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✼ ❚❤❡ %❤❛+❦ ❣❛♠❡✿ ❡0✉✐❧✐❜+✐✉♠ ✇✐#❤ ❜♦✉♥❞❡❞ +❛#✐♦♥❛❧✐#② ✶✼✸

✼✳✶ ■♥-+♦❞✉❝-✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✸

✼✳✷ ❚❤❡ ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✺

✼✳✸ ❘❡&✉❧-& ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✾

✼✳✹ ❈♦♥❝❧✉&✐♦♥& ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✸

✽ ❈♦♥❝❧✉%✐♦♥% ✶✽✺

✽✳✶ ❖✉+ ❝♦♥-+✐❜✉-✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✺

✽✳✷ ▼❛✐♥ ✜♥❞✐♥❣& ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✼

❆ ❆♣♣❡♥❞✐① ✷✵✶

❆✳✶ ❆+❡ ✜♥❛♥❝✐❛❧ ♠❛+❦❡-& ❡-❤✐❝❛❧❧② ❡✣❝✐❡♥-❄ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✶

❆✳✷ ❈❡♥-+❛❧ ▲✐♠✐- ❚❤❡♦+② ❢♦+ ♥✉♠❜❡+ ❡&-✐♠❛-✐♦♥& ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✺

❆✳✸ ❙✐❣♥❛❧ -♦ ♥♦✐&❡ ❘❛-✐♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✺

❇✐❜❧✐♦❣+❛♣❤② ✷✵✼





❈❤❛♣$❡& ✶

❘❡"✉♠❡ ❞❡ &❤❡"❡

❊♥"#❡ ❏✉✐♥ ✷✵✵✼ ❡" ◆♦✈❡♠❜#❡ ✷✵✵✽✱ ❧❡3 ❝✐"♦②❡♥3 ❛♠7#✐❝❛✐♥3 ♦♥" ♣❡#❞✉✱ ❡♥ ♠♦②❡♥♥❡✱

✉♥ :✉❛#" ❞❡ ❧❡✉#3 ❛✈♦✐#3 ♥❡"3✳ ▲❡ "♦"❛❧ ❞❡3 ❛❝"✐❢3 ❞❡3 ❢♦♥❞3 ❞❡ ♣❡♥3✐♦♥ ❛ ❝❤✉"7 ❞❡ ✷✷✪

✭♣❡#"❡ ❞❡ ✶✳✸ ♠✐❧❧✐❛#❞3 ❞❡ ❞♦❧❧❛#3✮✳ ▲❛ ♣❡#"❡ 3✉❜✐❡ ♣❛# ❧❡3 ✐♥✈❡3"✐33❡✉#3 ✐♥"❡#♥❛"✐♦♥❛✉①

❡3" ❞✉ ♠❡♠❡ ♦#❞#❡ ❞❡ ❣#❛♥❞❡✉#✳ ❯♥❡ ✈✐3✐♦♥ ❝②♥✐:✉❡✱ ✈♦✐#❡ 3✐♠♣❧✐3"❡✱ ❝♦♥3✐3"❡ ❛ ❞✐#❡

:✉❡ ❝❡""❡ #7❝❡♥"❡ ❝#✐3❡ ❡3" ❧❡ #73✉❧"❛" ❞❡ ❧✬❡①♣❧♦3✐♦♥ ❞✬✉♥❡ ❜✉❧❧❡✱ ❡♥ ❛✉"#❡3 "❡#♠❡3

❝❡❧❧❡✲❝✐ 7"❛♥" ❧✐7❡ ❛ ✉♥ #❡"♦✉# ❞❡3 ♠❛#❝❤73 ❛ ❧✬❡✣❝✐❡♥❝❡✳ ❉❛♥3 ♥♦"#❡ "#❛✈❛✐❧✱ ♥♦✉3

♣#♦✉✈♦♥3 :✉❡ ❧✬✐❞7❡ ❞✬❡✣❝✐❡♥❝❡ ❡3" ✐♥❝♦♠♣❧❡"❡ ♣♦✉# ❞7❝#✐#❡ ✉♥ ♠❛#❝❤7 ✜♥❛♥❝✐❡#✳ ❆

♣❛#"✐# ❞❡ ♥♦3 #73✉❧"❛"3 ♥♦✉3 ♣#♦♣♦3♦♥3 ❧❛ "❤7♦#✐❡ ❞❡3 ♠❛"❝❤%& ♣❛"❢♦✐& ❡✣❝✐❡♥.✳

❯♥ ♠❛#❝❤7 ✜♥❛♥❝✐❡# ❡3" ❝♦♠♣♦37 ❞❡ ♥♦♠❜#❡✉3❡3 ❝♦♠♣♦3❛♥"❡3 ❤7"7#♦❣❡♥❡3 ❡"

❝♦♠♣❧❡①❡3✳ ❏✉3:✉✬❛ #7❝❡♠♠❡♥"✱ ❧❡3 7"✉❞❡3 ✜♥❛♥❝✐❡#❡3 3❡ 3♦♥" ❛♣♣✉②7❡3 3✉# ❞❡3 ❜❛3❡3

"❤7♦#✐:✉❡3 "❡❧3 :✉❡ ❧✬❤♦♠♦❣7♥7✐"7 ❞❡3 ❡3♣7#❛♥❝❡3 ❞❡3 ✐♥✈❡3"✐33❡✉#3✱ ❧❡✉# #❛"✐♦♥❛❧✐"7

♦✉ ❧✬❛❝❝❡3 ✉♥✐❢♦#♠❡ ❛ ❧✬✐♥❢♦#♠❛"✐♦♥✳ ▲❛ #7❛❧✐"7 ❞❡3 ♠❛#❝❤73 ❛✐♥3✐ :✉❡ ❧✬7✈♦❧✉"✐♦♥ ❞❡3

♦✉"✐❧3 ❞✬❛♥❛❧②3❡ ♦♥" ♦✉✈❡#" ❧❛ ♣♦33✐❜✐❧✐"7 ❞✬7"✉❞✐❡# ❧❡3 ♠❛#❝❤73 ❞❛♥3 ✉♥ ❝❛❞#❡ ♠♦✐♥3

❝♦♥"#❛✐❣♥❛♥" ❡" ♣❧✉3 #7❛❧✐3"❡✳ M♦✉# ♠♦❞7❧✐3❡# ✉♥ ♠❛#❝❤7 ✜♥❛♥❝✐❡#✱ ♥♦✉3 #❡♠♣❧❛N♦♥3

❧❡ ❧❛♥❣❛❣❡ ♠❛"❤7♠❛"✐:✉❡ ♣❛# ❧❡ ❧❛♥❣❛❣❡ ✐♥❢♦#♠❛"✐:✉❡✳ ❆✐♥3✐✱ ♥♦✉3 ❛✈♦♥3 3✐♠✉❧7 ✉♥

♠❛#❝❤7 ✜♥❛♥❝✐❡# ❛✈❡❝ "♦✉3 3❡3 ❝♦♠♣♦3❛♥"❡3 ✿ ✐♥❢♦#♠❛"✐♦♥✱ ✐♥✈❡3"✐33❡✉#3 ❡" ❢♦#♠❛"✐♦♥

❞❡3 ♣#✐①✳

❉❛♥3 ♥♦"#❡ ♠❛#❝❤7 3✐♠✉❧7✱ ♥♦✉3 ❛✈♦♥3 ✉♥ 3❡✉❧ ❛❝"✐❢ #✐3:✉7 :✉✐ ❛ ✉♥❡ ✈❛❧❡✉#

❢♦♥❞❛♠❡♥"❛❧❡ Vt✱ ❛✈❡❝ ❞❡3 #❡♥"❛❜✐❧✐"73 ♥♦#♠❛❧❡♠❡♥" ❞✐3"#✐❜✉7❡3✳ ❈❡""❡ ✈❛❧❡✉# ❢♦♥❞❛✲

♠❡♥"❛❧❡ ❡3" ✉♥ ❝♦♥❝❡♣" "❤7♦#✐:✉❡ :✉✐ ♥♦✉3 ❛✐❞❡ ❛ ❝♦♥3"#✉✐#❡ ✉♥ ✢✉① ❞✬✐♥❢♦#♠❛"✐♦♥

❛✈❡❝ ✉♥ 3❡♥3 ✜♥❛♥❝✐❡#✳ ❖♥ ❞7✜♥✐" ❧✬✐♥❢♦#♠❛"✐♦♥ ♣❛#❢❛✐"❡ ❝♦♠♠❡ It = Pt − Vt+1✳ ❆

♣❛#"✐# ❞❡ ❧✬✐♥❢♦#♠❛"✐♦♥ It ❧❡3 ✐♥✈❡3"✐33❡✉#3✱ ✈✐❛ ❧❡✉#3 ♦#❞#❡3✱ ✈♦♥" ❝#7❡# ❧❡ ♥♦✉✈❡❛✉①

♣#✐① ❞❡ ♠❛#❝❤7 Pt+1 :✉❡ ❧✬♦♥ ♣❡✉" ❝♦♥3✐❞7#❡# ❝♦♠♠❡ ❧✬❡3"✐♠❛"✐♦♥ ❞❡ ♠❛#❝❤7 ❞❡ ❧❛

✈❛❧❡✉# ❢♦♥❞❛♠❡♥"❛❧ Vt+1✳ ❚❡♥❛♥" ❝♦♠♣"❡ ❞❡ ❧✬❤7"7#♦❣7♥7✐"7 ❞❡3 ✐♥"❡#♣#7"❛"✐♦♥3 ❡"

❞❡3 ❜✐❛✐3 ❞❡3 ✐♥✈❡3"✐33❡✉#3✱ ❝❤❛❝✉♥ ✈❛ #❡❝❡✈♦✐# ✉♥❡ ✈❡#3✐♦♥ ♠♦❞✐✜7❡ ❞❡ ❧✬✐♥❢♦#♠❛"✐♦♥

♣❛#❢❛✐"❡✳ ❆✐♥3✐ ❧✬✐♥✈❡3"✐33❡✉# ① ✈❛ #❡❝❡✈♦✐# ❧✬✐♥❢♦#♠❛"✐♦♥ Ix,t = ax ∗ It + bx✳ ▲❡3

♣❛#❛♠❡"#❡3 ax ❡" bx ♥♦✉3 ♣❡#♠❡""❡♥" ❞❡ ❝#7❡# ✉♥❡ ❧❛#❣❡ ✈❛#✐7"7 ❞❡ ❝♦♠♣♦#"❡♠❡♥"3

❞❡3 ✐♥✈❡3"✐33❡✉#3 ✿ ax > ✶ #7✈❡❧❡ ❞❡3 ✐♥✈❡3"✐33❡✉#3 :✉✐ ♦♥" ❧❛ "❡♥❞❛♥❝❡ ❞✬❡①❛❣7#❡#

❧✬✐♥❢♦#♠❛"✐♦♥✱ bx > ✵ ✐♥❞✐:✉❡ ❞❡3 ✐♥✈❡3"✐33❡✉#3 ♦♣"✐♠✐3"❡3 ❡" bx < 0 ❞❡3 ✐♥✈❡3"✐33❡✉#3

♣❡33✐♠✐3"❡3✳

▲❡3 ✐♥✈❡3"✐33❡✉#3 ♠♦❞7❧✐373 ❞❛♥3 ♥♦"#❡ 3②3"❡♠❡ ♣❡✉✈❡♥" ✉"✐❧✐3❡# ✉♥❡ ❞❡ ❝❡3 ❞❡✉①

3"#❛"7❣✐❡3✿ ✉♥❡ 3"#❛"7❣✐❡ ❢♦♥❞❛♠❡♥"❛❧❡ ✭✐♥❢♦#♠7❡✮ ♦✉ ✉♥❡ 3"#❛"7❣✐❡ ❝❤❛#"✐3"❡ ✭♥♦♥✲

✐♥❢♦#♠7❡✮✳ ▲❛ 3"#❛"7❣✐❡ ❢♦♥❞❛♠❡♥"❛❧❡ ✐♠♣❧✐:✉❡ :✉❡ ❧✬✐♥✈❡3"✐33❡✉# 3✉♣♣♦3❡ :✉❡ ❧❡ ♣#✐①

❡3" ❜♦♥ 3✬✐❧ ❡3" ❞❛♥3 ✉♥ ✐♥"❡#✈❛❧❧❡ ❛✉"♦✉# ❞❡ ❧❛ ✈❛❧❡✉# ❢♦♥❞❛♠❡♥"❛❧❡✳ ▲✬✐♥✈❡3"✐33❡✉#



✻ ❈❤❛♣%❡' ✶✳ ❘❡+✉♠❡ ❞❡ %❤❡+❡

✈❛ ❡#$✐♠❡' ❧❛ ✈❛❧❡✉' ❢♦♥❞❛♠❡♥$❛❧❡ ❡♥ ✉$✐❧✐#❛♥$ ❧❡ ♣'✐① ❞❡ ♠❛'❝❤2 ❡$ ❧✬✐♥❢♦'♠❛$✐♦♥

'❡4✉❡ ❛✐♥#✐✿ Ex,t(Vt+1) = Pt+ Ix,t.✳ ❊♥ ♣❛##❛♥$ ❞❡# ♦'❞'❡#✱ ❝❡# ✐♥✈❡#$✐##❡✉'# ❡#♣❡'❡♥$

❣❛❣♥❡' ✉♥❡ '❡♥$❛❜✐❧✐$2 ♠✐♥✐♠✉♠ rmin✱ ;✉✐ ❡#$ ❧❡ '❡✢❡$ ❞❡ ❧✬❛✈❡'#✐♦♥ ❛✉ '✐#;✉❡ ❡$ ❞❡

❧✬❡#♣2'❛♥❝❡ ❞❡# ❣❛✐♥# '❡❧❛$✐✈❡ ❛ ❝❤❛;✉❡ ✐♥✈❡#$✐##❡✉'✳ ❉♦♥❝✱ ❧✬✐♥✈❡#$✐##❡✉' ①✱ ;✉✐ ✉$✐❧✐#❡

✉♥❡ #$'❛$2❣✐❡ ❢♦♥❞❛♠❡♥$❛❧❡✱ ✈❛ ❝♦♥#✐❞2'❡' ;✉❡ ❧❡ ♣'✐① ❞❡ ♠❛'❝❤2 ❡#$ ❜♦♥ ;✉❛♥❞ ✐❧ ❡#$

❞❛♥# ❧✬✐♥$❡'✈❛❧❧❡ [L,H] ♦✉

[L = Ex,t(Vt+1) ∗ (1− rmin);H = Ex,t(Vt+1) ∗ (1 + rmin)]

❆✐♥#✐ ❧✬✐♥✈❡#$✐##❡✉' ❢♦♥❞❛♠❡♥$❛❧ ✈❛ ✈❡♥❞'❡ #❡# ❛❝$✐❢#✱ ❛✉ ♣'✐① ♠✐♥✐♠✉♠ ❍✱ ;✉❛♥❞

Pt > H ❡$ ✐❧ ✈❛ ❛❝❤❡$❡' ❞❡# ❛❝$✐❢#✱ ❛✉ ♣'✐① ♠❛①✐♠✉♠ ▲✱ ;✉❛♥❞ Pt < L✳ ❯♥

$❡❧ ✐♥✈❡#$✐##❡✉' ❡#♣❡'❡ ♣'♦✜$❡' ❞❡# ❡''❡✉'# ❞✬2✈❛❧✉❛$✐♦♥ ❞✉ ♠❛'❝❤2✳ ▲✬✐♥✈❡#$✐##❡✉'

❝❤❛'$✐#$❡✱ ♥♦♥✲✐♥❢♦'♠2✱ ❡#♣❡'❡ ♣'♦✜$❡ ❞❡# $❡♥❞❛♥❝❡# ❞❡# ♣'✐①✳ ❯♥❡ ❝❤❛'$✐#$❡ '❡❣❛'❞❡

❧❡# '❡♥$❛❜✐❧✐$2# ♣❛##2❡# ❡$ #✬✐❧ ♦❜#❡'✈❡ ❧❛ ❢♦'♠❛$✐♦♥ ❞✬✉♥❡ $❡♥❞❛♥❝❡ ✐❧ ✈❛ ❡##❛②❡' ❞✬❡♥

♣'♦✜$❡'✳ E❛' ❡①❡♠♣❧❡✱ #✬✐❧ ♦❜#❡'✈❡ ;✉❡ ❧❡# $'♦✐# ❞❡'♥✐❡'❡# '❡♥$❛❜✐❧✐$2# ♦♥$ 2$2 ♣♦#✐$✐✈❡#

(Rt ∗Rt−1 ∗Rt−2 > 0)✱ ❧❡ ❝❤❛'$✐#$❡ ✈❛ ❛❝❤❡$❡' ❞❡# ❛❝$✐❢# ❡♥ ❡#♣2'❛♥$ ;✉❡ ❧❛ $❡♥❞❛♥❝❡

♣♦#✐$✐✈❡ ✈❛ ❝♦♥$✐♥✉❡'✳ ❚♦✉# ❧❡# ✐♥✈❡#$✐##❡✉'# ❝❤❛'$✐#$❡# ♦♥$ ❞❡✉① '❡❣❧❡# ❞❡ ❧♦♥❣✉❡✉'#

▲✱ ✉♥❡ ❞✬❛❝❤❛$ ❡$ ✉♥❡ ❞❡ ✈❡♥$❡✱ ;✉✐ #♦♥$ ❞❛♥# ❞❡# #2'✐❡# ❞❡ $②♣❡ [a1, a2, .., aL] ❡$

[v1, ..vL]✳ ▲❡# ♣❛'❛♠❡$'❡# ai ❡$ vi ♣❡✉✈❡♥$ ♣'❡♥❞'❡ ❧❡# ✈❛❧❡✉'# ④✐♥❞✐✛2'❡♥$❡✱ ♣♦#✐$✐✈❡✱

♥2❣❛$✐✈❡⑥✳ ❈❤❛;✉❡ '❡❣❧❡ ❡#$ ❝♦♠♣❛'2 ❛✈❡❝ ❧❛ '❡♥$❛❜✐❧✐$2 ♣❛##2❡✱ ai ♦✉ vi ❡#$ ❝♦♠♣❛'❡

❛✈❡❝ Rt−i+1✳ ◗✉❛♥❞ ✉♥❡ '❡❣❧❡ ❞✬❛❝❤❛$✴✈❡♥$❡ ❡#$ ❛❝$✐✈2❡ ❧❡ ❝❤❛'$✐#$❡ ✈❛ ❛❝❤❡$❡'✴✈❡♥✲

❞'❡ #❡# ❛❝$✐❢# ❛✉ ♣'✐① Pt ∗ (1 ±N(µc, σc)) #♦♥$ ❞❡# ♣❛'❛♠❡$'❡# ;✉✐ ❝❛'❛❝$2'✐#❡♥$ ❧❡#

❡#♣2'❛♥❝❡# ❞❡ ❣❛✐♥# ❞❡# ❝❤❛'$✐#$❡#✳ E❛' ❡①❡♠♣❧❡✱ ❧❛ '❡❣❧❡ ❞✬❛❝❤❛$ ❬♣♦+✐%✐✈❡✱ ✐♥❞✐❢✲

❢8'❡♥%✱ ♥❡❣❛%✐❢ ❪ ✈❛ ❡$'❡ ❛❝$✐✈2❡✱ ❡$ ❧❡ ❝❤❛'$✐#$❡ ✈❛ ❛❝❤❡$❡'✱ ;✉❛♥❞ ❧❡# '❡♥$❛❜✐❧✐$2#

♣❛##2 ✈♦♥$ ❡$'❡ ❞✉ $②♣❡ [Rt > 0, Rt−2 < 0]✳

▲❡# ✐♥✈❡#$✐##❡✉'# ✈♦♥$ ❡♥✈♦②❡' ❧❡✉'# ♦'❞'❡#✱ ♣❡♥❞❛♥$ ✉♥❡ ♣2'✐♦❞❡ ❞❡ $'❛❞✐♥❣✱ ❡$

❝❡❧❧❡#✲❝✐ ✈♦♥$ ❡$'❡ ❡♥'❡❣✐#$'2# ❞❛♥# ✉♥ ❝❛'♥❡$ ❞✬♦'❞'❡✳ ❆ ❧❛ ✜♥ ❞❡ ❧❛ ♣2'✐♦❞❡ ❞❡

$'❛❞✐♥❣ ❧❡ ❝❛'♥❡$ ❞✬♦'❞'❡ ❡#$ ❢❡'♠2 ❡$ ❧❡ ♥♦✉✈❡❛✉① ♣'✐① ❞❡ ♠❛'❝❤2 ❡#$ ❞2❝♦✉✈❡'$✳ ❈❡

♣'✐① ❡#$ $'♦✉✈2 ❛ ❧❛ #✉✐$❡ ❞✬✉♥❡ ♣'♦❝2❞✉'❡ ;✉✐ ❝♦♥#✐#$❡ ❛ ❞2$❡'♠✐♥❡' ❧❡ ♣'✐① ;✉✐ ✿

✶✳ ▼❛①✐♠✐#❡ ❧❡ ✈♦❧✉♠❡ ❞❡# $'❛♥#❛❝$✐♦♥# '2#♦❧✉

✷✳ ▼✐♥✐♠✐#❡ ❧❡ ♥♦♠❜'❡ ❞❡# $'❛♥#❛❝$✐♦♥# ♥♦♥ '2#♦❧✉ ❛ ❧❛ ✈❡♥$❡ ♦✉ ❛ ❧✬❛❝❤❛$

✸✳ ▼✐♥✐♠✐#❡ ❧❛ ♣'❡##✐♦♥ ❞❡ ♠❛'❝❤2 #♦✐$ ❛ ❧❛ ✈❡♥$❡ #♦✐$ ❛ ❧✬❛❝❤❛$✳ ❈❡$$❡ ♠2$❤♦❞❡

❛##✉'❡ ;✉✬✉♥ ♠❛①✐♠✉♠ ❞✬✐♥❢♦'♠❛$✐♦♥ ❡#$ ✐♥$2❣'2 ❞❛♥# ❧❡ ♣'✐① ❡$ ❝❡$$❡ ❞❡'♥✐❡'❡

♥✬✐♥$'♦❞✉✐$ ♣❛# ❞❡# ❜✐❛✐# #✉♣♣❧2♠❡♥$❛✐'❡#✳

❉❛♥# ❝❤❛;✉❡ #✐♠✉❧❛$✐♦♥ ❧❡# ❞♦♥♥2❡# ❞✬❡♥$'2❡ #♦♥$ '❡♣'2#❡♥$2❡# ♣❛' ;✉❡❧;✉❡#

♣❛'❛♠❡$'❡# ❝❛'❛❝$2'✐#$✐;✉❡# ✿

✶✳ ❧❡ ♥♦♠❜'❡ ❡$ ❧❛ ❞✐#$'✐❜✉$✐♦♥ ❞❡# ✐♥✈❡#$✐##❡✉'# ❡♥$'❡ ❧❡# ❞✐✛❡'❡♥$❡# $②♣❡#

✷✳ ❧❡ ♥♦♠❜'❡ ❞❡ ❥♦✉'# ❞❡ #✐♠✉❧❛$✐♦♥

✸✳ ❧❛ ❞✐#$'✐❜✉$✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉' ❢♦♥❞❛♠❡♥$❛❧❡ ❞❡ ❧✬❛❝$✐❢ RFt
∼ N(µV , σV )



✼

✹✳ ❧✬✐♥&❡(✈❛❧❧❡ ❞❡, ❜✐❛✐, ♣♦,,✐❜❧❡, ❞❡, ✐♥✈❡,&✐,,❡✉(, ❢♦♥❞❛♠❡♥&❛✉① ax ∈ [amin, amax]

❡& bx ∈ [bmin, bmax]

✺✳ ❧✬✐♥&❡(✈❛❧❧❡ ❞❡, (❡♥&❛❜✐❧✐&5 ♠✐♥✐♠✉♠ ❡,♣5(5❡ rx,min ∈ [rmin, rmax]

✻✳ ❧❛ ❞✐,&(✐❜✉&✐♦♥ ❞❡, ❡,♣5(❛♥❝❡, ❞❡, ❣❛✐♥, ❞❡, ❝❤❛(&✐,&❡, ❛✈❡❝ ♠♦②❡♥♥❡ µc ∈

[µmin, µmax] ❡& ✈❛(✐❛♥❝❡ σc ∈ [σmin, σmax]✳

◆♦&(❡ ♦✉&✐❧ ❞❡ (❡❝❤❡(❝❤❡✱ ❧❡ ,✐♠✉❧❛&❡✉( ❞❡ ♠❛(❝❤5, ✜♥❛♥❝✐❡(, ❞5♥♦♠♠5 ▲❯▼❆✱

♥♦✉, ,❡(& ❛ ❡①♣❧✐B✉❡( ❧❡, ❧✐❡♥, ❞❡ ❝❛✉,❛❧✐&5 ❡♥&(❡ ❧❡, ❞✐✛5(❡♥&❡, ,&(❛&5❣✐❡, ❞❡, ✐♥✈❡,&✐,✲

,❡✉(, ❡& ❧❛ ❢♦(♠❛&✐♦♥ ❞❡, ♣(✐① ❞❡ ♠❛(❝❤5✳

◗✉❡#$✐♦♥ ❞❡ )❡❝❤❡)❝❤❡ ★✶ ✿ ◗✉❡❧❧❡ ❡%& ❧❛ ❞✐%&*✐❜✉&✐♦♥ ❞❡% %&*❛&.❣✐❡%

❞✬✐♥✈❡%&✐%%❡♠❡♥& 3✉✐ ♣❡✉✈❡♥& ♣*♦❞✉✐*❡✱ ♣♦✉* ❞❡ ❧♦♥❣✉❡% ♣.*✐♦❞❡%✱ ❞❡% ♣*✐① ❜✐❛✐%.%❄

❈❡&&❡ ♣(❡♠✐❡(❡ B✉❡,&✐♦♥ ❞❡ (❡❝❤❡(❝❤❡ ♣♦(&❡ ,✉( ❧❛ ♣♦,,✐❜✐❧✐&5 B✉✬✉♥ ♠❛(❝❤5 ♣❡✉&

(❡,&❡( ❞❛♥, ✉♥ 5&❛& ✐♥❡✣❝✐❡♥& ♣❡♥❞❛♥& ❞❡, ❧♦♥❣✉❡, ♣5(✐♦❞❡,✱ ♠❡♠❡ ❛✈❡❝ ❧❛ ♣(5,❡♥❝❡

❞✬✐♥✈❡,&✐,,❡✉(, (❛&✐♦♥♥❡❧, ❡& ♣❛(❢❛✐&❡♠❡♥& ✐♥❢♦(♠5,✳ G♦✉( ♣(5✈❡♥✐( ❧❡, 5✈❡♥&✉❡❧❧❡,

❝(✐&✐B✉❡, ❞✬❡✣❝✐❡♥❝❡✱ ♥♦✉, ♥♦✉, ,♦♠♠❡, 5❣❛❧❡♠❡♥& ❞❡♠❛♥❞5 ,✐ ✉♥ ✐♥✈❡,&✐,,❡✉( ❜✐❛✐,5

♣❡✉& ,✉(✈✐✈(❡ ❞❛♥, ✉♥ ♠❛(❝❤5 ✜♥❛♥❝✐❡(✳ ❙✐ ❧✬♦♥ &(♦✉✈❡ B✉✬✐❧ ♣❡✉& ,✉(✈✐✈(❡✱ &(❡,

❧♦♥❣&❡♠♣,✱ ❛❧♦(, ♥♦✉, ❛✈♦♥, ❧❡, ❜❛,❡, ♣♦✉( ❞✐,❝✉&❡( ❞✬✐♥❡✣❝✐❡♥❝❡ ❞❡, ♠❛(❝❤5,✳

◆♦✉, ❛✈♦♥, ❞5❝♦✉✈❡(& B✉❡ ❧❡, ✐♥✈❡,&✐,,❡✉(, ❜✐❛✐,5, ♣❡✉✈❡♥& ❝(5❡( ✉♥ ♠❛(❝❤5 ❛✈❡❝

❞❡, ♣(✐① ❜✐❛✐,5, ♣❡♥❞❛♥& ❞❡ ❧♦♥❣✉❡, ♣5(✐♦❞❡, ❞❡ &❡♠♣,✳ ❊♥ ❢♦♥❝&✐♦♥ ❞❡ ❧❛ ❞✐,&(✐❜✉&✐♦♥

❞❡, ❜✐❛✐, ❞❡, ✐♥✈❡,&✐,,❡✉(,✱ ❧❡ ♠❛(❝❤5 ♣❡✉& ❛✈♦✐( ❞❡, ♣(✐① ,✉( ♦✉ ,♦✉, 5✈❛❧✉5, ❛✈❡❝

❞❡, ♠❛❣♥✐&✉❞❡, ♣❧✉, ♦✉ ♠♦✐, ✐♠♣♦(&❛♥&❡,✳ ▲❛ ❝♦♥❞✐&✐♦♥ ♥5❝❡,,❛✐(❡✱ ❛✜♥ ❞✬❛✈♦✐( ✉♥

♠❛(❝❤5 ❛✈❡❝ ❞❡, ♣(✐① ❜✐❛✐,5, ❡,& B✉❡ ❧❡, ✐♥✈❡,&✐,,❡✉(, ❛✈❡❝ ❞❡, ❜✐❛✐, ♣❡✉✈❡♥& ❞5&❡♥✐(

❧❛ ♣❧✉♣❛(& ❞❡, ❛❝&✐❢, ❡♥ ❝✐(❝✉❧❛&✐♦♥ ,✉( ❧❡ ♠❛(❝❤5✳

◗✉❡#$✐♦♥ ❞❡ )❡❝❤❡)❝❤❡ ★✷ ✿ ❯♥ ✐♥✈❡%&✐%%❡✉* ❜✐❛✐%. ♣❡✉&✲✐❧ %✉*✈✐✈*❡ ❞❛♥% ✉♥

♠❛*❝❤. ✜♥❛♥❝✐❡*❄

◆♦, (5,✉❧&❛&, ♠♦♥&(❡♥& B✉❡ ❧❡, ✐♥✈❡,&✐,,❡✉(, ❜✐❛✐,5, ♣❡✉✈❡♥& ,✉(✈✐✈(❡✱ ♣❡♥❞❛♥&

❧♦♥❣&❡♠♣,✱ ❞❛♥, ❧❡, ♠❛(❝❤5,✳ ■❧ ❡,& ❝❡♣❡♥❞❛♥& ♥5❝❡,,❛✐(❡ B✉❡ ❧❡ ♠❛(❝❤5 ♥❡ (❡&(♦✉✈❡✱

&(♦♣ ,♦✉✈❡♥&✱ ,♦♥ 5&❛& ❞✬❡✣❝✐❡♥❝❡✳

◗✉❡#$✐♦♥ ❞❡ )❡❝❤❡)❝❤❡ ★✸ ✿ ▲❡% ✐♥✈❡%&✐%%❡✉*% ❜✐❛✐%.% ♣❡✉✈❡♥&✲✐❧% ❣❛❣♥❡* ❞❛✲

✈❛♥&❛❣❡ 3✉❡ ❧❡% ✐♥✈❡%&✐%%❡✉*% ♥♦♥ ❜✐❛✐%.% ❄

❙✐ ❧✬✐♥✈❡,&✐,,❡✉( ❜✐❛✐,5 ♣❡✉& ,✉(✈✐✈(❡ ❡& ❧❡, ♠❛(❝❤5, ♣❡✉& ❡&(❡ ❜✐❛✐,5, ❛❧♦(, ♦♥

♣❡✉& ,❡ ❞❡♠❛♥❞❡( ,✐ ❞❡, ✐♥✈❡,&✐,,❡✉(, ❜✐❡♥ ✐♥❢♦(♠5, ♦♥& ✐♥&5(❡& ❛ ♣❛②❡( ♣♦✉( ✉♥❡

✐♥❢♦(♠❛&✐♦♥ ❝♦((❡❝&❡✳ ❙✐ ♦♥ &(♦✉✈❡ B✉❡ ❧✬✐♥❢♦(♠❛&✐♦♥ ❝♦((❡❝&❡ ♥✬❡,& &♦✉❥♦✉(, ♣❛,

(❡♥&❛❜❧❡ ❛❧♦(, ❝♦♠♠❡♥& ♣❡✉&✲♦♥ ❡,♣5(❡( B✉✬✉♥ ♠❛(❝❤5 ♣❡✉& ❡&(❡✱ ❛✉&(❡♠❡♥& B✉❡ ♣❛(

❛❝❝✐❞❡♥&✱ ❡✣❝✐❡♥&❄

❊♥ ❡✛❡&✱ ♥♦✉, ♦❜,❡(✈♦♥, B✉❡ ❧♦(,B✉❡ ❧❡, ❛❝&✐❢, ,♦♥& ,✉(5✈❛❧✉5, ❛❧♦(, ❧❡, ✐♥✈❡,&✐,✲

,❡✉(, ❜✐❡♥ ✐♥❢♦(♠5, ✈♦♥& ❛✈♦✐( &❡♥❞❛♥❝❡ ❛ ❧❡, ✈❡♥❞(❡✳ ❙✐ ❧❡, ♣(✐① (❡,&❡♥& 5❧❡✈5,✱ ❧❡,

✐♥✈❡,&✐,,❡✉(, ❜✐❡♥ ✐♥❢♦(♠5❡, ✈♦♥& ♣❡(❞(❡ ❧❡, (❡♥&❛❜✐❧✐&5, B✉✬✐❧, ♣♦✉✈❛✐❡♥& ❛✈♦✐( ❡♥

❣❛(❞❛♥& ❧✬❛❝&✐❢✳



✽ ❈❤❛♣%❡' ✶✳ ❘❡+✉♠❡ ❞❡ %❤❡+❡

◗✉❡#$✐♦♥ ❞❡ )❡❝❤❡)❝❤❡ ★✹ ✿ ◗✉❡❧❧❡% %♦♥( ❧❡% ❝♦♠♣♦,(❡♠❡♥(% ❞❡% ✐♥✈❡%(✐%✲

%❡✉,% ❛ ❧✬ ♦,✐❣✐♥❡ ❞❡ ❧❛ ❢♦,♠❛(✐♦♥ ❞❡ ❜✉❧❧❡% ❡( ❞❡% ❡✛❡(% %(②❧✐%8% ❄

❉❛♥# ✉♥ ♠❛&❝❤) ✜♥❛♥❝✐❡& ♥♦✉# ♦❜#❡&✈♦♥#✱ ♣❡✉2✲❡2&❡ 2&♦♣ #♦✉✈❡♥2✱ ❞❡#

♣❤)♥♦♠❡♥❡# ✐♠♣♦##✐❜❧❡# ❛ ❡①♣❧✐7✉❡& ❛✈❡❝ ❧❡# ❝♦♥❝❡♣2# 2❤)♦&✐7✉❡# ❝❧❛##✐7✉❡#✳ 9❛&♠✐

❡✉①✱ ♥♦✉# &❡❣❛&❞♦♥# ❞❡ ♣&)# ❧❡# ❡✛❡2# ❞❡# ❛✉2♦❝♦&❡❧❧❛2✐♦♥# ♥♦♥ ❧✐♥)❛✐&❡# ❞❡# ✈♦❧❛2✐❧✐2)#

✭♦✉ ❧❛ ❧♦♥❣✉❡ ♠)♠♦✐&❡ ❞❡# ♠❛&❝❤)#✮ ❡2 ❧❡# ❜✉❧❧❡# ❞❡# ♣&✐①✳ ❊#2✲❝❡ 7✉❡ ❝❡# ♣❤)♥♦♠❡♥❡#

#♦♥2 ❞❡# ❛❝❝✐❞❡♥2# ♦✉ ♦♥2✲✐❧# ❧❡✉&# &❛❝✐♥❡# ❝❛✉#❛❧❡# ❞❛♥# ❧❡# ❞✐✛)&❡♥2❡# #2&❛2)❣✐❡# ❞❡#

✐♥✈❡#2✐##❡✉&# ❄

❖♥ ♦❜#❡&✈❡ 7✉❡ ❧❡# ❢❛✐2# #2②❧✐#)# ♣❡✉✈❡♥2 ❡2&❡ ❝&)❡# ❞❛♥# ✉♥ ♠❛&❝❤) ❛✈❡❝ ❞❡#

❞✐✛)&❡♥2❡# ♣&♦♣♦&2✐♦♥# ❞✬✐♥✈❡#2✐##❡✉&# ❜✐❡♥ ✐♥❢♦&♠)# ❡2 ❞✬✐♥✈❡#2✐##❡✉&# ❜✐❛✐#)#✳ ▼❛✐#

❝❡# ❡✛❡2# #♦♥2 ❛✉##✐ ✈✐#✐❜❧❡# 7✉❛♥❞ ❞❛♥# ✉♥ ♠❛&❝❤) ✐❧ ② ❛ 7✉❡ ❞❡# ✐♥✈❡#2✐##❡✉&# ❜✐❡♥

✐♥❢♦&♠)#✱ ♠❛✐# ❛✈❡❝ ❞❡# ❞)❧❛✐# ❞✬✐♥❢♦&♠❛2✐♦♥✳

◗✉❡#$✐♦♥ ❞❡ )❡❝❤❡)❝❤❡ ★✺ ✿ ❊%(✲❝❡ ;✉❡ ❧❡ ❙■❚❍ ♣❡✉( ❜❛((,❡ ❨❖❉❆ ❄ ◗✉✐ ✈❛

%✉,✈✐✈,❡ ❧❡ ♣❧✉% ❄

❈❡22❡ ❞❡&♥✐❡&❡ 7✉❡#2✐♦♥ ❞❡ &❡❝❤❡&❝❤❡ &❡##♦&2 ♥❛2✉&❡❧❧❡♠❡♥2 ❛ ♣❛&2✐& ❞❡# ♣&❡♠✐❡&#

&)#✉❧2❛2#✳ ❙✐ ❧❡# ♠❛&❝❤)# ✜♥❛♥❝✐❡&# &❡#2❡♥2 ❜✐❛✐#)# ♣❡♥❞❛♥2 ❞❡ ❧♦♥❣✉❡# ❞✉&)❡# ❛❧♦&#

❧❛ ❜♦♥♥❡ ✐♥❢♦&♠❛2✐♦♥ )❝♦♥♦♠✐7✉❡ ♥✬❛ ♣❛# ❢♦&❝❡♠❡♥2 ❛♣♣♦&2)❡ ❞❡ ❧❛ &❡♥2❛❜✐❧✐2)✳ ❙✐

❞❡# ❜✉❧❧❡# #♣)❝✉❧❛2✐✈❡# ♣❡✉✈❡♥2 ❡2&❡ ❝&))❡#✱ ♠❡♠❡ ❡♥ ♣&)#❡♥❝❡ ❞✬✐♥✈❡#2✐##❡✉&# ❜✐❡♥

✐♥❢♦&♠)#✱ ❛❧♦&# ❝❡# ❞❡&♥✐❡&# ♣❡✉✈❡♥2✲✐❧# ❡♥ ♣&♦✜2❡& ❄ ❯♥ ✐♥✈❡#2✐##❡✉& ❜✐❡♥ ✐♥❢♦&♠)

✈❛✱ ♥♦&♠❛❧❡♠❡♥2✱ ✈❡♥❞&❡ #❡# ❛❝2✐❢# &✐#7✉)# ❞❡# 7✉✬✐❧# #♦♥2 #✉&)✈❛❧✉)#✳ ❆✐♥#✐✱ ✐❧ ♣❡✉2

♣❡&❞&❡ ❧❛ ♣♦##✐❜✐❧✐2) ❞❡ #♣)❝✉❧❡& #✉& ✉♥❡ ❜✉❧❧❡✳ ◆♦✉# ❛✈♦♥# ❝♦♥J✉ ✉♥❡ ✐♥✈❡#2✐##❡✉&✱

❜✐❡♥ ✐♥❢♦&♠)✱ 7✉✐ ♣❡✉2 ✈♦❧♦♥2❛✐&❡♠❡♥2 ❝❤❛♥❣❡& ❡♥2&❡ ✉♥❡ #2&❛2)❣✐❡ ❢♦♥❞❛♠❡♥2❛❧❡

✭❛♣♣❡❧) ❨❖❉❆✮ ❡2 ✉♥❡ #2&❛2)❣✐❡ ♥♦♥✲✐♥❢♦&♠)❡ ✈✐#❛♥2 ❛ ♦❜2❡♥✐& ❧❡ ♠❛①✐♠✉♠ ❞❡ ♣&♦✜2✳

❖♥ ❛♣♣❡❧❧❡ ❝❡2 ✐♥✈❡#2✐##❡✉& ❙■❚❍ ❝❛&✱ ♠❡♠❡ #✬✐❧ #❛✐2 7✉✬✉♥ ❛❝2✐❢ ❡#2 #✉&)✈❛❧✉)✱ ✐❧ ♣❡✉2

♠❡♠❡ ❛❧✐♠❡♥2❡& ✉♥ 2&❡♥❞ ❞❡ ♣&✐① ❝&♦✐##❛♥2✳ ❙♦♥ #❡✉❧ ✐♥2)&❡2 ❡#2 ❧❡ ♣&♦✜2 ❡2 ❧✬❡✣❝✐❡♥❝❡

❞❡ ♠❛&❝❤) ♥✬❡#2 ♣❛# ✉♥❡ ❞❡ #❡# ♣&✐♦&✐2)#✳

◆♦# &)#✉❧2❛2# ♠♦♥2&❡♥2 7✉❡ ❧❡ ❙■❚❍ ♣❡✉2 2✐&❡& ♣❧✉# ❞❡ ♣&♦✜2 7✉❡ ❧✬✐♥✈❡#2✐##❡✉&

❨❖❉❆✳ ❈❡22❡ ❞✐✛)&❡♥❝❡ ✈✐❡♥2 ❞✉ ❢❛✐2 7✉❡ ❧❡ ❙■❚❍ ✈❛ ♣&❡♥❞&❡✱ ❞❡ 2❡♠♣# ❡♥ 2❡♠♣#✱

❞❡ ❧✬❛&❣❡♥2 ♣&♦✈❡♥❛♥2 ❞❡# ✐♥✈❡#2✐##❡✉&# ❜✐❛✐#)# ♦✉ ❝❤❛&2✐#2❡#✳

◆♦2&❡ 2&❛✈❛✐❧ ♥♦✉# ❛♠❡♥❡ ❛ ❝♦♥❝❧✉&❡ 7✉❡ ❧❡# ♠❛&❝❤)# ✜♥❛♥❝✐❡&#✱ 2❡❧# 7✉✬✐❧# #♦♥2

❛✉❥♦✉&❞✬❤✉✐✱ #♦♥2 ❞❡# ❝♦♥❝♦✉&# ❞❡ ❜❡❛✉2)✳ ❈❡22❡ ❝♦♥❝❧✉#✐♦♥ ❡#2 #✉♣♣♦&2)❡ ♣❛& ❧❡

❢❛✐2 7✉✬✉♥ ✐♥✈❡#2✐##❡✉& ❛✈❡❝ ❧✬✐♥❢♦&♠❛2✐♦♥ ♣❛&❢❛✐2❡ ♣❡✉2 ❣❛❣♥❡& ♠♦✐♥# 7✉✬✉♥ ❛✉2&❡

✐♥✈❡#2✐##❡✉&✱ ❛✈❡❝ ❧❛ ♠❡♠❡ ✐♥❢♦&♠❛2✐♦♥✱ 7✉✬✐❧ ✈❛ ❡##❛②❡& ❞✬✐♠✐2❡& ❞✬❛✉2&❡# #2&❛2)❣✐❡#

✭7✉❛♥❞ ❝❡❧❧❡#✲❝✐ ✈♦♥2 ❞♦♠✐♥❡& ❧❛ ♠❛&❝❤)✮✳ ❆✐♥#✐ ♦♥ ✈♦✐2 7✉✬✐❧ ♥✬② ❛ ♣❛# 2♦✉❥♦✉&#

❞✬✐♥2)&❡2 ❛ #♣)❝✉❧❡& ❡♥ ❢❛✈❡✉& ❞✬✉♥ ♣&✐① ❞❡ ♠❛&❝❤) ❝♦&&❡❝2 ✭&❡❧❛2✐✈❡♠❡♥2 ❛✉① ❢♦♥✲

❞❛♠❡♥2❛✉① )❝♦♥♦♠✐7✉❡# ❞❡ ❧✬❛❝2✐❢ #♦✉#✲❥❛❝❡♥2✮✳ 9♦✉& 2✐&❡& ❧❡ ♣❧✉# ❞❡ ♣&♦✜2✱ ❧❡#

✐♥✈❡#2✐##❡✉&# ❞♦✐✈❡♥2 ✉2✐❧✐#❡& ❡2 ♣&♦✜2❡& ❞❡# #2&❛2)❣✐❡# ❞♦♠✐♥❛♥2❡#✳

◆♦✉# ♣♦#2✉❧♦♥# ❧❛ 2❤)♦&✐❡ ❞❡ ♠❛'❝❤0+ ✜♥❛♥❝✐❡'❡+ ♣❛'❢♦✐+ ❡✣❝✐❡♥%❡+✳ ❙❡❧♦♥

♥♦2&❡ 2❤❡♦&✐❡✱ ❧❡# ♠❛&❝❤)# ✜♥❛♥❝✐❡&# #❡ 2&♦✉✈❡♥2 ❞❛♥# ✉♥ ♠♦✉✈❡♠❡♥2 ❝♦♥2✐♥✉ ❡♥2&❡

❞❡✉① )2❛2# ❞✬)7✉✐❧✐❜&❡ ✐♥#2❛❜❧❡ ✿ ✉♥ )2❛2 ❞✬❡✣❝✐❡♥❝❡ ❡2 ✉♥ )2❛2 ❞✬✐♥❡✣❝✐❡♥❝❡ ❝♦♠♣❧❡2❡

✭❧❡ ♣&✐① ❞❡ ♠❛&❝❤) ❛ ❛❧♦&# ❛✉❝✉♥❡ &❡❧❛2✐♦♥ ♦❜❥❡❝2✐✈❡ ❛✈❡❝ ❧❡# ❢♦♥❞❛♠❡♥2❛✉① ❞✬❛❝2✐❢



✾

 ♦✉ ✲❥❛❝❡♥)✮✳ ❈❡ ♠♦✉✈❡♠❡♥) ❡ ) ❝❛✉ / ♣❛1 ❧❡ ✐♥✈❡ )✐  ❡✉1 ❝❤❡1❝❤❛♥) ❞❡ ♣1♦✜) 

 ✉♣♣❧/♠❡♥)❛✐1❡ ❡) ❛❞❛♣)❛♥) ❧❡✉1  )1❛)/❣✐❡ ✭♣❧✉ ♦✉ ♠♦✐ ✐♥❢♦1♠/❡ ❡♥ ❢♦♥❝)✐♦♥ ❞✉

❝♦♥)❡①)❡ ❞❡ ♠❛1❝❤/✮✳ ❙✉✐)❡ ❛ ❝❡))❡ )❤❡♦1✐❡✱ ♥♦✉ ♣1♦♣♦ ♦♥ ❝♦♠♠❡ ♥♦✉✈❡❛✉ ♠❡ ✉1❡

❞❡ 1✐ =✉❡ ❧❡ ♥✐✈❡❛✉ ❞✬❡✣❝✐❡♥❝❡ ❞✬✉♥ ♠❛1❝❤/✳ ❈❡ ♥✐✈❡❛✉ ❞✬❡✣❝✐❡♥❝❡ ❞❡ ♠❛1❝❤/ ♣❡✉)

❡)1❡ ♠❡ ✉1/✱ ✐♥❞✐1❡❝)❡♠❡♥) ❡) ❛✈❡❝ ❧✬❛✐❞❡ ❞❡  ✐♠✉❧❛)❡✉1 ❞❡ ♠❛1❝❤/✱ ❡♥ ❡ )✐♠❛♥) ❧❡ 

♣1♦♣♦1)✐♦♥ 1❡❧❛)✐✈❡ ❞❡ ❞✐✛/1❡♥)❡  )1❛)/❣✐❡ ✉)✐❧✐ /❡ ❞❛♥ ❧❡ ♠❛1❝❤/✳





❈❤❛♣$❡& ✷

■♥"#♦❞✉❝"✐♦♥

❈♦♥#❡♥#%

✷✳✶ ❈♦♥&❡①& ❛♥❞ ♠♦&✐✈❛&✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✷✳✷ ■♠♣♦0&❛♥& ❝♦♥❝❡♣&2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✷✳✸ ❇❡❤❛✈✐♦0 ❜✐❛2❡2 ❛♥❞ &❤❡ ♣0♦❜❧❡♠2 &❤❡② ❝❛✉2❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✷✳✹ ❇❡❤❛✈✐♦0❛❧ ✜♥❛♥❝❡ ✈2✳ ❡✣❝✐❡♥& ♠❛0❦❡&2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✺ ❘❡2❡❛0❝❤ B✉❡2&✐♦♥2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✷✳✻ ❘❡2❡❛0❝❤ ▼❡&❤♦❞♦❧♦❣② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷✳✼ ❆22✉♠♣&✐♦♥2✱ ❛❞✈❛♥&❛❣❡2 ❛♥❞ ❧✐♠✐&❛&✐♦♥2 ♦❢ &❤✐2 2&✉❞② ✳ ✳ ✳ ✷✸

✷✳✽ ❘❛&✐♦♥❛❧✐&② ❛♥❞ ✐00❛&✐♦♥❛❧✐&② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✷✳✽✳✶ ❲❤❛' ✐) ❛♥ ✐++❛'✐♦♥❛❧ ✐♥✈❡)'♦+❄ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✷✳✽✳✷ ❆+❡ ✐++❛'✐♦♥❛❧ ✐♥✈❡)'♦+) ♣+❡)❡♥' ✐♥ ✜♥❛♥❝✐❛❧ ♠❛+❦❡')❄ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✾ ❆ ✈❡0② 2❤♦0& ❤✐2&♦0② ♦❢ ✜♥❛♥❝✐❛❧ ♠❛0❦❡&2 0❡2❡❛0❝❤ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✷✳✶✵ ❙✉♠♠❛0② ♦❢ ❝❤❛♣&❡0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✷✳✶ ❈♦♥&❡①& ❛♥❞ ♠♦&✐✈❛&✐♦♥

❚❤❡ ♣❡$✐♦❞ ✷✵✵✽✲✷✵✶✷ ♦✛❡$. ❛ ❧❛♥❞.❝❛♣❡ ♦❢ ✜♥❛♥❝✐❛❧ ❝$✐.✐.✿ ❢$♦♠ ❞❡❜8 ❝$✐.✐. 8♦ ❜❛♥❦

❝$✐.✐. ❡♥❞✐♥❣ ✇✐8❤ .8❛8❡ ❞❡❜8 ❝$✐.✐.✳ ❚❤❡.❡ ❡✈❡♥8. ✇❡$❡ ❡♥❝♦✉$❛❣❡❞ ❛♥❞ .✉.8❛✐♥❡❞ ❜②

♣♦❧✐8✐❝❛❧✱ ❧❡❣❛❧ ❛♥❞ ❡❝♦♥♦♠✐❝ ❢❛❝8♦$. ❜✉8 8❤❡② ✇❡$❡ ❞✐$❡❝8❧② ❝❛✉.❡❞ ❜② 8❤❡ ✐♥❡✣❝✐❡♥8

✜♥❛♥❝✐❛❧ ♠❛$❦❡8.✳

❚❤❡ ❡♣✐❝ ❢❛❧❧ ♦❢ ▲❡❤♠❛♥ ❇$♦8❤❡$. ❜❛♥❦

✶

✱ ✐♥ ❆✉❣✉.8 ✷✵✵✼✱ $❡✈❡❛❧❡❞ 8❤❡ .②.8❡♠✐❝

❢$❛❣✐❧✐8② ♦❢ 8❤❡ ❣❧♦❜❛❧ ✜♥❛♥❝✐❛❧ .②.8❡♠✳ ❚❤❡ ❣❧♦❜❛❧ ❜❛♥❦✐♥❣ .②.8❡♠ .✉✛❡$❡❞ ✐♠♣♦$✲

8❛♥8 ✇$✐8❡✲❞♦✇♥. ❛♥❞ ❧❡❛❞ ✜♥❛♥❝✐❛❧ ✐♥.8✐8✉8✐♦♥. ♦♥ 8❤❡ ❜$✐♥❦ ♦❢ ❜❛♥❦$✉♣8❝②✳ ❇❛♥❦.

8❤❛8 8♦♦❦ 8♦♦ ♠✉❝❤ $✐.❦ ❛♥❞ ❧♦.8 ✇❡$❡ ❡①♣❡❝8❡❞ 8♦ ✜❧❡ ❢♦$ ❜❛♥❦$✉♣8❝②✳ ■♥ ♠♦.8

❝♦✉♥8$✐❡.✱ 8❤❡ ❜❛♥❦$✉♣8❝② ♦❢ 8❤❡✐$ ♠❛✐♥ ❜❛♥❦. ✐♠♣❧✐❡❞ ❛ 8❡♠♣♦$❛$② .②.8❡♠✐❝ ❞✐.✲

8$❡.. 8♦ 8❤❡ ❡❝♦♥♦♠② ✲ ❞✉❡ 8♦ 8❤❡ ❞❡♣❡♥❞❡♥❝② ♦❢ ❝♦♠♣❛♥✐❡. ♦♥ 8❤❡ $❡✈♦❧✈✐♥❣ ❧✐♥❡.

♦❢ ❝$❡❞✐8. ♦✛❡$❡❞ ❜② 8❤❡ ❜❛♥❦✐♥❣ .❡❝8♦$✳ ✬❚♦♦ ❜✐❣ 8♦ ❢❛✐❧✬ ❜❛♥❦. ❛$❡ .❛✈❡❞ ❢$♦♠

❜❛♥❦$✉♣8❝② ✇✐8❤ 8❤❡ ❛✐❞ ♦❢ .8❛8❡ ❝❛♣✐8❛❧✳ ❙8❛8❡ .♣♦♥.♦$.❤✐♣ ❤❛. ❡♥❞❡❞ 8❤❡ ❜❛♥❦✐♥❣

✶

❋✐♥❞ ✐♥ $❤✐& ❧✐♥❦ )❡❢❡)❡♥❝❡& $♦ ❛ ❝♦♠♣❧❡$❡ ❥✉❞✐❝✐❛❧ )❡♣♦)$ ♦♥ $❤❡ ❜❛♥❦)✉♣$❝② ♦❢ $❤❡

▲❡❤♠❛♥ ❇)♦$❤❡)& ❜❛♥❦ ✲ ❤$$♣✿✴✴❜❧♦❣&✳✇&❥✳❝♦♠✴❞❡❛❧&✴✷✵✶✵✴✵✸✴✶✶✴❧❡❤♠❛♥✲❜)♦$❤❡)&✲❤❡)❡&✲❛✲❝♦♣②✲

♦❢✲$❤❡✲❝♦✉)$✲❡①❛♠✐♥❡)&✲)❡♣♦)$✴



✶✷ ❈❤❛♣&❡( ✷✳ ■♥&(♦❞✉❝&✐♦♥

❝!✐#✐# ❜② ❛ #✉❜(❧❡ (!❛♥#❢❡! ♦❢ !✐#❦✿ ❢!♦♠ ❜❛♥❦# (♦ #(❛(❡#✳ ❙✐♥❝❡ ✷✵✶✵ ❝♦✉♥(!✐❡# ❤❛✈❡

#✉✛❡!❡❞ ❢!♦♠ ❛ #♦✈❡!❡✐❣♥ ❞❡❜( ❝!✐#✐# (❤❛( #♣✐❧❧❡❞ ✐(# ❡✛❡❝(# ✐♥(♦ ♥❛(✐♦♥❛❧ ❡❝♦♥♦♠✐❡#✳

❈♦✉♥(!✐❡# ❧✐❦❡ ❙♣❛✐♥✱ ■(❛❧②✱ ?♦!(✉❣❛❧✱ ■!❡❧❛♥❞ ❛♥❞ ●!❡❡❝❡ ❡①♣❡!✐❡♥❝❡ ❤✐❣❤ ❧❡✈❡❧ ♦❢

✉♥❡♠♣❧♦②♠❡♥( ❛♥❞ ❧❛❝❦ ❛❝❝❡## (♦ ❝!❡❞✐(# ❛( ❛✛♦!❞❛❜❧❡ ♣!✐❝❡#✳ ❚❤❡ ✧ !✐#❦✲❢!❡❡✧ #(❛(❡

❛##❡( ✐# ❝❤❛❧❧❡♥❣❡❞ ❛♥❞ ✐(# #♦❝✐❛❧ ❛♥❞ ❡❝♦♥♦♠✐❝ ❡✛❡❝(# ❛!❡ ②❡( (♦ ✉♥❢♦❧❞✳

❆❝❦♥♦✇❧❡❞❣✐♥❣ (❤❡ ❣!❛✈✐(② ♦❢ (❤❡ ❝✉!!❡♥( ❡✈❡♥(#✱ !❡#❡❛!❝❤❡!# ❤❛✈❡ ❛ ❞✉(② (♦

✉♥❞❡!#(❛♥❞ ❛♥❞ ♣!❡✈❡♥( (❤❡ #②#(❡♠✐❝ ❝❛✉#❡# (❤❛( ❧❡❛❞ (♦ #✉❝❤ ❝!✐#✐#✳ ❚❤❡ ❡①♣!❡##✐♦♥

✬#✉❜♣!✐♠❡ ❝!✐#✐#✬ ✐# ❛❞✈❡!(✐#❡❞ ❛# ❛ #✉✐(❛❜❧❡ ❝✉❧♣!✐( ❢♦! (❤❡ ✇♦!❧❞✬# ✜♥❛♥❝✐❛❧ ❛♥❞

❡❝♦♥♦♠✐❝ ❡✈❡♥(#✳ ❚❤✐# ❞❡♥♦♠✐♥❛(✐♦♥ !❡❢❡!# (♦ (❤❡ ❡✛❡❝(# ♦❢ ♠❛##✐✈❡ ✬#✉❜♣!✐♠❡✬

❞❡❜( ✐♥#♦❧✈❡♥❝②✳ ■♥#♦❧✈❡♥❝② ✐# ❝♦♠♠♦♥ (♦ ❡✈❡!② ✜♥❛♥❝✐❛❧ (!❛♥#❛❝(✐♦♥ ❛♥❞ ✐(# ❝♦#( ✐#

!❡✢❡❝(❡❞ ✐♥ (❤❡ ❛##❡( ♣!✐❝❡#✳ ❋♦! #✉❜♣!✐♠❡ ❞❡❜(✱ (❤❡#❡ ❝♦#(# ✇❡!❡ !❡✢❡❝(❡❞ ✐♥ ❧♦##❡#

❛♥❞ ♥♦( ✐♥ ❛##❡( ♣!✐❝❡#✳ ❚❤❡ ❝❛(❛❧②#( ❢♦! (❤❡ ❡♥♦!♠♦✉# ❣!♦✇(❤ ♦❢ #✉❜♣!✐♠❡ ❞❡❜(

♣♦!(❢♦❧✐♦# ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❯❙ ❧❛✇# ❞❡#✐❣♥❡❞ (♦ ❡♥❛❜❧❡ (❤❡ ❆♠❡!✐❝❛♥ ❞!❡❛♠ (♦ (❤❡

❛✈❡!❛❣❡ ❆♠❡!✐❝❛♥✳ ❍✐#(♦!② ♦✛❡!# ❝♦✉♥(❧❡## ❡①❛♠♣❧❡# ♦❢ ❧❛✇#✱ ❞❡#✐❣♥❡❞ ✇✐(❤ ♥♦❜❧❡

✐♥(❡♥(✐♦♥# ❛♥❞ ✐♥ ❣♦♦❞ ❢❛✐(❤✱ ✇❤✐❝❤ ✉❧(✐♠❛(❡❧② ❤❛✈❡ ♣!❡❞❛(♦!② ❛♥❞ ❝♦✉♥(❡!✲❡①♣❡❝(❡❞

❡✛❡❝(#✳ ❚❤❡ ❯❙ ❈♦♠♠✉♥✐(② ❘❡✐♥✈❡#(♠❡♥( ❆❝( ♣!♦✈✐❞❡❞ (❤❡ ❧❡❣❛❧ ✐♥❝❡♥(✐✈❡# ❢♦!

#✉❜♣!✐♠❡ ❞❡❜(#✳ ❚❤❡ ❯❙ ✜♥❛♥❝✐❛❧ #②#(❡♠ ❡①♣❧♦✐(❡❞ (❤✐# ♥❡✇ ♠❛!❦❡( ♦♣♣♦!(✉♥✐(②✳

❘❛♣✐❞ ✜♥❛♥❝✐❛❧ #♣❡❝✉❧❛(✐♦♥ ❧❡❞ (♦ ❛ ❤♦✉#✐♥❣ ❜✉❜❜❧❡ ❛♥❞ ❛♥ ❛♠♣❧✐✜❝❛(✐♦♥ ♦❢ #✉❜♣!✐♠❡

❞❡❜(✳ ❊①♣♦!(✐♥❣ (❤✐# ❞❡❜( ✇❛# (❤❡ ♥❡①( #(❡♣ ❢♦! (❤❡ ❯❙ ✜♥❛♥❝✐❛❧ #②#(❡♠✳ ●❧♦❜❛❧

❝♦♥(❛❣✐♦♥ ❜② #✉❜♣!✐♠❡ ❞❡❜( ✇❛# ❡♥❛❜❧❡❞ ❜② (✇♦ ❝♦♥❞✐(✐♦♥#✿

✶✳ ❚❤❡ (!❛♥#❢♦!♠❛(✐♦♥ ♦❢ ✬#✉❜♣!✐♠❡✬ ❞❡❜( ✐♥(♦ #❡❧❧❛❜❧❡ ❛##❡(# ✭❆❇❙✮

✷✳ ❚❤❡ ❛❝R✉✐#✐(✐♦♥ ♦❢ (❤❡#❡ ❛##❡( ❜❛#❡❞ #❡❝✉!✐(✐❡# ❜② ✐♥✈❡#(♦!# ❢!♦♠ ♦✉(#✐❞❡ (❤❡

❯♥✐(❡❞ ❙(❛(❡#✱ ❛( ♦✈❡!❡#(✐♠❛(❡❞ ♣!✐❝❡#✳

❈♦♥❞✐(✐♦♥ ✶✮ ✐# ❛ ♥❛(✐♦♥❛❧ ❧❡❣❛❧ ♠❛((❡!✱ ❝❛❧❧❡❞ ✬✜♥❛♥❝✐❛❧ ✐♥♥♦✈❛(✐♦♥✬✱ ❛♥❞ ❛ #✐♠♣❧❡

❝❛(❛❧②#( ❢♦! ❝♦♥(❛❣✐♦♥✳ ❈♦♥❞✐(✐♦♥ ✷✮ ✐# !❡❧❛(❡❞ (♦ ✐♥✈❡#(♦! ❜❡❤❛✈✐♦! ❛♥❞ (❤❡ ❡✣❝✐❡♥❝②

♦❢ ❣❧♦❜❛❧ ✜♥❛♥❝✐❛❧ ♠❛!❦❡(#✳ ❆❝R✉✐!✐♥❣ ❛♥② ❛##❡(✱ ♥♦ ♠❛((❡! (❤❡ ✈❛❧✉❡ ♦❢ ✐(# ❢✉(✉!❡

❝❛#❤ ✢♦✇#✱ ✐# ❛ ❝♦!!❡❝( ✐♥✈❡#(♠❡♥( ♣!♦✈✐❞❡❞ (❤❛( (❤❡ ♣!✐❝❡ ♣❛✐❞ ❥✉#(✐✜❡# (❤❡ ❛##❡(✬#

❢✉(✉!❡ ❝❛#❤ ✢♦✇#✳ ●❧♦❜❛❧ ✐♥✈❡#(♦!# ♦✈❡!♣❛✐❞ ❯❙ ❞❡❜( #❡❝✉!✐(✐❡# ❛♥❞ #✉✛❡!❡❞ ❞❡✈✲

❛#(❛(✐♥❣ ❧♦##❡# ✇❤❡♥ (❤❡#❡ ❛##❡(# #❤♦✇❡❞ (❤❡✐! !❡❛❧ ✈❛❧✉❡✳ ❚❤❡#❡ ❜❛❞ ✐♥✈❡#(♠❡♥(#

❞❡❝✐#✐♦♥ ✇❡!❡ ❡♥❛❜❧❡❞ ❜② (✇♦ ❢❛❝(♦!#✿

❆ ❋✐♥❛♥❝✐❛❧ ♠❛!❦❡(# ❞✐❞ ♥♦( ❝♦!!❡❝(❧② ♣!✐❝❡ ❆❇❙ #❡❝✉!✐(✐❡#

❇ ■♥#(✐(✉(✐♦♥❛❧ ✐♥✈❡#(♦!# ❡♥(❡!❡❞ (❤❡ ❆❇❙ ♠❛!❦❡( ❛♥❞ ♣!♦✈✐❞❡❞ ❧✐R✉✐❞✐(② (♦ ❢✉!✲

(❤❡! ❡♥❛❜❧❡ (❤❡ ❡①✐#(❡♥❝❡ ♦❢ ❝♦♥❞✐(✐♦♥ ❆✳

❲❡ ❜❡❧✐❡✈❡ (❤❛( ❝♦♥❞✐(✐♦♥ ❆✱ (❤❡ ♠✐#♣!✐❝✐♥❣ ♦❢ ❛##❡( ❜❛❝❦❡❞ #❡❝✉!✐(✐❡#✱ ✐# (❤❡

❡##❡♥(✐❛❧ ❢❛❝(♦! (❤❛( (!✐❣❣❡!❡❞ (❤❡ ❣❧♦❜❛❧ ✷✵✵✼ ✜♥❛♥❝✐❛❧ ❝!✐#✐# ❛♥❞ ❛❧❧ ♦❢ ✐(# ❝♦♥#❡✲

R✉❡♥❝❡#✳ ❇❡❝❛✉#❡ ♦❢ ♠✐#♣!✐❝✐♥❣✱ ✐♥(❡!♥❛(✐♦♥❛❧ ✐♥✈❡#(♦!# ✇❡!❡ ❡❛❣❡! (♦ ❜✉② ❯❙ ♠♦!(✲

❣❛❣❡ ❜❛❝❦❡❞ ❆❇❙✳ ❚❤✐# ❞❡♠❛♥❞ ❡♥❝♦✉!❛❣❡❞ ❯❙ ✜♥❛♥❝✐❛❧ ✐♥#(✐(✉(✐♦♥# (♦ ✐♥❝!❡❛#❡

(❤❡✐! ❡✛♦!(# (♦✇❛!❞# (❤❡ ♠♦!(❣❛❣❡ ♠❛!❦❡(✳ ❆❧❧ ♣❛!(✐❝✐♣❛♥(# ✐♥ (❤❡ ❯❙ ❞❡❜( ♠❛!❦❡(



✷✳✶✳ ❈♦♥&❡①& ❛♥❞ ♠♦&✐✈❛&✐♦♥ ✶✸

✇❡"❡ ✐♥%❡"❡&%❡❞ %♦ ♣"♦✈✐❞❡ ❛ ❤♦✉&❡ ❧♦❛♥ ❛♥❞ %♦ "❡&❡❧❧ ✐% ❢♦" ❛ ❝♦♠♠✐&&✐♦♥✳ ❚❤❡ ❯❙

✜♥❛♥❝✐❛❧ &❡❝%♦" ❛❝%❡❞ ❛& ❛♥ ✐♥%❡"♠❡❞✐❛"② ❜❡%✇❡❡♥ %❤❡ ❞❡❜% ❛♣♣❧✐❝❛♥%& ✭❯✳❙✳ ❢❛♠✐❧✐❡&✮

❛♥❞ %❤❡ ✐♥%❡"♥❛%✐♦♥❛❧ ❞❡❜% &❡❧❧❡"&✳ ❊✈❡♥ ✐❢ ❯❙ ✜♥❛♥❝✐❛❧ ❝♦♠♣❛♥✐❡& ❦♥❡✇ %❤❡&❡ ❝"❡❞✐%&

✇♦✉❧❞ ❣♦ ❜❛❞✱ %❤❡② ❝♦♥%✐♥✉❡❞ %❤❡✐" ❛❝%✐♦♥& ❜❡❝❛✉&❡✿ ❛✮ ❯❙ ❧❛✇& ♣❡"♠✐%& &✉❜♣"✐♠❡

❞❡❜% ✭❝♦♥❞✐%✐♦♥ ✶✮ ❛♥❞ ❜✮ &✉❝❤ ❞❡❜% ✇❡"❡ &♦❧❞ ✐♥ ✐♥%❡"♥❛%✐♦♥❛❧ ♠❛"❦❡%& ✭❝♦♥❞✐%✐♦♥

❇✮✳ ❆ ❝♦""❡❝% ♣"✐❝✐♥❣ ♦❢ ❆❇❙ ❞❡❜% ✇♦✉❧❞ ❤❛✈❡ &%♦♣♣❡❞ %❤❡ ❣❧♦❜❛❧ ❡✛❡❝%& ♦❢ %❤❡ ❝"❛&❤

♦❢ %❤❡ ❯❙ ❤♦✉&✐♥❣ ♠❛"❦❡%✳

❲❡ ❜❡❧✐❡✈❡ "✐&❦ ♠✐&♣"✐❝✐♥❣ ✇❛& %❤❡ ❢✉♥❞❛♠❡♥%❛❧ ❝❛✉&❡ ♦❢ %❤❡ ❣❧♦❜❛❧ ✬&✉❜♣"✐♠❡

❝"✐&✐&✬✳ ❨❡%✱ ✜♥❛♥❝✐❛❧ ♠✐&♣"✐❝✐♥❣ ❤❛& ❞✐✛❡"❡♥% ❢♦"♠&✿ "❡%✉"♥ ♠✐&♣"✐❝✐♥❣✱ "✐&❦ ♠✐&♣"✐❝✲

✐♥❣✱ ❡%❝✳ ❚❤❡ ✷✵✵✶ ■❚ ❜✉❜❜❧❡✱&❡❡ ✭▼♦""✐& ❛♥❞ ❆❧❛♠✱ ✷✵✶✷✮ ❢♦" ❞❡%❛✐❧&✱ ✇❤✐❝❤ ❛❧&♦

♦"✐❣✐♥❛%❡❞ ✐♥ %❤❡ ❯♥✐%❡❞ ❙%❛%❡&✱ ❝❛♥ ❜❡ ❝♦♥&✐❞❡"❡❞ ❛& ❛ ❝❧❡❛" ❝❛&❡ ♦❢ ♠❛"❦❡% ❢✉%✉"❡

❝❛&❤ ✢♦✇ ♠✐&♣"✐❝✐♥❣✳ ❙✉❝❤ ❡✈❡♥%& ❤❛✈❡ ❧♦♥❣ ❞✉"❛%✐♦♥& ✭♠❡❛&✉"❛❜❧❡ ✐♥ ②❡❛"&✮ ❛♥❞

✐% ✇♦✉❧❞ ❜❡ ❤❛"❞ %♦ ❛"❣✉❡ %❤❛% %❤❡② ❞♦ ♥♦% ✐♥✈❛❧✐❞❛%❡ %❤❡ ✐❞❡❛ ♦❢ ❡✣❝✐❡♥% ♠❛"❦❡%&✳

❉✉❡ %♦ %❤❡ &✐❣♥✐✜❝❛♥% ❡❝♦♥♦♠✐❝ ❛♥❞ &♦❝✐❛❧ ✐♠♣❛❝% ♦❢ %❤❡&❡ ♠❛"❦❡% ✐♥❡✣❝✐❡♥❝✐❡& ✇❡

❤❛✈❡ ❞❡✈♦%❡❞ %❤✐& ✇♦"❦ %♦✇❛"❞& &❤❡❞❞✐♥❣ ♠♦"❡ ❧✐❣❤% ❛❜♦✉% ♠❛"❦❡% ❞②♥❛♠✐❝&✳

■♥ %❤✐& %❤❡&✐&✱ ✇❡ &❤♦✇ ❤♦✇ ❛♥❞ ✇❤❡♥ ✜♥❛♥❝✐❛❧ ♠❛"❦❡%& ♠✐&♣"✐❝❡ ❛&&❡%&✳ ❇❡❝❛✉&❡

♥✉♠❡"♦✉& &%✉❞✐❡& ❧♦♦❦ ❛% ❛❣❣"❡❣❛%❡ ❧❡✈❡❧ ❝❛✉&❡&✱ ❧✐❦❡ ♠❛❝"♦ ❡❝♦♥♦♠② ♦" ♣♦❧✐❝✐❡&✱ ✇❡

❢♦❝✉& ♦♥ %❤❡ ❧✐♥❦& ❜❡%✇❡❡♥ ✐♥❞✐✈✐❞✉❛❧ ✐♥✈❡&%♦" ❜❡❤❛✈✐♦" ❛♥❞ ❛&&❡% ♣"✐❝❡&✳ ❖✉" &%✉❞②

❞"❛✇& ✐%& %❤❡♦"❡%✐❝❛❧ ❢♦✉♥❞❛%✐♦♥& ❢"♦♠ %❤❡ ✜❡❧❞ ♦❢ ❜❡❤❛✈✐♦"❛❧ ✜♥❛♥❝❡✳ ❇❡❤❛✈✐♦"❛❧

✜♥❛♥❝❡ ❝"❡❛%❡& ❛ ❦♥♦✇❧❡❞❣❡ ♠♦❞❡❧ %❤❛% ❝❛♥ ❡①♣❧❛✐♥ %❤❡ ❡♠♣✐"✐❝❛❧ ❛♥♦♠❛❧✐❡& ♦❜&❡"✈❡❞

✐♥ ✜♥❛♥❝✐❛❧ ♠❛"❦❡%&✳ ❆& ❛ %♦♦❧ ❢♦" ❛♥❛❧②&✐&✱ ✇❡ ❞❡&✐❣♥ ❛♥❞ ✉&❡ ❛ ❛❣❡♥%✲❜❛&❡❞ ✜♥❛♥❝✐❛❧

♠❛"❦❡% &✐♠✉❧❛%♦"✳ ❚❤✐& %♦♦❧ ♣"♦✈✐❞❡& %❤❡ ✢❡①✐❜✐❧✐%② ❛♥❞ ❢"❡❡❞♦♠ %♦ ♠❛❦❡ ❤②♣♦%❤❡&✐&

♦♥ %❤❡ ✐♥❞✐✈✐❞✉❛❧ ✐♥✈❡&%♦" ❧❡✈❡❧ ❛♥❞ %♦ ♦❜&❡"✈❡ %❤❡ ❡✛❡❝%& ❛% ❛♥ ❛❣❣"❡❣❛%❡ ❧❡✈❡❧✳

❆& ✐♥❞✐❝❛%❡❞ ❜② %❤❡ %✐%❧❡ ♦❢ ♦✉" %❤❡&✐&✱ ✇❡ ❧♦♦❦ ❛% ✇❤❡♥ ❛♥❞ ❤♦✇ ✐♥✈❡&%♦" ❧❡✈❡❧

❜✐❛&❡& ❝❛♥ ❛✛❡❝% %❤❡ ❡✣❝✐❡♥% ❢♦"♠❛%✐♦♥ ♦❢ ♠❛"❦❡% ♣"✐❝❡&✳ ❇❡❢♦"❡ ✇❡ ❡①♣❧❛✐♥✱ ✐♥

❞❡♣%❤✱ %❤❡ ♦❜❥❡❝%& ♦❢ ♦✉" &%✉❞② ✇❡ ✇✐❧❧ ✜"&% ❡①♣❧❛✐♥ %❤❡ ♥♦%✐♦♥ ♦❢ ❜✐❛& ❛♥❞ ❤♦✇ ✐%

"❡❧❛%❡& %♦ ✐♥✈❡&%♦"&✳ ❆ ✧ ❜✐❛&✧ ✐& ❞❡✜♥❡❞ ❛& ❛ &②&%❡♠❛%✐❝ ❞❡♣❛"%✉"❡ ❢"♦♠ ❛ "❡❢❡"❡♥❝❡

♣♦✐♥%✳ ❚❤❡"❡❢♦"❡ %❤❡ ❝♦♥❝❡♣% ♦❢ ❜✐❛& ✐& "❡❧❡✈❛♥% %♦ %❤❡ ♥❛%✉"❡ ♦❢ %❤❡ "❡❢❡"❡♥❝❡ ✐%

♣♦✐♥%& %♦✳ ❲❡ ❝❛♥ ❞✐&%✐♥❣✉✐&❤ ❛ ❣"❡❛% ♥✉♠❜❡" ♦❢ ❜✐❛&❡& ❧✐❦❡ ❝♦❣♥✐%✐✈❡ ❜✐❛&✱ &♦❝✐❛❧

❜✐❛&✱ ❜❡❤❛✈✐♦"❛❧ ❜✐❛&✱ ♠❡❛&✉"❡♠❡♥% ❜✐❛&✱ "✐&❦ ❜✐❛&✱ ❡%❝✳ ❲❡ ✇✐❧❧ ❢♦❝✉& ♦♥ ♦♥❡ ✐♥

♣❛"%✐❝✉❧❛"✱ %❤❡ ♠♦&% "❡❧❡✈❛♥% %♦ ✜♥❛♥❝✐❛❧ "❡&❡❛"❝❤✿ ❜❡❤❛✈✐♦" ❜✐❛&✳

■♥ ✜♥❛♥❝❡✱ ❛♥ ✐♥✈❡&%♦" ❤❛& ❛ ❜❡❤❛✈✐♦" ❜✐❛& ✐❢ ❤✐& ❛❝%✐♦♥& ❛"❡ ♥♦% %❤♦&❡ ♦❢ ❛

♣❡"❢❡❝%❧② "❛%✐♦♥❛❧ ✐♥✈❡&%♦"✳ ❆ ♣❡"❢❡❝%❧② "❛%✐♦♥❛❧ ✐♥✈❡&%♦" ❝❛♥ ♣❡"❢❡❝%❧② ✐♥%❡"♣"❡% ❛❧❧

%❤❡ ❛✈❛✐❧❛❜❧❡ ✐♥❢♦"♠❛%✐♦♥ ❛♥❞✱ ✉&✐♥❣ %❤✐& ✐♥❢♦"♠❛%✐♦♥✱ ❤❡ ❝❛♥ ❞❡❞✉❝❡ %❤❡ ❝♦""❡❝%

"❛%✐♦♥❛❧❧② ❡①♣❡❝%❡❞ ✈❛❧✉❡ ♦❢ ❛♥ ❛&&❡%✳ ❯&✐♥❣ %❤✐& ❝♦""❡❝% ❡①♣❡❝%❡❞ ✈❛❧✉❡ %❤❡ ✐♥✈❡&%♦"

%"✐❡& %♦ ♣"♦✜% ✇❤❡♥ ♠❛"❦❡%& ♠✐&♣"✐❝❡ ❛&&❡%✳ ■♥ %❤❡ ❝❤❛♣%❡" ✷✳✸ ✇❡ ❡①♣❧❛✐♥ %❤❡ ♠❛✐♥

❜❡❤❛✈✐♦" ❜✐❛&❡& ♦❢ ✜♥❛♥❝✐❛❧ ✐♥✈❡&%♦"&✳



✶✹ ❈❤❛♣&❡( ✷✳ ■♥&(♦❞✉❝&✐♦♥

✷✳✷ ■♠♣♦&'❛♥' ❝♦♥❝❡♣',

■♥ "❤❡ ❝♦✉()❡ ♦❢ "❤✐) "❤❡)✐) ✇❡ ✉)❡ ✜♥❛♥❝✐❛❧ ❝♦♥❝❡♣") "❤❛" ❤❛✈❡ ❞✐✛❡(❡♥" ♠❡❛♥✐♥❣)✱

❞❡♣❡♥❞✐♥❣ ♦♥ "❤❡ (❡❛❞❡(✬) ❛))✉♠♣"✐♦♥) ❛♥❞ ❝♦♥"❡①"✳ ❚♦ ♠✐"✐❣❛"❡ "❤❡ (✐)❦ ♦❢ ♠✐)✐♥✲

"❡(♣(❡"❛"✐♦♥ ✇❡ ♣(❡)❡♥" ❛♥❞ ❡①♣❧❛✐♥ ❤❡(❡ ♦✉( ✉♥❞❡()"❛♥❞✐♥❣ ♦❢ "❤❡ ♠♦)" ✐♠♣♦("❛♥"

❝♦♥❝❡♣") ✇❡ ✉)❡✳

❚❤❡ ❢✉♥❞❛♠❡♥&❛❧ ✈❛❧✉❡ ♦❢ ❛♥ ❛))❡"✱ ♦( ✐♥"(✐♥)✐❝ ✈❛❧✉❡✱ (❡❢❡() "♦ "❤❡ ♣(❡)❡♥"

✈❛❧✉❡ ♦❢ ❛♥ ❛))❡"✳ ■♥ ❛ ✉)✉❛❧ ❝♦♥"❡①"✱ ❛♥ ❛))❡" ✭❧✐❦❡ ❛ )"♦❝❦✱ ✐♥✈❡)"♠❡♥" ♣(♦❥❡❝" ♦(

(❡❛❧✲❡)"❛"❡✮ ✐) )✉♣♣♦)❡❞ "♦ ♣(♦✈✐❞❡ ❝❛)❤✲✢♦✇) "♦ ✐"✬) ♦✇♥❡(✳ ■♥ (❡❛❧ ✜♥❛♥❝✐❛❧ ♠❛(❦❡")✱

✐♥✈❡)"♦()✱ ✇❤♦ ✉)❡ ✬❢✉♥❞❛♠❡♥"❛❧ ❛♥❛❧②)✐)✬✱ "(② "♦ ❡)"✐♠❛"❡ ❛♥ ❛))❡"✬) ❢✉♥❞❛♠❡♥"❛❧

✈❛❧✉❡ ✉)✐♥❣ ❞✐)❝♦✉♥"❡❞ ❝❛)❤ ✢♦✇ ♠❡"❤♦❞) ✭)❡❡ ❛ ❣♦♦❞ ✐♥"(♦❞✉❝"✐♦♥ ❛❜♦✉" ❢✉♥❞❛♠❡♥✲

"❛❧ ❛♥❛❧②)✐) ❛♥❞ ❞✐)❝♦✉♥"❡❞ ❝❛)❤ ✢♦✇) ✐♥ ✭●(❛❤❛♠ ❛♥❞ ❉♦❞❞✱ ✶✾✺✶✮✮✳ ■♥ ♦✉( )"✉❞②

✇❡ (❡❢❡( "♦ "❤❡ ❢✉♥❞❛♠❡♥"❛❧ ✈❛❧✉❡ ♦❢ ❛♥ ❛))❡" ❛) ❛ &❤❡♦(❡&✐❝❛❧ ❝♦♥❝❡♣& "❤❛" ❤❡❧♣)

✉) ❜✉✐❧❞ ♦✉( ♠♦❞❡❧✳ ❚❤✐) ❢✉♥❞❛♠❡♥"❛❧ ✈❛❧✉❡ ❤❡❧♣) ✉) ❝(❡❛"❡ ❛♥ ✐♥❢♦(♠❛"✐♦♥ ✢♦✇✳

❲❤❡♥ ✇❡ ❛))✉♠❡ "❤❛" ❛♥ ❛))❡" ❤❛) ❛ "❤❡♦(❡"✐❝❛❧ ❢✉♥❞❛♠❡♥"❛❧ ✈❛❧✉❡ ✇❡ ❞♦ ♥♦" ♠❛❦❡

❛♥② ❛))✉♠♣"✐♦♥) ❛❜♦✉" ♠❛(❦❡" ❡✣❝✐❡♥❝② ♦( ✐♥✈❡)"♦( ❜❡❤❛✈✐♦(✳

❊✣❝✐❡♥❝② &❤❡♦(② ✐) ❛ ❤✐❣❤❧② ❞❡❜❛"❡❞ )✉❜❥❡❝" ❜❡"✇❡❡♥ ✜♥❛♥❝❡ ❛❝❛❞❡♠✐❝)✳ ■♥

♦✉( ✇♦(❦ ✇❡ ❝♦♥)✐❞❡( "❤❡ ✭❋❛♠❛✱ ✶✾✼✵✮ ❞❡✜♥✐"✐♦♥ ♦❢ ❡✣❝✐❡♥❝②✿ ✧❆ ♠❛(❦❡" ✐♥ ✇❤✐❝❤

♣(✐❝❡) ❛❧✇❛②) ✧❢✉❧❧② (❡✢❡❝"✧ ❛✈❛✐❧❛❜❧❡ ✐♥❢♦(♠❛"✐♦♥ ✐) ❝❛❧❧❡❞ ❡✣❝✐❡♥"✧✳ ❚❤✐) ❞❡✜♥✐"✐♦♥✱

❛) ✐" ✐) ♦❢"❡♥ (❡❢❡(❡❡❞ "♦ ✐♥ ❡❝♦♥♦♠✐❝ "❤❡♦(②✱ ❛❧)♦ ✐♠♣❧✐❡) "❤❡ ❡①✐)"❡♥❝❡ ♦❢ (❛"✐♦♥❛❧ ❡①✲

♣❡❝"❛"✐♦♥)✳ ■♥ ♦✉( ❝❛)❡✱ ✇❤❡(❡ ✇❡ )♣❡❝✐❢② ❛ ♠♦❞❡❧ ♦❢ "❤❡ ✐♥"(✐♥)✐❝

✷

✭♦( ❢✉♥❞❛♠❡♥"❛❧✮

✈❛❧✉❡ ♦❢ ❛♥ ❛))❡"✱ ✇❡ ❝♦♥)✐❞❡( ❛ ♠❛(❦❡" "♦ ❜❡ ❡✣❝✐❡♥" ✇❤❡♥ "❤❡ ♠❛(❦❡" ♣(✐❝❡ ✇✐❧❧

❢♦❧❧♦✇ "❤❡ ❢✉♥❞❛♠❡♥"❛❧ ✈❛❧✉❡ ✇✐"❤ ❛ ❡((♦( ❢❛❝"♦( ✭✇✐"❤ ③❡(♦ ♠❡❛♥✮✳ ■❢ ♥♦" ♠❡♥"✐♦♥❡❞

♦"❤❡(✇✐)❡✱ ✇❡ ✉)❡ "❤❡ ✇♦(❞ ✧❡✣❝✐❡♥"✧ ✭✇❤❡♥ ❞❡)❝(✐❜✐♥❣ ❛ ♠❛(❦❡"✮ ❛) ❛ )❤♦(" ❢♦(♠

❢♦( ✐♥❢♦(♠❛"✐♦♥❛❧ ❡✣❝✐❡♥❝② ✭❛) ❞❡✜♥❡❞ ❜② ✭❋❛♠❛✱ ✶✾✼✵✮✮✳

■♥ "❤✐) ✇♦(❦ ✇❡ (❡❢❡( "♦ 9♣❡❝✉❧❛&✐✈❡ ✐♥✈❡)"♠❡♥" ❜❡❤❛✈✐♦(✳ ❲❡ ❝♦♥)✐❞❡( ❛) )♣❡❝✲

✉❧❛"✐✈❡ ❛♥② ✐♥✈❡)"♠❡♥" )"(❛"❡❣② "❤❛" ✐♠♣❧✐❡) ❛❝"✐♦♥) ✇❤✐❝❤ ❣♦ ❛❣❛✐♥)" "❤❡ ❛✈❛✐❧❛❜❧❡

✐♥❢♦(♠❛"✐♦♥✳ ❋♦( ❡①❛♠♣❧❡✱ ❝♦♥)✐❞❡( ❛ ✐♥✈❡)"♦( ✇✐"❤ ✐♥❢♦(♠❛"✐♦♥ )❤♦✇✐♥❣ ❛♥ ❛))❡" ✐)

♦✈❡(♣(✐❝❡❞✳ ■❢ "❤✐) ✐♥✈❡)"♦( ❜✉②) "❤❡ ❛))❡" ✇❡ (❡❢❡( "♦ ❤✐) ❛❝"✐♦♥ ❛) )♣❡❝✉❧❛"✐✈❡✳ ❲❡

❞♦ ♥♦" ✐♠♣❧② "❤❛" )✉❝❤ ❛❝"✐♦♥) ❛(❡ ♥♦" (❛"✐♦♥❛❧ ♦( ♥♦" ♣(♦✜"✲❞(✐✈❡♥✳ ❚❤❡ ✐♥✈❡()❡ ♦❢

❛ )♣❡❝✉❧❛"✐✈❡ ❛❝"✐♦♥ ✇✐❧❧ ❜❡✱ ✐♥ "❤✐) ❝♦♥"❡①"✱ ❛♥ ❛(❜✐"(❛"✐♦♥ ❛❝"✐♦♥✳ ❲❡ (❡❢❡( "♦ ❛

✐♥✈❡)"♦( ❛) ❜❡✐♥❣ ❢✉♥❞❛♠❡♥&❛❧✐9&✱ ♦( ❛) ❤❛✈✐♥❣ ❛♥ ❛(❜✐"(❛"✐♦♥ )"(❛"❡❣②✱ ✐❢ ❤❡ ❛❝")

✐♥ ❛❝❝♦(❞❛♥❝❡ "♦ "❤❡ ✐♥❢♦(♠❛"✐♦♥ ❤❡ ❤♦❧❞)✳ ■♥ "❤❡ ❡①❛♠♣❧❡ ❜❡❢♦(❡✱ ❛ ❢✉♥❞❛♠❡♥"❛❧✐)"

✐♥✈❡)"♦( ✇✐❧❧ )❡❧❧ ❛♥ ❛))❡" ✇❤✐❝❤ ❤❡ ❝♦♥)✐❞❡()✱ ❢(♦♠ ❤✐) ✐♥❢♦(♠❛"✐♦♥✱ "♦ ❜❡ ♦✈❡(✈❛❧✉❡❞✳

❚❤❡ ❝♦♥❝❡♣") ♦❢ (✐9❦ ♣(❡♠✐✉♠ ❛♥❞ (✐9❦ ❡9&✐♠❛&✐♦♥ ❛(❡ ❝❧❡❛(❧② ❞❡✜♥❡❞ ✐♥ "❤❡

✜♥❛♥❝✐❛❧ ❧✐"❡(❛"✉(❡✱ )❡❡ ✭❱❛❧❞❡③✱ ✷✵✵✼✮✳ ❘✐)❦ ♣(❡♠✐✉♠ ✐) ❛ )✉❜❥❡❝"✐✈❡ ✇❡✐❣❤" "❤❛"

❛♥ ✐♥✈❡)"♦( ♣❧❛❝❡) ♦♥ ❤✐) ❡①♣❡❝"❡❞ (❡"✉(♥) ❢(♦♠ ❛ (✐)❦② ❛))❡"✳ ❆ (✐)❦ ❡)"✐♠❛"✐♦♥

✐) ❛♥ ✐♥✈❡)"♦(✬) ❡)"✐♠❛"✐♦♥ ♦❢ ❛♥ ❛))❡"✬) (✐)❦✳ ❚♦ )✐♠♣❧② ♦✉( ♠♦❞❡❧ ✇❡ ♣(♦♣♦)❡ "❤❡

❝♦♥❝❡♣" ♦❢ ♠✐♥✐♠❛❧ ❡①♣❡❝&❡❞ (❡&✉(♥✱ rmin✱ ✇❤✐❝❤ ✐) ❛♥ ✐♥✈❡)"♦( )✉❜❥❡❝"✐✈❡ ✈❛❧✉❡✳

✷

❚❤✐# ❢✉♥❞❛♠❡♥+❛❧ ✈❛❧✉❡ ✐# ♥♦+ ❦♥♦✇♥ ❞✐1❡❝+❧② ❜② ✐♥✈❡#+♦1#✳ ❍✐♥+# ♦❢ +❤❡ ❢✉♥❞❛♠❡♥+❛❧ ✈❛❧✉❡ ❛1❡

1❡✈❡❛❧❡❞ +❤1♦✉❣❤ ❛ ❜✐❛#❡❞ ✐♥❢♦1♠❛+✐♦♥ ♣1♦❝❡##✳



✷✳✷✳ ■♠♣♦&'❛♥' ❝♦♥❝❡♣', ✶✺

❆ ♠✐♥✐♠❛❧ ❡①♣❡❝*❡❞ ,❡*✉,♥ ♦❢ ❛♥ ✐♥✈❡1*♦, ❝♦♠❜✐♥❡1 ❤✐1 ,✐1❦ ♣,❡♠✐✉♠ ❛1 ✇❡❧❧ ❛1 ❤✐1

❡1*✐♠❛*✐♦♥ ♦❢ ❛♥ ❛11❡*✬1 ,✐1❦✳ ❲❤❡♥ ❝♦♥1✐❞❡,✐♥❣ ❛♥ ✐♥✈❡1*♠❡♥* ❛❝*✐♦♥✱ ❛♥ ✐♥✈❡1*♦,

✇✐❧❧ ✉1❡ ❤✐1 ♠✐♥✐♠❛❧ ❡①♣❡❝*❡❞ ,❡*✉,♥ *♦ ❡1*✐♠❛*❡ ❛ ❣♦♦❞ ♣,✐❝❡ ❢♦, *❤❡ ✐♥✈❡1*♠❡♥*✳

❆ ❞✐,❝♦✉♥' &❛'❡ ✐1 ✉1❡❞ *♦ ❝♦♠♣✉*❡ *❤❡ ♣,❡1❡♥* ✈❛❧✉❡ ♦❢ ❢✉*✉,❡ ♣❛②♠❡♥*1✳ ■♥

✜♥❛♥❝✐❛❧ *❤❡♦,②✱ *❤❡,❡ ❛,❡ ❛ ♥✉♠❜❡, ♦❢ ♠❡*❤♦❞1 *♦ ❡1*✐♠❛*❡ *❤❡ ❞✐1❝♦✉♥* ,❛*❡ ♦❢ ✭❡①✲

♣❡❝*❡❞✮ ❢✉*✉,❡ ❞✐✈✐❞❡♥❞1 ♦❢ ❡A✉✐*②✱ 1✉❝❤ ❛1 *❤❡ ❈❆C▼ ✭❙❤❛,♣❡✱ ✶✾✻✹✮✳ ❲❡ ❝♦♥1✐❞❡,

*❤❛* ❛ ♠♦❞❡❧ ✇❤❡,❡ ✐♥✈❡1*♦,1 ❤❛✈❡ *♦ ❡1*✐♠❛*❡ ❜♦*❤ ❢✉*✉,❡ ❞✐✈✐❞❡♥❞1 ❛♥❞ ❞✐1❝♦✉♥*

,❛*❡1 ✐1 ♥♦* ♣❛,1✐♠♦♥✐♦✉1✳ ❚❤❡,❡❢♦,❡✱ ✇❡ ♣,♦♣♦1❡ ❛♥ ✐♥❢♦,♠❛*✐♦♥ ♣,♦❝❡11 ❢,♦♠ ✇❤✐❝❤

✐♥✈❡1*♦,1 ❝❛♥ ❞✐,❡❝*❧② ❝♦♠♣✉*❡ ❡①♣❡❝'❛'✐♦♥, ♦❢ ❢✉'✉&❡ ❞✐,❝♦✉♥'❡❞ ❞✐✈✐❞❡♥❞,✳

■♥ *❤✐1 ✇❛②✱ ✇❡ ❛✈♦✐❞ *❤❡ ♣,♦❜❧❡♠1 *❤❛* ❛,❡ ✐♥❤❡,❡♥* *♦ ♠❡*❤♦❞1 ❢♦, 1❡♣❛,❛*❡❧② ❡1✲

*✐♠❛*✐♥❣ ❞✐✈✐❞❡♥❞1 ❛♥❞ ❞✐1❝♦✉♥* ,❛*❡1✳ ❇❡❝❛✉1❡ ♦✉, ✐♥❢♦,♠❛*✐♦♥❛❧ ♣,♦❝❡11 ✐1 ❜✐❛1❡❞

✭❞✉❡ *♦ ✐♥✈❡1*♦, 1✉❜❥❡❝*✐✈❡ ❝❤❛,❛❝*❡,✐1*✐❝1✮ ♦✉, ❛♣♣,♦❛❝❤ ❞♦❡1 ♥♦* ♥❡❝❡11❛,✐❧② ✐♠♣❧②

✐♥✈❡1*♦,1 ❤❛✈❡ *❤❡ 1❛♠❡ ❡1*✐♠❛*✐♦♥1 ♦❢ ❞✐1❝♦✉♥* ,❛*❡1 ♥♦, ♦❢ ❢✉*✉,❡ ❞✐✈✐❞❡♥❞1✳



✶✻ ❈❤❛♣&❡( ✷✳ ■♥&(♦❞✉❝&✐♦♥

✷✳✸ ❇❡❤❛✈✐♦* ❜✐❛,❡, ❛♥❞ /❤❡ ♣*♦❜❧❡♠, /❤❡② ❝❛✉,❡

❚❤❡ ♠❛✐♥ ♣✉)♣♦+❡ ♦❢ ✜♥❛♥❝✐❛❧ ♠❛)❦❡1+ ✐+ 1❤❡ ❡✣❝✐❡♥1 ❛❧❧♦❝❛1✐♦♥ ♦❢ ❝❛♣✐1❛❧✳ ■♥✈❡+1♦)+

✉+❡ ✜♥❛♥❝✐❛❧ ♠❛)❦❡1+ ❛+ ❣✉✐❞❡+ 1♦ ✐♥✈❡+1 1❤❡✐) ❝❛♣✐1❛❧ ✐♥ 1❤❡ ♠♦+1 ♣)♦✜1❛❜❧❡ ✈❡♥1✉)❡+✳

❘❡❢❡))✐♥❣ 1♦ +1♦❝❦ ♠❛)❦❡1+✱ 1❤❡ ❢✉♥❞❛♠❡♥1❛❧ ✈❛❧✉❡ ♦❢ ❛ +1♦❝❦✱ ✐♥ 1❤❡♦)②✱ ✐+ ❝♦♥+✐❞❡)❡❞

1♦ ❜❡ 1❤❡ ❞✐+❝♦✉♥1❡❞ +✉♠ ♦❢ 1❤❡ ❝❛+❤ 1❤❛1 ✇✐❧❧ ✢♦✇ 1♦ ✐♥✈❡+1♦)+ ❢)♦♠ 1❤❡ +1♦❝❦✳ ❆

+1♦❝❦✬+ 1❤❡♦)❡1✐❝❛❧ ✭❢✉♥❞❛♠❡♥1❛❧ ♦) ✐♥1)✐♥+✐❝✮ ✈❛❧✉❡ ❝❛♥ ❜❡ ❡①♣)❡++❡❞ ❛+✿

Ft =
n
∑

i=1

CFt+i

(1 + rt+i)t+i
✭✷✳✶✮

✇❤❡)❡ ❈❋ ✐+ ❛ ❢✉1✉)❡ ❝❛+❤ ✢♦✇ ✭❡✐1❤❡) ❞✐✈✐❞❡♥❞ ♦) )❡+❡❧❧ ♣)✐❝❡✮✳ ❆♥ ✐♥✈❡+1♦) ❤❛+

1♦ ❦♥♦✇ 1❤❡ ✈❛❧✉❡ ♦❢ ❛❧❧ ❢✉1✉)❡ ❝❛+❤✲✢♦✇+ ❛♥❞ ❛♣♣)♦♣)✐❛1❡ )❛1❡+ ♦❢ )❡1✉)♥ 1♦ ❝♦♠♣✉1❡

1❤✐+ ❢✉♥❞❛♠❡♥1❛❧ ✈❛❧✉❡ ♦❢ 1❤❡ +1♦❝❦✳ ■♥ )❡❛❧✐1②✱ ✐♥✈❡+1♦)+ ♠❛❦❡ ❡+1✐♠❛1✐♦♥+ ♦❢ ✇❤❛1

❢✉1✉)❡ ❝❛+❤✲✢♦✇+ ❛♥❞ )❛1❡+ ♦❢ )❡1✉)♥ ✇✐❧❧ ❜❡✳ ❋♦) +✐♠♣❧✐❝✐1② ✭❜✉1 ✇✐1❤♦✉1 )❡+1)❛✐♥✐♥❣

1❤❡ ❜)❡❛❞1❤ ♦❢ ♦✉) )❡+✉❧1+✮ ❧❡1 ✉+ +✉♣♣♦+❡ 1❤❛1 1❤❡ )❛1❡ ♦❢ )❡1✉)♥ ✐+ ❝♦♥+1❛♥1 ✐♥ ❛❧❧

1✐♠❡ ♣❡)✐♦❞✱

ri = r, ∀i ✭✷✳✷✮

■♥ 1❤✐+ ❝♦♥1❡①1✱ ❛♥ ✐♥✈❡+1♦) ❧♦♦❦+ ♦♥❧② ❢♦) 1❤❡ ✐♥❢♦)♠❛1✐♦♥ ♥❡❡❞❡❞ 1♦ ❡+1✐♠❛1❡ 1❤❡

❢✉1✉)❡ ❝❛+❤ ✢♦✇+ ❢)♦♠ 1❤❡ +1♦❝❦✱ ❛+ ✐♥ 1❤❡ ❢♦)♠✉❧❛ ✷✳✸✳

Einvestor(Ft) =
n
∑

i=1

Einvestor(CFt+i, Information)

(1 + r)t+i
✭✷✳✸✮

❆♥ ✐♥✈❡+1♦)✬+ ❛❜✐❧✐1② 1♦ ❝♦))❡❝1❧② ❝♦♠♣✉1❡ ❢✉1✉)❡ ❝❛+❤ ✢♦✇+ ✐+ ❧✐♠✐1❡❞ ♦♥❧② ❜② ❤✐+

✐♥1❡❧❧✐❣❡♥❝❡ ❛♥❞ ✉♥❞❡)+1❛♥❞✐♥❣ ♦❢ 1❤❡ ❢❛❝1♦)+ 1❤❛1 ❣♦✈❡)♥ 1❤❡ ♣❡)❢♦)♠❛♥❝❡ ♦❢ ❛ ❝♦♠✲

♣❛♥②✱ ❛++✉♠✐♥❣ ❡J✉❛❧ ❛❝❝❡++ 1♦ ✐♥❢♦)♠❛1✐♦♥✳ ◆❛1✉)❛❧❧②✱ ✐♥✈❡+1♦)+ ❤❛✈❡ ❞✐✛❡)❡♥1 ❧❡✈❡❧+

♦❢ ✜♥❛♥❝✐❛❧ ❦♥♦✇❧❡❞❣❡✳ ❚❤❡)❡❢♦)❡ 1❤❡✐) ❡+1✐♠❛1✐♦♥+ ♦❢ ❛ +1♦❝❦✬+ ❢✉♥❞❛♠❡♥1❛❧ ✈❛❧✉❡

❛)❡ ❞✐✛❡)❡♥1✳ ❯+✐♥❣ 1❤❡✐) ✈❛❧✉❡ ❡+1✐♠❛1✐♦♥+✱ ✐♥✈❡+1♦)+ ❝♦♠❡ 1♦ 1❤❡ ♠❛)❦❡1+ ❛♥❞ 1)②

1♦ +❡❧❧ ♦) ❜✉② ❢♦) ❛ ♣)♦✜1✳ ■))❡❧❡✈❛♥1 ♦❢ 1❤❡ ♠❛)❦❡1 ♣)✐❝❡ ❢♦)♠❛1✐♦♥ ♠❡❝❤❛♥✐+♠ ✐1 ✐+

❝♦))❡❝1 1♦ +❛② 1❤❡ ♠❛)❦❡1 ♣)✐❝❡+ ❛)❡ ❛ ❢✉♥❝1✐♦♥ ♦❢ 1❤❡ ✐♥✈❡+1♦)+✬ ❝♦♠❜✐♥❡❞ ❡①♣❡❝1❛✲

1✐♦♥+ ♦❢ 1❤❡ +1♦❝❦✬+ ✈❛❧✉❡ ✭+❡❡ ❡J✉❛1✐♦♥ ❜❡❧♦✇ ✇❤❡)❡ fpm  !❛♥❞ ❢♦' ♣'✐❝❡ ❢♦'♠❛!✐♦♥

♠❡❝❤❛♥✐ ♠ ❛♥❞ ♠ ✐ !❤❡ ♥✉♠❜❡' ♦❢ ✐♥✈❡ !♦' ✇❤♦ !'❛❞❡ !❤❛!  !♦❝❦ ❛! ♠♦♠❡♥! !✮

Pt = fpm(E1(Ft), E2(Ft), ..., Em(Ft)) ✭✷✳✹✮

❊9✉❛!✐♦♥ ✷✳✹ ❛♥❞ ✐! '❡ ♦❧✉!✐♦♥ ✐ ❛❝!✉❛❧❧② !❤❡ ♠❛✐♥ ❞❡❜❛!❡ ♣♦✐♥! ✐♥ ♠♦❞❡'♥

✜♥❛♥❝❡✳ ❆❝❝♦'❞✐♥❣ !♦ !❤❡ ♠❛'❦❡! ❡✣❝✐❡♥❝② !❤❡♦'② ✭❋❛♠❛✱ ✶✾✼✵✮ ❛♥❞ !❤❡ '❛!✐♦♥❛❧

❡①♣❡❝!❛!✐♦♥ !❤❡♦'② ✭▼✉!❤✱ ✶✾✻✶✮ ❛ ♠❛'❦❡! ✇✐❧❧ 9✉✐❝❦❧② ❛♥❞ ❝♦''❡❝!❧② ✐♥!❡❣'❛!❡ ✐♥✲

❢♦'♠❛!✐♦♥ ✐♥!♦ ♣'✐❝❡  ♦ !❤❡② ❛❝❝✉'❛!❡❧② '❡✢❡❝! ❢✉♥❞❛♠❡♥!❛❧ ✈❛❧✉❡ ✳ ❚❤✐ ❧✐♥❡ ♦❢

!❤❡♦'② ❞♦❡ ♥♦! ✐♠♣❧② !❤❛! ❡❛❝❤ ✐♥✈❡ !♦' ❤❛ ❛ ❣♦♦❞ ❡ !✐♠❛!✐♦♥ ♦❢ ✈❛❧✉❡✱ '❛!❤❡' !❤❛!

