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■♥tr♦❞✉❝t✐♦♥

❉❛♥s ❝❡tt❡ t❤ès❡✱ ♥♦✉s ét✉❞✐♦♥s q✉❡❧q✉❡s q✉❡st✐♦♥s ❧✐é❡s à ❧❛ t❤é♦r✐❡ ❞❡ ❣r♦ss✐ss❡♠❡♥t ❞❡
✜❧tr❛t✐♦♥ ❞❛♥s ❧❡ ❜✉t ❞❡ ❧❡s ❛♣♣❧✐q✉❡r à ❞❡s ♠♦❞è❧❡s ✜♥❛♥❝✐❡rs✳ ◆♦✉s ♥♦✉s ❝♦♥❝❡♥tr♦♥s s✉r
❞❡✉① ❛♣♣r♦❝❤❡s ❝❧❛ss✐q✉❡s ♣♦✉r ❣r♦ss✐r ❧❛ ✜❧tr❛t✐♦♥ ❞❡ ré❢ér❡♥❝❡✿ ❧❡ ❣r♦ss✐ss❡♠❡♥t ✐♥✐t✐❛❧ ❡t ❧❡
❣r♦ss✐ss❡♠❡♥t ♣r♦❣r❡ss✐❢✳ ❉❛♥s ❧❡s ❞❡✉① ❝❛s✱ ✉♥❡ ♥♦✉✈❡❧❧❡ s♦✉r❝❡ ❞✬✐♥❢♦r♠❛t✐♦♥ ❡st ❛❥♦✉té❡
❞❡ ♠❛♥✐èr❡ ❝♦rr❡s♣♦♥❞❛♥t❡✿ ✐♥✐t✐❛❧❡♠❡♥t ♦✉ ♣r♦❣r❡ss✐✈❡♠❡♥t✳ P❧✉s ♣ré❝✐s❡♠❡♥t✱ s✐ ξ ❡st
✉♥❡ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡✱ ❧❛ ✜❧tr❛t✐♦♥ ❣r♦ss✐❡ ✐♥✐t✐❛❧❡♠❡♥t✱ Fσ(ξ)✱ ❡st ❧❛ ♣❧✉s ♣❡t✐t❡ ✜❧tr❛t✐♦♥ G

❝♦♥t✐♥✉❡ à ❞r♦✐t❡ ❝♦♥t❡♥❛♥t F ❡t t❡❧❧❡ q✉❡ ξ ❡st G0✲♠❡s✉r❛❜❧❡✳ ❙✐ τ ❡st ✉♥ t❡♠♣s ❛❧é❛t♦✐r❡
✭❝✬❡st à ❞✐r❡ ✉♥❡ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ ♣♦s✐t✐✈❡✮ ❛❧♦rs ❧❛ ✜❧tr❛t✐♦♥ ❣r♦ss✐❡ ♣r♦❣r❡ss✐✈❡♠❡♥t✱ Fτ ✱ ❡st
❧❛ ♣❧✉s ♣❡t✐t❡ ✜❧tr❛t✐♦♥ G ❝♦♥t✐♥✉❡ à ❞r♦✐t❡ ❝♦♥t❡♥❛♥t F ❡t ❢❛✐s❛♥t ❞❡ τ ✉♥ G✲t❡♠♣s ❞✬❛rrêt✳
❊♥ ❞✬❛✉tr❡s t❡r♠❡s

Fσ(ξ)
t =

⋂
s>tFs ∨ σ(ξ) ❡t Fτ

t =
⋂
s>tFs ∨ σ(τ ∧ s).

▲❛ t❤é♦r✐❡ ❞❡ ❣r♦ss✐ss❡♠❡♥t ❞❡ ✜❧tr❛t✐♦♥ ❛ été ❞é✈❡❧♦♣♣é❡ ❞❛♥s ❧❡s ❛♥♥é❡s ✼✵ ❡t ✽✵ ❞❛♥s ❧❡s
tr❛✈❛✉① ❞❡ ■tô✱ ❇❛r❧♦✇✱ ❏❛❝♦❞✱ ❏❡✉❧✐♥ ❡t ❨♦r✱ ♣♦rt❛♥t ❡s❡♥t✐❡❧❧❡♠❡♥t s✉r ❧❡ ❝♦♠♣♦rt❡♠❡♥t
❞❡ F✲✭s❡♠✐✮♠❛rt✐♥❣❛❧❡s ❞❛♥s ❧❛ ✜❧tr❛t✐♦♥ ❣r♦ss✐❡✳ ❚r♦✐s ♦✉✈r❛❣❡s ♦♥t été ❝♦♥s❛❝rés à ❝❡
s✉❥❡t✿ ❏❡✉❧✐♥ ❬❏❡✉✽✵❪✱ ❏❡✉❧✐♥ ❡t ❨♦r ❬❏❨✽✺❪✱ ▼❛♥s✉② ❡t ❨♦r ❬▼❨✵✻❪❀ ♦♥ tr♦✉✈❡ é❣❛❧❡♠❡♥t
❞❡ ♥♦♠❜r❡✉① rés✉❧t❛ts ❞❛♥s ❧❡ ❧✐✈r❡ ❞❡ ❏❛❝♦❞ ❬❏❛❝✼✾❪✳ P♦✉r ✉♥ ♣❛♥♦r❛♠❛ ❞❡ ❧❛ t❤é♦r✐❡✱ ❧❡s
❧❡❝t❡✉rs ♣❡✉✈❡♥t s❡ ré❢ér❡r ❛✉① ❝❤❛♣✐tr❡s ❝♦rr❡s♣♦♥❞❛♥ts ❞❛♥s ❧❡s ❧✐✈r❡s ❬❉▼▼✾✷✱ ❏❨❈✵✾✱
Pr♦✵✹✱ ❨♦r✾✷❪✳

❯♥❡ ♣r❡♠✐èr❡ q✉❡st✐♦♥ ❛ ♣♦rté s✉r ❧❛ st❛❜✐❧✐té ❞❡ ❧❛ ♣r♦♣r✐été ❞❡ ♠❛rt✐♥❣❛❧❡✳ ❇ré♠❛✉❞ ❛♥❞
❨♦r ❬❇❨✼✽❪ ♦♥t ❞♦♥♥é✱ ❞❛♥s ❧❡ ❝❛s ♦ù G ❡st ✉♥❡ ✜❧tr❛t✐♦♥ ✭❝♦♥t✐♥✉❡ à ❞r♦✐t❡✮ q✉❡❧❝♦♥q✉❡
❝♦♥t❡♥❛♥t F✱ ✉♥❡ ❝♦♥❞✐t✐♦♥ ♥é❝❡ss❛✐r❡ ❡t s✉✣s❛♥t❡ ✭❝♦♥♥✉❡ s♦✉s ❧❡ ♥♦♠ ❞✬ ❤②♣♦t❤ès❡ ✭H✮✮
♣♦✉r q✉❡ t♦✉t❡s ❧❡s F✲♠❛rt✐♥❣❛❧❡s s♦✐❡♥t ❞❡s G✲♠❛rt✐♥❣❛❧❡s✳ ▲❡ ❝❛s ❞✉ ❣r♦ss✐ss❡♠❡♥t ✐♥✐t✐❛❧ ❛
été ét✉❞✐é ❡♥ ♣❛rt✐❝✉❧✐❡r ❞❛♥s ■tô ❬■tô✼✻❪✱ ❏❛❝♦❞ ❬❏❛❝✽✺❪ ❡t ❨♦r ❬❨♦r✽✺❜❪✱ ♣✉✐s ❞❛♥s ❧❡s t❤ès❡s
❞❡ ❆♠❡♥❞✐♥❣❡r ❬❆♠❡✾✾❪✱ ❆♥❦✐r❝❤♥❡r ❬❆♥❦✵✺❪✱ ❙♦♥❣ ❬❙♦♥✽✼❪ ❡t ❞❛♥s ❧❡s ❛rt✐❝❧❡s ❛ss♦❝✐és
❞❡ ❆♠❡♥❞✐♥❣❡r✱ ■♠❦❡❧❧❡r ❡t ❙❝❤✇❡✐③❡r ❬❆■❙✾✽❪✱ ❆♥❦✐r❝❤♥❡r✱ ❉❡r❡✐❝❤ ❡t ■♠❦❡❧❧❡r ❬❆❉■✵✻✱
❆❉■✵✼❪✱ ❆♥❦✐r❝❤♥❡r ❡t ■♠❦❡❧❧❡r ❬❆■✵✼❪✳ ▲❡ ❝❛s ❞✉ ❣r♦ss✐ss❡♠❡♥t ♣r♦❣r❡ss✐❢ ❡t ❧❡s ♣r♦♣r✐étés
❞❡ t❡♠♣s ❛❧é❛t♦✐r❡s ♦♥t été ❡①❛♠✐♥és ❞❛♥s ❆③é♠❛ ❬❆③é✼✷❪✱ ❏❡✉❧✐♥ ❡t ❨♦r ❬❏❨✼✽❪✱ ❲✐❧❧✐❛♠s
❬❲✐❧✵✷❪✱ ❇❛r❧♦✇ ❬❇❛r✼✽❪✱ ◆✐❦❡❣❤❜❛❧✐ ❡t ❨♦r ❬◆❨✵✻❪✱ ◆✐❦❡❣❤❜❛❧✐ ❬◆✐❦✵✼❪✱ ❏❡❛♥❜❧❛♥❝ ❡t ❙♦♥❣
❬❏❙✶✶❛✱ ❏❙✶✶❜❪ ❡t s♦♥t ♣rés❡♥tés ❞❛♥s ❧❡ s✉r✈❡② ♣❛♣❡r ❞❡ ◆✐❦❡❣❤❜❛❧✐ ❬◆✐❦✵✻❪ ♦ù ❧✬❛✉t❡✉r s❡
r❡str❡✐♥t ❛✉ ❝❛s ♦ù t♦✉t❡s ❧❡s F✲♠❛rt✐♥❣❛❧❡s s♦♥t ❝♦♥t✐♥✉❡s ✭❝♦♥❞✐t✐♦♥ ✭❈✮✮ ❡t ♦ù τ é✈✐t❡ ❧❡s
F✲t❡♠♣s ❞✬❛rrêt ✭❝♦♥❞✐t✐♦♥ ✭❆✮✮✳ P❧✉s ré❝❡♠♠❡♥t✱ ❞❡s rés✉❧t❛ts ✐♠♣♦rt❛♥ts ♣♦✉r ✉♥ t②♣❡ ❞❡
❣r♦ss✐ss❡♠❡♥t ♣r♦❣r❡ss✐❢ ❛✈❡❝ ✉♥❡ ✜❧tr❛t✐♦♥✱ ♦♥t été ♦❜t❡♥✉s ♣❛r ❑❝❤✐❛ ❡t Pr♦tt❡r ❬❑P✶✹❪✱
❑❝❤✐❛✱ ▲❛rss♦♥ ❡t Pr♦tt❡r ❬❑▲P✶✹❪ ❡t ❞❛♥s ❧❛ t❤ès❡ ❞❡ ❑❝❤✐❛ ❬❑❝❤✶✷❪✳

✼



✽

▲❛ t❤é♦r✐❡ ❞❡ ❣r♦ss✐ss❡♠❡♥t ❞❡ ✜❧tr❛t✐♦♥ s✬❡st ❛✈éré❡ êtr❡ ✉♥ ❝❛❞r❡ ❛❞éq✉❛t ♣♦✉r ♠♦❞é❧✐s❡r
♣❧✉s✐❡✉rs ♣❤é♥♦♠è♥❡s ✜♥❛♥❝✐❡rs✱ ♣✉✐sq✉❡ ❧✬✐♥❢♦r♠❛t✐♦♥ s✉♣♣❧é♠❡♥t❛✐r❡ ❝♦♥❞✉✐t ♥❛t✉r❡❧❧❡✲
♠❡♥t à ❛❥♦✉t❡r ❞❡ ❧✬✐♥❢♦♠❛t✐♦♥ à ❧❛ ✜❧tr❛t✐♦♥ ❞❡ ré❢ér❡♥❝❡✳ ❆✐♥s✐✱ ✉♥ ❝❡rt❛✐♥ t②♣❡ ❞✬❛s②♠étr✐❡
❞✬✐♥❢♦r♠❛t✐♦♥ ❡①✐st❛♥t s✉r ❧❡ ♠❛r❝❤é ✜♥❛♥❝✐❡r ♣❡✉t êtr❡ ❝❛♣t✉ré ❡♥ r❡❣❛r❞❛♥t ❞✐✈❡rs❡s ✜❧tr❛✲
t✐♦♥s✳

❉❡s ét✉❞❡s ❞❡ ❞é❧✐t ❞✬✐♥✐t✐é ❜❛sé❡s s✉r ❧❛ t❤é♦r✐❡ ❞❡ ❣r♦ss✐ss❡♠❡♥t ❞❡ ✜❧tr❛t✐♦♥ ♦♥t été ❡♥✲
tr❡♣r✐s❡s ♣❛r ❑❛r❛t③❛s ❡t P✐❦♦✈s❦② ❬P❑✾✻❪ ❡t ●r♦r✉❞ ❡t P♦♥t✐❡r ❬●P✾✽✱ ●P✵✶❪✳ ❉❛♥s ❧❡
♣r❡♠✐❡r ❛rt✐❝❧❡✱ ❧❡s ❛✉t❡✉rs s✬✐♥tér❡ss❡♥t ❛✉ ♣r♦✜t q✉✐ ♣❡✉t êtr❡ ré❛❧✐sé ♣❛r ✉♥ ✐♥✈❡st✐ss❡✉r❀
❞❛♥s ❧❡ s❡❝♦♥❞ ❛rt✐❝❧❡✱ ❧❡s ❛✉t❡✉rs ❣é♥ér❛❧✐s❡♥t ❧❛ ♣r❡♠✐èr❡ ét✉❞❡ ❡t ♠♦♥tr❡♥t ❝♦♠♠❡♥t ❞é✲
t❡❝t❡r ❧❡s ❞é❧✐ts ❞✬✐♥✐t✐és✳ ❉❛♥s ❝❡s ❞❡✉① ❛rt✐❝❧❡s✱ ❧❛ ✜❧tr❛t✐♦♥ ❞❡ ré❢ér❡♥❝❡ ❡st ✉♥❡ ✜❧tr❛t✐♦♥
❝♦♥t✐♥✉❡✳ ❉❛♥s ❝❡rt❛✐♥s ❝❛s✱ tr❛✈❛✐❧❧❡r ❛✈❡❝ ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉♣♣❧é♠❡♥t❛✐r❡s ❞♦♥♥❡ ❧❡s ♦♣✲
♣♦rt✉♥✐tés ❞✬❛r❜✐tr❛❣❡❀ ❛✉tr❡♠❡♥t ❞✐t✱ ❧✬✐♥❢♦r♠❛t✐♦♥ s✉♣♣❧é♠❡♥t❛✐r❡ ♣❡r♠❡t ✉♥ ♣❧✉s ❣r❛♥❞
♣r♦✜t✳ ▲❡ ♠ê♠❡ ♣r♦❜❧è♠❡ ❡st ét✉❞✐é ❞❛♥s ✉♥ ♠♦❞è❧❡ ♣rés❡♥t❛♥t ❞❡s s❛✉ts ♣❛r ❊❧❧✐♦tt ❡t
❏❡❛♥❜❧❛♥❝ ❬❊❏✾✽❪ ❡t ❞❛♥s ❍✐❧❧❛✐r❡t ❡t ❏✐❛♦ ❬❍❏✶✸❪ ❞❛♥s ✉♥ ❝❛❞r❡ ❞❡ r✐sq✉❡ ❞❡ ❝ré❞✐t✳ ❉❡s
❛♣♣❧✐❝❛t✐♦♥s à ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s é✈é♥❡♠❡♥ts ❞❡ ❞é❢❛✉t ♦♥t ❝♦♠♠❡♥❝é ❛✈❡❝ ❧❡s ❛rt✐❝❧❡s ❞❡
❑✉s✉♦❦❛ ❬❑✉s✾✾❪ ❡t ❊❧❧✐♦tt✱ ❏❡❛♥❜❧❛♥❝ ❡t ❨♦r ❬❊❏❨✵✵❪✳ ❉❛♥s ❧❡ ♣r❡♠✐❡r ❛rt✐❝❧❡✱ ❧✬❛✉t❡✉r
ét✉❞✐❡ ❧❡ rô❧❡ ❞❡ ❧✬❤②♣♦t❤ès❡ ✭H✮❀ ❞❛♥s ❧❡ ❞❡✉①✐è♠❡ ❛rt✐❝❧❡✱ ❧❡s ❛✉t❡✉rs ♣rés❡♥t❡♥t ✉♥ ♠♦❞è❧❡
♦ù ❝❡tt❡ ❤②♣♦t❤ès❡ ♥✬❡st ♣❛s ✈❡r✐✜é❡✱ ❡t ❞é✈❡❧♦♣♣❡♥t ✉♥❡ ♠ét❤♦❞❡ ❞✬é✈❛❧✉❛t✐♦♥ ❞❡ ♣r♦❞✉✐ts
s♦✉♠✐s ❛✉ ❞é❢❛✉t✳

❈❡♣❡♥❞❛♥t✱ ❞❛♥s ❧❛ ❝♦♥str✉❝t✐♦♥ ❞✬✉♥ ♠♦❞è❧❡ ✜♥❛♥❝✐❡r✱ ♦♥ ❞♦✐t ✈❡✐❧❧❡r à ❝❡ q✉❡ ❝❡ ♠♦❞✲
è❧❡ ♥✬❛❞♠❡tt❡ ♣❛s ❞✬♦♣♣♦rt✉♥✐tés ❞✬❛r❜✐tr❛❣❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ✐❧ ❢❛✉t ♣ré❝✐s❡r q✉❡❧ t②♣❡
❞✬❛r❜✐tr❛❣❡s✱ ❧❡ ❝❛s é❝❤é❛♥t✱ ❧✬✐♥❢♦r♠❛t✐♦♥ s✉♣♣❧é♠❡♥t❛✐r❡ ♣❡✉t ❛♣♣♦rt❡r✳ ❉❡s ♦♣♣♦rt✉♥✐tés
❞✬❛r❜✐tr❛❣❡ ♦❜t❡♥✉❡s ❛✉ ♠♦②❡♥ ❞✬✐♥❢♦r♠❛t✐♦♥ s✉♣♣❧é♠❡♥t❛✐r❡ ♦♥t été ét✉❞✐és ❞❛♥s ❈♦❝✉❧❡s❝✉✱
❏❡❛♥❜❧❛♥❝ ❡t ◆✐❦❡❣❤❜❛❧✐ ❬❈❏◆✶✷❪✱ ■♠❦❡❧❧❡r ❬■♠❦✵✷❪✱ ❩✇✐❡r③ ❬❩✇✐✵✼❪✱ ❋♦♥t❛♥❛✱ ❏❡❛♥❜❧❛♥❝ ❡t
❙♦♥❣ ❬❋❏❙✶✷❪✳ ❉❛♥s ❧❡s tr♦✐s ❞❡r♥✐❡rs ❛rt✐❝❧❡s✱ ❧❡s ❛✉t❡✉rs tr❛✈❛✐❧❧❡♥t ❛✈❡❝ ✉♥ ❣r♦ss✐ss❡♠❡♥t
♣r♦❣r❡ss✐❢ s♣é❝✐✜q✉❡✱ ♣❧✉s ♣ré❝✐sé♠❡♥t✱ ✉♥ ❣r♦ss✐ss❡♠❡♥t ♦❜t❡♥✉ ❡♥ tr❛✈❛✐❧❧❛♥t ❛✈❡❝ ❞❡s t❡♠♣s
❤♦♥♥êt❡s✱ ❡t ✐❧s ❧✐♠✐t❡♥t ❧❡✉r ❛tt❡♥t✐♦♥ ❛✉ ❝❛s ♦ù ❧❛ ✜❧tr❛t✐♦♥ ❞❡ ré❢ér❡♥❝❡ F ❡st ❝♦♥t✐♥✉❡ ❡t ♦ù
❧❡ t❡♠♣s ❛❧é❛t♦✐r❡ τ é✈✐t❡ ❧❡s F✲t❡♠♣s ❞✬❛rrêt✳ ❉❛♥s ■♠❦❡❧❧❡r ❡t ❩✇✐❡r③✱ ❧❡s ❛✉t❡✉rs ♣rêt❡♥t
❛tt❡♥t✐♦♥ ❛✉ ❞r✐❢t ❞✬✐♥❢♦r♠❛t✐♦♥ ❡t à s❡s ♣r♦♣r✐étés ❞✬✐♥té❣r❛❜✐❧✐té❀ ❧❡s ♣r❡✉✈❡s ❞❛♥s ❋♦♥t❛♥❛
❡t ❛❧✳ s♦♥t ❜❛sé❡s s✉r ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❞❡ ❧❛ s✉♣❡r♠❛rt✐♥❣❛❧❡ ❞✬ ❆③é♠❛✱
ét❛❜❧✐❡ ❞❛♥s ◆✐❦❡❣❤❜❛❧✐ ❡t ❨♦r ❬◆❨✵✻❪ s♦✉s ❧❡s ❝♦♥❞✐t✐♦♥s ✭❈❆✮✳ ❆♣rès ✉♥❡ ♣r❡♠✐èr❡ ✈❡rs✐♦♥
❞❡s rés✉❧t❛ts ❞❡ ❝❡tt❡ t❤ès❡✱ ❆❝❝✐❛♦ ❡t ❛❧✳ ❬❆❋❑✶✹❪ ♦♥t ♣r♦❞✉✐t ✉♥❡ ét✉❞❡ ✐♥tér❡ss❛♥t❡ s✉r
❧❡s ♣r♦❜❧è♠❡s ❞✬❛r❜✐tr❛❣❡ ❥✉sq✉✬à ✉♥ t❡♠♣s ❛❧é❛t♦✐r❡✱ ❡♥ ✉t✐❧✐s❛♥t ✉♥❡ ♠ét❤♦❞❡ ❞✐✛ér❡♥t❡
q✉❡ ❝❡❧❧❡ ♣rés❡♥té❡ ❞❛♥s ❝❡tt❡ t❤ès❡✱ ❡t ♦♥t ♦❜t❡♥✉ ❧❛ ♠ê♠❡ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡ ♥♦♥ ❛r❜✐tr❛❣❡
♣♦✉r t♦✉s ❧❡s ♣r✐① ❡t ✉♥❡ ❝♦♥❞✐t✐♦♥ s✉✣s❛♥t❡ ♣♦✉r ✉♥ ♣r✐① ❞♦♥♥é ✭❝❡tt❡ ❝♦♥❞✐t✐♦♥ ét❛♥t ✉♥
❝❛s ♣❛rt✐❝✉❧✐❡r ❞❡ ❧❛ ♥♦tr❡✮✳

❈❡tt❡ t❤ès❡ ❡st ❞✐✈✐sé❡ ❡♥ ❞❡✉① ♣❛rt✐❡s✿ ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ tr❛✐t❡ ❞❡s ♣r♦❜❧è♠❡s ❣é♥ér❛✉① ❞❡ ❧❛
t❤é♦r✐❡ ❞❡ ❣r♦ss✐ss❡♠❡♥t ❞❡ ✜❧tr❛t✐♦♥✱ t❛♥❞✐s q✉❡ ❧❛ ❞❡✉①✐è♠❡ ♣❛rt✐❡ ❡st ❝♦♥s❛❝ré❡ à ❧✬❛❜s❡♥❝❡
❞✬❛r❜✐tr❛❣❡ ❡♥ ♣rés❡♥❝❡ ❞✬✐♥❢♦r♠❛t✐♦♥ s✉♣♣❧é♠❡♥t❛✐r❡✱ ♣♦✉r ❞✐✛ér❡♥ts ♥♦t✐♦♥s ❞✬❛r❜✐tr❛❣❡✳
❉❛♥s ❧❡s ❞❡✉① ♣❛rt✐❡s ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❛✉① ❝❛s ❞✐s❝♦♥t✐♥✉s✱ ❝✬❡st✲à✲❞✐r❡
q✉❛♥❞ ✐❧ ❡①✐st❡ ✉♥❡ ♠❛rt✐♥❣❛❧❡ ❞✐s❝♦♥t✐♥✉❡ ❞❛♥s ❧❛ ✜❧tr❛t✐♦♥ ❞❡ ré❢ér❡♥❝❡ ❡t ❛✉ ❝❛s ❞❡ t❡♠♣s
❛❧é❛t♦✐r❡s q✉✐ ♥✬é✈✐t❡♥t ♣❛s ❧❡s F✲t❡♠♣s ❞✬❛rrêt✳

❉❛♥s ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❞❡ ❝❡tt❡ t❤ès❡✱ ♥♦✉s ét✉❞✐♦♥s ❧❡s ♣r♦♣r✐étés ❞❡ ❞✐✛ér❡♥t❡s ❝❧❛ss❡s ❞❡
t❡♠♣s ❛❧é❛t♦✐r❡s✳ ◆♦✉s ❝♦♠♠❡♥ç♦♥s ❛✈❡❝ ❧❛ ♥♦t✐♦♥ ❝❧❛ss✐q✉❡ ❞❡ t❡♠♣s ❤♦♥♥êt❡ ❡t ♣s❡✉❞♦✲
t❡♠♣s ❞✬❛rrêt q✉✐ ❣é♥ér❛❧✐s❡♥t ❧❛ ♥♦t✐♦♥ ❞❡ t❡♠♣s ❞✬❛rrêt✳ P❛r ❛✐❧❧❡✉rs✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ❧❡s



✾

❞❡✉① ❝❧❛ss❡s ❞❡ t❡♠♣s ❛❧é❛t♦✐r❡s q✉✐ s♦♥t ❧❡s ♣❧✉s ❝♦♥♥✉❡s ❞❛♥s ❧❡s ❛♣♣❧✐❝❛t✐♦♥s ❛✉ r✐sq✉❡
❞❡ ❝ré❞✐t✱ ❝✬❡st✲à✲❞✐r❡ ❧❡s t❡♠♣s ❞❡ ❈♦① ❡t ❧❡s t❡♠♣s ✐♥✐t✐❛✉①✳ ▲❡s q✉❡st✐♦♥s ♣♦sé❡s s✉r ❧❡s
t❡♠♣s ❛❧é❛t♦✐r❡s s♦♥t ❧✐é❡s à ❧❡✉rs ♣r♦♣r✐étés ❞✉ ♣♦✐♥t ❞❡ ✈✉❡ ❞✉ ❣r♦ss✐ss❡♠❡♥t ❞❡ ✜❧tr❛t✐♦♥✳
▲❛ F✲♣r♦❥❡❝t✐♦♥ ❞✉❛❧❡ ♦♣t✐♦♥♥❡❧❧❡ ❛ss♦❝✐é❡ à ✉♥ t❡♠♣s ❛❧é❛t♦✐r❡ r❡♣rés❡♥t❡ ✉♥ ✐♠♣♦rt❛♥t
✐♥❢♦r♠❛t✐♦♥✱ ❡st ❞✐s♣♦♥✐❜❧❡ ❞❛♥s ❧❛ ✜❧tr❛t✐♦♥ ❞❡ ré❢ér❡♥❝❡✱ s✉r ❝❡ t❡♠♣s ❛❧é❛t♦✐r❡ ❡t s✬❛✈èr❡
êtr❡ ✉♥❡ ♥♦t✐♦♥ trés ✉t✐❧❡ ♣♦✉r tr❛✐t❡r ❞✐✈❡rs ♣r♦❜❧è♠❡s✳

▲❛ ❞❡✉①✐è♠❡ ♣❛rt✐❡ ❞❡ ❝❡tt❡ t❤ès❡ ❡st ❝♦♥s❛❝ré❡ à ❧✬ét✉❞❡ ❞❡ ❝♦♥❞✐t✐♦♥s ❞❡ ♥♦♥✲❛r❜✐tr❛❣❡
❞❛♥s ❧❡s ✜❧tr❛t✐♦♥s ❣r♦ss✐❡s ♣r♦❣r❡ss✐✈❡♠❡♥t ❡t ✐♥✐t✐❛❧❡♠❡♥t✳ ◆♦✉s ❝♦♠♠❡♥ç♦♥s ♣❛r ❢♦✉r♥✐r
❞❡s ❡①❡♠♣❧❡s ❞❛♥s ❧❡s ❝❛s ♣r♦❣r❡ss✐❢ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ✜❧tr❛t✐♦♥ ❞❡ ré❢ér❡♥❝❡ ❡♥❣❡♥❞ré❡ ♣❛r
✉♥ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ ♦✉ ✉♥ ♣r♦❝❡ss✉s ❞❡ P♦✐ss♦♥✳ ▲❡ rés✉❧t❛t ♣r✐♥❝✐♣❛❧ ❝♦♥s✐st❡ ❡♥ ✉♥❡
❛♥❛❧②s❡ ❝♦♠♣❧èt❡ q✉✐ ♥♦✉s ❝♦♥❞✉✐t à ✉♥❡ ❝♦♥❞✐t✐♦♥ s✉✣s❛♥t❡ ❡t ♥é❝❡ss❛✐r❡ ♣♦✉r ♥♦♥✲❛r❜✐tr❛❣❡
❛✈❛♥t ❧❡ t❡♠♣s ❛❧át♦✐r❡ ❛♣♣♦rt❛♥t ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥✳ ❋✐♥❛❧❡♠❡♥t✱ ♥♦✉s r❡❣❛r❞♦♥s ❧✬❛❜s❡♥❝❡
❞✬❛r❜✐tr❛❣❡ ❞❛♥s ❧❡ ❝❛s ❞❡ ✜❧tr❛t✐♦♥ ❣r♦ss✐❡ ✐♥✐t✐❛❧❡♠❡♥t✳



✶✵



■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s t❤❡s✐s✱ ✇❡ st✉❞② s♦♠❡ q✉❡st✐♦♥s s❡tt❧❡❞ ✐♥ t❤❡ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ t❤❡♦r② ✇✐t❤
✜♥❛♥❝❡ ✐♥ ✈✐❡✇✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ t✇♦ ❝❧❛ss✐❝❛❧ ✇❛②s t♦ ❡♥❧❛r❣❡ ❛ r❡❢❡r❡♥❝❡ ✜❧tr❛t✐♦♥ F✱
♥❛♠❡❧② t❤❡ ✐♥✐t✐❛❧ ❛♥❞ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥ts✳ ■♥ ❡❛❝❤ ♦❢ t❤♦s❡ ❝❛s❡s✱ ❛ ♥❡✇ str❡❛♠ ♦❢
✐♥❢♦r♠❛t✐♦♥ ✐s ❛❞❞❡❞ ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛♥♥❡r✿ ✐♥✐t✐❛❧❧② ♦r ♣r♦❣r❡ss✐✈❡❧②✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
❧❡tt✐♥❣ ξ ❜❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✱ t❤❡ ✐♥✐t✐❛❧❧② ❡♥❧❛r❣❡❞ ✜❧tr❛t✐♦♥ Fσ(ξ) ✐s t❤❡ s♠❛❧❧❡st r✐❣❤t✲
❝♦♥t✐♥✉♦✉s ✜❧tr❛t✐♦♥ G ❝♦♥t❛✐♥✐♥❣ F s✉❝❤ t❤❛t ξ ✐s G0✲♠❡❛s✉r❛❜❧❡✳ ▲❡tt✐♥❣ τ ❜❡ ❛ r❛♥❞♦♠
t✐♠❡ ✭✐✳❡✳✱ ❛ ♣♦s✐t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✮✱ t❤❡ ♣r♦❣r❡ss✐✈❡❧② ❡♥❧❛r❣❡❞ ✜❧tr❛t✐♦♥ Fτ ✐s t❤❡ s♠❛❧❧❡st
r✐❣❤t✲❝♦♥t✐♥✉♦✉s ✜❧tr❛t✐♦♥ G ❝♦♥t❛✐♥✐♥❣ F ❛♥❞ ♠❛❦✐♥❣ τ ❛ G✲st♦♣♣✐♥❣ t✐♠❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱

Fσ(ξ)
t =

⋂
s>tFs ∨ σ(ξ) ❛♥❞ Fτ

t =
⋂
s>tFs ∨ σ(τ ∧ s).

❚❤❡ t❤❡♦r② ♦❢ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ ✇❛s ❞❡✈❡❧♦♣❡❞ ❞✉r✐♥❣ t❤❡ ✼✵✬s ❛♥❞ ✽✵✬s✱ st❛rt✐♥❣ ✇✐t❤
t❤❡ ✇♦r❦s ♦❢ ■tô✱ ❇❛r❧♦✇✱ ❏❛❝♦❞✱ ❏❡✉❧✐♥ ❛♥❞ ❨♦r✳ ▼❛✐♥ q✉❡st✐♦♥s r❡❢❡r t♦ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢
F✲✭s❡♠✐✮♠❛rt✐♥❣❛❧❡s ✐♥ ❡♥❧❛r❣❡❞ ✜❧tr❛t✐♦♥✳ ❚❤r❡❡ ❧❡❝t✉r❡ ♥♦t❡s ✈♦❧✉♠❡s ❤❛✈❡ ❜❡❡♥ ❞❡✈♦t❡❞
t♦ t❤✐s s✉❜❥❡❝t❀ ❏❡✉❧✐♥ ❬❏❡✉✽✵❪✱ ❏❡✉❧✐♥ ❛♥❞ ❨♦r ❬❏❨✽✺❪✱ ▼❛♥s✉② ❛♥❞ ❨♦r ❬▼❨✵✻❪✱ ❛♥❞ ♠❛♥②
r❡s✉❧ts ❛r❡ ❣✐✈❡♥ ✐♥ ❏❛❝♦❞ ❬❏❛❝✼✾❪✳ ❋♦r ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ t❤❡♦r②✱ t❤❡ r❡❛❞❡r ❝❛♥ ❛❧s♦ r❡❢❡r
t♦ r❡❧❛t❡❞ ❝❤❛♣t❡rs ✐♥ t❤❡ ❜♦♦❦s ❬❉▼▼✾✷✱ ❏❨❈✵✾✱ Pr♦✵✹✱ ❨♦r✾✷❪✳

❚❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦♣❡rt②✱ ❝❛❧❧❡❞ ✭H✮ ❤②♣♦t❤❡s✐s ✭t❤❛t ✐s ✇❤❡♥ ❛❧❧ F✲♠❛rt✐♥❣❛❧❡s
❛r❡ G✲♠❛rt✐♥❣❛❧❡s✱ ❢♦r ❛ ❣❡♥❡r❛❧ ❡♥❧❛r❣❡♠❡♥t G✮ ✐s st✉❞✐❡❞ ✐♥ ❞❡t❛✐❧s ✐♥ ❇ré♠❛✉❞ ❛♥❞
❨♦r ❬❇❨✼✽❪✳ ❚❤❡ ✐♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t ❝❛s❡ ✇❛s st✉❞✐❡❞ ✐♥ ♣❛rt✐❝✉❧❛r ✐♥ ■tô ❬■tô✼✻❪✱ ❏❛❝♦❞
❬❏❛❝✽✺❪ ❛♥❞ ❨♦r ❬❨♦r✽✺❜❪✱ t❤❡♥ ❧❛t❡r ✐♥ t❤❡ t❤❡s❡s ♦❢ ❆♠❡♥❞✐♥❣❡r ❬❆♠❡✾✾❪✱ ❆♥❦✐r❝❤♥❡r
❬❆♥❦✵✺❪✱ ❙♦♥❣ ❬❙♦♥✽✼❪ ❛♥❞ ✐♥ t❤❡ r❡❧❛t❡❞ ♣❛♣❡rs ♦❢ ❆♠❡♥❞✐♥❣❡r✱ ■♠❦❡❧❧❡r ❛♥❞ ❙❝❤✇❡✐③❡r
❬❆■❙✾✽❪✱ ❆♥❦✐r❝❤♥❡r✱ ❉❡r❡✐❝❤ ❛♥❞ ■♠❦❡❧❧❡r ❬❆❉■✵✻✱ ❆❉■✵✼❪✱ ❆♥❦✐r❝❤♥❡r ❛♥❞ ■♠❦❡❧❧❡r ❬❆■✵✼❪✳
❚❤❡ ❝❛s❡ ♦❢ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ r❛♥❞♦♠ t✐♠❡s ✇❡r❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥
❆③é♠❛ ❬❆③é✼✷❪✱ ❏❡✉❧✐♥ ❛♥❞ ❨♦r ❬❏❨✼✽❪✱ ❲✐❧❧✐❛♠s ❬❲✐❧✵✷❪✱ ❇❛r❧♦✇ ❬❇❛r✼✽❪✱ ◆✐❦❡❣❤❜❛❧✐ ❛♥❞
❨♦r ❬◆❨✵✻❪✱ ◆✐❦❡❣❤❜❛❧✐ ❬◆✐❦✵✼❪✱ ❏❡❛♥❜❧❛♥❝ ❛♥❞ ❙♦♥❣ ❬❏❙✶✶❛✱ ❏❙✶✶❜❪ ❛♥❞ ♣r❡s❡♥t❡❞ ✐♥ t❤❡
s✉r✈❡② ♣❛♣❡r ◆✐❦❡❣❤❜❛❧✐ ❬◆✐❦✵✻❪ ✇❤❡r❡ t❤❡ ❛✉t❤♦r r❡str✐❝ts ❤✐s ❛tt❡♥t✐♦♥ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ ❛❧❧
F✲♠❛rt✐♥❣❛❧❡s ❛r❡ ❝♦♥t✐♥✉♦✉s ✭❝♦♥❞✐t✐♦♥ ✭❈✮✮ ❛♥❞ ✇❤❡♥ τ ❛✈♦✐❞s F✲st♦♣♣✐♥❣ t✐♠❡s ✭❝♦♥❞✐t✐♦♥
✭❆✮✮✳ ▼♦r❡ r❡❝❡♥t❧②✱ ✐♠♣♦rt❛♥t r❡s✉❧ts ❢♦r ❛♥♦t❤❡r ❦✐♥❞ ♦❢ ❡♥❧❛r❣❡♠❡♥t✱ ♥❛♠❡❧② ♣r♦❣r❡ss✐✈❡
❡♥❧❛r❣❡♠❡♥t ✇✐t❤ ✜❧tr❛t✐♦♥✱ ❛r❡ ♦❜t❛✐♥❡❞ ✐♥ ❑❝❤✐❛ ❛♥❞ Pr♦tt❡r ❬❑P✶✹❪✱ ❑❝❤✐❛✱ ▲❛rss♦♥ ❛♥❞
Pr♦tt❡r ❬❑▲P✶✹❪ ❛♥❞ ✐♥ ❑❝❤✐❛ t❤❡s✐s ❬❑❝❤✶✷❪✳

❚❤❡ t❤❡♦r② ♦❢ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ t✉r♥❡❞ ♦✉t t♦ ❜❡ ❛♥ ❛❞❡q✉❛t❡ s❡tt✐♥❣ t♦ ♠♦❞❡❧ s❡✈❡r❛❧
✜♥❛♥❝✐❛❧ ♣❤❡♥♦♠❡♥❛✱ s✐♥❝❡ ❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ✢♦✇ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ❡♥❧❛r❣❡❞ ✜❧tr❛t✐♦♥✳
❚❤❡r❡❜②✱ t❤❡ ❛s②♠♠❡tr✐❝ ✐♥❢♦r♠❛t✐♦♥ ❡①✐st✐♥❣ ♦♥ t❤❡ ✜♥❛♥❝✐❛❧ ♠❛r❦❡t ❝❛♥ ❜❡ ❝❛♣t✉r❡❞ ❜②

✶✶



✶✷

❝♦♥s✐❞❡r✐♥❣ ♠♦r❡ t❤❛♥ ♦♥❡ ✜❧tr❛t✐♦♥✳ ■♥s✐❞❡r tr❛❞✐♥❣ st✉❞✐❡s r❡❧②✐♥❣ ♦♥ ❡♥❧❛r❣❡♠❡♥t ♦❢
✜❧tr❛t✐♦♥ t❤❡♦r② st❛rt❡❞ ✇✐t❤ ❑❛r❛t③❛s ❛♥❞ P✐❦♦✈s❦② ❬P❑✾✻❪✱ ●r♦r✉❞ ❛♥❞ P♦♥t✐❡r ❬●P✾✽✱
●P✵✶❪✳ ■♥ t❤❡ ✜rst ♣❛♣❡r✱ t❤❡ ❛✉t❤♦rs ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♣r♦✜t t❤❛t ❝❛♥ ❜❡ ❞♦♥❡ ❜②
❛♥ ✐♥✈❡st♦r✱ ✐♥ t❤❡ ❧❛st ♣❛♣❡r✱ t❤❡ ❛✉t❤♦rs ❣❡♥❡r❛❧✐③❡ t❤❡ st✉❞② ❛♥❞ ❛♥s✇❡r t❤❡ q✉❡st✐♦♥
t♦ ❞❡t❡❝t ✐♥s✐❞❡r tr❛❞✐♥❣✳ ■♥ s♦♠❡ ❝❛s❡s✱ ✇♦r❦✐♥❣ ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ❧❡❛❞s t♦
❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t✐❡s❀ ♦t❤❡r✇✐s❡✱ t❤❡ ❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ❧❡❛❞s t♦ ❛ ❧❛r❣❡r ♣r♦✜t✳ ❚❤❡
s❛♠❡ ♣r♦❜❧❡♠ ✐s st✉❞✐❡❞ ✐♥ ❛ ♠♦❞❡❧ ✇✐t❤ ❥✉♠♣s ✐♥ ❊❧❧✐♦tt ❛♥❞ ❏❡❛♥❜❧❛♥❝ ❬❊❏✾✽❪ ✇❤❡r❡ t❤❡
♣r❡s❡♥❝❡ ♦❢ ❥✉♠♣s ❧❡❛❞s t♦ ❞✐✛❡r❡♥t ❝♦♥❝❧✉s✐♦♥s ❛♥❞ ✐♥ ❍✐❧❧❛✐r❡t ❛♥❞ ❏✐❛♦ ❬❍❏✶✸❪ ✐♥ ❛ ❝r❡❞✐t
r✐s❦ s❡tt✐♥❣✳ ❆♣♣❧✐❝❛t✐♦♥s t♦ ❝r❡❞✐t ❡✈❡♥ts ♠♦❞❡❧❧✐♥❣ ❜❡❣❛♥ ✇✐t❤ t❤❡ ♣❛♣❡rs ♦❢ ❑✉s✉♦❦❛
❬❑✉s✾✾❪ ❛♥❞ ❊❧❧✐♦tt✱ ❏❡❛♥❜❧❛♥❝ ❛♥❞ ❨♦r ❬❊❏❨✵✵❪✳ ■♥ t❤❡ ✜rst ♣❛♣❡r✱ t❤❡ ❛✉t❤♦r ✐♥✈❡st✐❣❛t❡s
t❤❡ r♦❧❡ ♦❢ t❤❡ ✭H✮ ❤②♣♦t❤❡s✐s❀ ✐♥ t❤❡ s❡❝♦♥❞ ♣❛♣❡r✱ t❤❡ ❛✉t❤♦rs ♣r❡s❡♥t s♦♠❡ ♠♦❞❡❧ ✇❤❡r❡
t❤✐s ❤②♣♦t❤❡s✐s ❞♦❡s ♥♦t ❤♦❧❞✱ ❞❡✈❡❧♦♣✐♥❣ ❛ ♣r✐❝✐♥❣ ♠❡t❤♦❞♦❧♦❣②✳

❲❤✐❧❡ ❜✉✐❧❞✐♥❣ ❛ ✜♥❛♥❝✐❛❧ ♠♦❞❡❧✱ ❛♥ ✐♠♣♦rt❛♥t q✉❡st✐♦♥ t♦ ❛s❦ ✐s ✐❢ ✐t ✐s ❛r❜✐tr❛❣❡✲❢r❡❡ s❡t✲
✉♣✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♦♥❡ ❤❛s t♦ ♠❛❦❡ ♣r❡❝✐s❡ ✇❤❛t ❦✐♥❞ ♦❢ ❛r❜✐tr❛❣❡s✱ ✐❢ ❛♥②✱ t❤❡ ❛❞❞✐t✐♦♥❛❧
✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ♣r♦❞✉❝❡✳ ❆r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t✐❡s ❛r✐s✐♥❣ ❢r♦♠ ❛❞❞✐t✐♦♥❛❧ ✢♦✇ ♦❢ ✐♥❢♦r♠❛✲
t✐♦♥ ✇❡r❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❈♦❝✉❧❡s❝✉✱ ❏❡❛♥❜❧❛♥❝ ❛♥❞ ◆✐❦❡❣❤❜❛❧✐ ❬❈❏◆✶✷❪✱ ■♠❦❡❧❧❡r ❬■♠❦✵✷❪✱
❩✇✐❡r③ ❬❩✇✐✵✼❪✱ ❋♦♥t❛♥❛✱ ❏❡❛♥❜❧❛♥❝ ❛♥❞ ❙♦♥❣ ❬❋❏❙✶✷❪✳ ■♥ t❤❡ t❤r❡❡ ❧❛st ♣❛♣❡rs✱ t❤❡ ❛✉t❤♦rs
❛r❡ ✇♦r❦✐♥❣ ✇✐t❤ ❛ s♣❡❝✐✜❝ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t✱ ♥❛♠❡❧② ✇✐t❤ ❤♦♥❡st t✐♠❡s✱ ❛♥❞ t❤❡②
r❡str✐❝t t❤❡✐r ❛tt❡♥t✐♦♥ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ r❡❢❡r❡♥❝❡ ✜❧tr❛t✐♦♥ F ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ✇❤❡r❡
t❤❡ r❛♥❞♦♠ t✐♠❡ τ ❛✈♦✐❞s t❤❡ F✲st♦♣♣✐♥❣ t✐♠❡s✳ ■♥ ■♠❦❡❧❧❡r ❛♥❞ ❩✇✐❡r③✱ t❤❡ ❛✉t❤♦rs ♣❛②
❛tt❡♥t✐♦♥ t♦ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❞r✐❢t ❛♥❞ ✐ts ✐♥t❡❣r❛❜✐❧✐t② ♣r♦♣❡rt✐❡s❀ t❤❡ ♣r♦♦❢s ✐♥ ❋♦♥t❛♥❛
❡t ❛❧✳ ♣❛♣❡r ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❆③é♠❛ s✉♣❡r♠❛rt✐♥❣❛❧❡✱
❡st❛❜❧✐s❤❡❞ ✐♥ ◆✐❦❡❣❤❜❛❧✐ ❛♥❞ ❨♦r ❬◆❨✵✻❪✱ ✈❛❧✐❞ ♦♥❧② ✉♥❞❡r t❤❡ ✭❈❆✮ ❝♦♥❞✐t✐♦♥s✳ ❆❢t❡r t❤❛t
❛ ✜rst ✈❡rs✐♦♥ ♦❢ t❤❡ r❡s✉❧ts ♦❢ t❤✐s t❤❡s✐s ✇❛s ♣♦st❡❞ ♦♥ ❛r❦✐✈✱ ❆❝❝✐❛♦ ❡t ❛❧✳ ❬❆❋❑✶✹❪ ♣r♦✲
❞✉❝❡❞ ❛♥ ✐♥t❡r❡st✐♥❣ st✉❞② ♦❢ t❤❡ ❛r❜✐tr❛❣❡ ♣r♦❜❧❡♠s ✉♣ t♦ ❛ r❛♥❞♦♠ t✐♠❡✱ ✉s✐♥❣ ❛ ❞✐✛❡r❡♥t
♠❡t❤♦❞✱ ✇✐t❤ t❤❡ s❛♠❡ r❡s✉❧ts✳

❚❤✐s t❤❡s✐s ❝♦♥s✐sts ♦❢ t✇♦ ♣❛rts✿ t❤❡ ✜rst ♣❛rt tr❡❛ts ♣✉r❡ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ ♣r♦❜❧❡♠s✱
✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ♣❛rt ❢♦❝✉s❡s ♦♥ ❛❜s❡♥❝❡ ♦❢ ❛r❜✐tr❛❣❡s ✐♥ ❞✐✛❡r❡♥t ❡♥❧❛r❣❡❞ ♠❛r❦❡ts ❛♥❞ ❢♦r
❞✐✛❡r❡♥t ♥♦t✐♦♥s ♦❢ ♥♦♥✲❛r❜✐tr❛❣❡✳ ■♥ ❜♦t❤ ♣❛rts✱ ✇❡ ❛r❡ ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st❡❞ ✐♥ ❞✐s❝♦♥t✐♥✲
✉♦✉s ❝❛s❡s✱ ✐✳❡✳✱ ✇❤❡♥ t❤❡r❡ ❡①✐st ❞✐s❝♦♥t✐♥✉♦✉s ♠❛rt✐♥❣❛❧❡s ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ✜❧tr❛t✐♦♥ F ❛♥❞
✐♥ t❤❡ ❝❛s❡ ♦❢ r❛♥❞♦♠ t✐♠❡s ✇❤✐❝❤ ❞♦ ♥♦t ❛✈♦✐❞ F✲st♦♣♣✐♥❣ t✐♠❡s✳

■♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤✐s t❤❡s✐s✱ ✇❡ st✉❞② t❤❡ ♣r♦♣❡rt✐❡s ♦❢ s❡✈❡r❛❧ ❢❛♠✐❧✐❡s ♦❢ r❛♥❞♦♠ t✐♠❡s✳
❲❡ st❛rt ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ ♥♦t✐♦♥ ♦❢ ❤♦♥❡st t✐♠❡s ❛♥❞ t❤❡ ♥♦t✐♦♥ ♦❢ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s
✇❤✐❝❤ ❜♦t❤ ❣❡♥❡r❛❧✐③❡ t❤❡ ♥♦t✐♦♥ ♦❢ st♦♣♣✐♥❣ t✐♠❡s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝♦♥s✐❞❡r t✇♦ ♦t❤❡r
❝❧❛ss❡s ♦❢ r❛♥❞♦♠ t✐♠❡s ✇❤✐❝❤ ❛r❡ ♠♦st❧② ❦♥♦✇♥ ❢r♦♠ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❝r❡❞✐t r✐s❦ ♠♦❞✲
❡❧❧✐♥❣✱ ♥❛♠❡❧② ❈♦①✬s t✐♠❡s ❛♥❞ ✐♥✐t✐❛❧ t✐♠❡s✳ ◗✉❡st✐♦♥s ♦♥ r❛♥❞♦♠ t✐♠❡s ❛r❡ r❡❧❛t❡❞ t♦ t❤❡✐r
♣r♦♣❡rt✐❡s ❢r♦♠ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❚❤❡ F✲❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ❛ss♦✲
❝✐❛t❡❞ ✇✐t❤ t❤❡ r❛♥❞♦♠ t✐♠❡ r❡♣r❡s❡♥ts ❛♥ ✐♠♣♦rt❛♥t ✐♥❢♦r♠❛t✐♦♥✱ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ r❡❢❡r❡♥❝❡
✜❧tr❛t✐♦♥✱ ❛❜♦✉t t❤✐s r❛♥❞♦♠ t✐♠❡ ❛♥❞ ♣r♦✈❡s t♦ ❜❡ ❛ ✈❡r② ✉s❡❢✉❧ ♥♦t✐♦♥ ✐♥ tr❡❛t✐♥❣ s❡✈❡r❛❧
♣r♦❜❧❡♠s✳

❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ t❤❡s✐s ✐s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ ♥♦♥✲❛r❜✐tr❛❣❡ ❝♦♥❞✐t✐♦♥s ✐♥ ♣r♦❣r❡s✲
s✐✈❡❧② ❛♥❞ ✐♥✐t✐❛❧❧② ❡♥❧❛r❣❡❞ ✜❧tr❛t✐♦♥s ✐♥ ❛ ✜♥❛♥❝✐❛❧ ❢r❛♠❡✇♦r❦✳ ❲❡ st❛rt ✇✐t❤ ♣r♦✈✐❞✐♥❣
s♦♠❡ ❡①❛♠♣❧❡s ✐♥ ♣r♦❣r❡ss✐✈❡ s❡tt✐♥❣ ❢♦r ❇r♦✇♥✐❛♥ ❛♥❞ P♦✐ss♦♥ ✜❧tr❛t✐♦♥s✳ ❚❤❡♥✱ ❛s ❛ ♠❛✐♥
r❡s✉❧t✱ ✇❡ ❝❛rr② ♦✉t ❛ ❝♦♠♣❧❡t❡ ❛♥❛❧②s✐s ✉♣ t♦ r❛♥❞♦♠ t✐♠❡✱ ♣r♦✈✐❞✐♥❣ ♥❡❝❡ss❛r② ❛♥❞ s✉✣✲
❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r ♥♦✲❛r❜✐tr❛❣❡✳ ❋✐♥❛❧❧②✱ ✇❡ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ ❛❜s❡♥❝❡ ♦❢ ❛r❜✐tr❛❣❡ ✐♥



✶✸

✐♥✐t✐❛❧❧② ❡♥❧❛r❣❡❞ ✜❧tr❛t✐♦♥✳

❚❤❡r❡ ❛r❡ ❧✐♥❦s ❜❡t✇❡❡♥ t❤❡ ❝❤❛♣t❡rs ♦❢ t❤✐s t❤❡s✐s✱ ♥❡✈❡rt❤❡❧❡ss ❡❛❝❤ ♦♥❡ ❝❛♥ ❜❡ r❡❛❞ ✐♥✲
❞❡♣❡♥❞❡♥t❧②✳ ❍❡r❡ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡♠♣❤❛s✐s✱ t❤❛t ♦♥❧② s♦♠❡ ♥♦t❛t✐♦♥s ❛r❡ ❣❧♦❜❛❧✱ t❤❡
r❡♠❛✐♥✐♥❣ ♦♥❡s ❛r❡ ✐♥tr♦❞✉❝❡❞ ❧♦❝❛❧❧② ✐♥ ❡❛❝❤ ❝❤❛♣t❡r✳ ❋♦r t❤✐s r❡❛s♦♥✱ ❡❛❝❤ ❝❤❛♣t❡r ❜❡❣✐♥s
✇✐t❤ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛♥ ❛♣♣r♦♣r✐❛t❡ s❡t✲✉♣✳ ❇❡❧♦✇ ✇❡ s✉♠♠❛r✐③❡ t❤❡ ❝♦♥t❡♥t ♦❢ ❡❛❝❤ ♦❢
t❤❡ s❡✈❡♥ ❝❤❛♣t❡rs ♦❢ t❤✐s t❤❡s✐s✳

❈❤❛♣t❡r ✶✿ ●❡♥❡r❛❧ t❤❡♦r②✳

❚❤✐s ❝❤❛♣t❡r ❝♦❧❧❡❝ts s♦♠❡ ❦♥♦✇♥ r❡s✉❧ts ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐♥ ❢✉rt❤❡r ❞❡✈❡❧♦♣♠❡♥ts ♦❢ t❤❡
t❤❡s✐s✳ ■❢ t❤❡ r❡s✉❧t ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ✇❡ ♣r♦✈✐❞❡ ❛ r❡❢❡r❡♥❝❡✳ ■❢ ♥♦t✱ ✐✳❡✳✱ ✐❢ ✇❡
❞✐❞ ♥♦t ✜♥❞ ❛♥② r❡❢❡r❡♥❝❡✱ ✇❡ ♣r♦✈✐❞❡ ❛ ♣r♦♦❢✳

❈❤❛♣t❡r ✷✿ ❚❤✐♥ r❛♥❞♦♠ t✐♠❡s✳

❚❤✐s ❝❤❛♣t❡r ✐s ❜❛s❡❞ ♦♥ ❥♦✐♥t ✇♦r❦ ✇✐t❤ ❚❛❤✐r ❈❤♦✉❧❧✐ ❛♥❞ ▼♦♥✐q✉❡ ❏❡❛♥❜❧❛♥❝ ❬❆❈❏✶✹❜❪✳
❲❡ ❝❧❛ss✐❢② r❛♥❞♦♠ t✐♠❡s ✐♥t♦ t❤✐♥ ❛♥❞ str✐❝t r❛♥❞♦♠ t✐♠❡s✳ ❚❛❦✐♥❣ ❛s ❛ st❛rt✐♥❣ ♣♦✐♥t t❤❡
❛ss✉♠♣t✐♦♥ ♦♥ ❛✈♦✐❞❛♥❝❡ ♦❢ ❛❧❧ st♦♣♣✐♥❣ t✐♠❡s ❢r♦♠ t❤❡ r❡❢❡r❡♥❝❡ ✜❧tr❛t✐♦♥✱ ✇❡ ❞❡✜♥❡ ❛ ❝❧❛ss
♦❢ t❤✐♥ r❛♥❞♦♠ t✐♠❡s✳ ❚❤❡♥✱ ✇❡ ❞❡✜♥❡ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ t✐♠❡ ✐♥t♦ t❤✐♥ ❛♥❞
str✐❝t ♣❛rts ✐♥ ❛♥❛❧♦❣♦✉s ✇❛② t♦ t❤❡ st♦♣♣✐♥❣ t✐♠❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ ❛❝❝❡ss✐❜❧❡ ❛♥❞ t♦t❛❧❧②
✐♥❛❝❝❡ss✐❜❧❡ ♣❛rts✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♣❧❛②s ❛ ❝r✉❝✐❛❧ r♦❧❡✳ ❋✉rt❤❡r♠♦r❡✱
✇❡ ❞❡✈❡❧♦♣ ♣r♦♣❡rt✐❡s ♦❢ t❤✐♥ r❛♥❞♦♠ t✐♠❡s✱ ♥❛♠❡❧② r❡❧❛t✐♦♥s❤✐♣ ♦❢ t❤✐♥ ❤♦♥❡st t✐♠❡s ✇✐t❤
❛ ❥✉♠♣✐♥❣ ✜❧tr❛t✐♦♥✱ ❛♥❞ ❡♥tr♦♣② ♦❢ ❛ t❤✐♥ r❛♥❞♦♠ t✐♠❡✳ ❚❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤✐♥ ❤♦♥❡st
t✐♠❡s ✐s r❡♠❛r❦❛❜❧❡ ❢♦r ♥♦♥✲❛r❜✐tr❛❣❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✼✳✹✳ ■♥ ❢❛❝t✱ t❤❡
❛r❜✐tr❛❣❡ ♣r♦❜❧❡♠ ✇❛s ♦✉r ♠♦t✐✈❛t✐♦♥ ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ t❤✐♥ r❛♥❞♦♠ t✐♠❡s✳

❈❤❛♣t❡r ✸✿ Ps❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s ❛♥❞ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥✳

❚❤✐s ❝❤❛♣t❡r ✐s ❜❛s❡❞ ♦♥ ❥♦✐♥t ✇♦r❦ ✇✐t❤ ▲✐❜♦ ▲✐ ❬❆▲✶✹❪✳ ❲❡ st✉❞② t❤❡ ♣r♦♣❡rt✐❡s ♦❢
♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ t❤❡♦r②✳ ❇❛s❡❞ ♦♥ t❤❡ ❡①✲
❛♠♣❧❡ ❣✐✈❡♥ ❜② ❲✐❧❧✐❛♠s✱ t❤❡ ❝♦♥❝❡♣t ♦❢ ❛ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ✇❛s ❢♦r♠❛❧❧② ✐♥tr♦❞✉❝❡❞
❜② ◆✐❦❡❣❤❜❛❧✐ ❛♥❞ ❨♦r ❬◆❨✵✺❪✳ ❆s ✐ts ♥❛♠❡ s✉❣❣❡sts✱ t❤❡ ❝❧❛ss ♦❢ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s
✐s ❛ ❝❧❛ss ♦❢ ♥♦♥✲st♦♣♣✐♥❣ t✐♠❡s✱ ✇❤✐❝❤ ❡♥❥♦② st♦♣♣✐♥❣ t✐♠❡ ❧✐❦❡ ♣r♦♣❡rt✐❡s✳ ❲❡ ❡①❛♠✐♥❡
t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❤②♣♦t❤❡s✐s ✭H✮ ❛♥❞ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s ❛♥❞ ✇❡ ♣r♦✈✐❞❡ ❛❧✲
t❡r♥❛t✐✈❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❤②♣♦t❤❡s✐s ✭H✮✳ ❲❡ ❛s ✇❡❧❧ ❞✐s❝✉ss s❡✈❡r❛❧ ❝❧❛ss✐✜❝❛t✐♦♥
r❡s✉❧ts ❢♦r ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s✱ ❤♦♥❡st t✐♠❡s ❛♥❞ st♦♣♣✐♥❣ t✐♠❡s✳ ▼♦r❡♦✈❡r ✇❡ ❡①t❡♥❞ t❤❡
❝♦♥str✉❝t✐♦♥ ♦❢ ◆✐❦❡❣❤❜❛❧✐ ❛♥❞ ❨♦r ♦❢ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s ❜② r❡❧❛①✐♥❣ ❝♦♥t✐♥✉✐t② ❛ss✉♠♣✲
t✐♦♥s✳ ❋♦r t❤❛t ❝♦♥str✉❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ ❤②♣♦t❤❡s✐s ✭H′✮ ✐♥ t❤❡ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ♦❢
✜❧tr❛t✐♦♥ s❡tt✐♥❣✱ ✇❤❡r❡ ✇❡ ✜♥❞ ✉s❡❢✉❧ ✈✐❡✇✐♥❣ t❤❡ ♣r♦❜❧❡♠ ❛s ❛♥ ❡①❝✉rs✐♦♥ str❛❞❞❧✐♥❣ ♦♥ ❛
r❛♥❞♦♠ t✐♠❡✳ ❲❡ ✜♥✐s❤ t❤✐s ❝❤❛♣t❡r ✇✐t❤ ❧♦♦❦✐♥❣ ❛t ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s r❡❝♦✈❡r❡❞ ❢r♦♠
❏❡❛♥❜❧❛♥❝✲❙♦♥❣ ♠♦❞❡❧ ❬❏❙✶✶❜❪✳

❈❤❛♣t❡r ✹✿ ❖♥ s♦♠❡ ❝❧❛ss❡s ♦❢ r❛♥❞♦♠ t✐♠❡s✳

❚❤✐s ❝❤❛♣t❡r ❝♦♥s✐sts ♦❢ t❤r❡❡ ✐♥❞❡♣❡♥❞❡♥t s❡❝t✐♦♥s✳ ■♥ ❙❡❝t✐♦♥ ✹✳✷✱ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ ❛
❥♦✐♥t ✇♦r❦ ✇✐t❤ ▼♦♥✐q✉❡ ❏❡❛♥❜❧❛♥❝ ❛♥❞ ❙❤✐q✐ ❙♦♥❣ ❬❆❏❙✶✹❪✱ ✇❡ ❝♦♥s✐❞❡r ❛ q✉❡st✐♦♥ ❤♦✇
t❤❡ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ♣r♦♣❡rt② ✐s ❛✛❡❝t❡❞ ❜② ❡q✉✐✈❛❧❡♥t ❝❤❛♥❣❡ ♦❢ ♠❡❛s✉r❡✳ ❈♦♥tr❛r② t♦
st♦♣♣✐♥❣ t✐♠❡✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ❞♦❡s ❞❡♣❡♥❞ ♦♥ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡
❛♥❞ t❤❡ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ♣r♦♣❡rt② ✐s ♥♦t ✐♥ ❣❡♥❡r❛❧ st❛❜❧❡ ✉♥❞❡r ❡q✉✐✈❛❧❡♥t ❝❤❛♥❣❡ ♦❢
♠❡❛s✉r❡✳ ■♥ ❙❡❝t✐♦♥ ✹✳✸✱ ✇❡ ✜rst❧② ❢♦❝✉s ♦♥ s♦♠❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❤♦♥❡st t✐♠❡s✱ t❤❡♥ ✇❡
st✉❞② ❛♥ ❡①❛♠♣❧❡ ♦❢ ❧❛st ♣❛ss❛❣❡ t✐♠❡ ✇❤✐❝❤ ✐s ♥♦t ❤♦♥❡st✳ ■♥ ❙❡❝t✐♦♥ ✹✳✹✱ ✇❡ ❧♦♦❦ ❛t t❤❡



✶✹

❝❧❛ss✐❝❛❧ ❈♦①✬s ❝♦♥str✉❝t✐♦♥ ✇✐t❤ ❞✐s❝♦♥t✐♥✉♦✉s ❤❛③❛r❞ ♣r♦❝❡ss❡s✳

❈❤❛♣t❡r ✺✿ ❆r❜✐tr❛❣❡s ✐♥ ❛ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t s❡tt✐♥❣✳

❚❤✐s ❝❤❛♣t❡r ✐s ❜❛s❡❞ ♦♥ ❛ ❥♦✐♥t ♣❛♣❡r ✇✐t❤ ❚❛❤✐r ❈❤♦✉❧❧✐✱ ❏✉♥ ❉❡♥❣ ❛♥❞ ▼♦♥✐q✉❡ ❏❡❛♥❜❧❛♥❝
❬❆❈❉❏✶✹❛❪✳ ■t ❝♦♠♣❧❡t❡s t❤❡ ❛♥❛❧②s✐s ♦❢ ❈❤❛♣t❡r ✻ ❛♥❞ ❝♦♥t❛✐♥s t✇♦ ♣r✐♥❝✐♣❛❧ ❝♦♥tr✐❜✉t✐♦♥s✳
❚❤❡ ✜rst ❝♦♥tr✐❜✉t✐♦♥ ❝♦♥s✐sts ♦❢ ♣r♦✈✐❞✐♥❣ ❛♥❞ ❛♥❛❧②s✐♥❣ ♠❛♥② ♣r❛❝t✐❝❛❧ ❡①❛♠♣❧❡s ♦❢ ♠❛r✲
❦❡t ♠♦❞❡❧s✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ❝♦♥tr✐❜✉t✐♦♥ ❧✐❡s ✐♥ ♣r♦✈✐❞✐♥❣ s✐♠♣❧❡ ♣r♦♦❢s ❢♦r t❤❡ st❛❜✐❧✐t②
♦❢ t❤❡ ◆♦ ❯♥❜♦✉♥❞❡❞ Pr♦✜t ✇✐t❤ ❇♦✉♥❞❡❞ ❘✐s❦ ✭❝❛❧❧❡❞ ◆❯P❇❘ ❤❡r❡❛❢t❡r✮✳ ■♥ t❤✐s ♣❛♣❡r✱
✇❡ tr❡❛t t❤❡ q✉❡st✐♦♥ ✇❤❡t❤❡r t❤❡ ♥♦♥✲❛r❜✐tr❛❣❡ ❝♦♥❞✐t✐♦♥s ❛r❡ st❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ ♣r♦✲
❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥✳ ❲❡ ❢♦❝✉s ♦♥ t✇♦ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ◆♦ ❋r❡❡ ▲✉♥❝❤ ✇✐t❤
❱❛♥✐s❤✐♥❣ ❘✐s❦ ❝♦♥❝❡♣t✱ ♥❛♠❡❧② ♦♥ ◆♦ ❆r❜✐tr❛❣❡ ❖♣♣♦rt✉♥✐t② ❛♥❞ ◆♦ ❯♥❜♦✉♥❞❡❞ Pr♦✜t
✇✐t❤ ❇♦✉♥❞❡❞ ❘✐s❦✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ st❛❜✐❧✐t② ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t❤❡ r❛♥❞♦♠ t✐♠❡
❝♦♥t❛✐♥✐♥❣ ❡①tr❛ ✐♥❢♦r♠❛t✐♦♥✳
❚❤❡ q✉❡st✐♦♥ r❡❣❛r❞✐♥❣ t❤❡ ◆♦ ❆r❜✐tr❛❣❡ ❖♣♣♦rt✉♥✐t② ❝♦♥❞✐t✐♦♥ ✐s ❛♥s✇❡r❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢
❇r♦✇♥✐❛♥ ✜❧tr❛t✐♦♥ ❛♥❞ P♦✐ss♦♥ ✜❧tr❛t✐♦♥ ❢♦r t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❛♥ ❤♦♥❡st t✐♠❡✳ P❛rt✐❝✉❧❛r
❡①❛♠♣❧❡s ♦❢ ♥♦♥✲❤♦♥❡st t✐♠❡s ❛r❡ ❞❡s❝r✐❜❡❞✱ ❛♥❞ ❡①♣❧✐❝✐t ❛r❜✐tr❛❣❡ str❛t❡❣✐❡s ❛r❡ ❣✐✈❡♥✳ ❇♦t❤
❇r♦✇♥✐❛♥ ❛♥❞ P♦✐ss♦♥ ✜❧tr❛t✐♦♥s ♣♦ss❡ss t❤❡ ✐♠♣♦rt❛♥t Pr❡❞✐❝t❛❜❧❡ ❘❡♣r❡s❡♥t❛t✐♦♥ Pr♦♣✲
❡rt②✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ✜♥❛♥❝✐❛❧ ♠❛r❦❡t ✐s ❝♦♠♣❧❡t❡✱ ❛♥❞ ✇✐❧❧ ❜❡ ❝r✉❝✐❛❧ t♦ ♦❜t❛✐♥ t❤❡
❛r❜✐tr❛❣❡s str❛t❡❣✐❡s✳ ❖♥❡ ♠❛② ❢✉rt❤❡r ✐♥✈❡st✐❣❛t❡ s✐♠✐❧❛r ♣r♦❜❧❡♠ ✇✐t❤♦✉t ❛ss✉♠✐♥❣ ♠❛r✲
❦❡t ❝♦♠♣❧❡t❡♥❡ss✳ ❖♥❡ ❝♦♥s✐❞❡rs ❛❧s♦ s♦♠❡ ❡①❛♠♣❧❡✴❝❧❛ss❡s ♦❢ ♥♦♥✲❤♦♥❡st r❛♥❞♦♠ t✐♠❡s✳
❆❢t❡r✇❛r❞s✱ ✇❡ ❞❡❛❧ ✇✐t❤ st❛❜✐❧✐t② ♦❢ ◆❯P❇❘ ❝♦♥❝❡♣t ✐♥ ✈❡r② ♣❛rt✐❝✉❧❛r s✐t✉❛t✐♦♥s✱ ♥❛♠❡❧②
✇❤❡♥ t❤❡ r❡❢❡r❡♥❝❡ ✜❧tr❛t✐♦♥ ✐s ❛ ❝♦♥t✐♥✉♦✉s ✜❧tr❛t✐♦♥✱ ♦r t❤❡ ✜❧tr❛t✐♦♥ ❣❡♥❡r❛t❡❞ ❜② ❛ st❛♥✲
❞❛r❞ P♦✐ss♦♥ ♣r♦❝❡ss ♦r t❤❡ ✜❧tr❛t✐♦♥ ❣❡♥❡r❛t❡❞ ❜② ❛ ▲é✈② ♣r♦❝❡ss✳ ❲❡ ♣r♦✈✐❞❡ r❡s✉❧ts ✇✐t❤
s✐♠♣❧❡ ♣r♦♦❢s ✐♥ t❤♦s❡ ♣❛rt✐❝✉❧❛r s✐t✉❛t✐♦♥s✱ ❣✐✈✐♥❣ t❤❡ ❞❡✢❛t♦r ✐♥ ❛ ❝❧♦s❡❞ ❢♦r♠✳ ❈♦♠❜✐♥✐♥❣
r❡s✉❧ts ♦♥ t❤❡ ◆❆ ❛♥❞ t❤❡ ◆❯P❇❘ ❝♦♥❞✐t✐♦♥s ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t s♦♠❡ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s ✐♥
t❤❡ ❡♥❧❛r❣❡❞ ✜❧tr❛t✐♦♥ ❛r❡ ✐♥ ❢❛❝t str✐❝t ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s ❛ ✇❛② t♦ ❝♦♥str✉❝t
str✐❝t ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s ✐♥ ❡♥❧❛r❣❡❞ ❇r♦✇♥✐❛♥ ❛♥❞ P♦✐ss♦♥ ✜❧tr❛t✐♦♥s✳

❈❤❛♣t❡r ✻✿ ◆♦♥✲❆r❜✐tr❛❣❡ ✉♣ t♦ ❘❛♥❞♦♠ ❍♦r✐③♦♥ ❛♥❞ ❛❢t❡r ❍♦♥❡st ❚✐♠❡s ❢♦r
❙❡♠✐♠❛rt✐♥❣❛❧❡ ▼♦❞❡❧s✳

❚❤✐s ❝❤❛♣t❡r ✐s ❜❛s❡❞ ♦♥ ❥♦✐♥t ♣❛♣❡r ✇✐t❤ ❚❛❤✐r ❈❤♦✉❧❧✐✱ ❏✉♥ ❉❡♥❣ ❛♥❞ ▼♦♥✐q✉❡ ❏❡❛♥✲
❜❧❛♥❝ ❬❆❈❉❏✶✹❜❪✳ ■t ❛❞❞r❡ss❡s t❤❡ q✉❡st✐♦♥ ♦❢ ❤♦✇ ❛♥ ❛r❜✐tr❛❣❡✲❢r❡❡ s❡♠✐♠❛rt✐♥❣❛❧❡ ♠♦❞❡❧
✐s ❛✛❡❝t❡❞ ✇❤❡♥ st♦♣♣❡❞ ❛t ❛ r❛♥❞♦♠ ❤♦r✐③♦♥✳ ❲❡ ❢♦❝✉s ♦♥ ◆♦✲❯♥❜♦✉♥❞❡❞✲Pr♦✜t✲✇✐t❤✲
❇♦✉♥❞❡❞✲❘✐s❦ ❝♦♥❝❡♣t✱ ✇❤✐❝❤ ✐s ❛❧s♦ ❦♥♦✇♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❛s t❤❡ ✜rst ❦✐♥❞ ♦❢ ♥♦♥✲❛r❜✐tr❛❣❡✳
❋♦r t❤✐s ♥♦♥✲❛r❜✐tr❛❣❡ ♥♦t✐♦♥✱ ✇❡ ♦❜t❛✐♥ t✇♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧ts✳ ❚❤❡ ✜rst r❡s✉❧t ❧✐❡s ✐♥ ❞❡✲
s❝r✐❜✐♥❣ t❤❡ ♣❛✐rs ♦❢ ♠❛r❦❡t ♠♦❞❡❧ ❛♥❞ r❛♥❞♦♠ t✐♠❡ ❢♦r ✇❤✐❝❤ t❤❡ r❡s✉❧t✐♥❣ st♦♣♣❡❞ ♠♦❞❡❧
❢✉❧✜❧❧s ◆❯P❇❘ ❝♦♥❞✐t✐♦♥✳ ❚❤❡ s❡❝♦♥❞ ♠❛✐♥ r❡s✉❧t ❝❤❛r❛❝t❡r✐s❡s t❤❡ r❛♥❞♦♠ t✐♠❡ ♠♦❞❡❧s
t❤❛t ♣r❡s❡r✈❡ t❤❡ ◆❯P❇❘ ♣r♦♣❡rt② ❛❢t❡r st♦♣♣✐♥❣ ❢♦r ❛♥② ♠❛r❦❡t ♠♦❞❡❧✳ ❚❤❡s❡ r❡s✉❧ts
❛r❡ ❡❧❛❜♦r❛t❡❞ ✐♥ ❛ ❣❡♥❡r❛❧ ♠❛r❦❡t ♠♦❞❡❧✱ ❛♥❞ ✇❡ ♣❛② ❛tt❡♥t✐♦♥ t♦ s♦♠❡ ♣❛rt✐❝✉❧❛r ❛♥❞
♣r❛❝t✐❝❛❧ ♠♦❞❡❧s✳ ❚❤❡ ❛♥❛❧②s✐s t❤❛t ❞r✐✈❡s t❤❡s❡ r❡s✉❧ts ✐s ❜❛s❡❞ ♦♥ ♥❡✇ st♦❝❤❛st✐❝ ❞❡✈❡❧♦♣✲
♠❡♥ts ✐♥ s❡♠✐♠❛rt✐♥❣❛❧❡ t❤❡♦r② ✇✐t❤ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝♦♥str✉❝t
❡①♣❧✐❝✐t ♠❛rt✐♥❣❛❧❡ ❞❡♥s✐t✐❡s ✭❞❡✢❛t♦rs✮ ❢♦r s♦♠❡ ❝❧❛ss❡s ♦❢ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s ✇❤❡♥ st♦♣♣❡❞
❛t ❛ r❛♥❞♦♠ t✐♠❡✳

❈❤❛♣t❡r ✼✿ ❖♣t✐♦♥❛❧ s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ◆❯P❇❘ ❝♦♥❞✐t✐♦♥✳

❚❤✐s ❝❤❛♣t❡r ✐s ❜❛s❡❞ ♦♥ ❥♦✐♥t ♣❛♣❡r ✇✐t❤ ❚❛❤✐r ❈❤♦✉❧❧✐ ❛♥❞ ▼♦♥✐q✉❡ ❏❡❛♥❜❧❛♥❝ ❬❆❈❏✶✹❛❪✳
❖✉r st✉❞② ❛❞❞r❡ss❡s t❤❡ s❛♠❡ q✉❡st✐♦♥ ❛s ✐♥ ❈❤❛♣t❡r ✻ ✐♥ t✇♦ ❞✐✛❡r❡♥t s❡tt✐♥❣s✱ ✐✳❡✳✱ ❤♦✇ ❛♥



✶✺

❛r❜✐tr❛❣❡✲❢r❡❡ s❡♠✐♠❛rt✐♥❣❛❧❡ ♠♦❞❡❧ ✐s ❛✛❡❝t❡❞ ✇❤❡♥ st♦♣♣❡❞ ❛t ❛ r❛♥❞♦♠ ❤♦r✐③♦♥ ♦r ✇❤❡♥
❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ s❛t✐s❢②✐♥❣ ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s ✐s ✐♥❝♦r♣♦r❛t❡❞✳ ❲❡ r❡❝♦✈❡r s♦♠❡ r❡s✉❧ts
❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ✉s✐♥❣ ❛ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤✳ ■♥ t❤❡ ❣❡♥❡r❛❧ s❡♠✐♠❛rt✐♥❣❛❧❡ s❡tt✐♥❣✱
✇❡ ♣r♦✈✐❞❡ ❛ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ r❛♥❞♦♠ t✐♠❡ ❢♦r ✇❤✐❝❤ t❤❡ ♥♦♥✲
❛r❜✐tr❛❣❡ ✐s ♣r❡s❡r✈❡❞ ❢♦r ❛♥② ♣r♦❝❡ss✳ ❆♥❛❧♦❣♦✉s r❡s✉❧t ✐s ❢♦r♠✉❧❛t❡❞ ❢♦r ✐♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t
✇✐t❤ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ s❛t✐s❢②✐♥❣ ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s✳ ❚❤❡ ❝r✉❝✐❛❧ ✐♥t❡r♠❡❞✐❛t❡ r❡s✉❧ts ✐♥
❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ t❤❡♦r② ❛r❡ ♦❜t❛✐♥❡❞✳ ❋♦r ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s ❢r♦♠ t❤❡ r❡❢❡r❡♥❝❡
✜❧tr❛t✐♦♥ ✇❡ ♣r♦✈✐❞❡ s♣❡❝✐❛❧ ♦♣t✐♦♥❛❧ s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✉♣ t♦ r❛♥❞♦♠ t✐♠❡ ❛♥❞
✐♥ ✐♥✐t✐❛❧❧② ❡♥❧❛r❣❡❞ ✜❧tr❛t✐♦♥ ✉♥❞❡r ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s✳ ❲❡ ♦❜s❡r✈❡ ❛♥ ✐♥t❡r❡st✐♥❣ ❧✐♥❦ ✇✐t❤
❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❝❤❛♥❣❡ ♦❢ ♠❡❛s✉r❡ ♣r♦❜❧❡♠✳
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P❛rt ■

❘❛♥❞♦♠ t✐♠❡s ❛♥❞ ❡♥❧❛r❣❡♠❡♥t ♦❢

✜❧tr❛t✐♦♥

✶✼





❈❤❛♣t❡r ✶

●❡♥❡r❛❧ t❤❡♦r②

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ r❡❝❛❧❧ s♦♠❡ ✇❡❧❧ ❦♥♦✇♥ ❢❛❝ts ❢r♦♠ t❤❡ ❣❡♥❡r❛❧ t❤❡♦r② ♦❢ st♦❝❤❛st✐❝ ♣r♦✲
❝❡ss❡s ✇✐t❤ ❛♥ ❡♠♣❤❛s✐s ♦♥ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ t❤❡♦r② ✐♥ ❙❡❝t✐♦♥ ✶✳✷ ❛♥❞ ♣r♦♣❡rt✐❡s
♦❢ r❛♥❞♦♠ t✐♠❡s ✐♥ ❙❡❝t✐♦♥ ✶✳✸✳ ■♥ ❙❡❝t✐♦♥ ✶✳✹ ✇❡ s✉♠♠❛r✐③❡ r❡s✉❧ts ♥❡❡❞❡❞ ✐♥ P❛rt ■■ ♦♥
❛r❜✐tr❛❣❡ ♣r♦❜❧❡♠ ♦❢ t❤✐s t❤❡s✐s✳ ❲❡ ❣✐✈❡ t❤❡ ♣r♦♦❢s ♦❢ ♥❡✇ r❡s✉❧ts✳

❋♦r ❢✉rt❤❡r ❞❡t❛✐❧s ❛♥❞ ♣r♦♦❢s ✇❡ ❛❞❞r❡ss t❤❡ r❡❛❞❡r t♦ ❘♦❣❡rs ❛♥❞ ❲✐❧❧✐❛♠s ❬❘❲✵✵❜✱
❘❲✵✵❛❪✱ ❈❤❡s♥❡②✱ ❏❡❛♥❜❧❛♥❝ ❛♥❞ ❨♦r ❬❏❨❈✵✾❪✱ ❉❡❧❧❛❝❤❡r✐❡ ❛♥❞ ▼❡②❡r ❬❉▼✼✺✱ ❉▼✽✵❪✱ ❉❡❧✲
❧❛❝❤❡r✐❡✱ ▼❡②❡r ❛♥❞ ▼❛✐s♦♥♥❡✉✈❡ ❬❉▼▼✾✷❪✱ ❍❡✱ ❲❛♥❣ ❛♥❞ ❨❛♥ ❬❍❲❨✾✷❪✱ ❘❡✈✉③ ❛♥❞ ❨♦r
❬❘❨✾✾❪ ❛♥❞ Pr♦tt❡r ❬Pr♦✵✹❪✳

▲❡t (Ω,G,F,P) ❜❡ ❛ ✜❧t❡r❡❞ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ✇❤❡r❡ F ✐s ❛ ✜❧tr❛t✐♦♥ s❛t✐s❢②✐♥❣ ✉s✉❛❧
❝♦♥❞✐t✐♦♥s ♦❢ ❝♦♠♣❧❡t❡♥❡ss ❛♥❞ r✐❣❤t ❝♦♥t✐♥✉✐t②✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ♦♣t✐♦♥❛❧ σ✲✜❡❧❞ ♦♥ Ω ×
R+✱ ❞❡♥♦t❡❞ ❜② O✱ ✐s t❤❡ σ✲✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② ❛❧❧ ❝à❞❧à❣ F✲❛❞❛♣t❡❞ ♣r♦❝❡ss❡s ❛♥❞ t❤❡
♣r❡❞✐❝t❛❜❧❡ σ✲✜❡❧❞ ♦♥ Ω×R+✱ ❞❡♥♦t❡❞ ❜② P✱ ✐s t❤❡ σ✲✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② ❛❧❧ ❧❡❢t✲❝♦♥t✐♥✉♦✉s
F✲❛❞❛♣t❡❞ ♣r♦❝❡ss❡s✳ ❆ st♦❝❤❛st✐❝ s❡t ♦r ♣r♦❝❡ss ✐s ❝❛❧❧❡❞ ♦♣t✐♦♥❛❧ ✭r❡s♣❡❝t✐✈❡❧② ♣r❡❞✐❝t❛❜❧❡✮
✐❢ ✐t ✐s O✲♠❡❛s✉r❛❜❧❡ ✭r❡s♣❡❝t✐✈❡❧② P✲♠❡❛s✉r❛❜❧❡✮✳

❋♦r ❛♥ F✲s❡♠✐♠❛rt✐♥❣❛❧❡ Y ✱ t❤❡ s❡t ♦❢ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss❡s ✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ Y
✐s ❞❡♥♦t❡❞ ❜② L(Y,F) ❛♥❞ ❢♦r H ∈ L(Y,F)✱ ✇❡ ❞❡♥♦t❡ ❜② H � Y t❤❡ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧∫ ·
0HsdYs✳

❆s ✉s✉❛❧✱ ❢♦r ❛ ♣r♦❝❡ss X ❛♥❞ ❛ r❛♥❞♦♠ t✐♠❡ ϑ✱ ✇❡ ❞❡♥♦t❡ ❜② Xϑ t❤❡ st♦♣♣❡❞ ♣r♦❝❡ss✳

❚❤❡ s❡t ♦❢ ♠❛rt✐♥❣❛❧❡s ❢♦r t❤❡ ✜❧tr❛t✐♦♥ F ✉♥❞❡r P ✐s ❞❡♥♦t❡❞ ❜② M(F,P)✳ ❆s ✉s✉❛❧✱
A+(F) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ✐♥❝r❡❛s✐♥❣✱ r✐❣❤t✲❝♦♥t✐♥✉♦✉s✱ F✲❛❞❛♣t❡❞ ❛♥❞ ✐♥t❡❣r❛❜❧❡
♣r♦❝❡ss❡s✳ ■❢ C(F) ✐s ❛ ❝❧❛ss ♦❢ F✲❛❞❛♣t❡❞ ♣r♦❝❡ss❡s✱ ✇❡ ❞❡♥♦t❡ ❜② C0(F) t❤❡ s❡t ♦❢ ♣r♦❝❡ss❡s
X ∈ C(F) ✇✐t❤ X0 = 0✱ ❛♥❞ ❜② Cloc t❤❡ s❡t ♦❢ ♣r♦❝❡ss❡s X s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡
(Tn)n≥1 ♦❢ F✲st♦♣♣✐♥❣ t✐♠❡s t❤❛t ✐♥❝r❡❛s❡s t♦ ∞ ❛♥❞ s✉❝❤ t❤❛t t❤❡ st♦♣♣❡❞ ♣r♦❝❡ss❡s XTn

❜❡❧♦♥❣ t♦ C(F)✳ ❲❡ ♣✉t C0,loc(F) = C0(F) ∩ Cloc(F)✳
❋♦r ❛ ❣✐✈❡♥ s❡♠✐♠❛rt✐♥❣❛❧❡ X✱ E(X) st❛♥❞s ❢♦r t❤❡ st♦❝❤❛st✐❝ ❡①♣♦♥❡♥t✐❛❧ ♦❢ X✳

❚❤❡ ❝♦♥t✐♥✉♦✉s ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ♣❛rt ❛♥❞ t❤❡ ❥✉♠♣ ♣r♦❝❡ss ♦❢ ❛ s❡♠✐♠❛rt✐♥❣❛❧❡ X
❛r❡ ❞❡♥♦t❡❞ r❡s♣❡❝t✐✈❡❧② ❜② Xc ❛♥❞ ∆X✳

✶✾
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✶✳✶ ❙t♦❝❤❛st✐❝ ♣r♦❝❡ss❡s

✶✳✶✳✶ ▼♦♥♦t♦♥❡ ❝❧❛ss t❤❡♦r❡♠

❚❤❡ ▼♦♥♦t♦♥❡ ❈❧❛ss ❚❤❡♦r❡♠ ❛❧❧♦✇s ✉s t♦ ✇♦r❦ ✇✐t❤ ❛ ❣❡♥❡r❛t✐♥❣ ❢❛♠✐❧② ✐♥st❡❛❞ ♦❢ t❤❡
✇❤♦❧❡ ❢❛♠✐❧② ♦❢ ❢✉♥❝t✐♦♥s ♦r s❡ts ✭s❡❡ ❬❍❲❨✾✷✱ ❚❤❡♦r❡♠s ✶✳✷✱ ✶✳✹❪✱ ❬❏❨❈✵✾✱ ♣✳✹❪✱ ❬❉▼✼✺✱
❈❤❛♣t❡r ✶❪✮ ❛♥❞ ✐s ❛♥ ✐♠♣♦rt❛♥t t♦♦❧ ✐♥ ♣r♦✈✐♥❣ ✈❛r✐♦✉s r❡s✉❧ts✳

❚❤❡♦r❡♠ ✶✳✶✳ ▲❡t C ❜❡ ❛ ❝❧❛ss ♦❢ s❡ts ♦♥ Ω×R+ s✉❝❤ t❤❛t A ∩B ∈ C ✐❢ A,B ∈ C✱ ❛♥❞ H
❜❡ ❛ ✈❡❝t♦r s♣❛❝❡ ♦❢ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ♦♥ Ω×R+✳ ■❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿

✭❛✮ 1 ∈ H
✭❜✮ ✐❢ Xn ∈ H✱ Xn ↑ X✱ X ✐s ✜♥✐t❡ ✭r❡s♣❡❝t✐✈❡❧② ❜♦✉♥❞❡❞✮ t❤❡♥ X ∈ H
✭❝✮ ✐❢ A ∈ C t❤❡♥ 11A ∈ H
t❤❡♥ H ❝♦♥t❛✐♥s ❛❧❧ σ(C)✲♠❡❛s✉r❛❜❧❡ r❡❛❧ ✭r❡s♣❡❝t✐✈❡❧② ❜♦✉♥❞❡❞✮ ♣r♦❝❡ss❡s ♦♥ Ω× R+✳

✶✳✶✳✷ ❘❛♥❞♦♠ t✐♠❡s ❛♥❞ st♦♣♣✐♥❣ t✐♠❡s

▲❡t T ❜❡ ❛ r❛♥❞♦♠ t✐♠❡✱ ✐✳❡✳✱ ❛♥ R+∪{∞} ✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ▲❡t ✉s r❡❝❛❧❧ t❤❡ ♥♦t✐♦♥s
♦❢ ❣r❛♣❤ ♦❢ ❛ r❛♥❞♦♠ t✐♠❡

[[T ]] := {(ω, t) ∈ Ω× R+ : T (ω) = t}
❛♥❞ r❡str✐❝t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ t✐♠❡ t♦ ❛ ❣✐✈❡♥ s❡t

TA(ω) :=

{
T (ω) ω ∈ A

∞ ω /∈ A
. ✭✶✳✶✮

❋♦r t✇♦ r❛♥❞♦♠ t✐♠❡s T ❛♥❞ S s✉❝❤ t❤❛t S ≤ T ✱ t❤❡ ❢♦❧❧♦✇✐♥❣ st♦❝❤❛st✐❝ ✐♥t❡r✈❛❧s ❛r❡
❞❡✜♥❡❞✿

[[S, T ]] = {(ω, t) ∈ Ω× R+ : S(ω) ≤ t ≤ T (ω)},
[[S, T [[ = {(ω, t) ∈ Ω× R+ : S(ω) ≤ t < T (ω)},
]]S, T ]] = {(ω, t) ∈ Ω× R+ : S(ω) < t ≤ T (ω)},
]]S, T [[ = {(ω, t) ∈ Ω× R+ : S(ω) < t < T (ω)}.

❉❡✜♥✐t✐♦♥ ✶✳✷✳ ❋♦r ❛ r❛♥❞♦♠ t✐♠❡ T ✇❡ ❞❡✜♥❡ t❤❡ σ✲✜❡❧❞s FT− ❛♥❞ FT ❛s

FT− := σ{HT : H ✐s ❛♥ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ♦♥ [0,∞]},
FT := σ{HT : H ✐s ❛♥ F✲♦♣t✐♦♥❛❧ ♣r♦❝❡ss ♦♥ [0,∞]}.

❍❡r❡✱ ✐♥ ❡❛❝❤ ❝❛s❡✱ H∞ ❝❛♥ ❜❡ ❛♥ ❛r❜✐tr❛r② F∞✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳ ▲❡t T ❜❡ ❛ r❛♥❞♦♠ t✐♠❡✳

✭❛✮ ❋♦r ❛♥② FT−✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ κ✱ t❤❡r❡ ❡①✐sts ❛♥ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss k s✉❝❤

t❤❛t kT = κ✳

✭❜✮ ❋♦r ❛♥② FT ✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ κ✱ t❤❡r❡ ❡①✐sts ❛♥ F✲♦♣t✐♦♥❛❧ ♣r♦❝❡ss k s✉❝❤ t❤❛t

kT = κ✳
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Pr♦♦❢✳ ✭❛✮ ❇② ❞❡✜♥✐t✐♦♥✱ FT− = σ{HT : H ✐s ❛♥ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss}✳ ❲❡ s❤♦✇ t❤❛t
H = {HT : H ✐s ❛♥ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss} ✐s ❛❧r❡❛❞② ❛ σ✲✜❡❧❞✳ ❙❡t A ❜❡❧♦♥❣s t♦ H ✐❢
t❤❡r❡ ❡①✐sts ❛♥ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss H ❛♥❞ ❛ s❡t B ∈ B(R) s✉❝❤ t❤❛t A = H−1

T (B)✳
❚❤❡♥✱ Ac ∈ H ❛s Ac = H−1

T (Bc)✳ ▲❡t A =
⋃∞
n=1An ✇✐t❤ An = (Hn

T )
−1(Bn) ✇❤❡r❡

Hn ✐s ❛ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ❛♥❞ Bn ∈ B(R)✳ ❚❤❡♥✱ An = {ω : (ω, T (ω)) ∈ Γn}✱ ✇❤❡r❡
Γn = {(ω, t) : Hn

t (ω) ∈ Bn}✳ ❆♥❞ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t A = H−1
T (B)✱ ❢♦r Ht(ω) = 11Γ(ω, t)

✇✐t❤ Γ =
⋃∞
n=1 Γn ♣r❡❞✐❝t❛❜❧❡ s❡t ❛♥❞ B =]0, 1]✳ ❙♦ ✐♥❞❡❡❞ ✇❡ ❤❛✈❡ FT− = H✳ ❚❤✐s ✐♠♣❧✐❡s

t❤❛t ❢♦r FT−✲♠❡❛s✉r❛❜❧❡ κ t❤❡r❡ ❡①✐sts ❛ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss k ✇✐t❤ kT = κ✳ ■❢ ♠♦r❡♦✈❡r κ
✐s ❜♦✉♥❞❡❞ t❤❡♥ k ❝❛♥ ❜❡ ❝❤♦s❡♥ ✇✐t❤ t❤❡ s❛♠❡ ❜♦✉♥❞s✳
✭❜✮ ❢♦❧❧♦✇s ❜② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t❛t✐♦♥✳

❲❡ r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ ❝❧❛ss ♦❢ st♦♣♣✐♥❣ t✐♠❡s✱ ♣r♦✈✐❞✐♥❣ t❤❡ r❡s✉❧t ♦♥ st♦♣♣✐♥❣
t✐♠❡ ❞❡❝♦♠♣♦s✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✳✹✳ ❆ r❛♥❞♦♠ t✐♠❡ T ❞❡✜♥❡❞ ♦♥ (Ω,G) ✐s ❝❛❧❧❡❞ ❛♥ F✲st♦♣♣✐♥❣ t✐♠❡ ✭♦r s✐♠♣❧②

st♦♣♣✐♥❣ t✐♠❡✮ ✐❢ ❢♦r ❡❛❝❤ t ≥ 0✱ {T ≤ t} ∈ Ft✳

▲❡♠♠❛ ✶✳✺✳ ❋♦r ❛ st♦♣♣✐♥❣ t✐♠❡ T ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧t❡r♥❛t✐✈❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢

σ✲✜❡❧❞s FT ❛♥❞ FT−

FT = {A ∈ F∞ : ∀t, A ∩ {T ≤ t} ∈ Ft},
FT− = F0 ∨ σ({T > t} ∩A : A ∈ Ft, t ≥ 0).

■♥ ♦r❞❡r t♦ ❝❧❛ss✐❢② st♦♣♣✐♥❣ t✐♠❡s ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥❀ s❡❡ ❬❏❨❈✵✾✱ ❉❡✜✲
♥✐t✐♦♥ ✶✳✷✳✸✳✶❪✱ ❬❍❲❨✾✷✱ ❉❡✜♥✐t✐♦♥ ✸✳✸✹❪✳

❉❡✜♥✐t✐♦♥ ✶✳✻✳ ✭❛✮ ❆ st♦♣♣✐♥❣ t✐♠❡ T ✐s ♣r❡❞✐❝t❛❜❧❡ ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡

(Tn)n≥1 ♦❢ st♦♣♣✐♥❣ t✐♠❡s s✉❝❤ t❤❛t ❛✳s✳ limn→∞ Tn = T ❛♥❞ Tn < T ❢♦r ❡✈❡r② n ♦♥ t❤❡ s❡t

{T > 0}✳ ❚❤❡ s❡q✉❡♥❝❡ (Tn) ✐s t❤❡♥ ❝❛❧❧❡❞ ❢♦r❡t❡❧❧✐♥❣ s❡q✉❡♥❝❡✳

✭❜✮ ❆ st♦♣♣✐♥❣ t✐♠❡ T ✐s ❛❝❝❡ss✐❜❧❡ ✐❢ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (Tn) ♦❢ ♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣

t✐♠❡s s✉❝❤ t❤❛t [[T ]] ⊂ ⋃n[[Tn]]✳

✭❝✮ ❆ st♦♣♣✐♥❣ t✐♠❡ T ✐s t♦t❛❧❧② ✐♥❛❝❝❡ss✐❜❧❡ ✐❢ P(T = S < ∞) = 0 ❢♦r ❛♥② ♣r❡❞✐❝t❛❜❧❡

st♦♣♣✐♥❣ t✐♠❡ S✳

❊❛❝❤ st♦♣♣✐♥❣ t✐♠❡ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ❛❝❝❡ss✐❜❧❡ ❛♥❞ t♦t❛❧❧② ✐♥❛❝❝❡ss✐❜❧❡ ♣❛rts ❛s
st❛t❡❞ ✐♥ ❬❍❲❨✾✷✱ ❚❤❡♦r❡♠ ✹✳✷✵❪✳

❚❤❡♦r❡♠ ✶✳✼✳ ❋♦r ❡❛❝❤ st♦♣♣✐♥❣ t✐♠❡ T t❤❡r❡ ❡①✐sts A ∈ FT− s✉❝❤ t❤❛t A ⊂ {T < ∞}✱
T a = TA ✐s ❛❝❝❡ss✐❜❧❡ ❛♥❞ T i = TAc ✐s t♦t❛❧❧② ✐♥❛❝❝❡ss✐❜❧❡✳ ❙✉❝❤ s❡t A ✐s ❛✳s✳ ✉♥✐q✉❡✳

■♥ ♣❛rt✐❝✉❧❛r✱ ❛♥② st♦♣♣✐♥❣ t✐♠❡ T ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ❛❝❝❡ss✐❜❧❡ ❛♥❞ t♦t❛❧❧② ✐♥❛❝❝❡ss✐❜❧❡

♣❛rts ❛s T = T a ∧ T i ❛♥❞ [[T ]] = [[T a]] ∪ [[T i]]✳

✶✳✶✳✸ ❚❤✐♥ s❡ts ❛♥❞ ♣r♦❝❡ss❡s

▲❡t ✉s r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ t❤✐♥ s❡t✱ s❡❡ ❬❍❲❨✾✷✱ ✸✳✶✸❪✱ ✇❤✐❝❤ ❣❡♥❡r❛❧✐③❡s t❤❡ ♥♦t✐♦♥ ♦❢
❣r❛♣❤ ♦❢ ❛ st♦♣♣✐♥❣ t✐♠❡✳



✷✷ ❈❍❆P❚❊❘ ✶✳ ●❊◆❊❘❆▲ ❚❍❊❖❘❨

❉❡✜♥✐t✐♦♥ ✶✳✽✳ ❆ st♦❝❤❛st✐❝ s❡t Γ ✐s ❝❛❧❧❡❞ ❛ t❤✐♥ s❡t✱ ✐❢ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣

t✐♠❡s (Tn)n s✉❝❤ t❤❛t Γ =
⋃
n[[Tn]]✳

✭❛✮ ❆ t❤✐♥ s❡t Γ ✐s s❛✐❞ t♦ ❜❡ ❛ ♣r❡❞✐❝t❛❜❧❡ t❤✐♥ s❡t ✐❢ ❡❛❝❤ Tn ✐s ❛ ♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡✳

✭❜✮ ❆ t❤✐♥ s❡t Γ ✐s s❛✐❞ t♦ ❜❡ ❛♥ ❛❝❝❡ss✐❜❧❡ t❤✐♥ s❡t ✐❢ ❡❛❝❤ Tn ✐s ❛♥ ❛❝❝❡ss✐❜❧❡ st♦♣♣✐♥❣ t✐♠❡✳

✭❝✮ ❆ t❤✐♥ s❡t Γ ✐s s❛✐❞ t♦ ❜❡ ❛ t♦t❛❧❧② ✐♥❛❝❝❡ss✐❜❧❡ t❤✐♥ s❡t ✐❢ ❡❛❝❤ Tn ✐s ❛ t♦t❛❧❧② ✐♥❛❝❝❡ss✐❜❧❡

st♦♣♣✐♥❣ t✐♠❡✳

❲❡ ❞❡✜♥❡ ❛ t❤✐♥ ♣r♦❝❡ss ❛s ❢♦❧❧♦✇s ✭✐t ❝♦rr❡s♣♦♥❞s t♦ s✉♠♠❛t✐♦♥ ♣r♦❝❡ss ❢r♦♠ ❬❍❲❨✾✷✱
✼✳✸✾❪✮✳

❉❡✜♥✐t✐♦♥ ✶✳✾✳ ❆ ♣r♦❝❡ss X ✐s t❤✐♥ ✐❢ t❤❡r❡ ❡①✐st ❛ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ξn ❛♥❞

❛ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s (Tn) ✇✐t❤ ❞✐s❥♦✐♥t ❣r❛♣❤s s✉❝❤ t❤❛t Xt =
∑∞

n=1 ξn11[[Tn,∞[[✳ ■ts

♣❛t❤s ✈❛r② ♦♥ ❛ t❤✐♥ s❡t ♦♥❧②✿ 11∪∞
n=1[[Tn]]

�X =
∑∞

n=1 11[[Tn]] �X =
∑∞

n=1 11[[Tn,∞[[∆XTn ✳

✶✳✶✳✹ ❙❡❝t✐♦♥ t❤❡♦r❡♠

❙❡❝t✐♦♥ t❤❡♦r❡♠ ❛❧❧♦✇s ✉s t♦ ❧♦♦❦ ❛t st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ♦♥❧② ❛t st♦♣♣✐♥❣ t✐♠❡s✱ s❡❡ ❬❍❲❨✾✷✱
❚❤❡♦r❡♠s ✹✳✼✱ ✹✳✽❪✱ s❡❡ ❬❉▼✽✵✱ ❚❤❡♦r❡♠s ✽✹ ❛♥❞ ✽✺❪✳

❚❤❡♦r❡♠ ✶✳✶✵✳ ▲❡t A ❜❡ ❛♥ ♦♣t✐♦♥❛❧ ✭r❡s♣❡❝t✐✈❡❧② ♣r❡❞✐❝t❛❜❧❡✮ s❡t✳ ❋♦r ❛♥② ❣✐✈❡♥ ε > 0

t❤❡r❡ ❡①✐sts ❛ ✭r❡s♣❡❝t✐✈❡❧② ♣r❡❞✐❝t❛❜❧❡✮ st♦♣♣✐♥❣ t✐♠❡ T s✉❝❤ t❤❛t

✭❛✮ [[T ]] ⊂ A✱

✭❜✮ P(T <∞) ≥ P(π(A))− ε✱

✇❤❡r❡ π(A) ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ A ♦♥t♦ Ω✱ ✐✳❡✳✱ π(A) = {ω : ∃ t <∞ (ω, t) ∈ A}✳

✶✳✶✳✺ Pr♦❥❡❝t✐♦♥s ❛♥❞ ❞✉❛❧ ♣r♦❥❡❝t✐♦♥s

Pr♦❥❡❝t✐♦♥s ❛♥❞ ❞✉❛❧ ♣r♦❥❡❝t✐♦♥s ♦♥t♦ t❤❡ r❡❢❡r❡♥❝❡ ✜❧tr❛t✐♦♥ F ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡
t❤❡♦r② ♦❢ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥s✳ ❋✐rst ✇❡ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♦♣t✐♦♥❛❧ ❛♥❞ ♣r❡❞✐❝t❛❜❧❡
♣r♦❥❡❝t✐♦♥s✱ s❡❡ ❬❍❲❨✾✷✱ ❚❤❡♦r❡♠s ✺✳✶ ❛♥❞ ✺✳✷❪ ✱ ❬❏❨❈✵✾✱ ♣✳✷✻✹✲✷✻✺❪✳

❉❡✜♥✐t✐♦♥ ✶✳✶✶✳ ▲❡t X ❜❡ ❛ ♠❡❛s✉r❛❜❧❡ ❜♦✉♥❞❡❞ ✭♦r ♣♦s✐t✐✈❡✮ ♣r♦❝❡ss✳ ❚❤❡ ♦♣t✐♦♥❛❧

♣r♦❥❡❝t✐♦♥ ♦❢ X ✐s t❤❡ ✉♥✐q✉❡ ♦♣t✐♦♥❛❧ ♣r♦❝❡ss oX s✉❝❤ t❤❛t ❢♦r ❡✈❡r② st♦♣♣✐♥❣ t✐♠❡ T ✇❡

❤❛✈❡

E(XT 11{T<∞}|FT ) = oXT 11{T<∞} ❛✳s✳.

❚❤❡ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ♦❢ X ✐s t❤❡ ✉♥✐q✉❡ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss pX s✉❝❤ t❤❛t ❢♦r ❡✈❡r②

♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡ T ✇❡ ❤❛✈❡

E(XT 11{T<∞}|FT−) = pXT 11{T<∞} ❛✳s✳.

Pr♦❥❡❝t✐♦♥s ❞❡♣❡♥❞ ♦♥ t❤❡ ✜❧tr❛t✐♦♥✳ ■♥ ❝❛s❡ ♦❢ ✈❛r✐♦✉s ✜❧tr❛t✐♦♥ ✇❡ s❤❛❧❧ ❞❡♥♦t❡ o,FX t❤❡
F✲♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ X ❛♥❞ p,FX t❤❡ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ♦❢ X✳



✶✳✶✳ ❙❚❖❈❍❆❙❚■❈ P❘❖❈❊❙❙❊❙ ✷✸

❋♦r ❞❡✜♥✐t✐♦♥ ♦❢ ❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ❛♥❞ ❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ s❡❡ ❬❏❨❈✵✾✱ ♣✳✷✻✺❪✱
❬Pr♦✵✹✱ ❈❤❛♣t❡r ✸ ❙❡❝t✐♦♥ ✺❪✱ ❬❉▼✽✵✱ ❈❤❛♣t❡r ✻ P❛r❛❣r❛♣❤ ✼✸ ♣✳✶✹✽❪✱ ❬❍❲❨✾✷✱ ❙❡❝t✐♦♥s
✺✳✶✽✱ ✺✳✶✾❪✳

❉❡✜♥✐t✐♦♥ ✶✳✶✷✳ ✭❛✮ ▲❡t A ❜❡ ❛ ❝à❞❧à❣ ♣r❡✲❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ✈❛r✐❛t✐♦♥ ♣r♦❝❡ss ✭♥♦t ♥❡❝✲

❡ss❛r② ❛❞❛♣t❡❞✮✳ ❚❤❡ ❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ A ✐s t❤❡ ✉♥✐q✉❡ ♦♣t✐♦♥❛❧ ♣r♦❝❡ss Ao s✉❝❤

t❤❛t ❢♦r ❡✈❡r② ♦♣t✐♦♥❛❧ ♣r♦❝❡ss H ✇❡ ❤❛✈❡

E

(∫

[0,∞[
HsdAs

)
= E

(∫

[0,∞[
HsdA

o
s

)
.

✭❜✮ ▲❡t A ❜❡ ❛ ❝à❞❧à❣ ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ✈❛r✐❛t✐♦♥ ♣r♦❝❡ss ✭♥♦t ♥❡❝❡ss❛r② ❛❞❛♣t❡❞✮✳ ❚❤❡

❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ♦❢ A ✐s t❤❡ ✉♥✐q✉❡ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss Ap s✉❝❤ t❤❛t ❢♦r ❡✈❡r②

♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss H ✇❡ ❤❛✈❡

E

(∫

[0,∞[
HsdAs

)
= E

(∫

[0,∞[
HsdA

p
s

)
.

❉✉❛❧ ♣r♦❥❡❝t✐♦♥s ❞❡♣❡♥❞ ♦♥ t❤❡ ✜❧tr❛t✐♦♥✳ ■♥ ❝❛s❡ ♦❢ ✈❛r✐♦✉s ✜❧tr❛t✐♦♥ ✇❡ s❤❛❧❧ ❞❡♥♦t❡ Ao,F

t❤❡ F✲❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ A ❛♥❞ Ap,F t❤❡ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ♦❢ A✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❧✐♥❦s t❤❡ ❥✉♠♣ ♦❢ t❤❡ ❞✉❛❧ ♣r♦❥❡❝t✐♦♥ ✇✐t❤ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❥✉♠♣✳
❙❡❡ ❬❉▼✽✵✱ ❚❤❡♦r❡♠ ✼✻ ♣✳✶✹✾✕✶✺✵❪ ♦r ❬❍❲❨✾✷✱ ❚❤❡♦r❡♠ ✺✳✷✼ ♣✳✶✺✵❪✳

▲❡♠♠❛ ✶✳✶✸✳ ▲❡t A ❜❡ ❛♥ ✐♥t❡❣r❛❜❧❡ ✐♥❝r❡❛s✐♥❣ ♣r♦❝❡ss✳ ❚❤❡♥

∆Ao = o(∆A) ❛♥❞ ∆Ap = p(∆A).

Pr♦♦❢✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ ♣r❡❞✐❝t❛❜❧❡ ❝❛s❡✱ t❤❡ ♦♣t✐♦♥❛❧ ♦♥❡ ❢♦❧❧♦✇s ❜② t❤❡ s❛♠❡ t②♣❡ ♦❢
❛r❣✉♠❡♥ts✳ ▲❡t T ❜❡ ❛ ♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡ ❛♥❞ F ∈ FT−✳ ❚❤❡♥ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ t❤❡ ❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ♦❢ A ❛♣♣❧✐❡❞ t♦ t❤❡ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss H = 11F 11[[T ]] ✇❡
♦❜t❛✐♥

E(11F∆AT 11{T<∞}) = E(11F∆A
p
T 11{T<∞}).

❚❤✉s ❢♦r ❛♥② ♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡ T ✇❡ ❤❛✈❡

E(∆AT 11{T<∞}|FT−) = E(∆ApT 11{T<∞}|FT−)

❛♥❞ ❜② ❙❡❝t✐♦♥ t❤❡♦r❡♠ ✶✳✶✵ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ∆Ap = p(∆A)✳

▲❡t ✉s ♥♦✇ r❡❝❛❧❧ ❬❘❲✵✵❛✱ ❚❤❡♦r❡♠ ❱■✳✷✶✳✹✮❪✳

▲❡♠♠❛ ✶✳✶✹✳ ▲❡t A ❜❡ ❛♥ ✐♥t❡❣r❛❜❧❡ ✐♥❝r❡❛s✐♥❣ ♣r♦❝❡ss✳ ❚❤❡♥✱ Ap ✐s t❤❡ ✉♥✐q✉❡ ♣r❡❞✐❝t❛❜❧❡

✐♥t❡❣r❛❜❧❡ ✐♥❝r❡❛s✐♥❣ ♣r♦❝❡ss s✉❝❤ t❤❛t oA−Ap ✐s ❛ ♠❛rt✐♥❣❛❧❡✳

❊①❛♠♣❧❡ ✶✳✶✺✳ ❆ ✉s❡❢✉❧ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ✐s t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ sq✉❛r❡

❛♥❞ ♣r❡❞✐❝t❛❜❧❡ ❜r❛❝❦❡ts✳ ◆❛♠❡❧②✱ ❢♦r t✇♦ s❡♠✐♠❛rt✐♥❣❛❧❡s X ❛♥❞ Y ✱ ✇❡ ❤❛✈❡ t❤❛t [X,Y ]p =

〈X,Y 〉 ❛♥❞ [X,Y ]− 〈X,Y 〉 ✐s ❛ ♠❛rt✐♥❣❛❧❡✳



✷✹ ❈❍❆P❚❊❘ ✶✳ ●❊◆❊❘❆▲ ❚❍❊❖❘❨

✶✳✶✳✻ ◗✉❛s✐✲❧❡❢t ❝♦♥t✐♥✉✐t②

◗✉❛s✐✲❧❡❢t ❝♦♥t✐♥✉✐t② ✇✐❧❧ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ ✈❛r✐♦✉s ♣r♦♦❢s ❝♦♥❝❡r♥✐♥❣ s❡♠✐♠❛rt✐♥❣❛❧❡
♠♦❞❡❧s ❛♥❞ ❛r❜✐tr❛❣❡ ♣r♦❜❧❡♠✱ s❡❡ ❬❍❲❨✾✷✱ ✹✳✷✷❪✳

❉❡✜♥✐t✐♦♥ ✶✳✶✻✳ ▲❡t X ❜❡ ❛♥ ❛❞❛♣t❡❞ ❝à❞❧à❣ ♣r♦❝❡ss✳ ▲❡t (Tn) ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣

t✐♠❡s ❡①❤❛✉st✐♥❣ t❤❡ ❥✉♠♣s ♦❢ X✱ ✐✳❡✳✱ {∆X 6= 0} =
⋃
n[[Tn]]✳ ❚❤❡♥✱

✭❛✮ ❲❡ s❛② t❤❛t X ❤❛s ♦♥❧② ❛❝❝❡ss✐❜❧❡ ❥✉♠♣s ✐❢ ❡❛❝❤ Tn ✐s ❛♥ ❛❝❝❡ss✐❜❧❡ st♦♣♣✐♥❣ t✐♠❡✳

✭❜✮ ❲❡ s❛② t❤❛t X ❤❛s ♦♥❧② t♦t❛❧❧② ✐♥❛❝❝❡ss✐❜❧❡ ❥✉♠♣s ✐❢ ❡❛❝❤ Tn ✐s ❛ t♦t❛❧❧② ✐♥❛❝❝❡ss✐❜❧❡

st♦♣♣✐♥❣ t✐♠❡✳ ❚❤❡♥✱ X ✐s s❛✐❞ t♦ ❜❡ q✉❛s✐✲❧❡❢t ❝♦♥t✐♥✉♦✉s✳

❆❧t❡r♥❛t✐✈❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ t❤❡ ♥❡①t t❤❡♦r❡♠✱ s❡❡ ❬❍❲❨✾✷✱ ✹✳✷✸❪✳

❚❤❡♦r❡♠ ✶✳✶✼✳ ▲❡t X ❜❡ ❛♥ ❛❞❛♣t❡❞ ❝à❞❧à❣ ♣r♦❝❡ss✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡

❡q✉✐✈❛❧❡♥t✿

✭❛✮ X ✐s q✉❛s✐✲❧❡❢t ❝♦♥t✐♥✉♦✉s❀

✭❜✮ ❋♦r ❡✈❡r② ♣r❡❞✐❝t❛❜❧❡ t✐♠❡ T > 0✱ XT = XT− ❛✳s✳ ♦♥ {T <∞}❀
✭❝✮ ■❢ (Tn) ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s ❛♥❞ T = limn→∞ Tn✱ t❤❡♥ limn→∞XTn =

XT ❛✳s✳ ♦♥ {T <∞}✳

❲❡ r❡❝❛❧❧ t❤❡ ♥♦t✐♦♥ ♦❢ q✉❛s✐✲❧❡❢t ❝♦♥t✐♥✉♦✉s ✜❧tr❛t✐♦♥✱ s❡❡ ❬❍❲❨✾✷✱ ❉❡✜♥✐t✐♦♥ ✸✳✸✾✱ ❚❤❡♦✲
r❡♠ ✸✳✹✵❪ ❬Pr♦✵✹✱ ♣✳✶✽✾❪✳

❉❡✜♥✐t✐♦♥ ✶✳✶✽✳ ❆ ✜❧tr❛t✐♦♥ F ✐s q✉❛s✐✲❧❡❢t ❝♦♥t✐♥✉♦✉s ✐❢ ❢♦r ❛♥② ♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡

T ✱ FT = FT−✳

❚❤❡♦r❡♠ ✶✳✶✾✳ ✭❛✮ ❆ ✜❧tr❛t✐♦♥ F ✐s q✉❛s✐✲❧❡❢t ❝♦♥t✐♥✉♦✉s ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡❛❝❤ ❛❝❝❡ss✐❜❧❡

st♦♣♣✐♥❣ t✐♠❡ ✐s ♣r❡❞✐❝t❛❜❧❡✳

✭❜✮ ❙✉♣♣♦s❡ t❤❛t F ✐s q✉❛s✐✲❧❡❢t ❝♦♥t✐♥✉♦✉s✳ ❚❤❡♥ ❢♦r ❛♥② s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s (Tn)

✇❡ ❤❛✈❡ F∨nTn = ∨nFTn ✳

❚❤❡♦r❡♠ ✶✳✷✵✳ ■❢ t❤❡ ✜❧tr❛t✐♦♥ F ✐s q✉❛s✐✲❧❡❢t ❝♦♥t✐♥✉♦✉s t❤❡♥ ❡❛❝❤ F✲♠❛rt✐♥❣❛❧❡ ✐s ❛ q✉❛s✐

❧❡❢t ❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss✳

▲❡♠♠❛ ✶✳✷✶✳ ▲❡t X ❜❡ ❛ q✉❛s✐✲❧❡❢t ❝♦♥t✐♥✉♦✉s s❡♠✐♠❛rt✐♥❣❛❧❡✳ ❚❤❡♥ 〈X〉 ✐s ❝♦♥t✐♥✉♦✉s✳

Pr♦♦❢✳ ❆s 〈X〉 ✐s ❛ ❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ♦❢ [X] = 〈Xc〉+∑(∆X)2 ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡
t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ ❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ♦❢ (∆X)2T 11]]T,∞]] ❢♦r ❛♥② t♦t❛❧❧② ✐♥❛❝❝❡ss✐❜❧❡
st♦♣♣✐♥❣ t✐♠❡ T ✳ ❇② ▲❡♠♠❛ ✶✳✶✸ ❛♥❞ s✐♥❝❡ T ✐s t♦t❛❧❧② ✐♥❛❝❝❡ss✐❜❧❡ ✇❡ ❤❛✈❡

∆((∆X)2T 11]]T,∞]])
p = p((∆X)2T 11[[T ]]) = 0.



