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■♥tr♦❞✉❝t✐♦♥

▲✬ét✉❞❡ ❞❡s ♣r♦♣r✐étés ♠❛❣♥ét✐q✉❡s ❞❡s ♠❛tér✐❛✉① à ❞♦♥♥é❡ ❧✐❡✉ à ❧✬é❧❛❜♦r❛t✐♦♥ ❞❡
❝♦♠♣❧❡①❡s ❞❡ ♠ét❛✉① ❞❡ tr❛♥s✐t✐♦♥s ❛✈❡❝ ❞❡s s♣é❝✐✜❝✐tés r❡♠❛rq✉❛❜❧❡s ❬✶❪✱ t❡❧❧❡s q✉✬✉♥❡
❧❡♥t❡ r❡❧❛①❛t✐♦♥ ❞❡ ❧✬❛✐♠❛♥t❛t✐♦♥ ❡♥❣❡♥❞ré❡ ♣❛r ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ❜❛rr✐èr❡ é♥❡r❣ét✐q✉❡
❞✬✐♥✈❡rs✐♦♥ ❞✉ s♣✐♥ t♦t❛❧ ❞✬✉♥❡ ♠♦❧é❝✉❧❡✳
❆✐♥s✐✱ ❧❡ ❝♦♠♣❧❡①❡ ♣♦❧②♥✉❝❧é❛✐r❡ ❬▼♥12✭❈❍3❈❖❖✮16✭❍2❖✮4❖12❪·✷❈❍3❈❖❖❍·✹❍2❖ ✭♥♦té
❡♥s✉✐t❡ ▼♥12✲❛❝ét❛t❡✱ ✈♦✐r ✜❣✉r❡ ✶✮✱ ❞❡ s♣✐♥ t♦t❛❧ S = 10✱ à ✈❛❧❡♥❝❡ ♠✐①t❡ ❢♦r♠é ♣❛r ✉♥
❛♥♥❡❛✉ ❡①t❡r♥❡ ❞❡ ❤✉✐t ▼♥III ✭S = 2✮ ❡♥t♦✉r❛♥t ✉♥ tétr❛è❞r❡ ❞❡ ▼♥IV ✭S = 3/2✮ ❬✷❪
♠❛♥✐❢❡st❡✱ ❞✬❛♣rès ❞❡s ♠❡s✉r❡s ❞✬❤②stér❡s✐s ✭❝❢✳ ✜❣✉r❡ ✷✮✱ ✉♥❡ ❛✐♠❛♥t❛t✐♦♥ s♣♦♥t❛♥é❡ ❡♥
❞❡ss♦✉s ❞✬✉♥❡ t❡♠♣ér❛t✉r❡ ❝r✐t✐q✉❡✱ ❝❡ t②♣❡ ❞❡ ♠❛tér✐❛✉ ❡st ❛♣♣❡❧é ❛✐♠❛♥t ♠♦❧é❝✉❧❛✐r❡ ♦✉
✧❙✐♥❣❧❡ ▼♦❧❡❝✉❧❛r ▼❛❣♥❡t✧ ✭❙▼▼✮✳ ▲❡s ♠❡s✉r❡s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ♠❛❣♥ét✐q✉❡ ❡♥ ❢♦♥❝t✐♦♥
❞❡ ❧❛ t❡♠♣ér❛t✉r❡ ❞é♠♦♥tr❡♥t ✉♥ ❝♦✉♣❧❛❣❡ ❢❡rr✐♠❛❣♥ét✐q✉❡ ❡♥tr❡ ❧❡s ♠❛♥❣❛♥ès❡s ❞❡ ❞❡❣ré
❞✬♦①②❞❛t✐♦♥ ❞✐✛ér❡♥ts ❬✸❪✱ ✐❧ ❡♥ rés✉❧t❡ ❧✬❛♣♣❛r✐t✐♦♥ ❞✬✉♥❡ ❢♦rt❡ ❛♥✐s♦tr♦♣✐❡ ♠❛❣♥ét✐q✉❡
❛✈❡❝ ✉♥ ❛①❡ ♣r✐✈✐❧é❣✐é ♣♦✉r ❧✬❛❧✐❣♥❡♠❡♥t ❞❡s s♣✐♥s ❞✐t ❛①❡ ❞❡ ❢❛❝✐❧❡ ❞✬❛✐♠❛♥t❛t✐♦♥✳

❋✐❣✉r❡ ✶ ✕ ❈♦♠♣❧❡①❡ ▼♥12✲❛❝ét❛t❡

❈❡ ❝♦♠♣❧❡①❡ ♣♦ssè❞❡ ✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞❡ ♠✉❧t✐♣❧✐❝✐té ❞❡ s♣✐♥ 2S+1 = 21✱ ❧❡s ❞✐✛é✲
r❡♥t❡s ❝♦♠♣♦s❛♥t❡s ❞✉ ♠♦♠❡♥t ♠❛❣♥ét✐q✉❡MS ♥❡ s♦♥t ♣❛s ❞é❣é♥éré❡s✱ ♠ê♠❡ ❡♥ ❧✬❛❜s❡♥❝❡
❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❈❡tt❡ ❧❡✈é❡ ❞❡ ❞é❣é♥ér❡s❝❡♥❝❡ ❡st q✉❛❧✐✜é❡ ❞❡ ✧❩❡r♦✲❋✐❡❧❞ ❙♣❧✐t✲
t✐♥❣✧ ✭❩❋❙✮ ❡t ❡st ♠♦❞é❧✐sé❡ ♣❛r ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♣❛r❛♠ètr❡s ❞♦♥t ❧❡s ♣r✐♥❝✐♣❛✉① s♦♥t ❧❡s
♣❛r❛♠ètr❡s ❛①✐❛❧ D ❡t r❤♦♠❜✐q✉❡ E ❞✉ ❩❋❙✳ ■❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ♣❡✉♣❧❡r ♣ré❢ér❡♥t✐❡❧❧❡♠❡♥t

✼



■◆❚❘❖❉❯❈❚■❖◆

❋✐❣✉r❡ ✷ ✕ ▼❡s✉r❡s ❞✬❛✐♠❛♥t❛t✐♦♥ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛♣♣❧✐q✉é à ❞✐✛ér❡♥t❡s t❡♠♣ér❛✲
t✉r❡s s✉r ▼♥12✲❛❝ét❛t❡

❝❡rt❛✐♥❡s ❝♦♠♣♦s❛♥t❡s MS ❡♥ ❛♣♣❧✐q✉❛♥t ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡t✱ ✉♥❡ ❢♦✐s ❧❡ ❝❤❛♠♣ ✐♥✲
t❡rr♦♠♣✉✱ ❞❡ ♠❛✐♥t❡♥✐r ❝❡tt❡ ♣♦♣✉❧❛t✐♦♥ ❡t ❞♦♥❝ ❧✬❛✐♠❛♥t❛t✐♦♥ rés✉❧t❛♥t❡ ❞❡ ❧❛ ♠♦❧é❝✉❧❡✱
❝❡♣❡♥❞❛♥t✱ ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ r❡❧❛①❛t✐♦♥ t❤❡r♠✐q✉❡ t❡♥❞ à ❢❛✐r❡ ♣❡r❞r❡ ❝❡tt❡ ♣r♦♣r✐été✳ ❊♥
❡✛❡t✱ à ❜❛ss❡ t❡♠♣ér❛t✉r❡✱ ❧❡ ♠♦♠❡♥t ♠❛❣♥ét✐q✉❡ ❞❡ s♣✐♥ ❞✉ s②stè♠❡ ♣❡✉t êtr❡ ❛♥❛❧②sé
❝♦♠♠❡ ❧❡ ❝❛s ❞✬✉♥❡ ♣❛rt✐❝✉❧❡ ❞❛♥s ✉♥ ❞♦✉❜❧❡ ♣✉✐ts ❞❡ ♣♦t❡♥t✐❡❧ q✉❛♥t✐q✉❡ ❞♦♥t ❧❡s ❞✐✛é✲
r❡♥ts ét❛ts ♣♦ss✐❜❧❡s s♦♥t ❞✬✉♥❡ ♣❛rt ❧❡s ❝♦♠♣♦s❛♥t❡s ❛✈❡❝ MS ♣♦s✐t✐❢s✱ ❞✬❛✉tr❡ ♣❛rt ❛✈❡❝
MS ♥é❣❛t✐❢s✱ ❡t s♦♥t ❞✐s♣♦sés ♣❛r é♥❡r❣✐❡ ❞é❝r♦✐ss❛♥t❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ |MS|✱ s❡❧♦♥ ❧❡s ✈❛✲
❧❡✉rs ♣r♦♣r❡s ❞❡ ❧✬❤❛♠✐❧t♦♥✐❡♥ ❞❡ s♣✐♥ H = −|D|S2

z ❛✈❡❝ Sz ❧❛ ❝♦♠♣♦s❛♥t❡ z ❞✉ ♠♦♠❡♥t
♠❛❣♥ét✐q✉❡ ❞❡ s♣✐♥ ❡t D ✉♥ ♣❛r❛♠ètr❡ ♥é❣❛t✐❢ ♣♦✉r ❝❡ ❝♦♠♣♦sé ✭D ❂ ✲✵✳✹✻ ❝♠−1✮✳ ■❧ ❡st
❛❧♦rs ♣♦ss✐❜❧❡ ❞❡ ❝♦♥s✐❞ér❡r q✉❡ ❧❛ ❜❛rr✐èr❡ é♥❡r❣ét✐q✉❡ ♣♦✉r r❡♥✈❡rs❡r ❧❡ s♣✐♥✱ ✐❧❧✉stré❡ s✉r
❧❛ ✜❣✉r❡ ✸✱ ❡st U = |D| (MSmax)

2 s♦✐t ✹✻ ❝♠−1 ♦✉ ❡①♣r✐♠é❡ ❝♦♠♠❡ ✉♥❡ t❡♠♣ér❛t✉r❡ ✻✻
❑ ❬✹✱ ✺❪ ♣♦✉r ❝❡ ❝♦♠♣❧❡①❡✳ P♦✉r ❜é♥é✜❝✐❡r ❞❡ ❝❡s ♣r♦♣r✐étés✱ ✐❧ s❡r❛ ❞♦♥❝ ♥é❝❡ss❛✐r❡ ❞❡ s❡
♣❧❛❝❡r à ❜❛ss❡ t❡♠♣ér❛t✉r❡ ♦✉ ❞✬❛❝❝r♦îtr❡ U ✳ P❛r ❡①❡♠♣❧❡✱ ♣♦✉r ▼♥12✲❛❝ét❛t❡✱ ❧❛ t❡♠♣ér❛✲
t✉r❡ ❞❡ ❜❧♦❝❛❣❡ ❡st ❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t ❞❡ ✹ ❑ ❬✻❪✳ ◆♦t♦♥s✱ ❝❡♣❡♥❞❛♥t✱ q✉✬✉♥ r❡♥✈❡rs❡♠❡♥t
❞✉ s♣✐♥ ❡st ❛✉ss✐ ♣♦ss✐❜❧❡ à ❞❡ ♣❧✉s ❢❛✐❜❧❡s é♥❡r❣✐❡s ♣❛r ❡✛❡t t✉♥♥❡❧ q✉❛♥t✐q✉❡✳

▲❛ r❡❧❛①❛t✐♦♥ ♠❛❣♥ét✐q✉❡ à ❜❛ss❡ t❡♠♣ér❛t✉r❡ ❧❛✐ss❡ ♣rés❛❣❡r ✉♥❡ tr❛♥s✐t✐♦♥ ♠❛❣♥é✲
t✐q✉❡ à ❣r❛♥❞❡ é❝❤❡❧❧❡✱ à ❧✬✐♠❛❣❡ ❞❡s ❛✐♠❛♥ts ♠❛❝r♦s❝♦♣✐q✉❡s✳ ❆✐♥s✐✱ à ♣❛rt✐r ❞❡ ♣♦✉❞r❡s
♣♦❧②✲❝r✐st❛❧❧✐♥❡s✱ ✉♥ ♣❤é♥♦♠è♥❡ ❞✬❤②stér❡s✐s ♠❛❣♥ét✐q✉❡ ❞✬♦r✐❣✐♥❡ ♠♦❧é❝✉❧❛✐r❡ ❡st ♦❜s❡r✈é
♠❛✐s s❛♥s ❧❛ ❢♦r♠❛t✐♦♥ ❞❡s ❞♦♠❛✐♥❡s ♠❛❣♥ét✐q✉❡s ❞❡ ❲❡✐ss ❞❡ t❛✐❧❧❡s ✈❛r✐❛❜❧❡s ❡①❤✐❜❛♥t
❞❡s ♣r♦♣r✐étés ♥♦♥ ✉♥✐❢♦r♠❡s ❝♦♠♠❡ ♣♦✉r ❧❡s ❛✐♠❛♥ts tr❛❞✐t✐♦♥♥❡❧s✳ ❆✐♥s✐✱ ✉♥ é❝❤❛♥t✐❧❧♦♥
♠❛❝r♦s❝♦♣✐q✉❡ ❞❡ ❙▼▼ t❡❧ q✉✬✉♥❡ ♣♦✉❞r❡ ❝♦♠♣♦sé❡ ❞✬✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❙▼▼ ♣ré❛❧❛❜❧❡✲
♠❡♥t ❛❧✐❣♥és à ❧✬❛✐❞❡ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛ ♣❡r♠✐s ❧✬♦❜s❡r✈❛t✐♦♥ ❞✬✉♥ ♣❤é♥♦♠è♥❡ ❞❡
♠❛r❝❤❡s q✉❛♥t✐✜é❡s ❛✉ s❡✐♥ ❞❡s ❜♦✉❝❧❡s ❞✬❤②stérés✐s à ❜❛ss❡ t❡♠♣ér❛t✉r❡✳ ❈❡❧❛ s✬✐♥t❡r✲
♣rèt❡ ♣❛r ✉♥ ❡✛❡t t✉♥♥❡❧ rés♦♥♥❛♥t q✉✐ ♣❡✉t êtr❡ ❛ss✐sté t❤❡r♠✐q✉❡♠❡♥t ❡♥tr❡ ❞✐✛ér❡♥ts
ét❛ts ❞❡ s♣✐♥ ♣♦✉r ❞❡s ✈❛❧❡✉rs ♣❛rt✐❝✉❧✐èr❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ❧❛ ❤❛✉t❡✉r ❡✛❡❝t✐✈❡ ❞❡
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❋✐❣✉r❡ ✸ ✕ ❇❛rr✐èr❡ é♥❡r❣ét✐q✉❡ ❞✬✐♥✈❡rs✐♦♥ ❞❡ s♣✐♥ ♣♦✉r ✉♥❡ ♠♦❧é❝✉❧❡ à ❤❛✉t s♣✐♥

❧❛ ❜❛rr✐èr❡ é♥❡r❣ét✐q✉❡ ♣♦✉✈❛♥t êtr❡ ré❞✉✐t❡ s♦✉s ❧✬❡✛❡t ❞✉ ❝❤❛♠♣ ❬✼✱ ✽❪✳ ❈❡tt❡ ♣r♦♣r✐été
♣❡✉t êtr❡ ♠✐s❡ à ♣r♦✜t ♣♦✉r ♦❜t❡♥✐r ✉♥ ❡✛❡t ♠❛❣♥ét♦✲❝❛❧♦r✐q✉❡✳ ❊♥ ❡✛❡t✱ ❧♦rs ❞✬✉♥❡ ❜❛✐ss❡
❞✉ ❝❤❛♠♣ ❛♣♣❧✐q✉é✱ ❧✬❡♥tr♦♣✐❡ ❡t ❧❛ t❡♠♣ér❛t✉r❡ ✈❛r✐❡♥t ❢♦rt❡♠❡♥t✱ ✉♥ r❡❢r♦✐❞✐ss❡♠❡♥t
♠❛❣♥ét✐q✉❡ ❞❛♥s ❞❡s ❞♦♠❛✐♥❡s ❝♦♠♣❛r❛❜❧❡s à ❧✬❤é❧✐✉♠ ❧✐q✉✐❞❡ s❡♠❜❧❡ ❛❧♦rs ♣♦ss✐❜❧❡ ❬✾❪✳

❆ ♣❛rt✐r ❞❡ t❡❧❧❡s ♦❜s❡r✈❛t✐♦♥s✱ ❞❡ ♥♦♠❜r❡✉s❡s ♣r♦♣r✐étés s♦♥t t❤é♦r✐q✉❡♠❡♥t ♣♦ss✐❜❧❡s
t❡❧❧❡s q✉❡✱ ❡♥ ♣r♦✜t❛♥t ❞✉ ❜❧♦❝❛❣❡ ❞❡ ❧✬ét❛t ♠❛❣♥ét✐q✉❡ à ❜❛ss❡ t❡♠♣ér❛t✉r❡✱ ❧❡ st♦❝❦❛❣❡
❞✬✐♥❢♦r♠❛t✐♦♥ s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥ ❜✐t q✉❛♥t✐q✉❡ ❛ss♦❝✐é à ✉♥ ❙▼▼✱ ❝❡ ❞❡r♥✐❡r ❥♦✉❛♥t
❧❡ rô❧❡ ❞✬✉♥ s②stè♠❡ ❜✐st❛❜❧❡✳ ■❧ s❡r❛✐t ❛✐♥s✐ ♣♦ss✐❜❧❡ ❞✬é❧❛❜♦r❡r ✉♥ s②stè♠❡ ❞❡ st♦❝❦❛❣❡
❞✬✐♥❢♦r♠❛t✐♦♥ ❞❡ ❤❛✉t❡ ❞❡♥s✐té ❬✶✵❪ ❡♥ ✐♠♣♦s❛♥t✱ ❧♦rs ❞✬✉♥❡ ♣❤❛s❡ ❞✬é❝r✐t✉r❡✱ ✉♥ ét❛t
♠❛❣♥ét✐q✉❡ à ❝❤❛q✉❡ ♠♦❧é❝✉❧❡ s✐ ❝❡❧❧❡✲❝✐ ❡st ❝♦♥♥❡❝té❡ à ✉♥ ❝♦♥❞✉❝t❡✉r é❧❡❝tr✐q✉❡ ❝❡s
♣r♦♣r✐étés ❞❡ tr❛♥s♣♦rt s❡r❛✐❡♥t ❛❧♦rs ♠♦❞✐✜é❡s ❡t ♦❜s❡r✈é❡s ❧♦rs ❞❡ ❧❛ ♣❤❛s❡ ❞❡ ❧❡❝t✉r❡✳
❉✬❛✉tr❡s ♠ét❤♦❞❡s s✉❣❣èr❡♥t ✉♥❡ ❧❡❝t✉r❡ ❡t é❝r✐t✉r❡ ♣❛r ✐♠♣✉❧s✐♦♥ à rés♦♥❛♥❝❡ ❞❡ s♣✐♥✳
❯♥❡ ✈♦✐❡ ♣r♦♠❡tt❡✉s❡ ♣♦✉r ❧✬é❧❛❜♦r❛t✐♦♥ ❞✬♦r❞✐♥❛t❡✉r q✉❛♥t✐q✉❡ ✉t✐❧✐s❡ ✉♥❡ s✉♣❡r♣♦s✐t✐♦♥
❞✬ét❛ts q✉❛♥t✐q✉❡s ❞❡ ♠♦❧é❝✉❧❡s ❛✐♠❛♥ts ❬✶✶✕✶✸❪ ❛✈❡❝ ❞❡s ❜✐ts q✉❛♥t✐q✉❡s ❜❛sés s✉r ❧❡ s♣✐♥✳

❆✜♥ ❞✬❛✉❣♠❡♥t❡r ❧✬é♥❡r❣✐❡ ❞❡ ❧❛ ❜❛rr✐èr❡ U = |D| (MSmax)
2✱ ✉♥❡ ♣r❡♠✐èr❡ ♣✐st❡ s✉✐✈✐❡

❢✉t ❞✬❛✉❣♠❡♥t❡r ❧❡ s♣✐♥ ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞✉ ❝♦♠♣❧❡①❡✱ ❝❡tt❡ ❝❛r❛❝tér✐st✐q✉❡ ét❛♥t
♣❧✉s ❢❛❝✐❧❡ à ♣ré❞✐r❡ q✉❡ ❧❛ ✈❛❧❡✉r ❞❡ D✱ ❞ès ❧♦rs✱ ❞✬❛✉tr❡s ❝♦♠♣♦sés ♣♦❧②♥✉❝❧é❛✐r❡s ♦♥t été
❞é✈❡❧♦♣♣❡r t❡❧s q✉✬✉♥ ❝♦♠♣❧❡①❡ ❤❡①❛✲♥✉❝❧é❛✐r❡ ▼♥II

6 ❛✈❡❝ ✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧ S = 12✱ ✉♥
❛✉tr❡ ❝♦♠♣♦sé à ✈❛❧❡♥❝❡ ♠✐①t❡ ❞♦❞é❝❛✲♥✉❝❧é❛✐r❡ ▼♥12 ❛✈❡❝ S = 14 ♦✉ ✉♥ ♦❝t♦✲♥✉❝❧é❛✐r❡
❋❡III8 ❬✶✱ ✻❪ ❛✈❡❝ S = 10✳ ❈❡♣❡♥❞❛♥t✱ ❝♦♠♠❡ ❝❡❧❛ s❡r❛ ❞é✈❡❧♦♣♣é ♣❧✉s t❛r❞✱ ❧❡ ♣❛r❛♠ètr❡
D ❡st ❞é♣❡♥❞❛♥t ❞✉ s♣✐♥ ❞✉ ❝♦♠♣❧❡①❡ ❡t ❧✬❛♥✐s♦tr♦♣✐❡ ✭❡t ❞♦♥❝ D✮ t❡♥❞ à ❞✐♠✐♥✉❡r à
♣r♦♣♦rt✐♦♥ q✉❡ ❧❡ s♣✐♥ t♦t❛❧ ❛✉❣♠❡♥t❡ s❡❧♦♥ ✉♥ ❝♦♥❝❡♣t ❞❡ ❞✐❧✉t✐♦♥ ❛♥✐s♦tr♦♣✐q✉❡ ❬✺✱ ✻❪✳
❊♥ ❢❛✐t✱ |D| ✈❛r✐❡ ❡♥ (MS)

−2 ❡t ❞♦♥❝ U ❡st q✉❛s✐♠❡♥t ✐♥❞é♣❡♥❞❛♥t ❞✉ s♣✐♥ t♦t❛❧✱ ❡♥
❝♦♥séq✉❡♥❝❡ ✐❧ s❡♠❜❧❡ ♣ré❢ér❛❜❧❡ ❞✬❛♠é❧✐♦r❡r ❧✬❛♥✐s♦tr♦♣✐❡ ❧♦❝❛❧❡ ❛✉ s❡✐♥ ❞❡ ❝❤❛q✉❡ ✐♦♥s
♠ét❛❧❧✐q✉❡s ❬✺✱ ✶✹❪ ♦✉ ❞✬✐❞❡♥t✐✜❡r ♣❧✉s ♣ré❝✐sé♠❡♥t ❧❡s ♦r✐❣✐♥❡s ❞❡ S ❡t ❞❡ D✳
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❈✬❡st ❡♥ ♣r❡♠✐❡r ❧✐❡✉✱ ❝❡tt❡ ❛♣♣r♦❝❤❡ q✉✐ s❡r❛ s✉✐✈✐❡ ❛✜♥ ❞✬❛✉❣♠❡♥t❡r ❧✬❛♥✐s♦tr♦♣✐❡ ❞❡s
❙▼▼ ❧❡s ♣❧✉s s✐♠♣❧❡s ✿ ❧❡s ♠♦♥♦♥✉❝❧é❛✐r❡s✱ ❡t ❝❡✉① ♣❛r ❞✐✛ér❡♥ts ♠♦②❡♥s ❞❡ s♦rt❡ à ♦❜t❡♥✐r
✉♥❡ ✈❛❧❡✉r ❞❡ D ♥é❣❛t✐✈❡ ❡t ❛✈❡❝ ✉♥❡ ❛♠♣❧✐t✉❞❡ ♠❛①✐♠❛❧❡✱ ❞♦♥♥❛♥t ❧✐❡✉ à ✉♥ s②stè♠❡
❜✐st❛❜❧❡ ❝♦♠♠❡ ❧✬❡①❡♠♣❧❡ ❤✐st♦r✐q✉❡ ▼♥12✲❛❝ét❛t❡ ❡t ❛✜♥ ❞✬❛❝❝r♦îtr❡ ❧❛ ❞✐✛ér❡♥❝❡ é♥❡r✲
❣ét✐q✉❡ ❞❡s ❝♦♠♣♦s❛♥t❡s ♠❛❣♥ét✐q✉❡s MS = 0 ❡t MSmax ❧✐é à ❧❛ ❤❛✉t❡✉r ❞❡ ❧❛ ❜❛rr✐èr❡
❛✐♥s✐ q✉❡ ❞✬♦❜t❡♥✐r ✉♥❡ ❢❛✐❜❧❡ ✈❛❧❡✉r ❞✬✉♥ ❛✉tr❡ ♣❛r❛♠ètr❡ ❞✉ ❩❋❙✱ E ❧✐é à ❧✬❡✛❡t t✉♥♥❡❧✳
❊♥s✉✐t❡✱ ✐❧ s✬❛❣✐r❛ ❞❡ t❡st❡r ❝♦♠♠❡♥t ❧❡s ❛♥✐s♦tr♦♣✐❡s ❧♦❝❛❧❡s ❞❡ ❞❡✉① ❝❡♥tr❡s ♠❛❣♥ét✐q✉❡s
✐♥t❡r❛❣✐ss❡♥t ♣♦✉r ❢♦r♠❡r ✉♥❡ ❛♥✐s♦tr♦♣✐❡ ❣❧♦❜❛❧❡ ❞✬✉♥ ❝♦♠♣♦sé ❜✐✲♥✉❝❧é❛✐r❡✳ P♦✉r ❝❡ ❢❛✐r❡✱
✉♥❡ ❛♣♣r♦❝❤❡ t❤é♦r✐q✉❡ s❡r❛ ❡♠♣❧♦②é❡ à ❧✬❛✐❞❡ ❞❡ ❧♦❣✐❝✐❡❧s ❞❡ ❝❤✐♠✐❡ q✉❛♥t✐q✉❡✳ ■❧ ❡st ❛✐♥s✐
♣♦ss✐❜❧❡ ❞✬❛❝❝é❞❡r ♣ré❝✐sé♠❡♥t à ❧❛ str✉❝t✉r❡ é❧❡❝tr♦♥✐q✉❡ ❞❡s ♣r✐♥❝✐♣❛✉① ét❛ts ❡♥ ♣r❡♥❛♥t
❡♥ ❝♦♠♣t❡ ❧❡s ❝♦✉♣❧❛❣❡s s♣✐♥✲♦r❜✐t❡s ✭❙❖❈✮ ✐♥❞✐s♣❡♥s❛❜❧❡s ♣♦✉r ❞é❝r✐r❡ ❧❡ ❩❋❙✳ P❛r ❞❡s
❝❛❧❝✉❧s ❛♥❛❧②t✐q✉❡s ❞❡s ❡✛❡ts s♣✐♥✲♦r❜✐t❡s✱ ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧❛ ♥❛t✉r❡ ♦✉ ❧✬♦r✐❣✐♥❡ ❞❡
❧✬❛♥✐s♦tr♦♣✐❡ s♦♥t ♦❜t❡♥✉❡s ❡t ♣❡r♠❡tt❡♥t ❞❡ ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❧❡s ♠❡s✉r❡s ❡①♣ér✐♠❡♥✲
t❛❧❡s✳ ❉❡ ♣❧✉s✱ ❣râ❝❡ à ✉♥❡ ♠✐s❡ é✈✐❞❡♥❝❡ ❞❡ ❧❛ ❝♦rré❧❛t✐♦♥ ❡♥tr❡ ❧❛ str✉❝t✉r❡ ❣é♦♠étr✐q✉❡
❞✉ ❝♦♠♣❧❡①❡ ❡t s❡s ♣r♦♣r✐étés ♠❛❣♥ét✐q✉❡s✱ ✉♥❡ ❛♠é❧✐♦r❛t✐♦♥ ❞❡ ❧✬❛♥✐s♦tr♦♣✐❡ ❞❡s s②s✲
tè♠❡s ♠❛❣♥ét✐q✉❡s ❡st ❡♥✈✐s❛❣❡❛❜❧❡✳ ❊♥✜♥✱ ✉♥ ❛✉tr❡ ❛♣♣♦rt ❞❡ ❧❛ ❝❤✐♠✐❡ t❤é♦r✐q✉❡ ❡st ❧❛
♣♦ss✐❜✐❧✐té ❞❡ ❞é✈❡❧♦♣♣❡r ❞❡s ❤❛♠✐❧t♦♥✐❡♥s ♠♦❞è❧❡s q✉✐ ♠❡tt❡♥t ❡♥ ❥❡✉✱ ♣♦t❡♥t✐❡❧❧❡♠❡♥t✱
❞❡s ♣❛r❛♠ètr❡s ✉t✐❧✐sés ♣♦✉r ✐♥t❡r♣rét❡r ❞❡s ♠❡s✉r❡s ❡①♣ér✐♠❡♥t❛❧❡s ❡t q✉✐ ♣❡✉✈❡♥t êtr❡
✈❛❧✐❞és r✐❣♦✉r❡✉s❡♠❡♥t s✉r ❞✐✛ér❡♥ts ❡①❡♠♣❧❡s ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡s ❤❛♠✐❧t♦♥✐❡♥s ❡✛❡❝t✐❢s✳

❈❡tt❡ t❤ès❡ s✬❛rt✐❝✉❧❡ ❡♥ tr♦✐s ❝❤❛♣✐tr❡s✳ ❊♥ ♣r❡♠✐❡r ❧✐❡✉✱ ❛✉ s❡✐♥ ❞✉ ♣r❡♠✐❡r ❝❤❛♣✐tr❡✱
❧❡s ♦✉t✐❧s t❤é♦r✐q✉❡s s♦♥t ♣rés❡♥tés✱ ❡♥ ♣❛rt✐❝✉❧✐❡r✱ ❧✬❤❛♠✐❧t♦♥✐❡♥ ✉t✐❧✐sé ♣♦✉r ❞é❝r✐r❡ ❧❡s
ét❛ts é♥❡r❣ét✐q✉❡s ❞❡s s②stè♠❡s ét✉❞✐és ❛✐♥s✐ q✉❡ ❧✬♦r✐❣✐♥❡ ❞❡s ♣❛r❛♠ètr❡s ♠❛❣♥ét✐q✉❡s q✉✐
❧❡✉r s♦♥t ❛ss♦❝✐és✳ P✉✐s✱ ❧❡s ❞✐✛ér❡♥t❡s ♠ét❤♦❞♦❧♦❣✐❡s ❡♠♣❧♦②é❡s s♦♥t ❡①♣♦sé❡s✱ ✐❧ s✬❛❣✐t ❞❡
♠ét❤♦❞❡s ❞♦♥♥❛♥t ❛❝❝ès à ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ❡t ❛✉① é♥❡r❣✐❡s ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❡t ❞❡s
♣r❡♠✐❡rs ét❛ts ❡①❝✐tés ✐♥❝❧✉❛♥t ❧❡s tr❛✐t❡♠❡♥ts ❞❡s ❡✛❡ts r❡❧❛t✐✈✐st❡s ❡t ❞❡ ❧❛ ❝♦rré❧❛t✐♦♥
é❧❡❝tr♦♥✐q✉❡✳ ❊♥s✉✐t❡✱ ❧❛ t❤é♦r✐❡ ♣❡r♠❡tt❛♥t ❧✬♦❜t❡♥t✐♦♥ ❞✬✉♥ ❤❛♠✐❧t♦♥✐❡♥ r❡♣r♦❞✉✐s❛♥t ❧❡
❜❛s ❞✉ s♣❡❝tr❡ ❡t s❡r✈❛♥t à ❧✬❡①tr❛❝t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ♠❛❣♥ét✐q✉❡s ❡st ❡①♣♦sé❡✱ s✉✐✈✐❡
❞✬✉♥❡ ♠ét❤♦❞❡ ❞❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❞❡♥s✐té é❧❡❝tr♦♥✐q✉❡ ❡♠♣❧♦②é❡ ♣♦✉r ❞é✜♥✐r✱ s✐ ♥é❝❡ss❛✐r❡✱
❧❛ str✉❝t✉r❡ ❣é♦♠étr✐q✉❡ ❞✉ ❝♦♠♣❧❡①❡ ét✉❞✐é✳ ▲♦rs ❞✬✉♥ s❡❝♦♥❞ ❝❤❛♣✐tr❡✱ ❞❡✉① ✈♦✐❡s ❞❡
r❡❝❤❡r❝❤❡ s♦♥t ♣r♦♣♦sé❡s ❛✜♥ ❞✬❛❝❝r♦îtr❡ ❧✬❛♥✐s♦tr♦♣✐❡ ♠❛❣♥ét✐q✉❡ ❡t✱ ❣râ❝❡ à ❞❡s ❝♦❧❧❛❜♦✲
r❛t✐♦♥s ❛✈❡❝ ❞❡s éq✉✐♣❡s ❡①♣ér✐♠❡♥t❛❧❡s✱ ❛♣♣❧✐q✉é❡s à ❞❡s ❝♦♠♣❧❡①❡s ré❡❧s ♣♦✉r ❧❡sq✉❡❧s
✉♥❡ ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❞❡s ♠❡s✉r❡s ♠❛❣♥ét✐q✉❡s ♣♦✉rr❛ êtr❡ ré❛❧✐sé❡✳ ▲❛ ♣r❡♠✐èr❡ ✈♦✐❡
❝♦♥s✐st❡ à ✉t✐❧✐s❡r ❞❡s ❝♦♠♣❧❡①❡s à ❝♦♦r❞✐♥❛t✐♦♥ ❡①♦t✐q✉❡ ✈✐s❛♥t à ❡♥❣❡♥❞r❡r ✉♥❡ ❢♦rt❡
❛♥✐s♦tr♦♣✐❡ ❡t ❧❛ s❡❝♦♥❞❡ ❝♦♥s✐st❡ à ❡①♣❧♦✐t❡r ❧❛ ❞é❣é♥ér❡s❝❡♥❝❡ ♦r❜✐t❛❧❛✐r❡ ❞❡ ❧✬ét❛t ❢♦♥✲
❞❛♠❡♥t❛❧ ♣♦✉r ♦❜t❡♥✐r ✉♥❡ ❣r❛♥❞❡ ✈❛❧❡✉r ❞❡ D✳ ❊♥✜♥✱ ❧❡ tr♦✐s✐è♠❡ ❝❤❛♣✐tr❡ ❡st ❧✬♦❝❝❛s✐♦♥
❞✬ét✉❞✐❡r ❝♦♠♠❡♥t✱ ❡♥ ❢❛ç♦♥♥❛♥t ❧✬❛♥✐s♦tr♦♣✐❡ ❧♦❝❛❧❡ ❞❡ ❞❡✉① ✐♦♥s ❝♦♠♣♦s❛♥t ✉♥ ❝♦♠♣❧❡①❡
❜✐✲♥✉❝❧é❛✐r❡✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬❛❝❝r♦✐tr❡ ♦✉ ❞❡ ré❞✉✐r❡ ❧✬❛♥✐s♦tr♦♣✐❡ ❣❧♦❜❛❧❡ ❞✉ ❝♦♠♣❧❡①❡✳ ❊♥
♣❛rt✐❝✉❧✐❡r✱ ❧❡ ❝❤♦✐① ❞✬✉♥ ❤❛♠✐❧t♦♥✐❡♥ ♣❡r♠❡tt❛♥t ❞❡ ❞é❝r✐r❡ ❧❡s ❛♥✐s♦tr♦♣✐❡s ❧♦❝❛❧❡s ❡t
❞✬é❝❤❛♥❣❡ ❡st ❛❜♦r❞é✱ ❛✐♥s✐ q✉❡ ❧✬✐♠♣♦rt❛♥❝❡ ❞❡ ❧❛ s②♠étr✐❡ ❞✉ s②stè♠❡ ❡t ❧❛ ❞é♣❡♥❞❛♥❝❡
❡♥tr❡ ❧❡s ♣❛r❛♠ètr❡s ❞❡ ❩❋❙ ❡t ❧❡s ❞é❢♦r♠❛t✐♦♥s str✉❝t✉r❛❧❡s ❡♥✈✐s❛❣é❡s✳

✶✵



❈❤❛♣✐tr❡ ✶

❚❤é♦r✐❡ ❡t ▼ét❤♦❞❡s

❆✜♥ ❞❡ ❞é❝r✐r❡ ❡t ❞❡ ❝♦♠♣r❡♥❞r❡ ❧❡s ♣r♦♣r✐étés ♠❛❣♥ét✐q✉❡s ❞❡s ❝♦♠♣❧❡①❡s ❞❡ ♠ét❛✉①
❞❡ tr❛♥s✐t✐♦♥ ❞❡ ❧❛ q✉❛tr✐è♠❡ ♣ér✐♦❞❡✱ ♥♦✉s ❛❧❧♦♥s ❞é✜♥✐r ❧✬❤❛♠✐❧t♦♥✐❡♥ ♥♦♥✲r❡❧❛t✐✈✐st❡
❞❡ ❝❡ s②stè♠❡ à ♣❛rt✐r ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❙❝❤rö❞✐♥❣❡r✳ P✉✐s ❛♣rès ❧✬❛❥♦✉t ❞✉ ❝♦✉♣❧❛❣❡ s♣✐♥✲
♦r❜✐t❡✱ ♣r✐♥❝✐♣❛❧ r❡s♣♦♥s❛❜❧❡ ❞❡ ❧✬❛♥✐s♦tr♦♣✐❡ ♠❛❣♥ét✐q✉❡✱ ✐❧ s❡r❛ ❛❧♦rs ♣♦ss✐❜❧❡ ❞✬✐♥tr♦❞✉✐r❡
❧❡ ♣❛r❛♠ètr❡ ❛①✐❛❧ D ❡t r❤♦♠❜✐q✉❡ E✱ ❛✐♥s✐ q✉❡ ❧❡s ♥♦t✐♦♥s ❞✬❛✐♠❛♥t❛t✐♦♥ ❡♥ ❢♦♥❝t✐♦♥ ❞✉
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛♣♣❧✐q✉é ❡t ❞❡ s✉s❝❡♣t✐❜✐❧✐té ♠❛❣♥ét✐q✉❡✳

✶✳✶ ❍❛♠✐❧t♦♥✐❡♥ ♠❛❣♥ét✐q✉❡ ♣♦✉r ❧❡s ❝♦♠♣❧❡①❡s ♠♦♥♦✲

♥✉❝❧é❛✐r❡s

✶✳✶✳✶ ❖r✐❣✐♥❡ ❞❡ ❧✬❤❛♠✐❧t♦♥✐❡♥ ❞❡s ❝♦♠♣❧❡①❡s ♠♦♥♦✲♥✉❝❧é❛✐r❡s ❡♥

❝❤❛♠♣s ♠❛❣♥ét✐q✉❡

◆♦✉s ❛❧❧♦♥s ❞é✈❡❧♦♣♣❡r ❧✬❤❛♠✐❧t♦♥✐❡♥ ♣❡r♠❡tt❛♥t ❞❡ ❞é❝r✐r❡ ❧❡s ét❛ts ❞✬✉♥❡ ♠♦❧é❝✉❧❡
❞❛♥s ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ~B ❡♥ s♣é❝✐✜❛♥t ❧❡s ❞✐✛ér❡♥t❡s ❝♦♥tr✐❜✉t✐♦♥s ❡st r❡q✉✐s ❬✶✺✕✶✼❪✳
▲❡s ❞✐✛ér❡♥ts t❡r♠❡s ✈♦♥t êtr❡ ✐♥tr♦❞✉✐ts ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉r ❞é♣❡♥❞❛♥❝❡ ❡♥ ❝❤❛♠♣ ❡t ❡♥
❢♦♥❝t✐♦♥ ❞✉ s♣✐♥✳ ❈❡ ❞❡r♥✐❡r s❡r❛ ✐♥tr♦❞✉✐t ❞❡ ♠❛♥✐èr❡ ♣❤é♥♦♠é♥♦❧♦❣✐q✉❡ ♣♦✉r r❡♣r♦❞✉✐r❡✱
❛✉ ♠✐❡✉①✱ ❧❡ tr❛✐t❡♠❡♥t ❡✛❡❝t✉é ❞❛♥s ❧❡s ❞✐✛ér❡♥ts ♣r♦❣r❛♠♠❡s ❞❡ ❝❛❧❝✉❧ ❞❡ ❝❤✐♠✐❡ q✉❛♥✲
t✐q✉❡ q✉✐ s❡r♦♥t ❛❜♦r❞és ❞❛♥s ❧❛ ♣❛rt✐❡ s✉✐✈❛♥t❡ ✶✳✷✳ ❉❡ ♠ê♠❡ ❧❡s ❝♦rr❡❝t✐♦♥s r❡❧❛t✐✈✐st❡s
s❝❛❧❛✐r❡s ♥❡ s❡r♦♥t ♣rés❡♥tés q✉❡ ❞❛♥s ❧❛ ♣❛rt✐❡ ✶✳✷✳✹✳✸ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♣r♦❣r❛♠♠❡ ❡♠♣❧♦②é✳

✶✳✶✳✶✳✶ ❖r✐❣✐♥❡ ❞❡s ❞✐✛ér❡♥ts t❡r♠❡s ❞❡ ❧✬❤❛♠✐❧t♦♥✐❡♥

▲❡s ❞✐✛ér❡♥ts ♠♦♠❡♥ts ✐♠♣❧✐q✉és ❞❛♥s ❧❡s ♣r♦♣r✐étés ♠❛❣♥ét✐q✉❡s ❞✬✉♥❡ ♠♦❧é❝✉❧❡ s♦♥t
❧❡s s✉✐✈❛♥ts ✿

✕ ❧❡ ♠♦♠❡♥t ❛♥❣✉❧❛✐r❡ é❧❡❝tr♦♥✐q✉❡ ♦r❜✐t❛❧ ~L =
∑

i
~lGi =

∑
i(~ri − ~G) × ~pi ❛✈❡❝ ✉♥

♠♦♠❡♥t ♦r❜✐t❛❧ ~lGi ♣♦✉r ❝❤❛q✉❡ é❧❡❝tr♦♥✱ ✉♥❡ ♦r✐❣✐♥❡ ❞❡ ❥❛✉❣❡ ~G✱ ✉♥❡ q✉❛♥t✐té
❞❡ ♠♦✉✈❡♠❡♥t ~pi ❡t ❧❡s ♥♦♠❜r❡s q✉❛♥t✐q✉❡s ♦r❜✐t❛✉① L✱ ML✳ P♦✉r s✐♠♣❧✐✜❡r ❧❡s
♥♦t❛t✐♦♥s✱ ❧❛ ❥❛✉❣❡ ♥❡ s❡r❛ ♣❛s ✐♥❞✐q✉é❡ ♣❛r ❧❛ s✉✐t❡✳

✕ ❧❡ ♠♦♠❡♥t ♠❛❣♥ét✐q✉❡ ❞❡ ❧❛ ♠♦❧é❝✉❧❡ ~µe ❞û ❛✉ ♠♦♠❡♥t ♠❛❣♥ét✐q✉❡ ❞❡ s♣✐♥ ❞❡s
é❧❡❝tr♦♥s✳

✶✶
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✕ ❧❡ ♠♦♠❡♥t ♠❛❣♥ét✐q✉❡ ♣❡r♠❛♥❡♥t ❞✉ ♥♦②❛✉ ~µN ❞û ❛✉ s♣✐♥ ♥✉❝❧é❛✐r❡ ♥é❣❧✐❣é ♣❛r ❧❛
s✉✐t❡✳

❉❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ♦ù ❧✬é♥❡r❣✐❡ ❞é♣❡♥❞ s❡✉❧❡♠❡♥t ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ~B ❡t ❞❡ ~µe ✱
❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❚❛②❧♦r ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ❛✉t♦✉r ❞✬✉♥ ❝❤❛♠♣ ❡t ♠♦♠❡♥t ♠❛❣♥ét✐q✉❡
♥✉❧ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ Ψ ❞♦♥♥❡ ✿

Ψ( ~B, ~µe) = Ψ0 + ~Ψ(1,0). ~B + ~Ψ(0,1).~µe ✭✶✳✶✮

❧✬♦r❞r❡ ❞❡ ❞ér✐✈❛t✐♦♥ ♣❛r r❛♣♣♦rt✱ r❡s♣❡❝t✐✈❡♠❡♥t✱ ❛✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡t ❛✉ ♠♦♠❡♥t
♠❛❣♥ét✐q✉❡ ❡st ✐♥❞✐q✉é ❡♥ ❡①♣♦s❛♥t✱ ❡♥tr❡ ♣❛r❡♥t❤ès❡s✳ ❆✉ s❡❝♦♥❞ ♦r❞r❡✱ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t
❞❡ ❚❛②❧♦r ♣♦✉r ❧✬❤❛♠✐❧t♦♥✐❡♥ ❡st ✿

Ĥ( ~B, ~µe) = H(0,0)+ ~H(1,0). ~B+
1

2
~B.H

(2,0)
. ~B+ ~H(0,1).~µe+~µe.H

(1,1)
. ~B+

1

2
~µe.H

(0,2)
.~µe ✭✶✳✷✮

❊①♣❧✐❝✐t♦♥s ❧❡s t❡r♠❡s ♠✐s ❡♥ ❥❡✉ ✿
✕ H(0,0) ❤❛♠✐❧t♦♥✐❡♥ ♥♦♥✲r❡❧❛t✐✈✐st❡ ❞❡ ❧❛ ♠♦❧é❝✉❧❡ ❡♥ ❧✬❛❜s❡♥❝❡ ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
✕ ~H(1,0). ~B t❡r♠❡ ❩❡❡♠❛♥✲♦r❜✐t❛❧
✕ 1

2
~B.H

(2,0)
. ~B t❡r♠❡ ❞❡ s✉s❝❡♣t✐❜✐❧✐té ❞✐❛♠❛❣♥ét✐q✉❡

✕ ~H(0,1).~µe t❡r♠❡ ❞❡ ❝♦✉♣❧❛❣❡ s♣✐♥✲♦r❜✐t❡

✕ ~µe.H
(1,1)

. ~B t❡r♠❡ ❩❡❡♠❛♥ ❞❡ s♣✐♥

✕ 1
2
~µe.H

(0,2)
.~µe t❡r♠❡ ❞❡ ❝♦✉♣❧❛❣❡ s♣✐♥✲s♣✐♥ ✭✐❧ ♥❡ s❡r❛ ♣❛s ❡①♣❧✐❝✐té ❞❛♥s ❝❡tt❡ ♣❛rt✐❡

❝❛r ✐❧ r❡q✉✐❡rt ❧✬éq✉❛t✐♦♥ ❞❡ ❉✐r❛❝✮
❉❡ ♠ê♠❡✱ ❧✬é♥❡r❣✐❡ ♣❡✉t êtr❡ ❞é✈❡❧♦♣♣é❡ ❞❡ ♠❛♥✐èr❡ ♣❡rt✉r❜❛t✐✈❡ ❡♥ ~B ❡t ~µe ❛✉ s❡❝♦♥❞
♦r❞r❡

E( ~B, ~µe) =
〈
Ψ( ~B, ~µe)

∣∣∣ Ĥ( ~B, ~µe)
∣∣∣Ψ( ~B, ~µe)

〉
✭✶✳✸✮

≈ 〈Ψ0| Ĥ( ~B, ~µe)
∣∣∣Ψ( ~B, ~µe)

〉
à ❝❡ ♥✐✈❡❛✉ ❞❡ ❞é✈❡❧♦♣♣❡♠❡♥t

❞✬♦ù ❡♥ ✉t✐❧✐s❛♥t ✭✶✳✶✮ ❡t ✭✶✳✷✮✱ ♦♥ ♣❡✉t sé♣❛r❡r ❧❡s ❞✐✛ér❡♥t❡s ❝♦♥tr✐❜✉t✐♦♥s é♥❡r❣ét✐q✉❡s
❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉r ❞é♣❡♥❞❛♥❝❡ ❡♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡t ❡♥ ♠♦♠❡♥t ❞❡ s♣✐♥✱ ✐♥❞✐q✉é ❡♥
✐♥❞✐❝❡ ✿

E( ~B, ~µe) = E0 + E10 + E20 + E01 + E11 + E02 ✭✶✳✹✮

= 〈Ψ0|
[
H(0,0) + ~H(1,0). ~B +

1

2
~B.H

(2,0)
. ~B

+ ~H(0,1).~µe + ~µe.H
(1,1)

. ~B +
1

2
~µe.H

(0,2)
.~µe

]

∣∣∣Ψ0 + ~Ψ(1,0). ~B + ~Ψ(0,1).~µe

〉

❚❡♥t♦♥s ❞✬✐❞❡♥t✐✜❡r ❝❡s ❞✐✛ér❡♥ts é❧é♠❡♥ts✳

✶✷
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✶✳✶✳✶✳✷ ❍❛♠✐❧t♦♥✐❡♥ ♥♦♥✲r❡❧❛t✐✈✐st❡ s❛♥s s♣✐♥

▲✬❤❛♠✐❧t♦♥✐❡♥ ♥♦♥✲r❡❧❛t✐✈✐st❡ ❞❡ ❧❛ ♠♦❧é❝✉❧❡ ♦✉ ❞❡ ❧✬✐♦♥ s❛♥s s♣✐♥ ✭❝♦♠♣♦rt❛♥t N
♥♦②❛✉① ❡t n é❧❡❝tr♦♥s✮ ♣rés❡♥t❡ ✉♥ t❡r♠❡ ❝✐♥ét✐q✉❡ T̂ ❡t ✉♥ t❡r♠❡ ❞✬é♥❡r❣✐❡ ♣♦t❡♥t✐❡❧❧❡ V̂
s❡❧♦♥ ❧✬éq✉❛t✐♦♥ ❞❡ ❙❝❤rö❞✐♥❣❡r

Ĥ = T̂ + V̂ =
N+n∑

α

(~πα)
2

2mα

+
N+n∑

α

V̂α +
N+n∑

α<β

V̂αβ ✭✶✳✺✮

❛✈❡❝ ❧✬✐♠♣✉❧s✐♦♥ ~πα = ~pα − qα ~Aα✱ ❧❛ q✉❛♥t✐té ❞❡ ♠♦✉✈❡♠❡♥t ~pα = −i~~∇α✱ ❧❛ ❝♦♥st❛♥t ❞❡
P❧❛♥❝❦ ré❞✉✐t❡ ~✱ ❧❛ ❝❤❛r❣❡ qα✱ ❧❛ ♠❛ss❡ mα✱ ❧❡s ♣♦t❡♥t✐❡❧s é❧❡❝tr♦♠❛❣♥ét✐q✉❡s ~Aα ❡t Φα

❞é✜♥✐ ♣❛r V̂α = qαΦα ❡t ❧❡ ♣♦t❡♥t✐❡❧ ❞✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ♣❛rt✐❝✉❧❡ V̂αβ✳
❈♦♠♠❡ ~p = −i~~∇✱ ❡♥ ✐♠♣♦s❛♥t ✉♥❡ ❥❛✉❣❡ ❞❡ ❈♦✉❧♦♠❜ ~∇. ~A = 0✱ ❧✬✐♠♣✉❧s✐♦♥ ♣❡✉t

êtr❡ réé❝r✐t❡✱ ❡♥ ❧✬❛♣♣❧✐q✉❛♥t à ✉♥❡ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ Ψ ✿

(~π)2Ψ = (~p− q ~A)2Ψ

= (~p2 − q~p ~A− q ~A~p+ q2 ~A
2
)Ψ

= ~p2 Ψ− q(~p ~A)Ψ− 2q ~A(~pΨ) + q2 ~A
2
Ψ ✭✶✳✻✮

▲❡ s❡❝♦♥❞ t❡r♠❡ ❞✐s♣❛r❛✐t à ❝❛✉s❡ ❞❡ ❧❛ ❥❛✉❣❡✱ ❧✬❤❛♠✐❧t♦♥✐❡♥ s✬❡①♣r✐♠❡ ❛❧♦rs ❝♦♠♠❡

Ĥ =
N+n∑

α

[
(~pα)

2

2mα

− qα
mα

~Aα.~pα +
q2α
2mα

( ~Aα)
2

]
+

N+n∑

α

qαΦα +
N+n∑

α<β

qαqβ
4πǫ0rαβ

✭✶✳✼✮

♦ù ǫ0 ❡st ❧❛ ♣❡r♠✐tt✐✈✐té ❞✉ ✈✐❞❡ ❡t rαβ ❡st ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❧❡s ♣❛rt✐❝✉❧❡s α ❡t β✳ ❊♥
❝❤❛♠♣ ♥✉❧✱ ♦♥ ❛ ~πα = ~pα✱ ~Aα = ~0 ❡t Vα = 0 ❞♦♥❝ ✿

H(0,0) =
N+n∑

α

(~pα)
2

2mα

+
N+n∑

α<β

qαqβ
4πǫ0rαβ

✭✶✳✽✮

❊♥ s♣é❝✐✜❛♥t ❧❡s ♣❛r❛♠ètr❡s r❡❧❛t✐❢s ❛✉① é❧❡❝tr♦♥s✱ ♥♦tés ❛✈❡❝ ❧✬✐♥❞✐❝❡ e ✿ ❧❛ ❝❤❛r❣❡ qe = −e✱
❧❛ ♠❛ss❡ me✱ ❧❛ ❞✐st❛♥❝❡ é❧❡❝tr♦♥✲é❧❡❝tr♦♥ rij ❞✬✉♥❡ ♣❛rt✱ ❡t ❧❡s ♣❛r❛♠ètr❡s r❡❧❛t✐❢s ❛✉①
♥♦②❛✉① ❞❡ ♥✉♠ér♦ ❛t♦♠✐q✉❡ ZA ✿ ❧❛ ❝❤❛r❣❡ q = ZAe✱ ❧❛ ♠❛ss❡ MA✱ ❧❛ ❞✐st❛♥❝❡ ♥♦②❛✉✲
é❧❡❝tr♦♥ rAi✱ ❞❡ ❞✐st❛♥❝❡ ♥♦②❛✉✲♥♦②❛✉ rAB✱ ❞✬❛✉tr❡ ♣❛rt✱ ✐❧ ✈✐❡♥t ✿

H(0,0) = T̂N + T̂e + V̂NN + V̂Ne + V̂ee ✭✶✳✾✮

= −
N∑

A

(~~∇A)
2

2MA

−
n∑

i

(~~∇i)
2

2me

+
N∑

A<B

ZAZBe
2

4πǫ0rAB

−
N∑

A

n∑

i

ZAe
2

4πǫ0rAi

+
n∑

i<j

e2

4πǫ0rij

❖♥ ❛ ❛✐♥s✐ ❞é✜♥✐ ❧✬❤❛♠✐❧t♦♥✐❡♥ ❞❡ ❙❝❤rö❞✐♥❣❡r ❡♥ ❝❤❛♠♣ ♥✉❧✱ s❛♥s s♣✐♥✱ ❛❜♦r❞♦♥s ❞és♦r♠❛✐s
❧❡s ❡✛❡ts ♠❛❣♥ét✐q✉❡s ❞✬✉♥ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡t ❧❡ ♠♦♠❡♥t ♦r❜✐t❛❧✳

✶✸
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✶✳✶✳✶✳✸ ❍❛♠✐❧t♦♥✐❡♥ ❩❡❡♠❛♥✲♦r❜✐t❛❧ ❡t ❞✐❛♠❛❣♥ét✐q✉❡

❘❡♣r❡♥♦♥s ❧✬éq✉❛t✐♦♥ ✭✶✳✼✮✳ ▲✬✐♥❞✉❝t✐♦♥ ♠❛❣♥ét✐q✉❡ ❡st ❞é✜♥✐❡ ♣❛r ~B = ~∇× ~A✱ ♣♦✉r
✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❤♦♠♦❣è♥❡ q✉✐ ♣❡✉t êtr❡ réé❝r✐t ✿ ~A(~r) = 1

2
~B×~ri✳ ✭~ri ❡st ❧❛ ♣♦s✐t✐♦♥

❞❡ ❧✬é❧❡❝tr♦♥ ♣♦✉r ✉♥❡ ❥❛✉❣❡ ❞♦♥♥é❡✮✳
❉♦♥❝✱ ♣♦✉r ✉♥❡ ❣é♦♠étr✐❡ ❞♦♥♥é❡ ✭♥♦②❛✉① ✜①❡s✮ ❡t ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✉♥✐q✉❡♠❡♥t
st❛t✐q✉❡ ✭Φα = 0✮ ✐❧ r❡st❡✱ ♣♦✉r ❧❡s é❧❡❝tr♦♥s ✭❛✈❡❝ q = −e✮ ✿

Ĥmag = H(0,0) +
e

2me

n∑

i

(
~B × ~ri

)
.~pi +

e2

8me

n∑

i

(
~B × ~ri

)2
✭✶✳✶✵✮

▲❡ ♣r♦❞✉✐t ♠✐①t❡ s✬❡①♣r✐♠❡ ❛✉ss✐ ❝♦♠♠❡
(
~B × ~ri

)
.~pi = ~B. (~ri × ~pi) = ~B.~li ❡t ♣♦✉r ❧❡

❞❡r♥✐❡r t❡r♠❡
(
~B × ~ri

)2
=
(
~B
)2

(~ri)
2 −

(
~B.~ri

)2
❞✬♦ù ❧✬❤❛♠✐❧t♦♥✐❡♥ ♠❛❣♥ét✐q✉❡ ❞❡✈✐❡♥t

Ĥmag = H(0,0) +
e

2me

n∑

i

~B.~li +
e2

8me

n∑

i

[(
~B
)2

(~ri)
2 −

(
~B.~ri

)2]
✭✶✳✶✶✮

❆ ♣❛rt✐r ❞✉ ♣r❡♠✐❡r t❡r♠❡✱ ❡♥ ✐♥tr♦❞✉✐s❛♥t ❧❡ ♠❛❣♥ét♦♥ ❞❡ ❇♦❤r µB = e~
2me

✱ ♦♥ ♣❡✉t ❛❧♦rs
❞é✜♥✐r ❧✬❤❛♠✐❧t♦♥✐❡♥ ❩❡❡♠❛♥✲♦r❜✐t❛❧

~H
(1,0)
L−B.

