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Résumé

Dans cette these nous étudions les transformées de Riesz et les espaces de Hardy associés a
un opérateur sur un espace métrique mesuré. Ces deux sujets sont en lien avec des estimations du
noyau de la chaleur associé a cet opérateur.

Dans les Chapitres 1, 2 et 4, on étudie les transformées quasi de Riesz sur les variétés rieman-
nienne et sur les graphes. Dans le Chapitre 1, on prouve que les quasi transformées de Riesz sont
bornées dans L pour 1 < p < 2. Dans le Chapitre 2, on montre que les quasi transformées de
Riesz est aussi de type faible (1, 1) si la variété satisfait la propriété de doublement du volume et
I’estimation sous-gaussienne du noyau de la chaleur. On obtient des résultats analogues sur les
graphes dans le Chapitre 4.

Dans le Chapitre 3, on développe la théorie des espaces de Hardy sur les espaces métriques
mesurés avec des estimations différentes localement et globalement du noyau de la chaleur. On
définit les espaces de Hardy par les molécules et par les fonctions quadratiques. On montre tout
d’abord que ces deux espaces H' sont les mémes. Puis, on compare 1’espace H” défini par par les
fonctions quadratiques et L”. On montre qu’ils sont équivalents. Mais on trouve des exemples tels
que I’équivalence entre L” et H? défini par les fonctions quadratiques avec I’homogénéité > n’est
pas vraie. Finalement, comme application, on montre que les quasi transformées de Riesz sont
bornées de H! dans L! sur les variétés fractales.

Dans le Chapitre 5, on prouve des inégalités généralisées de Poincaré et de Sobolev sur les
graphes de Vicsek. On aussi montre qu’elles sont optimales.

Mot-clés: Transformées de Riesz, espaces de Hardy, espaces métriques mesurés, graphes,

I’estimations du noyau de la chaleur.
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Quasi Riesz transforms, Hardy spaces and generalized sub-Gaussian

heat kernel estimates
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Abstract

In this thesis, we mainly study Riesz transforms and Hardy spaces associated to operators. The two
subjects are closely related to volume growth and heat kernel estimates.

In Chapter 1, 2 and 4, we study Riesz transforms on Riemannian manifold and on graphs. In
Chapter 1, we prove that on a complete Riemannian manifold, the quasi Riesz transform is always

L? bounded for 1 < p < 2. In Chapter 2, we prove that the quasi Riesz transform is also of weak



type (1, 1) if the manifold satisfies the doubling volume property and the sub-Gaussian heat kernel
estimate. Similarly, we show in Chapter 4 the same results on graphs.

In Chapter 3, we develop a Hardy space theory on metric measure spaces satisfying the doubling
volume property and different local and global heat kernel estimates. Firstly we define Hardy spaces
via molecules and square functions which are adapted to the heat kernel estimates. Then we show
that the two H' spaces via molecules and viasquare functions are the same. Also, we compare the
HP? space defined via square functions with LP. The corresponding H?” (p > 1) space defined via
square functions is equivalent to the Lebesgue space L”. However, it is shown that in this situation,
the H? space corresponding to Gaussian estimates does not coincide with L” any more. Finally,
as an application of this Hardy space theory, we proved the H! — L! boundedness of quasi Riesz
transforms on fractal manifolds.

In Chapter 5, we consider Vicsek graphs. We prove generalised Poincaré inequalities and
Sobolev inequalities on Vicsek graphs and we show that they are optimal.

Keywords: Riesz transforms, Hardy spaces, metric measure spaces, graphs, heat kernel estimates.
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Introduction en francais

Dans cette these nous étudions les transformées de Riesz et les espaces de Hardy associés a un
opérateur sur un espace métrique mesuré. Ces deux sujets sont en lien avec des estimations du
noyau de la chaleur associé a cet opérateur. Nos buts majeurs sont: le comportement des trans-
formées de Riesz sur L” (M) out M est une variété satisfaisant la propriété de doublement du volume
et I’estimation sous-gaussienne du noyau de la chaleur; la théorie des espaces de Hardy sur les es-
paces métriques mesurés avec des estimations différentes localement et globalement du noyau de
la chaleur.

Nous commencerons par introduire nos différents cadres de travail: variétés riemanniennes,
graphes, espaces métriques mesurés de Dirichlet. Puis nous décrirons des estimations du noyau de
la chaleur dans tous les cadres que nous considérons. Et apres, nous introduirons les problemes
de transformée de Riesz et la théorie des espaces de Hardy. Finalement, nous présenterons nos

résultats principaux.

0.1 Cadre

Soit (M,d, ) un espace métrique mesuré. Pour tout x € M et tout r > 0, on désigne par B(x,r) la

boule de centre x et de rayon r, et par V (x,r) sa mesure.

Notation 0.1. On note x >~ y pour signifier qu’il existe deux constantes ¢,C > 0 avec ¢ < C telles
que cx <y < Cx (uniformément en x et y).

Soit B la boule B(x,r). Nous notons AB la boule de centre x et de rayon Ar. Nous notons
Ci(B)=4BetC;(B) =2/"'B/2/B pour j=2,3,--.

Définition 0.2. On dit que (M, d, 1) satisfait la propriété de doublement du volume s’il existe C > 0
tel que
V(x,2r) <CV(x,r), Vx € M,Nr > 0. (D)

Variétés riemanniennes Soit M une variété riemannienne compléte non-compacte. On note d

la distance géodésique, u la mesure riemannienne, V le gradient riemannien et A 1’opérateur de

X1



Laplace-Beltrami positif. Par définition et par le théoréme spectral, on a
[ V-Vedu=(81.9)= [ (V208 Pe)du, V1.5 € G (M)

Soit e A le semi-groupe de la chaleur, et soit p;(x,y) le noyau de la chaleur associé. Alors

(e7"A);>0 est une famille de contractions linéaires sur L?(M). En fait, on a le théoréme suivant

Théoreme 0.3 ([Gri09, Str83]). Le semi-groupe de la chaleur (e )~ sur L?>(M) admet un noyau

unique p;(x,y) satisfaisant
1. p;(x,y) > 0 est une fonction C* sur R™ x M x M.
2. pi(x,y) = pi(y,x) pour tous x,y € M ett > 0.

3. Pour toute f € L2(M), e~" s’écrit sous la forme de I’intégrale suivante:
S0 = [ penf)du ).

4. Le semi-groupe est sous-markovien. Si f € L2(M), alors0< f<1=0<e A f < 1.

5. lle7™f|l, < ||f|l, pour toutt > O et f € L>(LP, 1 < p < o, avec

le 2 f = £l =0
pour 1 < p < oo,

6. Pour tout f € L?(M), on a %e_mf = —Ae"Af. Cette égalité a lieu aussi pour f € LP,
1 < p < oo, si on définit e " f comme dans 3.

Graphes Soit I un graphe infini connexe localement uniformément fini. On suppose I' muni de
sa distance naturelle d et muni d’un poids symétrique u sur I' x I'. Deux points x et y de I" sont

voisins si et seulement si L, > 0. On note x ~y. On désigne p1(x) = Y. Uy,. Alors pour Q C I", on
y~x
a une mesure définie par

(@)= Y ().

xel

Soit p un noyau de Markov réversible par rapport a u. C’est-a-dire,
Py (X) = ey = p(y,0)u(y), Vx,y €T}

Y plx,y)=1, vxel.
yell

Xii



On suppose que I satisfait la condition A(er). C’est-a-dire, il existe ¢ > 0 tel que pour tous
x,yel
x ~yimplique p(x,y) > c, et x ~ x.

On définit les noyaux itérés de p par

()= 8(ry) =4 7
X,y) = 0X,y) =
Po 0, x#y;

pe(ey) =Y pro1(x,2)p(z,y), k> 1.
zel

L’ opérateur associé a p est défini par

Pf(x) =Y p(x,y)f(y).

yell

Alors pour tout k € N, on a

P f(x) =Y prlx,y) f().

yell

On dit que I — P est le laplacien sur I'.
On définit la longueur du gradient de f en x € I par

1/2

Vi@l = | 5 Zetenlr) — FO)P
y

et on considere py.1(y,x) — pr(x,y) comme la dérivée discrete en temps de py(y,x).

Par un simple calcul, on obtient

IVFI3 =< (I—P)f,f>=|(I—P)>f]3,

ou (I — P)% est défini par la théorie spectrale. L’hypothese A(a) implique —1 ¢ Spec (P) (voir
[Rus00]). Par conséquent,
1
P:/ AdE;, oua> —1.

On a aussi I’analyticité P sur L? (voir [CSC90, Proposition 3]). C’est-a-dire, il existe C > 0 tel que
pour tout n € N,
[P _PHIHz%z <Cnl.

Pour tout y € T, p.(-,y) satisfait I’équation de la chaleur

p(x)(u(n+1,x) —u(n,x)) = Z,ley(u(l’l,y) —u(n,x)),
y

Xiil



Ol +1,0) = ¥ ().
y

Espaces métriques mesurés Soit (M, 1) un espace localement compact avec (U une mesure de
Radon positive. Soit & une forme de Dirichlet réguliere et fortement locale sur & C L? (M,du).

C’est-a-dire,

e Soit 6p(M) I’ensemble des fonctions continues a support compact sur M. Alors 2 N%y(M)

est dense dans %y(M) sous la norme uniforme et est dense dans 2 sous la norme (|| f]|3 +

E(f,f)V2.

e Soit f1, f» deux fonctions a support compact. Si f> est constante sur un ensemble U; con-
tenant supp f, alors &(f1, f2) = 0.

On désigne par L I’opérateur positif auto-adjoint associé a &. Alors

&(f,8) =<Lf,g>=<f,Lg >= /Mdl“(f,g)

t t

Le semi-groupe engendré e 'L est une contraction sur L?(M). De plus, e 'L est sous-markovien et
on peut le considérer comme un opérateur contractant sur LP (M), 1 < p < oo,

& admet une “mesure d’énergie” I'™:

£(f.8)= [ dU(f.), Vf.g€ P,

Pour x,y € M, la distance est définie par

d(x,y) = sup{f(x) = f(y) - dU(f, f) < du,f € €},

ou dI'(f, f) < du signifie que I'(f, f) est absolument continue par rapport a u avec la dérivée de
Radon-Nikodym bornée par 1. On doit supposer que d est une distance qui redonne la topologie
initiale et pour laquelle M est complet.

Nous dirons que (M,d, ,&’) est un espace métrique mesuré de Dirichlet.

Si dT" est absolument continue par rapport a [, nous dirons que & admet un carré du champ.
C’est-a-dire, il existe une unique forme bilinéaire symétrique positive continue de 2 x 2 dans L!

(qu’on désigne encore par I') telle que

E(fh.g)+E(gh.f) ~E(h.fe) = [ HT(f.9)du, ¥f.8.he 7L
Voici quelques exemples d’espaces métriques mesurés munis d’une forme de Dirichlet:
Exemple 0.4. Variétés riemanniennes.

X1V



Soit (M,d, i) une variété riemannienne et A 1’opérateur de Laplace-Beltrami. Alors

S )= [ () fdu. Vi € G (M).

Exemple 0.5. Espaces euclidiens avec un opérateur elliptique sous forme divergence.

Soit a = (a;j(x))nxn une matrice bornée et mesurée. On definit

S )= [ VF-aVf VS e G R).

Exemple 0.6. Fractals.

Par exemple, les tapis de Sierpifiski, les triangles de Sierpinski, les fractals de Vicsek etc (voir
[BB92, BB99a, BCGO1, Barl3]).

Sur un tapis de Sierpinski F, soit F,, une série d’approximations de F' et &, la forme convenable
de Dirichlet sur F,. Alors on peut construire une forme de Dirichlet & sur F. Voir [Bar13] pour les

détails.

Exemple 0.7. Systemes de cables (voir [Var85, BB04]).

Soit (G,d, V) un graphe. On definit le systéme de cibles G¢ en remplagant chaque aréte de G
par une copie de (0,1). La mesure u sur Gc¢ est définie par du(t) = vy,dt, ou t parcourt le cable
reliant deux sommets x et y. Notons & les fonctions & support compact sur C(G¢) et qui sont C'

sur chaque cable. On définit

EUN)= [ £ O ). vrew.

C

0.2 Estimations du noyau de la chaleur

Soit (M,d, i) un espace métrique mesuré complet. Soit L un opérateur positif auto-adjoint sur

~L),o0. Notons que (e "F);~¢ n’est pas

L?>(M,u) qui engendre un semi-groupe analytique (e
nécessairement uniformément borné sur L! (M, ). On connait des exemples de semi-groupes qui
ne sont pas bornés sur L!, mais seulement sur L? ou p € [po, Pp) pour un pg > 1 (voir par exemple,
[Aus07]).

Soit 1 < B; < ;. Dans cette theése, nous considérons les estimations du noyau de la chaleur
suivantes.

L’hypotheése (A1): L estimation L? — L? non-classique de Davies-Gaffney: Vj > 1, il existe C,c > 0

XV



tels que pour tous x,y C M,

By
d BT
Cexp —c( ();,y)) 1 0<tr<1,
—p(1)L
H]lB(x,t)e p() Lp(ys) 2_>2§ 5y (DG, ,)
d BT
Cexp —c( ();7)’)) 2 , t>1
\
ou
" P 0<t<1,
plt) =
tﬂl, t>1;

L’hypothese (A2): Soit 1 < py < 2 et p comme dans (Al). L’estimation L0 — LPo non-classique
hors-diagonale: pour tout x,y € M and ¢t > 0, et Vj > 1,

(

C d Bi—T

—T—7—€Xp —c(@) 1 0<r<l,

B Yy (x,1) PO-Py
Hﬂmx,r)e D1 ) < 5 (DGg,'p,)

po—p =T
0 C d(x,y)\ BT

TCXP —C T s IZ 1.

\ v (x,1)

Remark 0.8. Une estimation équivalente a (A2) est I’estimation L0 — [? hors-diagonale

( By
C d Bi-1
—————exp —c(@) 1 0<r<1,
Ve 2(x,t)
—p(1)L ’
|15 O 1| < 5
po2 C d(x,y)\ BT
—————exp —c( ’ ) : t>1.
Vo 2(x,1) t

On renvoie a [BKOS, Blu07, CSO8] pour les démonstrations.

L’hypothese (A3): Soit p comme dans (A1). L’estimation ponctuelle généralisée du noyau de la
chaleur: pour tout x,y € M and t > 0,

pi(x,y) < exp (—2G(1,d(x,y))), (UEg, g,)

2
V(y,p~'(1)
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( B 1/(Bi—1)
<T> 7 tS r’
<rﬁ2> 1/(B2—1)
— , t>r
L t

Remarque 0.9. Notons que f3; < 3. Alors pour d(x,y) <t,ona

(dﬁ‘(x,y)>]/(ﬁll)< (dﬁz(x,Y)>]/(ﬁ2])
t - t ’

4B (x,y)) 1/(B1—1)

G(nt) ~

1/(B2—1)
> (dﬁ25x,y )> * . Donc (UEg, g,) implique

t

Et pour r < d(x,y), on a (

I’estimation suivante:

1 -1
V (x,t1/Br) P t ’ ’

1/(B2—1)
M) 2 t>1.

pl‘(x7y) S
L Y
V(x,i1/B) P t

\

Remarque 0.10. On a (A3) = (A2) = (Al). En fait,

Lemme 0.11. Soit M vérifiant (D) et (UEg, g,), B1 < . Alors, pour tous x € M et j > 1, on a
VKeNetl<p<2

( B
Cexp (—c2511
Ke—p(1)L , 0<r<1,
[ownyser s, | Ty Ml
V1/2(2i+1B(x,1)) - Cexp (—czﬁjle
Vl/l’(x l) ”f”LP(B)v t> 1.

Comme dans [BKO0S5], on obtient

Lemme 0.12. Soit M vérifiant (D) et (DGg, g,) avec B; < 3. Soit B une boule de centre x € M et
de rayon r > 0. Alors pour tous k,/ € N avec 0 < [ < k—2 et pour tout 7 € (0,21r), on a

KBy
Cexp (—c2ﬁ11), 0<r<l,

HI]'Ck(B) (p (t)L)Ke_p(t)LﬂCz(B) HZ%Z < By
Cexp ( ) , t>1.

—c2hT

Exemple 0.13. Toutes les variétés riemanniennes vérifient (DG »), voir [Dav92].
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Les variétés riemanniennes a courbure de Ricci positive vérifient (UE; »), voir [LY86].

Exemple 0.14. Certaines variétés fractales vérifient (UE ,,,), m > 2.
Soit (G,F,v) un graphe infini connexe satisfaisant la croissance polynomiale du volume:

V(x,r) ~ rP et I’estimation sous-gaussienne du noyau de la chaleur:

C am 1/(m—1)
pr(x,y) < kﬁfi)n) exp (—c < (x,y)) )7 (1)

k

ouD >1et2 <m<D+1. En fait, pour tout D > 1 et tous m satisfaisant 2 < m < D+ 1, il existe
un graphe qui satisfait (1). On construit une variété riemannienne M a partir de G en remplagant
toutes les arétes par les tubes de longueur 1 et puis en les collant de fagon lisse aux sommets (voir
[BCGO1] pour la variété de Vicsek). On note A I’opérateur Laplace-Beltrami sur M et e e
noyau de la chaleur associé. Alors le noyau de la chaleur p,(x,y) satisfait (UEﬁl,ﬁz) avec B =2
and B, =m > 2.

Exemple 0.15. Espace euclidien avec des opérateurs elliptiques sous forme divergence.

Soit L un opérateur homogene elliptique sur L?(R") d’order 2m (m > 1) sous forme divergence:

L:=(-1)" Z aa<aa,ﬁaﬁ)7

lot|=[Bl=m
ol a, g est borné pour tous @, B. Alors (UEo2m) a lieu si n < 2m. Sin > 2m, Alors (DG‘;?’;;‘;) a
lieu pour pg = nf%n Voir par exemple, [Aus07, Dav95, Dav97a] etc.

Exemple 0.16. Systemes de cables. Par exemple, pour la systeme de cables associé au triangle
de Sierpinski (sur Z?), p;(x,y) satisfait (UEpg, g,) avec B =2 and B, = log5 /log2 (voir [Jon96,
BB04]).

Plus généralement, Hebisch and Saloff-Coste [HSCO1] considerent un espace métrique mesuré
complet non-compact de Dirichlet, sur lequel le noyau de la chaleur vérifie I’estimation supérieure

p—Gaussienne
G

V(yp~(t))

est la fonction inverse de p. Notons que p et G vérifient certaines relations qu’on ignore ici

pt(x7y) = exp(—ch(t,d(x,y))),

oup!
(voir [HSCO1, Section 5] pour les détails). En fait, cette estimation non-classique est équivalente a

une inégalité de Harnack parabolique, voir aussi [GT12].

0.3 Transformée de Riesz sur les variétés non-compactes

Strichartz a posé en 1983 la question de savoir pour quelle variétés riemanniennes non-compactes

M et pour quels p € (1,4o0) les semi-normes H|Vf|||p et HAl/sz sont équivalentes, lorsque f
p
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parcourt les fonctions lisses a support compact sur M. C’est a dire, quand il existe des constantes
c,C > 0 telles que

A2, < 11V FIllp < CIAY2 ]|, VF € G (M)? (Ey)
Plus précisément, on dit que M satisfait (R),) si
111, < cllat>r] (R,)

et que M satisfait (RR)) si
a2 <clvr,. (RR))

La propriété (R,) revient a dire que la transformée de Riesz est continue sur LP(M); elle se
dualise en (RR,y) (voir [CDO3]). Si (Rp) et (RR)) ont lieu, cela signifie que les deux définitions
concurrentes des espaces de Sobolev homogene d’ordre un dans L? coincident sur M. Claire-
ment, (R;) et (RRy) sont vraies, mais pour p # 2, il s’agit d’un probleme d’intégrales sin-
gulieres, ou les méthodes classiques de Calderon-Zygmund amenaient a des hypotheses trop
coliteuses. Beaucoup de travaux ont été faits pour résoudre ce probleme, voir par exemple
[Bak87, CD99, CDO03, ACDHO04, AC05, CCHO6, Car07, CS10, Devar] et leurs références.

Des estimations du noyau de la chaleur jouent un réle trés important dans ces problemes. Voici
des estimations du noyau de la chaleur qu’on connait bien.

L’estimation supérieure diagonale:

<%  wxeMi>o0. (DUE)

L’estimation supérieure gaussienne:

C d?(x,y)
< - — M . E
pt(x’y)_V(x,\/f) exp( s ),Vx,ye >0 (UE)

En fait, sous I’hypothese (D), les estimations (DUE) et (UE) sont équivalentes (voir [CSO08],
[Gri09]).
L’estimation de Li-Yau: pour tous x,y € M et pour tout ¢ > 0,

c d*(x,y) C d*(x,y)
T () e < men (<55 ()

L’estimation du gradient du noyau de la chaleur:

, Vx,ye Mt > 0. (G)

C
[Vpi(x,y)| < VO
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En 1999, Coulhon et Duong ont prouvé le résultat suivant:

Theorem 0.17. Soit M une variété riemannienne complete satisfaisant la propriété de doublement
(D). Supposons une estimation gaussienne supérieure du noyau de la chaleur (DUE). Alors la

1/2

transformée de Riesz VA™'/< est bornée sur LP pour 1 < p < 2.

Si M satisfait (D) et (DUE), on sait que (R)) peut étre en défaut si p > 2, mais on ne sait pas
si (RR)) peut €tre en défaut pour 1 < p < 2. Si M satisfait seulement (D), alors (RR),) peut €tre en

défaut pour 1 < p < 2. On a les deux exemples suivants:

Variété somme connexe de deux espaces euclidiens On note M, une variété obtenue comme
somme connexe de deux espaces euclidiens R".

Soit n > 2. Coulhon et Duong ([CD99, Section 5]) ont démontré que la transformée de Riesz
sur M, n’est pas bornée dans L” pour p > n. Notons que M, satisfait (D) et (DUE), mais (LY) est
fausse.

Soit n > 3. Le résultat est amélioré dans [CCHO6]. En fait, (R) est vraie pour 1 < p < n et est
fausse pour p > n, voir [CCHO06, Car(07].

Variété de Vicsek (voir [BCGO01, Section 6]) Soit M une variété de Vicsek a croissance

polynomiale du volume: V (x,7) ~ r, r > 1. Alors M vérifie I’estimation du noyau de la chaleur

_D_
sup p;(x,x) ~¢ D1 > 1.
xeM

Proposition 0.18 ([CDO03]). Soit M une variété de Vicsek comme ci-dessus. Alors (RR),) est fausse

pour 1 < p < Dz—fl. Par conséquence, (R),) est fausse pour p > %.

Si en outre M satisfait I’estimation gaussienne inférieure du noyau de la chaleur, c’est-a-dire,
I’estimation de Li-Yau, ou bien également, des inégalités de Poincaré a I’échelle, Auscher et Coul-

hon [ACO05] ont montré que

Théoreme 0.19 ([ACO05]). Soit M une variété riemannienne compléte non-compacte satisfaisant la
propriété de doublement du volume et les inégalités de Poincaré a 1’échelle, c’est-a-dire, il existe
C > 0tel que VB, Vf € C5(B)

L1~ fsPau < cri [ |vrian,
B B
ou rp est le rayon de B. Alors il existe € > 0 tel que (R)) est vrai pour 2 < p < 2+€.

Enfin,

Théoreme 0.20 ((ACDHO04]). Soit M une variété riemanniene compléte non-compacte vérifiant

(LY). Soit py € (2,00]. Alors les affirmations suivantes sont équivalentes:
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1. Pour tout p € [2,pp), on a

c
H’ve*m H <= vi>o.

p—p A\t

2. Pour tout p € [2, pg), la transformée de Riesz est bornée sur L.

Théoreme 0.21 (JACDHO04, CS10]). Soit M une variété riemannienne compleéte non-compacte

vérifiant (D) et (G). Alors la transformée de Riesz est bornée sur L? pour tout 1 < p < co.

0.4 Espaces de Hardy

L’ étude des espaces de Hardy trouve son origine dans la théorie des séries de Fourier et de I’analyse
complexe en une variable. Depuis les années 1960, elle a été transférée a 1’analyse réelle en
plusieurs variables, ou plus généralement sur des espaces de type homogene. 1l y a beaucoup de
caractérisations équivalentes pour les espaces de Hardy. Par exemple, par les fonctions maximales,
par les décompositions atomiques ou moléculaires, par les intégrales singulieres, etc.

Nous rappelons une description de H' en utilisant des atomes sur un espace de type homogene
M (voir [CW77]). On dit qu’une fonction a € I? (M) est un atome de H I's°il existe une boule B € M

telle que
1. suppa C B;
2. Jlall, < u="/2(B);
3. [yya(x)dx=0.

Une fonction f sur M appartient 2 H'!(M) si et seulement s’il existe une suite (A,),cn € I! et une

suite de H'! —atomes (a,,),cn tels que

f=Y Ajaj,
=0

et la convergence a lieu dans L' (M).

On peut aussi définir des espaces H' moléculaires. Contrairement & un atome, la molécule n’est
pas a support compact, mais elle décroit tres vite.

Dans R”, Coifman, Meyer and Stein ont développé la théorie des espaces de tentes ([CMS85], et
voir [Rus07] sur des espaces de type homogene) qui connecte les espaces de Hardy a des fonctions

quadratiques. On dit qu’une fonction mesurable F sur R” x (0,0) appartient a I’espace de tentes

TP (R") si
dydt\ /?
Fllpp = F(y,0)?
Il 'KM}KJ@J“HJ

L
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En fait, pour toute fonction convenable f sur R”, la fonction quadratique conique est définie sur R”

Sf(x) - (//|yx <t

2 . .
oUA=Y", % ete VA estle semi-groupe de Poisson.

On dit que f € HZ, p > 1si Sf € L”, ou également, t\/Ze_t\/Zf € sz. En effet, HSl et H!
moléculaire sont équivalents. D’un cdté, pour f € H'(R"), on a ||Sf||1 < C||fl (voir [FS72]).

par

1/2
e R )

tn-i—l

De I’autre c6té, par la formule reproduisante de Calderon, on a
* /A dt
=1 tvVAe Ft?’ )
0

oufF; := 1VAe™! VA f est dans I’espace de tentes Tzl. I1 est été prouvé dans [CMS85] que F; admet
une décomposition atomique de Tzl. On la substitue dans (2) et on obtient une décomposition
moléculaire pour f. Pour p € (1,00), HP(R") = LP(R") a lieu.

Les espaces de tentes sont intensivement utilisés dans la théorie des espaces de Hardy associés
aux opérateurs, voir [AMROS], [HLM*11], [Uhl11, KU12] etc.

Dans [AMROS], Auscher, McIntosh et Russ ont introduit des espaces de Hardy sur les variétés.
Soit M une variété vérifiant le doublement du volume. Ils ont défini des espaces de Hardy sur
les formes différentielles de tous les degrés (voir [AMMI3] pour les espaces de Hardy de fibrés
vectoriels sur les espaces métriques mesurés satisfaisant (D)). Notons D = d + d* I’opérateur de
Hodge-Dirac et A = D? I’opérateur de Hodge-Laplace. Par définition, la transformée de Riesz
DA~1/2 est bornée sur L2 (AT*M). Les espaces de Hardy H} sont définis par les fonctions conven-
ables quadratiques tels que la transformée de Riesz est bornée sur H, 1’; (AT*M), pour tout 1 < p <2.
Il y a aussi une caractérisation par molécules. On a les comparaisons suivantes entre espaces H” et
LP:

Théoreme (.22 ([AMRO08]). Soit M une variété riemannienne compléte satisfaisant le doublement
du volume (D). Alors,

LP(AT*M)
e Pourtout 1 < p <2, HP(AT*M) C Z(D)N\LP(AT*M) :

LP(AT*M)

e Pour tout 2 < p < oo, Z(D) N LP (AT*M) C HP(AT*M).