✶✳✶✳ ❙❚❖❈❍❆❙❚■❈ P❘❖❈❊❙❙❊❙ ✷✺

✶✳✶✳✼ Pr❡❞✐❝t❛❜❧❡ ❘❡♣r❡s❡♥t❛t✐♦♥ Pr♦♣❡rt②

❚❤❡ Pr❡❞✐❝t❛❜❧❡ ❘❡♣r❡s❡♥t❛t✐♦♥ Pr♦♣❡rt② ♣r❡s❡♥t❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡
✐♥ ✜♥❛♥❝✐❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s✱ ✐✳❡✳✱ ✐t ❝♦rr❡s♣♦♥❞s t♦ ♠❛r❦❡t ❝♦♠♣❧❡t❡♥❡ss✳ ❙❡❡ ❬❍❲❨✾✷✱ ❝❤✳
❳■■■❪✳

❉❡✜♥✐t✐♦♥ ✶✳✷✷✳ ▲❡t M ❜❡ ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✇✐t❤ M0 = 0 ❛♥❞

N (M) := {H �M : H ✐s ❛ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss✱ ✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ M}.

❲❡ s❛② t❤❛t M ❤❛s t❤❡ Pr❡❞✐❝t❛❜❧❡ ❘❡♣r❡s❡♥t❛t✐♦♥ Pr♦♣❡rt② ✐❢ N (M) = Mloc,0✳

❊①❛♠♣❧❡ ✶✳✷✸✳ ❲❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s ✇❤❡r❡ t❤❡ Pr❡❞✐❝t❛❜❧❡ ❘❡♣r❡s❡♥t❛t✐♦♥

Pr♦♣❡rt② ❤♦❧❞s✳

✭❛✮ ❆ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ W ❤❛s t❤❡ P❘P ✐♥ ✐ts ♥❛t✉r❛❧ ✜❧tr❛t✐♦♥✳

✭❜✮ ❚❤❡ ♠❛rt✐♥❣❛❧❡ Mt = Nt − ηt ✇❤❡r❡ N ✐s ❛ st❛♥❞❛r❞ P♦✐ss♦♥ ♣r♦❝❡ss ✇✐t❤ ♣❛r❛♠❡t❡r η

❤❛s t❤❡ P❘P ✐♥ ✐ts ♥❛t✉r❛❧ ✜❧tr❛t✐♦♥✳

✶✳✶✳✽ ❖♣t✐♦♥❛❧ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧

❚❤❡ ♥♦t✐♦♥ ♦❢ ♦♣t✐♦♥❛❧ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧ ✭♦r ❝♦♠♣❡♥s❛t❡❞ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧✮ ✐s ❞❡✜♥❡❞ ✐♥
❬❏❛❝✼✾✱ ❈❤❛♣t❡r ■■■✳✹✳❜ ♣✳✶✵✻✲✶✵✾❪ ❛♥❞ ❛❧s♦ st✉❞✐❡❞ ✐♥ ❬❉▼✽✵✱ ❈❤❛♣t❡r ❱■■■✳✷ s❡❝t✐♦♥s ✸✷✲✹✵
♣✳✸✺✻✲✸✻✻❪✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ♦♣t✐♦♥❛❧ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧ ✐s ❛ ❝r✉❝✐❛❧ t♦♦❧ ❢♦r ❞❡✈❡❧♦♣♠❡♥ts
♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✻✳

❉❡✜♥✐t✐♦♥ ✶✳✷✹✳ ▲❡t N ❜❡ ❛♥ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✇✐t❤ ❝♦♥t✐♥✉♦✉s ♠❛rt✐♥❣❛❧❡ ♣❛rt N c✱ ❛♥❞

❧❡t H ❜❡ ❛♥ F✲♦♣t✐♦♥❛❧ ♣r♦❝❡ss✳

✭❛✮ ❚❤❡ ♣r♦❝❡ss H ✐s s❛✐❞ t♦ ❜❡ ✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ N ✐❢ p,FH ✐s N c ✐♥t❡❣r❛❜❧❡ ❛♥❞

t❤❡ ♣r♦❝❡ss 
∑

s≤t

(
Hs∆Ns − p,F(H∆N)s

)2



1/2

✐s ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡✳ ❚❤❡ s❡t ♦❢ ✐♥t❡❣r❛❜❧❡ ♣r♦❝❡ss❡s ✇✐t❤ r❡s♣❡❝t t♦ N ✐s ❞❡♥♦t❡❞ ❜②
oL1

loc(N,F)✳

✭❜✮ ❋♦r H ∈ oL1
loc(N,F)✱ t❤❡ ♦♣t✐♦♥❛❧ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧ ♦❢ H ✇✐t❤ r❡s♣❡❝t t♦ N ✱ ❞❡♥♦t❡❞

❜② H ⊙N ✱ ✐s t❤❡ ✉♥✐q✉❡ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ M ✇❤✐❝❤ s❛t✐s✜❡s

M c = p,FH �N c ❛♥❞ ∆M = H∆N − p,F(H∆N).

❆♠♦♥❣ t❤❡ ♠♦st ✉s❡❢✉❧ r❡s✉❧ts ♦❢ t❤❡ ❧✐t❡r❛t✉r❡ ✐♥✈♦❧✈✐♥❣ t❤✐s ✐♥t❡❣r❛❧✱ t❤❡r❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣
✭s❡❡ ❬❉▼✽✵❪✮✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✺✳ ▲❡t H ∈ oL1
loc(N,F) ❛♥❞ ❧❡t M = H ⊙ N ❜❡ t❤❡ ♦♣t✐♦♥❛❧ st♦❝❤❛st✐❝

✐♥t❡❣r❛❧ ♦❢ H ✇✐t❤ r❡s♣❡❝t t♦ N ✳
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✭❛✮ M ✐s t❤❡ ✉♥✐q✉❡ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ s✉❝❤ t❤❛t✱ ❢♦r ❛♥② F✲❜♦✉♥❞❡❞ ♠❛rt✐♥❣❛❧❡ Y ✱ t❤❡

♣r♦❝❡ss [M,Y ]−H � [N,Y ] ✐s ❛♥ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳

✭❜✮ ❋♦r ❛♥② F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ Y ✇❡ ❤❛✈❡ [M,Y ] ∈ Aloc(F) ✐❢ ❛♥❞ ♦♥❧② ✐❢ H �[N,Y ] ∈ Aloc(F)

❛♥❞ ✐♥ t❤✐s ❝❛s❡ ✇❡ ❣❡t

〈M,Y 〉F = (H � [N,Y ])p,F .

✶✳✶✳✾ ❘❛♥❞♦♠✴❏✉♠♣ ♠❡❛s✉r❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡❝❛❧❧ t❤❡ ♥♦t✐♦♥ ♦❢ ❥✉♠♣ ♠❡❛s✉r❡ ❛ss♦❝✐❛t❡❞ t♦ ❛ s❡♠✐♠❛rt✐♥❣❛❧❡✳ ▲❡t S
❜❡ ❛♥ F✲s❡♠✐♠❛rt✐♥❣❛❧❡ ✈❛❧✉❡❞ ✐♥ Rd✳ ❲❡ ❞❡♥♦t❡

Õ(F) := O(F)⊗ B(Rd), P̃(F) := P(F)⊗ B(Rd),

✇❤❡r❡ B(Rd) ✐s t❤❡ ❇♦r❡❧ σ✲✜❡❧❞ ♦♥ Rd✳ ❚❤❡ ❥✉♠♣ ♠❡❛s✉r❡ ♦❢ S ✐s ❞❡♥♦t❡❞ ❜② µ✱ ❛♥❞ ✐s
❣✐✈❡♥ ❜②

µ(dt, dx) :=
∑

u>0

11{∆Su 6=0}δ(u,∆Su)(dt, dx) . ✭✶✳✷✮

❋♦r ❛ ♣r♦❞✉❝t✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥❛❧ W ≥ 0 ♦♥ Ω × [0,∞[×Rd✱ ✇❡ ❞❡♥♦t❡ ❜② W ⋆ µ ✭♦r
s♦♠❡t✐♠❡s✱ ✇✐t❤ ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥ W (x) ⋆ µ✮ t❤❡ ♣r♦❝❡ss

W ⋆ µt :=

∫ t

0

∫

Rd\{0}
W (u, x)µ(du, dx) =

∑

0<u≤t
W (u,∆Su)11{∆Su 6=0}. ✭✶✳✸✮

❆❧s♦ ♦♥ Ω × [0,∞[×Rd✱ ✇❡ ❞❡✜♥❡ t❤❡ ♠❡❛s✉r❡ MP
µ := P ⊗ µ ❜②

∫
WdMP

µ := E (W ⋆ µ∞)
✭✇❤❡♥ t❤❡ ✐♥t❡❣r❛❧s ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞✮✳
❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✧❡①♣❡❝t❛t✐♦♥✧ ❣✐✈❡♥ P̃(F) ♦❢ ❛ ♣r♦❞✉❝t✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥❛❧ W ✱ ✐s t❤❡

✉♥✐q✉❡ P̃(F)✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥❛❧ W̃ =:MP
µ

(
W
∣∣∣P̃ (F)

)
s❛t✐s❢②✐♥❣

E (W11Σ ⋆ µ∞) = E
(
W̃11Σ ⋆ µ∞

)
, ❢♦r ❛❧❧ Σ ∈ P̃(F).

❚❤❡ r❛♥❞♦♠ ♠❡❛s✉r❡ ν ✐s ❝❛❧❧❡❞ t❤❡ ❝♦♠♣❡♥s❛t♦r ♦❢ r❛♥❞♦♠ ♠❡❛s✉r❡ µ ✐❢ ❢♦r ❡❛❝❤ P̃(F)✲
♠❡❛s✉r❛❜❧❡ W t❤❡ ♣r♦❝❡ss W ⋆ ν ✐s ♣r❡❞✐❝t❛❜❧❡ ❛♥❞ E(W ⋆ µ∞) = E(W ⋆ ν∞)✳

✶✳✶✳✶✵ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ▲♦❝❛❧ ▼❛rt✐♥❣❛❧❡s

❚❤✐s s❡❝t✐♦♥ r❡❝❛❧❧s ❛♥ ✐♠♣♦rt❛♥t r❡s✉❧t ♦♥ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s✳ ❚❤✐s r❡✲
s✉❧t r❡❧✐❡s ♦♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ♣❛rt ❛♥❞ t❤❡ ❥✉♠♣ r❛♥❞♦♠ ♠❡❛s✉r❡ ♦❢ ❛
❣✐✈❡♥ s❡♠✐♠❛rt✐♥❣❛❧❡✳ ❚❤✉s✱ t❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥✱ ✇❡ s✉♣♣♦s❡ ❣✐✈❡♥ ❛ d✲❞✐♠❡♥s✐♦♥❛❧
s❡♠✐♠❛rt✐♥❣❛❧❡✱ S = (St)0≤t≤T ✳ ❚♦ t❤✐s s❡♠✐♠❛rt✐♥❣❛❧❡✱ ✇❡ ❛ss♦❝✐❛t❡ ✐ts ♣r❡❞✐❝t❛❜❧❡ ❝❤❛r✲
❛❝t❡r✐st✐❝s t❤❛t ✇❡ ✇✐❧❧ ♣r❡s❡♥t ❜❡❧♦✇ ✭❢♦r ♠♦r❡ ❞❡t❛✐❧s ❛❜♦✉t t❤❡s❡ ❛♥❞ ♦t❤❡r r❡❧❛t❡❞ ✐ss✉❡s✱
✇❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬❏❙✵✸✱ ❙❡❝t✐♦♥ ■■✳✷❪✮✳ ❚❤❡ r❛♥❞♦♠ ♠❡❛s✉r❡ µ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❥✉♠♣s
♦❢ S ✐s ❞❡✜♥❡❞ ✐♥ ✶✳✷✳ ❚❤❡ ❝♦♠♣❡♥s❛t♦r ♦❢ t❤❡ r❛♥❞♦♠ ♠❡❛s✉r❡ µ ✐s ❞❡♥♦t❡❞ ❜② ν✳ ❋♦r ❛
tr✉♥❝❛t✐♦♥ ❢✉♥❝t✐♦♥ h : Rd → Rd✱ ✭✐✳❡✳✱ h ✐s ❜♦✉♥❞❡❞✱ ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ❛♥❞ s❛t✐s✜❡s
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h(x) = x ✐♥ ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ 0✮ ✇❡ ❞❡♥♦t❡ ❜② B t❤❡ ♣r❡❞✐❝t❛❜❧❡ ♣❛rt ♦❢ t❤❡ s♣❡❝✐❛❧ s❡♠✐✲
♠❛rt✐♥❣❛❧❡ S −∑ (∆S − h(∆S))✳ ❚❤❡ ❝♦♥t✐♥✉♦✉s ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ♣❛rt ♦❢ S ✐s ❞❡♥♦t❡❞ ❜②
Sc✳ ❚❤❡ ♠❛tr✐① C ✐s ❣✐✈❡♥ ❜② Cij := 〈Sc,i, Sc,j〉✳ ❚❤❡♥✱ t❤❡ tr✐♣❧❡t (B, C, ν) ✐s ❝❛❧❧❡❞ ♣r❡✲
❞✐❝t❛❜❧❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ S✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ❝❛❧❧❡❞ t❤❡ ❝❛♥♦♥✐❝❛❧
r❡♣r❡s❡♥t❛t✐♦♥ ✭s❡❡ ❬❏❙✵✸✱ ❚❤❡♦r❡♠ ✷✳✸✹✱ ❙❡❝t✐♦♥ ■■✳✷❪✮✱ ♥❛♠❡❧② t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥✿

S = S0 + Sc + h ⋆ (µ− ν) +B + (x− h) ⋆ µ.

❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝❛♥ ✜♥❞ ❛ ✈❡rs✐♦♥ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s tr✐♣❧❡t s❛t✐s❢②✐♥❣

B = b � Ā ❛♥❞ C = c � Ā ❛♥❞ ν(ω, dt, dx) = dĀt(ω)Ft(ω, dx).

❍❡r❡ Ā ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❛♥❞ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ✇❤✐❝❤ ✐s ❝♦♥t✐♥✉♦✉s ✐❢ ❛♥❞ ♦♥❧② ✐❢ S ✐s q✉❛s✐✲
❧❡❢t ❝♦♥t✐♥✉♦✉s✱ b ❛♥❞ c ❛r❡ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss❡s✱ Ft(ω, dx) ✐s ❛ ♣r❡❞✐❝t❛❜❧❡ ❦❡r♥❡❧✱ bt(ω) ✐s
❛ ✈❡❝t♦r ✐♥ ■❘d ❛♥❞ ct(ω) ✐s ❛ s②♠♠❡tr✐❝ d × d✲♠❛tr✐① ✱ ❢♦r ❛❧❧ (ω, t) ∈ Ω × [0, T ]✳ ■♥ t❤❡
s❡q✉❡❧ ✇❡ ✇✐❧❧ ♦❢t❡♥ ❞r♦♣ ω ❛♥❞ t ❛♥❞ ✇r✐t❡✱ ❢♦r ✐♥st❛♥❝❡✱ F (dx) ❛s ❛ s❤♦rt❤❛♥❞ ❢♦r Ft(ω, dx)✳

❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝s✱ B = b � Ā, C, ❛♥❞ ν✱ s❛t✐s❢②

Ft(ω, {0}) = 0,

∫
(|x|2 ∧ 1)Ft(ω, dx) ≤ 1,

∆Bt = bt∆Āt =

∫
h(x)ν({t}, dx), ❛♥❞ c = 0 ♦♥ {∆Ā 6= 0}.

❲❡ s❡t
νt(dx) := ν({t}, dx), at := νt(■❘

d) = ∆ĀtFt(■❘
d) ≤ 1.

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠✱ ✇❡ r❡❢❡r t♦ ❬❏❛❝✼✾✱ ❚❤❡♦r❡♠ ✸✳✼✺✱ ♣❛❣❡ ✶✵✸❪ ❛♥❞
t♦ ❬❏❙✵✸✱ ▲❡♠♠❛ ✹✳✷✹✱ ❈❤❛♣ ■■■❪✳

❚❤❡♦r❡♠ ✶✳✷✻✳ ▲❡t N ∈ M0,loc✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐st ❛ ♣r❡❞✐❝t❛❜❧❡ Sc✲✐♥t❡❣r❛❜❧❡ ♣r♦❝❡ss β✱

N⊥ ∈ M0,loc ✇✐t❤ N
⊥ ❛♥❞ S ♦rt❤♦❣♦♥❛❧ ✭✐✳❡✳✱ [S,N⊥] ∈ M0,loc✮ ❛♥❞ ❢✉♥❝t✐♦♥❛❧s f ∈ P̃ ❛♥❞

g ∈ Õ s✉❝❤ t❤❛t

✭❛✮
(∑

s≤t fs(∆Ss)
211{∆Ss 6=0}

)1/2
❛♥❞

(∑
s≤t gs(∆Ss)

211{∆Ss 6=0}
)1/2

❜❡❧♦♥❣ t♦ A+
loc✳

✭❜✮ MP
µ (g | P̃) = 0, MP

µ ✲❛✳s✳

✭❝✮ ❚❤❡ ♣r♦❝❡ss N s❛t✐s✜❡s

N = β � Sc +W ⋆ (µ− ν) + g ⋆ µ+N⊥, ✇❤❡r❡ W = f +
f̂

1− a
11{a<1}.

❍❡r❡ f̂t =
∫
ft(x)ν({t}, dx) ❛♥❞ f ❤❛s ❛ ✈❡rs✐♦♥ s✉❝❤ t❤❛t {a = 1} ⊂ {f̂ = 0}✳

▼♦r❡♦✈❡r

∆Nt =
(
ft(∆St) + gt(∆St)

)
11{∆St 6=0} −

f̂t
1− at

11{∆St=0} +∆N⊥
t .

❚❤❡ q✉❛❞r✉♣❧❡t
(
β, f, g,N⊥) ✐s ❝❛❧❧❡❞ t❤❡ ❏❛❝♦❞✬s ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ N ✇✐t❤

r❡s♣❡❝t t♦ S✳



✷✽ ❈❍❆P❚❊❘ ✶✳ ●❊◆❊❘❆▲ ❚❍❊❖❘❨

✶✳✷ ❊♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥

❊♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ t❤❡♦r② ✐s s❡tt❧❡❞ ✐♥ ❣❡♥❡r❛❧ t❤❡♦r② ♦❢ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✳ ❲❡
❝♦♥s✐❞❡r ❛♥ ❡♥❧❛r❣❡❞ ✜❧tr❛t✐♦♥ G✱ ✐✳❡✳✱ ❛ ✜❧tr❛t✐♦♥ s❛t✐s❢②✐♥❣ F ⊂ G✱ ✐✳❡✳✱ Ft ⊂ Gt ❢♦r ❡✈❡r②
t ≥ 0✳ ❲❡ ♠❛② ❛s❦ t❤❡ q✉❡st✐♦♥ ✇❤❡t❤❡r ❛♥ F✲s❡♠✐♠❛rt✐♥❣❛❧❡ ✐s st✐❧❧ ❛ G✲s❡♠✐♠❛rt✐♥❣❛❧❡✳
■♥ ❝❛s❡ ✐t ✐s✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❤♦✇ s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✇r✐t❡s ✐♥ ✜❧tr❛t✐♦♥ G✳
❚❤❡r❡ ❛r❡ t✇♦ ❝❧❛ss✐❝❛❧ ❤②♣♦t❤❡s❡s ❧✐♥❦❡❞ ✇✐t❤ t❤♦s❡ q✉❡st✐♦♥s✱ ♥❛♠❡❧②✿

❉❡✜♥✐t✐♦♥ ✶✳✷✼✳ ✭❛✮ ❍②♣♦t❤❡s✐s ✭H✮ ✐s s❛t✐s✜❡❞ ❢♦r F ⊂ G ✐❢ ❡✈❡r② F✲♠❛rt✐♥❣❛❧❡ ✐s ❛

G✲♠❛rt✐♥❣❛❧❡✳ ❋♦r ❡❛s❡ ♦❢ ❧❛♥❣✉❛❣❡✱ ✇❤❡♥ t❤❡ ❤②♣♦t❤❡s✐s ✭H✮ ✐s s❛t✐s✜❡❞ ❢♦r F ⊂ G✱ ✇❡ s❤❛❧❧

♦❢t❡♥ s❛② F ✐s ✐♠♠❡rs❡❞ ✐♥ G ❛♥❞ ✇r✐t❡ F →֒ G✳

✭❜✮ ❍②♣♦t❤❡s✐s ✭H′✮ ✐s s❛t✐s✜❡❞ ❢♦r F ⊂ G ✐❢ ❡✈❡r② F✲♠❛rt✐♥❣❛❧❡ ✐s ❛ G✲s❡♠✐♠❛rt✐♥❣❛❧❡✳

■♥ s♦♠❡ s❡♥s❡✱ t❤❡ ✐♥✈❡rs❡ q✉❡st✐♦♥ ✐s ❛♥s✇❡r❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉s❡❢✉❧ t❤❡♦r❡♠✱ s❡❡ ❬❙tr✼✼❪✳

❚❤❡♦r❡♠ ✶✳✷✽ ✭❙tr✐❝❦❡r✬s ❚❤❡♦r❡♠✮✳ ▲❡t X ❜❡ ❛ G✲s❡♠✐♠❛rt✐♥❣❛❧❡ ✇❤✐❝❤ ✐s ❛❞❛♣t❡❞ t♦ ❛

r✐❣❤t✲❝♦♥t✐♥✉♦✉s s✉❜✜❧tr❛t✐♦♥ F✳ ❚❤❡♥ X ✐s ❛❧s♦ ❛ F✲s❡♠✐♠❛rt✐♥❣❛❧❡✳

■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ❛♥ F✲❛❞❛♣t❡❞ G✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✐s ♥♦t ♥❡❝❡ss❛r② ❛♥ F✲❧♦❝❛❧ ♠❛r✲
t✐♥❣❛❧❡ ❛s ✐t ♠❛② ♥♦t ❜❡ ♣♦ss✐❜❧❡ t♦ ❝❤♦♦s❡ ❛ ❧♦❝❛❧✐③✐♥❣ s❡q✉❡♥❝❡ ✐♥ t❤❡ ✜❧tr❛t✐♦♥ F ✭s❡❡
❬❋P✶✶❪✮✳

❚✇♦ ♣❛rt✐❝✉❧❛r ❝❛s❡s ♦❢ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ ✇❡r❡ ✇✐❞❡❧② st✉❞✐❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ t❤❛t ✐s
t♦ s❛② ✐♥✐t✐❛❧ ❛♥❞ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥ts✳ ■♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ F ✇✐t❤ ❛ r❛♥❞♦♠
✈❛r✐❛❜❧❡ ξ ✐s ❞❡✜♥❡❞ ❛s

Fσ(ξ)
t :=

⋂

s>t

(Fs ∨ σ(ξ)) . ✭✶✳✹✮

Pr♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ F ✇✐t❤ ❛ ♣♦s✐t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ τ ✐s ❞❡✜♥❡❞ ❛s

Fτ
t :=

⋂

s>t

(Fs ∨ σ(τ ∧ s)) . ✭✶✳✺✮

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥s ✇❡ r❡❝❛❧❧ ❝❧❛ss✐❝❛❧ r❡s✉❧ts ❢r♦♠ t❤❡s❡ st✉❞✐❡s✳

✶✳✷✳✶ ■♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t ✇✐t❤ ❛t♦♠✐❝ σ✲✜❡❧❞

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡❝❛❧❧ r❡s✉❧ts ♦♥ ✐♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t ✇✐t❤ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ξ ✇❤✐❝❤ t❛❦❡s
❝♦✉♥t❛❜❧② ♠❛♥② ✈❛❧✉❡s ♦r ❡q✉✐✈❛❧❡♥t❧② ✐♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t ✇✐t❤ ❛t♦♠✐❝ σ✲✜❡❧❞ σ(ξ)✱ ✐✳❡✳✱ t❤❡r❡
❡①✐sts ❛ ♣❛rt✐t✐♦♥ (Cn)n∈N s✉❝❤ t❤❛t P(Cn) > 0 ❢♦r ❡✈❡r② n ∈ N ❣❡♥❡r❛t✐♥❣ σ(ξ)✳ ❋♦r ❡❛❝❤ s❡t
Cn✱ ✇❡ ❞❡♥♦t❡ ❜② (znt )t≥0 t❤❡ F✲♠❛rt✐♥❣❛❧❡ znt = P(Cn|Ft)✳ ❲❡ ❤❛✈❡ {infs zns = 0}∩Cn = ∅✳
▲❡t ✉s ❞❡✜♥❡ F C ❛s ❛♥ ✐♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t ♦❢ t❤❡ ✜❧tr❛t✐♦♥ F ✇✐t❤ ❛♥ ❛t♦♠✐❝ σ✲✜❡❧❞ C =
σ((Cn)n)✳

❚❤❡ ♥❡①t ❧❡♠♠❛ ❡①♣r❡ss❡s ♣r♦❥❡❝t✐♦♥s ♦♥ t❤❡ ✜❧tr❛t✐♦♥ FC ✐♥ t❡r♠s ♦❢ ♣r♦❥❡❝t✐♦♥s ♦♥ F✱ s❡❡
❬❏❡✉✽✵✱ ▲❡♠♠❡ ✭✸✱✶✮❪✳



✶✳✷✳ ❊◆▲❆❘●❊▼❊◆❚ ❖❋ ❋■▲❚❘❆❚■❖◆ ✷✾

▲❡♠♠❛ ✶✳✷✾✳ ▲❡t H ❜❡ ❛ ♠❡❛s✉r❛❜❧❡ ❜♦✉♥❞❡❞ ♣r♦❝❡ss✳ ❚❤❡♥✱

✭❛✮ t❤❡ FC✲♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ H ✐s ❣✐✈❡♥ ❜②

o,F C
(H) =

∑

n∈I
11Cn

1

zn
o,F(11CnH);

✭❜✮ t❤❡ FC✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ♦❢ H ✐s ❣✐✈❡♥ ❜②

p,F C
(H) =

∑

n∈I
11Cn

1

zn−
p,F(11CnH).

■♥ t❤✐s ❝❛s❡ ♦❢ ❡♥❧❛r❣❡♠❡♥t t❤❡ ❤②♣♦t❤❡s✐s ✭H′✮ ✐s s❛t✐s✜❡❞ ❛♥❞ s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥
✐s ❣✐✈❡♥ ✐♥ t❤❡ ♥❡①t t❤❡♦r❡♠✱ s❡❡ ❬❏❡✉✽✵✱ ❚❤❡♦r❡♠ ✸✱✷❪✱ ❬▼❡②✼✽❪✳

❚❤❡♦r❡♠ ✶✳✸✵✳ ❚❤❡ ✜❧tr❛t✐♦♥ F C s❛t✐s✜❡s ✭H′✮ ❤②♣♦t❤❡s✐s ❛♥❞ ❡❛❝❤ F✲♠❛rt✐♥❣❛❧❡ X ❝❛♥ ❜❡

❞❡❝♦♠♣♦s❡❞ ✐♥ F C ❛s

Xt = X̂t +
∑

n

11Cn

∫ t

0

1

zns−
d〈X, zn〉s,

✇❤❡r❡ X̂ ✐s ❛♥ F C✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳

✶✳✷✳✷ ■♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t ✉♥❞❡r ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s

Pr❡✈✐♦✉s r❡s✉❧ts ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦ ❛♥② r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ξ t❛❦✐♥❣ ✈❛❧✉❡s ✐♥ ▲✉s✐♥ s♣❛❝❡
(U,U) ❛♥❞ s❛t✐s❢②✐♥❣ ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s✱ s❡❡ ❬❏❛❝✽✺❪✳ ❲❡ r❡❝❛❧❧ ❛s ✇❡❧❧ ❛ str♦♥❣❡r ✈❡rs✐♦♥ ♦❢
t❤✐s ❤②♣♦t❤❡s✐s✱ ♥❛♠❡❧② t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s✱ st✉❞✐❡❞ ❛♥❞ ✉s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡
❡✳❣✳ ❬❆♠❡✾✾✱ ❊❏❏✶✵✱ ❊❏❏❩✶✹✱ ❏▲✵✾❪✳

❉❡✜♥✐t✐♦♥ ✶✳✸✶✳ ✭❛✮ ❆ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ξ s❛t✐s✜❡s ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s ✐❢ t❤❡r❡ ❡①✐sts ❛ σ✲

✜♥✐t❡ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ η̃ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② t ≥ 0 P(ξ ∈ du|Ft)(ω) ≪ η̃(du) P✲❛✳s✳

✭❜✮ ❆ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ξ s❛t✐s✜❡s t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s✱ ✐❢ ❢♦r ❡✈❡r② t ≥ 0

P(ξ ∈ du|Ft)(ω) ∼ η̃(du) P✲❛✳s✳

❆s s❤♦✇♥ ❜② ❏❛❝♦❞✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ η̃ ❝❛♥ ❜❡ t❛❦❡♥ ❛s t❤❡ ❧❛✇ ♦❢ ξ ✐♥ t❤❡ ❛❜♦✈❡
❞❡✜♥✐t✐♦♥✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❞✉❡ t♦ ❏❛❝♦❞ ❬❏❛❝✽✺✱ ▲❡♠♠❡ ✶✳✽❪✳ ❲❡ r❡❝❛❧❧ ❤❡r❡ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢
❆♠❡♥❞✐♥❣❡r ❛s ✐t ♣r♦✈✐❞❡s ♥✐❝❡ ♠❡❛s✉r❛❜✐❧✐t② ♣r♦♣❡rt② ❬❆♠❡✾✾✱ ❘❡♠❛r❦ ✶ ♣✳✶✼❪✳

Pr♦♣♦s✐t✐♦♥ ✶✳✸✷✳ ❋♦r ξ s❛t✐s❢②✐♥❣ ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ O ⊗ U✲

♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ (t, ω, u) → qt(ω, u) ❝à❞❧à❣ ✐♥ t s✉❝❤ t❤❛t

✭❛✮ ❢♦r ❡✈❡r② u✱ t❤❡ ♣r♦❝❡ss (qut , t ≥ 0) ✐s ❛♥ F✲♠❛rt✐♥❣❛❧❡✱ ❛♥❞ ✐❢

Ru = inf{t : qut− = 0} ✭✶✳✻✮

✇❡ ❤❛✈❡ qu > 0 ❛♥❞ qu− > 0 ♦♥ ]]0, Ru]] ❛♥❞ qu = 0 ♦♥ ]]Ru,∞]]✱

✭❜✮ ❢♦r ❡✈❡r② t ≥ 0✱ t❤❡ ♠❡❛s✉r❡ qut (ω)η̃(du) ✐s ❛ ✈❡rs✐♦♥ ♦❢ P(τ ∈ du|Ft)(ω)✳
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■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ t❤❡ F✲♣r❡❞✐❝t❛❜❧❡ ❛♥❞ F✲♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥s ♦❢ ♣❛rt✐❝✉❧❛r Fσ(ξ)✲
❛❞❛♣t❡❞ ♣r♦❝❡ss❡s ❛r❡ ❣✐✈❡♥✳ ❚❤❡ ✜rst ♣❛rt ✐♥ ❞✉❡ t♦ ❏❛❝♦❞ ❬❏❛❝✽✺✱ ▲❡♠♠❡ ✭✶✳✶✵✮❪✱ t❤❡
s❡❝♦♥❞ ♣❛rt ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♠❡♥❞✐♥❣❡r ❬❆♠❡✾✾✱ ▲❡♠♠❛ ✶✳✸❪✳

▲❡♠♠❛ ✶✳✸✸✳ ✭❛✮ ▲❡t t❤❡ ❢✉♥❝t✐♦♥ (t, ω, u) → Y u
t (ω) ❜❡ P ⊗ U✲♠❡❛s✉r❛❜❧❡✱ ♣♦s✐t✐✈❡ ♦r

❜♦✉♥❞❡❞✳ ❚❤❡♥✱ t❤❡ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss (Y ξ
t )t≥0 ✐s ❣✐✈❡♥ ❜②

p,F(Y ξ)t =

∫

U

Y u
t q

u
t−η̃(du) t ≥ 0.

✭❜✮ ▲❡t t❤❡ ❢✉♥❝t✐♦♥ (t, ω, u) → Y u
t (ω) ❜❡ O⊗ U✲♠❡❛s✉r❛❜❧❡✱ ♣♦s✐t✐✈❡ ♦r ❜♦✉♥❞❡❞✳ ❚❤❡♥✱ t❤❡

F✲♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss (Y ξ
t )t≥0 ✐s ❣✐✈❡♥ ❜②

o,F(Y ξ)t =

∫

U

Y u
t q

u
t η̃(du) t ≥ 0. ✭✶✳✼✮

❆s ♥♦t✐❝❡❞ ✐♥ ❬❏❛❝✽✺✱ ❈♦r♦❧❧❛r② ✭✶✳✶✶✮❪✱ ▲❡♠♠❛ ✶✳✸✸ ✐♠♣❧✐❡s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t

Rξ = ∞ P− ❛✳s✳ ✭✶✳✽✮

✇✐t❤ Ru ❞❡✜♥❡❞ t❤r♦✉❣❤ ✭✶✳✻✮✱ ♦r ❡q✉✐✈❛❧❡♥t❧② qξt > 0 ❛♥❞ qξt− > 0 ❢♦r t ≥ 0 P✲❛✳s✳ ❚❤❡♥✱

t❤❡ Fσ(ξ)✲♦♣t✐♦♥❛❧ ♣r♦❝❡ss

(
1

qξt

)

t≥0

✐s ✇❡❧❧✲❞❡✜♥❡❞✳

Pr♦♣♦s✐t✐♦♥ ✶✳✸✹✳ ❆ss✉♠❡ t❤❛t ξ s❛t✐s✜❡s ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s✳ ▲❡t X ❜❡ ❛♥ F✲♠❛rt✐♥❣❛❧❡✳

❚❤❡♥

Xt = X̂t +

∫ t

0

1

qξs−
d〈X, qu〉s|u=ξ ✭✶✳✾✮

✇❤❡r❡ X̂ ✐s ❛♥ Fσ(ξ)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳

❊①❛♠♣❧❡ ✶✳✸✺✳ ▲❡t ξ ❜❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇❤✐❝❤ t❛❦❡s ♦♥❧② ❝♦✉♥t❛❜❧② ♠❛♥② ✈❛❧✉❡s (cn)n∈N✳

❙♦ ξ =
∑

n 11Cncn ✇❤❡r❡ (Cn)n∈N ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ Ω ✭❢♦r ❡❛❝❤ n✱ P(Cn) > 0✮✳ ❚❤❡♥✱ t❤❡ ❧❛✇

♦❢ ξ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❧❛✇ ♦❢ ξ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ σ✲✜❡❧❞ Ft ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

P(ξ ∈ du) =
∑

n

P(Cn)δcn(u)du,

P(ξ ∈ du|Ft) =
∑

n

P(Cn|Ft)δcn(u)du,

✇❤❡r❡ δcn ❞❡♥♦t❡s t❤❡ ❉✐r❛❝ ♠❡❛s✉r❡ ✇✐t❤ ♠❛ss ❛t cn✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ T

❤❛s ❛ ❞❡♥s✐t② qut s❛t✐s❢②✐♥❣

P(ξ ∈ du|Ft) = qut P(ξ ∈ du) ❛♥❞ qut =
∑

n

P(Cn|Ft)
P(Cn)

11{cn=u}.

❚❤❡ ♥❡①t t❤❡♦r❡♠ ✐♥tr♦❞✉❝❡s ♣❛rt✐❝✉❧❛r ❝❤❛♥❣❡ ♦❢ ♠❡❛s✉r❡ ♠❛❦✐♥❣ t❤❡ r❡❢❡r❡♥❝❡ ✜❧tr❛t✐♦♥
F ❛♥❞ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ξ ✐♥❞❡♣❡♥❞❡♥t✱ s❡❡ ❬❙♦♥✽✼❪✱ ❬❆♠❡✾✾✱ Pr♦♣♦s✐t✐♦♥ ✶✳✻❪✱ ❬●P✾✽✱
●P✵✶❪✳
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❚❤❡♦r❡♠ ✶✳✸✻✳ ❆ss✉♠❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s ✐s s❛t✐s✜❡❞✳ ❚❤❡♥

✭❛✮ t❤❡ ♣r♦❝❡ss 1
qξ

✐s ❛♥ Fσ(ξ)✲♠❛rt✐♥❣❛❧❡✳

✭❜✮ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ P∗✱ ❞❡✜♥❡❞ ❛s

dP

dP

∗
|Fσ(ξ)

t
=

1

qξt

❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✭✐✮ ✉♥❞❡r P∗✱ τ ✐s ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ Ft ❢♦r ❛♥② t✱ ✭✐✐✮ P∗|Ft = P|Ft ✱ ✭✐✐✐✮ P∗|σ(ξ) = P|σ(ξ)✳

✶✳✷✳✸ Pr♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t

❚❤❡ ✜❧tr❛t✐♦♥ G ✐s t❤❡ s♠❛❧❧❡st r✐❣❤t✲❝♦♥t✐♥✉♦✉s ✜❧tr❛t✐♦♥ ✇❤✐❝❤ ❝♦♥t❛✐♥s F ❛♥❞ ♠❛❦❡s τ ❛
st♦♣♣✐♥❣ t✐♠❡✳ ■♥ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ❧✐t❡r❛t✉r❡✱ G ✐s ❝❛❧❧❡❞ t❤❡ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ♦❢ F
✇✐t❤ τ ✳

❆ ❝❡♥tr❛❧ ♦❜❥❡❝t ❢♦r ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ ✐s t❤❡ ♣r♦❝❡ss A := 11[[τ,∞[[✱ ✇❤❡r❡
τ ✐s ❛ r❛♥❞♦♠ t✐♠❡✳ ❲❡ ❞❡✜♥❡ t✇♦ s✉♣❡r♠❛rt✐♥❣❛❧❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ r❛♥❞♦♠ t✐♠❡ τ ❛♥❞
t❤❡ r❡❢❡r❡♥❝❡ ✜❧tr❛t✐♦♥ F✱ ♥❛♠❡❧②

Zt :=
o,F(11[[0,τ [[)t = P(τ > t|Ft) ✭✶✳✶✵✮

Z̃t :=
o,F(11[[0,τ ]])t = P(τ ≥ t|Ft). ✭✶✳✶✶✮

❚❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ Z ✐s r✐❣❤t✲❝♦♥t✐♥✉♦✉s ✇✐t❤ ❧❡❢t ❧✐♠✐ts ❛♥❞ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ F✲♦♣t✐♦♥❛❧
♣r♦❥❡❝t✐♦♥ ♦❢ 11[[0,τ [[✱ ✇❤✐❧❡ Z̃ ❛❞♠✐ts r✐❣❤t ❧✐♠✐ts ❛♥❞ ❧❡❢t ❧✐♠✐ts ♦♥❧② ❛♥❞ ✐s t❤❡ F✲♦♣t✐♦♥❛❧
♣r♦❥❡❝t✐♦♥ ♦❢ 11[[0,τ ]]✳ ▼♦r❡♦✈❡r ✇❡ ❝♦♥s✐❞❡r t✇♦ ✐♥❝r❡❛s✐♥❣ ♣r♦❝❡ss❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡
r❛♥❞♦♠ t✐♠❡ τ ✱ ♥❛♠❡❧②

Aot := (11[[τ,∞[[)
o,F
t ❛♥❞ Apt := (11[[τ,∞[[)

p,F
t .

▲❡t ✉s ❞❡✜♥❡ t❤❡ F✲♠❛rt✐♥❣❛❧❡s n ❛♥❞ m ❛s

nt : = E(Ap∞ + Z∞|Ft) ❛♥❞ mt := E(Ao∞ + Z∞|Ft).

❚❤❡♥✱ t❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡s Z ❛♥❞ Z̃ ❞❡❝♦♠♣♦s❡ ❛s

Zt = nt −Apt , Zt = mt −Aot , ❛♥❞ Z̃ = m−Ao−. ✭✶✳✶✷✮

❚❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡s Z ❛♥❞ Z̃ ❛r❡ r❡❧❛t❡❞ t❤r♦✉❣❤

Z̃ = Z +∆Ao ❛♥❞ Z̃ = Z− +∆m. ✭✶✳✶✸✮

■♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭❡✳❣✳ ❬▼❨✵✻❪✮✱ t❤❡r❡ ❛r❡ t✇♦ st❛♥❞❛r❞ ❛ss✉♠♣t✐♦♥s ❛❜♦✉t ✭♣r♦❣r❡ss✐✈❡✮
❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ ♣r♦❜❧❡♠✱ ♥❛♠❡❧②

❉❡✜♥✐t✐♦♥ ✶✳✸✼✳ ❲❡ s❛② t❤❛t✿

❛ss✉♠♣t✐♦♥ ✭❈✮ ✐s s❛t✐s✜❡❞ ✐❢ ❛❧❧ F✲♠❛rt✐♥❣❛❧❡s ❛r❡ ❝♦♥t✐♥✉♦✉s❀

❛ss✉♠♣t✐♦♥ ✭❆✮ ✐s s❛t✐s✜❡❞ ✐❢ t❤❡ r❛♥❞♦♠ t✐♠❡ τ ❛✈♦✐❞s ❛❧❧ F✲st♦♣♣✐♥❣ t✐♠❡s✳
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❚❤❡ ✜rst ♦♥❡ ❝♦♥❝❡r♥s t❤❡ r❡❢❡r❡♥❝❡ ✜❧tr❛t✐♦♥ F ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ t❤❡ r❛♥❞♦♠ t✐♠❡ τ ✳
■❢ ❛ss✉♠♣t✐♦♥ (C) ♦r (A) ✐s s❛t✐s✜❡❞✱ t❤❡♥ Z = Z̃✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s (C) ❛♥❞ (A)✱ t❤❡
s✉♣❡r♠❛rt✐♥❣❛❧❡ Z = Z̃ ✐s ❛ ❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss✳

❈♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ ♣r♦❣r❡ss✐✈❡❧② ❡♥❧❛r❣❡❞ ✜❧tr❛t✐♦♥ ❝❛♥ ❜❡ r❡✇r✐tt❡♥✱
♦♥ ❛♣♣r♦♣r✐❛t❡ ✐♥t❡r✈❛❧s✱ ❛s ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✱ s❡❡ ❬❉❡❧✼✵✱ ❇❘✵✹❪✳

Pr♦♣♦s✐t✐♦♥ ✶✳✸✽✳ ▲❡t X ∈ G ❜❡ ❛♥ ✐♥t❡❣r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ❚❤❡♥

E(X|Fτ
t )11{τ>t} = 11{τ>t}

E(X11{t<τ}|Ft)
P(τ > t|Ft)

❛♥❞

E(X|Fτ
t )11{τ≤t} = 11{τ≤t}E(X|Ft ∨ A∞),

✇❤❡r❡ t❤❡ ✜❧tr❛t✐♦♥ A ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♣r♦❝❡ss A = 11[[τ,∞[[✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t st❛t❡s t❤❛t ❛♥② F✲♠❛rt✐♥❣❛❧❡ st♦♣♣❡❞ ❛t τ r❡♠❛✐♥s ❛♥ Fτ ✲s❡♠✐♠❛rt✐♥❣❛❧❡✒
✐✳❡✳✱ ❤②♣♦t❤❡s✐s ✭H′✮ ✐s s❛t✐s✜❡❞ ✉♣ t♦ r❛♥❞♦♠ t✐♠❡ τ ✳ ❲❡ r❡❝❛❧❧ ❛ r❡s✉❧t ❢r♦♠ ❬❏❨✼✽❪✱ ❬❏❡✉✽✵✱
Pr♦♣♦s✐t✐♦♥ ✭✹✱✶✻✮❪✳

Pr♦♣♦s✐t✐♦♥ ✶✳✸✾✳ ▲❡t M ❜❡ ❛♥ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❚❤❡♥✱ M τ ✐s ❛♥ Fτ ✲s❡♠✐♠❛rt✐♥❣❛❧❡

✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛s

M τ
t = M̂t +

∫ t∧τ

0

1

Zs−
d〈M,m〉Fs , ✭✶✳✶✹✮

✇❤❡r❡ M̂ ✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳

■♥ t❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ✇❡ ♣r❡s❡♥t ❡q✉✐✈❛❧❡♥t ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ ❤②♣♦t❤❡s✐s ✭H✮ ✐♥ t❤❡
♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ❝❛s❡✱ s❡❡ ❬❏❨❈✵✾✱ ♣✳✸✷✸❪✳

Pr♦♣♦s✐t✐♦♥ ✶✳✹✵✳ ■♥ t❤❡ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t s❡tt✐♥❣✱ ✭H✮ ❤♦❧❞s ❜❡t✇❡❡♥ F ❛♥❞ Fτ ✐❢

❛♥❞ ♦♥❧② ✐❢ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥t ❝♦♥❞✐t✐♦♥s ❤♦❧❞s

✭❛✮ ∀(t, s), s ≤ t P(τ ≤ s|F∞) = P(τ ≤ s|Ft)✱
✭❜✮ ∀t P(τ ≤ t|F∞) = P(τ ≤ t|Ft)✳

✶✳✸ ❘❛♥❞♦♠ t✐♠❡s

■♥ t❤✐s s❡❝t✐♦♥ ❢♦✉r ❝❧❛ss❡s ♦❢ r❛♥❞♦♠ t✐♠❡s ❛r❡ ♣r❡s❡♥t❡❞✿ ❤♦♥❡st t✐♠❡s✱ ♣s❡✉❞♦✲st♦♣♣✐♥❣
t✐♠❡s✱ ✐♥✐t✐❛❧ t✐♠❡s ❛♥❞ ❈♦① t✐♠❡s✳ ❲❡ r❡❝❛❧❧ ❞❡✜♥✐t✐♦♥s ❛♥❞ t❤❡ ♠♦st ✉s❡❢✉❧ ♣r♦♣❡rt✐❡s ✐♥
t❤❡ ❝♦♥t❡①t ♦❢ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs ♦❢ t❤✐s t❤❡s✐s ✇❡ ✇✐❧❧ r❡❧②
♦♥ t❤♦s❡ ♣r♦♣❡rt✐❡s ✐♥ ❛♥s✇❡r✐♥❣ ♣♦s❡❞ q✉❡st✐♦♥s✳

✶✳✸✳✶ ❍♦♥❡st t✐♠❡s

❆♥ ✐♠♣♦rt❛♥t ❝❧❛ss ♦❢ r❛♥❞♦♠ t✐♠❡s ✐s t❤❡ ❝❧❛ss ♦❢ ❤♦♥❡st t✐♠❡s✳ ■t ✐s ❛ ❝❧❛ss ✇❤✐❝❤ ❣❡♥❡r❛❧✐③❡s
t❤❡ ♥♦t✐♦♥ ♦❢ st♦♣♣✐♥❣ t✐♠❡✳ ❲❡ r❡❝❛❧❧ ✐ts ❞❡✜♥✐t✐♦♥ ❛♥❞ ❛❧t❡r♥❛t✐✈❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥✱ s❡❡
❬❏❡✉✽✵✱ ❈❤❛♣t❡r ✺✱ ♣✳✼✸❪✳
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❉❡✜♥✐t✐♦♥ ✶✳✹✶✳ ❆ r❛♥❞♦♠ t✐♠❡ τ ✐s ❛♥ F✲❤♦♥❡st t✐♠❡ ✐❢ ❢♦r ❡✈❡r② t > 0 t❤❡r❡ ❡①✐sts ❛♥

Ft✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ τt s✉❝❤ t❤❛t τ = τt ♦♥ {τ < t}✳

◆♦t❡ t❤❛t ❡❛❝❤ st♦♣♣✐♥❣ t✐♠❡ τ ✐s ❛♥ ❤♦♥❡st t✐♠❡✳ ■t ✐s ❡♥♦✉❣❤ t♦ t❛❦❡ τt = τ ∧ t✳
❲❡ ✇✐❧❧ ♦❢t❡♥ ✉s❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✇❤✐❧❡ ✇♦r❦✐♥❣ ✇✐t❤ ❤♦♥❡st t✐♠❡s✳

▲❡♠♠❛ ✶✳✹✷✳ ✭❛✮ ❆ r❛♥❞♦♠ t✐♠❡ τ ✐s ❛♥ F✲❤♦♥❡st t✐♠❡ ✐❢ ❢♦r ❡✈❡r② t > 0 t❤❡r❡ ❡①✐sts ❛♥

Ft−✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ τt s✉❝❤ t❤❛t τ = τt ♦♥ {τ < t}✳
✭❜✮ ❆ r❛♥❞♦♠ t✐♠❡ τ ✐s ❛♥ F✲❤♦♥❡st t✐♠❡ ✐❢ ❢♦r ❡✈❡r② t > 0 t❤❡r❡ ❡①✐sts ❛♥ Ft✲♠❡❛s✉r❛❜❧❡

r❛♥❞♦♠ ✈❛r✐❛❜❧❡ τt s✉❝❤ t❤❛t τ = τt ♦♥ {τ ≤ t}✳

Pr♦♦❢✳ ❯s✐♥❣ ♥♦t❛t✐♦♥ ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✶✳✹✶ ✇❡ ❞❡✜♥❡ t❤❡ ♣r♦❝❡ss α− ✭t❤✐s ✐s t❤❡ ♣r♦❝❡ss A ✐♥
t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✹✸ ✐♥ ❬❏❡✉✽✵❪❀ ❛♥❞ t❤❡ ♣r♦❝❡ss R0 ✐♥ ❬❑❛r✶✹❛❪✮ ❛s α−

t = supr∈Q,r<t τr✳
❚❤✐s ❞❡✜♥✐t✐♦♥ ✐♠♣❧✐❡s t❤❛t α− ✐s ❛♥ ✐♥❝r❡❛s✐♥❣✱ ❧❡❢t✲❝♦♥t✐♥✉♦✉s✱ ❛❞❛♣t❡❞ ♣r♦❝❡ss s✉❝❤ t❤❛t
α−
t = τ ♦♥ {τ < t} ❛♥❞ ✭❛✮ ✐s ♣r♦✈❡❞✳

❉❡♥♦t❡ ❜② α t❤❡ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ✈❡rs✐♦♥ ♦❢ α−✱ ✐✳❡✳✱ αt = α−
t+✳ ❚❤❡♥✱ α ✐s ❛♥ ✐♥❝r❡❛s✐♥❣✱

❝à❞❧à❣✱ ❛❞❛♣t❡❞ ♣r♦❝❡ss s✉❝❤ t❤❛t αt = τ ♦♥ {τ ≤ t} ❛♥❞ τ = sup{t : αt = t} ❛♥❞ ✭❜✮ ✐s
♣r♦✈❡❞✳

◆❡①t t❤❡♦r❡♠ ❣✐✈❡s ❝❤❛r❛❝t❡r✐s❛t✐♦♥s ♦❢ ❛♥ ❤♦♥❡st t✐♠❡✱ s❡❡ ❬❏❡✉✽✵✱ Pr♦♣♦s✐t✐♦♥ ✭✺✱✶✮ ♣✳✼✸❪✳

❚❤❡♦r❡♠ ✶✳✹✸✳ ▲❡t τ ❜❡ ❛ r❛♥❞♦♠ t✐♠❡✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭❛✮ τ ✐s ❛♥ ❤♦♥❡st t✐♠❡❀

✭❜✮ t❤❡r❡ ❡①✐sts ❛♥ ♦♣t✐♦♥❛❧ s❡t Γ s✉❝❤ t❤❛t τ(ω) = sup{t : (ω, t) ∈ Γ} ♦♥ {τ <∞}❀
✭❝✮ Z̃τ = 1 ❛✳s✳ ♦♥ {τ <∞}❀
✭❞✮ τ = sup{t : Z̃t = 1} ❛✳s✳ ♦♥ {τ <∞}❀
✭❡✮ Pτ |]]0,∞[[ ✐s ❣❡♥❡r❛t❡❞ ❜② P|]]0,∞[[ ❛♥❞ ]]0, τ ]]✱ ✇❤❡r❡ Pτ ✐s t❤❡ ♣r❡❞✐❝t❛❜❧❡ σ✲✜❡❧❞ ❧✐♥❦❡❞ t♦

Fτ ❀

✭❢✮ Aot = Aot∧τ ✳

Pr♦♦❢✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❛♠♦♥❣ ❝♦♥❞✐t✐♦♥s ✭❛✮✱ ✭❜✮✱ ✭❝✮✱ ✭❞✮ ❛♥❞ ✭❡✮ ✐s st❛t❡❞ ✐♥ ❚❤❡♦r❡♠
✭✺✱✶✮ ❢r♦♠ ❏❡✉❧✐♥ ❬❏❡✉✽✵❪✳ ■♠♣❧✐❝❛t✐♦♥ ✭❛✮⇒✭❢✮ ❝♦♠❡s ❢r♦♠ ❛♥❛❧♦❣♦✉s ❛r❣✉♠❡♥ts ❛s ✐♥ ❆③é♠❛
❬❆③é✼✷❪✳ ❚♦ ✜♥✐s❤ t❤❡ ♣r♦♦❢✱ ✇❡ s❤♦✇ ✐♠♣❧✐❝❛t✐♦♥ ✭❢✮⇒✭❜✮✳ ▲❡t Λ ❜❡ t❤❡ s✉♣♣♦rt ♦❢ t❤❡
♠❡❛s✉r❡ dAo✱ ✐✳❡✳✱

Γ = {(ω, t) : ∀ε > 0 Aot (ω) > Aot−ε(ω)}.
❚❤❡ s❡t Γ ✐s ♦♣t✐♦♥❛❧ s✐♥❝❡ Ao ✐s ❛♥ ♦♣t✐♦♥❛❧ ♣r♦❝❡ss✳ ❚❤❡♥✱ [[τ ]] ⊂ Γ ❛♥❞ Aot = Aot∧τ ✐♠♣❧②
t❤❛t ✐♥❞❡❡❞ τ ✐s t❤❡ ❡♥❞ ♦❢ Γ ♦♥ {τ <∞}✳

❆♥❛❧♦❣♦✉s r❡s✉❧t t♦ Pr♦♣♦s✐t✐♦♥ ✶✳✸✽ ✭❛✮ ❛❢t❡r ❤♦♥❡st t✐♠❡ ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ Pr♦♣♦✲
s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶✳✹✹✳ ▲❡t τ ❜❡ ❛♥ ❤♦♥❡st t✐♠❡✳ ❚❤❡♥✱ ❢♦r G✲♠❡❛s✉r❛❜❧❡ ✐♥t❡❣r❛❜❧❡ r❛♥❞♦♠

✈❛r✐❛❜❧❡ X ❛♥❞ s ≤ t ✇❡ ❤❛✈❡

E(X|Fτ
t )11{τ≤s} = 11{τ≤s}

E(X11{τ≤s}|Ft)
P(τ ≤ s|Ft)

.
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Pr♦♦❢✳ ◆♦t❡ t❤❛t ❢♦r ❡❛❝❤ G ∈ Fτ
t t❤❡r❡ ❡①✐sts F ∈ Ft s✉❝❤ t❤❛t G∩{τ ≤ s} = F ∩{τ ≤ s}

❛s✱ ❜② ▼♦♥♦t♦♥❡ ❈❧❛ss ❚❤❡♦r❡♠ ✶✳✶✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ❝❤❡❝❦ ✐t ❢♦r G ∈ Ft ❢♦r ✇❤✐❝❤ ✐t ✐s
♦❜✈✐♦✉s❧② s❛t✐s✜❡❞ ❛♥❞ ❢♦r G = {τ ∈ B} ✇❤❡r❡ B ✐s ❛ ❇♦r❡❧ s❡t ❢♦r ✇❤✐❝❤✱ ❜② ❤♦♥❡st t✐♠❡
♣r♦♣❡rt②✱ ✇❡ ❤❛✈❡

{τ ∈ B} ∩ {τ ≤ s} = {τs ∈ B} ∩ {τ ≤ s}
✇✐t❤ {τs ∈ B} ∈ Fs ⊂ Ft✳
❚❤❡♥✱ ✇❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t

E
(
X11{τ≤s}P(τ ≤ s|Ft)|Fτ

t

)
= 11{τ≤s}E(X11{τ≤s}|Ft).

❋♦r ❛♥② G ∈ Fτ
t ✇❡ ❝❤♦♦s❡ F ∈ Ft s✉❝❤ t❤❛t G ∩ {τ ≤ s} = F ∩ {τ ≤ s}✱ ❛♥❞ ✇❡ ❣❡t

E
(
X11{τ≤s}∩G P (τ ≤ s|Ft)

)
= E

(
X11{τ≤s}∩F P(τ ≤ s|Ft)

)

= E
(
11{τ≤s}∩F E(X11{τ≤s}|Ft)

)

= E
(
11{τ≤s}∩G E(X11{τ≤s}|Ft)

)
.

✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✳

❋♦r t❤❡ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ✇✐t❤ ❤♦♥❡st t✐♠❡ ❤②♣♦t❤❡s✐s ✭H′✮ ✐s s❛t✐s✜❡❞ ✭♥♦t ♦♥❧② ❢♦r
F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s st♦♣♣❡❞ ❛t τ✮✱ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ ❬❏❡✉✽✵❪✳

Pr♦♣♦s✐t✐♦♥ ✶✳✹✺✳ ▲❡t M ❜❡ ❛♥ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥✲

❣❛❧❡ M̂ s✉❝❤ t❤❛t✿

Mt = M̂t +

∫ t∧τ

0

1

Zs−
d〈M,m〉s −

∫ t

τ

1

1− Zs−
d〈M,m〉s. ✭✶✳✶✺✮

❊①❛♠♣❧❡ ✶✳✹✻✳ ▲❡t W ❜❡ ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❚❤❡♥ ✇❡ ❞❡✜♥❡ ❛♥ ❤♦♥❡st t✐♠❡ σ ❛s ❢♦❧❧♦✇s✿

σ = sup{t ≤ T1 : Wt = 0}, ✇❤❡r❡ T1 = inf{t : Wt = 1}✳ ❙♦ σ ✐s t❤❡ ❧❛st ③❡r♦ ♦❢ t❤❡ ♣r♦❝❡ss

W ❜❡❢♦r❡ ✐t r❡❛❝❤❡s ✶✳ ▼♦r❡♦✈❡r ✐t ✐s ❛♥ ✜♥✐t❡ ❤♦♥❡st t✐♠❡ ✭✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❤♦♥❡st t✐♠❡

✇❡ t❛❦❡ σt = sup{t ≤ t ∧ T1 : Wt = 0}✮✳ ❚❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ Z ❛ss♦❝✐❛t❡❞ ✇✐t❤ σ ❝❛♥ ❜❡

❝♦♠♣✉t❡❞ ❛s✿

Zt = P(σ > t|Ft) = 1− (W T1
t )+,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ❜✐❣❣❡st ♣r❡❞✐❝t❛❜❧❡ s❡t s✐t✉❛t❡❞ ♦♥ t❤❡ ❧❡❢t ♦❢ [[σ]] ❡q✉❛❧s

Γ = {Z− = 1}) = {(t, ω) :W T1
t (ω) ≤ 0} = [[0, T1]] ∩ {Wt ≤ 0}.

❲❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉s❡❢✉❧ s✐♠♣❧❡ ❧❡♠♠❛✳

▲❡♠♠❛ ✶✳✹✼✳ ▲❡t τ ❜❡ t❤❡ ❧❛st ♣❛ss❛❣❡ t✐♠❡ ♦❢ ❛♥ F✲❛❞❛♣t❡❞ ♣r♦❝❡ss Λ ❜❡❧♦✇ ❛ ❞❡t❡r♠✐♥✐st✐❝

❧❡✈❡❧ a✱ ✐✳❡✳✱ τ = sup{t : Λt ≤ a}✳ ❚❤❡♥✱ τ ✐s ❛♥ ❤♦♥❡st t✐♠❡✳

Pr♦♦❢✳ ❖♥ t❤❡ s❡t (τ < u)✱ ✇❡ ❤❛✈❡ t❤❛t τ = τu ❢♦r τu = sup{t ≤ u : Λt ≤ a} ❛♥❞ τu ✐s
Fu✲♠❡❛s✉r❛❜❧❡✳
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✶✳✸✳✷ Ps❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s

❆♥♦t❤❡r ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss ♦❢ st♦♣♣✐♥❣ t✐♠❡s ✐s t❤❡ ❝❧❛ss ♦❢ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s✳
❚❤❡ ❝❧❛ss ♦❢ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ◆✐❦❡❣❤❜❛❧✐ ❛♥❞ ❨♦r ✐♥ ❬◆❨✵✺❪ ❛s ❛♥
❡①t❡♥s✐♦♥ ♦❢ ❲✐❧❧✐❛♠s✬ ❡①❛♠♣❧❡ ✐♥ ❬❲✐❧✵✷❪ ❛♥❞ ❛❧s♦ ❛s ❛♥ ❡①❛♠♣❧❡ ✇❤❡r❡ t❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡
Z ✐s ❞❡❝r❡❛s✐♥❣✱ ❜✉t ✇❤❡r❡ t❤❡ ❤②♣♦t❤❡s✐s ✭H✮ ✐s ♥♦t s❛t✐s✜❡❞ ❢♦r t❤❡ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t✳

▲❡t ✉s r❡❝❛❧❧ ✐ts ❞❡✜♥✐t✐♦♥✱ s❡❡ ❬❲✐❧✵✷❪✱ ❬◆❨✵✺❪✳

❉❡✜♥✐t✐♦♥ ✶✳✹✽✳ ❆ r❛♥❞♦♠ t✐♠❡ τ ✐s ❛♥ F✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ✐❢ ❢♦r ❡✈❡r② ❜♦✉♥❞❡❞

F✲♠❛rt✐♥❣❛❧❡ M ✱ ✇❡ ❤❛✈❡ E(Mτ ) = E(M∞)✳

❚❤❡ ♥❛♠❡ ♦❢ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ✐s ❝♦♥♥❡❝t❡❞ t♦ ❑♥✐❣❤t✲▼❛✐s♦♥♥❡✉✈❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢
F✲st♦♣♣✐♥❣ t✐♠❡s ❣✐✈❡♥ ✐♥ ❬❑▼✾✹❪✱ ✐✳❡✳✱ ❛ r❛♥❞♦♠ t✐♠❡ τ ✐s ❛♥ F✲st♦♣♣✐♥❣ t✐♠❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢
❢♦r ❛♥② ❜♦✉♥❞❡❞ F✲♠❛rt✐♥❣❛❧❡ M ♦♥❡ ❤❛s E(M∞|Fτ ) =Mτ ✳

❊①❛♠♣❧❡ ✶✳✹✾ ✭❬❲✐❧✵✷❪✮✳ ▲❡t F ❜❡ t❤❡ ✜❧tr❛t✐♦♥ ❣❡♥❡r❛t❡❞ ❜② ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ B✳ ▲❡t σ

❜❡ t❤❡ ❤♦♥❡st t✐♠❡ ❢r♦♠ ❊①❛♠♣❧❡ ✶✳✹✻✳ ❚❤❡♥✱ t❤❡ r❛♥❞♦♠ t✐♠❡ ρ = sup{t < σ :Wt =W ∗
t }

✇✐t❤ W ∗
t = sups≤tWs✱ ✐s ❛ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥

❛♥❞ t❤❡ ❢❛❝t t❤❛t t❤❡ ❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss A = 11[[ρ,∞[[ ❡q✉❛❧s (W
∗)T1 ✳

■♥ ❬◆❨✵✺❪✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s ✇❛s ❧✐♠✐t❡❞ t♦ ✜♥✐t❡ r❛♥❞♦♠ t✐♠❡s✳ ❍❡r❡
✇❡ r❡❝❛❧❧ t❤❡✐r r❡s✉❧t ✇✐t❤ s❧✐❣❤t ❡①t❡♥s✐♦♥ ✭t♦ r❛♥❞♦♠ t✐♠❡s ✇❤✐❝❤ ♠❛② t❛❦❡ t❤❡ ✈❛❧✉❡
✐♥✜♥✐t②✮✳

❚♦ ❛✈♦✐❞ ❝♦♥❢✉s✐♦♥ ❛t ✐♥✜♥✐t②✱ ❢♦r ❛♥② ♣r♦❝❡ss V ✱ ✇❡ s❡t V∞ := limu→∞ Vu✱ ✐❢ t❤❡ ❧✐♠✐t ❡①✐sts✳

Pr♦♣♦s✐t✐♦♥ ✶✳✺✵ ✭❬◆❨✵✺❪✮✳ ▲❡t τ ❜❡ ❛ r❛♥❞♦♠ t✐♠❡ ❛♥❞ A := 11[[τ,∞[[✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣

s✐① ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭❛✮ τ ✐s ❛♥ F✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡❀

✭❜✮ Ao∞ = P(τ <∞|F∞)❀

✭❝✮ m = 1❀

✭❞✮ oA = Ao❀

✭❡✮ ❢♦r ❡✈❡r② F✲ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ M ✱ t❤❡ ♣r♦❝❡ss M τ ✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳

✭❢✮ Z̃ ✐s ❛ ❞❡❝r❡❛s✐♥❣ ❝à❣❧à❞ ♣r♦❝❡ss✳

Pr♦♦❢✳ ▲❡t ✉s st❛rt ✇✐t❤ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ (a) ⇐⇒ (b)✳ ▲❡t M ❜❡ ❛ ❜♦✉♥❞❡❞ F✲♠❛rt✐♥❣❛❧❡✳
■♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❢♦r♠✉❧❛ ❣✐✈❡s

M∞A
o
∞ =M0A

o
0 +

∫ ∞

0
Aos−dMs +

∫ ∞

0
Ms−dA

o
s + [Ao,M ]∞

=M0A
o
0 +

∫ ∞

0
Aos−dMs +

∫ ∞

0
Ms−dA

o
s +

∫ ∞

0
∆MsdA

o
s

=M0A
o
0 +

∫ ∞

0
Aos−dMs +

∫ ∞

0
MsdA

o
s

=

∫ ∞

0
Aos−dMs +

∫

[0,∞[
MsdA

o
s.
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❚❤❡♥✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥✱ ✇❡ ❤❛✈❡

E(Mτ11{τ<∞}) = E(

∫

[0,∞[
MsdA

o
s) = E(M∞A

o
∞).

❚❤❡r❡❢♦r❡✱ t❤❡ ❡q✉❛❧✐t② E(Mτ ) = E(M∞) ❤♦❧❞s tr✉❡ ❢♦r ❡✈❡r② ❜♦✉♥❞❡❞ F✲♠❛rt✐♥❣❛❧❡ M ✐❢
❛♥❞ ♦♥❧② ✐❢ Ao∞ = P(τ <∞|F∞)✱ s✐♥❝❡

E(Mτ ) = E(Mτ11{τ<∞}) + E(M∞11{τ=∞})

= E(M∞A
o
∞) + E(M∞P(τ = ∞|F∞))

= E(M∞(Ao∞ + P(τ = ∞|F∞))).

❛♥❞ ♦♥❡ ❝❛♥ ❧♦♦❦ ❛t ♠❛rt✐♥❣❛❧❡s

M1
t = E(11{Ao

∞>P(τ<∞|F∞)}|Ft) ❛♥❞ M2
t = E(11{Ao

∞<P(τ<∞|F∞)}|Ft).

❚♦ s❤♦✇ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ (b) ⇐⇒ (c)✱ ✇❡ ✇♦r❦ ✇✐t❤ ❛♥ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss Xs :=
11{s>t}11Ft ✇❤❡r❡ t ✐s ✜①❡❞ ❛♥❞ Ft ∈ Ft✳ ❚❤❡♥✱

E(Zt11Ft) = E(11{τ>t}11Ft11{τ<∞}) + E(11{τ=∞}11Ft)

= E(11Ft(A
o
∞ −Aot )) + E(11{τ=∞}11Ft)

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t Zt = E(Ao∞ + 11{τ=∞}|Ft)− Aot ❛♥❞ ✐♥❞❡❡❞✱ Ao∞ = P(τ <∞|F∞) ✐❢ ❛♥❞
♦♥❧② ✐❢ m = 1✳

❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ (c) ⇐⇒ (d) ❛♥❞ t❤❡ ✐♠♣❧✐❝❛t✐♦♥ (e) ⇒ (a) ❛r❡ str❛✐❣❤t❢♦r✇❛r❞✱ ✇❤✐❧❡
t❤❡ ✐♠♣❧✐❝❛t✐♦♥ (c) ⇒ (e) ❝♦♠❡s ❢r♦♠ ❣❡♥❡r❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ r❡s✉❧t ❢♦r st♦♣♣❡❞ ♠❛rt✐♥❣❛❧❡s✳
❚❤❡ ✐♠♣❧✐❝❛t✐♦♥ (c) ⇒ (f) ❝♦♠❡s ❢r♦♠ ✭✶✳✶✸✮✳ ❚♦ s❤♦✇ (f) ⇒ (c) ✇❡ ❛❧s♦ ✉s❡ ✭✶✳✶✸✮✱ ✐✳❡✳✱
Z̃ = m − Ao−✳ (f) ✐♠♣❧✐❡s t❤❛t m ✐s ❛ ❝♦♥t✐♥✉♦✉s ✜♥✐t❡ ✈❛r✐❛t✐♦♥ ♠❛rt✐♥❣❛❧❡ t❤✉s ✐t ✐s ❛
❝♦♥st❛♥t✱ m = 1✳

✶✳✸✳✸ ❈♦① t✐♠❡s

❚❤❡ ❈♦①✬s ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ t✐♠❡ ✐s ❝♦♠♠♦♥❧② ✉s❡❞ ✐♥ ❝r❡❞✐t r✐s❦ ♠♦❞❡❧❧✐♥❣ ❧✐t❡r❛t✉r❡✳
❈♦① t✐♠❡s ❛r❡ ♥♦t F∞✲♠❡❛s✉r❛❜❧❡✳

❉❡✜♥✐t✐♦♥ ✶✳✺✶✳ ❆ r❛♥❞♦♠ t✐♠❡ τ ✐s ❛♥ F✲❈♦① t✐♠❡ ✐❢ ✐t ✐s ♦❢ t❤❡ ❢♦r♠ τ := inf {s : Xs ≥ U},
✇❤❡r❡ X ✐s ❛♥ F✲❛❞❛♣t❡❞ ❝à❞❧à❣ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ♣r♦❝❡ss ❛♥❞ U ✐s ❛ ♣♦s✐t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡

✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ F∞✳

▼♦r❡♦✈❡r✱ ❢♦r ❡❛❝❤ ❈♦① t✐♠❡ τ ✱ ❤②♣♦t❤❡s✐s ✭H✮ ✐s s❛t✐s✜❡❞✳ ❚❤✉s✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ τ ✐s ❛
♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡✳

✶✳✸✳✹ ■♥✐t✐❛❧ t✐♠❡s

❚❤❡ ❝❧❛ss ♦❢ ✐♥✐t✐❛❧ t✐♠❡s ✐s ❧✐♥❦❡❞ ✇✐t❤ ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✸✶ ✭❛✮✳ ❚❤✐s
❝❧❛ss ♦❢ r❛♥❞♦♠ t✐♠❡s ❛♣♣❡❛rs ✐♥ ❝r❡❞✐t r✐s❦ ❧✐t❡r❛t✉r❡✱ s❡❡ ❬❊❏❏✶✵❪✱ ❬❊❏❏❩✶✹❪✳



✶✳✹✳ ❆❘❇■❚❘❆●❊❙ ✸✼

❉❡✜♥✐t✐♦♥ ✶✳✺✷✳ ❆ r❛♥❞♦♠ t✐♠❡ τ ✐s ❝❛❧❧❡❞ ❛♥ ✐♥✐t✐❛❧ t✐♠❡ ✐❢ ✐t s❛t✐s✜❡s ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s✳

❋♦r ✐♥✐t✐❛❧ t✐♠❡s✱ ❤②♣♦t❤❡s✐s ✭H′✮ ✐s s❛t✐s✜❡❞✱ ❛♥❞ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ❣✐✈❡♥ ❛s ❢♦❧❧♦✇s✱ s❡❡
❬❏▲✵✾❪✳ ◆♦t❡ t❤❛t t❤✐s ✐s ❛ ♠✐①t✉r❡ ♦❢ t❤❡ r❡s✉❧t ✉♣ t♦ r❛♥❞♦♠ t✐♠❡ ❛♥❞ ❏❛❝♦❞✬s ❞❡❝♦♠♣♦✲
s✐t✐♦♥ ❛❢t❡r r❛♥❞♦♠ t✐♠❡✳

Pr♦♣♦s✐t✐♦♥ ✶✳✺✸✳ ▲❡t M ❜❡ ❛♥ F ♠❛rt✐♥❣❛❧❡✳ ❚❤❡♥

Mt = M̂t +

∫ t∧τ

0

1

Zs−
d〈M,m〉s +

∫ t

τ

1

qτs−
d〈M, qu〉s|u=τ

✇❤❡r❡ M̂ ✐s ❛♥ Fτ ♠❛rt✐♥❣❛❧❡

✶✳✹ ❆r❜✐tr❛❣❡s

✶✳✹✳✶ ❈❧❛ss✐❝❛❧ ❆r❜✐tr❛❣❡s ❛♥❞ ◆♦ ❋r❡❡ ▲✉♥❝❤ ✇✐t❤ ✈❛♥✐s❤✐♥❣ ❘✐s❦

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡❝❛❧❧ t❤❡ ❜❛s✐❝ ❞❡✜♥✐t✐♦♥s ♦♥ ❛r❜✐tr❛❣❡s✱ ❛♥❞ ✇❡ ❣✐✈❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s
❢♦r ♥♦ ❛r❜✐tr❛❣❡s ✐♥ ❛ ♠❛r❦❡t ✇✐t❤ ③❡r♦ ✐♥t❡r❡st r❛t❡✳

▲❡t S ❜❡ ❛♥ F✲s❡♠✐♠❛rt✐♥❣❛❧❡✳ ❋♦r a ∈ R+✱ ❛♥ ❡❧❡♠❡♥t θ ∈ L (S,F) ✐s s❛✐❞ t♦ ❜❡ ❛♥
a✲❛❞♠✐ss✐❜❧❡ F✲str❛t❡❣② ✐❢ (θ � S)∞ := limt→∞ (θ � S)t ❡①✐sts ❛♥❞ Vt(0, θ) := (θ � S)t ≥ −a
P✲❛✳s✳ ❢♦r ❛❧❧ t ≥ 0✳ ❲❡ ❞❡♥♦t❡ ❜② Aa(F) t❤❡ s❡t ♦❢ ❛❧❧ a✲❛❞♠✐ss✐❜❧❡ F✲str❛t❡❣✐❡s✳ ❆ ♣r♦❝❡ss
θ ∈ L (S,F) ✐s ❝❛❧❧❡❞ ❛♥ ❛❞♠✐ss✐❜❧❡ F✲str❛t❡❣② ✐❢ θ ∈ A(F)✱ ✇❤❡r❡ A(F) :=

⋃
a∈R+

Aa(F)✳

❆♥ ❛❞♠✐ss✐❜❧❡ str❛t❡❣② ②✐❡❧❞s ❛♥ ❆r❜✐tr❛❣❡ ❖♣♣♦rt✉♥✐t② ✐❢ V (0, θ)∞ ≥ 0 P✲❛✳s✳ ❛♥❞
P
(
V (0, θ)∞ > 0

)
> 0✳ ■♥ ♦r❞❡r t♦ ❛✈♦✐❞ ❝♦♥❢✉s✐♦♥s✱ ✇❡ s❤❛❧❧ ❝❛❧❧ t❤❡s❡ ❛r❜✐tr❛❣❡s ❝❧❛ss✐❝❛❧

❛r❜✐tr❛❣❡s✳ ■❢ t❤❡r❡ ❡①✐sts ♥♦ s✉❝❤ θ ∈ A(F) ✇❡ s❛② t❤❛t t❤❡ ✜♥❛♥❝✐❛❧ ♠❛r❦❡t M(F) :=
(Ω,F,P;S) s❛t✐s✜❡s t❤❡ ◆♦ ❆r❜✐tr❛❣❡ ✭◆❆✮ ❝♦♥❞✐t✐♦♥✳

◆♦ ❋r❡❡ ▲✉♥❝❤ ✇✐t❤ ❱❛♥✐s❤✐♥❣ ❘✐s❦ ✭◆❋▲❱❘✮ ❤♦❧❞s ✐♥ t❤❡ ✜♥❛♥❝✐❛❧ ♠❛r❦❡t M(F) ✐❢
❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ❊q✉✐✈❛❧❡♥t ▼❛rt✐♥❣❛❧❡ ▼❡❛s✉r❡ ✐♥ F✱ ✐✳❡✳✱ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡
Q✱ s✉❝❤ t❤❛t Q ∼ P ❛♥❞ t❤❡ ♣r♦❝❡ss S ✐s ❛ (Q,G,F)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ■❢ ◆❋▲❱❘ ❤♦❧❞s✱ t❤❡r❡
❛r❡ ♥♦ ❝❧❛ss✐❝❛❧ ❛r❜✐tr❛❣❡s✳

❲❡ r❡❝❛❧❧ t❤❛t ◆❋▲❱❘ ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❜♦t❤ ◆❆ ❛♥❞ ◆❯P❇❘ ❤♦❧❞ ✭s❡❡ ❬❉❙✾✹✱ ❈♦r♦❧❧❛r②
✸✳✹❪ ❛♥❞ ❬❑❑✵✼✱ Pr♦♣♦s✐t✐♦♥ ✸✳✻❪✳ ◆❯P❇❘ ❝♦♥❞✐t✐♦♥ ✐s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

✶✳✹✳✷ ◆♦ ❯♥❜♦✉♥❞❡❞ Pr♦✜t ✇✐t❤ ❇♦✉♥❞❡❞ ❘✐s❦

❚❤✐s s❡❝t✐♦♥ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♣❛♣❡r ❬❆❈❉❏✶✹❜❪✳ ❲❡ ❢♦❝✉s ❤❡r❡ ♦♥ ◆♦ ❯♥❜♦✉♥❞❡❞ Pr♦✜t
✇✐t❤ ❇♦✉♥❞❡❞ ❘✐s❦ ❝♦♥❞✐t✐♦♥ ♦❢ ♥♦ ❛r❜✐tr❛❣❡✳

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦♥✲❛r❜✐tr❛❣❡ ♥♦t✐♦♥ t❤❛t ✇✐❧❧ ❜❡ ❛❞❞r❡ss❡❞ ✐♥ t❤✐s t❤❡s✐s✱ ✐♥ ♣❛rt✐❝✉❧❛r ✐♥
❈❤❛♣t❡r ✻✳



✸✽ ❈❍❆P❚❊❘ ✶✳ ●❊◆❊❘❆▲ ❚❍❊❖❘❨

❉❡✜♥✐t✐♦♥ ✶✳✺✹✳ ❆♥ F✲s❡♠✐♠❛rt✐♥❣❛❧❡ X s❛t✐s✜❡s t❤❡ ◆♦✲❯♥❜♦✉♥❞❡❞✲Pr♦✜t✲✇✐t❤✲❇♦✉♥❞❡❞✲

❘✐s❦ ❝♦♥❞✐t✐♦♥✶ ✉♥❞❡r (F,Q) ✭❤❡r❡❛❢t❡r ❝❛❧❧❡❞ ◆❯P❇❘✭F,Q)✮ ✐❢ ❢♦r ❛♥② T ∈]0,∞[ t❤❡ s❡t

KT (X,F) :=
{
(H �X)T

∣∣ H ∈ L(X,F), ❛♥❞ H �X ≥ −1
}

✐s ❜♦✉♥❞❡❞ ✐♥ Q✲♣r♦❜❛❜✐❧✐t②✱ ✐✳❡✳✱

lim
c→∞

sup
(H�X)T∈KT (X,F)

Q(|(H �X)T | > c) = 0.

❲❤❡♥ Q ∼ P✱ ✇❡ s✐♠♣❧② ✇r✐t❡✱ ✇✐t❤ ❛♥ ❛❜✉s❡ ♦❢ ❧❛♥❣✉❛❣❡✱ X s❛t✐s✜❡s ◆❯P❇❘(F)✳

❘❡❝❛❧❧ t❤❛t ❛ ♣r♦❝❡ss X ✐s s❛✐❞ t♦ ❜❡ ❛ σ✲♠❛rt✐♥❣❛❧❡ ✐❢ ✐t ✐s ❛ s❡♠✐♠❛rt✐♥❣❛❧❡ ❛♥❞ ✐❢ t❤❡r❡
❡①✐sts ❛ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss φ s✉❝❤ t❤❛t 0 < φ ≤ 1 ❛♥❞ φ �X ✐s ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳

❘❡♠❛r❦ ✶✳✺✺✳ ✭❛✮ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ ◆❯P❇❘ ❝♦♥❞✐t✐♦♥ ✜rst

❛♣♣❡❛r❡❞ ✐♥ ❬❑❛r✶✹❜❪ ✭✉♣ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✮✱ ❛♥❞ ✐t ❞✐✛❡rs ✇❤❡♥ t❤❡ t✐♠❡ ❤♦r✐③♦♥ ✐s ✐♥✜♥✐t❡

❢r♦♠ t❤❛t ♦❢ t❤❡ ❧✐t❡r❛t✉r❡ ❣✐✈❡♥ ✐♥ ❉❡❧❜❛❡♥ ❛♥❞ ❙❝❤❛❝❤❡r♠❛②❡r ❬❉❙✾✹❪✱ ❑❛❜❛♥♦✈ ❬❑❛❜✾✼❪

❛♥❞ ❑❛r❛t③❛s ❛♥❞ ❑❛r❞❛r❛s ❬❑❑✵✼❪✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t✱ ✇❤❡♥ t❤❡ ❤♦r✐③♦♥ ✐s ❞❡t❡r♠✐♥✐st✐❝

❛♥❞ ✜♥✐t❡✱ t❤❡ ❝✉rr❡♥t ◆❯P❇❘ ❝♦♥❞✐t✐♦♥ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❛t ♦❢ t❤❡ ❧✐t❡r❛t✉r❡✳ ❲❡ ❝♦✉❧❞

♥❛♠❡ t❤❡ ❝✉rr❡♥t ◆❯P❇❘ ❛s ◆❯P❇❘loc✱ ❜✉t ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❢②✐♥❣ ♥♦t❛t✐♦♥✱ ✇❡ ♦♣t❡❞

❢♦r t❤❡ ✉s✉❛❧ t❡r♠✐♥♦❧♦❣②✳

✭❜✮ ■♥ ❣❡♥❡r❛❧✱ ✇❤❡♥ t❤❡ ❤♦r✐③♦♥ ✐s ✐♥✜♥✐t❡✱ t❤❡ ◆❯P❇❘ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❧✐t❡r❛t✉r❡ ✐♠♣❧✐❡s

t❤❡ ◆❯P❇❘ ❝♦♥❞✐t✐♦♥ ❞❡✜♥❡❞ ❛❜♦✈❡✳ ❍♦✇❡✈❡r✱ t❤❡ r❡✈❡rs❡ ✐♠♣❧✐❝❛t✐♦♥ ♠❛② ♥♦t ❤♦❧❞ ✐♥

❣❡♥❡r❛❧✳ ■♥ ❢❛❝t ✐❢ ✇❡ ❝♦♥s✐❞❡r St = exp(Wt + t), t ≥ 0✱ t❤❡♥ ✐t ✐s ❝❧❡❛r t❤❛t S s❛t✐s✜❡s ♦✉r

◆❯P❇❘(F)✱ ✇❤✐❧❡ t❤❡ ◆❯P❇❘(F) ♦❢ t❤❡ ❧✐t❡r❛t✉r❡ ✐s ✈✐♦❧❛t❡❞✳ ❚♦ s❡❡ t❤✐s ❧❛st ❝❧❛✐♠✱ ✐t ✐s

❡♥♦✉❣❤ t♦ r❡♠❛r❦ t❤❛t

lim
t−→∞

(St − 1) = ∞ P− a.s. St − 1 = H � S ≥ −1 H := 11]]0,t]].

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ s❧✐❣❤t❧② ❣❡♥❡r❛❧✐③❡s ❚❛❦❛♦❦❛✬s r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r ❛ ✜♥✐t❡ ❤♦r✐③♦♥
✭s❡❡ ❚❤❡♦r❡♠ ✷✳✻ ✐♥ ❬❚❛❦✶✸❪✮ t♦ ♦✉r ◆❯P❇❘ ❝♦♥t❡①t✳

Pr♦♣♦s✐t✐♦♥ ✶✳✺✻✳ ▲❡t X ❜❡ ❛♥ F✲s❡♠✐♠❛rt✐♥❣❛❧❡✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ ❡q✉✐✈✲

❛❧❡♥t✳

✭❛✮ X s❛t✐s✜❡s ◆❯P❇❘(F)✳

✭❜✮ ❚❤❡r❡ ❡①✐st ❛ ♣♦s✐t✐✈❡ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✱ Y ❛♥❞ ❛♥ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss φ s❛t✐s❢②✐♥❣

0 < φ ≤ 1 s✉❝❤ t❤❛t Y (φ �X) ✐s ❛♥ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✐♠♣❧✐❝❛t✐♦♥ ✭❜✮⇒ ✭❛✮ ✐s ❜❛s❡❞ ♦♥ ❬❚❛❦✶✸❪ ❛♥❞ ✐s ♦♠✐tt❡❞✳ ❲❡ ♥♦✇
s✉♣♣♦s❡ t❤❛t ❛ss❡rt✐♦♥ ✭❛✮ ❤♦❧❞s✳ ❆ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✷✳✻ ✐♥ ❬❚❛❦✶✸❪ t♦ ❡❛❝❤
(Xt∧n)t≥0✱ ❧❡❛❞s t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣♦s✐t✐✈❡ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ Y (n) ❛♥❞ ❛♥ F✲♣r❡❞✐❝t❛❜❧❡

✶❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❛❧s♦ ❦♥♦✇♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❛s t❤❡ ✜rst ❦✐♥❞ ♦❢ ♥♦♥✲❛r❜✐tr❛❣❡



✶✳✹✳ ❆❘❇■❚❘❆●❊❙ ✸✾

♣r♦❝❡ss φn s✉❝❤ t❤❛t 0 < φn ≤ 1 ❛♥❞ Y (n)(φn �X
n) ✐s ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❚❤❡♥✱ ✐t ✐s ♦❜✈✐♦✉s

t❤❛t t❤❡ ♣r♦❝❡ss

N :=

∞∑

n=1

11]]n−1,n]](Y
(n)
− )−1

� Y (n)

✐s ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❛♥❞ Y := E(N) > 0✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss
φ :=

∑
n≥1 11]]n−1,n]]φn s❛t✐s✜❡s 0 < φ ≤ 1 ❛♥❞ Y (φ �X) ✐s ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❚❤✐s ❡♥❞s t❤❡

♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳

❋♦r ❛♥② F✲s❡♠✐♠❛rt✐♥❣❛❧❡ X✱ t❤❡ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s ❢✉❧✜❧❧✐♥❣ t❤❡ ❛ss❡rt✐♦♥ ✭❜✮ ♦❢ Pr♦♣♦s✐t✐♦♥
✶✳✺✻ ❛r❡ ❝❛❧❧❡❞ σ✲♠❛rt✐♥❣❛❧❡ ❞❡♥s✐t✐❡s ❢♦r X✳ ❚❤❡ s❡t ♦❢ t❤❡s❡ σ✲♠❛rt✐♥❣❛❧❡ ❞❡♥s✐t✐❡s ✇✐❧❧ ❜❡
❞❡♥♦t❡❞ ❜②

L(F, X) :=
{
Y ∈ Mloc(F)

∣∣ Y > 0, ∃φ ∈ P(F), 0 < φ ≤ 1, Y (φ �X) ∈ Mloc(F)
}

✇❤❡r❡✱ ❛s ✉s✉❛❧✱ P(F) st❛♥❞s ❢♦r t❤❡ ♣r❡❞✐❝t❛❜❧❡ σ✲✜❡❧❞ ♦♥ Ω×[0,∞[ ❛♥❞ ❜② ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥
φ ∈ P(F) ♠❡❛♥s t❤❛t φ ✐s P(F)✲♠❡❛s✉r❛❜❧❡✳ ❲❡ st❛t❡✱ ✇✐t❤♦✉t ♣r♦♦❢✱ ❛♥ ♦❜✈✐♦✉s ❧❡♠♠❛✳

▲❡♠♠❛ ✶✳✺✼✳ ❋♦r ❛♥② F✲s❡♠✐♠❛rt✐♥❣❛❧❡ X ❛♥❞ ❛♥② Y ∈ L(F, X)✱ ♦♥❡ ❤❛s p,F(Y |∆X|) <∞
❛♥❞ p,F(Y∆X) = 0✳

❘❡♠❛r❦ ✶✳✺✽✳ Pr♦♣♦s✐t✐♦♥ ✶✳✺✻ ✐♠♣❧✐❡s t❤❛t ❢♦r ❛♥② ♣r♦❝❡ss X ❛♥❞ ❛♥② ✜♥✐t❡ st♦♣♣✐♥❣

t✐♠❡ σ✱ t❤❡ t✇♦ ❝♦♥❝❡♣ts ♦❢ ◆❯P❇❘(F) ✭t❤❡ ❝✉rr❡♥t ❝♦♥❝❡♣t ❛♥❞ t❤❡ ♦♥❡ ♦❢ t❤❡ ❧✐t❡r❛t✉r❡✮

❝♦✐♥❝✐❞❡ ❢♦r Xσ✳

❇❡❧♦✇✱ ✇❡ ♣r♦✈❡ t❤❛t✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ✐♥✜♥✐t❡ ❤♦r✐③♦♥✱ t❤❡ ❝✉rr❡♥t ◆❯P❇❘ ❝♦♥❞✐t✐♦♥ ✐s
st❛❜❧❡ ✉♥❞❡r ❧♦❝❛❧✐③❛t✐♦♥✱ ✇❤✐❧❡ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❢♦r t❤❡ ◆❯P❇❘ ❝♦♥❞✐t✐♦♥ ❞❡✜♥❡❞ ✐♥ t❤❡
❧✐t❡r❛t✉r❡✳

Pr♦♣♦s✐t✐♦♥ ✶✳✺✾✳ ▲❡t X ❜❡ ❛♥ F✲❛❞❛♣t❡❞ ♣r♦❝❡ss✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡

❡q✉✐✈❛❧❡♥t✳

✭❛✮ ❚❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (Tn)n≥1 ♦❢ F✲st♦♣♣✐♥❣ t✐♠❡s t❤❛t ✐♥❝r❡❛s❡s t♦ ∞✱ s✉❝❤ t❤❛t ❢♦r

❡❛❝❤ n ≥ 1✱ t❤❡r❡ ❡①✐sts ❛ ♣r♦❜❛❜✐❧✐t② Qn ♦♥ (Ω,FTn) s✉❝❤ t❤❛t Qn ∼ P ❛♥❞ XTn s❛t✐s✜❡s

◆❯P❇❘(F) ✉♥❞❡r Qn✳

✭❜✮ X s❛t✐s✜❡s ◆❯P❇❘(F)✳

✭❝✮ ❚❤❡r❡ ❡①✐sts ❛♥ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss φ✱ s✉❝❤ t❤❛t 0 < φ ≤ 1 ❛♥❞ (φ � X) s❛t✐s✜❡s

◆❯P❇❘(F)✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❢♦r ✭❛✮⇐⇒✭❜✮ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ st❛❜✐❧✐t② ♦❢ ◆❯P❇❘ ❝♦♥❞✐t✐♦♥ ❢♦r ❛ ✜♥✐t❡
❤♦r✐③♦♥ ✉♥❞❡r ❧♦❝❛❧✐③❛t✐♦♥ ✇❤✐❝❤ ✐s ❞✉❡ t♦ ❬❚❛❦✶✸❪ ✭s❡❡ ❛❧s♦ ❬❈❙✶✸❪ ❢♦r ❢✉rt❤❡r ❞✐s❝✉ss✐♦♥
❛❜♦✉t t❤✐s ✐ss✉❡✮✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t t❤❡ ◆❯P❇❘ ❝♦♥❞✐t✐♦♥ ✐s st❛❜❧❡ ✉♥❞❡r ❛♥② ❡q✉✐✈❛❧❡♥t
♣r♦❜❛❜✐❧✐t② ❝❤❛♥❣❡✳
❚❤❡ ♣r♦♦❢ ♦❢ ✭❜✮⇒✭❝✮ ✐s tr✐✈✐❛❧ ❛♥❞ ✐s ♦♠✐tt❡❞✳ ❚♦ ♣r♦✈❡ t❤❡ r❡✈❡rs❡✱ ✇❡ ❛ss✉♠❡ t❤❛t ✭❝✮
❤♦❧❞s✳ ❚❤❡♥ Pr♦♣♦s✐t✐♦♥ ✶✳✺✻ ✐♠♣❧✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ψ s✉❝❤ t❤❛t
0 < ψ ≤ 1 ❛♥❞ ❛ ♣♦s✐t✐✈❡ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ Y s✉❝❤ t❤❛t Y (ψφ �X) ✐s ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳
❙✐♥❝❡ ψφ ✐s ♣r❡❞✐❝t❛❜❧❡ ❛♥❞ 0 < ψφ ≤ 1✱ ✇❡ ❞❡❞✉❝❡ t❤❛t X s❛t✐s✜❡s ◆❯P❇❘(F)✳ ❚❤✐s ❡♥❞s
t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳
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❲❡ ❡♥❞ t❤✐s s❡❝t✐♦♥ ✇✐t❤ ❛ s✐♠♣❧❡✱ ❜✉t ✉s❡❢✉❧ r❡s✉❧t ❢♦r ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ✇✐t❤ ✜♥✐t❡
✈❛r✐❛t✐♦♥✳

▲❡♠♠❛ ✶✳✻✵✳ ▲❡t X ❜❡ ❛♥ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ✇✐t❤ ✜♥✐t❡ ✈❛r✐❛t✐♦♥✳ ❚❤❡♥ X s❛t✐s✜❡s

◆❯P❇❘(F) ✐❢ ❛♥❞ ♦♥❧② ✐❢ X ≡ X0 ✭✐✳❡✳ t❤❡ ♣r♦❝❡ss X ✐s ❝♦♥st❛♥t✮✳

Pr♦♦❢✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t ✐❢ X ≡ X0✱ t❤❡♥ X s❛t✐s✜❡s ◆❯P❇❘(F)✳ ❙✉♣♣♦s❡ t❤❛t X s❛t✐s✜❡s
◆❯P❇❘(F)✳ ❈♦♥s✐❞❡r ❛ ♣♦s✐t✐✈❡ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ Y ✱ ❛♥❞ ❛♥ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss φ s✉❝❤
t❤❛t 0 < φ ≤ 1 ❛♥❞ Y (φ �X) ✐s ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ▲❡t (Tn)n≥1 ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ F✲st♦♣♣✐♥❣
t✐♠❡s t❤❛t ✐♥❝r❡❛s❡s t♦ ∞ s✉❝❤ t❤❛t Y Tn ❛♥❞ Y Tn(θ �X)Tn ❛r❡ tr✉❡ ♠❛rt✐♥❣❛❧❡s✳ ❚❤❡♥✱ ❢♦r
❡❛❝❤ n ≥ 1✱ ❞❡✜♥❡ Qn := (YTn/Y0)·P. ❙✐♥❝❡X ✐s ♣r❡❞✐❝t❛❜❧❡✱ t❤❡♥ (φ�X)Tn ✐s ❛❧s♦ ♣r❡❞✐❝t❛❜❧❡
✇✐t❤ ✜♥✐t❡ ✈❛r✐❛t✐♦♥ ❛♥❞ ✐s ❛ Qn✲♠❛rt✐♥❣❛❧❡✳ ❚❤✉s✱ ✇❡ ❞❡❞✉❝❡ t❤❛t (φ �X)Tn ≡ 0 ❢♦r ❡❛❝❤
n ≥ 1✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❞❡❞✉❝❡ t❤❛t X ✐s ❝♦♥st❛♥t ✭s✐♥❝❡ XTn − X0 = φ−1

� (φ � X)Tn ≡ 0✮✳
❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✳

❉❡✜♥✐t✐♦♥ ✶✳✻✶✳ ❈♦♥s✐❞❡r ❛♥ F✲s❡♠✐♠❛rt✐♥❣❛❧❡ X✳ ❚❤❡♥✱ X ✐s s❛✐❞ t♦ ❛❞♠✐t ❛♥ F✲

s✉♣❡r♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r ✐❢ t❤❡r❡ ❡①✐sts ❛ str✐❝t❧② ♣♦s✐t✐✈❡ F✲s✉♣❡r♠❛rt✐♥❣❛❧❡ Y s✉❝❤ t❤❛t

Y (1 +H �X) ✐s ❛ s✉♣❡r♠❛rt✐♥❣❛❧❡ ❢♦r ❛♥② H ∈ L(X,F) s✉❝❤ t❤❛t H �X ≥ −1✳

❋♦r s✉♣❡r♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦rs✱ ✇❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❘♦❦❤❧✐♥ ❬❘♦❦✶✵❪✳ ❆❣❛✐♥✱ t❤❡ ❛❜♦✈❡
❞❡✜♥✐t✐♦♥ ❞✐✛❡rs ❢r♦♠ t❤❛t ♦❢ t❤❡ ❧✐t❡r❛t✉r❡ ✇❤❡♥ t❤❡ ❤♦r✐③♦♥ ✐s ✐♥✜♥✐t❡✱ ✇❤✐❧❡ ✐t ✐s t❤❡ s❛♠❡
❛s t❤❡ ♦♥❡ ♦❢ t❤❡ ❧✐t❡r❛t✉r❡ ✇❤❡♥ t❤❡ ❤♦r✐③♦♥ ✐s ✜♥✐t❡ ✭❡✈❡♥ r❛♥❞♦♠✮✳ ❇❡❧♦✇✱ ✇❡ s❧✐❣❤t❧②
❣❡♥❡r❛❧✐③❡ ❬❘♦❦✶✵❪ t♦ ♦✉r ❝♦♥t❡①t✳

▲❡♠♠❛ ✶✳✻✷✳ ▲❡t X ❜❡ ❛♥ F✲s❡♠✐♠❛rt✐♥❣❛❧❡✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳

✭❛✮ X ❛❞♠✐ts ❛♥ F✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r✳

✭❜✮ X s❛t✐s✜❡s ◆❯P❇❘(F)✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❧❡♠♠❛ ✐s str❛✐❣❤t❢♦r✇❛r❞✱ ❛♥❞ ✐s ♦♠✐tt❡❞✳



❈❤❛♣t❡r ✷

❚❤✐♥ r❛♥❞♦♠ t✐♠❡s

✷✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤✐s ❝❤❛♣t❡r ✐s ❜❛s❡❞ ♦♥ ❛ ❥♦✐♥t ♣❛♣❡r ✇✐t❤ ▼♦♥✐q✉❡ ❏❡❛♥❜❧❛♥❝ ❛♥❞ ❚❛❤✐r ❈❤♦✉❧❧✐ ❬❆❈❏✶✹❜❪✳

▼♦t✐✈❛t❡❞ ❜② ❛r❜✐tr❛❣❡ q✉❡st✐♦♥s ❢r♦♠ ❬❈❆❉❏✶✹❪ ✇❡ ❞❡✈❡❧♦♣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛♥ ❛r❜✐✲
tr❛r② r❛♥❞♦♠ t✐♠❡ ✐♥t♦ t❤✐♥ ❛♥❞ str✐❝t ♣❛rts✳ ❚❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥❛❧♦❣♦✉s
t♦ st♦♣♣✐♥❣ t✐♠❡ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ■t ✐s ❜❛s❡❞ ♦♥ ❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ ❛ ❥✉♠♣ ♣r♦❝❡ss
❛ss♦❝✐❛t❡❞ ✇✐t❤ r❛♥❞♦♠ t✐♠❡✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤✐♥ r❛♥❞♦♠ t✐♠❡s ❛♣♣❡❛r
♥❛t✉r❛❧❧② ✐♥ ✈❛r✐♦✉s ❝♦♥t❡①ts ❧✐♥❦❡❞ t♦ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ ❧✐t❡r❛t✉r❡✳

✷✳✷ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ t✐♠❡

❲❡ ✇♦r❦ ♦♥ ❛ ✜❧t❡r❡❞ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (Ω,G,F,P)✱ ✇❤❡r❡ F ❞❡♥♦t❡s ❛ ✜❧tr❛t✐♦♥ s❛t✐s❢②✐♥❣
t❤❡ ✉s✉❛❧ ❝♦♥❞✐t✐♦♥s s✉❝❤ t❤❛t F∞ ⊂ G✳ ❲❡ ❝♦♥s✐❞❡r ❛ r❛♥❞♦♠ t✐♠❡ τ ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞
♣r♦❣r❡ss✐✈❡❧② ❛♥❞ ✐♥✐t✐❛❧❧② ❡♥❧❛r❣❡❞ ✜❧tr❛t✐♦♥s Fτ ❛♥❞ Fσ(τ) r❡s♣❡❝t✐✈❡❧②✳ ❋♦r t❤❡ ♣r♦❝❡ss
A = 11[[τ,∞[[✱ ✇❡ ❞❡♥♦t❡ ❜② A

p ✐ts F✲❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ❛♥❞ ❜② Ao ✐ts F✲❞✉❛❧ ♦♣t✐♦♥❛❧

♣r♦❥❡❝t✐♦♥✳ ❚❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡s Z ❛♥❞ Z̃ ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ τ t❤r♦✉❣❤ ✭✶✳✶✵✮ ❛♥❞ ✭✶✳✶✶✮✳
❇② t❤❡ ❛❜✉s❡ ♦❢ ❧❛♥❣✉❛❣❡✱ Ao ✐s ❛❧s♦ ❝❛❧❧❡❞ t❤❡ ❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ τ ✳ ❆s t❤❡ ❞✉❛❧
♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ✇✐❧❧ ♣❧❛② ❛ ❝r✉❝✐❛❧ r♦❧❡ ✐♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ r❡❝❛❧❧ t✇♦ ❡q✉❛❧✐t✐❡s ✇❤❡r❡ ✐t
❛♣♣❡❛rs✳ ❇② ✭✶✳✶✷✮ ❛♥❞ ✭✶✳✶✸✮ ✇❡ ❤❛✈❡

Ao = m− Z ❛♥❞ ∆Ao = Z̃ − Z .

✷✳✷✳✶ ❉❡✜♥✐t✐♦♥ ❛♥❞ ✜rst ♣r♦♣❡rt✐❡s

❚❛❦✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥ ✭❆✮ ✭✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✸✼✮ ❛s ❛ st❛rt✐♥❣ ♣♦✐♥t ❛♥❞ ♠♦t✐✈❛t✐♦♥ ✇❡ ❞❡✜♥❡
t✇♦ ❝❧❛ss❡s ♦❢ r❛♥❞♦♠ t✐♠❡s✳

✹✶
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❉❡✜♥✐t✐♦♥ ✷✳✶✳ ❆ r❛♥❞♦♠ t✐♠❡ τ ✐s ❝❛❧❧❡❞

✭❛✮ ❛ str✐❝t r❛♥❞♦♠ t✐♠❡ ✐❢ [[τ ]] ∩ [[T ]] = ∅ ❢♦r ❛♥② F✲st♦♣♣✐♥❣ t✐♠❡ T ✱

✭❜✮ ❛ t❤✐♥ r❛♥❞♦♠ t✐♠❡ ✐❢ ✐ts ❣r❛♣❤ [[τ ]] ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛ t❤✐♥ s❡t✱ ✐✳❡✳✱ ✐❢ t❤❡r❡ ❡①✐sts ❛

s❡q✉❡♥❝❡ ♦❢ F✲st♦♣♣✐♥❣ t✐♠❡s (Tn)∞n=1 ✇✐t❤ ❞✐s❥♦✐♥t ❣r❛♣❤s s✉❝❤ t❤❛t [[τ ]] ⊂ ⋃n[[Tn]]✳ ❲❡ s❛②

t❤❛t s✉❝❤ ❛ s❡q✉❡♥❝❡ (Tn)n ❡①❤❛✉sts t❤❡ t❤✐♥ r❛♥❞♦♠ t✐♠❡ τ ♦r t❤❛t (Tn)n ✐s ❛♥ ❡①❤❛✉st✐♥❣

s❡q✉❡♥❝❡ ♦❢ t❤❡ t❤✐♥ r❛♥❞♦♠ t✐♠❡ τ ✳

❆ str✐❝t r❛♥❞♦♠ t✐♠❡ ❝♦✐♥❝✐❞❡s ✇✐t❤ ❛ ❦✐♥❞ ♦❢ r❛♥❞♦♠ t✐♠❡ ♦❢t❡♥ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱
♥❛♠❡❧② ✐t ✐s ❛ r❛♥❞♦♠ t✐♠❡ ✇❤✐❝❤ ❛✈♦✐❞s F✲st♦♣♣✐♥❣ t✐♠❡s✱ ✐✳❡✳✱ P(τ = T < ∞) = 0 ❢♦r ❛♥②
F✲st♦♣♣✐♥❣ t✐♠❡ T ✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ t❤✐♥ r❛♥❞♦♠ t✐♠❡ τ ✐s ❝♦♠♣❧❡t❡❧② ❜✉✐❧t ✇✐t❤ F✲st♦♣♣✐♥❣ t✐♠❡s✱ ✐✳❡✳✱
τ = 11C0∞+

∑
n 11CnTn ✇❤❡r❡ (Tn)n ✐s ❛♥ ❡①❤❛✉st✐♥❣ s❡q✉❡♥❝❡ ❢♦r τ ❛♥❞

C0 = {τ = ∞} ❛♥❞ Cn = {τ = Tn <∞} ❢♦r n ≥ 1. ✭✷✳✶✮

❲❡ ❞❡♥♦t❡ ❜② zn t❤❡ F✲♠❛rt✐♥❣❛❧❡ ✇✐t❤ t❡r♠✐♥❛❧ ✈❛❧✉❡ P(Cn|F∞) ♥❛♠❡❧②

znt = P(Cn|Ft). ✭✷✳✷✮

◆♦t❡ t❤❛t ❢♦r ❛ t❤✐♥ r❛♥❞♦♠ t✐♠❡ ❛♥ ❡①❤❛✉st✐♥❣ s❡q✉❡♥❝❡ (Tn)n ✐s ♥♦t ✉♥✐q✉❡✳ ❚❤❡ ♥♦t✐♦♥
♦❢ t❤✐♥ r❛♥❞♦♠ t✐♠❡ ✐s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ✐♥ ❬❉▼✼✽❪ ✉♥❞❡r t❤❡ ♥❛♠❡ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡
❛r❧❡q✉✐♥❡✳

❆s ❛ s✐♠♣❧❡ ♦❜s❡r✈❛t✐♦♥✱ ✇❡ st❛t❡ ✐♥ t❤❡ ♥❡①t ❧❡♠♠❛ t❤❛t t❤♦s❡ t✇♦ ❝❧❛ss❡s ♦❢ r❛♥❞♦♠ t✐♠❡s
❤❛✈❡ tr✐✈✐❛❧ ✐♥t❡rs❡❝t✐♦♥✳

▲❡♠♠❛ ✷✳✷✳ ❆ r❛♥❞♦♠ t✐♠❡ τ ❜❡❧♦♥❣s t♦ t❤❡ ❝❧❛ss ♦❢ str✐❝t r❛♥❞♦♠ t✐♠❡s ❛♥❞ t♦ t❤❡ ❝❧❛ss

♦❢ t❤✐♥ r❛♥❞♦♠ t✐♠❡s ✐❢ ❛♥❞ ♦♥❧② ✐❢ τ = ∞✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♠❛✐♥ ❝♦♥❝❡♣t ♦❢ t❤✐s s❡❝t✐♦♥✳ ◆♦t❡ t❤❛t τ ✐s ♥♦t
♥❡❝❡ss❛r✐❧② F∞✲♠❡❛s✉r❛❜❧❡✳

❉❡✜♥✐t✐♦♥ ✷✳✸✳ ❈♦♥s✐❞❡r ❛ r❛♥❞♦♠ t✐♠❡ τ ✳ ❚❤❡ ♣❛✐r ♦❢ r❛♥❞♦♠ t✐♠❡s (τ1, τ2) ✐s ❝❛❧❧❡❞ t❤❡

(∗)✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ τ ✐❢ τ1 ✐s ❛ str✐❝t r❛♥❞♦♠ t✐♠❡✱ τ2 ✐s ❛ t❤✐♥ r❛♥❞♦♠ t✐♠❡✱ ❛♥❞

τ = τ1 ∧ τ2 τ1 ∨ τ2 = ∞.

■♥ t❤❡ ♥❡①t t❤❡♦r❡♠ ✇❡ st❛t❡ t❤❛t s✉❝❤ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ❢♦r ❛♥② r❛♥❞♦♠
t✐♠❡✳ ❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ t✐♠❡ ✐♥t♦ str✐❝t ❛♥❞ t❤✐♥ ♣❛rts ✐s ❝♦♥❣r✉❡♥t ✇✐t❤ t❤❡
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ st♦♣♣✐♥❣ t✐♠❡ ✐♥t♦ t♦t❛❧❧② ✐♥❛❝❝❡ss✐❜❧❡ ❛♥❞ ❛❝❝❡ss✐❜❧❡ ♣❛rts✳

❚❤❡♦r❡♠ ✷✳✹✳ ❊❛❝❤ r❛♥❞♦♠ t✐♠❡ τ ❤❛s ❛ (∗)✲❞❡❝♦♠♣♦s✐t✐♦♥ (τ1, τ2)✳

Pr♦♦❢✳ ■t ✐s ❡♥♦✉❣❤ t♦ t❛❦❡ τ1 ❛♥❞ τ2 ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

τ1 = τ{∆Ao
τ=0} ❛♥❞ τ2 = τ{∆Ao

τ>0},
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✇❤❡r❡ τC ✐s ❛ r❡str✐❝t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ t✐♠❡ τ t♦ t❤❡ s❡t C ❞❡✜♥❡❞ ✐♥ ✭✶✳✶✮✳ Pr♦♣❡rt✐❡s ♦❢ ❞✉❛❧
♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ❡♥s✉r❡ t❤❛t τ1 ❛♥❞ τ2 s❛t✐s❢② t❤❡ r❡q✉✐r❡❞ ❝♦♥❞✐t✐♦♥s✳ ◆❛♠❡❧②✱ t❤❡ t✐♠❡
τ1 ✐s ❛ str✐❝t r❛♥❞♦♠ t✐♠❡ ❛s

P(τ1 = T <∞) = E(11{τ=T}11{∆Ao
τ=0}11(T<∞))

= E(

∫ ∞

0
11{u=T}11{∆Ao

u=0}dA
o
u) = 0.

❛♥❞ t❤❡ t✐♠❡ τ2 ✐s ❛ t❤✐♥ r❛♥❞♦♠ t✐♠❡ ❛s

[[τ2]] = [[τ ]] ∩ {∆Ao > 0} = [[τ ]] ∩
⋃

n

[[Tn]] ⊂
⋃

n

[[Tn]],

✇❤❡r❡ t❤❡ s❡q✉❡♥❝❡ (Tn)n ❡①❤❛✉sts t❤❡ ❥✉♠♣s ♦❢ t❤❡ ❝à❞❧à❣ ♣r♦❝❡ss Ao✱
✐✳❡✳✱ {∆Ao > 0} =

⋃
n[[Tn]]✳

❈♦r♦❧❧❛r② ✷✳✺✳ ✭❛✮ ❆ r❛♥❞♦♠ t✐♠❡ ✐s ❛ str✐❝t r❛♥❞♦♠ t✐♠❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts ❞✉❛❧ ♦♣t✐♦♥❛❧

♣r♦❥❡❝t✐♦♥ ✐s ❛ ❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss✳

✭❜✮ ❆ r❛♥❞♦♠ t✐♠❡ ✐s ❛ t❤✐♥ r❛♥❞♦♠ t✐♠❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts ❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ✐s ❛ ♣✉r❡

❥✉♠♣ ♣r♦❝❡ss✳

Pr♦♦❢✳ ▲❡t τ ❜❡ ❛ r❛♥❞♦♠ t✐♠❡ ❛♥❞ Ao t❤❡ ❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ τ ✳
✭❛✮ ❚❛❦❡ ❛♥ F✲st♦♣♣✐♥❣ t✐♠❡ T ✳ ❙✐♥❝❡ E(∆AoT 11{T<∞}) = P(τ = T < ∞) ❛♥❞ Ao ✐s ❛♥
✐♥❝r❡❛s✐♥❣ ♣r♦❝❡ss ✇❡ ❣❡t t❤❛t P(τ = T < ∞) = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ ∆AoT = 0✳ ❇② ❙❡❝t✐♦♥
t❤❡♦r❡♠ ✶✳✶✵✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t τ ✐s ❛ str✐❝t r❛♥❞♦♠ t✐♠❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Ao ✐s ❝♦♥t✐♥✉♦✉s✳
✭❜✮ ❋♦r (Tn)n ❛ s❡q✉❡♥❝❡ ♦❢ F✲st♦♣♣✐♥❣ t✐♠❡s ✇✐t❤ ❞✐s❥♦✐♥t ❣r❛♣❤s✱ ✇❡ ❤❛✈❡

∑

n

P(τ = Tn <∞) =
∑

n

E(∆AoTn11{Tn<∞}).

❙✐♥❝❡ E(Ao∞11{τ<∞}) = P(τ < ∞) ❛♥❞ Ao ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ♣r♦❝❡ss✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡
s❡q✉❡♥❝❡ (Tn)n s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥

∑
n P(τ = Tn < ∞) = P(τ < ∞) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t

s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ E(Ao∞11{τ<∞}) =
∑

n E(∆A
o
Tn
11{Tn<∞})✳ ■♥ ♦t❤❡r ✇♦r❞s✱ τ ✐s ❛ t❤✐♥

r❛♥❞♦♠ t✐♠❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Ao ✐s ❛ ♣✉r❡ ❥✉♠♣ ♣r♦❝❡ss✳

❋♦r i ∈ {1, 2}✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t✇♦ (∗)✲♣❛rts ♦❢ ❛ r❛♥❞♦♠ t✐♠❡✱ ✐✳❡✳✱ τ1 ❛♥❞ τ2✱ ✇❡ ❞❡✜♥❡
Ai := 11[[τi,∞[[✳ ❚❤❡♥ A

i,p ❛♥❞ Ai,o ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ F✲❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ❛♥❞ t❤❡

F✲❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ Ai✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② Zi ❛♥❞ Z̃i s✉♣❡r♠❛rt✐♥❣❛❧❡s ❛ss♦❝✐❛t❡❞
✇✐t❤ τi✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s ❤♦❧❞✳

▲❡♠♠❛ ✷✳✻✳ ▲❡t τ ❜❡ ❛ r❛♥❞♦♠ t✐♠❡ ❛♥❞ (τ1, τ2) ✐ts (∗)✲❞❡❝♦♠♣♦s✐t✐♦♥✳ ❚❤❡♥✱ t❤❡ s✉♣❡r✲

♠❛rt✐♥❣❛❧❡s Z ❛♥❞ Z̃ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡s Z1✱ Z2 ❛♥❞ Z̃1✱

Z̃2 ❛s✿

Z = Z1 + Z2 − 1 ❛♥❞ Z̃ = Z̃1 + Z̃2 − 1.

Pr♦♦❢✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♣r♦♣❡rt② t❤❛t τ1 ∨ τ2 = ∞✳

▲❡♠♠❛ ✷✳✼✳ ▲❡t τ ❜❡ ❛ t❤✐♥ r❛♥❞♦♠ t✐♠❡ ❛♥❞ (zn)n≥1 t❤❡ ❢❛♠✐❧② ♦❢ F✲♠❛rt✐♥❣❛❧❡s ❛ss♦❝✐❛t❡❞

✇✐t❤ τ t❤r♦✉❣❤ ✭✷✳✷✮✳ ❚❤❡♥

✭❛✮ zn > 0 ❛♥❞ zn− > 0 ❛✳s✳ ♦♥ Cn ❢♦r ❡❛❝❤ n✱

✭❜✮ 1− Zτ > 0 ❛✳s✳ ♦♥ {τ <∞}✳
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Pr♦♦❢✳ ✭❛✮ ❉❡✜♥❡ t❤❡ F✲st♦♣♣✐♥❣ t✐♠❡ Sn0 = inf{t ≥ 0 : znt = 0}✳ ❆s zn ✐s ❛ ♣♦s✐t✐✈❡ ❝à❞❧à❣
♠❛rt✐♥❣❛❧❡✱ ❜② ❬❘❨✾✾✱ Pr♦♣♦s✐t✐♦♥ ✭✸✳✹✮ ♣✳✼✵❪✱ ✐t ✈❛♥✐s❤❡s ♦♥ [[Sn0 ,∞[[✳ ❚❤❡♥✿

{Sn0 <∞} = {inf
t
znt = 0} = {zn∞ = 0}.

▼♦r❡♦✈❡r✱ t❤❡ ❡q✉❛❧✐t②

0 = E(zn∞11{zn∞=0}) = E(11Cn11{zn∞=0})

✐♠♣❧✐❡s t❤❛t Cn ∩ {zn∞ = 0} = ∅✱ s♦ ❛s ✇❡❧❧ Cn ∩ {inft znt = 0} = ∅✳ ❲❡ ♦❜t❛✐♥ t❤❛t zn > 0
❛♥❞ zn− > 0 ❛✳s✳ ♦♥ Cn✳
✭❜✮ ❲❡ ❤❛✈❡ Zτ =

∑
n 11CnZTn ❛♥❞

1− ZTn = P(τ ≤ Tn|FTn) ≥ P(τ = Tn|FTn) = znTn .

❚❤✐s ✐♠♣❧✐❡s t❤❛t 1− Zτ > 0 ❛✳s✳

❚❤❡ ♥❡①t r❡s✉❧t ♣r♦✈✐❞❡s t❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡s Z ❛♥❞ Z̃ ♦❢ ❛ t❤✐♥ r❛♥❞♦♠ t✐♠❡ ❛♥❞ ✐ts
❞❡❝♦♠♣♦s✐t✐♦♥s ✭✶✳✶✷✮ ✐♥ t❡r♠s ♦❢ ✐ts ❡①❤❛✉st✐♥❣ s❡q✉❡♥❝❡ ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ♠❛rt✐♥❣❛❧❡s
❞❡✜♥❡❞ ✐♥ ✭✷✳✷✮✳ ❲❡ ♦♠✐t t❤❡ ♣r♦♦❢ ❛s ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞✳

▲❡♠♠❛ ✷✳✽✳ ▲❡t τ ❜❡ ❛ t❤✐♥ r❛♥❞♦♠ t✐♠❡ ✇✐t❤ ❡①❤❛✉st✐♥❣ s❡q✉❡♥❝❡ (Tn)n≥1✳ ❚❤❡♥✱

Z̃t =
∑

n 11{t≤Tn}z
n
t , Zt =

∑
n 11{t<Tn}z

n
t , Aot =

∑
n 11{t≥Tn}z

n
Tn
, mt =

∑
n z

n
t∧Tn .