!❤❡ ♠❛'❦❡! ❝❛♥  ♦♠❡❤♦✇ !'❛♥ ❢♦'♠ ❛❧❧ ♦❢ !❤❡ ✐♥❞✐✈✐❞✉❛❧ ❡ !✐♠❛!✐♦♥ ✐♥!♦ ❛ ❣♦♦❞✱

✉♥❜✐❛ ❡❞✱ '❛!✐♦♥❛❧ ❡①♣❡❝!❛!✐♦♥✳



✷✳✸✳ ❇❡❤❛✈✐♦* ❜✐❛,❡, ❛♥❞ /❤❡ ♣*♦❜❧❡♠, /❤❡② ❝❛✉,❡ ✶✼

Pt = Ft + εt E(εt) = 0 ✭✷✳✺✮

❈♦♥()❛)② (♦ (❤❡ ❡✣❝✐❡♥( ♠❛)❦❡(3 (❤❡♦)❡(✐❝❛❧ ❢♦✉♥❞❛(✐♦♥✱ ❜❡❤❛✈✐♦)❛❧ ✜♥❛♥❝❡ ❛3✲

3❡)(3 (❤❛( ❡=✉❛(✐♦♥ ✷✳✺ ✐3 ♥♦( ()✉❡ ❛♥❞ ❛❣❣)❡❣❛(❡ ♣)✐❝❡3 ❝❛♥ ❜❡ ♣❡)3✐3(❡♥(❧② ❢❛) ❢)♦♠

❢✉♥❞❛♠❡♥(❛❧ ✈❛❧✉❡3✳ ❚❤❡ ❜❛3✐❝ ❛33❡)(✐♦♥ ♦❢ ❜❡❤❛✈✐♦)❛❧ ✜♥❛♥❝❡ 3(❛(❡3 (❤❛( ✐♥✈❡3(♦)3

❛)❡ ♥♦( ♣❡)❢❡❝(❧② )❛(✐♦♥❛❧✐(②✱ ❛♥❞ (❤✐3 ❢❛❝( ❝❛♥ ❡①♣❧❛✐♥ ♠❛)❦❡(3 ✐♥❡✣❝✐❡♥❝✐❡3✳ ❲❡ )❡✲

❢❡) ②♦✉ (♦ ✭❉❡ ❇♦♥❞( ❛♥❞ ❚❤❛❧❡)✱ ✶✾✽✼✮ ♦) ✭❈♦✈❛❧ ❛♥❞ ❙❤✉♠✇❛②✱ ✷✵✵✺✮ ❢♦) ❡①❛♠♣❧❡3

❛♥❞ ❞✐3❝✉33✐♦♥3 ❛❜♦✉( ❜❡❤❛✈✐♦)❛❧ ()❛✐(3 ❛✛❡❝(✐♥❣ ♠❛)❦❡( ♣)✐❝❡3✳

■♥ ♦✉) (❤❡♦)❡(✐❝❛❧ ❝♦♥(❡①(✱ ✇❡)❡ ✇❡ 3✉♣♣♦3❡ (❤❡ ❛♣)✐♦)✐ ❡①✐3(❡♥❝❡ ♦❢ ❢✉♥❞❛♠❡♥(❛❧

♠❛)❦❡(

✸

✱ ✇❡ ❝❛♥ ❝♦♥3✐❞❡) (❤❛( ❜❡❤❛✈✐♦)❛❧ ✜♥❛♥❝❡ 3(❛(❡3 (❤❛( ♠❛)❦❡( ♣)✐❝❡3 ❝❛♥ ❜❡

♣❡)3✐3(❡♥(❧② ❜✐❛3❡❞ ✭✐♥ )❡❧❛(✐♦♥ (♦ ❢✉♥❞❛♠❡♥(❛❧ ✈❛❧✉❡3✮✳ ❚❤✐3 ✐❞❡❛ ❝❛♥ ❜❡ ❡①♣)❡33❡❞

✉3✐♥❣ (❤❡ ❡=✉❛(✐♦♥3 ✷✳✻ ✭❛33❡( ♣)✐❝❡3 ❛)❡ ♥♦( ❛( ❛❧❧ )❡❧❛(❡❞ (♦ (❤❡✐) ❢✉♥❞❛♠❡♥(❛❧ ✈❛❧✉❡✮

❛♥❞ ✷✳✼ ✭❛33❡( ♣)✐❝❡3 ❛)❡ ♣❡)3✐3(❡♥(❧② ❜✐❛3❡❞ ✐♥ )❡❣❛)❞3 (♦ (❤❡✐) ❢✉♥❞❛♠❡♥(❛❧ ✈❛❧✉❡✮ ✿

Pt 6= Ft + εt ✭✷✳✻✮

Pt = Ft + εt E(εt) 6= 0 ✭✷✳✼✮

▲♦♦❦✐♥❣ ❛❣❛✐♥ ❛( ❡=✉❛(✐♦♥ ✷✳✹ ✇❡ 3❡❡ (❤❡ ♠❛)❦❡( ♣)✐❝❡ ✐3 ❢♦)♠❡❞✱ (❤)♦✉❣❤ ❛

❞❡❞✉❝(✐✈❡ ♣)♦❝❡❞✉)❡ ✭❝❛❧❧❡❞ ♣)✐❝❡ ❞✐3❝♦✈❡)② ♠❡(❤♦❞✮✱ ❜② ❝♦♠❜✐♥✐♥❣ (❤❡ ❡①♣❡❝(❛(✐♦♥3

♦❢ ❛❧❧ (❤❡ ()❛❞✐♥❣ ❛❣❡♥(3✳ ❚❤❡)❡❢♦)❡ (✇♦ ♥❛(✉)❛❧ =✉❡3(✐♦♥3 ❝♦♠❡ (♦ ♠✐♥❞✿

✶✳ ❈❛♥ ✭❜✐❛3❡❞✮ ✐♥✈❡3(♦) ❡①♣❡❝(❛(✐♦♥3 ❝)❡❛(❡ ❛ ❜✐❛3❡❞ ♣)✐❝❡❄

✷✳ ■❢ ✶✮ ✐3 ()✉❡✱ ✐♥ ✇❤❛( ❝♦♥❞✐(✐♦♥3 ❞♦ (❤❡3❡ ❜✐❛3❡3 ♣❡)3✐3(❄

❚♦ ❞❡3❝)✐❜❡ (❤❡ ✐♠♣♦)(❛♥❝❡ ♦❢ ♣)✐❝❡ ❜✐❛3❡3 ✇❡ ❤❛✈❡ (♦ (❤✐♥❦ ❢)♦♠ (❤❡ ♣❡)3♣❡❝✲

(✐✈❡ ♦❢ (❤❡ ❝❧✐❡♥( ♦❢ ❛ ✜♥❛♥❝✐❛❧ ♠❛)❦❡(✿ /❤❡ ✐♥✈❡,/♦*✳ ❲❤❡♥ ✉3✐♥❣ (❤❡ 3❡)✈✐❝❡3

♦❢ ❛ ✜♥❛♥❝✐❛❧ ♠❛)❦❡(✱ ♠♦3( ✐♥✈❡3(♦)3 ❡①♣❡❝( (♦ ❜✉② ❛♥ ❛33❡( ❛( ✭❛( ♠♦3(✮ ✐(✬3 ❢❛✐)

✭❢✉♥❞❛♠❡♥(❛❧✮ ✈❛❧✉❡✳ ▼♦)❡♦✈❡)✱ (❤❡ ✐♥✈❡3(♦) ❡①♣❡❝(3 (❤❡ ♠❛)❦❡( ♣)✐❝❡ ✇✐❧❧ =✉✐❝❦❧②

❢♦❧❧♦✇ ✇❤❡♥ (❤❡ ❛33❡(✬3 ❢✉♥❞❛♠❡♥(❛❧ ✈❛❧✉❡ ❣♦❡3 ✉♣ ♦) ❞♦✇♥✳ ■♥ ❛ ✜♥❛♥❝✐❛❧ ♠❛)❦❡(

✇✐(❤ ❜✐❛3❡❞ ♣)✐❝❡3✱ (❤❡ ✐♥✈❡3(♦)3 ❜❛)❡ (❤❡ )✐3❦ ♦❢ ♦✈❡)♣❛②✐♥❣ ❢♦) ❛33❡(3 ❛♥❞✴♦) 3❡❧❧✲

✐♥❣ ❛33❡(3 ❛( ❧❡33 (❤❛♥ (❤❡✐) ❢✉♥❞❛♠❡♥(❛❧ ✈❛❧✉❡✳ ❋♦) 3♦♠❡ ✐♥✈❡3(♦)3✱ 3✉❝❤ )✐3❦3 ❛)❡

✉♥❛❝❝❡♣(❛❜❧❡ 3✐♥❝❡ (❤❡② ♦♥❧② ()❛❞❡ (♦ ♣)❡3❡)✈❡ (❤❡✐) ❝❛♣✐(❛❧✳ ❈♦♥3❡=✉❡♥(❧② ❜✐❛3❡❞

✜♥❛♥❝✐❛❧ ♠❛)❦❡(3 ❡①❤✐❜✐( ❞❡❝)❡❛3❡ ✈♦❧✉♠❡3 ♦) ♥♦ ()❛❞✐♥❣ ❛( ❛❧❧✳ W❛)❛❞♦①✐❝❛❧❧②✱ 3♦♠❡

✐♥✈❡3(♦)3 3()✐✈❡ (♦ ❡♥(❡) ♠❛)❦❡(3 ✇❤❡♥ ❛33❡(3 ❛)❡ ✉♥❞❡)✈❛❧✉❡❞ ❛♥❞ ❡①✐( ✇❤❡♥ ❛33❡(3

❜❡❝♦♠❡ ❝♦))❡❝(❧② ✈❛❧✉❡❞ ✭♦) ❡✈❡♥ ❜❡((❡)✱ ♦✈❡)✈❛❧✉❡❞✮✳ ■❞❡❛❧❧②✱ 3♦♠❡ ✐♥✈❡3(♦)3 ✇♦✉❧❞

♣)❡❢❡) ♠❛)❦❡(3 ✇✐(❤ (✇♦ ❝②❝❧✐❝❛❧ 3(❛❣❡3✿ ❛ ❜✐❛3❡❞ 3(❛❣❡ ✭✇❤❡)❡ ❛33❡(3 ❛)❡ ✉♥❞❡) ♦)

♦✈❡)✈❛❧✉❡❞✮ ❛♥❞ ❛♥ ❡✣❝✐❡♥( 3(❛❣❡ ✭✇❤❡)❡ ♣)✐❝❡3 ✇♦✉❧❞ )❡✢❡❝( ❢✉♥❞❛♠❡♥(❛❧ ✈❛❧✉❡3✮✳

■♥ 3✉❝❤ ❛ ♠❛)❦❡(✱ ✐♥✈❡3(♦)3 ♠❛❦❡ )❡(✉)♥3 ❜② ♣)♦✜(✐♥❣ ❢)♦♠ ❜✐❛3❡❞ ♣)✐❝❡3 ❛♥❞ ❝❧♦3✐♥❣
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 ❤❡✐$ ♣♦'✐ ✐♦♥' ✇❤❡♥ ❛''❡ ' ❛$❡ ❝♦$$❡❝ ❧② ♣$✐❝❡❞✳ ■♥ ♠❛$❦❡ ' ✇✐ ❤ ❝♦♥'✐' ❡♥ ❧② ❜✐✲

❛'❡❞ ♣$✐❝❡' ❛ $❛ ✐♦♥❛❧ ✐♥✈❡' ♦$ ❝❛♥♥♦ ♠❛❦❡ ❡①❝❡''✐✈❡ ♣$♦✜ ' ✉'✐♥❣ ❤✐' ✐♥'✐❣❤ ' ✐♥ ♦

❡❝♦♥♦♠✐❝ ❢✉♥❞❛♠❡♥ ❛❧'✳

✷✳✹ ❇❡❤❛✈✐♦*❛❧ ✜♥❛♥❝❡ ✈/✳ ❡✣❝✐❡♥1 ♠❛*❦❡1/

❆❝❝♦$❞✐♥❣  ♦ ❡✣❝✐❡♥ ♠❛$❦❡  ❤❡♦$②✱ ❛♥② ♣$✐❝✐♥❣ ❜✐❛' ♣♦'❡' ♥♦ ♣$♦❜❧❡♠'  ♦  ❤❡

♠❛$❦❡ ❛♥❞ ✐ ' ❡✛❡❝ ✐' ♦♥❧②  ❡♠♣♦$❛$②✳ ❚❤❡  ❤❡♦$② ' ❛ ❡'  ❤❛ '♠❛$ ❛♥❞ ❛❞❛♣ ❛❜❧❡

✐♥✈❡' ♦$' @✉✐❝❦❧② ❞❡ ❡❝  ❤❡ ♥❡✇ ♣$♦✜ ♦♣♣♦$ ✉♥✐ ②✱ ❝$❡❛ ❡❞ ❜②  ❤❡ ♣$✐❝✐♥❣ ❜✐❛'✱ ❛♥❞

♣✉ ✐♥ ♣❧❛❝❡ ❛ ' $❛ ❡❣②  ❤❛ ✇✐❧❧ ♣❡$♠✐  ♦ ♣$♦✜ ♦✉ ♦❢  ❤✐' ✐♥❡✣❝✐❡♥❝②✳ ❲❤❡♥

❡♥♦✉❣❤ ♠♦♥❡② ✐' ✐♥✈❡' ❡❞ ✐♥  ❤❡ ♥❡✇ ' $❛ ❡❣②  ❤❡ ♥❡✇ ♣$♦✜ ♣♦''✐❜✐❧✐ ✐❡' ❞✐'❛♣♣❡❛$✳

❚❤$♦✉❣❤  ❤✐' ♣$♦❝❡'' ♦❢ $❛♣✐❞ '♣❡❝✉❧❛ ✐♦♥✱  ❤❡ ♠❛$❦❡ ❜✐❛'❡' @✉✐❝❦❧② ❞✐'❛♣♣❡❛$✳ ❚❤✐'

 ❤❡♦$❡ ✐❝❛❧ ❛''❡$ ✐♦♥ ✐'  $✉❡ ❜✉ ✐♥❝♦♠♣❧❡ ❡✳ ❚❤❡ ❡✣❝✐❡♥ ♠❛$❦❡ '  ❤❡♦$② ✐❣♥♦$❡'  ❤❡

✇❛② ✐♥ ✇❤✐❝❤ ❡✣❝✐❡♥❝② ✐' ❛❝ ✉❛❧❧② $❡' ♦$❡❞✳ ❚❤❡  ❤❡♦$② ✐♠♣❧✐❝✐ ❧② ❛''✉♠❡'  ❤❡$❡ ❛$❡

✐♥✈❡' ♦$' ✇✐ ❤ ❡①❝❡❧❧❡♥ ✐♥❢♦$♠❛ ✐♦♥ ✇❤✐❝❤ @✉✐❝❦❧② $❡✈❡❛❧' ♠❛$❦❡ ✐♥❡✣❝✐❡♥❝✐❡'✳ ❚❤✐'

❛''✉♠♣ ✐♦♥ ❛❧'♦ ✐♠♣❧✐❡'  ❤❡ ❦♥♦✇❧❡❞❣❡❛❜❧❡ ✐♥✈❡' ♦$' ❝♦♥'✐' ❡♥ ❧② ♠♦♥✐ ♦$ ♠❛$❦❡ '

❛♥❞ ❧♦♦❦  ♦ ❡①♣❧♦✐ ❛♥② ✐♥❡✣❝✐❡♥❝②✳ ■♥ ❢❛❝ ✱  ❤❡② ✇♦✉❧❞ ♥♦ ✐♥✈❡'  ❤❡✐$ ❝❛♣✐ ❛❧ ❛'

❧♦♥❣ ❛'  ❤❡② ❞♦♥✬ ❞❡ ❡❝ ❛♥② ♠❛$❦❡ ✐♥❡✣❝✐❡♥❝②✳ ❲❤✐❧❡ ♥♦ ✐♥✈❡' ✐♥❣✱ '✉❝❤ ✐♥✈❡' ♦$'

✇♦✉❧❞ ❛❧✇❛②' ✐♥❝✉$  ❤❡ ❝♦' ' ❢♦$  ❤❡✐$ ❡①❝❡❧❧❡♥ ✐♥❢♦$♠❛ ✐♦♥✳ ❙♦✱  ❤❡'❡ ✐♥✈❡' ♦$'

✇♦✉❧❞ $❡@✉✐$❡ ❡✈❡$② ♥❡✇ ♣$♦✜ ♦♣♣♦$ ✉♥✐ ② ✭❛$✐'✐♥❣ ❢$♦♠ ♠❛$❦❡ ✐♥❡✣❝✐❡♥❝✐❡'✮  ♦

♣$♦✈✐❞❡ ❡♥♦✉❣❤ ❣❛✐♥'  ♦ ❝♦✈❡$✿  ❤❡ ❝♦' ♦❢  ❤❡ ' $❛ ❡❣②✱  ❤❡ ❝♦' ♦❢ ❛❧❧  ❤❡ ♣$❡✈✐♦✉'

✐♥❢♦$♠❛ ✐♦♥ ❜♦✉❣❤ ❛♥❞ ❛ '✉✣❝✐❡♥ $✐'❦ ♣$❡♠✐✉♠ ❢♦$ ❡♥❣❛❣✐♥❣  ❤❡✐$ ❝❛♣✐ ❛❧ ❛❣❛✐♥' 

 ❤❡ ♠❛$❦❡ ✬' ❜❧✉♥❞❡$✳ ❚❤❡$❡❢♦$❡✱  ❤❡'❡ ✐♥✈❡' ♦$' ♥❡✈❡$ ❡♥❣❛❣❡  ❤❡✐$ ❝❛♣✐ ❛❧  ♦ ❝♦$$❡❝ 

'♠❛❧❧ ♠❛$❦❡ ✐♥❡✣❝✐❡♥❝✐❡' '✐♥❝❡ '✉❝❤ ❛❝ ✐♦♥' ✇♦✉❧❞ ♥♦ ❜❡ ♣$♦✜ ❛❜❧❡✳ ■♥' ❡❛❞✱  ❤❡②

✇❛✐ ✉♥ ✐❧  ❤❡ ♠❛$❦❡ ❞❡✈❡❧♦♣' ❛ ♣$♦✜ ❛❜❧❡ ❡♥♦✉❣❤ ✐♥❡✣❝✐❡♥❝② ✭❞❡♣❡♥❞✐♥❣ ♦♥  ❤❡

 ❤$❡❡ ❢❛❝ ♦$' ♠❡♥ ✐♦♥❡❞ ❛❜♦✈❡✮ ❛♥❞ ♦♥❧②  ❤❡♥ ❞♦  ❤❡②  ❛❦❡ ❛❝ ✐♦♥✳ ❙✉❝❤ $❛ ✐♦♥❛❧

❜❡❤❛✈✐♦$✱ ❢$♦♠  ❤❡ ♣❛$ ♦❢ ✇❡❧❧ ✐♥❢♦$♠❡❞ ✐♥✈❡' ♦$'✱ ❝❛♥ ❣❡♥❡$❛ ❡ ✭❜② ✐♥❛❝ ✐♦♥✮  ❤❡

❛♣♣❡❛$❛♥❝❡ ♦❢ '✐❣♥✐✜❝❛♥ ♠❛$❦❡ ♠✐'♣$✐❝✐♥❣✳
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❦❡")✬✱ ✭●$♦''♠❛♥ ❛♥❞ ❙ ✐❣❧✐ ③✱ ✶✾✽✵✮ ♣$♦✈✐❞❡ ❛  ❤❡♦$❡ ✐❝❛❧ ❜❛'✐' ❢♦$  ❤✐' ♣❛$❛❞♦①
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♠❛♥ ❛♥❞ ❙ ✐❣❧✐ ③✱ ✶✾✽✵✮ ❛♥❞ '❛②  ❤❛ ❛♥ ✐♥✈❡' ♦$ ❤❛'  ❤❡ ♣♦''✐❜✐❧✐ ② ♦❢ ✉'✐♥❣ ❤✐'

❝❛♣✐ ❛❧  ♦ ❡✐ ❤❡$ ❣♦ ❛❣❛✐♥' ❛♥ ✐♥❝♦$$❡❝ ✭$❡❧❛ ✐✈❡  ♦  ❤❡ ✐♥✈❡' ♦$✬' ♣❡$'♦♥❛❧ ❜❡❧✐❡❢'✮

♠❛$❦❡  $❡♥❞ ♦$  ♦ '♣❡❝✉❧❛ ❡ ❛♥❞ ❣♦ ✇✐ ❤  ❤❡ ♠❛$❦❡ ✭❡✈❡♥ ✇❤❡♥ ❤✐' ✐♥❢♦$♠❛ ✐♦♥

'❛②'  ❤❡ ❛''❡ ✐' ♠✐'♣$✐❝❡❞✮✳ ■♥ ❜♦ ❤ ❝❛'❡'  ❤❡ ✐♥✈❡' ♦$ ♠❛❦❡' ❛ ❣❛♠❜❧❡✿ ❡✐ ❤❡$  ❤❡

♠❛$❦❡ ✧✇❛❦❡' ✉♣✧ ❛♥❞ ❤❡ ♣$♦✜ ' ❢$♦♠  ❤❡ ♣$✐❝❡ ♦$  ❤❡ ♠❛$❦❡ ❝♦♥ ✐♥✉❡' ✐♥  ❤❡
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-❤♦✇ ✐❢ ✐) ✐- .❡❛❧✐-)✐❝ )❤❛) -✉❝❤ ❛ ♠✐① ♦❢ ❜✐❛-❡- ❝❛♥ ❛❝)✉❛❧❧② ❛♣♣❡❛. ✐♥ ❛ ✜♥❛♥❝✐❛❧

♠❛.❦❡)✳ ❇❡❝❛✉-❡ ♠♦-) ❜❡❤❛✈✐♦. ❜✐❛-❡- ❛.❡ ❝♦♠♠♦♥ )♦ ❛❧❧ ✐♥✈❡-)♦.- ✇❡ -❡❡❦ )❤♦-❡

❜✐❛-❡❞ ✐♥✈❡-)♦.- ✇❤♦ -✉.✈✐✈❡ ✐♥ ✜♥❛♥❝✐❛❧ ♠❛.❦❡)-✳

❘❡"❡❛$❝❤ ◗✉❡")✐♦♥ ★✷✿ ❈❛♥ ❛ ❜✐❛+❡❞ ✐♥✈❡+$♦0✭+✮ +✉0✈✐✈❡ ✐♥ ❛ ✜♥❛♥❝✐❛❧ ♠❛0✲

❦❡$❄

■❢ )❤❡ ❛♥-✇❡. )♦ :✉❡-)✐♦♥ ✷ ✐- ②❡- )❤❛♥ ✇❡ ❤❛✈❡ ♣.♦✈❡♥ )❤❛) ❜✐❛-❡❞ ❜❡❤❛✈✐♦. ❝❛♥

♣❡.-✐-) ✐♥ ❛ ✜♥❛♥❝✐❛❧ ♠❛.❦❡)✳ ❲❡ ❛.❡ -)✐❧❧ ❧❡❢) ✇✐)❤ )❤❡ ✐--✉❡ ♦❢ ❤♦✇ ❜✐❛-❡❞ ❜❡❤❛✈✐♦.

❝❛♥ ❛♣♣❡❛. ✐♥ ♠❛.❦❡)-✳ ❖♥❡ ❝❛♥ ❛.❣✉❡ ✐♥✈❡-)♦.- ✉♥❞❡.❣♦ ❡①)❡♥-✐✈❡ ♣.❡♣❛.❛)✐♦♥-✱

❜❡❢♦.❡ ❡♥)❡.✐♥❣ ✜♥❛♥❝✐❛❧ ♠❛.❦❡)-✱ )♦ ❞✐-❝♦✈❡. ❛♥❞ ❡❧✐♠✐♥❛)❡ )❤❡✐. ❜✐❛-❡-✳ ▼♦.❡♦✈❡.

✇❡ ❝❛♥ -✉♣♣♦-❡ )❤❛) ❛❧❧ ✐♥✈❡-)♦.- ❝♦♥-)❛♥)❧② ❧♦♦❦ )♦ ❡❧✐♠✐♥❛)❡ )❤❡✐. ♦✇♥ ❜✐❛-❡-✳ ❲❡

❝❛♥ ❛❧-♦ ❛--✉♠❡ ✐♥✈❡-)♦.- ❝♦♥-)❛♥)❧② ❛❞❥✉-) )❤❡✐. ✐♥)❡.♣.❡)❛)✐♦♥- ♦❢ ✐♥❢♦.♠❛)✐♦♥ ✐♥

♦.❞❡. )♦ ✐♥❝.❡❛-❡ )❤❡✐. ♣.♦✜)-✳ ■♥ ✈✐❡✇ ♦❢ -✉❝❤ ♣✉.❡ ♣.♦✜) ♦❜❥❡❝)✐✈❡✱ ♦♥❡ ❝❛♥ ❛.❣✉❡ ❛♥

✐♥✈❡-)♦. ❝❛♥ ✈♦❧✉♥)❛.✐❧② ❝❤♦♦-❡ )♦ ❜✐❛- ❤✐- ❜❡❧✐❡❢- ♦. ❛❝)✐♦♥- ✐❢ ❤❡ ❝❛♥ ♠❛❦❡ ❛ ❜✐❣❣❡.

♣.♦✜)✳ ■♥ ❣❡♥❡.❛❧✱ -)♦❝❦ ♠❛.❦❡)- ♣.♦✈✐❞❡ ❛♥ ❛♣♣.♦①✐♠❛)❡❧② ✼✪ .❡)✉.♥ ♣❡. ②❡❛.✱ ♦♥

)❤❡ ❧♦♥❣ )❡.♠ ✭✐♥ -♣✐)❡ ♦❢ ②❡❛.- ✇✐)❤ ❤✉❣❡ ✜♥❛♥❝✐❛❧ ❝.✐-❡-✮✳ ❨❡) -)♦❝❦ ♣.✐❝❡- -♦♠❡✲

)✐♠❡- .✐-❡ ✈❡.② ❢❛-) ❛♥❞ ✈❡.② ❤✐❣❤✳ ❙✉❝❤ ♠♦♠❡♥)- ♦✛❡. ♣.♦✜) ♦♣♣♦.)✉♥✐)✐❡- ♠✉❝❤

❤✐❣❤❡. )❤❛♥ ✼✪✳ ❚❤❡.❡❢♦.❡✱ ♦♥ ❛ ♣✉.❡ ♣.♦✜) ❜❛-✐-✱ ✐♥✈❡-)♦.- ❤❛✈❡ ✐♥❝❡♥)✐✈❡- )♦ ✬.✐❞❡✬

❛♥❞ ❝❛-❤ ✐♥ ♦♥ ❛❜♥♦.♠❛❧✱ -❤♦.)✲)❡.♠✱ ♠❛.❦❡) ♦♣♣♦.)✉♥✐)✐❡-✳ ❚♦ ❡❛.♥ -✉❝❤ .❡)✉.♥-✱

♥♦) ❡①♣❧❛✐♥❡❞ ❜② )❤❡ ❡❝♦♥♦♠✐❝ ❢✉♥❞❛♠❡♥)❛❧- ♦❢ )❤❡ ).❛❞❡❞ ❛--❡)-✱ ✐♥✈❡-)♦.- ♦❢)❡♥

✉-❡ -).❛)❡❣✐❡- ♥♦) -♦❧❡❧② ❜❛-❡❞ ♦♥ ❢✉♥❞❛♠❡♥)❛❧- ✭❤❡♥❝❡ )❤❡ ❡①✐-)❡♥❝❡ ♦❢ )❡❝❤♥✐❝❛❧

).❛❞✐♥❣✮✳

❘❡"❡❛$❝❤ ◗✉❡")✐♦♥ ★✸✿ ❈❛♥ ❜✐❛+❡❞ ✐♥✈❡+$♦0+ ❡❛0♥ ♠♦0❡ $❤❛♥ ♥♦♥✲❜✐❛+❡❞ ✐♥✲

✈❡+$♦0+❄ ■❢ ②❡+✱ ✐♥ ✇❤❛$ ❝♦♥❞✐$✐♦♥+❄
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■❢ ❛ ❜✐❛%❡❞ ✐♥✈❡%*♦, %✉,✈✐✈❡% ❛♥❞ ❡❛,♥% ❣♦♦❞ ♣,♦✜*% ✐♥ ❛ ✜♥❛♥❝✐❛❧ ♠❛,❦❡*✱ ✇❡

❡①♣❡❝* ♦*❤❡, ,❛*✐♦♥❛❧ ♣❛,*✐❝✐♣❛♥*% *♦ ♠✐♠✐❝ %✉❝❤ ♣,♦✜*❛❜❧❡ ❜❡❤❛✈✐♦,%✳ ❚❤❡ ♠♦,❡

❜✐❛%❡❞ ♣❛,*✐❝✐♣❛♥*% ❡♥*❡, ❛ ♠❛,❦❡* *❤❡ ♠♦,❡ *❤❡ ♠❛,❦❡* ♣,✐❝❡ ✇✐❧❧ ❜❡ ❞✐%❝♦♥♥❡❝*❡❞

❢,♦♠ ✐*✬% ❢✉♥❞❛♠❡♥*❛❧ ✐♥❢♦,♠❛*✐♦♥ ✢♦✇✳ ❇✉* ❛❧❧ ✐♥✈❡%*♦,% ✇❛♥* *♦ ♠❛❦❡ ♣,♦✜*% %♦

*❤❡② ❡①♣❡❝* ♣,✐❝❡% *♦ ,✐%❡✳ ▲❛❝❦✐♥❣ ✭♦, ♥♦* ✉%✐♥❣✮ *❤❡ ♣♦%%✐❜✐❧✐*✐❡% ♦❢ ✬❡❝♦♥♦♠✐❝

,❡❛❧✐*② ❝❤❡❝❦%✬ ♣,✐❝❡% ❝❛♥ ✐♥❝,❡❛%❡ ✇✐*❤♦✉* ❛♥② ❡❝♦♥♦♠✐❝ ❜❛❝❦✐♥❣✳ ■♥❝,❡❛%❡❞ ♣,✐❝❡%

❝❛♥ ✉❧*✐♠❛*❡❧② ❧❡❛❞ *♦ ♠♦♠❡♥*% ✇❤❡,❡ ♥♦ ✬❜✐❣❣❡, ❢♦♦❧✬ ❡①✐%*%✳ ■♥ %✉❝❤ ❝❛%❡%✱ *,❛❞✐♥❣

❜❡*✇❡❡♥ ❜✐❛%❡❞ ✐♥✈❡%*♦,% ❝❛♥ ❡♥❞ ❛♥❞ ♠❛,❦❡* ♣,✐❝❡% ✇✐❧❧ %*❛,* ❜❡✐♥❣ ❢♦,♠❡❞ ❜② ♦*❤❡,

❣,♦✉♣% ♦❢ ✐♥✈❡%*♦,% ✭✉%✉❛❧❧② ,❛*✐♦♥❛❧ ♥♦♥✲❜✐❛%❡❞ ✐♥✈❡%*♦,%✮✳

❘❡"❡❛$❝❤ ◗✉❡")✐♦♥ ★✹✿ ❲❤❛$ ❛%❡ $❤❡ ♠❛%❦❡$ ♠✐❝%♦ ❝♦♥❞✐$✐♦♥. ❢♦% $❤❡ ❡♠❡%✲

❣❡♥❝❡ ♦❢ ♣%✐❝❡ ❜✉❜❜❧❡.❄

▲❛%*❧②✱ ✇❡ %*✉❞② *✇♦ *❤❡ ♠❛,❦❡* ✐♠♣❛❝* ♦❢ *✇♦ %♣❡❝✐❛❧ ❦✐♥❞% ♦❢ ✐♥✈❡%*♦,%✿ ❨♦❞❛

❛♥❞ ❙✐*❤✳ ❇♦*❤ ✐♥✈❡%*♦,% ❤❛✈❡ ❛♠❛③✐♥❣ ❝❛♣❛❝✐*✐❡% ❢♦, ❛♥❛❧②%✐♥❣ ❡❝♦♥♦♠✐❝ ✐♥❢♦,♠❛✲

*✐♦♥ ❛♥❞ ❢♦, ❝♦♠♣✉*✐♥❣ *❤❡ ❝♦,,❡❝* ❢✉♥❞❛♠❡♥*❛❧ ✈❛❧✉❡ ♦❢ ❛♥② ❛%%❡*✳ ❨♦❞❛ *,✐❡% *♦

♣,♦✜* ❢,♦♠ ✐♥✈❡%*♠❡♥* ❛❝*✐♦♥% *❤❛* ❝❧♦%❡ *❤❡ ❣❛♣ ❜❡*✇❡❡♥ *❤❡ ❛%%❡*✬% ♠❛,❦❡* ♣,✐❝❡

❛♥❞ ❢✉♥❞❛♠❡♥*❛❧ ✈❛❧✉❡✳ ■♥ ♦♣♣♦%✐*✐♦♥✱ ❙✐*❤ ❧♦♦❦% ❢♦, ♣,♦✜* ♦♣♣♦,*✉♥✐*✐❡% ✇✐*❤♦✉*

,❡❣❛,❞✐♥❣ *❤❡ ,❡❧❛*✐♦♥ ❜❡*✇❡❡♥ ♣,✐❝❡% ❛♥❞ ❢✉♥❞❛♠❡♥*❛❧ ✈❛❧✉❡✳ ■♥ *❤✐% ✇♦,❦ ✇❡ %❤♦✇

✇❤✐❝❤ ♦❢ *❤❡%❡ *✇♦ *②♣❡% ♦❢ ✐♥✈❡%*♦,%✱ ❨♦❞❛ ♦, ❙✐*❤✱ %✉,✈✐✈❡% ✐♥ ❛ ❝♦♠♣❡*✐*✐✈❡ ✜♥❛♥✲

❝✐❛❧ ♠❛,❦❡*✳ ■❢ *❤❡ ❙✐*❤ ✐♥✈❡%*♦, %✉,✈✐✈❡% *❤❡♥ ✇❡ ❝❛♥ ,❡✐♥❢♦,❝❡ *❤❡ ✐❞❡❛ *❤❛* ♠❛,❦❡*

♣,✐❝❡% ❝❛♥ ❜❡ ❞✐%❝♦♥♥❡❝*❡❞ ❢,♦♠ ❡❝♦♥♦♠✐❝ ,❡❛❧✐*✐❡%✳ ❘❡%❡❛,❝❤ H✉❡%*✐♦♥ ♥✉♠❜❡, ✶

%❡❡❦% *❤❡ ❝♦♥❞✐*✐♦♥%✱ ❛* ❛♥ ❛❣❣,❡❣❛*❡ ❧❡✈❡❧✱ ❢♦, *❤❡ ❞✐%❝♦♥♥❡❝*✐♦♥ ❜❡*✇❡❡♥ ♣,✐❝❡% ❛♥❞

❢✉♥❞❛♠❡♥*❛❧%✳ ❘❡%❡❛,❝❤ H✉❡%*✐♦♥ ♥✉♠❜❡, ✺ ❧♦♦❦% ❢♦, ♣,♦✜*❛❜❧❡ ✐♥❞✐✈✐❞✉❛❧ ❜❡❤❛✈✐♦,%

*❤❛* ❝❛♥ ❣❡♥❡,❛*❡ ❜✐❛%❡❞ ♠❛,❦❡* ♣,✐❝❡%✳

❘❡"❡❛$❝❤ ◗✉❡")✐♦♥ ★✺✿ ❈❛♥ ❨♦❞❛ ❜❡❛$ ❙✐$❤❄ ❍♦✇ ❝❛♥ ❧✐✈❡ ❧♦♥❣❡%✱ ❨♦❞❛ ♦%

❙✐$❤❄

❆♥%✇❡,✐♥❣ *❤❡%❡ ✜✈❡ ,❡%❡❛,❝❤ H✉❡%*✐♦♥% ❤❡❧♣% ✉% ✉♥❞❡,%*❛♥❞ ❤♦✇ ❞✐✛❡,❡♥* ✐♥✲

✈❡%*♦, ❜✐❛%❡% ❝❛♥ ❤❛✈❡ ❛♥ ✐♠♣❛❝* ♦♥ ♠❛,❦❡* ♣,✐❝❡% ❛♥❞ ✐♥❞✐,❡❝*❧② ♦♥ *❤❡ ❡✣❝✐❡♥*

❛❧❧♦❝❛*✐♦♥ ♦❢ ❝❛♣✐*❛❧ ✐♥ ♦✉, ❡❝♦♥♦♠✐❡%✳

✷✳✻ ❘❡%❡❛'❝❤ ▼❡+❤♦❞♦❧♦❣②

❖✉, ,❡%❡❛,❝❤ ❣♦❛❧ ✐% *♦ ❡①♣❧❛✐♥ *❤❡ ❧✐♥❦% ❜❡*✇❡❡♥ ❛❣❣,❡❣❛*❡ ✜♥❛♥❝✐❛❧ ♣❤❡♥♦♠❡♥❛ *❤❡

❜❡❤❛✈✐♦, ♦❢ ✐♥❞✐✈✐❞✉❛❧ ✐♥✈❡%*♦,%✳ ❚♦ ❛♥%✇❡, *❤❡ ,❡%❡❛,❝❤ H✉❡%*✐♦♥% ✇❡ ✇✐❧❧ ❜❡ ✉%✐♥❣

❛ ♠❡*❤♦❞♦❧♦❣② *❤❛* ❝❛❧❧❡❞ ❛ ✬❣❡♥❡,❛*✐✈❡ ❛♣♣,♦❛❝❤✬ ✭❊♣%*❡✐♥✱ ✷✵✵✻✮✳ ❲❡ ✜,%* ❞❡✜♥❡
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✷✽ ❈❤❛♣&❡( ✷✳ ■♥&(♦❞✉❝&✐♦♥

 ❡♣❡❛$❡❞❧② ❜✉②✐♥❣ ❛♥❞ -❡❧❧✐♥❣ ❛$ ❛ ❧♦-- ✇✐❧❧ ❡①❤❛✉-$ ♦♥❡✬- ✇❡❛❧$❤✳ ❆$ ❛ -❡❝♦♥❞ ❧♦♦❦✱

✇❡ -❛② $❤❛$ ✐$ ✐- ♥♦$ ✈❡ ② ♣ ♦❜❛❜❧❡ $♦ -❡❡ ❛♥ ✐♥✈❡-$♦ $❤❛$ ✇✐❧❧ ❛❧✇❛②- ❜✉② ❛♥❞ -❡❧❧

❛$ ❛ ❧♦--✳ ■$ ✐- -♦♠❡$✐♠❡- ❧✐❦❡❧② $❤❛$ ❛❢$❡ ❜✉②✐♥❣ ❛♥ ❛--❡$✱ ❡✈❡♥ ✐❢ ✐$ ✐- ♦✈❡ ✈❛❧✉❡❞

❛$ $❤❡ ♠♦♠❡♥$ ♦❢ ❜✉②✐♥❣✱ ✐$- ♣ ✐❝❡ ✇✐❧❧ ❣♦ ✉♣ ❡✈❡♥ ♠♦ ❡✳ ❆  ✐-✐♥❣ ♣ ✐❝❡ ❣✐✈❡- ❛♥

✐  ❛$✐♦♥❛❧ ✐♥✈❡-$♦ $❤❡ ♦♣♣♦ $✉♥✐$② ♦❢ ❝❧♦-✐♥❣ ❤✐- ♣♦-✐$✐♦♥ ✇✐$❤ ❛ ♣ ♦✜$ ✲ $❤❛$ ❝♦✉❧❞

❤❡❧♣ ❞❡❝ ❡❛-❡ ♣♦--✐❜❧❡ ❡❛ ❧✐❡ ❧♦--❡-✳ ■$ ✐- ♥♦$ ❧✐❦❡❧② $❤❛$ ❛❧❧ ✐  ❛$✐♦♥❛❧ ✐♥✈❡-$♦ -

✇♦✉❧❞ ♥♦$ ❝❧♦-❡ ♦✉$ ❛ ♣ ♦✜$❛❜❧❡ ♣♦-✐$✐♦♥ ♦ $❤❛$ ❛♥ ♦✈❡ ✈❛❧✉❡❞ ❛--❡$ ✇♦✉❧❞ ♥♦$

❜❡❝♦♠❡ ❡✈❡♥ ♠♦ ❡ ♦✈❡ ✈❛❧✉❡❞✳ ■♥❞❡❡❞✱ $❤❡ ❡ ❛ ❡ ♥✉♠❡ ♦✉- ❛ $✐❝❧❡- $❤❛$ ❜✉✐❧❞ ❛♥❞

$❡-$ ♠♦❞❡❧- ✇✐$❤ ✐  ❛$✐♦♥❛❧ ✐♥✈❡-$♦ - ✇❤✐❝❤ ♣ ❡-❡ ✈❡ $❤❡✐ ✇❡❛❧$❤ ❛♥❞ ❝❛♥ -♦♠❡$✐♠❡-

❝♦♥$ ♦❧ ♠❛ ❦❡$-✳ ■♥ ✭❉❡ ▲♦♥❣ ❡$ ❛❧✳✱ ✶✾✾✶✮ ✇❡ -❡❡ $❤❡  ❡-✉❧$- ♦❢ ❛ ♠♦❞❡❧ ♦❢ ♣♦ $❢♦❧✐♦

❛❧❧♦❝❛$✐♦♥ ❜② ♥♦✐-❡ $ ❛❞❡ - ✇✐$❤ ✐♥❝♦  ❡❝$ ❡①♣❡❝$❛$✐♦♥- ❛❜♦✉$  ❡$✉ ♥ ✈❛ ✐❛♥❝❡-✳ ❚❤❡

❛✉$❤♦ - -❤♦✇ $❤❛$ $❤❡-❡ ✐  ❛$✐♦♥❛❧ ❛❝$✐♦♥✲✇✐-❡ $ ❛❞❡ - ✭✐♥ $❤✐- ❝❛-❡ ❝❛❧❧❡❞ ✬♥♦✐-❡✬

$ ❛❞❡ -✮ ❝❛♥ ❡❛ ♥ ❤✐❣❤❡ ❡①♣❡❝$❡❞  ❡$✉ ♥- $❤❛♥  ❛$✐♦♥❛❧ ✐♥✈❡-$♦ - ✇✐$❤ -✐♠✐❧❛  ✐-❦

❛✈❡ -✐♦♥ ❛♥❞ $❤❡② ❝❛♥ ❡✈❡♥ ❛  ✐✈❡ $♦ ❞♦♠✐♥❛$❡ $❤❡ ♠❛ ❦❡$✳

❯-✐♥❣ ❛♥ ❛❣❡♥$✲❜❛-❡❞ ♠♦❞❡❧ ♦❢ ✐♥✈❡-$♦ -✬ ❞❡❝✐-✐♦♥-✱ ✭❊✈❛♥- ❉✳ ❛♥❞ ◆❡$$❧❡✱ ✷✵✵✸✮

❛ ❣✉❡- $❤❛$ ❛ ❜✐❛-❡❞ ❜❡❤❛✈✐♦ ❝❛♥ ❛❝$✉❛❧❧② ❜❡ ❛♥ ❡✈♦❧✉$✐♦♥❛ ② ❞❡-✐❣♥ ❢❡❛$✉ ❡  ❛$❤❡ 

$❤❛♥ ❛ ✢❛✇ ♦❢ ❤✉♠❛♥ ❞❡❝✐-✐♦♥✲♠❛❦✐♥❣✳ ❚❤✐- -$✉❞② -❤♦✇- $❤❛$ ✉♥❞❡ ❝❡ $❛✐♥ ❝♦♥✲

❞✐$✐♦♥- ✉♥❜✐❛-❡❞ ❛❣❡♥$- ✉-✐♥❣ ❝❧❛--✐❝❛❧ ❡①♣❡❝$❡❞ ✉$✐❧✐$② ♠❛①✐♠✐③❛$✐♦♥ ✇✐❧❧ ❜❡ ♦✉$✲

♣❡ ❢♦ ♠❡❞ ❜② ❛❣❡♥$- ✇✐$❤ ❤✉♠❛♥ ❜✐❛-❡- $❤❛$ ❤❛✈❡ ❜❡❡♥ ❞♦❝✉♠❡♥$❡❞ ✐♥ ❡♠♣✐ ✐❝❛❧

-$✉❞✐❡-✳ ❚❤❡ ✐❞❡❛ ♦❢ ✬✐  ❛$✐♦♥❛❧✬ ❛❣❡♥$- -✉ ✈✐✈✐♥❣ ✐♥ ❛ ❝♦♠♣❡$✐$✐✈❡ ♠❛ ❦❡$ ✐- ❝♦✉♥$❡ ✲

✐♥$✉✐$✐✈❡ ❛♥❞ ✐$ ✐♠♠❡❞✐❛$❡❧②  ❛✐-❡- ❝ ✐$✐❝-✳ ❲❡ $❤✐♥❦ $❤❛$ ♠♦-$ ♦❢ $❤❡ ❝ ✐$✐❝ ❢♦ $❤❡

-✉ ✈✐✈❛❧ ♦❢ ✐  ❛$✐♦♥❛❧✐$② ✐- ❞✉❡ $♦ ❝♦♥❢✉-✐♦♥ ✐♥ $❡ ♠-✳ ❲❡ ❧♦♦❦ ✜ -$ ❛$ $❤❡ ♦ ✐❣✐♥- ♦❢

❡✈♦❧✉$✐♦♥❛ ②  ❛$✐♦♥❛❧ ♠❛ ❦❡$- ❛♥❞ $❤❛♥ ❡①♣❧❛✐♥ ✇❤② $❤❡-❡ ❝♦♥❝❡♣$ ❞♦♥✬$ ❛♣♣❧② ✐♥

 ❡❛❧ ✜♥❛♥❝✐❛❧ ♠❛ ❦❡$-✳

❈❧❛--✐❝❛❧ ✜♥❛♥❝❡ ✬ ❛$✐♦♥❛❧✐$②✬ ❤❛- ❜❡❡♥ ❞❡✜♥❡❞ ❛- ❞❡-❝ ✐❜✐♥❣ $❤❡ ❛❝$✐♦♥- ♦❢ ❛♥

✐♥✈❡-$♦ ✐♥  ❡❧❛$✐♦♥ $♦ $❤❡ ♦♣$✐♠❛❧ ❛❝$✐♦♥- ♦♥❡ -❤♦✉❧❞ $❛❦❡ ✇❤✐❧-$ $ ②✐♥❣ $♦ ❛❝❤✐❡✈❡

$❤❡ ❣♦❛❧ ♦❢ ♠❛①✐♠✐③✐♥❣ $❤❡ ❡①♣❡❝$❡❞ ✉$✐❧✐$② ♦❢ ❤✐- ✇❡❛❧$❤✳ ❚❤❡ ♣✐♦♥❡❡ ✐♥❣ ✇♦ ❦

♦❢ ✭▼✉$❤✱ ✶✾✻✶✮✱ ✭❘❛❞♥❡ ✱ ✶✾✼✷✮ ✱✭▲✉❝❛-✱ ❘♦❜❡ $ ❊✱ ✶✾✼✽✮ ❤❛✈❡ ♣✉$ $❤❡ ♥♦$✐♦♥ ♦❢

 ❛$✐♦♥❛❧ ❡①♣❡❝$❛$✐♦♥- ✐♥ $❤❡ ❝❡♥$❡ ♦❢ ❛❝❛❞❡♠✐❝ ✜♥❛♥❝❡✳ ■♥ ♦ ❞❡ ❢♦ ✐♥✈❡-$♦ - $♦

♣♦ $ ❛② ❛♥❞ ❡①♣❧♦✐$  ❛$✐♦♥❛❧ ❡①♣❡❝$❛$✐♦♥- $❤❡② ♠✉-$ ❜❡ ❛❜❧❡ $♦ ❞✐-❝♦✈❡ $❤❡ $ ✉❡

❞✐-$ ✐❜✉$✐♦♥- ♦❢ ✈❛ ✐❛❜❧❡- ✐♥ $❤❡ ❡❝♦♥♦♠② ✲ ♦$❤❡ ✇✐-❡✱ ❛- ♣♦✐♥$❡❞ ❜② ✭●✐❧❜♦❛ ❡$ ❛❧✳✱

✷✵✵✾✮ $❤❡ ❡ ✇♦✉❧❞ ♥♦$ ♠✉❝❤  ❛$✐♦♥❛❧✐$② ❜❡❤✐♥❞ ✉-✐♥❣ ❛ ❇❛②❡-✐❛♥  ✉❧❡ ✐♥ ♠❛❦✐♥❣

❛ ❞❡❝✐-✐♦♥ ✭❢♦♦$♥♦$❡ ✲ ❜❡$$❡ ♥♦$ ❞❡❝✐❞❡ ❛$ ❛❧❧✮✳ ❚♦ ❞❡❢❡♥❞ $❤✐- ✐❞❡❛✱ ♦❢ ✐♥✈❡-$♦ -

❦♥♦✇✐♥❣ ✭♦ ❣❡$$✐♥❣ $♦ ❦♥♦✇✮ $❤❡ $ ✉❡ ♣ ♦❜❛❜✐❧✐$✐❡- ♦❢ ❡❝♦♥♦♠✐❝ ✈❛ ✐❛❜❧❡-✱ ✭❆❧❝❤✐❛♥✱

✶✾✺✵✮✱ ✭❊♥❦❡✱ ✶✾✺✶✮✱ ❛♥❞ ✭❋ ✐❡❞♠❛♥✱ ✶✾✺✸✮ ❤❛✈❡ ✐♥$ ♦❞✉❝❡❞ ❛♥❞ ❛ ❣✉❡❞ $❤❡ ✐❞❡❛ ♦❢

♥❛$✉ ❛❧ -❡❧❡❝$✐♦♥ ✭♦ $❤❡ ♠❛ ❦❡$ -❡❧❡❝$✐♦♥ ❤②♣♦$❤❡-✐-✮✳ ■♥ ❛ -✐♠✐❧❛ ✇❛②✱ ✭❈♦♦$♥❡ ✱

✶✾✻✹✮ ❛♥❞ ✭❋❛♠❛✱ ✶✾✻✺✮ ❛ ❣✉❡❞ $❤❛$ ✐♥ ✜♥❛♥❝✐❛❧ ♠❛ ❦❡$-✱ ✐♥✈❡-$♦ - ✇✐$❤ ✬❜❛❞✬ ❜❡❧✐❡❢

✭♦ ✇✐$❤ ✐  ❛$✐♦♥❛❧ ❡①♣❡❝$❛$✐♦♥-✮ ✇✐❧❧ ❜❡ ❞ ✐✈❡♥ ♦✉$ ♦❢ ♠❛ ❦❡$- ✭$❤❡② ✇✐❧❧ ❧♦♦-❡ $❤❡✐ 

♠♦♥❡② ❛♥❞ ✇✐❧❧ ♥♦$ ❜❡ ❛❜❧❡ $♦ ❣❡$ ♥❡✇ ♦♥❡-✮ ❜② ✐♥✈❡-$♦ - ✇✐$❤  ❛$✐♦♥❛❧ ❡①♣❡❝$❛$✐♦♥-✳

❆ ♥✉♠❜❡ ♦❢  ❡-❡❛ ❝❤❡ - ❤❛✈❡ -❤♦✇❡❞ $❤❛$ $❤✐- ❤②♣♦$❤❡-✐- ♦❢ ♥❛$✉ ❛❧ -❡❧❡❝$✐♦♥

✭♦ ♠❛ ❦❡$ -❡❧❡❝$✐♦♥✮ ❞♦❡- ♥♦$ ❛❧✇❛②- ❤♦❧❞✳ ✭❉❡ ▲♦♥❣ ❡$ ❛❧✳✱ ✶✾✾✶✮ ❤❛- -❤♦✇❡❞

$❤❛$ ✉-✐♥❣ ♣❧❛✉-✐❜❧❡ ❜✐❛-❡-✱ ♥♦✐-❡ $ ❛❞❡ - ❝❛♥ -✉ ✈✐✈❡ ❛- ❛ ❣ ♦✉♣✱ ❡❛ ♥ ❤✐❣❤❡  ❡$✉ ♥-



✷✳✾✳ ❆ ✈❡&② (❤♦&+ ❤✐(+♦&② ♦❢ ✜♥❛♥❝✐❛❧ ♠❛&❦❡+( &❡(❡❛&❝❤ ✷✾

 ❤❛♥ $❛ ✐♦♥❛❧ ✐♥✈❡* ♦$* ❛♥❞ ❡✈❡♥ ❜❡ ❛❜❧❡  ♦ ❞♦♠✐♥❛ ❡  ❤❡ ♠❛$❦❡ ✱ ✐♥  ❡$♠* ♦❢ ✇❡❛❧ ❤✱

✐♥  ❤❡ ❧♦♥❣ $✉♥✳ ❙✐♠✐❧❛$❧②✱ ✭❇❧✉♠❡ ❛♥❞ ❊❛*❧❡②✱ ✷✵✵✶✮ ❛$❣✉❡*  ❤❛ ✐♥ ❛♥ ✐♥❝♦♠♣❧❡ ❡

♠❛$❦❡ ✐&&❛+✐♦♥❛❧✐+② ❝❛♥ *✉$✈✐✈❡✳ ❚❤✐* $❡*✉❧ ✱ ❛* ❛$❣✉❡❞ ❜②  ❤❡ ❛✉ ❤♦$* ✐* ✐♠♣♦$ ❛♥ 

❜❡❝❛✉*❡ ♠❛$❦❡ ✐♥❝♦♠♣❧❡ ❡♥❡** ✐* ♥❛ ✉$❛❧✳

❆* ✇❡ ♣♦✐♥ ❡❞ ♦✉ ✐♥  ❤❡ ✜$* ♣❛$ ♦❢  ❤❡ ❛$ ✐❝❧❡✱ ✐♥✈❡* ♦$* ❝❛♥ ❤❛✈❡ ❞✐✛❡$❡♥ 

♦❜❥❡❝ ✐✈❡* ✐♥ ♠❛$❦❡ * ❛♥❞  ❤❡✐$ ❛❝ ✐♦♥* ❝❛♥ ❜❡ $❛ ✐♦♥❛❧ ✐♥ $❡❧❛ ✐♦♥  ♦  ❤❡✐$ ♣❡$*♦♥❛❧

♦❜❥❡❝ ✐✈❡* ❛♥❞ ♥♦ ✐♥ $❡❧❛ ✐♦♥  ♦ ❛ ♥♦$♠❛ ✐✈❡ ♦❜❥❡❝ ✐✈❡✳ ❙♦✱ ✐♥✈❡* ♦$* ✇✐ ❤ ❛♣♣❛$❡♥ ❧②
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❞✐❣❡$% ❛♥❞ ✐♥%❡(♣(❡% ✐♥❢♦(♠❛%✐♦♥ ❛♥❞ %♦ ✇(✐%❡ ✐♥✈❡$%♠❡♥% (❡♣♦(%$ ❛♥❞ (❡❝♦♠♠❡♥❞❛✲

%✐♦♥$✳ ■♥✈❡$%♦($ ♦❢%❡♥ ✉$❡ %❤❡$❡ (❡❝♦♠♠❡♥❞❛%✐♦♥$ %♦ ♠❛❦❡ %❤❡✐( ✐♥✈❡$%♠❡♥% ❞❡❝✐$✐♦♥$

❛♥❞ ✉♣❞❛%❡ %❤❡✐( ♣♦(%❢♦❧✐♦$✳ ❚❤❡ ❛❝❝✉(❛❝② ♦❢ ❛♥❛❧②$% (❡❝♦♠♠❡♥❞❛%✐♦♥$ ❝❛♥ ❜❡ ♠✐$✲

❧❡❛❞✐♥❣ ❛♥❞ ✐$ ❛ ❝❛%❛❧②$% ❢♦( %❤❡ ❞✐$%♦(%✐♦♥ ♦❢ ♠❛(❦❡% ♣(✐❝❡$✳ ◆✉♠❡(♦✉$ (❡$❡❛(❝❤

$%✉❞✐❡$ ❢♦❝✉$❡❞ ♦♥ %❤❡ ✐♥✢✉❡♥❝❡ ♦❢ $✉❝❤ (❡❝♦♠♠❡♥❞❛%✐♦♥$ ❛♥❞ %❤❡② $❤♦✇❡❞ %❤❛%

❛♥❛❧②$% ♦♣✐♥✐♦♥$ ❝❛♥ ❤❛✈❡ ❣♦♦❞ ❛$ ✇❡❧❧ ❛$ ❜❛❞ ❡✛❡❝%$ ♦♥ ♠❛(❦❡% ❡✣❝✐❡♥❝②✳ ❋♦( ❛

❣♦♦❞ (❡✈✐❡✇ ♦❢ (❡$❡❛(❝❤ (❡❧❛%❡❞ %♦ ✜♥❛♥❝✐❛❧ ❛♥❛❧②$%$✬ (❡❝♦♠♠❡♥❞❛%✐♦♥$ ✇❡ $✉❣❣❡$%❡❞

(❡❛❞✐♥❣ ✭❘❛♠♥❛%❤ ❡% ❛❧✳✱ ✷✵✵✻✮✳

❆$ ❛♥ ❛❧%❡(♥❛%✐✈❡ %♦ ❛♥❛❧②$% (❡❝♦♠♠❡♥❞❛%✐♦♥$✱ ✐♥✈❡$%♦($ ✉$❡ ✐♥❢♦(♠❛%✐♦♥ ♣(♦✲

✈✐❞❡❞ ❜② %❤❡✐( ♣❡❡($✱ $❡❡ ✭❈❤❛♥❣ ❡% ❛❧✳✱ ✷✵✵✵✮✳ ■♥ ✜♥❛♥❝✐❛❧ (❡$❡❛(❝❤ ❧✐%❡(❛%✉(❡ %❤✐$

❜❡❤❛✈✐♦(✱ ❝❛❧❧❡❞ ✬♠✐♠❡%✐❝✬✱ ✐♠♣❧✐❡$ %❤❛% ❛♥ ✐♥✈❡$%♦( ✐❣♥♦(❡$ ♦%❤❡( $♦✉(❝❡$ ♦❢ ✐♥❢♦(♠❛✲

%✐♦♥ ❛♥❞ ❜❛$❡$ ❤✐$ ❞❡❝✐$✐♦♥$ ♦♥ %❤❡ ✐♥%❡(♣(❡%❛%✐♦♥ ♦❢ ❛♥♦%❤❡( ✐♥✈❡$%♦(✳ ❙✉❝❤ ❜❡❤❛✈✐♦(

✐$ ❥✉$%✐✜❡❞ ❜② %❤❡ ❢❛❝% %❤❛% $♦♠❡ ✐♥✈❡$%♦($ ✭❡①✿ ♣♦(%❢♦❧✐♦ ♠❛♥❛❣❡($ %❤❛% ❞✐$❝❧♦$❡ %❤❡✐(

(❡$✉❧%$✮ $❤♦✇ ❝♦♥$✐$%❡♥%❧② ❣♦♦❞ ♣❡(❢♦(♠❛♥❝❡✳ ■% $❡❡♠$ ♥❛%✉(❛❧ %❤❛% ✐♥✈❡$%♦($ $❡❡❦

%♦ ✐♠✐%❛%❡ %❤❡ ❞❡❝✐$✐♦♥$ ♦❢ ❝♦♥$%❛♥% ✇✐♥♥❡($ ✭❛♥❞ ❤♦♣❡ %♦ ❛❝❤✐❡✈❡ %❤❡ $❛♠❡ (❡$✉❧%$✮✳

❚❤✐$ ❜❡❤❛✈✐♦( ❝❛♥ ❧❡❛❞✱ ✐♥ ❡①%(❡♠✐$✱ %♦ ♣(✐❝❡$ ✇❤✐❝❤ (❡✢❡❝% %❤❡ ♦♣✐♥✐♦♥ ♦❢ ❛ $✐♥✲

❣❧❡ ❣(♦✉♣ ♦❢ ✐♥✈❡$%♦($ ❛♥❞ %❤❡(❡❢♦(❡ ❛(❡ ❞✐$❝♦♥♥❡❝%❡❞ ❢(♦♠ %❤❡ ✉♥❞❡(❧②✐♥❣ ❡❝♦♥♦♠✐❝

❢✉♥❞❛♠❡♥%❛❧$✳ ❚❤✐$ ✇❛$ %❤❡ ❝❛$❡ ✇✐%❤ %❤❡ ✷✵✵✶ ■❚ ❜✉❜❜❧❡✱ ✇❤❡♥ ✐♥✈❡$%♦($ ❛♥❞ ❛♥❛✲

❧②$%$ ✇❤❡(❡ ❜✐❞❞✐♥❣ ✉♣ ♣(✐❝❡$ ❢♦( %❡❝❤♥♦❧♦❣② $%❛(%✲✉♣$ ✇❤❡♥ %❤♦$❡ ❜✉$✐♥❡$$ ❞✐❞ ♥♦%

(❡$♣❡❝% ❝❡(%❛✐♥ ❜❛$✐❝ ❛❝❝♦✉♥%✐♥❣ ❛♥❞ ❛✉❞✐% (❡O✉✐(❡♠❡♥%$✳ ❙♦♠❡ ❛♥❛❧②$%$ ❛♥❞ ✐♥✲

✈❡$%♦($ ❞❡❢❡♥❞❡❞ %❤❡✐( ✈✐❡✇$ ❜② O✉♦%✐♥❣ %❤❡♦(✐❡$ ♦♥ ❤♦✇ %♦ ♠❛❦❡ ✬♥❡✇✬ ❡✈❛❧✉❛%✐♦♥$

%❤❛% ❥✉$%✐✜❡❞ %❤❡ ❤✐❣❤ ♣(✐❝❡$✳ ■♥ %❤❡ ❝❛$❡ ♦❢ %❤❡ ✬❞♦%✲❝♦♠✬ ❜✉❜❜❧❡✱ ✜♥❛♥❝✐❛❧ ♠❛(❦❡%$

❞✐❞ ♥♦% ♠❛♥❛❣❡ %♦ ❝♦((❡❝%❧② ✐♥%❡❣(❛%❡ ❛❧❧ %❤❡ ❛✈❛✐❧❛❜❧❡ ✐♥❢♦(♠❛%✐♦♥ ✐♥%♦ %❤❡ ♠❛(❦❡%

♣(✐❝❡$✳ ■♥$%❡❛❞✱❛$ ❛♥❛❧②③❡❞ ❜② ✭❙❤❛(♠❛✱ ✷✵✵✾✮✱ ✐♥✈❡$%♦($ ❢♦❝✉$❡❞ ♦♥ ❛ ♣❛(%✐❝✉❧❛(

$♦✉(❝❡ ♦❢ ✐♥❢♦(♠❛%✐♦♥ %❤❛% ❣❛✈❡ ❛ $❤♦(%✲%❡(♠ ♣(♦✜%❛❜❧❡ ❡✈❛❧✉❛%✐♦♥ ♦❢ $%♦❝❦$ ❜✉% ❛

✇(♦♥❣ ❡✈❛❧✉❛%✐♦♥ ♦❢ ❧♦♥❣✲%❡(♠ ✈❛❧✉❡✳

❊✈❡♥ ✇❤❡♥ ✐♥❢♦(♠❛%✐♦♥ ♦❢ O✉❛❧✐%② ✐$ ❛❜✉♥❞❛♥%✱ ✐♥✈❡$%♦($ ❝❛♥ $%✐❧❧ ✭❛♥❞ ❞♦✮ ❝❤♦♦$❡

%♦ ✐❣♥♦(❡ ✐♥❢♦(♠❛%✐♦♥ ❛❜♦✉% ❢✉♥❞❛♠❡♥%❛❧$ ❛♥❞ ❡♥❣❛❣❡ ✐♥ ✬%❡❝❤♥✐❝❛❧ ❛♥❛❧②$✐$✬✳ ✬❚❡❝❤✲

♥✐❝❛❧ ❛♥❛❧②$✐$✬✱ ❛$ %❤♦(♦✉❣❤❧② ❡①♣❧❛✐♥❡❞ ❜② ✭▲♦ ❡% ❛❧✳✱ ✷✵✵✵✮✱ ❝♦♥$✐$%$ ♦❢ ❛ $❡% ♦❢

♠❡%❤♦❞$ %❤❛% ❤❡❧♣ ✐♥✈❡$%♦($ ❝♦♠♣✉%❡ ❛♥ ❡①♣❡❝%❡❞ ✈❛❧✉❡ ♦❢ %❤❡ ❢✉%✉(❡ $%♦❝❦ ♣(✐❝❡

❜❛$❡❞ ♦♥ ❤✐$%♦(✐❝❛❧ ♣(✐❝❡ ✐♥❢♦(♠❛%✐♦♥✳

❚❤❡ ✉♥❞❡(❧②✐♥❣ ❛$$✉♠♣%✐♦♥ ♦❢ ♠❛(❦❡% ❡✣❝✐❡♥❝② ✐$ %❤❛% ♣(✐❝❡$ (❡✢❡❝% ♣❡(❢❡❝%❧②

❛♥❞ ❝♦♠♣❧❡%❡❧② ❛❧❧ ❡❝♦♥♦♠✐❝ ✐♥❢♦(♠❛%✐♦♥✳ ❚❤✉$✱ ❧♦♦❦✐♥❣ ❛% ❢✉♥❞❛♠❡♥%❛❧$ ✐$ ♥♦% ✉$❡✲

❢✉❧ ❢♦( ♠❛❦✐♥❣ ❡①❝❡$$ ♣(♦✜%$✳ ❚❡❝❤♥✐❝❛❧ %(❛❞❡($ ❞♦ ♥♦% ❜❡❧✐❡✈❡ ♠❛(❦❡%$ ❛(❡ ❡✣❝✐❡♥%

❛♥❞ %❤❡② ❢♦❝✉$ ♦♥ ❞✐$❝♦✈❡(✐♥❣ %(❡♥❞$ ❛♥❞ ♣❛%%❡(♥$ ✐♥ ♣(✐❝❡$✳ ❯$✐♥❣ $%❛%✐$%✐❝❛❧ ♠❡%❤✲

♦❞$ %❤❡② %(② %♦ ♠❛❦❡ ♣(♦✜%$ ♦✉% ♦❢ (❡♣❡❛%✐♥❣ ♣❛%%❡(♥$✳ ■❢ ❛ ✬%(❡♥❞✬ ♦( ♣❛%%❡(♥ ✐$

❞❡%❡❝%❡❞ ❜② ❛ $✉✣❝✐❡♥% ♥✉♠❜❡( ♦❢ %❡❝❤♥✐❝✐❛♥$ %❤❡♥✱ %❤(♦✉❣❤ $❤❛(✐♥❣ ♦❢ ✐♥❢♦(♠❛%✐♦♥

♦( ✐♥❞❡♣❡♥❞❡♥%❧②✱ %❤❡(❡ ✐$ ❛ ♣♦$$✐❜✐❧✐%② %❤❛% %❤❡✐( ❝♦♠❜✐♥❡❞ ❛❝%✐♦♥$ ✇✐❧❧ ❛❝%✉❛❧❧② ❝(❡✲

❛%❡ ❛ %(❡♥❞ ✐♥ ♣(✐❝❡ ✲ (❡❛❧✐③✐♥❣ ✇❤❛% ✐$ ❝❛❧❧❡❞ ❛ ✬$❡❧❢✲❢✉❧✜❧❧✐♥❣ ♣(♦♣❤❡❝②✬✳ ✭❋❡(♥❛♥❞❡③

❡% ❛❧✳✱ ✷✵✵✾✮ ❛♥❞ ✭❏♦(❞❛♥✱ ✷✵✵✻✮ ♣(♦✈✐❞❡ ❣♦♦❞ ❛❝❝♦✉♥%$ ♦❢ $✉❝❤ ♣(♦♣❤❡❝✐❡$✳



✸✻ ❈❤❛♣&❡( ✸✳ ❖❜❥❡❝& ♦❢ 0&✉❞②

✸✳✷ ❆$②♠♠❡()② ❛♥❞ -✉❛❧✐(② ♦❢ ✐♥❢♦)♠❛(✐♦♥

❋!♦♠ $❤❡ ♣!❡✈✐♦✉+ ❡①❛♠♣❧❡+ ✇❡ +❛✇ $❤❛$ ✐♥✈❡+$♦!+ ❛!❡ ❢❛❝❡❞ ✇✐$❤ ❛ ❧❛!❣❡ ✈♦❧✉♠❡

♦❢ ✐♥❢♦!♠❛$✐♦♥✳ ■❢ ✇❡ ❛++✉♠❡ $❤❛$ ✐♥✈❡+$♦!+ ❝❛♥✱ ♦♥ ❛✈❡!❛❣❡✱ ❡①$!❛❝$ $❤❡ !❡❧❡✈❛♥$

✐♥❢♦!♠❛$✐♦♥ ✇❡ +❤♦✉❧❞ ❛❧+♦ ❝♦♥+✐❞❡! $❤❡ ♣♦++✐❜✐❧✐$② $❤❛$ ✐♥❢♦!♠❛$✐♦♥ ❝❛♥ +♦♠❡$✐♠❡+

❧❛❝❦ ✐♥ ;✉❛❧✐$② ♦! ♣!❡❝✐+✐♦♥✳

❖♥❡ ♦❢ $❤❡ $❤❡♦!✐❡+ +$❛♥❞✐♥❣ ❜❡❤✐♥❞ $❤❡ ✐❞❡❛ $❤❛$ ✐♥❢♦!♠❛$✐♦♥ ❝❛♥ ❜❡ ❝♦!!❡❝$❧②

✐♥❢❡!!❡❞ ❢!♦♠ ❛ ✈❛!✐❡$② ♦❢ +♦✉!❝❡+ ✐+ $❤❡ ❝❡♥$!❛❧ ❧✐♠✐$ $❤❡♦!②✱ +❡❡ ✭❉✉❞❧❡②✱ ✶✾✾✾✮ ❢♦!

❛♥ ❡①❤❛✉+$✐✈❡ ❞❡+❝!✐♣$✐♦♥ ♦❢ ❝❡♥$!❛❧ ❧✐♠✐$ ❢✉♥❞❛♠❡♥$❛❧+ ❛♥❞ ❛♣♣❧✐❝❛$✐♦♥+✳ ❚♦ +❡❡

❤♦✇ $❤✐+ $❤❡♦!② ✇♦!❦+ ✇✐$❤ ✐♥❢♦!♠❛$✐♦♥ ✇❡ ♣!♦♣♦+❡ $❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✿ ■♠❛❣✐♥❡

❛ ❤✉♥❞!❡❞ ♣❡♦♣❧❡ $❤❛$ ❝❛♥ ♦❜+❡!✈❡ ❛ $!❛♥+♣❛!❡♥$ ❥❛! ✜❧❧❡❞ ✇✐$❤ ❛♥ ✉♥❦♥♦✇♥ ♥✉♠❜❡!

♦❢ ♣❧❛+$✐❝ ❜❛❧❧+✳ ❊❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ✐+ ❛+❦❡❞ $♦ ❧♦♦❦ ❛$ $❤❡ ❥❛! ✭✇✐$❤♦✉$ ♦♣❡♥✐♥❣ ✐$✮ ❛♥❞

❣✐✈❡ ❛♥ ❡+$✐♠❛$✐♦♥ ♦❢ $❤❡ ♥✉♠❜❡! ♦❢ ❜❛❧❧+ $❤❛$ ❛!❡ ✐♥+✐❞❡✳

Estimations

N balls

N+e1

N+em

Central limit

N

❋✐❣✉!❡ ✸✳✷✿ ❊+$✐♠❛$✐♦♥ ♦❢ ❝♦!!❡❝$ ✐♥❢♦!♠❛$✐♦♥ ✇✐$❤ ❝❡♥$!❛❧ ❧✐♠✐$ $❤❡♦!②

❚❤❡ ♦❜+❡!✈❡!+ ❡+$✐♠❛$❡ $❤❡ ♥✉♠❜❡! ♦❢ ❜❛❧❧+ ✉+✐♥❣ ❞✐✛❡!❡♥$ ❛♣♣!♦❛❝❤❡+✿ ❝♦✉♥$✐♥❣✱

♠❛$❤❡♠❛$✐❝❛❧ ❛♥❛❧②+✐+ ✉+✐♥❣ ✈♦❧✉♠❡+✱ ❣✉❡++❡+✱$❤✉♠❜ !✉❧❡+ ♦! ♦$❤❡! ♠❡$❤♦❞+✳ ❚❤❡!❡✲

❢♦!❡ $❤❡+❡ ✐♥❞✐✈✐❞✉❛❧+ ❡+$✐♠❛$✐♦♥+ ❛!❡ ❜✐❛+❡❞✳ ❚❤❡ ✐❞❡❛ ♦❢ $❤❡ ❝❡♥$!❛❧ ❧✐♠✐$ $❤❡♦!②

✐+ $❤❛$ ✐❢ ✇❡ ❤❛✈❡ ❛ +✉✣❝✐❡♥$ ♥✉♠❜❡! ♦❢ ✐♥❞❡♣❡♥❞❡♥$ ❛♥❞ ✐❞❡♥$✐❝❛❧❧② ❞✐+$!✐❜✉$❡❞

❡+$✐♠❛$✐♦♥+✱ ✐♠♣❧②✐♥❣ $❤❛$ ♣❡♦♣❧❡ ❞♦ ♥♦$ ❡①❝❤❛♥❣❡ ✐❞❡❛+✱ $❤❛♥ $❤❡ ❞✐+$!✐❜✉$✐♦♥ ♦❢

$❤❡ ❛✈❡(❛❣❡ ❡0&✐♠❛&✐♦♥ ✇✐❧❧ ❜❡ ♥♦!♠❛❧❧② ❞✐+$!✐❜✉$❡❞ ❛♥❞ ✐$✬+ ♠❡❛♥ ✇✐❧❧ ❜❡ $❤❡ $!✉❡

♥✉♠❜❡! ♦❢ ❜❛❧❧+ ✐♥ $❤❡ ❥❛! ✭◆✮✳ ■♥ ♦$❤❡! ✇♦!❞+✱ ❛❝❝♦!❞✐♥❣ $♦ $❤❡ ❝❡♥$!❛❧ ❧✐♠✐$ $❤❡♦!②✱

✇❡ ❡①♣❡❝$ $♦ ❤❛✈❡ ❛ +✐♠✐❧❛! ♥✉♠❜❡! ♦❢ ♣❡♦♣❧❡ $❤❛$ ✇✐❧❧ ✉♥❞❡!✈❛❧✉❡ ◆ ❛+ ♣❡♦♣❧❡ $❤❛$

♦✈❡!✈❛❧✉❡ ◆✳ ▼♦!❡♦✈❡!✱ ❢♦! $❤✐+ $❤❡♦!② $♦ ❤♦❧❞✱ ✐$ ✐+ ❝!✉❝✐❛❧ $❤❛$ ❡❛❝❤ ❡✈❛❧✉❛$✐♦♥ ✐+

✐♥❞❡♣❡♥❞❡♥$✳ ■♥ ❆♣♣❡♥❞✐① ❆✳✷ ✇❡ ♣!♦✈✐❞❡ ❛ ♣!♦❣!❛♠♠✐♥❣ ❝♦❞❡ $❤❛$ ❝❛♥ ♣!♦✈❡ $❤❡

❛❜♦✈❡ ❢❛❝$+✳

❲❡ ❦♥♦✇ $❤❛$ ❞✉❡ $♦ ♠✐♠❡$✐❝ ❜❡❤❛✈✐♦!✱ +❡❡ ✭❈✐♣!✐❛♥✐ ❛♥❞ ●✉❛!✐♥♦✱ ✷✵✵✾✮✱



✸✳✷✳ ❆$②♠♠❡()② ❛♥❞ -✉❛❧✐(② ♦❢ ✐♥❢♦)♠❛(✐♦♥ ✸✼

✭❈❤❛♥❣ ❡' ❛❧✳✱ ✷✵✵✵✮ ❢♦0 ❧✐'❡0❛'✉0❡ 0❡✈✐❡✇5✱ ✐♥✈❡5'♦05 ❞♦♥✬' ❛❧✇❛②5 ♠❛❦❡ ✐♥❞❡♣❡♥✲

❞❡♥' ✐♥'❡0♣0❡'❛'✐♦♥5 ❛❜♦✉' ❛55❡' ♣0♦♣0✐❡'✐❡5✳ ❋♦0 '❤✐5 0❡❛5♦♥✱ '❤❡ ❜❛5✐❝ ❛55✉♠♣'✐♦♥5

❢♦0 '❤❡ ✈❛❧✐❞✐'② ♦❢ ❝❡♥'0❛❧ ❧✐♠✐' '❤❡♦0② ❛0❡ ♥♦' ♠❡❡' ✐♥ ✜♥❛♥❝✐❛❧ ♠❛0❦❡'5✳ ❊❝♦♥♦♠✐❝

5'✉❞✐❡5✱ ❛5 0❡♣♦0'❡❞ ✐♥ ✭❑✐0♠❛♥✱ ✶✾✾✷✮✱ ✉5✉❛❧❧② ✉5❡ '❤❡ ❝♦♥❝❡♣' ♦❢ ❛ 0❡♣0❡5❡♥'❛✲

'✐✈❡ ✐♥❞✐✈✐❞✉❛❧✳ ❚❤❡ ❛❜♦✈❡ ❝♦♥5✐❞❡0❛'✐♦♥ ❝❛5' ❞♦✉❜' ♦♥ 5✉❝❤ 5✐♠♣❧✐✜❝❛'✐♦♥5 ♦❢ 0❡❛❧

5②5'❡♠5✳

❚❤❡ ♠✐♠❡'✐❝ ❛♥❞ ❛5②♠♠❡'0✐❝❛❧ ❜✐❛5✐♥❣ ♦❢ ✐♥❢♦0♠❛'✐♦♥ ♦0 ✐'5 ✐♥'❡0♣0❡'❛'✐♦♥ ✐5

✉❜✐F✉✐'♦✉5 ✐♥ ✜♥❛♥❝✐❛❧ 5②5'❡♠5✳ ❚❤✐5 ❜❡❤❛✈✐♦0 ✐5 ❢♦✉♥❞ ✇✐'❤ ❝♦♠♣❛♥② ♠❛♥❛❣❡05 ❛5

✇❡❧❧ ❛5 ✜♥❛♥❝✐❛❧ ❛♥❛❧②5'5✳ ❈♦♠♣❛♥② ♠❛♥❛❣❡05✱ ❛5 0❡♣♦0'❡❞ ❜② ✭❑②❧❡✱ ✶✾✽✺✮ ♦0 ✭❇0❛♥✲

❞♦✉② ❡' ❛❧✳✱ ✷✵✵✵✮✱ ❤❛✈❡ '❤❡ ✐♥❝❡♥'✐✈❡5 '♦ ❛❜✉5❡ ✐♥5✐❞❡0 ✐♥❢♦0♠❛'✐♦♥ ♦0 ❞❡❢♦0♠ ✜♥❛♥✲

❝✐❛❧ ❛♥❞ ❛❝❝♦✉♥'✐♥❣ ✐♥❢♦0♠❛'✐♦♥✳ ❚❤0♦✉❣❤ '❤❡ ♣0♦❝❡55 ❦♥♦✇♥ ❛5 ✧✇✐♥❞♦✇✲❞0❡55✐♥❣✧✱

❝♦♠♣❛♥② ♠❛♥❛❣❡05 ❝❛♥ 0❡♣♦0' ✐♥✢❛'❡❞ ♥✉♠❜❡05 ❝♦♥❝❡0♥✐♥❣ '❤❡ ♣❡0❢♦0♠❛♥❝❡ ❛♥❞
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$-✉❞✐❡$ ♦❢ ✭❑❛❤♥❡♠❛♥ ❛♥❞ ❚✈❡+$❦②✱ ✶✾✼✾✮ ❛♥❞ ✭❑❛❤♥❡♠❛♥ ❡- ❛❧✳✱ ✶✾✽✶✮$❤♦✇❡❞ -❤❛-

✐♥✈❡$-♦+$ ❞✐$♣❧❛② ❛ $❡- ♦❢ ❜❡❤❛✈✐♦+ ❜✐❛$❡$ -❤❛- ❛✛❡❝- ❜♦-❤ -❤❡ ✐♥❢♦+♠❛-✐♦♥ -❤❡②

♣❡+❝❡✐✈❡ ❛$ ✇❡❧❧ ❛$ -❤❡✐+ ✐♥✈❡$-♠❡♥- ❛❝-✐♦♥$✳ ◆❡①- ✇❡ ❞❡$❝+✐❜❡ -❤❡ ♠♦$- ❝♦♠♠♦♥

❜❡❤❛✈✐♦+ ❜✐❛$❡$ -❤❛- ❛✛❡❝- ✐♥✈❡$-♦+$ ✐♥ ✜♥❛♥❝✐❛❧ ♠❛+❦❡-✳

✸✳✹ ❇❡❤❛✈✐♦* ❜✐❛,❡,

❆❝❝♦+❞✐♥❣ -♦ -❤❡ ♠♦❞❡+♥ ✜♥❛♥❝✐❛❧ -❤❡♦+②✱ ❛❧❧ ✐♥✈❡$-♦+$ ❛+❡ ♣❡+❢❡❝-❧② +❛-✐♦♥❛❧✱ +✐$❦✲

❛✈❡+$❡✱ ❝♦++❡❝-❧② ✐♥-❡+♣+❡- ✐♥❢♦+♠❛-✐♦♥ ❛♥❞ ❝♦♠❡ ✉♣ ✇✐-❤ -❤❡ $❛♠❡ ❢✉-✉+❡ ❡①♣❡❝-❛✲

-✐♦♥$✳ ■- ✐$ ♣♦$$✐❜❧❡ -❤❛- $✉❝❤ ✐♥✈❡$-♦+$ ❡①✐$- ❜✉- ✐- ✐$ ♥♦- ❧✐❦❡❧② -❤❛- ❛❧❧ ✐♥✈❡$-♦+$

❤❛✈❡ -❤❡$❡ ❝❤❛+❛❝-❡+✐$-✐❝$✳ ❚♦ ❡①♣❧❛✐♥ ✬♥♦♥✲+❛-✐♦♥❛❧✬ ❜❡❤❛✈✐♦+ ❝♦❣♥✐-✐✈❡ ♣$②❝❤♦❧♦❣✐$-$

❤❛✈❡ ✇♦+❦❡❞ -♦ ✉♥❞❡+$-❛♥❞ ❤♦✇ ♣❡♦♣❧❡ ❛❝-✉❛❧❧② ✐♥-❡+♣+❡- ✐♥❢♦+♠❛-✐♦♥✳ ❲❡ ✉♥❞❡+❧✐♥❡

-❤❡ ✐❞❡❛ -❤❛- -❤❡ ❢♦❧❧♦✇✐♥❣ ❤✉♠❛♥ ❝♦❣♥✐-✐✈❡ -+❛✐-$ ❛+❡ ❞❡✜♥❡❞ ❛$ ❜✐❛$❡$ ✐♥ +❡❢❡+❡♥❝❡

-♦ ❛ -❤❡♦+❡-✐❝❛❧❧② ❝♦++❡❝- +❛-✐♦♥❛❧ ❡①♣❡❝-❡❞ ❜❡❤❛✈✐♦+✳ ❘❡❝❡♥- $-✉❞✐❡$✱ $❡❡ ✭❉✉♣+❡ ❉✳✱

●✐+❡+❞✲Q♦-✐♥ ■✳ ❛♥❞ Q✳✱ ✷✵✵✻✮ ❛♥❞ ✭❙✳ ❛♥❞ Q✳✱ ✷✵✵✾✮✱ ❤❛✈❡ $❤♦✇❡❞ -❤❛- ✐♥✈❡$-♦+$ ❝❛♥

✉$❡ ♥♦♥✲❡❝♦♥♦♠✐❝ ❜❛$❡❞ ♠❡❛$✉+❡$✱ ❧✐❦❡ ❡-❤✐❝❛❧ ♦+ $♦❝✐❛❧✲+❡$♣♦♥$✐❜❧❡ ♠❡❛$✉+❡$✱ -♦ ❛❞✲

❥✉$- -❤❡✐+ ♣♦+-❢♦❧✐♦$✳ ❚❤❡+❡❢♦+❡ ✇❡ ❝❛♥♥♦- ❛--❛❝❤ ❛ ❝❤❛+❛❝-❡+ ♦❢ ✬✇+♦♥❣✬ ♦+ ✬+✐❣❤-✬ -♦

$✉❝❤ ❤✉♠❛♥ V✉❛❧✐-✐❡$✳ ❆❧♦♥❣$✐❞❡ -❤❡ ❞❡✜♥✐-✐♦♥ ♦❢ ❛ ❜❡❤❛✈✐♦+❛❧ ❜✐❛$ ✇❡ ❡①♣❧❛✐♥ -❤❡✐+

♣♦$$✐❜❧❡ ✐♠♣❛❝-$ ✐♥ ✜♥❛♥❝✐❛❧ ♠❛+❦❡-$✳

❚❤❡ ❝♦❣♥✐%✐✈❡ ❞✐))♦♥❛♥❝❡ ❜✐❛$ ✐$ +❡♣+❡$❡♥-❛-✐✈❡ ❢♦+ ❛ ♣❡+$♦♥ -❤❛- ✐❣♥♦+❡$ ✐♥✲

❢♦+♠❛-✐♦♥ ✇❤✐❝❤ ✐$ ❝♦♥-+❛❞✐❝-♦+② -♦ ❤✐$ ❝✉++❡♥- ❜❡❧✐❡❢$✳ ■♠❛❣✐♥❡ ❛♥ ✐♥✈❡$-♦+ -❤❛- ❤❛$

❜♦✉❣❤- ❛ $-♦❝❦ ❛♥❞ ❢♦+♠❡❞ -❤❡ ❜❡❧✐❡❢ -❤❛- -❤❡ $-♦❝❦✬$ ✈❛❧✉❡ ✇✐❧❧ +✐$❡ ✭✇❤✐❝❤ ✇♦✉❧❞

❣✐✈❡ ❤✐♠ ❛ ♣+♦✜-✮✳ ❍❛✈✐♥❣ ❛ ✬❝♦❣♥✐-✐✈❡ ❞✐$$♦♥❛♥❝❡✬ ❜✐❛$ -❤❡ ✐♥✈❡$-♦+ ❝❛♥ $♦♠❡-✐♠❡$

✐❣♥♦+❡ +❡❧❡✈❛♥- ✐♥❢♦+♠❛-✐♦♥ -❤❛- ✐♥❞✐❝❛-❡$ -❤❡ ❝♦♥-+❛+② -♦ ❤✐$ ❜❡❧✐❡❢$✳ ❙✉❝❤ ❛ ❜✐❛$

❝❛♥ ❜❡ ❛ $✐♠♣❧❡ ❡①♣❧❛♥❛-✐♦♥ ❢♦+ ♣+✐❝❡ ❜✉❜❜❧❡$✱ ✇❤❡+❡ ❡✈❡♥ ✐❢ ❛❜✉♥❞❛♥- ✐♥❢♦+♠❛-✐♦♥

❡①✐$-$ ❛❜♦✉- ♣+✐❝❡$ ❜❡✐♥❣ ♦✈❡+✈❛❧✉❡❞ ✐♥✈❡$-♦+$ $-✐❧❧ ✐❣♥♦+❡ -❤❡♠ ❛♥❞ ❝♦♥-✐♥✉❡ -+❛❞✐♥❣

❛- ❤✐❣❤ ♣+✐❝❡$✳ ❆♥♦-❤❡+ ✐♠♣❧✐❝❛-✐♦♥ ♦❢ -❤✐$ ❜✐❛$ ✐$ $❡❡♥ ✇❤❡♥ ✐♥✈❡$-♦+$ -❡♥❞ -♦ ❤♦❧❞

♦♥ ❢♦+ -♦♦ ♠✉❝❤ -✐♠❡ -♦ ❧♦$✐♥❣ $-♦❝❦$ ♦+ ✇❤❡♥ -❤❡② ❞♦ ♥♦- ❝❛$❤ ✐♥ ✐♥ ♦♥ ✇✐♥♥✐♥❣

$-♦❝❦$✳

❆♥♦-❤❡+ ❢❛♠♦✉$ ❛♥❞ ✐♠♣♦+-❛♥- ❜✐❛$ ✐$ ❝❛❧❧❡❞ -❤❡ ❤✐♥❞)✐❣❤% ❜✐❛) ✳ ❚❤✐$ ❜✐❛$

❛✛❡❝-$ ✐♥✈❡$-♦+$ -❤❛- ❛❧-❡+ -❤❡✐+ ❜❡❧✐❡❢$ ✐♥ ❢❛❝❡ ♦❢ ♥❡✇ ✐♥❢♦+♠❛-✐♦♥✳ ❚❤✐$ ✐♠♣❧✐❡$

-❤❛- ♥❡✇ ❛♥❞ +❡✈❡❛❧✐♥❣ ✐♥❢♦+♠❛-✐♦♥ ❝❛♥ ❞+✐✈❡ ✐♥✈❡$-♦+$ -♦ ✐♥$-❛♥-❧② ❝❤❛♥❣❡ -❤❡✐+

❜❡❧✐❡❢$ ❛♥❞ ❢♦+❣❡- -❤❡✐+ ♦❧❞❡+ ♣❡+$♣❡❝-✐✈❡$✳ ❆ -+✐✈✐❛❧ ✇❛② ✐♥ ✇❤✐❝❤ ✐♥✈❡$-♦+$ ❡①❤✐❜✐-

$✉❝❤ ❛ ❜✐❛$ ✐$ ✇❤❡♥ -❤❡② $❛②✿ ✧ ■ ❦♥❡✇ ✐- ❛❧❧ ❛❧♦♥❣ -❤❛- ❛ ❝+❛$❤ ✇❛$ ❞✉❡✧ ✭❡✈❡♥

-❤♦✉❣❤ -❤❡② ❞✐❞♥✬- ❡①✐- -❤❡ ♠❛+❦❡- ❜❡❢♦+❡ -❤❡ ❝+❛$❤✮✳ ❇❡❝❛✉$❡ ✐♥✈❡$-♦+$ ❤❛✈❡ ❛



✹✵ ❈❤❛♣&❡( ✸✳ ❖❜❥❡❝& ♦❢ 1&✉❞②

 ❡♥❞❡♥❝②  ♦ ✈✐❡✇  ❤❡ +❡❛❧✐③❛ ✐♦♥ ♦❢ +✐0❦② ❡✈❡♥ 0 ❛0 ❜❡✐♥❣ ✬❛❧+❡❛❞② ♣+❡❞✐❝ ❡❞✬  ❤❡②  ❡♥❞

❜❡❝♦♠❡ ♦✈❡+❝♦♥✜❞❡♥ ✇✐ ❤  ❤❡✐+ ✐♥✈❡0 ♠❡♥ 0 +❛ ❡❣② ❛♥❞ ✐♥ ❣❡♥❡+❛❧ ✇✐ ❤  ❤❡✐+ ❛❜✐❧✐ ②

 ♦ ♣+❡❞✐❝ ♠❛+❦❡ 0✳ ❆0 ♠❡♥ ✐♦♥❡❞ ❜② ✭❙❤✐❧❧❡+✱ ✶✾✽✵✮ ✧❤✐♥❞0✐❣❤ ❜✐❛0 ❡♥❝♦✉+❛❣❡0 ❛

✈✐❡✇ ♦❢  ❤❡ ✇♦+❧❞ ❛0 ♠♦+❡ ♣+❡❞✐❝ ❛❜❧❡  ❤❛♥ ✐ +❡❛❧❧② ✐0✧✱ ❊✈❡♥ ✐♥ ❢❛❝❡ ♦❢ ✐♠♣♦+ ❛♥ 

❧♦00❡0✱ ✐♥✈❡0 ♦+0 ❝❛♥✱ ❞✉❡  ♦ ❤✐♥❞0✐❣❤ ✱ ✜♥❞ ✇❛②0  ♦ ❞❡❢❡♥❞  ❤❡✐+ 0 +❛ ❡❣✐❡0 ❛♥❞

❜❡❧✐❡❢0✳ ❇❡❝❛✉0❡ ✐♥✈❡0 ♦+0 0♦♠❡ ✐♠❡0 ♥❡❡❞  ♦ ❜❡ +✐❣❤ ✭♠♦+❡  ❤❛♥  ❤❡② ♥❡❡❞  ♦ +❡0 

♦❜❥❡❝ ✐✈❡✮ ✐ ✐0 ♣❧❛✉0✐❜❧❡  ♦ 0❛②  ❤❛ 0♦♠❡ ✇✐❧❧ ♣❡+0✐0 ✐♥ ♠❛+❦❡ 0 ❡✈❡♥ ✇❤❡♥  ❤❡②

0✉✛❡+ ✐♠♣♦+ ❛♥ ❧♦00❡0✳ ■♥  ❤✐0 ❝♦♥ ❡① ✱ ✐ ✐0 ♣♦00✐❜❧❡  ❤❛ ✐♥❝♦++❡❝ 0 +❛ ❡❣✐❡0 ♦+

♣+✐❝❡ ❡①♣❡❝ ❛ ✐♦♥0 ❝❛♥ ♣❡+0✐0 ✱ ❢♦+ ❧♦♥❣ ♣❡+✐♦❞0✱ ✐♥ ✜♥❛♥❝✐❛❧ ♠❛+❦❡ 0✳

❈❧♦0❡❧② +❡❧❛ ❡❞  ♦  ❤❡ ❤✐♥❞0✐❣❤ ❜✐❛0✱ ❛✈❛✐❧❛❜✐❧✐%② ❜✐❛' ✐0 ❛❧0♦ ♦❜0❡+✈❡❞ ✐♥  ❤❡

❜❡❤❛✈✐♦+ ♦❢ ✐♥✈❡0 ♦+0✳ ❚❤❡ ✬❛✈❛✐❧❛❜✐❧✐ ② ❜✐❛0✬ ✐♠♣❧✐❡0 ✐♥✈❡0 ♦+0  ❡♥❞  ♦ ♦✈❡+❡0 ✐♠❛ ❡

 ❤❡ ♣+♦❜❛❜✐❧✐ ② ♦❢ ❛♥ ❡✈❡♥ ✇❤❡♥ ❡①❛♠♣❧❡0 ♦❢ +❡❛❧✐③❛ ✐♦♥0 ♦❢  ❤❡ ❡✈❡♥ ❛+❡ ♣+❡0❡♥ ❧②

❛✈❛✐❧❛❜❧❡✳ ❋♦+ ❡①❛♠♣❧❡✱ ✇❤❡♥ 0❡❡✐♥❣ ❛ +✐0❡ ✐♥ 0 ♦❝❦ ♣+✐❝❡ ❢♦+ ❛ ❢❡✇ ♣❡+✐♦❞0 ❛♥❞ ✐♥✲

✈❡0 ♦+ ❝❛♥ ♠❛❦❡ ❛ ❜✐❛0❡❞ ❥✉❞❣♠❡♥ ❛♥❞ ❞+❛✇  ❤❡ ❝♦♥❝❧✉0✐♦♥  ❤❛ ♣+✐❝❡0 ✇✐❧❧ ❝♦♥ ✐♥✉❡

 ♦ ❣+♦✇✳ ■❢ ♣+✐♦+ ✐♥❢♦+♠❛ ✐♦♥ ♣+♦✈✐❞❡❞ ❛ ❞✐✛❡+❡♥ ♣✐❝ ✉+❡ ✭♥♦ 0✉♣♣♦+ ✐♥❣ ❣+♦✇ ❤✮

 ❤❛♥ ❛♥ ✐♥✈❡0 ♦+ ❝❛♥ 0 ✐❧❧ ❝❤❛♥❣❡ ❤✐0 ❜❡❧✐❡❢0 ✭✐♥ ❢❛✈♦+ ❛ +❛✐0✐♥❣ ♣+✐❝❡  +❡♥❞✮ ✐❢ ❤❡ ✐0 ❛❧0♦

❛✛❡❝ ❜②  ❤❡ ✬❤✐♥❞0✐❣❤ ✬ ❜✐❛0 ✭✇❤✐❝❤ ✇✐❧❧ ❞✐0 ♦+ ❤✐0 +❡❝♦❧❧❡❝ ✐♦♥ ♦❢ ♦❧❞❡+ ✐♥❢♦+♠❛ ✐♦♥
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❋✐❣✉$❡ ✸✳✻✿ ❯❙ $❡,✐❞❡♥/✐❛❧ $❡❛❧✲❡,/❛/❡ ♣$✐❝❡ ✐♥❞❡① ✭❙♦✉$❝❡✿ ❙✫9 ❈❛,❡✲❙❤✐❧❧❡$ ❍♦♠❡

9$✐❝❡ ■♥❞✐❝❡,✮

❖♥❡ ♦❢ /❤❡ ♠♦,/ $❡❝❡♥/ ✐♠♣♦$/❛♥/ ♣$✐❝❡ ❜✉❜❜❧❡, ✇❛, ,❡❡♥ ✐♥ /❤❡ ❯❙ $❡❛❧✲❡,/❛/❡

♠❛$❦❡/✱ ❛, ❡①♣❧❛✐♥❡❞ ❜② ✭▲❡✈✐/✐♥ ❛♥❞ ❲❛❝❤/❡$✱ ✷✵✶✷✮✱ ✇❤❡$❡ ♣$✐❝❡, ❦❡♣/ $✐,✐♥❣ ❢♦$

/❤❡ ❧❛,/ /❡♥ ②❡❛$,✱ ❡,❝❛❧❛/✐♥❣ ✐♥ ✷✵✵✼ ✇✐/❤ ❛♥ ❛❜$✉♣/ ❣$♦✇/❤ ❛♥❞ ❝$❛,❤ ✭,❡❡ ❋✐❣✉$❡

✸✳✻✮✳

❇❡,✐❞❡, /❤❡,❡ ❝❧❛,,✐❝❛❧ ✬✜♥❛♥❝✐❛❧ ♣✉③③❧❡,✬ ✇❡ ❞$❛✇ /❤❡ ❛//❡♥/✐♦♥ /♦✇❛$❞, /✇♦ ♠❛$✲

❦❡/ R✉❛❧✐/② ♠❡❛,✉$❡,✿ ✈♦❧❛$✐❧✐$② ♦❢ (❡$✉(♥, ❛♥❞ ,✐❣♥❛❧ $♦ ♥♦✐,❡ (❛$✐♦✳ ❚❤❡ ✈♦❧❛$✐❧✐$②

♦❢ $❡/✉$♥, ✐, /♦❞❛② ❛/ /❤❡ ❦❡$♥❡❧ ♦❢ ❛❧❧ ❣❡♥❡$❛❧❧② ❛❝❝❡♣/❡❞ ✐♥✈❡,/♠❡♥/ $✐,❦ ♠❡❛✲

,✉$❡♠❡♥/,✳ ❚❤❡ ❤✐❣❤❡$ /❤❡ ✈♦❧❛/✐❧✐/② ♦❢ ❛♥ ❛,,❡/ /❤❡ ❤✐❣❤❡$ ❛$❡ ✐/, $✐,❦ ♠❡❛,✉$❡,✳

■♥✈❡,/♦$, ❝♦♠♣✉/❡ $✐,❦ ✉,✐♥❣ /❤❡ ✐♥❢♦$♠❛/✐♦♥ /❤❡② $❡❝❡✐✈❡✳ ■❢ ✐♥✈❡,/♦$, ❞♦ ♥♦/ ❛❣$❡❡

♦♥ $✐,❦ ❧❡✈❡❧,✱ ♣$✐❝❡, ✢✉❝/✉❛/❡ ✉♥/✐❧ ❛ ❝♦♥,❡♥,✉, ✐, ❢♦✉♥❞✳ ❙♦✱ /❤❡ ♠♦$❡ ♣$❡❝✐,❡ ❛♥❞

❝❧❡❛$ /❤❡ ✐♥❢♦$♠❛/✐♦♥ /❤❡ ❡❛,✐❡$ ❝❛♥ ✐♥✈❡,/♦$, ✐♥/❡$♣$❡/ ❛♥❞ ❡,/✐♠❛/❡ $✐,❦✳ ❲✐/❤ /❤❡

❛❞✈❡♥/ ♦❢ ❡❧❡❝/$♦♥✐❝ ♠❛$❦❡/,✱ ❤✐❣❤✲,♣❡❡❞ ✐♥/❡$♥❡/ ❛♥❞ ❞✐❣✐/❛❧ ♠❡❞✐❛ ✐/ ✐, ❝❧❡❛$ /❤❛/

✐♥❢♦$♠❛/✐♦♥ ✐, ❛✈❛✐❧❛❜❧❡ ✐♥ ❛❜✉♥❞❛♥❝❡ ❛♥❞ ♦♥ ❞❡♠❛♥❞✳ ❚❤❡$❡❢♦$❡ ✇❡ ❝❛♥ ✐♠❛❣✐♥❡

/❤❛/ ✐♥❝$❡❛,❡, ✐♥ ✈♦❧❛/✐❧✐/②✱ ❞✉❡ /♦ ✐♥❢♦$♠❛/✐♦♥ ❛,②♠♠❡/$② ♦$ ❧❛❝❦ ♦❢ R✉❛❧✐/②✱ ,❤♦✉❧❞

❤❛✈❡ ❞✐,❛♣♣❡❛$❡❞✳ ❚❤❡ ❡♠♣✐$✐❝❛❧ ❡✈✐❞❡♥❝❡ ,❤♦✇, /❤❡ ❝♦♥/$❛$②✳ ■♥ /❤❡ ♠✐❞❞❧❡ ❣$❛♣❤
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❚❤❡ ,✐❣♥❛❧ /♦ ♥♦✐,❡ $❛/✐♦ ✐, ❝♦♠♣✉/❡❞✱ ,❡❡ ❆♥♥❡①❡ ❆✳✸ ❢♦$ ❝♦❞❡✱ ✉,✐♥❣ /❤❡ ❢♦$♠✉❧❛

S = µR

σR
✳ ❚❤✐, ♠❡❛,✉$❡ ✐, ✉,✉❛❧❧② ✉,❡❞ ✐♥ ❡♥❣✐♥❡❡$✐♥❣ /♦ ♠❡❛,✉$❡ /❤❡ $❛/✐♦ ❜❡/✇❡❡♥

❛ ❞❡,✐$❡ ❧❡✈❡❧ ♦❢ ❛ ,✐❣♥❛❧ ❛♥❞ /❤❡ ,✉$$♦✉♥❞✐♥❣ ♥♦✐,❡✳ ■♥ ✜♥❛♥❝❡ ✇❡ ❦♥♦✇ /❤❛/ $❡/✉$♥,

❛$❡ ❧✐♥❦❡❞ /♦ ✈♦❧❛/✐❧✐/② ✈✐❛ $✐,❦✳ ❚❤❡ ❤✐❣❤❡$ $✐,❦, ❛♥ ❛,,❡/ ❤❛,✱ /❤❡ ❤✐❣❤❡$ ,❤♦✉❧❞ ❜❡
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,✐✈❡ ♠❡,❤♦❞ ♦❢ $❡+❡❛$❝❤✳ ▼❡,❤♦❞♦❧♦❣✐❝❛❧ $❡❞✉❝,✐♦♥✐+♠ ❝❛♥ ❜❡ ❞❡+❝$✐❜❡❞✱ ❧♦♦+❡❧②✱ ❛+
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 ❤❡ ✐❞❡❛  ❤❛ ❛ &②& ❡♠✱ ❜❡ ✐ ❛ ❤✉♠❛♥✱ ♦❜❥❡❝ ♦0 ♣❤❡♥♦♠❡♥❛✱ ❝❛♥ ❜❡ ❢✉❧❧② ❡①♣❧❛✐♥❡❞

❜② ✉♥❞❡0& ❛♥❞✐♥❣  ❤❡ ❧❛✇&  ❤❛ ❣♦✈❡0♥  ❤❡ ✐♥♥❡0 ❜❛&✐❝ ♣❛0 ✐❝❧❡& ♦❢  ❤❛ &②& ❡♠✳

❘❡❞✉❝ ✐♦♥✐&♠ ❝❛♥ ❜❡ ✈✐❡✇ ❛&  ❤❡♦0❡ ✐❝❛❧✱ ✇❤❡♥ ♦♥❡  ❤❡♦0② ❝❛♥ ❝♦♠♣❧❡ ❡❧② ❡①♣❧❛✐♥

❛♥♦ ❤❡0  ❤❡♦0②✱ ♠❡ ❤♦❞♦❧♦❣✐❝❛❧ ♦0 ♦♥ ♦❧♦❣✐❝❛❧✱ ❢♦0 ❡①❛♠♣❧❡ ✇❤❡♥ ✇❡ ✈✐❡✇  ❤❡ ✇♦0❧❞

♦❢ ❜❡✐♥❣ ❝♦♠♣♦&❡❞ ♦❢ ❛ &✐♥❣❧❡ ❜✉✐❧❞✐♥❣ ♣❛0 ✭❧✐❦❡  ❤❡ ❛ ♦♠✮✳ ❲❡ ✇✐❧❧ ❢♦❝✉& ♦♥  ❤❡

♠❡ ❤♦❞♦❧♦❣✐❝❛❧ ❛&♣❡❝ & ♦❢ 0❡❞✉❝ ✐♦♥✐&♠✳

■♥ ✭❆♥❞❡0&♦♥✱ ✶✾✼✷✮  ❤❡ ❛✉ ❤♦0 ❝♦♥❢0♦♥ &  ❤✐& ❤②♣♦ ❤❡&✐& ❛♥❞ &❤♦✇& ❛ ❢❡✇ ❡①✲

❛♠♣❧❡& ✇❤❡♥ 0❡❛❧✐ ② ♣♦✐♥ &  ❤❛ 0❡❞✉❝ ✐♦♥✐&♠ ✐& ♥♦ ❡♥♦✉❣❤✳ ❲❡ ♣0♦♣♦&❡ ❛ ❢❡✇

❡①❛♠♣❧❡& ♦❢ &②& ❡♠&✱ ❝❧♦&❡0  ♦ ♦✉0 ❞♦♠❛✐♥ ♦❢ ❡①♣❡0 ✐&❡✱  ❤❛ ❝❛♥♥♦ ❜❡ ❢✉❧❧② ✉♥✲

❞❡0& ♦♦❞ ✉&✐♥❣ ❛ 0❡❞✉❝ ✐♦♥✐& ♠❡ ❤♦❞♦❧♦❣②✳ ❚❤❡&❡ ❡①❛♠♣❧❡& ✇✐❧❧ ❣✉✐❞❡  ❤❡ 0❡❛❞❡0

 ♦✇❛0❞& ✉♥❞❡0& ❛♥❞✐♥❣ ❝♦♠♣❧❡① &②& ❡♠&✱  ❤❡✐0 ♣0♦❜❧❡♠& ❛♥❞ ❤♦✇ ❝❛♥ ♦♥❡ & ✉❞②

 ❤❡♠✳

❆ &②& ❡♠ ✐& ❞❡✜♥❡❞ ❜② ❛ &❡ ♦❢ ❝♦♠♣♦♥❡♥ &✱ ❛♥❞  ❤❡ ✐♥ ❡0❛❝ ✐♦♥& ❜❡ ✇❡❡♥  ❤❡♠✱

❧♦❝❛ ❡❞ ✇✐ ❤✐♥ ❛ ❜♦✉♥❞❛0②  ❤❛ ❞❡✜♥❡&  ❤❡ &✉00♦✉♥❞✐♥❣& ♦❢  ❤❡ &②& ❡♠✳ ❋♦0 ❡①❛♠♣❧❡✱

❛ ♣♦♦❧  ❛❜❧❡ ❝❛♥ ❜❡ ❝♦♥&✐❞❡0❡❞ ❛& ❛ &②& ❡♠ ✭&❡❡ ❋✐❣✉0❡ ✹✳✶✮✳ ❚❤❡ ❜❛❧❧& ❛♥❞  ❤❡ &✐❞❡&

♦❢  ❤❡  ❛❜❧❡ 0❡♣0❡&❡♥  ❤❡ &②& ❡♠✬& ❝♦♠♣♦♥❡♥ & ❛♥❞  ❤❡ ♦✉ ❡0 &✐❞❡& ♦❢  ❤❡  ❛❜❧❡ ❛❝ 