De plus, si le noyau de la chaleur associé a I’opérateur laplacien de Hodge vérifie I’estimation

gaussienne supérieure, c’est-a-dire, pour tout 0 < k < n,

¢ d*(x,y)
Ipf(x,y)lsmex (_ Ct

) N?C,y EM,I > 07 (Gk)

ou pf est le noyau de e/ et A; est I’opérateur laplacien de Hodge sur les k—formes, alors
P(AT*
HP(AT*M) = Z(D)nLr(ATM)- N

pour tout 1 < p < oo,
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En conséquence du calcul fonctionnel sur H?(AT*M), on a

Théoreme 0.23 (JAMRO08]). Soit M une variété riemannienne complete satisfaisant le doublement
du volume. Alors, pour tout 1 < p < oo, la transformée de Riesz DA~1/2 est bornée sur H? (AT*M).
Donc, elle est bornée de H' (AT*M) dans L' (AT*M).

Plus précisément, si on considere les fonctions (0-formes), on a les affirmations suivantes:

e Soit (D) et (Gg). Alors pour tout 1 < p < oo,

LP(AOT* M)

HP(A’T*M) = % (D) N LP(AOT*M)

e Soit (D), (Gyp) et (G1). Alors la transformée de Riesz dA~'/2 sur les fonctions est bornée de
LP(A°T*M) dans LP(A'T*M) pour tout 1 < p < oo,

Dans [HLM ™" 11], Hofmann, Lu, Mitrea, Mitrea and Yan ont considéré des espaces de Hardy
définis par les fonctions quadratiques sur les espaces métriques mesurés de type homogene. Soit X
un espace métrique mesuré avec le doublement du volume et soit L un opérateur positif auto-adjoint
qui engendre un semi-groupe analytique (e~'%),~o sur L?(X) vérifiant I’estimation de Davies-
Gaffney. C’est-a-dire, il existe deux constantes C,c > 0 telles que pour tous ensembles ouverts
U, U CX,

diStZ(Ul,Uz)

|<e_th1,f2>|§Cexp(— -

) 1l falla, ¥ >0,

pour toutes f; € L?(X) a support compact et supp f; C U;, i = 1,2, ol

dist(Uy,Uz) := inf d(x,y).
15 ( ! 2) xEUlll,lyEUz (x y)
Ils ont étendu les résultats dans [AMROS8] par obtenir une decomposition atomique de H, Ll et par
développer la théorie des espaces H' et BMO adaptés a L.
Plus généralement, Kunstmann and Uhl [Uhl11, KU12] ont étudié des opérateurs positifs auto-

adjoints sur [? vérifiant I’estimation d’ordre m (m > 2) de Davies-Gaffney (DG,,):

d(x,y)
t

T
| <e™fi,fa>|<Cexp (—C( ) > 1All211 2112, e >0,

pour tous x,y € M et fi, f» € L*(X) avec supp fi C B(y,t'/™) et supp f> C B(x,¢'/™). ls ont défini

des espaces de Hardy par les fonctions quadratiques et par les molécules adaptés a (DG,,). Par
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ailleurs, si I’estimation gaussienne (po, p) généralisée d’ordre m a lieu: Vr > 0,Vx,y € M,

< CV_<"I°_”16) (x,£'/™) exp <—c (M> ml) :

]]- 1/m e_lL:H- 1/m
| Lesnimpe ™ Ly m — :

alors pour tout p € (po,2), ils ont montré que 1’espace de Hardy H” défini par les fonctions quadra-

tiques coincide avec L”.

0.5 Résultats de la these

0.5.1 Les quasi transformées de Riesz

Sur les variétés riemanniennes completes Notons que nous ne faisons aucune hypothese sur la

croissance du volume ni sur le noyau de la chaleur.

Proposition 0.24. Soit M une variété riemannienne complete. Alors, pour tout 1 < p <2, 0on a

C
ver|| <=, G))
H‘ p—p - \/ZT p
et également
2
VA < CUAILIALIL- (MI))

Comme application, on obtient une version faible de (R,) pour 1 < p <2.

Théoreme 0.25. Soit M une variété riemannienne complete. Alors, pour 0 < @ < 1/2, la quasi

transformée de Riesz Ve 2A~% est borné sur L” pour 1 < p < 2.

Proposition 0.26. Soit M une variété riemannienne complete satisfaisant (Dy,.) et (DUE},,.). Alors
V(I +A)""2 4 Ve A% avec a € (0,1/2) est bornée sur L? pour 1 < p < 2.

Sur les variétés riemanniennes vérifiant (D) et (UE, ;) On ne sait pas si (DUE) est nécessaire
pour la bornitude de la transformée de Riesz sur L” pour 1 < p < 2. Une question naturelle est la

suivante:

Question 0.27. Soit M une variété riemannienne vérifiant (D) et (UE> ,,), est-ce que la transformée
de Riesz est bornée sur L” (M) pour 1 < p < 2?

Si oui, on améliore le résultat dans Théoreme 0.17. Sinon, on trouve des contre-exemples
intéressants. Pour le moment, on ne sait pas résoudre ce probleme. Cependant, sous I’hypothese

(UE, ;) ou plus faible, on considere le cas p = 1 dans Théoreme 0.25.

Théoréme 0.28. Soit M une variété complete non-compacte vérifiant (D) et (UE3 ,,,). Alors pour
tout 0 < o < 1/2, I’opérateur Ve A~ % est de type (1,1).
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En plus, sous des hypotheses plus fortes, on peut obtenir

Théoréme 0.29. Soit M une variété complete non-compacte vérifiant (D) et (HK3 ), m > 2,
c’est a dire, (UE ;) et I’estimation inférieure correspondante. Supposons (G,), po € (2,9], et
I’estimation L? Davies-Gaffney (DG 1 ):

C _ d&Bg®B)
1_/2€ ‘ ! ||f||L2(Ci(B)), 0<t< 17
(Hve—m Al <1
L2(B) - C e w>l/(m71)
me ”fHLZ(Ci(B)), 1 <t < oo.

Alors la transformée de Riesz a 'infini Ve 2A~1/2 est bornée sur L? pour p € (2,po).

Contre-exemples pour p >2 On améliore le résultat de la Proposition 0.18. En fait, il existe des
variétés telles que la transformée de Riesz inverse n’est pas bornée sur L pour 1 < p < 2 et donc

(Rp) est faux pour 2 < p < oo,

Théoréme 0.30. Soit M une variété de Vicsek a croissance polynomiale du volume: V (x,r) ~ rP

pour r > 1. Alors I'inégalité
1AP £1l, < Colll VA1l

est fausse pour tout B < B(p) := DLH <% +l%), oul < p<eo.

En particulier, (RR)) est faux pour tout 1 < p < 2. Par conséquent, (R,) est fausse pour tout

p>2.

Sur les graphes Considérons maintenant le cas discret (les graphes). On a les résultats suivants

qui sont similaires a la Proposition 0.26 et au Théoréme 0.28.

Proposition 0.31. Soit I un graphe infini connexe vérifiant le doublement du volume local, c’est-

a-dire, il existe une constante ¢ > 1 telle que
K(B(x,1) <cu(x), Vx €T,

Soit @ € (0,1/2) fixé. Alors, pour 1 < p <2, il existe C > 0 tel que
VT =P)~*flllp < CIIflp-

Théoreme 0.32. Soit I" un graphe infini connexe vérifiant le doublement du volume et la condition

A(a). Supposons aussi I’estimation sous-gaussienne supérieure du noyau de la chaleur: Vx,y € M,

Vk € N, )
Cu(y) d"(x,y)\ "
Pr(x,y) < WCXP (‘C (T :
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Alors pour tout 8 € (0,1/2), I’opérateur V(I — P)~P est de type faible (1,1).

0.5.2 Espaces de Hardy

Soit (M,d, i) un espace métrique mesuré de type homogene satisfaisant une estimation différente
en petit temps et en grand temps du noyau de la chaleur. Comme dans [AMRO08, HLM*11], on
définit deux classes d’espace de Hardy sur M. La premicre classe est I’espace H' défini par les

molécules. On le désigne H; (M). La deuxieme classe est H f o (M), 1 < p <o, défini par les
)

7P7m01
fonctions quadratiques. On montre tout d’abord

Théoreme 0.33. Soit M un espace métrique mesuré vérifiant (D) et (DGﬁ1 7[;2), Bi1 < Bo. Alors
1 _ gl ~
Hj 5 mot (M) = HL,Sﬁ (M). De plus, on a HfHHLl,p_mol(M) = Hf”HLl,sg (M)

En comparant H f o (M) et L? for 1 < p < oo, on obtient
wh

Théoreme 0.34. Soit M un espace métrique mesuré non-compact vérifiant la propriété de dou-

blement du volume (D) et I’estimation supérieure du noyau de la chaleur (DGgT’gZO). Alors

H’ (M) =RL)NLP(M)"

M) li tout < pl
L.s? a lieu pour tout py < p < py.

Comme une corollaire, I’estimation ponctuelle du noyau de la chaleur nous donne

Corollaire 0.35. Soit M un espace métrique mesuré non-compact vérifiant la propriété de dou-
blement du volume (D) et I’estimation supérieure du noyau de la chaleur (UElg1 752). Alors
1 _ gl p _
Hy o mot(M) = HL,SZ (M), et HL,SZ(M) = LP(M) pour tout 1 < p < oo,
Cependant, pour 1 < p < 2, I’équivalence entre LP et H? défini par les fonctions quadratiques
avec le scaling > n’est pas nécessairement vraie. En effet, on a le résultat suivant.

Théoreme 0.36. Soit M une variété riemannienne compléte non-compacte. Supposons la crois-
sance polynomiale du volume:
Vier)~r r>1,

et I’estimation sous-gaussienne du noyau de la chaleur (HK> ;,), o 2 < m < d /2. Alors I’inclusion
LP(M) C HKSh(M) est fausse pour p € (74-,2).

Comme application des développements précédents sur les espaces de Hardy, on montre

Théoreme 0.37. Soit M une variété satisfaisant (D) et (UE; ,), m > 2. Alors, pour o € (0,1/2)
fixé, I’opérator Ve 2A~% est borné de H Al ,n, dans L.
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0.5.3 Les autres résultats

Sur les graphes de Vicsek, on obtient une inégalité généralisée de Poincaré.
Théoréme 0.38. Soit I' un graphe de Vicsek 2 croissance polynomiale du volume: V (x,n) ~ nP.

Alors, pour p > 1,

_1
1f = e By < CV (,n) POV £l o (B(x20))

Ol () = 7ty Ecestun) FORE) et gl = 4+ .

On a aussi une inégalité généralisée de Sobolev.

Théoréme 0.39. Soit I' un graphe de Vicsek 2 croissance polynomiale du volume: V (x,n) ~ nP.

Alors, pour p > 1,
1
1F1lp < u(Q)PP[[VSIl[p, VR CT, VS € co(Q), (Sp(p))

ou D(p) est le méme comme dans le Théoreme 0.38.

Notons que ces deux inégalités sont optimales.
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Introduction

In this thesis, we study Riesz transforms and Hardy spaces associated to operators. The two subjects
are closely related to volume growth and heat kernel estimates. We mainly have two aims here: the
L? boundedness of the Riesz transform on any Riemannian manifold (or any graph) satisfying the
doubling volume property and the sub-Gaussian heat kernel estimate; the Hardy space theory on
some metric measure Dirichlet space where the local and global behaviour of the heat kernel are
different.

In the following, we first introduce different settings: Riemannian manifolds, graphs and metric
measure Dirichlet spaces. Then we enumerate several heat kernel estimates which we consider
later. After that, we briefly recall the background and previous work about Riesz transforms and

Hardy spaces. Finally we present our results and the structure of this thesis.

0.6 Setting

Let (M,d, 1) be a metric measure space. We write B(x,r) = {y : d(y,x) < r} for the ball of centre
x € M and radius r > 0. Denote V (x,r) = u(B(x,r)).

Notation 0.40. In the sequel, the letters ¢,C denote positive constants, which always change in
different places. For two positive quantities x and y, we say x < y if there exists a constant C > 0
such that x < Cy and x ~ y if there exist two constants ¢,C with 0 < ¢ < C such that cx <y < Cx
(uniformly in the parameters on which x,y depend).

If B is a ball, we shall denote by xp its centre and by rp its radius. For any given A > 0, we
will write AB for the A dilated ball, which is the ball with the same center as B and with radius
rap = Arp. We denote C) (B) = 4B, and C;(B) = 2/*1B\2/B for j =2,3,--.

Definition 0.41. We say that (M,d, ) satisfies the doubling volume property if there exists a
constant C > 0 such that for any x € M and r > 0,

V(x,2r) < CV(x,r). (D)



A simple consequence of (D) is that there exist v > 0 and C > 0 such that

(x,7)
V(x,s)

<

\%
gc(f) VxEM,r>s>0. 3)
s
It follows that, for any x,y € M and r > 0, we have
d V
V(x,r)<C (1 + M) V(y,r).
r

Therefore,

1
—— du(x)~C, ¥y eM,r>0. 4
S T ) = Vo . @

If M is non-compact and connected, we also have a reverse inequality of (3), that is, there exists

v/ > 0 such that
Vi(x,r)

V(x,s)

2C<£>v,,‘v’xEM,r2s>O. )

0.6.1 Riemannian manifolds

Let (M,d, 1) be a complete non-compact weighted Riemannian manifold, where d is the geodesic
distance and u is a measure with a smooth positive density with respect to the Riemannian measure.

Let V be the Riemannian gradient. The Laplace-Beltrami operator A, on (M, g, 1) is defined
by

(8ufo8) = [ VI-Vedu, Vf.g € 65 ().

A nontrivial theorem says that, since M is complete, one can extend A, to a self-adjoint operator
on L*>(M,dp) (see [Dav90, Gri09]). In the sequel, we denote A, by A. The spectral theory yields
for all f € €5°(M)

(Af,f) = /M AV,

Moreover, the associated heat semigroup (e*’A) is a family of linear contractions on L?(M).

t>0
Indeed, the following theorem holds:

Theorem 0.42 ([Gri09, Str83]). The heat semigroup e~ on L? (M) admits a unique heat kernel
pi(x,y) satisfying

1. Smoothness: p;(x,y) is a C* function on RT x M x M.
2. Positivity: p;(x,y) > 0 for all x,y € M and t > 0.

3. Symmetry: p;(x,y) = p;(y,x) for all x,y € M and t > 0.



4. Forany f € L*(M), and for all x € M and t > 0,

e f(x) = /M Pe(x, ) f()du (). ©)

5. Sub-Markovian property: For f € LZ(M), 0< f<1=0<e™f <1 In other words,
Jupi(x,y)du(y) <1.

6. LP boundedness and strongly continuity: ||e "2 f||, < ||f|l, for all t > 0 and f € L*NL?,
1<p<oowithl|e™f—fll,=0if1<p<eco

7. Forall f € L>(M), we have %e‘mf = —Ae~!Mf. This still holds for all f € LP, 1 < p < oo,

if we define e "2 f as in (6).

0.6.2 Graphs

Let I" be an infinite graph endowed with a symmetric weight g on I' X I'. For any x,y € I, then
Hyy = My > 0. We say that x and y are neighbors (they are connected by an edge), denoted by x ~ y,
if and only if y,, > 0.

Define pt(x) = Y., iy, then it extends a measure on I" by

nQ) =Y u),
xeQ
where Q is a finite subset in I".
For x,y € T', a path of length n between x and y in I' is a sequence x;,0 = 1,--- ,n such that
xo=x,x, =yand x; ~x;11,i =0,--- ,n— 1. Assume that I" is connected, that is, there exists a path

between any two vertices of I'. The induced graph distance d(x,y) is the minimal number of edges
in any path connecting x and y. Let B(x,r) = {y € ' : d(x,y) < r} be the closed ball with center
x € I' and radius r > 0, while V (x,r) = u(B(x,r)) denotes its mesure.

Define p(x,y) = !f (x;) for any x,y € I'. Then p is a reversible Markov kernel satisfying
Hx)p(x,y) = by = 1 (¥)P(y,%); 7
) plxy) =1 )
yell
p(x,y) =0, if d(x,y) > 2. 9)

The third property is the so-called finite range property of .

We always assume

e [ is locally uniformly finite, which means that for any x € I', there exists N € N such that x

has at most N neighbours;



e I satisfies the condition A (), that is, there exists ¢ > 0 such that for all x,y € T’

x ~y implies p(x,y) > ¢, and x ~ x. (10)

Denote by py the iterated kernel given by

()= 8(ry) =4 0
pPolX,y) = 0X,y) =
’ 0, x#y;

Zpklxz z,y), k> 1.

zel

The L? norm of a function f on I' is given by

1/p
anp—[zrf e } |

and one denotes by c¢o(I') the set of functions with finite support on I'.

The linear operator associated with the kernel p is defined by
=Y Py f(y
y

then P is self-adjoint on L?(I") and we have

=Y () f()
y

We call the operator L = I — P the discrete Laplacian on I".
The value of discrete gradient on I" is defined by

1/2

IVf(x) prylf) fOIP

while pyi1(v,x) — pr(y,x) is regarded as the discrete time derivative of py(y,x).

A simple calculation shows that

IVFI3 =< (I=P)f,f >=|(I-P)2f|3,

where (I — P)l/ 2 is defined by spectral theory. As is pointed out in [Rus00], the assumption A (ct)

in (10) implies —1 ¢ Spec (P), and as a consequence
1
P:/ AdE),, where a > —1. (11)
a

4



This implies the analyticity of P on L?, see [CSC90, Proposition 3]. That is, there exists C > Osuch
that for alln € N,
1P =Py, < cn

For any y € I, p.(-,y) satisfies the discrete-time heat equation
W)+ 1,%) — u(n,2)) = Y oy (1(n,) — (1, ),
y

or equivalently
p(x)u(n+1,x) = Z.uxyu(nay)-
y

0.6.3 Metric measure Dirichlet spaces

Some of the following presentation is taken from [HSCO1, BBK06, Bar13]. Let (M, i) be a locally
compact separable space equipped with a positive Radon measure ¢t which is strictly positive on any
non-empty open set. Denote by %((M) the set of all continuous functions with compact support.
Let & be a regular Dirichlet form on M with domain ¥ € [? (M,du) (see [Stu94, Stu95, GSC11]).
That is, there exists a core ¢ € 2 N %p(M) which is dense in %y(M) under the uniform norm and
dense in 2 under the norm (|| £]|3 + & (f,f))'/2. We also assume & is strongly local: fi, f> with
compact support and f] is constant on an open set U; containing sup f», then &(f1,f>) =0. &

admit an “energy measure” I

&(f.8) =/MdF(f,g),

for f,g € 2.
For any x,y € M, define

d(x,y) = sup{f(x) — f(y) : dU(f, f) < du,f € €}.

Here dI'(f,f) < du means that I'(f, f) is absolutely continuous with respect to u with Radon-
Nikodym derivative bounded by 1. Assume that d is actually a true metric that generates the
original topology on M and that (M,d) is complete. Then we say that (M,d,u,&) is a metric
measure Dirichlet space.

We say that & admits a “carré du champ” if 41" is absolutely continuous with respect to (. That
is, there exists a unique positive symmetric and continuous bilinear form from 2 x 2 into L', still
denoted by I, such that

E(fh,g) +E(gh, f) — E(h, fg) = /M HC(f,g)du, Vf.g.h e 2L

Note that in general d1I" needs not to be absolutely continuous with respect to (. For more informa-



tion, we refer to [BE8S, BHO1].
Denote by L the non-negative self-adjoint operator associated with &. Then

E(f,8) =<Lf,g>=<f,Lg>= /Mdl"(f,g)
The generated semigroup (e*tL) ;>0 18 a contraction on L?(M, ). Moreover, e "L is Markovian and
can be extended as a contraction operator on L (M, ), 1 < p < co.

The following are some examples:

Example 0.43. Manifolds. Let (M,d, i) be a Riemannian manifold and A be the Laplace-Beltrami
operator. We take the core to be the C™ functions on M with compact support, and set

E(1.1) = [ (Af)sdu, 1 %5 (o).

Example 0.44. Euclidean spaces with divergence form operators.

Let (a;j(x))nxn be a bounded and measurable matrix, and set

E(1.1) = [ Vf-aVe. Vf € G5 (R)

Example 0.45. Fractals.

For example, Sierpinski carpets, Sierpinski gaskets, Vicsek sets, etc. See for references [BB92,
BB99a, BCGO1, Barl3].

On a Sierpinski carpet F, let F,, be a sequence of approximations to F and &, be an appropriate
Dirichlet form on F,,. Then one can construct a limiting Dirichlet form & on F. See [Bar13] for the

construction.

Example 0.46. Cable systems (Quantum graphs) (see [Var85], [BB04, Section 2]).

Given a weighted graph (G,d, v) (see Section 0.6.2), we define the cable system G¢ by replac-
ing each edge of G by a copy of (0,1) joined together at the vertices. The measure i on G¢ is
given by du(t) = Vydt for t in the cable connecting x and y; and u assigns no mass to any vertex.
The distance between two points x and y is given as follows: if x and y are on the same cable, the
length is just the usual Euclidean distance |x — y|. If they are on different cables, then the distance
is min{|x — zy| +d(zx,2y) + |2y — |} (d is the usual graph distance), where the minimum is taken
over all vertices z, and z, such that x is on a cable with one end at z, and y is on a cable with one
end at zy. One takes as the core ¢ the functions in C(G¢) which have compact support and are C !

on each cable, and sets

E(f.f) = /G £0)Pdu(r).

C



0.7 Heat kernel estimates

Let (M,d, 1) be a complete metric measure space. Let L be a non-negative self-adjoint operator on
L?>(M, 1), which generates an analytic semigroup (e ~X),~¢. Note that (e *L);~ is not necessarily
uniformly bounded on L' (M, ). There are interesting semigroups that do not act on L', but only
on a range of L? spaces, where p € [po, p| for some py > 1. See for example, [Aus07].

Let 1 < B; < B>. In this paper, we will assume following heat kernel estimate:

Definition 0.47. Let 1 < pg < 2. We say that M satisfies the generalised LP0 — LPo off-diagonal
estimate if for x,y € M and ¢t > 0,

( B
C d Bi-1
— exp —c( ();,y)) 1 0<r<1,
_ VPO p6 (x t) /
t)L ) P0,P,
HILB(x,t)e p(e) La(ys) ’po%pi) < J By (DGBhﬁg)
c B
e _c< (?y) B
[ V7 70 (x,1)
where
" Poo<r<1, )
p(t) =
tﬁz, t>1;

Remark 0.48. In particular, if pg = 2, we say that M satisfies the generalised L? — L?> Davies-
Gaffney estimate and denote it by (DGpg, g, ). That is,

4 B]
d Bi-1
Cexp —c(@) 1 0<t <,

< (DG, g,)

s\
Cexp —c( ()ivy)) ], t>1.

*P(f)L]lB

HHBW )

22

\

If po =1, then (DGZT’Z;’) is equivalent to the following pointwise estimate of the heat kernel
(see [BKOS, Proposition 3.6]):

4 Bl
C d(x,y)\ Bi-1
— 1
V(x,t)eXp c( ; ) 0<r<l,
Ppo(r) (x,y) < By (UEp, p,)
C d(x,y)\ BT
exp | —c , t>1
V(x,1) t




In the following, we will given some examples that satisfy (DGZT’E’).

Example 0.49. Euclidean spaces with higher order divergence form operators.

Let L be a homogeneous elliptic operator on L?(R") of order 2m (m > 1) in divergence form:

L:=(-1)" Z 8a<aa,ﬁ8ﬁ),
lot|=|B|=m
where we assume a,, g is bounded for all «, B. Then (UE2y ) holds if n < 2m. If n > 2m, then

(DGET:’IZS) holds for py = nigm See for example [Aus07, Dav95, Dav97a] etc.

Example 0.50. Riemannian manifolds.

Any Riemannian manifold with non-negative Ricci curvature satisfies (UE, ), which is the
most familiar Gaussian heat kernel upper estimates. See [LY 86, Gri09] for more information.

In general, any complete Riemannian manifold satisfies the classical Davies-Gaffney estimate
(DG3 ) (see [Dav92]).

Example 0.51. Fractals.

For example, Sierpinski carpets, Sierpinski gaskets, Vicsek sets, etc, satisfy (UE,, »,) with m >
2. We refer to [BB92, BB99a, BCGO1, Bar13]. On a Sierpinski carpet F, let X; be a Brownian
motion on F which is constructed as the limit of time-changed reflecting Brownian motions on
approximations to F. Let L be the infinitesimal generator of the limiting process X;. The transition
density of X; is the heat kernel.

Example 0.52. Some fractal manifolds.
Let (G,E, V) be a infinite connected graph satisfying polynomial volume growth V (x,r) ~ r"

and sub-Gaussian heat kernel estimate

piy) < culy) xp (_c (d’"(m)) 1/<m_1)> |

kD/m k

where D > 1 and 2 <m < D+ 1. In fact, one can choose any D > 1 and any 2 <m < D+ 1
such that the above conditions hold (see [Bar04]). Let M be a manifold constructed from G by
replacing the edges of the graph by tubes of length 1 and then gluing the tubes together smoothly
at the vertices (see [BCGO1] for a concrete example). Let d be the geodesic distance, i be the
Riemannian measure and A be the non-negative Laplace-Beltrami operator on M. Denote by e~/4
the heat semigroup associated with A. Then the heat kernel p;(x,y) satisfies (UEg, g,) with B =2
and B, = m > 2. That is, the small time behaviour of the heat kernel is Gaussian as in Euclidean

spaces while the heat kernel has a sub-Gaussian decay for large time.

Example 0.53. Some cable systems (Quantum graphs).



Let G¢ be the cable system as in Example 0.53. Let L be the associated non-negative self-adjoint
operator associated with & and e~"L be the generated semigroup. Then the associated kernel may
satisfies (UEp, g,). For example, the cable graph associated with the Sierpinski gasket graph (in 77%)
satisfies (UE; jog5/10g2) (se€ [Jon96, BBO4]).

More generally, Hebisch and Saloff-Coste [HSCO1] consider a non-compact complete metric
space with regular and strongly local Dirichlet form, on which the related heat kernel satisfies the

p—Gaussian heat kernel upper estimate

pi(x,y) < exp (—cG(1,d(x,y))), (13)

V(y.p~1(1))

1

where p~" is the inverse function of p, p and G satisfy certain conditions which we omit here. If

the matching lower bound also holds, we say that M satisfies two-sided p—Gaussian heat kernel
estimate. We refer to [HSCO1] (Section 5) for a detailed introduction of this kind of non-classical
heat kernel estimates and related parabolic Harnack inequalities. See also [GT12].

Indeed, Examples 0.52 and 0.53 satisty two-sided p —Gaussian heat kernel estimate with

” P 0<r<1,
) =
P P t>1,

( <Rﬁl>l/(l31l)
T ek

<R32>1/(B21)
T y ZZR

Note that in this case the upper bound here implies (UEg, g,). In fact, since f; < B,. Then for
1/(Bi—1) 1/(B2—1)
d(x,y) <t, one has <M) l < (M) . Andfor ¢ <d(x,y), one has

(dﬁ‘ (x,y)> VB S (dﬁ2 (x,Y)> VBl
t - t '

Thus the upper bound of (13) implies the following estimate:

1 —1
( Lex — M e 0<tr<1
V0B TP T T ! ’

1/(B2—1)
Lexp —C M 2 t > 1
V(x,t1/B) t ’ -

and

G(R,t) =

pe(x,y) <

\



which is exactly (UEﬁ1 7[32). In the sequel, we also denote (13) by (UEﬁh ﬁz)'

0.8 Riesz transforms on Riemannian manifolds

It was asked by Strichartz [Str83] in 1983 on which non-compact Riemannian manifold M, and
for which p, 1 < p < oo, the two semi-norms |||V f|||, and ||A!/2f||, were equivalent on €3°(M).
That is, when do there exist two constants c¢,,,C), such that

cp A2 Fllp < NIVAUlp < CollA 21, VF € G5 (M)? (Ep)
One says that the Riesz transform VA~'/2 is L” bounded on M, or that M satisfies (Rp), if
IV Allp < CIAY fllp, Vf € G5 (M), (Rp)

and M satisfies (RR)) if
IAY2£1l, < CIIVAllp, VS € C5(M). (RR))

It is well-known (see for example [CDO03]) that by duality (R),) implies (RR,,), where p' is the
conjugate of p. The converse is false. Obviously, (R;) and (RR;) are always true. The real issue is
the case p # 2 and a lot of work has addressed this problem. For a complete introduction about the
background of this problem, we refer to [ACDHO04] and the references therein.