~B =
µB

~

~L. ~B ✭✶✳✶✷✮

❖♥ ♥♦t❡ ❡♥s✉✐t❡ ❧❛ s✉s❝❡♣t✐❜✐❧✐té ❞✐❛♠❛❣♥ét✐q✉❡ ré❞✉✐t❡ ✭✐♥❞é♣❡♥❞❛♥t❡ ❞❡ ❧❛ t❡♠♣ér❛t✉r❡✮
κ
dia ❝♦♠♠❡

κdiaab =
∂µa

∂Bb

∣∣∣∣
~B=~0

= − ∂2E( ~B)

∂Ba∂Bb

∣∣∣∣∣
~B=~0

✭✶✳✶✸✮

= −
∂2
〈
Ψ0|Ĥmag|Ψ0

〉

∂Ba∂Bb

∣∣∣∣∣∣
~B=~0

= − e2

8me

〈Ψ0|
n∑

i

∂2( ~B)2(~ri)
2 − ( ~B.~ri)

2

∂Ba∂Bb

∣∣∣∣∣
~B=~0

|Ψ0〉

= − e2

4me

〈Ψ0|
n∑

i

(~ri)
2δab − (~ri)a(~ri)b |Ψ0〉 ✭✶✳✶✹✮

❉✬♦ù✱ ❛✉ s❡❝♦♥❞ ♦r❞r❡✱ ♣♦✉r ❧❡ ❞❡r♥✐❡r t❡r♠❡ ❞❡ ✭✶✳✶✶✮✱ ♦♥ ❛ H(2,0) = κ
dia ❡t ❡♥ ❞é✜♥✐t✐✈❡ ✿

Ĥmag = H(0,0) +
µB

~

~L. ~B +
1

2
~B.κ

dia
. ~B ✭✶✳✶✺✮

■❧ r❡st❡ à ✐♥tr♦❞✉✐r❡ ❧❡s t❡r♠❡s ❞❡ s♣✐♥ ♣♦✉r ❞é❝r✐r❡ ❧❡ ♠❛❣♥ét✐s♠❡ ❡t r❡tr♦✉✈❡r ❧✬❛✐♠❛♥t❛✲
t✐♦♥✳

✶✹
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✶✳✶✳✶✳✹ ❍❛♠✐❧t♦♥✐❡♥ ❩❡❡♠❛♥ ❞❡ s♣✐♥

▲❡ s♣✐♥ ❞❡ ❧✬é❧❡❝tr♦♥ ~s = ~

2
~σ ✭♦ù ~σ ❡st ❧❡ ✈❡❝t❡✉r ❞❡s ♠❛tr✐❝❡s ❞❡ s♣✐♥ ❞❡ P❛✉❧✐✮ ❡♥❣❡♥❞r❡

✉♥ ♠♦♠❡♥t ♠❛❣♥ét✐q✉❡ ~µe = − gee
2me

~s = −geµB

2
~σ ❛✈❡❝ ge ❧❡ ❢❛❝t❡✉r ❞❡ ▲❛♥❞é ❞❡ ❧✬é❧❡❝tr♦♥✳

❊♥ ♣rés❡♥❝❡ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ❧✬é♥❡r❣✐❡ ❡♥❣❡♥❞ré❡ ♣♦✉r ✉♥ s②stè♠❡ à n é❧❡❝tr♦♥s
❡st ✿

ĤS−B = −~µe. ~B =
gee

2me

n∑

i

~si. ~B ✭✶✳✶✻✮

❞✬♦ù✱ ♦♥ ❞é❞✉✐t ❧❡ t❡r♠❡ ❩❡❡♠❛♥ ❞❡ s♣✐♥ ✭❛✈❡❝ ~S =
∑n

i ~si✮ ✿

~µe.Ĥ
(1,1). ~B =

geµB

~

~S. ~B ✭✶✳✶✼✮

✶✳✶✳✶✳✺ ■♥t❡r❛❝t✐♦♥ s♣✐♥✲♦r❜✐t❡

❖♥ ♣❡✉t ❛❥♦✉t❡r ❞❛♥s ❧✬❤❛♠✐❧t♦♥✐❡♥ ♠❛❣♥ét✐q✉❡ ❧❡ ❝♦✉♣❧❛❣❡ s♣✐♥✲♦r❜✐t❡✳ ❈♦♠♠❡♥ç♦♥s
❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ♣❛r ❝♦♥s✐❞ér❡r ✉♥ é❧❡❝tr♦♥ s❡ ❞é♣❧❛ç❛♥t à ✉♥❡ ✈✐t❡ss❡ ~ve ❡♥ ♣ér✐♣❤é✲
r✐❡ ❞✬✉♥ ♥♦②❛✉ A✳ ■❧ r❡ss❡♥t ✉♥ ❝❤❛♠♣ é❧❡❝tr✐q✉❡ ~EA ❞û ❛✉ ♥♦②❛✉ é✈❡♥t✉❡❧❧❡♠❡♥t ❛✈❡❝ ✉♥
❢❛❝t❡✉r ❞✬é❝r❛♥ ❞û à ❧❛ ♣rés❡♥❝❡ ❞❡s ❛✉tr❡s é❧❡❝tr♦♥s✳ ▲✬✐♥❞✉❝t✐♦♥ ♠❛❣♥ét✐q✉❡ ❡♥❣❡♥❞ré❡
♣❛r ❧✬é❧❡❝tr♦♥ ❡♥ ♠♦✉✈❡♠❡♥t ❛✉t♦✉r ❞✬✉♥ ♥♦②❛✉ ✜①❡ ❞♦♥♥❡ ✿

~BA = − 1

c2
~ve × ~EA ✭✶✳✶✽✮

❛✈❡❝ c✱ ❧❛ ✈✐t❡ss❡ ❞❡ ❧❛ ❧✉♠✐èr❡ ❞❛♥s ❧❡ ✈✐❞❡✳
❙✐ ❧❡ ❝❤❛♠♣ é❧❡❝tr✐q✉❡ ❞ér✐✈❡ ❞✉ ♣♦t❡♥t✐❡❧ s❝❛❧❛✐r❡ ΦA(r)✱ ✐❧ ✈✐❡♥t ✿

~EA = −−−→
grad ΦA(r) = −∂ΦA(r)

∂r

~r

r
✭✶✳✶✾✮

❡t ❧✬✐♥❞✉❝t✐♦♥ ♠❛❣♥ét✐q✉❡ s✬é❝r✐t ✿

~BA = − 1

c2r

∂ΦA(r)

∂r
~r × ~ve ✭✶✳✷✵✮

❈❡ t❡r♠❡ ❡st ❛ss♦❝✐é à ❧❛ ✈✐t❡ss❡ ❛♥❣✉❧❛✐r❡ ❞❡ ▲❛r♠♦r ωL = eB/me ❞é❝r✐✈❛♥t ❧❡ ♠♦✉✈❡♠❡♥t
❞❡ ♣ré❝❡ss✐♦♥ ❞✬✉♥ ♠♦♠❡♥t ♠❛❣♥ét✐q✉❡ ✭✐❝✐ ❞✬✉♥ é❧❡❝tr♦♥✮ ❞❛♥s ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ■❧
❞♦✐t ❝❡♣❡♥❞❛♥t êtr❡ ❝♦rr✐❣é ♣❛r ❧❡ t❡r♠❡ ❞❡ ♣ré❝❡ss✐♦♥ ❞❡ ❚❤♦♠❛s ωT ❧✐é ❛✉① tr❛♥s❢♦r♠❛✲
t✐♦♥s r❡❧❛t✐✈✐st❡s ♣♦✉r ✉♥❡ ♣❛rt✐❝✉❧❡ ❛❝❝é❧éré❡ ♣♦ssé❞❛♥t ✉♥ ♠♦♠❡♥t ♠❛❣♥ét✐q✉❡✳ P♦✉r ✉♥
é❧❡❝tr♦♥ ❞❡ ✈✐t❡ss❡ ~ve ❡t ❞✬❛❝❝é❧ér❛t✐♦♥ ~ae✱ ❝❡ t❡r♠❡ ❡st ❞♦♥♥é ♣❛r ✿

~ωT =
~ae × ~ve
2c2

✭✶✳✷✶✮

❈♦♠♠❡ me~ae = −e ~EA✱ ✐❧ ✈✐❡♥t ✿

~ωT =
e

2c2me

~ve × ~EA = − e

2me

~BA = −1

2
~ωL ✭✶✳✷✷✮

✶✺
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❊♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❡s ❞❡✉① t❡r♠❡s✱ ❧❛ ♣ré❝❡ss✐♦♥ ❞❡✈✐❡♥t ω = ωL + ωT = ωL/2✳
▲✬é♥❡r❣✐❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❞✉ s♣✐♥ ❞❡ ❧✬é❧❡❝tr♦♥ ❡t ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✐♥t❡r♥❡ ♣r❡♥❞ ❛❧♦rs
✉♥ ❢❛❝t❡✉r 1/2 ❡t ❡st ❞♦♥♥é❡ ♣❛r ❧✬♦♣ér❛t❡✉r ✿

Ĥ
(0,1)
S−L.~µe = −~µe. ~BA

2
= −

(
− ege
2me

~s

)
1

2

[
− 1

c2r

∂ΦA(r)

∂r
~r × ~ve

]

= − ege
4m2

ec
2r

∂ΦA(r)

∂r
~s. (~r × ~pe) = ζA(r)

~s.~l

~2
✭✶✳✷✸✮

♦ù ❧✬♦♥ ❛ ❢❛✐t ❛♣♣❛r❛✐tr❡ ❧❛ q✉❛♥t✐té ❞❡ ♠♦✉✈❡♠❡♥t ♣✉✐s ❧❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡ ❧✬é❧❡❝tr♦♥✳
▲❛ ❝♦♥st❛♥t❡ ❞❡ ❝♦✉♣❧❛❣❡ s♣✐♥✲♦r❜✐t❡ ζA ❡st ❛❧♦rs ❞é✜♥✐❡ ♣❛r ✿

ζA(r) = − ege~
2

4m2
ec

2

(
1

r

∂ΦA(r)

∂r

)
✭✶✳✷✹✮

➱✈❛❧✉♦♥s ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❝♦✉♣❧❛❣❡ ❞❛♥s ❧❡ ❝❛s ❞❡ ♠ét❛✉① ❞❡ tr❛♥s✐t✐♦♥ ❞❡ t②♣❡ 3d✱ ❞❡
s♦rt❡ à ❛✈♦✐r ✉♥ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r✳ P♦✉r ✉♥ ♣♦t❡♥t✐❡❧ ❝♦✉❧♦♠❜✐❡♥ ❡♥❣❡♥❞ré ♣❛r ✉♥ ♥♦②❛✉
❞❡ ❝❤❛r❣❡ ZAe ✭é✈❡♥t✉❡❧❧❡♠❡♥t ré❞✉✐t❡ ♣❛r ✉♥ ❢❛❝t❡✉r ❞✬é❝r❛♥✮ ✿

ΦA(r) =
ZAe

4πǫ0r
✭✶✳✷✺✮

♦♥ ♦❜t✐❡♥t✱ ❛✈❡❝ µ0ǫ0c
2 = 1 ♦ù µ0 ❡st ❧❛ ♣❡r♠é❛❜✐❧✐té ♠❛❣♥ét✐q✉❡ ❞✉ ✈✐❞❡ ✿

ζA(r) =
e2ge~

2

16πǫ0m2
ec

2

ZA

r3
=
µ0

4π
µ2
Bge

ZA

r3
✭✶✳✷✻✮

❉❛♥s ❧❡ ❝❛s ♣♦❧②✲é❧❡❝tr♦♥✐q✉❡✱ ❧✬♦♣ér❛t❡✉r s♣✐♥✲♦r❜✐t❡ s❡r❛ ❛♣♣r♦❝❤é ♣❛r ✿

Ĥ
(0,1)
S−L.~µe =

∑

A

∑

i

ζA(rAi)
~si.~li
~2

✭✶✳✷✼✮

♦ù rAi ❡st ❧❛ ❞✐st❛♥❝❡ é❧❡❝tr♦♥✲♥♦②❛✉✳ ❈✬❡st ❝❡ t②♣❡ ❞✬♦♣ér❛t❡✉r q✉✐ ❡st ✉t✐❧✐sé ❧♦rs ❞❡s
❝❛❧❝✉❧s ❛❜ ✐♥✐t✐♦✱ ❝❤❛q✉❡ t❡r♠❡ ❞é♣❡♥❞ ❞❡ ❧✬♦r❜✐t❛❧❡ é❧❡❝tr♦♥✐q✉❡ ❝♦♥s✐❞éré❡ ❡t ❞♦♥♥❡ ❛❧♦rs
✉♥ rés✉❧t❛t ♣ré❝✐s ❞✉ ❝♦✉♣❧❛❣❡ s♣✐♥✲♦r❜✐t❡✳

❆✜♥ ❞✬é✈❛❧✉❡r ❧✬✐♥t❡r❛❝t✐♦♥ s♣✐♥✲♦r❜✐t❡✱ ♦♥ ✈❛ ❞é✜♥✐r ✉♥❡ ❝♦♥st❛♥t❡ ζ ❡✛❡❝t✐✈❡ ❡t ♦♥ ✉t✐✲
❧✐s❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ s✉✐✈❛♥t❡ ♣♦✉r ❧❡ r❛②♦♥ ❞❡s é❧❡❝tr♦♥s ♣ér✐♣❤ér✐q✉❡s ❛ss♦❝✐é à ❧✬♦r❜✐t❛❧❡
❞❡s ♥♦♠❜r❡s q✉❛♥t✐q✉❡s n ❡t l ✿

〈
1

r3

〉
=

2

n3(l + 1)(2l + 1)

(
Zeff

a0

)3

✭✶✳✷✽✮

♦ù ❧✬♦♥ ✐♥tr♦❞✉✐t ❧❛ ❝❤❛r❣❡ ❡✣❝❛❝❡ ✈✉ ♣❛r ❧✬é❧❡❝tr♦♥ Zeff ❛✉t♦✉r ❞✬✉♥ ✐♦♥ ♦✉ ❛t♦♠❡ ❡t ❧❡
r❛②♦♥ ❞❡ ❇♦❤r a0 t❡❧ q✉❡ ✿

a0 =
~
2ǫ0

πmee2
✭✶✳✷✾✮

✶✻
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❞✬♦ù ♣♦✉r ❧❡s ♠ét❛✉① ❞❡ tr❛♥s✐t✐♦♥ ❞❡ t②♣❡ 3d✱ ♣♦✉r ✉♥ é❧❡❝tr♦♥ ❞❡ t②♣❡ d ✭n = 3 ❡t l = 2✮✱
♦♥ ❛ 〈

Za

r3

〉
=

2

405

Z4
eff

a30
✭✶✳✸✵✮

❉✬♦ù✱ ❛✈❡❝ ✭✶✳✷✻✮ ♦♥ ♣❡✉t ❞é❞✉✐r❡ ✉♥❡ ❝♦♥st❛♥t❡ s♣✐♥✲♦r❜✐t❡ ❡✛❡❝t✐✈❡ ✿

〈ζeff〉 =
µ0

4π
µ2
Bge

2

405

Z4
eff

a30
✭✶✳✸✶✮

= 0.00289 Z4
eff (❡♥ ❝♠−1)

❊♥ ❝❛❧❝✉❧❛♥t ❧❛ ❝❤❛r❣❡ ❡✛❡❝t✐✈❡ ❡t ❧❡ r❛②♦♥ ♠♦②❡♥ ❞❡s é❧❡❝tr♦♥s ❛♣♣❛rt❡♥❛♥t à ❝❤❛q✉❡
❝♦✉❝❤❡✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬❡st✐♠❡r ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❝♦✉♣❧❛❣❡ ❡✛❡❝t✐✈❡✳ ❯♥❡ é✈❛❧✉❛t✐♦♥ ♣❧✉s
♣ré❝✐s❡ ❞❡ ❝❡tt❡ ❝♦♥st❛♥t❡ ❡st ❞♦♥♥é❡ ❞❛♥s ❧❡ t❛❜❧❡❛✉ ✶✳✶ ♣♦✉r ❞✐✛ér❡♥ts ✐♦♥s ❞❡ ♠ét❛✉①
❞❡ tr❛♥s✐t✐♦♥✳

3d1 3d2 3d3 3d4 3d5 3d6 3d7 3d8 3d9

■♦♥s ✭■■■✮ ❚✐3+ ❱3+ ❈r3+ ▼♥3+

ζ ❝♠−1 ✶✺✹ ✷✵✾ ✷✼✻ ✸✻✵
■♦♥s ✭■■✮ ❙❝2+ ❚✐2+ ❱2+ ❈r2+ ▼♥2+ ❋❡2+ ❈♦2+ ◆✐2+ ❈✉2+

ζ ❝♠−1 ✼✾ ✶✷✵ ✶✻✽ ✷✸✻ ✸✸✺ ✹✵✹ ✺✷✽ ✻✹✹ ✽✷✾

❚❛❜❧❡ ✶✳✶ ✕ P❛r❛♠ètr❡ s♣✐♥✲♦r❜✐t❡ ♣♦✉r q✉❡❧q✉❡ ✐♦♥s ❞❡ ♠ét❛✉① ❞❡ tr❛♥s✐t✐♦♥ ❬✶✽❪

❉❛♥s ❧❡s ❧♦❣✐❝✐❡❧s ❞❡ ❝❛❧❝✉❧ ✉t✐❧✐sés✱ ✉♥❡ ❛✉tr❡ ♠ét❤♦❞❡ ❞❡ ❝❛❧❝✉❧ ❞✉ ❝♦✉♣❧❛❣❡ s♣✐♥✲
♦r❜✐t❡ ❡t é✈❡♥t✉❡❧❧❡♠❡♥t s♣✐♥✲s♣✐♥ ❡st ✉t✐❧✐sé❡ ❡t s❡r❛ ❞é✈❡❧♦♣♣é❡ ❞❛♥s ❧❛ ♣❛rt✐❡ ✶✳✷ ❞é❞✐é❡
❛✉① ♠ét❤♦❞❡s✳

✶✳✶✳✶✳✻ P❛r❛♠ètr❡s ♠❛❣♥ét✐q✉❡s é❧❡❝tr♦♥✐q✉❡s

❘❡♣r❡♥♦♥s ❧✬é♥❡r❣✐❡ ❛ss♦❝✐é❡ à ❧✬❤❛♠✐❧t♦♥✐❡♥ ♠❛❣♥ét✐q✉❡ ❝♦♠♣r❡♥❛♥t ❧❡ s♣✐♥ ❞❡ ❧✬é❧❡❝✲
tr♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✶✳✹✮✳ ❙♦♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❞♦♥♥❡ ✿

E( ~B, ~µe) = E0 −
〈
~γ. ~B

〉
Ψ
−
〈
1

2
~B.κ. ~B

〉

Ψ

+
〈
~µe.∆g. ~B

〉
Ψ
−
〈
1

2
~µe.D.~µe

〉

Ψ

✭✶✳✸✷✮

♦ù ❧❡ s②♠❜♦❧❡ 〈 〉Ψ ✐♥❞✐q✉❡ ❧✬♦❜t❡♥t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ♣❛r ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❧✬♦♣ér❛t❡✉r s✉r ❧❛
❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧✳

▼♦♠❡♥t ♠❛❣♥ét✐q✉❡ ♣❡r♠❛♥❡♥t
P❛r ✐❞❡♥t✐✜❝❛t✐♦♥✱ ♦♥ ❞é❞✉✐t E0 = 〈Ψ0|H(0,0) |Ψ0〉 ❀ ❛✐♥s✐ q✉❡ ~γ✱ ❧❡ ♠♦♠❡♥t ♠❛❣♥ét✐q✉❡
♣❡r♠❛♥❡♥t ❞✉ s②stè♠❡ t❡❧ q✉❡ ✿

E10 + E ′
11 = 〈Ψ0| − ~γ. ~B |Ψ0〉

= 〈Ψ0| ~H(1,0)
L−B.

~B + ~µe.H
(1,1)

S−B. ~B |Ψ0〉
=

µB

~
〈Ψ0| ~L+ ge~S |Ψ0〉 . ~B ✭✶✳✸✸✮

✶✼
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♦ù ❧✬é♥❡r❣✐❡ E ′
11 ❞és✐❣♥❡ ❧✬✉♥❡ ❞❡s ❝♦♥tr✐❜✉t✐♦♥s ❧✐♥é❛✐r❡ ❡♥ ❝❤❛♠♣ ❡t ❡♥ ♠♦♠❡♥t ♠❛❣♥ét✐q✉❡

❞❡ s♣✐♥✱ ❧✬❛✉tr❡ ❝♦♥tr✐❜✉t✐♦♥ E ′′
11 t❡❧❧❡ q✉❡ E11 = E ′

11 + E ′′
11 s❡r❛ ❛❜♦r❞é❡ ♣❛r ❧❛ s✉✐t❡✳

❖♥ ❡♥ ❞é❞✉✐t ❧❡ ❢❛❝t❡✉r γ ✿

~γ = −µB

~

(
~L+ ge~S

)
✭✶✳✸✹✮

❙✉s❝❡♣t✐❜✐❧✐té ♠❛❣♥ét✐q✉❡
P♦✉r ❧❡ t❡♥s❡✉r ❞❡ s✉s❝❡♣t✐❜✐❧✐té ♠❛❣♥ét✐q✉❡ ré❞✉✐t❡ κ✱ ✐❧ ❡st ❞♦♥♥é❡ ♣❛r ✿

E20 =

〈
−1

2
~B.κ. ~B

〉

Ψ

= 〈Ψ0| ~B.H
(2,0)

. ~B |Ψ0〉+ 〈Ψ0| ~H(1,0). ~B
∣∣∣~Ψ(1,0). ~B

〉
✭✶✳✸✺✮

=
∑

a,b

BaBb

(
〈Ψ0|H(2,0)

ab |Ψ0〉+ 〈Ψ0|H(1,0)
a

∣∣∣Ψ(1,0)
b

〉)

▲✬❡①♣r❡ss✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s ❞✬♦♥❞❡ Ψ(1,0)
a ❡t Ψ(0,1)

a s✉✐✈❛♥t ❧❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ✭s✉♠
♦✈❡r st❛t❡s✮ ♣♦✉r ❧❛ ❝♦♠♣♦s❛♥t❡ s❡❧♦♥ a ❡st ❞♦♥♥é❡✱ à ❧✬❛✐❞❡ ❞❡ ✭✶✳✶✷✮ ❡t ✭✶✳✷✼✮ ♣❛r ✿

Ψ(1,0)
a Ba = −

∞∑

K=1

〈ΨK |H(1,0)
a Ba |Ψ0〉

EK − E0
ΨK

= −µb

~

∞∑

K=1

〈ΨK |
∑

i l̂iaBa |Ψ0〉
EK − E0

ΨK ✭✶✳✸✻✮

Ψ(0,1)
a Sa = −

∞∑

K=1

〈ΨK |H(0,1)
a Sa |Ψ0〉

EK − E0
ΨK

= − 1

~2

∞∑

K=1

〈ΨK |
∑

i

∑
A ζA(rAi)l̂iaŝia |Ψ0〉
EK − E0

ΨK ✭✶✳✸✼✮

♦ù ΨK ❡st ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ❞✉ Kième ét❛t ❡①❝✐té ❞✬é♥❡r❣✐❡ EK ✳

❖♥ ❛ ❛❧♦rs✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡ rés✉❧t❛t ❞❡ ❧✬éq✉❛t✐♦♥ ✭✶✳✶✹✮ ✿

〈
−1

2
κab

〉

Ψ

= − e2

4me

〈Ψ0|
n∑

i

(~ri)
2δab − (~ri)a(~ri)b |Ψ0〉

−µ
2
b

~2

∞∑

K=1

〈Ψ0|
∑

i lia |ΨK〉 〈ΨK |
∑

i lib |Ψ0〉
EK − E0

✭✶✳✸✽✮

▲❡s ❞❡✉① t❡r♠❡s ❞❡ ❧✬éq✉❛t✐♦♥ ✭✶✳✸✽✮ r❡♣rés❡♥t❡♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s ❝♦♥tr✐❜✉t✐♦♥s ❞✐❛✲
♠❛❣♥ét✐q✉❡ ❡t ♣❛r❛♠❛❣♥ét✐q✉❡ ❞❡ ❧❛ s✉s❝❡♣t✐❜✐❧✐té✱ ❛✈❡❝ ✿

〈
−1

2
κparaab

〉

Ψ

= −µ
2
b

~2

∞∑

K=1

〈Ψ0|La |ΨK〉 〈ΨK |Lb |Ψ0〉
EK − E0

✭✶✳✸✾✮

✶✽
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▲❡ ♣❛r❛♠ètr❡ κ ❡st ❞✐r❡❝t❡♠❡♥t r❡❧✐é à ❧❛ s✉s❝❡♣t✐❜✐❧✐té ♠♦❧❛✐r❡ χmol ✭❡♥ ✉♥✐té ❙■✮ ♣❛r ✿

χmol = NAµ0κ ✭✶✳✹✵✮

❛✈❡❝ NA ❧❡ ♥♦♠❜r❡ ❞✬❆✈♦❣❛❞r♦✳
▲❛ s✉s❝❡♣t✐❜✐❧✐té ♠❛❣♥ét✐q✉❡✱ ❞❡ ♠ê♠❡ q✉❡ ❧✬❛✐♠❛♥t❛t✐♦♥ s❡r❛ ♠❡s✉ré❡ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t
❡t ❝❛❧❝✉❧é❡ ♥✉♠ér✐q✉❡♠❡♥t ♣❛r ❞✐✛ér❡♥t✐❛t✐♦♥ ❞❡ ❧✬❛✐♠❛♥t❛t✐♦♥ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❝❤❛♠♣
❛♣♣❧✐q✉é s✉r ✉♥ ❝♦♠♣❧❡①❡ ré❡❧ ❛✉ ❝♦✉rs ❞❡ ❧❛ ♣❛rt✐❡ ✷✳✷✳

❚❡♥s❡✉r ❣

∆g ❡st ❧❡ t❡♥s❡✉r ❞✉ r❛♣♣♦rt ❣②r♦♠❛❣♥ét✐q✉❡ ✭♣❛r ❡✛❡t ❞✐✛ér❡♥t✐❡❧ ❞✉ s♣✐♥ ❞❡ ❧✬é❧❡❝tr♦♥✮✱

❞é♥♦♠♠é ♣❛r ❧❛ s✉✐t❡ t❡♥s❡✉r g✱ t❡❧ q✉❡ g = ge + ∆g✳ ▲❡ t❡r♠❡ ❩❡❡♠❛♥ ❞❡ s♣✐♥ H
(1,1)

❛②❛♥t été ✐♥❝❧✉s ❞❛♥s γ✱ ♣❛r ✐❞❡♥t✐✜❝❛t✐♦♥ ❛✈❡❝ ✭✶✳✸✷✮✱ ♦♥ ♦❜t✐❡♥t ✿

E ′′
11 =

〈
~µe.∆g ~B

〉
Ψ

= 〈Ψ0| ~H(0,1).~µe

∣∣∣~Ψ(1,0). ~B
〉
+ 〈Ψ0| ~H(1,0). ~B

∣∣∣~Ψ(0,1).~µe

〉
✭✶✳✹✶✮

❊♥ ✉t✐❧✐s❛♥t ❧✬❡①♣r❡ss✐♦♥ ❞✉ ♠♦♠❡♥t ♠❛❣♥ét✐q✉❡ ~µe✱ ♦♥ ❛✱ ❞✬✉♥❡ ♣❛rt ✿

E ′′
11 =

〈
−geµB

~

~S.∆g. ~B
〉
Ψ
=

〈
−geµB

~

∑

a,b

Sa∆gabBb

〉

Ψ

✭✶✳✹✷✮

❛✐♥s✐ q✉❡ s♦♥ ❛♥❛❧♦❣✉❡ ❡♥ é❝❤❛♥❣❡❛♥t ❧❡ ❝❤❛♠♣ ❡t ❧❡ ♠♦♠❡♥t ♠❛❣♥ét✐q✉❡✱ ❡t ❞✬❛✉tr❡ ♣❛rt ✿

E ′′
11 = −geµB

~

[
〈Ψ0| ~H(0,1).~S

∣∣∣~Ψ(1,0). ~B
〉
+ 〈Ψ0| ~H(1,0). ~B

∣∣∣~Ψ(0,1).~S
〉]

✭✶✳✹✸✮

= −geµB

~

∑

a,b

[
〈Ψ0|

∑

i

H
(0,1)
ia ŝia

∣∣∣Ψ(1,0)
b Bb

〉
+ 〈Ψ0|H(1,0)

a Ba

∣∣∣∣∣
∑

i

Ψ
(0,1)
i,b ŝib

〉]

♦♥ ❡♥ ❞é❞✉✐t ✿

〈∆gab〉Ψ = S−1
a 〈Ψ0|

∑

i

H
(0,1)
ia ŝia

∣∣∣Ψ(1,0)
b

〉
+ S−1

b 〈Ψ0|H(1,0)
a

∣∣∣∣∣
∑

i

Ψ
(0,1)
i,b ŝib

〉
✭✶✳✹✹✮

à ❧✬❛✐❞❡ ❞❡ ✭✶✳✸✼✮ ❡t ✭✶✳✸✻✮✱ ✐❧ ✈✐❡♥t ✿

〈∆gab〉Ψ =
∞∑

K=1

−~
−2

EK−E0

[
S−1
a 〈Ψ0|

∑
i

∑
A ζA(rAi)l̂iaŝia |ΨK〉 〈ΨK |

∑
i lib |Ψ0〉

+S−1
b 〈Ψ0|

∑
i lia |

∑
i ΨK〉 〈ΨK |

∑
i

∑
A ζA(rAi)l̂ibŝib |Ψ0〉

]
✭✶✳✹✺✮

▲❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞✉ t❡♥s❡✉r g s❡r♦♥t ❛❜♦r❞é❡s ❡t ♠❡s✉ré❡s ♣♦✉r ❞✐✛ér❡♥ts ❝♦♠♣❧❡①❡s
ré❡❧s ❛✉① ♣❛rt✐❡s ✷✳✶ ❡t ✷✳✷✳

✶✾
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❚❡♥s❡✉r ❞❡ ❝♦✉♣❧❛❣❡ s♣✐♥✲s♣✐♥ é❧❡❝tr♦♥✐q✉❡

D ❡st ❧❡ t❡♥s❡✉r ❞❡ ❝♦✉♣❧❛❣❡ s♣✐♥✲s♣✐♥ é❧❡❝tr♦♥✐q✉❡ ❡t s✬é❝r✐t ✿

E02 =
〈
−1

2
~µe.D.~µe

〉
Ψ

= 〈Ψ0| ~H(0,1).~µe

∣∣∣~Ψ(0,1).~µe

〉

=
〈
−µ2

Bg2e
2~2

~S.D.~S
〉
Ψ

=
µ2
Bg

2
e

~2
〈Ψ0| ~H(0,1).~S

∣∣∣~Ψ(0,1).~S
〉

=
〈
−µ2

Bg2e
2~2

∑
a,b ŜaDabŜb

〉
Ψ

=
µ2
Bg

2
e

~2

∑

a,b

∑

i,j

〈Ψ0| Ĥ(0,1)
ia ŝi,a

∣∣∣Ψ(0,1)
b ŝjb

〉
✭✶✳✹✻✮

P❛r ❝♦♠♣❛r❛✐s♦♥✱ ❡t ❛✈❡❝ ✭✶✳✸✼✮✱ ✐❧ ✈✐❡♥t ✿

〈
−1

2
ŜaDabŜb

〉

Ψ

=
∑

i,j

〈Ψ0| Ĥ(0,1)
ia ŝia |Ψbŝjb〉 ✭✶✳✹✼✮

=
−~

−2

EK − E0

∞∑

K=1

∑

i,j

∑

A

〈Ψ0| ζA(rAi)l̂iaŝia |ΨK〉 〈ΨK | ζA(rAj)l̂jbŝjb |Ψ0〉

❈❡ ❞❡r♥✐❡r t❡♥s❡✉r s❡r❛ ❧✬ét✉❞❡ ♣r✐♥❝✐♣❛❧❡ ❞❡ ❝❡tt❡ t❤ès❡✱ ✐❧ ♥❡ ❞é♣❡♥❞ ♣❛s ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ❡①tér✐❡✉r ❡t ♣❡✉t ❡♥tr❛✐♥❡r ✉♥❡ ❧❡✈é❡ ❞❡ ❞é❣é♥ér❡s❝❡♥❝❡ ❞❡s ❞✐✛ér❡♥ts ét❛ts
s♣✐♥✲♦r❜✐t❡s✳ ❈❡t ❡✛❡t s✉r ❧❛ str✉❝t✉r❡ ✜♥❡ ❡st q✉❛❧✐✜é ❞❡ ❩❡r♦✲❋✐❡❧❞ ❙♣❧✐tt✐♥❣ ✭❩❋❙✮ ❡t ❡st
♠♦❞é❧✐sé ♣❛r ✉♥ ❤❛♠✐❧t♦♥✐❡♥ ❞❡ s♣✐♥✳

❆✉ ❞✉ ❝❤❛♣✐tr❡ ✸✱ ❝♦♥s❛❝ré ❛✉① ❝♦♠♣♦sés ❜✐♥✉❝❧é❛✐r❡s✱ ✉♥❡ ❞✐st✐♥❝t✐♦♥ s❡r❛ ❡✛❡❝t✉é❡
❡♥tr❡ ❧❡s t❡r♠❡s ❧♦❝❛✉① ♣r♦♣r❡s à ✉♥ ❝❡♥tr❡ ♠ét❛❧❧✐q✉❡ ♦✉ ❞✬é❝❤❛♥❣❡✱ ❛✐♥s✐ q✉❡ ♣❛r r❛♣♣♦rt
à ❧❡✉r ❝❛r❛❝tèr❡ ✐s♦tr♦♣❡ ♦✉ ❛♥✐s♦tr♦♣❡✱ s②♠étr✐q✉❡ ♦✉ ❛♥t✐s②♠étr✐q✉❡✳ ❉❡ ♣❧✉s✱ ❞✬❛✉tr❡s
t❡r♠❡s ❞✬♦r❞r❡ ♣❧✉s é❧❡✈é ❡♥ s♣✐♥ ♣♦✉rr♦♥t êtr❡ ✐♥tr♦❞✉✐ts✳

✶✳✶✳✷ ❍❛♠✐❧t♦♥✐❡♥ ❞❡ s♣✐♥ ♣♦✉r ❧❡s s②stè♠❡s ♠♦♥♦♥✉❝❧é❛✐r❡s

✶✳✶✳✷✳✶ ❚❡♥s❡✉r ❉

❉❛♥s ❧❡s s②stè♠❡s ♠♦♥♦♥✉❝❧é❛✐r❡s✱ q✉❛♥❞ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞❡ s♣✐♥ S ❛ ✉♥❡ ♠✉❧t✐✲
♣❧✐❝✐té ❞❡ s♣✐♥ s✉♣ér✐❡✉r❡ à ❞❡✉①✱ ✐❧ ❡st ❝♦✉♣❧é ♣❛r ❡✛❡t s♣✐♥✲♦r❜✐t❡ ❛✉① ét❛ts ❡①❝✐tés ❬✶✾❪✱
✐❧ ② ❛ ❛❧♦rs✱ s✐ ❧❛ s②♠étr✐❡ ❞✉ s②stè♠❡ ♥✬❡st ♣❛s tr♦♣ ❣r❛♥❞❡✱ ✉♥❡ ❧❡✈é❡ ❞❡ ❞é❣é♥ér❡s❝❡♥❝❡
❞❡s ❝♦♠♣♦s❛♥t❡s MS✳ ❉❛♥s ❝❡ ❝❛s✱ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ♣❡✉t êtr❡ r❡♣rés❡♥té ♣❛r s❡s ❝♦♠♣♦✲
s❛♥t❡s ❞❡ s♣✐♥ |S,MS〉 ❡t ❧✬❤❛♠✐❧t♦♥✐❡♥ ❞é❝r✐✈❛♥t ❝❡ ♣❤é♥♦♠è♥❡ ❡st ✐ss✉ ❞❡ ✭✶✳✹✻✮✱ ✭❛♣rès
s✉♣♣r❡ss✐♦♥ ❞❡s ❝♦♥st❛♥t❡s✮ ✿

Ĥ
(0,2)
ZFS =

1

~2
~S.D.~S ✭✶✳✹✽✮

■❧ ❢❛✐t ✐♥t❡r✈❡♥✐r ✉♥ t❡♥s❡✉r ré❡❧ ❞❡ r❛♥❣ ❞❡✉① s②♠étr✐q✉❡ ❡t ❞❡ ❞✐♠❡♥s✐♦♥ tr♦✐s s♦✐t s✐①
♣❛r❛♠ètr❡s ✿

Ĥ
(0,2)
ZFS =

1

~2

(
Ŝx Ŝy Ŝz

)
.



Dxx Dxy Dxz

Dxy Dyy Dyz

Dxz Dyz Dzz


 .



Ŝx

Ŝy

Ŝz


 ✭✶✳✹✾✮

✷✵
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P❛r ❧❛ s✉✐t❡✱ ❝❡ t❡♥s❡✉r ❡st ❞✐❛❣♦♥❛❧✐sé s❡❧♦♥ D
diag

= P−1.D.P ♦ù P−1 ❡st ❢♦r♠é ❞❡s
✈❡❝t❡✉rs ♣r♦♣r❡s✳ ❈✬❡st ❧❛ ♠❛tr✐❝❡ ❞❡ ♣❛ss❛❣❡ ❞✬✉♥❡ ❜❛s❡ q✉❡❧❝♦♥q✉❡ à ❧❛ ❜❛s❡ ❞✐t❡ ♠❛✲

❣♥ét✐q✉❡ ❡t D
diag

❡st ❧❛ ♠❛tr✐❝❡ ❞✐❛❣♦♥❛❧❡ ❢♦r♠é❡ ❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s DXX , DY Y , DZZ ✳
P❛r ❝♦♥✈❡♥t✐♦♥ ❬✶✻❪✱ ♦♥ ❞é✜♥✐t ❧❡ ♣❛r❛♠ètr❡ ❛①✐❛❧ D ❞❡ ❩❋❙ ❛ss♦❝✐é à ❧✬❛①❡ ♠❛❣♥ét✐q✉❡
♣r✐♥❝✐♣❛❧ Z ❡t ❧❡ ♣❛r❛♠ètr❡ r❤♦♠❜✐q✉❡ E t❡❧ q✉❡ |D| > 3E ❡t E ≥ 0 ❛✈❡❝ ✿

D = DZZ − 1

2
(DXX +DY Y ) ✭✶✳✺✵✮

E =
1

2
(DXX −DY Y ) ✭✶✳✺✶✮

❖♥ ❛ ❛❧♦rs ĤZFS = ~
−2
{
D[Ŝ2

z − S(S + 1)/3] + E(Ŝ2
x − Ŝ2

y)
}
✳

❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧ tr✐♣❧❡♠❡♥t ❞é❣é♥éré ♣♦✉r ✉♥ s♣✐♥ S = 1✱ t❡❧ q✉✬✉♥
❝♦♠♣❧❡①❡ ♠♦♥♦♥✉❝❧é❛✐r❡ ❞❡ ♥✐❝❦❡❧ ◆✐✭■■✮✱ ❝❛s q✉❡ ♥♦✉s ✉t✐❧✐s❡r♦♥s ❞❛♥s ❧❡s ♣❛rt✐❡s ✷✳✶ ❡t
✷✳✷✱ ❧✬❤❛♠✐❧t♦♥✐❡♥ ✭✶✳✹✾✮ ❞❡✈✐❡♥t✱ ❞❛♥s ✉♥❡ ❜❛s❡ q✉❡❧❝♦♥q✉❡ ✿

HZFS |1,−1〉 |1, 0〉 |1, 1〉
〈1,−1| 1

2
(Dxx +Dyy) +Dzz −

√
2
2
(Dxz + iDyz)

1
2
(Dxx −Dyy + 2iDxy)

〈1, 0| −
√
2
2
(Dxz − iDyz) Dxx +Dyy

√
2
2
(Dxz + iDyz)

〈1, 1| 1
2
(Dxx −Dyy − 2iDxy)

√
2
2
(Dxz − iDyz)

1
2
(Dxx +Dyy) +Dzz

✭✶✳✺✷✮

❈❡t ❤❛♠✐❧t♦♥✐❡♥ s✬é❝r✐t✱ ❛♣rès r♦t❛t✐♦♥ ❞❛♥s ❧❡ s②stè♠❡ ❞✬❛①❡s ♠❛❣♥ét✐q✉❡s t❡❧ q✉❡ D s♦✐t
❞✐❛❣♦♥❛❧ ✿

HZFS |1,−1〉 |1, 0〉 |1, 1〉
〈1,−1| 1

2
(DXX +DY Y ) +DZZ ✵ 1

2
(DXX −DY Y )

〈1, 0| ✵ DXX +DY Y ✵
〈1, 1| 1

2
(DXX −DY Y ) ✵ 1

2
(DXX +DY Y ) +DZZ

✭✶✳✺✸✮

❊♥ s✉♣♣r✐♠❛♥t ❧❛ tr❛❝❡ ❡t ❛✈❡❝ ❧❡s ❝♦♥✈❡♥t✐♦♥s ❡t ❞é✜♥✐t✐♦♥s ✭✶✳✺✵✮ ❡t ✭✶✳✺✶✮✱ ♦♥ ❛ ✿

HZFS |1,−1〉 |1, 0〉 |1, 1〉
〈1,−1| 1

3
D ✵ E

〈1, 0| ✵ −2
3
D ✵

〈1, 1| E ✵ 1
3
D

✭✶✳✺✹✮

❉❡ ♠❛♥✐èr❡ ❛♥❛❧♦❣✉❡✱ ♣♦✉r ✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞❡ ❞é❣é♥ér❡s❝❡♥❝❡ q✉❛❞r✉♣❧❡ ❛✈❡❝
S = 3/2✱ t❡❧ q✉✬✉♥ ♠♦♥♦♥✉❝❧é❛✐r❡ ❞❡ ❝♦❜❛❧t ❈♦✭■■✮ q✉❡ ♥♦✉s ❛❜♦r❞❡r♦♥s ❞❛♥s ❧❛ ♣❛rt✐❡
✷✳✶✱ ❧✬❤❛♠✐❧t♦♥✐❡♥ ❞❛♥s ✉♥❡ ❜❛s❡ q✉❡❧❝♦♥q✉❡ s✬é❝r✐t ✿

HZFS

∣

∣

∣

3

2
,− 3

2

〉 ∣

∣

∣

3

2
,− 1

2

〉 ∣

∣

∣

3

2
, 1

2

〉 ∣

∣

∣

3

2
, 3

2

〉

〈

3

2
,− 3

2

∣

∣

∣

3

4
(Dxx + Dyy) + 9

4
Dzz −

√
3(Dxz + iDyz)

3

2
(Dxx − Dyy + 2iDxy) ✵

〈

3

2
,− 1

2

∣

∣

∣
−
√
3(Dxz − iDyz)

7

4
(Dxx + Dyy) + 1

4
Dzz ✵

√

3

2
(Dxx − Dyy + 2iDxy)

〈

3

2
, 1

2

∣

∣

∣
− 3

2
(Dxx − Dyy − 2iDxy) ✵ 7

4
(Dxx + Dyy) + 1

4
Dzz

√
3(Dxz + iDyz)

〈

3

2
, 3

2

∣

∣

∣
✵ 3

2
(Dxx − Dyy − 2iDxy)

√
3(Dxz − iDyz)

3

4
(Dxx + Dyy) + 3

4
Dzz

✭✶✳✺✺✮

❡t ❛✈❡❝ ❧❡ s②stè♠❡ ❞✬❛①❡ ♠❛❣♥ét✐q✉❡ ❡t ❧❡s ♣❛r❛♠ètr❡s D ❡t E ✿

HZFS

∣∣3
2
,−3

2

〉 ∣∣3
2
,−1

2

〉 ∣∣3
2
, 1
2

〉 ∣∣3
2
, 3
2

〉
〈
3
2
,−3

2

∣∣ D ✵
√
3E ✵〈

3
2
,−1

2

∣∣ ✵ −D ✵
√
3E〈

3
2
, 1
2

∣∣ √
3E ✵ −D ✵〈

3
2
, 3
2

∣∣ ✵
√
3E ✵ D

✭✶✳✺✻✮

✷✶
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✶✳✶✳✷✳✷ ❖♣ér❛t❡✉rs ❞❡ ❙t❡✈❡♥s

❯♥ ❞❡s❝r✐♣t✐♦♥ ❞✉ ❩❋❙ ♣♦✉r ❞❡s s②stè♠❡s ❞♦♥t ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❛ ✉♥ s♣✐♥ ❞❡ S = 1
♦✉ S = 3/2 ❛✈❡❝ ❧❡s ♣❛r❛♠ètr❡s D ❡t E ❡st s✉✣s❛♥t❡✱ s❡✉❧❡♠❡♥t✱ ♣♦✉r ✉♥ s♣✐♥ s✉♣ér✐❡✉r✱
✐❧ ♣❡✉t êtr❡ ✉t✐❧❡ ❞✬✐♥tr♦❞✉✐r❡ ❞❡s ♦♣ér❛t❡✉rs éq✉✐✈❛❧❡♥ts ❞✐ts ❞❡ ❙t❡✈❡♥s ❬✶✻✱ ✶✽❪✳ ❈❡s
♦♣ér❛t❡✉rs Ô✱ à ❧✬♦r✐❣✐♥❡ ❞é✜♥✐s ♣♦✉r ❞é❝r✐r❡ ❧❛ ❧❡✈é❡ ❞❡ ❞é❣é♥ér❡s❝❡♥❝❡ ❧✐é❡ ❛✉ ❝❤❛♠♣
❝r✐st❛❧❧✐♥✱ ♥❡ ❞é♣❡♥❞❡♥t q✉❡ ❞✬♦♣ér❛t❡✉rs ❞❡ ♠♦♠❡♥t ❛♥❣✉❧❛✐r❡ Ĵ ✳ ❉❡ ♠❛♥✐èr❡ ❣é♥ér✐q✉❡✱
❧❡ ❩❋❙ ❡st ❛❧♦rs r❡♣rés❡♥té ♣❛r ❧✬❤❛♠✐❧t♦♥✐❡♥ s✉✐✈❛♥t ✿

ĤStevens =
∑

k=0

k∑

n=0

Bn
k Ô

n
k ✭✶✳✺✼✮

♦ù Bn
k s♦♥t ❞❡s ❝♦♥st❛♥t❡s ♣r♦♣r❡s à ❝❤❛q✉❡ s②stè♠❡ ❡t ❧❡s ♦♣ér❛t❡✉rs Ôn

k s♦♥t ❞❡s t❡♥s❡✉rs
s♣❤ér✐q✉❡s ❞❡ r❛♥❣ k ❞❡ ❝♦♠♣♦s❛♥t❡s n ✭❛✈❡❝ n ≤ k ≤ 2S✮ t❡❧❧❡s q✉❡ ✿

Ô0
0 =

1

~2
~̂J
2

= J(J + 1) ✭✶✳✺✽✮

Ô0
2 =

3

~2
Ĵ2
z − J(J + 1) ✭✶✳✺✾✮

Ô2
2 =

1

2~2
(Ĵ2

+ + Ĵ2
−) =

1

~2
(Ĵ2

x − Ĵ2
y ) ✭✶✳✻✵✮

P♦✉r ❞❡s r❛✐s♦♥s ❞❡ s②♠étr✐❡✱ s❡✉❧s ❧❡s t❡r♠❡s ❞❡ r❛♥❣ k ♣❛✐r ❝♦♥tr✐❜✉❡♥t ♣♦✉r ❧❡s ❝♦♠✲
♣❧❡①❡s ♠♦♥♦✲♥✉❝❧é❛✐r❡s✳ ▲✬❤❛♠✐❧t♦♥✐❡♥ ❩❋❙ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✶✳✹✽✮ ♣❡✉t s❡ réé❝r✐r❡ ❡♥ t❡r♠❡
❞✬♦♣ér❛t❡✉rs ❞❡ ❙t❡✈❡♥s ❞❡ r❛♥❣ ❞❡✉① t❡❧ q✉❡ ✿

ĤZFS = B0
0Ô

0
0 +B0

2Ô
0
2 +B2

2Ô
2
2 ✭✶✳✻✶✮

❛✈❡❝ D = 3B0
2 ❡t E = B2

2 ✳ ■❧ ❡♥ s❡r❛ ❛✉ss✐ ❢❛✐t ♠❡♥t✐♦♥ ❛✉ ❝❤❛♣✐tr❡ ✸✳

✶✳✶✳✸ ❆✐♠❛♥t❛t✐♦♥ ❡t s✉s❝❡♣t✐❜✐❧✐té

❘❡♣r❡♥♦♥s ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❚❛②❧♦r ❞❡ ❧✬é♥❡r❣✐❡ ✭✶✳✸✷✮✱ à ❧✬♦r❞r❡ ✉♥ ❡♥ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡✳ ❆ ❧✬❛✐❞❡ ❞❡s r❡❧❛t✐♦♥s ♣ré❝é❞❡♥t❡s✱ ✐❧ ✈✐❡♥t ✿

E( ~B, ~µe) = E0 −
〈
~γ. ~B

〉
Ψ
+
〈
~µe.∆g ~B

〉
Ψ
−
〈
1

2
~µe.D~µe

〉

Ψ

= E0 +
µB

~

〈
~L+ g~S

〉
Ψ
. ~B − µ2

Bg
2
e

2~2

〈
~S.D~S

〉
Ψ

✭✶✳✻✷✮

❉❡ ♠❛♥✐èr❡ ❛♥❛❧♦❣✉❡ ❛✉ ❩❋❙✱ ❧❛ ♠❛tr✐❝❡ ❩❡❡♠❛♥ ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ s❛♥s ❞é❣é♥ér❡s✲
❝❡♥❝❡ ♦r❜✐t❛❧❛✐r❡ ❡st ❞♦♥♥é❡ ♣♦✉r ❧❡ ❝❛s ❞✬✉♥ s♣✐♥ S = 1✱ ❞❛♥s ❧❛ ❜❛s❡ ❞✐❛❣♦♥❛❧✐s❛♥t ❧❡
t❡♥s❡✉r D ♣❛r ❬✶✾❪ ✿

HZFS |1,−1〉 |1, 0〉 |1, 1〉
〈1,−1| 1

3
D + µBgzBz

µB√
2
(gxBx − igyBy) E

〈1, 0| µB√
2
(gxBx + igyBy) −2

3
D µB√

2
(gxBx + igyBy)

〈1, 1| E µB√
2
(gxBx − igyBy)

1
3
D + µBgzBz

✭✶✳✻✸✮

✷✷
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▲❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ ❝❡tt❡ ♠❛tr✐❝❡ ✭✶✳✻✸✮ ❞♦♥♥❡♥t ❧❡s é♥❡r❣✐❡s ❞❡s ❝♦♠♣♦s❛♥t❡s ❞❛♥s ❧❡
❝❛s ❞✬✉♥ ❝❤❛♠♣ ❞❡ ❞✐r❡❝t✐♦♥ x, y ♦✉ z✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s D ❡t E ✭❝❢✳ t❛❜❧❡❛✉ ✶✳✷
❡t ✜❣✉r❡s ✶✳✶ ❡t ✶✳✷✮✳

❉✐r❡❝t✐♦♥ ❞❡ ~B P♦✉r E 6= 0 P♦✉r E = 0

③
D ±

√
E2 + (µBgzBz)2 D ± µBgzBz

✵ ✵

①
D + E D

1
2
(D − E)±

√
1
4
(D − E)2 + (µBgxBx)2

1
2
D ±

√
1
4
D2 + (µBgxBx)2

②
D − E D

1
2
(D + E)±

√
1
4
(D + E)2 + (µBgyBy)2

1
2
D ±

√
1
4
D2 + (µBgyBy)2

❚❛❜❧❡ ✶✳✷ ✕ ➱♥❡r❣✐❡s ❞❡s ❝♦♠♣♦s❛♥t❡s ❞✬✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞❡ s♣✐♥ S = 1 ❛✈❡❝ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡

❯♥❡ ❢♦✐s ❧❡s é♥❡r❣✐❡s ❞❡s ❝♦♠♣♦s❛♥t❡s ♦❜t❡♥✉❡s✱ ♦♥ ❞é✜♥✐t ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ♣❛rt✐t✐♦♥ ❞✉
s②stè♠❡ ❝♦♠♠❡

Za(B, T ) =
∑

i

exp

(
−Ei,a
kT

)
✭✶✳✻✹✮

♦ù k ❡st ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❇♦❧t③♠❛♥✱ ♦♥ ♥♦t❡r❛ β = (kT )−1 ❧❛ t❡♠♣ér❛t✉r❡ t❤❡r♠♦❞②♥❛✲
♠✐q✉❡ ❡t NA ❧❡ ♥♦♠❜r❡ ❞✬❆✈♦❣❛❞r♦✳ ▲✬❛✐♠❛♥t❛t✐♦♥ s❡❧♦♥ ❧❛ ❞✐r❡❝t✐♦♥ a(= x, y ou z) s❡
❝❛❧❝✉❧❡ ❛❧♦rs ♣❛r ✿

Ma(B, β) = NA
∂ lnZa

∂Ba

=
NA∑

i exp (−βEi,a)
∑

i

(
−∂Ei,a
∂Ba

)
exp (−βEi,a) ✭✶✳✻✺✮

❈❡ t②♣❡ ❞❡ ❝❛❧❝✉❧ ❞❡ ❧✬❛✐♠❛♥t❛t✐♦♥ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡s ❝♦♠♣♦s❛♥t❡s ❞❡ s♣✐♥ ❞❡
❝❤❛q✉❡ ét❛t ❡st ♣r♦❣r❛♠♠é ❞❛♥s ❧❡s ❧♦❣✐❝✐❡❧s ❞❡ ❝❛❧❝✉❧ ❬✷✵❪ ❡t s❡r❛ ❛♣♣❧✐q✉é ❞❛♥s ❧❡ ❝❛s ❞✬✉♥
❝♦♠♣❧❡①❡ ré❡❧ ❞❛♥s ❧❛ ♣❛rt✐❡ ✷✳✷✱ ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s s❡r♦♥t ❝♦♠♣❛rés ❛✉① ♠❡s✉r❡s ❡①♣é✲
r✐♠❡♥t❛❧❡s✳ ❉ès ❧♦rs✱ ♣♦✉r S = 1✱ ♦♥ ❛✱ ❡♥ ♥♦t❛♥t Ga = µBgaBa✱ ch ❡t sh✱ r❡s♣❡❝t✐✈❡♠❡♥t✱
❧❡ ❝♦s✐♥✉s ❡t ❧❡ s✐♥✉s ❤②♣❡r❜♦❧✐q✉❡ ✿

Mz = 2NaµBgz
Gze

−βDsh(β
√
E2 +G2

z)

1 + 2e−βDch
(
β
√
E2 +G2

z

) ✭✶✳✻✻✮

Mx = 2NaµBgx
Gxe

β

2
(D−E)sh

(
β
√

1
4
(D − E)2 +G2

x

)

1 + 2e
β

2
(D−E)ch

(
β
√

1
4
(D − E)2 +G2

x

) ✭✶✳✻✼✮

My = 2NaµBgy
Gye

β

2
(D+E)sh

(
β
√

1
4
(D + E)2 +G2

y

)

1 + 2e
β

2
(D+E)ch

(
β
√

1
4
(D + E)2 +G2

y

) ✭✶✳✻✽✮

✷✸
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❡t ❞❛♥s ❧❛ ❧✐♠✐t❡ ♦ù E ❡st ♥✉❧ ✿

Mz = 2NaµBgz
Gze

−βDsh(βGz)

1 + 2e−βDch(βGz)
✭✶✳✻✾✮

Mx = 2NaµBgx
Gxe

βD

2 sh
(
β
√

1
4
D2 +G2

x

)

1 + 2e
βD

2 ch
(
β
√

1
4
D2 +G2

x

) ✭✶✳✼✵✮

My = 2NaµBgy
Gye

βD

2 sh
(
β
√

1
4
D2 +G2

y

)

1 + 2e
βD

2 ch
(
β
√

1
4
D2 +G2

y

) . ✭✶✳✼✶✮

❊♥✜♥✱ ♣♦✉r ❧❛ s✉s❝❡♣t✐❜✐❧✐té ♠❛❣♥ét✐q✉❡ s❡❧♦♥ ❧❛ ❞✐r❡❝t✐♦♥ a✱ ♦♥ ♣❛rt ❞❡ ✿

χa = NAkT
∂2lnZa

∂B2
a

=
∂Ma

∂Ba

. ✭✶✳✼✷✮

❊♥ ✈✉❡ ❞❡ s✐♠♣❧✐✜❡r ❧✬❛✐♠❛♥t❛t✐♦♥ ✭✶✳✻✺✮✱ r❡♣r❡♥♦♥s ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❧✬é♥❡r❣✐❡ ✭✶✳✹✮ à
❧✬♦r❞r❡ ❞❡✉① ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❝❤❛♠♣✱ ♦♥ ❛ ✿

E( ~B) = E0 + E10 + E20 + E01 + E11 + E02
= E (0) + E (1)B + E (2)B2 . ✭✶✳✼✸✮

❡♥ ✐♥❞✐q✉❛♥t ❡♥ ❡①♣♦s❛♥t✱ ❡♥tr❡ ♣❛r❡♥t❤ès❡s ❧✬♦r❞r❡ ❞❡ ❞é♣❡♥❞❛♥❝❡ ❡♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳
❯♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧✬❡①♣♦♥❡♥t✐❡❧❧❡ ❞❡ E( ~B) à ❧✬♦r❞r❡ ✉♥ ❞♦♥♥❡ ✿

exp(−βE) = exp(−βE (0))(1− βE (1)B) ✭✶✳✼✹✮

❡t ♣♦✉r ❧✬♦r❞r❡ ❞❡✉① ❞❡ ❧❛ ❞ér✐✈é❡ ❞❡ E( ~B) ✿

∂E
∂B

= E (1) + E (2)B ✭✶✳✼✺✮

❞✬♦ù ✭✶✳✻✺✮ ❞❡✈✐❡♥t ✿

Ma(B, β) = NA

∑
i −
(
E (1)
i,a + E (2)

i,aBa

)
(1− βE (1)

i,aBa) exp
(
−βE (0)

i

)

∑
i(1− βE (1)

i,aBa) exp
(
−βE (0)

i

) ✭✶✳✼✻✮

❡t ❧❛ s✉s❝❡♣t✐❜✐❧✐té s❡ ♠❡t s♦✉s ❧❛ ❢♦r♠❡ ❞❡ ❧❛ ❢♦r♠✉❧❡ ❞❡ ❱❛♥ ❱❧❡❝❦ ✿

χa =
NA

∑
i

(
β(E (1)

i,a )
2 − 2E (2)

i,a

)
exp

(
−βE (0)

i

)

∑
i exp

(
−βE (0)

i

) ✭✶✳✼✼✮

P♦✉r S = 1✱ ❛✈❡❝ E = 0 ❡t gx = gy✱ à ♣❛rt✐r ❞❡s ✈❛❧❡✉rs ❞✉ t❛❜❧❡❛✉ ✶✳✷✱ ♦♥ ❛ Eix = Eiy ❡t
♦♥ ❞é❞✉✐t ❧❡ t❛❜❧❡❛✉ ✭✶✳✼✽✮✳

Ms E (0)
i E (1)

ix E (1)
iz E (2)

ix E (2)
iz

✰✶ D ✵ µBgz µ2
Bg

2
x/D ✵

✲✶ D ✵ −µBgz ✵ ✵
✵ ✵ ✵ ✵ −µ2

Bg
2
x/D ✵

✭✶✳✼✽✮

✷✹
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❊♥ ❛♣♣❧✐q✉❛♥t ❝❡s é♥❡r❣✐❡s ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✶✳✼✼✮✱ ♦♥ ❞é❞✉✐t ❧❡s s✉s❝❡♣t✐❜✐❧✐tés ❡♥ ❢♦♥❝t✐♦♥
❞❡ ❧❛ ❞✐r❡❝t✐♦♥ ❞✉ ❝❤❛♠♣ ✿

χz = 2NAβ(µBgz)
2 exp (−βD)

1 + 2 exp (−βD)
✭✶✳✼✾✮

χx =
2NA(µBgx)

2

D

1− exp (−βD)

1 + 2 exp (−βD)
✭✶✳✽✵✮

▲❛ ✈❛r✐❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡s s♦✉s✲♥✐✈❡❛✉① |MS = 0,±1〉 ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❡♥ ❢♦♥❝✲
t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ❛♣♣❧✐q✉é ✭t❛❜❧❡❛✉ ✭✶✳✼✽✮ ❡st r❡♣rés❡♥té❡ s✉r ❧❡s ✜❣✉r❡s ✶✳✶ ❡t ✶✳✷ ❞❛♥s
❧❡ ❝❛s ♦ù D ❡st ♥é❣❛t✐❢ ♣♦✉r ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣❛r❛❧❧è❧❡ ♦✉ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ à ❧✬❛①❡
♣r✐♥❝✐♣❛❧ ❞✬❛✐♠❛♥t❛t✐♦♥✳

D < 0

È Ms= 0>

È Ms=±1>

0

D - g e.Μ z.B z

D + g e.Μ z.B z

B z

Energies

❋✐❣✉r❡ ✶✳✶ ✕ ➱♥❡r❣✐❡s ❞❡s s♦✉s✲♥✐✈❡❛✉① |MS = 0,±1〉 ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❡♥ ❢♦♥❝t✐♦♥
❞✬✉♥ ❝❤❛♠♣ ❛♣♣❧✐q✉é (Bz)✱ ♣❛r❛❧❧è❧❡ à ❧✬❛①❡ ♣r✐♥❝✐♣❛❧ ❞✬❛✐♠❛♥t❛t✐♦♥✱ ♣♦✉r D ♥é❣❛t✐❢

▲❡s ✜❣✉r❡s ✶✳✶ ❡t ✶✳✷ ♣❡r♠❡tt❡♥t ❛✉ss✐ ❞❡ ❝♦♠♣r❡♥❞r❡ ❧✬✐♠♣♦rt❛♥❝❡ ❞❡s ❛①❡s ♠❛❣♥é✲
t✐q✉❡s✳ ❊♥ ❡✛❡t✱ ❞❛♥s ❧❡ s②stè♠❡ ❞✬❛①❡s ♠❛❣♥ét✐q✉❡s✱ ♣♦✉r ✉♥ ♣❛r❛♠ètr❡ D ♥é❣❛t✐❢✱ ❧❡
♣r✐♥❝✐♣❛❧ ❛①❡ ♠❛❣♥ét✐q✉❡ ❡st ❝❤♦✐s✐ ❞❡ s♦rt❡ à ❞é✜♥✐r D ❡t E s❡❧♦♥ ✭✶✳✺✵✮✱ ✭✶✳✺✶✮ ❡t
|D| > 3E > 0 s❡❧♦♥ ❧❛ ❞✐r❡❝t✐♦♥ ❩ ♣❛r ❝♦♥✈❡♥t✐♦♥ ❀ ❧✬é♥❡r❣✐❡ ❞❡s ❝♦♠♣♦s❛♥t❡s MS = ±1
✈❛r✐❡ ❧✐♥é❛✐r❡♠❡♥t ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❝❤❛♠♣ s✬✐❧ ❡st ❛♣♣❧✐q✉é ♣❛r❛❧❧è❧❡♠❡♥t à ❧✬❛①❡ ❩ ❛❧♦rs
q✉✬❡❧❧❡ ✈❛r✐❡ ❞❡ ❢❛ç♦♥ q✉❛❞r❛t✐q✉❡ s✬✐❧ ❡st ❛♣♣❧✐q✉é ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ à ❧✬❛①❡ ❩✳ ▲✬❛①❡ ❩ ❡st✱
❞❛♥s ❝❡ ❝❛s✱ ❛♣♣❡❧é ✧❛①❡ ❞❡ ❢❛❝✐❧❡ ❛✐♠❛♥t❛t✐♦♥✧ t❛♥❞✐s q✉❡ ❧❡ ♣❧❛♥ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ ❡st
q✉❛❧✐✜é ❞❡ ✧♣❧❛♥ ❞❡ ❞✐✣❝✐❧❡ ❛✐♠❛♥t❛t✐♦♥✧ ❡t ❝♦♥t✐❡♥t é✈❡♥t✉❡❧❧❡♠❡♥t ✉♥ ✧❛①❡ ❞❡ ❞✐✣❝✐❧❡
❛✐♠❛♥t❛t✐♦♥✧ s✐ E ❡st ♥♦♥ ♥✉❧✳