❲❡ ✜♥✐s❤ t❤✐s s✉❜s❡❝t✐♦♥ ✇✐t❤ ❛ r❡♠❛r❦ ♦♥ t❤❡ (∗)✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ t✐♠❡ τ ❛s ❛♥
Fτ ✲st♦♣♣✐♥❣ t✐♠❡✳

❘❡♠❛r❦ ✷✳✾✳ ❲❡ ❝❛♥ ❛❧s♦ ❞❡❝♦♠♣♦s❡ t❤❡ r❛♥❞♦♠ t✐♠❡ τ2 ✐♥t♦ t✇♦ ♣❛rts✳ ❚❤❡♥✱ ✇❡ ❝♦♥s✐❞❡r

❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ τ ♦♥t♦ t❤r❡❡ ♣❛rts ❛s✿

τ1 = τ{∆Ao
τ=0}, τ i2 = τ{∆Ao

τ>0, ∆Ap
τ=0} ❛♥❞ τa2 = τ{∆Ao

τ>0, ∆Ap
τ>0}.

❚❤❡♥ τ1 ∧ τ i2 ✐s ❛♥ Fτ ✲t♦t❛❧❧② ✐♥❛❝❝❡ss✐❜❧❡ ♣❛rt ❛♥❞ τa2 ✐s ❛♥ Fτ ✲❛❝❝❡ss✐❜❧❡ ♣❛rt ♦❢ t❤❡ Fτ ✲

st♦♣♣✐♥❣ t✐♠❡ τ ✳ ❚❤❡s❡ t②♣❡s ♦❢ r❡s✉❧ts ❛r❡ ❛❧r❡❛❞② s❤♦✇♥ ✐♥ ❬❏❡✉✽✵✱ ♣✳✻✺❪ ❛♥❞ ❬❈♦❝✵✾❪✳ ❲❡

♥♦t❡ t❤❛t τ ✐s ❛♥ Fτ ✲♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ τ ✐s ❛♥ F✲♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣

t✐♠❡✳ ▼♦r❡♦✈❡r✱ ❛ ✜❧tr❛t✐♦♥ Fτ s✉❝❤ t❤❛t τa2 t❤❡ ❛❝❝❡ss✐❜❧❡ t❤✐♥ ♣❛rt ♦❢ τ ✐s ♥♦t ❛♥ F✲st♦♣♣✐♥❣

t✐♠❡ ✐s ♥♦t q✉❛s✐✲❧❡❢t ❝♦♥t✐♥✉♦✉s✳ ❚❤❡ ❧❛st ♦❜s❡r✈❛t✐♦♥ ♣r♦✈✐❞❡s ❛ s②st❡♠✐❝ ✇❛② t♦ ❝♦♥str✉❝t

❡①❛♠♣❧❡s ♦❢ ♥♦♥ q✉❛s✐✲❧❡❢t ❝♦♥t✐♥✉♦✉s ✜❧tr❛t✐♦♥s✳

✷✳✷✳✷ ❚❤❡ ❤②♣♦t❤❡s✐s ✭H′✮

■♥ t❤✐s ♣❛rt ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❤②♣♦t❤❡s✐s ✭H′✮ ❛♥❞ t❤❡ (∗)✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ t✐♠❡✳
❋✐rst✱ ✐♥ s❡❝t✐♦♥ ✷✳✷✳✷✳✶✱ ✇❡ ❡①❛♠✐♥❡ t❤❡ ❝❛s❡ ♦❢ t❤✐♥ r❛♥❞♦♠ t✐♠❡s✳ ❚❤❡♥✱ ✐♥ s❡❝t✐♦♥ ✷✳✷✳✷✳✷✱
✇❡ ✇♦r❦ ✇✐t❤ ❣❡♥❡r❛❧ r❛♥❞♦♠ t✐♠❡s✳
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✷✳✷✳✷✳✶ ❚❤✐♥ r❛♥❞♦♠ t✐♠❡ ❝❛s❡

■♥ ❡st❛❜❧✐s❤✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ♦♥ ❤②♣♦t❤❡s✐s ✭H′✮ ❢♦r t❤✐♥ r❛♥❞♦♠ t✐♠❡s✱ ❚❤❡♦r❡♠
✶✳✸✵ ♣❧❛②s ❛ ❝r✉❝✐❛❧ r♦❧❡✳ ▲❡t F C ❞❡♥♦t❡ t❤❡ ✐♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ F ✇✐t❤ ❛t♦♠✐❝
σ✲✜❡❧❞

C := σ(Cn, n ≥ 0)

✇✐t❤ Cn ❞❡✜♥❡❞ ✐♥ ✭✷✳✶✮✱ ✐✳❡✳✱

FC
t :=

⋂

s>t

Fs ∨ σ(Cn, n ≥ 0).

▼♦r❡♦✈❡r ❝♦♥s✐❞❡r ✜❧tr❛t✐♦♥s Fτ ❛♥❞ Fσ(τ) ❞❡✜♥❡❞ ❛s✱ r❡s♣❡❝t✐✈❡❧②✱ ♣r♦❣r❡ss✐✈❡ ❛♥❞ ✐♥✐t✐❛❧
❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ F ✇✐t❤ r❛♥❞♦♠ t✐♠❡ τ ✱ ✐✳❡✳✱

Fτ
t :=

⋂

s>t

Fs ∨ σ(τ ∧ s) ❛♥❞ Fσ(τ)
t :=

⋂

s>t

Fs ∨ σ(τ).

❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡ ♦❢ ✜❧tr❛t✐♦♥s ✐♥❝❧✉s✐♦♥s✿

F ⊂ Fτ ⊂ F C ⊂ Fσ(τ).

❋♦r t❤❡ ♥❡①t r❡s✉❧t✱ ♣❛rt✐❝✉❧❛r❧② ✐♠♣♦rt❛♥t ✐s t❤❛t Fτ ⊂ F C ✳

❚❤❡♦r❡♠ ✷✳✶✵✳ ▲❡t τ ❜❡ ❛ t❤✐♥ r❛♥❞♦♠ t✐♠❡✳ ❚❤❡♥ t❤❡ ❤②♣♦t❤❡s✐s ✭H′✮ ✐s s❛t✐s✜❡❞ ❜❡t✇❡❡♥

F ❛♥❞ Fτ ✳ ▼♦r❡♦✈❡r✱ ❡❛❝❤ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ X ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥ Fτ ❛s

Xt = X̂t +
∫ t∧τ
0

1
Zs−

d〈X,m〉s +
∑

n 11Cn

∫ t
0 11{s>Tn}

1
zns−

d〈X, zn〉s

✇❤❡r❡ X̂ ✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳

Pr♦♦❢✳ ❲❡ ❣✐✈❡ ❛♥ ❛♥❛❧♦❣✐❝❛❧ ♣r♦♦❢ ❛s ✐♥ ❬❏❡✉✽✵✱ ▲❡♠♠❛ ✭✹✱✶✶✮❪✳ ❚❤❡ ✜rst ♣❛rt r❡♠❛✐♥s t❤❡
s❛♠❡ ✭❛r❣✉♠❡♥t ❛❜♦✉t t❤❡ ❤②♣♦t❤❡s✐s ✭H′✮✮✳ ■♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r
❛♥ Fτ ✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss H✳ ❚❤❡♥✱ ❬❏❡✉✽✵✱ ▲❡♠♠❛ ✭✹✱✹✮❪ ✐♠♣❧✐❡s t❤❛t

Ht = 11{t≤τ}Jt + 11{τ<t}Kt(τ) t > 0

✇❤❡r❡ J ✐s ❛♥ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ❛♥❞ K : R+ × Ω× R+ → R ✐s P ⊗ B(R+) ♠❡❛s✉r❛❜❧❡✳
❆s τ ✐s t❤✐♥✱ ✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ Fτ ✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss H ❛s

Ht = Jt11{t≤τ} +
∑

n

11{Tn<t}Kt(Tn)11Cn

✇✐t❤ Cn = {τ = Tn}✳ ◆♦t❡ t❤❛t ❡❛❝❤ ♣r♦❝❡ss 11{Tn<t}Kt(Tn) ✐s F✲♣r❡❞✐❝t❛❜❧❡✳ ❲❡ ❝♦♥t✐♥✉❡
❛s ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦♦❢✳

❲❡ ♠❛② s❡❡ t❤❛t t❤❡ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ ✇✐t❤ ❛ t❤✐♥ r❛♥❞♦♠ t✐♠❡ ❛s ❛♥
❛❧t❡r♥❛t✐✈❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶✳✸✵ t♦ ❣❡♥❡r❛❧✐③❛t✐♦♥ ❜❛s❡❞ ♦♥ ❞❡♥s✐t② ❤②♣♦t❤❡s✐s ✐♥
♣r♦❣r❡ss✐✈❡ s❡tt✐♥❣ ✭✐♥✐t✐❛❧ t✐♠❡s ❢r♦♠ ❬❏▲✵✾❪✮✳

❲❡ ✜♥✐s❤ t❤✐s s❡❝t✐♦♥ ✇✐t❤ ❛ r❡s✉❧t ❧✐♥❦✐♥❣ ♣r♦❝❡ss❡s ✐♥ Fτ ❛♥❞ F C ✳ ■t ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥
❛❧t❡r♥❛t✐✈❡ ❛♣r♦❛❝❤ t♦ s❤♦✇ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✵ ✉s✐♥❣ ❚❤❡♦r❡♠ ✶✳✸✵✳ ■t ✐s
❛s ✇❡❧❧ r❡❧❛t❡❞ t♦ t❤❡ ❛♣r♦❛❝❤ ✐♥ ❬❈❏❩✶✸❪✳
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Pr♦♣♦s✐t✐♦♥ ✷✳✶✶✳ ▲❡t X ❜❡ ❛ ♣r♦❝❡ss s✉❝❤ t❤❛t X = 11]]τ,∞[[ �X✳ ❚❤❡♥

✭❛✮ ❚❤❡ ♣r♦❝❡ss X ✐s ❛♥ F C✲✭s✉♣❡r✲✱ s✉❜✲✮ ♠❛rt✐♥❣❛❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♣r♦❝❡ss X ✐s ❛♥

Fτ ✲✭s✉♣❡r✲✱ s✉❜✲✮ ♠❛rt✐♥❣❛❧❡✳

✭❜✮ ▲❡t ϑ ❜❡ ❛♥ F C✲st♦♣♣✐♥❣ t✐♠❡✳ ❚❤❡♥ ϑ ∨ τ ✐s ❛♥ Fτ ✲st♦♣♣✐♥❣ t✐♠❡✳

✭❝✮ ❚❤❡ ♣r♦❝❡ss X ✐s ❛♥ F C✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♣r♦❝❡ss X ✐s ❛♥ Fτ ✲❧♦❝❛❧

♠❛rt✐♥❣❛❧❡✳

Pr♦♦❢✳ ✭❛✮ ◆♦t❡ t❤❛t t❤❡ ✜❧tr❛t✐♦♥s Fτ ❛♥❞ F C ❛r❡ ❡q✉❛❧ ❛❢t❡r τ ✱ ✐✳❡✳✱ ❢♦r ❡❛❝❤ t ❛♥❞ ❢♦r ❡❛❝❤
s❡t G ∈ FC

t t❤❡r❡ ❡①✐sts ❛ s❡t F ∈ Fτ
t s✉❝❤ t❤❛t

{τ ≤ t} ∩G = {τ ≤ t} ∩ F. ✭✷✳✸✮

❚♦ s❤♦✇ ✭✷✳✸✮✱ ❜② ▼♦♥♦t♦♥❡ ❈❧❛ss ❚❤❡♦r❡♠ ✶✳✶✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ❝♦♥s✐❞❡r G = Cn ❛♥❞ t♦
t❛❦❡ F = Cn ∩ {τ ≤ t} ✇❤✐❝❤ ❜❡❧♦♥❣s t♦ Fτ

t ❛s Cn ∈ Fτ
τ ❜② ❬❍❲❨✾✷✱ ❈♦r♦❧❧❛r② ✸✳✺❪✳ ❚❤❛t

✐♠♣❧✐❡s t❤❛t t❤❡ ♣r♦❝❡ss 11]]τ,∞[[ �X ✐s Fτ ✲❛❞❛♣t❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s F C✲❛❞❛♣t❡❞✳ ❊q✉✐✈❛❧❡♥❝❡
♦❢ ✭s✉♣❡r✲✱ s✉❜✲✮ ♠❛rt✐♥❣❛❧❡ ♣r♦♣❡rt② ❝♦♠❡s ❢r♦♠ ✭✷✳✸✮✳
✭❜✮ ❋♦r ❡❛❝❤ t ✇❡ ❤❛✈❡ {ϑ ∨ τ ≤ t} = {ϑ ≤ t} ∩ {τ ≤ t} ∈ Fτ

t ❜② ✭✷✳✸✮✳
✭❝✮ ❲❡ ❝♦♠❜✐♥❡ t✇♦ ♣r❡✈✐♦✉s ♣♦✐♥ts✳

✷✳✷✳✷✳✷ ●❡♥❡r❛❧ r❛♥❞♦♠ t✐♠❡ ❝❛s❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇♦r❦ ✇✐t❤ (τ1, τ2) t❤❡ (∗)✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ r❛♥❞♦♠ t✐♠❡ τ ✳ ❲❡ ❞❡✜♥❡ t❤❡
❢♦❧❧♦✇✐♥❣ ❡♥❧❛r❣❡❞ ✜❧tr❛t✐♦♥s Fτ1 ✱ Fτ2 ❛♥❞ Fτ1,τ2 ❛s

Fτi
t : =

⋂

s>t

Fs ∨ σ(τi ∧ s) ❢♦r i = 1, 2

Fτ1,τ2
t : =

⋂

s>t

Fs ∨ σ(τ1 ∧ s) ∨ σ(τ2 ∧ s).

▲❡♠♠❛ ✷✳✶✷✳ ▲❡t τ ❜❡ ❛ r❛♥❞♦♠ t✐♠❡ ❛♥❞ (τ1, τ2) ✐ts (∗)✲❞❡❝♦♠♣♦s✐t✐♦♥✳ ❚❤❡♥✱ t❤❡ ❤②♣♦t❤✲

❡s✐s ✭H′✮ ✐s s❛t✐s✜❡❞ ❢♦r F ⊂ Fτ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❤②♣♦t❤❡s✐s ✭H′✮ ✐s s❛t✐s✜❡❞ ❢♦r F ⊂ Fτ1✳

Pr♦♦❢✳ ❋✐rst ✇❡ s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❝❧✉s✐♦♥s ♦❢ ✜❧tr❛t✐♦♥s ❢♦r i = 1, 2✿

F ⊂ Fτi ⊂ Fτ1,τ2 = Fτ .

✶✮ ❚♦ s❤♦✇ Fτ1 ⊂ Fτ ✱ t❛❦❡ B ✐♥ t❤❡ s❡t ♦❢ ❣❡♥❡r❛t♦rs ♦❢ Fτ1
t ✳ ■❢ B ∈ Ft✱ t❤❡♥ ♦❜✈✐♦✉s❧②

B ∈ Fτ
t ✳ ■❢ B = {τ1 ≤ s} ✇✐t❤ s ≤ t✱ t❤❡♥

B = {τ ≤ s} ∩ {∆Aoτ = 0} =
⋂

n

{τ ≤ s} ∩ {τ 6= Tn} ∈ Fτ
s , ❛♥❞ B ∈ Fτ

t s✐♥❝❡ Fτ
s ⊂ Fτ

t .

✷✮ ❚♦ s❤♦✇ Fτ2 ⊂ Fτ ✱ t❛❦❡ B ✐♥ t❤❡ s❡t ♦❢ ❣❡♥❡r❛t♦rs ♦❢ Fτ2
t ✳ ■❢ B ∈ Ft✱ t❤❡♥ ♦❜✈✐♦✉s❧②

B ∈ Fτ
t ✳ ■❢ B = {τ2 ≤ s} ✇✐t❤ s ≤ t✱ t❤❡♥

B = {τ ≤ s} ∩ {∆Aoτ > 0} =
⋃

n

{τ ≤ s} ∩ {τ = Tn} ∈ Fτ
s , ❛♥❞ B ∈ Fτ

t s✐♥❝❡ Fτ
s ⊂ Fτ

t .



✷✳✸✳ ❚❍■◆ ❍❖◆❊❙❚ ❚■▼❊❙ ✹✼

✸✮ Fτ1,τ2 ⊂ Fτ ✐s ❞✉❡ t♦ t❤❡ t✇♦ ♣r❡✈✐♦✉s ♣♦✐♥ts✳
✹✮ ❚♦ s❤♦✇ Fτ ⊂ Fτ1,τ2 ✱ t❛❦❡ B ✐♥ t❤❡ s❡t ♦❢ ❣❡♥❡r❛t♦rs ♦❢ Fτ

t ✳ ■❢ B ∈ Ft✱ t❤❡♥ ♦❜✈✐♦✉s❧②
B ∈ Fτ1,τ2

t ✳ ■❢ B = {τ ≤ s} ✇✐t❤ s ≤ t✱ t❤❡♥

B = {τ1 ≤ s} ∪ {τ2 ≤ s} ∈ Fτ1,τ2
s ⊂ Fτ1,τ2

t .

❚❤❡♥✱ t❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❝♦♠❡s ❢r♦♠ ❙tr✐❝❦❡r✬s ❚❤❡♦r❡♠ ✶✳✷✽ ❛♥❞ t❤❡ s✉✣❝✐❡♥t ❝♦♥❞✐✲
t✐♦♥ ❝♦♠❡s ❢r♦♠ ▲❡♠♠❛ ✷✳✶✵ ❢♦r t❤❡ t❤✐♥ r❛♥❞♦♠ t✐♠❡ τ2✳

■♥ t❤❡ ♥❡①t ❧❡♠♠❛ ✇❡ s❡❡ t❤❛t τ1 ❛♥❞ τ2 ❛r❡ ✐♥ s♦♠❡ s❡♥s❡ ♦rt❤♦❣♦♥❛❧ ✭✐♥ t❡r♠s ♦❢ s❡♠✐✲
♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ❛ss♦❝✐❛t❡❞ s✉♣❡r♠❛rt✐♥❣❛❧❡s✱ ✇❤✐❝❤ ✐s ❞✉❡ t♦ τ1 ∨ τ2 = ∞✮✳

▲❡♠♠❛ ✷✳✶✸✳ ❚❤❡ F✲s✉♣❡r♠❛rt✐♥❣❛❧❡ Z2 ♦❢ ❛ t❤✐♥ r❛♥❞♦♠ t✐♠❡ τ2 ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ Fτ1✲

s✉♣❡r♠❛rt✐♥❣❛❧❡ Z2,Fτ1 ♦❢ τ2✱ ✐✳❡✳✱ P(τ2 > t|Ft) = P(τ2 > t|Fτ1
t )✳

Pr♦♦❢✳ ▲❡t T ❜❡ ❛♥ F✲st♦♣♣✐♥❣ t✐♠❡✳ ❋♦r ❡❛❝❤ A ∈ Fτ1
t ✱ t❤❡r❡ ❡①✐sts B ∈ Ft s✉❝❤ t❤❛t

A ∩ {τ = T} = B ∩ {τ = T}✱ s♦ P(τ = T |Ft) = P(τ = T |Fτ1
t ) ✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✳

✷✳✸ ❚❤✐♥ ❤♦♥❡st t✐♠❡s

■♥ t❤✐s ♣❛rt ✇❡ r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ ❛ s♣❡❝✐❛❧ ❝❧❛ss ♦❢ r❛♥❞♦♠ t✐♠❡s✱ ♥❛♠❡❧② t♦ ❤♦♥❡st
t✐♠❡s ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✹✶✮✳

✷✳✸✳✶ ❋✉♥❞❛♠❡♥t❛❧ ♣r♦♣❡rt✐❡s

▲❡♠♠❛ ✷✳✶✹✳ ▲❡t τ ❜❡ ❛♥ ❤♦♥❡st t✐♠❡ ❛♥❞ ❞❡♥♦t❡ ❜② (τ1, τ2) ✐ts (∗)✲❞❡❝♦♠♣♦s✐t✐♦♥✳ ❚❤❡♥✱

t❤❡ t✐♠❡s τ1 ❛♥❞ τ2 ❛r❡ ❤♦♥❡st t✐♠❡s✳

Pr♦♦❢✳ ❖♥ t❤❡ s❡t {τ < ∞}✱ τ ✐s ❡q✉❛❧ t♦ γ✱ t❤❡ ❡♥❞ ♦❢ t❤❡ ♦♣t✐♦♥❛❧ s❡t Γ ✭❚❤❡♦r❡♠ ✶✳✹✸✮✳
❚❤❡♥✱ ❛s {τ1 < ∞} ⊂ {τ < ∞}✱ ♦♥ t❤❡ s❡t {τ1 < ∞}✱ ♦♥❡ ❤❛s τ1 = γ✱ s♦ τ1 ✐s ❛♥ ❤♦♥❡st
t✐♠❡✳ ❙❛♠❡ ❛r❣✉♠❡♥t ❢♦r τ2✳

❲❡ ❛❧s♦ ❣✐✈❡ ❛ s✐♠♣❧❡ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❤♦♥❡st t✐♠❡s ❛✈♦✐❞✐♥❣ F✲ st♦♣♣✐♥❣ t✐♠❡s✳

▲❡♠♠❛ ✷✳✶✺✳ ❆ r❛♥❞♦♠ t✐♠❡ τ ✐s ❛♥ ❤♦♥❡st t✐♠❡ ❛♥❞ ❛✈♦✐❞s F✲st♦♣♣✐♥❣ t✐♠❡s ✐❢ ❛♥❞ ♦♥❧②

✐❢ Zτ = 1 ❛✳s✳ ♦♥ {τ <∞}✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t τ ✐s ❛♥ ❤♦♥❡st t✐♠❡ ❛✈♦✐❞✐♥❣ F✲st♦♣♣✐♥❣ t✐♠❡s✳ ❍♦♥❡st②✱ ❜② ❚❤❡♦r❡♠
✶✳✹✸✱ ✐♠♣❧✐❡s t❤❛t Z̃τ = 1 ❛♥❞ t❤❡ ❛✈♦✐❞✐♥❣ ♣r♦♣❡rt② ✐♠♣❧✐❡s t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ Ao s✐♥❝❡ ❢♦r
❡❛❝❤ F✲st♦♣♣✐♥❣ t✐♠❡ T ✱ E(∆AoT ) = P(τ = T < ∞) = 0✳ ❚❤❡♥✱ t❤❡ r❡❧❛t✐♦♥ Z̃ = Z +∆Ao

❧❡❛❞s t♦ t❤❡ r❡s✉❧t✳
❆ss✉♠❡ ♥♦✇ t❤❛t Zτ = 1 ♦♥ t❤❡ s❡t {τ <∞}✳ ❚❤❡♥✱ ♦♥ {τ <∞} ✇❡ ❤❛✈❡ 1 = Zτ ≤ Z̃τ ≤ 1✱
s♦ Z̃τ = 1 ❛♥❞ τ ✐s ❛♥ ❤♦♥❡st t✐♠❡✳ ❋✉rt❤❡r♠♦r❡✱ ❛s ∆Aoτ = Z̃τ−Zτ = 0✱ ❢♦r ❡❛❝❤ F✲st♦♣♣✐♥❣
t✐♠❡ T ✇❡ ❤❛✈❡

P(τ = T <∞) = E(11{τ=T}11{∆Ao
τ=0}11(T<∞))

= E(

∫ ∞

0
11{u=T}11{∆Ao

u=0}dA
o
u) = 0.
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❙♦ τ ❛✈♦✐❞s F✲st♦♣♣✐♥❣ t✐♠❡s✳

▲❡♠♠❛ ✷✳✶✻✳ ▲❡t τ ❜❡ ❛♥ ❤♦♥❡st t✐♠❡ ✇✐t❤ (∗)✲❞❡❝♦♠♣♦s✐t✐♦♥ (τ1, τ2)✳ ❚❤❡♥✱ Zτ = 1 ♦♥

{τ = τ1 <∞} ❛♥❞ Zτ < 1 ♦♥ {τ = τ2 <∞}✳

Pr♦♦❢✳ ❋r♦♠ t❤❡ ❤♦♥❡st t✐♠❡ ♣r♦♣❡rt② ♦❢ τ ❛♥❞ ▲❡♠♠❛ ✷✳✻✱ ♦♥ t❤❡ s❡t {τ <∞}
1 = Z̃τ = Z̃1

τ + Z̃2
τ − 1.

❖♥ t❤❡ s❡t {τ = τ1 <∞}✱ ✇❡ ❤❛✈❡

1 = Z̃1
τ1 + Z̃2

τ1 − 1 = Z̃2
τ1 ,

✇❤❡r❡ t❤❡ ❧❛st ❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ ▲❡♠♠❛ ✷✳✶✺✳ ◆♦✇ ❧❡t ✉s ❝♦♠♣✉t❡ Z2
τ1

Z2
τ1 = Z̃2

τ1 −∆A2 ,o
τ1 = Z̃2

τ1 = 1,

✇❤❡r❡ ✇❡ ✉s❡ t❤❡ str✐❝t r❛♥❞♦♠ t✐♠❡ ♣r♦♣❡rt② ♦❢ τ1✱ ✐✳❡✳✱ {∆A2 o > 0} =
⋃
n[[Tn]] ✭✇✐t❤ (Tn)

❜❡✐♥❣ ❛♥ ❡①❤❛✉st✐♥❣ s❡q✉❡♥❝❡ ♦❢ τ2✮ ❛♥❞ P(τ1 = Tn <∞) = 0✳ ❋✐♥❛❧❧②✱ ♦♥ {τ = τ1 <∞}
Zτ = Z1

τ1 + Z2
τ1 − 1 = 1.

❖♥ t❤❡ s❡t {τ = τ2 <∞}✱
Zτ = Z1

τ2 + Z2
τ2 − 1 ≤ Z2

τ2 < 1,

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ✐s ❞✉❡ t♦ ▲❡♠♠❛ ✷✳✼✳

▲❡♠♠❛ ✷✳✶✼✳ ▲❡t τ ❜❡ ❛ t❤✐♥ ❤♦♥❡st t✐♠❡ ❛♥❞ τt ❜❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ τ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✹✶✳

❚❤❡♥✱ ❢♦r ❡❛❝❤ n✿

✭❛✮ ♦♥ {Tn = τt} = {Tn = τt ≤ t} ✇❡ ❤❛✈❡ znt = 1− Zt✱ A
o
t = znTn ❛♥❞ 1−mt = znt − znTn ❀

✭❜✮ ♦♥ {Tn < t} ✇❡ ❤❛✈❡ znt = 11{τt=Tn}(1− Z̃t) ❛♥❞ znt− = 11{τt=Tn}(1− Zt−)❀ ✐♥ ♣❛rt✐❝✉❧❛r

1− Z̃t =
∑

n

11{τt=Tn<t}(1− Z̃t) ❛♥❞ 1− Zt− =
∑

n

11{τt=Tn<t}(1− Zt−).

Pr♦♦❢✳ ✭❛✮ ❯s✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ τt ✇❡ ❤❛✈❡

11{Tn=τt}z
n
t = P(Tn = τt ≤ t, τ = Tn|Ft) = P(τ ≤ t, Tn = τt = τ |Ft)
= P(τ ≤ t, Tn = τt|Ft) = 11{Tn=τt}(1− Zt).

❚❤❡ ❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ ❛ t❤✐♥ r❛♥❞♦♠ t✐♠❡ ❡q✉❛❧s

11{Tn=τt}A
o
t =

∑

k

11{Tn=τt,Tk≤t}z
k
Tk

= 11{Tn=τt}z
n
Tn ,

✇❤❡r❡ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ✐s ❞✉❡ t♦ t❤❡ ❢❛❝ts t❤❛t (Tn)n ❤❛✈❡ ❞✐s❥♦✐♥t ❣r❛♣❤s ❛♥❞ t❤❛t τt ≤ t
❛✳s✳ ❈♦♠❜✐♥✐♥❣ t❤❡ t✇♦ ♣r❡✈✐♦✉s ♣♦✐♥ts✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t 1−mt = 1−Zt −Aot = znt − znTn
♦♥ t❤❡ s❡t {Tn = τt}✳
✭❜✮ ❆❣❛✐♥ ✉s✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ τt ✇❡ ❣❡t

11{Tn<t}z
n
t = P(τ = Tn = τt < t|Ft) = 11{Tn=τt<t}(1− Z̃t),

11{Tn<t}z
n
t− = P(τ = Tn = τt < t|Ft−) = 11{Tn=τt<t}(1− Zt−).

❚❤❡♥✱ ▲❡♠♠❛ ✷✳✽ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳
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❘❡♠❛r❦ ✷✳✶✽✳ ❋♦r ❛ t❤✐♥ ❤♦♥❡st t✐♠❡ τ ✱ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r♠✉❧❛s ❝♦✐♥❝✐❞❡

Xt = X̂t +

∫ t∧τ

0

1

Zs−
d〈X,m〉Fs +

∑

n

11Cn

∫ t

0
11{s>Tn}

1

zns−
d〈X, zn〉Fs ,

Xt = X̂t +

∫ t∧τ

0

1

Zs−
d〈X,m〉Fs +

∫ t

0
11{s>τ}

1

1− Zs−
d〈X, 1−m〉Fs

✇❤❡r❡ t❤❡ ✜rst ♦♥❡ ❝♦♠❡s ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✶✵ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ❝♦♠❡s ❢r♦♠ ❚❤❡♦r❡♠ ✶✳✹✺✳

Pr♦♦❢✳ ■t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t
∫ t

0
11{s>τ}

1

1− Zs−
d〈X, 1−m〉Fs =

∑

n

11Cn

∫ t

0
11{s>Tn}

1

zns−
d〈X, zn〉Fs .

❚❤✐s ✐s ❛ s✐♠♣❧❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ s❡t ✐♥❝❧✉s✐♦♥ {τ < s} ∩ {τ = Tn} ⊂ {Tn = τs ≤ s} ❛♥❞
▲❡♠♠❛ ✷✳✶✼ ✭❛✮✿

∫ t

0
11{s>τ}

1

1− Zs−
d〈X, 1−m〉Fs =

∑

n

∫ t

0
11{s>τ}∩{τ=Tn}

1

1− Zs−
d〈X, 1−m〉Fs

=
∑

n

∫ t

0
11{s>τ}∩{τ=Tn}

1

zns−
d〈X, zns − znTn〉Fs

=
∑

n

11Cn

∫ t

0
11{s>Tn}

1

zns−
d〈X, zn〉Fs .

✷✳✸✳✷ ❘❡❧❛t✐♦♥ ✇✐t❤ ❥✉♠♣✐♥❣ ✜❧tr❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡✈❡❧♦♣ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❥✉♠♣✐♥❣ ✜❧tr❛t✐♦♥ ❛♥❞ t❤✐♥ ❤♦♥❡st t✐♠❡s✳ ▲❡t ✉s
✜rst r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❥✉♠♣✐♥❣ ✜❧tr❛t✐♦♥ ❛♥❞ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❜t❛✐♥❡❞ ✐♥ ❬❏❙✾✹❪✳

❉❡✜♥✐t✐♦♥ ✷✳✶✾✳ ❆ ✜❧tr❛t✐♦♥ F ✐s ❝❛❧❧❡❞ ❛ ❥✉♠♣✐♥❣ ✜❧tr❛t✐♦♥ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❧♦❝❛❧✐③✐♥❣

s❡q✉❡♥❝❡ (θn)n✱ ✐✳❡✳✱ ❛ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s ✐♥❝r❡❛s✐♥❣ ❛✳s✳ t♦ ∞✱ ✇✐t❤ θ0 = 0 ❛♥❞ s✉❝❤

t❤❛t ❢♦r ❛❧❧ n ❛♥❞ t > 0 t❤❡ σ✲✜❡❧❞s Ft ❛♥❞ Fθn ❝♦✐♥❝✐❞❡ ✉♣ t♦ ♥✉❧❧ s❡ts ♦♥ {θn ≤ t < θn+1}✳
❚❤❡ s❡q✉❡♥❝❡ (θn)n ✐s t❤❡♥ ❝❛❧❧❡❞ ❛ ❥✉♠♣✐♥❣ s❡q✉❡♥❝❡✳

❚❤❡r❡ ❡①✐sts ❛♥ ✐♠♣♦rt❛♥t ❛❧t❡r♥❛t✐✈❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❥✉♠♣✐♥❣ ✜❧tr❛t✐♦♥ ✐♥ t❡r♠s ♦❢
♠❛rt✐♥❣❛❧❡✬s ✈❛r✐❛t✐♦♥ ✭❬❏❙✾✹✱ ❚❤❡♦r❡♠ ✶❪✮✳

❚❤❡♦r❡♠ ✷✳✷✵✳ ❚❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭❛✮ ❛ ✜❧tr❛t✐♦♥ F ✐s ❛ ❥✉♠♣✐♥❣ ✜❧tr❛t✐♦♥❀

✭❜✮ ❛❧❧ ♠❛rt✐♥❣❛❧❡s ✐♥ t❤❡ ✜❧tr❛t✐♦♥ F ❛r❡ ❛✳s✳ ♦❢ ❧♦❝❛❧❧② ✜♥✐t❡ ✈❛r✐❛t✐♦♥✳

■♥ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤✐s s❡❝t✐♦♥ ✇❡ ✐♥✈❡st✐❣❛t❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❥✉♠♣✐♥❣ ✜❧tr❛t✐♦♥ ❛♥❞
t❤❡ ❝♦♥❞✐t✐♦♥ st❛t✐♥❣ t❤❛t ❆❧❧ ❤♦♥❡st t✐♠❡s ✐♥ t❤❡ ✜❧tr❛t✐♦♥ F ❛r❡ t❤✐♥ ❤♦♥❡st t✐♠❡s ✳

❲❡ st❛rt ✇✐t❤ s❤♦✇✐♥❣ t❤❛t t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st str✐❝t ❤♦♥❡st t✐♠❡ ✐♥ ❛ ❥✉♠♣✐♥❣ ✜❧tr❛t✐♦♥✳
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Pr♦♣♦s✐t✐♦♥ ✷✳✷✶✳ ■❢ F ✐s ❛ ❥✉♠♣✐♥❣ ✜❧tr❛t✐♦♥ t❤❡♥ ❛❧❧ F✲❤♦♥❡st t✐♠❡s ❛r❡ t❤✐♥✳

Pr♦♦❢✳ ▲❡t τ ❜❡ ❛♥ ❤♦♥❡st t✐♠❡✳ ❚❤❡♥✱ t❛❦❡ t❤❡ s❛♠❡ ♣r♦❝❡ss α ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛
✶✳✹✷✱ ✐✳❡✳✱ α ✐s ❛♥ ✐♥❝r❡❛s✐♥❣✱ ❝à❞❧à❣✱ ❛❞❛♣t❡❞ ♣r♦❝❡ss s✉❝❤ t❤❛t αt = τ ♦♥ {τ ≤ t} ❛♥❞
τ = sup{t : αt = t}✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ♣❛rt✐t✐♦♥ (Cn)

∞
n=0 s✉❝❤ t❤❛t

Cn = {θn−1 ≤ τ < θn}

❢♦r n ≥ 1 ❛♥❞ C0 = {τ = ∞} ✇✐t❤ (θn)n ❜❡✐♥❣ ❛ ❥✉♠♣✐♥❣ s❡q✉❡♥❝❡ ❢♦r t❤❡ ❥✉♠♣✐♥❣ ✜❧tr❛t✐♦♥
F✳ ❖♥ ❡❛❝❤ Cn ✇✐t❤ n ≥ 1 ✇❡ ❤❛✈❡

τ = Tn := inf{t ≥ θn−1 : t = αθn−}.

❋r♦♠ t❤❡ ❥✉♠♣✐♥❣ ✜❧tr❛t✐♦♥ ♣r♦♣❡rt②✱ ✇❡ ❦♥♦✇ t❤❛t αθn− ✐s Fθn−1 ♠❡❛s✉r❛❜❧❡ s♦ ❡❛❝❤ Tn ✐s
❛ st♦♣♣✐♥❣ t✐♠❡ ❛♥❞ [[τ ]] ⊂ ⋃∞

n=1[[Tn]] ✇❤✐❝❤ s❤♦✇s t❤❛t t❤❡ ❤♦♥❡st t✐♠❡ τ ✐s ❛ t❤✐♥ r❛♥❞♦♠
t✐♠❡✳

■♥ t❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ✇❡ ❢♦❝✉s ♦♥ ❝♦♥❞✐t✐♦♥ ✭❜✮ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✵✳ ❆s ❛ ✜rst st❡♣ ✇❡
r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ ❝♦♥t✐♥✉♦✉s ♠❛rt✐♥❣❛❧❡s ✇❤✐❝❤ ❛r❡ ♥♦t ❝♦♥st❛♥t ✭✐✳❡✳✱ ✇❤✐❝❤ ❤❛✈❡
✐♥✜♥✐t❡ ✈❛r✐❛t✐♦♥✮✳ ❚❤❡ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ t❤❡ st✉❞✐❡❞ ❝♦♥❞✐t✐♦♥ t❤❛t ❆❧❧ ❤♦♥❡st t✐♠❡s ✐♥ t❤❡
✜❧tr❛t✐♦♥ F ❛r❡ t❤✐♥ ❤♦♥❡st t✐♠❡s ✐s ❛♥♥♦✉♥❝❡❞✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✷✳ ▲❡t M ❜❡ ❛ ❝♦♥t✐♥✉♦✉s F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✇✐t❤ M0 = 0✳ ❉❡✜♥❡ t❤❡

F✲st♦♣♣✐♥❣ t✐♠❡ S1 = inf{t > 0 : 〈M〉t = 1}✳ ❚❤❡♥✱ t❤❡ F✲❤♦♥❡st t✐♠❡

τ := sup {t ≤ S1 :Mt = 0}

✐s ❛ str✐❝t ❤♦♥❡st t✐♠❡✳

Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ❬❘❨✾✾✱ ❊①❡r❝✐s❡ ✭✶✳✷✻✮ ♣✳✷✸✺❪✳
▲❡t ✉s ❞❡♥♦t❡ ❜② Z(ω) := {t : Mt(ω) = 0}✳ ❚❤❡ s❡t Z(ω) ✐s ❝❧♦s❡❞ ❛♥❞ Zc(ω) ✐s t❤❡ ✉♥✐♦♥
♦❢ ❝♦✉♥t❛❜❧② ♠❛♥② ♦♣❡♥ ✐♥t❡r✈❛❧s✳ ❲❡ ❝❛❧❧ G(ω) t❤❡ s❡t ♦❢ ❧❡❢t ❡♥❞s ♦❢ t❤❡s❡ ♦♣❡♥ ✐♥t❡r✈❛❧s✳
■♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ s❤♦✇ t❤❛t ❢♦r ❛♥② F✲st♦♣♣✐♥❣ t✐♠❡ T ✇❡ ❤❛✈❡ P(T ∈ G) = 0✳ ❉❡✜♥❡ t❤❡
F✲st♦♣♣✐♥❣ t✐♠❡

DT := inf{t > T :Mt = 0}
❛♥❞ ♥♦t❡ t❤❛t

{T ∈ G} = {MT = 0} ∩ {T < DT } ∈ FT .
❆ss✉♠❡ P(T ∈ G) = p > 0✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❝❡ss

Yt = 11{T∈G}|MT+t|11{0≤t≤DT−T}.

❲❡ ❝❤❡❝❦ ✐t ✐s ❛♥ (FT+t)t≥0✲♠❛rt✐♥❣❛❧❡✱ ❢♦r s ≤ t ✇❡ ❤❛✈❡

E(Yt|FT+s) = 11{T∈G}s❣♥(MT+t)E(MT+t11{t≤DT−T}|FT+s)
=11{T∈G}s❣♥(MT+t)

(
MT+s11{s≤DT−T} − E(11{s≤DT−T}11{t>DT−T}E(MT+t|FDT

)|FT+s)
)

=Ys − 11{T∈G}s❣♥(MT+t)E(11{s≤DT−T}11{t>DT−T}MDT
|FT+s)

=Ys
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✇❤❡r❡ ✇❡ ✉s❡❞ ♠❛rt✐♥❣❛❧❡ ♣r♦♣❡rt② ♦❢ M ❛♥❞ MDT
= 0✳ ▼♦r❡♦✈❡r Y0 = 0 ❛♥❞ t❤❡r❡ ❡①✐sts

ε > 0 s✉❝❤ t❤❛t
P(MT = 0, DT − T > ε) ≥ p

2
> 0.

❙✐♥❝❡ Yε = 11{MT=0}11{DT−T≥ε}|MT+ε| ≥ 0 ❛♥❞ P(Yε > 0) > 0✱ ✇❡ ❤❛✈❡ E(Yε) > 0 = Y0✳ ❙♦✱
P(T ∈ G) = 0✳ ❋✐♥❛❧❧②✱ ❛s τ ∈ G ❛✳s✳ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t τ ✐s ❛ str✐❝t ❤♦♥❡st t✐♠❡✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥ ❝❛♥♥♦t ❜❡ ❡①t❡♥❞❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ ❛♥② ✐♥✜♥✐t❡ ✈❛r✐❛t✐♦♥
♠❛rt✐♥❣❛❧❡ M ❛s ♦♥ t❤❡ ✐♥t❡r✈❛❧ [T,DT [ t❤❡ s✐❣♥ ♦❢ t❤❡ ♠❛rt✐♥❣❛❧❡ M ♠❛② ❝❤❛♥❣❡✳

◆❡✈❡rt❤❡❧❡ss ✇❡ ❣✐✈❡ t✇♦ ❡①❛♠♣❧❡s ♦❢ str✐❝t ❤♦♥❡st t✐♠❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♣✉r❡❧② ❞✐s❝♦♥t✐♥✉♦✉s
s❡♠✐♠❛rt✐♥❣❛❧❡s ♦❢ ✐♥✜♥✐t❡ ✈❛r✐❛t✐♦♥✳ ■♥ t❤❡ ✜rst ❊①❛♠♣❧❡ ✷✳✷✸ t❤❡ ❝❛s❡ ♦❢ ❆③é♠❛ ♠❛rt✐♥❣❛❧❡
✐s st✉❞✐❡❞ ✭s❡❡ ❬Pr♦✵✹✱ ■❱✳✽ ♣✳✷✸✷✲✷✸✼❪✮✳ ■♥ t❤❡ s❡❝♦♥❞ ❊①❛♠♣❧❡ ✷✳✷✹ ✇❡ r❡❝❛❧❧ t❤❡ ❡①❛♠♣❧❡
✷✳✶ ❢r♦♠ ❬❑❛r✶✹❛❪ ♦♥ ✧▼❛①✐♠✉♠ ♦❢ ❞♦✇♥✇❛r❞s ❞r✐❢t✐♥❣ s♣❡❝tr❛❧❧② ♥❡❣❛t✐✈❡ ▲é✈② ♣r♦❝❡ss❡s
✇✐t❤ ♣❛t❤s ♦❢ ✐♥✜♥✐t❡ ✈❛r✐❛t✐♦♥✧✳

❊①❛♠♣❧❡ ✷✳✷✸✳ ▲❡t B ❜❡ ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ F := FB✳ ❉❡✜♥❡ t❤❡ ♣r♦❝❡ss

gt := sup{s ≤ t : Bs = 0}.

❚❤❡ ♣r♦❝❡ss

µt := s❣♥(Bt)
√
t− gt

✐s ❛ ♠❛rt✐♥❣❛❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✜❧tr❛t✐♦♥ G := (Fgt+)t≥0 ❛♥❞ ✐s ❝❛❧❧❡❞ t❤❡ ❆③é♠❛ ♠❛r✲

t✐♥❣❛❧❡✳ ❚❤❡♥✱ t❤❡ r❛♥❞♦♠ t✐♠❡

τ := sup{t ≤ 1 : µt = 0}

✐s ❛ G✲str✐❝t ❤♦♥❡st t✐♠❡✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t τ = τB := sup{t ≤ 1 : Bt = 0} ❛♥❞

τB ✐s ❛♥ F✲str✐❝t ❤♦♥❡st t❤✉s G✲str✐❝t ❤♦♥❡st t✐♠❡ ❛s ✇❡❧❧✳

❊①❛♠♣❧❡ ✷✳✷✹✳ ▲❡t X ❜❡ ❛ ▲é✈② ♣r♦❝❡ss ✇✐t❤ ❝❤❛r❛❝t❡r✐st✐❝ tr✐♣❧❡t (α, σ2 = 0, ν) s❛t✐s❢②✐♥❣

ν(]0,∞[) = 0✱ α +
∫ −1
−∞ xν(dx) < 0 ❛♥❞

∫ 0
−1 |x|ν(dx) = ∞✳ ❚❤❡♥✱ ρ = sup{t : Xt− = X∗

t−}
✇✐t❤ X∗

t = sups≤tXs ✐s ❛ str✐❝t ❤♦♥❡st t✐♠❡✳

Pr♦❜❧❡♠s r❡❧❛t❡❞ t♦ ♣✉r❡❧② ❞✐s❝♦♥t✐♥✉♦✉s ♠❛rt✐♥❣❛❧❡ ✜❧tr❛t✐♦♥s ❛r❡ tr❡❛t❡❞ ✐♥ ❬❍❛♥✵✸❪✳

✷✳✸✳✸ ❊①❛♠♣❧❡s ♦❢ t❤✐♥ ❤♦♥❡st t✐♠❡s

✷✳✸✳✸✳✶ ❈♦♠♣♦✉♥❞ P♦✐ss♦♥ ♣r♦❝❡ss✿ ❧❛st ♣❛ss❛❣❡ t✐♠❡ ❛t ❛ ❜❛rr✐❡r a

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ✜❧tr❛t✐♦♥ F ❣❡♥❡r❛t❡❞ ❜② ❛ ❈♦♠♣♦✉♥❞ P♦✐ss♦♥ Pr♦❝❡ss ✭❈❈P✮ X✱ ❞❡✜♥❡❞
❛s

Xt =

Nt∑

n=1

Yn,

✇❤❡r❡ N ✐s ❛ P♦✐ss♦♥ ♣r♦❝❡ss ✇✐t❤ ♣❛r❛♠❡t❡r η ❛♥❞ s❡q✉❡♥❝❡ ♦❢ ❥✉♠♣ t✐♠❡s (θn)
∞
n=1✱ ❛♥❞

✇❤❡r❡ (Yn)
∞
n=1 ❛r❡ ✐✳✐✳❞✳ ♣♦s✐t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ N ✱ ✇✐t❤ ❝✉♠✉❧❛t✐✈❡

❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ F ✳
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■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② s❡✈❡r❛❧ ❤♦♥❡st t✐♠❡s ✐♥ t❤❡ ✜❧tr❛t✐♦♥ ♦❢ X ✇❤✐❝❤ ❛r❡ t❤✐♥ ❤♦♥❡st
t✐♠❡s✱ ❛♥❞ ❛r❡ ♥♦t st♦♣♣✐♥❣ t✐♠❡s✳ ■♥ ❛ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ❢r❛♠❡✇♦r❦✱ ✐♥ ♦r❞❡r t♦ st✉❞②
t❤❡ Fτ ✲s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ F✲♠❛rt✐♥❣❛❧❡s ❜❡❢♦r❡ τ ✱ ♦♥❡ ♥❡❡❞s t♦ ❝♦♠♣✉t❡ t❤❡
♠❛rt✐♥❣❛❧❡ m = Z + Ao✳ ❚❤❡r❡❢♦r❡✱ ✇❡ s❤❛❧❧ ♣r❡s❡♥t t❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ Ao ✭❤❡♥❝❡ m✮ ✐♥
❛❧❧ t❤❡s❡ ❡①❛♠♣❧❡s✳

❉❡✜♥❡ ❛ r❛♥❞♦♠ t✐♠❡ τ ❛s

τ := sup{t : µt−Xt ≤ a} ✭✷✳✹✮

✇✐t❤ a > 0 ❛♥❞ ❛ ❝♦♥st❛♥t µ✳

t

t

θ1 θ2 T1 θ3 θ4 θ5 θ6 T2

T1 θ3 θ4 θ5 T2

a

1

Ψ(0)

0

0

Z̃t

µt−Xt

❋✐❣✉r❡ ✷✳✶✿ ❍✐❣❤❡r ❧✐♥❡ r❡♣r❡s❡♥ts µt −Xt✳ (Tn)n ✐s t❤❡ ❡①❤❛✉st✐♥❣ s❡q✉❡♥❝❡ ♦❢ τ ✱ ❣✐✈❡♥ ✐♥ ✭✷✳✺✮✳ ▲♦✇❡r

❧✐♥❡ r❡♣r❡s❡♥ts t❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ Z̃ ❛ss♦❝✐❛t❡❞ t♦ τ ✱ ❣✐✈❡♥ ✐♥ ✭✷✳✼✮✳ ❚❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ Z ❛ss♦❝✐❛t❡❞ t♦

τ ✱ ❣✐✈❡♥ ✐♥ ✭✷✳✻✮✱ ✐s ❛ r✐❣❤t✲❧✐♠✐t ♦❢ Z̃✳

❋r♦♠ ♥♦✇ ♦♥ ✇❡ ❛ss✉♠❡ t❤❛t µ > η E(Y1)✳ ❯♥❞❡r t❤✐s ❝♦♥❞✐t✐♦♥✱ t❤❡ r❛♥❞♦♠ t✐♠❡ τ ✐s ✜♥✐t❡
❛✳s✳✳ ❙✐♥❝❡ τ ✐s ❛ ❧❛st ♣❛ss❛❣❡ t✐♠❡ ❛s ✐♥ ▲❡♠♠❛ ✶✳✹✼✱ ✐t ✐s ❛♥ ❤♦♥❡st t✐♠❡ ✐♥ t❤❡ ✜❧tr❛t✐♦♥
F✳ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ t❤❡ ♣r♦❝❡ss µt −Xt ❤❛s ♦♥❧② ♥❡❣❛t✐✈❡ ❥✉♠♣s✱ ♦♥❡ ❤❛s µτ −Xτ = a✳
❚❤✐s t✐♠❡ τ ❞♦❡s ♥♦t ❛✈♦✐❞ F✲st♦♣♣✐♥❣ t✐♠❡s ❛s ✇❡ s❤❛❧❧ s❡❡ ❜❡❧♦✇✳

▲❡♠♠❛ ✷✳✷✺✳ ❚❤❡ ❤♦♥❡st t✐♠❡ τ ✐s ❛ t❤✐♥ r❛♥❞♦♠ t✐♠❡ ✇✐t❤ ❡①❤❛✉st✐♥❣ s❡q✉❡♥❝❡ (Tn)n≥1

❣✐✈❡♥ ❜②

T1 := inf{t > 0 : µt−Xt = a} ❛♥❞ ✭✷✳✺✮

Tn := inf{t > Tn−1 : µt−Xt = a} ❢♦r n > 1.

❊❛❝❤ Tn ✐s ❛ ♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡✳ ❋✉rt❤❡r♠♦r❡ Zτ < 1✳
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Pr♦♦❢✳ ❚❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ❧❡♠♠❛ ✐s tr✐✈✐❛❧✳ ❙❡ts (Cn)
∞
n=0 ✇✐t❤ Cn = {τ = Tn} ❢♦r♠ ❛

♣❛rt✐t✐♦♥ ♦❢ Ω✳ ❚❤❡♥✱ τ =
∑∞

n=0 Tn11Cn ✳ ◆♦t❡ t❤❛t τ ✐s ♥♦t ❛♥ F✲st♦♣♣✐♥❣ t✐♠❡ ❛s Cn /∈ FTn
❢♦r ❛♥② n✳
❚♦ s❤♦✇ t❤❛t ❡❛❝❤ Tn ✐s ♣r❡❞✐❝t❛❜❧❡✱ ❧❡t ✉s ❞❡✜♥❡ t❤❡ st♦♣♣✐♥❣ t✐♠❡s Jd ❛♥❞ Ju ❛s

Jd = inf{t > 0 : µt−Xt− = a, µt−Xt < a}
Ju = inf{t > 0 : µt−Xt− > a, µt−Xt = a}.

❋✐rst ♦❜s❡r✈❡ t❤❛t [[Jd]] ⊂
⋃
n[[θn]] ❛♥❞ [[Ju]] ⊂

⋃
n[[θn]]✳ ❋♦r ❡❛❝❤ n✱ ✇❡ ❤❛✈❡ P(Jd = θn) = 0

❛s

P(Jd = θn) = E
(
P
(
Jd = θn|Fθn−1

))
= E

(
11{Jd>θn−1}P

(
µθn −Xθn−1 = a|Fθn−1

))

≤ E

(
P

(
θn − θn−1 =

a− µθn−1 +Xθn−1

µ
|Fθn−1

))
= 0,

s♦ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t Jd = ∞ ❛✳s✳ ❋♦r ❡❛❝❤ n✱ ✇❡ ❤❛✈❡ P(Ju = θn) = 0 ❛s

P(Ju = θn) = E
(
P
(
Ju = θn|Fθn−1 ∨ σ(Yn)

))
= E

(
11{Ju>θn−1}P

(
µθn −Xθn = a|Fθn−1 ∨ σ(Yn)

))

≤ E

(
P

(
θn − θn−1 =

a− µθn−1 +Xθn−1 + Yn

µ
|Fθn−1 ∨ σ(Yn)

))
= 0,

s♦ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t Ju = ∞ ❛✳s✳ ◆♦✇✱ ❢♦r ❡❛❝❤ n ≥ 1✱ ✇❡ s✐♠♣❧② ❞❡✜♥❡ ❛♥ ❛♥♥♦✉♥❝✐♥❣
s❡q✉❡♥❝❡ (Tn,m)m≥1 ❢♦r Tn ❛s

Tn,m = inf{t > Tn−1 : µt−Xt ≥ a− 1

m
}}

✇✐t❤ T0 = 0✳ ❲❡ s❡❡ t❤❛t Jd = ∞ ❛♥❞ Ju = ∞ ❛✳s✳ ❡♥s✉r❡ t❤❛t ❡❛❝❤ s❡q✉❡♥❝❡ (Tn,m)m ✐s
✐♥❞❡❡❞ ❛♥ ❛♥♥♦✉♥❝✐♥❣ s❡q✉❡♥❝❡ ♦❢ Tn✳

▲❡t ✉s r❡♠❛r❦ t❤❛t ✐♥ ❢❛❝t t❤❡ r❛♥❞♦♠ t✐♠❡ τ ✭❞❡✜♥❡❞ ✐♥ ✭✷✳✹✮✮ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ❡♥❞ ♦❢
t❤❡ ♦♣t✐♦♥❛❧ s❡t Γ =

⋃
n[[Tn]] ❛s

τ(ω) = sup{t : (ω, t) ∈ Γ}.

Pr♦♣♦s✐t✐♦♥ ✷✳✷✻✳ ❚❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡s Z ❛♥❞ Z̃ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❤♦♥❡st t✐♠❡ τ ❛r❡

❣✐✈❡♥ ❜②

Zt = Ψ(µt−Xt − a)11{µt−Xt≥a} + 11{µt−Xt<a}, ✭✷✳✻✮

Z̃t = Ψ(µt−Xt − a)11{µt−Xt>a} + 11{µt−Xt≤a}, ✭✷✳✼✮

✇❤❡r❡ Ψ(x) ✐s t❤❡ r✉✐♥ ♣r♦❜❛❜✐❧✐t② ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣r♦❝❡ss µt−Xt✱ ✐✳❡✳✱ ❢♦r ❡✈❡r② x ≥ 0

Ψ(x) := P(tx <∞) ✇✐t❤ tx := inf{t : x+ µt−Xt < 0}. ✭✷✳✽✮

❚❤❡ ❢✉♥❝t✐♦♥ Ψ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✭✐✮ ❢♦r x < 0 ✇❡ ❤❛✈❡ Ψ(x) = 1❀

✭✐✐✮ t❤❡ ❢✉♥❝t✐♦♥ Ψ ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ❞❡❝r❡❛s✐♥❣ ♦♥ ]0,∞[❀

✭✐✐✐✮ ❢♦r x = 0✱ ✇❡ ❤❛✈❡ Ψ(0) = ηE(Y1)
µ < 1✳
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■♥ ♣❛rt✐❝✉❧❛r✱ Zτ = 1
1+κ ✇❤❡r❡ κ =

µ

ηE(Y1)
− 1✳

❚❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ Z ❛❞♠✐ts t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ Z = m−Ao ✇❤❡r❡

mt = (1−Ψ(0))
∑

n

11(t≥Tn) +Ψ(µt−Xt − a)11{µt−Xt≥a} + 11{µt−Xt<a}

Aot = (1−Ψ(0))
∑

n

11{t≥Tn}.

❚❤❡ F✲❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ❛♥❞ t❤❡ F✲❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ♦❢ 11[[τ,∞[[ ❛r❡ ❡q✉❛❧✱ ✐✳❡✳

Ao = Ap✳

Pr♦♦❢✳ ❚❤❡ ❢♦r♠ ♦❢ Z ❢♦❧❧♦✇s ❢r♦♠ t❤❡ st❛t✐♦♥❛r② ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ✐♥❝r❡♠❡♥ts ♣r♦♣❡rt② ♦❢
µt−Xt

P(τ > t|Ft) = P(inf
s≥t

(µs−Xs) < a|Ft)

= P(inf
s≥t

(µ(s− t)− (Xs −Xt)) < a− µt+Xt|Ft)

= Ψ(µt−Xt − a)11{µt−Xt≥a} + 11{µt−Xt<a}.

▲❡t ✉s ♥♦✇ ❝♦♠♣✉t❡ t❤❡ ❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ Ao ♦❢ t❤❡ ♣r♦❝❡ss 11[[τ,∞[[✳ ❋♦r ❛♥② ❜♦✉♥❞❡❞
♦♣t✐♦♥❛❧ ♣r♦❝❡ss X ✇❡ ❤❛✈❡

E(Xτ ) = E(
∑

n

11{τ=Tn}XTn) =
∑

n

E(XTnE(11{τ=Tn}|FTn))

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t Ao =
∑

n E(11(τ=Tn)|FTn)11[Tn,∞)✳ ❚♦ ❝♦♠♣✉t❡ E(11{τ=Tn}|FTn) ❧❡t ✉s
❞❡✜♥❡ t❤❡ st♦♣♣✐♥❣ t✐♠❡ STx = inf{t > T : x+ µt−Xt < 0} ❛♥❞ ♥♦t✐❝❡ t❤❛t

E(11{τ=Tn}|FTn) = E(STn−a = ∞|FTn) = E(S0
0 = ∞) = 1−Ψ(0).

❚❤❡♥✱ Ao = (1 − Ψ(0))
∑

n 11[[Tn,∞[[✳ ❚❤✐s ✐s ❛❧s♦ t❤❡ ❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ❛s✱ ❜②
♣r❡✈✐♦✉s ❧❡♠♠❛✱ Tn ❛r❡ ♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡s✳ ❚❤❡ ♠❛rt✐♥❣❛❧❡ m = Z + Ao ❡q✉❛❧s
t❤❡♥

mt = E
(
(1−Ψ(0))

∑

n

11{Tn<∞}|Ft
)

= (1−Ψ(0))
∑

n

11{t≥Tn} +Ψ(µt−Xt − a)11{µt−Xt≥a} + 11{µt−Xt<a}.

❋✐♥❛❧❧②✱ ❢r♦♠ t❤❡ ❣❡♥❡r❛❧ r❡❧❛t✐♦♥ Z̃ = Z +∆Ao✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❡ ❢♦r♠ ♦❢ Z̃✳

■❢ F ✐s ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡r β✱ t❤❡♥ ✭s❡❡ ❬❆❆✶✵✱ ♣✳✼✽✲✼✾❪✮

Ψ(u) =
1

1 + κ
exp

(
− κβ

1 + κ
u
)

❢♦r u ≥ 0.

■♥ t❤✐s ❝❛s❡✱ t❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ Z ✐s

Zt =
1

1 + κ
exp

(
− κβ

1 + κ
(µt−Xt − a)

)
11{µt−Xt≥a} + 11{µt−Xt<a}

=
1

1 + κ
exp

(
− κβ

1 + κ
(µt− a)

)
eηκt exp

( κβ

1 + κ
Xt − ηκt

)
11{µt−Xt≥a} + 11{µt−Xt<a}.
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▲❡t ✉s ♥♦t❡ t❤❛t ❢♦r c s✉❝❤ t❤❛t
∫
R e

cy dF (dy) <∞✱ t❤❡ ♣r♦❝❡ss

exp
(
cXt − ηt

∫

R

(ecy − 1)dF (dy)
)
,

✐s ❛ ♠❛rt✐♥❣❛❧❡ ✭❬❏❨❈✵✾✱ Pr♦♣♦s✐t✐♦♥ ✽✳✻✳✸✳✹❪✮✳ ❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t✱ ❢♦r ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❧❛✇
✇✐t❤ ♣❛r❛♠❡t❡r β✱

∫
R(exp(

κβ
1+κy)− 1)dF (dy) = κ✱ ❛♥❞ η = βµ

1+κ ✱ t❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ Z ❝❛♥
❜❡ ✇r✐tt❡♥ ❛s

Zt =
1

1 + κ
exp

(
− κβ

1 + κ
(µt− a)

)
exp(ηκt) exp

( κβ

1 + κ
Xt − ηκt

)
11{µt−Xt≥a} + 11{µt−Xt<a}.

❚❤❡♥✱

Zt =
e

ηκa
µ

1 + κ
Vt11{µt−Xt≥a} + 11{µt−Xt<a},

✇❤❡r❡ Vt := exp
(
ηκ
µ (Xt − µt)

)
✐s ❛ ♠❛rt✐♥❣❛❧❡✳

✷✳✸✳✸✳✷ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✿ ❧♦❝❛❧ t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥

❲❡ ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡ r❡❧❛t❡❞ t♦ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ r❡s✉❧t ❢♦r t❤❡ ❧♦❝❛❧ t✐♠❡✳ ▲❡t B ❜❡ ❛
❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❋♦r ε > 0✱ ❞❡✜♥❡ ❛ ❞♦✉❜❧❡ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s ❜②

U ε0 = 0, V ε
0 = 0

U εn = inf{t ≥ V ε
n−1 : Bt = ε}, V ε

n = inf{t ≥ U εn : Bt = 0}.

❲❡ ❝♦♥s✐❞❡r t❤❡ r❛♥❞♦♠ t✐♠❡

τ ε := sup{V ε
n : V ε

n ≤ T1} ✭✷✳✾✮

✇✐t❤ T1 = inf{t : Bt = 1}✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ♣r♦❝❡ss❡s Xε✱ Y ε ❛♥❞ Jε

Xε
t := sup{s ≤ t ∧ T1 : Bs = ε}

Y ε
t := sup{s ≤ t ∧ T1 : Bs = 0}
Jεt := 11{Xε

t>Y
ε
t }

❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ ζ

ζ(x) := Px(T0 < T1) = 1− x, ❢♦r x ∈ [0, 1].

❚❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ Zε ♦❢ τ ε ✐s ❡q✉❛❧ t♦

Zεt = Jεt ζ(Bt∧T1) + (1− Jεt )ζ(ε)

= Jεt (1−Bt∧T1) + (1− Jεt )(1− ε)

= 1− JεtBt∧T1 − (1− Jεt )ε
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▲❡t ✉s ❞❡✜♥❡ t❤❡ ♣r♦❝❡ssDε
t = max{n : V ε

n ≤ t} ✇❤✐❝❤ ✐♥❞✐❝❛t❡s t❤❡ ♥✉♠❜❡r ♦❢ ❞♦✇♥❝r♦ss✐♥❣s
♦❢ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❢r♦♠ ❧❡✈❡❧ ε t♦ ❧❡✈❡❧ 0 ❜❡❢♦r❡ t✐♠❡ t✳ ❇② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ✇❡ ❣❡t

BtJ
ε
t + ε(1− Jεt ) =

∫ t

0
Jεs dBs +

∫ t

0
Bs dJ

ε
s + ε(1− Jεt )

=

∫ t

0
Jεs dBs + εDε

t + ε

❚❤❡ ❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ τ ε ❡q✉❛❧s

Aεt = (11{t≥τε})
p = εDε

t∧T1 + ε

❛♥❞ ✇❡ ❡❛s✐❧② s❡❡ t❤❛t ✐t ✐s ❛ ♣✉r❡ ❥✉♠♣ ♣r♦❝❡ss ✇✐t❤ t❤❡ ♣r♦♣❡rt②

{∆Aε > 0} = [[0, T1]] ∩
∞⋃

n=0

[[V ε
n ]].

❲❡ ❝❛♥ ✐♥t❡r♣r❡t t❤❡ s❡q✉❡♥❝❡ τ ε ✇✐t❤ ε ❣♦✐♥❣ t♦ ③❡r♦ ❛s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ str✐❝t
❤♦♥❡st t✐♠❡ τ ❣✐✈❡♥ ❜②

τ = sup{t < T1 : Bt = 0}, ✭✷✳✶✵✮

❛s τ ε → τ P ❛✳s✳ ✭❜② t✐♠❡ r❡✈❡rs❛❧ ❛t τ✮✳ ❚❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ Z ♦❢ τ ❡q✉❛❧s

Zt = 1−
∫ t∧T1

0
11{Bs>0}dBs −

1

2
L0
t∧T1

❛♥❞✱ ❜② ❬❘❨✾✾✱ ❈❤❛♣t❡r ❱■ ❚❤❡♦r❡♠ ✭✶✳✶✵✮❪ ❛♥❞ t❤❡ ❢❛❝t t❤❛t E(
√
T1) < ∞✱ ✇❡ ❤❛✈❡ t❤❡

❢♦❧❧♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r ❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥s

lim
ε→0

E(sup
t

|εDε
t∧T1 −

1

2
Lt∧T1 |) = 0.

▲❡♠♠❛ ✷✳✷✼✳ ▲❡t Fn ❜❡ ❛ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ♦❢ t❤❡ ✜❧tr❛t✐♦♥ F ✇✐t❤ r❛♥❞♦♠ t✐♠❡ τ1/n

❞❡✜♥❡❞ ✐♥ ✭✷✳✾✮ ❛♥❞ F∞ ❜❡ ❛ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ♦❢ t❤❡ ✜❧tr❛t✐♦♥ F ✇✐t❤ r❛♥❞♦♠ t✐♠❡ τ

❞❡✜♥❡❞ ✐♥ ✭✷✳✶✵✮✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ t✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ σ✲✜❡❧❞s (Fn
t )n ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ F∞

t ✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡ t♦ ❝❤❡❝❦ t❤❛t ❢♦r ❡❛❝❤ F ∈ F∞
t ✱ P(F |Fn

t ) ❝♦♥✈❡r❣❡s ✐♥ ♣r♦❜❛❜✐❧✐t② t♦ 11F ✳
❲❡ ❧✐♠✐t ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ s❡ts F ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ❣❡♥❡r❛t♦r ♦❢ F∞

t ✳ ■❢ F ∈ Ft✱ t❤❡
❝♦♥❞✐t✐♦♥ ✐s ♦❜✈✐♦✉s❧② s❛t✐s✜❡❞✳ ■❢ F = {τ ≤ s} ❢♦r s ≤ t✱ ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✶✳✹✹ ❛♥❞ t❤❡
❤♦♥❡st② ♦❢ τ1/n✱ ✇❡ ❤❛✈❡

E(11{τ≤s}|Fn
t ) = 11{τ1/n≤s}E(11{τ≤s}|Fn

t ) = 11{τ1/n≤s}
E(11{τ≤s}|Ft)
P(τ1/n ≤ s|Ft)

n→∞→ 11{τ≤s} a.s.

✇❤❡r❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❝♦♠❡s ❢r♦♠ τ1/n → τ ❛✳s✳

✷✳✹ ❊♥tr♦♣② ♦❢ t❤✐♥ r❛♥❞♦♠ t✐♠❡

❆❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ❝❛rr✐❡❞ ❜② ❡♥❧❛r❣❡❞ ✜❧tr❛t✐♦♥ ❛♥❞ ✐ts ♠❡❛s✉r❡♠❡♥t ✇❛s st✉❞✐❡❞ ❜②
s❡✈❡r❛❧ ❛✉t❤♦rs✳ ❆❧r❡❛❞② ✐♥ ❬▼❡②✼✽❪ ❛♥❞ ❬❨♦r✽✺❛❪ t❤❡ q✉❡st✐♦♥ ♦♥ st❛❜✐❧✐t② ♦❢ ♠❛rt✐♥❣❛❧❡
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s♣❛❝❡s ✇✐t❤ r❡s♣❡❝t t♦ ✐♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t ✇✐t❤ ❛t♦♠✐❝ σ✲✜❡❧❞ ✇❛s ❛s❦❡❞✳ ❋r♦♠ ♠♦r❡ r❡❝❡♥t
st✉❞✐❡s✱ ❣❡♥❡r❛❧✐③✐♥❣ ❛♥❞ ❛♣♣❧②✐♥❣ ♣r❡✈✐♦✉s r❡s✉❧ts ✐♥ ❞✐✛❡r❡♥t ❝♦♥t❡①ts✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦
r❡❝❛❧❧ ❬❆■❙✾✽❪✱ ❬❆❉■✵✻❪✱ ❬❆❉■✵✼❪✱ ❬❆■✵✼❪✳

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✜♥❞ ❛ s✐♠♣❧❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ✇✐t❤ t❤✐♥ r❛♥✲
❞♦♠ t✐♠❡ ❛♥❞ ❝♦♥❞✐t✐♦♥❛❧ ❡♥tr♦♣② ♦❢ ❛ ♣❛rt✐t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ t❤✐s t✐♠❡✳ ■♥ ❬▼❡②✼✽❪ t❤❡
❛✉t❤♦r ❛s❦s t❤❡ q✉❡st✐♦♥ ❛❜♦✉t ❛❞❞✐t✐♦♥❛❧ ❦♥♦✇❧❡❞❣❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐♥ r❛♥❞♦♠ t✐♠❡✿

❯♥ ♣r♦❜❧è♠❡ ✈♦✐s✐♥✱ ♠❛✐s ♣❧✉s ✐♥tér❡ss❛♥t ♣❡✉t✲êtr❡✱ ❝♦♥s✐st❡ à ♠❡s✉r❡r ❧❡ ❜♦✉❧❡✈❡rs❡♠❡♥t
♣r♦❞✉✐t✱ s✉r ✉♥ s②stè♠❡ ♣r♦❜❛❜✐❧✐st❡✱ ♥♦♥ ♣❛s ❡♥ ❢♦rç❛♥t ❞❡s ❝♦♥♥❛✐ss❛♥❝❡s à ❧✬✐♥st❛♥t 0✱ ♠❛✐s
❡♥ ❧❡s ❢♦rç❛♥t ♣r♦❣r❡ss✐✈❡♠❡♥t ❞❛♥s ❧❡ s②stè♠❡✳

■♥ t❤❡ ❝❛s❡ ♦❢ ✐♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t ✇✐t❤ ♣❛rt✐t✐♦♥ (Cn)n✱ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❦♥♦✇❧❡❞❣❡ ✐s ♠❡❛s✉r❡❞
❜② ❡♥tr♦♣②✱ ♥❛♠❡❧②

H(C) := −∑n P(Cn) logP(Cn).

■♥ t❤❡ ❝❛s❡ ♦❢ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ✇✐t❤ t❤✐♥ r❛♥❞♦♠ t✐♠❡✱ ✇❡ s✉❣❣❡st t❤❡ ♠❡❛s✉r❡♠❡♥t
♦❢ ❛❞❞✐t✐♦♥❛❧ ❦♥♦✇❧❡❞❣❡ ❜②

H(τ) := −∑n E
(
11Cn log z

n
Tn

)
. ✭✷✳✶✶✮

❘❡♠❛r❦ ✷✳✷✽✳ ✭❛✮ ■❢ τ ✐s ❛♥ F✲st♦♣♣✐♥❣ t✐♠❡ t❤❡♥ H(τ) = 0✳

✭❜✮ ■❢ ❢♦r ❛♥② n t❤❡ s❡t Cn ✐s ✐♥ FTn t❤❡♥ ✇❡ ❞♦ ♥♦t ❣❛✐♥ ❛♥② ❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ s✐♥❝❡

11Cn log z
n
Tn

= 11Cn log 11Cn = 0✳

✭❝✮ H(τ) ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ❞✐✛❡r❡♥t ❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ τ s✐♥❝❡ ❢♦r F✲st♦♣♣✐♥❣ t✐♠❡s T ✱ T1
❛♥❞ T2 s✉❝❤ t❤❛t [[T1]] ∩ [[T2]] = ∅ ❛♥❞ {τ = T} = {τ = T1} ∪ {τ = T2} ✇❡ ❤❛✈❡

11{τ=T} logP(τ = T |FT ) = 11{τ=T1} logP(τ = T |FT ) + 11{τ=T2} logP(τ = T |FT )
= 11{τ=T1} logP(τ = T1|FT1) + 11{τ=T2} logP(τ = T2|FT2).

❋♦r ❛♥② p ∈ [1,∞[ ✇❡ ❞❡♥♦t❡ Hp
m ❛♥❞ Hp

sm ❇❛♥❛❝❤ s♣❛❝❡s ❝♦♥s✐st✐♥❣ r❡s♣❡❝t✐✈❡❧② ♦❢ ❧♦❝❛❧
♠❛rt✐♥❣❛❧❡ ❛♥❞ s❡♠✐♠❛rt✐♥❣❛❧❡ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦r♠s✿
✕ ❛ ❝♦♥t✐♥✉♦✉s F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ X ❜❡❧♦♥❣s t♦ Hp

m ✐❢

||X||Hp
m
:= ||〈X〉∞||Lp <∞;

✕ ❛ ❝♦♥t✐♥✉♦✉s F✲s❡♠✐♠❛rt✐♥❣❛❧❡ X ❜❡❧♦♥❣s t♦ Hp
sm ✐❢

||X||Hp
sm

:= ||〈M〉∞||Lp + ||
∫ ∞

0
|dVt|||Lp <∞.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❝♦♠❜✐♥❡s ❡①✐st✐♥❣ r❡s✉❧ts ❢r♦♠ ❬❨♦r✽✺❛✱ ❨♦r✽✺❝❪ ❛♥❞ ❣✐✈❡s ❥✉st✐✜✲
❝❛t✐♦♥ t♦ ✭✷✳✶✶✮ ❛s ❛♥ ❛♣♣r♦♣r✐❛t❡ ♠❡❛s✉r❡ ✐♥ ❛ ♣r♦❣r❡ss✐✈❡ s❡tt✐♥❣✳
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Pr♦♣♦s✐t✐♦♥ ✷✳✷✾✳ ❆ss✉♠❡ t❤❛t ❛❧❧ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s ❛r❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ H(τ) <∞✳ ▲❡t

❛♥ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ X ❜❡ ❛♥ ❡❧❡♠❡♥t ♦❢ H2(F)✳ ❚❤❡♥✱ t❤❡ Fτ ✲s❡♠✐♠❛rt✐♥❣❛❧❡ X ✐s ❛♥

❡❧❡♠❡♥t ♦❢ H1(Fτ )✳

Pr♦♦❢✳ ❲❡ ❝♦♥s✐❞❡r s❡♣❛r❛t❡❧② X−Xτ ❛♥❞ Xτ ✳ ❋♦r X−Xτ ✇❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬❨♦r✽✺❛✱
❚❤❡♦r❡♠ ✷✱ ♣✳✹✼✲✺✵❪✳ ❚❤❡ Fτ ✲s❡♠✐♠❛rt✐♥❣❛❧❡ X −Xτ ❤❛s ❞❡❝♦♠♣♦s✐t✐♦♥

X −Xτ = X̂ + 〈X,
∑

n

11Cn11]]Tn,∞[[
1

zn
· z̃n〉

✇❤❡r❡ X̂ ❛♥❞ z̃n ❢♦r ❡❛❝❤ n ❛r❡ Fτ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s✳ ❉❡♥♦t❡ ❜② Y =
∑

n 11Cn11[Tn,∞)
1
zn · z̃n

❛♥ Fτ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❚❤❡♥✱

E(〈Y 〉∞) = E

(∑

n

∫ ∞

Tn

11Cn

1

(znt )
2
d〈zn〉t

)
= E

(∑

n

∫ ∞

Tn

1

znt
d〈zn〉t

)
.

❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❢✉♥❝t✐♦♥ f : R+ → R+ ❞❡✜♥❡❞ ❛s f(x) = x − x log x ❢♦r x > 0 ❛♥❞
f(0) = 0✳ ❚❤❡♥✱ ■tô✬s ❢♦r♠✉❧❛ ✐♠♣❧✐❡s

f(zn∞) = f(znTn)−
∫ ∞

Tn

log znt dz
n
t − 1

2

∫ ∞

Tn

1

znt
d〈zn〉t.

❙✐♥❝❡ f(zn∞) = 11Cn ❛♥❞ f(znTn) = znTn − znTn log z
n
Tn

✇❡ ❣❡t

znTn = znTn − znTn log z
n
Tn − 1

2
E

(∫ ∞

Tn

1

znt
d〈zn〉t|FTn

)

s♦ ✜♥❛❧❧②

E(〈Y 〉∞) =
∑

n

E

(∫ ∞

Tn

1

znt
d〈zn〉t

)
= −2

∑

n

E
(
znTn log z

n
Tn

)
= 2H(τ) <∞.

❋♦r Xτ ✱ s❡❡ ❬❨♦r✽✺❝✱ ♣✳✶✷✵✲✶✷✶❪✳

❘❡♠❛r❦ ✷✳✸✵✳ ✭❛✮ ❚❤❡ ❝♦♥❞✐t✐♦♥ H(τ) = −∑n E
(
11Cn log z

n
Tn

)
< ∞ ✐s ✇❡❛❦❡r t❤❛♥ t❤❡

❝♦♥❞✐t✐♦♥ H(C) = −∑n E (11Cn logP(Cn)) < ∞✳ ■♥ t❤✐s s❡♥s❡✱ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠ ❞❡✲

s❝r✐❜❡s ❛ ♥❡✇ r❡s✉❧t✳

✭❜✮ ■♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❧♦❝❛❧ t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❝❛s❡ ♦♥❡ ❤❛s

H(τ) = − log ε✳



❈❤❛♣t❡r ✸

Ps❡✉❞♦ st♦♣♣✐♥❣ t✐♠❡s ❛♥❞

❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥

✸✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤✐s ❝❤❛♣t❡r ✐s ❜❛s❡❞ ♦♥ t❤❡ ❥♦✐♥t ♣❛♣❡r ✇✐t❤ ▲✐❜♦ ▲✐ ❬❆▲✶✹❪✳

❙t❛rt✐♥❣ ✇✐t❤ t❤❡ ❊①❛♠♣❧❡ ✶✳✹✾ ❣✐✈❡♥ ✐♥ ❲✐❧❧✐❛♠s ❬❲✐❧✵✷❪✱ t❤❡ ❝♦♥❝❡♣t ♦❢ ❛ ♣s❡✉❞♦✲st♦♣♣✐♥❣
t✐♠❡ ✇❛s ❢♦r♠❛❧❧② ✐♥tr♦❞✉❝❡❞ ❜② ◆✐❦❡❣❤❛❜❧✐ ❛♥❞ ❨♦r ✐♥ ❬◆❨✵✺❪ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✹✽✮✳ ❆s ✐ts
♥❛♠❡ s✉❣❣❡sts✱ t❤❡ ❝❧❛ss ♦❢ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s ✐s ❧❛r❣❡r t❤❛t t❤❡ ♦♥❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s✱
✇❤✐❝❤ ❡♥❥♦② st♦♣♣✐♥❣ t✐♠❡s ❧✐❦❡ ♣r♦♣❡rt✐❡s✳

❚❤❡ ❛✐♠ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ❡①❛♠✐♥❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❤②♣♦t❤❡s✐s ✭H✮ ✭s❡❡ ❉❡✜♥✐t✐♦♥
✶✳✷✼✮ ❛♥❞ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s✳ ■♥ ❬❇❨✼✽❪✱ s❡✈❡r❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ t❤❡ ❤②♣♦t❤❡s✐s ✭H✮
❤❛✈❡ ❜❡❡♥ ❣✐✈❡♥✳ ■♥ ❬◆❨✵✺❪ t❤❡ ❛✉t❤♦rs ❤❛✈❡ ♦❜s❡r✈❡❞ t❤❛t ❣✐✈❡♥ t✇♦ ✜❧tr❛t✐♦♥s F ❛♥❞
G s✉❝❤ t❤❛t F ✐s ✐♠♠❡rs❡❞ ✐♥ G✱ t❤❡♥ ❡✈❡r② G✲st♦♣♣✐♥❣ t✐♠❡ ✐s ❛♥ F✲♣s❡✉❞♦ st♦♣♣✐♥❣
t✐♠❡✳ ❖✉r ♠❛✐♥ r❡s✉❧t✱ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✸✳✶✱ s❤♦✇s t❤❛t t❤❡ ❝♦♥✈❡rs❡ ✐s tr✉❡ ❛♥❞ ❛♥
❛❧t❡r♥❛t✐✈❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❤②♣♦t❤❡s✐s ✭H✮ ❝❛♥ ❜❡ ❣✐✈❡♥ ✉s✐♥❣ t❤❡ ♦♣t✐♦♥❛❧ ❛♥❞ t❤❡ ❞✉❛❧
♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥s✳ ■♥s♣✐r❡❞ ❜② t❤✐s ♥❡✇ ❝❤❛r❛❝t❡r✐③❛t✐♦♥✱ ✇❡ ❝❤❛r❛❝t❡r✐③❡ ❛❧❧ G✲st♦♣♣✐♥❣
t✐♠❡s ✐♥ ▲❡♠♠❛ ✸✳✹✱ ❛♥❞ ✇❡ s❤♦✇✱ r♦✉❣❤❧② s♣❡❛❦✐♥❣✱ t❤❛t ❛♥② G✲st♦♣♣✐♥❣ t✐♠❡ ❝❛♥ ❜❡
✇r✐tt❡♥ ❛s t❤❡ ♠✐♥✐♠✉♠ ♦❢ ❛ t❤✐♥ F✲♣s❡✉❞♦ st♦♣♣✐♥❣ t✐♠❡ ❛♥❞ ❛♥ F✲❈♦① t✐♠❡✳ ❚❤❡ ♣r❡s❡♥t
❝❤❛♣t❡r ✐s ❞❡✈♦t❡❞ ♠♦st❧② t♦ t❤❡ st✉❞② ♦❢ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s✳ ❍♦✇❡✈❡r✱ ✇❡ ❛❧s♦ ❡①♣❧♦r❡
t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s ❛♥❞ ♦t❤❡r ❝❧❛ss❡s ♦❢ r❛♥❞♦♠ t✐♠❡s✱ ♥❛♠❡❧②
❤♦♥❡st t✐♠❡s✱ t❤✐♥ t✐♠❡s ❛♥❞ ❈♦①✬s t✐♠❡s✳

✸✳✷ Ps❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s ❛♥❞ ❤②♣♦t❤❡s✐s ✭H✮

❲❡ ✇♦r❦ ♦♥ ❛ ✜❧t❡r❡❞ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (Ω,G,F,P)✱ ✇❤❡r❡ F ❞❡♥♦t❡s ❛ ✜❧tr❛t✐♦♥ s❛t✐s❢②✐♥❣
t❤❡ ✉s✉❛❧ ❝♦♥❞✐t✐♦♥s✳

❚❤❡ ♥❡①t t❤❡♦r❡♠ ❤♦❧❞s ❢♦r ❛ ❣❡♥❡r❛❧ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥✱ ♥❛♠❡❧② F ⊂ G ✇❤❡r❡ G ✐s

✺✾
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♥♦t ♦❜t❛✐♥❡❞ ✐♥ ❛ s♣❡❝✐✜❝ ✇❛②✳

❚❤❡♦r❡♠ ✸✳✶✳ ●✐✈❡♥ t✇♦ ✜❧tr❛t✐♦♥s F ❛♥❞ G s✉❝❤ t❤❛t F ⊂ G✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡

❡q✉✐✈❛❧❡♥t✿

✭❛✮ ❡✈❡r② ✭❜♦✉♥❞❡❞✮ F✲♠❛rt✐♥❣❛❧❡ ✐s ❛ G✲♠❛rt✐♥❣❛❧❡✱ ✐✳❡✳✱ t❤❡ ❤②♣♦t❤❡s✐s ✭H✮ ✐s s❛t✐s✜❡❞ ❢♦r

F ⊂ G❀

✭❜✮ ❡✈❡r② ✜♥✐t❡ G✲st♦♣♣✐♥❣ t✐♠❡ ✐s ❛♥ F✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡❀

✭❝✮ t❤❡ F✲❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ ❛♥② ❝à❞❧à❣ G✲❛❞❛♣t❡❞ ♣r♦❝❡ss ♦❢ ♣r❡✲❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡

✈❛r✐❛t✐♦♥ ✐s ❡q✉❛❧ t♦ ✐ts F✲♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥✳

Pr♦♦❢✳ ❚♦ s❤♦✇ (a) =⇒ (b)✱ ❧❡t M ❜❡ ❛ ❜♦✉♥❞❡❞ F✲♠❛rt✐♥❣❛❧❡ ❛♥❞ γ ❛ ✜♥✐t❡ G✲st♦♣♣✐♥❣
t✐♠❡✳ ❚❤❡♥✱ ❢r♦♠ ❤②♣♦t❤❡s✐s ✭H✮✱ M ✐s ❛ G✲♠❛rt✐♥❣❛❧❡ ❛♥❞ E(Mγ) = E(M0)✱ ✇❤✐❝❤ ✐♠♣❧✐❡s
t❤❛t γ ✐s ❛♥ F✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡✳

❚♦ s❤♦✇ (b) =⇒ (a)✱ s✉♣♣♦s❡ t❤❛t M ✐s ❛ ❜♦✉♥❞❡❞ F✲♠❛rt✐♥❣❛❧❡ ❛♥❞ γ ❛ ✜♥✐t❡ G✲
st♦♣♣✐♥❣ t✐♠❡✳ ❙✐♥❝❡ ❡✈❡r② ✜♥✐t❡ G✲st♦♣♣✐♥❣ t✐♠❡ ✐s ❛♥ F✲♣s❡✉❞♦ st♦♣♣✐♥❣ t✐♠❡✱ ✇❡ ❤❛✈❡
E(Mγ) = E(M0) ✳ ❚❤❡ ❧❛st ❡q✉❛❧✐t② ❤♦❧❞s ❢♦r ❡❛❝❤ ✜♥✐t❡ G✲st♦♣♣✐♥❣ t✐♠❡✱ ✇❤✐❝❤✱ ❜② ❬❏❨❈✵✾✱
Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✸✳✼❪✱ ✐♠♣❧✐❡s t❤❛t M ✐s ❛ G✲♠❛rt✐♥❣❛❧❡✳

❚❤❡ ✐♠♣❧✐❝❛t✐♦♥ (c) =⇒ (b) ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✶✳✺✵ ✭❞✮✳ ❚♦ ❝♦♠♣❧❡t❡ t❤❡
♣r♦♦❢✱ ✇❡ s❤♦✇ t❤❡ ✐♠♣❧✐❝❛t✐♦♥ (b) =⇒ (c)✳ ❲❡ ✇✐❧❧ ✉s❡ ♠♦♥♦t♦♥❡ ❝❧❛ss t②♣❡ ♦❢ ❛r❣✉♠❡♥ts✱
✇❤✐❝❤ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜✈❡ st❡♣s✳

❙t❡♣ ✶✳ ❉❡✜♥❡

ΠG := {[[γ,∞[[ : γ ✐s ❛ G✲st♦♣♣✐♥❣ t✐♠❡}

H := {Y : ❝à❞❧à❣ G✲❛❞❛♣t❡❞ ♦❢ ♣r❡✲❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ✈❛r✐❛t✐♦♥ s✉❝❤ t❤❛t o,FY = Y o,F}.

❲❡ ♥♦t❡ t❤❛t ΠG ✐s ❛ π✲❝❧❛ss ♦♥ Ω× [0,∞[ ❛♥❞ H ✐s ❧✐♥❡❛r s♣❛❝❡ s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ Γ ∈ ΠG

✇❡ ❤❛✈❡ 11Γ ∈ H ❜② ✭❜✮ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶✳✺✵ ✭❞✮✳

❙t❡♣ ✷✳ ▲❡t Y ❜❡ ❛ ❝à❞❧à❣ G✲❛❞❛♣t❡❞ ♣r♦❝❡ss ♦❢ ♣r❡✲❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ✈❛r✐❛t✐♦♥✳ ❚❤❡♥✱
Y ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛s ❛ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ ✐♥❝r❡❛s✐♥❣ G✲♦♣t✐♦♥❛❧ ♣r♦❝❡ss❡s ♦❢ ✐♥t❡❣r❛❜❧❡
✈❛r✐❛t✐♦♥✱ ✐✳❡✳✱
Y = Y +−Y −✳ ❙♦✱ ❛s H ✐s ❛ ❧✐♥❡❛r s♣❛❝❡✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t Y
✐s ❛♥ ✐♥❝r❡❛s✐♥❣ G✲♦♣t✐♦♥❛❧ ♣r♦❝❡ss ♦❢ ✐♥t❡❣r❛❜❧❡ ✈❛r✐❛t✐♦♥✳ ■t ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜②

Y n =
n2n∑

k=1

1

2n
11[[Sn

k ,∞[[ ✇✐t❤ Snk = inf

{
t : Yt ≥

k

2n

}
.

❚❤❡♥✱ ❢♦r ❡✈❡r② ω ✇❡ ❤❛✈❡ Y n
t (ω) ↑ Yt(ω) ❢♦r ❡✈❡r② t ≥ 0✳ ❙✐♥❝❡ ❡❛❝❤ Snk ✐s ❛ G✲st♦♣♣✐♥❣

t✐♠❡ ❛♥❞ H ✐s ❛ ❧✐♥❡❛r s♣❛❝❡✱ ✇❡ ❛❧s♦ ❤❛✈❡ Y n ∈ H ❢♦r ❡❛❝❤ n✳

❙t❡♣ ✸✳ ▲❡t T ❜❡ ❛♥ F✲st♦♣♣✐♥❣ t✐♠❡✳ ❋♦r n ≥ m ✇❡ ❤❛✈❡ Y n
T − Y m

T ≥ 0 ♦♥ {T < ∞}✳
❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ✇❡ ❤❛✈❡ t❤❛t {Y n

T = Y m
T } ⊂ { oY n

T = oY m
T }
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❛♥❞ { oY n
T < oY m

T } ∈ FT ✳ ❈♦♠❜✐♥✐♥❣ ❛❧❧ t❤❡ ♣r♦♣❡rt✐❡s ❧✐st❡❞ ✐♥ t❤✐s st❡♣✱ ✇❡ ♦❜t❛✐♥

0 ≤ E
(
(Y n
T − Y m

T )11{ oY n
T <

oYm
T }11{T<∞}

)

= E
(
( oY n

T − oY m
T )11{ oY n

T <
oYm

T }11{T<∞}
)
≤ 0

❛♥❞ ✜♥❛❧❧② oY n
T ≥ oY m

T ✳ ❋r♦♠ ❙❡❝t✐♦♥ t❤❡♦r❡♠ ✶✳✶✵✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t oY n ≥ oY m ❢♦r
n ≥ m✳ ❙✐♥❝❡ Y n ∈ H ❢♦r ❡❛❝❤ n✱ ✇❡ ❤❛✈❡ t❤❛t oY n = Y n,o✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ❡❛❝❤ oY n

✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ♣r♦❝❡ss✳ ❚❤❡r❡❢♦r❡✱ ( oY n)n ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ✐♥❝r❡❛s✐♥❣ ♣r♦❝❡ss❡s✳

❙t❡♣ ✹✳ ❯s✐♥❣ t❤❡ ▲❡❜❡s❣✉❡ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ❛♥❞ st❡♣ ✸✳✱ ✇❡ ❝❤❡❝❦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
t❤❡ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ Y ✿

E
(
oYT 11{T<∞}

)
= E

(
YT 11{T<∞}

)
= E

(
lim
n→∞

Y n
T 11{T<∞}

)

= lim
n→∞

E
(
Y n
T 11{T<∞}

)
= lim

n→∞
E
(
oY n
T 11{T<∞}

)

= E
(
lim
n→∞

oY n
T 11{T<∞}

)
.

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t oY n ↑ oY ✳

❙t❡♣ ✺✳ ❋✐♥❛❧❧②✱ t♦ s❤♦✇ t❤❛t Y o = oY ✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ s❤♦✇ t❤❛t E(
∫
[0,∞[XsdYs) =

E(
∫
[0,∞[Xsd

oYs) ❢♦r ❛♥② F✲♦♣t✐♦♥❛❧ ♣r♦❝❡ss X✳ ❚♦ t❤✐s ❡♥❞✱ ❧❡t ✉s ❞❡✜♥❡

ΠF := {J 0, T J : T ✐s ❛♥ F✲st♦♣♣✐♥❣ t✐♠❡}

HY := {X : E(

∫

[0,∞[
XsdYs) = E(

∫

[0,∞[
Xsd

oYs)}.

❋✐rst✱ ✇❡ ♣r♦✈❡ t❤❛t 11Γ ∈ HY ❢♦r ❡❛❝❤ Γ ∈ ΠF✳ ❲❡ st❛rt ✇✐t❤

E

(∫

[0,∞[
11J 0,T J (s)dYs

)
= E

(
lim
t↑T

Yt

)
= E

(
lim
t↑T

lim
n→∞

Y n
t

)
= E

(
lim
n→∞

lim
t↑T

Y n
t

)
,

✇❤❡r❡ t❤❡ ❧❛st ❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ ❡①❝❤❛♥❣✐♥❣ t❤❡ ❧✐♠✐ts ✐♥ n ❛♥❞ t✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞♦♥❡
❛s Y n

t ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ ❜♦t❤ n ❛♥❞ ✐♥ t✳ ❲❡ ❝♦♥t✐♥✉❡ ✉s✐♥❣ t✇✐❝❡ t❤❡ ▲❡❜❡s❣✉❡ ❝♦♥✈❡r❣❡♥❝❡
t❤❡♦r❡♠ ❛♥❞ t❤❡ ❢❛❝t t❤❛t E

(
Y n
T−
)
= E

(
oY n
T−
)
❢♦r Y n ∈ H✳ ❚❤✐s ❣✐✈❡s

E

(
lim
n→∞

lim
t↑T

Y n
t

)
= lim

n→∞
E

(
lim
t↑T

Y n
t

)
= lim

n→∞
E

(
lim
t↑T

oY n
t

)
= E

(
lim
n→∞

lim
t↑T

oY n
t

)
.

❲❡ ❡♥❞ t❤❡ ♣r♦♦❢ ✇✐t❤

E

(
lim
n→∞

lim
t↑T

oY n
t

)
= E

(
lim
t↑T

lim
n→∞

oY n
t

)
= E

(
lim
t↑T

oYt

)
= E

(∫

[0,∞[
11[0,T [(s)d

oYs

)
.

✇❤❡r❡ t❤❡ ✜rst ❡q✉❛❧✐t② ✐s ❞✉❡ t♦ t❤❡ ❡①❝❤❛♥❣❡ ♦❢ ❧✐♠✐ts✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞♦♥❡ ❛s oY n
t ✐s

✐♥❝r❡❛s✐♥❣ ❜♦t❤ ✐♥ n ❛♥❞ ✐♥ t ✭st❡♣ ✸✮ ❛♥❞ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ✐s ❞✉❡ t♦ st❡♣ ✹✳ ❙♦ ✐♥❞❡❡❞
11[0,T [ ∈ HY ✳
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❲❡ ♥♦t❡ t❤❛t ΠF ✐s ❛ π✲❝❧❛ss ♦♥ Ω× [0,∞[ ❛♥❞ HY ✐s ❛ ❧✐♥❡❛r s♣❛❝❡ s✉❝❤ t❤❛t
✶✮ 1 ∈ HY ✱
✷✮ Xn ∈ HY ✱ 0 ≤ Xn ↑ X✱ X ✐s ✜♥✐t❡✱ ✐♠♣❧✐❡s X ∈ HY ✱
✸✮ 11Γ ∈ HY ❢♦r ❡❛❝❤ Γ ∈ ΠF✳
❚❤❡♥✱ ❜② ▼♦♥♦t♦♥❡ ❈❧❛ss ❚❤❡♦r❡♠ ✶✳✶ ✇❡ ♦❜t❛✐♥ t❤❛t E(

∫
[0,∞[XsdYs) = E(

∫
[0,∞[Xsd

oYs)
❢♦r ❛♥② F✲♦♣t✐♦♥❛❧ ♣r♦❝❡ss X✳

❆❧t❡r♥❛t✐✈❡ ♣r♦♦❢ ♦❢ ✐♠♣❧✐❝❛t✐♦♥ (a) =⇒ (c) ✐♥ ❚❤❡♦r❡♠ ✸✳✶✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②
✇❡ ♠❛② ❛ss✉♠❡ t❤❛t Y ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ G✲♦♣t✐♦♥❛❧ ♣r♦❝❡ss ♦❢ ✐♥t❡❣r❛❜❧❡ ✈❛r✐❛t✐♦♥✳ ❙✐♥❝❡
✉♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s ✭H✮✱ ✇❡ ❤❛✈❡ E (Yt | Ft) = E (Yt | F∞) ✭s❡❡ ❬❏❡❛✶✶✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶❪
♦r ❬➱❙✵✶❪✮✱ t❤❡ ♣r♦❝❡ss oY ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ ♦❢ ✐♥t❡❣r❛❜❧❡ ✈❛r✐❛t✐♦♥✳ ❚❤❡r❡❢♦r❡ oY − Y o ✐s
❛♥ ✉♥✐❢♦r♠❧② ✐♥t❡❣r❛❜❧❡ ♠❛rt✐♥❣❛❧❡ ♦❢ ✜♥✐t❡ ✈❛r✐❛t✐♦♥ ❛♥❞ ✐s ♦❢ t❤❡ ❢♦r♠

( oY − Y o)t = E (( oY )∞ − (Y o)∞ | Ft) ❢♦r ❡✈❡r② t ≥ 0. ✭✸✳✶✮

❋♦r ❛♥② F ∈ F∞✱ s❡t Qt := E (11F | Ft) ❢♦r ❡✈❡r② t ∈ R+✳ ▲❡t (Tn)n∈N ❜❡ ❛ ❧♦❝❛❧✐③✐♥❣
s❡q✉❡♥❝❡ s✉❝❤ t❤❛t✱ ❛❢t❡r ❛♣♣❧②✐♥❣ t❤❡ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❢♦r♠✉❧❛✱

E
(
QTn∞ ( oY − Y o)Tn∞

)
= E

(
QTn0 ( oY − Y o)Tn0

)
+ E

(∑

t<∞
∆QTnt ∆( oY − Y o)Tnt

)
. ✭✸✳✷✮

❙✐♥❝❡ ✇❡ ❦♥♦✇ t❤❛t o(∆Y ) = ∆(Y o)✱ t♦ s❤♦✇ t❤❛t t❤❡ s✉♠ ♦❢ ❥✉♠♣s ✐♥ ✭✸✳✷✮ ✐s ③❡r♦✱ ✐t ✐s
t❤❡r❡❢♦r❡ s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t o(∆Y ) = ∆ o(Y )✳ ❋♦r ❛♥② ✜♥✐t❡ st♦♣♣✐♥❣ t✐♠❡ T ✱ ✇❡ ❤❛✈❡

o(∆Y )T = o(Y )T − o(Y−)T and ∆ oYT = o(Y )T − o(Y )T−

t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ r❡❞✉❝❡❞ t❤❡ ♣r♦❜❧❡♠ t♦ s❤♦✇ t❤❛t t❤❡ ♣r♦❝❡ss❡s o(Y )− ❛♥❞ o(Y−) ❛r❡
✐♥❞✐st✐♥❣✉✐s❤❛❜❧❡ ✉♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s ✭H✮✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ✜rst ♥♦t✐❝❡ t❤❛t o(Y )− ✐s
❝à❣❧à❞✱ t❤❡r❡❢♦r❡ F✲♣r❡❞✐❝t❛❜❧❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢r♦♠ ❤②♣♦t❤❡s✐s ✭H✮✱ ✇❡ ❤❛✈❡ ❢♦r ❡✈❡r②
✜♥✐t❡ st♦♣♣✐♥❣ t✐♠❡ T ✱

o(Y−)T = E (YT− | F∞) .

❙✐♥❝❡ Y ✐s ❝à❞❧à❣✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ❛❜♦✈❡ ❛♥❞ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ t❤❛t
o(Y−) ✐s ❛❧s♦ ❝à❣❧à❞ ❛♥❞ t❤❡r❡❢♦r❡ F✲♣r❡❞✐❝t❛❜❧❡✳ ❚❤❡r❡❢♦r❡✱ t♦ s❤♦✇ t❤❛t t❤❡ ♣r♦❝❡ss❡s
o(Y )− = p(Y−) ❛♥❞ o(Y−) ❛r❡ ✐♥❞✐st✐♥❣✉✐s❤❛❜❧❡✱ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t ❢♦r ❛♥② ✜♥✐t❡
F✲♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡ v✱ t❤❡ ❡q✉❛❧✐t② o(Y )v− = o(Y−)v ❤♦❧❞s✳

▲❡t v ❜❡ ❛♥② F✲♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡✱ t❤❡♥ v ✐s ❢♦r❡t❡❧❧❛❜❧❡ ❛♥❞ s✉♣♣♦s❡ t❤❛t (vn)n∈N ✐s
❛♥ ❛♥♥♦✉♥❝✐♥❣ s❡q✉❡♥❝❡ ❢♦r v✱ t❤❡♥ ❜② ❤②♣♦t❤❡s✐s ✭H✮ ❛♥❞ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠
✇❡ ❤❛✈❡

o(Y−)v = E (Yv− | F∞) = lim
n→∞

E (Yvn | F∞)

❛♥❞ ♦♥❝❡ ❛❣❛✐♥ ❜② ❤②♣♦t❤❡s✐s ✭H✮✱ E (Yvn | F∞) = E (Yvn | Fvn) ❛♥❞

lim
n→∞

E (Yvn | Fvn) = lim
n→∞

o(Y )vn = o(Y )v−.

❚❤❡r❡❢♦r❡✱ ❣♦✐♥❣ ❜❛❝❦ t♦ ✭✸✳✷✮✱ t❤❡ ❥✉♠♣ t❡r♠s ❞✐s❛♣♣❡❛r ❛♥❞ ✐♥ ♦r❞❡r t♦ t❛❦❡ t❤❡ ❧✐♠✐t ✐♥
✭✸✳✷✮ ❛s n→ ∞✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♥♦t✐❝❡ t❤❛t Q ✐s ❜♦✉♥❞❡❞ ❛♥❞

|( oY − Y o)Tn∞ | ≤ | oY |∞ + |Y o|∞
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✇❤❡r❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ✐♥t❡❣r❛❜❧❡ s✐♥❝❡ Y ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ ♦❢ ✐♥t❡❣r❛❜❧❡ ✈❛r✐❛t✐♦♥✳
❚❤❡♥✱ ❜② t❤❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱ ✇❡ ♦❜t❛✐♥

E (11F (
oY − Y o)∞) = 0

❢♦r ❛❧❧ F ∈ F∞✱ ❛♥❞ ❢r♦♠ ✭✸✳✶✮ ✇❡ s❡❡ t❤❛t oY = Y o✳

❊①❛♠♣❧❡ ✸✳✷✳ ❋♦r ❛♥② st♦♣♣✐♥❣ t✐♠❡ T ✱ ♦♥❡ ❝❛♥ s❤r✐♥❦ F t♦ FT := (FT∧t)t≥0✳ ❊✈❡r②

F✲st♦♣♣✐♥❣ t✐♠❡ ✐s ❛♥ FT ✲♣s❡✉❞♦ st♦♣♣✐♥❣ t✐♠❡ s✐♥❝❡ FT ✐s ✐♠♠❡rs❡❞ ✐♥ F✳

■♥s♣✐r❡❞ ❜② ❚❤❡♦r❡♠ ✸✳✶✱ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡ ❤②♣♦t❤❡s✐s ✭H✮ ✐s s❛t✐s✜❡❞ ❢♦r F ⊂ G ❛♥❞
✇❡ ❝❤❛r❛❝t❡r✐③❡ G✲st♦♣♣✐♥❣ t✐♠❡s✳ ❲❡ ✜rst ❣✐✈❡ ❛♥ ❛✉①✐❧✐❛r② ❧❡♠♠❛✱ ✇❤✐❝❤ ✐s t♦ s♦♠❡
❡①t❡♥t ❦♥♦✇♥ ✐♥ t❤❡ ❝✉rr❡♥t ❧✐t❡r❛t✉r❡ ✭s❡❡ ❬●❛♣✶✹✱ ❏❡❛✶✶❪✮✱ ❤♦✇❡✈❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡
✐♥✈❡rt✐❜✐❧✐t② ♦❢ t❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ Z ✐s ✉♥❝❧❡❛r✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✇✐❧❧ ❣✐✈❡ ❛ ❝♦♥❝✐s❡ ♣r♦♦❢ ❛♥❞
❡①t❡♥❞ t❤❡ r❡s✉❧t t♦ t❤❡ ❝❛s❡ ♦❢ ♥♦♥✲✜♥✐t❡ r❛♥❞♦♠ t✐♠❡s✳

■♥ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r✱ s✐♥❝❡ ✇❡ ❤❛✈❡ t♦ st✉❞② s❡✈❡r❛❧ r❛♥❞♦♠ t✐♠❡s t♦❣❡t❤❡r✱
❢♦r ❛ r❛♥❞♦♠ t✐♠❡ γ ✇❡ s❤❛❧❧ ❞❡♥♦t❡ ❜② Aγ,o,F t❤❡ F✲❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ Aγ := 11[[γ,∞[[✳
❲❤❡♥ t❤❡r❡ ✐s ♥♦ ❛♠❜✐❣✉✐t② ❛❜♦✉t t❤❡ ✜❧tr❛t✐♦♥s ✇❡ s✐♠♣❧② ♥♦t❡ Aγ,o✳ ❲❡ ❞❡♥♦t❡ ❜② Zγ

❛♥❞ Z̃γ t❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ γ✳ ❲❡ ❛r❡ ♥♦t ✉s✐♥❣ st♦♣♣❡❞ ♣r♦❝❡ss❡s ✐♥ t❤✐s
❝❤❛♣t❡r s♦ t❤❡r❡ ✐s ♥♦ ❛♠❜✐❣✉✐t②✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳ ■❢ t❤❡ ❤②♣♦t❤❡s✐s ✭H✮ ✐s s❛t✐s✜❡❞ ❢♦r F ⊂ G ❛♥❞ ✐❢ γ ✐s ❛ G✲st♦♣♣✐♥❣ t✐♠❡

t❤❛t ❛✈♦✐❞s ❛❧❧ ✜♥✐t❡ F✲st♦♣♣✐♥❣ t✐♠❡s t❤❡♥

✭❛✮ t❤❡ F∞✲❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ Aγ,oγ ✐s ✉♥✐❢♦r♠ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0, Aγ,o∞ [✱ ✇✐t❤ ❛♥ ❛t♦♠

♦❢ s✐③❡ 1−Aγ,o∞ ❛t Aγ,o∞ ❀

✭❜✮ t❤❡ G✲st♦♣♣✐♥❣ t✐♠❡ γ ✐s ❛♥ F✲❜❛rr✐❡r ❤✐tt✐♥❣ t✐♠❡✱ ♠❡❛♥✐♥❣ ✐t s❛t✐s✜❡s

γ = inf {t > 0 : Aγ,ot ≥ Aγ,oγ }.

Pr♦♦❢✳ ❚♦ s❤♦✇ ✭❛✮✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ F∞✲❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ Aγ,oγ ✱ t❤❛t ✐s

E
(
11{Aγ,o

γ ≤u}

∣∣∣F∞
)
= E

(
11{Aγ,o

γ ≤u}

∣∣∣F∞
)
11{u<Aγ,o

∞ } + 11{u≥Aγ,o
∞ }.

▲❡t ✉s s❡t C t♦ ❜❡ t❤❡ r✐❣❤t ✐♥✈❡rs❡ ♦❢ Aγ,o✱ t❤❡♥ t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐♥ t❤❡
❛❜♦✈❡ ❡q✉❛❧✐t② ✐s

E
(
11{Aγ,o

γ ≤u}11{Cu<∞}
∣∣∣F∞

)
= E

(
11{γ≤Cu}11{Cu<∞}

∣∣FCu

)

= ( oAγ)Cu11{Cu<∞}

= (Aγ,o)Cu11{Cu<∞}

= u11{u<Aγ,o
∞ }

✇❤❡r❡ ✇❡ ❤❛✈❡ ❛♣♣❧✐❡❞ ❚❤❡♦r❡♠ ✸✳✶ ✐♥ t❤❡ t❤✐r❞ ❡q✉❛❧✐t②✱ ✇❤✐❧❡ t❤❡ ❧❛st ❡q✉❛❧✐t② ❢♦❧❧♦✇s
❢r♦♠ t❤❡ ❢❛❝t t❤❛t Aγ,oCu

= u✱ s✐♥❝❡ Aγ,o ✐s ❝♦♥t✐♥✉♦✉s✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ F∞✲❝♦♥❞✐t✐♦♥❛❧
❞✐str✐❜✉t✐♦♥ ♦❢ Aγ,oγ ✐s ✉♥✐❢♦r♠ ♦♥ [0, Aγ,o∞ [✱ ✇✐t❤ ❛♥ ❛t♦♠ ♦❢ s✐③❡ 1−Aγ,o∞ ❛t Aγ,o∞ ✳
❚♦ s❤♦✇ ✭❜✮✱ ✇❡ ✜rst ❞❡✜♥❡ ❛♥♦t❤❡r r❛♥❞♦♠ t✐♠❡ γ∗ ❜② s❡tt✐♥❣

γ∗ := inf {t > 0 : Aγ,ot ≥ Aγ,oγ }.
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❚♦ s❡❡ t❤❛t γ∗ = γ ✭✐t ✐s ♦❜✈✐♦✉s t❤❛t γ∗ ≤ γ✮✱ ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t t❤❡ s✉♣♣♦rt ♦❢ Aγ ✐s
❝♦♥t❛✐♥❡❞ t♦ t❤❡ s✉♣♣♦rt ♦❢ Aγ,o ✭s❡❡ ❈❤❛♣t❡r ■❱✱ ▲❡♠♠❛ ✹✳✷ ♦❢ ❬❏❡✉✽✵❪✮✳

❆s ❛ s♣❡❝✐❛❧ ❝❛s❡✱ ✐❢ ✇❡ ✇♦r❦ ✉♥❞❡r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s Pr♦♣♦s✐t✐♦♥ ✸✳✸ ❛♥❞ ❛ss✉♠❡ t❤❛t
γ ✐s ❛ ✜♥✐t❡ G✲st♦♣♣✐♥❣ t✐♠❡✱ t❤❡♥ Aγ,o∞ = 1 ❛♥❞ Aγ,oγ ✐s ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ F∞ ❛♥❞ ✉♥✐❢♦r♠❧②
❞✐str✐❜✉t❡❞ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0, 1]✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ st♦♣♣✐♥❣ t✐♠❡ γ ✐s tr✉❧② ❛ F✲❈♦① t✐♠❡✳

❈♦r♦❧❧❛r② ✸✳✹✳ ■❢ γ ✐s ❛ G✲st♦♣♣✐♥❣ t✐♠❡✱ t❤❡♥ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s γc ∧ γd✱ ✇❤❡r❡ γc ✐s
❛ G✲st♦♣♣✐♥❣ t✐♠❡ t❤❛t ✐s ❛♥ F✲❜❛rr✐❡r ❤✐tt✐♥❣ t✐♠❡ ❛✈♦✐❞✐♥❣ F✲st♦♣♣✐♥❣ t✐♠❡s ❛♥❞ γd ✐s ❛

G✲st♦♣♣✐♥❣ t✐♠❡ ✇❤♦s❡ ❣r❛♣❤ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❣r❛♣❤s ♦❢ F✲st♦♣♣✐♥❣ t✐♠❡s✳

Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✷✳✹✱ γ ❤❛s t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ γ = γd ∧ γc✳ ❚❤❡ ❢❛❝t t❤❛t γd ❛♥❞ γc ❛r❡
G✲st♦♣♣✐♥❣ t✐♠❡s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♦❜s❡r✈❛t✐♦♥ {∆Aγ,oγ > 0} ∈ Fγ ✭❢r♦♠ ❈♦r♦❧❧❛r② ✸✳✷✸ ✐♥
❬❍❲❨✾✷❪ ❛♥❞ ▼♦♥♦t♦♥❡ ❈❧❛ss ❚❤❡♦r❡♠ ✶✳✶✮✳ ❚❤❡ G✲st♦♣♣✐♥❣ t✐♠❡ γc ❛✈♦✐❞s ❛❧❧ F✲st♦♣♣✐♥❣
t✐♠❡s ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ ❜② ❛♣♣❧②✐♥❣ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳

❯♥❧✐❦❡ st♦♣♣✐♥❣ t✐♠❡s✱ t❤❡ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ♦❢ t✇♦ F✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s ✐s ✐♥
❣❡♥❡r❛❧ ♥♦t ❛ F✲♣s❡✉❞♦ st♦♣♣✐♥❣ t✐♠❡✳ ❚❤❡ ❛❜♦✈❡ ❝♦r♦❧❧❛r② s✉❣❣❡sts t❤❛t t❤❡ ♠✐♥✐♠✉♠ ♦❢ ❛
❈♦① t✐♠❡ ✇✐t❤ ❛ F✲♣s❡✉❞♦ st♦♣♣✐♥❣ t✐♠❡ ✐s ❛❣❛✐♥ ❛ F✲♣s❡✉❞♦ st♦♣♣✐♥❣ t✐♠❡✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱
✇❡ ❡①♣❧♦r❡ ❡①t❡♥s✐♦♥s t♦ Pr♦♣♦s✐t✐♦♥ ✹✳ ✐♥ ❬◆❨✵✺❪✱ ✇❤✐❝❤ st❛t❡s t❤❛t t❤❡ ♠✐♥✐♠✉♠ ♦❢ ❛
♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ρ ✇✐t❤ ❛♥ Fρ✲st♦♣♣✐♥❣ t✐♠❡ ✐s ❛♥ F✲♣s❡✉❞♦ st♦♣♣✐♥❣ t✐♠❡✳

▲❡♠♠❛ ✸✳✺✳ ▲❡t ρ ❜❡ ❛♥ F∞✲♠❡❛s✉r❛❜❧❡ F✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ❛♥❞ τ ❜❡ ❛ r❛♥❞♦♠ t✐♠❡

s✉❝❤ t❤❛t F ✐s ✐♠♠❡rs❡❞ ✐♥ Fτ ✱ t❤❡♥ τ ∧ ρ ✐s ❛♥ F✲♣s❡✉❞♦ st♦♣♣✐♥❣ t✐♠❡✳

Pr♦♦❢✳ Pr♦♣♦s✐t✐♦♥ ✶✳✺✵ ✭❢✮ ❛♥❞ ❚❤❡♦r❡♠ ✸✳✶ ✐♠♣❧② t❤❛t ❜♦t❤ Z̃ρ ❛♥❞ Z̃τ ❛r❡ ❞❡❝r❡❛s✐♥❣
❝à❣❧à❞ ♣r♦❝❡ss❡s✳ ❚♦ ❝♦♠♣✉t❡ t❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ Z̃τ∧ρ ❛ss♦❝✐❛t❡❞ t♦ τ ∧ ρ✱ ✇❡ ✇r✐t❡

P (τ ≥ t, ρ ≥ t | F∞) = 11{ρ≥t}P(τ ≥ t|F∞) = 11{ρ≥t}P (τ ≥ t | Ft)

❚❤✐s ✐♠♣❧✐❡s t❤❛t

Z̃τ∧ρt = E(P (τ ≥ t, ρ ≥ t | F∞) |Ft) = P(τ ≥ t|Ft)P(ρ ≥ t|Ft) = Z̃τt Z̃
ρ
t ,

s♦ Z̃τ∧ρ ✐s ❛ ❞❡❝r❡❛s✐♥❣ ❝à❣❧à❞ ♣r♦❝❡ss✳ ❚❤✉s✱ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✺✵ ✭❢✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❡
❛ss❡rt✐♦♥✳

❲❡ ♦❜s❡r✈❡ t❤❛t✱ ✉♥❞❡r t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥s ❛s ✐♥ ▲❡♠♠❛ ✸✳✺✱ s✐♥❝❡ ρ ✐s F∞✲♠❡❛s✉r❛❜❧❡
❛♥❞ F ✐s ✐♠♠❡rs❡❞ ✐♥ Fτ ✱

P (τ > t | Fρ
∞) = P (τ > t | F∞) = P (τ > t | Ft)

❛♥❞ ❜② t❛❦✐♥❣ t❤❡ Fρ
t ✲❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥

P (τ > t | Fρ
t ) = P (τ > t | Ft) .