Estimates of the heat kernel and its derivative happen to be a key ingredient for the boundedness
of the Riesz transform. We list some Gaussian heat kernel estimates as follows:

The on-diagonal upper estimate

c
xX,x) < — VxeM,t > 0. DUE
ST, .
The off-diagonal Gaussian upper estimate
(6y) < —Cex PN e =0 (UE)
X, = 3/ - y VX, 3 .

In fact, assuming the doubling volume property, (DUE) self-improves into the Gaussian heat
kernel estimate (UE) (See for example [CS08], [Gri09]).
The Li-Yau type estimate, i. e., Vx,y € M,t > 0,

_ € _exp (_dz(x’y)) < pilx,y) < ﬁexp (—dz(x’y)) . (LY)

ct Ct
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The gradient upper estimate

C
Vi (6,y)| < ——— Vx,y € M,t > 0. G

Let us first recall a result of Coulhon and Duong in [CD99].

Theorem 0.54. Let M be a complete non-compact manifold satisfying the doubling volume prop-
erty (D) and the heat kernel estimate (DUE). Then (R),) holds for 1 < p <2.

Note that (R,) may be false under (D) and (DUE) for p > 2, even (RR),) for 1 < p < 2. The

following are two counterexamples.

Connected sum of R" Let M, be a manifold consisting in two copies of R"\B(0, 1), with the
Euclidean metric, glued smoothly along the unit circles.

For n > 2, Coulhon and Duong ([CD99, Section 5]) showed that the Riesz transform on M, is
not L? bounded for p > n. Note that M,, satisfies (D) and (UE) (the assumptions in Theorem 0.54),
but (LY) fails.

For n > 3, the result can be improved to the point that the Riesz transform on M,, is not L?
bounded for p > n (see [CCHO6]). While for 1 < p < n, the Riesz transform is L” bounded (see
[Car07, CCHO6]).

Vicsek manifold (see [BCGO01, Section 6]) Let M be a Vicsek manifold with polynomial growth
of exponent D > 1 (D can be arbitrarily large) for large radius, that is,

Vix,r)~rP r>1.
It satisfies the heat kernel estimate

_ D
sup py(x,x) >~ ¢ D1 ¢ > 1.
xeM

Proposition 0.55 ([CDO03]). Let M be a Vicsek manifold with polynomial growth of exponent D > 1.
Then (RR),) is false for 1 < p < 1)2_41,?1' Consequently, (Rp) is false for p > %.

If we further assume the lower Gaussian bound on the heat kernel, that is the Li-Yau type
estimates, or equivalently (D) and the Poincaré inequality (P) below (see [SC02]), then Theorem

0.54 can be improved.

Theorem 0.56 ([ACOS5]). Let M be a complete non-compact Riemannian manifold satisfying (D)
and the Poincaré inequality, that is, there exists C > 0 such that VB, Vf € C;(B)

/ |f — fa*dp < Cr%/ IV f|*dpu, (P)
B B

11



where rp is the radius of B. Then there exists € > 0 such that (R,) holds for 2 < p <2 +E€.
Results for p not necessarily close to 2 are obtained under stronger conditions:

Theorem 0.57 ([ACDHO04]). Let M be a complete non-compact Riemannian manifold satisfying
(LY ). If for some pg € (2,9| there exists C > 0 such that for all t > 0,

I

C
<& G
po—po A\t (Gpo)

then the Riesz transform is bounded on L for 2 < p < py.

Theorem 0.58 ([ACDHO04], [CS08]). Let M be a complete non-compact Riemannian manifold
satisfying the doubling volume property (D). If (G) holds, then the Riesz transform is bounded on
LP and (Ep) holds for 1 < p < o

0.9 Hardy spaces associated with operators

The study of Hardy spaces originated in the 1910’s and at the very beginning was confined to
Fourier series and complex analysis in one variable. Since 1960’s, it has been transferred to real
analysis in several variables, or more generally to analysis on spaces of homogeneous type (see
[CW77]). Hardy spaces H” are defined for p > 0 and for p > 1 they usually coincide with L?
spaces. Here we mainly focus on the case p > 1, and in particular p = 1. There are many differ-
ent equivalent definitions of Hardy spaces. They involve suitable maximal functions, the atomic
decomposition, the molecule decomposition, singular integrals, etc (see [FS72, CW77], ...).

Let us first recall the H! space defined on a general homogeneous space M in terms of atoms
(see [CW77]). A function a € L?>(M) is an H'-atom if there exists a ball B € M such that

1. suppa CB,
2. Jlall, < V(B2
3. [yya(x)dx=0.

A complex-valued function f defined on M belongs to H' (M) if and only if f has a decompo-
sition

=Y Ajaj,
=0

where Y77, |Aj| < 4eoand a;’s are H I_atoms. A similar definition can be devised for all p > 0.
The molecular Hardy spaces are defined similarly. Compared with atoms, molecules don’t have
compact supports but decay sufficiently fast. They can be used as an alternative to atoms for many

purposes.

12



In the Euclidean space, Coifman, Meyer and Stein later introduced tent spaces in [CMS85] (see
[Rus07] for homogeneous spaces), which connect atomic Hardy spaces and square functions. A

measurable function F on R” x (0,0) belongs to the tent space 7 (R") if

dydi\ '/
Fllpp = F(y,0)
IF I H( I P

For more details about the tent spaces, see Section 4.2.3 below. Let us clarify the connection among

L

tent spaces, square functions and Hardy spaces (see [FS72, AMROS]). Let f be a suitable function
on R". For all x € R", we define the so-called conical square function as follows

0=l

where A=Y" , a a7 2 and e~"VA is the Poisson semigroup.

One can define Hardy spaces H? via this square function. Thatis, f € H?, p > 1,if Sf € L?,
ie. 1vVAe™ VA fe sz . Indeed, the H'! space defined in this way is equivalent to the definition via
molecules. On the one hand, it was shown in [FS72] that if f € H'(R"), then

tl’H—l

a4

1S£ 1l < ClIF -

On the other hand, by the Calder6n reproducing formula, f can be written as
= /A dt
f=] tVAe F—, (14)
0

where F, := 1v/Ae ™! VA f belongs to the tent space T21. It is proved in [CMS85] that F; admits a
Tzl—atomic decomposition. One can plug this into (14) and obtain a molecular decomposition for f.
For p € (1,00), it holds that H? (R") = LP(R").

In [AMROS], Auscher, MclIntosh and Russ went beyond the Euclidean setting and considered
a complete Riemannian manifold M satisfying the doubling volume property and defined Hardy
spaces of differential forms of all degrees (see [AMM13] for Hardy spaces of vector bundles on
doubling metric measure spaces). Let L?>(AT*M) be the Hilbert space of square-integrable differ-
ential forms of every order on M. Denote by d and d*, the exterior derivative and its adjoint on
L>(AT*M). The Hodge-Dirac operator is D = d 4+ d* and the Hodge-Laplacian is A = D?. The
Riesz transform DA~ '/2 is bounded on L2(AT*M) by definition. The authors then construct Hardy
spaces HS of differential forms by means of suitable square functions such that the Riesz transform
DA~!/2 is bounded on H5(AT*M) for 1 < p < 2. A molecular characterisation of H)\(AT*M) is

also given.

Theorem 0.59 ([AMRO8]). Let M be a complete Riemannian manifold satisfying the doubling

13



volume property. Then,

% LP(AT*M)
e Foralll <p <2 HP(AT*M) C Z(D)NLP(AT*M) :

LP(AT*M)

o Forall2 < p < oo, Z(D)NLP(AT*M) C HP(AT*M).

Furthermore, if we assume the Gaussian upper bounds for the heat kernel of the Hodge Lapla-
cian, that is, for all 0 < k < n,

C d*(x,y)
k < — = ) Wx,yeM,t>0 G
|pt ()C,y)| = V()C, \/lj) CXP( Ct ) , VX, Y € >0, ( k)

where pf is the kernel of e " and A is the Hodge Laplacian restricted to k—forms, then
LP(AT*
HP(AT*M) = ZD) NP (AT M) ™ for 1 < p < oo

As a result of functional calculus on H” (AT*M), we obtain

Theorem 0.60 ([AMRO8]). Let M be a complete Riemannian manifold satisfying the doubling
volume property. Then, for all 1 < p < oo, the Riesz transform DA~/2 s HP (AT*M) bounded.
Consequently, it is H' (AT*M) — L' (AT*M) bounded.

More specifically, focusing on the case of functions (0-forms), it holds

e Assume (D) and (Ggp). Then it holds for 1 < p < oo,

7 0
HP(A’T*M) = % (D) mLP(AOT*M)“p(A .

e Assume (D), (Go) and (G1). Then the Riesz transform on functions dA~'/2 is LP (A°T*M) —
LP(A'T*M) bounded for 1 < p < oo.

In [HLM ™" 11], Hofmann, Lu, Mitrea, Mitrea and Yan developed the theory of H I'and BMO
spaces on a space of homogeneous type M with a non-negative self-adjoint operator L, which
generates an analytic semigroup (e~'F),~ satisfying the following Davies-Gaffney estimate. That

is, there exist C, ¢ > 0 such that for any open sets U;,U, C M,

dist?(Uy,Us)
ct

[ <e™™fi, o> ] <Cexp (— )Hleszsz, vt >0, (15)

for every f; € L>(M) with supp f; C U, i = 1,2, where dist(Uy,Us) := infyep, yeu, d(x,y). The
authors extended results of [AMROS] by obtaining an atomic decomposition of the H' space.

More generally, Kunstmann and Uhl [Uhl11, KUI12] considered a non-negative self-adjoint
operator L on L? which satisfies the Davies-Gaffney estimate (DG,,) (of order m), m > 2: Vt >

0,Vx,y e M,
d(x,y)\ 7T
< — .
o _Cexp( c( T ) ) (16)
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They defined Hardy spaces via square functions and via molecules which are adapted to (DG,,).
They proved that the two H' spaces are equivalent. Moreover, if the so-called generalised Gaussian
(po, pjy) —estimates (of order m) holds: V¢ > 0,Vx,y € M,

C d mlfl
<— exp(—c(@) > (17)
Po=p A t1/m
0y P0<x7ll/m>

(which implies that (e "%),~¢ acts on L? for p € (po,p})), they prove that the Hardy space H”

defined via square functions coincides with L? for p € (po,2).

0.10 Presentation of results

In this thesis, we mainly consider two subjects: the LP boundedness of (quasi) Riesz transforms
and the Hardy space theory. Besides, we also consider some inequalities on Vicsek graphs. In the
following, we first present our results on different subjects respectively, and then give the plan of
this thesis.

0.10.1 About (quasi) Riesz transforms

We study the (quasi) Riesz transform in different settings: the general complete Riemannian mani-
fold, the Riemannian manifold satisfying (D) and (UE; ,,), the graph satisfying (D) and (UE,,). See
Chapter 2, 3, 5 and Section 4.4.

On complete Riemannian manifolds Consider an arbitrary complete Riemannian manifold

without any volume and heat kernel assumptions.

Proposition 0.61. Let M be a complete Riemannian manifold. Then for 1 < p <2, we have

I

0=y
p=p At
and equivalently
2
VA < CUALIALIL-

As an application, one can obtain a weak version of (R,) for 1 < p <2.

Theorem 0.62. Let M be a complete manifold. Then, for any fixed oo € (0,1/2), the operator
Ve 2A~% is bounded on L for all 1 < p < 2.

Indeed, we shall see in Section 2.1 below that Ve 2A~1/2 is to be seen as Riesz transform at
infinity. The above property is weaker than the L” boundedness of Ve AA~1/2,

Together with local results, this yields:

15



Proposition 0.63. Let M be a complete Riemannian manifold satisfying (Dy,.) and (DUE),.), then
the quasi Riesz transform V(I+A)~'/2 + Ve A% with o € (0,1/2) is LP bounded for 1 < p <2.

Then one can try to replace (DUE) with other natural heat kernel upper bounds. For instance,

the sub-Gaussian heat kernel upper bound (UE; ,,,), m > 2 (see Section 1.2).

On Riemannian manifolds satisfying (D) and (UE> ,,) It is not known whether (DUE) is neces-
sary for the L” boundedness of Riesz transform for 1 < p < 2. A natural question would be to ask

whether (R),) holds if we replace (DUE) with some other natural heat kernel estimates, for instance,
(UE, ;). That is,

Question 0.64. Are the Riesz transforms L” bounded for 1 < p < 2 on manifolds with the doubling

volume property as well as (UE; ,,,)?

If the Riesz transform is not bounded on such kind of manifolds, then they are interesting
counter-examples. If the Riesz transform is bounded, then the result in Theorem 0.54 is improved.
So far, we are not able to answer this question. However, under (UE; ;,,) or a weaker condition
to be introduced below (see Remark 3.12), we are able to treat the endpoint case p = 1 of Theorem

1.8. Indeed, we have

Theorem 0.65. Let M be a complete Riemannian manifold satisfying (D) and (UE> ,,). Then for
any 0 < o < 1/2, the quasi Riesz transform Ve *A~% is of weak type (1,1).

If we have some additional assumptions, we can get the following positive result for p > 2.

Theorem 0.66. Let M be a complete non-compact Riemannian manifold satisfying (D) and the
two-sided sub-Gaussian heat kernel bound (HK ,,) with m > 2, i.e. (UE;,,) and a similar lower
bound. Assume that (Gp,) holds for some py € (2,0| and also the L? Davies-Gaffney estimate
(DG 1 ):

C _ .26a®)
A2 T sy 0<t<1,

JI¥es

<
2B~ | C _C(dM<B,ci<B)>>1/<m*1>

me t HfHLz(C,-(B))» 1 <t < oo.

Then the Riesz transform at infinity Ve *A~1/2 is LP bounded for p € (2, po).
Counterexamples for p > 2 We improve the negative result of Proposition 0.55. That is, there

exist manifolds such that the reverse Riesz transform is not L” bounded for 1 < p < 2 and thus (R))

doesn’t hold for 2 < p < co.

Theorem 0.67. Consider the Vicsek manifold M with the polynomial volume growth V (x,r) ~ rP
forr > 1. Then the inequality

18P £l < CllIV A1l

16



is false for any B < B(p) := ﬁ (% + I%) where 1 < p < oo,

In particular, (RR),) is false for any 1 < p < 2. Consequently, (R,) doesn’t hold for all p > 2.

On graphs Consider also the discrete case (graphs). We have the following results, which are

similar to Proposition 0.63 and Theorem 0.65.

Proposition 0.68. Let I' be a infinite connected graph satisfying the local doubling property, that
is, for some constant ¢ > 1,
B(B(x,1) <cpu(x), Vx €T

Then for any fixed B € (0,1/2) and 1 < p <2, there exists C > 0 such that

IV =P) Pl <ClIf N,

forall f € LP.

Theorem 0.69. Let I be a infinite connected graph as above. Suppose that I satisfies the condition
A(at) and the sub-Gaussian upper heat kernel estimate (UE,,). Then for any B € (0,1/2), the
quasi Riesz transform V(I — P)~B is weak type (1,1).

0.10.2 About Hardy spaces

Similarly as in [AMRO08, HLM"11], we define two classes of Hardy spaces on metric measure

t

space (M,d,u) with different local and global heat kernel estimates for e’ where L is non-

negative self-adjoint operator. The first class is the H' space defined via molecules, denoted by

I
HL.,p,mol
spaces). Note that here p is related to the heat kernel estimates. As in [HLM ™ 11], we will show

(M). The second class is H f o (M), p > 1, defined via conical square function (or tent
)

that the two definitions of H' space are equivalent. That is

Theorem 0.70. Let M be a metric measure space satisfying the doubling volume property (D)

and the heat kernel estimate (DGg, g)), B1 < Bo. Then HL'p mol (M) = HL1 o (M). Moreover,
) ) 5 h

”f”HimmOl (M) = Hf“HLl’Sg(M)'

Comparing Hf & (M) and L? for 1 < p < oo, we get the following generalisation of [KU12,
*h
Uhl11].

Theorem 0.71. Let M be a non-compact metric measure space satisfying the doubling volume
! E— 10V e
property (D) and the heat kernel estimate (DGz(f’zz ). Then Hf o (M) =R(L)NLP(M) (™) for
’ W
Po < p<pj

Remark 0.72. Compared with (16) and (17), the two assumptions (DGZ?’gS) and (DGﬁl,ﬁz) admit

different local and global behaviours.

17



As a corollary, the pointwise heat kernel estimate gives

Corollary 0.73. Let M be a non-compact metric measure space satisfying the doubling volume
property (D) and the following pointwise heat kernel estimate (UEg, g,). Then H ) (M) =

L,p,mol
H!' ,(M), and H? ,(M)=LP(M) for 1 < p < oo,
LSp L.SP

In particular, we are interested in the case §; = 2. Indeed, fractal manifolds do satisfy (UE, g, )
with 3, > 2 because locally they are like Euclidean spaces and globally they are like fractals (see
Example 3). For convenience, we shall call B, = m from now on. In that case, let A be the
Laplace-Beltrami operator, we denote for simplicity by H L , the H ! space defined via molecules

HL17 p.mol® H K s the H? space defined via square functions Hf’ s In this notation, Theorem 1.1 states

m,mo

that we denote by H, i . the H I space.
In the following theorem, we show that for 1 < p < 2, the equivalence may not hold between

L? and HP defined via conical square function S;, with scaling 2. That is,

Theorem 0.74. Let M be a Riemannian manifold with polynomial volume growth
Vier)~r r>1, (18)

as well as two-sided sub-Gaussian heat kernel estimate (HK> ,,) with 2 < m < d /2, that is, (UE3 ;,,)
and the matching lower bound. Then LP (M) C HY s, (M) doesn’t hold for p € (L 2).

d—m’

As an application of this Hardy space theory, we have

Theorem 0.75. Let M be a manifold satisfying the doubling volume property (D) and the heat
kernel estimate (UE3 ), m > 2. Then for any fixed a € (0,1/2), the operator Ve ™ A~% is H&’m —L!
bounded.

Of course, this gives back Theorem 0.62 by interpolation in this particular case.

0.10.3 Other results

Consider the Vicsek graph, we have the following generalised Poincaré inequalities and Sobolev

inequalities, which are all optimal.

Theorem 0.76. Let I be a Vicsek graph with polynomial volume growth V (x,n) ~ nP. Then for
p > 1, it holds
1
”f _fn(x) ||U’(B(x,n)) < CV()C, n) Die) H ’Vfl HLP(B(x,Zn))a

where f,(x) = ﬁZZEB(Ln)f(Z)“(Z) and ﬁ = %"’_ p’LD

18
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Theorem 0.77. Let I be a Vicsek graph with polynomial volume growth V (x,n) ~ nP. Then for
p > 1, it holds
1
1fllp S s (Q)PP[V ][5, VQ C T, Vf € co(Q), Sp(p))

where D(p) is the same as in Theorem 0.76.

The plan of the thesis In Chapter 1, we explain the relation of Riesz transform, local Riesz
transform, Riesz transform at infinity and the quasi Riesz transform. Our main result in this section
is Theorem 0.62. We also get a negative result Theorem 1.12.

In Chapter 2, we concentrate on Riemannian manifolds satisfying (D) and (UE5 ,,). We consider
the endpoint case p = 1 for the quasi Riesz transform in two different ways. To be precise, we show
that quasi Riesz transforms are weak (1, 1) bounded (Theorem 0.65). Moreover, we consider the
case p > 2. Indeed, with additional assumptions on the gradient of the heat semigroup, the Riesz
transform at infinity is L” bounded.

In Chapter 3, we develop a Hardy space theory on metric measure spaces satisfying (D) and
; and via square functions Hf 5
(p > 1), which are adapted to the heat kernel estimates. The two H' spaces are shown to be

(DG, ,)- Firstly we define Hardy spaces via molecules H[i p,mo
equivalent. Then we compare the H? space defined via square functions with L”. Assuming (D)
and (DGZT:gi’), we show the equivalence of Hé% and L? for po < p < pj,. We also find some
counterexamples such that H é’h =# LP, where H gh is the Hardy space defined via the square function
with the scaling #2. Finally, as an application of this Hardy space theory, we proved the H! — L!
boundedness of quasi Riesz transforms on some fractal manifolds.

In Chapter 4, we work on the discrete case (graphs). In Section 4.1, we obtain the L” bounded-
ness of the discrete quasi Riesz transforms for 1 < p < 2. In Section 4.2, we prove the weak (1, 1)
boundedness of the quasi Riesz transform.

In Chapter 5, we consider Vicsek graphs. We prove the generalised Poincaré inequalities and

Sobolev inequalities on Vicsek graphs which are all optimal.
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Chapter 1

L? boundedness of quasi Riesz transforms

on Riemannian manifolds

In this chapter, we study the (quasi) Riesz transform on an arbitrary complete Riemannian manifold
M without any other assumptions.

We first describe the relations between Riesz transform, local Riesz transform, Riesz transform
at infinity and quasi Riesz transform. Then we prove the L” boundedness of the gradient of the
heat semigroup (G,) for 1 < p <2, which implies the L” boundedness of the quasi Riesz transform
(Proposition 1.9). At last we give a counterexample on which (R,) doesn’t hold for p > 2.

We could as well consider a metric measure space setting associated with a regular and strongly
local Dirichlet form, which admits a “carré du champ” (see Section 0.6.3, or see [BE85, GSC11]

for more information).

1.1 Localisation of Riesz transforms

Write the Riesz transform

oo dt
~1/2 _ —tA
VA /O Ve T

Alexpoulos [Ale02] separated the integral into local and global parts and considered the integrals
respectively to show the L” boundedness of Riesz transform.

An alternative and equivalent method given in [DtERO03] is to consider the following two local
Riesz transform and Riesz transform at infinity:

For 1 < p < oo, we say that the local Riesz transform is L” bounded if

IV, < ClIT+A) 2|, VF € 65 (M). (Ry")

21



22 CHAPTER 1. L? BOUNDEDNESS OF QUASI RIESZ TRANSFORMS
and the Riesz transform at infinity is L” bounded if
Ve 11llp < ClIA2 I, Vf € C5 (M) (R7)

Remark 1.1. Note that at high frequencies, (I+A)~!/2 ~ A=1/2_ Thus locally V(I +A)~'/2 is the

Riesz transform. Similarly, since e 2A~1/2 ~ A=1/2 when A < € (i.e. at low frequencies), we can

regard the operator Ve 2A~1/2

as the localisation of Riesz transform at infinity.
Let recall several results related to the local Riesz transform.

Theorem 1.2 ([Bak87]). Let M be a Riemannian manifold. If the Ricci curvature is bounded from
below. Then (RZ’C ) holds for 1 < p < co.

In the case 1 < p < 2, alocal version of Theorem 0.54 says:

Theorem 1.3 ([CD99]). Let M be a complete Riemannian manifold satisfying the local doubling
volume property (D)

Vro > 0,3Cy, such that V (x,2r) < C,,V (x,r), ¥Yx € M,r € (0,r9),
and whose volume growth at infinity is at most exponential in the sense that
V(x,?tr)SCedV(x,r),VxEMJ>1,r§1. (E)

Suppose (DUE;,.)

!
< - -
ST,
Then (RY*) holds for 1 < p <2.

, VxeM,t € (0,1].

Examples that satisfy the above assumptions include Riemannian manifolds with Ricci curva-
ture bounded from below, fractal manifolds, etc.

Similarly, for p > 2, a local version of Theorem 0.57 is as follows:

Theorem 1.4 ([ACDHO04)). Let M be a complete Riemannian manifold satisfying the local doubling
volume property (E) and (Py,), i. e., for all ro > 0 there exists a constant Cy, such that for any ball
B with radius r < ry,

15 faPau < [ 1V,
If for some pg € (2,00|, ap > 0 and for all t > 0,

Cea()t

po—po I

Then the local Riesz transform V(A —|—a)_1/ 2 is LP bounded for 2 < p < po and a > ag.

A

l N
Gpy

I




1.1. LOCALISATION OF RIESZ TRANSFORMS 23

We can characterise the L” boundedness of Riesz transform by the combination of (Ré,"c) and
(R). That is,

Theorem 1.5. Let M be a complete Riemannian manifold. Then, for 1 < p < oo, the Riesz transform
VA~Y2 is L? bounded on M if and only if(RfDOC) and (R};) hold.

The proof relies on the following multiplier theorem due to Cowling:

Theorem 1.6 ([Cow83]). Let (M,p, ) be a metric measure space. Let L be the generator of a
bounded analytic semigroup on LP (M) for 1 < p < o such that e '" is positive, contractive and
sub-Markovian for t > 0. Suppose that F is a bounded holomorphic function in the sectorial
L ={z€ C\{0}: |arg(z)| < 7/2}. Then

IF@)fll, <Clfll,, Vf € L7 (M),

where C depends on p, ¢ and F.

Proof of Theorem 1.5: First assume (R),). For any f € Cj (M), on the one hand, we have

[, = [ s o

< clariray | el

Here the last inequality follows from the above theorem. This proves (Ré,"c ).

On the other hand, (R})) holds obviously due to the L” boundedness of heat semigroup. In fact,
[Ivetatzgl], <clersr], < cune
p P

Conversely, assume (Rﬁ;"') and (R})), then

iy < [lves] -],
< [ Hf|[vararar syt etaay|
< |lar2y p+H(H—A)]/z(l—e‘A)A_l/zAl/szp
< AV
p
Here the last inequality is due to Theorem 1.6. This proves (R)). 0

We shall now introduce a variation of the Riesz transform at infinity. Let 0 < @ < 1/2. We say
that M satisfies (R),"") if

H’V”f‘HPSCHA"‘f||p, Vf € Gy (M). R
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Together with the local Riesz transform, it will give us a notion of quasi Riesz transform.
Note that (R5y) implies (R,,"®) for all o € (0,1/2). Indeed,
I

e

H < H ‘VefA/ZAfl/zefA/ZAl/zfaf
P

< CHe—A/zAI/Z—af
< Clfllp-

’ p

1.2 Equivalence of (G,) and (MI,)
For any 1 < p < o0, we say that M satisfies the multiplicative inequality if Vf € Z(A),
2
VA, < CIAFI I (MI,)
and M satisfies the gradient of the heat semigroup on M is L” bounded if

C
< 2 vt>0. (Gp)
Hp—)p \/E P

Recall that (R),) implies (Gp) and (Ml}). In fact, (G,,) and (MI},) are equivalent for any 1 < p <

oo, which was shown in [CS10].

I

Proposition 1.7 ([CS10]). Let M be a complete Riemannian manifold. Then, for any 1 < p < oo,
(Gp) is equivalent to (MI,).

See also [Dun08] for the proof and [CS10] for more information about the relations of (MI,),
the Riesz transforms, and estimates of the derivative of heat kernel. For the sake of completeness,

we give a proof here.

Proof. First assume (MI,). We substitute f by e fin (MI,), then
Al A A
|[vea|[[) < claear]] s
p p p
Recall that the heat semigroup is analytic on L”(M) for 1 < p < oo, that is, there exist C > 0 such

that for all ¢ > 0,
HtAe_tA

‘ <c.
p—p

Then we obtain
||[veas]| < ez,
p
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Conversely assume (G,). For any f € C;’(M), write the identity

t
f=ef+ / Ae 2 fds, Vit > 0.
0

Then (G)) yields
Al < cf|vess| + 8 ds
< Ctl/szHer/olH’VeSAAf‘des
< P fllp+Cr P AS -
Take 1 = || ||, |Af]l, ", we get (MI,). O

Under (G)) (or (MI),)), the quasi Riesz transform at infinity is L” bounded:

Proposition 1.8. Let M be a complete Riemannian manifold satisfying (Gp,) for some p € (1,0).
Then for any o € (0,1/2), (R;y*) holds.

Proof. For any f € 6;°(M), write

dt
AA f / Ve 1+l‘ fl_l 5

Since (G,) holds, then we have

dt
—AAr—Q l+t S —
R Iy L ey g

which obviously converges for ¢ € (0,1/2). Therefore we have (R;,’*) for any ot € (0,1/2). [

1.3 L? boundedness of quasi Riesz transform for 1 < p <2

This part is inspired by [CDO03] and [Dun08], where (MI),) and (G),) for 1 < p <2 were shown on
manifolds and graphs respectively.