❛& ❛ ♥❛ ✉0❛❧ ❜♦✉♥❞❛0②✳ ❚❤❡ ❜❛❧❧& ❛♥❞  ❤❡  ❛❜❧❡ &✐❞❡& ❝❛♥ ✐♥ ❡0❛❝ ❛♥❞ ❛0❡ ❣✉✐❞❡❞ ❜②

❛ ♠✐① ♦❢ ❢♦0❝❡&✿ ❣0❛✈✐ ②✱ ❢0✐❝ ✐♦♥ ✭✇✐ ❤ ❛✐0 ❛♥❞  ❛❜❧❡✮ ❛♥❞ ❡❧❛& ✐❝ ❞❡❢♦0♠❛ ✐♦♥ ✭✇❤❡♥

❜❛❧❧& ❝♦❧❧✐❞❡ ✇✐ ❤ ❡❛❝❤ ♦ ❤❡0 ♦0 ✇✐ ❤  ❤❡  ❛❜❧❡ &✐❞❡&✮✳

❋✐❣✉0❡ ✹✳✶✿ ❘❡♣0❡&❡♥ ❛ ✐♦♥ ♦❢ ❣❡♥❡0✐❝ ❝♦♠♣❧❡① &②& ❡♠

❇❡❝❛✉&❡ &✉❝❤ ❛ &②& ❡♠✱ ❛ ♣♦♦❧  ❛❜❧❡✱ ❢♦❧❧♦✇& ❦♥♦✇♥ 0✉❧❡& ✇❡ ❛0❡ ❛❜❧❡  ♦ ❝♦♥& 0✉❝ 

❛♥ ❛♥❛❧② ✐❝❛❧ ♠♦❞❡❧  ❤❛ ♣0❡❞✐❝ &  ❤❛ & ❛ ❡ ♦❢  ❤❡ &②& ❡♠ ✭♣♦&✐ ✐♦♥ ♦❢  ❤❡ ❜❛❧❧&✱ ❡ ❝✳✮✳
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♣0♦❢❡&&✐♦♥❛❧ ♣♦♦❧ ♣❧❛②❡0& ❞♦  ❤❡&❡ ❦✐♥❞& ♦❢ ♠♦❞❡❧& ❛♥❞ ♣0❡❞✐❝ ✐♦♥& ✐♥ ♦0❞❡0  ♦ ✇✐♥

♣♦♦❧ ❣❛♠❡&✳ ❆ &✐♠✐❧❛0 &②& ❡♠ ✐& 0❡♣0❡&❡♥ ❡❞ ❜② ❛ ❝❛0 ♦♥ ❛ 0♦❛❞✳ ❲❡ ❦♥♦✇ ❛❧❧
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 ❤❡ ❝♦♠♣♦♥❡♥ ( ♦❢ ❛ ❝❛+ ❛♥❞ ❤♦✇  ❤❡② ✇♦+❦ ❛♥❞ ✐♥ ❡+❛❝ ✇✐ ❤ ❡❛❝❤ ♦ ❤❡+✳ ■❢ ✇❡

( ❛+  ❤❡ ❡♥❣✐♥❡ ❛♥❞ ♣✉(❤  ❤❡ +✐❣❤ ♣❡❞❛❧(  ❤❡ ❝❛+ ✇✐❧❧ ( ❛+ ♠♦✈✐♥❣ ❢♦+✇❛+❞( ✭♦+

❜❛❝❦✇❛+❞(✮ ✐♥ ❛ ❞✐+❡❝ ✐♦♥  ❤❛ ❞❡♣❡♥❞( ♦♥  ❤❡ ♣♦(✐ ✐♦♥ ♦❢  ❤❡ ( ❡❡+✐♥❣ ✇❤❡❡❧ ❛♥❞  ❤❡

❣❡❛+ (❡❧❡❝ ❡❞ ✐♥  ❤❡ ❣❡❛+✲(✇✐ ❝❤✳ ❙♦ ❢❛+✱ ❛ ❝❛+ ❧♦♦❦( ❧✐❦❡ ❛ (✐♠♣❧❡ (②( ❡♠✳ ❲❡ ❝❛♥

❞❡✜♥❡ ❛ ✧(✐♠♣❧❡ (②( ❡♠✧ ❛( ❛ (②( ❡♠  ❤❛ ❤❛(✱ ❛( ❛ ✇❤♦❧❡✱ ♣+♦♣❡+ ✐❡( ✭ +❛❥❡❝ ♦+②✱

( ❛ ❡(✱ ❡ ❝✳✳✮ ✇❤✐❝❤ ❛+❡ ❞❡ ❡+♠✐♥❡❞ ❢+♦♠ ❦♥♦✇✐♥❣  ❤❡ ♣+♦♣❡+ ✐❡( ♦❢ ❛❧❧  ❤❡ ✐♥❞✐✈✐❞✉❛❧

❝♦♠♣♦♥❡♥ (✳ ❆ ♣♦♦❧  ❛❜❧❡ ❛♥❞ ❛ ❝❛+ ❛+❡ ❝♦♥(✐❞❡+❡❞ ❛( ✧(✐♠♣❧❡ (②( ❡♠(✧✳

❲❤❛ ❤❛♣♣❡♥( ✐❢ ✇❡ ❞❡❝✐❞❡  ♦ ✐♥ +♦❞✉❝❡ ❛ ❤✉♠❛♥ ❞+✐✈❡+ ✐♥ ♦  ❤❡ ❝❛+✬( (②( ❡♠❄

❆+❡ ✇❡ ( ✐❧❧ ❛❜❧❡  ♦ ♣+❡❞✐❝  ❤❡ ❝❛+✬( ♣♦(✐ ✐♦♥❄ ❲❡ ❝❛♥✱ ♣+♦✈✐❞❡❞ ✇❡ ❦♥♦✇  ❤❡

❧❛✇(  ❤❛ ❛ ❤✉♠❛♥ ❞+✐✈❡+ ♦❜❡②(✳ ❯♥❢♦+ ✉♥❛ ❡❧②✱  ❤❡+❡ ❛+❡ ♥♦ ❣♦♦❞ ♠♦❞❡❧(  ❤❛ ❝❛♥

♣+❡❞✐❝  ❤❡ ✇❛② ✐♥ ✇❤✐❝❤ ❛ ❤✉♠❛♥ ❞+✐✈❡+ ❛❝ (✳ ❈♦♥(❡F✉❡♥ ❧② ✇❡ ♠❛❦❡ ❛((✉♠♣ ✐♦♥(

❛❜♦✉ ❤♦✇ ❛ ❞+✐✈❡+ ✇✐❧❧ ❛❝ ✱ ❜❛(❡❞ ♦♥ ❝❡+ ❛✐♥ ♦❜(❡+✈❛ ✐♦♥(✳ ❲❡ ❛((✉♠❡  ❤❛ ❛ ❞+✐✈❡+

+❡❞✉❝❡( (♣❡❡❞  ♦ ❛✈♦✐❞ ♦❜( ❛❝❧❡( ♦+ ( ❛②( ♦♥  ❤❡ ❝♦++❡❝ (✐❞❡ ♦❢  ❤❡ +♦❛❞✳ ❯(✐♥❣  ❤✐(

♠♦❞❡❧ ✇❡ ♠❛❦❡ ♣+❡❞✐❝ ✐♦♥( ❛❜♦✉  ❤❡ +♦❛❞ (②( ❡♠✬( ( ❛ ❡ ✐♥  ❤❡ ❢✉ ✉+❡✳ ▼♦+❡♦✈❡+✱

❦♥♦✇✐♥❣  ❤❛ ♣♦❧✐❝❡♠❡♥ ♣❧❛❝❡ (❛♥❝ ✐♦♥( ❛♥❞ ✜♥❡( ♦♥ ❞+✐✈❡+(  ❤❛ ♠✐(❜❡❤❛✈❡✱ ✇❡ ❝❛♥

❡✈❡♥ ♣♦( ✉❧❛ ❡ ❛♥ ✬❡✣❝✐❡♥ +♦❛❞(✬  ❤❡♦+❡♠✿

✬❆ !"❛♥%♣♦"!❛!✐♦♥ %②%!❡♠ ✐% ❝❛❧❧❡❞ ❡✣❝✐❡♥! ✐❢ !❤❡ !"✐♣% ♦❢ ❛❧❧ ❝❛"% ❛"❡ ❢❛%! ❛♥❞

♦♥ !✐♠❡✬✳ ❚♦ ❡♥(✉+❡ (✉❝❤ ❡✣❝✐❡♥❝②✱ +❡❣✉❧❛ ♦+( ❤❛✈❡ ❝+❡❛ ❡❞  +❛✣❝ ❝♦♥ +♦❧❧❡+( ✭❡✳❣✳

 +❛✣❝ ♣♦❧✐❝❡✱  +❛✣❝ (✉+✈❡✐❧❧❛♥❝❡ ❡F✉✐♣♠❡♥ ✮  ❤❛ ♦❜(❡+✈❡ ❛♥❞ (❛♥❝ ✐♦♥ ✐++❡❣✉❧❛+✐ ✐❡(✳

■❢ ❡♠♣✐+✐❝❛❧ ✐++❡❣✉❧❛+✐ ✐❡( ❛+❡ ♦❜(❡+✈❡❞ ✭F✉❡✉❡(✱ +♦❛❞❜❧♦❝❦(✱ ❡ ❝✳✮✱  +❛✣❝ ❝♦♥ +♦❧❧❡+(

✐♥ ❡+✈❡♥❡ ✭✇✐ ❤ (❛♥❝ ✐♦♥( ❛♥❞ ✜♥❡(✮  ❤✉( ❢♦+❝✐♥❣  ❤❡ ✬♥♦♥✲+❛ ✐♦♥❛❧✬ ❞+✐✈❡+(  ♦ ❜❡❤❛✈❡

✇❡❧❧ ✐♥  +❛✣❝✳ ❆ ❝♦+♦❧❧❛+②  ♦  ❤✐(  ❤❡♦+❡♠ ❝❛♥ ❜❡  ❤❛ ❛❧❧ ❞+✐✈❡+( ❛+❡ +❛ ✐♦♥❛❧ ❛♥❞

♦❜❡② ♣❡+❢❡❝ ❧②  ❤❡  +❛✣❝ ❧❛✇(✳ ❚❤♦(❡  ❤❛ ❛+❡ ♥♦ +❛ ✐♦♥❛❧ ♦+ ❞♦♥✬ ♦❜❡② +✉❧❡( ❛+❡

F✉✐❝❦❧② ✜♥❡❞ ❛♥❞ ♣✉♥✐(❤❡❞ ✉♥ ✐❧  ❤❡② ❞♦ ❜❡❝♦♠❡ +❛ ✐♦♥❛❧ ❞+✐✈❡+( ♦+  ❤❡② ❧♦(❡  ❤❡

+✐❣❤  ♦ ❞+✐✈❡✳

❚❤❡ +❡(✉❧ ♦❢ (✉❝❤ ❛ ♠♦❞❡❧ ✐(  ❤❛ ✇❡ ✇♦✉❧❞ ♠✐(( ♦✉ ♦♥ ❛ ♥✉♠❜❡+ ♦❢ (②( ❡♠
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❧❡❛❞2 1♦ ❝♦♠♣❧❡1❡❧② ❞✐✛❡:❡♥1 :❡2✉❧12 ✭❞❡❝♦♠♣♦2✐1✐♦♥ ✈2✳ 1❤❡ ❞❡✈❡❧♦♣♠❡♥1 ♦❢ ❛ ♥❡✇

❧✐❢❡ ❢♦:♠✮✳ ❚❤❡ ❝♦♠♣❧❡① 2②21❡♠ :❡♣:❡2❡♥1✐♥❣ ❛♥ ❡❣❣ ❛❝12 ❧✐❦❡ ❛ ❝❤❛♦1✐❝ 2②21❡♠ 2✐♥❝❡
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❛ ✈❛"✐❛$✐♦♥ ✐♥ ❛ '✐♥❣❧❡ ✐♥♣✉$ ✈❛"✐❛❜❧❡ ✭❡✳❣✳ $❡♠♣❡"❛$✉"❡✮ ❝❛♥ ❣❡♥❡"❛$❡ ✈❡"② ❞✐✛❡"❡♥$

"❡'✉❧$' ✐♥ $❤❡ '②'$❡♠ ♦✉$♣✉$'✳

❆❝❦♥♦✇❧❡❞❣✐♥❣ $❤❛$ ❛ ✜♥❛♥❝✐❛❧ ♠❛"❦❡$ ❤❛'✱ ❛' ♣❛"$✐❝✐♣❛♥$'✱ ♠❛♥② ❤❡$❡"♦❣❡♥❡♦✉'

✐♥❞✐✈✐❞✉❛❧'✱ ❡❛❝❤ ♦♥❡ ♦❢ $❤❡♠ ❜❡✐♥❣ ❛ ♥♦♥✲❞❡$❡"♠✐♥✐'$✐❝ '②'$❡♠✱ ✇❡ '❛❢❡❧② '❛② $❤❛$

❛ ✜♥❛♥❝✐❛❧ ♠❛"❦❡$ ✐' ❛ ❝♦♠♣❧❡① '②'$❡♠✳ ?"♦❢❡''♦" ❍❡"✈❡ ❆❧❡①❛♥❞"❡ ♠❡♥$✐♦♥❡❞✱ '❡❡

✭❍❡"✈❡✱ ✶✾✾✹✮✱ $❤❡ ♣❤"❛'❡ ✧❞❡$❡"♠✐♥✐'$✐❝ ❝❤❛♦'✧ ✇❤❡♥ ❞❡'❝"✐❜✐♥❣ '$♦❝❦ ♠❛"❦❡$'✳ ■♥

$❤❡ $"❛❞✐$✐♦♥❛❧ ✈✐❡✇ ♦❢ ♠♦❞❡"♥ ✜♥❛♥❝❡✱ ✜♥❛♥❝✐❛❧ ♠❛"❦❡$' ❛"❡ ✈✐❡✇❡❞ ❛' ✈❡"② '✐♠✲

♣❧❡ '②'$❡♠' ✇✐$❤ ❤♦♠♦❣❡♥♦✉' ✐♥✈❡'$♦"' $❤❛$ ❝♦♠♣❡$❡ ❛♥❞ ❝"❡❛$❡ ❡①❝❡❧❧❡♥$ ♠❛"❦❡$

❝♦♥❞✐$✐♦♥'✳ ❚❤✐' ✇❛② ♦❢ ✈✐❡✇✐♥❣ ❛♥❞ '$✉❞②✐♥❣ '②'$❡♠'✱ ❢"♦♠ $❤❡ ♣❡"'♣❡❝$✐✈❡ ♦❢ ❛♥

✐❞❡❛❧✐③❡❞ ❢"❛♠❡✇♦"❦✱ ✇❛' ❜♦""♦✇❡❞ ❢"♦♠ ♥❛$✉"❛❧ '❝✐❡♥❝❡'✳ ■♥ ♦✉" ♦♣✐♥✐♦♥✱ ❛ $❤❡✲

♦"② ❧✐❦❡ ❈❆?▼ ✐' ♣❡"❢❡❝$❧② '✉✐$❡❞ ❢♦" $❤❡ '$✉❞② ♦❢ ✜♥❛♥❝✐❛❧ ♠❛"❦❡$ ✇✐$❤ ✧✐❞❡♥$✐❝❛❧

♣❡)❢❡❝$❧②✲-♣❤❡)✐❝❛❧ ✐♥✈❡-$♦)- $❤❛$ $)❛❞❡ ♥♦♥✲-$♦♣ ✉-✐♥❣ ✐♥✜♥✐$❡ )❡-♦✉)❝❡- ✐♥ ❛ ✈❛❝✉✲

✉♠❡❞ $❤❡)♠♦❞②♥❛♠✐❝❛❧❧② -$❛❜❧❡ ❡♥✈✐)♦♥♠❡♥$✧✳ ❚❤❡ ♣"♦❜❧❡♠ ✇✐$❤ $❤✐' ❛♣♣"♦❛❝❤ ✐'

$❤❡ ❛''✉♠♣$✐♦♥ $❤❛$ $❤❡ ❞❡✈❡❧♦♣❡❞ $❤❡♦"② ❝❛♥ ❜❡ ❛❞❛♣$❡❞ ❛♥❞ ♠❛✐♥$❛✐♥❡❞ ❛' ✈❛❧✐❞

❡✈❡♥ ✇❤❡♥ '♦♠❡ ♦❢ ✐$'✬ ❛''✉♠♣$✐♦♥' ❛"❡ "❡❧❛①❡❞✳ ❆' ✇❡ ❤❛✈❡ '❡❡♥✱ "❡❧❛①✐♥❣ ✈❛"✐❛❜❧❡'

✐' ♥♦$ ❛♥ ❛❝❝❡♣$❛❜❧❡ ♠❡$❤♦❞ ❢♦" $❤❡ ❝❛'❡ ♦❢ ❝♦♠♣❧❡① '②'$❡♠' ✇❤❡"❡ '❧✐❣❤$ ❝❤❛♥❣❡' ♦❢

$❤❡ ✐♥✐$✐❛❧ '②'$❡♠ '$❛$❡' ✭❤❡❛$❡❞ ♦" ♥♦$ ❤❡❛$❡❞ ❡❣❣✮ ❝❛♥ ❣❡♥❡"❛$❡ ❝♦♠♣❧❡$❡❧② ❞✐✛❡"❡♥$

❢✉$✉"❡ ❛❣❣"❡❣❛$❡ '$❛$❡'✳ ■♥'✐❞❡ ❛ ✜♥❛♥❝✐❛❧ '②'$❡♠✱ ❛ '❧✐❣❤$ ❝❤❛♥❣❡ ❛✛❡❝$✐♥❣ ❛ ✈❛"✐✲

❛❜❧❡✱ ❢♦" ❡①❛♠♣❧❡ ❛ ♥❡✇ ❧❛✇ ❧✐❦❡ ✬❝♦♠♣✉❧'♦"② '✉❜♣"✐♠❡ ❧♦❛♥' ♦♥ ❜❛♥❦✬' ❛''❡$'✬✱ ❝❛♥

❝"❡❛$❡ ❡①$"❡♠❡ ❝❤❛♥❣❡' ✐♥ $❤❡ ❜❡❤❛✈✐♦" ♦❢ ♣❛"$✐❝✐♣❛♥$' ✭"❡❛❧✲❡'$❛$❡ '♣❡❝✉❧❛$✐♦♥✱ ❡①✲

❝❡''✐✈❡ ❝♦♥'✉♠♣$✐♦♥✱ ❤✐❣❤❡" ❛♣♣❡$✐$❡ ❢♦" "✐'❦✮ ♦" ✐♥'✐❞❡ $❤❡ ♠❛"❦❡$✬' '$"✉❝$✉"❡ ✭❞❡❜$

'❡❝✉"✐$✐③❛$✐♦♥✱ ❛''❡$ ♣❛❝❦❛❣✐♥❣ ❛♥❞ "❡♣❛❝❦❛❣✐♥❣✮✳ ❙✉❝❤ '②'$❡♠✐❝ ❝❤❛♥❣❡'✱ $"✐❣❣❡"❡❞

❜② '♠❛❧❧ ✈❛"✐❛$✐♦♥ ♦❢ ✐♥♣✉$'✱ ❝❛♥♥♦$ ❜❡ ❝❛♣$✉"❡❞ ✐♥'✐❞❡ ❛❜'$"❛❝$ ❞②♥❛♠✐❝ ✭'$♦❝❤❛'✲

$✐❝✮ ❣❡♥❡"❛❧ ❡L✉✐❧✐❜"✐✉♠ ❤♦♠♦❣❡♥♦✉' ♠♦❞❡❧'✳ ❇❡❝❛✉'❡ $❤❡② ❛❞❛♣$ $♦ ♥❡✇ ✐♥♣✉$'

❛♥❞ ✐♥$❡"❛❝$✐♦♥' ✇✐$❤ ♥❡✇ $"❛❞✐♥❣ ♦♣♣♦"$✉♥✐$✐❡'✱ ✐♥✈❡'$♦"' ❝❛♥ "❡❛❝$ ❛♥❞ ❝"❡❛$❡ ♥❡✇

♥♦♥✲❡✈✐❞❡♥$ ❞②♥❛♠✐❝' ❢♦" ❡✈❡"② ♥❡✇ ✐♥♣✉$ ❝♦♥❞✐$✐♦♥✳ ▼♦"❡♦✈❡"✱ ❜❡❝❛✉'❡ ♦❢ $❤✐' ❝♦♥✲

'$❛♥$ ❡✈♦❧✉$✐♦♥ ♦❢ $❤❡ ♣❛"$✐❝✐♣❛♥$' ✐♥ ❛ ✜♥❛♥❝✐❛❧ ♠❛"❦❡$ ❛♥ ❡L✉✐❧✐❜"✐✉♠ '$❛$❡ ✭❡✳❣✳
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❡'$✮✳ ✭❇"❛♥❞♦✉②✱ ✷✵✵✺❛✮ ❡①♣❧❛✐♥' ❤♦✇ ❝♦♠♣❧❡①✐$② ❣♦✈❡"♥' ❛♥❞ '❤♦✉❧❞ ❜❡ $❛❦❡♥ ✐♥$♦
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❉✉❡ $♦ $❤❡ ❤♦♠♦❣❡♥❡♦✉' ❛♥❞ "❡❛❝$✐✈❡ ♥❛$✉"❡ ♦❢ $❤❡ ❝♦♠♣♦♥❡♥$' ✐♥'✐❞❡ ❛ ❝♦♠✲
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♠✐❣"❛$✐♦♥ ♣❡"✐♦❞'✳
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❡;✉❛+✐♦♥✲❜❛,❡❞ ♠♦❞❡❧,✳ ❙✉❝❤ ♠♦❞❡❧, ✉,✉❛❧❧② ♠❛❦❡ ❤❛(❞ ❛,,✉♠♣+✐♦♥, ❧✐❦❡ +❤❛+ ❛❧❧

✐♥✈❡,+♦(, ❛(❡ ♣❡(❢❡❝+❧② ✐♥❢♦(♠❡❞✱ +❤❛+ +❤❡② ❛(❡ (❛+✐♦♥❛❧ ✭❛, ♦♣♣♦,❡❞ +♦ ❜♦✉♥❞❡❞

(❛+✐♦♥❛❧✐+② ✇❤✐❝❤ ✇❡ ❡①♣❧❛✐♥ ✐♥ +❤✐, ❝❤❛♣+❡(✮✳ ❆❣❡♥+✲❜❛,❡❞ ♠♦❞❡❧✐♥❣ ♣(♦✈✐❞❡, ❛ (✐❣✲

♦(♦✉, ♠❡+❤♦❞ ❢♦( (❡❧❛①✐♥❣ ❛♥❞ +❡,+✐♥❣ +❤❡,❡ ❛,,✉♠♣+✐♦♥, ✭❡✳❣✳ ❧✐♠✐+❡❞ ✐♥❢♦(♠❛+✐♦♥✱

❜♦✉♥❞❡❞ (❛+✐♦♥❛❧✐+② ♦( ♦❜,❡(✈✐♥❣ ❢❛( ❢(♦♠ ❡;✉✐❧✐❜(✐✉♠ ,+❛+❡,✮✳
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❆♥ ❛❣❡♥+ ❜❛,❡❞ ,✐♠✉❧❛+♦( ✐, ❛ (❡,❡❛(❝❤ +♦♦❧ +❤❛+ ,❤♦✇, +❤❡ ❡♠❡(❣❡♥+ ♣(♦♣(✐❡+✐❡, ♦❢ ❛

,②,+❡♠ ,+❛(+✐♥❣ ❢(♦♠ +❤❡ ❜❡❤❛✈✐♦(❛❧ ❞❡✜♥✐+✐♦♥, ♦❢ +❤❡ ,②,+❡♠✬, ❝♦♠♣♦♥❡♥+,✳ ❇② ✉,✲

✐♥❣ +❤✐, +♦♦❧✱ ✇❡ ❞❡,❝(✐❜❡ +❤❡ ❢✉♥❞❛♠❡♥+❛❧ ❝♦♠♣♦♥❡♥+, ♦❢ ❛ ,②,+❡♠✱ ❛, ✇❡❧❧ ❛, +❤❡✐(

✐♥+❡(❛❝+✐♦♥,✱ ❛♥❞ ❝❛♥ ,✐♠✉❧❛+❡ +❤❡ ✐♥+❡(❛❝+✐♦♥, ❜❡+✇❡❡♥ +❤❡,❡ ❝♦♠♣♦♥❡♥+, ❛+ ❛♥②

❧❡✈❡❧ ♦❢ ❛❣❣(❡❣❛+✐♦♥✳ ❋(♦♠ ❛ ❜(♦❛❞❡( ♣♦✐♥+ ♦❢ ✈✐❡✇✱ ❛❣❡♥+ ❜❛,❡❞ ,✐♠✉❧❛+♦(, ❛❧❧♦✇,

✉, +♦ ❝(❡❛+❡ ✐♥✲✈✐+(♦ ❡①♣❡(✐♠❡♥+, ♦❢ ❧❛(❣❡ ,②,+❡♠, ✭❧✐❦❡ (❡♣(♦❞✉❝✐♥❣ ❛ ❝✐+②✬, +(❛♥,✲

♣♦(+❛+✐♦♥ ✐♥❢(❛,+(✉❝+✉(❡✮✳ ■♥ +❤✐, ♠❛♥♥❡( ✇❡ ♦❜,❡(✈❡ +❤❡ ❝♦((❡❧❛+✐♦♥ ❛♥❞ ❝❛✉,❛❧✐+②

❜❡+✇❡❡♥ ✐♥♣✉+,✱ ,❡+, ♦❢ ❜❡❤❛✈✐♦(❛❧ (✉❧❡, ❛♥❞ +❤❡ ❛❣❣(❡❣❛+❡ ♣(♦♣(✐❡+✐❡, ♦❢ +❤❡ ,②,+❡♠✳

❇❡❝❛✉,❡ ❛❣❡♥+ ❜❛,❡❞ ,✐♠✉❧❛+✐♦♥ ❛(❡ ❛ ❣❡♥❡(✐❝ (❡,❡❛(❝❤ +♦♦❧ ✇❡ ✇✐❧❧ ❧♦♦❦ ❛+ ✐+,

❛♣♣❧✐❝❛+✐♦♥, (❡❧❛+❡❞ +♦ ♣(♦❜❧❡♠, ❢❛❝❡❞ ❜② ,♦❝✐❛❧ ,❝✐❡♥❝❡✱ ❛♥❞ ❡,♣❡❝✐❛❧❧② ✜♥❛♥❝❡✳ ■♥

❛❝❛❞❡♠✐❝ ✜♥❛♥❝❡✱ ✇❡ ❝❛♥ ❞✐,+✐♥❣✉✐,❤ ❛ ♣❛(+✐❝✉❧❛( ❜(❛♥❝❤ ♦❢ (❡,❡❛(❝❤✱ ❝❛❧❧❡❞ ❛❣❡♥+

❜❛,❡❞ ❝♦♠♣✉+❛+✐♦♥ ✜♥❛♥❝❡✱ +❤❛+ +(② +♦ ❡①♣❧❛✐♥ ❡♠❡(❣❡♥+ ♣❤❡♥♦♠❡♥❛ ✉,✐♥❣ ♠✉❧+✐✲

❛❣❡♥+ +♦♦❧,✳ ●♦♦❞ ✐♥+(♦❞✉❝+✐♦♥, ❛❜♦✉+ +❤❡ ❝♦♥❝❡♣+,✱ ❛♣♣(♦❛❝❤❡, ❛♥❞ ♠❡+❤♦❞, ♦❢

❛❣❡♥+ ❜❛,❡❞ ❝♦♠♣✉+❛+✐♦♥❛❧ ✜♥❛♥❝❡✱ ❛(❡ ❛✈❛✐❧❛❜❧❡ ❢(♦♠ ✭❇(❛♥❞♦✉② ❡+ ❛❧✳✱ ✷✵✵✻❜✮✱

✭❊♣,+❡✐♥✱ ✷✵✵✻✮✱✭❱❡(②③❤❡♥❦♦✱ ✷✵✶✷✮✱ ✭❉❡(✈❡❡✉✇ ❡+ ❛❧✳✱ ✷✵✵✼❛✮✱ ❛♥❞ ✭❇❡❛✉✜❧, ❡+ ❛❧✳✱

✷✵✵✾✮✳

✹✳✷✳✷ ❆♣♣❧✐❝❛)✐♦♥0

❆❣❡♥+ ❜❛,❡❞ ,✐♠✉❧❛+✐♦♥ ♠❛② ❜❡ ✉,❡❞ ✐♥ ❛♣♣❧✐❝❛+✐♦♥, ✇❤❡(❡ ❡♠❡(❣❡♥+ ♣❤❡♥♦♠❡♥❛ ❛(❡

❢♦✉♥❞✳ ❲❤❡♥ ❝❤♦♦,✐♥❣ ,✉❝❤ ❛ (❡,❡❛(❝❤ +♦♦❧✱ ✇❡ ❤❛✈❡ +♦ ,❡❛(❝❤ ❢♦( +❤❡ ♣(♦❜❧❡♠❛+✐❝

❝❤❛(❛❝+❡(✐,+✐❝, ♦❢ +❤❡ ,②,+❡♠, +❤❛+ ♥❡❡❞ +♦ ❜❡ ♠♦❞❡❧❡❞✿

✶✳ ❙✐♠♣❧❡ ❛✈❡(❛❣✐♥❣ ,+❛+✐,+✐❝❛❧ ♠❡+❤♦❞, ❞♦ ♥♦+ ✇♦(❦✳ ❙②,+❡♠, ❡①❤✐❜✐+ +❤❡ ♠♦,+

✐♥+❡(❡,+✐♥❣ ♣❛(+✐❝✉❧❛(✐+✐❡, ✐♥ ❡①+(❡♠❡ ❝♦♥❞✐+✐♦♥, ❛♥❞ ❛✈❡(❛❣✐♥❣ ♠❛② ❤✐❞❡ ,✉❝❤

❡✈❡♥+,✳

✷✳ ■♥❞✐✈✐❞✉❛❧ ❜❡❤❛✈✐♦(, ❝❛♥♥♦+ ❜❡ ❞❡,❝(✐❜❡❞ ❜② ,✐♠♣❧❡ ❢✉♥❝+✐♦♥, ♦( ❞✐✛❡(❡♥+✐❛❧

❡;✉❛+✐♦♥,✳ ■♥,+❡❛❞✱ +❤❡,❡ ❜❡❤❛✈✐♦(, ❛(❡ ❜❡,+ ♠♦❞❡❧❡❞ ✉,✐♥❣ ❝♦♥❞✐+✐♦♥✲❛❝+✐♦♥
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 ✉❧❡$ ✭❡①✿ (❤ ❡$❤♦❧❞$ ❢♦ ❝❤❛♥❣✐♥❣ (❤❡ ♣❛((❡ ♥ ♦❢ ❜❡❤❛✈✐♦ ✱ $♣❡❝✐✜❝ ✐♥♣✉( ✲

$♣❡❝✐✜❝ ❛❝(✐♦♥✱  ❛ ❡ ❜❡❤❛✈✐♦ $ ♦ ❜♦  ♦✇✐♥❣ ♦❢ $( ❛(❡❣✐❡$ ❢ ♦♠ ♦(❤❡ ✐♥❞✐✈✐❞✉✲

❛❧$✮✳ ▼♦ ❡♦✈❡ ✱ ✐♥❞✐✈✐❞✉❛❧ ❜❡❤❛✈✐♦ ❡①❤✐❜✐( ♥♦♥✲❧✐♥❡❛ ✈❛ ✐❛(✐♦♥$ ❛♥❞ ❝❛♥ ❤❛✈❡

♠❡♠♦ ②✳ ✭❍✉❛♥❣ ❡( ❛❧✳✱ ✷✵✶✵✮ ❛♥❞ ✭❇ ❛♥❞♦✉②✱ ✷✵✵✺❜✮ ♠❛❦❡ ❛♥ ❛((❡♠♣( ❛(

❡①♣❧❛✐♥✐♥❣ ✜♥❛♥❝✐❛❧ ❞②♥❛♠✐❝$ ✉$✐♥❣ ✐♥✈❡$(♦ ❜❡❤❛✈✐♦ ❛♥❞ ❝♦❣♥✐(✐✈❡ ❤❡(❡ ♦✲

❣❡♥❡✐(②✳

✸✳ ❈♦♠♣♦♥❡♥($ ♦❢ (❤❡ $②$(❡♠$ ✐♥(❡ ❛❝( ❧♦❝❛❧❧②✱ ❜❛$❡❞ ♦♥ ♥♦♥✲❤♦♠♦❣❡♥♦✉$ (♦♣♦❧♦✲

❣✐❡$ ✭❧✐❦❡ ❛ $❝❛❧❡✲❢ ❡❡ (♦♣♦❧♦❣② ✲ $❡❡ ❋✐❣✉ ❡ ✹✳✷✮✳ ❙❧✐❣❤( ❞✐✛❡ ❡♥❝❡$ ✐♥ (❤❡

$②$(❡♠✬$ (♦♣♦❧♦❣② ❧❡❛❞$ (♦ ✈❡ ② ❞✐✛❡ ❡♥( ❛❣❣ ❡❣❛(❡❞ ❜❡❤❛✈✐♦ $ ❡✈❡♥ ✐❢ (❤❡ ✐♥✲

❞✐✈✐❞✉❛❧$ ❛ ❡ (❤❡ $❛♠❡✳

✹✳ ❚❤❡ ❡♠❡ ❣❡♥( ♣ ♦♣ ✐❡(✐❡$ ♦❢ (❤❡ $②$(❡♠ ❛ ❡ ♥♦( ❡✈✐❞❡♥( ✐❢ ✇❡ ❧♦♦❦ ❛( ✐($ ✐♥❞✐✲

✈✐❞✉❛❧ ❝♦♠♣♦♥❡♥($ ❛♥❞ ✐♥(❡ ❛❝(✐♦♥$✳

❋✐❣✉ ❡ ✹✳✷✿ ✭❆✮ ❈❡♥( ❛❧✐③❡❞ ✭❇✮ ❙❝❛❧❡✲❢ ❡❡ ✭❈✮ ❈❧♦$❡❧② ❞✐$( ✐❜✉(❡❞ ✲ ● ❛♣❤$ ✇✐(❤

❞✐✛❡ ❡♥( (♦♣♦❧♦❣✐❡$ ♦❢ ❝♦♥♥❡❝(✐♦♥$ ❜❡(✇❡❡♥ ❞✐✛❡ ❡♥( ❡♥(✐(✐❡$ ♦❢ ❛ $②$(❡♠

■♥ ❋✐❣✉ ❡ ✹✳✷ ✇❡ ♦❜$❡ ✈❡ (❤ ❡❡ (②♣❡$ ♦❢ (♦♣♦❧♦❣✐❡$ (❤❛( ❝❛♥ ❜❡ ✉$❡❞ (♦ ♠♦❞❡❧

✐♥(❡ ❛❝(✐♦♥ ♣❛((❡ ♥$ ❜❡(✇❡❡♥ (❤❡ ❝♦♠♣♦♥❡♥($ ♦❢ ❛ $②$(❡♠✳ ❚❤❡ ♠♦❞❡❧ ♦❢ ✐♥(❡ ❛❝(✐♦♥

❝❤♦♦$❡♥ ✐$ ✐♠♣♦ (❛♥( ✇❤❡♥ ❡①♣❧❛✐♥✐♥❣ ❛❣❣ ❡❣❛(❡ ❜❡❤❛✈✐♦ $✳ ❋♦ ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥

❝♦♥$✐❞❡ ❛ ♥❛(✐♦♥❛❧ ❜❛♥❦✐♥❣ $❡❝(♦ ❛$ ❜❡✐♥❣ ♦ ❣❛♥✐③❡❞ ✉$✐♥❣ ❛ ❝❡♥( ❛❧✐③❡❞ ♠♦❞❡❧ ✭$❡❡

❋✐❣✉ ❡ ✹✳✷ ❆✮✳ ■♥ (❤✐$ ❝❛$❡✱ (❤❡ ❝❡♥( ❛❧ ♥♦❞❡ ♦❢ (❤❡ ❜❛♥❦✐♥❣ $❡❝(♦ ❝❛♥  ❡♣ ❡$❡♥(

(❤❡ ❝❡♥( ❛❧ ❜❛♥❦✳ ❲✐(❤ (❤✐$  ❡♣ ❡$❡♥(❛(✐♦♥ ✐( ✇♦✉❧❞ ❜❡ ❡❛$② (♦ ❝♦♥$✐❞❡ (❤❛( (❤❡

♦♥❧② $♦✉ ❝❡ ♦❢ ✜♥❛♥❝✐❛❧ ❝♦♥(❛❣✐♦♥ ✭♦ ❝❛$❝❛❞✐♥❣ ❜❛♥❦ ✉♣(❝②✮ ✐$ (❤ ♦✉❣❤ (❤❡ ❝❡♥( ❛❧

❜❛♥❦✳ ❋♦ ♠❛(❤❡♠❛(✐❝❛❧ $✐♠♣❧✐❝✐(②✱ ♠♦❞❡❧$ ❧✐❦❡ (❤❡ ❊ ❞♦$ ❘❡②♥✐

✶

 ❛♥❞♦♠ ❣ ❛♣❤✲

♠♦❞❡❧ ❝❛♥ ❜❡ ✉$❡❞✳ ❊✈❡♥ ✐❢ (❤❡$❡  ❛♥❞♦♠ ♠♦❞❡❧$ ❛ ❡ ♠♦ ❡ $✐♠♣❧❡ (♦ ❤❛♥❞❧❡ (❤❡② ❞♦
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♦"❤❡* ❜❛♥❦1 "❤✉1 ❝*❡❛"✐♥❣ ♠♦*❡ ♣♦✐♥"1 ♦❢ ❝♦♥"❛❣✐♦♥✮✳ ❖❢ ❝♦✉*1❡✱ 1❝❛❧❡✲❢*❡❡ ♥❡"✇♦*❦1

❛*❡ ✈❡*② ♣❛*"✐❝✉❧❛* ❛♥❞ ❛11✉♠❡ "❤❛" "❤❡ ❝♦♠♣♦♥❡♥"1 ♦❢ ❛ 1②1"❡♠1 ✭❤❡*❡ "❤❡ ❜❛♥❦1✮
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$❛❧ $❡;♦✉$❝❡; ♣$♦❞✉❝.✐♦♥ ♣$♦❝❡;;❡; ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ✐♥ ;✉❝❤ ;✐♠✉❧❛.♦$;✳ ■♥ ✜♥❛♥❝❡✱

❛❣❡♥. ;✐♠✉❧❛.♦$; ❛$❡ ♥♦✇ ♦♥❡ ♦❢ .❤❡ ♠❛✐♥ .♦♦❧; ;✉♣♣♦$.✐♥❣ ❜❡❤❛✈✐♦$❛❧ ✜♥❛♥❝❡ ✐♥

✐.; ♣❛.❤ .♦✇❛$❞; $❡❝$❡❛.✐♥❣ .❤❡ ♠❛♥♥❡$ ✐♥ ✇❤✐❝❤ $❡;❡❛$❝❤❡$; .❤✐♥❦ ❛♥❞ ✈✐❡✇ ✜♥❛♥✲
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❞✐✛❡$❡♥. ♠❛❝$♦❡❝♦♥♦♠✐❝ ♣♦❧✐❝✐❡; ❛♥❞ $❡❝❡♥.❧② .♦ ♠❡❛;✉$❡ ;②;.❡♠✐❝ $✐;❦;✳ ❚❤✐; ❛♣✲

♣$♦❛❝❤ ✐♥ ❡❝♦♥♦♠✐❝;✱ ✉;✉❛❧❧② ✐♥❝❧✉❞✐♥❣ ❣❛♠❡ .❤❡♦$②✱ ✐; ❝❛❧❧❡❞ ❛$.✐✜❝✐❛❧ ❡❝♦♥♦♠✐❝;✳

✭❋❡✐❝❤.✐♥❣❡$✱ ✶✾✾✶✮✱✭❇❡❛✉✜❧; ❛♥❞ ❇$❛♥❞♦✉②✱ ✷✵✵✺✮ ❛♥❞ ✭❊♣;.❡✐♥ ❛♥❞ ❆①.❡❧❧✱ ✶✾✾✻✮

❡①♣❧❛✐♥ .❤❡ ❝♦♠♣❧❡① ;②;.❡♠ ✈✐❡✇ ♦❢ ❡❝♦♥♦♠②✱ .❤❡ ❛❣❡♥.✲❜❛;❡❞ ♠❡.❤♦❞; .❤❛. ;❤♦✉❧❞

❜❡ ✉;❡❞ ❛♥❞ ❤♦✇ .❤❡;❡ ❝❛♥ ❡①♣❧❛✐♥ ♣✉③③❧❡; .❤❛. ✇❤❡$❡ ♥♦. ②❡. ;♦❧✈❡ ✉;✐♥❣ .$❛❞✐.✐♦♥❛❧

$❡;❡❛$❝❤ .♦♦❧;✳
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❝♦♥❞✐.✐♦♥; .❤❛. ❝❛♥ ❡♥❛❜❧❡ ✭♦$ ♥♦.✮ ♠❛$❦❡. ❡✣❝✐❡♥❝②✱ ;❡❡ ✭❇$❛♥❞♦✉② ❡. ❛❧✳✱ ✷✵✵✻❛✮✱
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❣❛.✐♦♥ ♦❢ ✐♥❢♦$♠❛.✐♦♥ ✐♥.♦ ♣$✐❝❡;✳ ❋♦$ ❛♥ ❡①❝❡❧❧❡♥. $❡✈✐❡✇ ✇❡ $❡❝♦♠♠❡♥❞ ✭❚❡;❢❛.;✐♦♥✱

✷✵✵✻❜✮✱✭❊♣;.❡✐♥✱ ✷✵✵✻✮ ❛♥❞ ✭❱❡$②③❤❡♥❦♦✱ ✷✵✶✷✮✳ ✭❇✳ ❡. ❛❧✳✱ ✷✵✵✽✮ ♠❛❦❡; ❛ ♠♦$❡ ❣❡♥✲

❡$❛❧ ❛;;❡;;♠❡♥. ♦❢ .❤❡ ❝♦♠♣❧❡①✐.② ❛;♣❡❝.; ♦❢ ♠♦❞❡$♥ ✜♥❛♥❝✐❛❧ ;②;.❡♠; .❤❛. ❝❛♥ ❜❡

❜❡..❡$ ✉♥❞❡$;.♦♦❞ ✇✐.❤ ❛❣❡♥.✲❜❛;❡❞ .♦♦❧;✳
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❦♥♦✇ $❤❡ ❢✉♥❞❛♠❡♥$❛❧ ✈❛❧✉❡ ♠♦❞❡❧ ♦❢ ❛--❡$-✳ ❚❤❡ ❡❢♦ ❡✱  ❡-❡❛ ❝❤❡ - ♣ ♦♣♦-❡ ❛ ♠♦❞❡❧

❢♦ $❤❡ ❢✉♥❞❛♠❡♥$❛❧ ✈❛❧✉❡ ✭✇❤✐❝❤ $❤❡② ❛--✉♠❡ ✐- ❝♦  ❡❝$✮ ❛♥❞ $❤❡♥  ❡-♦❧✈❡ $♦ -❡❡ ✐❢ $❤❡

♠❛ ❦❡$ ♣ ✐❝❡ ❝♦♥✈❡ ❣❡- $♦ $❤❡ $❤❡♦ ❡$✐❝❛❧❧② ❝♦  ❡❝$ ✈❛❧✉❡- ♦ ♥♦$✳ ❚❤❡ ✈❛❧✐❞✐$② ♦❢ $❤❡
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❛❣❡♥$ ❜❛-❡❞ ❛ $✐✜❝✐❛❧ ♠❛ ❦❡$✱ $❤❡ ♠❡$❤♦❞ ✉-❡❞ $♦ ❣❡♥❡ ❛$❡ $❤❡ -$♦❝❦✬- ❢✉♥❞❛♠❡♥$❛❧
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♦❜-❡&✈❛❜❧❡✱ ✇❡ ❝❛♥ ♠❛❦❡ ❛❝❝✉&❛"❡ ✬❝❡"❡&✐- ♣❛&✐❜✉-✬ ❛--✉♠♣"✐♦♥- ❛♥❞ ♦❜-❡&✈❡

"❤❡ ❝❛✉-❛❧ ❧✐♥❦- ❜❡"✇❡❡♥ ❝❡&"❛✐♥ ♠✐❝&♦ -♣❡❝✐✜❝❛"✐♦♥- ❛♥❞ "❤❡✐& ❞❡-✐&❡❞ ❛❣❣&❡✲

❣❛"❡ -"❛"❡-✳

• ❋❧❡①✐❜✐❧✐&② ✿ ❇❡❝❛✉-❡ ♦❢ "❤❡ ❧❛♥❣✉❛❣❡ ✉-❡❞ ✐♥ ❞❡-❝&✐❜✐♥❣ ❛ ✜♥❛♥❝✐❛❧ ♠❛&❦❡"

✭❝♦♠♣✉"❡& ♣&♦❣&❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡✮ "❤❡ ♠♦❞❡❧ ❞❡-❝&✐♣"✐♦♥- ✭❡-♣❡❝✐❛❧❧② "❤♦-❡

✉-❡❞ ❢♦& ❞❡-❝&✐❜✐♥❣ "❤❡ ❜❡❤❛✈✐♦& ♦❢ ✐♥✈❡-"♦&-✮ ✐- ❡❛-✐❧② ♠♦❞✐✜❡❞ ❛♥❞ ❛❞❛♣"❡❞ "♦

❞✐✛❡&❡♥" ♥❡❡❞-✳ ❚❤✐- ✢❡①✐❜✐❧✐"② ❛❧❧♦✇- &❡-❡❛&❝❤❡&- "♦ ❡❛-✐❧② ❝❤❛♥❣❡ ❞❡-❝&✐♣"✐♦♥-

♦❢ ✐♥✈❡-"♦&- ✭♦& ♦❢ ♦"❤❡& ♠❛&❦❡" ❝♦♠♣♦♥❡♥"-✮ "♦ ❜❡""❡& &❡♣&❡-❡♥" "❤❡ &❡❛❧✐"✐❡-

♦❢ -♣❡❝✐✜❝ ✜♥❛♥❝✐❛❧ ♠❛&❦❡"- ❛♥❞ "❤❡✐& ❝♦♥"❡①"✳

• ◆♦.♠❛&✐✈❡ ✉♥❞❡.#&❛♥❞✐♥❣ ✿ ❇❡❝❛✉-❡ ✐♥✈❡-"♦&- ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ "♦ ❛❞❛♣" ❛♥❞

&❡❛❝" "♦ "❤❡ ❡♥✈✐&♦♥♠❡♥" ❝♦♥❞✐"✐♦♥- ✭❡✳❣✳ "❛①❡-✱ "&❛♥-❛❝"✐♦♥ ❝♦-"-✮ ✇❡ ❝❛♥

♦❜-❡&✈❡ "❤❡ ❡♠❡&❣❡♥" ❜❡❤❛✈✐♦& ♦❢ ♠❛&❦❡"- ✉♥❞❡& ❛ ❞✐✈❡&-❡ -❡" ♦❢ ♥♦&♠- ❛♥❞

&❡❣✉❧❛"✐♦♥-✳ ❚❤❡&❡❢♦&❡ ✇❡ ❝❛♥ ♠❛❦❡ ✬-✐♠✉❧❛"❡❞✬ ❡①♣❡&✐♠❡♥"- ✇✐"❤ ❞✐✛❡&❡♥"

&❡❣✉❧❛"✐♦♥- ❛♥❞ ♦❜-❡&✈❡ ✐❢ "❤❡ ❞❡-✐&❡❞ ❛❣❣&❡❣❛"❡ &❡-✉❧"- ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❛♥❞

✐♥ ✇❤❛" "✐♠❡ ❢&❛♠❡-✳

• ❚.❛♥#♣❛.❡♥❝② ✭❖❜#❡.✈❛❜✐❧✐&②✮✿ ❚❤&♦✉❣❤✲♦✉" ❛ -✐♠✉❧❛"✐♦♥ ❛❧❧ "❤❡ ❝♦♠♣♦♥❡♥"-

❛♥❞ "❤❡✐& -"❛"❡- ❛&❡ ♣❡&❢❡❝"❧② ♦❜-❡&✈❛❜❧❡✳ ❚❤✐- ♣&♦✈✐❞❡- "❤❡ ♣♦--✐❜✐❧✐"② ♦❢ ♦❜✲

-❡&✈✐♥❣ ❛♥❞ ❝♦♥"&♦❧❧✐♥❣ ✈❡&② -♣❡❝✐✜❝ ♣❛&"- ♦❢ ❛ ✜♥❛♥❝✐❛❧ ♠❛&❦❡"✳
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t+1 ✐" ❛❣❡♥#✬"

✐ ❡"#✐♠❛#❡❞ ✇❡❛❧#❤ ✐♥ #❤❡ ♥❡①# ♣❡(✐♦❞✳ ❇❡❝❛✉"❡ ❛♥ ❛❣❡♥# ✇❡❛❧#❤ ❛# #✐♠❡ #✰✶ ✐♥❝❧✉❞❡"

❤✐" ❞❡♠❛♥❞ ♦❢ #❤❡ (✐"❦② ❛""❡# ❛# #✐♠❡ #✱ #❤❡ ❛✉#❤♦(" ❝♦♠♣✉#❡ #❤✐" ❞❡♠❛♥❞ ❢✉♥❝#✐♦♥

❢♦( ❡❛❝❤ ❛❣❡♥#✳ ❚❤❡ ❞✐✛❡(❡♥❝❡" ✐♥ #❤❡ ❛❣❡♥#"✬ ❞❡♠❛♥❞" ❛(❡ "❡# ❜② #❤❡✐( ❢♦(❡❝❛"# ♦❢ #❤❡

❢✉#✉(❡ ♠❛(❦❡# ♣(✐❝❡ ❛♥❞ #❤❡ "#♦❝❦✬" ❞✐✈✐❞❡♥❞✳ ❚♦ ♠❛❦❡ ♣(❡❞✐❝#✐♦♥" ♦❢ ❢✉#✉(❡ ♣(✐❝❡"✱

❛❣❡♥#" ♠❛✐♥#❛✐♥ "❡#" ♦❢ ✐♥❢♦(♠❛#✐♦♥ ❝❛❧❧❡❞ ✬❝♦♥❞✐#✐♦♥✲❢♦(❡❝❛"#✬ ✇❤✐❝❤ ❛(❡ (✉❧❡" #❤❛#

♠❛♣ ❛ ♠❛(❦❡# ❝♦♥❞✐#✐♦♥ ✭❜❛"❡❞ ♦♥ ❢✉♥❞❛♠❡♥#❛❧ ♦( #❡❝❤♥✐❝❛❧ ✐♥❢♦(♠❛#✐♦♥✮ #♦ ❛ ❢♦(❡✲

❝❛"# (✉❧❡ ❢♦( #❤❡ ❢✉#✉(❡ ♠❛(❦❡# "#❛#❡✳ ❯"✐♥❣ ❣❡♥❡#✐❝ ❛❧❣♦(✐#❤♠" ❛❣❡♥#" ❝♦♠❜✐♥❡ ❛♥❞

❝(❡❛#❡ "✉❝❤ ❢♦(❡❝❛"#✐♥❣ (✉❧❡" ✐♥ ♦(❞❡( #♦ ♠❛❦❡ ❛❝❝✉(❛#❡ ❡"#✐♠❛#✐♦♥" ♦❢ ❢✉#✉(❡ ♣(✐❝❡"✳

❚❤❡ ♠❛(❦❡# ♣(✐❝❡ ✐" "❡# ❡♥❞♦❣❡♥♦✉"❧② ❜② ❛ ♠❛(❦❡# ❝❧❡❛(✐♥❣ ♠❡❝❤❛♥✐"♠ #❤❛# (❡"♦❧✈❡"

❛❣❡♥# ❞❡♠❛♥❞" ✐♥ (❡❧❛#✐♦♥ #♦ ❛ ✜①❡❞ "✉♣♣❧② ♦❢ "#♦❝❦"✳ ❖❜"❡(✈✐♥❣ #❤❡ (❡"✉❧#✐♥❣ #✐♠❡

"❡(✐❡"✱ #❤❡ ❛✉#❤♦(" ❝♦♥❝❧✉❞❡ #❤❛# "✉❝❤ ❛ ♠❛(❦❡# ♠♦❞❡❧ ♣(♦✈✐❞❡" "✐♠✐❧❛( "#❛#✐"#✐❝❛❧

♣(♦♣(✐❡#✐❡" ✇✐#❤ #❤♦"❡ ♦❢ (❡❛❧ ♠❛(❦❡# ♣(✐❝❡ "❡(✐❡" ✭❡✳❣✳ ✈♦❧❛#✐❧✐#②✱ ♣(❡❞✐❝#❛❜✐❧✐#②✮✳
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▼♦"❡ ✐♥&❡"❡'&✐♥❣❧②✱ &❤❡ ❛✉&❤♦"' ♣♦✐♥& ♦✉& &❤❛& &❤❡ ❤♦"✐③♦♥ ♦❢ ❛❣❡♥& ❢♦"❡❝❛'&' ✭&❤❡

❧♦♥❣❡" &❤❡ ❜❡&&❡"✮ ✐' ✐♠♣♦"&❛♥& ✐♥ ❛❝❤✐❡✈✐♥❣ ♦" ❛♣♣"♦❛❝❤✐♥❣ ❛ "❛&✐♦♥❛❧❧② ❡①♣❡❝&❡❞

❡:✉✐❧✐❜"✐✉♠✳ ❚❤✐' ♠❛"❦❡& ♠♦❞❡❧ ✐' ♦♥❡ ♦❢ &❤❡ ✜"'& ❝♦♠♣❧✐❝❛&❡❞ ❛"&✐✜❝✐❛❧ ♠♦❞❡❧' ♦❢

❛ '&♦❝❦ ♠❛"❦❡&✳ ❊✈❡♥ ✐❢ &❤❡❡ ♠♦❞❡❧ ♠❛♥❛❣❡' &♦ :✉❛❧✐&❛&✐✈❡❧② "❡♣❧✐❝❛&❡ '♦♠❡ ♦❢ &❤❡

✜♥❛♥❝✐❛❧ ♣✉③③❧❡ ✇❡ ❞❡'❝"✐❜❡❞ ✐♥ ❝❤❛♣&❡" ✱ ✇❡ ❤❛✈❡ &♦ ❜❡ ❛✇❛"❡ ♦❢ &❤❡ ♣♦''✐❜✐❧✐&②

&❤❛& &❤❡'❡ ❢❡❛&✉"❡' ❛"❡ ❡♠❜❡❞❞❡❞ ✐♥ &❤❡ ✐♥✐&✐❛❧ '♣❡❝✐✜❝❛&✐♦♥' ♦❢ &❤❡ ♠♦❞❡❧'✿ &❤❡

❛✉&♦"❡❣"❡''✐✈❡ ❞✐✈✐❞❡♥❞ ❢✉♥❝&✐♦♥ ❛♥❞ &❤❛& &❤❡ ❢❛❝& &❤❛& ❛❣❡♥&'✬ ❞❡♠❛♥❞' ✭❛♥❞ ❝♦♥✲

'❡:✉❡♥&❧② ❢✉&✉"❡ ♣"✐❝❡'✮ ❛"❡ ❛ ❢✉♥❝&✐♦♥ ♦❢ &❤❡ ❛❣❡♥&'✬ ❢♦"❡❝❛'&' ♦❢ ❢✉&✉"❡ ✈♦❧❛&✐❧✐&②

✭✇❤✐❝❤ ✐' '✐♠♣❧✐✜❡❞ &♦ ❡:✉❛❧ ♣❛'& ✈♦❧❛&✐❧✐&②✮✳ ■♥ &❤❡ ❞❡'✐❣♥ ♦❢ ♦✉" ♠❛"❦❡& ✇❡ ❤❛✈❡ ❛❝✲

&✐✈❡❧② ❧♦♦❦❡❞ ♥♦& &♦ ♠❛❦❡ ❛♥② ❛''✉♠♣&✐♦♥ &❤❛& ❝❛♥ ❞✐"❡❝&❧② ❣❡♥❡"❛&❡ &❤❡ &✐♠❡ '❡"✐❡'

♣"♦♣"✐❡&✐❡' ✇❡ ❛"❡ ❧♦♦❦✐♥❣ ❢♦"✳ ❚❤❡ ❛✉&❤♦"' ❤❛✈❡ ✇"✐&&❡♥ ❛ '❡:✉❡❧ ❛"&✐❝❧❡✱ ✭▲❡❜❛"♦♥✱

✷✵✵✷✮ ✐♥ ✇❤✐❝❤ &❤❡② ❞"❛✇ ❛&&❡♥&✐♦♥ &♦ '♦♠❡ &❤❡ ✐''✉❡' &❤❛& ♥❡❡❞ &♦ ❜❡ ✐♠♣"♦✈❡❞ ✐♥

&❤❡✐" ♠❛"❦❡& ❞❡'✐❣♥✳

❆❚❖▼

✷

✐' ❛ ❝♦♠♣❧❡① '♦❢&✇❛"❡ &♦♦❧✱ &❤❛& ♦✛❡"' ❛ ❣❡♥❡#❛❧ ❡♥✈✐#♦♥♠❡♥* ❢♦# ❛❣❡♥*✲

❜❛.❡❞ .✐♠✉❧❛*✐♦♥. ♦❢ .*♦❝❦ ♠❛#❦❡*.✳ ❆❚❖▼ ✐' ♠❛✐♥&❛✐♥❡❞ ❜② ❛ ❥♦✐♥& "❡'❡❛"❝❤ &❡❛♠ ❛&

&❤❡ ▲✐❧❧❡ ❯♥✐✈❡"'✐&② ♦❢ ❋"❛♥❝❡

✸

❛♥❞ ❢"♦♠ &❤❡ ❯♥✐✈❡"'✐&② N❛"✐' ✶ N❛♥&❤❡♦♥ ❙♦"❜♦♥♥❡

✹

✳

❯♥❧✐❦❡ ♦&❤❡" ❛❣❡♥&✲❜❛'❡❞ '✐♠✉❧❛&♦"' ✇❡ ♣"❡'❡♥&✱ ❆❚❖▼ ✐' ♠♦"❡ ❣❡♥❡"✐❝ ❛♥❞ ❝❛♥ ❜❡

❛❞❛♣&❡❞ &♦ ❛ ❞✐✛❡"❡♥& "❛♥❣❡ ♦❢ "❡'❡❛"❝❤ ❛♣♣❧✐❝❛&✐♦♥'✳ ❆❚❖▼ ❤❛' &❤❡ ♣♦''✐❜✐❧✐&② &♦

'✐♠✉❧❛&❡ '&♦❝❦ ♠❛"❦❡&' ✇✐&❤ ♠❛"❦❡& ♠❛❦❡"' ♦" ✇✐&❤ ❧✐♠✐&✲♦"❞❡" ❜♦♦❦'✳ ▼♦"❡♦✈❡"
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♠❡&❤♦❞' ❛♥❞ ❛"❡ ❛❜❧❡ &♦ ❝"❡❛&❡ &❤❡ '❛♠❡ ♣"✐❝❡ '❡"✐❡'✱ ❛' &❤❡ "❡❛❧ '&♦❝❦ ♣"✐❝❡ '❡"✐❡'✱

'&❛"&✐♥❣ ❢"♦♠ &❤❡ ♠❛"❦❡& ♦"❞❡"' ♦❢ ❛ "❡❛❧ '&♦❝❦ ♠❛"❦❡&✳ ❙✉❝❤ ♣"✐❝✐♥❣ ♣♦''✐❜✐❧✐&✐❡'

❛"❡ ❡♥❤❛♥❝❡❞ ❜② ❆❚❖▼✬' ❝❛♣❛❝✐&② ♦❢ '✐♠✉❧❛&✐♥❣ ❡①&"❛✲❞❛② ❛♥❞ ✐♥&"❛✲❞❛② ❝♦♥&✐♥✉♦✉'

&"❛❞✐♥❣ ♣❡"✐♦❞'✳ ❆ ♥✉♠❜❡" ♦❢ ✜♥❛♥❝✐❛❧ '&✉❞✐❡'✱ ❧✐❦❡ ✭❱❡"②③❤❡♥❦♦✱ ✷✵✶✷✮✱ ✭❉❡"✈❡❡✉✇

❡& ❛❧✳✱ ✷✵✵✼❜✮ ♦" ✭❱❡"②③❤❡♥❦♦ ❡& ❛❧✳✱ ✷✵✶✵✮✱ ❤❛✈❡ ❜❡❡♥ ❝♦♥❞✉❝&❡❞ ✉'✐♥❣ ❆❚❖▼✳ ❆

❣♦♦❞ "❡✈✐❡✇ ♦❢ ❆❚❖▼✬' ❝❛♣❛❜✐❧✐&✐❡' ❝❛♥ ❜❡ ❢♦✉♥❞ ❛& ✭▼❛&❤✐❡✉ ❛♥❞ ❇"❛♥❞♦✉②✱ ✷✵✶✷✮✳
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'❝"✐❜✐♥❣ &❤❡✐" ●❊◆❖❆ ❛"&✐✜❝✐❛❧ '&♦❝❦ ♠❛"❦❡&✱ ✭❘❛❜❡"&♦ ❡& ❛❧✳✱ ✷✵✵✶✮✳ ❆' &❤❡ ❛✉&❤♦"'

♠❡♥&✐♦♥✱ &❤❡ ❛✐♠ ♦❢ &❤✐' ♠♦❞❡❧ ✇❛' &♦ ✬♦✛❡# ❛ .✐♠♣❧❡ ✉♥❞❡#.*❛♥❞✐♥❣ ♦❢ *❤❡ ❦♥♦✇♥

.*②❧✐③❡❞ ❢❛❝*. ♦❢ ✜♥❛♥❝✐❛❧ *✐♠❡ .❡#✐❡.✱ ✐✳❡✳✱ ✈♦❧❛*✐❧✐*② ❝❧✉.*❡#✐♥❣ ❛♥❞ ❢❛* *❛✐❧. ✐♥ *❤❡

❞✐.*#✐❜✉*✐♦♥ ♦❢ .❤♦#* *❡#♠ #❡*✉#♥.✬✳ ❚❤❡ ♠♦❞❡❧ ✐♥❝❧✉❞❡' ❛❣❡♥&' &❤❛& ❞♦♥✬& "❡❝❡✐✈❡

❛♥② ❢✉♥❞❛♠❡♥&❛❧ ✐♥❢♦"♠❛&✐♦♥ ❛♥❞ ♠❛❦❡ ♦✛❡"' &♦ '❡❧❧✴❜✉②✱ ✐♥ ❡✈❡"② "♦✉♥❞✱ ✇✐&❤ ❛

♣"♦❜❛❜✐❧✐&② ♦❢ N✴✭✶✲N✮✳ ❖"❞❡"' '❡♥& &♦ &❤❡ ♠❛"❦❡& ❛"❡ ❧✐♠✐& ♦"❞❡"' ✇✐&❤ ♣"✐❝❡' ❜❛'❡❞

♦♥ ❛ ❢♦"♠✉❧❛ ❧✐❦❡

Pi = p(h) ∗Ni(µ, σi) σi = k ∗ σ(Ti) ✭✹✳✷✮

✇❤❡"❡ p(h) ✐' &❤❡ '&♦❝❦✬' ♣"✐❝❡ ❛& &✐♠❡ & ❛♥❞ σ(Ti) ✐' &❤❡ '&♦❝❦✬' ❤✐'&♦"✐❝❛❧ ✈♦❧❛&✐❧✲

✷

❆✈❛✐❧❛❜❧❡ ❢♦) ❧✐♠✐+❡❞ +❡-+✐♥❣ ❛+ ❤++♣✿✴✴❛+♦♠✳✉♥✐✈✲❧✐❧❧❡✶✳❢)

✸

❚❡❛♠ ❙▼❆❈ ▼✉❧+✐✲❛❣❡♥+ ❙②-+❡♠- ❛♥❞ ❇❡❤❛✈✐♦)-

✹

❤++♣✿✴✴✇✇✇✳✉♥✐✈✲♣❛)✐-✶✳❢)✴
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U(W ) =
W 1−α

1− α
✭✹✳✸✮
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●♦#❞♦♥ ❣#♦✇0❤ ♠♦❞❡❧✿

Et(Pt+1) = Ft+1 =
Et+1(Dt+2)

rf − g
✭✹✳✹✮
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∑

agent

Demandagent(Pt+1) = N ✭✹✳✺✮
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%❤❡ ❛✉%❤♦"+✱ %❤❡ ❢❛❝% %❤❛% %❤❡ ♠❛"❦❡% ♠❛❦❡" ❤❛+ ✐♥✜♥✐%❡ ✐♥✈❡♥%♦"② ❛♥❞ ✐+ ♥♦% "✐+❦

❛✈❡"+❡✳

❆❢%❡" "❡✈✐❡✇✐♥❣ ❛ ❢❡✇ ♥♦%❛❜❧❡ ♠✉❧%✐✲❛❣❡♥% +✐♠✉❧❛%♦"+ ✇❡ ❣♦ %❤"♦✉❣❤ %❤❡ ♠❛✐♥

♠❡%❤♦❞♦❧♦❣✐❝❛❧ ❛♥❞ ❞❡+✐❣♥ ✐++✉❡+ ❛ "❡+❡❛"❝❤❡" ✐+ ❢❛❝❡❞ ✇✐%❤ ✇❤❡♥ ✇♦"❦✐♥❣ ✇✐%❤ +✐♠✲

✉❧❛%♦"+✳ ❲❡ ❞❡+❝"✐❜❡ %❤❡ ❞❡%❛✐❧+ ❛♥❞ ✐♠♣♦"%❛♥❝❡ ♦❢ ❡❛❝❤ ♥❡❝❡++❛"② ♣❛"%+ ♦❢ ❛ +✐♠✉❧❛✲

%♦"✳ ❊❛❝❤ ❞❡+✐❣♥❡❞ ❝♦♠♣♦♥❡♥% ✐+ ✐♠♣♦"%❛♥% ❜❡❝❛✉+❡ ✐% ✐♠♣♦+❡+ ❡①♣❧✐❝✐% ❛♥❞ ✐♠♣❧✐❝✐%

+✐♠♣❧✐✜❝❛%✐♦♥+ ❛♥❞ ❛++✉♠♣%✐♦♥+ ❛❜♦✉% %❤❡ +%✉❞✐❡❞ ✜♥❛♥❝✐❛❧ "❡❛❧✐%②✳

✹✳✸✳✷ ❙✐♠✉❧❛*❡❞ ♠❛-❦❡*

❖♥❡ ♦❢ %❤❡ ✜"+% ❝❤♦✐❝❡+ %♦ ❜❡ ♠❛❞❡ ✐♥ %❤❡ ❞❡+✐❣♥ ♦❢ ❛ +✐♠✉❧❛%♦" ✐+ ✐♥ %❤❡ %②♣❡ ♦❢

+✐♠✉❧❛%❡❞ ✜♥❛♥❝✐❛❧ ♠❛"❦❡%✿ ❛ +%♦❝❦ ♠❛"❦❡%✱ ❜♦♥❞+ ♠❛"❦❡%✱ +%♦❝❦ ♦" ❜♦♥❞ ❞❡"✐✈❛%✐✈❡+

♠❛"❦❡% ♦" ❛♥♦%❤❡" %②♣❡ ♦❢ ♠❛"❦❡%✳ ■♥ "❡❛❧ ❧✐❢❡✱ %❤❡+❡ ♠❛"❦❡%+ ❛"❡ ♥♦% ✐♥❞❡♣❡♥❞❡♥%

❛♥❞ %❤❡② ✐♥✢✉❡♥❝❡ ❡❛❝❤ ♦%❤❡"✳ ■❢ ✇❡ +✐♠✉❧❛%❡ ♦♥❧② ♦♥❡ ♠❛"❦❡% ✇❡ ❛"❡✱ ✐♥ ❛ ✇❛②✱

❡❧✐♠✐♥❛%✐♥❣ %❤❡ ✐♥✢✉❡♥❝❡+ ♦❢ ♦%❤❡" ♠❛"❦❡%+✳ ▼♦+% "❡+❡❛"❝❤❡"+ ❞❡❢❡♥❞ %❤❡♠+❡❧✈❡+

✇✐%❤ %❤❡ ❛"❣✉♠❡♥% %❤❛% %❤❡ ❥♦✐♥% ❛♥❛❧②+✐+ ♦❢ ❛ ❜♦♥❞ ❛♥❞ +%♦❝❦ ♠❛"❦❡% ❝❛❧❧+ ❢♦" ❛

%♦♦ ❝♦♠♣❧✐❝❛%❡❞ ❛♥❞ ❡①%"❡♠❡❧② ❞✐✣❝✉❧% %♦ ✉♥❞❡"+%❛♥❞ ♠♦❞❡❧✳ ❈♦♥+❡Q✉❡♥%❧②✱ ♠♦+%

+%✉❞✐❡+ ❢♦❝✉+ ♦♥ ♦♥❧② ♦♥❡ %②♣❡ ♦❢ ♠❛"❦❡% ✭✉+✉❛❧❧② +%♦❝❦+✮ ❛♥❞ ❛++✉♠❡ %❤❛% ♦%❤❡"

♠❛"❦❡%+ ❤❛✈❡ ♥♦ ♥♦%✐❝❡❛❜❧❡ ❡✛❡❝%+✳

❲❡ ❛❝❝♦✉♥% ❢♦" %❤❡ ❧❛❝❦ ♦❢ ❛ ❜♦♥❞ ♠❛"❦❡% %❤"♦✉❣❤ %❤❡ ✐♥❢♦"♠❛%✐♦♥ ♣"♦❝❡++✳

■♠♣❧✐❝✐%❧②✱ ✇❡ +✉♣♣♦+❡ %❤❛% %❤❡ ✐♥❢♦"♠❛%✐♦♥ ❝♦♥❝❡"♥✐♥❣ %❤❡ ✉♥❞❡"❧②✐♥❣ ❛++❡%✬+ ❡❝♦✲

♥♦♠✐❝ ✈❛❧✉❡ ❛♥❞ "✐+❦ ✐+ ♣❡"❢❡❝% ❛♥❞ ❝♦♠♣❧❡%❡ ✲ ♠❡❛♥✐♥❣ %❤❡ ❝♦♠♣❛♥②✬+ ❛++❡% ✈❛❧✉❡

✐+ ❝♦""❡❝%❧② "❡✢❡❝%❡❞ ✐♥ %❤✐+ ✐♥❢♦"♠❛%✐♦♥✳ ❙✐♥❝❡ ♠♦+% ❧✐+%❡❞ ❝♦♠♣❛♥✐❡+ ♦✇♥ ✜♥❛♥❝✐❛❧



✹✳✸✳ ❚♦♣♦❧♦❣② ♦❢ ✜♥❛♥❝✐❛❧ ♠❛0❦❡3 4✐♠✉❧❛3♦04 ✻✾

✐♥"#$✉♠❡♥#" ✭❛♠♦♥❣ ✇❤✐❝❤ ✇❡ ♦❢#❡♥ ✜♥❞ ❜♦♥❞" ❛♥❞ #❤❡✐$ ❞❡$✐✈❛#✐✈❡"✮ ✇❡ ❛$❡ ❛❝#✉✲

❛❧❧② ❛""✉♠✐♥❣ #❤❛# ❜♦♥❞ ♠❛$❦❡#" ❛$❡ ❡✣❝✐❡♥% ❛♥❞ #❤❛# #❤❡② ❝♦$$❡❝#❧② ♣$✐❝❡ #❤❡"❡

✜♥❛♥❝✐❛❧ ✐♥"#$✉♠❡♥#"✳ ❙✐♠✐❧❛$❧②✱ ✇❡ ❝❤♦♦"❡ #♦ ✐❣♥♦$❡ #❤❡ ✐♥✢✉❡♥❝❡" ♦❢ "#♦❝❦ ❞❡$✐✈❛✲

#✐✈❡" ♦♥ ♦✉$ "✐♠✉❧❛#❡❞ "#♦❝❦"✳ ❖♥❡ "❤♦✉❧❞ ♠❛❦❡ #❤❡ ❝❤♦✐❝❡ ♦❢ #❤❡ "✐♠✉❧❛#❡❞ ♠❛$❦❡#

✇✐#❤ ❛✇❛$❡♥❡"" ♦❢ #❤❡ "✐♠♣❧✐✜❝❛#✐♦♥ ♦❢ #❤❡ $❡❛❧ ✇♦$❧❞ ❛♥❞ "❤♦✉❧❞ ♣$♦✈✐❞❡ ❛ ❝❧❡❛$

"#❛#❡♠❡♥# ♦❢ #❤❡ ❧✐♠✐#❛#✐♦♥" #❤❛# ❤✐" ❝❤♦✐❝❡ ✐♠♣❧✐❡"✳

✹✳✸✳✸ ❙✐♠✉❧❛)❡❞ )✐♠❡

❚❤❡ ♣❡$❝❡✐✈❡❞ ♦$❞❡$ ♦❢ ❛ "②"#❡♠ ❞❡♣❡♥❞" ♦♥ ❤♦✇ ❛❜"#$❛❝# ✐#" ♠♦❞❡❧ ✐"✳ ▲♦♦❦✐♥❣

❛# ✜♥❛♥❝✐❛❧ ♠❛$❦❡#" ♦♥ ❛ ②❡❛$❧② ❜❛"✐" ✇❡ ❣❡♥❡$❛❧❧② ♦❜"❡$✈❡ ♣$✐❝❡ ❣$♦✇#❤ ❛♥❞ "♠❛❧❧

✈♦❧❛#✐❧✐#②✳ ▲♦♦❦✐♥❣ ❛# ♠❛$❦❡#" ♦♥ ❛ ♠♦♥#❤❧② ❜❛"✐" ✇❡ "❡❡ ❛ ✈❡$② ❞✐✛❡$❡♥# ❞②♥❛♠✐❝

✲ ❛# ❧❡❛"# ❤✐❣❤❡$ ✈♦❧❛#✐❧✐#② ❧❡✈❡❧"✳ ●♦✐♥❣ ❢✉$#❤❡$ ❛♥❞ ❧♦♦❦✐♥❣ ❛# ❛ ♠❛$❦❡# ♦♥ ❛ ❞❛✐❧②

❜❛"✐" ✇❡ ✇✐❧❧ ♦❜"❡$✈❡ ✈❡$② ✈♦❧❛#✐❧❡ $❡#✉$♥" ❛♥❞ ❢❛"# ❝❤❛♥❣✐♥❣ #$❡♥❞"✳

❚❤❡ ❝❤♦✐❝❡ ♦❢ "✐♠✉❧❛#❡❞ #✐♠❡ ✐" ❝$✉❝✐❛❧ ❢♦$ ❛ "✐♠✉❧❛#♦$✬" ❞❡"✐❣♥ "✐♠♣❧② ❜❡❝❛✉"❡

✜♥❛♥❝✐❛❧ ♠❛$❦❡#" ❤❛✈❡ ❞✐✛❡$❡♥# ❞②♥❛♠✐❝" ❛♥❞ ♣❛$#✐❝✐♣❛♥#" ♦♥ ❞✐✛❡$❡♥# #✐♠❡ "❝❛❧❡"✳

❲❡ $❛$❡❧② "❡❡ #❡❝❤♥✐❝❛❧ #$❛❞❡$" ♦♥ ❛ #✐♠❡ "❝❛❧❡ ❧❛$❣❡$ #❤❛♥ #❤❛# ♦❢ ❛ ✇❡❡❦✳ ▲✐❦❡✇✐"❡ ✇❡

❞♦♥✬# ♦❢#❡♥ ❡♥❝♦✉♥#❡$ ✧❜✉② ❛♥❞ ❤♦❧❞ #$❛❞❡$"✧ ♦♥ ❛♥ ✐♥#$❛✲❞❛② #✐♠❡ "❝❛❧❡✳ ❚❤❡ ❝❤♦✐❝❡

♦❢ ❛ "✐♠✉❧❛#❡❞ #✐♠❡ ✇✐❧❧ ♦❢#❡♥ ✐♠♣♦"❡ ❝♦♥"#$❛✐♥#" ♦♥ #❤❡ ❝❤♦✐❝❡ ♦❢ "✐♠✉❧❛#❡❞ ♠❛$❦❡#"

✭"♦♠❡ ✐♥#$❛✲❞❛② ❜♦♥❞ ♠❛$❦❡#" ❞♦♥✬# ❡✈❡♥ ❡①✐"#✮✱ ❛❣❡♥# "#$❛#❡❣✐❡" ✭❡♥#❡$✴❡①✐# #✐♠✐♥❣✮✱

❡①♦❣❡♥♦✉" ✐♥❢♦$♠❛#✐♦♥ ✭❞❛✐❧② ✐♥❢♦$♠❛#✐♦♥ ❤❛" ❞✐✛❡$❡♥# ❝❤❛$❛❝#❡$✐"#✐❝" #❤❛♥ ✇❡❡❦❧②

♦$ ♠♦♥#❤❧② ✐♥❢♦$♠❛#✐♦♥✮✱ ♣$✐❝❡ ❢♦$♠❛#✐♦♥ ♠❡❝❤❛♥✐"♠" ❛♥❞ #❤❡ #②♣❡" ♦❢ ❞②♥❛♠✐❝" ✇❡

❝❛♥ $❡♣$♦❞✉❝❡✳ ❚❤✐" ❝❤♦✐❝❡ ♦❢ #✐♠❡ ✐" ✐♠♣♦$#❛♥# ❛♥❞ ❤❛" #♦ ❜❡ ✇❡❧❧ ❞❡❢❡♥❞❡❞✳

✹✳✸✳✹ ■♥❢♦0♠❛)✐♦♥

H$✐❝❡" ✭"❤♦✉❧❞ ✐❞❡❛❧✐"#✐❝❛❧❧②✮ $❡✢❡❝# ✉♥❞❡$❧②✐♥❣ ❢✉♥❞❛♠❡♥#❛❧ ✈❛❧✉❡" #❤$♦✉❣❤ #❤❡ ♣$♦✲

❝❡"" ♦❢ ✐♥❢♦$♠❛#✐♦♥ ✐♥#❡❣$❛#✐♦♥ ✐♥#♦ ♣$✐❝❡✳ ❚❤❡$❡❢♦$❡ #❤❡ ✐♥❢♦$♠❛#✐♦♥ ✢♦✇ ✐" ❛ ❝$✉❝✐❛❧

❝♦♠♣♦♥❡♥# ❢♦$ ✜♥❛♥❝✐❛❧ ♠❛$❦❡#"✳ ❚❤❡$❡ ❛$❡ #✇♦ #②♣❡" ♦❢ ✐♥❢♦$♠❛#✐♦♥ #❤❛# ❛$❡ ❛✈❛✐❧✲

❛❜❧❡ #♦ ♠❛$❦❡# ♣❛$#✐❝✐♣❛♥#"✿ ❡①♦❣❡♥♦✉" ❛♥❞ ❡♥❞♦❣❡♥♦✉" ✐♥❢♦$♠❛#✐♦♥✳ ❊♥❞♦❣❡♥♦✉"

✐♥❢♦$♠❛#✐♦♥ ✐♥✈♦❧✈❡" ❞❛#❛ ❛❜♦✉# #❤❡ "#$✉❝#✉$❡ ♦❢ #❤❡ ♠❛$❦❡# ✐#"❡❧❢ ✭♣❛$#✐❝✐♣❛♥#"✱ "❡✲

❝✉$✐#✐❡" "#$✉❝#✉$❡✱ ♣$✐❝❡ ❢♦$♠❛#✐♦♥ ♠❡#❤♦❞"✱ ❡#❝✳✮ ❛♥❞ ✐# ✐" ✉"✉❛❧❧② ✇❡❧❧ ❦♥♦✇♥ ❜② #❤❡

♠❛❥♦$✐#② ♦❢ ✐♥✈❡"#♦$"✳ ❊①♦❣❡♥♦✉" ✐♥❢♦$♠❛#✐♦♥ $❡♣$❡"❡♥#" #❤❡ ❞❛#❛ ❝♦♥❝❡$♥✐♥❣ #❤❡ "❡✲

❝✉$✐#✐❡"✬ ✉♥❞❡$❧②✐♥❣ ✈❛❧✉❡✳ ❙✉❝❤ ❢✉♥❞❛♠❡♥#❛❧ ✐♥❢♦$♠❛#✐♦♥ ❤❛" ❞✐✛❡$❡♥# ❢♦$♠❛#" ❛♥❞

✉"✉❛❧❧② $❡✢❡❝#" ❛ ❞✐"#✐❧❧❡❞ ✈❛❧✉❡ "❤♦✇✐♥❣ #❤❡ ❡❝♦♥♦♠✐❝ ❛♥❞ ✜♥❛♥❝✐❛❧ ♣♦"✐#✐♦♥" ♦❢ ❛

❝♦♠♣❛♥② ✭#$❛♥"❧❛#❡❞ ✐♥ ❛♥ ❡①♣❡❝#❛#✐♦♥ ♦❢ ❢✉#✉$❡ ❝❛"❤ ✢♦✇" ❛♥❞ $❡#✉$♥ $❛#❡"✮✳

▼♦"# ✜♥❛♥❝✐❛❧ ♠❛$❦❡# "✐♠✉❧❛#♦$" $❡♣❧✐❝❛#❡ "#♦❝❦ ♠❛$❦❡#"✳ ❚❤❡ ❡①♦❣❡♥♦✉" ✐♥✲

❢♦$♠❛#✐♦♥ ❢♦$ #❤❡"❡ ♠❛$❦❡#" ✉"✉❛❧❧② ❝♦♥"✐"#" ✐♥ ♣$♦①✐❡" ❢♦$ #❤❡ ✉♥❞❡$❧②✐♥❣ ✈❛❧✉❡

✭❞✐✈✐❞❡♥❞"✱ ♣$✐❝❡✴❞✐✈✐❞❡♥❞"✱ ❡#❝✮✳ ❲❡ ❜❡❧✐❡✈❡ #❤❛# ❛ "❡❝♦♥❞ "♦✉$❝❡ ♦❢ ✐♥❢♦$♠❛#✐♦♥

❛" ❛ ♣$♦①② ❢♦$ #❤❡ ✉♥❞❡$❧②✐♥❣ $✐"❦ ✐" ❡""❡♥#✐❛❧ ❢♦$ ❛ ♣❛$"✐♠♦♥✐♦✉" $❡♣$❡"❡♥#❛#✐♦♥ ♦❢ ❛

$❡❛❧ ✜♥❛♥❝✐❛❧ ♠❛$❦❡#✳ ❆""❡""✐♥❣ #❤❡ ✉♥❞❡$❧②✐♥❣ $✐"❦ ♦❢ ❛ "#♦❝❦ ✭#❤❡ ❡❝♦♥♦♠✐❝ $✐"❦"

♦❢ ❛ ❝♦♠♣❛♥②✮ ✐" ❛# ❧❡❛"# ❛" ✐♠♣♦$#❛♥# ❛" ❛""❡""✐♥❣ ✐#" ✉♥❞❡$❧②✐♥❣ ✈❛❧✉❡✳ ❋✉#✉$❡



✼✵ ❈❤❛♣&❡( ✹✳ ❆❣❡♥& ❜❛/❡❞ ❛(&✐✜❝✐❛❧ /&♦❝❦ ♠❛(❦❡&/

❝❛"❤ ✢♦✇" ❛'❡ ♣'❡❞✐❝,❡❞ ❜❛"❡❞ ♦♥ ❡❝♦♥♦♠✐❝ ❞❛,❛ ♦❢ ,❤❡ ❝♦♠♣❛♥② ❛♥❞ ✐," ❜✉"✐♥❡""

❡♥✈✐'♦♥♠❡♥,✳ ❚❤✐" ♠❡❛♥" ,❤❛, ❛ '✐"❦ ❢❛❝,♦' ✐" ❛❧✇❛②" ❝♦♠♣✉,❡❞ ❛♥❞ ♥❡❝❡""❛'② ❢♦'

❛ ❣♦♦❞ ✈❛❧✉❛,✐♦♥ ♦❢ ,❤❡ ❝♦♠♣❛♥②✬" ",♦❝❦✳ ❚❤❡ ❡①♦❣❡♥♦✉" '✐"❦ ✐♥❢♦'♠❛,✐♦♥ ❝❛♥ ❜❡

❛ ♣'♦①② ❢♦' ❞✐✛❡'❡♥, '✐"❦ ❢❛❝,♦'" ❧✐❦❡ ❧✐<✉✐❞✐,② '✐"❦✱ ♠❛'❦❡, '✐"❦ ✭'❡❧❛,❡❞ ,♦ ✜♥❛♥❝✐❛❧

❛""❡," ,❤❡ ❝♦♠♣❛♥② ❤♦❧❞"✮ ❛♥❞ ♦,❤❡' ❜✉"✐♥❡"" '✐"❦✳ ❯"✐♥❣ ,✇♦ ✢♦✇" ♦❢ ❡①♦❣❡♥♦✉" ✐♥✲

❢♦'♠❛,✐♦♥ ✭✈❛❧✉❡ ❛♥❞ '✐"❦ '❡❧❛,❡❞✮ ❛♥ ❛❣❡♥, ❝❛♥ ❜❡,,❡' ❛""❡"" ,❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥,❡'✈❛❧

❢♦' ,❤❡ ♣'✐❝❡ ♦❢ ❛ "❡❝✉'✐,② ❛♥❞ ❝♦''❡❝,❧② ❞✐"❝♦✉♥, ✐,✳ ❉✐✛❡'❡♥❝❡" ✐♥ ❛❣❡♥, ❝❛♣❛❝✐,✐❡"

✭❦♥♦✇❧❡❞❣❡ ❛♥❞ ❧❛❝❦ ♦❢ ❜✐❛"✮ ♣'♦❞✉❝❡" ♠♦'❡ ❛❝❝✉'❛,❡ ♣'✐❝✐♥❣ ❛♥❞ '✐"❦ ❡✈❛❧✉❛,✐♦♥"✳

❆ ❞❡❜❛,❡ ❝❛♥ ❜❡ ♠❛❞❡ ❛❜♦✉, ✇❤❡,❤❡' ❛ ✬❢✉♥❞❛♠❡♥,❛❧✬ ✈❛❧✉❡ ❡①✐"," ♦' ♥♦,✳ ■♥

,❤✐" ",✉❞② ✇❡ ✈✐❡✇ ,❤❡ ✬❢✉♥❞❛♠❡♥,❛❧ ✈❛❧✉❡✬ ♦❢ ❛ ",♦❝❦ ❛" ❛ ,❤❡♦'❡,✐❝ ❝♦♥",'✉❝, ,❤❛,

❤❛" ,❤❡ ❣♦❛❧ ♦❢ ♣'♦✈✐❞✐♥❣ ❛ "♦✉'❝❡ ♦❢ ✐♥❢♦'♠❛,✐♦♥ ❢♦' ,❤❡ ✐♥✈❡",♦'"✳

✹✳✸✳✺ ❇✐❛' ✐♥ ✐♥❢♦+♠❛-✐♦♥ ♣+♦❝❡''✐♥❣

■♥✈❡",♦'" '❡❝❡✐✈❡ ✐♥❢♦'♠❛,✐♦♥ ✐♥ ,✇♦ ❢♦'♠"✿ <✉❛♥,✐,❛,✐✈❡ ✐♥❢♦'♠❛,✐♦♥ ✭✜♥❛♥❝✐❛❧ ",❛,❡✲

♠❡♥,"✮ ❛♥❞ <✉❛❧✐,❛,✐✈❡ ✐♥❢♦'♠❛,✐♦♥ ✭❧❡,,❡'" ,♦ "❤❛'❡❤♦❧❞❡'"✱ ❛♥❛❧②", '❡♣♦',"✱ ❡❝♦✲

♥♦♠✐❝ ♥❡✇"✮✳ ◗✉❛♥,✐,❛,✐✈❡ ✐♥❢♦'♠❛,✐♦♥ ❝❛♥ ❜❡ ✐♥,❡'♣'❡,❡❞ ❢❛✐'❧② ♦❜❥❡❝,✐✈❡❧② ❜② ,❤❡

✐♥✈❡",♦'✳ ❲❡ ❤❛✈❡ ,♦ ❛❞❞'❡"" ,❤❡ ✐""✉❡ ♦❢ <✉❛❧✐,❛,✐✈❡ ✐♥❢♦'♠❛,✐♦♥ ,❤❛, ❝❛♥✱ ❛♥❞ ♦❢,❡♥

✇✐❧❧✱ ❜❡ ♣'♦❝❡""❡❞ ✐♥ ❛ ❜✐❛"❡❞ ✇❛②✳

❊❛❝❤ ✐♥✈❡",✐♥❣ ❛❣❡♥, ❤❛" ❤✐" ♦✇♥ ♠❛♥♥❡' ❛♥❞ ❝❛♣❛❝✐,② ,♦ ✐♥,❡'♣'❡, ✐♥❢♦'♠❛,✐♦♥✳

❙♦♠❡ ❛❣❡♥," ✉"❡ ✐♥❢♦'♠❛,✐♦♥ ✐♥ ✐," ♦'✐❣✐♥❛❧ ❢♦'♠ ✇❤✐❧❡ ♦,❤❡'" ❜✐❛" ,❤❡ ✐♥❢♦'♠❛,✐♦♥

✐♥ ❛❧❧ ❞✐✛❡'❡♥, ♠❛♥♥❡'"✳ ❋♦' ❡①❛♠♣❧❡✱ ❛❣❡♥," ,❤❛, ❛'❡ ♦♣,✐♠✐"," ❤❛✈❡ ❛ ,❡♥❞❡♥❝② ,♦

✐♥❝'❡❛"❡ ,❤❡ ♠❛❣♥✐,✉❞❡ ❣♦♦❞ ✐♥❢♦'♠❛,✐♦♥ ✭❧✐❦❡ ❢✉♥❞❛♠❡♥,❛❧ ✈❛❧✉❡ ✐♥❝'❡❛"❡ ♦' '✐"❦

❞❡❝'❡❛"❡✮ ❛♥❞ ❞❡❝'❡❛"❡ ❜❛❞ ✐♥❢♦'♠❛,✐♦♥✳ ■♥✈❡'"❡❧②✱ ♣❡""✐♠✐", ❛❣❡♥," ❞❡❝'❡❛"❡ ❣♦♦❞

✐♥❢♦'♠❛,✐♦♥ ❛♥❞ ✐♥❝'❡❛"❡ ❜❛❞ ✐♥❢♦'♠❛,✐♦♥✳ ❆ ♠♦'❡ ❝♦♠♣'❡❤❡♥"✐✈❡ '❡✈✐❡✇ ♦❢ ✐♥✈❡",♦'

❜✐❛"❡" ✇❛" ♠❛❞❡ ✐♥ ❝❤❛♣,❡' ✳

❲❤❡♥ ✇❡ ,❛❧❦ ❛❜♦✉, ✐♥✈❡",♦' ❜✐❛"❡" ✇❡ '❡❢❡' ,♦ ✐♥,'✐♥"✐❝ ❝❤❛'❛❝,❡'✐",✐❝" ♦❢ ✐♥✲

✈❡",♦'" ✭♠❡❛♥✐♥❣ ❤✉♠❛♥"✮ ❛♥❞ ♥♦, ,♦ ✈♦❧✉♥,❛'② ❛❝,✐♦♥"✳ ❚❤❡ ❜✐❛"❡"✱ ❞❡"❝'✐❜❡❞

"✉❝❝✐♥❝,❧② ❛❜♦✈❡✱ '❡❢❡' ,♦ ✇❛②" ,❤'♦✉❣❤ ✇❤✐❝❤ ✐♥✈❡",♦'" ❛❧,❡'✱ ✐♥✈♦❧✉♥,❛'✐❧②✱ ,❤❡ ✐♥✲

❢♦'♠❛,✐♦♥ ,❤❡② ♣❡'❝❡✐✈❡✳ ❚❤❡"❡ ❜✐❛"❡" ❝❛♥ ❜❡ ❝❤❛♥❣❡❞ ❜② ,❤❡ ✐♥✈❡",♦'"✬ ❧❡❛'♥✐♥❣

♣'♦❝❡""✳ ❖♥❡ ❝❛♥ ❛'❣✉❡ ,❤❛, ❛♥ ❛❣❡♥, ❝❛♥♥♦, ❝❤❛♥❣❡ ✐," ❡♠♦,✐♦♥❛❧ ❜✐❛"❡" ②❡, ❛♥

❛❣❡♥, ❝❛♥ '❛,✐♦♥❛❧❧② ❛❧,❡' ,❤❡ ✐♥❢♦'♠❛,✐♦♥ ❤❡ ✉"❡" ❛" ,❤❡ ✐♥♣✉, ❢♦' ❤✐" ✐♥✈❡",♠❡♥,

",'❛,❡❣②✳ ❚❤❡'❡❢♦'❡✱ ✇❡ "❛② ,❤❛, ,❤❡ ✐♥✈❡",♦'✬" ❜✐❛"❡" ❝❛♥ ❜❡ '❛,✐♦♥❛❧❧② ✧✉♥❜✐❛"❡❞✧

❜② ♠❛❦✐♥❣ ❝♦''❡❝,✐♦♥" ,♦ ,❤❡ ❡①♦❣❡♥♦✉" '❡❝❡✐✈❡❞ ✐♥❢♦'♠❛,✐♦♥✳ ■❢ ❛♥ ✐♥✈❡",♦' ♦❜"❡'✈❡"

,❤❛, ❤✐" ❡②❡" ❤❛✈❡ "♦♠❡ ❢♦'♠ ♦❢ '❡❢'❛❝,✐♦♥ ❞②"❢✉♥❝,✐♦♥ ✭❡✳❣✳ ♠②♦♣✐❛✮ ❤❡ ❝❛♥ ✉"❡ ❡①✲

,❡'♥❛❧ ♠❡❛♥" ♦❢ ❝♦''❡❝,✐♦♥" ✭❧✐❦❡ ❣❧❛""❡" ♦' ❝♦♥,❛❝, ❧❡♥"❡"✮✳ ❙✐♠✐❧❛'❧②✱ ❛♥ ✐♥✈❡",♦'

❦♥♦✇" ,❤❛, ,❤❡ ✐♥❢♦'♠❛,✐♦♥ ❤❡ '❡❝❡✐✈❡" ✐" ❜✐❛"❡❞ ✭❜② ❤✐♠ ♦' ♦,❤❡'"✮ ❛♥❞ ❤❡ ❝❛♥ ❛♣♣❧②

❛ '❛,✐♦♥❛❧ ♣'♦❝❡"" ❢♦' ❝♦''❡❝,✐♥❣ ,❤❡"❡ ❜✐❛"❡" ❜❡❢♦'❡ ✉"✐♥❣ ,❤❡ ❞❛,❛ ❢♦' ,❤✐" ♣♦',❢♦❧✐♦

❞❡❝✐"✐♦♥"✳ ❆♥ ♦♣,✐♠✐",✐❝ ✐♥✈❡",♦' ,❤❛, ❡①♣❡❝," ,❤❡ ❣'♦✇,❤ ♦❢ ❛ ❝♦♠♣❛♥② ❢♦' ♥❡①,

②❡❛' ,♦ ❜❡ ✷✵✪ ❝❛♥ ❝♦''❡❝, ❤✐" ❡①♣❡❝,❛,✐♦♥" ✭♣'♦✈✐❞❡❞ ❤❡ ❦♥♦✇" ❤❡ ✐" ❛♥ ♦♣,✐♠✐",✮

,♦ ❛ ♠♦'❡ ✬✉♥❜✐❛"❡❞✬ ✶✼✪✱ ✶✻✪ ✭♦' ❧♦✇❡'✮✳



✹✳✸✳ ❚♦♣♦❧♦❣② ♦❢ ✜♥❛♥❝✐❛❧ ♠❛0❦❡3 4✐♠✉❧❛3♦04 ✼✶

✹✳✸✳✻ ❘✐&❦ ❛♥❞ +✐♠❡ ♣/❡❢❡/❡♥❝❡&

❲❤❡♥ ♠♦❞❡❧✐♥❣ ❛♥ ✐♥✈❡,-♦. ✇✐-❤ ❛ ,✐♠✉❧❛-❡❞ ❛❣❡♥- ✇❡ ♠❛❦❡ ❛,,✉♠♣-✐♦♥, ❛❜♦✉-

❤♦✇ ✐♥✈❡,-♦., ❝.❡❛-❡ -❤❡✐. ♣♦.-❢♦❧✐♦,✿ ❤♦✇ ♠✉❝❤ ❝❛,❤ ❞♦ -❤❡② ❤♦❧❞ ❛♥❞ ❤♦✇ ♠✉❝❤ ❞♦

-❤❡② ✐♥✈❡,- ✐♥ -❤❡ .✐,❦② ❛,,❡-✳ ❆♥ ❛❣❡♥- ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❛, ❛♥ ♦♣-✐♠✐③❡. ♦❢ ♠❡❛♥✲

✈❛.✐❛♥❝❡✱ ♦❢ ❡①♣❡❝-❡❞ ✉-✐❧✐-② ♠❛①✐♠✐③✐♥❣ ♦. ♥♦♥❡ ♦❢ -❤❡ -✇♦✳ ❚❤❡ .✐,❦ ❛--✐-✉❞❡ ♦❢

✐♥✈❡,-♦., ✐, ♥♦- ,✐♠♣❧❡ -♦ ♠♦❞❡❧ ❛♥❞ ♦♥❡ ,❤♦✉❧❞ ❞❡,❝.✐❜❡ ♠♦.❡ -❤❛♥ ♦♥❡ ❝❤❛.❛❝-❡.✐,-✐❝

.✐,❦ ❛--✐-✉❞❡, -♦ ,✉♣♣♦.- -❤❡ ❤❡-❡.♦❣❡♥❡✐-② ❛,,✉♠♣-✐♦♥ ♦❢ ♦✉. ♠❡-❤♦❞♦❧♦❣②✳ ❘✐,❦

❛✈❡.,✐♦♥ ✐, ,❤♦✇♥✱ ✐♥ ✭❇.❛♥❞♦✉② ❡- ❛❧✳✱ ✷✵✶✷❜✮✱ -♦ ❜❡ ❛♥ ✐♠♣♦.-❛♥- ❢❛❝-♦. ✐♥ -❤❡

♣❡.❢♦.♠❛♥❝❡ ♦❢ ✐♥✈❡,-♦.✬, ,-.❛-❡❣②✳

■♥ .❡❣❛.❞, -♦ ♣♦.-❢♦❧✐♦ ❤♦.✐③♦♥,✱ ✐♥✈❡,-♦., ❝❛♥ ❜❡ ❤❡-❡.♦❣❡♥♦✉, ❢.♦♠ ♠②♦♣✐❝

✭❧♦♦❦✐♥❣ -♦ H✉✐❝❦❧② ❡①✐- ♣♦,✐-✐♦♥,✮ ♦. ❛.❡ .❡❛❞② -♦ ❤♦❧❞ ♣♦,✐-✐♦♥, ❢♦. ❛ ❧♦♥❣❡.✲-❡.♠✳

▼♦❞❡❧✐♥❣ ✐♥✈❡,-♦. -✐♠❡ ♣.❡❢❡.❡♥❝❡, ✐, ✐♠♣♦.-❛♥-✱ ❛, ❡①♣❧❛✐♥❡❞ ✐♥ ✭▲❡❇❛.♦♥✱ ✷✵✵✶✮✱

❛♥❞ ❛❧❧ ❝❤♦✐❝❡, ,❤♦✉❧❞ ❜❡ ❝❧❡❛.❧② ❥✉,-✐✜❡❞✳ ❆ ❣♦♦❞ ❝❤♦✐❝❡ ✐, -♦ ♣❡.♠✐- ❛ ♠✐① ♦❢

♣.❡❢❡.❡♥❝❡,✱ ,❤♦.- ❛♥❞ ❧♦♥❣ ❤♦.✐③♦♥ ❢♦. ✐♥✈❡,-♠❡♥-✱ ❛♥❞ ♦❜,❡.✈❡ -❤❡✐. ❝♦✲❡✈♦❧✉-✐♦♥✳

❘❡❢❡..✐♥❣ -♦ .✐,❦ ♠❡❛,✉.❡, ♠♦,- ❛❣❡♥-✲❜❛,❡❞ ,✐♠✉❧❛-♦., ❞♦♥✬- ❢♦❝✉, ♦♥ .✐,❦ ❛♥❞

✉,❡ ❛ ❝❧❛,,✐❝ ❢♦.♠ ♦❢ ✈♦❧❛-✐❧✐-② ♠❡❛,✉.❡✳ ❆ ♥❡✇❧② ♣✉❜❧✐,❤❡❞ ♠♦❞❡❧✱ ✐♥ ✭❚❤✉.♥❡.

❡- ❛❧✳✱ ✷✵✶✷✮ ❢♦❝✉,❡, ♦♥ ❛♥♦-❤❡. ❛,♣❡❝- ♦❢ .✐,❦✿ ,②,-❡♠✐❝ .✐,❦✳ ❚❤❡ ❛✉-❤♦., ♠♦❞❡❧

❛♥ ❡♥-✐.❡ ✬,-②❧✐③❡❞✬ ❡❝♦♥♦♠② ❝♦♥,✐,-✐♥❣ ♦❢ ✐♥❢♦.♠❡❞ ✐♥✈❡,-♦., ✭❡✳❣✳ ❤❡❞❣❡ ❢✉♥❞,✮✱

✉♥✐♥❢♦.♠❡❞ ✐♥✈❡,-♦., ❛♥❞ ❜❛♥❦, -❤❛- ♣.♦✈✐❞❡ ❝.❡❞✐-,✳ ❚❤❡ ,✐♠✉❧❛-❡❞ ❛❣❡♥-, ,❡♥❞

❞❡♠❛♥❞ ♦.❞❡., -❤❛- ❛.❡ ❢✉♥❝-✐♦♥, ♦❢ -❤❡ ❢✉-✉.❡ ♣.✐❝❡ ✭-❤❡ ❤✐❣❤❡. -❤❡ ♣.✐❝❡ -❤❡ ❧♦✇❡.

