N
N

N

HAL

open science

Electromagnetic scattering problem with higher order
impedance boundary conditions and integral methods
Abil Aubakirov

» To cite this version:

Abil Aubakirov. Electromagnetic scattering problem with higher order impedance boundary condi-
tions and integral methods. General Mathematics [math.GM]. Université de Cergy Pontoise, 2014.

English. NNT: 2014CERGO0682 . tel-01017256

HAL Id: tel-01017256
https://theses.hal.science/tel-01017256

Submitted on 27 Nov 2014

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-01017256
https://hal.archives-ouvertes.fr

UNIVERSITE " Laboratotre de
de Cergy-Pontoise mathematigues

Analyse Géométrie Modélisation

THESIS

Prepared by
Abil AUBAKIROV

to obtain the title of

Doctor of the University of Cergy - Pontoise
in
APPLIED MATHEMATICS

Electromagnetic Scattering Problem with
Higher Order Impedance Boundary Conditions
and Integral Methods

under the supervision of

Christian DAVEAU

Defended publicly on 09/01/2014 in front of the jury composed of:

Reviewers :  Frangois ALOUGES - Ecole Polytechnique
Patrick DULAR - Institut Montefiore
Advisor : Christian DAVEAU - Université de Cergy-Pontoise

FExaminers : Paul SOUDAIS - Dassault Aviation
Bernard BANDELIER Université de Cergy-Pontoise
Francesco ANDRIULLI TELECOM Bretagne
Eric DARRIGRAND - Université de Rennes 1






Remerciements

Cette thése a été effectuée a la fois au sein de I'Université de Cergy Pontoise et
aussi en collaboration avec Dassault Aviation. Pour m’avoir proposé ce sujet, je
veux exprimer, ma reconnaissance a mon directeur de thése, monsieur Christian
Daveau, au co-directeur monsieur Paul Soudais. Leur gentillesse, leur patience, leur
disponibilité et leur soutien constant m’ont permis de mener & bien ce travail dans
des conditions idéales. Je tiens & remercier le Dassault Aviation pour la confiance
et la mise & disposition du code.

Je témoigne de ma profonde gratitude & jury. Je remercie les rapporteurs de cette
thése Francois Alouges et Patrick Dular pour la rapidité avec laquelle ils ont lu mon
manuscrit et I'intérét qu’ils ont porté & mon travail. Je remercie ausi cordialement
Francesco Andriulli, Bernard Bandelier, Eric Darrigrand et Paul Soudais d’avoir
accepté d’étre membre de mon jury de these.

J’appercie 'aide permanente et précieuse que j’ai recue du personnel adminis-
tratif et je remercie sincérement Marie Carette, Linda Isone et Thomas Ballesteros.
Merci & Yann Costes pour son dévoument. Je ne compte pas le nombre de fois ou
j’al pu 'embéter pour des problémes informatiques.

Je remercie tous les membres du département de mathématiques de 'UCP, et
particuliérement Armen Shirikyan qui ont contribué & mon arrivée a 'UCP. Je
remercie également toute I’équipe d’analyse numérique. Anton Sushchenko qui m’a
accueilli & I'aéroport et depuis le premier jour a fourni une aide substantielle pour
moi en tout. J’exprime mes vives remerciements & Diane Manuel, Azba Riaz, Thi
Hong Cam Luong pour leur aide dans la rédaction de cette thése, pour 'excellente
compagnie et I’atmosphére de travail.

Mes vives remerciements vont également & mes amis de L’association des étu-
diants kazakhs en France. Je remercie également mes amis Marat, Mehmet, Ersel,
Bipin etc.

Je veux terminer ces remerciements par ma famille, et en particulier a mes
parents, mes frérs, ma petite soeur et mes deux petites niéces qui m’ont toujours
soutenu dans les moments difficiles.






Contents

Introduction
Introduction

Scattering problem

1.1 Introduction . . . . . . . . ...
1.2 Mathematical model of physical problem . . . . ... .. ... ....
1.3 Uniqueness of the scattering problem . . . . . . ... ... ... ...
1.4 Integral formulation of Maxwell’s equations . . . . .. ... ... ..
1.5 Conclusion . . . . . .. .. L

Functional framework

2.1 Introduction . . . . . . . . . . ...

2.2 Definitions of differential operators . . . . . .. . . ... ... ....
2.2.1 Differential operatorsin Q . . . . . . ... .. ... ... ...
2.2.2  Differential operatorson I' . . . . . . .. ...
2.2.3 Traceresults . . . . . . . .. .. .. ... ... ...

2.3 Properties of integral operators . . . . . .. ... ... L.
2.3.1 Fredholm alternative . . . . . . . . ... . ... ... .....

2.4 Conclusion. . . . . . . . . . e

Approximation of impedance operator

3.1 Introduction . . . . . . . . . . . ...

3.2 Differential forms of impedance boundary conditions . . . . . . . ..
3.21 3Dcaseform . ... ... ... ... ...
3.2.2 First order formin 2D case . . . .. ... ... ... ...
3.2.3 Second order formin 2D case . . . . ... ... ... ... ..

3.3 Sufficient uniqueness conditions . . . . . . ... ... ... ...

3.4 Conclusion. . . . . . . ... e

Higher order impedance boundary condition’s coefficients

4.1 Introduction . . . . . . . . . . ...

4.2 Approximation of coefficients . . . . ... ...
4.2.1 Firstorder IBC . . . . . . ... ... ... ...
4.2.2 Secondorder IBC. . . ... ... .. ... ... ... .....

4.3 Numerical results . . . . . . . .. .. ...

Two dimensional variational problem

5.1 Imtroduction . . . . . . . ...

5.2 Variational problem with impedance boundary condition . . . . . . .
5.2.1 Problem with first order IBC . . . . . .. ... ... ... ..

© © g Ut gt



iv Contents
5.2.2 Problem with second order IBC . . . . . . .. ... ... .... 37

5.3 Existence and uniqueness theorem . . . . . .. ... ... ... ... 38
53.1 Continuity . . . . . . . ... 39

5.3.2 Coercivity . . . . . .. 39

54 Conclusion. . . . . . . . . . 41

6 Two dimensional discretization 43
6.1 Introduction . . . . . . . . . .. ... 43
6.2 Discretization . . . . . . . ..o 44
6.3 Assembly of matrices . . . . . .. ... 47
6.3.1 Calculation of the matrix (B-S) . . . ... ... ... .. ... 48

6.3.2 Calculation of the matrix Q . . . . .. ... ... ... .... 49

6.4 Numerical results . . . . . . . .. ... 49
6.4.1 Radar crosssection . . . . . .. .. ... ... ... 49

6.4.2 Numerical tests . . . . . . . ... ... ... L 50

7 Three dimensional variational problem 63
7.1 Introduction . . . . . . . . . . ... 63
7.2 Problem with HOIBC . . .. ... ... ... ... ... ....... 63
7.3 Existence and uniqueness theorem . . . .. ... ... ... ..... 68
7.3.1 Continuity of operator A . . . . . . ... ... ... 68

7.3.2 Coercivity of operator A . . . . . . ... 69

7.3.3 Ladyzhenskaya-Babuska-Brezzi condition . . . ... ... .. 71

7.4 Conclusion. . . . . . . . . .. 72

8 3D discretization 73
8.1 Imtroduction . . . . . . . . . . . . ... 73
8.2 Discretization . . . . . . . . ... 74
8.3 Assembly of matrices . . . . ... .. ... 77
8.3.1 RWG basis functions . . . . . . ... ... ... L. 77

8.3.2 Basis functions proposed by Bendali . . . .. ... ... ... 79

8.4 Conclusion. . . . . . . . .. . e 81

9 3D discretization using the Buffa-Christiansen functions 83
9.1 Introduction . . . . . . . . . ... 83
9.2 Barycentric refinement. The Buffa-Christiansen functions . . . . . . 84
9.3 Matricesform . . . . . ... .. 85
9.4 Assembly of elementary matrices . . . . . . ... .. .. ... .. .. 88
9.4.1 div-div matrices . . . . . ... ... 88

9.4.2 Grammatrix [G] . . . .. .. oo 89

9.4.3 [R] and [K] matrices . . . . . . .. ... 89

9.5 Conclusion. . . . . . . . .. e 90



Contents v

10 3D Numerical results 91
10.1 Structure of thecode . . . . . . . . .. .. .. ... ... ... ... . 91
10.2 Singular integrals . . . . . . . . . ... 93
10.3 Tests on a perfect electric sphere . . . . . . ... ... 94
10.4 Some results with Higher Order Impedance Boundary Conditions . . 96
10.5 Conclusion . . . . . . . . . .o 99

Conclusion 101

A Notations and Physical constants 103
A.1 Notations . . . . . . . . . . e 103
A.2 Physical constants . . . . .. ... 103

B Integral formulations 105
B.1 Integral formulation of the problem . . . . . . . ... ... ... ... 105
B.2 Double-integral formulation . . . . . ... ... ... 107

C Exact impedance boundary conditions 109

D Coefficients calculation MATLAB script 113

E 2D discretization matrices 115

F Mie Scattering 119
F.1 Mie coefficients for coated spheres . . . . . . . . ... . ... ..... 119
F.2 The scattered far field . . . . .. ... ... ... ... ... ... . 119
F.3 Theexact RCS . . . . . . . . . . . ... ... 120

Bibliography 121






CHAPTER 0

Introduction

Les concepteurs de systémes radars et d’antenne se sont intéressés a I’étude théorique
de la diffusion des ondes électromagnétiques. L’intérét pour ce sujet a suscité des
recherches intensives dans ce domaine depuis longtemps. Les innovations tech-
nologiques et informatiques ont permis un développement de la modélisation et
notamment pour la modélisation de la diffusion des ondes électromagnétiques. Mais
les méthodes numériques utilisent en général un grand nombre d’inconnues pour la
description des champs électromagnétiques, notamment & haute fréquence.

Dans les études de probléme de dispersion on considere souvent un objet par-
faitment conducteur recouvert ou non d’une couche. Cette couche mince peut étre
une surface homogeéne, chirale ou une surface sélective en fréquence (FSS). Les FSS
sont trés utilisées dans la modélisation d’antennes.

Il existe deux méthodes importantes pour résoudre les équations de Maxwell
en régime harmonique. La premiére méthode est la méthode des volumes. FElle
permet de calculer les champs sur tout le volume. Si le domaine de calcul est
non borné, on peut par exemple utiliser des conditions aux limites sur une frontiére
artificielle. Elle tient compte des caractéristiques physiques des matériaux étudiés et
des effets d’anisotropie, mais elle nécessite un grand nombre d’inconnues. La seconde
méthode est la méthode intégrale. Elles consistent & calculer les courants électrique
et magnétique sur la surface de 'objet rayonnant. Ici, nous allons utiliser la méthode
intégrale pour la résolution du probléme de diffraction d’une onde électromagnétique
en régime harmonique.

Il est nécessaire de considérer des conditions aux limites sur la surface de I'objet
rayonnant pour que le probléme soit bien posé. Cette condition approchée aux lim-
ites sur l'objet fait intervenir un opérateur intégral appelée opérateur d’impédance
Z dont la forme la plus simple est Z est constant appelée condition de Léontovitch.
On sait que cette condition trouve ses limites quand le matériau a une épaisseur
proche de la longueur d’onde. C’est pourquoi, dans cette thése nous développons
une nouvelle méthode dans laquelle 'opérateur d’impédance tient compte de 'angle
d’incidence appelée conditions aux limites d’impédance d’ordre supérieur (HOIBC).

Dans [R-Sb, R-Sal, les auteurs ont proposé une méthode d’approxiamtion de
lopérateur d’impédance qui tient compte de ’angle d’incidence en dimension 2 et 3.
Des résultats numériques sont donnés notamment dans le cas d’un cylindre recouvert
d’un diélectrique et pour la sphére.

D’autres travaux dans ce domaine existent, voir [BSb, BSc, BS, BSa|.

L’objectif principal de cette thése est donc de proposer une nouvelle formulation
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variationnelle du probléme de diffraction électromagnétique en utilisant une méthode
purement intégrale couplée avec des conditions d’impédance d’ordre élevée. Nous
résolvons ici les équations de Maxwell en régime harmonique.

Dans le chapitre 1, le probléme de diffusion en regime harmonique des ondes
électromagnétiques par un obstacle est décrit comme un systéme d’équations avec
des conditions au bord. L’unicité de la solution de ce probléme est montré. Nous
présentons la formulation intégrale des équations de Maxwell pour utiliser la méth-
ode intégrale. Dans le chapitre 2, nous introduisons des espaces fonctionnels de base
et les opérateurs qui sont utilisés dans la suite.

Le but de cette thése est d’écrire une formulation variationnelle. On est donc
obligé d’écrire 'opérateur d’'impédance Z en fonction d’opérateurs intégraux pour
pouvoir l'introduire dans la formulation. Les chapitres 3-4 sont consacrés a cette
étude.

Dans le chapitre 5, on propose une formulation variationnelle en 2D et on étudie
I’existence et 'unicité. Dans le chapitre 6, on discrétise la formulation et on donne la
forme explicite de toutes les matrices et on donne de nombreux résultats numériques
qui valident la méthode.

En dimension 3, on se heurte a la définition des opérateurs intégraux. Deux ap-
proches sont proposées. Dans le chapitre 7, nous formulons le probléme en utilisant
des multiplicateurs de Lagrange discrétisés avec les fonctions de Bendali. Nous étu-
dions I'existence et I'unicité de la solution pour cette formulation. Dans le chapitre
suivant, la discrétisation du probléme est étudiée. Dans le chapitre 9, nous proposons
une autre méthode qui utilise les fonctions de base de Buffa-Christiansen. Quelques
résultats numériques du cas tridimensionnel sont présentés dans le chapitre 10 pour
la formulation étudiée dans le chapitre 7.



CHAPTER 0

Introduction

Radar and antenna system designers are interested in the theoretical study of the
scattering of electromagnetic waves. Interest in this topic has prompted intensive
research in this area long time ago. However rigorous analysis was not performed
until recently. The development of the computing technology improves modeling
possibility and it increases the interest in the scattering problem of electromagnetic
waves. The difficulties of numerical methods include the necessity of using a large
number of unknowns in the description of high frequency electromagnetic fields.

The scattering problem is being studied for conducting bodies and for a perfect
conducting body covered by a complex layer. The complex layer is considered
as a homogeneous surface, as a chiral surface or as a frequency selective surface.
Presently, the frequency selective surface is important for design artificial coatings
of antenna.

There are two important methods for solving the Maxwell’s equations in har-
monic regime. The first method is the volume method. It locates their computations
all over the volume internal and external objects. It uses a domain containing the
obstacles bounded by an artificial border. It considers the physical characteristics of
the media, in particular the effects of anisotropy, but it requires a large number of
unknowns and the management of explicit boundary conditions. The second one is
the integral method. It places unknowns on the boundaries of the object and it takes
into account the boundary conditions. It allows reducing the external problem to a
system of integral equations defined on the surface of the obstacle. However, they
can only be applied to homogeneous bodies. We can use this method for a three
dimensional domain and for a two dimensional domain. Here, we are interested in
solving time-harmonic scattering problem for a coated body by the integral method.

In order to ensure a unique solution to the boundary value problem it is nec-
essary to apply boundary condition. Generally, we take the constant impedance
operator, known as standard or Leontovich impedance boundary conditions. This
approximation does not depend on incident angle at all. In this thesis we deal with
higher order impedance boundary conditions.

Recently, the higher order impedance boundary conditions have been studied in
|[R-Sb, R-Sa|. These conditions take into account the incident angle at each point of
the surface and include derivatives of tangential components of the fields that are
equivalent to transverse wave numbers. Y. Rahmat-Samii and D.J. Hoppe present
the numerical results for two dimensional cylinders with lossy and lossless dielectric
coatings and for three dimensional body of revolution. The system was solved for
tangential electric E and magnetic H fields.
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Later, the higher order impedance boundary condition is applied to study the
scattering problem from a finite planar or curved infinitesimally thin frequency selec-
tive surface embedded in a dielectric layer [BSb, BSc, BS, BSa|. B.Stupfel introduces
differential operators to express higher order impedance boundary conditions. He
solves combined field integral equation for unknown current density J.

The main subject of this thesis is to propose a new variational formulation of elec-
tromagnetic scattering problem with approximate impedance boundary conditions.
The impedance depends on the coating layer thickness, the dielectric characteristics
and the incident angle. In practice the incident angle is unknown. Therefore our
purpose was to write the formulation that is valid in a large angular range. We pro-
posed the differential forms of the impedance boundary condition. The formulation
is presented for both two and three dimensional models. It includes both the electric
and magnetic current densities J and M as unknowns. We studied existence and
uniqueness for the variational problems in both models.

In chapter 1, the time-harmonic scattering problem of electromagnetic waves by
an obstacle is described as a system of equations with boundary conditions. The
uniqueness of the solution of this problem is shown. We present integral formulation
of Maxwell’s equations to use the integral method. In chapter 2, we introduce some
basic functional spaces and operators that is used in this thesis.

Chapters 3-4 are devoted to impedance boundary conditions. We consider thin
dielectric layer in chapter 3. The impedance operator is approximated as a ratio of
polynomials of differential operators, so that the boundary conditions are presented
as an equation of these polynomials. We call this condition as higher order IBC
(HOIBC). HOIBC of first and second order for two dimensional case are described.
Using differential operators first order IBC is proposed for three dimensional case.
We propose sufficient uniqueness conditions that imply restrictions on the coeffi-
cients of HOIBC. In chapter 4, different ways to find the coefficients for HOIBC
using the exact IBC are described.

Chapters 5-6 of the thesis deal with the two dimensional case. In chapter 5,
we assemble the variational formulation with the first or the second order HOIBC.
The existence and uniqueness of the solution of this problem are shown. The dis-
cretization of two dimensional problem is proposed in chapter 6 and the calculation
of matrices are described to solve this problem. We present numerical results.

In chapter 7, we formulate three dimensional problem and we study the existence
and uniqueness of the solution. Chapter 8 is concerned with the discretization of
three dimensional problem. The problem with auxiliary unknowns is discretized with
help of Rao-Wilton-Glisson basis functions for mesh triangulation. In the chapter
9, we introduce Buffa-Christiansen basis functions and propose a method to apply
these functions for three dimensional HOIBC formulation. Some numerical results
of three dimensional case are presented in chapter 10.
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Scattering problem
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1.1 Introduction

We present the scattering problem as the system of equations. The system includes
boundary conditions on the surface of an object and radiation conditions far from
an object. Here, we prove the uniqueness theorem and we introduce an integral
formulation of the problem as well.

1.2 Mathematical model of physical problem

We consider the scattering problem of electromagnetic waves (E, H) by a perfect
conducting body with a complex coating, as depicted in figure 1.1. We denote €2 an
open domain in R™ (with n = 2,3) with a Lipschitz-continuous boundary I' = 99,
which can be equipped with an exterior unit normal vector field n. Electromagnetic
waves propagate in O = R™\Q. We illuminate this system by incident electromag-
netic waves. Scattering waves occur when incident waves bounce off an object in a
variety of directions. The amount of scattering waves that take place depends on
the wavelength of the incident waves and structure of the object. We determine
total electromagnetic fields (E, H) in Q% as:
E — E’LTLC + ESC
{H:Hinc+Hsc (11)
Superscripts inc and sc characterize incident and scattered fields, respectively.

Waves propagation medium is described by two values e (electrical permittivity)
and p (magnetic permeability), where we have ¢ = g9 and p = py for free space.
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. :

ESC’ HSC .
— \
= a

Einc’ Hinc

Figure 1.1: Scattering Problem

We are interested in the time-harmonic electromagnetic fields that are defined as

{E(ac,t) = R(E(z)e™!)

, (1.2)
H(x,t) = R(H(z)e™")

where w denotes the pulsation. The fields outside the body are governed by
Maxwell’s equations for a free space. The harmonic solution verifies following equa-
tions:

(1.3)

rotE +iwuH =0
rotH — iweE =0

The fields inside the coating are governed by a set of equations that take into account
the detailed electromagnetic properties of the coating.

We consider boundary condition that binds the tangent electric and magnetic
fields. The medium characteristics give an impedance at each point of the surface
r.

Ey—-ZnxH)=0 onl (1.4)

where Z is impedance operator that depends on incident angle, medium thickness
and characteristics € and p. Subscript tg denotes tangent component on the surface
I" defined as:

E,; =n x (E x n).

