❞ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ▲❡♠♠❛ ❢♦❧❧♦✇s✳
✷

▲❡♠♠❛ ✺✳✹✳✸ ❚❤❡ q✉♦t✐❡♥t Ih(x)
h(x)

✐s ❜♦✉♥❞❡❞✳ ▼♦r❡ ❡①❛❝t❧②✱ t❤❡r❡ ❡①✐sts
c > 0 s✉❝❤ t❤❛t

c−1 ≤ 1 +
Ih(x)

h(x)
≤ c. ✭✺✳✸✾✮

Pr♦♦❢ ❖❜s❡r✈❡ t❤❛t ❜② ❈♦r♦❧❧❛r② ✺✳✸✳✶✵ ❛♥❞ t❤❡ ❢♦r♠✉❧❛ ✭✺✳✸✶✮✱ t❤❡ q✉♦t✐❡♥t
Iv∗ (x)
v∗(x)

✐s ❜♦✉♥❞❡❞✳ ▼♦r❡ ❡①❛❝t❧②✱ t❤❡r❡ ❡①✐sts c > 0 s✉❝❤ t❤❛t

c−1 ≤ 1 +
Iv∗(x)

v∗(x)
≤ c.

❆s t❤❡ ❢✉♥❝t✐♦♥ lD(x0, Q) ✐s ❜♦✉♥❞❡❞✱ ❛♥② s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝ ♥♦♥✲♥❡❣❛t✐✈❡
❢✉♥❝t✐♦♥ h ✐s ♦❢ t❤❡ ❢♦r♠ v∗ ❢♦r ❛ s✐♥❣✉❧❛r L✲❤❛r♠♦♥✐❝ ♥♦♥✲♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥
v✳

✷

❇② ✭✺✳✷✮✱ ✐❢ ✇❡ ❞❡♥♦t❡

Jh(x) =

∫

D

GD(x,w)b(w) · ∇h(w)dw

t❤❡♥
Ih(x) ∼ Jh(x)

■♥ ♣❛rt✐❝✉❧❛r✱ ❜② ▲❡♠♠❛ ✺✳✹✳✸✱ t❤❡ q✉♦t✐❡♥t Jh(x)/h(x) ✐s ❜♦✉♥❞❡❞✳ ❲❡
♣r♦✈❡ ❛ ♠✉❝❤ str♦♥❣❡r ♣r♦♣❡rt② ♦❢ t❤✐s q✉♦t✐❡♥t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✺✳✹✳✹ ▲❡t h ❜❡ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ ♦♥
D✱ ✇✐t❤ t❤❡ ▼❛rt✐♥ r❡♣r❡s❡♥t❛t✐♦♥ h(x) =

∫
∂D
MD(x,Q)dµ(h)(Q) ❢♦r ❛ ✜✲

♥✐t❡ ♠❡❛s✉r❡ µ(h) ♦♥ ∂D✳ ❚❤❡♥✱ ✇❤❡♥ Q ∈ supp(µ(h)) ❛♥❞ x → Q ♥♦♥✲
t❛♥❣❡♥t✐❛❧❧②✱ ✇❡ ❤❛✈❡

lim
x→Q

Jh(x)

h(x)
= 0.

✶✸✷



Pr♦♦❢ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t GD(x,w)h(w)
h(x)δD(w)

✐s ✉♥✐❢♦r♠❧② ✐♥t❡❣r❛❜❧❡ ✐♥ x ∈ D ❛❣❛✐♥st
t❤❡ ♠❡❛s✉r❡ |b(w)|dw✳ ▲❡t ε > 0✳ ❙✐♥❝❡ Jh(x)/h(x) ✐s ❜♦✉♥❞❡❞ ✐t s✉✣❝❡s t♦
s❤♦✇ t❤❛t t❤❡r❡ ✐s δ > 0 s✉❝❤ t❤❛t

∫

F

GD(x,w)h(w)

h(x)δD(w)
|b(w)|dw ≤ ε, ✭✺✳✹✵✮

♣r♦✈✐❞❡❞ λ(F ) < δ✳ ❍❡r❡✱ λ ❞❡♥♦t❡s t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ R
d✳ ❋✐rst✱ ✇❡

♥♦t❡ t❤❛t
∫

F

GD(x,w)h(w)

h(x)δD(w)
|b(w)|dw

=

∫

F

∫

∂D

GD(x,w)MD(w,Q)

h(x)δD(w)
dµ(h)(Q)|b(w)|dw

=

∫

∂D

MD(x,Q)

h(x)

(∫

F

GD(x,w)MD(w,Q)

MD(x,Q)δD(w)
|b(w)|dw

)
dµ(h)(Q). ✭✺✳✹✶✮

❚❤❡ ❢✉♥❝t✐♦♥ GD(x,w)GD(w,y)
GD(x,y)δ(w)

✐s ✉♥✐❢♦r♠❧② ✐♥t❡❣r❛❜❧❡ ✐♥ x, y ∈ D ❛❣❛✐♥st
|b(w)|dw ✭s❡❡ t❤❡ ♣r♦♦❢ ♦❢ ❬✶✾✱ ▲❡♠♠❛ ✶✶❪✮✳ ❍❡♥❝❡✱ t❤❡r❡ ❡①✐sts δ > 0 s✉❝❤
t❤❛t ❢♦r λ(F ) < δ✱

∫

F

GD(x,w)GD(w, y)

GD(x, y)δD(w)
|b(w)|dw < ε, x, y ∈ D,

❛♥❞ ❝♦♥s❡q✉❡♥t❧②
∫

F

GD(x,w)MD(w,Q)

MD(x,Q)δD(w)
|b(w)|dw =

∫

F

lim
D∋y→Q

GD(x,w)GD(w, y)

GD(x, y)δD(w)
|b(w)|dw

= lim
D∋y→Q

∫

F

GD(x,w)GD(w, y)

GD(x, y)δD(w)
|b(w)|dw ≤ ε.

◆♦✇✱ ✭✺✳✹✵✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✹✶✮ ❛♥❞ ▼❛rt✐♥ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ h✳ ❋♦r Q ∈
suppµ(h)✱ limD∋x→Q h(x) = ∞ ❢r♦♠ t❤❡ ▲❡♠♠❛ ✺✳✹✳✷✳ ❍❡♥❝❡✱ ❜② ✉♥✐❢♦r♠
✐♥t❡❣r❛❜✐❧✐t②✱

lim
D∋x→Q

|Jh(x)|
h(x)

≤ c lim
D∋x→Q

∫

D

GD(x,w)h(w)

h(x)δD(w)
|b(w)|dw

= c

∫

D

lim
D∋x→Q

GD(x,w)h(w)

h(x)δD(w)
|b(w)|dw = 0.

✷

◆♦✇✱ ✇❡ r❡t✉r♥ t♦ t❤❡ ❘❡❧❛t✐✈❡ ❋❛t♦✉ ❚❤❡♦r❡♠ ❢♦r L✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✳
▲❡t u ❛♥❞ v ❜❡ t✇♦ ♥♦♥✲♥❡❣❛t✐✈❡ s✐♥❣✉❧❛r L✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦♥ D✳ ❇②
❚❤❡♦r❡♠ ✺✳✸✳✼✱ t❤❡② ❤❛✈❡ ❛ ▼❛rt✐♥ r❡♣r❡s❡♥t❛t✐♦♥

u(x) =

∫

∂D

M̃D(x,Q)dµ(Q), v(x) =

∫

∂D

M̃D(x,Q)dν(Q), x ∈ D,

✶✸✸



✇❤❡r❡ µ ❛♥❞ ν ❛r❡ t✇♦ ❇♦r❡❧ ✜♥✐t❡ ♠❡❛s✉r❡s ❝♦♥❝❡♥tr❛t❡❞ ♦♥ ∂D✳ ❲❡
❞❡❝♦♠♣♦s❡ t❤❡ ♠❡❛s✉r❡ µ ✐♥t♦ ✐ts ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❛♥❞ s✐♥❣✉❧❛r ♣❛rts
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡❛s✉r❡ ν

dµ = f dν + dµsing

✇✐t❤ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ f ∈ L1(ν) ❛♥❞ ν(supp(µsing)) = 0✳

❚❤❡♦r❡♠ ✺✳✹✳✺ ✭❘❡❧❛t✐✈❡ ❋❛t♦✉ ❚❤❡♦r❡♠✮ ❋♦r ν✲❛❧♠♦st ❡✈❡r② ♣♦✐♥t
Q ∈ ∂D ✇❡ ❤❛✈❡

lim
x→Q

u(x)

v(x)
= f(Q) ✭✺✳✹✷✮

✇❤❡♥ x→ Q ♥♦♥✲t❛♥❣❡♥t✐❛❧❧②✳

Pr♦♦❢ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❘❡❧❛t✐✈❡ ❋❛t♦✉ ❚❤❡♦r❡♠ ❢♦r t❤❡ s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝
❢✉♥❝t✐♦♥s u∗ ❛♥❞ v∗ ❞❡✜♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ ✭✺✳✸✵✮✳ ▲❡t Q ∈ supp(ν)\ supp(µ)✳
❚❤❡♥✱ ✐❢ x → Q✱ v∗(x) → ∞ ❛♥❞ u∗(x) → 0✱ s♦ limx→Q

u∗(x)
v∗(x)

= 0✳ ❚❤❡
❢♦r♠✉❧❛s ✭✺✳✸✾✮ ❛♥❞ ✭✺✳✸✽✮ ✐♠♣❧② t❤❛t ✐♥ t❤✐s ❝❛s❡

lim
x→Q

u(x)

v(x)
= 0.