-❤❡ ❞❡♠❛♥❞✮✳ ❲❤✐❧❡ -❤❡ ♠♦❞❡❧ ✐, ✐♥-❡.❡,-✐♥❣✱ ✐♥ .❡❢❡.❡♥❝❡ -♦ ✐-, ♣✉.♣♦,❡✱ -❤❡.❡ ❛.❡

,♦♠❡ ❢❡❛-✉.❡, -❤❛- ♠❛❦❡ ✐- ✉♥.❡❛❧✐,-✐❝ ✭❡✳❣✳ -❤❡ ❞❡♠❛♥❞ ♦❢ -❤❡ ✉♥✐♥❢♦.♠❡❞ ✐♥✈❡,-♦.,

✐, ❛ ✇❡❛❦✲♠❡❛♥ .❡✈❡.-✐♥❣ ❢✉♥❝-✐♦♥ ♦❢ -❤❡ ❢✉♥❞❛♠❡♥-❛❧ ✈❛❧✉❡✮✳ ❆, ✇❡ ❞✐,❝✉,,❡❞ ✐♥

❝❤❛♣-❡. ✱ ❛ ♠♦❞❡❧ ,❤♦✉❧❞ ♥♦- ❤❛✈❡ ❛, ✐♥♣✉- -❤❡ ♣.♦♣.✐❡-✐❡, -❤❛- ✇❡ ❞❡,✐.❡ ✐♥ -❤❡

♦✉-♣✉-✳ ■♥ -❤✐, ❝❛,❡✱ -❤❡ ♣.✐❝❡ ✐, ❢♦.❝❡❞ ❜② ❞❡,✐❣♥ -♦ .❡✈❡.- -♦ ❢✉♥❞❛♠❡♥-❛❧ ✈❛❧✉❡,✳

❚❤❡ ❛✉-❤♦., ❞.❛✇ ✐♥-❡.❡,-✐♥❣ ❝♦♥❝❧✉,✐♦♥, ❛❜♦✉- ❤♦✇ -❤❡ .❡❧❛-✐♦♥, ❜❡-✇❡❡♥ ❧❡✈❡.❛❣❡✱

❜❛♥❦ ♣.❡❝❛✉-✐♦♥ .❡❣✉❧❛-✐♦♥, ❛♥❞ ,②,-❡♠✐❝ .✐,❦✳ ❲❤❛- ✇❡ ,❤♦✉❧❞ .❡-❛✐♥ ✐, -❤❡ ✐❞❡❛

-❤❛- ✧,②,-❡♠✐❝ .✐,❦✧ ♠❛② ❜❡ .❡❧❡✈❛♥- ✐♥ ♣.✐❝✐♥❣ ❛♥❞ ❝❛♥ ❜❡ -❛❦❡♥ ✐♥-♦ ❛❝❝♦✉♥- ❜②

✐♥❞✐✈✐❞✉❛❧ ✐♥✈❡,-♦.,✳ ❚❤✉,✱ ❛ ♠♦.❡ ❝♦♠♣.❡❤❡♥,✐✈❡ ♠❛.❦❡- ♠♦❞❡❧ ,❤♦✉❧❞ -❛❦❡ -❤❡

,②,-❡♠✐❝ .✐,❦ ❢❛❝-♦. ✐♥-♦ ❝♦♥,✐❞❡.❛-✐♦♥✳

✹✳✸✳✼ ❆❣❡♥+ ❧❡❛/♥✐♥❣

❚❤❡ ❛❣❡♥- ❧❡❛.♥✐♥❣ .❡✢❡❝-, -❤❡ ❧❡❛.♥✐♥❣ ❜❡❤❛✈✐♦. ♦❢ .❡❛❧ ✐♥✈❡,-♦.,✳ ❙❡✈❡.❛❧ ♠❡-❤♦❞,

❢♦. ❧❡❛.♥✐♥❣ ❤❛✈❡ ❜❡❡♥ .❡,❡❛.❝❤❡❞ ❛♥❞ ❛❝❦♥♦✇❧❡❞❣❡❞ ❛, ❝♦..❡❝-✳ ❇❡❢♦.❡ ❡①♣❧❛✐♥✐♥❣

,♦♠❡ ♦❢ -❤❡,❡ ♠❡-❤♦❞, ✇❡ ✇❛♥- -♦ ♣♦✐♥- ♦✉- -❤❛- ❛❧❧ ♠❛.❦❡-, ♣♦,,❡,, ❛ ❧❛-❡♥- ❢♦.♠

♦❢ ❧❡❛.♥✐♥❣✿ ❡✈♦❧✉-✐♦♥❛.② ❧❡❛.♥✐♥❣ ✭❛❧,♦ ❝❛❧❧❡❞ ♣❛,,✐✈❡ ❧❡❛.♥✐♥❣✮✳ ❇② ❡✈♦❧✉-✐♦♥❛.②

❧❡❛.♥✐♥❣ ✇❡ ❡①♣.❡,, -❤❡ ❢❛❝- -❤❛- ❛ ,②,-❡♠ ❜❡❝♦♠❡, ❜❡--❡. ❛❞❛♣-❡❞ -♦ ✐-, ❡♥✈✐.♦♥✲

♠❡♥-✱ ♣.♦✈✐❞❡❞ -❤❛- ❧❡,, ♣❡.❢♦.♠✐♥❣ ❛❝-✐♦♥, ❡✈❡♥-✉❛❧❧② ❞✐,❛♣♣❡❛. ❢.♦♠ -❤❡ ,②,-❡♠✳

❖♥ ❛ ♠✐❝.♦ ❧❡✈❡❧✱ ❛♥ ❛❣❡♥- ✐, ✐♥✢✉❡♥❝❡❞ ❜② -❤❡ ,②,-❡♠✬, ❡✈♦❧✉-✐♦♥❛.② ❧❡❛.♥✐♥❣ ✐❢ ❤❡

✇✐❧❧ ❜❡ ❡①❝❧✉❞❡❞ ❢.♦♠ -❤❡ ,②,-❡♠ ❜❡❝❛✉,❡ ♦❢ ♦-❤❡. ,✉♣❡.✐♦. ❝♦♠♣❡-✐♥❣ ❛❣❡♥-,✳ ■♥



✼✷ ❈❤❛♣&❡( ✹✳ ❆❣❡♥& ❜❛/❡❞ ❛(&✐✜❝✐❛❧ /&♦❝❦ ♠❛(❦❡&/

 ❤❡ ❝❛%❡ ♦❢ ✜♥❛♥❝✐❛❧ ♠❛-❦❡ %✱  ❤❡ ♣❡-❢♦-♠❛♥❝❡ ♠❡❛%✉-❡ ✐%  ❤❡ -❡ ✉-♥ -❛ ❡✳ ❚❤✉%✱

❛❣❡♥ %  ❤❛ ❤❛✈❡ ✐♥❢❡-✐♦- % -❛ ❡❣✐❡% ✇✐❧❧✱ ✐♥  ❤❡ ❧♦♥❣ -✉♥✱ ❧♦%❡ ❛❧❧  ❤❡✐- ✇❡❛❧ ❤ ✭♣-♦✲

✈✐❞❡❞  ❤❡ ❣❛♠❡% ✐♥ ③❡-♦✲%✉♠ ♦-  ❤❡-❡ ❛-❡ ♣❡-✐♦❞% ✇✐ ❤ ❡❝♦♥♦♠✐❝ ❞♦✇♥ ✉-♥%✮ ❛♥❞

✇✐❧❧ ❡✈❡♥ ✉❛❧❧② ❜❡ ❡❧✐♠✐♥❛ ❡❞ ❢-♦♠  ❤❡ ♠❛-❦❡ ✳ ❲❡ %❛②  ❤❛ ❛ ✜♥❛♥❝✐❛❧ ♠❛-❦❡ ❤❛% ❛

❢♦-♠ ♦❢ ❡✈♦❧✉ ✐♦♥❛-② ❧❡❛-♥✐♥❣ ❜❡❝❛✉%❡ ✐ ❡❧✐♠✐♥❛ ❡% ✉♥❞❡-♣❡-❢♦-♠✐♥❣ ✐♥✈❡% ♦-%✳ ❚❤❡

♥❡❝❡%%❛-② ❝♦♥❞✐ ✐♦♥% ❢♦-  ❤✐% ❡✈♦❧✉ ✐♦♥❛-② ❧❡❛-♥✐♥❣ ❛-❡✿

• ❚❤❡ %②% ❡♠ ✐% -❡❧❛ ✐✈❡❧② ❝❧♦%❡❞✿ ♥♦ ♠❛♥② ♥❡✇✱ ❛♥❞ ❧❡%% ✬❛❞❛♣ ❡❞✬ ✐♥✈❡% ♦-%✱

❡♥ ❡- -❡❣✉❧❛-❧②  ❤❡ ♠❛-❦❡ ✳ ❚❤❡%❡ ♥❡✇✲❝♦♠❡-% ❜❡❝♦♠❡ ❛ ♣-❛② ❢♦-  ❤❡ ♠♦-❡

✬❛❞❛♣ ❡❞✬ ✐♥✈❡% ♦-%✳

• ❚-❛❞✐♥❣ ✐% ❢-❡A✉❡♥ ✳ ▲♦✇ ✈♦❧✉♠❡% ❞♦♥✬ ♣❡-♠✐ ❡①❝❤❛♥❣❡% ♦❢ ✇❡❛❧ ❤ ❢-♦♠ ❧❡%%

 ♦ ❜❡  ❡- ♣❡-❢♦-♠✐♥❣ % -❛ ❡❣✐❡%✱ ❛ ❧❡❛% ♥♦ ♦♥ ❞❡❝❡♥  ✐♠❡ %❝❛❧❡%✳

■♥  ❤❡ ❧♦♥❣  ❡-♠✱ ✐❢ ❡✈♦❧✉ ✐♦♥ ✇♦-❦% ❛% ❡①♣❡❝ ❡❞✱ ❛ ♠❛-❦❡ ✇✐❧❧ -❡❛❝❤ ❛ ♣♦✐♥ 

✇❤❡-❡ ❛❧❧  ❤❡ ❛❣❡♥ % ✇✐❧❧ ❤❛✈❡  ❤❡ %❛♠❡ ✇❡❧❧ ♣❡-❢♦-♠✐♥❣ % -❛ ❡❣✐❡% ❛♥❞ ❛❧❧  -❛❞❡%

✇✐❧❧ ❝❡❛%❡ ✭%✐♥❝❡ ♥♦ ❛❣❡♥ ✇✐❧❧ ❜❡ ✇✐❧❧✐♥❣  ♦ ❜✉② ❤✐❣❤ ✴ %❡❧❧ ❧♦✇✮✳ ❚❤✐% ❝♦♥%❡A✉❡♥❝❡

✐% ❛❝ ✉❛❧❧② ✐♠♣❧✐❡❞ ❜②  ❤❡ ❡✣❝✐❡♥ ♠❛-❦❡  ❤❡♦-②✳ ❚❤✐% ♣❛%%✐✈❡ ♠❡ ❤♦❞ ♦❢ ❧❡❛-♥✐♥❣

❞♦❡%♥✬ -❡A✉✐-❡ ✐♥✈❡% ♦-%  ♦ ❛❝ ✐✈❡❧② ❛❞❛♣  ♦  ❤❡ ♠❛-❦❡ ❜❡❝❛✉%❡ ♦♥❧②  ❤❡ ♣-❡✈❛✐❧✐♥❣

% -❛ ❡❣✐❡% ✇✐❧❧ ♣❡-%✐% ✐♥  ✐♠❡✳

❚❤❡ ♦ ❤❡-  ②♣❡ ♦❢ ❧❡❛-♥✐♥❣ -❡A✉✐-❡% ✈♦❧✉♥ ❛-② ❛❝ ✐♦♥ ❢-♦♠ ❛❣❡♥ %✳ ❚❤✐%  ②♣❡

♦❢ ❧❡❛-♥✐♥❣ ✐% ❝❛❧❧❡❞ ❛❝ ✐✈❡ ❧❡❛-♥✐♥❣ ❜❡❝❛✉%❡ ✐ -❡A✉✐-❡% ❛❣❡♥ %  ♦ ❛❝ ✐✈❡❧② ✐♠♣-♦✈❡

 ❤❡✐- % -❛ ❡❣✐❡% ❢♦- ✐♥✈❡% ✐♥❣✳ ■♥  ❤❡ ❝❛%❡ ♦❢ ❛ %✐♠✉❧❛ ❡❞ ✜♥❛♥❝✐❛❧ ♠❛-❦❡  ❤❡-❡ ❛-❡

%❡✈❡-❛❧ A✉❡% ✐♦♥% ❛ -❡%❡❛-❝❤❡- %❤♦✉❧❞ ❛♥%✇❡- ✐♥ ♦-❞❡-  ♦ ❡A✉✐♣ ❤✐% ❛❣❡♥ % ✇✐ ❤  ❤❡

❝❛♣❛❝✐ ② ❢♦- ❛❝ ✐✈❡ ❧❡❛-♥✐♥❣✳ ❚❤❡ ✜-% A✉❡% ✐♦♥ %❤♦✉❧❞ ❜❡ ❛❜♦✉  ❤❡ ♥❛ ✉-❡ ♦❢  ❤❡

♦❜❥❡❝ ✐✈❡ ❢✉♥❝ ✐♦♥ ❢♦-  ❤❡ ❛❣❡♥ %✳ ❙❤♦✉❧❞  ❤❡② ♠❡❛%✉-❡ ✉ ✐❧✐ ② ♦❢ ✇❡❛❧ ❤✱ ✈❛❧✉❡ ♦❢

✇❡❛❧ ❤ ❛❝❝♦-❞✐♥❣  ♦ ♣-♦%♣❡❝  ❤❡♦-② ♦-  ❤❡✐- ✇❡❛❧ ❤ -❡❧❛ ✐✈❡  ♦ ♠❡❛♥ ✇❡❛❧ ❤ ♦❢  ❤❡

♣♦♣✉❧❛ ✐♦♥❄ ❙❤♦✉❧❞ ✐♥✈❡% ♦-% ♠❡❛%✉-❡ ♣❡-✐♦❞ -❡ ✉-♥% -❡❧❛ ✐✈❡  ♦ ♠❛-❦❡ -❡ ✉-♥% ✭♦-

♥♦♥✲-✐%❦② -❡ ✉-♥%✮ ♦- %❤♦✉❧❞  ❤❡② ❥✉% ❝♦♥%✐❞❡-  ❤❡✐- ❛❜%♦❧✉ ❡ -❡ ✉-♥%❄ ❊❛❝❤ ♦❢  ❤❡%❡

♦❜❥❡❝ ✐✈❡ ❢✉♥❝ ✐♦♥% ✐♠♣❧✐❡% ❛♥❞ ♣-♦❞✉❝❡% ❞✐✛❡-❡♥ ❞②♥❛♠✐❝% ✐♥  ❤❡ ♠❛-❦❡ %✳ ❚❤✐%

❝❤♦✐❝❡ ✐%  ❤❡-❡❢♦-❡ ❤✐❣❤❧② -❡❧❡✈❛♥ ❛♥❞ ✐♠♣♦- ❛♥ ❢♦-  ❤❡ ❝♦♥% -✉❝ ✐♦♥ ♦❢ ❛ ♠❛-❦❡ 

♠♦❞❡❧✳

❖♥❝❡  ❤❡ ✐♥✈❡% ♦- ♦❜❥❡❝ ✐✈❡ ❢✉♥❝ ✐♦♥ ✐% %❡ ✇❡ ❧♦♦❦ ❛ ❤♦✇ ❛❣❡♥ % ❛❝ ✉❛❧❧② ❧❡❛-♥✳

❚❤❡-❡ ❛-❡ ❜❛%✐❝❛❧❧②  ✇♦ ❢♦-♠% ♦❢ ❛❝ ✐✈❡ ❧❡❛-♥✐♥❣✿ ✐♥♥♦✈❛ ✐♦♥ ❛♥❞ ✐♠✐ ❛ ✐♦♥✳ ❋✐-% ❧②✱

✐♠✐ ❛ ✐♦♥ ✐♠♣❧✐❡%  ❤❛ ❛♥ ❛❣❡♥ ✇✐❧❧ ♦❜%❡-✈❡ ❛♥❞ ✐♠✐ ❛ ❡  ❤❡ % -❛ ❡❣✐❡% ♦❢ ❜❡  ❡- ♣❡-✲

❢♦-♠✐♥❣ ❛❣❡♥ %✳ ❯♥❞❡-♣❡-❢♦-♠✐♥❣ % -❛ ❡❣✐❡% ✇✐❧❧ ❜❡ ❞✐%❝❛-❞❡❞ ♠✉❝❤ ❢❛% ❡- ❛♥❞ ❡✈♦✲

❧✉ ✐♦♥ ✇✐❧❧  ❛❦❡ ✐ % ❝♦✉-%❡✳ ❙❡❝♦♥❞❧②✱ ✐♥♥♦✈❛ ✐♦♥ ✐♠♣❧✐❡%  ❤❛ ❛❣❡♥ % ✇✐❧❧ ❝❤❛♥❣❡  ❤❡

♣❛-❛♠❡ ❡-% ♦❢  ❤❡✐- % -❛ ❡❣✐❡% ✭✐♥❢♦-♠❛ ✐♦♥ ❜✐❛% ♣❛-❛♠❡ ❡-✱ -✐%❦ ❜✐❛%✱ -✐%❦ ❛✈❡-%✐♦♥✱

 -✐❣❣❡- ❧❡✈❡❧ ❢♦- %❡❧❧✐♥❣✴❜✉②✐♥❣✱ ❢-❡A✉❡♥❝② ♦❢  -❛❞✐♥❣✱ ❡ ❝✳✮✳ ❚❤✐% ♣-♦❝❡%% ✐♥✈♦❧✈❡%

❡✈❡♥ ❢❛% ❡- ❧❡❛-♥✐♥❣ ❛♥❞ ❛❞❛♣ ❛ ✐♦♥ ♦❢ ❝♦♠♣❡ ✐♥❣ % -❛ ❡❣✐❡%✳ ❲❤❡♥ ❛❧❧ ✭♦- ♠♦% ✮

❛❣❡♥ % ❤❛✈❡  ❤✐% ❧❡❛-♥✐♥❣ ❛❜✐❧✐ ②  ❤❡ %✐♠✉❧❛ ❡❞ ✜♥❛♥❝✐❛❧ ♠❛-❦❡ ❜❡❝♦♠❡% ❛♥ ❡❝♦%②%✲

 ❡♠ ♦❢ ❢❛% ❡✈♦❧✈✐♥❣ ❛♥❞ ❝♦♠♣❡ ✐♥❣ % -❛ ❡❣✐❡%✳ ❘❡❛❧ ✐♥✈❡% ♦-% ❡①❤✐❜✐ ❜♦ ❤ ❢♦-♠% ♦❢

❛❝ ✐✈❡ ❧❡❛-♥✐♥❣✳ ❚❤❡ ❝♦♠❜✐♥❛ ✐♦♥ ♦❢  ❤❡%❡  ✇♦  ②♣❡% ♣-♦❞✉❝❡% ✐♥ ❡-❡% ✐♥❣ ❞②♥❛♠✐❝%

✐♥ ❛ %✐♠✉❧❛ ❡❞ ✜♥❛♥❝✐❛❧ ♠❛-❦❡ ✳



✹✳✸✳ ❚♦♣♦❧♦❣② ♦❢ ✜♥❛♥❝✐❛❧ ♠❛0❦❡3 4✐♠✉❧❛3♦04 ✼✸

✹✳✸✳✽ ❆❣❡♥( )(*❛(❡❣② ❜✐❛)

▼❛"❦❡%& ❛"❡ ❞"✐✈❡♥ ❜② ✐♥❢♦"♠❛%✐♦♥ ❛♥❞ ❡①%"❡♠❡ ✐♥❢♦"♠❛%✐♦♥ ❝❛♥ ♣"♦❞✉❝❡ ❡①%"❡♠❡

❡✛❡❝%& ✐♥ ✜♥❛♥❝✐❛❧ ♠❛"❦❡%&✳ ❚❤❡ ❤✉♠❛♥ ❜"❛✐♥ ❤❛& ❛ ♣❛"%✱ ❝❛❧❧❡❞ ❜"❛✐♥ &%❡♠✱ ✇❤✐❝❤

✐& ❝♦♥&✐❞❡"❡❞ ❛ ♣"✐♠✐%✐✈❡ ❜"❛✐♥✳ ❚❤❡ ❜"❛✐♥ &%❡♠ ❝❛♥ ✐♥❤✐❜✐% %❤❡ ❝♦"%❡① ✭%❤❡ ❜✐❣ "❛%✐♦✲

♥❛❧ ❜"❛✐♥✮ ❛♥❞ %❛❦❡ ❧✐❣❤%♥✐♥❣ ❢❛&% ❞❡❝✐&✐♦♥& ❛♥❞ &❡♥❞ ❝♦♠♠❛♥❞& %♦ %❤❡ ❧♦❝♦♠♦%♦"②

&②&%❡♠ ✭❧✐❦❡ ❥✉♠♣✐♥❣ ♦✉% ♦❢ %❤❡ ✇❛② ♦❢ ❛ ❝❛" ♦" ❛✈♦✐❞✐♥❣ ❛ ✢②✐♥❣ ♦❜❥❡❝%✮✳ ❚❤❡&❡ "❡✲

❛❝%✐♦♥& ❛"❡ %"✐❣❣❡"❡❞ ❜② ❡①%"❡♠❡ ❡♠♦%✐♦♥& ✇❤✐❝❤ ❛"❡ ✐♥ %✉"♥ ❝❛✉&❡❞ ❜② %❤❡ ❞❡%❡❝%✐♦♥

♦❢ ❛♥ ✐♠♣❡♥❞✐♥❣ ❣"❛✈❡ ❞❛♥❣❡"✳

❊①%"❡♠❡ ✐♥❢♦"♠❛%✐♦♥ %❤❛% ❛""✐✈❡& ✐♥ ✜♥❛♥❝✐❛❧ ♠❛"❦❡%& ❝❛♥✱ ❛♥❞ ♦❢%❡♥ ❞♦❡&✱ ❝❛✉&❡

❡""❛%✐❝ ❜❡❤❛✈✐♦" ✐♥ %❤❡ ♠❛"❦❡%✳ ❊①%"❡♠❡ ♠❛"❦❡% ♠♦✈❡♠❡♥%&✱ ✐♥ %❤❡ ❢♦"♠ ♦❢ ♠♦"❡

%❤❛♥ 3 ∗ σ ❞❡✈✐❛%✐♦♥ ❢"♦♠ ❤✐&%♦"✐❝ "❡%✉"♥& ❛"❡ &❡❡♥ ♠♦"❡ ♦❢%❡♥ %❤❛♥ ✇❡ ❡①♣❡❝% ❢"♦♠

%❤❡ ♣"❡❞✐❝%✐♦♥& ♦❢ ❝❧❛&&✐❝❛❧ ✜♥❛♥❝✐❛❧ %❤❡♦"② ✭&❡❡ ❧❡♣%♦❦✉"%✐❝ "❡%✉"♥&✱ ❝❤❛♣%❡" ✸✳✻✮✳

❚❤❡ "❡❛&♦♥ ❢♦" %❤❡&❡ ♠❛"❦❡% ♦✉%❝♦♠❡& ✐& "♦♦%❡❞ ✐♥ %❤❡ ✧♥♦% ❝♦♠♣❧❡%❡❧②✧ "❛%✐♦♥❛❧

❛♥❞ "❡♣❡❛%❛❜❧❡ ❜❡❤❛✈✐♦" ♦❢ ✐♥✈❡&%♦"&✳

❚❤❡"❡❢♦"❡ ✇❡ ♣"♦♣♦&❡ %❤❛% ❛❣❡♥%&✱ ✐♥ &✐♠✉❧❛%❡❞ ✜♥❛♥❝✐❛❧ ♠❛"❦❡%&✱ &❤♦✉❧❞ ♣♦&&❡&&

&♦♠❡ ❢♦"♠ ♦❢ %"✐❣❣❡" ❢♦" "❛&❤ ❛♥❞ ❢❛&% "❡❛❝%✐♦♥&✳ ❚❤❡&❡ "❡❛❝%✐♦♥& ❛"❡ ❝❛✉&❡❞ ❜② ❡①✲

♦❣❡♥♦✉& ❢❛❝%♦"&✿ ❧❛❝❦ ♦❢ ✐♥❢♦"♠❛%✐♦♥✱ ❡①%"❡♠❡ ✐♥❢♦"♠❛%✐♦♥✱ "✉♠♦"& ♦" ❜② ❡♥❞♦❣❡♥♦✉&

❢❛❝%♦"&✿ ❧♦&& ❛✈❡"&✐♦♥ ❧❡✈❡❧✱ ❤✐❣❤ ❝♦♠♣✉❧&♦"② ❝♦♥&✉♠♣%✐♦♥✱ ❡♥❞ ♦❢ ✐♥✈❡&%♠❡♥% ♣❡"✐♦❞✳

▼♦&% ♠♦❞❡❧& ❛&&✉♠❡ %❤❛% ✐❢ ✐♥✈❡&%♦"& ❛"❡ ❜✐❛&❡❞ ♦" ♥♦% ❝♦♠♣❧❡%❡❧②  ❛"✐♦♥❛❧ %❤❡② ✇✐❧❧

❜❡❤❛✈❡ ❧✐❦❡ %❤✐& ✐♥ ❛ ❝♦♥&✐&%❡♥% ❛♥❞ ♣"❡❞✐❝%❛❜❧❡ ♠❛♥♥❡"✳ ❙✉❝❤ ❡①%"❡♠❡ ❜❡❤❛✈✐♦"

❝❛♥ ❜❡%%❡" ❝❛♣%✉"❡ %❤❡ ✉♥♣"❡❞✐❝%❛❜❧❡ ❛♥❞ ✐♥❞❡%❡"♠✐♥✐&% ❜❡❤❛✈✐♦" ♦❢ ✐♥✈❡&%♦"&✳ ❖❢

❝♦✉"&❡✱ ✐❢ %❤✐& ❜❡❤❛✈✐♦" ✐& ✉♥❞❡"♣❡"❢♦"♠✐♥❣ ✐% ✇✐❧❧ ❜❡ ❡❧✐♠✐♥❛%❡❞ %❤"♦✉❣❤ ❡✈♦❧✉%✐♦♥✳

❚❤❡"❡❢♦"❡ ✐% ✐& ❞✐✣❝✉❧% %♦ ❛"❣✉❡ %❤❛% ✐♥%"♦❞✉❝✐♥❣ &✉❝❤ ❛♥ ❡①%"❡♠❡ ❜❡❤❛✈✐♦" ❢❡❛%✉"❡

❝❛♥ ❞✐&%✉"❜ ♠❛"❦❡% ❡✣❝✐❡♥❝② ❢♦" ❛ &✉✣❝✐❡♥%❧② ❧♦♥❣ ♣❡"✐♦❞ ♦❢ %✐♠❡✳

✹✳✸✳✾ 0*✐❝❡ ❢♦*♠❛(✐♦♥

❚❤❡ ♣"✐❝❡ ❢♦"♠❛%✐♦♥ ♠❡❝❤❛♥✐&♠ ✐& ♦♥❡ ♦❢ %❤❡ ♣"✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥%& ♦❢ ❛ &✐♠✉❧❛%❡❞

✜♥❛♥❝✐❛❧ ♠❛"❦❡%✳ ❘❡❛❧ ♠❛"❦❡%& ✉&❡ ♦"❞❡" ❜♦♦❦& %❤❛% ♠❛%❝❤ ❝♦""❡&♣♦♥❞✐♥❣ %"❛♥&❛❝✲

%✐♦♥& ❛♥❞ ♦✛❡" ✐♥❢♦"♠❛%✐♦♥ ❛❜♦✉% ♣"✐❝❡ ❞✐&%"✐❜✉%✐♦♥ ❞✉"✐♥❣ ❛ %✐♠❡ ♣❡"✐♦❞✳ ❙✐♠✉❧❛%❡❞

♠❛"❦❡%& ✉&❡ ❛ ✈❛"✐❡%② ♦❢ ♠❡❝❤❛♥✐&♠& %❤❛% ❝❛♥ &✐♠♣❧✐❢② %❤❡ ✉&❛❣❡ ❛♥❞ %"❛❝%❛❜✐❧✐%②
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&❤❡ ❛♥❛❧②③❡❞ ❞❛&❛ ✐# ❝♦♥✜❞❡♥&✐❛❧ ♦% &❤❡ ♠❡&❤♦❞♦❧♦❣② ✉#❡❞ ✐# ❤✐❣❤❧② ❝♦♠♣❧✐❝❛&❡❞✳

✸✳ ✧❇❡❝❛✉%❡ %✐♠✉❧❛)✐♦♥% ❛,❡ ♥✉♠❡,✐❝❛❧ ✇❡ ❝❛♥♥♦) ✉%❡ )❤❡♠ )♦ ❡①),❛❝)

❣❡♥❡,❛❧ )❤❡♦,✐❡%✳✧

❚❤❡ ♣✉%♣♦#❡ ♦❢ ❛❣❡♥& #✐♠✉❧❛&♦% ✐# ❝❧♦#❡% &♦ &❡#&✐♥❣ &❤❡♦%✐❡# %❛&❤❡% &❤❛♥ ❝♦♥✲

#&%✉❝&✐♥❣ ♥❡✇ ♦♥❡#✳ ■♥ ✜♥❛♥❝❡✱ ❛♥ ❛❣❡♥& ❜❛#❡❞ #✐♠✉❧❛&♦% ❝❛♥ ❜❡ ✉#❡❞ &♦ #❡❡ ✐❢✱ ✐♥

&❤❡ ❧♦♥❣ &❡%♠✱ &❤❡ #✉%✈✐✈♦%# ❢%♦♠ ❛ ♠✐① ♦❢ ✐♥✈❡#&♦%# ❛%❡ ♦♥❧② &❤❡ ♦♥❡# &❤❛& %❡#♣❡❝&

&❤❡ ❛##✉♠♣&✐♦♥# ✐♠♣❧✐❡❞ ❜② ❛ ❝❡%&❛✐♥ &❤❡♦%② ✭❡✳❣✳ ❈❆I▼ &❤❡♦%②✮✳ ❆# ❛%❣✉❡❞ ✐♥

❝❤❛♣&❡% ✱ ♦✉% ♠❡&❤♦❞♦❧♦❣② ♦✛❡%# &❤❡ ♠❡❛♥# &♦ &❡#& &❤❡ ❛&&❛✐♥❛❜✐❧✐&② ♦❢ &❤❡ &❤❡♦%❡&✲

✐❝❛❧ ✈❛❧✐❞ ✬♠❛%❦❡& ❡✣❝✐❡♥❝②✬ #&❛&❡✳ ❚❤❡%❡❢♦%❡✱ %❛&❤❡% &❤❛♥ ❡①&%❛❝&✐♥❣ ♥❡✇ &❤❡♦%✐❡#

✇❡ ♣%♦✈✐❞❡ ❜❡&&❡% ✇❛② &♦ &❡#& ❡①✐#&✐♥❣ &❤❡♦%✐❡#✳

✹✳ ✬❚❤❡ ,❡%✉❧)% ❛,❡ ♠❡,❡❧② ❝❤❛♥❝❡ ❛♥❞ ,❡♣,❡%❡♥) ❛❞✲❤♦❝ ❡✛❡❝)%✧✳

■& ✐# ♣♦##✐❜❧❡ &❤❛& ❛ ❝❡%&❛✐♥ %❡#✉❧& ❝❛♥ ❜❡ ❣❡♥❡%❛&❡❞ ❢%♦♠ ❛ ✈❡%② #♣❡❝✐✜❝ ✭❛♥❞

♠❛②❜❡ ✉♥%❡❛❧✐#&✐❝✮ ✐♥✐&✐❛❧ ✇♦%❧❞ #❡&&✐♥❣✳ ❚♦ ❝♦✉♥&❡% &❤✐# ♣%♦❜❧❡♠ %♦❜✉#&♥❡## &❡#&#

❛%❡ ❡♠♣❧♦②❡❞✳ ❇② ✈❛%②✐♥❣ ✐♥♣✉& ♣❛%❛♠❡&❡%# ✭❡✳❣✳ ❛❣❡♥& ❜❡❤❛✈✐♦% ♠✐①✱ ♥✉♠❜❡% ♦❢

✐♥✈❡#&♦%#✱ &✐♠❡ ❢%❛♠❡✮ ✇❡ ❝❛♥ #❡❡ ✐❢ &❤❡ ♦❜#❡%✈❡❞ %❡#✉❧& ♣❡%#✐#&# ♦% ♥♦&✳ ▼♦%❡♦✈❡%✱

&❡#&# ❝❛♥ ❜❡ %❡♣❡❛&❡❞ ❛♥❞ ❝♦♥✜❞❡♥❝❡ ✐♥&❡%✈❛❧# ❝❛♥ ❜❡ ♠❡❛#✉%❡❞ ❢♦% ❡✈❡%② ♦✉&♣✉&

✈❛%✐❛❜❧❡✳

✺✳ ✧❆❣❡♥) ❜❛%❡❞ ♠♦❞❡❧% ❛,❡ ♥♦) ♠❛)❤❡♠❛)✐❝❛❧ ❡<✉❛)✐♦♥% ❢♦, ✇❤✐❝❤ )❤❡,❡

❛,❡ ♥✉♠❡,♦✉% ,✐❣♦,♦✉% ♠❡)❤♦❞% ❢♦, )❡%)✐♥❣✧

❆ ❝♦♠♣✉&❡% ♣%♦❣%❛♠ ✐# ♣❡%❢❡❝&❧② ❡N✉✐✈❛❧❡♥& ✇✐&❤ ❛ ♠❛&❤❡♠❛&✐❝❛❧ ❢✉♥❝&✐♦♥✳
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✼✻ ❈❤❛♣&❡( ✹✳ ❆❣❡♥& ❜❛/❡❞ ❛(&✐✜❝✐❛❧ /&♦❝❦ ♠❛(❦❡&/

❆❝❦♥♦✇❧❡❞❣✐♥❣ ♣♦✐♥, ✺✱ ✇❡ /❛② ,❤❛, ❛♥ ❛❣❡♥,✬/ ❛❝,✐♦♥ ✐/ /✐♠✐❧❛5 ,♦ ,❤❡ ❛♣♣❧✐❝❛,✐♦♥

♦❢ ❛ ♠❛,❤❡♠❛,✐❝❛❧ ❢✉♥❝,✐♦♥ ♦♥ ❛ /❡, ♦❢ /,❛,❡/ ✭,❤❡ ❛❣❡♥, ❛♥❞ ,❤❡ ❡♥✈✐5♦♥♠❡♥, /,❛,❡/✮✳

❚❤✉/ ❛♥ ❛❣❡♥,✬/ ❛❝,✐♦♥/ ❛♥❞ ❛❧❧ ,❤❡ /✐♠✉❧❛,♦5✬/ 5❡/✉❧,/ ❛5❡ ❞❡❞✉❝,✐♦♥/✳ ▼♦5❡♦✈❡5✱

,❤❡ ,5❛♥/❢♦5♠❛,✐♦♥ ♦❢ ✐♥♣✉, ❞❛,❛ ✭❡❝♦♥♦♠✐❝ ✐♥❢♦5♠❛,✐♦♥✮ ✐♥,♦ ♦✉,♣✉, ✭♠❛5❦❡, ♣5✐❝❡/✮

❞❛,❡ ✐/ /,5✐❝,❧② ❞❡❞✉❝,✐❜❧❡ ❛♥❞ 5❡♣5♦❞✉❝✐❜❧❡✳ ❲❡ ❝❛♥ 5❡5✉♥ ,❤❡ /❛♠❡ /✐♠✉❧❛,✐♦♥ ✇✐,❤

,❤❡ /❛♠❡ ✐♥♣✉, ♣❛5❛♠❡,❡5/ ❛♥❞ ♦❜,❛✐♥ ,❤❡ /❛♠❡ 5❡/✉❧,/ ❡❛❝❤ ,✐♠❡✳

✹✳✹✳✶ ❊$✉✐✈❛❧❡♥❝❡ ❜❡.✇❡❡♥ ❛♥ ❛❣❡♥.✲❜❛2❡❞ ❛4.✐✜❝✐❛❧ ♠❛4❦❡. ❛♥❞ ❛

♠❛.❤❡♠❛.✐❝❛❧ ❛♥❛❧②.✐❝❛❧ ♠♦❞❡❧✳

■♥/✐❞❡ ❛ ❝♦♠♣✉,❡5 ♠❛5❦❡, /✐♠✉❧❛,✐♦♥✱ ❛❣❡♥, ❜❡❤❛✈✐♦5/ ❢♦❧❧♦✇ /✐♠♣❧❡ 5✉❧❡/ ,❤❛, ❞❡❞✉❝❡

❛♥ ❛❝,✐♦♥ ✭♦5❞❡5✮ ❢5♦♠ ❛ /❡, ♦❢ ❡♥✈✐5♦♥♠❡♥, /,❛,❡/ ✭✐♥❢♦5♠❛,✐♦♥✱ /,❛,❡/ ♦❢ ♦,❤❡5

❛❣❡♥,/✱ ♠❛5❦❡, ♣5✐❝❡/✮✳ ❙✉❝❤ ❜❡❤❛✈✐♦5 ✐/ ❡♥❝♦❞❡❞ ✐♥/✐❞❡ ❛ ❝♦♠♣✉,❡5 ♣5♦❣5❛♠ ✉/✐♥❣

❝♦♠♣✉,❡5 ❧❛♥❣✉❛❣❡✳ ❆/ ♣5♦✈❡❞ ❜② ❆❧❛♥ ❚✉5✐♥❣ ✭/❡❡ ✭❘✳❊✱ ✶✾✾✺✮✮ ❢♦5 ❡✈❡5② ❝♦♠♣✉,❡5

♣5♦❣5❛♠ ✐, ❡①✐/, ❛♥ ✐/♦♠♦5♣❤✐/♠ ✇✐,❤ ❛ ♠❛,❤❡♠❛,✐❝❛❧ ❛♥❛❧②,✐❝❛❧ ❢✉♥❝,✐♦♥✳ ❇✉✐❧❞✐♥❣

♦♥ ,❤✐/ ❢❛❝, ✇❡ /❤♦✇ ❤♦✇✱ ❛, ❛♥ ❛❜/,5❛❝, ❧❡✈❡❧✱ ❛♥ ❡♥,✐5❡ ❛❣❡♥, ❜❛/❡❞ /✐♠✉❧❛,♦5 ✐/

❡H✉✐✈❛❧❡♥, ,♦ ❛ ♠❛,❤❡♠❛,✐❝❛❧ ♠♦❞❡❧✳ ▲✐❦❡ ♠❛♥② ♦,❤❡5/ /②/,❡♠/✱ ❡✳❣✳ ✇❡❛,❤❡5 /②/,❡♠✱

/✉❝❤ ❛ ♠❛,❤❡♠❛,✐❝❛❧ ♠♦❞❡❧ ❝❛♥♥♦, ❜❡ ❛❧✇❛②/ ,5❛❝,❛❜❧❡ ❛♥❞ ✐, ✐/ ♦❢,❡♥ ❡/,✐♠❛,❡❞ ✇✐,❤

❝♦♠♣✉,❡5 ❛♣♣5♦①✐♠❛,✐♦♥/✳

▲❡, f ❜❡ ,❤❡ ❢✉♥❝,✐♦♥ ,❤❛, ❞❡✜♥❡/ ,❤❡ ❜❡❤❛✈✐♦5/ ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❛❣❡♥, i ❛/ i✿

fi : A ∗M 7→ Order ✭✹✳✻✮

A 5❡♣5❡/❡♥,/ ,❤❡ /❡, ♦❢ ❛❧❧ ,❤❡ ♣♦//✐❜❧❡ /,❛,❡/ ♦❢ ❛❣❡♥,/ ✭♣♦5,❢♦❧✐♦/✱ ♦❜❥❡❝,✐✈❡/✱

5✐/❦ ✈✐❡✇ ❛♥❞ ♦,❤❡5 ❜❡❤❛✈✐♦5❛❧ ❝♦♥/✐❞❡5❛,✐♦♥/✮✳ M 5❡♣5❡/❡♥,/ ,❤❡ /,❛,❡/ ♦❢ ,❤❡

♦❜/❡5✈❡❞ ♠❛5❦❡, ❛/ ✇❡❧❧ ❛/ ✐♥❢♦5♠❛,✐♦♥ ❛❜♦✉, ♥❡①, /,❛,❡/ ✭❤✐/,♦5✐❝ ♣5✐❝❡/✱ ✈♦❧✉♠❡/✱

✐♥❢♦5♠❛,✐♦♥✱ ❛♥❛❧②/✐/✱ ❡,❝✮✳

❚❤❡ ♠❛5❦❡, ❡✈♦❧✈❡/ ❢5♦♠ ♦♥❡ /,❛,❡ ,♦ ❛♥♦,❤❡5 ❛♥❞ ,❤✐/ ❡✈♦❧✉,✐♦♥ ✐/ ♠♦❞❡❧❡❞ ❜②

❛ ❢✉♥❝,✐♦♥ m ❞❡✜♥❡❞ ❛/✿

m : M ∗Ordern 7→ M ✭✹✳✼✮

✇❤❡5❡ Order 5❡♣5❡/❡♥,/ ,❤❡ ❝♦♠♣❧❡,❡ /❡, ♦❢ ♣♦//✐❜❧❡ ♦5❞❡5/ ,❤❛, ❛5❡ /❡♥, ,♦

❛ ♠❛5❦❡, ❛♥❞ n 5❡♣5❡/❡♥,/ ,❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡5 ♦❢ ♦5❞❡5/ ❛ ♠❛5❦❡, ❝❛♥ ♣5♦❝❡//

❜❡,✇❡❡♥ ,✇♦ /,❛,❡/✳ ❙✉❝❤ ❛ ❢✉♥❝,✐♦♥ ❡①✐/,/ /✐♥❝❡ ,❤❡ ♣5♦❝❡// ♦❢ ♣5✐❝❡ ❞✐/❝♦✈❡5② ✐/

❞❡,❡5♠✐♥✐/,✐❝ ❛♥❞ ✐, ❞❡♣❡♥❞/ ♦♥❧② ♦♥ ,❤❡ 5❡❝❡✐✈❡❞ ♦5❞❡5/ ❛♥❞ ,❤❡ ❧❛/, ♠❛5❦❡, /,❛,❡✳

❆❢,❡5 ❛ ❝❤❛♥❣❡ ✐♥ ,❤❡ ♠❛5❦❡, /,❛,❡/ ,❤❡ ❛❣❡♥,/✬ /,❛,❡/ ❝❤❛♥❣❡ ✭,❤❡✐5 ✇❡❛❧,❤ ❡✈♦❧✈❡/✮✳

❚❤✐/ ❝❤❛♥❣❡ ✐/ ♠♦❞❡❧❡❞ ✉/✐♥❣ ❛ ❢✉♥❝,✐♦♥ ❣ ✇✐,❤ ♣❛5❛♠❡,❡5/ ,❤❛, ❞❡♣❡♥❞ ♦♥ ❡❛❝❤

✐♥❞✐✈✐❞✉❛❧ ❛❣❡♥, ✐✿

gi : A ∗Order ∗M 7→ A ✭✹✳✽✮
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❡3✉❛*✐♦♥- ❧✐❦❡

A0
1..n − ❛❣❡♥* ✐♥✐*✐❛❧ -*❛*❡-

M0 −♠❛#❦❡* ✐♥✐*✐❛❧ -*❛*❡

M t = m(M t−1, fi(A
t−1
i ,M t−1))

At
i = gi(A

t−1
i ,M t)
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-✐♠✉❧❛*✐♦♥ ❛❧❧♦✇- ✉- *♦ ❝♦♠♣✉*❡ *❤❡ -❡#✐❡- M t
✭♠❛#❦❡* ♣#♦♣#✐❡*✐❡-✿ ❛✉*♦❝♦##❡❧❛*✐♦♥✱

✈♦❧✉♠❡-✱ ♣#✐❝❡-✮ ❛♥❞ At
✭✐♥✈❡-*♦# ♣#♦♣#✐❡*✐❡-✿ ❝❛-❤✱ -*♦❝❦-✱ #✐-❦ ❛✈❡#-✐♦♥✱ ✐♥✈❡-*♠❡♥*

❤♦#✐③♦♥✱ ❡*❝✮ ❛♥❞ ♦❜-❡#✈❡ *❤❡✐# -*❛*✐-*✐❝❛❧ ♣#♦♣#✐❡*✐❡- ❛♥❞ ✜♥❛♥❝✐❛❧ ♠❡❛♥✐♥❣✳
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.❛♥❝❡✬ ✭✐♥ ♣/✐❝❡ .❡/♠)✮ ❜❡.✇❡❡♥ .❤❡ ❢✉♥❞❛♠❡♥.❛❧ ✈❛❧✉❡ ♦❢ .❤❡ ❛))❡. ❛. .❤❡ ❡♥❞ ♦❢ ❛

./❛❞✐♥❣ ♣❡/✐♦❞ ❛♥❞ .❤❡ ♠❛/❦❡. ♣/✐❝❡ ❛. .❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ .❤❡ ♣❡/✐♦❞✿

It = Vt+1 − Pt ✭✺✳✷✮
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❙✐♥❝❡ ✐♥✈❡&'♦)& ')②✱ ❛' ❧❡❛&' ✐♥ '❤❡♦)②✱ '♦ ❡&'✐♠❛'❡ '❤❡ ✬)❡❛❧✬ ✈❛❧✉❡ ♦❢ ❛ &'♦❝❦ ✇❡ ❝❛♥

&❛② '❤❛' Pt )❡♣)❡&❡♥'& '❤❡ ♠❛)❦❡'✬& ❡&'✐♠❛'❡ ♦❢ '❤❡ ❛&&❡'✬& ❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡ ❛' '✐♠❡

'✳ ❲❡ ❝❛♥ )❡✇)✐'❡ ❢♦)♠✉❧❛ ✺✳✷ ❛&✿

It = Vt+1 − Em,t(Vt) ✭✺✳✸✮

✇❤❡)❡ Em,t &'❛♥❞& ❢♦) '❤❡ ♠❛)❦❡'✬& ✭♠✮ ❡①♣❡❝'❡❞ ✈❛❧✉❡✱ ❛' '✐♠❡ '✱ ♦❢ '❤❡ ❢✉♥✲

❞❛♠❡♥'❛❧ ✈❛❧✉❡ ♦❢ '❤❡ ❛&&❡' ❛' '✐♠❡ '✳ ▲♦♦❦✐♥❣ ❛' ✺✳✷ ✇❡ &❛② '❤❛' '❤❡ ✐♥❢♦)♠❛'✐♦♥

❛✈❛✐❧❛❜❧❡ )❡❢❡)& '♦ '❤❡ ❛♠♦✉♥' ♦❢ ❝❤❛♥❣❡ ♦❢ '❤❡ ❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡ ❢)♦♠ '✐♠❡ ' '♦

'✰✶✳ ■♥ ♦'❤❡) ✇♦)❞&✱ '❤✐& ✐♥❢♦)♠❛'✐♦♥ )❡❢❡)& '♦ ❤♦✇ ♠✉❝❤ '❤❡ )❡❛❧ ❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡

❤❛& ❡✈♦❧✈❡❞ ✐♥ )❡❧❛'✐♦♥ '♦ '❤❡ ♠❛)❦❡'✬& ❧❛'❡&' ❡&'✐♠❛'✐♦♥ ♦❢ '❤❡ ❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡✳

■♥ )❡❛❧ ♠❛)❦❡'&✱ ✺✳✹ ❧♦♦❦& ♠♦)❡ ❧✐❦❡

It = Ea,t(Vt+1)− Em,t(Vt) ✭✺✳✹✮

✇❤❡)❡ Ea,t )❡♣)❡&❡♥'& '❤❡ ❜❡&' ❝♦♠❜✐♥❡❞ ❡&'✐♠❛'❡& ♦❢ ❛♥❛❧②&'&✱ ❡❝♦♥♦♠✐&'&✱ ❡'❝✳ ♦❢

'❤❡ ❝♦♠♣❛♥②✬& ✈❛❧✉❡✳ ■♥ )❡❛❧ ✜♥❛♥❝✐❛❧ ♠❛)❦❡'& ✇❡ ❤❛✈❡ ♦♥❧② ❡&'✐♠❛'❡& ♦❢ ❢✉♥❞❛♠❡♥'❛❧

✈❛❧✉❡& '❤❛' ❛)❡ ❡✐'❤❡) ♠❛)❦❡'✲❜❛&❡❞ ✭'❤)♦✉❣❤ ♣)✐❝❡✮ ♦) ♥♦♥✲♠❛)❦❡'✲❜❛&❡❞ ✭❛♥❛❧②&'✱

)❡&❡❛)❝❤ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧ ♦♣✐♥✐♦♥&✮✳ ❇❡❝❛✉&❡ &✉❝❤ ❢✉♥❞❛♠❡♥'❛❧ ✐♥❢♦)♠❛'✐♦♥ ✐& ♥♦'

✈❡)② ✉&❡❢✉❧ ✐♥ ✐'&❡❧❢ ✇❡ ❤❛✈❡ ❝❤♦&❡♥ '♦ ♠♦❞❡❧ '❤❡ ✐♥❢♦)♠❛'✐♦♥ &')❡❛♠ )❡❝❡✐✈❡❞ ❜②

✐♥✈❡&'♦)& ❛& ❛ &❡)✐❡& ♦❢ ♥❡❣❛'✐✈❡ ❛♥❞ ♣♦&✐'✐✈❡& &✐❣♥❛❧& )❡❧❛'❡❞ '♦ '❤❡ ♠❛)❦❡' ♣)✐❝❡✳

Period 0

M=Vo

Period t

Vt

Vt+1

❋✐❣✉)❡ ✺✳✷✿ ❚)❛❞✐♥❣ ♣❡)✐♦❞& ❛♥❞ ✐♥❢♦)♠❛'✐♦♥ ✢♦✇&

❆' '❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❛ ')❛❞✐♥❣ ♣❡)✐♦❞ ' '❤❡ ❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡ ♦❢ '❤❡ ❛&&❡' ♠♦✈❡&

✐♥&'❛♥'❧② ❢)♦♠ '❤❡ ✈❛❧✉❡ ♦❢ Vt '♦ Vt+1✳ ❆❣❡♥'& ❝❛♥ ♦❜&❡)✈❡ '❤❡ ❧❛'❡&' ♠❛)❦❡' ♣)✐❝❡ Pt



✺✳✷✳ ■♥❢♦'♠❛*✐♦♥ ❛♥❞ ❢✉♥❞❛♠❡♥*❛❧ ✈❛❧✉❡ ✽✸

❛♥❞ ❛❧$♦ &❤❡ ♥❡✇ ✐♥❢♦,♠❛&✐♦♥ It &❤❛& &❡❧❧$ &❤❡♠ ❤♦✇ ❝❧♦$❡✴❢❛, ✐$ &❤✐$ ❧❛&❡$& ♠❛,❦❡&

❡$&✐♠❛&✐♦♥ ✭2t✮ ❢,♦♠ &❤❡ ♥❡✇ ❢✉♥❞❛♠❡♥&❛❧ ✈❛❧✉❡ ♦❢ &❤❡ ❛$$❡& Vt+1✳ ❉✉,✐♥❣ &❤✐$

&,❛❞✐♥❣ ♣❡,✐♦❞ &✱ ❛♥ ❛❣❡♥& x ✇✐❧❧ ✐♥&❡,♣,❡& ✭&❤,♦✉❣❤ &❤❡✐, ♦✇♥ ♣❡,$♦♥❛❧ ❜❡❧✐❡❢$✮ &❤❡

❡❝♦♥♦♠✐❝ ✐♥❢♦,♠❛&✐♦♥ ✭It,x✮ ❛♥❞ ✉$❡ ❤✐$ ✐♥❞✐✈✐❞✉❛❧ ✐♥✈❡$&♠❡♥& $&,❛&❡❣✐❡$ &♦ $❡♥❞

♦,❞❡,$ &♦ &❤❡ ♠❛,❦❡&✳ ❆& &❤❡ ❡♥❞ ♦❢ &❤❡ ♣❡,✐♦❞✱ &❤❡ ♥❡✇ ♠❛,❦❡& ♣,✐❝❡✱ Pt+1✱ $❤♦✉❧❞

✐♥ &❤❡♦,② ❜❡ ❡>✉❛❧ ✭♦, ✈❡,② ❝❧♦$❡✮ &♦ &❤❡ ♥❡✇ ❛$$❡&✬$ ❢✉♥❞❛♠❡♥&❛❧ ✈❛❧✉❡ Vt+1✳ ■&

✐$ ✐♠♣♦,&❛♥& &♦ ✉♥❞❡,❧✐♥❡ &❤❛& ❛& &❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ♣❡,✐♦❞ &✱ &❤❡ ❢✉♥❞❛♠❡♥&❛❧ ✈❛❧✉❡

♦❢ &❤❡ ❛$$❡& ✐♥$&❛♥&❧② ❝❤❛♥❣❡$ ❢,♦♠ Vt &♦ Vt+1✳ ❖♥❧② ❛❢&❡, &❤✐$ ❝❤❛♥❣❡ ♦❝❝✉,$ &❤❡

✐♥✈❡$&♦,$ ,❡❝❡✐✈❡ &❤❡ ♥❡✇ ✐♥❢♦,♠❛&✐♦♥ $&,❡❛♠ It✳ ❚❤❡,❡❢♦,❡✱ ❞✉,✐♥❣ &,❛❞✐♥❣ ♣❡,✐♦❞  

&❤❡ ♠❛,❦❡& ✇✐❧❧ &,② &♦ ❡$&✐♠❛&❡ &❤❡ ♥❡✇ ❛$$❡&✬$ ✈❛❧✉❡✱ Vt+1✳

▲♦♦❦✐♥❣ ❛& &❤❡ $&,✉❝&✉,❡ ♦❢ &❤❡ ✐♥❢♦,♠❛&✐♦♥ $✐❣♥❛❧✱ ✐& ✐$ ❡❛$② &♦ $❡❡ &❤❛& ❛♥

✐♥✈❡$&♦, ❝❛♥ $✐♠♣❧② ❛❞❞ &❤❡ $✐❣♥❛❧ It &♦ &❤❡ ❧❛$& ❦♥♦✇♥ ♠❛,❦❡& ♣,✐❝❡ Pt ❛♥❞ ♦❜&❛✐♥ &❤❡

♥❡✇ ❢✉♥❞❛♠❡♥&❛❧ ✈❛❧✉❡ Vt+1✳ ❲❤✐❧❡ &❤✐$ ✐$ &,✉❡✱ ,❡$❡❛,❝❤ ✐♥ ♣$②❝❤♦❧♦❣② ❤❛$ $❤♦✇❡❞

&❤❛& ❤✉♠❛♥$ ❝❛♥ ❤❛✈❡ ✈❡,② ❞✐✛❡,❡♥& ♣❡,❝❡♣&✐♦♥$ ♦❢ &❤❡ $❛♠❡ ♦❜❥❡❝&$✳ ❚❤❡,❡❢♦,❡✱ &❤❡

$❛♠❡ ✐♥❢♦,♠❛&✐♦♥ $&,❡❛♠ It ❝❛♥ ❜❡ ♣❡#❝❡✐✈❡❞ ✭♦, ✐♥&❡,♣,❡&❡❞✮ ❞✐✛❡,❡♥&❧② ❜② ❞✐✛❡,❡♥&

❛❣❡♥&$✳ ❲❡ ,❡❢❡, &♦ ❛♥ ✐♥❢♦,♠❛&✐♦♥ It < 0✱ ,❡♣,❡$❡♥&✐♥❣ ❛ ❞❡❝,❡❛$❡ ✐♥ ❢✉♥❞❛♠❡♥&❛❧

✈❛❧✉❡✱ ❛$ ✬❜❛❞ ♥❡✇$✬ ❛♥❞ $✐♠✐❧❛,❧② ❛♥ ✐♥❢♦,♠❛&✐♦♥ It > 0✱ $❤♦✇✐♥❣ ❛♥ ✐♥❝,❡❛$❡ ✐♥

❢✉♥❞❛♠❡♥&❛❧ ✈❛❧✉❡ ,❡❧❛&✐✈❡ &♦ &❤❡ ❧❛$& ♠❛,❦❡& ♣,✐❝❡✱ ✇✐❧❧ ❜❡ ,❡❢❡,,❡❞ ❛$ ✬❣♦♦❞ ♥❡✇$✬✳

❚♦ ✉♥❞❡,$&❛♥❞ ❜❡&&❡, &❤❡ ✐♥❢♦,♠❛&✐♦♥ $&,❡❛♠ &❤❛& ❛❣❡♥&$ ,❡❝❡✐✈❡ ✇❡ $❤♦✇ ✐♥

❋✐❣✉,❡ ✺✳✸ &❤❡ ❝♦✲❡✈♦❧✉&✐♦♥ ♦❢ ❛ ❢✉♥❞❛♠❡♥&❛❧ ✈❛❧✉❡ ❛♥❞ &❤❡ ♠❛,❦❡& ♣,✐❝❡ ✐♥ ❛ ♠❛,❦❡&

$✐♠✉❧❛&✐♦♥✳ ❲❡ $❡❡ &❤❛& &❤❡ ♠❛,❦❡& $&❛,&$ ❛& &❤❡ $❛♠❡ ❧❡✈❡❧ ✇✐&❤ &❤❡ ❢✉♥❞❛♠❡♥&❛❧

✈❛❧✉❡ ❛♥❞ ❛❢&❡,✇❛,❞$ ❢♦❧❧♦✇$ &❤❡ ❡❝♦♥♦♠✐❝ ✈❛❧✉❡ ♠♦,❡ ♦, ❧❡$$ ❝❧♦$❡❧②✳
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❋✐❣✉$❡ ✺✳✸✿ ❋✉♥❞❛♠❡♥.❛❧ ✈❛❧✉❡ ❛♥❞ ♠❛$❦❡. ♣$✐❝❡ ❢♦$ ❛♥ ❛66❡. ❛♥❞ .❤❡ ♣❡$❢❡❝. ✐♥❢♦$✲

♠❛.✐♦♥ 6.$❡❛♠

❖✉$ ❝❤♦✐❝❡ ♦❢ ❛66❡. ✐♥❢♦$♠❛.✐♦♥ ❡♥❛❜❧❡6 ✐♥✈❡6.♦$6 .♦ ❢♦❝✉6 ♦♥❧② ♦♥ .❤❡ ❢✉♥❞❛♠❡♥✲

.❛❧ ✈❛❧✉❡ ♦❢ .❤❡ ❛66❡.✳ ❖❢ ❝♦✉$6❡✱ ❧✐❦❡ ✐♥ ❛♥② ♠♦❞❡❧✱ .❤✐6 ✐6 ❛ 6✐♠♣❧✐✜❝❛.✐♦♥ ✇❤✐❝❤

✐6 $❛$❡❧② ❢♦✉♥❞ ✐♥ $❡❛❧ ♠❛$❦❡.6 ✇❤❡$❡ ❛66❡.6 ❛♥❞ ❛66❡. ❝❧❛66❡6 ❛$❡ ✐♥.❡$❧✐♥❦❡❞ ❛♥❞

.❤❡✐$ ♣$✐❝✐♥❣ ❞❡♣❡♥❞6 ♦♥ ♠✉❝❤ ♠♦$❡ .❤❛♥ .❤❡✐$ ❢✉♥❞❛♠❡♥.❛❧ ✈❛❧✉❡✳ ❚❤❡$❡❢♦$❡ ✇❡

6✉♣♣♦6❡ .❤❛. .❤❡ ♠❛✐♥ ✐♥❢♦$♠❛.✐♦♥ 6.$❡❛♠ ❛✈❛✐❧❛❜❧❡✱ .❤❡ .$❛❞❡❞ ❛66❡.✬6 ❢✉♥❞❛♠❡♥.❛❧

✈❛❧✉❡✱ ❡♥❝❛♣6✉❧❛.❡6 ♥♦.❡ ♦♥❧② ❛66❡.✲6♣❡❝✐✜❝ ✐♥❢♦$♠❛.✐♦♥ ❜✉. ❛❧6♦ ♠❛❝$♦✲❡♥✈✐$♦♥♠❡♥.

✐♥❢♦$♠❛.✐♦♥✳

❚❤❡ ✉♥❞❡&❧②✐♥❣ ♦❜❥❡❝/✐✈❡ ♦❢ ♦✉& 2/✉❞② ✐2 ❢♦❝✉2❡❞ ♦♥ /❤❡ ✇❛②2 ✐♥ ✇❤✐❝❤ ✐♥❢♦&♠❛✲

/✐♦♥✱ ✇❤✐❝❤ ❞❡2❝&✐❜❡2 /❤❡ ✈❛❧✉❡ ♦❢ ❛♥ ❛22❡/✱ ✐2 ❝♦♥✈❡&/❡❞ ❛♥❞ /&❛♥2❢♦&♠❡❞✱ /❤&♦✉❣❤

/❤❡ ✐♥✈❡2/♠❡♥/ ❞❡❝✐2✐♦♥2 ♦❢ ❜✐❛2❡❞ ❛❣❡♥/2✱ ✐♥/♦ ❛ ♠❛&❦❡/ ♣&✐❝❡✳

✺✳✸ ❖$❞❡$' ❛♥❞ *❤❡ ♣$✐❝❡ ❢♦$♠❛*✐♦♥ ♠❡❝❤❛♥✐'♠

✺✳✸✳✶ ❖%❞❡%(

❉✉$✐♥❣ ❛ .$❛❞✐♥❣ ♣❡$✐♦❞✱ ❛❣❡♥.6 ✉6❡ ❡❝♦♥♦♠✐❝ ✐♥❢♦$♠❛.✐♦♥ ❛♥❞ 6❡♥❞ ❧✐♠✐. ♦$ ♠❛$❦❡.

♦$❞❡$6 .♦ .❤❡ 6.♦❝❦ ♠❛$❦❡.✳ ❚❤❡6❡ ♦$❞❡$6 ❛$❡ 6.♦$❡❞ ✐♥ ❛ ❧✐♠✐.✲♦$❞❡$ ❜♦♦❦ ✉♥.✐❧ .❤❡

❡♥❞ ♦❢ .❤❡ ♣❡$✐♦❞✳ ❆. .❤❡ ❡♥❞ ♦❢ ❛ .$❛❞✐♥❣ ♣❡$✐♦❞✱ .❤❡ ❧✐♠✐.✲♦$❞❡$ ❜♦♦❦ ✐6 ❝❧♦6❡❞ ❛♥❞

.❤❡ ♣$✐❝❡ ❞✐6❝♦✈❡$② ♣$♦❝❡66 ❜❡❣✐♥6✳ ❆6 ♣♦✐♥.❡❞ ♦✉. ❜② ❇❧❛❦❡ ▲❡❇❛$♦♥ ✐♥ ✭❚❡6❢❛.6✐♦♥✱

✷✵✵✻❛✮.❤❡ ❧✐♠✐.✲♦$❞❡$ ❜♦♦❦ ♣$♦✈✐❞❡6 .❤❡ ♠♦6. $❡❛❧✐6.✐❝ ♠❡.❤♦❞ ❢♦$ ♣$✐❝❡ ❢♦$♠❛.✐♦♥✳



✺✳✸✳ ❖$❞❡$' ❛♥❞ *❤❡ ♣$✐❝❡ ❢♦$♠❛*✐♦♥ ♠❡❝❤❛♥✐'♠ ✽✺

❲❡ ✜#$% ♣#❡$❡♥% %❤❡ $%#✉❝%✉#❡ ♦❢ ❛♥ ♦#❞❡# ❛♥❞ %❤❡♥ $❤♦✇ ❤♦✇ %❤❡ ♥❡✇ ♣#✐❝❡ ✐$

❞✐$❝♦✈❡#❡❞ ❢#♦♠ ❛ ❧✐♠✐%✲♦#❞❡# ❜♦♦❦✳

❆❢%❡# #❡❝❡✐✈✐♥❣ ❛♥❞ ❛♥❛❧②$✐♥❣ ♥❡✇ ✐♥❢♦#♠❛%✐♦♥✱ ❛❣❡♥%$ $❡♥❞ ♦#❞❡#$ %♦ %❤❡ ✜♥❛♥❝✐❛❧

♠❛#❦❡%✳ ❆♥ ✐♥✈❡$%♠❡♥% ♦#❞❡# ❤❛$ ❢♦✉# ♣❛#❛♠❡%❡#$ ❧✐❦❡ ✐♥ %❤❡ %❛❜❧❡ ❜❡❧♦✇✿

❚❤❡ ✜#$% ♣❛#❛♠❡%❡#✱ ❆❣❡♥* ■❉✱ #❡♣#❡$❡♥%$ ❛♥ ✐❞❡♥%✐✜❡# %❤❛% ✉♥✐>✉❡❧② ❞❡$❝#✐❜❡$

❡❛❝❤ ❛❣❡♥%✳ ❯$✐♥❣ %❤✐$ ✐♥❢♦#♠❛%✐♦♥✱ %❤❡ ♠❛#❦❡% ❝❛♥ #❡$♦❧✈❡ ♠❛%❝❤✐♥❣ ♦#❞❡#$ ❛♥❞

♠❛❦❡$ %❤❡ ❝♦##❡❝% %#❛♥$❢❡#$ ♦❢ ❝❛$❤ ❛♥❞ ❛$$❡%$ ❜❡%✇❡❡♥ %❤❡ ❝♦✉♥%❡#♣❛#%$ ♦❢ ❛ %#❛♥$✲

❛❝%✐♦♥✳ ❚❤❡ $❡❝♦♥❞ ♣❛#❛♠❡%❡#✱ ❉✐$❡❝*✐♦♥✱ $✐❣♥❛❧$ ✇❤❡%❤❡# ❛❣❡♥% ✇❛♥%$ %♦ ❜✉② ♦#

$❡❧❧ ❛$$❡%$✳ ❚❤✐$ ♣❛#❛♠❡%❡# ✐$ ❛❧$♦ #❡❧❡✈❛♥% ❢♦# %❤❡ ✐♥%❡#♣#❡%❛%✐♦♥ ♦❢ %❤❡ %❤✐#❞ ✭❛♥❞

❢♦✉#%❤ ♣❛#❛♠❡%❡#✮ %❤❛% ❤❛$ ❞✐✛❡#❡♥% ♠❡❛♥✐♥❣$ ❞❡♣❡♥❞✐♥❣ ♦♥ %❤❡ ❞✐#❡❝%✐♦♥ ♦❢ %❤❡

♦#❞❡#✳ ❚❤❡ %❤✐#❞ ♣❛#❛♠❡%❡#✱ ◆✉♠❜❡$ ♦❢ ❛''❡*'✱ ✐♥❞✐❝❛%❡$ %❤❡ ♠❛①✐♠✉♠ ❞❡$✐#❡❞

♥✉♠❜❡# ♦❢ ❛$$❡%$ %❤❡ ❛❣❡♥% ✭✐❞❡♥%✐✜❡❞ ❜② ❆❣❡♥% ■❉✮ ✐$ ✇✐❧❧✐♥❣ %♦ ❜✉② ♦# $❡❧❧✳ ❚❤✐$

✐♠♣❧✐❡$ %❤❛% %❤❡ ❛❣❡♥% ✐♥✈♦❧✈❡❞ ✐♥ %❤❡ %#❛♥$❛❝%✐♦♥ ❝❛♥ ❤❛✈❡ ❤✐$ ♦#❞❡# ❡①❡❝✉%❡❞ ✇✐%❤

%❤❡ ❡①❝❤❛♥❣❡ ♦❢ ❛% ♠♦$% %❤✐$ ♥✉♠❜❡# ♦❢ ❛$$❡%$ ♦# ♦❢ ❛ $♠❛❧❧❡# ♥✉♠❜❡# ♦❢ ❛$$❡%$✳ ❋♦#

❡①❛♠♣❧❡✱ %❤❡ ❛❣❡♥% ✇✐%❤ %❤❡ ■❉ ✸✱ $❡❡ ✱ ✇❛♥%$ %♦ ❜✉② ✶✵ ❛$$❡%$✳ ❚❤✐$ ♦#❞❡# ❝❛♥ ❜❡

❡①❡❝✉%❡❞ ✇✐%❤ %❤❡ ❛❣❡♥% #❡❝❡✐✈✐♥❣ ✶✱ ✷✱ ✸ ✉♣ %♦ ✶✵ ❛$$❡%$✳

❚❤❡ ❢♦✉#%❤ ❛♥❞ ❧❛$% ♣❛#❛♠❡%❡#✱ ▼❛①✴▼✐♥ ❛♠♦✉♥*✱ ✐♥❞✐❝❛%❡$ %❤❡ ♠❛①✐✲

♠✉♠✴♠✐♥✐♠✉♠ ♣#✐❝❡ ❛% ✇❤✐❝❤ %❤❡ ❛❣❡♥% ✐$ ✇✐❧❧✐♥❣ %♦ ❜✉②✴$❡❧❧ ❛$$❡%$✳ ▲♦♦❦✐♥❣ ❛%

%❤❡ ♦#❞❡# ❧✐$%❡❞ ✐♥ ✇❡ $❡❡ %❤❛% %❤❡ ❛❣❡♥% ✇✐%❤ ■❉ ✺ ✐$ ✇✐❧❧✐♥❣ %♦ $❡❧❧ ✶✺ ❛$$❡%$ ❢#♦♠

❤✐$ ♣♦#%❢♦❧✐♦ ❛% ❛ ♠✐♥✐♠✉♠ ♣#✐❝❡ ♦❢ ✽ ❢♦# ❡❛❝❤ ❛$$❡%✳ ■❢ %❤❡ ♦#❞❡# ✐$ ❡①❡❝✉%❡❞✱ %❤❡

❛❣❡♥% ✐$ ❣✉❛#❛♥%❡❡❞ ❛ ♣#✐❝❡ ♦❢ ❛% ❧❡❛$% ✽ ❢♦# ❡❛❝❤ ❛$$❡% $♦❧❞✳

■♥ #❡❛❧ ♠❛#❦❡%$✱ ✐♥✈❡$%♦#$ ❤❛✈❡ ♥♦✇ ♥✉♠❡#♦✉$ ♣♦$$✐❜✐❧✐%✐❡$ %♦ ❝✉$%♦♠✐③❡ %❤❡✐#

♦#❞❡#$ ❧✐❦❡✿

✶✳ ❚$✐❣❣❡$ ♦$❞❡$' ✲ ❛% ❛ ❝❡#%❛✐♥ ♣#✐❝❡ ❛ ♥❡✇ ♦#❞❡# ✐$ ❝#❡❛%❡❞ %♦ ❜✉②✴$❡❧❧ ❛$$❡%$

❛% %❤❡ ❜❡$% ♣#✐❝❡ ♣♦$$✐❜❧❡✳ ❚❤❡$❡ ♦#❞❡#$ ❛#❡ ✉$❡❞ %♦ ❧✐♠✐% ❧♦$$❡$ ❛♥❞ %♦ ❝❛$❤ ✐♥

♦♥ ❣❛✐♥$✱ >✉✐❝❦❧② ❛♥❞ $❛❢❡❧②✳

✷✳ ◗✉❛♥*✐*② ♦$❞❡$' ✲ %❤❡② ❛#❡ $✐♠✐❧❛# %♦ ♦✉# ❧✐♠✐% ♦#❞❡#$ ❛♥❞ %❤❡② ❤❛✈❡ ❛ >✉❛♥✲

%✐%② #❡$%#✐❝%✐♦♥ %❤❛% ❢♦#❝❡$ %❤❡ ♦#❞❡# %♦ ❜❡ ❡①❡❝✉%❡❞ ❢♦# %❤❡ ❡♥%✐#❡ $♣❡❝✐✜❡❞

>✉❛♥%✐%② ✭❜✉②✴$❡❧❧ ❛❧❧ ♦# ❝❛♥❝❡❧ %❤❡ ♦#❞❡#✮✳

✸✳ ❙*$❛*❡❣✐❝ ♦$❞❡$' ✲ ❝♦♠❜✐♥❛%✐♦♥ ♦❢ ❞✐✛❡#❡♥% ♦#❞❡#$ ❧✐❦❡✿ ❜✉② ♦# $❡❧❧ ✇❤❡♥ ♣#✐❝❡

❣♦❡$ ✉♣ ①✪✱ ❛❧%❡#♥❛%✐✈❡ ♦#❞❡#$ %❤❛% $♣❡❝✐❢② ❜✉②✐♥❣ ❛% ❛ ❝❡#%❛✐♥ ♣#✐❝❡ ♦# $❡❧❧✐♥❣

❛% ❛♥♦%❤❡# ♣#✐❝❡ ✭❛♥❞ ♦♥❧② ♦♥❡ ♦❢ %❤❡$❡ ♦#❞❡#$ ✐$ ❡①❡❝✉%❡❞✮✳

❚❤❡$❡ ❝♦♠♣❧❡① ♦#❞❡#$ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ %❤#♦✉❣❤ %❤❡ ❝♦♠❜✐♥❛%✐♦♥ ♦❢ ❞✐✛❡#❡♥% $✐♠✲

♣❧❡ ♦#❞❡#$✳ ❚❤❡② ❛#❡ ❝♦♥❝❡✐✈❡❞ %♦ ❛❞❞#❡$$ $♣❡❝✐✜❝ ♥❡❡❞$ ♦❢ ✐♥✈❡$%♦#$ ❛♥❞ ❛#❡ ❢♦❝✉$❡❞

❆❣❡♥% ■❉ ❉✐#❡❝%✐♦♥ ◆✉♠❜❡# ♦❢ ❛$$❡%$ ▼❛①✴▼✐♥ ❆♠♦✉♥%

✸ ❇✉② ✶✵ ✼✳✺

✺ ❙❡❧❧ ✶✺ ✽

❚❛❜❧❡ ✺✳✶✿ ❚❤❡ ✐♥❢♦#♠❛%✐♦♥❛❧ ❝♦♠♣♦♥❡♥%$ ♦❢ ❛ ❧✐♠✐% ♦#❞❡#



✽✻ ❈❤❛♣&❡( ✺✳ ❈♦♥&(✐❜✉&✐♦♥ ✲ ❖✉( 2✐♠✉❧❛&♦( ✭▲❯▼❆✮

♦♥ ✐♥#$❛✲❞❛② #$❛❞✐♥❣ ♦♣❡$❛#✐♦♥,✳ ❉✉❡ #♦ #❤❡ ♥❛#✉$❡ ♦❢ ♦✉$ ,✐♠✉❧❛#♦$✱ ❡①#$❛✲❞❛②

#$❛❞✐♥❣✱ #❤❡ ♦$❞❡$, ✇❡ ✉,❡ ✭❧✐♠✐# ♦$ ♠❛$❦❡# ♦$❞❡$,✮ ❛$❡ ,✉✣❝✐❡♥# #♦ ❝$❡❛#❡ $❡❛❧✐,#✐❝

♠❛$❦❡# ❞②♥❛♠✐❝,✳

✺✳✸✳✷ $%✐❝❡ ❢♦%♠❛-✐♦♥ ♠❡❝❤❛♥✐0♠

❉✉$✐♥❣ ❡❛❝❤ #$❛❞✐♥❣ ♣❡$✐♦❞ ❛❣❡♥#, ,❡♥❞ ♦$❞❡$, #♦ #❤❡ ♠❛$❦❡#✳ ❆❧❧ #❤❡,❡ ♦$❞❡$, ❛$❡

$❡❝♦$❞❡❞ ✐♥ ❛ ❧✐♠✐#✲♦$❞❡$ ❜♦♦❦✳ ❆# #❤❡ ❡♥❞ ♦❢ #❤❡ #$❛❞✐♥❣ ♣❡$✐♦❞✱ #❤❡ ❧✐♠✐#✲♦$❞❡$

❜♦♦❦ ,#♦♣, ❛❝❝❡♣#✐♥❣ ♥❡✇ ♦$❞❡$, ❛♥❞ ❛ ♣$♦❝❡❞✉$❡ ❢♦$ ❞❡#❡$♠✐♥✐♥❣ #❤❡ ♥❡✇ ❛,,❡#

♣$✐❝❡ ✐, ,#❛$#❡❞✳ ❆❢#❡$ #❤❡ ♥❡✇ ♣$✐❝❡ ✐, ❞❡#❡$♠✐♥❡❞ ❛♥❞ ❞✐,,❡♠✐♥❛#❡❞ #♦ ❛❣❡♥#,✱ ❛❧❧
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P1 : Pt ≥ P1

P2 : Pt ≤ P2

Pt : Pt ∈ [P1, P2]
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♣4✐❝❡M ✭✶✶✳✼✺✮ +❤✉M ❡♥M✉4✐♥❣ +❤❡ ❜❡M+ ♣4✐❝❡ ❛♥❞ +❤❡ ❧❡❛M+ ❜✐❛M ❢♦4 +❤❡ ♥❡①+ +4❛❞✐♥❣

♣❡4✐♦❞✳ ❚❤❡ ♥❡✇ ♣4✐❝❡✱ ✶✶✳✼✺✱ ♥♦✇ M❡4✈❡M ❛M ❛ ❜❛M✐M ❢♦4 +❤❡ ❡①❡❝✉+✐♦♥ ♦❢ ❛❧❧ ❝♦♠♣❛+✐❜❧❡

♦4❞❡4M✳ ❚❤❡ ♦4❞❡4M ❛4❡ ✜❧❧❡❞ ❛♥❞ +❤❡ 4❡M✉❧+✐♥❣ ❡①❝❤❛♥❣❡M ❛4❡ ❧✐M+❡❞ ✐♥ ❚❛❜❧❡ ✺✳✻✳



✺✳✹✳ ❚❤❡ ❛❣❡♥)*✱ )❤❡✐- ❜✐❛*❡* ❛♥❞ ✐♥✈❡*)♠❡♥) ❞❡❝✐*✐♦♥* ✾✶

❆❣❡♥)

■❉

❖♣❡-❛)✐♦♥ ◗✉❛♥)✐)②

❡①❝❤❛♥❣❡❞

❈❛*❤

-❡❝❡✐✈❡❞

❈♦✉♥)❡-♣❛-)✐❡*

❆❣❡♥) ■❉*

✸ ❇✉② ✶✵ ✲✶✶✼✱✺ ✶

✹ ❇✉② ✼ ✲✽✵✱✺ ✶✱✻

✶ ❙❡❧❧ ✶✺ ✶✼✻✱✷✺ ✸✱✹

✷ ❙❡❧❧ ✵ ✵ ♥♦3 ✜❧❧❡❞

✺ ❇✉② ✺ ✲✺✼✱✺ ✻

✾ ❇✉② ✹ ✲✹✼ ✻

✻ ❙❡❧❧ ✶✶ ✽✷✺ ✺✱✾ ✭♣❛:3❧② ✜❧❧❡❞✮

✶✵ ❙❡❧❧ ✵ ✵ ♥♦3 ✜❧❧❡❞

❆**❡)* ❊①✲

❝❤❛♥❣❡❞

✷✻ ❆**❡)* ♥♦)

❡①❝❤❛♥❣❡❞

✽

❚❛❜❧❡ ✺✳✻✿ ❚:❛♥@❛❝3✐♦♥ :❡@♦❧✉3✐♦♥ ❛❢3❡: ♣:✐❝❡ ❞✐@❝♦✈❡:②

❲❡ @❡❡ 3❤❛3 ♠♦@3 ♦❢ 3❤❡ ❛❣❡♥3@ ❤❛✈❡ 3❤❡✐: ♦:❞❡:@ :❡@♦❧✈❡❞✳ ❋♦: ❡①❛♠♣❧❡✱ ❛❣❡♥3 ✸

❤❛❞ ✐♥✐3✐❛❧❧② ❛♥ ♦:❞❡: 3♦ ❜✉② ✶✵ ❛@@❡3@ ❛3 ❛ ♠❛①✐♠✉♠ ♣:✐❝❡ ♦❢ ✶✷ ✭@❡❡ ❚❛❜❧❡ ✺✳✻✮✳❚❤❡

❛❣❡♥3 ❤❛@ ❤✐@ ♦:❞❡: ❢✉❧✜❧❧❡❞ ❛3 ❛ ♣:✐❝❡ ♦❢ ✶✶✳✼✺ ❛♥❞ ❤❡ ♦❜3❛✐♥@ ✶✵ ❛@@❡3@ ❢♦: ❛ 3♦3❛❧

@✉♠ ♦❢ ✶✶✼✱✺✳ ❍✐@ ❝♦✉♥3❡:♣❛:3②✱ ❛❣❡♥3 ✶✱ ❛❧@♦ ❝♦♠♣❧❡3❡❧② ✜❧❧@ ❤✐@ ♦:❞❡:✳ ❆❣❡♥3 ✶ @❡❧❧@

✶✵ ❛@@❡3@ 3♦ ❛❣❡♥3 ✸ ❛@ ✇❡❧❧ ❛@ ✺ ❛@@❡3@ 3♦ ❛❣❡♥3 ✹ 3❤✉@ :❡❝❡✐✈✐♥❣ ✶✼✻✳✷✺ ✐♥ ❝❛@❤✳

❲❡ ♣♦✐♥3 ♦✉3 3❤❛3 ✇✐3❤ 3❤✐@ ♣:✐❝❡ ❢♦:♠❛3✐♦♥ ♠❡❝❤❛♥✐@♠✱ ♠❛:❦❡3 ♦:❞❡:@ ❞♦ ♥♦3

❤❛✈❡ ❛♥② ❡✛❡❝3 ♦♥ 3❤❡ ❢✉3✉:❡ ♣:✐❝❡✳ ❋:♦♠ ♦♥ ♣♦✐♥3 ♦❢ ✈✐❡✇ 3❤✐@ ✐@ ♥♦:♠❛❧ ❜❡❝❛✉@❡

♠❛:❦❡3 ♦:❞❡:@ ❞♦♥✬3 ♣:♦✈✐❞❡ ❛♥② ❡❝♦♥♦♠✐❝ ✐♥❢♦:♠❛3✐♦♥ ❢♦: @❡33✐♥❣ 3❤❡ ❛@@❡3✬@ ♣:✐❝❡✳

❋:♦♠ ❛ ♠❛:❦❡3 ♣:❡@@✉:❡ ♣♦✐♥3 ♦❢ ✈✐❡✇ ✐3 ✐@ ❛:❣✉❛❜❧❡ 3❤❛3 ❧❛:❣❡ ♠❛:❦❡3 ♦:❞❡:@ ❝❛♥

✐♥✢✉❡♥❝❡ ♣:✐❝❡@ ❜② :❛♣✐❞❧② ❣♦✐♥❣ 3❤:♦✉❣❤ ❧✐♠✐3 ♦:❞❡:@ ✐♥ ♦♥❡ ♦: ❛♥♦3❤❡: ❞✐:❡❝3✐♦♥✳

❇❡❝❛✉@❡ ♦❢ 3❤❡ ♥❛3✉:❡ ♦❢ ♦✉: ❡❝♦♥♦♠✐❝ ❛♥❞ ✜♥❛♥❝✐❛❧ ❡♥✈✐:♦♥♠❡♥3✱ 3❤✐@ ❡✛❡❝3 ✐@

✐❣♥♦:❛❜❧❡✳ ■♥ ♦✉: @✐♠✉❧❛3♦:✱ ♠❛:❦❡3 ♦:❞❡:@ ❤❛✈❡ 3❤❡ ♣✉:♣♦@❡ ♦❢ ♣:♦✈✐❞✐♥❣ ❧✐S✉✐❞✐3②

3♦ 3❤❡ ♠❛:❦❡3 ✇✐3❤♦✉3 ❤❛✈✐♥❣ ❛♥② ❞✐:❡❝3 ✐♥✢✉❡♥❝❡ ♦♥ ♣:✐❝❡@✳

✺✳✹ ❚❤❡ ❛❣❡♥)*✱ )❤❡✐- ❜✐❛*❡* ❛♥❞ ✐♥✈❡*)♠❡♥) ❞❡❝✐*✐♦♥*

✺✳✹✳✶ ❚❤❡ ❛❣❡♥*

❚❤❡:❡ ✐@ ♥♦ ♠❛:❦❡3 ✇✐3❤♦✉3 ❜✉②❡:@ ❛♥❞ @❡❧❧❡:@✳ ❊✈❡♥ ✇❤❡♥ ✐♥❢♦:♠❛3✐♦♥ ✐@ ♠✐@@✐♥❣

♠❛:❦❡3@ ❝❛♥ ❢✉♥❝3✐♦♥ ♣:♦✈✐❞❡❞ 3❤❛3 ✐♥✈❡@3♦:@ ❛:❡ ✇✐❧❧✐♥❣ 3♦ ❜✉② ❛♥❞ @❡❧❧✳ ❙♦✱ ✇❡

❛@@❡:3 3❤❛3 ✐♥✈❡@3♦:@ ❛:❡ 3❤❡ ❜❛@✐❝ ❛♥❞ ♠♦@3 ✐♠♣♦:3❛♥3 ❜✉✐❧❞✐♥❣ ❜❧♦❝❦@ ♦❢ ❛ ✜♥❛♥❝✐❛❧

♠❛:❦❡3✳ ❈♦♥@❡S✉❡♥3❧②✱ 3❤❡ ✐♥✈❡@3♦:✬@ :❡♣:❡@❡♥3❛3✐♦♥ ✐♥@✐❞❡ ❛ ❝♦♠♣✉3❡: ❜❛@❡❞ @✐♠✉✲

❧❛3✐♦♥✱ ✐♥ 3❤❡ ❢♦:♠ ♦❢ ❛♥ ❛❣❡♥3✱ ✐@ ♠❛②❜❡ 3❤❡ ♠♦@3 ✐♠♣♦:3❛♥3 ❝❤❛:❛❝3❡:✐@3✐❝ ♦❢ ♣❛:3

♦❢ ♦✉: ♠♦❞❡❧✳

❆♥ ❛❣❡♥3 ✐@ ❛ ❝♦♠♣✉3❡: ♠♦❞❡❧ ♦❢ ❛ :❡❛❧ ❧✐❢❡ ✐♥✈❡@3♦:✳ ▲✐❦❡ ❛♥② ♠♦❞❡❧✱ ♦✉: ❛❣❡♥3



✾✷ ❈❤❛♣&❡( ✺✳ ❈♦♥&(✐❜✉&✐♦♥ ✲ ❖✉( 2✐♠✉❧❛&♦( ✭▲❯▼❆✮

✐! ❛ !✐♠♣❧✐✜❡❞ ✈❡*!✐♦♥ ♦❢ ❛♥ ✐♥✈❡!.♦*✳ ❆♥ ❛❣❡♥. ✐! ❛ ❝♦♠♣✉.❡* ♣*♦❣*❛♠ .❤❛. *❡❝❡✐✈❡!

❛♥❞ ✐♥.❡*♣*❡.! ❛ !.*❡❛♠ ♦❢ ✐♥❢♦*♠❛.✐♦♥✳ ❯!✐♥❣ .❤✐! ✐♥❢♦*♠❛.✐♦♥✱ ❛♥❞ ❤✐! ♣❡*!♦♥❛❧

❝❤❛*❛❝.❡*✐!.✐❝!✱ .❤❡ ❛❣❡♥. ♠❛❦❡! ❛♥ ✐♥✈❡!.♠❡♥. ❞❡❝✐!✐♦♥ ❛♥❞ !❡♥❞! ❛♥ ♦*❞❡*✳ ■♥ ♦✉*

♠♦❞❡❧✱ ❛♥ ❛❣❡♥. *❡❝❡✐✈❡!✱ ❛. .❤❡ !.❛*. ♦❢ ❡❛❝❤ .*❛❞✐♥❣ ♣❡*✐♦❞✱ .✇♦ ✐♥❢♦*♠❛.✐♦♥❛❧

!.*❡❛♠! ❛❜♦✉. .❤❡ ♥❡✇ ❡❝♦♥♦♠✐❝ ❞❡✈❡❧♦♣♠❡♥.! ✭It✮ ❛♥❞ .❤❡ ❧❛!. ♠❛*❦❡. ♣*✐❝❡ ✭Pt✮✳

■♥ ❛❝❝♦*❞❛♥❝❡ .♦ .❤❡ .❤❡♦*② ❜❡❤✐♥❞ ❜❡❤❛✈✐♦✉*❛❧ ✜♥❛♥❝❡✱ ✭❑❛❤♥❡♠❛♥✱ ✶✾✼✸✮ ❛♥❞

✭❑❛❤♥❡♠❛♥ ❡. ❛❧✳✱ ✶✾✽✶✮✱ ♦✉* ❛❣❡♥.! ❤❛✈❡ ❝♦❣♥✐.✐✈❡ ❜✐❛!❡! ✇❤✐❝❤ ❞✐!.♦*. .❤❡ ❡❝♦♥♦♠✐❝

✐♥❢♦*♠❛.✐♦♥ .❤❡② *❡❝❡✐✈❡✳ ❚❤✉!✱ ❛❣❡♥.! ✇✐❧❧ ♥♦. ♦❜!❡*✈❡ .❤❡ ♣❡*❢❡❝. ✐♥❢♦*♠❛.✐♦♥

!.*❡❛♠ It ✭!❡❡ ❡E✉❛.✐♦♥ ✺✳✷✮ ❜✉. ❛ ❜✐❛!❡❞ ✐♥.❡*♣*❡.❛.✐♦♥ ♦❢ .❤✐! ✐♥❢♦*♠❛.✐♦♥❛❧ !.*❡❛♠✱

Biasx(It)✳ ❋♦* ❡①❛♠♣❧❡✱ ✧♦♣#✐♠✐&#✧ ❛❣❡♥.! ✇✐❧❧ ♦✈❡*❡!.✐♠❛.❡ ✐♥❢♦*♠❛.✐♦♥ ❛❜♦✉. .❤❡

❢✉♥❞❛♠❡♥.❛❧ ✈❛❧✉❡✬! ❣*♦✇.❤✳

❋♦* ❛♥ ❡①.*❛ .✇✐!. ♦❢ *❡❛❧✐.②✱ ✇❡ ❝*❡❛.❡❞ ❛ ♠❡❝❤❛♥✐!♠ .❤*♦✉❣❤ ✇❤✐❝❤ ❛❣❡♥.! ❝❛♥

*❡❝❡✐✈❡ ❞❡❧❛②❡❞ ✐♥❢♦*♠❛.✐♦♥✳ ■♥!.❡❛❞ ♦❢ .❤❡ ❧❛.❡!. ❡❝♦♥♦♠✐❝ ✐♥❢♦*♠❛.✐♦♥ It✱ !♦♠❡

❛❣❡♥.! ❝❛♥ *❡❝❡✐✈❡ ♦✉.✲❞❛.❡❞ ✐♥❢♦*♠❛.✐♦♥ It−k✳ ❚❤✐! ❢❡❛.✉*❡ ♠♦❞❡❧! .❤❡ ❢❛❝. .❤❛.

♥♦. ❛❧❧ ✐♥✈❡!.♦*! ❤❛✈❡ ❛❝❝❡!! .♦ .❤❡ ♠♦!. ✉♣✲.♦✲❞❛.❡ ❡❝♦♥♦♠✐❝❛❧ ✐♥❢♦*♠❛.✐♦♥ ❛❜♦✉.

❛♥ ❛!!❡.✳ ❚❤❡*❡❢♦*❡ ❛♥ ❛❣❡♥. ❝❛♥ *❡❝❡✐✈❡ .❤❡ ❧❛.❡!. ♥❡✇! ✭k = 0✮✱ ❛ ❞❛② ♦❧❞ ♥❡✇!

✭k = 1✮ ♦* ❡✈❡♥ ♦❧❞❡* ✭k > 1✮✳

Investment method

Biased informationt

Portfoliot

Decision

Orders

Orders are executed New Portfoliot+1

Market order book

❋✐❣✉*❡ ✺✳✹✿ ■♥❢♦*♠❛.✐♦♥ ✐♥.❡*♣*❡.❛.✐♦♥ ❢♦* ✐♥✈❡!.♠❡♥. ❞❡❝✐!✐♦♥ ♠❛❦✐♥❣

❆❢.❡* ✐♥.❡*♣*❡.✐♥❣ ✭❜✐❛!✐♥❣✮ .❤❡ ✐♥❢♦*♠❛.✐♦♥ !.*❡❛♠!✱ ❛♥ ❛❣❡♥. ✇✐❧❧ ✉!❡ ❤✐! ✐♥✲

✈❡!.♠❡♥. !.*❛.❡❣② .♦ ♠❛❦❡ ❛♥ ✐♥✈❡!.♠❡♥. ❞❡❝✐!✐♦♥✳ ❯!✐♥❣ .❤✐! ❞❡❝✐!✐♦♥ .❤❡ ❛❣❡♥.

✇✐❧❧ ♠❛❦❡ ❛♥ ✐♥✈❡!.♠❡♥. ❛❝.✐♦♥ ❛♥❞ ❝❤♦♦!❡ ❜❡.✇❡❡♥ ❜✉②✐♥❣✱ !❡❧❧✐♥❣ ♦* ❤♦❧❞✐♥❣ ❤✐!

❛!!❡.!✳ ❇❡❝❛✉!❡ ❝❛!❤ ❞♦❡! ♥♦. ♣*♦✈✐❞❡ ❛ *❡.✉*♥✱ .❤❡ ❛❣❡♥. ✐! ♥♦. ✇♦**✐❡❞ ❛❜♦✉. ❛♥

♦♣.✐♠❛❧ *❡♣❛*.✐.✐♦♥ ♦❢ ❤✐! ✇❡❛❧.❤ ❜❡.✇❡❡♥ ❛ *✐!❦② ❛♥❞ ❛ ♥♦♥✲*✐!❦② ❛!!❡.✳ ❆ ❜✉② ♦*



✺✳✹✳ ❚❤❡ ❛❣❡♥)*✱ )❤❡✐- ❜✐❛*❡* ❛♥❞ ✐♥✈❡*)♠❡♥) ❞❡❝✐*✐♦♥* ✾✸

 ❡❧❧ ❞❡❝✐ ✐♦♥ ✇✐❧❧ ♣*♦♠♣, ,❤❡ ❛❣❡♥, ,♦  ❡♥❞ ❛♥ ♦*❞❡* ,♦ ❜✉②  ,♦❝❦ ,♦ ,❤❡ ❡①,❡♥, ♦❢

❤✐ ❝❛ ❤ ❤♦❧❞✐♥❣ ♦* ,♦  ❡❧❧ ❤✐ ❡♥,✐*❡  ,♦❝❦ ♣♦*,❢♦❧✐♦✳

❆, ,❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❛ ,❡ ,✱ ,❤❡  ✐♠✉❧❛,♦* ✇✐❧❧ ❝*❡❛,❡ ❛ ♠✐① ♦❢ ❛❣❡♥, ,❤❛, ❛*❡

❝❤❛*❛❝,❡*✐③❡❞ ❜② ❛  ❡, ♦❢ ♣❛*❛♠❡,❡* ✳ ❆❣❡♥,  ,❛*, ,*❛❞✐♥❣ ,❤❡ ❛  ❡,✳ ❆❣❡♥, ✇❤✐❝❤

✉ ❡ ❛❧❧ ,❤❡✐* ❝❛ ❤ ♦*  ❡❧❧ ❛❧❧ ,❤❡✐*  ,♦❝❦ ❝❛♥♥♦,  ❡♥❞ ❛♥② ♠♦*❡ ♦*❞❡* ,♦ ❜✉② *❡ ♣❡❝✲

,✐✈❡❧②  ❡❧❧  ,♦❝❦ ✳ ❈♦♥ ❡=✉❡♥,❧②✱ ❛❣❡♥, ,❤❛, ❡①❤❛✉ , ❜♦,❤ ,❤❡✐* ❝❛ ❤ ❛♥❞ ♣♦*,❢♦❧✐♦

♦❢  ,♦❝❦ ✇✐❧❧ ♥♦ ❧♦♥❣❡* ❜❡ ❛❜❧❡ ,♦  ❡♥❞ ♦*❞❡* ,♦ ,❤❡ ♠❛*❦❡,✳ ❲❡ ❞♦ ♥♦, ❛❧❧♦✇ ❢♦*

 ❤♦*,✲ ❡❧❧✐♥❣ ♦* ❜♦**♦✇✐♥❣  ✐♥❝❡ ,❤❡ ♣*✐❝❡ ❡✛❡❝, ♦❢ ❛❝,✐♦♥  ✉♣♣♦*,❡❞ ❜②  ✉❝❤ ❝❛ ❤

 ♦✉*❝❡ ✇✐❧❧ ❝❛♥❝❡❧ ❡❛❝❤ ♦,❤❡* ♦✉,✳

✺✳✹✳✷ ❚❤❡ ❜✐❛*

❚❤❡ ♣❡* ♦♥❛❧ ❝❤❛*❛❝,❡*✐ ,✐❝ ♦❢ ❛♥ ✐♥✈❡ ,♦*✱ ❝❛❧❧❡❞ ❜✐❛ ❡ ✱ ❛*❡  ✐♠✉❧❛,❡❞ ✐♥ ♦✉* ❡♥✈✐✲

*♦♥♠❡♥, ✉ ✐♥❣ ❛♥ ❛✣♥❡ ,*❛♥ ❢♦*♠❛,✐♦♥ ♦❢ ,❤❡ ❡❝♦♥♦♠✐❝ ✐♥❢♦*♠❛,✐♦♥✳ ❚❤✉ ✱ ❛♥ ❛❣❡♥,

B✱ ✇✐,❤ ♣❡* ♦♥❛❧ ❝❤❛*❛❝,❡*✐ ,✐❝ aP ❛♥❞ bP ✇✐❧❧ ✐♥,❡*♣*❡, ,❤❡ ❡❝♦♥♦♠✐❝ ✐♥❢♦*♠❛,✐♦♥

It ❛ 

Biasp(It) = aP ∗ It + bP ✭✺✳✻✮

❉✐✛❡*❡♥, ❝♦♠❜✐♥❛,✐♦♥ ♦❢ ❛♥ ❛❣❡♥,✬ ❜✐❛ ♣❛*❛♠❡,❡* *❡♣*❡ ❡♥, ✇❡❧❧ ❦♥♦✇♥ ❜❡✲

❤❛✈✐♦✉*❛❧ ❝❤❛*❛❝,❡*✐ ,✐❝ ♦❢ ✐♥✈❡ ,♦* ✭❛ ❝❛♥ ❜❡  ❡❡♥ ✐♥ ✐♥ ✺✳✼✳

◆* ❆ ❇ ❈❤❛*❛❝,❡*✐ ,✐❝

✶ ✶ >✵ B✉*❡ ♦♣,✐♠✐ ,✐❝ ✭❞❡❝*❡❛ ❡ ❜❛❞ ♥❡✇ 

❛♥❞ ✐♥❝*❡❛ ❡ ❣♦♦❞ ♥❡✇ ✮

✷ ✶ <✵ B✉*❡ ♣❡  ✐♠✐ ,✐❝ ✭✐♥❝*❡❛ ❡ ❜❛❞ ♥❡✇ 

❛♥❞ ❞❡❝*❡❛ ❡ ❣♦♦❞ ♥❡✇ ✮

✸ ❆❂✶ ✵ !❡#❢❡❝&❧② ■♥❢♦#♠❡❞✱ ♥♦& ❜✐❛2❡❞

✹ ❆>✶ ✯ ❖♣&✐♠✐2&✐❝ ✇✐&❤ ❣♦♦❞ ♥❡✇2 ❛♥❞ ♣❡2✲

2✐♠✐2&✐❝ ❛❜♦✉& ❜❛❞ ♥❡✇2

✺ ✶>❆>✵ ✯ ▼♦❞❡#❛&❡❞✱ >❯♥❞❡#❡2&✐♠❛&❡2 ❣♦♦❞

❛2 ✇❡❧❧ ❛2 ❜❛❞ ♥❡✇2

✻ ✲✶<❆<✵ ✯ ❈♦♥&#❛#✐❛♥✱ ▼♦❞❡#❛&❡❞

✼ ❆❂✲✶ ✵ ❈♦♥&#❛#✐❛♥✱ !❡#❢❡❝&❧② ■♥❢♦#♠❡❞

✽ ❆<✲✶ ✯ ❖♣&✐♠✐2&✐❝ ✇✐&❤ ❜❛❞ ♥❡✇2 ❛♥❞ ♣❡2✲

2✐♠✐2&✐❝ ❛❜♦✉& ❣♦♦❞ ♥❡✇2

❚❛❜❧❡ ✺✳✼✿ ❇✐❛2 ♣❛#❛♠❡&❡#2 ❛♥❞ ❛22♦❝✐❛&❡❞ ❜❡❤❛✈✐♦# &#❛✐&

❲❡ ♦❜2❡#✈❡ &❤❛& &❤❡ &✇♦ ❜✐❛2 ♣❛#❛♠❡&❡#2 ♦❢ ❡❛❝❤ ❛❣❡♥&✱ ❆ ❛♥❞ ❇✱ ♣❧❛② ❞✐✛❡#✲

❡♥& #♦❧❡2 ✐♥ ❝❤❛#❛❝&❡#✐③✐♥❣ &❤❡ ❛❣❡♥&✬2 ❜❡❤❛✈✐♦✉#❛❧ &#❛✐&2✳ !❛#❛♠❡&❡# ❆ #❡♣#❡2❡♥&2

❛ ❝❤❛#❛❝&❡#✐2&✐❝ ♦❢ ✐♥✢❛&✐♦♥✴❞❡✢❛&✐♦♥ ♦❢ ❡❝♦♥♦♠✐❝ ✈❛❧✉❡✳ ❆♥ ❛❣❡♥& ✇✐&❤ A > 1 ✭♦#

◆#✳ ✹ ✐♥ &❤❡ &❛❜❧❡ ❛❜♦✈❡✮ ✇✐❧❧ ♦✈❡#❡2&✐♠❛&❡ &❤❡ ✐♥❢♦#♠❛&✐♦♥✱ #❡❣❛#❞❧❡22 ♦❢ ✐&2 2✐❣♥✳



✾✹ ❈❤❛♣&❡( ✺✳ ❈♦♥&(✐❜✉&✐♦♥ ✲ ❖✉( 2✐♠✉❧❛&♦( ✭▲❯▼❆✮

■♥ ❛ ♠❛$❦❡' ❞♦♠✐♥❛'❡❞ ❜② '❤✐. '②♣❡ ♦❢ ❛❣❡♥'✱ ♠❛$❦❡' ♣$✐❝❡. ✢✉❝'✉❛'❡ ❛$♦✉♥❞ ❢✉♥✲

❞❛♠❡♥'❛❧ ✈❛❧✉❡. ❜❡❝❛✉.❡ ❛❣❡♥'. ✇✐❧❧ ♠❛❦❡ ❡①❛❣❣❡$❛'❡❞ ♣$✐❝❡ ❝♦$$❡❝'✐♦♥.✱ ❜❛.❡❞ ♦♥

'❤❡✐$ ♦✈❡$❡.'✐♠❛'❡❞ ✐♥❢♦$♠❛'✐♦♥✳ ❚❤✉. ✇❡ .❛② '❤❛'✱ ❛♣$✐♦$✐✱ '❤❡ ✬❆✬ ♣❛$❛♠❡'❡$ ❤❛.