❆✉ ❝♦♥tr❛✐r❡✱ ♣♦✉r D ♣♦s✐t✐❢ ✭✜❣✉r❡s ✶✳✸ ❡t ✶✳✹✮✱ ❧❡ ♣❧❛♥ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ à ❧✬❛①❡ ❩ ❡st
❛♣♣❡❧é ✧♣❧❛♥ ❞❡ ❢❛❝✐❧❡ ❛✐♠❛♥t❛t✐♦♥✧ ❡t ❝♦♥t✐❡♥t é✈❡♥t✉❡❧❧❡♠❡♥t ✉♥ ✧❛①❡ ❞❡ ❢❛❝✐❧❡ ❛✐♠❛♥✲
t❛t✐♦♥✧ s✐ E ❡st ♥♦♥ ♥✉❧✳ ❉❛♥s ❝❡ ❝❛s✱ ♣♦✉r ❞❡ ❢❛✐❜❧❡s ✈❛❧❡✉rs ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡t
q✉❡❧q✉❡ s♦✐t s❛ ❞✐r❡❝t✐♦♥✱ ❧✬é♥❡r❣✐❡ ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ MS = 0 ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❡st
✐♥❢ér✐❡✉r❡ à ❝❡❧❧❡ ❞❡s ❝♦♠♣♦s❛♥t❡s MS = ±1✱ ✐❧ ❢❛✉t ❛♣♣❧✐q✉❡r ✉♥ ❝❤❛♠♣ ✐♥t❡♥s❡ ♣♦✉r
q✉✬✉♥❡ ❞❡s ❝♦♠♣♦s❛♥t❡s MS = ±1 s♦✐t ❧❛ ♣❧✉s ❢❛✐❜❧❡ ❡♥ é♥❡r❣✐❡✱ ❡♥ ❝♦♥séq✉❡♥❝❡✱ ❧✬❛①❡ ❩
❡st q✉❛❧✐✜é ❞✬✧❛①❡ ❞❡ ❞✐✣❝✐❧❡ ❛✐♠❛♥t❛t✐♦♥✧✳
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D < 0

È Ms=-1>

È Ms= 0>

È Ms=+1>

-

g e
2.Μ x

2.B x
2

D

D +
g e
2.Μ x

2.B x
2

D

D

B x

0

Energies

❋✐❣✉r❡ ✶✳✷ ✕ ➱♥❡r❣✐❡s ❞❡s s♦✉s✲♥✐✈❡❛✉① |MS = 0,±1〉 ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❡♥ ❢♦♥❝t✐♦♥
❞✬✉♥ ❝❤❛♠♣ ❛♣♣❧✐q✉é (Bx)✱ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ à ❧✬❛①❡ ♣r✐♥❝✐♣❛❧ ❞✬❛✐♠❛♥t❛t✐♦♥✱ ♣♦✉rD ♥é❣❛t✐❢

D > 0

È Ms= 0>

È Ms=±1>

0

D - g e.Μ z.B z

D + g e.Μ z.B z

B z

Energies

❋✐❣✉r❡ ✶✳✸ ✕ ➱♥❡r❣✐❡s ❞❡s s♦✉s✲♥✐✈❡❛✉① |MS = 0,±1〉 ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❡♥ ❢♦♥❝t✐♦♥
❞✬✉♥ ❝❤❛♠♣ ❛♣♣❧✐q✉é (Bz)✱ ♣❛r❛❧❧è❧❡ à ❧✬❛①❡ ♣r✐♥❝✐♣❛❧ ❞✬❛✐♠❛♥t❛t✐♦♥✱ ♣♦✉r D ♣♦s✐t✐❢
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D > 0

È Ms=-1>

È Ms=+1>

È Ms= 0>

-

g e
2.Μ x

2.B x
2

D

D +
g e
2.Μ x

2.B x
2

D

D
B x

0

Energies

❋✐❣✉r❡ ✶✳✹ ✕ ➱♥❡r❣✐❡s ❞❡s s♦✉s✲♥✐✈❡❛✉① |MS = 0,±1〉 ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❡♥ ❢♦♥❝t✐♦♥
❞✬✉♥ ❝❤❛♠♣ ❛♣♣❧✐q✉é (Bx)✱ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ à ❧✬❛①❡ ♣r✐♥❝✐♣❛❧ ❞✬❛✐♠❛♥t❛t✐♦♥✱ ♣♦✉r D ♣♦s✐t✐❢

❖♥ ❞✐s♣♦s❡ ❞és♦r♠❛✐s ❞❡s ♦✉t✐❧s ♥é❝❡ss❛✐r❡s ♣♦✉r ❧✬ét✉❞❡ ❞✉ ♠❛❣♥ét✐s♠❡ ♠♦❧é❝✉❧❛✐r❡✱
q✉❡ ❝❡ s♦✐t ❡♥ ❝❤❛♠♣ ♥✉❧✱ ❛✈❡❝ ❧❡s ♣❛r❛♠ètr❡s ❞❡ ❩❋❙ ❧✐é à D✱ ♦✉ ❡♥ ❝❤❛♠♣ ♥♦♥ ♥✉❧ ❛✈❡❝
❧✬❛✐♠❛♥t❛t✐♦♥ ~M ❡t ❧❛ s✉s❝❡♣t✐❜✐❧✐té ♠❛❣♥ét✐q✉❡ χ✳
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✶✳✷ ▼ét❤♦❞♦❧♦❣✐❡

✶✳✷✳✶ ❆♣♣r♦❝❤❡ ❣é♥ér❛❧❡ ❞❡ ❧❛ ♠ét❤♦❞♦❧♦❣✐❡ ❡♠♣❧♦②é❡

P♦✉r ✉♥❡ ét✉❞❡ t❤é♦r✐q✉❡ ❞✉ ♠❛❣♥ét✐s♠❡ ❞❛♥s ❧❡s ❝♦♠♣❧❡①❡s ♠♦♥♦ ♦✉ ♣♦❧②✲♥✉❝❧é❛✐r❡✱
❞✐✛ér❡♥t❡s ❛♣♣r♦❝❤❡s s♦♥t ♣♦ss✐❜❧❡s✳ ❉❡ ♠❛♥✐èr❡ ❣é♥ér❛❧❡✱ ♥♦✉s ♣❛rt♦♥s ❞✬✉♥❡ str✉❝t✉r❡
❣é♦♠étr✐q✉❡ ❞✬✉♥ ❝♦♠♣❧❡①❡ ❡t ♦❜t❡♥♦♥s ♣❛r ❧❡ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡ s♦✐t ❧❛ ❞❡♥s✐té é❧❡❝tr♦✲
♥✐q✉❡ ✭♠ét❤♦❞❡ ✐ss✉❡ ❞❡ ❧❛ ✧❉❡♥s✐t② ❋✉♥❝t✐♦♥♥❡❧ ❚❤❡♦r②✧ ✿ ❉❋❚✮✱ s♦✐t ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡
✭♠ét❤♦❞❡ ✧❲❛✈❡ ❋✉♥❝t✐♦♥ ❚❤❡♦r②✧ ✿ ❲❋❚✮ ❬✷✶✕✷✸❪ ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❡t ❞❡s ♣r❡♠✐❡rs
ét❛ts ❡①❝✐tés ❛✐♥s✐ q✉❡ ❧❡✉rs é♥❡r❣✐❡s✳ ❆ ♣❛rt✐r ❞❡ ❝❡❧❛✱ ❧❡s ♣❛r❛♠ètr❡s ❛ss♦❝✐és ❛✉ ❩❋❙✱
à ❧✬❛✐♠❛♥t❛t✐♦♥✱ à ❧❛ s✉s❝❡♣t✐❜✐❧✐té ♦✉ ❛✉tr❡s ♣❡✉✈❡♥t êtr❡ ❛♣♣r♦❝❤és ❝♦♠♠❡ ❝❡❧❛ ❛ été
♣rés❡♥té ❞❛♥s ❧❛ ♣❛rt✐❡ ♣ré❝é❞❡♥t❡✳

❈♦♠♠❡ ❧❡s ♣r♦♣r✐étés ♠❛❣♥ét✐q✉❡s ❞✬✉♥ ❝♦♠♣❧❡①❡ ♦♥t ✉♥❡ ❢♦rt❡ s❡♥s✐❜✐❧✐té à ❧❛ str✉❝✲
t✉r❡ ❣é♦♠étr✐q✉❡✱ ✐❧ ❝♦♥✈✐❡♥t✱ ♣♦✉r ♦❜t❡♥✐r ❞❡s rés✉❧t❛ts t❤é♦r✐q✉❡s ❡♥ ❛❞éq✉❛t✐♦♥ ❛✈❡❝
❧❡s ♠❡s✉r❡s ❡①♣ér✐♠❡♥t❛❧❡s✱ ❞❡ r❡♣r♦❞✉✐r❡ ❧❡ ♣❧✉s ✜❞è❧❡♠❡♥t ♣♦ss✐❜❧❡ ❝❡tt❡ ❞❡r♥✐èr❡✳ P♦✉r
❝❡ ❢❛✐r❡✱ ❤♦r♠✐s ❞❛♥s ❧❡ ❝❛s ❞❡ ❝♦♠♣♦sés ♠♦❞è❧❡s t❡❧s q✉✬❡♠♣❧♦②és ❛✉ ❝❤❛♣✐tr❡ ✸✱ ❧❡ ♣♦✐♥t
❞❡ ❞é♣❛rt ❡st ✉♥❡ str✉❝t✉r❡ ❝r✐st❛❧❧♦❣r❛♣❤✐q✉❡ ✐ss✉❡ ❞✬✉♥❡ ❞ét❡r♠✐♥❛t✐♦♥ ♣❛r r❛②♦♥ ❳✱ à
❧✬❡①❝❡♣t✐♦♥ ❞✉ ❝❛s ❞✉ ❝♦♠♣❧❡①❡ ❛✈❡❝ ❡✛❡t ❏❛❤♥✲❚❡❧❧❡r ✭❝❢✳ ♣❛rt✐❡ ✷✳✷✮ ♦ù ✐❧ ❡st ♥é❝❡ss❛✐r❡
❞❡ ré❛❧✐s❡r ✉♥❡ ♦♣t✐♠✐s❛t✐♦♥ ❞❡ ❣é♦♠étr✐❡✳

▲✬♦❜❥❡t ❞❡ ❝❡tt❡ t❤ès❡ t✐❡♥t ❡ss❡♥t✐❡❧❧❡♠❡♥t à ❧✬❡①tr❛❝t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞❡ ❩❋❙ ❛✐♥s✐
q✉❡ ❞❡s ❛①❡s ♠❛❣♥ét✐q✉❡s q✉✐ s♦♥t ❞ét❡r♠✐♥és ♣❛r ✉♥❡ ♠ét❤♦❞❡ ❞❡ t②♣❡ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡✳
▲❛ ❉❋❚ ♥✬❡st ✉t✐❧✐sé❡ q✉❡ ♣♦✉r ♦❜t❡♥✐r ✉♥❡ str✉❝t✉r❡ ❣é♦♠étr✐q✉❡ q✉❛♥❞ ❝❡❧❧❡✲❝✐ ♥❡ ♣❡✉t
♣❛s êtr❡ ♦❜t❡♥✉❡ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t✳ ▲❛ ♣r❡♠✐èr❡ ét❛♣❡ ❞❡ ❝❛❧❝✉❧ ❞♦♥♥❡✱ ❞❡ ♠❛♥✐èr❡ ✈❛✲
r✐❛t✐♦♥♥❡❧❧❡✱ ❧❡s ❢♦♥❝t✐♦♥s ❞✬♦♥❞❡✱ ✐♥❞é♣❡♥❞❛♥t❡s ❞✉ ❝♦✉♣❧❛❣❡ s♣✐♥✲♦r❜✐t❡✱ ❡t ❧❡s é♥❡r❣✐❡s
♣♦✉r ❝❤❛q✉❡ ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❡t ❡①❝✐tés✳ P✉✐s✱ ✉♥ é✈❡♥t✉❡❧ tr❛✐t❡♠❡♥t ❞❡ ❧❛ ❝♦rré❧❛t✐♦♥
❜❛sé s✉r ❝❡s ♦r❜✐t❛❧❡s ♣❡r♠❡t ❞❡ ❝♦rr✐❣❡r ❧❛ ✈❛❧❡✉rs ❞❡s é♥❡r❣✐❡s✳ ❊♥s✉✐t❡ ❧❡ ❝♦✉♣❧❛❣❡ s♣✐♥✲
♦r❜✐t❡ ✭❙❖❈✮ ❡t é✈❡♥t✉❡❧❧❡♠❡♥t ❧❡ ❝♦✉♣❧❛❣❡ s♣✐♥✲s♣✐♥ ✭❙❙❈✮ s♦♥t ❛❥♦✉tés ❡t ♣❡r♠❡tt❡♥t
❞❡ r❡❝♦♥str✉✐r❡ ❧❡s ❞✐✛ér❡♥ts ét❛ts✳

✶✳✷✳✷ ❍❛rtr❡❡✲❋♦❝❦ ❡t ♥♦t✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥

✶✳✷✳✷✳✶ ▼ét❤♦❞❡ ❍❛rtr❡❡✲❋♦❝❦

❆✜♥ ❞✬❛♣♣r♦❝❤❡r ❧❡s s♦❧✉t✐♦♥s ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❙❝❤rö❞✐♥❣❡r ĤΨ = EΨ✱ ❞✐✛ér❡♥t❡s
❛♣♣r♦❝❤❡s s♦♥t ♣♦ss✐❜❧❡s ❡t ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ♠♦❧é❝✉❧❡ ❝♦♠♣♦rt❛♥t ✉♥❡ ❝✐♥q✉❛♥t❛✐♥❡
❞✬❛t♦♠❡s ❡t ❧❡s é❧❡❝tr♦♥s ❛ss♦❝✐és✱ ❝❡rt❛✐♥❡s ❛♣♣r♦①✐♠❛t✐♦♥s s♦♥t ✐♥❞✐s♣❡♥s❛❜❧❡s✳ ❆ ♣❛rt✐r
❞❡ ❧✬éq✉❛t✐♦♥ ✭✶✳✾✮✱ ✉♥❡ ♣r❡♠✐èr❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❝♦♥s✐st❡ à ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❡ ❢❛✐t q✉❡
❧❡ ♠♦✉✈❡♠❡♥t ❞❡s é❧❡❝tr♦♥s ♣♦ssè❞❡ ✉♥ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ ♣❧✉s r❛♣✐❞❡ q✉❡ ❝❡❧✉✐ ❞❡s
♥♦②❛✉① à ❝❛✉s❡ ❞❡ ❧❡✉rs ❞✐✛ér❡♥❝❡s ❞❡ ♠❛ss❡✳ ■❧ ❡st ❛❧♦rs ♣♦ss✐❜❧❡ ❞❡ ❝♦♥s✐❞ér❡r q✉❡ s✬✐❧ ②
❛ ✉♥ ♠♦✉✈❡♠❡♥t ❞❡s ♥♦②❛✉①✱ ❧❡s é❧❡❝tr♦♥s ✈♦♥t à ❝❤❛q✉❡ ✐♥st❛♥t ❛❥✉st❡r ❧❡✉rs ♣♦s✐t✐♦♥s
♠♦②❡♥♥❡s✱ ❝✬❡st ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❇♦r♥✲❖♣♣❡♥❤❡✐♠❡r✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ❧❡ t❡r♠❡ ❝✐♥é✲
t✐q✉❡ ♥✉❝❧é❛✐r❡ T̂N ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❙❝❤rö❞✐♥❣❡r ♣❡✉t êtr❡ ✐s♦❧é✱ ❡t ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ♣❡✉t
s❡ réé❝r✐r❡ ❝♦♠♠❡ ❧❡ ♣r♦❞✉✐t ❞✬✉♥ t❡r♠❡ ♣✉r❡♠❡♥t ♥✉❝❧é❛✐r❡ ❡t ✉♥ t❡r♠❡ ❞é♣❡♥❞❛♥t ❞❡ ❧❛
♣♦s✐t✐♦♥ ❞❡ t♦✉t❡s ❧❡s ❝❤❛r❣❡s✳ ❉❡ ♣❧✉s✱ ❝❡tt❡ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ Ψ ♣❡✉t êtr❡ ❛♣♣r♦①✐♠é❡ ♣❛r
✉♥ ♣r♦❞✉✐t ❞❡ ❍❛rtr❡❡ ❞❡ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ♠♦♥♦é❧❡❝tr♦♥✐q✉❡ ϕi r❡♣rés❡♥t❛♥t ❧❡s ♦r❜✐t❛❧❡s
q✉❡ ❧✬♦♥ s✉♣♣♦s❡r❛ ♦rt❤♦♥♦r♠é❡s✳ ❆✜♥ ❞✬❛ss✉r❡r ❧❡ ❝❛r❛❝tèr❡ ❛♥t✐❝♦♠♠✉t❛t✐❢ ❞❡ ❝❡tt❡ ❢♦♥❝✲

✷✽
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t✐♦♥✱ ♦♥ ✉t✐❧✐s❡r❛ ✉♥ ❞ét❡r♠✐♥❛♥t ❞❡ ❙❧❛t❡r Ψ = (Ne!)−1/2 det(ϕ1, ϕ2, · · · )✱ ♦♥ ❛ ❛❧♦rs ✉♥❡
❞❡s❝r✐♣t✐♦♥ ♠♦♥♦❞ét❡r♠✐♥❡♥t❛❧❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡✳ ▲✬❤❛♠✐❧t♦♥✐❡♥ é❧❡❝tr♦♥✐q✉❡ ♣❡✉t
❞és♦r♠❛✐s s❡ ❞é❝♦♠♣♦s❡r ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞✬é❧❡❝tr♦♥s ✐♠♣❧✐q✉és ♣❛r ♦♣ér❛t❡✉r ✿

Ĥel = ĥ0 +
∑

i

ĥi +
∑

i<j

ĝij , ✭✶✳✽✶✮

✐❧ ❝♦♥t✐❡♥t ✉♥ t❡r♠❡ é❧❡❝tr♦st❛t✐q✉❡ ♣✉r❡♠❡♥t ♥✉❝❧é❛✐r❡ q✉✐ ❡st ❝♦♥st❛♥t ❞❛♥s ❧❡ ❝❛s ❞❡
♥♦②❛✉① ✜①❡s

ĥ0 =
N∑

A<B

ZAZBe
2

4πǫ0rAB

, ✭✶✳✽✷✮

✉♥ t❡r♠❡ ♠♦♥♦✲é❧❡❝tr♦♥✐q✉❡

ĥi = −(~∇i)
2

2me

−
N∑

A

ZAe
2

4πǫ0rAi

✭✶✳✽✸✮

❡t ❡♥✜♥ ✉♥ t❡r♠❡ ❜✐é❧❡❝tr♦♥✐q✉❡

ĝij =
e2

4πǫ0rij
. ✭✶✳✽✹✮

❊①♣r✐♠❡r ❡♥ t❡r♠❡ ❞❡ ❞ét❡r♠✐♥❛♥t ❞❡ ❙❧❛t❡r✱ ❧✬é♥❡r❣✐❡ ❞❡s t❡r♠❡s à ✉♥ é❧❡❝tr♦♥ ❢❛✐t ✐♥t❡r✲
✈❡♥✐r ✉♥ ♦♣ér❛t❡✉r q✉✐ ♥❡ ♣❡✉t ❛✛❡❝t❡r q✉✬✉♥ é❧❡❝tr♦♥ ✿

〈Ψ|
∑

i

ĥi |Ψ〉 =
∑

i

〈ϕi| ĥ |ϕi〉 , ✭✶✳✽✺✮

❧❡s é❧é♠❡♥ts ❞❡ ❧✬❤❛♠✐❧t♦♥✐❡♥ ❞✉ t❡r♠❡ à ❞❡✉① é❧❡❝tr♦♥s s♦♥t ♥♦♥ ♥✉❧s ❧♦rsq✉❡ ❧✬♦♣ér❛t❡✉r
♥❡ ♠♦❞✐✜❡ ♣❛s ❧✬♦❝❝✉♣❛t✐♦♥ ❞❡s ♦r❜✐t❛❧❡s ♦✉ ❧♦rsq✉✬✐❧ é❝❤❛♥❣❡ ❞❡✉① ❞✬❡♥tr❡ ❡❧❧❡s✱ ❞❛♥s ❝❡
❞❡r♥✐❡r ❝❛s✱ ❝❡ t❡r♠❡ ❡st ❛❧♦rs ❛✛❡❝té ❞✬✉♥ s✐❣♥❡ ♠♦✐♥s ♣♦✉r ❛ss✉r❡r ❧❡ ❝❛r❛❝tèr❡ ❛♥t✐❝♦♠✲
♠✉t❛t✐❢ ❡t ❥✉st✐✜❡ ❛✐♥s✐ ❧✬✉s❛❣❡ ❞✬✉♥ ❞ét❡r♠✐♥❛♥t✳ ■❧ ✈✐❡♥t ❛❧♦rs ✿

〈Ψ|
∑

i<j

ĝij |Ψ〉 =
∑

i<j

(〈ϕiϕj| ĝ |ϕiϕj〉 − 〈ϕiϕj| ĝ |ϕjϕi〉)

=
1

2

∑

i,j

(〈ϕiϕj| ĝ |ϕiϕj〉 − 〈ϕiϕj| ĝ |ϕjϕi〉)

=
1

2

∑

i,j

〈ϕi| Ĵj − K̂j |ϕi〉 ✭✶✳✽✻✮

♦ù 〈ϕaϕb| ĝ |ϕcϕd〉 r❡♣rés❡♥t❡ ❧✬✐♥té❣r❛❧❡ s✉r ❧❡s é❧é♠❡♥ts ❞❡ ✈♦❧✉♠❡ τi ❡t τj r❡❧❛t✐❢s ❛✉①
é❧❡❝tr♦♥s i ❡t j

〈ϕaϕb| ĝ |ϕcϕd〉 =
∫
ϕ∗
a(i)ϕ

∗
b(j)

e2

4πǫ0rij
ϕc(i)ϕd(j)dτidτj ✭✶✳✽✼✮

❖♥ ✐♥tr♦❞✉✐t ❧❡s ♦♣ér❛t❡✉rs ❞❡ ❈♦✉❧♦♠❜ Ĵj ❡t ❞✬é❝❤❛♥❣❡ K̂j ❞é✜♥✐s ♣❛r ✿

Ĵjf(1) =

[∫
e2

4πǫ0rij
ϕ∗
j(2)ϕj(2)dτ2

]
f(1) ✭✶✳✽✽✮

K̂jf(1) =

[∫
e2

4πǫ0rij
ϕ∗
j(2)f(2)dτ2

]
ϕj(1) . ✭✶✳✽✾✮

✷✾
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▲❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ❛ss♦❝✐é❡ ❛✉ s②stè♠❡ ❡st ♦❜t❡♥✉❡ ❡♥ ❛♣♣❧✐q✉❛♥t ❧❡ ♣r✐♥❝✐♣❡ ✈❛r✐❛t✐♦♥♥❡❧
à ❧✬é♥❡r❣✐❡ ❡①♣r✐♠é❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♦r❜✐t❛❧❡s s❡❧♦♥ ✿

EHF [Ψ] = min
Ψ

〈Ψ| Ĥ |Ψ〉 = min
ϕi

∑

i

(
〈ϕi| ĥ |ϕi〉+

1

2
〈ϕi| Ĵ − K̂ |ϕi〉

)
. ✭✶✳✾✵✮

■❧ s✬❛❣✐t ❞❡ ♠✐♥✐♠✐s❡r ❧✬é♥❡r❣✐❡ ♣❛r ✉♥ ♣r♦❝❡ss✉s ❛✉t♦✲❝♦❤ér❡♥t ✭❞❡ t②♣❡ ✧❙❡❧❢✲❈♦♥s✐st❡♥t
❋✐❡❧❞✧ ✿ ❙❈❋✮ à ❧✬❛✐❞❡ ❞✬✐tér❛t✐♦♥ s✉r ❧❡s ♦r❜✐t❛❧❡s ♠♦❧é❝✉❧❛✐r❡s ❞é✜♥✐ss❛♥t ❧✬ét❛t ❢♦♥❞❛✲
♠❡♥t❛❧✳ ❈♦♥s✐❞ér♦♥s ✉♥❡ ✈❛r✐❛t✐♦♥ ✐♥✜♥✐tés✐♠❛❧❡ ❡♥ ϕi + δϕi✱ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❞❡ ❞é✈❡✲
❧♦♣♣❡♠❡♥t ✿

δ(1)EHF [Ψ] =
∑

i

(
〈δϕi| ĥ |ϕi〉+ 〈δϕi| Ĵ − K̂ |ϕi〉

)
+ ❤✳❝✳

=
∑

i

〈δϕi| F̂ |ϕi〉+ ❤✳❝✳ ✭✶✳✾✶✮

♦ù ❤✳❝✳ ✐♥❞✐q✉❡ ❧❡ t❡r♠❡ ❤❡r♠✐t✐q✉❡ ❝♦♥❥✉❣✉é✱ ❡t ❛✈❡❝ ❧✬♦♣ér❛t❡✉r ❞❡ ❋♦❝❦ ❞♦♥♥é ♣❛r ✿

F̂ = ĥ+ Ĵ − K̂ , ✭✶✳✾✷✮

♣♦✉r ❛✈♦✐r ✉♥ ♠✐♥✐♠✉♠✱ ✐❧ ❢❛✉t ❞♦♥❝ ❛✈♦✐r 〈δϕi| F̂ |ϕi〉 = 0 ❡t ❧❡s éq✉❛t✐♦♥s ❞✬❍❛rtr❡❡✲❋♦❝❦
✭❍❋✮ s✬é❝r✐✈❡♥t ♣♦✉r ❧❡s ♦r❜✐t❛❧❡s ♦❝❝✉♣é❡s ✿

F̂ϕi = ǫiϕi , ✭✶✳✾✸✮

✐❧ s✬❛❣✐t ❞✬✉♥ ❥❡✉ éq✉❛t✐♦♥s ❛✉① ✈❛❧❡✉rs ♣r♦♣r❡s✱ ❝♦♠♠❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❙❝❤rö❞✐♥❣❡r ✐♥❞é♣❡♥✲
❞❛♥t❡ ❞✉ t❡♠♣s ♠❛✐s à ✉♥ s❡✉❧ é❧❡❝tr♦♥✱ ♣❡r♠❡tt❛♥t ❞❡ ❞é✜♥✐r ❧❡s ♦r❜✐t❛❧❡s ♠♦❧é❝✉❧❛✐r❡s
❍❛rtr❡❡✲❋♦❝❦ ❡t ❧❡✉r é♥❡r❣✐❡✳ ■❧ ❡st ❛ ♥♦té q✉❡ EHF 6=∑i ǫi ♠❛✐s

EHF =
∑

i

ǫi −
1

2

∑

i

〈ϕi| F̂ |ϕi〉 . ✭✶✳✾✹✮

✶✳✷✳✷✳✷ ◆♦t✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥

▲❛ ♣♦s✐t✐♦♥ ❞✬✉♥ é❧❡❝tr♦♥ ❡st✱ ❞✉ ❢❛✐t ❞❡ ❧❛ ré♣✉❧s✐♦♥ é❧❡❝tr♦st❛t✐q✉❡✱ ❞é♣❡♥❞❛♥t❡ ❞❡
❧❛ ♣♦s✐t✐♦♥ ❞❡s ❛✉tr❡s é❧❡❝tr♦♥s✱ ♦♥ ♣❛r❧❡ ❛❧♦rs ❞❡ ❝♦rré❧❛t✐♦♥ é❧❡❝tr♦♥✐q✉❡ ✭❝♦rré❧❛t✐♦♥ ❞❡
❈♦✉❧♦♠❜✮ ♦r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ ❞ét❡r♠✐♥❛♥t ❞❡ ❙❧❛t❡r à ♣♦✉r ❝♦♥séq✉❡♥❝❡ ❧✬❛❜s❡♥❝❡ ❞❡ ❧❛
❝♦rré❧❛t✐♦♥ ❞❡ ♣❛rt ❧✬é❝r✐t✉r❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ❝♦♠♠❡ ♣r♦❞✉✐t ❞❡ ❢♦♥❝t✐♦♥s ♠♦♥♦✲
é❧❡❝tr♦♥✐q✉❡s✳ ▲✬❛♥t✐s②♠étr✐s❛t✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ♣❡r♠❡t s❡✉❧❡♠❡♥t ❞✬❛ss✉r❡r ❧❛
❝♦rré❧❛t✐♦♥ ❞❡ ❋❡r♠✐ ❡♥ ❛ss✉r❛♥t ✉♥❡ ♣r♦❜❛❜✐❧✐té ♥✉❧❧❡ ❞❛♥s ❧❡ ❝❛s ❞❡ ❞❡✉① é❧❡❝tr♦♥s ❞❡
♠ê♠❡ s♣✐♥ ❞❡ ♣♦s✐t✐♦♥ ri = rj✳
▲❡ ❢♦r♠❛❧✐s♠❡ ❍❛rtr❡❡✲❋♦❝❦ ♣❡r♠❡t ❞❡ ❞é✜♥✐r ❧✬é♥❡r❣✐❡ ❞❡ ❝♦rré❧❛t✐♦♥ ❝♦♠♠❡ ❧❛ ❞✐✛ér❡♥❝❡
❡♥tr❡ ❧✬é♥❡r❣✐❡ ❡①❛❝t❡ ❡t ❧✬é♥❡r❣✐❡ ❞é✜♥✐❡ ♣❛r ✭✶✳✾✵✮ ✿

Ecorr = Eexact − EHF . ✭✶✳✾✺✮

▲✬❡rr❡✉r ❞❡ ❝♦rré❧❛t✐♦♥ ❛✐♥s✐ ❞é✜♥✐❡ s❡ ❞é❝♦♠♣♦s❡ ❡♥ ❞❡✉① ♣❛rt✐❡s✱ ❧❛ ♣r❡♠✐èr❡ ❝♦rr❡s♣♦♥❞
à ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❜❛sé❡ s✉r ✉♥❡ s❡✉❧❡ ❝♦♥✜❣✉r❛t✐♦♥✱ ❞é♥♦♠♠é❡ ❝♦rré❧❛t✐♦♥

✸✵
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♥♦♥✲❞②♥❛♠✐q✉❡✳ ❊♥ ❡✛❡t✱ ✉♥❡ ♠❡✐❧❧❡✉r❡ ❞❡s❝r✐♣t✐♦♥ ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ s❡r❛✐t ♦❜t❡♥✉❡
❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧✬✐♥✢✉❡♥❝❡ ❞✬❛✉tr❡s ❝♦♥✜❣✉r❛t✐♦♥s ❞❡ ❜❛ss❡s é♥❡r❣✐❡s q✉✐ t❡♥❞❡♥t à
s❡ ♠é❧❛♥❣❡r ❛✈❡❝ ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❍❋ ❢♦♥❞❛♠❡♥t❛❧❡✳ ❉❛♥s ❧❡ ❝❛s ❞❡ ♠♦❧é❝✉❧❡s à ❝♦✉❝❤❡
é❧❡❝tr♦♥✐q✉❡ ❢❡r♠é❡✱ à ❧❛ ❣é♦♠étr✐❡ ❞✬éq✉✐❧✐❜r❡✱ ❝❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡st ❥✉st✐✜é❡ ♠❛✐s ❡❧❧❡
❡♥❣❡♥❞r❡ ✉♥❡ ❡rr❡✉r ✐♠♣♦rt❛♥t❡ ❡t ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞✉ s②stè♠❡ ❞♦✐t êtr❡ ❝♦rr✐❣é❡ ❞❛♥s ❧❡ ❝❛s
❞❡ ♠♦❧é❝✉❧❡s à ❝♦✉❝❤❡ ♦✉✈❡rt❡✱ ♣r♦❝❤❡ ❞✬✉♥ ét❛t ❞❡ ❞✐ss♦❝✐❛t✐♦♥✱ ❞❛♥s ✉♥ ét❛t ❡①❝✐té ❡t
❧❡s ❝♦♠♣❧❡①❡s ❞❡ ♠ét❛✉① ❞❡ tr❛♥s✐t✐♦♥ q✉✐ s♦♥t ❥✉st❡♠❡♥t ❧❡s ❝❛s q✉✐ ♥♦✉s ✐♥tér❡ss❡♥t✳ ▲❛
❉❋❚ q✉❡ ♥♦✉s ❛❧❧♦♥s ✐♥tr♦❞✉✐r❡ ♣❛r ❧❛ s✉✐t❡ ✭♣❛rt✐❡ ✶✳✷✳✸✮ s♦✉✛r❡ ❛✉ss✐ ❞❡ ❝❡s r❡str✐❝t✐♦♥s✳
P♦✉r ♣❛❧❧✐❡r à ❝❡ ♣r♦❜❧è♠❡✱ ✉♥❡ ♠ét❤♦❞❡ ♠✉❧t✐❝♦♥✜❣✉r❛t✐♦♥♥❡❧❧❡ ❡st ❡♠♣❧♦②é❡ ❡t ❞é❝r✐t❡
❞❛♥s ❧❛ ♣❛rt✐❡ ❝✐✲❛♣rès ✭♣❛rt✐❡ ✶✳✷✳✹✳✶✮✳ ▲❛ ❝♦rré❧❛t✐♦♥ ❞②♥❛♠✐q✉❡ ❡st ❧✐é❡ à ❧❛ ❞✐✣❝✉❧té à
❞é❝r✐r❡ ♣r♦♣r❡♠❡♥t ❧❛ ❢♦♥❝t✐♦♥ r−1

ij q✉❛♥❞ rij t❡♥❞ ✈❡rs ③ér♦ ❡t à ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❡s
❡✛❡ts ❞✉s à ❧❛ r❡❧❛①❛t✐♦♥ ❞❡s ♦r❜✐t❛❧❡s✱ à ❧❛ ♣♦❧❛r✐s❛t✐♦♥ é❧❡❝tr♦♥✐q✉❡ ❡t ❞❡ s♣✐♥ ❡♥ ❢♦♥❝✲
t✐♦♥ ❞❡ ❧✬♦❝❝✉♣❛t✐♦♥ ❞❡s ♦r❜✐t❛❧❡s ❡♥✈✐r♦♥♥❛♥t❡s✳ P♦✉r ❝♦rr✐❣❡r ❝❡s ❡rr❡✉rs✱ ✉♥❡ ♠ét❤♦❞❡
♣❡rt✉r❜❛t✐✈❡ à ❧✬♦r❞r❡ ❞❡✉① ❡st ❡♠♣❧♦②é❡ ❡t ❞é✈❡❧♦♣♣é❡ ❞❛♥s ❧❛ ♣❛rt✐❡ ✶✳✷✳✹✳✷✳

✶✳✷✳✸ ❚❤é♦r✐❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥♥❡❧❧❡ ❞❡♥s✐té ❉❋❚

▲❛ ♠ét❤♦❞❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥♥❡❧❧❡ ❞❡ ❧❛ ❞❡♥s✐té ✭❉❋❚✮ ❝❤❡r❝❤❡ à ❞é❝r✐r❡ ❧❛ str✉❝t✉r❡
é❧❡❝tr♦♥✐q✉❡ ❞✬✉♥ s②stè♠❡ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❞❡♥s✐té é❧❡❝tr♦♥✐q✉❡ ρ✳ ▲❛ ♣r♦❜❛❜✐❧✐té ❞❡ tr♦✉✈❡r
✉♥ é❧❡❝tr♦♥ ❞❛♥s ✉♥ ✈♦❧✉♠❡ d~r ❝❡♥tré ❡♥ ~r ♣♦✉r ✉♥ s②stè♠❡ ❞❡ n é❧❡❝tr♦♥s ❡st ❞♦♥♥é❡ ♣❛r
ρ(~r)d~r ❡t ❧❛ ❞❡♥s✐té ❡st ❞é✜♥✐❡ ♣❛r ✿

ρ(~r1) = n

∫
|Ψ(~r1, ~r2, · · ·~rn)|2ds1ds2d~r2 · · · dsnd~rn ✭✶✳✾✻✮

❛✈❡❝ ❧❛ ❝♦♥tr❛✐♥t❡ ❛ss♦❝✐é❡ ❛✉ ❢❛✐t q✉❡ ❧✬♦♥ ❛ ❛✉ t♦t❛❧ n é❧❡❝tr♦♥s ❞❛♥s t♦✉t ❧✬❡s♣❛❝❡ t❡❧❧❡
q✉❡ ✿ ∫

ρ(~r)d~r = n. ✭✶✳✾✼✮

▲❛ ❉❋❚ ❛♣♣r♦①✐♠❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ♣❛r ✉♥ ✉♥✐q✉❡ ♣r♦❞✉✐t ❛♥t✐✲s②♠étr✐sé ❞❡ s♣✐♥✲
♦r❜✐t❛❧❡s à ✉♥ é❧❡❝tr♦♥ ❛♣♣❡❧é ❞ét❡r♠✐♥❛♥t ❞❡ ❙❧❛t❡r ❡t ♥♦té |Ψ|✳

❘❡♣r❡♥♦♥s ❧✬❤❛♠✐❧t♦♥✐❡♥ ❞♦♥♥é ♣❛r ❧✬éq✉❛t✐♦♥ ✭✶✳✾✮ ❞❛♥s ❧❡ ❝❛s é❧❡❝tr♦♥✐q✉❡ ❡♥ sé♣❛r❛♥t
❧❡s ♣♦t❡♥t✐❡❧s ❞✬✐♥t❡r❛❝t✐♦♥ é❧❡❝tr♦♥✲é❧❡❝tr♦♥ ❡t ♥♦②❛✉✲é❧❡❝tr♦♥✳

Ĥe = T̂e + V̂Ne + V̂ee

= −
n∑

i

(~~∇i)
2

2me

−
N∑

A

n∑

i

ZAe
2

4πǫ0rAi

+
n∑

i<j

e2

4πǫ0rij
✭✶✳✾✽✮

❈❡rt❛✐♥s ❞❡ s❡s t❡r♠❡s ♣❡✉✈❡♥t s✬❡①♣r✐♠❡r ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❞❡♥s✐té é❧❡❝tr♦♥✐q✉❡✱ s♦✉s
❢♦r♠❡ ❞❡ ❢♦♥❝t✐♦♥♥❡❧❧❡✱ t❡❧s q✉❡ ❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ é❧❡❝tr♦♥✐q✉❡ Te[ρ] ♦✉ ❧❡ ♣♦t❡♥t✐❡❧ ❧✐é
❛✉① ✐♥t❡r❛❝t✐♦♥s ♥♦②❛✉✲é❧❡❝tr♦♥ VNe[ρ]

Te[ρ] = CT

∫
ρ5/3(~r)d~r , ✭✶✳✾✾✮

VNe[ρ] =

∫
ρ(~r)v(~r)d~r ✭✶✳✶✵✵✮

✸✶
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❛✈❡❝

v(~ri) = −
N∑

A

ZAe
2

4πǫ0rAi

. ✭✶✳✶✵✶✮

❈❡♣❡♥❞❛♥t✱ ❧✬❡①♣r❡ss✐♦♥ ❞❡ Te[ρ] ♥✬❡st ♣❛s t♦✉❥♦✉rs s❛t✐s❢❛✐s❛♥t❡✳ ▲✬é♥❡r❣✐❡ é❧❡❝tr♦♥✐q✉❡
♣❡✉t ❛❧♦rs êtr❡ é❝r✐t❡ s❡❧♦♥ ❧✬❡①♣r❡ss✐♦♥ ❞❡ ❍♦❤❡♥❜❡r❣ ❡t ❑♦❤♥ ✭❍❑✮ ❬✷✹❪ ✿

EHK [ρ] = VNe[ρ] + Te[ρ] + Vee[ρ] =

∫
ρ(~r)v(~r)d~r + F [ρ] ✭✶✳✶✵✷✮

♦ù ♦♥ ✐♥tr♦❞✉✐t ❧❛ ❢♦♥❝t✐♦♥♥❡❧❧❡ ✿

F [ρ] = Te[ρ] + Vee[ρ] = 〈Ψ| T̂e + V̂ee |Ψ〉 ✭✶✳✶✵✸✮

❯♥❡ ♥♦✉✈❡❧❧❡ ❞é✜♥✐t✐♦♥ ❞❡ ❝❡tt❡ ❢♦♥❝t✐♦♥♥❡❧❧❡ ❡st ❞♦♥♥é❡ ♣❛r ❑♦❤♥ ❡t ❙❤❛♠ ✭❑❙✮ ❬✷✺❪ ✿

F [ρ] = Ts[ρ] + J [ρ] + EXC [ρ] , ✭✶✳✶✵✹✮

❡❧❧❡ ❢❛✐t ✐♥t❡r✈❡♥✐r ❧❡ ♣♦t❡♥t✐❡❧ ❞❡ ❍❛rtr❡❡ J [ρ] q✉✐ ❞♦♥♥❡ ❧❛ ré♣✉❧s✐♦♥ ❝♦✉❧♦♠❜✐❡♥♥❡ ❝❧❛s✲
s✐q✉❡ ❡♥tr❡ ♣❛✐r❡ ❞✬é❧❡❝tr♦♥s ✿

J [ρ] =
1

2

∫ ∫
ρ(~r1)ρ(~r2)

r12
d~r1d~r2 ✭✶✳✶✵✺✮

❡t ❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ Ts[ρ] ❞✬✉♥ s②stè♠❡ ❞✬é❧❡❝tr♦♥s s❛♥s ✐♥t❡r❛❝t✐♦♥ ❞❡ ❞❡♥s✐té ρ✳ ❈❡tt❡
é♥❡r❣✐❡ ♣❡✉t s✬❡①♣r✐♠❡r ❡♥ t❡r♠❡ ❞❡ ❢♦♥❝t✐♦♥s ❞✬♦♥❞❡ φi(~r) ❝♦♥str✉✐t❡s ❞❡ s♦rt❡ à r❡♣r♦✲
❞✉✐r❡ ❧❛ ❞❡♥s✐té ρ(~r) s❡❧♦♥ ✿

ρ(~r) =
n∑

i

φ2
i (~r) ✭✶✳✶✵✻✮

♣❛r

Ts[ρ] =
n∑

i

〈φi(~r)| −
1

2
~∇2 |φi(~r)〉 . ✭✶✳✶✵✼✮

P❛r ✐❞❡♥t✐✜❝❛t✐♦♥ t❡r♠❡ à t❡r♠❡ ❡♥tr❡ ✭✶✳✶✵✸✮ ❡t ✭✶✳✶✵✹✮✱ ♦♥ ♣❡✉t ✐❞❡♥t✐✜❡r ❧✬é♥❡r❣✐❡
❞✬é❝❤❛♥❣❡✲❝♦rré❧❛t✐♦♥ ✿

EXC [ρ] = Te[ρ]− Ts[ρ] + Vee[ρ]− J [ρ] . ✭✶✳✶✵✽✮

■❧ s✬❛❣✐t ❞❡ ❧❛ q✉❛♥t✐té ❝❧é ❞❡ ❧❛ ❉❋❚✱ ❞♦♥t ❧❛ ❞é✜♥✐t✐♦♥ t❤é♦r✐q✉❡ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❧✬é♥❡r❣✐❡
❡①❛❝t❡ à ❝❡ ♥✐✈❡❛✉ ❞❡ t❤é♦r✐❡✳ ❊❧❧❡ ❡st ❝❡♣❡♥❞❛♥t ❞✐✣❝✐❧❡ à ❞é✜♥✐r ❡①♣❧✐❝✐t❡♠❡♥t ♣❛r
r❛♣♣♦rt à ρ ♦✉ à s❡s ❞ér✐✈é❡s ❡t s❛ r❡❝❤❡r❝❤❡ ❛ ❡♥❣❡♥❞ré ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ♥♦♠❜r❡✉s❡s
❢♦♥❝t✐♦♥♥❡❧❧❡s✳
❖♥ ❛ ❞és♦r♠❛✐s ❧✬❡①♣r❡ss✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡ ❑♦❤♥ ❡t ❙❤❛♠ ✿

EKS[ρ] =

∫
ρ(~r)v(~r)d~r + Ts[ρ] + J [ρ] + EXC [ρ] ✭✶✳✶✵✾✮

=
n∑

i

〈φi(~r)| −
1

2
~∇2 |φi(~r)〉+

∫
ρ(~r)v(~r)d~r + J [ρ] + EXC [ρ] .

✸✷
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▲❛ ♠✐♥✐♠✐s❛t✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥♥❡❧❧❡ ❞❡ ❧✬é♥❡r❣✐❡ ❛✈❡❝ ❧❛ ❝♦♥tr❛✐♥t❡ ♥♦♠❜r❡ t♦t❛❧ ❞✬é❧❡❝tr♦♥s∫
ρ(~r)d~r = n ♣❡✉t s✬❡①♣r✐♠❡r à ❧✬❛✐❞❡ ❞✬✉♥ ♠✉❧t✐♣❧✐❝❛t❡✉r ❞❡ ▲❛❣r❛♥❣❡ µ ✿

δ

δρ(~r)

{
EKS[ρ]− µ

(∫
ρ(~r)d~r − n

)}
= 0 ✭✶✳✶✶✵✮

❞✬♦ù ✿
δEKS[ρ]

δρ(~r)
− µ = 0 ✭✶✳✶✶✶✮

❡t ❛✈❡❝ ✭✶✳✶✵✷✮ ♦✉ ✭✶✳✶✵✾✮ ♦♥ ❞é❞✉✐t ✿

µ = v(~r) +
δF [ρ]

δρ(~r)
= veff (~r) +

δTs[ρ]

δρ(~r)
. ✭✶✳✶✶✷✮

■❧ s✬❛❣✐t ❞❡ ❧✬éq✉❛t✐♦♥ ❞✬❊✉❧❡r✲▲❛❣r❛♥❣❡ q✉✐ ♣❡r♠❡t ❞❡ ❞é✜♥✐r ❧❡ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ µ✱ ❡t
❧❡ ♣♦t❡♥t✐❡❧ ❡✛❡❝t✐❢ ✿

veff (~r) = v(~r) +
δJ [ρ]

δρ(~r)
+
δEXC [ρ]

δρ(~r)
. ✭✶✳✶✶✸✮

❈❡tt❡ éq✉❛t✐♦♥ ✭✶✳✶✶✷✮ ♣❡✉t ❞é❝r✐r❡ ❞❡ ♠❛♥✐èr❡ ❛♥❛❧♦❣✉❡ ✉♥ s②stè♠❡ ❞✬é❧❡❝tr♦♥s s❛♥s
✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❡✉① ❞❛♥s ✉♥ ♣♦t❡♥t✐❡❧ ❡①tér✐❡✉r veff ✳ ▲✬❤❛♠✐❧t♦♥✐❡♥ ❛ss♦❝✐é à ❝❡ s②stè♠❡
❡st ❧❡ s✉✐✈❛♥t ✿

Ĥ =
n∑

i

(
−1

2
~∇2 + veff (~ri)

)
✭✶✳✶✶✹✮

❈♦♠♠❡ ❝❤❛q✉❡ é❧❡❝tr♦♥ ♣❡✉t êtr❡ tr❛✐té ✐♥❞é♣❡♥❞❛♠♠❡♥t✱ ❧❛ s♦❧✉t✐♦♥ ❡①❛❝t❡ ❞❡ ❝❡tt❡
éq✉❛t✐♦♥ ❡st ✉♥ ❞ét❡r♠✐♥❛♥t ✉♥✐q✉❡ ❝♦♥str✉✐t à ♣❛rt✐r ❞✬♦r❜✐t❛❧❡s φi s♦❧✉t✐♦♥ ❞❡ ✿

(
−1

2
~∇2 + veff (~r)

)
φi = Eiφi(~r) ✭✶✳✶✶✺✮

(
−1

2
~∇2 + v(~r) +

δJ [ρ]

δρ(~r)
+
δEXC [ρ]

δρ(~r)

)
φi = Eiφi(~r)

♦ù ❧✬♦♥ ❛ss♦❝✐❡ ❧❡s ❢♦♥❝t✐♦♥s ❞✬♦♥❞❡ φ à ❧❛ ❞❡♥s✐té ρ ♣❛r ❧✬éq✉❛t✐♦♥ ✭✶✳✶✵✻✮✳ ▲❛ t❤é♦r✐❡
❞❡ ❑♦❤♥✲❙❤❛♠ ❝♦♥s✐st❡✱ ❞ès ❧♦rs✱ à rés♦✉❞r❡ ❞❡ ♠❛♥✐èr❡ ✐tér❛t✐✈❡ ❧✬éq✉❛t✐♦♥ ❛✉① ✈❛❧❡✉rs
♣r♦♣r❡s ✭✶✳✶✶✺✮ ❛✜♥ ❞❡ ❝♦♥str✉✐r❡ ✉♥❡ ❞❡♥s✐té ♣❛r ❧❛ r❡❧❛t✐♦♥ ✭✶✳✶✵✻✮✳ ❊♥s✉✐t❡ ❧❛ ❢♦♥❝✲
t✐♦♥♥❡❧❧❡ ❞❡ ❧✬é♥❡r❣✐❡ ❞♦♥♥é❡ ♣❛r ✭✶✳✶✵✾✮ ❡st ♠✐♥✐♠✐sé❡ ❡t ♣❡r♠❡t ❞✬♦❜t❡♥✐r ✉♥ ♥♦✉✈❡❛✉
♣♦t❡♥t✐❡❧ ❡✛❡❝t✐❢ q✉✐ ♣❡✉t êtr❡ ré✉t✐❧✐sé ❞❛♥s ✭✶✳✶✶✺✮✳ ▲❛ ♣r♦❝é❞✉r❡ ❡st ❛❧♦rs ré♣été❡ ❥✉sq✉✬à
❧✬♦❜t❡♥t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ❛✉t♦✲❝♦❤ér❡♥t ✭❙❈❋ ✿ ✧❙❡❧❢✲❈♦♥s✐st❡♥t ❋✐❡❧❞✧✮✳

◆♦t♦♥s q✉❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡s éq✉❛t✐♦♥s ❞❡ ❑♦❤♥✲❙❤❛♠ ✭✶✳✶✵✾✱ ✶✳✶✶✺✮ ♣rés❡♥t❡ ✉♥❡ r❡s✲
s❡♠❜❧❛♥❝❡ ❛✈❡❝ ❝❡❧❧❡s ❞✬❍❛rtr❡❡✲❋♦❝❦ ✭❍❋✮ ✿

EHF [ρ] =
n∑

i

〈φi(~r)| −
1

2
~∇2 |φi(~r)〉+

∫
ρ(~r)v(~r)d~r + J [ρ] + E0

X [ρ1] ✭✶✳✶✶✻✮

(
−1

2
~∇2 + v(~r1) +

δJ [ρ]

δρ(~r1)

)
φi(~r1)−

1

2

∫
ρ1(~r1, ~r2)

r12
φi(~r2)d~r2 = Eiφi(~r1) ✭✶✳✶✶✼✮

✸✸
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♦ù E0
X [ρ1] ❡st ❧✬é♥❡r❣✐❡ ❞✬é❝❤❛♥❣❡ ❡①❛❝t❡ ❞♦♥♥é❡ ♣❛r ✿

E0
X [ρ1] = −1

4

∫ ∫
ρ1(~r1, ~r2)

2

r12
d~r1d~r2 ✭✶✳✶✶✽✮

❛✈❡❝ ρ1(~r1, ~r2)✱ ❧❛ ♠❛tr✐❝❡ ❞❡♥s✐té ♣♦✉r ✉♥❡ ♣❛rt✐❝✉❧❡ ✿

ρ1(~r1, ~r2) = 2
∑

i

φi(~r1)φi(~r2) ✭✶✳✶✶✾✮

▲❛ ❉❋❚ s❡r❛ ✉t✐❧✐sé❡ ❞❛♥s ❧❛ ♣❛rt✐❡ ✷✳✷ ❞❛♥s ❧❛q✉❡❧❧❡ ♦♥ ♦♣t✐♠✐s❡ ❧❛ str✉❝t✉r❡ ❣é♦✲
♠étr✐q✉❡ ❞✬✉♥ ❝♦♠♣❧❡①❡✱ ❝❡tt❡ ♠ét❤♦❞❡ s✬❛✈èr❡ très ❡✣❝❛❝❡ ♣♦✉r ❧❡s ❝❛❧❝✉❧ ❞❡ ❣r❛❞✐❡♥t
♥✉♠ér✐q✉❡ ♥é❝❡ss❛✐r❡ à ❧✬♦♣t✐♠✐s❛t✐♦♥✳ ❆✈❡❝ ❧❡ ❧♦❣✐❝✐❡❧ ✧●❛✉ss✐❛♥✧ ❬✷✻❪✱ ✉♥❡ ❢♦♥❝t✐♦♥♥❡❧❧❡
❞❡ t②♣❡ ❤②❜r✐❞❡ ❇✸▲❨P ❬✷✼✱✷✽❪ ❡st ✉t✐❧✐sé❡✳ ❈❡tt❡ ❢♦♥❝t✐♦♥♥❡❧❧❡ ❞é✜♥✐❡ ❧❡ t❡r♠❡ ❞✬é❝❤❛♥❣❡✲
❝♦rré❧❛t✐♦♥ à ❧✬❛✐❞❡ ❞❡ ❝♦❡✣❝✐❡♥ts s❡♠✐✲❡♠♣✐r✐q✉❡s✱ ❡❧❧❡ ❢❛✐t ✐♥t❡r✈❡♥✐r ❞❡s q✉❛♥t✐tés ❞é✲
♣❡♥❞❛♥t ❞✉ ❣r❛❞✐❡♥t ❞❡ ❧❛ ❞❡♥s✐té ✭❞❡ ♠ê♠❡ q✉❡ ❧❡s ❢♦♥❝t✐♦♥♥❡❧❧❡ ●●❆ ✿ ✧●❡♥❡r❛❧✐s❡❞
●r❛❞✐❡♥t ❆♣♣r♦①✐♠❛t✐♦♥s✧✮ ❡t ✐♥tr♦❞✉✐t ✉♥❡ ♣❛rt ❞✬é♥❡r❣✐❡ ❞✬é❝❤❛♥❣❡ ❡①❛❝t✳ ▲❛ ❢♦♥❝t✐♦♥✲
♥❡❧❧❡ ❞✬é❝❤❛♥❣❡✲❝♦rré❧❛t✐♦♥ ♣❡✉t êtr❡ ❡①♣r✐♠é❡ ❞❡ ♠❛♥✐èr❡ ❣é♥ér❛❧❡ ♣❛r ✿

EXC =

∫
F (ρ, ~∇ρ)d~r + ξE0

X ✭✶✳✶✷✵✮

♦ù ξ ❡st ❧❛ ❢r❛❝t✐♦♥ ❞✬é❝❤❛♥❣❡ ❡①❛❝t ✐♥❝❧✉s❡✳ ▲❡s ♣r♦❣r❛♠♠❡s ❞❡ ❝❛❧❝✉❧ ❞❡ str✉❝t✉r❡ é❧❡❝tr♦✲
♥✐q✉❡ rés♦❧✈❡♥t ✉♥❡ ✈❡rs✐♦♥ ❣é♥ér❛❧✐sé❡ ❞❡s éq✉❛t✐♦♥s ❞❡ ❑♦❤♥✲❙❤❛♠ q✉✐ ♠ê❧❡ ❧❡s t❤é♦r✐❡s
❞❡ ❑♦❤♥✲❙❤❛♠ ❡t ❞✬❍❛rtr❡❡✲❋♦❝❦ s❡❧♦♥ ✿
(
−1

2
~∇2 + v(~r1) +

δJ [ρ]

δρ(~r1)
+
δEGGA

XC [ρ, ~∇ρ]
δρ(~r1)

)
φi(~r1)−

ξ

2

∫
ρ1(~r1, ~r2)

r12
φi(~r2)d~r2 = Eiφi(~r1)