In the following, we will give a different proof of (MI},) and (G,) on Riemannian manifolds.
More precisely, we directly show (MI},) and (G,) by using the method to prove the L? boundedness
of the Littlewood-Paley-Stein function in [Ste70b] (see also [CDL03, Theorem 1.2]). While in

[Dun08, Theorem 1.3], an analogue proof was given in the discrete case.

Proposition 1.9. Let M be a complete Riemannian manifold. Then (Ml,) and (Gp) hold for 1 <
p<2
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Proof. Assume that f € €5’ (M) is non-negative and not identically zero. Set u(x,t) = e "2 f(x).

Then u is smooth and positive everywhere. For any 1 < p <2, we have

J(x,t) = (%+A> uP (x,t)
pupfl(x,t) (% +A) u(x,t) —p(p— 1)u”*2(x,t)]Vu(x,t)\2

= —p(p— 1P (x,1)|Vulx, 1),

which yields
1
Vu(x,t L —
[Vu(x, )] o=1)

Also note that J(x,7) is non-positive and [,, Au” (x,t)du(x) = 0.
With these preparations, we get by Holder inequality that

27P (x,0)J (x,1).

IVuC-0)ly < Cp [ @ PR(=gx,0) 2y

<, ( /M updu(x)>(2_p)/2 (— /M J(x,t)du(x))p/z.

Note that (1.1) uses the fact that 1 < p < 2.
Next, since [, Au (x,t)dp(x) =0,

- /M Jnndux) = — /M %up(x,t)du(x)z /M (1) Aux, 1)d (x)

< G [ wewnan) . (f @utrauc) "

where the inequality is again due to Holder inequality and p’ is the conjugate of p.

(1.1)

Combining the above two estimates, then

11905 < ClluC )15 [0 (1.2)

On the one hand, as ¢ goes to zero, we get the multiplicative inequality from (1.2)
2 2
IV < Clf I arl
On the other hand, by the analyticity of the heat semigroup, (1.2) yields

IVu(0)lllh < C?2| £,

which is exactly (G)).
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Remark 1.10. Note that the above argument only works for 1 < p < 2. Indeed (G),) for p > 2 has

consequences that are not always true, see [ACDHO04].
Combining Proposition 1.8 and Proposition 1.9, we get

Corollary 1.11. Let M be a complete Riemannian manifold. Then for any fixed o € (0,1/2), the
operator Ve *A=% is LP bounded for 1 < p < 2.

This corollary, together with the local result Theorem 1.3, gives us

Proposition 1.12. Let M be a complete Riemannian manifold satisfying (Dy,.) and (DUE),..), then
the quasi Riesz transform V(I+A)~'/2 + Ve 2A~% with o € (0,1/2) is LP bounded for 1 < p <2.

1.4 Conclusion
To summarise, we have proved until now that:

e For an arbitrary complete Riemannian manifold M and an arbitrary number p € (1,), (R})

is equivalent to (Rﬁ,""’) and (R}).

e For an arbitrary complete Riemannian manifold M and an arbitrary number p € (1,00), (MI,)
is equivalent to (Gp,). Furthermore, if M satisfies (G,) (or (MI,)), then the quasi Riesz trans-
form Ve 2A~% is L” bounded with a € (0,1/2).

e For an arbitrary complete Riemannian manifold M and an arbitrary number p € (1,2], (MI,)
and (G)) are true. Consequently, the quasi Riesz transform Ve 2A~% is L? bounded with
o< (0,1/2)

In particular, this yields Proposition 0.63.

1.5 A counterexample for p > 2

A negative result for the L? boundedness of (reverse) Riesz transform with p > 2:

Theorem 1.13. Consider the Vicsek manifold M with the polynomial volume growth V (x,r) ~ rP
for r > 1. Then the inequality
18P 71, < GollIV A (1.3)

is false for any B < B(p) := ﬁ (% + %), where 1 < p < oo,

In particular, the reverse Riesz transform (RR),)

IAY2 £, < CollIV A
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is false for any p € (1,2). Consequently, the L” boundedness of the Riesz transform doesn’t hold
forany p > 2.

Remark 1.14. The argument of the proof is taken from [CDO03] and we give another example to

improve the result therein. We rewrite it for the sake of completeness.

Proof. Tt is well known [BCGO1] that M satisfies the heat kernel estimate

_ D
sup py(x,x) ~¢ D+ ¢ > 1.
xeM

Let D' = Therefore, we have for p > 1

D+1
_ _Dq_
le -, <720V >

This implies the following Nash inequality (see [Cou92])

1+ 2_1617 f
171 < Cll AT 1l € 65 0) sueh thae 2 < 1.
Assume that (1.3) holds. It follows
LT < o AT 19 £l v € %o () such that W2 < 1 L4
fllp <Gl I NIV AIllp, Vi € €5° (M) such that 17l (1.4)

Consider the Vicsek graph I', out of which M is constructed by replacing the edges with tubes.
We have the discrete version of (1.4) on I' (see [CSC95]):

2Bp 2Bp

1l T < Gl AT (1901 (1.5)

Note that [||Vrf[[5 2 L yer [£(x) = ()7 sy
We will show that there exists a function such that (1.5) doesn’t hold.

In fact, take the same €, and f as in [BCGO1], Section 4 (see Figure 5.2 in Chapter 5). That
is: Q, =T'N[0,3"]", where g = 2" +1 = 3P. Hence |Q,| ~ ¢". Denote by zy the centre of &,
and by z;,i < 1 its corners. Define f as follows: f(z9) = 1,f(z;) = 0,i < 1, and extend f as a
harmonic function in the rest of Q,. Then f is linear on each of the paths of length 3", which
connects zo with the corners z;, and is constant elsewhere. More exactly, if z belongs to some ¥, ..,
then f(z) =37"d(z;,z). If not, then f(z) = f(z’), where 7' is the nearest vertex in certain line of zy
and z;.

On the one hand, we have

Y IO R(x) < |Qul.

xel
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On the other hand, for any x in the n — 1 block with centre zo, we have f(x) > % Therefore

YO R(x) > (2/3)7| Q1| = g 2= | Q]

xel

Also, since |f(x) — f(y)| = 37" for any two neighbours x,y on each of the diagonals connecting

70 and z;, and otherwise f(x) — f(y) = 0, we obtain

2N
IV = RS0 — S0 by < L3770 2) = V3PN Q|
L y S
Thus (1.5) yields
l( 2ﬁ ) 2[3 1
9P\ 7)< [0, 707 7. (1.6

Now we compare the exponents of |Q,| on both sides and get

2Bp 1 1(le 2Bp ) B (1 1) 2Bp 11
(p—1)D" pD p (p—1)D p)(p-1)D p pD
D+1 1 1
— ﬁ;___ - <0’
D p p'D

it <B(p) =5ty (2+3).

Let n — oo, then |Q,| tends to infinity. Obviously, (1.6) is false for B < B(p), 1 < p < e, which
contradicts our assumption (1.3).

In addition, it is easy to see that B(p) > 1/2 forany 1 < p < 2. Thus (RR)) is false for 1 < p <2,
which also means that the Riesz transform isn’t bounded on L? for 2 < p < o. Indeed, by duality
(see for example [CD03]), the L? boundedness of Riesz transform indicates (RR)) for p’, where p
and p’ are conjugates and p € (1,0).

O]

Remark 1.15. Recall that Theorem 1.5 (JACOS, Theorem 0.4]) says for a complete non-compact
manifold satisfying the doubling volume property and the L? Poincaré inequality, or equivalently,
the two-sided Gaussian estimate of the heat kernel, there exists a constant € > 0 such that the Riesz
transform is L” bounded for p € (2,2 + €). While Theorem 0.67 shows that the result may be false
if the L? Poincaré inequality doesn’t hold.

D we don’t

Indeed, on a Vicsek graph (also Vicsek manifold) with volume growth V (x,n) ~n
have the L? Poincaré inequality. Moreover, we have no L” Poincaré inequality. A weaker inequality

holds (we will prove it later):

1f = Fa O 2B e <cn't |HVfH‘L2 B(x2n))
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which is optimal as shown below in Chapter 5.



Chapter 2

Sub-Gaussian heat kernel estimates and
quasi Riesz transforms on Riemannian

manifolds

Remember that assuming only local doubling volume property and local Gaussian heat kernel upper
bound, we get the L” (1 < p <2) boundedness of quasi Riesz transforms V(7 —|—A)_1/ 241 Ve AN,
where 0 < a < 1/2. If we assume in addition a global Gaussian heat kernel upper bound, the Riesz
transform is L” bounded for 1 < p < 2 and weak (1,1) bounded. What happens if we suppose
globally another heat kernel upper bound, the so-called sub-Gaussian upper bound (UE3 ,,,), m > 2?

In this chapter, we study the (quasi) Riesz transform on a Riemannian manifold M satisfying
(D) and (UE» ;,,).

In Section 2.3, we prove that the quasi Riesz transform is also of weak type (1,1), which gives
back Proposition 0.63. Yet we don’t know whether the Riesz transform, which corresponds to
o = 1/2,is LP bounded or not for 1 < p < 2.

Moreover, we consider the L” boundedness of the Riesz transform for p > 2 in Section 2.4. If,
in addition, we have the matching lower estimate for the heat kernel and further assumptions for

the gradient of the heat kernel, we obtain the L” boundedness of the Riesz transform for p > 2.

2.1 More about sub-Gaussian heat kernel estimates

Let M be a complete non-compact Riemannian manifold. Recall the sub-Gaussian heat kernel

estimate (UE> ,,), m > 2, on M:

C
pt(xvy) S mexp(_CG(d(xuy)vt))v (UEZ,m)

31
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where

and

Note that for d(x,y) <t, one has

() (dmu,y))”(ml{

And for r < d(x,y), one has
d*(x,y)
t

v

t

(dm<x,y>> vy

Thus (UE, ,,) implies the following estimate:

C d*(x,y)
( ) Wexp(—c p ), 0<l‘<17 (2 1)
pi(x,y) < m m— :
V(x,tt/m) t ’ -

That is, the small time behaviour of the heat kernel is Gaussian as in Euclidean spaces while
the heat kernel has a sub-Gaussian decay for large time. There exist such manifolds for all m > 2.
One can choose any D > 1 and any 2 < m < D+ 1 such that V(x,r) ~ v for r > 1 and (UE; )
holds, see Example 0.52. The matching lower bound can also be considered, that is

Pie) = e (—eGld(x.).1). (L2 )

x,p~ (1))

If M satisfies both (UE;,,) and (LE> ,,), we say that M has two-sided sub-Gaussian heat kernel
estimate, denoted by (HK> ).
Comparing (UE» ;,) with the Gaussian heat kernel estimate (UE):

C dz(x,y)
) < ——— —c—22 |, Vx,y e M,t > 0.
pt(xy)_V(x,\/E)exp( c ¢ xy

For t > 1, we have V(x,7'/2) > V(x,t!/™). That means p;(x,x) decays with r more slowly in the
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sub-Gaussian case than in the Gaussian case. Also for t > max{1,d(x,y)}, clearly

P - T

(d’”(x,y)> 1/ m=1) - d*(x,y)
t

then p;(x,y) decays with d(x,y) faster in the sub-Gaussian case than in the Gaussian case. But on
the whole, the two kinds of pointwise estimates are incomparable.

As a simple consequence of (UE; ), for any f € L' (M) with compact support and any x such
that dist (x, supp f) > r (r > 0), we have

0] = [ iy ()01 0)

X ()
V(S,t) /Me"p <_C<d( t’y)) ) [FO)Idu(y) (2.2)

C r\ )
< vew(=e(5) ")l

IN

<

where

0 2, 0<r<l, 2.3)
T(t) = :
m/(m—1), t>1.

2.2 Weighted estimates of the heat kernel

Let (M,d, ) be a non-compact complete manifold satisfying the doubling volume property (D)
and the sub-Gaussian estimate (UE> ;). In the following, we aim to get the integral estimates for
the heat kernel and its derivative, which furthermore imply the L' — L? off-diagonal estimates. The
method we use here is similar to the one in [CD99, Section 2.3].

First, we have the pointwise estimate of the time derivative of heat kernel:

Lemma 2.1. Let M be as above, then we have for any k > 1 and for any x,y € M,

C d?
o1/ SXP (—c (XO’))7 <1,
‘ ok ‘ v (y,11/2) t

— <

atkpl(x7y) C d™(x,y) 1/(m—1) o1
———exp | —¢c| —= , t>1.
%V (y,11/m) t

Proof. It is enough to show the case k = 1. For k > 1, the proof is similar.
Since (UE» ;) implies (2.1), it follows from [Dav97b] (Thm. 4 and Cor. 5) that there exists an

(2.4)
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a € (0,1)suchthatfor0 <t <a

d C d*(x,y) _
Epz(an)‘ < WCXP (—07),

and for7 > a1,

0 C d"(x,y) 1/(m=1)
Ept(X,y)’ < WGXP (—C( p ) .

m 1/(m=1)
(Observe that d(x,y) >t > 1 implies (@) < M with m > 2.)

For t € (a,1), according to [Dav97b], Cor.5, it suffices to show that there exists a constant
0 € (0,1) such that for all s € [(1 — &)z, (1 + &)t]

C d*(x,y)
ps(x,y) < Vs ) exp (—c p )

This is obvious since V (x,s'/2) ~ V (x,s'/™).

The case ¢t € [1,a”!) is a little complicated. It is enough to show that there exists a constant
0 € (0,1) such that for all s € [(1 — &)z, (1 + 8)z],

C dm(x’y) 1/(m—1)
Ps(x,y) S WGXP (—C( S ) .

As it is pointed out, this is true when d(x,y) > s > 1.

For s < 1, if d(x,y) is small, then

1 2 /
exp (_Cd (x,y)) <_C

V(y,s/?) s V(y,st/m)
C// dm 1/(111—1)
V(y,s'/m) s
If d(x,y) is large, the control is easy to see. O

Remark 2.2. Since

b

et 10| = [ 2] =| [ Tt rianty

it follows from (2.4) that for any f € L'(M) with compact support and any x such that
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dist (x, supp f) >r >0,

C (1)
pwate 7 < 5 sewp (—e(5)™ )i, 25)

here 7 is as in (2.3).
Now we intend to estimate [ .\ |Vpr(x,y)|dpt(x) for any 7 > 0 and r > 0.

Lemma 2.3. For any o € (1/m,1/2), we have for any’y € M and r > 0,

Ct 2e ‘7, 0<tr<1,
| Vpe)ldne) < L (2.6)
\BOw) Ct‘o‘e_c<7> t>1.

b

Remark 2.4. Note that the estimate (2.6) holds for any 0 < o < 1/2. But in the proof below, o can
not achieve 1/2 unless m = 2. This allows us to obtain the weak (1, 1) boundedness of Ve 2A~¢,
not the Riesz transform. If one could get (2.6) with o = 1/2, the proof in Section 2.4 below would

yield the boundedness of the Riesz transform.

Proof. For 0 <t < 1, the above estimate is proved in [CD99].
Now for ¢ > 1. Comparing with the proof of the Gaussian case in [CD99], we need to replace

m 1/(m=1)
the weight exp (_CM) by exp ( —c (‘l(t—xy)> ) (c is chosen appropriately).
Step 1: For any ¢ > 0,

m 1/(m71) c [ 1/(m—1)
/ exp —c<d (x,y)) du(x) §677<7> V(y,tl/m>. (2.7)
M\B(y.r) 4

Indeed,

S e_%(i)l/(mfl) ] /

€X
,-;o By, (i+1)'/m) /B(y,ir'/m) p( 2

o) B e
i=0

)"y ),

VAN
Q)
Q

[SS1ie
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Step 2: For 0 < y < 2c¢ (c is the constant in (UE ,,)), we have

[ mwyPexs (y(@) W_I))du(x)

C dm(x7y) 1/(m—1) C
P20 I (”‘26) (552) )< gy

This is a consequence of (UE3 ,,) and Step 1 with r = 0.

Step 3: Denote
47 (xy)\ D)
= |vxpt<x,y>|2exp(y( E) T aut

with y small enough. Using integration by parts,

m(y 1/(m—1)
1y = | pt<x,y>Ap,<x,y>exp<y(d(’”) )du(x)

t

m( 1/(’”*1)
—/ Pi1(x,y)Vapi(x,y) - Viexp (Y aiil ’y)) )du(X)
M 1t
)

- - /M Pie) 2 pie y)exp (y("m(x’”)l/(ml )du(x)

/pzxnyptxy(

Vod(x,y) exp (y(dm(x’y))l/m 1>d (x)

t

= L(t,y)+Dh(t,y).

According to Lemma 2.1 and Step 1,

/

L) < —
ry) < —L .
ROYT= 0 (3,0 7m)

1/(m=1) m 1/m(m—1)
For I, since |V,d(x,y)| <1 and (d );’y)> o (d ey )> U I/mthen from Step 2

t
and Cauchy-Schwarz inequality,

1/2
C
I <C// —l/m I 1/2 7 .
| Z(tuy)| — Yt ( (tuy)) V(y,l’l/m)



2.2. WEIGHTED ESTIMATES OF THE HEAT KERNEL 37

We get
1/2
Cl | C//
I(t < v l—l/m I(t v
1/2
Cl C//
Y 1/2 Y
- I(t - .
2/my (y,11/m) + (1)) (tz/mv(y,tl/m)>
Therefore c
I(t,y) < W (2.8)

Step 4: We divide the integral [y, gy, ) [V Pr(x,y)|dpt(x) as follows

Vpi(x,y)|d — / Vo3l
‘/]W\B(yJ) ’ pt(x y)‘ ,U,(_x) l;) ir<d(x,y)§2i+1r‘ p,(x y)‘ ,U(X)
s / 5 1/2
= Ly (/ Vpi(x,y)|d ) _
B g(’) (y r) 2ir<d(x,y)<2itly | Pt (x y)‘ uu(x)

For each i > 0, it follows from (2.8) that

1/2
(/25r<d(x y)<2i+1r ‘sz (x,)’) ’2d'u (X)>

m 1/(’"_1) ]/2 oim ,m 1/(m—1)
(/ | Vpi(x,y)Pexp (C(d (x,y)) )du(x)) () (2.9)
2ir<d(x,y) <21y t

oim,m 1/(m—1)
< ¢ eic< ! ) .
_tl/mVI/Z(y7t1/m>

IN

On the other hand, applying (2.7) with r = 0 (as well as the corresponding estimate for¢/2 < 1),

, 1/2
(Lo, VPPt

e

H2—>2 p%(.7y)H

C
<
S0PV (01 (1/2))
< C

2

12 (2.10)
(f, exp(-ccto/2.d0u0)auca) )
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1_
Thus taking 0 = %, we get from (2.9) and (2.10) that

2 m

, 1/2
(Lo e A5 P

A 0 1-9
C _C<2m;rm>1/<m*1) C
= (tl/mvl/2(y,t1/m)e (2V 172y, 1/m) 2.11)

C . zimirm)lﬂm*l)

t

Stavl/z(%ﬂ/m)e )

where ¢ depends on o.
Finally (3) and (2.11) yield

V d ) 1/2 2.+1 C . M)l/(mfl)
< ! 7

< Cf“eﬂ’(#)l/(m_w.

]

Notice the pointwise estimate of the time derivative of the heat kernel in Lemma 2.1. Then we

can use the same method as in Lemma 2.3 and get

Lemma 2.5. For any 0 < oo < 1/2 and k > 1, there exist two constants c,C > 0 such that for any
yeEMandr >0,

1 2
. 1 : t<1,
/ v pydum<d | 2.12)
Bl | Itk T ()
Ctk+ae , t>1.

We also have the following Davies-Gaffney estimates for the heat kernel.

Corollary 2.6. Let M satisfy (D) and (UE; ,,). Then for any ball B with radius rg > 0, we have for
1<p<2andj>?2,

(g
1 CZT;HfﬂLl(B)a 0<r<1,

WHKMJCHLZ(Q(B)) < C<2jﬂ:/g)1/<ml) (2.13)
S R

The proof depends on the estimate in Step 2 of the previous lemma, which we omit here.
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Now we give the Davies-Gaffney estimates for the derivatives of the heat semigroup. In fact,

we adopt a similar proof as in [AMOS].

Corollary 2.7. Let M be a complete non-compact Riemannian manifold satisfying (D) and (UE ,,).
Fix any o € (1/m,1/2). Then for any ball B with radius rp and centre xp, it holds for t > 1 and

Jj > 2 that

I

and

[[vates

<
*(Ci(B))

L2(cj(B))

(

( 4472

L l—k+(XV1/2(xB

4jr%
Cae_c
(12V172(xg

ijrgl) 1/(m—1)

,tl/z) Hf”Ll(B)

t

Cae_c(
tav1/2(xB7t1/m)

B

Coe €

12V 172 (g £1/2) HfHL‘(B)’

t

2Jm,m
C< J B)l/(l 1)

Proof. We focus on proving the case t > 1 in (2.14).

On the one hand, we claim

Jlvee

(@mmm%wQ(

2(C(B))

C
<
= (my T2 (g, 1 1/m) €

m )\ 1/ 0n=1) 12
) )ww) <

Thus forallye B, j > 2 and ¢t > 1, it holds that

(/c (8)

J

s([;wmxnyn%xp<c(

jm
27 rgl
1

C

Stl/mvl/Z (. 11/m) ¢

JI¥e7s

12(C;(B

1/2
|wmm%m0

d™(x,y

)) 1/(m—1)> du(x)> 1/2.e_c(
)1/<ml>.

Now for f € C7'(B), by using Minkowski inequality and (D), we get

t

£l B)

) 1Al 8)

0<t<l,

0<t<1,

C<2jm’ll;l) 1/(m—1)
t 112 es)

Indeed, it has been shown in Step 3 of Lemma 2.3 that fort > 1,

C

(2 (y, 1)

2jmm

1/(m—1)
?)
t

(2.14)

(2.15)

(2.16)

(2.17)
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< fron( [, ntnPaue) auoy
_c(zjmrg)l/(m1> (y)
< tl/’" ’ B#yﬂ’m)dﬂ@)

_C(zjmrgz)l/(m 1) / V1/2 y, rB—HI/m)
’ f ()

< tl/mv1/2<ytl/m)e V172 (y,1/m) dp(y)

pJjmm 1/(m—1)
e )
tl/mv1/2(xB,tl/m)e £l (m)

On the other hand, since |||V f]||2 = ||A!/?f]|, always holds, it follows from spectral theory that

H‘Ve*m <ol

HZ%Z

For any function f € 6;°(B), we have for¢ > 1

g C(trmfo(e)"
A
|yl o < Sy, 5y Ml
C(1+rg/t'/m)v/2
= 2V 172 (g, 11/m) 1AW 21 s)

[|vemar]|| , = |[[ve

(2.18)

where the last inequality is due to the doubling volume property and the pointwise heat kernel
estimate.
Combining the two estimates above (2.16) and (2.18), for any fixed 6 € (0, 1), we obtain

I

*(Cj(B))

ijrg‘ 1/(m=1) 1-6

C(1+r3/t1/’”)"/2 8 Ce_c
ZI/ZVI/Z(XB,ZI/’") HfHL tl/’"Vl/z(xB,tl/m) ||f||L1(B)

jm 1 1
C(thrm) /(m—1)
Ce

13 V2 (xp, g1 /m)

112y sy

that is, (2.14) holds.

In a similar way, we can get the other estimates. [

Remark 2.8. Note that the estimate (2.14) holds for any o < 1/2, but in the above proof, ¢ can
not achieve 1/2 unless m = 2. See Remark 2.4.

We will see that (2.14) is the crucial ingredient in the later proofs. While (2.15) is only used in
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Section 3.5.
Besides, (2.14) is stronger than the L?> Davies-Gaffney estimate for the gradient of the heat
semigroup (DGy) (see Section 2.4 below) because of the L' norm instead of the L? norm in the

right hand side. We do need to use the stronger version (2.14) in Section 2.3 and Section 3.5.

2.3 Weak (1,1) boundedness of quasi Riesz transforms

In order to show the weak (1, 1) boundedness of quasi Riesz transform, we will use the Calderon-

Zygmund decomposition, which we now recall:

Theorem 2.9. Let (M,d, 1) be a metric measured space satisfying the doubling volume property.
Let 1 <g<ooand f € L1. Let A > 0. Then there exists a decomposition of f, f =g+b=g+Y,;b;
so that

1. |g(x)| < CA for almost all x € M;

2. There exists a sequence of balls B; = B(x;,r;) so that each b; is supported in B,

[ iorran) < caru(s)

3. Lik(Bi) < 57 [1F(0)[9dp(x);

4. |Ibllq < Clifllg and llglly < ClIf

9’
5. There exists k € N* such that each x € M is contained in at most k balls B;.

We refer to [CW71] and [Ste70a] for the proof.

Remark 2.10. In this section, we use Theorem 2.9 for g = 1. In the proof of Theorem 3.16, we use

the L7 version for ¢ € (1,2) to prove the equivalence of Hardy spaces and Lebesgue spaces.
Our result is

Theorem 2.11. Let M be a complete Riemannian manifold satisfying (D) and (UE> ,,). Then for
any 0 < « < 1/2, the quasi Riesz transform Ve *A~% is of weak type (1,1) and thus LP bound for
I<p<2

Remark 2.12. If we replace the assumption (UE, ;) by the weaker assumptions (2.13) for j > 1
and (2.14) for j > 2, the above theorem also holds. Indeed, we can prove this by using functional
calculus, in the same way as the proof of Theorem 3.16 (or Theorem 2.15). The above statement is

enough to beat the main example we have in mind, namely the Vicsek manifold.
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Remark 2.13. The following proof is essentially taken from [CD99]. More precisely, we use the
singular integral technique which was first developed [DM99].

Proof. Denote T = Ve 2A~%, it suffices to show that

w({x:|Tf(x)]>A}) <CHf||1

Fix f € L'(M)NL*(M), we take the Calderén-Zygmund decomposition of f at the level of A
forg=1,1.e,f=g+b=g+Y,;b, then

ux: T[> A}) <p({x:|Te(x)| > A/2}) +u({x: |Tb(x)| > A/2}).
Since T is L? bounded, by using the property of the Calderén-Zygmund decomposition we get
p({x:[Tg(x)] > 2/2}) < CA72[lgll3 < CA™"lgllh <A™ )1

As for the second term, we divide {B;} into two classes: the one in which the balls have radius

no less than 1 and the one in which the balls have radius smaller than 1. Denote by

61 ={i:B;=B(xj,ri) withr; > 1};
6 = {i :B; :B(x,-7rl-) with r; < 1}

Then we have

p({x: ITZb I>24/2}) < p({x:|T ) bi(x)| > 1/4})

€6,
w({x:|TY bi(x)| > 2/4}).
€6
Write
Thi=Te b+ T (1 _ e—’fA) bi, (2.19)

where t; = p(r;) with p defined in (12). In the following, we will consider the two cases of balls
separately.

Case 1: For balls with radius no less than 1, our aim here is to prove

P({x: T Y, bi(x)] > 4/4}) < A7V f]r.

€6,

Then from (2.19), we have

p{x: T Y bi(0)| > A4/4}) < p({x:|T Y e " bi(x)| > 1/8})

€6 i€6)
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p({x:|T ) (- i) >4/8}).

€6

We begin to estimate the first term. Since T is L bounded, then

p({x:|T Y e b;(x)] > A/8}) <

Z e*l,Ab

€6 €61
Note that for any j > 1, it holds
1/2 2j+lB' jm/(m—
He—tiAbi < u ( l) —c2im/( I)HbiHl
L2(C;(By) u(B:) (2.20)

< CA‘LL 1/2(2].—’_]3,')6_62]"”/(’"71) ‘

Indeed, for j > 2, the first inequality follows from Corollary 2.6. For j = 1, we have

5 1/2
bi L2(4B;) - (/43,’ d‘u (X)>
1/2
< ([, v 2eeraaut)

w'2(4B;)
= ¢ 1(B;)

e—tiA

| puley)biy)an)
B;

Ibill§ < Cap'/?(4By).