The boundary condition (1.4) is called impedance boundary condition (IBC). The
simplest form of which is known as Leontovich IBC or standard IBC (SIBC), where
Z = constant. [R-Sb, SV, TL] The IBC can be partially constant (if the object is
formed by different materials) or more different.
For the correct formulation of the problem, we should introduce asymptotic
behavior of the fields (E, H), the Silver-Miiller radiation condition:
lim r(E x n, + H) =0, (1.5)

r—00
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where r = |x| and n, = ﬁ, x € R3.
X

So, we have next problem:

Problem 1.2.1 Find (E, H) such that

rotE + ikopH =0 in QF
rotH — ikoeE=0 in QF
Eyz—Z(nxH) =0 onT
limy oo 7(E X n, + H) =0

1.3 Uniqueness of the scattering problem

Let E be a solution of the problem (1.6) therefore it verifies Helmholtz equation
AE + k’E = 0. (1.7)

We recall the Rellich lemma.

Lemma 1.3.1 (Rellich): Let Q be the open complement of a closed domain and
u € L2(R? — Q) is a solution of the Helmholtz equation, satisfying
lim lu(x)|*dx = 0. (1.8)

r—00 |(£‘:T'
Then u =0, in R3 — Q.

Below we propose the uniqueness theorem [BSa, FL]. It gives us sufficient con-
dition on characteristics of medium to get unique solution of the problem 1.2.1. The
existence will be shown later in this thesis.

Theorem 1.3.1 The problem 1.2.1 admits a unique solution, if following relations
are verified:

(e) <0, (1.9)
R(ko [ E* - (n x H)ds) > 0.

Proof. : Let E is a non-zero solution of scattering problem. Let Bp is a ball of
radius R that is big enough for 2 C Bgr and ng be an exterior unit normal vector
of Br. We remember that n is an exterior unit vector of I' = 92. From Maxwell’s
equations we have

rot(u 'rotE) — k2¢E = 0 in Br\Q.

Then we write this equation in variational form. We take E* (conjugate to E) as a
test function and we integrate over volume Bg\:

/ rot(u 'rotE) - E* — k2¢E - E*dw = 0. (1.10)
BR\Q_
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We use integration by parts

/ 1 trotE - rotE* dw —I—/ (ng x p'rotE) - E*ds
Bp\Q dBr

— /F(n x protE) - E*ds — /B o k3eE - E*dw =0 (1.11)
R

According to Maxwell’s equations (1.6) we replace rotE by next relation
rotE = —ikouH in Br\Q.

So we get next two equations

- /(n x p'rotE) - E*ds = iko/ E* - (nx H)ds
r r

/ (ngpxpu 'rotE)-E*ds = —iko/ E* - (npxH)ds = —ikg H-(E* xnpg)ds
O0Br OBRr OBr

Since

/ “H . (E* x np) — |H|ds
OBRr

/ —-H- (E* X NR + H*)ds
OBRr

g/ IH|[E* x np + H*|ds
OBRr

and for sufficiently big R, because of the behavior of the fields at infinity (Silver-
Miiller radiation condition):

—ikg lim H . (E* X ng)ds = —iky lim |H|?ds
R—o00 dBg R—o0 9BRr
Finally
lim iko|H|ds + / ikoE* - (n x H)ds +/ 1L rotE|? — koe|E[2dw = 0
R—oo JoBR r Br\Q~

We take imaginary part

lim koyH|2ds+/ koéR(E*-(an))ds—k/ () [rot B2 —koS(e)|E|?dw = 0
R—o0 JoBR r Br\Q~
According to the theorem hypothesis every integral of the last equation is not
less than zero, so each should be equal to zero. Particularly the first integral is zero.
The Rellich lemma gives that H = 0, which implies that E = 0 and we have the
uniqueness of a solution.
O

That is how we get sufficient uniqueness condition (SUC) in general form

%(kg/r(n xH)-E*) >0 (1.12)

From a physical point of view, this condition has its own meaning. In some
studies described the condition necessary for conservative or dissipative system.
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1.4 Integral formulation of Maxwell’s equations

We will use this integral method to solve problem. We express the electromag-
netic field as a function of potentials defined on I". The Stratton-Chu formulation
(B.20) helps us to characterize the electromagnetic fields in terms of surface current
densities. These current densities are uknowns in the integral formulation of the
problem.

We introduce current densities J and M on the boundary I' as follows

M= [Exn]" J=[nxH]T

where [ |7 denotes difference between upper (+) and lower (-) values of interface, n
is the exterior normal vector to the surface.

We introduce the variational form of the operators (B — S), (P + @) and I as
follows

(B—S)A, ) = z//r kGA -4 — %Gvy AV, - Ydyda (1.13)

(P +Q)A, ) = ;/qu (nx A)dz + //F(zp x A) - V,Gdydz (1.14)

(TA, ) :/A-l,bdll,‘ (1.15)
r
Therefore we can rewrite the Stratton-Chu formulation (B.20) in terms of these
operators:
<Zy(B-8)J,®;>+ < (P+QM,¥; >=<[E" ¥ ;> (1.16)

1 )
—<(P+Q)J,‘I’M>+<7(B—S)M,‘I’M >S=< TH"™ W) > (1.17)
0

Note however that these two equations are completely equivalent. Later, we will use
the crossing relations between the different fields to complete the system, such as
impedance boundary conditions. It is also clear from (B.19) that the knowledge of
M and J on the contour of the volume is sufficient to determine the field throughout
the space.

1.5 Conclusion

We have established a system of equations (1.6) describing the scattering problem
of a coated object with the boundary condition on I We have introduced the
impedance boundary conditions (IBC). IBC is essential to our work. Radiation
conditions helped us to establish the conditions (1.9) that give the uniqueness of
solution.

The Stratton-Chu formulation indicates how the volume problem reduced to the
problem on a surface of an object. This constitutes the main concept of integral
method. Moreover numerical results derived with help of the code of Dassault
Aviation (Thanks a lot), that is based on these equations.
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2.1 Introduction

In this chapter we give some definitions for differential operators in Q% and in
I' = 092. We define Sobolev spaces with their norms that necessary to establish the
variational formulations. We introduce scalar and vectorial Laplacian operators on
the surface. We recall Green formula and trace results.

Integral operators (B — S) and (P + @) with Green kernel will be defined. We
saw them in the previous chapter. Here, we will propose their properties. At the
end we present two Fredholm alternatives. They are interesting for existence and
uniqueness theorem.

2.2 Definitions of differential operators

2.2.1 Differential operators in )

We define well-known differential operators such as gradient, divergence and curl:
V:D'(Q) = D'(Q)3

(P o v
61'1 ’ (9:132 ’ aiL'g

div: D'(Q)? = D'(Q)

(Y
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3
8’[)1‘
VvV = (1)1,’1)2,’03) — ; 81’1
rot : D'(Q)3 — D'(Q)3
v = (01,9, v3) — (23 _ Ovz Ovi Ovs Ovz Ou
N 17273 8.7}2 81‘3’ 8%‘3 81’1’ 8$1 (9:62

These operators have next properties:

rotVvo =0 Yo e D'(Q)
divrotv =0 Vv e D'(Q)?

It means that the kernel of rot includes image of V and kernel of div includes
image of rot:

ImV C ker rot
Im rot C ker div

Let © be an open set in R3. We briefly recall the definition and the main
properties of the Sobolev spaces on (2.
First, we define following space:

HY(Q) = {v e L*(Q),Vv € L*(Q)3},

equipped with the norm

Il @) = (VI3 + IV (V) 220>

Then, we introduce
H(div,Q) = {v € L*(Q)3, div(v) € L*(Q)}

with the norm
Wl = (VB + divey)[Fag) >

and the space
H(rot, Q) = {v € L*(Q)3, rot(v) € L*(Q)*}

equipped with the norm

IVl areory = (V1220 + [F0b(v) [22(0)) >

We assume next hypothesis:

e I'is a bounded Lipschitz boundary.

e () is placed locally on one side of the I'.
We recall the following results

Lemma 2.2.1 The space D(Q)? is dense in H(div,Q) and in H(rot,), as D(Q)
is dense in H*(Q). [MC]
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2.2.2 Differential operators on I

Now we are going to define differential operators on the surface I', with help of scalar
and vector functions defined on the same surface:

fe D) — f e D(R? such that flr = f

and
g € D(I')® — g € D(R®)3 such that g|r = g

where n - g = 0.

Definition 1 On the surface I' we have the tangential rotational vector for f €
D(T):
rotrf(z) = Vf(z) x n =rot(nf(x)). (2.1)

And the scalar surface rotational vector for g € D(I')3 such thatn-g = 0:

rotrg(z) = n - rotg(z). (2.2)

Definition 2 On the surface I' we have the scalar Laplacian or Laplace-Beltrami
operator acting on a function f € D(T) is

Arf(ﬂj) = diVFVFf(l‘) = —I"OtFI'Oth(CC). (23)

The vectorial Laplacian or Hodge operator acting on a tangent vector field g € D(I')3
18
Arg = Vrdivrg — rotrrotrg. (2.4)

The surface divergence for g € D(I')? such that n-g = 0:

divpg(z) = —rotr(g(x) x n) (2.5)
The tangential gradient for f € D(T):

Vrf(x) = —nx (n x Vf(z)) (2.6)

Proposition 2.2.1 The operators rotr and rotr extend in unique way to D'(I')3
and D'(T') by relations:

<rotrf,p >= — < f,rotryp > Vf € D'(I'),Vap € D(I')3 such that ¢ -n =0
< rotrg, ¢ >= — < g,rotr¢ > Vg € D'(I')? such that g-n = 0,Y¢ € D(I)

The operators Vi and divy extend in unique way to D'(T') and D'(T)3 by rela-
tions:

< Vrf, ¢ >=— < f,divpep > Vf € D'(T'),Vap € D(I')? such that ¥ -n =0
< divrg, ¢ >= — < g,Vré > Vg € D'(I')3 such that g-n = 0,Y¢ € D(T)
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Proposition 2.2.2 From the definition of surface divergence (2.5), we give next
equations for all g € D'(T')3 such that g-n = 0:

divpg = —divp(n x (n x g))

divp(n x g) = —rotrg

Now we are going to define Sobolev spaces on the surface I'. The spaces
H~'2(div, T') and H=/2(rot, T') are defined as follows:

H™Y2div, T) ={ge H Y23, g-n=0, divp(g) € H (')}

_ 1/2
lell-1/2ve = (NgI20/2 1) + Ve (@121 2 ) )

and
H™Y2(rot, T) ={g e HY2(')?, g-n=0, rotp(g) € H>(I"%}
1/2
Igll-12p0tr = (1812121 + ¥t @)I2 12,11 )
Proposition 2.2.3 We have duality relations:
/ /
(H_l/z(rot, F)) = H2(div, T) and (H‘l/z(div, r)) = H2(rot, T)

and Vf € H-Y2(div, T); Vg e H Y2(rot, T') we have

<f,g>
1 ll(=1/2,r0t0) = sup = [If]|_1/2.divy
g#0cH~1/2(rot,T") HgH—l/Q,rotp
<g,f>
I8ll(~1/2.41vr)y = sup e = [lg ]l 1 2.0t
e0c-1/2(div,r) |IEll=1/2,divy
Green’s Formula: For all u,v € H(rot, 2)
/Q(u -rot(v*) —rot(u) - v¥)dr = <n xu,nx (nxvy)> (2.7)

where < .,. > denotes antiduality product H*1/2(div, r)— Hil/z(rot, I).

2.2.3 Trace results

The following trace theorems are basic in fundamental analysis for electromagnetism
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Theorem 2.2.1 We define a linear application o by:
Yu € HI(Q), You = uj.

Then o is continuous from HY(Q) to HY?(T') equipped with the norm and also we
have:

va e H'(Q), |hoully2,z@) < CO)l[ullm )
vf e HY2(), Jue H'(Q) such that
f=0u and |ufgiq) < CO)[fl1/2,m1)
Proof. : See |[TE] pp.110-113. |
Theorem 2.2.2 We define linear application vy, as:
Vue [HY(Q)]?, ~vu=-nx uy,

Then, v, extends in unique form to a continuous linear application from H(rot, )
to H='/2(div,T") and also we have:

Vu e H(rot, ), [lmul-1/20ive < CO)[[0ll o)
vf € H~'/?(div,T"), 3u € H(rot, )
such that f=~yu and |ullgioro) < CO)E]-1/2.divr
Proof. : See |TE| pp.124-125 O
Theorem 2.2.3 We define linear application Il as:
vu e [HY(Q))?, Iru=—nx (nx up.)

Then, Iy extends in unique form to a continuous linear application from H (rot, <)
to H=Y2(rot,T') and also we have:

Vu € H(rot,Q), [[Hrull_i/2 #rot,r) < C(O)[ull g(rot,0)
Vg € H_l/g(rot, I'), Ju € H(rot, Q)

such that g=1Ilru and [[ufgor0) < C(T)8ll-1/2;r0tr

Proof. : See |TE| pp.125-126 O
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2.3 Properties of integral operators

Some solutions of the problems of diffraction of electromagnetic waves can be ex-
pressed with the help of potential and in particular the potential of single and dual
layer defined on the surface of the obstacle. We present here the properties of the
harmonic potential.

Definition 3 We introduce the potentials (B — S) and Q, that are defined by

-3 [ <G<x, PI) + V.00, y)divFJ) Ty (28
QM := /FVyG(x,y) x MdI'(y) (2.9)

and G(x,y) is the Green kernel giving the outgoing solutions to the scalar Helmholtz
equation:

e in 2D case

T (2 wk 2
Gla,y) = THY (ke = yl), VaGle,y) i= =l (gl = )G = )
(2.10)
e in 3D case
e~ tklz—yl (1+ik|lz —y|) _
— — —iklr—y|(
(2.11)

According to the theorem 4.6 in |TL|(Chapter I, p.43) we have:

Theorem 2.3.1 The operator Q is continuous from H~'/?(div,T") to H='/?(rot,T")
and we have that:

1 _ .
(mxQ+ §)M’—1/2,divF < CM|_1 2y, YM € H'2(div,T) (2.12)

And according to theorem 2.2 in [TL|(Chapter II, p.61) we have:

Theorem 2.3.2 The operator (B — S) is an isomorphisme from H~Y2(div,T) to
H~'2(rot,T) and it verifies the inequality:

(B = 9)ll-1/2,r0tr < Cll@ll-1/2,divr (2.13)

and the coercivity relation ¥ € H—/?(div,T):

R(< @, (B = 8)d >) = Clldl2, s gy (2.14)

Let us mention the abstract theorems known as Fredholm alternative [JCN].
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2.3.1 Fredholm alternative

Theorem 2.3.3 : Let V be a Hilbert space. Let H be a Hilbert space which contains
V. Let a(u,v) be continuous bilinear form on V x V which satisfies:

Rla(u,v)] > allul|} — c||ul?},a > 0,Yu c V. (2.15)

We consider the variational problem
a(u,v) = (g,v); YwveV;ge V™

Suppose that the injection of V' into H is compact. Then the variational problem
(VP) satisfies the Fredholm alternative i.e.

- etther it admits a unique solution in V,

- or it has a finite dimension kernel, and a unique solution upto any element
in this kernel, when the duality product of the right-hand side g vanishes on every
element in this kernel.

We take existence and uniqueness theorem from [JCN]|(p.245, Theorem 5.6.1).

Theorem 2.3.4 (Existence and Uniqueness): Let V and W be Hilbert spaces. Let
A(.,.) be a bilinear form continuous on V' x V which satisfies

R[A(u,u)] > allul? — Cllull?, a>0, YVueV (2.16)

where H is Hilbert space containing V. Let B(q,v) be a bilinear form continuous on
W x V' which satisfies:

sup |B(q,u)| = Bllglw — Cllgll, B>0, VgeW (2.17)

flullv=L1

where L is a Hilbert space containing W.
Consider the following variational problem, with g1 € V* and go € W*:

{ A(u,v) +B(p,v) = (g1,v) YweV
B(g,u) =(g2,9) YgeW

Denote by Vi the kernel of the bilinear form B in'V, i.e.

(2.18)

Vo={ueV, B(qu) =0, Vg W}

Suppose that the injection form Vi into H is compact and the injection from W into
L is compact. Suppose that there exists an element ug, € V' such that:

B(q,ug,) = (92,9), YqeV.

Then the variational problem (2.18) satisfies the Fredholm alternative, i.e.

-either it admits a unique solution in 'V x W,

-or it admits a finite dimension kernel, and a solution defined up to any element
in this kernel, when the right-hand side (g1,92) vanishes on any element in this
kernel.
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2.4 Conclusion

In this chapter, we defined the vectorial Laplacian or Hodge opertor (2.4). Stupfel
uses this operator to define higher order impedance boundary conditions [BSb|. We
defined some Sobolev spaces such as H~/2(div,T') and H~/?(rot,T), that are usu-
ally taken as a spaces of unknowns. In the previous chapter we introduced integral
equations (1.16) and (1.17) with operators (B — S) and (). Here we defined these
operators more precisely. We will use their inequalities to show the continuity and
the coercivity of a bilinear form of the problem. And last two Fredholm alternative
theorems are very important to prove the existence of a solution to the scattering
problem in two and three dimensional cases.
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3.1 Introduction

In this chapter, we introduce exact impedance operators Z* on infinitesimally thin
tangent plane [R-Sb|. Stupfel derives the same impedance operators in |[BS|. In
Appendix C, we propose his calculation of exact impedance operators. Rahmat-
Samii introduced the same tensor of exact impedance. He approximated Z as
a ratio of polynomial of differential operators in [R-Sb|. We use decomposition of
Hodge operator to approximate the impedance operator in the three dimentional
case. Whence we reduce to two dimentional impedance boundary conditions, as in
|[R-Sb, BSb|. We will determine sufficient uniqueness conditions based on uniqueness
theorem (1.3.1) from chapter 1.

3.2 Differential forms of impedance boundary conditions

We approximate impedance at each point of the surface as impedance for infinite
plane layer. An incident wave has different incident angles at different points of the
surface. We take the boundary conditions as invariant to incident angle, herewith
it takes into consideration that incident angle varies. We consider a plane isotropic
medium with a local orthogonal basis (x,y,z) on a tangent plane, where a normal vec-
tor n is in z-direction and (x,y) is a tangent plane. The following exact impedances
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are obtained for the dielectric plane layer [R-Sb, BS|

kzk
zxy(kx,ky)zzyx(kx,ky)zi\ﬁ Y tanfk,d] (3.1)
e kk,
21.2 21.2
R 4 2R
Zwo(kas ky) = —iy |22 T ked 2
( y) t 5]4}]{37;(]{7%‘1‘]{75) an[ ] (3 )
and k22 + k2k?
. Py z TR
Zo(hips k) = —ig | B ov™2 TR0 k). 3.3
ol ) = =iy e et (53)

Z is the impedance tensor of wave numbers (k,, k), wave frequency and coating at
each point of a surface.
We assume that the plane-wave fields are written in the following forms:

E(I’, t) — elEOefik-rJriwt
H(I‘, t) = egHoe_ik’r—HWt

where e1, ey are two constant real unit vectors; Fy, Hg are complex amplitudes
which are constant in space and time. [JDJ]

E(r) = Egei(kaXthyg+hsa)r
0. E(r) = —ik,E(r)
07E(r) = —k;E(r)
So we can replace partial derivatives by k, and k, components
Op = —iky and 0y = —iky (3.4)
or
02 = —k3, 92, = —kyky and O = —k,. (3.5)

In [R-Sb| the impedance boundary conditions are written using the spectral
domain approach and are approximated as a ratio of second order polynomials for a
coating, invariant under rotation. Those approximation equations could be written
as

(140107 +b202) By + (b1 — b2) 92, By = (a1 — a2)92, Hy — (a0 +a19% +a20;)H, (3.6)
and

(bl — bz)aiyEx + (1 +b28§ + blaj)Ey = (ao +a26§ + alaj)Hx + (a2 — al)ﬁiny (37)
Note that n x H = —H,x + H,y. And HOIBC is written in matrix form

[ 1+0102 + 0202 (b1 — b2)02, ] ( E, )

(b1 — bo)d2, 14 bo07 4 b10; E,
ag + alaﬁ + a28§ (a1 — ag)a,%y —Hy (3 8)
(al — ag)agy ag + aga_,% + alc‘); H, '
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3.2.1 3D case form

Now we are going to replace partial derivatives by differential operators, the com-
ponents of Hodge operator Lp and Li |[BSb|. We define the operators Lp and L
for all vector function A sufficiently smooth, such that A -n =20

Lp(A) = Viy(divigA)
Lr(A) = rotyy(rot;yA)
and we remember Hodge operator that was defined earlier in (2.4) chapter 2
L = Lp — Lr = Vyydivyy — rotygroty,.