✭✶✳✶✷✶✮

✶✳✷✳✹ ▼ét❤♦❞❡ ♣♦st✲❍❛rtr❡❡✲❋♦❝❦ ✿ ❈❆❙❙❈❋ ❡t ♣♦st✲❈❆❙❙❈❋

✶✳✷✳✹✳✶ ❈♦♠♣❧❡t❡ ❆❝t✐✈❡ ❙♣❛❝❡ ❙❡❧❢✲❈♦♥s✐st❡♥t ❋✐❡❧❞ ✭❈❆❙❙❈❋✮

❈♦♠♠❡ ♣rés❡♥té ♣ré❝é❞❡♠♠❡♥t✱ ❧❛ ♠ét❤♦❞❡ ❍❛rtr❡❡✲❋♦❝❦✱ ❞❡ ♠ê♠❡ q✉❡ ❧❛ ❉❋❚ ✭✈♦✐r
♣❛rt✐❡ ✶✳✷✳✸✮✱ ❞é❝r✐t ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ♣❛r ✉♥ ❞ét❡r♠✐♥❛♥t ✉♥✐q✉❡ ❬✷✾❪✳ ❯♥ s②stè♠❡ ♠❛✲
❣♥ét✐q✉❡ ♣rés❡♥t❡ ❡♥ ❣é♥ér❛❧ ✉♥ ♦✉ ♣❧✉s✐❡✉rs é❧❡❝tr♦♥s ♥♦♥ ❛♣♣❛r✐és ✭s②stè♠❡ à ❝♦✉❝❤❡s
♦✉✈❡rt❡s✮ ❡t s♦♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧✱ ❞❡ ♠ê♠❡ q✉❡ s❡s ét❛ts ❡①❝✐tés✱ s♦♥t ❞♦♥♥és ♣❛r ✉♥
❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ❝♦♠♣♦rt❛♥t ♣❧✉s✐❡✉rs ❞ét❡r♠✐♥❛♥ts✳ ❖♥ ✉t✐❧✐s❡ ❛❧♦rs ❧❛ ♠ét❤♦❞❡ ▼❈✲❙❈❋
✭▼✉❧t✐✲❈♦♥✜❣✉r❛t✐♦♥❛❧ ❙❡❧❢ ❈♦♥s✐st❡♥t ❋✐❡❧❞✮ ❧❛ ♣❧✉s ♣❧✉s ❝é❧è❜r❡ ✿ ❈❆❙❙❈❋ ✭❈♦♠♣❧❡t❡
❆❝t✐✈❡ ❙♣❛❝❡ ❙❡❧❢✲❈♦♥s✐st❡♥t ❋✐❡❧❞✮✳ ❈❡tt❡ ❞❡r♥✐èr❡ ❝♦♥s✐st❡✱ ♣♦✉r t♦✉t❡s ❧❡s ❝♦♥✜❣✉r❛✲
t✐♦♥s✱ à ❞✐✈✐s❡r ❧✬❡♥s❡♠❜❧❡ ❞❡s ♦r❜✐t❛❧❡s ♠♦❧é❝✉❧❛✐r❡s ❡♥ tr♦✐s s♦✉s✲❡s♣❛❝❡s ✿ ❧❡s ♦r❜✐t❛❧❡s
✐♥❛❝t✐✈❡s t♦✉❥♦✉rs ❞♦✉❜❧❡♠❡♥t ♦❝❝✉♣é❡s✱ ❧❡s ♦r❜✐t❛❧❡s ❞✐t❡s ❛❝t✐✈❡s ❢♦r♠❛♥t ❧✬❡s♣❛❝❡ ❛❝t✐❢
✭❈❆❙✮✱ ❝❡s ♦r❜✐t❛❧❡s ♣♦✉✈❛♥t êtr❡ ♦❝❝✉♣é❡s ♣❛r ③ér♦✱ ✉♥ ♦✉ ❞❡✉① é❧❡❝tr♦♥s ❡t ❧❡s ♦r❜✐t❛❧❡s
✈✐rt✉❡❧❧❡s t♦✉❥♦✉rs ✐♥♦❝❝✉♣é❡s✳ ❆✉ s❡✐♥ ❞❡ ❧✬❡s♣❛❝❡ ❛❝t✐❢ ✭❧❡ ❈❆❙✮ t♦✉t❡s ❧❡s ♦❝❝✉♣❛t✐♦♥s
♣♦ss✐❜❧❡s ❞❡s ♦r❜✐t❛❧❡s ♠♦❧é❝✉❧❛✐r❡s s♦♥t ❛✉t♦r✐sé❡s ♣❡r♠❡tt❛♥t ❛❧♦rs ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞❡ s②s✲
tè♠❡s à ❝♦✉❝❤❡s ♦✉✈❡rt❡s ❛✐♥s✐ q✉❡✱ ❛♣rès ❧✬❛❞❥♦♥❝t✐♦♥ ❞❡s ✈❛r✐❛❜❧❡s ❞❡ s♣✐♥✱ ❧❛ ❞❡s❝r✐♣t✐♦♥
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❞❡s ❞✐✛ér❡♥t❡s ♠✉❧t✐♣❧✐❝✐tés ❞❡ s♣✐♥✳ ▲✬♦♣t✐♠✐s❛t✐♦♥ ✉t✐❧✐sé❡ ♣♦✉r ❝❡tt❡ ♠ét❤♦❞❡ ❝♦♥s✐st❡
à ❞✐str✐❜✉❡r ❧❡s ❞✐✛ér❡♥t❡s ♦r❜✐t❛❧❡s ❞❛♥s ❧❡s tr♦✐s s♦✉s✲❡s♣❛❝❡s ❛✜♥ ❞❡ ♠✐♥✐♠✐s❡r ❧✬é♥❡r❣✐❡
❞❡s ❞✐✛ér❡♥ts ét❛ts ❞❡♠❛♥❞és ❡♥ r❡s♣❡❝t❛♥t à ❧❛ ❢♦✐s ❧❡ s♣✐♥ t♦t❛❧ r❡q✉✐s ❡t ❧❡ ♥♦♠❜r❡
t♦t❛❧ ❞✬é❧❡❝tr♦♥s ❞✉ s②stè♠❡ ✭♦✉ ❞❡ ♠❛♥✐èr❡ éq✉✐✈❛❧❡♥t❡ s❛ ❝❤❛r❣❡ ❣❧♦❜❛❧❡✮✳ ▲❛ ❞✐✣❝✉❧té
♣r✐♥❝✐♣❛❧❡ ✐♥❤ér❡♥t❡ à ❝❡tt❡ ♠ét❤♦❞❡ t✐❡♥t ❥✉st❡♠❡♥t ❛✉ ❝❤♦✐① ❞❡ ❧❛ t❛✐❧❧❡ ❡t ❞❡ ❧❛ ❝♦♥st✐t✉✲
t✐♦♥ ❞❡ ❧✬❡s♣❛❝❡ ❛❝t✐❢✳ ■❧ ❞♦✐t ❝♦♠♣r❡♥❞r❡ ❛✉ ♠✐♥✐♠✉♠ ❧❡s ♦r❜✐t❛❧❡s s✐♠♣❧❡♠❡♥t ♦❝❝✉♣é❡s
❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ✭♦r❜✐t❛❧❡s ♠❛❣♥ét✐q✉❡s✮✱ ❞❛♥s ❧❡ ❝❛s ❞❡s ♠ét❛✉① ❞❡ tr❛♥s✐t✐♦♥ ❞❡ ❧❛
♣r❡♠✐èr❡ ❧✐❣♥❡ ✭❧❛ q✉❛tr✐è♠❡ ♣ér✐♦❞❡✮✱ ✐❧ s✬❛❣✐t ❞✬♦r❜✐t❛❧❡s 3d ❞✉ ♦✉ ❞❡s ❝❡♥tr❡s ♠ét❛❧❧✐q✉❡s
✐♠♣❧✐q✉és✳ ❈❡♣❡♥❞❛♥t ♣♦✉r ❧✬♦❜t❡♥t✐♦♥ ❞❡ ♣❛r❛♠ètr❡s ♠❛❣♥ét✐q✉❡s ❡t ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞❡s
ét❛ts ❡①❝✐tés✱ ❝❡t ❡s♣❛❝❡ r❡q✉✐❡rt ❛✉ss✐ ❞✬❛✉tr❡s ♦r❜✐t❛❧❡s ❡t✱ ✐❞é❛❧❡♠❡♥t ✉♥❡ ♣❛rt✐❡ ❞❡s ♦r✲
❜✐t❛❧❡s ❞❡s ❧✐❛✐s♦♥s ♠ét❛❧✲❧✐❣❛♥❞✳ ❈❡tt❡ ♠ét❤♦❞❡ ♣rés❡♥t❡ ❧✬❛✈❛♥t❛❣❡ ❞✬êtr❡ ✈❛r✐❛t✐♦♥♥❡❧❧❡✱
❞❡ r❡s♣❡❝t❡r ✉♥❡ str✐❝t❡ sé♣❛r❛❜✐❧✐té ♣❛r r❛♣♣♦rt à ❧❛ t❛✐❧❧❡ ❞✉ s②stè♠❡ ✭✧s✐③❡✲❝♦♥s✐st❡♥t✧ ✿
❧✬é♥❡r❣✐❡ ❞✬✉♥ ét❛t ❞✉ s②stè♠❡ A − B t❡♥❞ ✈❡rs ❧❛ s♦♠♠❡ ❞❡s é♥❡r❣✐❡s ❞✬✉♥ ét❛t ❞❡ A
❡t ❞✬✉♥ ét❛t ❞❡ B tr❛✐tés ✐♥❞é♣❡♥❞❛♠♠❡♥t ❛✈❡❝ ❧❛ ♠ê♠❡ ♠ét❤♦❞❡ q✉❛♥❞ ❧❡s ✐♥t❡r❛❝t✐♦♥s
❡♥tr❡ A ❡t B ❞✐s♣❛r❛✐ss❡♥t✮ ❡t ❞✬êtr❡ ❞✬✉♥❡ ❣r❛♥❞❡ ❡✣❝❛❝✐té ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ❞✉ ❝❛❧❝✉❧
♥✉♠ér✐q✉❡✳ ❈❡♣❡♥❞❛♥t✱ ❡❧❧❡ ❡①✐❣❡ ✉♥ ❢♦rt ❝♦ût ❝♦♠♣✉t❛t✐♦♥♥❡❧ ❝❛r ❧✬❡♥s❡♠❜❧❡ ❞❡s ✐♥t❡r✲
❛❝t✐♦♥s ❞❡ ❝♦♥✜❣✉r❛t✐♦♥s ❛✉ s❡✐♥ ❞✉ ❈❆❙ ❡st ❡✛❡❝t✉é✱ ✐❧ ❡st ❞♦♥❝ ♥é❝❡ss❛✐r❡ ❞❡ ❧✐♠✐t❡r ❧❛
t❛✐❧❧❡ ❞✉ ❈❆❙✳

✶✳✷✳✹✳✷ ❚r❛✐t❡♠❡♥ts P♦st✲❈❆❙❙❈❋

❆✜♥ ❞✬✐♥tr♦❞✉✐r❡ ❧❛ ❝♦rré❧❛t✐♦♥ ❞②♥❛♠✐q✉❡ ♣♦✉r ♦❜t❡♥✐r ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ♣❧✉s ♣ré❝✐s❡
❞❡ ❧✬é♥❡r❣✐❡ ❞❡s ét❛ts ét✉❞✐és✱ ✐❧ ❛ été ❞é✈❡❧♦♣♣é✱ ♣♦✉r ❧❡s ♠ét❤♦❞❡s ❜❛sé❡s s✉r ✉♥ s❡✉❧
❞ét❡r♠✐♥❛♥t ❞❡ ré❢ér❡♥❝❡✱ ❞❡s ❝♦rr❡❝t✐♦♥ ♣❛r ❧❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s à ❧✬♦r❞r❡ ❞❡✉① ♦✉
q✉❛tr❡ ❢♦♥❞és s✉r ✉♥ ❤❛♠✐❧t♦♥✐❡♥ ❞✬♦r❞r❡ ③ér♦ ♠♦♥♦✲é❧❡❝tr♦♥✐q✉❡ ❞❡ t②♣❡ ▼ø❧❧❡r✲P❧❡ss❡t
✭▼P✷ ♦✉ ▼P✹✮✳ ❈❡tt❡ ♠ét❤♦❞❡ ❡st ❝❡rt❡s ❡✣❝❛❝❡ ♠❛✐s ❧✐♠✐té❡ q✉❛♥❞ ❧✬♦❜t❡♥t✐♦♥ ❞✬ét❛ts
❡①❝✐tés ♥é❝❡ss✐t❡ ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ❞✬♦r❞r❡ ③ér♦ ♠✉❧t✐✲❞ét❡r♠✐♥❛♥t❛❧❡✳ P♦✉r ♣❛❧❧✐❡r à ❝❡ ♣r♦✲
❜❧è♠❡✱ ❞✬❛✉tr❡s ♠ét❤♦❞♦❧♦❣✐❡s ♦♥t été ❛❞♦♣té❡s ✉t✐❧✐s❛♥t ❝♦♠♠❡ ♣♦✐♥t ❞❡ ❞é♣❛rt ❧❡ ❥❡✉
❞✬♦r❜✐t❛❧❡s ♠♦❧é❝✉❧❛✐r❡s ❞♦♥♥é ♣❛r ✉♥ ❝❛❧❝✉❧ ❈❆❙❙❈❋✱ ❝✬❡st ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ❞✬♦r❞r❡
③ér♦✳ ❉❡✉① t❤é♦r✐❡s ♣❡rt✉r❜❛t✐✈❡s à ❧✬♦r❞r❡ ❞❡✉① ❞✬❡♥tr❡ ❡❧❧❡s s❡r♦♥t ✉t✐❧✐sé❡s ♣❛r ❧❛ s✉✐t❡
♣❛r ♣❡rt✉r❜❛t✐♦♥ à ❧✬♦r❞r❡ ❞❡✉①✱ ✐❧ s✬❛❣✐t ❞❡ ❧❛ ✿ ✧❈♦♠♣❧❡t❡ ❆❝t✐✈❡ ❙♣❛❝❡ P❡rt✉r❜❛t✐♦♥
❚❤❡♦r②✧ ✭❈❆❙P❚✷✮ ❬✸✵❪ ❡t ❧❛ ✧◆✲❊❧❡❝tr♦♥s ❱❛❧❡♥❝❡ P❡rt✉r❜❛t✐♦♥ ❚❤❡♦r②✧ ❬✸✶❪✳

▲✬♦❜❥❡❝t✐❢ ❞❡ ❝❡s ♠ét❤♦❞❡s ❡st ❞❡ ❝♦rr✐❣❡r ❞❡ ♠❛♥✐èr❡ ♣❡rt✉r❜❛t✐✈❡ ❧✬é♥❡r❣✐❡ ❡♥ ♣r❡✲
♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❡s ❡①❝✐t❛t✐♦♥s ❞✐t❡s s✐♠♣❧❡s ❡t ❞♦✉❜❧❡s ♣❛r r❛♣♣♦rt à ✉♥❡ ré❢ér❡♥❝❡ ♠✉❧t✐✲
❝♦♥✜❣✉r❛t✐♦♥♥❡❧❧❡ ❢♦r♠é❡ ♣❛r t♦✉t❡s ❧❡s ❝♦♠❜✐♥❛✐s♦♥s ❞❡ ❞ét❡r♠✐♥❛♥ts s❡❧♦♥ ❧❡s ♦❝❝✉♣❛✲
t✐♦♥s ♣♦ss✐❜❧❡s ❞❡s ♦r❜✐t❛❧❡s ❛❝t✐✈❡s ✭✈♦✐r t❛❜❧❡❛✉ ✶✳✸✮✳

P♦✉r ❧❛ ♠ét❤♦❞❡ ❈❆❙P❚✷✱ ❝♦♠♠❡ ❧❡s ét❛ts ❞❡ ✈❛❧❡♥❝❡ ❛t♦♠✐q✉❡s ♦✉ ♠♦❧é❝✉❧❛✐r❡s s♦♥t
♣r♦❝❤❡s ❡♥ é♥❡r❣✐❡s✱ ✉♥❡ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❡st ❡♠♣❧♦②é❡✳ ▲✬❤❛♠✐❧t♦♥✐❡♥ ❞✬♦r❞r❡
③ér♦ ❡st ❝♦♥str✉✐t ❞❡ s♦rt❡ q✉❡ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ♣❡rt✉r❜❛t✐❢ ❝♦♥✈❡r❣❡ r❛♣✐❞❡♠❡♥t ❡t q✉✬✐❧
s♦✐t éq✉✐✈❛❧❡♥t à ❧✬❤❛♠✐❧t♦♥✐❡♥ ▼ø❧❧❡r✲P❧❡ss❡t ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ❞❡ ré❢é✲
r❡♥❝❡ ♠♦♥♦✲❞ét❡r♠✐♥❡♥t❛❧❡✳ ❈❡t ❤❛♠✐❧t♦♥✐❡♥ ❡st ❜❛sé s✉r ✉♥ ♦♣ér❛t❡✉r ❞❡ ❋♦❝❦ ♠♦♥♦✲
é❧❡❝tr♦♥✐q✉❡ ❡t ✐♠♣❧✐q✉❡ s❡✉❧❡♠❡♥t ❞❡s ❢♦♥❝t✐♦♥s ❞✬♦♥❞❡s ❞✬♦r❞r❡ ✉♥ ♣♦✉r ❞♦♥♥❡r ❞❡s
é♥❡r❣✐❡s ❞✬♦r❞r❡ ❞❡✉①✳ ▲❡s ét❛ts ❡①❝✐tés ❤♦rs ❞✉ ❈❆❙ ♣r✐s ❡♥ ❝♦♥s✐❞ér❛t✐♦♥ ❞✐✛èr❡♥t ❛❧♦rs
s❡✉❧❡♠❡♥t ♣❛r ✉♥❡ ❡①❝✐t❛t✐♦♥ ✭✉♥ tr♦✉ ♦✉ ✉♥❡ ♣❛rt✐❝✉❧❡✮✳ ❯♥ ♣r♦❜❧è♠❡ ❡st s✉s❝❡♣t✐❜❧❡
❞✬❛♣♣❛r❛✐tr❡ ❛✈❡❝ ❝❡tt❡ ♠ét❤♦❞❡✱ ❧❛ ❝♦rr❡❝t✐♦♥ ❛♣♣♦rté❡ à ❧✬é♥❡r❣✐❡ ❢❛✐t ✐♥t❡r✈❡♥✐r ❞❡s

✸✺
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❉❡❣ré ❞❡ ❧✐❜❡rté ❈❧❛ss❡ ❚②♣❡ ❞✬❡①❝✐t❛t✐♦♥✯

✵ ❛❝t✐❢
p→ q
pq → rs

✶
✶❤

i→ p
ip→ qr

✶♣
p→ a
pq → ra

✷
✶❤✲✶♣

i→ a
ip→ qa

✷❤ ij → pq
✷♣ pq → ab

✸
✷❤✲✶♣ ij → pa
✶❤✲✷♣ ip→ ab

✹ ✷❤✲✷♣ ij → ab

✯ ♥♦♠❡♥❝❧❛t✉r❡ ♣♦✉r ❧❡s ❞✐✛ér❡♥t❡s ❝❧❛ss❡s
❞✬❡①❝✐t❛t✐♦♥s
❚②♣❡s ❞✬♦r❜✐t❛❧❡s ♥♦♠s t②♣❡ ❞❡ ♣❛rt✐❝✉❧❡

✐♥❛❝t✐✈❡ ✐✱❥ ❤ ❤♦❧❡ ✿ tr♦✉
❛❝t✐✈❡ ♣✱q✱r✱s

✈✐rt✉❡❧❧❡ ✭♦✉ s❡❝♦♥❞❛✐r❡✮ ❛✱❜ ♣ ♣❛rt✐❝✉❧❡

❚❛❜❧❡ ✶✳✸ ✕ ❈❧❛ss✐✜❝❛t✐♦♥s ❞❡s ❞✐✛ér❡♥t❡s ❡①✲
❝✐t❛t✐♦♥s s✐♠♣❧❡s ❡t ❞♦✉❜❧❡s

✸✻
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❞✐✛ér❡♥❝❡s ❞✬é♥❡r❣✐❡ ❛✉ ❞é♥♦♠✐♥❛t❡✉r ❡t ❝❡❧❧❡✲❝✐ ♣❡✉t s✬❛♥♥✉❧❡r ❝❡ q✉✐ ♣r♦❞✉✐r❛✐t ✉♥❡ ❝♦r✲
r❡❝t✐♦♥ ✐♥✜♥✐❡ ❡t ❞♦♥❝ ✉♥❡ ❞✐✈❡r❣❡♥❝❡ ❞✉ ❞é✈❡❧♦♣♣❡♠❡♥t ♣❡rt✉r❜❛t✐❢✳ ▲✬ét❛t ✐♠♣❧✐q✉é ❞❛♥s
❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❡st q✉❛❧✐✜é ❞✬ét❛t ✐♥tr✉s✳ P♦✉r tr❛✐t❡r ❝❡ ♣r♦❜❧è♠❡✱ ✐❧ ❢❛✉❞r❛✐t✱ ❡♥ t❤é♦✲
r✐❡✱ ✐❞❡♥t✐✜❡r ❧✬ét❛t ❡t s✬✐❧ s✬❛❣✐t ❞✬✉♥ ✈ér✐t❛❜❧❡ ét❛t✱ ❛❝❝r♦✐tr❡ ❧❛ t❛✐❧❧❡ ❞❡ ❧✬❡s♣❛❝❡ ❛❝t✐❢ ❛✜♥
❞❡ ❧✬✐♥❝❧✉r❡ ❞❛♥s ❧❡ ❈❆❙✳ ❈❡♣❡♥❞❛♥t✱ ❧❛ t❛✐❧❧❡ ❞❡ ❝❡t ❡s♣❛❝❡ ét❛♥t ✉♥ ❢❛❝t❡✉r ❧✐♠✐t❛♥t ♣♦✉r
❧❡ ❝❛❧❝✉❧ ❈❆❙❙❈❋✱ ❞❡ ♣❧✉s✱ ❝♦♠♠❡ ✐❧ ♣❡✉t s✬❛❣✐r ❞✬✉♥ ét❛t ♥♦♥ ♣❤②s✐q✉❡✱ ♦♥ ✉t✐❧✐s❡ ❛❧♦rs
♣❧✉tôt ✉♥❡ t❡❝❤♥✐q✉❡ ❝♦♥s✐st❛♥t ❡♥ ✉♥ ❛❥♦✉t ❞✬✉♥ t❡r♠❡ ❝♦rr❡❝t✐❢ à ❧✬é♥❡r❣✐❡ ❞✉ ❞é♥♦♠✐✲
♥❛t❡✉r ✭✧❧❡✈❡❧ s❤✐❢t✧✮✳ ■❧ ♣❡✉t êtr❡ ré❡❧ ❬✸✷❪ ♦✉ ❞❡ ♣ré❢ér❡♥❝❡ ✐♠❛❣✐♥❛✐r❡ ❬✸✸❪ ❀ ♦♥ ♣❛r✈✐❡♥t
❛✐♥s✐ ✱ ♣❛r ❝❡tt❡ ❞❡r♥✐èr❡ ♠ét❤♦❞❡✱ à s✉♣♣r✐♠❡r ✐♥té❣r❛❧❡♠❡♥t ❧❛ s✐♥❣✉❧❛r✐té ♣❛r ✉♥❡ ♣❡t✐t❡
❞✐st♦rs✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬é♥❡r❣✐❡ ♣♦t❡♥t✐❡❧❧❡ ❛✈❡❝ ✉♥❡ ❢❛✐❜❧❡ ✐♥❝✐❞❡♥❝❡ s✉r ❧❡s é♥❡r❣✐❡s
✜♥❛❧❡s ♣♦✉r ♣❡✉ q✉❡ ❧✬♦♥ ❛❞♦♣t❡ ❞❡s ✈❛❧❡✉rs r❛✐s♦♥♥❛❜❧❡s ❞✉ ❧❡✈❡❧ s❤✐❢t ✐♠❛❣✐♥❛✐r❡ ✭✵✳✶✺
❤❛rtr❡❡ ❡♥ ❣é♥ér❛❧ ❞❛♥s ❧❡s ❝❛❧❝✉❧ ❈❆❙P❚✷✮✳

▲❛ ♠ét❤♦❞❡ ◆❊❱P❚✷ ❡st ✉♥❡ t❡❝❤♥✐q✉❡ q✉✐ r❡s♣❡❝t❡ ❧❛ str✐❝t❡ sé♣❛r❛❜✐❧✐té ❡t ♥❡ ♣ré✲
s❡♥t❡ ♣❛s ❞❡ ♣r♦❜❧è♠❡ ❞✬ét❛ts ✐♥tr✉s✳ P♦✉r ❝❡ ❢❛✐r❡✱ ❡❧❧❡ s❡ ❜❛s❡ s✉r ✉♥ ❤❛♠✐❧t♦♥✐❡♥ ❞✬♦r❞r❡
③ér♦ ❜✐✲é❧❡❝t♦♥✐q✉❡✱ ❞é✈❡❧♦♣♣é ♣❛r ❉②❛❧❧ ❬✸✹❪✱ q✉✐ ✉t✐❧✐s❡ ❞❡s ♣r♦❥❡❝t❡✉rs ❛✈❡❝ ✉♥ ❤❛♠✐❧✲
t♦♥✐❡♥ ❝♦♠♣❧❡t ❞❛♥s ❧✬❡s♣❛❝❡ ❛❝t✐❢ ❡t ✉♥ ❤❛♠✐❧t♦♥✐❡♥ ❞✬♦r❞r❡ ③ér♦ ❞❡ t②♣❡ ▼ø❧❧❡r✲P❧❡ss❡t
❞❛♥s ❧❡s ❡s♣❛❝❡s ✐♥❛❝t✐❢ ❡t s❡❝♦♥❞❛✐r❡✳ ■❧ ✐♥❝♦r♣♦r❡ ❛❧♦rs ♥❛t✉r❡❧❧❡♠❡♥t ✉♥ ❞é❝❛❧❛❣❡ ❞❛♥s
❧❡s ❞é♥♦♠✐♥❛t❡✉rs ❛✉ ♥✐✈❡❛✉ ❞❡ ❧✬❡s♣❛❝❡ ❛❝t✐❢ ❡t ❞❡s ✐♥t❡r❛❝t✐♦♥s ❜✐✲é❧❡❝tr♦♥✐q✉❡s ❝♦♥tr❛✐✲
r❡♠❡♥t à ❈❆❙P❚✷✱ q✉✐ s♦♥t ❡♥s✉✐t❡ ❝♦rr✐❣é❡s ♣❛r ✉♥❡ ♠ét❤♦❞❡ s②♥t❤ét✐s❛♥t ❧❡s t❤é♦r✐❡s
❞❡ ▼ø❧❧❡r✲P❧❡ss❡t ❡t ❊♣st❡✐♥✲◆❡s❜❡t✳

▲❡s ❞❡✉① ♠ét❤♦❞❡s ❈❆❙P❚✷ ❡t ◆❊❱P❚✷✱ ❡♠♣❧♦②é❡s ♣❛r ❧❛ s✉✐t❡✱ s♦♥t ❞❡ t②♣❡ ✧✐♥t❡r♥❛❧❧②✲
❝♦♥tr❛❝t❡❞✧✱ ❝✬❡st à ❞✐r❡ q✉❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ❞❡ ré❢ér❡♥❝❡ ♥✬❡st ♣❛s ré✈✐sé❡ ❛♣rès ❧❡ ❝❛❧❝✉❧
❞❡ ❧❛ ❝♦rré❧❛t✐♦♥ ❞②♥❛♠✐q✉❡✳ ❉❡ ♣❧✉s✱ ❝❡s ♠ét❤♦❞❡s s♦♥t ❝♦♥tr❛❝té❡s ❡①tér✐❡✉r❡♠❡♥t ♠❛✐s
✉♥❡ ♣r♦❝é❞✉r❡ ♣❡r♠❡t ❞❡ ❧❡s ❞é❝♦♥tr❛❝t❡r ✐♥tér✐❡✉r❡♠❡♥t✳

✶✳✷✳✹✳✸ ❆❥♦✉t ❞❡s ❡✛❡ts r❡❧❛t✐✈✐st❡s

P♦✉r ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❡s ❡✛❡ts r❡❧❛t✐✈✐st❡s✱ ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥❡ ❞❡s❝r✐♣t✐♦♥ ♠✉❧t✐✲
❝♦♥✜❣✉r❛t✐♦♥♥❡❧❧❡✱ ✉♥❡ ♠ét❤♦❞❡ ❡♥ ❞❡✉① ét❛♣❡s ❡st ❡♠♣❧♦②é❡ ❬✸✺❪✳ ❊♥ ♣r❡♠✐❡r ❧✐❡✉✱ ✉♥
❝❛❧❝✉❧ ❞❡ t②♣❡ ❈❆❙❙❈❋ ♦✉ é✈❡♥t✉❡❧❧❡♠❡♥t ❈❆❙P❚✷ ♦✉ ◆❊❱P❚✷ ❢♦✉r♥✐ ♣♦✉r ✉♥ ❡♥s❡♠❜❧❡
❞✬ét❛ts ✭❢♦♥❞❛♠❡♥t❛❧ ❡t ❡①❝✐tés✮ ❧❡s é♥❡r❣✐❡s ❡t ❧❡s ❢♦♥❝t✐♦♥s ❞✬♦♥❞❡s ✐♥❝❧✉❛♥t ❧❛ ❝♦rré❧❛✲
t✐♦♥ ♥♦♥✲❞②♥❛♠✐q✉❡ ❡t é✈❡♥t✉❡❧❧❡♠❡♥t ❞②♥❛♠✐q✉❡✳ P❛r ❧❛ s✉✐t❡✱ ❧❡ ❝♦✉♣❧❛❣❡ s♣✐♥✲♦r❜✐t❡
✭❙❖❈✮ ❡st ✐♥té❣ré ❛✉ s❡✐♥ ❞✬✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❞❡ ❝♦♥✜❣✉r❛t✐♦♥s ♣♦✉✈❛♥t ♠ê❧❡r ♣❧✉s✐❡✉rs ❥❡✉①
❞✬♦r❜✐t❛❧❡s ♦❜t❡♥✉s ♣♦✉r ❞❡s ♠✉❧t✐♣❧✐❝✐tés ❞❡ s♣✐♥ ♦✉ ❞❡s ❣r♦✉♣❡s ♣♦♥❝t✉❡❧s ❞❡ s②♠étr✐❡
❞✐✛ér❡♥ts✱ ❡t ❞♦♥t ❧❡ ♠é❧❛♥❣❡ ét❛✐t ❥✉sq✉❡ ❧à ✐♥t❡r❞✐t ♣❛r s②♠étr✐❡✳ ▲❡s ❡✛❡ts s❝❛❧❛✐r❡s
s♦♥t✱ ❞❛♥s ❧❡ ❝❛s ❞❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ▼❖▲❈❆❙✱ r❛❥♦✉tés s❡❧♦♥ ✉♥❡ ♠ét❤♦❞❡ ❞é✈❡❧♦♣♣é ♣❛r
❉♦✉❣❧❛s ❡t ❑r♦❧❧ ❬✸✻❪ ❡t ❝♦rr✐❣é❡ ♣❛r ❏❛♥s❡♥ ❡t ❍❡ss ❬✸✼❪ ✐ss✉❡ ❞❡ ❧✬❤❛♠✐❧t♦♥✐❡♥ ❞❡ ❉✐r❛❝ à
q✉❛tr❡ ❝♦♠♣♦s❛♥t❡s ✿

ĤD = V̂ +mec
2β̂ + cp̂α̂ ✭✶✳✶✷✷✮

♦ù V̂ ❡st ❧❡ ♣♦t❡♥t✐❡❧ ❡①t❡r♥❡✱ c ❧❛ ✈✐t❡ss❡ ❞❡ ❧❛ ❧✉♠✐èr❡✱ β̂ ✉♥❡ ♠❛tr✐❝❡ ❞✐❛❣♦♥❛❧❡ ❞❡ ❞✐♠❡♥✲
s✐♦♥ q✉❛tr❡ ❛✈❡❝ ❧❡s é❧é♠❡♥ts ❞✐❛❣♦♥❛✉① {1, 1,−1,−1}✱ ♣̂ ❡st ❧❡ q✉❛❞r✐✲✈❡❝t❡✉r ♦♣ér❛t❡✉r
q✉❛♥t✐té ❞❡ ♠♦✉✈❡♠❡♥t ❡t α̂ ❡st ❧❡ q✉❛❞r✐✲✈❡❝t❡✉r ♠♦♠❡♥t ❞❡ s♣✐♥ ❝♦♥t❡♥❛♥t ❧❡s ♠❛tr✐❝❡s
❞❡ P❛✉❧✐ σ✳ ❉✬♦ù✱ ❡♥ ♥♦t❛♥t φ ❧❛ ❣r❛♥❞❡ ❝♦♠♣♦s❛♥t❡ ❡t χ ❧❛ ♣❡t✐t❡ ❝♦♠♣♦s❛♥t❡ ✿

Ψ =

(
φ
χ

)
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♦♥ ❛ ĤDΨ = EΨ q✉✐ s✬é❝r✐t ✿

(
V cσ.p
cσ.p V − 2mec

2

)(
φ
χ

)
= E

(
φ
χ

)
✭✶✳✶✷✸✮

▲✬éq✉❛t✐♦♥ ❞❡ ❉✐r❛❝ ✭✶✳✶✷✸✮ ❡st ❛❧♦rs ♠♦❞✐✜é❡ ♣❛r ✉♥ ❡♥s❡♠❜❧❡ ❞❡ tr❛♥s❢♦r♠❛t✐♦♥s ✉♥✐✲
t❛✐r❡s ❛✜♥ ❞❡ ❞é❝♦✉♣❧❡r ❣r❛♥❞❡s ❡t ♣❡t✐t❡s ❝♦♠♣♦s❛♥t❡s ♣❛r ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t à ❞✐✛ér❡♥ts
♦r❞r❡s ❞✉ ♣♦t❡♥t✐❡❧ ❡①t❡r♥❡ à ✉♥ é❧❡❝tr♦♥✳ ❆ ✉♥ ♦r❞r❡ ✐♥✜♥✐✱ ♦♥ ♦❜t✐❡♥t ❛✐♥s✐ ✉♥ ❞é✈❡❧♦♣♣❡✲
♠❡♥t ❡①❛❝t à ❞❡✉① ❝♦♠♣♦s❛♥t❡s sé♣❛ré❡s ❝♦♠♣♦rt❛♥t ❝❤❛❝✉♥ ✉♥❡ ♣❛rt✐❡ à é♥❡r❣✐❡ ♣♦s✐t✐✈❡
❡t ♥é❣❛t✐✈❡✳ ❊♥ sé❧❡❝t✐♦♥♥❛♥t s❡✉❧❡♠❡♥t ❧❛ ♣❛rt✐❡ à é♥❡r❣✐❡ ♣♦s✐t✐✈❡ ❞❡ ❧❛ ❣r❛♥❞❡ ❝♦♠♣♦✲
s❛♥t❡ ♣♦✉r ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t à ❧✬♦r❞r❡ ❞❡✉①✱ ♦♥ ❞é❞✉✐t ✉♥❡ ♣❛rt✐❡ s❝❛❧❛✐r❡ ❞❡ ❝♦rr❡❝t✐♦♥
r❡❧❛t✐✈✐st❡ ❡t ✉♥❡ ♣❛rt✐❡ ❞❡ ❝♦✉♣❧❛❣❡ s♣✐♥✲♦r❜✐t❡✳
▲❛ ❝♦rr❡❝t✐♦♥ r❡❧❛t✐✈✐st❡ s❝❛❧❛✐r❡ ❡st ❧❛ ♣r✐♥❝✐♣❛❧❡ ♣♦✉r ❧❡s ❛t♦♠❡s ❧é❣❡rs ❡t ❧❡s ♠ét❛✉① ❞❡
tr❛♥s✐t✐♦♥ ❞❡ ❧❛ ♣r❡♠✐èr❡ ❧✐❣♥❡✱ ❡❧❧❡ ❡st ❛❥♦✉té❡ à ❧❛ ♣❛rt✐❡ ♠♦♥♦✲é❧❡❝tr♦♥✐q✉❡ ❞❡ ❧✬❤❛♠✐❧✲
t♦♥✐❡♥ ♥♦♥ r❡❧❛t✐✈✐st❡ ❡t ♣❡r♠❡t ❞✬❛♠é❧✐♦r❡r ❣r❛♥❞❡♠❡♥t ❧❡s rés✉❧t❛ts✳ ❊♥ ❝♦♥s✐❞ér❛♥t q✉❡
❧✬❡rr❡✉r ♣r✐♥❝✐♣❛❧❡ ❡st ❧✐é❡ à ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞❡s ét❛ts s❛♥s ❝♦✉♣❧❛❣❡ s♣✐♥✲♦r❜✐t❡✱ ✉♥❡ ♠é✲
t❤♦❞❡ ❞é✈❡❧♦♣♣é❡ ♣❛r ❍❡ss ❬✸✽❪ ❡st ✉t✐❧✐sé❡ ♣♦✉r ❧❡ ❙❖❈✳ ❆✜♥ ❞❡ s✐♠♣❧✐✜❡r ❞r❛st✐q✉❡♠❡♥t
❧❡ ❝❛❧❝✉❧ ❞❡s é❧é♠❡♥ts ❞❡ ♠❛tr✐❝❡s ✐♠♣❧✐q✉é❡s✱ ❧❡s t❡r♠❡s à ❞❡✉① é❧❡❝tr♦♥s s♦♥t tr❛✐tés
❝♦♠♠❡ ✉♥ ❢❛❝t❡✉r ❞✬é❝r❛♥t❛❣❡ ❛✉ s❡✐♥ ❞❡s t❡r♠❡s à ✉♥ é❧❡❝tr♦♥✳ ❖♥ ♦❜t✐❡♥t ❛✐♥s✐ ❞❡s ✐♥té✲
❣r❛❧❡s ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❛t♦♠✐q✉❡ ✭✧❆t♦♠✐❝ ▼❡❛♥ ❋✐❡❧❞ ■♥t❡❣r❛❧✧ ❆▼❋■✮ ❡♥ ❝♦♥s✐❞ér❛♥t
❧✬✐♥t❡r❛❝t✐♦♥ s♣✐♥✲♦r❜✐t❡ ❝♦♠♠❡ ❡ss❡♥t✐❡❧❧❡♠❡♥t à ❝♦✉rt❡ ♣♦rté❡ ♦♥ ♦❜t✐❡♥t ✉♥ tr❛✐t❡♠❡♥t
❡①❛❝t ❞❡s t❡r♠❡s à ❞❡✉① é❧❡❝tr♦♥s✳ ▲❛ ♠ét❤♦❞❡ ❉♦✉❣❧❛s✲❑r♦❧❧✲❍❡ss ❡st ❡♠♣❧♦②é❡ ❞❛♥s
▼❖▲❈❆❙ ❬✸✾❪ ❛✈❡❝ ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❜❛s❡s ❞é❞✐é❡s ❆◆❖✲❘❈❈ ✧❆t♦♠✐❝ ◆❛t✉r❛❧ ❖r❜✐t❛❧
✇✐t❤ ❘❡❧❛t✐✈✐st✐❝ ❈♦r❡ ❈♦rr❡❧❛t✐♦♥✧ ❬✹✵❪✳

❉❛♥s ❖❘❈❆ ❬✹✶❪✱ ✉♥❡ ❛✉tr❡ ♠ét❤♦❞❡ ❜❛sé❡ s✉r ✉♥ ❤❛♠✐❧t♦♥✐❡♥ ♠♦♥♦✲é❧❡❝tr♦♥✐q✉❡ ❡st
❡♠♣❧♦②é❡ ❬✹✷✕✹✺❪✳ ❊♥ ♣❛rt❛♥t ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❉✐r❛❝ à q✉❛tr❡ ❝♦♠♣♦s❛♥t❡s ✭✶✳✶✷✸✮✱ ♦♥
❞é❞✉✐t ❞❡✉① éq✉❛t✐♦♥s r❡❧✐❛♥t ❣r❛♥❞❡ ❡t ♣❡t✐t❡ ❝♦♠♣♦s❛♥t❡s ✿

V φ+ cσ.pχ = Eφ ✭✶✳✶✷✹✮

cσ.pφ+ (V − 2mec
2)χ = Eχ ✭✶✳✶✷✺✮

▲✬♦❜❥❡❝t✐❢ ❡st ❡♥s✉✐t❡ ❞✬é❧✐♠✐♥❡r ❧❛ ♣❡t✐t❡ ❝♦♠♣♦s❛♥t❡ q✉✐ s✬❡①♣r✐♠❡ ❝♦♠♠❡ ✿

χ =
cσ.p

2mc2 + E − V
φ ≡ Xφ ✭✶✳✶✷✻✮

▲✬éq✉❛t✐♦♥ ❞❡ ❉✐r❛❝ ❛ss♦❝✐é❡ à ❧❛ ❣r❛♥❞❡ ❝♦♠♣♦s❛♥t❡ ✭✶✳✶✷✹✮ ❞♦♥♥❡ ❛❧♦rs ✿

Hescφ = V φ+ cσ.p
c

2mc2 + E − V
σ.pφ = Eφ ✭✶✳✶✷✼✮

▲✬❤❛♠✐❧t♦♥✐❡♥ Hesc ✭✧❡❧✐♠✐♥❛t✐♥❣ t❤❡ s♠❛❧❧ ❝♦♠♣♦♥❡♥t✧✮ ❞é♣❡♥❞ ❞❡ ❧✬é♥❡r❣✐❡ ❡t ♥✬❛❣✐t q✉❡
s✉r ❧❛ ❣r❛♥❞❡ ❝♦♠♣♦s❛♥t❡ φ q✉✐ ♥✬❡st ♣❛s ♥♦r♠❛❧✐sé❡✱ ❝♦♥tr❛✐r❡♠❡♥t à Ψ✳ P♦✉r ♣❛❧❧✐❡r
à ❝❡ ♣r♦❜❧è♠❡✱ ♦♥ ✉t✐❧✐s❡ ♣❧✉tôt ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ✉♥✐t❛✐r❡ ❞❡ ❋♦❧❞②✲❲♦✉t❤✉②s❡♥ ♣♦✉r
❞é❝♦✉♣❧❡r ❣r❛♥❞❡ ❡t ♣❡t✐t❡ ❝♦♠♣♦s❛♥t❡s✳

✸✽
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❊❧❧❡ ❡st ❞♦♥♥é❡ ♣❛r H = UHDU
−1✱ ❛✈❡❝ ✿

U =




1√
1+X†X

1√
1+X†X

X†

− 1√
1+XX†

X 1√
1+XX†


 ✭✶✳✶✷✽✮

U−1 = U † =




1√
1+X†X

−X† 1√
1+XX†

X 1√
1+X†X

1√
1+XX†


 ✭✶✳✶✷✾✮

❉❡ ♠ê♠❡✱ ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ❡st tr❛♥s❢♦r♠é❡ ♣❛r U ✿
(
Φ
0

)
= U

(
φ
χ

)
✭✶✳✶✸✵✮

❖♥ ❡♥ ❞é❞✉✐t ✿

Φ =
1√

1 +X†X
φ+

1√
1 +X†X

X†χ ✭✶✳✶✸✶✮

0 = − 1√
1 +XX†

Xφ+
1√

1 +XX†
χ ✭✶✳✶✸✷✮

■❧ ❢❛✉t ❞♦♥❝ ❛✈♦✐r X t❡❧ q✉❡ χ = Xφ✳ ❉✬❛♣rès ✭✶✳✶✷✻✮✱ ♦♥ ❛ ❧✬❡①♣r❡ss✐♦♥ ❞❡ X q✉❡ ❧✬♦♥ ✈❛
❞é✈❡❧♦♣♣❡r ❡♥ E/(2mc2 − V )✳

X =
cσ.p

2mc2 + E − V
≈ c

2mc2 − V
σ.p ✭✶✳✶✸✸✮

❞✬♦ù✱ ♦♥ ♣❡✉t ❞é❞✉✐r❡ ✿

U =

(
1− σ.p c2

2(2mc2−V )2
σ.p σ.p c

2mc2−V

− c
2mc2−V

σ.p 1− 1
2

c
2mc2−V

p2 c
2mc2−V

)
✭✶✳✶✸✹✮

❈❡tt❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞♦♥♥❡ ❛❧♦rs ❧❡ t❡r♠❡ ❞✬♦r❞r❡ ③ér♦ ❡t ❞✬♦r❞r❡ ✉♥ ❞❡ ❝♦rr❡❝t✐♦♥ r❡❧❛t✐✲
✈✐st❡ ✿

HZORA = V + σ.p
c2

2mc2 − V
σ.p ✭✶✳✶✸✺✮

HFORA = HZORA − σ.p
c2

2(2mc2 − V )2
σ.p.HZORA

+HZORA.σ.p
c2

2(2mc2 − V )2
σ.p ✭✶✳✶✸✻✮

❈❡t ❤❛♠✐❧t♦♥✐❡♥ ❞✬♦r❞r❡ ③ér♦ ✭✧❩❡r♦ ❖r❞❡r ❘❡❧❛t✐✈✐st✐❝ ❆♣♣r♦①✐♠❛t✐♦♥✧✮ ❛ ❧✬❛✈❛♥t❛❣❡ ❞❡
♥❡ ♣❛s ❛✈♦✐r ❞❡ s✐♥❣✉❧❛r✐té q✉❛♥❞ ❧❛ ❞✐st❛♥❝❡ ♥♦②❛✉✲é❧❡❝tr♦♥ t❡♥❞ ✈❡rs ③ér♦✳ ■❧ ❛ été ♦❜t❡♥✉
❡♥ ♣r❡♠✐❡r ❧✐❡✉ ♣❛r ❈❤❛♥❣✱ Pé❧✐ss✐❡r ❡t ❉✉r❛♥❞ ❬✹✻❪✱ ♣❛r ✉♥❡ ❛✉tr❡ ♠ét❤♦❞❡✱ ❧❛ t❤é♦r✐❡
❞❡s ❤❛♠✐❧t♦♥✐❡♥ ❡✛❡❝t✐❢✳ ❯♥ ❞é✈❡❧♦♣♣❡♠❡♥t s✉♣♣❧é♠❡♥t❛✐r❡ ❢❛✐t ❛♣♣❛r❛✐tr❡ ❡①♣❧✐❝✐t❡♠❡♥t
❧❡ t❡r♠❡ ♣ré♣♦♥❞ér❛♥t ❞❡ ❝♦✉♣❧❛❣❡ s♣✐♥✲♦r❜✐t❡✱ ❝♦♥tr❛✐r❡♠❡♥t ❛✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❉♦✉❣❧❛s✲
❑r♦❧❧✲❍❡ss✳

HZORA = V + p
c2

2mc2 − V
p+

c2

(2mc2 − V )2
σ. (∇V × ♣) ✭✶✳✶✸✼✮

✸✾
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❈❡ ❞❡r♥✐❡r ♣❡✉t êtr❡ r❛♣♣r♦❝❤é ❞❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥ s♣✐♥✲♦r❜✐t❡ ❞❡s éq✉❛t✐♦♥s
✭✶✳✷✸✱ ✶✳✷✹✮ ❛✈❡❝ σ ≈ ~s ❡t

∇V ≈ e

r

∂ΦN(r)

∂r
~r ✭✶✳✶✸✽✮

▲❛ ❝♦rr❡❝t✐♦♥ r❡❧❛t✐✈✐st❡ s❝❛❧❛✐r❡ ❡st ❛❥♦✉té❡ ♣❛r ✉♥❡ ❛♣♣r♦❝❤❡ ❛♥❛❧♦❣✉❡ à ❧❛ ❉❋❚ ✭❞é✈❡❧♦♣✲
♣é❡ à ❧❛ s❡❝t✐♦♥ ✶✳✷✳✸✮ s❡❧♦♥ ❧✬éq✉❛t✐♦♥ ❞❡ ❑♦❤♥✲❙❤❛♠ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❞❡♥s✐té ♥♦♥ r❡❧❛t✐✈✐st❡
ρ(r) ❬✹✺❪✳ ❯♥❡ ❢♦♥❝t✐♦♥♥❡❧❧❡ ❞✬é❝❤❛♥❣❡✲❝♦rré❧❛t✐♦♥ ❡st ✉t✐❧✐sé❡✱ ♥é❣❧✐❣❡❛♥t ❞ès ❧♦rs ❧❡s ❡✛❡ts
♠❛❣♥ét✐q✉❡s ❡t ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ r❡t❛r❞ ♣♦✉r ❧❡s ✐♥t❡r❛❝t✐♦♥s é❧❡❝tr♦♥✐q✉❡s✳ ▲❡ ♣♦t❡♥t✐❡❧ Ṽ
♣r✐s ❡♥ ❝♦♠♣t❡ ♣♦✉r ✭✶✳✶✸✼✮ ❝♦♥t✐❡♥t ❞és♦r♠❛✐s ❧❡ ♣♦t❡♥t✐❡❧ ❞✬❛ttr❛❝t✐♦♥ ♥✉❝❧é❛✐r❡ ṼN ✱ ❧❡
♣♦t❡♥t✐❡❧ ❞❡ ❈♦✉❧♦♠❜ ❞✬✐♥t❡r❛❝t✐♦♥ é❧❡❝tr♦♥✐q✉❡ ṼC ❡t ❧❡ ♣♦t❡♥t✐❡❧ ❞✬é❝❤❛♥❣❡✲❝♦rré❧❛t✐♦♥
ṼXC ✳ ❈❡ ♣♦t❡♥t✐❡❧ ♠♦❞è❧❡ ❡st ❞é✈❡❧♦♣♣é ❞❡ s♦rt❡ q✉✬✐❧ ♥❡ ❞é♣❡♥❞❡ ♣❛s ❞❡s ♦r❜✐t❛❧❡s ❑♦❤♥✲
❙❤❛♠ ♠❛✐s s❡✉❧❡♠❡♥t ❞❡ ❧❛ ❣é♦♠étr✐❡ ♠♦❧é❝✉❧❛✐r❡✱ q✉❡ ❧❡s ❛t♦♠❡s ❞✐st❛♥ts ♥❡ ❝♦♥tr✐❜✉❡♥t
♣❛s ❡t q✉✬✐❧ ♣✉✐ss❡ êtr❡ ❡①♣r✐♠é ♣❛r ✉♥❡ ❡①♣r❡ss✐♦♥ ❛♥❛❧②t✐q✉❡ ❞ér✐✈❛❜❧❡ à t♦✉s ❧❡s ♦r❞r❡s✳

▲❡ ♣♦t❡♥t✐❡❧ ❝♦rr✐❣é ♣❛r ✉♥❡ ♠ét❤♦❞❡ ❑♦❤♥✲❙❤❛♠ ❡st ✉t✐❧✐sé ❞❛♥s ✉♥ ❝❛❧❝✉❧ ❈❆❙❙❈❋ ❡t ❜é✲
♥é✜❝✐❡ ♣❛r ❝❡tt❡ ♠ét❤♦❞❡ ❞❡ ❝❡rt❛✐♥s ❛✈❛♥t❛❣❡s✳ ▲❡s ♣r♦♣r✐étés ❞❡ ❝❡ ♣♦t❡♥t✐❡❧ ♣❡r♠❡tt❡♥t
❞✬❛ss✉r❡r ❧❛ st❛t✐♦♥♥❛r✐té ❞❡ ❧✬é♥❡r❣✐❡ t♦t❛❧❡ ♣❛r r❛♣♣♦rt à ❧❛ ✈❛r✐❛t✐♦♥ ❞❡s ♦r❜✐t❛❧❡s ❛✜♥✱
♣❛r ❡①❡♠♣❧❡✱ ❞❡ ♥❡ ♣❛s ❛✈♦✐r à r❡❝❛❧❝✉❧❡r ❧❡s ❝♦♥tr✐❜✉t✐♦♥s r❡❧❛t✐✈✐st❡s à ❝❤❛q✉❡ ✐tér❛t✐♦♥
♣♦✉r ✉♥ ♣r♦❝❡ss✉s ❙❈❋ é❧✐♠✐♥❛♥t ❛✐♥s✐ ❧❡ ♣r♦❜❧è♠❡ ❞✬✐♥✈❛r✐❛♥❝❡ ❞❡ ❥❛✉❣❡ q✉✬✐❧ ② ❛✉r❛✐t
❛✈❡❝ ❧❡ ♣♦t❡♥t✐❡❧ ❉❋❚ tr❛❞✐t✐♦♥♥❡❧✳ ❉❡ ♣❧✉s✱ ✉♥❡ str✐❝t❡ sé♣❛r❛❜✐❧✐té ♣❛r r❛♣♣♦rt à ❧❛ t❛✐❧❧❡
❞✉ s②stè♠❡ ❡st ❛❧♦rs ❝♦♥s❡r✈é❡ ❧♦rs ❞✉ ❝❛❧❝✉❧ ❈❆❙❙❈❋ ❡t ❧❡ ❝❛❧❝✉❧ ❞❡ ❣r❛❞✐❡♥t ❡st ❢❛❝✐❧✐té✳
P♦✉r ❝❡ ❢❛✐r❡✱ ❧❛ ❞❡♥s✐té é❧❡❝tr♦♥✐q✉❡ ❡st r❡♠♣❧❛❝é ♣❛r ✉♥❡ ❞❡♥s✐té ♠♦❞è❧❡ ❝♦♥str✉✐t❡ ♣❛r
s♦♠♠❛t✐♦♥ ❞❡ ❞❡♥s✐tés ❛t♦♠✐q✉❡s ❡①♣r✐♠é❡s ♣❛r ❞❡s ❣❛✉ss✐❡♥♥❡s s✉r ✉♥ ❡♥s❡♠❜❧❡ ❧✐♠✐té
❞✬é❧❡❝tr♦♥s ❡♥ ♣ér✐♣❤ér✐❡ ❞❡ ❝❤❛q✉❡ ❛t♦♠❡✳ ▲❡ ♣♦t❡♥t✐❡❧ ❞❡ ❈♦✉❧♦♠❜ ✉t✐❧✐s❡ ❝❡tt❡ ❞❡♥s✐té✱
❞❡ ♠ê♠❡ q✉❡ ❧❡ ♣♦t❡♥t✐❡❧ ❞✬é❝❤❛♥❣❡✲❝♦rré❧❛t✐♦♥ ❛✈❡❝ ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥❡ ❞❡♥s✐té ❧♦✲
❝❛❧❡ s❛♥s ♣♦❧❛r✐s❛t✐♦♥ ❞❡ s♣✐♥✳ ❯♥ ❡♥s❡♠❜❧❡ ❞❡ ❜❛s❡s ❛t♦♠✐q✉❡s s♣é❝✐❛❧❡♠❡♥t ❝♦♥tr❛❝té❡s
♣♦✉r ❞❡s ❝❛❧❝✉❧s ❛✈❡❝ ❧❛ ♠ét❤♦❞❡ ❩❖❘❆ ❛ été ét❛❜❧✐ ❡t ❡st ✉t✐❧✐sé ♣❛r ❧❛ s✉✐t❡ ❛✈❡❝ ❖❘❈❆✳

✶✳✷✳✺ ❊①tr❛❝t✐♦♥ ❡t ❡①♣❧♦✐t❛t✐♦♥ ❞❡s ❤❛♠✐❧t♦♥✐❡♥s ❞❡ s♣✐♥

▲❡s ❞✐✈❡rs❡s ♠ét❤♦❞❡s ❜❛sé❡s s✉r ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ♣rés❡♥té❡s ♣ré❝é❞❡♠♠❡♥t ✉t✐❧✐s❡♥t
❧✬❤❛♠✐❧t♦♥✐❡♥ ❇♦r♥✲❖♣♣❡♥❤❡✐♠❡r ❡①❛❝t✱ à ✉♥ ❝❡rt❛✐♥ ♥✐✈❡❛✉ ❞❡ ❝❛❧❝✉❧✱ ❛✜♥ ❞❡ ❞é❝r✐r❡ ❧❡s
❢♦♥❝t✐♦♥s ❞✬♦♥❞❡ ❞❡s ét❛ts ❞✉ ❜❛s ❞✉ s♣❡❝tr❡ ❡t ❧❡✉rs é♥❡r❣✐❡s✳ ▲✬♦❜❥❡❝t✐❢ ét❛♥t✱ ❞❛♥s
❧❡ ❝❛❞r❡ ❞❡ ❧✬ét✉❞❡ ❞❡ ❧✬❛♥✐s♦tr♦♣✐❡ ♠❛❣♥ét✐q✉❡✱ ❞❡ ♠♦❞é❧✐s❡r ❝❡t ❤❛♠✐❧t♦♥✐❡♥ ♣❛r ✉♥
♦♣ér❛t❡✉r ❞❡ s♣✐♥✱ ♥♦✉s ❛❧❧♦♥s êtr❡ ❛♠❡♥é à ✉t✐❧✐s❡r ✉♥❡ t❤é♦r✐❡ ✈✐s❛♥t à ❡♥❣❡♥❞r❡r ✉♥
❤❛♠✐❧t♦♥✐❡♥ r❡♣r♦❞✉✐s❛♥t ❧❡s é♥❡r❣✐❡s ❞❡s ét❛ts q✉✐ ♥♦✉s ✐♥tér❡ss❡♥t t♦✉t ❡♥ ❝♦♥s❡r✈❛♥t
❞❡s ♣r♦♣r✐étés t❡❧❧❡s q✉❡ ❧✬♦rt❤♦♥♦r♠❛❧✐té ❞❡s ❢♦♥❝t✐♦♥s ❞✬♦♥❞❡s ❡t ❧❡ ❝❛r❛❝tèr❡ ❤❡r♠✐t✐❡♥
❞❡ ❧✬❤❛♠✐❧t♦♥✐❡♥✳

✶✳✷✳✺✳✶ ❚❤é♦r✐❡ ❞❡s ❤❛♠✐❧t♦♥✐❡♥s ❡✛❡❝t✐❢s

❯♥❡ t❤é♦r✐❡ ❞é✈❡❧♦♣♣é❡ ♣❛r ❇❧♦❝❤ ❬✹✼❪ ♦✛r❡ ✉♥❡ ♣r♦❝é❞✉r❡ ♣♦✉r ❞é✜♥✐r ✉♥ ❤❛♠✐❧t♦♥✐❡♥
❡✛❡❝t✐❢ ❞❛♥s ✉♥ ❡s♣❛❝❡ ♠♦❞è❧❡ ❞❡ ❢❛✐❜❧❡ ❞✐♠❡♥s✐♦♥ à ♣❛rt✐r ❞❡s é♥❡r❣✐❡s ❡t ❢♦♥❝t✐♦♥s ♣r♦♣r❡
❞✬✉♥ ❤❛♠✐❧t♦♥✐❡♥ ❡①❛❝t Ĥ ❬✹✻✱✹✽✱✹✾❪✳ P♦✉r ✉♥ ❡s♣❛❝❡ ♠♦❞è❧❡ S ❞❡ ❢❛✐❜❧❡ ❞✐♠❡♥s✐♦♥ ♣♦rté

✹✵
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♣❛r NS ✈❡❝t❡✉rs |Φi〉✱ ❧❡ ♣r♦❥❡❝t❡✉r ❛ss♦❝✐é ❡st ✿

P̂S =
∑

i∈S
|Φi〉 〈Φi| ✭✶✳✶✸✾✮

❙✉♣♣♦s♦♥s q✉❡ ❧✬♦♥ ❝♦♥♥❛✐ss❡ ✉♥ ❡♥s❡♠❜❧❡ ❞✬ét❛ts ❞❡ ❢♦♥❝t✐♦♥s ❞✬♦♥❞❡ |Ψk〉✱ ❞✬é♥❡r❣✐❡ Ek
❛ss♦❝✐é❡ à ✉♥ ❍❛♠✐❧t♦♥✐❡♥ ❡①❛❝t Ĥ s❡❧♦♥ ❧✬éq✉❛t✐♦♥ ❞❡ ❙❝❤rö❞✐♥❣❡r ✿

Ĥ |Ψk〉 = Ek |Ψk〉 ✭✶✳✶✹✵✮

❈♦♥s✐❞ér♦♥s ❞és♦r♠❛✐s ❧❡s NS ✈❡❝t❡✉rs ♣r♦♣r❡s ❞❡ Ĥ ❛②❛♥t ❧❛ ♣❧✉s ❣r❛♥❞❡ ♣r♦❥❡❝t✐♦♥
s✉r ❧✬❡s♣❛❝❡ ♠♦❞è❧❡ S✳ ❈❡s ✈❡❝t❡✉rs ❞é✜♥✐ss❡♥t ✉♥ ❡s♣❛❝❡ ❝✐❜❧❡ Sc ❞❡ ♠ê♠❡ ❞✐♠❡♥s✐♦♥
q✉❡ S ❡t ❛ss♦❝✐é à ✉♥ ♣r♦❥❡❝t❡✉r ✿

P̂Sc =
∑

k∈Sc
|Ψk〉 〈Ψk| ✭✶✳✶✹✶✮

❖♥ ♥♦t❡ Ω̂✱ ❧✬♦♣ér❛t❡✉r ❞✬♦♥❞❡ ♣❡r♠❡tt❛♥t ❧❡ ♣❛ss❛❣❡ ❞❡ S à Sc✳ ❖♥ ❝❤❡r❝❤❡ ❞és♦r♠❛✐s
à ❞é✜♥✐r ✉♥ ❤❛♠✐❧t♦♥✐❡♥ ❡✛❡❝t✐❢ Ĥeff ❛❣✐ss❛♥t s✉r S t❡❧ q✉✬✐❧ r❡♣r♦❞✉✐s❡ ✜❞è❧❡♠❡♥t ❧❡s
✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ Ĥ ❛✉ s❡✐♥ ❞❡ Sc✱ q✉✐tt❡ à ♣❡r❞r❡ ✉♥❡ ♣❛rt✐❡ ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧❛
❢♦♥❝t✐♦♥ ❞✬♦♥❞❡✳ ■❧ ❢❛✉t ❞♦♥❝ ❛✈♦✐r ✿

Ĥeff

∣∣∣P̂SΨk

〉
= Ek

∣∣∣P̂SΨk

〉
✭✶✳✶✹✷✮

▲✬❡①♣r❡ss✐♦♥ ❞❡ ❧✬❤❛♠✐❧t♦♥✐❡♥ ❡✛❡❝t✐❢ ❞♦♥♥é ♣❛r ❇❧♦❝❤ ❡st ❛❧♦rs ✿

Ĥeff = P̂SĤΩ̂P̂S ✭✶✳✶✹✸✮

❈♦♠♠❡ ❧❡s ♦♣ér❛t✐♦♥s ❞❡ ♣r♦❥❡❝t✐♦♥ s♦♥t s✉s❝❡♣t✐❜❧❡s ❞❡ ❢❛✐r❡ ♣❡r❞r❡ ❧✬♦rt❤♦♥♦r♠❛❧✐s❛t✐♦♥
❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s |Ψj〉 ❞❡ ❧✬❤❛♠✐❧t♦♥✐❡♥ ❡①❛❝t✱ ♦♥ ✐♥tr♦❞✉✐t ❧❛ ♠❛tr✐❝❡ ❞❡ r❡❝♦✉✈r❡♠❡♥t
❙ ✿

❙ij = 〈P̂SΨi|P̂SΨj〉 ✭✶✳✶✹✹✮

▲✬❤❛♠✐❧t♦♥✐❡♥ ❡✛❡❝t✐❢ ❞❡ ❇❧♦❝❤✱ ❡st ❛❧♦rs ❞♦♥♥é ♣❛r ✿

ĤBloch
eff =

∑

k

|Ψk〉 Ek
〈
❙−1Ψk

∣∣ ✭✶✳✶✹✺✮

❉✬❛✉tr❡s ♠ét❤♦❞❡s ❞✬♦rt❤♦♥♦r♠❛❧✐s❛t✐♦♥ ♣❡r♠❡tt❡♥t ❞❡ ❝♦rr✐❣❡r ❝❡ ❞é❢❛✉t t❡❧❧❡s q✉❡ ❧❛
♠ét❤♦❞❡ ❞❡ ●r❛♠♠✲❙❝❤♠✐❞t ♠❛✐s ❡❧❧❡ ♥❡ tr❛✐t❡ ♣❛s ❞❡ ♠❛♥✐èr❡ éq✉✐✈❛❧❡♥t❡ ❧❡s ❞✐✛ér❡♥ts
✈❡❝t❡✉rs✱ ❧❡ kième ✈❡❝t❡✉r ét❛♥t ♦rt❤♦❣♦♥❛❧✐sé ♣❛r r❛♣♣♦rt ❛✉ (k−1) ♣ré❝é❞❡♥ts ❡t ✐♥❞é♣❡♥✲
❞❛♠♠❡♥t ❞❡s s✉✐✈❛♥ts ❀ ♦♥ ✉t✐❧✐s❡ ❞♦♥❝ ♣ré❢ér❡♥t✐❡❧❧❡♠❡♥t ❧❛ ♠ét❤♦❞❡ ❞❡ ❞❡s ❈❧♦✐③❡❛✉① ❬✺✵❪✱