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ Q ∈ supp(ν) ∩ supp(µ)✳ ❆s

dµ(Q)

lD(x0, Q)
= f

dν(Q)

lD(x0, Q)
+
dµsing(Q)

lD(x0, Q)
,

t❤❡ ❘❡❧❛t✐✈❡ ❋❛t♦✉ ❚❤❡♦r❡♠ ❢♦r t❤❡ s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s u∗ ❛♥❞
v∗ s❛②s t❤❛t ❢♦r ν✲❛❧♠♦st ❡✈❡r② ♣♦✐♥t Q ∈ ∂D

lim
x→Q

u∗(x)

v∗(x)
= f(Q)

✇❤❡♥ x → Q ♥♦♥✲t❛♥❣❡♥t✐❛❧❧②✳ ❚❤❡ ❢♦r♠✉❧❛ ✭✺✳✹✷✮ t❤❡♥ ❢♦❧❧♦✇s ❜② t❤❡
❢♦r♠✉❧❛ ✭✺✳✸✽✮ ❛♥❞ t❤❡ ▲❡♠♠❛ ✺✳✹✳✹✳

✷

❆❧t❡r♥❛t✐✈❡ ♣r♦♦❢✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ t❤❡ ❚❤❡♦r❡♠ ✺✳✹✳✺ ✐♥ ❛ ❞✐✛❡r❡♥t
✇❛②✳ ❚❤❡ ✐❞❡❛ ♦❢ ❛♥♦t❤❡r ♣r♦♦❢ ✐s t♦ ✉s❡ t❤❡ ❈♦r♦❧❧❛r② ✺✳✸✳✶✵ ❛♥❞ t♦ ❢♦❧❧♦✇
t❤❡ ❜❛s✐❝ st❡♣s ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❘❡❧❛t✐✈❡ ❋❛t♦✉ ❚❤❡♦r❡♠ ❢♦r α✲❤❛r♠♦♥✐❝
❢✉♥❝t✐♦♥s ♦❢ ❑✳ ▼✐❝❤❛❧✐❦ ❛♥❞ ▼✳ ❘②③♥❛r❬✽✾❪✱ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ s✉r✈❡② ❬✶✹✱
❙❡❝t✐♦♥ ✸✳✸❪✳
❙t❡♣ ✶✳ ❚❤❡ ❡st✐♠❛t❡s ♦❢ t❤❡ L✲▼❛rt✐♥ ❦❡r♥❡❧ M̃D ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ ❬✶✹✱
▲❡♠♠❛ ✸✳✻✱ ❈♦r♦❧❧❛r② ✸✳✼ ❛♥❞ ▲❡♠♠❛ ✸✳✽❪ t❤❛♥❦s t♦ t❤❡ ❈♦r♦❧❧❛r② ✺✳✸✳✸✳
❙t❡♣ ✷✳ ❚❤❡ ❧✐♠✐t ❜❡❤❛✈✐♦✉r ♦❢ ❛♥ L✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥✳ ❙✐♠✐❧❛r❧② ❛s ❢♦r

✶✸✹



s✐♥❣✉❧❛r α−❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✭s❡❡ ▲❡♠♠❛ ✺✳✹✳✷✮✱ ✇❤❡♥ t❤❡ ❞♦♠❛✐♥ D ✐s
♦❢ ❝❧❛ss C1,1✱ ✇❡ ❤❛✈❡✱ t❤❛♥❦s t♦ t❤❡ ❈♦r♦❧❧❛r② ✺✳✸✳✶✵

lim
x→Q

v(x) = +∞

❢♦r ν✲❛❧♠♦st ❛❧❧ Q✱ ♣r♦✈✐❞❡❞ t❤❡ ❧✐♠✐t ✐s ♥♦♥t❛♥❣❡♥t✐❛❧✳
❙t❡♣ ✸✳ ◆♦♥t❛♥❣❡♥t✐❛❧ ▼❛①✐♠❛❧ ❊st✐♠❛t❡ ❢♦r L✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✳ ❯s✐♥❣
❬✶✹✱ ▲❡♠♠❛ ✸✳✶✵❪✱ t❤❡ ❈♦r♦❧❧❛r② ✺✳✸✳✶✵ ❛♥❞ t❤❡ ❢❛❝t t❤❛t lD(x0, Q) > c > 0
❢♦r ❛❧❧ Q ∈ ∂D✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❢♦r ❛♥② x ∈ D✱ Q ∈ ∂D s✉❝❤ t❤❛t |x−Q| ≤
tδD(x) ✇✐t❤ ❛ t > 0 t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C = C(t, Q) s✉❝❤ t❤❛t

u(x)

v(x)
≤ C sup

r>0

µ(B(Q, r))

ν(B(Q, r))
.

❙t❡♣ ✹✳ ❙❤♦✇✐♥❣ t❤❛t u(x)
v(x)

→ Q ❢♦r ν✲❛❧♠♦st ❛❧❧ Q✳ ❚❤✐s ✜♥❛❧ st❡♣ ♦❢ t❤❡
♣r♦♦❢✱ ❡①♣❧❛✐♥❡❞ ✐♥ ❬✶✹✱ ♣❛❣❡ ✼✵❪✱ ✐s ❝♦♠♠♦♥ ❢♦r s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝ ❛♥❞
L✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✳

✺✳✹✳✷ L✲❍❛r❞② s♣❛❝❡s

❲❡ r❡❝❛❧❧ ✜rst t❤❡ ❛♥❛❧②t✐❝ ❝♦♥str✉❝t✐♦♥ ♦❢ ❍❛r❞② s♣❛❝❡s ♦❢ s✐♥❣✉❧❛r α✲
❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ❞✐s❝✉ss❡❞ ✐♥ ❬✾✵❪✳ ▲❡t M(∂D) ❞❡♥♦t❡ t❤❡ ❢❛♠✐❧② ♦❢ ❛❧❧
✜♥✐t❡ s✐❣♥❡❞ ❇♦r❡❧ ♠❡❛s✉r❡s ♦♥ ∂D ❛♥❞ ❢♦r µ ∈ M(∂D) ❧❡t ‖µ‖ ❞❡♥♦t❡ t❤❡
t♦t❛❧ ✈❛r✐❛t✐♦♥ ♥♦r♠ ♦❢ µ✳ ❋♦r µ ∈ M(∂D) ✇❡ ❞❡✜♥❡ t❤❡ ▼❛rt✐♥ ✐♥t❡❣r❛❧
♦❢ µ ❜②

MD[µ](x) =

∫

∂D

MD(x, y)µ(dy).

❋♦r f ∈ L1(∂D, σ) ✇❡ ❧❡t MD[f ] = MD[µf ]✱ ✇❤❡r❡ µf (dx) = f(x)σ(dx)✳
❈❤♦♦s❡ ❛ ❝♦♥st❛♥t r0 > 0 s✉❝❤ t❤❛t t❤❡ C1,1 ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ Dr✱

0 < r < r0 ♠❛② ❜❡ ✜①❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ r ✭s❡❡ ❬✾✵✱ ▲❡♠♠❛ ✺❪ ❢♦r ❞❡t❛✐❧s✮✳
■♥ ♣❛rt✐❝✉❧❛r ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t t❤❡ s❡ts Dr ✈❡r✐❢② t❤❡ ❜❛❧❧ ❝♦♥❞✐t✐♦♥ ✇✐t❤
t❤❡ s❛♠❡ r❛❞✐✉s r0✳ ❋♦r 0 < r < r0 ❧❡t πr : ∂D 7→ ∂Dr ❜❡ t❤❡ ♦rt❤♦❣♦♥❛❧
♣r♦❥❡❝t✐♦♥✱ ✐✳❡✳✱ πr(x) ♠❡❛♥s t❤❡ ❝❧♦s❡st ♣♦✐♥t t♦ x ♦♥ ∂Dr✳ ▲❡t σ ❜❡ t❤❡
(d− 1)✲❞✐♠❡♥s✐♦♥❛❧ ❍❛✉s❞♦r✛ s✉r❢❛❝❡ ♠❡❛s✉r❡ ♦♥ ∂D ❛♥❞ s❡t

N(x) = MD[σ](x) =

∫

∂D

MD(x, y)σ(dy).