❈♦♠❜✐♥❡❞ t♦❣❡t❤❡r ✐t ✐♠♣❧✐❡s t❤❛t P(τ > t|Fρ
∞) = P(τ > t|Fρ

t )✱ ✐✳❡✳✱ F
ρ →֒ Fρ,τ ✳ ❚❤✐s ❣✐✈❡s

✉s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①t❡♥s✐♦♥✳

▲❡♠♠❛ ✸✳✻✳ ❙✉♣♣♦s❡ t❤❛t ρ ✐s ❛♥ F✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ❛♥❞ τ ✐s ❛♥ Fρ✲♣s❡✉❞♦✲st♦♣♣✐♥❣

t✐♠❡✱ t❤❡♥ τ ∧ ρ ✐s ❛❣❛✐♥ ❛ F✲♣s❡✉❞♦ st♦♣♣✐♥❣ t✐♠❡✳
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Pr♦♦❢✳ ❲❡ ❝♦♠♣✉t❡ ❞✐r❡❝t❧② E(Mτ∧ρ) ❢♦r M ❛ ❜♦✉♥❞❡❞ F✲♠❛rt✐♥❣❛❧❡✳ ❯s✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s
♦❢ t❤❡ ❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥✱ ✇❡ s❡❡ t❤❛t

E(Mτ∧ρ) = E(

∫

[0,∞]
Mρ∧u dA

τ,o,Fρ

u ),

❛♥❞ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✺✵ (e)✱ t❤❡ ♣r♦❝❡ss M̂u :=Mρ∧u ✐s ❛ ❜♦✉♥❞❡❞ Fρ✲♠❛rt✐♥❣❛❧❡✳ ❚❤✉s

E(

∫

[0,∞]
Mρ∧u dA

τ,o,Fρ

u ) = E(M̂∞

∫

[0,∞]
dAτ,o,F

ρ

u ) = E(M̂∞A
τ,o,Fρ

∞ ) = E(Mρ)

❛♥❞ t❤❡r❡❢♦r❡ τ ∧ ρ ✐s ❛♥ F✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡✳

❋✐♥❛❧❧②✱ ✇❡ r❡❧❛t❡ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s ✇✐t❤ ❤♦♥❡st t✐♠❡s✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥ ✭❈✮✱ ❛ r❡s✉❧t
♦❢ s✐♠✐❧❛r s♣✐r✐t ✇❛s ♣r❡s❡♥t❡❞ ✐♥ ❬◆❨✵✺✱ Pr♦♣♦s✐t✐♦♥ ✻❪✳ ❚❤❡ ❛✉t❤♦rs ❣❛✈❡ ❛ ❞✐str✐❜✉t✐♦♥❛❧
❛r❣✉♠❡♥t✳ ❍❡r❡✱ ✇❡ ✉s❡ ♣❛t❤ ♣r♦♣❡rt✐❡s t♦ s❤♦✇ t❤❛t t❤❡ s❛♠❡ ❦✐♥❞ ♦❢ r❡s✉❧t ❤♦❧❞s ✐♥ ❢✉❧❧
❣❡♥❡r❛❧✐t②✳

▲❡♠♠❛ ✸✳✼✳ ▲❡t τ ❜❡ ❛ r❛♥❞♦♠ t✐♠❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t

✭❛✮ τ ✐s ❡q✉❛❧ t♦ ❛♥ F✲st♦♣♣✐♥❣✲t✐♠❡ ♦♥ {τ <∞}❀
✭❜✮ τ ✐s ❛♥ F✲♣s❡✉❞♦ st♦♣♣✐♥❣ t✐♠❡ ❛♥❞ ❛♥ F✲❤♦♥❡st t✐♠❡✳

Pr♦♦❢✳ ❚❤❡ ✐♠♣❧✐❝❛t✐♦♥ (a) =⇒ (b) ✐s tr✐✈✐❛❧✳ ❚♦ s❤♦✇ (b) =⇒ (a) ❧❡t ✉s ♥♦t❡ t❤❛t t❤❡
❤♦♥❡st t✐♠❡ ♣r♦♣❡rt② ♦❢ τ ✐♠♣❧✐❡s τ = sup{t : Z̃τt = 1} ♦♥ {τ < ∞} ✭Pr♦♣♦s✐t✐♦♥ ✶✳✹✸✮ ❛♥❞
t❤❡ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ♣r♦♣❡rt② ♦❢ τ ✐♠♣❧✐❡s Zτt = 1−Aτ,ot ✭Pr♦♣♦s✐t✐♦♥ ✶✳✺✵ ❛♥❞ ✭✶✳✶✷✮✮✳
▼♦r❡♦✈❡r ✇❡ ✉s❡ t❤❡ ❣❡♥❡r❛❧ r❡❧❛t✐♦♥ ✭st❛t❡❞ ✐♥ ✭✶✳✶✸✮✮ Z̃τ−Zτ = ∆Aτ,o✳ ❚❤❡♥✱ ♦♥ {τ <∞}
✇❡ ♦❜t❛✐♥

τ = sup{t : Z̃τt = 1} = sup{t : Zτt +∆Aτ,ot = 1}
= sup{t : 1−Aτ,ot +∆Aτ,ot = 1} = sup{t : Aτ,ot− = 0}
= inf{t : Aτ,ot > 0}.

❙♦✱ τ ❡q✉❛❧s ❛♥ F✲st♦♣♣✐♥❣ t✐♠❡ ♦♥ {τ <∞}✳

❆s ❛ s✐♠♣❧❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✸✳✼ ❛♥❞ ❚❤❡♦r❡♠ ✸✳✶✱ ✇❡ s❡❡ t❤❛t

❈♦r♦❧❧❛r② ✸✳✽✳ ■❢ τ ✐s ❛♥ F✲❤♦♥❡st t✐♠❡ ✇❤✐❝❤ ✐s ♥♦t ❡q✉❛❧ t♦ ❛♥ F✲st♦♣♣✐♥❣ t✐♠❡ ♦♥

{τ <∞}✱ t❤❡♥ t❤❡ ❤②♣♦t❤❡s✐s ✭H✮ ✐s ♥♦t s❛t✐s✜❡❞ ❢♦r F ⊂ Fτ ✳

✸✳✸ ❚✐♠❡ ❝❤❛♥❣❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ r❡✈✐s✐t ❛♥❞ ❡①t❡♥❞ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s s✉❣❣❡st❡❞
✐♥ ❬◆❨✵✺❪✳ ■♥ t❤❛t ♣❛♣❡r✱ ❛♥ ❤♦♥❡st t✐♠❡ τ ✐s ❣✐✈❡♥ ❛♥❞ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ✭❈✮ ❛♥❞ ✭❆✮✱
❛ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ρ ✐s ❝♦♥str✉❝t❡❞ ❜② s❡tt✐♥❣

ρ := sup{t ≤ τ : Zτt = infs≤t Zτs }. ✭✸✳✸✮
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❚❤❡ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❞❡♠♦♥str❛t❡ t❤❛t t❤❡ ❤♦♥❡st t✐♠❡ τ ✇❤✐❝❤ ❛♣♣❡❛rs ✐♥ ✭✸✳✸✮ ❝❛♥
❜❡ r❡♣❧❛❝❡❞ ❜② ❛♥ ❛r❜✐tr❛r② ✜♥✐t❡ r❛♥❞♦♠ t✐♠❡ ❛♥❞ t❤❛t ❛ss✉♠♣t✐♦♥s ✭❈✮ ❛♥❞ ✭❆✮ ❝❛♥ ❜❡
r❡❧❛①❡❞ ✐♥ ❝❡rt❛✐♥ ❝❛s❡s✱ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❝♦♥str✉❝t ❛♥ F✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ✇❤✐❝❤ ✐s
❛❧s♦ ❛♥ F✲t❤✐♥ t✐♠❡✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛ss✉♠❡ t❤❛t ❛♥ ❛r❜✐tr❛r② r❛♥❞♦♠ t✐♠❡ τ ✐s ❣✐✈❡♥ ❛♥❞ ✇❡ ❞❡✜♥❡ t❤❡
♣r♦❝❡ss❡s D ❛♥❞ G✿

Dt := inf{s > t : Zτs = inf
u≤s

Zτu},

Gt := sup{s ≤ t : Zτs = inf
u≤s

Zτu}.

▲❡♠♠❛ ✸✳✾✳ ❚❤❡ ♣r♦❝❡ss❡s D ❛♥❞ G ❛r❡ ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝à❞❧à❣✳ ❚❤❡ ♣r♦❝❡ss D ✐s ❛ r✐❣❤t✲

✐♥✈❡rs❡ ♦❢ G✳

Pr♦♦❢✳ ❋r♦♠ ❬❉▼▼✾✷✱ P❛r❛❣r❛♣❤ ✶ ❈❤❛♣t❡r ❳❳❪ ✇❡ ❦♥♦✇ t❤❛t D ✐s ❛ r✐❣❤t✲❝♦♥t✐♥✉♦✉s
♣r♦❝❡ss✱ ❛♥❞✱ s✐♥❝❡ t❤❡ s❡t Γ := {(ω, t) : Zτt (ω) = infs≤t Zτs (ω)} ✐s r✐❣❤t ❝❧♦s❡❞ ✭❛s Zτ ✐s
❝à❞❧à❣ ♣r♦❝❡ss✮✱ G ✐s ❛ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss ❛s ✇❡❧❧✳ ❚♦ s❤♦✇ t❤❛t t❤❡ ♣r♦❝❡ss D ✐s t❤❡
r✐❣❤t✲✐♥✈❡rs❡ ♦❢ G✱ ✐✳❡✳✱ Dt = inf{u : Gu > t} ❧❡t ✉s ✜① t ❛♥❞ ω✳ ❚❤❡♥ ✇❡ ❤❛✈❡✿
✶✮ ■❢ u ∈ [Gt, Dt[ t❤❡♥✱ s✐♥❝❡ ]Gt, Dt[/∈ Γ✱ ✇❡ ❣❡t Gu = Gt ≤ t✳
✷✮ ■❢ Dt = t ❛♥❞ u > Dt t❤❡♥✱ s✐♥❝❡ t❤❡r❡ ❡①✐sts s ∈]Dt, u] s✉❝❤ t❤❛t s ∈ Γ✱ ✇❡ ❣❡t
Gu ≥ Ds ≥ s > t✳
✸✮ ■❢ Dt > t ❛♥❞ u > Dt t❤❡♥✱ s✐♥❝❡ t❤❡r❡ ❡①✐sts s ∈ [Dt, u] s✉❝❤ t❤❛t s ∈ Γ✱ ✇❡ ❣❡t
Gu ≥ Dt > t✳
❆♥❞ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡❞✳

❲❡ ❞❡♥♦t❡ ❜② d t❤❡ ❧❡❢t ❧✐♠✐t ♦❢ D✱ ✐✳❡✳✱ dt := Dt−. ◆♦t❡ t❤❛t d ✐s t❤❡ ❧❡❢t✲✐♥✈❡rs❡ ♦❢ G✱ ✐✳❡✳✱
dt = inf{s : Gs ≥ t}✳ ❋♦r ❡❛❝❤ F✲st♦♣♣✐♥❣ t✐♠❡ T ✱ DT ❛♥❞ dT ❛r❡ F✲st♦♣♣✐♥❣ t✐♠❡s✳ ▲❡t ρ
❜❡ ❞❡✜♥❡❞ ❛s ✐♥ ✭✸✳✸✮✱ t❤❡♥ ✇❡ ❤❛✈❡

{ρ ≥ T} = {τ ≥ dT }. ✭✸✳✹✮

▲❡♠♠❛ ✸✳✶✵✳ ▲❡t ρ ❜❡ ❞❡✜♥❡❞ ❜② ✭✸✳✸✮✳ ❚❤❡♥

✭❛✮ t❤❡ F✲❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ Aρ ✐s ❣✐✈❡♥ ❜② Aρ,o = (Aτ,oD ) o✱

✭❜✮ t❤❡ F✲s✉♣❡r♠❛rt✐♥❣❛❧❡ Z̃ρ ✐s ❣✐✈❡♥ ❜② Z̃ρ = o(Z̃τd )✳

Pr♦♦❢✳ ✭❛✮ ❋♦r ❛♥② F✲♦♣t✐♦♥❛❧ ♣r♦❝❡ss X ✇❡ ❤❛✈❡

E(Xρ) = E(XGτ ) = E(

∫

[0,∞[
XGsdA

τ,o
s )

= E(

∫

[0,∞[
XGCs

11{Cs<∞} ds),

✇❤❡r❡ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t XGs ✐s F✲♦♣t✐♦♥❛❧ ✭s❡❡ ❬▼❡②✼✸❪✮ ❛♥❞ t❤❡
t❤✐r❞ ❢r♦♠ ❛ t✐♠❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ✐♥t❡❣r❛❧s ✇✐t❤ C ❜❡✐♥❣ t❤❡ r✐❣❤t✲✐♥✈❡rs❡ ♦❢ Aτ,o ✭s❡❡ ❬❍❲❨✾✷✱
▲❡♠♠❛ ✶✳✸✽❪✮✳ ❯s✐♥❣ ♦♥❝❡ ❛❣❛✐♥ t✐♠❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ✐♥t❡❣r❛❧s✱ ❛s GC ✐s r✐❣❤t✲✐♥✈❡rs❡ ♦❢ Aτ,oD ✱
✇❡ ♦❜t❛✐♥✿

E(Xρ) = E(

∫

[0,∞[
Xs dA

τ,o
Ds

).
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✭❜✮ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ❛♥❞ t❤❡ ✐❞❡♥t✐t② ✭✸✳✹✮✱ ❢♦r ❡✈❡r② F✲st♦♣♣✐♥❣
t✐♠❡ T ✱

Z̃ρT 11{T<∞} = E
(
11{ρ≥T}11{T<∞}

∣∣FT
)

= E
(
11{τ≥dT }11{dT<∞}11{T<∞}

∣∣FT
)
+ E

(
11{τ≥∞}11{dT=∞}11{T<∞}

∣∣FT
)

s✐♥❝❡ τ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✜♥✐t❡

= E
(
E
(
11{τ≥dT }11{dT<∞}

∣∣FdT
) ∣∣FT

)
11{T<∞}

= E
(
Z̃τdT 11{T<∞}

∣∣∣FT
)
,

✇❤✐❝❤ s❤♦✇s t❤❡ ❛ss❡rt✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✶✳ ❙✉♣♣♦s❡ t❤❛t ❢♦r ❡✈❡r② F✲st♦♣♣✐♥❣ t✐♠❡ T

Z̃τdT = inf
s<T

Zτs . ✭✸✳✺✮

❚❤❡♥✱ ρ ✭❣✐✈❡♥ ✐♥ ✭✸✳✸✮✮ ✐s ❛♥ F✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ❛♥❞ Z̃ρt = infs<t Z
τ
s ✳

Pr♦♦❢✳ ❇② t❤❡ ❛ss✉♠♣t✐♦♥ ✭✸✳✺✮ ❛♥❞ ▲❡♠♠❛ ✸✳✶✵✱ ✇❡ ❣❡t t❤❛t

Z̃ρT 11{T<∞} =
o(Z̃τdT )11{T<∞} =

o( inf
s<T

Zτs )11{T<∞} = inf
s<T

Zτs 11{T<∞}.

❚❤❡♥✱ ❜② ❙❡❝t✐♦♥ t❤❡♦r❡♠ ✶✳✶✵✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t Z̃ρt = infs<t Z
τ
s ✐s ❛ ❞❡❝r❡❛s✐♥❣ ❝à❣❧à❞

♣r♦❝❡ss✱ t❤✉s✱ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✺✵ ✭❢✮✱ ρ ✐s ❛♥ F✲♣s❡✉❞♦ st♦♣♣✐♥❣ t✐♠❡✳

❚❤❡ ❡q✉❛❧✐t② ✭✸✳✺✮ ✐s r❛t❤❡r t❡❝❤♥✐❝❛❧ ❛♥❞ ❝❛♥♥♦t ❜❡ ❝❤❡❝❦❡❞ ✐♥ ❣❡♥❡r❛❧ ✇✐t❤♦✉t ❦♥♦✇✐♥❣
t❤❡ ❡①❛❝t str✉❝t✉r❡ ♦❢ t❤❡ ♣r♦❝❡ss❡s Zτ ❛♥❞ Z̃τ ✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❣✐✈❡ ❡①❛♠♣❧❡s ♦❢
❝♦♥str✉❝t✐♦♥s ✇❤❡r❡ ✭✸✳✺✮ ✐s s❛t✐s✜❡❞✳

❊①❛♠♣❧❡ ✸✳✶✷ ✭P♦✐ss♦♥ ✜❧tr❛t✐♦♥ ❡①❛♠♣❧❡✮✳ ❲❡ ♣r❡s❡♥t ❤❡r❡ ❛♥ ❡①❛♠♣❧❡ ✇✐t❤♦✉t ❛ss✉♠✐♥❣

♥❡✐t❤❡r ✭❈✮ ♥♦r ✭❆✮ ♥♦r t❤❡ ❢❛❝t t❤❛t t❤❡ ♣r♦❝❡ss infs≤t Zτs ✐s ❝♦♥t✐♥✉♦✉s✳

❲❡ t❛❦❡ ❛s τ t❤❡ r❛♥❞♦♠ t✐♠❡ ❞❡✜♥❡❞ ✐♥ ✭✷✳✹✮ ❛♥❞ st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✸✳✶✳ ❙✉♣❡r♠❛rt✐♥✲

❣❛❧❡s Z ❛♥❞ Z̃ ❝♦♠♣✉t❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✷✻ s❛t✐s❢② ❝♦♥❞✐t✐♦♥ ✭✸✳✺✮ ❛♥❞ ρ✱ ❣✐✈❡♥ ❜② ✭✸✳✸✮✱ ✐s

❛♥ F✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ✇✐t❤ Z̃ρt = infs<t Z
τ ❛♥❞ Zρt = infs≤t Zτ ✳

■❢ ♦♥❡ ❧♦♦❦s ❝❧♦s❡r✱ t❤❡ ✐♥✜♠✉♠ ♣r♦❝❡ss ♦❢ Zτ ❤❛s ♦♥❧② ♦♥❡ ♥❡❣❛t✐✈❡ ❥✉♠♣ ❛t t❤❡ ♣r❡❞✐❝t❛❜❧❡

st♦♣♣✐♥❣ t✐♠❡

T1 := inf {t ≥ 0 : µt−Xt − a = 0},

✇❤❡r❡ t❤❡ ♣r♦❝❡ss Zτ ❥✉♠♣s ❢r♦♠ 1 t♦ ψ(0)✳ ❚❤❛t ✐♠♣❧✐❡s t❤❛t T1 ✐s t❤❡ ♦♥❧② F✲st♦♣♣✐♥❣

t✐♠❡ ✇❤✐❝❤ ρ ✐♥t❡rs❡❝ts✳

❊①❛♠♣❧❡ ✸✳✶✸ ✭❚❤✐♥ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s✮✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇♦r❦ ✉♥❞❡r t❤❡ ❛ss✉♠♣✲

t✐♦♥ t❤❛t inf Zτ ❛♥❞ Aτ,o ❛r❡ ❝♦♥t✐♥✉♦✉s✳ ❲❡ s❤♦✇ t❤❛t ♦♥❡ ❝❛♥ s②st❡♠❛t✐❝❛❧❧② ❝♦♥str✉❝t ❛

t❤✐♥ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♥♥❡r✳
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▲❡t (ε0, ε1, . . . , εN ) ❜❡ ❛ ♣♦s✐t✐✈❡ ❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ r❡❛❧ ♥✉♠❜❡rs ❜♦✉♥❞❡❞ ❜② ✶✳ ❲❡

❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡ ♦❢ F✲♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡s

Tn = inf {t ≥ 0 : inf
s≤t

Zτs = εn}, TN+1 = ∞

❛♥❞ t❤❡ F✲❛❞❛♣t❡❞ ❞❡❝r❡❛s✐♥❣ ❝à❣❧à❞ ♣r♦❝❡ss V = ε011J 0,T0 K +
∑N

n=1 εn11 KTn−1,Tn K. ▼♦r❡♦✈❡r

✇❡ s❡t

G′
t := sup {s ≤ t : Zτs = Vs}
d′t := inf {s ≥ t : Zτs = Vs}

❛♥❞ ♥♦t❡ t❤❛t t❤❡ ♣r♦❝❡ss V ✐s s✉❝❤ t❤❛t VT = Vd′T ❢♦r ❛❧❧ st♦♣♣✐♥❣ t✐♠❡ T ✳ ❚❤❡ ♣r♦❝❡ss

d′ ✐s t❤❡ ❧❡❢t ✐♥✈❡rs❡ ♦❢ G′ s✐♥❝❡ t❤❡ s❡t {Zτ = V } ✐s ❛ ❝❧♦s❡❞ r❛♥❞♦♠ s❡t✱ ✭s❡❡ ❬❊❲✼✼❪✱ t❤❡

r❡❛s♦♥ ✐s t❤❛t ❢♦r ❡❛❝❤ ✜①❡❞ ω✱ ✐t ❝♦♥t❛✐♥s ♦♥❧② ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts✮✳

▲❡t ✉s ❞❡✜♥❡ ρ := G′
τ ✳ ❈❧❡❛r❧② ✐t ✐s ❛ t❤✐♥ r❛♥❞♦♠ t✐♠❡ ❛s [[G′

τ ]] ⊂
⋃
n[[Tn]]✳ ❙✐♠✐❧❛r❧② t♦ t❤❡

♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✶✶✱ ✇❡ ❝♦♠♣✉t❡ Z̃ρT 11{T<∞} ❢♦r ❛♥ F✲st♦♣♣✐♥❣ t✐♠❡ T ✿

Z̃ρT 11{T<∞} = E
(
11{ρ≥T}11{T<∞}

∣∣FT
)

= E
(
11{τ≥d′T }11{d′T<∞}

∣∣∣FT
)
11{T<∞}

= E
(
Z̃τd′T

11{d′T<∞}
∣∣∣FT

)
11{T<∞}

= E
(
Vd′T 11{d′T<∞}

∣∣∣FT
)
11{T<∞}

= VT 11{T<∞},

✇❤❡r❡ t❤❡ ❢♦✉rt❤ ❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ ❝♦♥t✐♥✉✐t② ✐❢ Aτ,o ✭✐✳❡✳✱ Z̃τ = Zτ ✮ ❛♥❞ Zτd′T
= Vd′T ✳ ❖♥❡

❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ρ ✐s ❛♥ F✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ✭Pr♦♣♦s✐t✐♦♥ ✶✳✺✵ ✭❢✮✮✳ ❚❤❡ r❛♥❞♦♠ t✐♠❡

ρ ✐s ❛♥ F✲t❤✐♥ t✐♠❡✱ s✐♥❝❡ Aρ,o = 1− V+ ✐s ❛ ♣✉r❡ ❥✉♠♣ ♣r♦❝❡ss✳

❊①❛♠♣❧❡ ✸✳✶✹ ✭❈♦♥t✐♥✉♦✉s ✐♥✜♠✉♠ ❡①❛♠♣❧❡✮✳ ▲❡t τ ❜❡ ❛ r❛♥❞♦♠ t✐♠❡ s✉❝❤ t❤❛t t❤❡

r✉♥♥✐♥❣ ✐♥✜♠✉♠ ♦❢ t❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ Zτ ✐s ❝♦♥t✐♥✉♦✉s✳ ❚❤❡♥✱ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✸✳✺✮ ✐s

s❛t✐s✜❡❞✳

✭❛✮ ❚❛❦❡ t❤❡ r❛♥❞♦♠ t✐♠❡ τ := ψ
( ∫∞

0 f(s)dBs

)
✱ ✇❤❡r❡ ψ : R → R+ ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝✱

str✐❝t❧② ✐♥❝r❡❛s✐♥❣✱ sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥ ❛♥❞ B ✐s ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ■ts s✉♣❡r♠❛rt✐♥✲

❣❛❧❡ Zτ ❡q✉❛❧s t♦

Zτt = 1− Φ
(ψ−1(t)− βt

σ(t)

)
,

✇❤❡r❡ βt =
∫ t
0 f(s)dBs✱ σ

2(t) =
∫∞
t f2(s)ds✱ ❛♥❞ Φ ✐s t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥

♦❢ st❛♥❞❛r❞ ♥♦r♠❛❧ ❧❛✇✳ ❚❤❡♥

ρ := sup

{
t < τ :

βt − ψ−1(t)

σ(t)
= inf

u≤t
βu − ψ−1(u)

σ(u)

}

✐s ❛ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡✳
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✭❜✮ ❚❛❦❡ t❤❡ r❛♥❞♦♠ t✐♠❡ τ := A
(−γ)
∞ =

∫∞
0 e2B

(−γ)
u du✱ ✇❤❡r❡ B(−γ)

t := Bt − γt ✇✐t❤ B ❛

❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❚❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ Zτ ❡q✉❛❧s t♦

Zτt = Υ
( t−A

(−γ)
t

e2B
(−γ)

t

)
,

✇❤❡r❡ Υ(x) := P
(
A

(−γ)
∞ > x

)
✳ ❚❤❡♥

ρ := sup

{
t < A(−γ)

∞ :
t−A

(−γ)
t

e2B
(−γ)
t

= sup
u≤t

u−A
(−γ)
u

e2B
(−γ)
u

}

✐s ❛ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡✳

✸✳✹ ❍②♣♦t❤❡s✐s ✭H′✮ ❛♥❞ s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ s♦♠❡ ❝♦♥❞✐t✐♦♥s s♦ t❤❛t ❤②♣♦t❤❡s✐s ✭H′✮ ✐s ✈❛❧✐❞ ❜❡t✇❡❡♥ F ❛♥❞
Fρ✱ ❢♦r r❛♥❞♦♠ t✐♠❡s ❝♦♥str✉❝t❡❞ ✐♥ ✭✸✳✸✮ ❛♥❞✱ ✐♥ t❤❛t ❝❛s❡✱ ✇❡ ❣✐✈❡ t❤❡ s❡♠✐♠❛rt✐♥❣❛❧❡
❞❡❝♦♠♣♦s✐t✐♦♥✳ ❲❡ ✜♥❞ ✐t ✉s❡❢✉❧ t♦ ❝❤❛♥❣❡ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ❜②
❡①❛♠✐♥✐♥❣ t❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ t❤❡ ❡♥❞ ♦❢ t❤❡ ❡①❝✉rs✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss

Y τ
t := Zτt − inf

s≤t
Zτ ✭✸✳✻✮

str❛❞❞❧✐♥❣ t❤❡ r❛♥❞♦♠ t✐♠❡ τ ✳ ❚❤❛t ✐s

ρ(τ) := sup {t ≤ τ : Zτt − inf
s≤t

Zτs = 0} = sup {s ≤ τ : Y τ
t = 0},

δ(τ) := inf {t ≥ τ : Zτt − inf
s≤t

Zτs = 0} = inf {t ≥ τ : Y τ
t = 0}.

❲❤❡♥ τ ✐s ❛♥ ❤♦♥❡st t✐♠❡✱ ♦♥❡ ✐s ❛❜❧❡ t♦ ❛♣♣❧② r❡s✉❧ts ❢r♦♠ ❏❡✉❧✐♥ ❬❏❡✉✽✵❪ ✇✐t❤♦✉t r❡❢❡rr✐♥❣
t♦ t❤❡ s♣❡❝✐✜❝ str✉❝t✉r❡ ♦❢ t❤❡ ❡①❝✉rs✐♦♥✳ ❍♦✇❡✈❡r✱ ♦♥❝❡ ✇❡ r❡♣❧❛❝❡ τ ❜② ❛ ❣❡♥❡r❛❧ r❛♥❞♦♠
t✐♠❡✱ t♦ r❡tr✐❡✈❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✇❡ ❡①♣❧♦✐t t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❡①❝✉rs✐♦♥✳ ❲❡ ♥♦t✐❝❡
t❤❛t✱ ✐♥ ✈✐❡✇ ♦❢ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥✱ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ t❤❡ ❡♥❞ ♦❢ t❤❡
❡①❝✉rs✐♦♥ ❛r❡ s②♠♠❡tr✐❝✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ s❤❛❧❧ ❡①❛♠✐♥❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ t❤r❡❡ r❛♥❞♦♠ t✐♠❡s τ ✱ ρ := ρ(τ) ❛♥❞
δ := δ(τ) ✐♥ ✈✐❡✇ ♦❢ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ r❛♥❞♦♠
t✐♠❡ τ ✐s ✜♥✐t❡✳

▲❡♠♠❛ ✸✳✶✺✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ r❛♥❞♦♠ t✐♠❡s τ ✱ ρ ❛♥❞ δ ❛♥❞

❛ss♦❝✐❛t❡❞ ❡♥❧❛r❣❡❞ ✜❧tr❛t✐♦♥s✿

✭❛✮ t❤❡ r❛♥❞♦♠ t✐♠❡ δ ✐s ❛♥ Fρ✲st♦♣♣✐♥❣ t✐♠❡❀

✭❜✮ t❤❡ r❛♥❞♦♠ t✐♠❡ ρ ✐s ❛♥ Fδ ❛♥❞ Fτ ✲❤♦♥❡st t✐♠❡✳

Pr♦♦❢✳ ❆ss❡rt✐♦♥ ✭❛✮ ❢♦❧❧♦✇s ❛s t❤❡ r❛♥❞♦♠ t✐♠❡

δ = inf
{
t ≥ τ : Y τ

t = 0
}
= inf

{
t ≥ ρ : Y τ

t = 0
}
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✐s ❛ ✜rst ♣❛ss❛❣❡ t✐♠❡ ✐♥ Fρ✱ t❤❡r❡❢♦r❡ ✐s ❛♥ Fρ✲st♦♣♣✐♥❣ t✐♠❡✳ ❚♦ s❤♦✇ ✭❜✮✱ ✐t ✐s ❡♥♦✉❣❤ t♦
s❡❡ t❤❛t t❤❡ r❛♥❞♦♠ t✐♠❡

ρ = sup
{
t ≤ τ : Y τ

t = 0
}
= sup

{
t ≤ δ : Y τ

t = 0
}

✐s ❛ ❧❛st ♣❛ss❛❣❡ t✐♠❡ ✐♥ Fδ ❛♥❞ Fτ ✱ t❤❡r❡❢♦r❡ ❛♥ Fδ✲❤♦♥❡st t✐♠❡ ❛♥❞ Fτ ✲❤♦♥❡st t✐♠❡✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✻✳ ■❢ t❤❡ ❤②♣♦t❤❡s✐s ✭H′✮ ✐s s❛t✐s✜❡❞ ❜❡t✇❡❡♥ ✜❧tr❛t✐♦♥s F ❛♥❞ Fτ ✱ t❤❡♥

✭❛✮ t❤❡ ❤②♣♦t❤❡s✐s ✭H′✮ ✐s ❛❧s♦ s❛t✐s✜❡❞ ❜❡t✇❡❡♥ F ❛♥❞ Fρ❀

✭❜✮ t❤❡ ❤②♣♦t❤❡s✐s ✭H′✮ ✐s ❛❧s♦ s❛t✐s✜❡❞ ❜❡t✇❡❡♥ F ❛♥❞ Fδ✳

Pr♦♦❢✳ ✭❛✮ ◆♦t❡ t❤❛t ρ ✐s ❛♥ ❤♦♥❡st t✐♠❡ ✐♥ t❤❡ ✜❧tr❛t✐♦♥ Fτ ✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ♣r♦❣r❡ss✐✈❡
❡♥❧❛r❣❡♠❡♥t ♦❢ Fτ ✇✐t❤ ρ ✇❤✐❝❤ ✐s ❞❡♥♦t❡❞ ❜② Fτ,ρ✳ ❚❛❦❡ ❛♥② F✲♠❛rt✐♥❣❛❧❡ M ✱ t❤❡♥✱ s✐♥❝❡
t❤❡ ❤②♣♦t❤❡s✐s ✭H′✮ ✐s s❛t✐s✜❡❞ ❜❡t✇❡❡♥ F ❛♥❞ Fτ ✱ t❤❡ ♣r♦❝❡ss M ✐s ❛♥ Fτ ✲s❡♠✐♠❛rt✐♥❣❛❧❡✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ r❛♥❞♦♠ t✐♠❡ ρ ✐s ❛♥ ❤♦♥❡st t✐♠❡ ✐♥ Fτ ✳ ❚❤❡♥✱ ❜② ❝❧❛ss✐❝ r❡s✉❧ts ✭s❡❡
❬❏❡✉✽✵❪✮✱ t❤❡ ♣r♦❝❡ss M ✐s ❛♥ Fτ,ρ✲s❡♠✐♠❛rt✐♥❣❛❧❡✳ ❋✐♥❛❧❧②✱ ❢r♦♠ ❙tr✐❝❦❡r✬s ❚❤❡♦r❡♠ ✶✳✷✽✱
t❤❡ ♣r♦❝❡ss M ✐s ❛♥ Fρ✲s❡♠✐♠❛rt✐♥❣❛❧❡✳

✭❜✮ ■t ✐s s✉✣❝✐❡♥t t♦ ♥♦t✐❝❡ t❤❛t F ⊂ Fδ ⊂ Fτ ✱ ❛s δ ✐s ❛♥ Fτ ✲st♦♣♣✐♥❣ t✐♠❡✳ ❚❤❡♥✱ ❜② ❙tr✐❝❦❡r✬s
❚❤❡♦r❡♠ ✶✳✷✽✱ ✐❢ ❤②♣♦t❤❡s✐s ✭H′✮ ✐s s❛t✐s✜❡❞ ❜❡t✇❡❡♥ F ❛♥❞ Fδ✱ ✐t ✐s s❛t✐s✜❡❞ ❜❡t✇❡❡♥ F ❛♥❞
Fρ✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✼✳ ❚❤❡ ❤②♣♦t❤❡s✐s ✭H′✮ ✐s s❛t✐s✜❡❞ ❜❡t✇❡❡♥ F ❛♥❞ Fρ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡

❤②♣♦t❤❡s✐s ✭H′✮ ✐s s❛t✐s✜❡❞ ❜❡t✇❡❡♥ F ❛♥❞ Fδ✳

Pr♦♦❢✳ ◆♦t❡ t❤❛t F ⊂ Fδ ⊂ Fδ,ρ = Fρ✱ ✇❤❡r❡ t❤❡ ❧❛st ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ✭❛✮ ♦❢ ▲❡♠♠❛
✸✳✶✺✳ ❯s✐♥❣ ✭❜✮ ♦❢ ▲❡♠♠❛ ✸✳✶✺✱ ✇❡ s❡❡ t❤❛t ρ ✐s ❛♥ Fδ✲❤♦♥❡st t✐♠❡ ❛♥❞ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡
❤②♣♦t❤❡s✐s ✭H′✮ ✐s s❛t✐s✜❡❞ ❜❡t✇❡❡♥ Fδ ❛♥❞ Fρ✳ ■❢ t❤❡ ❤②♣♦t❤❡s✐s ✭H′✮ ✐s s❛t✐s✜❡❞ ❜❡t✇❡❡♥
F ❛♥❞ Fδ t❤❡r❡❢♦r❡ t❤❡ ❤②♣♦t❤❡s✐s ✭H′✮ ✐s s❛t✐s✜❡❞ ❜❡t✇❡❡♥ F ❛♥❞ Fρ✳ ❚❤❡ ❝♦♥✈❡rs❡ ❢♦❧❧♦✇s
❡❛s✐❧② ❢r♦♠ ❙tr✐❝❦❡r✬s ❚❤❡♦r❡♠ ✶✳✷✽✳

■♥ t❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ✇❡ ❣✐✈❡ ❛ Fρ✲s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s
st♦♣♣❡❞ ❛t δ ✭✇❤✐❝❤✱ ❜② ▲❡♠♠❛ ✸✳✶✺✱ ✐s ❛♥ Fρ✲st♦♣♣✐♥❣ t✐♠❡✮✳ ❚❤✐s r❡s✉❧t ✐s ✐♥ t❤❡ s❛♠❡
s♣✐r✐t ❛s ❬❏❡✉✽✵✱ ❈♦r♦❧❧❛r② ✺✳✷✶❪✳ ❍❡r❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞
t❤❡ ❡♥❞ ♦❢ ❛♥ ❡①❝✉rs✐♦♥✳ ❲❡ ❞♦ ♥♦t ✉s❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠✐❞❞❧❡ t✐♠❡ τ ✳ ▼♦r❡♦✈❡r✱ t❤❡
❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ❣✐✈❡♥ ❢♦r st♦♣♣❡❞ ♣r♦❝❡ss❡s✳ ■t ❝❛♥ ❜❡ s❡❡♥ ❛s ❡①t❡♥s✐♦♥ ♦❢ ❝❧❛ss✐❝❛❧ Fρ✲
s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s st♦♣♣❡❞ ❛t ρ ✉♣ t♦ t❤❡ ❡♥❞ ♦❢ t❤❡
❡①❝✉rs✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✽✳ ▲❡t M ❜❡ ❛♥ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ M ✳ ❚❤❡♥✱ t❤❡ ♣r♦❝❡ss

Mt −
∫ t∧ρ
0

1
Zρ
s−
d〈X,mρ〉Fs −

∫ t∧δ
0 11{ρ<s}

1
Zδ
s−−Zρ

s−
d〈X,mδ −mρ〉Fs

✐s ❛♥ Fρ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳

Pr♦♦❢✳ ❲❡ ✉s❡ ❛♥❛❧♦❣✐❝❛❧ ❛r❣✉♠❡♥ts t♦ ❬❏❡✉✽✵✱ s❡❝t✐♦♥ ❱✲✸❪✳ ❆s ❡❛❝❤ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✐s
❧♦❝❛❧❧② ✐♥ H1

m ✐t ✐s ❡♥♦✉❣❤ t♦ ❝♦♥s✐❞❡r M ∈ H1
m(F)✳ ❇② ▲❡♠♠❛ ✸✳✶✺✱ ❬❏❡✉✽✵✱ Pr♦♣♦s✐t✐♦♥
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✭✹✱✶✻✮ ✷✮❪ ❛♥❞ ❬❏❡✉✽✵✱ ❚❤é♦rè♠❡ ✭✺✱✶✵✮❪ ✇❡ ❣❡t t❤❛t M·∧δ ∈ H1
sm(F

δ) s♦ M·∧δ ∈ H1
sm(F

ρ)✳
▲❡t H ❜❡ ❛♥ Fρ✲♣r❡❞✐❝t❛❜❧❡ ❜♦✉♥❞❡❞ ♣r♦❝❡ss✳ ❚❤❡♥ H11[[0,δ]] = J−11[[0,ρ]] + J+11]]ρ,δ]]✱ ✇❤❡r❡
J− ❛♥❞ J+ ❛r❡ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss❡s✳ F✲♣r❡❞✐❝t❛❜✐❧✐t② ♦❢ J− ❝♦♠❡s ❢r♦♠ ❬❏❡✉✽✵✱ ▲❡♠♠❡
✭✹✱✹✮ ❜✮❪✳ ❙✐♥❝❡ ρ ✐s ❛♥ Fδ✲❤♦♥❡st t✐♠❡ ✭▲❡♠♠❛ ✸✳✶✺ ✭❜✮✮✱ ❜② ❬❏❡✉✽✵✱ Pr♦♣♦s✐t✐♦♥ ✭✺✱✸✮ ❛✮❪✱
J+ ❝❛♥ ❜❡ ❝❤♦s❡♥ t♦ ❜❡ Fδ✲♣r❡❞✐❝t❛❜❧❡✳ ◆❡①t✱ ✉s✐♥❣ ❛❣❛✐♥ ❬❏❡✉✽✵✱ ▲❡♠♠❡ ✭✹✱✹✮ ❜✮❪✱ t❤❡
F✲♣r❡❞✐❝t❛❜✐❧✐t② ♦❢ J+ ❢♦❧❧♦✇s✳
❇② t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❬❏❡✉✽✵✱ ❚❤é♦rè♠❡ ✭✺✱✶✵✮❪✱ ❜❛s❡❞ ♦♥ ♣r♦♣❡rt✐❡s ♦❢
❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥s✱ ✇❡ ❣❡t

E((H �M)∞) = E
(
(11[[0,ρ]]J

−
�M)∞

)
+ E

(
(11]]ρ,δ]]J

+
�M)∞

)

= E
(
(J−

�M)ρ
)
+ E

(
(J+

�M)δ
)
− E

(
(J+

�M)ρ
)

= E

(∫ ∞

0
J−
s d〈M,mρ〉Fs

)
+ E

(∫ ∞

0
J+
s d〈M,mδ −mρ〉Fs

)

= E

(∫ ρ

0

Hs

Zρs−
d〈M,mρ〉Fs

)
+ E

(∫ δ

ρ

Hs

Zδs− − Zρs−
d〈M,mδ −mρ〉Fs

)
.

❆♥❞ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡❞✳

❘❡♠❛r❦ ✸✳✶✾✳ ▲❡t ✉s r❡♠❛r❦ t❤❛t ❛❧❧ r❡s✉❧ts ❢r♦♠ t❤✐s s❡❝t✐♦♥ st❛② ✈❛❧✐❞ ✐❢ ✇❡ r❡♣❧❛❝❡

♣r♦❝❡ss Y τ ❞❡✜♥❡❞ ✐♥ ✭✸✳✻✮ ❜② ❛♥② F✲♦♣t✐♦♥❛❧ ♣r♦❝❡ss Y ✳ ❲❡ ❢♦❝✉s❡❞ ♦♥ Y τ t♦ ✐❧❧✉str❛t❡ t❤❡

s✐t✉❛t✐♦♥ ❢r♦♠ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳

✸✳✺ ❈♦♥str✉❝t✐♦♥ ❢r♦♠ ❏❡❛♥❜❧❛♥❝✲❙♦♥❣ ♠♦❞❡❧

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❛♥♦t❤❡r t❡❝❤♥✐q✉❡ t♦ ❝♦♥str✉❝t ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s ✇❤✐❝❤
✐s ❜❛s❡❞ ♦♥ ❏❡❛♥❜❧❛♥❝✲❙♦♥❣ ♠♦❞❡❧✳ ❆✉t❤♦rs ✐♥ ❬❏❙✶✶❜❪ ♣r❡s❡♥t s♦❧✉t✐♦♥s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦❜❧❡♠✿ ❝♦♥str✉❝t r❛♥❞♦♠ t✐♠❡s ♦♥ ❛♥ ❡①t❡♥❞❡❞ s♣❛❝❡ ✇✐t❤ ❛ ❣✐✈❡♥ s✉♣❡r♠❛rt✐♥❣❛❧❡ Z =
Ne−Γ✱ ✇❤❡r❡ N ✐s ❛ ❝♦♥t✐♥✉♦✉s ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❛♥❞ Γ ✐s ❛ ❝♦♥t✐♥✉♦✉s ✐♥❝r❡❛s✐♥❣ ♣r♦❝❡ss✳
■♥ ♦✉r ❝❛s❡✱ ✐t ✇♦✉❧❞ ❜❡ t❤❡♥ ❡♥♦✉❣❤ t♦ t❛❦❡ N ≡ 1✳ ❚❤❡ s♦❧✉t✐♦♥ ✐s ❡①♣r❡ss❡❞ t❤r♦✉❣❤
✐♥❝r❡❛s✐♥❣ ❢❛♠✐❧② ♦❢ ♠❛rt✐♥❣❛❧❡s {(Mu

t )t≥u : u ∈ [0,∞[} s✉❝❤ t❤❛t Mu
t ≥ Mv

t ❢♦r t ≥ u ≥ v✳
◆❛♠❡❧②✱ ❣✐✈❡♥ ❛♥ F✲♠❛rt✐♥❣❛❧❡ Y ❛♥❞ ❛ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ f ✇✐t❤ f(0) = 0✱ ❢♦r ❡❛❝❤ u t❤❡
❢♦❧❧♦✇✐♥❣ ❙❉❊ ✐s ❝♦♥s✐❞❡r❡❞✿

{
dMu

t =Mu
t f(M

u
t − (1− e−Γt))dYt ❢♦r t ≥ u

Mu
u = 1− e−Γu

. ✭✸✳✼✮

❚❤❡s❡ ♠❛rt✐♥❣❛❧❡s ❛r❡ ♣r♦✈❡❞ t♦ t❛❦❡ ✈❛❧✉❡s ✐♥ [0, 1]✳

▲❡♠♠❛ ✸✳✷✵✳ ▲❡t f(x) = x✱ Y = B ❜❡ ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ Γ∞ = ∞✳ ❋♦r Mu s♦❧✉t✐♦♥

♦❢ ❙❉❊ ✭✸✳✼✮ ✇❡ ❤❛✈❡ Mu
∞ = 0 ♦r Mu

∞ = 1✳
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Pr♦♦❢✳ ❆s Mu ✐s ❛ ❜♦✉♥❞❡❞ ♠❛rt✐♥❣❛❧❡✱ ✇❡ ❤❛✈❡

∞ > E(Mu
t −Mu

∞)2 = E
(∫ ∞

t
Mu
s (M

u
s − (1− e−Γs))dBs

)2

= E
(∫ ∞

t
(Mu

s )
2(Mu

s − (1− e−Γs))2ds
)

=

∫ ∞

t
E((Mu

s )
2(Mu

s − (1− e−Γs))2)ds.

❚❤✐s ✐♠♣❧✐❡s t❤❛t lims→∞ E((Mu
s )

2(Mu
s − (1 − e−Γs))2) = 0✳ ❋r♦♠ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡

t❤❡♦r❡♠ ❛♥❞ ♣♦s✐t✐✈✐t② ♦❢ (Mu
∞)2(Mu

∞ − 1)2 ✇❡ ✜♥❛❧❧② r❡❝❡✐✈❡ t❤❡ ❛ss❡rt✐♦♥✳

▲❡♠♠❛ ✸✳✷✵ ❛♥❞ Mu
t ≥ Mv

t ❢♦r t ≥ u ≥ v ❛❧❧♦✇ ✉s t♦ ❞❡✜♥❡ t❤❡ r❛♥❞♦♠ t✐♠❡ τ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ✇❛②✳

▲❡t ✉s t❛❦❡ t❤❡ ❝à❞❧à❣ ✈❡rs✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss (Mu
∞)u≥0 ❛♥❞ ❞❡✜♥❡ ❛ r❛♥❞♦♠ t✐♠❡ τ ❛s

τ := inf{u :Mu
∞ = 1}. ✭✸✳✽✮

▲❡♠♠❛ ✸✳✷✶✳ ▲❡t τ ❜❡ ❞❡✜♥❡❞ ✐♥ ✭✸✳✽✮✳ ❚❤❡♥

✭❛✮ Mu
∞ = 11{τ≤u} ❛♥❞ τ ✐s F∞✲♠❡❛s✉r❛❜❧❡❀

✭❜✮ t❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ Zτ ❡q✉❛❧s Zτ = e−Γ ❛♥❞ τ ✐s ❛♥ F✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡✳

Pr♦♦❢✳ ✭❛✮ ❝♦♠❡s ❢r♦♠ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ❢❛♠✐❧② {Mu : u} ❛♥❞ ▲❡♠♠❛ ✸✳✷✵✳
✭❜✮ ❯s✐♥❣ ✭❛✮ ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❢❛♠✐❧② {Mu : u} ✇❡ ✇r✐t❡ t❤❛t

Zτ = E(1−M t
∞|Ft) = 1−M t

t = e−Γt .

❚❤✉s✱ Zτ ✐s ❞❡❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✺✵ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t τ ✐♥ ❛
♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡✳



❈❤❛♣t❡r ✹

❖♥ s♦♠❡ ❝❧❛ss❡s ♦❢ r❛♥❞♦♠ t✐♠❡s

✹✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❝♦❧❧❡❝t s❡✈❡r❛❧ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ ❞✐✛❡r❡♥t ❝❧❛ss❡s ♦❢ r❛♥❞♦♠ t✐♠❡s✳ ❚❤❡
✜rst s✉❜s❡❝t✐♦♥✱ ❜❛s❡❞ ♦♥ ❛ ❥♦✐♥t ✇♦r❦ ✇✐t❤ ▼♦♥✐q✉❡ ❏❡❛♥❜❧❛♥❝ ❛♥❞ ❙❤✐q✐ ❙♦♥❣ ❬❆❏❙✶✹❪✱ ✐s
❞❡✈♦t❡❞ t♦ st❛❜✐❧✐t② ♦❢ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ♣r♦♣❡rt② ✇✐t❤ r❡s♣❡❝t t♦ ❡q✉✐✈❛❧❡♥t ❝❤❛♥❣❡ ♦❢
♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✳ ❯♥❧✐❦❡ t♦ st♦♣♣✐♥❣ t✐♠❡ ♣r♦♣❡rt② ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ✜❧tr❛t✐♦♥✱
♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s ❛r❡ ♥♦t ✐♥ ❣❡♥❡r❛❧ ✐♥✈❛r✐❛♥t ✇✐t❤ r❡s♣❡❝t t♦ ❡q✉✐✈❛❧❡♥t ❝❤❛♥❣❡ ♦❢
♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✳ ■♥ t❤❡ s❡❝♦♥❞ s❡❝t✐♦♥ ✇❡ st✉❞② ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❤♦♥❡st t✐♠❡s ❧✐❦❡
st❛❜✐❧✐t② ✉♥❞❡r ♠❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠✱ ❛♥❞ t❤❡✐r ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ ✐♥✐t✐❛❧ t✐♠❡s✳ ▼♦r❡♦✈❡r
❛♥ ❡①❛♠♣❧❡ ♦❢ ❧❛st ♣❛ss❛❣❡ t✐♠❡ ✇❤✐❝❤ ✐s ♥♦t ❤♦♥❡st ✐s ♣r❡s❡♥t❡❞✳ ❚❤✐s ❡①❛♠♣❧❡ r❡❧✐❡s
♦♥ t❛❦✐♥❣ ♥♦♥✲❛❞❛♣t❡❞ ❜❛rr✐❡r ❛♥❞ ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ ❇r♦✇♥✐❛♥ ❜r✐❞❣❡ ❝♦♥str✉❝t✐♦♥✳ ▲❛st
s❡❝t✐♦♥ ✐s ❞❡❞✐❝❛t❡❞ t♦ ❈♦①✬s ❝♦♥str✉❝t✐♦♥ ✇❤❡r❡ ❛ ❤❛③❛r❞ ♣r♦❝❡ss ✐s ♥♦t ♥❡❝❡ss❛r② ❝♦♥t✐♥✉♦✉s✳

✹✳✷ Ps❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s ❛♥❞ ❝❤❛♥❣❡ ♦❢ ♠❡❛s✉r❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❝❤❛♥❣❡ ♦❢ ♠❡❛s✉r❡s✳ ❍❡♥❝❡✱ ✇❡ s❤❛❧❧ ♠❛❦❡ ♣r❡❝✐s❡ ✐♥
♦✉r ♥♦t❛t✐♦♥ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ✉♥❞❡r ✇❤✐❝❤ ✇❡ ❛r❡ ✇♦r❦✐♥❣✳

▲❡t (Ω,G,F,P) ❜❡ ❛ ✜❧t❡r❡❞ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ✇❤❡r❡ F ✐s ❛ ✜❧tr❛t✐♦♥ s❛t✐s❢②✐♥❣ ✉s✉❛❧ ❝♦♥✲
❞✐t✐♦♥s ♦❢ ❝♦♠♣❧❡t❡♥❡ss ❛♥❞ r✐❣❤t ❝♦♥t✐♥✉✐t②✳ ▲❡t τ ❜❡ ❛ r❛♥❞♦♠ t✐♠❡ ✇✐t❤ ❛ss♦❝✐❛t❡❞
P✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ZP✳ ❉❡♥♦t❡ ❜② Fτ ❛ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ F✳ ▲❡t Q

❜❡ ❛♥ ❡q✉✐✈❛❧❡♥t ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ❞❡✜♥❡❞ ♦♥ G ❣✐✈❡♥ ❜② ❘❛❞♦♥✲◆✐❦♦❞②♠ ❞❡r✐✈❛t✐✈❡ ζ✱
✐✳❡✳✱ ζ ✐s ❛ G✲♠❡❛s✉r❛❜❧❡ str✐❝t❧② ♣♦s✐t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ EP(ζ) = 1✳ ❉❡✜♥❡ t❤❡ Q✲
s✉♣❡r♠❛rt✐♥❣❛❧❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ τ ❜② ZQ✱ ♥❛♠❡❧② ZQ

t := Q(τ > t|Ft)✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡
❧♦♦❦ ❢♦r ζ s✉❝❤ t❤❛t τ ✐s ❛ (Q,F)✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡✳ ◆♦t❡ t❤❛t ✇❡ ❞♦ ♥♦t ❛ss✉♠❡ t❤❛t τ
✐s ❛ (P,F)✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡✳

✼✸
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❉❡♥♦t❡ ❜② ζ✱ ζa ❛♥❞ ζb t❤❡ ♣r♦❝❡ss❡s r❡❧❛t❡❞ t♦ t❤❡ ❝❤❛♥❣❡ ♦❢ ♠❡❛s✉r❡ ζ ✭a ✐s ❢♦r ✧❛❢t❡r τ✧
❛♥❞ b ✐s ❢♦r ✧❜❡❢♦r❡ τ✧✮✿

ζt := EP(ζ|Ft), ζat := EP(ζ11(τ≤t)|Ft), ζbt := EP(ζ11(τ>t)|Ft). ✭✹✳✶✮

❖❜✈✐♦✉s❧②✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ζ = ζa+ζb✳ ❚❤❡ ❉♦♦❜✲▼❡②❡r ❞❡❝♦♠♣♦s✐t✐♦♥
♦❢ t❤❡ F✲s✉❜♠❛rt✐♥❣❛❧❡ ζa ✐s ♦❢ t❤❡ ❢♦r♠ ζa = N +B✱ ✇❤❡r❡ N ✐s ❛♥ F✲♠❛rt✐♥❣❛❧❡ ❛♥❞ B ✐s
❛♥ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ♦❢ ✜♥✐t❡ ✈❛r✐❛t✐♦♥✳

❲❡ st❛rt ✇✐t❤ ❛♥❛❧②s✐♥❣ s♦♠❡ s♣❡❝✐✜❝ s✐t✉❛t✐♦♥s✳ ▲❡♠♠❛ ✸✳✼ ✐♠♣❧✐❡s t❤❛t ✐❢ τ ✐s ❛♥ ❤♦♥❡st
t✐♠❡ ✇❤✐❝❤ ✐s ♥♦t ❛✳s✳ ❡q✉❛❧ t♦ ❛♥ F✲st♦♣♣✐♥❣ t✐♠❡ ♦♥ {τ <∞}✱ t❤❡♥ t❤❡r❡ ✐s ♥♦ ❡q✉✐✈❛❧❡♥t
♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ Q s✉❝❤ t❤❛t τ ✐s ❛ Q✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡✳ ❚❤❡ ♥❡①t ❡①❛♠♣❧❡ ❝♦♥❝❡r♥s
❤②♣♦t❤❡s✐s ✭H✮ ❛♥❞ ❡①❤✐❜✐ts ❛ ❝❤❛♥❣❡ ♦❢ ♠❡❛s✉r❡ ✇❤✐❝❤ ♣r❡s❡r✈❡s t❤❡ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡
♣r♦♣❡rt② ♦❢ τ ✳

❊①❛♠♣❧❡ ✹✳✶✳ ❙✉♣♣♦s❡ t❤❛t ❢♦r ❛ r❛♥❞♦♠ t✐♠❡ τ ✱ t❤❡ ❤②♣♦t❤❡s✐s ✭H✮ ✐s s❛t✐s✜❡❞ ❢♦r F ⊂ Fτ

✉♥❞❡r P✳ ■♥ ♣❛rt✐❝✉❧❛r✱ τ ✐s ❛ P✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡✳ ❈♦♥s✐❞❡r ❛♥ ❡q✉✐✈❛❧❡♥t ♣r♦❜❛❜✐❧✐t②

♠❡❛s✉r❡ Q s✉❝❤ t❤❛t dQ
dP = ζ ✐s F∞✲♠❡❛s✉r❛❜❧❡✳ ❚❤❡♥✱ ❢♦r ❛♥② ❜♦✉♥❞❡❞ (Q,F)✲♠❛rt✐♥❣❛❧❡

M ✱ ✇❡ ❤❛✈❡

EQ(Mτ ) = EP(MτEP(ζ|Fτ
τ )) = EP(ζτMτ ) = EP(ζ0M0) = EQ(M0).

❚❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ ✐♠♠❡rs✐♦♥✱ ✐✳❡✳✱ t❤❡ ♣r♦❝❡ss (ζt)t≥0 ❞❡✜♥❡❞ ✐♥ ✭✹✳✶✮ ✐s Fτ ✲

♠❛rt✐♥❣❛❧❡ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ζ ✐s ❛♥ F∞✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✱ ✇❤✐❝❤ ❛❧t♦❣❡t❤❡r ✐♠♣❧②

t❤❛t EP(ζ|Ft) = EP(ζ|Fτ
t )✳ ❚❤❡ t❤✐r❞ ❡q✉❛❧✐t② ✐s ❞✉❡ t♦ t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦♣❡rt② ♦❢ (ζM)t

✉♥❞❡r P ❛♥❞ ❤②♣♦t❤❡s✐s ✭H✮✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t τ ✐s ❛ Q✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ❞❡❛❧s ✇✐t❤ t❤❡ ❝❛s❡ ♦❢ ❛♥ ✐♥✐t✐❛❧ t✐♠❡ τ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✺✷✮✳

❊①❛♠♣❧❡ ✹✳✷✳ ▲❡t τ ❜❡ ❛♥ ✐♥✐t✐❛❧ t✐♠❡ s❛t✐s❢②✐♥❣ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s ✇✐t❤

❞❡♥s✐t② ♣r♦❝❡ss ((qut )t≥0, u ∈ R+) ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ❧❛✇ η̃✳ ▲❡t Q ❜❡ ❣✐✈❡♥ ❜② dQ
dP |Ft∨σ(τ) =

1
qτt
✳ ❚❤❡♥✱ ❢♦r ❛♥② ❜♦✉♥❞❡❞ Q✲♠❛rt✐♥❣❛❧❡ M ✇❡ ❤❛✈❡

EQ(Mτ∧t) = EP

(
Mτ∧t
qτt

)
= EP

(∫ ∞

0
Mu∧tη̃(du)

)
=

∫ ∞

0
EP (Mu∧t) η̃(du) = EQ(M0),

✇❤❡r❡ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ ✭✶✳✼✮ ❛♥❞ t❤❡ ❧❛st ❡q✉❛❧✐t② ❢r♦♠ Q|Ft = P|Ft ✭s❡❡

❚❤❡♦r❡♠ ✶✳✸✻✮✳ ❚❤✉s τ ✐s ❛ Q✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❛st ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❡ ❢♦❝✉s ♦♥ s♦♠❡ ❝❤❛♥❣❡s ♦❢ ♠❡❛s✉r❡ ❜r❡❛❦✐♥❣ t❤❡
♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ♣r♦♣❡rt②✳

❊①❛♠♣❧❡ ✹✳✸✳ ▲❡t τ ❜❡ ❛ ✜♥✐t❡ P✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡✳ ❙✉♣♣♦s❡ t❤❛t F0 ✐s tr✐✈✐❛❧ ❛♥❞

❝♦♥s✐❞❡r ❛ ♥♦♥ tr✐✈✐❛❧ ❝❤❛♥❣❡ ♦❢ ♣r♦❜❛❜✐❧✐t② ζ s✉❝❤ t❤❛t EP(ζ|Fτ
τ ) = 1 ❛♥❞ ζτ ✐s ♥♦t ✐❞❡♥t✐❝❛❧❧②

❡q✉❛❧ t♦ ✶ ✇✐t❤ ♣r♦❝❡ss (ζt)t ❞❡✜♥❡❞ ✐♥ ✭✹✳✶✮✳ ❆❞❞✐t✐♦♥❛❧❧② s✉♣♣♦s❡ t❤❛t ζ ✐s ❜♦✉♥❞❡❞ ❢r♦♠
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❜❡❧♦✇ ❜② ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳ ❋♦r t❤❡ (Q,F)✲❜♦✉♥❞❡❞ ♠❛rt✐♥❣❛❧❡ (Mt)t≥0 = (ζ−1
t )t≥0

✇❡ ❤❛✈❡

EQ(Mτ ) = EP(ζMτ ) = EP(Mτ ) = EP

(
1

ζτ

)
>

1

EP(ζτ )
= 1 = EQ(M0)

✇❤❡r❡ t❤❡ ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ ❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t② ✇✐t❤ t❤❡ ❝♦♥✈❡① ❢✉♥❝t✐♦♥ 1
x ♦♥ x > 0✱

❛♥❞ t❤❡ ❧❛st ❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ t❤❡ P✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ♣r♦♣❡rt② ♦❢ τ ✳ ❚❤❛t ♣r♦✈❡s

t❤❛t τ ✐s ♥♦t ❛ Q✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡✳

■♥ t❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ✇❡ ✐♥✈❡st✐❣❛t❡ ❤♦✇ t❤❡ ❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss
A := 11[[τ,∞[[ ❝❤❛♥❣❡s ✉♥❞❡r ❡q✉✐✈❛❧❡♥t ❝❤❛♥❣❡ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✳ ❲❡ ❢♦❝✉s ♦✉r ❛tt❡♥t✐♦♥
♦♥ ❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ✐♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✺✵ ✭❞✮✳

Pr♦♣♦s✐t✐♦♥ ✹✳✹✳ ❉❡♥♦t❡ ❜② Ao,P t❤❡ P✲❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss A✳ ▲❡t Q ❜❡

❛♥ ❡q✉✐✈❛❧❡♥t ♠❡❛s✉r❡ ♦♥ G ❣✐✈❡♥ ❜② dQ
dP = ζ ❛♥❞ ζt = EP(ζ|Ft)✳ ❚❤❡♥✱ t❤❡ Q✲❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡

♣r♦❥❡❝t✐♦♥ ♦❢ A ✉♥❞❡r Q ❡q✉❛❧s Ao,Qt =
∫ t
0
ku
ζu
dAo,Pu ✱ ✇❤❡r❡ k ✐s t❤❡ F✲♦♣t✐♦♥❛❧ ♣r♦❝❡ss s✉❝❤

t❤❛t kτ = EP(ζ|Fτ )✳
■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ τ ✐s ❛ P✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ❛♥❞ ζτ = EP(ζ|Fτ ) t❤❡♥ τ ✐s ❛ Q✲♣s❡✉❞♦✲

st♦♣♣✐♥❣ t✐♠❡✳

Pr♦♦❢✳ ❋♦r ❛♥② F✲♦♣t✐♦♥❛❧ ♣r♦❝❡ss H✱ ✇❡ ❤❛✈❡

EQ(Hτ11{τ<∞}) = EP(ζHτ11{τ<∞}) = EP(HτEP(ζ|Fτ )11{τ<∞}).

❇② Pr♦♣♦s✐t✐♦♥ ✶✳✸ ✭❜✮ t❤❡r❡ ❡①✐sts ❛♥ F✲♦♣t✐♦♥❛❧ ♣r♦❝❡ss k s✉❝❤ t❤❛t kτ = EP(ζ|Fτ ) ❛♥❞ ✇❡
❣❡t

EP

(
Hτ kτ11{τ<∞}

)
= EP

(∫

[0,∞[
Hu ku dA

o,P
u

)
= EP

(
ζ

∫

[0,∞[
Hu

ku
ζu
dAo,Pu

)

= EQ

(∫

[0,∞[
Hu

ku
ζu
dAo,Pu

)
.

❆❜♦✈❡ ❝♦♠♣✉t❛t✐♦♥s s❤♦✇ t❤❛t Ao,Qt =
∫
[0,t[

ku
ζu
dAo,Pu ✳ ❚❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ❢♦❧❧♦✇s ❢r♦♠

Pr♦♣♦s✐t✐♦♥ ✶✳✺✵ ✭❞✮✳

▲❡t ✉s r❡♠❛r❦ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❢♦r♠ ζτ = EP(ζ|Fτ ) ✇❛s st✉❞✐❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳
❲❡ r❡❢❡r t❤❡ r❡❛❞❡r ❢♦r ❡①❛♠♣❧❡ t♦ ❬◆❨✵✺❪✳ ❆✉t❤♦rs t❤❡r❡✐♥ ❣✐✈❡ ❛❧s♦ ❛♥ ❡①❛♠♣❧❡ ✇❤❡♥ t❤❛t
❝♦♥❞✐t✐♦♥ ✐s ♥♦t s❛t✐s✜❡❞✳

■♥ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤✐s s❡❝t✐♦♥ ✇❡ ✇♦r❦ ✉♥❞❡r ❛ss✉♠♣t✐♦♥s ✭❈✮ ❛♥❞ ✭❆✮ ✭s❡❡ ❉❡✜♥✐t✐♦♥
✶✳✸✼✮✳ ◆♦t❡ t❤❛t ✉♥❞❡r ✭❆✮ t❤❡ ❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ Ao,P ❛♥❞ t❤❡ ❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡
♣r♦❥❡❝t✐♦♥ Ap,P ❛r❡ ❡q✉❛❧✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t✇♦ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞
✐♥ t❤❡ ✉♣❝♦♠✐♥❣ ♣❛rt ♦❢ t❤✐s s❡❝t✐♦♥✳

❆ss✉♠♣t✐♦♥ ✹✳✺✳

❆ss✉♠♣t✐♦♥ ✭P✮ ✐s s❛t✐s✜❡❞ ✐❢ Zt ∈]0, 1[ ❢♦r ❛❧❧ t ∈]0,∞[✳

❆ss✉♠♣t✐♦♥ ✭■✮ ✐s s❛t✐s✜❡❞ ✐❢ t❤❡ ♣r♦❝❡ss Ap,P ✐s ✐♥❝r❡❛s✐♥❣ ❛t 0✱ ✐✳❡✳✱ ❢♦r ❡❛❝❤ ε > 0✱ ✇❡ ❤❛✈❡

Ap,Pε > 0✳
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■♥ ♦r❞❡r t♦ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✹✳✽ ✇❡ ❣✐✈❡ s♦♠❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts ✐♥ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣
❧❡♠♠❛s✳

▲❡♠♠❛ ✹✳✻✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❤♦❧❞✳

✭❛✮ ❆ss✉♠❡ ✭P✮✳ ❚❤❡♥ ❢♦r ❛♥② t ∈]0,∞[✱ ζat > 0 ❛♥❞ ζbt > 0✳

✭❜✮ ❆ss✉♠❡ ✭■✮ ❛♥❞ ζ ≥ c > 0✳ ❚❤❡♥ t❤❡ F✲❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ζ11[[τ,∞[[ ✐s ✐♥❝r❡❛s✐♥❣

❛t 0✳

✭❝✮ ❆ss✉♠❡ ✭❈✮ ❛♥❞ ✭❆✮✳ ❚❤❡♥ t❤❡ ♣r♦❝❡ss❡s ζ✱ N ✱ B✱ Ap,P✱ Z✱ ζa✱ ζb ❛♥❞ ZQ ❛r❡ ❝♦♥t✐♥✉♦✉s✳

Pr♦♦❢✳ ✭❛✮ ▲❡t T ❜❡ ❛ st♦♣♣✐♥❣ t✐♠❡ ❛♥❞ ✐♥tr♦❞✉❝❡ F = {ζaT = 0, T ∈]0,∞[}✳ ❙✐♥❝❡ F ∈ FT
✇❡ ❤❛✈❡

0 = 11FEP(ζ11(τ≤T )|FT ) = EP(ζ11(τ≤T )11F |FT ),

✇❤✐❝❤✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ str✐❝t ♣♦s✐t✐✈✐t② ♦❢ ζ ❣✐✈❡s

0 = EP(11(τ≤T )11F |FT ) = 11FP(τ ≤ T |FT ).

❚❤❡r❡❢♦r❡✱ 1−ZT ✈❛♥✐s❤❡s ♦♥ t❤❡ s❡t F ✱ ✐✳❡✳✱ ❢♦r t❤❡ F✲st♦♣♣✐♥❣ t✐♠❡ TF ✭✉s✐♥❣ t❤❡ ❝♦♥✈❡♥t✐♦♥
✭✶✳✶✮✮✱ 1 − ZTF = 0 ♦♥ t❤❡ s❡t {TF < ∞}✳ ❆ss✉♠♣t✐♦♥ ✭P✮ ✐♠♣❧✐❡s P(F ) = 0✳ ❋r♦♠ t❤❡
❙❡❝t✐♦♥ t❤❡♦r❡♠ ✶✳✶✵ ✇❡ ❣❡t P( ∀t ∈]0,∞[ ζat > 0) = 1✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❧❡t C = {(ω, t) :
ζat (ω) = 0} ❛♥❞ ❛ss✉♠❡ P(π(C)) > 0✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ st♦♣♣✐♥❣ t✐♠❡ T s✉❝❤ t❤❛t
[[T ]] ⊂ C ❛♥❞ P(π([[T ]])) > 0✳ ❚❤❡r❡❢♦r❡✱

0 < P(π([[T ]])) = P(ζaT = 0, T <∞) = P(F ) = 0.

❚❤✐s ❝♦♥tr❛❞✐❝t✐♦♥ ❧❡❛❞s t♦ t❤❡ ❝♦♥❝❧✉s✐♦♥ t❤❛t P(π(C)) = 0✳ ❚❤❡ ♣r♦♦❢ ❢♦r ζb ❢♦❧❧♦✇s ❜②
t❤❡ s❛♠❡ ❛r❣✉♠❡♥t❛t✐♦♥✳
✭❜✮ ▲❡t H ❜❡ ❛ ❜♦✉♥❞❡❞ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss✳ ❚❤❡♥✱ ❞❡♥♦t✐♥❣ ❜② V t❤❡ F✲❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡
♣r♦❥❡❝t✐♦♥ ♦❢ ζ11[[τ,∞[[✱ ✇❡ ❤❛✈❡

EP

(∫

[0,∞[
Ht dVt

)
= EP(ζHτ ) = EP(HτEP(ζ|Fτ−)).

❋r♦♠ ▲❡♠♠❛ ✶✳✸✱ t❤❡r❡ ❡①✐sts ❛♥ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss k s✉❝❤ t❤❛t kτ = EP(ζ|Fτ−) ❛♥❞
k ≥ c✱ t❤✉s

EP

(∫

[0,∞[
Ht dVt

)
= EP

(∫

[0,∞[
ktHt dA

p,P
t

)
,

✇❤❡r❡ Ap,P ✐s t❤❡ ❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ♦❢ 11[[τ,∞[[✳ ❙♦✱ Vt =
∫
[0,t] ks dA

p,P
s ✳ ❆ss✉♠♣t✐♦♥

✭■✮ ❛♥❞ k ≥ c ✐♠♣❧② t❤❡ ❛ss❡rt✐♦♥✳

▲❡♠♠❛ ✹✳✼✳ ❆ss✉♠❡ ✭❈✮ ❛♥❞ ✭❆✮✳ ❚❤❡♥✱ t❤❡ r❛♥❞♦♠ t✐♠❡ τ ✐s ❛ Q✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡

✐❢ ❛♥❞ ♦♥❧② ✐❢ ζa

ζ = Ao,Q = Ap,Q ✐s ❛ ✜♥✐t❡ ✈❛r✐❛t✐♦♥ ♣r♦❝❡ss✳

Pr♦♦❢✳ ❚❤❡ ♣r♦❝❡ss ZQ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ♣r♦❝❡ss❡s ζ ❛♥❞ ζa✱ ❛s

ZQ
t = 1−

EP(ζ11(τ≤t)|Ft)
EP(ζ|Ft)

= 1− ζat
ζt
.
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❆ss✉♠♣t✐♦♥s ✭❈✮ ❛♥❞ ✭❆✮ ❛r❡ ✈❛❧✐❞ ✉♥❞❡r Q ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶✳✺✵ ✐♠♣❧✐❡s t❤❛t τ ✐s ❛ Q✲
♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ZQ ✐s ❛ ❞❡❝r❡❛s✐♥❣ ♣r♦❝❡ss✳ ❙✐♥❝❡ ZQ ✐s ❛ s✉♣❡r♠❛rt✐♥❣❛❧❡✱
✇❡ ❝♦♥❝❧✉❞❡ t❤❛t τ ✐s ❛ Q✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ζ

a

ζ ✐s ❛ ✜♥✐t❡ ✈❛r✐❛t✐♦♥ ♣r♦❝❡ss

❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ Q✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ♣r♦♣❡rt② ✐♥ t❡r♠s ♦❢ t❤❡ ♣r♦❝❡ss
ζa ❞❡✜♥❡❞ ✐♥ ✭✹✳✶✮✳

Pr♦♣♦s✐t✐♦♥ ✹✳✽✳ ▲❡t ❛ss✉♠♣t✐♦♥s ✭❈✮✱ ✭❆✮✱ ✭P✮ ❛♥❞ ✭■✮ ❜❡ s❛t✐s✜❡❞✳ ❆ss✉♠❡ t❤❛t ζ ≥ c > 0

❛♥❞ E(ζ2) <∞✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭❛✮ t❤❡ r❛♥❞♦♠ t✐♠❡ τ ✐s ❛ Q✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡❀

✭❜✮ t❤❡ ♣r♦❝❡ss ζa s❛t✐s✜❡s

✭✐✮ E
( ∫∞

0
1

(ζau)
2d〈ζa〉u

)
<∞✱

✭✐✐✮ E( 1
ζa �N) ✐s ❛ (P,F)✲✉♥✐❢♦r♠❧② ✐♥t❡❣r❛❜❧❡ ♠❛rt✐♥❣❛❧❡✱

✭✐✐✐✮ ζa∞ = E( 1
ζa �N)∞✳

Pr♦♦❢✳ (a) ⇒ (b) ▲❡♠♠❛ ✭✹✳✼✮ ❣✐✈❡s ✉s t❤❛t ζa

ζ ❤❛s ✜♥✐t❡ ✈❛r✐❛t✐♦♥✱ ❤❡♥❝❡ ζb

ζ ❤❛s ✜♥✐t❡

✈❛r✐❛t✐♦♥ ❛s ✇❡❧❧✳ ❚❤❡♥✱ ■tô✬s ❢♦r♠✉❧❛ ❛♣♣❧✐❡❞ t♦ ζb

ζ ❧❡❛❞s t♦

ζbt
ζt

= 1−
∫ t

0

ζbu
ζ2u
dζu +

∫ t

0

ζbu
ζ3u
d〈ζ〉u +

∫ t

0

1

ζu
dζbu + 〈ζb, 1

ζ
〉t

= 1 +

(∫ t

0

1

ζu
d(ζ −N)u −

∫ t

0

ζbu
ζ2u
dζu

)
+

(∫ t

0

ζbu
ζ3u
d〈ζ〉u + 〈ζb, 1

ζ
〉t −

∫ t

0

1

ζu
dBu

)
.

❚❤❡ ♠❛rt✐♥❣❛❧❡ ♣❛rt ♦❢ ζ
b

ζ ♠✉st ✈❛♥✐s❤✱ ✐✳❡✳✱

1

ζt
d(ζ −N)t =

ζbt
ζ2t
dζt.

❙✐♥❝❡ ❛ss✉♠♣t✐♦♥ ✭P✮ ❛♥❞ ▲❡♠♠❛ ✹✳✻ ✐♠♣❧② t❤❛t ζbt > 0 ❢♦r ❛♥② t ∈]0,∞[✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦

ζt

ζbt
d(ζ −N)t = dζt. ✭✹✳✷✮

❯s✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ st♦❝❤❛st✐❝ ❡①♣♦♥❡♥t✐❛❧✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❛♥♦t❤❡r ❡q✉✐✈❛❧❡♥t ❝♦♥❞✐t✐♦♥✳
■♥❞❡❡❞✱ ✐❢ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛❧✐t② ζ

ζb
d(ζ −N) = dζ ❤♦❧❞s✱ t❤❡♥

ζt = E
(

1

ζb
� (ζ −N)

)

t

= ζbt exp

(∫ t

0

1

ζbu
dBu

)
,

✇❤❡r❡ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ ❨♦r✬s ❡①♣♦♥❡♥t✐❛❧ ❢♦r♠✉❧❛✳ ❙♦ t❤❛t ζt = ζbt e
vt ✇❤❡r❡

vt :=
∫ t
0

1
ζbu
dBu✳ ❙✐♥❝❡ ζ = ζb + ζa✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦

ζ(1− e−v) = ζa.
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◆♦✇✱ ✇❡ tr❛♥s❢♦r♠ t❤❡ ❧❛st ❝♦♥❞✐t✐♦♥ ✐♥t♦

ζat = ζt(1− e−vt) = E
(

1

ζb
� (ζ −N)

)

t

(1− e−vt).

❚❛❦✐♥❣ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ ❜♦t❤ s✐❞❡s ❢♦r t > 0✱ ✇❡ ❣❡t

ln ζat = ln E
(

1

ζb
� (ζ −N)

)

t

+ ln(1− e−vt).

❚❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡✱ ❢♦r ❡❛❝❤ ε > 0✱ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

ln ζat = ln ζaǫ +

∫ t

ǫ

1

ζau
dNu +

∫ t

ǫ

1

ζau
dBu −

1

2

∫ t

ǫ

1

(ζa)2u
d〈ζa〉u

❛♥❞ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❛s

ln

(
E
( 1
ζb

� (ζ −N)
)
t

)
+ ln(1− e−vt) =

∫ t

0

1

ζbu
d(ζ −N)u −

1

2

∫ t

0

1

(ζbu)
2
d〈ζb〉u + ln(1− e−vt).

❆s ♠❛rt✐♥❣❛❧❡ ♣❛rts ♦❢ ❜♦t❤ s✐❞❡s ❛r❡ ❡q✉❛❧✱ ❢♦r ❡❛❝❤ t > ǫ > 0✱ ✇❡ ♦❜t❛✐♥ t❤❛t
∫ t

ǫ

1

ζau
dNu =

∫ t

ǫ

1

ζbu
d(ζ −N)u,

❛♥❞ ✜♥❛❧❧② ❢r♦♠ ✭✹✳✷✮ t❤❛t ∫ t

ǫ

1

ζau
dNu =

∫ t

ǫ

1

ζu
dζu.

❋r♦♠ t❤❡ ❧❛st ✐♥t❡❣r❛❧ ❡q✉❛❧✐t②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
✭✐✮ t❤❡ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧

∫∞
0

1
ζau
dNu ❡①✐sts ❛s

E

(∫ ∞

0

1

(ζau)
2
d〈ζa〉u

)
= E

(∫ ∞

0

1

ζ2u
d〈ζ〉u

)
≤ E

(
1

c2
〈ζ〉∞

)
<∞,

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t E(ζ2∞) ≤ E(ζ2) <∞ ❛♥❞ ✇❡ ❛♣♣❧② ❬❘❨✾✾✱
❈♦r♦❧❧❛r② ✭✶✳✷✺✮ ❈❤❛♣t❡r ■❱❪✳
✭✐✐✮ s✐♥❝❡

ζt = E
(

1

ζa
�N

)

t

,

✇❡ ❤❛✈❡ t❤❛t E( 1
ζa �N) ✐s ✉♥✐❢♦r♠❧② ✐♥t❡❣r❛❜❧❡ (P,F)✲♠❛rt✐♥❣❛❧❡✳

✭✐✐✐✮ ♠♦r❡♦✈❡r✱

ζa∞ = ζ∞ = E
(

1

ζa
�N

)

∞
.

(b) ⇒ (a) ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t ζa

ζ ❤❛s ✜♥✐t❡ ✈❛r✐❛t✐♦♥ ❛♥❞ ❝♦♥❝❧✉❞❡ t❤❛t τ ✐s ❛ Q✲♣s❡✉❞♦✲
st♦♣♣✐♥❣ t✐♠❡ ❢r♦♠ ▲❡♠♠❛ ✭✹✳✼✮✳ ❲❡ ❤❛✈❡

ζat
ζt

=
ζat
ζa∞

ζa∞
1

ζt
= exp(−

∫ ∞

t

1

ζau
dBu)

E( 1
ζa �N)t

ζt
= exp(−

∫ ∞

t

1

ζau
dBu),

✇❤❡r❡ t❤❡ ❧❛st ❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t E( 1
ζa � N) ❛♥❞ ζ ❛r❡ ✉♥✐❢♦r♠❧② ✐♥t❡❣r❛❜❧❡

P✲♠❛rt✐♥❣❛❧❡s ✇✐t❤ t❤❡ s❛♠❡ t❡r♠✐♥❛❧ ✈❛❧✉❡s ζa∞ = ζ∞✳ ❲❡ s❡❡ t❤❛t ζa

ζ ✐s ❛♥ ✐♥❝r❡❛s✐♥❣
♣r♦❝❡ss✱ s♦ τ ✐s ❛ Q✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡✳

❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♥♦t❡ t❤❛t t❤❡ st❛❜✐❧✐t② ♦❢ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ♣r♦♣❡rt② ✉♥❞❡r ❡q✉✐✈❛❧❡♥t
❝❤❛♥❣❡ ♦❢ ♠❡❛s✉r❡ ✇❛s ❛❧s♦ st✉❞✐❡❞ ✐♥ ❬❑r❡✶✸✱ ❑r❡✶✹❪✳
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✹✳✸ ▲❛st ♣❛ss❛❣❡ t✐♠❡s

❚❤✐s s❡❝t✐♦♥ ❝♦♥s✐sts ♦❢ s❡✈❡r❛❧ ♣r♦❜❧❡♠s ❝♦♥♥❡❝t❡❞ t♦ ❤♦♥❡st t✐♠❡s✳ ■♥ ❙❡❝t✐♦♥ ✹✳✸✳✶ ✇❡
st✉❞② st❛❜✐❧✐t② ♦❢ ❤♦♥❡st t✐♠❡s ✉♥❞❡r ♠❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠✳ ■♥ ❙❡❝t✐♦♥ ✹✳✸✳✷ ✇❡ ❧♦♦❦ ❛t
t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ s❡ts ♦❢ ❤♦♥❡st ❛♥❞ ✐♥✐t✐❛❧ t✐♠❡s✳ ❋✐♥❛❧❧② ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳✸ ✇❡ ❝♦♥s✐❞❡r
❛ ♣❛rt✐❝✉❧❛r ❧❛st ♣❛ss❛❣❡ t✐♠❡ ✇❤✐❝❤ ✐s ♥♦t ❤♦♥❡st✳

✹✳✸✳✶ ▼❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠ ♦❢ ❤♦♥❡st t✐♠❡s

■♥ ▲❡♠♠❛ ✹✳✾ ✇❡ s❤♦✇ t❤❛t ♠❛①✐♠✉♠ ♦❢ t✇♦ ❤♦♥❡st t✐♠❡s ✐s ❤♦♥❡st✳ ■♥ ▲❡♠♠❛ ✹✳✶✵ ✇❡
❝❧❛✐♠ t❤❛t ❢♦r ❡✈❡r② ❤♦♥❡st t✐♠❡ t❤❡r❡ ❡①✐sts ❛ st♦♣♣✐♥❣ t✐♠❡ s✉❝❤ t❤❛t ❤♦♥❡st t✐♠❡ ♣r♦♣❡rt②
✐s ❜r♦❦❡♥ ❢♦r t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ t✇♦✳ ❚❤✐s ❛s②♠♠❡tr② ❝♦♠❡s ❢r♦♠ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢
❤♦♥❡st t✐♠❡ ❛s ❧❛st ♣❛ss❛❣❡ t✐♠❡✱ ♦r✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ ❛s t❤❡ ❡♥❞ ♦❢ ❛♥ ♦♣t✐♦♥❛❧ s❡t✱ ✇❤✐❝❤
❝♦rr❡s♣♦♥❞s t♦ t❛❦✐♥❣ t❤❡ ♠❛①✐♠❛❧ ❡❧❡♠❡♥t s❛t✐s❢②✐♥❣ ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥✳

▲❡♠♠❛ ✹✳✾✳ ▲❡t τ ❛♥❞ τ̃ ❜❡ t✇♦ ❤♦♥❡st t✐♠❡s✳ ❚❤❡♥ τ ∨ τ̃ ✐s ❛♥ ❤♦♥❡st t✐♠❡✳

Pr♦♦❢✳ ❋✐rst ♣r♦♦❢✳ ❆s τ ❛♥❞ τ̃ ❛r❡ ❤♦♥❡st✱ ❢♦r ❡✈❡r② t ≥ 0✱ t❤❡r❡ ❡①✐st t✇♦ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s
τt ❛♥❞ τ̃t ✇❤✐❝❤ ❛r❡ Ft ♠❡❛s✉r❛❜❧❡ ❛♥❞ s❛t✐s❢②

τ11(τ<t) = τt11(τ<t) ❛♥❞ τ̃11(τ̃<t) = τ̃t11(τ̃<t).

❚❤❡♥✱ ✇❡ ❤❛✈❡

(τ ∨ τ̃)11{τ∨τ̃<t} = (τ ∨ τ̃)11{τ<t,τ̃<t} = (τt ∨ τ̃t)11{τ<t,τ̃<t} = (τt ∨ τ̃t)11{τ∨τ̃<t},

✇❤✐❝❤ ♣r♦✈❡s t❤❛t ✐t ✐s ✐♥ ❢❛❝t ❛♥ ❤♦♥❡st t✐♠❡✳
❙❡❝♦♥❞ ♣r♦♦❢✳ ❍❡r❡✱ ✇❡ ❣✐✈❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ ♣r♦♦❢✳ ❋r♦♠ ❬❏❡✉✽✵✱ Pr♦♣♦s✐t✐♦♥ ✺✳✶ ❪ ✇❡ ❦♥♦✇
t❤❛t τ ✭r❡s♣❡❝t✐✈❡❧② τ̃✮ ✐s ❛♥ ❤♦♥❡st t✐♠❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ τ ✭r❡s♣❡❝t✐✈❡❧② τ̃✮ ✐s t❤❡ ❡♥❞ ♦❢ ❛♥
♦♣t✐♦♥♥❛❧ s❡t Γ ✭r❡s♣❡❝t✐✈❡❧② Γ̃✮ ♦♥ t❤❡ s❡t {τ < ∞} ✭r❡s♣❡❝t✐✈❡❧② {τ̃ < ∞}✮✳ ❚❤❡♥ ✇❡ ❝❛♥
❡①♣r❡ss t❤❡ s✉♣r❡♠✉♠ τ ∨ τ̃ ❛s t❤❡ ❡♥❞ ♦❢ t❤❡ ♦♣t✐♦♥❛❧ s❡t Γ ∪ Γ̃ ♦♥ t❤❡ s❡t

{τ ∨ τ̃ <∞} = {τ <∞} ∩ {τ̃ <∞}.

(τ ∨ τ̃)11{τ∨τ̃<∞} = τ11{τ∨τ̃<∞} ∨ τ̃11{τ∨τ̃<∞}

=
(
sup{t : (ω, t) ∈ Γ}11{τ∨τ̃<∞}

)
∨
(
sup{t : (ω, t) ∈ Γ̃}11{τ∨τ̃<∞}

)

=
(
sup{t : (ω, t) ∈ Γ} ∨ sup{t : (ω, t) ∈ Γ̃}

)
11{τ∨τ̃<∞}

= sup{t : (ω, t) ∈ Γ ∪ Γ̃}11{τ∨τ̃<∞}.

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ r❡s✉❧t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢♦r ❝♦✉♥t❛❜❧❡ s❡t ♦❢ ❤♦♥❡st t✐♠❡s (τn)∞n=1✱
✐✳❡✳✱ supn τ

n ✐s ❛♥ ❤♦♥❡st t✐♠❡ ✇✐t❤ ❛ss♦❝✐❛t❡❞ ♦♣t✐♦♥❛❧ s❡t
⋃
n Γ

n✱ ✇❤❡r❡ ❢♦r ❡❛❝❤ n✱ Γn ✐s
❛♥ ♦♣t✐♦♥❛❧ s❡t ❛ss♦❝✐❛t❡❞ t♦ τn✳

▲❡♠♠❛ ✹✳✶✵✳ ▲❡t τ ❜❡ ❛♥ ❤♦♥❡st t✐♠❡ ✇❤✐❝❤ ✐s ♥♦t ❛ st♦♣♣✐♥❣ t✐♠❡✳ ❚❤❡r❡ ❡①✐sts ❛ st♦♣♣✐♥❣

t✐♠❡ T s✉❝❤ t❤❛t T ∧ τ ✐s ♥♦t ❛♥ ❤♦♥❡st t✐♠❡✳
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Pr♦♦❢✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t ❢♦r ❛❧❧ st♦♣♣✐♥❣ t✐♠❡s T t❤❡ r❛♥❞♦♠ t✐♠❡ σ := τ ∧T ✐s ❛♥ ❤♦♥❡st
t✐♠❡✳ ❚❤❡♥✱ Z̃σ = 11[[0,T ]]Z̃

τ ❛♥❞ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✹✺✱ σ ✐s ❛♥ ❤♦♥❡st t✐♠❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢

Z̃σσ = 1 ♦♥ {σ < ∞}✳ ❖♥ t❤❡ s❡t {τ ≤ T} ∩ {τ < ∞}✱ σ = τ = sup{t : Z̃σt = 1} t❤✉s t❤❡
❤♦♥❡st t✐♠❡ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✳ ❖♥ t❤❡ s❡t {T ≤ τ} ∩ {T < ∞}✱ σ = T ❛♥❞ t❤❡ ❤♦♥❡st
t✐♠❡ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Z̃τT = 1✳ ❚❤✉s ✇❡ ❣❡t t❤❛t ❢♦r ❡❛❝❤ st♦♣♣✐♥❣ t✐♠❡
T ✱ Z̃τT = 1 ♦♥ {T ≤ τ} ∩ {T <∞}✱ ❛♥❞ ❜② ❙❡❝t✐♦♥ t❤❡♦r❡♠ ✶✳✶✵ ✇❡ ♦❜t❛✐♥ t❤❛t Z̃τt = 1 ♦♥
{t ≤ τ}✳ ❚❤❡ ❧❛st ♣r♦♣❡rt② ✐♠♣❧✐❡s t❤❛t {Z̃ττ = 1} = {τ ≥ t} t❤✉s {τ < t} ∈ Ft ❢♦r ❡❛❝❤ t
❛♥❞ ✇❡ ❣❡t ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t τ ✐s ♥♦t ❛ st♦♣♣✐♥❣ t✐♠❡✳

✹✳✸✳✷ ❍♦♥❡st ✕ ✐♥✐t✐❛❧ t✐♠❡s

❚❤❡ ♥❡①t ❧❡♠♠❛ ❣✐✈❡s ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❤♦♥❡st t✐♠❡s s❛t✐s❢②✐♥❣ ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s✳ ❚❤✐s
❝❧❛ss ♦❢ ❤♦♥❡st t✐♠❡s ✐s ❧✐♠✐t❡❞ t♦ ❤♦♥❡st t✐♠❡s t❛❦✐♥❣ ❝♦✉♥t❛❜❧② ♠❛♥② ✈❛❧✉❡s✳

▲❡♠♠❛ ✹✳✶✶✳ ▲❡t τ ❜❡ ❛♥ ❤♦♥❡st t✐♠❡✳ ❚❤❡♥ τ s❛t✐s✜❡s ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s ✐❢ ❛♥❞ ♦♥❧② ✐❢ τ

t❛❦❡s ❝♦✉♥t❛❜❧② ♠❛♥② ✈❛❧✉❡s✳

Pr♦♦❢✳ ■❢ τ t❛❦❡s ❝♦✉♥t❛❜❧② ♠❛♥② ✈❛❧✉❡s t❤❡♥ ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s ✐s s❛t✐s✜❡❞ ✭❊①❛♠♣❧❡ ✶✳✸✺✮✳
❋♦r ❛♥② ❜♦✉♥❞❡❞ ❇♦r❡❧ ❢✉♥❝t✐♦♥ f

E(f(τ)|Ft) = E(f(τ)11(τ≤t)|Ft) + E(f(τ)11(τ>t)|Ft)

= f(τt)(1− Zt) + E

(∫ ∞

t
f(s)dAos|Ft

)
.

■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r f(s) = 11{s>u}✱ ✇❡ ❣❡t

P(τ > u|Ft) = 11{τt>u}(1− Zt) + E (Ao∞ −Aot∨u|Ft)

=

∫ ∞

u
(1− Zt)δτt(ds) + E (Ao∞ −Aot∨u|Ft) .

❆ss✉♠❡ t❤❛t η t❤❡ ❧❛✇ ♦❢ τ ✐s ♥♦t ♣✉r❡❧② ❛t♦♠✐❝✳ ❉❡♥♦t❡ ❜② D t❤❡ s❡t ♦❢ ❛t♦♠s ♦❢ η ❛♥❞ t❛❦❡
t s✉❝❤ t❤❛t η([0, t[\D) > 0✳ ❚❤❡♥✱ t❤❡ ✜rst t❡r♠ ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ❧❛✇ δτt11{τ<t} = δτ11{τ<t} ✐s
♥♦t ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ η P✲❛✳s✳ ❛s ✐t ✐s ❡♥♦✉❣❤ t♦ t❛❦❡ s❡t {τ ∈ [0, t[\D}
✇❤✐❝❤ ❤❛s ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✳

✹✳✸✳✸ ◆♦♥ ❤♦♥❡st ❧❛st ♣❛ss❛❣❡ t✐♠❡

❲❡ st✉❞② t❤❡ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ ❢♦r♠✉❧❛ ❢♦r ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❧❛st ♣❛ss❛❣❡ t✐♠❡
✇❤✐❝❤ ✐s ♥♦t ❛♥ ❤♦♥❡st t✐♠❡✳ ▲❡t W ❜❡ ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ F ✐ts ♥❛t✉r❛❧ ✜❧tr❛t✐♦♥✳
❉❡✜♥❡ t❤❡ r❛♥❞♦♠ t✐♠❡ τ ❛s

τ := sup{t ≤ 1 :W1 − 2Wt = 0}. ✭✹✳✸✮

❚❤❡ ❛✐♠ ✐s t♦ st✉❞② t❤❡ ❤②♣♦t❤❡s✐s ✭H′✮ ❛♥❞ t❤❡ s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ F✲
♠❛rt✐♥❣❛❧❡s ✐♥ ♣r♦❣r❡ss✐✈❡❧② ❡♥❧❛r❣❡❞ ✜❧tr❛t✐♦♥ ✇✐t❤ t✐♠❡ τ ❣✐✈❡♥ ✐♥ ✭✹✳✸✮✳ ❲❡ ❝♦♥s✐❞❡r
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t❤r❡❡ ❡♥❧❛r❣❡❞ ✜❧tr❛t✐♦♥s Fσ(W1)✱ Fτ ❛♥❞ Fσ(W1),τ ❞❡✜♥❡❞ ❛s

Fσ(W1)
t :=

⋂

s>t

(Fs ∨ σ(W1)) ✭✹✳✹✮

Fτ
t :=

⋂

s>t

(Fs ∨ σ(τ ∧ s))

Fσ(W1),τ
t :=

⋂

s>t

(Fs ∨ σ(W1) ∨ σ(τ ∧ s))

❇♦t❤ ✜❧tr❛t✐♦♥s Fσ(W1) ❛♥❞ Fτ ❛r❡ s✉❜✜❧tr❛t✐♦♥s ♦❢ Fσ(W1),τ ✱ ❜✉t ✇❡ ❝❛♥♥♦t ♦r❞❡r Fσ(W1) ❛♥❞
Fτ ✳ ▲❡t ✉s ♥♦t❡ t❤❛t τ ✐s ♥♦t ❛♥ F✲❤♦♥❡st t✐♠❡ s♦ ✇❡ ❝❛♥♥♦t ❛♣♣❧② st❛♥❞❛r❞ ❞❡❝♦♠♣♦s✐t✐♦♥
❢♦r♠✉❧❛ ❢♦r ❤♦♥❡st t✐♠❡s✳ ❚❤❡ r❛♥❞♦♠ t✐♠❡ τ ✐s ♥❡✐t❤❡r ❛♥ Fσ(W1)✲st♦♣♣✐♥❣ t✐♠❡✱ ❜✉t ✐t ✐s
❛♥ Fσ(W1)✲❤♦♥❡st t✐♠❡✳

▲❡♠♠❛ ✹✳✶✷✳ ✭❛✮ ❆❢t❡r τ ✱ t❤❡ ✜❧tr❛t✐♦♥ Fσ(W1) ✐s ❛ s✉❜✜❧tr❛t✐♦♥ ♦❢ t❤❡ ✜❧tr❛t✐♦♥ Fτ ✱ ✐✳❡✳✱

❢♦r ❛❧❧ t ❛♥❞ ❢♦r ❛❧❧ F ∈ Fσ(W1)
t ✇❡ ❤❛✈❡ F ∩ {t ≥ τ} ∈ Fτ

t ✳

✭❜✮ ❆❢t❡r τ ✱ t❤❡ ✜❧tr❛t✐♦♥ Fσ(W1),τ ❝♦✐♥❝✐❞❡s ✇✐t❤ ✜❧tr❛t✐♦♥ Fτ ✱ ✐✳❡✳✱ ❢♦r ❛❧❧ t ❛♥❞ ❢♦r ❛❧❧

F ∈ Fσ(W1),τ
t ✇❡ ❤❛✈❡ F ∩ {t ≥ τ} ∈ Fτ

t ✳

Pr♦♦❢✳ ✭❛✮ ❚❛❦❡ F ❢r♦♠ t❤❡ ❣❡♥❡r❛t♦r ♦❢ Fσ(W1)
t ✳ ■❢ F ∈ Ft✱ t❤❡♥ t❤❡ ❛ss❡rt✐♦♥ ✐s ❝❧❡❛r✳ ■❢

F = {W1 ≤ a}✱ t❤❡♥ F ∩ {t ≥ τ} = {2Wτ ≤ a} ∩ {τ ≤ t} ❛♥❞ {2Wτ ≤ a} ∩ {τ ≤ t} ∈ Fτ
t

❛s τ ✐s ❛♥ Fτ ✲st♦♣♣✐♥❣ t✐♠❡✳
◆♦t❡ t❤❛t t❤❡ ♦♣♣♦s✐t❡ ✐♥❝❧✉s✐♦♥ Fτ ⊂ Fσ(W1) ✐s ♥♦t tr✉❡ ❛s {τ ≤ t} /∈ Fσ(W1)

t ✳ ❋♦r ❛ ❣❡♥❡r❛❧
s❡t F ✇❡ ❝♦♥❝❧✉❞❡ ❢r♦♠ ▼♦♥♦t♦♥❡ ❈❧❛ss ❚❤❡♦r❡♠ ✶✳✶✳
✭❜✮ ❲❡ ✉s❡ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ ✭❛✮✳

❘❡❧②✐♥❣ ♦♥ ❬❏❨✼✾✱ ❚❤❡♦r❡♠ ✸❪ ✇❡ ♣r♦✈✐❞❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✹✳✶✸✳ ▲❡t X ❜❡ ❛♥ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✇✐t❤ r❡♣r❡s❡♥t❛t✐♦♥ Xt = X0 +
∫ t
0 ϕsdWs

❢♦r ❛♥ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ϕ s✉❝❤ t❤❛t
∫ t
0 ϕ

2
sds < ∞✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡

❡q✉✐✈❛❧❡♥t✿

✭❛✮ X ✐s ❛♥ Fτ ✲s❡♠✐♠❛rt✐♥❣❛❧❡❀

✭❜✮
∫ 1
0 |ϕs| |W1−Ws|

1−s ds <∞ P✲❛✳s✳❀

✭❝✮
∫ 1
0

|ϕs|√
1−sds <∞ P✲❛✳s✳

▼♦r❡♦✈❡r✱ ✐❢ t❤♦s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✱ t❤❡ Fτ ✲s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ X✱ ❢♦r

t ≤ 1✱ ✐s ❣✐✈❡♥ ❜②

Xt = X0 +
∫ t
0
ϕsdŴs −

√
2
π

∫ t∧τ
0

ϕs
1
Zs

W 2
s

(1−s)3/2 exp
{
− W 2

s
2(1−s)

}
s❣♥(Ws)ds

+
∫ t
τ
ϕs

W1−Ws
1−s ds−

∫ t
τ
ϕs

1

1−exp

{
2WsW1−W2

1
2(1−s)

} W1
1−sds

✭✹✳✺✮
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✇❤❡r❡ Ŵ ✐s ❛♥ Fτ ✲❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞

Zt = 1− h

( |Wt|√
1− t

)
✇✐t❤ h(y) =

√
2

π

∫ y

0
x2 e−x

2/2dx.

Pr♦♦❢✳ ✶✮ ❇② ❬❏❨✼✾✱ ❚❤❡♦r❡♠ ✸❪✱ W ✐s ❛♥ Fσ(W1)✲s❡♠✐♠❛rt✐♥❣❛❧❡ ✇✐t❤ ❞❡❝♦♠♣♦s✐t✐♦♥ ❣✐✈❡♥
❜②

Wt = W̃t +

∫ t

0

W1 −Ws

1− s
ds,

✇❤❡r❡ W̃ ✐s ❛ Fσ(W1)✲❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳
✷✮ ❙✐♥❝❡ τ ✐s ❛♥ Fσ(W1)✲❤♦♥❡st t✐♠❡✱ ✭H′✮ ✐s s❛t✐s✜❡❞ ❜❡t✇❡❡♥ Fσ(W1) ❛♥❞ Fσ(W1),τ ❛♥❞ W̃
❞❡❝♦♠♣♦s❡s ❛s

W̃t = W̄t +

∫ t∧τ

0

1

Ys−
d〈mY , W̃ 〉Fσ(W1)

s −
∫ t

τ

1

1− Ys−
d〈mY , W̃ 〉Fσ(W1)

s ,

✇❤❡r❡ W̄ ✐s ❛ Fσ(W1),τ ✲❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ Yt := P(τ > t|Fσ(W1)
t )✱ mY ✐s t❤❡ ♠❛rt✐♥❣❛❧❡

♣❛rt ❢r♦♠ ♦♣t✐♦♥❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ Y ❛♥❞ 〈 , 〉Fσ(W1) ♠❡❛♥s t❤❛t t❤❡ ❜r❛❝❦❡t ✐s ❝♦♠♣✉t❡❞
✐♥ Fσ(W1)✳
✸✮ ❚✇♦ ♣r❡✈✐♦✉s ♣♦✐♥ts ❡♥s✉r❡❞ t❤❛t W ✐s ❛♥ Fσ(W1),τ ✲s❡♠✐♠❛rt✐♥❣❛❧❡ ✇✐t❤ ❞❡❝♦♠♣♦s✐t✐♦♥
❣✐✈❡♥ ❜②

Wt = W̄t +

∫ t

0

W1 −Ws

1− s
ds+

∫ t∧τ

0

1

Ys−
d〈mY , W̃ 〉Fσ(W1)

s −
∫ t

τ

1

1− Ys−
d〈mY , W̃ 〉Fσ(W1)

s .

✹✮ ❇② ❙tr✐❝❦❡r✬s ❚❤❡♦r❡♠ ✶✳✷✽✱ W ✐s ❛♥ Fτ ✲s❡♠✐♠❛rt✐♥❣❛❧❡✳ ❇❡❢♦r❡ τ ✱ ✇❡ ❤❛✈❡ t❤❡ st❛♥❞❛r❞
❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r r❛♥❞♦♠ t✐♠❡ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✭✶✳✸✾✮✮✳ ❆❢t❡r τ ✱ ❜② ▲❡♠♠❛ ✹✳✶✷ ✭❜✮✱ ✇❡
❤❛✈❡ t❤❡ s❛♠❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛s ✐♥ Fσ(W1),τ ✿

Wt = Ŵt +

∫ t∧τ

0

1

Zs−
d〈m,W 〉Fs +

∫ t

τ

W1 −Ws

1− s
ds−

∫ t

τ

1

1− Ys−
d〈mY , W̃ 〉Fσ(W1)

s ,

✇❤❡r❡ Ŵ ✐s ❛♥ Fτ ✲❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳

❇② ❬❏❨❈✵✾✱ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✺✳✸✳❪ ✇❡ ❤❛✈❡

Yt := P(τ > t|Fσ(W1)
t ) = 11{2Wt≤W1,W1≥0} + exp

{
W 2

1 − 2WtW1

2(1− t)

}
11{2Wt>W1≥0}

+ 11{2Wt≥W1,W1≤0} + exp

{
W 2

1 − 2WtW1

2(1− t)

}
11{2Wt<W1≤0}.

◆♦t❡ t❤❛t ❛❢t❡r τ ✱ Yt = exp
{
W 2

1−2WtW1

2(1−t)

}
✳ ❙✐♥❝❡ W̃ ✐s ❝♦♥t✐♥✉♦✉s✱ ❢♦r t > τ ✱ ✇❡ ❤❛✈❡

d〈mY , W̃ 〉Fσ(W1)

t = d〈Y, W̃ 〉Fσ(W1)

t = d〈exp
{
W 2

1 − 2WW1

2(1− t)

}
,W 〉Fσ(W1)

t

= d〈exp
{
u2 − 2uW

2(1− t)

}
,W 〉Ft |u=W1 ,



✹✳✸✳ ▲❆❙❚ P❆❙❙❆●❊ ❚■▼❊❙ ✽✸

t❤❡♥✱ ❜② ■tô✬s ❧❡♠♠❛

d〈mY , W̃ 〉Fσ(W1)

t = −Yt
W1

1− t
dt.

❙✉♠♠✐♥❣ ✉♣
∫ t

τ

1

1− Ys−
d〈mY , W̃ 〉Fσ(W1)

s =

∫ t

τ

1

1− Y −1
s

W1

1− s
ds.

❚❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ Z ✐s ❣✐✈❡♥ ✐♥ ❬❏❨❈✵✾✱ ♣❛❣❡ ✸✵✷❪✳ ❚❤❡♥✱ ✇❡ ❝♦♠♣✉t❡ 〈m,W 〉F ❛s ❢♦❧❧♦✇s

d〈m,W 〉Ft = −d〈h
( |W |√

1− t

)
,W 〉Ft = −h′

( |Wt|√
1− t

)
d〈|W |,W 〉Ft

= −
√

2

π

W 2
t

(1− t)
exp

{
− W 2

t

2(1− t)

}
s❣♥(Wt)dt,

❚❤❛t ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r♠✉❧❛ ✭✹✳✺✮ ❢♦r ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ W ✳

❋♦r ❛ ❣❡♥❡r❛❧ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ X = X0+ϕ �W ✱ ✇❡ ❞❡❞✉❝❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ❝♦♥❞✐t✐♦♥s
✭❛✮✱ ✭❜✮ ❛♥❞ ✭❝✮ ❢r♦♠ ❬❏❨✼✾✱ ❚❤❡♦r❡♠ ✸❪ ❛♥❞ t❤❡ ❢❛❝t t❤❛t τ < 1 ❛✳s✳ s✐♥❝❡ t❤❡ ✐♥t❡❣r❛❜✐❧✐t②
♣r♦❜❧❡♠ ❛♣♣❡❛rs ❝❧♦s❡ t♦ ✶✳ ✭❋♦r t < 1✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡W1 s❛t✐s✜❡s ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s✳✮

❲❡ ✇❛♥t t♦ r❡♠❛r❦ ❤❡r❡ t❤❛t ❛❜♦✈❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✭❛♥❞ ✐s ♦❜t❛✐♥❡❞✮ ✉s✐♥❣
♠❡t❤♦❞♦❧♦❣② ♣r❡s❡♥t❡❞ ✐♥ ❬❙♦♥✶✸❪✳
❚❤❡♦r❡♠ ✹✳✶✸ s❤♦✇s t❤❛t t❤❡ ❤②♣♦t❤❡s✐s ✭H′✮ ✐s ♥♦t s❛t✐s✜❡❞ ❢♦r t❤❡ st✉❞✐❡❞ ❡♥❧❛r❣❡♠❡♥t✳

■♥ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② s❡❝♦♥❞ ❡①❛♠♣❧❡ ♦❢ ❧❛st ♣❛ss❛❣❡ t✐♠❡ ✇❤✐❝❤
✐s ♥♦t ❤♦♥❡st✳ ■♥st❡❛❞ ♦❢ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇❡ ✉s❡ ❣❡♦♠❡tr✐❝ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ t♦ ❞❡✜♥❡ ✐t✳
▲❡t S ❜❡ ❞❡✜♥❡❞ t❤r♦✉❣❤ dSt = σStdWt✱ S0 = 1✱ ✇❤❡r❡ W ✐s ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ σ ❛
❝♦♥st❛♥t✳ ▲❡t

τS := sup {t ≤ 1 : S1 − 2St = 0} ✭✹✳✻✮

✇✐t❤ sup{∅} = ∞✱ t❤❛t ✐s t❤❡ ❧❛st t✐♠❡ ❜❡❢♦r❡ ✶ ❛t ✇❤✐❝❤ t❤❡ ❣❡♦♠❡tr✐❝ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✐s
❡q✉❛❧ t♦ ❤❛❧❢ ♦❢ ✐ts t❡r♠✐♥❛❧ ✈❛❧✉❡ ❛t t✐♠❡ ✶✳ ❉❡✜♥❡ ✜❧tr❛t✐♦♥ Fτ

S
❛s ❛ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t

♦❢ F ✇✐t❤ r❛♥❞♦♠ t✐♠❡ τS ✱ ✐✳❡✳✱

FτS

t :=
⋂

s>t

(
Fs ∨ σ(τS ∧ s)

)
.

▲❡♠♠❛ ✹✳✶✹✳ ✭❛✮ ❚❤❡ r❛♥❞♦♠ t✐♠❡ τS ✐s ❛♥ F✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ❛♥❞ t❤❡ ♣r♦❝❡ss Sτ ✐s

❛ Fτ
S
✲♠❛rt✐♥❣❛❧❡✳

✭❜✮ ❚❤❡ ♣r♦❝❡ss S ✐s ❛ Fτ
S
✲s❡♠✐♠❛rt✐♥❣❛❧❡✳

Pr♦♦❢✳ ✭❛✮ ◆♦t❡ t❤❛t

{τS ≤ t} =

{
inf

t≤s≤1
2Ss ≥ S1

}
=

{
inf

t≤s≤1
2
Ss
St

≥ S1
St

}
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❙✐♥❝❡ Ss
St
, s ≥ t ❛♥❞ S1

St
❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ Ft✱

P

(
inf

t≤s≤1
2
Ss
St

≥ S1
St

|Ft
)

= P

(
inf

t≤s≤1
2Ss−t ≥ S1−t

)
= Φ(1− t)

✇❤❡r❡ Φ(u) = P(infs≤u 2Ss ≥ Su)✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ ZSt := P(τS > t|Ft)
✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✱ ❤❡♥❝❡✱ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✺✵✱ τ ✐s ❛ ♣s❡✉❞♦✲st♦♣♣✐♥❣
t✐♠❡ ❛♥❞ Sτ ✐s ❛ Fτ ✲♠❛rt✐♥❣❛❧❡✳
✭❜✮ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ✐♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t ♦❢ F ✇✐t❤W1✱ ♥❛♠❡❧② t❤❡ ✜❧tr❛t✐♦♥ Fσ(W1) ❞❡✜♥❡❞
✐♥ ✭✹✳✹✮✳ ❇② ❬❏❨✼✾✱ ❚❤❡♦r❡♠ ✸❪✱ S ✐s ❛ Fσ(W1)✲s❡♠✐♠❛rt✐♥❣❛❧❡ ❛s

∫ 1

0
exp

{
σWs −

σ2

2
s

}
1√
1− s

ds <∞.

❚❤❡ r❛♥❞♦♠ t✐♠❡ τS ✐♥ ❛♥ Fσ(W1)✲❤♦♥❡st t✐♠❡ ❛s

τS = sup{t ≤ 1 :Wt +
1

σ
ln 2 +

1

2
σ(1− t) =W1}.

❚❤✉s✱ ❞❡♥♦t✐♥❣ ❜② Fσ(W1),τS

t :=
⋂
s>tFs ∨ σ(W1)∨ σ(τS ∧ s)✱ S ✐s Fσ(W1),τS ✲s❡♠✐♠❛rt✐♥❣❛❧❡

✭❢♦❧❧♦✇s ❢r♦♠ ✭✶✳✶✺✮✮✳ ❋✐♥❛❧❧②✱ ❜② ❙tr✐❝❦❡r✬s t❤❡♦r❡♠✱ ❛s Fτ
S ⊂ Fσ(W1),τS ❛♥❞ S ✐s Fτ

S
✲

❛❞❛♣t❡❞✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t S ✐s ❛ Fτ
S
✲s❡♠✐♠❛rt✐♥❣❛❧❡✳

✹✳✹ ❈♦①✬s t✐♠❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❛ st❛♥❞❛r❞ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ t✐♠❡ ✐♥ ❝r❡❞✐t r✐s❦
♠♦❞❡❧❧✐♥❣✱ ♥❛♠❡❧② ❈♦①✬s ❝♦♥str✉❝t✐♦♥✳ ❋♦r ❛ ❝à❞❧à❣ ✐♥❝r❡❛s✐♥❣ F✲❛❞❛♣t❡❞ ♣r♦❝❡ss Γ✱ ✇❡
❞❡✜♥❡ ❛ ❈♦①✬s t✐♠❡ ❛s

τ := inf{t : Γt ≥ Θ}
✇❤❡r❡ Θ ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ F∞ ✇❤✐❝❤ ❤❛s ❡①♣♦♥❡♥t✐❛❧ ❧❛✇ ✇✐t❤ ♣❛r❛♠✲
❡t❡r 1✳ ❚❤❡ ♣r♦❝❡ss Γ ✐s ❝❛❧❧❡❞ t❤❡ ❤❛③❛r❞ ♣r♦❝❡ss ♦❢ τ ✳ ❲❡ ❞❡♥♦t❡ ❜② Fτ t❤❡ ♣r♦❣r❡ss✐✈❡
❡♥❧❛r❣❡♠❡♥t ♦❢ F ✇✐t❤ r❛♥❞♦♠ t✐♠❡ τ ✳ ❙✐♥❝❡ {τ > t} = {Θ > Γt} ❛♥❞ {τ ≥ t} = {Θ ≥ Γt−}
t❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ τ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Zt = e−Γt ❛♥❞ Z̃t = e−Γt− . ✭✹✳✼✮

◆♦t❡ t❤❛t ✐♥ t❤✐s ❝❛s❡ Z̃ = Z−✳

❲❡ ❢♦❝✉s ♦✉r ❛tt❡♥t✐♦♥ ♦♥ t❤❡ Fτ ✲❝♦♠♣❡♥s❛t♦r ♦❢ t❤❡ ❞❡❢❛✉❧t ♣r♦❝❡ss At = 11{τ≤t}✱ ✐✳❡✳✱ t❤❡
✐♥❝r❡❛s✐♥❣ Fτ ✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss Λ s✉❝❤ t❤❛t A−Λ ✐s ❛♥ Fτ ✲♠❛rt✐♥❣❛❧❡✳ ❚❤❡ ❝♦♠♣❡♥s❛t♦r
Λ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✺ ✐♥ ❬❇❏❘✵✾❪ ✇❤✐❝❤ s❛②s t❤❛t t❤❡ ♣r♦❝❡ss M ❣✐✈❡♥ ❜②
t❤❡ ❢♦r♠✉❧❛

Mt := At −
∫ t∧τ

0

1

Zs−
dAps ✭✹✳✽✮

✐s ❛ Fτ ✲♠❛rt✐♥❣❛❧❡✳ ❚❤✉s✱ Λt =
∫ t∧τ
0

1
Zs−

dAps✳ ▼♦r❡♦✈❡r✱ ✐❢ Λ ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤

r❡s♣❡❝t t♦ ▲❡❜❡s❣✉❡✬s ♠❡❛s✉r❡✱ ✐t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s Λt =
∫ t∧τ
0 λsds✳ ❚❤❡♥✱ t❤❡ ♣r♦❝❡ss λ

✐s ❝❛❧❧❡❞ t❤❡ ✐♥t❡♥s✐t② ♦❢ t❤❡ ❞❡❢❛✉❧t t✐♠❡ τ ✳
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▲❡t ✉s r❡♠❛r❦ t❤❛t ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❤❛③❛r❞ ♣r♦❝❡ss Γ ✐s ❝♦♥t✐♥✉♦✉s t❤❡♥ Apt = 1−e−Γt =
1 +

∫ t
0 e

−ΓsdΓs ❛♥❞ Λt = −Γt∧τ ✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❞✐s❝♦♥t✐♥✉♦✉s Γ✱ t❤✐s ✐s ♥♦ ❧♦♥❣❡r ✈❛❧✐❞✱ s❡❡
❙❡❝t✐♦♥ ✹✳✹✳✸✳

❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ r❡❝❛❧❧ t❤❛t ❝♦♠♣❡♥s❛t♦rs ✇❡r❡ st✉❞✐❡❞ ❢♦r ❡①❛♠♣❧❡ ✐♥ t❤❡ ♣❛♣❡rs ❬●❩✵✽✱
❏▼P✶✶❪✳

✹✳✹✳✶ ❙t❛❜✐❧✐t② ♦✈❡r s✉♣r❡♠✉♠ ❛♥❞ ✐♥✜♠✉♠

Pr♦♣♦s✐t✐♦♥ ✹✳✶✺✳ ■❢ τ1 ❛♥❞ τ2 ❛r❡ ❝♦♥str✉❝t❡❞ ❛s ✐♥ t❤❡ ❈♦① ♠♦❞❡❧ s✉❝❤ t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞

r❛♥❞♦♠ ❝♦✉♣❧❡ (Θ1,Θ2) ✐s ❥♦✐♥t❧② ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ F∞✳ ❚❤❡♥ τ1 ∧ τ2 ❛♥❞ τ1 ∨ τ2 s❛t✐s❢② t❤❡

✐♠♠❡rs✐♦♥ ♣r♦♣❡rt②✳

Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❤②♣♦t❤❡s✐s ✭H✮ ✐♥ ❛ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛✲
t✐♦♥ s❡tt✐♥❣ ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✹✵✳ ❆s τi ❢♦r i = 1, 2 ❛r❡ ❈♦① t✐♠❡s ✇❡ ❝❛♥ ❡①♣r❡ss t❤❡♠
❛s

τ1 = inf{t : Γ1
t ≥ Θ1} ❛♥❞ τ2 = inf{t : Γ2

t ≥ Θ2}

✇❤❡r❡ Γi ❢♦r i = 1, 2 ❛r❡ ✐♥❝r❡❛s✐♥❣✱ ❝à❞❧à❣✱ F✲❛❞❛♣t❡❞ ♣r♦❝❡ss❡s ❛♥❞ Θi ❢♦r i = 1, 2 ❛r❡ t✇♦
❡①♣♦♥❡♥t✐❛❧❧② ❞✐str✐❜✉t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ♠❡❛♥ ✶✱ ❛♥❞ ❥♦✐♥t❧② ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ F∞✳
❋♦r t❤❡ ✐♥✜♠✉♠ ✇❡ ♦❜t❛✐♥

P(τ1 ∧ τ2 > t|F∞) = P(τ1 > t, τ2 > t|F∞) = P(Θ1 > Γ1
t ,Θ2 > Γ2

t |F∞),

P(τ1 ∧ τ2 > t|Ft) = P(τ1 > t, τ2 > t|Ft) = P(Θ1 > Γ1
t ,Θ2 > Γ2

t |Ft).

❚❤❡♥✱ ❛s Θi ❢♦r i = 1, 2 ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ F∞ ✭s♦ ❢r♦♠ Ft ❛s ✇❡❧❧✮ ❛♥❞ Γit ❢♦r i = 1, 2
❛r❡ Ft✲♠❡❛s✉r❛❜❧❡ ✭s♦ F∞✲♠❡❛s✉r❛❜❧❡ ❛s ✇❡❧❧✮✱ ✇❡ ❣❡t t❤❛t

P(τ1 ∧ τ2 > t|F∞) = P(τ1 ∧ τ2 > t|Ft) = ψ(Γ1
t ,Γ

2
t )

✇❤❡r❡ ψ(x, y) = P(Θ1 > x,Θ2 > y)✳ ■♥ ❛ s✐♠✐❧❛r ✇❛②✱ ✇❡ ♦❜t❛✐♥

P(τ1 ∨ τ2 ≤ t|F∞) = P(τ1 ∨ τ2 ≤ t|Ft) = ψ̃(Γ1
t ,Γ

2
t )

✇❤❡r❡ ψ̃(x, y) = P(Θ1 ≤ x,Θ2 ≤ y)✳ ❚❤✉s t❤❡ s✉♣r❡♠✉♠ ❛♥❞ ✐♥✜♠✉♠ ♦❢ ❈♦①✬s t✐♠❡s ❢✉❧✜❧
t❤❡ ✐♠♠❡rs✐♦♥ ♣r♦♣❡rt②✳

✹✳✹✳✷ ❉✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ❛♥❞ ❣❡♥❡r❛❧ ❤❛③❛r❞ ♣r♦❝❡ss

▲❡♠♠❛ ✹✳✶✻✳ ✭❛✮ ❚❤❡ F✲❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ A ❡q✉❛❧s Ao = 1− e−Γ✳

✭❜✮ ❆♥ ❡①❤❛✉st✐♥❣ s❡q✉❡♥❝❡ ❢♦r ❛ t❤✐♥ ♣❛rt ♦❢ τ ❝♦✐♥❝✐❞❡s ✇✐t❤ ❡①❤❛✉st✐♥❣ s❡q✉❡♥❝❡ ♦❢ t❤❡

❥✉♠♣s ♦❢ Γ✳

Pr♦♦❢✳ ✭❛✮ ❚❤✐s ✐s ❛ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✭✷✳✹✮ ❛♥❞ ✭✹✳✼✮✳
✭❜✮ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭❛✮ ❛♥❞ ▲❡♠♠❛ ✷✳✽✳
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▲❡♠♠❛ ✹✳✶✼✳ ▲❡t Y ❜❡ ❛ ❜♦✉♥❞❡❞ F✲♦♣t✐♦♥❛❧ ♣r♦❝❡ss✳ ❚❤❡♥ ❢♦r ❛♥② t < T ≤ ∞

E(Yτ11{t<τ≤T}|Fτ
t ) = 11{τ>t}e

ΓtE
(
−
∫ T

t
Ysde

−Γs |Ft
)
.