❛♥ ✐♥✢✉❡♥❝❡ ♦♥ ♣$✐❝❡ ✈♦❧❛'✐❧✐'②✱ ♦$ ♠♦$❡ ♣$❡❝✐.❡❧② ♦♥ ♣$✐❝❡ ❡①❝❡.. ✈♦❧❛'✐❧✐'②✳

❚❤❡ .❡❝♦♥❞ ♣❛$❛♠❡'❡$ ❇✱ '❤❛' ♠♦❞❡❧. '❤❡ ✇❛② ✐♥✈❡.'♦$. ✐♥'❡$♣$❡' ✐♥❢♦$♠❛'✐♦♥✱

✐♠♣❧✐❡. ❛ ✈❡$'✐❝❛❧ .❤✐❢' ✐♥ '❤❡ ❆✯■t ❧✐♥❡✳ ❋♦$ ❛ ♣♦.✐'✐✈❡ ❇ ✈❛❧✉❡✱ .❡❡ ✺✳✼✱ ❛♥ ❛❣❡♥'

✇✐❧❧ ❜❡ ♦♣'✐♠✐.'✐❝ ❛❜♦✉' ❛❧❧ ♥❡✇.✱ ♠❡❛♥✐♥❣ '❤❛' ✐' ✇✐❧❧ ❡♥❤❛♥❝❡ ♣♦.✐'✐✈❡ ✐♥❢♦$♠❛'✐♦♥

✇✐'❤ ❛ ❇ ❛♠♦✉♥' ❛♥❞ ✐' ✇✐❧❧ ❞❡❝$❡❛.❡ ♥❡❣❛'✐✈❡ ✐♥❢♦$♠❛'✐♦♥ ✇✐'❤ '❤❡ .❛♠❡ ❛♠♦✉♥'✳

■♥✈❡$.❡❧②✱ ❛ ♥❡❣❛'✐✈❡ ❇ ✈❛❧✉❡ ✇✐❧❧ ❤❛✈❡ '❤❡ ❡✛❡❝' ♦❢ ❞❡❝$❡❛.✐♥❣ ♣♦.✐'✐✈❡ ✐♥❢♦$♠❛'✐♦♥

❛♥❞ ✐♥❝$❡❛.✐♥❣ ❜❛❞ ✐♥❢♦$♠❛'✐♦♥ '❤✉. $❡♥❞❡$✐♥❣ ❛♥ ❛❣❡♥' '♦ ❜❡ ✬♣❡..✐♠✐.'✐❝✬✳

❆♥ ✐♥'❡$❡.'✐♥❣ E✉❡.'✐♦♥ '❤❛' ❛$✐.❡. ✐. ✐❢ '❤❡.❡ ❜✐❛.❡. ❝❤❛♥❣❡ ✐♥ '✐♠❡✳ ❆♥ ✐♥✈❡.'♦$

❝❛♥ $❡❛❧✐.❡ '❤❛' ❤✐. ✇❛② ♦❢ ✐♥'❡$♣$❡'✐♥❣ ✐♥❢♦$♠❛'✐♦♥ ✐. ✬❜✐❛.❡❞✬ ❛♥❞ ❝❛♥ '$② '♦ ✧✉♥❜✐❛.✧

❤✐♠.❡❧❢✳ ❲❡ ❝❛♥ ❞❡✈✐.❡ ❛♥ ❡①'❡♥.✐♦♥ '♦ ♦✉$ ♠♦❞❡❧ ✇❤❡$❡ ❛♥ ❛❣❡♥' ❝❛♥ '$② '♦ ✬✉♥❜✐❛.✬

✐'.❡❧❢✳ ❇② '$❛♥.❢♦$♠✐♥❣ ❡E✉❛'✐♦♥ ✺✳✻ ✐♥'♦ '❤❡ ❢♦$♠✉❧❛ ❜❡❧♦✇✱

Bias(It) = (aP ∗ It + bP − cp)/dp ✭✺✳✼✮

❛♥ ❛❣❡♥' '$✐❡. ❞✐✛❡$❡♥' .❡'. ♦❢ ✈❛❧✉❡. ❢♦$ '❤❡ cp✱ dp ♣❛$❛♠❡'❡$. ✐♥ ♦$❞❡$ '♦ ❛$$✐✈❡ ❛'

'❤❡ ♣❡$❢❡❝' ✐♥❢♦$♠❛'✐♦♥ .'$❡❛♠✳ ■♥ ♦✉$ $❡.✉❧'. ❝❤❛♣'❡$ ✇❡ ❛$❣✉❡ '❤❛' ❞♦✐♥❣ '❤✐. ❛❝✲

'✐✈❡ ✬✉♥❜✐❛.✐♥❣✬ ♠❡'❤♦❞ ✐. ❡E✉✐✈❛❧❡♥' '♦ ❛ ♥♦$♠❛❧ ❡✈♦❧✉'✐♦♥ ✇❤❡$❡ ✉♥❞❡$♣❡$❢♦$♠✐♥❣

✭✬❜✐❛.❡❞✬✮ ❛❣❡♥'. ✇✐❧❧ '❤❡♦$❡'✐❝❛❧❧② ❡①❤❛✉.' '❤❡✐$ ✇❡❛❧'❤ ❛♥❞ .'♦♣ '$❛❞✐♥❣ ✭'❤✉. ❞✐.✲

❛♣♣❡❛$✐♥❣ ❢$♦♠ '❤❡ ♠❛$❦❡'✮✳ ❚❤✐. .❡❧❢✲❡❧✐♠✐♥❛'✐♦♥ ✇✐❧❧ ❧❡❛✈❡ ♦♥❧② ♣❡$❢♦$♠✐♥❣ ✭♥♦"

❜✐❛&❡❞✮ ❛❣❡♥'. '♦ ❝♦♥'✐♥✉❡ '$❛❞✐♥❣✳ ❉✉$✐♥❣ ♦✉$ .✐♠✉❧❛'✐♦♥. ✇❡ .❡❡ ❡①❛❝'❧② ✇❤✐❝❤

❛❣❡♥'. .✉$✈✐✈❡ .✐♥❝❡ ♥♦' ❤❛✈✐♥❣ ❛ ❜✐❛. ✐. ♥♦' ♥❡❝❡..❛$✐❧② ❛ ❣✉❛$❛♥'❡❡ ❢♦$ .✉$✈✐✈❛❧ ✐♥

❛ ✜♥❛♥❝✐❛❧ ♠❛$❦❡'✳

✺✳✹✳✸ ❚❤❡ ✐♥✈❡*+♠❡♥+ ❞❡❝✐*✐♦♥

❆❢'❡$ $❡❝❡✐✈✐♥❣ ♥❡✇ ✐♥❢♦$♠❛'✐♦♥✱ ❛♥ ❛❣❡♥' ❡①❡❝✉'❡. ❤✐. ✐♥✈❡.'✐♥❣ .'$❛'❡❣② ❛♥❞ ❣❡♥✲
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Agent investment

strategy

Liquidity motivated Profit-motivated

Liquidity traders Informed
Uninformed

Speculator

Fundamental trader Chartist trader

Speculator trader

❋✐❣✉$❡ ✺✳✺✿ ❚②♣♦❧♦❣② ♦❢ ✐♥✈❡12♠❡♥2 12$❛2❡❣✐❡1

❚❤❡ ✜$12 ❝❤♦✐❝❡ ✐♥ ❞✐12✐♥❣✉✐1❤✐♥❣ ❜❡2✇❡❡♥ ❞✐✛❡$❡♥2 12$❛2❡❣✐❡1 ✐1 2❤❛2 ♦❢ 2❤❡ ♦❜✲

❥❡❝2✐✈❡ ♦❢ ✐♥✈❡12♠❡♥2✳ ❲❡ ♠❛❦❡ ❛ ❞✐✛❡$❡♥❝❡ ❜❡2✇❡❡♥ ❛❝2✐✈❡ ❛♥❞ ♣❛11✐✈❡ ✐♥✈❡12♦$1✳

@❛11✐✈❡ ✐♥✈❡12♦$1 ❛$❡ 2❤♦1❡ 2❤❛2 ✉1❡ ♠❛$❦❡21 ❛1 ❛ ♣✉$❡ ♠❡❛♥1 ♦❢ ❝♦♥1❡$✈✐♥❣ ❛♥❞

2$❛♥1❢❡$$✐♥❣ ✇❡❛❧2❤ 2❤$♦✉❣❤ 2✐♠❡✳ ❚❤❡② ❞♦ ♥♦2 ❣❡2 ❛❝2✐✈❡❧② ✐♥✈♦❧✈❡❞ ✐♥ ♠❛❦✐♥❣

✬❣♦♦❞✬ 2$❛❞❡1✳ ■♥12❡❛❞✱ 2❤❡② ❜✉② ❛11❡21 ✇❤❡♥ 2❤❡② ❤❛✈❡ ❡①2$❛ ❝❛1❤ ❛♥❞ 1❡❧❧ 2❤❡ ❛1✲

1❡21 ✇❤❡♥ 2❤❡② ✇❛♥2 2♦ ❝♦♥1✉♠❡✳ ❚❤❡② ❡①♣❡❝2 2♦ $❡❝❡✐✈❡ 2❤❡ ♠❛$❦❡2 $❡2✉$♥ ❢♦$ 2❤❡✐$

✐♥✈❡12♠❡♥2 ♣❡$✐♦❞✳ ❲❡ ❝❛❧❧ 2❤❡1❡ ♠❛$❦❡2 ♣❛$2✐❝✐♣❛♥21 ✬❧✐E✉✐❞✐2② ✐♥✈❡12♦$1✬✳

■♥ ♦♣♣♦1✐2✐♦♥ 2♦ 2❤❡ ♣❛11✐✈❡ ✇❛② ♦❢ 2❤❡ ✬❧✐E✉✐❞✐2② ✐♥✈❡12♦$1✬✱ ❛❝2✐✈❡ ✐♥✈❡12♦$1

❡♥❣❛❣❡ ✐♥ ❡✛♦$21 2♦ ♠❛❦❡ 1✉♣❡$✐♦$ ❣❛✐♥1 ♦♥ 2❤❡ ♠❛$❦❡2✳ ❚❤❡1❡ ✐♥✈❡12♦$1 ❡①♣❡❝2

2♦ $❡❝❡✐✈❡ ♠♦$❡ 2❤❛♥ 2❤❡ ♠❛$❦❡2 $❡2✉$♥1✳ ❚❤❡② ❜❡❧✐❡✈❡ 2❤❡② ❝❛♥ ♦✉2♣❡$❢♦$♠ 2❤❡

♠❛$❦❡2 ❜② ✉1✐♥❣ 2❤❡✐$ 1❦✐❧❧ ❛♥❞ ✐♥❢♦$♠❛2✐♦♥✳ ❆❧2❤♦✉❣❤ ❜♦2❤ 2②♣❡1 ♦❢ ✐♥✈❡12♦$1 ❡①♣❡❝2

1♦♠❡ $❡2✉$♥1 ❢♦$ 2❤❡✐$ ✐♥✈❡12❡❞ 1❛✈✐♥❣1✱ ♦♥❧② 2❤❡ ❛❝2✐✈❡ ✐♥✈❡12♦$1 ❛$❡ 2❤♦1❡ 2$②✐♥❣ 2♦

✐♥❝$❡❛1❡ 2❤❡✐$ ❡❛$♥✐♥❣1 ❛❜♦✈❡ 2❤❡ ♠❛$❦❡2 ❧❡✈❡❧✳ ❚❤❡$❡❢♦$❡ ✇❡ $❡❢❡$ 2♦ ❛❝2✐✈❡ ✐♥✈❡12♦$1

❛1 ❜❡✐♥❣ ✬♣$♦✜2 ♠♦2✐✈❛2❡❞✬✳ ❚❤✐1 2②♣♦❧♦❣② ✐1 ♥♦2 ✐♥2❡♥❞❡❞ 2♦ ❜❡ ❡①❤❛✉12✐✈❡✳ ■♥12❡❛❞

✇❡ ❞❡1❝$✐❜❡ ❛1 ♠❛♥② ❛✈❛✐❧❛❜❧❡ ✐♥✈❡12♦$ 2②♣❡1 ❛1 ♣♦11✐❜❧❡ ✉1✐♥❣ ❛ ❢❡✇ ❝♦♥❝❡♥2$❛2❡❞

❛♥❞ ❞✐12✐♥❝2✐✈❡ ♣❛22❡$♥1 ✭✇❤✐❝❤ ❛$❡ ♠♦❞❡❧❧❡❞ ✐♥ ♦✉$ 1✐♠✉❧❛2♦$✮✳

✺✳✹✳✸✳✶ ▲✐8✉✐❞✐)② ✐♥✈❡*)♦-*

▲✐8✉✐❞✐)② 2$❛❞❡$1 ❛$❡ ✐♥✈❡12♦$1 2❤❛2 ❤❛✈❡ ❡①2$❛ ❝❛1❤✳ ❚❤❡1❡ 2$❛❞❡$1 ✐♥✈❡12 2❤❡✐$ ❝❛1❤

❢♦$ 1❤♦$2 ♣❡$✐♦❞1✳ ❚❤❡② ❞♦ ♥♦2 ❧♦♦❦ ❛2 ♠❛$❦❡2 ❢✉♥❞❛♠❡♥2❛❧1 ❛♥❞ ❛$❡ ♠♦2✐✈❛2❡❞ ❜②

❛ ♥✉♠❜❡$ ♦❢ $❡❛1♦♥1 ✇❤✐❝❤ ✇❡ ❣❡♥❡$✐❝❛❧❧② ❝❛❧❧ ✧❧✐E✉✐❞✐2②✧ $❡❛1♦♥1✳ ▲✐E✉✐❞✐2② 2$❛❞❡$1
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❙&(❛&❡❣② ♦❢ ❧✐?✉✐❞✐&② &(❛❞❡( ①

■♥♣✉&2✿ ❆❣❡♥+✬ Cashx ❛♥❞ Stocksx ♣❛)❛♠❡+❡) ❛♥❞ +❤❡  ❡❧❧✐♥❣ ♣)♦❜❛❜✐❧✐+②

P (Sell) = 50%

❆❝&✐♦♥2

✶✳ ♣ ❂ )❛♥❞♦♠ )❡❛❧ ❢)♦♠ ❬✵✱✶❪

✷✳ ■❢ p ≥ P (sell) ❛♥❞ Cashx > 0 +❤❛♥  ❡♥❞ ▼❛)❦❡+ ❇✉② ♦)❞❡) ❢♦) ❛ ♠❛①✐♠✉♠

❛♠♦✉♥+ ♦❢ Cashx

✸✳ ■❢ p < 1− P (sell) ❛♥❞ Stocksx > 0 +❤❛♥  ❡♥❞ ▼❛)❦❡+ ❙❡❧❧ ♦)❞❡) ❢♦) ❛ ♥✉♠❜❡)

♦❢ Stocksx  +♦❝❦ 
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❝♦♥ +❛♥+ ✭♦♥ ❛✈❡)❛❣❡✮ ✈♦❧✉♠❡ ♦❢ ♠❛)❦❡+ ♦)❞❡) ✳ ❚❤❡ ❡ +)❛❞❡) ❝❛♥ ❡✈❡♥+✉❛❧❧② ❛❞❛♣+
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❛♥❞ ❤❡  ❡❧❧ ❤✐ ♣♦)+❢♦❧✐♦ ❛❢+❡) ❛ ❝❡)+❛✐♥ ❤♦❧❞✐♥❣ ♣❡)✐♦❞ ✭♠❛①✐♠✉♠ ✶✵✵ +)❛❞✐♥❣ ❞❛② ✱

♦♥ ❛✈❡)❛❣❡✮✳ ▲♦✇❡)✐♥❣ T✭❙❡❧❧✮ ❡✈❡♥ ♠♦)❡ ✇♦✉❧❞ ✐♥❝)❡❛ ❡ +❤❡ ❤♦❧❞✐♥❣ ♣❡)✐♦❞ ♦❢ +❤✐ 

♥❡✇ +)❛❞❡) ✭ ❡❡ ❋✐❣✉)❡ ✺✳✻✮✳



✺✳✹✳ ❚❤❡ ❛❣❡♥)*✱ )❤❡✐- ❜✐❛*❡* ❛♥❞ ✐♥✈❡*)♠❡♥) ❞❡❝✐*✐♦♥* ✾✼

Agent investment

strategy

Liquidity motivated Profit-motivated

Liquidity traders Informed
Uninformed

Speculator

Fundamental trader Chartist (Noise) trader

Speculator trader

Overnight trader

Buy and Hold trader

❋✐❣✉$❡ ✺✳✻✿ ❚②♣♦❧♦❣② ♦❢ ✐♥✈❡23♠❡♥3 23$❛3❡❣✐❡2 ✭❡①3❡♥❞❡❞✮

❖♥ 3❤❡ ♦♣♣♦2✐3❡ 2✐❞❡✱ ✐❢ ✇❡ ✐♥❝$❡❛2❡ ?✭❙❡❧❧✮ 3♦ ✾✾✪ ✇❡ ♠♦❞❡❧ 3❤❡ ❜❡❤❛✈✐♦$ ♦❢ ❛♥

♦✈❡$✲♥✐❣❤3 ✐♥✈❡23♦$✳ ❚❤✐2 ✐♥✈❡23♦$ ❤❛2 ❛ ❤♦❧❞✐♥❣ ♣❡$✐♦❞ ♦❢ ✶ ❞❛②2 ✭✶✪ ♦❢ ❤✐2 3✐♠❡ ❤❡

❜✉②2✮ ❛♥❞ ♦♥❧② 23♦$❡2 ❤✐2 ❝❛2❤ ✐♥ 23♦❝❦2 ❢♦$ ❛ ✈❡$② 2❤♦$3 ♣❡$✐♦❞✳ ❆2 ✇✐3❤ 3❤❡ ♠❛✐♥

❧✐H✉✐❞✐3② ✐♥✈❡23♦$ 3②♣❡✱ 3❤❡2❡ 3✇♦ ❡①3$❡♠❡ ✈❛$✐❛♥32 ❢ ❧✐H✉✐❞✐3② 3$❛❞❡$2 ❤❛✈❡ ❛♥ ✐♠♣❛❝3

♦♥❧② ♦♥ 3$❛❞✐♥❣ ✈♦❧✉♠❡ ❛♥❞ ♥♦3 ♦♥ ♣$✐❝❡2✳

✺✳✹✳✸✳✷ 8-♦✜)✲♠♦)✐✈❛)❡❞ ✐♥✈❡*)♦-*

■♥✈❡23♦$2 3❤❛3 ❡♥3❡$ ♠❛$❦❡32 3♦ ❛❝3✐✈❡❧② ✐♥❝$❡❛2❡ 3❤❡ ✈❛❧✉❡ ♦❢ 3❤❡✐$ ♣♦$3❢♦❧✐♦ ❛$❡

❝❛❧❧❡❞ ♣$♦✜3✲♠♦3✐✈❛3❡❞ ✐♥✈❡23♦$2✳ ❚❤❡② 3$② 3♦ ♣$❡❞✐❝3 ❢✉3✉$❡ ♣$✐❝❡2 ♦$ 3❤❡ 3❡♥❞❡♥✲

❝✐❡2 ♦❢ 3❤❡ ♠❛$❦❡3✳ ❚❤❡2❡ ✐♥✈❡23♦$2 ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥3♦ 3✇♦ ❣$♦✉♣2✱ ❞❡♣❡♥❞✐♥❣ ♦♥

3❤❡✐$ ❜❡❧✐❡❢2 ❛❜♦✉3 3❤❡ ✜♥❛♥❝✐❛❧ ♠❛$❦❡3✳ ■♥❢♦$♠❡❞ ✐♥✈❡*+♦$* ❛$❡ 3❤♦2❡ ✇❤✐❝❤ ❜❡❧✐❡✈❡

♠❛$❦❡32 ❛$❡ ♥♦3 ❡♥3✐$❡❧② ❡✣❝✐❡♥3 ❛♥❞ 3❤❡② ✇✐❧❧ 3$② 3♦ ♣$♦✜3 ❢$♦♠ 3❤❡2❡ ✐♥❡✣❝✐❡♥❝✐❡2✳

❯♥✐♥❢♦$♠❡❞ *♣❡❝✉❧❛+♦$* ✭♦$ ♣✉$❡ 2♣❡❝✉❧❛3♦$2✮ ❛$❡ 3❤♦2❡ 3❤❛3 ❜❡❧✐❡✈❡ ♠❛$❦❡32 ❛$❡ ❡❢✲

✜❝✐❡♥3✱ ♠❡❛♥✐♥❣ 3❤❛3 3❤❡ ❢✉♥❞❛♠❡♥3❛❧ ✐♥❢♦$♠❛3✐♦♥ ✐2 ✐♥3❡❣$❛3❡❞ ✐♥ ♣$✐❝❡2✱ ❛♥❞ 3❤❡②

❝♦♥2✐❞❡$ 3❤❛3 3$❛❞✐♥❣ ❜❛2❡❞ ♦♥ 3❤❡ ❛✈❛✐❧❛❜❧❡ ❡❝♦♥♦♠✐❝ ✐♥❢♦$♠❛3✐♦♥ ✐2 ♥♦3 ♣$♦✜3❛❜❧❡✳

❚❤❡$❡❢♦$❡✱ 3❤❡2❡ ✐♥✈❡23♦$2✱ ❝❛❧❧❡❞ ✧❝❤❛$3✐23✧✱ ✧♥♦✐2❡✧ ♦$ ✧3❡❝❤♥✐❝❛❧✧ 3$❛❞❡$2 ✇✐❧❧ ✉2❡

♥♦♥✲❡❝♦♥♦♠✐❝ ✐♥❢♦$♠❛3✐♦♥ 3♦ ❢♦$❡❝❛23 ❛♥❞ ♣$♦✜3 ❢$♦♠ ❢✉3✉$❡ ♠❛$❦❡3 ♠♦✈❡2✳

❚❤❡ ❢✉♥❞❛♠❡♥3❛❧ 3$❛❞❡$ ✐2 3❤❡ ✐♥✈❡23♦$ ✇❤♦ 3❤✐♥❦2 3❤❡ ♠❛$❦❡3 ♣$✐❝❡ 2❤♦✉❧❞ $❡✢❡❝3

3❤❡ ❡❝♦♥♦♠✐❝ ✈❛❧✉❡ ♦❢ 3❤❡ ✉♥❞❡$❧②✐♥❣ ❝♦♠♣❛♥②✳ ■❢ 3❤✐2 $❡❧❛3✐♦♥ ❞♦❡2♥✬3 ❤♦❧❞✱ 3❤✐2



✾✽ ❈❤❛♣&❡( ✺✳ ❈♦♥&(✐❜✉&✐♦♥ ✲ ❖✉( 2✐♠✉❧❛&♦( ✭▲❯▼❆✮

✐♥✈❡$%♦' ✇✐❧❧ ❛❝% ✐♥ %❤❡ ❞✐'❡❝%✐♦♥ ♦❢ %❤❡ ✬❝♦''❡❝%✬ ♣'✐❝❡✳ ❚❤❡ $%'❛%❡❣② ♦❢ %❤✐$ %②♣❡ ♦❢

%'❛❞❡' ❝❛♥ ❜❡ ❞❡$❝'✐❜❡❞ ❛$✿

❙&(❛&❡❣② ♦❢ ✐♥❢♦(♠❡❞ ❢✉♥❞❛♠❡♥&❛❧ ✐♥✈❡2&♦(2 ❛❣❡♥& ①

■♥♣✉&2✿ Biasx(It)✱Pt✱▼✐♥✐♠✉♠ ❡①♣❡❝%❡❞ '❡%✉'♥ ❢♦' %'❛❞✐♥❣ ♦❢ ❛❣❡♥% ①✱ rx,min

❆❝&✐♦♥2✿

✶✳ ❋♦'❡❝❛$%✱ ❛% %✐♠❡ %✱ %❤❡ ❛❣❡♥%✬$ ❡①♣❡❝%❡❞ ✈❛❧✉❡ ♦❢ %❤❡ ❛$$❡%✬$ ♠❛'❦❡% ♣'✐❝❡ ❛%

%✐♠❡ %✰✶ Ex,t(Pt+1) = Pt +Biasx(It)

✷✳ ❈♦♠♣✉%❡ %❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥%❡'✈❛❧ ♦❢ %❤✐$ ♣'✐❝❡

ICPt+1
= [Ex,t+1(Pt+1) ∗ (1± rx,min)]

✸✳ ■❢ Pt < min(ICPt+1
) %❤❡♥ $❡♥❞ ❜✉② ▲✐♠✐% ❖'❞❡' ❛% ❜✉② ♣'✐❝❡ min(ICPt+1

)

✹✳ ■❢ Pt > max(ICPt+1
) %❤❡♥ $❡♥❞ $❡❧❧ ▲✐♠✐% ❖'❞❡' ❛% $❡❧❧ ♣'✐❝❡ max(ICPt+1

)

■♥ %❤❡ ✜'$% $%❡♣✱ %❤❡ %'❛❞❡' ✉$❡$ ❤✐$ ❛✈❛✐❧❛❜❧❡ ✐♥❢♦'♠❛%✐♦♥ ✭❜✐❛$❡❞ ❛$ ✐% ✐$✮ %♦

❢♦'❡❝❛$% %❤❡ ❢✉%✉'❡ ♠❛'❦❡% ♣'✐❝❡✳ ▲♦♦❦✐♥❣ ❛% ❡J✉❛%✐♦♥ ✶✺ ♦♥ ♣❛❣❡ ✽✶✱ %❤❛% ❞❡$❝'✐❜❡$

%❤❡ ❢♦'♠❛%✐♦♥ ♦❢ %❤❡ ♠❛'❦❡% ✐♥❢♦'♠❛%✐♦♥✱ ✇❡ $❡❡ %❤❛% ❛♥ ✐♥❢♦'♠❡❞ %'❛❞❡' ✇✐%❤♦✉%

❛♥② ❜✐❛$ ❝♦✉❧❞ ♣❡'❢❡❝%❧② ❢♦'❡❝❛$% %❤❡ ♥❡①% ❢✉♥❞❛♠❡♥%❛❧ ✈❛❧✉❡ ♦❢ %❤❡ ❛$$❡%✳ ❊✈❡♥ ✐❢ ❛

❢✉♥❞❛♠❡♥%❛❧ %'❛❞❡' ❝❛♥ ❢♦'❡❝❛$% %❤✐$ ✈❛❧✉❡ ✭❜✐❛$❡❞ ♦' ♥♦%✮ ❤❡ ❦♥♦✇$ %❤❛% %❤❡ ♠❛'❦❡%

✇✐❧❧ ♥♦% ♥❡❝❡$$❛'✐❧② ♠♦✈❡ %❤❡ ♣'✐❝❡ %♦✇❛'❞$ %❤✐$ ❢✉♥❞❛♠❡♥%❛❧ ♣♦✐♥% ✐♠♠❡❞✐❛%❡❧②✳

❚❤❡'❡❢♦'❡ %❤❡ %'❛❞❡' ✇✐❧❧ %❛❦❡ ❛ ♣'❡❝❛✉%✐♦♥ ♠❡❛$✉'❡ ❜② ❛❝❦♥♦✇❧❡❞❣✐♥❣ %❤❛% %❤❡ ♥❡①%

♠❛'❦❡% ♣'✐❝❡ ✇✐❧❧ ❜❡ ❝❧♦$❡ %❤❡ ❝♦''❡❝% ❢✉♥❞❛♠❡♥%❛❧ ✈❛❧✉❡✳ ❚❤✐$ ✐$ ✇❛② %❤❡ %'❛❞❡'

❝♦♠♣✉%❡$✱ ✐♥ $%❡♣ ✷✱ ❛ ❝♦♥✜❞❡♥❝❡ ✐♥%❡'✈❛❧ ✉$✐♥❣ ❤✐$ ♠✐♥✐♠❛❧ '❡%✉'♥ '❡J✉✐'❡♠❡♥%✳

❚❤✐$ %②♣❡ ♦❢ %'❛❞❡' ❜❡❧✐❡✈❡$ %❤❡ ♥❡①% ❢✉%✉'❡ ♠❛'❦❡% ♣'✐❝❡ ✇✐❧❧ ❜❡ $✐%✉❛%❡❞ $♦♠❡✇❤❡'❡

✐♥$✐❞❡ %❤✐$ ✐♥%❡'✈❛❧✳ ■❢ %❤❡ ♠❛'❦❡% ♣'✐❝❡ ✐$ ♦✉%$✐❞❡ ♦❢ %❤✐$ ✐♥%❡'✈❛❧ ✐% ♠❡❛♥$ %❤❛%✱

✐❢ ❛❧❧ ❣♦❡$ ♥♦'♠❛❧❧②✱ %❤❡'❡ ✐$ ❛♥ ♦♣♣♦'%✉♥✐%② ❢♦' ❛ ♠✐♥✐♠❛❧❧② ❛❝❝❡♣%❡❞ ♣'♦✜% $✐♥❝❡

%❤❡ ♠❛'❦❡% ✇✐❧❧ ♠❛❦❡ ❛♥ ✐♠♣♦'%❛♥% ❛❞❥✉$%♠❡♥% %♦ ♣'✐❝❡$ ✐♥ %❤❡ ♥❡❛' ❢✉%✉'❡✳ ❚❤✐$

♣❛'❛♠❡%❡'✱ ♦❢ ♠✐♥✐♠❛❧❧② ❛❝❝❡♣%❡❞ '❡%✉'♥✱ ❝❛♥ ❜❡ ❝♦♥$✐❞❡'❡❞ ❛$ ❛ ❢✉♥❝%✐♦♥ ♦❢ %❤❡

❛❣❡♥%✬$ '✐$❦ ❛✈❡'$✐♦♥ ❛♥❞ %❤❡ ♣❡'❝❡✐✈❡❞ ♠❛'❦❡% '✐$❦$✳ ❚❤❡ ❢✉%✉'❡ ♣'✐❝❡ ❝♦♥✜❞❡♥❝❡

✐♥%❡'✈❛❧ ✐$ ❝♦♠♣✉%❡❞ ✉$✐♥❣ ❛ $✉❜❥❡❝%✐✈❡ ♣❛'❛♠❡%❡'✱ ♠✐♥✐♠❛❧ '❡%✉'♥✱ %❤❛% ❝♦♥%❛✐♥$

%❤❡ ✐♥✈❡$%♦'$ '✐$❦ ❛✈❡'$✐♦♥ ❧❡✈❡❧$ ❛$ ✇❡❧❧ ❛$ ❤✐$ ✐♥%❡'♣'❡%❛%✐♦♥ ♦❢ %❤❡ ♠❛'❦❡% ❛♥❞ ❛$$❡%

'✐$❦$✳ ■♥ ❛ ✈❡'② ❝♦♠♣❡%✐%✐✈❡ ❛♥❞ ♣'❡❝✐$❡ ♠❛'❦❡%✱ %❤❛% ❝❛♥ ❝♦''❡❝%❧② ❛♥❞ J✉✐❝❦❧②

✐♥%❡❣'❛%❡ ❡❝♦♥♦♠✐❝ ✐♥❢♦'♠❛%✐♦♥ ✐♥%♦ ♣'✐❝❡$✱ %❤❡ ♠❛'❦❡% ♣'✐❝❡$ ✇✐❧❧ ❛❧✇❛②$ ❜❡ ✈❡'②

❝❧♦$❡ %♦ %❤❡ ❢✉♥❞❛♠❡♥%❛❧ '❡❛❧✐%✐❡$✳ ❚❤❡'❡❢♦'❡ %❤❡ '✐$❦ ♦❢ ♠❛'❦❡% ♠✐$❡$%✐♠❛%✐♥❣ ✐$

$♠❛❧❧ ❛♥❞ ❧✐❦❡✇✐$❡ %❤❡ ♠✐♥✐♠❛❧ '❡J✉✐'❡❞ '❡%✉'♥$ ♦❢ %'❛❞❡'$ ❛'❡ $♠❛❧❧❡'✳ ❆ %'❛❞❡'

✇✐%❤ ❤✐❣❤ ❛✈❡'$✐♦♥ ❢♦' '✐$❦ ✇✐❧❧ ✇❛♥% %♦ ❡♥%❡' ❛ %'❛❞❡ ♦♥❧② ✐❢ %❤❡'❡ ✐$ ❛ $✐❣♥✐✜❝❛♥%

♣'♦✜% ♣♦$$✐❜✐❧✐%②✳ ❚❤❡'❡❢♦'❡ ❤✐❣❤❡' '✐$❦ ❛✈❡'$✐♦♥ ✐♠♣❧✐❡$ ❛ ❤✐❣❤❡' ♠✐♥✐♠❛❧ '❡%✉'♥

❡①♣❡❝%❛%✐♦♥✳ ❉❡♣❡♥❞✐♥❣ ♦♥ %❤❡ %'❛❞❡' ❝❤❛'❛❝%❡'✐$%✐❝$✱ ❤✐$ '✐$❦ ❛✈❡'$✐♦♥ ❝♦❡✣❝✐❡♥%



✺✳✹✳ ❚❤❡ ❛❣❡♥)*✱ )❤❡✐- ❜✐❛*❡* ❛♥❞ ✐♥✈❡*)♠❡♥) ❞❡❝✐*✐♦♥* ✾✾

❝❛♥ ✢✉❝%✉❛%❡ ❞❡♣❡♥❞✐♥❣ ♦♥ ❤✐- ♣❡.❝❡♣%✐♦♥ ♦❢ %❤❡ ♠❛.❦❡% ✭♠♦.❡ .✐-❦②✱ ❧❡-- .✐-❦②✱

❡%❝✮✳ ■♥ ♦✉. ❝♦♥❝❡♣%✐♦♥ ♦❢ %❤❡ ♠❛.❦❡%✱ %❤✐- ♣❛.❛♠❡%❡. -❤♦✉❧❞ .❡-% ❝♦♥-%❛♥% ❢♦.

❛❧❧ ✐♥✈❡-%♦.-✳ ■♥❞✐.❡❝%❧②✱ %❤❡ ❞❛✐❧② ❛✈❡.❛❣❡ .✐-❦ ❛✈❡.-✐♦♥ ❛♥❞ ♠❛.❦❡% .✐-❦ ❛.❡ ♥♦%

❝♦♥-%❛♥% ❜❡❝❛✉-❡ ♥♦% ❛❧❧ ✐♥✈❡-%♦.-✬ %.❛❞❡ ❞❛✐❧②✳ ❲❡ ❝❛♥ ✉♥❞❡.-%❛♥❞ %❤❛% %❤❡ -♠❛❧❧❡.

%❤❡ ♠✐♥✐♠❛❧ .❡=✉✐.❡❞ .❡%✉.♥ ♦❢ ✐♥✈❡-%♦.- %❤❡ ❜❡%%❡. ✭❛♥❞ ❢❛-%❡.✮ ♣.✐❝❡- .❡❛❞❛♣% %♦

❢✉♥❞❛♠❡♥%❛❧ ✈❛❧✉❡-✳ ❋♦. ❡①❛♠♣❧❡✱ ❛♥ ❛✈❡.❛❣❡ ♦❢ ✺✪ ♠✐♥✐♠❛❧ .❡=✉✐.❡❞ .❡%✉.♥-✱ ✇✐❧❧

❝.❡❛%❡ ❛ ♠❛.❦❡% ✇❤❡.❡ ♣.✐❝❡- ✇✐❧❧ ✢✉❝%✉❛%❡ .❛♥❞♦♠❧② ✐♥ ❛ ✰✴✲ ✺✪ ❜❛♥❞ ❛.♦✉♥❞ %❤❡

❢✉♥❞❛♠❡♥%❛❧ ✈❛❧✉❡✳ ❲❤❡♥ %❤❡ ♣.✐❝❡ ✐- %♦♦ ❝❧♦-❡ ✭❃✺✪✮ %♦ %❤❡ ❢✉♥❞❛♠❡♥%❛❧ ✈❛❧✉❡

%❤❛♥ %❤❡ ✐♥❢♦.♠❡❞ ✐♥✈❡-%♦.- ❛.❡ ♥♦% ♠♦%✐✈❛%❡❞ %♦ ❛♣♣.♦❛❝❤ %❤❡ ♠❛.❦❡% ♣.✐❝❡ ❡✈❡♥

❝❧♦-❡.✳ ■❢ ✇❡ ✇♦✉❧❞ ♠❛❦❡ %❤❡ ♠✐♥✐♠❛❧ .❡=✉✐.❡❞ .❡%✉.♥ ❛ ❢✉♥❝%✐♦♥ ♦❢ ❛ ❝♦♥-%❛♥% .✐-❦

❛✈❡.-✐♦♥ ❛♥❞ ❛ ♣.♦①② ♦❢ ♠❛.❦❡% .✐-❦ ✭❧✐❦❡ ♣❛-% ✈♦❧❛%✐❧✐%②✮ ✇❡ ✇♦✉❧❞ ❜❡ .❡♣❡❛%✐♥❣

❦♥♦✇♥ ❞❡-✐❣♥ ♠✐-%❛❦❡- ❜② ✐♥%.♦❞✉❝✐♥❣ ❡①♣❧✐❝✐% ❛✉%♦❝♦..❡❧❛%✐♦♥ ✐♥ .❡%✉.♥ ✈♦❧❛%✐❧✐%②

✭-❡❡ ❝❤❛♣%❡. ❢♦. ♠♦.❡ ❞❡%❛✐❧-✮✳

❲❡ ❝❛♥ .❡✇.✐%❡ %❤❡ ❡=✉❛%✐♦♥-✱ ❢.♦♠ -%❡♣- ✸ ❛♥❞ ✹ ♦❢ %❤❡ ✐♥❢♦.♠❡❞ ❢✉♥❞❛♠❡♥%❛❧

✐♥✈❡-%♦. -%.❛%❡❣②✱ ✐♥ ❛ .❡%✉.♥ ❢♦.♠✳ ❚❤✐- ✇✐❧❧ -❤♦✇ %❤❛% %❤❡ ❛♥ ✐♥❢♦.♠❡❞ %.❛❞❡. %❛❦❡-

❛ ❞❡❝✐-✐♦♥ ❜❛-❡❞ ♦♥ ❤✐- ❡①♣❡❝%❡❞ .❡%✉.♥-✿

✶✳ ✳✳✳

✷✳ ✳✳✳

✸✳ ■❢ Et(rt+1) < 0 ❛♥❞ |Et(rt+1)| > rx,min %❤❡♥ ♠❛❦❡ ❧✐♠✐% -❡❧❧ ♦.❞❡.

✹✳ ■❢ Et(rt+1) > 0 ❛♥❞ |Et(rt+1)| > rx,min %❤❡♥ ♠❛❦❡ ❧✐♠✐% ❜✉② ♦.❞❡.

■♥ ♦%❤❡. ✇♦.❞-✱ -✉❝❤ ❛ %.❛❞❡. ❝♦♥-✐❞❡.- %❤❛% ✐❢ %❤❡ ♠❛.❦❡% ♣.✐❝❡ ✐- %♦♦ ❢❛. ❢.♦♠

%❤❡ ❢✉♥❞❛♠❡♥%❛❧ ✈❛❧✉❡ %❤❛♥ ✐% ✇✐❧❧ ✐♥%❡.✈❡♥❡ ✐♥ ♦.❞❡. %♦ ♣.♦✜% ♦✛ ♦❢ %❤✐- ❣❛♣✳ ❲❤❡♥

❜❡%%✐♥❣ %❤❛% %❤❡ ♠❛.❦❡% ✇✐❧❧ ❛❞❥✉-% %♦✇❛.❞- %❤❡ ❢✉♥❞❛♠❡♥%❛❧ ✈❛❧✉❡✱ %❤❡ ✐♥❢♦.♠❡❞

%.❛❞❡. ❜❡❧✐❡✈❡- %❤❛% ♠❛.❦❡%- ✇✐❧❧ ❜❡ ♦♥❝❡ ❛❣❛✐♥ ❡✣❝✐❡♥% ❛♥❞ %❤❡② ✇✐❧❧ -♦♦♥ ❝♦.✲

.❡❝%❧② ♣.✐❝❡ %❤❡ ❛--❡%✳ ❋♦. %❤✐- .❡❛-♦♥✱ %❤❡-❡ %.❛❞❡.- ❛.❡ %❤❡ ♦♥❡- %❤❛% ❝♦♥❢.♦♥% %❤❡

❝.♦✇❞✲❢♦.♠❡❞ %.❡♥❞- ❛♥❞ ✐♥%.♦❞✉❝❡ -%❛❜✐❧✐③✐♥❣ ❡✛❡❝% ✐♥ %❤❡ ♠❛.❦❡%✳ ❚❤✐- ❜❡❤❛✈✐♦.

✐- ♦♣♣♦-✐%❡ %♦ %❤❛% ♦❢ ❛♥ ✐♥❢♦.♠❡❞ -♣❡❝✉❧❛%♦. ✇❤♦ ❝❤♦♦-❡- %♦ ❣♦ ✇✐%❤ %❤❡ ❝.♦✇❞ ❡✈❡♥

%❤♦✉❣❤ ❤❡ ❤❛- ✐♥❢♦.♠❛%✐♦♥ %❤❛% -❤♦✇- ♠❛.❦❡%- ❛.❡ ♠✐-♣.✐❝✐♥❣ %❤❡ ❛--❡%✳

■♥ ♦♣♣♦-✐%✐♦♥ %♦ ✐♥❢♦$♠❡❞ ❢✉♥❞❛♠❡♥*❛❧ ✐♥✈❡-*♦$- ✇❡ ✐♥%.♦❞✉❝❡ %❤❡ %②♣♦❧♦❣② ♦❢

✐♥❢♦$♠❡❞ (♣❡❝✉❧❛.♦$( ✳ ❚❤❡-❡ -♣❡❝✉❧❛%♦.- ❤❛✈❡ ❛❝❝❡-- %♦ %❤❡ -❛♠❡ ❧❡✈❡❧ ♦❢✱ ❜✐❛-❡❞✱

✐♥❢♦.♠❛%✐♦♥ ❛- ✐♥❢♦.♠❡❞ ✐♥✈❡-%♦.-✳ ❚❤❡② ❤❛✈❡ %❤❡ -❛♠❡ .❡-♦✉.❝❡- ❜♦%❤ ✐♥ ❝❛-❤ ❛♥❞

❛--❡%- ❛♥❞ %❤❡② ❛❧-♦ -❤❛.❡ %❤❡ -❛♠❡ ❝❛♣❛❝✐%② ❢♦. ❢♦.❡❝❛-%✐♥❣ ❛ ❝♦♥✜❞❡♥❝❡ ✐♥%❡.✈❛❧ ❢♦.

%❤❡ ❢✉%✉.❡ ❢✉♥❞❛♠❡♥%❛❧ ♣.✐❝❡✳ ❚❤❡ ♦♥❧② ❞✐✛❡.❡♥❝❡ ❜❡%✇❡❡♥ %❤❡-❡ %✇♦ ✐♥❢♦.♠❡❞ %.❛❞❡.

%②♣❡- ❧✐❡- ✐♥ %❤❡✐. ❝♦♥❝❡♣%✐♦♥ ♦❢ %❤❡ ♠❛.❦❡%✳ ■♥❢♦$♠❡❞ ❢✉♥❞❛♠❡♥*❛❧ ✐♥✈❡-*♦$- ❜❡❧✐❡✈❡

%❤❛% ♠❛.❦❡%- ❛.❡ ❡✣❝✐❡♥% ❜✉% ❝❛♥ -♦♠❡%✐♠❡- ♠❛❦❡ ❡-%✐♠❛%✐♦♥ ♠✐-%❛❦❡-✳ ❲❤❡♥ %❤❡-❡

♠✐-%❛❦❡- ♦❝❝✉.✱ ✐♥❢♦.♠❡❞ %.❛❞❡.- -%❡♣ ✐♥ ❛♥❞ ❛❝% ✐♥ %❤❡ ❞✐.❡❝%✐♦♥ ♦❢ ❝♦..❡❝%✐♥❣ %❤❡

❡..♦.✿ ✇❤❡♥ %❤❡ ♠❛.❦❡% ♦✈❡.❡-%✐♠❛%❡- ❛♥ ❛--❡% ✐♥❢♦.♠❡❞ ✐♥✈❡-%♦.- -❡❧❧ ❛♥❞ ✇❤❡♥ %❤❡

♠❛.❦❡% ✉♥❞❡.❡-%✐♠❛%❡- ❛♥ ❛--❡% %❤❡② ❜✉②✳ ❖♥ %❤❡ ♦%❤❡. ❤❛♥❞✱ ✐♥❢♦$♠❡❞ -♣❡❝✉❧❛*♦$-

❜❡❧✐❡✈❡ %❤❛% ♠❛.❦❡%- ❛.❡ ♥♦% %❤❛% ❡✣❝✐❡♥% ❛♥❞ ❛--❡%- ❛.❡ ♠✐-♣.✐❝❡❞ ❢♦. ❧♦♥❣ ✉♥✐♥✲

%❡..✉♣%❡❞ ♣❡.✐♦❞-✳ ❚❤❡.❡❢♦.❡✱ ✐♥❢♦.♠❡❞ -♣❡❝✉❧❛%♦.- ✇✐❧❧ ♥♦% ❛❧✇❛②- ❣♦ ❛❣❛✐♥-% %❤❡



✶✵✵ ❈❤❛♣&❡( ✺✳ ❈♦♥&(✐❜✉&✐♦♥ ✲ ❖✉( 2✐♠✉❧❛&♦( ✭▲❯▼❆✮

♠❛"❦❡% %"❡♥❞✱ ❡✈❡♥ ✐❢ %❤❡✐" ✐♥❢♦"♠❛%✐♦♥ %❡❧❧/ %❤❡♠ %❤❛% %❤❡ ♠❛"❦❡% ✐/ ❢✉♥❞❛♠❡♥%❛❧❧②

✇"♦♥❣✳ ❚❤❡♦"❡%✐❝❛❧❧②✱ ✐% ✐/ ♣♦//✐❜❧❡ %❤❛% %❤❡/❡ /♣❡❝✉❧❛%✐✈❡ ✐♥✈❡/%♦"/ ❝❛♥ ❝"❡❛%❡ ❛

♣♦/✐%✐✈❡ ❢❡❡❞❜❛❝❦ ❧♦♦♣ %♦ "❡✐♥❢♦"❝❡ ❛♥❞ /✉/%❛✐♥ ❛ %"❡♥❞ ✐♥ ♠❛"❦❡% ✭♣"♦✈✐❞❡❞ %❤❡② ❛❝%

❛% %❤❡ /❛♠❡ %✐♠❡✮✳ ❉✐✛❡"❡♥% ❢"♦♠ ♦%❤❡" /♣❡❝✉❧❛%♦" ✐♥✈❡/%♦"/ ✭❧✐❦❡ %❡❝❤♥✐❝❛❧ %"❛❞❡"/✮

%❤❡ ✐♥❢♦"♠❡❞ /♣❡❝✉❧❛%♦"/ %"❛❞❡ ❛% ✐♥❝♦""❡❝% ♣"✐❝❡/ ♦♥❧② %♦ ❛ ❝❡"%❛✐♥ ♣♦✐♥%✳ ❆❢%❡" ❛

♠✐/♣"✐❝✐♥❣ ❧✐♠✐%✱ ✐♥❢♦"♠❡❞ /♣❡❝✉❧❛%♦"/ ❞❡❝✐❞❡ %❤❛% %❤❡ ♠❛"❦❡% ✐/ %♦♦ ❢❛" ❛✇❛② ❢"♦♠

%❤❡ ❢✉♥❞❛♠❡♥%❛❧ ✈❛❧✉❡✳ ■♥ ✺✳✼ ✇❡ /❤♦✇ %❤❡ ❡✈♦❧✉%✐♦♥ ♦❢ ❛ ❢✉♥❞❛♠❡♥%❛❧ ❛♥❞ ♠❛"❦❡%

%✐♠❡ /❡"✐❡/ ✐♥ ❛ ❤②♣♦%❤❡%✐❝❛❧ ♠❛"❦❡% ✐♥ ♦"❞❡" %♦ ❡①♣❧❛✐♥ ❤♦✇ ✐♥❢♦"♠❡❞ /♣❡❝✉❧❛%♦"/

❣❡% ✐♥✈♦❧✈❡❞ ✐♥ %❤❡ ♠❛"❦❡%/✳

❋✐❣✉"❡ ✺✳✼✿ ❙♣❡❝✉❧❛%♦"/ ❛♥❞ %❤❡ ❡✈♦❧✉%✐♦♥ ♦❢ ❢✉♥❞❛♠❡♥%❛❧ ✈❛❧✉❡ ✭❣"❡❡♥✮ ❛♥❞ ♠❛"❦❡%

♣"✐❝❡ ✭"❡❞✮

❚❤❡ ❣"❡❡♥ ❧✐♥❡ "❡♣"❡/❡♥%/ %❤❡ ❢✉♥❞❛♠❡♥%❛❧ ✈❛❧✉❡ ❛♥❞ %❤❡ "❡❞ ❧✐♥❡ %❤❡ ♠❛"❦❡% ✈❛❧✉❡

♦❢ ❛♥ ❛//❡%✳ ❆❝❝♦"❞✐♥❣ %♦ %❤❡✐" /%"❛%❡❣✐❡/✱ ✐♥❢♦"♠❡❞ ❢✉♥❞❛♠❡♥%❛❧ ✐♥✈❡/%♦"/ ✇✐❧❧ ❡♥%❡"

%❤❡ ♠❛"❦❡% ❛♥❞ ✇✐❧❧ /%❛"% /❡❧❧✐♥❣ %❤❡ ❛//❡% ✭✐♥ ♦"❞❡" %♦ ❧♦✇❡" ✐%/ ✈❛❧✉❡ %♦✇❛"❞/ %❤❡

❢✉♥❞❛♠❡♥%❛❧ ✈❛❧✉❡✮✳ ❚❤❡/❡ ✐♥✈❡/%♦"/ ✇✐❧❧ %❛❦❡ ❛❝%✐♦♥ ✇❤❡♥ %❤❡ ♠❛"❦❡% ♣"✐❝❡ Pt ✇✐❧❧

❜❡ ❛"♦✉♥❞ %❤❡ rmin %❤"❡/❤♦❧❞ ✭❛♥ ❛✈❡"❛❣❡ ♠✐♥✐♠❛❧ ❡①♣❡❝%❡❞ "❡%✉"♥✮✳ ❚❤❡ /❡❧❧✐♥❣

♦"❞❡"/ ♦❢ %❤❡/❡ ✐♥✈❡/%♦"/ ✇✐❧❧ ♣"❡// ♦♥ %❤❡ ♠❛"❦❡% ✐♥ ❛♥ ❡✛♦"% %♦ ❧♦✇❡" %❤❡ ♣"✐❝❡✱

✇❤✐❝❤ ✐/ ❛❜♦✈❡ %❤❡ ❢✉♥❞❛♠❡♥%❛❧ ✈❛❧✉❡✳ ■♥ %❤❡ /❛♠❡ %✐♠❡✱ %❤❡ ✐♥❢♦"♠❡❞ /♣❡❝✉❧❛%♦"/

❝❛♥ ❛❧/♦ /%❛"% ❛❝%✐♥❣ ✐♥ %❤❡ ♠❛"❦❡% ❜✉% ✐♥ %❤❡ ❞✐"❡❝%✐♦♥ ♣"♦♣♦/❡❞ ❜② %❤❡ ♠❛"❦❡%✿

❛✇❛② ❢"♦♠ %❤❡ ❢✉♥❞❛♠❡♥%❛❧ ✈❛❧✉❡✳ ❚❤❡/❡ /♣❡❝✉❧❛%✐✈❡ ❛❝%✐♦♥/✱ ♦❢ ❜✉②✐♥❣ ❡✈❡♥ ✐❢ %❤❡

❛//❡% ✐/ ♦✈❡"♣"✐❝❡❞✱ ❝❛♥ ✐♥❝"❡❛/❡ %❤❡ ❛❝%✉❛❧ %"❡♥❞✳ ❙✉❝❤ ❛❝%✐♦♥/ ❛"❡ ❡①❡❝✉%❡❞ ♦♥❧② ✐❢

%❤❡ /♣❡❝✉❧❛%♦"/ ❜❡❧✐❡✈❡ %❤❡② ❝❛♥ ♣"♦✜% ♦✛ %❤✐/ ♦♣❡"❛%✐♦♥✳ ❇✉% ✐♥❢♦"♠❡❞ /♣❡❝✉❧❛%♦"/

❝❛♥ ♣"♦✜% ♦✛ /✉❝❤ ❛ %"❡♥❞ ✐❢ %❤❡② ❜✉② ✇✐%❤ %❤❡ ♠❛"❦❡% ❛♥❞ /❡❧❧ ❛❣❛✐♥/% ✐% ❛❢%❡"



✺✳✹✳ ❚❤❡ ❛❣❡♥)*✱ )❤❡✐- ❜✐❛*❡* ❛♥❞ ✐♥✈❡*)♠❡♥) ❞❡❝✐*✐♦♥* ✶✵✶

 ♦♠❡ $✐♠❡✳ ■♥❞❡❡❞✱ $❤❡ ❡  ♣❡❝✉❧❛$♦1 ✇✐❧❧ ❣♦ ✇✐$❤ $❤❡ ♠❛1❦❡$ ❢♦1  ♦♠❡ $✐♠❡ ❛♥❞

❛❢$❡1 $❤❡ ♣1✐❝❡ ❛1❡ ❝♦♥ ✐❞❡1❡❞ $♦♦ ❢❛1 ❢1♦♠ $❤❡ ❢✉♥❞❛♠❡♥$❛❧ ✱ ❧✐❦❡ ♣❛  ✐♥❣ ♦✈❡1 $❤❡

❘max $❤1❡ ❤♦❧❞✱ $❤❡② ✇✐❧❧ $1② $♦ ❝❧♦ ❡ $❤❡✐1 ♣♦ ✐$✐♦♥ ✳ ❆$ $❤✐ ♣♦✐♥$ $❤❡  ♣❡❝✉❧❛$♦1 

✇✐❧❧ ❤❛✈❡ ❛  ✐♠✐❧❛1 ❜❡❤❛✈✐♦1 ❛ $❤❡ ✐♥❢♦1♠❡❞ ✐♥✈❡ $♦1 ✳ ❙♣❡❝✉❧❛$♦1 ✐♥✈❡ $♦1 ❝❛♥

❜❡ ✈✐❡✇❡❞ ❛ ❛ ❤②❜1✐❞ ❜❡$✇❡❡♥ ✐♥❢♦1♠❡❞ ✐♥✈❡ $♦1 ✭✇✐$❤ ❛ ❤✐❣❤ ♠✐♥✐♠❛❧ ❡①♣❡❝$❡❞

1❡$✉1♥✮ ❛♥❞ ✉♥✐♥❢♦1♠❡❞  ♣❡❝✉❧❛$♦1 ✭❝❤❛1$✐ $ $❤❛$ ❛♠♣❧✐❢② ♠❛1❦❡$ $1❡♥❞ ✇❤❡♥ $❤❡

♠✐♥✐♠❛❧ ❡①♣❡❝$❡❞ 1❡$✉1♥ ❝♦♥❞✐$✐♦♥ ✐ ♥♦$ ❢✉❧✜❧❧❡❞✮✳

❚❤❡  ❡❝♦♥❞ ♠❛❥♦1 $②♣❡ ♦❢ ♣1♦✜$✲♠♦$✐✈❛$❡❞ ✐♥✈❡ $♦1 ✐ 1❡♣1❡ ❡♥$❡❞ ❜② $❤❡ ✉♥✲

✐♥❢♦-♠❡❞ ✐♥✈❡*)♦-*✳ ❚❤❡ ❡ ✐♥✈❡ $♦1 ❜❡❧✐❡✈❡ ❡❝♦♥♦♠✐❝ ✐♥❢♦1♠❛$✐♦♥ ✐ ♥♦$ ❛ ❣♦♦❞

✐♥❞✐❝❛$♦1 ❢♦1 ❢♦1❡❝❛ $✐♥❣ ❢✉$✉1❡ ♠❛1❦❡$ ♠♦✈❡ ✳ ❚❤❡② ❥✉ $✐❢② $❤✐ ❜❡❧✐❡❢ ✐♥ $✇♦ ✇❛② ✿

✶✳ ❡❝♦♥♦♠✐❝ ✐♥❢♦1♠❛$✐♦♥ ✐ ❛❧1❡❛❞② ✐♥$❡❣1❛$❡❞ ✐♥$♦ ♣1✐❝❡ ❛♥❞ $❤❡ ♣1✐❝❡ ♠♦✈❡♠❡♥$ 

❜❡$✇❡❡♥ ♠♦♠❡♥$ ✇❤❡♥ ❡❝♦♥♦♠✐❝ ✐♥❢♦1♠❛$✐♦♥ ✐ 1❡❧❡❛ ❡❞ ❛1❡ ❣❡♥❡1❛$❡❞ ❜② ♠❛1✲

❦❡$ ✧♣ ②❝❤♦❧♦❣②✧ ♦1 ✷✳ ♠❛1❦❡$ 1❛1❡❧② ✉ ❡ ❡❝♦♥♦♠✐❝ ✐♥❢♦1♠❛$✐♦♥ ❛♥❞ ✐♥ $❡❛❞ $❤❡②

❝♦♥❝❡✐✈❡  $1❛$❡❣✐❡ ✐♥ ♦1❞❡1 $♦ ♠❛❦❡ ❢❛ $ ♣1♦✜$ ✳ ❇❡❝❛✉ ❡ $❤❡② ❤♦❧❞  ✉❝❤ ❜❡❧✐❡❢ ✱

✉♥✐♥❢♦1♠❡❞ ✐♥✈❡ $♦1 ❞♦ ♥♦$ $1② $♦ ♦❜$❛✐♥ ❛♥❞ ✉ ❡ ❡❝♦♥♦♠✐❝ ✐♥❢♦1♠❛$✐♦♥✳ ■♥ $❡❛❞

$❤❡② ❝♦♥ $1✉❝$ ♠❛$❤❡♠❛$✐❝❛❧✱  $❛$✐ $✐❝❛❧ ♦1 ♦$❤❡1 ❢♦1♠ ♦❢ ✐♥❞✐❝❛$♦1 $❤❛$ ❤❡❧♣ $❤❡♠

❞✐ ❝♦✈❡1 ♣1♦✜$❛❜❧❡ ♠❛1❦❡$ ✬♦♣♣♦1$✉♥✐$✐❡ ✬✳

■♥ ✐❞❡ ♦✉1  ✐♠✉❧❛$♦1✱ ✇❡ ♠♦❞❡❧❧❡❞ $❤❡ ❡ ✐♥✈❡ $♦1 ✱ ❛❧ ♦ ❝❛❧❧❡❞ ✧❝❤❛1$✐ $ ✧✱ ✉ ✐♥❣

 ✐♠♣❧❡ ♠❡♠♦1② ❢✉♥❝$✐♦♥ $❤❛$ ❞❡$❡1♠✐♥❡ $1❡♥❞ ✐♥ ✐❞❡ $❤❡ ♠❛1❦❡$ ♣1✐❝❡  ❡1✐❡ ✳ ❊❛❝❤

✉♥✐♥❢♦1♠❡❞ ✐♥✈❡ $♦1 ❤❛ $✇♦  $1❛$❡❣② ♠❛♣ ✇✐$❤ ❛ ❧❡♥❣$❤ ♦❢ ❙✳ ❊❛❝❤  $1❛$❡❣② ❤❛ 

❙ ✉♥✐$ ❜❡❧❧♦✇✐♥❣ $♦ ♦♥❡ ♦❢ $❤❡ ❡  $❛$❡ [−1, 0, 1]✳ ❊❛❝❤ ✐♥✈❡ $♦1 ❤❛ $✇♦  $1❛$❡❣✐❡ ✿

♦♥❡  $1❛$❡❣② ✐ ✉ ❡❞ $♦ ❞❡$❡1♠✐♥❡ ❛ ❜✉②✐♥❣  ✐❣♥❛❧ ❛♥❞ ❛♥♦$❤❡1 $♦ ❞❡$❡1♠✐♥❡ ❛  ❡❧❧✐♥❣

 ✐❣♥❛❧✳ ❚❤❡  $1❛$❡❣② ❝♦♥✜❣✉1❛$✐♦♥ ✐ ❞❡$❡1♠✐♥❡❞ 1❛♥❞♦♠❧② ❢♦1 ❡❛❝❤ ✐♥✈❡ $♦1 ❛$ $❤❡

❜❡❣✐♥♥✐♥❣ ♦❢ ❛  ✐♠✉❧❛$✐♦♥✳ ❇❡❝❛✉ ❡ ✇❡ ❛1❡ ✉ ✐♥❣ ❛ ♠♦❞❡❧ ✇✐$❤♦✉$ ❛❝$✐✈❡ ❧❡❛1♥✐♥❣✱  ❡❡

❝❤❛♣$❡1 ✱ $❤❡ ✐♥✈❡ $♦1 ✇✐❧❧ ❜❡ ✉ ✐♥❣ $❤❡  ❛♠❡  $1❛$❡❣✐❡ ❞✉1✐♥❣ $❤❡ ❡♥$✐1❡  ✐♠✉❧❛$✐♦♥✳

❆  $1❛$❡❣② ♦❢ ❧❡♥❣$❤ ✸ ❝❛♥ ❧♦♦❦ ❧✐❦❡✿

Strategy1 = [1, 1,−1]

Strategy2 = [−1,−1, 0]

❚❤❡ ♥✉♠❜❡1 [−1, 0, 1] 1❡♣1❡ ❡♥$ ♣1♦♣❡1$✐❡ ❬♥❡❣❛)✐✈❡✱ ✐♥❞✐✛❡-❡♥)✱ ♣♦*✐)✐✈❡❪

$❤❛$ 1❡$✉1♥ ♠✉ $ ❤❛✈❡ $♦ ❛❝$✐✈❡ ❛  $1❛$❡❣②✳ ❊❛❝❤  $1❛$❡❣②  ❡$ ✐ ❝♦♥❢1♦♥$❡❞ ✇✐$❤

$❤❡ ❤✐ $♦1② ♦❢ 1❡$✉1♥ ❛♥❞ ✐❢ ❛❧❧ $❤❡ ♣1♦♣❡1$✐❡ ♠❛$❝❤ $❤❛♥ $❤❡  $1❛$❡❣② ✐ ❛❝$✐✈❛$❡❞✳

❚❤❡1❡❢♦1❡ ❛$ $✐♠❡ $✱ Strategy1 ✐ ❛❝$✐✈❛$❡❞ ✐❢ rt−2 > 0 ❛♥❞ rt−1 > 0 ❛♥❞ rt > 0✳

❙$1❛$❡❣②2 ✐ ❛❝$✐✈❛$❡❞ ✐❢ rt−2 < 0 ❛♥❞ rt−1 < 0✳

❉❡♣❡♥❞✐♥❣ ♦♥ $❤❡  $1❛$❡❣②✬ ♣✉1♣♦ ❡✱ $❤❡ ❝❤❛1$✐ $ ✇✐❧❧ ❡✐$❤❡1  ❡❧❧ ♦1 ❜✉②  $♦❝❦ 

✇❤❡♥ ❤✐  $1❛$❡❣✐❡ ❛1❡ ❛❝$✐✈❛$❡❞✳ ❍✐ ✐♥✈❡ $♠❡♥$ ❛❝$✐♦♥ ✇✐❧❧ ❜❡ ❡①❡❝✉$❡❞ ✉ ✐♥❣ ❧✐♠✐$

♦1❞❡1 ✳ ❇❡❝❛✉ ❡ $❤❡ ❝❤❛1$✐ $ ❞♦♥✬$ ❦♥♦✇ $❤❡ ❢✉$✉1❡ ✈❛❧✉❡ ♦❢ $❤❡ ♠❛1❦❡$ ♣1✐❝❡ ✱ ❜✉$

♦♥❧② $❤❡ ❞✐1❡❝$✐♦♥ ♦❢ ❢✉$✉1❡ ♠♦✈❡♠❡♥$ ✱ $❤❡② ✇✐❧❧ $1② $♦  ❡❧❧✴❜✉② ❛$ ✧❣♦♦❞✧ ♣1✐❝❡ ✳

❙♦ $❤❡ ❝❤❛1$✐ $ ✇✐❧❧  ❡♥❞ ❧✐♠✐$ ❜✉②✴ ❡❧❧ ♦1❞❡1 ❛$ $❤❡ ❧❛ $ ♠❛1❦❡$ ♣1✐❝❡ ♣❧✉ ✴♠✐♥✉ 

❛ 1❛♥❞♦♠ ✈❛1✐❛❜❧❡✳

❇✉②✐♥❣ ♦1❞❡1 ❛1❡  ❡♥$ ✇✐$❤ ❛ ♣1✐❝❡ ♦❢ Ask = Pt − x̃ ❛♥❞ $❤❡  ❡❧❧✐♥❣ ♣1✐❝❡



✶✵✷ ❈❤❛♣'❡) ✺✳ ❈♦♥')✐❜✉'✐♦♥ ✲ ❖✉) 3✐♠✉❧❛'♦) ✭▲❯▼❆✮

Bid = Pt + x̃ ✇❤❡#❡ x̃ ∈ N(µc, σc)✳ ❚❤✐' ♠❡)❤♦❞ ❡♥'✉#❡' )❤❛) ❝❤❛#)✐')' ❛❧✇❛②'
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✶✵✻ ❈❤❛♣'❡) ✻✳ ❆♥-✇❡)✐♥❣ '❤❡ )❡-❡❛)❝❤ 2✉❡-'✐♦♥-

✐♥❢♦$♠❛'✐♦♥ ✇✐❧❧ ❤❛✈❡ ❛ ♥♦$♠❛❧ ❞✐.'$✐❜✉'✐♦♥ ✇✐'❤ ❛ ❞❛✐❧② $❡'✉$♥ ❣♦✈❡$♥❡❞ ❜② '❤❡

♣❛$❛♠❡'❡$. µV ❛♥❞ σV ✳ ❘✉♥♥✐♥❣ ❛ .✐♠✉❧❛'✐♦♥ ✇✐'❤♦✉' ❛❣❡♥'. ✐♠♣❧✐❡. '❤❛' '❤❡$❡

❛$❡ ♥♦' '$❛❞❡. ❛♥❞ '❤❡ ♠❛$❦❡' ♣$✐❝❡ ✐. ❝♦♥.'❛♥' ❛♥❞ ❡8✉❛❧ '♦ '❤❡ ✜$.' ♣$❡✲.❡' ♣$✐❝❡

P0 ✭✇❤✐❝❤ ✐. '❤❡ ■=❖ ♣$✐❝❡✮✳ ❋♦$ ❡✈❡$② .✐♠✉❧❛'✐♦♥ '❡.' ✇❡ ✇✐❧❧ ♣$♦✈✐❞❡ ❛ '❛❜❧❡ ✇✐'❤

'❤❡ ♠❛✐♥ ♣❛$❛♠❡'❡$. ♦❢ '❤❡ .✐♠✉❧❛'✐♦♥✳ ❲❤❡♥ .♦♠❡ ♣❛$❛♠❡'❡$. ❛$❡ ♥♦' ♥❡❡❞❡❞ ✭❧✐❦❡

❛❣❡♥'✲.♣❡❝✐✜❝ ✈❛$✐❛❜❧❡. ✐♥ '❤✐. ❝❛.❡✮ '❤❡② ✇✐❧❧ ♥♦' ❜❡ ❧✐.'❡❞ ✐♥ '❤✐. .❡''✐♥❣. '❛❜❧❡✳

❇② ✉.✐♥❣ '❤❡.❡ .✐♠✉❧❛'✐♦♥ ❞❡.❝$✐♣'✐♦♥. ✇❡ ❛$❡ ❛❜❧❡ '♦ ❡❛.✐❧② ✉♥❞❡$.'❛♥❞ '❤❡ ❧✐♥❦

❜❡'✇❡❡♥ '❤❡ ✐♥♣✉'. ❛♥❞ ♦✉'♣✉'. ♦❢ '❤❡ .✐♠✉❧❛'✐♦♥ '♦♦❧✳ ■♥ '❤❡ ❚❛❜❧❡ ✻✳✶ ✇❡ ❧✐.' '❤❡

.✐♠✉❧❛'✐♦♥✬. ♣❛$❛♠❡'❡$ .♣❡❝✐✜❝❛'✐♦♥ ❢♦$ '❤✐. ✜$.' ❜❡♥❝❤♠❛$❦ '❡.'✳

❲❡ $✉♥ ❛ .✐♠✉❧❛'✐♦♥ ✉.✐♥❣ '❤❡ ❛❜♦✈❡ ♣❛$❛♠❡'❡$. ❛♥❞ ✇❡ ✜① '❤❡ .'❛$'✐♥❣ ♣$✐❝❡

✭❛♥❞ ❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡✮ ❛' ✹✵✳ ❆. ❡①♣❡❝'❡❞✱ ♥♦ ✐♥✈❡.'♦$ ✐♠♣❧✐❡. ♥♦ '$❛❞❡. ❛♥❞

'❤❡$❡❢♦$❡ ♥♦ ❝❤❛♥❣❡. ✐♥ '❤❡ ♠❛$❦❡' ♣$✐❝❡ ❛❢'❡$ '❤❡ ✐♥✐'✐❛❧ ♣✉❜❧✐❝ ♦✛❡$✐♥❣ ♣$✐❝❡✳

❚❤❡ ❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡ ✢✉❝'✉❛'❡. $❛♥❞♦♠❧② ❛♥❞ ❢♦❧❧♦✇. ❛ ♥♦$♠❛❧ ❞✐.'$✐❜✉'✐♦♥✳

❙✐♥❝❡ '❤❡$❡ ✐. ♥♦ ♣♦✐♥' ✐♥ ✉.✐♥❣ ❞✐✛❡$❡♥' ❞✐.'$✐❜✉'✐♦♥. '❤✐. ❢✉♥❞❛♠❡♥'❛❧ ❡❝♦♥♦♠✐❝

✈❛❧✉❡ ✇✐❧❧ ❛❧✇❛②. ❤❛✈❡ ❛ ♥♦$♠❛❧ ❞✐.'$✐❜✉'✐♦♥✳ ❲❡ $✉♥ ❛ .❡❝♦♥❞ ❜❡♥❝❤♠❛$❦ '❡.' ✉.✐♥❣

'❤❡ .❛♠❡ ♣❛$❛♠❡'❡$. ❛. ❜❡❢♦$❡ ✇✐'❤ '❤❡ ❡①❝❡♣'✐♦♥ ♦❢ '❤❡ ❛❣❡♥'.✳ ◆♦✐.❡ '$❛❞❡$. ✭'❤❛'

.❡♥❞ ♠❛$❦❡' ❜✉②✴.❡❧❧ ♦$❞❡$. ❛' $❛♥❞♦♠ '✐♠❡.✮ ❛$❡ ✐♥'$♦❞✉❝❡❞ ❛♥❞ '❤❡ $❡.✉❧'. ❛$❡

.✐♠✐❧❛$ ❛. ❜❡❢♦$❡✳ ❆. ❝♦♥✜$♠❡❞ ❜② ❱❡$②③❤❡♥❦♦✱ ▼❛'❤✐❡✉✱ ❇$❛♥❞♦✉② ✭✷✵✶✵✮✱ ♥♦✐.❡

'$❛❞❡$. ✭♦$ ❩❡$♦ ■♥'❡❧❧✐❣❡♥❝❡ ❚$❛❞❡$.✮ ❛$❡ ♥♦' .✉✣❝✐❡♥' '♦ ❣❡♥❡$❛'❡ $❡❛❧✐.'✐❝ ♠❛$❦❡'

❜❡❤❛✈✐♦$✳ ❇❡❝❛✉.❡ ♥♦ '$❛❞❡$ .❡♥❞. ♣$✐❝❡ 8✉♦'❡. '♦ '❤❡ ♠❛$❦❡' ✭♠❡❛♥✐♥❣ ❧✐♠✐' ♦$❞❡$.✮

'❤❡ ❢♦$♠❛'✐♦♥ ♦❢ ❛ ♥❡✇ ♠❛$❦❡' ♣$✐❝❡ ✐. ♥♦' ♣♦..✐❜❧❡✳ ❚♦ ♦❜.❡$✈❡ ♥❡✇ ♠❛$❦❡' ♣$✐❝❡.

✇❡ ♥❡❡❞ '♦ ❤❛✈❡ ❛ ♠❛$❦❡' ✇✐'❤ ❛' ❧❡❛.' ❛ ❢❡✇ ✐♥✈❡.'♦$. '❤❛' ❝❛♥ .❡♥❞ ❧✐♠✐' ♦$❞❡$. '♦

'❤❡ ♠❛$❦❡'✳

❲❡ ♠❛❦❡ ❛ ❜❡♥❝❤♠❛$❦ '❡.' ✇✐'❤ ♣❡$❢❡❝'❧② ✐♥❢♦$♠❡❞ ♣$♦✜'✲♠♦'✐✈❛'❡❞ ✐♥✈❡.'♦$.✳

❚❤❡.❡ ✐♥✈❡.'♦$. ❞♦♥✬' ❤❛✈❡ ❛♥② ❜✐❛.❡. ❛♥❞ '❤❡② ❝♦$$❡❝'❧② ❝♦♠♣✉'❡ '❤❡ ❢✉'✉$❡ ❢✉♥❞❛✲

♠❡♥'❛❧ ✈❛❧✉❡✳ ▼♦$❡♦✈❡$✱ '❤❡.❡ ✐♥✈❡.'♦$. ❡♥❣❛❣❡ ✐♥ ❛❝'✐♦♥. '♦ ♠♦✈❡ '❤❡ ♠❛$❦❡' ♣$✐❝❡

'♦✇❛$❞. '❤❡ ❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡✳ ❇❡❝❛✉.❡ '❤❡.❡ ❛❣❡♥'. ♠❛❦❡ ♣❡$❢❡❝' ❡.'✐♠❛'✐♦♥. '❤❡②

❛$❡ ✇✐❧❧✐♥❣ '♦ '$❛❞❡ ✐❢ '❤❡ ♠✐♥✐♠✉♠ ❡①♣❡❝'❡❞ $❡'✉$♥ ✐. ♣♦.✐'✐✈❡✳

❲❡ $✉♥ ❛ .✐♠✉❧❛'✐♦♥ ✇✐'❤ '❤❡ ❛❜♦✈❡ ♣❛$❛♠❡'❡$. ❛♥❞ ♦❜.❡$✈❡ '❤❛' '$❛❞✐♥❣ '❛❦❡.

♣❧❛❝❡✳ ❚❤❡ ♠❛$❦❡' ♣$✐❝❡ ❢♦❧❧♦✇. ♣❡$❢❡❝'❧② '❤❡ ❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡.✳ ❙✐♥❝❡ ✐♥✈❡.'♦$.

❦♥♦✇ ❡①❛❝'❧② '❤❡ ♥❡✇ ❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡.✱ ❛♥❞ '❤❡② ❡①♣❡❝' ❛' ❧❡❛.' ✵✪ $❡'✉$♥.✱ '❤❡②

✇✐❧❧ .❡♥❞ ♦$❞❡$. '♦ ❜✉② ♦$ .❡❧❧ '❤❡ ❛..❡' ❛' ❡①❛❝'❧② '❤❡ ❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡✳

5❛)❛♠❡'❡) ❱❛❧✉❡ ❊①♣❧❛♥❛'✐♦♥

µV ✵✪ ◆♦ ❧♦♥❣✲'❡$♠ ❣$♦✇'❤ ✐♥ ❢✉♥❞❛♠❡♥'❛❧

✈❛❧✉❡

σV ✶✪ ✶✪ .'❛♥❞❛$❞ ❞❡✈✐❛'✐♦♥ ♦❢ '❤❡ ❢✉♥❞❛✲

♠❡♥'❛❧ ✈❛❧✉❡ $❡'✉$♥

◆ ✶✵✵✵ ◆✉♠❜❡$ ♦❢ '$❛❞✐♥❣ ❞❛②.

◆$ ❛❣❡♥'. ✵ ◆♦ ❛❣❡♥'.

❚❛❜❧❡ ✻✳✶✿ =❛$❛♠❡'❡$. ❢♦$ ❚❡.' ✶✱ ✜$.' ❜❡♥❝❤♠❛$❦ '❡.' ✭♥♦ ❛❣❡♥'.✮
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❋✐❣✉$❡ ✻✳✶✿ ❘❡♣$❡,❡♥.❛.✐✈❡ $❡,✉❧. ✲ ▼❛$❦❡. ♣$✐❝❡ ✭$❡❞✮ ❛♥❞ ❢✉♥❞❛♠❡♥.❛❧ ✈❛❧✉❡ ✭❜❧❛❝❦✮

❢♦$ ❚❡,. ✶ ✲ ❜❡♥❝❤♠❛$❦ ✇✐.❤♦✉. ✐♥✈❡,.♦$,

#❛$❛♠❡+❡$ ❱❛❧✉❡ ❊①♣❧❛♥❛+✐♦♥

µV ✵✪ ◆♦ ❣$♦✇.❤ ✐♥ ❢✉♥❞❛♠❡♥.❛❧ ✈❛❧✉❡

σV ✶✪ ✶✪ ,.❛♥❞❛$❞ ❞❡✈✐❛.✐♦♥

◆ ✶✵✵ ◆✉♠❜❡$ ♦❢ .$❛❞✐♥❣ ❞❛②,

◆$ ❛❣❡♥., ✷✵✵ ✶✵✵✪ ■♥❢♦$♠❡❞ ✐♥✈❡,.♦$,

▼✐♥✐♠✉♠

❡①♣❡❝.❡❞

$❡.✉$♥ rmin

✵✪ ✵ ❢♦$ ❛❧❧ ✐♥✈❡,.♦$,

❇✐❛, ❛p ✶ ■♥✈❡,.♦$, ❤❛✈❡ ♣❡$❢❡❝. ✐♥❢♦$♠❛.✐♦♥

❇✐❛, ❜p ✵

❚❛❜❧❡ ✻✳✷✿ ❙✐♠✉❧❛.✐♦♥ ♣❛$❛♠❡.❡$, ❢♦$ ❚❡,. ✷ ✇✐.❤ ♣❡$❢❡❝.❧② ✐♥❢♦$♠❡❞ ✐♥✈❡,.♦$, .❤❛.

❞♦ ♥♦. ,♣❡❝✉❧❛.❡
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❋✐❣✉$❡ ✻✳✷✿ ❘❡♣$❡,❡♥.❛.✐✈❡ $❡,✉❧. ❢♦$ ❚❡,. ✷✿ ❋✉♥❞❛♠❡♥.❛❧ ✭❜❧❛❝❦✮ ❛♥❞ ♠❛$❦❡. ♣$✐❝❡

✭$❡❞✮ ✐♥ ❛ ♠❛$❦❡. ✇✐.❤ ♣❡$❢❡❝.❧② ✐♥❢♦$♠❡❞ ✐♥✈❡,.♦$,

❚$❛❞✐♥❣ ✐, ♣❧❡♥.✐❢✉❧❧② ,✐♥❝❡ ❛❧❧ ✐♥✈❡,.♦$, ❛$❡ ❤❛♣♣② .♦ ❜✉② ♦$ ,❡❧❧ ❛. .❤❡ ❝♦$$❡❝.

❢✉♥❞❛♠❡♥.❛❧ ✈❛❧✉❡✳ ■❢ ✇❡ ✐♥.$♦❞✉❝❡ $✐,❦ ❛✈❡$,✐♦♥ ❢❛❝.♦$, ✭$❡♣$❡,❡♥.❡❞ ❜② ♠♦$❡ .❤❛♥

✵✪ ♠✐♥✐♠❛❧ ❡①♣❡❝.❡❞ $❡.✉$♥✮ .❤❡♥ .❤❡ ✐♥✈❡,.♦$, ✇✐❧❧ .$② .♦ ,❡❧❧✴❜✉② ❢♦$ ❛ ♣$♦✜.✳ ❚❤✐,

✐, ,✐♠✐❧❛$ .♦ ✐♥.$♦❞✉❝✐♥❣ ❛ .$❛♥,❛❝.✐♦♥ ❝♦,. ❈ ♣❛②❛❜❧❡ ❜② ❜♦.❤ ♣❛$., ✐♥ ❛ .$❛♥,❛❝.✐♦♥✳

❆❧❧ ✐♥✈❡,.♦$, ✇♦✉❧❞ ❜❡ ✇✐❧❧✐♥❣ .♦ ❜✉② .❤❡ ❛,,❡. ❛. ❛ ❞✐,❝♦✉♥.❡❞ ♣$✐❝❡✱ Pt−C✱ ♦$ ,❡❧❧ ✐.

❛. Pt +C ✭✇❤❡$❡ Pt ✐, .❤❡ ❝♦$$❡❝. ❢✉♥❞❛♠❡♥.❛❧ ✈❛❧✉❡ ♦❢ .❤❡ ❛,,❡.✮✳ ■♥ .❤✐, ,✐.✉❛.✐♦♥

❛❧❧ .$❛❞✐♥❣ ✇♦✉❧❞ ,.♦♣ ,✐♥❝❡ ♥♦ ✐♥✈❡,.♦$ ✇♦✉❧❞ ❜❡ ✇✐❧❧✐♥❣ .♦ ❜✉②✴,❡❧❧ ❛. ❛ ❧♦,,✳

H$♦♣♦,✐.✐♦♥ ✶✳ ❲❡ #❛② &❤❛& ✐♥ ❛♥ ❡✣❝✐❡♥& ♠❛-❦❡&✱ ♣♦♣✉❧❛&❡❞ ♦♥❧② ❜② -❛&✐♦♥❛❧ ❛♥❞

♣❡-❢❡❝&❧② ✐♥❢♦-♠❡❞ ✐♥✈❡#&♦-#✱ &-❛❞✐♥❣ ❝❛♥ ♦❝❝✉- ♦♥❧② ✐♥ &❤❡ ❛❜#❡♥❝❡ ♦❢ &-❛♥#❛❝&✐♦♥

❝♦#&#✳

■❢ ♥♦ .$❛♥,❛❝.✐♦♥ ❝♦,., ✭♦$ $✐,❦ ❛✈❡$,✐♦♥ ♦$ ♣❡$❝❡✐✈❡❞ ♠❛$❦❡. $✐,❦,✮ ❡①✐,.✱ .❤❡

♠❛$❦❡. ♣$✐❝❡ ✇✐❧❧ ❜❡ ❦❡♣. ❡J✉❛❧ .♦ .❤❡ ❢✉♥❞❛♠❡♥.❛❧ ✈❛❧✉❡✳ ❚❤❡$❡❢♦$❡ ❛❧❧ .❤❡ ✬,.②❧✐③❡❞

❢❛❝.,✬✱ ❞✐,❝✉,,❡❞ ✐♥ ❝❤❛♣.❡$ ✱ ❝❛♥ ❜❡ ❛..$✐❜✉.❡❞ .♦ .❤❡ ❞✐,.$✐❜✉.✐♦♥ ♦❢ .❤❡ ❢✉♥❞❛♠❡♥.❛❧

✈❛❧✉❡ ✭,✐♥❝❡ .❤❡ ♠❛$❦❡. ❞♦❡, ♥♦. ♠❛❦❡ ❛♥② ♠♦❞✐✜❝❛.✐♦♥ ♦♥ .❤✐, ✈❛❧✉❡✮✳ ■❢ .❤✐, ✐, ♥♦.

.$✉❡ ♦$ ♥♦. ✈❡$✐✜❛❜❧❡ .❤❡♥ ✇❡ ,❤♦✉❧❞ ❧♦♦❦ ❛. ♦.❤❡$ ❢❛❝.♦$, ♦$ ✐♥❣$❡❞✐❡♥., .♦ ❛ ♠❛$❦❡.

.❤❛. ❝❛♥ ❞✐,.♦$. ♠❛$❦❡. ♣$✐❝❡, ❛♥❞ ❝$❡❛.❡ ✬,.②❧✐③❡❞✬ ❢❛❝.,✳ ■. ✐, ❝❧❡❛$ ♥♦✇ .❤❛. .$❛❞✐♥❣

❛✇❛② ❢$♦♠ .❤❡ ❢✉♥❞❛♠❡♥.❛❧ ✈❛❧✉❡ ♦$ ✐♥ .❤❡ ♣$❡,❡♥❝❡ ♦❢ .$❛♥,❛❝.✐♦♥ ❝♦,., ❝❛♥ ♦♥❧②

.❛❦❡ ♣❧❛❝❡ ✐♥ ♠❛$❦❡., ♣♦♣✉❧❛.❡❞ ❜② ♥♦♥✲$❛.✐♦♥❛❧ ♦$ ♥♦. ♣❡$❢❡❝.❧② ✐♥❢♦$♠❡❞ ✐♥✈❡,.♦$,✳

❲❡ ✇✐❧❧ ❣♦ ✐♥.♦ ♠♦$❡ ❞❡.❛✐❧, ❛❜♦✉. ,✉❝❤ ♠❛$❦❡. ❝♦♠♣♦,✐.✐♦♥ ✐♥ .❤❡ ❢♦❧❧♦✇✐♥❣ .❡,.,✳

❚❤❡ ♣$❡✈✐♦✉, .❡,. ❛,,✉♠❡❞ .❤❛. ✐♥❢♦$♠❡❞ ✐♥✈❡,.♦$, ✇❡$❡ ✇✐❧❧✐♥❣ .♦ .$❛❞❡ ✐❢ .❤❡②

❡①♣❡❝.❡❞ ❛. ❧❡❛,. ❛ ③❡$♦ $❡.✉$♥✱ rmin > 0✳ ❇✉. ✇❤❛. ✇♦✉❧❞ ❤❛♣♣❡♥ ✐❢ ✐♥✈❡,.♦$,



✻✳✶✳ #$♦♦❢ ♦❢ ❝♦♥❝❡♣+ ✈❛❧✐❞❛+✐♦♥1 ✲ ❇❡♥❝❤♠❛$❦ 1✐♠✉❧❛+✐♦♥1 ✶✵✾

✇♦✉❧❞ ❤❛✈❡ ❤✐❣❤❡+ ❡①♣❡❝/❛/✐♦♥1 ♦❢ +❡/✉+♥1❄ ❆ ✜♥❛♥❝✐❛❧ +❡❛1♦♥ ✇♦✉❧❞ ❜❡ /❤❛/ ❛ 1/♦❝❦

1❤♦✉❧❞ ❜❡ 1/+✐❝/❧② ♠♦+❡ /❤❛♥ ❛ +✐1❦✲❢+❡❡ ❛11❡/ ✭✇❤✐❝❤ ♣❛②1 ✵✪✮✳ ❲❡ ♠♦❞✐❢② /❤❡ ❧❛1/

/❡1/ ❛♥❞ ✐♥/+♦❞✉❝❡ ❛ ❧❡✈❡❧ ♦❢ ❤❡/❡+♦❣❡♥❡✐/② +❡❣❛+❞✐♥❣ /❤❡ ♠✐♥✐♠✉♠ ❡①♣❡❝/❡❞ +❡/✉+♥1

♦❢ ✐♥❢♦+♠❡❞ ✐♥✈❡1/♦+1✳

❆♥ ✐♥✈❡1/♦+ i✱ ✇✐/❤ ❛ 1/+✐❝/❧② ♣♦1✐/✐✈❡ ♠✐♥✐♠✉♠ ❡①♣❡❝/❡❞ +❡/✉+♥ ✭❛❧1♦ ✐♠♣❧②✐♥❣

+✐1❦ ❛✈❡+1✐♦♥✮✱ ✇✐❧❧ ❛❧✇❛②1 /+② /♦ ❜✉② ❛/ ❛ ♣+✐❝❡ ♦❢ Ft ∗ (1 − rmin) ❛♥❞ 1❡❧❧ ❛/ ❛

♠✐♥✐♠✉♠ ♣+✐❝❡ ♦❢ Ft ∗ (1+ rmin)✳ ❇❡❝❛✉1❡ ❛❧❧ ✐♥✈❡1/♦+1 ❛+❡ ♣❡+❢❡❝/❧② ✐♥❢♦+♠❡❞ ✭/❤❡②

❛+❡ ♥♦/ ❜✐❛1❡❞✮ ♥♦❜♦❞② ✇✐❧❧ ❜❡ ✇✐❧❧✐♥❣ /♦ ❜❡ ❛ ❝♦✉♥/❡+♣❛+/② ✭1✐♥❝❡ ✐/ ✇♦✉❧❞ ✐♠♣❧②

1❡❧❧✐♥❣ ♦+ ❜✉②✐♥❣ ❛/ ❛ ❧♦11✮ ❛♥❞ ♥♦ /+❛❞✐♥❣ ✇✐❧❧ ❤❛♣♣❡♥✳ ❚♦ ❛✈♦✐❞ /❤✐1 1✐/✉❛/✐♦♥ ✇❡

❞❡❝✐❞❡ /❤❛/✱ ✐♥ /❤❡ ♠❛❥♦+✐/② ♦❢ /❡1/1✱ ✐♥❢♦+♠❡❞ ✐♥✈❡1/♦+1 ✇✐❧❧ ❛❧❧ ❤❛✈❡ ❛ ♠✐♥✐♠✉♠

❡①♣❡❝/❡❞ +❡/✉+♥ ♦❢ ✵✪✳ ❚❤✐1 ❛11✉♠♣/✐♦♥ ✐♠♣❧✐❡1 /+❛❞✐♥❣ ✇✐❧❧ ❜❡ ♣♦11✐❜❧❡ ❜❡/✇❡❡♥

✐♥❢♦+♠❡❞ ✐♥✈❡1/♦+1 ✭❡✈❡♥ ✇✐/❤ ♣❡+❢❡❝/ ✐♥❢♦+♠❛/✐♦♥✮ ❛♥❞ ♠♦1/ ✐♠♣♦+/❛♥/❧② ❛♥ ❡✣❝✐❡♥/

♠❛+❦❡/ ✇✐❧❧ ❜❡ ♦♥❡ ✇❤❡+❡ /❤❡ ♠❛+❦❡/ ♣+✐❝❡ ✇✐❧❧ ♠♦✈❡ ❢❛1/ /♦✇❛+❞1 /❤❡ ❢✉♥❞❛♠❡♥/❛❧

✈❛❧✉❡ ♦❢ /❤❡ ❛11❡/ ✭1✐♥❝❡ ✐♥✈❡1/♦+1 ✇✐/❤ ✐♥❢♦+♠❛/✐♦♥ ❞♦ ♥♦/ ❛1❦ ❢♦+ +❡/✉+♥1 ♦♥ +✐1❦✮✳

❇❡❝❛✉1❡ ♥♦ /+❛❞✐♥❣ ❝❛♥ ❜❡ ♣♦11✐❜❧❡ ✇❤❡♥ ♣❡+❢❡❝/❧② ✐♥❢♦+♠❡❞ ✐♥✈❡1/♦+1 ❛+❡ +✐1❦ ❛✈❡+1❡

✭❞❡♠❛♥❞ ❛♥ ♣♦1✐/✐✈❡ rmin✮ ✇❡ ❡①/❡♥❞ /❤❡ ✜+1/ ♣+♦♣♦1✐/✐♦♥ ❛♥❞ 1❛② /❤❛/✿

G+♦♣♦1✐/✐♦♥ ✷✳ ■♥ ❛♥ ❡✣❝✐❡♥' ♠❛)❦❡'✱ ♣♦♣✉❧❛'❡❞ ♦♥❧② ❜② )❛'✐♦♥❛❧ ❛♥❞ ♣❡)❢❡❝'❧②

✐♥❢♦)♠❡❞ ✐♥✈❡5'♦)5✱ ')❛❞✐♥❣ ❝❛♥ ♦❝❝✉) ♦♥❧② ❛♥❞ ✐♥ '❤❡ ❛❜5❡♥❝❡ ♦❢ ')❛♥5❛❝'✐♦♥ ❝♦5'5

❛♥❞ ♦♥❧② ❜❡'✇❡❡♥ ✐♥✈❡5'♦)5 '❤❛' ❛)❡ ♥♦' )✐5❦✲❛✈❡)5❡ ✭❞❡♠❛♥❞ ❛ ✵✪ rmin✮✳

❚❤✐1 ♦❜1❡+✈❛/✐♦♥ ✐1 ✐♠♣♦+/❛♥/ ❜❡❝❛✉1❡ ✐/ ❞❡1❝+✐❜❡1 ❛♥ ✐❞❡❛❧✐1/✐❝ ❜✉/ ✉♥❛//❛✐♥❛❜❧❡

1✐/✉❛/✐♦♥✳ ■♥ +❡❛❧ ✜♥❛♥❝✐❛❧ ♠❛+❦❡/1 /+❛❞✐♥❣ ✐1 ♣❧❡♥/✐❢✉❧ ✐♥ 1♣✐/❡ ♦❢ /❤❡ ❛11✉♠♣/✐♦♥1 ♦❢

♣+♦♣♦1✐/✐♦♥ ✷✳ ■♥ +❡❛❧ ♠❛+❦❡/1 ✇❡ ❛❧✇❛②1 ❤❛✈❡ ❝♦1/1 ❢♦+ /+❛♥1❛❝/✐♦♥1 ❛♥❞ ✐♥✈❡1/♦+1 ❛+❡

✇✐❧❧✐♥❣ /♦ /+❛❞❡ ♦♥❧② ✐❢ /❤❡② ❛+❡ ✇❡❧❧ ♣❛✐❞ ❢♦+ /❤❡ +✐1❦ /❤❡② /❛❦❡ ✭/❤❡② ❛+❡ +✐1❦✲❛✈❡+1❡✱

rmin > 0✮✳

❚❤❡+❡❢♦+❡✱ /❤❡ /+❛❞✐♥❣ ✈♦❧✉♠❡ ✇❡ ♦❜1❡+✈❡ ✐♥ +❡❛❧ ✜♥❛♥❝✐❛❧ ♠❛+❦❡/1✱ ✇❤❡+❡ ✐♥✲

❢♦+♠❡❞ ✐♥✈❡1/♦+1 ❛+❡ +✐1❦✲❛✈❡+1❡✱ ✐1 ♣♦11✐❜❧❡ ♦♥❧② ✐❢ ♦♥❡ ♦❢ /❤❡1❡ ❝♦♥❞✐/✐♦♥1 ✐1 /+✉❡✿

✶✳ ■♥✈❡1/♦+1 ❛+❡ ♥♦/ ❛❧✇❛②1 +❛/✐♦♥❛❧

✷✳ ■♥✈❡1/♦+1 ❛+❡ ♥♦/ ❛❧❧ ♣❡+❢❡❝/❧② ✐♥❢♦+♠❡❞

✸✳ ❖/❤❡+ /②♣❡1 ♦❢ ✐♥✈❡1/♠❡♥/ 1/+❛/❡❣✐❡1 ❡①✐1/ ✭❛1✐❞❡ /❤❛/ ♦❢ ❛♥ ✐♥❢♦+♠❡❞ ✐♥✈❡1/♦+

/❤❛/ /+✐❡1 /♦ ♣+♦✜/ ♦✉/ ♦❢ /❤❡ ❞✐✛❡+❡♥❝❡ ❜❡/✇❡❡♥ /❤❡ ♠❛+❦❡/ ♣+✐❝❡ ❛♥❞ /❤❡

❛11❡/✬1 ❢✉♥❞❛♠❡♥/❛❧ ✈❛❧✉❡✮✳

■❢ ✇❡ +❡+✉♥ ❚❡1/ ✷ ✇✐/❤ ✐♥✈❡1/♦+1 ✇✐/❤ ❛ ✈❛+✐❡/② ♦❢ ❜✐❛1❡1 ✭ap ❛♥❞ bp ❛+❡ ✈❛+✐❛❜❧❡✮

/+❛❞✐♥❣ ✇✐❧❧ ♣❧❡♥/✐❢✉❧✳ ■♥✈❡1/♦+1 ❤❛✈❡ ❞✐✛❡+❡♥/ ✈❡+1✐♦♥1 ♦❢ /❤❡ ✧❝♦++❡❝/✧ ❢✉♥❞❛♠❡♥/❛❧

✈❛❧✉❡ ❛♥❞ ❛+❡ ✇✐❧❧✐♥❣ /♦ /+❛❞❡ ✲ ✐♥ ❛ /+❛♥1❛❝/✐♦♥ ❜♦/❤ ♣❛+/✐❡1 ❜❡❧✐❡✈❡ ❡①✲♣♦1/ /❤❛/ /❤❡②

❛+❡ ♠❛❦✐♥❣ ❛ ♣+♦✜/❛❜❧❡ /+❛❞❡✳ ❲❡ ❛❧1♦ /❡1/ ❛11✉♠♣/✐♦♥ ❝✮ ❛♥❞ ✐♥/+♦❞✉❝❡ ❛❧/❡+♥❛/✐✈❡

/②♣❡1 ♦❢ ✐♥✈❡1/♦+1✳

❋✐+1/ ✇❡ 1✐♠✉❧❛/❡ ❛ ♠❛+❦❡/ ✇✐/❤ ♣❡+❢❡❝/❧② ✐♥❢♦+♠❡❞ +✐1❦✲❛✈❡+1❡ ✐♥✈❡1/♦+1 ❛♥❞

♥♦✐1❡ /+❛❞❡+1✳ ❲❡ +❡♠✐♥❞ /❤❛/ ♥♦✐1❡ /+❛❞❡+1 ♦♥❧② 1❡♥❞ ♠❛+❦❡/ ♦+❞❡+1 1♦ /❤❡② ✇✐❧❧
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❞♦♠✐♥❛/❡✳ ■♥ ❋✐❣✉%❡ ✻✳✺ ✇❡ 2❡❡ /❤❛/ /❤❡ 2❡❝♦♥❞ ♣%✐❝❡ /%❡♥❞ ✐2 ❣❡♥❡%❛/❡❞ ❜② /%❛❞❡%2

✇❤♦ ❜❡❧✐❡✈❡ ♣%✐❝❡2 2❤♦✉❧❞ %✐2❡ ♠♦%❡ ❛♥❞ ♠♦%❡✳

❚❤❡ ❛♠♣❧✐/✉❞❡ ❛♥❞ ❞✉%❛/✐♦♥ ♦❢ /❤❡2❡ ♣%✐❝❡ /%❡♥❞2 ❞❡♣❡♥❞ ♦♥ /❤❡ /%❛❞❡%2✬ ✇❡❛❧/❤

❛♥❞ /❤❡✐% ❞❡2✐%❡ ❢♦% ♣%♦✜/2 ✭µC ❛♥❞ σC ✮ ❛♥❞ ❛%❡ ✐♥❞❡♣❡♥❞❡♥/ ♦❢ ❛❝/✉❛❧ ❛22❡/✬2

❢✉♥❞❛♠❡♥/❛❧ ✈❛❧✉❡✳ ❲❡ 2❤♦✇ ❜❡❧♦✇ ❛♥♦/❤❡% ❡①❛♠♣❧❡ ✇❤❡%❡ /%❛❞❡%2 ❛%❡ ♠✉❝❤ ♠♦%❡

✧✉♥❞❡❝✐❞❡❞✧ ✐♥ /❤❡✐% ❡①♣❡❝/❡❞ ♣%♦✜/2✿ /❤❡✐% ♠❡❛♥ ❞❡2✐%❡❞ %❡/✉%♥ ✐2 ❧♦✇ µC = 1 ②❡/

/❤❡ ✈♦❧❛/✐❧✐/② ♦❢ /❤❡✐% ❡①♣❡❝/❛/✐♦♥2 ✐2 ♠✉❝❤ ❤✐❣❤❡% /❤❛♥ ❜❡❢♦%❡✱ σC = 10% ✳ ❚❤✐2

❤✐❣❤ ✈♦❧❛/✐❧✐/② ✐♠♣❧✐❡2 /❤❛/ /❤❡ ❜✐❞2 ❛♥❞ ❛2❦2 ♦❢ /❤❡ /%❛❞❡2 ✇✐❧❧ ❜❡ ♠♦%❡ ❞✐2♣❡%2❡❞

❛♥❞ ✇✐❧❧ ❣❡♥❡%❛/❡ ❤✐❣❤ ♠❛%❦❡/ %❡/✉%♥2 ✭2❡❡ ❋✐❣✉%❡ ✻✳✻✮✳

❖❜2❡%✈✐♥❣ /❤❡ ♣%✐❝❡ ❡✈♦❧✉/✐♦♥ ❢%♦♠ ❋✐❣✉%❡ ✻✳✻✱ ✇❡ 2❡❡ ♣%✐❝❡ ❜✉❜❜❧❡2 /❤❛/ ❛%❡

❝%❡❛/❡❞ ❛♥❞ ❞❡2/%♦②❡❞ ♠✉❝❤ ❢❛2/❡% /❤❛♥ ✐♥ /❤❡ ♣%❡✈✐♦✉2 /❡2/✳ ❲❡ ❛%❡ ❛❜❧❡ /♦ ♦❜2❡%✈❡

❜✉❜❜❧❡2 /❤❛/ ❧♦♦2❡ ✐♥/❡♥2✐/② ❛❢/❡% /❤❡ ✐♥✐/✐❛❧ ❤✉❣❡ %✐2❡ ✐♥ ♣%✐❝❡ ✭✉♣ /♦ ✹✵✵ ♦% ✻✵✵

2/❛%/✐♥❣ ❢%♦♠ /❤❡ ■I❖ ❧❡✈❡❧ ♦❢ ✷✵✮✳ ❚❤✐2 ♠❛%❦❡/ ♣%✐❝❡ ❜❡❤❛✈✐♦% ✐2 ❣❡♥❡%❛/❡❞ ❜②

/%❛❞❡%2 ✇❤✐❝❤ ✇❛❣❡% ♦♥ %✐2✐♥❣ ♣%✐❝❡2 ❛♥❞ ❜✉② ❛/ ✈❡%② ❤✐❣❤ ♣%✐❝❡ ❧❡✈❡❧2✳ ❆❢/❡% /❤❡

❜✉❜❜❧❡ ❜✉%2/2 ✭/❤❡ %✐2❡ ❜❡✐♥❣ ❧✐♠✐/❡❞ ♦♥❧② ❜② /❤❡ ❝❤❛%/✐2/2✬ ❛✈❛✐❧❛❜❧❡ ❝❛2❤✮✱ /❤❡2❡

/%❛❞❡%2 ✇✐❧❧ ❡✈❡♥/✉❛❧❧② 2❡❧❧ /❤❡✐% ❛22❡/2 ❛/ ❧♦✇ ♣%✐❝❡ ❧❡✈❡❧ /❤✉2 ❛❜2♦%❜✐♥❣ ❜✐❣ ❧♦22❡2✳

❚❤❡2❡ ❧♦22❡2 ❤✐♥❞❡% /❤❡✐% ❛❜✐❧✐/② /♦ ♠❛❦❡ ✇✐❧❞ 2♣❡❝✉❧❛/✐♦♥2 ✐♥ ❢✉/✉%❡ 2✐/✉❛/✐♦♥2✳

❲❡ ♣%♦♣♦2❡❞ ❛ ❢❡✇ 2✐♠♣❧❡ /❡2/2 /♦ /❡2/ /❤❡ ❜❡❤❛✈✐♦% ♦❢ /%❛❞❡%2✳ ❲❡ ❞✐2❝♦✈❡%❡❞

/❤❛/ ♥♦✐2❡ /%❛❞❡%2 ❝❛♥♥♦/ /%❛❞❡ ❛❧♦♥❡ ✐♥ ❛ ♠❛%❦❡/ 2✐♥❝❡ /❤❡② ❞♦♥✬/ 2❡♥❞ ❛♥② ♣%✐❝❡

K✉♦/❡2✳ I❡%❢❡❝/❧② ✐♥❢♦%♠❡❞ %❛/✐♦♥❛❧ /%❛❞❡%2 ❛%❡ ❛❜❧❡ /♦ ❝%❡❛/❡ ❛ ♠❛%❦❡/ ✐❢ /❤❡② ❛❣%❡❡

/♦ /%❛❞❡✱ ❡✐/❤❡% ❜✉② ♦% 2❡❧❧✱ ❛/ /❤❡ ✬❝♦%%❡❝/✬ ♣%✐❝❡ ✭/❤❡② ❛%❡ %✐2❦ ♥❡✉/%❛❧✮✳ ❨❡/✱ 2✉❝❤

❛♥ ❡✣❝✐❡♥/ ♠❛%❦❡/ ❝❛♥♥♦/ ❡①✐2/ ✐♥ /❤❡ ♣%❡2❡♥❝❡ ♦❢ /%❛♥2❛❝/✐♦♥ ❝♦2/2✳ ■♥/%♦❞✉❝✐♥❣

/%❛♥2❛❝/✐♦♥ ❝♦2/2 ✭♦% ♣♦2✐/✐✈❡ %✐2❦✲❛✈❡%2✐♦♥✮ 2/♦♣2 ❛❧❧ /%❛❞✐♥❣ ❜❡❝❛✉2❡ ♥♦ ❝♦✉♥/❡%✲

♣❛%/✐❡2 ❡①✐2/✳ ❚❤❡ ♦♥❧② ✇❛②2 ✐♥ ✇❤✐❝❤ /%❛❞✐♥❣ ❝❛♥ ❡①✐2/ ✐♥ ❛ ♠❛%❦❡/ ✇✐/❤ ✐♥❢♦%♠❡❞

%✐2❦✲❛✈❡%2❡ ✐♥✈❡2/♦%2 ❛%❡✿ ✐♥✈❡2/♦%2 ❤❛✈❡ ❤❡/❡%♦❣❡♥❡♦✉2 ✐♥❢♦%♠❛/✐♦♥❛❧ ❜✐❛2❡2 ♦% ♦/❤❡%

♥♦♥✲❢✉♥❞❛♠❡♥/❛❧ ❜❛2❡❞ ✐♥✈❡2/♠❡♥/ 2/%❛/❡❣✐❡2 ❡①✐2/ ✭❡✳❣✳ ♥♦✐2❡ ♦% ❝❤❛%/✐2/ /%❛❞❡%2✮✳

■♥ /❤❡ ❡♥❞ ✇❡ ♦❜2❡%✈❡❞ /❤❡ ❡✛❡❝/2 ♦❢ ❝❤❛%/✐2/ /%❛❞❡%2 ✐♥2✐❞❡ ❛ ♠❛%❦❡/✳ ❚❤❡2❡

/%❛❞❡%2 ❝❛♥ ♠♦✈❡ ♣%✐❝❡2 ❜② /❤❡♠2❡❧✈❡2 ❛♥❞ ❤❛✈❡ /❤❡ /❡♥❞❡♥❝② /♦ ❝%❡❛/❡ ♣%✐❝❡ ❜✉❜❜❧❡2✳

❆❧❧ ♦❢ /❤❡2❡ ❜❡❤❛✈✐♦%2 ❛%❡ %❛/❤❡% 2✐♠♣❧❡ ❛♥❞ ✐♥/✉✐/✐✈❡ /♦ ♣%❡❞✐❝/✳ ❲❤❛/ ❤❛♣♣❡♥2 ✇❤❡♥

✇❡ ✐♥/%♦❞✉❝❡ ❢❡❛/✉%❡2 /❤❛/ ❛♣♣%♦❛❝❤ ♦✉% ❛❣❡♥/2 /♦ /❤❡✐% %❡❛❧ ❝♦✉♥/❡%♣❛%/2❄ ❲❤❛/

❤❛♣♣❡♥2 ✇❤❡♥ ✇❡ 2✐♠✉❧❛/❡ ✜♥❛♥❝✐❛❧ ♠❛%❦❡/2 ✇✐/❤ ❛ ♠✐① ♦❢ ❞✐✛❡%❡♥/ ✐♥✈❡2/♦% /②♣❡2❄

❲❡ ❛♥2✇❡% /❤❡2❡ K✉❡2/✐♦♥2 ✐♥ /❤❡ ♥❡①/ ❝❤❛♣/❡%✳

✻✳✷ ❇✐❛&❡& ❛♥❞ ♠❛+❦❡- ♣+✐❝❡&

■♥ /❤✐2 ❝❤❛♣/❡% ✇❡ 2/✉❞② /❤❡ ❡✛❡❝/2 ♦❢ ❞✐✛❡%❡♥/ ✐♥✈❡2/♦% ✐♥❢♦%♠❛/✐♦♥ ❜✐❛2❡2 ♦♥ /❤❡

❢♦%♠❛/✐♦♥ ♦❢ ♠❛%❦❡/ ♣%✐❝❡2✳ ❲❡ 2/❛%/ ✇✐/❤ ❛ 2✐♠♣❧❡ ♠❛%❦❡/ 2❡//✐♥❣ ✭❧✐❦❡ /❤❡ ♦♥❡

❞❡2❝%✐❜❡❞ ✐♥ ❚❛❜❧❡ ✻✳✹✮ ✇❤❡%❡ ✇❡ ♠✐① ♣❡%❢❡❝/❧② ✐♥❢♦%♠❡❞ ✐♥✈❡2/♦%2 ✇✐/❤ ❜✐❛2❡❞ ✐♥✲

✈❡2/♦%2✳
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✻✳✷✳ ❇✐❛&❡& ❛♥❞ ♠❛+❦❡- ♣+✐❝❡& ✶✶✺

❚❡"# ✹

2❛+❛♠❡-❡+ ❱❛❧✉❡ ❊①♣❧❛♥❛-✐♦♥

µV ✵✪ ◆♦ ❣*♦✇#❤ ✐♥ ❢✉♥❞❛♠❡♥#❛❧ ✈❛❧✉❡

σV ✶✪ ✶✪ "#❛♥❞❛*❞ ❞❡✈✐❛#✐♦♥

◆ ✷✵✵✵ ◆✉♠❜❡* ♦❢ #*❛❞✐♥❣ ❞❛②"

◆* ❛❣❡♥#" ✺✵✵ ✺✵✪ ;❡*❢❡❝#❧② ■♥❢♦*♠❡❞ ✐♥✈❡"#♦*" ✭✧●❖❉✧ ✐♥✲

✈❡"#♦*"✮✺✵✪ ❇✐❛"❡❞ ■♥❢♦*♠❡❞ ✐♥✈❡"#♦*"

❇✐❛" ap [0.7, 1.3] ❇✐❛"❡❞ ✐♥✈❡"#♦*" ✇✐❧❧ ✐♥#❡*♣*❡# ✐♥❢♦*♠❛#✐♦♥ ✇✐#❤

❛ ♠❛①✐♠✉♠ ♦❢ ✰✴✲ ✸✵✪ ❡**♦*✳

❇✐❛" bp ✵

❲❡❛❧#❤ ✺✵✵ ✐♥ ❝❛"❤ ❛♥❞ ✶✵ "#♦❝❦" ❢♦* ❡❛❝❤ ✐♥✈❡"#♦*

▼✐♥✐♠❛❧

❡①♣❡❝#❡❞

*❡#✉*♥

✵✪ ❆❧❧ ✐♥❢♦*♠❡❞ ✐♥✈❡"#♦*" ❛*❡ ♥♦# *✐"❦✲❛✈❡*"❡ ✭#❤❡②

#*❛❞❡ ❢♦* ❛# ❧❡❛"# #❤❡ ✧♣❡*❝❡✐✈❡❞✧ ❝♦**❡❝# ♣*✐❝❡✮

❚❛❜❧❡ ✻✳✻✿ ❙❝❡♥❛*✐♦ ✇✐#❤ ✐♥❢♦*♠❡❞ ✐♥✈❡"#♦*"✱ ✇✐#❤ ❜❛❧❛♥❝❡❞ ❜✐❛"❡" ❛♥❞ ✇✐#❤♦✉# ❜✐❛"❡"

■♥ #❤✐" "❝❡♥❛*✐♦ ❤❛❧❢ #❤❡ ✐♥✈❡"#♦*" ✐♥ #❤❡ ♠❛*❦❡# ❦♥♦✇ ♣❡*❢❡❝#❧② #❤❡ ❢✉#✉*❡ ❢✉♥❞❛✲

♠❡♥#❛❧ ✈❛❧✉❡ ❛♥❞ #*❛❞❡ ❛❝❝♦*❞✐♥❣❧② ✭*❡♠❡♠❜❡* #❤❛# #❤❡② ❤❛✈❡ ✵✪ ♠✐♥✐♠❛❧ ❡①♣❡❝#❡❞

*❡#✉*♥ "♦ #❤❡② ❛*❡ ✇✐❧❧✐♥❣ #♦ ❜✉② ♦* "❡❧❧ ❛# #❤❡ ❝♦**❡❝# ♠❛*❦❡# ♣*✐❝❡✮✳ ❚❤❡ ❜✐❛"❡❞
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❛❜♦✈❡ -❤❛- ♦❢ -❤❡ ❢✉♥❞❛♠❡♥-❛❧ ✈❛❧✉❡✳ ❆, ✇❡ ✇✐❧❧ ,❡❡ -❤✐, ❡①❝❡,, ✈♦❧❛-✐❧✐-② ♣❡+,✐,-, ✐♥
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❛✈❡#❛❣❡ ❡①❝❡'' ✈♦❧❛*✐❧✐*② ♦❢ *❤❡ ❛✈❡#❛❣❡ ❞✐'*❛♥❝❡ ❜❡*✇❡❡♥ ❢✉♥❞❛♠❡♥*❛❧ ❛♥❞ ♠❛#❦❡*

♣#✐❝❡' ❛♥❞ ✇❡ ❛✈❡#❛❣❡ *❤❡'❡ ♠❡❛'✉#❡' ❛❝#♦'' ❛❧❧ *❤❡ '✐♠✉❧❛*✐♦♥'✮✳

❆❢*❡# ❡'*❛❜❧✐'❤✐♥❣ *❤❛* ❛ ♣♦♣✉❧❛*✐♦♥ ♦❢ ❜✐❛'❡❞ ✭ap > 0✮ ✐♥❢♦#♠❡❞ ✐♥✈❡'*♦#' ❝❛♥

♣#♦❞✉❝❡ ♣❡#'✐'*❡♥*❧② ❜✐❛'❡❞ ♣#✐❝❡' ✇❡ ♠❛❦❡ *❡'*' *♦ '❡❡ *❤❡ ✐♥✢✉❡♥❝❡ ♦❢ *❤❡ ❢❛❝*♦# bp
♦♥ *❤❡ ❝#❡❛*✐♦♥ ♦❢ ♠❛#❦❡* ♣#✐❝❡'✳ ❲❡ #❡♠✐♥❞ *❤❡ ❜✐❛'✐♥❣ ❡=✉❛*✐♦♥✱ ❢♦# ❛♥ ✐♥✈❡'*♦# p✱

Biasp(It) = ap ∗ It + bp ✭✻✳✶✮

❢#♦♠ ❝❤❛♣*❡# ✺✱ ✐♥ ✇❤✐❝❤ ❛ ♣♦'✐*✐✈❡✴♥❡❣❛*✐✈❡ bp ✈❛❧✉❡ #❡♣#❡'❡♥*' ❛♥ ♦♣*✐✲

♠✐'*✐❝✴♣❡''✐♠✐'*✐❝ ❧♦♦❦ ♦♥ ❛''❡*'✳

❘✉♥♥✐♥❣ ❛ '✐♠✉❧❛*✐♦♥ ✇✐*❤ *❤❡ ♣❛#❛♠❡*❡#' ❢#♦♠ ❚❛❜❧❡ ✻✳✽✱ ②✐❡❧❞' ❛ ♠❛#❦❡* ♣#✐❝❡

❛❜♦✈❡ *❤❡ ❢✉♥❞❛♠❡♥*❛❧ ✈❛❧✉❡ ✇✐*❤ ❛ ❞✐'*❛♥❝❡ ❡=✉❛❧ *♦ ❛♥ ❛✈❡#❛❣❡ ♦❢ ✐♥✈❡'*♦# #❛♥✲

❞♦♠❧② ❞#❛✇♥ bp ❜✐❛'❡'✳
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❚❤❡ ❜✐❛' bp ✐' ♥♦* ❛❞❞✐*✐✈❡ ❛♥❞ ♠❛#❦❡* ♣#✐❝❡' ❞♦ ♥♦* ❣#♦✇ ❝♦♥'✐'*❡♥*❧②✳ ❚❤✐'

❜✐❛' ❥✉'* ❦❡❡♣' ♣#✐❝❡' ❛* ❛ ❞✐'*❛♥❝❡ ❢#♦♠ *❤❡ ❢✉♥❞❛♠❡♥*❛❧ ✈❛❧✉❡✳ ■* ✐' ✐♠♣♦#*❛♥* *♦