❲❡ ❞❡✜♥❡ t❤❡ ❍❛r❞② s♣❛❝❡ Hp
α(D)✱ p ≥ 1✱ ❛s t❤❡ ❢❛♠✐❧② ♦❢ ❛❧❧ s✐♥❣✉❧❛r

α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s u ♦♥ D s✉❝❤ t❤❛t

‖u‖Hp
α

:= sup
0<r<r0

(∫

∂D

∣∣∣∣
u(πr(x))

N(πr(x))

∣∣∣∣
p

σ(dx)

)1/p

<∞.

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❬✾✵✱ ❚❤❡♦r❡♠ ✷
❛♥❞ ❚❤❡♦r❡♠ ✸❪✳

✶✸✺



❚❤❡♦r❡♠ ✺✳✹✳✻ ▲❡t u ❜❡ s✐♥❣✉❧❛r α✲❤❛r♠♦♥✐❝ ♦♥ D✳ ❚❤❡♥

✶✳ u ∈ H1
α(D) ✐❢ ❛♥❞ ♦♥❧② ✐❢ u = MD[µ] ❢♦r s♦♠❡ µ ∈ M(∂D)✳ ❋✉rt❤❡r✲

♠♦r❡✱ µ ✐s ✉♥✐q✉❡ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C = C(α,D)
s✉❝❤ t❤❛t

C−1‖µ‖ ≤ ‖u‖H1
α
≤ C‖µ‖.

✷✳ u ∈ Hp
α(D) ❢♦r ❛ ❣✐✈❡♥ p > 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ u = MD[f ] ❢♦r s♦♠❡

❢✉♥❝t✐♦♥ f ∈ Lp(∂D, σ)✳ ❋✉rt❤❡r♠♦r❡✱ f ✐s ✉♥✐q✉❡ ❛♥❞ t❤❡r❡ ❡①✐sts ❛
♣♦s✐t✐✈❡ ❝♦♥st❛♥t C = C(α,D) s✉❝❤ t❤❛t

C−1‖f‖p ≤ ‖u‖Hp
α
≤ C‖f‖p.

❲❡ ♣♦✐♥t ♦✉t t❤❛t ❚❤❡♦r❡♠ ✺✳✹✳✻ ❤♦❧❞s ❢♦r ❛❧❧ α ∈ (0, 2)✳
❲❡ ✇✐❧❧ ♥♦✇ ❝♦♥s✐❞❡r ❛♥❛❧♦❣♦✉s ♣r♦♣❡rt✐❡s ♦❢ s✐♥❣✉❧❛r L✲❤❛r♠♦♥✐❝ ❢✉♥❝✲

t✐♦♥s ♦♥ D ✇✐t❤ α ∈ (1, 2)✳ ❋♦r µ ∈ M(∂D) ❛♥❞ f ∈ L1(∂D, σ) ✇❡ ❞❡♥♦t❡
❜② M̃D[µ] ❛♥❞ M̃D[f ] t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ L✲▼❛rt✐♥ ✐♥t❡❣r❛❧s ♦❢ µ ❛♥❞ f ✳
❇② ❚❤❡♦r❡♠ ✺✳✸✳✼ ❛♥❞ t❤❡ ❍❛❤♥ ❞❡❝♦♠♣♦s✐t✐♦♥ µ = µ+ − µ−✱ M̃D[µ] ❛♥❞
M̃D[f ] ❛r❡ L✲❤❛r♠♦♥✐❝ ❢♦r ❡✈❡r② µ ∈ M(∂D) ❛♥❞ f ∈ L1(∂D, σ)✳

❙❡t Ñ(x) = M̃D[σ](x)✳ ❲❡ ❞❡✜♥❡ t❤❡ ❍❛r❞② s♣❛❝❡ H̃p
α(D)✱ p ≥ 1✱ ❛s t❤❡

❢❛♠✐❧② ♦❢ ❛❧❧ s✐♥❣✉❧❛r L✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s u ♦♥ D ✈❡r✐❢②✐♥❣

‖u‖H̃p
α

:= sup
0<r<r0

(∫

∂D

∣∣∣∣
u(πr(x))

Ñ(πr(x))

∣∣∣∣
p

σ(dx)

)1/p

<∞.

❲❡ ♥♦t❡ t❤❛t✱ s✐♥❝❡ ∂D ✐s ❝♦♠♣❛❝t✱ H̃p
α(D) ⊂ H̃1

α(D) ❢♦r ❛❧❧ p > 1✳ ❋✉rt❤❡r✲
♠♦r❡✱ ✐♥ ✈✐❡✇ ♦❢ ❈♦r♦❧❧❛r② ✺✳✸✳✸✱ Ñ ≈ N ✱ ❛♥❞ ❤❡♥❝❡ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t
c = c(α, b,D) > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ❇♦r❡❧ ❢✉♥❝t✐♦♥ u ♦♥ D ✇❡ ❤❛✈❡

c−1‖u‖Hp
α
≤ ‖u‖H̃p

α
≤ c‖u‖Hp

α
. ✭✺✳✹✸✮

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ ❢♦r ❍❛r❞② s♣❛❝❡s H̃p
α(D) ✇❡

❢♦❧❧♦✇ t❤❡ ❛♣♣r♦❛❝❤ ♣r❡s❡♥t❡❞ ✐♥ ❬✾✵❪✳ ❋r♦♠ ✭✺✳✶✾✮ ❛♥❞ ❬✾✵✱ ▲❡♠♠❛ ✻❪ ✐t
❢♦❧❧♦✇s✱ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C = C(α, b,D) > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r②
r ∈ (0, r0] ❛♥❞ x, y ∈ ∂D ✇❡ ❤❛✈❡

C−1M̃D(πr(x), y) ≤ M̃D(πr(y), x) ≤ CM̃D(πr(x), y),

❛♥❞ ❤❡♥❝❡ C−1Ñ(πr(x)) ≤ Ñ(πr(y)) ≤ CÑ(πr(x))✳ ❚❤✐s ✐♠♣❧✐❡s✱ ✐♥ t❤❡
s❛♠❡ ✇❛② ❛s ✐♥ ❬✾✵✱ ▲❡♠♠❛ ✼❪✱ t❤❛t ✐❢ u = M̃D[µ] ❢♦r s♦♠❡ ♥♦♥♥❡❣❛t✐✈❡
µ ∈ M(∂D)✱ t❤❡♥ ❢♦r ❛❧❧ r, s ∈ (0, r0] ✇❡ ❤❛✈❡

C−1

∫

∂D

u(πr(x))

Ñ(πr(x))
σ(dx) ≤ ‖µ‖ ≤ C

∫

∂D

u(πs(x))

Ñ(πs(x))
σ(dx). ✭✺✳✹✹✮

▲❡t X̃t ❜❡ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss ❛ss♦❝✐❛t❡❞ ✇✐t❤ L ✭s❡❡ ❬✶✾❪ ❢♦r ❛ ❞❡t❛✐❧❡❞
❞❡✜♥✐t✐♦♥✮✳ ❋♦r ❛ s✐♥❣✉❧❛r L✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ u ♦♥ D ❛♥❞ r ∈ (0, r0] ✇❡

✶✸✻



❞❡✜♥❡ ur(x) = E
x|u(X̃τDr

)|✳ ❖❜✈✐♦✉s❧②✱ |u| ≤ ur ❢♦r ❡✈❡r② r✳ ❲❡ ♥♦t❡ t❤❛t
❜② t❤❡ str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt②✱ ❢♦r 0 < s < r ≤ r0 ✇❡ ❤❛✈❡

ur(x) = E
x|EX̃τDr u(X̃τDs

)| ≤ E
x
E

X̃τDr |u(X̃τDs
)| = us(x).

❍❡♥❝❡✱ ur ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛s r ց 0 ❛♥❞ ✇❡ ♠❛② ❞❡✜♥❡ F [u] = limrց0 ur✳
❇② t❤❡ ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ t❤❡ ❍❛r♥❛❝❦ ✐♥❡q✉❛❧✐t② ✭s❡❡ ❬✶✾✱ ▲❡♠♠❛
✶✺❪✮ ✇❡ ♦❜t❛✐♥ t❤❛t ❡✐t❤❡r F [u] ✐s ✜♥✐t❡ ❛♥❞ L✲❤❛r♠♦♥✐❝ ♦♥ D ♦r F [u] ≡ ∞
♦♥ D✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s ❛♥ L✲❤❛r♠♦♥✐❝ ❝♦✉♥t❡r♣❛rt ♦❢ ❬✾✵✱ ❚❤❡♦✲
r❡♠ ✶❪ ❛♥❞ ✐t ♠❛② ❜❡ ♣r♦✈❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ✉s✐♥❣ ❚❤❡♦r❡♠ ✺✳✸✳✼ ❛♥❞
❚❤❡♦r❡♠ ✺✳✹✳✺✳

▲❡♠♠❛ ✺✳✹✳✼ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳

✶✳ F [u](x) <∞ ❢♦r ❡✈❡r② x✳

✷✳ u = M̃D[µ] ❢♦r s♦♠❡ µ ∈ M(∂D)✳

❋✉rt❤❡r♠♦r❡✱ ✐❢ u = M̃D[µ]✱ t❤❡♥ F [u] = M̃D[|µ|]✳
❚❤❡ ♥❡①t st❡♣ ✐s t♦ s❤♦✇ t❤❛t F [u] ∈ H̃1