Pr♦♦❢✳ ■♥ t❤❡ ✜rst st❡♣✱ ✇❡ ✉s❡ t❤❡ ▲❡♠♠❛ ✶✳✸✽

E(Yτ11{t<τ≤T}|Fτ
t ) = 11{τ>t}e

ΓtE(Yτ11{t<τ≤T}|Ft).

◆♦✇ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t ❢♦r ❡❛❝❤ s❡t B ∈ Ft ✇❡ ❤❛✈❡

E(Yτ11{t<τ≤T}11B) = E
(
− 11B

∫ T

t
Ysde

−Γs

)
.

❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♣r♦♣❡rt② ♦❢ t❤❡ ❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss Y 11]t,T ]11B✳

✹✳✹✳✸ ❊①❛♠♣❧❡s ♦❢ ♣✉r❡ ❥✉♠♣ ♣r♦❝❡ss ❛s ❤❛③❛r❞ ♣r♦❝❡ss

✹✳✹✳✸✳✶ ❈♦♠♣♦✉♥❞ P♦✐ss♦♥ ♣r♦❝❡ss ❡①❛♠♣❧❡

▲❡t ✉s t❛❦❡ ❛ ❝♦♠♣♦✉♥❞ P♦✐ss♦♥ ♣r♦❝❡ss X ✇✐t❤ ✐♥t❡♥s✐t② η ❛♥❞ ❥✉♠♣ s✐③❡ ❞✐str✐❜✉t✐♦♥ F
✭✇✐t❤ ♥♦ ❛t♦♠s ❛t ✵ ❛♥❞ ✇✐t❤ s✉♣♣♦rt ✐♥ R+✮ ❛s ❤❛③❛r❞ ♣r♦❝❡ss Γ✳ ❊q✉✐✈❛❧❡♥t❧② Xt =∑Nt

n=1 Yn✱ ✇❤❡r❡ N ✐s ❛ P♦✐ss♦♥ ♣r♦❝❡ss ✇✐t❤ ✐♥t❡♥s✐t② η ❛♥❞ Yn ❛r❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s
✇✐t❤ ❞✐str✐❜✉t✐♦♥ F ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ N ✳ ▲❡t θn ❞❡♥♦t❡ t❤❡ t✐♠❡ ♦❢ t❤❡ n✲t❤ ❥✉♠♣ ♦❢ N ✇✐t❤
θ0 = 0✳ ❲❡ ❛❧s♦ ❝♦♥s✐❞❡r ν ❛ ♣♦s✐t✐✈❡ ✜♥✐t❡ ♠❡❛s✉r❡ ♦♥ R s✉❝❤ t❤❛t ν(dy) = ηF (dy) ❛♥❞ µ
❛ ♠❡❛s✉r❡ ♦♥ (R+,B(R)) s✉❝❤ t❤❛t µ(dt, dy) =

∑∞
n=1 δθn,Yn(dt, dy)✳ ❚❤❡♥✱ t❤❡ ❉♦♦❜✲▼❡②❡r

❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ Z ✐s ❣✐✈❡♥ ❜②

e−Xt = 1 +

∫ t

0

∫

R

(e−(Xu−+y) − e−Xu−)(η(du, dy)− duν(dy))

+

∫ t

0

∫

R

(e−(Xu−+y) − e−Xu−)ν(dy)du.

❚❤❡♥✱ ❜② ✭✹✳✽✮✱ t❤❡ ❝♦♠♣❡♥s❛t♦r ♦❢ 11[[τ,∞[[ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s

Λt =

∫ t∧τ

0
eXu−

∫

R

(e−Xu− − e−(Xu−+y))ν(dy)du

=

∫ t∧τ

0

∫

R

(1− e−y)ν(dy)du

❛♥❞ t❤❡ ✐♥t❡♥s✐t② ❡q✉❛❧s t♦ λ ≡
∫
R(1−e−y)ν(dy)✳ ■♥ t❤❡ ❝❛s❡ ♦❢ P♦✐ss♦♥ ♣r♦❝❡ss t❤❡ ✐♥t❡♥s✐t②

❡q✉❛❧s λ ≡ η(1− e−1)✳

✹✳✹✳✸✳✷ ▼❛r❦❡❞ ♣♦✐♥t ♣r♦❝❡ss ❡①❛♠♣❧❡

▲❡t Φ = ((θn, Yn))n ❜❡ ❛ ♠❛r❦❡❞ ♣♦✐♥t ♣r♦❝❡ss ✭▼PP✮✱ ✐✳❡✳✱
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✶✳ (θn)n ✐s ❛ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s s❛t✐s❢②✐♥❣ 0 ≤ θn ≤ θn+1✱

✷✳ Yn ❛r❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ❧✐♥❦❡❞ ✇✐t❤ t❤❡ st♦♣♣✐♥❣ t✐♠❡s θn✇✐t❤ ✈❛❧✉❡s ✐♥ R✱ ❝❛❧❧❡❞
♠❛r❦s✳

❲❡ ❛ss♦❝✐❛t❡ ❛ ♣✉r❡ ❥✉♠♣ ♣r♦❝❡ss X t♦ ▼PP Φ s✉❝❤ t❤❛t Xt =
∑

n: θn≤t Yn✳ ▼♦r❡♦✈❡r
✇❡ ❞❡✜♥❡ t❤❡ ❝♦✉♥t✐♥❣ ♠❡❛s✉r❡ µ ♦❢ t❤❡ ▼PP Φ ✇❤✐❝❤ ✐s ❛ r❛♥❞♦♠ ♠❡❛s✉r❡ ♦♥ R+ × R

s✉❝❤ t❤❛t µ(dt, dy) =
∑∞

n=1 δθn,Yn(dt, dy) ✭✐✳❡✳ µ(dt, dy) =
∑∞

n=1 δθn,∆Xn(dt, dy)✮✳ ❚❤❡
♥♦t✐♦♥ ♦❢ ✐♥t❡❣r❛❧ ♣r♦❝❡ss ✇✐t❤ r❡s♣❡❝t t♦ r❛♥❞♦♠ ♠❡❛s✉r❡ µ ✇✐❧❧ ❜❡ ✐♠♣♦rt❛♥t ❢♦r ❢✉rt❤❡r
❝♦♥s✐❞❡r❛t✐♦♥✳ ■♥ r❡❣❛r❞s t♦ t❤❛t✱ ❧❡t ✉s ✜rst ❝♦♥s✐❞❡r ❢✉♥❝t✐♦♥s H ♦♥ Ω × R+ × R ✇❤✐❝❤
❛r❡ ♠❡❛s✉r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ σ✲✜❡❧❞ O ⊗ B(R)✳ ❆ ❢✉♥❝t✐♦♥ H ✐s ♣r❡❞✐❝t❛❜❧❡ ✐❢ ✐t ✐s
♠❡❛s✉r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ σ✲✜❡❧❞ P ⊗ B(R)✳
❲❡ r❡❝❛❧❧ t✇♦ ❞❡✜♥✐t✐♦♥s ❬Pr✐✵✸✱ ❉❡✜♥✐t✐♦♥ ✶✳✶✳✸✾❪ ❛♥❞ ❬Pr✐✵✸✱ ❉❡✜♥✐t✐♦♥ ✶✳✶✳✹✵❪✳

❉❡✜♥✐t✐♦♥ ✹✳✶✽✳ ❚❤❡ ✐♥t❡❣r❛❧ ♣r♦❝❡ss ❞❡♥♦t❡❞ ❜② H ⋆ µ ✐s ❣✐✈❡♥ ❜②

(H ⋆ µ)t :=

∫ t

0

∫

R

H(u, y)µ(du, dy),

✐❢
∫ t
0

∫
R |H(u, y)|µ(du, dy) ✐s ✜♥✐t❡ ❛♥❞ ✐s ❡q✉❛❧ t♦ ∞ ♦t❤❡r✇✐s❡✳

❉❡✜♥✐t✐♦♥ ✹✳✶✾✳ ❚❤❡ ❝♦♠♣❡♥s❛t♦r ♦❢ ❛ r❛♥❞♦♠ ♠❡❛s✉r❡ µ ✐s t❤❡ ✉♥✐q✉❡ r❛♥❞♦♠ ♠❡❛s✉r❡

ν s✉❝❤ t❤❛t

✭❛✮ ν ✐s ❛ ♣r❡❞✐❝t❛❜❧❡ r❛♥❞♦♠ ♠❡❛s✉r❡✱ ✐✳❡✳✱ H ⋆ ν ✐s ♣r❡❞✐❝t❛❜❧❡ ❢♦r ❡❛❝❤ ♣r❡❞✐❝t❛❜❧❡

❢✉♥❝t✐♦♥ H✱

✭❜✮ µ − ν ✐s ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ♠❡❛s✉r❡✱ ✐✳❡✳ ❢♦r ❡✈❡r② ♣r❡❞✐❝t❛❜❧❡ ❢✉♥❝t✐♦♥ H s✉❝❤ t❤❛t

|H| ⋆ µ ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡✱ t❤❡ ♣r♦❝❡ss (H ⋆ µ − H ⋆ ν) ✐s ❛ ❧♦❝❛❧

♠❛rt✐♥❣❛❧❡✳

◆♦✇ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♠♣✉t❡ t❤❡ ❉♦♦❜✲▼❡②❡r ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ Z =
e−X ✳ ❲❡ ❤❛✈❡

e−Xt = 1 +

∫ t

0

∫

R

(e−(Xu−+y) − e−Xu−)(µ(du, dy)− ν(du, dy))

+

∫ t

0

∫

R

(e−(Xu−+y) − e−Xu−)ν(du, dy).

❚❤❡♥✱ t❤❡ ❝♦♠♣❡♥s❛t♦r ♦❢ 11[[τ,∞[[ ✐s ❡q✉❛❧ t♦

Λt =

∫ t∧τ

0
eXu−

∫

R

(e−Xu− − e−(Xu−+y))ν(du, dy)

=

∫ t∧τ

0

∫

R

(1− e−y)ν(du, dy).

❚❤❡ ✐♥t❡♥s✐t② ❡①✐sts ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❝♦♠♣❡♥s❛t♦r ♠❡❛s✉r❡ ν ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✐♥ t❤❡
✜rst ♣❛r❛♠❡t❡r ✇✐t❤ r❡s♣❡❝t t♦ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✱ ✐✳❡✳✱ ν(dt, dy) = ν̃(t, dy)dt✳ ■♥ t❤✐s ❝❛s❡
✐♥t❡♥s✐t② ✐s ❡q✉❛❧ t♦ λt =

∫
R(1− e−y)ν̃(t, dy)✳
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❆r❜✐tr❛❣❡s ✐♥ ❡♥❧❛r❣❡❞ ♠❛r❦❡ts

✽✾





❈❤❛♣t❡r ✺

❆r❜✐tr❛❣❡s ✐♥ ❛ ♣r♦❣r❡ss✐✈❡

❡♥❧❛r❣❡♠❡♥t s❡tt✐♥❣

✺✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤✐s ❝❤❛♣t❡r ✐s ❜❛s❡❞ ♦♥ ❛ ❥♦✐♥t ♣❛♣❡r ✇✐t❤ ❚❛❤✐r ❈❤♦✉❧❧✐✱ ❏✉♥ ❉❡♥❣ ❛♥❞ ▼♦♥✐q✉❡ ❏❡❛♥❜❧❛♥❝
❬❆❈❉❏✶✹❛❪✳

❲❡ st✉❞② ❛ ✜♥❛♥❝✐❛❧ ♠❛r❦❡t ✐♥ ✇❤✐❝❤ s♦♠❡ ❛ss❡ts✱ ✇✐t❤ ♣r✐❝❡s ❛❞❛♣t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ❛
r❡❢❡r❡♥❝❡ ✜❧tr❛t✐♦♥ F✱ ❛r❡ tr❛❞❡❞✳ ❖♥❡ t❤❡♥ ❛ss✉♠❡s t❤❛t ❛♥ ❛❣❡♥t ❤❛s s♦♠❡ ❡①tr❛ ✐♥❢♦r✲
♠❛t✐♦♥✱ ❛♥❞ ♠❛② ✉s❡ str❛t❡❣✐❡s t❤❛t ❛r❡ ♣r❡❞✐❝t❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❧❛r❣❡r ✜❧tr❛t✐♦♥ Fτ ✳
❚❤✐s ❡①tr❛ ✐♥❢♦r♠❛t✐♦♥ ✐s ♠♦❞❡❧❡❞ ❜② t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ s♦♠❡ r❛♥❞♦♠ t✐♠❡ τ ✱ ✇❤❡♥ t❤✐s t✐♠❡
♦❝❝✉rs✳ ❲❡ r❡str✐❝t ♦✉r st✉❞② t♦ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ s❡tt✐♥❣✱ ❛♥❞ ✇❡ ♣❛② ❛
♣❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥ t♦ ❤♦♥❡st t✐♠❡s✳ ❖✉r ❣♦❛❧ ✐s t♦ ❞❡t❡❝t ✐❢ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ τ ❛❧❧♦✇s ❢♦r
s♦♠❡ ❛r❜✐tr❛❣❡✱ ✐✳❡✳✱ ✐❢ ✉s✐♥❣ Fτ ✲♣r❡❞✐❝t❛❜❧❡ str❛t❡❣✐❡s✱ t❤❡ ❛❣❡♥t ❝❛♥ ♠❛❦❡ ♣r♦✜t✳

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❝♦♥s✐❞❡r t✇♦ ♠❛✐♥ ♥♦t✐♦♥s ♦❢ ♥♦✲❛r❜✐tr❛❣❡✱ ♥❛♠❡❧② ♥♦ ❝❧❛ss✐❝❛❧ ❛r❜✐tr❛❣❡
❛♥❞ ◆♦ ❯♥❜♦✉♥❞❡❞ Pr♦✜t ✇✐t❤ ❇♦✉♥❞❡❞ ❘✐s❦✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡r❡ ❛r❡ ♥♦
r❡❢❡r❡♥❝❡s ❢♦r t❤❡ ❝❛s❡ ♦❢ ❝❧❛ss✐❝❛❧ ❛r❜✐tr❛❣❡s ✐♥ ❛ ❣❡♥❡r❛❧ s❡tt✐♥❣✳ ❚❤❡ ❣♦❛❧ ♦❢ t❤❡ ♣r❡s❡♥t
❝❤❛♣t❡r ✐s ✜rst❧② t♦ ✐♥tr♦❞✉❝❡ t❤❡ ♣r♦❜❧❡♠✱ t♦ s♦❧✈❡ ✐t ✐♥ s♦♠❡ s♣❡❝✐✜❝ ❝❛s❡s ❛♥❞ t♦ ❣✐✈❡ s♦♠❡
❡①♣❧✐❝✐t ❡①❛♠♣❧❡s ♦❢ ❝❧❛ss✐❝❛❧ ❛r❜✐tr❛❣❡s ✭✇✐t❤ ❛ ♣r♦♦❢ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦♥❡ ✐♥ ❬❋❏❙✶✷❪✮✱ ❛♥❞
s❡❝♦♥❞❧② t♦ ❣✐✈❡✱ ✐♥ s♦♠❡ s♣❡❝✐✜❝ ♠♦❞❡❧s✱ ❛♥ ❡❛s② ♣r♦♦❢ ♦❢ ◆❯P❇❘ ❝♦♥❞✐t✐♦♥✳

■♥ t❤❡ ❝❛s❡ ♦❢ ❤♦♥❡st t✐♠❡s ❛✈♦✐❞✐♥❣ st♦♣♣✐♥❣ t✐♠❡s ✐♥ ❛ ❝♦♥t✐♥✉♦✉s ✜❧tr❛t✐♦♥✱ t❤❡ s❛♠❡ ♣r♦❜✲
❧❡♠ ✇❛s st✉❞✐❡❞ ✐♥ ❬❋❏❙✶✷❪ ✇❤❡r❡ t❤❡ ❛✉t❤♦rs ❤❛✈❡ ✐♥✈❡st✐❣❛t❡❞ s❡✈❡r❛❧ ❦✐♥❞s ♦❢ ❛r❜✐tr❛❣❡s✳
❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ t❤❛t ♣❛♣❡r ❢♦r ❛♥ ❡①t❡♥s✐✈❡ ❧✐st ♦❢ r❡❧❛t❡❞ r❡s✉❧ts ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳

❚❤✐s ❝❤❛♣t❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ❙❡❝t✐♦♥ ✷ ♣r❡s❡♥ts t❤❡ ♣r♦❜❧❡♠ ❛♥❞ r❡❝❛❧❧s s♦♠❡ ❞❡✜♥✐✲
t✐♦♥s ❛♥❞ r❡s✉❧ts ♦♥ ❛r❜✐tr❛❣❡s✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ st✉❞② t✇♦ ❝❧❛ss✐❝❛❧ s✐t✉❛t✐♦♥s ✐♥ ❡♥❧❛r❣❡♠❡♥t
♦❢ ✜❧tr❛t✐♦♥ t❤❡♦r②✱ ♥❛♠❡❧② ✐♠♠❡rs✐♦♥ ❛♥❞ ♣♦s✐t✐✈❡ ❞❡♥s✐t② ❤②♣♦t❤❡s✐s ❝❛s❡s✳ ❙❡❝t✐♦♥ ✹ ❝♦♥✲
❝❡r♥s ❤♦♥❡st t✐♠❡s✱ ❛♥❞ ✇❡ s❤♦✇ t❤❛t✱ ✐♥ ❝❛s❡ ♦❢ ❛ ❝♦♠♣❧❡t❡ ♠❛r❦❡t✱ t❤❡r❡ ❡①✐st ❝❧❛ss✐❝❛❧
❛r❜✐tr❛❣❡s ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t❤❡ ❤♦♥❡st t✐♠❡✱ ❛♥❞ ✇❡ ❣✐✈❡ ❛ ✇❛② t♦ ❝♦♥str✉❝t t❤❡s❡ ❛r❜✐tr❛❣❡s✳
❚❤✐s ❢❛❝t ✐s ✐❧❧✉str❛t❡❞ ❜② ♠❛♥② ❡①❛♠♣❧❡s✱ ✇❤❡r❡ ✇❡ ❡①❤✐❜✐t t❤❡s❡ ❛r❜✐tr❛❣❡s ✐♥ ❛ ❝❧♦s❡❞ ❢♦r♠✳

✾✶
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■♥ ❙❡❝t✐♦♥ ✺✱ ✇❡ st✉❞② s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ♥♦♥✲❤♦♥❡st t✐♠❡s✳ ■♥ ❙❡❝t✐♦♥ ✺✳✻✱ ✇❡ st✉❞② ◆❯P❇❘
❝♦♥❞✐t✐♦♥ ❜❡❢♦r❡ ❛ r❛♥❞♦♠ t✐♠❡ ❛♥❞ ❛❢t❡r ❛♥ ❤♦♥❡st t✐♠❡✱ ✐♥ s♦♠❡ s♣❡❝✐✜❝ ❡①❛♠♣❧❡s✳ ❚❤❡
❣❡♥❡r❛❧ st✉❞② ✇✐❧❧ ❜❡ ❞♦♥❡ ✐♥ ❈❤❛♣t❡r ✻ ❛♥❞ ❈❤❛♣t❡r ✼✳

✺✳✷ ●❡♥❡r❛❧ ❢r❛♠❡✇♦r❦

❲❡ ❝♦♥s✐❞❡r ❛ ✜❧t❡r❡❞ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (Ω,G,F,P) ✇❤❡r❡ t❤❡ ✜❧tr❛t✐♦♥ F s❛t✐s✜❡s t❤❡ ✉s✉❛❧
❤②♣♦t❤❡s❡s ❛♥❞ F∞ ⊂ G✱ ❛♥❞ ❛ r❛♥❞♦♠ t✐♠❡ τ ✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ✜♥❛♥❝✐❛❧ ♠❛r❦❡t ✇❤❡r❡
❛ r✐s❦② ❛ss❡t ✇✐t❤ ♣r✐❝❡ S ✭❛♥ F✲❛❞❛♣t❡❞ ♣♦s✐t✐✈❡ ♣r♦❝❡ss✮ ❛♥❞ ❛ r✐s❦❧❡ss ❛ss❡t S0 ✭❛ss✉♠❡❞✱
❢♦r s✐♠♣❧✐❝✐t②✱ t♦ ❤❛✈❡ ❛ ❝♦♥st❛♥t ♣r✐❝❡ s♦ t❤❛t t❤❡ r✐s❦✲❢r❡❡ ✐♥t❡r❡st r❛t❡ ✐s ♥✉❧❧✮ ❛r❡ tr❛❞❡❞ ✐s
❛r❜✐tr❛❣❡ ❢r❡❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ❛ss✉♠❡ t❤❛t S ✐s ❛ (P,F)✲✭❧♦❝❛❧✮
♠❛rt✐♥❣❛❧❡✳ ■♥ t❤✐s ♣❛♣❡r✱ t❤❡ ❤♦r✐③♦♥ ✐s ❡q✉❛❧ t♦ ∞✳ ❲❡ ❞❡♥♦t❡ ❜② Fτ t❤❡ ♣r♦❣r❡ss✐✈❡❧②
❡♥❧❛r❣❡❞ ✜❧tr❛t✐♦♥ ♦❢ F ❜② τ ✱ ✐✳❡✳✱ Fτ = (Fτ

t )t≥0 ✇✐t❤

Fτ
t :=

⋂

s>t

(Fs ∨ σ(τ ∧ s)) .

❆s ✐♥ ❙❡❝t✐♦♥ ✶✳✷✳✸✱ ✇❡ ❛ss♦❝✐❛t❡ t♦ τ t✇♦ F✲s✉♣❡r♠❛rt✐♥❣❛❧❡s ❜②

Zt := P(τ > t|Ft) ❛♥❞ Z̃t := P(τ ≥ t|Ft).

▲❡t ✉s ❞❡♥♦t❡ ❜② Ao t❤❡ F✲❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ A := 11[[τ,∞[[ ❛♥❞ ❞❡✜♥❡ t❤❡ F✲
♠❛rt✐♥❣❛❧❡

mt := Zt +Aot . ✭✺✳✶✮

❲❡ st❛rt ❜② ❛♥ ❡❧❡♠❡♥t❛r② r❡♠❛r❦✿ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡ ♥♦ ❛r❜✐tr❛❣❡s ✉s✐♥❣ Fτ ✲♣r❡❞✐❝t❛❜❧❡
str❛t❡❣✐❡s ❛♥❞ t❤❛t P ✐s t❤❡ ✉♥✐q✉❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♠❛❦✐♥❣ S ❛♥ F✲♠❛rt✐♥❣❛❧❡✳ ❙♦✱ ✐♥
♣❛rt✐❝✉❧❛r✱ t❤❡ (S,F) ♠❛r❦❡t ✐s ❝♦♠♣❧❡t❡ ✭✐✳❡✳✱ t❤❡ ♠❛r❦❡t ✇❤❡r❡ (S, S0) ❛r❡ tr❛❞❡❞✮✳ ❚❤❡♥✱
r♦✉❣❤❧② s♣❡❛❦✐♥❣✱ S ✇♦✉❧❞ ❜❡ ❛ (Q,Fτ )✲♠❛rt✐♥❣❛❧❡ ❢♦r s♦♠❡ ❡q✉✐✈❛❧❡♥t ♠❛rt✐♥❣❛❧❡ ♠❡❛s✉r❡
Q✱ ❤❡♥❝❡ ✇♦✉❧❞ ❜❡ ❛❧s♦ ❛ (Q,F)✲♠❛rt✐♥❣❛❧❡✶ ❛♥❞ Q ✇✐❧❧ ❝♦✐♥❝✐❞❡ ✇✐t❤ P ♦♥ F✳ ❚❤✐s ✐♠♣❧✐❡s
t❤❛t ❛♥② (Q,F)✲♠❛rt✐♥❣❛❧❡ ✐s ❛ (Q,Fτ )✲♠❛rt✐♥❣❛❧❡✳

❆♥♦t❤❡r tr✐✈✐❛❧ r❡♠❛r❦ ✐s t❤❛t✱ ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡r❡ τ ✐s ❛♥ F✲st♦♣♣✐♥❣ t✐♠❡✱ t❤❡ ❡♥✲
❧❛r❣❡❞ ✜❧tr❛t✐♦♥ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ ✜❧tr❛t✐♦♥ ❛r❡ t❤❡ s❛♠❡✳ ❚❤❡r❡❢♦r❡✱ ♥♦✲❛r❜✐tr❛❣❡ ❝♦♥❞✐t✐♦♥s
❤♦❧❞ ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r τ ✳

✺✳✷✳✶ ■❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡s

❲❡ st✉❞② ❤❡r❡ t✇♦ ❜❛s✐❝ ❡①❛♠♣❧❡s✱ ✐♥ ♦r❞❡r t♦ s❤♦✇ ✐♥ ❛ ✜rst st❡♣ ❤♦✇ ❛r❜✐tr❛❣❡s ❝❛♥
♦❝❝✉r ✐♥ ❛ ❇r♦✇♥✐❛♥ ✜❧tr❛t✐♦♥✱ ❛♥❞ ✐♥ ❛ s❡❝♦♥❞ st❡♣ t❤❛t ❞✐s❝♦♥t✐♥✉♦✉s ♠♦❞❡❧s ♣r❡s❡♥t s♦♠❡
❞✐✣❝✉❧t✐❡s✳

✶◆♦t❡ t❤❛t ✐❢ S ✐s ❛ (Q,Fτ )✲str✐❝t ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❢♦r s♦♠❡ ❡q✉✐✈❛❧❡♥t ♠❛rt✐♥❣❛❧❡ ♠❡❛s✉r❡ Q✱ ♦♥❡ ❝❛♥

♥♦t ❞❡❞✉❝❡ t❤❛t ✐t ✐s ❛❧s♦ ❛ (Q,F)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳
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✺✳✷✳✶✳✶ ❇r♦✇♥✐❛♥ ❝❛s❡

▲❡t dSt = StσdWt✱ ✇❤❡r❡ W ✐s ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ σ ❛ ❝♦♥st❛♥t✱ ❜❡ t❤❡ ♣r✐❝❡ ♦❢ t❤❡
r✐s❦② ❛ss❡t✳ ❚❤✐s ♠❛rt✐♥❣❛❧❡ S ❣♦❡s t♦ 0 ❛✳s✳ ✇❤❡♥ t ❣♦❡s t♦ ✐♥✜♥✐t②✱ ❤❡♥❝❡ t❤❡ r❛♥❞♦♠ t✐♠❡
τ := sup{t : St = S∗} ✇❤❡r❡ S∗ = sups≥0 Ss ✐s ❛ ✜♥✐t❡ ❤♦♥❡st t✐♠❡✱ ❛♥❞ ♦❜✈✐♦✉s❧② ❧❡❛❞s t♦
❛♥ ❛r❜✐tr❛❣❡ ❜❡❢♦r❡ τ ✿ ❛t t✐♠❡ 0✱ ❜✉② ♦♥❡ s❤❛r❡ ♦❢ S ✭❛t ♣r✐❝❡ S0✮✱ ❜♦rr♦✇ S0✱ t❤❡♥✱ ❛t t✐♠❡
τ ✱ r❡✐♠❜✉rs❡ t❤❡ ❧♦❛♥ S0 ❛♥❞ s❡❧❧ t❤❡ s❤❛r❡ ♦❢ t❤❡ ❛ss❡t ❛t ♣r✐❝❡ Sτ ✳ ❚❤❡ ❣❛✐♥ ✐s Sτ −S0 > 0
✇✐t❤ ❛♥ ✐♥✐t✐❛❧ ✇❡❛❧t❤ ♥✉❧❧✳ ❚❤❡r❡ ❛r❡ ❛❧s♦ ❛r❜✐tr❛❣❡s ❛❢t❡r τ ✿ ❛t t✐♠❡ τ ✱ t❛❦❡ ❛ s❤♦rt ♣♦s✐t✐♦♥
♦♥ S✱ ✐✳❡✳✱ ❤♦❧❞ ❛ s❡❧❢ ✜♥❛♥❝✐♥❣ ♣♦rt❢♦❧✐♦ ✇✐t❤ ✈❛❧✉❡ V s✉❝❤ t❤❛t dVt = −dSt, Vτ = 0✳ ❯s✉❛❧❧②
s❤♦rts❡❧❧✐♥❣ ♣♦s✐t✐♦♥s ❛r❡ ♥♦t ❛❞♠✐ss✐❜❧❡✱ s✐♥❝❡ Vt = −St + Sτ ✐s ♥♦t ❜♦✉♥❞❡❞ ❜❡❧♦✇✳ ❍❡r❡
−St + Sτ ✐s ♣♦s✐t✐✈❡✱ ❤❡♥❝❡ s❤♦rts❡❧❧✐♥❣ ✐s ❛♥ ❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t②✳

✺✳✷✳✶✳✷ P♦✐ss♦♥ ❝❛s❡

▲❡t N ❜❡ ❛ P♦✐ss♦♥ ♣r♦❝❡ss ✇✐t❤ ✐♥t❡♥s✐t② η ❛♥❞ M ❜❡ ✐ts ❝♦♠♣❡♥s❛t❡❞ ♠❛rt✐♥❣❛❧❡✳ ❲❡
❞❡✜♥❡ t❤❡ ♣r✐❝❡ ♣r♦❝❡ss S ❛s dSt = St−ψdMt, S0 = 1 ✇✐t❤ ψ ✐s ❛ ❝♦♥st❛♥t s❛t✐s❢②✐♥❣ ψ > −1
❛♥❞ ψ 6= 0✱ s♦ t❤❛t

St = exp(−λψt+ ln(1 + ψ)Nt) .

❙✐♥❝❡ Nt
t ❣♦❡s t♦ λ ❛✳s✳ ✇❤❡♥ t ❣♦❡s t♦ ✐♥✜♥✐t② ❛♥❞ ln(1+ψ)−ψ < 0✱ St ❣♦❡s t♦ 0 ❛✳s✳ ✇❤❡♥

t ❣♦❡s t♦ ✐♥✜♥✐t②✳ ❚❤❡ r❛♥❞♦♠ t✐♠❡

τ := sup {t : St = S∗}

✇✐t❤ S∗ = sups≥0 Ss ✐s ❛ ✜♥✐t❡ ❤♦♥❡st t✐♠❡✳

■❢ ψ > 0✱ t❤❡♥ Sτ ≥ S0 ❛♥❞ ❛♥ ❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t② ✐s r❡❛❧✐③❡❞ ❛t t✐♠❡ τ ✱ ✇✐t❤ ❛ ❧♦♥❣
♣♦s✐t✐♦♥ ✐♥ t❤❡ st♦❝❦✳ ■❢ ψ < 0✱ t❤❡♥ t❤❡ ❛r❜✐tr❛❣❡ ✐s ♥♦t s♦ ♦❜✈✐♦✉s✳ ❲❡ s❤❛❧❧ ❞✐s❝✉ss t❤❛t
✇✐t❤ ♠♦r❡ ❞❡t❛✐❧s ✐♥ ❙❡❝t✐♦♥ ✺✳✹✳✷✳

❚❤❡r❡ ❛r❡ ❛r❜✐tr❛❣❡s ❛❢t❡r τ ✱ s❡❧❧✐♥❣ ❛t t✐♠❡ τ ❛ ❝♦♥t✐♥❣❡♥t ❝❧❛✐♠ ✇✐t❤ ♣❛②♦✛ 1✱ ♣❛✐❞ ❛t t❤❡
✜rst t✐♠❡ ϑ ❛❢t❡r τ ✇❤❡♥ St > sups≤τ Ss✳ ❋♦r ψ > 0✱ ✐t r❡❞✉❝❡s t♦ Sτ = sups≤τ Ss✱ ❛♥❞✱ ❢♦r
ψ < 0✱ ♦♥❡ ❤❛s Sτ− = sups≤τ Ss✳ ❆t t✐♠❡ t0 = τ ✱ t❤❡ ♥♦♥ ✐♥❢♦r♠❡❞ ❜✉②❡r ✇✐❧❧ ❛❣r❡❡ t♦ ♣❛②
❛ ♣♦s✐t✐✈❡ ♣r✐❝❡✱ t❤❡ ✐♥❢♦r♠❡❞ s❡❧❧❡r ❦♥♦✇s t❤❛t t❤❡ ❡①❡r❝✐s❡ ✇✐❧❧ ❜❡ ♥❡✈❡r ❞♦♥❡✳

✺✳✸ ❙♦♠❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s

✺✳✸✳✶ ■♠♠❡rs✐♦♥ ❛ss✉♠♣t✐♦♥✱ ❡q✉✐✈❛❧❡♥❝❡ ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s

❋✐rst❧② ✇❡ ❧♦♦❦ ❛t t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ✜❧tr❛t✐♦♥ F ✐s ✐♠♠❡rs❡❞ ✐♥ Fτ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✷✼✮✳

▲❡♠♠❛ ✺✳✶✳ ■❢ t❤❡ ✐♠♠❡rs✐♦♥ ♣r♦♣❡rt② ✐s s❛t✐s✜❡❞ ✉♥❞❡r ❛ ♣r♦❜❛❜✐❧✐t② Q ♦♥ Fτ ✱ s✉❝❤ t❤❛t

S ✐s ❛ (Q,F)✲♠❛rt✐♥❣❛❧❡✱ ❛❧❧ t❤❡ t❤r❡❡ ❝♦♥❝❡♣ts ♦❢ ◆❋▲❱❘✱ ◆❆ ❛♥❞ ◆❯P❇❘ ❤♦❧❞✳

Pr♦♦❢✳ ▲❡t S ❜❡ ❛ (Q,F)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✱ t❤❡♥ ✐t ✐s ❛ (Q,Fτ )✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❛s ✇❡❧❧✳

❚❤❡ s❡❝♦♥❞ ❝❛s❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ ❛ r❛♥❞♦♠ t✐♠❡ τ s❛t✐s❢②✐♥❣ ❡q✉✐✈✲
❛❧❡♥❝❡ ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✸✶ ✭❜✮✮✳
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▲❡♠♠❛ ✺✳✷✳ ■❢ S ✐s ❛ (P,F)✲♠❛rt✐♥❣❛❧❡ ❛♥❞ ✐❢ t❤❡ r❛♥❞♦♠ t✐♠❡ τ s❛t✐s✜❡s t❤❡ ❡q✉✐✈❛❧❡♥❝❡

❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s t❤❡♥ ◆❋▲❱❘✱ ◆❆ ❛♥❞ ◆❯P❇❘ ❤♦❧❞ ❢♦r Fτ ✳

Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✶✳✸✻✱ t❤❡r❡ ❡①✐sts ❛♥ ❡q✉✐✈❛❧❡♥t ♠❡❛s✉r❡ P∗ ✉♥❞❡r ✇❤✐❝❤ t❤❡ ✐♠♠❡rs✐♦♥
✐s s❛t✐s✜❡❞✳ ■t ✐s ♥♦✇ ♦❜✈✐♦✉s t❤❛t✱ ✐❢ S ✐s ❛ (P,F)✲♠❛rt✐♥❣❛❧❡✱ ◆❋▲❱❘ ❤♦❧❞s ✐♥ t❤❡ ❡♥❧❛r❣❡❞
✜❧tr❛t✐♦♥ F∨ σ(τ)✱ ❤❡♥❝❡ ✐♥ Fτ ✳ ■♥❞❡❡❞✱ t❤❡ (P,F)✲♠❛rt✐♥❣❛❧❡ S ✐s ✲ ✉s✐♥❣ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡
♣r♦♣❡rt② ✲ ❛ (P∗,F∨σ(τ))✲♠❛rt✐♥❣❛❧❡✱ s♦ t❤❛t S✱ ❜❡✐♥❣ Fτ ✲❛❞❛♣t❡❞✱ ✐s ❛ (P∗,Fτ )✲♠❛rt✐♥❣❛❧❡
❛♥❞ P∗ ✐s ❛♥ ❡q✉✐✈❛❧❡♥t ♠❛rt✐♥❣❛❧❡ ♠❡❛s✉r❡✳ ■❢ S ✐s ♦♥❧② ❛ (P,F)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✱ t❤❡♥
♦♥❡ ♣r♦❝❡❡❞s ❛s ❢♦❧❧♦✇s✳ ▲❡t {Tn}n∈N ❜❡ ❛♥ F✲❧♦❝❛❧✐③✐♥❣ s❡q✉❡♥❝❡ ❢♦r S✱ ♠❡❛♥✐♥❣ t❤❛t STn

✐s ❛ (P,F)✲♠❛rt✐♥❣❛❧❡✱ ❢♦r ❡✈❡r② n ∈ N✳ ❚❤❡♥✱ r❡♣❡❛t✐♥❣ ♣r❡✈✐♦✉s r❡s♦♥✐♥❣✱ ✐t ❤♦❧❞s t❤❛t
STn ✐s ❛ (P∗,Fτ )✲♠❛rt✐♥❣❛❧❡✳ ❚❤✉s S ✐s ❛ (P∗,Fτ )✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❛♥❞ P∗ ✐s ❛♥ ❡q✉✐✈❛❧❡♥t
♠❛rt✐♥❣❛❧❡ ♠❡❛s✉r❡✳

✺✳✹ ❈❧❛ss✐❝❛❧ ❛r❜✐tr❛❣❡s ❢♦r ❛ ❝❧❛ss ♦❢ ❤♦♥❡st t✐♠❡s

❲❡ st❛rt ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜✈✐♦✉s ✭❜✉t ✉s❡❢✉❧✮ r❡s✉❧t✳ ◆♦t❡ t❤❛t ✐t ✐s ✈❛❧✐❞ ❢♦r ❛♥② r❛♥❞♦♠
t✐♠❡✱ ♥♦t ♥❡❝❡ss❛r② ❛♥ ❤♦♥❡st t✐♠❡✳

▲❡♠♠❛ ✺✳✸✳ ❆ss✉♠❡ t❤❛t t❤❡ ✜♥❛♥❝✐❛❧ ♠❛r❦❡t (S,F) ✐s ❝♦♠♣❧❡t❡ ❛♥❞ ❧❡t ϕ ❜❡ ❛ F✲♣r❡❞✐❝t❛❜❧❡

♣r♦❝❡ss s❛t✐s❢②✐♥❣ m = 1+ϕ �S✱ ✇❤❡r❡ m ✐s ❞❡✜♥❡❞ ✐♥ ✭✺✳✶✮✳ ■❢ mτ ≥ 1 ❛♥❞ P(mτ > 1) > 0✱

t❤❡♥✱ t❤❡ Fτ ✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ϕ11[[0,τ ]] ✐s ❛ ❝❧❛ss✐❝❛❧ ❛r❜✐tr❛❣❡ str❛t❡❣② ✐♥ t❤❡ ♠❛r❦❡t ✧❜❡❢♦r❡

τ✧✱ ✐✳❡✳✱ ✐♥ (Sτ ,Fτ )✳

Pr♦♦❢✳ ❚❤❡ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ϕ ❡①✐sts ❞✉❡ t♦ t❤❡ ♠❛r❦❡t ❝♦♠♣❧❡t❡♥❡ss✳ ❍❡♥❝❡ 11[[0,τ ]]ϕ
✐s ❛♥ Fτ ✲♣r❡❞✐❝t❛❜❧❡ ❛❞♠✐ss✐❜❧❡ s❡❧❢✲✜♥❛♥❝✐♥❣ str❛t❡❣② ✇✐t❤ ✐♥✐t✐❛❧ ✈❛❧✉❡ ✶ ❛♥❞ ✜♥❛❧ ✈❛❧✉❡
mτ − 1 s❛t✐s❢②✐♥❣ mτ − 1 ≥ 0 ❛✳s✳ ❛♥❞ P(mτ − 1 > 0) > 0✱ s♦ ✐t ✐s ❛ ❝❧❛ss✐❝❛❧ ❛r❜✐tr❛❣❡
str❛t❡❣② ✐♥ (Sτ ,Fτ )✳

❍❡r❡✐♥✱ ✇❡ ❣❡♥❡r❛❧✐③❡ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ ❬❋❏❙✶✷❪ ✕ ✇❤✐❝❤ ❛r❡ ❡st❛❜❧✐s❤❡❞ ❢♦r ❤♦♥❡st t✐♠❡s
❛✈♦✐❞✐♥❣ F✲st♦♣♣✐♥❣ t✐♠❡s ✐♥ ❛ ❝♦♠♣❧❡t❡ ♠❛r❦❡t ✇✐t❤ ❝♦♥t✐♥✉♦✉s ✜❧tr❛t✐♦♥ ✕ t♦ ❛♥② ❝♦♠♣❧❡t❡
♠❛r❦❡t ❛♥❞ t♦ ❛ ♠✉❝❤ ❜r♦❛❞❡r ❝❧❛ss ♦❢ ❤♦♥❡st t✐♠❡s t❤❛t ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ❜❡❧♦✇✳ ❚❤r♦✉❣❤♦✉t
t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡♥♦t❡ ❜② Ts t❤❡ s❡t ♦❢ ❛❧❧ F✲st♦♣♣✐♥❣ t✐♠❡s✱ Th t❤❡ s✉❜s❡t ♦❢ ❛❧❧ F✲❤♦♥❡st
t✐♠❡s✱ ❛♥❞ R t❤❡ s❡t ♦❢ r❛♥❞♦♠ t✐♠❡s ❣✐✈❡♥ ❜②

R :=
{
τ r❛♥❞♦♠ t✐♠❡

∣∣ ∃ Γ ∈ G ❛♥❞ T ∈ Ts s✉❝❤ t❤❛t τ = T11Γ +∞11Γc

}
. ✭✺✳✷✮

◆♦t❡ ❛❧s♦ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝❧❛ss R ❛♥❞ ▲❡♠♠❛ ✸✳✼✳ R ❝♦♥s✐sts ♣r❡❝✐s❡❧② ♦❢
r❛♥❞♦♠ t✐♠❡s ✇❤✐❝❤ ❛r❡ ❤♦♥❡st t✐♠❡s ❛♥❞ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s✳

Pr♦♣♦s✐t✐♦♥ ✺✳✹✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❝❧✉s✐♦♥s ❤♦❧❞

Ts ⊂ R ⊂ Th.

Pr♦♦❢✳ ❚❤❡ ✜rst ✐♥❝❧✉s✐♦♥ ✐s ❝❧❡❛r✳ ❋♦r t❤❡ ✐♥❝❧✉s✐♦♥ R ⊂ Th✱ ✇❡ ❣✐✈❡✱ ❢♦r ❡❛s❡ ♦❢ t❤❡ r❡❛❞❡r
t✇♦ ❞✐✛❡r❡♥t ♣r♦♦❢s✳ ▲❡t ✉s t❛❦❡ τ ∈ R✱ ✐✳❡✳✱ τ = T11Γ+∞11Γc ❢♦r T ❛♥ F✲st♦♣♣✐♥❣ t✐♠❡ ❛♥❞
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Γ ∈ G✳
✶✮ ❖♥ {τ < t} = {T < t} ∩ Γ✱ ✇❡ ❤❛✈❡ τ = T ∧ t ❛♥❞ T ∧ t ✐s Ft✲♠❡❛s✉r❛❜❧❡✳ ❚❤✉s✱ τ ✐s ❛♥
❤♦♥❡st t✐♠❡✳
✷✮ ❇② ❚❤❡♦r❡♠ ✶✳✹✸ ✭❝✮ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t ♦♥ {τ <∞}✱ Z̃τ = 1✳ ■♥❞❡❡❞✱

Z̃t = 11{T≥t}P(Γ|Ft) + P(Γc|Ft),

s♦ t❤❛t

11{τ<∞}Z̃τ = 11Γ11{T<∞}Z̃T = 11Γ11{T<∞}(11{T≥T}P(Γ|FT ) + P(Γc|FT ))
= 11Γ11{T<∞} = 11{τ<∞}.

❚❤✐s ♣r♦✈❡s t❤❛t τ ✐s ❛♥ ❤♦♥❡st t✐♠❡✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ r❡♣r❡s❡♥ts ♦✉r ♣r✐♥❝✐♣❛❧ r❡s✉❧t ✐♥ t❤❡ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦✳

❚❤❡♦r❡♠ ✺✳✺✳ ❆ss✉♠❡ t❤❛t (S,F) ✐s ❛ ❝♦♠♣❧❡t❡ ♠❛r❦❡t ❛♥❞ ❧❡t ϕ ❜❡ ❛♥ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss

s❛t✐s❢②✐♥❣ m = 1 + ϕ � S✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❤♦❧❞✳

✭❛✮ ■❢ τ ✐s ❛♥ ❤♦♥❡st t✐♠❡✱ ❛♥❞ τ 6∈ R✱ t❤❡♥ t❤❡ Fτ ✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ϕb = ϕ11[[0,τ ]] ✐s ❛

❝❧❛ss✐❝❛❧ ❛r❜✐tr❛❣❡ str❛t❡❣② ✐♥ t❤❡ ♠❛r❦❡t ✧❜❡❢♦r❡ τ✧✱ ✐✳❡✳✱ ✐♥ (Sτ ,Fτ )✳

✭❜✮ ■❢ τ ✐s ❛♥ ❤♦♥❡st t✐♠❡✱ ✇❤✐❝❤ ✐s ♥♦t ❛♥ F✲st♦♣♣✐♥❣ t✐♠❡✱ ❛♥❞ ✐❢ {τ = ∞} ∈ F∞✱ t❤❡♥ t❤❡

Fτ ✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ϕa = −ϕ11]]τ,ϑ]]✱ ✇✐t❤ Fτ ✲st♦♣♣✐♥❣ t✐♠❡ ❞❡✜♥❡❞ ❛s

ϑ := inf{t > τ : Z̃t ≤
1−∆Aoτ

2
}, ✭✺✳✸✮

✐s ❛ ❝❧❛ss✐❝❛❧ ❛r❜✐tr❛❣❡ str❛t❡❣② ✐♥ t❤❡ ♠❛r❦❡t ✧❛❢t❡r τ✧✱ ✐✳❡✳✱ ✐♥ (S − Sτ ,Fτ )✳

Pr♦♦❢✳ ✭❛✮ ❋r♦♠ m = Z̃ + Ao− ❛♥❞ Z̃τ = 1✱ ✇❡ ❞❡❞✉❝❡ t❤❛t mτ ≥ 1✳ ❙✐♥❝❡ τ /∈ R✱ ♦♥❡
❤❛s P(mτ > 1) = P(Aoτ− > 0) > 0✳ ❚❤❡♥✱ ❜② ▲❡♠♠❛ ✺✳✸✱ t❤❡ ♣r♦❝❡ss ϕb = ϕ11[[0,τ ]] ✐s ❛♥
❛r❜✐tr❛❣❡ str❛t❡❣② ✐♥ (Sτ ,Fτ )✳
✭❜✮ ❋r♦♠ m = Z + Ao ❛♥❞ ❚❤❡♦r❡♠ ✶✳✹✸ ✭❞✮✱ ♦♥❡ ♦❜t❛✐♥s t❤❛t✱ ❢♦r t > τ ✱ mt − mτ =
Zt − Zτ ≥ −1✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✉s✐♥❣ m = Z̃ + Ao−✱ ♦♥❡ ♦❜t❛✐♥s t❤❛t✱ ❢♦r t > τ ✱

mt − mτ = Z̃t − 1 + ∆Aoτ ✳ ❆ss✉♠♣t✐♦♥ {τ = ∞} ∈ F∞ ❡♥s✉r❡s t❤❛t Z̃∞ = 11{τ=∞} ❛♥❞

✐♥ ♣❛rt✐❝✉❧❛r {τ < ∞} ⊂ {Z̃∞ = 0}✳ ❙♦✱ t❤❡ Fτ ✲st♦♣♣✐♥❣ t✐♠❡ ϑ ❞❡✜♥❡❞ ✐♥ ✭✺✳✸✮ s❛t✐s✜❡s
{ϑ <∞} = {τ <∞}✳ ❚❤❡♥✱

mϑ −mτ = Z̃ϑ − 1 + ∆Aoτ ≤ ∆Aoτ − 1

2
≤ 0,

❛♥❞✱ ❛s τ ✐s ♥♦t ❛♥ F✲st♦♣♣✐♥❣ t✐♠❡✱

P(mϑ −mτ < 0) = P(∆Aoτ < 1) > 0.

❍❡♥❝❡ −
∫ t∧ϑ
τ ϕsdSs = mτ∧t − mt∧ϑ ✐s t❤❡ ✈❛❧✉❡ ♦❢ ❛♥ ❛❞♠✐ss✐❜❧❡ s❡❧❢✲✜♥❛♥❝✐♥❣ str❛t❡❣②

ϕa = −ϕ11]]τ,ϑ]] ✇✐t❤ ✐♥✐t✐❛❧ ✈❛❧✉❡ ✵ ❛♥❞ t❡r♠✐♥❛❧ ✈❛❧✉❡ mτ − mϑ ≥ 0 ✇❤✐❝❤ s❛t✐s✜❡s
P(mτ −mϑ > 0) > 0✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠✳
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❘❡♠❛r❦ ✺✳✻✳ ❚♦ ♠❛❦❡ ❛ ❧✐♥❦ t♦ ❙❡❝t✐♦♥ ✺✳✸✳✶ ✇❡ r❡❝❛❧❧ t❤❛t✿

✭❛✮ ✐❢ τ ✐s ❛ ✜♥✐t❡ ❤♦♥❡st t✐♠❡ ❛♥❞ ✐s ♥♦t ❛♥ F✲st♦♣♣✐♥❣ t✐♠❡✱ t❤❡♥✱ ❜② ❈♦r♦❧❧❛r② ✸✳✽✱ ✐♠♠❡rs✐♦♥

❞♦❡s ♥♦t ❤♦❧❞❀

✭❜✮ ✐❢ τ ✐s ❛♥ ❤♦♥❡st t✐♠❡ ✇❤✐❝❤ ❞♦❡s ♥♦t t❛❦❡ ♦♥❧② ❝♦✉♥t❛❜❧② ♠❛♥② ✈❛❧✉❡s✱ t❤❡♥✱ ❜② ▲❡♠♠❛

✹✳✶✶✱ t❤❡ ❞❡♥s✐t② ❤②♣♦t❤❡s✐s ✐s ♥♦t s❛t✐s✜❡❞✳

✺✳✹✳✶ ❈❧❛ss✐❝❛❧ ❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t✐❡s ✐♥ ❛ ❇r♦✇♥✐❛♥ ✜❧tr❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡✈❡❧♦♣ ♣r❛❝t✐❝❛❧ ♠❛r❦❡t ♠♦❞❡❧s S ❛♥❞ ❤♦♥❡st t✐♠❡s τ ✇✐t❤✐♥ t❤❡ ❇r♦✇♥✐❛♥
✜❧tr❛t✐♦♥ ❢♦r ✇❤✐❝❤ ♦♥❡ ❝❛♥ ❝♦♠♣✉t❡ ❡①♣❧✐❝✐t❧② t❤❡ ❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t✐❡s ❢♦r ❜♦t❤ ❜❡❢♦r❡
❛♥❞ ❛❢t❡r τ ✳ ❋♦r ♦t❤❡r ❡①❛♠♣❧❡s ♦❢ ❤♦♥❡st t✐♠❡s✱ ❛♥❞ ❛ss♦❝✐❛t❡❞ ❝❧❛ss✐❝❛❧ ❛r❜✐tr❛❣❡s ✇❡ r❡❢❡r
t❤❡ r❡❛❞❡r t♦ ❬❋❏❙✶✷❪ ✭◆♦t❡ t❤❛t t❤❡ ❛r❜✐tr❛❣❡s ❝♦♥str✉❝t❡❞ ✐♥ t❤❛t ♣❛♣❡r ❛r❡ ❞✐✛❡r❡♥t ❢r♦♠
♦✉r ❛r❜✐tr❛❣❡s✮✳ ❚❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ ❣✐✈❡♥ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥
♠♦t✐♦♥ W ❛♥❞ F ✐s ✐ts ❛✉❣♠❡♥t❡❞ ♥❛t✉r❛❧ ✜❧tr❛t✐♦♥✳ ❚❤❡ ♠❛r❦❡t ♠♦❞❡❧ ✐s r❡♣r❡s❡♥t❡❞ ❜②
t❤❡ ❜❛♥❦ ❛❝❝♦✉♥t ♣r♦❝❡ss ✇❤✐❝❤ ✐s t❤❡ ❝♦♥st❛♥t ♦♥❡ ❛♥❞ ♦♥❡ st♦❝❦ ♣r✐❝❡ ♣r♦❝❡ss ✇❤✐❝❤ ✐s
❣✐✈❡♥ ❜②

St = exp(σWt −
1

2
σ2t), σ > 0 ❣✐✈❡♥.

■t ✐s ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ t❤❛t ✐♥ t❤✐s ❝♦♥t❡①t ♦❢ ❇r♦✇♥✐❛♥ ✜❧tr❛t✐♦♥✱ ❢♦r ❛♥② ♣r♦❝❡ss V ✇✐t❤
❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ✈❛r✐❛t✐♦♥✱ ✐ts F✲❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ✐s ❡q✉❛❧ t♦ ✐ts F✲❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡
♣r♦❥❡❝t✐♦♥✱ ✐✳❡✳✱ V o,F = V p,F✳ ❆❧❧ t❤❡ ❡①❛♠♣❧❡s ❣✐✈❡♥ ❜❡❧♦✇ ❝♦rr❡s♣♦♥❞ t♦ r❛♥❞♦♠ t✐♠❡s t❤❛t
❛r❡ t❤❡ ❡♥❞ ♦❢ ♦♣t✐♦♥❛❧ s❡ts✱ ❤❡♥❝❡ ❛r❡ ❤♦♥❡st t✐♠❡s✳

✺✳✹✳✶✳✶ ▲❛st ♣❛ss❛❣❡ t✐♠❡ ❛t ❛ ❣✐✈❡♥ ❧❡✈❡❧

Pr♦♣♦s✐t✐♦♥ ✺✳✼✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ r❛♥❞♦♠ t✐♠❡s

τ := sup{t : St = a} ❛♥❞ ϑ := inf{t > τ : St ≤ a
2}

✇❤❡r❡ 0 < a < 1✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❤♦❧❞✳

✭❛✮ ❚❤❡ ♠♦❞❡❧ ✧❜❡❢♦r❡ τ✧ (Sτ ,Fτ ) ❛❞♠✐ts ❛ ❝❧❛ss✐❝❛❧ ❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t② ❣✐✈❡♥ ❜② t❤❡ Fτ ✲

♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss

ϕb =
1

a
11{S<a}11]]0,τ ]].

✭❜✮ ❚❤❡ ♠♦❞❡❧ ✧❛❢t❡r τ✧ (S − Sτ ,Fτ ) ❛❞♠✐ts ❛ ❝❧❛ss✐❝❛❧ ❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t② ❣✐✈❡♥ ❜② Fτ ✲

♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss

ϕa = −1

a
11{S<a}11]]τ,ϑ]].

Pr♦♦❢✳ ■t ✐s ❝❧❡❛r t❤❛t τ ✐s ❛ ✜♥✐t❡ ❤♦♥❡st t✐♠❡ ❬❚❤❡♦r❡♠ ✶✳✹✸ ✭❝✮❪✱ ❛♥❞ ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦
t❤❡ s❡t R ❞❡✜♥❡❞ ✐♥ ✭✺✳✷✮✳ ❚❤✉s τ ❢✉❧✜❧❧s t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❛ss❡rt✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✺✳✺✳ ❲❡
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♥♦✇ ❝♦♠♣✉t❡ t❤❡ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ϕ s✉❝❤ t❤❛t m = 1 + ϕ � S✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ❝❛❧❝✉❧❛t❡
Z ❛s ❢♦❧❧♦✇s✳ ❯s✐♥❣ ❬❏❨❈✵✾✱ ❊①❡r❝✐s❡ ✶✳✷✳✸✳✶✵❪✱ ✇❡ ❞❡r✐✈❡

1− Zt = P

(
sup
t<u

Su ≤ a|Ft
)

= P

(
sup
u
S̃u ≤ a

St
|Ft
)

= Φ

(
a

St

)

✇❤❡r❡ S̃u = exp(σW̃u − 1
2σ

2u)✱ W̃ ✐♥❞❡♣❡♥❞❡♥t ♦❢ Ft ❛♥❞

Φ(x) = P

(
sup
u
S̃u ≤ x

)
= P(

1

U
≤ x) = P(

1

x
≤ U) = (1− 1

x
)+,

✇❤❡r❡ U ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ✉♥✐❢♦r♠ ❧❛✇✳ ❚❤✉s ✇❡ ❣❡t Zt = 1−(1− St
a )

+ ✭✐♥ ♣❛rt✐❝✉❧❛r

Zτ = Z̃τ = 1✮✱ ❛♥❞

dZt = 11{St≤a}
1

a
dSt −

1

2a
dℓat

✇❤❡r❡ ℓa ✐s t❤❡ ❧♦❝❛❧ t✐♠❡ ♦❢ t❤❡ S ❛t t❤❡ ❧❡✈❡❧ a ✭s❡❡ ❬❍❲❨✾✷✱ ♣✳✷✺✷❪ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
t❤❡ ❧♦❝❛❧ t✐♠❡✮✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

m = 1 + ϕ � S.

◆♦t❡ t❤❛t ϑ := inf{t > τ : St ≤ a
2} = inf{t > τ : 1− (1− St

a )
+ ≤ 1

2}✱ s♦ ϑ ❝♦✐♥❝✐❞❡s ✇✐t❤
✭✺✳✸✮✳ ❚❤❡♦r❡♠ ✺✳✺ ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳

✺✳✹✳✶✳✷ ▲❛st ♣❛ss❛❣❡ t✐♠❡ ❛t ❛ ❧❡✈❡❧ ❜❡❢♦r❡ ♠❛t✉r✐t②

❖✉r s❡❝♦♥❞ ❡①❛♠♣❧❡ ♦❢ r❛♥❞♦♠ t✐♠❡ ✐♥ t❤✐s s❡❝t✐♦♥✱ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ✜♥✐t❡ ❤♦r✐③♦♥✳ ■♥
t❤✐s ❡①❛♠♣❧❡✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥

H(z, y, s) := e−zyN
(
zs− y√

s

)
+ ezyN

(−zs− y√
s

)
, ✭✺✳✹✮

✇❤❡r❡ N (x) ✐s t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ st❛♥❞❛r❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✺✳✽✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ r❛♥❞♦♠ t✐♠❡ ✭❛♥ ❤♦♥❡st t✐♠❡✮

τ1 := sup{t ≤ 1 : St = b}

✇❤❡r❡ b ✐s ❛ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡r✱ 0 < b < 1 ✳ ▲❡t V ❛♥❞ β ❜❡ ❣✐✈❡♥ ❜②

Vt := α− γt−Wt ✇✐t❤ α =
ln b

σ
❛♥❞ γ = −σ

2

βt := eγVt
(
γH(γ, |Vt|, 1− t) + s❣♥(Vt)H

′
x(γ, |Vt|, 1− t)

)
,

✇✐t❤ H ❞❡✜♥❡❞ ✐♥ ✭✺✳✹✮✱ ❛♥❞ ❧❡t ϑ ❜❡ ❛s ✐♥ ✭✺✳✸✮✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❤♦❧❞✳

✭❛✮ ❚❤❡ ♠♦❞❡❧ ✧❜❡❢♦r❡ τ1✧ (Sτ1 ,Fτ ) ❛❞♠✐ts ❛ ❝❧❛ss✐❝❛❧ ❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t② ❣✐✈❡♥ ❜② t❤❡

Fτ ✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss

ϕb :=
1

σSt
βt11[[0,τ1]].
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✭❜✮ ❚❤❡ ♠♦❞❡❧ ✧❛❢t❡r τ1✧ (S − Sτ1 ,Fτ ) ❛❞♠✐ts ❛ ❝❧❛ss✐❝❛❧ ❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t② ❣✐✈❡♥ ❜②

Fτ ✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss

ϕa := − 1

σSt
βt11]]τ1,ϑ]].

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s ♣r♦♣♦s✐t✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✺✳✺ ❛s ❧♦♥❣ ❛s ✇❡ ❝❛♥ ✇r✐t❡
❡①♣❧✐❝✐t❧② t❤❡ ♠❛rt✐♥❣❛❧❡ m ❛s ❛♥ ✐♥t❡❣r❛❧ st♦❝❤❛st✐❝ ✇✐t❤ r❡s♣❡❝t t♦ S✳ ❚❤✐s ✐s t❤❡ ♠❛✐♥
❢♦❝✉s ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤✐s ♣r♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✶✳✹✸ ✭❝✮✱ t❤❡ t✐♠❡ τ1 ✐s ❤♦♥❡st✳ ■t ✐s
❛ ✜♥✐t❡ r❛♥❞♦♠ t✐♠❡✳ ❍♦♥❡st t✐♠❡ τ1 ❝❛♥ ❜❡ s❡❡♥ ❛s

τ1 = sup {t ≤ 1 : γt+Wt = α} = sup {t ≤ 1 : Vt = 0}.

❙❡tt✐♥❣ T0(V ) = inf{t : Vt = 0}✱ ✇❡ ♦❜t❛✐♥✱ ✉s✐♥❣ st❛♥❞❛r❞ ❝♦♠♣✉t❛t✐♦♥s ✭s❡❡ ❬❏❨❈✵✾✱
♣✳✶✹✺✲✶✹✽❪✮

1− Zt = (1− eγVtH(γ, |Vt|, 1− t))11{T0(V )≤t≤1} + 11{t>1},

✇❤❡r❡ H ✐s ❣✐✈❡♥ ✐♥ ✭✺✳✹✮✳ ■♥ ♣❛rt✐❝✉❧❛r Zτ = Z̃τ = 1✳ ❯s✐♥❣ ■tô✬s ❧❡♠♠❛✱ ✇❡ ♦❜t❛✐♥ t❤❡
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ 1− eγVtH(γ, |Vt|, 1− t) ❛s ❛ s❡♠✐♠❛rt✐♥❣❛❧❡✳ ❚❤❡ ♠❛rt✐♥❣❛❧❡ ♣❛rt ♦❢ Z ✐s
❣✐✈❡♥ ❜② dmt = βtdWt =

1
σSt

βtdSt✱ ✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✳

✺✳✹✳✷ ❆r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t✐❡s ✐♥ ❛ P♦✐ss♦♥ ✜❧tr❛t✐♦♥

❚❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥✱ ✇❡ s✉♣♣♦s❡ ❣✐✈❡♥ ❛ P♦✐ss♦♥ ♣r♦❝❡ss N ✱ ✇✐t❤ ✐♥t❡♥s✐t② r❛t❡ η > 0✱
❛♥❞ ♥❛t✉r❛❧ ✜❧tr❛t✐♦♥ F✳ ❋♦r n ∈ N✱ ❧❡t θn ❞❡♥♦t❡ t❤❡ t✐♠❡ ♦❢ t❤❡ n✲t❤ ❥✉♠♣ ♦❢ N ✇✐t❤
θ0 = 0✳ ❚❤❡ st♦❝❦ ♣r✐❝❡ ♣r♦❝❡ss ✐s ❣✐✈❡♥ ❜②

dSt = St−ψdMt, S0 = 1, Mt := Nt − ηt,

♦r ❡q✉✐✈❛❧❡♥t❧② St = exp(−ηψt+ln(1+ψ)Nt)✱ ✇❤❡r❡ ψ > −1✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ✐♥tr♦❞✉❝❡
t❤❡ ♥♦t❛t✐♦♥

α := ln(1 + ψ), µ :=
ηψ

ln(1 + ψ)
❛♥❞ Yt := µt−Nt,

s♦ t❤❛t St = exp(− ln(1+ψ)Yt)✳ ❲❡ ❛ss♦❝✐❛t❡ t♦ t❤❡ ♣r♦❝❡ss Y ✐ts r✉✐♥ ♣r♦❜❛❜✐❧✐t②✱ ❞❡♥♦t❡❞
❜② Ψ(x)✱ ❣✐✈❡♥ ✐♥ ✭✷✳✽✮ ❜②

Ψ(x) = P(tx <∞) ✇✐t❤ tx = inf{t : x+ Yt < 0} ❢♦r ❡✈❡r② x ≥ 0.

✺✳✹✳✷✳✶ ▲❛st ♣❛ss❛❣❡ t✐♠❡ ❛t ❛ ❣✐✈❡♥ ❧❡✈❡❧

❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ❛♥s✇❡rs ❛♥ ❛r❜✐tr❛❣❡ q✉❡st✐♦♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❤♦♥❡st t✐♠❡ ❞❡✜♥❡❞
❜② ✭✷✳✹✮ ❛♥❞ st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✸✳✶✳

Pr♦♣♦s✐t✐♦♥ ✺✳✾✳ ❙✉♣♣♦s❡ t❤❛t ψ > 0 ❛♥❞ ❧❡t a := − 1
α ln b ❛♥❞

ϕ :=
Ψ(Y− − a− 1)11{Y−≥a+1} −Ψ(Y− − a)11{Y−≥a} + 11{Y−<a+1} − 11{Y−<a}

ψS−
.
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❋♦r 0 < b < 1✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ r❛♥❞♦♠ t✐♠❡

τ := sup{t : St ≥ b} = sup{t : Yt ≤ a}

❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❤♦❧❞✳

✭❛✮ ❚❤❡ ♠♦❞❡❧ ✧❜❡❢♦r❡ τ✧ (Sτ ,Fτ ) ❛❞♠✐ts ❛ ❝❧❛ss✐❝❛❧ ❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t② ❣✐✈❡♥ ❜② t❤❡ Fτ ✲

♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ϕb := ϕ11[[0,τ ]].

✭❜✮ ❚❤❡ ♠♦❞❡❧ ✧❛❢t❡r τ✧ (S − Sτ ,Fτ ) ❛❞♠✐ts ❛ ❝❧❛ss✐❝❛❧ ❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t② ❣✐✈❡♥ ❜② t❤❡

Fτ ✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ϕa := −ϕ11]]τ,ϑ]], ✇✐t❤ ϑ ❛s ✐♥ ✭✺✳✸✮✳

Pr♦♦❢✳ ❙✐♥❝❡ ψ > 0✱ ♦♥❡ ❤❛s µ > η s♦ t❤❛t Y ❣♦❡s t♦ ∞ ❛s t ❣♦❡s t♦ ✐♥✜♥✐t②✱ ❛♥❞ τ ✐s ✜♥✐t❡✳
❚❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ Z ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ t✐♠❡ τ ✐s

Zt = Ψ(Yt − a)11{Yt≥a} + 11{Yt<a} = 1 + 11{Yt≥a} (Ψ(Yt − a)− 1) .

❙❡❡ ❙❡❝t✐♦♥ ✷✳✸✳✸✳✶ ❢♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ t❤✐s ❡①❛♠♣❧❡✳

❲❡ s❡t κ =
µ

η
− 1✱ ❛♥❞ ❞❡❞✉❝❡ t❤❛t Ψ(0) = (1 + κ)−1 ✭s❡❡ ❬❆❆✶✵❪✮✳ ❉❡✜♥❡

T1 = inf{t > 0 : Yt = a}

❛♥❞ t❤❡♥✱ ❢♦r ❡❛❝❤ n > 1✱ Tn = inf{t > Tn−1 : Yt = a}✳ ■t ✐s ♣r♦✈❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✷✺ t❤❛t
t❤❡ t✐♠❡s (Tn)n ❛r❡ F✲♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡s✳ ❇② ▲❡♠♠❛ ✷✳✽✱ s✐♥❝❡

P(τ = Tn|FTn) = 1−Ψ(0) =
κ

1 + κ
,

t❤❡ F✲❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ Ao ♦❢ t❤❡ ♣r♦❝❡ss 11[[τ,∞[[ ❡q✉❛❧s

Ao =
κ

1 + κ

∑

n

11[[Tn,∞[[.

❆s ❛ r❡s✉❧t t❤❡ ♣r♦❝❡ss Ao ✐s ♣r❡❞✐❝t❛❜❧❡✱ ❛♥❞ ❤❡♥❝❡ Z = m−Ao ✐s t❤❡ ❉♦♦❜✲▼❡②❡r ❞❡❝♦♠✲
♣♦s✐t✐♦♥ ♦❢ Z✳ ❚❤✉s ✇❡ ❝❛♥ ❣❡t

∆m = Z − pZ

✇❤❡r❡ pZ ✐s t❤❡ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ♦❢ Z✳ ❚♦ ❝❛❧❝✉❧❛t❡ pZ✱ ✇❡ ✇r✐t❡ t❤❡ ♣r♦❝❡ss Z ✐♥ ❛
♠♦r❡ ❛❞❡q✉❛t❡ ❢♦r♠✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ✜rst r❡♠❛r❦ t❤❛t

11{Y≥a} = 11{Y−≥a+1}∆N + (1−∆N)11{Y−≥a}
11{Y <a} = 11{Y−<a+1}∆N + (1−∆N)11{Y−<a}.

❚❤❡♥✱ ✇❡ ♦❜t❛✐♥

∆m =
(
Ψ(Y− − a− 1)11{Y−≥a+1} −Ψ(Y− − a)11{Y−≥a} + 11{Y−<a+1} − 11{Y−<a}

)
∆N

= ψS−ϕ∆M = ϕ∆S.

❙✐♥❝❡ t❤❡ t✇♦ ♠❛rt✐♥❣❛❧❡s m ❛♥❞ S ❛r❡ ♣✉r❡❧② ❞✐s❝♦♥t✐♥✉♦✉s✱ ✇❡ ❞❡❞✉❝❡ t❤❛t m = 1+ϕ �S✳
❚❤❡r❡❢♦r❡✱ t❤❡ ♣r♦♣♦s✐t✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✺✳✺✳
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✺✳✹✳✷✳✷ ❚✐♠❡ ♦❢ s✉♣r❡♠✉♠ ♦♥ ✜①❡❞ t✐♠❡ ❤♦r✐③♦♥

❚❤❡ s❡❝♦♥❞ ❡①❛♠♣❧❡ r❡q✉✐r❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s S∗
t := sups≤t Ss, ❛♥❞

Φ̄(x, t) := P(S∗
t > x), Φ̂(t) := P(S∗

t ≤ 1), Φ̃(x, t) := P(S∗
t < x) ✭✺✳✺✮

Pr♦♣♦s✐t✐♦♥ ✺✳✶✵✳ ❈♦♥s✐❞❡r t❤❡ r❛♥❞♦♠ t✐♠❡ τ ❞❡✜♥❡❞ ❜②

τ := sup{t ≤ 1 : St = S∗
t }

✇❤❡r❡ S∗
t = sups≤t Ss✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❤♦❧❞✳

✭❛✮ ❚❤❡ r❛♥❞♦♠ t✐♠❡ τ ✐s ❛♥ ❤♦♥❡st t✐♠❡✳

✭❜✮ ❋♦r ψ > 0✱ ❞❡✜♥❡ t❤❡ Fτ ✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ϕ ❛s

ϕt := 11{t<1}
[
Φ̄
(
max(

S∗
t−

St−(1+Φ̄)
, 1), 1− t

)
− Φ̄

(
S∗
t−

St−
, 1− t

)]

+11{S∗
t−<St−(1+Φ̄)} Φ̂(1− t)

+
[
11{max(S∗

1−,S1−(1+Φ̄))=S0} − 11{max(S∗
1−,S1−)=S0}

]
11{t=1}.

❚❤❡♥✱ ϕb := ϕ11[[0,τ ]] ✐s ❛♥ ❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t② ❢♦r t❤❡ ♠♦❞❡❧ (Sτ ,Fτ )✱ ❛♥❞ ϕa := −ϕ11]]τ,ϑ]]
✐s ❛♥ ❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t② ❢♦r t❤❡ ♠♦❞❡❧ (S − Sτ ,Fτ )✳ ❍❡r❡ Φ̄ ❛♥❞ Φ̂ ❛r❡ ❞❡✜♥❡❞ ✐♥ ✭✺✳✺✮✱

❛♥❞ ϑ ✐s ❞❡✜♥❡❞ s✐♠✐❧❛r❧② ❛s ✐♥ ✭✺✳✸✮✳

✭❝✮ ❋♦r −1 < ψ < 0✱ ❞❡✜♥❡ t❤❡ Fτ ✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss

ϕt :=
Φ̄11{S∗

t =St−}
̂

Φ( 1
1+Φ̄

, 1− t) + Φ̄(
S∗
t

St−(1+Φ̄)
, 1− t)− Φ̄(

S∗
t

St−
, 1− t)

Φ̄St−
.

❚❤❡♥✱ ϕb := ϕ11[[0,τ ]] ✐s ❛♥ ❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t② ❢♦r t❤❡ ♠♦❞❡❧ (Sτ ,Fτ )✱ ❛♥❞ ϕa := −ϕ11]]τ,ϑ]]
✐s ❛♥ ❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t② ❢♦r t❤❡ ♠♦❞❡❧ (S − Sτ ,Fτ )✳

Pr♦♦❢✳ ◆♦t❡ t❤❛t✱ ✐❢ −1 < ψ < 0 t❤❡ ♣r♦❝❡ss S∗ ✐s ❝♦♥t✐♥✉♦✉s✱ Sτ < S∗
τ = supt∈[0,1] St ♦♥

t❤❡ s❡t {τ < 1} ❛♥❞ Sτ− = S∗
τ− = supt∈[0,1] St✳ ■❢ ψ > 0✱ Sτ− < S∗

τ− < supt∈[0,1] St ♦♥ t❤❡
s❡t {τ < 1}✳
❉❡✜♥❡ t❤❡ s❡ts (En)

∞
n=0 s✉❝❤ t❤❛t E0 = {τ = 1} ❛♥❞ En = {τ = θn} ✇✐t❤ n ≥ 1✱ ✇✐t❤

(θn)n ❜❡✐♥❣ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❥✉♠♣s ♦❢ t❤❡ P♦✐ss♦♥ ♣r♦❝❡ss N ✳ ❚❤❡ s❡q✉❡♥❝❡ (En)∞n=0 ❢♦r♠s ❛
♣❛rt✐t✐♦♥ ♦❢ Ω✳ ❚❤❡♥✱ τ = 11E0 +

∑∞
n=1 θn11En ✳ ◆♦t❡ t❤❛t τ ✐s ♥♦t ❛♥ F st♦♣♣✐♥❣ t✐♠❡ s✐♥❝❡

En /∈ Fθn ❢♦r ❛♥② n ≥ 1✳

❚❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ Z ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❤♦♥❡st t✐♠❡ τ ✐s

Zt = P( sup
s∈(t,1]

Ss > sup
s∈[0,t]

Ss|Ft) = P( sup
s∈[0,1−t]

Ŝs >
S∗
t

St
|Ft)

= 11(t<1)Φ̄(
S∗
t

St
, 1− t),
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✇✐t❤ Ŝ ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❝♦♣② ♦❢ S ❛♥❞ Φ̄(x, t) ✐s ❣✐✈❡♥ ❜② ✭✺✳✺✮✳

❆s {τ = θn} ⊂ {τ ≤ θn} ⊂ {Zθn < 1}✱ ✇❡ ❤❛✈❡

Zτ = 11{τ=1}Z1 +
∞∑

n=1

11{τ=θn}Zθn < 1, ❛♥❞ {Z̃ = 0 < Z−} = ∅.

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ ❛ss❡rt✐♦♥ ✭❜✮✳ ❚❤✉s✱ ✇❡ s✉♣♣♦s❡ t❤❛t ψ > 0✱ ❛♥❞ ✇❡ ❝❛❧❝✉❧❛t❡

Aot = P(τ = 1|F1)11{t≥1} +
∑

n

P(τ = θn|Fθn)11{t≥θn}

= 11{S∗
1=S0 t≥1} +

∑

n

11{θn<1S∗
θn−<Sθn}P( sup

s∈[θn,1[
Ss ≤ Sθn |Fθn)11{t≥θn}

= 11{S∗
1=S0 t≥1} +

∑

n

11{θn<1, S∗
θn−<Sθn−(1+Φ̄)} Φ̂(1− θn)11{t≥θn},

✇✐t❤ Φ̂ ✐s ❣✐✈❡♥ ❜② ✭✺✳✺✮✳ ❆s ❜❡❢♦r❡✱ ✇❡ ✇r✐t❡

Aot = 11{S∗
1=S0}11{t≥1} +

∑

s≤t
11{s<1}11{S∗

s−<Ss−(1+Φ̄)} Φ̂(1− s)∆Ns

= 11{S∗
1=S0}11{t≥1} +

∫ t∧1

0
11{S∗

s−<Ss−(1+Φ̄)} Φ̂(1− s) dMs

+η

∫ t∧1

0
11{S∗

s−<Ss−(1+Φ̄)} Φ̂(1− s)ds.

❘❡♠❛r❦ t❤❛t ✇❡ ❤❛✈❡

11{S∗
1=S0} =

[
11{max(S∗

1−,S1−(1+Φ̄))=S0} − 11{max(S∗
1−,S1−)=S0}

]
∆M1

+11{max(S∗
1−,S1−)=S0}.

❛♥❞
∆m = ∆Z +∆Ao = Z − p(Z) + ∆Ao − p(∆Ao).

❚❤❡♥ ✇❡ r❡✲✇r✐t❡ t❤❡ ♣r♦❝❡ss Z ❛s ❢♦❧❧♦✇s

Z = 11[[0,1[[Φ̄

(
max(

S∗
−

S−(1 + Φ̄)
, 1), 1− t

)
∆M + (1−∆M)11[[0,1[[Φ̄

(
S∗
−
S−

, 1− t

)
.

❚❤✐s ✐♠♣❧✐❡s t❤❛t

Z − p(Z) = 11[[0,1[[

[
Φ̄

(
max(

S∗
−

S−(1 + Φ̄)
, 1), 1− t

)
− Φ̄

(
S∗
−
S−

, 1− t

)]
∆M.

❚❤✉s ❜② ❝♦♠❜✐♥✐♥❣ ❛❧❧ t❤❡s❡ r❡♠❛r❦s✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

∆m = Z − p(Z) + ∆Ao − p(∆Ao) = ϕ∆S,

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t p(Z̃) = Z− ❛♥❞ Z̃ = Z + ∆Ao✳ ❚❤❡♥✱ t❤❡ ❛ss❡rt✐♦♥ ✭❜✮ ❢♦❧❧♦✇s
✐♠♠❡❞✐❛t❡❧② ❢r♦♠ ❚❤❡♦r❡♠ ✺✳✺✳
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◆❡①t✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ ❛ss❡rt✐♦♥ ✭❝✮✳ ❙✉♣♣♦s❡ t❤❛t −1 < ψ < 0✱ ❛♥❞ ✇❡ ❝❛❧❝✉❧❛t❡

Aot = P(τ = 1|F1)11{t≥1} +
∑

n

P(τ = θn|Fθn)11{t≥θn}

= 11{S∗
1=S1, t≥1} +

∑

n

11{θn<1,S∗
θn

=Sθn−}P( sup
s∈[θn,1[

Ss < Sθn−|Fθn)11{t≥θn}

= 11{S∗
1=S1,t≥1} +

∑

n

11{θn<1,S∗
θn

=Sθn−}Φ̃

(
Sθn−
Sθn

, 1− θn

)
11{t≥θn},

✇✐t❤ Φ̃(x, t) ✐s ❣✐✈❡♥ ❜② ✭✺✳✺✮✳ ■♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ ❝♦♠♣❡♥s❛t♦r ♦❢ Ao✱ ✇❡ ✇r✐t❡

Aot = 11{S∗
1=S1}11{t≥1} +

∑

s≤t
11{s<1}11{S∗

s=Ss−}Φ̃

(
1

1 + Φ̄
, 1− s

)
∆Ns

= 11{S∗
1=S1}11{t≥1} +

∫ t∧1

0
11{S∗

s=Ss−}Φ̃

(
1

1 + Φ̄
, 1− s

)
dMs

+ η

∫ t∧1

0
11{S∗

s=Ss−}Φ̃

(
1

1 + Φ̄
, 1− s

)
ds.

❆s ❛ r❡s✉❧t✱ ❞✉❡ t♦ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♣r♦❝❡ss S∗✱ ✇❡ ❣❡t

Aot − p(Ao)t = 11{S∗
t =St−}Φ̃

(
1

1 + Φ̄
, 1− t

)
∆Mt,

Zt − pZt =

[
Φ̄

(
S∗
t

St−(1 + Φ̄)
, 1− t

)
− Φ̄

(
S∗
t

St−
, 1− t

)]
∆Nt.

❚❤✐s ✐♠♣❧✐❡s t❤❛t

∆mt = Zt − pZt +Aot − p(Ao)t

=

{
Φ̄11{S∗

t =St−}Φ̃

(
1

1 + Φ̄
, 1− t

)
+ Φ̄

(
S∗
t

St−(1 + Φ̄)
, 1− t

)}
∆Nt

−
{
Φ̄

(
S∗
t

St−
, 1− t

)}
∆Nt.

❙✐♥❝❡ m ❛♥❞ S ❛r❡ ♣✉r❡ ❞✐s❝♦♥t✐♥✉♦✉s F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t m ❝❛♥ ❜❡
✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠ ♦❢

m = m0 + ϕ · S,

❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❛ss❡rt✐♦♥ ✭❝✮ ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✺✳✺✳ ❚❤✐s ❡♥❞s t❤❡
♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳

✺✳✹✳✷✳✸ ❚✐♠❡ ♦❢ ♦✈❡r❛❧❧ s✉♣r❡♠✉♠

❇❡❧♦✇✱ ✇❡ ♣r❡s❡♥t ♦✉r ❧❛st ❡①❛♠♣❧❡ ♦❢ t❤✐s s✉❜s❡❝t✐♦♥✳ ❚❤❡ ❛♥❛❧②s✐s ♦❢ t❤✐s ❡①❛♠♣❧❡ ✐s ❜❛s❡❞
♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❢✉♥❝t✐♦♥s✳ ❍❡r❡ S∗ = sups Ss✳

Φ̄(x) = P(S∗ > x), Φ̂ = P(S∗ ≤ 1), ❛♥❞ Φ̃(x) = P(S∗ < x). ✭✺✳✻✮
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Pr♦♣♦s✐t✐♦♥ ✺✳✶✶✳ ❈♦♥s✐❞❡r t❤❡ r❛♥❞♦♠ t✐♠❡ τ ❣✐✈❡♥ ❜②

τ := sup{t : St = S∗
t }.

❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❤♦❧❞✳

✭❛✮ ❚❤❡ r❛♥❞♦♠ t✐♠❡ τ ✐s ❛♥ ❤♦♥❡st t✐♠❡✳

✭❜✮ ❋♦r ψ > 0✱ ❞❡✜♥❡ t❤❡ Fτ ✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ϕ ❛s

ϕt :=
11{S∗

t−<St−(1+Φ̄)}Φ̂ + Φ̄
(
max(

S∗
t−

St−(1+Φ̄)
, 1
)
− Φ̄(

S∗
t−

St−)

St−Φ̄
.

❚❤❡♥✱ ϕb := ϕ11[[0,τ ]] ✐s ❛♥ ❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t② ❢♦r t❤❡ ♠♦❞❡❧ (Sτ ,Fτ )✱ ❛♥❞ ϕa := −ϕ11]]τ,ϑ]]
✐s ❛♥ ❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t② ❢♦r t❤❡ ♠♦❞❡❧ (S − Sτ ,Fτ )✳ ❍❡r❡ Φ̄ ❛♥❞ Φ̂ ❛r❡ ❞❡✜♥❡❞ ✐♥ ✭✺✳✻✮✱

❛♥❞ ϑ ✐s ❞❡✜♥❡❞ ✐♥ s✐♠✐❧❛r ✇❛② ❛s ✐♥ ✭✺✳✸✮✳

✭❝✮ ❋♦r −1 < ψ < 0✱ ❞❡✜♥❡ t❤❡ Fτ ✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ϕ ❛s

ϕ :=
Φ̄( S∗

S−(1+Φ̄)
)− Φ̄( S

∗

S−
) + 11{S∗=S−}Φ̃(

1
1+Φ̄

)Φ̄

Φ̄S−
.

❚❤❡♥✱ ϕb := ϕ11[[0,τ ]] ✐s ❛♥ ❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t② ❢♦r t❤❡ ♠♦❞❡❧ (Sτ ,Fτ )✱ ❛♥❞ ϕa := −ϕ11]]τ,ϑ]]
✐s ❛♥ ❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t② ❢♦r t❤❡ ♠♦❞❡❧ (S − Sτ ,Fτ )✳ ❍❡r❡ ❛❣❛✐♥ ϑ ✐s ❞❡✜♥❡❞ ❛s ✐♥ ✭✺✳✸✮✳

Pr♦♦❢✳ ■t ✐s ❝❧❡❛r t❤❛t τ ✐s ❛♥ F ❤♦♥❡st t✐♠❡✳ ▲❡t ✉s ♥♦t❡ t❤❛t τ ✐s ✜♥✐t❡ ❛♥❞✱ ❛s ❜❡❢♦r❡✱ ✐❢
−1 < ψ < 0✱ Sτ < S∗

τ = supt St ❛♥❞ S
∗ ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ✐❢ ψ > 0✱ Sτ = S∗

τ = supt St✳
❚❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ Z ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❤♦♥❡st t✐♠❡ τ ✐s

Zt = P( sup
s∈(t,∞]

Ss > sup
s∈[0,t]

Ss|Ft) = P( sup
s∈[0,∞]

Ŝs >
S∗
t

St
|Ft) = Φ̄

(
S∗
t

St

)
,

✇✐t❤ Ŝ ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❝♦♣② ♦❢ S ❛♥❞ Φ̄ ✐s ❣✐✈❡♥ ❜② ✭✺✳✻✮✳ ❆s ❛ r❡s✉❧t✱ ✇❡ ❞❡❞✉❝❡ t❤❛t
Zτ < 1✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ ❛ss❡rt✐♦♥ ✭❜✮✳ ❲❡ s✉♣♣♦s❡ t❤❛t ψ > 0✱ ❞❡♥♦t✐♥❣ ❜②
(θn)n t❤❡ s❡q✉❡♥❝❡ ♦❢ ❥✉♠♣s ♦❢ t❤❡ P♦✐ss♦♥ ♣r♦❝❡ss N ✱ ✇❡ ❞❡r✐✈❡

Aot =
∑

n

P(τ = θn|Fθn)11{t≥θn}

=
∑

n

11{S∗
θn−<Sθn}P( sup

s≥θn
Ss ≤ Sθn |Fθn)11{t≥θn}

=
∑

n

11{S∗
θn−<Sθn−(1+Φ̄)}Φ̂11{t≥θn},

✇✐t❤ Φ̂ = P(sups Ss ≤ 1) ❣✐✈❡♥ ❜② ✭✺✳✻✮✳

❲❡ ❝♦♥t✐♥✉❡ t♦ ❝♦♠♣✉t❡ t❤❡ ❝♦♠♣❡♥s❛t♦r ♦❢ Ao

Aot =
∑

s≤t
11{S∗

s−<Ss−(1+Φ̄)}Φ̂∆Ns

=

∫ t

0
11{S∗

s−<Ss−(1+Φ̄)}Φ̂dMs + η

∫ t

0
11{S∗

s−<Ss−(1+Φ̄)}Φ̂ds.
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◆♦✇ ❛s ✇❡ ❞✐❞ ❢♦r t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥s✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❥✉♠♣s ♦❢ m✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡
r❡✲✇r✐t❡ Z ❛s ❢♦❧❧♦✇s

Z =

[
Φ̄

(
max(

S∗
−

S−(1 + Φ̄)
, 1)

)
− Φ̄(

S∗
−
S−

)

]
∆M + Φ̄(

S∗
−
S−

).

❚❤✐s ✐♠♣❧✐❡s t❤❛t

Z − pZ =

[
Φ̄

(
max(

S∗
−

S−(1 + Φ̄)
, 1)

)
− Φ̄(

S∗
−
S−

)

]
∆M.

❍❡♥❝❡✱ ✇❡ ❞❡r✐✈❡

∆m =

[
11{S∗

s−<Ss−(1+Φ̄)}Φ̂ + Φ̄

(
max(

S∗
−

S−(1 + Φ̄)
, 1)

)
− Φ̄(

S∗
−
S−

)

]
∆M.

❙✐♥❝❡ ❜♦t❤ ♠❛rt✐♥❣❛❧❡s m ❛♥❞ M ❛r❡ ♣✉r❡❧② ❞✐s❝♦♥t✐♥✉♦✉s✱ ✇❡ ❞❡❞✉❝❡ t❤❛t m = m0 +ϕ �S✳
❚❤❡♥✱ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✺✳✺✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ♣r♦✈❡ ❛ss❡rt✐♦♥ ✭❝✮✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ s✉♣♣♦s❡ t❤❛t −1 < ψ < 0✱ ❛♥❞ ✇❡
❝❛❧❝✉❧❛t❡

Aot =
∑

n

P(τ = θn|Fθn)11{t≥θn}

=
∑

n

11{S∗
θn

=Sθn−}P( sup
s≥θn

Ss < Sθn−|Fθn)11{t≥θn}

=
∑

n

11{S∗
θn

=Sθn−}Φ̃

(
Sθn−
Sθn

)
11{t≥θn},

✇✐t❤ Φ̃(x) = P(sups Ss < x)✳ ❚❤❡r❡❢♦r❡✱

Aot =
∑

s≤t
11{S∗

s=Ss−}Φ̃

(
1

1 + Φ̄

)
∆Ns

=

∫ t

0
11{S∗

s=Ss−}Φ̃

(
1

1 + Φ̄

)
dMs + η

∫ t

0
11{S∗

s=Ss−}Φ̃

(
1

1 + Φ̄

)
ds.

❙✐♥❝❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ Φ̄ < 0✱ t❤❡ ♣r♦❝❡ss S∗ ✐s ❝♦♥t✐♥✉♦✉s✱ ✇❡ ♦❜t❛✐♥

Z − pZ =

[
Φ̄

(
S∗

S−(1 + Φ̄)

)
− Φ̄

(
S∗

S−

)]
∆N,

Ao − p(Ao) = 11{S∗=S−}Φ̃

(
1

1 + Φ̄

)
∆M.

❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

∆m = Z − pZ +Ao − p(Ao)

=

{
Φ̄

(
S∗

S−(1 + Φ̄)

)
− Φ̄

(
S∗

S−

)
+ 11{S∗=S−}Φ̃

(
1

1 + Φ̄

)
Φ̄

}
∆N.

❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ♠❛rt✐♥❣❛❧❡ m ❤❛s t❤❡ ❢♦r♠ ♦❢ m = 1 + ϕ · S✱ ❛♥❞ ❛ss❡rt✐♦♥ ✭❝✮
✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✺✳✺✱ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s ❝♦♠♣❧❡t❡❞✳
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✺✳✺ ❆r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t✐❡s ❢♦r ♥♦♥✲❤♦♥❡st r❛♥❞♦♠ t✐♠❡s

❚❤✐s s❡❝t✐♦♥ ✐s ♦✉r s❡❝♦♥❞ ♠❛✐♥ ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r✳ ❍❡r❡✐♥✱ ✇❡ ❞❡✈❡❧♦♣ ❛ ♥✉♠❜❡r ♦❢ ♣r❛❝t✐❝❛❧
❡①❛♠♣❧❡s ♦❢ ♠❛r❦❡t ♠♦❞❡❧s ❛♥❞ ❡①❛♠♣❧❡s ♦❢ r❛♥❞♦♠ t✐♠❡s t❤❛t ❛r❡ ♥♦t ❤♦♥❡st t✐♠❡s✱ ❛♥❞
✇❡ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❝❧❛ss✐❝❛❧ ❛r❜✐tr❛❣❡s✳ ❚❤✐s s❡❝t✐♦♥ ❝♦♥t❛✐♥s t✇♦ s✉❜s❡❝t✐♦♥s t❤❛t
❞❡❛❧ ✇✐t❤ t✇♦ ❞✐✛❡r❡♥t s✐t✉❛t✐♦♥s✳

✺✳✺✳✶ ■♥ ❛ ❇r♦✇♥✐❛♥ ✜❧tr❛t✐♦♥✿ ❡①❛♠♣❧❡ ❢r♦♠ s❡❝t✐♦♥ ✹✳✸✳✸

❲❡ ♣r❡s❡♥t ❤❡r❡ ❛♥ ❡①❛♠♣❧❡ ✇❤❡r❡ τ ✐s ❛ ♣s❡✉❞♦ st♦♣♣✐♥❣✲t✐♠❡✳

❲❡ t❛❦❡ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ t❤❡ r❛♥❞♦♠ t✐♠❡ st✉❞✐❡❞ ✐♥ ✭✹✳✻✮✳ ❲❡ r❡❝❛❧❧ ✐ts ❞❡✜♥✐t✐♦♥ ♦♥❝❡
❛❣❛✐♥ ❤❡r❡✳ ▲❡t S ❜❡ ❞❡✜♥❡❞ t❤r♦✉❣❤ dSt = σStdWt✱ ✇❤❡r❡ W ✐s ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ σ
❛ ❝♦♥st❛♥t✳ ▲❡t

τS := sup {t ≤ 1 : S1 − 2St = 0}

✇✐t❤ sup{∅} = ∞✱ t❤❛t ✐s t❤❡ ❧❛st t✐♠❡ ❜❡❢♦r❡ ✶ ❛t ✇❤✐❝❤ t❤❡ ♣r✐❝❡ ✐s ❡q✉❛❧ t♦ ❤❛❧❢ ♦❢ ✐ts
t❡r♠✐♥❛❧ ✈❛❧✉❡ ❛t t✐♠❡ ✶✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✷✳ ✭❛✮ ◆❋▲❱❘ ♣r♦♣❡rt② ❤♦❧❞s ✐♥ t❤❡ ♠♦❞❡❧ ✧❜❡❢♦r❡ τ✧ (Sτ ,Fτ )✳

✭❜✮ ◆❆ ❛♥❞ ◆❯P❇❘ ♣r♦♣❡rt✐❡s ❢❛✐❧ ✐♥ t❤❡ ♠♦❞❡❧ ✧❛❢t❡r τ✧ (S − Sτ ,Fτ )✳

Pr♦♦❢✳ ✭❛✮ ◆❋▲❱❘ ♣r♦♣❡rt② ❤♦❧❞s ✉♣ t♦ τS ❛s S r❡♠❛✐♥s ❛ Fτ ✲♠❛rt✐♥❣❛❧❡ ✉♣ t♦ t✐♠❡ τ ❜②
▲❡♠♠❛ ✹✳✶✹ ✭❛✮✳

✭❜✮ ❚❤❡r❡ ❛r❡ ♦❜✈✐♦✉s❧② ❝❧❛ss✐❝❛❧ ❛r❜✐tr❛❣❡s ❛❢t❡r τS ✱ s✐♥❝❡✱ ❛t t✐♠❡ τS ✱ ♦♥❡ ❦♥♦✇s t❤❡ ✈❛❧✉❡
♦❢ S1 ❛♥❞ S1 > Sτ ✳ ■♥ ❢❛❝t✱ ❢♦r t > τS ✱ ♦♥❡ ❤❛s St > Sτ ✱ ❛♥❞ t❤❡ ❛r❜✐tr❛❣❡ ♦❝❝✉rs ❛t ❛♥②
t✐♠❡ ❜❡❢♦r❡ ✶✳ ❚❤❡ ❛r❜✐tr❛❣❡ str❛t❡❣② ✐s ❣✐✈❡♥ ❜② ϕt = 11]]τS ,1]](t)✳
❚❤❡ ◆❯P❇❘ ❝♦♥❞✐t✐♦♥ ✐s ♥♦t s❛t✐s✜❡❞ ❛❢t❡r τS ✳ ■♥❞❡❡❞✱ ◆❯P❇❘ ❝♦♥❞✐t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t
t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✿ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st ❛♥ ❛r❜✐tr❛❣❡ ♦❢ t❤❡ ✜rst ❦✐♥❞✱ ✐✳❡✳✱ t❤❡
r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ξ ≥ 0 ✇✐t❤ P(ξ > 0) > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② x > 0 t❤❡r❡ ❡①✐ts ❛ str❛t❡❣②
θx ∈ Ax(Fτ ) s❛t✐s❢②✐♥❣ V (x, θx)∞ > ξ✳ ❍❡r❡ ✐t ✐s ❡♥♦✉❣❤ t♦ t❛❦❡ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡
ξ := 1

2S1 ❛s ❛♥ ❛r❜✐tr❛❣❡ ♦❢ t❤❡ ✜rst ❦✐♥❞✱ s✐♥❝❡✱ ❢♦r t > τS ❛♥❞ x > 0✱ ♦♥❡ ❤❛s✱ ❢♦r θ = 11]]τ,1]]

x+
∫ 1
τS θsdSs = x+ S1 − Sτ = x+ ξ > ξ✳

✺✳✺✳✷ ■♥ ❛ P♦✐ss♦♥ ✜❧tr❛t✐♦♥

❚❤✐s s❡❝t✐♦♥ ❞❡✈❡❧♦♣s s✐♠✐❧❛r ❡①❛♠♣❧❡s ♦❢ r❛♥❞♦♠ t✐♠❡s ❛s ✐♥ t❤❡ ❇r♦✇♥✐❛♥ ✜❧tr❛t✐♦♥ ♦❢ t❤❡
♣r❡✈✐♦✉s s❡❝t✐♦♥✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ✇♦r❦ ♦♥ ❛ P♦✐ss♦♥ ♣r♦❝❡ss N ✇✐t❤ ✐♥t❡♥s✐t② η ❛♥❞ t❤❡ ❝♦♠♣❡♥s❛t❡❞
♠❛rt✐♥❣❛❧❡ Mt = Nt − ηt✳ ❉❡♥♦t❡

θn = inf{t ≥ 0 : Nt ≥ n}, ❛♥❞ Hn
t = 11{θn≤t}, n = 1, 2.
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❚❤❡ st♦❝❦ ♣r✐❝❡ S ✐s ❞❡s❝r✐❜❡❞ ❜②

dSt = St−ψdMt, ✇❤❡r❡, ψ > −1, ❛♥❞ ψ 6= 0,

♦r ❡q✉✐✈❛❧❡♥t❧②✱ St = S0 exp(−ηψt+ ln(1 + ψ)Nt)✳ ❚❤❡♥✱

M1
t := H1

t − η(t ∧ θ1) := H1
t −A1

t ,

M2
t := H2

t − (η(t ∧ θ2)− η(t ∧ θ1))) := H2
t −A2

t

❛r❡ t✇♦ F✲♠❛rt✐♥❣❛❧❡s✳ ❘❡♠❛r❦ t❤❛t ✐❢ ψ ∈] − 1, 0[✱ ❜❡t✇❡❡♥ T1 ❛♥❞ T2✱ t❤❡ st♦❝❦ ♣r✐❝❡
✐♥❝r❡❛s❡s❀ ✐❢ ψ > 0✱ ❜❡t✇❡❡♥ T1 ❛♥❞ T2✱ t❤❡ st♦❝❦ ♣r♦❝❡ss ❞❡❝r❡❛s❡s✳ ❚❤✐s ✇♦✉❧❞ ❜❡ t❤❡
st❛rt✐♥❣ ♣♦✐♥t ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛r❜✐tr❛❣❡s✳

✺✳✺✳✷✳✶ ❈♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t✇♦ ❥✉♠♣ t✐♠❡s

❇❡❧♦✇✱ ✇❡ ♣r❡s❡♥t ❛♥ ❡①❛♠♣❧❡ ♦❢ r❛♥❞♦♠ t✐♠❡ t❤❛t ❛✈♦✐❞s st♦♣♣✐♥❣ t✐♠❡s ❛♥❞ t❤❡ ♥♦♥✲
❛r❜✐tr❛❣❡ ♣r♦♣❡rt② ❢❛✐❧s✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✸✳ ❈♦♥s✐❞❡r t❤❡ r❛♥❞♦♠ t✐♠❡

τ := k1θ1 + k2θ2

t❤❛t ❛✈♦✐❞s F st♦♣♣✐♥❣ t✐♠❡s✱ ✇❤❡r❡ k1+k2 = 1 ❛♥❞ k1, k2 > 0✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s

❤♦❧❞✳

(a) ❚❤❡ r❛♥❞♦♠ t✐♠❡ τ ✐s ♥♦t ❛♥ ❤♦♥❡st t✐♠❡✳

(b) Z̃τ = Zτ = e−ηk1(θ2−θ1) < 1, ❛♥❞ {Z̃ = 0 < Z−} = [[θ2]].

(c) ❚❤❡r❡ ✐s ❛ ❝❧❛ss✐❝❛❧ ❛r❜✐tr❛❣❡ ✧❜❡❢♦r❡ τ✧✱ ❣✐✈❡♥ ❜②

ϕt := −e−η
k2
k1

(t−θ1) (11{Nt−≥1} − 11{Nt−≥2}
) 1

ψSt−
11{t≤τ}.

(d) ❚❤❡r❡ ❡①✐st ❛r❜✐tr❛❣❡s ✧❛❢t❡r τ✧✿ ✐❢ ψ ∈ (−1, 0)✱ ❜✉② ❛t τ ❛♥❞ s❡❧❧ ❜❡❢♦r❡ θ2❀ ✐❢ ψ > 0✱

s❤♦rt s❡❧❧ ❛t τ ❛♥❞ ❜✉② ❜❛❝❦ ❜❡❢♦r❡ θ2.

Pr♦♦❢✳ ❋✐rst✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ Z✿

P(τ > t|Ft) = 11{θ1>t} + 11{θ1≤t}11{θ2>t}P(k1θ1 + k2θ2 > t|Ft).

❖♥ t❤❡ s❡t E = {θ1 ≤ t} ∩ {θ2 > t}✱ t❤❡ q✉❛♥t✐t② P(k1θ1 + k2θ2 > t|Ft) ✐s Fθ1✲♠❡❛s✉r❛❜❧❡✳
■t ❢♦❧❧♦✇s t❤❛t✱ ♦♥ E✱

P(k1θ1 + k2θ2 > t|Ft) =
P(k1θ1 + k2θ2 > t, θ2 > t|Fθ1)

P(θ2 > t|Fθ1)
= e

−η k1
k2

(t−θ1),

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♣r♦♣❡rt② ♦❢ θ1 ❛♥❞ θ2 − θ1✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❞❡❞✉❝❡ t❤❛t✱

Zt := P(τ > t|Ft) = 11{θ1>t} + 11{θ1≤t}11{θ2>t}e
−η k1

k2
(t−θ1).
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❙✐♥❝❡ Zt = (1 − H1
t ) + H1

t (1 − H2
t )e

−η k1
k2

(t−θ1)✱ ✇❡ ❞❡❞✉❝❡✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t

e
−η k1

k2
(t−θ1)dH1

t = dH1
t ✱

dZt = e
−η k1

k2
(t−θ1)(−H2

t dH
1
t −H1

t dH
2
t )− η

k1
k2
H1
t (1−H2

t )e
−η k1

k2
(t−θ1)dt

= −e−η
k1
k2

(t−θ1)dH2
t − η

k1
k2
H1
t (1−H2

t )e
−η k1

k2
(t−θ1)dt

= dmt − e
−η k1

k2
(t−θ1)dA2

t − η
k1
k2
H1
t (1−H2

t )e
−η k1

k2
(t−θ1)dt,

✇❤❡r❡

dmt = −e−η
k1
k2

(t−θ1)dM2
t .

❍❡♥❝❡

mτ = 1−
∫ τ

0
e
−η k1

k2
(t−θ1)dM2

t = 1 +

∫ τ

θ1

e
−η k1

k2
(t−θ1)ηdt > 1.

◆♦✇ ✇❡ ✇✐❧❧ st❛rt ♣r♦✈✐♥❣ t❤❡ ♣r♦♣♦s✐t✐♦♥✳
✐✮ ❙✐♥❝❡ τ ❛✈♦✐❞s st♦♣♣✐♥❣ t✐♠❡s✱ Z = Z̃✳ ◆♦t❡ t❤❛t Z̃τ = Zτ = e−ηk1(θ2−θ1) < 1✳ ❍❡♥❝❡✱ τ
✐s ♥♦t ❛♥ ❤♦♥❡st t✐♠❡✳ ❚❤✉s✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ❜♦t❤ ❛ss❡rt✐♦♥s ✭❛✮ ❛♥❞ ✭❜✮ ❤♦❧❞✳

✐✐✮ ◆♦✇✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ ❛ss❡rt✐♦♥ ✭❝✮✳ ❲❡ ✇✐❧❧ ❞❡s❝r✐❜❡ ❡①♣❧✐❝✐t❧② t❤❡ ❛r❜✐tr❛❣❡ str❛t❡❣②✳ ◆♦t❡
t❤❛t {θ2 ≤ t} = {Nt ≥ 2}✳ ❲❡ ❞❡❞✉❝❡ t❤❛t

M2
t = 11{θ2≤t} −A2

t = 11{Nt≥2} −A2
t = 11{Nt−≥1}∆Nt + 11{Nt−≥2}(1−∆Nt)−A2

t .

❍❡♥❝❡✱

∆M2
t = M2

t − p(M2)t =
(
11{Nt−≥1} − 11{Nt−≥2}

)
∆Nt

=
(
11{Nt−≥1} − 11{Nt−≥2}

)
∆Mt.

❙✐♥❝❡ M2 ❛♥❞ M ❛r❡ ❜♦t❤ ♣✉r❡❧② ❞✐s❝♦♥t✐♥✉♦✉s✱ ✇❡ ❤❛✈❡ mt = 1 + (φ �M)t = 1 + (ϕ � S)t✱
✇❤❡r❡

φt = −e−η
k1
k2

(t−θ1) (11{Nt−≥1} − 11{Nt−≥2}
)
, ❛♥❞ ϕt = φt

1

ψSt−
.

✐✐✐✮ ❆r❜✐tr❛❣❡s ❛❢t❡r τ ✿ ❛t t✐♠❡ τ ✱ t❤❡ ✈❛❧✉❡ ♦❢ θ2 ✐s ❦♥♦✇♥ ❢♦r t❤❡ ♦♥❡ ✇❤♦ ❤❛s Fτ ✲✐♥❢♦r♠❛t✐♦♥✳
■❢ ψ > 0✱ t❤❡♥ t❤❡ ♣r✐❝❡ ♣r♦❝❡ss ❞❡❝r❡❛s❡s ❜❡❢♦r❡ t✐♠❡ θ2✱ ❤♦✇❡✈❡r✱ ✇❛✐t✐♥❣ ✉♣ t✐♠❡ θ2 ❞♦❡s
♥♦t ❧❡❛❞ t♦ ❛♥ ❛r❜✐tr❛❣❡ ❙❡tt✐♥❣ ∆ = θ2−τ ✭✇❤✐❝❤ ✐s ❦♥♦✇♥ ❛t t✐♠❡ τ✮✱ t❤❡r❡ ✐s ❛♥ ❛r❜✐tr❛❣❡
s❡❧❧✐♥❣ s❤♦rt S ❛t t✐♠❡ τ ❢♦r ❛ ❞❡❧✐✈❡r② ❛t t✐♠❡ τ + 1

2∆✳ ❚❤❡ str❛t❡❣② ✐s ❛❞♠✐ss✐❜❧❡✱ s✐♥❝❡
❜❡t✇❡❡♥ θ1 ❛♥❞ θ2✱ t❤❡ q✉❛♥t✐t② St ✐s ❜♦✉♥❞❡❞ ❜② S0(1 + ϕ)✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡
♣r♦♣♦s✐t✐♦♥✳

✺✳✺✳✷✳✷ ▼✐♥✐♠✉♠ ♦❢ t✇♦ s❝❛❧❡❞ ❥✉♠♣ t✐♠❡s

❲❡ ❣✐✈❡ ♥♦✇ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ ♥♦♥ ❤♦♥❡st r❛♥❞♦♠ t✐♠❡✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❛✈♦✐❞ F st♦♣♣✐♥❣
t✐♠❡ ❛♥❞ ✐♥❞✉❝❡s ❝❧❛ss✐❝❛❧ ❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t✐❡s✳
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Pr♦♣♦s✐t✐♦♥ ✺✳✶✹✳ ❈♦♥s✐❞❡r t❤❡ s❛♠❡ ♠❛r❦❡t ❛s ❜❡❢♦r❡✱ ❛♥❞ ❞❡✜♥❡

τ := θ1 ∧ aθ2

✇❤❡r❡ 0 < a < 1 ❛♥❞ β = η(1/a− 1)✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❤♦❧❞✳

(a) ❚❤❡ r❛♥❞♦♠ t✐♠❡ τ ✐s ♥♦t ❛♥ ❤♦♥❡st t✐♠❡ ♥❡✐t❤❡r ❛ ♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡ ❛♥❞ ❞♦❡s ♥♦t

❛✈♦✐❞ F✲st♦♣♣✐♥❣ t✐♠❡s✳

(b) Zτ = 11{θ1>aθ2}e
−βaθ2(βaθ2+1) < 1✱ Z̃τ = 11{θ1>aθ2}e

−βaθ2(βaθ2+1)+11{θ1≤aθ2}e
−βθ1 < 1✱

❛♥❞ {Z̃ = 0 < Z−} = ∅.
(c) ❚❤❡r❡ ❡①✐st ❛r❜✐tr❛❣❡s ✧❛❢t❡r τ✧✿ ✐❢ ψ ∈ (−1, 0)✱ ❜✉② ❛t τ ❛♥❞ s❡❧❧ ❜❡❢♦r❡ τ/a❀ ✐❢ ψ > 0✱

s❤♦rt s❡❧❧ ❛t τ ❛♥❞ ❜✉② ❜❛❝❦ ❜❡❢♦r❡ τ/a.

Pr♦♦❢✳ ❋✐rst✱ ❧❡t ✉s ❝♦♠♣✉t❡ t❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ Z✱

Zt = 11{θ1>t}P(aθ2 > t|Ft) = 11{θ1>t}
P(aθ2 > t, θ1 > t)

P(θ1 > t)

= 11{θ1>t}e
ηt E(11{θ1>t}e

−η( t
a
−θ1)+)

= 11{θ1>t}e
ηt

∫ t/a

t
e−η(

t
a
−x)ηe−ηxdx+ 11{θ1>t}e

ηt

∫ ∞

t/a
ηe−ηydy

= 11{θ1>t}e
−βt(βt+ 1),

✇❤❡r❡ β = η(1/a− 1)✳ ■♥ ♣❛rt✐❝✉❧❛r Zτ = 11{θ1>aθ2}e
−βaθ2(βaθ2 + 1) < 1✳

❚❤✉s✱ Zt− = 11{θ1≥t}e
−βt(βt+ 1)✳ ❆s

∆Aoθ1 = P(aθ2 > θ1|Fθ1) = e−βθ1

✇❡ ❤❛✈❡ t❤❛t
Z̃t = 11{θ1>t}e

−βt(βt+ 1) + 11[[θ1]](t)e
−βθ1 .

■♥ ♣❛rt✐❝✉❧❛r Z̃τ = 11{θ1>aθ2}e
−βaθ2(βaθ2 + 1) + 11{θ1≤aθ2}e

−βθ1 < 1✳

▼♦r❡♦✈❡r✱ F✲♠❛rt✐♥❣❛❧❡ m ❤❛s s✐♥❣❧❡ ❥✉♠♣ ❛t θ1✱ ✐✳❡✳✱ ∆mθ1 = −βθ1e−βθ1 ✳ ❚❤✉s m 6= 1 ❛♥❞
❜② Pr♦♣♦s✐t✐♦♥ ✶✳✺✵ ✭❝✮✱ ✐t ✐s ♥♦t ❛♥ F✲♣s❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡✳ ❚❤✐s ♣r♦✈❡s ❛ss❡rt✐♦♥s ✭❛✮ ❛♥❞
✭❜✮✳
❚❤❡ ♣r♦♦❢ ♦❢ ❛ss❡rt✐♦♥ ✭❝✮ ❢♦❧❧♦✇s t❤❡ s❛♠❡ ♣r♦♦❢ ♦❢ ❛ss❡rt✐♦♥ ✭❞✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✶✸✳ ❚❤✐s
❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳

✺✳✻ ◆❯P❇❘ ❢♦r ♣❛rt✐❝✉❧❛r ♠♦❞❡❧s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛❞❞r❡ss s♦♠❡ ✐♥t❡r❡st✐♥❣ ♣r❛❝t✐❝❛❧ ♠♦❞❡❧s✱ ❢♦r ✇❤✐❝❤ ✇❡ ♣r♦✈❡ t❤❛t t❤❡
◆❯P❇❘ ❝♦♥❞✐t✐♦♥ r❡♠❛✐♥s ✈❛❧✐❞ ✉♣ t♦ τ ✳ ❚❤❡ ♦r✐❣✐♥❛❧✐t② ♦❢ t❤✐s ♣❛rt ✕ ❛s ✇❡ ♠❡♥t✐♦♥❡❞ ✐♥
t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ✕ ❧✐❡s ✐♥ t❤❡ s✐♠♣❧✐❝✐t② ♦❢ t❤❡ ♣r♦♦❢✳ ❆ ❣❡♥❡r❛❧ ❛♥❞ ❝♦♠♣❧❡t❡ ❛♥❛❧②s✐s ❛❜♦✉t
t❤❡ ◆❯P❇❘ ❝♦♥❞✐t✐♦♥ ✐s ❛❞❞r❡ss❡❞ ✐♥ ❢✉❧❧ ❣❡♥❡r❛❧✐t② ✐♥ ❈❤❛♣t❡r ✻ ♦❢ t❤✐s t❤❡s✐s✳ ❚❤r♦✉❣❤♦✉t
t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t Z > 0✳
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✺✳✻✳✶ ❇❡❢♦r❡ τ

▲❡t m̂ ❜❡ t❤❡ Fτ ✲♠❛rt✐♥❣❛❧❡ st♦♣♣❡❞ ❛t t✐♠❡ τ ❛ss♦❝✐❛t❡❞ ✇✐t❤ m ❜② ✭✶✳✶✹✮✱ ♦♥ {t ≤ τ}

m̂t := mτ
t −

∫ t∧τ

0

d〈m,m〉Fs
Zs

.

✺✳✻✳✶✳✶ ❈❛s❡ ♦❢ ❝♦♥t✐♥✉♦✉s ✜❧tr❛t✐♦♥

❲❡ st❛rt ✇✐t❤ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❝♦♥t✐♥✉♦✉s ♠❛rt✐♥❣❛❧❡s ❛♥❞ ♣r♦✈❡ t❤❛t✱ ❢♦r ❛♥② r❛♥❞♦♠
t✐♠❡ τ ✱ ◆❯P❇❘ ❤♦❧❞s ❜❡❢♦r❡ τ ✳

❲❡ ♥♦t❡ t❤❛t t❤❡ ❝♦♥t✐♥✉✐t② ❛ss✉♠♣t✐♦♥ ✐♠♣❧✐❡s t❤❛t t❤❡ ♠❛rt✐♥❣❛❧❡ ♣❛rt ♦❢ Z ✐s ❝♦♥t✐♥✉♦✉s
❛♥❞ t❤❛t t❤❡ ♦♣t✐♦♥❛❧ ❛♥❞ ❉♦♦❜✲▼❡②❡r ❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ Z ❛r❡ t❤❡ s❛♠❡✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✺✳ ❆ss✉♠❡ t❤❛t ❛❧❧ F✲♠❛rt✐♥❣❛❧❡s ❛r❡ ❝♦♥t✐♥✉♦✉s✳ ❚❤❡♥✱ ❢♦r ❛♥② r❛♥❞♦♠

t✐♠❡ τ ✱ ◆❯P❇❘ ❤♦❧❞s ❜❡❢♦r❡ τ ✳ ❆♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r ❢♦r Sτ ✐s ❣✐✈❡♥ ❜②

dLt = −Lt
Zt
dm̂t✱ L0 = 1✳

Pr♦♦❢✳ ❲❡ ♠❛❦❡ ❛ ✉s❡ ♦❢ ❚❤❡♦r❡♠ ✶✳✺✻ ❛♥❞ ✇❡ ♣r♦✈✐❞❡ ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r ❢♦r
Sτ ✳ ❉❡✜♥❡ t❤❡ ♣♦s✐t✐✈❡ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ L ❛s dLt = −Lt

Zt
dm̂t✱ L0 = 1✳ ❚❤❡♥✱ ✐❢ SL ✐s ❛

Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✱ ◆❯P❇❘ ❤♦❧❞s✳ ❘❡❝❛❧❧ t❤❛t✱ ✉s✐♥❣ ✭✶✳✶✹✮ ❛❣❛✐♥✱

Ŝt := Sτt −
∫ t∧τ

0

d〈S,m〉Fs
Zs

✐s ❛ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❋r♦♠ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ ♦❜t❛✐♥ ✭✉s✐♥❣ t❤❛t t❤❡ ❜r❛❝❦❡t ♦❢
❝♦♥t✐♥✉♦✉s ♠❛rt✐♥❣❛❧❡s ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ✜❧tr❛t✐♦♥✮

d(LSτ )t = LtdS
τ
t + StdLt + d〈L, Sτ 〉Fτ

t

Fτ−mart
= Lt

1

Zt
d〈S,m〉Ft +

1

Zt
Ltd〈S, m̂〉Fτ

t

Fτ−mart
= Lt

1

Zt
(d〈S,m〉t − d〈S,m〉t) = 0

✇❤❡r❡ X
Fτ−mart

= Y ✐s ❛ ♥♦t❛t✐♦♥ ❢♦r X − Y ✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳

❘❡♠❛r❦ ✺✳✶✻✳ ■❢ τ ✐s ❛♥ ❤♦♥❡st t✐♠❡ ❛♥❞ Pr❡❞✐❝t❛❜❧❡ ❘❡♣r❡s❡♥t❛t✐♦♥ Pr♦♣❡rt② ❤♦❧❞s ✇✐t❤

r❡s♣❡❝t t♦ S t❤❡♥✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✺✳✺✱ ◆❆ ❝♦♥❞✐t✐♦♥ ❞♦❡s ♥♦t ❤♦❧❞✱ ❤❡♥❝❡

◆❋▲❱❘ ❝♦♥❞✐t✐♦♥ ❞♦❡s ♥♦t ❤♦❧❞ ♥❡✐t❤❡r✳ ❚❤❛t ✐♥ t✉r♥ ✐♠♣❧✐❡s t❤❛t ❛❧❧ t❤❡ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡

❞❡✢❛t♦rs ❢♦r Sτ ❛r❡ str✐❝t Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s✳

✺✳✻✳✶✳✷ ❈❛s❡ ♦❢ ❛ P♦✐ss♦♥ ✜❧tr❛t✐♦♥

❲❡ ❛ss✉♠❡ t❤❛t S ✐s ❛♥ F✲♠❛rt✐♥❣❛❧❡ ♦❢ t❤❡ ❢♦r♠ dSt = St−ψtdMt✱ ✇❤❡r❡ ψ ✐s ❛ ♣r❡❞✐❝t❛❜❧❡
♣r♦❝❡ss✱ s❛t✐s❢②✐♥❣ ψ > −1 ❛♥❞ ψ 6= 0✱ ✇❤❡r❡M ✐s t❤❡ ❝♦♠♣❡♥s❛t❡❞ ♠❛rt✐♥❣❛❧❡ ♦❢ ❛ st❛♥❞❛r❞
P♦✐ss♦♥ ♣r♦❝❡ss✳
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■♥ ❛ P♦✐ss♦♥ s❡tt✐♥❣✱ ❢r♦♠ Pr❡❞✐❝t❛❜❧❡ ❘❡♣r❡s❡♥t❛t✐♦♥ Pr♦♣❡rt②✱ dmt = jtdMt ❢♦r s♦♠❡
F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss j✱ s♦ t❤❛t✱ ♦♥ t ≤ τ ✱

dm̂t = dmt −
1

Zt−
d〈m,m〉t = dmt −

1

Zt−
λj2t dt.