♣♦✉r ❡♥❣❡♥❞r❡r ❧❡s ✈❡❝t❡✉rs ♣r♦♣r❡s
∣∣∣Ψ̃
〉
❞❡ Ĥeff

∣∣∣Ψ̃k

〉
=
∣∣∣❙− 1

2Ψk

〉
✭✶✳✶✹✻✮

▲✬❤❛♠✐❧t♦♥✐❡♥ ❡✛❡❝t✐❢ ❡st ❛❧♦rs ❤❡r♠✐t✐❡♥✳ ■❧ s✬❡①♣r✐♠❡ ❛❧♦rs ❝♦♠♠❡ ✿

ĤdC
eff =

∑

k

∣∣∣Ψ̃k

〉
Ek
〈
Ψ̃k

∣∣∣ ✭✶✳✶✹✼✮

❡t ❝❡s é❧é♠❡♥ts ❞❡ ♠❛tr✐❝❡ s♦♥t ❞♦♥♥és ♣❛r ✿

〈Φi| ĤdC
eff |Φj〉 = 〈Φi|

∑

k

∣∣∣Ψ̃k

〉
Ek
〈
Ψ̃k|Φj

〉
✭✶✳✶✹✽✮

◆♦✉s ❛❧❧♦♥s à ♣rés❡♥t ❡♥ ✐❧❧✉str❡r s♦♥ ✉t✐❧✐s❛t✐♦♥ s✉r ✉♥ ❡①❡♠♣❧❡✳

✹✶
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✶✳✷✳✺✳✷ ❊①❡♠♣❧❡ ❞✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡s ❤❛♠✐❧t♦♥✐❡♥s ❡✛❡❝t✐❢s

❆♣♣❧✐q✉♦♥s ❧❛ t❤é♦r✐❡ ❞❡s ❤❛♠✐❧t♦♥✐❡♥s ❡✛❡❝t✐❢s à ✉♥ ❡①❡♠♣❧❡ ✐ss✉ ❞❡ ❧❛ ♣❛rt✐❡ ✷✳✷✳ ■❧
s✬❛❣✐t ❞✬✉♥ ❝♦♠♣❧❡①❡ ♠♦♥♦♥✉❝❧é❛✐r❡ ❞❡ ◆✐(II) ❛✈❡❝ ✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧ tr✐♣❧❡t S = 1✱ ✐❧
② ❛ ❞♦♥❝ ❤✉✐t é❧❡❝tr♦♥s à ❞✐str✐❜✉❡r ♣❛r♠✐ ❧❡s ❝✐♥q ♦r❜✐t❛❧❡s 3d ♣♦✉r ❢♦r♠❡r ❥✉sq✉✬à ❞✐①
ét❛ts tr✐♣❧❡♠❡♥t ❞é❣é♥érés ❡♥ s♣✐♥ ❡t q✉✐♥③❡ ét❛ts s✐♥❣✉❧❡ts ✭❞♦♥t ❝✐♥q s♦♥t à ❝♦✉❝❤❡s
❢❡r♠é❡s ❞❛♥s ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ d8✮✳ ❖♥ ❝❤❡r❝❤❡ à ❞é❞✉✐r❡ ❧❡s ♣❛r❛♠ètr❡s ❞❡ ❩❋❙ ✭D ❡t E✮
❛✐♥s✐ q✉❡ ❧❡s ❛①❡s ♠❛❣♥ét✐q✉❡s ❞✉ ❝♦♠♣❧❡①❡ ❡♥ ❝♦♠♣❛r❛♥t ❧❡s ✈❛❧❡✉rs t❤é♦r✐q✉❡s ❞♦♥♥é❡s
♣❛r ✉♥ ❤❛♠✐❧t♦♥✐❡♥ ❞❡ s♣✐♥ ♣rés❡♥té ❞❛♥s ❧❛ ♣❛rt✐❡ ✶✳✶✳✷ ❡t ❞♦♥♥é✱ ♣♦✉r ❧❡ ❝❛s S = 1 ♣❛r
❧✬éq✉❛t✐♦♥ ✭✶✳✺✷✮✱ à ♣❛rt✐r ❞❡s ✈❛❧❡✉rs ✐ss✉❡s ❞✬✉♥ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡ ❡t ❞❡ ❧❛ t❤é♦r✐❡ ❞❡s
❤❛♠✐❧t♦♥✐❡♥s ❡✛❡❝t✐❢s✳

❈♦♠♠❡ ❛❜♦r❞é ❞❛♥s ❧❛ ♣❛rt✐❡ ✶✳✷✳✹✳✸✱ ❧❡s ❡✛❡ts s♣✐♥✲♦r❜✐t❡s ✭❙❖✮ s♦♥t r❛❥♦✉tés ❛ ♣♦s✲
t❡r✐♦r✐ ❛♣rès ✉♥ ❝❛❧❝✉❧ ♥♦♥✲r❡❧❛t✐✈✐st❡ ♣❛r ❞✐❛❣♦♥❛❧✐s❛t✐♦♥ ❞❡ ❧✬❤❛♠✐❧t♦♥✐❡♥ ❞❡ ❝♦✉♣❧❛❣❡
s♣✐♥✲♦r❜✐t❡✳ ❖♥ ♦❜t✐❡♥t ❛✐♥s✐✱ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ r❡♠♣❧✐ss❛❣❡ ❞❡ ❧❛ s♦✉s✲❝♦✉❝❤❡ 3d ❞✉ ♥✐❝❦❡❧✱
✉♥ ❡♥s❡♠❜❧❡ ❞❡ s✐♥❣✉❧❡ts ❡t ❞❡ tr✐♣❧❡ts ♥♦tés |Tk〉 ♣♦✉r ❧❡sq✉❡❧s ✐❧ ❡st ❞és♦r♠❛✐s ♣♦ss✐❜❧❡ ❞❡
♣ré❝✐s❡r ❧❛ ♣r♦❥❡❝t✐♦♥ ❞❡s ❝♦♠♣♦s❛♥t❡s ♠❛❣♥ét✐q✉❡s ❞❡ s♣✐♥MS = 0,±1✱ ♥♦té❡s

∣∣T 0,±1
k

〉
✳ ▲❛

❞é❝♦♠♣♦s✐t✐♦♥ ❞❡s ét❛ts s♣✐♥✲♦r❜✐t❡s ❞✉ ❜❛s ❞✉ s♣❡❝tr❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ét❛ts ✐♥❞é♣❡♥❞❛♥t
❞❡ ❝❡ ❝♦✉♣❧❛❣❡ ❡st ❞♦♥♥é❡ ❞❛♥s ❧❡ t❛❜❧❡❛✉ ✶✳✹✳

E
∣∣T−1

1

〉 ∣∣T 0
1

〉 ∣∣T 1
1

〉 ∣∣T−1

2

〉 ∣∣T 0
2

〉
· · ·

〈Φ1| ✵ ✵✳✺✵✸ ✲ ✵✳✹✹✽✐ ✲✵✳✵✶✵ ✲✵✳✵✵✼✐ ✵✳✷✼✽✲✵✳✻✶✹ ✐ ✵✳✶✸✼✰ ✵✳✶✺✸✐ ✲✵✳✵✵✺ ✲✵✳✵✵✹ ✐ · · ·
〈Φ2| ✷✳✶✹ ✵✳✻✼✷ ✲✵✳✵✸✽ ✐ ✲✵✳✵✺✵ ✰✵✳✵✶✹ ✐ ✲✵✳✺✾✾ ✰ ✵✳✸✵✽ ✐ ✵✳✵✶✶✰ ✵✳✷✵✹✐ ✲✵✳✵✵✶✰ ✵✳✵✵✵✐ · · ·
〈Φ3| ✶✶✽✳✶✹ ✲✵✳✵✷✾ ✲✵✳✵✷✸ ✐ ✲✵✳✼✻✻ ✲✵✳✻✷✸ ✐ ✵✳✵✷✽ ✰ ✵✳✵✷✸ ✐ ✵✳✵✵✻ ✲✵✳✵✶✷✐ ✵✳✵✵✵ ✰✵✳✵✵✵✐ · · ·
〈Φ4| ✶✽✼✽✳✾ ✵✳✵✵✶ ✲✵✳✵✵✶✐ ✵✳✵✵✵✰✵✳✵✵✵ ✵✳✵✵✺ ✲✵✳✵✵✼✐ ✲✵✳✵✹✺ ✲✵✳✵✶✷ ✐ ✲✵✳✾✸✹ ✲✵✳✸✵✶✐ · · ·
〈Φ5| ✷✶✷✶✳✾ ✵✳✶✽✺ ✲✵✳✵✻✸✐ ✵✳✵✵✼ ✲✵✳✵✵✶✐ ✲✵✳✶✾✻ ✰✵✳✵✵✻✐ ✲✵✳✷✶✻ ✲✵✳✻✸✸✐ ✵✳✵✵✻ ✲✵✳✵✵✶✐ · · ·
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳

❚❛❜❧❡ ✶✳✹ ✕ ❉é❝♦♠♣♦s✐t✐♦♥ ❞❡s ét❛ts s♣✐♥✲♦r❜✐t❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ét❛ts s♣✐♥✲❢r❡❡✱ ❧❡s
é♥❡r❣✐❡s E s♦♥t ❞♦♥♥é❡s ❡♥ ❝♠−1

▲✬♦❜❥❡❝t✐❢ ét❛♥t ❞❡ r❡♣rés❡♥t❡r ❧❛ ❧❡✈é❡ ❞❡ ❞é❣é♥ér❡s❝❡♥❝❡ ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ♣❛r
❧❡s ♣❛r❛♠ètr❡s ❩❋❙✱ ❧✬❡s♣❛❝❡ ♠♦❞è❧❡ ❡st ❞❡ ❞✐♠❡♥s✐♦♥ tr♦✐s ❡t ❝♦♠♣♦sé ❞❡ |S = 1,MS〉
❛✈❡❝ MS = 0,±1✳ ▲❡s ét❛ts ❙❖ ❛✈❡❝ ❧❛ ♣❧✉s ✐♠♣♦rt❛♥t❡ ♣r♦❥❡❝t✐♦♥ s✉r ❧✬❡s♣❛❝❡ ♠♦❞è❧❡
s♦♥t ❛❧♦rs sé❧❡❝t✐♦♥♥és ❀ ✐❧ s✬❛❣✐t ❞❡s ét❛ts Φ1,Φ2,Φ3 ❞❡ ♣r♦❥❡❝t✐♦♥ r❡s♣❡❝t✐✈❡ ✵✳✾✺✸✱ ✵✳✾✺✸
❡t ✵✳✾✽✾✳ ❈❡s tr♦✐s ét❛ts ❢♦r♠❡♥t ❞♦♥❝ ❧✬❡s♣❛❝❡ ❝✐❜❧❡✳ ▲❡s ❢♦♥❝t✐♦♥s ❞✬♦♥❞❡s ❛ss♦❝✐é❡s à ❝❡s
ét❛ts s♦♥t ❛❧♦rs tr♦♥q✉é❡s ♣♦✉r ♥❡ ♣❧✉s ❞é♣❡♥❞r❡ ❞❡s ❛✉tr❡s ét❛ts tr✐♣❧❡ts ❡t s❡r♦♥t ♥♦té❡s
Φ′

1,Φ
′
2,Φ

′
3✳ ❈❡tt❡ tr❛♥s❢♦r♠❛t✐♦♥ ❡♥tr❛✐♥❛♥t ❧❛ ♣❡rt❡ ❞❡ ❧✬♦rt❤♦♥♦r♠❛❧✐s❛t✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s

❞✬♦♥❞❡s✱ ❧❛ ♠❛tr✐❝❡ ❞❡ r❡❝♦✉✈r❡♠❡♥t ❡st ❛❧♦rs ❝❛❧❝✉❧é❡ ❡t ❞♦♥♥é❡ ❞❛♥s ❧❡ t❛❜❧❡❛✉ ✶✳✺✳

❙ |Φ′
1〉 |Φ′

2〉 |Φ′
3〉

〈Φ′
1| ✵✳✾✵✽✵✵✷ ✵✳✵✵✵✷✼✼ ✰ ✐ ✲✵✳✵✵✵✸✹✾ ✵✳✵✵✶✻✽✶ ✰ ✐ ✵✳✵✵✵✵✽✷

〈Φ′
2| ✵✳✵✵✵✷✼✼ ✰ ✐ ✵✳✵✵✵✸✹✾ ✵✳✾✵✾✵✵✹ ✵✳✵✵✷✷✶✸ ✰ ✐ ✵✳✵✵✸✵✽✺

〈Φ′
3| ✵✳✵✵✶✻✽✶ ✰ ✐ ✲✵✳✵✵✵✵✽✷ ✵✳✵✵✷✷✶✸ ✰ ✐ ✲✵✳✵✵✸✵✽✺ ✵✳✾✼✽✸✷✶

❚❛❜❧❡ ✶✳✺ ✕ ▼❛tr✐❝❡ ❞❡ r❡❝♦✉✈r❡♠❡♥t ❙

▲✬♦rt❤♦♥♦r♠❛❧✐s❛t✐♦♥ ❡st ❛❧♦rs rét❛❜❧✐❡ ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ❞❡s ❈❧♦✐③❡❛✉① q✉✐ ❞♦♥♥❡ ❧❡s

✹✷
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❢♦♥❝t✐♦♥s ❞✬♦♥❞❡ Φ̃k ❣râ❝❡ à ❧✬éq✉❛t✐♦♥ ✭✶✳✶✹✻✮✱ ❧❡ rés✉❧t❛t ❡st ❞♦♥♥é ❞❛♥s ❧❡ t❛❜❧❡❛✉ ✶✳✻✳

E |S = 1,Ms = −1〉 |S = 1,Ms = 0〉 |S = 1,Ms = 1〉
〈
Φ̃1

∣∣∣ ✵ ✵✳✺✷✽ ✲✵✳✹✼✶✐ ✲✵✳✵✶✵ ✲✵✳✵✵✽ ✐ ✵✳✷✾✷ ✲✵✳✻✹✹ ✐
〈
Φ̃2

∣∣∣ ✷✳✶✹ ✵✳✼✵✺ ✲✵✳✵✹✵✐ ✲✵✳✵✺✶ ✰ ✵✳✵✶✹ ✐ ✲✵✳✻✷✽ ✰ ✐ ✵✳✸✷✸✐
〈
Φ̃3

∣∣∣ ✶✶✽✳✶✹ ✲✵✳✵✸✵ ✲✵✳✵✷✹ ✐ ✲✵✳✼✼✺ ✲✵✳✻✸✵ ✐ ✵✳✵✷✾ ✰ ✐ ✵✳✵✷✺

❚❛❜❧❡ ✶✳✻ ✕ Pr♦❥❡❝t✐♦♥s ♦rt❤♦♥♦r♠❛❧✐sé❡s ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ❞❡ ❈❧♦✐③❡❛✉①✱ ❧❡s é♥❡r❣✐❡s E
s♦♥t ❡♥ ❝♠−1

▲✬❤❛♠✐❧t♦♥✐❡♥ ❡✛❡❝t✐❢ ♣❡✉t ❛❧♦rs êtr❡ ❝♦♥str✉✐t ❡♥ s✉✐✈❛♥t ❧✬éq✉❛t✐♦♥ ✭✶✳✶✹✽✮ ❛✈❡❝ ❧❡s
é♥❡r❣✐❡s ❡①❛❝t❡s ❡t ❡st ♣rés❡♥té ❞❛♥s ❧❡ t❛❜❧❡❛✉ ✶✳✼✳

Heff |S = 1,MS = −1〉 |S = 1,MS = 0〉 |S = 1,MS = 1〉
〈S = 1,MS = −1| ✶✳✷✹✶ ✹✳✹✹✻ ✲ ✵✳✶✵✽✐ ✲✶✳✶✹✾ ✲ ✵✳✹✷✼ ✐
〈S = 1,MS = 0| ✹✳✹✹✻ ✰ ✵✳✶✵✽✐ ✶✶✼✳✽✵✷ ✲✹✳✹✹✻ ✰ ✵✳✶✵✽ ✐
〈S = 1,MS = 1| ✲✶✳✶✹✾ ✰ ✵✳✹✷✼✐ ✲✹✳✹✹✻ ✲ ✵✳✶✵✽✐ ✶✳✷✹✶

❚❛❜❧❡ ✶✳✼ ✕ ❍❛♠✐❧t♦♥✐❡♥ ❡✛❡❝t✐❢

❊♥ ❝♦♠♣❛r❛♥t t❡r♠❡ à t❡r♠❡ ❧❡s é❧é♠❡♥ts ❞❡ ❧✬❤❛♠✐❧t♦♥✐❡♥ ❡✛❡❝t✐❢ ❛✈❡❝ ❝❡✉① ❞❡ ❧✬❤❛♠✐❧✲
t♦♥✐❡♥ ♠♦❞è❧❡ ❞❡ ❧❛ t❛❜❧❡ ✭✶✳✺✷✮✱ ♦♥ ❞é❞✉✐t ❧❡s ❝♦♠♣♦s❛♥t❡ ❞✉ t❡♥s❡✉r D✳

D =



Dxx Dxy Dxz

Dxy Dyy Dyz

Dxz Dyz Dzz


 =




57.752 −0.427 −6.288
−0.427 60.049 0.152
−6.288 0.152 −57.660


 ✭✶✳✶✹✾✮

■❧ ♥❡ r❡st❡ ♣❧✉s q✉✬à ❞✐❛❣♦♥❛❧✐s❡r ❧❡ t❡♥s❡✉r ❛✈❡❝ ❧❛ ♠❛tr✐❝❡ ❞❡ ♣❛ss❛❣❡ P s❡❧♦♥

D = P−1D
diag

P ♣♦✉r ♦❜t❡♥✐r ✿

D
diag

=



60.142 0 0

0 58.002 0
0 0 −58.002


 ✭✶✳✶✺✵✮

▲❛ tr❛❝❡ ❞❡ ❝❡ t❡♥s❡✉r ♣❡✉t êtr❡ ❝❤♦✐s✐❡ ❝♦♠♠❡ ♥✉❧❧❡ ❝❛r ❝❡❧❛ r❡✈✐❡♥t à tr❛♥s❧❛t❡r ❧❡ ③ér♦
❡♥ é♥❡r❣✐❡ ❞❡s ❝♦♠♣♦s❛♥t❡s ❞❡ s♣✐♥ ❞✉ tr✐♣❧❡t ❢♦♥❞❛♠❡♥t❛❧✳ ▲❡ s②stè♠❡ ❞✬❛①❡ ♣r♦♣r❡ ❞✉
t❡♥s❡✉r ❞♦♥♥❡♥t ❧❡s ❛①❡s ♠❛❣♥ét✐q✉❡s s❡❧♦♥ ❧✬éq✉❛t✐♦♥ ✭✶✳✶✺✶✮✱ q✉✐ s♦♥t r❡♣rés❡♥tés s✉r ❧❛
✜❣✉r❡ ✶✳✺✳ 


Xmag

Ymag

Zmag


 = P−1



x
y
z


 ✭✶✳✶✺✶✮

❖♥ ❛ ❛✐♥s✐ ❧❡s ♣❛r❛♠ètr❡s D ❡t E ❡♥ r❡s♣❡❝t❛♥t |D| > 3E ❡t E ≥ 0

D = −117.072 ❝♠−1 & E = 1.070 ❝♠−1

✹✸
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❋✐❣✉r❡ ✶✳✺ ✕ ❆①❡s ♠❛❣♥ét✐q✉❡s ❞✉ ❝♦♠♣❧❡①❡ [Ni(Me6tren)Br]
+

❈❡tt❡ ♣r♦❝é❞✉r❡ ♣❡r♠❡t ❞♦♥❝ ❜✐❡♥ ❞❡ ❞é❞✉✐r❡ ❧❡s ♣❛r❛♠ètr❡s ❞❡ ❩❋❙✱ ❞❡ r❡tr♦✉✈❡r
❧❡s ❛①❡s ♠❛❣♥ét✐q✉❡s ❡t s✉rt♦✉t ✐❝✐ ❞❡ ✈❛❧✐❞❡r ✉♥ ❤❛♠✐❧t♦♥✐❡♥ ❡✛❡❝t✐❢ ❛✈❡❝ s❡✉❧❡♠❡♥t ✉♥
t❡♥s❡✉r ❞✬♦r❞r❡ ❞❡✉① ❡t ❞❡✉① ♣❛r❛♠ètr❡s ✐♥❞é♣❡♥❞❛♥ts✳

✹✹



❈❤❛♣✐tr❡ ✷

❙tr❛té❣✐❡s ♣♦✉r ❛❝❝r♦✐tr❡ ❧✬❛♥✐s♦tr♦♣✐❡

♠❛❣♥ét✐q✉❡ ❞❛♥s ❧❡s ❝♦♠♣❧❡①❡s

♠♦♥♦♥✉❝❧é❛✐r❡s

❉❡ ♥♦♠❜r❡✉① ❝♦♠♣❧❡①❡s ♠♦♥♦♥✉❝❧é❛✐r❡s ♦♥t été ét✉❞✐és ❛✜♥ ❞❡ r❡❝✉❡✐❧❧✐r ❧❡✉rs ♣❛r❛✲
♠ètr❡s ♠❛❣♥ét✐q✉❡s ❬✶✼❪✳ ▲❛ ✈❛❧❡✉r ❞✉ ♣❛r❛♠ètr❡ D ❞✉ ❩❡r♦✲❋✐❡❧❞ ❙♣❧✐tt✐♥❣ ♣❡✉t ✈❛r✐❡r
❢♦rt❡♠❡♥t ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♠ét❛❧✱ ❞❡ s♦♥ ❞❡❣ré ❞✬♦①②❞❛t✐♦♥ ❡t ❞❡ s♦♥ ❡♥✈✐r♦♥♥❡♠❡♥t ✭❝❢✳
t❛❜❧❡❛✉ ✷✳✶✮✳ ▲❡s ❞✐✛ér❡♥ts ❧✐❣❛♥❞s ♣rés❡♥t❡♥t ❞✐✛ér❡♥ts ❝❛r❛❝tèr❡s ❡t ❡♥ ♣r❡♠✐❡r ❧✐❡✉ ❧❡
♥♦♠❜r❡ ❞❡ ❝♦♦r❞✐♥❛t✐♦♥ ♦✉ ❧❛ ❢♦r♠❡ ❣é♦♠étr✐q✉❡ q✉✐ ❥♦✉❡ ✉♥ rô❧❡ ♣ré♣♦♥❞ér❛♥t ♣♦✉r ❧✬❛♥✐✲
s♦tr♦♣✐❡ ♠❛❣♥ét✐q✉❡✳ P♦✉r ❝♦♠♠❡♥❝❡r✱ ♥♦✉s ❛❧❧♦♥s ♥♦✉s ✐♥tér❡ss❡r à ❧❛ ❝♦♦r❞✐♥❛t✐♦♥ ❞✉
❝♦♠♣❧❡①❡✳

✷✳✶ ▲❡s ❝♦♠♣❧❡①❡s à ❝♦♦r❞✐♥❛t✐♦♥s ❡①♦t✐q✉❡s

❆✜♥ ❞✬❛❝❝r♦✐tr❡ ❧❡s ♣❛r❛♠ètr❡s ❞✬❛♥✐s♦tr♦♣✐❡ ♠❛❣♥ét✐q✉❡ ❡t ❡♥ ♣❛rt✐❝✉❧✐❡r ❧❛ ✈❛❧❡✉r
❞❡ D ❞❛♥s ❧❡s ❝♦♠♣❧❡①❡s ♠♦♥♦✲♠ét❛❧❧✐q✉❡s ❞❡ ♠ét❛✉① ❞❡ tr❛♥s✐t✐♦♥ ❞❡ ❧❛ q✉❛tr✐è♠❡ ♣é✲
r✐♦❞❡✱ ✉♥❡ ✈♦✐❡ ❞❡ r❡❝❤❡r❝❤❡ ❡♥✈✐s❛❣é❡ ❛ été ❞❡ ❝❤♦✐s✐r ❞❡s ❧✐❣❛♥❞s ❞❡ s♦rt❡ à ♦❜t❡♥✐r ✉♥❡
❝♦♦r❞✐♥❛t✐♦♥ é❧♦✐❣♥é❡ ❞❡s ❝❛s ♦❝t❛é❞r✐q✉❡ ♦✉ tétr❛é❞r✐q✉❡ ❬✶✾✱✺✶❪✳

❊♥ ❡✛❡t✱ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ❣é♦♠étr✐❡ ♦❝t❛é❞r✐q✉❡ Oh ♣♦✉r ✉♥ ❝♦♠♣❧❡①❡ ❞❡ ◆✐II ✱ ❧❡s ❤✉✐t
é❧❡❝tr♦♥s ❞❡s ♦r❜✐t❛❧❡s 3d s♦♥t ré♣❛rt✐s ❝♦♠♠❡ r❡♣rés❡♥té s✉r ❧❛ ✜❣✉r❡s ✷✳✶✳ ❊♥ r❡♣rés❡♥✲
t❛♥t ❧❛ ❢♦♥❝t✐♦♥s ❞✬♦♥❞❡ ♣♦✉r ❧❡s tr♦✉s ♣♦✉r ✉♥ s②stè♠❡ ❞✬❛①❡s ❛❞❛♣tés ❞❡ ❝❡ ❝♦♠♣❧❡①❡✱
✐❧ ❛♣♣❛r❛✐t q✉❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❡st ✉♥ tr✐♣❧❡t ♥♦♥ ❞é❣é♥éré ✭3A2g ❡♥ ♥♦t❛t✐♦♥ s♣❡❝tr♦✲
s❝♦♣✐q✉❡✮ ❡t q✉❡ ❧❡s tr♦✐s ♣r❡♠✐❡rs tr✐♣❧❡ts ❡①❝✐tés s♦♥t ❞é❣é♥érés ✭3T2g✱ ❝❢✳ ✜❣✉r❡ ✷✳✷✮✳

▲❡ ❝❛❧❝✉❧ ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ s♣✐♥✲♦r❜✐t❡ ✭❝❢✳ ✶✳✷✼✮ V̂SO =
∑

i ζl̂i.ŝi s✉r ❧❡s ❞✐✛ér❡♥ts ét❛ts
tr✐♣❧❡ts ❡st ❡✛❡❝t✉é ❡t ❧❡s é❧é♠❡♥ts ❞❡ ♠❛tr✐❝❡s ❝♦rr❡s♣♦♥❞❛♥t s♦♥t rés✉♠és ❞❛♥s ❧❡ t❛❜❧❡❛✉
✷✳✷✳ ❊♥s✉✐t❡✱ à ❧✬❛✐❞❡ ❞❡ ❧❛ ❢♦r♠✉❧❡ ❞é✜♥✐ss❛♥t ❧❡ t❡♥s❡✉r ❉ ✭✶✳✹✽✮✱ ♦✉ ♣❧✉s s✐♠♣❧❡♠❡♥t ♣❛r
❧❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s q✉❛s✐✲❞é❣é♥éré ✭◗❉P❚✮ ✿

〈
T i
0

∣∣ ĤSO

∣∣T j
0

〉
=
〈
T i
0

∣∣ V̂SO
∣∣T j

0

〉
−
∑

α

〈T i
0| V̂SO |Φα〉 〈Φα| V̂SO

∣∣T j
0

〉

Eα − Ej
✭✷✳✶✮

✹✺
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❈♦♠♣♦sé ♥❝✯ D ✭❝♠−1✮

d2
[C(NH2)3]V

III(SO4)2 · 6H2O ✻ ✰✸✳✼✹
Cs3V

IIICl6 · 4H2O ✻ ✰✽✳✵✺

d3
[CrIII(NH3)6](ClO4)2Br · CsBr ✻ ✰✵✳✶✽

[CrIII(dedtc)3]
❛ ✻ ✰✵✳✻

d4
[MnIII(TPP )Cl(pyridine)] · C6H6

❜ ✻ ✲✸✳✺
[MnIII(acetylacetonato)3] ✻ ✰✸✳✶

d5

[MnII(bzimpy)Cl2] · 0.5MeOH❝ ✺ ✲✷✳✼✸
[MnII(Me6tren)Br]Br

❞ ✺ ✰✵✳✷✹
[FeIII(Pydtc3)]

❡ ✻ ✲✷✳✶✹
[FeIII{LNNN}(NO)(N3)2]

❢ ✻ ✰✶✸✳✻

d6
[FeII(2, 2′ − bipyridyl)Cl2] ✺ ✲✷
[FeII(phtalatocyanine)] ✹ ✰✼✵

K[CoIII(3− propyl − biuret)2] ✹ ✰✹✵✳✾

d7
[CoII{LNNNOO}]❣ ✺ ✲✸✽✳✾
[CoII(bzimpy)Cl2]

❞ ✺ ✰✼✸✳✹

d8
[NiII(imidazole)4(acetato)2] ✻ ✲✷✷✳✸✹

[NiII{LNNSS}]❤ ✹ ✰✺✸
✯ ♥❝ ✿ ♥♦♠❜r❡ ❞❡ ❝♦♦r❞✐♥❛t✐♦♥
❛ ❞❡❞t❝ ✿❞✐❡t❤②❧❞✐t❤✐♦❝❛r❜❛♠❛t♦✭1−✮
❜ ❚PP ✿ t❡tr❛♣❤❡♥②❧♣♦r♣❤②r✐♥❛t♦✭2−✮
❝ ❜③✐♠♣② ✿ ❜✐s✭❜❡♥③✐♠✐❞❛③♦❧❡✮♣②r✐❞✐♥❡
❞ tr❡♥ ✿ ✷✱✷✬✱✷✑✲tr✐❛♠✐♥♦tr✐❡t❤②❧❛♠✐♥❡
❡ P②❞t❝ ✿♣②rr♦❧✐❞✐♥❡✲✶✲❝❛r❜♦❞✐t❤✐♦❧❛t♦✭1−✮
❢ {LNNN} ✿ ✶✱✹✱✼✲tr✐♠❡t❤②❧✲✶✱✹✱✼✲tr✐❛③❛❝②❝❧♦♥♦♥❛♥❡
❣ {LNNNOO} ✿ ◆✱◆✲❜✐s✭✸✲t❡rt✲❜✉t②❧✲✷✲❤②❞r♦①②✲✺✲♠❡t❤②❧✲
❜❡♥③②❧✐❞❡♥✮✲✶✱✼✲❞✐❛♠✐♥♦✲✹✲♠❡t❤②❧✲✹✲❛③❛❤❡♣t❛♥❡

❤ {LNNSS} ✿ ✺✲❢♦r♠②❧♣②r❛③♦❧❡✲❜❛s❡❞ t❤✐♦❧❛t♦ ❙❝❤✐✛ ❜❛s❡

❚❛❜❧❡ ✷✳✶ ✕ ❱❛❧❡✉rs ❞✉ ♣❛r❛♠ètr❡ D ❞❡ ❩❋❙ ♣♦✉r ❞✐❢✲
❢ér❡♥ts ❝♦♠♣❧❡①❡s ♠♦♥♦♥✉❝❧é❛✐r❡s ❞✬❛♣rès ❞❡s ♠❡s✉r❡s ❞❡
s✉s❝❡♣t✐❜✐❧✐té ❬✶✼❪

❋✐❣✉r❡ ✷✳✶ ✕ ❖r❜✐t❛❧❡s ❞✉
❝♦♠♣❧❡①❡ ❞❡ ◆✐II ❡♥ ❣é♦♠é✲
tr✐❡ ♦❝t❛é❞r✐q✉❡

❋✐❣✉r❡ ✷✳✷ ✕ ➱t❛t ❢♦♥❞❛♠❡♥t❛❧ ❡t ♣r❡♠✐❡rs ét❛ts ❡①❝✐tés ❞é❣é♥érés
♣♦✉r ✉♥❡ s②♠étr✐❡ ♦❝t❛é❞r✐q✉❡✱ ❡♥ r❡♣rés❡♥t❛♥t ✉♥✐q✉❡♠❡♥t ❧❡s ♦r❜✐t❛❧❡s
3d ❞✉ ♥✐❝❦❡❧ s✐♠♣❧❡♠❡♥t ♦❝❝✉♣é❡s✳

✹✻
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V̂SO
∣∣T+1

1

〉
|T 0

1 〉
∣∣T−

1 1
〉 ∣∣T+1

2

〉
|T 0

2 〉
∣∣T−

2 1
〉 ∣∣T+1

3

〉
|T 0

3 〉
∣∣T−

3 1
〉

〈
T+1
0

∣∣ iζ ✵ ✵ ✵ iζ√
2

✵ ✵ − ζ√
2

✵

〈T 0
0 | ✵ ✵ ✵ iζ√

2
✵ − iζ√

2

ζ√
2

✵ − ζ√
2

〈
T−1
0

∣∣ ✵ ✵ −iζ ✵ iζ√
2

✵ ✵ ζ√
2

✵

❚❛❜❧❡ ✷✳✷ ✕ ➱❧é♠❡♥ts ❞❡ ♠❛tr✐❝❡ ❞❡ ❧✬❤❛♠✐❧t♦♥✐❡♥ s♣✐♥✲♦r❜✐t❡ ❡♥ ❣é♦♠étr✐❡ ♦❝t❛é❞r✐q✉❡

♦♥ ♣❡✉t ❞é❞✉✐r❡ ❧✬é✈❡♥t✉❡❧❧❡ ♠♦❞✐✜❝❛t✐♦♥ ❞✉ s♣❡❝tr❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬ét❛t ❞❡ s♣✐♥✳ ❖♥
♦❜t✐❡♥t ❧❛ ♠❛tr✐❝❡ s✉✐✈❛♥t❡ ✿

ĤSO =



−2ζ2

∆
0 0

0 −2ζ2

∆
0

0 0 −2ζ2

∆


 ✭✷✳✷✮

❚♦✉t❡s ❧❡s ❝♦♠♣♦s❛♥t❡s MS ♦♥t ♠ê♠❡ é♥❡r❣✐❡✱ ✐❧ ♥✬② ❛ ❞♦♥❝ ♣❛s ❞❡ ❩❋❙✳

❆✉ ❝♦♥tr❛✐r❡✱ ❞❛♥s ❧❡ ❝❛s ❞❡ ❝♦♦r❞✐♥❛t✐♦♥ ❡①♦t✐q✉❡✱ ❧❛ ♣❡rt❡ ❞❡ s②♠étr✐❡ ❞✉ ❝❤❛♠♣
❝r✐st❛❧❧✐♥ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ✉♥❡ ❧❡✈é❡ ❞❡ ❞é❣é♥ér❡s❝❡♥❝❡ ❡♥tr❡ ❧❡s ❞✐✛ér❡♥t❡s ♦r❜✐t❛❧❡s 3d
❞✉ ♠ét❛❧ ❛✉t♦r✐s❛♥t✱ ❞ès ❧♦rs✱ ❧✬♦❜t❡♥t✐♦♥ ❞✬✐♠♣♦rt❛♥t❡ ✈❛❧❡✉r ❞❡ D✳
▲✬♦❜❥❡❝t✐❢ s❡r❛✱ ♣❛r ❧❛ s✉✐t❡✱ ❞✬ét✉❞✐❡r s✉r ❞❡s ❝♦♠♣❧❡①❡s ré❡❧s✱ ❧❡s ❡✛❡ts ❞❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥
❧✐❣❛♥❞ ♣❡r♠❡tt❛♥t ❞❡ ♣r✐✈✐❧é❣✐❡r ✉♥ ❛①❡ ♠❛❣♥ét✐q✉❡ ♣♦✉r ♦❜t❡♥✐r ❞❡s ✈❛❧❡✉rs ❞❡ D ❣r❛♥❞❡s
❡t ❞❡ E ♣❡t✐t❡s✳ P❛r ✉♥❡ ét✉❞❡ ❝♦♥❥♦✐♥t❡ ❞✬❡①♣ér✐♠❡♥t❛t❡✉rs ❡t ❞❡ t❤é♦r✐❝✐❡♥s✱ ✐❧ s✬❛❣✐r❛
❞❡ ❝♦♥✜r♠❡r✱ ♦✉ é✈❡♥t✉❡❧❧❡♠❡♥t ❞❡ ♣ré✈♦✐r✱ ♣❛r ✉♥ ❝❛❧❝✉❧ t❤é♦r✐q✉❡ à ❧✬❛✐❞❡ ❞❡s ♠ét❤♦❞❡s
✐♥tr♦❞✉✐t❡s ❛✉ ❝❤❛♣✐tr❡ ✶✱ ❧❡s ✈❛❧❡✉rs ❞❡ ♠❡s✉r❡s ❡①♣ér✐♠❡♥t❛❧❡s ❞✉ ❩❋❙ ❞ét❡r♠✐♥é❡s à
❧✬❛✐❞❡ ❞❡ rés♦♥❛♥❝❡s ♣❛r❛♠❛❣♥ét✐q✉❡s é❧❡❝tr♦♥✐q✉❡s à ❤❛✉t❡ ❢réq✉❡♥❝❡ ❡♥ ❝❤❛♠♣ ✐♥t❡♥s❡✱ ❞❡
♠❡s✉r❡s ❞✬❛✐♠❛♥t❛t✐♦♥ à ❜❛ss❡ t❡♠♣ér❛t✉r❡ ♦✉ ❞❡ ♠❡s✉r❡s ❞❡ s✉s❝❡♣t✐❜✐❧✐tés ♠❛❣♥ét✐q✉❡s✳

❈❡tt❡ ét✉❞❡ ♣♦rt❡r❛✱ ❡♥ ♣r❡♠✐❡r ❧✐❡✉ s✉r ❞❡s ❝♦♠♣❧❡①❡s ❤❡♣t❛❝♦♦r❞♦♥és ❬✺✷❪ ❞❡ ◆✐II ✿
❬◆✐✭❍2❉❆P❇❍✮✭❍2❖✮2❪✭◆❖3✮✳✷❍2❖ ❡t ❞❡ ❈♦II ✿ ❬❈♦✭❍2❉❆P❇❍✮✭❍2❖✮✭◆❖3✮❪◆❖3 ♣✉✐s
s✉r ❞❡s ❝♦♠♣❧❡①❡s ♣❡♥t❛❝♦♦r❞♦♥és ❬✺✸❪ ❞❡ ◆✐II ❞ét❛✐❧❧és ❧❛ ♣❛rt✐❡ s✉✐✈❛♥t❡ ✷✳✷✳ ▲❡s ❝♦♠✲
♣❧❡①❡s ❤❡♣t❛❝♦♦r❞♦♥♥és✱ ❞é❝r✐t ❞❛♥s ❧✬❛rt✐❝❧❡ q✉✐ s✉✐t ❬✺✹❪✱ s♦♥t ❢♦r♠és ❞✬✉♥ ❧✐❣❛♥❞ ♣❡♥t❛✲
❞❡♥t❡ ❞❡ str✉❝t✉r❡ q✉❛s✐✲♣❧❛♥❛✐r❡ ✭✷✱✻✲❞✐❛❝❡t②❧♣②r✐❞✐♥❡ ❜✐s✲✭❜❡♥③♦②❧ ❤②❞r❛③♦♥❡✮✮ ❡t ❞❡✉①
❝♦♥tr❡✲✐♦♥s ❝❤❧♦r✉r❡ ❡t✴♦✉ ♥✐tr❛t❡ ❞❡ ♣❛rt ❡t ❞✬❛✉tr❡ ❞✉ ❧✐❣❛♥❞ ♣❧❛♥ ❛✜♥ ❞✬♦❜t❡♥✐r ✉♥❡
str✉❝t✉r❡ ❞❡ ❜✐✲♣②r❛♠✐❞❡ ♣❡♥t❛❣♦♥❛❧❡✳ ❈❡tt❡ ❣é♦♠étr✐❡ ♣❡r♠❡t ❞✬♦❜s❡r✈❡r ❡✛❡❝t✐✈❡♠❡♥t
✉♥ ❛①❡ ♠❛❣♥ét✐q✉❡ ♣❛rt✐❝✉❧✐❡r ♣♦✉r ❧❛ ❞✐r❡❝t✐♦♥ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ ❛✉ ❧✐❣❛♥❞ ♣❧❛♥ ❛✈❡❝ ✉♥
❛①❡ ❞❡ ❢❛❝✐❧❡ ❛✐♠❛♥t❛t✐♦♥ ❡t ✉♥❡ ✈❛❧❡✉r ❞❡ D ♥é❣❛t✐✈❡ ❡t r❡❧❛t✐✈❡♠❡♥t ✐♠♣♦rt❛♥t❡ ♣♦✉r ❧❡
❝♦♠♣❧❡①❡ ❞❡ ♥✐❝❦❡❧ ❡t✱ ♣♦✉r ❧❡ ❝♦♠♣❧❡①❡ ❞❡ ❝♦❜❛❧t✱ ✉♥ ❛①❡ ❞❡ ❞✐✣❝✐❧❡ ❛✐♠❛♥t❛t✐♦♥ s❡❧♦♥
❧❛ ❞✐r❡❝t✐♦♥ ❞❡s ❧✐❣❛♥❞s ❛①✐❛✉① ❡t ❞♦♥❝ ✉♥ ♣❧❛♥ ❞❡ ❢❛❝✐❧❡ ❛✐♠❛♥t❛t✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t ❛✉
♣❧❛♥ ❞✉ ❧✐❣❛♥❞ ❡t ❞♦♥♥❡ ✉♥❡ ✈❛❧❡✉r ♣♦s✐t✐✈❡ ❞❡ D✳ ▲❛ ❞é❞✉❝t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞❡ ❩❋❙
s✬❡✛❡❝t✉❡ ♣❛r ❞❡s ♠ét❤♦❞❡s ❡①♣ér✐♠❡♥t❛❧❡s ❡t t❤é♦r✐q✉❡s✱ ❛✈❡❝ ✉♥ ❜♦♥ ❛❝❝♦r❞✱ à ❧❛ ❢♦✐s
s✉r ❧❡s s✐❣♥❡s ❡t s✉r ❧✬❛♠♣❧✐t✉❞❡ ❞❡s ✈❛❧❡✉rs✳ ▲❡s ❝❛❧❝✉❧s ♥✉♠ér✐q✉❡s s♦♥t ❡✛❡❝t✉és ❛✈❡❝ ❧❡
♣r♦❣r❛♠♠❡ ❖❘❈❆ ❬✹✶❪ à ❧✬❛✐❞❡ ❞✬✉♥ ❝❛❧❝✉❧ ❈❆❙❙❈❋✱ ❧❛ ❝♦rré❧❛t✐♦♥ ❞②♥❛♠✐q✉❡ ❡st ♣r✐s❡ ❡♥
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❋✐❣✉r❡ ✷✳✸ ✕ ❖r❜✐t❛❧❡s ❞✉ ❝♦♠♣❧❡①❡ ❞❡ ◆✐II ❡♥
❣é♦♠étr✐❡ D5h

❋✐❣✉r❡ ✷✳✹ ✕ ❖r❜✐t❛❧❡s ❞❡s ❝♦♠♣❧❡①❡s ❤❡♣t❛✲
❝♦♦r❞♦♥és ❬✺✹❪

❋✐❣✉r❡ ✷✳✺ ✕ ❉✐❛❣r❛♠♠❡ ❞❡s ♦r❜✐t❛❧❡s ❞❡ ❧✬ét❛t
❢♦♥❞❛♠❡♥t❛❧ ❡t ♥♦♠❜r❡ q✉❛♥t✐q✉❡ ♦r❜✐t❛❧ ❛ss♦❝✐é

❋✐❣✉r❡ ✷✳✻ ✕ ❉✐❛❣r❛♠♠❡ ❞❡s ♦r❜✐t❛❧❡s ❞✉ ♣r❡✲
♠✐❡r ét❛t ❡①❝✐té ❡t ♦♣ér❛t❡✉r ❞✬✐♥t❡r❛❝t✐♦♥ s♣✐♥✲
♦r❜✐t❡ ♣❡r♠❡tt❛♥t ✉♥ ❝♦✉♣❧❛❣❡ ❛✈❡❝ ❧✬ét❛t ❢♦♥❞❛✲
♠❡♥t❛❧

❝♦♥s✐❞ér❛t✐♦♥ ❣râ❝❡ à ◆❊❱P❚✷✱ ❧❡s ❝♦rr❡❝t✐♦♥s r❡❧❛t✐✈✐st❡s ❣râ❝❡ à ❩❖❘❆✱ ❡t ❛✉① ❝❛❧❝✉❧s
❞❡s ❝♦✉♣❧❛❣❡s s♣✐♥✲♦r❜✐t❡ ❡t s♣✐♥✲s♣✐♥✳

❉❡ ♣❧✉s✱ ❝❡s ❝❛❧❝✉❧s ❞♦♥♥❡♥t ❛❝❝ès✱ ❡ss❡♥t✐❡❧❧❡♠❡♥t ♣❛r ❧✬é✈❛❧✉❛t✐♦♥ ❞✉ ❝♦✉♣❧❛❣❡ s♣✐♥✲
♦r❜✐t❡ ❡♥tr❡ ❧❡s ❞✐✛ér❡♥t❡s ❝♦♠♣♦s❛♥t❡s MS ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❡t ❞❡s ♣r❡♠✐❡rs ét❛ts
❡①❝✐tés✱ à ❧✬♦r✐❣✐♥❡ ❞❡ ❧✬❛♥✐s♦tr♦♣✐❡ ♠❛❣♥ét✐q✉❡✳ P❛r ✉♥❡ ♠ét❤♦❞❡ ❞❡ r❛t✐♦♥❛❧✐s❛t✐♦♥✱ ❧❡s
❞✐✛ér❡♥t❡s ❝♦♥tr✐❜✉t✐♦♥s ❞❡s ét❛ts ❡①❝✐tés ❛✉① ✈❛❧❡✉rs ❞❡ D ❡t E ♣❡✉✈❡♥t ❛❧♦rs êtr❡ ❛♥❛✲
❧②sé❡s ❡t ✐♥t❡r♣rété❡s ❡♥ ❞ér✐✈❛♥t ❛♥❛❧②t✐q✉❡♠❡♥t ❧❡s ✐♥t❡r❛❝t✐♦♥s s♣✐♥✲♦r❜✐t❡s ❡♥tr❡ ❧✬ét❛t
❢♦♥❞❛♠❡♥t❛❧ ❡t ❧❡s ♣r❡♠✐❡rs ét❛ts ❡①❝✐tés✳ ▲❛ str✉❝t✉r❡ é❧❡❝tr♦♥✐q✉❡ ❞❡ ❝❡s ét❛ts s✬❡①♣❧✐q✉❡
❣râ❝❡ à ❧❛ ❣é♦♠étr✐❡ ❞✉ ❝♦♠♣❧❡①❡ ❡t ✉♥❡ ❝♦rré❧❛t✐♦♥ ♠❛❣♥ét♦✲str✉❝t✉r❛❧❡ ♣❡✉t êtr❡ ét❛❜❧✐❡✳
❊♥ ❡✛❡t✱ ❧❡ ❝❤♦✐① ❞✉ ❧✐❣❛♥❞ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ✉♥❡ ❣é♦♠étr✐❡ ♣r♦❝❤❡ ❞✉ D5h ❞♦♥♥❡ ❧✐❡✉ à
❧❛ str✉❝t✉r❡ é❧❡❝tr♦♥✐q✉❡ ♣rés❡♥té❡ s✉r ❧❛ ✜❣✉r❡ ✷✳✸ ♣♦✉r ✉♥ ❝♦♠♣❧❡①❡ ❞❡ ◆✐II ✳ ❉❛♥s ♥♦tr❡
❝❛s✱ ❧❛ str✉❝t✉r❡ ♦❜t❡♥✉❡ ❡st ❞♦♥♥é❡ ♣❛r ❧❛ ✜❣✉r❡ ✷✳✹✳ ❉ès ❧♦rs✱ ♣♦✉r ❧❡ ❝♦♠♣❧❡①❡ ❞❡ ♥✐❝❦❡❧✱
à ♣❛rt✐r ❞✬✉♥ ❝❛❧❝✉❧ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ s✉r ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ✭❝❢✳ ✜❣✉r❡ ✷✳✺✮ ❡t ❧❡s tr♦✐s
♣r❡♠✐❡rs ❡①❝✐tés ✭❝❢✳ ✜❣✉r❡s ✷✳✻ ❡t ✷✳✼✱ s❡✉❧s ❧❡s ét❛ts ❞❡ s♣✐♥ ♠❛①✐♠❛❧ s♦♥t r❡♣rés❡♥tés✮✱ ✐❧
❛♣♣❛r❛✐t q✉❡ s❡✉❧ ❧❡s ❞❡✉① ❞❡r♥✐❡rs s♦♥t ♣r♦❝❤❡s ❞❡ ❧❛ ❞é❣é♥ér❡s❝❡♥❝❡✱ ♥♦✉s ❧❡s tr❛✐t❡r♦♥s
❞♦♥❝ s✐♠✉❧t❛♥é♠❡♥t✳

❊♥s✉✐t❡✱ ✉♥ ❝❛❧❝✉❧ ❞✬✐♥t❡r❛❝t✐♦♥ s♣✐♥✲♦r❜✐t❡ ❛♥❛❧♦❣✉❡ ❛✉ ❝❛s ♦❝t❛é❞r✐q✉❡ ♣❡✉t êtr❡
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❋✐❣✉r❡ ✷✳✼ ✕ ❉✐❛❣r❛♠♠❡ ❞❡s ♦r❜✐t❛❧❡s ❞❡s ❞❡✉①✐è♠❡s ❡t tr♦✐s✐è♠❡s ét❛ts ❡①❝✐tés ❡t ♦♣ér❛t❡✉rs ❞✬✐♥t❡r✲
❛❝t✐♦♥ s♣✐♥✲♦r❜✐t❡ ♣❡r♠❡tt❛♥t ✉♥ ❝♦✉♣❧❛❣❡ ❛✈❡❝ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧

❋✐❣✉r❡ ✷✳✽ ✕ ❉✐❛❣r❛♠♠❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡
❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❡t ❧❡ ♣r❡♠✐❡r ét❛t tr✐♣❧❡t ❡①❝✐té

❋✐❣✉r❡ ✷✳✾ ✕ ❉✐❛❣r❛♠♠❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡
❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❡t ❧❡ ❞❡✉①✐è♠❡ ♦✉ tr♦✐s✐è♠❡ ét❛t
tr✐♣❧❡t ❡①❝✐té

❡✛❡❝t✉é ❛✜♥ ❞❡ ❝❛❧❝✉❧❡r ❧❡ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ❝❤❛q✉❡ ét❛t ❡①❝✐té ❡t ❧❡ ❢♦♥❞❛♠❡♥t❛❧✳ ■❧ ❢❛✐t
✐♥t❡r✈❡♥✐r ❞✐✛ér❡♥ts ♦♣ér❛t❡✉rs ♦r❜✐t❛✉① ❡t ❞❡ s♣✐♥ ✐♥❞✐q✉és s✉r ❧❡s ✜❣✉r❡s ♣ré❝é❞❡♥t❡s✳ ❊♥
♥♦t❛♥t q✉❡✱ ♣♦✉r ❧❡ ♣r❡♠✐❡r ét❛t ❡①❝✐té✱ ❧✬✐♥t❡r❛❝t✐♦♥ ❢❛✐t ♣❛ss❡r ✉♥ é❧❡❝tr♦♥ ❞✬✉♥ ♦r❜✐t❛❧❡
❞❡ ♠♦♠❡♥t ♠❛❣♥ét✐q✉❡ ❛ss♦❝✐é à ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❧✐♥é❛✐r❡ ❞❡s ✈❛❧❡✉rs ±2 à ❧✬♦r❜✐t❛❧❡
♣rés❡♥t❛♥t ❧✬❛✉tr❡ ❝♦♠❜✐♥❛✐s♦♥ ❞❡ ±2✱ ❝❡ ♠♦♠❡♥t ♠❛❣♥ét✐q✉❡ r❡st❡ ✐♥❝❤❛♥❣é ❛✉ ❝♦✉rs
❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❡t ❧✬♦♣ér❛t❡✉r q✉❛♥t✐q✉❡ ❡st ❞♦♥❝ ♣r♦♣♦rt✐♦♥♥❡❧ à l̂z.ŝz✳ ❉ès ❧♦rs✱ ❝❡tt❡
❝♦♠♣♦s❛♥t❡ z ❞❡ ❧✬♦♣ér❛t❡✉r ♥✬❛✛❡❝t❡ ♣❛s ❧❡ s♣✐♥ ❡t ❞♦♥♥❡ ✉♥ rés✉❧t❛t ♣r♦♣♦rt✐♦♥♥❡❧ ❛✉
❝❛rré ❞❡ s❛ ✈❛❧❡✉r ✭❝❢✳ éq✉❛t✐♦♥ ✷✳✶✮✱ ❝❡ q✉✐ ❛ ♣♦✉r ❝♦♥séq✉❡♥❝❡ ❞❡ ♥❡ ♣❛s ♠♦❞✐✜❡r ❧✬é♥❡r❣✐❡
❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ MS = 0 ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❛❧♦rs q✉❡ ❧❡s ❝♦♠♣♦s❛♥t❡s MS = ±1 ❞❡
❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ s❡r♦♥t st❛❜✐❧✐sé❡s ✭❝❢✳ ✜❣✉r❡ ✷✳✽✮ ❡t ❞♦♥♥❡r♦♥t ✉♥❡ ❝♦♥tr✐❜✉t✐♦♥ ♥é❣❛t✐✈❡
❛✉ ♣❛r❛♠ètr❡ D ❛✈❡❝ ✉♥❡ ❛♠♣❧✐t✉❞❡ ✐♠♣♦rt❛♥t❡ ❞✉ ❢❛✐t ❞❡ ❧❛ ❢❛✐❜❧❡ ❞✐✛ér❡♥❝❡ ❞✬é♥❡r❣✐❡
❡♥tr❡ ❧❡ tr✐♣❧❡t ❢♦♥❞❛♠❡♥t❛❧ ❡t ❧❡ ♣r❡♠✐❡r tr✐♣❧❡t ❡①❝✐tés✳

❆✉ ❝♦♥tr❛✐r❡✱ ♣♦✉r ❧❡s ❞❡✉① tr✐♣❧❡ts s✉✐✈❛♥t✱ ❧❡s ✐♥t❡r❛❝t✐♦♥s s♣✐♥✲♦r❜✐t❡ r❡q✉✐s❡s s♦♥t s❡✲
❧♦♥ ❧❡s ❝♦♠♣♦s❛♥t❡s x ❡t y✱ ❡❧❧❡s ❝♦✉♣❧❡♥t ❞❡s ✈❛❧❡✉rs ❞✐✛ér❡♥t❡s ❞✉ ♠♦♠❡♥t ♦r❜✐t❛❧ ❡t ❞♦♥❝
❞❡s ♠♦♠❡♥ts ❞❡ s♣✐♥✳ ❉❡ ♣❧✉s✱ ❝♦♠♠❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡s ❞✐✛ér❡♥t❡s ✐♥t❡r❛❝t✐♦♥s s♣✐♥✲♦r❜✐t❡
s♦♥t ❝♦♠♣❛r❛❜❧❡s ❡t ❝♦♠♠❡ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ MS = 0 ❞✉ ❢♦♥❞❛♠❡♥t❛❧
❛✈❡❝ ❧❡s ❝♦♠♣♦s❛♥t❡s MS = ±1 ❞❡ ❝❤❛q✉❡ ét❛t ❡①❝✐té s♦♥t ❞❡✉① ❢♦✐s ♣❧✉s ♥♦♠❜r❡✉s❡s q✉❡
❝❡❧❧❡s ❢❛✐s❛♥t ✐♥t❡r✈❡♥✐r ❝❤❛❝✉♥❡ ❞❡s ❝♦♠♣♦s❛♥t❡sMS = ±1 ❞✉ ❢♦♥❞❛♠❡♥t❛❧ ❛✈❡❝ ✉♥❡ ❝♦♠✲
♣♦s❛♥t❡ MS = 0 ❞✬✉♥ ét❛t ❡①❝✐té✱ ✐❧ s✬❡♥ s✉✐t ✉♥❡ ♣❧✉s ❢♦rt❡ st❛❜✐❧✐s❛t✐♦♥ ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡
❞❡ ♠♦♠❡♥t ❞❡ s♣✐♥ ♥✉❧ q✉❡ ❞❡s ❞❡✉① ❛✉tr❡s ✭❝❢✳ ✜❣✉r❡ ✷✳✾✮✳ ❖♥ ❛ ❛❧♦rs ❞❛♥s ❝❡ ❝❛s✱ ✉♥❡
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❝♦♥tr✐❜✉t✐♦♥ ♣♦s✐t✐✈❡ à D✳ P❛r ❝❡tt❡ ♣r♦❝é❞✉r❡✱ ♦♥ ✐❞❡♥t✐✜❡ ❧✬♦r✐❣✐♥❡ ❞❡s ❝♦♥tr✐❜✉t✐♦♥s ❛✉①
♣❛r❛♠ètr❡s ❞❡ ❩❋❙ q✉✐ r❡♥❞ ❛✐♥s✐ ♣♦ss✐❜❧❡ ❞❡ ❞é❞✉✐r❡ ✉♥❡ ♠❛r❝❤❡ à s✉✐✈r❡ ♣♦✉r ❝❤♦✐s✐r
✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❧✐❣❛♥❞s ♣❡r♠❡tt❛♥t ❞❡ ❞é✈❡❧♦♣♣❡r ❧❡s ♣❛r❛♠ètr❡s ♠❛❣♥ét✐q✉❡s s♦✉❤❛✐tés✳
❉❛♥s ♥♦tr❡ ❝❛s✱ ❧❡s ♣r✐♥❝✐♣❛❧❡s ❝♦♥tr✐❜✉t✐♦♥s ♣♦✉r ❧❡ ❝♦♠♣❧❡①❡ ❞❡ ♥✐❝❦❡❧ ❡t✱ ❞❡ ♠❛♥✐èr❡
❛♥❛❧♦❣✉❡✱ ♣♦✉r ❧❡ ❝♦♠♣❧❡①❡ ❞❡ ❝♦❜❛❧t s♦♥t rés✉♠é❡s ❞❛♥s ❧❡ t❛❜❧❡❛✉ ✷✳✸

❈♦♠♣❧❡①❡ ◆✐II ❉ ✭❝♠−1✮ ❊ ✭❝♠−1✮ ❈♦♠♣❧❡①❡ ❈♦II ❉ ✭❝♠−1✮ ❊ ✭❝♠−1✮
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Introduction

One of the challenges in the field of molecular magnetism is

the fundamental understanding of the origin of the magnetic

anisotropy in mononuclear complexes that can be used as

building blocks to prepare single-molecule magnets[1] and

single-chain magnets.[2–4] One fruitful approach may be to

combine synthetic chemistry and ab initio theoretical calcu-

lations. Such a strategy is valuable to chemists who appreci-

ate simple rules that may direct their synthesis. Herein, we

investigate the origin of the magnetic anisotropy of hepta-

coordinate NiII and CoII complexes with pentagonal-bipyra-

midal geometry based on the pentadentate ligand 2,6-diace-

tylpyridine bis(benzoyl hydrazone), H2DAPBH. The planar-

ity of the pentadentate ligand ensures an axial structure and

is expected to lead to large magnetic anisotropy.

Abstract: The nature and magnitude of

the magnetic anisotropy of heptacoor-

dinate mononuclear NiII and CoII com-

plexes were investigated by a combina-

tion of experiment and ab initio calcu-

lations. The zero-field splitting (ZFS)

parameters D of [Ni ACHTUNGTRENNUNG(H2DAPBH)-

ACHTUNGTRENNUNG(H2O)2]ACHTUNGTRENNUNG(NO3)2·2H2O (1) and [Co-

ACHTUNGTRENNUNG(H2DAPBH) ACHTUNGTRENNUNG(H2O) ACHTUNGTRENNUNG(NO3)] ACHTUNGTRENNUNG(NO3) [2 ;

H2DAPBH=2,6-diacetylpyridine bis-

(benzoyl hydrazone)] were determined

by means of magnetization measure-

ments and high-field high-frequency

EPR spectroscopy. The negative D

value, and hence an easy axis of mag-

netization, found for the NiII complex

indicates stabilization of the highest MS

value of the S=1 ground spin state,

while a large and positive D value, and

hence an easy plane of magnetization,

found for CoII indicates stabilization of

the MS= �1/2 sublevels of the S=3/2

spin state. Ab initio calculations were

performed to rationalize the magnitude

and the sign of D, by elucidating the

chemical parameters that govern the

magnitude of the anisotropy in these

complexes. The negative D value for

the NiII complex is due largely to a first

excited triplet state that is close in

energy to the ground state. This rela-

tively small energy gap between the

ground and the first excited state is the

result of a small energy difference be-

tween the dxy and dx2�y2 orbitals owing

to the pseudo-pentagonal-bipyramidal

symmetry of the complex. For CoII, all

of the excited states contribute to a

positive D value, which accounts for

the large magnitude of the anisotropy

for this complex.
Keywords: ab initio calculations ·

cobalt · heptacoordinate complexes ·

magnetic anisotropy · nickel
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We have already combined experimental data and a semi-

empirical theoretical approach to get insight into the mag-

netic anisotropy of hexacoordinate and pentacoordinate NiII

complexes.[5–7] Theoretical studies have been already carried

out on NiII and CoII complexes[8–11] but, to the best of our

knowledge, no reports on heptacoordinate NiII and CoII

complexes exist. This work aims to combine synthetic chem-

istry, physical studies, and ab initio calculations to unravel

the effect of the different electronic parameters that govern

the magnetic anisotropy in heptacoordinate complexes. Such

insight aims to establish a correlation between magnetic ani-

sotropy and parameters accessible to chemical manipulation.

The approach focused here on NiII and CoII heptacoordinate

complexes is, of course, general and can eventually be ap-

plied to other metal ions with the same geometry and to

other geometries, provided the symmetry remains very close

to axial.

For mononuclear complexes having an orbitally nonde-

generate electronic ground state and close-to-axial symme-

try, the main contribution to magnetic anisotropy stems

from the interaction between the ground and the excited

electronic states coupled through the spin–orbit operator.