α(D) ♣r♦✈✐❞❡❞ u ∈ H̃1
α(D)✳ ■♥ ♦r❞❡r

t♦ ❞♦ t❤✐s✱ ✇❡ ✇✐❧❧ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s✳

▲❡♠♠❛ ✺✳✹✳✽ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C = C(α, b,D) > 0 s✉❝❤ t❤❛t ❢♦r
❛❧❧ 0 < ρ < s < r ≤ r0 ❛♥❞ y ∈ ∂Dρ ✇❡ ❤❛✈❡

C−1 (r − s)α/2

(s− ρ)α/2(r − ρ)
≤
∫

∂Dr

P̃Ds(x, y)σr(dx) ≤ C
(r − s)α/2

(s− ρ)α/2(r − ρ)
,

✇❤❡r❡ σr ✐s t❤❡ ❍❛✉s❞♦r✛ s✉r❢❛❝❡ ♠❡❛s✉r❡ ♦♥ ∂Dr✳

Pr♦♦❢ ❋♦r x ∈ ∂Dr ❛♥❞ y ∈ ∂Dρ ✇❡ ❤❛✈❡ δDs(x) = r − s ❛♥❞ δDs(y) =
s− ρ ≤ r ≤ diam(D)✳ ❍❡♥❝❡✱ ❜② ❈♦r♦❧❧❛r② ✺✳✷✳✷ ❛♥❞ ❬✾✵✱ ▲❡♠♠❛ ✺❪ ✇❡ ❣❡t

∫

∂Dr

P̃Ds(x, y)σr(dx) ≥ c1

∫

∂Dr

δ
α/2
Ds

(x)

δ
α/2
Ds

(y)|x− y|d
σr(dx)

= c1
(r − s)α/2

(s− ρ)α/2

∫

∂Dr

σr(dx)

|x− y|d ≥ c2
(r − s)α/2

(s− ρ)α/2δDr(y)
= c2

(r − s)α/2

(s− ρ)α/2(r − ρ)
.

❚❤✐s s❤♦✇s t❤❡ ❧♦✇❡r ❡st✐♠❛t❡ ❛♥❞ t❤❡ ✉♣♣❡r ♦♥❡ ❝❛♥ ❜❡ s❤♦✇♥ ❛♥❛❧♦❣♦✉s❧②✳
✷

❚❤❡ ♥❡①t ♣r♦♣❡rt② ♦❢ t❤❡ ❢✉♥❝t✐♦♥ F [u] ✐s ❝r✉❝✐❛❧ ✐♥ t❤❡ t❤❡♦r② ♦❢ L✲❍❛r❞②
s♣❛❝❡s✳

▲❡♠♠❛ ✺✳✹✳✾ ❙✉♣♣♦s❡ u ∈ H̃1
α(D)✳ ❚❤❡♥ F [u] ∈ H̃1

α(D) ❛♥❞ t❤❡r❡ ❡①✐sts
❛ ❝♦♥st❛♥t C = C(α, b,D) > 0 s✉❝❤ t❤❛t

‖F [u]‖H̃1
α
≤ C lim sup

r→0

∫

∂D

∣∣∣∣
u(πr(x))

Ñ(πr(x))

∣∣∣∣σ(dx).

✶✸✼



Pr♦♦❢ ▲❡t 0 < s < r/2 ≤ r0/2 ❛♥❞ ❞❡♥♦t❡

Ru(s) = sup
0<ρ<s

∫

∂D

∣∣∣∣∣
u(πρ(x))

Ñ(πρ(x))

∣∣∣∣∣σ(dx).

❲❡ ❤❛✈❡
∫

∂D

|u(πr(x))|σ(dx) ≤
∫

∂D

∫

D\Ds

P̃Ds(πr(x), y)|u(y)|dyσ(dx)

=

∫

D\Ds

|u(y)|
∫

∂D

P̃Ds(πr(x), y)σ(dx)dy.

❇② ▲❡♠♠❛ ✺✳✹✳✽ ❛♥❞ ❬✾✵✱ ▲❡♠♠❛ ✺❪✱ ❢♦r 0 < ρ < s ❛♥❞ y ∈ ∂Dρ ✇❡ ❤❛✈❡

∫

∂D

P̃Ds(πr(x), y)σ(dx) ≤ C

∫

∂Dr

P̃Ds(x, y)σr(dx) ≤ C
(r − s)α/2

(s− ρ)α/2(r − ρ)
,

✇❤❡r❡ C = C(α, b,D) > 0✳ ❍❡♥❝❡
∫

∂D

|u(πr(x))|σ(dx) ≤ C(r−s)α/2

∫ s

0

∫

∂D

|u(πρ(x))|σ(dx)
dρ

(s− ρ)α/2(r − ρ)
.

◆❡①t ✇❡ ♦❜s❡r✈❡✱ t❤❛t ❜② ✭✺✳✻✮✱ ❈♦r♦❧❧❛r② ✺✳✸✳✸ ❛♥❞ t❤❡ ❡st✐♠❛t❡s ♦❢ t❤❡
❝❧❛ss✐❝❛❧ P♦✐ss♦♥ ❦❡r♥❡❧ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ✭s❡❡ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✹✳✷✮
✇❡ ❤❛✈❡ Ñ(x) ≈ δD(x)α/2−1✳ ❍❡♥❝❡ Ñ(πρ(y)) ≤ Cρα/2−1 ❢♦r s♦♠❡ ♣♦s✐t✐✈❡
❝♦♥st❛♥t C = C(α, b,D) ❛♥❞ ❛❧❧ y ∈ ∂D✳ ❚❤❡r❡❢♦r❡

∫

∂D

|u(πρ(x))|σ(dx) =

∫

∂D

Ñ(πρ(y))

∣∣∣∣∣
u(πρ(y))

Ñ(πρ(y))

∣∣∣∣∣σ(dy) ≤ Cρα/2−1Ru(s).

❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ r − ρ > r − s ❛♥❞ Ñ(πr(y)) ≥ Crα/2−1✱ ✇❡ ♦❜t❛✐♥

∫

∂D

∣∣∣∣
us(πr(y))

Ñ(πr(y))

∣∣∣∣σ(dy) ≤ CRu(s)r
1−α/2(r − s)α/2

∫ s

0

ρα/2−1dρ

(s− ρ)α/2(r − ρ)

≤ CRu(s)

(
r

r − s

)1−α/2

.

❚❛❦✐♥❣ sց 0✱ ❋❛t♦✉✬s ❧❡♠♠❛ ❣✐✈❡s
∫

∂D

∣∣∣∣
F [u](πr(y))

Ñ(πr(y))

∣∣∣∣σ(dy) ≤ C lim
s→0

Ru(s) ≤ C‖u‖H̃1
α
.

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳
✷

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ♣r♦✈❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ ❢♦r L✲❍❛r❞② s♣❛❝❡s✳

✶✸✽



❚❤❡♦r❡♠ ✺✳✹✳✶✵ ▲❡t u ❜❡ s✐♥❣✉❧❛r L✲❤❛r♠♦♥✐❝ ♦♥ D✳ ❚❤❡♥
✶✳ u ∈ H̃1

α(D) ✐❢ ❛♥❞ ♦♥❧② ✐❢ u = M̃D[µ] ❢♦r s♦♠❡ µ ∈ M(∂D)✳ ❋✉rt❤❡r✲
♠♦r❡✱ µ ✐s ✉♥✐q✉❡ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C = C(α, b,D)
s✉❝❤ t❤❛t

C−1‖µ‖ ≤ ‖u‖H̃1
α
≤ C‖µ‖.

✷✳ u ∈ H̃p
α(D) ❢♦r ❛ ❣✐✈❡♥ p > 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ u = M̃D[f ] ❢♦r s♦♠❡

❢✉♥❝t✐♦♥s f ∈ Lp(∂D, σ)✳ ❋✉rt❤❡r♠♦r❡✱ f ✐s ✉♥✐q✉❡ ❛♥❞ t❤❡r❡ ❡①✐sts
❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C = C(α, b,D) s✉❝❤ t❤❛t

C−1‖f‖p ≤ ‖u‖H̃p
α
≤ C‖f‖p.

Pr♦♦❢ ❙✉♣♣♦s❡ ✜rst t❤❛t u = M̃D[µ] ❢♦r s♦♠❡ µ ∈ M(∂D)✳ ❚❤❡♥ ❜②
▲❡♠♠❛ ✺✳✹✳✼ ❛♥❞ t❤❡ ❡st✐♠❛t❡ ✭✺✳✹✹✮ ✇❡ ❤❛✈❡ F [u] = M̃D[|µ|] ❛♥❞

‖µ‖ ≤ c1‖F [u]‖H̃1
α
≤ c2‖u‖H̃1

α
≤ c2‖F [u]‖H̃1

α
≤ c3‖µ‖.