We know that:
LDA == Vtg(divtgA) == Vtg(axAx + ﬁyAy) ==

= (034 + 02,A))x + (02,A: + 02 Ay (3.9)
and
LrA = roty(rotygA) = rot{n(rotA),} = rot{n(d, A, — 0,A4,)} =
07,4y — 02As)x + (02,4, — D2Ay)y. (3.10)

In equations (3.6) and (3.7) we can replace tangential derivatives by these oper-
ators Lp and Lp.

X (Etg+b1LpEg—boLgEyy) = x-(ap(nxH)+a1 Lp(nxH)—asLr(nxH)) (3.11)
and
y-(Etg+b1LDEtg—b2LREtg) = y~(ao(nxH)+a1LD(nXH)—a2LR(n><H)). (312)

So, we propose three dimensional HOIBC approximation as

Z3p : (I +biLp — bgLR)Etg = (aol +a1Lp — CLQLR)(II X H) . (3.13)

3.2.2 First order form in 2D case

Here we need to consider two different situations. In the first one, we consider case
when the electric field is perpendicular to the incident plane, as shown on figure
(3.1 a). Incident, scattered and transverse electric fields are directed toward the
viewer. The direction of magnetic field was chosen such that energy current has
positive direction, i.e. direction of wave propagation. We call this case, transverse-
electric (TE) polarization. In the second case electric fields are parallel to incident
plane, as shown in figure (3.1 b). In this case we call it transverse-magnetic (TM)
polarization.
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*n T n
kSC

(a) (b)

Figure 3.1: Reflection and refraction with (a) TE and (b) TM polarizations.

We assume that the incident fields propagate perpendicular to the cylinder axis,
so that /0y = 0. And fields are polarized either with the electric field in the y
direction (E polarization or TM), or with the magnetic field in the y direction (H
polarization or TE). In two dimensional case we have that 9, = 0, so

1+ 602 0 E, ag + a10? 0 —H,
2 = 2 (314)
0 1+ bzax Ey 0 ag + agax H,

So we get that in two dimensional TE polarization, we have
(1+002)E, = —(ap + a102)H,
and in TM polarization, we have
(1 + b02)E, = (ap + a202)H,.

So, for a plane wave the first order IBC (3.14) can be written as

1— blk‘g 0 E;B ap — alki 0 —Hy
9 = 9 (3.15)
0 1-— bgkx Ey 0 ag — agkx Hx

According to (C.9), we get first order approximation of impedance in two di-
mensional cases for each polarization

Zopj: (1+0;02)Ey = (ag +a;02)n x H (3.16)

and the impedance Zsp; is the following rational function of k2

ap — a;k?

Zapj =
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The coefficients indicated by j = 1,2 correspond to polarizations TE and TM re-
spectively. These coefficients (ag, a;, and b;) are determined by equating this first
order impedance Zzp; and the exact impedance. From (C.11) and (C.12) we can
express exact impedance for TE and TM polarization:

_— Mkzt b d) — B ko 2‘5 B k. 2kd
T = T tan (k=d) = 201 [ prer R RZE R S R /&r
(3.18)
2
. 2044 tan <mk0d>
Z58, = \/gk tan (k.d) =

2
e (k)

If # = 0, we get that ap = Z(0) = Z°*(0), for a normally incident wave, which
is known as the Leontovich boundary condition and we get

(3.19)

[ 1o
ag = 'Zogr tan (wy/popr€oerd)
T

We calculate other coefficients a; and b;, using two arbitrary angles 6; and 63 by:

( a; > [ =k 2z ][ Zem ) — ao
bj - _kg(HQ) k%Z;x(HQ) Z;I((gg) — ap
The indices correspond to TE and TM polarizations, as in (3.17). The arbitrary
angles 61 and 6, should be in the angle range ]0,7/2[. Here we take k2 = k2 sin?(6)
as [BSh].

Note that in two dimensional case we suppose that 9, = 0. The three dimen-
sional impedance Z3p should correspond to Z3p; in two dimensional case. Coeffi-

cients ai,b; and as, bs should correspond to those in two dimension, TE and TM
coefficients, respectively.

3.2.3 Second order form in 2D case

The equation (3.16) can be extended to second order polynimials in 92:
Eig + 0;05By + V;0,Eqg = ao(n x H) + a;05(n x H) + af0;(n x H)  (3.20)
or it can be reduced to constant:
Ei; = ap(n x H). (3.21)

We will call the equation (3.20) second order IBC (IBC2), the equation (3.21) zeroth
order IBC (IBCO), which is also known as Leontovich IBC. And we will call the
eqution (3.16) as first order IBC (IBC1). Note that (3.20) with a’; = b, = 0 derives
to (3.16). As well as with a; = b; = 0, the equation (3.16) derives to (3.21).
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3.3 Sufficient uniqueness conditions

We have defined HOIBC. Now we want to establish sufficient uniqueness conditions
(SUC) for the solutions of Maxwell’s equations associated with these IBCs, with
help of the uniqueness theorem mentioned earlier in chapter 1.

Problem 3.3.1 Find (E, H) such that

rotE + ikouH =0 in QT
rotH — ikge E=0 in QF (3.22)
lim, oo (E X n, + H) =0

with a boundary conditions
Eyz=Z(nx H) onT
where Z = Z1T + Zsv is a matrix with constant values.

The following theorem gives us sufficient uniqueness conditions for this problem.

Theorem 3.3.1 The problem 3.3.1 admits a unique solution if the following re-
lations are verified

(3.23)

Proof. According to the theorem 1.3.1 from chapter 1, the problem admits a

%(ko/r(an)-E*)ZO.

The boundary condition of the problem 3.3.1 says that E;y = Z(nxH) = -Z1H, 7+
ZyH v, where Z1 and Zy are complex constants. So we need to show that

unique solution if

0<R [ H-ZiH) + HAZH:) =% [ Zi|HP + 23],
I I

And with theorem hypothesis:
R(ZD) = R(Z1) 2 0 and R(Z3) = R(Zs) > 0,

the hypothesis (1.9) are verified. So the problem with IBCO admits a unique solution.
Q.E.D.
[BSc]. ]
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The condition R(Z) > 0 is invariant to incident angle, so applying it for SIBC
we get that coefficient ag in HOIBC also should verify condition

%(ag) > 0.

We are going to study a more complicated boundary condition, that is called
first order IBC. For the problem 3.22 with a boundary condition IBC1

Ey +b;L(Eyy) = ap(n x H) + a;L(n x H) on T, (3.24)

where L is a complex differential operator, also known as Hodge operator. We

assume that

mxH)-7T=mxH)-v=0 ondl' if T' is open, (3.25)
Eiy-7=Ei-v=0 onol' if T is open. '

Theorem 3.3.2 The Mazwell problem (3.22) with the boundary conditions (3.24)

and (3.25) has a unique solution if the following relations are verified

/

S(p) <0,
J(e) <0,
aj = bjao 70, (3.26)
R(a; — bjao) =0,
S(aga;)S(a; — bjag) > 0,
(S(05)S(a; — bjag) > 0.
Proof.  see [BSc]. |

We study yet another more complicated HOIBC, which is called second-order
IBC that increases power of Hodge operator. For the SUC of the problem (3.22)
with IBC2, we assume that

Etg+b;L(Ety) +bL*(Eyg) = ag(n x H) +a;L(n x H) +a}L*(n x H) on T, (3.27)

where L?(-) = L o L(-). And all coefficients a;, aj,bj and b’ are defined locally and
depend on incident angle. With a next conditions on a bound

mxH) - 7=mxH)-v=0 ondl' if T is open,
Eiyy-7=Ei-v=0 onol' if T' is open

(3.28)
X1 v=Xo-v=Y1-v=Yo-v=0 ondl' if T' is open
X1 7=Xo-7=Y1-7=Yo-7=0 ondl' if ' is open.
where
X1 = VrdivrE;y = LpEy,
Xy =Vrdivi(in x H) = Lp(n x H
2 = Vrdive( ) = Lol ) (3.29)

Y1 = rot(n(rotrEyy)) = LrEy,
Ys = rot(n(rotr(n x H))) = Lr(n x H)

So for the IBC2 we have following uniqueness theorem
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Theorem 3.3.3 The Mazxwell problem (3.22) with a boundary condition (3.27),
(3.28) and (3.29) admits a unique solution if next relations are verified

S(p) <0

J(e) <0,

A#0,

R[A*(a;b] — ajb})] =0,

R[A*(a) — agb")] = 0, (3.30)

aSb; + B\s( b) <0,
a%(a}af‘)) — B3(a’ aja;) <0,
—aSb; + A0 <0,

aS(a;a3) — B (a)ag) > 0

with
A = (aob} — a;)(azb} — ajb}) — (af; — agb/*)
o = S[A"(a;b] — ajb})]
B = S[A* (aph] — af)]
Proof.  see [BSc|. |

All these three theorems are based on the theorem 1.3.1 and its condition
R(ko [fE* - (n x H)ds) > 0. So, to verify this condition, coefficients of HOIBC
should verify conditions mentioned in these theorems.

3.4 Conclusion

We assume that imedance operator Z is equal to Z°* on infinitesimally thin tangent
plane, where tangent plane and surface of the object have the same properties (e, p,
d). We introduced the approximation of impedance boundary conditions by equation
(3.13) for three dimentional case and equation (3.16) for two dimentional case. We
proposed zero order IBC that is known as Leontovich IBC, and second order HOIBC
with different coefficients ag, a1, as, b1 and by. We calculate coefficients as a solution
of a system of linear equations. We defined coeflicients for 2D case and we use them
for 3D case. Further in next chapter we will propose different ways to determine
the coefficients. The sufficient uniqueness conditions are represented as restrictions
on coeflicients.
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4.1 Introduction

In this chapter, we propose some different methods to calculate coefficients for
HOIBC [BS, R-Sb|. The impedance operator for normal incident wave is equal
to constant agp that is known as Leontovich IBC (or standard IBC). As was men-
tioned earlier, the impedance operator depends on layer thickness, on the dielectric
characteristics of medium of this layer. Also it depends on the incident angle of
the incident electromagnetic plane wave. So another two coefficients depend on the
incedent angle in 2D first order IBC. Numerical results demonstrates the relative
advantages of calculations using IBCO, IBC1 and IBC2 with respect to the angle of
incidence.

4.2 Approximation of coefficients

Wave formulas of electromagnetic fields give the quantity of wave number x-
component, that was noted in the previous chapter, at calculation coefficients of
approximate polynomials. Where from we denote £ = —(%)2 = —sin?(f) and
input it in the exact impedance values (3.18), (3.19), we get:

Z%I:E(g) = 20V MrEr + ftan (\/ WrEr + §k0d> /Er

ox 2oy tan (\/,uTeT + §k0d)

Here we approximate impedance as ratio of polynomials of &.
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The simplest IBC is Leontovich IBC, as were already mentioned several times
Z = const. Usually, it is taken for incident wave perpendicular to plane

Zy = Zy = Z75(0 = 0)

ap = 20, /? tan (yig kod) (LIBC)

In fact, we can take an arbitrary angle value in permitted range [0, 7/2]. If the
angle is not zero, then impedances are different to each other

Zy = Z5%(0) and Zo = Z5%(0)

in different polarizations.

4.2.1 First order IBC

First order polynomial
The accuracy of the boundary condition may be improved by including the
coefficient a1, thus approximation derive first order polynomial form [R-Sb]. Let
coefficient ag = Z{*(0) and a; is defined for arbitrary 6; €]0, /2]
ij(91> — ap
aj =
£(61)
b; = 0.
We can approximate impedance Z¢* as the first order Taylor polynomial for £
near to zero [Stupfel|, which yields

kod tan(y/irerkod)

=20 2¢e, + 0 2./ rErEy
kod tan?(\/ji,&, kod
+20— an”(v/Hrerkod) (Taylor)
2e,
by = 0.

Ratio of polynomials

Now we suppose that by is different to zero and we approximate the impedance
as ratio of polynomials. Stupfel mentioned Padé approximation, which considers
second order Taylor approximation as follows

ag + a1é

Z8°(€) = co + 1€ + 8 + O(6) = L1 bie”

(4.1)

where coefficients ¢y, ¢; and co are Taylor coefficients:

co = 204 /? tan (\/irerkod)
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kod L tan(y/prerkod)
2e, 0 2/ lrErEr
kod tan?(\/fir€, kod)

Cl1 = 20

+20 %,
zokod Zok8d2 20
= — tan(/er pr-kod
7 82y, <45r\/5rur 8ey (erpir)3/? an(yertirkod)
Zok‘od Zok‘od2

+8 20 tan (w/sr,urkod) 5. tan (\/Erpirkod).

By multiplying this Taylor polynomial by denomlnator polynomial and equating the
product to the numerator polynomial, we derive equations, where coefficients of Pade
approximation may be determined through coefficients of Taylor approximation. So,
from (4.1) we have

ag + a1é =~ co + (Cl + C()bl)f + (CQ + 6151)52 + 0(52),

that gives following equations
ag = Co,
a1 = c1 + coby
0=ca+ c1by.

Finally, we get the coefficients of Pade approximation

Cc2
bl = T
C1

ap =cy — COC—Q (Pad).
C1

Another method to calculate the coefficients was used in previous chapter. For
different 0y, 6> from ]0,7/2[, we get different values of & = —kZsin?(;) and two
linear equations |R-Sb]

Z7%(&1) = 0161277 (1) — ap + a16§1 = 0
Z1%(&2) — b1&2Z7" (&2) — a0 + a1&2 = 0.

That can be solved in matrix form as follows

( a; ) _ & —azit&) - Z5%(&1) —ao
b S —&Z57(&2) Z57(&2) — ao
and we get the coefficients of so-called Collocation approximation [BS]
=625 (8)(Z57(&2) — ao) + &1.257 (§)(Z57(&2) — ao)
§1&2(Z57(61) — Z57(&2))
—§2(Z5"(61) — ao) + &1(Z5" (§2) — ao)
§16(257(&1) — Z5%(&2)) '

al =

by =
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4.2.2 Second order IBC

We can apply all methods that were proposed earlier for IBC2, too. We get Taylor
approximation, if we admit that b; and b; are zero. If they are not zero, we get
ratio of polynomials approximation. Padé approximation uses fourth order Taylor
expansion. Whence we get five equation for five unknown coefficients. And in the
last method, the coefficients are calculated by solving system of linear equations for
different 0y €]0,7/2[, k =1,2,3,4

Z{ &1 % —£1Z]¢$(§1) _§%Z5$(§1)2 -1 Z;x(fl) — agp
‘7 = e
)’ . -
) Led —amre —azrer] | e,

Here, we suppose that in the last two methods we get invertible matrices.

4.3 Numerical results

In order to illustrate the relative accuracy of approximated boundary conditions
compared to the exact IBC, we present here some examples. And we will see that
HOIBC consider the incident angle parameter. We will see the difference between
IBCO and exact IBC.

Let us consider a mono-layer dielectric coating with characteristics e, = 4.0,
wr = 1.0 and d = 0.005)g. Figure 4.3 shows values exact IBC, Leontovich IBC, first
order and second order impedance boundary conditions, in TE polarization. Where
the angle of incidence of the plane wave ¢ has angle range |0,7[. The IBCO was
taken as an impedance of a perpendicular incidence wave. To calculate first-order
IBC approximation we used ¢ = 0 ,7/6 ,7/3. To calculate second-order IBC we
used p =0 ,7/8 ,7/6 ,7/4 ,7/3.

On the figure 4.3, we can easily see that the difference between IBCO and exact
IBC increases. While the difference between exact IBC and IBC1 is very small, as
the difference between exact IBC and IBC2.

But we can see the error of IBC1 and IBC2 approximations on the figure 4.4. As
the angle of incidence increases the error of first-order IBC approximation reaches
0.39€2.
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5.1 Introduction

We recall integral form of Maxwell’s equations with help of the operators (B — 5)
and Q)

<Zy(B-98)J,®;>+ < (P+QM,¥; >=<[E" ¥ > (5.1)
1 .
—<(P+Q)J,\IIM>+<Z—O(B—S)M,\IIM >S=<TH" Wy > . (5.2)

The variational form of scattering problem of electromagnetic waves with a constant
or Leontovich impedance boundary condition is well-known [TL]. And the existence
and uniqueness theorems were proved.

Here we apply the first and second order HOIBC for two dimensional problem
that were defined in chapter 3. The problems for TE and TM polarizations will be
presented separately. The existence and uniqueness theorems based on alternative
of Fredholm or theorem 2.3.3. The continuity and coercivity conditions impose their
own restrictions on HOIBC.

5.2 Variational problem with impedance boundary con-
dition

Two dimensional case system is invariant in one direction, so object surface I' be-
comes a curved contour, that we will call C'. We have the curvilinear abscissa [ along
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C' and normal to the contour unit vector n. We set the local frame (7, v, n), where
T is a unit vector tangent to the contour C' in [ direction, and v can be defined as
v = n X 7. We suppose that our two dimensional system does not depend on v
parameter, however variable v component is depend on .

We said that impedance boundary conditions are described by the following

Ey=7Z(nxH).
According to the definition of electromagnetic current densities, we have
Ey=nx(Exn)=nxM onI};
nxH=J onT.
So we rewrite impedance boundary condition as follows
nx M=27]. (5.3)

And we approximate the operator Z, as a ratio of polynomials of differential oper-
ators, as indicated in chapter 3. So, we recall first order IBC

(14 b;d?)(n x M) = (ag + a;d})J (5.4)
and the second order IBC
(1 +bjd? + bid})(n x M) = (ag + a;d} + ad})J (5.5)

where j = 1,2 correspond to TE and TM polarizations, respectively. The invariance
in one direction for two dimensional model allow us to simplify the Hodge operator
as the second partial derivative on the contour. Where the electromagnetic current
densities n x M and J have 7 direction for TE polarization, and v direction for TM
polarization.

e TE: 92 = 792J; = 7d?J; and 92(n x M) = —702M,, = —7d? M,;
o TM: 923 = vd2J, = vd?J, and 92(n x M) = v02M, = vd; M;.

Next, we consider the integral form of the boundary conditions and we present
variational formulation of the problem with these IBC1 and IBC2 conditions.

5.2.1 Problem with first order IBC

We weakly write the equation (5.4), we multiply it by a test function and integrate
along the contour C. In EFIE test function is noted as W¥;, so we use it to insert
our boundary condition in this equation.