By a duality argument,

Z e—tzAb — sup e—t,-Abi |¢|du
€% [9ll,=1"M |ic%,
< swp YY [ e gldu
I9ll,=1ic, j=17Ci(Bi)

= sup ZZA,-]-.
l9ll,=1iez; j=1

Ajj il

IA
N

Applying Cauchy-Schwarz inequality and (2.20), we get
NOll2c)

H L2(Cj(By))

< C?L,u(2f+lB,-)e’C2jm/(m_l) eismf( (\(])] ) ))1/2

< cA2Pe 2" 1y (By) essinf (. (|9]%) () v
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Here .# denotes the Littlewood-Paley maximal operator:

A f(x) = sup / FO)Ndu(y (2.21)
9xll
Then
Ze"’Ab < CA sup Z ZZJDe_Czjm/(WUu(Bi) essinf (%(|¢|2)(y))1/2
ez, 19ll,=1ic%) j=1 yeBi
1/2
< sw [ ¥ 0 (9P)0) aue)
||¢H2—1 IS A
1/2
< Ch sup (#(oP)0) Pau(y)
lloll,=1 View, B

< CAu'*(Ujey, B )<C/11/2Hle/2

Here the third inequality is due to the finite overlapping of the Calderén-Zygmund decomposition.
In the fourth inequality, we use Kolmogorov’s inequality (see for example [Gra08, page 91]).

Therefore, we obtain

P({x: T Y e bi(x)[ > 4/8}) <AV S]]y

€6

It remains to show p({x: [T ¥ (I — e ™)b;(x)| > A/8}) < CA||f]l1. We have

IS4
p({x: T )} (1 (x)| > 2/8})
€6
u({xe |J2Bi:|T Y, (I—e")bi(x)| > A/8})
€6 i€6)
{xGM\UZB |TZ Vbi(x)| > A/8})
i€6) i€

< Y u@B)+A/8 Y /M \ZBA\T(I_e—tiA)bi(x)\du(x).

€6 €6

We claim: Vt > 1, Vb with support in B, then
| U= e b)) < Clpl.
M\2B
Denote by k;(x,y) the kernel of the operator T (I — e ™), then

Ly TU=e 000 < [ [ le)l160) () ()
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< O e duan)

It is enough to show that | d(xy) >t/ |ks(x,y)|dp(x) is uniformly bounded for r > 1.

The identity A=% = [ e _SA ds — (we ignore the constant here) gives us

_ “ o _ _ ds
T(I—e l‘A) :/O Ve (S+1)A(I_e tA)sl_a7
that is,

o ds
kt(x7y> = (Vps—kl(xvy) _VpS—H—H (x,y)) 11—
0 s

>/ 1 Lissry
B /0 (sl_o‘_(s 01— )V”S“(”)d

Thus from Lemma 2.3, we have

/xy)>,1/m|kf(x y)|dp(x)

1 1{s>z}
/d(xy >z1/m / (sl—a (s—1)1- ) Ps+1(x,y)ds| di(x)
« 1
{s>1}

< _ ) v
< bl oo Sy TPert e ()

| 1 {s>t} o N1/
S /0 gl—a —)i-a (s+1)¢ (1) ds

1 1 : N/ (m=1)
_ - )T g
(A'*1>sla@+1we @
bl 1
+f
t

sl—OC B (S_t)l—oc
= Ki+K +Ks.

1/(m—1)
(s+l)*“e_c(ﬁ) ( ds

In fact, K1, K>, K3 are uniformly bounded:
1
K S/ Sa_lds < oo;
0

Since s+ 1 ~ s for s > 1 and we can dominate the e by Cx™ ¢ for any fixed ¢ > 0, we have

1 1/(m—1) 4
1 S 1 \ft N

For K3,

45
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1

- /o (u+1)1*0‘_u1*0‘
1 1 1 il 1

1) % ——d

/0 ((u+1)+u1—a>(u+ ) u+ | g e u

2 = 1
< /()ul_o‘du+/1 uz_adu<<>o.

Note that we get the second line by changing variable with u = 7 — 1.

(u+1)"%du

Case 2: It remains to show

({ T ) bi(x |>7L/4}> <ca YAl
€6,

We repeat the arguement as Case 1. Still from (2.19), we have

p{x: T Y i) >24/4}) < p({x: T Y e "oilx)| > 2/8})

€6 €6

P({x: T Y, (1= )bi(x)] > 4/8}).

€6

By using the L? boundedness of T and Corollary 2.6, the same duality argument in Case 1

yields

p{x:|T Y e bi(x)| > 4/8}) < CA|| £
ze%

For the estimate of p({x: |T Z (I— e "™)b;(x)| > A/8}), it suffices to show that
IS

/d(x y)>11/2 ke (x,y)|dp(x)

is finite and does not depend on ¢ < 1. In fact, Lemma 2.3 yields

IS

) 1 1 s
< | e/ IV Pyt (x,3) dp (x)ds
0 d(xy)=t'/?

Jl—a (s—t)l_a
<tm/2)1/(m1>
/ (s+1)"% ! ds
0

/[ | <t:jr/12)l/(m l)d
= —_ € s
o sl=%(s+ 1)

+ [ :
p sl—a

1 Lisn

Sl—OC (S_t)l—oc

AN

()
(s+1)"% 7 ds
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= K| +Kj.

Because ¢ < 1, thus K{ < K converges.

We can estimate K} in the same way as for K3 and get an bound that does not depend on 7.  []

2.4 Remarks on the L” boundedness of Riesz transform for p >
2

Under assumptions of (D) and (UE3 ,,), we have already seen that there exist Riemnnian manifolds
such that the Riesz transform is not L” bounded for p > 2 (see Section 2.5). However, we will show
in the following that under some additional assumptions on M, the Riesz transform (at infinity) is
L? bounded for p > 2.

Definition 2.14. Let 0 < a < 1. We say that M satisfies the Davies-Gaffney estimate (DG¢,) if for

alli>1, 2
C _ &®Bg®)
12° o “fHLz(C,-(B))a 0<r<l,

<
B~ | C ,C<dm<8-,c,-<s>>>1/<m*1>

i ' 1 l2cmy), 1<t <ee.

JIve7s

Theorem 2.15. Let M be a complete non-compact Riemannian manifold satisfying (D) and the
two-sided sub-Gaussian heat kernel bound (HK3 ,,). Let py € (2,00], assume that

< i vt > 0. (Gpy)

Ve—tA
H‘ p0—>p0_t1/2’

and also the L* Davies-Gaffney estimate (DG 1 ). Then the Riesz transform at infinity Ve AA~1/2 s
L? bounded for p € (2, po).

We have two observations here:
L. (Gp,) is almost necessary in the sense that (R;,") implies (Gp,) forall2 < p < ppandt > 1.

2. If in addition, M has Ricci curvature bounded from below, then the Riesz transform itself is
L? bounded under the above assumptions. In fact, this follows from the above theorem and
Bakry’s result about the local Riesz transform (see [Bak87] and more generally [ACDHO04]).
That is, for a complete noncompact Riemannian manifold with Ricci curvature bounded from

below, the local Riesz transform is L” bounded for 1 < p < co.
3. We don’t know so far how to obtain (DG ! ).

Our main tool is:
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Theorem 2.16 ((ACDHO04]). Let (M,d, ) satisfy (D) and let T be a sublinear operator which is
bounded on L*(M, ). Let py € (2,]. Let A.,r > 0, be a family of linear operators acting on
L>(M, ). Assume

1/2
<ﬁ/B|T(1_A’(BM2d“) <c(a(P) "), (222)
and '
pO
(ﬁ[e'TA’(B)f’pod“) <c(a(rs?) " w. (2.23)

forall f € L*(M,u), all x € M and all balls B > x, r(B) being the radius of B. Here ./ denotes
the Hardy-Littlewood operator as in (2.21). If2 < p < poand Tf € LP(M, 1) when f € LP (M, ),
then T is of strong type (p, p) and its operator norm is bounded by a constant depending only on
its (2,2) norm, on the constant in (D), on p and po, and on the constants in (2.22) and (2.23).

Consider more generally T, = Ve ™A™%, 0 < o < 1/2. We define the regularising operator
A, r>0by

where the integer N > 0 will be chosen later.

Lemma 2.17. Let M be a complete non-compact Riemannian manifold satisfying the doubling
volume property and (DG ), where a. € (0,1/2] is fixed. Then for some N large enough (depending
on the doubling volume property), for every ball B and all x € B,

(i

Remark 2.18. If we assume that M satisfies (UE, ;) instead of (DGg), then (2.24) holds for Ty
with any 0 < o < 1/2. Indeed, Corollary 2.7 shows that (D) and (UE; ;) imply (DGy) for any
0<o<1/2

NV
To(1-e ) s du) <c(a ()" ). (224)

Proof. We decompose f as f=Y:", f; = Y~ fXc;- By Minkowski inequality we have

H Ty <I—e_p(r)A>Nf Ty, <]_e—P(r)A>Nfl.

<Y
i=1

12(B) L(B)
In order to obtain (2.24), it suffices to show for every i > 1, it holds
H Ta<1—e p(r ) f: <2 i 2By (L (1) (), (2.25)
L2(B)

where ¢ > D.
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N
For i = 1, using the L? boundedness of T}, (I —e P )A> , we get

|

For i > 2, write

<l 2 < 1Y24B) (2 (1£12) ().

T <I — ep(r)A>Nf1 )

To(1-e?01)" = [ reve s (1-e0) "L

Let @, ,(§) = e V(1 — e P(NE)N Then

|

We will estimate ||, ,(A)fi 2(g) by functional calculus. The notation mainly comes from
[Aus07, Section 2.2].
For any fixed ¢ and r, then ®; , is a holomorphic function satisfying

T, <1 _ e—P(’)A>Nfl.

i dt
. |19 @)l 2 (2.26)
L~ (B

(@ (O)] < CIEN(1+1E) 2,

forall { e X = {z€ C*: |argz| < &} with any & € (0,7/2) and for some constant C.
Since A is a nonnegative self-adjoint operator, or equivalently A is a sectorial operator of type
0, we can express ®; ,(A) by functional calculus. Let 0 < 6 < @ < & < 7/2, we have

@ (8) = [ P ni@dit [ e
and
(o) = [ 5@, (0)dg.

Here I is the half-ray R+e®(%/2-0) and v, is the half-ray R e+,
Then for any z € I's,

52 HDE (1 — PN g
Y+
< |5 DG |1 — e PEN | g¢ |
Y&

< /e—cc|<|z|+z+1>|1_e—p<r>c|zv|d¢|
Y+

n+(2)] =

cpM(r)
(|lz| +2+ )N

< C/ooe—cs(z-i-t-i-l)pN(r)sNds <
0
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In the second inequality, the constant ¢ > O depends on 6 and ®. Indeed, R({z) =
|| |z|Re™(®/2-0+0) " Since § < @, then ©/2 < 1/2 — 60 + @ < © and [e57| = e 11511l with
c1 = —cos(m/2 — 6 4+ w). Also it is obvious to see that |eP()$| = ¢=<2PWIE] Thus the second
inequality follows. In the third inequality, let { = se™®, we have |d{| = ds. In addition, we
dominate |1 —e PEN by (p(r)E)N.

We choose 0 appropriately such that |z| ~ Rz for z € I'1, then for any j > 2 fixed,

H ‘Vq)t,r(A)fi’ ”L2(B)

N(,.
= C(/ s )H‘W_mﬁ 23)(|z[ft—(:ll))N“’ 4
N
< f Il s

In the following, we estimate |||V®; .(A)fil|| 12(g) for 7 small and large separately by applying
(2.14) with p = 2.
For0 <t < 1, we get

H‘V‘br,r(A)fi’HLZ B)

41,2

| 42 N() C(zimrm>1/(’”*1) N()

e s p r s p r
< .
=¢ /0 sU2 (s+t4+ 1N+ +/ 5% (s+t+1)N+1ds il

—cdif? 1 1 o c nN i
SC(e 4 pN(r)/O mds—k : <2injrm> Sg+£‘?1ds>“1/2(2+IB)('//(|f|2)>l/2(x)
< C(e_"“"rsz(r) +4—i1v>“1/2(2i+13) (=///(|f|2))1/2(x)

SC4_71'N‘ul/2(2i+lB)( (|f’ ))1/2( )

For the second term in the third line, ¢ equals to N if » > 1 and 2N /m if 0 < r < 1. Indeeds, for any
fixed ¢ > 0, it holds e™" < Ct ¢ forall t > 0.
Fort > 1, then

Hfillz -2 pN()
IV (A) filll 25y < YA W ’
2l

0
[fillz —e(2e) "™ p(r)
(/ +/) e “) TENER LY
= (h+h+ )2 B) (a2 (1f12) ().

For I}, we have

. 1 ,
I <e rsz(r)t_N_l/ s12ds < Ce rsz(r)t_N_l. (2.27)
0
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Estimating I, in a similar way, then

] 2im,m>1/(m*1)

imm\ 1/(m=1)
]2§67°< : 2 >1 1

t
pN(r)tNl/ ~%ds <Ce < :
1

pN(r)r N, (2.28)

For I3, we claim
L < Cp"(r)inf {(2"pm) V- N (2.29)

im,m 1/(m 1)
In fact, we change the variable s by u = <2T’> , then

) zimrm 1/(’”*” d
—c s
13<PN<r)/t€<s> NrarT

) 1/(m=1)
t

e—cuu(N-i-a)(m—l)—ldu‘

= cpMin@mmy | (
0
On the one hand, the integral in the second line above is bounded, thus

I < CpV(r) (2mm) TV (2.30)

m m N+a
On the other hand, the integral is also dominated by (2 ) . Therefore
L <CpN(re N, (2.31)

T, (1 _ e—P<’>A)N 1

. The above estimates give us
L*(B)

Now we are ready to estimate

T, (1 e P WA) Ve

12(B)
< /Ofa||q)z,r(A)fiHL2
< c(amm e +/ ) ) u 2B (1) P
< c(zzﬂv/’u/1 (11+12+I3)tfl_a)ul/2(2"+13)( (1) ).

We claim: [°(I} + L +15) tldto‘ < C4~Ni, Therefore, (2.25) holds as long as we choose N to be large
enough and the lemma is proved.

Indeed, it is easy to see from (2.27) that

Ji i

. 2 (o] .
fc4lr pN(r)/ th72+(xdt < 47N1.
1
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It follows from (2.28) that

oo dt oo e olim,m 1/(m—1) )
/ Iztl_angN(r)/ e (=) N ldr < ca4™NE
1 1

More specifically, if r > 1, then p(r) = r™ and

i my 1/(m—1)
oo dt oo oinm m dt
b cr™N | e C< ' ) N

| il 1 t

< C2—imN/ e—cuuN(m—l)—ldu < C2imN.
1

If0 < r < 1, then p(r) = r* and

/t%?gcﬂ’v/ ( ! ) zN?gmN’.
1

1 2imrm

Now for [{" 1 d,’a. If r <277, using the estimate (2.31) and we get

Zl

< dt i dt .

/ L ngN/ N <47V
T 1 t

If » > 27, we use (2.30) in the following way

> dt Y A A N
| nite < MmO (i)

1 1 Qmipm t

Fo@mm [ (zimrm)Nﬂ

Qmi pim t t
S pN(r)(zimrm)—N §C4_Ni.

If we assume (DG 1 ), then the same proof gives us (2.24) for T% . ]

Lemma 2.19. Let M satisfies the doubling volume property, (HK> ,,), (Gp,) as well as (DG 1 ). Then,
forevery p € (2,po), every ball B with radius r and all x € B, we have for any arbitrary a € (0,1)

(s

Before verifying (2.32), we prove the following two lemmas as preparation.

1/
T, (1— (I—ep(’)A)N)f‘pd,u> ' < Clat (ITuf 1)) (). (2.32)

Lemma 2.20. Let M satisfies the doubling volume property, (Gp,) as well as (DG 1 ). Then for every
p € (2,po), every ball B with radius r and every function f € L*>(M) supported in C;(B) and every
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integer 1 < k < N, we have

R
1 1/2(0i+1 R f L2(C; ) 0<r< 1’
1/2(2i+1pB) (Ci(B))
—kp(r)A rul/?(
e Ce_czim/(mfl) (2.33)
Proof. Since (Gp,) and (DG)), it follows by interpolation that for p € (2,po) and i > 2,
C _.42
2° « ||f||LP 0<t<1,
H )Ve C _<2tmrm)l/( 1) (234)
me l HfHLp(ci(B))7 1 <t <oo.

First consider any ball B with radius r > 2.
If supp f C 4B, we have

< ¢
= pl/2(r)

Note that from the heat kernel upper bound and the doubling volume property, we have

ABpép(r)(y’ A C/BV (z, k’ K(z)

C_ [ u@p)
< B /43v<z oy /@)l

C
< /,LI/Z—(ALB)WHLZ(“B)‘

H o—kp(r)A

He—ép(r)A

He—%pmA ¥

<[t -
B) L

p—p

‘e_f” Ay (y)‘ =

Here k' = ( )l/m.

Therefore

N 1/p
e 3PIAf (y)‘ )

e IPAF(y) ’pz) " < /
M

1122 48)-

< C(sup
C
1
P

IN

o

1 r \YP 1 172
— [ |[VekPNAfI Ty < — | —— 2d .
(i olve o) ™ < 5 (g Ly o7

And
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If supp f C C;i(B) with i > 2,
Ve *P(A p — Z hy = Z Ve*%P(r)AXClefgp(r)Af.

Then

(;ﬁ%ﬁlzhhﬂpdﬂ)l/p

! o gy )
ko
H Lp<cz<B>>w<B><u(B) /c,w)'e flrdp )

u@"'B)) e 1 —kp(rmf’pd v
u(B) 2 \u(@1B) Jo, | h)

IN

Ve—%pmA‘

Similarly, for y € C;(B), we have

C/ V(z, k’ dp(z)

C ‘u(zl—HB) dm(Cl',Cl) 1/(m—1)
= w@"B) /cl-(B) Vi kr) P <_c(r—m) £ (@)ldp(z)

C
< ‘u1/2(2i+13) Kil”fHLZ(“B)’

where
im/(m—1
Ce—e2" ", [<i—2,
Ky <<{ 2, i—2<l<i+2,
Ce=2"" . [>i+2.

At the same time, we have

1/2 1 AN
Gy bl ) <ok [ P)

The two estimates gives us

1 kp( )A p l/p 1 2 1/2
- —2P\r < . e — .
<u(2’“3) al f‘ d“) _CK”(LL(Z‘“B) /c,»(B) d du)

Combining the above estimate, we obtain

1/p
Vekp(r)Af‘pd‘u)

(saw

B
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IN

1 k p 1/p
1 ~kpraglPy )
LP(C/(B))—LP(B) (u(B) /c,w) ’e f‘ :

o (l 1) / e_czlm/(mfl) 1 ) 1/2
< cYy 2uthvip K; : / d )
- 1—21 /2 l(u(2’“8) i T

e_czim/(mfl) 1 ) ]/2
< C . d
N rm/2 <u(2‘“3) /c,-w) d “)

For r < N~1/2 ie. kr? < 1 for every k = 1,2,--- N, repeating the above proof by using the
estimate (2.34) for 0 < ¢ < 1, we obtain

( ! / ‘v —kP(r)Af‘pd )1/p<ce_64i( ! / 1f|*d )1/2 (2.35)
— e ; .
u(B) Js B =\ ) Jow

It remains to consider the case N~!/2 < r < 2. In that case, r ~ 1 and the estimate is easy to

CE[ve e
=1

obtain.
O

Lemma 2.21. Let M be a Riemannian manifold satisfying (HK> ,,). Then for any i > 1, we have

1 1/2 ‘
(—u(sz) /C.(B) \fi|2du) <C\/Jp@itin) (a (V) P (), vBeM, VxeB.  (2.36)

Proof. It is well known that (HK; ,,) implies the following rescaled Poincaré inequality (see for
example [BB04], [BBKO06]) on M:

Jooo O~ Tan <Co() [ IV sPau, e M, r >0, 2.3
B(x,r B(x,r

which is a generalisation of the standard Poincaré inequality (P). However, unlike (P), there is no
equivalence between (HKj ,,) and (D)-+(2.37).

Fori =1, (2.36) follows directly from (2.37).

For i > 2, observe that

f=fap=f—fong+ Y (fap— farrip)-
i—2

and Poincaré inequality gives us

1
| foug — fornigl” < m/sz |f = fornpdp < Co2"™r)t (|Vf1?) ().
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Thus

1 2\ 1 L\
(o 7)< (g oyt
1 ) 1/2
: (mli+13'f—fzz’+lﬂ\ in)
1 (s foalm 0

< c\Jp@tin)(a <|Vfr )" ).

) 1/2
d,u)

]
Proof of Lemma 2.19: Note that
A= (1Pt i et ( ) (A,
In order to show (2.32), it is enough to prove that fork =1,2,--- | N,
1 p 1/p 1/2
[ |veketna f‘ du) < vy (2.38)
(u(B)B Ca (V7)) ().

We consider any ball B with radius » > 1( r < 1 follows in the same way). Combining the

estimates in Lemma 2.19 and Lemma 2.21, we obtain fori = 1,

(i . (Ve—kf’(r)Afl)pdu)l/p < s (g [V fue du)l/z
< ( /Ifl )1/2
< cla(vR) .
and fori > 2,
{ 1/p
(e 71l )

Ceiczim/(m—l) 1 5 1/2
< - |°d
ST (u(Z’“B) [, Pa)

1/2
im/2_—com/(m=1) 1 / 2
27 e (“(ziﬂB) 2i+lB|Vf| du

S Czim/ze_CZ[m/(m 1) ( (|Vf| ))1/2( )

IN
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Hence

(it o onsfon)”

< i(u ‘Ve—kp Afl‘ du)l/p

i=1

< C(l+i2im/26—c2im/<m 1)( (|Vf| ))1/2( )

i=2

< (Vi) ).

O
To summarise, let M be a complete non compact Riemannian manifold satisfying (D), we have
shown that (DG) implies (2.22) with Ty and (DG 1 ) implies (2.23) for any Ty,. Thus Theorem 2.15
holds. Notice also that (DG¢,) follows from (HK> ,,,), but unfortunately we can’t obtain (DG ) from
2
(HKZ,m)-
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Chapter 3

Hardy spaces on metric measure spaces

with generalised heat kernel estimates

In this Chapter, we develop a Hardy space theory on metric measure space (M, d, i) with different
local and global heat kernel estimates for e " where L is non-negative self-adjoint operator. This
extends the work of Kunstmann and Uhl in [Uhl11, KU12].

In Section 3.2, we define two classes of Hardy spaces associated with operators on M satisfying
(D) and (DGg, g,). One is the H ! space defined via molecules, denoted by H. L p.mol (M). The other
is Hf s (M), p > 1, defined via conical square function. Note that here p is related to the heat
kernel estimates.

In Section 3.3, we prove that the two definitions of H' space are equivalent.

In Section 3.4, we compare the H? space defined via square functions, denoted by Hé’p, with
h

L?. Assuming (D) and (DGp 0P 0) we show the equivalence of H and L? for pg < p < p() (The-
h

orem 3.16). However, for the Hardy space HSI; defined via the square function with the scaling 12
under sub-Gaussian heat kernel estimates, the equivalence may not be true. Indeed, we find some
counterexamples (Theorem 3.19).

In the last section, we apply this Hardy space theory to show the H! — L! boundedness of quasi
Riesz transforms on Riemannian manifolds satisfying (D) and (UE; j,).

Throughout this chapter, unless otherwise stated, we always consider a metric measure spaces
(M,d, ) satistying (D) and (DGg, g,), where B; < 3. If necessary we may smoothen p(t) as

P, if0<r<1/2,
p(t) =< smooth part, if1/2<t<2,
th ift > 2;

with p’(f) ~ 1 for 1/2 < t < 2, which we still denote by p(¢). Since ';’(( P =Bifor0<r<1/2and

59
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% = % for t > 2, we have in a uniform way

1
~ T 3.1

3.1 More about assumptions on the heat kernel

Recall the heat kernel estimates on (M,d, i) in Section 0.7:
The generalised LP0 — LPo off-diagonal estimate for p € (1,2): for x,y € M and t > 0,

p

By
C d Bi—T
TCXP —C< (.t,y)) : O<t<1,
Po 176 t ,
e P IPER R (DG,
’ "l po—py B 1,82
9 d(x,y) \ T
—T 1  &Xp|—¢ p , t > 1.
LV ()
The generalised L> — L? Davies-Gaffney estimate: x,y € M and t > 0
( J %
Cexp —c( O;’y)) 1 0<r<l,
—p(1)L
HHBW PO Lp)|,, < . s (DG, p,)
1
Cexp —c( (i,y)) 2 : t>1.
The pointwise estimate of the heat kernel: x,y € M and ¢ > 0
(¢ d(x,y)\ BT
x,y)\ -
- 0<r<l
V(x,t)eXp c( p > <t <1,
pp(t)(xay) < 5, (UEB, p,)
C d(x,y)\ BT
exp | —c¢ , t>1.
V(x,1) t

\

In the following, we will give some lemmas from the heat kernel estimates. We first observe
Po,P;
that (UEBhﬁz) = (DGﬁ] ,ﬁ(z)) = (DGﬁ1 732). Indeed,

Lemma 3.1 ([BKOS]). Let (M,d, ) be a space of homogeneous type. Let L be a non-negative
self-adjoint operator on L*>(M, 1t). Assume that (DG;??Z;’ ) holds. Then for all po <u <v < p, we
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61
have
e d(x,y)\ A
—————exp —c( (x,y)) 1 0<r<l,
—p()L Vi () t
s P A (32)
d(x,y)\ BT
———exp | —c : r>1.
| Vv (1) 4

Remark 3.2. The estimate (DG?;"ES) is equivalent to the LP0 — L? off-diagonal estimate

1
C d Bi—1
T (AL ) R
Vo2 (x,1)
Lpiaye P ) <9
po=2 C d(x,y)\ BT
SCE. —c( ’y) s

We refer to [BKO05, CS08] for the proof.

In fact, we also have

Lemma 3.3 ([BKOS5, Uhll1]). Let (M,d,t) be a space of homogeneous type. Let L be a non-

negative self-adjoint operator on L? (M, ). Assume that ( DGgT’E‘; ) holds. Then for all pg < u <
v < py and k € N, we have

1. For any ball B € M with radius r > 0, and any i > 2,

[ cov _C(zfﬁlrﬁl)‘/(‘*l”
—e ’ 0<t<l1,
u v(B
(RPCA R T I ® (3.3)
e 2V _C<2’51 rﬁz) /P2~
Q71 ¢ ' , t>1.
L pe v (B)

More generally, similarly as in [BKOS, Uhl11], we can obtain

Lemma 3.4. Let M satisfy (D) and (DGg, g,) with B) < [3,. Let B be a ball with centre x € M and
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radius r > 0. Then for all k,] € N with0 <[ <k—2andt € (0,25"1r), it holds

KBy
Cexp (—cZﬁl—‘), 0<t <,

H Le,s) (P()L) K e PO 5 H < 8 (3.4)

230 kB
7 Cexp (—c2ﬁ21), t>1.

Note that here we can change the position of k and /.

3.2 Definitions of Hardy spaces

We present two definitions of Hardy space associated with L, that is, H' via molecules and H”, 1 <
p < oo, via square function. In fact, the Hardy spaces we define here are modifications of these in
[HLM™11, Uhl11], which are adapted to the heat kernel estimates (DG, ,)- Despite the fact that
L is self-adjoint, we cannot use atoms as in [HLM*11]. Indeed, atoms are related to a Gaussian

behavior, not a sub-Gaussian one.

3.2.1 Hardy space via molecules

Definition 3.5. Let € > 0 and K > ﬁ A function a € L*(M) is called a (1,2, &)—molecule asso-
ciated to L if there exist a function b € (L) and a ball B with radius rp such that

1. a=LXp;

2. It holds that for every k =0,1,--- ,Kandi=0,1,2,---, we have
(0 (rB)L) bl 2c,(5)) < PX ()27 V (2'B) /2.

Definition 3.6. We say that f =Y " A,a, is a molecular (1,2, €)—representation of f if (A,),en €

I, each a, is a molecule as above, and the sum converges in the L? sense. We denote the collection

1

of all the functions with a molecular representation by H Ap mol>

1 .
where the norm of f € HA,p,mol is

given by

||fHH£,p‘mol(M) = inf{nzb Al s f = nzblnan is a molecular (1,2,¢) —representation} :

1

The Hardy space HLl L.p,mol

norm.