❍❡♥❝❡ µ ✐s ✉♥✐q✉❡ ❛♥❞ u ∈ H̃1
α(D)✳ ❈♦♥✈❡rs❡❧②✱ ❧❡t u ∈ H̃1

α(D)✳ ❚❤❡♥ ❜②
▲❡♠♠❛ ✺✳✹✳✾✱ F [u] ∈ H̃1

α(D) ❛♥❞ ❜② ▲❡♠♠❛ ✺✳✹✳✼ ✇❡ ❤❛✈❡ u = M̃D[µ] ❢♦r
s♦♠❡ µ ∈ M(∂D)✳ ❚❤✐s ♣r♦✈❡s t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ t❤❡♦r❡♠✳

▲❡t ♥♦✇ p > 1✳ ■❢ u = M̃D[f ] ❢♦r s♦♠❡ f ∈ Lp(∂D, σ)✱ t❤❡♥ ❜② ❏❡♥s❡♥✬s
✐♥❡q✉❛❧✐t② ✇❡ ❤❛✈❡

∣∣∣∣
u(πr(x))

Ñ(πr(x))

∣∣∣∣
p

=

∣∣∣∣∣

∫

∂D

M̃D(πr(x), y)

Ñ(πr(x))
f(y)σ(dy)

∣∣∣∣∣

p

≤ M̃D[|f |p](πr(x))

Ñ(πr(x))
.

❇② t❤❡ ✜rst ♣❛rt ✇❡ ❣❡t ‖u‖p

H̃p
α
≤ ‖M̃D[|f |p‖H̃1

α
≤ C‖f‖p

p✳

❈♦♥✈❡rs❡❧②✱ s✉♣♣♦s❡ t❤❛t u ∈ H̃p
α(D)✳ ❚❤❡♥ u ∈ H̃1

α(D) ❛♥❞ u = M̃D[µ]
❢♦r s♦♠❡ µ ∈ M(∂D)✳ ❲❡ ♠❛② ❞❡❝♦♠♣♦s❡ µ ✐♥t♦ dµ = fdσ+dµs✱ ✇❤❡r❡ f ∈
L1(∂D, σ) ❛♥❞ µs ∈ M(∂D) ✐s s✐♥❣✉❧❛r ✇✐t❤ r❡s♣❡❝t t♦ σ✳ ❇② ❚❤❡♦r❡♠ ✺✳✹✳✺
✇❡ ❤❛✈❡ limr→0 u(πr(x))/Ñ(πr(x)) = f(x) ❢♦r σ✲❛✳❡✳ x ∈ ∂D✳ ❇② t❤❡ ❋❛t♦✉✬s
❧❡♠♠❛✱

∫

∂D

|f(x)|pσ(dx) ≤ lim inf
r→0

∫

∂D

∣∣∣∣
u(πr(x))

Ñ(πr(x))

∣∣∣∣
p

σ(dx) ≤ ‖u‖p

H̃p
α
.

❚❤❡r❡❢♦r❡ f ∈ Lp(∂D, σ) ❛♥❞ ❤❡♥❝❡ M̃D[f ] ∈ H̃p
α(D)✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t

❛❧s♦ v = M̃D[µs] ∈ H̃p
α(D)✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t ‖µs‖ = 0✳ ❚❤❡ ❝♦♥❞✐t✐♦♥

v ∈ H̃p
α(D) ❢♦r p > 1 ✐♠♣❧✐❡s✱ t❤❛t t❤❡ ❢❛♠✐❧② v(πr(·))

Ñ(πr(·))
✱ r > 0 ✐s ✉♥✐❢♦r♠❧②

✐♥t❡❣r❛❜❧❡✳ ❇② ❚❤❡♦r❡♠ ✺✳✹✳✺✱ limr→0
v(πr(x))

Ñ(πr(x))
= 0 ❢♦r σ✲❛✳❡✳ x ∈ ∂D✱ ❛♥❞

❤❡♥❝❡ limr→0

∫
∂D

∣∣∣ v(πr(x))

Ñ(πr(x))

∣∣∣σ(dx) = 0✳ ❋✐♥❛❧❧②✱ ❜② ✭✺✳✹✹✮✱ ▲❡♠♠❛ ✺✳✹✳✼ ❛♥❞

▲❡♠♠❛ ✺✳✹✳✾ ✇❡ ❤❛✈❡

‖µs‖ ≤ c‖F [v]‖H̃1
α
≤ C lim sup

r→0

∫

∂D

∣∣∣∣
v(πr(x))

Ñ(πr(x))

∣∣∣∣σ(dx) = 0,

s♦ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳

✶✸✾



✷

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✺✳✹✳✻✱ ❚❤❡♦r❡♠ ✺✳✹✳✶✵
❛♥❞ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❈♦r♦❧❧❛r② ✺✳✸✳✾ ❢♦r s✐❣♥❡❞ ♠❡❛s✉r❡s✳

❈♦r♦❧❧❛r② ✺✳✹✳✶✶ ▲❡t p ≥ 1✳ ❚❤❡ ❍❛r❞② s♣❛❝❡s Hp
α(D) ❛♥❞ H̃p

α(D) ❛r❡
t♦♣♦❧♦❣✐❝❛❧❧② ✐s♦♠♦r♣❤✐❝✳ ▼♦r❡ ❡①❛❝t❧②✱ t❤❡ ♠❛♣♣✐♥❣

u(x) → ũ(x) = u(x) +

∫

D

G̃D(x,w)b(w) · ∇u(w)dw

✐s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ Hp
α(D) ❛♥❞ H̃p

α(D) ❛♥❞ ‖u‖Hp
α
≈ ‖ũ‖H̃p

α
✳

■♥ ✈✐❡✇ ♦❢ ❈♦r♦❧❧❛r② ✺✳✹✳✶✶ ✇❡ ❝❛♥ s❛② t❤❛t t❤❡ s♣❛❝❡ H̃p
α(D) ✐s ❡q✉❛❧ t♦ ❛

♣❡rt✉r❜❡❞ s♣❛❝❡ Hp
α(D)✳

❘❡♠❛r❦ ✺✳✹✳✶✷ ❇② s✐♠✐❧❛r ♠❡t❤♦❞s ❛s t♦ ♣r♦✈❡ t❤❡ ❚❤❡♦r❡♠ ✺✳✹✳✶✵✱ ✇❡
❝❛♥ ♦❜t❛✐♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ ❢♦r ❍❛r❞② s♣❛❝❡s ♦❢ r❡❧❛t✐✈✐st✐❝ α✲
❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✳

❲❡ ♦❜s❡r✈❡ t❤❛t✱ ❛❝❝♦r❞✐♥❣ t♦ ❬✺✻❪✱ st❛❜❧❡ ❛♥❞ r❡❧❛t✐✈✐st✐❝ ●r❡❡♥ ❢✉♥❝✲
t✐♦♥s ❛♥❞ P♦✐ss♦♥ ❦❡r♥❡❧s ❛r❡ ❝♦♠♣❛r❛❜❧❡ ♦♥ ❜♦✉♥❞❡❞ s♠♦♦t❤ ❞♦♠❛✐♥s✳
❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ▼❛rt✐♥ ❦❡r♥❡❧s ❛r❡ ❛❧s♦ ❝♦♠♣❛r❛❜❧❡✳ ❆ ❝❛r❡❢✉❧ r❡❛❞✐♥❣ ♦❢
t❤❡ ♣r♦♦❢s ♦❢ ❛❧❧ t❤❡s❡ ❡st✐♠❛t❡s ❛❧❧♦✇s ♦♥❡ t♦ s❡❡ t❤❛t ❝♦♠♠♦♥ ❝♦♥st❛♥ts
♠❛② ❜❡ ❝❤♦s❡♥ ❢♦r s❡ts Dr s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ D✳

❚❤❡ ▼❛rt✐♥ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ s✐♥❣✉❧❛r r❡❧❛t✐✈✐st✐❝ α✲st❛❜❧❡ ♥♦♥✲♥❡❣❛t✐✈❡
❢✉♥❝t✐♦♥s ✇❛s ♣r♦✈❡❞ ✐♥ ❬✼✺❪✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❲❡ t❤❛♥❦ ❑r③②s③t♦❢ ❇♦❣❞❛♥✱ ❏❛❝❡❦ ▼❛➟❡❝❦✐ ❛♥❞ ▼✐❝❤❛➟ ❘②③♥❛r ❢♦r
❞✐s❝✉ss✐♦♥s ❛❜♦✉t t❤✐s ♣❛♣❡r✳

✶✹✵



❇✐❜❧✐♦❣r❛♣❤✐❡

❬✶❪ ❍✳ ❆✐❦❛✇❛✱ ❇♦✉♥❞❛r② ❍❛r♥❛❝❦ ♣r✐♥❝✐♣❧❡ ❛♥❞ ▼❛rt✐♥ ❜♦✉♥❞❛r② ❢♦r ❛
✉♥✐❢♦r♠ ❞♦♠❛✐♥✱ ❏✳ ▼❛t❤✳ ❙♦❝✳ ❏❛♣❛♥ ❱♦❧✳ ✺✸ ✭✷✵✵✶✮✱ ◆♦✳ ✶✱ ✶✶✾✲✶✹✺✳