/(1+bjdl2)(n>< M)~\Ilel:/(a0+ajdl2)J-\Ilel.
C C



5.2. Variational problem with impedance boundary condition 35

That gives us
/(n x M) - W sdl 2/(a0—|—ajdl2)J-\I’Jdl—/ b;d?(n x M) - ¥ ;dl.
C C (&
We put it in the operator P and obtain:

1
<PM,\IIJ>:2/(n><M) U ;dl = 2/.1 W dl
C

_ b

+a7/d,2.]-\1:]d1—J/d%(an)-\I:sz (5.6)

2 Je 2 Je
We use (n x ¥)y) as a test function, to insert IBC1 in MFIE
/ (1 + bjde)(Il X M) . (1’1 X ‘I’M)dl = / (ao + ajde)J . (Il X ‘I’M)dl
C C
We take the first part of right side
1
/ J-(nx Wy )dl = / (140b; dl)(an) (nx‘IlM)dl—/ ajdl.] (nx Wyy)dl.
C ao Jc
And using the formula of vector analysis
‘I’M-(IIXJ):—J‘(IIX‘I’M),

we put it in P operator with weakly form of IBC1

1 1
<PJ,\IIM>:/(nxJ)-\IlMdl:—/J~(n><\IlM)dl:
2 Je 2 Je

1 b;
= (mxM)-(nx®y)dl — =2 [ di(nxM)-(nx ®,)d
" 2a0 Jo 2a0 Jo
2 W ,,)dl :
2a0/d.] nx @y)d (5.7)

First, we observe TE polarization, where P operator becomes:
ag ai 2 b1 2
PM, Vs dl=— [ J VY dli+— | diJ; Vydl+—= [ diM, VU .dl
c 2 Je 2 Jo 2 Je
and
b
/ PJ, Uydl = / M, Wydl — —— / d2M, Uy dl — L / d2J; U ppdl
c ~2a9 2a0 Jo

for EFIE and MFIE, respectively.
We put them in the variational equations (1.16) and (1.17) and get:

iZ //C EGLY) J(U) Oy [7(1) - T(1)] — %G(l,l’) dJ-(I') ¥ - (1) dl'dl
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+ / /C U (1) My() [r(1)  v(I)] - VeG(l, ) dl'dl

“20 g, Wdl+ 2 / d2J, Ul
4o / d2M, U dl = / Eine @ ;. dl (5.8)
2 Jo c

and
/ / Uao(l) Jo (1) ) x 7)) - VoG, U)dldl
/ / kG Y My (1) Uapo (D[ (@') - v(1)dl'dl

b
/M \IJMl,dl+— d%MV Wasdl
2(10

+ = d?JT Wadl = / H WUy, dl (5.9)
2(10 C

for EFIE and MFIE, respectlvely.
In the equations (5.8) and (5.9) we have scalar products [7(I')-7(I)] = 1 and [v(l)-
v(l")] = 1, and vector products [7(1) x v(I')] = n(l) and [v(l) x T(I')] = —n(I'). The

operator S contains surface divergence operator that becomes differential operator
divpd = divp(7J;) = diJ;;

divpM = divp(vM,) = d, M, =0,

because the model is invariance in v parameter.
By doing integration by parts, we have

b b
L @M, (D (Ddl = ——

dlM (1) i 5 (1)dl. (5.10)
2 Jo 2

Finally we combine two equations (5.8)-(5.9) to present next variational problem:

Problem 5.2.1 Find U = (J;, M,) € [H*(C))? such that:

A(U,\I/):/ E;'”C\IIJTdH/ H" W, dl (5.11)
C C

for all U = (W 1,,Vyy,) € [HY(O))?, where the bilinear form A is defined as:
1
AU, ) = iZ, // KRGV (1)gy [r(0) - (1)) = 2 G V)T (1) AW g (Dl dl

+//C U ()M, (1) n(l)~VpG(l,l’)dl’dl+//C U Jr n(l') - VeG(1,U)dl'dl
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/ / kG(1,1") M, (1)U g, (D) dl'dl + % JeWardl 5 | MWl
C

—“1/ dyJ dl\IJJle—l/ d; M dl\I/Jle—bl/ ;M dl\IfM,,dl—al/ dyJ dyU s, dl
2 Je 2 Jo 2a0 Jc 2a0 Jc
(5.12)

We present similar variational problem for TM polarization:

Problem 5.2.2 Find U = (J,, M,) € [H*(C))? such that:
AU, D) = / EW 5,dl + / H"W yrdl (5.13)
C C
for all O = (W, Wy, ) € [HYO))?, where the bilinear form A is defined as:

A(U, ) _zzo// kG, 1), ()P p,dldl — // U, (WM (1) n(l') - Ve G(1, 1) dl'dl

/ / Uarrdy n(l) - VeG(L U)dldl + - / / kG 1) M, (1)U ar (D (1) - 7(1)
LG 1M (1) dy U, () dldl + 2O / 0 gl — —— / MWy dl
k’ 2 2@0 C

by
le dl‘l’Jle-l-/ diM dl\I’JVdH- / diM dpVar-dl— diJ djVpr-dl

ap CLO C
(5.14)

5.2.2 Problem with second order IBC

The equation (5.5) passes the same way as IBC1 to become weak. The weak for-
mulations replace operator P in EFIE and MFIE equations. Finally, we assemble
them to define the bilinear form:

AU, W) = iZ, / / kG )T (1) g [r(1) - T(1)] — %G(l,l’)d;JT(l’)dl\I/JT(l)dl’dl

/ / V()M (1) n(l) - VoG, 1)dl'dl + / / U e n(l') - VG, U)dldl
C
/ kG(1,1) )‘PMu(l)dl/dl—l-aQO/ J. \IJJsz+/ M,V dl

L9 e a2 / M0+ 2 [ @ di+ 2 [ 20w
2 C 2 2CLO C 2&0 C
/

/ A M, Uy dl+ 1
2&0

b/
2ag

‘11

/ d} Ty Uapdl
M c

/
d4M xIJJTde /d4M Uy, + L
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for TE polarization. And with integration by parts, we get

A(U,T) = iZ, // kG, U) T g [7(1) - T(l’)]—%G(l,l’)deT(l’)dl\IlJT(l)dl’dl

// U ()M, (') n(l) - VrG(1,1')dl dl+// U Jr n(l') - VeG(1, ) dldl

// kG (1, 1) M, (') pr, (D) dl'dl + “20 Jrardl 5o | MWl
aO

b b
2 a4, dl\IlJle—l/ d; M, dl\I/Jle—l/ d; M, dl\I/Ml,dl—al/ dyJ, dyV py,dl
2 Je 2 Jo 2a0 Jo 2a0 Jo

/

a’ b
+51 / d? M, de\IfJle—i—?l
C

/

b /
/ AP M, 47+ o / d2M, d%xpMVdH;—l / d2J, 2l
C ap Jo ap Jo

Problem 5.2.3 Find U = (J,, M,) € [H*(C))? such that
AU, T) = / Ew ,,dl + / HIW y,dl
c c

for all O = (VU ., Uyp) € [HYO))?.

5.3 Existence and uniqueness theorem

We are going to show that our variational problem in TE has a unique solution using
theorem 2.3.3 from chapter 2. For TM problem it will be analogous. It is necessary
to determine the continuity and the coercivity of the bilinear form A(U, ¥).

For the sake of simplicity we consider the operator A(U, V) as a sum of three
bilinear operator

1
AU, T) = / / Zo(B—S)J, W . dl'dl+ / / 7 (B=S)M, Wy dl'di+ / QM, U ;.dl'dl
C C C

1
// QJ VU, dl'dl + — JT\IJJle + / M,V s, dl
2a0 Jo
b
As(U,0) = —/ diJ 4V j-dl — Sa dlM d;Was,dl
ag
and
b1 ay
As(U, V) = —— | diM 4V j.dl — — [ d;J diVppdl
2 Jo 2a0 Jo
where

A=A+ Ay + A3
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5.3.1 Continuity
Lemma 5.3.1 The bilinear form A(U,¥) (6.1) is continuous on [H'(C)]?.

Proof. : To prove the continuity of the bilinear form A(U, V), we have to show that
there exists 8 > 0 such that

AU, 9)| < BIU o) ¥l 12 ) (5.15)

for all U, ¥ € H(C).
From the works in the past [TL], we have that for operator A;(U, ¥) there exists
constant 81 > 0 such that

A1 (U, ©)| < BillU | g2 o) 1% L o

It remains to prove continuity for last integrals in bilinear form. Using Cauchy-
Schwarz inequality we get:

|Ax(U,U) + A3(U, ¥)| <

/ diJ dl\I/Jle'

b1
/ diM 4V g dl|+|— dlM AV dl|+ / diJ di¥dl| <
2 2 2aq

ay
L] g o+ 192

\di M || 12 ||\IJJT||L2+

H\I’MVHLH

< 52HU||H1(C)H‘1’HH1(C) , where (3 > 0.
Finally, we take 8 = 1 + 2 > 0 for which (5.15) is true. O

5.3.2 Coercivity

Lemma 5.3.2 The bilinear form A(U, W) is coercive on HY(C); i.e., there exists
v >0 and ~' such that

RIAU, U] = U210y = VU ey VU € [HYO).
Proof.  First of all, we take ¥ = U* and get

A(U,U*) = iZq / /C kG T () - T(1)] — %d;JT(l’)le:(l)dl’dl

+ / / JEM,n(l) - VrGdl'dl + / M Jn(l') - VeGdl'dl
C

TS // KGM, M (') - v(D)]dl'dl + 22 il s | MM
2o C 2 2ap C
a g, le;fdlbl/ M, le*dl—b— i, a Ml [ - ana
C 2 ao ao

(5.16)
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As in continuity, from works in the past [TL]|, we have that there exists 73 > 0
for the operator A;(U, W), such that YU € V

«1 < R(ao) R(ao)
RV, U] 2 =5 1oy + g IMelaiey + 1 (1 s ) + 1Ml )
Next we take operator As
Ay = le dyJrdl — o dlM,, diMdl
2 2(10
where real part
§R(a1) bl
R(A) = — %(T%Wdle”%%o)
And it remains
b
Ag=—— dlM dpJrdl — —- le diMidl
2 2a0

where real part

b
§R(A3):§R< Zl/dlM dJrdl — lel M dl)

aO

bl CLTCLU /
= w24+ 19 d; M, dyJ*dl| =
K2 +2a012> o i A

- R /1 b, aiao \' g /2 (2L 4 4190 e
B o laol2 \ 2 " 2[aql? I 2 " 2ap? i

We note ¢ = bi]ag| + ajao/|ao|, so

q
R(43) > a2, ) - 14

‘ |2 ”dlM ”L2

Sufficient uniqueness conditions (3.26) says that R(a; — bjag) = 0 or R(ay) =
R(b1ag). So the sum of operators Ap and Az get

R(Az) + R(A43) >

Iq\ 1 \QI
—5 (R0 + 1) 1) - gy (R0 + 0 ) e

So, if R(a1) + % =0, we get that
R(A) = R(A1) + R(A2) + R(A43) >

> [0y = elUll72 (0

That gives us coercivity of bilinear form A(U, V). O
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Theorem 5.3.1 The problem (5.11) admits a unique solution U € [H(C))? for
any W € [HY(C)]?, if coefficients satisfy

. laollbr +ai/ag| _

R(a1) 5

0. (5.17)

Proof. Lemmas 5.3.1-5.3.2 give us that the bilinear form A(U, ¥) verifies hypothesis
of the theorem 2.3.3. O

5.4 Conclusion

We include 2D HOIBC in integral equations by replacing operator P and combined
EFIE and MFIFE to represent variational form of 2D scattering problem. The
problem presentation helps us to determine the functional spaces of the problem.
The integrals are taken over curvilinear contour. The existence and uniqueness the-
orem is important contribution to work with HOIBC. The coercivity of an operator
A requires restriction (5.17) on the coefficients. Further we propose discretization
of the two dimensional problem and numerical results.
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6.1 Introduction

We again recognize that the two dimensional case is invariant in one direction and
a two dimensional object has a unidimensional boundary. So we will use finite
element method on a curvilinear contour. We use auxiliary variables X, Y that were
mentioned in [BSb], to avoid integration by parts. So we take formulation of bilinear
form A(U, ¥) presented in the previous chapter before carrying out integration by
parts

AU = iZ / /C kG 1) (1) g [7(1) - ()] —%G(l,l’)d;JT(l’)dl\IfJT(l)dl’dl

+// U, (1) M,(1) n(l)-VpG(l,l’)dl’dl+// Uy n(l') - VG, U)dl'dl
C C
: 1
T / / kG (L, 1M, ()00 (Ddl'dl + 22 | 1,0 dl + — / M, 0 gl
Zo JJc 2 Je 2a0 Jo

b b
+ 8 R Ud 2 / MY podl+ - [ d MU ydl+ - / 2TV, dl
2 C 2 C 2 C 2(10 C

ag
(6.1)
where we replace d;J; and d;M,, by auxiliary variables X and Y, respectively. And
we introduce two weak equations

/ (X —dpJ,) X'dl = 0;
C
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/ (Y — d;M,) Y'dl = 0.
C

And finally we get bilinear form for U = (J,, M,,, X,Y) € [H'(C)]*

AU, ) = iZ / /C KGLT) J.() U [T(l/)’T(Z)]—%G(l,l/) AT (1) g, (1) dlldl

- / / Uy, (1) M, (") n(l) - VrG(l, 1) dl'dl + / / U Jr n(l') - VrG(l, 1)l dl
// kG(1,1") M, (I') W, (D)dl! dl+/ J: \IIJle—i—/M Wy dl

X U, dl + 1/ Y U .dl+ L dlY Uppdl + - / A X Uyl
c 2 Je 2aq 2aq

+01/ X X/dl—cl/ diJ; X/dl+d1/ Y Y/dl—dl/ diM, Y'dl (62)
C C C C

for all W = (U, Wy, X', Y') € [HY(O)]*
Here, we study only TE polarization case. We assume that TM polarization has
analogous results.

6.2 Discretization

We approximate the curve C' by means of N straight line segments C;, satisfying
the general overlapping conditions for a finite element method. The line segments
are also called elements and provide a contour piecewise linear approximation C"* =
Ui]LCia where h is a positive parameter such that limy_,o N(h) = +oo. Curvilinear
structures include geometry modeling errors in this approach. These errors can
only be reduced by decreasing the segments lengths; i.e. by increasing the number
of segments N. We denote nodes from 1 to N. We consider V}, a finite dimensional
subspace of H(C")

Vi = {Uh : Ch — R, v € Hl(Ch), Uh‘Ci e P, Viel, ,N} C Hl(Ch)
where P; is the space of first degree polynomials, and
W), = {wh LM SR, wy, € HY(CM), whle, € Py, Vi€ 1, N} c L2(CM)

where P, is the space of constant functions.
We observe discretization of the unknowns by basis functions

N
=" Jadil) € Vi (6.3)
=1

N
M, ~ MM1) = Z Myi(l) € Wy, (6.4)
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N
X~ X"1) = Xah(l) € W, (6.5)

=1

and N
Y e Y1) =) Yigi(l) € Wy (6.6)

=1

where ¢; € V}, and ¢; € Wy,
So the bilinear form A(U, ¥) in (6.2) can be written as

ol 1
AU ) =iz 3 ( / /C kG 65 01 [7(1) 7] - G didy dio dl’dl) g

1,j=1

N
2. < / /C Wi i Vdel’dl> Ml

ij=1
N P
+3° <//h¢j i nj-VFGdl'dl> Tt <//th b; i dl’dl) M
igj=1 /€ 05=1 \VJC
a N -
0 h h
a0 Cedl ) TR+ — il ) M
T2 132_31 </Ch A > Al 2ag z]z_l </Ch Vi ¥ > ’
a1 b
1 h 1 h
+5 2 (/Ch dpb; @-dz) Xj+ 5 Z (/Ch dyib; Wu) v/
i,7=1 7,7=1
- a &
1 h 1 h
— di; Yidl | Y 4+ — di; Widl | X
+26L0i]z:1(/ch lw]@b > j +2@0i]z.:1</ch ﬂ/}ﬂ/ﬁ > j
N N
h h
+ Z (/ch Pj widl> X - Z </ch di; 1/1idl> J7;
7,7=1 i,7=1
N N
h h
+”z::1 (/Ch Wb wz‘dl> Yj' = ijzzl (/Ch dyi); Wll) My;

In order to simplify the equations in matrix form we define the following matrices
1
B8y =i [ KGWD) 5(0) 61 lry 7] = LGULL) dioy (1) dist) dla
Cch
Qij = // qbl(l) wj(l/) n; - VFG(l,l,) dl/dl
Ch
B;j = Z//Ch kG(L 1) ;1) (1) dl'dl

11;; = /Ch (1) ¢;(1) di
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12, = /C ) (1)
D1, = /C on(t) duvs (1) i
D3, = /C Gill) dt (1)

D5, = /C 1) di ()

Note: [I2] is the nonsingular diagonal matrix, therefore it is invertible.
So we can write our system in a matrix form:

Zo[B — 8] + %(11] @ w1 4oy (7 you
Q" AB+55(12) D3] L(ps) | | M| _ | #
—[D5) 0 12] 0 X" 0
0 ~[D3) 0 2] v 0

(6.7)

Where right-side vectors Eh, H" are defined as follows:
E} = / E™ . ¢dl;
Ch

HP = [ H" . 4yl
Cch

And vectors 7h and Mh are unknowns.
From the last two lines in (E.1), we get
—[D5) T+ [12) X" =0 - X" =1[12]"" [D5] T

7

—[D3] " +[12) Y =0 — Y" =[12]7" [D3] "

We put X, Y in first two equations.

A1 A2 1( 7\ _(E
(e (aa | ( M ) - ( " ) (68)
where matrices are defined as

[A1] = Zo[B — 8] + %[11] + %[m] (2] [D5)]

142 = [Q) + 2[D1] 12" [D3

(43) = [Q]" + 5-[D3] [12 " [Ds]

agp
1 1 b1

[A4] = Z—O[B] + %[12] + %[DB] (127! [D3].
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Finally we get the matrix equation to be solved. The matrices [I1] and [I2] are
simple. In [D1], [D3] and [D5] we use differentials that was defined in (6.11)-(6.12).
Matrices [B — S] and [Q] are more complicated, they involve double-integral with
the Green function.

6.3 Assembly of matrices

Basis and test functions for values tangent to boundary in 7 direction depend on [,
denoted by ¢;, which belongs to class P; - partially continuous first degree polyno-
mials. Basis and test functions for values tangent to boundary in v direction depend
on [, denoted by 1);, which belongs to class Py - partially constant (see Fig.6.1 a-b).
Hence, we define functions ¢; and 9, as

% T € [mi_l, xl]
(251(.%') = ﬁ T € [J?Z', .%'i+1] (6.9)
0 x & (X1, Tig1)
1
—— T € [1),7)41]
w. x) = Tj+1—Tj 6.10
J( ) 0 z ¢ [xjvijrl]- ( )
1 5"7
1 17—9 I Xin1
= 5 : ' :
i1 X ;xi+1 X; .
X1 Ixi X1 X; X -1 : '6i+f
a) b) ¢) d)

Figure 6.1: Basis functions a)P; type and b)Py type. Derivative of basis functions
¢)P; type and d) Py type

We observe that the derivative of a P; function is a function of class P. Thus
we can express d;¢; with the basis functions ¢;. Whereas the derivative of functions
1, we express as difference of Dirac functions in breaking points (see Fig.6.1 c-d):

dipi (1) = i1 (1) — i(1); (6.11)

dyb (1) = 6; — 841 (6.12)

We use Gaussian quadrature to calculate the integral

/ f@)dz ~ 3 fzg)p,
Cj g=1
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6.3.1 Calculation of the matrix (B-S)

The element of the matrix (B—.5) are calculated on segments associated to functions

¢; and ¢/

1
(B—S)ij = z/ G 1) (kl7 - 7o) — L disidii)dl'dl =

. L, — L — /
_z/c+cl 1dl/c+0§ 1 G U)(kdjilT; - 7] — k(lbj_l W) (i1 — 5))dl

For the sake of simplification, we want to show calculation of the simple part
Intyy — i / G T (khnl7, - 7] — ¢;¢i)dz’dz
C; C’

—L on C1.
Ti+1—T4
According to features of Green’s function G(I,1"), we separate calculatlon into

two cases. First case when arguments [ and I’ are apart from each other.

where 9; = is a constant on the element C; and 1/13- =

£E+1LE

Apart elements
If the elements have enough big distance from each other, we can be sure in
convergence of integral and we use Gauss points approach:

. 1
Int;j ~ ZZ Z pgpg 2 (kpgy) kg diglT; - Ti] — Thh
g=1g'=1 g

Close elements
On the other hand if the elements are close to each other, we should expand
Green function:

G ="H (kp) = ZHP (kp) + 21n(p) — 21n(p) (6.13)
¢ ? S~——
—;éll —>G|2

When p — 0, we have
T 7 k
Gl = FH (kp) = 21n(p) = - = 27+ 1n(3)) (6.14)

So for the calculation of double integral Int;;|; we can use Gauss points approach:

1
Intzjh Nl{_Q ’}/—i_ln }Zngpg [k¢]g’¢lg[ T’i] kh/h]
9 (]

g=1lg'=1
and to calculate the remaining part, we integrate over I' with help of Gauss points
and over I we use analytical integral

e 1
Int7,]|2 ~ _QZZPQ/ ln(p(lgvl/)) [k(b ¢zg[7 Tl] - khlh ] dl/

g=1 J
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6.3.2 Calculation of the matrix Q

The elements of matrix ) are calculated on segments associated to functions ¢; and
v}
Qij = —i/ di(1); (I - VrG(1, 1) dl'dl
C

where function w;- is defined only on a segment C; and gradient of Green function
VG is expressed

Ve = - H(2)(kp)

So we can write
k(2 -
@y = Z/ / Gilly; (1)=—> H® (kp)n; - 7.
Ci+Ci—1
As in (B — S) matrix, for apart elements we use Gauss points approach.

Close elements
According to the property of H 1(2)(kp) for p — 0

k () 2 i 9 5 (1 i
) (kp) 7rk:p+ k:,oln( )] — Wk: In(k/2) + k 5 + 271_(1 2v)
T [ 2 T 2 e
Vo) = - T P ) - 2+ Lo 5 | - i)
—>GG|1 —>GG|2

For p small enough

] T
GGl ~ —i [kn(k/2) - T8 (54 50— 2)) | S Sttt o

g=1g'=1
and

ng Mg
GGla ~ ZZ Z PePybig¥iy [ — k*1n(pgy )} n; - Pgg'-
Pag’

g=1lg'=1

6.4 Numerical results

6.4.1 Radar cross section

Radiation theory teaches us that the energy is intercepted by an object can be
reflected, absorbed or transmitted through the target. We can assume that most
of the energy is reflected. The spatial distribution of this energy depends on the
size, shape and composition of the target, and on the frequency and nature of the
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incident wave. This distribution of energy is called scattering, and the target itself
is often referred to as a scatterer. The radar cross section (RCS) of the body is a
measure of the energy scattered in a particular direction for a given illumination
[R-Sh].