Pr♦♣♦s✐t✐♦♥ ✺✳✶✼✳ ▲❡t F ❜❡ ❛ P♦✐ss♦♥ ✜❧tr❛t✐♦♥ ❛♥❞ τ ❜❡ ❛♥② r❛♥❞♦♠ t✐♠❡ s❛t✐s❢②✐♥❣∫ τ
0 11{Zt−+jt=0}dt = 0 ❛✳s✳ ❚❤❡♥✱ ◆❯P❇❘ ❤♦❧❞s ❜❡❢♦r❡ τ s✐♥❝❡

L = E
(
− 1

Z− + j
� m̂

)
= E

(
− j

Z− + j
� M̂

)
,

✐s ❛ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r ❢♦r Sτ ✳

Pr♦♦❢✳ ❲❡ ♠❛❦❡ ❛ ✉s❡ ♦❢ ❚❤❡♦r❡♠ ✶✳✺✻ ❛♥❞ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡
❞❡✢❛t♦r ♦❢ t❤❡ ❢♦r♠ dLt = Lt− κt dm̂t ✭❛♥❞ ψtκt > −1✮ s♦ t❤❛t L ✐s ♣♦s✐t✐✈❡ ❛♥❞ SτL ✐s ❛♥
Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ■♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❢♦r♠✉❧❛ ❧❡❛❞s t♦ ✭♦♥ t ≤ τ✮

d(LS)t = Lt−dSt + St−dLt + d[L, S]t

Fτ−mart
= Lt− St− ψt

1

Zt−
d〈M,m〉t + Lt− St− κtψtjtdNt

Fτ−mart
= Lt− St− ψt

1

Zt−
jtλdt+ Lt− St− κt ψt jt λ(1 +

1

Zt−
jt)dt

= Lt− St− ψt jt λ

(
1

Zt−
+ κt(1 +

1

Zt−
jt)

)
dt.

❚❤❡r❡❢♦r❡✱ ❢♦r κt = − 1
Zt−+jt

✱ ✇❤✐❝❤ ✐s ✇❡❧❧✲❞❡✜♥❡❞ t❤❛♥❦s t♦
∫ τ
0 11{Zt−+jt=0}dt = 0 ❛✳s✳✱ ♦♥❡

♦❜t❛✐♥s ❛ ❞❡✢❛t♦r✳ ◆♦t❡ t❤❛t

dLt = Lt−κtdm̂t = −Lt−
1

Zt− + jt
jtdM̂t

✐s ✐♥❞❡❡❞ ❛ ♣♦s✐t✐✈❡ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✱ s✐♥❝❡ 1
Zt−+jt

jt < 1✳

❘❡♠❛r❦ ✺✳✶✽✳ ■❢ τ ✐s ❛♥ ❤♦♥❡st t✐♠❡ ❛♥❞ Pr❡❞✐❝t❛❜❧❡ ❘❡♣r❡s❡♥t❛t✐♦♥ Pr♦♣❡rt② ❤♦❧❞s ✇✐t❤

r❡s♣❡❝t t♦ S✱ t❤❡♥ ❛❧❧ t❤❡ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦rs ❢♦r Sτ ❛r❡ str✐❝t Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s✳

✺✳✻✳✷ ❆❢t❡r τ

❲❡ ♥♦✇ ❛ss✉♠❡ t❤❛t τ ✐s ❛♥ ❤♦♥❡st t✐♠❡✱ ✇❤✐❝❤ s❛t✐s✜❡s Zτ < 1 ✭❢♦r ✐♥t❡❣r❛❜✐❧✐t② r❡❛s♦♥s✮✳
❊q✉✐✈❛❧❡♥t❧②✱ ❜② ▲❡♠♠❛ ✷✳✶✻✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t τ ✐s ❛ t❤✐♥ ❤♦♥❡st t✐♠❡✳ ◆♦t❡ ❛❧s♦ t❤❛t✱
✐♥ t❤❡ ❝❛s❡ ♦❢ ❝♦♥t✐♥✉♦✉s ✜❧tr❛t✐♦♥✱ ❛♥❞ Zτ = 1✱ ◆❯P❇❘ ❢❛✐❧s t♦ ❤♦❧❞ ❛❢t❡r τ ✭s❡❡ ❬❋❏❙✶✷❪✮✳

❆❢t❡r ✭✶✳✶✺✮✱ ❢♦r ❛♥② F✲♠❛rt✐♥❣❛❧❡ X ✭✐♥ ♣❛rt✐❝✉❧❛r ❢♦r m ❛♥❞ S✮

X̂t := Xt −
∫ t∧τ

0

d〈X,m〉Fs
Zs

+

∫ t

t∧τ

d〈X,m〉Fs
1− Zs

✐s ❛ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳
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✺✳✻✳✷✳✶ ❈❛s❡ ♦❢ ❝♦♥t✐♥✉♦✉s ✜❧tr❛t✐♦♥

❲❡ st❛rt ✇✐t❤ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❝♦♥t✐♥✉♦✉s ♠❛rt✐♥❣❛❧❡s ❛♥❞ ♣r♦✈❡ t❤❛t✱ ❢♦r ❛♥② ❤♦♥❡st
t✐♠❡ τ s✉❝❤ t❤❛t Zτ < 1✱ ◆❯P❇❘ ❤♦❧❞s ❛❢t❡r τ ✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✾✳ ❆ss✉♠❡ t❤❛t τ ✐s ❛♥ ❤♦♥❡st t✐♠❡✱ ✇❤✐❝❤ s❛t✐s✜❡s Zτ < 1 ❛♥❞ t❤❛t ❛❧❧ F✲

♠❛rt✐♥❣❛❧❡s ❛r❡ ❝♦♥t✐♥✉♦✉s✳ ❚❤❡♥✱ ❢♦r ❛♥② ❤♦♥❡st t✐♠❡ τ ✱ ◆❯P❇❘ ❤♦❧❞s ❛❢t❡r τ ✳ ❆ Fτ ✲❧♦❝❛❧

♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r ❢♦r S − Sτ ✐s ❣✐✈❡♥ ❜② dLt = − Lt
1−Zt

dm̂t.

Pr♦♦❢✳ ❲❡ ✉s❡ ❚❤❡♦r❡♠ ✶✳✺✻ ❛s ✉s✉❛❧✳ ❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ ■tô✬s ❝❛❧❝✉❧✉s✳ ▲♦♦❦✐♥❣ ❢♦r
❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r ♦❢ t❤❡ ❢♦r♠ dLt = Ltκtdm̂t✱ ❛♥❞ ✉s✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts
❢♦r♠✉❧❛✱ ✇❡ ♦❜t❛✐♥ t❤❛t✱ ❢♦r κ = −(1−Z)−1✱ t❤❡ ♣r♦❝❡ss L(S−Sτ ) ✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳

❘❡♠❛r❦ ✺✳✷✵✳ ■❢ Pr❡❞✐❝t❛❜❧❡ ❘❡♣r❡s❡♥t❛t✐♦♥ Pr♦♣❡rt② ❤♦❧❞s ✇✐t❤ r❡s♣❡❝t t♦ S t❤❡♥✱ ❛s ❛

❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✺✳✺✱ t❤❡ ◆❆ ❝♦♥❞✐t✐♦♥ ❞♦❡s ♥♦t ❤♦❧❞✱ ❤❡♥❝❡ ◆❋▲❱❘ ❝♦♥❞✐t✐♦♥ ❞♦❡s

♥♦t ❤♦❧❞ ♥❡✐t❤❡r✳ ❚❤❛t ✐♥ t✉r♥ ✐♠♣❧✐❡s t❤❛t ❛❧❧ t❤❡ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦rs ❢♦r S − Sτ

❛r❡ str✐❝t Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s✳

✺✳✻✳✷✳✷ ❈❛s❡ ♦❢ ❛ P♦✐ss♦♥ ✜❧tr❛t✐♦♥

❲❡ ❛ss✉♠❡ t❤❛t S ✐s ❛♥ F✲♠❛rt✐♥❣❛❧❡ ♦❢ t❤❡ ❢♦r♠ dSt = St−ψtdMt✱ ✇✐t❤ ψ ✐s ❛ ♣r❡❞✐❝t❛❜❧❡
♣r♦❝❡ss✱ s❛t✐s❢②✐♥❣ ψ > −1✳

❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r♠✉❧❛ ✭✶✳✶✺✮ r❡❛❞s ❛❢t❡r τ ❛s

Ŝt = (11]]τ,∞[[ · S)t + λ

∫ t

t∨τ

1

1− Zs−
jsψsSs−ds.

Pr♦♣♦s✐t✐♦♥ ✺✳✷✶✳ ▲❡t F ❜❡ ❛ P♦✐ss♦♥ ✜❧tr❛t✐♦♥ ❛♥❞ τ ❜❡ ❛♥ ❤♦♥❡st t✐♠❡ s❛t✐s❢②✐♥❣ Zτ < 1

❛♥❞
∫∞
τ 11{1−Zt−−jt=0}dt = 0 ❛✳s✳ ❚❤❡♥✱ ◆❯P❇❘ ❤♦❧❞s ❛❢t❡r τ s✐♥❝❡

L = E
(

1

1− Z− − j
� m̂

)
= E

(
j

1− Z− − j
11]τ,∞[ � M̂

)
,

✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r ❢♦r S − Sτ ✳

Pr♦♦❢✳ ❲❡ ♠❛❦❡ ❛ ✉s❡ ♦❢ ❚❤❡♦r❡♠ ✶✳✺✻ ❛♥❞ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r
♦❢ t❤❡ ❢♦r♠ dLt = Lt−κtdm̂t ✭❛♥❞ ψtκt > −1✮ s♦ t❤❛t L ✐s ♣♦s✐t✐✈❡ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❛♥❞
(S − Sτ )L ✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ■♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❢♦r♠✉❧❛ ❧❡❛❞s t♦

d(L(S − Sτ ))t = Lt−d(S − Sτ )t + (St− − Sτt−)dLt + d[L, S − Sτ ]t

Fτ−mart
= −λLt−St−jtψt

1

1− Zt−
11{t>τ}dt+ Lt−St−κtψtjt11{t>τ}dNt

Fτ−mart
= λLt−St−ψtjt11{t>τ}

(
− 1

1− Zt−
+ κt(1−

1

1− Zt−
jt)

)
dt.



✶✶✷ ❈❍❆P❚❊❘ ✺✳ ❆❘❇■❚❘❆●❊❙ ■◆ P❘❖●❘❊❙❙■❱❊ ❙❊❚❚■◆●

❚❤❡r❡❢♦r❡✱ ❢♦r κt = 1
1−Zt−−jt ✱ ✇❤✐❝❤ ✐s ✇❡❧❧✲❞❡✜♥❡❞ t❤❛♥❦s t♦

∫∞
τ 11{1−Zt−−jt=0}dt = 0 ❛✳s✳✱

♦♥❡ ♦❜t❛✐♥s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r✳ ◆♦t❡ t❤❛t

dLt = Lt−κtdm̂t = Lt−
1

1− Zt− − jt
jt11{t>τ}dM̂t

✐s ✐♥❞❡❡❞ ❛ ♣♦s✐t✐✈❡ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✱ s✐♥❝❡ 1
1−Zt−−jt jt∆Nt > −1✳

❘❡♠❛r❦ ✺✳✷✷✳ ■❢ Pr❡❞✐❝t❛❜❧❡ ❘❡♣r❡s❡♥t❛t✐♦♥ Pr♦♣❡rt② ❤♦❧❞s ✇✐t❤ r❡s♣❡❝t t♦ S t❤❡♥✱ ❛❧❧ t❤❡

Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦rs ❢♦r S − Sτ ❛r❡ str✐❝t Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s✳

✺✳✼ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❤❛✈❡ tr❡❛t❡❞ t❤❡ q✉❡st✐♦♥ ✇❤❡t❤❡r t❤❡ ♥♦✲❛r❜✐tr❛❣❡ ❝♦♥❞✐t✐♦♥s ❛r❡ st❛❜❧❡
✇✐t❤ r❡s♣❡❝t t♦ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥✳ ❲❡ ❢♦❝✉s❡❞ ♦♥ t✇♦ ❝♦♠♣♦♥❡♥ts ♦❢
◆♦ ❋r❡❡ ▲✉♥❝❤ ✇✐t❤ ❱❛♥✐s❤✐♥❣ ❘✐s❦ ❝♦♥❝❡♣t✱ ♥❛♠❡❧② ♦♥ ◆♦ ❆r❜✐tr❛❣❡ ❖♣♣♦rt✉♥✐t② ❛♥❞ ◆♦
❯♥❜♦✉♥❞❡❞ Pr♦✜t ✇✐t❤ ❇♦✉♥❞❡❞ ❘✐s❦✳ ❚❤❡ ♣r♦❜❧❡♠ ✇❛s ❞✐✈✐❞❡❞ ✐♥t♦ st❛❜✐❧✐t② ❜❡❢♦r❡ ❛♥❞
❛❢t❡r r❛♥❞♦♠ t✐♠❡ ❝♦♥t❛✐♥✐♥❣ ❡①tr❛ ✐♥❢♦r♠❛t✐♦♥✳

❚❤❡ q✉❡st✐♦♥ r❡❣❛r❞✐♥❣ ◆♦ ❆r❜✐tr❛❣❡ ❖♣♣♦rt✉♥✐t② ❝♦♥❞✐t✐♦♥ ✇❛s ❛♥s✇❡r❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢
❇r♦✇♥✐❛♥ ✜❧tr❛t✐♦♥ ❛♥❞ P♦✐ss♦♥✐❛♥ ✜❧tr❛t✐♦♥ ❢♦r s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❤♦♥❡st t✐♠❡✱ ♠♦r❡♦✈❡r ♣❛r✲
t✐❝✉❧❛r ❡①❛♠♣❧❡s ♦❢ ♥♦♥✲❤♦♥❡st t✐♠❡s ✇❡r❡ ❞❡s❝r✐❜❡❞✳ ❇♦t❤✱ ❇r♦✇♥✐❛♥ ❛♥❞ P♦✐ss♦♥✐❛♥ ✜❧✲
tr❛t✐♦♥s ♣♦ss❡ss ❛♥ ✐♠♣♦rt❛♥t✱ ❛♥❞ ❝r✉❝✐❛❧ ❢r♦♠ ♦✉r ♣r♦❜❧❡♠ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢
Pr❡❞✐❝t❛❜❧❡ ❘❡♣r❡s❡♥t❛t✐♦♥ Pr♦♣❡rt②✳ ❖♥❡ ♠❛② ❢✉rt❤❡r ✐♥✈❡st✐❣❛t❡ ❛ s✐♠✐❧❛r ♣r♦❜❧❡♠ ✇✐t❤✲
♦✉t ❛ss✉♠✐♥❣ ♠❛r❦❡t ❝♦♠♣❧❡t❡♥❡ss✳ ❖♥❡ ♠❛② ❛s ✇❡❧❧ ❝♦♥s✐❞❡r ♦t❤❡r ❡①❛♠♣❧❡s✴❝❧❛ss❡s ♦❢
♥♦♥✲❤♦♥❡st r❛♥❞♦♠ t✐♠❡s✳

❆❢t❡r✇❛r❞s✱ ✇❡ ❤❛♥❞❧❡❞ t❤❡ st❛❜✐❧✐t② ♦❢ ◆❯P❇❘ ❝♦♥❝❡♣t ✐♥ s♦♠❡ ✈❡r② ♣❛rt✐❝✉❧❛r s✐t✉❛t✐♦♥s✱
♥❛♠❡❧② ✐♥ ❝♦♥t✐♥✉♦✉s ♠❛rt✐♥❣❛❧❡ ❝❛s❡✱ st❛♥❞❛r❞ P♦✐ss♦♥ ♣r♦❝❡ss ❝❛s❡ ❛♥❞ ▲é✈② ♣r♦❝❡ss ❝❛s❡✳
❲❡ ♣r♦✈✐❞❡❞ r❡s✉❧ts ✇✐t❤ s✐♠♣❧❡ ♣r♦♦❢s ✐♥ t❤♦s❡ ♣❛rt✐❝✉❧❛r s✐t✉❛t✐♦♥s✳ ❲❡ ❡♠♣❤❛s✐③❡ ❛❣❛✐♥
t❤❛t ✐♥ ❢✉❧❧ ❣❡♥❡r❛❧✐t② t❤❡ ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞ ✐♥ ❈❤❛♣t❡r ✻ r❡✈❡❛❧✐♥❣ ❛s ✇❡❧❧ r❡s✉❧ts ✇✐t❤✐♥
♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ t❤❡♦r②✳

❈♦♠❜✐♥✐♥❣ r❡s✉❧ts ♦♥ ◆❆ ❛♥❞ ◆❯P❇❘ ❝♦♥❞✐t✐♦♥s✱ ✇❡ ❝♦♥❝❧✉❞❡❞ ✭✐♥ ❘❡♠❛r❦s ✺✳✶✻✱ ✺✳✶✽✱ ✺✳✷✵✱
✺✳✷✷✮ t❤❛t s♦♠❡ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s ❛r❡ ✐♥ ❢❛❝t Fτ ✲str✐❝t ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s✳ ❚❤❛t ♣r♦✈✐❞❡s
❛ ✇❛② t♦ ❝♦♥str✉❝t str✐❝t ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s ✐♥ ❡♥❧❛r❣❡❞ ❇r♦✇♥✐❛♥ ❛♥❞ P♦✐ss♦♥ ✜❧tr❛t✐♦♥s✳



❈❤❛♣t❡r ✻

◆♦♥✲❆r❜✐tr❛❣❡ ✉♣ t♦ ❘❛♥❞♦♠

❍♦r✐③♦♥ ❢♦r ❙❡♠✐♠❛rt✐♥❣❛❧❡ ▼♦❞❡❧s

✻✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤✐s ❝❤❛♣t❡r ✐s ❜❛s❡❞ ♦♥ ❛ ❥♦✐♥t ♣❛♣❡r ✇✐t❤ ❚❛❤✐r ❈❤♦✉❧❧✐✱ ❏✉♥ ❉❡♥❣ ❛♥❞ ▼♦♥✐q✉❡ ❏❡❛♥❜❧❛♥❝
❬❆❈❉❏✶✹❜❪✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❣❡♥❡r❛❧ s❡♠✐♠❛rt✐♥❣❛❧❡ ♠♦❞❡❧ S s❛t✐s❢②✐♥❣ t❤❡ ◆❯P❇❘ ♣r♦♣✲
❡rt② ✉♥❞❡r t❤❡ ♣✉❜❧✐❝ ✐♥❢♦r♠❛t✐♦♥ ❞❡♥♦t❡❞ ❜② F ❛♥❞ ❛♥ ❛r❜✐tr❛r② r❛♥❞♦♠ t✐♠❡ τ ❛♥❞ ✇❡
❛♥s✇❡r t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥s✿

❢♦r ✇❤✐❝❤ ♣❛✐rs (S, τ)✱ ❞♦❡s t❤❡ ◆❯P❇❘ ♣r♦♣❡rt② ❤♦❧❞ ❢♦r Sτ❄ ✭P✶✮

❢♦r ✇❤✐❝❤ τ ✱ ✐s ◆❯P❇❘ ♣r❡s❡r✈❡❞ ❢♦r ❛♥② S ❛❢t❡r st♦♣♣✐♥❣ ❛t τ❄ ✭P✷✮

❚♦ ❞❡❡♣❡♥ ♦✉r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ♣r❡❝✐s❡ ✐♥t❡r♣❧❛② ❜❡t✇❡❡♥ t❤❡ r❡❢❡r❡♥❝❡ ♠❛r❦❡t ♠♦❞❡❧
❛♥❞ t❤❡ ❡♥❧❛r❣❡❞ ♠♦❞❡❧✱ ✇❡ ❛❞❞r❡ss t❤❡s❡ t✇♦ ♣r✐♥❝✐♣❛❧ q✉❡st✐♦♥s s❡♣❛r❛t❡❧② ✐♥ t❤❡ ❝❛s❡ ♦❢
q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s ♠♦❞❡❧s✱ ❛♥❞ t❤❡♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤✐♥ ♣r♦❝❡ss❡s ✇✐t❤ ♣r❡❞✐❝t❛❜❧❡ ❥✉♠♣s✳
❆❢t❡r✇❛r❞s✱ ✇❡ ❝♦♠❜✐♥❡ t❤❡ t✇♦ ❝❛s❡s ❛♥❞ st❛t❡ t❤❡ r❡s✉❧ts ❢♦r t❤❡ ♠♦st ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦✳

❚❤✐s ❝❤❛♣t❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ♥❡①t s❡❝t✐♦♥ ✭❙❡❝t✐♦♥ ✻✳✷✮ ♣r❡s❡♥ts ♦✉r ♠❛✐♥ r❡s✉❧ts
✐♥ ❞✐✛❡r❡♥t ❝♦♥t❡①ts✱ ❛♥❞ ❞✐s❝✉ss❡s t❤❡✐r ♠❡❛♥✐♥❣ ❛♥❞✴♦r t❤❡✐r ❡❝♦♥♦♠✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥s
❛♥❞ t❤❡✐r ❝♦♥s❡q✉❡♥❝❡s ❛s ✇❡❧❧✳ ❙❡❝t✐♦♥ ✻✳✸ ❞❡✈❡❧♦♣s ♥❡✇ st♦❝❤❛st✐❝ r❡s✉❧ts✱ ✇❤✐❝❤ ❛r❡ t❤❡
❦❡② ♠❛t❤❡♠❛t✐❝❛❧ ✐❞❡❛s ❜❡❤✐♥❞ t❤❡ ❛♥s✇❡rs t♦ ✭P✶✮✲✭P✷✮✳ ❙❡❝t✐♦♥ ✻✳✹ ❣✐✈❡s ❛♥ ❡①♣❧✐❝✐t
❢♦r♠ ❢♦r t❤❡ ❞❡✢❛t♦r ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ S ✐s q✉❛s✐✲❧❡❢t ❝♦♥t✐♥✉♦✉s✳ ❙❡❝t✐♦♥ ✻✳✺ ❝♦♥t❛✐♥s
t❤❡ ♣r♦♦❢s ♦❢ t❤❡ ♠❛✐♥ t❤❡♦r❡♠s ❛♥♥♦✉♥❝❡❞✱ ✇✐t❤♦✉t ♣r♦♦❢s✱ ✐♥ ❙❡❝t✐♦♥ ✻✳✷✳ ❚❤❡ ❝❤❛♣t❡r
❝♦♥❝❧✉❞❡s ✇✐t❤ ❛♥ ❆♣♣❡♥❞✐①✱ ✇❤❡r❡ s♦♠❡ ❝❧❛ss✐❝❛❧ r❡s✉❧ts ♦♥ t❤❡ ♣r❡❞✐❝t❛❜❧❡ ❝❤❛r❛❝t❡r✐st✐❝s
♦❢ ❛ s❡♠✐♠❛rt✐♥❣❛❧❡ ❛♥❞ ♦t❤❡r r❡❧❛t❡❞ r❡s✉❧ts ❛r❡ r❡❝❛❧❧❡❞✳ ❙♦♠❡ t❡❝❤♥✐❝❛❧ ♣r♦♦❢s ❛r❡ ❛❧s♦
♣♦st♣♦♥❡❞ t♦ t❤❡ ❆♣♣❡♥❞✐①✱ ❢♦r t❤❡ ❡❛s❡ ♦❢ t❤❡ r❡❛❞❡r✳

✶✶✸
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✻✳✷ ▼❛✐♥ r❡s✉❧ts ❛♥❞ t❤❡✐r ✐♥t❡r♣r❡t❛t✐♦♥s

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ ♦✉r ♠❛✐♥ r❡s✉❧ts ❛♥❞ t❤❡✐r ✐♠♠❡❞✐❛t❡ ❝♦♥✲
s❡q✉❡♥❝❡s✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ st❛rt s♣❡❝✐❢②✐♥❣ ♦✉r ♠❛t❤❡♠❛t✐❝❛❧ s❡tt✐♥❣ ❛♥❞ t❤❡ ❡❝♦♥♦♠✐❝❛❧
❝♦♥❝❡♣ts t❤❛t ✇❡ ✇✐❧❧ ❛❞❞r❡ss✳

✻✳✷✳✶ ◆♦t❛t✐♦♥s

❲❡ ❝♦♥s✐❞❡r ❛ ❝♦♠♣❧❡t❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (Ω,G,P) ❛♥❞ t❤❡ ✜❧tr❛t✐♦♥ F = (Ft)t≥0 s❛t✐s❢②✐♥❣
t❤❡ ✉s✉❛❧ ❤②♣♦t❤❡s❡s ✭✐✳❡✳✱ r✐❣❤t ❝♦♥t✐♥✉✐t② ❛♥❞ ❝♦♠♣❧❡t❡♥❡ss✮✱ ❛♥❞ F∞ ⊆ G✳ ❋✐♥❛♥❝✐❛❧❧②
s♣❡❛❦✐♥❣✱ t❤❡ ✜❧tr❛t✐♦♥ F r❡♣r❡s❡♥ts t❤❡ ✢♦✇ ♦❢ ♣✉❜❧✐❝ ✐♥❢♦r♠❛t✐♦♥ t❤r♦✉❣❤ t✐♠❡✳ ❖♥ t❤✐s
❜❛s✐s✱ ✇❡ ❝♦♥s✐❞❡r ❛♥ ❛r❜✐tr❛r② ❜✉t ✜①❡❞ d✲❞✐♠❡♥s✐♦♥❛❧ ❝à❞❧à❣ s❡♠✐♠❛rt✐♥❣❛❧❡ S✳ ❚❤✐s r❡♣✲
r❡s❡♥ts t❤❡ ❞✐s❝♦✉♥t❡❞ ♣r✐❝❡ ♣r♦❝❡ss❡s ♦❢ d✲st♦❝❦s✱ ✇❤✐❧❡ t❤❡ r✐s❦❧❡ss ❛ss❡t✬s ♣r✐❝❡ ✐s ❛ss✉♠❡❞
t♦ ❜❡ ❝♦♥st❛♥t✳
❇❡s✐❞❡ t❤❡ r❡❢❡r❡♥❝❡ ♠♦❞❡❧ (Ω,G,F,P, S)✱ ✇❡ ❝♦♥s✐❞❡r ❛ r❛♥❞♦♠ t✐♠❡ τ ✱ ✐✳❡✳✱ ❛ ♥♦♥✲♥❡❣❛t✐✈❡
G✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ❚♦ t❤✐s r❛♥❞♦♠ t✐♠❡✱ ✇❡ ❛ss♦❝✐❛t❡ t❤❡ ♣r♦❝❡ss A ❛♥❞ t❤❡
✜❧tr❛t✐♦♥ Fτ ✇❤✐❝❤ ✐s t❤❡ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ♦❢ F ✇✐t❤ τ ✱ ❣✐✈❡♥ ❜②

A := 11[[τ,∞[[, Fτ := (Fτ
t )t≥0 , Fτ

t :=
⋂

s>t

(
Fs ∨ σ(τ ∧ s)

)
.

❆s ✐♥ ❙❡❝t✐♦♥ ✶✳✷✳✸✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ Fτ ❛♥❞A✱ ✇❡ ❛ss♦❝✐❛t❡ t♦ τ t✇♦ ✐♠♣♦rt❛♥t F✲s✉♣❡r♠❛rt✐♥❣❛❧❡s
❣✐✈❡♥ ❜②

Zt := P
(
τ > t

∣∣ Ft
)
❛♥❞ Z̃t := P

(
τ ≥ t

∣∣∣ Ft
)
. ✭✻✳✶✮

❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ Z ❧❡❛❞s t♦ ❛♥ ✐♠♣♦rt❛♥t F✲♠❛rt✐♥❣❛❧❡ m✱ ❣✐✈❡♥ ❜②

m := Z +Ao,F, ✭✻✳✷✮

✇❤❡r❡ Ao,F ✐s t❤❡ F✲❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ A ✭s❡❡ ❙❡❝t✐♦♥✶✳✶✳✺ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✳

✻✳✷✳✷ ❚❤❡ q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss❡s

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ♦✉r t✇♦ ♠❛✐♥ r❡s✉❧ts ♦♥ t❤❡ ◆❯P❇❘ ❝♦♥❞✐t✐♦♥ ✉♥❞❡r st♦♣✲
♣✐♥❣ ❛t τ ❢♦r q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss❡s ✭s❡❡ ❙❡❝t✐♦♥ ✶✳✶✳✻✮✳ ❚❤❡ ✜rst r❡s✉❧t ❝♦♥s✐sts ♦❢
❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡ ♣❛✐rs (S, τ) ♦❢ ♠❛r❦❡t ❛♥❞ r❛♥❞♦♠ t✐♠❡ ♠♦❞❡❧s✱ ❢♦r ✇❤✐❝❤ Sτ ❢✉❧✜❧❧s t❤❡
◆❯P❇❘ ❝♦♥❞✐t✐♦♥✳ ❚❤❡ s❡❝♦♥❞ r❡s✉❧t ❢♦❝✉s❡s ♦♥ ❞❡t❡r♠✐♥✐♥❣ ❛ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥✲
❞✐t✐♦♥ ♦♥ τ s✉❝❤ t❤❛t✱ ❢♦r ❛♥② s❡♠✐♠❛rt✐♥❣❛❧❡ S ❡♥❥♦②✐♥❣ ◆❯P❇❘(F)✱ t❤❡ st♦♣♣❡❞ ♣r♦❝❡ss
Sτ ❡♥❥♦②s ◆❯P❇❘(Fτ ) ✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❣✐✈❡s ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ F✲q✉❛s✐✲❧❡❢t ❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss❡s t❤❛t
s❛t✐s❢② ◆❯P❇❘(Fτ ) ❛❢t❡r st♦♣♣✐♥❣ ✇✐t❤ τ ✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ✐♥
❙✉❜s❡❝t✐♦♥ ✻✳✺✳✶✱ ✇❤✐❧❡ ✐ts st❛t❡♠❡♥t ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ F✲s❡♠✐♠❛rt✐♥❣❛❧❡ ✭✇❡ ✉s❡ t❤❡
♥♦t❛t✐♦♥ ❢r♦♠ ❙❡❝t✐♦♥ ✶✳✶✳✾✮

S(0) := x11{ψ=0<Z−} ⋆ µ, ✇❤❡r❡ ψ :=MP
µ

(
11{Z̃>0}

∣∣∣P̃ (F)
)
. ✭✻✳✸✮
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❚❤❡♦r❡♠ ✻✳✶✳ ❙✉♣♣♦s❡ t❤❛t S ✐s F✲q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s

❛r❡ ❡q✉✐✈❛❧❡♥t✳

✭❛✮ Sτ s❛t✐s✜❡s ◆❯P❇❘(Fτ )✳

✭❜✮ ❋♦r ❛♥② δ > 0✱ t❤❡ ♣r♦❝❡ss

11{Z−≥δ} �
(
S − S(0)

)
s❛t✐s✜❡s ◆❯P❇❘(F)✳

✭❝✮ ❋♦r ❛♥② n ≥ 1✱ t❤❡ ♣r♦❝❡ss (S − S(0))σn s❛t✐s✜❡s ◆❯P❇❘(F)✱ ✇❤❡r❡

σn := inf{t ≥ 0 : Zt < 1/n}.

❘❡♠❛r❦ ✻✳✷✳ ✭❛✮ ❋r♦♠ ❛ss❡rt✐♦♥ ✭❝✮ ♦♥❡ ❝❛♥ ✉♥❞❡rst❛♥❞ t❤❛t t❤❡ ◆❯P❇❘(Fτ ) ♣r♦♣❡rt② ❢♦r

Sτ ❝❛♥ ❜❡ ✈❡r✐✜❡❞ ❜② ❝❤❡❝❦✐♥❣ ✇❤❡t❤❡r S − S(0) s❛t✐s✜❡s ◆❯P❇❘(F) ✉♣ t♦ σ∞ := supn σn✳

❚❤✐s ❧❛st ❢❛❝t ♠❡❛♥s t❤❛t (S − S(0))T s❛t✐s✜❡s ◆❯P❇❘(F) ❢♦r ❛♥② F✲st♦♣♣✐♥❣ t✐♠❡ T s✉❝❤

t❤❛t [[0, T ]] ⊂ {Z− > 0}✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♠❡♥t✐♦♥ t❤❛t t❤✐s ♣r♦♣❡rt② ✭✐✳❡✳ t❤❡ ◆❯P❇❘(F)

✉♣ t♦ σ∞✮ ♠❛② ♥♦t ❜❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ◆❯P❇❘(F) ♦❢ Z− � (S−S(0))✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦

t❤❡ ◆❯P❇❘(F) ♦❢ I{Z−>0} � (S − S(0)) ❞✉❡ t♦ Pr♦♣♦s✐t✐♦♥ ✶✳✺✾✳ ❲❡ ❜❡❧✐❡✈❡ t❤❛t ❛ ❝♦✉♥t❡r✲

❡①❛♠♣❧❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ s❛♠❡ s♣✐r✐t ♦❢ ❘❡♠❛r❦ ✶✳✺✺✕✭❜✮✳

✭❜✮ ❚❤❡ ❢✉♥❝t✐♦♥❛❧s ψ ❛♥❞ fm ✭❞❡✜♥❡❞ ❛s Z− + fm :=MP
µ (Z̃

∣∣P̃(F)) s❛t✐s❢②

{ψ = 0} = {Z− + fm = 0} ⊂ {Z̃ = 0}, MP
µ − a.e. ✭✻✳✹✮

■♥❞❡❡❞✱ ❞✉❡ t♦ Z̃ ≤ 11{Z̃>0}✱ ✇❡ ❤❛✈❡

0 ≤ Z− + fm =MP
µ

(
Z̃
∣∣ P̃(F)

)
≤ ψ.

❚❤✉s✱ ✇❡ ❣❡t {ψ = 0} ⊂ {Z− + fm = 0} ⊂ {Z̃ = 0} MP
µ − a.e. ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✳ ❖♥ t❤❡

♦t❤❡r ❤❛♥❞✱ t❤❡ r❡✈❡rs❡ ✐♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s ❢r♦♠

0 =MP
µ

(
11{Z−+fm=0}11{Z̃=0}

)
=MP

µ

(
11{Z−+fm=0}ψ

)
.

✭❝✮ ❆s ❛ r❡s✉❧t ♦❢ r❡♠❛r❦ ✭❜✮ ❛❜♦✈❡ ❛♥❞ {Z̃ = 0 < Z−} ⊂ [[σ∞]]✱ ✇❡ ❞❡❞✉❝❡ t❤❛t S(0)

✐s ❛ ❝à❞❧à❣ F✲❛❞❛♣t❡❞ ♣r♦❝❡ss ✇✐t❤ ✜♥✐t❡ ✈❛r✐❛t✐♦♥ ✇✐t❤ var(S(0))∞ ≤ |∆Sσ∞ |11{σ∞<∞}.

❋✉rt❤❡r♠♦r❡✱ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

S(0) := ∆Sσ∞11{Z̃σ∞=0=ψ(σ∞,∆Sσ∞ ), Zσ∞−>0}11[[σ∞,∞[[.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ✐s ✉s❡❢✉❧ ❢♦r st✉❞②✐♥❣ t❤❡ ♣r♦❜❧❡♠ ✭P✷✮✱ ❛♥❞ ✐t ❞❡s❝r✐❜❡s ❡①❛♠♣❧❡s
♦❢ F✲q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s ♠♦❞❡❧ S t❤❛t ❢✉❧✜❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✻✳✶ ❛s ✇❡❧❧✳

❈♦r♦❧❧❛r② ✻✳✸✳ ❙✉♣♣♦s❡ t❤❛t S ✐s F✲q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s ❛♥❞ s❛t✐s✜❡s ◆❯P❇❘(F)✳ ❚❤❡♥✱

t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❤♦❧❞✳
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✭❛✮ ■❢
(
S, S(0)

)
s❛t✐s✜❡s ◆❯P❇❘(F)✱ t❤❡♥ Sτ s❛t✐s✜❡s ◆❯P❇❘(Fτ )✳

✭❜✮ ■❢ S(0) ≡ 0✱ t❤❡♥ t❤❡ ♣r♦❝❡ss Sτ s❛t✐s✜❡s ◆❯P❇❘(Fτ )✳

✭❝✮ ■❢ {∆S 6= 0} ∩ {Z̃ = 0 < Z−} = ∅✱ t❤❡♥ Sτ s❛t✐s✜❡s ◆❯P❇❘(Fτ )✳

✭❞✮ ■❢ Z̃ > 0 ✭❡q✉✐✈❛❧❡♥t❧② Z > 0 ♦r Z− > 0✮✱ t❤❡♥ Sτ s❛t✐s✜❡s ◆❯P❇❘(Fτ )✳

Pr♦♦❢✳ ✭❛✮ ❙✉♣♣♦s❡ t❤❛t
(
S, S(0)

)
s❛t✐s✜❡s ◆❯P❇❘(F)✳ ❚❤❡♥✱ S−S(0) s❛t✐s✜❡s ◆❯P❇❘(F)✱

❛♥❞ ❛ss❡rt✐♦♥ ✭❛✮ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✻✳✶✳
✭❜✮ ❙✐♥❝❡ S s❛t✐s✜❡s ◆❯P❇❘(F) ❛♥❞ S(0) ≡ 0✱ t❤❡♥

(
S, S(0)

)
≡ (S, 0) s❛t✐s✜❡s ◆❯P❇❘(F)✱

❛♥❞ ❛ss❡rt✐♦♥ ✭❜✮ ❢♦❧❧♦✇s ❢r♦♠ ❛ss❡rt✐♦♥ ✭❛✮✳
✭❝✮ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t {∆S 6= 0}∩{Z̃ = 0 < Z−} = ∅ ✐♠♣❧✐❡s t❤❛t S(0) ≡ 0 ✭❞✉❡ t♦ ✭✻✳✹✮✮✳
❚❤❡ ❢❛❝t t❤❛t Z̃ > 0 ✐s ❡q✉✐✈❛❧❡♥t t♦ Z > 0 ♦r t♦ Z− > 0 ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ t❤r❡❡
s❡ts ❤❛✈❡ t❤❡ s❛♠❡ ❞é❜✉t ✭s❡❡ t❤❡ ❢♦❧❧♦✇✐♥❣ Pr♦♣♦s✐t✐♦♥ ✻✳✶✻✮ ❍❡♥❝❡✱ ❛ss❡rt✐♦♥s ✭❝✮ ❛♥❞ ✭❞✮
❢♦❧❧♦✇ ❢r♦♠ ❛ss❡rt✐♦♥ ✭❜✮✱ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝♦r♦❧❧❛r② ✐s ❝♦♠♣❧❡t❡❞✳

❘❡♠❛r❦ ✻✳✹✳ ■t ✐s ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ t❤❛t X−Y ♠❛② s❛t✐s❢② ◆❯P❇❘(H)✱ ✇❤✐❧❡ (X,Y ) ♠❛②

♥♦t s❛t✐s❢② ◆❯P❇❘(H)✳ ❋♦r ❛ ♥♦♥ tr✐✈✐❛❧ ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r Xt = ηt ❛♥❞ Yt = Nt ✇❤❡r❡ N

✐s ❛ P♦✐ss♦♥ ♣r♦❝❡ss ✇✐t❤ ✐♥t❡♥s✐t② η✳

❲❡ ♥♦✇ ❣✐✈❡ ❛♥ ❛♥s✇❡r t♦ t❤❡ s❡❝♦♥❞ ♣r♦❜❧❡♠ ✭P✷✮ ❢♦r q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s s❡♠✐♠❛rt✐♥✲
❣❛❧❡s✳ ▲❛t❡r ♦♥ ✭✐♥ ❚❤❡♦r❡♠ ✻✳✶✺✮ ✇❡ ✇✐❧❧ ❣❡♥❡r❛❧✐③❡ t❤✐s r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✻✳✺✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳

✭❛✮ ❚❤❡ t❤✐♥ s❡t {Z̃ = 0 < Z−} ✐s ❛❝❝❡ss✐❜❧❡✳

✭❜✮ ❋♦r ❛♥② ✭❜♦✉♥❞❡❞✮ S t❤❛t ✐s F✲q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s ❛♥❞ s❛t✐s✜❡s ◆❯P❇❘(F)✱ t❤❡ ♣r♦❝❡ss

Sτ s❛t✐s✜❡s ◆❯P❇❘(Fτ )✳

Pr♦♦❢✳ ❚❤❡ ✐♠♣❧✐❝❛t✐♦♥ ✭❛✮⇒✭❜✮ ❢♦❧❧♦✇s ❢r♦♠ ❈♦r♦❧❧❛r② ✻✳✸✭❝✮✱ s✐♥❝❡ ✇❡ ❤❛✈❡

{∆S 6= 0} ∩ {Z̃ = 0 < Z−} = ∅.

❲❡ ♥♦✇ ❢♦❝✉s ♦♥ ♣r♦✈✐♥❣ t❤❡ r❡✈❡rs❡ ✐♠♣❧✐❝❛t✐♦♥✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ s✉♣♣♦s❡ t❤❛t ❛ss❡rt✐♦♥ ✭❜✮
❤♦❧❞s✱ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r ❛♥ F✲st♦♣♣✐♥❣ t✐♠❡ σ s✉❝❤ t❤❛t [[σ]] ⊂ {Z̃ = 0 < Z−}✳ ■t ✐s ❦♥♦✇♥
t❤❛t σ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ❛ t♦t❛❧❧② ✐♥❛❝❝❡ss✐❜❧❡ ♣❛rt σi ❛♥❞ ❛♥ ❛❝❝❡ss✐❜❧❡ ♣❛rt σa s✉❝❤
t❤❛t σ = σi ∧ σa ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✼✮✳ ❈♦♥s✐❞❡r t❤❡ q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s F✲♠❛rt✐♥❣❛❧❡

M = V − Ṽ ∈ M0,loc(F)

✇❤❡r❡ V := 11[[σi,∞[[ ❛♥❞ Ṽ := V p,F. ■t ✐s ❦♥♦✇♥ ❢r♦♠ ❬❉▼▼✾✷✱ ♣❛r❛❣r❛♣❤ ✶✹✱ ❈❤❛♣t❡r ❳❳❪✱
t❤❛t

{Z̃ = 0} ❛♥❞ {Z− = 0} ❛r❡ ❞✐s❥♦✐♥t ❢r♦♠ ]]0, τ ]] . ✭✻✳✺✮

❚❤❛t ✐♠♣❧✐❡s t❤❛t τ < σ ≤ σi P− a.s.✳ ❍❡♥❝❡✱ ✇❡ ❣❡t M τ = −Ṽ τ ✐s Fτ ✲♣r❡❞✐❝t❛❜❧❡✳ ❙✐♥❝❡
M τ s❛t✐s✜❡s ◆❯P❇❘(Fτ )✱ t❤❡♥ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤✐s ♣r♦❝❡ss ✐s ♥✉❧❧ ✭✐✳❡✳✱ Ṽ τ = 0✮ ❞✉❡ t♦
▲❡♠♠❛ ✶✳✻✵✳ ❚❤✉s✱ ✇❡ ♦❜t❛✐♥

0 = E
(
Ṽτ

)
= E

(∫ ∞

0
Zs−dṼs

)
= E

(
Zσi−11{σi<∞}

)
,
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♦r ❡q✉✐✈❛❧❡♥t❧② Zσi−11{σi<∞} = 0 P✲❛✳s✳ ❚❤✐s ✐s ♣♦ss✐❜❧❡ ♦♥❧② ✐❢ σi = ∞ P✲❛✳s✳ s✐♥❝❡ ♦♥
{σi < ∞} ⊂ {σ = σi < ∞}✱ ♦♥❡ ❤❛s Zσi− = Zσ− > 0✳ ❚❤✐s ♣r♦✈❡s t❤❛t σ ✐s ❛♥ ❛❝❝❡ss✐❜❧❡
st♦♣♣✐♥❣ t✐♠❡✳ ❙✐♥❝❡ {Z̃ = 0 < Z−} ✐s ❛♥ ♦♣t✐♦♥❛❧ t❤✐♥ s❡t✱ ❛ss❡rt✐♦♥ ✭❛✮ ✐♠♠❡❞✐❛t❡❧②
❢♦❧❧♦✇s✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳

✻✳✷✳✸ ❚❤✐♥ ♣r♦❝❡ss❡s ✇✐t❤ ♣r❡❞✐❝t❛❜❧❡ ❥✉♠♣ t✐♠❡s

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ♦✉t❧✐♥❡ t❤❡ ♠❛✐♥ r❡s✉❧ts ♦♥ t❤❡ ◆❯P❇❘ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ st♦♣♣❡❞
❛❝❝❡ss✐❜❧❡ ♣❛rts ♦❢ F✲s❡♠✐♠❛rt✐♥❣❛❧❡s ✇✐t❤ ❛ r❛♥❞♦♠ t✐♠❡✳ ❚❤✐s ❜♦✐❧s ❞♦✇♥ t♦ ❝♦♥s✐❞❡r t❤✐♥
s❡♠✐♠❛rt✐♥❣❛❧❡s ✇✐t❤ ♣r❡❞✐❝t❛❜❧❡ ❥✉♠♣ t✐♠❡s ♦♥❧②✳ ❲❡ st❛rt ❜② ❛❞❞r❡ss✐♥❣ q✉❡st✐♦♥ ✭P✶✮
✐♥ t❤❡ ❝❛s❡ ♦❢ s✐♥❣❧❡ ❥✉♠♣ ♣r♦❝❡ss ✇✐t❤ ♣r❡❞✐❝t❛❜❧❡ ❥✉♠♣ t✐♠❡✳ ✭❙❡❡ ❙❡❝t✐♦♥ ✶✳✶✳✸ ❢♦r t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ ❛ t❤✐♥ ♣r♦❝❡ss✳✮

❚❤❡♦r❡♠ ✻✳✻✳ ❈♦♥s✐❞❡r ❛♥ F✲♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡ T ❛♥❞ ❛♥ FT ✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠

✈❛r✐❛❜❧❡ ξ s✉❝❤ t❤❛t E(|ξ|
∣∣ FT−) < ∞ P✲❛✳s✳ ❛♥❞ ❞❡✜♥❡ S := ξ11{ZT−>0}11[[T,∞[[✳ ❚❤❡♥ t❤❡

❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳

✭❛✮ Sτ s❛t✐s✜❡s ◆❯P❇❘(Fτ )✳

✭❜✮ ❚❤❡ ♣r♦❝❡ss S̃ := ξ11{Z̃T>0}11[[T,∞[[ = 11{Z̃>0} � S s❛t✐s✜❡s ◆❯P❇❘(F)✳

✭❝✮ ❚❤❡r❡ ❡①✐sts ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ (Ω,FT )✱ ❞❡♥♦t❡❞ ❜② QT ✱ s✉❝❤ t❤❛t QT ✐s ❛❜s♦❧✉t❡❧②

❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ P✱ ❛♥❞ S s❛t✐s✜❡s ◆❯P❇❘(F,QT )✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠ ✐s ❧♦♥❣ ❛♥❞ r❡q✉✐r❡s ✐♥t❡r♠❡❞✐❛r② r❡s✉❧ts t❤❛t ❛r❡ ✐♥t❡r❡st✐♥❣ ✐♥
t❤❡♠s❡❧✈❡s✳ ❚❤✉s✱ t❤✐s ♣r♦♦❢ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❧❛t❡r ✐♥ ❙❡❝t✐♦♥ ✻✳✺✳

❘❡♠❛r❦ ✻✳✼✳ ✭❛✮ ❚❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✻✳✻ ❣♦❡s ❜❡②♦♥❞ ✐ts ✈✐t❛❧ r♦❧❡✱ ❛s ❛ ❜✉✐❧❞✐♥❣

❜❧♦❝❦ ❢♦r t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ r❡s✉❧t✳ ❚❤✐s t❤❡♦r❡♠ ♣r♦✈✐❞❡s t✇♦ ❞✐✛❡r❡♥t ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ❢♦r

◆❯P❇❘(Fτ ) ♦❢ Sτ ✳ ❚❤❡ ✜rst ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✐s ✐♥ t❡r♠s ♦❢ ◆❯P❇❘(F) ♦❢ S ✉♥❞❡r ❛❜s♦❧✉t❡❧②

❝♦♥t✐♥✉♦✉s ❝❤❛♥❣❡ ♦❢ ♠❡❛s✉r❡✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✉s❡s ❛ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢

S ✇✐t❤♦✉t ❛♥② ❝❤❛♥❣❡ ♦❢ ♠❡❛s✉r❡✳ ❋✉rt❤❡r♠♦r❡✱ ❚❤❡♦r❡♠ ✻✳✻ ❝❛♥ ❜❡ ❡❛s✐❧② ❡①t❡♥❞❡❞ t♦

t❤❡ ❝❛s❡ ♦❢ ❝♦✉♥t❛❜❧② ♠❛♥② ♦r❞❡r❡❞ ♣r❡❞✐❝t❛❜❧❡ ❥✉♠♣ t✐♠❡s T0 = 0 ≤ T1 ≤ T2 ≤ ... ✇✐t❤

supn Tn = ∞ P✲❛✳s✳

✭❜✮ ■♥ ❚❤❡♦r❡♠ ✻✳✻✱ t❤❡ ❝❤♦✐❝❡ ♦❢ S ❤❛✈✐♥❣ t❤❡ ❢♦r♠ S := ξ11{ZT−>0}11[[T,∞[[ ✐s ♥♦t r❡str✐❝t✐✈❡✳

❚❤✐s ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ❛♥② s✐♥❣❧❡ ❥✉♠♣ ♣r♦❝❡ss S ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞

❛s ❢♦❧❧♦✇s

S := ξ11[[T,∞[[ = ξ11{ZT−>0}11[[T,∞[[ + ξ11{ZT−=0}11[[T,∞[[ =: S + Ŝ.

❚❤❛♥❦s t♦ {T ≤ τ} ⊂ {ZT− > 0}✱ ✇❡ ❤❛✈❡ Ŝτ = ξ11{ZT−=0}11{T≤τ}11[[T,∞[[ ≡ 0 ✐s ✭♦❜✲

✈✐♦✉s❧②✮ ❛♥ Fτ ✲♠❛rt✐♥❣❛❧❡✳ ❚❤✉s✱ t❤❡ ♦♥❧② ♣❛rt ♦❢ S t❤❛t r❡q✉✐r❡s ❝❛r❡❢✉❧ ❛tt❡♥t✐♦♥ ✐s

S := ξ11{ZT−>0}11[[T,∞[[✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛ ❝♦♠♣❧❡t❡ ❛♥s✇❡r t♦ ✭P✷✮ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♣r❡❞✐❝t❛❜❧❡ s✐♥❣❧❡ ❥✉♠♣
♣r♦❝❡ss❡s✳
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Pr♦♣♦s✐t✐♦♥ ✻✳✽✳ ▲❡t T ❜❡ ❛♥ F✲♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s

❛r❡ ❡q✉✐✈❛❧❡♥t✳

✭❛✮ ❖♥ {T <∞}✱ ✇❡ ❤❛✈❡

{Z̃T = 0} ⊂ {ZT− = 0}. ✭✻✳✻✮

✭❜✮ ❋♦r ❛♥② F✲♠❛rt✐♥❣❛❧❡ M := ξ11[[T,∞[[ ✇❤❡r❡ ξ ∈ L∞(FT ) s✉❝❤ t❤❛t E(ξ|FT−) = 0✱ M τ

s❛t✐s✜❡s ◆❯P❇❘(Fτ )✳

Pr♦♦❢✳ ❲❡ st❛rt ❜② ♣r♦✈✐♥❣ (a) ⇒ (b)✳ ❙✉♣♣♦s❡ t❤❛t ✭✻✳✻✮ ❤♦❧❞s❀ ❞✉❡ t♦ ❘❡♠❛r❦ ✻✳✼✭❜✮✱ ✇❡
❝❛♥ r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ ❝❛s❡ M := ξ11{ZT−>0}11[[T,∞[[ ✇❤❡r❡ ξ ∈ L∞(FT ) s✉❝❤ t❤❛t

E(ξ|FT−) = 0✳ ❙✐♥❝❡ ❛ss❡rt✐♦♥ ✭❛✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ [[T ]]∩ {Z̃ = 0 < Z−} = ∅✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

M̃ := ξ11{Z̃T>0}11{ZT−>0}11[[T,∞[[ =M ✐s ❛♥ F✲♠❛rt✐♥❣❛❧❡.

❚❤❡r❡❢♦r❡✱ ❛ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✻✳✻ ✭t♦M✮ ❛❧❧♦✇s ✉s t♦ ❝♦♥❝❧✉❞❡ t❤❛tM τ s❛t✐s✜❡s
t❤❡ ◆❯P❇❘(Fτ )✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ ✭❛✮⇒ ✭❜✮✳ ❚♦ ♣r♦✈❡ t❤❡ r❡✈❡rs❡ ✐♠♣❧✐❝❛t✐♦♥✱ ✇❡
s✉♣♣♦s❡ t❤❛t ❛ss❡rt✐♦♥ ✭❜✮ ❤♦❧❞s ❛♥❞ ❝♦♥s✐❞❡r

M := ξ11[[T,∞[[, ✇❤❡r❡ ξ := 11{Z̃T=0} − P(Z̃T = 0|FT−).

❋r♦♠ ✭✻✳✺✮✱ ✇❡ ♦❜t❛✐♥ {T ≤ τ} ⊂ {Z̃T > 0} ⊂ {ZT− > 0} ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t

M τ = −P(Z̃T = 0|FT−)11{T≤τ}11[[T,∞[[ ✐s ❞❡❝r❡❛s✐♥❣ ♣r♦❝❡ss.

❚❤❡r❡❢♦r❡✱ M τ s❛t✐s✜❡s ◆❯P❇❘(Fτ ) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❛ ❝♦♥st❛♥t ♣r♦❝❡ss ❡q✉❛❧ t♦ M0 = 0✳
❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦

0 = E
(
P(Z̃T = 0|FT−)11{T≤τ}11{T<∞}

)
= E

(
ZT−11{Z̃T=0, T<∞}

)
.

❚❤❡ ❧❛st ❡q✉❛❧✐t② ✐s ❡q✉✐✈❛❧❡♥t t♦ ✭✻✳✻✮✱ ❛♥❞ ❛ss❡rt✐♦♥ ✭❛✮ ❢♦❧❧♦✇s✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡
t❤❡♦r❡♠✳

❲❡ ♥♦✇ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❡rs✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✻✳✻✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s✱ ❛s ❛❧r❡❛❞② s❛✐❞✱ ❛♥
❛♥s✇❡r t♦ ✭P✶✮ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡r❡ ❛r❡ ❝♦✉♥t❛❜❧❡ ♠❛♥② ❛r❜✐tr❛r② ♣r❡❞✐❝t❛❜❧❡ ❥✉♠♣s✳
❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ✐♥ ❙✉❜s❡❝t✐♦♥ ✻✳✺✳✸✳

❚❤❡♦r❡♠ ✻✳✾✳ ▲❡t S ❜❡ ❛ t❤✐♥ ♣r♦❝❡ss ✇✐t❤ ♣r❡❞✐❝t❛❜❧❡ ❥✉♠♣ t✐♠❡s ♦♥❧② ❛♥❞ s❛t✐s❢②✐♥❣

◆❯P❇❘(F)✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳

✭❛✮ ❚❤❡ ♣r♦❝❡ss Sτ s❛t✐s✜❡s ◆❯P❇❘(Fτ )✳

✭❜✮ ❋♦r ❛♥② δ > 0✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✱ Y ✱ s✉❝❤ t❤❛t p,F (Y |∆S|) <∞
❛♥❞

p,F
(
Y∆S11{Z̃>0, Z−≥δ}

)
= 0.

❘❡♠❛r❦ ✻✳✶✵✳ ✭❛✮ ❙✉♣♣♦s❡ t❤❛t S ✐s ❛ t❤✐♥ ♣r♦❝❡ss ✇✐t❤ ♣r❡❞✐❝t❛❜❧❡ ❥✉♠♣s ♦♥❧②✱ s❛t✐s❢②✐♥❣

◆❯P❇❘(F)✱ ❛♥❞ t❤❛t {Z̃ = 0 < Z−}∩{∆S 6= 0} = ∅ ❤♦❧❞s✳ ❚❤❡♥✱ ❙τ s❛t✐s✜❡s ◆❯P❇❘(Fτ )✳
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❚❤✐s ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✻✳✾ ❜② ✉s✐♥❣ Y ∈ L(S,F) ❛♥❞ ▲❡♠♠❛ ✶✳✺✼✳

✭❜✮ ❙✐♠✐❧❛r❧② t♦ Pr♦♣♦s✐t✐♦♥ ✻✳✺✱ ✇❡ ❝❛♥ ❡❛s✐❧② ♣r♦✈❡ t❤❛t t❤❡ t❤✐♥ s❡t {Z̃ = 0 < Z−} ✐s

t♦t❛❧❧② ✐♥❛❝❝❡ss✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Xτ s❛t✐s✜❡s ◆❯P❇❘(Fτ ) ❢♦r ❛♥② t❤✐♥ ♣r♦❝❡ss X ✇✐t❤

♣r❡❞✐❝t❛❜❧❡ ❥✉♠♣s ♦♥❧② s❛t✐s❢②✐♥❣ ◆❯P❇❘(F)✳

✻✳✷✳✹ ❚❤❡ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦

▲❡t H ∈ {F,Fτ}✳ ❚❤r♦✉❣❤♦✉t t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r✱ t♦ ❛♥② H✲s❡♠✐♠❛rt✐♥❣❛❧❡✱
X✱ ✇❡ ❛ss♦❝✐❛t❡ ❛ s❡q✉❡♥❝❡ ♦❢ H✲♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡s (TXn )n≥1 t❤❛t ❡①❤❛✉st t❤❡ ❛❝✲
❝❡ss✐❜❧❡ ❥✉♠♣ t✐♠❡s ♦❢ X✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡❝♦♠♣♦s❡ X ❛s ❢♦❧❧♦✇s✳

X = X(qc) +X(a), X(a) := 11ΓX
�X, X(qc) := X −X(a), ΓX :=

∞⋃

n=1

[[TXn ]]. ✭✻✳✼✮

❚❤❡ ♣r♦❝❡ss X(a) ✭t❤❡ ❛❝❝❡ss✐❜❧❡ ♣❛rt ♦❢ X✮ ✐s ❛ t❤✐♥ ♣r♦❝❡ss ✇✐t❤ ♣r❡❞✐❝t❛❜❧❡ ❥✉♠♣s ♦♥❧②✱
✇❤✐❧❡ X(qc) ✐s ❛♥ H✲q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss ✭t❤❡ q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s ♣❛rt ♦❢ X✮✳

▲❡♠♠❛ ✻✳✶✶✳ ▲❡t X ❜❡ ❛♥ H✲s❡♠✐♠❛rt✐♥❣❛❧❡✳ ❚❤❡♥ X s❛t✐s✜❡s ◆❯P❇❘(H) ✐❢ ❛♥❞ ♦♥❧② ✐❢

X(a) ❛♥❞ X(qc) s❛t✐s❢② ◆❯P❇❘(H)✳

Pr♦♦❢✳ ❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✶✳✺✻✱ X s❛t✐s✜❡s ◆❯P❇❘(H) ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐st ❛♥ H✲
♣r❡❞✐❝t❛❜❧❡ r❡❛❧✲✈❛❧✉❡❞ ♣r♦❝❡ss φ > 0 ❛♥❞ ❛ ♣♦s✐t✐✈❡ H✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ Y s✉❝❤ t❤❛t Y (φ �X)
✐s ❛♥ H✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❚❤❡♥✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t Y (φ11ΓX

�X) ❛♥❞ Y (φ11ΓX
c
�X) ❛r❡ ❜♦t❤

H✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s✳ ❚❤✐s ♣r♦✈❡s t❤❛t X(a) ❛♥❞ X(qc) ❜♦t❤ s❛t✐s❢② ◆❯P◆❘(H)✳
❈♦♥✈❡rs❡❧②✱ ✐❢ X(a) ❛♥❞ X(qc) s❛t✐s❢② ◆❯P◆❘(H)✱ t❤❡♥ t❤❡r❡ ❡①✐st t✇♦ H✲♣r❡❞✐❝t❛❜❧❡ r❡❛❧✲
✈❛❧✉❡❞ ♣r♦❝❡ss❡s φ1, φ2 > 0 ❛♥❞ t✇♦ ♣♦s✐t✐✈❡ H✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s Y1 = E(L1), Y2 = E(L2)
s✉❝❤ t❤❛t Y1(φ1 � (11ΓX

� S)) ❛♥❞ Y2(φ2 � (11ΓX
c
�X)) ❛r❡ ❜♦t❤ H✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s✳ ❘❡♠❛r❦

t❤❛t t❤❡r❡ ✐s ♥♦ ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✐♥ ❛ss✉♠✐♥❣ L1 = 11ΓX
� L1 ❛♥❞ L2 = 11ΓX

c
� L2✳ ❙❡tt✐♥❣

L3 := 11ΓX
� L1 + 11ΓX

c
� L2 ❛♥❞ φ3 := φ111ΓX

+ φ211ΓX
c ,

♦♥❡ ♦❜t❛✐♥s t❤❛t E(L3) > 0✱ ❛♥❞ t❤❡ ♣r♦❝❡ss❡s E(L3) ❛♥❞ E(L3)(φ3 � S) ❛r❡ H✲❧♦❝❛❧ ♠❛rt✐♥✲
❣❛❧❡s✱ φ3 ✐s H✲♣r❡❞✐❝t❛❜❧❡ ❛♥❞ 0 < φ3 ≤ 1✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✳

❇❡❧♦✇✱ ✇❡ ❛♥s✇❡r t♦ q✉❡st✐♦♥ ✭P✶✮ ✐♥ t❤✐s ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦✱ ✇❤✐❝❤✱ ✉s✐♥❣ ▲❡♠♠❛ ✻✳✶✶ ✇✐❧❧
❜❡ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠s ✻✳✶ ❛♥❞ ✻✳✻✳

❚❤❡♦r❡♠ ✻✳✶✷✳ ❙✉♣♣♦s❡ t❤❛t S s❛t✐s✜❡s ◆❯P❇❘(F)✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡

❡q✉✐✈❛❧❡♥t✳

✭❛✮ ❚❤❡ ♣r♦❝❡ss Sτ s❛t✐s✜❡s ◆❯P❇❘(Fτ )✳

✭❜✮ ❋♦r ❛♥② δ > 0✱ t❤❡ ♣r♦❝❡ss

11{Z−≥δ} � (S
(qc) − S(qc,0)) := 11{Z−≥δ} � (S

(qc) − 11Γc � S(0))
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s❛t✐s✜❡s ◆❯P❇❘(F)✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✱ Y ✱ s✉❝❤ t❤❛t
p,F (Y |∆S|) <∞ ❛♥❞

p,F
(
Y∆S11{Z̃>0, Z−≥δ}

)
= 0.

Pr♦♦❢✳ ❉✉❡ t♦ ▲❡♠♠❛ ✻✳✶✶✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t Sτ s❛t✐s✜❡s ◆❯P❇❘(Fτ ) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❜♦t❤
(S(qc))τ ❛♥❞ (S(a))τ s❛t✐s❢② ◆❯P❇❘(Fτ )✳ ❚❤✉s✱ ✉s✐♥❣ ❜♦t❤ ❚❤❡♦r❡♠s ✻✳✶ ❛♥❞ ✻✳✾✱ ✇❡ ❞❡❞✉❝❡
t❤❛t t❤✐s ❧❛st ❢❛❝t ✐s tr✉❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r ❛♥② δ > 0✱ t❤❡ ♣r♦❝❡ss 11{Z−≥δ} � (S

(qc)−11Γc �S(0))
s❛t✐s✜❡s ◆❯P❇❘(F) ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ Y s✉❝❤ t❤❛t

p,F (Y |∆S|) = p,F
(
Y |∆S(a)|

)
<∞ ❛♥❞

p,F
(
Y∆S11{Z̃>0, Z−≥δ}

)
= p,F

(
Y∆S(a)11{Z̃>0, Z−≥δ}

)
= 0.

❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠✳

❈♦r♦❧❧❛r② ✻✳✶✸✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❤♦❧❞✳

✭❛✮ ■❢ ❡✐t❤❡r m ✐s ❝♦♥t✐♥✉♦✉s ♦r Z ✐s ♣♦s✐t✐✈❡ ✭❡q✉✐✈❛❧❡♥t❧② Z̃ > 0 ♦r Z− > 0✮✱ Sτ s❛t✐s✜❡s

◆❯P❇❘(Fτ ) ✇❤❡♥❡✈❡r S s❛t✐s✜❡s ◆❯P❇❘(F)✳

✭❜✮ ■❢ S s❛t✐s✜❡s ◆❯P❇❘(F) ❛♥❞ {∆S 6= 0} ∩ {Z̃ = 0 < Z−} = ∅✱ t❤❡♥ Sτ s❛t✐s✜❡s

◆❯P❇❘(Fτ )✳

✭❝✮ ■❢ S ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ s❛t✐s✜❡s ◆❯P❇❘(F)✱ t❤❡♥ ❢♦r ❛♥② r❛♥❞♦♠ t✐♠❡ τ ✱ Sτ s❛t✐s✜❡s

◆❯P❇❘(Fτ )✳

Pr♦♦❢✳ ✶✮ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❛ss❡rt✐♦♥ ✭❛✮ ♦❢ t❤❡ ❝♦r♦❧❧❛r② ❢♦❧❧♦✇s ❡❛s✐❧② ❢r♦♠ ❚❤❡♦r❡♠ ✻✳✶✷✳
■♥❞❡❡❞✱ ✐♥ t❤❡ t✇♦ ❝❛s❡s✱ ♦♥❡ ❤❛s {Z̃ = 0 < Z−} = ∅ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t {Z̃ = 0, Z− ≥ δ} = ∅
❛♥❞ S(qc,0) ≡ 0 ✭❞✉❡ t♦ ✭✻✳✹✮✮✳ ❚❤❡♥✱ ❞✉❡ t♦ ▲❡♠♠❛ ✶✳✺✼✱ ✐t s✉✣❝❡s t♦ t❛❦❡ Y ∈ L(F, S) ✕
s✐♥❝❡ t❤✐s s❡t ✐s ♥♦♥✲❡♠♣t② ✕ ❛♥❞ t♦ ❛♣♣❧② ❚❤❡♦r❡♠ ✻✳✶✷✳
✷✮ ■t ✐s ♦❜✈✐♦✉s t❤❛t ❛ss❡rt✐♦♥ ✭❝✮ ❢♦❧❧♦✇s ❢r♦♠ ❛ss❡rt✐♦♥ ✭❜✮✳ ❚♦ ♣r♦✈❡ t❤✐s ❧❛tt❡r✱ ✐t ✐s ❡♥♦✉❣❤
t♦ r❡♠❛r❦ t❤❛t {∆S 6= 0} ∩ {Z̃ = 0, Z− ≥ δ} = ∅ ✐♠♣❧✐❡s t❤❛t

11{Z−≥δ} � S
(qc,0) ≡ 0 ❛♥❞ ∆S11{Z̃>0,Z−≥δ} = ∆S11{Z−≥δ}.

❚❤✉s✱ ❛❣❛✐♥✱ ✐t ✐s ❡♥♦✉❣❤ t♦ t❛❦❡ Y ∈ L(F, S) ❛♥❞ t♦ ❛♣♣❧② ❚❤❡♦r❡♠ ✻✳✶✷✳ ❚❤✐s ❡♥❞s t❤❡
♣r♦♦❢ ♦❢ t❤❡ ❝♦r♦❧❧❛r②✳

❘❡♠❛r❦ ✻✳✶✹✳ ❆♥② ♦❢ t❤❡ t✇♦ ❛ss❡rt✐♦♥s ✭❛✮ ♦r ✭❝✮ ♦❢ t❤❡ ❛❜♦✈❡ ❝♦r♦❧❧❛r② ❣❡♥❡r❛❧✐③❡s t❤❡

♠❛✐♥ r❡s✉❧t ♦❢ ❬❋❏❙✶✷❪✱ ♦❜t❛✐♥❡❞ ✉♥❞❡r s♦♠❡ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ r❛♥❞♦♠ t✐♠❡ τ ❛♥❞ t❤❡

♠❛r❦❡t ♠♦❞❡❧ ❛s ✇❡❧❧✳

❇❡❧♦✇✱ ✇❡ ♣r♦✈✐❞❡ ❛ ❣❡♥❡r❛❧ ❛♥s✇❡r t♦ q✉❡st✐♦♥ ✭P✷✮✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠s ✻✳✶✱
✻✳✺ ❛♥❞ ✻✳✾✳

❚❤❡♦r❡♠ ✻✳✶✺✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳

✭❛✮ ❚❤❡ t❤✐♥ s❡t {Z̃ = 0 < Z−} ✐s ❡✈❛♥❡s❝❡♥t✳

✭❜✮ ❋♦r ❛♥② ✭❜♦✉♥❞❡❞✮ X s❛t✐s❢②✐♥❣ ◆❯P❇❘(F)✱ Xτ s❛t✐s✜❡s ◆❯P❇❘(Fτ )✳
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Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❛t ❛ss❡rt✐♦♥ ✭❛✮ ❤♦❧❞s✱ ❛♥❞ ❝♦♥s✐❞❡r ❛ ♣r♦❝❡ss X s❛t✐s❢②✐♥❣ ◆❯P❇❘(F)✳
❚❤❡♥✱ X(qc,0) := 11Γc

X
� X(0) ≡ 0✱ ✇❤❡r❡ X(0) ✐s ❞❡✜♥❡❞ ❛s ✐♥ ✭✻✳✸✮✳ ❍❡♥❝❡

11{Z−≥δ} �
(
X(qc) − 11Γc

X
�X(0)

)
= 11{Z−≥δ} � X

(qc) s❛t✐s✜❡s ◆❯P❇❘(F) ❢♦r ❛♥② δ > 0✱ ❛♥❞

t❤❡ ◆❯P❇❘(Fτ ) ♣r♦♣❡rt② ❢♦r (X(qc))τ ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✻✳✶ ♦♥ t❤❡ ♦♥❡
❤❛♥❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t X(a) ❢✉❧✜❧❧s ❛ss❡rt✐♦♥ ✭❜✮ ♦❢ ❚❤❡♦r❡♠ ✻✳✾
✇✐t❤ Y ∈ L(F, X) ❞✉❡ t♦ ▲❡♠♠❛ ✶✳✺✼✳ ❚❤✉s✱ t❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✻✳✾ ✭❛♣♣❧✐❡❞ t♦ t❤❡ t❤✐♥
♣r♦❝❡ss X(a) s❛t✐s❢②✐♥❣ ◆❯P❇❘(F)✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t (X(a))τ s❛t✐s✜❡s ◆❯P❇❘(Fτ )✳ ❚❤✉s✱
❞✉❡ t♦ ▲❡♠♠❛ ✻✳✶✶✱ t❤❡ ♣r♦♦❢ ♦❢ ✭❛✮⇒✭❜✮ ✐s ❝♦♠♣❧❡t❡❞✳
❲❡ ♥♦✇ s✉♣♣♦s❡ t❤❛t ❛ss❡rt✐♦♥ ✭❜✮ ❤♦❧❞s✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✻✳✺✱ ✇❡
❞❡❞✉❝❡ t❤❛t {Z̃ = 0 < Z−} ✐s ❛❝❝❡ss✐❜❧❡ ❛♥❞ ❝❛♥ ❜❡ ❝♦✈❡r❡❞ ✇✐t❤ t❤❡ ❣r❛♣❤s ♦❢ F✲♣r❡❞✐❝t❛❜❧❡
st♦♣♣✐♥❣ t✐♠❡s (Tn)n≥1✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✽ t♦
❛❧❧ s✐♥❣❧❡ ♣r❡❞✐❝t❛❜❧❡ ❥✉♠♣ F✲♠❛rt✐♥❣❛❧❡s✱ ✇❡ ♦❜t❛✐♥ {Z̃ = 0 < Z−} ∩ [[T ]] = ∅ ❢♦r ❛♥②
F✲♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡ T ✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❣❡t

{Z̃ = 0 < Z−} =

∞⋃

n=1

(
{Z̃ = 0 < Z−} ∩ [[Tn]]

)
= ∅.

❚❤✐s ♣r♦✈❡s ❛ss❡rt✐♦♥ ✭❛✮✱ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠ ✐s ❝♦♠♣❧❡t❡❞✳

✻✳✸ ❙t♦❝❤❛st✐❝s ❢r♦♠✕❛♥❞✕❢♦r ✐♥❢♦r♠❛t✐♦♥❛❧ ♥♦♥✲❛r❜✐tr❛❣❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡✈❡❧♦♣ ♥❡✇ st♦❝❤❛st✐❝ r❡s✉❧ts t❤❛t ✇✐❧❧ ♣❧❛② ❛ ❦❡② r♦❧❡ ✐♥ t❤❡ ♣r♦♦❢s ❛♥❞✴♦r
t❤❡ st❛t❡♠❡♥ts ♦❢ t❤❡ ♠❛✐♥ r❡s✉❧ts ♦✉t❧✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❚❤❡ ✜rst s✉❜s❡❝t✐♦♥
❝♦♠♣❛r❡s t❤❡ Fτ ✲❝♦♠♣❡♥s❛t♦rs ❛♥❞ t❤❡ F✲❝♦♠♣❡♥s❛t♦rs✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ s✉❜s❡❝t✐♦♥ st✉❞✐❡s
❛♥ Fτ ✲♠❛rt✐♥❣❛❧❡ t❤❛t ✐s ✈✐t❛❧ ✐♥ t❤❡ ❡①♣❧✐❝✐t ❝♦♥str✉❝t✐♦♥ ♦❢ ❞❡✢❛t♦rs✳

▲❡♠♠❛ ✻✳✶✻✳ ▲❡t Z ❛♥❞ Z̃ ❜❡ t❤❡ t✇♦ s✉♣❡r♠❛rt✐♥❣❛❧❡s ❣✐✈❡♥ ❜② ✭✻✳✶✮✳

✭❛✮ ❚❤❡ t❤r❡❡ s❡ts {Z̃ = 0}✱ {Z = 0} ❛♥❞ {Z− = 0} ❤❛✈❡ t❤❡ s❛♠❡ ❞é❜✉t ✇❤✐❝❤ ✐s ❛♥

F✲st♦♣♣✐♥❣ t✐♠❡ t❤❛t ✇❡ ❞❡♥♦t❡ ❜②

R := inf{t ≥ 0 : Zt− = 0}. ✭✻✳✽✮

◆♦t❡ t❤❛t τ ≤ R✳

✭❜✮ ❚❤❡ Fτ ✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss

Ht := (Zt−)
−1 11[[0,τ ]](t), ✭✻✳✾✮

✐s Fτ ✲❧♦❝❛❧❧② ❜♦✉♥❞❡❞✳

Pr♦♦❢✳ ❋r♦♠ ❬❉▼▼✾✷✱ ♣❛r❛❣r❛♣❤ ✶✹✱ ❈❤❛♣t❡r ❳❳❪✱ ❢♦r ❛♥② r❛♥❞♦♠ t✐♠❡ τ ✱ t❤❡ s❡ts {Z̃ = 0}
❛♥❞ {Z− = 0} ❛r❡ ❞✐s❥♦✐♥t ❢r♦♠ ]]0, τ ]] ❛♥❞ ❤❛✈❡ t❤❡ s❛♠❡ ❧♦✇❡r ❜♦✉♥❞ R✱ t❤❡ s♠❛❧❧❡st F✲
st♦♣♣✐♥❣ t✐♠❡ ❣r❡❛t❡r t❤❛♥ τ ✳ ❚❤✉s✱ ✇❡ ❛❧s♦ ❝♦♥❝❧✉❞❡ t❤❛t {Z = 0} ✐s ❞✐s❥♦✐♥t ❢r♦♠ ]]0, τ [[✳
❚❤✐s ❧❡❛❞s t♦ ❛ss❡rt✐♦♥ ✭❛✮✳ ❚❤❡ ♣r♦❝❡ss X := Z−111]]0,τ [[ ❜❡✐♥❣ ❛ ❝à❞❧à❣ Fτ ✲s✉♣❡r♠❛rt✐♥❣❛❧❡
❬❨♦r✼✽❪✱ ✐ts ❧❡❢t ❧✐♠✐t ✐s ❧♦❝❛❧❧② ❜♦✉♥❞❡❞✳ ❚❤❡♥✱ ❞✉❡ t♦

(Z−)
−111]]0,τ ]] = X−,

t❤❡ ❧♦❝❛❧ ❜♦✉♥❞❡❞♥❡ss ♦❢ H ❢♦❧❧♦✇s✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✳
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✻✳✸✳✶ ❘❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥s ✉♥❞❡r Fτ ❛♥❞ F

❚❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ▲❡♠♠❛s ✻✳✶✼ ❛♥❞ ✻✳✶✽✱ ✇❤❡r❡ ✇❡
❛❞❞r❡ss t❤❡ q✉❡st✐♦♥ ♦❢ ❤♦✇ t♦ ❝♦♠♣✉t❡ Fτ ✲❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥s ✐♥ t❡r♠ ♦❢ F✲❞✉❛❧
♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥s ❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ❡ss❡♥t✐❛❧❧② ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣
st❛♥❞❛r❞ r❡s✉❧t ♦♥ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✳✸✾✮✳

▲❡t M ❜❡ ❛♥ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❚❤❡♥✱ ❢♦r ❛♥② r❛♥❞♦♠ t✐♠❡ τ ✱ t❤❡ ♣r♦❝❡ss

M̂t := M τ
t −

∫ t∧τ

0

d〈M,m〉Fs
Zs−

✭✻✳✶✵✮

✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✱ ✇❤❡r❡ m ✐s ❞❡✜♥❡❞ ✐♥ ✭✻✳✷✮✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ ✇❡ ❡①♣r❡ss t❤❡ Fτ ✲❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ❛♥ F✲❧♦❝❛❧❧② ✐♥✲
t❡❣r❛❜❧❡ ✈❛r✐❛t✐♦♥ ♣r♦❝❡ss ✐♥ t❡r♠s ♦❢ ❛♥ F✲❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥✱ ❛♥❞ Fτ ✲♣r❡❞✐❝t❛❜❧❡
♣r♦❥❡❝t✐♦♥ ✐♥ t❡r♠s ♦❢ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥✳

▲❡♠♠❛ ✻✳✶✼✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❤♦❧❞✳

✭❛✮ ❋♦r ❛♥② F✲❛❞❛♣t❡❞ ♣r♦❝❡ss V ✇✐t❤ ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ✈❛r✐❛t✐♦♥✱ ✇❡ ❤❛✈❡

(V τ )p,F
τ
= (Z−)

−111]]0,τ ]] �
(
Z̃ � V

)p,F
. ✭✻✳✶✶✮

✭❜✮ ❋♦r ❛♥② F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ M ✱ ✇❡ ❤❛✈❡✱ ♦♥ [[0, τ ]]

p,Fτ

(
∆M

Z̃

)
=

p,F
(
∆M11{Z̃>0}

)

Z−
, ❛♥❞ p,Fτ

(
1

Z̃

)
=

p,F
(
11{Z̃>0}

)

Z−
. ✭✻✳✶✷✮

✭❝✮ ❋♦r ❛♥② q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ M ✱ ✇❡ ❤❛✈❡✱ ♦♥ [[0, τ ]]

p,Fτ

(
∆M

Z̃

)
= 0, ❛♥❞ p,Fτ

(
1

Z− +∆m(qc)

)
=

1

Z−
,

✇❤❡r❡ m(qc) ✐s t❤❡ q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s F✲♠❛rt✐♥❣❛❧❡ ❞❡✜♥❡❞ ✐♥ ✭✻✳✼✮✳

Pr♦♦❢✳ ✭❛✮ ❯s✐♥❣ t❤❡ ♣r♦❝❡ss H ✐♥tr♦❞✉❝❡❞ ✐♥ ✭✻✳✾✮✱ t❤❡ ❡q✉❛❧✐t② ✭✻✳✶✵✮ t❛❦❡s t❤❡ ❢♦r♠

M τ = M̂ +H11]]0,τ ]] � 〈M,m〉F .

❇② t❛❦✐♥❣ M = V − V p,F✱ ✇❡ ♦❜t❛✐♥

V τ = 11]]0,τ ]] � V
p,F + M̂ +H11]]0,τ ]] � 〈V,m〉F = M̂ + 11]]0,τ ]] � V

p,F +
1

Z−
11]]0,τ ]] � (∆m � V )p,F,

✇❤✐❝❤ ♣r♦✈❡s ❛ss❡rt✐♦♥ ✭❛✮✳
✭❜✮ ▲❡t M ❜❡ ❛♥ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✱ t❤❡♥✱ ❢♦r ❛♥② ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs (n, k) t❤❡ ♣r♦❝❡ss
V (n,k) :=

∑ ∆M

Z̃
11{|∆M |≥k−1, Z̃≥n−1} ❤❛s ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ✈❛r✐❛t✐♦♥✳ ❚❤❡♥✱ ❜② ✉s✐♥❣ t❤❡

❦♥♦✇♥ ❡q✉❛❧✐t② p,Fτ
(∆V ) = ∆(V p,Fτ

) ✭s❡❡ ▲❡♠♠❛ ✶✳✶✸✮✱ ❛♥❞ ❛♣♣❧②✐♥❣ ❛ss❡rt✐♦♥ ✭❛✮ t♦ t❤❡
♣r♦❝❡ss V (n,k)✱ ✇❡ ❣❡t✱ ♦♥ ]]0, τ ]]

p,Fτ

(
∆M

Z̃
11{|∆M |≥k−1, Z̃≥n−1}

)
=

1

Z−
p,F
(
∆M11{|∆M |≥k−1, Z̃≥n−1}

)
.
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❙✐♥❝❡ M ✐s ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✱ ❜② st♦♣♣✐♥❣✱ ✇❡ ❝❛♥ ❡①❝❤❛♥❣❡ ❧✐♠✐ts ✇✐t❤ ♣r♦❥❡❝t✐♦♥s ✐♥ ❜♦t❤
s✐❞❡s✳ ❚❤❡♥ ❜② ❧❡tt✐♥❣ n ❛♥❞ k ❣♦ t♦ ✐♥✜♥✐t②✱ ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t Z̃ > 0 ♦♥ ]]0, τ ]]✱ ✇❡
❞❡❞✉❝❡ t❤❛t

p,Fτ

(
∆M

Z̃

)
=

1

Z−
p,F
(
∆M11{Z̃>0}

)
.

❚❤✐s ♣r♦✈❡s t❤❡ ✜rst ❡q✉❛❧✐t② ✐♥ ✭✻✳✶✷✮✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ Z̃ = ∆m+Z−
✭s❡❡ ❬❏❨✼✽❪✮✿

Z− p,Fτ
(
Z̃−1

)
= p,Fτ

(
(Z̃ −∆m)/Z̃

)
= 1− p,Fτ

(
∆m/Z̃

)

= 1− (Z−)−1 p,F
(
∆m11{Z̃>0}

)
= 1− p,F

(
11{Z̃=0}

)
= p,F

(
11{Z̃>0}

)
.

■♥ t❤❡ ❛❜♦✈❡ str✐♥❣ ♦❢ ❡q✉❛❧✐t✐❡s✱ t❤❡ t❤✐r❞ ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✜rst ❡q✉❛❧✐t② ✐♥ ✭✻✳✶✷✮✱
✇❤✐❧❡ t❤❡ ❢♦✉rt❤ ❡q✉❛❧✐t② ✐s ❞✉❡ t♦ p,F(∆m) = 0 ❛♥❞ ∆m11{Z̃=0} = −Z−11{Z̃=0}✳ ❚❤✐s ❡♥❞s

t❤❡ ♣r♦♦❢ ♦❢ ❛ss❡rt✐♦♥ ✭❜✮✳

✭❝✮ ■❢ M ✐s ❛ q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✱ t❤❡♥ p,F
(
∆M11{Z̃>0}

)
= 0✱ ❛♥❞

t❤❡ ✜rst ♣r♦♣❡rt② ♦❢ t❤❡ ❛ss❡rt✐♦♥ ✭❝✮ ❢♦❧❧♦✇s✳ ❆♣♣❧②✐♥❣ t❤❡ ✜rst ♣r♦♣❡rt② t♦ M = m(qc) ❛♥❞

✉s✐♥❣ t❤❛t✱ ♦♥ ]]0, τ ]]✱ ♦♥❡ ❤❛s ∆m(qc) (Z− +∆m)−1 = ∆m(qc)
(
Z− +∆m(qc)

)−1
✱ ✇❡ ♦❜t❛✐♥

1

Z−
p,Fτ

(
Z−

Z− +∆m(qc)

)
=

1

Z−

(
1− p,Fτ

(
∆m(qc)

Z− +∆m(qc)

))
=

1

Z−
.

❚❤✐s ♣r♦✈❡s ❛ss❡rt✐♦♥ ✭❝✮✱ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛ ✐s ❛❝❤✐❡✈❡❞✳

❚❤❡ ♥❡①t ❧❡♠♠❛ ♣r♦✈❡s t❤❛t Z̃−111]]0,τ ]] ✐s ▲❡❜❡s❣✉❡✲❙t✐❡❧❥❡s✲✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ ❛♥②
♣r♦❝❡ss t❤❛t ✐s F✲❛❞❛♣t❡❞ ✇✐t❤ F✲❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ✈❛r✐❛t✐♦♥✳ ❯s✐♥❣ t❤✐s ❢❛❝t✱ t❤❡ ❧❡♠♠❛
❛❞❞r❡ss❡s t❤❡ q✉❡st✐♦♥ ♦❢ ❤♦✇ ❛♥ F✲❝♦♠♣❡♥s❛t♦r st♦♣♣❡❞ ❛t τ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ ❛♥
Fτ ✲❝♦♠♣❡♥s❛t♦r✱ ❛♥❞ ❝♦♥st✐t✉t❡s ❛ s♦rt ♦❢ ❝♦♥✈❡rs❡ r❡s✉❧t t♦ ▲❡♠♠❛ ✻✳✶✼✭❛✮✳

▲❡♠♠❛ ✻✳✶✽✳ ▲❡t V ❜❡ ❛♥ F✲❛❞❛♣t❡❞ ❝à❞❧à❣ ♣r♦❝❡ss✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❤♦❧❞✳

✭❛✮ ■❢ V ❜❡❧♦♥❣s t♦ A+
loc(F) ✭r❡s♣❡❝t✐✈❡❧② V ∈ A+(F)✮✱ t❤❡♥ t❤❡ ♣r♦❝❡ss

U := Z̃−111]]0,τ ]] � V, ✭✻✳✶✸✮

❜❡❧♦♥❣s t♦ A+
loc(F

τ ) ✭r❡s♣❡❝t✐✈❡❧② t♦ A+(Fτ )✮✳

✭❜✮ ■❢ V ❤❛s F✲❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ✈❛r✐❛t✐♦♥✱ t❤❡♥ t❤❡ ♣r♦❝❡ss U ✐s ✇❡❧❧ ❞❡✜♥❡❞✱ ✐ts ✈❛r✐❛t✐♦♥ ✐s

Fτ ✲❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡✱ ❛♥❞ ✐ts Fτ ✲❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②

Up,F
τ
=
(

1

Z̃
11]]0,τ ]] � V

)p,Fτ

= 1
Z−

11]]0,τ ]] �
(
11{Z̃>0} � V

)p,F
. ✭✻✳✶✹✮

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ s✉♣♣V ⊂ {Z̃ > 0}✱ t❤❡♥✱ ♦♥ ]]0, τ ]]✱ ♦♥❡ ❤❛s V p,F = Z− � Up,F
τ
✳



✶✷✹ ❈❍❆P❚❊❘ ✻✳ ◆❖◆✲❆❘❇■❚❘❆●❊ ❯P ❚❖ ❘❆◆❉❖▼ ❍❖❘■❩❖◆

Pr♦♦❢✳ ✭❛✮ ❙✉♣♣♦s❡ t❤❛t V ∈ A+
loc(F)✳ ❋✐rst✱ r❡♠❛r❦ t❤❛t✱ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t Z̃ ✐s ♣♦s✐t✐✈❡

♦♥ ]]0, τ ]]✱ U ✐s ✇❡❧❧ ❞❡✜♥❡❞✳ ▲❡t (ϑn)n≥1 ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ F✲st♦♣♣✐♥❣ t✐♠❡s t❤❛t ✐♥❝r❡❛s❡s
t♦ ∞ s✉❝❤ t❤❛t E (Vϑn) < ∞. ❚❤❡♥✱ ✐❢ E (Uϑn) ≤ E (Vϑn)✱ ❛ss❡rt✐♦♥ ✭❛✮ ❢♦❧❧♦✇s✳ ❚❤✉s✱ ✇❡
❝❛❧❝✉❧❛t❡

E (Uϑn) = E

(∫ ϑn

0
11{0<t≤τ}

1

Z̃t
dVt

)
= E

(∫ ϑn

0

P(τ ≥ t|Ft)
Z̃t

11{Z̃t>0}dVt

)

≤ E (Vϑn) .

❚❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ✐s ♦❜t❛✐♥❡❞ ❞✉❡ t♦ Z̃t := P(τ ≥ t|Ft)✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ ❛ss❡rt✐♦♥
✭❛✮ ♦❢ t❤❡ ❧❡♠♠❛✳
✭❜✮ ❙✉♣♣♦s❡ t❤❛t V ∈ Aloc(F)✱ ❛♥❞ ❞❡♥♦t❡ ❜②W := V ++V − ✐ts ✈❛r✐❛t✐♦♥✳ ❚❤❡♥W ∈ A+

loc(F)✱
❛♥❞ ❛ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✜rst ❛ss❡rt✐♦♥ ✐♠♣❧✐❡s t❤❛t

(
Z̃
)−1

11]]0,τ ]] �W ∈ A+
loc(F

τ ).

❆s ❛ r❡s✉❧t✱ ✇❡ ❞❡❞✉❝❡ t❤❛t U ❣✐✈❡♥ ❜② ✭✻✳✶✸✮ ❢♦r t❤❡ ❝❛s❡ ♦❢ V = V + − V − ✐s ✇❡❧❧ ❞❡✜♥❡❞

❛♥❞ ✐ts ✈❛r✐❛t✐♦♥ ✐s ❡q✉❛❧ t♦
(
Z̃
)−1

11]]0,τ ]] � W ✇❤✐❝❤ ✐s Fτ ✲❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡✳ ❇② s❡tt✐♥❣

Un := 11]]0,τ ]] �
(
Z̃−111{Z̃≥1/n} � V

)
✱ ✇❡ ❞❡r✐✈❡✱ ❞✉❡ t♦ ✭✻✳✶✶✮✱

(Un)
p,Fτ

=
1

Z−
11]]0,τ ]] �

(
11{Z̃≥1/n} � V

)p,F
.

❍❡♥❝❡✱ s✐♥❝❡ Up,F
τ
= limn→∞ (Un)

p,Fτ

, ❜② t❛❦✐♥❣ t❤❡ ❧✐♠✐t ✐♥ t❤❡ ❛❜♦✈❡ ❡q✉❛❧✐t②✱ ✭✻✳✶✹✮
✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s✱ ❛♥❞ t❤❡ ❧❡♠♠❛ ✐s ♣r♦✈❡❞✳

✻✳✸✳✷ ❆♥ ✐♠♣♦rt❛♥t Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ t❤❛t ✇✐❧❧ ❜❡ ❝r✉❝✐❛❧ ❢♦r t❤❡ ❝♦♥str✉❝✲
t✐♦♥ ♦❢ t❤❡ ❞❡✢❛t♦r✳

▲❡♠♠❛ ✻✳✶✾✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥❞❡❝r❡❛s✐♥❣ ♣r♦❝❡ss

V Fτ

t :=
∑

0≤u≤t

p,F
(
11{Z̃=0}

)
u
11{u≤τ} ✭✻✳✶✺✮

✐s Fτ ✲♣r❡❞✐❝t❛❜❧❡✱ ❝à❞❧à❣✱ ❛♥❞ ❧♦❝❛❧❧② ❜♦✉♥❞❡❞✳

Pr♦♦❢✳ ▲❡t ✉s ❞❡✜♥❡ R̃ = R{Z̃R=0<ZR−
} ✉s✐♥❣ t❤❡ ❝♦♥✈❡♥t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ✭✶✳✶✮ ❛♥❞ ✇❤❡r❡

R ✇❛s ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✻✳✶✻✳ ❚❤❡♥✱ ♦♥❡ ❤❛s

V Fτ

t =
∑

0≤u≤t

p,F
(
11{Z̃=0<Z−}

)
u
11{u≤τ} =

∑

0≤u≤t

p,F
(
11
[[R̃]]

)
u
11{u≤τ}

=
∑

0≤u≤t

(
∆(11

[[R̃,∞[[

)p,F
u

11{u≤τ} =
(
11
[[R̃a,∞[[

)p,F
t∧τ

.
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❍❡r❡ R̃a ✐s t❤❡ ❛❝❝❡ss✐❜❧❡ ♣❛rt ♦❢ R̃✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ F✲♣r❡❞✐❝t❛❜❧❡ t✐♠❡s ✇✐t❤
❞✐s❥♦✐♥t ❣r❛♣❤s vn s✉❝❤ t❤❛t

(
11
[[R̃a,∞[[

)p,F
=
∑

n

P(R̃a = vn|Fvn−)11[[vn,∞[[.

❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳

❚❤❡ ✐♠♣♦rt❛♥t Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✇✐❧❧ r❡s✉❧t ❢r♦♠ t❤❡ ♦♣t✐♦♥❛❧ ✐♥t❡❣r❛❧ r❡❝❛❧❧❡❞ ✐♥ t❤✐s
t❤❡s✐s ✐♥ ❙❡❝t✐♦♥ ✶✳✶✳✽✳

◆♦✇✱ ✇❡ ❛r❡ r❡❛❞② t♦ ❞❡✜♥❡ t❤❡ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✇❤✐❝❤ ✇✐❧❧ ♣❧❛② t❤❡ r♦❧❡ ♦❢ ❞❡✢❛t♦r ❢♦r
❛ ❝❧❛ss ♦❢ ♣r♦❝❡ss❡s✳

Pr♦♣♦s✐t✐♦♥ ✻✳✷✵✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡

m̂ := 11]]0,τ ]] �m− 1

Z−
11]]0,τ ]] � 〈m〉F ,

❛♥❞ t❤❡ ♣r♦❝❡ss

K :=
Z2
−

Z2
− +∆〈m〉F

1

Z̃
11]]0,τ ]].

❚❤❡♥✱ K ❜❡❧♦♥❣s t♦ t❤❡ s♣❛❝❡ oL1
loc(m̂,F

τ ) ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✷✹✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡

Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡

L := −K ⊙ m̂, ✭✻✳✶✻✮

s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣✿

✭❛✮ E (L) > 0 ✭♦r ❡q✉✐✈❛❧❡♥t❧② 1 + ∆L > 0✮❀

✭❜✮ ❢♦r ❛♥② M ∈ M0,loc(F)✱ s❡tt✐♥❣ M̂ :=M τ − Z−1
− 11[[0,τ ]] � 〈M,m〉F✱ ✇❡ ❤❛✈❡

[L, M̂ ] ∈ Aloc(F
τ )

(
✐✳❡✳✱ 〈L, M̂〉Fτ

❡①✐sts
)
. ✭✻✳✶✼✮

Pr♦♦❢✳ ❲❡ s❤❛❧❧ ♣r♦✈❡ t❤❛t K ∈ oL1
loc(m̂,F

τ ) ✐♥ t❤❡ ❛♣♣❡♥❞✐① ✻✳✻✳✷✳

❲❡ ♥♦✇ ♣r♦✈❡ ❛ss❡rt✐♦♥s ✭❛✮ ❛♥❞ ✭❜✮✳ ❉✉❡ t♦ ✭✻✳✹✺✮✱ ✇❡ ❤❛✈❡✱ ♦♥ ]]0, τ ]]✱

−∆L = K∆m̂− p,Fτ
(K∆m̂) = 1− Z−

(
Z̃
)−1

− p,F
(
11{Z̃=0}

)
.

❚❤✉s✱ ✇❡ ❞❡❞✉❝❡ t❤❛t 1 + ∆L > 0✱ ❛♥❞ ❛ss❡rt✐♦♥ ✭❛✮ ✐s ♣r♦✈❡❞✳ ■♥ t❤❡ r❡st ♦❢ t❤✐s ♣r♦♦❢✱
✇❡ ✇✐❧❧ ♣r♦✈❡ ✭✻✳✶✼✮✳ ❚♦ t❤✐s ❡♥❞✱ ❧❡t M ∈ M0,loc(F)✳ ❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✶✳✷✺✱ ✭✻✳✶✼✮ ✐s
❡q✉✐✈❛❧❡♥t t♦

K � [m̂, M̂ ] ∈ Aloc(F
τ ) ♦r ❡q✉✐✈❛❧❡♥t❧②

1

Z̃
11]]0,τ ]] � [m̂, M̂ ] ∈ Aloc(F

τ )

❢♦r ❛♥② M ∈ M0,loc(F)✳ ❚❤❡♥✱ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t

1

Z̃
11]]0,τ ]] � [m̂, M̂ ] =

1

Z̃
11]]0,τ ]] � [m, M̂ ]− 1

Z− Z̃
11]]0,τ ]] � [〈m〉F, M̂ ]

=
1

Z̃
11]]0,τ ]] � [m,M ]− 1

Z− Z̃
11]]0,τ ]] � [m, 〈M,m〉F]

− 1

Z−Z̃
11]]0,τ ]] � [〈m〉F,M ] +

1

Z2
− Z̃

11]]0,τ ]] � [〈m〉F, 〈M,m〉F].
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❙✐♥❝❡ m ✐s ❛♥ F✲❧♦❝❛❧❧② ❜♦✉♥❞❡❞ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✱ ❛❧❧ t❤❡ ♣r♦❝❡ss❡s

[m,M ], [m, 〈M,m〉F], [〈m〉F,M ], ❛♥❞ [〈m〉F, 〈M,m〉F]

❜❡❧♦♥❣ t♦ Aloc(F)✳ ❚❤✉s✱ ❜② ❝♦♠❜✐♥✐♥❣ t❤✐s ❢❛❝t ✇✐t❤ ▲❡♠♠❛ ✻✳✶✽ ❛♥❞ t❤❡ Fτ ✲❧♦❝❛❧ ❜♦✉♥❞✲
❡❞♥❡ss ♦❢ Z−p

− 11]]0,τ ]] ❢♦r ❛♥② p > 0✱ ✐t ❢♦❧❧♦✇s t❤❛t A ∈ Aloc(F
τ )✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡

♣r♦♣♦s✐t✐♦♥✳

✻✳✹ ❊①♣❧✐❝✐t ❞❡✢❛t♦rs

❚❤✐s s❡❝t✐♦♥ ❞❡s❝r✐❜❡s s♦♠❡ ❝❧❛ss❡s ♦❢ F✲q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s ❢♦r ✇❤✐❝❤
t❤❡ ◆❯P❇❘ ✐s ♣r❡s❡r✈❡❞ ❛❢t❡r st♦♣♣✐♥❣ ✇✐t❤ τ ✳ ❋♦r t❤❡s❡ st♦♣♣❡❞ ♣r♦❝❡ss❡s✱ ✇❡ ❡①♣❧✐❝✐t❧②
❞❡s❝r✐❜❡ t❤❡✐r ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡♥s✐t✐❡s ✐♥ ❚❤❡♦r❡♠s ✻✳✷✶✕✻✳✷✺ ✇✐t❤ ❛♥ ✐♥❝r❡❛s✐♥❣ ❞❡❣r❡❡ ♦❢
❣❡♥❡r❛❧✐t②✳ ❲❡ r❡❝❛❧❧ t❤❛t m(qc) ✇❛s ❞❡✜♥❡❞ ✐♥ ✭✻✳✼✮ ❛♥❞ L ✇❛s ❞❡✜♥❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✻✳✷✵✳

❚❤❡♦r❡♠ ✻✳✷✶✳ ❙✉♣♣♦s❡ t❤❛t S ✐s ❛ q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ■❢ S ❛♥❞ τ

s❛t✐s❢②

{∆S 6= 0} ∩ {Z− > 0 = Z̃} = ∅, ✭✻✳✶✽✮

t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥t ❛ss❡rt✐♦♥s ❤♦❧❞✳

✭❛✮ E (L)Sτ ✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳

✭❜✮ E
(
11{Z̃=0<Z−} ⊙m(qc)

)
S ✐s ❛♥ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳

Pr♦♦❢✳ ❲❡ st❛rt ❜② ❣✐✈✐♥❣ s♦♠❡ ✉s❡❢✉❧ ♦❜s❡r✈❛t✐♦♥s✳ ❙✐♥❝❡ S ✐s F✲q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s✱ ♦♥
t❤❡ ♦♥❡ ❤❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t ✭Γm ✐s ❞❡✜♥❡❞ ✐♥ ✭✻✳✼✮✮

〈S,m〉F = 〈S,m(qc)〉F = 〈S, 11Γc
m
�m〉F. ✭✻✳✶✾✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ♥♦t❡ t❤❛t ❛ss❡rt✐♦♥ ✭❛✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ E(L(qc))Sτ ✐s ❛♥ Fτ ✲❧♦❝❛❧
♠❛rt✐♥❣❛❧❡✱ ✇❤❡r❡ L(qc) ✐s t❤❡ q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ♣❛rt ♦❢ L ❣✐✈❡♥ ❜②
L(qc) := 11Γc

m
� L = −K ⊙ m̂(qc). ❍❡r❡ K ✐s ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✻✳✷✵ ❛♥❞

m̂(qc) := 11]]0,τ ]] �m
(qc) − (Z−)11]]0,τ ]] � 〈m(qc)〉F.

■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t ✭✻✳✶✽✮ ✐s ❡q✉✐✈❛❧❡♥t t♦

11{Z−>0=Z̃} � [S,m] = 0. ✭✻✳✷✵✮

❲❡ ♥♦✇ ❝♦♠♣✉t❡ −〈L(qc), Ŝ〉Fτ
✱ ✇❤❡r❡ Ŝ ✐s t❤❡ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❣✐✈❡♥ ❜②

Ŝ := Sτ − (Z−)
−111]]0,τ ]] � 〈S,m〉F.

❉✉❡ t♦ t❤❡ q✉❛s✐✲❧❡❢t ❝♦♥t✐♥✉✐t② ♦❢ S ❛♥❞ t❤❛t ♦❢m(qc)✱ t❤❡ t✇♦ ♣r♦❝❡ss❡s 〈S,m〉F ❛♥❞ 〈m(qc)〉F
❛r❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ [S,m(qc)] = [S,m]✳ ❍❡♥❝❡✱ ✇❡ ♦❜t❛✐♥

K � [Ŝ, m̂(qc)] = K � [S, m̂(qc)]−K∆m̂(qc)(Z−)
−1

� 〈S,m〉F
= (Z̃)−111]]0,τ ]] � [S,m

(qc)] = (Z̃)−111]]0,τ ]] � [S,m].
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■t ❢♦❧❧♦✇s t❤❛t

−〈L(qc), Ŝ〉Fτ
=
(
K � [Ŝ, m̂(qc)]

)
p,Fτ

=
(
(Z̃)−111]]0,τ ]] � [S,m]

)
p,Fτ

= (Z−)
−111]]0,τ ]] �

(
11{Z̃>0} � [S,m]

)p,F

= (Z−)
−111]]0,τ ]] � 〈S,m〉F − (Z−)

−111]]0,τ ]] �
(
11{Z̃=0<Z−} � [S,m]

)p,F

= (Z−)
−111]]0,τ ]] � 〈S,m〉F + (Z−)

−111]]0,τ ]] � 〈S,−11{Z̃=0<Z−} ⊙m(qc)〉F. ✭✻✳✷✶✮

❚❤❡ ✜rst ❛♥❞ t❤❡ ❧❛st ❡q✉❛❧✐t② ❢♦❧❧♦✇ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✶✳✷✺ ❛♣♣❧✐❡❞ r❡s♣❡❝t✐✈❡❧② t♦ L(qc) ❛♥❞
−11{Z̃=0<Z−}⊙m(qc)✳ ❚❤❡ s❡❝♦♥❞ ❛♥❞ t❤❡ t❤✐r❞ ❡q✉❛❧✐t✐❡s ❛r❡ r❡s♣❡❝t✐✈❡❧② ❞✉❡ t♦ ✭✻✳✶✾✮ ❛♥❞

✭✻✳✶✹✮✳

◆♦✇✱ ✇❡ ♣r♦✈❡ t❤❡ t❤❡♦r❡♠✳ ❚❤❛♥❦s t♦ ✭✻✳✷✶✮✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t ❛ss❡rt✐♦♥ ✭❛✮ ✐s ❡q✉✐✈❛❧❡♥t
t♦ 〈S,−11{Z̃=0<Z−} ⊙m(qc)〉F ≡ 0 ✇❤✐❝❤ ✐♥ t✉r♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ss❡rt✐♦♥ ✭❜✮✳ ❚❤✐s ❡♥❞s t❤❡

♣r♦♦❢ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ✭❛✮ ❛♥❞ ✭❜✮✳

■t ✐s ❛❧s♦ ❝❧❡❛r t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ✭✻✳✶✽✮ ♦r ❡q✉✐✈❛❧❡♥t❧② ✭✻✳✷✵✮ ✐♠♣❧✐❡s ❛ss❡rt✐♦♥ ✭❜✮✱ ❞✉❡ t♦
[11{Z̃=0<Z−} ⊙m(qc), S] = 11{Z̃=0<Z−} � [m,S] ≡ 0✳

❘❡♠❛r❦ ✻✳✷✷✳ ❙✉♣♣♦s❡ t❤❛t S ✐s ❛ q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❛♥❞ ❧❡t

R0 := R{Z̃R=0} ✭✻✳✷✷✮

✇❤❡r❡ R ✇❛s ❞❡✜♥❡❞ ✐♥ ✻✳✽ ❛♥❞ ✇❡ ✉s❡ t❤❡ ❝♦♥✈❡♥t✐♦♥ ✭✶✳✶✮✳ ❚❤❡♥✱ E (L)S
τ
✐s ❛♥ Fτ ✲❧♦❝❛❧

♠❛rt✐♥❣❛❧❡✱ ✇❤❡r❡

S := SR0− +
(
∆SR011[[R0,∞[[

)p,F
.

■♥❞❡❡❞✱ ✇r✐t✐♥❣

S := S R0 −∆SR011[[R0,∞[[ +
(
∆SR011[[R0,∞[[

)p,F

✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ✭✻✳✶✽✮ ✐s s❛t✐s✜❡❞ ❢♦r S✳

❈♦r♦❧❧❛r② ✻✳✷✸✳ ■❢ S ✐s q✉❛s✐✲❧❡❢t ❝♦♥t✐♥✉♦✉s ❛♥❞ s❛t✐s✜❡s ◆❯P❇❘(F) ❛♥❞

{∆S 6= 0} ∩ {Z− > 0 = Z̃} = ∅,

t❤❡♥ S s❛t✐s✜❡s ◆❯P❇❘(Fτ )✳

Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✶✳✺✾✱ ❚❤❡♦r❡♠ ✻✳✷✶ ❛♥❞ t❤❡ ❢❛❝t t❤❛t✱ ❢♦r ❛♥② ♣r♦❜❛✲
❜✐❧✐t② ♠❡❛s✉r❡ Q ❡q✉✐✈❛❧❡♥t t♦ P✱ ✇❡ ❤❛✈❡

{Z− > 0} ∩ {Z̃ = 0} = {ZQ
− > 0} ∩ {Z̃Q = 0}.

❍❡r❡ ZQ
t = Q(τ > t|Ft) ❛♥❞ Z̃Q

t = Q(τ ≥ t|Ft)✳ ❚❤✐s ❧❛st ❝❧❛✐♠ ✐s ❛ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢
t❤❡ ♦♣t✐♦♥❛❧ ❛♥❞ ♣r❡❞✐❝t❛❜❧❡ ❙❡❝t✐♦♥ t❤❡♦r❡♠ ✶✳✶✵✳

■♥ ♦r❞❡r t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t✱ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ ♠♦r❡ ♥♦t❛t✐♦♥ ❛♥❞ r❡❝❛❧❧
s♦♠❡ r❡s✉❧ts t❤❛t ❛r❡ ❞❡❧❡❣❛t❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳ ❋♦r t❤❡ r❛♥❞♦♠ ♠❡❛s✉r❡ µ ❞❡✜♥❡❞ ✐♥ ✭✶✳✸✮✱
✇❡ ❛ss♦❝✐❛t❡ ✐ts ♣r❡❞✐❝t❛❜❧❡ ❝♦♠♣❡♥s❛t♦r r❛♥❞♦♠ ♠❡❛s✉r❡ ν✳
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❉❡✜♥✐t✐♦♥ ✻✳✷✹✳ ❋♦r ❛ q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss✱ G1
loc(µ,F) ✭r❡s♣❡❝t✐✈❡❧② H1

loc(µ,F)✮ ✐s

t❤❡ s❡t ♦❢ ❛❧❧ P̃(F)✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s ✭r❡s♣❡❝t✐✈❡❧② ❛❧❧ Õ(F)✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s✮ W

s✉❝❤ t❤❛t √
W 2 ⋆ µ ∈ A+

loc(H).

❆ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶✳✷✻✱ t♦ t❤❡ ♠❛rt✐♥❣❛❧❡ m✱ ❧❡❛❞s t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❧♦❝❛❧
♠❛rt✐♥❣❛❧❡ m⊥ ❛s ✇❡❧❧ ❛s ❛ ♣r♦❝❡ss βm ∈ L(Sc,F)✱ ❛ P̃(F)✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥❛❧ fm ❛♥❞ ❛♥
Õ(F)✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥❛❧ gm s✉❝❤ t❤❛t fm ∈ G1

loc(µ,F) ❛♥❞ gm ∈ H1
loc(µ,F) s✉❝❤ t❤❛t

m = βm � Sc + fm ⋆ (µ− ν) + gm ⋆ µ+m⊥. ✭✻✳✷✸✮

❲❡ ✐♥tr♦❞✉❝❡ µF
τ
:= 11[[0,τ ]] ⋆ µ ❛♥❞ ✐ts Fτ ❝♦♠♣❡♥s❛t❡❞ ♠❡❛s✉r❡

νF
τ
(dt, dx) := (1 + fm(x)/Zt−)11[[0,τ ]](t)ν(dt, dx). ✭✻✳✷✹✮

❲❡ ♥♦✇ st❛t❡ ♦✉r ❣❡♥❡r❛❧ r❡s✉❧t t❤❛t ❡①t❡♥❞s t❤❡ ♣r❡✈✐♦✉s ❚❤❡♦r❡♠ ✻✳✷✶✳

❚❤❡♦r❡♠ ✻✳✷✺✳ ❙✉♣♣♦s❡ t❤❛t S ✐s ❛♥ F✲q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❈♦♥s✐❞❡r

S(0), ψ, ❛♥❞ L ❞❡✜♥❡❞ ✐♥ ✭✻✳✸✮ ❛♥❞ ✭✻✳✶✻✮✳ ■❢
(
S, S(0)

)
✐s ❛♥ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✱ t❤❡♥

E
(
L+ L(1)

)
Sτ ✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✱ ✇❤❡r❡

L(1) := g1 ⋆ (µ
Fτ − νF

τ
), ❛♥❞ g1 :=

1− ψ

1 + fm/Z−
11{ψ>0}.

Pr♦♦❢✳ ❲❡ st❛rt ❜② r❡❝❛❧❧✐♥❣ ❢r♦♠ ✭✻✳✹✮ t❤❛t {ψ = 0} = {Z− + fm = 0}✱ MP
µ ✲❛✳❡✳ ❚❤✉s t❤❡

❢✉♥❝t✐♦♥❛❧ g1 ✐s ❛ ✇❡❧❧ ❞❡✜♥❡❞ ♥♦♥✲♥❡❣❛t✐✈❡ P̃(F)✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥❛❧✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡
t❤❡♦r❡♠ ✇✐❧❧ ❜❡ ❝♦♠♣❧❡t❡❞ ✐♥ t✇♦ st❡♣s✳ ■♥ t❤❡ ✜rst st❡♣✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ♣r♦❝❡ss L(1) ✐s ❛
✇❡❧❧ ❞❡✜♥❡❞ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✱ ✇❤✐❧❡ ✐♥ t❤❡ s❡❝♦♥❞ st❡♣✱ ✇❡ ♣r♦✈❡ t❤❡ ♠❛✐♥ st❛t❡♠❡♥t ♦❢ t❤❡
t❤❡♦r❡♠✳
✶✮ ❍❡r❡✐♥✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ✐♥t❡❣r❛❧ g1 ⋆

(
µF

τ − νF
τ )

✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ❚♦ t❤✐s ❡♥❞✱ ✐t ✐s
❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t g1 ⋆ µF

τ ∈ A+(Fτ )✳ ❚❤❡r❡❢♦r❡✱ r❡♠❛r❦ t❤❛t

(1− ψ)11{0<Z−} =MP
µ

(
11{Z̃=0<Z−}|P̃(F)

)
=MP

µ

(
11[[R0]]|P̃(F)

)
11{0<Z−},

✭✇❤❡r❡ R0 ✐s ❞❡✜♥❡❞ ✐♥ ✻✳✷✷✮ ❛♥❞ ❝❛❧❝✉❧❛t❡

E
(
g1 ⋆ µ

Fτ

∞
)

= E
(
g1Z̃ ⋆ µ∞

)

≤ E
(
11[[R0]] ⋆ µ∞

)
= P (∆SR0 6= 0, R0 <∞) ≤ 1.

❚❤✉s✱ t❤❡ ♣r♦❝❡ss L(1) ✐s ❛ ✇❡❧❧ ❞❡✜♥❡❞ Fτ ✲♠❛rt✐♥❣❛❧❡✳
✷✮ ■♥ t❤✐s ♣❛rt✱ ✇❡ ♣r♦✈❡ t❤❛t E

(
L+ L(1)

)
Sτ ✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❚♦ t❤✐s ❡♥❞✱ ✐t ✐s

❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t 〈Sτ , L+ L(1)〉Fτ
❡①✐sts ❛♥❞

Sτ +
〈
Sτ , L+ g1 ⋆

(
µF

τ − νF
τ
)〉Fτ

✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ✭✻✳✷✺✮
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❘❡❝❛❧❧ t❤❛t

L = − Z2
−

Z2
− +∆〈m〉F

1

Z̃
11]]0,τ ]] ⊙ m̂,

❛♥❞ ❤❡♥❝❡ 〈Sτ , L〉Fτ
❡①✐sts ❞✉❡ t♦ Pr♦♣♦s✐t✐♦♥ ✻✳✷✵✭❜✮✳ ❇② st♦♣♣✐♥❣✱ t❤❡r❡ ✐s ♥♦ ❧♦ss ♦❢

❣❡♥❡r❛❧✐t② ✐♥ ❛ss✉♠✐♥❣ t❤❛t S ✐s ❛ tr✉❡ ♠❛rt✐♥❣❛❧❡✳ ❚❤❡♥✱ ✉s✐♥❣ s✐♠✐❧❛r ❝❛❧❝✉❧❛t✐♦♥ ❛s ✐♥ t❤❡
✜rst ♣❛rt ✶✮✱ ✇❡ ❝❛♥ ❡❛s✐❧② ♣r♦✈❡ t❤❛t

E
[
|x|g1 ⋆ µF

τ

∞
]
≤ E

(
|∆SR0 |11{R0<∞}

)
<∞.

❚❤✐s ♣r♦✈❡s t❤❛t
〈
Sτ , L+ L(1)

〉Fτ

❡①✐sts✳ ◆♦✇✱ ✇❡ ❝❛❧❝✉❧❛t❡ ❛♥❞ s✐♠♣❧✐❢② t❤❡ ❡①♣r❡ss✐♦♥ ✐♥
✭✻✳✷✺✮ ❛s ❢♦❧❧♦✇s✳

Sτ +
〈
Sτ , L+ g1 ⋆

(
µF

τ − νF
τ
)〉Fτ

= Ŝ +
1

Z−
11]]0,τ ]] � 〈S,m〉F + 〈Sτ , L〉Fτ

+ xg1 ⋆ ν
Fτ

= Ŝ +
1

Z−
11]]0,τ ]] � 〈S,m〉 − 1

Z−
11]]0,τ ]] ·

(
11{Z̃>0} · [S,m]

)p,F
+ xg1 ⋆ ν

Fτ

= Ŝ +
1

Z−
11]]0,τ ]] �

(
11{Z̃=0} � [S,m]

)p,F
+ xMP

µ

(
11{Z̃=0<Z−}|P̃(F)

)
11{Z−+fm>0}11]]0,τ ]] ⋆ ν

= Ŝ − xMP
µ

(
11{Z̃=0<Z−}|P̃(F)

)
11{ψ=0}11]]0,τ ]] ⋆ ν = Ŝ ∈ Mloc(F

τ ).