These interactions lift the degeneracy of the 2S+1 MS com-

ponents of the ground state, resulting in the so-called zero-

field splitting (ZFS). The magnitude of the magnetic aniso-

tropy (extent of ZFS) is therefore governed by the magni-

tude of the spin–orbit coupling (SOC) and by the energy

difference between the ground and the excited electronic

states. The smaller the energy difference between the

ground and the excited states, the larger the interaction and

thus the larger the magnetic anisotropy.

In this work, we investigated the magnetic anisotropy of

complexes [NiACHTUNGTRENNUNG(H2DAPBH)ACHTUNGTRENNUNG(H2O)2]ACHTUNGTRENNUNG(NO3)2·2H2O (1) and

[Co ACHTUNGTRENNUNG(H2DAPBH) ACHTUNGTRENNUNG(H2O) ACHTUNGTRENNUNG(NO3)]NO3 (2) using magnetization

measurements and EPR spectroscopy to estimate the ZFS

parameters. Ab initio calculations were then carried out to

rationalize the origin of the experimentally observed aniso-

tropy and develop simple rules to tune the ZFS by small

modifications of the complexes.

Results and Discussion

Synthesis and characterization : Complexes 1 and 2 were

synthesized according to literature procedures[12,13] and char-

acterized by mass spectrometry, elemental analysis, infrared

spectroscopy, and a unit cell was collected to ensure that the

structures were identical to those previously reported (see

Supporting Information and Figure 1). Compound 1 con-

tains a network of hydrogen bonds involving coordinated

water and crystallization water molecules, the nitrate anions,

and the oxygen atoms of the pentadentate ligand (Support-

ing Information Figure S1). Thermogravimetric analysis

(TGA) of a freshly prepared microcrystalline powder of 1

showed steady water loss between 40 and 100 8C (Support-

ing Information Figure S2).

Magnetic studies : Magnetization studies were carried out

with a SQUID magnetometer (see Supporting Information).

The temperature dependence of the magnetic susceptibility

was measured at a fixed dc field of 0.1 T, and magnetization

versus field was measured at 2, 4, and 6 K. Plotting M= f ACHTUNGTRENNUNG(H/

T) for 1 and 2 led to nonsuperimposable curves, which is a

signature of the presence of a magnetic anisotropy

(Figure 2). The data were fitted by using a home made soft-

ware that diagonalizes the spin Hamiltonian with a giso value

obtained from the cMT= f(T) curves (Supporting Informa-

tion Figure S3) at high temperature to minimize the number

of fitting parameters. The experimental data were fitted si-

multaneously for all temperatures by exact diagonalization

of the energy matrices corresponding to the spin Hamiltoni-

an H=mBg·B·S+D[S2
z�S(S+1)/3]+E[S2

x�S2
y], where D and

E are the axial and rhombic anisotropy parameters, respec-

tively) averaged over 120 orientations of the magnetic field.

The best fits gave D=�13.9 cm�1, E/D=0.11, giso=2.26 for

1 and D=31.0 cm�1, E/D=0, giso=2.22 for 2.

Figure 1. View of the molecular structures of 1 (top) and 2 (bottom).
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HF-HFEPR studies : We performed high-field high-frequen-

cy EPR (HF-HFEPR) studies on the two complexes. The

HF-EPR powder spectra of pellet samples of complex 1

were measured at several frequencies ranging from 190 to

575 GHz. Notwithstanding the use of many different fre-

quencies, a precise description of the magnetic anisotropy of

the complex could not be obtained due to the observation

of a large number of signals with respect to what is expected

for a simple S=1 system. Hence, different samples were

measured at an interval of several months. Even though the

general shape of the spectra is the same, they exhibit differ-

ences in intensities, especially at 190 GHz for high field lines

(Figure 3).

These two facts point towards the presence of several

molecules with slightly different structural parameters

within the powder, not detected by X-ray diffraction. Thus

only estimates of the magnetic anisotropy parameters can

be given. A first estimate comes from the spectra recorded

at 380 GHz (Supporting Information Figure S4): the signal

at a field very close to zero observed at this frequency indi-

cates that an energy gap of about 12.6 cm�1 is present, which

roughly corresponds to jD+E j or jD�E j for some of the

molecules. The “zero-field” signal is, however, extremely

large, so that slightly smaller jD j values should also be pres-

ent in the sample. In the spectra recorded at 190 and

285 GHz (Figure 3 and Supporting Information Figure S5),

we can also recognize DMS=1 transitions originating from

the ground MS level and corresponding to x and y orienta-

tions of the molecules. At 190 GHz, there are four such

lines (or rather groups of lines): one close to 5.5 T, another

one close to 10.6 T, another one close to 13.5 T, and the last

one close to 14.4 T. In the hypothesis that the lines at 5.5

and 13.5 T correspond to the x and y transitions from the

same molecules, we obtain that jE j�1.6 cm�1, whereas the

other two lines lead to jE j�3.3 cm�1. These values are in

agreement with the large jD j value obtained from magneti-

zation measurements (�13.9 cm�1) but do not allow us to es-

tablish a high-precision set of parameters.

For CoII (complex 2), which has a half-integer spin, the D

value is unfortunately too large for EPR to improve the

magnetic anisotropy description as only effective spin 1/2

spectra are obtained up to the highest frequencies. Powder

spectra were recorded in the frequency range from 190 to

460 GHz. All of them can be nicely reproduced by consider-

ing an S=1/2 spin with a rhombic effective g matrix, with

geff1=4.984, geff2=4.033, and geff3=1.996 (Supporting Infor-

mation Figure S6 and Figure 4). As the spectra at 460 GHz

still only contain signals that originate from an S=1/2 spin,

we can only deduce a lower bound for the axial anisotropy:

jD j >20 cm�1. Seemingly good fits can be obtained[14] by

considering very different D values (jD j >20 cm�1) for the

S=3/2 spin and then adding rhombicity either on the g pa-

rameters or on the ZFS ones: if E is set to 0, then three g

values are needed (g1=2.47, g2=2.03, and g3=1.99); on the

contrary, if there is no rhombicity in the g values (g1=g2),

then good fits are obtained for jE/D j =1/15 with g1=g2=

2.26 and g3=2.01.

Theoretical calculations : To understand the difference in the

sign and magnitude of D for 1 and 2, we theoretically stud-

ied the two compounds using wave function based calcula-

tions and a procedure of extraction that has been successful-

ly applied to other mononuclear and binuclear com-

Figure 2. Reduced magnetization M versus H/T for 1 (top) and 2

(bottom) collected at 2, 4, and 6 K. Data were fitted by using homemade

software described in text (solid lines); see text for parameters.

Figure 3. HF-HFEPR spectrum of 1 at 190 GHz and 5 K (bottom spec-

trum). The measurement was repeated several months later showing the

change upon aging (top spectrum).

Figure 4. HF-HFEPR spectra of 2 at 345 GHz and 5 K; see text for pa-

rameters.
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plexes.[15–19] We first performed complete active space self-

consistent field calculations (CASSCF), which account for

nondynamic electron correlation and then used the n-elec-

tron valence second-order perturbation theory (NEVPT2)

method to describe the dynamic correlation.[20] The

CASSCF wave function contains all electronic configura-

tions that can be constructed by distributing n electrons

over the five 3d orbitals of NiII or CoII (n=8 and 7 for 1

and 2, respectively). Both spin–orbit and spin–spin couplings

are calculated in the complete dn manifold.[21, 22] Two proce-

dures of extraction of the D and E parameters were used

which are associated with two different kinds of ab initio

calculations.[23] Similar calculations have been performed on

MnIII complexes.[24] Calculations were performed with the

ORCA code,[25] and the values were extracted using the ef-

fective Hamiltonian theory. Further computational details

are given in the Supporting Information. The results for 1

and 2 are reported in Table 1.

The results of the calculations are in relatively good

agreement in both magnitude and sign with the experimen-

tal data for 1 and 2. In the following, we analyze these data

by considering the individual contributions of the excited

states to the overall D values. We aim to gain insight into

the chemical parameters that govern the magnitude and the

sign of the magnetic anisotropy. This is reasonably easy in

the present case since due to the structural axial anisotropy

of the complexes; the axis frame that diagonalizes the calcu-

lated D tensors for 1 and 2 has the z axis along the bonds of

the metal ion and the apical oxygen atoms. In addition, de-

spite the almost pentagonal molecular plane that contains

the x and y axes, the 3d orbitals are close to the pure dxy,

dx2�y2 , dz2 , dxz, and dyz linear combinations of spherical har-

monics obtained for an octahedral symmetry. For more

strongly distorted complexes the expressions of the d orbi-

tals become more complicated, which seriously hinders the

derivation of simple rules to rationalize the magnetic aniso-

tropy. Lifting of the degeneracy of the 3d orbitals for the

two complexes is shown qualitatively in Figure 5. Because of

the larger distortion in the pentagonal plane for NiII than

for CoII, the energy difference between the dxy and the dx2�y2

orbitals is larger for the former.
Inspection of the contributions of all excited states shows

that only a few play a role in the magnitude and sign of the

D parameters. Since the spin–spin coupling makes a smaller

contribution to the anisotropy than the spin–orbit coupling,

we rationalize the values and signs of D using only the spin–

orbit operator �l̂i�ŝi. This operator couples the ground state

MS components with those of the excited states and makes

the main contribution to the magnetic anisotropy. Concern-

ing 1, the interaction with the first three excited triplet

states causes almost all of the magnetic anisotropy of the

complex. To rationalize the nature and sign of the magnetic

anisotropy, an estimate of the contribution of these excited

states to D and E can be obtained by using perturbation

theory. The perturbative calculated values are reported in

Table 2.

The wave function of the MS=1 component of the triplet

ground state is dominated by the dxydz2

�

�

�

� determinant while

the first triplet excited states is dominated by dx2�y2dz2

�

�

�

�, cor-

responding to promotion of an electron from the dx2�y2 to

the dxy orbital (see Figure 5). Since these two orbitals are

both expressed as linear combinations of the d2+ and d2�

complex spherical harmonics, electron promotion does not

imply changes in the ml values. Hence, only the z compo-

nent of the spin–orbit operator
P

i

l̂zi � ŝzi can couple the

ground and the first excited triplet state. Because the cou-

pling is restricted to the sz component of the spin angular

momentum, the spin–orbit operator only couples the MS

components of the ground and the excited state with the

same value. The coupling between the MS=0 components is

zero by spin symmetry, while calculations show that the cou-

plings between the MS= �1 components are nonzero. This

leads to stabilization of the MS= �1 components of the

ground triplet state, while the MS=0 state remains unaffect-

ed. Therefore, the interaction between the ground state and

the first excited triplet results in a negative contribution to

D, as schematized in Figure 6 (top).

The second and third excited triplet state wave functions

are linear combinations of determinants dxzdxy

�

�

�

�, dyzdxy

�

�

�

�,

dxzdz2j j, and dyzdz2

�

�

�

�, corresponding to promotion of an elec-

tron from dxz or dyz to dxy and dz2 . These two excited triplet

states couple to the ground state by the x and y components

of spin–orbit operator
P

i

l̂þi � ŝ�i þ l̂�i � ŝþi and not by the z

component, at variance with the first excited state. As a con-

Table 1. NEVPT2 values of D and E for 1 and 2 extracted with the effec-

tive Hamiltonian theory.

Complex D [cm�1] E [cm�1]

1 �16.83 1.15

2 35.42 2.20

Figure 5. Orbital energy diagrams for 1 (left) and 2 (right).

Table 2. Main perturbative contributions of the triplet excited states to

D and E for 1.

D [cm�1] E [cm�1]

1st triplet �66.2 0

2nd triplet 22.5 12.12

3rd triplet 23.2 �13.4

Chem. Eur. J. 2013, 19, 950 – 956 � 2013 Wiley-VCH Verlag GmbH&Co. KGaA, Weinheim www.chemeurj.org 953

FULL PAPER
Magnetic Anisotropy in Heptacoordinate NiII and CoII Complexes

✺✹



sequence, the MS components differing by �1 couple to-

gether, that is, MS=0 with MS= �1 and vice versa. The

MS=0 component of the triplet ground state therefore ben-

efits from two interactions (with the MS=1 and with the

MS=�1 components) of the excited states, while the two

MS= �1 components of the ground state only benefit from

the interaction with one component (MS=0) of the excited

states. As a consequence, the MS=0 component of the

ground triplet state is more stabilized than the MS= �1

components and the contribution of these two excited states

to D is positive (Figure 6, bottom). However, the relative

energy of the second and third excited triplets is higher than

that of the first excited state, and hence this positive contri-

bution is weaker and does not compensate the large nega-

tive contribution of the first excited triplet state. The result-

ing D value remains negative and is relatively large. Among

the excited singlet states, six have a small but non-negligible

contribution to D. Nevertheless, they all are of opposite

value and almost completely compensate one another. The

magnetic axes frame, which diagonalizes the computed D

tensor, has its easy axis of magnetization close to the

Ni(H2O)2 bonds (Figure 7, top).
The very large positive D value of 2 results from three

positive contributions (Table 3). The largest contributions

arise from the interaction with two quartet and one doublet

excited states. The ground-state wave function is dominated

by the dxydx2�y2dz2

�

�

�

� determinant (see Figure 5), while the ex-

cited quartet states have a multideterminantal nature.

The determinants with the largest weights in these quar-

tets have dxzdxydx2�y2

�

�

�

� and dyzdxydx2�y2

�

�

�

� character. Hence,

their contribution to the axial D parameter is essentially due

to the
P

i

l̂þi � ŝ�i þ l̂�i � ŝþi operators coupling the electron that

is promoted from the dxz or dyz orbitals to the dz2 orbital.

The active spin–orbit operator in the present case couples

MS components differing by a value of 1. Thus, since the

MS=1/2 (respectively MS=�1/2) component of the ground

quartet state interacts with both the MS=3/2 and MS=�1/2

components (respectively MS=�3/2 and MS=1/2) of the ex-

cited states, it benefits from two interactions, while the MS=

3/2 and MS=�3/2 ground state components only interact

with the MS=1/2 or MS=�1/2 components of the excited

states, respectively. As a consequence the MS= �1/2 compo-

nents of the quartet ground state are more stabilized than

the MS= �3/2 state, and thus these excited states give a pos-

itive contribution to D (note that a positive D value means

that the lowest absolute values of MS are stabilized). The ex-

cited doublet state wave function is dominated by the

dxydxydz2

�

�

�

� and dx2�y2dx2�y2dz2

�

�

�

� determinants, in which an

Figure 6. Interaction scheme between the ground and first triplet excited

states through the z components of spin–orbit operator that couples MS

levels of the same values and stabilizes the MS= �1 components (top),

and interaction between the ground and the second excited triplet states

through the x and y components of the spin–orbit operator that couples

states with different MS values and stabilizes the MS=0 component

(bottom).

Figure 7. View of the magnetic axes obtained from ab initio calculations.

For 1 (top), the magnetization is along z (negative D), and for 2

(bottom), the magnetization is in the xy plane (positive D).

Table 3. Main perturbative contributions of the excited states to the D

and E values for 2.

D [cm�1] E [cm�1]

1st quartet 11.49 11.61

2nd quartet 13.07 �13.09

1st doublet 12.58 0
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electron is promoted from the dxy to the dx2�y2 orbitals or

from the dx2�y2 to the dxy orbital. The interactions therefore

come from the
P

i

l̂zi � ŝzi operator and only the MS= �1/2

components of the ground state can be stabilized, while the

MS= �3/2 state remains unaffected. This leads to an addi-

tional positive contribution to D. For CoII, all the important

contributions lead to stabilization of the MS= �1/2 compo-

nents over the MS= �3/2 component, which is at the origin

of the large positive D value for the CoII complex. Because

of the positive D value, the magnetization has an easy plane

perpendicular to the Co(H2O)(NO3) apical bonds (Figure 7,

bottom).

Conclusion

The larger anisotropy found for CoII in comparison to NiII is

due to the fact that for the former all the excited states con-

tribute to D in the same way (all positive), while for the

latter the excited states have opposite contributions that

reduce the overall D value. The difference in the sign of D

stems mainly from the presence of a dominant negative con-

tribution to D for NiII, while the contributions of all the ex-

cited states are positive for CoII. It is interesting to see how

the theoretical results can be used to tune and control the

magnetic anisotropy in heptacoordinate NiII and CoII com-

plexes. Let us focus on NiII, which has negative and positive

contributions to D. To increase the overall negative D value,

one must 1) increase the effect of the coupling between the

ground state and the first excited triplet by decreasing their

energy difference and 2) decrease the effect of the coupling

between the ground state and the higher excited triplets by

increasing their energy difference. The first requirement can

be achieved by reducing the energy difference between the

dx2�y2 and the dxy orbitals by using a more symmetrical pen-

tacoordinate ligand. The energy difference between the

ground and the second and third excited triplet states can be

increased by increasing the energy difference between the

three sets of orbitals (dxz,dyz), (dxy,dx2�y2), and dz2 , which will

reduce the positive contribution to D and thus leads to a

larger stabilization of the MS= �1 components. This can be

achieved by substituting the axial ligands by a better s

donor to shift the dz2 orbital upwards, and/or by a less effec-

tive p donor to shift the (dxz,dyz) orbitals downwards. The

same arguments hold for CoII. To increase the positive D

value, one must increase mainly the coupling with the first

excited state by reducing its energy difference with the

ground state. Replacing the apical ligands by weaker s

donors will reduce the energy difference between the (dxy,

dx2�y2) and dz2 orbitals and thus enhance the coupling and in-

crease the positive D value.

This analysis allows a very simple qualitative evaluation

tool to assess at least the sign of D for any electronic config-

uration of a 3d transition metal ion in a pentagonal-bipyra-

mid surrounding to be proposed. For the high-spin d6 config-

uration, the (dxz,dyz) orbitals will have three electrons (see

Figure 5). These two orbitals are both expressed as linear

combinations of the d1+ and d1� complex spherical harmon-

ics. Electron promotion from dyz to dxz, which corresponds

to the first excited triplet state, does not change the ml

values. Only the z component of the spin–orbit operator
P

i

l̂zi � ŝzi

� �

is therefore to be considered, as in the case of

NiII, and a negative D value is expected. One of us has al-

ready reported a negative D value for a heptacoordinate

pentagonal-bipyramidal high-spin FeII complex,[26] which

confirms our prediction. The same kinds of arguments

should allow prediction of a negative D value for the d3 con-

figuration (CrIII and VII), while a positive one is expected

for the d2 (VIII) and d4 (MnIII) configurations. Investigation

of the magnetic anisotropy of such compounds is underway.

However, when the states are strongly multiconfigurational

and/or the excited states are quasidegenerate, the resulting

sign of D is hard to predict from simple arguments.

Herein we have demonstrated that a combination of syn-

thetic and theoretical approaches leads to a good under-

standing of the origin of the magnetic anisotropy in hepta-

coordinate NiII and CoII complexes with a geometry close to

pentagonal-bipyramidal. More importantly, it fills the gap

between theory and experiment and opens the perspective

of establishing a magnetostructural correlation for magnetic

anisotropy that would allow chemists to tune and eventually

control this important parameter in mononuclear com-

plexes.

Experimental Section

Synthesis : Chemicals were purchased from Aldrich and used without fur-

ther purification. 2,6-diacetylpyridinebis(benzoic acid hydrazone)

(H2DAPBH), [Ni(H2DAPBH)(H2O)2](NO3)2·2H2O (1) and

[Co(H2DAPBH)(H2O)(NO3)](NO3) (2) were synthesized according to lit-

erature procedures.[12] All solvents were from BDH and were used as re-

ceived. All manipulations were conducted under standard benchtop con-

ditions.

TGA of [Ni(H2DAPBH)(H2O)2](NO3)2·2H2O : TGA was performed on a

fresh crystalline sample of 1, assumed to be

[Ni(H2DAPBH)(H2O)2](NO3)2·2H2O. The experiment was performed

under a steady flow of air and the temperature increased at a rate of

5 8Cmin�1. The sample lost mass continuously, and at constant rate, from

40 to 110 8C. At this point it had lost approximately 8% of its original

mass (54 gmol�1, or three molecules of water per mole). This species,

postulated to be {Ni(H2DAPBH)(H2O)(NO3)2}, was stable up to 160 8C,

at which point a dramatic loss of mass suggested thermolysis of the com-

plex. The final uncharacterized material was a dark noncrystalline

powder.

Magnetic measurements : Variable-temperature (300–2 K) magnetic data

were measured on microcrystalline powdered samples of 1 and 2 in an ei-

cosane matrix in 1.0 and 0.1 T fields with a Quantum Design MPMS5

SQUID magnetometer. The presence of eicosane precludes the loss of

water molecules of crystallization when the sample is put under vacuum

in the SQUID. The data were corrected for the diamagnetic contribution

of the sample holder and eicosane and the diamagnetism of the sample

estimated according to Pascal�s constants. Low temperature (2, 4, and

6 K) variable-field (0–5 T) measurements were carried out in the same

manner. The data were fitted by full diagonalization of the energy matri-

ces for 120 orientations of each value of the magnetic field by means of a

homemade program based on the following spin Hamiltonian: H=

mBS·g·B+D[S2
z�S(S+1)/3]+E[S2

x�S2
y].
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HF-HFEPR : EPR experiments were performed at the High Magnetic

Field Laboratory, Grenoble, France. Ground crystals (approximately

50 mg) were pressed to form a pellet to reduce torquing under high mag-

netic fields. The simulation program is available from Dr. H. Weihe; for

more information see http://sophus.kiku.dk/software/epr/epr.html.[14]

Computations : Experimental geometries were used for the present theo-

retical study. Calculations were performed using the two-step approach

implemented in the ORCA code, in which the SOC and SSC relativistic

effects are included a posteriori. First, several solutions of the nonrelativ-

istic Born Oppenheimer Hamiltonian are calculated by complete active

space self-consistent field (CASSCF) and post-CASSCF methods. Then,

the state interaction matrix of the SOC and SSC between these different

solutions is calculated and diagonalized. The Breit–Pauli SSC Hamiltoni-

an and a mean-field SOC Hamiltonian are used. Dynamic correlation is

introduced by using the n-electron valence second-order perturbation

theory (NEVPT2) correlated energies in the diagonal elements of the

SOC/SSC matrix while keeping the CASSCF wave functions. Def2-tzvpp

basis set was used for the Ni and Co, Def2-tzvpp(-f) basis set for the O

and N of the first coordination sphere, Def2-svp basis sets for C, and

Def2-sv for H.

The D tensor was extracted by using the effective Hamiltonian theory,

which enables one to calculate numerically all the matrix elements of the

anisotropic spin Hamiltonian from the ab initio energies and wave func-

tions.

For the rationalization of the magnitude and sign of the ZFS parameters

the D tensor components were calculated using the perturbative method

implemented in the ORCA code. These values are slightly overestimated

in comparison to those obtained by using the effective Hamiltonian

theory.
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Structural description 

[Ni(H2DABPH)(H2O)2](NO3)2·2H2O (1) crystallizes in the orthorhombic pbca space group and the 

structure has been fully described previously.1,2 The neutral DABPH ligand pentacoordinates the 

Ni(II) ion around the equatorial plane, via the pyridyl nitrogen, both hydrazone nitrogen and both 

carbonyl oygen atoms. The Ni-N(pyridyl) bond is the shortest in the plane (2.019 Å), followed by 

the Ni-N(hydrazone) bonds (2.091 and 2.177 Å), with the longest bonds between the Ni(II) and the 

O(carbonyl) atoms, one of which is significantly longer than the other (2.282 and 2.477 Å). A 

further distortion from C5 symmetry is observed in the equatorial plane, with angles between 

adjacent intra-ligand chelating atoms ranging from 66.93 – 75.92°. These features are consistent 

with the Jahn-Teller distortion expected for a pentagonal bi-pyramidal Ni(II) complex. Water 

molecules are coordinated at the axial positions (Ni-OH2 bond lengths are 2.013 and 2.019 Å and 

the O–Ni-O angle is 171.76°). Charge balance is provided by the two nitrate counter ions. There is 

an extensive inter-molecular hydrogen-bonding network, with Ni(II) ions connected via numerous 

potential pathways incorporating the axial and lattice water molecules, nitrate molecules and 

carbonyl oxygen atoms. 

 

 

Figure S1. Extended structure of 1 showing the H-bonds network involving coordinated and 

crystallization water molecules, nitrate and the oxygen atoms of the pentadentate ligand.  

 

[Co(H2DABPH)(H2O)(NO3)](NO3) (2) crystallizes in the monoclinic P21/c space group and 

consists of a similar pentagonal bi-pyramidal mono-cationic Co(II) complex. The neutral DABPH 

ligand coordinates the Co(II) ion around the equatorial plane via the same atoms. In this case the 

bond lengths are more uniform (Co-N(pyridyl) is 2.195 Å, Co-N(hydrazone) are 2.190 and 2.203 Å, 
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and Co-O(carbonyl) are 2.150 and 2.229 Å), owing to the absence of Jahn-Teller effects. Similarly 

the range of angles between adjacent intra-ligand chelating atoms is smaller (69.54 – 72.02°). The 

O(carbonyl)-Co-O(carbonyl) angle is larger (78.67°) but this is merely a consequence of the non-

macro-cyclic nature of the ligand. The coordination sphere is completed by one water molecule and 

one nitrate ligand at the axial positions (Ni-OH2 and Ni-O3N bond lengths are 2.135 and 2.142 Å 

respectively, and the O–Ni-O angle is 173.59°). Charge balance provided by the remaining nitrate 

counter ion. 
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Figure S2. TGA studies for 1. 
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Figure S3. χT vs. T for 1 (top) and 2 (bottom) in an applied field of 0.1 T 

 

 

Figure S4. 380 GHz HF-HFEPR spectrum of 1 at 5 K, showing the transition at zero field.  
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Figure S5. 285 GHz HF-HFEPR spectra of 1 at 5 and 10 K. 

 

 

Figure S6. HF-HFEPR spectra for 2 at different frequencies and T = 5.5 K, top calculated (top) and 

experimental (bottom).  
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Only the largest contributions appear in the following tables.  

 

Table S1: Main contributions in cm-1 of the excited states to the D and E values for 1.  

 D E 

1st triplet -66.2 0 

2nd triplet 22.5 12.12 

3rd triplet 23.2 -13.4 

 

Table S2: Main contributions in cm-1 of the excited states to the D and E values for 2.  

 D E 

1st quartet 11.49 11.61 

2nd quartet 13.07 -13.09 

1st doublet 12.58 0 
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The magnetic anisotropy of two pentacoordinate trigonal bipyramid Co(II) complexes 

[Co(Me6tren)Cl]ClO4 1 and [Co(Me6tren)Br]Br 2 was investigated and analysed by magnetic studies, 

high field multifrequency Electron Paramagnetic Resonance (EPR) and ab initio calculations. Negative D 

parameters expressing an Ising type anisotropy (easy axis of magnetization) were found experimentally 10 

for both complexes. The calculation lead to a values very close to the experimental ones, which allows a 

robust analysis of the origin of the anisotropy in these complexes. of the  The wave functions of the 

ground and the first four excited states reveals that they are strongly muldeterminantal i.e. linear 

combinations of several determinants. It is shown that the most important contribution of the spin orbit 

coupling between the ground and lowest excited states stabilizes the largest MS = ±3/2 components of the 15 

S=3/2 ground state and therefore brings a large negative contribution to D. The analysis of the difference 

between the magnitudes of the anisotropy of the two complexes leads to the conclusion that the large 

Ising-type anisotropy is obtained by using weak σ-donating ligands in the equatorial plane and strong π-

donating ones for the axial positions, thus, giving to chemists a simple tool to predict the magnetic 

anisotropy in this type of complexes. The investigation of the magnetic behaviour of a single crystal of 1 20 

by micro-squid shows, as expected, the presence of an easy axis of magnetization. Quantum tunnelling of 

the magnetization is observed as the result of weak intermolecular three-dimensional antiferromagnetic 

exchange interaction but does not disrupt the quantum nature of the individual spins. The hysteresis loops 

present temperature and sweep rate dependence typical of a single molecule magnet for 1.  

Introduction 25 

The design of molecules presenting a blocking of the 
magnetization, called Single Molecule Magnets (SMMs), has 
been the subject of intense research effort since their discovery 
more than twenty years ago.1-9 This is motivated, among other 
things, by their potential use as quantum bits.10,11 Historically, the 30 

first SMMs based on transition metal ions were polynuclear 
complexes, but recently much effort has been invested in order to 
design mononuclear SMMs. However, very few mononuclear 
complexes based on transition metal ions showed a blocking of 
the magnetization,12-16 and only one Co(II) complex was reported 35 

to do so in the absence of a static applied magnetic field.17 The 
added value of mononuclear complexes is their chemical stability 
in different environments such as in solution or on surfaces 
allowing the manipulation and the study of the magnetic 
behaviour of individual molecules.18-22 40 

 A fundamental understanding of the origin of the magnetic 
anisotropy using quantum chemistry and the translation of the 
physics governing the anisotropy into a language useful to 
chemists may highly contribute to the development of new 
molecules. The challenge is to design stable mononuclear 45 

complexes based on transition metal ions where the slow 
relaxation of the magnetization occurs in the absence of a static 
magnetic field. This is a requirement if such molecules are to be 
used as single quantum bits for the design of assemblies for 
quantum information.23 While preparing this manuscript, a report 50 

on tailoring the magnetic anisotropy of first row transition metal 
ions appeared and predicted a large axial anisotropy with an easy 
plane of magnetization (positive D parameter) for 
pentacoordinate trigonal bipyramid Co(II) complexes,24 while we 
find a weak anisotropy with an easy axis of magnetization 55 

(negative D parameter) for the complexes reported here. 
 The prediction of the magnetic anisotropy nature of transition 
metal ions can be complex as i) several excited states may 
contribute to magnetic anisotropy and ii) the wave-functions of 
the ground and excited states may be formed by linear 60 

combinations of several determinants (multideterminantal). In the 
most interesting cases, for symmetry reasons an excited state that 
brings a negative contribution to D may be very close in energy 
to the ground state and thus dominates leading to an overall 
negative D value. In order to illustrate these ideas, we focus on 65 

pentacoordinate trigonal bipyramidal Co(II) complexes (C3v 
symmetry). We study the magnetism, the Electron Paramagnetic 
Resonance Spectra (EPR) and perform theoretical calculations to 
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determine the anisotropy parameters of two complexes: 
[Co(Me6tren)Cl]ClO4 1 [Co(Me6tren)Br]Br 2. It worth noting 
here that the accurate determination of the spin Hamiltonian 
parameters using EPR and the good agreement between 
calculated and experimental data is crucial for a robust 5 

rationalization and prediction of the magnetic anisotropy.  

Results and discussion 

Syntheses and structures 

The syntheses were performed as previously reported, however a 
structure had been obtained only for [Co(Me6tren)Br]Br 2.25 10 

Single crystals suitable to structural determination with Cl as an 
axial ligand instead of Br were obtained upon the addition of 
NaClO4, thus affording crystalline [Co(Me6tren)Cl](ClO4) 1, the 
first reported structure of a Me6tren ligated penta-coordinate 
metal with a chloride ion in the axial position. The selection of a 15 

counter ion with potential C3 symmetry (ClO4) also allowed us to 
maintain the overall C3 symmetry of the Co(II) complex. 1 
crystallizes in the trigonal space group R3c. The structure of the 
cation consists of a Co(II) ion penta-coordinated by four amino 
nitrogens from the neutral Me6tren ligand and one chloride ion. 20 

The ligands are distributed at the apices of a trigonal bipyramid 
with crystallographic C3 symmetry, the three equatorial sites 
occupied by the terminal amines and the axial sites occupied by 
the central amine and the chloride ion (Figure 1). Charge balance 
is provided by a C3 symmetrical perchlorate anion. The Co(II) ion 25 

lies 0.33 Å below the equatorial plane of the three nitrogen atoms 
with an equatorial N2-Co(II)-Cl angle of 98.75°. The Co-N1 
bond length (2.176 Å) is slightly longer than the equatorial ones 
(2.152 Å). The Co-Cl distance is equal to 2.282 Å. The N2CoN2  
and the N1CoN2 angles are equal to 117.7° and 82.5° 30 

respectively (Table S1 and S2, see ESI). Within the crystal each 
molecule is surrounded by other 12 molecules (Figure S1): 6 
neighbours placed at the vertices of an octahedron and belonging 
to two adjacent (ab) planes along the c axis with Co–Co distances 
of 7.95 Å and 6 next neighbours forming a regular hexagon and 35 

belonging to the same plane (ab) with Co–Co distances equal to 
9.89 Å. The intermolecular shortest contacts (2.747 Å) are along 
the c axis between the Cl and the H atoms of the Me6tren ligand 
belonging to neighbour molecules.  
For the structure of 2, we carried out new measurements at T = 40 

100 K and found the same cubic structure previously published.25 
The molecular local symmetry for 2 is C3v as for 1. (see ESI).¶ 

 
Figure 1. View of the molecular structure of the [Co(Me6tren)Cl]+ cation. 

Magnetic and EPR studies 45 

The thermal variation of the molar magnetic susceptibility, (χ) 
and (χT) and the magnetization vs. the applied magnetic field for 
1 and 2 are plotted in Figure 2 and Figure S2. χT has the same 
behaviour for the two compounds. It is constant between room 
temperature and around 40 K with values close to 2.35 emu K 50 

mol-1, which is expected for a S = 3/2 spin moment with a g-value 
equal to 2.24. Below 40 K, χT collapses to 1.17 and 1.51 for 1 
and 2 respectively indicating the presence of magnetic anisotropy 
(zero-field splitting of the MS = ±1/2 and ±3/2 sub-levels) that is 
larger for 1 than for 2. The M = f(H) curves confirm the presence 55 

of a magnetic anisotropy that has a larger magnitude for 1 than 
for 2 since the magnetization values at µ0H = 5.5 Tesla is weaker 
for the former than the latter compound. In order to quantify the 
magnitude of the magnetic anisotropy, we fit the magnetic data 
using the spin Hamiltonian H = gßS•B + D[Sz

2 – S(S+1)3] for S 60 

= 3/2 and extract the g-values and the zero-field splitting 
parameters D that express the axial magnetic anisotropy. We 
assume that the rhombic parameter E is zero because of the 
presence of a C3 principal symmetry axis for the complexes. The 
simultaneous fit of the susceptibility and the magnetization data 65 

leads to the following parameters for 1 and 2 respectively: gCl = 
2.24, DCl = – 6.2 cm-1 and gBr 2.22 = DBr = – 2.5 cm-1. It is not 
possible to obtain a better fit if the D parameters were constrained 
to be positive, which suggests that the magnetic anisotropy is of 
the Ising type i.e. the MS = ±3/2 sub-levels lie lower in energy 70 

than the ±1/2 ones and there is an easy axis of magnetization.  

   
Figure 2. Experimental () and calculated (—) M vs. µ0H collected at 2, 

4 and 6 K for 1 (left) and 2 (right). See text for the fit parameters. 

In order to confirm the magnetization results and particularly the 75 

sign of D, we performed Electron Paramagnetic Resonance 
(EPR) studies up to an applied magnetic field of 16 Tesla and at 
different frequencies. For 1, we found that at 475 GHz a 
transition near zero field is present, which indicates an energy 
difference between the MS

 = ±3/2 and ±1/2 sublevels around 15.8 80 

cm-1 (Figure S3, see ESI). Since this energy difference 
corresponds to 2D for a spin S = 3/2, we can conclude that |D| is 
very close to 8 cm-1. Three other spectra were then recorded at T 
= 15 K and at hν = 220.8, 331.2 and 662.4 GHz (Figure 3). A 
good fit was obtained for the three spectra with the same set 85 

parameters gx = gy = 2.16, gz = 2.2 and D = – 8.12 cm-1, which 
gives to a more accurate value for D and confirms its negative 
sign. 
 The EPR studies for 2 confirm the sign and the value extracted 
from the magnetization data. The fit of the spectra at the different 90 

frequencies gives gx = gy = 2.1, gz = 2.02 and D = – 2.4 cm-1 (see 
ESI, Figure S4). 
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Figure 3. EPR spectra of 1 at T = 15 K at three different frequencies 
experimental (top) and calculated (bottom), see text for parameters. 

Theoretical calculations 5 

Experimental geometries were used for the theoretical study. The 
ab initio calculations have been performed using the two-step 
approach implemented in the ORCA code in which the spin-orbit 
coupling (SOC) and spin-spin coupling (SSC) relativistic effects 
are included a posteriori.26-28‡  10 

 Since the SOC contribution to the ZFS parameters is more 
important than the SSC one, the rationalization of the magnitude 
and the sign of D only uses the spin-orbit operator (see equation 
1) that couples the ground state MS components with those of the 
excited states.  15 
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 The values of D are reported in Table 1, E was systematically 
found to be lower than 10-2 cm-1. Comparing the values obtained 
at several levels of correlations, one may first notice that the 
inclusion of dynamic correlation, using the energies of the 20 

NEVPT2 method, reduces substantially the D values. At this 
level, the calculated values are in excellent agreement with the 
experimental data. This allows us to perform a rationalization of 
the origin of negative D value in these trigonal complexes. 

Table 1. Values of D in cm-1 experimentally determined and calculated at 25 

various levels for the two complexes. 

Method [Co(Me6tren)Cl](ClO4) [Co(Me6tren)Br]Br 
CAS(7,5)SCF (10Q-

40D) 
-16.47 -4.75 

CAS(7,5)NEVPT2 
(5Q) 

-10.90 -3.37 

CAS(7,5)NEVPT2 
(10Q-40D) 

-9.73 -2.12 

EPR experimental 
values 

-8.12 -2.4 

 

 The calculations show that the only first four quartet excited 
states noted Φ1, Φ2, Φ3 and Φ4 are close enough in energy to the 
ground state (see ESI, Table S3) to have a non-negligible 30 

contribution to D, we thus limit the rationalization to these states. 
As shown in Table 2 the negative D value is due to Φ1, while Φ3 
and Φ4 contribute positively and Φ2 has zero contribution. 

Table 2. Main contributions to D and E in cm-1 of the first excited quartet 
states computed at the CAS(7,5)NEVPT2 level for the two complexes. 35 

State Multiplicity [Co(Me6tren)Cl]ClO4 [Co(Me6tren)Br]Br 
D E D E 

Φ1 
4A -27.764 0 -20.691 0 

Φ2 
4A 0 0 0 0 

Φ3 
4E 8.301 6.951 7.920 0.605 

Φ4 
4E 8.301 -6.951 7.920 -0.605 

 
As we have previously explained,29 the only way to get a negative 
D value in Co(II) mononuclear complexes is to have a low in 
energy excited state that is obtained from an excitation between 
orbitals that possess the same ml values, for instance from dxy to 40 

dx2-y2 (ml = ±2) or from dxz to dyz (ml = ±1), so that the 
l̂
Zi
.ŝ
Zi

i

!  

operator couples the two states and thus stabilizes MS = ±3/2 
components.§ This situation is, at first glance, not possible in the 
present case of a trigonal bipyramidal C3v symmetry because, as 
one can see from figure 4, any excitation leading to a quartet 45 

excited state occurs between orbitals possessing different ml 
values, which always stabilizes the ±1/2 components of the 
ground state and adds a positive contribution to D.§  

 
Figure 4. Lift of the degeneracy of the d orbitals in a trigonal bipyramid 50 

(C3v) crystal field. 

The above analysis does not take into account the symmetry of 
the d orbitals that turns out to be the same for dx2-y2, dxy, dxz and 
dyz since they all belong to the same irreducible representation E 
of the point group C3v. Thus, except the dz2 orbital that is pure, 55 

the four other metallic orbitals are linear combinations of dxy, dx2-

y2, dxz and dyz. Thus, the ground state is composed of several 
determinants when expressed in the basis of the pure dxy, dx2-y2, 
dxz and dyz orbitals (Figure 5, top), and the picture given by 
Figure 4 only gives the determinant having the largest 60 

contribution (49 %, see the composition of 4Φ0 in Figure 5) to the 
ground state wave function. The first excited state is also 
multideterminental as shown in the bottom of Figure 5. 

 

 65 

Figure 5. Composition of the wavefunctions corresponding to the ground 
state 4Φ0

 (top) and the first excited state 4Φ1
 (bottom) 

 The origin of the negative contribution to D arising from the 
coupling between the ground and the first excited states is thus 
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due to the interaction through the 
l̂
Zi
.ŝ
Zi

i

!  operator between the (d) 

and (e) determinants of Φ1 with the (b) and (c) ones belonging to 
Φ0 since they involve excitations between orbitals possessing the 
same ml values, which stabilize the MS = ±3/2 ground state 
components more than the ±1/2 ones.29§ Using the same 5 

arguments, it is possible to show that all the contributions 
involving the determinants of Φ2 cancel. While those belonging 
to Φ3 and Φ4 bring positive contributions to D (Table 2, Figure 
S5, see ESI for the detail of the determinant decomposition of 
each state and a detailed explanation). Since Φ1 is much lower in 10 

energy than Φ3 and Φ4 (Table S1), its large negative contribution 
is not compensated by the positive contributions of Φ3 and Φ4 
and the overall D value is negative. 
 Concerning the rhombic term E, the matrix elements affecting 
this parameter involve states with different MS values and hence 15 

only the 
∑ +−−+ +
i

iiii

ŝ.l̂ŝ.l̂
2

1

 operator. For the same reasons as for D, 
the excited degenerate states Φ3 and Φ4 produce the principal 
contributions with a similar intensity but a different sign (due to 
imaginary part) and hence result in a zero value for the E 
parameter (Table 2). 20 

 While the physics that governs the ZFS values (physical 
content of the excited states and their spin orbit couplings) is 
essentially the same for 1 and 2, the values of D are different. For 
2 where Br is at the axial position, the first excited quartet state 
was found much higher in energy than in the case of 1 (see ESI, 25 

Table S3). As a consequence the negative contribution of this 
state is in absolute value larger for 1 than for 2 since, everything 
being equal, |D| is inversely proportional to the energy difference 
between the ground and the excited state at hand (at the second 
order of perturbations). 30 

 Since the coefficients of the various determinants are similar in 
both compounds, electron repulsion is expected to be essentially 
identical. It is therefore possible to rationalize the difference in 
the magnitude of D between the two compounds from ligand field 
theory considerations i.e. considering only the energy differences 35 

between the d orbitals. The Co–Cl distance (2.282 Å) is shorter 
than the Co–Br one (2.451 Å) while the Co–N2 bond lengths in 
the equatorial plane are larger for 1 (2.152 Å) than for 2 (2.134 
Å) (see ESI, Table S2). As a consequence, the σ-donor effect of 
the equatorial amine nitrogen atoms is larger for 2 than for 1 and 40 

the (dx2-y2, dxy) pair of orbitals has a higher energy in the former 
than in the latter. The energy difference between the (dxz, dyz) and 
(dx2-y2, dxy) orbital pairs is hence larger in 2, and consequently D 
is expected to be weaker in this compound as found from the 
theoretical calculations. While less important the π-donor effect 45 

of the apical halogen atoms contributes in the same direction. 
Indeed, Br– was experimentally found to have a weaker donating 
effect from its p orbitals than Cl–, which destabilizes less the 
dxz,dyz pair of orbitals and thus leads to a larger ((dxz, dyz),(dx2-y2, 
dxy)) energy difference and thus to a weaker D value. In 50 

summary, since for Co(II) metal ions in a trigonal bipyramidal 
geometry the magnitude of |D| is mainly governed by the energy 
difference between the (dxz, dyz) and (dx2-y2, dxy) sets of orbitals: 
the smaller this difference, the larger the magnitude of |D|. 
Therefore, D is large and negative in the case of a weak 55 

equatorial σ-donating and strong apical π-donating effects. 

Micro-squid studies 

The magnetization of compound 1 was studied by micro-SQUID 
measurements on a single crystal,30 in order to assess the 
relaxation of its magnetization. The field was aligned with the 60 

mean easy axes of magnetization of the crystal using the 
transverse field method.31 This method allowed us to confirm that 
indeed the crystal possess an easy axis of magnetization as the 
result of the negative D value determined from EPR. 
Magnetization vs. the applied magnetic field measurements were 65 

performed between 1 K and 30 mK at sweep rates ranging from 
0.002 to 0.28 T/s (Figure 6 and Figure S6, see ESI). Hysteresis 
loops were observed below 0.2 K. As expected for SMMs, the 
hysteresis increases strongly with decreasing temperature and 
increasing scan rate. A series of steps are observed, which are 70 

typical for exchange-biased resonant quantum tunnelling.32,33 For 
a S = 3/2, the steps in the M = f(µ0H) loop due to quantum 
tunnelling are expected to occur at µ0H = n|D|/gß (n = 0, 1) i.e.; 
at µ0H = 0, 8.4 T, since |D| = 8.12 cm-1 and gz = 2.21.  Thus the 
absence of a step at zero field and the presence of different steps 75 

at well below 8.4 T and at small field values can indeed be 
attributed to the presence of very weak antiferromagnetic 
exchange coupling between the molecules. The examination of he 
structure shows that two kinds of short contacts between the 
molecules are present along the z axis and within the xy plane 80 

preventing a quantitative correlation between the field values at 
which the steps occur and the values of the exchange coupling 
parameters as it was done for the Mn4 dimer.34 Nevertheless, 
complex 1 behaves as a genuine single molecule magnet, where 
the individual S = 3/2 spins keep their quantum nature and 85 

undergo tunnelling because the three dimensional 
antiferromagnetic exchange coupling is not strong enough to 
transform the compound to an antiferromagnet. 

 

 90 

Figure 6. Magnetization vs. field on a single crystal of 1 with its easy axis 
aligned with the field at T = 30 mK and two different sweep rates (top) 

and at a sweep rate of 0.002 T/s and two different temperatures (bottom). 
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Conclusions 

The high and axial symmetry of the trigonal bipyramidal 
geometry of Co(II) complexes leads to a situation where the 
ground and the excited states wave functions cannot be expressed 
as single determinants. Calculations show that the wave functions 5 

are multideterminantal, and that the first excited state allows the 
stabilization of the largest MS values by the action of the 

l̂
Zi
.ŝ
Zi

i

!  

operator. The analysis of the difference between the magnitudes 
of the anisotropy of the two complexes leads to the conclusion 
that, for pentacoordinate trigonal bipyramid symmetry (C3v), a 10 

large Ising-type anisotropy is obtained by using weak σ-donating 
ligands in the equatorial plane and strong π-donating ones for the 
axial positions, thus, giving chemists a simple tool to predict the 
magnetic anisotropy in this type of complexes. As expected in the 
case of an easy axis of magnetization, single molecule magnet 15 

behaviour was demonstrated. The intermolecular 3D 
antiferromagnetic exchange coupling is responsible for the 
quantum tunnelling and can be exploited as a tool to manipulate 
the quantum spins providing the design of discrete assemblies 
with controlled interactions. 20 
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degenerate perturbation theory. Non dynamic correlation is accounted for 
by the zero-order CASSCF calculation. The active spaces CAS(7,5) 55 

contains 7 electrons in the 5 essentially atomic d orbitals. Dynamic 
correlations are accounted for by the N-Electron Valence Perturbation 
Theory (NEVPT2) method (see ref. 27). Def2 split-valence Ahlrichs type 
basis set was used (see ref. 28). Def2-TZVPP for Co (6s5p4d2f1g), Br 
(6s5p4d1f) and Cl (xxxxxxxxx), Def2-TZVPP(-f) for N and O (first 60 

sphere ligand, 6s3p2d1f) and Def2-TZV for C (6s3p) and Def2-SV for H 
(2s). 

§ The 
l̂
Zi
.ŝ
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i

!  operator couples the ground state and an excited state that 

possess  the same MS values andwhich differ by an electron excitation 
between two real d orbitals which are linear combinations of the spherical 65 

harmonics having  the same ml value.. This is the case for dxy and dx2-y2 
orbtials on the one hand and dxz and dyz on the other hand because the 
former two obitals are linear combinations of d2+ and d2- and the latter of 
d1+ and d1-. In such a case, all Ms components of the ground state are 
stabilized, but since in the lowest |Ms| values, the wave-function is 70 

decomposed on more determinants (for spin reasons), their coefficients 
are smaller and the effect of the SOC is reduced. As a consequence, the 
lowest |Ms| values are less stabilized than the largest ones and the 
resulting D value is negative. An excitation between orbitals that have 

different ml values leads to a coupling through the 
∑ +−−+ +
i

iiii

ŝ.l̂ŝ.l̂
2

1

 75 

operator. The MS = ±1/2 components of the quartet excited states may be 
coupled with both the MS = ±3/2 and MS=±1/2 components of the ground 
state while the MS = ±3/2 components of the excited states may only be 
coupled with the MS = ±1/2 components of the ground state. As a 
consequence the MS = ±1/2 components interact with more excited 80 

components and are more stabilized, resulting in a positive contribution to 
D. 
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Synthesis 

 
Chemicals were purchased from Aldrich and used without further purification. Me6tren and all 
cobalt complexes were synthesized according to literature procedures or minor alterations thereof. 
All solvents were from BDH and were used as received. All manipulations were conducted under 
standard benchtop conditions. 
 
Synthesis of [Co(Me6tren)Cl](ClO4) (1) 

CoCl2·6H2O (0.200 g, 0.84 mmol) was dissolved in EtOH (20 ml) at 55 °C. Me6tren (0.214 g, 0.92 
mmol) dissolved in EtOH (10 ml) was added dropwise with stirring, forming a blue solution that 
was stirred overnight at room temperature. NaClO4·H2O (0.118 g, 0.84 mmol) was added with 
stirring inducing precipitation of pale blue [Co(Me6tren)Cl](ClO4) (1) (0.336 g, 95%), which was 
isolated by filtration and dried in air. Crystals suitable for X-ray analysis were formed upon cooling 
a hot MeOH solution of 1. Elemental analysis (%), observed (calculated for CoC12H30N4Cl2O4) C, 
33.81 (34.03) H, 7.08 (7.15) N, 13.05 (13.24). MS ESI+ (MeOH): m/z 324.20 [Co(Me6tren)Cl]+. IR 
(KBr) ν/cm-1: 3431 (w), 2983 (m), 2903 (m), 2852 (m), 2795 (w),  2017 (w), 1486 (s), 1475 (s), 
1461 (s), 1435 (m), 1359 (w), 1300 (s), 1248 (w), 1174 (m), 1091 (s), 1053 (s), 1023 (m), 1006 (m), 
938 (m), 913 (m), 807 (m), 778 (m), 742 (w), 622 (s), 602 (m), 573 (w), 486 (m), 411 (w), 382 (w). 
 
Synthesis of [Co(Me6tren)Br]Br (2) 

CoBr2·6H2O (0.100 g, 0.30 mmol) was dissolved in EtOH (20 ml) at 55 °C. Me6tren (0.077 g, 0.33 
mmol) dissolved in EtOH (5 ml) was added dropwise with stirring, forming a blue solution that was 
stirred overnight at room temperature. This was reduced in volume to 10 ml, yielding royal blue 
[Co(Me6tren)Br]Br (2) (0.107 g, 80%) upon addition of petroleum ether, which was isolated by 
filtration and dried in air. An X-ray structure has previously been reported. Elemental analysis (%), 
observed (calculated for CoC12H30N4Br2) C, 32.18 (32.21) H, 6.78 (6.76) N, 12.38 (12.53). MS 
ESI+ (MeOH): m/z 368.10 [Co(Me6tren)Br]+. IR (KBr) ν/cm-1: 3436 (w), 2987 (m), 2927 (m), 2873 
(s), 2778 (w),  1485 (s), 1474 (s), 1456 (s), 1395 (m), 1354 (w), 1293 (s), 1275 (s), 1238 (m), 1170 
(m), 1098 (s), 1061 (m), 1050 (m), 1032 (m), 1016 (s), 999 (s), 933 (s), 911 (m), 802 (m), 771 (s), 
742 (w), 598 (w), 585 (w), 482 (m), 402 (w), 379 (w). 
 
Physical measurements 

 

IR data were measured on KBr pellets using a PerkinElmer FTIR spectrometer. Variable 
temperature (300 – 2 K) magnetic data were measured on powdered samples of 1 and 2 in an 
eicosane matrix in 1.0 and 0.1 T fields using a Quantum Design MPMS5 SQUID magnetometer. 
The data were corrected for the diamagnetic contribution of the sample holder and eicosane, and the 
diamagnetism of the sample estimated according to Pascal’s constants. Low temperature (2 – 6 K) 
variable field (0 – 5.5 T) measurements were carried out in the same manner. Modeling of magnetic 
susceptibility and magnetization data was performed by matrix diagonalization methods using home 
made software 
 
Structural information 

 

✷✳✶✳ ▲❊❙ ❈❖▼P▲❊❳❊❙ ➚ ❈❖❖❘❉■◆❆❚■❖◆❙ ❊❳❖❚■◗❯❊❙

✻✾



 S2 

X-ray diffraction data was collected by using a Kappa X8 APPEX II Bruker diffractometer with 

graphite-monochromated MoKα radiation (  = 0.71073 Å). Crystals were mounted on a CryoLoop 

(Hampton Research) with Paratone-N (Hampton Research) as cryoprotectant and then flashfrozen 

in a nitrogen-gas stream at 100 K. The temperature of the crystal was maintained at the selected 

value (100K) by means of a 700 series Cryostream cooling device to within an accuracy of ±1 K. 

The data were corrected for Lorentz polarization, and absorption effects. The structures were solved 

by direct methods using SHELXS-971 and refined against F2 by full-matrix least-squares techniques 

using SHELXL-97 2  with anisotropic displacement parameters for all non-hydrogen atoms. 

Hydrogen atoms were located on a difference Fourier map and introduced into the calculations as a 

riding model with isotropic thermal parameters. All calculations were performed by using the 

Crystal Structure crystallographic software package WINGX.3 

The absolute configuration was determined by refining the Flack’s4 parameter using a large number 

of Friedel’s pairs. 

The crystal data collection and refinement parameters are given in Table S1. 
 

 

Figure S1. View of the shortest intermolecular distances. C and H atoms and ClO4 molecules were 

removed for clarity. The shortest distance between molecules belonging to two different ab planes 

is 2.747 Å, it involves a Cl atom of one molecule and a H atom belonging to a methylene group of 

the Me6tren ligand of another molecule. 

                                                
1) Sheldrick, G. M. SHELXS-97, Program for Crystal Structure Solution, University of Göttingen, Göttingen, 

Germany, 1997. 

2) Sheldrick, G. M. SHELXL-97, Program for the refinement of crystal structures from diffraction data, University 

of Göttingen, Göttingen, Germany, 1997. 

3) Farrugia, L. J. J. Appl. Cryst., 1999, 32, 837. 

4) Flack H. D. Acta Cryst. 1983, A39, 876. 
 

❈❍❆P■❚❘❊ ✷✳ ❙❚❘❆❚➱●■❊❙ P❖❯❘ ❆❈❈❘❖■❚❘❊ ▲✬❆◆■❙❖❚❘❖P■❊

✼✵



 S3 

Table S1. Crystallographic data and structure refinement details for compounds 
 

Compound [Co(Me6tren)Cl](ClO4) 1 [Co(Me6tren)Br]Br 2 

Empirical formula C12 H30 Cl2 Co N4 O4 C12 H30 Br2 Co N4 

Mr 424.23 449.15 

Crystal size, mm3 0.21 x 0.20 x 0.19 0.32 x 0.18 x 0.18 

Crystal system trigonal cubic 

Space group R 3c P 21 3 

a, Å 9.891(5) 12.0262(4) 

b, Å 9.891(5) 12.0262(4) 

c, Å 33.183(5) 12.0262(4)) 

α, ° 90 90 

β, ° 90 90 

γ, ° 120 90 

Cell volume, Å3 2811(2) 1739.34(17) 

Z ; Z’ 6 ; 1/3 4 ; 1/3 

T, K 100(1) 100(1) 

F000 1338 908 

µ, mm–1 1.223 5.576 

θ range, ° 2.68 – 37.32 2.40 – 36.28 

Reflection collected 13 201 21 073 

Reflections unique 2 790 2 791 

Rint 0.0226 0.0501 

GOF 1.048 0.989 

Refl. obs. (I>2σ(I)) 2 537 2 508 

Parameters 72 549 

Flack’s parameter 0.031(12) 0.010(5) 

wR2 (all data) 0.0801 0.0295 

R value (I>2σ(I)) 0.0287 0.0212 

Largest diff. peak and 
hole (e-.Å-3) 

-0.423 ; 1.024 -0.531 ; 0.563 

 
Table S2. Selected bond lengths [Å] and angles [°] for compounds (cf. Figure 1. for the labels). All 
esds are estimated using the value of the full covariance matrix of least square. 
 

  [Co(Me6tren)Cl](ClO4) 1 [Co(Me6tren)Br]Br 2 

Co ‐ N(1)  2.176(3)  2.2089(15) 

Co – N(2)  2.1519(12)  2.1342(9) 

Co – X(1)  2.2821(7)  2.4512(3) 

N(2) – Co – N(2)’  117.733(19)  117.772(12) 

N(1) – Co – N(2)  81.26(4)  81.34(2) 

N(1) – Co – X(1)  180  180 

N(2) ‐ Co – X(1)   98.74(4)  98.66(2) 

     

d [Co – (N(2) N(2)’ N(2)’’’) ]  0.327  0.321 
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Figure S5. Main determinants and their coefficients (for 1) in the wave functions of the ground state (4

Φ0) and in the 
three excited quartet states (energetically classified from lowest to highest from top to bottom) that contribute 
significantly to the D value. The composition of the orbitals is indicated in the first determinant, the coefficients of the 
orbitals decrease from left to right. Φ3 and Φ4 are degenerate so we have chosen a specific combination of the two 
corresponding wave functions. 

 

The contributions of the excited states to the D value result from the following interactions: 

(i) Two determinants (d) and (e) of the first excited state (Φ1) interacts through ∑
i

ZZ ii

ŝ.l̂  

with the determinants (b) and (c) of (Φ0) and contribute negatively to the D value. The 

0.7 (a) – 0.4 (b) 0.4 (c)

4!0

0.6 (d) – 0.6 (e) 0.35 (b) 0.35 (c)

4!1

0.6 (d) 0.6 (e) – 0.35 (b) 0.35 (c)

4!2

0.6 (b) 0.6 (c)

4!3

0.5 (f)

0.6 (d) – 0.6 (e)

4!4

– 0.5 (f)
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two contributions through ∑
i

ZZ ii

ŝ.l̂ of the third excited state (Φ4) which is spanned by 

the same determinants (d) and (e) but with opposite sign coefficients cancel.  

(ii) An opposite phenomenon occurs considering the interactions through the 

∑ +−−+ +
i

iiii

ŝ.l̂ŝ.l̂
2

1
operator. Indeed, the determinants (d) and (e) are coupled through 

∑ +−−+ +
i

iiii

ŝ.l̂ŝ.l̂
2

1
with (a) which is the main determinant of the ground quartet state. 

Due to the opposite signs of these determinants in the excited (Φ1) and (Φ4) states, the 

contributions of (Φ4) now add while that of (Φ1) cancel.  

(iii) The (Φ3) state interacts through ∑ +−−+ +
i

iiii

ŝ.l̂ŝ.l̂
2

1
 with (a) and contributes positively 

to the D value.  

(iv) From the above cited reasons, all contributions from (Φ2) cancel.  