Bistatic scattering is the name given to the situation when the scattering di-
rection is not back toward the source of the radiation. If E and H represent fields
scattered by an object illuminated by incident plane wave E¢ traveling in the direc-
tion of the unit vector k, the bistatic radar cross section in the observation direction

ris
[E[?

o(r,k) = Tl;nolo 4 B2’
This cross section is defined as the area through which an incident plane wave carries
sufficient power to produce, by omnidirectional radiation, the same scattered power
density as that observed in a given far field direction. The monostatic radar cross
section is defined as the radar cross section observed in the back scattering direction,
o(—k, k).
In two dimensions, the bistatic radar cross section for scattering by a cylindrical
object illuminated by an incident plane wave E™¢ traveling in the direction of the
unit vector k normal to the cylinder axis is

This cross section is the equivalent width across which an incident plane wave carries
sufficient power to produce, by omnidirectional radiation, the same scattered power
density as that observed in a given far field direction. The monostatic radar cross
section is o(—k, k). That is defined for cylinders as the ratio of the total scattered
power per unit length to the power density of the incident wave.

The units for RCS are square meters. As RCS can span a wide range of values,
a logarithmic decibel scale is also used with a typical reference value o,..; equal to

1m?2:

Tapm2 = 10 logyo( ) (6.15)

Oref

6.4.2 Numerical tests

Let us consider conducting circular cylinder depicted in figure 6.2 coated with thin
dielectric layer. The radius of the inner conductor is » = 50mm and the thickness of
the coating is d. It is assumed that the incident field is propagating normal to the
axis of the cylinder. And we consider both TE and TM polarizations. In order to
illustrate several key points the case of a simple dielectric coating will be considered.

An exact solution of the scattering problem depicted in figure 6.2 is obtained by
expanding the incident field, the scattered field outside the cylinder, and the total
field inside the cylinder coating in terms of a series of cylindrical wave functions and
applying the appropriate boundary conditions at each interface.
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Since the coefficients appearing in the HOIBC were derived by considering the
planar canonical problem it is expected that the solution should be most accurate
for cylinders with large radius of curvature and thin coating, where the geometrical
approximation is a good one.

In order to illustrate these points scattering by three typical coated cylinders
will be considered next. Figures 6.4-6.5 show the monostatic RCS for a coated
conducting cylinder with inner radius Ag, coating thickness d = 0.1\, and coating
parameters €, = 4.0—0.5¢ and p, = 1.0. The exact series solution is presented along
with the HOIBC and SIBC solutions. We computed monostatic RCS for different
frequencies to see how do results depend on frequency. In TE-polarization we can
see that results of SIBC jumps in range between 6GHz and 8GHz (see fig. 6.4).
Much bigger difference, we can see in TM-polarization between 7TGHz and 9GH z
(see fig. 6.5).

Next we consider bistatic RCS for different scattering angles. Figures 6.6-6.7
show the bistatic radar cross section for a coated conducting cylinder with inner
radius Ag, coating thickness d = 1.5mm, and coating parameters ¢, = 10 — 5¢ and
ur = 1, for fixed frequency f = 6.8GHz in TE and TM polarizations. The exact
series solution is presented along with the SIBC and HOIBC order 1 and order 2
solutions.

After we increase thickness of a boundary and decrease frequency, so we consid-
ered bistatic RCS for different scattering angles. Figures 6.8-6.9 shows the bistatic
radar cross section for a coated conducting cylinder with inner radius Ag, coating
thickness d = 3mm and frequency f = 3.4GHz, coating parameters €, = 10 — 5¢
and p, = 1.0, in TE and TM polarizations. The exact series solution is presented
along with the SIBC and HOIBC order 1 and order 2 solutions.

Here we comput bistatic RCS for coated circular cylinder with parameters, d =
0.1Xg, e =4 —0.57 and p, = 1. And we compare to Rahmat-Samii results for same
test. The backscatter direction is ¢ = 180°. Results for exact formulation, SIBC or
Leontovich IBC formulation and the formulation based on the planar higher order
IBC are presented in the figure 6.10. As can be seen in the figure, the results using
the planar HOIBC are in excellent agreement with the exact solution over most
of the angular range, while SIBC solutions give only the average behavior of the
scattered field.

Next we consider conducting plate with open boundary thin dielectric layer (see
fig. 6.3). Figures 6.11-6.12 show the bistatic RCS for layer thickness d = 4mm and
frequency f = 6.8GHz. This example is interesting because it shows that method
works even for open boundaries. And we can see that it solves problem much better
than with Leontovich IBC. But it is difficult to see difference between first order
and second order IBCs.
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Figure 6.2: Cylinder

N X

azimK L T
Kk »~ \\kfbs Yy

ETE

Figure 6.3: Plate with thin layer
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Cylindre 50mm ep=3mm e =4-0.5]

SER (dB.m°)

............. Ey|2dr5DEp5mUEp5
cylZd rs0hozl fin eps
cylZzd ra0zl fin eps |

!
12 14 16
Freq (GHz)

Figure 6.4: Monostatic RCS for a coated circular cylinder, when d = 0.1, &, =
4.0 — j0.5 and p, = 1.0, with TE polarization
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Cylindre 50mm ep=5mm & =4-0.5]

-]D ..... _, ...........

SER (dB.m%)

cylzd radepsmu epd 2
cylzd radhozl fin epd
cylZd radzl fin eps o

! ! !
G g 10 12 14 16
Freqg (GHz)

Figure 6.5: Monostatic RCS for a coated circular cylinder, when d = 0.1, &, =
4.0 — 50.5 and p, = 1.0, with TM polarization
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Cylinder d = 1.5mm; f = 6.8GHz; & = 10-5j;u =1 TE
20 T T T T T

SER

I i i i I | I i
-5
] 20 40 60 80 100 120 140 160 180

AZIO (degr )

Figure 6.6: Bistatic RCS for a coated circular cylinder, when d = 1.5mm, &, =
10 — 54, pr = 1.0, and f = 6.8GHz with TE polarization
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Figure 6.7: Bistatic RCS for a coated circular cylinder, when d = 1.5mm, &,
10 — 55, pr = 1.0, and f = 6.8GHz with TM polarization
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Cylinder d = 3mm; f = 3.4GHz; £ = 10 - 5j; u = 1TE
15 T T T T T T

SER

0 20 40 60 80 100 120 140 160 180
AZIO (degr )

Figure 6.8: Bistatic RCS for a coated circular cylinder, when d = 3mm, ¢, = 10—5j,
ur = 1.0, and f = 3.4GHz with TE polarization



Chapter 6. Two dimensional discretization

58

Cylinder d = 3mm; f = 3.4GHz; € = 10 - 5j; M = 1TM
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Figure 6.9: Bistatic RCS for a coated circular cylinder, when d = 3mm, ¢, = 10—53,

ur = 1.0, and f = 3.4GHz with TM polarization
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15 epsmu
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Figure 6.10: Bistatic RCS for a coated circular cylinder, when d = 0.1\g, &, =
4 —0.57, pr = 1 with TE polarization
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2D plate 6.8GHz d = 4mme =10-5ju =1 TE
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Figure 6.11: Bistatic RCS for a coated 2D plate, when d = 4mm, ¢, = 10 — 55,
- = 1.0, and f = 6.8GHz with TE polarization
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2D plate 6.8GHz d = 4mm € =10-5}, L =1 TM
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Figure 6.12: Bistatic RCS for a coated 2D plate, when d = 4mm, ¢, = 10 — 55,
ur = 1.0, and f = 6.8GHz with TM polarization






CHAPTER 7
Three dimensional variational
problem

Contents
7.1 Introduction .. ... ..... ... 63
7.2 Problem with HOIBC . . . .. ... ............... 63
7.3 Existence and uniqueness theorem . ... ... ........ 68
7.3.1 Continuity of operator A . . . . . . ... ... L. 68
7.3.2 Coercivity of operator A . . . . .. ... L. 69
7.3.3 Ladyzhenskaya-Babuska-Brezzi condition . . . . ... .. .. 71
7.4 Conclusion . ... ... ... 0 i 72

7.1 Introduction

The difficulties of three dimensional scattering problem is that we cannot use the
polarization decomposition as in the two dimensional case, because the incident wave
that perform in one point as TE polarization could perform as TM polarization in
another point. Hence, we cannot combine them under the banner of one polarization.
So in three dimensional case we combine TE and TM polarizations.

Recently, in different studies different ways to solve this problem were found.
For the scattering problem with Leontovich boundary condition, system doesn’t
depend on incident angle, cause impedance assumed as constant [TL|. Rahmat-
Samii used higher order boundary condition for body of revolution. They break three
dimensional body into two dimensional strips and apply well known two dimensional
methods.

We try to stay in three dimensional geometry.

7.2 Problem with HOIBC

Remind that we want to use integral methods to solve Maxwell’s equations. Here
we also apply system of integral equations

< Zo(B-8)J,¥; >+ < (P+QM,¥; >=< [E™ ¥; > (7.1)
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1 .
—<(P+Q)J,\IIM>+<Z—(B—S)M,\IIM >=< TH", ¥y > (7.2)
0

where the operators (B — S) and (P + Q) are defined in chapter 1. And we recall
impedance boundary condition (5.3) that relates current densities J and M

nxM = ZJ. (7.3)

where Z is the impedance operator. We approximate impedance operator Z as dif-
ferential form that was mentioned in (3.13) chapter 3 and we call it three dimensional
HOIBC:

{(I+biLp —boL)(n x M) = (aol +a1Lp — asLr)J

: (7.4)

where differential operators Lp and Ly are acting on a vector field V tangent to

the surface I
Lp(V) =Vr(divpV)

LR(V) =rotr (I‘OtFV) .

We multiply three dimensional HOIBC (7.4) by test functions and integrate on
the surface I', that gives us a weak form of the boundary condition. So, we take ¥ ;
and nx W), as test functions to get the weak forms for EFIE and MFIE, respectively

/(I +b1Lp — bQLR)(n X M) -Wyds = /(aof +a1Lp — CLQLR)J - W jds, (75)
r T

/(I+b1LD *bgLR)(n X M) . (n X ‘I’M)ds = /(aol+a1LD *CLQLR)J . (n X \I/M)ds
T Iy

(7.6)
where from

/(HXM)-‘I’JdS_ /(a0[+a1LD—CLQLR)J-‘I’J—(blLD—bQLR)(HXM)-\I’JdS
r

r
(7.7)
and
1
/J . (1’1 X ‘I’M)ds = CL/(I+ b1Lp — bQLR)(n X M) . (n X \I’M)ds
T 0Jr
1
- — (alLD — CLQLR)J . (Il X \I’M)ds (78)
ao Jr

We insert the HOIBC into EFIE through (7.7) replacing the operator P that
was defined in (1.14):

1
< PM,¥; >:2/\I!J-(n><1\/[)ds
r

=% J-\Iljds+a1/LDJ-\Iles—@/LRJ-\IIst
2 Jr 2 Jr 2 Jr

b

LD(IIXM)-\I/Jd8+b2/LR(nXM)'\I/JdS.
2 Jr 2 Jr
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And using the formula of vector analysis
‘I’M-(IIXJ):—J‘(IIX‘I’M),

we put weak form of HOIBC (7.8) into MFIE by replacing < PJ, ¥y, >:

1 1
2 Jr 2 Jr

~1 b b
= — [ (nxM)-(nx ¥y )ds—— [ Lp(nxM)-(nx ¥y )ds+-= [ LrnxM)-(nx¥,;)ds
2a0 Jr 2a0 Jr 2a0 Jr

+ B LpT (nx @y)ds — 2 [ Lpd - (nx @y)ds.
2@0 T 2(1(] I

According to properties of vector analysis [VB], we have

< LDA,‘I’F >= / Vr(diVFA)'\I’FdS = —/(diVFA)(diVF\PF)dS+/ (diVFA)(‘PF'V)dl
r r or

< LRA,‘I’F >:/

rotr(rotrA)-Wrds = /
r

(rotpA)(rotp\I!r)ds—i—/ (rotpA)n-(Prxv)dl =
r

or

= / divp(n x A)divp(n x ®r)ds —/ divp(n x A) (P - 7)dl
r or

So we get for EFIE

<PM,\IlJ>:a20/J-\IIst (7.9)
I

—% / divpd divp W ;ds — % / divp(n x J) divp(n x ®;)ds
r I

b b
+51 / divp(n x M) divp® ;ds + 52 / diveM divp(n x ¥ )ds
r r

+ 8 dived (T - v)dl + % divr(n x J) (¥ - 7)dl

2 Jor or

—ﬁ divr(n X M) (‘IIJ . I/)dl + b2/ divrM (\Ilj . ’T)dl;
2 Jor 2 Jor

and for MFIE

-1
<P, W) >= — M. W¥,ds (710)
2a0 Jr
bl . . b2 . .
+— [ divp(n x M) divp(n x Wys)ds + — [ divpM divp ¥ sds
2@() T 2(1() T
aq . . az . .
—— [ divpJ divp(n x ®ps)ds + — [ divp(n x J) divpWsds
2a0 Jr 2a0 Jr
b1 b

——L [ divp(n x M) (¥ - 7)dl — —= [ diveM (¥ - v)dl
2a0 Jor ao Jor
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+ 8 dived (B T)dl— ~2 [ dive(n x J) (B - v)dl
2ap Jar 2a0 Jar

We suppose that boundary I' is closed, so all integrals on OI" are zero. We put (7.9)
and (7.10) in the variational problem (7.1) and (7.2) respectively. Now we define
bilinear operator

1
AU W) =< Zg(B = S)T, W) >+ < (B~ 5)M, Ty >
0

1
QMY > - < QI >+ < T Wy > 4o <M Py >
0
aq . . as . .
-5 < divpd, divp @ ; > 5 < divp(n x J),divp(n x ¥j) >

b b
+§1 < divp(n x M), divp ¥ > —52 < divpM, divp(n x ¥ ) >

b b
——L < divp(n x M), divp(n x ®) > ——= < diveM, divp ¥y >
2aq 2ag

+ 2 < Qived, dive(n x ) > — 2 < dive(n x J), dive @y, >
2a0 2a0

that combines integral equations (7.1)-(7.2), where operator P parts are replaced.
Finally, we introduce the following problem:

Problem 7.2.1 Find U = (J,M) such that
AU, ) = F(¥) (7.11)

for all W = (¥ ;, W), Where

F(D) :/FEZ'”C-\IJstJr/FHZ‘”C-\I/Mds.

Since rotpA and divp(n x A) do not make sense for A € H~Y2(div,T), we
follow the method that we see in [BA|. We introduce auxiliary unknowns J and M
from H~'/2(div,I") with test functions ¥ ; and W), such that

/)\J-(\ilj—nx\IlJ)ds:O

T

/)\M-(\ilM—nX\IIM)ds:O
r

/FA{,.(j—nxJ)dszo

/)\’M-(M—an)dszo
r

where Ay, Ay, X', N are known as Lagrange multipliers. Under these assumptions,
we will replace (n x ¥y,n x ¥y,n x J,nx M) by (¥, ¥y, J M), respectively.
And we will write the problem as
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Problem 7.2.2 Find U = (J,M,J,M) € V = [H'/?(div,T") N L>(I)]* and \ =
(As, An) € [H™Y2(D))? such that

{A(U, U) + BT\, 0) = F() (7.12)

B(U,N) =0

for allU = (W5, @, Oy, ®y) €V = [HV2(div, T)NLAD)]* and N = (N}, N),) €
W = [HV2(I)]2.

Where right hand side operator is defined as next
F(¥) = / E"¢. W ds + / H™ . W ds.
r r
Bilinear operator with Lagrange multiplier A is
B(U,)\’):/)\f]-(j—nxJ)ds+/>\§W-(1\~/I—n><M)ds
r r

and

1
AU = iZ / / KG (3 5) — 1 G divi divldsds’ (7.13)
I

: 1
+ / / kG (T - M) — —G div®), divMdsds’
Zo J Jr K

+// V'G- (¥ x M)dsds' —Z// V'G- (P x J)dsds'
T r

1
+29 [ 3. wds+— | M- W,ds
2 Jr 2ao Jr

_a / divpd divp W jds — 2 / divpd diveW sds
2 Jr 2 Jr
b1 Lo ba ) .=
+5 divpM divp W jds — 5 divrM divr W ;ds
T I

b ~ ~ b
L / divprM divpr W sds — 2 / divrM divp W sds
2(10 T 20/0 T

ai

divpd divpW ds — 2 / divpd divp® yds
2a0 Jr 2a0 Jr

is the bilinear operator on V' x V.
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7.3 Existence and uniqueness theorem

According to theorem 2.3.4 from chapter 2, there exists a unique solution of the
problem 7.2.2, if the bilinear operator A(U, ¥) verifies the continuity and coercivity
conditions and the operator B(U, )\’) satisfies the Ladyzhenskaya-Babuska-Brezzi
(LBB) condition, also known as inf-sup condition.

For the sake of simplicity we consider the operator A(U, V) as a sum of three
bilinear operator

1
Al(U,\I/) =< Z()(B - S)J,‘I’J > +7 < (B — S)M,‘I’M >
0

1
+ <M, W;>—<QJ, ¥y >+% <J,\IIJ>+E <M, ¥y >
0
a . . a2 N T
AQ(U,\I’) = —? < divpd, divp ¥ ; > —? < divpd, divp P ; >

b ~ ~ b
—271 < dinM,din‘I’M > —272 < divpM, divp ¥, >

ap ao
and b b
Ag(U,0) = 51 < divp M, divp ¥ > —52 < divpM, divr ¥ >
ai . .= a Lox
+— < divpd,divp¥y; > ——— < divpJ, divp ¥y >
2aq 2a0
where

A=A+ Ay + A3

7.3.1 Continuity of operator A
Lemma 7.3.1 The bilinear operator A(U,¥) (7.13) is continuous on V' for all ¥ €
V.

Proof. : We have to show that there exists C' > 0 such that for all ¥ € V
AU, 9| < CU v [[¥]lv

According to theorems 2.3.1 - 2.3.2 and triangle inequality (property of a norm) we
have

|AL (U, V)| < | < Zo(B=S)J, ¥ > |+|Z; | < (B—S)M, ¥y > |[+| < QM, T > |

1
M!<J,\IIJ>]+—\<M,\IIM>]§
2 2|ap|
<||Zo(B = S)J| —1/2,r0tr 1¥ s | —1/2,divr

+Z5 (B - SIMI Z1/2r0tr ¥ a1l =1 /2,dive + Q@M 21 /2 rot [P 7l =1 /2,dive

+H < QJ, ¥y > |+

ag 1
HIQIN =1 /2,00 1P ns | —1/2,divr + ?HJHLQ(I‘)H‘I’JHLQ(F) + %HM”L?(F)H\I’MHL?(F)
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< Gil[Ulv [1¥]lv
We consider the rest part as a sum of Ao(U, V) + A3(U, ¥):

|A2(U, W) + A3(U,¥)| < @ || < divpJ, divpP; > | + a2 || < divpd, divp ¥, > |

L1 1‘] < divp M, divp ¥ > | + uy < divpM, divp ¥ > |

|b1] |ba

’ < diVFM,diVF‘i’M > ‘ +

‘| < divpM, divp ¥, > ‘

2|aol 2|a
|a1] |az]
+
2|&0!| 2|aol
that gives us the following inequality
o0, 0) 43U, 9)] < vy ive® 2 e T o v o

2
Hd1VrM|| 120 |dive® sl —1 /o + |2|

ba| \ .. .
A i a3

HdIVFJH 1orlldive® a1 o + || |‘ ‘|HdIVFJ|| 12,0 [ dive ¥ sl —1 jo.r

1 . . =
Lol ive M|y o plldive® |y o

|1!
I\

|a1|

| dive M|y o [[dive® || 1 jo.r +

< Go|[U|lv [l

So, the sum of these two parts gives us |A(U, ¥)| = |A1+ Ao+ As| < |A1(U, )|+
‘AQ(U, \IJ) + As(U, \I/)‘ < C”UH\/H\IJHV where C' = C1 + Cs. O

7.3.2 Coercivity of operator A

Lemma 7.3.2 Bilinear form A(U, V) verifies coercivity inequality for allU € V =
[H=/?(div,T) N L*(T))*.