M) is defined as the completion of H (M) with respect to this

7P7m0](
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3.2.2 Hardy spaces via square function

Consider the quadratic operator associated with the heat kernel defined by the following conical

S £(x) (// p()Le P ()|2dﬂ()dt)l/27 G33)

Vi(x,t) t

square function

where the cone I'(x) = {(y,#) € M x (0,00) : d(y,x) <t}.

We define the L?(M) adapted Hardy space H?(M) as the closure of the range of L in
L*(M) norm, i.e., H*(M) := R(L). Due to the self-adjointness of L in L>(M), we get L*(M) =
W@N (L), where the sum is orthogonal. Under the assumptions (D) and (UEg, p,), we have
N(L) = 0 and thus H*(M) = L*>(M). Indeed, since for any f € L*>(M),

t t
elf_ f= / 9 Ly — / Le L fds,
0 Js 0

then f € N(L) implies f = e~ 'L f, Vt > 0. Also, as a consequence of (UE 3,,5,) and Holder inequality,
it holds Vx € M, Vvt > 0,

0] = el = [ oy ()1 0)k0)
< v few (—c (4’ )!f(y)ldu(y)
< vl ( / exp(2c<d(’;aY))T(t)>du(y)>l/ 7l < 1

Here (1) = % for 0 <t < 1, and otherwise 7(r) = ﬁfz Now let # — oo, we obtain that f = 0.

Definition 3.7. The Hardy space Hf o (M), p > 1 is defined as the completion of the set {f €
)
H2(M) : ||SP f|l1r < oo} with respect to the norm ||SP f||z». The H” ,(M) norm is defined by

LSy
— ||¢P
HfHHZSﬁ M) -— HSthLI’(M)

For p = 2, the operator S}, is bounded on L?(M). Indeed, for every f € L*(M),
2du(y) dr

19, = [, [ [oe @50 Ve

~ pLe POt 1()| )™
Mx(0,00)

Moo \p(r)Le—P<f>Lf<y>\ a2

o p'(t)dt
:/0 < (p(t)L) OLff > (1) —CHin2(M)

—dp(x)

(3.6)
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Note that the second step follows from Fubini theorem and (4). The third step is obtained by using
the fact (3.1): p/(¢)/p(t) ~ 1/t. The last one is a consequence of spectral theory.

3.2.3 Tent spaces

We introduce the definition and properties of tent spaces over the homogeneous spaces M (satisfy-
ing the doubling volume property), following [CMS85], [Rus07] (see also [HLM™11]).

For any x € M and for any closed subset F C M, a saw-tooth region is defined as Z(F) :=
User ['(x). If O is an open subset of X, then the “tent” over O, denoted by 5 is defined as

0:= [Z(0°)]C = {(x,t) € M x (0,00) : d(x,0°) > t}.
For a measurable function F on M x (0, o), consider
// |zdu( y) dr\ '
V(x,t) t '

Given 0 < p < oo, say that a measurable function F € T} (M x (0,0)) if

1F gy == 19/ F [l ary < oo

For simplicity, we denote 7 (M x (0,0)) by T (M) from now on.
Therefore, for f € H A s (M) and 0 < p < oo, write F(y,t) = p(t)Ae P2 f(y), we have

1A Wa

AS’”

= 1Fll 72 an)

Consider another functional

GF _Sup</ iy, zdu )dz)l/z

xeB
we say that a measurable function F € T,°(M) if € F € L*(M).

Proposition 3.8. Suppose 1 < p < , let p' be the conjugate of p. Then the pairing < F,G >—>
Jux(0.00) F (x,0)G(x,0)d i (x)dt /1 realizes T} (M) as the dual of T} (M).

Denote by [,]e the complex method of interpolation described in [BL76]. Then we have the

following result of interpolation of tent spaces.

Proposition 3.9. Suppose 1 < pg<p < p; <eo, withl/p=(1—-06)/po+6/p1and 0 < 6 < 1.
Then
[T (M), T (M)]e = T; (M).
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LSh
Next we review the atomic theory for tent spaces as originally developed in [CMS85], and

extended to the setting of spaces of homogeneous type in [Rus07].

Definition 3.10. A measurable function A on M x (0,0) is said to be a T,) —atom if there exists a
ball B € M such that A is supported in B and

dt _
/ A(x, 1) Pdp(x)— < u~'(B).
M (0,00) t

Proposition 3.11 ((HLM " 11],[Rus07]). For every element F € T,'(M) there exist a sequence of
numbers {4;}7_ € | v and a sequence of T,} —atoms {A j Y7o such that

F = Z LA in Ty (M) and a.e. in M x (0,0). (3.7)
Jj=0

Moreover, Z;":O Aj = ||F HT21 (M) where the implicit constants depend only on the homogeneous
space properties of M.
Finally, if F € T,)\(M) N T}(M), then the decomposition (3.7) also converges in T3 (M).

33 H}, (M)=H

! o (M)

,p,mol

In this section, we will show that, under the assumptions of (D) and the Davies-Gaffney estimate
1 .l 1 :

(DGg, p,), the two H' spaces: H; , . (M) and HL7 s (M), are equivalent. We denote

Hl{,p (M) = H}Lgﬁ (M) = Hll,.,p,mol (M>

Theorem 3.12. Let M be a metric measure space satisfying the doubling volume property (D) and

M) =H" ,(M). Moreover,

the heat kernel estimate (DGg, g,). Then H Ll 5P
] 5 h

p7mol(
1 ey oy = ||f||HL1§5 (M)-

The outline of the proof is the same as in [HLM*11]. Since H} (M) and H] (M)
S

L,p,mol
are completions of HlL.p mol (M) and HLl o (M) N H?(M), it is enough to show ]H[ip ol (M) =
Y ) 3 h J )
H! ,(M)NH?*(M) with equivalent norms. In the following, we will prove the two-sided in-

LSh
clusions separately. Before proceeding to the proof, we first note the following criterion to

prove H} (M) — L' (M) boundedness of an operator, which is an analogue of Lemma 4.3 in

;p,mol

[HLM*11].

Lemma 3.13. Assume that T is a linear operator, or a nonnegative sublinear operator, satisfying
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the weak-type (2,2) bound
p{xeM:|Tf(x)]>n}) <Cn?|fl3, vn >0 (3.8)
and that for every (1,2,€)—molecule a, we have
ITa <C, (3.9)

with constant C independent of a. Then T is bounded from H) p.mol(M) 10 L' (M) with

T f e < Cllif ey, 00

Consequently, by density, T extends to be a bounded operator from H Al p mol (M) to L' (M).

The proof in [HLM™11] is applicable in our case. For the sake of completeness, we rewrite it

here.

Proof. Let f € H! Apm (M), where f =Y, A,a, is a molecular (1,2, &) —representation such that
||f||H£7p’mol(M) ~ ;|/1n|~

Since the sum converges in L? from Definition 3.6 and T is of weak type (2,2), we have at

almost every point

T <Y |l |Tan|. (3.10)

Indeed, denote fN =Y ,~~N Ana,. Because T is linear or non-negative sub linear,we have

(510

i ({le!— i Al |T (a)] > n}) < hjgljgpﬂ({lT(fN)\ 1)

Tf<|T(fY)|+|T

< |7 ()| + iOMnHT(ann.

Thus for every n > 0,

n=0
< cnlimsup |7V]E =0

N—seo

As a result, (3.10) follows. Combining (3.10) and (3.9), we get that T f is L' bounded. Finally, by

a standard density argument, we conclude that 7" is bounded from H}\ pmol(M) to L'(M). O

(M) C H]

The inclusion H! LS (M)NH*(M).

L,p,mol
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Theorem 3.14. Let M be a metric measure space satisfying the doubling volume property (D) and
the heat kernel estimate (DGp, g, ). Then H] p.mol (M) € HI{ o (M) NH?*(M) and
P

HfHHLl’ ) S Cl Ny oy

M) C H*(M). Indeed, by Definition 3.5, any (1,2,€&)—molecule
belongs to R(L). Thus any finite linear combination of molecules belongs in R(L). Since
feH; p.mol (M) is the L?(M) limit of finite linear combination of molecules, we get f € R(L) =
H2(M).

1
It remains to show H; p,mol

Proof. First observe HL P mo](

(M), that s, Sp is bounded from H!

(M) C HL . Lp.mot (M) to L' (M).

Since SZ is L2 bounded (see (3.6)) and thus of weak type (2,2), Lemma 3.13 tells us that it suffices
to prove, for any (1,2,&)—molecule a, there exists a constant C such that ||S} |, ) < C. In other

words, one needs to prove HA||T21 ) < C with

A(y,t) = p(t)Le POLa(y).

Assume that a is related to a function b and a ball B with radius r, that is, « = LXb and for every
k=0,1,--- , Kandi=0,1,2,---, it holds that

1P (LY bll2c 5y < P(r)27Ep(2'B) 2.

Similarly as in [AMROS8], we divide A into four parts:

A = Togu2nA+ Y, Lomx0nA+ Y L)« (raivinA

i>1 i>1
+ Z ILZiBX(Zir,ZiJFIr)A - AO +A] +A2 +A3
i>1

Here 1 denotes the characteristic function and C;(B) = 2/+1B\2'B, i > 1. It suffices to show that
for every j =0,1,2,3, we have HAj||T21 <C.
Firstly consider Ag. Observe that

T ——

is supported on 4B. Indeed, let xp be the center of B, then

d(x7-xB) S d('xvy) +d(y7-xB) S 4r.
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Therefore, we have

2du(y) dt
lol3za = I @oli< [ // Lo 02 0:0AG0) oD A g
dt
[ [ Jpore0ta) )% < clalzy,
= CZ ol < CL2 0 2B)
i i=0

< sz Zey—1(By < cu~!(B).

IN

Similarly as in (3.6), applying the Fubini theorem, (4) and spectral theory, we obtain the second
inequality and the third one. Combing this with Cauchy-Schwarz inequality, then

1Aollz3 4y < 1Al 7200 1 (4B) /% < C.

Now for A;. For each i > 1, we have supp ,Q{(]lci(B)X(OJ)A) C 2428, In fact, d(x,x5) <
d(x,y) +d(y,xp) <t+271r <227 Then

ILcimyx0nAllzz = 1< (Lem<ona)ll,

- (/23// L)< om (m)p(r)LeP<f>La<y>\2$‘<if,yr)>?duu))l/z
: (/ foo )P@)Le*”) ()| du(y >‘”)1/2
<

2 0(/ / PO ) (y)‘zdu(y)?)l/z

= Z[l.
=0

We estimate I; with |i —I| > 3 and |i — | < 3 respectively. Firstly assume that |i — | < 3, then
by spectral theorem (see (3.6)), we have

I7

IN

[ [ oo e mats) a1 <l

< c2~ 2ie —1(23)

Assume now |i —I| > 3. Note that dist (C;(B),Ci(B)) > c2™{li} pp. Firstif i > [+ 3, it follows
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from Lemma 3.4
r 2 () dt
r S/ exp (—6’(7) ||a||%2(cl(3))d“(y>7
0 (3.11)
B t C+th i _ .
<2 ey 1(213)/ (5r) o scamneusii).

Here 7(1) =

 if 0 <t < 1, otherwise 7(t) = ﬁfil' In the second inequality, we dominate

by (3)"". The last inequality comes from (3).

exp (_c(

If i <1 —3, then Lemma 3.4 yields

2ir
t

r 21’,. (1) dt
r g/ exp (—c(7> lal2cy ey () 7
A (3.12)
<c27¥pu(2'B) / (27)6%<cz el (2'B).

It follows from above that
[emmonly < ¢ ¥ 2Fu'leB e ¥ oot tRoi)
2 1:]1—i]<3 I:|1—i]>3
< C2_iC‘LL_1/2(2iB),

where ¢ depends on €, M. Therefore

||A1||T1 < Z ||]lc OrAHTzul/Z 2l—|—ZB S Z

i>1

We estimate A, in a similar way as before except that we replace a by LXb. Note that for each
i <1, we have supp &/ (1¢,(p)x(s2i+17A) C 277°B. Indeed,

d(xaxB) S d(x7y) —|—d(y,x3) S [+2i+er S 2i+2rB

Then
Hﬂc x (rg,2i+1 1A 2 - “M(HC’(B)X(’72i+'rB)A)H2
< (/2z+23// Leys rB2tr3)(y,t)A(y7t)riu(gz;l,;d“(x))1/2
- </2M /c,-(g)(p(f)L)K“eP(r)Lb(y)IZdu(y)tpzdﬁy/z
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(E/.

= ZJ[
=0

i+l

IN

, A\
/C,-(B) ‘(P(f)L)KHefp(t)L]lcl(B)b(Y) du(y)W>

When |i — | < 3, by spectral theorem we get J7 < C272€V~1(2/B). And when |i —I| > 3, it holds
dist (C;(B),Ci(B)) > c2m{Li}pp If i > [ + 3, by using Lemma 3.4, we get

i+l i, (1) dt
2 2
Jio = /r €Xp <—C (7) HbHLz(C[(B))dN()’) 1p2(1)

2K (N —2lE, —1 nl+] 2 Ne dt
PR [ (3) e

C2—i(C—V)2—l(2£+V)‘LL—1 <2lB) )

IN

IN

Here we take v < ¢ < 231 K. The same estimate also holds for [ > i+ 3, in the same way as (3.12).
Hence

2 i
HILC X (r,2ir) Tzzgczilcnu I(ZB),

and
HA2HT1 < Z H]]_C }’2’}’3 1/2 21+2B) CZz—ic/z S C.

i>1 i>1

It remains to estimate the last term A3. For each i > 1, we still have

supp ”Q{(]lZin(Zir72i+er)A) C2’B.

Then we obtain as before that

v “‘Q{(ﬂziBX(Zirvzi+1’B)A)H2

IN

H ]lziBX(Zir,Z”lr)
e 004 0) | S o)

</2'+2B / / V(x,t
i+, 1/2
(ﬁ Aﬁwmmvmwwﬁﬁg>

1/2
2du(y)dt
" l)K+le p(1)Ly y )b(y)‘ (») >

IN

IN

2it1,
E(L ol =0

In fact, due to the doubling volume property, the pointwise heat kernel estimate as well as the
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definition of molecules, we get

K? /ZZHrHIL b7 3 < cpK(r22ey (2B /2’“'—‘”
! i G(B) Lp2K (1) = p K i tp2K(r)

S C2_2182_i0“_1<2i3>.

IN

Hence
1/2 (nit2
14317y < Y 1 Loigs 2irg 2+ 1) Allz2p 2By <cy 2"

i>1 i>1

This finishes the proof. [

The inclusion H' , NH*(M) C H] We closely follow the proof of Theorem 4.13 in
wh

L,p,mol*
[HLM™11] and get

Theorem 3.15. Let M be a metric measure space satisfying the doubling volume property (D) and
the heat kernel estimate (DGg, ,). If f € H Ll o (M)NH?*(M), then there exist a sequence of numbers
»h

{)uj};"zo C I' and a sequence of (1,2,€)—molecules {a j};o:() such that f can be represented in the
form f =Y oAjaj, with the sum converging in L*(M), and

1/l

meol(

) S ¢ Z Aj < CHf“HLlsp(M),

j=0 PR

where C is independent of f. In particular, Hz o (M) NH*(M) CH} (M).
wh

L,p,mol

Proof. For f € HL1 o (M) NH?*(M), denote F(x,1) = p(t)Le P f(x). Then by the definition of
»h
H) § (M), we have F € T} (M) NT#(M).
From Theorem 3.11, we decompose F as F' = Y7 (A;A;, where {4;}7, € I, {Aj}Toisa
sequence of Tzl—atoms supported in a sequence of sets {§ j};'ozo’ and the sum converges in both
T\ (M) and T (M). Also

;))Lj < C||FHT21(X) - CHfHHLl,sﬁ (M)

For f € H?(M), by functional calculus, we have the following *“Calderén reproducing formula”

r=c| m(p(t)L)K“ezp(’)pr;)(z — [k PF (. >";f2§” = Cmy (F).

Denote a; = Cm, 1(A;), then f = Y7 (A;a;. Since for F € T3 (M), we have 7%, (F)[ 2000y <

C||F ||T2 . Thus we learn from Lemma 4.12 in [HLM™ 11] that the sum also converges in L?(M).

We clalm that aj,j = 0,1,..., are (1,2,€)—molecules up to multiplication to some uniform
p'(¢)dt

constant, which implies our conclusion. Indeed, a; = LXb; for b; = C [;° pX(t)e P(LA(-,1)P rOR
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Now we estimate the norm ||(p(rp j)L)kb ill2(c,(B))- For simplicity we ignore the index j.
Consider any function g € L?(C;(B)) with HgHLZ(C,-(B)) =1,thenfork=0,1,---,K,

[ (pemnfostianty

: C‘/M (/om“’<rB>L>kPK<f>e"’<f>L<AJ< L p(z)dt)g(x)du(x)
k /
= ¢ /l;(pp((rti)) PK@Aj(Xvt)(P(I)L)ke_p(t)Lg(x)du(x)pp(zgit

< C</§‘Aj(x,t)‘2du(x)?)l/2

(/

In the last inequality, we apply Holder inequality as well as (3.1).

p(rs)\" Ly
(B72)) priplte *teta

We continue to estimate by using the definition of T21 —atoms and the off-diagonal estimates of
heat kernel.
For i =0, 1, the above quantity is dominated by
2
cu'2(B)p(rp) (/A’(p(t)L)keP(t)Lg(x)‘
B

Next for i > 2, by using Lemma 3.3 ,the above quantity is controlled

du(x)%) <cu'(B)p(rs).
B P(Y'B) * : & N
cu~'/*(B) /0 (P(t)> PzK(t)H(P(I)L)ke_p(t)Lg LZ(B)7>

o[ () o (7))

cu~'?(B) /OrB (Pp((rtB)))kaZK(l)(Zit_rB)wv?)1/2

Cu‘l/2(2iB)pK(rB)2_i8.

IN

IN

IN

Since k =0,1,---,K, the last inequality always holds for any & > 0.

Therefore,

| (o)) bx)g(vdu ()

1o (rB)L) bl 2(cymy) = sup 9

Hg”LZ(Ci(B))

< Cu'?(2'B)p" (rg)27".

=1
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3.4 Comparison of Hardy spaces and Lebesgue spaces

For this topic, we refer to [AMR08, HLM*11, Uhl11, Dev13].

Let (M,d, 1) be a metric measure space of homogeneous type and L be a non-negative self-
adjoint operator satisfying the Davies-Gaffney estimate (3.2). We first recall the definition of the
Hardy space H Z s, (M), p > 1, in [HLM ™ 11]. Consider the conical square function

Sif(x (// Le —t2Lf )|2dtl( ))dt)l/z. (3.13)

The Hardy space Hfsh (M), p > 1 is defined as the completion of the set {f € H>(M) : ||S.f]|r <
2

co} with respect to the norm || fllp = [ISpf|zr. for f € H?*(M). Here H>(M) = R(L)L , see
Sh
Section 3.1.2.
It always holds that H f s, C L?,1 < p < 2. Indeed, since the L?, 2 < p < oo, norm of the conical

square function is controlled by its vertical analogue (see [AHM12]). By an argument of duality
(see [AMROS8]), we obtain Hf s, C LP, 1 < p < 2. We also refer to [AMM13] for the embedding
Hf g CLP,1<p<2.

If one assumes in addition the Gaussian upper bound for the heat kernel of the operator L, we
have HZ s, (M)=LP(M), 1< p < oo (see for example [AMROS, Theorem 8.5] for Hardy spaces of
0—forms on Riemannian manifold). We are going to show that this equivalence does not hold in
general.

Coming back to the setting of a metric measure space (M,d, 1) satisfying (D) and (DGP 0P 0) a

natural question to ask is whether H f o (M) and LP (M) are equivalent.
»h

In this section, we will study the relations between L” (M), Hp 5 (M) and HY s, (M) under the

assumptions of (D) and (DGp 0P O) We first show in the following that L” (M) and Hf o (M) are
)

equivalent. Next we give some examples such that L (M) and H f s, (M) are not equivalent. More

precisely, the inclusion L C Hf 5, may be false for 1 < p < 2.

3.4.1 Equivalence of L”(M) and H, , (M) for 1 < p <o
*h

Theorem 3.16. Let M be a non-compact metric measure space satisfying the doubling volume
E—
property (D) and (DG”O"”0 ). Then H” (M) — R NLPM)" ) for po < p < pj

As explained in Section 3.1.2, if we assume (D) and (UEg, p,) then it holds that R(L) = L.

Therefore we have
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Corollary 3.17. Let M be a metric measure space satisfying the doubling volume property (D) and
(UEﬁlﬁz)‘ Then HII:SZ (M) =LP(M) for 1 < p < oo

Proof. It suffices to prove that for any f € R(L) "L (M) with pg < p < pj;.
ISP fller < CIfl1r- (3.14)

With this fact at hand, we can obtain by duality that || f||.» < C||S? f||» for po < p < p}.
Indeed, for f € R(L), write the identity

f=c /0 (L) POLf

where the integral Cfsl/g(p (t)L)Zefzp(’)Lf% converges to f in L?(M) as € — 0.
Then for f € R(L)NLP(M), we have

\fllr = sup |<f,g>|~ sup // F(y,t)G(y,t)du(y)p
el <1 lgll, <1 1/ /M (000)

[ J[ Foncon s 2 )

Q

sup

lgll, <1 Vix,r) p(r)

< C sup |[|FlizllGll,y =C sup |[SufliollSnglly
lell, <1 2 gl <t

< C sup (ISufllzollglly = [1Snf1lLr-
lell, <1

LP —

Here F(y,t) = p(t)Le POl f(y) and G(y,1) = p(r)Le PDlg(y). The second line’s equivalence is
due to the doubling volume property.

By an approximating process, the above argument holds for f € L?(M).

For p > 2, the L? norm of the conical square function is controlled by its vertical analogue (for
a reference, see [AHM12], where the proof can be adapted to the homogenous setting), which is
always L? bounded for pg < p < p6 by adapting the proofs in [Blu07] and [CDMY96] (if (e*tL)t>0
is a symmetric Markov semigroup, then it is L” bounded for 1 < p < oo, according to [Ste70b]).
Hence (3.14) holds.

It remains to show (3.14) for pg < p < 2.

In the following, we will prove the weak (po, po) boundedness of SZ by using the LP° Calderdn-
Zygmund decomposition (see Theorem 2.9 in Chapter 2). Since SZ is also L? bounded as shown
in (3.6), then by interpolation, (3.14) holds for every py < p < 2. The proof is similar to [Aus07,
Proposition 6.8] and [AHM12, Theorem 3.1].

We take the Calderén-Zygmund decomposition of f at the height A, that is, f = g+ Y b; with
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supp b; C B;. Since SZ is a sublinear operator, write

S

1

< (Z (1_ (1~ epw)”) bi> " (Z (1- ep(’i)>Nb,~> .

1 1

Here N € N is chosen to be larger than 2v/f; where v is as in (3).

Then it is enough to prove that

u({xeM:SP(f)(x)>1}) gu({xeM:SZ(gXx) > %})

+u <{x eM:Ss’ (Z (1— (1—eP(’i)>N>b,-> (x) > %})
+u <{x eM:Ss’ (Z_ (z—ePUf)L)Nb,-) (x) > %}) < %/|f(x)|podu(x).

1

We treat g in a routine way. Since SZ is L? bounded as shown in (3.6), then
p A =210l12 —po —Po
H{ (X EM:S,(8)(x) > 5 ¢ | <CAlglly < CAT0lgl] < CATPO|£]]po.

Now for the second term. Note that  — (I — e P)L ) =y N (—D)kF! (k)e_kp(’f)L. Since the

sum has N terms, it is enough to show that for every 1 <k <N,

u({xeM:S,‘j <Ze—’<f’(”>Lbi> (x)>3%}> MO/V )[Podp(x). (3.15)

Note the following slight improvement of Assumption (DGp 0P 0) (or (3.3) for u = py and v = 2):
for every 1 < k < N and for every j > 1, we have

1/2(2j+1p.
Ck'u ( i)

-~ @@ 7 fcszf(kp(n’)) b 316
2y~ F plin(B) ¢ 15ill o 5,)- (3.16)

He*kp(ri)Lbi

Here 7(r) = B1/(B1 — 1) if 0 < r < 1, otherwise ©(r) = B2 /(B — 1).
Indeed, if ; > 1, it holds that

IN

1

H e kP (L,

He—kpm)Lb.

L2(C;(B)) L2(C;(k'/P2B))
p!/2(27+1k1 /B )

ul/Po(kl/ﬁzB)

< G I 11
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p'/2(27B;) -2/ B

c,=__\= 7Y
k ul/Po(Bi)

1Bill o z,)

The last inequality follows from (D).
Now for 0 < r; < 1. Fixed k, if 0 < r; < k~1/P1, then

i

He—kp(ri)Lbl.

< He—kp(ri)Lb

L2(Cj(By)) L2(C;(k'/P1B))
“1/2(2j+1k1/ﬁ13) 2B /B 1)

= G 1/ro(k1/BiB) ¢ 15ill o s,

u'2(27Bi) _oimie-
u'/ro(B;)

< G |1Bill o s,

Otherwise, note that K1/ <r;<1,thatis, r; ~ 1, then

—kp(ri)L,. < ||, kptrLy,
He bi L2(Ci(B)) He bi L2(C; (kB2 B(xg kB2 P /B2)))
V2(2/41B(xn. k1/ B2 yB1/B2
S Ck ( (xBy r )))e_Ck2]B2/ ﬁ2 ”b HLpO )
V1/po(xp,k!/Barbi/B2))
1/2(JR. .
W E(2IBy) i niba/ )
S O gy ¢ 1Bill o z,)

With the above preparations, we can show (3.15) now. Write

(el l-4) -

By a duality argument,
H¢Hz—1 /

< sup / e kP
|¢|2—1Zi:j—21 Cj(Bi)

‘= sup ZZAU

H‘PHz—l i j=

2

Zefkp T Lb

2

p(ri Lb

Ze (ri Lbi

i

Pldp

2

10| au

Applying Cauchy-Schwarz inequality, (3.16) and (3), we get

Ajj e*kp(ri)Lb

IN

ey 1l

< CKH(ZJ.HBi)e*CZ”(kP( ) e;z%nf( (|¢\2) ()’))1/2

i
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< CleDe_cij(kp(ri)),U(Bi) eiz}gnf (%(M)’z) (y))l/Z

Here . denotes the Littlewood-Paley maximal operator.

Then
PUilpll < CA sup Zisze’cz'ﬁ(kp(rmu(Bi) essinf (,///(]¢|2)(y))1/2
N = vebi

2

< € swp [T 1n0)(#(0F) ) aut)

-
< CA sup/ (///(Wz)(Y))l/sz()’)
Ill,=17iBi

1/2
< cm”(u,-B,-)sczl—Po/z( / |f|”°du) .

The third inequality is due to the finite overlapping of the Calderén-Zygmund decomposition. In
the last line, for the first inequality, we use Kolmogorov’s inequality (see for example [Gra08, page
91]).