Since (Φ1) is much lower in energy than (Φ3) and (Φ4), its large negative contribution is not 

compensated by the two positive contributions of (Φ3) and (Φ4) and the overall D value is negative.  
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Figure S6. Magnetization vs. field on a single crystal of 1 with its easy axis aligned with the field at 
T = 30 mK and different sweep rates (top) and at a sweep rate of 0.002 T/s and temperatures from 
1.3 to 0.03 K (bottom). 
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✷✳✷ ◗✉❛s✐✲❞é❣é♥ér❡s❝❡♥❝❡ ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ✿ ❡✛❡ts

❛♥t❛❣♦♥✐st❡s ❞✉ ❝♦✉♣❧❛❣❡ s♣✐♥✲♦r❜✐t❡ ❡t ❞❡ ❧❛ ❞✐s✲

t♦rs✐♦♥ ❏❛❤♥✲❚❡❧❧❡r s✉r ❧✬❛♥✐s♦tr♦♣✐❡ ♠❛❣♥ét✐q✉❡

▲✬ét✉❞❡ ❞✬✉♥ ❛✉tr❡ ❝♦♠♣❧❡①❡ ❞❡ ❝♦♦r❞✐♥❛t✐♦♥ ❡①♦t✐q✉❡ ❛ ♣♦rté s✉r ✉♥ ❝♦♠♣❧❡①❡ ♣❡♥t❛✲
❝♦♦r❞✐♥é ❞❡ ◆✐II ✳ ■❧ ❡st ❢♦r♠é ♣❛r ✉♥ ❧✐❣❛♥❞ tétr❛❞❡♥t❡ ✭❤❡①❛♠ét❤②❧✲✷✱✷✬✱✷✑✲tr✐❛♠✐♥♦✲
tr✐❡t❤②❧❛♠✐♥❡✮ ❞❡ str✉❝t✉r❡ tr✐❣♦♥❛❧❡ r✐❣✐❞❡ ❛✉t♦r✐s❛♥t tr♦✐s ❧✐❛✐s♦♥s ❞❛♥s ✉♥ ♣❧❛♥ ❝♦♥t❡♥❛♥t
❧❡ ♠ét❛❧ ❡t✱ ✉♥❡ q✉❛tr✐è♠❡ s✉r ✉♥ ❛①❡ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ à ❝❡ ♣❧❛♥✳ ❆ ❝❡❝✐ s✬❛❥♦✉t❡ ✉♥ ✐♦♥
❤❛❧♦❣è♥❡ ❝❤❧♦r✉r❡ ♦✉ ❜r♦♠✉r❡ s✉r ❧❡ ♠ê♠❡ ❛①❡✱ ❞❡ ❧✬❛✉tr❡ ❝ôté ❞✉ ♣❧❛♥ ✭❝❢✳ ✜❣✉r❡s ✷✳✶✵
♣♦✉r ❧❡ ❝♦♠♣❧❡①❡ [Ni(Me6tren)Cl]

+ ❡t ✶✳✺ ♣♦✉r ❝♦♠♣❧❡①❡ [Ni(Me6tren)Br]
+✮✳ ❯♥❡ ❢♦rt❡

❛♥✐s♦tr♦♣✐❡ ❛①✐❛❧❡ ❡st ❛✐♥s✐ ♦❜t❡♥✉❡✱ ❝♦♠♠❡ ❡①♣♦sé❡ ❞❛♥s ❧✬❛rt✐❝❧❡ ❝✐✲❛♣rès ❬✺✺❪✳

❋✐❣✉r❡ ✷✳✶✵ ✕ ❘❡♣rés❡♥t❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞✉ ❝♦♠♣❧❡①❡ [Ni(Me6tren)Cl]+✱ ❧❡ ♥✐❝❦❡❧ ❡st r❡♣rés❡♥té
❡♥ ❜❧❛♥❝✱ ❧❡ ❝❤❧♦r❡ ❡♥ ✈❡rt✱ ❧✬❛③♦t❡ ❡♥ ❜❧❡✉✱ ❧❡ ❝❛r❜♦♥❡ ❡♥ ♥♦✐r ❡t ❧❡s ❤②❞r♦❣è♥❡s s♦♥t ♦♠✐s✳

❋✐❣✉r❡ ✷✳✶✶ ✕ ❉✐❛❣r❛♠♠❡ ❞❡s ♦r❜✐t❛❧❡s 3d ❞✉ ❝♦♠♣❧❡①❡ ❞❡ ♥✐❝❦❡❧ ❞❛♥s ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞♦✉❜❧❡♠❡♥t
❞é❣é♥éré

❈❡ ❝❛s ♣rés❡♥t❡ ✉♥ ✐♥térêt ♠❛❥❡✉r ❡♥ r❛✐s♦♥ ❞❡ ❧❛ str✉❝t✉r❡ tr✐❣♦♥❛❧❡ ❞✉ ❧✐❣❛♥❞ q✉✐
❞♦♥♥❡ ✉♥ ❣r♦✉♣❡ ♣♦♥❝t✉❡❧ ❞❡ s②♠étr✐❡ C3 ❛✉ ❝♦♠♣❧❡①❡✳ ▲❡ ❝❤❛♠♣ ❞❡ ❧✐❣❛♥❞ ❡♥❣❡♥❞r❡✱
❡♥ ❝♦♥séq✉❡♥❝❡✱ ✉♥❡ ❞é❣é♥ér❡s❝❡♥❝❡ ♦r❜✐t❛❧❛✐r❡ ❡♥tr❡ ❧❡s ♦r❜✐t❛❧❡s 3dxz ❡t 3dyz ❛✐♥s✐ q✉❡
3dxy ❡t 3dx2−y2 ✳ ▲✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ 3E ❡st ❛❧♦rs ❞♦✉❜❧❡♠❡♥t ❞é❣é♥éré ✭❝❢✳ ✜❣✉r❡ ✷✳✶✶✮✳ ■❧
❡st ❛❧♦rs ♣♦ss✐❜❧❡ ❞❡ ❜é♥é✜❝✐❡r ❞✬✉♥ ❝♦✉♣❧❛❣❡ s♣✐♥✲♦r❜✐t❡ ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ❡♥tr❡ ❧❡s ❞❡✉①
❝♦♠♣♦s❛♥t❡s ♦r❜✐t❛❧❛✐r❡s ❞❡ ❝❡t ét❛t✱ ♦♥ ♣❡✉t ❞ès ❧♦rs ❛tt❡♥❞r❡ ❞✐r❡❝t❡♠❡♥t ✉♥❡ ❧❡✈é❡ ❞❡
❞é❣é♥ér❡s❝❡♥❝❡ ❞❡s ❝♦♠♣♦s❛♥t❡s MS ❡t ❞♦♥❝ ✉♥❡ ✈❛❧❡✉r ❞❡ D ❞✬✐♠♣♦rt❛♥❝❡ ❝♦♠♣❛r❛❜❧❡ à
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❧❛ ✈❛❧❡✉r ❞❡ ❧❛ ❝♦♥st❛♥t❡ s♣✐♥✲♦r❜✐t❡ ❞✉ ♥✐❝❦❡❧ ✭✻✹✹ ❝♠−1 ✈♦✐r ❧❡ t❛❜❧❡❛✉ ✶✳✶ ♣✳ ✶✼✮✳ ❈❡♣❡♥✲
❞❛♥t✱ ✉♥ ❡✛❡t ❛♥t❛❣♦♥✐st❡ ❛♣♣❛r❛✐t ❛❧♦rs✱ ✐❧ s✬❛❣✐t ❞❡ ❧❛ ❞✐st♦rs✐♦♥ ❏❛❤♥✲❚❡❧❧❡r q✉✐ t❡♥❞ à
❞é❢♦r♠❡r ❧❡ ❧✐❣❛♥❞ ré❞✉✐s❛♥t sé✈èr❡♠❡♥t ❧❛ ✈❛❧❡✉r ❞❡ D✳ ❉❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ❢♦rt❡ ❞✐st♦rs✐♦♥✱
❧❛ ♣❡rt❡ ❞❡ ❞é❣é♥ér❡s❝❡♥❝❡ str✉❝t✉r❡❧❧❡ ♥✬❛✉t♦r✐s❡ ♣❧✉s q✉✬✉♥ ❝♦✉♣❧❛❣❡ ❞✉ ❞❡✉①✐è♠❡ ♦r❞r❡
❝♦♠♠❡ ❞❛♥s ❧❡s ❝♦♠♣❧❡①❡s ♣ré❝é❞❡♠♠❡♥t ❛❜♦r❞és✳

❉❡ ♠❛♥✐èr❡ ❛♥❛❧♦❣✉❡ à ❧❛ ♣ré❝é❞❡♥t❡ ét✉❞❡✱ ✉♥❡ ❛♣♣r♦❝❤❡ ♠ê❧❛♥t t❤é♦r✐❡ ❡t ❡①♣é✲
r✐❡♥❝❡s✱ ✈✐s❡ à ❝❛r❛❝tér✐s❡r ❡t r❛t✐♦♥❛❧✐s❡r ❧❡s ♣❛r❛♠ètr❡s ♠❛❣♥ét✐q✉❡s✳ ▲❡s ♠❡s✉r❡s ♣❛r
r❛②♦♥s ❳✱ à ✉♥❡ t❡♠♣ér❛t✉r❡ ✶✵✵ ❑✱ ❞❡ ❧❛ str✉❝t✉r❡ ❞❡ ❝❡s ❝♦♠♣❧❡①❡s s✉❣❣èr❡♥t ✉♥❡ s②✲
♠étr✐❡ C3 ❡t ♥❡ ♣❡r♠❡tt❡♥t ❞♦♥❝ ♣❛s ❞✬❛♣♣ré❝✐❡r ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ ❞é❢♦r♠❛t✐♦♥ ✐♥❞✉✐t❡
♣❛r ❧✬❡✛❡t ❏❛❤♥✲❚❡❧❧❡r ❀ ❝❡t ❡✛❡t ❡st ♣♦✉rt❛♥t ❛tt❡sté ♣❛r ❧❛ s♣❡❝tr♦s❝♦♣✐❡ ❞❡ rés♦♥❛♥❝❡
♣❛r❛♠❛❣♥ét✐q✉❡ é❧❡❝tr♦♥✐q✉❡ ❡t ❧❡s ♠❡s✉r❡s ♠❛❣♥ét✐q✉❡s✳

❯♥❡ ✐♥✈❡st✐❣❛t✐♦♥ t❤é♦r✐q✉❡✱ ♣❛r ✉♥❡ ♦♣t✐♠✐s❛t✐♦♥ ❞❡ ❣é♦♠étr✐❡ à ❧✬❛✐❞❡ ❞✬✉♥ ❝❛❧❝✉❧
❉❋❚ ✭❝❢✳ ♣❛rt✐❡ ✶✳✷✳✸✮✱ ♣❡r♠❡t ❞❡ ♣ré✈♦✐r ❧❛ str✉❝t✉r❡ ❞❡s tr♦✐s ♠✐♥✐♠❛ C1 éq✉✐✈❛❧❛♥t ♣❛r
s②♠étr✐❡✳ ❉❡ ♣❧✉s✱ ✉♥❡ ét✉❞❡ ✈✐❜r❛t✐♦♥♥❡❧❧❡ ♣❡r♠❡t ❞✬❡♥ ❝❛r❛❝tér✐s❡r ❧❛ ♥❛t✉r❡ ✭♠✐♥✐♠✉♠✮
❛✐♥s✐ q✉❡ ❝❡❧❧❡s ❞❡s ♣♦✐♥ts s❡❧❧❡s✱ ❧♦rs ❞❡ tr❛♥s✐t✐♦♥ ❞✬✉♥ ♠✐♥✐♠✉♠ ✈❡rs ✉♥ ❛✉tr❡✳ ▲❛
s✉r❢❛❝❡ ❞❡ ♣♦t❡♥t✐❡❧ ❛ss♦❝✐é❡ ❛✉① ❞é❢♦r♠❛t✐♦♥s ❡st s❝❤é♠❛t✐sé s✉r ❧❛ ✜❣✉r❡ ✷✳✶✷ ❡t ❧❡s
❝♦♥✜❣✉r❛t✐♦♥s é❧❡❝tr♦♥✐q✉❡s ❞✉ ♠✐♥✐♠✉♠ ❡t ❞✉ ♣♦✐♥t s❡❧❧❡ s♦♥t ✐❧❧✉strés ♣❛r ❧❛ ✜❣✉r❡ ✷✳✶✸✳
P✉✐s ❧❡s é♥❡r❣✐❡s ❞❡s ét❛ts ❛ss♦❝✐és à ❝❡s ❞✐✛ér❡♥t❡s str✉❝t✉r❡s✱ ❝♦rr✐❣é❡s ♣❛r ❧❡s é♥❡r❣✐❡s
❞❡ ✈✐❜r❛t✐♦♥ ❝♦♥❞✉✐s❡♥t à ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ❜❛rr✐èr❡ é♥❡r❣ét✐q✉❡ ❡♥tr❡ ❞❡✉① ♠✐♥✐♠❛✳
◗✉❡❧q✉❡ s♦✐t ❧✬❤❛❧♦❣è♥❡ ❡♠♣❧♦②é✱ ❝❡tt❡ ❞✐✛ér❡♥❝❡ ❞✬é♥❡r❣✐❡ s✬❛✈èr❡ êtr❡ ❞✉ ♠ê♠❡ ♦r❞r❡ ❞❡
❣r❛♥❞❡✉r q✉❡ ❧✬é♥❡r❣✐❡ t❤❡r♠✐q✉❡✳ ▲✬❤②♣♦t❤ès❡ ❞✬✉♥❡ ♠♦②❡♥♥❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ ❞❡s tr♦✐s
♠✐♥✐♠❛ ♣❛r ✉♥❡ ❞é❢♦r♠❛t✐♦♥ str✉❝t✉r❡❧❧❡ ❧✐é❡ à ✉♥ ❡✛❡t ❏❛❤♥✲❚❡❧❧❡r ❞②♥❛♠✐q✉❡ ♣♦✉rr❛✐t
❛❧♦rs ❡①♣❧✐q✉❡r ❧✬♦❜s❡r✈❛t✐♦♥ ❞❡ ❧❛ str✉❝t✉r❡ ❝r✐st❛❧❧♦❣r❛♣❤✐q✉❡ C3✱ ❡❧❧❡ ♥✬❡st ❝❡♣❡♥❞❛♥t
♣❛s ❛tt❡sté❡ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t✱ ♠ê♠❡ à ❜❛ss❡ t❡♠♣ér❛t✉r❡ ✭✶✵ ❑✮✳

❋✐❣✉r❡ ✷✳✶✷ ✕ ❘❡♣rés❡♥t❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞❡ ♣♦t❡♥t✐❡❧ ❛✉t♦✉r ❞❡ ❧❛ str✉❝t✉r❡ C3 ❢❛✐s❛♥t
❛♣♣❛r❛✐tr❡ ❧❡s tr♦✐s ♠✐♥✐♠❛ éq✉✐✈❛❧❡♥ts ❡t ❧❡s ét❛ts ❞❡ tr❛♥s✐t✐♦♥✳
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❋✐❣✉r❡ ✷✳✶✸ ✕ ❈♦♥✜❣✉r❛t✐♦♥ é❧❡❝tr♦♥✐q✉❡ ❡t ♦r❜✐t❛❧❡s s✐♠♣❧❡♠❡♥t ♦❝❝✉♣é ❞✉ ♠✐♥✐♠✉♠ C1 ✭à ❣❛✉❝❤❡✮
❡t ❞❡ ❧✬ét❛t ❞❡ tr❛♥s✐t✐♦♥ ✭à ❞r♦✐t❡✮✳

❋✐❣✉r❡ ✷✳✶✹ ✕ ➱♥❡r❣✐❡s ❞❡s s✐① ❝♦♠♣♦s❛♥t❡s ❞❡s ❞❡✉① tr✐♣❧❡ts ❢♦♥❞❛♠❡♥t❛✉① ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❞✐st♦rs✐♦♥
❏❛❤♥✲❚❡❧❧❡r✳ ▲✬❛❜s❝✐ss❡ ❝♦rr❡s♣♦♥❞ ❛ ✉♥❡ ❞✐st♦rs✐♦♥ ❧✐♥é❛✐r❡ ❡♥tr❡ ❧❛ str✉❝t✉r❡ C3 ❡t ❧❡ ♠✐♥✐♠✉♠ ❉❋❚ C1✳
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P♦✉r ét❛②❡r ❝❡tt❡ ❤②♣♦t❤ès❡✱ ✉♥❡ ❛♥❛❧②s❡ ♣❛r ✉♥❡ t❤é♦r✐❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ❛ été
ré❛❧✐sé❡ ❛✉ ♠♦②❡♥ ❞✉ ❧♦❣✐❝✐❡❧ ▼❖▲❈❆❙ ✭❝❢✳ ♣❛rt✐❡ ❄❄✮ ❛✉① ❣é♦♠étr✐❡s ❞✉ ♠✐♥✐♠✉♠ ❡t
❞✉ ♣♦✐♥t s❡❧❧❡✳ ❯♥ ❝❛❧❝✉❧ ❛❜ ✐♥✐t✐♦ ❞❡ ❧✬❛✐♠❛♥t❛t✐♦♥ ❡t ❞❡ ❧❛ s✉s❝❡♣t✐❜✐❧✐té ♠❛❣♥ét✐q✉❡✱ ❡♥
❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❡s ♠❡s✉r❡s ❛♥❛❧♦❣✉❡s ❡①♣ér✐♠❡♥t❛❧❡s✱ ♣❡r♠❡t ❞✬❛♣♣ré❝✐❡r ❧❡s ❡✛❡ts ❞❡
❧❛ ❞é❢♦r♠❛t✐♦♥ s✉r ❝❡s ♣❛r❛♠ètr❡s✳ ❊♥ ♦✉tr❡✱ ✉♥ ❝❛❧❝✉❧ ❛♥❛❧②t✐q✉❡ ♣❡r♠❡t ❞❡ ♠♦❞é❧✐s❡r
❧❡ ❝♦✉♣❧❛❣❡ s♣✐♥✲♦r❜✐t❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❞é❢♦r♠❛t✐♦♥ ❡t ❞❡ ❝♦♠♣r❡♥❞r❡ ❝♦♠♠❡♥t ❡t ❛✈❡❝
q✉❡❧❧❡ ❛♠♣❧✐t✉❞❡ ❧❛ ❧❡✈é❡ ❞❡ ❞é❣é♥ér❡s❝❡♥❝❡ ♦r❜✐t❛❧❛✐r❡ ❡♥tr❡ ❧❡s ❞❡✉① ét❛ts ❧❡s ♣❧✉s ❜❛s ❡♥
é♥❡r❣✐❡ ❛✛❡❝t❡ ❧❡s ✈❛❧❡✉rs ❞❡D ♣❛r ✉♥❡ ❛tté♥✉❛t✐♦♥ ❞❡s ❡✛❡ts s♣✐♥✲♦r❜✐t❡✳ P♦✉r ❝❡ ❢❛✐r❡✱ ✉♥❡
✐♥t❡r♣♦❧❛t✐♦♥ ❧✐♥é❛✐r❡ ❡♥tr❡ ❧❡s ❝♦♦r❞♦♥♥é❡s ✐♥t❡r♥❡s ❞❡ ❧❛ str✉❝t✉r❡ ❝r✐st❛❧❧♦❣r❛♣❤✐q✉❡ C3 ❡t
❞✉ ♠✐♥✐♠✉♠ C1 ♦❜t❡♥✉ ♣❛r ❉❋❚ ❛ ♣❡r♠✐s ❞❡ ❞é✜♥✐r ❞✐✛ér❡♥t❡s ❣é♦♠étr✐❡s ✐♥t❡r♠é❞✐❛✐r❡s
❡t ❞❡ ❝❛❧❝✉❧❡r✱ ♣♦✉r ❝❤❛❝✉♥❡ ❞✬❡❧❧❡✱ ❧❡ s♣❡❝tr❡ ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❡ ❝♦✉♣❧❛❣❡ s♣✐♥✲♦r❜✐t❡
✭❝❢✳ ✜❣✉r❡ ✷✳✶✹✮✳ ❈❡tt❡ ❞é❢♦r♠❛t✐♦♥ ❡st ❝❡♣❡♥❞❛♥t ❧✐♠✐té❡ ♣❛r ❧❛ r✐❣✐❞✐té ❞✉ ❧✐❣❛♥❞✱ ❝❡s ❞❡✉①
ét❛ts r❡st❡♥t ❛❧♦rs ♣r♦❝❤❡s ❡♥ é♥❡r❣✐❡✳ ▲❛ ✈❛❧❡✉r ❞❡ D ♣❡✉t êtr❡ é✈❛❧✉é❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡
♣❛r ❧❛ ❞✐✛ér❡♥❝❡ ❞✬é♥❡r❣✐❡ ❡♥tr❡ ❧❡s ❝♦♠♣♦s❛♥t❡s MS = ±1 ❡t ❧❛ ❝♦♠♣♦s❛♥t❡ MS = 0
❞❡s ét❛ts ❞❡ ♣❧✉s ❜❛ss❡s é♥❡r❣✐❡s✱ ❛✐♥s✐ ✉♥❡ ❢♦rt❡ ❞✐♠✐♥✉t✐♦♥ ❞✉ ♣❛r❛♠ètr❡ D✱ ❞✬❡♥✈✐r♦♥
✻✵✵ ❝♠−1♣♦✉r ❧❛ ❣é♦♠étr✐❡ C3 à ❡♥✈✐r♦♥ ✷✵✵ ❝♠−1♣♦✉r ❧❡ ♠✐♥✐♠✉♠ ❉❋❚✱ ♣❡✉t ❞♦♥❝ êtr❡
♣ré❞✐t❡✳ ❈❡tt❡ ❣r❛♥❞❡✉r ❞é♣❡♥❞✱ ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥ ❝♦✉♣❧❛❣❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡✱ ❞❡ ❧✬✐♥✈❡rs❡
❞❡ ❧❛ ❞✐✛ér❡♥❝❡ ❞❡s é♥❡r❣✐❡s ❞❡ ❝❤❛q✉❡ ét❛t✱ ✉♥❡ ✐♠♣♦rt❛♥t❡ ❛♥✐s♦tr♦♣✐❡ ❛①✐❛❧❡ ❡st✱ t♦✉t ❞❡
♠ê♠❡✱ ♦❜t❡♥✉❡✳ ❉❡ ♣❧✉s✱ à ❝❡ ♥✐✈❡❛✉ ❞❡ ❝❛❧❝✉❧✱ ✉♥❡ ❧é❣èr❡ ❧❡✈é❡ ❞❡ ❞é❣é♥ér❡s❝❡♥❝❡ ❡♥tr❡ ❧❡s
❝♦♠♣♦s❛♥t❡sMS = ±1 ❡st ♣ré❞✐t❡✱ ❛✐♥s✐ q✉❡ ❧✬❛ttr✐❜✉t✐♦♥ ❞❡s ❞✐✛ér❡♥ts ❛①❡s ♠❛❣♥ét✐q✉❡s✳

▲❡s ♠❡s✉r❡s ♣❛r rés♦♥❛♥❝❡s ♣❛r❛♠❛❣♥ét✐q✉❡s ❞❡ ❧✬é❧❡❝tr♦♥ ❡♥ ❝❤❛♠♣ ✐♥t❡♥s❡✱ à ❤❛✉t❡
❢réq✉❡♥❝❡ ✭❍❋✲❍❋❊P❘✮ ❞♦♥♥❡ ✉♥❡ ✈❛❧❡✉r ❞❡ D ❝♦♠♣r✐s❡ ❡♥tr❡ ✲✶✷✵ ❝♠−1❡t ✲✶✽✵ ❝♠−1✳
❯♥ ❜♦♥ ❛❝❝♦r❞ ❡♥tr❡ ❧❡s rés✉❧t❛ts ❡①♣ér✐♠❡♥t❛✉① ❡t t❤é♦r✐q✉❡s ❡st ❞♦♥❝ ❛tt❡✐♥t ❡t ♣❡r♠❡t
✉♥❡ ❝♦♠♣ré❤❡♥s✐♦♥ ❡t ✉♥❡ ✈❛❧✐❞❛t✐♦♥ ❞❡s ❝❛✉s❡s ❞✬✉♥❡ ✐♠♣♦rt❛♥t❡ ❛♥✐s♦tr♦♣✐❡ ❛✈❡❝ ❞❡s
✈❛❧❡✉rs ❞❡s ♣❛r❛♠ètr❡s ❞✉ ❩❋❙ s♦✉❤❛✐t❛❜❧❡s ✭D ♥é❣❛t✐❢✱ ❞❡ ❣r❛♥❞❡ ❛♠♣❧✐t✉❞❡ ❡t E ❢❛✐❜❧❡✮
♣♦✉r ❞❡s ❛♣♣❧✐❝❛t✐♦♥s✳ ❊♥ ♣r✐♥❝✐♣❛❧❡s ❝♦♥❝❧✉s✐♦♥s✱ ✐❧ ❛♣♣❛r❛✐t q✉❡ ❧❡s ❧✐❣❛♥❞s r✐❣✐❞❡s ♥♦♥✲
♣❧❛♥❛✐r❡ ❛✉t♦r✐s❛♥t ✉♥❡ ❝♦♦r❞✐♥❛t✐♦♥ ❡①♦t✐q✉❡ s❡♠❜❧❡♥t ♦✛r✐r ✉♥❡ ♣♦ss✐❜✐❧✐té ♣r♦♠❡tt❡✉s❡
❞❡ ❜é♥é✜❝✐❡r ❞✬✉♥ ❝♦✉♣❧❛❣❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ à ❝♦♥❞✐t✐♦♥ ❞❡ ❝♦♥trô❧❡r ❧❛ ❞✐st♦rs✐♦♥✳
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⊥Laboratoire National des Champs Magnet́iques Intenses, UPR CNRS 3228, Universite ́ J. Fourier, 25, Avenue des Martyrs, B.P. 166,
38042 Grenoble Cedex 9, France
#National High Magnetic Field Laboratory, Florida State University, Tallahassee, Florida 32310, United States
∇Department of Physics, Florida State University, Tallahassee, Florida 32306, United States
○Universite ́ de Lorraine, CRM2, UMR 7036, Boulevard des Aiguillettes, Vandoeuvre les Nancy, F-54506, France
◆CNRS, CRM2, UMR 7036, Boulevard des Aiguillettes, Vandoeuvre les Nancy, F-54506, France

*S Supporting Information

ABSTRACT: This paper reports the experimental and theoretical inves-
tigations of two trigonal bipyramidal Ni(II) complexes, [Ni(Me6tren)Cl]-
(ClO4) (1) and [Ni(Me6tren)Br](Br) (2). High-field, high-frequency electron
paramagnetic resonance spectroscopy performed on a single crystal of 1 shows
a giant uniaxial magnetic anisotropy with an experimental Dexpt value (energy
difference between the Ms = ± 1 and Ms = 0 components of the ground spin
state S = 1) estimated to be between −120 and −180 cm−1. The theoretical
study shows that, for an ideally trigonal Ni(II) complex, the orbital degeneracy
leads to a first-order spin−orbit coupling that results in a splitting of the Ms =
± 1 and Ms = 0 components of approximately −600 cm−1. Despite the Jahn−
Teller distortion that removes the ground term degeneracy and reduces the effects of the first-order spin−orbit interaction, the D
value remains very large. A good agreement between theoretical and experimental results (theoretical Dtheor between −100 and
−200 cm−1) is obtained.

1. INTRODUCTION

Single molecule magnets (SMMs) exhibit a slow relaxation of
their magnetization leading to a magnetic hysteresis at low
temperature.1−5 Since this bistable behavior may ultimately lead
to technological applications in the domain of data storage6 and
quantum computing,7−9 the study of these objects has
generated a considerable interest. This remarkable property
arises from the existence of two ground states of different
magnetization +Ms and −Ms separated by an energy barrier.
Magnetic anisotropy is responsible for both the existence of the
energy barrier and the tunneling between the different Ms

components. Nevertheless, the presently measured blocking
temperatures of SMMs (below which the system keeps its
magnetization) are still too low for daily technological
applications. The magnitude of the anisotropy and its nature
(either axial or rhombic) control the barrier height and the
tunneling. The design of suitable SMMs therefore rests on the
ability to synthesize new objects with larger and uniaxial

magnetic anisotropy, characterized by a strongly negative axial
anisotropy parameter D and an as small as possible rhombic
parameter E. The lifting of degeneracy of the different Ms

components of the high-spin ground term S originates from the
spin−orbit coupling (and to a lesser extent the spin−spin
coupling) combined with a low symmetry. In most of the 3d
metallic complexes, magnetic anisotropy arises from the
coupling between a spatially nondegenerate electronic ground
state with excited states. Since these couplings are usually small
in comparison with the energy difference between the
electronic ground state and the excited states, the resulting
anisotropy is usually weak.
Several strategies have been developed in order to enlarge

the magnetic anisotropy of molecular complexes. One of them
consists in replacing the d transition metals by rare earths (4f)

Received: August 16, 2012
Published: January 24, 2013

Article

pubs.acs.org/JACS

© 2013 American Chemical Society 3017 dx.doi.org/10.1021/ja308146e | J. Am. Chem. Soc. 2013, 135, 3017−3026

✽✶



or actinides (5f) in order to benefit from the large spin−orbit
coupling of heavy elements.10−14 The present work uses an
alternative strategy15 in which the complexes exhibit a nearly
orbitally degenerate ground term. In such complexes, the first-
order spin−orbit coupling between the spatial configurations
resulting from the different orbital fillings may induce a large
splitting of the Ms components of the high-spin degenerate
ground term. In the recent past, several Ni(II) mononuclear
complexes presenting a large Ising-type magnetic anisotropy
have been proposed.16 However, most of the Ni(II) complexes
have a geometry close to octahedral in which the angular
momentum is quenched. For Ni(II) complexes, one possible
way to take advantage of first-order spin−orbit coupling is to
design complexes with a low symmetry for which the ground
term is orbitally degenerate. The main goal of this paper is to
propose and study theoretically and experimentally such
complexes. It is worth noting that, for the degenerate ground
state, a Jahn−Teller distortion occurs. Unfortunately, this
distortion that removes the orbital degeneracy tends to
minimize the effect of the first-order spin−orbit coupling,
thus reducing the magnetic anisotropy.17−24

In this paper, we report the synthesis, the characterization,
and the single-crystal high-field high-frequency electron para-
magnetic resonance (HF-HFEPR) study of [Ni(Me6tren)Cl]-
(ClO4) (1) and [Ni(Me6tren)Br]Br (2) trigonal bipyramidal
complexes. In order to analyze the competition between the
antagonist effects of the spin−orbit coupling and the Jahn−
Teller distortion25−28 in these two complexes, we also perform
a theoretical study. Since the first attempt to calculate the
anisotropic parameters in 1998,29 in the H2Ti(μ-H)2TiH2

complex, several theoretical methods have been developed to
calculate the zero-field splitting (ZFS) parameters. The
NRLMOL code,30,31 which constitutes one of the first density
functional theory (DFT) implementations, has successfully
been applied to various SMMs.32−38 In 2003, the spin−orbit
state interaction (SOSI) method,39,40 which treats the spin−
orbit coupling (SOC) in the wave function theory (WFT)-
based framework, was implemented in the MOLCAS code.41

This method has shown to provide reliable ZFS parameters of
transition-metal complexes for which the ZFS is dominated by
the SOC contribution,42−51 and the present work uses this
SOSI method. One should also mention that the treatment of
the spin−spin coupling (SSC) in the WFT approach has been
developed by Gilka et al.52 as well as Ganyushin and Neese53

and implemented in the ORCA program.54 This code allows
one to use either DFT or WFT methods (MRCI, CASSCF, and
multireference perturbation theory NEVPT255) to calculate the
ZFS56−66 and has also been successfully applied to several
mononuclear inorganic complexes and organic molecules.
Section 2 is devoted to experimental results. Magnetic

measurements, single-crystal X-ray diffraction, and HF-HFEPR
spectroscopy were performed to experimentally characterize the
studied complexes.
Section 3 is devoted to the theoretical description of two of

the studied compounds. In the first place, a DFT study leads to
the characterization of the main features of the potential energy
surfaces. Then, the competition between spin−orbit coupling
and Jahn−Teller distortion is studied using first-order spin−
orbit calculations. Finally, the ZFS parameters are extracted
using more sophisticated calculations accounting for both the
first-order and second-order spin−orbit coupling effects.

2. MATERIALS AND METHODS

2.1. Synthesis. Chemicals were purchased from Aldrich and used
without further purification. Me6tren and [Ni(Me6tren)Br]Br
complexes were synthesized according to literature procedures or
minor alterations thereof.67 The synthesis of the [Ni(Me6tren)(Cl)]-
(ClO4) complex is given in the Supporting Information. All solvents
were from BDH and were used as received. All manipulations were
conducted under standard laboratory conditions.

2.2. Magnetic Measurement. Variable temperature (300−2 K)
magnetic data were measured on powdered samples of 1 and 2 in an
eicosane matrix in 1.0 and 0.1 T fields using a Quantum Design
MPMS5 superconducting quantum interference device (SQUID)
magnetometer. The data were corrected for the diamagnetic
contribution of the sample holder and eicosane, and the diamagnetism
of the sample was estimated according to Pascal’s constants. Low
temperature (2−6 K) variable field (0−5.5 T) measurements were
carried out in the same manner.

2.3. HF-HFEPR Spectroscopy. Single-crystal HF-HFEPR meas-
urements were carried out in a 31 T resistive magnet using a cavity
perturbation technique; in situ sample rotation was possible about a
fixed axis.68 A Millimeter vector network analyzer and several different
multipliers were used as a microwave source and detector. Powder
spectra were recorded at 5 K on powders pressed into pellets made of
either pure ground polycrystalline sample or ground polycrystalline
powder dispersed in eicosane. Spectra were recorded with an EPR
spectrometer relying on a quasi-optical light transmission. A step-
tunable frequency source was used; the final frequency was obtained
by multiplying (12 times) a variable synthesizer frequency (10 and
9.58 GHz) or a PDRO source (9.2 GHz). The 220.8 GHz frequency
was obtained with the help of a doubler. A Mn(II) reference (MnO
diluted in MgO) added to the sample was responsible for the signal at
g = 2.

2.4. X-ray Diffraction. Single-crystal X-ray diffraction data were
measured on a Bruker APEX II CCD diffractometer with graphite−
monochromated MoK radiation (λ = 0.71073 Å). Crystals were
mounted on a CryoLoop (Hampton Research) with Paratone-N
(Hampton Research) as cryoprotectant and then flashfrozen in a
nitrogen-gas stream at 100 K. The temperature of the crystal was
maintained at the selected value (100 K) by means of a 700 series
Cryostream cooling device to within an accuracy of ±1 K. The data
were corrected for Lorentz polarization and absorption effects.
Diffraction data were also collected at 10 K on a Supernova
diffractometer equipped with an ATLAS CCD detector, MoKα
radiation and a Helijet open flow cryosystem. The structures at 100
and 10 K were solved by direct methods using SHELXS-97 and refined
against F2 by full-matrix least-squares techniques using SHELXL-97
with anisotropic displacement parameters for all non-hydrogen atoms.
Hydrogen atoms were located on a difference Fourier map and
introduced into the calculations as a riding model with isotropic
thermal parameters. All calculations were performed using the crystal
structure crystallographic software package WINGX. See the
Supporting Information for further details on the structural analysis.

CCDC 893397 and 912662 contain the supplementary crystallo-
graphic data for this paper. These data can be obtained free of charge
from the Cambridge Crystallographic Data Centre via www.ccdc.cam.
ac.uk/data_request/cif.

2.5. Calculations. DFT calculations were performed using the
Gaussian 03 package.69 The B3LYP functional was used throughout
with two different basis sets. The first one is composed of the Hay−
Wadt LanL2TZ(f) basis set70,71 for the nickel metal center, including
an f polarization function with an exponent of 3.13, and its
corresponding relativistic effective core potential,71,72 a Pople triple-ζ
basis set (6-311G) for N, Cl, and Br atoms,73 a Pople double-ζ plus
polarization basis set (6-31G*) for C atoms,74 and a Pople double-ζ
basis set (4-31G) for H atoms.75 This basis set (noted basis 1) was
used to compute both complexes. The second basis set (basis 2) is
much larger and was used to compute compound 1. It uses a Stuttgart
relativistic small-core effective potential for nickel with its associated
polarized basis set76 including two f and one g polarization functions,77
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a correlation-consistent polarized triple-ζ basis set (cc-pVTZ) for N,
and Cl atoms,78 and a correlation-consistent polarized double-ζ basis
set (cc-pVDZ) for C and H atoms.
Although the optimized geometries obtained using both basis sets

compare well with the experimental ones, the distances and angles
around the Ni(II) ion obtained with basis 1 are closer to the
experimental ones. Since the ZFS parameters are very sensitive to the
geometrical structure, the geometries of both the minimum and the
transition state obtained using basis 1 were selected for the WFT of
both compounds.79

Unrestricted DFT calculations were used to optimize minima and
saddle points of the potential energy surface of the triplet ground state.
Spin contamination was negligible, with ⟨S2⟩ values never exceeding
2.005. Analytical harmonic vibrational frequencies were computed to
characterize the nature of the stationary points (all frequencies are
positive for the minima and a single imaginary frequency appears for
the saddle points) and to evaluate the zero-point vibrational kinetic
energy (ZPE).
WFT-based calculations were performed using the MOLCAS 7.4

package.80 Nondynamic correlation is accounted for by complete
active space self consistent field (CASSCF) calculations. The active
space is constituted of the 5d orbitals, 5d′ orbitals dedicated to
correlation, and the eight d electrons. In order to take into account
dynamic correlation effects, CASPT281 calculations were performed:
(i) CAS(8,10)PT2 calculations for the lowest two triplet states; (ii)
CAS(8,10)PT2 calculations for the 10 lowest triplet and 14 lowest
singlet states.82 Spin−orbit couplings are computed within the spin−
orbit state interaction frame.83 This method diagonalizes the spin−
orbit matrix between well-chosen CASSCF states. For dynamically
correlated calculations, the diagonal elements of the SI matrix are the
CASPT2 energies of the computed states. The following ANO-RCC
basis sets84 were used: 6s5p3d1f for Br, 5s4p2d1f for Cl, 6s5p4d2f for
Ni, 3s2p1d for N, 3s2p for C, and 2s for H.

3. RESULTS AND DISCUSSION

3.1. Structural Description. The cationic complex [Ni-
(Me6tren)Cl]

+, previously unreported crystallographically, may
be crystallized from a methanolic solution with a perchlorate
counterion, giving [Ni(Me6tren)Cl](ClO4), (1) (Figure 1).
The tetrahedral anion, with four potential C3 axes, readily forms
a trigonal crystal system, R3c in the case of 1. In accordance

with the previously reported structure of [Ni(Me6tren)Br]Br,
2,68 compound 1 consists of a Ni(II) ion penta-coordinated by
four amino nitrogen atoms from the neutral Me6tren ligand and
one halide ion. The ligands are distributed at the apexes of a
trigonal bipyramid with crystallographic C3 symmetry, the three
equatorial sites are occupied by the “terminal” amines, and the
axial sites are occupied by the central amine and the chloride
ion. The Ni(II) ion lies 0.23 Å below the equatorial plane of the
three nitrogen atoms, compared to 0.22 Å in the reported
structure of 2.
As highlighted by the selected bond lengths and angles in

Table S1 of the Supporting Information, complexes 1 and 2 are
structurally similar, and minor differences may be accounted for
by greater ionic radius (Ni−X) and the trans effect (Ni−N1) of
bromide. There is however a significant difference in the
packing of the molecules in the solid state. Complex 2 consists
of [Ni(Me6tren)Br]

+ and Br− ions, crystallized in the cubic
P213 space group. This has a distorted NaCl-type arrangement
of ions. As such, when viewing the unit cell along the C3 axis of
any one [Ni(Me6tren)Br]

+ complex, the axes of the three
remaining molecules lie pseudoperpendicular, related to one
another via threefold rotational symmetry (see the Supporting
Information, Figure S1). Replacement of the bromide counter-
ion by the larger and nonspherical perchlorate ion results in the
trigonal packing observed for 1 (Figure 1). In this case, the C3

axes of the molecules all lay parallel and unidirectionally
through the unit cell. It may thus be possible to relate molecular
magnetic axes to faces and edges of the crystal, facilitating
relatively simple interpretation of single-crystal spectroscopic
data.
For 1, upon temperature decrease to 10 K, no space group

change associated to a symmetry breaking transition is
detected; the molecular crystallographic C3 symmetry is
preserved. The absence of crystal symmetry lowering at 10 K
does not rule out the presence of a molecular distortion.
Indeed, a local (i.e., molecular) distortion resulting from a
Jahn−Teller effect with an equal population of the three
distortion modes (see the Supporting Information, Figure S2)
and statistically distributed within the single-crystal sample
would preserve the R3c symmetry. The structural dynamics of
the [Ni(Me6tren)Cl]

+ complex at 10 K has been examined by
performing a TLS (rigid-body thermal motion model) analysis
and indicates a possible local (i.e., molecular) structural
distortion, whose spatial average maintains the crystal R3c
symmetry (see the Supporting Information, Figure S3).

3.2. Magnetic Measurements. The measured molar
magnetic susceptibility (χT) plot for a powdered sample of 1
has a room temperature χT value of 1.42 emu K mol−1, much
higher than that expected from the spin-only formula for a
high-spin mononuclear Ni(II) complex (1.21 emu K mol−1 for
g = 2.20), probably due to a large orbital contribution, and is
relatively constant down to approximately 120 K. Below this
temperature, it collapses, indicating significant ZFS in the S = 1
ground state. Similarly, at 2 K and 5.5 T, the observed
magnetization value (1.25 μB) is well below the theoretical
saturation for an S = 1 system (2.2 μB for g = 2.20) and has not
reached a plateau. This, along with the fact that the reduced
magnetization plots are non-superimposable, is also indicative
of large magnetic anisotropy (see the Supporting Information,
Figure S4). Very similar results were obtained for 2 (see the
Supporting Information, Figure S5). AC susceptibility studies
were performed at different frequencies of the oscillating
magnetic field, but no out of phase signal was observed down to

Figure 1. Structure of the cation in [Ni(Me6tren)Cl](ClO4) (1) (top
left) and the same complex viewed along the C3 axis (bottom left).
Packing diagram showing the parallel arrangement of molecular C3

axes in the solid state (right). Hydrogen atoms are omitted for clarity.
Color code: Ni (green), C (black), N (blue), Cl (bright green), O
(red).
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2 K. Hysteresis studies using a microsquid array down to 50
mK did not show any hysteresis at zero field.
3.3. HF-HFEPR Spectroscopy. Given the proposed

massive magnetic anisotropy of the complex, and the
unreliability of inferring ZFS parameters from magnetic
measurements alone, HF-HFEPR measurements were per-
formed on a single crystal of 1. Careful angle-dependence
studies involving rotations of the crystal about a fixed axis were
performed to ensure that the applied field was within 2° of the
molecular hard plane (see the Supporting Information, Figure
S6). Extensive frequency- and temperature-dependence studies
(115−250 GHz, 1.4−10 K) were carried out at the field
orientation where the EPR transition appears at the highest
field, which necessarily corresponds to the field lying in the
molecular hard plane (see the Supporting Information, Figure
S7). It is notable that the intensities of the observed EPR
transitions quickly decrease when the applied field is moved
away from the molecular hard plane, which indicates that the
transition matrix element vanishes when the applied field is out
of the molecular hard plane. Two EPR transitions (A and B)
were observed (see the Supporting Information, Figure S8) at
frequencies between 115 and 240 GHz (see the Supporting
Information, Figures S9 and S10). EPR experiments were
repeated on several different crystals, and similar spectra were
observed. For an S = 1 system, only one ground-state transition
is expected; however, both of these signals were confirmed to
be ground-state transitions through temperature-dependence
studies (see the Supporting Information, Figure S8). We
propose that the crystallographically observed molecular C3

symmetry is broken by a Jahn−Teller-type distortion that is
within the molecular triangular planes. By assuming that the
easy axes of all molecules remain parallel and that the space
group of the crystal remains unchanged, this yields three
different molecular orientations (A, B, and C) that are related
by a threefold rotational symmetry (see the Supporting
Information, Figure S11). The molecules have equal probability
(1/3) of falling in any one of these orientations. Thus, the hard
axes (x axes) of the molecules are not parallel to one another
giving rise to the multiple transitions that were observed
experimentally. This distortion also permits the observation of a
rhombic E term that is strictly forbidden if rigorous molecular
C3 symmetry is maintained. We note that the hard planes
corresponding to the A and B molecules vary slightly by a few
degrees (see the Supporting Information, Figure S6 inset),
implying that the easy axes of the A and B molecules are not
exactly parallel. Such an observation further supports our
assumption that the local molecular symmetry is lowered by
Jahn−Teller-type distortions at low temperatures; that is, with
the presence of distortions, the anisotropy tensors of the
molecules are tilted; thus, the easy axes of molecules do not
coincide with the crystallographic threefold screw axes.
However, the space group of 1 remains unchanged; hence,
these three molecular species are related by a threefold rotation.
Variable-frequency studies were performed with the field
applied in the hard planes of the A and B molecules,
respectively, to study the frequency dependence of these
transitions (see the Supporting Information, Figures S9 and
S10).
The EPR data were simulated employing the following

Hamiltonian, where φ represents the angle between the field
and the molecular hard axes (Figure 2):

μ φ φ̂ = ̂ + ̂ − ̂ + · · ̂ + ̂D E g BH S (S S ) (cos( )S sin( )S )z x y x y

2 2 2

B (1)

The value of g was fixed at 2.4 (extracted from the room
temperature χT value) and the values of D, E, and φ were
varied across a large parameter space. Due to the fact that we
were only able to perform single-axis rotation, the field
orientation in the molecular hard plane (φ) remains an
arbitrary experimental parameter. Simulations gave the
following best fit parameters: D = −179 cm−1, E = 1.63
cm−1, φA = 105.5°, and φB = 225.5°, as shown in Figure 3.

The solid lines represent the simulations of the EPR peak
positions associated with the A and B molecules. It should be
noted that, for this parameter set, the predicted transitions for
the C molecules will appear at lower frequency (Figure 3,
dashed blue line) and thus were not observed experimentally.
To test uncertainties associated with these parameters, each
two parameters were fixed in turn, and the error associated with
the simulation was calculated while the others were varied (see
the Supporting Information, Figures S12−S17). These tests
show a near linear dependence on D and g (see the Supporting
Information, Figure S15). This is of little surprise given that it is
impossible to directly measure the large ZFS of 1 (∼200 cm−1)
by EPR. The value of D was obtained indirectly by fitting the
observed hard plane transitions (see the Supporting Informa-

Figure 2. Origin of φ in the Hamiltonian used to fit the EPR data. The
“donuts” represent the zero-field anisotropy surface of the molecules
assuming the previously described Jahn−Teller distortion.

Figure 3. EPR peak positions observed for the A and B molecular
transitions of a single crystal of 1, with the field aligned in the magnetic
hard plane of the A (black squares) and B (red circles) molecules,
respectively. The solid lines correspond to the best fit employing the
Hamiltonian (eq 1) and parameters given in the text. The dashed blue
line represents the predicted positions of the EPR transitions
associated with the C molecules.
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tion, Figure S5), and g has the effect of scaling the Zeeman
energy used to calculate the zero-field parameters. Since the
field is always applied in the hard plane, the g value in the
analysis corresponds to the perpendicular g value, gx,y. It is likely
that gz is not equal to gx,y, which should be taken into account in
subsequent analysis.
The experiment does however show unambiguous evidence

of the presence of a sizable E term, whose magnitude (1.6
cm−1) is clearly independent of g, D, and φ (see the Supporting
Information, Figures S12, S13, S16, and S17). The presence of
rhombic anisotropy provides spectroscopic proof that the
molecular C3 symmetry is broken by Jahn−Teller-type
distortions. In summary, the EPR measurements of 1 provide
a clear determination of the magnitude of the transverse
anisotropy and demonstrate the dependence of D on the g
value. Even for a g value of 2.0, which would be very low given
the near first-order spin−orbit coupling predicted for 1, D is
expected to be as large as −120 cm−1, with a value approaching
−180 cm−1, more likely.
In order to check the analysis of the high-field EPR

measurements performed on a single crystal, powder spectra
were also recorded (on powders pressed into pellets). Indeed,
with a |D| value higher than 100 cm−1, one cannot expect to
observe the corresponding transitions even using high
frequencies. Conversely, transitions associated with the E
term can be observed on powder spectra at low field, that is, for
frequencies only slightly larger than the energy gap. In Figure
S18 (see the Supporting Information), spectra recorded at 5 K
and at four different frequencies, ranging from 110 to 221 GHz,
are displayed. The shift of the main line with frequency leads to
the following parameters: E = 1.56 ± 0.05 cm−1 and gz = 2.34 ±
0.07. Even if these figures are not very precise due to the
limited frequency (and field) interval where they are observed,
as this transition becomes weaker and weaker with the increase
of the Zeeman interaction, the E and gz values are close to the
ones obtained from single-crystal measurements, thus support-
ing the analysis previously developed on the single crystal. It
may be noticed that, for the powder measurements, more than
one signal is observed except at the lowest frequency. This
seems to point towards the existence of molecules with
different anisotropies, which could contribute to the extra
signals observed on the single-crystal spectra (especially the one
appearing only slightly lower in field than the A signal).
Similar measurements were performed on 2; however,

multiple peaks were observed, and even the most prominent
feature could be modeled with a range of parameters. The poor
quality of the data reflects the difficulties associated with single-
crystal measurements for 2, where the nonparallel alignment of
the molecular easy axes within the unit cell prevents the
simultaneous application of the field in all of the molecular hard
planes. This greatly complicates the spectra, preventing any
meaningful analysis of the ZFS parameters. Future investigation
may require the replacement of the bromide counterion with
perchlorate, in an attempt to change the crystal system and to
obtain results comparable to those for 1. Despite the
experimental difficulties associated with 2, the ZFS parameters
obtained for 1 represent a near 10-fold increase in axial
anisotropy for a reported Ni(II) complex.
3.4. Theoretical Investigation. 3.4.1. Potential Energy

Surface Features: a DFT Study. Experimentally, the observed
symmetry of the complexes under study is C3. The spin
multiplicity of the electronic ground state is triplet. Because of
the spatial degeneracy, the ground state corresponds to a

doubly degenerate 3E state at this peculiar geometry. Due to
Jahn−Teller effects, one expects the degeneracy of this state to
be lifted following appropriate symmetry-breaking distortions.
This gives rise to a moat surrounding a Jahn−Teller C3 conical
intersection, with three symmetry-equivalent minima and
saddle points (transition states TS),85 as shown in Figure 4.

Unrestricted DFT calculations were used to optimize these
minima and saddle points allowing one to evaluate the
pseudorotation barrier around the moat. Gatteschi and co-
workers have already invoked a dynamic Jahn−Teller effect for
these types of complexes.86

The degenerate ground state 3E in the C3 symmetry point
group (SPG) is split in the C1 SPG upon the Jahn−Teller effect
in two states that differ by their electronic configuration, either
dxz

2dyz
2dx2−y2

2dxydz2 or dxz
2dyz

2dxy
2dx2−y2dz2 (see Figure 5), for

which the associated determinants will be noted |dxy| and |dx2−y2|
hereafter. One of them corresponds to a true minimum of the
potential energy surface while the other one corresponds to the
TS (saddle point) connecting two minima.
The main geometrical parameters of the optimized C1

minimum, the TS, and the experimental C3 structures are
given in Table S2 of the Supporting Information for
comparison. Figure S19 of the Supporting Information gives

Figure 4. Schematic representation of a moat around a Jahn−Teller C3

crossing showing the three symmetry-equivalent minima and TSs:
three-dimensional representation (the tricorn, top) and equipotential
contour plot (bottom). The main displacement vectors pointing to the
minima (purple boxes) and to one transition state (red box) are
shown.

Figure 5. Electronic configuration and singly occupied molecular
orbitals of the C1 minimum state (left, |dx2−y2|) and TS (right, |dxy|).
The main displacement vectors of both distortions are given in Figure
4.
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the numbering of the atoms used in the table. In order to
appreciate the magnitude of the distortion, we use the
parameters δr and δα that quantify independently the distance
distortion and the angular distortion (see the Supporting
Information, eq S1).
The values of δr and δα are also reported in Table S2 (see

the Supporting Information) showing that (i) for both
compounds the angular deformation is more pronounced
than the distance deformation and (ii) the Jahn−Teller
distortion is almost identical for both compounds.
From the vibrational contributions, the ZPEs have been

computed for the geometry of both the minima and the TSs.
For compound 1, the electronic energy barrier is 83.6 cm−1. By
adding the ZPE contributions to both the C1 minimum ground
state and the TS energies, the energy barrier is reduced to 75.1
cm−1 (108 K). For compound 2, the energy barrier including
the ZPE is 35 cm−1 (50 K). These very weak values rationalize
the fact that the X-ray structures of both compounds
determined at 100 K were found symmetric, that is, of the C3

SPG.
3.4.2. Competition between the Antagonist Effects of the

First-Order Spin−Orbit Coupling and the Jahn−Teller
Distortion: a Two-State Spin−Orbit CAS(8,10)PT2 Study. In
order to quantify the antagonist effects of the first-order spin−
orbit coupling and the Jahn−Teller distortion, the energy of the
spin−orbit states arising from the degenerate ground term (in
C3 SPG) have been calculated using the SOSI method for
different geometries interpolated between the experimental
geometry and the DFT minimum. Since at this stage we just
want to describe the first-order effects of the SOC, only the two
spin−orbit free states arising from the two spatial config-
urations were introduced in the SOSI matrix. Their wave
functions have been optimized using minimal active space
CAS(8,10)SCF calculations while their energies, used in the
SOSI calculations, are the dynamically correlated CAS(8,10)-
PT2 ones. The spectrum computed for 1 as a function of the
distortion between the C3 and the DFT minimum geometry is
given in Figure 6.

The geometries along the distortion are obtained by a linear
interpolation between the two extreme structures. The spatial
configuration in which dxy is singly occupied is stabilized while
the dx2−y2 one is destabilized. While the Ms = ± 1 components
are degenerate whatever the distortion is, the Ms = 0
components are split by the distortion. One may notice that
the SOSI-CAS(8,10)PT2 constrained minimum (along this
distortion) is located at 50% between the C3 and the C1 DFT

geometries. The geometry at this minimal energy is less
distorted than the DFT one, and the energy difference between
the Ms = ± 1 components and the Ms = 0 one is therefore
larger at the SOSI-CASPT2 constrained minimum than at the
DFT minimum. One should mention that the SOSI-CASSCF
constrained minimum is located at 75% of the C1 structure. The
spectrum of compound 2 is represented in Figure S20 of the
Supporting Information. It exhibits the same features except
that the SOSI-CASSCF and SOSI-CASPT2 constrained
minima are both located at 80% between the C3 and DFT C1

geometries.
In the C3 SPG (zero of the abscissa), the degeneracy between

the dx2−y2 and dxy orbitals is responsible for the very important
effect of the spin−orbit interaction: the spin−orbit operator
directly couples the Ms components of the two spatial
configurations, that is, spin−orbit interaction acts at first
order. Indeed, the dx2−y2 and dxy orbitals are linear combinations
of the complex d2− and d2+ orbitals. The operator ∑iζil ̂Zi.sẐi
therefore couples the degenerate spatial components of the 3E
ground term, which differ by the occupation of the dx2−y2 and
dxy orbitals. Actually only the Ms = −1 and Ms = +1 of the two
spatial configurations are coupled resulting in a removal of
degeneracy of the three Ms components. The usual ZFS
Hamiltonian cannot model the spectrum, at this C3 symmetry,
since the ground term presents a first-order angular
momentum. The values of the angular momentum components
are very close to Ml = ± 2. For this peculiar geometry, the
spin−orbit momentum components MJ can be defined from
the values of Ml and Ms. Their values are MJ = 3, 2, 1, −1, −2,
and −3. The energy splitting between the Ms = ± 1 and the Ms

= 0 states of the ground term is around 635 cm−1 for both
compounds, which is a value very close to the spin−orbit
coupling constant of the Ni(II) ion, 644 cm−1.87

The Jahn−Teller distortion induces a lifting of degeneracy of
the dx

2
−y

2 and dxy orbitals, which results in a lifting of
degeneracy of the spatial configurations by the quantity ± δ1
and therefore a reduction of the splitting due to the spin−orbit
coupling. As soon as the symmetry is lowered by the distortion,
the two configurations |dxy| and |dx2−y2| are coupled by the
ligand field, by the quantity δ2. The here-proposed model is
similar to that used in similar contexts.24,88 The representative
matrix of the model Hamiltonian involving the spin−orbit
coupling between the two configurations |dxy| and |dx2−y2| and
the Jahn−Teller distortion ligand field parameters (δ1 and δ2) is
given below (eq 2):
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where ζ is the spin−orbit constant of Ni(II) reduced by the
ligand field and Δ is the mean value of the eigenenergies. The
values of δ1, δ2, and Δ depend on the geometrical structure. For
the C3 SPG, the three parameters are zero while they are
maximal for the most distorted geometry of the DFT C1

minimum. The diagonalization of this matrix gives access to

Figure 6. Low-energy spectrum of 1 computed at the two-state SOSI-
CAS(8,10)PT2 level of correlation. The x axis represents a linear
distortion between the C3 (0) and the DFT C1 minimum (100).
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the energy of the six spin−orbit states. The general expressions
of the energies are

δ ζ

δ

δ ζ

= ± = −Δ − +

= = −Δ ±

= ± = −Δ + +

E M

E M

E M

( 1)

( 0)

( 1)

1,2 s
2 2

3,4 s

5,6 s
2 2

(3)

where (1,2), (3,4) and (5,6) are ordered by increasing energy
and δ2 = δ1

2 + δ2
2. In the C3 geometry (δ = 0, Δ = 0), these

energies are:

ζ

ζ

= ± = −

= ± =

= ± =

E M

E M

E M

( 3)

( 2) 0

( 1)

J

J

J

1,2

3,4

5,6 (4)

When the distortion is dominant (δ2 ≫ ζ2), the eigenstates
are very similar to the spin−orbit free states and their energies
are

δ

δ

= −Δ −

= −Δ +

E A

E A

( )

( )

3
1

3
2 (5)

While only values of δ and Δ are accessible from the
computed energies, it is possible to determine the values of Δ,
δ, δ1, and δ2 using both the energies and wave functions from
the effective Hamiltonian theory in the formalism of des
Cloizeaux.89 This theory enables one to build a numerical
effective Hamiltonian working in the model space constituted
of the components of the two spatial configurations and
fulfilling the following conditions:

|Ψ̃⟩ = |Ψ̃⟩EH i i i
eff

(6)

where Ei are the ab initio energies of the lowest spin−orbit
states and |Ψ⟩ are the orthonormalized projections onto the
model space of the corresponding spin−orbit states. According
to this theory, the numerical elements of the effective
Hamiltonian matrix can be calculated from the spin−orbit
energies and wave functions, using the spectral decomposition
of the effective Hamiltonian:

∑⟨ | ̂ | ⟩ = ⟨ | |Ψ̃⟩⟨Ψ̃| ⟩I J I E JH
i

i i i

eff

(7)

where I and J are the Ms components of the two spatial
configurations, that is, the functions on which is spanned the
analytical matrix (eq 2). Identifying the analytical elements and
the numerical ones enables one to extract the values of all the
interactions of the model. Table S3 of the Supporting
Information reports the values of δ, δ1, δ2, Δ, and ζ (in
cm−1) determined for the experimental geometry, the DFT
minimum, and the SOSI-CASSCF and the SOSI-CASPT2
constrained minima.
The changes of metal−ligand covalency between the

different studied geometries have a negligible impact on the ζ
value, since calculations show that this parameter is essentially
constant. It is worth noticing that this value is far from being
negligible in comparison to the value of δ, showing that (i) eq 3
should be used to reproduce the computed energies and (ii)
the impact on the spectrum of the spin−orbit coupling is still
very important even at the most distorted geometry (DFT
minimum) justifying the terminology “first order”. Of course,

all the values of the introduced ligand field parameters are zero
at the C3 geometry. As expected the values of δ, δ1
(stabilization/destabilization of the configurations), and δ2
(mixing of the two configurations) increase with the
deformation. One may also notice that the signs of δ1 and δ2
change between the minima and the TS, reflecting the
interchange of the dominant configuration in the ground-state
wave function. Finally, one may notice that Δ is positive at the
SOSI-CASPT2 minimum (and for more distorted geometries)
reflecting the fact that, for compound 1, the stabilization of the
ground state due to the Jahn−Teller distortion is very weak:
since the excited states are destabilized by the distortion, the
mean energy value is consequently positive.

3.4.3. Determination of the ZFS Parameters: a 24 State
SOSI-CAS(8,10)PT2 Study. When the geometry is distorted, the
impact on the spectrum of the spin−orbit coupling between the
two first states decreases, and the spin−orbit effects resulting
from the coupling with the other excited states may become of
comparable importance. In order to better describe the lowest
energy spectrum and in particular the lifting of degeneracy of
the Ms components of the ground term, SOSI-CAS(8,10)PT2
calculations involving the 10 excited triplets and 14 excited
singlets have been performed. The low energy spectrum
reported in Figure S21 of the Supporting Information exhibits
the same qualitative features as the one obtained from the two-
state SOSI matrix. The main qualitative differences are (i) a
slight reduction of the ζ spin−orbit coupling constant (595
versus 630 cm−1) and (ii) the lifting of degeneracy of the Ms =
± 1 components that results from the spin−orbit coupling with
the other excited terms. For distorted structures, the energies of
the three spin−orbit states arising from the ground term
configuration can be described using the ZFS Hamiltonian ĤZFS

= Ŝ.D.Ŝ given by eq 1 in zero field B = 0. Using the effective
Hamiltonian theory, it is possible to extract all the components

of the 2nd rank ZFS tensor D. Then, its diagonalization gives
access to the axial and rhombic D and E parameters and to the
magnetic axes frame. The so-obtained axes of compounds 1 and
2 are represented in Figure S22 of the Supporting Information,
showing that the Z axis determined theoretically is very close to
the Ni−X direction.
Table 1 reports the extracted values of the D and E

parameters for the four different computed geometrical
structures: the C1 DFT minimum, the constrained SOSI-
CASSCF and SOSI-CASPT2 minima, and the TS geometry. It
is worth noticing that, while the reduction of the values of D
when introducing the spin−orbit coupling between the ground
electronic term and the excited ones is non-negligible, the
values are still extremely large, ranging between −100 and
−200 cm−1.
As shown previously,48 the methods used here usually

provide reliable values of the ZFS parameters for the
experimental geometries. Since, the property is governed by
both the spin−orbit coupling and the symmetry lowering (from
isotropic symmetry) of the geometry, the results strongly
depend on the geometrical structure. Unfortunately, the
distorted experimental geometries of these compounds are
not available.
In order to appreciate which of these geometries is the most

reliable, we have computed both magnetization versus magnetic
field M = f(B/T) and susceptibility versus temperature χT =
f(T). Figures 7 and S23 (Supporting Information) show the
results obtained for the SOSI-CASSCF minimum for which the
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best agreement with the experiment is obtained for both M =
f(B/T) and χT = f(T) (see the Supporting Information, Figures
S24 and S25, for comparison with the other geometries). At the
SOSI-CASSCF minimum, the value of D is −152 cm−1, which
is in agreement with the best estimate −180 cm−1 from HF-
HFEPR measurements.
Looking more carefully at the SOSI matrix, one may notice

that the main contributions to the ZFS are brought by the three
first excited triplet states. The first excited triplet (dominated by
the |dx2−y2| configuration) brings the large negative contribution.