Proof. : We have to show that there exist o > 0 such that
RIAU, U] = a|lU|}, = ClIU |G, YU € V.

From |TL]|, we know that there exists a; such that

R(A1) = R(< Zo(B — 5)I,T* >) + R(< Z, (B — S)M,M* >) + R(< QM, J* >)

_R(< QI, M >)+m(‘“)/J.J*ds)+afe(1/M-M*ds) >
2 T 2(10 T
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R(ap) R(aop)

2|ag|?

2 2
> a (1312, o iy + IMIZ v )

We can easily show that

HJH%Q(F) + M7z

R(As) = —%(% / divpd divpJ*ds) — %(% / divpJ divpJ*ds)
T I

b - - by
—R(—— / diveM divpM*ds) — %(2
r

ag ao

/lepM divpM*ds) =

R(a A
- (7)||d1VFJH%2(F)

R(brag) | . oo R(baag) | . 2
~laol? [ divr M|72 ) — W”dWFMHLQ(F)

R(a1)
2

For the rest, we do as follows:
b ~ b ~
R(As) = %(51 / divpM divpJ*ds) — §R(§2 / divpM divpJ*ds)
r r

al . . ~ as
TR M*ds) — R(2-
(2a0 / divpJ divpM*ds) (2%

3%{( % ) /dwrM divpJ* ds}
2(10 T
{< 2 > d1VpJ d1Vp1\/Ids} =
r
1 b1 a;ao 1/2 . ~ 1/2 bl Cl){ao 1/2 .
— (2 divpM - — divpJ*d
%{/F PE <2 + 2|a0|2> ivp lao| 5 + CIEE ivpJ*ds

1/2 b2 ajag 1/2. =4 1 b asagp 1/2,
—R ]a| T divpJ™ - ’0‘1/2 +2|a0\2 divrMds

/ divpd divpM*ds) =
I

We note ¢1 = bi|ag| + afao/|ap| and ga = ba|ag| + alao/|aol, so

R(49) > W jaivrd |2, - :“"QHdivrMnizm

\Q2|

|Q2
vy - 3 ’|2||dwrM||L2<r

We have conditions on coefficients from two dimensional case, which say that
R(aj) + @ = 0, where j = 1,2 (see equation (5.17) in chapter 5); and from the
sufficient uniqueness conditions we have that R(a;) = R(bjap). So for the A2 and
As, we have

R(As) + R(A3) > 0.

Finally we have for the entire operator A that

R(A) = R(A1) + R(Ag) + R(A3) >

R(ao)
o (13121 g + IMIR 1 i) +

N R(ao)

2apl?

M2 )
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7.3.3 Ladyzhenskaya-Babuska-Brezzi condition

Lemma 7.3.3 Bilinear form B(U, \) verifies next inequality

sup [B(U,N)| = B Allw, VA€ W = [H™V2(ID)] x [H*(D))?
U1l =1

where U € V = [H~'/2(div,T') N L*(T")]* and B > 0.
Proof. : Here we have to show that there exists 8 > 0 such that

sup
IUlv=1

/)\J-(anJ)Jr)\M-(MnXM)dS > BN |w
r

First we take

J=0;, M =0; j:i and JNZAl
1J1[v M|y

where

. AJ . A
J= / ds, and M= [ M _gs,
Mz ’1’ - y’ Mz ’33 - y’

so we get following inequality

sup /AJ-(j—nxJ)+AM-(M—nXM)dS_
U[ly=11J/T
As( A
// J(@ sydsx // m( )dsydsw
||J” 1/2,divp e |x—y| H 1/2,divp rr |x—y|
(7.14)
Since each of double-integrals verifies the Planchard-Nédélec inequality, [CD, NP|
A(z)A(y) 2
————="ds,ds; > B|| ||~ 7.15
[ A asys, = BN (7.15)
So we get
1
(714) > =B A 1 r + Bul A2y or  (7.16)
11 -1/2,divr M| -1/2,divr

Also, we have that there exist C; > 0 and C; > 0 such that, [CD, NP]

”jH—1/2,divF <CylAsll=1jor and M| 1 /2. divy < Cul[ Al =1/2,r (7.17)

Finally
8 8
(7.16) 2 1A -1y + Il ajor = BIXIw (7.18)

where 8 = min(8,/C.y; far/Cas)-
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Theorem 7.3.1 The problem (7.2.2) admits a wunique solution U € V =
[H=Y2(div,T) 0 L2(D)]* and X € [H~Y/2(1)]?, if coefficients satisfy

aol|lb; + a*/ag
Ry + ol 5

=0 for j=1,2. (7.19)
Proof.  Lemmas 7.3.1-7.3.3 give us that the bilinear forms A(U, V) and B(U, \)
verify hypothesis of the theorem 2.3.4. O

7.4 Conclusion

In this chapter, we set 3D HOIBC (7.4) into EFIE and MFIE (7.1 - 7.2) and we in-
troduce the problem 7.2.1. We introduce the problem 7.2.2 by introducing auxiliary
variables J and M and Lagrange multipliers Ay and Aj;. We proved the coercivity
and continuity of the operator A(U, V) and that the operator B(U, \) satisfies the
Inf-Sup condition. And according to Fredholm alternative from chapter 2, it follows
that there exists the unique solution of the problem. We should note that the re-
strictions on the coefficients in 2D case were used for 3D case. Further we propose
the discretization of the problem 7.2.2 in chapter 8 and the problem 7.2.1 in chapter
9.
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3D discretization
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8.1 Introduction

In this chapter, we will see discretization of variational problem 7.2.2 based on Rao-
Wilton-Glisson basis functions and auxiliary basis functions introduced by Bendali
[BA] for Lagrange multipliers. We recall bilinear form that was formulated in the
previous chapter. So we solve the problem

(8.1)

AU, U) + BT\, 0) =< B ¥ ; > + < H"™ ¥, >
B(U,N)=0

where
BUN)=<X,I>—< X, nxJI>+<X;,M>—<Xy;,nxM>

and

AU, W) =< Zo(B - 8)I,¥; > +Z;' < (B— S)M, ¥y, >
1
+<QM,\IJJ>—<QJ,II'M>+%<J,\IIJ>+ﬂ<M,\IIM>
0
—% < divpd,divp ¥ ; > —% < dinj,din\i/J >
by e bo . .=
+§ < divrM, divp ¥ ; > -3 < divpM, divpW¥ 7 >
by L = by . .
—T < divrM, divpW s > —T < divpM, divpW ;s >

ao ao

+ N divpd, dive Wy > — 22 < dived, divp® >
2ay 2ap
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The discretization of unknowns J and M should verify a condition — flow con-
servation of these currents. One way to ensure this is to use the basis functions of
Rao-Wilton-Glisson.

In [BA| were introduced basis function for Lagrange multipliers, so that they
can express J in terms of M according to boundary condition equation given below

/L-(an—z’kZJ)ds:O.
r

We use these basis functions to eliminate auxiliary unknowns.

8.2 Discretization
The first step is to approach the surface of the obstacle by a surface I'j, composed

of finite number of two dimensional elements. These elements are triangular facets
denoted by T; for ¢ = 1 to Np:

Nt
Ty, = U T;.
=1

We will call it an initial mesh (or original mesh). We denote by N, the total number
of edges of the mesh component I'y,. Let {f;};—1 n. be a base of Rao-Wilton-Glisson
functions, where each function correspond to one edge. We decompose the electric
and magnetic currents:

N, Ne
I(y) =D Ifi(y), My) = Mfi(y),
=1 =1

and auxiliary unknowns
_ Ne ~ ~ Ne ~
J(@)=> Jfi(z), M(z) =Y Mfi().
=1 =1

And Lagrange multipliers are represented as

Ne Ne
A=) A8k AM =) Aukk,
k=1 k=1

where gy are basis functions that we will define later with help of functions intro-
duced by Bendali.

Considering to these assumptions we are looking for approximated solution of
the problem (8.1). We introduce the following system

{Ah(Uh, Uy) 4+ BM Oy, ©,) = SN < Bine f; > 4 SN < Hine f; > 52)

BMUy, A\p) =0
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where
Ne
AU ) = Y < Zo(B = S)Ej. 8 > T+ 25t Z (B — 9)f;, f; > M;
,j=1 ,j=1

Ne
+ ) < Qf £ > M- Z < Qf;, f; >J+—Z <, f; >J+—Z < fj,f > M,

i:j:]- :] 1 »] 1 7.7 1
ap O
1 . .
) ‘ZI < divrf;, divef; > J; — — Zl < divrf;, divef; > J
i,j= i,J

N, N,
b1 - bo —=
+5 Y < divefydive > M — 2 Y < divety, divef; > M,

i,j=1 i,j=1
2a0 Z < divrf;, divef; > M e Z < divrf;, divef; > M;
t,j=1 i,j=1
2a0 Z < divrfj, divef; > Jj — — Z < divpf;, divef; > Jj;
4,j=1 t,j=1
and
N, ~ Ne
Bh(Uha)‘;L): Z <g/€7fl>Jl_ Z <gk:an><f7,>!]z
ik=1 ik=1
Ne ~ Ne
+ Z <gpfi > M — Z < gp,nxf;>M,
ik=1 ik=1

In order to express our problem in matrix form we define the following matrices

// kG(s, 8V () - £i(s) — %G(s ) (diveE,)(divie; )dsds'
Iy

Ql,j =—i // ] VFG(S,Sl)deSI
Tn

Ii,j = / fz . fde
I

Di,j:/ (divrf;)(divrf;)ds
I'n

CHi,j = /F g - fjds
h
CKz’,j = /F g - (Il X fj)ds
h

Note: We will define g; basis function such that [Cy] is a nonsingular diagonal
matrix, therefore it is invertible.
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For the sake of simplicity we define

ap al 1 b2
Al] = - —[ - = As] = — —[I] — —=
(A1) = [(B - $)] + 2111 - FIDI, [Aa) = (B~ $) + 511 — 52 (D
According to the equation system (8.2), we get the following matrix form equa-
tion

(41 [Q) 0 R 12) I (o9 J E
Q" [42]  —32[D] 0 0 [Ck]" M H
0 2D -%[D] 0 cy]™ 0 J[_| o
s=[D] 0 0 —3=[D] 0 [Cul” M 0
[CK] 0 [CH] 0 0 0 \J 0
0 [Ck] 0 [Cr] 0 0 by 0
where right-side vectors E, H are defined as follows:
Ei = EmC : fids;
'y
Hi = Hinc . fldS
Iy
The last two lines of the system give us
[Ck]T +[Cr)J =0~ J = ~[Cx] '[Ck]T 53)

[Ck]M + [CylM =0 — M = —[Cy] ' [Ck]M

The third and fourth lines with (8.3) give us expression of Lagrange multipliers
in terms of J and M

P2 D[3T B 1DJT + [Cn]"R = 0 -
% = 2(Cu) T IDIM + () (D) =
= P10 DI — (0] T (DO Ok (8.4
2 (D) ~ - [DIAT + [Cu) A = 0
ag ag
Xt = =52 C) TDIT + 5= (Cul T IDINT =
= 22 [ D)7 — - ) IDICu] ™ (CK ] (5.5)
agn a

So we replace the unknowns (8.3), (8.4) and (8.5) in first two lines and if we
define [CKH] = [CH]_l[CK] and [CKH]T = [CK]T[CH}_T, we get

QI + 22 D)[Cxnl - £ (Cxul™ D] [A2 - 22 [Crn” (D[ Crr] M

2aq

[A1] — 2[Ck )T [D][Cxal Q]+ % [D)[Crxen] + 2[Cren)T[D) ] < 7 )

(

| &
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8.3 Assembly of matrices

We introduce local numbering of a triangle T'. The vertices (a;r) j=1,3 are arranged in
clockwise order. Triangle edges are numbered so that the edge TJ’ connects vertices
a? and aﬁ_l.

Moreover, we give an orientation v, to each edge n. Consider the two triangles
sharing this edge. We note 7,5 the triangle so that the direction of the edge n
coincides with the forward direction (locally defined) of this triangle. For the other
triangle, which we will denote 7, , the direction of the edge coincides with the

indirect sense.

Figure 8.1: Triangles T, and 7T,, adjacent to edge n

8.3.1 RWG basis functions

Each basis function is associated with an edge and ensures the conservation of flux
through this edge. If we denote |T| the area of a triangle T', the n'" basis function
is defined as follows:

Definition 4 If n is the i'" local edge of triangle T and the j'" of triangle T,
then:

Ly TN
2‘T72L| (:U - a’i*l) Zf T e T?i

fo(x) = 2‘ZT";| (a1 —x) if x €T, (8.6)

0 ifx¢TFUTy
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The density is proportional to divrf,, where

ln +
+ T on )

divpf,(z) = ¢ == on T, (8.7)

Ty |
0 elsewhere.

+
d’iq

Figure 8.2: Rao-Wilton-Glisson basis function on triangle elements associated to

the edge n

On each triangle, the current is written as a linear combination of three basis
functions associated to three edges of a triangle. Since the basis function is defined
on two triangles, namely adjacent to edge i, T;" and T, , we define [(B — S)] matrix
elements

Nt'r

(B=S);=iZ S J; /

11,62=1 T

/T kG(s, s )i (s")£i(s)— %G(s, s")(divrf;)(divpf;)ds'd =

1
/ o / KRG () - fls) — 1 Gls, o (diveh) (div ) ds'ds.
oty JTUT
Analogically

Qij = —i/ / [£:(s) x £5(s')] - VIG(s, s')ds'ds.
Trur; JTuT

For lonely integrals we have

Nt'r

ag
ILi; = — J~/ fA-fZ-ds:/ f; - fids.
i ; T ) T J
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We should note that the integral is not zero only if j is a number of edge of the
triangles 7;" and T, . Analogically, we define

D@j = /+ 7(diVFfj)(diVFfi)dS.
T,"UT,

8.3.2 Basis functions proposed by Bendali

Now we discretize the Lagrange multipliers A and X. There was no a-priori to satisfy
conservation of flow, therefore no reason to prefer a decomposition of the same
elements as the currents. We will therefore choose a discretization that simplifies
the elimination of both M and J according to equation Jr As-(J—nxJ)ds=0.

For simplicity, we will take the basis functions of degree 1 for the decomposition
of multipliers. Thus the integrated term is at most of degree 2 and the integration
of triangle can therefore be carried out accurately by a sum of the midpoints of the
edges.

Figure 8.3: Basis function proposed by Bendali on triangle elements

3
~ ~ ‘T’ g T - T
/TAJ ~Jds = ;:1 ?AJ(ai—&-l/Z) ‘J(ai+1/2)’

where aZ.TJr1 /2 denotes the middle point of the local i*" edge of triangle T

It is then interesting to choose a decomposition of A; of the basis functions
vanishing on two of these three points and having the direction of the edge on
the third. It is therefore natural that we come to the basis functions proposed by
Bendali, Fares and Gay [BA]. Function associated to the edge n which is common
to the triangles 7, and 7T, (notation according to the orientation of the edge) is

defined by:
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£ (z) = {(1 20 o(2)) (v x nT), Ve T 58)

(1 - 2w o(2))(wn xn7), Vael,

where v, is a direction vector of the edge n and {w; };—1 3 are barycentric coordinates.
So

Lo (1T S 5 Tl g -
T2 5 2 (el ) Il ) + =52 D Malagy ) - I(agy )
n=1 i=1 =1
N, 3 3
1 — ~ T -
_221 ZMW wrH T3 ZIA(J»T o |
n—= =1 1=

where we tentatively adopt the local numbering: (i, T;7) denotes the i*" edge of the
triangle 7).

Elimination of auxiliary currents

Suppose that A has all its coefficients zero except that associated to the nth
edge that is 1. The integration on the surface is reduced to integrals on the triangles
T,  and T,

~ T+ T ~
/gn(s) -Jds = M(]n
. 3

On the other side we have
/gn(s) “(nx J)ds = / gn(s) - (n x J)ds,
r T uTy,

that is calculated with help of Gaussian quadrature. And we get next equation

T+ 1T 5

and
= 3

n — W T+UT_ gn(S) * (n X J)dS (810)

on each edge of the mesh.
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Matrix form of system

The integrals with Lagrange multipliers have their own special place. And ap-
proximation of these integrals were discussed while defining of basis functions for
Lagrange multipliers. So we define

|| +]T; | .
Chij = 3 fori=3
0 else,

so Cy is the diagonal and invertible matrix. And Ck is

Ckij = /:q.mT gi - (n(s) x £(s))ds.

Finally, if we combine all edges together, equation 7(8.9) can be written in matrix
form as [Cy)J + [Ck]J = 0 and equation (8.10) as J = —[Cy][Ck]J.

8.4 Conclusion

We discretized the surface of a three dimensional object by triangulation. We ap-
proximated the unknowns in terms of RWG basis functions and the Lagrange mul-
tipliers in terms of the basis functions that introduced by Bendali. These specially
constructed basis functions allow us to get diagonal matrices. So we eliminated the
Lagrange multipliers and the auxiliary unknowns. And we propose the matrix form
of the discrete problem for unknowns (J, M).
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9.1 Introduction

We are going to define another set of basis functions, which was introduced by
Christiansen. We call them Buffa-Christiansen (BC) functions [FAa, FAb|. We are
not going to discuss the advantages or disadvantages of this type of discretization
or discuss its properties. We propose the way to use it in solving 3D scattering
problem.

We recall bilinear operator that we consider in three dimensional case

1
A(UW) =< Zy(B = $)3, W > +-- < (B~ S)M, Wy >
0
1
F<QM, T, > — < QJ, Ty >+% <T Wy > s <M Ty >
0
al . . az . .
-5 < divpd, divp ¥ ; > -5 < divp(n x J),divp(n x ¥ ) >

b b
+51 < divp(n x M), divp ¥ > +52 < divpM, divp(n x ¥ ) >

b b
——L < divp(n x M), divp(n x ®y) > ——= < diveM, divp ¥y >
2@0 20,0
+ a < diVFJ,diVF(n X ‘I’M) > —2 < diVF(l’l X J),diVF‘I’M > (9.1)
2aq 2ag

and the problem that was introduced in chapter 7.
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Problem 9.1.1 Find U = (J,M) such that
A(U,¥) = F(D) (9.2)

for all W = (¥, W), Where

F(D) :/FEZ'”C-\I/stjL/FHi"C-\IJMds.

9.2 Barycentric refinement. The Buffa-Christiansen
functions

Figure 9.1: Buffa-Christiensen function

The barycentric refinement of I'y, is defined by dividing each triangle T' € I'y,
into six triangles by drawing the six edges joining the barycenter of T" with vertexes
as well as the midpoints of edges. The barycentric refinement of I'j, is denoted Fl,’L
and we will call it barycentric mesh.

Generally speaking, basis and testing functions can be categorized into two dif-
ferent kinds: the divergence-conforming and curl-conforming functions. A typical
divergence-conforming function is the curvilinear Rao-Wilton-Glisson (RWG) func-
tion. In this chapter, we will denote RWG functions as fp. By rotating it with
respect to the normal vector, a commonly used curl-conforming function n x fr can
be obtained. The Buffa-Christiansen (BC) basis functions are defined on triangles
of a barycentric mesh that have common vertex with reference edge (see Fig. 9.1),
denoted as fp. These functions are div-conforming on this barycentric mesh. The

Buffa-Christiansen basis functions are also quasi-curl-conforming on the original
mesh. [YJN]
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e RWG function fg is a divergence-conforming
e rotation of RWG function n x fg is a curl-conforming

e BC function fp is a quasi-curl-conforming on original mesh, and div-
conforming on a barycentric mesh

e rotation of BC function n x fp is a quasi-divergence-conforming on original
mesh, and curl-conforming on a barycentric mesh.

The figure 9.2 shows the definition domains of this four functions. We denote the
space combined by the Rao-Wilton-Glisson functions, as Xpwa. X %WG is the space
of functions combined by the RWG functions f® defined on a berycentric mesh. The
Buffa-Christiansen functions are linear combinations of £ € X%WG functions. And
we denote the space of combinations of BC functions as Xpg¢.

(a) (b) (c) (d)

Figure 9.2: The outline of the definition domains of the basis functions and its’
rotations: (a)-(b) Rao-Wilton-Glisson function f and n x f, resp.; (c)-(d) Buffa-
Christiansen functions fpc and n X fpc, resp.

We introduce two operators K and R from [FAa] (K was denoted as P in [FAal),
such that
K:X%ve— Xpe R:Xwo— Xewa

In the formulation (9.1), we have terms with divergence of rotation of unknowns.
These terms have no sense if we take these unknown as divergence-conforming func-
tions. For this reason we want to represent rotation of unknowns in terms of RWG
functions on barycentric mesh.