❬✷❪ ❍✳ ❆✐❦❛✇❛✱ ❚✳ ❑✐❧♣❡❧ä✐♥❡♥✱ ◆✳ ❙❤❛♥♠✉❣❛❧✐♥❣❛♠✱ ❳✳ ❩❤♦♥❣✱ ❇♦✉♥❞❛r②
❍❛r♥❛❝❦ Pr✐♥❝✐♣❧❡ ❢♦r ♣✲❤❛r♠♦♥✐❝ ❋✉♥❝t✐♦♥s ✐♥ ❙♠♦♦t❤ ❊✉❝❧✐❞❡❛♥
❉♦♠❛✐♥s✱ P♦t❡♥t✐❛❧ ❆♥❛❧②s✐s ✷✻ ✭✷✵✵✻✮✱ ✷✽✶✲✸✵✶✳

❬✸❪ ❆✳ ❆♥❝♦♥❛✱ Pr✐♥❝✐♣❡ ❞❡ ❍❛r♥❛❝❦ à ❧❛ ❢r♦♥t✐èr❡ ❡t t❤é♦rè♠❡ ❞❡ ❋❛t♦✉
♣♦✉r ✉♥ ♦♣ér❛t❡✉r ❡❧❧✐♣t✐q✉❡ ❞❛♥s ✉♥ ❞♦♠❛✐♥❡ ❧✐♣s❝❤✐t③✐❡♥✱ ❆♥♥✳ ■♥st✳
❋♦✉r✐❡r ✭●r❡♥♦❜❧❡✮ ✷✽ ✭✶✾✼✽✮✱ ♥♦✳ ✹✱ ✶✻✾✲✷✶✸✳

❬✹❪ ❆✳ ❆♥❝♦♥❛✱ ❋✐rst ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❝♦♠♣❛r✐s♦♥ ♦❢ ●r❡❡♥✬s ❢✉♥❝t✐♦♥s
❢♦r ❡❧❧✐♣t✐❝ ♦♣❡r❛t♦rs ♦♥ ♠❛♥✐❢♦❧❞s ♦r ❞♦♠❛✐♥s✱ ❏✳ ❞✬❆♥❛❧②s❡ ▼❛t❤é✲
♠❛t✐q✉❡ ✼✷ ✭✶✾✾✼✮✱ ✹✺✲✾✷✳

❬✺❪ ❙✳ ❆①❧❡r✱ P✳ ❇♦✉r❞♦♥✱ ❲✳ ❘❛♠❡②✱ ❍❛r♠♦♥✐❝ ❋✉♥❝t✐♦♥ ❚❤❡♦r②✱
❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✱ ❇❡r❧✐♥✱ ✶✾✾✷✳

❬✻❪ ❘✳ ❇❛ñ✉❡❧♦s✱ ▼✳▼✳❍✳ P❛♥❣✳ ▲♦✇❡r ❜♦✉♥❞ ❣r❛❞✐❡♥t ❡st✐♠❛t❡s ❢♦r s♦✲
❧✉t✐♦♥s ♦❢ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s ❛♥❞ ❤❡❛t ❦❡r♥❡❧s✱ ❈♦♠♠✳ P❛rt✐❛❧
❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ✷✹ ✭✶✾✾✾✮✱ ♥♦✳ ✸✲✹✱ ✹✾✾✲✺✹✸✳

❬✼❪ ❘✳❋✳ ❇❛ss✱ ❉✳ ❨♦✉✱ ❆ ❋❛t♦✉ t❤❡♦r❡♠ ❢♦r α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✱ ❇✉❧❧✳
❙❝✐✳ ▼❛t❤✳ ✶✷✼ ✭✷✵✵✸✮✱ ♥♦✳✼✱ ✻✸✺✲✻✹✽✳

❬✽❪ ❏✳ ❇❧✐❡❞t♥❡r✱ ❲✳ ❍❛♥s❡♥✳ P♦t❡♥t✐❛❧ t❤❡♦r②✳ ❯♥✐✈❡rs✐t❡①t✳ ❙♣r✐♥❣❡r✲
❱❡r❧❛❣✱ ❇❡r❧✐♥✱ ✶✾✽✻✳ ❆♥ ❛♥❛❧②t✐❝ ❛♥❞ ♣r♦❜❛❜✐❧✐st✐❝ ❛♣♣r♦❛❝❤ t♦ ❜❛✲
❧❛②❛❣❡✳

❬✾❪ ❑✳ ❇♦❣❞❛♥✱ ❚❤❡ ❜♦✉♥❞❛r② ❍❛r♥❛❝❦ ♣r✐♥❝✐♣❧❡ ❢♦r t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛✲
♣❧❛❝✐❛♥✱ ❙t✉❞✐❛ ▼❛t❤✳ ✶✷✸ ✭✶✾✾✼✮✱ ✹✸✲✽✵✳

❬✶✵❪ ❑✳ ❇♦❣❞❛♥✱ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ✐♥ ▲✐♣s❝❤✐t③ ❞♦✲
♠❛✐♥s✱ ❍✐r♦s❤✐♠❛ ▼❛t❤✳ ❏✳ ✷✾ ✭✶✾✾✾✮✱ ✷✷✼✲✷✹✸✳

❬✶✶❪ ❑✳ ❇♦❣❞❛♥✱ ❙❤❛r♣ ❡st✐♠❛t❡s ❢♦r t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ ✐♥ ▲✐♣s❝❤✐t③ ❞♦✲
♠❛✐♥s✱ ❏✳ ▼❛t❤✳ ❆♥❛❧✳ ❆♣♣❧✳ ✷✹✸ ✭✷✵✵✵✮✱ ✸✷✻✲✸✸✼✳

❬✶✷❪ ❑✳ ❇♦❣❞❛♥✱ ❑✳ ❇✉r❞③②✱ ❩✳✲◗✳ ❈❤❡♥✱ ❈❡♥s♦r❡❞ st❛❜❧❡ ♣r♦❝❡ss❡s✱ Pr♦✲
❜❛❜✳ ❚❤❡♦r② ❘❡❧❛t❡❞ ❋✐❡❧❞s✱ ✶✷✼ ✭✷✵✵✸✮✱ ♥♦✳ ✶✱ ✽✾✲✶✺✷✳

❬✶✸❪ ❑✳ ❇♦❣❞❛♥✱ ❚✳ ❇②❝③❦♦✇s❦✐✱ P♦t❡♥t✐❛❧ t❤❡♦r② ❢♦r t❤❡ α✲st❛❜❧❡ ❙❝❤rö✲
❞✐♥❣❡r ♦♣❡r❛t♦r ♦♥ ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥s✱ ❙t✉❞✐❛ ▼❛t❤✳ ✶✸✸
✭✶✾✾✾✮✱ ✺✸✲✾✷✳

✶✹✶



❬✶✹❪ ❑✳ ❇♦❣❞❛♥✱ ❚✳ ❇②❝③❦♦✇s❦✐✱ ❚✳ ❑✉❧❝③②❝❦✐✱ ▼✳ ❘②③♥❛r✱ ❘✳ ❙♦♥❣✱ ❩✳
❱♦♥❞r❛↔❡❦✱ P♦t❡♥t✐❛❧ ❛♥❛❧②s✐s ♦❢ st❛❜❧❡ ♣r♦❝❡ss❡s ❛♥❞ ✐ts ❡①t❡♥s✐♦♥s✱
✈♦❧✉♠❡ ✶✾✽✵ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ▼❛t❤❡♠❛t✐❝s✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r✲
❧✐♥✱ ✷✵✵✾✳

❬✶✺❪ ❑✳ ❇♦❣❞❛♥✱ ❇✳ ❉②❞❛✱ ❘❡❧❛t✐✈❡ ❋❛t♦✉ t❤❡♦r❡♠ ❢♦r ❤❛r♠♦♥✐❝ ❢✉♥❝✲
t✐♦♥s ♦❢ r♦t❛t✐♦♥ ✐♥✈❛r✐❛♥t st❛❜❧❡ ♣r♦❝❡ss❡s ✐♥ s♠♦♦t❤ ❞♦♠❛✐♥s✱ ❙t✉❞✐❛
▼❛t❤✳ ✶✺✼ ✭✷✵✵✸✮✱ ✽✸✲✾✻✳

❬✶✻❪ ❑✳ ❇♦❣❞❛♥✱ ❇✳ ❉②❞❛✱ ❚✳ ▲✉❦s✱ ❖♥ ❍❛r❞② s♣❛❝❡s✱ ♣r❡♣r✐♥t ✷✵✶✶✱
❛✈❛✐❧❛❜❧❡ ❛t ❤tt♣ ✿✴✴❛r①✐✈✳♦r❣✴❛❜s✴✶✶✵✾✳✵✷✶✵