♣♦✐♥* ♦✉* *❤❛* *❤❡ ♠❛#❦❡* ♣#✐❝❡ ❜✐❛' ✐' *❤❡ #❡'✉❧* ♦❢ *❤❡ ❥♦✐♥* ❛❝*✐♦♥' ♦❢ ❛ ♥✉♠❜❡#

♦❢ ✐♥✈❡'*♦#' ❤❛✈✐♥❣ ❤❡*❡#♦❣❡♥❡♦✉' ❧❡✈❡❧' ♦❢ ♦♣*✐♠✐'♠ bp✳ ■❢ ✇❡ #❡#✉♥ ❚❡'* ✻ ✇✐*❤ ❛

♥❡❣❛*✐✈❡ ❜✐❛' ✭♠♦'*❧② ♣❡''✐♠✐'* ✐♥❢♦#♠❡❞ ✐♥✈❡'*♦#'✮ bp ✐♥ [−2, 0] ✇❡ ✇✐❧❧ ♥♦* ♦❜'❡#✈❡
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❞✉❡ *♦ *❤❡ ❛❝*✐♦♥ ♦❢ *❤❡ ●❖❉ ♣❡#❢❡❝*❧② ✐♥❢♦#♠❡❞ ✐♥✈❡'*♦#'✳ ❲❤❡♥ *❤❡ ♣❡''✐♠✐'*'

*#② *♦ ❧♦✇❡# ♣#✐❝❡' ✇✐*❤ ❧♦✇ =✉♦*❡'✱ *❤❡ ●❖❉ ✐♥✈❡'*♦#' ✇✐❧❧ ❝♦♥*✐♥✉❡ *♦ ♣#♦✈✐❞❡
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Buy_and_Hold

❋✐❣✉$❡ ✻✳✶✺✿ ❚❡,- ✼ ✲ ❊✈♦❧✉-✐♦♥ ♦❢ ✇❡❛❧-❤ ❢♦$ ❞✐✛❡$❡♥- -②♣❡, ♦❢ ✐♥✈❡,-♦$, ✐♥ ❛ ♠❛$❦❡-

✇❤❡$❡ ♣❡,,✐♠✐,- ✐♥✈❡,-♦$, ❞♦♠✐♥❛-❡ ✭,-♦❝❦, ❛$❡ ✉♥❞❡$✈❛❧✉❡❞✮

❝♦♥#✐#%❡♥%❧② ❜✐❛#❡❞ ♣-✐❝❡#✳ ❚❤❡ ❧❡## ❡✈❡♥❧② ❞✐#%-✐❜✉%❡❞ %❤❡✐- ❜✐❛#❡# ❛-❡ ✭%❤❡ ♠❛❥♦-✐%②

♦❢ ✐♥✈❡#%♦-# %❡♥❞ %♦ ♦✈❡- ♦- ✉♥❞❡-❡#%✐♠❛%❡ ✐♥❢♦-♠❛%✐♦♥✮ %❤❡ ♠♦-❡ ✐♠♣♦-%❛♥% ✐# %❤❡

❛✈❡-❛❣❡ ❞❡✈✐❛%✐♦♥ ❢-♦♠ ❢✉♥❞❛♠❡♥%❛❧ ✈❛❧✉❡#✳ ❚❤❡ ♠♦-❡ -❡❧❛%✐✈❡ ✇❡❛❧%❤ %❤❡#❡ ❜✐❛#❡❞ ✐♥✲

✈❡#%♦-# ❤♦❧❞ %❤❡ ❡❛#✐❡- %❤❡ ♠❛-❦❡% ✇✐❧❧ ♠✐#♣-✐❝❡ ❛##❡%#✳ ❆ ♠✐#♣-✐❝❡❞ #%❛%❡ ❝❛♥ ♣❡-#✐#%

❛# ❧♦♥❣ ❛# ♥❡✇ ❛♥❞ ❜❡%%❡- ✐♥❢♦-♠❡❞ ✐♥✈❡#%♦-# ❞♦♥✬% ❡♥%❡- %❤❡ ♠❛-❦❡% ✐♥ ❛ #✉✣❝✐❡♥%

❡♥♦✉❣❤ ✈♦❧✉♠❡✳ ■♥✈❡#%♦-# %❤❛% ❤❛✈❡ ✧❝♦--❡❝%✧ ♣-✐❝❡ ❡#%✐♠❛%✐♦♥# ✇✐❧❧ ❡✐%❤❡- #❡❧❧ ❛❧❧

%❤❡✐- ❛##❡%# ✭✐❢ ♦✈❡-♣-✐❝❡❞✮ ♦- ❜✉② ✇✐%❤ ❛❧❧ %❤❡✐- ❝❛#❤ ✭✐❢ ✉♥❞❡-♣-✐❝❡❞✮✳ ❲❤❡♥ ❛❧❧ %❤❡

✧#♠❛-%✧ ♠♦♥❡② ✐# ✉#❡❞ ❛♥❞ ♣-✐❝❡# ❛-❡ #%✐❧❧ ✬❜✐❛#❡❞✬✱ %❤❡#❡ ♥♦♥✲❜✐❛#❡❞ ✐♥✈❡#%♦-# ❧♦♦#❡

❝♦♥%-♦❧ ♦✈❡- ♣-✐❝❡#✳ ❙❤♦-%✲#❡❧❧✐♥❣ ❛❜✐❧✐%✐❡# ❛-❡ ✐--❡❧❡✈❛♥% #✐♥❝❡ %❤❡ ❜✐❛#❡❞ ✐♥✈❡#%♦-#

❝❛♥ ❛❧#♦ %❛❦❡ ❝-❡❞✐% %♦ ❜✉② ♠♦-❡ ♠✐#♣-✐❝❡❞ ❛##❡%#✳

✻✳✷✳✶ ❇✐❛'❡' ✐♥✈♦❧✈✐♥❣ ❧❛❣' ✐♥ ✐♥❢♦/♠❛1✐♦♥ ✐♥1❡/♣/❡1❛1✐♦♥

■♥ -❤✐, ❝❤❛♣-❡$ ✇❡ ,-✉❞② -❤❡ ❡✛❡❝-, ♦❢ ❛ ✈❡$② ,♣❡❝✐✜❝ -②♣❡ ♦❢ ❜✐❛,✿ ❧❛❣ ✐♥ ✐♥❢♦$♠❛-✐♦♥✳

❲❡ $❡♠✐♥❞ -❤❡ ❡F✉❛-✐♦♥ -❤$♦✉❣❤ ✇❤✐❝❤ ✐♥❢♦$♠❛-✐♦♥ ✐, ❝♦♥,-$✉❝-❡❞ ❛♥❞ ❜✐❛,❡❞ ❢♦$

❛♥ ✐♥❞✐✈✐❞✉❛❧ ❛❣❡♥-✿

It = Vt+1−lag − Pt ✭✻✳✷✮

❋$♦♠ -❤❡ ♦$✐❣✐♥❛❧ ❡F✉❛-✐♦♥ ✇❡ $❡♣❧❛❝❡❞ -❤❡ ✐♥❞❡① t+1 ♦❢ -❤❡ ❢✉♥❞❛♠❡♥-❛❧ ✈❛❧✉❡

✇✐-❤ -❤❡ ✐♥❞❡① t + 1 − lag✳ ■♥ ❛❧❧ -❤❡ ♣$❡✈✐♦✉, -❡,-, -❤❡ ❧❛❣ ✈❛$✐❛❜❧❡ ♦❢ ✐♥❢♦$♠❡❞

✐♥✈❡,-♦$, ✇❛, ✵✳ ❚❤✐, ✐♠♣❧✐❡❞ -❤❛- ❛❧❧ ✐♥✈❡,-♦$, ❝♦♥,✐❞❡$❡❞ ❛- -$❛❞✐♥❣ ♣❡$✐♦❞ [t, t+1]



✻✳✷✳ ❇✐❛&❡& ❛♥❞ ♠❛+❦❡- ♣+✐❝❡& ✶✷✺

 ❤❡ ✐♥❢♦'♠❛ ✐♦♥  ❤❛ ❡①♣❧❛✐♥❡❞  ❤❡ ♥❡✇ ❢✉♥❞❛♠❡♥ ❛❧ ✈❛❧✉❡ ♦❢  ❤❛ ♣❡'✐♦❞✳ ■♥ '❡❛❧✐ ②

 ❤✐4 ✐4 ♥♦  ❤❡ ❝❛4❡ ❜❡❝❛✉4❡ ✐♥✈❡4 ♦'4 4♦♠❡ ✐♠❡4 ❧♦♦❦ ❛ ♦✉ ❞❛ ❡❞ ✐♥❢♦'♠❛ ✐♦♥ ❛♥❞

✐♥❢❡' ❢'♦♠  ❤❡♠  ❤❡✐' ❝♦♥❝❧✉4✐♦♥4 ❛❜♦✉  ❤❡ ♣'❡4❡♥  ✐♠❡✳ ❚❤❡ ❡①✐4 ❡♥❝❡ ♦❢ ❛ ❧❛❣ ✐♥

✉4✐♥❣ ❡❝♦♥♦♠✐❝✴✜♥❛♥❝✐❛❧ ✐♥❢♦'♠❛ ✐♦♥ ❝❛♥ ❛❧4♦ ❜❡ ❡①♣❧❛✐♥❡❞ ❜②  ❤❡ ❡①✐4 ❡♥❝❡ ♦❢ 4♦♠❡

♣4②❝❤♦❧♦❣✐❝❛❧ ❜✐❛4❡4 ❧✐❦❡ ✬❤✐♥❞4✐❣❤ ✬ ♦' ✬❛✈❛✐❧❛❜✐❧✐ ②✬ ❜✐❛4 ✭4❡❡ ❝❤❛♣ ❡' ❢♦' ❝♦♠♣❧❡ ❡

❞❡4❝'✐♣ ✐♦♥4✮✳

❲❡ 4 ✉❞②  ❤❡ ❡✛❡❝ 4 ♦❢  ❤✐4 ♣❛'❛♠❡ ❡'✱ ❧❛❣✱ ♦♥  ❤❡ ❢♦'♠❛ ✐♦♥ ♦❢ ♣'✐❝❡4 ✉4✐♥❣ ❛

4✐♠♣❧❡ ♠❛'❦❡ 4 '✉❝ ✉'❡✱ ❞❡4❝'✐❜❡❞ ✐♥  ❤❡  ❛❜❧❡ ❜❡❧♦✇✳

■♥ ❚❛❜❧❡ ✻✳✶✷ ✇❡ ❤❛✈❡ ❞❡4❝'✐❜❡❞ ❛ ♠❛'❦❡ ✇✐ ❤ ♥♦ ❣'♦✇ ❤ ❛♥❞ ✇❤❡'❡ ❛❧❧  ❤❡

✐♥✈❡4 ♦'4 ❤❛✈❡ ✉♥❜✐❛4❡❞ ✐♥❢♦'♠❛ ✐♦♥ ✇❤✐❝❤ ❝❛♥ ❜❡ ❧❛❣❣❡❞ ❢♦' ❛ ♠❛①✐♠✉♠ ♦❢ ✽ ❞❛②4✳

■❢ ❛  ✐♠❡  ❛♥ ✐♥✈❡4 ♦' '❡❝❡✐✈❡4 ✐♥❢♦'♠❛ ✐♦♥ ✇✐ ❤ ❛ ❧❛❣ ♦❢ ✶ ❤❡ ✇✐❧❧ ❜❡ ❡4 ✐♠❛ ✐♥❣

 ❤❡ ♥❡① ♠❛'❦❡ ♣'✐❝❡✱ Ft+1✱ ❜❛4❡❞ ♦♥  ❤❡ ✐♥❢♦'♠❛ ✐♦♥ ❛❜♦✉  ❤❡ ❢✉♥❞❛♠❡♥ ❛❧ ✈❛❧✉❡

♦❢ ②❡4 ❡'❞❛②✱ ❱t✱ ✐♥4 ❡❛❞ ♦❢  ❤❡ ❝✉''❡♥ ♣❡'✐♦❞✬4 ❢✉♥❞❛♠❡♥ ❛❧ ✈❛❧✉❡ ❱t+1✳ ❲❡ '✉♥ ❛

4✐♠✉❧❛ ✐♦♥ ✇✐ ❤  ❤❡4❡ ♣❛'❛♠❡ ❡'4 ❛♥❞ ✇❡ ♦❜4❡'✈❡  ❤❡ ❛♣♣❡❛'❛♥❝❡ ♦❢ 4 ②❧✐③❡❞ ❢❛❝ 4

✭❧❡♣ ♦❦✉' ♦4✐4 ❛♥❞ ✈♦❧❛ ✐❧✐ ② ❝❧✉4 ❡'✐♥❣✮✳

❲❡ ❝❛♥ ♦❜4❡'✈❡ ✐♥ ❋✐❣✉'❡4 ✻✳✶✻ ❛♥❞ ✻✳✶✼  ❤❛  ❤❡ ♠❛'❦❡ ♣'✐❝❡ ❞♦❡4 ♥♦ ❡①❤✐❜✐ 

 ❤❡ 4❛♠❡ ❞✐4 '✐❜✉ ✐♦♥ ❛4  ❤❡ ❢✉♥❞❛♠❡♥ ❛❧ ✈❛❧✉❡ ✐ ✇❛4 4✉♣♣♦4❡❞  ♦ ❢♦❧❧♦✇✳ ❚❤❡

♣❤❡♥♦♠❡♥❛ ♦❢ ✬❢❛  ❛✐❧4✬ ✐4 ❝❧❡❛'❧② ✈✐4✐❜❧❡✱ ❡① '❡♠❡ ♠❛'❦❡ '❡ ✉'♥4 ❛'❡ ♠♦'❡ ♣'♦❜❛✲

❜❧❡  ❤❛♥  ❤❡② 4❤♦✉❧❞ ❜❡ ✭❛❝❝♦'❞✐♥❣  ♦  ❤❡ ❡✣❝✐❡♥ ♠❛'❦❡  ❤❡♦'②✮✳ ❚❤❡ 4✉♠♠❛'②

4 ❛ ✐4 ✐❝4 ❚❛❜❧❡

✶

✻✳✶✸ 4❤♦✇4 ❛ ❝❧❡❛' ✐♥❞✐❝❛ ✐♦♥ ❛❜♦✉  ❤❡ ♣❡'4✐4 ❡♥❝❡ ♦❢ 4 ②❧✐③❡❞ ❢❛❝ 4

 ❤'♦✉❣❤ ✶✵✵ 4✐♠✉❧❛ ✐♦♥4 '✉♥4 ✇✐ ❤  ❤❡ 4❛♠❡ ♣❛'❛♠❡ ❡'4✳

■❢ ✇❡ ❝♦♥4✐❞❡'  ❤❡ ❡✛❡❝ ♦❢ ❧❛❣❣❡❞ ✐♥❢♦'♠❛ ✐♦♥ ♦♥ ♠❛'❦❡ ♣'✐❝❡ ✇❡ ❝❛♥ 4❛②  ❤❛  ❤❡

♠❛'❦❡ ♣'✐❝❡ ✐4 ❢♦'♠❡❞ ✉4✐♥❣ ♦'❞❡'4 ❜❛4❡❞ ♦♥ ❝✉''❡♥ ❛♥❞  ❤❡ ❧❛4 4❡✈❡♥ ❢✉♥❞❛♠❡♥ ❛❧

✈❛❧✉❡4✱ ❡✳❣✳ ✿

Pt+1 = f(Pt, Vt+1, Vt, Vt−1, ..., Vt−7) ✭✻✳✸✮

Rt+1 = f(Rt, Rt−1, ..., Rt−7) ✭✻✳✹✮

❋'♦♠  ❤❡4❡ ❡Q✉❛ ✐♦♥4 ✇❡ ❝❛♥ ✐♥❢❡'  ❤❛  ❤❡ ♠❛'❦❡ '❡ ✉'♥4 ❤❛4 ❛ ❞✐'❡❝ ❢♦'♠

♦❢ ❛✉ ♦✲❞❡♣❡♥❞❡♥❝❡ ❞✉❡  ♦  ❤❡ ❢❛❝ ✐♥✈❡4 ♦'4  ❤❛ ✉4❡ ❧❛❣❣❡❞ ✐♥❢♦'♠❛ ✐♦♥✳ ■❢ ✇❡

❧♦♦❦ ❛  ❤❡ ❛✉ ♦❝♦''❡❧❛ ✐♦♥ ❞✐❛❣'❛♠ ❢♦'  ❤❡ ♠❛'❦❡ '❡ ✉'♥4✱ ❋✐❣✉'❡ ✻✳✶✽✱ ✇❡ 4❡❡  ❤❛ 

'❡ ✉'♥4 ❡①❤✐❜✐ ♥♦♥✲❧✐♥❡❛' ❛✉ ♦❝♦''❡❧❛ ✐♦♥ ✭❝♦♥✜'♠❡❞ ✐♥ '❡♣❡❛ ❡❞ 4✐♠✉❧❛ ✐♦♥ '✉♥4 ✲

4❡❡ 4 ❛ ✐4 ✐❝4 4✉♠♠❛'② ✐♥ ❚❛❜❧❡ ✻✳✶✸✮✳ ▼♦'❡♦✈❡'✱ ✐❢ ✇❡ ✐♥❝'❡❛4❡  ❤❡ 4♣❛♥ ♦❢  ❤❡ ❧❛❣

♣❛'❛♠❡ ❡' ✭✐♥  ❤✐4 ❝❛4❡  ♦ ✷✵✮ ✇❡ ❝❛♥ ♦❜4❡'✈❡ ✐♥ ❋✐❣✉'❡ ✻✳✶✾  ❤❛  ❤❡ ♥♦♥✲❧✐♥❡❛'

❛✉ ♦❝♦''❡❧❛ ✐♦♥ ♦❢ ♠❛'❦❡ '❡ ✉'♥4 ❜❡❝♦♠❡4 4 '♦♥❣❡'✳

❖♥❡ ❝❛♥ ♦❜4❡'✈❡  ❤❛ ✐♥ ❋✐❣✉'❡ ✻✳✶✽ ❛♥❞ ✻✳✶✾  ❤❡ ❛✉ ♦❝♦''❡❧❛ ✐♦♥ ❧❡✈❡❧4 ♦❢ ❛❜4♦✲

❧✉ ❡ '❡ ✉'♥ ✭❛  ❤❡ ♣♦✇❡' ✶✳✺✮ ❛'❡ ❛❧♠♦4 ❞♦✉❜❧❡  ❤❛♥  ❤❡ ❧❡✈❡❧4 ♦❢ ❛✉ ♦❝♦''❡❧❛ ✐♦♥
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❛♥❞ ✷✮ ❝❛♥ ❜❡ ❛♣♣'♦①✐♠❛%❡❞ ❜② ❛♥ ❛✉%♦'❡❣'❡))✐✈❡ ❢✉♥❝%✐♦♥ ✇✐%❤ ❣❡♥❡'❛%❡) ♠❛'❦❡%

'❡%✉'♥)✳ ❆❧%❤♦✉❣❤ %❤✐) ✐) ❤♦✇ ✇❡ ❝❛♥ ♥✉♠❡'✐❝❛❧❧② ❡)%✐♠❛%❡ ♠❛'❦❡% '❡%✉'♥ ✐% ❞♦❡)

♥♦% ❝♦♥)✐)% ✐♥ ❛ ♣'♦♣❡' ❜❡❤❛✈✐♦'❛❧✱ ❝❛✉)❛❧ ❡①♣❧❛♥❛%✐♦♥✳

■♥ ♦✉' )✐♠✉❧❛%♦' ✇❡ ❤❛✈❡ %❡)%❡❞ ❞✐✛❡'❡♥% ♠✐①❡) ♦❢ ✐♥✈❡)%♦') ❛♥❞ ♦❜)❡'✈❡❞ %❤❛%

❝❤❛'%✐)%) ♠✐①❡❞ ✇✐%❤ ♣❡'❢❡❝%❧② ✐♥❢♦'♠❡❞ ✐♥✈❡)%♦') ❝❛♥ ❣❡♥❡'❛%❡ )✉❝❤ )%②❧✐③❡❞ ♣❤❡✲

♥♦♠❡♥❛✳ ❲❡ '✉♥ ❛ )✐♠✉❧❛%✐♦♥ ✇✐%❤ ♠✐①❡❞ %❡❝❤♥✐❝❛❧✴✐♥❢♦'♠❡❞ ✐♥✈❡)%♦') ❛♥❞ ❢♦❧❧♦✇✐♥❣

♣❛'❛♠❡%❡')✿



✶✸✵ ❈❤❛♣'❡) ✻✳ ❆♥.✇❡)✐♥❣ '❤❡ )❡.❡❛)❝❤ 3✉❡.'✐♦♥.

❚❡"# ✾

6❛)❛♠❡'❡) ❱❛❧✉❡ ❊①♣❧❛♥❛'✐♦♥

◆ ✺✵✵ ◆✉♠❜❡+ ♦❢ #+❛❞✐♥❣ ❞❛②"

µV ✵✪ ◆♦ ❣+♦✇#❤ ✐♥ ❢✉♥❞❛♠❡♥#❛❧ ✈❛❧✉❡

σV ✶✪ ✶✪ "#❛♥❞❛+❞ ❞❡✈✐❛#✐♦♥

◆+ ❛❣❡♥#" ✺✵✵ ✹✵✪ ❚❡❝❤♥✐❝❛❧ #+❛❞❡+" ✻✵✪ =❡+❢❡❝#❧②

✐♥❢♦+♠❡❞ ✐♥✈❡"#♦+"

▼❡♠♦+②

❧❡♥❣#❤

✸ ❚+❛❞❡+" ✉"❡ +✉❧❡" +❡❣❛+❞✐♥❣ #❤❡ ❧❛"#

✸ +❡#✉+♥" ✭+ t✱ +t−1 ❛♥❞ +t−2✮✳

µC ✶✪ ❚+❛❞❡+" #+② #♦ "❡❧❧✴❜✉② ✇✐#❤ ❛ +❛♥✲

❞♦♠ ♠❛+❦✲✉♣ ♦❢

σC ✺✪

❆❣❡♥#

❲❡❛❧#❤

❈❛"❤ ❛♥❞

=♦+#❢♦❧✐♦

✷✵✵✵ ✐♥ ❝❛"❤ ❛♥❞ ❛ ♣♦+#❢♦❧✐♦ ♦❢ ✶✵

"#♦❝❦" ❢♦+ ❡❛❝❤ ❛❣❡♥# ❛# #❤❡ "#❛+# ♦❢

#❤❡ "✐♠✉❧❛#✐♦♥

❚❛❜❧❡ ✻✳✶✹✿ ❙✐♠✉❧❛#✐♦♥ ♣❛+❛♠❡#❡+" ❢♦+ ❚❡"# ✾ ✲ ✈♦❧❛#✐❧✐#② ❝❧✉"#❡+✐♥❣ ✇✐#❤ #❡❝❤♥✐❝❛❧

#+❛❞❡+"

❲❡ ♦❜"❡+✈❡✱ ✐♥ ❋✐❣✉+❡ ✻✳✷✵✱ #❤❛# #❤❡ ♠❛+❦❡# ♣+✐❝❡ "♦♠❡#✐♠❡" ❞❡♣❛+#" ❢+♦♠ ✐#"

❢✉♥❞❛♠❡♥#❛❧ ✈❛❧✉❡✳ ❚❤✐" ❞❡♣❛+#✉+❡ ❤❛♣♣❡♥" ✇❤❡♥ ❛ ❝♦♥"✐❞❡+❛❜❧❡ ❤✐❣❤ ♥✉♠❜❡+ ♦❢

❝❤❛+#✐"# #+❛❞❡+ ❤❛✈❡ "#+❛#❡❣✐❡" #❤❛# ❛+❡ ❛❝#✐✈❛#❡❞✳ ❚❤❡"❡ ❝❤❛+#✐"#" "❡♥❞ ♦+❞❡+" #♦

❜✉② ✭♦+ "❡❧❧✮ ❛♥❞ #❤❡✐+ ❝♦❧❧❡❝#✐✈❡ ❛❝#✐♦♥ ♠♦✈❡" #❤❡ +❡"✉❧#✐♥❣ ♠❛+❦❡# ♣+✐❝❡ ❛✇❛② ❢+♦♠

#❤❡ ❢✉♥❞❛♠❡♥#❛❧✳ ❲❤❡♥ #❤❡ ♠❛+❦❡# ♣+✐❝❡ ✐" ❜❡❧♦✇✴❛❜♦✈❡ #❤❡ ❢✉♥❞❛♠❡♥#❛❧ ✈❛❧✉❡ #❤❡

♣❡+❢❡❝#❧② ✐♥❢♦+♠❡❞ ✐♥✈❡"#♦+" ✇✐❧❧ #+② #♦ ❜✉②✴"❡❧❧ #❤❡ ❛""❡#✳ ❚♦ ❜❡ ❛❜❧❡ #♦ +❡"#♦+❡ #❤❡

♣+✐❝❡" #♦ #❤❡✐+ ❝♦++❡❝# ❧❡✈❡❧" #❤❡ ✐♥❢♦+♠❡❞ ✐♥✈❡"#♦+" ❤❛✈❡ #♦ ♣✉# ♠♦+❡ ♣+❡""✉+❡ ♦♥

#❤❡ ♣+✐❝❡" #❤❛♥ #❤❡ ❝❤❛+#✐"#" ✐♥✈❡"#♦+" ❞♦✳

■# ✐" ♣♦""✐❜❧❡ #❤❛# ❝❤❛+#✐"# #+❛❞❡+" ❝❛♥ ❛❜"♦+❜ ❛❧❧ ✭♦+ ♠♦"#✮ ♦❢ #❤❡ "#♦❝❦" ♦❢ #❤❡

✐♥❢♦+♠❡❞ #+❛❞❡+" ❛♥❞ #❤❡② ❛❢#❡+✇❛+❞" ❞♦♠✐♥❛#❡ #❤❡ ♠❛+❦❡# ♣+✐❝❡✳ ❆# #❤❡"❡ ♠♦♠❡♥#"✱

#❤❡ ❝❤❛+#✐"#" ❝❛♥ "❡❧❢✲❝♦♦+❞✐♥❛#❡ ❛" ❛ ❣+♦✉♣ ❛♥❞ ❛+❡ ❛❜❧❡ #♦ ❝♦♥#+♦❧ #❤❡ ♠❛+❦❡#

♣+✐❝❡ #❤+♦✉❣❤ #❤❡✐+ ♦+❞❡+"✳ ❚❤❡ "♣❡❡❞ ♦❢ ❣+♦✇#❤ ❛♥❞ ❛♠♣❧✐#✉❞❡ ♦❢ #❤❡ +❡"✉❧#✐♥❣

♣+✐❝❡ ❜✉❜❜❧❡" ❛+❡ ❞❡#❡+♠✐♥❡❞ ❜② #❤❡ ❡①♣❡❝#❛#✐♦♥" ♦❢ ❝❤❛+#✐"#" ✭#❤❡ ❜✐❣❣❡+ #❤❡ +❡#✉+♥

❡①♣❡❝#❛#✐♦♥" #❤❡ ❢❛"#❡+ #❤❡ ♣+✐❝❡ ✇✐❧❧ +❛✐"❡✮ ❛♥❞ ♦♥ #❤❡✐+ ❝❛"❤ +❡"❡+✈❡" ✭#❤❡ ♠♦+❡ ❝❛"❤

❝❤❛+#✐"#" ❤♦❧❞ #❤❡ ❜✐❣❣❡+ ❝❛♥ #❤❡ ❜✉❜❜❧❡" ❣❡#✮✳ ❲❡ "❡❡ ❜✉❜❜❧❡" ❛♣♣❡❛+✐♥❣ ✐♥ ❋✐❣✉+❡

✻✳✷✵✭❛# #❤❡ ❜❡❣✐♥♥✐♥❣ ❛# #❤❡ "✐♠✉❧❛#✐♦♥ ❛♥❞ ❛+♦✉♥❞ "✐♠✉❧❛#✐♦♥ #✐♠❡ ✷✾✵✮ ♦+ ✐♥ ❋✐❣✉+❡

✻✳✷✶ ✭"#❛+#✐♥❣ ❛# #✐♠❡ ✺✵ ❛♥❞ ❡♥❞✐♥❣ ❛# ❛+♦✉♥❞ ✹✺✵✮✳ ❉✉+✐♥❣ "✉❝❤ ♣❡+✐♦❞" ♠❛+❦❡#

♣+✐❝❡" ❣♦ ❛❜♦✈❡✴✉♥❞❡+ ❢✉♥❞❛♠❡♥#❛❧ ✈❛❧✉❡" ❛♥❞ ✢✉❝#✉❛#❡ ✇✐#❤♦✉# ❛♥② ❛♣♣❛+❡♥# ❧♦❣✐❝✳

❆" ♦♥❡ ❝❛♥ ♦❜"❡+✈❡ ❜✉❜❜❧❡" ❝❛♥ ❜❡ ♥❡❣❛#✐✈❡ ✇❤❡♥ ♣+✐❝❡" ❞+♦♣ ❢❛+ ❜❡❧♦✇ ❢✉♥❞❛♠❡♥#❛❧

✈❛❧✉❡"✳ ❚❤✐" ✐" ❛ ♥❛#✉+❛❧ ♣❤❡♥♦♠❡♥❛✱ ❛❧❜❡✐# ♥♦# ✈❡+② ❢+❡S✉❡♥#✱ ✇❤❡♥ ❛♥ ❛""❡# ❝❛♥

❜❡ ❤✐❣❤❧② ✉♥❞❡+♣+✐❝❡❞ ❜❡❝❛✉"❡ ✐♥✈❡"#♦+" "❡❧❧ "✉❝❤ "#♦❝❦ ✐♥ ❜✉♥❞❧❡" ✇❤❡♥ ✐♠♣♦+#❛♥#

♦♣♣♦+#✉♥✐#✐❡" ❛+✐"❡✳ ❲❡ +❡❝♦♠♠❡♥❞ ✭❆❧❧❡♥ ❛♥❞ ●❛❧❡✱ ✷✵✵✵✮ ❢♦+ ❡①❛♠♣❧❡" ♦❢ ♣♦"✐#✐✈❡

❛♥❞ ♥❡❣❛#✐✈❡ ❛""❡# ❜✉❜❜❧❡"✳



✻✳✸✳ ❱♦❧❛'✐❧✐'② ❝❧✉,'❡.✐♥❣ ❛♥❞ ♦'❤❡. ✧,'②❧✐③❡❞✧ ❢❛❝', ✶✸✶

❋✐❣✉$❡ ✻✳✷✵✿ ❊①❛♠♣❧❡ ♠❛$❦❡2 ♣$✐❝❡ ❜❡❤❛✈✐♦$ ✇✐2❤ ✹✵✪ ❝❤❛$2✐;2;✱ ✻✵✪ ♣❡$❢❡❝2❧② ✐♥✲

❢♦$♠❡❞ ✭♠❛$❦❡2 ♣$✐❝❡ ✐♥ $❡❞ ❛♥❞ ❢✉♥❞❛♠❡♥2❛❧ ✈❛❧✉❡ ✐♥ ❜❧❛❝❦✮ ✲ ;✐♠✉❧❛2✐♦♥ ♣❛$❛♠❡2❡$;

❢$♦♠ ❚❛❜❧❡ ✻✳✶✹

❯♥2✐❧ 2❤❡ ♠❛$❦❡2 ♣$✐❝❡ $❡❛❝❤❡; ❛❣❛✐♥ ✐2; ❢✉♥❞❛♠❡♥2❛❧ ✈❛❧✉❡; 2❤❡ ♠❛$❦❡2 ♣$✐❝❡; ❛$❡

✈✐$2✉❛❧❧② 2❤❡ $❡;✉❧2 ♦❢ ♦$❞❡$; ❝♦♠✐♥❣ ❢$♦♠ ❝❤❛$2✐;2 2$❛❞❡$;✳ ❉✉$✐♥❣ 2❤❡;❡ ♠✐;♣$✐❝✐♥❣

♣❡$✐♦❞;✱ 2❤❡ ♣$✐❝❡ H✉♦2❡; ❛22❛❝❤❡❞ 2♦ ♦$❞❡$; ❛$❡ ❣❡♥❡$❛2❡❞ ✉;✐♥❣ ❞✐✛❡$❡♥2 ✈♦❧❛2✐❧✐2②

❧❡✈❡❧; ✭σC✮ 2❤❛♥ 2❤❛2 ♦❢ 2❤❡ ❢✉♥❞❛♠❡♥2❛❧ ✈❛❧✉❡ ✭σV ✮✳ ❚❤❡$❡❢♦$❡ 2❤✐; ✐; ❛ ♣♦;;✐❜❧❡

❡①♣❧❛♥❛2✐♦♥ ❢♦$ ✇❤② ♠❛$❦❡2 ♣$✐❝❡; ❤❛✈❡ ❞✐✛❡$❡♥2 ✈♦❧❛2✐❧✐2② $❡❣✐♠❡✿ ❞✐✛❡$❡♥2 $❡❣✐♠❡;

✐♠♣❧✐❡; ❞✐✛❡$❡♥2 2②♣❡; ♦❢ ✐♥✈❡;2♦$; ✭✇✐2❤ ❞✐✛❡$❡♥2 $❡2✉$♥ ❞✐;2$✐❜✉2✐♦♥ ❡①♣❡❝2❛2✐♦♥;✮

2❤❛2 ❞$✐✈❡ ♠❛$❦❡2 ♣$✐❝❡;✳ ❇❡❝❛✉;❡ ♦❢ 2❤✐; ❝❤❛♥❣❡ ✐♥ $❡❣✐♠❡ ✇❡ ❝❛♥ ♦❜;❡$✈❡ 2❤❡

✈♦❧❛2✐❧✐2② ❝❧✉;2❡$✐♥❣ ♣❤❡♥♦♠❡♥❛✳ ▲♦♦❦✐♥❣ ❛2 ❋✐❣✉$❡ ✻✳✷✷ ✇❡ ❝❛♥ ;❡❡ 2❤❡ $❡2✉$♥ 2✐♠❡

;❡$✐❡; ❢♦$ ♦♥❡ ❡①❛♠♣❧❡ ;✐♠✉❧❛2✐♦♥ 2❡;2✳

❲❡ ❝❛♥ ♦❜;❡$✈❡ 2✇♦ ❝♦♠♣❛❝2 ❛♥❞ ❞✐;2✐♥❝2 ♣❡$✐♦❞;✿ ❤✐❣❤ ✈♦❧❛2✐❧✐2② ❧❡✈❡❧; ✭2✐♠❡

✵✲✶✷✵ ❛♥❞ ✸✵✵✲✹✵✵✮ ❛♥❞ ❧♦✇ ✈♦❧❛2✐❧✐2② ❧❡✈❡❧; 2❤$♦✉❣❤✲♦✉2 2❤❡ $❡;2 ♦❢ 2❤❡ ;✐♠✉❧❛2✐♦♥✳

❆; ❛$❣✉❡❞ ✐♥ ✭❙❤✐❧❧❡$✱ ✶✾✽✵✮ 2❤❡ ✈♦❧❛2✐❧✐2② ❧❡✈❡❧; ♦❢ 2❤❡ ❢✉♥❞❛♠❡♥2❛❧ $❡2✉$♥; ❞♦ ♥♦2

❡①♣❧❛✐♥ 2❤❡ ✈♦❧❛2✐❧✐2② ♦❜;❡$✈❡❞ ✐♥ 2❤❡ ♠❛$❦❡2 $❡2✉$♥; ;❡$✐❡;✳ ■♥ ♦✉$ ❝❛;❡ ♦✉$ ❢✉♥❞❛✲

♠❡♥2❛❧ $❡2✉$♥ ❤❛✈❡✱ ❜② ❞❡;✐❣♥✱ ❛ ♥♦$♠❛❧ ❞✐;2$✐❜✉2✐♦♥✳

❚❤❡ ♦♥❧② ❞❡2❡$♠✐♥❛♥2 ♦❢ 2❤❡;❡ ♣$✐❝❡ ❛♥♦♠❛❧✐❡; ✐; 2❤❡ ;❡❧❢✲❝♦♦$❞✐♥❛2❡❞

✷

❛❝2✐♦♥;

♦❢ ❝❤❛$2✐;2 2$❛❞❡$; ✭❛❧❧ 2❤❡ ♦2❤❡$ 2$❛❞❡$; ❛$❡ ♣❡$❢❡❝2❧② ✐♥❢♦$♠❡❞ ✐♥✈❡;2♦$;✮✳ ❚❤❡

❛♣♣❡❛$❛♥❝❡ ♦❢ 2❤❡;❡ ❞✐✛❡$❡♥2 ✈♦❧❛2✐❧✐2② $❡❣✐♠❡;✱ ♦♥❡ ❞♦♠✐♥❛2❡❞ ❜② ✐♥❢♦$♠❡❞ 2$❛❞❡$;

✷

❚❤✐# ❝♦♦&❞✐♥❛*✐♦♥ ✐# ✐♥✈♦❧✉♥*❛&② ❛♥❞ ✐* ❤❛♣♣❡♥# ✇❤❡♥ ❛ #✉✣❝✐❡♥* ♥✉♠❜❡& ♦❢ ❝❤❛&*✐#* ✉#❡ #✐♠✐❧❛&

#*&❛*❡❣✐❡# ❢♦& ❜✉②✐♥❣✴#❡❧❧✐♥❣✳ ❚❤❡#❡ #*&❛*❡❣✐❡# ❛&❡ ❛❝*✐✈❛*❡❞ ✐♥ #✐♠✐❧❛& ❝♦♥❞✐*✐♦♥# ❛♥❞ *❤❡ ❝❤❛&*✐#*#✬

♦&❞❡&# ❤❛✈❡ ❛ #✐❣♥✐✜❝❛♥* ✐♠♣❛❝* ♦♥ ♠❛&❦❡* ♣&✐❝❡#✳
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❋✐❣✉$❡ ✻✳✷✶✿ ❆♥♦.❤❡$ ❡①❛♠♣❧❡ ♠❛$❦❡. ♣$✐❝❡ ❜❡❤❛✈✐♦$ ✇✐.❤ ✸✵✪ ❝❤❛$.✐=.=✱ ✼✵✪ ♣❡$✲

❢❡❝.❧② ✐♥❢♦$♠❡❞ ✭♠❛$❦❡. ♣$✐❝❡ ✐♥ $❡❞ ❛♥❞ ❢✉♥❞❛♠❡♥.❛❧ ✈❛❧✉❡ ✐♥ ❜❧❛❝❦✮ ✲ =✐♠✉❧❛.✐♦♥

♣❛$❛♠❡.❡$= ❢$♦♠ ❚❛❜❧❡ ✻✳✶✹

❋✐❣✉$❡ ✻✳✷✷✿ ❊①❛♠♣❧❡ ♠❛$❦❡. ♣$✐❝❡ $❡.✉$♥ =❡$✐❡= ✇✐.❤ ♠❛$❦❡. =✐♠✉❧❛.✐♦♥ ♣❛$❛♠❡.❡$=

❢$♦♠ ❚❛❜❧❡ ✻✳✶✹
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❛♥❞ ❛♥♦$❤❡' ❜② $❡❝❤♥✐❝❛❧ $'❛❞❡'-✱ ❛❧-♦ ✐♥✢✉❡♥❝❡- $❤❡ ❞✐-$'✐❜✉$✐♦♥ ♦❢ $❤❡ ♠❛'❦❡$

'❡$✉'♥-✳ ❲❡ ♦❜-❡'✈❡✱ ✐♥ ❋✐❣✉'❡- ✻✳✷✸ ❛♥❞ ✻✳✷✹ $❤❛$ ♠❛'❦❡$ '❡$✉'♥- ❛'❡ ❧❡♣$♦❦✉'$✐❝✱

❛- ♦♣♣♦-❡❞ $♦ $❤❡ ❢✉♥❞❛♠❡♥$❛❧ '❡$✉'♥- ✇❤✐❝❤ ❛'❡ ♥♦'♠❛❧✳

❲❡ ❦♥♦✇ $❤❛$ $❤❡ ❞✐-$'✐❜✉$✐♦♥ ♦❢ $❤❡ ❢✉♥❞❛♠❡♥$❛❧ ✈❛❧✉❡ ✐- ♥♦'♠❛❧ ❛♥❞ ❤❛- $❤❡

♣❛'❛♠❡$❡'- $❤❛$ ❛'❡ ♠❛✐♥$❛✐♥❡❞ ✜①❡❞ ❢♦' ❛❧❧ -✐♠✉❧❛$✐♦♥- ✭ µV = 0 ❛♥❞ σV = 1%✮✳

❚❤❡ ♠❛'❦❡$ '❡$✉'♥- ❤❛✈❡ ♠✉❝❤ ♠♦'❡ ✐♥-$❛♥❝❡- ♦❢ ❡①$'❡♠❡ '❡$✉'♥- ✭✷ $♦ ✹ $✐♠❡- σV
❞❡✈✐❛$✐♦♥-✮✳ ❚❤✐- ✐- ❝❛✉-❡❞ ❜② $❤❡ ✈♦❧❛$✐❧✐$② ♦❢ $❤❡ ❡①♣❡❝$❡❞ '❡$✉'♥- ♦❢ $❤❡ ❝❤❛'$✐-$

$'❛❞❡'- ✭µC = 1 ❛♥❞ σC = 5%✮✳ ❇❡❝❛✉-❡ $❤❡ ❝❤❛'$✐-$ ✐♥✈❡-$♦'- ❤❛✈❡ ❤✐❣❤ '❡$✉'♥

❞❡♠❛♥❞-✱ $❤❡② -❡♥❞ ♦'❞❡'- $❤❛$ ❣❡♥❡'❛$❡ ♠♦'❡ ✈♦❧❛$✐❧✐$② ✐♥ ♠❛'❦❡$ ♣'✐❝❡-✳

❖$❤❡' $❤❛♥ ✐♥❝'❡❛-✐♥❣ $❤❡ ♣'♦❜❛❜✐❧✐$② ♦❢ ❡①$'❡♠❡ ♠❛'❦❡$ '❡$✉'♥-✱ $❤❡ ❞✐✛❡'❡♥$

✈♦❧❛$✐❧✐$② '❡❣✐♠❡- ❝'❡❛$❡ $❤❡ ❡✛❡❝$ ♦❢ ♥♦♥✲❧✐♥❡❛' ❛✉$♦❝♦''❡❧❛$✐♦♥ ✐♥ '❡$✉'♥-✳ ❲❡ ❝❛♥

-❡❡ ✐♥ ❋✐❣✉'❡ ✻✳✷✻ $❤❛$ ♥♦'♠❛❧ '❡$✉'♥- ❛'❡ ♥♦$ ❝♦''❡❧❛$❡❞ $❤✉- -❤♦✇✐♥❣ $❤❛$ $❤❡

♠❛'❦❡$ ❝❛♥♥♦$ ❜❡ ♣'❡❞✐❝$❡❞ ✉-✐♥❣ ♦♥❧② ♣❛-$ '❡$✉'♥-✳ ❖♥ $❤❡ ♦$❤❡' ❤❛♥❞✱ ❛❜-♦❧✉$❡

'❡$✉'♥- ❛'❡✱ ✐♥ ❛ ❝❡'$❛✐♥ ♠❡❛-✉'❡❞✱ ❡①♣❧❛✐♥❡❞ ❜② ♣❛-$ ❛❜-♦❧✉$❡ '❡$✉'♥- ✭-❡❡ ❋✐❣✉'❡

✻✳✷✺✮✳ ❚❤✐- $✐♠❡✱ $❤❡ ❧❡✈❡❧- ♦❢ '❡$✉'♥ ♥♦♥✲❧✐♥❡❛' ❛✉$♦❝♦''❡❧❛$✐♦♥ ❤❛✈❡ ❛ ❧❡✈❡❧ -✐♠✐❧❛'

$♦ $❤❡ ♦♥❡- ♦❜-❡'✈❡❞ ✐♥ ✜♥❛♥❝✐❛❧ ♠❛'❦❡$- ✭-❡❡ ■♥$'♦❞✉❝$✐♦♥ ❝❤❛♣$❡'✮✳ ❲❡ $❡-$ ♦✉'

'❡-✉❧$- ❢♦' '♦❜✉-$♥❡-- ❛♥❞ ♣❧❛❝❡ $❤❡ -✉♠♠❛'② -$❛$✐-$✐❝- ✐♥ $❤❡ ❚❛❜❧❡ ✻✳✶✺✳

■♥ $❤❡ ❚❛❜❧❡

✸✹

✻✳✶✺ ✇❡ ✜'-$ -❤♦✇ $❤❛$ $❤❡ -$②❧✐③❡❞ ❢❛❝$- ✭✉-✐♥❣ -$❛$✐-$✐❝❛❧ $❡-$- ❢♦'

❡①❝❡-- ❧❡♣$♦❦✉'$♦-✐- ❛♥❞ ♥♦♥✲❧✐♥❡❛' ❛✉$♦❝♦''❡❧❛$✐♦♥ ♦❢ '❡$✉'♥-✮ ❛'❡ ♣'❡-❡♥$ ✐♥ ♠✉❧$✐✲

♣❧❡ '✉♥- ♦❢ $❤❡ ♠❛'❦❡$ ✇✐$❤ ♣❛'❛♠❡$❡'- ❢'♦♠ ❚❛❜❧❡ ✻✳✶✹✮✳ ▼♦'❡♦✈❡' ✇❡ ♥❡❡❞ $♦ $❡-$

❢♦' $❤❡ ❡♠❡'❣❡♥❝❡ ♦❢ ♣'✐❝❡ ❜✉❜❜❧❡-✳ ❚❤❡'❡❢♦'❡ ✇❡ ❝♦♠♣✉$❡✱ ❢♦' ❡✈❡'② -✐♠✉❧❛$✐♦♥✱ $❤❡

❛✈❡'❛❣❡✴♠❡❞✐❛♥✴♠❛①✐♠✉♠ ❞✐-$❛♥❝❡ ❜❡$✇❡❡♥ $❤❡ ♠❛'❦❡$ ♣'✐❝❡ ❛♥❞ $❤❡ ❢✉♥❞❛♠❡♥$❛❧

✈❛❧✉❡ ✉-✐♥❣ $❤❡ ❡N✉❛$✐♦♥- ✻✳✻✳

✸
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❋ ✐& '❤❡ ❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡ ❛♥❞ @ ✐& '❤❡ ♠❛%❦❡' ♣%✐❝❡✳ ❲❡ ♠❡❛&✉%❡ &'❛'✐&'✐❝& ❛❜♦✉' '❤❡ ❞✐&'❛♥❝❡

❜❡'✇❡❡♥ '❤❡ ♠❛%❦❡' ♣%✐❝❡ ❛♥❞ '❤❡ ❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡
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❆✈❡'❛❣❡
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▼❛①✐♠✉♠

Ft − Pt ✭▼✮
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M = max(Ft − Pt)

m = median(Ft − Pt)

µ = mean(Ft − Pt)

✭✻✳✻✮

❲❡ &❡❡ '❤❛' ♦✉, ,❡&✉❧'&✱ ❛& ❞❡&❝,✐❜❡❞ ✐♥ ❚❛❜❧❡ ✻✳✶✺✱ ✈❡,✐❢② '❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦'❤✲

❡&✐&✿

✶✳ ▼❛①✐♠✉♠ ✈❛❧✉❡ ✐& ❛' ❧❡❛&' ✶✵ '✐♠❡& ❜✐❣❣❡, '❤❛♥ '❤❡ ♠❡❞✐❛♥ ✈❛❧✉❡ ✭M−10∗m >

0✮✳ ■❢ '❤✐& ✐& ',✉❡ '❤❛♥ ✇❡ ❤❛✈❡✱ ✐♥ ❡✈❡,② ,❡♣❡'✐'✐♦♥ ♦❢ ♦✉, ❚❡&' ✾ &✐♠✉❧❛'✐♦♥

♣❛,❛♠❡'❡,&✱ ❛' ❧❡❛&' ♦♥❡ ♣,✐❝❡ ❜✉❜❜❧❡ ✭❛ ♠❛,❦❡' ♣,✐❝❡ ♠✉❝❤ ❤✐❣❤❡, '❤❛♥ '❤❡

❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡✮✳ ❚❤✐& '❡&' &❤♦✇& ♦♥❧② '❤❛' '❤❡,❡ ❛,❡ ♠♦♠❡♥'& ✇❡,❡ ♠❛,❦❡'

♣,✐❝❡& &♣✐❦❡ ✇❛② ❛❜♦✈❡ '❤❡ ❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡✳ ❨❡'✱ &✉❝❤ &✉❞❞❡♥ ♠❛,❦❡' ♠♦✈❡&

❝❛♥ ❧❛&' ❢♦, ♦♥❧② ♦♥❡ ♣❡,✐♦❞ ✭✐❢ '❤❡,❡ ✐& ❛ &✉❞❞❡♥ &♣✐❦❡ ✐♥ ♠❛,❦❡' ♣,✐❝❡&✮ ❛♥❞

❞♦ ♥♦' ❝♦♥&'✐'✉'❡ ♣,♦♣❡, ❜✉❜❜❧❡&✳

✷✳ ❚♦ ♣,♦✈❡ '❤❛' ♦✉, ♠❛,❦❡' ❣❡♥❡,❛'❡&✱ ,♦❜✉&'❧②✱ ♣,✐❝❡ ❜✉❜❜❧❡&✱ ✇❡ ♠❡❛&✉,❡ '❤❡

,❡❧❛'✐♦♥&❤✐♣ ❜❡'✇❡❡♥ '❤❡ ❛✈❡,❛❣❡ ❛♥❞ '❤❡ ♠❡❞✐❛♥ ❞✐&'❛♥❝❡ ❜❡'✇❡❡♥ ♣,✐❝❡ ❛♥❞

✐'& ❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡✭µ − 1.5 ∗m > 0✮✳■❢ '❤✐& ✐& ',✉❡ '❤❛♥ '❤❡ ❛✈❡,❛❣❡ ✈❛❧✉❡

✐& ❜✐❛&❡❞ ❜❡❝❛✉&❡ ♦❢ ❡①',❡♠❡ ♦❜&❡,✈❛'✐♦♥& ✭❤✐❣❤ ♣,✐❝❡& ❛,♦✉♥❞ '❤❡ ♣❡❛❦ ♦❢ '❤❡

❜✉❜❜❧❡&✮✳ ❚❤✐& ❝♦♥❞✐'✐♦♥ &❤♦✇& '❤❛' ❜✉❜❜❧❡& ❛♣♣❡❛,✳ ❲❡ ❤❛✈❡ '♦ ❛❧&♦ '❡&'

'❤❛' &✉❝❤ ❜✉❜❜❧❡& ❜,❡❛❦✳

✸✳ ❚♦ ♣,♦✈❡ '❤❛' ♣,✐❝❡ ❜✉❜❜❧❡& ❛♣♣❡❛, ❛♥❞ ❛❧&♦ ❝,❛&❤ ✇❡ ❝❤❡❝❦ ✐❢ '❤❡ ❛✈❡,❛❣❡ ♣,✐❝❡

❞✐&'❛♥❝❡ ✐& ♥♦' ❤✐❣❤❡, '❤❛♥ '✇✐❝❡ '❤❡ ♠❡❞✐❛♥ ✈❛❧✉❡ ✭µ − 2.2 ∗m ≤ 0✮✳ ■❢ '❤✐&

✐& ',✉❡ '❤❛♥ ✐' &❤♦✇& '❤❛' '❤❡ ♣❡,✐♦❞& ✇✐'❤ ✈❡,② ❤✐❣❤ ♣,✐❝❡ ♣❡❛❦& ❞♦ ♥♦' ❧❛&'

✈❡,② ❧♦♥❣ ✲ ❤❡♥❝❡ ❜✉❜❜❧❡& ❝,❛&❤✳ ■❢ ♣,✐❝❡ ❞✐&'❛♥❝❡ ✇♦✉❧❞ &'❛② ❤✐❣❤ '❤❡♥ '❤❡

❛✈❡,❛❣❡ ♠❡❛&✉,❡ ✇♦✉❧❞ ❜❡ ❛✛❡❝'❡❞ ✇❡ ✐♥❝,❡❛&❡❞ ❝♦♥&✐❞❡,❛❜❧② ❛❜♦✈❡ ✷ '✐♠❡&

'❤❡ ♠❡❞✐❛♥✳

❲❡ ♠❛❦❡ ❤②♣♦'❤❡&✐& '❡&'&✱ ❢♦, ♦✉, '❤,❡❡ ❜✉❜❜❧❡ ♠❡❛&✉,❡&✱ ❛♥❞ ♦❜&❡,✈❡ ✐♥ ❚❛❜❧❡

✺

✻✳✶✻ '❤❛' ♦✉, ♣,❡❞✐❝'❡❞ ,❡&✉❧'&✱ ❛ ♣♦♣✉❧❛'✐♦♥ ♦❢ ✐♥✈❡&'♦,& ✇✐'❤ &✉✣❝✐❡♥' ❝❤❛,'✐&'&

❝,❡❛'❡ ♣,✐❝❡ ❜✉❜❜❧❡&✱ ❛,❡ &'❛'✐&'✐❝❛❧❧② &✐❣♥✐✜❝❛♥' ❛♥❞ ❛♣♣❡❛, ❝♦♥&✐&'❡♥'❧② ✐♥ ♦✉, &✐♠✲

✉❧❛'✐♦♥ ♦✉'♣✉'&✳

❲✐'❤ '❤❡&❡ ,♦❜✉&' ♦❜&❡,✈❛'✐♦♥& ✇❡ ❤❛✈❡ &❤♦✇♥ '❤❛' ♣,✐❝❡ ❜✉❜❜❧❡& ✭❛♥❞ ❛❧&♦

✈♦❧❛'✐❧✐'② ❝❧✉&'❡,✐♥❣✱ ❛❧♦♥❣ ✇✐'❤ ❡①❝❡&& ❦✉,'♦&✐&✮ ❛,❡ ❝❛✉&❡❞ ❜② ❛ ❝❤❛✐♥ ♦❢ ❡✈❡♥'& '❤❛'

✇❡ &✉♠♠❛,✐③❡ ❤❡,❡✿

✶✳ M,✐❝❡& ✢✉❝'✉❛'❡ ❛❧♦♥❣ ✇✐'❤ ❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡&✳ ▼❛,❦❡' ♣,✐❝❡ ✐& ❝♦♥',♦❧❧❡❞ ❜②

✐♥❢♦,♠❡❞ ✐♥✈❡&'♦,& ❛' ❢♦❧❧♦✇& '❤❡ ❛&&❡'✬& ❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡✳

✷✳ ❆ &♣❡❝✐✜❝ ♣❛''❡,♥ ♦❢ ♠❛,❦❡' ,❡'✉,♥& ❛♣♣❡❛,& ✭❜② ❝❤❛♥❝❡✮ ❛♥❞ ❛ &✐❣♥✐✜❝❛♥'

♥✉♠❜❡, ♦❢ ❝❤❛,'✐&'& &❡♥❞ ❧✐♠✐' ♦,❞❡,&✱ ✇✐'❤ ✐♥✈♦❧✉♥'❛,② ❝♦♦,❞✐♥❛'✐♦♥✱ ✇❤✐❝❤

&❤✐❢' '❤❡ ♥❡✇ ♠❛,❦❡' ♣,✐❝❡ ❛✇❛② ❢,♦♠ ✐'& ❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡✳
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❚❛❜❧❡ ✻✳✶✻✿ ❍②♣♦'❤❡&✐& '❡&'& ❢♦$ '❤❡ ♣$❡&❡♥❝❡ ♦❢ ♣$✐❝❡ ❜✉❜❜❧❡&

✸✳ ❲❤❡♥ '❤❡ ♠❛$❦❡' ♣$✐❝❡ ✐& ❜❡❧♦✇✴❛❜♦✈❡ ✐'& ❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡ '❤❡ ✐♥❢♦$♠❡❞

✐♥✈❡&'♦$& ✇✐❧❧ &'❛$' ❜✉②✐♥❣✴&❡❧❧✐♥❣ ❛&&❡'& ♠♦'✐✈❛'❡❞ ❜② '❤❡ ♣♦'❡♥'✐❛❧ ♣$♦✜'✳

✹✳ ■❢ ♠♦$❡ ❝❤❛$'✐&'& ❛$❡ ✇✐❧❧✐♥❣ '♦ ❜✉②✴&❡❧❧ ❛&&❡'& '❤❛♥ '❤❡ ❢✉♥❞❛♠❡♥'❛❧ ✐♥✈❡&'♦$&

❝❛♥ &❡❧❧✴❜✉② '❤❡♥ ❝♦♥'$♦❧ ♦❢ ♣$✐❝❡& ✇✐❧❧ ♠♦✈❡ '♦✇❛$❞& ❝❤❛$'✐&'&✳ ❚❤✐& ♣❡$✐♦❞✱

✇❤✐❧❡ ✐♥❢♦$♠❡❞ ✐♥✈❡&'♦$ '$② '♦ ♣$♦✜' ♦❢ '❤❡ &✉❞❞❡♥ ♠✐&♣$✐❝✐♥❣✱ ❧❛&'& ✉♥'✐❧ ❢✉♥✲

❞❛♠❡♥'❛❧ ✐♥✈❡&'♦$& ❝♦♥&✉♠❡ ❛❧❧ ♦❢ '❤❡✐$ $❡&♦✉$❝❡& ✭❡✐'❤❡$ ❛❧❧ '❤❡✐$ ❝❛&❤ ❢$♦♠

❜✉②✐♥❣ ✉♥❞❡$✈❛❧✉❡❞ &'♦❝❦& ♦$ '❤❡② &❡❧❧ ❛❧❧ '❤❡✐$ ♦✈❡$♣$✐❝❡❞ ❛&&❡'&✮✳

✺✳ ❋$♦♠ '❤✐& ♠♦♠❡♥' '❤❡ ✐♥❢♦$♠❡❞ ✐♥✈❡&'♦$& ❤❛✈❡ ❡①❤❛✉&'❡❞ '❤❡✐$ $❡&♦✉$❝❡& ❢♦$

♥❡✇ ♦$❞❡$& ❛♥❞ '❤❡ ♠❛$❦❡' ♣$✐❝❡ ✐& ❝♦♠♣❧❡'❡❧② ❝$❡❛'❡❞ ❜② '❤❡ ♦$❞❡$& ♦❢ '❤❡

❝❤❛$'✐&'&✳ ❈$❡❞✐' ❧✐♥❡& ❛$❡ ✐$$❡❧❡✈❛♥' &✐♥❝❡ ❜♦'❤ '②♣❡& ♦❢ ✐♥✈❡&'♦$& ❝❛♥ ❣❡' ❝$❡❞✐'

❢♦$ ❢✉$'❤❡$ ✐♥✈❡&'♠❡♥'✳

✻✳ ▼❛$❦❡' ♣$✐❝❡& ♥♦✇ ✢✉❝'✉❛'❡ ❛& ❛ ❢✉♥❝'✐♦♥ ♦❢ '❤❡ ❡①♣❡❝'❡❞ $❡'✉$♥& ♦❢ '❤❡

❝❤❛$'✐&'& ❛♥❞ ♦❢ '❤❡ ✈♦❧❛'✐❧✐'② ♦❢ '❤❡&❡ ❡①♣❡❝'❛'✐♦♥& ✭'❤❛' ✈♦❧❛'✐❧✐'② ✐& ✉&✉✲

❛❧❧② ✈❡$② ❞✐✛❡$❡♥' ❢$♦♠ '❤❡ ❞✐&'$✐❜✉'✐♦♥ ♣❛$❛♠❡'❡$& ♦❢ '❤❡ ❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡✮✳

❲❡ ❛$❡ ♥♦✇ ✐♥ ❛ ❞✐✛❡$❡♥' ✈♦❧❛'✐❧✐'② $❡❣✐♠❡ ✇❤❡$❡ ❝❤❛$'✐&' '$❛❞❡& ❣❡♥❡$❛'❡ ♠❛$✲

❦❡' ♣$✐❝❡&✳ ❇❡❝❛✉&❡ ❝❤❛$'✐&'& ❤❛✈❡ '$❡♥❞ ❢♦❧❧♦✇✐♥❣ &'$❛'❡❣✐❡& ♠❛$❦❡' ♣$✐❝❡& ✇✐❧❧

❡✈♦❧✈❡ ✐♥ '$❡♥❞& ❛♥❞ '❤✉& ❢♦$♠ ❜✉❜❜❧❡&✳

✼✳ ▼❛$❦❡' ♣$✐❝❡ ❜✉❜❜❧❡& ♣❡$&✐&' ❛& ❧♦♥❣ ❛& ❝❤❛$'✐&'& ❤❛✈❡ ❡♥♦✉❣❤ $❡&♦✉$❝❡& ❛♥❞

'❤❡$❡ ❛$❡ ❡♥♦✉❣❤ ❝♦✉♥'❡$♣❛$'✐❡& ✭✉&✉❛❧❧② ❛❧&♦ ❝❤❛$'✐&' ✐♥✈❡&'♦$&✮ '❤❛' ❡♥❛❜❧❡ '❤❡

❡①❝❤❛♥❣❡ ♦❢ ❛&&❡'& ❛' ♣$✐❝❡& ❛✇❛② ❢$♦♠ ❢✉♥❞❛♠❡♥'❛❧&✳ ❲❤❡♥ '❤❡&❡ $❡&♦✉$❝❡& ❞✐✲

♠✐♥✐&❤ ♦$ ❝♦✉♥'❡$♣❛$'✐❡& ❞✐&❛♣♣❡❛$✱ '❤❡ ♦$❞❡$& ♦❢ '❤❡ ✐♥❢♦$♠❡❞ ✐♥✈❡&'♦$& ✭✇✐'❤

'❤❡✐$ $❡♠❛✐♥✐♥❣ ❛&&❡'&✮ ✇✐❧❧ ❞$✐✈❡ ❜❛❝❦ '❤❡ ♣$✐❝❡ '♦✇❛$❞& '❤❡ ❢✉♥❞❛♠❡♥'❛❧ ❧❡✈✲

❡❧&✳ ❚❤✐& &'❡♣ ❝❛♥ ❛❧&♦ ❤❛♣♣❡♥ ❜❡❝❛✉&❡ ♦❢ ❛♥ ❛❝❝✐❞❡♥'❛❧ $❡✈❡$&❛❧ ✐♥ ♠❛$❦❡'

♣$✐❝❡✴❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡ '$❡♥❞✳ ❲❤❡♥ &✉❝❤ ❛ $❡✈❡$&❛❧ ❛$$✐✈❡& ✭❝❛♥ ❤❛♣♣❡♥ ❜②

❝❤❛♥❝❡✮ ❛ ♣❛$' ♦❢ '❤❡ ❝❤❛$'✐&'& ✇✐❧❧ ❤❛✈❡ '❤❡✐$ &❡❧❧✐♥❣ &'$❛'❡❣✐❡& ❛❝'✐✈❛'❡❞ ❛♥❞

✇✐❧❧ &'❛$' '$❛❞✐♥❣ ✐♥ '❤❡ ♥❡✇ ♣$✐❝❡ ❞✐$❡❝'✐♦♥✳

✽✳ ❆❢'❡$ ❜✉❜❜❧❡& ❝$❛&❤ ❛♥❞ ✇❤❡♥ ♠❛$❦❡' ♣$✐❝❡ $❡❛❝❤ '❤❡ ❧❡✈❡❧ ♦❢ '❤❡ ❢✉♥❞❛♠❡♥'❛❧

✈❛❧✉❡ '❤❡ ❧✐♠✐' ♦$❞❡$ ❜♦♦❦ ✇✐❧❧ ❜❡ ✜❧❧❡❞ ✇✐'❤ ♦$❞❡$& ❢$♦♠ '❤❡ ✐♥❢♦$♠❡❞ ✐♥✈❡&'♦$&✳

❚❤❡ ❛❝'✐♦♥& ♦❢ '❤❡&❡ ✐♥❢♦$♠❡❞ ✐♥✈❡&'♦$& ❝❛♥ ❤❛✈❡ ❛ ♣$✐❝❡ &'❛❜✐❧✐③✐♥❣ ❡✛❡❝'✳



✶✸✽ ❈❤❛♣'❡) ✻✳ ❆♥.✇❡)✐♥❣ '❤❡ )❡.❡❛)❝❤ 3✉❡.'✐♦♥.

❲❡ ❝❛♥ ♥♦✇ ❝♦♠♣❧❡*❡ *❤❡ ❛♥,✇❡- *♦ *❤❡ -❡,❡❛-❝❤ .✉❡,*✐♦♥ ★✶ ❜② ❛❞❞✐♥❣ '❤❛'

❛ ❜✐❛)❡❞ ♠❛,❦❡'✱ '❤❛' )♦♠❡'✐♠❡) ❡①❤✐❜✐' '❤❡ ✬)'②❧✐③❡❞✬ ❢❛❝')✱ ❝❛♥ ❜❡ ❝,❡❛'❡❞ ✐♥ ❛♥

♥✉♠❜❡, ♦❢ ✇❛②)✿ ❝♦♠❜✐♥✐♥❣ ❞✐✛❡,❡♥' '②♣❡) ♦❢ ✐♥✈❡)'♦,) ✭✐♥❢♦,♠❡❞ ♦, ♥♦' ✐♥❢♦,♠❡❞✮

♦, ❤❛✈✐♥❣ ✐♥❢♦,♠❡❞ ✐♥✈❡)'♦,) '❤❛' ✉)❡ ❧❛❣❣❡❞ ✐♥❢♦,♠❛'✐♦♥ ✭)❡❡ ❝❤❛♣'❡, ✻✳✷✳✶✳

❖♥❡ ❝❛♥ ♠❛❦❡ *❤❡ ❛-❣✉♠❡♥* *❤❛* ,✐♥❝❡ ♠❛-❦❡* ♣-✐❝❡, -❡*✉-♥ *♦ ❢✉♥❞❛♠❡♥*❛❧ ✈❛❧✲

✉❡,✱ ❝❤❛-*✐,* *-❛❞❡-, ✇✐❧❧ ❧♦♦,❡ ♠♦♥❡② ❛♥❞ ,♦♦♥ ❞✐,❛♣♣❡❛- ❢-♦♠ *❤❡ ♠❛-❦❡*✳ ❲❡ ✇✐❧❧

,❡❡ ✐♥ ❝❤❛♣*❡- ✻✳✺ *❤❛* *❤✐, ✐, ♥♦* ❛❧✇❛②, *-✉❡ ❛♥❞ *❤❡ ,✉-✈✐✈❛❧ ♦❢ ❞✐✛❡-❡♥* ,*-❛*❡❣✐❡,

❞❡♣❡♥❞, ♦♥ *❤❡ ❤♦-✐③♦♥ ♦❢ ✐♥✈❡,*♠❡♥* ❛♥❞ ♠✐① ♦❢ ❞✐✛❡-❡♥* *②♣❡, ♦❢ ✐♥✈❡,*♦-,✳

✻✳✹ ❇✉❜❜❧❡(✿ ❤♦✇ ♣.✐❝❡( ❝❛♥ ❣.♦✇ ❛❜♦✈❡ 5❤❡ ❛((❡5✬( ❢✉♥✲

❞❛♠❡♥5❛❧ ✈❛❧✉❡

■♥ *❤✐, ❝❤❛♣*❡- ✇❡ ❧♦♦❦ ❢♦- ❛♥,✇❡-, *♦ *❤❡ -❡,❡❛-❝❤ .✉❡,*✐♦♥, ★✹ ❛♥❞ ★✺✳ ▼♦-❡

,♣❡❝✐✜❝❛❧❧② ✇❡ ,❡❛-❝❤ ❢♦- *❤❡ ❜❛,✐❝ ❜❡❤❛✈✐♦-❛❧ ❝❛✉,❡, ♦❢ *❤❡ ❝-❡❛*✐♦♥ ❛♥❞ ❞❡,*-✉❝*✐♦♥

♦❢ ♣-✐❝❡ ❜✉❜❜❧❡,✳

▼❛-❦❡* ❜✉❜❜❧❡, ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛, ♣❤❡♥♦♠❡♥❛ ❞✉-✐♥❣ ✇❤✐❝❤ ♠❛-❦❡* ♣-✐❝❡, -✐,❡

❛❜-✉♣*❧②✱ ❛* ❧❡✈❡❧, ❛❜♦✈❡ ✇❤❛* *❤❡ ❢✉♥❞❛♠❡♥*❛❧ ✐♥❢♦-♠❛*✐♦♥ ❝❛♥ ❡①♣❧❛✐♥✱ ❛♥❞ *❤✐,

-✐,❡ ✐, ❢♦❧❧♦✇❡❞ ❜② ❛♥ ❛❜-✉♣* ❢❛❧❧ ✐♥ ♣-✐❝❡,✳ ❚❤❡ ❡,,❡♥*✐❛❧ ❡❧❡♠❡♥* ✐♥ *❤❡ ❞❡✜♥✐*✐♦♥ ♦❢

❛ ❜✉❜❜❧❡ ✐, *❤❛* ✐* ❝♦♥,✐,*, ✐♥ ❛ ♣-✐❝❡ -✐,❡ ❛♥❞ ❢❛❧❧ ❛♥❞ *❤❛* *❤❡ -✐,❡ ✐, ❢❛- ❛❜♦✈❡ *❤❡

❢✉♥❞❛♠❡♥*❛❧ ✈❛❧✉❡✳ ❯♥❧✐❦❡ ❝❧❛,,✐❝❛❧ ,*✉❞✐❡, ✇❤❡-❡ *❤❡ ❛,,❡*✬, ❢✉♥❞❛♠❡♥*❛❧ ✈❛❧✉❡ ✐,

✉♥❦♥♦✇♥✱ ✉,✐♥❣ ♦✉- -❡,❡❛-❝❤ ♠❡*❤♦❞♦❧♦❣② ✇❡ ❝❛♥ .✉✐❝❦❧② ♦❜,❡-✈❡ ,✉❝❤ ♣❤❡♥♦♠❡♥❛

❜② ❝♦♠♣❛-✐♥❣ *❤❡ ♠❛-❦❡* ♣-✐❝❡ ✇✐*❤ ✐*, ❢✉♥❞❛♠❡♥*❛❧ ✈❛❧✉❡ ✭❛ ♠❛-❦❡* ✇✐*❤ -✐,❦✲

♥❡✉*-❛❧ ♣❡-❢❡❝*❧② ✐♥❢♦-♠❡❞ ✐♥✈❡,*♦-, ✐, ❡✣❝✐❡♥* ✇❤❡♥ ♠❛-❦❡* ♣-✐❝❡, ❛-❡ ❛* *❤❡ ❛,,❡*✬,

❢✉♥❞❛♠❡♥*❛❧ ✈❛❧✉❡ ❧❡✈❡❧✮✳ ■♥ *❤❡ ♣-❡✈✐♦✉, ❝❤❛♣*❡- ✇❡ ,❤♦✇❡❞ ❤♦✇ ♣-✐❝❡, ❛-❡ ✐♥✢✉✲

❡♥❝❡❞ ❜② ✐♥❢♦-♠❡❞ ✐♥✈❡,*♦-, ♦- ❝❤❛-*✐,* ✐♥✈❡,*♦-, ✭♥♦♥✲✐♥❢♦-♠❡❞ ♣-♦✜* ♠♦*✐✈❛*❡❞✮✳

❋♦- ❛ ❜✉❜❜❧❡ *♦ ❡①✐,*✱ ✐♥✈❡,*♦-, ❤❛✈❡ *♦ ,❡♥❞ ♦-❞❡-, *♦ ,❡❧❧ ❛♥❞ ❜✉② ❛♥❞ ♣-✐❝❡ .✉♦*❡,

*❤❛* ❛-❡ ❤✐❣❤❡- ❛♥❞ ❤✐❣❤❡- *❤❛♥ *❤❡ ❢✉♥❞❛♠❡♥*❛❧ ✈❛❧✉❡,✳

❲❡ ✜-,* ❧♦♦❦ ❛* ❛ ♠❛-❦❡* ✇✐*❤ ✐♥❢♦-♠❡❞ ✐♥✈❡,*♦-,✳ ❋♦- ,✉❝❤ ✐♥✈❡,*♦-, *♦ ,❡♥❞

♦-❞❡-, *♦ ❜✉② ♦- ,❡❧❧ ❛,,❡*, ❛❜♦✈❡ *❤❡ ❢✉♥❞❛♠❡♥*❛❧ ✈❛❧✉❡ *❤❡② ,❤♦✉❧❞ ❤❛✈❡ ❜✐❛,❡❞

✐♥❢♦-♠❛*✐♦♥✳ ❲❡ ❤❛✈❡ ,❡❡♥ *❤❛* ✐♥✈❡,*♦-, ✇✐*❤ ❛♥ ap ❜✐❛, ❣❡♥❡-❛*❡ ❛ ♠❛-❦❡* ✇✐*❤

❡①❝❡,, ✈♦❧❛*✐❧✐*②✱ ❜✉* ♠❛-❦❡* ♣-✐❝❡, ❞❡✈✐❛*❡ ♦♥❧② ,❤♦-*❧② ❢-♦♠ ❢✉♥❞❛♠❡♥*❛❧, ✭*❤❡

♠❛-❦❡* ♣-✐❝❡ -❡*✉-♥, ❢❛,* *♦✇❛-❞, *❤❡ ❢✉♥❞❛♠❡♥*❛❧ ✈❛❧✉❡✮✳ ❲❤❡♥ ✐♥❢♦-♠❡❞ ✐♥✈❡,*♦-,

❤❛✈❡ ❛ bp ❜✐❛, *❤❡② ✇✐❧❧ ❣❡♥❡-❛*❡ ♠❛-❦❡* ♣-✐❝❡, ✇❤✐❝❤ ✇✐❧❧ -❡,* ❛* ❛ -❡❧❛*✐✈❡❧② ❝♦♥,*❛♥*

❞✐,*❛♥❝❡ ❛❜♦✈❡ ♦- ❜❡❧♦✇ *❤❡ ❢✉♥❞❛♠❡♥*❛❧ ✈❛❧✉❡✳ ❲✐*❤ ,✉❝❤ ❛ ♠♦❞❡❧ ,♣❡❝✐✜❝❛*✐♦♥ ✇❡

✇✐❧❧ ♥♦* ❜❡ ❛❜❧❡ *♦ ♦❜*❛✐♥ ♣-✐❝❡ ❜✉❜❜❧❡, ,✐♥❝❡ *❤❡ ♣-✐❝❡ ❡①♣❡❝*❛*✐♦♥, ♦❢ *❤❡ ✐♥❢♦-♠❡❞

✐♥✈❡,*♦-, ✐, ✧❝♦--❡❝*❧②✧ ❧✐♥❦❡❞ ♦♥❧② *♦ *❤❡ ❢✉♥❞❛♠❡♥*❛❧ ✈❛❧✉❡✳ ❖♥❡ ✧❝-❡❛*✐✈❡✧ ✇❛②

✇♦✉❧❞ ❜❡ *♦ *-❛♥,❢♦-♠ *❤❡ ♣❛-❛♠❡*❡-, ap ❛♥❞ bp ✐♥*♦ *✐♠❡ ❢✉♥❝*✐♦♥, ,✉❝❤ ❛,✿

ap(t) = ap(0) ∗ (1 + α ∗ sin(t)) ✭✻✳✼✮



✻✳✹✳ ❇✉❜❜❧❡(✿ ❤♦✇ ♣.✐❝❡( ❝❛♥ ❣.♦✇ ❛❜♦✈❡ 5❤❡ ❛((❡5✬( ❢✉♥❞❛♠❡♥5❛❧ ✈❛❧✉❡✶✸✾

βp(t) = βp(0) ∗ (1 + β ∗ (1 + ∗cost(t))) ✭✻✳✽✮

❚❤❡ ♠❛*❦❡, ♣*✐❝❡0 ❝*❡❛,❡❞ ❜② ✐♥❢♦*♠❡❞ ✐♥✈❡0,♦*0 ✇✐,❤ ❞②♥❛♠✐❝ ❜✐❛0❡0 0✉❝❤ ❛0

ap(t), bp(t) ✇♦✉❧❞ ❣♦ ❛❜♦✈❡ *❤❡ ❢✉♥❞❛♠❡♥*❛❧ ✈❛❧✉❡/ ❛♥❞ *❤❡♥ ❞♦✇♥ ✐♥ *❤❡ /❤❛♣❡

♦❢ ❛ ❣❡♦♠❡*2✐❝❛❧ /✐♥✉/ ❢✉♥❝*✐♦♥✳ ❲❡ ❝❛♥ ❡✈❡♥ ❝♦♥*2♦❧ ✈❡2② ✇❡❧❧ *❤❡ ❛♠♣❧✐*✉❞❡ ❛♥❞

❞✉2❛*✐♦♥ ♦❢ ♣2✐❝❡ ❜✉❜❜❧❡/ ❜② ❛❝*✐♥❣ ♦♥ *❤❡ ♣❡2✐♦❞✐❝✐*② ♦❢ *❤❡  ✐♥ ❛♥❞ ❝♦ ❢✉♥❝*✐♦♥/✳

❲❤✐❧❡ *❤✐/ ❛♣♣2♦❛❝❤ ✇♦✉❧❞ ❝2❡❛*❡ *❤❡ ❞❡/✐2❡❞ ❡✛❡❝*✱ ♣2✐❝❡ ❜✉❜❜❧❡/✱ ✐* ✇♦✉❧❞ ♥♦*

♣2♦✈✐❞❡ ❛ /♦✉♥❞ ✜♥❛♥❝✐❛❧ ❡①♣❧❛♥❛*✐♦♥✳

❲❡ ❝❛♥ ❛✣2♠ *❤❛* ❢♦2 ♠❛2❦❡* ♣2✐❝❡ *♦ ❣♦ ❛❜♦✈❡ *❤❡ ❢✉♥❞❛♠❡♥*❛❧ ✈❛❧✉❡/ ✇❡

/❤♦✉❧❞ ❤❛✈❡ ❛* ❧❡❛/* ♦♥❡ ♦❢ *❤❡ ❝♦♥❞✐*✐♦♥/✿

✶✳ ❲❤❡♥ *❤❡ ♠❛2❦❡* ♣2✐❝❡ ❣♦❡/ ❛❜♦✈❡ *❤❡ ❢✉♥❞❛♠❡♥*❛❧ ✈❛❧✉❡ ✭❢♦2 ✇❤❛*❡✈❡2 2❡❛/♦♥✮

*❤❡ ✐♥❢♦2♠❡❞ ✐♥✈❡/*♦2/ ✇✐❧❧ /❡❧❧ *❤❡ ♦✈❡2♣2✐❝❡❞ ❛//❡*✳ ❚❤❡✐2 ❝♦✉♥*❡2♣❛2*✐❡/ ✇✐❧❧

❜❡ ✐♥✈❡/*♦2/ *❤❛* ❞♦ ♥♦* ❜❛/❡ *❤❡✐2 ♣2✐❝❡ ❡①♣❡❝*❛*✐♦♥/ ♦♥ *❤❡ ❢✉♥❞❛♠❡♥*❛❧

✈❛❧✉❡✱ ❡✳❣✳ ❝❤❛2*✐/* *2❛❞❡2/✳ ❍❛✈✐♥❣ ❜♦✉❣❤* ❛❧❧✱ ♦2 ♠♦/*✱ ♦❢ *❤❡ *2❛❞❡❞ ❛//❡*/

*❤❡/❡ ♥♦♥✲✐♥❢♦2♠❡❞ ✐♥✈❡/*♦2/ ✇✐❧❧ ❝♦♥*✐♥✉❡ *♦ ❜✐❞ ✉♣ *❤❡ ♣2✐❝❡ ❛♥❞ ❝2❡❛*❡ ❛

/♣❡❝✉❧❛*✐✈❡ ❜✉❜❜❧❡✳ ❚❤✐/ ❜✉❜❜❧❡ ✇✐❧❧ ❣2♦✇ ✇✐*❤ ❝❡2*❛✐♥ ❛ /♣❡❡❞ ❛♥❞ ✉♣ *♦ ❛

❤❡✐❣❤* ❞❡♣❡♥❞✐♥❣ ♦♥ *❤❡ ❛❣❣2❡//✐✈❡♥❡// ❛♥❞ ❝❛/❤ 2❡/❡2✈❡/ ♦❢ *❤❡/❡ /♣❡❝✉❧❛*✐✈❡

*2❛❞❡2/✳

✷✳ ■♥❢♦2♠❡❞ ✐♥✈❡/*♦2/ /❡♥❞ ♦2❞❡2/ *♦ /❡❧❧ ❛* ❤✐❣❤❡2 ❛♥❞ ❤✐❣❤❡2 ♣2✐❝❡/ ❛♥❞ ✧♦*❤❡2✧

✐♥✈❡/*♦2/ /❤♦✉❧❞ ❜❡ ✇✐❧❧✐♥❣ *♦ ❜✉② ❛* /✉❝❤ ♣2✐❝❡/✳ ❲❤❡♥ *❤❡ ♠❛2❦❡* ♣2✐❝❡

♣❛//❡/ ❛❜♦✈❡ ✐*/ ❢✉♥❞❛♠❡♥*❛❧ ✈❛❧✉❡ *❤❡ ✐♥❢♦2♠❡❞ ✐♥✈❡/*♦2/ ✇✐❧❧ ◆❖❚ *2② *♦

/❡❧❧ *❤❡ ❛//❡* ✭*♦ ❝❛/❤ ✐♥ *❤✐/ ❝❛♣✐*❛❧ ❣❛✐♥✮✳ ■♥/*❡❛❞ *❤❡② ✇✐❧❧ /♣❡❝✉❧❛*❡ *❤✐/

❣2♦✇*❤ ❛♥❞ *2② *♦ ❜✉② *❤❡ ❛//❡* *♦ /❡❧❧ ✐* ❛* ❛♥ ❡✈❡♥ ❤✐❣❤❡2 ♣2✐❝❡✳ ■♥✈❡/*♦2/

✇✐*❤ /✉❝❤ ❜❡❤❛✈✐♦2 ✭❛ ♠✐① ❜❡*✇❡❡♥ ❛♥ ✐♥❢♦2♠❡❞ ❛♥❞ ❛ ❝❤❛2*✐/* *2❛❞❡2✮ ✇✐❧❧ ❜❡

❝❛❧❧❡❞ ✧❙■❚❍✧ ✐♥✈❡/*♦2/ ❛♥❞ ✇✐❧❧ ❜❡ /*✉❞✐❡❞ ❧❛*❡2 ♦♥✳

■♥ *❤❡ ✜2/* ❝❛/❡ ✇❡ ❝♦♥/✐❞❡2 ❛ ♠❛2❦❡* ✇❤❡2❡ ♣❡2❢❡❝*❧② ✐♥❢♦2♠❡❞ ✐♥✈❡/*♦2/ ❛2❡ ♠✐①❡❞

✇✐*❤ ❝❤❛2*✐/* ✐♥✈❡/*♦2/✳ ❙✉❝❤ ❛ ♠✐① ♦❢ ♣♦♣✉❧❛*✐♦♥✱ ✹✵✪ ❝❤❛2*✐/* ❛♥❞ ✻✵✪ ✐♥❢♦2♠❡❞

✐♥✈❡/*♦2/ ❤❛✈❡ ❛❧2❡❛❞② ♣2♦✈❡❞ *♦ ❝♦♥/✐/*❡♥*❧② ❣❡♥❡2❛*❡ ❜✉❜❜❧❡/ ✐♥ ❚❡/* ✾ ✭✇✐*❤ /✉♠✲

♠❛2② /*❛*✐/*✐❝/ ✐♥ *❛❜❧❡ ✻✳✶✺✮✳ ❖♥❡ ❝❛♥ ❛2❣✉❡ *❤❛* *❤❡ ♣♦♣✉❧❛*✐♦♥ ♠✐① ✇❡ ❤❛✈❡ ❝❤♦/❡♥

✐/ ❛2❜✐*2❛2② ❛♥❞ ♠✐❣❤* ♥♦* ❜❡ 2❡❛❧✐/*✐❝✳ ❚❤❡2❡❢♦2❡✱ ✇❡ ✇✐❧❧ ♣❡2❢♦2♠ ❚❡/* ✶✵ ✇❤❡2❡ ✇❡

✇✐❧❧ ✈❛2② *❤❡ ♣2♦♣♦2*✐♦♥/ ♦❢ ✐♥❢♦2♠❡❞ ❛♥❞ ❝❤❛2*✐/* ✐♥✈❡/*♦2/ ❛♥❞ *2② *♦ ❞❡*❡2♠✐♥❡ ❛

♠✐♥✐♠❛❧ ❝♦♥❝❡♥*2❛*✐♦♥ ♦❢ ❝❤❛2*✐/* *2❛❞❡2/ *❤❛* ❛2❡ ❛❜❧❡ *♦ ❣❡♥❡2❛*❡ ♠❛2❦❡* ❜✉❜❜❧❡/✳

❲❡ ✈❛2② ❳✱ *❤❡ ♣❡2❝❡♥*❛❣❡ ♦❢ ✐♥❢♦2♠❡❞ ✐♥✈❡/*♦2/✱ ❢2♦♠ ✶✵✵✪ ❞♦✇♥✇❛2❞/ ❛♥❞

❢♦2 ❡❛❝❤ ❧❡✈❡❧ ✇❡ 2✉♥ ✺✵ /✐♠✉❧❛*✐♦♥/✳ ❲❡ ✇❛♥* *♦ ✜♥❞ ♦✉* ✇❤❛* ✐/ *❤❡ ♠✐♥✐♠❛❧

♣❡2❝❡♥*❛❣❡ ♦❢ ❝❤❛2*✐/* *2❛❞❡2/ *❤❛* ❝❛♥ ♣2♦❞✉❝❡ ♠❛2❦❡* ❜✉❜❜❧❡/✳ ■❢ ✐/ ✐♠♣♦2*❛♥* *♦

❝♦♥/✐❞❡2 *❤❛* ❛❧❧ ✐♥✈❡/*♦2/ ❤❛✈❡ *❤❡ /❛♠❡ ❧❡✈❡❧ ♦❢ ✇❡❛❧*❤ ❛* *❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ *❤❡

/✐♠✉❧❛*✐♦♥/✳ ❋♦2 ❛❧❧ ❧❡✈❡❧/ ♦❢ ❳✪ ✇❡ 2✉♥ ✸✵ /✐♠✉❧❛*✐♦♥/ ❛♥❞ 2❡❝♦2❞✱ ❢♦2 ❡❛❝❤✱ *❤❡



✶✹✵ ❈❤❛♣'❡) ✻✳ ❆♥.✇❡)✐♥❣ '❤❡ )❡.❡❛)❝❤ 3✉❡.'✐♦♥.

❚❡"# ✶✵

6❛)❛♠❡'❡) ❱❛❧✉❡ ❊①♣❧❛♥❛'✐♦♥

µV ✵✪ ◆♦ ❣*♦✇#❤ ✐♥ ❢✉♥❞❛♠❡♥#❛❧ ✈❛❧✉❡

σV ✶✪ ✶✪ "#❛♥❞❛*❞ ❞❡✈✐❛#✐♦♥

◆ ✸✺✵ ◆✉♠❜❡* ♦❢ #*❛❞✐♥❣ ❞❛②"

◆* ❛❣❡♥#" ✺✵✵ ①✪ ;❡*❢❡❝#❧② ■♥❢♦*♠❡❞ ✐♥✈❡"#♦*"

✭✶✵✵✲①✮✪ ❈❤❛*#✐"# ✐♥✈❡"#♦*" ✭♥♦# ✐♥✲

❢♦*♠❡❞✮

▼❡♠♦*②

❧❡♥❣#❤

✸ ❈❤❛*#✐"# ✐♥✈❡"#♦*" ✇✐❧❧ ✐♥✈❡"# ✉"✐♥❣

"♣❡❝✉❧❛#✐✈❡ *✉❧❡" ♦❢ ❝♦♥❝❡*♥✐♥❣ #❤❡

❧❛"# ✸ ♠❛*❦❡# *❡#✉*♥"

µC ✱σC ✭✶✪✱✼✪✮ ❚*❛❞❡*" #*② #♦ "❡❧❧✴❜✉② ✇✐#❤ ❛ *❛♥✲

❞♦♠ ♠❛*❦✲✉♣ ♦❢ R ∈ N(µ =

1%, σ = 7%)

❲❡❛❧#❤ ✶✵✵✵✱✶✵ ❊❛❝❤ ✐♥✈❡"#♦* "#❛*#" ✇✐#❤ ✶✵✵✵ ✐♥

❝❛"❤ ❛♥❞ ✶✵ "#♦❝❦"✳ ■;❖ ♣*✐❝❡ ♦❢ #❤❡

"#♦❝❦ ✐" ✷✵

❚❛❜❧❡ ✻✳✶✼✿ ❙✐♠✉❧❛#✐♦♥ ♣❛*❛♠❡#❡*" ❢♦* ❚❡"# ✶✵✿ ✇❡ ✈❛*② #❤❡ ♣*♦♣♦*#✐♦♥ ❳ ❢*♦♠ ✶✵✵✪

❞♦✇♥✇❛*❞"

;❡*❝❡♥#❛❣❡

♦❢ ■♥❢♦*♠❡❞

✐♥✈❡"#♦*"

✭①✪✮

;❡*❝❡♥#❛❣❡

♦❢ ❈❤❛*#✐"#

✐♥✈❡"#♦*"

✭✶✲①✮✪

▼❡❞✐❛♥

❜✉❜❜❧❡ "✐③❡

❆✈❡*❛❣❡

❜✉❜❜❧❡ "✐③❡

▼❛①✐♠✉♠

❜✉❜❜❧❡ "✐③❡

✼✵ ✸✵ ✵ ✵✱✸✶ ✸✱✽✻

✻✾ ✸✶ ✵ ✵✱✾✶ ✾✱✹✺

✻✽ ✸✷ ✵ ✵✱✻✾ ✺✱✺✽

✻✼ ✸✸ ✵✱✵✶✺ ✶✱✼✺✺✽ ✶✹✱✵✻✾

✻✻ ✸✹ ✵✱✵✹ ✹✱✹✷ ✹✵✱✶✸

✻✺ ✸✺ ✶✱✶✾ ✺✱✹✾ ✸✽✱✶✶✺

✻✹ ✸✻ ✶✱✾✶ ✾✱✸✵✻ ✺✻✱✶✽✷

✻✸ ✸✼ ✸✱✺✾ ✽✱✻✷✻✼ ✺✵✱✺✽✹

✻✷ ✸✽ ✺✱✷✼ ✾✱✻✺ ✻✺✱✹✸

✻✶ ✸✾ ✻✱✻✹ ✶✸✱✶✹✺ ✼✵✱✺✸

✻✵ ✹✵ ✻✱✹✼ ✶✽✱✼✾✶ ✶✷✽✱✹

❚❛❜❧❡ ✻✳✶✽✿ ❙✉♠♠❛*② "#❛#✐"#✐❝" ❢♦* *❡"✉❧#" ♦❢ ♠✉❧#✐♣❧❡ "✐♠✉❧❛#✐♦♥" ♦♥ ❞✐✛❡*❡♥# ❧❡✈❡❧"

♦❢ *❡❧❛#✐✈❡ ♣*♦♣♦*#✐♦♥" ♦❢ ❝❤❛*#✐"#" #♦ ✐♥❢♦*♠❡❞ ✐♥✈❡"#♦*"✳
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❚❤❡ ❡①$❡♥$ ❛♥❞ $❤❡ ❞✉)❛$✐♦♥ ♦❢ ❛ ♣)✐❝❡ ❜✉❜❜❧❡ ❞❡♣❡♥❞ ♦♥ $❤❡ $♦$❛❧ ✇❡❛❧$❤ ♦❢ $❤❡

❝❤❛)$✐2$ $)❛❞❡)2 ✭♦) $❤❡ $②♣❡✭2✮ ♦❢ $)❛❞❡)2 $❤❛$ ❝♦♥$)♦❧ $❤❡ ♣)✐❝❡ ❞✉)✐♥❣ $❤❡ ❜✉❜❜❧❡✮

❛♥❞ ♦♥ $❤❡✐) ❛❣❣)❡22✐✈❡♥❡22 ✭❤♦✇ ♠✉❝❤ ❞♦ $❤❡② ✇❛♥$ $♦ ❣❡$ ❛2 )❡$✉)♥2✮✳ ■❢ $❤❡
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)❡2✉❧$2 ❜❡❢♦)❡✱ ❞✉)✐♥❣ ❛♥❞ ❛❢$❡) ❛ ♣)✐❝❡ ❜✉❜❜❧❡✳ ▼♦)❡♦✈❡) ✐$ ✐2 ✐♠♣♦)$❛♥$ $♦ ❝♦♥2✐❞❡)
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❋✐❣✉$❡ ✻✳✸✹✿ ❊①❛♠♣❧❡ 1✐♠✉❧❛2✐♦♥ ✇✐2❤ ❜✉❜❜❧❡1 ❛♥❞ ❝$❛1❤ ❢$♦♠ ❛ 1✐♠✉❧❛2✐♦♥ ✇✐2❤

♣❛$❛♠❡2❡$1 ❧✐❦❡ ✐♥ ❚❛❜❧❡ ✻✳✶✼✱ ❜✉2 ❝❤❛♥❣✐♥❣ µC = 8% ❛♥❞ ♠❡♠♦$② ❧❡♥❣2❤ ♦❢ ✷

✭✐♥12❡❛❞ ♦❢ µC = 7% ❛♥❞ ♠❡♠♦$② ❧❡♥❣2❤ ♦❢ ✸✮

2❤❡ ♦♣❡♥♥❡11 ♦❢ 2❤❡ ♦❜1❡$✈❡❞ ♠❛$❦❡2✳ ■♥ 2❤❡ ❝❛1❡ ♦❢ ♦✉$ ▲❯▼❆ 1✐♠✉❧❛2♦$ 2❤❡ ♠❛$❦❡2

✐1 ❝♦♥1✐❞❡$ 2♦ ❜❡ ❝❧♦1❡❞ 1✐♥❝❡ ♥♦ ♥❡✇ ✐♥✈❡12♦$1 ❡♥2❡$ 2❤❡ ♠❛$❦❡2 ❞✉$✐♥❣ ❛ 1✐♠✉❧❛2✐♦♥

$✉♥✳ ❚❤✐1 ✐1 ♥♦2 2❤❡ ❝❛1❡ ❢♦$ ❛ $❡❛❧ ✜♥❛♥❝✐❛❧ ♠❛$❦❡2 ✇❤❡$❡ ♥❡✇ ✐♥✈❡12♦$1 ❛$$✐✈❡

❝♦♥12❛♥2❧② ✐♥ 2❤❡ ♠❛$❦❡21✳ ■♥ ♦✉$ 2❡121 ✇❡ ❛11✉♠❡ 2❤❛2 ✐❢ ♥❡✇ ✐♥✈❡12♦$1 ❡♥2❡$ 2❤❡

♠❛$❦❡2 2❤❡② ❞♦ ♥♦2 ❝❤❛♥❣❡ 2❤❡ ✐♥✐2✐❛❧ ♣$♦♣♦$2✐♦♥1 ♦❢ ✐♥✈❡12♠❡♥2 12$❛2❡❣✐❡1✳

❚❤❡ $❡1❡❛$❝❤ K✉❡12✐♦♥1 ✇❡ ✇❛♥2 2♦ ❛♥1✇❡$ ✭✷✱ ✸ ❛♥❞ ✻✮ ❛❧❧ $❡✈♦❧✈❡ ❛$♦✉♥❞ ❛ ❝❡♥✲

2$❛❧ ♣♦✐♥2✿ ❞♦ $❛2✐♦♥❛❧ ❢✉♥❞❛♠❡♥2❛❧ ✐♥✈❡12♦$1 ✭2❤❛2 ✇❛♥2 2♦ ❦❡❡♣ ♠❛$❦❡2 ♣$✐❝❡1 ❝❧♦1❡

2♦ 2❤❡✐$ ❢✉♥❞❛♠❡♥2❛❧ ✈❛❧✉❡1✮ ❡✈❡♥2✉❛❧❧② ❞$✐✈❡ ♦✉2 ♦❢ 2❤❡ ♠❛$❦❡21 ❛❧❧ ♦2❤❡$ 2②♣❡1 ♦❢

✐♥✈❡12♦$1 ✭✐$$❛2✐♦♥❛❧✱ 1♣❡❝✉❧❛2♦$1✱ ❡2❝✮❄ ❆♣♣❛$❡♥2❧②✱ 2❤❡ ♣$♦♣♦1❛❧ ♦❢ ❡❝♦♥♦♠✐12 ▼✐❧✲

2♦♥ ❋$✐❡❞♠❛♥✱ ✐♥ ✭❋$✐❡❞♠❛♥✱ ✶✾✺✸✮✱ ✐1 12✐❧❧ 2$✉❡ ❢♦$ ♠♦12 $❡1❡❛$❝❤❡$1✿ ✧ ❡♦♣❧❡ ✇❤♦

❛(❣✉❡ +❤❛+ ,♣❡❝✉❧❛+✐♦♥ ✐, ❣❡♥❡(❛❧❧② ❞❡,+❛❜✐❧✐③✐♥❣ ,❡❧❞♦♠ (❡❛❧✐③❡ +❤❛+ +❤✐, ✐, ❧❛(❣❡❧②

❡5✉✐✈❛❧❡♥+ +♦ ,❛②✐♥❣ +❤❛+ ,♣❡❝✉❧❛+♦(, ❧♦,❡ ♠♦♥❡②✱ ,✐♥❝❡ ,♣❡❝✉❧❛+✐♦♥ ❝❛♥ ❜❡ ❞❡,+❛❜✐✲

❧✐③✐♥❣ ✐♥ ❣❡♥❡(❛❧ ♦♥❧② ✐❢ ,♣❡❝✉❧❛+♦(, ♦♥ +❤❡ ❛✈❡(❛❣❡ ,❡❧❧ ✇❤❡♥ +❤❡ ❝✉((❡♥❝② ✐, ❧♦✇ ✐♥

♣(✐❝❡ ❛♥❞ ❜✉② ✇❤❡♥ ✐+ ✐, ❤✐❣❤ ✳✧ ❚❤❡ ❝♦♠♠♦♥ ✉♥❞❡$12❛♥❞✐♥❣ ♦❢ 2❤✐1 12❛2❡♠❡♥2 ✐1

2❤❛2 1♣❡❝✉❧❛2♦$1 ❣❛✐♥ ✇❡❛❧2❤ ❜② ❞♦✐♥❣ 2❤❡ ❡①❛❝2 ♦♣♣♦1✐2❡ ❛❝2✐♦♥✿ ❜✉②✐♥❣ ❧♦✇ ❛♥❞

1❡❧❧✐♥❣ ❤✐❣❤ ✭✇❤❡$❡ 2❤❡ ❢✉♥❞❛♠❡♥2❛❧ ✈❛❧✉❡ ✐1 2❤❡ $❡❢❡$❡♥❝❡✮✳ ▼♦$❡♦✈❡$✱ 2❤❡ ❣❡♥❡$❛❧

❛11✉♠♣2✐♦♥ ✭❛1 ❢♦$♠❛❧✐③❡❞ ❜② 2❤❡ ❡✣❝✐❡♥2 ♠❛$❦❡21 2❤❡♦$②✮ ✐1 2❤❛2 ✐♥✈❡12♦$1 2❤❛2 ❞♦

♥♦2 1♣❡❝✉❧❛2❡ ✐♥ 1✉❝❤ ❛ ✇❛②✱ ♠❡❛♥✐♥❣ ✐♥ 2$②✐♥❣ 2♦ $❡❞✐$❡❝2 ♠❛$❦❡2 ♣$✐❝❡1 2♦✇❛$❞1

❢✉♥❞❛♠❡♥2❛❧ ✈❛❧✉❡1✱ ✇✐❧❧ ❡✈❡♥2✉❛❧❧② ❧♦♦1❡ ♠♦♥❡②✳

❲❡ ❝♦♥2$✐❜✉2❡ 2♦ 2❤✐1 ❞✐❛❧♦❣✉❡ ♦❢ ✐❞❡❛1 ❜② 1❛②✐♥❣ 2❤❛2 ❛ ♥♦♥✲❢✉♥❞❛♠❡♥2❛❧ 1♣❡❝✉✲



✻✳✺✳ ❙✉%✈✐✈❛❧ ❛♥❞ ❡✈♦❧✉.✐♦♥ ♦❢ ❛❣❡♥.1 ✶✹✾

❧❛"✐✈❡ ❛❣❡♥" ❝❛♥✱ ✐♥ ♦♣♣♦,✐"✐♦♥ "♦ ❤❛✈✐♥❣ ❛ ❧♦♦,✐♥❣ ,".❛"❡❣② ✭❜✉②✐♥❣ ❤✐❣❤ ❛♥❞ ,❡❧❧✐♥❣

❧♦✇✮✱ ♠❛♥✐❢❡," "✇♦ ♦"❤❡. ♣.♦✜"❛❜❧❡ ,".❛"❡❣✐❡,✿

✶✳ ✭❝❧❛,,✐❝❛❧✮ ❇✉② ❧♦✇ ❛♥❞ ,❡❧❧ ❤✐❣❤ ✲ ❛ ✧,"❛❜✐❧✐③✐♥❣✧ ,".❛"❡❣② "❤❛" ♣.♦✈✐❞❡, .❡"✉.♥,

❢♦. "❤❡ .✐,❦ ♦❢ ♠❛.❦❡" ♣.✐❝❡, ♥♦" .❡"✉.♥✐♥❣ ❢❛," "♦ "❤❡✐. ❢✉♥❞❛♠❡♥"❛❧ ❧❡✈❡❧,✳

✷✳ ❇✉② ❤✐❣❤ ❛♥❞ ,❡❧❧ ❤✐❣❤❡. ✲ ♣.✐❝❡ ❜✉❜❜❧❡ ♣.♦✜"

✸✳ ❙❡❧❧ ❧♦✇ ❛♥❞ ❜✉② ❧♦✇❡. ✲ .❡✈❡.,❡ ♣.✐❝❡ ❜✉❜❜❧❡ ♣.♦✜"

✹✳ ❈♦♠❜✐♥✐♥❣ ✶✮✱ ✷✮ ❛♥❞ ✸✮

❲❡ ✇✐❧❧ ♥♦✇ ,❤♦✇ "❤❛" ,".❛"❡❣✐❡, ✷✮ ❛♥❞ ✸✮ ❝❛♥ ❜❡ ♣.♦✜"❛❜❧❡ ❛♥❞ ✐♥✈❡,"♦.,

✉,✐♥❣ ,✉❝❤ ,".❛"❡❣✐❡, ❝❛♥ ♣❡.,✐," ❛♥❞ ✢♦✉.✐,❤ ✐♥ ✜♥❛♥❝✐❛❧ ♠❛.❦❡",✱ ✇❤❡♥ "❤❡ .✐❣❤"

❝♦♥❞✐"✐♦♥, ❛.❡ ❛❝❤✐❡✈❡❞✳ ❚♦ ❝❧❡❛.❧② ❞✐✛❡.❡♥"✐❛"❡ ❜❡"✇❡❡♥ "❤❡,❡ "❤.❡❡ ❛❜,".❛❝" ".❛❞✐♥❣

,".❛"❡❣✐❡, ✇❡ ❤❛✈❡ ♠❛❞❡ ❛ ❣.❛♣❤✐❝ ✈✐,✐❜❧❡ ✐♥ ❋✐❣✉.❡ ✻✳✸✺✳

❙".❛"❡❣② ✷✮ ❛♥❞ ✸✮ ❛.❡ ✐♥ "❤❡ ".❛❞✐♥❣ ❛.,❡♥❛❧ ♦❢ ♦✉. ❝❤❛."✐," ".❛❞❡.,✳ ❙".❛"❡❣② ✷✮

❝❛♥ ❜❡ ❝❤❛.❛❝"❡.✐③❡❞ ❛, ❛ ♣♦,✐"✐✈❡ ".❡♥❞ ❛♠♣❧✐✜❡. ❛♥❞ ,".❛"❡❣② ✸✮ ❛, ❛ ♥❡❣❛"✐✈❡ ".❡♥❞

❛♠♣❧✐✜❡.✳ ❲❡ ✇✐❧❧ ♥♦✇ .✉♥ ❛ ♥✉♠❜❡. ♦❢ ,✐♠✉❧❛"✐♦♥, ✐♥,✐❞❡ ♦✉. ▲❯▼❆ .❡,❡❛.❝❤ "♦♦❧

❛♥❞ ✇❡ ♦❜,❡.✈❡ "❤❡ ❡✈♦❧✉"✐♦♥ ♦❢ ❛❣❡♥" ✇❡❛❧"❤✳

❲❡ ✜.," ❧♦♦❦ ❛" ❛ ♠❛.❦❡" ✇❤❡.❡ ❛❧❧ ✐♥✈❡,"♦., ✉,❡ ,".❛"❡❣② ✶✮✳ ❙✉❝❤ ✐♥✈❡,"♦.,

❞✐✛❡. ♦♥❧② ❜② "❤❡ ❧❡✈❡❧ ♦❢ "❤❡✐. ❜✐❛,❡,✳ ❲❡ ❛.❡ ✐♥"❡.❡,"❡❞ "♦ ♦❜,❡.✈❡ ✐❢ "❤❡,❡ ✐♥✈❡,"♦.,

♠❛❦❡ ♠♦.❡ ♠♦♥❡② ✇❤❡♥ "❤❡② ❛.❡ ❧❡,, ❜✐❛,❡❞ ♦. ♥♦"✳ ❇❡❝❛✉,❡ ✇❡ ✇❛♥" "♦ ♦❜,❡.✈❡ "❤❡

".❛♥,❢❡. ♦❢ ✇❡❛❧"❤ ❜❡"✇❡❡♥ ❛❣❡♥", ✇❡ ✇✐❧❧ ,✐♠✉❧❛"❡ ❛,,❡", ✇✐"❤♦✉" ❣.♦✇"❤✳ ■♥ "❤❡

✜.," "❡," ✇❡ ❝♦♠♣❡"❡ ♣❡.❢❡❝"❧② ✐♥❢♦.♠❡❞ ✐♥✈❡,"♦., ❛❣❛✐♥," ❜✐❛,❡❞ ✐♥❢♦.♠❡❞ ✐♥✈❡,"♦.,✳

❲❡ .✉♥ ✺✵ ,✐♠✉❧❛"✐♦♥, ♦❢ "❡," ✶✵ ❛✮ ✭✇❤❡.❡ ❜✐❛,❡❞ ✐♥✈❡,"♦., ❞♦♠✐♥❛"❡✮ ❛♥❞ ✇❡

❧♦♦❦ ❛" "❤❡ ❡✈♦❧✉"✐♦♥ ♦❢ "❤❡ ❙❤❛.♣❡ .❛"✐♦ ♦❢ "❤❡ ✐♥✈❡,"♠❡♥" ,".❛"❡❣② ♦❢ ❡❛❝❤ ✐♥✈❡,"✲