9.3 Matrices form

We introduce Rao-Wilton-Glisson {fg;}Y; and Buffa-Christiansen {fp; }éV: , the ba-

sis functions on initial mesh. And {fib}i]\f1 Rao-Wilton-Glisson basis function on
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barycentric mesh. We can represent RWG functions fg; on initial mesh as a linear

combination of functions f? on barycentric mesh

N £
b
ij = Z lefl = (le, ooy Cij)
=1 b
l be

And we will define BC functions fp; as a linear combination of RWG functions fib
on barycentric mesh
b
N°® fi
fpi =Y dipff = (dit, .., ;o)
k=1 fb
Nb
The operators K and R are transition matrices [K] and [R] that express functions
in Xgo and Xgwa as linear combinations of functions in X%WG, respectively.

le C11 ce CiNb i f{) ff
: Cil : [R] :
fRNe CNe1 °° CN_Nb f]li/b fgﬂ)
fp1 div o dyy | £} £
Cody : K]
fBNe dNel dNer ] f]li[b f]Ii/vb
We develop the unknown function J on RWG basis function
N. fr1 fr1
=T
J:ZJifRi:(le-aJN) =J ,
=1 frN frn
as well as test function
Ne fr fr1
. w1 .
W= fri=1,..1x,) : =1
=1 frN, frN,
Now we develop rotation of unknown function J
Ne n x le
nxJ=Y Jnxtr=J
i=1 n X fRNe

We apply Gram matrix [G] between n x fi and fp that links the two basis [FAal,

such that
n x le fBl

= [G]

n X fRNe fBNe
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So we get
fp1
nxJ=71G| :
fenN,
Analogically
fp1
nx¥,=7[G| : |. (9.3)
fBN,

In the formulation (9.1) we use the following integrals that we express in matrices

form
Ne
< divpd, divp ¥ >= Y J; / divrfr; divrfrjds =
T rh
=T . . —= =T —
=1 [/ leFfRi leFijd8:| J=1 [LD]J
T'n
and
Ne
< divp(n x J),divp ¥y >= Jj/ divpfg; divy(n x fgj)ds =
— rh
7’7]
- [ / divrfr; divrfBjds} (G]7T.
'y
Anallogically

< divrd, divr(n X ‘I/M) >= TT[G] |:/ divpfpg; diVFijd8:| J
r

h
< divp(n x J),divp(n x ¥ ;) >= TT[G] [ divrfp; diVFfBjd5:| [G]Tj
T'n

Here, we define the following matrices

[LD] = [/ dinfRi diVFijdS]
IV

[Lpc) = [ / divpfg; diVFfBde] [G]"
Iy

[Lpg] = [G] [/ divrfp; dinijds]
Ty

and
[LDBC] = [G] I:/ dinfBi dinfBde] [G]T
I

We will call them "div-div" matrices.
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And by defining the following matrices, we can propose matrices form of the

problem.
[A41] = 20[(B ~ 5)] + S 11] — FLo] ~ T [Losc]
[42] = [Q] + 2 [Lpe] + ZlElps
[43] = [Q]" - %[LDC] + %[LDB]
[A4) = (B = $)]+ 5 (1) - 32 Lo] - 3 [Losol

In the bilinear form A(U, V) we will write as the following matrix equation:

] ()= ()

9.4 Assembly of elementary matrices

9.4.1 div-div matrices

In order to calculate the matrix [Lpp|, we have to know the following matrix
[ divpfp; dinijdS] =
Iy

where we use operators K and R to express fp; and fg; in terms of RWG function
on barycentric mesh

Nb
= Z dircii / ) divpfdivef,ds
k=1 Iy,

d11 tee leb r B C11 s C1Nb
_ . . . b q: b .
= : dzk : /F lekadIVFfl ds : cji

b

- h - CNel CNer

= [K] / divpfidivr£lds | [R]T
r

b
h

dNel . dNer

We define matrix of div-/div-conforming functions on barycentric mesh

(LY = / b divpf} divpf)ds.
r

h

Finally, we get
[Lpg]J = [G] [ / divpfp; dinijds] J = [G][K][LY)[R)Y T
IV

And we obtain three matrices
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* [Lpc] = [RI[LD]KIT[GT
e [Lpp] = [G][K][LY]R]T
e [Lppc] = [G[K][Lp][K]T[G]

9.4.2 Gram matrix [G]

We take [G] as the invers Gram matrix between n x f and fpc that links the two
discretizations in [FAa|. Where the author Andriulli defines it as

(G] = ([RI"IG)IK]) ™

where [G?] € RV N’ is the Gram matrix linking div- and rot-conforming RWG
functions defined on barycentric mesh

G, = / n x £ - fbds.
r
9.4.3 [R] and [K| matrices

This method was described in [FAa|. The [R] matrix means the expansion of the
Rao-Wilton-Glisson basis functions on the original mesh in terms of the Rao-Wilton-
Glisson basis function on the barycentric mesh.

14
[R]: £=) afl,
=1

l l l l
f(:E) = _Ef2(x) + 67l3f3(56) — Eﬁl(x) + %f@'(l‘) + f7(ZE)+ (94)
l l l [
—I—fg(x) — %fg(ﬁ) + 3T11f11(x) — 6T12f12(x) + Efu(l‘) V.T S T

(see (2.42) in [FAa|), where [; denotes edge length in the barycentric mesh and [ is
length of the reference edge, see figure 9.3.

And, the [K| matrix means expansion of the Buffa-Christiansen basis func-
tions on the original mesh in terms of the Rao-Wilton-Glisson basis function on
the barycentric mesh.

[K]: fpc= Zcifib,
(see (2.45) in [FAa]), where the coefficients are
1 4 3 2 1

= —, = —, = —, = —), = —), = O
DTy T 0 T 10 T 100 T 101,
1 P 3 4 1 3
g=——"—"",01=———, (8 = ———,0g = ———,C) = ———,C1/ = —
07 T T 100 T T 10ls Y T 100y 0 Ay 81y
2 1 1 2 3
) = ——— )] = — — ] = 0 ] = — ;] = = — 1 = . 95
C2 812/’63 8[3/’04 » C5 8l5/7c6 816/’67 81 (9.5)

see figure 9.4. These coefficients were found and defined in [FAa].
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Figure 9.4:

9.5 Conclusion

In this chapter, we discretized the problem 9.1.1 with help of Buffa-Christiansen
basis functions. We proposed decompositions of RWG and BC basis functions on
initial mesh in terms of RWG basis functions on barycentric mesh. That permitted
us to calculate divp(n x J), divp(n x M). The Gram matrix links rotated RWG
basis functions on initial mesh with BC basis functions. Finally, we proposed the
matrix form of discretization of the problem 9.1.1. The matrices [R], [K] and [G]
are studied more precisely in [FAa].
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In previous chapters we proposed the variational formulation and discretizations
for tri-dimesional scattering problem. Here we present our numerical results.

10.1 Structure of the code

The scheme of the code can be seen in the figure below (figure 10.1).The code
begins in the main file named leonto.f. The main file calls matleos.f to assemble
the matrix M AT (ndl, ndl) of the problem; ssmbg.f determines the second member
SM B(ndl) of the system. To solve this system of linear equations we use Gauss
method that we apply in gaussc. f, then we obtain the solution SOL(ndl). The last
subroutine ser.f calculates bistatic RCS in angular range [0°, 180°].

(main) leonto.f
— matleos.f SORTIE : MAT(ndl,ndl)
— ssmbg.f SORTIE : SMB(ndl)
— gaussc.f SORTIE : SOL(ndl)
— ser.f SORTIE : SER(180)

Figure 10.1: The scheme of the ucp code
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The subroutine matleos. f applies to next scheme (see figure 10.2). The subrou-
tines ctsbl.f, ctsb2.f and ctsb3.f calculate three double-integrals. The impedance
boundary conditions are calculated in choibe. f, that we use to calculate both leon-
tovich and higher order IBCs.

| matleos.f |
—>| ctsb1 f | TSB1(nag,nag):_[[] Glz,y)Vr - f Vi - g dzdy
- ctsb2.f | TSB2(nag,nag):/' /l G(z,y)f - g dedy
- ctsb3.f | TSB3(nag,nag): / /I V.G(z,y) - (f x g) dzdy
—»  choibc.f | ZMAT(ndl,ndI)

H1*TSB1 +H2*TSB2 TSB3

SORTIE : MAT(ndl,ndl) = +ZMAT
[-TSB3 E1*TSB1 +E2*TSB2

Figure 10.2: The scheme of the subroutine matleos.f.
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10.2 Singular integrals

The main difficulty in calculating double-ingerals is the singularity. In ctsbl.f and
ctsb2.f, we encounter singularity because of Green function. To avoid this problem,
we use the analytical method proposed by Salles [NS|. And in case there is no
singularity threat we use Gaussian quadrature with 9 and 6 gauss points (see figure
10.3).

ctsb1.f \ [ fl G(z,y)Vr - f V- g dzdy

ctsb2.f ‘ /[l G(x,y)f - g dzdy

> Loop over the triangles KTR

— Loop over the triangles JTR
IF (KTR .EQ. JTR) > Analytical method of Salles
ELSEIF (KTR and JTR have common vertex or edge)
> 9 Gauss points
ELSE — 6 Gauss points

ctsb3.f ‘ /’[Vr(}'(.a‘, y)- (f x g) dedy
J

Loop over the triangles KTR
— Loop over the triangles JTR
IF (KTR .EQ. JTR) >TSB3=0

ELSEIF (KTR and JTR have common vertex or edge)
— 9 Gauss points

ELSE — 6 Gauss points

Figure 10.3: The subroutines ctsbl.f, ctsb2.f and ctsbl.3.
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10.3 Tests on a perfect electric sphere

First to validate the code, we test it on a perfect electric conducting (PEC) sphere
with different incident fields’ frquencies and different sphere-meshes and we com-
pare it with Mie series. In figure 10.4, we take the sphere’s radius is 1m; incident
frequency w = 1.2GHz. We plot RCS in TM polarization calculated by Mie Series
(continuous red line); blue dash-dot line is the ucp code calculated on the mesh \/3;
and green dash-dot line is the ucp code calculated on the mesh /4.

FEC Sphere R=1m w=1.2GHz

20 T

— SerieMie

©upe Imdd :

SER Th en dB

T ucp Imd/3 |

40 60 G0 100 120 140 160 160
angle en degres

Figure 10.4: PEC Sphere w = 1.2GHz; Mie series, ucp code for meshes A/3 and

A4



10.3. Tests on a perfect electric sphere 95

In figure 10.5, we take the sphere’s radius is 1m; incident frequency w =
2.82GHz. As in previous figure we plot RCS in TM polarization calculated by
Mie Series (continuous red line); blue dash-dot line is the ucp code calculated on
the mesh \/1; and green dash-dot line is the ucp code calculated on the mesh A/2.

FEC Sphere R=1m w=2.82GHz

23 I I T T T T T T
— SarieMie | : : : : :
— = ucp Imdd | : : : : :
ol plmart | f S L e .
T oucp Imdig | : : : : : :
13
o
= 10
=
a
=
=
E 5 ...........................................
ol
1]
e P PO S R TR -
-0 1 1 i i 1 1 1 i
1] 20 40 1] o 100 120 140 160 180

angle en degres

Figure 10.5: PEC Sphere w = 2.82G'H z; Mie series, ucp code for meshes A\/1 and
A/2

We can see that it improves with the refined mesh.
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10.4 Some results with Higher Order Impedance Bound-
ary Conditions

Here we propose some numerical results on PEC spheres with a thin dielectric layer.
We compare Mie series with leontovich and higher order impedance boundary con-
ditions calculted by ucp code.

First we take the sphere with radius 1m, frequency of incident fieldsw = 1.2GH z,
layer thickness d = 0.05m, layer caracteristics are €, = 3 and pu, = 1, and the
sphere is meshed as \/3. We plot RCS in TM polarization calculated by Mie Series
(continues red line); blue dash-dot line is the ucp code calculated for leontovich IBC;
and green dash-dot line is the ucp code calculated with higher-order IBC (see figure
10.6).

Coated Sphere A43 R=1m w=1.2GHz d=0.05m =3 p=1

23 I I T T T T T T
SerieMie :
20b--| = —ucp hoibe | SR T ESROUOO RS ORI . e
—-—-ucp leon : : : : : s

SER T en dB
o

0 z0 40 B0 G0 100 120 140 160 160
angle en degres

Figure 10.6: Coeted Sphere \/3, frequency w = 1.2G H z, layer thickness d = 0.05m,
er =3 and p, = 1.
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In the second test, we take sphere with the same charateristics as in the previous
test, but the sphere is meshed as A/4. We plot RCS in TM polarization calculated
by Mie Series (continuous red line); blue dash-dot line is the ucp code calculated for
leontovich IBC; and green dash-dot line is the ucp code calculated with higher-order
IBC (see figure 10.7) .

Coated Sphere A4 R=1m w=1.2GHz d=0.05m e=3 p=1

29 T T T T T T T T
SerieMie | : :
0k —'—"ucp|egn ........... .......... ........... ........... /FF_
— = ~ucp hoibe | : : L
15 E //‘_‘_H"x\ .................................................... _
. /_-\-.\ : s
TT ] RTINS PO (P R SRR

SER T en dB
o

0 20 40 B0 a0 100 120 140 160 180
angle en degres

Figure 10.7: Coeted Sphere \/4, frequency w = 1.2G H z, layer thickness d = 0.05m,
gr =3 and p, = 1.
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The last case, we test on a sphere with radius 1m, frequency of incident fields
w = 2.82GHz, layer thickness d = 0.05m, layer characteristics are e, = 3 and
tr = 1, and the sphere is meshed as A/1. We plot RCS in TM polarization calculated
by Mie Series (continuous red line); blue dash-dot line is the ucp code calculated for
leontovich IBC; and green dash-dot line is the ucp code calculated with higher-order
IBC (see figure 10.8).

Coated Sphere & R=1m w=2.82GHz d=0.05m e=3 p=1

30 T T T T T T T T
SerieMie :
sEbe ——-ucpleoh }ooooenn .......... ........... ........... ....... )/_-
—-— - ucp hoibc : : : : : )

SER T en dB

0 z0 40 60 G0 100 120 140 160 160
angle en degres

Figure 10.8: Coeted Sphere /1, frequency w = 2.82GHz, layer thickness d =
0.05m, e, = 3 and u, = 1.
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10.5 Conclusion

In this chapter we tested our code on the spheres meshes that are not very small.
But even in these tests we see that higher order impedance boundary conditions
method approaches to the exact solution more than the leontovich IBC method. So
we expect that we can get the more precise results if we test it with a mesh A/10. In
a refined mesh, triangles that are close to each other can issue singularity problem.
So to avoid this problem we should use the same analitycal method of Salles for
triangles that have common vertex or edge.






Conclusion

The main subject of this thesis is to propose a new formulation of electromagnetic
scattering problem with higher order impedance boundary condition. We proposed
both two dimensional and three dimensional formulation. We saw that, if though we
do not know the incident angle, the HOIBC takes this angle into account. There-
fore, the solution of our formulation is more accurate than that with Leontovich
impedance boundary condition. We saw that the definition of HOIBC in |R-Sb| and
in [BSb] is the same in the two dimensional case. Even if [R-Sb| used partial differen-
tials and [BSb| used Hodge differential operator. We proposed to define 3D HOIBC,
which was introduced in [R-Sb], in terms of decomposed Hodge operators (Lp and
Lr). TE and TM polarizations help us to decompose problem on two simple ones
in two dimentional case, where we can easily determine coefficients for 2D HOIBC
and utilize them for 3D HOIBC too. We have proved the existence and uniqueness
theorems, hence we set some restrictions on the coefficients. We proposed new 3D
problem formulation. We found that 3D formulation has difficulties with operators.
And we proposed two different way to avoid this difficulties in discrete problem.
Finally we presented some 3D numerical results for scattering problem.

In [R-Sb| it was discussed HOIBC that includes curvature of a coating. In [BS]
it was studied multi-layer coating cases. In practice the surfaces are inhomogeneous.
We might have interest to pursue further research in these topics.






APPENDIX A

Notations and Physical constants

Al

A.2

Notations

Bold v denotes vector in R? on (z,y, z) basis;

.. . . . N,
overline A is a vector of discretization values, so unknown X ~ . X;f; or
X~ X-f

we denote matrices in square brackets [B];

complex number z € C decompose as real part z, = Rz and imaginary part
z; = &z,

power aster means complex conjugated value z* = 2z, — iz;;

sometimes partial derivatives % are denoted by 0.

Physical constants
T =3,1415926535897932384 ;
c =299, 792458 speed of light;
po = 4m - 1077 free space permeability in (Henry/m);
g0 = 10712 /(uoc?) free space permittivity in (Farad/m);
Z0 = /o /€0 = poc - 10 impedance in (Ohm);
w=2rf;

A= ; wave length;

w
ko = wy/Eopg = — wave number.
c






APPENDIX B

Integral formulations

The integral method places their unknowns on the boundaries of the object and it
takes into account the boundary conditions. It consists in expressing the electromag-
netic field as a function of potentials defined on I". The Stratton-Chu formulation
helps us to characterize the electromagnetic fields in terms of surface currents and
charges [TL]. These currents and charges are solutions of integral equations on T'.

B.1 Integral formulation of the problem

We are looking for a presentation of the fields (E, H) outside the object in terms
of electromagnetic currents (J,M) on the surface I' [JCN]. We have Maxwell’s
equations on the surface I :

(B.1)

rotE — ikZoH = M(SF
rotH + ik Z;'E = Jor

Superposition theorem lets us consider two cases. In the first case we suppose
that M = 0, in the second J = 0. In both cases we want to get E and M expressions
in terms of J and M. After we combine these cases to get general form of fields E
and M.

In case M = 0, we are looking for E in the form

E=A+VV (B.2)

with Lorentz gauge condition divA = k2V. The divergence of the second equation
of (B.1) with support of gauge condition, shows that V satisfies scalar Helmholtz
equation

ikZy 'divE = divJ (B.3)

divA +divVV = divJ B.4
iv iv 7 iv (B.4)
AV 4+ K2V = —ik 1 Zydiv] (B.5)

It can be expressed as a potential simple layer density of —ik™! ZydivJ
V(x) =ik~ Zg / G(z,y)divrI (y)dy (B.6)
r

In this expression G is the Green kernel, fundamental solution of Helmholtz equation,
i.e. verifies Maxwell’s equations and radiation condition.
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We have that A verifies the next vector Helmholtz equation
AA + E*A = VdivA — rot(rotA) + kA (B.7)

According to earlier condition right side of first term equals to k?VV. When (B.2)
allows us to express (B.7) as

= k*’VV —rot(rotA) + k°E — k*VV = k?E — rot(rotE) = —ikZyJ

The last equivalence derived from Maxwell’s equations (B.1).
Then A is a potential of simple layer density —ikZpJ. So we can write

Az) = ikZy /F G, p)Iwdy  (BS)

E(z) = ikZ </r G(z,y)J(y)dy + ];Vx/FG(x,y)din . J(y)dy) (B.9)

H(z) = rotE = rot/FG(:c,y)J(y)dy (B.10)

1kZy

We write them via the operators

{E(m) = ikZy(B — 8)J(x) (B.11)
H(z) = —QJ(x)
where (B — S) and @ are the potentials defined in chapter 1:
(B /G z,y)J(y) + 12 V +G(z,y)divrI (y)dy (B.12)
QI(x) = —rot, / Gl y)I(y)dy = / V.G, y) % I(y)dy (B.13)
r r

By an argument of symmetry, the second case J = 0 derives the same way
x) = rotm/ G(z,y)M(y)dy  (B.14)
H(z) = —ikZ, (/ G(z,y)M dy+ V /G x,y)divrM(y )dy) (B.15)

Potentials express

{E(‘”) - QM(‘”_)l (B.16)
H(z) = —ikZ, (B — S)M(z)
Finally we combine (B.11) and (B.16) to get Stratton-Chu formula:
{E(w) ihZo(B = 8)J(x) — QM(x) B.17)
H(z) = —QJ(z) +ikZ, (B — S)M(x)
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These expressions are valable in external domain Q7. The impedance condition
associates fields values on a boundary I'. We have to determine external limit values
on I'. Using the classical jump relations, we can express the respective limiting
boundary tangential values of E and H by

{EgnczszO(B S)I(x) — QM + 3By (B.18)

H' = —QJ +ikZ; ' (B — S)M(z) + $Hy,
We recall that on a boundary, we have
Etg =nxM

Htg:—nx.]

where the subscript ¢ designates the tangential component E;y := n x (E x n) of
the respective vector field on I'.