Therefore, we obtain

u <{x ; SZ (Z e_kp(ri)Lb,-> (x)

i
For the third term, we have

u ({x eM: S (Z (I—e—P(ri)L>Nb,~) (x) > Ms})

< u(Uj4B;j) +u ({xEM\Uj4Bj : SZ (Z (I—e_p(ri)L>Nbl~) (x) > 7L/3}>.

i

A
> 37\]}) SC/l_PO/|f|p0du. (3.17)

From the Calderén-Zygmund decomposition and doubling volume property, we get
C
u(Uj4B;) <) u(4Bj) <CY u(B)) < 70 1/ lpo-
J J

It remains to show that

A = u({xeM\u]4B . P <Z< _ P )Nbi> (x)>%}>

= [1r@manc)

IN



78 CHAPTER 3. HARDY SPACES ON METRIC MEASURE SPACES

As a consequence of the Chebichev inequality, A is dominated by

2
b (2 (57 )

1

2
< P fo Il (mo0ne <—<wfm0ia%%w
8L (e >> it

/M\U 4B // (ZILM\ZB t)Le™P PO (I—e p(ri)L >
j
= 12 (A105+Aglob)

For the estimate of A;,.. Thanks to the bounded overlapping of 2B;, we can put the sum of i out

of the square up to a multiplicative constant. That is,

Aoc
= CZ /M\U 4B, /w /B(x,t) (123i O)p(e)Le Pt <I B e_p(ri)L)Nbi (y)) 2 \Cﬁl(ix(,yt)) ?d“ (x)
L L (o) B
<

Lo oy vy ) (n0p _p(“(’—e“’“f)L)Nbi(y))zdu(y)@
= CZ/zr,/QB( PO (1 p )" ()>2du( )&

For the second inequality, note that for every i, x € M \ U;4B; means x ¢ 4B;. Then y € 2B; and
d(x,y) <t imply that r > 2r; . Thus the integral is zero for every i. We obtain the third inequality
by using the Fubini theorem and (4).

Then by using (3.16), it follows

Ajoc

mds) v R

Po i pPo ’t , 1

< CZ/ / u;,; L,ly p(r)Le PV <I—€ ol ’)L> bi(y) | du(y)—
2B\ Vo2 (yt) o2 (By) !

Vpi_%( 4 )Vpi_%( ) 2 d
0 ) T 0 )t —o(r t
e N A R P e L (ST O] RO
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< Cul_”zo(Bi)Xi‘,/z: (%) VIGOI)'

-2 NP
< cu Po(BoZH(I—e"’(”)L) b;

Po

< U Lo, < AL u(s) <At [|fiman

2dt

1

N
Vo 2 (0)p(1)Le POL (1 _ efp(r;)L> b,

For the second inequality, we use the reverse doubhng property (5) The third inequality follows
from the L0 — L? boundedness of the operator VPO E (-,t)p(r)Le PWL (see Lemma 3.3). Then by
using the L”° boundedness of the heat semigroup, we get the fourth inequality.

Now for the global part. We split the integral into annuli, that is,

Aglob
= /M//r(x) (ZHM\ZBi(Y)p(I)Lep(l)L(I_e p(ri)L )Nb( )> ‘i,u( )dl‘ ( )

In order to estimate the above L? norm, we use an argument of dualization. Take the supreme
of all functions h(y,t) € L2(M x (0,e0), 04 with norm 1, then

1/2
Agl/ob
2 . 1/2
< (/0 /M<ZHM\23,»(y)p(t)Le PIOL(f— Pl Z)L)Nbl.(y)> du(y)T)
- Sup// ()’)P(I)Le_p(t)l“(l—g—P(Vi)L)Nbi(y) |h(y’t>|dH(Y)dt
h MX(0,00) ;
) - e du(y)ds
=% / / t)Le PWL(] — ¢ PUILYNp, h(y,t
L L Jy Joy PO P¥bi(3)| I, 1) |22
. - ~p(r 2dp(y)dr\ "2
< sy Y (f / Lo POL(— gPUILYN, )
hp;L;( 0 JCj(B;) ‘p() ( ) ()’)‘ p

(£ L roe )"

5 1/2
Denote 1;; = (fo°° Je, s )P(I)Le_p (t)L(I—e"’(’f)L)Nbi(y)‘ —d“(y)d’) .

t
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Let H, (§) = p(t)§e PWE(1 —e PN Then

dt 1/2
u—(/ | H; (L b||L2 t) . (3.18)

We will estimate ||H; r,(L)bi| 12 (c;(p,)) by functional calculus. The notation mainly comes from
[Aus07, Section 2.2].

For any fixed ¢ and r, then H; , is a holomorphic function satisfying
Hr(§)] < IS (14+1¢) 720D,

forall { e X ={ze€ C*: |argz| < &} with any £ € (0,7/2) and for some constant C.
Since L is a nonnegative self-adjoint operator, or equivalently L is a bisectorial operator of type

0, we can express H; (L) by functional calculus. Let 0 < 6 < @ < & < 7/2, we have

H, (L) = / @t [ et (2)dz,

and

= | St 0

Here 'y is the half-ray RTe®(%/2=0) and y, is the half-ray REe+©,
Then for any z € I'4,

n+(z)| =

|, Spge P (1P ag

< / 5P o (1)] &1 — e PV ag
e clEl(zl+p () _ e PUIEIN

< /y ()¢ Mag|

oo N
< C/O efcs(|z\+p(t))p(t)pN(r) N+l ge < (|Zf:—(;f()))( )

In the second inequality, the constant ¢ > 0 depends on 6 and ®. Indeed,
R(z) = [G]]2[Re 72707 0),

Since 6 < @, then /2 < /2 — 60+ w < 7 and [e%¢] = e 16l with ¢] = —cos(7/2 — 6 + ).
Also it is obvious to see that |eP()$| = ¢=2P(IE]. Thus the second inequality follows. In the third
inequality, let & = se™@, we have |d¢| = ds. In addition, we dominate |1 — e P")S N by (p(r){)N.
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We choose 0 appropriately such that |z| ~ Rz for z € I'y, then for any j > 2 fixed,

||Ht7r,-(L)bi”L2 i(By))
p() p"(ri) s
Nliz(es ) (2 +p (0)% (2l +p ()Y

(f. 1 )H e
P09

—sLy
= C/O e b’HLz(Cj(B,-))(S+p(t))N+2ds

IN

Applying (3.3) with u = py and v = 2, then
|1, (L)biHLZ(cj(Bi))

' o _of 220\ N
<C2]vaino/ eic<p_l(s)) p(t)p™ (ri)
0

T un (B s+ p)V2"
) 3.19
<m0, - ) ) e e
‘upo 2 B (S—{—p(t))N+2
) il

L_l( )(Hl(tariaj)+H2(l7ri7.j)>'
pro (B

In the second and the third lines, 7(s) is originally defined in (3.16). In fact, it should be T(p~!(s)).
Since p~!(s) and s are unanimously larger or smaller than one, we always have 7(s) = t(p~!(s)).
Hence, by Minkowski inequality, we get from (3.18) and (3.19)

C27V||b; oo ar\ /2 oo a2
Iijg#(</ le(t,n,J)—> +(/ sz(ta”i;J)T) : (3.20)
‘uI’O 2<Bi) 0 t 0

It remains to estimate the two integrals [;° HZ (t, 7, j)% and ["H3(t,ri, )% separately.
Claim 1:

*° dt .
/ H, (t,rl-,j)z— < 27 2BNJ, (3.21)
0

Estimate first Hy (¢, r;, j). We control o ;( ))N+2 by He )(N+)l Thus for 0 < ¢ < 1, we have

i )ﬁl/(ﬁll)

B, Bi /(B1=1)
B _C(21r1> N (2]’1' Ny,
. g P (ri) , p (ri)
Hl(t7r17])§[) e tBl( )dS<C€ tﬁlN ,

(3.22)

Fort > 1,

, (zlﬁzrﬁZ 1/(By—1)

P2 —c N
p" (ri)

d +/ tm(N+l)ds
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Jiby B 1/(By—1)
_ i N
e_czjﬁ1 rlﬁl te c< P2 ) p (ri)

< .
¢ BN
<2lﬁzr§2>l/(ﬁ2 )
B pN(rz>
s Ce ’ tB2N
To summarise, we get
( B1/(B1—1)
Ce (i) P (r
e BN forr € (0,1)
Hy(t,ri, j) < <2Jﬁ2r§2 1/(By—1) (3.23)
A\ ) p" (r:)
! >
Ce 2 BN fort > 1

In order to get (3.21), we consider three cases separately. That is, r; < 277,27/ <rj<1and
ri>1.
Firstly for r; < 27/, then p(r;) = ﬁ '. We divide the integral from O to infinity into three parts

as follows
*° Ldt
| # e
0 t

2Jr; dt

= 0 H] t rl’ +/ H] t rlv +/ H] t rla.])
2 p \© 2B1N dt 1 r2B1N dt ZBIN dt
< C , C C
B /0 <217’i) I2B‘N t s /ZJr- 12BN ¢ i /1 12BN t

S CzcjrizﬁlNc/ (, ZﬁlNd +C ZBIN/ *Zﬁlth +C 2B1N/ 2[32]\/?
0 2ir; 1

< C2_2ﬁ1j+C2_2ﬁ1j—i—Cri2ﬁ1N < 2 2B

In the first integral, we use the first estimate of Hy (¢, r;, j) in (3.23). We also dominate the exponen-
tial term by a polynomial one, where ¢ in the second line is chosen to be larger than 2mN. In fact,
for any fixed L > 0, x*e~* is uniformly bounded for x > 0. In the second and the third integrals,
we use the third bound in (3.23).

Secondly for r; satisfying 27/ < r; < 1. Then p(r;) = rlﬁ ''and 2/r; > 1. We divide the integral

into three different parts compared with the first case. That is,

il dt
/ le(lariu.])_

2ri e [~ . dt
/ H1 trl) + H1 trl?])t +/ Hl(tarim])T
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C/l t \¢ zﬁ‘thJrC/Zj’i t \¢ 2ﬁ‘th+C/°° 2ﬁlth
0o \2/r; ) 22BN ¢ 1 2ir; ] 12BN ¢ 2ir; 12BN r

1 2Jr;
Cz—cjrizﬁlN_C / tC—2ﬁ1N? + C2—eri2ﬁlN_C / 1€ 23N %8 dt + C 2ﬁ1N/ —ZﬁzN?
0 0 27r;

C2—cjri2ﬁ1N_C + C2—2B2eri2ﬁ1N_2ﬁ2N T C2—2ﬁ2eri2ﬁ1N_2ﬁ2N

IN

IA

IN

< 2 ¢~ @BN=0)j 4 cp2BNip~(BIN=2B:N)j < cp—2BiNJ
In the first and the second integrals, we take the first and the seconds estimates of Hj(z,r;, j) in
(3.23) respectively. Then we use the same trick to control exponential terms. The constant c is the
same as before. In the last integrals, we use the third bound in (3.23).

Finally for r; > 1. Obviously 2/r; > 1. The estimate is similar to the second case. We make the
same division of the integral and the same estimate for the same part. Then

° L dt
/0 H%(%”i;])—
C/l t c 2[32N dt+c/2jri t c ZﬁzN dt+c/m zﬁZN dl
0 \2/r; tzﬁlN t 1 2ir; tzﬁZN t 2ir 12BN 1
< C2—cjri2ﬁ2N—C/1tc—2B1Nﬂ+C2—eri2ﬁ2N—C/2 o Zﬁszt_'_C 2B2N/ —ZﬁzNﬂ

0 t 0 277 t
< C2 BN o 2BNT oy 027 2BNT < 22BN,

IA

Here c is chosen to be larger than 23, N.
So we get (3.21) for all cases.
Claim 2:
/ H3(t,ri, ] < 2N, (3.24)

Now estimate H,(t,r;, j). Write

(s igf))(m)z <P (I)NH( i) On the one hand,

i T(s)
e (3) T pweN(n) = p)pN(r) , _ PN (r)
i) = [ ¢ oS S =Clgy 629

On the other hand, we also have

. B
e PN () for 0<i<1,
Hy(t,ri,j) < ’ (3.26)

C2 BN (#)BZ for 1> 1.

where f is defined in (3.37). Thatis, B(t) = B if 0 <7 < 1, or else B(¢) = B,. Note that p(r;) =
B(ri)

T
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In fact, for £ > 1, note that s~V < s~ (UFBrIN/B) for 5 > 1, then

<2jﬁ2r[32> /(B2—1) ;
_ o —C| —— tP2pN(r;) ds
HZ(tariaj) < /tﬁze SN+(1 )?
Jis o\ /(B2
= s SITBIIN/B=2 g
N o
_ tP2pN (1) / e, (B V(1B N/ B2) 1 g,
T (2B Py 1BaN/ By

t \P
< 2 B(rNj _
- 2ir; T

Fort < 1, since s~ 17N < g~ (IHBUIN/BY) for ¢ < 1 and s~ 1N < s~ (Bi+BUIN)/B2 for 5 > 1, then

HZ(tvriaj)
2y w(s) [3 N
o [l e
B sNtL

. 1
2P rﬁz

,iB1 B 1/(B1—1) /(By—1)
/1 e—c( - > tﬁle(ri) @ N /oo e—(:( o ) tﬁle(ri) @
1

5 SIHB(r)N/B1 g sBi+B(r)N)/m g

Bi /oo
o ﬁ(r,w/( t > 1( / e, BUIN/Br gy 4 / (B 1)(ﬁ1+ﬁ<r,~>zv>/ﬁz—1dv)
0

27r;

t ABI
< 2 BrNj )
- 2/r,

Combining (3.25) and (3.26), we get

R T DN
HZ(taria.]) SClnf{ll))N((I))’z B(riNj (2/_n) . (327)

IN

IN

Let us show the estimate (3.24). Similarly as the estimate for [,” H lz(t, ri, j)%, we also consider
three cases: r; <27 /,277 <r; < 1and r; > 1. Moreover, we split the integral in the same way as
for Hy(t,r;, j) to treat each case.

If r; <27/, then p(r;) = rlﬁl and B(r;) = B;. We get

o0 .\ dt 2ri dt 1 dr [ Lt
| S = [ Benn S [ e [ mennT
0 t 0 2Jr;

ZﬁlN 21311\’

2l \Prar U™ dr o0 dt
22BN / ) N e / /
0 2ir; ) t * 2r; t2ﬁ1N t T Te 12BN ¢

IN



3.4. COMPARISON OF HARDY SPACES AND LEBESGUE SPACES 85
< C2 NI o BN PPN < o 2BINT,
If 27/ <r; <1, wehave p(r;) = rlpl, B(r;) = B1 and 2/r; > 1. Then
* Ldt
| #ernp
dt

2]7', t 0

o R L L e
i

2ﬁlth

ﬁl 2jr- ﬁZ oo

‘ t dt it dt

< (22BN / — Cc22BiNJ / : —4cC /

- 0o \2/r; t i 1 2r; t * 2ir; 12BN t

< C272B1Nj + C272BIN.]. + C2*2ﬁ2er.2BlN72B2N < C272B1Nj.
>~ i >~

Here the last inequality holds since r; > 27/,
If r; > 1, we have p(r;) = r, B(r;) = m and 2/r; > 1. Then

dt
| # S

2ri dt dt
= [ #en s [ B [ )
Tri

ﬁ in B - BN
< 22N / LT o2 / i Zﬂ+C / di
0 \2/r; l 1 27r; t 2r; t2B2N l

< C22B2Nj +C2—252Nj +C2—2132Nj < C22BiNj

Thus (3.24) is true for every case.
Therefore, it follows from(3.20), (3.21) and (3.24)

A%
< MZ BiNJj (3.28)
w3 (8;)

ij =
1/2 s
Now for the integral (f(;” ij(B,-) |h(y7t)|2M) / . Take A(y) = [5 |h(y,1)[>4, then
2du(y)dt 172 1/2(nj+1 : 1/27
/ / t)| < u /(277 B;) essinf A4/ 7h(z), (3.29)

t ZEB;

where . is the Hardy-Littlewood maximal function in (2.21).
Using the same strategy as the proof of (3.15), we get from (3.28) and (3.29) that

C27Vul/2(21B,)||b; . N
A;l/ozb < Supz u ( l)|| l||P027ﬁ|N] essinf.//ll/zh(z)

hoij>2 N%_%(Bi) ek

< Clsip/M;ILBi(y).//ll/ziL(y)dﬂ(Y)

A\
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CAsup | . *h(y)du(y)
h JUiB;

1/2
CAL(UB)' 2 < CAI-Pol? ( / !fl"Odu> |

IN

IN

Here the supreme is taken over all the functions & with HhHL2 ( dm.)d,) = 1. Since N > 2v/f, the

sum Y ;>0 2 BiNj+3vi/2 converges and we get the second inequality. The fourth one is a result of
Kolmogorov’s inequality.
Thus we have shown Agp, < CAZ7P0 [| f|Pod .
]

Remark 3.18. Note that in [Uhl11], Uhl considered the Littlewood-Paley-Stein gi_w—function
adapted to the operator instead of the square function Sy,. Indeed, the two functionals behave

similarly due to the doubling volume property.

342 Hy (M) #LP(M)

Theorem 3.19. Let M be a Riemannian manifold with polynomial volume growth
Vier)~rd r>1, (3.30)

as well as two-sided sub-Gaussian heat kernel estimate (UE, ;) and (LE> ) (see Section 2.1),
where 2 < m < d/2. Then LP (M) C HKSh(M) doesn’t hold for p € (7%-.,2).

More generally, a slight adaption of Theorem 3.19 plus Theorem 3.16 yields the following

result.
Theorem 3.20. Let M be be a Riemannian manifold as above. Then for any 0 < m’ < m and for
any p € (ﬁ,Z), LP(M) = Hé’m, (M) if and only if m' = m.
h
Before moving forward to the proof of Theorem 3.19, let us recall the following two theorems

about the Sobolev inequality and the Green operator.

Theorem 3.21 ([Cou90]). Let (M, ) be a c—finite measure space. Let T, be a semigroup on L*,
1 <5 < oo, with infinitesimal generator —L. Assume that T, is equicontinuous on L' and L. Then

the following two conditions are equivalent:

1. There exists C > 0 such that |||, .., < Ct™P/2, vt > 1.

2. Ty is bounded from L' to L and for g > 1, 3C such that

L +]

HﬂuSCQ LW%ﬂ),fe@@W%, (331)

1_1_«a
where0<aq<Dana’p—q il
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Theorem 3.22 ([Lil2]). Let M be a complete manifold without boundary. There exists a Green’s
function G(x,y) which is smooth on (M x M)\D satisfying

A [ GNSO)dR) = (). ¥f € 5 (M) (332)
We also observe that

Lemma 3.23. Let M be as above. Let B be an arbitrary ball with radius r > 4. Then there exists a
constant ¢ > 0 depending on d and m such that for all t with ¥ /2 <t <",

/sz(x,y)du(y) >c, Vx € B.

Proof. Note that for any x,y € B, we have t > 1 /2 > 2r > d(x,y). Then we have

[menan) = [ ex (—c(@)l/(m”>du<y>

cV(B) P\ =l
> djm exp <_C(7) > c.

Proof of Theorem 3.19
Let ¢, € €5°(M) be a cut-off function as follows: 0 < ¢, < 1 and for some xo € M,

bu(x) = 1, X € B(xp,n),
"7 0, xe M\B(xg,2n).

For simplicity, we denote B(xg,n) by Bj,.
Taking f,, = G@,, Theorem 3.22 says that Af,, = @,.

On the one hand, we apply Theorem 3.21 by choosing 7; = ¢ "2 Indeed, ¢~

A is Markov hence

bounded on L”, equicontinuous on L ,L™ and satisfies

e = sup pilwy) <P,

’ 1—o0 X,yEM

where D = 2d /m > 2. Then taking & =2 and p > %, it follows that

1£ll, < 1AL, + 1AL, ).

here L =1 & ‘thatis, g =
weep 7 D,tat , q

Dp _ _dp
D+2p — d+mp-
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Using the fact that Af, = ¢, and ¢, < Lp(y, 2n), We get

15y < €101 se_+ 1ol

IN

d+mp 1
(V - (xg,2n) + V7 (xo, 271))

<nm+d/p n nd/p)

m+d/p

(3.33)

IN
Q a 0O
3

IN

In particular, || f, |, < Cn"+4/2,

On the other hand,

ISl = /M<//r :

Since ¢, > 1p, > 0, it follows from the Markovian property of the heat semigroup that

sl ([, (50 B0) o,

nm/2
2 —

By using Lemma 3.23, it holds that e 0] By = < n™/2. Then we get

am/2

p/2
( Jor Lo i Ve du(y)clt) d(x)

ﬁ), we have B, C B(x,t) as long as n is large

ISusally > / P
x

enough. Then the volume growth (3.30) gives us a lower bound in terms of n. That is,

/2

p/2
p md(1-8) mp+dp/2
HShfn”pZ/B( . m/2) (/”mz/z V(x nm/z)dt) d‘u(X)ZC}’ZZ 2'n .

Comparing the upper bound of || £, ||, in (3.33) for p > D%z, we obtain

il m__ 1_1
ISufall, > Cn Gt 5 NGy (3.34)

where p > %.
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Assume D > 4,i.e. m < d /2, we have % < 2. Then for 1% < p<2,sincem > 2,

1 1
nd(%fl)@ 2> — 0028 11 — 00,

Thus (3.34) implies that L” C th is not true for p € (%,2), ie.p€e (L 2), where 2 <m <d/2.

d—m’

To conclude, for any fixed p € (ﬁﬂ) , according to (3.33) and (3.34), there exists a family of

functions { gn = I } - such that
nz

pm+d/p

d_d
Hgn”p <C, |lgnll, <n>7» =0

and
m 1 1
[Sheall, = VG 5 oo

as n goes to infinity.
Therefore S, is not L bounded for p € (52-,2) and the inclusion LP C H;’, ', doesn’t hold for

d=m’ h
pe (724.2). O
Proof of Theorem 3.20 If m’ = m, Theorem 3.16 says that L C Hé’zl.
Conversely, by doing a slight adjustment for the above proof, we can prove that L” C Hé’l " is
falseforpe(L 2), where 2 <m < d/2 and m' < m. O

d—m’

3.5 Application: the H, (M) — L'(M) boundedness of quasi

Riesz transforms on Riemannian manifolds

This section is devoted to an application of the Hardy space theory we introduced above.

Let (M,d, ) be a Riemannian manifold satisfying the doubling volume property (D) and the
sub-Gaussian estimate (UE> ,,). Note that we could as well consider a metric measure space Dirich-
let space which admits a “carré du champ”.

It is known that the quasi Riesz transform Ve 2A~% with 0 < & < 1/2 is of weak type (1,1)
(see [Chel4b]). Our aim here is to prove that the quasi Riesz transform is H g’ M) —L'(M)
bounded. Due to Theorem 3.12, it is H im (M) — L' (M) bounded.

m,mol (

Theorem 3.24. Let M be a manifold satisfying the doubling volume property (D) and the heat
kernel estimate (UE3 ,,), m > 2. Then, for any 0 < ot < 1/2, the operator T = Ve 2A~% is bounded

from Hy . (M) into L'(M), i. e., there exists a constant C such that

1T fllrmy < CHf”HAl,m,mou (M)

Proof. Tt suffices to show that, for any (1,2,&)—molecule a associated to a function b and a ball B
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with radius g, there exists a constant C such that ||Tal| 1, < C.
Write

/Ve (t+1)A, ldfa_/ () —(t+1)A,, 1dta+ ” Ve~ (t+1)AAKb dt
l‘ t p(rs)

= D+ Dxs.

We will estimate the L' norm of D and D, separately. First for Dy, we split the integral into
annuli and use the Minkowski inequality as well as the Holder inequality, then

| [P dt
Prllsan = Z(A e M ma |

i~ LI(C;2'B)

O e p(ra) dt

- DA
< ZZ / Ve (t+1) ]lCi(B)atl—oc

=001l LY(M)

vy [0 dt

vy [ dt
: ;);)/0 ‘ ) a LZ(CJ(Z"B))“ @ )tl a

Fix i € N. For j small, i.e., j =0, 1,2, note the fact HVe_’AHZH2 < Ct_l/z, then

S dt

Ve (t+1)A 1/2 it

/ ‘ ¢ leima 2c;mnt (2™B)
; dt
<c/ 1+ 1) Pl 2 gy 1 P RB) 2 (3.35)
p(rs)

<C2™ 81/ (+1) 1/2tdt <C2—8l

0

Note that the last inequality holds for all rp. In fact, if rp > 1, then

p(ra) dt L gy 5 dt
/2 “t -
/0 <t+ ) tl*OC S /0 tl o +/1\ t3/2—a g C

While if rg < 1, we have

p(ra) dt 5 dt
1/2
t < —<C <C.
/0 (1) to‘_/o tl-a

For j > 3, we will use the L! — L? off-diagonal estimate for the gradient of the heat kernel, say
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Corollary 2.7. Denote Dilj = HVe’(’“)AIL LGB | yigy W get
j(2'B)
( 2timn \ VY
Dl < Ca e*‘ +1 lall;:
1 = (t_|_1)aul/2(2i+j3> LY(Ci(B))

" 1/(m—1)
i+j)m,m

o e C , 2 J;]H ’ )

- (t+ 1)a“1/2(2i+j3)

Then we have

p(rs) ;. dt .
/O D]tl — “1/2(2+]B)

. 1/(m—1)
 rp(rp) (i) mym dt

__n—E&i —a o B

=2 /0 (r4+1)"%exp C<—t+1 a

(3.36)
- rp(rs) t+1 \BUs)/m g
—E&1 -
<C2 /0 (t+1) (2(i+j)mrgl) -
—ei (i prs) dt —ein—ap(it]
< C2 €I (i) )~ B lrs >/0 o <Crh ap(i+))
Here B is defined by
2, O<r<l,
B(r) = (3.37)
m, r>1;

And the last inequality holds since a3 (rg)/m < a, which indicates (r + 1)~ ®*+@BUs)/m < 1,
Hence, from (3.35) and (3.36) we get

D1l <CZZZ 8l+CZZZ ein—af(rs)(i+)) <
i=0j=0 i=0 j=3

Now for D,, we use the same trick as before. we get at first

[}

B dt
D2y < Ve U+UAAKHGuﬂb1fa
i=oll/p(ra) t L1(M)
v = —(t+1)AAK dt
< Y)Y Ve R Ly mb g
i=0 j=0 11/ P(r8) ! L'(C;(2'B))
o dt
< [+1)A]l . b 1/2 21+]B
_;;3%4 Qw’zﬂqwmf/( hla
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Still for j =0,1,2. Since HVAK.e_’AHZ%2 < Ct~%X=1/2, Then we have

o Lo dt
(H—I)A]l b 1/2 2l+jB
/p @) pmt B
_ ; dt
<c/ (t+ 1) 2Yb 2 ul/z(zﬂB)t1 - (3.38)
§C2_8’p(r3)/w (t—l—l)_K_l/Z% <C27E,
p(rs) t

As in the estimate of D1, the last inequality always holds. Similarly, if rg < 1, then

o dt L dt ° dt
—K—1/2_ et .
/pm;)(t+ 1 e = /rl% th-e +/1 wna =C

* dt < dt
—k—1/2_At_ _dr
/p(rB)(t'i'l) Ta S /rgg Kra =0

While for j > 3, denote D = ||[VAKe=(DA1 . 5 b|| 12(c;(2ip))» We get from (2.15) in Corollary
2.7 that

If rg > 1, then

Déj < ”VAKe_(t+1)A]1Ci(B)b

L2(C;(2'B))
C ()
a 1
< (t_|_1)1<+a‘u1/2(2i+j3)e Hb“Ll
. 1/(m—1)
(i+j)mm
< 27€ipK(rB) C _C(z til ) .

(t+ 1)K+a‘u1/2(2i+j3)e

Thus

o 1/(m—1)
(i+j)m
(t4+1) K %exp | —c (—2 ﬂg) dt

t+1 tl-o

. . L1\ g, (3.39)
< C2—8! K / —-K 1 - <t—)
- p (rB> p(rB)t (t + ) 2(l+])mr7é’l

—¢i i+j ) [T dt
<2 ¥ () @) [ S

SCZfeipK(l”B)( 2 (i+]) )~ aﬁ(rg)p( )(a*K)Scz*&'izfaﬁ(rza)(ﬂrj)_

tl*(X

The second inequality is also due to the fact o3 (rg)/m < a, where B is defined in (3.37).
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As aresult of (3.38) and (3.39),

1Dl <6222 8’+cZZz cig-apit)

i=0 j= i=0j=
Finally we get || Tal| .13y < C and our proof is finished. O

Remark 3.25. We can recover again the L” boundedness of quasi Riesz transforms from the com-
plex interpolation theorem over Hardy spaces H g_ sy (M).
In fact, consider the operator T, = Ve AA—0+(@=1/2)z - C. Then for yE€R,

Tiyf = Ve SAT0H(0-1/2)iv g
T iyf = Ve AA1/2He12)v g

We have already shown in Theorem 3.24 that Ty = Ve A% is H & mmot (M) — L' (M) bounded, or
equivalently Hy s (M) — L' (M) bounded by Theorem 3.12. It is also true that Tj, is Hj s (M) —

L'(M) bounded. In fact,
dt

[T, —rna__ 4t
T’y_/o Ve A—a+(a—1/2)iy"
Besides, Tj;y is bounded on L>(M). By Theorem 3.9, we conclude that T, alp) = Ve AA—(P) g
HK,SZ'(M) — LP(M) bounded, with p € (1,2) and a(p) = o — (& — 1/2)1% Since HKSZ,(M) =
LP(M) for 1 < p < oo from Corollary 3.17, it comes out that Ve *A~%*() is strong type (p,p)
bounded.