♠❡♥" "②♣❡✳ ▼❛.❦❡" ♣.✐❝❡, ❛.❡ ♦❢"❡♥ ♠♦✈❡❞ ❛❜♦✈❡ "❤❡ ❢✉♥❞❛♠❡♥"❛❧ ❧❡✈❡❧ ❜❡❝❛✉,❡

♦❢ "❤❡ ❛❝"✐♦♥, ♦❢ ❜✐❛,❡❞ ✐♥✈❡,"♦., ✭,❡❡ ❋✐❣✉.❡ ✻✳✸✻✮✳ ■♥"✉✐"✐✈❡❧② "❤❡② ,❤♦✉❧❞ ,♦♠❡✲

"✐♠❡, ❜❡ ♠♦✈❡❞ ✉♥❞❡. "❤❡ ♠❛.❦❡" ♣.✐❝❡ ✭✐❢ "❤❡ ✐♥✐"✐❛❧ ❞✐,".✐❜✉"✐♦♥ ♦❢ ❜✐❛,❡, ❝.❡❛"❡, ❛

♣❡,,✐♠✐,"✐❝ ♣♦♣✉❧❛"✐♦♥✮✳ ❚❤✐, ✉♥❞❡.♣.✐❝✐♥❣ ❞♦❡, ♥♦" ❤❛♣♣❡♥ ❜❡❝❛✉,❡✱ ❡✈❡♥ ✐❢ ✐♥ ♠✐✲

♥♦.✐"②✱ "❤❡ ♣❡.❢❡❝"❧② ✐♥❢♦.♠❡❞ ✐♥✈❡,"♦., ❝❛♥ ❛❜,♦.❜ ♠♦.❡ ,"♦❝❦, ❛" ❞❡❝.❡❛,✐♥❣ ♣.✐❝❡,

✲ "❤✉, ,"♦♣♣✐♥❣ "❤❡ ✉♥❞❡.✈❛❧✉❛"✐♦♥✳ ❆, ✇❡ ❝❛♥ ♦❜,❡.✈❡ ✐♥ ❋✐❣✉.❡ ✻✳✸✻ ✱ ❜✐❛,❡❞ ✐♥✲

✈❡,"♦., ❞♦♠✐♥❛"❡ ❛♥❞ "❤❡ ❛,,❡" ♦✈❡.♣.✐❝✐♥❣ ♣❡.,✐,", ✭".❛❞✐♥❣ ✐, ❞♦♥❡ ❜❡"✇❡❡♥ "❤❡

❜✐❛,❡❞ ✐♥✈❡,"♦.,✮✳ ❚❤❡.❡❢♦.❡ ♣❡.❢❡❝"❧② ✐♥❢♦.♠❡❞ ✐♥✈❡,"♦., ,❡❧❧ "❤❡✐. ♦✈❡.♣.✐❝❡❞ ❛,,❡",

❛♥❞ ❛.❡ ❞.✐✈❡♥ ♦✉" ♦❢ "❤❡ ♠❛.❦❡" ❛♥❞ ❤♦❧❞ ♦♥❧② ❝❛,❤ ✭,❡❡ ❋✐❣✉.❡ ✻✳✸✼✮✳ ❊✈❡♥ ✐❢ "❤❡

❙❤❛.♣❡ .❛"✐♦, ✐♥ ❚❛❜❧❡ ✻✳✷✵ ❛.❡ ,✐♠✐❧❛. ✭✵✪✮ "❤✐, ✐, ❜❡❝❛✉,❡ "❤❡ ❣.♦✇"❤ ♦❢ "❤❡ ❛,,❡"

✇❛, ✵✪✳ ❚❤❡ ❝♦♥❝❧✉,✐♦♥ ✐, "❤❛" ❜✐❛,❡❞ ✐♥✈❡,"♦.,✱ ✇❤❡♥ "❤❡② ♣❡.,✐,"❡♥"❧② ❞♦♠✐♥❛"❡

"❤❡ ♠❛.❦❡"✱ ✇✐❧❧ ❝❛♣"✉.❡ "❤❡ ❣.♦✇"❤ ♦❢ "❤❡ ❛,,❡" ✭❛♥❞ ♣❡.❢❡❝"❧② ✐♥❢♦.♠❡❞ ✐♥✈❡,"♦.,

✇✐❧❧ ❡①✐" "❤❡ ♠❛.❦❡"✮✳

❲❡ ♠❛❦❡ "❤❡ ,❛♠❡ ,✐♠✉❧❛"✐♦♥, ❛♥❞ ✐♥".♦❞✉❝❡ ♣♦,✐"✐✈❡ ♠✐♥✐♠❛❧ ❡①♣❡❝"❡❞ .❡"✉.♥

✭.min✮✱ ❢♦. ❛❧❧ ✐♥✈❡,"♦.,✱ ❜❡"✇❡❡♥ ✶✪ ❛♥❞ ✶✵✪✳ ❆❧❧ ✐♥✈❡,"♦., ".② "♦ ,❡❧❧✴❜✉② "❤❡ ❛,,❡"
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Fundamental value

Strategy 1 Strategy 2 Strategy 3

Market price

Sell

Buy

Buy

Sell

Buy

Sell

Upwards trend

creation

Downards trend

creation
No trend

Pt ~ Ft + eps

❋✐❣✉$❡ ✻✳✸✺✿ +$❡,❡♥.❛.✐♦♥ ♦❢ ❛❜,.$❛❝. .$❛❞✐♥❣ ,.$❛.❡❣✐❡,

❚❡,. ✶✵ ❛

✭❜✮

6❛)❛♠❡'❡) ❱❛❧✉❡ ❊①♣❧❛♥❛'✐♦♥

µV ✵✳✵✪ ◆♦ ❞❛✐❧② ❣$♦✇.❤ ✐♥ .❤❡ ❢✉♥❞❛♠❡♥.❛❧

✈❛❧✉❡

σV ✶✪ ✶✪ ,.❛♥❞❛$❞ ❞❡✈✐❛.✐♦♥

◆ ✺✵✵ ◆✉♠❜❡$ ♦❢ .$❛❞✐♥❣ ❞❛②,

◆$ ❛❣❡♥., ✺✵✵ ✸✵✪ ✭✼✵✪✮ ●❖❉ ✭♣❡$❢❡❝.❧② ✐♥✲

❢♦$♠❡❞✮ ✐♥✈❡,.♦$, ✼✵✪ ✭✸✵✪✮ ❇✐❛,❡❞

✐♥❢♦$♠❡❞ ✐♥✈❡,.♦$,

ap [0.5, 1.5] ❇✐❛,❡❞ ✐♥❢♦$♠❡❞ ✐♥✈❡,.♦$, ❤❛✈❡ ❛ ♣❛✲

$❛♠❡.❡$ ♦❢ ✐♥❢♦$♠❛.✐♦♥ ❛♠♣❧✐✜❝❛.✐♦♥

$❛♥❞♦♠❧② ❝❤♦,❡♥ ❢♦$ .❤✐, ✐♥.❡$✈❛❧

bp [−1, 1] ❇✐❛,❡❞ ✐♥✈❡,.♦$, ✇✐❧❧✱ ♦♥ ❛✈❡$❛❣❡✱

♥♦. ,❦❡✇ .❤❡✐$ ✐♥❢♦$♠❛.✐♦♥

❲❡❛❧.❤ ❊❛❝❤ ✐♥✈❡,.♦$ ,.❛$. ✇✐.❤ ✶✵✵✵ ✐♥ ❝❛,❤

❛♥❞ ✶✵ ,.♦❝❦,

❚❛❜❧❡ ✻✳✶✾✿ ❙✐♠✉❧❛.✐♦♥ ✇✐.❤ $❛.✐♦♥❛❧ ✐♥✈❡,.♦$,✱ ❜✐❛,❡❞ ❛♥❞ ♥♦. ❜✐❛,❡❞ ✭✇❤✐❝❤ ❛$❡

❞♦♠✐♥❛♥.✮
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❋✐❣✉$❡ ✻✳✸✼✿ ❆✈❡$❛❣❡ ✇❡❛❧-❤ ❡✈♦❧✉-✐♦♥ ♣❡$ ✐♥✈❡5-♦$ -②♣❡ ✲ 5✐♠✉❧❛-✐♦♥ ♣❛$❛♠❡-❡$5 ✶✵

❛✮ ✐♥ ❚❛❜❧❡ ✻✳✶✾
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✇✐"❤ ❛ ♣&❡♠✐✉♠✴❞✐,❝♦✉♥" ♦✈❡& "❤❡✐& ♣❡&❝❡✐✈❡❞ ❝♦&&❡❝" ✈❛❧✉❡✳ ❚❤✐, ❣❡♥❡&❛"❡, ❛ ❞✐,✲

❝&❡"❡ ♣&✐❝❡ ♠♦✈❡♠❡♥"

✻

✱ ,❡❡ ❋✐❣✉&❡ ✻✳✸✽✱ ,✐♥❝❡ ❛❧❧ ✐♥✈❡,"♦&, ✇❛✐" ❢♦& "❤❡ ❢✉♥❞❛♠❡♥"❛❧

✈❛❧✉❡ "♦ ♠♦✈❡ ,✉✣❝✐❡♥"❧② ❛✇❛② ❢&♦♠ "❤❡ ♠❛&❦❡" ♣&✐❝❡✳ ❘❡❧❛"✐✈❡ "♦ "❤❡ ♣&❡✈✐♦✉, "❡,"

❛ ❞✐✛❡&❡♥❝❡ ❛&✐,❡, ✐♥ "❤❡ ♦✇♥❡&,❤✐♣ ♦❢ "❤❡ ,"♦❝❦,✳ ❊✈❡♥ ✐❢ "❤❡ ❛,,❡" ✐, ♦♥ ❛✈❡&❛❣❡

♦✈❡&♣&✐❝❡❞ "❤❡ ♣❡&❢❡❝"❧② ✐♥❢♦&♠❡❞ ✐♥✈❡,"♦&, ✇♦♥✬" ❜❡ ❛❜❧❡ "♦ ,❡❧❧ ❛❧❧ ♦❢ "❤❡✐& ,"♦❝❦,

❜❡❝❛✉,❡ ♦❢ "❤❡ ♣&❡♠✐✉♠ "❤❡② ❞❡♠❛♥❞ ✐, ✐♥❝♦♠♣❛"✐❜❧❡ ✇✐"❤ "❤❡ ❞✐,❝♦✉♥" "❤❡ ❜✐❛,❡❞

✐♥✈❡,"♦&, ❡①♣❡❝"✱ ,❡❡ ❋✐❣✉&❡ ✻✳✸✾✳ ❚❤❡&❡❢♦&❡ "❤❡ ♣❡&❢❡❝"❧② ✐♥❢♦&♠❡❞ ✐♥✈❡,"♦&, ✇✐❧❧

❤♦❧❞ ,♦♠❡ ❛,,❡", ❛♥❞ ❛❧,♦ ❝❛♣"✉&❡✱ ✐♥ ♣❛&"✱ "❤❡ &❡"✉&♥, ♦❢ "❤❡ ✉♥❞❡&❧②✐♥❣ ❛,,❡"✳ ■❢

"❤❡ ♠❛&❦❡" ♦✈❡&♣&✐❝✐♥❣ ✇♦✉❧❞ ❜❡ ♠♦&❡ "❤❛♥ "❤❡ ♣&❡♠✐✉♠ ♣❧✉, "❤❡ ❞✐,❝♦✉♥" ❡①♣❡❝"❡❞

❛❧❧ ,"♦❝❦, ✇♦✉❧❞ ❜❡ "&❛♥,❢❡&&❡❞ "♦ "❤❡ ❜✐❛,❡❞ ✐♥✈❡,"♦&,✳

■♥ ❚❛❜❧❡ ✻✳✷✵ ✇❡ ♦❜,❡&✈❡ "❤❛" ✐♥✈❡,"♦& ❤❛✈❡, ,✐♠✐❧❛& ❙❤❛&♣❡ &❛"✐♦,✳ ■" ✐, ✐♠♣♦&"❛♥"

"♦ ✉♥❞❡&❧✐♥❣ "❤❛" "❤❡&❡ ❛&❡ "❤&❡❡ ❞✐,"✐♥❝" ,✐"✉❛"✐♦♥,✿

• ✇✐"❤♦✉" ♣♦,✐"✐✈❡ ♠✐♥✐♠❛❧ ❡①♣❡❝"❡❞ &❡"✉&♥ ✭rmin✮✿ ❇✐❛,❡❞ ✐♥✈❡,"♦&, ♦✇♥ ♠♦,"

,"♦❝❦, ❛♥❞ ❝❛♣"✉&❡ "❤❡ ✉♥❞❡&❧②✐♥❣ ❛,,❡"✬, ❣&♦✇"❤

• ✇✐"❤ ♣♦,✐"✐✈❡ ♠✐♥✐♠❛❧ ❡①♣❡❝"❡❞ &❡"✉&♥ ✭rmin✮✿

✕ ■❢ "❤❡ ♦✈❡&♣&✐❝✐♥❣ ✐, ❤✐❣❤ ❡♥♦✉❣❤ ❜✐❛,❡❞ ✐♥✈❡,"♦&, ✇✐❧❧ ♦✇♥ ♠♦," ,"♦❝❦,

✕ ■❢ "❤❡ ♠❛&❦❡" ♦✈❡&♣&✐❝✐♥❣ ✐, ♥♦" ❤✐❣❤ ❡♥♦✉❣❤ ♣❡&❢❡❝"❧② ✐♥❢♦&♠❡❞ ✐♥✈❡,"♦&,

✇✐❧❧ ❤♦❧❞ ,♦♠❡ ,"♦❝❦, ✭❜❡❝❛✉,❡ "❤❡② ✇♦♥✬" ❜❡ ❛❜❧❡ "♦ ,❡❧❧ "❤❡♠✮

❘❡❣❛$❞❧❡'' ♦❢ *❤❡ '✐*✉❛*✐♦♥ ✭rmin > 0 ♦$ ♥♦*✮ *❤❡ ❜✐❛'❡❞ ✐♥✈❡'*♦$'✱ ❜❡❝❛✉'❡ *❤❡②

❞♦♠✐♥❛*❡ *❤❡ ♠❛$❦❡*✱ ❛$❡ ❛❜❧❡ *♦ ❝❛♣*✉$❡ ♠♦'* ♦❢ *❤❡ '*♦❝❦✬' $❡*✉$♥'✳ ❊✈❡♥ ✐❢ *❤❡②

❛$❡ ❜❡**❡$ ✐♥❢♦$♠❡❞ *❤❡ ●❖❉ ✐♥✈❡'*♦$' ❛$❡ ♥♦* ❛❜❧❡ *♦ *❛❦❡ ❛❞✈❛♥*❛❣❡ ♦❢ *❤❡ ❜✐❛'❡❞

✐♥✈❡'*♦$'✳

❲❡ ❧♦♦❦ ♥♦✇ ❛" ❛ ♠❛&❦❡" ✇❤❡&❡ ♣❡&❢❡❝"❧② ✐♥❢♦&♠❡❞ ✭●❖❉✮ ✐♥✈❡,"♦&, ❞♦♠✐♥❛"❡✳

❲❡ &❡&✉♥ ✺✵ ,✐♠✉❧❛"✐♦♥, ❢♦& ❚❡," ✶✵ ❜ ✭✇❤❡&❡ ✼✵✪ ♦❢ ✐♥✈❡,"♦&, ❛&❡ ♣❡&❢❡❝"❧② ✐♥❢♦&♠❡❞✮

❛♥❞ ❞✐,♣❧❛② "❤❡ ❛✈❡&❛❣❡ ❙❤❛&♣❡ &❛"✐♦, ✐♥ ❚❛❜❧❡ ✻✳✷✶ ❜❡❧♦✇✳

❚❤✐, ♠❛&❦❡" ❝❛♥ ❜❡ ❝❛❧❧❡❞ ❡✣❝✐❡♥" ❜❡❝❛✉,❡ "❤❡ ♠❛&❦❡" ♣&✐❝❡ ❢♦❧❧♦✇, "❤❡ ❢✉♥✲

❞❛♠❡♥"❛❧ ✈❛❧✉❡ ✭✇✐"❤ ❛♥ ❡&&♦& ✇✐"❤ ✵ ♠❡❛♥✮✳ ■♥ "❤❡ ❚❛❜❧❡ ✻✳✷✶ ✇❡ ❝❛♥ ♦❜,❡&✈❡

"❤❡ ❛✈❡&❛❣❡ ❞✐,"❛♥❝❡ "♦ "❤❡ ❢✉♥❞❛♠❡♥"❛❧ ✈❛❧✉❡ ❛♥❞ ✐♥ "❤✐, ❝❛,❡✱ ♦❢ ♥✉❧❧ ♠✐♥✐♠❛❧ ❡①✲

♣❡❝"❡❞ &❡"✉&♥,✱ ✐, ✈❡&② ❝❧♦,❡ "♦ ✵✳ ❚❤✐, ❡✣❝✐❡♥❝② ✐, ❛,,✉&❡❞ ❜② "❤❡ ♠❛,,✐✈❡ ♣&❡,❡♥❝❡

♦❢ ♣❡&❢❡❝"❧② ✐♥❢♦&♠❡❞ ✐♥✈❡,"♦&, ✇❤✐❝❤ ❤❛✈❡ ♥✉❧❧ ♠✐♥✐♠❛❧ ❡①♣❡❝"❡❞ &❡"✉&♥, ✭rmin❂✵✮✳

❇❡❝❛✉,❡ "&❛♥,❛❝"✐♦♥, ❜❡"✇❡❡♥ ❛❧❧ ✐♥✈❡,"♦&, "❛❦❡ ♣❧❛❝❡ ❛" "❤❡ ♥❡✇❧② ❢♦&♠❡❞ ♠❛&❦❡"

♣&✐❝❡ "❤❛♥ ❛❧❧ "❤❡ ✐♥✈❡,"♦&, "❛❦❡ ❛❞✈❛♥"❛❣❡ ♦❢ "❤❡ ❢✉♥❞❛♠❡♥"❛❧❧② ❝♦&&❡❝" ♠❛&❦❡"

♣&✐❝❡✱ ❡✈❡♥ ✐❢ ,♦♠❡ ✐♥✈❡,"♦&, ❤❛✈❡ ❜✐❛,❡❞ ❜❡❧✐❡❢,✳ ❲❡ ,❡❡ ✐♥ "❤❡ "❛❜❧❡ ❛❜♦✈❡ "❤❛"

"❤❡ ✐♥✈❡,"♦&✬, ❙❤❛&♣❡ &❛"✐♦✬, ❛&❡ ♥♦" ,"❛"✐,"✐❝❛❧❧② ,✐❣♥✐✜❝❛♥" ❞✐✛❡&❡♥" "❤❛♥ ✵✳ ❚❤✐,

✐♠♣❧✐❡, "❤❛" "&❛♥,❢❡& ♦❢ ✇❡❛❧"❤ ❜❡"✇❡❡♥ "❤❡ "✇♦ "②♣❡, ♦❢ ✐♥✈❡,"♦&, ✐, ♥♦" ❤❛♣♣❡♥✐♥❣

✭♦& ✐" ✐, ❛" ❛♥ ❡①"&❡♠❡❧② ,❧♦✇ ♣❛❝❡✮✳ ■❢ ✇❡ &✉♥ "❤❡ ,❛♠❡ ,✐♠✉❧❛"✐♦♥ ❛♥❞ ✐♥"&♦❞✉❝❡ ❛

✻

❇② ❞✐$❝&❡(❡ ♣&✐❝❡ ♠♦✈❡♠❡♥( ✇❡ ♠❡❛♥ ❛ ♣&✐❝❡ $❡&✐❡$ ✇✐(❤ ♣❡&✐♦❞$ ♦❢ ③❡&♦ ❝❤❛♥❣❡ ✐♥ ♣&✐❝❡$ ✭❞✉❡

(♦ ❧❛❝❦ ♦❢ (&❛♥$❛❝(✐♦♥$✮✳
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♣♦"✐$✐✈❡ ♠✐♥✐♠❛❧ ❡①♣❡❝$❡❞ .❡$✉.♥✱ $❤❡ ♣❡.❢❡❝$❧② ✐♥❢♦.♠❡❞ ✐♥✈❡"$♦." ❛❝$ ✐♥ $❤❡ ♠❛.✲

❦❡$ ♦♥❧② ✇❤❡♥ ♣.✐❝❡" "$.❛② ❛✇❛② ❢.♦♠ ❢✉♥❞❛♠❡♥$❛❧" ❛❜♦✈❡ $❤❡ .✐"❦ ♣.❡♠✐✉♠ ❧❡✈❡❧

$❤❡② ❡①♣❡❝$✳ ❇❡❝❛✉"❡ $❤❡ ❜✐❛"❡❞ ✐♥✈❡"$♦." ❛❧"♦ ❡①♣❡❝$ ❛ ♠✐♥✐♠❛❧ .❡$✉.♥ ✈❡.② ❢❡✇

$.❛❞✐♥❣ $❛❦❡" ♣❧❛❝❡" ❜❡$✇❡❡♥ $❤❡ $✇♦ ✐♥✈❡"$♦. ❝❧❛""❡" ❛♥❞ $❤❡ ♠❛.❦❡$ ♣.✐❝❡" ✇✐❧❧ .❡"$

❜✐❛"❡❞✳ ▲✐❦❡ ✐♥ $❤❡ $❡"$ ✻❛ ✭✇✐$❤ rmin > 0✮ ❜✐❛"❡❞ ✐♥✈❡"$♦."✱ ❡✈❡♥ ✐❢ $❤❡② ❛.❡ ✐♥ ❛

♠✐♥♦.✐$②✱ ❝♦♥$.♦❧ ♠❛.❦❡$ ♣.✐❝❡" ❛♥❞ ❝♦♥$✐♥✉❡ $.❛❞✐♥❣ ❜❡❝❛✉"❡ ♦❢ $❤❡✐. ❤❡$❡.♦❣❡♥❡✐$②✳

❚❤✐" ❢❛❝$ ✐" ♣.♦✈❡❞ ❜② $❤❡ "✐❣♥✐✜❝❛♥$❧② ♥❡❣❛$✐✈❡ ♠❡❛♥ ❛✈❡.❛❣❡ ❞✐"$❛♥❝❡ ❜❡$✇❡❡♥ $❤❡

❢✉♥❞❛♠❡♥$❛❧ ❛♥❞ $❤❡ ♠❛.❦❡$ ♣.✐❝❡ ✭✈❛❧✉❡ ♦❢ ✲✵✳✷ ✐♥ $❤❡ ❚❛❜❧❡ ✻✳✷✶✮✳
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❆ ♠❛.❦❡$ ❞♦♠✐♥❛$❡❞ ❜② ✐♥❢♦.♠❡❞ ✐♥✈❡"$♦." ❝❛♥ ❜❡ ❝❛❧❧❡❞ ✬❡✣❝✐❡♥$✬✱ ❜② $❤❡ ❞❡✜♥✐✲

$✐♦♥ ♦❢ ✭❋❛♠❛✱ ✶✾✼✵✮✳ ▲♦♦❦✐♥❣ ❛❣❛✐♥ ❛$ $❤✐" ✜♥❛♥❝✐❛❧ ♠❛.❦❡$ ✇❡ ❞.❛✇ $❤❡ ❛$$❡♥$✐♦♥ $♦

❛ ♣❛.$✐❝✉❧❛. ❛"♣❡❝$✿ ❛ ♠❛.❦❡$ ❞♦♠✐♥❛$❡❞ ❜② ♣❡.❢❡❝$❧② ✐♥❢♦.♠❡❞ .❛$✐♦♥❛❧ ✐♥✈❡"$♦." ✐"

❡✣❝✐❡♥$✳ ❚❤❡ ❡✣❝✐❡♥❝② ♦❢ $❤✐" ♠❛.❦❡$ ❜❡♥❡✜$" ♥♦$ ♦♥❧② $❤❡ ❛❢♦.❡♠❡♥$✐♦♥❡❞ ✐♥✈❡"$♦."

❜✉$ ✐$ ❛❧"♦ "❡.✈❡" $❤❡ ✐♥✈❡"$♦." ✇❤✐❝❤ ❤❛✈❡ ❜✐❛"❡" ✭❜❡❝❛✉"❡ ♦❢ ♣❡."♦♥❛❧ ❢❛❧❧❛❝✐❡" ♦.

♦❢ $❤❡✐. ✉♥✇✐❧❧✐♥❣♥❡"" $♦ ♣❛② $❤❡ ♣.✐❝❡ ❢♦. $❤❡ ❝♦..❡❝$ ✐♥❢♦.♠❛$✐♦♥✮✳ ❲❡ ❝❛♥ $❤❡♥

❛"❦ ❛ "✐♠♣❧❡ L✉❡"$✐♦♥✿ ❲❤② ✇♦✉❧❞ ♣❡.❢❡❝$❧② ✐♥❢♦.♠❡❞ .❛$✐♦♥❛❧ ✐♥✈❡"$♦." ✭●❖❉✮ ❜❡

✇✐❧❧✐♥❣ $♦ ♣❛② ❛ ♣.✐❝❡ ❢♦. $❤❡✐. ♣❡.❢❡❝$ ✐♥❢♦.♠❛$✐♦♥ ✇❤❡♥ $❤❡② ❞♦ ♥♦$ ♦❜$❛✐♥ "✉♣❡✲

.✐♦. ❣❛✐♥" $❤❛♥ ✐♥✈❡"$♦." ✇✐$❤ ❧❡"" ✐♥❢♦.♠❛$✐♦♥❄ ■$ ✐" ✐♥$❡.❡"$✐♥❣ $♦ ♣♦✐♥$ ♦✉$ $❤❛$

"✉❝❤ ❛♥ ✐♥$✉✐$✐♦♥ ✇❛" ❡①♣♦"❡❞ ✸✷ ②❡❛." ❛❣♦ ❜② ✭●.♦""♠❛♥ ❛♥❞ ❙$✐❣❧✐$③✱ ✶✾✽✵✮ ❛♥❞ .❡✲
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❲❤❛$ ✇♦✉❧❞ ❤❛♣♣❡♥ ✐♥ ❛ ♠❛.❦❡$ ✇❤❡.❡ ♥♦♥✲❢✉♥❞❛♠❡♥$❛❧ ❜❛"❡❞ "$.❛$❡❣✐❡" ❞♦♠✐✲

♥❛$❡ ♣.✐❝❡"❄ ❲❡ "✐♠✉❧❛$❡ ✐♥ ❚❡"$ ✶✶ "✉❝❤ ❛ ♠❛.❦❡$ ✇❤❡.❡ ❝❤❛.$✐"$ $.❛❞❡." ❞♦♠✐♥❛$❡✳

❚❤❡ ♣❛.❛♠❡$❡." ♦❢ $❤✐" $❡"$ ❛.❡ ❢♦✉♥❞ ✐♥ ❚❛❜❧❡ ✻✳✷✷✳

■♥ $❤✐" $②♣❡ ♦❢ ♠❛.❦❡$✱ ♣.✐❝❡" ❞❡♣❛.$ ❢.❡L✉❡♥$❧② ❛♥❞ ❝♦♥"✐"$❡♥$❧② ❢.♦♠ $❤❡✐. ❢✉♥✲



✶✺✻ ❈❤❛♣'❡) ✻✳ ❆♥-✇❡)✐♥❣ '❤❡ )❡-❡❛)❝❤ 2✉❡-'✐♦♥-

❚❡"# ✶✶

5❛)❛♠❡'❡) ❱❛❧✉❡ ❊①♣❧❛♥❛'✐♦♥

µV ✵✪ ◆♦ ❣*♦✇#❤ ✐♥ #❤❡ ❢✉♥❞❛♠❡♥#❛❧ ✈❛❧✉❡

σV ✶✪ ✶✪ "#❛♥❞❛*❞ ❞❡✈✐❛#✐♦♥

◆ ✺✵✵ ◆✉♠❜❡* ♦❢ #*❛❞✐♥❣ ❞❛②"

◆* ❛❣❡♥#" ✺✵✵ ✶✺✪ ●❖❉ ✭♣❡*❢❡❝#❧② ✐♥❢♦*♠❡❞✮ ✐♥✈❡"#♦*"

✶✺✪ ❇✐❛"❡❞ ✐♥❢♦*♠❡❞ ✐♥✈❡"#♦*" ✼✵✪

❈❤❛*#✐"# ✐♥✈❡"#♦*"

µC ✷✪ D*♦✜# ❡①♣❡❝#❛#✐♦♥" ♦❢ ❝❤❛*#✐"# ✐♥✈❡"#♦*"

σC ✽✪

❛p [0, 5; 1.5] ❇✐❛"❡" ♦❢ ✐♥❢♦*♠❡❞ ✐♥✈❡"#♦*" ✭❡①❛❣❣❡*❛#✐♦♥

♦❢ ✐♥❢♦*♠❛#✐♦♥ ❜✉# ♥♦ "❦❡✇❡❞ ❜✐❛"✮

❜p [−1; 1]

❚❛❜❧❡ ✻✳✷✷✿ ❚❡"# ✶✶ ✲ ❙✐♠✉❧❛#✐♦♥ ♦❢ ❛ ♠❛*❦❡# ❞♦♠✐♥❛#❡❞ ❜② ❝❤❛*#✐"# #*❛❞❡*" ❛♥❞ ✇✐#❤

♣❡*❢❡❝#❧② ✐♥❢♦*♠❡❞ #*❛❞❡*"

❞❛♠❡♥#❛❧ ✈❛❧✉❡"✳ ❚❤✐" ✐" ❞✉❡ #♦ #❤❡ #*❡♥❞ "♣❡❝✉❧❛#✐♦♥ ❛❝#✐♦♥ ♦❢ #❤❡ ❝❤❛*#✐"# #*❛❞❡*"✳

❲❡ ♦❜"❡*✈❡ ❛♥ ❡①❛♠♣❧❡ "✐♠✉❧❛#✐♦♥ ✐♥ ❋✐❣✉*❡ ✻✳✹✵ ✇✐#❤ #❤❡ ❡✈♦❧✉#✐♦♥ ♦❢ ♣*✐❝❡" ❛♥❞

♦❢ #❤❡ ❛✈❡*❛❣❡ ✇❡❛❧#❤ ♦❢ ❡❛❝❤ ✐♥✈❡"#♦* #②♣❡✳ ❚❤❡ ✇❡❛❧#❤ ♦❢ ❝❤❛*#✐"# ✐♥✈❡"#♦*" ✢✉❝✲

#✉❛#❡" ❤❡❛✈✐❧② ❜❡❝❛✉"❡ ♦❢ #❤❡ #*❡♥❞" #❤❡② ❝*❡❛#❡✳ ■♥ ❋✐❣✉*❡ ✻✳✹✸ ✇❡ "❡❡ #❤❛# ❞✉*✐♥❣

#❤❡ ♣❡*✐♦❞" ✇❤❡♥ #❤❡ ♠❛*❦❡# ♣*✐❝❡ ❜✉❜❜❧❡"✱ #❤❡ ♠❛❥♦*✐#② ♦❢ #❤❡ "#♦❝❦" ❛*❡ ❤❡❧❞ ❜②

❝❤❛*#✐"# ✐♥✈❡"#♦*"✳ ▼♦"# ✐♠♣♦*#❛♥#❧②✱ ✇❤❡♥ ♣*✐❝❡" ❢❛❧❧ ❜❛❝❦ ❞♦✇♥ ♠♦"# "#♦❝❦" ❛*❡

❜♦✉❣❤# ❛❣❛✐♥ ❜② ❜✐❛"❡❞ ✐♥❢♦*♠❡❞ ✐♥✈❡"#♦*"✳ ❚❤✐" ❤❛♣♣❡♥" ❜❡❝❛✉"❡ ❜✐❛"❡❞ ✐♥✈❡"#♦*"

❛❝❝❡♣# #♦ ❜✉② #❤❡ "#♦❝❦ ❛# ❛ ♣*❡♠✐✉♠ ❢*♦♠ #❤❡ ❢✉♥❞❛♠❡♥#❛❧ ✈❛❧✉❡✳ ■♥ ❝♦♥❝❧✉"✐♦♥✱

#*❛❞✐♥❣ ❤❛♣♣❡♥" ✐♥ ❛ ❢❡✇ "#❡♣"✿ ❛✮ ✇❤❡♥ ♣*✐❝❡" ❛*❡ ✈❡*② ❝❧♦"❡ #♦ ❢✉♥❞❛♠❡♥#❛❧" ❡✈❡*②✲

❜♦❞② #*❛❞❡"✱ ❜✮ ✇❤❡♥ ♣*✐❝❡" ♠♦✈❡ ❛✇❛② ❢*♦♠ ❢✉♥❞❛♠❡♥#❛❧" ♦♥❧② ❜✐❛"❡❞ ❛♥❞ ❝❤❛*#✐"#

✐♥✈❡"#♦*" #*❛❞❡✱ ❝✮ ✇❤❡♥ ♣*✐❝❡" "#❛*# #♦ ❜✉❜❜❧❡ ❝❤❛*#✐"#" ❤♦❧❞ ❛❧❧ "#♦❝❦" ❛♥❞ #*❛❞❡ ❞✮

✇❤❡♥ ♣*✐❝❡" ❢❛❧❧ #❤❡ ✜*"# #♦ ❜✉② "#♦❝❦" ❢*♦♠ #❤❡ ❝❤❛*#✐"#" ❛*❡ #❤❡ ❜✐❛"❡❞ ✐♥❢♦*♠❡❞

✐♥✈❡"#♦*" ✭❛♥❞ ♥❡①# ❛*❡ #❤❡ ♣❡*❢❡❝#❧② ✐♥❢♦*♠❡❞ ✐♥✈❡"#♦*"✮✳

❇❡❝❛✉"❡ ❜✐❛"❡❞ ✐♥✈❡"#♦*" ❛*❡ ❛❜❧❡ #♦ #*❛❞❡ ♠♦"# ♦❢#❡♥✱ ❛♥❞ ❡"♣❡❝✐❛❧❧② ✇✐#❤ #❤❡

❝❤❛*#✐"# ✐♥✈❡"#♦*"✱ #❤❡② ♠❛♥❛❣❡ #♦ "♣❡❝✉❧❛#❡ ❛♥❞ ❝❛♣#✉*❡ #❤❡ ✇❡❛❧#❤ ♦❢ ❝❤❛*#✐"#

#*❛❞❡*"✳ ■♥ ❚❛❜❧❡ ✻✳✷✸ ✇❡ "❤♦✇ #❤❡ "✉♠♠❛*② ♦❢ ❙❤❛*♣❡ *❛#✐♦" ❢♦* ❛❧❧ #❤❡ "✐♠✉❧❛#✐♦♥

*✉♥" ♦❢ ❚❡"# ✶✶✳

❇♦#❤ #❤❡ ♣❡*❢❡❝#❧② ✐♥❢♦*♠❡❞ ❛♥❞ #❤❡ ❜✐❛"❡❞ ✐♥❢♦*♠❡❞ ❛❣❡♥#" ♠❛♥❛❣❡ #♦ ♠❛❦❡

♠♦*❡ #❤❛♥ #❤❡ ❜✉② ✫ ❤♦❧❞ *❡#✉*♥"✱ ❛# #❤❡ ❡①♣❡♥"❡ ♦❢ #❤❡ ❝❤❛*#✐"# #*❛❞❡"✳ ❇✉# #❤❡

❜✐❛"❡❞ ✐♥✈❡"#♦*" ♠❛♥❛❣❡ #♦ ❡❛*♥ ♦♥ ❛✈❡*❛❣❡ #❤❡ ❤✐❣❤❡"# *✐"❦✲❛❞❥✉"#❡❞ *❡#✉*♥"✳

❘❡"❡❛$❝❤ ◗✉❡")✐♦♥ ★✸ ❈❛♥ ❜✐❛&❡❞ ✐♥✈❡&*♦,& ❡❛,♥ ♠♦,❡ *❤❛♥ ♥♦♥✲❜✐❛&❡❞ ✐♥✲

✈❡&*♦,&❄ ■❢ ②❡&✱ ✐♥ ✇❤❛* ❝♦♥❞✐*✐♦♥&❄

❆♥-✇❡)✿ ■♥ ❛ ✜♥❛♥❝✐❛❧ ♠❛,❦❡* *❤❡ ♣,✐❝❡ ❝❛♥ ❜❡ ♠♦✈❡❞ ✉♣ ❛♥❞ ❛✇❛② ❢,♦♠

*❤❡✐, ❢✉♥❞❛♠❡♥*❛❧ ✈❛❧✉❡& ✇❤❡♥ ✐♥✈❡&*♦,& ✇✐*❤ ❜✐❛&❡❞ ✐♥❢♦,♠❛*✐♦♥ ✭♦, ✇✐*❤♦✉* ❛♥②

✐♥❢♦,♠❛*✐♦♥✮ ❤❛✈❡ ♠♦,❡ ✜♥❛♥❝✐❛❧ ♣♦✇❡, *❤❛♥ *❤❡ ✇❡❧❧ ✐♥❢♦,♠❡❞ ✐♥✈❡&*♦,&✳ ■♥ &✉❝❤
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②♦✉ ♠❛❦❡ ✇❤❡♥ ②♦✉✬"❡ "✐❣❤% ❛♥❞ ❤♦✇ ♠✉❝❤ ②♦✉ ❧♦(❡ ✇❤❡♥ ②♦✉✬"❡ ✇"♦♥❣✳✧

●❡♦)❣❡ ❙♦)♦-

✷✳ ✧▼❛"❦❡%( ❝❛♥ "❡♠❛✐♥ ✐""❛%✐♦♥❛❧ ❛ ❧♦% ❧♦♥❣❡" %❤❛♥ ②♦✉ ❛♥❞ ■ ❝❛♥ "❡♠❛✐♥ (♦❧✈❡♥%✳✧

❏♦❤♥ ▼❛②♥❛)❞ ❑❡②♥❡-

❲❡ ❝❛♥ ♥♦✇ ❛(❦ ✇❤② ✇❡❧❧ ✐♥❢♦"♠❡❞ ✐♥✈❡(%♦"( ❞♦ %❤❡ ❢♦❧❧♦✇✐♥❣ ❛❝%✐♦♥(✿

✶✳ ❇✉② ✭(❡❧❧✮ ✉♥❞❡"✈❛❧✉❡❞ ✭♦✈❡"✈❛❧✉❡❞✮ (%♦❝❦( ✇❤❡♥ %❤❡ ♣"✐❝❡ ❜✐❛( ❝❛♥ ♣❡"(✐(% ❧♦♥❣

❡♥♦✉❣❤ ❢♦" %❤❡✐" %"❛♥(❛❝%✐♦♥ ♥♦% %♦ ❜❡❝♦♠❡ ♣"♦✜%❛❜❧❡ ✭❞✉"✐♥❣ %❤❡✐" ❤♦"✐③♦♥ ♦❢

✐♥✈❡(%♠❡♥%✮

✷✳ ❈♦♥%✐♥✉❡ %♦ ♣❛② ❛ ♣"✐❝❡ ❢♦" ❜❡%%❡" ✐♥❢♦"♠❛%✐♦♥ ✇❤❡♥ %❤❡② ❝❛♥♥♦% ♠❛❦❡ ❛ ❜❡%%❡"

"✐(❦✲❛❞❥✉(%❡❞ ♣❡"❢♦"♠❛♥❝❡ %❤❛♥ %❤❡ ✐♥✈❡(%♦"( ✇✐%❤ ❧❡(( ✐♥❢♦"♠❛%✐♦♥ ✭❤❡"❡ %❤❡

❜✐❛(❡❞ ✐♥✈❡(%♦"(✮✳

❋"♦♠ %❤❡(❡ ♦❜(❡"✈❛%✐♦♥( ✇❡ ♥❛%✉"❛❧❧② ✐♥❢❡" %❤❛% ✐% ♠❛② ❜❡ ♠♦"❡ ♣"♦✜%❛❜❧❡ ❢♦"

✇❡❧❧✲✐♥❢♦"♠❡❞ ✐♥✈❡(%♦"( %♦ ❛❞♦♣% ❛ ❜✐✈❛❧❡♥' ♦) ♠✐①❡❞ -')❛'❡❣②✿

✶✳ ●♦ ✇✐%❤ %❤❡ ♠❛"❦❡% ✇❤❡♥ %❤❡ ♣"✐❝❡( ❛"❡ ❜✐❛(❡❞ ✐♥ ♦"❞❡" %♦ ♣"♦✜% ❞✐"❡❝%❧② ♦✉% ♦❢

(✉❝❤ ♠✐(♣"✐❝✐♥❣ ✭❜✉② ✇❤❡♥ ♣"✐❝❡( ✐♥❝"❡❛(❡ ❛♥❞ (❡❧❧ ✇❤❡♥ %❤❡② ❞❡❝"❡❛(❡✱ "❡❧❛%✐✈❡

%♦ %❤❡ ❢✉♥❞❛♠❡♥%❛❧ ✈❛❧✉❡✮✳ ❚❤✐( ✐♠♣❧✐❡( ❛ ❝❤❛"%✐(% (%"❛%❡❣②

✷✳ ❲❤❡♥ %❤❡ ♠✐(♣"✐❝✐♥❣ ♣❛((❡( ♦✈❡" ❛ ❝❡"%❛✐♥ %❤"❡(❤♦❧❞ ✭✇❤❡♥ %❤❡ "✐(❦ ♦❢ ❛ (✐❣✲

♥✐✜❝❛♥% ♣"✐❝❡ "❡✈❡"(❛❧ ✐( %♦♦ ❣"❡❛% ♦" %❤❡ ❡①♣❡❝%❡❞ "❡%✉"♥ ✐( ❤✐❣❤ ❡♥♦✉❣❤✮ %❤❡

✐♥✈❡(%♦" ❝❤❛♥❣❡( (%"❛%❡❣② %♦✇❛"❞( ❛ ❢✉♥❞❛♠❡♥%❛❧ ✇❡❧❧✲✐♥❢♦"♠❡❞ (%"❛%❡❣② ✭❛♥❞

%"✐❡( %♦ ♣"♦✜% ♦❢ %❤❡ ♠✐(♣"✐❝✐♥❣ ❜② "❡✈❡"%✐♥❣ %❤❡ ♠❛"❦❡% ♣"✐❝❡ %♦✇❛"❞( ✐%( ❢✉♥✲

❞❛♠❡♥%❛❧ ✈❛❧✉❡✮✳

❚♦ (❡❡ ✐❢ %❤✐( %②♣❡ ♦❢ ♠✐①❡❞ ❝❤❛"%✐(%✲❢✉♥❞❛♠❡♥%❛❧ (%"❛%❡❣② ❝❛♥ (✉"✈✐✈❡ ✭❛♥❞ ♠❛❦❡

❡①%"❛ ♣"♦✜%(✮ ✇❡ ❝♦♥(%"✉❝% ❛ ♥❡✇ %②♣❡ ♦❢ ✐♥✈❡(%♦"✳ ❇❡❝❛✉(❡ %❤✐( ✐♥✈❡(%♦" ✐( ❛❜❧❡ %♦

"❡✈❡"% %❤❡ ♠❛"❦❡% ♣"✐❝❡ ❜❛❝❦ %♦ ✐%( ❢✉♥❞❛♠❡♥%❛❧ ✈❛❧✉❡ ②❡% ❤❡ (%✐❧❧ ❣♦❡( ✇✐%❤ %❤❡

%"❡♥❞ ✭❛❞♦♣%( ❛ ❝❤❛"%✐(% (%"❛%❡❣② ✉♣ %♦ ❛ ❝❡"%❛✐♥ %❤"❡(❤♦❧❞✮ ✇❡ ✇✐❧❧ ❝❛❧❧ ❤✐♠ ❙■❚❍ ✳

❆ ❙■❚❍ ✐♥✈❡(%♦" ❝♦♠❜✐♥❡( %❤❡ (%"❛%❡❣② ♦❢ ❛ ❝❤❛"%✐(% ❛♥❞ ❛ ♣❡"❢❡❝%❧② ✐♥❢♦"♠❡❞

✐♥✈❡(%♦"✳ ❚❤❡ ♣❛"❛♠❡%❡"( %❤❛% ❣♦✈❡"♥ %❤❡ ❜❡❤❛✈✐♦" ♦❢ ❛ ❙■❚❍ ✐♥✈❡(%♦" ❛"❡✿



✻✳✺✳ ❙✉%✈✐✈❛❧ ❛♥❞ ❡✈♦❧✉.✐♦♥ ♦❢ ❛❣❡♥.1 ✶✻✶

❛✮ ❈❤❛$%✐'% '%$❛%❡❣②✿ µC ✱σC ❛♥❞ ♠❡♠♦$② ❧❡♥❣%❤ ♣❛$❛♠❡%❡$ ▲ %❤❛% ❣♦✈❡$♥ %❤❡

♣$✐❝❡ ❡①♣❡❝%❛%✐♦♥' ❛♥❞ %❤❡ ❢♦$♠❛%✐♦♥ ♦❢ '♣❡❝✉❧❛%✐✈❡ ❜✉②✐♥❣ ❛♥❞ '❡❧❧✐♥❣ $✉❧❡' ✭'❡❡ ♦♥

♣❛❣❡ ✾✼ ❢♦$ ❝♦♠♣❧❡%❡ ❞❡'❝$✐♣%✐♦♥ ♦❢ ❛ ❝❤❛$%✐'% '%$❛%❡❣②✮

❜✮ ❚❤$❡'❤♦❧❞ ①✪✱ x = abs(Pt−Et(Ft|It)
Et(Ft|It)

) $❡♣$❡'❡♥%✐♥❣ ♠❛①✐♠✉♠ ♣$✐❝✐♥❣ ❞✐'%❛♥❝❡✱

❜❡%✇❡❡♥ %❤❡ ❛❣❡♥%✬' ❡①♣❡❝%❡❞ ❢✉♥❞❛♠❡♥%❛❧ ✈❛❧✉❡ ✭❝♦♥❞✐%✐♦♥❛❧ ♦♥ %❤❡ ✐♥✈❡'%♦$✬' ✐♥❢♦$✲

♠❛%✐♦♥✮ ❛♥❞ ♠❛$❦❡% ✈❛❧✉❡✱ ❛❜♦✈❡ ✇❤✐❝❤ %❤❡ ❙■❚❍ ❝❤❛♥❣❡' '%$❛%❡❣② ❢$♦♠ ❛ ❝❤❛$%✐'%

%♦ ❛♥ ✐♥❢♦$♠❡❞ '%$❛%❡❣②✳

■❢ ❛♥ ❛''❡% ✐' ❢❛✐$❧② ✇❡❧❧ ♣$✐❝❡❞✱ ♠❡❛♥✐♥❣ %❤❡ ♣$✐❝❡ ❞✐'%❛♥❝❡ %♦ %❤❡ ❢✉♥❞❛♠❡♥%❛❧

✈❛❧✉❡ ✐' ❧❡'' %❤❛♥ ①✪✱ %❤❡ ❙■❚❍ ✇✐❧❧ %$② %♦ $✐❞❡ %$❡♥❞' ✲ ❛❞♦♣%✐♥❣ ❛ ❝❤❛$%✐'% '%$❛%❡❣②✳

❲❤❡♥ ❤✐❣❤ ❡♥♦✉❣❤ %$❡♥❞' ❞❡✈❡❧♦♣✱ %❤❡ ❞✐'%❛♥❝❡ %♦ %❤❡ ❢✉♥❞❛♠❡♥%❛❧ ✈❛❧✉❡ ✐' ♠♦$❡

%❤❛♥ ①✪✱ %❤❡ ❙■❚❍ ✐♥✈❡'%♦$ ✇✐❧❧ '✇✐%❝❤ %♦ ❛ ❢✉♥❞❛♠❡♥%❛❧ ✐♥❢♦$♠❡❞ '%$❛%❡❣②✳ ❲❡

'✐♠✉❧❛%❡ ❛ ♠❛$❦❡% ✇✐%❤ ❜✐❛'❡❞ ✐♥❢♦$♠❡❞✱ ♣❡$❢❡❝%❧② ✐♥❢♦$♠❡❞ ❛♥❞ ❙■❚❍ ✐♥✈❡'%♦$'✳

❲❡ $✉♥ ❛ ❢❡✇ '✐♠✉❧❛%✐♦♥' ✇✐%❤ %❤❡ ♣❛$❛♠❡%❡$' ♦❢ ❚❡'% ✶✷ ❛♥❞ ♦❜'❡$✈❡ %❤❡ '❛♠❡

❡✈♦❧✉%✐♦♥ ♦❢ ♣$✐❝❡' ❛' ✐♥ ❚❡'% ✶✵ ❛✮ ✭✇❤✐❝❤ ✇❛' ♠❛❞❡ ✇✐%❤ %❤❡ '❛♠❡ ♣❛$❛♠❡%❡$'

❡①❝❡♣% ❢♦$ %❤❡ ♣$❡'❡♥❝❡ ♦❢ ❙■❚❍ ✐♥✈❡'%♦$'✮✳

❆' ✇❡ ❝❛♥ '❡❡ ✐♥ ❋✐❣✉$❡ ✻✳✹✹ ❛♥❞ ✻✳✹✺ %$❛❞✐♥❣ ✐' ♣❧❡♥%✐❢✉❧ ❛♥❞ %❤❡ ❛''❡% ✐' '%✐❧❧

♦✈❡$♣$✐❝❡❞ ✭❜❡❝❛✉'❡ ♦❢ %❤❡ '❦❡✇❡❞ ♦♣%✐♠✐'% ❜✐❛' ♦❢ ✐♥❢♦$♠❡❞ ✐♥✈❡'%♦$'✮✳

❇❡❝❛✉'❡ ❜✐❛'❡❞ ✐♥✈❡'%♦$' ♠❛♥❛❣❡ %♦ ♣❡$'✐'%❡♥%❧② ♦✈❡$♣$✐❝❡ %❤❡ ❛''❡% %❤❡ ♣❡$❢❡❝%❧②

✐♥❢♦$♠❡❞ ✐♥✈❡'%♦$' ❛$❡ ♥♦% ❛❜❧❡ %♦ ❛❞❥✉'% ♣$✐❝❡' ❛♥❞ ❡♥❞ ✉♣ ❤♦❧❞✐♥❣ ♦♥❧② ❝❛'❤ ✭'❡❡

❋✐❣✉$❡ ✻✳✹✼✮✳ ❚$❛❞✐♥❣ ❝♦♥%✐♥✉❡' ❜❡%✇❡❡♥ ❙■❚❍ ❛♥❞ ❜✐❛'❡❞ ✐♥✈❡'%♦$'✳ ❚❤❡ ❙■❚❍ ✐♥✲

✈❡'%♦$' '♣❡❝✉❧❛%❡ ❛♥② %$❡♥❞' %❤❛% ❡①✐'% ✐♥ ♠❛$❦❡% ♣$✐❝❡' ✭✇❤✐❝❤ ❛$❡ ❛ ❜✐❛'❡❞ ✈❡$'✐♦♥

♦❢ %❤❡ ❢✉♥❞❛♠❡♥%❛❧ ✈❛❧✉❡✮✳ ❚❤❡② ❛$❡ ❛❜❧❡ %♦ ♣$♦✜% ♦✛ ♦❢ %❤❡'❡ %$❡♥❞' ❜❡❝❛✉'❡ %❤❡

❜✐❛'❡❞ ✐♥✈❡'%♦$' ❛$❡ ❛❧✇❛②' ❝♦✉♥%❡$♣❛$%✐❡' ❢♦$ %❤❡ %$❡♥❞✲❢♦❧❧♦✇✐♥❣ %$❛❞❡'✳ ❇❡❝❛✉'❡

❙■❚❍ ✐♥✈❡'%♦$ ❛❧'♦ ❤❛✈❡ %❤❡ ♣❡$❢❡❝% ✐♥❢♦$♠❛%✐♦♥ %❤❡② ❛✈♦✐❞ ❝$❡❛%✐♥❣ ❜✐❣ ♣$✐❝❡ ❜✉❜✲

❜❧❡'✳ ▼♦$❡♦✈❡$✱ ✐❢ %❤❡ ❜✐❛'❡❞ ✐♥✈❡'%♦$' ♣✉'❤ %❤❡ ♣$✐❝❡' %♦ ❤✐❣❤ %❤❡ ❙■❚❍ ✐♥✈❡'%♦$'

✇✐❧❧ '♣❡❝✉❧❛%❡ ❛♥❞ '❡❧❧ %❤❡ ♦✈❡$♣$✐❝❡❞ ❛''❡%' ✭✇❤✐❝❤ %❤❡② ❜✉② ❛❣❛✐♥ ❛% ❧♦✇❡$ ♣$✐❝❡'✮✳

❚❤❡ ❛✈❡$❛❣❡ ❞✐'%❛♥❝❡ ❜❡%✇❡❡♥ %❤❡ ❢✉♥❞❛♠❡♥%❛❧ ❛♥❞ ♠❛$❦❡% ♣$✐❝❡ ✐' ♥❡❣❛%✐✈❡✳ ❆'

✇❡ ❝❛♥ '❡❡ ✐♥ ❚❛❜❧❡ ✻✳✷✺✱ %❤✐' ✐♠♣❧✐❡' %❤❛% %❤❡ ♠❛$❦❡% ❝♦♥'✐'%❡♥%❧② ♦✈❡$♣$✐❝❡' %❤❡

❛''❡%✳ ❚❤❡ '✉♠♠❛$② ♦❢ ❙❤❛$♣❡ $❛%✐♦' '❤♦✇ ✉' %❤❛% ♣❡$❢❡❝%❧② ✐♥❢♦$♠❡❞ ✐♥✈❡'%♦$ ❤♦❧❞

♦♥❧② ❝❛'❤ ✭❜❡❝❛✉'❡ %❤❡② '❡❧❧ ✇❤❡♥ %❤❡ ❛''❡% ✐' ♦✈❡$♣$✐✈❡❞✮✳ ❚❤❡ ❙■❚❍ ✐♥✈❡'%♦$ ❛$❡

❛❜❧❡ %♦ ♠❛❦❡ $❡%✉$♥' ❛❜♦✈❡ %❤❡ ❜✉② ❛♥❞ ❤♦❧❞ ❧❡✈❡❧ ❛% %❤❡ ❡①♣❡♥'❡ ♦❢ ❜✐❛'❡❞ ✐♥✈❡'%♦$'✳

■% ✐' ❡✈❡♥ ♠♦$❡ ✐♥%❡$❡'%✐♥❣ %♦ $❡❣❛$❞ %❤❡ ❜❡❤❛✈✐♦$ ♦❢ ❙■❚❍ ✐♥✈❡'%♦$' ✐♥ ❛ ♠❛$❦❡%

❞♦♠✐♥❛%❡❞ ❜② ❝❤❛$%✐'% ✐♥✈❡'%♦$'✱ ✇❤❡$❡ ❝♦♥'✐❞❡$❛❜❧❡ ♣$✐❝❡ ❜✉❜❜❧❡' ❛♣♣❡❛$✳ ❲❡ $✉♥

'✐♠✉❧❛%✐♦♥' ✇✐%❤ %❤❡ ♣❛$❛♠❡%❡$'✱ ✐♥ %❤❡ ❚❛❜❧❡ ✻✳✷✻✱ %❤❛% ❢♦$♠ ❛ ♠❛$❦❡% ✇✐%❤ ✼✵✪

❝❤❛$%✐'% %$❛❞❡$' ❛♥❞ ✶✵✪ ♦❢ ❡❛❝❤ ♦%❤❡$ %$❛❞❡$ %②♣❡✳

❆ ♠❛$❦❡% ❛' ❞❡'❝$✐❜❡❞ ❜② %❤❡ ♣❛$❛♠❡%❡$' ❢$♦♠ ❚❛❜❧❡ ✻✳✷✻ ✐' ❞♦♠✐♥❛%❡❞ ❜②

❝❤❛$%✐'% ✐♥✈❡'%♦$' ❛♥❞ %❤✉' ❤❛' ❛ ♣$♦♣❡♥'✐%② ❢♦$ %❤❡ ❢♦$♠❛%✐♦♥ ♦❢ ❜✉❜❜❧❡'✳ ❲❡ $✉♥

'✐♠✉❧❛%✐♦♥' ✇✐%❤ %❤❡'❡ ♣❛$❛♠❡%❡$' ❛♥❞ ❞✐'❝♦✈❡$ ❛ $❡❝✉$$✐♥❣ %②♣❡ ♦❢ $❡'✉❧%✿ ❜✉❜❜❧❡'

❛$❡ ❢♦$♠❡❞ ♦❢%❡♥ ❛♥❞ ♦❝❝❛'✐♦♥❛❧❧② %❤❡ ♠❛$❦❡% ♣$✐❝❡ $❡%✉$♥' %♦ ✐%' ❢✉♥❞❛♠❡♥%❛❧ ❧❡✈❡❧

✭'❡❡ ❋✐❣✉$❡ ✻✳✹✽✮✳
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❚❡"# ✶✷

5❛)❛♠❡'❡) ❱❛❧✉❡ ❊①♣❧❛♥❛'✐♦♥

µV ✵✳✵✶✪ ❱❡*② "♠❛❧❧ ❞❛✐❧② ❣*♦✇#❤ ✐♥ #❤❡ ❢✉♥❞❛♠❡♥#❛❧ ✈❛❧✉❡

σV ✶✪ ✶✪ "#❛♥❞❛*❞ ❞❡✈✐❛#✐♦♥

◆ ✺✵✵ ◆✉♠❜❡* ♦❢ #*❛❞✐♥❣ ❞❛②"

◆* ❛❣❡♥#" ✺✵✵ ✶✵✪ ●❖❉ ✭♣❡*❢❡❝#❧② ✐♥❢♦*♠❡❞✮ ✐♥✈❡"#♦*" ✶✵✪ ❙■❚❍ ✐♥✈❡"#♦*"

✽✵✪ ❇✐❛"❡❞ ✐♥❢♦*♠❡❞ ✐♥✈❡"#♦*"

ap [0.8, 2] ❇✐❛"❡❞ ✐♥❢♦*♠❡❞ ✐♥✈❡"#♦*" ❤❛✈❡ ❛ ♣❛*❛♠❡#❡* ♦❢ ✐♥❢♦*♠❛#✐♦♥

❛♠♣❧✐✜❝❛#✐♦♥ *❛♥❞♦♠❧② ❝❤♦"❡♥ ❢♦* #❤✐" ✐♥#❡*✈❛❧

bp [−1, 1] ❇✐❛"❡❞ ✐♥✈❡"#♦*" ✇✐❧❧✱ ♦♥ ❛✈❡*❛❣❡✱ ♥♦# "❦❡✇ #❤❡✐* ✐♥❢♦*♠❛#✐♦♥

µC ✷✪ K*♦✜# ❡①♣❡❝#❛#✐♦♥" ♦❢ ❙■❚❍ ✐♥✈❡"#♦*" ✇❤❡♥ #❤❡② ❡♠✉❧❛#❡ ❛

❝❤❛*#✐"# "#*❛#❡❣②

σC ✽✪

❳ [30%, 60%] ❙■❚❍ ✐♥✈❡"#♦*" ✇✐❧❧ ❝❤❛♥❣❡ ❢*♦♠ ❛ ❝❤❛*#✐"# #♦ ✐♥❢♦*♠❡❞ ✐♥✲

✈❡"#♦* "#*❛#❡❣② ✇❤❡♥ #❤❡ ♠❛*❦❡# ♣*✐❝❡ ✐" ❛❜♦✈❡✴❜❡❧♦✇ #❤❡

❢✉♥❞❛♠❡♥#❛❧ ✈❛❧✉❡ ✇✐#❤ ①✪ ✭#❤❡ ❡①❛❝# #❤*❡"❤♦❧❞ ❢♦* ❡❛❝❤

✐♥✈❡"#♦* ✐" ❞*❛✇♥ ✉♥✐❢♦*♠❧② ❢*♦♠ #❤✐" ✐♥#❡*✈❛❧✮

❚❛❜❧❡ ✻✳✷✹✿ ❚❡"# ✶✷ ✲ ❙✐♠✉❧❛#✐♦♥ ✇✐#❤ *❛#✐♦♥❛❧ ✐♥✈❡"#♦*"✱ ❜✐❛"❡❞ ✭❞♦♠✐♥❛♥#✮✱ ♥♦#

❜✐❛"❡❞ ♣❡*❢❡❝#❧② ✐♥❢♦*♠❡❞ ✐♥✈❡"#♦*" ✭●❖❉✮ ❛♥❞ ❛❧"♦ ✇✐#❤ ❙■❚❍ ✐♥✈❡"#♦*"✳
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❚❛❜❧❡ ✻✳✷✺✿ ❙✉♠♠❛$② 60❛0✐60✐❝6 ❢♦$ ❚❡60 ✶✷ ✇✐0❤ ❞♦♠✐♥❛0✐♥❣ ❜✐❛6❡❞ ✐♥✈❡60♦$6



✻✳✺✳ ❙✉%✈✐✈❛❧ ❛♥❞ ❡✈♦❧✉.✐♦♥ ♦❢ ❛❣❡♥.1 ✶✻✺

❚❡"# ✶✸

3❛%❛♠❡.❡% ❱❛❧✉❡ ❊①♣❧❛♥❛.✐♦♥

µV ✵✳✵✶✪ ❱❡*② "♠❛❧❧ ❞❛✐❧② ❣*♦✇#❤ ✐♥ #❤❡ ❢✉♥❞❛♠❡♥#❛❧ ✈❛❧✉❡

σV ✶✪ ✶✪ "#❛♥❞❛*❞ ❞❡✈✐❛#✐♦♥

◆ ✺✵✵ ◆✉♠❜❡* ♦❢ #*❛❞✐♥❣ ❞❛②"

◆* ❛❣❡♥#" ✺✵✵ ✶✵✪ ●❖❉ ✭♣❡*❢❡❝#❧② ✐♥❢♦*♠❡❞✮ ✐♥✈❡"#♦*" ✶✵✪ ❙■❚❍ ✐♥✈❡"#♦*"

✶✵✪ ❇✐❛"❡❞ ✐♥❢♦*♠❡❞ ✐♥✈❡"#♦*" ✼✵✪ ❈❤❛*#✐"# ✐♥✈❡"#♦*"

ap [0.8, 2] ❇✐❛"❡❞ ✐♥❢♦*♠❡❞ ✐♥✈❡"#♦*" ❤❛✈❡ ❛ ♣❛*❛♠❡#❡* ♦❢ ✐♥❢♦*♠❛#✐♦♥

❛♠♣❧✐✜❝❛#✐♦♥ *❛♥❞♦♠❧② ❝❤♦"❡♥ ❢♦* #❤✐" ✐♥#❡*✈❛❧

bp [−1, 1] ❇✐❛"❡❞ ✐♥✈❡"#♦*" ✇✐❧❧✱ ♦♥ ❛✈❡*❛❣❡✱ ♥♦# "❦❡✇ #❤❡✐* ✐♥❢♦*♠❛#✐♦♥

µC ✭❙■❚❍✮ ✷✪ M*♦✜# ❡①♣❡❝#❛#✐♦♥" ♦❢ ❙■❚❍ ✐♥✈❡"#♦*" ✇❤❡♥ #❤❡② ❡♠✉❧❛#❡ ❛

❝❤❛*#✐"# "#*❛#❡❣②

σC ✭❙■❚❍✮ ✽✪

❳ [30%, 60%] ❙■❚❍ ✐♥✈❡"#♦*" ✇✐❧❧ ❝❤❛♥❣❡ ❢*♦♠ ❛ ❝❤❛*#✐"# #♦ ✐♥❢♦*♠❡❞ ✐♥✲

✈❡"#♦* "#*❛#❡❣② ✇❤❡♥ #❤❡ ♠❛*❦❡# ♣*✐❝❡ ✐" ❛❜♦✈❡✴❜❡❧♦✇ #❤❡

❢✉♥❞❛♠❡♥#❛❧ ✈❛❧✉❡ ✇✐#❤ ①✪ ✭#❤❡ ❡①❛❝# #❤*❡"❤♦❧❞ ❢♦* ❡❛❝❤

✐♥✈❡"#♦* ✐" ❞*❛✇♥ ✉♥✐❢♦*♠❧② ❢*♦♠ #❤✐" ✐♥#❡*✈❛❧✮

µC

✭❝❤❛*#✐"#✮

✷✪ M*♦✜# ❡①♣❡❝#❛#✐♦♥" ♦❢ ❝❤❛*#✐"# ✐♥✈❡"#♦*"

σC
✭❝❤❛*#✐"#✮

✽✪

❚❛❜❧❡ ✻✳✷✻✿ ❚❡"# ✶✸ ✲ "✐♠✉❧❛#✐♦♥ ✇✐#❤ *❛#✐♦♥❛❧ ✐♥✈❡"#♦*"✱ ❜✐❛"❡❞✱ ♥♦# ❜✐❛"❡❞ ♣❡*✲
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Inneficient market Pt = et

Efficient market Pt = Ft+ et

t

Market’s level of efficiency

IPO

t=0
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✜♥❞ ❛ ❝❤✉♥❦ ♦❢ ♠❡❛%✳ ❆❧❧ ♦❢ %❤❡ $❤❛'❦$ ❛'❡ ❡❛❣❡' %♦ ❡❛% ❜✉%✱ ✉$✐♥❣ %❤❡✐' ❡①❝❡❧❧❡♥%
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❚❤❡ ✬❙❤❛.❦ ●❛♠❡✬ ✇❡ ♣.♦♣♦/❡ ❛❞❞/  ♦  ❤❡ ❡①✐/ ✐♥❣ ❛❝❛❞❡♠✐❝ ❧✐ ❡.❛ ✉.❡ ❜② ♣.♦♣♦/✲

✐♥❣ ❛ ♠♦❞❡❧  ❤❛ ❛✈♦✐❞/  ❤❡ ♣.♦❜❧❡♠/ ♠❡♥ ✐♦♥❡❞ ❜❡❢♦.❡✳ ■♥ ♦✉. ♠♦❞❡❧ ❛ .❛ ✐♦♥❛❧

❡①♣❡❝ ❛ ✐♦♥/ ❡B✉✐❧✐❜.✐✉♠ ❡①✐/ /✳ ❙✉❝❤ ❛♥ ❡B✉✐❧✐❜.✐✉♠ ✐♠♣❧✐❡/  ✇♦ ❝♦♥❞✐ ✐♦♥/✿  ❤❡

❛❣❣.❡❣❛ ❡❞ ♦✉ ❝♦♠❡ ✭❧✐❦❡ ♣.✐❝❡✮ ❝♦♥✈❡.❣❡/  ♦  ❤❡ .❛ ✐♦♥❛❧❧② ❡①♣❡❝ ❡❞ /♦❧✉ ✐♦♥ ✭✇❤❡♥

♣.✐❝❡ .❡✢❡❝ / ♦♥❧②  ❤❡ ❢✉♥❞❛♠❡♥ ❛❧ ✈❛❧✉❡✮ ❛♥❞  ❤✐/ / ❛ ❡ ✐/ ❛❧/♦ ❛ ◆❛/❤ ❡B✉✐❧✐❜.✐✉♠

✭◆❛/❤✱ ❏.✳✱ ✶✾✺✵✮ ✭♥♦ ❛❣❡♥ ❝❛♥ ❜❡♥❡✜ ♠♦.❡ ❜② ❝❤❛♥❣✐♥❣ ❤✐/ / .❛ ❡❣②✮✳ ❨❡ ✱ .❡❛❧

✜♥❛♥❝✐❛❧ ♠❛.❦❡ / ❞♦ ♥♦ ♣.♦✈✐❞❡ ✐♥✈❡/ ♦./ ✇✐ ❤  ❤❡  ✇♦ ♥❡❝❡//❛.② ✐♥❣.❡❞✐❡♥ / ❢♦.

❛❝❤✐❡✈✐♥❣ ❡B✉✐❧✐❜.✐✉♠✿ ♣❡.❢❡❝ ✐♥❢♦.♠❛ ✐♦♥ ❛♥❞ ❛ ❝♦♠♣❧❡ ❡ ❞❡/❝.✐♣ ✐♦♥ ♦❢  ❤❡ ✉♥✲

❞❡.❧②✐♥❣ ❛//❡ ♠♦❞❡❧✳ ■♥ ♦✉. ♠♦❞❡❧✱ /❤❛.❦/ ❡♥❝♦✉♥ ❡. /✐♠✐❧❛. ❝♦♥❞✐ ✐♦♥/ ❛/ .❡❛❧

✐♥✈❡/ ♦./✿ ❧❛❝❦ ♦❢ ❝♦♠♣❧❡ ❡ ✐♥❢♦.♠❛ ✐♦♥ ❛♥❞ ❧❛❝❦ ♦❢ ❦♥♦✇❧❡❞❣❡ ❛❜♦✉  ❤❡ ❣❛♠❡✬/

♠♦❞❡❧✳ ❲❡ ♦❜/❡.✈❡ ❤♦✇ ❛♥❞ ✇❤❡♥ ❞♦  ❤❡ ♠♦❞❡❧❡❞ /❤❛.❦/✱ ✉/✐♥❣ .❡✐♥❢♦.❝❡♠❡♥ ✲

❧❡❛.♥✐♥❣✱ ❛..✐✈❡ ❛ ❛♥ ❡B✉✐❧✐❜.✐✉♠✳ ❚❤❡ /✐♠♣❧✐❝✐ ② ♦❢  ❤❡ ❣❛♠❡ ❛♥❞ ✐ / ✐♥ ✉✐ ✐✈❡

♥❛ ✉.❡ ❛❧❧♦✇/ ♦✉. ♠♦❞❡❧  ♦ ❜❡ ✉/❡❞ ✐♥ ❞✐✛❡.❡♥ ❝♦♥ ❡① / ❛♥❞ ♣.♦❜❧❡♠/ ✭❧✐❦❡ ❞✐✛❡.❡♥ 

♠❛.❦❡ /  ②♣❡/ ♦. ❝♦♦♣❡.❛ ✐♦♥ ♠♦❞❡❧/✮✳

✼✳✷ ❚❤❡ ♠♦❞❡❧

❈♦♥/✐❞❡. ❛ /♠❛❧❧ /❡❛ ❣♦❧❢ ✇❤❡.❡ ◆ /❤❛.❦/ /❡❛.❝❤ ❢♦. ❢♦♦❞✳ ❚❤❡② ❞✐/❝♦✈❡. ❛ ❣♦♦❞

♣✐❡❝❡ ♦❢ ♠❡❛  ❤❛ ✉♥❢♦. ✉♥❛ ❡❧② ❤❛/ ❛  ♦①✐❝ ♣❛. ✳ ❚❤❡ ♠❡❛ ❤❛/ ▼ ♣♦. ✐♦♥/ ❛♥❞ ❛

/❤❛.❦ ❝❛♥ ❡❛ ❛ ♣♦. ✐♦♥ ❛ ❛  ✐♠❡✳ ❙❤❛.❦/ ❝❛♥♥♦ ❞✐/ ✐♥❣✉✐/❤  ❤❡ ♣✐❡❝❡/ ♦❢ ♠❡❛ ❛♥❞

 ❤❡.❡❢♦.❡ ❛.❡ ♥♦ ❛❜❧❡  ♦ ❞❡ ❡❝ ✱ ✐♥ ❛❞✈❛♥❝❡✱ ✇❤✐❝❤ ♣♦. ✐♦♥ ✐/  ♦①✐❝✳ ❋♦. /✐♠♣❧✐❝✐ ②✱

❝♦♥/✐❞❡.  ❤❡ ♣✐❡❝❡ ♦❢ ♠❡❛ ❛/ ❧✐♥❡❛. ❛♥❞  ❤❛ /❤❛.❦/ ❝❛♥ ❡❛ ♣♦. ✐♦♥/ ♦❢ ♠❡❛ / ❛. ✐♥❣

❢.♦♠  ❤❡ ✜./ ♦♥❡✳

❆ /❤❛.❦✬/ ❣♦❛❧ ✐/  ♦ ❛❝❝✉♠✉❧❛ ❡  ❤❡ ♠♦/ ♣♦✐♥ / ♣♦//✐❜❧❡✳ ❆ /❤❛.❦ ❝❛♥ .❡❝❡✐✈❡ ❆

♣♦✐♥ / ❢♦. ❡❛ ✐♥❣ ❛ ❣♦♦❞ ♣✐❡❝❡ ♦❢ ♠❡❛ ✳ ■❢ ❛ /❤❛.❦ ❞❡❝✐❞❡/ ♥♦  ♦ ❡❛ ❛ ♣✐❡❝❡ ♦❢ ♠❡❛ 



✶✼✻ ❈❤❛♣'❡) ✼✳ ❚❤❡ ,❤❛)❦ ❣❛♠❡✿ ❡1✉✐❧✐❜)✐✉♠ ✇✐'❤ ❜♦✉♥❞❡❞ )❛'✐♦♥❛❧✐'②

654321Pieces of meat

❋✐❣✉$❡ ✼✳✶✿ ❙❤❛$❦. ❛♥❞ ❛ ♣✐❡❝❡ ♦❢ ♠❡❛6 ✇✐6❤ ✻ ♣♦$6✐♦♥. ✭✇❤❡$❡ ♣♦$6✐♦♥ ✹ ✐. 6♦①✐❝✮

❤❡ ✇✐❧❧ ❣❡6 ❇ ♣♦✐♥6.✳ ❍♦✇❡✈❡$✱ ✐❢ ❛ .❤❛$❦ ❡❛6. 6❤❡ ♣♦✐.♦♥♦✉. ♣♦$6✐♦♥ ❤❡ ✇✐❧❧ $❡❝❡✐✈❡

❩ ♣♦✐♥6.✳ ■❢ ♠♦$❡ 6❤❛♥ ♦♥❡ .❤❛$❦ ❞❡❝✐❞❡ 6♦ ❡❛6 6❤❡ .❛♠❡ ♣♦$6✐♦♥ ♦❢ ♠❡❛6 6❤❡♥ ✐6

✐. ♥♦6 .✐♠♣❧❡ 6♦ ❞❡❝✐❞❡ ❤♦✇ 6♦ .♣❧✐6 6❤❡ $❡✇❛$❞✳ ❚❤❡$❡❢♦$❡✱ ❢♦$ ❡❛❝❤ ♥❡✇ ♣♦$6✐♦♥ ♦❢

♠❡❛6 ❛✈❛✐❧❛❜❧❡✱ .❤❛$❦. ✇✐❧❧ ❜❡ ❛.❦❡❞ $❛♥❞♦♠❧② ❢♦$ 6❤❡✐$ ❞❡❝✐.✐♦♥.✳ ■❢ ❛ .❤❛$❦✱ ✇❤❡♥

❛.❦❡❞✱ ❞❡❝✐❞❡. 6♦ ❡❛6 6❤❡♥ ❤❡ $❡❝❡✐✈❡. 6❤❡ $❡✇❛$❞ ❢♦$ ❡❛6✐♥❣ ✭❆ ♦$ ❩✮ ❛♥❞ ❛ ♥❡✇

$♦✉♥❞ ❜❡❣✐♥. ✇✐6❤ 6❤❡ $❡♠❛✐♥✐♥❣ ♣♦$6✐♦♥. ♦❢ ♠❡❛6✳ ❍♦✇❡✈❡$✱ ✐❢ ❛ H✉❡.6✐♦♥❡❞ .❤❛$❦

❞❡❝✐❞❡. ♥♦6 6♦ ❡❛6✱ ❤❡ ✇✐❧❧ $❡❝❡✐✈❡ ❇ ♣♦✐♥6. ❛♥❞ ❛♥♦6❤❡$ .❤❛$❦ ✇✐❧❧ ❜❡ ❛.❦❡❞ ❢♦$ ❤✐.

❞❡❝✐.✐♦♥ ✉♥6✐❧ ❡✐6❤❡$ ❛❧❧ .❤❛$❦. ❞❡❝✐❞❡ ♥♦6 6♦ ❡❛6 ♦$ ❛6 ❧❡❛.6 ♦♥❡ ❡❛6.✳

❚♦ ✉♥❞❡$.6❛♥❞ ❜❡66❡$ ❤♦✇ 6❤❡ ❣❛♠❡ ❞❡✈❡❧♦♣. ✇❡ ❡①♣❧❛✐♥ ❛ .❝❡♥❛$✐♦ ✉.✐♥❣ 6❤❡

❡①❛♠♣❧❡ ❢$♦♠ ❋✐❣✉$❡ ✼✳✶✿

✶✳ ❘♦✉♥❞ ✶✿ ❙❤❛$❦ ✸ ✐. .❛♠♣❧❡❞✳ ❍❡ ❞❡❝✐❞❡. ♥♦6 6♦ ❡❛6✳ ❙❤❛$❦ ✷ ✐. .❛♠♣❧❡❞ ❛♥❞

❤❡ ❞❡❝✐❞❡. 6♦ ❡❛6✳ ❚❤❡ $♦✉♥❞ ✐. ✜♥✐.❤❡❞✳

✷✳ ❘♦✉♥❞ ✷✿ ❙❤❛$❦ ✶ ✐. .❛♠♣❧❡❞✳ ❍❡ ❞❡❝✐❞❡. ❡❛6✳ ❚❤❡ $♦✉♥❞ ✐. ✜♥✐.❤❡❞

✸✳ ❘♦✉♥❞ ✸✿ ❙❤❛$❦ ✹ ✐. .❛♠♣❧❡❞✳ ❍❡ ❞❡❝✐❞❡. ♥♦6 ❡❛6✳ ❙❤❛$❦ ✶ ✐. .❛♠♣❧❡❞ ❛♥❞ ❤❡

❡❛6.✳ ❚❤❡ $♦✉♥❞ ✐. ✜♥✐.❤❡❞

✹✳ ❘♦✉♥❞ ✸✿ ❙❤❛$❦ ✷ ✐. .❛♠♣❧❡❞✳ ❍❡ ❞❡❝✐❞❡. 6♦ ❡❛6✳ ❚❤❡ $♦✉♥❞ ✐. ✜♥✐.❤❡❞✳

❇❡❝❛✉.❡ 6❤❡ 6♦①✐❝ ♣✐❡❝❡ ❤❛. ❜❡❡♥ ❡❛6❡♥ 6❤❡ ❣❛♠❡ ❡♥❞.✳

❋♦❧❧♦✇✐♥❣ 6❤❡ ♣❛②♦✛ ❤✐.6♦$② ✐♥ ❚❛❜❧❡ ✼✳✶✱ ✇❡ ♦❜.❡$✈❡ 6❤❛6 ✐♥ ❘♦✉♥❞ ✶ ♦♥❧② 6❤❡

✸$❞ .❤❛$❦ ✐. ❛✇❛$❞❡❞ 6❤❡ ❇ $❡✇❛$❞ ✭❢♦$ ♥♦6 ❡❛6✐♥❣✮✳ ❙❤❛$❦ ✶ ❛♥❞ ✹ ❞♦ ♥♦6 $❡❝❡✐✈❡ ❛♥②

♣♦✐♥6. ❜❡❝❛✉.❡ 6❤❡② ❞✐❞ ♥♦6 ❣❡6 ❛ ❝❤❛♥❝❡ ✭.❤❛$❦ ✷ ✇❛. ♣✐❝❦❡❞ ❛♥❞ ❞❡❝✐❞❡❞ 6♦ ❡❛6✮✳

❚❤✐. ♣❛②♦✛ .❝❤❡♠❡ $❡.❡♠❜❧❡. 6❤❛6 ♦❢ ✐♥✈❡.6♦$. ✇❤♦ ❞♦ ♥♦6 6$❛❞❡ ✈❡$② ♦❢6❡♥ ♦$ ❛$❡

♥♦6 ❛❜❧❡ 6♦ 6$❛❞❡ ❞✉❡ 6♦ ♠❛$❦❡6 ❧✐H✉✐❞✐6②✳ ❆ ❣❛♠❡ .6♦♣.✱ ❛. ✐6 ❞✐❞ ✐♥ ❘♦✉♥❞ ✹✱ ✇❤❡♥



✼✳✷✳ ❚❤❡ ♠♦❞❡❧ ✶✼✼

❚❛❜❧❡ ✼✳✶✿ ❙❤❛+❦ +❡✇❛+❞ /0+✉❝0✉+❡ ❢♦+ ❡✈❡+② +♦✉♥❞

❘❡✇❛+❞/ ❙❤❛+❦ ✶ ❙❤❛+❦ ✷ ❙❤❛+❦ ✸ ❙❤❛+❦ ✹

❘♦✉♥❞ ✶ ✵ ❆ ❇ ✵

❘♦✉♥❞ ✷ ❆ ❆ ❇ ✵

❘♦✉♥❞ ✸ ❆✰❆ ❆ ❇ ❇

❘♦✉♥❞ ✹ ❆✰❆ ❆✰❩ ❇ ❇

0❤❡ 0♦①✐❝ ♣❛+0 ✐/ ❡❛0❡♥ ✭/✐♥❝❡ ❛❢0❡+✇❛+❞/ ♣♦✐♥0/ ❛+❡✱ ♦♥ ❛✈❡+❛❣❡✱ ❞✐/0+✐❜✉0❡❞ ❡G✉❛❧❧②✮

♦+ ✇❤❡♥ ❛❧❧ 0❤❡ /❤❛+❦/ ❞❡❝✐❞❡ ♥♦0 0♦ ❡❛0✳ ■❢ ❛ ❣❛♠❡ +❡❛❝❤❡/ ❛ +♦✉♥❞ ✇❤❡+❡ ♥♦❜♦❞②

❡❛0/ ❛♥②♠♦+❡ 0❤❡♥ ❛❧❧ /❤❛+❦/ +❡❝❡✐✈❡ ♣❛②♦✛ ❇ ❛♥❞ 0❤❡ ❣❛♠❡ ❡♥❞/✳ ❲❤❡♥ ❛ ❣❛♠❡ ❡♥❞/

0❤❡ /❤❛+❦/ +❡❝❡✐✈❡ 0❤❡✐+ ♣❛②♦✛/✳ ❚❤❡/❡ ♣❛②♦✛/ ❛❝❝✉♠✉❧❛0❡ ❞✉+✐♥❣ ♠✉❧0✐♣❧❡ ❣❛♠❡/✳

❲❡ ❤❛✈❡ ❞❡/✐❣♥❡❞ ❛♥❞ ❜✉✐❧❞ ❛ ❝♦♠♣✉0❡+ /✐♠✉❧❛0❡❞ ❡♥✈✐+♦♥♠❡♥0 ✇❤❡+❡ ♣+♦❣+❛♠/

/✐♠✉❧❛0❡ 0❤❡ ❞❡❝✐/✐♦♥/ ♦❢ /❤❛+❦/✳ ❙❤❛+❦/✱ ❧✐❦❡ ✐♥✈❡/0♦+/ ❞♦✱ ✉/❡ /✐♠♣❧❡ 0❤✉♠❜✲+✉❧❡/

0♦ ♠❛❦❡ 0❤❡✐+ ❞❡❝✐/✐♦♥/✳ ❊❛❝❤ /❤❛+❦ ❦ ❤❛/ ❛♥ ❛++❛② ♦❢ +✉❧❡/✱ ❡❛❝❤ ❢♦+♠❡❞ ❜② 0✇♦

♣❛+❛♠❡0❡+/ Rulek(H,S)✳ ❍ +❡♣+❡/❡♥0/ 0❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡+ ♦❢ ♣♦+0✐♦♥/ ♦❢ ♠❡❛0

0❤❡ /❤❛+❦ ❝❛♥ ❡❛0✳ ❙ +❡♣+❡/❡♥0/ 0❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡+ ♦❢ ♣✐❡❝❡/ ♦❢ ♠❡❛0 ❛✈❛✐❧❛❜❧❡

✇❤❡♥ 0❤❡ /❤❛+❦ /❤♦✉❧❞ /0♦♣ ❡❛0✐♥❣✳ ❉✉+✐♥❣ ❛ ❣❛♠❡✱ ❛ /❤❛+❦✬/ ♦♥❧② ✐♥❢♦+♠❛0✐♦♥ ✐/

0❤❡ ♥✉♠❜❡+ ♦❢ ♣♦+0✐♦♥/ ♦❢ ♠❡❛0 ❧❡❢0 0♦ ❡❛0✳ ❆ /❤❛+❦ ✉/✐♥❣ Rule(3, 2) ✐♠♣❧✐❡/ ❤❡ ✇✐❧❧

❡❛0 ❛ ♠❛①✐♠✉♠ ♦❢ ✸ ♣♦+0✐♦♥/ ♦❢ ♠❡❛0 ❛♥❞ ✇✐❧❧ /0♦♣ ❡❛0✐♥❣ ✇❤❡♥ 0❤❡+❡ ❛+❡ ❛0 ♠♦/0

✷ ♣✐❡❝❡/ ♦❢ ♠❡❛0 /0✐❧❧ ❛✈❛✐❧❛❜❧❡✳

❆ /✐♠✉❧❛0✐♦♥ ❧❛/0/ ❢♦+ ❑ ♥✉♠❜❡+ ♦❢ ❣❛♠❡/ ✭✉/✉❛❧❧② K > 100✮✳ ❆0 0❤❡ ❜❡❣✐♥✲

♥✐♥❣ ♦❢ ❡❛❝❤ /✐♠✉❧❛0✐♦♥ ❛❧❧ /❤❛+❦/ /0❛+0 ✇✐0❤ ❛❧❧ 0❤❡ (M + 1)2 ♣♦//✐❜❧❡ +✉❧❡/✿ ❢+♦♠

✭✵✱✵✮✱✭✵✱✶✮ 0♦ ✭▼✱▼✮

✷

✳ ❚❤❡ /❤❛+❦/ ❛//✐❣♥ ♣+♦❜❛❜✐❧✐0✐❡/ 0♦ ❡❛❝❤ +✉❧❡✳ ❆0 0❤❡ /0❛+0 ♦❢

❡❛❝❤ /✐♠✉❧❛0✐♦♥✱ ❛❧❧ /❤❛+❦/✬ +✉❧❡/ ❤❛✈❡ 0❤❡ /❛♠❡ ♣+♦❜❛❜✐❧✐0②

P (Rule(x, y)) =
1

(M + 1)2
. ✭✼✳✶✮

❆❢0❡+ ❡❛❝❤ ❣❛♠❡ /❤❛+❦/ +❡❝❡✐✈❡ 0❤❡✐+ ♣❛②♦✛/ ❛♥❞ ✉♣❞❛0❡ 0❤❡ ♣+♦❜❛❜✐❧✐0② ♦❢ 0❤❡✐+

+✉❧❡/✳ ❋♦+ ❡①❛♠♣❧❡✱ /❤❛+❦ ❦ ❤❛/ ✉/❡❞ Rulek(3, 2) ❛♥❞ +❡❝❡✐✈❡❞ ❛ ♣❛②♦✛ ♦❢ Gk✳ ❚❤❡

/❤❛+❦ ✇✐❧❧ ❛❞❞ 0❤❡ ♣❛②♦✛ Gk 0♦ 0❤❡ +✉❧❡ ♣+♦❜❛❜✐❧✐0② ❛♥❞ ♥♦+♠❛❧✐③❡ 0❤❡ ♣+♦❜❛❜✐❧✐0✐❡/

♦❢ ❛❧❧ ♦❢ ❤✐/ +✉❧❡/✳

P (Rulek(3, 2)) = P (Rulek(3, 2)) +Gk ✭✼✳✷✮

S =
∑

x,y

P (Rulek(x, y)), ∀x, y ✭✼✳✸✮

P (Rulek(x, y)) =
P (Rulek(x, y))

S
, ∀x, y ✭✼✳✹✮

❆0 0❤❡ /0❛+0 ♦❢ ❛ ♥❡✇ ❣❛♠❡ ❛❧❧ /❤❛+❦/ ❝❤♦♦/❡ ❛ +✉❧❡ 0❤❛0 0❤❡② ✉/❡✳ ❚❤✐/ +✉❧❡

✐/ +❛♥❞♦♠❧② ❞+❛✇♥ ✉/✐♥❣ 0❤❡ /❤❛+❦✬/ ❞✐/0+✐❜✉0✐♦♥ ♦❢ +✉❧❡ ♣+♦❜❛❜✐❧✐0✐❡/✳ ❚❤❡ ♠♦+❡

✷

▼ ✐" #❤❡ #♦#❛❧ ♥✉♠❜❡- ♦❢ ♣♦-#✐♦♥" ♦❢ ♠❡❛# ❛✈❛✐❧❛❜❧❡ ✐♥ ❡❛❝❤ ❣❛♠❡



✶✼✽ ❈❤❛♣'❡) ✼✳ ❚❤❡ ,❤❛)❦ ❣❛♠❡✿ ❡1✉✐❧✐❜)✐✉♠ ✇✐'❤ ❜♦✉♥❞❡❞ )❛'✐♦♥❛❧✐'②

♣❛②♦✛ ❛ %✉❧❡ ✇✐♥, -❤❡ ♠♦%❡ -❤❡ ♣%♦❜❛❜✐❧✐-② ♦❢ -❤❡ %✉❧❡ ✇✐❧❧ ✐♥❝%❡❛,❡ ❛♥❞ -❤❡ ❝♦♥,❡✲

5✉❡♥-❧② -❤❡ ♠♦%❡ ♦❢-❡♥ -❤❡ ,❤❛%❦ ✇✐❧❧ ✉,❡ -❤❛- %✉❧❡✳ ❇❡❝❛✉,❡ ♣%♦❜❛❜✐❧✐-✐❡, ❝❛♥♥♦-

❜❡ ✶ ♦% ✵ ❛❧❧ -❤❡ %✉❧❡, ❛%❡ -❛❦❡♥ ✐♥-♦ ❝♦♥,✐❞❡%❛-✐♦♥✳ ❚❤❡%❡❢♦%❡✱ ✉,✐♥❣ -❤✐, -②♣❡ ♦❢

%❡✐♥❢♦%❝❡♠❡♥-✲❧❡❛%♥✐♥❣✱ ,❤❛%❦, ❛%❡ ❛❜❧❡ -♦ ❛❞❛♣- -♦ ❡①-%❡♠❡ ,✐-✉❛-✐♦♥ ✭❧✐❦❡ ,✉❞❞❡♥

❝❤❛♥❣❡, ✐♥ -❤❡ ♣❛②♦✛ ,-%✉❝-✉%❡,✮✳ ❲❤❡♥ ♠❛❦✐♥❣ ❛ ❞❡❝✐,✐♦♥✱ ❛ ,❤❛%❦ ❤❛, ❛ ,✐♥❣❧❡ ♣✐❡❝❡

♦❢ ✐♥❢♦%♠❛-✐♦♥✿ -❤❡ ♥✉♠❜❡% ♦❢ ♣✐❡❝❡, ♦❢ ♠❡❛- ❧❡❢-✳ ❚❤❡ ,❤❛%❦,✱ ❧✐❦❡ ✐♥✈❡,-♦%,✱ ❞♦ ♥♦-

❡✈❡♥ ❦♥♦✇ -❤❡ ♠♦❞❡❧ ♦❢ -❤❡ ❣❛♠❡✳ ❲❤❛- -❤❡② ♦❜,❡%✈❡ ✐, -❤❡ %❡,✉❧- ♦❢ -❤❡✐% ❛❝-✐♦♥,

❛- -❤❡ ❡♥❞ ♦❢ -❤❡ ❣❛♠❡✳ ■- ✐, ✇♦%-❤ ,-%❡,,✐♥❣ -❤❛- ,❤❛%❦, ❝❛♥♥♦- ❞✐,-✐♥❣✉✐,❤ ❜❡-✇❡❡♥

-♦①✐❝ ❛♥❞ -♦①✐❝✲♣❛%-,✳ ❋♦% ❛❧❧ -❤❡② ❦♥♦✇✱ -❤❡ ♠❡❛- ❝♦✉❧❞ ❤❛✈❡ ♠♦%❡ -❤❛♥ ♦♥❡ ♣✐❡❝❡

♦❢ -♦①✐❝ ♠❡❛- ♦% -❤❡ %❡✇❛%❞, ❝♦✉❧❞ ❝❤❛♥❣❡ ❡✈❡%② ❣❛♠❡ ✭♦% ❡✈❡♥ ❡✈❡%② %♦✉♥❞✮✳ ❙❤❛%❦,

❝❛♥ ♦♥❧② ♦❜,❡%✈❡ -❤❡ ♦✉-❝♦♠❡ ♦❢ -❤❡✐% ❛❝-✐♦♥, ✭-❤%♦✉❣❤ -❤❡ ❡♥❞✲♦❢✲❣❛♠❡ ,❝♦%❡ ●✮✳

❚❤❡ ♠❡-❤♦❞ ♦❢ ❧❡❛%♥✐♥❣ -❤❡② ✉,❡ ✐, %❡✐♥❢♦%❝❡♠❡♥-✲❧❡❛%♥✐♥❣✱ ❛♥❞ ✐- ✐, ♠♦❞❡❧✲❢%❡❡✳ ❚❤❡

❣♦❛❧ ♦❢ -❤✐, ✇♦%❦ ✐, -♦ ,❡❡ ✐❢ ❝♦♠♣❡-✐-✐♦♥ ❢♦% ♠♦%❡ ♣%♦✜-✱ ❧✐❦❡ ✐- %❡❛❧ ✜♥❛♥❝✐❛❧ ♠❛%❦❡-,✱

❞%✐✈❡, ♦✉- ✐♥❢❡%✐♦% ,-%❛-❡❣✐❡, ❛♥❞ ♠❛❦❡, -❤❡ ❜❡,- ✉, ♦✉- ♦❢ -❤❡ ❛✈❛✐❧❛❜❧❡ %❡,♦✉%❝❡,

✭❛❧❧ ❣♦♦❞ ♠❡❛- ✐, ❡❛-❡♥✮✳

❚❤❡ ✐♥-✉✐-✐✈❡ ,♦❧✉-✐♦♥ -♦ ♦✉% ♠♦❞❡❧ ✐, -♦ ❝♦♠♣✉-❡ -❤❡ ❡①♣❡❝-❡❞ ✈❛❧✉❡ ♦❢ ❡❛-✐♥❣

-❤❡ ♥❡①- ♣♦%-✐♦♥ ♦❢ ♠❡❛-✳ ❚❤✐, ❡①♣❡❝-❡❞ ✈❛❧✉❡ ❊ ♦❢ ❡❛-✐♥❣✱ ❝❛❧❝✉❧❛-❡❞ ✐❢ ❛ ,❤❛%❦

❤❛, -❤❡ ❝❤❛♥❝❡ -♦ ❝❤♦♦,❡ -♦ ❡❛-✱ ✉,❡, -❤❡ ♣❛②♦✛ ,-%✉❝-✉%❡ ✭❆ ❣♦♦❞ ♠❡❛-✱ ❩ -♦①✐❝

♠❡❛- ❛♥❞ ❇ ❢♦% ♥♦- ❡❛-✐♥❣✮ ❛♥❞ -❤❡ ♥✉♠❜❡% ✭▲✮ ♦❢ %❡♠❛✐♥✐♥❣ ♣♦%-✐♦♥, ♦❢ ♠❡❛-✳ ❊ ✐,

❝♦♠♣✉-❡❞ ❛, -❤❡ ,✉♠ ♦❢ ❡①♣❡❝-❡❞ ✈❛❧✉❡ ♦❢ ❡❛-✐♥❣ -❤❡ -♦①✐❝ ♣✐❡❝❡ ❛♥❞ -❤❡ ❡①♣❡❝-❡❞

✈❛❧✉❡ ♦❢ ❡❛-✐♥❣ ❛ ❣♦♦❞ ♣♦%-✐♦♥ ❧❡,, -❤❡ ♣❛②♦✛ ❢♦% ♥♦- ❡❛-✐♥❣✳

E =
Z

L
+

((L− 1) ∗A)

L
−B ✭✼✳✺✮

■❢ -❤❡ ❡①♣❡❝-❡❞ ✈❛❧✉❡ ♦❢ ❡❛-✐♥❣

✸

✭❊✮ ✐, ♣♦,✐-✐✈❡ -❤❡♥ -❤❡ ,❤❛%❦ ,❤♦✉❧❞ ❡❛- -❤❡

❝✉%%❡♥- ♣♦%-✐♦♥ ♦❢ ♠❡❛-✱ ♦-❤❡%✇✐,❡ ❤❡ ,❤♦✉❧❞ ❝❤♦♦,❡ ♥♦ -♦ ❡❛-✳ ❚❤❡ ❊ ✈❛❧✉❡ ❝❛♥ ❜❡

❝♦♠♣✉-❡❞ ♦♥❧② ✐❢ ✇❡ ❦♥♦✇ -❤❡ ♣❛②♦✛ ,-%✉❝-✉%❡ ✭❆✱❇✱❩✮✳ ❆, ✐♥ %❡❛❧ ✜♥❛♥❝✐❛❧ ♠❛%❦❡-,✱

-❤❡,❡ ♣❛②♦✛, ❛%❡ ✉♥❦♥♦✇♥ -♦ ,❤❛%❦,✳ ❆ ♣♦✐♥- ❝❛♥ ❜❡ ♠❛❞❡ -❤❛- -❤❡ ♣❛②♦✛ ,-%✉❝-✉%❡

✭-❤❡ ♠♦❞❡❧✮ ❝❛♥ ❜❡ ❧❡❛%♥❡❞ ✇✐-❤ ❛ ❇❛②❡,✐❛♥✲-②♣❡ ♠❡-❤♦❞ ✭O❛②③❛♥✲▲❡◆❡,-♦✉%✱ ✷✵✶✷✮✳

❙✉❝❤ ❛♥ ❛♣♣%♦❛❝❤ ✇♦✉❧❞ ❜❡ ❢❛,- ❜✉- ✐- ✇♦✉❧❞ %❡5✉✐%❡ ❛ ❢♦%♠❛❧ ❞❡,❝%✐♣-✐♦♥ ♦❢ -❤❡

♠♦❞❡❧✳ ❲❤❡♥ -❤❡ ❣❛♠❡ ♠♦❞❡❧ ❝❤❛♥❣❡, ✭❡✳❣✳ ✜♥❛♥❝✐❛❧ ✐♥♥♦✈❛-✐♦♥✮ -❤❡ ,❤❛%❦, ❤❛✈❡

-♦ ❧❡❛%♥ ❛ ♥❡✇ ❞❡,❝%✐♣-✐♦♥ ❛♥❞ ❝❛♥♥♦- ❛❞❛♣- ❜② -❤❡♠,❡❧✈❡,✳

❲❡ ❝❤♦♦,❡ %❡✐♥❢♦%❝❡♠❡♥-✲❧❡❛%♥✐♥❣ ❜❡❝❛✉,❡ ✐- ♠✐♠✐❝, ❜❡--❡% -❤❡ ❝♦♥❞✐-✐♦♥, ♦❢ %❡❛❧

✜♥❛♥❝✐❛❧ ♠❛%❦❡-,✳ ■♥✈❡,-♦%, ❦♥♦✇ -❤❡ ♦✉-❝♦♠❡ ♦❢ -❤❡✐% ❛❝-✐♦♥, ✭%❡-✉%♥,✮ ❛♥❞ ❛❧,♦
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❜② ❛ ♥♦♥✲❡❛ ✐♥❣ 1❤❛)❦✱ ✐♥ ❛ ❣❛♠❡✱ ✇✐❧❧ ❜❡ ♦❢ 3 ∗ B ∗ 50% = 1.5 ❚❤✉1✱ ❛ ♥♦♥✲❡❛ ✐♥❣

1❤❛)❦ ❤❛1  ❤❡ ✐♥❝❡♥ ✐✈❡  ♦ ❝❤♦♦1❡  ❤❡ ❡❛ ✲❛❧❧ )✉❧❡✳ ❲❤❡♥ ❛ 1❤❛)❦ 1✇✐ ❝❤❡1  ♦  ❤❡

❡❛ ✲❛❧❧ )✉❧❡  ✇♦  ❤✐♥❣1 ❤❛♣♣❡♥✿

✶✳ ▼♦)❡ 1❤❛)❦1 ❝♦♠♣❡ ❡ ❢♦) ❡✈❡)② ♣♦) ✐♦♥ ♦❢ ♠❡❛ ✳ ❚❤❡ ❡①♣❡❝ ❡❞ ✈❛❧✉❡ ♦❢  ❤❡

❡❛ ✲❛❧❧ 1❤❛)❦1 ❞❡❝)❡❛1❡1 ✭❜✉ ✐1 1 ✐❧❧ ❜✐❣❣❡)  ❤❛♥  ❤❛  ❤❡ ❡①♣❡❝ ❡❞ ♣❛②♦✛ ♦❢



✼✳✸✳ ❘❡%✉❧(% ✶✽✶

 ❤❡ ♥♦♥✲❡❛ ✐♥❣ )❤❛*❦)✮✳

✷✳ ❇❡❝❛✉)❡  ✇♦ )❤❛*❦) ❝❛♥ ❡❛ ❛ ♣♦* ✐♦♥ ♦❢ ♠❡❛ ✱  ❤❡ ♣*♦❜❛❜✐❧✐ ② ♦❢ ❛ ♥♦♥✲❡❛ ✐♥❣

)❤❛*❦  ♦ ❣❡  ❤❡ ♣❛②♦✛ ❜❡ ✇✐❧❧ ❞*♦♣ ❜❡❧♦✇ ✺✵✪✳ ❚❤❡ ❡①♣❡❝ ❡❞ ✈❛❧✉❡ ♦❢  ❤❡

♥♦♥✲❡❛ ✐♥❣ )❤❛*❦) ✇✐❧❧ ❛❧)♦ ❞*♦♣✳

❚❤❡ ♠♦*❡ )❤❛*❦) )✇✐ ❝❤  ♦ Rule(3, 1)  ❤❡ ♠♦%❡ ❝♦♠♣❡ ✐ ✐♦♥  ❤❡%❡ ✐* ❢♦% ❡❛ ✐♥❣

 ❤❡ ♠❡❛ ✳ ❚❤❡ ♠♦%❡ ❝♦♠♣❡ ✐ ✐♦♥  ❤❡%❡ ✐*  ❤❡ ❧❡** ✐*  ❤❡ ❡①♣❡❝ ❡❞ ♣❛②♦✛✳ ❊✈❡♥ ✉❛❧❧②

 ❤❡ ✐♥✐ ✐❛❧ *✐ ✉❛ ✐♦♥ %❡✈❡%*❡* ❛♥❞ ✾ *❤❛%❦* ✇✐❧❧ ✉*❡ Rule(3, 1) ❛♥❞ ♦♥❧② ♦♥❡ *❤❛%❦

✇✐❧❧ ✉*❡  ❤❡ ♥♦ ✲❡❛ %✉❧❡ Rule(0, ∀)✳ ❲❤❡♥  ❤✐* ❤❛♣♣❡♥*  ❤❡ ❡①♣❡❝ ❡❞ ✈❛❧✉❡ ❢♦% ❛

❡❛ ✲❛❧❧ *❤❛%❦ ✇✐❧❧ ❜❡ *♦ ❧♦✇  ❤❛  ❤❡② ✇✐❧❧ ❛❣❛✐♥ * ❛% ✉*✐♥❣ ♥♦✲❡❛ %✉❧❡*✳ ❲❡ ♦❜*❡%✈❡

✐♥ ❋✐❣✉%❡* ✼✳✺ ❛♥❞ ✼✳✻  ❤❛ ❡✈❡♥ ❛❢ ❡% ❛ ❝♦♥*✐❞❡%❛❜❧❡ ♥✉♠❜❡% ♦❢ %♦✉♥❞* *❤❛%❦* * ✐❧❧

❝❤♦♦*❡✱ ❛* ❛ ❣%♦✉♣✱  ♦ ❡❛ ♥♦ ❤✐♥❣✳

0 1000 2000 3000 4000 5000

0
1

2
3

4

Amount eaten out of 4 pieces

Round

❋✐❣✉%❡ ✼✳✺✿ ❚❡* ✷✳ E♦% ✐♦♥* ♦❢ ♠❡❛ ❡❛ ❡♥

✭✺✵✵✵ %♦✉♥❞*✮

0 5000 15000 25000

0
1

2
3

4

Amount eaten out of 4 pieces

Round

❋✐❣✉%❡ ✼✳✻✿ ❚❡* ✷✳ E♦% ✐♦♥* ♦❢ ♠❡❛ ❡❛ ❡♥

✭✸✵✵✵✵ %♦✉♥❞*✮

❚❤✐* ♣❛②♦✛ * %✉❝ ✉%❡ ❝%❡❛ ❡* ❛♥ ❡♥✈✐%♦♥♠❡♥ ✇✐ ❤ ❛ ♥♦%♠❛ ✐✈❡ ❡J✉✐❧✐❜%✐✉♠ ✭❛❧❧

❣♦♦❞ ♠❡❛ ♣❛% * ❛%❡ ❡❛ ❡♥ ❛♥❞  ❤❡  ♦①✐❝ ♣❛% ❛✈♦✐❞❡❞✮ ❜✉ ✐ ❛❧*♦ ♦✛❡%*  ❤❡ ♣♦**✐❜✐❧✐ ②

❢♦% *❤❛%❦*  ♦ ❞❡♣❛% ❢%♦♠  ❤✐* ❡J✉✐❧✐❜%✐✉♠ ✭✐♥  ❤❡✐% *❡❛%❝❤ ❢♦% ♠♦%❡ ♣%♦✜ ✮✳ ❚❤❡

❛❣❣%❡❣❛ ❡ ♦✉ ❝♦♠❡ ✢✉❝ ✉❛ ❡* ❜❡ ✇❡❡♥ ❡❛ ✐♥❣ ❛❧❧  ❤❡ ♠❡❛ ❛♥❞ ♥♦ ❡❛ ✐♥❣ ❛ ❛❧❧✳ ■♥

 ❤❡✐% *❡❛%❝❤ ❢♦% ❛ ♠❛①✐♠✉♠ ♣❛②♦✛ ✐ ✐* ♣♦**✐❜❧❡  ❤❛ *❤❛%❦* ❧❡❛✈❡ ✉♥ ♦✉❝❤❡❞ ♣♦**✐❜❧❡

♣%♦✜ *✳ ❲❤❡♥  ❤❡② ❛❧❧ ❝❤♦♦*❡ ♥♦  ♦ ❡❛  ❤❡② ❡❛❝❤ ❣❡ ❇ ♣♦✐♥ * ❛♥❞  ❤❡ ✉♥ ♦✉❝❤❡❞

♠❡❛ ✐* ✇♦% ❤ ✸✯❇✳ ❚❤✐* *✐ ✉❛ ✐♦♥ *❤♦✇* ❤♦✇ ❛ ❧♦❝❛❧❧② ♦♣ ✐♠❛❧ *♦❧✉ ✐♦♥ ✭ ❤❡ *❤❛%❦*