Thus the electromagnetic field can be expressed in Q7 in terms of the equivalent
currents and charges by the familiar Stratton-Chu formula

{Etn = ikZy(B — S)I(z) — QM + in x M (B.19)
HI™ = —QJ +ikZy (B — S$)M(z) — in x J
Or in integral form
Ejp¢ = ikZo [; (G(x,9)I(y) + 2 VG (x, y)diveT) dy
+inx M — [ V,G(z,y) x Mdy (B.20)

H%ZC = —%n xJ— [ VoG(z,y) x Jdy
+ikZy " [ (Gla, y)M(y) + 5 VoG(z,y)diveM) dy

Later, to write variational formulation, we will multiply it by a test function and
integrate over the surface I'.

B.2 Double-integral formulation

We are looking for a variational formulation, for the sake of which we multiply the
integral equations (B.20) by test functions and integrate it over the boundary T.
Note that the integral over I' must be comprise in the sense of an integral over
M\{y}. We will keep this notation thereafter. We will use a divergence-conforming
functions 9 such that div(¢) is defined on the surface and ¥ -n =0 on I'. For the
sake of simplicity, we index the gradients that are related to the index values. We

) 1
/E;ZC.'J’bd:U:/ [anM—l—ik‘Zo/G(fvay)de
I

iZ
! O/v G(z, y)divrIdy — /v G(z,y) x Mdy} Yo (B.21)

deduce:
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We may change this formula thanks to the relations between the operators [VB]
VaG(z,y) - ¢(z) = divp(Gep) — Gdivryp
so that: p
/ / “0dived (5) VoG, y) - () dyda (B.22)
NN

= / /F . %dinJ (y)divr[G(z, y)9p(z)|dydz— / /F . %G(:c, y)divpd (y)divpe (z)dyda

We are interested in the first term of this equality and replace the integral on I' by
an integral over the volume 2. = ¢ x I based on this surface and height €. The
surface integral is the limit of this integral when ¢ — 0:

//FFi‘)dier(y)din[G(éE,yW( Jdydz = lim / /Q AT ()divr[G v, y)p (v)]dydv

e—0

/lepJ {hm/ din[G(v,y)¢(v)]dv}dy (B.23)

And using the definition of the divergence, the boundary condition and the invari-
ance of 1 along z and along the depth of the volume €.:

/ divp[G (v, y)¢(v)]dv = — /F G(z,y)¢¥(x) - ndx

= —/ G(z,y)¢(x) - ndx = eC (B.24)
side sur face

where C' is a constant. This integral tends to 0 when & goes to 0, so the first term
on the right in (B.22) is zero:

/ —lepJ WVoG(z,y)dy - Y (v)dr = —/ @G(Ly)dinJ(y)dindJ(az)dydm
IT IT k (B 25)

So we replace these integrals in (B.21). Another term combination product will be
written as:

[VyG(z,y) x M(y)] - ¥(z) = —[p(x) x M(y)] - V,G(2,y) (B.26)
By injection (B.25) and (B.26) in (B.21), we arrive at:

/ Ej¢ - pde = —i / / [kﬁZoG(x,y)J cap — %G(w,y)divr.]divr@b dydz
I T

1
+ 2/F¢ (0 x M)dz + / [ (M) V,Gla)dyde (B.27)

We develop the second equation of (B.20) in the same way. Finally, we get double
integral formulation (1.16)-(1.17):

<Zo(B-8)J,¥;>+ < (P+QM,¥; >=< [E™ ¥; > (B.28)

1 .
—<(P+Q)J,\IIM>+<7O(B—S)M,\IIM >S=<ITH" W\ > (B.29)

with the operators (B — 5) and (P + @) defined in (1.13)-(1.14).



APPENDIX C
Exact impedance boundary
conditions

Here, we derive an exact tensor IBC for one layer of isotropic material, set on a
perfect electric conductor (PEC) medium, that is mentioned in [R-Sb|(equations
(3.19)-(3.20)), by a technique that presented in [BS]. We consider a plane isotropic
medium infinite in the z and y directions, the z axis is directed normal to the coating
medium and n is a normal vector. In the thin layer, we represent E,(z) by its Taylor
series expansion around zg, that is fixed value of z in thin layer. Separating odd
and even power terms

= (Z—ZO) " oon Z—ZO)QHJrl 2n+1
Ex(z):;)(Qn)ﬁ E. (20 +27+1)!az E.(z0). (C.1)

The Cartesian components of E satisfy Helmholtz equation in thin layer. Hence,
O2E,(z) = —(k* + Vi,)Ex(2), and 02"E,(z) = (=1)"(k* + V7,)"Ey(z). Conse-

quently
© 2 — 2 2n
Z ((Qn())!)agnEz(zo) = cos[(z0 — Z)M]Ex(zo), (C.2)

n=0
Also, we have 92" E,(z) = (—1)"(k? + V3,)"0.E.(2) and, from Maxwell’s equa-
tions, 9, F,(z) = —i(9;,H.(z) — 92H,(2))/(we). Because H,(z) satisfies Helmholtz
equation and V-H = 0, we get dE,(2) = —i(k*H,(z) — 82, H.(z) + 82Hy(2))/(we).

Hence

0 (L \2nl ; sinldy/k? 4+ V7 ]
Zwaznﬂﬂr(%) 19 X [K2H, — 02 Hy + 02H,] (20).

(2n—|— 1)! z we 2 +V

n=0
(C.3)
Finally, inserting (C.2) and (C.3) in (C.1), we obtain

; sin[dy/k2 + V7]
Eq(2) = cos|(20—2)\/ k2 + V] Ex(20) —I—— \/W x[k*H, Ongm + 02
+ Vig

(C.4)

Similarly, we obtain for Ey(z)

E

we k2 +VE
(C.5)

Hy] (ZO)

- sin[dy/k? 4+ V3]
y(2) = cos[(z0—2)1/k? + V?g]Ey(zo)—L T [k2Hx — (ﬁyHy + 85[—[35] (20)-
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That we can write in vector form as

Eiy(z) = cos[(z0 — 2)/ k% + V%Q]Etg(zo)

i sin[dy/R2+VE] g2 4 92 2
+ L R e ) co
we 2+ v oy 7

Now, we take z = —d on the interface between thin layer and PEC, and zg = 0 is on
the interface between freespace and dielectric layer. So E;y(z) = 0 and (29 — 2) = d,

and we obtain

; tan[dy /K2 + V] 2 4 92 2
E,,(0) = {k+@ Ory }mxmm> @)

2 2 2
we K24V Oy K"+ 0y

We assume that the plane-wave fields are written in the following forms:
E(I'> t) — elEOe—ikr-i-iwt

H(I‘, t) = 82H06_ik'r+i(‘)t

where e, e are two constant real unit vectors, and Fy, Hg are complex amplitudes
which are constant in space and time.

E(I‘) — Eoe—i(kmﬁ+kyy+kzi)~r
0, E(r) = —ik,E(r)
IO’E(r) = —k2E(r)

So we can replace partial derivatives by k, and k, components

Oy = —tky, and 0y = —iky (C.8)
or
8 =—k2, 92, = —kaky and 0; = k. (C.9)
We obtain
. [p (tan[k.d] k> — k2 —kyky
Ei (0) = —iy /2 z H 1
w0 == /E (SN [ G o o
where V7, = 07 + 83, k = wy/pe and k. = | /k? — k2 — k2. We should make some
calculations
(K2 —k2)  (R2—K)(R2+K2)  RR(R2+A2—k2) — K2K2  K2K2 + k2R2
Kk, ko (k2 + K2) ko (k2 + K2) ko (k2 + k2)

So the following exact impedances are obtained for the dielectric coated conductor

ok
Ty (ks by) = Zya (ki by) = z\/g - tank.d] (C.11)
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7 (ko k ,\/ﬁk§k§+k§k2t " oo
e (R y) ! ekkz(kzg+k§) ankd] (C.12)
and E2E2 + K2k2
. 1% Yz x
Lk ky) = —14 | — ——5——5 tan|k.d)]. C.13
yy( y) Z\/;kkz(k§+k§) an{k-d] ( )

Z is the impedance tensor of wave numbers k., k,, wave frequency and coating
at each point of a surface.






APPENDIX D

Coefficients calculation MATLAB
script

function [a0 al a2 bl b2| = coef2()

o7

% a0 = ik0 Z0 ethan (0) Leontovich IBC

%

% TE polarization

%  ik0 Z0 ethan(theta) = (a0 + alxksi)/(1 + blxksi)
%  ou ksi = —( kO x sin(theta) )2

%

% TM polarization

%  ik0 Z0 ethan(theta) = (a0 + a2xksi)/(1 + b2xksi)
o

ci = sqrt(—1); %complex number

c = 299792458; %Speed of light m/s

mu0) = 4xpixle—7; %Free space permeability

epsO = le—12/(mu0 * c¢~2); %Free space permittivity
z0=376.73; %Free space impedance

Theta = [pi/6; pi/3]; %angular range
eps = 5; %Relative permittivity
mu = 1; %Relative permeability

f = 0.45; % frequency GHz

d = 0.05; %Layer thickness

k0O = 20.96xf; %Free space wave number
k = sqrt(epsxmu)xk0; %Wave number

%Leontovich impedance constant
a0 = cixk0xz0*xsqrt (mu/eps)xtan(kxd);

(14

U

pol = 1; % TE polarization
Zexct = Zexx2(Theta, eps, mu, d, pol, f);
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ksi = —k0"~2x(sin (Theta)."~2);
albl = |ksi —ksi.xZexct| (—1) x(Zexct — al);

al — albl (1);
bl = albl(2);

(V4

U

pol = 2; % 1IM polarization
Zexct = Zexx2(Theta, eps, mu, d, pol, f);

ksi = —k0"2x(sin(Theta)."~2);
albl = |[ksi —ksi.xZexct]| " (—1) x(Zexct — al);

a2 = albl(1);
b2 = albl (2);

(V4

U

function Z = Zexx2(Theta, eps,mu, d, pol, f)
% Calculation of Z exact(theta)
%a0 = cixk0xz0xsqrt (mu/eps)*tan (kxd);

ci =sqrt(—1); %complex number
c = 299792458;

mul = 4xpixle—T7;

eps0 = le—12/(mu0 * c¢~2);

z0 = 376.73;

kO = 20.96%f:

tankd = tan(kOxsqrt(eps*mu — sin(Theta).”2)xd);

if (pol==1)
Z = cixk0*z0xsqrt(eps*mu — sin(Theta)."2).xtankd/eps;

elseif (pol==2)
Z = cixz0*muxtankd./sqrt(eps*mu — sin(Theta).~2)/k0;

else

Z = 0;

sprintf( ’should_be_pol=1_for _TE_and_pol=2_for TM")
end
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2D discretization matrices

We introduce basis matrices,

1
M;; =<, >= {ﬁ i=j}

where [M] is an invertible diagonal matrix.

= i=j
Sij=<dl¢j,¢>i>={ Moo

% t=7+1
1 . .
1 Iy Z:]_l
P =< dﬂb.’lb, >= — il . )
] J 7 2 7hi1hj ’L:]+1

where basis functions ¢ and 1 are defined earlier in (6.9)-(6.12) in chapter 6.
Note: Here matrices [M], [S] and [P] correspond to matrices [12], [D1] and
[D3] from the chapter 6, respectively.
Now we define matrix [T'] that corresponds to matrix [D5] in chapter 6:

Tij =< d19pj, Vi >=<1j_1 — P, >= (ME);;.

And matrices:

i i=j—1
(SE)ij = _(h% + h11,1> i =]
hll_l 1=75+1

[D1)[12]71[D3] = [S)[M] ™' [P]
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Appendix E. 2D discretization matrices

hih; i=j—1
1 . .
T =17
SM~'P); == hgphi
( ) J —hilhj 1=75+4+1
I i=j+2
[D3][12)71[D5] = [P][M] ™' [M][E] = [P][E]
hihlj,l 1=7—2
1 .
— 1=7—1
(PE)U =35 hilhj . J .
" Tah; 1 t=17
[D3][12]71[D3] = [P][M] '[P
1 — i
—1 1 hih{hj+l 1 ! _ I . :
(PM P)ij:Z _W(Til Fiat) | ij
I 1=j+2
For IBC2 we have next matrix of a problem:
| ZolB — 8] + (1] @] $01 31 0 0 gy oy
T a al 7
[Q] 7Bl + 50 [12] 5[D3] 3-[D3] 0 0 505 (D3] 505 (D3]
—[D5] 0 [12] 0 0 0 0 0
0 —[D3] 0 [12] 0 0 0 0
0 0 —[D3] 0 [12] 0 0 0
0 0 0 ~[D3] 0 [12] 0 0
0 0 0 0 —[D3] 0 [12] 0
I 0 0 0 0 0-[D3 0 [12]
(E.1)

with auxiliary unkowns Xs, Y2, X3, Y3, such that

< d} T >=< d} X1, >=< di X2,9; >=< d; X3,1; >

We have next equations form

< X3,¢j >=< leg,T/)j > = [12]

< Xg,’l/)j >=< lel,T,Z)j > = [12]

< Xl,i/)j >=< dlt]ij > =

5= [D3]X; = X3 =[12]7'[D3|X;
2= [D3[X1 = X3 =[12]7'[D3|X,

X3
Xy
(121X, = [D3]J = X, = [I2]7'[D3]]

The same equations for Y3, Ys, Y] and M. Finally, we need to find next matrices

[D1] ([12]~'[D3])? [12]7'[D5] = [S] ([M]~'P))? [M] ™ [M][E)]

[S] ([M]7HP)? [E]
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hihiJrllhj,l 1=7—3
(e tay) i=j—2
1 _h%(hzhll,l + hihliﬂ hz,llhlﬂ) 1=7—1
(S(M~1P)2E); = B S A T it 6 -
hi—1 (hz 11hi—2 hlhlz_1 - hzhll_z) i=7+1
ki 11h1~ 2(hl h]1,1 i=74+2
hi 1h13hg+1 1=7+3

[D1] (12171 [D3))* [12] ' [D3] = [S] ([M]7'[P))* [M]H[P] = [S] ([M] 7' [P])°

T i=Jj=3)
1 1_W 1 T X
_hlz‘hj (hjhii—l T hh T hj—llhj—Q) ¢ N J _ 1
sy 1| R i)
W(hjhj—ll + hihya + hj+1hj1+2) Z - ‘7 +
“hiiy o T Rl T k) =012
7W1+1hg+2 i= ] +3
ey oy v i=j+4

(D3] ([12)7'[D3))* [12)~'[D5] = [P] ([M] 7' [P])* [M]~'[M][E] = [P] ((M]~'[P])* [E]
1

hihi+1hi1+2hj—1 Z = j —4

| TEEmRRES 1=J=3

Rihit (7 oot T Rk, T Fhi ) =72

(PrippEy; = 1w s s )=
Frihi 1(h1h11+1 Rall vy et hihil_l) =

hh, 1(hlh1+1+hz Thy 1+hihi,1) i=j+1

— i=j+2

hihi_llhjhjﬂ i=j+3

(D3] ([12)7'[D3))* [12] 7' [D3] = [P] (M]~'[P])* [M]~'[P] = [P] (IM]~'[P])°

( i C
1 1 hz‘hiq»lh‘hj,lh',l ) . =7 4
" hihit1hjh; (lhj,l + {lj+1) hlh h] Thy 2(h S + hi+1) 1=7—2
(P(M_lp)s)i' = i hihi—1h; S hihj— + hjhj+1 hj— 1hg 2)
716 1 1 1

F Rk, (hjhj—l + hjhj+11+ h;+1h3+2) t=J

1 1 1 1 1 L.
il 1h;h; (hj,l + hHl) ; hihjhjﬂhﬁg(hi,l + hiH) i=j+2

hihi—1hjhjtihjto 1=j+4







APPENDIX F

Mie Scattering

The Mie solution to Maxwell’s equations (also known as the Lorenzo-Mie solution,
the Lorenzo-Mieo-Debye solution or Mie scattering) describes the scattering of elec-
tromagnetic radiation by a sphere. The solution takes the form of an analytical
infinite series. It is named after Gustav Mie.

F.1 Mie coefficients for coated spheres

Mie coefficients a,, and b, of coated spheres can to compute cross sections and
scattering diagrams. The coated sphere has an inner radius R with size parameter
x = kR (k is the wave number in the ambient medium) amd m; is the inner-medium
refractive index relative to the ambient medium (which is suppose to be PEC), a
coating of outer radius R + d (d is the thickness of coated layer) with relative
refractive index mg, and size parameter y = k(R + d).

One form used to compute the Mie coeflicients of coated spheres is th following:

_ (l?n/mZ + n/y)¢n(y) - ¢n71(y) b — (mgé? + n/y)q/)n(y) — ¢n71(y)
n (Dn/mQ + n/y>£n<y) - fn_1(y) ’ (/mQGn + n/y)gn(y) _ gn—l(y)

= Dy(may) — Apxo(may)/Vn(may) = Dn(may) — Buxy,(may) /Yn(may)

D = s G ey
" 1- Aan(mZ?J) " 1-— Ban(mQy)

mDy(miz) — Dy (max)

A = w”(mﬁ)mDn(mw)Xn(mﬁ) = Xn(moz)’
B Dn(miz)/m — Dn(moz) — —_ mo
By = tn(max) D, (m12)xn(mar) /m — X (maz)’ " my

F.2 The scattered far field

If the detailed shape of the angular scattering pattern is required, e.g. to get the
phase matrix or phase function for radiative-transfer calculations (Chandrasekhar,
1960), the scattering functions S1 and Sy are required. These functions describe the
scattered field E,. The scattered far field in spherical coordinates (Eqg, ) for a
unit-amplitude incident field (where the time variation exp(—iwt) has been omitted)
is given by
eik’r
Eg = ———cos¢ - Sa(cosb)
ikr _ (F.1)
Ey = o sin ¢ - S1(cos )
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with the scattering amplitudes S and S5

o 2n+1
St (COS 9) = Zn:1 W(anﬂ—n + bnTn); ( )
F.2
So(cosf) = > ni“(anm + by 7p)
"=ln(n+1)

Ep is the scattered far-field component in the scattering plane, defined by the in-
cident and scattered directions, and E,4 is the orthogonal component. The angle ¢
is the angle between the incident electric field and the scattering plane. The func-
tions m(cos ) and 7(cos @) describe the angular scattering patterns of the spherical
harmonics used to describe S7 and Sy and follow from the recurrence relations

_2n—1 n

T cos@ - mp_1 — -2 T = ncos® - m, — (n+ 1)mp—1 (F.3)
n—

n—
starting with (Deirmendjian, 1969)

mo=0; m =1; my =3cosb; 79 =0; 7 = cosb; 7o =3cos(20)

F.3 The exact RCS

The bistatic radar cross section, defined at ¢ = 0 as (for TE polarization)

RCS(0) =10 log (Z:;’SQ(COS 9)\2)
0
and at ¢ = /2 as (for TM polarization)

RCS(0) = 10 log <g]51(0089)\2>
0
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Electromagnetic Scattering Problem with Higher Order
Impedance Boundary Conditions and Integral Methods.

Abstract: The main subject of this thesis is to propose a new variational for-
mulation of electromagnetic scattering problem with approximate impedance bound-
ary conditions. We consider a perfect conductor coated with a thin dielectric layer.
The impedance operator is approximated as a ratio of polynomials of differential
operators, so that the boundary conditions are presented as an equation of these
polynomials. We call this condition as higher order IBC (HOIBC). We propose
the formulation of the problem, the discretization and the numerical results in two
dimensional case. Also we elaborate the formulation and some different methods
of discretization for three dimensional case. Finally we presented some numerical
results of three dimensional case.

Keywords: Higher-order impedance boundary conditions, scattering
problem, integral method, three dimensional method.

Résumé Dans cette thése, on a étudié le probléme de diffraction d’une onde
électromagnétique en régime harmonique. On se place dans le cas d’un objet parfait-
ment conducteur recouvert d’une couche mince de diélectrique. On présente en 2D
et 3D une nouvelle formulation intégrale couplée avec des conditions d’impédance
d’ordre élevée. On fait I’étude théorique pour 'existence et I'unicité pour chaque
formulation. Des résultats numériques sont donnés et valident les méthodes. En
3D une autre approche est proposée en utilisant les fonctions de base de Buffa-
Christiansen.

Mots clefs: Conditions aux limites d’impédance d’ordre élevée, probléme
de diffraction, méthode intégrale, méthode tridimensionnel.