94

CHAPTER 3. HARDY SPACES ON METRIC MEASURE SPACES



Chapter 4
Quasi Riesz transforms on graphs

In this chapter, we consider the Riesz transform on graphs. Note that unlike fractal manifolds, we
do not need to deal with local problems.

In the first section, we prove that on a general graph, the quasi Riesz transform is L” bounded
for 1 < p <2 (Proposition 4.2). In the second section, we consider the endpoint case p = 1 for
quasi Riesz transforms on graphs satisfying (D) and (UE,;). We show that quasi Riesz transforms

are of weak type (1,1) (Theorem 4.3).

4.1 L? boundedness of quasi Riesz transforms on graphs

First recall the multiplicative inequality and the derivative estimate of the heat semigroup given in
[Dun08, Corollary 1.2]:

Proposition 4.1. Let (I',d, 1) satisfy the local doubling property, that is, for some constant ¢ > 1,
p(B(x, 1) <cp(x), ¥x €T,
and let p € (1,2]. There exists ¢, > 0 such that
VAl < epll=P)Flplllp, VF € L2 (D). (4.1)
If, in addition, —1 ¢ ©;2(P), then there exists ¢}, > 0 such that
VP llpsp < k™12, (42)

fork e N.

Therefore, we have the analogue of Proposition 1.9 on graphs.

95
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Proposition 4.2. Let (I',d, 1) as before. Then for any fixed B € (0,1/2) and 1 < p <2, there exists
C > 0 such that

V=P 11l < ClIf N,

forall felLP.

Proof. For any f € L, the Taylor expansion of V(I — P)~F yields
ViI-P)Pf=1Y a,VP'f,
n=0

where a,, < CanB -1,

From Proposition 4.1, we have (4.2) for any p € (1,2]. Thus
IVE=P)PAlll, = 1YL anVP Il < NIVAllp+ X anll VP11l
n=0 n=1

< VAl +C Y an™ (£,
n=1

< plT=P) YA +C Y a2 111, < CILf -
n=1

4.2 Weak (1,1) boundedness of quasi Riesz transforms on

graphs with sub-Gaussian heat kernel estimates

Let (I',d, 1) be a graph as in Section 0.6.2 satisfying the doubling volume property (D). Assume

that p; satisfies the sub-Gaussian heat kernel upper estimate

C d"(x, 1/(m—1)
Pr(x,y) < V(%,%exp (—c (%) ) . (UEy)

There are a lot of graphs that satisfy (UE,,). For example, Vicsek graphs (see for details in
[BCGO1]), graphical Sierpinski carpets ([BB99b]), graphical Sierpinski gaskets ([Jon96]), etc. For
more examples, we refer to [Bar04] (see Remark 0.52).

The aim here is to show the analogue of Theorem 2.11 on graphs. Our result is

Theorem 4.3. Let I be a infinite connected graph satisfying the doubling volume property (D) and
the condition A(a). Assume also the sub-Gaussian upper heat kernel estimate (UE,,). Then for
any B € (0,1/2), the quasi Riesz transform V(I — P)~P is weak type (1,1).
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Remark 4.4. It is also interesting to develop the Hardy space theory in Chapter 3 on graphs. For
recent work of this subject, we refer to [BDar], where the authors assume the doubling volume
property and the Gaussian heat kernel estimate. However, so far we don’t know how to generalise
in the sub-Gaussian setting. One difficulty we meet is how to get a proper Calderon reproducing

formula.

4.2.1 Sub-Gaussian heat kernel estimates on graphs

We will establish the L' — L? off-diagonal estimate for the gradient of the heat kernel, which is
crucial tool to our proof. The following results are analogues of Lemma 2.1, Lemma 2.3 and
Corollary 2.7 of the continuous case in Chapter 2.

Let’s recall the discrete “time derivative” estimate of p, which was initially given by M. Christ

[Chr95], while in [BIu00], S. Blunck gave a much simpler proof. See also N. Dungey [Dun06].

Lemma 4.5. There exist C,c > 0 such that for any k € N* and any x,y € T,

m(y 1/(m—1)
Pt (6.9) = pely)| < %exp <_c (d ( ,y>) ) |

x, kl/m k

Lemma 4.6. For any x € ',k € N* and | € N, there exist oo > 0 such that

1/(m—1)
Y Vo) lu(y) < Cuix)e @) gtim
yGB(x,ll/’”)C

Proof. Similarly as in [CD99], [Rus00], the proof is decomposed into several steps.
Step 1: For any / € N,

m 1/(m—1) [\ 1/(m=1
Y, exp <—23 (d (,f’y)> ) u) <e By ertim. (4.3)
.

yeB(le/m

Step 2: For 0 < ¥ < 2c¢ (c is the constant in (UE,,)), we have

e )\ 1/ 0=1) 2
Ll o (y(@) ) u) <

This is a consequence of (UE,,;) and Step 1 with » = 0.

Step 3:
2 d"(x,y)\ /" Cht? (x)
Xy: [Vypi(y, x)["exp (7< P HO) S Yt 4.4)

1

Denote 2J(k,x) = Y|V, pr(y,x)|2exp (Y(dm(,f’y)> =
y

) W (y), with y small enough. Then we
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have
27 (k, %)
—Zzpk %) [Pk (y,x) = pi(z, %)) p(y,2) exp (Y(dm(,f’y)) 1/(m1)> n(y)
"‘;Pk ¥,%) [P (3,%) = pr(z,%)]p(3,2)
: (;Xp (y(d'ﬂ(;,z)) Mm_l)) —exp (}/(dm(;’y)) Mm_l))] u(y)
=20, (t,x) +Ja(t, ).
In fact,

J] (k,x)
M) 1)
= Zpk ¥,%) [Pk (3, %) — p(z,x)] p(y,2) exp (Y(d (k’y)> > ©(y)

Z

a"(xy) ) Y
— Y hbex y( 2N ) Kokt~ el
y
4" (x, 1/(m—1)
— Y hbex (y(%) BO)Per )~ pest ()]
y
Now using the discrete “time derivative” estimate in Lemma 2.1, then
Cu(x) P () d"(x,y)\ /"
Nilkx) < kV1/2(x,k1/m);Vl/z(y,kl/m) PN Tk
Cu?(x) y pr(x,y) exp [ 1 (d’”(x,y)>1/(ml)
KVI72 (x, k1 /mYy & V172 (y, i /m) ! k

Cp*(x) dm(x,y)\ /Y
< O Eaore (in- (7

C%FL ( )
k2/my (x,kl/m) ’

IN

<

The second inequality is due to (7) and the third one uses (D) and (UE,,).
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For J5(k,x), by the mean value theorem,

5 ) (52 )

S 1’;3;/0111) |d(x,2) — d(x, )| max(d(x,y),d(x,2))"/ "~ 4.5)

max X X m\ 1/(m—1)
X exp (7’( ax(d( ’yk)’d( :2)) ) )

Since p(y,z) > 0 implies y ~ z. In this case, we have d(x,z) < d(x,y) + 1, thus

d(x,z)m/(m_l) < (d(x,y) + 1>m/(m—1) <C, (d(x,y)m/(m_l) + 1) '
Besides,

docy) + NV dgy) 10\ 1
k - kl/m

Therefore by Cauchy-Schwartz inequality,

Jo(k,x)
m X o\ 1/ m=1)
< y — Y Y 200 [pr(x) = pil(z, )] p(:2) (W)
yel'z~y
X mx 1/(m=1)
e <7<—(d< L ) ) ue)
X mx 1/(m—1)
< kl m Z Zpk Y, X pk ya Pk(Z,X)]p(y,Z) exp (’)/ <M) >u(y)
yel'z~y
d(x, 1ym\ Vm=1) 1/2
= kl/m (yGZF ZNZypk ¥ X)p(¥;2) exp (7’2 (%) > u(y))
¥ mN 1/(m—1) 1/2
(Z Y [Pe(,%) = pi(z, ) p (v 2) exp (Y(M) ) u(y)>
yel'z~y

Cpp(x) 1/2
kl/my1/2 (x7k1/m) J(k,x) /<.

The last inequality is obtained by (8) and the estimate in Step 2.
Now we get

Cp * (x) Cpu(x) 1/2
J(k’x)§k2/mv(x’kl/m) kl/mvl/Z(x7k1/m)I(k’x) ’
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which gives us

Cp*(x)
J(k,x) < .
( 7X) = p2/my (X,kl/m)

Step 4: By Cauchy-Schwartz inequality, we have

Y Vapi(xy)|p(x)

x€B(y,l)¢

am(x,y)\ M/ 12
(Dvxpk(x,y)ﬁexp(za( = )u(x))

m )\ 1/0n=1) 12
: (Zexp (—204 (W) > u(x))

IN

C')/.u'(y) 706(%)”1/(”171) | » ,a(ﬂ>l/("171)
— € \%4 ,k/m =C k- 1/mg 13
V(y, kt/m) ( ) =Cu(y)
]
Corollary 4.7. Fix p € [1,2] and j > 2. For any ball B with radius r, we have
jm m 1/m—1
1 L e © 2]krl )
V1/2(2]’+1B_) |P f||L2(Cj(B)) < Vi/r(B) ||f||U’(B)» (4.6)
. o jmm 1/(m—1)
1 k Ce ‘\ ¥
Vl/2(2j+1B—) VP flll2(c;(8)) < I f1lzr(B)- 4.7)

kl/mv]/p(B)

Proof. Let us prove (4.7) by using the derivative estimate of the heat kernel (4.4). For any z € B,
we have

Ve, DM 28y
12
= | ¥ IVelx2)Pux)
XGCJ'(B)
1/2

,C(M)W"“)
e

M (x2)\ V=)
( )) .

cl ) |Vpk(x,z)]2ec< e
x€Cj(B)

< 1(z) .e,c(gy/(mﬂ)
< kl/mvl/z(z,kl/m) .

IN

Therefore, similarly as in the continuous case, we get

1

k
m\l!w Flllz2c8))
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1/2
_ 1 k k 2
= m Z y;x.l?x)’\Pf =P f(y)IFu(x)
1/2
C
< e o @) p(x,y)Pe(x,2) = pr(3,2) 1 (x)
V1/2<21+IB)Z€ZB xe§ y;x
1/2
C
< Smaara o @) Vpi(x,2) 1 (x)
VI/Z(ZJ—HB) zeZB xECZ]-EB)
) M 1/(m—1) ) . o jmm 1/(m—1)
< ce () Y If szr) < e ) Y /@)
T K/mv(2iB) (z,k/m) = k/mv(B) %
jm,m 1/(m—1)
< Ceic(zT)
In the same way, the first estimate (4.6) follows from the estimate in Step 2. [

Corollary 4.8. Assume that T satisfies A(a), (D) and (UEy,). Fix B € (1/m,1/2). Then for any

ball B with radius r, we have

1 C

k
m!\lw ;) < m”ﬂ\y(m- (4.8)

Proof. For k = 1,2, it is obvious to see that (4.7) implies (4.8).
Now consider k > 3. For any f supported in B = B(xp,rp), since

H‘VP"’ <ck 2,
L2112
we get by using the (UE,,)
L C(1+4rg/kt/m)v/?
k [k/2]+1 k—1—[k/2] B
172411 = W72 o a0 < iyt e
Combining this with (4.7), we obtain (4.8). ]

4.2.2 Weak (1, 1) boundedness of quasi Riesz transforms

In order to show the weak (1,1) boundedness of quasi Riesz transform, we will use the following
criterion. Blunck and Kunstmann [BKO3] proved the original version on metric measure space.

See also [Aus07] for a nice presentation in the Euclidean case.

Theorem 4.9. Let py € [1,2). Assume that T satisfies the doubling property (D) and let T be a

sublinear operator of strong type (2,2). For any ball B, Let Ag be a linear operator acting on
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L?(T). Assume that, for all j > 1, there exists g(j) > 0 such that, for all ball B C T and all function
f supported in B,

1

V172(2i+1B) 11 7o 4.9)

IT(I=AB)f 2 (c,(8)) < 8(J )VI/PO( B)

forall j > 2 and
1

V1/2(21+'_B) ||ABfHL2(cj(B)) <g(j )VI/PO( B) £l zro (4.10)

forall j > 1. If Z g(j)2Y7 < 400 where v is given by (3), then T is of weak type (po, po), and is
j>1

therefore of strong type (p, p) for all py < p < 2.

Proof of Theorem 4.3 We apply Theorem 4.9 with 7 = V(I — P) P and py = 1. We first show that
T is L? bounded. In fact, for any f € %y(I"), we have already seen that |||V f]||, = H (I—P)l/sz2
always holds, then

ITsl, = |[va—pyPy||,
< [[va-pred, Jo-pet,
< |a-pyty .

Then by spectral theory we have

i< a—p 2= [a-niha< B s ><cisl

Now for any ball B with radius k, take

Ap=1—(—P")W = i(_l)m (7)Plk’"’

N m
where N € N will be chosen later. Note that ] —Ag = Y. (—1)! (7 ) P
1=0
Write the Taylor expansion of (1 —x)7#, i. e.
> o 1)--- —1
(1-x)P=Y "= Zﬁ([” ) '<ﬁ+” o (4.11)
n=0 n=0 n:

where the classical estimate says a, < CnP~1,

Therefore

V(I-P)P1-Ap) = iﬁ(—l)lan(y)VP”Hkm
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where

am= Y <—1ﬂmhmm(7).

0<I<N,lkm<n
Let us first show (4.9). For any j > 2 and any function f supported in B, the off-diagonal

estimate in Lemma 4.8 as well as the Minkowshi inequality give us

- Bir_
s [P )
1 oo
1/2(7)j1
VIR |5 12(ci(8)
1 n
< Z|gk VVTJ“B)“WP e, s)

:cwm 5

(zjmkm>1/(m_l)

n

Note that in the third line, the term n = O vanishes. Indeed, since f is supported in B, we have
IVPYf(x)| = |V£(x)| =0, for any x € C;(B), j > 2.

o) 1/m=1)

It remains to estimate the sum g(j) := ): lgi(n)|n P eic( " in the last line. In fact,

we have the following estimate for which we w111 prove later in Lemma 4.10:

Cln—IK"P~1, 0<Ik"<n<(I+1)K"<(N+1K",
!gk(n)\é{( ) - s DE < ) (4.12)

CK"™NpN-14B n>(N+1k".

Write g(j) into two parts

N (l+1)km o jmym 1/(m—1)
cH=Y Y lamnpe )
[=0n=Ilkm+1
o) mm 1/(m—1)
T G R S AN

n=(N+1)km+1
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For Gy, using the estimate in (4.12) for n < (N 4 1)k, we get

N (l+l)km _C(zjmkm)l/(mfl)
G SCZ Z (n—Ik")P~1nPe
I=0n=Ilk"+1

n

Nk o1 _p ()"
=C _|_lkm -l n+1km
LT a1

k" oJjmym 1/(m—1)
e*C<n+1km )

Next for G», this time applying the estimate in (4.12) for n > (N + 1)k™,

oo j 1/(’"71)
[ 2dmym
Gy = Y KN N=1+B =B, C< n )
n=(N-+1)km+1

zjmkm> 1/(m=1)

SCkmN/ootNlec< !
0

< C2—ij /wuN(m—l)—le—cudu
0

dt (4.14)

< C27ImN,

Choosing any integer N > v /m, we get from (4.13) and (4.14) that ¥, g(;j)2"/ < co. Therefore

j=1
(4.9) holds.
Now let us verify (4.10). Forany 1 </ <N+ 1,if j > 2, we apply (4.6) and get

1 lk’n Ce_czjm/(mil)
V1/2(2j+1B)HP f 12(C;(B)) = V(B) 111z s)-
If j =1, then
5 12
1K™ _
1P Ay = | & L i) )] 4
12
< Y |f(y)!<2 |pzkm(x,y)lzu(x)>
yEB x€4B
c 1/2
< FO)ln(y) — T LX)
yg’i' | ngV(xall/mk)z
<

C
WHJCHU(B)'
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Thus (4.10) holds. ]

N
Lemma 4.10. For gi(n) = Z (—l)lan,lkm < ) we have the following estimates:
0<I<N.lk"<n !

Cln—IK"P1, 0<IK"<n<(I+1)K" < (N+1K",
!gk(n)\é{( ) - s DE < ) (4.15)

CK"™Np N-14B n>(N+1kK"
We will use similarly method as in [BR09, Lemma 4.1].

Proof. First for 0 < Ik < n < (I+ 1)k™ < (N + 1)k™, the estimate follows from the fact that
a, < CnP-1,

Now for n > (N + 1)k, we will use the following inequality, as in [ACDHO04, BR09]: for any
positive integer N, any CV function ¢ on (0, ), any positive integer k and any ¢ > (N + 1)k

(—1)’(N)<p(t—1k’") <C sup |@™ (u)|k", (4.16)
0<I<N,lkm<n ! U
where C > 0 depends on N.
Note that
BB+1)---(B+n—1) 1
n=— = B(n + ﬁ? 1— ﬁ )
i rera- g )
where B denotes the Beta function.
Take @(x) = FRIT—F) (1 ) B(x+B,1— ), then a, = @(n). We claim: for all x > 1,
ﬁ(p(x) <Cx NIHB, (4.17)
dxN -

The desired result then follows from (4.16).
It is enough to consider B(x+ B,1—B) = Jy **B=1(1 —1)~Pds. Indeed, for any & € (0,1) and
any x > 1,

jljv B(x+B,1— )':‘/1(lnt)Ntx+ﬁ_](l—t)_ﬁdt

1
_/ |1nt\ l‘x+B 1 I)Bdt—i_/d ‘lnt‘Ntx+Bfl<l_t)7Bdt (4.18)

= Iy(x) +JIn(x).

Observe that s
In(x) < ax—l/ ne[NeP (1 =) Bar < c5%1. (4.19)
0
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For Jy(x). Since [Int| ~ 1 —¢ whent — 17, we fix § € (0,1) such that [In#| < }(1—¢). Then
1
In(r) < C/ FB 1 )PV < CB(x+ B, N+1—B) <Cx N1+, (4.20)
13}

In the last line, C depends on 3 and N.
Combining (4.18), (4.19) and (4.20), we get (4.16). O



Chapter 5

Poincaré inequalities and Sobolev

inequalities on Vicsek graphs

In this chapter, we consider Poincaré inequalities and Sobolev inequalities. We prove in the first
first section the generalised L” Poincaré inequality and in the second section the generalised L”
Sobolev inequality. Finally we show the optimality of these inequalities, which connects to Section
2.5.

Recall the construction of a Vicsek graph I" on R”. The following in taken from [CGO3].

Let O, denote the cube in R”

Or={xeR":0<x;<ri=1.2,-,n}

Construct an increasing sequence {I';} of finite graphs as subsets of Q. Let I'j be the set of
2" + 1 points containing all vertices of Q; and the center of Q. Define 2" edges in I'} as segments
connecting the center with the corners. Assuming that I'; is already constructed, define I';; as
follows. The cube Q3¢ is naturally divided into 3" congruent copies of Q5; select 2" + 1 of the
copies of Qs by taking the corner cubes and the center one. In each of the selected copies of O«
construct a congruent copy of graph I';, and define I';; as the union of all 2" 4 1 copies of I’y
(merged at the corners). Then the Vicsek tree I' is the union of all I';, k > 1 (see Figure 5.1). Then
forallxeI',r>1and k > 0, I satisfies

V(x,r) ~ P

and
pr(x,x) < CkD7T,

where D = log;(2" +1).

107
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Figure 5.1: A fragment of the Vicsek graph on the plane

5.1 Poincaré inequalities on Vicsek graphs

In the following, we will prove a L? Poincaré inequality by using the idea in [DS91], see also
[CSC93], where the L2 case is considered.

Theorem 5.1. Let I be a Vicsek graph with polynomial volume growth V(x,n) ~ nP. Then for
p > 1, it holds on I that

1

1f = fa ) Lo (B, < CV (6, ) POV F[| Lo (B(x,20))

where fn(x) = mZzeB(xm)f(Z).u(Z) and ﬁ = %—'_ ﬁ

Proof. For any y,z € B(x,n), we choose 7 ; as one of the shortest paths from y to z. Define I' , :=
{%..:y.z€ B(x,n)}. Let e be an oriented edge in a path from e_ to e, and p(e) = e _e, .

Since

fO) = f@I< Y 1f(es) = fle-)l,

€Yz

for p =1, we get

Vien) Y 1fO) = fa)|u(y)

YEB(x,n)

Y 10— f@InO)u()

¥,2€B(x,n)

< YY) A

¥,2€B(x,n) €Yz .u( )

IN
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< ca Y, [Z [f(er) = fle-)u(e) | m(y)u(z).
,2€B(x,n) | €€%z
In the last inequality, ¢ depends on (A()) in (10).
For p > 1, Holder inequality leads to
Vi) Y, [f) = )P r()
yEB(x,n)
p
< V) Y | Y PO - f@IET | k)
YEB(x,n) |z€B(x,n)
p—1
< Vien)'r Y [Z f ) = f@)Pu(z ] [Z u(z ] u(y)
yeB(x,n) | z€B(x,n) z€B(x,n)
= ) O -f@FrO)uk)
¥,2€B(x,n)
' ure)]"
< — _
< y7ze§,x7n) _eez,m|f(€+) fle )|‘u1/p(e)] u(y)u(z)
- p—1
< Y X flen) = fleo)Pule ] [Zu 1/”1] m(y)u(z).
,2€B(x,n) | €€Y.z ech

Due to the property (A(a)) in (10), the last term is bounded from above by

C Y Ifler)—fleo)lPule)- Y, [%hl" 'RON(G).

e€B(x,2n) ¥,2EB(x,n)

Take K (x,1n) = ¥y cep(en) %7~ (V) 1(2) for p > 1, then
‘|f_fn(x)H€p(3(x7n)) < CK(x, ”)H|Vf||| B(x2n))’ ,Vp>1.

It is easy to see that K(x,n) < (2n)?~'V(x,n)?. In particular, for a Vicsek graph with the volume

V(x,n) ~nP, we have

1 = 5 oy < CV ) 8 NV ALy = 22 WA 2
OJ

It is well-known that under the assumption of Poincaré inequality and the doubling volume
property, one can deduce the pseudo-Poincaré inequality (see for example [SC92], [SCO02]). The

same proof is also applicable here. Consequently,

D, 1
1f = fallp < Cn? P [IV A (PPp)
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Remark 5.2. The exponent % + ]% in (PP[’;(p)) is optimal. Indeed, we will show in the sequel that
(PPDp(p)) implies (Sg(p)), which is optimal. If there existed a better exponent, it would follow from

the proof below that (Sg(p)) could also be improved, which contradicts its optimality.

5.2 General Sobolev inequalities

In this section, we consider a kind of Sobolev inequalities in the following form: for p > 1 and a

non-decreasing positive function ¢

£l < o(RDIIVAllp, ¥R C T, VS € co(€).

For a detailed exploration of this kind of inequalities on weighted manifolds, see the survey
[Cou03].

By using the same method as in [Cou03, Proposition 2.6], we will prove

Theorem 5.3. Let I" be a Vicsek graph with polynomial volume growth V (x,n) ~ nP. Then for
p > 1, it holds
1
1f1lp S u(Q)PP [V £l vQ C T, Vf € co(Q), Spip)

where D(p) is the same as in Theorem 5.1.
Remark 5.4. On Vicsek graphs, we already know the inequalities (Sg(p)) for p =1,2,0. That is

1. If p =1, then D(1) = 1. Indeed, (S %) is equivalent to the isoperimetric inequality with the
isoperimetric dimension 1, i.e. |dQ| > C, which can be seen from the structure of Vicsek

graph.

— D+1-
upper estimates as follows:

2. If p=2, then D(2) = 2D (Si%) is equivalent to the Nash inequality or the heat kernel

O _
11l 2 < CIFIL VAl
pr(x,x) < Ck*D%l,Vk e N.

3. If p = oo, then D(eo) = D. (S};) is equivalent to the lower volume bound: V (x,n) > nP.

Besides, in the three cases, (Sg(p)) is also optimal. We refer to [Cou03], [BCGO1] for more infor-

mation.

Proof. We will show the result for p > 1. Note that for any f € L' (T),

1
V(x,n)

Y O] < Cpon | fll (5.1)

YEB(x,n)

|fu(x)| =
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Take a finite set Q C I" and a non-negative function f € ¢o(Q2). Write

I£I1D = (f = fus 77 1) + (fun 771,

It follows from Holder inequalities, (PPDp(p)), and (5.1) that

A1 < = fallp IAIS ™ D falles - 1LF7

11 _ CDN( )
< V() IV AL + 1£115-
Choosing n such that n? = 2Cpu(Q), then
/ I+
1f1lp <Cu(Q)r 7P l[IVElllp-
The inequality also holds for any f € %p(Q). O

Here is another proof without using the Poincaré inequality, which is inspired from [BCGO1].
For any function f € ¢o(Q), assume max,cq |f(x)| = 1 (otherwise we can normalise f). Then

we have

Y )P u(x) < p().

xeQ

Consider a point xg such that | f(xp)| = 1 and the largest integer n such that the ball B(xy,n) C Q.
Define
r(Q) = max{r € N: 3x € Q such that B(x,r) C Q}.

Obviously n < r(Q). Also, there exists a sequence of points
X0~ X] XD~ Xy ™ Xy ]

starting from x( and terminating at a point x| ¢ Q.

Therefore, by Holder inequality

p
Y Viru = ¥ If() |puxy_—(z|fxl x,+1>|> > <

x€Q x,yeQ

The last inequality is due to the fact

i‘(,)|f(xi) — flxis1)| > |f(x0) — f(xup1)| = 1.
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Figure 5.2: the function f on the diagonal zpz;

Eventually, we obtain

YecoVIOIPR() ¢ c
Yecalf()Pu(x) = nP~1u(Q) = p(Q)i+p-1/D°

5.3 Optimality of (Sg(p)) for p > 2 on Vicsek graphs

In [BCGOI, Section 4], the authors established the sharpness of the Faber-Krahn inequality (S%)(Z))
by constructing a family of sets €2, and functions on them. In fact, with the same functions and
subsets, we can also show the optimality of (Slp)(p)) for p > 2.

The weight u here is the standard weight. Let Q, = I’'N[0,3"]" be the same subset as in
[BCGO1], where ¢ = 2V 4+ 1 = 3. Hence u(Q,) ~ ¢". Denote by z, the centre of Q, and by
zi,i < 1 its corners. Define f as follows: f(zo) = 1, f(z;) = 0,i < 1, and extend f as a harmonic
function in the rest of Q,. Then f is linear on each of the paths of length 3", which connects
zo with the corners z;, and is constant elsewhere. More exactly, if z belongs to some ¥, ,;, then
f(z) =37"d(z;,z). If not, then f(z) = f(Z'), where 7’ is the nearest vertex in certain line of zo and
zi. See Figure 5.2 (from [BCGO1]).

For any x in the n — 1 block with centre zo, we have f(x) > % Therefore

Y P u(x) > (2/3)P (1) = 4"

x€Q,

Also, since | f(x) — f(y)| = 37" for any two neighbours x, y on each of the diagonals connecting
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D(p)

7o and z;, and otherwise f(x) — f(y) = 0, we obtain

2N
IVAL~ ¥ £(x) = fO)P ey < ¥ 37"Pd(20,2:) = 2V37(P71),
X,y i=1

Finally combining the above two estimates, we have

\Y% - _n 1
||||f.]|t|||[7 < Cp3 p/q P — Cpq pP’D P~ H(Qn) D p
p

This finishes the proof.
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