❚❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ✐s ❞✉❡ t♦ ✭✻✳✷✶✮✱ ✇❤✐❧❡ t❤❡ ❧❛st ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡
❢❛❝t t❤❛t S(0) ✐s ❛♥ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✭✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ x11{ψ=0<Z−} ⋆ ν ≡ 0✮ ❛♥❞

MP
µ

(
11{Z̃=0<Z−}|P̃(F)

)
= 11{0<Z−}(1− ψ)✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠✳

❘❡♠❛r❦ ✻✳✷✻✳ ✭❛✮ ❇♦t❤ ❚❤❡♦r❡♠s ✻✳✷✶✲✻✳✷✺ ♣r♦✈✐❞❡ ♠❡t❤♦❞s t❤❛t ❜✉✐❧❞✲✉♣ ❡①♣❧✐❝✐t❧② σ✲

♠❛rt✐♥❣❛❧❡ ❞❡♥s✐t② ❢♦r Sτ ✱ ✇❤❡♥❡✈❡r S ✐s ❛♥ F✲q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s t❤❛t ✐s ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡

✉♥❞❡r ❛ ❧♦❝❛❧❧② ❡q✉✐✈❛❧❡♥t ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✱ ❛♥❞ ❢✉❧✜❧❧✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ t❤❡♦r❡♠s

r❡s♣❡❝t✐✈❡❧②✳

✭❜✮ ❚❤❡ ❡①t❡♥s✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✻✳✷✶ t♦ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✇❤❡r❡ S ✐s ❛♥ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✭♥♦t

♥❡❝❡ss❛r✐❧② q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s✮ ❜♦✐❧s ❞♦✇♥ t♦ ✜♥❞ ❛ t❤✐♥ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss Φ s✉❝❤ t❤❛t

Y := E(Φ � L) ✇✐❧❧ ❜❡ t❤❡ ♠❛rt✐♥❣❛❧❡ ❞❡♥s✐t② ❢♦r Sτ ✳ ❋✐♥❞✐♥❣ t❤❡ ♣r♦❝❡ss Φ ✇✐❧❧ ❜❡ ❡❛s② t♦

❣✉❡ss ✇❤❡♥ ✇❡ ✇✐❧❧ ❛❞❞r❡ss t❤❡ ❝❛s❡ ♦❢ t❤✐♥ s❡♠✐♠❛rt✐♥❣❛❧❡✳ ❍♦✇❡✈❡r t❤❡ ♣r♦♦❢ ♦❢ Y ✐s ❛

❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡♥s✐t② ❢♦r Sτ ✐s ✈❡r② t❡❝❤♥✐❝❛❧✳ ❚❤❡ ❡①t❡♥s✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✻✳✷✺ t♦ t❤❡ ❝❛s❡

♦❢ ❛r❜✐tr❛r② F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ S r❡q✉✐r❡s ❛❞❞✐t✐♦♥❛❧ ❝❛r❡❢✉❧ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧

g1 s♦ t❤❛t 1 + Φ(∆L+∆L(1)) r❡♠❛✐♥s ♣♦s✐t✐✈❡✳ ❲❤✐❧❡ ❜♦t❤ ❡①t❡♥s✐♦♥s r❡♠❛✐♥ ❢❡❛s✐❜❧❡✱ ✇❡

♦♣t❡❞ t♦ ♥♦t ♦✈❡r❧♦❛❞ t❤❡ ♣❛♣❡r ✇✐t❤ t❡❝❤♥✐❝❛❧✐t✐❡s✳

✻✳✺ Pr♦♦❢s ♦❢ ♠❛✐♥ t❤❡♦r❡♠s

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠s ✻✳✶✱ ✻✳✻ ❛♥❞ ✻✳✾✳ ❚❤❡② ❛r❡ q✉✐t❡ ❧♦♥❣✱
s✐♥❝❡ s♦♠❡ ✐♥t❡❣r❛❜✐❧✐t② r❡s✉❧ts ❤❛✈❡ t♦ ❜❡ ♣r♦✈❡❞✳ ❲❡ ✇r✐t❡ t❤❡ ❝❛♥♦♥✐❝❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢
S ✭s❡❡ ❙❡❝t✐♦♥ ✶✳✶✳✶✵✮

S = S0 + Sc + h ⋆ (µ− ν) + b � Ā+ (x− h) ⋆ µ,
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✇❤❡r❡ h ✐s ❞❡✜♥❡❞ ❛s h(x) := x11{|x|≤1} ✐s t❤❡ tr✉♥❝❛t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ ν ✐s t❤❡ ❝♦♠♣❡♥s❛t♦r
♦❢ µ✳ ❚❤❡ ❝❛♥♦♥✐❝❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ Sτ ✉♥❞❡r Fτ ✐s ❣✐✈❡♥ ❜②

Sτ = S0 + Ŝc + h ⋆ (µF
τ − νF

τ
) + cβm

Z−
11]]0,τ ]] � Ā+ h fmZ−

11]]0,τ ]] ⋆ ν + b � Āτ + (x− h) ⋆ µF
τ

✇❤❡r❡ µF
τ
❛♥❞ νF

τ
❛♥❞ (βm, fm) ❛r❡ ❣✐✈❡♥ ✐♥ ✭✻✳✷✹✮ ❛♥❞ ✭✻✳✷✸✮ r❡s♣❡❝t✐✈❡❧② ❛♥❞

Ŝc := 11]]0,τ ]] � S
c − 1

Z−
11]]0,τ ]] � 〈m,Sc〉F.

✻✳✺✳✶ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✶

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✶ ✇✐❧❧ ❜❡ ❝♦♠♣❧❡t❡❞ ✐♥ ❢♦✉r st❡♣s✳ ❚❤❡ ✜rst st❡♣ ♣r♦✈✐❞❡s ❛♥ ❡q✉✐✈❛✲
❧❡♥t ❢♦r♠✉❧❛t✐♦♥ t♦ ❛ss❡rt✐♦♥ ✭❛✮ ✉s✐♥❣ t❤❡ ✜❧tr❛t✐♦♥ F ✐♥st❡❛❞✳ ■♥ t❤❡ s❡❝♦♥❞ st❡♣✱ ✇❡ ♣r♦✈❡
✭❛✮⇒✭❜✮✱ ✇❤✐❧❡ t❤❡ r❡✈❡rs❡ ✐♠♣❧✐❝❛t✐♦♥ ✐s ♣r♦✈❡❞ ✐♥ t❤❡ t❤✐r❞ st❡♣✳ ❚❤❡ ♣r♦♦❢ ♦❢ ✭❜✮⇐⇒ ✭❝✮
✐s ❣✐✈❡♥ ✐♥ t❤❡ ❧❛st st❡♣✳

❙t❡♣ ✶✳ ❋♦r♠✉❧❛t✐♦♥ ♦❢ ❛ss❡rt✐♦♥ ✭❛✮✳ ❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✶✳✺✻✱ Sτ s❛t✐s✜❡s ◆❯P❇❘✭Fτ ✮
✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐st ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ LFτ

✇✐t❤ 1+∆LFτ
> 0 ❛♥❞ ❛♥ Fτ ✲♣r❡❞✐❝t❛❜❧❡

♣r♦❝❡ss φF
τ
s✉❝❤ t❤❛t 0 < φF

τ ≤ 1 ❛♥❞ E
(
LFτ ) (

φF
τ
� Sτ

)
✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❲❡ ❝❛♥

r❡❞✉❝❡ ♦✉r ❛tt❡♥t✐♦♥ t♦ ♣r♦❝❡ss❡s LFτ
s✉❝❤ t❤❛t

LFτ
= βF

τ
� Ŝc + (fF

τ − 1) ⋆ (µF
τ − νF

τ
)

✇❤❡r❡ βF
τ ∈ L(Ŝc,Fτ ) ❛♥❞ fF

τ
✐s ♣♦s✐t✐✈❡ ❛♥❞ s✉❝❤ t❤❛t fF

τ − 1 ∈ G1
loc(µ

Fτ
,Fτ )✳

❚❤❡♥✱ ♦♥❡ ♥♦t❡s t❤❛t E
(
LFτ ) (

φF
τ
� Sτ

)
✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ φF

τ
� Sτ +

[φF
τ
� Sτ , LFτ

] ✐s ❛ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✱ ✇❤✐❝❤ ✐♥ t✉r♥✱ ✐s ❡q✉✐✈❛❧❡♥t t♦

φF
τ |xfFτ

(x)− h(x)|
(
1 +

fm(x)

Z−

)
11[[0,τ ]] ⋆ ν ∈ A+

loc(F
τ ), ✭✻✳✷✻✮

❛♥❞ P ⊗ Ā − a.e. ♦♥ [[0, τ ]] ✭✉s✐♥❣ t❤❡ ❦❡r♥❡❧ F ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✶✳✶✵ ❛♥❞ st✉❞✐❡❞ ✐♥
❆♣♣❡♥❞✐① ✻✳✻✳✶✮

b+ c(
βm
Z−

+ βF
τ
) +

∫ [
(xfF

τ
(x)− h(x))

(
1 +

fm(x)

Z−

)
+ h(x)

fm(x)

Z−

]
F (dx) = 0. ✭✻✳✷✼✮

❋r♦♠ ▲❡♠♠❛ ✻✳✸✸✱ t❤❡r❡ ❡①✐st φF ❛♥❞ βF t✇♦ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss❡s ❛♥❞ ❛ ♣♦s✐t✐✈❡ P̃(F)✲
♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥❛❧✱ fF✱ s✉❝❤ t❤❛t 0 < φF ≤ 1✱

βF = βF
τ
, φF = φF

τ
, fF = fF

τ
♦♥ [[0, τ ]]. ✭✻✳✷✽✮

❚❤❡♥✱ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✻✳✸✹ ✇❡ ❞❡❞✉❝❡ t❤❛t ✭✻✳✷✻✮✕✭✻✳✷✼✮ ✐♠♣❧② t❤❛t✱ ♦♥ {Z− ≥ δ}✱ ✇❡ ❤❛✈❡

W F :=

∫
|(xfF(x)− h(x))|

(
1 +

fm(x)

Z−

)
F (dx) <∞ P⊗ Ā− a.e, ✭✻✳✷✾✮

❛♥❞ P⊗ Ā✲❛✳❡✳ ♦♥ {Z− ≥ δ}✱ ✇❡ ❤❛✈❡

b+c

(
βF +

βm
Z−

)
−
∫
h(x)11{ψ=0}F (dx)+

∫ [
xfF(x)(1 +

fm(x)

Z−
)− h(x)

]
11{ψ>0}F (dx) = 0.

✭✻✳✸✵✮
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❚❤✐s ❧❛tt❡r ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❛s {ψ = 0} = {Z− + fm = 0} ✭s❡❡ ✻✳✹✮✳

❙t❡♣ ✷✳ Pr♦♦❢ ♦❢ ✭❛✮ ⇒ ✭❜✮✳ ❙✉♣♣♦s❡ t❤❛t Sτ s❛t✐s✜❡s ◆❯P❇❘✭Fτ ✮✱ ❤❡♥❝❡ ✭✻✳✷✾✮✕✭✻✳✸✵✮
❤♦❧❞✳ ❚♦ ♣r♦✈❡ t❤❛t 11{Z≥δ} � (S − S(0)) s❛t✐s✜❡s ◆❯P❇❘(F)✱ ✇❡ ❝♦♥s✐❞❡r

β :=

(
βm
Z−

+ βF
)
11{Z−≥δ} ❛♥❞ f = fF

(
1 +

fm
Z−

)
11Σ0 + 11Σc

0
,

✇❤❡r❡ Σ0 := {Z− ≥ δ, ψ > 0}✳ ■❢ β ∈ L(Sc,F) ❛♥❞ (f − 1) ∈ G1
loc(µ,F)✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

L′ := β � Sc + (f − 1) ⋆ (µ− ν)

✐s ❛ ✇❡❧❧ ❞❡✜♥❡❞ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❈❤♦♦s✐♥❣ φ =
(
1 +W F11{Z−≥δ}

)−1
✇❤❡r❡ W F ✐s ❞❡✲

✜♥❡❞ ✐♥ ✭✻✳✷✾✮✱ ✉s✐♥❣ ✭✻✳✸✵✮✱ ❛♥❞ ❛♣♣❧②✐♥❣ ■tô✬s ❢♦r♠✉❧❛ ❢♦r E(L′)
(
φ11{Z−≥δ} · (S − S(0))

)
✱

✇❡ ❞❡❞✉❝❡ t❤❛t t❤✐s ♣r♦❝❡ss ✐s ❛♥ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❍❡♥❝❡✱ 11{Z−≥δ} · (S − S(0)) s❛t✐s✜❡s
◆❯P❇❘(F)✱ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ ✭❛✮⇒✭❜✮ ✐s ❝♦♠♣❧❡t❡❞✳
◆♦✇✱ ✇❡ ❢♦❝✉s ♦♥ ♣r♦✈✐♥❣ β ∈ L(Sc,F) ❛♥❞ (f − 1) ∈ G1

loc(µ,F) ✭♦r ❡q✉✐✈❛❧❡♥t❧②√
(f − 1)2 ⋆ µ ❜❡❧♦♥❣s t♦ A+

loc(F)✮✳ ❙✐♥❝❡ βm ∈ L(Sc,F)✱ t❤❡♥ ✐t ✐s ♦❜✈✐♦✉s t❤❛t βm
Z−

11{Z−≥δ}
❜❡❧♦♥❣s t♦ L(Sc,F) ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ (βF)T cβF11{Z−≥δ} � Ā ∈ A+

loc(F)

❞✉❡ t♦ (βF)T cβF � Āτ = (βF
τ
)T cβF

τ
� Āτ ∈ A+

loc(F
τ ) ❛♥❞ ❆♣♣❡♥❞✐① Pr♦♣♦s✐t✐♦♥ ✻✳✸✹✭❝✮✳ ❚❤✐s

❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ β ∈ L(Sc,F)✳

◆♦✇✱ ✇❡ ❢♦❝✉s ♦♥ ♣r♦✈✐♥❣ (f − 1) ∈ G1
loc(µ,F)✳ ❙✐♥❝❡ S ✐s q✉❛s✐✲❧❡❢t✲❝♦♥t✐♥✉♦✉s✱ t❤✐s ✐s

❡q✉✐✈❛❧❡♥t t♦ ♣r♦✈❡
√
(f − 1)2 ⋆ µ ∈ A+

loc(F)✳ ❚❤❛♥❦s t♦ ❆♣♣❡♥❞✐① Pr♦♣♦s✐t✐♦♥ ✻✳✸✹ ❛♥❞√
( fF − 1)2 ⋆ µFτ =

√
( fFτ − 1)2 ⋆ µFτ ❜❡❧♦♥❣s t♦ A+

loc(F
τ )✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

( fF − 1)211{|fF−1|≤α}Z̃11{Z−≥δ} ⋆ µ ❛♥❞ |fF − 1|11{|fF−1|>α}Z̃11{Z−≥δ} ⋆ µ ∈ A+
loc(F).

❇② st♦♣♣✐♥❣✱ t❤❡r❡ ✐s ♥♦ ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✐♥ ❛ss✉♠✐♥❣ t❤❛t t❤❡s❡ t✇♦ ♣r♦❝❡ss❡s ❛♥❞ [m,m]
❛r❡ ✐♥t❡❣r❛❜❧❡✳ ❚❤❡♥✱

f − 1 =
(
fF − 1

)(
1 +

fm
Z−

)
11Σ0 +

fm
Z−

11Σ0 =: h1 + h2.

❚❤❡r❡❢♦r❡✱ ✇❡ ❞❡r✐✈❡ t❤❛t

E
[
h2111{|fF−1|≤α} ⋆ µ∞

]
≤ δ−2E

[(
fF − 1

)2
(Z− + fm)

2 11{|fF−1|≤α}11{Z−≥δ} ⋆ µ∞

]

≤ δ−2E

[(
fF − 1

)2
Z̃11{|fF−1|≤α}11{Z−≥δ} ⋆ µ∞

]
<∞,

❛♥❞

E
[
|h1|11{|f−1|>α} ⋆ µ∞

]
≤ δ−1E

[
|f − 1| |Z− + fm|11{|f−1|>α}11{Z−≥δ} ⋆ µ∞

]

= δ−1E
[
|f − 1|Z̃11{|f−1|>α}11{Z−≥δ} ⋆ µ∞

]
<∞.

❇② ❝♦♠❜✐♥✐♥❣ t❤❡ ❛❜♦✈❡ t✇♦ ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
(
h21 ⋆ µ

)1/2 ∈ A+
loc(F). ■t ✐s ❡❛s②

t♦ s❡❡ t❤❛t
(
h22 ⋆ µ

)1/2 ∈ A+
loc(F) ❢♦❧❧♦✇s ❢r♦♠

E
[
h22 ⋆ µ∞

]
≤ δ−2E

[
f2m ⋆ µ∞

]
≤ δ2E

[
(∆m)2 ⋆ µ∞

]
≤ δ−2E [m,m]∞ <∞.
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❙t❡♣ ✸✳ Pr♦♦❢ ♦❢ ✭❜✮ ⇒ ✭❛✮✳ ❙✉♣♣♦s❡ t❤❛t ❢♦r ❛♥② δ > 0✱ t❤❡ ♣r♦❝❡ss 11{Z−≥δ} �
(
S − S(0)

)

s❛t✐s✜❡s ◆❯P❇❘(F)✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐st ❛♥ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ LF ❛♥❞ ❛♥ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss
φ s✉❝❤ t❤❛t 0 < φ ≤ 1 ❛♥❞ E

(
LF
) [
φ11{Z−≥δ} �

(
S − S(0)

)]
✐s ❛♥ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❲❡ ❝❛♥

r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ ❝❛s❡

LF := βF � Sc + (fF − 1) ⋆ (µ− ν),

✇❤❡r❡ βF ∈ L(Sc,F) ❛♥❞ fF ✐s ♣♦s✐t✐✈❡ s✉❝❤ t❤❛t fF − 1 ∈ G1
loc(µ,F)✳

❚❤❛♥❦s t♦ ■tô✬s ❢♦r♠✉❧❛✱ t❤❡ ❢❛❝t t❤❛t E
(
LF
) [
φ11{Z−≥δ} �

(
S − S(0)

)]
✐s ❛♥ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡

✐♠♣❧✐❡s t❤❛t ♦♥ {Z− ≥ δ}

kF :=

∫
|xfF(x)11{ψ(x)>0} − h(x)|F (dx) <∞ P⊗ Ā− a.e.

❛♥❞ P⊗ Ā✲❛✳❡✳ ♦♥ {Z− ≥ δ}✱ ✇❡ ❤❛✈❡

b−
∫
h(x)11{ψ=0}F (dx) + cβF +

∫ [
xfF(x)− h(x)

]
11{ψ(x)>0}F (dx) = 0. ✭✻✳✸✶✮

❘❡❝❛❧❧ t❤❛t {ψ = 0} = {Z− + fm = 0} ❛♥❞ ❝♦♥s✐❞❡r

βF
τ
:=

(
βF − βm

Z−

)
11]]0,τ ]] ❛♥❞ fF

τ
:=

fF

1 + fm/Z−
11{ψ>0}11]]0,τ ]] + 11{ψ=0}∪]]τ,∞[[.

■❢ ✇❡ ❛ss✉♠❡ t❤❛t
βF

τ ∈ L(Ŝc,F) ❛♥❞ (fF
τ − 1) ∈ G1

loc(µ
Fτ
), ✭✻✳✸✷✮

t❤❡♥✱ ♥❡❝❡ss❛r✐❧② LFτ
:= βF

τ
� Ŝc+(fF

τ −1)⋆(µF
τ −νFτ

) ✐s ❛ ✇❡❧❧ ❞❡✜♥❡❞ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡
s❛t✐s❢②✐♥❣ E(LFτ

) > 0✳ ❋✉rt❤❡r♠♦r❡✱ ❞✉❡ t♦ ✭✻✳✸✶✮ ❛♥❞ t♦ {ψ = 0} = {Z− + fm = 0} ✭s❡❡
✭✻✳✹✮✮✱ ♦♥ ]]0, τ ]] ✇❡ ♦❜t❛✐♥

b+ c

(
βF

τ
+
βm
Z−

)
+

∫ (
xfF

τ

(
1 +

fm
Z−

)
− h(x)

)
F (dx) = 0 . ✭✻✳✸✸✮

❇② t❛❦✐♥❣ φF
τ
:=
(
1 + kF11{Z−≥δ}

)−1
✱ ❛♥❞ ❛♣♣❧②✐♥❣ ■tô✬s ❢♦r♠✉❧❛ t♦ (φF

τ
11{Z−≥δ}�S

τ )E(LFτ
)✱

✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤✐s ♣r♦❝❡ss ✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞✉❡ t♦ ✭✻✳✸✸✮✳ ❚❤✉s✱ 11{Z−≥δ} � S
τ

s❛t✐s✜❡s ◆❯P❇❘(Fτ ) ❛s ❧♦♥❣ ❛s ✭✻✳✸✷✮ ✐s ❢✉❧✜❧❧❡❞✳

❙✐♥❝❡ Z−111[[0,τ [[ ✐s F
τ ✲❧♦❝❛❧❧② ❜♦✉♥❞❡❞✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❢❛♠✐❧② ♦❢ Fτ ✲st♦♣♣✐♥❣ t✐♠❡s (τδ)δ>0

s✉❝❤ t❤❛t [[0, τδ]] ⊂ {Z− ≥ δ} ✭✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t 11{Z−≥δ} � S
τ∧τδ = Sτ∧τδ✮ ❛♥❞ τδ ✐♥❝r❡❛s❡s

t♦ ✐♥✜♥✐t② ✇❤❡♥ δ ❣♦❡s t♦ ③❡r♦✳ ❚❤✉s✱ ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✶✳✺✾✱ ✇❡ ❞❡❞✉❝❡ t❤❛t Sτ s❛t✐s✜❡s
◆❯P❇❘(Fτ )✳ ❚❤✐s ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢ ♦❢ ✭❜✮⇒✭❛✮ ✉♥❞❡r ✭✻✳✸✷✮✳

❚♦ ♣r♦✈❡ t❤❛t ✭✻✳✸✷✮ ❤♦❧❞s tr✉❡✱ ✇❡ r❡♠❛r❦ t❤❛t Z−1
− 11]]0,τ ]] ✐s F

τ ✲❧♦❝❛❧❧② ❜♦✉♥❞❡❞ ❛♥❞ ❜♦t❤

βm ❛♥❞ βF ❜❡❧♦♥❣ t♦ L(Sc,F)✳ ❚❤✐s✱ ❡❛s✐❧②✱ ✐♠♣❧✐❡s t❤❛t βF
τ ∈ L(Ŝc,Fτ )✳

◆♦✇✱ ✇❡ ♣r♦✈❡ t❤❛t
√

(fFτ − 1)2 ⋆ µFτ ∈ A+
loc(F

τ )✳ ❙✐♥❝❡
√
(fF − 1)2 ⋆ µ ∈ A+

loc(F)✱ Pr♦♣♦✲
s✐t✐♦♥ ✻✳✸✹ ❛❧❧♦✇s ✉s t♦ ❞❡❞✉❝❡ t❤❛t

(fF − 1)211{|fF−1|≤α} ⋆ µ ∈ A+
loc(F) ❛♥❞ |fF − 1|11{|fF−1|>α} ⋆ µ ∈ A+

loc(F).
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❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡s❡ t✇♦ ♣r♦❝❡ss❡s ❛♥❞ [m,m] ❛r❡ ✐♥t❡❣r❛❜❧❡✳
P✉t

fF
τ − 1 = 11{ψ>0}11]]0,τ ]]

Z−(fF − 1)

fm + Z−
− 11{ψ>0}11]]0,τ ]]

fm
fm + Z−

:= f1 + f2.

❚❤❡♥✱ ✇❡ ❝❛❧❝✉❧❛t❡

E
(
f21 11{fm+Z−>δ/2}∩{|fF−1|≤α} ⋆ µ

Fτ

∞
)
≤
(
2
δ

)2
E
(
(fF − 1)211{|fF−1|≤α} ⋆ µ∞

)
<∞

❛♥❞

E
(√

f21 11{fm+Z−≤δ/2}∩{|fF−1|≤α} ⋆ µF
τ

∞
)

≤ αE
(
11{fm+Z−≤δ/2}(Z− + fm)

−1 ⋆ µF
τ
(∞)

)

≤ E
(
11{|fm|≥δ/2} ⋆ µ(∞)

)

≤ 4α

δ2
E([m,m]∞)

< ∞.

❚❤✐s ♣r♦✈❡s t❤❛t
√
f21 11{|fF−1|≤α} ⋆ µF

τ ∈ A+
loc(F

τ ). ❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛❧❝✉❧❛t❡

E
(√

f21 11{|fF−1|>α} ⋆ µF
τ

∞
)

≤ E
(
|f1|11{|fF−1|>α} ⋆ µ

Fτ

∞
)

≤ E

( |fF − 1|
1 + fm/Z−

11{|fF−1|>α} ⋆ µ
Fτ

∞

)

≤ E
(
|fF − 1|11{|fF−1|>α} ⋆ µ∞

)

< ∞.

❚❤✉s✱ ❜② ❝♦♠❜✐♥✐♥❣ ❛❧❧ t❤❡ r❡♠❛r❦s ♦❜t❛✐♥❡❞ ❛❜♦✈❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
√
f21 ⋆ µ

Fτ ✐s Fτ ✲❧♦❝❛❧❧②
✐♥t❡❣r❛❜❧❡✳ ❋♦r t❤❡ ❢✉♥❝t✐♦♥❛❧ f2✱ ✇❡ ♣r♦❝❡❡❞ ❜② ❝❛❧❝✉❧❛t✐♥❣

E
(
f22 11{fm+Z−>δ/2} ⋆ µ

Fτ

∞
)
≤ (2/δ)2E

(
f2m ⋆ µ∞

)
≤ (2/δ)2E([m,m]∞) <∞,

❛♥❞

E
(√

f22 11{fm+Z−≤δ/2} ⋆ µF
τ

∞
)

≤ E
(
|fm|11{|fm|≥δ/2} ⋆ µ(∞)

)

≤ (2/δ)E
(
f2m ⋆ µ(∞)

)

≤ (2/δ)E([m,m]∞)

< ∞.

❚❤✐s ♣r♦✈❡s t❤❛t
√
f22 ⋆ µ

Fτ ✐s Fτ ✲❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ✭✻✳✸✷✮ ✐s
✈❛❧✐❞✱ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ ✭❜✮⇒✭❛✮ ✐s ❝♦♠♣❧❡t❡❞✳

❙t❡♣ ✹✳ Pr♦♦❢ ♦❢ ✭❜✮ ⇐⇒ ✭❝✮✳ ❋♦r ❛♥② δ > 0✱ ✇❡ ❞❡♥♦t❡

τδ := sup{t : Zt− ≥ δ}.

❚❤❡♥✱ ❞✉❡ t♦ ]]R,∞[[⊂ {Z− = 0} ⊂ {Z− < δ}✱ ✇❡ ❞❡❞✉❝❡

σ1/δ ≤ τδ ≤ R ❛♥❞ Zτδ− ≥ δ > 0 P− a.s. ♦♥ {τδ <∞}
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✇❤❡r❡ σn ❛r❡ ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✻✳✶ ❛♥❞ R ✐s ❞❡✜♥❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✻✳✶✻✳ ❋✉rt❤❡r♠♦r❡✱
s❡tt✐♥❣ Σ :=

⋂
n≥1(σn < R)✱ ✇❡ ❤❛✈❡

♦♥ Σ ∩ {R <∞} ZR− = 0, ❛♥❞ τδ < R P− a.s.

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ s❡♠✐♠❛rt✐♥❣❛❧❡ X := S−S(0)✳ ❋♦r ❛♥② δ > 0✱ ❛♥❞ ❛♥② H ♣r❡❞✐❝t❛❜❧❡ s✉❝❤
t❤❛t Hδ := H11{Z−≥δ} ∈ L(X,F) ❛♥❞ Hδ ·X ≥ −1 ✱ ❞✉❡ ❬❉▼✽✵✱ ❚❤❡♦r❡♠ ✷✸ ♣✳✸✹✻❪✱

(Hδ ·X)T = (Hδ ·X)T∧τδ , ❛♥❞ ♦♥ {θ ≥ τδ} (Hδ ·X)T = (Hδ ·X)T∧θ.

❚❤❡♥✱ ❢♦r ❛♥② T ∈ (0,∞)✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣

P((Hδ ·X)T > c) = P((Hδ ·X)T > c, σn ≥ τδ) + P((Hδ ·X)T > c, σn < τδ)

≤ 2 sup
φ∈L(Xσn ):φ�Xσn≥−1

P((φ ·X)σn∧T > c) + P(σn < τδ ∧ T ).
✭✻✳✸✹✮

■t ✐s ❡❛s② t♦ ♣r♦✈❡ t❤❛t P(σn < τδ ∧ T ) → 0 ❛s n ❣♦❡s t♦ ✐♥✜♥✐t②✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❞✉❡ t♦
t❤❡ ❢❛❝t t❤❛t ♦♥ Σ✱ ✇❡ ❤❛✈❡✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ τδ ∧T < R ✭❞✐st✐♥❣✉✐s❤ t❤❡ t✇♦ ❝❛s❡s ✇❤❡t❤❡r
R ✐s ✜♥✐t❡ ♦r ♥♦t✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❡✈❡♥t (σn < R) ✐♥❝r❡❛s❡s t♦ Σ ✇✐t❤ n✳ ❚❤✉s✱ ❜②
❝♦♠❜✐♥✐♥❣ t❤❡s❡✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

P(σn < τδ ∧ T ) = P((σn < τδ ∧ T ) ∩ Σ) + P((σn < τδ ∧ T ) ∩ Σc)

≤ P(σn < τδ ∧ T < R) + P((σn < R) ∩ Σc) → 0.
✭✻✳✸✺✮

◆♦✇ s✉♣♣♦s❡ t❤❛t ❢♦r ❡❛❝❤ n ≥ 1✱ t❤❡ ♣r♦❝❡ss (S − S(0))σn s❛t✐s✜❡s ◆❯P❇❘(F)✳
❚❤❡♥ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✭✻✳✸✹✮ ❛♥❞ ✭✻✳✸✺✮ ✐♠♣❧✐❡s t❤❛t ❢♦r ❛♥② δ > 0✱ t❤❡ ♣r♦❝❡ss
11{Z−≥δ} � X := 11{Z−≥δ} � (S − S(0)) s❛t✐s✜❡s ◆❯P❇❘(F)✱ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ ✭❝✮⇒ ✭❜✮ ✐s
❝♦♠♣❧❡t❡❞✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ r❡✈❡rs❡ ✐♠♣❧❝❛t✐♦♥ ✐s ♦❜✈✐♦✉s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t

[[0, σn]] ⊂ {Z− ≥ 1/n} ⊂ {Z− ≥ δ}, ❢♦r n ≤ δ−1,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t (11{Z−≥δ} ·X)σn = Xσn ✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ ✭❜✮ ⇐⇒✭❝✮✱ ❛♥❞ t❤❡ ♣r♦♦❢
♦❢ t❤❡ t❤❡♦r❡♠ ✐s ❛❝❤✐❡✈❡❞✳

✻✳✺✳✷ ■♥t❡r♠❡❞✐❛t❡ r❡s✉❧ts

❚❤❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠s ✻✳✻ ❛♥❞ ✻✳✾ r❡❧② ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r♠❡❞✐❛t♦r② r❡s✉❧t ❛❜♦✉t F✲
♠❛rt✐♥❣❛❧❡s ✇✐t❤ ❛ s✐♥❣❧❡ ❥✉♠♣✱ ✇❤✐❝❤ ✐s ✐♥t❡r❡st✐♥❣ ✐♥ ✐ts❡❧❢✳

Pr♦♣♦s✐t✐♦♥ ✻✳✷✼✳ ▲❡t M ❜❡ ❛♥ F✲♠❛rt✐♥❣❛❧❡ ✇✐t❤ M0 = 0 ❣✐✈❡♥ ❜② M := ξ11[[T,∞[[✱ ✇❤❡r❡

T ✐s ❛♥ F✲♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡✱ ❛♥❞ ξ ✐s ❛♥ FT ✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ❚❤❡♥ t❤❡

❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳

✭❛✮ M ✐s ❛♥ F✲♠❛rt✐♥❣❛❧❡ ✉♥❞❡r QT ❣✐✈❡♥ ❜②

dQT

dP
:=

11{Z̃T>0}∩Γ(T )

P(Z̃T > 0
∣∣ FT−)

+ 11Γc(T ), Γ(T ) := {P(Z̃T > 0|FT−) > 0}. ✭✻✳✸✻✮
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✭❜✮ ❖♥ t❤❡ s❡t {T <∞}✱ ✇❡ ❤❛✈❡

E
(
MT 11{Z̃T=0}

∣∣ FT−
)
= 0, P− a.s. ✭✻✳✸✼✮

✭❝✮ M τ ✐s ❛♥ Fτ ✲♠❛rt✐♥❣❛❧❡ ✉♥❞❡r QFτ

T :=
(
UFτ

(T )/E(UFτ
(T )
∣∣ Fτ

T−)
)
· P ✇❤❡r❡

UFτ
(T ) := 11{T>τ} + 11{T≤τ}

ZT−

Z̃T
> 0. ✭✻✳✸✽✮

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✇✐❧❧ ❜❡ ❛❝❤✐❡✈❡❞ ✐♥ t✇♦ st❡♣s✳
❙t❡♣ ✶✳ ❍❡r❡✱ ✇❡ ♣r♦✈❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ❛ss❡rt✐♦♥s ✭❛✮ ❛♥❞ ✭❜✮✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡
❞❡♥♦t❡ ❜② Q := QT ✱ ✇❤❡r❡ QT ✐s ❞❡✜♥❡❞ ✐♥ ✭✻✳✸✻✮✱ ❛♥❞ r❡♠❛r❦ t❤❛t ♦♥ {ZT− = 0}✱ Q
❝♦✐♥❝✐❞❡s ✇✐t❤ P ❛♥❞ ✭✻✳✸✼✮ ❤♦❧❞s✱ ❞✉❡ t♦ {ZT− = 0} ⊂ {Z̃T = 0}✳ ❚❤✉s✱ ✐t ✐s ❡♥♦✉❣❤ t♦
♣r♦✈❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ✭❛✮ ❛♥❞ ✭❜✮ ♦♥ t❤❡ s❡t {T <∞, ZT− > 0}✳ ❖♥ t❤✐s s❡t✱ ❞✉❡
t♦ E(ξ|FT−) = 0✱ ✇❡ ❞❡r✐✈❡

EQ(ξ
∣∣FT−) = E(ξ11{Z̃T>0}

∣∣FT−)
(
P(Z̃T > 0

∣∣FT−)
)−1

= −E(ξ11{Z̃T=0}
∣∣FT−)

(
P(Z̃T > 0

∣∣FT−)
))−1

.

❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ❛ss❡rt✐♦♥ ✭❛✮ ✭♦r ❡q✉✐✈❛❧❡♥t❧② EQ(ξ|FT−) = 0✮ ✐s ❡q✉✐✈❛❧❡♥t t♦
✭✻✳✸✼✮✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ ✭❛✮ ⇐⇒ ✭❜✮✳
❙t❡♣ ✷✳ ❚♦ ♣r♦✈❡ ✭❛✮⇐⇒✭❝✮✱ ✇❡ ✜rst ♥♦t✐❝❡ t❤❛t t❤❛♥❦s t♦ (T ≤ τ) ⊂ (Z̃T > 0) ⊂ (ZT− >
0)✱ ♦♥ {T ≤ τ} ✇❡ ❤❛✈❡

P
(
Z̃T > 0

∣∣FT−
)
EQFτ

T
(
ξ|Fτ

T−
)

= E

(
ZT−

Z̃T
ξ11{T≤τ}|Fτ

T−

)
= E

(
ξ11{Z̃T>0}|FT−

)

= EQ (ξ|FT−)P
(
Z̃T > 0

∣∣FT−
)
.

❚❤✐s ❡q✉❛❧✐t② ♣r♦✈❡s t❤❛t M τ ∈ M(QFτ

T ,F
τ ) ✐❢ ❛♥❞ ♦♥❧② ✐❢ M ∈ M(Q,F)✱ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢

✭❛✮⇐⇒✭❝✮ ✐s ❝♦♠♣❧❡t❡❞✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠✳

✻✳✺✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✻

❋♦r t❤❡ r❡❛❞❡r ❝♦♥✈❡♥✐❡♥❝❡✱ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✻✳✻✱ ✇❡ st❛t❡ ❛ ♠♦r❡ ♣r❡❝✐s❡ ✈❡rs✐♦♥
♦❢ t❤❡ t❤❡♦r❡♠✱ ✐♥ ✇❤✐❝❤ ✇❡ ❡①♣❧✐❝✐t❧② ❞❡s❝r✐❜❡ s♦♠❡ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡s ❢♦r t❤❡ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡ QT ✳

❚❤❡♦r❡♠ ✻✳✷✽✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✻✳✻ ❛r❡ ✐♥ ❢♦r❝❡✳ ❚❤❡♥✱ t❤❡

❛ss❡rt✐♦♥s ✭❛✮ ❛♥❞ ✭❜✮ ♦❢ ❚❤❡♦r❡♠ ✻✳✻ ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s✳

✭❞✮ S s❛t✐s✜❡s ◆❯P❇❘(F, Q̃T )✱ ✇❤❡r❡ Q̃T ✐s

Q̃T :=

(
Z̃T
ZT−

11{ZT−>0} + 11{ZT−=0}

)
· P,

✭❡✮ S s❛t✐s✜❡s ◆❯P❇❘(F,QT )✱ ✇❤❡r❡ QT ✐s ❞❡✜♥❡❞ ✐♥ ✭✻✳✸✻✮✳
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Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠ ✇✐❧❧ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ♣r♦✈✐♥❣ (d) ⇐⇒ (e) ⇐⇒ (b) ❛♥❞
(b) ⇒ (a) ⇒ (d)✳ ❚❤❡s❡ ✇✐❧❧ ❜❡ ❝❛rr✐❡❞ ♦✉t ✐♥ ❢♦✉r st❡♣s✳

❙t❡♣ ✶✳ ■♥ t❤✐s st❡♣✱ ✇❡ ♣r♦✈❡ (d) ⇐⇒ (e)✳ ❙✐♥❝❡ S ✐s ❛ s✐♥❣❧❡ ❥✉♠♣ ♣r♦❝❡ss ✇✐t❤ ♣r❡❞✐❝t❛❜❧❡
❥✉♠♣ t✐♠❡ T ✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ ❢❛❝t t❤❛t S s❛t✐s✜❡s ◆❯P❇❘ ✉♥❞❡r s♦♠❡ ♣r♦❜❛❜✐❧✐t②
Q∗ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t 11AS ❛♥❞ 11AcS s❛t✐s❢② ◆❯P❇❘(Q∗) ❢♦r ❛♥② FT−✲♠❡❛s✉r❛❜❧❡
❡✈❡♥t A✳ ❍❡♥❝❡✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛ss❡rt✐♦♥s ✭❞✮ ❛♥❞ ✭❡✮
s❡♣❛r❛t❡❧② ♦♥ t❤❡ ❡✈❡♥ts {ZT− = 0} ❛♥❞ {ZT− > 0}✳ ❙✐♥❝❡ {ZT− = 0} ⊂ {Z̃T = 0} ❛♥❞

E(Z̃T |FT−) = ZT− ♦♥ {T <∞}✱ ❜② ♣✉tt✐♥❣ Γ0 :=
{
P(Z̃T > 0

∣∣FT−) = 0
}
✱ ✇❡ ❞❡r✐✈❡

E
(
ZT−11Γ0∩{T<∞}

)
= E

(
Z̃T 11Γ0∩{T<∞}

)
= 0,

❛♥❞
0 = P

(
{ZT− = 0} ∩ {Z̃T > 0} ∩ {T <∞}

)

= E
(
11{ZT−=0}∩{T<∞}P

(
Z̃T > 0|FT−

))
.

❚❤❡s❡ ❡q✉❛❧✐t✐❡s ✐♠♣❧② t❤❛t ♦♥ {T <∞}✱ P− a.s.✱ ✇❡ ❤❛✈❡

{ZT− = 0} = Γ0 ⊂ {Z̃T = 0}. ✭✻✳✸✾✮

❚❤✉s✱ ♦♥ t❤❡ s❡t {T <∞}∩Γ0✱ t❤❡ t❤r❡❡ ♣r♦❜❛❜✐❧✐t✐❡s P✱ QT ❛♥❞ Q̃T ❝♦✐♥❝✐❞❡✱ ❛♥❞ t❤❡ ❡q✉✐✈✲
❛❧❡♥❝❡ ❜❡t✇❡❡♥ ❛ss❡rt✐♦♥s ✭❞✮ ❛♥❞ ✭❡✮ ✐s ♦❜✈✐♦✉s✳ ❖♥ t❤❡ s❡t {T <∞, P(Z̃T > 0|FT−) > 0}✱
♦♥❡ ❤❛s Q̃T ∼ QT ✱ ❛♥❞ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ✭❞✮ ❛♥❞ ✭❡✮ ✐s ❛❧s♦ ♦❜✈✐♦✉s✳ ❚❤✐s ❛❝❤✐❡✈❡s
t❤✐s ✜rst st❡♣✳

❙t❡♣ ✷✳ ❚❤✐s st❡♣ ♣r♦✈❡s ✭❡✮⇐⇒ ✭❜✮✳ ❆❣❛✐♥ t❤❛♥❦s t♦ ✭✻✳✸✾✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ♦♥ {ZT− = 0}✱
♦♥❡ ❤❛s S̃ ≡ S ≡ 0 ❛♥❞ QT ❝♦✐♥❝✐❞❡s ✇✐t❤ P ❛s ✇❡❧❧✳ ❍❡♥❝❡✱ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥
❛ss❡rt✐♦♥s ✭❡✮ ❛♥❞ ✭❜✮ ✐s ♦❜✈✐♦✉s ❢♦r t❤✐s ❝❛s❡✳ ❚❤✉s✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡
❜❡t✇❡❡♥ t❤❡s❡ ❛ss❡rt✐♦♥s ♦♥ {T <∞, P(Z̃T > 0|FT−) > 0}✳
❆ss✉♠❡ t❤❛t ✭❡✮ ❤♦❧❞s✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛♥ FT ✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✱ Y ✱ s✉❝❤ t❤❛t
Y > 0 QT − a.s. ❛♥❞ ♦♥ {T <∞}✱ ✇❡ ❤❛✈❡

EQT (Y |FT−) = 1, EQT (Y |ξ||FT−) <∞, ❛♥❞ EQT (Y ξ11{Z̃T>0}|FT−) = 0.

❙✐♥❝❡ Y > 0 ♦♥ {Z̃T > 0}✱ ❜② ♣✉tt✐♥❣

Y1 := Y 11{Z̃T>0} + 11{Z̃T=0} ❛♥❞ Ỹ1 :=
Y1

E[Y1|FT−]
,

✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t Y1 > 0✱ Ỹ1 > 0✱

E
[
Ỹ1|FT−

]
= 1 ❛♥❞ E

[
Ỹ1ξ11{Z̃T>0}|FT−

]
=

E
[
Y ξ11{Z̃T>0}|FT−

]

E[Y1|FT−]
= 0.

❚❤❡r❡❢♦r❡✱ S̃ ✐s ❛ ♠❛rt✐♥❣❛❧❡ ✉♥❞❡r P∗ := Ỹ1 ·P ∼ P✱ ❛♥❞ ❤❡♥❝❡ S̃ s❛t✐s✜❡s ◆❯P❇❘(F)✳ ❚❤✐s
❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ ✭❡✮⇒✭❜✮✳
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❚♦ ♣r♦✈❡ t❤❡ r❡✈❡rs❡ s❡♥s❡✱ ✇❡ s✉♣♣♦s❡ t❤❛t ❛ss❡rt✐♦♥ ✭❜✮ ❤♦❧❞s✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts Y ∈ L0(FT )✱
Y > 0✱ s✉❝❤ t❤❛t E[Y |ξ|11{Z̃T>0}|FT−] < ∞✱ E[Y |FT−] = 1 ❛♥❞ E[Y ξ11{Z̃T>0}|FT−] = 0 ♦♥

{ZT− > 0}✳ ❚❤❡♥✱ ❝♦♥s✐❞❡r

Y2 :=
Y 11{Z̃T>0}P(Z̃T > 0|FT−)

E[Y 11{Z̃T>0}|FT−]
+ 11{Z̃T=0}

❚❤❡♥ ✐t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t Y2 > 0 QT − a.s.✱

EQT (Y2|FT−) = 1, ❛♥❞ EQT
(
Y2ξ11{ZT−>0}|FT−

)
=

E
[
Y ξ11{Z̃T>0}|FT−

]

E[Y 11{Z̃T>0}|FT−]
= 0.

❚❤✐s ♣r♦✈❡s ❛ss❡rt✐♦♥ ✭❡✮✱ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ ✭❡✮⇐⇒✭❜✮ ✐s ❛❝❤✐❡✈❡❞✳

❙t❡♣ ✸✳ ❍❡r❡✐♥✱ ✇❡ ♣r♦✈❡ ✭❛✮ ⇒ ✭❞✮✳ ❙✉♣♣♦s❡ t❤❛t Sτ s❛t✐s✜❡s ◆❯P❇❘(Fτ )✳ ❚❤❡♥ t❤❡r❡
❡①✐sts ❛ ♣♦s✐t✐✈❡ Fτ

t ✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Y Fτ
s✉❝❤ t❤❛t E[ξY Fτ

11{T≤τ}|Fτ
T−] = 0 ♦♥

{T < ∞}✳ ❉✉❡ t♦ ▲❡♠♠❛ ✻✳✸✸✭❛✮✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣♦s✐t✐✈❡ FT ✲♠❡❛s✉r❛❜❧❡
✈❛r✐❛❜❧❡ Y F s✉❝❤ t❤❛t Y Fτ

11{T≤τ} = Y F11{T≤τ}✳ ❚❤❡♥✱ ♦♥ {T <∞}✱ ✇❡ ♦❜t❛✐♥

0 = E[ξY F11{T≤τ}|Fτ
T−] = E[ξY FZ̃T |FT−]

11{T≤τ}
ZT−

.

❚❤❡r❡❢♦r❡✱ ❜② t❛❦✐♥❣ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ✐♥ t❤❡ ❛❜♦✈❡ ❡q✉❛❧✐t②✱ ✇❡ ❣❡t

0 = E[ξY F Z̃T
ZT−

11{ZT−>0}|FT−] = EQ̃T [ξY F|FT−]11{ZT−>0} = EQ̃T [STY
F|FT−].

❚❤✐s ♣r♦✈❡s t❤❛t ❛ss❡rt✐♦♥ ✭❞✮ ❤♦❧❞s ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ ✭❛✮⇒✭❞✮ ✐s ❛❝❤✐❡✈❡❞✳

❙t❡♣ ✹✳ ❚❤✐s ❧❛st st❡♣ ♣r♦✈❡s ✭❜✮⇒✭❛✮✳ ❙✉♣♣♦s❡ t❤❛t S̃ s❛t✐s✜❡s ◆❯P❇❘(F)✳ ❚❤❡♥✱ t❤❡r❡
❡①✐sts ❛♥ FT ✲♠❡❛s✉r❛❜❧❡✱ ✐♥t❡❣r❛❜❧❡ r✳✈✳ Y s✉❝❤ t❤❛t ♦♥ {T <∞} ✇❡ ❤❛✈❡

E[Y |FT−] = 1, Y > 0, E[Y |ξ|11{Z̃T>0}|FT−] <∞, P− a.s.

❛♥❞

E[Y ξ11{Z̃T>0}|FT−] = 0.

❚❤❡♥ ❜② ❝♦♥s✐❞❡r✐♥❣ Q∗ := Y · P ∼ P✱ ✇❡ ❣❡t

EQ∗[
S̃T
∣∣FT−

]
= EQ∗[

ξ11{Z̃T>0}
∣∣FT−

]
= 0.

❚❤❡r❡❢♦r❡✱ ❛ss❡rt✐♦♥ ✭❛✮ ❞✐r❡❝t❧② ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✻✳✷✼ ❛♣♣❧✐❡❞ t♦ M = S̃ ✉♥❞❡r
Q∗ ∼ P ✭✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t ✭✻✳✸✼✮ ❤♦❧❞s ❢♦r (S̃,Q∗)✱ ✐✳❡✳ EQ∗

(S̃T 11{Z̃T=0}|FT−) = 0✮✳ ❚❤✐s
❡♥❞s t❤❡ ❢♦✉rt❤ st❡♣ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠ ✐s ❝♦♠♣❧❡t❡❞✳



✶✸✽ ❈❍❆P❚❊❘ ✻✳ ◆❖◆✲❆❘❇■❚❘❆●❊ ❯P ❚❖ ❘❆◆❉❖▼ ❍❖❘■❩❖◆

✻✳✺✳✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✾

❚♦ ❤✐❣❤❧✐❣❤t t❤❡ ♣r❡❝✐s❡ ❞✐✣❝✉❧t② ✐♥ ♣r♦✈✐♥❣ ❚❤❡♦r❡♠ ✻✳✾✱ ✇❡ r❡♠❛r❦ t❤❛t ♦♥ {T <∞}✱

UFτ
(T )

E(UFτ (T )
∣∣ Fτ

T−)
=

1 +∆LT −∆V Fτ

T

1−∆V Fτ

T

6= 1 +∆LT =
E(L)T
E(L)T−

,

✇❤❡r❡ UFτ
(T ) ✐s ❞❡✜♥❡❞ ✐♥ ✭✻✳✸✽✮ ❛♥❞ V Fτ

❛♥❞ L ❛r❡ ❞❡✜♥❡❞ ✐♥ ✭✻✳✶✺✮ ❛♥❞ ✭✻✳✶✻✮✳ ❚❤✐s
❤✐❣❤❧✐❣❤ts ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ❞✐✣❝✉❧t✐❡s t❤❛t ✇❡ ✇✐❧❧ ❢❛❝❡ ✇❤❡♥ ✇❡ ✇✐❧❧ ❢♦r♠✉❧❛t❡ t❤❡ r❡s✉❧ts
❢♦r ♣♦ss✐❜❧❡ ♠❛♥② ♣r❡❞✐❝t❛❜❧❡ ❥✉♠♣s t❤❛t ♠✐❣❤t ♥♦t ❜❡ ♦r❞❡r❡❞✳ ■t ♠✐❣❤t ♥♦t ❜❡ ♣♦ss✐❜❧❡ t♦
♣✐❡❝❡ ✉♣

UFτ
(Tn) = 1− ∆mTn

Z̃Tn
11{Tn≤τ}, n ≥ 1,

t♦ ❢♦r♠ ❛ ♣♦s✐t✐✈❡ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡♥s✐t② ❢♦r t❤❡ ♣r♦❝❡ss (11∪[[Tn]] � S)
τ ✳

❚❤✉s✱ ✐♥ ✈✐rt✉❡ ♦❢ t❤❡ ❛❜♦✈❡✱ t❤❡ ❦❡② ✐❞❡❛ ❜❡❤✐♥❞ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✾ ❧✐❡s ✐♥ ❝♦♥♥❡❝t✐♥❣
◆❯P❇❘ ✇✐t❤ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣♦s✐t✐✈❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ ✭✐♥st❡❛❞✮ t❤❛t ✐s ❛ ❞❡✢❛t♦r ❢♦r t❤❡
♠❛r❦❡t ♠♦❞❡❧ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✳

◆♦✇✱ ✇❡ st❛rt ❣✐✈✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✾✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✾✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ✐♥ t✇♦ st❡♣s✱ ✇❤❡r❡ ✇❡ ♣r♦✈❡
✭❜✮⇒✭❛✮ ❛♥❞ t❤❡ r❡✈❡rs❡ ✐♠♣❧✐❝❛t✐♦♥ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❢②✐♥❣ t❤❡ ♦✈❡r❛❧❧
♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠✱ ✇❡ r❡♠❛r❦ t❤❛t

{Z̃Q
T = 0} = {Z̃T = 0}, ❢♦r ❛♥② Q ∼ P ❛♥❞ ❛♥② F✲st♦♣♣✐♥❣ t✐♠❡ T, ✭✻✳✹✵✮

✇❤❡r❡ Z̃Q
t := Q[τ ≥ t|Ft]✳ ❚❤✐s ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠

E
(
Z̃T 11{Z̃Q

T=0}

)
= E

(
11{τ≥T}11{Z̃Q

T=0}

)
= 0,

✭✇❤✐❝❤ ✐♠♣❧✐❡s {Z̃Q
T = 0} ⊂ {Z̃T = 0}✮ ❛♥❞ t❤❡ s②♠♠❡tr✐❝ r♦❧❡ ♦❢ Q ❛♥❞ P✳

❙t❡♣ ✶✳ ❍❡r❡✱ ✇❡ ♣r♦✈❡ ✭❜✮⇒ ✭❛✮✳ ❙✉♣♣♦s❡ t❤❛t ❛ss❡rt✐♦♥ ✭❜✮ ❤♦❧❞s✱ ❛♥❞ ❝♦♥s✐❞❡r ❛
s❡q✉❡♥❝❡ ♦❢ F✲st♦♣♣✐♥❣ t✐♠❡s (τn)n t❤❛t ✐♥❝r❡❛s❡s t♦ ✐♥✜♥✐t② s✉❝❤ t❤❛t Y τn ✐s ❛♥ F✲♠❛rt✐♥❣❛❧❡✱
✇❤❡r❡ Y ✐s ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✺✻✳ ❚❤❡♥✱ s❡tt✐♥❣ Qn := Yτn/Y0 · P✱ ❛♥❞ ✉s✐♥❣ ✭✻✳✹✵✮
❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶✳✺✾✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡r❡ ✐s ♥♦ ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✐♥ ❛ss✉♠✐♥❣ Y ≡ 1✳
❈♦♥❞✐t✐♦♥ ✭✻✳✸✼✮ ✐♥ ❚❤❡♦r❡♠ ✻✳✷✼ ❤♦❧❞s ❢♦r ∆STn11{Z̃Tn>0} ❛♥❞ ∆STn11{Z̃Tn>0}11[[Tn,∞[[✳

❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ V Fτ
❛♥❞ L ❞❡✜♥❡❞ ✐♥ ✭✻✳✶✺✮ ❛♥❞ ✭✻✳✶✻✮✱ ❢♦r ❡❛❝❤ n✱

(1+∆LTn −∆V Fτ

Tn
)∆STn11{Tn≤τ}11[[Tn,∞[[ ✐s ❛♥ Fτ ✲♠❛rt✐♥❣❛❧❡✳ ❚❤❡♥✱ ❜② ❛ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥

♦❢ ❨♦r✬s ❡①♣♦♥❡♥t✐❛❧ ❢♦r♠✉❧❛✱ ✇❡ ❣❡t t❤❛t✱ ❢♦r ❛♥② θ ∈ L(Sτ ,Fτ )

E
(
11Γ � L− 11Γ � V Fτ

)
E (θ11Γ � Sτ ) = E (X)

✇❤❡r❡

X := 11Γ � L− 11Γ � V Fτ
+
∑

n≥1

θTn

(
1 + ∆LTn −∆V Fτ

Tn

)
∆STn11{Tn≤τ}11[[Tn,∞[[.



✻✳✺✳ P❘❖❖❋❙ ❖❋ ▼❆■◆ ❚❍❊❖❘❊▼❙ ✶✸✾

❈♦♥s✐❞❡r ♥♦✇ t❤❡ Fτ ✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss

φ =
∑

n≥1

ξn11[[Tn]]∩[[0,τ ]] + 11Γc∪]]τ∞[[, ✇❤❡r❡

ξn :=
2−n (1 + E(X)Tn−)

−1

(
1 + E

[
|∆LTn |

∣∣∣Fτ
Tn−

]
+∆V Fτ

Tn− + E
[
|θTn ZTn−

Z̃Tn

11{Tn≤τ}∆STn |
∣∣∣Fτ

Tn−

]) .

❚❤❡♥✱ ✐t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t 0 < φ ≤ 1 ❛♥❞ E (|φ � E(X)|var(∞)) ≤∑n≥1 2
−n = 1✳ ❍❡♥❝❡✱

φ � E(X) ∈ A(Fτ )✳ ❙✐♥❝❡ ∆LTn11[[Tn,∞[[ ❛♥❞ (1 + ∆LTn − ∆V Fτ

Tn
)∆STn11{Tn≤τ}11[[Tn,∞[[ ❛r❡

Fτ ✲♠❛rt✐♥❣❛❧❡s✱ ✇❡ ❞❡r✐✈❡

(φ � E(X))p,F
τ

=
∑

n

φTnETn−(X)E(∆XTn |GTn−)11[[Tn,∞[[ = −φE−(X) � V Fτ ≤ 0.

❚❤✐s ♣r♦✈❡s t❤❛t E(X) ✐s ❛ ♣♦s✐t✐✈❡ σ✲s✉♣❡r♠❛rt✐♥❣❛❧❡✳ ❚❤✉s✱ t❤❛♥❦s t♦ ❑❛❧❧s❡♥ ❬❑❛❧✵✹❪✱
✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ✐t ✐s ❛ s✉♣❡r♠❛rt✐♥❣❛❧❡ ❛♥❞

(
11{Z−≥δ} � S

)τ
❛❞♠✐ts ❛ Fτ ✲❞❡✢❛t♦r✳ ❚❤❡♥✱

t❤❛♥❦s t♦ ▲❡♠♠❛ ✶✳✻✷✱ ✇❡ ❞❡❞✉❝❡ t❤❛t
(
11{Z−≥δ} � S

)τ
s❛t✐s✜❡s ◆❯P❇❘(Fτ )✳ ❘❡♠❛r❦ t❤❛t✱

❞✉❡ t♦ t❤❡ Fτ ✲❧♦❝❛❧ ❜♦✉♥❞❡❞♥❡ss ♦❢ (Z−)−111[[0,τ ]]✱ t❤❡r❡ ❡①✐sts ❛ ❢❛♠✐❧② ♦❢ Fτ ✲st♦♣♣✐♥❣ t✐♠❡s
τδ, δ > 0 s✉❝❤ t❤❛t τδ ❛❧♠♦st s✉r❡❧② ❝♦♥✈❡r❣❡s t♦ ✐♥✜♥✐t② ✇❤❡♥ δ ❣♦❡s ③❡r♦ ❛♥❞

[[0, τ ∧ τδ]] ⊂ {Z− ≥ δ}.

❚❤✐s ✐♠♣❧✐❡s t❤❛t Sτ∧τδ s❛t✐s✜❡s ◆❯P❇❘(Fτ )✱ ❛♥❞ t❤❡ ❛ss❡rt✐♦♥ ✭❛✮ ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥
✶✳✺✾ ✭❜② t❛❦✐♥❣ Qn = P ❢♦r ❛❧❧ n ≥ 1✮✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ ✭❜✮⇒✭❛✮✳

❙t❡♣ ✷✳ ■♥ t❤✐s st❡♣✱ ✇❡ ❢♦❝✉s ♦♥ ✭❛✮⇒✭❜✮✳ ❙✉♣♣♦s❡ t❤❛t Sτ s❛t✐s✜❡s ◆❯P❇❘✭Fτ ✮✳ ❚❤❡♥✱
t❤❡r❡ ❡①✐sts ❛ σ✲♠❛rt✐♥❣❛❧❡ ❞❡♥s✐t② ✉♥❞❡r Fτ ✱ ❢♦r 11{Z−≥δ} � S

τ , ✭δ > 0✮✱ t❤❛t ✇❡ ❞❡♥♦t❡ ❜②
DFτ

✳ ❚❤❡♥✱ ❢r♦♠ ❛ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶✳✷✻ ❛♥❞ ❚❤❡♦r❡♠ ✻✳✸✶✱ ✇❡ ❞❡❞✉❝❡ t❤❡
❡①✐st❡♥❝❡ ♦❢ ❛ ♣♦s✐t✐✈❡ P̃(Fτ )✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥❛❧✱ fF

τ
✱ s✉❝❤ t❤❛t DFτ

:= E(NFτ
) > 0✱

✇✐t❤

NFτ
:=W Fτ

⋆ (µF
τ − νF

τ
), W Fτ

:= fF
τ − 1 +

f̂F
τ − aF

τ

1− aFτ 11{aFτ<1},

✇❤❡r❡ νF
τ
✇❛s ❞❡✜♥❡❞ ✐♥ ✭✻✳✷✹✮✱❛♥❞

xfF
τ
11{Z−≥δ} ⋆ ν

Fτ
= xfF

τ

(
1 +

fm
Z−

)
11]]0,τ ]]11{Z−≥δ} ⋆ ν ≡ 0. ✭✻✳✹✶✮

❚❤❛♥❦s t♦ ▲❡♠♠❛ ✻✳✸✸✱ ✇❡ ❝♦♥❝❧✉❞❡ t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣♦s✐t✐✈❡ P̃(F)✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝✲
t✐♦♥❛❧✱ f ✱ s✉❝❤ t❤❛t fF

τ
11]]0,τ ]] = f11]]0,τ ]]✳ ❚❤✉s ✭✻✳✹✶✮ ❜❡❝♦♠❡s

UFτ
:= xf

(
1 +

fm
Z−

)
11]]0,τ ]]11{Z−>0} ⋆ ν ≡ 0. ✭✻✳✹✷✮

■♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s

µ0 := 11{Z̃>0 & Z−≥δ} · µ, ν0 := h011{Z−≥δ} · ν, h0 :=MP
µ

(
11{Z̃>0}|P̃

)
,

g :=
f(1 + fm

Z−
)

h0
11{h0>0} + 11{h0=0}, a0(t) := ν0({t},Rd), ✭✻✳✹✸✮
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❛♥❞ ❛ss✉♠❡ t❤❛t √
(g − 1)2 ⋆ µ0 ∈ A+

loc(F). ✭✻✳✹✹✮

❚❤❡♥✱ t❤❛♥❦s t♦ ▲❡♠♠❛ ✻✳✸✷✱ ✇❡ ❞❡❞✉❝❡ t❤❛t W := (g − 1)/(1− a0 + ĝ) ∈ G1
loc(µ0,F)✱ ❛♥❞

t❤❡ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s

N0 :=
g − 1

1− a0 + ĝ
⋆ (µ0 − ν0), Y 0 := E(N0),

❛r❡ ✇❡❧❧ ❞❡✜♥❡❞ s❛t✐s❢②✐♥❣ 1 + ∆N0 > 0✱ [N0, S] ∈ A(F)✱ ❛♥❞ ♦♥ {Z− > 0} ✇❡ ❤❛✈❡

p,F
(
Y 0∆S11{Z̃>0}

)

Y 0
−

= p,F
(
(1 + ∆N0)∆S11{Z̃>0}

)
= p,F

(
g

1− a0 + ĝ
∆S11{Z̃>0}

)

= ∆
gxh0

1− a0 + ĝ
⋆ ν = ∆

xf(1 + fm/Z−)
1− a0 + ĝ

⋆ ν = Z−1
−

p,F (∆U)

1− a0 + ĝ
≡ 0

✇❤❡r❡ U ✐s ❞❡✜♥❡❞ ✐♥ ✭✻✳✹✷✮✳ ❚❤✐s ♣r♦✈❡s t❤❛t ❛ss❡rt✐♦♥ ✭❜✮ ❤♦❧❞s ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥
✭✻✳✹✹✮✳

❚❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ✇✐❧❧ s❤♦✇ t❤❛t t❤✐s ❛ss✉♠♣t✐♦♥ ❛❧✇❛②s ❤♦❧❞s✳ ❚♦ t❤✐s ❡♥❞✱
✇❡ st❛rt ❜② ♥♦t✐❝✐♥❣ t❤❛t ♦♥ t❤❡ s❡t {h0 > 0}✱

g − 1 =
f(1 + fm

Z−
)

h0
− 1 =

(f − 1)(1 + fm
Z−

)

h0
+

fm
Z−h0

+
MP
µ

(
11{Z̃=0}|P̃

)

h0
:= g1 + g2 + g3.

❙✐♥❝❡
(
(f − 1)211]]0,τ ]] ⋆ µ

)1/2 ∈ A+
loc(F

τ )✱ t❤❡♥ ❞✉❡ t♦ Pr♦♣♦s✐t✐♦♥ ✻✳✸✹✭❡✮

√
(f − 1)211{Z−≥δ} ⋆ (Z̃ · µ) ∈ A+

loc(F), ❢♦r ❛♥② δ > 0.

❚❤❡♥✱ ❜② ❛ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✸✹✭❛✮✱ ❢♦r ❛♥② δ > 0✱ ✇❡ ❤❛✈❡

(f − 1)211{|f−1|≤α & Z−≥δ} ⋆ (Z̃ · µ), |f − 1|11{|f−1|>α & Z−≥δ} ⋆ (Z̃ · µ) ∈ A+
loc(F).

❇② st♦♣♣✐♥❣✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❛ss✉♠❡ t❤❡s❡ t✇♦ ♣r♦❝❡ss❡s ❛♥❞ [m,m] ❜❡❧♦♥❣

t♦ A+(F)✳ ❘❡♠❛r❦ t❤❛t Z− + fm = MP
µ

(
Z̃|P̃

)
≤ MP

µ

(
11{Z̃>0}|P̃

)
= h0 t❤❛t ❢♦❧❧♦✇s ❢r♦♠

Z̃ ≤ 11{Z̃>0}✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❞❡r✐✈❡

E
[
g2111{|f−1|≤α} ⋆ µ0(∞)

]
= E

[
(f − 1)2(1 + fm

Z−
)2

h20
11{|f−1|≤α} ⋆ µ0(∞)

]

≤ δ−2E
[
(f − 1)2(Z− + fm)11{|f−1|≤α & Z−≥δ} ⋆ ν∞

]

= δ−2E
[
(f − 1)211{|f−1|≤α} ⋆ (Z̃11{Z−≥δ} · µ)∞

]

< ∞,
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❛♥❞

E
[
g111{|f−1|>α} ⋆ µ0(∞)

]
= E

[
|f − 1|(1 + fm

Z−
)

h0
11{|f−1|>α} ⋆ µ0(∞)

]

= E

[
|f − 1|(1 + fm

Z−
)11{|f−1|>α}11{Z−≥δ} ⋆ ν0(∞)

]

≤ δ−1E
[
|f − 1|11{|f−1|>α} ⋆ (Z̃11{Z−≥δ} · µ)∞

]

< ∞.

❍❡r❡ µ0 ❛♥❞ ν0 ❛r❡ ❞❡✜♥❡❞ ✐♥ ✭✻✳✹✸✮✳ ❚❤❡r❡❢♦r❡✱ ❛❣❛✐♥ ❜② Pr♦♣♦s✐t✐♦♥ ✻✳✸✹✕✭❛✮✱ ✇❡ ❝♦♥❝❧✉❞❡
t❤❛t

√
g21 ⋆ µ0 ∈ A+

loc(F)✳

◆♦t✐❝❡ t❤❛t g2 + g3 =
MP

µ

(
∆m11

{Z̃>0}
|P̃

)

Z−h0
✳ ❚❤❛♥❦s t♦ ▲❡♠♠❛ ✻✳✷✾✱ ✇❡ ❞❡r✐✈❡

E
[
(g2 + g3)

2 ⋆ µ0(∞)
]

= E



MP
µ

(
∆m11{Z̃>0}|P̃

)2

Z2
−h

2
0

⋆ µ0(∞)




≤ E



MP
µ

(
(∆m)2|P̃

)
MP
µ

(
11{Z̃>0}|P̃

)

Z2
−h

2
0

⋆ µ0(∞)




= E



MP
µ

(
(∆m)2|P̃

)

Z2
−

11{Z−≥δ} ⋆ µ(∞)




≤ δ−2E [[m,m]∞] <∞.

❍❡♥❝❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
√
(g − 1)2 ⋆ µ0 ∈ A+

loc(F). ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ ✭✻✳✹✹✮✱ ❛♥❞ t❤❡
♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠ ✐s ❝♦♠♣❧❡t❡❞✳

✻✳✻ ❆♣♣❡♥❞✐①

✻✳✻✳✶ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ❛ s✐♠♣❧❡ ❜✉t ✉s❡❢✉❧ r❡s✉❧t ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦
MP
µ ✳

▲❡♠♠❛ ✻✳✷✾✳ ❈♦♥s✐❞❡r ❛ ✜❧tr❛t✐♦♥ H s❛t✐s❢②✐♥❣ t❤❡ ✉s✉❛❧ ❝♦♥❞✐t✐♦♥s✳ ▲❡t f ❛♥❞ g t✇♦

♥♦♥♥❡❣❛t✐✈❡ Õ(H)✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥❛❧s✳ ❚❤❡♥ ✇❡ ❤❛✈❡

MP
µ

(
fg
∣∣ P̃
)2

≤MP
µ

(
f2
∣∣ P̃
)
MP
µ

(
g2
∣∣ P̃
)
, MP

µ✕❛✳❡✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ♦❢ t❤❡ r❡❣✉❧❛r ❈❛✉❝❤②✲❙❝❤✇❛r③ ❢♦r♠✉❧❛✱ ❜② ♣✉tt✐♥❣

f̄ := f/
(
MP
µ

(
f2
∣∣ P̃
))1/2

❛♥❞ ḡ := g/
(
MP
µ

(
g2
∣∣ P̃
))1/2

❛♥❞ ✉s✐♥❣ t❤❡ s✐♠♣❧❡ ✐♥❡q✉❛❧✐t②

xy ≤ (x2 + y2)/2✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✳
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❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s ❜♦rr♦✇❡❞ ❢r♦♠ ❬❏❛❝✼✾✱ ❚❤❡♦r❡♠ ✸✳✼✺❪ ✭s❡❡ ❛❧s♦ ❬❈❙✶✸✱ Pr♦♣♦s✐t✐♦♥
✷✳✷❪✮✳

▲❡♠♠❛ ✻✳✸✵✳ ▲❡t E(N) ❜❡ ❛ ♣♦s✐t✐✈❡ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❛♥❞
(
β, f, g,N⊥) ❜❡ t❤❡ ❏❛❝♦❞✬s

♣❛r❛♠❡t❡rs ♦❢ N ✳ ❚❤❡♥ E(N) > 0 ✭♦r ❡q✉✐✈❛❧❡♥t❧② 1 + ∆N > 0✮ ✐♠♣❧✐❡s t❤❛t

f > 0, MP
µ − a.e.

❚❤❡♦r❡♠ ✻✳✸✶✳ ▲❡t S ❜❡ ❛ s❡♠✐♠❛rt✐♥❣❛❧❡ ✇✐t❤ ♣r❡❞✐❝t❛❜❧❡ ❝❤❛r❛❝t❡r✐st✐❝ tr✐♣❧❡t

(b, c, ν = Ā⊗F )✱ N ❜❡ ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ s✉❝❤ t❤❛t E(N) > 0✱ ❛♥❞ (β, f, g,N ′) ❜❡ ✐ts ❏❛❝♦❞✬s

♣❛r❛♠❡t❡rs✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❤♦❧❞✳

✶✮ E(N) ✐s ❛ σ✲♠❛rt✐♥❣❛❧❡ ❞❡♥s✐t② ♦❢ S ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ♣r♦♣❡rt✐❡s ❤♦❧❞✿

∫
|x− h(x) + xf(x)|F (dx) < ∞, P⊗ Ā− a.e.

b+ cβ +

∫ (
x− h(x) + xf(x)

)
F (dx) = 0, P⊗ Ā− a.e.

✷✮ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡

∫
x(1 + ft(x))ν({t}, dx) =

∫
x(1 + ft(x))Ft(dx)∆Āt = 0, P− a.e.

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❈❤♦✉❧❧✐ ❡t ❛❧✳ ❬❈❙▲✵✼✱ ▲❡♠♠❛ ✷✳✹❪✱ ❛♥❞ ❛❧s♦ ❈❤♦✉❧❧✐ ❛♥❞
❙❝❤✇❡✐③❡r ❬❈❙✶✸❪✳

▲❡♠♠❛ ✻✳✸✷✳ ✭❬❈❙✶✸❪✮✳ ❈♦♥s✐❞❡r ❛ ✜❧tr❛t✐♦♥ H s❛t✐s❢②✐♥❣ t❤❡ ✉s✉❛❧ ❝♦♥❞✐t✐♦♥s✳ ▲❡t f ❜❡

❛ P̃(H)✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥❛❧ s✉❝❤ t❤❛t f > 0 ❛♥❞

[
(f − 1)2 ⋆ µ

]1/2
∈ A+

loc(H).

❚❤❡♥✱ t❤❡ H✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss
(
1− aH + f̂H

)−1
✐s ❧♦❝❛❧❧② ❜♦✉♥❞❡❞✱ ❛♥❞ ❤❡♥❝❡

Wt(x) :=
ft(x)− 1

1− aHt + f̂Ht
∈ G1

loc(µ,H).

❍❡r❡✱ aHt := νH({t},Rd)✱ f̂Ht :=
∫
ft(x)ν

H({t}, dx) ❛♥❞ νH ✐s t❤❡ H✲♣r❡❞✐❝t❛❜❧❡ r❛♥❞♦♠

♠❡❛s✉r❡ ❝♦♠♣❡♥s❛t♦r ♦❢ µ ✉♥❞❡r H✳

✻✳✻✳✷ Pr♦♦❢ ♦❢ K ∈ oL1
loc(m̂,Fτ )

❲❡ st❛rt ❜② ❝❛❧❝✉❧❛t✐♥❣ ♦♥ ]]0, τ ]]✱ ♠❛❦✐♥❣ ✉s❡ ♦❢ ▲❡♠♠❛ ✻✳✶✼✳ ❲❡ ❞❡♥♦t❡ κ := Z2
−+∆〈m〉F✳
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K∆m̂− p,Fτ
(K∆m̂) =

11]]0,τ ]]Z
2
−∆m̂

κZ̃
− p,Fτ

(
11]]0,τ ]] Z

2
−

κZ̃
∆m̂

)

=
(Z2

−∆m− Z−∆〈m〉F)
κ Z̃

+

p,F(11{Z̃>0}∆〈m〉F)
κ

−
p,F(∆m11{Z̃>0})Z−

κ

=
∆m

Z̃
11]]0,τ ]] − p,F

(
11{Z̃=0}

)
11]]0,τ ]] =: ∆V −∆V Fτ

.

✭✻✳✹✺✮

❍❡r❡✱ V Fτ
✱ ❞❡✜♥❡❞ ✐♥ ✭✻✳✶✺✮✱ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ❝à❞❧à❣ ❛♥❞ Fτ ✲❧♦❝❛❧❧② ❜♦✉♥❞❡❞ ✭s❡❡ Pr♦♣♦s✐✲

t✐♦♥ ✻✳✶✾✮✳ ❍❡♥❝❡✱ ✇❡ ✐♠♠❡❞✐❛t❡❧② ❞❡❞✉❝❡ t❤❛t
∑

(∆V Fτ
)2 = ∆V Fτ

�V Fτ
✐s ❧♦❝❛❧❧② ❜♦✉♥❞❡❞✱

❛♥❞ ✐♥ t❤❡ r❡st ♦❢ t❤✐s ♣❛rt ✇❡ ❢♦❝✉s ♦♥ ♣r♦✈✐♥❣
√∑

(∆V )2 ∈ A+
loc(F

τ )✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡
❝♦♥s✐❞❡r δ ∈ (0, 1)✱ ❛♥❞ ❞❡✜♥❡ C := {∆m < −δZ−} ❛♥❞ Cc ✐ts ❝♦♠♣❧❡♠❡♥t ✐♥ Ω ⊗ [0,∞[✳
❚❤❡♥ ✇❡ ♦❜t❛✐♥

√∑
(∆V )2 ≤

(∑ (∆m)2

Z̃2
11C11]]0,τ ]]

)1/2

+

(∑ (∆m)2

Z̃2
11Cc11]]0,τ ]]

)1/2

≤
∑ |∆m|

Z̃
11C11]]0,τ ]] +

1

1− δ

(
11]]0,τ ]]

1

Z2
−
� [m]

)1/2

=: V1 + V2.

❚❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❛❜♦✈❡ ✐s ❞✉❡ t♦
√∑

(∆X)2 ≤∑ |∆X| ❛♥❞ Z̃ ≥ Z−(1− δ) ♦♥ Cc✳ ❯s✐♥❣
t❤❡ ❢❛❝t t❤❛t (Z−)−111]]0,τ ]] ✐s Fτ ✲❧♦❝❛❧❧② ❜♦✉♥❞❡❞ ❛♥❞ t❤❛t m ✐s ❛♥ F✲❧♦❝❛❧❧② ❜♦✉♥❞❡❞ ♠❛r✲
t✐♥❣❛❧❡✱ ✐t ❢♦❧❧♦✇s t❤❛t V2 ✐s Fτ ✲❧♦❝❛❧❧② ❜♦✉♥❞❡❞✳ ❍❡♥❝❡✱ ✇❡ ❢♦❝✉s ♦♥ ♣r♦✈✐♥❣ t❤❡ Fτ ✲❧♦❝❛❧
✐♥t❡❣r❛❜✐❧✐t② ♦❢ V1✳

❈♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ ♦❢ Fτ ✲st♦♣♣✐♥❣ t✐♠❡s (ϑn)n t❤❛t ✐♥❝r❡❛s❡s t♦ ∞ ❛♥❞

(
(Z−)

−111]]0,τ ]]

)ϑn ≤ n.

❋♦r t❤❡ ♣r♦❝❡ss V3 :=
∑ (∆m)2

1+|∆m| ❝♦♥s✐❞❡r ❛♥ F✲❧♦❝❛❧✐③✐♥❣ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s (τn)n✳
❚❤❡♥✱ ✐t ✐s ❡❛s② t♦ ♣r♦✈❡

Un :=
∑

|∆m|11{∆m<−δ/n} ≤
n+ δ

δ
V3,

❛♥❞ t♦ ❝♦♥❝❧✉❞❡ t❤❛t (Un)
τn ∈ A+(F)✳ ❚❤❡r❡❢♦r❡✱ ❞✉❡ t♦

C ∩ ]]0, τ ]] ∩ [[0, ϑn]] = {∆m < −δZ−} ∩ ]]0, ϑn]] ∩ ]]0, τ ]]

⊂ ]]0, τ ]] ∩ ]]0, ϑn]] ∩ {∆m < − δ
n},

✇❡ ❞❡r✐✈❡

(V1)
ϑn∧τn ≤

(
Z̃
)−1

11]]0,τ ]] � (Un)
τn .

❙✐♥❝❡ (Un)τn ✐s F✲❛❞❛♣t❡❞✱ ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ ✐♥t❡❣r❛❜❧❡✱ t❤❛♥❦s t♦ ▲❡♠♠❛ ✻✳✶✽✱ ✇❡ ❞❡❞✉❝❡
t❤❛t t❤❡ ♣r♦❝❡ss V ϑn∧τn

1 ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ Fτ ✲❛❞❛♣t❡❞ ❛♥❞ ✐♥t❡❣r❛❜❧❡✳ ❙✐♥❝❡ ϑn∧τn ✐♥❝r❡❛s❡s
t♦ ∞✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♣r♦❝❡ss V1 ✐s Fτ ✲❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢
K ∈ oL1

loc(m̂,F
τ )✱ ❛♥❞ t❤❡ ♣r♦❝❡ss L ✭❣✐✈❡♥ ✈✐❛ ✭✻✳✶✻✮ ❛♥❞ ❉❡✜♥✐t✐♦♥ ✶✳✷✹✮ ✐s ❛♥ Fτ ✲❧♦❝❛❧

♠❛rt✐♥❣❛❧❡✳
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✻✳✻✳✸ Fτ ✲❧♦❝❛❧✐③❛t✐♦♥ ✈❡rs✉s F✲❧♦❝❛❧✐③❛t✐♦♥

❲❡ ♥♦✇ ♣r❡s❡♥t r❡s✉❧ts ✇❤✐❝❤ ❛r❡ ✐♠♣♦rt❛♥t ❢♦r t❤❡ ♣r♦♦❢s ♦❢ ❙✉❜s❡❝t✐♦♥ ✻✳✺✳✶✳

▲❡♠♠❛ ✻✳✸✸✳ ▲❡t HFτ
❜❡ ❛ P̃(Fτ )✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥❛❧✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❤♦❧❞✳

✭❛✮ ❚❤❡r❡ ❡①✐st ❛♥ P̃(F)✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥❛❧ HF ❛♥❞ ❛ B(R+) ⊗ P̃(F)✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝✲

t✐♦♥❛❧s KF : R+ × R+ × Ω× Rd → R s✉❝❤ t❤❛t

HFτ
(ω, t, x) = HF(ω, t, x)11]]0,τ ]] +KF(τ(ω), t, ω, x)11]]τ,∞]]. ✭✻✳✹✻✮

✭❜✮ ■❢ ❢✉rt❤❡r♠♦r❡ HFτ
> 0 ✭r❡s♣❡❝t✐✈❡❧② HFτ ≤ 1✮✱ t❤❡♥ ✇❡ ❝❛♥ ❝❤♦♦s❡ HF > 0 ✭r❡s♣❡❝t✐✈❡❧②

HF ≤ 1✮ s✉❝❤ t❤❛t

HFτ
(ω, t, x)11]]0,τ ]] = HF(ω, t, x)11]]0,τ ]].

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ ❛ss❡rt✐♦♥ ✭❛✮ ❡①❛❝t❧② ♠✐♠✐❝s t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❏❡✉❧✐♥❬❏❡✉✽✵❪✱ ❛♥❞ ✇✐❧❧ ❜❡
♦♠✐tt❡❞✳ ❚♦ ♣r♦✈❡ t❤❡ ♣♦s✐t✐✈✐t② ♦❢ HF ✇❤❡♥ HFτ

> 0 ❤♦❧❞s✱ ✇❡ ❝♦♥s✐❞❡r

H
F
:= (HF)+ + 11{HF=0} > 0,

❛♥❞ ✇❡ r❡♠❛r❦ t❤❛t ❞✉❡ t♦ ✭✻✳✹✻✮✱ ✇❡ ❤❛✈❡ ]]0, τ ]] ⊂ {HFτ
= HF} ⊂ {HF > 0}✳ ❚❤✉s✱

✇❡ ❣❡t HFτ
11]]0,τ ]] = H

F
11]]0,τ ]]. ❙✐♠✐❧❛r❧②✱ ✇❡ ❝♦♥s✐❞❡r HF ∧ 1✱ ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t ✐❢ HFτ

✐s
✉♣♣❡r✲❜♦✉♥❞❡❞ ❜② ♦♥❡✱ t❤❡ ♣r♦❝❡ss HF ❝❛♥ ❛❧s♦ ❜❡ ❝❤♦s❡♥ ♥♦t t♦ ❡①❝❡❡❞ ♦♥❡✳ ❚❤✐s ❡♥❞s t❤❡
♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✻✳✸✹✳ ❋♦r ❛♥② α > 0✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❤♦❧❞✳

✭❛✮ ▲❡t h ❜❡ ❛ P̃(H)✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥❛❧✳ ❚❤❡♥✱
√
(h− 1)2 ⋆ µ ∈ A+

loc(H) ✐❢ ❛♥❞ ♦♥❧② ✐❢

(h− 1)211{|h−1|≤α} ⋆ µ ❛♥❞ |h− 1|11{|h−1|>α} ⋆ µ ❜❡❧♦♥❣ t♦ A+
loc(H).

✭❜✮ ▲❡t (σF
τ

n )n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ Fτ ✲st♦♣♣✐♥❣ t✐♠❡s t❤❛t ✐♥❝r❡❛s❡s t♦ ✐♥✜♥✐t②✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts

❛ ♥♦♥❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ F✲st♦♣♣✐♥❣ t✐♠❡s✱ (σFn)n≥1✱ s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s

σF
τ

n ∧ τ = σFn ∧ τ, σ∞ := sup
n
σFn ≥ R P− a.s., ✭✻✳✹✼✮

❛♥❞ Zσ∞− = 0 P− a.s. ♦♥ Σ ∩ (σ∞ <∞), ✭✻✳✹✽✮

✇❤❡r❡ Σ :=
⋂

n≥1

(σFn < σ∞)✳

✭❝✮ ▲❡t V ❜❡ ❛♥ F✲♣r❡❞✐❝t❛❜❧❡ ❛♥❞ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ♣r♦❝❡ss✳ ❚❤❡♥✱ V τ ∈ A+
loc(F

τ ) ✐❢ ❛♥❞ ♦♥❧②

✐❢ 11{Z−≥δ} � V ∈ A+
loc(F) ❢♦r ❛♥② δ > 0✳

✭❞✮ ▲❡t h ❜❡ ❛ ♥♦♥♥❡❣❛t✐✈❡ ❛♥❞ P̃(F)✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥❛❧✳ ❚❤❡♥✱ h11]]0,τ ]] ⋆ µ ∈ A+
loc(F

τ ) ✐❢

❛♥❞ ♦♥❧② ✐❢ ❢♦r ❛❧❧ δ > 0✱ h11{Z−≥δ} ⋆ µ
1 ∈ A+

loc(F)✱ ✇❤❡r❡ µ
1 := Z̃ � µ.

✭❡✮ ▲❡t f ❜❡ ♣♦s✐t✐✈❡ ❛♥❞ P̃(F)✲♠❡❛s✉r❛❜❧❡✱ ❛♥❞ µ1 := Z̃ � µ. ❚❤❡♥
√
(f − 1)211]]0,τ ]] ⋆ µ ∈ A+

loc(F
τ )

✐❢ ❛♥❞ ♦♥❧② ✐❢
√

(f − 1)211{Z−≥δ} ⋆ µ1 ∈ A+
loc(F)✱ ❢♦r ❛❧❧ δ > 0.
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Pr♦♦❢✳ ✭❛✮ P✉t W := (h − 1)2 ⋆ µ = W1 + W2, ✇❤❡r❡ W1 := (h − 1)211{|h−1|≤α} ⋆ µ,
W2 := (h− 1)211{|h−1|>α} ⋆ µ✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ W

′
2 := |h− 1|11{|h−1|>α} ⋆ µ✳ ◆♦t❡ t❤❛t

√
W =

√
W1 +W2 ≤

√
W1 +

√
W2 ≤

√
W1 +W ′

2.

❚❤❡r❡❢♦r❡
√
W1 ∈ A+

loc ❛♥❞ W
′
2 ∈ A+

loc ✐♠♣❧② t❤❛t
√
W ✐s ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡✳

❈♦♥✈❡rs❡❧②✱ ✐❢
√
W ∈ A+

loc✱ t❤❡♥
√
W1 ❛♥❞

√
W2 ❛r❡ ❜♦t❤ ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡✳ ❙✐♥❝❡ W1 ✐s

❧♦❝❛❧❧② ❜♦✉♥❞❡❞ ❛♥❞ ❤❛s ✜♥✐t❡ ✈❛r✐❛t✐♦♥✱ W1 ✐s ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❢♦❝✉s
♦♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧♦❝❛❧ ✐♥t❡❣r❛❜✐❧✐t② ♦❢ W ′

2. ❉❡♥♦t❡

τn := inf{t ≥ 0 : Vt > n}, ✇❤❡r❡ V :=W2.

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t τn ✐♥❝r❡❛s❡s t♦ ✐♥✜♥✐t② ❛♥❞ V− ≤ n ♦♥ t❤❡ s❡t ]]0, τn]]✳ ❖♥ t❤❡ s❡t
{∆V > 0}✱ ✇❡ ❤❛✈❡ ∆V ≥ α2.
❇② ✉s✐♥❣ t❤❡ ❡❧❡♠❡♥t❛r② ✐♥❡q✉❛❧✐t②

√
1 + n

α2 −
√

n
α2 ≤

√
1 + x−√

x ≤ 1✱ ✇❤❡♥ 0 ≤ x ≤ n
α2 ✱

✇❡ ❤❛✈❡

√
V− +∆V −

√
V− ≥ βn

√
∆V ♦♥ ]]0, τn]], ✇❤❡r❡ βn :=

√
1 +

n

α2
−
√

n

α2
,

❛♥❞

(
W ′

2

)τn =
(∑√

∆V
)τn ≤ 1

βn

(∑
∆
√
V
)τn

=
1

βn

(√
W2

)τn
❛♥❞

1

βn

(√
W2

)τn ∈ A+
loc(H).

❚❤❡r❡❢♦r❡ W ′
2 ∈ (A+

loc(H))loc = A+
loc(H).

✭❜✮ ❚❤❛♥❦s t♦ ❏❡✉❧✐♥ ❬❏❡✉✽✵❪✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ F✲st♦♣♣✐♥❣ t✐♠❡s (σFn)n s✉❝❤ t❤❛t

σF
τ

n ∧ τ = σFn ∧ τ. ✭✻✳✹✾✮

❇② ♣✉tt✐♥❣ σn := supk≤n σ
F
k , ✇❡ s❤❛❧❧ ♣r♦✈❡ t❤❛t

σF
τ

n ∧ τ = σn ∧ τ, ✭✻✳✺✵✮

♦r ❡q✉✐✈❛❧❡♥t❧② {σFn ∧ τ < σn ∧ τ} ✐s ♥❡❣❧✐❣✐❜❧❡✳ ❉✉❡ t♦ ✭✻✳✹✾✮ ❛♥❞ t♦ t❤❡ ❢❛❝t t❤❛t σF
τ

n ✐s
♥♦♥❞❡❝r❡❛s✐♥❣✱ ✇❡ ❞❡r✐✈❡

{σFn < τ} = {σFτ

n < τ} ⊂
n⋂

i=1

{σFτ

i = σFi } ⊂ {σFn = σn}.

❚❤✐s ✐♠♣❧✐❡s t❤❛t

{σFn ∧ τ < σn ∧ τ} = {σFn < τ & σFn < σn} = ∅,

❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ ✭✻✳✺✵✮ ✐s ❝♦♠♣❧❡t❡❞✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ s❡q✉❡♥❝❡
σFn ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✳ ❇② t❛❦✐♥❣ ❧✐♠✐t ✐♥ ✭✻✳✹✾✮✱ ✇❡ ♦❜t❛✐♥ τ = σ∞ ∧ τ,P✲❛✳s✳✱ ✇❤✐❝❤ ✐s
❡q✉✐✈❛❧❡♥t t♦ σ∞ ≥ τ,P✲❛✳s✳ ❙✐♥❝❡ R ✐s t❤❡ s♠❛❧❧❡st F✲st♦♣♣✐♥❣ t✐♠❡ ❣r❡❛t❡r ♦r ❡q✉❛❧ t❤❛♥
τ ❛❧♠♦st s✉r❡❧②✱ ✇❡ ♦❜t❛✐♥✱ σ∞ ≥ R ≥ τ P✲❛✳s✳ ❚❤✐s ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢ ♦❢ ✭✻✳✹✼✮✳
❖♥ t❤❡ s❡t Σ✱ ✐t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t

11[[0,σF
n]]

→ 11[[0,σF
∞[[, ✇❤❡♥ n ❣♦❡s t♦ ∞.
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❚❤❡♥✱ t❤❛♥❦s ❛❣❛✐♥ t♦ ✭✻✳✹✾✮ ✭❜② t❛❦✐♥❣ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ❛♥❞ ❧❡t n ❣♦ t♦ ✐♥✜♥✐t②
❛❢t❡r✇❛r❞s✮✱ ✇❡ ♦❜t❛✐♥

Z− = Z−11[[0,σF
∞[[ ♦♥ Σ.

❍❡♥❝❡✱ ✭✻✳✹✽✮ ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s✱ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ ❛ss❡rt✐♦♥ ✭❜✮ ✐s ❝♦♠♣❧❡t❡❞✳

✭❞✮ ❙✉♣♣♦s❡ t❤❛t h11[[0,τ ]] ⋆ µ ∈ A+
loc(F

τ )✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ Fτ ✲st♦♣♣✐♥❣ t✐♠❡s

(σF
τ

n ) ✐♥❝r❡❛s✐♥❣ t♦ ✐♥✜♥✐t② s✉❝❤ t❤❛t h11[[0,τ ]] ⋆ µ
σFτ
n ✐s ✐♥t❡❣r❛❜❧❡✳ ❈♦♥s✐❞❡r (σn) ❛ s❡q✉❡♥❝❡

♦❢ F✲st♦♣♣✐♥❣ t✐♠❡s s❛t✐s❢②✐♥❣ ✭✻✳✹✼✮✕✭✻✳✹✽✮ ✭✐ts ❡①✐st❡♥❝❡ ✐s ❣✉❛r❛♥t❡❡❞ ❜② ❛ss❡rt✐♦♥ ✭❜✮✮✳
❚❤❡r❡❢♦r❡✱ ❢♦r ❛♥② ✜①❡❞ δ > 0

Wn :=MP
µ

(
Z̃|P̃

)
11{Z−≥δ}h ⋆ ν

σn ∈ A+(F),

♦r ❡q✉✐✈❛❧❡♥t❧②✱ t❤✐s ♣r♦❝❡ss ✐s ❝à❞❧à❣ ♣r❡❞✐❝t❛❜❧❡ ✇✐t❤ ✜♥✐t❡ ✈❛❧✉❡s✳ ❚❤✉s✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t
t❤❡ ♣r♦♦❢ ♦❢ ❛ss❡rt✐♦♥ ✭❞✮ ✇✐❧❧ ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇ ✐❢ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ F✲♣r❡❞✐❝t❛❜❧❡ ❛♥❞
♥♦♥❞❡❝r❡❛s✐♥❣ ♣r♦❝❡ss

W :=MP
µ

(
Z̃|P̃

)
11{Z−≥δ}h ⋆ ν ✐s ❝à❞❧à❣ ✇✐t❤ ✜♥✐t❡ ✈❛❧✉❡s. ✭✻✳✺✶✮

❚♦ ♣r♦✈❡ t❤✐s ❧❛st ❢❛❝t✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ r❛♥❞♦♠ t✐♠❡ τ δ ❞❡✜♥❡❞ ❜②

τ δ := sup{t ≥ 0 : Zt− ≥ δ}.

❚❤❡♥✱ ✐t ✐s ❝❧❡❛r t❤❛t 11]]τδ ,∞[[ �W ≡ 0 ❛♥❞

τ δ ≤ R ≤ σ∞ ❛♥❞ Zτδ− ≥ δ P✕a.s. ♦♥ {τ δ <∞}.

❚❤❡ ♣r♦♦❢ ♦❢ ✭✻✳✺✶✮ ✇✐❧❧ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤r❡❡ s❡ts✱ ♥❛♠❡❧② {σ∞ = ∞}✱
Σ∩ {σ∞ <∞}✱ ❛♥❞ Σc ∩ {σ∞ <∞}✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t ✭✻✳✺✶✮ ❤♦❧❞s ♦♥ {σ∞ = ∞}✳ ❉✉❡ t♦
✭✻✳✹✽✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t τ δ < σ∞,P✲❛✳s✳ ♦♥ Σ ∩ {σ∞ <∞}✳ ❙✐♥❝❡ W ✐s s✉♣♣♦rt❡❞ ♦♥ [[0, τ δ]]✱
t❤❡♥ ✭✻✳✺✶✮ ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s ♦♥ t❤❡ s❡t Σ ∩ {σ∞ <∞}✳ ❋✐♥❛❧❧②✱ ♦♥ t❤❡ s❡t

Σc ∩ {σ∞ <∞} =


⋃

n≥1

{σn = σ∞}


 ∩ {σ∞ <∞},

t❤❡ s❡q✉❡♥❝❡ σn st❛t✐♦♥❛r② ✐♥❝r❡❛s❡s t♦ σ∞✱ ❛♥❞ t❤✉s ✭✻✳✺✶✮ ❤♦❧❞s ♦♥ t❤✐s s❡t✳ ❚❤✐s ❝♦♠♣❧❡t❡s
t❤❡ ♣r♦♦❢ ♦❢ ✭✻✳✺✶✮✱ ❛♥❞ ❤❡♥❝❡ h11{Z−≥δ} ⋆ (Z̃ � µ) ✐s ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡✱ ❢♦r ❛♥② δ > 0✳

❈♦♥✈❡rs❡❧②✱ ✐❢ h11{Z−≥δ}Z̃ ⋆ µ ∈ A+
loc(F)✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ F✲st♦♣♣✐♥❣ t✐♠❡s (τn)n≥1

t❤❛t ✐♥❝r❡❛s❡s t♦ ✐♥✜♥✐t② ❛♥❞
(
h11{Z−≥δ}Z̃ ⋆ µ

)τn ∈ A+(F)✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡

E
[
h11{Z−≥δ}11[[0,τ ]] ⋆ µ(τn)

]
= E

[
h11{Z−≥δ}Z̃ ⋆ µ(τn)

]
<∞.

❚❤✐s ♣r♦✈❡s t❤❛t h11{Z−≥δ}11[[0,τ ]]⋆µ ✐s Fτ ✲❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡✱ ❢♦r ❛♥② δ > 0✳ ❙✐♥❝❡ (Z−)−111[[0,τ ]]
✐s Fτ ✲❧♦❝❛❧❧② ❜♦✉♥❞❡❞✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❢❛♠✐❧② ♦❢ Fτ ✲st♦♣♣✐♥❣ t✐♠❡s (τδ)δ>0 t❤❛t ✐♥❝r❡❛s❡s
t♦ ✐♥✜♥✐t② ✇❤❡♥ δ ❞❡❝r❡❛s❡s t♦ ③❡r♦✱ ❛♥❞

[[0, τ ∧ τδ]] ⊂ {Z− ≥ δ}.
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❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ♣r♦❝❡ss
(
h11[[0,τ ]] ⋆ µ

)τδ ✐s Fτ ✲❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡✱ ❛♥❞ ❤❡♥❝❡ t❤❡ ❛ss❡rt✐♦♥
✭❞✮ ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s✳

✭❡✮ ❚❤❡ ♣r♦♦❢ ♦❢ ❛ss❡rt✐♦♥ ✭❡✮ ❢♦❧❧♦✇s ❢r♦♠ ❝♦♠❜✐♥✐♥❣ ❛ss❡rt✐♦♥s ✭❛✮ ❛♥❞ ✭❞✮✳ ❚❤✐s ❡♥❞s t❤❡
♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳
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❈❤❛♣t❡r ✼

❖♣t✐♦♥❛❧ s❡♠✐♠❛rt✐♥❣❛❧❡

❞❡♦♠♣♦s✐t✐♦♥ ❛♥❞ ◆❯❇P❘ ❝♦♥❞✐t✐♦♥

✐♥ ❡♥❧❛r❣❡❞ ✜❧tr❛t✐♦♥

✼✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤✐s ❝❤❛♣t❡r ✐s ❜❛s❡❞ ♦♥ ❛ ❥♦✐♥t ♣❛♣❡r ✇✐t❤ ❚❛❤✐r ❈❤♦✉❧❧✐ ❛♥❞ ▼♦♥✐q✉❡ ❏❡❛♥❜❧❛♥❝ ❬❆❈❏✶✹❛❪✳

❲❡ st✉❞② t✇♦ ✜❧tr❛t✐♦♥s F ❛♥❞ G s✉❝❤ t❤❛t F ⊂ G✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡s ✇❤❡r❡ t❤❡ ❡♥❧❛r❣❡❞
✜❧tr❛t✐♦♥ G ✐s ❝♦♥str✉❝t❡❞ ✐♥ t✇♦ ❞✐✛❡r❡♥t ✇❛②s✿ ♣r♦❣r❡ss✐✈❡❧② ❛♥❞ ✐♥✐t✐❛❧❧②✳ ■♥ t❤✐s ❝❤❛♣t❡r
✇❡ ❢♦❝✉s ♦♥ t✇♦ s♣❡❝✐✜❝ s✐t✉❛t✐♦♥s ✇❤❡r❡ ❤②♣♦t❤❡s✐s ✭H′✮ ✐s s❛t✐s✜❡❞✳ ■♥ ❜♦t❤ s✐t✉❛t✐♦♥s✱
✉♥❞❡r s✉✐t❛❜❧❡ ❝♦♥❞✐t✐♦♥s✱ ✇❡ ❞❡✈❡❧♦♣ t❤❡ G✲♦♣t✐♦♥❛❧ s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r ❛❞✲
❡q✉❛t❡❧② ❝❤❛♥❣❡❞ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s ✭❙❡❝t✐♦♥s ✼✳✷✳✶ ❛♥❞ ✼✳✷✳✶✮✳ ❆♥ ✐♥t❡r❡st✐♥❣ ❧✐♥❦ ✇✐t❤
❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❝❤❛♥❣❡ ♦❢ ♠❡❛s✉r❡ ♣r♦❜❧❡♠ ✐s ♦❜s❡r✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✼✳✺✳ ❖✉r st✉❞② ❛❞✲
❞r❡ss❡s ❛s ✇❡❧❧ t❤❡ q✉❡st✐♦♥ ♦❢ ❤♦✇ ❛♥ ❛r❜✐tr❛❣❡✲❢r❡❡ s❡♠✐♠❛rt✐♥❣❛❧❡ ♠♦❞❡❧ ✐s ❛✛❡❝t❡❞ ✇❤❡♥
st♦♣♣❡❞ ❛t ❛ r❛♥❞♦♠ ❤♦r✐③♦♥ ♦r ✇❤❡♥ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ s❛t✐s❢②✐♥❣ ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s ✐s ✐♥✲
❝♦r♣♦r❛t❡❞✳ Pr❡❝✐s❡❧②✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ◆♦✲❯♥❜♦✉♥❞❡❞✲Pr♦✜t✲✇✐t❤✲❇♦✉♥❞❡❞✲❘✐s❦✳ ■♥ ❙❡❝t✐♦♥
✼✳✷✳✷ ✇❡ ♣r♦✈✐❞❡ ❛❧t❡r♥❛t✐✈❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠ ✻✳✶✺✱ ❈♦r♦❧❧❛r② ✻✳✸ ✭❝✮ ❛♥❞ ❈♦r♦❧❧❛r② ✻✳✶✸
✭❜✮✱ ✉s✐♥❣ ❛ ♥❡✇ ♦♣t✐♦♥❛❧ s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ■♥ ❙❡❝t✐♦♥ ✼✳✸✳✷ ❛♥❛❧♦❣♦✉s r❡s✉❧ts
❛r❡ ❢♦r♠✉❧❛t❡❞ ❢♦r ✐♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t ✇✐t❤ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ s❛t✐s❢②✐♥❣ ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s✳
❋✐♥❛❧❧②✱ ✐♥ ❙❡❝t✐♦♥ ✼✳✹ ✇❡ st✉❞② t❤❡ st❛❜✐❧✐t② ♦❢ ◆❯P❇❘ ❛❢t❡r t❤✐♥ r❛♥❞♦♠ t✐♠❡s✳

✼✳✷ Pr♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ✉♣ t♦ r❛♥❞♦♠ t✐♠❡

▲❡t (Ω,G,P) ❜❡ ❛ ❝♦♠♣❧❡t❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❛♥❞ F ❜❡ ❛ ✜❧tr❛t✐♦♥ s❛t✐s❢②✐♥❣ t❤❡ ✉s✉❛❧
❝♦♥❞✐t✐♦♥s✳ ❈♦♥s✐❞❡r ❛ r❛♥❞♦♠ t✐♠❡ τ ✳ ❚❤❡♥✱ ❛s ✐♥ ❙❡❝t✐♦♥ ✶✳✷✳✸✱ ✇❡ ❞❡✜♥❡ s❡✈❡r❛❧ ♣r♦❝❡ss❡s
❛ss♦❝✐❛t❡❞ ✇✐t❤ τ ✳ ❚✇♦ F✲s✉♣❡r♠❛rt✐♥❣❛❧❡s ❛r❡ ❣✐✈❡♥ ❜②

Zt := P(τ > t|Ft) ❛♥❞ Z̃t := P(τ ≥ t|Ft).

✶✹✾
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▲❡t ✉s ❞❡♥♦t❡ ❜② Ao t❤❡ F✲❞✉❛❧ ♦♣t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ A := 11[[τ,∞[[ ❛♥❞ ❞❡✜♥❡ t❤❡ F✲
♠❛rt✐♥❣❛❧❡

mt := Zt +Aot .

❚❤❡♥✱ ❜② ✭✶✳✶✸✮✱ Z̃ = Z− +∆m✳

❙✐♥❝❡ ✇❡ ❛r❡ ❤❡r❡ ❞❡❛❧✐♥❣ ✇✐t❤ s❡✈❡r❛❧ ❡♥❧❛r❣❡❞ ✜❧tr❛t✐♦♥s✱ ✇❡ ❤❛✈❡ t♦ ❝❤❛♥❣❡ ❛ ❧✐tt❧❡ ❜✐t
t❤❡ ♥♦t❛t✐♦♥ ✉s❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✳ ❲❡ ❞❡♥♦t❡ ❜② Fτ = (Fτ

t )t≥0 t❤❡ ♣r♦❣r❡ss✐✈❡❧②
❡♥❧❛r❣❡❞ ✜❧tr❛t✐♦♥ ✇✐t❤ r❛♥❞♦♠ t✐♠❡ τ ✱ ❛s ❞❡✜♥❡❞ ✐♥ ✭✶✳✺✮✱

Fτ
t :=

⋂

s>t

(Fs ∨ σ(τ ∧ s)) .

■♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ ✇✐❧❧ ❝❛❧❧ Fτ ✲♣r❡❞✐❝t❛❜❧❡ s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✉♣ t♦ t❤❡ r❛♥❞♦♠
t✐♠❡ τ t❤❡ ❡q✉❛❧✐t② ✐♥tr♦❞✉❝❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✸✾✱ ✐✳❡✳✱ ❢♦r ❛♥ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ X✱ ♦♥❡ ❤❛s

Xτ
t = X̂t +

∫ t∧τ

0

1

Zs−
d〈X,m〉Fs , ✭✼✳✶✮

✇❤❡r❡ X̂ ✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❯s✐♥❣ t❤❡ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ N ✇❤✐❝❤ ❛♣♣❡❛rs ✐♥ ❑❛r✲
❞❛r❛s ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❬❑❛r✶✵❪✱ ✐✳❡✳✱

N := E
(

1

Z−
11{Z−>0} �m

)
✭✼✳✷✮

t❤❡ Fτ ✲♣r❡❞✐❝t❛❜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠❛② ❜❡ ✇r✐tt❡♥ ❛s

Xτ
t = X̂t +

∫ t∧τ

0

1

Ns−
d〈X,N〉Fs . ✭✼✳✸✮

✼✳✷✳✶ ❖♣t✐♦♥❛❧ s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t

■♥ t❤✐s s❡❝t✐♦♥✱ ✉s✐♥❣ t❤❡ Fτ ✲♣r❡❞✐❝t❛❜❧❡ s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ t❤❡ r❡s✉❧ts ♦♥
✈❛r✐♦✉s ❦✐♥❞s ♦❢ ♣r♦❥❡❝t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ ▲❡♠♠❛ ✻✳✶✼ ❛♥❞ ▲❡♠♠❛ ✻✳✶✽✱ ✇❡ ❞❡r✐✈❡ ❛♥♦t❤❡r
Fτ ✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s st♦♣♣❡❞ ❛t τ ✳ ▲❡t ✉s st❛rt ❜② r❡❝❛❧❧✐♥❣ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ F✲st♦♣♣✐♥❣ t✐♠❡ R ✐♥tr♦❞✉❝❡❞ ✐♥ ✭✻✳✽✮

R := inf{t ≥ 0 : Zt = 0}.
❚❤❡♥✱ t❤❡ F✲st♦♣♣✐♥❣ t✐♠❡s ❞❡✜♥❡❞ ❛s ✭✉s✐♥❣ t❤❡ ❝♦♥✈❡♥t✐♦♥ ❣✐✈❡♥ ✐♥ ✭✶✳✶✮✮

R̄ := R{ZR−=0} R̃ := R{Z̃R=0<ZR−} R̂ := R{Z̃R>0}

❤❛✈❡ ❞✐s❥♦✐♥t ❣r❛♣❤s ❛♥❞ R = R̂∧ R̃∧ R̄✳ ❲❡ ♥♦t❡ t❤❛t R̄ ✐s ❛♥ F✲♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡✳

❲❡ ❡st❛❜❧✐s❤ ❛♥ ♦♣t✐♦♥❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳ ❇② ❛❜✉s❡ ♦❢ ❧❛♥❣✉❛❣❡✱
✇❡ s❤❛❧❧ r❡❢❡r t♦ t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ❛s ✧t❤❡✧ ♦♣t✐♦♥❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ❡✈❡♥ ✐❢ t❤❡r❡ ✐s ♥♦
✉♥✐q✉❡♥❡ss ❢♦r ♦♣t✐♦♥❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ s❡♠✐♠❛rt✐♥❣❛❧❡✳

❚❤❡♦r❡♠ ✼✳✶✳ ▲❡t X ❜❡ ❛♥ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❚❤❡♥ t❤❡ ♣r♦❝❡ss

X̄t := Xτ
t −
∫ t∧τ
0

1

Z̃s
d[X,m]s +

(
∆X

R̃
11
[[R̃,∞[[

)p,F
t∧τ

✭✼✳✹✮

✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳
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Pr♦♦❢✳ ❇② ♣r❡❞✐❝t❛❜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✼✳✶✮ ❛♥❞ ▲❡♠♠❛ ✻✳✶✽ ✇❡ ♦❜t❛✐♥

Xτ = X̂ +
1

Z−
11[[0,τ ]] �

(
11{Z̃>0} � [X,m]

)p,F
+

1

Z−
11[[0,τ ]] �

(
11{Z̃=0} � [X,m]

)p,F

= X̂ +

(
1

Z̃
11[[0,τ ]] � [X,m]

)p,Fτ

+ 11[[0,τ ]] �

(
1

Z−
11{Z̃=0<Z−} � [X,m]

)p,F
.

◆♦t❡ t❤❛t
1

Z−
11{Z̃=0<Z−} � [X,m] =

1

Z
R̃−

∆X
R̃
∆m

R̃
11
[[R̃,∞[[

= −∆X
R̃
11
[[R̃,∞[[

,

✇❤❡r❡ t❤❡ ✜rst ❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ {Z̃ = 0 < Z−} = [[R̃]] ❛♥❞ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❢r♦♠
∆m

R̃
= −Z

R̃−✳ ❚❤✉s ✇❡ ♦❜t❛✐♥

Xτ = X̄ +
1

Z̃
11[[0,τ ]] � [X,m]− 11[[0,τ ]] �

(
∆X

R̃
11
[[R̃,∞[[

)p,F

✇❤❡r❡ X̄ ✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❚❤❛t ❡♥❞s t❤❡ ♣r♦♦❢✳

❘❡♠❛r❦ ✼✳✷✳ ■♥ ❬❉▼▼✾✷✱ P❛r❛❣r❛♣❤ ✼✼✱ ❈❤❛♣t❡r ❳❳❪ ❛♥ ♦♣t✐♦♥❛❧ s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠✲

♣♦s✐t✐♦♥ ✐s ♠❡♥t✐♦♥❡❞ ✭✇✐t❤♦✉t ❛♥② ♣r♦♦❢✮ ✐♥ t❤❡ ❢♦r♠✿ ❣✐✈❡♥ ❛♥ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ X✱ t❤❡

♣r♦❝❡ss

X̄t := Xτ
t −

∫ t∧τ

0

1

Z̃s
d[X,m]s

✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ◆♦t❡ t❤❛t t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ✈❛❧✐❞ ❢♦r ❛♥② F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡

✐❢ ❛♥❞ ♦♥❧② ✐❢ R̃ = ∞✳

❘❡♠❛r❦ ✼✳✸✳ ❚❤❡ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ✭✼✳✹✮ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡

F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ N ❞❡✜♥❡❞ ✐♥ ✭✼✳✷✮✳

X̄t = Xτ
t −

∫ t∧τ

0

1

Ns
d[X,N ]s +

(
∆X

R̃
11
[[R̃,∞[[

)p,F
t∧τ

.

❋r♦♠ ❡q✉❛❧✐t✐❡s N = N−
(
11{Z−>0}

Z̃
Z−

+ 11{Z−=0}
)
❛♥❞ N = 1+N− 1

Z−
11{Z−>0} �m ✐t ❢♦❧❧♦✇s

t❤❛t
1

N
� [X,N ] =

1

Z̃
11{Z−>0} � [X,m]

❛♥❞ t❤❡ ❢❛❝t t❤❛t Z− > 0 ♦♥ [[0, τ ]]✳

❚❤❡ ♥❡①t ❧❡♠♠❛ ♣r❡s❡♥ts ❛♥♦t❤❡r ❢♦r♠ ♦❢ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ✭✻✳✶✻✮✳ ❍❡r❡ ✇❡
❞❡♥♦t❡ ✐t ❜② Lpr ✇❤❡r❡ ✧♣r✧ st❛♥❞s ❢♦r ♣r♦❣r❡ss✐✈❡✳

▲❡♠♠❛ ✼✳✹✳ ✭❛✮ ❚❤❡ Fτ ✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss 1
Z−

11[[0,τ ]] ✐s ✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ m̄ ✕ t❤❡

Fτ ✲♠❛rt✐♥❣❛❧❡ ♣❛rt ❢r♦♠ t❤❡ ♦♣t✐♦♥❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ m✳

✭❜✮ ❚❤❡ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ Lpr ✭❞❡✜♥❡❞ ✐♥ ✭✻✳✶✻✮✮ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

Lpr :=
Z2
−

Z2
− +∆〈m〉F

1

Z̃
11[[0,τ ]] ⊙ m̂ =

1

Z−
11[[0,τ ]] � m̄,

✇❤❡r❡ m̂ ✐s Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ♣❛rt ❢r♦♠ ♣r❡❞✐❝t❛❜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ m ❛♥❞ ⊙ st❛♥❞s ❢♦r

t❤❡ ♦♣t✐♦♥❛❧ ✐♥t❡❣r❛❧ ✭s❡❡ ❙❡❝t✐♦♥ ✶✳✶✳✽✮✳
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Pr♦♦❢✳ ■♥ t❤❡ ♣r♦♦❢✱ ✇❡ s❡t L = Lpr ❢♦r s✐♠♣❧✐❝✐t②✳
✭❛✮ ❚❤❡ ♣r♦❝❡ss 1

Z−
11[[0,τ ]] ✐s ❝à❣❧à❞ s♦ ✐t ✐s ❧♦❝❛❧❧② ❜♦✉♥❞❡❞✳

✭❜✮ ❚❤❡ Fτ ✲❝♦♥t✐♥✉♦✉s ♠❛rt✐♥❣❛❧❡ ♣❛rt ❛♥❞ t❤❡ ❥✉♠♣ ♣❛rt ♦❢ 1
Z−

11[[0,τ ]] � m̄ ❛r❡ ❣✐✈❡♥ ❜②

(
1

Z−
11[[0,τ ]] � m̄

)c
=

1

Z−
11[[0,τ ]] �

(
mc − 1

Z−
� 〈mc〉F

)

∆

(
1

Z−
11[[0,τ ]] � m̄

)
=

∆m

Z̃
11[[0,τ ]] − p,F

(
11
[[R̃]]

)
11[[0,τ ]].

✇❤❡r❡ mc ✐s F✲❝♦♥t✐♥✉♦✉s ♠❛rt✐♥❣❛❧❡ ♣❛rt ♦❢ m✳ ▲❡t ✉s ❝♦♠♣✉t❡ ♥♦✇ t❤❡ Fτ ✲❝♦♥t✐♥✉♦✉s
♠❛rt✐♥❣❛❧❡ ♣❛rt ❛♥❞ t❤❡ ❥✉♠♣ ♣❛rt ♦❢ L✳ ❇② ❉❡✜♥✐t✐♦♥ ✶✳✷✹ ♦❢ ♦♣t✐♦♥❛❧ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧
❛♥❞ ▲❡♠♠❛ ✻✳✶✼ ✭❜✮✱ ✇❡ ❤❛✈❡✿

Lc =
Z2
−

Z2
− +∆〈m〉F

p,Fτ

(
1

Z̃

)
11[[0,τ ]] � m̂

c

=
1

Z−
11[[0,τ ]] � m̂

c −
p,F(11{Z̃=0<Z−})

Z−
11[[0,τ ]] � m̂

c.

❆s {Z̃ = 0 < Z−} ✐s ❛ t❤✐♥ s❡t✱ s♦ ✐t ✐s { p,F(11{Z̃=0<Z−}) 6= 0}✱ ❛♥❞ ❢r♦♠ ❝♦♥t✐♥✉✐t② ♦❢ m̂c

✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

Lc =
1

Z−
11[[0,τ ]] � m̂

c.

❋r♦♠ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✷✵✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ❥✉♠♣ ♦❢ L ❡q✉❛❧s

∆L =
∆m

Z̃
11[[0,τ ]] − p,F

(
11{Z̃=0<Z−}

)
11[[0,τ ]]. ✭✼✳✺✮

❚❤❛t ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

❚❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ Lpr ❛♥❞ t❤❡ Fτ ✲❛❞❛♣t❡❞ ♣r♦❝❡ss 1
Nτ ✐s

❡①♣❧♦✐t❡❞ ✐♥ t❤❡ ♥❡①t ❧❡♠♠❛✳

Pr♦♣♦s✐t✐♦♥ ✼✳✺✳ ▲❡t N ❜❡ ❞❡✜♥❡❞ ✐♥ ✭✼✳✷✮✳

✭❛✮ ❚❤❡ ♣r♦❝❡ss 1
Nτ ✐s ❛♥ Fτ ✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ♦❢ t❤❡ ❢♦r♠

1
Nτ = E

(
−(Lpr)τ −

(
11
[[R̃,∞[[

)p,F
�∧τ

)
.

✭❜✮ ❚❤❡ ♣r♦❝❡ss 1
Nτ ✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ R̃ = ∞✳ ❚❤❡♥✱ 1

Nτ = E (−(Lpr)τ ) .

Pr♦♦❢✳ ✭❛✮ ❇② ■tô✬s ❢♦r♠✉❧❛ ❛♥❞ t❤❡ ♦❜✈✐♦✉s ❡q✉❛❧✐t② dN = N− 1
Z−

11{Z−>0}dm

1

N τ
t

= 1−
∫ t∧τ

0

1

N2
s−
dNs +

∫ t∧τ

0

1

N3
s−
d〈N c〉s +

∑

s≤t∧τ

(
1

Ns
− 1

Ns−
+

1

N2
s−

∆Ns

)

= 1−
∫ t∧τ

0

1

Ns−Zs−
dms +

∫ t∧τ

0

1

Ns−Z2
s−
d〈mc〉s +

∑

s≤t∧τ

(∆ms)
2

Ns−Zs−Z̃s
,
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✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t Z̃ = Z− +∆m✳ ❲❡ ❝♦♥t✐♥✉❡ ✇✐t❤

1

N τ
t

= 1−
∫ t∧τ

0

1

Ns−
d

(
1

Z−
�m− 1

Z2
−
� 〈mc〉 −

∑ (∆m)2

Z−Z̃

)

s

= 1−
∫ t∧τ

0

1

Ns−
d

(
1

Z−
� m̄+

(
11
[[R̃,∞[[

)p,F)

s

✇❤❡r❡ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ ❚❤❡♦r❡♠ ✼✳✶ ❛♣♣❧✐❡❞ t♦ t❤❡ F✲♠❛rt✐♥❣❛❧❡ m✳ ❋✐♥❛❧❧②
✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

1

N τ
= E

(
− 1

Z−
11[[0,τ ]] � m̄−

(
11
[[R̃,∞[[

)p,F
�∧τ

)
.