❞❡❝✐*✐♦♥ ♥♦  ♦ ❡❛ ✮ ♣%♦❞✉❝❡* ❛♥ ❛❣❣%❡❣❛ ❡ *✉❜♦♣ ✐♠❛❧ *♦❧✉ ✐♦♥ ✭%❡*♦✉%❝❡* ❛%❡ ♥♦ 

✉*❡❞✱ ❛❧❧ ♣✐❡❝❡* ♦❢ ❣♦♦❞ ♠❡❛ ❛%❡ ✉♥ ♦✉❝❤❡❞✮✳

❚❤❡ ❣❛♠❡ ❝②❝❧❡* ❝♦♥ ✐♥✉♦✉*❧② ❜❡ ✇❡❡♥  ❤❡  ✇♦ ❡① %❡♠❡ *✐ ✉❛ ✐♦♥*✿ ❛❧❧ *❤❛%❦*  %②

 ♦ ❡❛ ❡✈❡%② ❤✐♥❣ ❛♥❞ ❛❧❧ *❤❛%❦* ❞♦ ♥♦ ❡❛ ✳ ❚❤❡✐% ❜❡❤❛✈✐♦% ✐* %❛ ✐♦♥❛❧ ❛♥❞ ♣%♦✜ 

❞%✐✈❡♥✳ ❲❡ ❡J✉❛ ❡  ❤✐* ❜❡❤❛✈✐♦%  ♦  ❤❛ ♦❢ ✐♥✈❡* ♦%* ✇❤♦ ♠✐❣%❛ ❡ ❢%♦♠ ❛**❡  ♦ ❛**❡ ✱

♠❛%❦❡  ♦ ♠❛%❦❡ ♦% * %❛ ❡❣②  ♦ * %❛ ❡❣② ✐♥ *❡❛%❝❤ ❢♦% ❤✐❣❤❡% ♣%♦✜ *✳

❲❡ ♥♦✇ ❡① ❡♥❞ ❚❡* ✷ ❛♥❞ ✐♥❝%❡❛*❡  ❤❡ ♣❛②♦✛ ❢♦% ♥♦ ❡❛ ✐♥❣  ♦ ❇❂✷✳ ❚❤❡ ♣❛②♦✛



✶✽✷ ❈❤❛♣'❡) ✼✳ ❚❤❡ -❤❛)❦ ❣❛♠❡✿ ❡2✉✐❧✐❜)✐✉♠ ✇✐'❤ ❜♦✉♥❞❡❞ )❛'✐♦♥❛❧✐'②

❢♦" ♥♦$✲❡❛$✐♥❣ ✐* ♥♦✇ ❤✐❣❤❡" $❤❛♥ $❤❡ ♣❛②♦✛ ❢♦" ❡❛$✐♥❣✳ ▲✐❦❡ ✐♥ $❤❡ ♣"❡✈✐♦✉* $❡*$✱

✐❢ ❛❧❧ $❤❡ *❤❛"❦* ❞❡❝✐❞❡ ♥♦$ $♦ ❡❛$ $❤❡② ❝❛♥ ❛❧❧ ❣❡$ ❇❂✷ ♣♦✐♥$*✳ ❨❡$ ✐❢ ♦♥❡ *❤❛"❦

*✇✐$❝❤❡* $♦ ❡❛$✐♥❣ ❤❡ ✇✐❧❧ "❡❝❡✐✈❡ ❛ ♣❛②♦✛ ♦❢ ✸ ✭❜❡❝❛✉*❡ ❤❡ ✇✐❧❧ ❡❛$ ❜② ❤✐♠*❡❧❢ ❛❧❧ ✸

♣♦"$✐♦♥* ♦❢ ♠❡❛$✮✳ ❚❤❡ ♠❛"❦❡$ ✇✐❧❧ ❝②❝❧❡ ❜❡$✇❡❡♥ ❡❛$✐♥❣ ❛♥❞ ♥♦$ ❡❛$✐♥❣✱ ❜❡$✇❡❡♥

❣❧♦❜❛❧ ♦♣$✐♠❛❧ ❛♥❞ *✉❜♦♣$✐♠❛❧ *$❛$❡*✳ ❚❤✐* ❜❡❤❛✈✐♦" ✐* "❛$✐♦♥❛❧ ❛♥❞ ✐$ ✐* ❞✉❡ $♦ $❤❡

❢❛❝$ $❤❛$ *❤❛"❦* ❜❛*❡ $❤❡✐" ❞❡❝✐*✐♦♥ ♦♥ ❡①♣❡❝$❡❞ ♣❛②♦✛✳ ❊①♣❡❝$❡❞ ♣❛②♦✛* ❞❡♣❡♥❞

♦♥ $❤❡ *$"❛$❡❣✐❡* ❝❤♦*❡♥ ❜② ♦$❤❡" ♣❧❛②❡"*✳ ❚❤❡"❡❢♦"❡✱ ❛ *❤❛"❦✬* ❜❡*$ *$"❛$❡❣② ✐* ✐♣*♦

❢❛❝$✉♠ ❛ ❢✉♥❝$✐♦♥ ♦❢ $❤❡ *$"❛$❡❣② ♦❢ ♦$❤❡" *❤❛"❦*✳

❲✐$❤ ✜♥❛♥❝✐❛❧ ♠❛"❦❡$* ✐♥ ♠✐♥❞✱ ✇❡ ✈✐❡✇ $❤❡ $♦①✐❝ ♣✐❡❝❡ ❛* ❛ ♣"✐❝❡ ❜✉❜❜❧❡✳ ▼♦"❡

❝❧❡❛"❧②✱ ❛ *❤❛"❦ ❡❛$✐♥❣ $❤❡ $♦①✐❝ ♣✐❡❝❡ ✐* *✐♠✐❧❛" $♦ $❤❡ ✬❜✐❣❣❡*$ ❢♦♦❧✬ ✐♥✈❡*$♦"✱ ✇❤♦
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❝✉♠✉❧❛$✐✈❡ ♣❛②♦✛
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❛-❡ ❞❡$❛✐❧❡❞ ✐♥ ❈❤❛♣$❡- ✶✳
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❙$✐❣❧✐$③✱ 0❡❡ ✭●-♦00♠❛♥ ❛♥❞ ❙$✐❣❧✐$③✱ ✶✾✽✵✮✳ ❚❤✐0 ♣-♦♦❢ 0❤♦✇❡❞✱ ✐♥ ❛ ♠❛$❤❡♠❛$✐✲

❝❛❧ ❧❛♥❣✉❛❣❡✱ $❤❛$ ❛ ♠❛-❦❡$ ❝❛♥♥♦$ ❜❡ ✐♥❢♦-♠❛$✐♦♥❛❧ ❡✣❝✐❡♥$✳ ❲❡ ❜❡❧✐❡✈❡ ❛ ❢✉$✉-❡

-❡0❡❛-❝❤ ❞✐-❡❝$✐♦♥ ✐0 $♦ 0$✉❞② ❛♥ ❛❧$❡-♥❛$✐✈❡ -✐0❦ ♠❡❛0✉-❡ ❢♦- ✐♥✈❡0$♠❡♥$ $❤❛$ ✇✐❧❧

-❡♣❧❛❝❡ $❤❡ ❝❧❛00✐❝❛❧ ✈♦❧❛$✐❧✐$② ♠❡❛0✉-❡✳ ❚❤✐0 ♥❡✇ ✐♥✈❡0$♠❡♥$ -✐0❦ ♠❡❛0✉-❡ ✇✐❧❧ ❝♦♥✲

0✐0$ ✐♥ ❛ ❢✉♥❝0✐♦♥ ♦❢ 0❤❡ ❧❡✈❡❧ ♦❢ ❡✣❝✐❡♥❝② ♦❢ ❛ ❝❡-$❛✐♥ $-❛❞❡❞ ❛00❡$✳ ❚❤❡-❡❢♦-❡✱

✐♥0$❡❛❞ ♦❢ ❝♦♠♣✉$✐♥❣ ❛♥ ❡①♣❡❝$❡❞ -❡$✉-♥ ✉0✐♥❣ ✈♦❧❛$✐❧✐$② ❧❡✈❡❧0 ✭♦- ❜❡$❛ ❧❡✈❡❧0✮ ✇❡

✇✐❧❧ ✉0❡ $❤❡ ❧❡✈❡❧ ♦❢ ❡✣❝✐❡♥❝② ♦❢ ❛ ♠❛-❦❡$✿

✶✳ ❚❤❡ ♠♦-❡ ❡✣❝✐❡♥$ ❛ ♠❛-❦❡$ ✐0 $❤❡ ❧❡00 ❝❤❛♥❝❡0 ✇❡ ❤❛✈❡ $♦ ❡❛-♥ ❛♥ ❡①❝❡00 -❡$✉-♥

✭$♦ $❤❡ ❢✉♥❞❛♠❡♥$❛❧ -❡$✉-♥ ♦❢ $❤❡ ❛00❡$✮ ❜❡❝❛✉0❡ ♣-✐❝❡0 ❛-❡ ❝❧♦0❡❧② $✐❡❞ $♦ $❤❡

❢✉♥❞❛♠❡♥$❛❧ -❡❛❧✐$② ♦❢ $❤❡ ❛00❡$

✷✳ ❚❤❡ ❧❡00 ❡✣❝✐❡♥$ ❛ ♠❛-❦❡$ ✐0 $❤❡ ♠♦-❡ ♣♦00✐❜❧❡ ✐$ ✐0 $♦ ♠❛❦❡ ❡①❝❡00 -❡$✉-♥0

✭-❡❧❛$✐✈❡ $♦ $❤❡ ❢✉♥❞❛♠❡♥$❛❧ -❡$✉-♥0 ♦❢ ❛♥ ❛00❡$✮ ❜❡❝❛✉0❡ ♣-✐❝❡0 ✇✐❧❧ ✈❛-② ❞❡✲

♣❡♥❞✐♥❣ ♦♥ ✐♥✈❡0$♦- ❜✐❛0❡0✱ ♠❡♥$❛❧✐$② ♦- ❝-♦✇❞ ♣0②❝❤♦❧♦❣②✳



✶✾✷ ❈❤❛♣'❡) ✽✳ ❈♦♥❝❧✉1✐♦♥1

❚❤❡#❡ $❡#✉❧'# ❛❞❞ ✉♣ '♦ ❛ ✉♥✐❢②✐♥❣ ❣❡♥❡$❛❧ '❤❡♦$② ❛❜♦✉' ✜♥❛♥❝✐❛❧ ♠❛$❦❡'# '❤❛'

✇❡ ❝❛❧❧ ✬ ♦♠❡$✐♠❡ ❡✣❝✐❡♥$ ♠❛*❦❡$ ✬✳ ❋✐♥❛♥❝✐❛❧ ♠❛$❦❡'# ❝♦♥#'❛♥'❧② ♠♦✈❡ ❜❡'✇❡❡♥

❛♥ ✉♥#'❛❜❧❡ ❡✣❝✐❡♥' #'❛'❡ ❛♥❞ ❛♥ ❧❛$❣❡ ♥✉♠❜❡$ ♦❢ ✐♥❡✣❝✐❡♥' #'❛'❡# ✭♣♦#✐'✐✈❡✴♥❡❣❛✲

'✐✈❡ ❜✉❜❜❧❡#✱ ❤✐❣❤✴❧♦✇ ✈♦❧❛'✐❧✐'② ♣❡$✐♦❞#✱ ❡'❝✮✳ ❚❤✐# ♣❡$♣❡'✉❛❧ '$❛♥#✐'✐♦♥ ✐# ❞✉❡ '♦

✐♥✈❡#'♦$# '❤❛' ♦❜#❡$✈❡ ❞✐♠✐♥✐#❤✐♥❣ $❡'✉$♥# ♦♥ '❤❡✐$ #'$❛'❡❣✐❡# ❛♥❞ ❝❤♦♦#❡ '♦ ✐♠✐'❛'❡

✭♦$ ✐♥♥♦✈❛'❡✮ '❤❡ ❜❡''❡$✲♣❡$❢♦$♠✐♥❣ #'$❛'❡❣✐❡# ♦❢ ♦'❤❡$ ✐♥✈❡#'♦$#

✺

✳ ❲❤❡♥ ❛ ♠❛$❦❡'

✐# ❡✣❝✐❡♥' ♠♦#' ♦❢ '❤❡ ✐♥✈❡#'♦$# ✉#❡ ❛ ❢✉♥❞❛♠❡♥'❛❧ ❜❛#❡❞ ✐♥❢♦$♠❡❞ #'$❛'❡❣② ❛♥❞

✇❤❡♥ ❛ ♠❛$❦❡' ✐# ✐♥❡✣❝✐❡♥' ✐♥✈❡#'♦$# ❤❛✈❡ ❛ ✈❛$✐❡'② ♦❢ ❝♦♠♣❡'✐♥❣ #'$❛'❡❣✐❡# ✭❛♥❞

❢✉♥❞❛♠❡♥'❛❧ ✐♥❢♦$♠❛'✐♦♥ ✐# #❝❛$❝❡❧② ✉#❡❞✮✳ ❚❤❡$❡❢♦$❡✱ ✇❤❡♥ ♠❛$❦❡'# ❛$❡ ❡✣❝✐❡♥'

✐' ❝❛♥ ❜❡ ♠♦$❡ ♣$♦✜'❛❜❧❡ '♦ ❡✐'❤❡$ ❡①✐' '❤❛' ♠❛$❦❡' ♦$ ❡♥❣❛❣❡ ✐♥ ♥♦♥✲❢✉♥❞❛♠❡♥'❛❧

#'$❛'❡❣✐❡# ✭❧✐❦❡ '❤❡ ❝❛#❡ ♦❢ ♦✉$ ❙■❚❍ ✐♥✈❡#'♦$#✮✳ ❱✐❝❡✲✈❡$#❛✱ ✐♥ ❛♥ ✐♥❡✣❝✐❡♥' ♠❛$❦❡'

✐' ♠❛② ❜❡ ♣$♦✜'❛❜❧❡ '♦ ❛❞♦♣' ❛ ❢✉♥❞❛♠❡♥'❛❧ #'$❛'❡❣②✳

▼❡❛#✉$✐♥❣ ❞✐$❡❝'❧② '❤❡ ❧❡✈❡❧ ♦❢ ✬❡✣❝✐❡♥❝②✬ ♦❢ ❛ ♠❛$❦❡' ✐# ♥♦' #✐♠♣❧❡ ❜❡❝❛✉#❡ ✇❡

❞♦ ♥♦' ❤❛✈❡ ❣♦♦❞ ♠♦❞❡❧# ❢♦$ '❤❡ ❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡ ♦❢ $❡❛❧ ❛##❡'#✳ ■♥#'❡❛❞✱ ✉#✐♥❣ '❤❡

$❡#✉❧'# ❢$♦♠ ♦✉$ #✐♠✉❧❛'✐♦♥✱ ✇❡ ❝❛♥ ❡♥✈✐#✐♦♥ ♠❡'❤♦❞# ❢♦$ ❞❡'❡$♠✐♥✐♥❣ '❤❡ $❡❧❛'✐✈❡

#'$❡♥❣'❤# ♦❢ ❞✐✛❡$❡♥' ✐♥✈❡#'♦$ #'$❛'❡❣② '②♣❡# ✐♥ ❛ ♠❛$❦❡' ✭✐♥❢♦$♠❡❞✱ ♥♦'✲✐♥❢♦$♠❡❞✱

'$❡♥❞ ❢♦❧❧♦✇✐♥❣ ❡'❝✳✮ ✐♥ ♦$❞❡$ '♦ ❦♥♦✇ ✐❢ ❛ ♠❛$❦❡' ✐# ❛♣♣$♦❛❝❤✐♥❣ ♦$ ❞✐#'❛♥❝✐♥❣ ✐'#❡❧❢

❢$♦♠ ❛♥ ❡✣❝✐❡♥' #'❛'❡✳

✺

❆ !✉❜✜❡❧❞ ✐♥ ❣❛♠❡ -❤❡♦0②✱ ❝❛❧❧❡❞ ♠✐♥♦0✐-② ❣❛♠❡!✱ ♦✛❡0! ❣♦♦❞ ♠♦❞❡❧! ♦❢ ❣❛♠❡! ✇❤❡0❡ -❤❡

♠✐♥♦0✐-② !-0❛-❡❣✐❡! ✇✐♥!✳ ❲❡ 0❡❢❡0 ②♦✉ -♦ ✭❇0❛♥❞♦✉②✱ ✷✵✵✺❜✮✱ ✭▼♦0♦✱ ✷✵✵✹✮ ♦0 ✭❙-❛♥❝✐✉✲❱✐③✐-❡✉✱

✷✵✶✸✮ ❢♦0 ❡①❛♠♣❧❡! ❛♥❞ 0❡✈✐❡✇!✳



▲✐"# ♦❢ ❋✐❣✉)❡"

✷✳✶ ●❧♦❜❛❧ ✈✐❡✇ ♦❢ ♠❡.❤♦❞♦❧♦❣② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✸✳✶ ●❧♦❜❛❧ ✈✐❡✇ ♦❢ ♠❡.❤♦❞♦❧♦❣② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✸✳✷ ❊5.✐♠❛.✐♦♥ ♦❢ ❝♦88❡❝. ✐♥❢♦8♠❛.✐♦♥ ✇✐.❤ ❝❡♥.8❛❧ ❧✐♠✐. .❤❡♦8② ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✸✳✸ ❚8❛♥5❢♦8♠❛.✐♦♥ ♦❢ ✐♥❢♦8♠❛.✐♦♥ ✐♥.♦ ♠❛8❦❡. ♣8✐❝❡5 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✸✳✹ ✭❜❧❛❝❦✮ ❉✐5.8✐❜✉.✐♦♥ ♦❢ ❈❆❈✹✵ 8❡.✉8♥5✱ ✭❣8❡❡♥✮ ◆♦8♠❛❧ ❞✐5.8✐❜✉.✐♦♥ ✳ ✹✸

✸✳✺ ❆✉.♦❝♦88❡❧♦❣8❛♠ ♦❢ ❛❜5♦❧✉.❡ ❈❆❈✹✵ 8❡.✉8♥5 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✸✳✻ ❯❙ 8❡5✐❞❡♥.✐❛❧ 8❡❛❧✲❡5.❛.❡ ♣8✐❝❡ ✐♥❞❡① ✭❙♦✉8❝❡✿ ❙✫O ❈❛5❡✲❙❤✐❧❧❡8

❍♦♠❡ O8✐❝❡ ■♥❞✐❝❡5✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✸✳✼ ■♥ ✷✺✵ ❞❛②5 .✐♠❡✲♣❡8✐♦❞5✿ ✭❛❜♦✈❡✮ ❱♦❧❛.✐❧✐.② ♦❢ 8❡.✉8♥5 ♦❢ .❤❡ ❈❆❈✹✵✱

✭❜❡❧♦✇✮ ❙✐❣♥❛❧ .♦ ◆♦✐5❡ ❘❛.✐♦ ♦❢ ❈❆❈✹✵ 8❡.✉8♥5 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✹✳✶ ❘❡♣8❡5❡♥.❛.✐♦♥ ♦❢ ❣❡♥❡8✐❝ ❝♦♠♣❧❡① 5②5.❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✹✳✷ ✭❆✮ ❈❡♥.8❛❧✐③❡❞ ✭❇✮ ❙❝❛❧❡✲❢8❡❡ ✭❈✮ ❈❧♦5❡❧② ❞✐5.8✐❜✉.❡❞ ✲ ●8❛♣❤5 ✇✐.❤

❞✐✛❡8❡♥. .♦♣♦❧♦❣✐❡5 ♦❢ ❝♦♥♥❡❝.✐♦♥5 ❜❡.✇❡❡♥ ❞✐✛❡8❡♥. ❡♥.✐.✐❡5 ♦❢ ❛ 5②5.❡♠ ✺✼

✹✳✸ ❙✐♠✉❧❛.✐♦♥ ♦❢ .❤❡ ✢♦✇ ♦❢ ♣❡♦♣❧❡ ❡✈❛❝✉❛.✐♥❣ ❛ ❜✉✐❧❞✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✹✳✹ ❋✐❣✉8❡ ❢8♦♠ ✭▲❡✈② ❡. ❛❧✳✱ ✷✵✵✵✮✱ ❝❤❛♣.❡8 ✼ ♣❛❣❡ ✶✻✷✱ 5❤♦✇✐♥❣ .❤❡

♠❛8❦❡. ❣❡♥❡8❛.❡❞ ♣8✐❝❡ ✇✐.❤ ✾✺✪ 8❛.✐♦♥❛❧ ✐♥✈❡5.♦85 ❛♥❞ ✺✪ ✧❡✣❝✐❡♥.

♠❛8❦❡. ❜❡❧✐❡✈❡85✧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✺✳✶ ❋❧♦✇ ♦❢ ✐♥❢♦8♠❛.✐♦♥ ✐♥5✐❞❡ .❤❡ ▲❯▼❆ 5✐♠✉❧❛.♦8 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵
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✻✳✶✾ ❙✐♠✉❧❛(✐♦♥ ✇✐(❤ .❛(✐♦♥❛❧ ✐♥✈❡+(♦.+✱ ❜✐❛+❡❞ ❛♥❞ ♥♦( ❜✐❛+❡❞ ✭✇❤✐❝❤ ❛.❡

❞♦♠✐♥❛♥(✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✵

✻✳✷✵ ❙❤❛.♣❡ .❛(✐♦+ ❢♦. (❡+( ✶✵ ❛✮ ✭❜✐❛+❡❞ ✐♥✈❡+(♦.+ ❞♦♠✐♥❛(❡❞✮ ✇❤❡♥ ✐♥✲

✈❡+(♦.+ ❛.❡ ❛♥❞ ✐♥✈❡+(♦.+ ❤❛✈❡ rmin = 0% ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✹

✻✳✷✶ ❙✉♠♠❛.② +(❛(✐+(✐❝+ ❢♦. (❡+( ✶✵ ❜✮ ✲ ♣❡.❢❡❝(❧② ✐♥❢♦.♠❡❞ ✐♥✈❡+(♦.+ ❞♦♠✐♥❛(❡✶✺✹

✻✳✷✷ ❚❡+( ✶✶ ✲ ❙✐♠✉❧❛(✐♦♥ ♦❢ ❛ ♠❛.❦❡( ❞♦♠✐♥❛(❡❞ ❜② ❝❤❛.(✐+( (.❛❞❡.+ ❛♥❞

✇✐(❤ ♣❡.❢❡❝(❧② ✐♥❢♦.♠❡❞ (.❛❞❡.+ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻

✻✳✷✸ ❙✉♠♠❛.② +(❛(✐+(✐❝+ ❢♦. ♠✉❧(✐♣❧❡ .✉♥+ ♦❢ ❚❡+( ✶✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✾

✻✳✷✹ ❚❡+( ✶✷ ✲ ❙✐♠✉❧❛(✐♦♥ ✇✐(❤ .❛(✐♦♥❛❧ ✐♥✈❡+(♦.+✱ ❜✐❛+❡❞ ✭❞♦♠✐♥❛♥(✮✱ ♥♦(

❜✐❛+❡❞ ♣❡.❢❡❝(❧② ✐♥❢♦.♠❡❞ ✐♥✈❡+(♦.+ ✭●❖❉✮ ❛♥❞ ❛❧+♦ ✇✐(❤ ❙■❚❍ ✐♥✲

✈❡+(♦.+✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✷

✻✳✷✺ ❙✉♠♠❛.② +(❛(✐+(✐❝+ ❢♦. ❚❡+( ✶✷ ✇✐(❤ ❞♦♠✐♥❛(✐♥❣ ❜✐❛+❡❞ ✐♥✈❡+(♦.+ ✳ ✳ ✳ ✶✻✹

✻✳✷✻ ❚❡+( ✶✸ ✲ +✐♠✉❧❛(✐♦♥ ✇✐(❤ .❛(✐♦♥❛❧ ✐♥✈❡+(♦.+✱ ❜✐❛+❡❞✱ ♥♦( ❜✐❛+❡❞ ♣❡.✲

❢❡❝(❧② ✐♥❢♦.♠❡❞ ✐♥✈❡+(♦.+ ✭●❖❉ ♦. ❨♦❞❛ ✐♥✈❡+(♦.+✮✱ ❙■❚❍ ✐♥✈❡+(♦.+

❛♥❞ ❛ ❞♦♠✐♥❛♥( ♣.♦♣♦.(✐♦♥ ♦❢ ❝❤❛.(✐+( ✐♥✈❡+(♦.+ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✺

✻✳✷✼ ❙✉♠♠❛.② +(❛(✐+(✐❝+ ❢♦. ❚❡+( ✶✸ +✐♠✉❧❛(✐♦♥+ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✾

✼✳✶ ❙❤❛.❦ .❡✇❛.❞ +(.✉❝(✉.❡ ❢♦. ❡✈❡.② .♦✉♥❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✼

✼✳✷ ❚❡+( ✶✳ ❈♦♥(❡①( ❛♥❞ ♣❛②♦✛ +(.✉❝(✉.❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✾

✼✳✸ ❚❡+( ✹✳ ❈♦♥(❡①( ❛♥❞ ♣❛②♦✛ +(.✉❝(✉.❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✷
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❆✳✶ ❆#❡ ✜♥❛♥❝✐❛❧ ♠❛#❦❡-. ❡-❤✐❝❛❧❧② ❡✣❝✐❡♥-❄

■♥ "❤✐% ❛'"✐❝❧❡ ■ ✇✐❧❧ %❤❛'❡ ✇✐"❤ ②♦✉ ♠② "❤♦✉❣❤"% ❛❜♦✉" ❡"❤✐❝% ✐♥ ✜♥❛♥❝❡✳ ▼② ❛✐♠

✐% "♦ %❤♦✇ "❤❛"✱ ❢♦'"✉♥❛"❡❧②✱ "❤❡ ✇♦'❧❞ ♦❢ ✜♥❛♥❝❡ ❤❛% %♦♠❡ ✐♥"❡'♥❛❧ ♠❡❝❤❛♥✐%♠% ❢♦'

❜❡❝♦♠✐♥❣ ♠♦'❡ ✧❡"❤✐❝❛❧✱✧ ❥✉%" ❧✐❦❡ ❛ ❧✐✈✐♥❣ ♦'❣❛♥✐%♠ ❤❛% "❤❡ ❝❛♣❛❝✐"② "♦ ❡✈♦❧✈❡ ❛♥❞

❛❞❛♣"✳ ❚♦ %"❛'" ✇✐"❤ ■ ✇♦✉❧❞ ❧✐❦❡ "♦ ❝❤❛❧❧❡♥❣❡ ②♦✉✱ "❤❡ '❡❛❞❡'✱ "♦ ❛ ♠❡♥"❛❧ ❡①❡'✲

❝✐%❡✿ ✧■♠❛❣✐♥❡ ❛ ✇♦'❧❞ ✇❤❡'❡ ❛❧❧ ✜♥❛♥❝❡ ♣'♦❢❡%%✐♦♥❛❧% ❛'❡ ✶✵✵✪ ❡"❤✐❝❛❧ ❛♥❞ ❤✐❣❤❧②

D✉❛❧✐✜❡❞✧✳ ❲❤❛" ♥❡①"❄ ❲✐❧❧ ♠❛'❦❡"% ❜❡ %❛❢❡'❄ ❲✐❧❧ ❝'✐%❡% ❞✐%❛♣♣❡❛'❄ ▲❡"✬% ❡①♣❧♦'❡

"❤❡ ❛♥%✇❡'% "♦❣❡"❤❡'✳ ❚❤❡ %✉❜♣'✐♠❡ ❝'✐%✐% ❛✛❡❝"❡❞ "❤❡ ❣❧♦❜❛❧ ✜♥❛♥❝✐❛❧ %②%"❡♠✳ ■"%

❡✛❡❝"% ❤❛✈❡ ❛❧%♦ ❜❡❡♥ ✈✐%✐❜❧❡ ✐♥ ♠❛♥② ✇♦'❧❞ ❡❝♦♥♦♠✐❡%✳✳✳✳✳✳ ❲❤♦ ✐% ❜❡✐♥❣ ❜❧❛♠❡❞✿

"❤❡ ♠❛'❦❡"✱ ✜♥❛♥❝✐❛❧ ❝♦♥%✉❧"❛♥"%✱ ▼❛❞♦✛✱ ❊♥'♦♥✱ ❣❧♦❜❛❧ ✐♥✈❛❞❡'% ❛♥❞ ♦"❤❡' ❝♦♠♠♦♥

✜♥❛♥❝✐❛❧ %❝❛♣❡❣♦❛"%❄

❉♦❡% "❤✐% %♦✉♥❞ ❢❛♠✐❧✐❛'❄ ❊✈❡'② "✐♠❡ %♦♠❡"❤✐♥❣ ❜❛❞ ❤❛♣♣❡♥% ✐♥ ✜♥❛♥❝✐❛❧ ♠❛'✲

❦❡"%✱ ✧✐♥✈❡%"♦'%✧ ❧♦%❡ ❝♦♥✜❞❡♥❝❡ ✐♥ ♠❛'❦❡"% ❛♥❞ "❤❡② %"❛'" ❜❧❛♠✐♥❣ ♦"❤❡'% ✭❡%♣❡❝✐❛❧❧②

✜♥❛♥❝❡ ♣'♦❢❡%%✐♦♥❛❧%✮✳ ❚❤✐% ♥❛"✉'❛❧ ❞❡❢❡♥❝❡ ♠❡❝❤❛♥✐%♠ "❤❡♥ ♠♦"✐✈❛"❡% '❡❣✉❧❛"♦'②

❜♦❞✐❡% "♦ %"❛'" "❛❦✐♥❣ ♥❡✇ ❛❝"✐♦♥% ❧✐❦❡ ❝'❡❛"✐♥❣ "✐❣❤"❡' '❡❣✉❧❛"✐♦♥%✱ ♠♦'❡ "'❛♥%✲

♣❛'❡♥❝②✱ ❜❡""❡' ❡"❤✐❝❛❧ ❝♦❞❡% ♦' ♦"❤❡' ♥❡✇ ♠❡❛%✉'❡% "♦ ❤❡❧♣ ♣'♦"❡❝" "❤❡ ✇❡❛❦ ❛♥❞

❡①♣♦%❡❞ ✐♥✈❡%"♦'✳

❚❤✐% ❧✐♥❡ ♦❢ "❤♦✉❣❤" ✐% ♥♦" ❡♥"✐'❡❧② ❝♦♠♣❧❡"❡✱ ❜❡❝❛✉%❡ ✇❤❛" ✇❡ ❞♦♥✬" ❤❡❛' ✐% "❤❛"

✐♥✈❡%"♦'% "❤❡♠%❡❧✈❡% ❛'❡ ❛♠♦♥❣ "❤❡ ♠❛✐♥ ❝❛✉%❡% ♦❢ ♣'✐❝❡ ❜✉❜❜❧❡% ❛♥❞ "❤❡ ❡♥%✉✐♥❣

❝'✐%❡%✳ ■ %"'♦♥❣❧② ❜❡❧✐❡✈❡ "❤❛" ❡✈❡♥ ✐❢ ❛❧❧ ✜♥❛♥❝✐❛❧ ♣'♦❢❡%%✐♦♥❛❧% ✇❡'❡ ✧✶✵✵✪ ❡"❤✐❝❛❧✧

❛♥❞ ❤✐❣❤❧② D✉❛❧✐✜❡❞✱ ♣'✐❝❡ ❜✉❜❜❧❡% ❛♥❞ ❝'❛%❤❡% ✇♦✉❧❞ %"✐❧❧ ❤❛♣♣❡♥ ❛♥❞ ✐" ✇♦✉❧❞ ❜❡

❡♥"✐'❡❧② "❤❡ ❢❛✉❧" ♦❢ ✐♥✈❡%"♦'%✳ ▲❡" ♠❡ ❡①♣❧❛✐♥ ✇❤② "❤✐% ✐% "'✉❡✳

■♠❛❣✐♥❡ "✇♦ ✐♥"❡❧❧✐❣❡♥" ♣♦'"❢♦❧✐♦ ♠❛♥❛❣❡'%✱ N✐❡''❡ ❛♥❞ ❏♦❤♥✳ ❚❤❡② ❜♦"❤ ❢♦❧❧♦✇ ❛

❤✐❣❤❧② '❡❣❛'❞❡❞ ❝♦❞❡ ♦❢ ❡"❤✐❝% ❛♥❞ ❤❛✈❡ %"'♦♥❣ ♣'♦❢❡%%✐♦♥❛❧ D✉❛❧✐✜❝❛"✐♦♥%✳ ■♥ ✷✵✵✼✱

N✐❡''❡ ❛♥❞ ❏♦❤♥ ❤❛❞ "❤❡ ♦♣♣♦'"✉♥✐"② "♦ ✐♥✈❡%" ✐♥ ❛ ♥❡✇ ✜♥❛♥❝✐❛❧ ♣'♦❞✉❝" ❝❛❧❧❡❞

❈❉❖ ✭❝♦❧❧❛"❡'❛❧✐③❡❞ ❞❡❜" ♦❜❧✐❣❛"✐♦♥✮✳ ❚♦ ♠❛❦❡ ❛ ❣♦♦❞ ✐♥✈❡%"✐♥❣ ❞❡❝✐%✐♦♥ ✭❜♦"❤

❡"❤✐❝❛❧ ❛♥❞ ✐♥ ❛❝❝♦'❞❛♥❝❡ ✇✐"❤ "❤❡✐' ❝❧✐❡♥"✬% ♦❜❥❡❝"✐✈❡%✮ "❤❡ "✇♦ ♠❛♥❛❣❡'% ❡♥❣❛❣❡❞

✐♥ ❛ ❞✉❡ ❞✐❧✐❣❡♥❝❡ ♣'♦❝❡%% ✉%✐♥❣ "❤❡ ❜❡%" ♦❢ "❤❡✐' ❦♥♦✇❧❡❞❣❡ ❛♥❞ %❦✐❧❧%✳ ❏♦❤♥ ❛''✐✈❡❞

❛" "❤❡ ❝♦♥❝❧✉%✐♦♥ "❤❛" ✐♥✈❡%"✐♥❣ ✐♥ ❈❉❖% ❝♦✉❧❞ ♦✛❡' ❛ ❣♦♦❞ '❡"✉'♥ ❛♥❞ ❛♥ ❛❝❝❡♣"❛❜❧❡

❧❡✈❡❧ ♦❢ '✐%❦ ❢♦' ❤✐% ❝❧✐❡♥"% ✭❣✐✈❡♥ ❤✐% '❡%❡❛'❝❤ ❛♥❞ ❛❧%♦ "❤❡ ❣♦♦❞ '❛"✐♥❣% ❞✐%♣❧❛②❡❞

❜② ✇✐❞❡❧②✲❛❝❝❡♣"❡❞ '❛"✐♥❣ ❛❣❡♥❝✐❡%✮✳ ❙♦ ❏♦❤♥ ❜♦✉❣❤" "❤❡%❡ ♣'♦❞✉❝"%✳ ▲✐❦❡ ❏♦❤♥✱

N✐❡''❡ "'✐❡❞ "♦ ✉♥❞❡'%"❛♥❞✱ ❛% ❜❡%" ❤❡ ❝♦✉❧❞✱ "❤❡%❡ ✜♥❛♥❝✐❛❧ ♣'♦❞✉❝"% ②❡" ❤❡ ❝♦✉❧❞

♥♦" ❛''✐✈❡ ❛" ❛♥ ❛❝❝❡♣"❛❜❧❡ ❝♦♥❝❧✉%✐♦♥ ❛❜♦✉" "❤❡✐' '✐%❦ ❛♥❞ '❡"✉'♥ ♣'♦✜❧❡%✳ ❇❡✐♥❣
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❡/❤✐❝(✳
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❝♦♠♣❛♥✐❡(✱ ♣'♦❢❡((✐♦♥❛❧ ❛((♦❝✐❛/✐♦♥( ❛♥❞ ❡✈❡♥ ❡❞✉❝❛/✐♦♥❛❧ ✐♥(/✐/✉/✐♦♥(✳ ❚❤❡(❡ ❝♦❞❡(

❛'❡ ♠♦(/ ♦❢/❡♥ ❛ ✈❡'② ❞❡/❛✐❧❡❞ ❧✐(/ ♦❢ /❤✐♥❣( /♦ ❞♦ ✭❣♦♦❞ /❤✐♥❣(✮ ❛♥❞ /❤✐♥❣( ♥♦/ /♦

❞♦ ✭❜❛❞ /❤✐♥❣(✮ ✇❤✐❧(/ ❡①❡'❝✐(✐♥❣ ❛ ✜♥❛♥❝❡ '❡❧❛/❡❞ ❢✉♥❝/✐♦♥✳ ❲✐/❤ ❛ ❢❡✇ ❡①❝❡♣/✐♦♥(

✭❞✉❡ /♦ /❤❡ ❝♦♠♣❧❡①✐/② ♦❢ ✜♥❛♥❝✐❛❧ ❞❡❛❧✐♥❣(✮ ♠♦(/ ♦❢ /❤❡ ❞♦✬( ❛♥❞ ❞♦♥✬/( ✐♥ ✜♥❛♥❝❡

❝❛♥✱ ✐♥ ♠② ✈✐❡✇✱ ❜❡ (✉♠♠❛'✐③❡❞ ✐♥ ♦♥❡ (✐♠♣❧❡ ♣❤'❛(❡✿ ✧❉♦♥✬/ ❞♦ /❤✐♥❣( /♦ ♦/❤❡'(

/❤❛/ ②♦✉ ✇♦✉❧❞ ♥♦/ ❧✐❦❡ /♦ ❤❛✈❡ ❞♦♥❡ /♦ ②♦✉✦✧ ■ ❜❡❧✐❡✈❡ /❤❛/ /❤✐( (✐♠♣❧✐✜❝❛/✐♦♥ ✐(

♣♦((✐❜❧❡ ❜❡❝❛✉(❡ ♠♦(/ ❡/❤✐❝❛❧ ❣✉✐❞❡❧✐♥❡( ❛'❡ ♣❡'❝❡✐✈❡❞ ✐♥/✉✐/✐✈❡❧② ❛( ❜❡✐♥❣ ❝♦''❡❝/✳

❙❛✐❞ ♦/❤❡'✇✐(❡✱ ❛❧❧ ♣'♦❢❡((✐♦♥❛❧( ❦♥♦✇ /❤❛/ ✐/ ✐( ✇'♦♥❣ /♦ ❞♦ /❤✐♥❣( ❧✐❦❡ ❣✐✈❡ ❢❛❧(❡

✐♥/❡'♣'❡/❛/✐♦♥ ♦❢ ✐♥❢♦'♠❛/✐♦♥ ♦' ♠✐(❧❡❛❞ ❝❧✐❡♥/( ✐♥/♦ /❛❦✐♥❣ ❛❝/✐♦♥( /❤❛/ ❣♦ ❛❣❛✐♥(/

/❤❡✐' ❜❡(/ ✐♥/❡'❡(/(✳ ◆❡✈❡'/❤❡❧❡((✱ /❤❡'❡ ❛'❡ ♣'♦❢❡((✐♦♥❛❧( /❤❛/ ❜❡♥❞ /❤✐( (✐♠♣❧❡ '✉❧❡✳

❙♦❝✐❡/②✬( '❡❛❝/✐♦♥ /♦ /❤❡(❡ ♠✐(❞❡❡❞( ✐( (✐♠♣❧❡ ❛♥❞ (/'❛✐❣❤/❢♦'✇❛'❞✿ (♦♠❡ '❡❝❡✐✈❡ ✜♥❡(

❛♥❞ ♣❡♥❛❧/✐❡( ♦' ❧♦(❡ /❤❡✐' ❥♦❜( ♦' ❢❛❝❡ ❥✉(/✐❝❡✳ ❨❡/✱ ✉♥❡/❤✐❝❛❧ ❜❡❤❛✈✐♦' ✐( ❛ (♣❡❝✐❛❧

❦✐♥❞ ♦❢ ♠✐(❞❡❡❞ '❡O✉✐'✐♥❣ ❛ ❧❛'❣❡' ❛♥❞ ♠♦'❡ ❣❧♦❜❛❧ '❡❛❝/✐♦♥ /♦ ❧✐♠✐/ /❤❡ ♣♦/❡♥/✐❛❧

❢♦' ❢✉/✉'❡ ❛❜✉(❡✳ ■ ❜❡❧✐❡✈❡ /❤❛/ ❦♥♦✇✐♥❣ /❤❡ ❝❛✉(❡( ♦❢ /❤❡(❡ ❛❝/( ❝❛♥ ❣'❡❛/❧② ✐♠♣'♦✈❡

❢✉/✉'❡ ❡/❤✐❝❛❧ ❞❡✈❡❧♦♣♠❡♥/(✳

❲❤② ❞♦ ✜♥❛♥❝❡ ♣'♦❢❡((✐♦♥❛❧( ❡♥❣❛❣❡ ✐♥ ✉♥❡/❤✐❝❛❧ ❜❡❤❛✈✐♦'❄ ▲❡❛✈✐♥❣ ❛(✐❞❡ ♦❜✲

✈✐♦✉( ❛♥(✇❡'(✱ ❧✐❦❡ ✧/❤❡② ❛'❡ ❜❛❞ ❛♥❞ ❣'❡❡❞②✧✱ ■ ❜❡❧✐❡✈❡ /❤❛/ /❤❡ ✜❡❧❞ ♦❢ ✜♥❛♥❝❡

♣'♦✈✐❞❡( ❛ (♣❡❝✐❛❧ ❝♦♥/❡①/ ❢♦' /❤❡ ❛♣♣❧✐❝❛/✐♦♥ ♦❢ ❡/❤✐❝( ❜❡❝❛✉(❡ ♦❢ /❤❡ ✐♥/❡'(❡❝/✐♦♥

♦❢ /✇♦ ✉♥✐O✉❡ ❝♦♥❞✐/✐♦♥(✳ ❊/❤✐❝❛❧ ❝♦❞❡( ✐♠♣♦(❡ ❛ ♠♦'❛❧ ✇❛② ♦❢ /❤✐♥❦✐♥❣ /❤❛/ ✐( ✐♥

❝♦♥/'❛❞✐❝/✐♦♥ ✇✐/❤ /❤❡ ❢♦'✲♣'♦✜/ ♠✐♥❞ (❡/ ♦❢ ❛❧❧ ✜♥❛♥❝❡ ♣'♦❢❡((✐♦♥❛❧(✳ ❚❤❡ (❡❝♦♥❞

✉♥✐O✉❡ ❝♦♥❞✐/✐♦♥ ✐( /❤❡ ❞✐✣❝✉❧/② ✭❛♥❞ (♦♠❡/✐♠❡( ✐♠♣♦((✐❜✐❧✐/②✮ ♦❢ ♦❜(❡'✈✐♥❣ /❤❡

❝❛✉(❛❧ ❧✐♥❦ ❜❡/✇❡❡♥ ♦♥❡✬( ❛❝/✐♦♥( ❛♥❞ /❤❡✐' ❝♦♥(❡O✉❡♥❝❡(✳

❊/❤✐❝( ✐♥✈♦❧✈❡( /❤✐♥❦✐♥❣ ❛♥❞ ❛❝/✐♥❣ ✐♥ ❛♥ ❡♠♣❛/❤❡/✐❝ ✇❛②✳ ■♥ ♣'❛❝/✐❝❡✱ ❡/❤✐❝( ✐♥✲

✈♦❧✈❡( ❧❡//✐♥❣ ❣♦ ♦❢ (♦♠❡ ❜❡♥❡✜/( ✭♦' ♦♣♣♦'/✉♥✐/✐❡(✮ /♦ ❤❡❧♣ ✭♦' ♥♦/ ❤✉'/✮ ♦/❤❡'(✳ ■♥

/♦/❛❧ ♦♣♣♦(✐/✐♦♥ /♦ /❤✐(✱ ✇❡ ❤❛✈❡ /❤❡ ❞'✐✈✐♥❣ ❢♦'❝❡ ♦❢ ❝❛♣✐/❛❧✐(♠ ✲ /❤❡ ♠❛①✐♠✐③❛/✐♦♥

♦❢ (❡❧❢✲✐♥/❡'❡(/✳ ▼❛①✐♠✐③❛/✐♦♥ ♦❢ (❡❧❢✲✐♥/❡'❡(/ ✐❣♥♦'❡( /❤❡ ❜❡♥❡✜/( ♦❢ ❡/❤✐❝❛❧ ❜❡❤❛✈✲

✐♦' ❜❡❝❛✉(❡ /❤❡'❡ ✐( ♥♦ ✇✐❞❡❧② ❛❝❝❡♣/❡❞ ✈❛❧✉❡ ❢♦' ✧❜❡✐♥❣ ❣♦♦❞✧✳ ❚❤✐( ✐( ♣'♦❜❛❜❧②

✇❤② ♠❛♥② ♣❡♦♣❧❡ (❡❡ ✜♥❛♥❝❡ ❛♥❞ ❡/❤✐❝( ❛( ✐♥❝♦♠♣❛/✐❜❧❡✳ ❋✐♥❛♥❝❡ ♣'♦❢❡((✐♦♥❛❧( ❛'❡

/'❛✐♥❡❞ ❛♥❞ ❛'❡ (✉♣♣♦(❡❞ /♦ ♠❛①✐♠✐③❡ /❤❡✐' ❝❧✐❡♥/( ✭✉/✐❧✐/② ♦❢✮ ✇❡❛❧/❤✳ ❆( ❧♦♥❣ ❛(

/❤❡'❡ ✐( ♥♦ ♣'✐❝❡ ✭❛♥❞ ♥♦ ♠❛'❦❡/✮ ❢♦' ❡/❤✐❝❛❧ ❜❡❤❛✈✐♦'✱ /❤✐( ❝♦♥/'❛❞✐❝/✐♦♥ ✐♥ ♦❜❥❡❝/✐✈❡(

✇✐❧❧ ❜❡ ❛ '❡(/'✐❝/✐♥❣ ❝♦♥❞✐/✐♦♥ /♦ /❤❡ ❛♣♣❧✐❝❛/✐♦♥ ♦❢ ❡/❤✐❝( ✐♥ ✜♥❛♥❝❡✳

■♥ ❛❞❞✐/✐♦♥ /♦ /❤❡ ❝♦♥✢✐❝/ ❜❡/✇❡❡♥ ❡/❤✐❝❛❧ ❛♥❞ ✜♥❛♥❝✐❛❧ ♦❜❥❡❝/✐✈❡(✱ ■ ❜❡❧✐❡✈❡
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⑥
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✷✵✵✸✲✸✵✳ ✭❈✐5❡❞ ♦♥ ♣❛❣❡ ✶✼✹✳✮

❉✉❞❧❡②✱ ❘✳▼✳ ❯♥✐❢♦"♠ ❈❡♥5"❛❧ ▲✐♠✐5 ❚❤❡♦"❡♠-✳ ❈❛♠❜"✐❞❣❡ ❙5✉❞✐❡- ✐♥ ❆❞✈❛♥❝❡❞

▼❛5❤❡♠❛5✐❝-✳ ❈❛♠❜"✐❞❣❡ ❯♥✐✈❡"-✐5② 3"❡--✱ ✶✾✾✾✳ ❤!!♣✿✴✴❜♦♦❦)✳❣♦♦❣❧❡✳❢+✴

❜♦♦❦)❄✐❞❂❉!▲♣✼❨✼✻❤✲❣❈✳ ✭❈✐5❡❞ ♦♥ ♣❛❣❡ ✸✻✳✮

❉✉♣"❡ ❉✳✱ ❏✐♠❡♥❡③✲●❛"❝❡- ❙✳✱ ●✐"❡"❞✲3♦5✐♥ ■✳✱ ❛♥❞ ▲♦✉✈❡5 3✳ ✏▲❡- ✐♥✈❡-5✐--❡✉"-

♣❛✐❡♥5 ♣♦✉" ❧✬❡5❤✐b✉❡✳ ❈♦♥✈✐❝5✐♦♥ ♦✉ ♣"✉❞❡♥❝❡ ❄✑ ❇❛♥b✉❡ ❡5 ✜♥❛♥❝❡ ✽✹✱ ✶✿

✭✷✵✵✻✮ ✹✺✕✻✵✳ ✭❈✐5❡❞ ♦♥ ♣❛❣❡ ✸✾✳✮

❊❞✇❛"❞-✱ ❲✳ ✏❈♦♥-❡"✈❛5✐-♠ ✐♥ ❤✉♠❛♥ ✐♥❢♦"♠❛5✐♦♥ ♣"♦❝❡--✐♥❣✳✑ ❋♦"♠❛❧

"❡♣"❡-❡♥5❛5✐♦♥ ♦❢ ❤✉♠❛♥ ❥✉❞❣♠❡♥5 ✶✼✕✺✷✳ ✭❈✐5❡❞ ♦♥ ♣❛❣❡ ✹✵✳✮

❊♥❦❡✱ ❙5❡♣❤❡♥✳ ✏❖♥ ♠❛①✐♠✐③✐♥❣ ♣"♦✜5-✿ ❆ ❞✐-5✐♥❝5✐♦♥ ❜❡5✇❡❡♥ ❈❤❛♠❜❡"❧✐♥ ❛♥❞

❘♦❜✐♥-♦♥✳✑ ❆♠❡"✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✹✶✿ ✭✶✾✺✶✮ ❆♠❡"✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✳

✭❈✐5❡❞ ♦♥ ♣❛❣❡ ✷✽✳✮

❊♣-5❡✐♥✱ ❏✳ ▼✳✱ ❛♥❞ ❘✳ ❆①5❡❧❧✳ ●"♦✇✐♥❣ ❆"5✐✜❝✐❛❧ ❙♦❝✐❡5✐❡-✿ ❙♦❝✐❛❧ ❙❝✐❡♥❝❡ ❢"♦♠ 5❤❡

❇♦55♦♠ ❯♣✳ ❈❛♠❜"✐❞❣❡✿ ▼■❚ 3"❡--✱ ✶✾✾✻✳ ✭❈✐5❡❞ ♦♥ ♣❛❣❡ ✺✾✳✮

❊♣-5❡✐♥✱ ❏♦-❤✉❛ ▼✳ ✏❘❡♠❛"❦- ♦♥ 5❤❡ ❋♦✉♥❞❛5✐♦♥- ♦❢ ❆❣❡♥5✲❇❛-❡❞ ●❡♥❡"❛5✐✈❡ ❙♦❝✐❛❧

❙❝✐❡♥❝❡✳✑ ■♥ ❍❛♥❞❜♦♦❦ ♦❢ ❈♦♠♣✉5❛5✐♦♥❛❧ ❊❝♦♥♦♠✐❝-✱ ❡❞✐5❡❞ ❜② ▲❡✐❣❤ ❚❡-❢❛5-✐♦♥✱

❛♥❞ ❑❡♥♥❡5❤ ▲✳ ❏✉❞❞✱ ❊❧-❡✈✐❡"✱ ✷✵✵✻✱ ✈♦❧✉♠❡ ✷ ♦❢ ❍❛♥❞❜♦♦❦ ♦❢ ❈♦♠♣✉5❛5✐♦♥❛❧

❊❝♦♥♦♠✐❝-✱ ❝❤❛♣5❡" ✸✹✱ ✶✺✽✺✕✶✻✵✹✳ ❤!!♣✿✴✴✐❞❡❛)✳+❡♣❡❝✳♦+❣✴❤✴❡❡❡✴❤❡❝❝❤♣✴

✷✲✸✹✳❤!♠❧✳ ✭❈✐5❡❞ ♦♥ ♣❛❣❡- ✷✶✱ ✺✻✱ ✺✾ ❛♥❞ ✼✸✳✮

❊"❞♦✬-✱ 3✳✱ ❛♥❞ ❆ ❘❡♥②✐✳ ✏❖♥ 5❤❡ ❊✈♦❧✉5✐♦♥ ♦❢ ❘❛♥❞♦♠ ●"❛♣❤-✳✑ ■♥ 3❯❇▲■❈❆❚■❖◆

❖❋ ❚❍❊ ▼❆❚❍❊▼❆❚■❈❆▲ ■◆❙❚■❚❯❚❊ ❖❋ ❚❍❊ ❍❯◆●❆❘■❆◆ ❆❈❆❉❊▼❨

❖❋ ❙❈■❊◆❈❊❙✳ ✶✾✻✵✱ ✶✼✕✻✶✳ ✭❈✐5❡❞ ♦♥ ♣❛❣❡ ✺✼✳✮

❊✈❛♥- ❉✳✱ ❍❡✉✈❡❧✐♥❦ ❆✳✱ ❛♥❞ ❉✳ ◆❡55❧❡✳ ✏❚❤❡ ❡✈♦❧✉5✐♦♥ ♦❢ ♦♣5✐♠✐-♠✿ ❛ ♠✉❧5✐✲

❛❣❡♥5 ❜❛-❡❞ ♠♦❞❡❧ ♦❢ ❛❞❛♣5✐✈❡ ❜✐❛- ✐♥ ❤✉♠❛♥ ❥✉❞❣❡♠❡♥5✳✑ 3"♦❝❡❡❞✐♥❣- ♦❢ 5❤❡

❆■❙❇✬✵✸ ❙②♠♣♦-✐✉♠ ♦♥ ❙❝✐❡♥5✐✜❝ ▼❡5❤♦❞- ❢♦" 5❤❡ ❆♥❛❧②-✐- ♦❢ ❆❣❡♥5✲❊♥✈✐"♦♥♠❡♥5



✷✶✷ ❇✐❜❧✐♦❣(❛♣❤②

■♥"❡$❛❝"✐♦♥ ✸✼✷✺✹✼✵✱ ❯♥✐✈❡$2✐"② ♦❢ ❲❛❧❡2✱ ✷✵✵✸✳ ❤!!♣✿✴✴✐❞❡❛)✳+❡♣❡❝✳♦+❣✴♣✴

❤+✈✴❢❛)❡❝♦✴✸✼✷✺✹✼✵✳❤!♠❧✳ ✭❈✐"❡❞ ♦♥ ♣❛❣❡ ✷✽✳✮

❋❛♠❛✱ ❊✉❣❡♥❡ ❋✳ ✏❚❤❡ ❇❡❤❛✈✐♦$ ♦❢ ❙"♦❝❦✲▼❛$❦❡" K$✐❝❡2✳✑ ❚❤❡ ❏♦✉$♥❛❧ ♦❢ ❇✉2✐♥❡22

✸✽✱ ✶✿ ✭✶✾✻✺✮ ✸✹✕✶✵✺✳ ❤!!♣✿✴✴❞①✳❞♦✐✳♦+❣✴✶✵✳✷✸✵✼✴✷✸✺✵✼✺✷✳ ✭❈✐"❡❞ ♦♥

♣❛❣❡ ✷✽✳✮

✳ ✏❊✣❝✐❡♥" ❈❛♣✐"❛❧ ▼❛$❦❡"2✿ ❆ ❘❡✈✐❡✇ ♦❢ ❚❤❡♦$② ❛♥❞ ❊♠♣✐$✐❝❛❧ ❲♦$❦✳✑

❏♦✉$♥❛❧ ♦❢ ❋✐♥❛♥❝❡ ✷✺✱ ✷✿ ✭✶✾✼✵✮ ✸✽✸✕✹✶✼✳ ❤!!♣✿✴✴❊❝♦♥=❛♣❡+)✳+❡♣❡❝✳♦+❣✴

❘❡=❊❝✿❜❧❛✿❥❢✐♥❛♥✿✈✿✷✺✿②✿✶✾✼✵✿✐✿✷✿♣✿✸✽✸✲✹✶✼✳ ✭❈✐"❡❞ ♦♥ ♣❛❣❡2 ✶✹✱ ✶✻✱ ✷✼✱ ✹✼

❛♥❞ ✶✺✺✳✮

❋❛$♠❡$✱ ❏✳ ❉♦②♥❡✱ ❛♥❞ ❙❤❛$❡❡♥ ❏♦2❤✐✳ ✏❚❤❡ ♣$✐❝❡ ❞②♥❛♠✐❝2 ♦❢ ❝♦♠♠♦♥ "$❛❞✐♥❣

2"$❛"❡❣✐❡2✳✑ ◗✉❛♥"✐"❛"✐✈❡ ❋✐♥❛♥❝❡ K❛♣❡$2 ❝♦♥❞✲♠❛"✴✵✵✶✷✹✶✾✱ ❛$❳✐✈✳♦$❣✱ ✷✵✵✵✳

❤!!♣✿✴✴✐❞❡❛)✳+❡♣❡❝✳♦+❣✴♣✴❛+①✴♣❛♣❡+)✴❝♦♥❞✲♠❛!✲✵✵✶✷✹✶✾✳❤!♠❧✳ ✭❈✐"❡❞ ♦♥

♣❛❣❡2 ✻✼✱ ✼✸ ❛♥❞ ✽✵✳✮

❋❡✐❝❤"✐♥❣❡$✱ ●✉2"❛✈✳ ✏❚❤❡ ❡❝♦♥♦♠② ❛2 ❛♥ ❡✈♦❧✈✐♥❣ ❝♦♠♣❧❡① 2②2"❡♠ ✿ K✳❲✳ ❆♥❞❡$2♦♥✱

❑✳❏✳ ❆$$♦✇ ❛♥❞ ❉✳ K✐♥❡2✱ ❡❞2✳✱ ❆❞❞✐2♦♥✲❲❡2❧❡②✱ ❘❡❞✇♦♦❞ ❈✐"②✱ ❈❛❧✐❢♦$♥✐❛✱ ✶✾✽✽

♣♣✳ ①✈✐✐ ✰ ✸✶✸✱ 40.95(cloth,✷✶✳✾✺ ✭♣❛♣❡$✮✳✑ ❏♦✉$♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❇❡❤❛✈✐♦$ ✫

❖$❣❛♥✐③❛"✐♦♥ ✶✺✱ ✷✿ ✭✶✾✾✶✮ ✸✶✻✕✸✶✾✳ ❤!!♣✿✴✴✐❞❡❛)✳+❡♣❡❝✳♦+❣✴❛✴❡❡❡✴❥❡❜♦+❣✴

✈✶✺②✶✾✾✶✐✷♣✸✶✻✲✸✶✾✳❤!♠❧✳ ✭❈✐"❡❞ ♦♥ ♣❛❣❡ ✺✾✳✮

❋❡$♥❛♥❞❡③✱ K❛❜❧♦✱ ❏❛✈✐❡$ ❆❣✉✐$$❡❛♠❛❧❧♦❛✱ ❛♥❞ ❍❡✐♥$✐❝❤ ▲✐❡❝❤"❡♥2"❡✐♥✳ ✏❚❤❡ ❡e✉✐"②

♣$❡♠✐✉♠ ♣✉③③❧❡✿ ❍✐❣❤ $❡e✉✐$❡❞ ❡e✉✐"② ♣$❡♠✐✉♠✱ ✉♥❞❡$✈❛❧✉❛"✐♦♥ ❛♥❞ 2❡❧❢ ❢✉❧✜❧❧✐♥❣

♣$♦♣❤❡❝②✳✑ ■❡2❡ $❡2❡❛$❝❤ ♣❛♣❡$2✱ ■❊❙❊ ❇✉2✐♥❡22 ❙❝❤♦♦❧✱ ✷✵✵✾✳ ✭❈✐"❡❞ ♦♥ ♣❛❣❡ ✸✺✳✮

❋✐2❤❡$✱ ■✳ ▼❛"❤❡♠❛"✐❝❛❧ ✐♥✈❡2"✐❣❛"✐♦♥2 ✐♥ "❤❡ "❤❡♦$② ♦❢ ✈❛❧✉❡ ❛♥❞ ♣$✐❝❡2✳ ❨❛❧❡ ❯♥✐✲

✈❡$2✐"② K$❡22✱ ✶✾✷✺✳ ❤!!♣✿✴✴❜♦♦❦)✳❣♦♦❣❧❡✳❢+✴❜♦♦❦)❄✐❞❂❦◆❧❢❆❆❆❆■❆❆❏✳ ✭❈✐"❡❞

♦♥ ♣❛❣❡ ✸✵✳✮

❋$✐❡❞♠❛♥✱ ▼✳ ❊22❛②2 ✐♥ K♦2✐"✐✈❡ ❊❝♦♥♦♠✐❝2✳ K❤♦❡♥✐① ❜♦♦❦2✳ ❯♥✐✈❡$✲

2✐"② ♦❢ ❈❤✐❝❛❣♦ K$❡22✱ ✶✾✺✸✳ ❤!!♣✿✴✴❜❦)✼✳❜♦♦❦)✳❣♦♦❣❧❡✳❝♦✳✐♥✴❜♦♦❦)❄✐❞❂

❇❉❇❞❆❆❆❆■❆❆❏✳ ✭❈✐"❡❞ ♦♥ ♣❛❣❡2 ✷✼✱ ✷✽ ❛♥❞ ✶✹✽✳✮

●❛❧❜✐❛"✐✱ ▼❛$❝♦✱ ❛♥❞ ❑✐♠♠♦ ❙♦$❛♠❛❦✐✳ ✏❆♥ ❛❣❡♥"✲❜❛2❡❞ ♠♦❞❡❧ ♦❢ ♣❛②♠❡♥" 2②2✲

"❡♠2✳✑ ❇❛♥❦ ♦❢ ❊♥❣❧❛♥❞ ✇♦$❦✐♥❣ ♣❛♣❡$2 ✸✺✷✱ ❇❛♥❦ ♦❢ ❊♥❣❧❛♥❞✱ ✷✵✵✽✳ ❤!!♣✿

✴✴✐❞❡❛)✳+❡♣❡❝✳♦+❣✴♣✴❜♦❡✴❜♦❡❡✇♣✴✵✸✺✷✳❤!♠❧✳ ✭❈✐"❡❞ ♦♥ ♣❛❣❡ ✺✽✳✮

●❛❧❜✐❛"✐✱ ▼❛$❝♦✱ ❛♥❞ ▲✉❝✐❛♥ ❙"❛♥❝✐✉✲❱✐③✐"❡✉✳ ✏❚❛$❣❡"✷ ●❡♦❣$❛♣❤②✳✑ ✭2♦♦♥ "♦ ❛♣♣❡❛$✮

❡✉$♦♣❡❛♥ ❝❡♥"$❛❧ ❜❛♥❦ ✇♦$❦✐♥❣ ♣❛♣❡$2✱ ❊✉$♦♣❡❛♥ ❈❡♥"$❛❧ ❇❛♥❦✱ ✷✵✶✸✳ ❤!!♣✿

✴✴✐❞❡❛)✳+❡♣❡❝✳♦+❣✴♣✴❜♦❡✴❜♦❡❡✇♣✴✵✸✺✷✳❤!♠❧✳ ✭❈✐"❡❞ ♦♥ ♣❛❣❡ ✺✽✳✮

●❛❧❧❛✱ ❚♦❜✐❛2✱ ●✐❛♥❝❛$❧♦ ▼♦2❡""✐✱ ❛♥❞ ❨✐✲❈❤❡♥❣ ❩❤❛♥❣✳ ✏❆♥♦♠❛❧♦✉2 ✢✉❝"✉❛"✐♦♥2 ✐♥

▼✐♥♦$✐"② ●❛♠❡2 ❛♥❞ $❡❧❛"❡❞ ♠✉❧"✐✲❛❣❡♥" ♠♦❞❡❧2 ♦❢ ✜♥❛♥❝✐❛❧ ♠❛$❦❡"2✳✑ K❛♣❡$2

♣❤②2✐❝2✴✵✻✵✽✵✾✶✱ ❛$❳✐✈✳♦$❣✱ ✷✵✵✻✳ ❤!!♣✿✴✴✐❞❡❛)✳+❡♣❡❝✳♦+❣✴♣✴❛+①✴♣❛♣❡+)✴

♣❤②)✐❝)✲✵✻✵✽✵✾✶✳❤!♠❧✳ ✭❈✐"❡❞ ♦♥ ♣❛❣❡ ✶✼✹✳✮



❇✐❜❧✐♦❣&❛♣❤② ✷✶✸

●✐❧❜♦❛✱ ■(③❤❛❦✱ ❆♥❞/❡✇ 2♦3(❧❡✇❛✐(❡✱ ❛♥❞ ❉❛✈✐❞ ❙❝❤♠❡✐❞❧❡/✳ ✏■3 ■( ❆❧✇❛②3 ❘❛(✐♦♥❛❧

❚♦ ❙❛(✐3❢② ❙❛✈❛❣❡✬❙ ❆①✐♦♠3❄✑ ❊❝♦♥♦♠✐❝3 ❛♥❞ 2❤✐❧♦3♦♣❤② ✷✺✱ ✵✸✿ ✭✷✵✵✾✮ ✷✽✺✕

✷✾✻✳ ❤!!♣✿✴✴✐❞❡❛)✳+❡♣❡❝✳♦+❣✴❛✴❝✉♣✴❡❝♥♣❤✐✴✈✷✺②✷✵✵✾✐✵✸♣✷✽✺✲✷✾✻❴✾✾✳❤!♠❧✳

✭❈✐(❡❞ ♦♥ ♣❛❣❡ ✷✽✳✮

●❧♦3(❡♥✱ ▲❛✇/❡♥❝❡ ❘✳✱ ❛♥❞ 2❛✉❧ ❘✳ ▼✐❧❣/♦♠✳ ✏❇✐❞✱ ❆3❦ ❛♥❞ ❚/❛♥3❛❝(✐♦♥ 2/✐❝❡3 ✐♥

❛ ❙♣❡❝✐❛❧✐3( ▼❛/❦❡( ✇✐(❤ ❍❡(❡/♦❣❡♥❡♦✉3❧② ■♥❢♦/♠❡❞ ❚/❛❞❡/3✳✑ ❉✐3❝✉33✐♦♥ 2❛♣❡/3

✺✼✵✱ ◆♦/(❤✇❡3(❡/♥ ❯♥✐✈❡/3✐(②✱ ❈❡♥(❡/ ❢♦/ ▼❛(❤❡♠❛(✐❝❛❧ ❙(✉❞✐❡3 ✐♥ ❊❝♦♥♦♠✐❝3 ❛♥❞

▼❛♥❛❣❡♠❡♥( ❙❝✐❡♥❝❡✱ ✶✾✽✸✳ ❤!!♣✿✴✴✐❞❡❛)✳+❡♣❡❝✳♦+❣✴♣✴♥✇✉✴❝♠)❡♠)✴✺✼✵✳❤!♠❧✳

✭❈✐(❡❞ ♦♥ ♣❛❣❡ ✹✽✳✮

●/❛❤❛♠✱ ❇✳✱ ❛♥❞ ❉✳▲✳❋✳ ❉♦❞❞✳ ❙❡❝✉/✐(② ❆♥❛❧②3✐3✿ ❚❤❡ ❈❧❛33✐❝ ✶✾✺✶

❊❞✐(✐♦♥✳ ▼❝●/❛✇✲❍✐❧❧ ❊❞✉❝❛(✐♦♥✱ ✶✾✺✶✳ ❤!!♣✿✴✴❜♦♦❦)✳❣♦♦❣❧❡✳❢+✴❜♦♦❦)❄✐❞❂

✉❯+✉❩❆✾❜❛♦✇❈✳ ✭❈✐(❡❞ ♦♥ ♣❛❣❡ ✶✹✳✮

●/✐✣♥✱ ❉✳✱ ❆✳ ❚✈❡/3❦②✱ ❙(❛♥❢♦/❞ ❈❡♥(❡/ ♦♥ ❈♦♥✢✐❝(✱ ❛♥❞ ◆❡❣♦(✐❛(✐♦♥✳ ❚❤❡ ✇❡✐❣❤✐♥❣

♦❢ ❡✈✐❞❡♥❝❡ ❛♥❞ (❤❡ ❞❡(❡/♠✐♥❛♥(3 ♦❢ ❝♦♥✜❞❡♥❝❡✿ ❜② ❉❛❧❡ ●/✐✣♥ ❛♥❞ ❆♠♦3

❚✈❡/3❦②✳ ❲♦/❦✐♥❣ ♣❛♣❡/✳ ❙(❛♥❢♦/❞ ❈❡♥(❡/ ♦♥ ❈♦♥✢✐❝( ❛♥❞ ◆❡❣♦(✐❛(✐♦♥✱ ❙(❛♥❢♦/❞

❯♥✐✈❡/3✐(②✱ ✶✾✾✸✳ ❤!!♣✿✴✴❜♦♦❦)✳❣♦♦❣❧❡✳❢+✴❜♦♦❦)❄✐❞❂❞●■+❆◗❆❆■❆❆❏✳ ✭❈✐(❡❞ ♦♥

♣❛❣❡ ✹✶✳✮

●/♦33♠❛♥✱ ❙❛♥❢♦/❞ ❏✱ ❛♥❞ ❏♦3❡♣❤ ❊ ❙(✐❣❧✐(③✳ ✏❖♥ (❤❡ ■♠♣♦33✐❜✐❧✐(② ♦❢ ■♥❢♦/♠❛(✐♦♥❛❧❧②

❊✣❝✐❡♥( ▼❛/❦❡(3✳✑ ▲❡✈✐♥❡✬3 ❲♦/❦✐♥❣ 2❛♣❡/ ❆/❝❤✐✈❡ ✶✾✵✽✱ ❉❛✈✐❞ ❑✳ ▲❡✈✐♥❡✱ ✶✾✽✵✳

❤!!♣✿✴✴✐❞❡❛)✳+❡♣❡❝✳♦+❣✴♣✴❝❧❛✴❧❡✈❛+❝✴✶✾✵✽✳❤!♠❧✳ ✭❈✐(❡❞ ♦♥ ♣❛❣❡3 ✶✽✱ ✶✺✺✱

✶✽✹✱ ✶✽✼ ❛♥❞ ✶✾✶✳✮

❍❛♠❡/❧❡✱ ❆❧❢/❡❞✱ ❚❤✐❧♦ ▲✐❡❜✐❣✱ ❛♥❞ ❍❛♥3✲❏♦❝❤❡♥ ❙❝❤/♦♣♣✳ ✏❙②3(❡♠❛(✐❝ /✐3❦ ♦❢ ❈❉❖3

❛♥❞ ❈❉❖ ❛/❜✐(/❛❣❡✳✑ ❉✐3❝✉33✐♦♥ 2❛♣❡/ ❙❡/✐❡3 ✷✿ ❇❛♥❦✐♥❣ ❛♥❞ ❋✐♥❛♥❝✐❛❧ ❙(✉❞✐❡3

✷✵✵✾✱✶✸✱ ❉❡✉(3❝❤❡ ❇✉♥❞❡3❜❛♥❦✱ ❘❡3❡❛/❝❤ ❈❡♥(/❡✱ ✷✵✵✾✳ ❤!!♣✿✴✴❊❝♦♥O❛♣❡+)✳

+❡♣❡❝✳♦+❣✴❘❡O❊❝✿③❜✇✿❜✉❜❞♣✷✿✷✵✵✾✶✸✳ ✭❈✐(❡❞ ♦♥ ♣❛❣❡ ✶✼✸✳✮

❍❛//✐3✱ ▲❛//②✳ ❚/❛❞✐♥❣ ❛♥❞ ❊①❝❤❛♥❣❡3✿ ▼❛/❦❡( ▼✐❝/♦3(/✉❝(✉/❡ ❢♦/ 2/❛❝(✐(✐♦♥❡/3✳

❖①❢♦/❞ ❯♥✐✈❡/3✐(② 2/❡33✱ ✷✵✵✷✳ ❤!!♣✿✴✴❊❝♦♥O❛♣❡+)✳+❡♣❡❝✳♦+❣✴❘❡O❊❝✿♦①♣✿

♦❜♦♦❦)✿✾✼✽✵✶✾✺✶✹✹✼✵✸✳ ✭❈✐(❡❞ ♦♥ ♣❛❣❡ ✹✷✳✮

❍❡/✈❡✱ ❆❧❡①❛♥❞/❡✳ ✏❧❛ ◗✉❛3✐ ▼❛/❝❤❡ ❆❧❡❛(♦✐/❡✳✑ ❋✐♥❛♥❝❡ ✶✸✱ ✷✳ ✭❈✐(❡❞ ♦♥ ♣❛❣❡ ✹✹✳✮

✳ ✏▲✬❡✣❝✐❡♥❝❡ ❜/✉✐(❡❡✳ ❯♥❡ ❛♥❛❧②3❡ ♥♦♥ ❧✐♥❡❛✐/❡ ❞✉ ♠❛/❝❤❡ ❢/❛♥❝❛✐3 ❞❡3 ❛❝✲

(✐♦♥3✳✑ ✶✾✾✹✳ ✭❈✐(❡❞ ♦♥ ♣❛❣❡3 ✷✺ ❛♥❞ ✺✺✳✮

❍✐/3❤❧❡✐❢❡/✱ ❉❛✈✐❞✱ ❛♥❞ ❙✐❡✇ ❍♦♥❣ ❚❡♦❤✳ ✏❍❡/❞ ❇❡❤❛✈✐♦✉/ ❛♥❞ ❈❛3❝❛❞✐♥❣ ✐♥ ❈❛♣✲

✐(❛❧ ▼❛/❦❡(3✿ ❛ ❘❡✈✐❡✇ ❛♥❞ ❙②♥(❤❡3✐3✳✑ ❊✉/♦♣❡❛♥ ❋✐♥❛♥❝✐❛❧ ▼❛♥❛❣❡♠❡♥( ✾✱

✶✿ ✭✷✵✵✸✮ ✷✺✕✻✻✳ ❤!!♣✿✴✴✐❞❡❛)✳+❡♣❡❝✳♦+❣✴❛✴❜❧❛✴❡✉❢♠❛♥✴✈✾②✷✵✵✸✐✶♣✷✺✲✻✻✳

❤!♠❧✳ ✭❈✐(❡❞ ♦♥ ♣❛❣❡ ✸✵✳✮

❍✉❛♥❣✱ ❲❡✐❤♦♥❣✱ ❍✉❛♥❤✉❛♥ ❩❤❡♥❣✱ ❛♥❞ ❲❛✐✲▼✉♥ ❈❤✐❛✳ ✏❋✐♥❛♥❝✐❛❧ ❝/✐3❡3

❛♥❞ ✐♥(❡/❛❝(✐♥❣ ❤❡(❡/♦❣❡♥❡♦✉3 ❛❣❡♥(3✳✑ ❏♦✉/♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝3 ❛♥❞



✷✶✹ ❇✐❜❧✐♦❣)❛♣❤②

❈♦♥#$♦❧ ✸✹✱ ✻✿ ✭✷✵✶✵✮ ✶✶✵✺✕✶✶✷✷✳ ❤!!♣✿✴✴✐❞❡❛)✳+❡♣❡❝✳♦+❣✴❛✴❡❡❡✴❞②♥❝♦♥✴

✈✸✹②✷✵✶✵✐✻♣✶✶✵✺✲✶✶✷✷✳❤!♠❧✳ ✭❈✐#❡❞ ♦♥ ♣❛❣❡ ✺✼✳✮

❏♦$❞❛♥✱ ❙✳ ✏■> ▼♦♠❡♥#✉♠ ❛ ❙❡❧❢✲❢✉❧✜❧❧✐♥❣ E$♦♣❤❡❝②❄✑ ❲♦$❦✐♥❣ E❛♣❡$ ❙❡$✐❡> ✳ ✭❈✐#❡❞

♦♥ ♣❛❣❡ ✸✺✳✮

❑❛❤♥❡♠❛♥✱ ❉✳ ✏❖♥ #❤❡ ♣>②❝❤♦❧♦❣② ♦❢ ♣$❡❞✐❝#✐♦♥✳✑ E>②❝❤♦❧♦❣✐❝❛❧ ❘❡✈✐❡✇ ✽✵✿

✭✶✾✼✸✮ ✷✸✼✕✷✺✶✳ ❤!!♣✿✴✴❜♦♦❦)✳❣♦♦❣❧❡✳❢+✴❜♦♦❦)❄✐❞❂✽✺❋❖❍❆❆❆❈❆❆❏✳ ✭❈✐#❡❞ ♦♥

♣❛❣❡> ✷✻ ❛♥❞ ✾✷✳✮

❑❛❤♥❡♠❛♥✱ ❉✳✱ E✳ ❙❧♦✈✐❝✱ ❛♥❞ ❆✳ ❚✈❡$>❦②✳ ❏✉❞❣❡♠❡♥# ✉♥❞❡$ ✉♥❝❡$#❛✐♥#② ✲ ❍❡✉$✐>#✐❝>

❛♥❞ ❜✐❛>❡>✳ ❈❛♠❜$✐❞❣❡ ❯♥✐✈❡$>✐#② E$❡>>✱ ❈❛♠❜$✐❞❣❡✱ ✶✾✽✶✳ ✭❈✐#❡❞ ♦♥ ♣❛❣❡> ✸✾✱

✹✵✱ ✾✷ ❛♥❞ ✶✼✸✳✮

❑❛❤♥❡♠❛♥✱ ❉✳✱ ❛♥❞ ❆✳ ❚✈❡$>❦②✳ ✏❈❤♦✐❝❡>✱ ✈❛❧✉❡> ❛♥❞ ❢$❛♠❡>✳✑ ❆♠❡$✐❝❛♥

E>②❝❤♦❧♦❣✐># ✸✾✱ ✹✿ ✭✶✾✽✹✮ ✸✹✶✕✸✺✵✳ ✭❈✐#❡❞ ♦♥ ♣❛❣❡ ✷✻✳✮

❑❛❤♥❡♠❛♥✱ ❉❛♥✐❡❧✱ ❛♥❞ ❆♠♦> ❚✈❡$>❦②✳ ✏E$♦>♣❡❝# ❚❤❡♦$②✿ ❆♥ ❆♥❛❧②>✐> ♦❢ ❉❡❝✐>✐♦♥

✉♥❞❡$ ❘✐>❦✳✑ ❊❝♦♥♦♠❡#$✐❝❛ ✹✼✱ ✷✿ ✭✶✾✼✾✮ ✷✻✸✕✾✶✳ ❤!!♣✿✴✴✐❞❡❛)✳+❡♣❡❝✳♦+❣✴❛✴

❡❝♠✴❡♠❡!+♣✴✈✹✼②✶✾✼✾✐✷♣✷✻✸✲✾✶✳❤!♠❧✳ ✭❈✐#❡❞ ♦♥ ♣❛❣❡> ✸✵✱ ✸✾ ❛♥❞ ✹✽✳✮

❑❛♥❡❦♦✱ ❑✳✱ ❛♥❞ ■✳ ❚>✉❞❛✳ ❈♦♠♣❧❡① ❙②"#❡♠"✿ ❈❤❛♦" ❛♥❞ ❇❡②♦♥❞ ✿ ❆ ❈♦♥"#/✉❝#✐✈❡

❆♣♣/♦❛❝❤ ❲✐#❤ ❆♣♣❧✐❝❛#✐♦♥" ✐♥ ▲✐❢❡ ❙❝✐❡♥❝❡"✳ :❤②"✐❝" ❛♥❞ ❆"#/♦♥♦♠② ❖♥✲

❧✐♥❡ ▲✐❜/❛/②✳ ❙♣/✐♥❣❡/✲❱❡/❧❛❣ ●♠❜❍✱ ✷✵✵✶✳ ❤!!♣✿✴✴❜♦♦❦(✳❣♦♦❣❧❡✳❢.✴❜♦♦❦(❄✐❞❂

✼❧❝■◆❢❣✉♣❣❣❈✳ ✭❈✐#❡❞ ♦♥ ♣❛❣❡ ✺✸✳✮

❑✐/♠❛♥✱ ❆❧❛♥ :✳ ✏❲❤♦♠ ♦/ ❲❤❛# ❉♦❡" #❤❡ ❘❡♣/❡"❡♥#❛#✐✈❡ ■♥❞✐✈✐❞✉❛❧ ❘❡♣/❡"❡♥#❄✑

❚❤❡ ❏♦✉/♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ :❡/"♣❡❝#✐✈❡" ✻✱ ✷✿ ✭✶✾✾✷✮ ✶✶✼✕✶✸✻✳ ✭❈✐#❡❞ ♦♥ ♣❛❣❡ ✸✼✳✮

❑②❧❡✱ ❆❧❜❡/# ❙✳ ✏❈♦♥#✐♥✉♦✉" ❆✉❝#✐♦♥" ❛♥❞ ■♥"✐❞❡/ ❚/❛❞✐♥❣✳✑ ❊❝♦♥♦♠❡#/✐❝❛ ✺✸✱

✻✿ ✭✶✾✽✺✮ ✶✸✶✺✕✸✺✳ ❤!!♣✿✴✴❊❝♦♥;❛♣❡.(✳.❡♣❡❝✳♦.❣✴❘❡;❊❝✿❡❝♠✿❡♠❡!.♣✿✈✿✺✸✿

②✿✶✾✽✺✿✐✿✻✿♣✿✶✸✶✺✲✸✺✳ ✭❈✐#❡❞ ♦♥ ♣❛❣❡ ✸✼✳✮

▲❛♥❞✐❡/✱ ❆✉❣✉"#✐♥✱ ❉❛✈✐❞ ❙/❛❡/✱ ❛♥❞ ❉❛✈✐❞ ❚❤❡"♠❛/✳ ✏❚❤❡ /✐"❦✲❙❤✐❢#✐♥❣ ❍②♣♦#❤❡"✐"

✿ ❊✈✐❞❡♥❝❡ ❢/♦♠ ❙✉❜♣/✐♠❡ ❖/✐❣✐♥❛#✐♦♥"✳✑ ❚❙❊ ❲♦/❦✐♥❣ :❛♣❡/" ✶✶✲✷✼✾✱ ❚♦✉❧♦✉"❡

❙❝❤♦♦❧ ♦❢ ❊❝♦♥♦♠✐❝" ✭❚❙❊✮✱ ✷✵✶✶✳ ❤!!♣✿✴✴✐❞❡❛(✳.❡♣❡❝✳♦.❣✴♣✴!(❡✴✇♣❛♣❡.✴

✷✺✻✵✹✳❤!♠❧✳ ✭❈✐#❡❞ ♦♥ ♣❛❣❡ ✸✽✳✮

▲❡❜❛/♦♥✱ ❇✳ ✏❇✉✐❧❞✐♥❣ #❤❡ ❙❛♥#❛ ❋❡ ❆/#✐✜❝✐❛❧ ❙#♦❝❦ ▼❛/❦❡#✳✑ :❤②"✐❝❛ ❆ ✳ ✭❈✐#❡❞

♦♥ ♣❛❣❡" ✻✷ ❛♥❞ ✻✸✳✮

▲❡❇❛/♦♥✱ ❇❧❛❦❡✳ ✏❊✈♦❧✉#✐♦♥ ❛♥❞ #✐♠❡ ❤♦/✐③♦♥" ✐♥ ❛♥ ❛❣❡♥# ❜❛"❡❞ "#♦❝❦ ♠❛/❦❡#✳✑

▼❛❝/♦❡❝♦♥♦♠✐❝ ❉②♥❛♠✐❝" ✺✿ ✭✷✵✵✶✮ ✷✷✺✕✷✺✹✳ ✭❈✐#❡❞ ♦♥ ♣❛❣❡ ✼✶✳✮

▲❡✈✐#✐♥✱ ❆❞❛♠✱ ❛♥❞ ❙✉"❛♥ ▼✳ ❲❛❝❤#❡/✳ ✏❊①♣❧❛✐♥✐♥❣ #❤❡ ❍♦✉"✐♥❣ ❇✉❜❜❧❡✳✑ ▼♣/❛ ♣❛✲

♣❡/✱ ❯♥✐✈❡/"✐#② ▲✐❜/❛/② ♦❢ ▼✉♥✐❝❤✱ ●❡/♠❛♥②✱ ✷✵✶✷✳ ❤!!♣✿✴✴❊❝♦♥;❛♣❡.(✳.❡♣❡❝✳

♦.❣✴❘❡;❊❝✿♣.❛✿♠♣.❛♣❛✿✹✶✾✷✵✳ ✭❈✐#❡❞ ♦♥ ♣❛❣❡ ✹✺✳✮



❇✐❜❧✐♦❣&❛♣❤② ✷✶✺

▲❡✈②✱ ❍✳✱ ▼✳ ▲❡✈②✱ ❛♥❞ ❙✳ ❙♦❧♦♠♦♥✳ ▼✐❝1♦2❝♦♣✐❝ ❙✐♠✉❧❛5✐♦♥ ♦❢ ❋✐♥❛♥❝✐❛❧ ▼❛1❦❡52✿

❋1♦♠ ■♥✈❡25♦1 ❇❡❤❛✈✐♦1 5♦ ▼❛1❦❡5 =❤❡♥♦♠❡♥❛✳ ❊❧2❡✈✐❡1 ❙❝✐❡♥❝❡✱ ✷✵✵✵✳ ❤!!♣✿

✴✴❜♦♦❦(✳❣♦♦❣❧❡✳❢.✴❜♦♦❦(❄✐❞❂❢❢❝❚■✈✉❑❩!♦❈✳ ✭❈✐5❡❞ ♦♥ ♣❛❣❡2 ✻✺✱ ✻✻ ❛♥❞ ✶✾✸✳✮

▲✐❝❛5❛✱ ■✳✱ ❛♥❞ ❆✳ ❙❛❦❛❥✐✳ =❤②2✐❝2 ❖❢ ❊♠❡1❣❡♥❝❡ ❛♥❞ ❖1❣❛♥✐③❛5✐♦♥✳ ❲♦1❧❞ ❙❝✐❡♥5✐✜❝✱

✷✵✵✽✳ ❤!!♣✿✴✴❜♦♦❦(✳❣♦♦❣❧❡✳❝❛✴❜♦♦❦(❄✐❞❂❇❙❖✶❑❆✲✺❈❉■❈✳ ✭❈✐5❡❞ ♦♥ ♣❛❣❡ ✺✸✳✮

▲✐♥5♥❡1✱ ❏♦❤♥✳ ✏❙❡❝✉1✐5② =1✐❝❡2✱ ❘✐2❦✱ ❆♥❞ ▼❛①✐♠❛❧ ●❛✐♥2 ❋1♦♠ ❉✐✈❡12✐✜❝❛5✐♦♥✳✑

❏♦✉1♥❛❧ ♦❢ ❋✐♥❛♥❝❡ ✷✵✱ ✹✿ ✭✶✾✻✺✮ ✺✽✼✕✻✶✺✳ ❤!!♣✿✴✴✐❞❡❛(✳.❡♣❡❝✳♦.❣✴❛✴❜❧❛✴

❥❢✐♥❛♥✴✈✷✵②✶✾✻✺✐✹♣✺✽✼✲✻✶✺✳❤!♠❧✳ ✭❈✐5❡❞ ♦♥ ♣❛❣❡ ✸✵✳✮

▲✐5③❡♥❜❡1❣❡1✱ ❘♦❜❡15✱ ❏❡✛ ❈❛25✉1❛✱ ❛♥❞ ❘✐❝❤❛1❞ ●♦1❡❧✐❝❦✳ ✏❚❤❡ ■♠♣❛❝52 ♦❢ ❆✉✲

5♦♠❛5✐♦♥ ❛♥❞ ❍✐❣❤ ❋1❡_✉❡♥❝② ❚1❛❞✐♥❣ ♦♥ ▼❛1❦❡5 ◗✉❛❧✐5②✳✑ ❆♥♥✉❛❧ ❘❡✈✐❡✇ ♦❢

❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝2 ✹✱ ✶✿ ✭✷✵✶✷✮ ✺✾✕✾✽✳ ❤!!♣✿✴✴❊❝♦♥P❛♣❡.(✳.❡♣❡❝✳♦.❣✴❘❡P❊❝✿

❛♥.✿.❡❢❡❝♦✿✈✿✹✿②✿✷✵✶✷✿♣✿✺✾✲✾✽✳ ✭❈✐5❡❞ ♦♥ ♣❛❣❡ ✹✻✳✮

▲♦✱ ❆♥❞1❡✇ ❲✳✱ ❍❛11② ▼❛♠❛②2❦②✱ ❛♥❞ ❏✐❛♥❣ ❲❛♥❣✳ ✏❋♦✉♥❞❛5✐♦♥2 ♦❢ 5❡❝❤♥✐❝❛❧

❛♥❛❧②2✐2✿ ❈♦♠♣✉5❛5✐♦♥❛❧ ❛❧❣♦1✐5❤♠2✱ 25❛5✐25✐❝❛❧ ✐♥❢❡1❡♥❝❡✱ ❛♥❞ ❡♠♣✐1✐❝❛❧ ✐♠♣❧❡✲

♠❡♥5❛5✐♦♥✳✑ ❏♦✉1♥❛❧ ♦❢ ❋✐♥❛♥❝❡ ✹✵✿ ✭✷✵✵✵✮ ✶✼✵✺✕✶✼✻✺✳ ✭❈✐5❡❞ ♦♥ ♣❛❣❡ ✸✺✳✮

▲♦✉✈❡5✱ =✳✱ ❛♥❞ ▼✳ ❉✉❜♦✐2✳ ✏❏♦✉1♥❛❧ ♦❢ ❜❛♥❦✐♥❣ ❛♥❞ ✜♥❛♥❝❡✳✑ ❚❤❡ ❞❛②✲♦❢✲5❤❡✲✇❡❡❦

❡✛❡❝5✿ 5❤❡ ✐♥5❡1♥❛5✐♦♥❛❧ ❡✈✐❞❡♥❝❡ ✷✵✿ ✭✶✾✾✻✮ ✶✹✻✸✕✶✹✽✹✳ ✭❈✐5❡❞ ♦♥ ♣❛❣❡ ✹✸✳✮

▲♦✉✈❡5✱ =✳✱ ❛♥❞ ❚❛1❛♠❛2❝♦ ❖✳ ✏▲✬❡✛❡5 ✧❥♦✉1✲❞❡✲❧❛✲2❡♠❛✐♥❡✧ ❛ ❧❛ ❇♦✉12❡ ❞❡ =❛1✐2 ✿

✉♥❡ ❛♣♣1♦❝❤❡ ♣❛1 ❧❡2 ♠♦②❡♥♥❡2 ♠♦❜✐❧❡2✧✳✑ ❋✐♥❛♥❝❡ ✶✶✿ ✭✶✾✾✵✮ ✽✸✕✶✵✾✳ ✭❈✐5❡❞ ♦♥

♣❛❣❡ ✹✸✳✮

✳ ✏▲✬❛♥❛❧②2❡ ❞❡2❝1✐♣5✐✈❡ ❞❡ ❧❛ ❞❡♣❡♥❞❛♥❝❡ 2❡1✐❡❧❧❡ 2✉1 ❧❡2 1❡♥5❛❜✐❧✐5❡2 ❜♦✉1✲

2✐❡1❡2✳✑ ❋✐♥❛♥❝❡ ✶✹✿ ✭✶✾✾✸✮ ✻✼✕✾✹✳ ✭❈✐5❡❞ ♦♥ ♣❛❣❡ ✹✹✳✮

✳ ✏❊25✐♠❛5✐♦♥ ♥♦♥ ♣❛1❛♠❡51✐_✉❡ ❞❡ ❧❛ ❞❡♣❡♥❞❛♥❝❡ 2❡1✐❡❧❧❡ 2✉1 ❧❡2 1❡♥5❛❜✐❧✐5❡2

❜♦✉12✐❡1❡2 ❞✬✐♥❞✐❝❡2 ✐♥5❡1♥❛5✐♦♥❛✉①✳✑ ❏♦✉1♥❛❧ ❞❡ ❧❛ ❙♦❝✐❡5❡ 25❛5✐25✐_✉❡ ❞❡ =❛1✐2 ✶✿

✭✶✾✾✼✮ ✺✸✕✼✾✳ ✭❈✐5❡❞ ♦♥ ♣❛❣❡ ✹✹✳✮

▲✉❝❛2✱ ❏1✱ ❘♦❜❡15 ❊✳ ✏❆22❡5 =1✐❝❡2 ✐♥ ❛♥ ❊①❝❤❛♥❣❡ ❊❝♦♥♦♠②✳✑ ❊❝♦♥♦♠❡51✐❝❛

✹✻✱ ✻✿ ✭✶✾✼✽✮ ✶✹✷✾✕✹✺✳ ❤!!♣✿✴✴✐❞❡❛(✳.❡♣❡❝✳♦.❣✴❛✴❡❝♠✴❡♠❡!.♣✴

✈✹✻②✶✾✼✽✐✻♣✶✹✷✾✲✹✺✳❤!♠❧✳ ✭❈✐5❡❞ ♦♥ ♣❛❣❡ ✷✽✳✮

▼❛♥❞❡❧❜1♦5✱ ❇❡♥♦✐5✳ ✏❚❤❡ ❱❛1✐❛5✐♦♥ ♦❢ ❈❡15❛✐♥ ❙♣❡❝✉❧❛5✐✈❡ =1✐❝❡2✳✑ ❚❤❡

❏♦✉1♥❛❧ ♦❢ ❇✉2✐♥❡22 ✸✻✿ ✭✶✾✻✸✮ ✸✾✹✳ ❤!!♣✿✴✴✐❞❡❛(✳.❡♣❡❝✳♦.❣✴❛✴✉❝♣✴❥♥❧❜✉(✴

✈✸✻②✶✾✻✸♣✸✾✹✳❤!♠❧✳ ✭❈✐5❡❞ ♦♥ ♣❛❣❡ ✹✸✳✮

▼❛1❦♦✇✐5③✱ ❍❛11②✳ ✏=♦15❢♦❧✐♦ ❙❡❧❡❝5✐♦♥✳✑ ❚❤❡ ❏♦✉1♥❛❧ ♦❢ ❋✐♥❛♥❝❡ ✼✱ ✶✿ ✭✶✾✺✷✮ ✼✼✕✾✶✳

❤!!♣✿✴✴❞①✳❞♦✐✳♦.❣✴✶✵✳✷✸✵✼✴✷✾✼✺✾✼✹✳ ✭❈✐5❡❞ ♦♥ ♣❛❣❡2 ✸✵ ❛♥❞ ✹✼✳✮

▼❛5❛22✐♥✐✱ ▲♦1❡♥③♦✱ ❛♥❞ ❋❛❜✐♦ ❋1❛♥❝✐✳ ✏❖♥ ✜♥❛♥❝✐❛❧ ♠❛1❦❡52 51❛❞✐♥❣✳✑

=❤②2✐❝❛ ❆✿ ❙5❛5✐25✐❝❛❧ ▼❡❝❤❛♥✐❝2 ❛♥❞ ✐52 ❆♣♣❧✐❝❛5✐♦♥2 ✷✽✾✱ ✸✲✹✿ ✭✷✵✵✶✮ ✺✷✻✕

✺✹✷✳ ❤!!♣✿✴✴✇✇✇✳(❝✐❡♥❝❡❞✐.❡❝!✳❝♦♠✴(❝✐❡♥❝❡✴❛.!✐❝❧❡✴❇✻❚❱●✲✹✷✸✹❈✸✹✲❋✴✶✴

❛❝✺✺✺❞✵✹✸✽✷✼✸✻✽✺❞❛✵✷❝✹✸✻✵✾✽✼✷✹✺✻✳ ✭❈✐5❡❞ ♦♥ ♣❛❣❡ ✻✹✳✮



✷✶✻ ❇✐❜❧✐♦❣)❛♣❤②

▼❛"❤✐❡✉✱ (✳✱ ❛♥❞ ❖✳ ❇.❛♥❞♦✉②✳ ✏❆ ❣❡♥❡.✐❝ ❛.❝❤✐"❡❝"✉.❡ ❢♦. .❡❛❧✐7"✐❝ 7✐♠✉❧❛"✐♦♥7 ♦❢

❝♦♠♣❧❡① ✜♥❛♥❝✐❛❧ ❞②♥❛♠✐❝7✳✑ ❆❞✈❛♥❝❡7 ✐♥ (.❛❝"✐❝❛❧ ❆♣♣❧✐❝❛"✐♦♥7 ♦❢ ❆❣❡♥"7 ❛♥❞

▼✉❧"✐❛❣❡♥" ❙②7"❡♠7 ✶✽✺✕✶✾✼✳ ✭❈✐"❡❞ ♦♥ ♣❛❣❡ ✻✷✳✮

▼❛"❤✐❡✉✱ (❤✐❧✐♣♣❡✱ ❛♥❞ ❖❧✐✈✐❡. ❇.❛♥❞♦✉②✳ ✏■♥".♦❞✉❝✐♥❣ ❆❚❖▼✳✑ ■♥ (.♦❝❡❡❞✐♥❣7

♦❢ "❤❡ ✶✵"❤ ■♥"❡.♥❛"✐♦♥❛❧ ❝♦♥❢❡.❡♥❝❡ ♦♥ (.❛❝"✐❝❛❧ ❆♣♣❧✐❝❛"✐♦♥7 ♦❢ ❆❣❡♥"7 ❛♥❞

▼✉❧"✐✲❆❣❡♥"7 ❙②7"❡♠7 ✭(❆❆▼❙✬✷✵✶✷✮✱ ❡❞✐"❡❞ ❜② ❏❛✈✐❡. ❇❛❥♦ (❡.❡③✱ ❏✉❛♥ ▼✳

❈♦.❝❤❛❞♦✱ ❊♠♠❛♥✉❡❧ ❆❞❛♠✱ ❆❧❢♦♥7♦ ❖."❡❣❛✱ ▼❛.✐❛ ▼♦.❡♥♦✱ ❊❧❡♥❛ ◆❛✈❛..♦✱ ❇❡♥✲

❥❛♠✐♥ ❍✐.7❝❤✱ ❍❡♥.✐V✉❡ ▲♦♣❡7 ❈❛.❞♦7♦✱ ❱✐❝❡♥"❡ ❏✉❧✐Y♥✱ ▼✐❣✉❡❧ ❆✳ ❙Y♥❝❤❡③✱ ❛♥❞

(❤✐❧✐♣♣❡ ▼❛"❤✐❡✉✳ ❙❛❧❛♠❛♥❝❛✿ ❙♣.✐♥❣❡.✱ ✷✵✶✷✱ (.❛❝"✐❝❛❧ ❆❞✈❛♥❝❡7 ✐♥ ■♥"❡❧❧✐❣❡♥"

❛♥❞ 7♦❢" ❝♦♠♣✉"✐♥❣✱ ✷✻✾✕✷✼✷✳ ❤!!♣✿✴✴✇✇✇✳♣❛❛♠)✳♥❡!✴♣❛❛♠)✷✵✶✷✴✳ ❙❤♦." ♣❛♣❡.✱

❇❡7" ❉❡♠♦ ❛✇❛.❞✳ ✭❈✐"❡❞ ♦♥ ♣❛❣❡ ✻✸✳✮

▼❡✐7"❡.✱ ❑✳✱ ▼✳ ❇❛❧♠❡.✱ ❋✳ ❈✐❛.✐✱ ❆✳ ❍♦.♥✐✱ ▼✳ ❘✐❡7❡.✱ ❘✳❆✳ ❲❛.❛✐❝❤✱ ❑✳❲✳

❆①❤❛✉7❡♥✱ ❘✳❆✳ ❲❛.❛✐❝❤✱ ❘✳❆✳ ❲❛.❛✐❝❤✱ ❑✳❲✳ ❆①❤❛✉7❡♥✱ ❡" ❛❧✳ ▲❛.❣❡✲7❝❛❧❡

❛❣❡♥"✲❜❛7❡❞ ".❛✈❡❧ ❞❡♠❛♥❞ ♦♣"✐♠✐③❛"✐♦♥ ❛♣♣❧✐❡❞ "♦ ❙✇✐"③❡.❧❛♥❞✱ ✐♥❝❧✉❞✐♥❣ ♠♦❞❡

❝❤♦✐❝❡✳ ❊❚❍✱ ❊✐❞❣❡♥b77✐7❝❤❡ ❚❡❝❤♥✐7❝❤❡ ❍♦❝❤7❝❤✉❧❡ ❩d.✐❝❤✱ ■❱❚✱ ■♥7"✐"✉" ❢d.

❱❡.❦❡❤.7♣❧❛♥✉♥❣ ✉♥❞ ❚.❛♥7♣♦."7②7"❡♠❡✱ ✷✵✶✵✳ ❤!!♣✿✴✴❜♦♦❦)✳❣♦♦❣❧❡✳❢5✴❜♦♦❦)❄

✐❞❂②❇✇❛②✇❆❆❈❆❆❏✳ ✭❈✐"❡❞ ♦♥ ♣❛❣❡ ✺✽✳✮

▼✐".♦✐ ❆❞.✐❛♥✱ ❙"❛♥❝✉ ■✳ ✏❋✐♥❛♥"❡ ❝♦♠♣♦."❛♠❡♥"❛❧❡ ✈❡.7✉7 ❛♥❛❧✐③❛ "❡❤♥✐❝❛ 7✐ ❢✉♥❞❛✲

♠❡♥"❛❧❛✳✑ ❙②♠♣♦7✐♦♥ ❙❝✐❡♥"✐✜V✉❡ ■♥"❡.♥❛"✐♦♥❛❧✱ ❉❡✈❡❧♦♣♣❡♠❡♥" ❞✉.❛❜❧❡✱ ❡❝❤❛♥❣❡

❣❧♦❜❛❧ ❡" ❡❝♦7②7"❡♠7 ✹✼✱ ✶✳ ✭❈✐"❡❞ ♦♥ ♣❛❣❡ ✹✽✳✮

▼♦.♦✱ ❊7"❡❜❛♥✳ ✏❚❤❡ ▼✐♥♦.✐"② ●❛♠❡✿ ❛♥ ✐♥".♦❞✉❝"♦.② ❣✉✐❞❡✳✑ ❆❞✈❛♥❝❡7 ✐♥

❈♦♥❞❡♥7❡❞ ▼❛""❡. ❛♥❞ ❙"❛"✐7"✐❝❛❧ (❤②7✐❝7 ✶✺✹✱ ✸✿ ✭✷✵✵✹✮ ✹✼✼✰✳ ✭❈✐"❡❞ ♦♥

♣❛❣❡ ✶✾✷✳✮

▼♦..✐7✱ ❏♦❤♥ ❏✳✱ ❛♥❞ (❡.✈❛✐③ ❆❧❛♠✳ ✏❱❛❧✉❡ .❡❧❡✈❛♥❝❡ ❛♥❞ "❤❡ ❞♦"✲❝♦♠ ❜✉❜❜❧❡ ♦❢

"❤❡ ✶✾✾✵7✳✑ ❚❤❡ ◗✉❛."❡.❧② ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝7 ❛♥❞ ❋✐♥❛♥❝❡ ✺✷✱ ✷✿ ✭✷✵✶✷✮

✷✹✸✕✷✺✺✳ ❤!!♣✿✴✴✐❞❡❛)✳5❡♣❡❝✳♦5❣✴❛✴❡❡❡✴@✉❛❡❝♦✴✈✺✷②✷✵✶✷✐✷♣✷✹✸✲✷✺✺✳❤!♠❧✳

✭❈✐"❡❞ ♦♥ ♣❛❣❡7 ✶✸ ❛♥❞ ✶✼✸✳✮

▼♦77✐♥✱ ❏❛♥✳ ✏❊V✉✐❧✐❜.✐✉♠ ✐♥ ❛ ❈❛♣✐"❛❧ ❆77❡" ▼❛.❦❡"✳✑ ❊❝♦♥♦♠❡".✐❝❛ ✳ ✭❈✐"❡❞ ♦♥

♣❛❣❡ ✸✵✳✮

▼✉"❤✱ ❏♦❤♥ ❋✳ ✏❘❛"✐♦♥❛❧ ❊①♣❡❝"❛"✐♦♥7 ❛♥❞ "❤❡ ❚❤❡♦.② ♦❢ (.✐❝❡ ▼♦✈❡♠❡♥"7✳✑

❊❝♦♥♦♠❡".✐❝❛ ✷✾✱ ✸✿ ✭✶✾✻✶✮ ✸✶✺✕✸✸✺✳ ✭❈✐"❡❞ ♦♥ ♣❛❣❡7 ✶✻ ❛♥❞ ✷✽✳✮

◆❛❣❡❧✱ ❊✳ ❚❤❡ 7".✉❝"✉.❡ ♦❢ 7❝✐❡♥❝❡✿ ♣.♦❜❧❡♠7 ✐♥ "❤❡ ❧♦❣✐❝ ♦❢ 7❝✐❡♥"✐✜❝

❡①♣❧❛♥❛"✐♦♥✳ ❍❛.❝♦✉."✱ ❇.❛❝❡ ✫ ❲♦.❧❞✱ ✶✾✻✶✳ ❤!!♣✿✴✴❜♦♦❦)✳❣♦♦❣❧❡✳❢5✴❜♦♦❦)❄

✐❞❂❢■❤❊❆❆❆❆■❆❆❏✳ ✭❈✐"❡❞ ♦♥ ♣❛❣❡ ✺✶✳✮

◆❛7❤✱ ❏.✳✱ ❏♦❤♥ ❋✳ ✏❚❤❡ ❇❛.❣❛✐♥✐♥❣ (.♦❜❧❡♠✳✑ ❊❝♦♥♦♠❡".✐❝❛ ✶✽✿ ✭✶✾✺✵✮ ✶✺✺✕✶✻✷✳

✭❈✐"❡❞ ♦♥ ♣❛❣❡ ✶✼✺✳✮



❇✐❜❧✐♦❣&❛♣❤② ✷✶✼

❖❢❡❦✱ ❊❧✐✱ ❛♥❞ ▼❛,,❤❡✇ ❘✐❝❤❛1❞2♦♥✳ ✏❉♦,❈♦♠ ▼❛♥✐❛✿ ❚❤❡ ❘✐2❡ ❛♥❞ ❋❛❧❧ ♦❢ ■♥,❡1♥❡,

❙,♦❝❦ >1✐❝❡2✳✑ ◆❇❊❘ ❲♦1❦✐♥❣ >❛♣❡12 ✽✻✸✵✱ ◆❛,✐♦♥❛❧ ❇✉1❡❛✉ ♦❢ ❊❝♦♥♦♠✐❝ ❘❡✲

2❡❛1❝❤✱ ■♥❝✱ ✷✵✵✶✳ ❤!!♣✿✴✴✐❞❡❛)✳+❡♣❡❝✳♦+❣✴♣✴♥❜+✴♥❜❡+✇♦✴✽✻✸✵✳❤!♠❧✳ ✭❈✐,❡❞

♦♥ ♣❛❣❡ ✸✽✳✮

❖✬❍❛1❛✱ ▼✳ ▼❛1❦❡, ▼✐❝1♦2,1✉❝,✉1❡ ❚❤❡♦1②✳ ❇❧❛❝❦✇❡❧❧ ❇✉2✐♥❡22✳ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥2✱

✶✾✾✽✳ ❤!!♣✿✴✴❜♦♦❦)✳❣♦♦❣❧❡✳❢+✴❜♦♦❦)❄✐❞❂✉❞❳❥❘✷❉❣✼❜✇❈✳ ✭❈✐,❡❞ ♦♥ ♣❛❣❡ ✹✽✳✮

>❛1❛♥❥❛♣❡✱ ❘✳✱ ❛♥❞ ❆✳ ❙❛❞❛♥❛♥❞✳ ▼✉❧,✐✲❆❣❡♥, ❙②2,❡♠2 ❢♦1 ❍❡❛❧,❤❝❛1❡ ❙✐♠✉❧❛,✐♦♥

❛♥❞ ▼♦❞❡❧✐♥❣✿ ❆♣♣❧✐❝❛,✐♦♥2 ❢♦1 ❙②2,❡♠ ■♠♣1♦✈❡♠❡♥,✳ >1❡♠✐❡1 ❘❡❢❡1❡♥❝❡ ❙♦✉1❝❡✳

▼❡❞✐❝❛❧ ■♥❢♦1♠❛,✐♦♥ ❙❝✐❡♥❝❡ ❘❡❢❡1❡♥❝❡✱ ✷✵✶✵✳ ❤!!♣✿✴✴❜♦♦❦)✳❣♦♦❣❧❡✳❢+✴❜♦♦❦)❄

✐❞❂③❝❉✵)❥✷❏✈❈✹❈✳ ✭❈✐,❡❞ ♦♥ ♣❛❣❡ ✺✽✳✮
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