❬✶✼❪ ❑✳ ❇♦❣❞❛♥✱ ❚✳ ❏❛❦✉❜♦✇s❦✐✱ Pr♦❜❧❡♠❡ ❞❡ ❉✐r✐❝❤❧❡t ♣♦✉r ❧❡s ❢♦♥❝t✐♦♥s
α✲❤❛r♠♦♥✐q✉❡s s✉r ❧❡s ❞♦♠❛✐♥❡s ❝♦♥✐q✉❡s✱ ❆♥♥✳ ▼❛t❤✳ ❇❧❛✐s❡ P❛s❝❛❧
✶✷ ✭✷✵✵✺✮✱ ✷✾✼✲✸✵✽✳

❬✶✽❪ ❑✳ ❇♦❣❞❛♥✱ ❚✳ ❏❛❦✉❜♦✇s❦✐✱ ❊st✐♠❛t❡s ♦❢ ❤❡❛t ❦❡r♥❡❧ ♦❢ ❢r❛❝t✐♦♥❛❧
▲❛♣❧❛❝✐❛♥ ♣❡rt✉r❜❡❞ ❜② ❣r❛❞✐❡♥t ♦♣❡r❛t♦rs✱ ❈♦♠♠✳ ▼❛t❤✳ P❤②s✳ ✷✼✶
✭✷✵✵✼✮✱ ♥♦✳ ✶✱ ✶✼✾✲✶✾✽✳

❬✶✾❪ ❑✳ ❇♦❣❞❛♥✱ ❚✳ ❏❛❦✉❜♦✇s❦✐✱ ❊st✐♠❛t❡s ♦❢ t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ ❢♦r t❤❡
❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ♣❡rt✉r❜❡❞ ❜② ❣r❛❞✐❡♥t✱ P♦t❡♥t✐❛❧ ❆♥❛❧②s✐s✱ ♣❛❣❡s
✶✲✷✼✳ ✶✵✳✶✵✵✼✴s✶✶✶✶✽✲✵✶✶✲✾✷✸✼✲①✳

❬✷✵❪ ❑✳ ❇♦❣❞❛♥✱ ❚✳ ❑✉❧❝③②❝❦✐✱ ▼✳ ❑✇❛➧♥✐❝❦✐✱ ❊st✐♠❛t❡s ❛♥❞ str✉❝t✉r❡ ♦❢
α✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✱ Pr♦❜❛❜✳ ❚❤❡♦r② ❘❡❧❛t✳ ❋✐❡❧❞s ✶✹✵ ✭✷✵✵✽✮✱ ♥♦✳
✸✲✹✱ ✸✹✺✲✸✽✶✳

❬✷✶❪ ❑✳ ❇♦❣❞❛♥✱ ❚✳ ❑✉❧❝③②❝❦✐✱ ❆✳ ◆♦✇❛❦✱ ●r❛❞✐❡♥t ❡st✐♠❛t❡s ❢♦r ❤❛r♠♦♥✐❝
❛♥❞ q✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦❢ s②♠♠❡tr✐❝ st❛❜❧❡ ♣r♦❝❡ss❡s✱ ■❧❧✐♥♦✐s ❏✳
▼❛t❤✳ ✹✻ ✭✷✵✵✷✮✱ ♥♦✳ ✷✱ ✺✹✶✲✺✹✻✳

❬✷✷❪ ❑✳ ❇♦❣❞❛♥✱ P✳ ❙③t♦♥②❦✱ ❊st✐♠❛t❡s ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ❦❡r♥❡❧ ❛♥❞ ❍❛r♥❛✲
❝❦✬s ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ ❛♥✐s♦tr♦♣✐❝ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥✱ ❙t✉❞✐❛ ▼❛t❤✳
✶✽✶ ✭✷✵✵✼✮✱ ♥♦✳ ✷✱ ✶✵✶✲✶✷✸✳

❬✷✸❪ ❑✳ ❇♦❣❞❛♥✱ ❚✳ ➏❛❦✱ ❖♥ ❑❡❧✈✐♥ tr❛♥s❢♦r♠❛t✐♦♥✱ ❏✳ ❚❤❡♦r✳ Pr♦❜✳ ✶✾
✭✷✵✵✻✮✱ ♥♦✳ ✶✱ ✽✾✲✶✷✵✳

❬✷✹❪ ❆✳ ◆✳ ❇♦r♦❞✐♥✱ P✳ ❙❛❧♠✐♥❡♥✱ ❍❛♥❞❜♦♦❦ ♦❢ ❇r♦✇♥✐❛♥ ▼♦t✐♦♥ ✲ ❋❛❝ts
❛♥❞ ❋♦r♠✉❧❛❡✱ ❇✐r❦❤ä✉s❡r ❱❡r❧❛❣✱ ❇❛s❡❧✱ ✷ ❡❞✐t✐♦♥✱ ✷✵✵✷✳

❬✷✺❪ ❑✳ ❇♦r♦✈❦♦✈✱ ❆✳ ◆♦✈✐❦♦✈✱ ❖♥ ❡①✐t t✐♠❡s ♦❢ ▲❡✈②✲❞r✐✈❡♥ ❖r♥st❡✐♥✲
❯❤❧❡♥❜❡❝❦ ♣r♦❝❡ss❡s✳ ❙t❛t✐st✳ Pr♦❜❛❜✳ ▲❡tt✳ ✼✽ ✭✷✵✵✽✮✱ ♥♦✳ ✶✷✱ ✶✺✶✼✲
✶✺✷✺✳

❬✷✻❪ ❚✳ ❇②❝③❦♦✇s❦✐✱ ❏✳ ▼❛➟❡❝❦✐✱ ▼✳ ❘②③♥❛r✱ ❇❡ss❡❧ ♣♦t❡♥t✐❛❧s✱ ❤✐tt✐♥❣ ❞✐s✲
tr✐❜✉t✐♦♥s ❛♥❞ ●r❡❡♥ ❢✉♥❝t✐♦♥s✱ ❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✸✻✶ ✭✷✵✵✾✮✱
♥♦✳ ✾✱ ✹✽✼✶✲✹✾✵✵✳

❬✷✼❪ ❚✳ ❇②❝③❦♦✇s❦✐✱ ❏✳ ▼❛➟❡❝❦✐✱ ▼✳ ❘②③♥❛r✱ ❍✐tt✐♥❣ ❍❛❧❢✲s♣❛❝❡s ❜② ❇❡ss❡❧✲
❇r♦✇♥✐❛♥ ❉✐✛✉s✐♦♥s✱ P♦t✳ ❆♥❛❧✳ ✸✸ ✭✷✵✶✵✮✱ ♥♦✳ ✶✱ ✹✼✲✽✸✳
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❬✷✽❪ ▲✳ ❈❛✛❛r❡❧❧✐✱ ❱❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠s ❢♦r ❢r❡❡ ❜♦✉♥❞❛r✐❡s ❢♦r t❤❡ ❢r❛❝t✐♦✲
♥❛❧ ▲❛♣❧❛❝✐❛♥✱ ❏✳ ❊✉r✳ ▼❛t❤✳ ❙♦❝✳ ✶✷ ✭✷✵✶✵✮✱ ♥♦✳ ✺✱ ✶✶✺✶✲✶✶✼✾✳

❬✷✾❪ ❉✳✲❈✳ ❈❤❛♥❣✱ ❙✳●✳ ❑r❛♥t③✱ ❊✳▼✳ ❙t❡✐♥✱ Hp t❤❡♦r② ♦♥ ❛ s♠♦♦t❤ ❞♦♠❛✐♥
✐♥ R

N ❛♥❞ ❡❧❧✐♣t✐❝ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s✱ ❏✳ ❋✉♥❝t✳ ❆♥❛❧✳ ✶✶✹
✭✶✾✾✸✮✱ ♥♦✳ ✷✱ ✷✽✻✲✸✹✼✳

❬✸✵❪ ❩✳✲◗✳ ❈❤❡♥✱ ●❛✉❣❡❛❜✐❧✐t② ❛♥❞ ❝♦♥❞✐t✐♦♥❛❧ ❣❛✉❣❡❛❜✐❧✐t②✱ ❚r❛♥s✳ ❆♠❡r✳
▼❛t❤✳ ❙♦❝✳ ✸✺✹ ✭✷✵✵✷✮✱ ✹✻✸✾✲✹✻✼✾✳

❬✸✶❪ ❩✳✲◗✳ ❈❤❡♥✱ P✳ ❑✐♠✱ ❘✳ ❙♦♥❣✱ ●r❡❡♥ ❢✉♥❝t✐♦♥ ❡st✐♠❛t❡s ❢♦r r❡❧❛t✐✈✐st✐❝
st❛❜❧❡ ♣r♦❝❡ss❡s ✐♥ ❤❛❧❢✲s♣❛❝❡✲❧✐❦❡ ♦♣❡♥ s❡ts✱ ❙t♦❝❤❛st✐❝ Pr♦❝❡ss✳ ❆♣♣❧✳
✶✷✶ ✭✷✵✶✶✮✱ ♥♦✳ ✺✱ ✶✶✹✽✲✶✶✼✷✳