✭❜✮ ❚❤❡ ♣r♦❝❡ss 1
Nτ ✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢

(
11
[[R̃,∞[[

)p,F
·∧τ

= 0✳ ❚❤❡ ❧❛st

❡q✉❛❧✐t② ✐s ❡q✉✐✈❛❧❡♥t t♦

0 = E

((
11
[[R̃,∞[[

)p,F
τ

)
= E

(∫ ∞

0
Zs−d

(
11
[[R̃,∞[[

)p,F
s

)
= E

(
Z
R̃−11{R̃<∞}

)
,

✇❤✐❝❤ ✐♥ t✉r♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ R̃ = ∞ P✲❛✳s✳ s✐♥❝❡ Z
R̃− > 0 ♦♥ {R̃ <∞}✳

✼✳✷✳✷ ◆❯P❇❘ ❢♦r ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ❜❡❢♦r❡ τ

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ ❛❧t❡r♥❛t✐✈❡ ♣r♦♦❢s✱ ❜❛s❡❞ ♦♥ t❤❡ ♦♣t✐♦♥❛❧ s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐✲
t✐♦♥✱ t♦ s♦♠❡ r❡s✉❧ts ❢r♦♠ ❈❤❛♣t❡r ✻✳ ■♥ Pr♦♣♦s✐t✐♦♥ ✼✳✻ ✇❡ ❡①❛♠✐♥❡ t❤❡ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡
❞❡✢❛t♦r ❢♦r F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s✳ ■♥ Pr♦♣♦s✐t✐♦♥ ✼✳✼✱ ❛♥ Fτ ✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r ❢♦r F✲
❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s ✐s st✉❞✐❡❞✳

Pr♦♣♦s✐t✐♦♥ ✼✳✻✳ ▲❡t Y pr := E (−Lpr)✳❚❤❡♥✱ ❢♦r ❛♥② F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ X✱ t❤❡ t✇♦ ♣r♦✲

❝❡ss❡s

Y prXτ −
∑

Y pr
− 11[[0,τ ]]

p,F(11
[[R̃]]

)∆X + Y pr
− 11[[0,τ ]] �

(
∆X

R̃
11
[[R̃,∞[[

)p,F

Y prXτ + Y pr
− 11[[0,τ ]] �

(
(∆X

R̃
−

∆〈m,X〉F
R̃

Z
R̃−

)11
[[R̃,∞[[

)p,F

❛r❡ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ X ✐s q✉❛s✐✲❧❡❢t ❝♦♥t✐♥✉♦✉s ❛♥❞ ∆X
R̃

= 0 ♦♥ {R̃ < ∞}✱ t❤❡♥ Y pr ✐s ❛♥

Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r ❢♦r Xτ ✳

Pr♦♦❢✳ ■♥ t❤❡ ♣r♦♦❢✱ ✇❡ s❡t Y = Y pr ❛♥❞ L = Lpr ❢♦r s✐♠♣❧✐❝✐t②✳ ❯s✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts
❛♥❞ t❤❡ ♦♣t✐♦♥❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✼✳✹✮ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✼✳✶ ❢♦r X ❛♥❞ t❤❡♥ ❢♦r m✱ ✇❡ ♦❜t❛✐♥

Y Xτ = Xτ
− � Y + Y− �Xτ + [Y,Xτ ]

=Xτ
− � Y + Y− � X̄ + Y−

1

Z̃
11[[0,τ ]] � [m,X]− Y−11[[0,τ ]] � (∆XR̃

11
[[R̃,∞[[

)p,F − Y−11[[0,τ ]] � [L,X]

=Xτ
− � Y + Y− � X̄ + Y−

1

Z̃
11[[0,τ ]] � [m̄,X] + Y−

1

Z̃2
11[[0,τ ]] � [[m], X]

− Y−
1

Z̃
11[[0,τ ]] � [(∆mR̃

11
[[R̃,∞[[

)p,F, X]− Y−11[[0,τ ]] � (∆XR̃
11
[[R̃,∞[[

)p,F − Y−
Z−

11[[0,τ ]] � [m̄,X]

=:I1 + I2 + I3 + I4 + I5 + I6 + I7.
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❲❡ ❧♦♦❦ ❝❧♦s❡r ❛t t❤❡ s✉♠ ♦❢ t❤✐r❞ ❛♥❞ s❡✈❡♥t❤ t❡r♠ ♦❢ t❤❡ ❧❛st ❡①♣r❡ss✐♦♥

I3 + I7 =Y−

(
1

Z̃
− 1

Z−

)
11[[0,τ ]] � [m̄,X] = −Y−

∆m

Z̃Z−
11[[0,τ ]] � [m̄,X]

=−
∑

Y−
∆m

Z̃Z−
11[[0,τ ]]∆m̄∆X,

✇❤❡r❡ t❤❡ t❤✐r❞ ❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t {∆m 6= 0} ✐s ❛ t❤✐♥ s❡t✳ ❲❡ ❛❞❞ t❤❡ t❡r♠
I4 t♦ t❤❡ ♣r❡✈✐♦✉s t✇♦

I4 + (I3 + I7) =
∑

Y−
1

Z̃2
11[[0,τ ]](∆m)2∆X −

∑
Y−

∆m

Z̃Z−
11[[0,τ ]]∆m̄∆X

=−
∑

Y−
∆m

Z̃
∆X11[[0,τ ]]

(
1

Z−
∆m̄− 1

Z̃
∆m

)

=
∑

Y−
∆m

Z̃
∆X11[[0,τ ]]

p,F
(
11
[[R̃]]

)
,

✇❤❡r❡ t❤❡ ❧❛st ❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ ✭✼✳✺✮✳ ◆♦t❡ t❤❛t✱ ❜② ❨♦❡✉r♣✬s ❧❡♠♠❛ ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢
❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥✱ t❤❡ ✜❢t❤ t❡r♠ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r Y Xτ ✐s ❡q✉❛❧ t♦

I5 = −Y−
1

Z̃
11[[0,τ ]] � [(∆mR̃

11
[[R̃,∞[[

)p,F, X] = −Y−
1

Z̃
11[[0,τ ]]

p,F(∆m
R̃
11
[[R̃]]

) �X

=
∑

Y−
Z−

Z̃
11[[0,τ ]]

p,F(11
[[R̃]]

)∆X.

❋✐♥❛❧❧②✱ ❜② Z− +∆m = Z̃✱ ✇❡ ❣❡t

I5 + (I4 + I3 + I7) =
∑

Y−
Z−

Z̃
11[[0,τ ]]

p,F(11
[[R̃]]

)∆X +
∑

Y−
∆m

Z̃
∆X11[[0,τ ]]

p,F
(
11
[[R̃]]

)

=
∑

Y−11[[0,τ ]]
p,F(11

[[R̃]]
)∆X.

❙✉♠♠✐♥❣ ✉♣ ✇❡ ❤❛✈❡ t❤❛t

Y Xτ =Xτ
− � Y + Y− � X̄ +

∑
Y−11[[0,τ ]]

p,F(11
[[R̃]]

)∆X − Y−11[[0,τ ]] �
(
∆X

R̃
11
[[R̃,∞[[

)p,F

=Xτ
− � Y + Y− � X̄ +

∑
Y−11[[0,τ ]]

p,F(11
[[R̃]]

)∆X +
Y−
Z−

11[[0,τ ]] �
(
11
[[R̃]]

� [X,m]
)p,F

❋✐♥❛❧❧②✱ t❤❛♥❦s t♦ t❤❡ ♣r❡❞✐❝t❛❜❧❡ s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ X✱ ✇❡ ❣❡t

Y Xτ = Xτ
− � Y + Y− � X̄ + Y−

p,F
(
11
[[R̃]]

)
� X̂ +

Y−
Z−

11[[0,τ ]] �
(
11
[[R̃]]

� ([m,X] + 〈m,X〉F)
)p,F

=Xτ
− � Y + Y− �

(
X̄ + p,F

(
11
[[R̃]]

)
� X̂
)
− Y−11[[0,τ ]] �

(
(∆X

R̃
−

∆〈m,X〉F
R̃

Z
R̃−

)11
[[R̃,∞[[

)p,F

✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✜rst ❛ss❡rt✐♦♥✳ ❙✐♥❝❡ ❢♦r ❛♥② F✲q✉❛s✐✲❧❡❢t ❝♦♥t✐♥✉♦✉s ♠❛rt✐♥❣❛❧❡
X✱ t❤❡ ♣r♦❝❡ss 〈m,X〉F ✐s ❝♦♥t✐♥✉♦✉s✱ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ❢♦❧❧♦✇s✳

❲❡ s❤❛❧❧ ♥♦✇ ✉s❡ t❤❡ Fτ ✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ✐♥tr♦❞✉❝❡❞ ✐♥ ▲❡♠♠❛ ✻✳✶✾ ✇❤✐❝❤ ✇❛s ❝r✉❝✐❛❧
❢♦r ♣r♦♦❢s t❤❡r❡✐♥✳ ❉❡♥♦t✐♥❣ ❜② R̃a t❤❡ ❛❝❝❡ss✐❜❧❡ ♣❛rt ♦❢ t❤❡ F✲st♦♣♣✐♥❣ t✐♠❡ R̃✱ ✇❡ s❡t

V pr
t :=

(
11
[[R̃a,∞[[

)p,F
t∧τ

.
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❯s✐♥❣ t❤❡ ♣r♦❝❡ss V pr ✇❡ st✉❞②✱ ✐♥ t❤❡ ♥❡①t ❧❡♠♠❛✱ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ❛ ♣❛rt✐❝✉❧❛r Fτ ✲
s✉♣❡r♠❛rt✐♥❣❛❧❡✳

Pr♦♣♦s✐t✐♦♥ ✼✳✼✳ ▲❡t Ỹ pr := E(−Lpr − V pr)✳ ▲❡t X ❜❡ ❛♥ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❛♥❞ H ❜❡ ❛♥

Fτ ✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss s✉❝❤ t❤❛t H �X ≥ −1✳ ❚❤❡♥✱ t❤❡ ♣r♦❝❡ss

(1 +H �Xτ ) Ỹ pr +H Ỹ pr
− �

(
∆X

R̃
11
[[R̃,∞[[

)p,F
·∧τ

✐s ❛♥ Fτ ✲s✉♣❡r♠❛rt✐♥❣❛❧❡✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ ∆X
R̃
= 0 ♦♥ {R̃ < ∞} t❤❡♥ Ỹ pr ✐s ❛♥ Fτ ✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r ❢♦r Xτ

❛♥❞ Xτ s❛t✐s✜❡s ◆❯P❇❘(Fτ )✳

Pr♦♦❢✳ ■♥ t❤❡ ♣r♦♦❢✱ ✇❡ s❡t Ỹ = Ỹ pr✱ L = Lpr ❛♥❞ V = V pr ❢♦r s✐♠♣❧✐❝✐t②✳ ❇② ✐♥t❡❣r❛t✐♦♥
❜② ♣❛rts✱ ✇❡ ❣❡t

(1 +H �Xτ ) Ỹ = (1 +H �Xτ )− � Ỹ +H Ỹ− �Xτ −H Ỹ− � [Xτ , L]−H Ỹ− � [Xτ , V ].

◆♦t❡ t❤❛t
HỸ− � [Xτ , V ] =

∑
H Ỹ− 11[[0,τ ]]

p,F(11
[[R̃]]

)∆X.

❚❤❡♥✱ ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✻✱ ✇❡ ❣❡t

(1 +H �Xτ )Ỹ =(1 +H �Xτ )− � Ỹ +HỸ− � X̄ −HỸ−11[[0,τ ]] �
(
∆X

R̃
11
[[R̃,∞[[

)p,F

❛♥❞ t❤❡ ✜rst ❛ss❡rt✐♦♥ ✐s ♣r♦✈❡❞✳
❚❤❡ s❡❝♦♥❞ ❛ss❡rt✐♦♥ ❝♦♠❡s ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✶✳✻✶ ♦❢ t❤❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r ❛♥❞ ❚❤❡♦✲
r❡♠ ✶✳✻✷✳

❚❤❡ ♥❡①t r❡s✉❧t r❡❝♦✈❡rs ❚❤❡♦r❡♠ ✻✳✶✺ ♣r♦✈✐❞✐♥❣ ❡①♣❧✐❝✐t ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦rs ❢♦r F✲
❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s✳ ❚❤❡ ♣r♦♦❢ ❞✐✛❡rs ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✶✺ ❛♥❞ ✐s ❜❛s❡❞ ♦♥ t❤❡
♦♣t✐♦♥❛❧ s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥s✳

❚❤❡♦r❡♠ ✼✳✽✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳

✭❛✮ ❚❤❡ t❤✐♥ s❡t
{
Z̃ = 0 < Z−

}
✐s ❡✈❛♥❡s❝❡♥t✳

✭❜✮ ❚❤❡ F✲st♦♣♣✐♥❣ t✐♠❡ R̃ ✐s ✐♥✜♥✐t❡ ✭R̃ = ∞✮✳

✭❝✮ ❋♦r ❛♥② F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ X✱ t❤❡ ♣r♦❝❡ss Xτ ❛❞♠✐ts ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r Y pr

✭❛♥❞ s❛t✐s✜❡s ◆❯P❇❘(Fτ )✮✳

✭❞✮ ❋♦r ❛♥② ✭❜♦✉♥❞❡❞✮ ♣r♦❝❡ss X s❛t✐s❢②✐♥❣ ◆❯P❇❘(F)✱ t❤❡ ♣r♦❝❡ss Xτ s❛t✐s✜❡s ◆❯P❇❘(Fτ )✳

Pr♦♦❢✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ✭❛✮ ❛♥❞ ✭❜✮ ✐s ♦❜✈✐♦✉s ❢r♦♠ ❞❡✜♥✐t✐♦♥ ♦❢ R̃✳
❚❤❡ ✐♠♣❧✐❝❛t✐♦♥ ✭❜✮⇒✭❝✮ ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✼✳✻✳ ❚♦ ♣r♦✈❡ ✭❝✮⇒✭❜✮ ✭❛♥❞ ✭❞✮⇒✭❜✮✮✱
✇❡ ❝♦♥s✐❞❡r t❤❡ F✲♠❛rt✐♥❣❛❧❡

X = 11
[[R̃,∞[[

−
(
11
[[R̃,∞[[

)p,F
.

◆♦t❡ t❤❛t P(τ = R̃) = E(∆Ao
R̃
) = E(Z̃

R̃
− Z

R̃
) = 0 ✭s✐♥❝❡ 0 = Z̃

R̃
≥ Z

R̃
≥ 0✮✳ ❚❤✐s ✐♠♣❧✐❡s

t❤❛t τ < R̃ ❛♥❞

Xτ = −
(
11
[[R̃,∞[[

)p,F
·∧τ
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✐s ❛♥ Fτ ✲♣r❡❞✐❝t❛❜❧❡ ❞❡❝r❡❛s✐♥❣ ♣r♦❝❡ss✳ ❚❤✉s✱ Xτ s❛t✐s✜❡s ◆❯P❇❘(Fτ ) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s
❛ ♥✉❧❧ ♣r♦❝❡ss✱ ❞✉❡ t♦ ▲❡♠♠❛ ✶✳✻✵✳ ❚❤❡♥✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t R̃ ✐s ✐♥✜♥✐t❡ ✉s✐♥❣ t❤❡ s❛♠❡
❛r❣✉♠❡♥t ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✼✳✺ ✭❜✮✳
✭❝✮ ⇒ ✭❞✮ ▲❡t X ❜❡ ❛♥ F✲s❡♠✐♠❛rt✐♥❣❛❧❡ s❛t✐s❢②✐♥❣ t❤❡ ◆❯P❇❘(F)✳ ❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥
✶✳✺✻✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ r❡❛❧✲✈❛❧✉❡❞ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss φ ❛♥❞ ❛ ♣♦s✐t✐✈❡ F✲❧♦❝❛❧
♠❛rt✐♥❣❛❧❡ l s✉❝❤ t❤❛t

0 < φ ≤ 1 ❛♥❞ l (φ �X) ✐s ❛♥ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡.

❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ F✲st♦♣♣✐♥❣ t✐♠❡s (vn)n t❤❛t ✐♥❝r❡❛s❡s t♦ ✐♥✜♥✐t② s✉❝❤ t❤❛t
t❤❡ st♦♣♣❡❞ ♣r♦❝❡ss lvn ✐s ❛♥ F✲♠❛rt✐♥❣❛❧❡✳ P✉t Qn := lvn �P ∼ P✳ ❚❤❡♥✱ ❜② ❛♣♣❧②✐♥❣ ✭❝✮ t♦
(φ �X)vn ✉♥❞❡r Qn✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t (φ �X)vn∧τ s❛t✐s✜❡s ◆❯P❇❘(Fτ ) ✉♥❞❡r Qn✳ ❚❤❛♥❦s
t♦ Pr♦♣♦s✐t✐♦♥ ✶✳✺✾✱ ◆❯P❇❘(Fτ ) ✉♥❞❡r P ♦❢ Xτ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧②✳

✼✳✸ ■♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t ✉♥❞❡r ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s

❚❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ✇❡r❡ ♦❜t❛✐♥❡❞ ✐♥ ♣❛r❛❧❧❡❧ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t❧② t♦ ❬❆❋❑✶✹❪✳
▲❡t ξ ❜❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ✈❛❧✉❡s ✐♥ ❛ ▲✉s✐♥ s♣❛❝❡ (U, U)✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡
r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ξ s❛t✐s✜❡s ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s ✭❉❡✜♥✐t✐♦♥ ✶✳✸✶ ✭❛✮✮ ✇✐t❤ t❤❡ ❞❡♥s✐t② ♣r♦❝❡ss
(qu, u ∈ U) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧❛✇ η̃ ✭Pr♦♣♦s✐t✐♦♥ ✶✳✸✷✮✳ ❲❡ ❞♦ ♥♦t ✐♠♣♦s❡ ❛♥② ❝♦♥❞✐t✐♦♥s
♦♥ η̃✱ ✐♥ ♣❛rt✐❝✉❧❛r ✐t ✐s ♥♦t ♥❡❝❡ss❛r② ❛t♦♠❧❡ss✳ ❚❤❡♥✱ ❧❡t Fσ(ξ) = (Fσ(ξ))t≥0 ❜❡ t❤❡ ✐♥✐t✐❛❧
❡♥❧❛r❣❡♠❡♥t ♦❢ t❤❡ ✜❧tr❛t✐♦♥ F ✇✐t❤ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ξ✱ ❞❡✜♥❡❞ ❛s ✐♥ ✭✶✳✹✮✱

Fσ(ξ)
t :=

⋂

s>t

(Fs ∨ σ(ξ)) .

❈♦♥s✐❞❡r ❛ ♠❛♣♣✐♥❣ X : (t, ω, u) → Xu
t (ω) ♦♥ R+ × Ω × U ✇✐t❤ ✈❛❧✉❡s ✐♥ R✳ ▲❡t J ❜❡

❛ ❝❧❛ss ♦❢ F✲♦♣t✐♦♥❛❧ ♣r♦❝❡ss❡s✱ ❢♦r ❡①❛♠♣❧❡ t❤❡ ❝❧❛ss ♦❢ F✲✭❧♦❝❛❧✮ ♠❛rt✐♥❣❛❧❡s ♦r t❤❡ ❝❧❛ss
♦❢ F✲❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ✈❛r✐❛t✐♦♥ ♣r♦❝❡ss❡s✳ ❚❤❡♥✱ (Xu, u ∈ U) ✐s ❝❛❧❧❡❞ ❛ ♣❛r❛♠❡tr✐③❡❞ J ✲
♣r♦❝❡ss ✐❢ ❢♦r ❡❛❝❤ u ∈ U t❤❡ ♣r♦❝❡ss Xu ❜❡❧♦♥❣s t♦ J ❛♥❞ ✐❢ ✐t ✐s ♠❡❛s✉r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t
t♦ O(F) ⊗ U ✳ ❚❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥✱ ❜② ❬❙❨✼✽✱ Pr♦♣♦s✐t✐♦♥ ✸❪✱ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣
❛♣♣r♦♣r✐❛t❡ ✈❡rs✐♦♥s ♦❢ ♣r♦❝❡ss❡s Xu✳

❚♦ ❡♥s✉r❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❧❧ ♠❡❛s✉r❛❜❧❡ ✈❡rs✐♦♥s ♦❢ ❞✉❛❧ ♣r♦❥❡❝t✐♦♥s ♦❢ ♣❛r❛♠❡tr✐③❡❞
♣r♦❝❡ss ✇❡ ❛ss✉♠❡ ❢r♦♠ ♥♦✇ ♦♥ t❤❛t t❤❡ s♣❛❝❡ L1(Ω,G,P) ✐s s❡♣❛r❛❜❧❡✳ ❚❤❡♥ ✇❡ ❛♣♣❧②
❬❙❨✼✽✱ Pr♦♣♦s✐t✐♦♥ ✹❪✳

■♥ t❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ✇❡ st❛t❡ ❛♥ ❛♥❛❧♦❣✐❝❛❧ r❡s✉❧t t♦ Pr♦♣♦s✐t✐♦♥ ✶✳✸✹ ❢♦r ❛ ❜✐❣❣❡r ❝❧❛ss
♦❢ ♣r♦❝❡ss❡s✿ ♣❛r❛♠❡tr✐③❡❞ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s✳

Pr♦♣♦s✐t✐♦♥ ✼✳✾✳ ▲❡t (Xu, u ∈ U) ❜❡ ❛ ♣❛r❛♠❡tr✐③❡❞ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❚❤❡♥

Xξ
t = X̂ξ

t +

∫ t

0

1

qξs−
d〈Xu, qu〉s|u=ξ

✇❤❡r❡ X̂ξ ✐s ❛♥ Fσ(ξ)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳
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Pr♦♦❢✳ ▲❡t X ❜❡ ♦❢ t❤❡ ❢♦r♠ Xu
t (ω) = g(u)xt(ω) ✇❤❡r❡ x ✐s ❛♥ F✲♠❛rt✐♥❣❛❧❡✳ ❚❤❡♥✱

Xξ = g(ξ)x ❛♥❞ ❢♦r t ≥ s ✉s✐♥❣ ❏❛❝♦❞✬s ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✾✮✱ ✇❡ ❤❛✈❡

E(Xξ
t −Xξ

s |Fσ(ξ)
s ) = g(ξ)E(xt − xs|Fσ(ξ)

s )

= g(ξ)E

(∫ t

s

1

qξv−
d〈x, qu〉v|u=ξ

∣∣∣Fσ(ξ)
s

)

= E

(∫ t

s

1

qξv−
d〈Xu, qu〉v|u=ξ

∣∣∣Fσ(ξ)
s

)
.

❋♦r ❛ ❣❡♥❡r❛❧ X✱ ✇❡ ♣r♦❝❡❡❞ ❜② ▼♦♥♦t♦♥❡ ❈❧❛ss ❚❤❡♦r❡♠ ✶✳✶✳

✼✳✸✳✶ ❖♣t✐♦♥❛❧ s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r ✐♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡✈❡❧♦♣ t❤❡ Fσ(ξ)✲♦♣t✐♦♥❛❧ s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ♣❛r❛♠❡tr✐③❡❞
F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s✳ ■♥ ♦r❞❡r t♦ ✜♥❞ ✐t✱ ✇❡ ❞❡❝♦♠♣♦s❡ t❤❡ F✲st♦♣♣✐♥❣ t✐♠❡ Ru✱ ✐♥tr♦❞✉❝❡❞
✐♥ ✭✶✳✻✮✱ ❛s Ru = R̃u ∧ R̄u ✇✐t❤

R̃u = Ru{quRu−>0} ❛♥❞ R̄u = Ru{quRu−=0}. ✭✼✳✻✮

❈❧❡❛r❧② R̄u ✐s ❛♥ F✲♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡ ❛♥❞ {Ru = ∞} ⊂ {R̄u = ∞} s♦

(
11[[Ru,∞[[

)p,F |u=ξ =
(
11
[[R̃u,∞[[

)p,F
|u=ξ.

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛✱ ✇❡ ❡①♣r❡ss t❤❡ Fσ(ξ)✲❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ✐♥ t❡r♠s ♦❢ t❤❡
F✲❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥✳ ❚❤✐s ✐s ❛ r❡s✉❧t ❛♥❛❧♦❣♦✉s t♦ ▲❡♠♠❛ ✻✳✶✼ ✭❛✮ ❛♥❞ ▲❡♠♠❛
✻✳✶✽ ❢♦r ✐♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t ❝❛s❡✳

▲❡♠♠❛ ✼✳✶✵✳ ▲❡t (V u, u ∈ U) ❜❡ ❛ ♣❛r❛♠❡tr✐③❡❞ F✲❛❞❛♣t❡❞ ❝à❞❧à❣ ♣r♦❝❡ss ✇✐t❤ ❧♦❝❛❧❧②

✐♥t❡❣r❛❜❧❡ ✈❛r✐❛t✐♦♥ ✭V ∈ Aloc(F)✮✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❤♦❧❞✳

✭❛✮ ❚❤❡ Fσ(ξ)✲❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ♦❢ V ξ ✐s

(V ξ)p,F
σ(ξ)

=
1

qξ−
�

(
qu � V u

)p,F|u=ξ. ✭✼✳✼✮

✭❜✮ ■❢ (V u, u ∈ U) ❜❡❧♦♥❣s t♦ A+
loc(F) ✭r❡s♣❡❝t✐✈❡❧② V ∈ A+(F)✮✱ t❤❡♥ t❤❡ ♣r♦❝❡ss (Uu, u ∈ U)

✇✐t❤

Uu :=
1

qξ
� V u, ✭✼✳✽✮

❜❡❧♦♥❣s t♦ A+
loc(F

σ(ξ)) ✭r❡s♣❡❝t✐✈❡❧② t♦ A+(Fσ(ξ))✮✳

✭❝✮❚❤❡ ♣r♦❝❡ss (Uu, u ∈ U) ✐s ✇❡❧❧ ❞❡✜♥❡❞✱ ✐ts ✈❛r✐❛t✐♦♥ ✐s Fσ(ξ)✲❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡✱ ❛♥❞ t❤❡

Fσ(ξ)✲❞✉❛❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ♦❢ U ξ ✐s ❣✐✈❡♥ ❜②

(U ξ)p,F
σ(ξ)

= 1

qξ−
�

(
11{qu>0} � V

u
)p,F |u=ξ.
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Pr♦♦❢✳ ✭❛✮ ❲❡ ❛♣♣❧② t❤❡ ♣r❡❞✐❝t❛❜❧❡ s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❣✐✈❡♥ ✐♥ ▲❡♠♠❛ ✼✳✾ t♦
t❤❡ ♣❛r❛♠❡tr✐③❡❞ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ (Xu, u ∈ U) = (V u − (V u)p,F, u ∈ U)✱ ♦❜t❛✐♥✐♥❣

V ξ = X̂ξ + (V u)p,F|u=ξ +
1

qξ−
� 〈V u, qu〉F|u=ξ

= X̂ξ +
(
11{qu>0} � V

u
)p,F |u=ξ +

(
∆qu

qu−
11{qu>0} � V

u

)p,F

= X̂ξ +
1

qξ−
� (qu � V u)p,F|u=ξ,

✇❤✐❝❤ ♣r♦✈❡s ❛ss❡rt✐♦♥ ✭❛✮✳
✭❜✮ ❙✉♣♣♦s❡ t❤❛t (V u, u ∈ U) ∈ A+

loc(F)✳ ❋♦r ✜①❡❞ u✱ ❧❡t (ϑn)n≥1 ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ F✲st♦♣♣✐♥❣
t✐♠❡s t❤❛t ✐♥❝r❡❛s❡s t♦ ✐♥✜♥✐t② s✉❝❤ t❤❛t E

(
V u
ϑn

)
<∞. ❚❤❡♥✱ E

(
Uuϑn

)
<∞ s✐♥❝❡

E
(
Uuϑn

)
= E

(∫ ϑn

0

1

qξt
dV u

t

)
= E

(∫ ϑn

0

∫

R

11{qyt>0}η̃(dy) dV
u
t

)
≤ E

(
V u
ϑn

)
<∞,

✇❤❡r❡ t❤❡ ❧❛st ❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ ✭✶✳✼✮ ❛♣♣❧✐❡❞ t♦ 1
qut
11{qut >0}✳

✭❝✮ ❙✉♣♣♦s❡ t❤❛t (V u, u ∈ U) ∈ Aloc(F)✱ ❛♥❞ ❞❡♥♦t❡ ❜② W := V + + V − ✐ts ✈❛r✐❛t✐♦♥✳ ❚❤❡♥
(W u, u ∈ U) ∈ A+

loc(F)✱ ❛♥❞ ❛ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✭❜✮ ✐♠♣❧✐❡s t❤❛t
(

1

qξ
�W u, u ∈ U

)
∈ A+

loc(F
τ ).

❆s ❛ r❡s✉❧t✱ ✇❡ ❞❡❞✉❝❡ t❤❛t U ❣✐✈❡♥ ❜② ✭✼✳✽✮ ❢♦r t❤❡ ❝❛s❡ ♦❢ V = V + − V − ✐s ✇❡❧❧ ❞❡✜♥❡❞
❛♥❞ ❤❛s ✈❛r✐❛t✐♦♥ ❡q✉❛❧ t♦ 1

qξ
�W ✇❤✐❝❤ ✐s Fσ(ξ)✲❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡✳ ❋♦r ❡❛❝❤ n ≥ 1✱ ❧❡t ✉s

❝♦♥s✐❞❡r t❤❡ ♣❛r❛♠❡tr✐③❡❞ ♣r♦❝❡ss (Uun , u ∈ U) ✇✐t❤

Uun :=
1

qu
11{qu≥ 1

n
} � V

u.

❉✉❡ t♦ ✭✼✳✼✮✱ ✇❡ ❞❡r✐✈❡
(
U ξn

)p,Fσ(ξ)

=
1

qξ−
�

(
11{qu≥1/n} � V

u
)p,F |u=ξ.

❍❡♥❝❡✱ s✐♥❝❡ (U ξ)p,F
σ(ξ)

= limn→∞
(
U ξn
)p,Fσ(ξ)

❜② t❛❦✐♥❣ t❤❡ ❧✐♠✐t ✐♥ t❤❡ ❛❜♦✈❡ ❡q✉❛❧✐t②✱ ✇❡
❣❡t

(U ξ)p,F
σ(ξ)

=
1

qξ−
�

(
11{qu>0} � V

u
)p,F |u=ξ.

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ st❛t❡✱ ✐♥ t❤❡ ♥❡①t t❤❡♦r❡♠✱ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥ ✇❤✐❝❤ ✐s
❜❛s❡❞ ♦♥ ▲❡♠♠❛ ✼✳✶✵✳

❚❤❡♦r❡♠ ✼✳✶✶✳ ▲❡t (Xu, u ∈ U) ❜❡ ❛ ♣❛r❛♠❡tr✐③❡❞ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❚❤❡♥✱

X̄ξ
t := Xξ

t −
∫ t
0

1

qξs
d[Xξ, qξ]s +

(
∆Xu

R̃u
11
[[R̃u,∞[[

)p,F
t

|u=ξ ✭✼✳✾✮

✐s ❛♥ Fσ(ξ)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❍❡r❡✱ R̃u ✇❛s ❞❡✜♥❡❞ ✐♥ ✭✼✳✻✮✳
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Pr♦♦❢✳ ❋r♦♠ t❤❡ ♣r❡❞✐❝t❛❜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✼✳✾ ❛♥❞ ▲❡♠♠❛ ✼✳✶✵ ✭❝✮
✇❡ ❞❡✈❡❧♦♣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ Xξ ❛s

Xξ = X̂ξ +
1

qξ−
�

(
11{qu>0} � [X

u, qu]
)p,F |u=ξ +

1

qξ−
�

(
11{qu=0} � [X

u, qu]
)p,F |u=ξ

= X̂ξ +

(
1

qξ
� [Xξ, qξ]

)p,Fσ(ξ)

+
1

qξ−
�

(
∆Xu

R̃u∆qR̃u(x)11[[R̃u,∞[[

)p,F
|u=ξ

= X̄ξ +
1

qξ
� [Xξ, qξ]−

(
∆Xu

R̃u11[[R̃u,∞[[

)p,F
|u=ξ

✇❤❡r❡

X̄ξ = X̂ξ − 1

qξ
� [Xξ, qξ] +

(
1

qξ
� [Xξ, qξ]

)p,Fσ(ξ)

✐s ❛♥ Fσ(ξ)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳

■♥ t❤❡ ♥❡①t t✇♦ ❧❡♠♠❛s ✇❡ st✉❞② t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣r♦❝❡ss qξ✳ ■♥ ▲❡♠♠❛ ✼✳✶✷ ✇❡ ❞❡✜♥❡
♣❛rt✐❝✉❧❛r Fσ(ξ)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s ❜❛s❡❞ ♦♥ qξ✳ ❚❤❡♥ ✐♥ ▲❡♠♠❛ ✼✳✶✸✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ♣r♦❝❡ss
1
qξ
✳ ❲❡ ❡①♣❧✐❝✐t❧② ❣✐✈❡ t❤❡ Fσ(ξ)✲s✉♣❡r♠❛rt✐♥❣❛❧❡s ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t

❝♦♥❞✐t✐♦♥ s✉❝❤ t❤❛t 1
qξ

✐s ❛♥ Fσ(ξ)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ■♥ ❬❆♠❡✾✾❪ t❤❡ ♣r♦❝❡ss 1
qξ

✇❛s st✉❞✐❡❞
✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ξ s❛t✐s❢②✐♥❣ ❡q✉✐✈❛❧❡♥❝❡ ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s✳ ❍❡r❡ ✇❡ ✇♦r❦
✉♥❞❡r ❧❡ss r❡str✐❝t✐✈❡ ❛ss✉♠♣t✐♦♥✳

▲❡♠♠❛ ✼✳✶✷✳ ▲❡t q̄ξ ❜❡ t❤❡ Fσ(ξ)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ♣❛rt ♦❢ qξ ❣✐✈❡♥ ❜② ✭✼✳✾✮✱ ✐✳❡✳✱

q̄ξ := qξ − 1

qξ
� [qξ]− qξ− �

(
11
[[R̃u,∞[[

)p,F
|u=ξ.

✭❛✮ ❚❤❡ Fσ(ξ)✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss 1

qξ−
✐s ✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ q̄ξ✳

✭❜✮ ❚❤❡ Fσ(ξ)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡

Li :=
1

qξ−
� q̄ξ ✭✼✳✶✵✮

✐s s✉❝❤ t❤❛t 1−∆Li > 0✳ ❍❡r❡✱ t❤❡ s✉♣❡rs❝r✐♣t ✧i✧ st❛♥❞s ❢♦r ✐♥✐t✐❛❧✳

Pr♦♦❢✳ ✭❛✮ ❚❤❡ ♣r♦❝❡ss 1

qξ−
✐s ❝à❣❧à❞ s♦ ✐t ✐s ❧♦❝❛❧❧② ❜♦✉♥❞❡❞✳

✭❜✮ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ q̄ξ ✐♠♣❧✐❡s

1−∆Li = 1− 1

qξ−

(
∆qξ − 1

qξ
(∆qξ)2

)
+∆

(
11
[[R̃u,∞[[

)p,F
|u=ξ

= 1− ∆qξ

qξ
+ p,F

(
11
[[R̃u]]

)
|u=ξ

=
qξ−
qξ

+ p,F
(
11
[[R̃u]]

)
|u=ξ > 0

✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳
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▲❡♠♠❛ ✼✳✶✸✳ ✭❛✮ ❚❤❡ ♣r♦❝❡ss 1
qξ

✐s ❛♥ Fσ(ξ)✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ✇✐t❤ ❞❡❝♦♠♣♦s✐t✐♦♥

1

qξ
= 1− 1

(qξ)2−
� q̄ξ − 1

qξ−
�

(
11
[[R̃u,∞[[

)p,F
|u=ξ. ✭✼✳✶✶✮

▼♦r❡♦✈❡r✱ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ st♦❝❤❛st✐❝ ❡①♣♦♥❡♥t✐❛❧ ♦❢ t❤❡ ❢♦r♠

1
qξ

= E
(
−Li −

(
11
[[R̃u,∞[[

)p,F
|u=ξ

)
.

✭❜✮ ❚❤❡ ♣r♦❝❡ss 1
qξ

✐s ❛♥ Fσ(ξ)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ R̃u = ∞ P ⊗ η̃✲❛✳s✳ ❚❤❡♥
1
qξ

= E(−Li)✳

Pr♦♦❢✳ ✭❛✮ (qu, u ∈ U) ✐s ❛ ♣❛r❛♠❡tr✐③❡❞ F✲♠❛rt✐♥❣❛❧❡✱ t❤❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✼✳✾✱ qξ ✐s ❛
Fσ(ξ)✲s❡♠✐♠❛rt✐♥❣❛❧❡✳ ❇② ✭✶✳✽✮✱ qξ ✐s str✐❝t❧② ♣♦s✐t✐✈❡✳ ■tô✬s ❧❡♠♠❛ ✐♠♣❧✐❡s t❤❛t 1

qξ
✐s ❛♥

Fσ(ξ)✲s❡♠✐♠❛rt✐♥❣❛❧❡ ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

1

qξ
=1− 1

(qξ)2−
� qξ +

1

(qξ)3−
� 〈(qξ)c〉Fσ(ξ)

+
∑(

1

qξ
− 1

qξ−
+

1

(qξ)2−
∆qξ

)

1− 1

(qξ)2−
� qξ +

1

(qξ)3−
� 〈(qξ)c〉Fσ(ξ)

+
∑(

1

(qξ)2−qξ
(∆qξ)2

)

=1− 1

(qξ)2−
� qξ +

1

(qξ)2−qξ
� [qξ]. ✭✼✳✶✷✮

❆♣♣❧②✐♥❣ ✭✼✳✾✮✱ ✇❡ ✜♥❛❧❧② ❣❡t t❤❛t

1

qξ
= 1− 1

(qξ)2−
� q̄ξ − 1

qξ−
�

(
11
[[R̃u,∞[[

)p,F
|u=ξ,

✇❤❡r❡ 1

qξ−
�

(
11
[[R̃u,∞[[

)p,F
|u=ξ ✐s ❛♥ Fσ(ξ)✲♣r❡❞✐❝t❛❜❧❡ ✐♥❝r❡❛s✐♥❣ ♣r♦❝❡ss✳ ❚❤❡ ❡①♣♦♥❡♥t✐❛❧ ❢♦r♠

✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s✳

✭❜✮ ❚❤❡ ♣r♦❝❡ss 1
qξ

✐s ❛♥ Fσ(ξ)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢
(
11
[[R̃u,∞[[

)p,F
|u=ξ = 0✳ ❚❤❡

❧❛st ✐s ❡q✉✐✈❛❧❡♥t t♦ ❤❛✈❡ t❤❛t✱ ❢♦r ❡❛❝❤ t

0 = E
(
(11

[[R̃u,∞[[
)p,Ft |u=ξ

)
= E

(
o,F
(
(11

[[R̃u,∞[[
)p,F|u=ξ

)
t

)

= E

(∫

R

(11
[[R̃u,∞[[

)p,Ft qut η̃(du)

)

=

∫

R

E
(
(11

[[R̃u,∞[[
)p,Ft qut

)
η̃(du),

✇❤❡r❡ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ ✭✶✳✼✮✳ ◆❡①t✱ ❜② ❨♦❡✉r♣✬s ❧❡♠♠❛ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t✱
❢♦r ❡❛❝❤ t

0 =

∫

R

E

(∫ t

0
qus−d

(
(11

[[R̃u,∞[[
)p,F
)
s

)
η̃(du)

=

∫

R

E
(
qu
R̃u−11{R̃u≤t}

)
η̃(du)
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✇❤✐❝❤ ✐♥ t✉r♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ R̃u > t P ⊗ η̃✲❛✳s✳ ❢♦r ❡❛❝❤ t s✐♥❝❡ qu
R̃u− > 0✳ ❚❤✉s✱ 1

qξ
✐s ❛♥

Fσ(ξ)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ R̃u ✐s ✐♥✜♥✐t❡ P⊗ η̃✲❛✳s✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ Fσ(ξ)✲s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛
♣❛r❛♠❡tr✐③❡❞ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ X ✇❤❡♥ ξ ✐s ♣❧✉❣❣❡❞ ✐♥ ❛♥❞ ✇❤❡♥ ♠✉❧t✐♣❧✐❡❞ ❜② 1

qξ
❢r♦♠

♣r❡✈✐♦✉s ❧❡♠♠❛✳

Pr♦♣♦s✐t✐♦♥ ✼✳✶✹✳ ▲❡t (Xu, u ∈ U) ❜❡ ❛ ♣❛r❛♠❡tr✐③❡❞ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❚❤❡♥ Xξ

qξ
✐s ❛♥

Fσ(ξ)✲s❡♠✐♠❛rt✐♥❣❛❧❡ ✇✐t❤ Fσ(ξ)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ♣❛rt ❡q✉❛❧ t♦

Xξ
0 −

Xξ
−

(qξ)2−
� q̄ξ +

1

qξ−
� X̄ξ,

❛♥❞ Fσ(ξ)✲♣r❡❞✐❝t❛❜❧❡ ✜♥✐t❡ ✈❛r✐❛t✐♦♥ ♣❛rt ❡q✉❛❧ t♦

− 1

qξ−
�

(
Xu
R̃u11[[R̃u,∞[[

)p,F
|u=ξ.

Pr♦♦❢✳ ❲❡ ❝♦♠♣✉t❡✱ ❛♣♣❧②✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❢♦r♠✉❧❛✿

Xξ

qξ
= Xξ

0 +Xξ
− �

1

qξ
+

1

qξ−
�Xξ +

[
Xξ,

1

qξ

]

= Xξ
0 −

Xξ
−

(qξ)2−
� q̄ξ − Xξ

−
qξ−

�

(
11
[[R̃u,∞[[

)p,F
|u=ξ

+
1

qξ−
� X̄ξ +

1

qξ−qξ
� [Xξ, qξ]− 1

qξ−
�

(
∆Xu

R̃u11[[R̃u,∞[[

)p,F
|u=ξ

− 1

(qξ)2−
� [Xξ, qξ] +

1

(qξ)2−qξ
�

[
Xξ, [qξ]

]
,

✇❤❡r❡ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ ✭✼✳✶✶✮✱ ✭✼✳✶✷✮✳ ■t ❢♦❧❧♦✇s t❤❛t

Xξ

qξ
= Xξ

0 −
Xξ

−
(qξ)2−

� q̄ξ +
1

qξ−
� X̄ξ

− 1

qξ−
�

(
Xu
R̃u11[[R̃u,∞[[

)p,F
|u=ξ −

∆qξ

p(ξ)2qξ
� [Xξ, qξ] +

∆Xξ

(qξ)2−qξ
� [qξ]

= Xξ
0 −

Xξ
−

(qξ)2−
� q̄ξ +

1

qξ−
� X̄ξ − 1

qξ−
�

(
Xu
R̃u11[[R̃u,∞[[

)p,F
|u=ξ.

❆s ❛ ❝♦r♦❧❧❛r②✱ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✼✳✶✹✱ ✇❡ r❡❝♦✈❡r ❬■P✶✶✱ Pr♦♣♦s✐t✐♦♥ ✺✳✷❪ ♦♥ ✉♥✐✈❡rs❛❧ s✉♣❡r✲
♠❛rt✐♥❣❛❧❡ ❞❡♥s✐t②✳

❈♦r♦❧❧❛r② ✼✳✶✺✳ ■❢ X ✐s ❛ ♣♦s✐t✐✈❡ F✲s✉♣❡r♠❛rt✐♥❣❛❧❡✱ t❤❡♥✱ X
qξ

✐s ❛♥ Fσ(ξ)✲s✉♣❡r♠❛rt✐♥❣❛❧❡✳

Pr♦♦❢✳ ▲❡t X ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛s X =MX −V X ✇❤❡r❡ MX ✐s ❛ ♣♦s✐t✐✈❡ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡
❛♥❞ V X ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss✳ ❚❤❡♥✱ M

X

qξ
✐s ❛♥ Fσ(ξ)✲s✉♣❡r♠❛rt✐♥❣❛❧❡ s✐♥❝❡
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❢r♦♠ t❤❡ ♣♦s✐t✐✈❡♥❡ss ♦❢ MX ✱ ❜② Pr♦♣♦s✐t✐♦♥ ✼✳✶✹✱ ✇❡ ❣❡t t❤❛t 1

qξ−
�

(
MX
R̃u

11
[[R̃u,∞[[

)p,F
|u=ξ

✐s ❛♥ Fσ(ξ)✲♣r❡❞✐❝t❛❜❧❡ ✐♥❝r❡❛s✐♥❣ ♣r♦❝❡ss✳ ▼♦r❡♦✈❡r✱ ❛s 1
qξ

✐s ❛♥ Fσ(ξ)✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ❛♥❞

V X ✐s ✐♥❝r❡❛s✐♥❣✱ t❤❡ ♣r♦❝❡ss −V X

qξ
✐s ❛s ✇❡❧❧ ❛♥ Fσ(ξ)✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✳

✼✳✸✳✷ ◆❯P❇❘ ❢♦r ✐♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ◆❯P❇❘ ❝♦♥❞✐t✐♦♥✳ ❯s✐♥❣ s✐♠♣❧❡ ❛r❣✉♠❡♥ts ❜❛s❡❞ ♦♥ t❤❡
♦♣t✐♦♥❛❧ s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❡ ◆❯P❇❘ st❛❜✐❧✐t② ✇✐t❤ r❡s♣❡❝t t♦ ❛
✐♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ ✉♥❞❡r ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s✳ ■♥ Pr♦♣♦s✐t✐♦♥ ✼✳✶✻ ✇❡ st✉❞② t❤❡
Fσ(ξ)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦rs ❢♦r ♣❛r❛♠❡tr✐③❡❞ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s✳ ❚❤❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥
✼✳✶✼ ✇❡ ❢♦❝✉s ♦♥ Fσ(ξ)✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦rs ❢♦r ♣❛r❛♠❡tr✐③❡❞ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s✳ ■♥
❚❤❡♦r❡♠ ✼✳✶✽ ✇❡ ❢♦r♠✉❧❛t❡ ❛ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ s✉❝❤ t❤❛t ❡❛❝❤ ♣❛r❛♠❡tr✐③❡❞
F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ s❛t✐s✜❡s ◆❯P❇❘✭Fσ(ξ)✮✳ ❲❡ ❝❧♦s❡ t❤✐s s❡❝t✐♦♥ ❣✐✈✐♥❣ t✇♦ ❡①❛♠♣❧❡s ♦❢
✈❡r② ♣❛rt✐❝✉❧❛r ✐♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥ts ✉♥❞❡r ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s✳ ❲❡ ❛❧s♦ ❛❞❞r❡ss t❤❡ r❡❛❞❡r
t♦ ❬❆❋❑✶✹❪ ❢♦r s✐♠✐❧❛r st✉❞② t♦ t❤❡ ♦♥❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✼✳✶✻✳ ▲❡t Y i := E
(
−Li

)
✳ ❚❤❡♥✱ ❢♦r ❛♥② ♣❛r❛♠❡tr✐③❡❞ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡

(Xu, u ∈ R)✱ t❤❡ t✇♦ ♣r♦❝❡ss❡s

Y iXξ −
∑

Y i
−
p,F(11

[[R̃u]]
)|u=ξ∆Xξ + Y i

− �

(
∆Xu

R̃u11[[R̃u,∞[[

)p,F
|u=ξ

Y iXξ + Y i
− �

((
∆Xu

R̃u − ∆〈qu, Xu〉
R̃u

qu
R̃u−

)
11
[[R̃u,∞[[

)p,F
|u = ξ

❛r❡ Fσ(ξ)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ Xu ✐s q✉❛s✐✲❧❡❢t ❝♦♥t✐♥✉♦✉s ❛♥❞ ∆Xu
R̃u

= 0 ♦♥ {R̃u < ∞} P ⊗ η̃✲❛✳s✳✱ t❤❡♥

Y i ✐s ❛♥ Fσ(ξ)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r ❢♦r Xξ✳

Pr♦♦❢✳ ❯s✐♥❣ t❤❡ ♦♣t✐♦♥❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✼✳✾✮ ✭❚❤❡♦r❡♠ ✼✳✶✶✮ ♦❢ Xξ ❛♥❞ qξ ✇❡ ♦❜t❛✐♥

Y iXξ =Xξ
− � Y i + Y i

− �Xξ + [Y i, Xξ]

=Xξ
− � Y i + Y i

− � X̄ξ + Y i
−
1

qξ
� [Xξ, qξ]− Y i

− � (∆Xu
R̃u)

p,F|u=ξ − Y i
− � [Li, Xξ]

=Xξ
− � Y i + Y i

− � X̄ξ + Y i
−
1

qξ
� [Xξ, q̄ξ] + Y i

−
1

(qξ)2
� [[qξ], Xξ]

− Y i
−
1

qξ
� [(∆qu

R̃u−11[[R̃u,∞[[
)p,F|u=ξ, Xξ]− Y i

− � (∆Xu
R̃u11[[R̃u,∞[[

)p,F|u=ξ −
Y i
−
qξ−

� [q̄ξ, Xξ].
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❲❡ ❝♦♥t✐♥✉❡ ❛s

Y iXξ =Xξ
− � Y i + Y i

− � X̄ξ −
∑ Y i

−∆q
ξ

qξqξ−
∆Xξ∆q̄ξ +

∑ Y i
−

(qξ)2
(∆qξ)2∆Xξ

+
∑ Y i

−q
ξ
−

qξ
p,F(11

[[R̃u]]
)|u=ξ∆Xξ − Y i

− �

(
∆Xu

R̃u11[[R̃u,∞[[

)p,F
|u=ξ

=Xξ
− � Y i + Y i

− � X̄ξ +
∑

Y i
−
p,F(11

[[R̃u]]
)|u=ξ∆Xξ − Y i

− �

(
∆Xu

R̃u11[[R̃u,∞[[

)p,F
|u=ξ

=Xξ
− � Y i + Y i

− � X̄ξ +
∑

Y i
−
p,F(11

[[R̃u]]
)|u=ξ∆Xξ +

Y i
−
qξ−

�

(
11
[[R̃u]]

� [Xu, qu]
)p,F

|u=ξ.

❋✐♥❛❧❧②✱ ❞✉❡ t♦ t❤❡ ♣r❡❞✐❝t❛❜❧❡ s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ Xξ✱ ✇❡ ❣❡t

Y iXξ = Xξ
− � Y i + Y i

− � X̄ξ + Y i
−
p,F
(
11
[[R̃u]]

)
� X̂ξ +

Y i
−
qξ−

�

(
11
[[R̃u]]

� ([qu, Xu] + 〈qu, Xu〉)
)p,F

|u=ξ

=Xξ
− � Y i + Y i

− �

(
X̄ξ + p,F

(
11
[[R̃u]]

)
|u=ξ � X̂ξ

)
− Y i

− �

(
(∆Xu

R̃u − ∆〈qu, Xu〉
R̃u

qu
R̃u−

)11
[[R̃u,∞[[

)p,F
|u=ξ

✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✳

▲❡t ✉s ❞❡♥♦t❡ ❜② R̃u,a t❤❡ ❛❝❝❡ss✐❜❧❡ ♣❛rt ♦❢ t❤❡ F✲st♦♣♣✐♥❣ t✐♠❡ R̃u✳ ❉❡✜♥❡ t❤❡ ♣r♦❝❡ss V i

❛s

V i
t :=

∑

0≤s≤t

p,F
(
11
[[R̃u]]

)
s
|u=ξ =

(
11
[[R̃u,a,∞[[

)p,F
|u=ξ. ✭✼✳✶✸✮

Pr♦♣♦s✐t✐♦♥ ✼✳✶✼✳ ▲❡t Ỹ i = E(−Li − V i)✳ ▲❡t (Xu, u ∈ U) ❜❡ ❛ ♣❛r❛♠❡tr✐③❡❞ F✲❧♦❝❛❧

♠❛rt✐♥❣❛❧❡ ❛♥❞ H ❜❡ ❛♥ Fσ(ξ)✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss s✉❝❤ t❤❛t H �Xξ ≥ −1✳ ❚❤❡♥✱ t❤❡ ♣r♦❝❡ss

(1 +H �Xξ) Ỹ i +H Ỹ i
− �

(
∆Xu

R̃u11[[R̃u,∞[[

)p,F
|u=ξ

✐s ❛♥ Fσ(ξ)✲s✉♣❡r♠❛rt✐♥❣❛❧❡✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ ∆Xu
R̃u

= 0 ♦♥ {R̃u < ∞} P ⊗ η̃✲❛✳s✳✱ t❤❡♥ Ỹ i ✐s ❛♥ Fσ(ξ)✲s✉♣❡r♠❛rt✐♥❣❛❧❡

❞❡✢❛t♦r ❢♦r Xξ✳

Pr♦♦❢✳ ❇② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ ❣❡t

(1 +H �Xξ) Ỹ i = (1 +H �Xξ)− � Ỹ i +H Ỹ i
− �Xξ −H Ỹ i

− � [Xξ, Li]−H Ỹ i
− � [Xξ, V i].

◆♦t❡ t❤❛t
HỸ i

− � [Xξ, V i] =
∑

HỸ i
−
p,F(11

[[R̃u]]
)|u=ξ∆Xξ.

❚❤❡♥✱ ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✶✻ ✇❡ ❣❡t

(1 +H �Xξ)Ỹ i =(1 +H �Xξ)− � Ỹ i +H Ỹ i
− � X̄ξ −H Ỹ i

−
(
∆Xu

R̃u11[[R̃u,∞[[

)p,F
|u=ξ

❛♥❞ t❤❡ ❛ss❡rt✐♦♥ ✐s ♣r♦✈❡❞✳
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❚❤❡♦r❡♠ ✼✳✶✽✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳

✭❛✮ ❚❤❡ t❤✐♥ s❡t
{
qu = 0 < qu−

}
✐s ❡✈❛♥❡s❝❡♥t ❢♦r η̃✲❛✳❡✳

✭❜✮ ❚❤❡ F✲st♦♣♣✐♥❣ t✐♠❡ R̃u ✐s ✐♥✜♥✐t❡ P⊗ η̃✲❛✳s✳

✭❝✮ ❋♦r ❛♥② ♣❛r❛♠❡tr✐③❡❞ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ (Xu, u ∈ U)✱ t❤❡ ♣r♦❝❡ss Xξ ❛❞♠✐ts ❛♥ Fσ(ξ)✲

❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r 1
qξ

✭❛♥❞ s❛t✐s✜❡s ◆❯P❇❘(Fσ(ξ))✮✳

Pr♦♦❢✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ✭❛✮ ❛♥❞ ✭❜✮ ✐s ♦❜✈✐♦✉s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ R̃u✳
❚❤❡ ✐♠♣❧✐❝❛t✐♦♥ ✭❜✮ ⇒✭❝✮ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✼✳✶✻✳ ❚♦ ♣r♦✈❡ ✭❝✮⇒✭❜✮✱ ✇❡ ❝♦♥s✐❞❡r ❛
♣❛r❛♠❡tr✐③❡❞ F✲♠❛rt✐♥❣❛❧❡ (Mu, u ∈ U) ✇✐t❤

Mu := 11
[[R̃u,∞[[

− (11
[[R̃u,∞[[

)p,F.

❚❤❡♥✱ ❞✉❡ t♦ Rξ = ∞ ✭✶✳✽✮ ✐t ✐s ❝❧❡❛r t❤❛t

M ξ = −
(
11
[[R̃u,∞[[

)p,F
|u=ξ

✐s Fσ(ξ)✲♣r❡❞✐❝t❛❜❧❡✳ ❚❤✉s✱ M ξ s❛t✐s✜❡s ◆❯P❇❘(Fσ(ξ)) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❛ ♥✉❧❧ ♣r♦❝❡ss✱ ❞✉❡
t♦ ▲❡♠♠❛ ✶✳✻✵✳ ❚❤❡♥✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t R̃ ✐s ✐♥✜♥✐t❡ ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ t❤❡
♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✼✳✶✸ ✭❜✮✳

■♥ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s ✇❡ ❧♦♦❦ ❛t t✇♦ ❡①tr❡♠❡ s✐t✉❛t✐♦♥s✳

❊①❛♠♣❧❡ ✼✳✶✾✳ ▲❡t F ❜❡ ❛ ✜❧tr❛t✐♦♥ s✉❝❤ t❤❛t ❡❛❝❤ F✲♠❛rt✐♥❣❛❧❡ ✐s ❝♦♥t✐♥✉♦✉s✳ ❚❤❡♥✱

◆❯P❇❘ ✐s ♣r❡s❡r✈❡❞ ✐♥ ❛♥ ✐♥✐t✐❛❧❧② ❡♥❧❛r❣❡❞ ✜❧tr❛t✐♦♥ ❢♦r ❛♥② ♣❛r❛♠❡tr✐③❡❞ F✲❧♦❝❛❧ ♠❛rt✐♥✲

❣❛❧❡ ❢r♦♠ t❤❡ r❡❢❡r❡♥❝❡ ✜❧tr❛t✐♦♥✳

❊①❛♠♣❧❡ ✼✳✷✵✳ ▲❡t B ❜❡ ❛ G✲♠❡❛s✉r❛❜❧❡ s❡t s✉❝❤ t❤❛t P(B) = 1
2 ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ✜❧tr❛t✐♦♥

F = (Ft)t≥0 ❞❡✜♥❡❞ ❛s

Ft = {∅,Ω} ❢♦r t ∈ [0, 1[ ❛♥❞ Ft := {∅, B,Bc,Ω} ❢♦r t ∈ [1,∞[.

❉❡✜♥❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ξ ❛s ξ := 11B + 2 · 11Bc ✳ ❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ξ s❛t✐s✜❡s ❏❛❝♦❞✬s

❤②♣♦t❤❡s✐s ✇✐t❤ ❞❡♥s✐t② (qu, u ∈ U) ❡q✉❛❧ t♦

q1 = 11[[0,1[[ + 2 · 11{ξ=1}11[[1,∞[[,

q2 = 11[[0,1[[ + 2 · 11{ξ=2}11[[1,∞[[.

▲❡t t❤❡ ✜❧tr❛t✐♦♥ Fσ(ξ) = (Fσ(ξ)
t )t≥0 ❜❡ ❛♥ ✐♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t ♦❢ t❤❡ ✜❧tr❛t✐♦♥ F ✇✐t❤ ξ✱ ✐✳❡✳✱

Fσ(ξ)
t := {∅, B,Bc,Ω} ❢♦r t ∈ [0,∞[.

▲❡t X ❜❡ ❛♥ F✲♠❛rt✐♥❣❛❧❡ ❞❡✜♥❡❞ ❛s

X :=

(
11{ξ=1} −

1

2

)
11[[1,∞[[.

❚❤❡♥✱ X ✐s ❛♥ Fσ(ξ)✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss✳ ❚❤✉s✱ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✻✵ ✐t ❞♦❡s ♥♦t s❛t✐s❢②

◆❯P❇❘✭Fσ(ξ)✮✳
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✼✳✹ ❚❤✐♥ r❛♥❞♦♠ t✐♠❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❢♦❝✉s ♦✉r ❛tt❡♥t✐♦♥ ❛❣❛✐♥ ♦♥ t❤❡ ♣r♦❣r❡ss✐✈❡❧② ❡♥❧❛r❣❡❞ ✜❧tr❛t✐♦♥ Fτ ✳ ❲❡
❛ss✉♠❡ ❛❞❞✐t✐♦♥❛❧❧② t❤❛t τ ✐s ❛ t❤✐♥ r❛♥❞♦♠ t✐♠❡ ✇✐t❤ ❡①❤❛✉st✐♥❣ s❡q✉❡♥❝❡ (Tn)n ✭❉❡✜♥✐t✐♦♥
✷✳✶✮✳ ❲❡ ❛ss♦❝✐❛t❡ t♦ τ t❤❡ ♣❛rt✐t✐♦♥ (Cn)n ❛♥❞ t❤❡ ❢❛♠✐❧② ♦❢ F✲♠❛rt✐♥❣❛❧❡s (zn)n ❛s ✐♥ ✭✷✳✶✮
❛♥❞ ✭✷✳✷✮✳ ❚❤❡♥ ✇❡ st✉❞② st❛❜✐❧✐t② ♦❢ ◆❯P❇❘ ❛❢t❡r t❤❡ t❤✐♥ r❛♥❞♦♠ t✐♠❡ τ ✳ ❲❡ ✉s❡ r❡s✉❧ts
❢r♦♠ ❙❡❝t✐♦♥ ✼✳✸✳✷ ❢♦r t❤❡ ♣❛rt✐❝✉❧❛r r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ξ :=

∑
n n11Cn ✇❤✐❝❤ s❛t✐s✜❡s ❏❛❝♦❞✬s

❤②♣♦t❤❡s✐s ✭❊①❛♠♣❧❡ ✶✳✸✺✮✳ ◆♦t❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ✜❧tr❛t✐♦♥s ✐♥❝❧✉s✐♦♥ Fτ ⊂ Fσ(ξ) ❤♦❧❞s ❛s
Fσ(ξ) ✐s t❤❡ ✐♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t ♦❢ F ✇✐t❤ ❛♥ ❛t♦♠✐❝ σ✲✜❡❧❞ C := σ(Cn, n ≥ 0)✳

■♥ Pr♦♣♦s✐t✐♦♥ ✼✳✷✶ ✇❡ ❣✐✈❡ ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r ❛♥❞ ❛♥ Fτ ✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ❞❡✲
✢❛t♦r ❢♦r F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s ❛❢t❡r τ ✳ ◆❡①t ✐♥ ❚❤❡♦r❡♠ ✼✳✷✷ ✇❡ ♣r♦✈✐❞❡ ❛ ♥❡❝❡ss❛r② ❛♥❞ s✉❢✲
✜❝✐❡♥t ❝♦♥❞✐t✐♦♥ s✉❝❤ t❤❛t ◆❯P❇❘(Fτ ) ❤♦❧❞s ❛❢t❡r τ ❢♦r ❛♥② ♣r♦❝❡ss s❛t✐s❢②✐♥❣ ◆❯P❇❘(F)✳

Pr♦♣♦s✐t✐♦♥ ✼✳✷✶✳ ▲❡t τ ❜❡ ❛ t❤✐♥ r❛♥❞♦♠ t✐♠❡✳ ❆ss✉♠❡ t❤❛t

❢♦r ❡❛❝❤ n✱ t❤❡ s❡t {∆X 6= 0} ∩ {zn = 0 < zn−} ∩ ]]Tn,∞[[ ✐s ❡✈❛♥❡s❝❡♥t✳ ✭✼✳✶✹✮

❚❤❡♥

✭❛✮ ❢♦r ❡❛❝❤ F✲q✉❛s✐✲❧❡❢t ❝♦♥t✐♥✉♦✉s ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ X✱ t❤❡ ♣r♦❝❡ss

Y th :=
∏

n

E
(
−11Cn11]]Tn,∞[[

1

zn−
� z̄n
)

✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r ❢♦r 11]]τ,∞[[ �X❀ ❤❡r❡ ✧th✧ st❛♥❞s ❢♦r t❤✐♥❀

✭❜✮ ❢♦r ❡❛❝❤ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ X✱ t❤❡ ♣r♦❝❡ss

Ỹ th :=
∏

n

E
(
−11Cn11]]Tn,∞[[ �

(
1

zn−
� z̄n +

(
11
[[R̃n,a,∞[[

)p,F))

✐s ❛♥ Fτ ✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r ❢♦r 11]]τ,∞[[ �X✳

Pr♦♦❢✳ ✭❛✮ ❚❤❡ Fσ(ξ)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ Li ❞❡✜♥❡❞ ✐♥ ✭✼✳✶✵✮ t❛❦❡s t❤❡ ❢♦r♠

Li =
∑

n

11Cn

1

zn−
� z̄n.

❚❛❦❡ ❛ ♣❛r❛♠❡tr✐③❡❞ F✲q✉❛s✐✲❧❡❢t ❝♦♥t✐♥✉♦✉s ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ (Xn, n ∈ N) ✇✐t❤
Xn = 11]]Tn,∞[[ � X✳ ❚❤❡♥✱ ❜② Pr♦♣♦s✐t✐♦♥ ✼✳✶✻ ❛♥❞ ❛ss✉♠♣t✐♦♥ ✭✼✳✶✹✮✱ Y i = E(−Li) ✐s ❛♥
Fσ(ξ)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r ❢♦r Xξ = 11]]τ,∞[[ �X✳ ❚❤❡ Fσ(ξ)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ Y iXξ s❛t✐s✜❡s
Y iXξ = 11]]τ,∞[[ � (Y

iXξ) t❤✉s✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✶✱ ✐t ✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❙✐♠✐❧❛r❧②✱
❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✶✱ t❤❡ ♣r♦❝❡ss

Y th := E(−11]]τ,∞[[ � L
i) =

∏

n

E
(
−11Cn11]]Tn,∞[[

1

zn−
� z̄n
)

✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ◆♦t❡ t❤❛t Y thXξ = (E(−11[[0,τ ]]�L
i))−1Y iXξ ❛♥❞ E(−11[[0,τ ]]�L

i)τ > 0

❛♥❞ E(−11[[0,τ ]] � L
i)τ ∈ Fτ

τ s♦ Y thXξ ✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❋✐♥❛❧❧②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
Y th ✐s ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r ❢♦r 11]]τ,∞[[ �X✳
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✭❜✮ ◆♦t❡ t❤❛t Ỹ th = E(−11]]τ,∞[[ � (L
i + V i)) ✇✐t❤ V i ❞❡✜♥❡❞ ✐♥ ✭✼✳✶✸✮✱ t❤✉s✱ ❜② Pr♦♣♦s✐t✐♦♥

✷✳✶✶✱ ✐t ✐s ❛♥ Fτ ✲s✉♣❡r♠❛rt✐♥❣❛❧❡✳ ❚❤❡♥✱ ❜② t❤❡ s❛♠❡ t②♣❡ ♦❢ ❝♦♠♣✉t❛t✐♦♥s ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢
Pr♦♣♦s✐t✐♦♥ ✼✳✶✼ ✇❡ ❞❡r✐✈❡ t❤❛t ❢♦r ❡❛❝❤ Fτ ✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ssH s✉❝❤ t❤❛tH11]]τ,∞[[�X ≥ −1

t❤❡ ♣r♦❝❡ss Ỹ th(1 +H11]]τ,∞[[ �X) ✐s ❛♥ Fτ ✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ❛♥❞ t❤❡ ❛ss❡rt✐♦♥ ❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✼✳✷✷✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳

✭❛✮ ❋♦r ❡❛❝❤ n✱ t❤❡ t❤✐♥ s❡t
{
zn = 0 < zn−

}
∩ ]]Tn,∞[[ ✐s ❡✈❛♥❡s❝❡♥t✳

✭❜✮ ❋♦r ❡❛❝❤ n✱ t❤❡ F✲st♦♣♣✐♥❣ t✐♠❡ R̃n = ∞ ♦♥ t❤❡ s❡t {R̃n > Tn}✳
✭❝✮ ❋♦r ❛♥② F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ X✱ t❤❡ ♣r♦❝❡ss 11]]τ,∞[[ � X ❛❞♠✐ts ❛♥ Fτ ✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡

❞❡✢❛t♦r Y t ✭❛♥❞ s❛t✐s✜❡s ◆❯P❇❘(Fτ )✮✳

✭❞✮ ❋♦r ❛♥② ✭❜♦✉♥❞❡❞✮ ♣r♦❝❡ss X s❛t✐s❢②✐♥❣ ◆❯P❇❘(F)✱ t❤❡ ♣r♦❝❡ss 11]]τ,∞[[ � X s❛t✐s✜❡s

◆❯P❇❘(G)✳

Pr♦♦❢✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ✭❛✮ ❛♥❞ ✭❜✮ ✐s ♦❜✈✐♦✉s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ R̃n✳
❚❤❡ ✐♠♣❧✐❝❛t✐♦♥ ✭❜✮⇒✭❝✮ ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✼✳✷✶✳ ❚♦ ♣r♦✈❡ ✭❝✮⇒✭❜✮ ✭❛♥❞ ✭❞✮⇒✭❜✮✮✱
❧❡t ✉s ✜① n ❛♥❞ ❝♦♥s✐❞❡r t❤❡ F✲♠❛rt✐♥❣❛❧❡

X = 11
[[R̃n,∞[[

−
(
11
[[R̃n,∞[[

)p,F
.

❚❤❡♥✱ s✐♥❝❡ R̃n = ∞ ♦♥ Cn ✇❡ ❤❛✈❡ t❤❛t

11]]τ,∞[[ �X =
∑

k 6=n
11Ck

11]]Tk,∞[[ �X − 11Cn11]]Tn,∞[[ �

(
11
[[R̃n,∞[[

)p,F

❛♥❞ ❢r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥ ✐t s❛t✐s✜❡s ◆❯P❇❘(Fτ )✳ ❚❛❦❡ t❤❡ Fτ ✲st♦♣♣✐♥❣ t✐♠❡ ν := (Tn)Cn

✭✉s✐♥❣ t❤❡ ❝♦♥✈❡♥t✐♦♥ ❣✐✈❡♥ ✐♥ ✭✶✳✶✮✮✳ ❚❤❡♥✱ ❝❧❡❛r❧②✱ t❤❡ ♣r♦❝❡ss 11]]τ∨ν,∞[[ � X s❛t✐s✜❡s
◆❯P❇❘(Fτ )✳ ◆♦t❡ t❤❛t

11]]τ∨ν,∞[[ �X = −11Cn11]]Tn,∞[[ �

(
11
[[R̃n,∞[[

)p,F

✐s ❛♥ Fτ ✲♣r❡❞✐❝t❛❜❧❡ ❞❡❝r❡❛s✐♥❣ ♣r♦❝❡ss✱ t❤✉s ✐t s❛t✐s✜❡s ◆❯P❇❘(Fτ ) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❛
♥✉❧❧ ♣r♦❝❡ss✱ ❞✉❡ t♦ ▲❡♠♠❛ ✶✳✻✵✳ ❚❤❡ ❧❛st ❛ss❡rt✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦

0 = E

(
11Cn11]]Tn,∞[[ �

(
11
[[R̃n,∞[[

)p,F)

= E

(∫ ∞

0
zns−11{s>Tn}d

(
11
[[R̃n,∞[[

)p,F
s

)

= E
(
zn
R̃n−11{Tn<R̃<∞}

)
,

✇❤✐❝❤ ✐♥ t✉r♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ R̃n = ∞ ♦♥ {R̃n > Tn} s✐♥❝❡ zn
R̃n− > 0 ♦♥ {R̃n <∞}✳

✭❝✮ ⇒ ✭❞✮ ▲❡t X ❜❡ ❛♥ F✲s❡♠✐♠❛rt✐♥❣❛❧❡ s❛t✐s❢②✐♥❣ ◆❯P❇❘(F)✳ ❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥
✶✳✺✻✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ r❡❛❧✲✈❛❧✉❡❞ F✲♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss φ ❛♥❞ ❛ ♣♦s✐t✐✈❡ F✲❧♦❝❛❧
♠❛rt✐♥❣❛❧❡ l s✉❝❤ t❤❛t

0 < φ ≤ 1 ❛♥❞ l (φ �X) ✐s ❛ F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡.
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❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ F✲st♦♣♣✐♥❣ t✐♠❡s (vn)n t❤❛t ✐♥❝r❡❛s❡s t♦ ✐♥✜♥✐t② s✉❝❤ t❤❛t
t❤❡ st♦♣♣❡❞ ♣r♦❝❡ss lvn ✐s ❛ ♠❛rt✐♥❣❛❧❡✳ P✉t Qn := lvn � P ∼ P✳ ❚❤❡♥✱ ❜② ❛♣♣❧②✐♥❣ ✭❝✮ t♦
(φ �X)vn ✉♥❞❡r Qn✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t 11]]τ,∞[[ � (φ �X)vn s❛t✐s✜❡s t❤❡ ◆❯P❇❘(Fτ ) ✉♥❞❡r Qn✳
❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✶✳✺✾✱ t❤❡ ◆❯P❇❘(Fτ ) ✉♥❞❡r P ♦❢ 11]]τ,∞[[ �X ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s✳

■♥ t❤❡ ♥❡①t ❧❡♠♠❛ ✇❡ tr❛♥s❧❛t❡ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✼✳✶✹✮ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥ ✭❛✮ ✐♥ ❚❤❡♦r❡♠ ✼✳✷✷
✐♥t♦ ❛♥♦t❤❡r ❢♦r♠ ❢♦r t❤❡ ❝❛s❡ ♦❢ t❤✐♥ ❤♦♥❡st t✐♠❡✳ ❚♦ t❤✐s ❡♥❞ ✇❡ ✉s❡ ▲❡♠♠❛ ✷✳✶✼✳ ❚❤❡♥
✇❡ ❡❛s✐❧② s❡❡ t❤❛t Pr♦♣♦s✐t✐♦♥ ✼✳✷✶ ❛♥❞ ❚❤❡♦r❡♠ ✼✳✷✷ ❛r❡ ♦♥❡ ♦❢ t❤❡ r❡s✉❧ts ❢r♦♠ ❬❈❆❉❏✶✹❪
❛❢t❡r t❤✐♥ ❤♦♥❡st t✐♠❡s✳ ◆♦t❡ t❤❛t ❤♦♥❡st t✐♠❡s st✉❞✐❡❞ ✐♥ ❬❈❆❉❏✶✹❪✱ ✐✳❡✳✱ ❤♦♥❡st t✐♠❡s
s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ Zτ < 1 ❛✳s✱ ❛r❡ ❡①❛❝t❧② t❤✐♥ ❤♦♥❡st t✐♠❡s ✭s❡❡ ▲❡♠♠❛ ✷✳✶✻✮✳

▲❡♠♠❛ ✼✳✷✸✳ ▲❡t τ ❜❡ ❛ t❤✐♥ ❤♦♥❡st t✐♠❡✳ ❚❤❡♥✱

✭❛✮ ❢♦r ❡❛❝❤ n✱ t❤❡ s❡t ]]Tn,∞[[ ∩ {zn = 0 < zn−} ✐s ❡✈❛♥❡s❝❡♥t ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ s❡t

{Z̃ = 1 > Z−} ✐s ❡✈❛♥❡s❝❡♥t❀

✭❜✮ ❢♦r ❡❛❝❤ n✱ t❤❡ s❡t {∆X 6= 0}∩ ]]Tn,∞[[ ∩ {zn = 0 < zn−} ✐s ❡✈❛♥❡s❝❡♥t ✐❢ ❛♥❞ ♦♥❧② ✐❢

t❤❡ s❡t {∆X 6= 0} ∩ {Z̃ = 1 > Z−} ✐s ❡✈❛♥❡s❝❡♥t✳

Pr♦♦❢✳ ✭❛✮ ❚❤❡ s❡t {Z̃ = 1 > Z−} ✐s ❡✈❛♥❡s❝❡♥t ✐❢ ❛♥❞ ♦♥❧② ✐❢

P
(
∃ t s✉❝❤ t❤❛t 1− Z̃t = 0 < 1− Zt−

)
= 0.

❇② ▲❡♠♠❛ ✷✳✶✼ ✭❜✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t (Tn)n≥1 ❤❛✈❡ ❞✐s❥♦✐♥t ❣r❛♣❤s✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦

P
(
∃ t ∃ n s✉❝❤ t❤❛t τt = Tn < t ❛♥❞ 1− Z̃t = 0 < 1− Zt−

)
= 0.

❚❤❡ ❧❛st ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r ❡❛❝❤ n ✇❡ ❤❛✈❡

0 = P
(
∃ t s✉❝❤ t❤❛t τt = Tn < t ❛♥❞ 1− Z̃t = 0 < 1− Zt−

)

= P
(
∃ t s✉❝❤ t❤❛t Tn < t ❛♥❞ znt = 0 < znt−

)
,

✇❤❡r❡ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ ▲❡♠♠❛ ✷✳✶✼ ✭❜✮✳ ❚❤❛t ✐s ❡①❛❝t❧② t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t
❢♦r ❡❛❝❤ n t❤❡ s❡t ]]Tn,∞[[ ∩ {zn = 0 < zn−} ✐s ❡✈❛♥❡s❝❡♥t✳
❆ss❡rt✐♦♥ ✭❜✮ ❢♦❧❧♦✇s ❜② t❤❡ s❛♠❡ t②♣❡ ♦❢ ❛r❣✉♠❡♥t❛t✐♦♥✳

✼✳✺ ❈♦♥♥❡❝t✐♦♥ t♦ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❝❤❛♥❣❡ ♦❢ ♠❡❛s✉r❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❧♦♦❦ ❛t t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♥❡✇ ♦♣t✐♦♥❛❧ s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐✲
t✐♦♥s ✐♥ ♣r♦❣r❡ss✐✈❡ ❛♥❞ ✐♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥ ❝❛s❡s ❛♥❞ t❤❡ ♦♣t✐♦♥❛❧ s❡♠✐♠❛rt✐♥✲
❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❝❤❛♥❣❡ ♦❢ ♠❡❛s✉r❡ s❡t✲✉♣✳ ❋✐rst ❧❡t ✉s r❡❝❛❧❧
❬Pr♦✵✹✱ ❚❤❡♦r❡♠ ✹✷✱ ❈❤❛♣t❡r ■■■❪✳

❚❤❡♦r❡♠ ✼✳✷✹✳ ▲❡t X ❜❡ ❛ P✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✇✐t❤ X0 = 0✳ ▲❡t Q ❜❡ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡

❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ P✱ ❛♥❞ ❧❡t ζt := EP(
dQ
dP |Ft)✳ ▲❡t r := inf{t > 0 : ζt = 0}

❛♥❞ r̃ := r{ζr−>0}✳ ❚❤❡♥

X̄ := X − 1

ζ
� [X, ζ] +

(
∆Xr̃11[[r̃,∞[[

)p,P
✭✼✳✶✺✮

✐s ❛ Q✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳
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■t ✐s ❝❧❡❛r t❤❛t ❚❤❡♦r❡♠ ✼✳✷✹ ✐♠♣❧✐❡s t❤❡ s❛♠❡ t②♣❡ ♦❢ ❞❡❝♦♠♣♦s✐t✐♦♥s ❛s t❤❡ t✇♦ ❞❡❝♦♠♣♦✲
s✐t✐♦♥s st❛t❡❞ ✐♥ ❙❡❝t✐♦♥s ✼✳✷✳✶ ❛♥❞ ✼✳✸✳✶✳

❯♣ t♦ r❛♥❞♦♠ t✐♠❡ τ ✿ Xτ = X̄ + 1
Nτ � [Xτ , N τ ]−

(
∆X

R̃
11
[[R̃,∞[[

)p,F
�∧τ

❯♥❞❡r ❏❛❝♦❞✬s ❤②♣♦t❤❡s✐s✿ Xξ = X̄ + 1
qξ

� [Xξ, qξ]−
(
∆Xu

R̃u
11
[[R̃u,∞[[

)p,F
|u=ξ

❯♥❞❡r ♠❡❛s✉r❡ Q✿ XQ = X̄ + 1
ζQ

� [XQ, ζQ]−
((

∆Xr̃11[[r̃,∞[[

)p,P)Q

■♥ t❤❡ t❛❜❧❡ ❛❜♦✈❡✱ t❤❡ s✉♣❡rs❝r✐♣t Q ♠❡❛♥s t❤❛t ✇❡ ❝♦♥s✐❞❡r t❤❡ ❣✐✈❡♥ ♣r♦❝❡ss ✉♥❞❡r t❤❡
♠❡❛s✉r❡ Q✳ ■♥ ❡❛❝❤ ♦❢ t❤❡ t❤r❡❡ ❝❛s❡s✱ t❤❡r❡ ✐s ❛ ❞✐✛❡r❡♥t ♠❡❝❤❛♥✐s♠ t♦ ❡♥s✉r❡ t❤❡ str✐❝t
♣♦s✐t✐✈✐t② ♦❢ N τ ✱ qξ ❛♥❞ ζQ✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t ✉♣ t♦ ❛ r❛♥❞♦♠ t✐♠❡✱
✇❡ st♦♣ ❛t τ ✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ✐♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t ✇✐t❤ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ s❛t✐s❢②✐♥❣ ❏❛❝♦❞✬s
❤②♣♦t❤❡s✐s✱ ✇❡ ♣❧✉❣ ξ✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❝❤❛♥❣❡ ♦❢ ♠❡❛s✉r❡✱ ✇❡ ❧♦♦❦
t❤r♦✉❣❤ ♠❡❛s✉r❡ Q✳

❚❤❡ ♦♣t✐♦♥❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ t❤❡ ❝❤❛♥❣❡ ♦❢ ♠❡❛s✉r❡ ❝❛s❡ ❝❛♥ ❜❡ ✉s❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② t♦
♦❜t❛✐♥ s✐♠✐❧❛r r❡s✉❧t ♦♥ st❛❜✐❧✐t② ♦❢ ◆❯P❇❘ ❝♦♥❞✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s
❝❤❛♥❣❡ ♦❢ ♠❡❛s✉r❡✳

▲❡t ✉s ❞❡✜♥❡ Q✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ La✱ ✇❤❡r❡ ζ̄ ❣✐✈❡♥ ❜② ✭✼✳✶✺✮✱ ❜②

La :=
1

ζ
� ζ̄ .

Pr♦♣♦s✐t✐♦♥ ✼✳✷✺✳ ▲❡t Y a := E (−La)✳ ❚❤❡♥✱ ❢♦r ❛♥② P✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ X✱ t❤❡ ♣r♦❝❡ss

Y aX −
∑

Y a
−
p,P(11[[r̃]])∆X + Y a

−
(
∆Xr̃11[[r̃,∞[[

)p,P

✐s Q✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ X ✐s q✉❛s✐✲❧❡❢t ❝♦♥t✐♥✉♦✉s ❛♥❞ ∆Xr̃ = 0 ♦♥ {r̃ < ∞} P✲❛✳s✳✱ t❤❡♥ Y a ✐s ❛

Q✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r ❢♦r X✳

Pr♦♦❢✳ ❯s✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❛♥❞ t❤❡ ♦♣t✐♦♥❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✼✳✶✺✮ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠
✼✳✷✹ ❢♦r X ❛♥❞ t❤❡♥ ❢♦r ζ✱ ✇❡ ♦❜t❛✐♥

Y aX =X− � Y a + Y a
− �X + [Y a, X]

=X− � Y a + Y a
− � X̄ + Y a

−
1

ζ
� [ζ,X]− Y a

− � (∆Xr̃11[[r̃,∞[[)
p,P − Y a

− � [La, X]

=X− � Y a + Y a
− � X̄ + Y a

−
1

ζ
� [ζ̄ , X] + Y a

−
1

ζ2
[[ζ], X]

− Y a
−
1

ζ
� [(∆ζr̃11[[r̃,∞[[)

p,P, X]− Y a
− � (∆Xr̃11[[r̃,∞[[)

p,P − Y a
−
ζ−

[ζ̄ , X].
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❲❡ ❝♦♥t✐♥✉❡ ❛s

Y aX =X− � Y a + Y a
− � X̄ −

∑ Y a
−∆ζ

ζζ−
∆X∆ζ̄ +

∑ Y a
−
ζ2

(∆ζ)2∆X

+
∑ Y a

−ζ−
ζ

p,P(11[[r̃]])∆X − Y a
− � (∆Xr̃11[[r̃,∞[[)

p,P

=X− � Y a + Y a
− � X̄ +

∑
Y a
−
p,P(11[[r̃]])∆X − Y a

− �

(
∆Xr̃11[[r̃,∞[[

)p,P
✭✼✳✶✻✮

=X− � Y a + Y a
− � X̄ +

∑
Y a
−
p,P(11[[r̃]])∆X +

Y a
−
ζ−

�

(
11[[r̃]] � [X, ζ]

)p,P

✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✜rst ❛ss❡rt✐♦♥✳ ❙✐♥❝❡ ❢♦r ❛♥② P✲q✉❛s✐✲❧❡❢t ❝♦♥t✐♥✉♦✉s ♠❛rt✐♥❣❛❧❡
X✱ t❤❡ ♣r♦❝❡ss p,P(11[[r̃]])∆X ✐s ♥✉❧❧✱ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ❢♦❧❧♦✇s✳

▲❡t ✉s ❞❡♥♦t❡ ❜② r̃a t❤❡ ❛❝❝❡ss✐❜❧❡ ♣❛rt ♦❢ t❤❡ st♦♣♣✐♥❣ t✐♠❡ r̃✱ ✇❡ s❡t

V a
t :=

(
11[[r̃a,∞[[

)p,P

❯s✐♥❣ t❤❡ ♣r♦❝❡ss V a ✇❡ st✉❞②✱ ✐♥ t❤❡ ♥❡①t ❧❡♠♠❛✱ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ❛ ♣❛rt✐❝✉❧❛r Q✲
s✉♣❡r♠❛rt✐♥❣❛❧❡✳

Pr♦♣♦s✐t✐♦♥ ✼✳✷✻✳ ▲❡t Ỹ a := E(−La − V a)✳ ▲❡t X ❜❡ ❛ P✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❛♥❞ H ❜❡ ❛

♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss s✉❝❤ t❤❛t H �X ≥ −1✳ ❚❤❡♥✱ t❤❡ ♣r♦❝❡ss

(1 +H �X) Ỹ a +H Ỹ a
− �

(
∆Xr̃11[[r̃,∞[[

)p,P

✐s ❛ Q✲s✉♣❡r♠❛rt✐♥❣❛❧❡✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ ∆Xr̃ = 0 ♦♥ {r̃ < ∞} P✲❛✳s✳✱ t❤❡♥ Ỹ a ✐s ❛ Q✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r ❢♦r

X✳

Pr♦♦❢✳ ❇② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ ❣❡t

(1 +H �X) Ỹ a = (1 +H �X)− � Ỹ a +H Ỹ a
− �X −H Ỹ a

− � [X,La]−H Ỹ a
− � [X,V a].

◆♦t❡ t❤❛t
HỸ a

− � [X,V a] =
∑

H Ỹ a
−

p,P(11[[r̃]])∆X.

❚❤❡♥✱ ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✷✺ t♦ ❞❡r✐✈❡ ✭✼✳✶✻✮ ✇❡ ❣❡t

(1 +H �X)Ỹ a =(1 +H �X)− � Ỹ a +HỸ a
− � X̄ −HỸ a

− �

(
∆Xr̃11[[S̃,∞[[

)p,P

❛♥❞ t❤❡ ❛ss❡rt✐♦♥ ✐s ♣r♦✈❡❞✳

❬❋♦♥✶✸✱ ❚❤❡♦r❡♠ ✺✳✸❪ ❛♥❞ ❬❋♦♥✶✸✱ Pr♦♣♦s✐t✐♦♥ ✺✳✼❪ ❛r❡ r❡❝♦✈❡r❡❞ ✇✐t❤ ❛❧t❡r♥❛t✐✈❡ ♣r♦♦❢ ✐♥
t❤❡ ♥❡①t r❡s✉❧t✳

❚❤❡♦r❡♠ ✼✳✷✼✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳

✭❛✮ ❚❤❡ t❤✐♥ s❡t {ζ = 0 < ζ−} ✐s P✲❡✈❛♥❡s❝❡♥t✳

✭❜✮ ❚❤❡ st♦♣♣✐♥❣ t✐♠❡ r̃ ✐s ✐♥✜♥✐t❡ P✲❛✳s✳

✭❝✮ ❆♥② P✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ X ❛❞♠✐ts Y a ❛s ❛ Q✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡✢❛t♦r✱ s♦ X s❛t✐s✜❡s

◆❯P❇❘(Q)✳

✭❞✮ ❆♥② ✭❜♦✉♥❞❡❞✮ ♣r♦❝❡ss X s❛t✐s❢②✐♥❣ ◆❯P❇❘(P) s❛t✐s✜❡s ◆❯P❇❘(Q)✳
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Pr♦♦❢✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ✭❛✮ ❛♥❞ ✭❜✮ ✐s ♦❜✈✐♦✉s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ r̃✳
❚❤❡ ✐♠♣❧✐❝❛t✐♦♥ ✭❜✮⇒✭❝✮ ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✼✳✷✺✳ ❚♦ ♣r♦✈❡ ✭❝✮⇒✭❜✮ ✭❛♥❞ ✭❞✮⇒✭❜✮✮✱
✇❡ ❝♦♥s✐❞❡r t❤❡ P✲♠❛rt✐♥❣❛❧❡

X = 11[[r̃,∞[[ −
(
11[[r̃,∞[[

)p,P
.

❚❤❡♥✱ ❞✉❡ t♦ r̃ = ∞ Q✲❛✳s✳ ✇❡ ❤❛✈❡ t❤❛t✱ ✉♥❞❡r Q✱

X = −
(
11[[r̃,∞[[

)p,P

✐s ❛ ♣r❡❞✐❝t❛❜❧❡ ❞❡❝r❡❛s✐♥❣ ♣r♦❝❡ss✳ ❚❤✉s✱ X s❛t✐s✜❡s ◆❯P❇❘(Q) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❛ ♥✉❧❧
♣r♦❝❡ss✱ ❞✉❡ t♦ ▲❡♠♠❛ ✶✳✻✵✳ ❚❤❡♥✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t S̃ ✐s ✐♥✜♥✐t❡ ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t
❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✼✳✺ ✭❜✮✳
✭❝✮ ⇒ ✭❞✮ ▲❡t X ❜❡ ❛♥ P✲s❡♠✐♠❛rt✐♥❣❛❧❡ s❛t✐s❢②✐♥❣ ◆❯P❇❘(P)✳ ❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥
✶✳✺✻✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ r❡❛❧✲✈❛❧✉❡❞ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss φ ❛♥❞ ❛ ♣♦s✐t✐✈❡ P✲❧♦❝❛❧
♠❛rt✐♥❣❛❧❡ l s✉❝❤ t❤❛t

0 < φ ≤ 1 ❛♥❞ l (φ �X) ✐s ❛ P✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡.

❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s (vn)n t❤❛t ✐♥❝r❡❛s❡s t♦ ✐♥✜♥✐t② ❛♥❞ s✉❝❤ t❤❛t
t❤❡ st♦♣♣❡❞ ♣r♦❝❡ss lvn ✐s ❛ P✲♠❛rt✐♥❣❛❧❡✳ P✉t Pn := lvn � P ∼ P ❛♥❞

Qn :=
lvn

EP(ζvn lvn)
�Q =

ζvn
EP(ζvn lvn)

� Pn ≪ Pn.

❉❡✜♥❡ ζnt := EPn

(
ζvn

EPn (ζvn )
|Ft
)
❛♥❞ ♥♦t❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t {ζ = 0 < ζ−} ✐s P✲❡✈❛♥❡s❝❡♥t

✐♠♣❧✐❡s t❤❛t
{
ζn = 0 < ζn−

}
✐s Pn✲❡✈❛♥❡s❝❡♥t✳ ❚❤❡♥✱ ❜② ❛♣♣❧②✐♥❣ ✭❝✮ t♦ (φ �X)vn ✉♥❞❡r Pn✱

✇❡ ❝♦♥❝❧✉❞❡ t❤❛t (φ �X)vn s❛t✐s✜❡s ◆❯P❇❘(Qn)✳ ❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✶✳✺✾ s✐♥❝❡ Qn ∼ Q✱
t❤❡ ◆❯P❇❘(Q) ♣r♦♣❡rt② ♦❢ X ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s✳



❇✐❜❧✐♦❣r❛♣❤②

❬❆❆✶✵❪ ❙ør❡♥ ❆s♠✉ss❡♥ ❛♥❞ ❍❛♥s❥ör❣ ❆❧❜r❡❝❤❡r✳ ❘✉✐♥ ♣r♦❜❛❜✐❧✐t✐❡s✱ ✈♦❧✉♠❡ ✶✹✳ ❲♦r❧❞
❙❝✐❡♥t✐✜❝✱ ✷✵✶✵✳

❬❆❈❉❏✶✹❛❪ ❆♥♥❛ ❆❦s❛♠✐t✱ ❚❛❤✐r ❈❤♦✉❧❧✐✱ ❏✉♥ ❉❡♥❣✱ ❛♥❞ ▼♦♥✐q✉❡ ❏❡❛♥❜❧❛♥❝✳ ❆r❜✐tr❛❣❡s
✐♥ ❛ ♣r♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t s❡tt✐♥❣✳ ❆r❜✐tr❛❣❡✱ ❈r❡❞✐t ❛♥❞ ■♥❢♦r♠❛t✐♦♥❛❧ ❘✐s❦s✱
P❡❦✐♥❣ ❯♥✐✈❡rs✐t② ❙❡r✐❡s ✐♥ ▼❛t❤❡♠❛t✐❝s✱ ✻✿✺✺✕✽✽✱ ✷✵✶✹✳

❬❆❈❉❏✶✹❜❪ ❆♥♥❛ ❆❦s❛♠✐t✱ ❚❛❤✐r ❈❤♦✉❧❧✐✱ ❏✉♥ ❉❡♥❣✱ ❛♥❞ ▼♦♥✐q✉❡ ❏❡❛♥❜❧❛♥❝✳ ◆♦♥✲
❆r❜✐tr❛❣❡ ✉♣ t♦ ❘❛♥❞♦♠ ❍♦r✐③♦♥ ❢♦r ❙❡♠✐♠❛rt✐♥❣❛❧❡ ▼♦❞❡❧s✳ ❛r❳✐✈ ♣r❡♣r✐♥t
❛r❳✐✈✿✶✸✶✵✳✶✶✹✷✱ ✷✵✶✹✳

❬❆❈❏✶✹❛❪ ❆♥♥❛ ❆❦s❛♠✐t✱ ❚❛❤✐r ❈❤♦✉❧❧✐✱ ❛♥❞ ▼♦♥✐q✉❡ ❏❡❛♥❜❧❛♥❝✳ ❖♣t✐♦♥❛❧ s❡♠✐♠❛rt✐♥❣❛❧❡
❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ◆❯P❇❘ ❝♦♥❞✐t✐♦♥ ✐♥ ❡♥❧❛r❣❡❞ ♠❛r❦❡ts✳ ❲♦r❦✐♥❣ ♣❛♣❡r✱ ✷✵✶✹✳

❬❆❈❏✶✹❜❪ ❆♥♥❛ ❆❦s❛♠✐t✱ ❚❛❤✐r ❈❤♦✉❧❧✐✱ ❛♥❞ ▼♦♥✐q✉❡ ❏❡❛♥❜❧❛♥❝✳ ❚❤✐♥ r❛♥❞♦♠ t✐♠❡s✳
❲♦r❦✐♥❣ ♣❛♣❡r✱ ✷✵✶✹✳

❬❆❉■✵✻❪ ❙t❡❢❛♥ ❆♥❦✐r❝❤♥❡r✱ ❙t❡✛❡♥ ❉❡r❡✐❝❤✱ ❛♥❞ P❡t❡r ■♠❦❡❧❧❡r✳ ❚❤❡ ❙❤❛♥♥♦♥ ✐♥❢♦r♠❛✲
t✐♦♥ ♦❢ ✜❧tr❛t✐♦♥s ❛♥❞ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❧♦❣❛r✐t❤♠✐❝ ✉t✐❧✐t② ♦❢ ✐♥s✐❞❡rs✳ ❚❤❡ ❆♥♥❛❧s
♦❢ Pr♦❜❛❜✐❧✐t②✱ ✸✹✭✷✮✿✼✹✸✕✼✼✽✱ ✷✵✵✻✳

❬❆❉■✵✼❪ ❙t❡❢❛♥ ❆♥❦✐r❝❤♥❡r✱ ❙t❡✛❡♥ ❉❡r❡✐❝❤✱ ❛♥❞ P❡t❡r ■♠❦❡❧❧❡r✳ ❊♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛✲
t✐♦♥s ❛♥❞ ❝♦♥t✐♥✉♦✉s ●✐rs❛♥♦✈✲t②♣❡ ❡♠❜❡❞❞✐♥❣s✳ ■♥ ❙é♠✐♥❛✐r❡ ❞❡ ♣r♦❜❛❜✐❧✐tés
❳▲✱ ♣❛❣❡s ✸✽✾✕✹✶✵✳ ❙♣r✐♥❣❡r✱ ✷✵✵✼✳

❬❆❋❑✶✹❪ ❇❡❛tr✐❝❡ ❆❝❝✐❛✐♦✱ ❈❧❛✉❞✐♦ ❋♦♥t❛♥❛✱ ❛♥❞ ❈♦♥st❛♥t✐♥♦s ❑❛r❞❛r❛s✳ ❆r❜✐tr❛❣❡ ♦❢
t❤❡ ✜rst ❦✐♥❞ ❛♥❞ ✜❧tr❛t✐♦♥ ❡♥❧❛r❣❡♠❡♥ts ✐♥ s❡♠✐♠❛rt✐♥❣❛❧❡ ✜♥❛♥❝✐❛❧ ♠♦❞❡❧s✳
❛r❳✐✈ ♣r❡♣r✐♥t ❛r❳✐✈✿✶✹✵✶✳✼✶✾✽✱ ✷✵✶✹✳

❬❆■✵✼❪ ❙t❡❢❛♥ ❆♥❦✐r❝❤♥❡r ❛♥❞ P❡t❡r ■♠❦❡❧❧❡r✳ ❋✐♥❛♥❝✐❛❧ ♠❛r❦❡ts ✇✐t❤ ❛s②♠♠❡tr✐❝ ✐♥✲
❢♦r♠❛t✐♦♥✿ ✐♥❢♦r♠❛t✐♦♥ ❞r✐❢t✱ ❛❞❞✐t✐♦♥❛❧ ✉t✐❧✐t② ❛♥❞ ❡♥tr♦♣②✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡
✻t❤ ❘✐ts✉♠❡✐❦❛♥ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠✱ ♣❛❣❡s ✶✕✷✶✱ ✷✵✵✼✳

❬❆■❙✾✽❪ ❏ür❣❡♥ ❆♠❡♥❞✐♥❣❡r✱ P❡t❡r ■♠❦❡❧❧❡r✱ ❛♥❞ ▼❛rt✐♥ ❙❝❤✇❡✐③❡r✳ ❆❞❞✐t✐♦♥❛❧ ❧♦❣❛r✐t❤✲
♠✐❝ ✉t✐❧✐t② ♦❢ ❛♥ ✐♥s✐❞❡r✳ ❙t♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ❛♥❞ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥s✱ ✼✺✭✷✮✿✷✻✸✕
✷✽✻✱ ✶✾✾✽✳

❬❆❏❙✶✹❪ ❆♥♥❛ ❆❦s❛♠✐t✱ ▼♦♥✐q✉❡ ❏❡❛♥❜❧❛♥❝✱ ❛♥❞ ❙❤✐q✐ ❙♦♥❣✳ Ps❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡
♣r♦♣❡rt② ✉♥❞❡r ❡q✉✐✈❛❧❡♥t ❝❤❛♥❣❡ ♦❢ ♠❡❛s✉r❡✳ ❲♦r❦✐♥❣ ♣❛♣❡r✱ ✷✵✶✹✳

✶✼✶



✶✼✷ ❇■❇▲■❖●❘❆P❍❨

❬❆▲✶✹❪ ❆♥♥❛ ❆❦s❛♠✐t ❛♥❞ ▲✐❜♦ ▲✐✳ Ps❡✉❞♦✲st♦♣♣✐♥❣ t✐♠❡s ❛♥❞ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥✳
❲♦r❦✐♥❣ ♣❛♣❡r✱ ✷✵✶✹✳

❬❆♠❡✾✾❪ ❏ür❣❡♥ ❆♠❡♥❞✐♥❣❡r✳ ■♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥s ❛♥❞ ❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥
✐♥ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts✳ P❤❉ t❤❡s✐s✱ ❚❡❝❤♥✐s❝❤❡♥ ❯♥✐✈❡rs✐t❡✐t ❇❡r❧✐♥✱ ✶✾✾✾✳

❬❆♥❦✵✺❪ ❙t❡❢❛♥ ❆♥❦✐r❝❤♥❡r✳ ■♥❢♦r♠❛t✐♦♥ ❛♥❞ s❡♠✐♠❛rt✐♥❣❛❧❡s✳ P❤❉ t❤❡s✐s✱ ❍✉♠❜♦❧❞t
❯♥✐✈❡rs✐t❡✐t ❇❡r❧✐♥✱ ✷✵✵✺✳

❬❆③é✼✷❪ ❏❛❝q✉❡s ❆③é♠❛✳ ◗✉❡❧q✉❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡ ❧❛ t❤é♦r✐❡ ❣é♥ér❛❧❡ ❞❡s ♣r♦❝❡ss✉s✳ ■✳
■♥✈❡♥t✐♦♥❡s ♠❛t❤❡♠❛t✐❝❛❡✱ ✶✽✭✸✮✿✷✾✸✕✸✸✻✱ ✶✾✼✷✳

❬❇❛r✼✽❪ ▼❛rt✐♥ ❚✳ ❇❛r❧♦✇✳ ❙t✉❞② ♦❢ ❛ ✜❧tr❛t✐♦♥ ❡①♣❛♥❞❡❞ t♦ ✐♥❝❧✉❞❡ ❛♥ ❤♦♥❡st t✐♠❡✳
❩❡✐ts❝❤r✐❢t ❢ür ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐tst❤❡♦r✐❡ ✉♥❞ ❱❡r✇❛♥❞t❡ ●❡❜✐❡t❡✱ ✹✹✭✹✮✿✸✵✼✕
✸✷✸✱ ✶✾✼✽✳

❬❇❏❘✵✾❪ ❚♦♠❛s③ ❘✳ ❇✐❡❧❡❝❦✐✱ ▼♦♥✐q✉❡ ❏❡❛♥❜❧❛♥❝✱ ❛♥❞ ▼❛r❡❦ ❘✉t❦♦✇s❦✐✳ ❈r❡❞✐t ❘✐s❦
▼♦❞❡❧✐♥❣✳ ❖s❛❦❛ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✷✵✵✾✳

❬❇❘✵✹❪ ❚♦♠❛s③ ❘✳ ❇✐❡❧❡❝❦✐ ❛♥❞ ▼❛r❡❦ ❘✉t❦♦✇s❦✐✳ ❈r❡❞✐t r✐s❦✿ ♠♦❞❡❧✐♥❣✱ ✈❛❧✉❛t✐♦♥ ❛♥❞
❤❡❞❣✐♥❣✳ ❙♣r✐♥❣❡r✱ ✷✵✵✹✳

❬❇❨✼✽❪ P✐❡rr❡ ❇ré♠❛✉❞ ❛♥❞ ▼❛r❝ ❨♦r✳ ❈❤❛♥❣❡s ♦❢ ✜❧tr❛t✐♦♥s ❛♥❞ ♦❢ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡s✳ ❩❡✐ts❝❤r✐❢t ❢ür ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐tst❤❡♦r✐❡ ✉♥❞ ✈❡r✇❛♥❞t❡ ●❡❜✐❡t❡✱
✹✺✭✹✮✿✷✻✾✕✷✾✺✱ ✶✾✼✽✳

❬❈❆❉❏✶✹❪ ❚❛❤✐r ❈❤♦✉❧❧✐✱ ❆♥♥❛ ❆❦s❛♠✐t✱ ❏✉♥ ❉❡♥❣✱ ❛♥❞ ▼♦♥✐q✉❡ ❏❡❛♥❜❧❛♥❝✳ ◆♦♥✲
❆r❜✐tr❛❣❡ ✉♥❞❡r ❛ ❈❧❛ss ♦❢ ❍♦♥❡st ❚✐♠❡s✳ ❤tt♣✿✴✴❛r①✐✈✳♦r❣✴❛❜s✴✶✸✶✵✳✶✶✹✷✱ ✷✵✶✹✳

❬❈❉▼✶✸❪ ❚❛❤✐r ❈❤♦✉❧❧✐✱ ❏✉♥ ❉❡♥❣✱ ❛♥❞ ❏✉♥❢❡♥❣ ▼❛✳ ❍♦✇ ♥♦♥✲❛r❜✐tr❛❣❡✱ ✈✐❛❜✐❧✐t② ❛♥❞
♥✉♠ér❛✐r❡ ♣♦rt❢♦❧✐♦ ❛r❡ r❡❧❛t❡❞✳ Pr❡♣r✐♥t ♦❢ ❯♥✐✈❡rs✐t② ♦❢ ❆❧❜❡rt❛✱ ✷✵✶✸✳

❬❈❏◆✶✷❪ ❉❡❧✐❛ ❈♦❝✉❧❡s❝✉✱ ▼♦♥✐q✉❡ ❏❡❛♥❜❧❛♥❝✱ ❛♥❞ ❆s❤❦❛♥ ◆✐❦❡❣❤❜❛❧✐✳ ❉❡❢❛✉❧t t✐♠❡s✱ ♥♦✲
❛r❜✐tr❛❣❡ ❝♦♥❞✐t✐♦♥s ❛♥❞ ❝❤❛♥❣❡s ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s✳ ❋✐♥❛♥❝❡ ❛♥❞ ❙t♦❝❤❛s✲
t✐❝s✱ ✶✻✭✸✮✿✺✶✸✕✺✸✺✱ ✷✵✶✷✳

❬❈❏❩✶✸❪ ●✐♦r❣✐❛ ❈❛❧❧❡❣❛r♦✱ ▼♦♥✐q✉❡ ❏❡❛♥❜❧❛♥❝✱ ❛♥❞ ❇❡❤♥❛③ ❩❛r❣❛r✐✳ ❈❛rt❤❛❣✐♥✐❛♥ ❡♥✲
❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥s✳ ❊❙❆■▼✿ Pr♦❜❛❜✐❧✐t② ❛♥❞ ❙t❛t✐st✐❝s✱ ✶✼✿✺✺✵✕✺✻✻✱ ✷✵✶✸✳

❬❈❑❙✾✽❪ ❚❛❤✐r ❈❤♦✉❧❧✐✱ ▲❡s③❡❦ ❑r❛✇❝③②❦✱ ❛♥❞ ❈❤r✐st♦♣❤❡ ❙tr✐❝❦❡r✳ ε✲♠❛rt✐♥❣❛❧❡s ❛♥❞
t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ♠❛t❤❡♠❛t✐❝❛❧ ✜♥❛♥❝❡✳ ❆♥♥❛❧s ♦❢ Pr♦❜❛❜✐❧✐t②✱ ♣❛❣❡s ✽✺✸✕
✽✼✻✱ ✶✾✾✽✳

❬❈♦❝✵✾❪ ❉❡❧✐❛ ❈♦❝✉❧❡s❝✉✳ ❋r♦♠ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ ❛ st♦♣♣✐♥❣ t✐♠❡ t♦ r✐s❦ ♣r❡♠✐✉♠
❞❡❝♦♠♣♦s✐t✐♦♥s✳ ❛r❳✐✈ ♣r❡♣r✐♥t ❛r❳✐✈✿✵✾✶✷✳✹✸✶✷✱ ✷✵✵✾✳

❬❈❙✶✸❪ ❚❛❤✐r ❈❤♦✉❧❧✐ ❛♥❞ ▼❛rt✐♥ ❙❝❤✇❡✐③❡r✳ ❙t❛❜✐❧✐t② ♦❢ ❙✐❣♠❛✲▼❛rt✐♥❣❛❧❡ ❉❡♥s✐t✐❡s
✐♥ ▲ ❧♦❣ ▲ ❯♥❞❡r ❛♥ ❊q✉✐✈❛❧❡♥t ❈❤❛♥❣❡ ♦❢ ▼❡❛s✉r❡✳ t♦ ❛♣♣❡❛r ✐♥ ❙t♦❝❤❛st✐❝s✱
✷✵✶✸✳

❬❈❙▲✵✼❪ ❚❛❤✐r ❈❤♦✉❧❧✐✱ ❈❤r✐st♦♣❤❡ ❙tr✐❝❦❡r✱ ❛♥❞ ❏✐❛ ▲✐✳ ▼✐♥✐♠❛❧ ❍❡❧❧✐♥❣❡r ♠❛rt✐♥❣❛❧❡
♠❡❛s✉r❡s ♦❢ ♦r❞❡r q✳ ❋✐♥❛♥❝❡ ❛♥❞ ❙t♦❝❤❛st✐❝s✱ ✶✶✭✸✮✿✸✾✾✕✹✷✼✱ ✷✵✵✼✳
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❬❉❡❧✼✵❪ ❈❧❛✉❞❡ ❉❡❧❧❛❝❤❡r✐❡✳ ❯♥ ❡①❡♠♣❧❡ ❞❡ ❧❛ t❤é♦r✐❡ ❣é♥ér❛❧❡ ❞❡s ♣r♦❝❡ss✉s✳ ■♥ ❙é♠✐✲
♥❛✐r❡ ❞❡ Pr♦❜❛❜✐❧✐tés ■❱✱ ❯♥✐✈❡rs✐té ❞❡ ❙tr❛s❜♦✉r❣✱ ♣❛❣❡s ✻✵✕✼✵✳ ❙♣r✐♥❣❡r✱ ✶✾✼✵✳

❬❉❡❧✼✷❪ ❈❧❛✉❞❡ ❉❡❧❧❛❝❤❡r✐❡✳ ❈❛♣❛❝✐t✐❡s ❛♥❞ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✱ ✶✾✼✷✳

❬❉▼✼✺❪ ❈❧❛✉❞❡ ❉❡❧❧❛❝❤❡r✐❡ ❛♥❞ P❛✉❧✲❆♥❞ré ▼❡②❡r✳ Pr♦❜❛❜✐❧✐tés ❡t ♣♦t❡♥t✐❡❧✿ ❈❤❛♣✐tr❡s
✶ à ✹ ❡♥t✐èr❡♠❡♥t r❡❢♦♥❞✉s✳ ❍❡r♠❛♥♥✱ ✶✾✼✺✳

❬❉▼✼✽❪ ❈❧❛✉❞❡ ❉❡❧❧❛❝❤❡r✐❡ ❛♥❞ P❛✉❧✲❆♥❞ré ▼❡②❡r✳ ❆ ♣r♦♣♦s ❞✉ tr❛✈❛✐❧ ❞❡ ❨♦r s✉r
❧❡ ❣r♦ss✐ss❡♠❡♥t ❞❡s tr✐❜✉s✳ ■♥ ❙é♠✐♥❛✐r❡ ❞❡ Pr♦❜❛❜✐❧✐tés ❳■■✱ ♣❛❣❡s ✼✵✕✼✼✳
❙♣r✐♥❣❡r✱ ✶✾✼✽✳

❬❉▼✽✵❪ ❈❧❛✉❞❡ ❉❡❧❧❛❝❤❡r✐❡ ❛♥❞ P❛✉❧✲❆♥❞ré ▼❡②❡r✳ Pr♦❜❛❜✐❧✐tés ❡t ♣♦t❡♥t✐❡❧✿ ❈❤❛♣✐tr❡s
✺ à ✽✳ ❚❤é♦r✐❡ ❞❡s ♠❛rt✐♥❣❛❧❡s✳ ❍❡r♠❛♥♥✱ ✶✾✽✵✳

❬❉▼▼✾✷❪ ❈❧❛✉❞❡ ❉❡❧❧❛❝❤❡r✐❡✱ P❛✉❧ ❆♥❞ré ▼❡②❡r✱ ❛♥❞ ❇❡r♥❛r❞ ▼❛✐s♦♥♥❡✉✈❡✳ Pr♦❜❛❜✐❧✐tés
❡t ♣♦t❡♥t✐❡❧✿ ❈❤❛♣✐tr❡s ✶✼ à ✷✹✳ Pr♦❝❡ss✉s ❞❡ ▼❛r❦♦✈ ✭✜♥✮✱ ❝♦♠♣❧é♠❡♥ts ❞❡
❝❛❧❝✉❧ st♦❝❤❛st✐q✉❡✳ ❍❡r♠❛♥♥✱ ✶✾✾✷✳

❬❉❙✾✹❪ ❋r❡❞❞② ❉❡❧❜❛❡♥ ❛♥❞ ❲❛❧t❡r ❙❝❤❛❝❤❡r♠❛②❡r✳ ❆ ❣❡♥❡r❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥✲
t❛❧ t❤❡♦r❡♠ ♦❢ ❛ss❡t ♣r✐❝✐♥❣✳ ▼❛t❤❡♠❛t✐s❝❤❡ ❛♥♥❛❧❡♥✱ ✸✵✵✭✶✮✿✹✻✸✕✺✷✵✱ ✶✾✾✹✳

❬❊❏✾✽❪ ❘♦❜❡rt ❏ ❊❧❧✐♦tt ❛♥❞ ▼♦♥✐q✉❡ ❏❡❛♥❜❧❛♥❝✳ ■♥❝♦♠♣❧❡t❡ ♠❛r❦❡ts ❛♥❞ ✐♥❢♦r♠❡❞
❛❣❡♥ts✳ ▼❛t❤❡♠❛t✐❝❛❧ ▼❡t❤♦❞ ♦❢ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✺✵✿✹✼✺✕✹✾✷✱ ✶✾✾✽✳

❬❊❏❏✶✵❪ ◆✐❝♦❧❡ ❊❧ ❑❛r♦✉✐✱ ▼♦♥✐q✉❡ ❏❡❛♥❜❧❛♥❝✱ ❛♥❞ ❨✐♥❣ ❏✐❛♦✳ ❲❤❛t ❤❛♣♣❡♥s ❛❢t❡r ❛
❞❡❢❛✉❧t✿ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♥s✐t② ❛♣♣r♦❛❝❤✳ ❙t♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ❛♥❞ t❤❡✐r ❛♣♣❧✐✲
❝❛t✐♦♥s✱ ✶✷✵✭✼✮✿✶✵✶✶✕✶✵✸✷✱ ✷✵✶✵✳

❬❊❏❏❩✶✹❪ ◆✐❝♦❧❡ ❊❧ ❑❛r♦✉✐✱ ▼♦♥✐q✉❡ ❏❡❛♥❜❧❛♥❝✱ ❨✐♥❣ ❏✐❛♦✱ ❛♥❞ ❇❡❤♥❛③ ❩❛r❣❛r✐✳ ❈♦♥❞✐✲
t✐♦♥❛❧ ❞❡❢❛✉❧t ♣r♦❜❛❜✐❧✐t② ❛♥❞ ❞❡♥s✐t②✳ ■♥ ■♥s♣✐r❡❞ ❜② ❋✐♥❛♥❝❡✱ ♣❛❣❡s ✷✵✶✕✷✶✾✳
❙♣r✐♥❣❡r✱ ✷✵✶✹✳

❬❊❏❨✵✵❪ ❘♦❜❡rt ❏✳ ❊❧❧✐♦tt✱ ▼♦♥✐q✉❡ ❏❡❛♥❜❧❛♥❝✱ ❛♥❞ ▼❛r❝ ❨♦r✳ ❖♥ ♠♦❞❡❧s ♦❢ ❞❡❢❛✉❧t r✐s❦✳
▼❛t❤❡♠❛t✐❝❛❧ ❋✐♥❛♥❝❡✱ ✶✵✭✷✮✿✶✼✾✕✶✾✺✱ ✷✵✵✵✳

❬➱❙✵✶❪ ▼✐❝❤❡❧ ➱♠❡r② ❛♥❞ ❲❛❧t❡r ❙❝❤❛❝❤❡r♠❛②❡r✳ ❖♥ ❱❡rs❤✐❦✬s st❛♥❞❛r❞♥❡ss ❝r✐t❡r✐♦♥
❛♥❞ ❚s✐r❡❧s♦♥✬s ♥♦t✐♦♥ ♦❢ ❝♦s✐♥❡ss✳ ■♥ ❙é♠✐♥❛✐r❡ ❞❡ Pr♦❜❛❜✐❧✐tés ❳❳❳❱✱ ♣❛❣❡s
✷✻✺✕✸✵✺✳ ❙♣r✐♥❣❡r✱ ✷✵✵✶✳

❬❊❲✼✼❪ ◆✐❝♦❧❡ ❊❧ ❑❛r♦✉✐ ❛♥❞ ●ér❛r❞ ❲❡✐❞❡♥❢❡❧❞✳ ❚❤é♦r✐❡ ❣é♥ér❛❧❡ ❡t ❝❤❛♥❣❡♠❡♥t ❞❡
t❡♠♣s✳ ■♥ ❙é♠✐♥❛✐r❡ ❞❡ Pr♦❜❛❜✐❧✐tés ❳■✱ ♣❛❣❡s ✼✾✕✶✵✽✳ ❙♣r✐♥❣❡r✱ ✶✾✼✼✳

❬❋■✾✸❪ ❍❛♥s ❋ö❧❧♠❡r ❛♥❞ P❡t❡r ■♠❦❡❧❧❡r✳ ❆♥t✐❝✐♣❛t✐♦♥ ❝❛♥❝❡❧❧❡❞ ❜② ❛ ❣✐rs❛♥♦✈ tr❛♥s❢♦r✲
♠❛t✐♦♥✿ ❛ ♣❛r❛❞♦① ♦♥ ✇✐❡♥❡r s♣❛❝❡✳ ■♥ ❆♥♥❛❧❡s ❞❡ ❧✬■♥st✐t✉t ❍❡♥r✐ P♦✐♥❝❛ré ✭❇✮
Pr♦❜❛❜✐❧✐tés ❡t ❙t❛t✐st✐q✉❡s✱ ✈♦❧✉♠❡ ✷✾✱ ♣❛❣❡s ✺✻✾✕✺✽✻✳ ●❛✉t❤✐❡r✲❱✐❧❧❛rs✱ ✶✾✾✸✳

❬❋❏❙✶✷❪ ❈❧❛✉❞✐♦ ❋♦♥t❛♥❛✱ ▼♦♥✐q✉❡ ❏❡❛♥❜❧❛♥❝✱ ❛♥❞ ❙❤✐q✐ ❙♦♥❣✳ ❖♥ ❛r❜✐tr❛❣❡s ❛r✐s✐♥❣
❢r♦♠ ❤♦♥❡st t✐♠❡s✳ ❋♦rt❤❝♦♠✐♥❣ ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ❙t♦❝❤❛st✐❝s✱ ✷✵✶✷✳

❬❋♦♥✶✸❪ ❈❧❛✉❞✐♦ ❋♦♥t❛♥❛✳ ◆♦✲❛r❜✐tr❛❣❡ ❝♦♥❞✐t✐♦♥s ❛♥❞ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❝❤❛♥❣❡s ♦❢
♠❡❛s✉r❡✳ ❛r❳✐✈ ♣r❡♣r✐♥t ❛r❳✐✈✿✶✸✶✷✳✹✷✾✻✱ ✷✵✶✸✳
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❬❋P✶✶❪ ❍❛♥s ❋ö❧❧♠❡r ❛♥❞ P❤✐❧✐♣ Pr♦tt❡r✳ ▲♦❝❛❧ ♠❛rt✐♥❣❛❧❡s ❛♥❞ ✜❧tr❛t✐♦♥ s❤r✐♥❦❛❣❡✳
❊❙❆■▼✿ Pr♦❜❛❜✐❧✐t② ❛♥❞ ❙t❛t✐st✐❝s✱ ✶✺✿❙✷✺✕❙✸✽✱ ✷✵✶✶✳
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