❬✸✷❪ ❩✳✲◗✳ ❈❤❡♥✱ ❘✳ ❙♦♥❣✳ ❊st✐♠❛t❡s ♦♥ ●r❡❡♥ ❢✉♥❝t✐♦♥s ❛♥❞ P♦✐ss♦♥
❦❡r♥❡❧s ❢♦r s②♠♠❡tr✐❝ st❛❜❧❡ ♣r♦❝❡ss❡s✱ ▼❛t❤✳ ❆♥♥✳ ✸✶✷ ✭✶✾✾✽✮✱ ♥♦✳
✸✱ ✹✻✺✲✺✵✶✳

❬✸✸❪ ❩✳✲◗✳ ❈❤❡♥✱ ❘✳ ❙♦♥❣✱ ▼❛rt✐♥ ❜♦✉♥❞❛r② ❛♥❞ ✐♥t❡❣r❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r
❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦❢ s②♠♠❡tr✐❝ st❛❜❧❡ ♣r♦❝❡ss❡s✱ ❏✳ ❋✉♥❝t✳ ❆♥❛❧✳ ✶✺✾
✭✶✾✾✽✮✱ ♥♦✳ ✶✱ ✷✻✼✲✷✾✹✳

❬✸✹❪ ❩✳✲◗✳ ❈❤❡♥✱ ❘✳ ❙♦♥❣✱ ❉r✐❢t tr❛♥s❢♦r♠s ❛♥❞ ●r❡❡♥ ❢✉♥❝t✐♦♥ ❡st✐♠❛t❡s
❢♦r ❞✐s❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss❡s✱ ❏✳ ❋✉♥❝t✳ ❆♥❛❧✳ ✷✵✶ ✭✷✵✵✸✮✱ ♥♦✳ ✶✱ ✷✻✷✲
✷✽✶✳

❬✸✺❪ ❩✳✲◗✳ ❈❤❡♥✱ ❘✳❏✳ ❲✐❧❧✐❛♠s✱ ❩✳ ❩❤❛♦✱ ❖♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ s♦✲
❧✉t✐♦♥s ❢♦r s❡♠✐❧✐♥❡❛r ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥s ✇✐t❤ s✐♥❣✉❧❛r ❧♦✇❡r ♦r❞❡r ❝♦✲
❡✣❝✐❡♥ts ❛♥❞ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ▼❛t❤✳ ❆♥♥✳ ✸✶✺ ✭✶✾✾✾✮✱
✼✸✺✲✼✻✾✳

❬✸✻❪ ❑✳✲▲✳ ❈❤✉♥❣✱ ❩✳ ❩❤❛♦✱ ❋r♦♠ ❇r♦✇♥✐❛♥ ▼♦t✐♦♥ t♦ ❙❝❤rö❞✐♥❣❡r✬s ❊q✉❛✲
t✐♦♥✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✱ ✶✾✾✺✳

❬✸✼❪ ▼✳ ❈r❛♥st♦♥✱ ❊✳ ❋❛❜❡s✱ ❩✳ ❩❤❛♦✱ ❈♦♥❞✐t✐♦♥❛❧ ❣❛✉❣❡ ❛♥❞ ♣♦t❡♥t✐❛❧
t❤❡♦r② ❢♦r t❤❡ ❙❝❤rö❞✐♥❣❡r ♦♣❡r❛t♦r✱ ❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳✱ ✸✵✼
✭✶✾✽✽✮✱ ♥♦✳ ✶✱ ✶✼✶✲✶✾✹✳

❬✸✽❪ ▼✳ ❈r❛♥st♦♥✱ ❩✳ ❩❤❛♦✱ ❈♦♥❞✐t✐♦♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❞r✐❢t ❢♦r♠✉❧❛
❛♥❞ ♣♦t❡♥t✐❛❧ t❤❡♦r② ❢♦r 1

2
∆+b(·)·∇✱ ❈♦♠♠✳ ▼❛t❤✳ P❤②s✳ ✶✶✷ ✭✶✾✽✼✮✱

✻✶✸✲✻✷✺✳

❬✸✾❪ ❇✳❊✳❏✳ ❉❛❤❧❜❡r❣✱ ❈✳❊✳ ❑❡♥✐❣✱ ❍❛r❞② s♣❛❝❡s ❛♥❞ t❤❡ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠
✐♥ Lp ❢♦r ▲❛♣❧❛❝❡✬s ❡q✉❛t✐♦♥ ✐♥ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥s✱ ❆♥♥✳ ♦❢ ▼❛t❤✳ ✭✷✮
✶✷✺ ✭✶✾✽✼✮ ♥♦✳ ✸✱ ✹✸✼✲✹✻✺✳

❬✹✵❪ ❈✳ ❉❡❧❧❛❝❤❡r✐❡✱ P✳✲❆✳ ▼❡②❡r✱ Pr♦❜❛❜✐❧✐t✐❡s ❛♥❞ ♣♦t❡♥t✐❛❧✳ ❇✱ ✈♦❧✉♠❡ ✼✷
♦❢ ◆♦rt❤✲❍♦❧❧❛♥❞ ▼❛t❤❡♠❛t✐❝s ❙t✉❞✐❡s✳ ◆♦rt❤✲❍♦❧❧❛♥❞ P✉❜❧✐s❤✐♥❣
❈♦✳✱ ❆♠st❡r❞❛♠✱ ✶✾✽✷✳ ❚❤❡♦r② ♦❢ ♠❛rt✐♥❣❛❧❡s✱ ❚r❛♥s❧❛t❡❞ ❢r♦♠ t❤❡
❋r❡♥❝❤ ❜② ❏✳ P✳ ❲✐❧s♦♥✳

❬✹✶❪ ❏✳▲✳ ❉♦♦❜✱ ❆ r❡❧❛t✐✈✐③❡❞ ❋❛t♦✉ t❤❡♦r❡♠✱ Pr♦❝✳ ◆❛t✳ ❆❝❛❞✳ ❙❝✳✱ ✹✺
✭✶✾✺✾✮✱ ♥♦✳ ✷✱ ✷✶✺✲✷✷✷✳
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❬✹✷❪ ❏✳▲✳ ❉♦♦❜✱ ❈❧❛ss✐❝❛❧ P♦t❡♥t✐❛❧ ❚❤❡♦r② ❛♥❞ ■ts Pr♦❜❛❜✐❧✐st✐❝ ❈♦✉♥t❡r✲
♣❛rt✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✱ ✶✾✽✹✳

❬✹✸❪ P✳▲✳ ❉✉r❡♥✱ ❚❤❡♦r② ♦❢ Hp ❙♣❛❝❡s✱ ❆❝❛❞❡♠✐❝ Pr❡ss✱ ◆❡✇ ❨♦r❦✱ ✶✾✼✵ ❀
r❡♣r✐♥t❡❞ ✇✐t❤ s✉♣♣❧❡♠❡♥t ❜② ❉♦✈❡r P✉❜❧✐❝❛t✐♦♥s✱ ▼✐♥❡♦❧❛✱ ◆✳❨✳✱
✷✵✵✵✳

❬✹✹❪ ❘✳ ❉✉rr❡tt✱ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ ♠❛rt✐♥❣❛❧❡s ✐♥ ❛♥❛❧②s✐s✱ ❲❛❞✲
s✇♦rt❤ ▼❛t❤❡♠❛t✐❝s ❙❡r✐❡s✳ ❲❛❞s✇♦rt❤ ■♥t❡r♥❛t✐♦♥❛❧ ●r♦✉♣✱ ❇❡❧✲
♠♦♥t✱ ❈❆✱ ✶✾✽✹✳

❬✹✺❪ ❊✳❇✳ ❉②♥❦✐♥✱ ▼❛r❦♦✈ Pr♦❝❡ss❡s✱ ■✱ ✈♦❧✉♠❡ ✶✷✶ ♦❢ ❉✐❡ ●r✉♥❞❧❡❤✲
r❡♥ ❞❡r ▼❛t❤❡♠❛t✐s❝❤❡♥ ❲✐ss❡♥s❝❤❛❢t❡♥✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥✲
●ött✐♥❣❡♥✲❍❡✐❞❡❧❜❡r❣✱ ✶✾✻✺✳ ❚r❛♥s❧❛t❡❞ ✇✐t❤ t❤❡ ❛✉t❤♦r✐③❛t✐♦♥ ❛♥❞
❛ss✐st❛♥❝❡ ♦❢ t❤❡ ❛✉t❤♦r ❜② ❏✳ ❋❛❜✐✉s✱ ❱✳ ●r❡❡♥❜❡r❣✱ ❆✳ ▼❛✐tr❛✱ ●✳
▼❛❥♦♥❡✳

❬✹✻❪ ❏✳ ❉③✐✉❜❛➠s❦✐✱ ❏✳ ❩✐❡♥❦✐❡✇✐❝③✱ ❍❛r❞② s♣❛❝❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ s♦♠❡
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