The coupling with the other excited states and in particular
with the third and fourth triplet states resulting from excitations
from the dxz and dyz orbitals to the dz2, dxy, and dx2−y2 orbitals
bring positive contributions that again reduce the D value.
Comparing all the obtained values, one may conclude that the
Jahn−Teller distortion is mainly responsible for the reduction
of the D values. Indeed the lifting of degeneracy between the
two spatial components of the ground term induces a reduction
of the energy difference between the Ms = ± 1 and Ms = 0
lowest components from −595 cm−1 (in the C3 structure) to
−241 cm−1 for instance at the constrained SOSI-CASSCF
minimum while the total positive contribution brought by the
other excited states is 85 cm−1.
In summary, while the reduction of D due to the Jahn−Teller

distortion is quite important, the values of D in all considered
distorted structures are still extremely large in comparison to
what is usually observed in mononuclear complexes. This result
shows that, in the studied complexes, the Jahn−Teller
distortion is not large enough to completely eliminate the
large impact of the spin−orbit coupling between the two lowest
states. The rigidity of the ligand preventing strong deformations
is probably responsible for this result.
It was unfortunately not possible to characterize compound 2

using HF-HFEPR spectroscopy. Nevertheless, both magnetic
measurements and theoretical investigations show that this
compound also exhibits a giant uniaxial magnetic anisotropy
with a D = −147 cm−1 value close to that of compound 1. This
result is in line with the fact that the geometrical distortion
mainly due to angular contributions is similar in both
compounds.

4. CONCLUDING REMARKS

Ni(II) complexes with a trigonal bipyramid symmetry, as is the
case for 1 and 2, must have a doubly degenerate ground state
and thus a first-order spin−orbit coupling leading to a magnetic
anisotropy of the order of the spin−orbit parameter (around
600 cm−1). It is expected that, in order to gain energy, vibronic
coupling lifts the degeneracy of the ground state thus drastically
reducing the effect of first-order spin−orbit coupling and
consequently magnetic anisotropy. In such cases, the energy
difference between the Ms components of the S = 1 state is
drastically reduced. In order to estimate the magnitude of the
magnetic anisotropy in compound 1 that has a C3 crystallo-
graphic axis, EPR studies were performed on a single crystal
and on powder samples. These studies allowed showing that
the Ms sublevels ±1 are the lowest in energy. The rhombic ZFS
parameter E was determined (1.6 cm−1), and the axial
parameter D was estimated to be larger than 120 cm−1,
showing that the orbital momentum is not fully quenched. In
order to rationalize the magnetic behavior and to get insight
into the origin of the large Ising-type magnetic anisotropy
experimentally observed, a full theoretical study was carried out.
DFT calculations show that, due to Jahn−Teller effects, the
potential energy surfaces of the studied complexes exhibit a
moat around a conical intersection. The potential energy
barrier including vibrational contributions is relatively flat.
The theoretical studies, the EPR results, and the structural

analysis at 10 K of complex 1 lead to the important conclusion
that the Jahn−Teller effect only weakly distorts the structure.
As a consequence, a giant axial anisotropic parameter is found,
resulting from a non-totally quenched orbital angular
momentum. The origin of such a weak Jahn−Teller effect
can be attributed to the rigidity of the Me6tren pentadentate

Table 1. ZFS Parameters (cm−1) Computed at Several Levels
of Calculations for the Geometries of the TS, the DFT
Minimum, and the SOSI-CASSCF and SOSI-CAS(8,10)PT2
Constrained Minima (along the Jahn−Teller Distortion
between the Experimental C3 and the DFT Minimum)a

1 2

level of calculation geometry D E D E

CAS(8,10)PT2 2 triplets DFT minimum −187 0 −202 0

SOSI-CASSCF
constrained
minimum

−241 0 −234 0

SOSI-CASPT2
constrained
minimum

−299 0 −234 0

TS minimum −224 0 −240 0

CAS(8,10)PT2 14
singlets and 10 triplets

DFT minimum −104 0.7 −117 1.1

SOSI-CASSCF
constrained
minimum

−152 0.6 −147 1.1

SOSI-CASPT2
constrained
minimum

−205 0.8 −147 1.2

TS minimum −127 3.0 −146 3.1
aThe number of states, which have been introduced in the state
interaction matrix, is indicated in the left column.

Figure 7. M = f(B/T) at 2 K and χT = f(T) curves computed from the
24 state SOSI-CASPT2 solutions at the constrained SOSI-CASSCF
minimum for 1. The experimental results are reported for comparison.
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ligand imposing a robust trigonal bipyramidal geometry that
counterbalances the Jahn−Teller distortion. This highlights the
crucial role played by the organic ligands in designing
mononuclear complexes with large magnetic anisotropy. Such
complexes can be used as building-block units for the
elaboration of polynuclear complexes with high blocking
temperatures.
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❙✉♣♣♦rt✐♥❣ ■♥❢♦r♠❛t✐♦♥

❙②♥t❤❡s✐s ♦❢ [Ni(Me6tren)Cl](ClO4) ✭✶✮ NiCl2 · 6H2O ✭✵✳✸✸✵ ❣✱ ✶✳✹✵ ♠♠♦❧✮ ✇❛s ❞✐ss♦❧✈❡❞ ✐♥ ❊t❖❍ ✭✷✵
♠❧✮ ❛t ✺✺ ◦❈✳ Me6tren ✭✵✳✸✷✷ ❣✱ ✶✳✹✵ ♠♠♦❧✮ ❞✐ss♦❧✈❡❞ ✐♥ ❊t❖❍ ✭✶✵ ♠❧✮ ✇❛s ❛❞❞❡❞ ❞r♦♣✇✐s❡ ✇✐t❤ st✐rr✐♥❣✱
❢♦r♠✐♥❣ ❛ ❣r❡❡♥ s♦❧✉t✐♦♥ t❤❛t ✇❛s st✐rr❡❞ ♦✈❡r♥✐❣❤t ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡✳ NaClO4 ·H2O ✭✵✳✶✾✻ ❣✱ ✶✳✹✵
♠♠♦❧✮ ✇❛s ❛❞❞❡❞ ✇✐t❤ st✐rr✐♥❣ ✐♥❞✉❝✐♥❣ ♣r❡❝✐♣✐t❛t✐♦♥ ♦❢ ♣❛❧❡ ❣r❡❡♥ [Ni(Me6tren)Cl](ClO4) ✭✷✮ ✭✵✳✺✹✸
❣✱ ✾✷✪✮✱ ✇❤✐❝❤ ✇❛s ✐s♦❧❛t❡❞ ❜② ✜❧tr❛t✐♦♥✱ ✇❛s❤❡❞ ✇✐t❤ ❊t❖❍ ✭✺ ♠❧✮ ❛♥❞ Et2O ✭✶✵ ♠❧✮ ❛♥❞ ❞r✐❡❞ ✐♥ ❛✐r✳
❙❧♦✇ ❝♦♦❧✐♥❣ ❛ ❤♦t s❛t✉r❛t❡❞ ♠❡t❤❛♥♦❧✐❝ s♦❧✉t✐♦♥ ♦❢ ✶ ②✐❡❧❞❡❞ ❝r②st❛❧s s✉✐t❛❜❧❡ ❢♦r ❳✲r❛② ❛♥❛❧②s✐s ❛❢t❡r
✶ ♥✐❣❤t✳ ❊❧❡♠❡♥t❛❧ ❛♥❛❧②s✐s ✭✪✮✱ ♦❜s❡r✈❡❞ ✭❝❛❧❝✉❧❛t❡❞ ❢♦r NiC12H30N4Cl2O4) ❈✱ ✸✹✳✵✶ ✭✸✹✳✶✶✮ ❍✱ ✼✳✶✻
✭✼✳✶✻✮ ◆✱ ✶✸✳✶✹ ✭✶✸✳✷✼✮✳ ▼❙ ❊❙■+ ✭▼❡❖❍✮ ✿ m/z ✸✷✸✳✷✹ [Ni(Me6tren)Cl]+✳ ■❘ ✭❑❇r✮ ν✴❝♠−1 ✿ ✸✹✸✼
✭♠✮✱ ✷✾✽✺ ✭♠✮✱ ✷✾✵✶ ✭♠✮✱ ✷✽✺✵ ✭♠✮✱ ✷✼✾✸ ✭✇✮✱ ✷✵✶✹ ✭✇✮✱ ✶✹✽✻ ✭s✮✱ ✶✹✼✺ ✭s✮✱ ✶✹✻✷ ✭♠✮✱ ✶✹✸✹ ✭♠✮✱ ✶✸✺✽ ✭✇✮✱
✶✷✾✾ ✭♠✮✱ ✶✷✹✽ ✭✇✮✱ ✶✶✼✷ ✭✇✮✱ ✶✵✾✵ ✭s✮✱ ✶✵✺✵ ✭s✮✱ ✶✵✷✸ ✭♠✮✱ ✶✵✵✼ ✭♠✮✱ ✾✸✽ ✭s✮✱ ✾✶✷ ✭♠✮✱ ✽✵✽ ✭♠✮✱ ✼✼✼ ✭♠✮✱
✼✹✷ ✭✇✮✱ ✻✷✸ ✭s✮✱ ✻✵✷ ✭✇✮✱ ✺✼✻ ✭✇✮✱ ✹✽✶ ✭✇✮✱ ✹✶✾ ✭✇✮✱ ✸✽✷ ✭✇✮✳

P❤②s✐❝❛❧ ♠❡❛s✉r❡♠❡♥ts
❚❛❜❧❡ ❙✶ ❉❡t❛✐❧s ♦❢ t❤❡ ❝r②st❛❧❧♦❣r❛♣❤✐❝ ❛♥❛❧②s✐s ♦❢ ✶✱ ❛♥❞ s❡❧❡❝t❡❞ ❜♦♥❞ ❧❡♥❣t❤s ❛♥❞ ❛♥❣❧❡s ❢♦r ✶ ❛♥❞ ✷✳

✶

❝❤❡♠✐❝❛❧ ❢♦r♠✉❧❛ C12H30N4NiCl2O4 C12H30N4NiCl2O4

♠♦❧❡❝✉❧❛r ✇❡✐❣❤t ✹✷✸✳✾✾ ✹✷✸✳✾✾
❝r②st❛❧ ❞✐♠❡♥s✳✴♠♠ ✵✳✷✼✱ ✵✳✶✽✱ ✵✳✵✻ ✵✳✶✶✱ ✵✳✷✸✱ ✵✳✷✽

❝r②st❛❧ s②st❡♠ ❘❤♦♠❜♦❤❡❞r❛❧ ❘❤♦♠❜♦❤❡❞r❛❧
s♣❛❝❡ ❣r♦✉♣ ❘✸❝ ❘✸❝

❛✴➴ ✾✳✽✼✹✭✺✮ ✾✳✽✶✺✺✭✹✮
❜✴➴ ✾✳✽✼✹✭✺✮ ✾✳✽✶✺✺✭✹✮
❝✴➴ ✸✷✳✾✻✷✭✺✮ ✸✷✳✼✺✷✭✷✮
α/◦ ✾✵ ✾✵
β/◦ ✾✵ ✾✵
γ/◦ ✶✷✵ ✶✷✵
❱✴➴3 ✷✼✽✸✭✷✮ ✷✼✸✷✳✼✭✷✮
❩ ✻ ✻

ρcalcd ✶✳✺✶✽ ✶✳✺✹✻
❚✴❑ ✶✵✵ ✶✵

θmax✴❞❡❣ ✸✻✳✾✸ ✸✷✳✾✽
❞❛t❛ ❝♦❧❧❡❝t❡❞ ✽✸✽✾ ✶✻✹✹✷

✭✉♥✐q✉❡✮ ✷✷✶✷ ✷✶✾✾
♥♦ ♦❢ ♣❛r❛♠s ✼✷ ✶✶✵
❋✐♥❛❧ R1✱ wR2 ✵✳✵✷✹✾✱ ✵✳✵✻✵✾ ✵✳✵✷✼✶✱ ✵✳✵✺✵✷

✶ ❛t ✶✵✵ ❑ ✶ ❛t ✶✵ ❑ ✷

◆✐ ✕ ◆✶✴➴ ✷✳✵✼✷✭✸✮ ✷✳✵✻✹✭✷✮ ✷✳✶✵✹✭✵✮
◆✐✲ ◆✷✴➴ ✷✳✶✹✸✭✷✮ ✷✳✶✸✵✸✭✶✷✮ ✷✳✶✸✺✭✵✮
◆✐ ✕ ❳✴➴ ✷✳✷✽✷✭✶✮ ✷✳✷✼✹✺✭✻✮ ✷✳✹✻✼✭✵✮

◆✶ ✕◆✐ ✕ ◆✷✴◦ ✽✸✳✽✶✭✺✮ ✽✸✳✾✽✭✸✮ ✽✹✳✷✷✭✵✮
◆✶ ✕ ◆✐ ✕ ❳✴◦ ✶✽✵✳✵✵ ✶✽✵✳✵✵ ✶✽✵✳✵✵
◆✷ ✕ ◆✐ ✕ ◆✷✬✴◦ ✶✶✽✳✽✺✭✷✮ ✶✶✽✳✾✶✸✭✶✷✮ ✶✶✾✳✵✵✭✶✮
◆✷ ✕ ◆✐ ✕ ❳✴◦ ✾✻✳✶✾✭✺✮ ✾✻✳✵✷✭✸✮ ✾✺✳✼✽✭✵✮
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❆♥❛❧②s✐s ♦❢ t❤❡ ✶✵ ❑ ❝r②st❛❧ str✉❝t✉r❡✳

❚❤❡ str✉❝t✉r❛❧ r❡✜♥❡♠❡♥t ♦❢ t❤❡ ✶✵❑ ❞✐✛r❛❝t✐♦♥ ❞❛t❛ ❤❛s ❜❡❡♥ ❝♦♥❞✉❝t❡❞ ✐♥ t❤❡ ❘✸❝ s♣❛❝❡
❣r♦✉♣✱ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ♦❜s❡r✈❡❞ ❡①t✐♥❝t✐♦♥ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♠❡❛s✉r❡❞ ❇r❛❣❣ ✐♥t❡♥s✐t✐❡s✳
◆♦ s②♠♠❡tr② ❜r❡❛❦✐♥❣ tr❛♥s✐t✐♦♥ ♦❝❝✉rs ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✶✵✵ ❑ ❝r②st❛❧ str✉❝t✉r❡✱ ✇❤✐❝❤
❝♦✉❧❞ ❤❛✈❡ r❡s✉❧t❡❞ ❢r♦♠ ❛ s♣❡❝✐✜❝ str✉❝t✉r❛❧ ❞✐st♦rt✐♦♥✳ ❆tt❡♠♣ts ❤❛✈❡ ❜❡❡♥ ♠❛❞❡ t♦ r❡✜♥❡
t❤❡ str✉❝t✉r❡ ✐♥ t❤❡ ♥♦♥✲✐s♦♠♦r♣❤✐❝ s✉❜❣r♦✉♣ ❈❝✱ t❤✉s r❡❧❡❛s✐♥❣ t❤❡ ✸✲❢♦❧❞ s②♠♠❡tr② ♣❛ss✐♥❣
t❤r♦✉❣❤ t❤❡ ❬◆✐✭▼❡6tr❡♥✮❈❧❪ ❝♦♠♣❧❡①✳ ❚❤❡ r❡s✉❧t✐♥❣ ◆✐✲◆✷ ❜♦♥❞ ❞✐st❛♥❝❡s ✐♥❞✐❝❛t❡ ❛ ✈❡r② s✉❜t❧❡
❞✐st♦rt✐♦♥ ✭◆✐✲◆✷ ❂ ✷✳✶✹✸✺✭✶✻✮➴✱ ◆✐✲◆✷✬ ❂ ✷✳✶✸✾✵✭✶✻✮➴✱ ◆✐✲◆✷✑ ❂ ✷✳✶✸✾✹✭✶✺✮➴✮✱ ✇❤✐❝❤ ✐s ✇✐t❤✐♥
t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✭∆dNi−N2 ∼ 3σ✮✱ ❛♥❞ t❤❡r❡❢♦r❡ ❜❛r❡❧② s✐❣♥✐✜❝❛♥t✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❝❛❧❝✉❧❛t❡❞ ❞✐st❛♥❝❡ ❞✐st♦rt✐♦♥ ✭❞❡✜♥❡❞ ❜② ❡q✳ ✷ ✐♥ t❤❡ ♠❛♥✉s❝r✐♣t✮ ✐s ♦♥❧② ✵✳✵✵✻✸➴✳ ❆❝❝♦r❞✐♥❣❧②✱
t❤❡ ❤✐❣❤ s②♠♠❡tr② ❘✸❝ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡ ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ t❤❡
♠❛♥✉s❝r✐♣t✳ ❚❤❡ ❛❜s❡♥❝❡ ♦❢ ❝r②st❛❧ s②♠♠❡tr② ❧♦✇❡r✐♥❣ ❛t ✶✵ ❑ ❞♦❡s ♥♦t r✉❧❡ ♦✉t t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛
♠♦❧❡❝✉❧❛r ❞✐st♦rt✐♦♥✳ ■♥❞❡❡❞✱ ❛ ❧♦❝❛❧ ✭✐✳❡✳ ♠♦❧❡❝✉❧❛r✮ ❞✐st♦rt✐♦♥ r❡s✉❧t✐♥❣ ❢r♦♠ ❛ ❏❛❤♥✲❚❡❧❧❡r ❡✛❡❝t
✇✐t❤ ❛♥ ❡q✉❛❧ ♣♦♣✉❧❛t✐♦♥ ♦❢ t❤❡ t❤r❡❡ ❞✐st♦rt✐♦♥ ♠♦❞❡s ✭❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ❙✷✮✱ ❛♥❞ st❛t✐st✐❝❛❧❧②
❞✐str✐❜✉t❡❞ ✇✐t❤✐♥ t❤❡ s✐♥❣❧❡ ❝r②st❛❧ s❛♠♣❧❡ ✇♦✉❧❞ ♣r❡s❡r✈❡ t❤❡ ❘✸❝ s②♠♠❡tr②✳
❚❤❡ ❛t♦♠✐❝ ❞✐s♣❧❛❝❡♠❡♥t t❡♥s♦rs ❯ij ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ str✉❝t✉r❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ①✲r❛② ❞✐❢✲
❢r❛❝t✐♦♥ ❞❛t❛ ❝♦♥t❛✐♥ ❡ss❡♥t✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ str✉❝t✉r❛❧ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❬◆✐✭▼❡6tr❡♥✮❈❧❪
❝♦♠♣❧❡①✱ ❛♥❞ ♠❛② ♣r♦✈✐❞❡ ❢✉rt❤❡r ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ st❛t✐❝ ♦r ❞②♥❛♠✐❝ ❏❛❤♥✲
❚❡❧❧❡r ❜❡❤❛✈✐♦r✳ ❚❤❡ ❯ij t❡♥s♦rs ❛❝❝♦✉♥ts ❛t t❤❡ s❛♠❡ t✐♠❡ ❢♦r t❤❡ ❡①t❡r♥❛❧ ❛♥❞ ✐♥t❡r♥❛❧ ✈✐✲
❜r❛t✐♦♥ ❝♦♥tr✐❜✉t✐♦♥s✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ st❛t✐❝ ❞✐s♦r❞❡r ✐♥ t❤❡ ❝r②st❛❧✳ ❚❤❡ str✉❝t✉r❛❧ ❞②♥❛♠✐❝s ♦❢
t❤❡ ❬◆✐✭▼❡6tr❡♥✮❈❧❪ ❝♦♠♣❧❡① ❛t ✶✵ ❑ ❤❛s ❜❡❡♥ ❡①❛♠✐♥❡❞ ❜② ♣❡r❢♦r♠✐♥❣ ❛ ❚▲❙ t❤❡r♠❛❧ ♠♦t✐♦♥
❛♥❛❧②s✐s ✉s✐♥❣ t❤❡ ❚❍▼❆ s♦❢t✇❛r❡✳ ✶ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧❧② ❞❡t❡r♠✐♥❡❞ t❡♥s♦rs ❯ij ❤❛✈❡ ❜❡❡♥ ✜tt❡❞
❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝♦♠♣❧❡① ❛s ❛ r✐❣✐❞ ❜♦❞②✱ ❜② r❡✜♥✐♥❣ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ tr❛♥s❧❛t✐♦♥ ✭❚✮✱ ❧✐✲
❜r❛t✐♦♥ ✭▲✮ ❛♥❞ ❝♦rr❡❧❛t✐♦♥ ✭❙✱ s❦❡✇✮ t❡♥s♦rs✳ ❚❤✐s t❤❡r♠❛❧ ♠♦t✐♦♥ ♠♦❞❡❧ ❛❝❝♦✉♥ts s♦❧❡❧② ❢♦r t❤❡
❡①t❡r♥❛❧ ✈✐❜r❛t✐♦♥ ♠♦❞❡s✳ ❚❤❡ ✜❣✉r❡ ❙✸ ❞✐s♣❧❛②s t❤❡ r❡s✉❧t✐♥❣ ❞✐✛❡r❡♥❝❡ s✉r❢❛❝❡s ❯obs✲❯calc✭❚▲❙✮✳
❚❤❡ ❞✐✛❡r❡♥❝❡ s✉r❢❛❝❡s ♦❢ t❤❡ ❈✶✱ ❈✷ ❛♥❞ ◆✷ ❛t♦♠s ❡✈✐❞❡♥❝❡ ❛ s♣❡❝✐✜❝ ✐♥t❡r♥❛❧ ❞✐s♣❧❛❝❡♠❡♥t
✭❞❡♣✐❝t❡❞ ❜② t❤❡ ❜❧❛❝❦ ❛rr♦✇✮✱ ✇❤✐❝❤ r❡❧❛t❡s t♦ ❛♥ ✐♥t❡r♥❛❧ ❧✐❜r❛t✐♦♥ ♦❢ ♦♥❡ ❢r❛❣♠❡♥t ♦❢ t❤❡ tr❡♥

❧✐❣❛♥❞✳ ❚❤✐s ❧✐❜r❛t✐♦♥ ✐s t❤❡ str✉❝t✉r❛❧ s✐❣♥❛t✉r❡ ♦❢ ❛ ❏❛❤♥✲❚❡❧❧❡r ❡✛❡❝t✱ ✇✐t❤ ❛ s❤♦rt❡♥✐♥❣ ♦❢ ♦♥❡
◆✐✲◆✷ ❜♦♥❞ ❞✐st❛♥❝❡✱ ❛♥❞ ❧❡♥❣t❤❡♥✐♥❣ ♦❢ t❤❡ t✇♦ ♦t❤❡r s②♠♠❡tr② r❡❧❛t❡❞ ◆✐✲◆✷ ❜♦♥❞s ✭❞❡♣✐❝t❡❞
❜② t❤❡ r❡❞ ❛rr♦✇s ✐♥ ✜❣✉r❡ ❙✸✮ ❀ t❤✐s ❞✐st♦rt✐♦♥ ♠♦❞❡ ❝♦rr❡s♣♦♥❞s t♦ ♦♥❡ ♦❢ t❤❡ t❤r❡❡ s②♠♠❡tr②
❡q✉✐✈❛❧❡♥t ♠✐♥✐♠❛ ❣✐✈❡♥ ✐♥ ✜❣✉r❡ ✹✳ ❖✇✐♥❣ t♦ t❤❡ ❈✸ s②♠♠❡tr②✱ st✐❧❧ ♣r❡s❡r✈❡❞ ❛t ✶✵ ❑✱ t❤✐s
✐♥t❡r♥❛❧ ❧✐❜r❛t✐♦♥ ♦❝❝✉rs ❛❧s♦ ❢♦r t❤❡ ♦t❤❡r t✇♦ s✐♠✐❧❛r ❢r❛❣♠❡♥ts ♦❢ t❤❡ ❧✐❣❛♥❞✳ ❚❤✐s ❧✐❜r❛t✐♦♥
♠❛② ❤❛✈❡ ❤❡r❡ ❛ ❞②♥❛♠✐❝ ♦r✐❣✐♥ ✭❞②♥❛♠✐❝ ❏❛❤♥✲❚❡❧❧❡r✮✱ ♦r ❛ st❛t✐❝ ♦r✐❣✐♥ ✭st❛t✐❝ ❏❛❤♥✲❚❡❧❧❡r✮
✇✐t❤ ❛♥ ❡q✉❛❧ ♣♦♣✉❧❛t✐♦♥ ♦❢ t❤❡ t❤r❡❡ ❞✐st♦rt✐♦♥ ♠♦❞❡s✱ ❛♥❞ ❛ st❛t✐st✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤✐♥ t❤❡
s✐♥❣❧❡ ❝r②st❛❧✳ ■♥ t❤✐s ❧❛t❡r ❝❛s❡✱ t❤❡ ❘✸❝ ❝r②st❛❧ s②♠♠❡tr② ✐s ♣r❡s❡r✈❡❞✱ ❛❧t❤♦✉❣❤ ❛ ❧♦❝❛❧ ✭✐✳❡✳
♠♦❧❡❝✉❧❛r✮ s②♠♠❡tr② ❧♦✇❡r✐♥❣ ♦❝❝✉rs ✇✐t❤ ❛ ❧✐❢t ♦❢ ❞❡❣❡♥❡r❛❝②✳ ■♥ ❝♦♥❝❧✉s✐♦♥✱ t❤❡ ❚▲❙ ❛♥❛❧②s✐s
♦❢ t❤❡ ✶✵ ❑ ❝r②st❛❧ str✉❝t✉r❡ s✉♣♣♦rts t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❏❛❤♥✲❚❡❧❧❡r ❡✛❡❝t✱ ✇❤❡t❤❡r ✐t ✐s ♦❢ st❛t✐❝
♦r ❞②♥❛♠✐❝ ♦r✐❣✐♥✱ ❛♥❞ ❛❣r❡❡s ✇✐t❤ t❤❡ ❊P❘ ✜♥❞✐♥❣s✳

δr =
(∑

i

(
rC1
i − rC3

i

)2)1/2
❊q✉❛t✐♦♥ ❙✶

δα = r
(∑

i

(
αC1
i − αC3

i

)2)1/2

✶✳ ❱✳ ❙❝❤♦♠❛❦❡r ❀ ❑✳◆✳❚r✉❡❜❧♦♦❞✱ ❆❝t❛ ❈r②st✳ ✶✾✾✽✱ ❇✺✹✱ ✺✵✼✳
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❋✐❣✉r❡ ❙✶ ✿ P❛❝❦✐♥❣ ❞✐❛❣r❛♠ ✈✐❡✇❡❞
❛❧♦♥❣ t❤❡ C3 ❛①✐s ♦❢ ♦♥❡ ♦❢ t❤❡
[Ni(Me6tren)Br]+ ❝♦♠♣❧❡①❡s ✐♥ t❤❡ ✉♥✐t
❝❡❧❧ ♦❢ ✷✳ ❈❛r❜♦♥ ❛♥❞ ❤②❞r♦❣❡♥ ❛t♦♠s ❤❛✈❡
❜❡❡♥ r❡♠♦✈❡❞ ❢♦r ❝❧❛r✐t②✳

❋✐❣✉r❡ ❙✷ ✿ ▲♦❝❛❧ ♠♦❧❡❝✉❧❛r ❞✐st♦rt✐♦♥ r❡s✉❧t✐♥❣
❢r♦♠ ❛ ❏❛❤♥✲❚❡❧❧❡r ❡✛❡❝t ✇✐t❤ ❛♥ ❡q✉❛❧ ♣♦♣✉❧❛t✐♦♥
♦❢ t❤❡ t❤r❡❡ ❞✐st♦rt✐♦♥ ♠♦❞❡s

❋✐❣✉r❡ ❙✸ ✿ ❉✐✛❡r❡♥❝❡ r♦♦t ♠❡❛♥ sq✉❛r❡ ❞✐s♣❧❛❝❡✲
♠❡♥ts Uobs−Ucalc✭❚▲❙✮✱ ♣♦s✐t✐✈❡ ✐♥ ❜❧✉❡✱ ♥❡❣❛t✐✈❡
✐♥ r❡❞✳

❋✐❣✉r❡ ❙✹ ✿ χ❚ ✈s✳ ❚ ❢♦r ✶ ✐♥ ❛♥ ❛♣♣❧✐❡❞ ✜❡❧❞ ♦❢ ✵✳✶ ❛♥❞ ✶✳✵ ❚ ✭❧❡❢t✮✱ ❛♥❞ r❡❞✉❝❡❞ ♠❛❣♥❡t✐③❛t✐♦♥✱ ▼ ✈s✳
❍❚−1 ✭r✐❣❤t✮✱ ❝♦❧❧❡❝t❡❞ ❛t ✷✱ ✹✱ ✻✱ ✶✵ ❛♥❞ ✶✷ ❑✳

✾✸
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❋✐❣✉r❡ ❙✺ ✿ χ❚ ✈s✳ ❚ ❢♦r ✷ ✐♥ ❛♥ ❛♣♣❧✐❡❞ ✜❡❧❞
♦❢ ✵✳✶ ❛♥❞ ✶✳✵ ❚ ✭❧❡❢t✮✱ ❛♥❞ r❡❞✉❝❡❞ ♠❛❣♥❡✲
t✐③❛t✐♦♥✱ ▼ ✈s✳ ❍❚−1 ✭r✐❣❤t✮✱ ❝♦❧❧❡❝t❡❞ ❛t ✷✱
✹✱ ✻✱ ✶✵ ❛♥❞ ✶✷ ❑✳

❋✐❣✉r❡ ❙✻ ✿ ✭♠❛✐♥ ♣❛♥❡❧✮ ❆♥❣❧❡ ❞❡♣❡♥❞❡♥❝❡
♦❢ t❤❡ ❊P❘ ♣❡❛❦ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ❆ ♠♦❧❡✲
❝✉❧❡s ♦❢ ✶ ❛t ✶✻✶ ●❍③✱ ✶✳✹ ❑✳ ✭✐♥s❡t✮ ❋✐♥❡
❛♥❣❧❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❊P❘ ♣❡❛❦ ♣♦s✐✲
t✐♦♥s ♦❢ t❤❡ ❆ ❛♥❞ ❇ ♠♦❧❡❝✉❧❡s✳ ❚❤❡ ❡①♣❡✲
r✐♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ❛t ✶✻✶ ●❍③✱ ✶✳✹ ❑✳
❚❤❡ ❤❛r❞ ♣❧❛♥❡s ♦❢ t❤❡ ❆ ❛♥❞ ❇ ♠♦❧❡❝✉❧❡s
❛r❡ ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ❜❧❛❝❦ ❛♥❞ r❡❞ ❛rr♦✇s✱
r❡s♣❡❝t✐✈❡❧②✳

❋✐❣✉r❡ ❙✼ ✿ ❊♥❡r❣② ❧❡✈❡❧s ✇❤❡♥ t❤❡ ✜❡❧❞ ✐s
✐♥ t❤❡ ♠♦❧❡❝✉❧❛r ❤❛r❞ ♣❧❛♥❡✳ ❚❤❡ ❜❧❛❝❦ ❛r✲
r♦✇ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♦❜s❡r✈❡❞ ❊P❘ tr❛♥✲
s✐t✐♦♥✳

✾✹
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❋✐❣✉r❡ ❙✽ ✿ ❚❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡
❍❋❍❋✲❊P❘ s♣❡❝tr❛ ♦❢ ✶ ❛t ✷✶✵ ●❍③✳ ❚❤❡
❡①♣❡r✐♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ ✜❡❧❞
❛♣♣❧✐❡❞ ✐♥ t❤❡ ❤❛r❞ ♣❧❛♥❡ ♦❢ t❤❡ ❆ ♠♦❧❡❝✉❧❡s✳
❚❤❡ t✇♦ ♦❜s❡r✈❡❞ s✐❣♥❛❧s ❛r❡ ❧❛❜❡❧❧❡❞✳ ❚❤❡
✐♥t❡♥s✐t② ♦❢ t❤❡ s✐❣♥❛❧s ❞❡❝r❡❛s❡s ✇✐t❤ ✐♥✲
❝r❡❛s✐♥❣ t❡♠♣❡r❛t✉r❡ ❝♦♥✜r♠✐♥❣ t❤❛t t❤❡②
❛r❡ ❣r♦✉♥❞ st❛t❡ tr❛♥s✐t✐♦♥s✳ ❚❤❡ ✜♥❡ str✉❝✲
t✉r❡ ♣❡❛❦s ❝❧♦s❡ t♦ t❤❡ ❆ tr❛♥s✐t✐♦♥s ❛r❡ ❧✐✲
❦❡❧② ❞✉❡ t♦ ❞✐s♦r❞❡rs ❛♥❞✴♦r ✐♠♣❡r❢❡❝t ❝r②s✲
t❛❧✳

❋✐❣✉r❡ ❙✾ ✿ ❘❡♣r❡s❡♥t❛t✐✈❡ ❤❛r❞ ♣❧❛♥❡ ❊P❘ s♣❡❝✲
tr❛ ♦❢ ✶ ❝♦❧❧❡❝t❡❞ ❛t ✶✳✹ ❑✳ ❚❤❡s❡ ❡①♣❡r✐♠❡♥ts
✇❡r❡ ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ ✜❡❧❞ ❛♣♣❧✐❡❞ ✐♥ t❤❡ ❤❛r❞
♣❧❛♥❡ ♦❢ t❤❡ ❆ ♠♦❧❡❝✉❧❡s✳ ❚❤❡ ❊P❘ tr❛♥s✐t✐♦♥s
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❆ ♠♦❧❡❝✉❧❡s ❛r❡ ❧❛❜❡❧❧❡❞ ❜②
t❤❡ s♦❧✐❞ ❜❧❛❝❦ sq✉❛r❡s ❜❡❧♦✇ ❡❛❝❤ s♣❡❝tr✉♠✳

❋✐❣✉r❡ ❙✶✵ ✿ ❘❡♣r❡s❡♥t❛t✐✈❡ s♣❡❝tr❛ ♦❢ t❤❡ ❢r❡✲
q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡ st✉❞✐❡s ♦❢ t❤❡ ❇ ♠♦❧❡❝✉❧❡s
❛t ✶✳✹ ❑✳ ❚❤❡ ❡①♣❡r✐♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ✇✐t❤
t❤❡ ✜❡❧❞ ❛♣♣❧✐❡❞ ✐♥ t❤❡ ❤❛r❞ ♣❧❛♥❡ ♦❢ t❤❡ ❇ ♠♦✲
❧❡❝✉❧❡s✳ ❚❤❡ ❊P❘ tr❛♥s✐t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡
❇ ♠♦❧❡❝✉❧❡s ❛r❡ ❧❛❜❡❧❧❡❞ ❜② t❤❡ s♦❧✐❞ r❡❞ ❝✐r❝❧❡s
❜❡❧♦✇ ❡❛❝❤ s♣❡❝tr✉♠✳

❋✐❣✉r❡ ❙✶✶ ✿ ❚❤r❡❡ ❛❞❥❛❝❡♥t ♠♦❧❡❝✉❧❡s ♦❢ ✶ ✐♥
✇❤✐❝❤ ❛❧❧ ♠♦❧❡❝✉❧❡s ♣♦ss❡ss ✐❞❡❛❧ C3 s②♠♠❡tr②
✭❧❡❢t✮✳ ❚❤❡ ♣r♦♣♦s❡❞ s✐t✉❛t✐♦♥✱ ✇❤❡r❡ ❛❧❧ ♠♦❧❡✲
❝✉❧❡s ♣♦ss❡ss ❛ ❏❛❤♥✲❚❡❧❧❡r t②♣❡ ❞✐st♦rt✐♦♥ ✐♥
t❤❡ tr✐❣♦♥❛❧ ♣❧❛♥❡ ❛♥❞ r❡♠❛✐♥ r❡❧❛t❡❞ t♦ ♦♥❡
❛♥♦t❤❡r ❜② C3 r♦t❛t✐♦♥s ✭r✐❣❤t✮✳
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❋✐❣✉r❡ ❙✶✷ ✿ ✸❉ ✭❧❡❢t✮
❛♥❞ ❝♦♥t♦✉r ✭r✐❣❤t✮
♣❧♦ts s❤♦✇✐♥❣ t❤❡
❡rr♦r ✭χ2✮ ❛ss♦❝✐❛t❡❞
✇✐t❤ ✜tt✐♥❣ t❤❡ ❊P❘
r❡s✉❧ts✳ ■♥ t❤✐s ❝❛s❡ D
❛♥❞ E ❛r❡ ✈❛r✐❡❞ ✇❤✐❧❡
g ❛♥❞ φ ❛r❡ ✜①❡❞ ❛t ✷✳✹
❛♥❞ ✶✵✻◦ r❡s♣❡❝t✐✈❡❧②✳
◆✳❇✳ ❚❤❡ ✉♥✐t ✉s❡❞ ❢♦r
E ✐s ●❍③✱ ✸✵ ●❍③ ❂ ✶
❝♠−1✳

❋✐❣✉r❡ ❙✶✸ ✿ ✸❉ ✭❧❡❢t✮
❛♥❞ ❝♦♥t♦✉r ✭r✐❣❤t✮
♣❧♦ts s❤♦✇✐♥❣ t❤❡
❡rr♦r ✭χ2✮ ❛ss♦❝✐❛t❡❞
✇✐t❤ ✜tt✐♥❣ t❤❡ ❊P❘
r❡s✉❧ts✳ ■♥ t❤✐s ❝❛s❡
D ❛♥❞ φ ❛r❡ ✈❛r✐❡❞
✇❤✐❧❡ g ❛♥❞ E ❛r❡
✜①❡❞ ❛t ✷✳✹ ❛♥❞ ✺✵
●❍③ r❡s♣❡❝t✐✈❡❧②✳

❋✐❣✉r❡ ❙✶✹ ✿ ✸❉ ✭❧❡❢t✮
❛♥❞ ❝♦♥t♦✉r ✭r✐❣❤t✮
♣❧♦ts s❤♦✇✐♥❣ t❤❡
❡rr♦r ✭χ2✮ ❛ss♦❝✐❛t❡❞
✇✐t❤ ✜tt✐♥❣ t❤❡ ❊P❘
r❡s✉❧ts✳ ■♥ t❤✐s ❝❛s❡ E
❛♥❞ φ ❛r❡ ✈❛r✐❡❞ ✇❤✐❧❡
g ❛♥❞ D ❛r❡ ✜①❡❞
❛t ✷✳✹ ❛♥❞ ✶✽✵ ❝♠−1

r❡s♣❡❝t✐✈❡❧②✳

❋✐❣✉r❡ ❙✶✺ ✿ ✸❉ ✭❧❡❢t✮
❛♥❞ ❝♦♥t♦✉r ✭r✐❣❤t✮
♣❧♦ts s❤♦✇✐♥❣ t❤❡
❡rr♦r ✭χ2✮ ❛ss♦❝✐❛t❡❞
✇✐t❤ ✜tt✐♥❣ t❤❡ ❊P❘
r❡s✉❧ts✳ ■♥ t❤✐s ❝❛s❡ D
❛♥❞ g ❛r❡ ✈❛r✐❡❞ ✇❤✐❧❡
E ❛♥❞ φ ❛r❡ ✜①❡❞
❛t ✺✵ ●❍③ ❛♥❞ ✶✵✻◦

r❡s♣❡❝t✐✈❡❧②

✾✻
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❋✐❣✉r❡ ❙✶✻ ✿ ✸❉ ✭❧❡❢t✮
❛♥❞ ❝♦♥t♦✉r ✭r✐❣❤t✮
♣❧♦ts s❤♦✇✐♥❣ t❤❡
❡rr♦r ✭χ2✮ ❛ss♦❝✐❛t❡❞
✇✐t❤ ✜tt✐♥❣ t❤❡ ❊P❘
r❡s✉❧ts✳ ■♥ t❤✐s ❝❛s❡ E
❛♥❞ g ❛r❡ ✈❛r✐❡❞ ✇❤✐❧❡
D ❛♥❞ φ ❛r❡ ✜①❡❞ ❛t
✶✽✷ ❝♠−1 ❛♥❞ ✶✵✻◦

r❡s♣❡❝t✐✈❡❧②

❋✐❣✉r❡ ❙✶✼ ✿ ✸❉ ✭❧❡❢t✮
❛♥❞ ❝♦♥t♦✉r ✭r✐❣❤t✮
♣❧♦ts s❤♦✇✐♥❣ t❤❡
❡rr♦r ✭χ2✮ ❛ss♦❝✐❛t❡❞
✇✐t❤ ✜tt✐♥❣ t❤❡ ❊P❘
r❡s✉❧ts✳ ■♥ t❤✐s ❝❛s❡ E
❛♥❞ g ❛r❡ ✈❛r✐❡❞ ✇❤✐❧❡
D ❛♥❞ φ ❛r❡ ✜①❡❞ ❛t
✶✽✷ ❝♠−1 ❛♥❞ ✶✵✻◦

r❡s♣❡❝t✐✈❡❧②

❋✐❣✉r❡ ❙✶✽ ✿ P♦✇❞❡r ❊P❘ s♣❡❝tr❛ ♦❢
✶ ❛t ❚ ❂ ✺❑ ❛♥❞ ❢♦✉r ❞✐✛❡r❡♥t ❢r❡✲
q✉❡♥❝✐❡s

❋✐❣✉r❡ ❙✶✾ ✿ ❙❝❤❡♠❡ ❞❡✲
♣✐❝t✐♥❣ t❤❡ ✜rst ❝♦♦r❞✐♥❛✲
t✐♦♥ s♣❤❡r❡ ❛t♦♠s ♥✉♠❜❡✲
r✐♥❣ ❛♥❞ s♦♠❡ ♦❢ t❤❡ ❞✐s✲
t❛♥❝❡s ❛♥❞ ❛♥❣❧❡s ❣✐✈❡♥ ✐♥
❚❛❜❧❡ ❙✷✳

✾✼



❈❍❆P■❚❘❊ ✷✳ ❙❚❘❆❚➱●■❊❙ P❖❯❘ ❆❈❈❘❖■❚❘❊ ▲✬❆◆■❙❖❚❘❖P■❊

◆✐✭▼❡6tr❡♥✮❈❧ ◆✐✭▼❡6tr❡♥✮❇r
C3 ✭❡①♣✳✮ C1 ✭♠✐♥✳❉❋❚✮ C1 ✭❚❙✳❉❋❚✮ C3 ✭❡①♣✳✮ C1 ✭♠✐♥✳❉❋❚✮ C1 ✭❚❙✳❉❋❚✮

r1 ✷✳✵✼ ✷✳✶✹ ✷✳✶✹ ✷✳✶✵ ✷✳✶✻ ✷✳✶✻
r2 ✷✳✶✹ ✷✳✷✷ ✷✳✶✻ ✷✳✶✹ ✷✳✷✸ ✷✳✶✽
r3 ✷✳✶✹ ✷✳✶✹ ✷✳✶✼ ✷✳✶✹ ✷✳✷✹ ✷✳✶✼
r4 ✷✳✶✹ ✷✳✷✷ ✷✳✷✼ ✷✳✶✹ ✷✳✶✺ ✷✳✷✽
rX ✷✳✷✽ ✷✳✸✷ ✷✳✸✷ ✷✳✹✼ ✷✳✹✹ ✷✳✹✹
α23 ✶✶✽✳✾ ✶✶✹✳✵ ✶✶✷✳✾ ✶✶✾✳✵ ✶✷✻✳✺ ✶✶✸✳✷
α24 ✶✶✽✳✾ ✶✷✼✳✹ ✶✷✶✳✾ ✶✶✾✳✵ ✶✶✹✳✶ ✶✷✷✳✵
α34 ✶✶✽✳✾ ✶✶✺✳✷ ✶✷✷✳✽ ✶✶✾✳✵ ✶✶✺✳✷ ✶✷✵✳✼
α12 ✽✸✳✽ ✽✸✳✷ ✽✹✳✸ ✽✹✳✷ ✽✸✳✸ ✽✸✳✼
α13 ✽✸✳✽ ✽✹✳✽ ✽✹✳✵ ✽✹✳✷ ✽✷✳✹ ✽✹✳✶
α14 ✽✸✳✽ ✽✸✳✾ ✽✸✳✸ ✽✹✳✷ ✽✹✳✷ ✽✷✳✷
α2X ✾✻✳✷ ✾✻✳✻ ✾✼✳✻ ✾✺✳✽ ✾✼✳✺ ✾✻✳✽
α3X ✾✻✳✷ ✾✼✳✷ ✾✸✳✽ ✾✺✳✽ ✾✺✳✷ ✾✼✳✽
α4X ✾✻✳✷ ✾✹✳✻ ✾✼✳✵ ✾✺✳✽ ✾✼✳✼ ✾✺✳✼
δr ✵ ✵✳✶✹ ✵✳✶✻ ✵ ✵✳✶✺ ✵✳✶✻
δα ✵ ✵✳✹✵ ✵✳✷✾ ✵ ✵✳✸✾ ✵✳✷✽

❚❛❜❧❡ ❙✷ ✿ ▼❛✐♥ ❞✐st❛♥❝❡s ✭✐♥ ➴✮ ❛♥❞ ❛♥❣❧❡s ✭✐♥ ❞❡❣r❡❡s✮ ♦♣t✐♠✐③❡❞ ❛t t❤❡ ❇✸▲❨P ❉❋❚ ❧❡✈❡❧s ❢♦r t❤❡
❡q✉✐❧✐❜r✐✉♠ ❛♥❞ tr❛♥s✐t✐♦♥ st❛t❡s ❣❡♦♠❡tr✐❡s ❛♥❞ ♦❢ t❤❡ C3 ❡①♣❡r✐♠❡♥t❛❧ ❣❡♦♠❡tr②✳

ζ ∆ δ δ1 δ2

✶

❊①♣❡r✐♠❡♥t❛❧ ❣❡♦♠❡tr② ✻✸✶ ✵ ✵ ✵ ✵
❙❖❙■ ❈❆❙P❚✷ ❝♦♥str❛✐♥❡❞ ♠✐♥✐♠✉♠ ✻✸✸ ✽✼ ✺✶✾ ✶✽✻ ✹✽✺
❙❖❙■ ❈❆❙❙❈❋ ❝♦♥str❛✐♥❡❞ ♠✐♥✐♠✉♠ ✻✸✸ ✲✽✻ ✼✶✶ ✷✾✾ ✻✹✺

❉❋❚ ♠✐♥✐♠✉♠ ✻✸✺ ✲✻✵✺ ✾✽✶ ✹✺✸ ✽✼✽
❚r❛♥s✐t✐♦♥ st❛t❡ ❣❡♦♠❡tr② ✻✸✺ ✲✻✻✸ ✼✽✼ ✲✻✸✹ ✲✹✻✺

✷

❊①♣❡r✐♠❡♥t❛❧ ❣❡♦♠❡tr② ✻✸✸ ✵ ✵ ✵ ✵
❙❖❙■ ❈❆❙❙❈❋✴P❚✷ ❝♦♥str❛✐♥❡❞ ♠✐♥✐♠✉♠ ✻✸✺ ✶✹✺✵ ✼✹✷ ✹✽✹ ✺✻✷

❉❋❚ ♠✐♥✐♠✉♠ ✻✸✺ ✶✷✹✸ ✽✾✸ ✺✸✾ ✼✶✷
❚r❛♥s✐t✐♦♥ st❛t❡ ❣❡♦♠❡tr② ✻✸✹ ✶✺✶✸ ✼✶✻ ✲✻✷✶ ✲✸✺✻

❚❛❜❧❡ ❙✸ ✿ ❱❛❧✉❡s ✭✐♥ ❝♠−1✮ ♦❢ t❤❡ s♣✐♥✲♦r❜✐t ❝♦♥st❛♥t ❛♥❞ ♦❢ t❤❡ ❧✐❣❛♥❞ ✜❡❧❞ ♣❛r❛♠❡t❡rs r❡s✉❧t✐♥❣ ❢r♦♠
t❤❡ ❏❛❤♥✲❚❡❧❧❡r ❞✐st♦rt✐♦♥ ❛♥❞ t❤❡ ✜rst✲♦r❞❡r s♣✐♥✲♦r❜✐t ❝♦✉♣❧✐♥❣ ❢♦r ❞✐✛❡r❡♥t ❣❡♦♠❡tr✐❡s✳ ❙✐♥❝❡ t❤❡ ❙❖❙■✲
❈❆❙❙❈❋ ❛♥❞ ❙❖❙■✲❈❆❙P❚✷ ❝♦♥str❛✐♥❡❞ ♠✐♥✐♠❛ ❛r❡ ❜♦t❤ ❧♦❝❛t❡❞ ❛t ✽✵✪ ♦❢ t❤❡ ❞✐st♦rt✐♦♥ ❜❡t✇❡❡♥ t❤❡
C3 ❣❡♦♠❡tr② ❛♥❞ t❤❡ C1 ❉❋❚ ♠✐♥✐♠✉♠✱ ♦♥❧② ♦♥❡ s❡t ♦❢ ✈❛❧✉❡s ✐s r❡♣♦rt❡❞✳

✾✽



✷✳✷✳ ◗❯❆❙■✲❉➱●➱◆➱❘❊❙❈❊◆❈❊ ❉❊ ▲✬➱❚❆❚ ❋❖◆❉❆▼❊◆❚❆▲

❋✐❣✉r❡ ❙✷✵✳ ▲♦✇ ❡♥❡r❣② s♣❡❝tr✉♠ ♦❢ ✷ ❝♦♠✲
♣✉t❡❞ ❛t t❤❡ t✇♦ st❛t❡s ❙❖❙■✲❈❆❙✭✽✱✶✵✮P❚✷
❧❡✈❡❧ ♦❢ ❝♦rr❡❧❛t✐♦♥✳ ❚❤❡ ① ❛①✐s r❡♣r❡s❡♥ts ❛ ❧✐✲
♥❡❛r ❞✐st♦rt✐♦♥ ❜❡t✇❡❡♥ t❤❡ C3 ✭✵✮ ❛♥❞ ❉❋❚
C1 ♠✐♥✐♠✉♠ ✭✶✵✵✮✳

❋✐❣✉r❡ ❙✷✶ ✿ ▲♦✇ ❡♥❡r❣② s♣❡❝tr✉♠ ♦❢ ✶ ❝♦♠✲
♣✉t❡❞ ❛t t❤❡ t✇♦ st❛t❡s ❙❖❙■✲❈❆❙✭✽✱✶✵✮P❚✷
❧❡✈❡❧ ♦❢ ❝♦rr❡❧❛t✐♦♥✳ ❚❤❡ ① ❛①✐s r❡♣r❡s❡♥ts ❛ ❧✐✲
♥❡❛r ❞✐st♦rt✐♦♥ ❜❡t✇❡❡♥ t❤❡ C3 ✭✵✮ ❛♥❞ ❉❋❚
C1 ♠✐♥✐♠✉♠ ✭✶✵✵✮✳

❋✐❣✉r❡ ❙✷✷ ✿ ❙❝❤❡♠❛t✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ✶ ❛♥❞ ✷ s❤♦✇✐♥❣ t❤❡ ♠❛❣♥❡t✐❝ ❛①❡s ❢r❛♠❡ ✐♥ ✇❤✐❝❤ t❤❡ ✷✹ st❛t❡s
❙❖❙■✲❈❆❙P❚✷ ❝♦♠♣✉t❡❞ ❩❋❙ t❡♥s♦rs ❛r❡ ❞✐❛❣♦♥❛❧✳

✾✾



❈❍❆P■❚❘❊ ✷✳ ❙❚❘❆❚➱●■❊❙ P❖❯❘ ❆❈❈❘❖■❚❘❊ ▲✬❆◆■❙❖❚❘❖P■❊

❋✐❣✉r❡ ❙✷✸ ✿ M = f(B/T ) ❛t ✷ ❑ ✭❧❡❢t✮ ❛♥❞ χT = f(T ) ✭r✐❣❤t✮ ❝✉r✈❡s ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ✷✹ st❛t❡
❙❖❙■✲❈❆❙P❚✷ s♦❧✉t✐♦♥s ❛t t❤❡ ❝♦♥str❛✐♥❡❞ ❙❖❙■✲❈❆❙❙❈❋ ♠✐♥✐♠✉♠ ❢♦r ✷✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❛r❡
r❡♣♦rt❡❞ ❢♦r ❝♦♠♣❛r✐s♦♥

❋✐❣✉r❡ ❙✷✹ ✿ χ❚ ✈❡rs✉s ❚ ❝✉r✈❡s ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ✷✹✲st❛t❡ ❙❖❙■✲❈❆❙P❚✷ s♦❧✉t✐♦♥s ❛t t❤❡ ❝♦♥str❛✐♥❡❞
❙❖❙■✲❈❆❙P❚✷ ♠✐♥✐♠✉♠ ✭❧❡❢t✮ ❛♥❞ ❉❋❚ ♠✐♥✐♠✉♠ ✭r✐❣❤t✮ ❢♦r ❝♦♠♣♦✉♥❞ ✶✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧❧② ♠❡❛s✉r❡❞
❝✉r✈❡ ✐s r❡♣♦rt❡❞ ❢♦r ❝♦♠♣❛r✐s♦♥✳

❋✐❣✉r❡ ❙✷✺ ✿ χ❚ ✈❡rs✉s ❚ ❝✉r✈❡s ❝♦♠♣✉t❡❞ ❢r♦♠
t❤❡ ✷✹✲st❛t❡ ❛t t❤❡ ❈❆❙❙❈❋ ❣❡♦♠❡tr②✱ ✇❤✐❝❤ ✐s
✐❞❡♥t✐❝❛❧ t♦ t❤❡ ❈❆❙P❚✷ ♦♥❡ ❢♦r ❝♦♠♣♦✉♥❞ ✷✳
❚❤❡ ❡①♣❡r✐♠❡♥t❛❧❧② ♠❡❛s✉r❡❞ ❝✉r✈❡ ✐s r❡♣♦rt❡❞
❢♦r ❝♦♠♣❛r✐s♦♥✳

✶✵✵



❈❤❛♣✐tr❡ ✸

■♥t❡r❢ér❡♥❝❡s ❡t ❡✛❡ts s②♥❡r❣✐q✉❡s ❡♥tr❡

❛♥✐s♦tr♦♣✐❡s ❧♦❝❛❧❡s ❞❛♥s ❧❡s ❝♦♠♣❧❡①❡s

❜✐✲♥✉❝❧é❛✐r❡s

❆♣rès ❛✈♦✐r ét✉❞✐é✱ ❞❛♥s ❝❡rt❛✐♥s ❝♦♠♣❧❡①❡s ♠♦♥♦♥✉❝❧é❛✐r❡s✱ ❝♦♠♠❡♥t ❛♠é❧✐♦r❡r ❧✬❛♥✐s♦✲
tr♦♣✐❡ ♠❛❣♥ét✐q✉❡ ❧♦❝❛❧❡✱ ✉♥❡ ét✉❞❡ ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❞❡ ❞❡✉① ❛♥✐s♦tr♦♣✐❡s ❧♦❝❛❧❡s s✉r ❞❡✉①
❝❡♥tr❡s ♠ét❛❧❧✐q✉❡s ❛ été ré❛❧✐sé❡✳ ■❧ s✬❛❣✐t ❞✬✉♥ ♣r♦❥❡t ❞✬❛rt✐❝❧❡ ❝♦♥❝❡r♥❛♥t ❧✬é❧❛❜♦r❛t✐♦♥
❞✬✉♥ ❤❛♠✐❧t♦♥✐❡♥ ❞❡ s♣✐♥ ❛ss♦❝✐é ❛✉ ❜❛s ❞✉ s♣❡❝tr❡ é♥❡r❣ét✐q✉❡ ❞✬✉♥ ❝♦♠♣❧❡①❡ ♠♦❞è❧❡ ❜✐✲
♥✉❝❧é❛✐r❡ ❝♦♠♣♦rt❛♥t ❞❡✉① ◆✐II ♣♦✉r ❞✐✛ér❡♥t❡s str✉❝t✉r❡s ❣é♦♠étr✐q✉❡s✳ ❈❡ ❝❤♦✐① ♣❡r♠❡t
❞❡ ❞é✜♥✐r ❛✐sé♠❡♥t ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♣❛r❛♠ètr❡s ❞❡ ❩❋❙ ❛ss♦❝✐é à ❝❤❛q✉❡ ❝❡♥tr❡ ♠ét❛❧❧✐q✉❡
❡♥ ♠♦❞✐✜❛♥t ❧❡s ♣❛r❛♠ètr❡s ❣é♦♠étr✐q✉❡s ❡t é✈❡♥t✉❡❧❧❡♠❡♥t ❧❛ ♥❛t✉r❡ ❞❡s ❧✐❣❛♥❞s ❡♥ ❢♦♥❝✲
t✐♦♥ ❞✉ t②♣❡ ❞✬❛♥✐s♦tr♦♣✐❡ ❡t ❞❡ ❧❛ ❞✐r❡❝t✐♦♥ ❞❡s ❛①❡s ♠❛❣♥ét✐q✉❡s s♦✉❤❛✐té❡✳

❆✜♥ ❞❡ ♠♦❞é❧✐s❡r ❧❡ s♣❡❝tr❡ ❞❡ ❝❡s ❝♦♠♣❧❡①❡s✱ ✉♥❡ ét✉❞❡ t❤é♦r✐q✉❡ ❡st ♠❡♥é❡ à ❧✬❛✐❞❡
❞✬✉♥ ❝❛❧❝✉❧ ❈❆❙❙❈❋ ❛✈❡❝ ▼❖▲❈❆❙ ❝♦♠♣♦rt❛♥t ❧✬❡♥s❡♠❜❧❡ ❞❡s ✶✻ é❧❡❝tr♦♥s ❞❡ ❧❛ s♦✉s✲
❝♦✉❝❤❡ d ❞❡s ❞❡✉① ❝❡♥tr❡s ♠ét❛❧❧✐q✉❡s ❞❛♥s ❧✬❡s♣❛❝❡ ❛❝t✐❢✳ P✉✐s✱ ❞✐✛ér❡♥ts ❤❛♠✐❧t♦♥✐❡♥s
♠♦❞è❧❡s s♦♥t ét❛❜❧✐s ❛✜♥ ❞❡ ♠♦❞é❧✐s❡r ❧✬❛♥✐s♦tr♦♣✐❡ ♠❛❣♥ét✐q✉❡ ❞✉ q✉✐♥t✉♣❧❡t ❡t ❞✉ tr✐✲
♣❧❡t ❢♦♥❞❛♠❡♥t❛❧ à ❧✬❛✐❞❡ ❞✬✉♥❡ ❞❡s❝r✐♣t✐♦♥ ❞❡ t②♣❡ ✧●✐❛♥t✲❙♣✐♥✧ ❬✺✻❪ ♠❛✐s ❛✉ss✐ ✉♥❡
♠♦❞é❧✐s❛t✐♦♥ ❞❡ t②♣❡ ✧♠✉❧t✐✲s♣✐♥✧ ❬✶✼✱✶✾❪ ❞é❝r✐✈❛♥t ❧✬❡♥s❡♠❜❧❡ ❞❡s ♥❡✉❢ ét❛ts s♣✐♥✲♦r❜✐t❡s
❞✉ s♣❡❝tr❡ ❧❡s ♣❧✉s ❜❛s ❡♥ é♥❡r❣✐❡ ✐ss✉s ❞❡s ét❛ts s✐♥❣✉❧❡t✱ tr✐♣❧❡t ❡t q✉✐♥t✉♣❧❡t ❧❡s ♣❧✉s ❜❛s✳
❈✬❡st ❝❡tt❡ ❞❡r♥✐èr❡ ❞❡s❝r✐♣t✐♦♥ q✉✐ ♣❡r♠❡t ❞❡ ❞é❝r✐r❡ ❧✬❤❛♠✐❧t♦♥✐❡♥ ❡♥ t❡r♠❡ ❞✬❛♥✐s♦tr♦♣✐❡
❧♦❝❛❧❡ ❡t ❞✬é❝❤❛♥❣❡ ❀ ❞❡ ♣❧✉s✱ ❝♦♠♠❡ ét❛❜❧✐ ♣ré❝é❞❡♠♠❡♥t ❬✺✼✱ ✺✽❪✱ ✐❧ ❛♣♣❛r❛✐t ♥é❝❡ss❛✐r❡
❞❡ ❢❛✐r❡ ✐♥t❡r✈❡♥✐r✱ ❡♥ ♣❧✉s ❞❡s t❡♥s❡✉rs ❞❡ r❛♥❣ ❞❡✉①✱ ✐♥tr♦❞✉✐ts ❧♦rs ❞✉ ❝❤❛♣✐tr❡ ✶✳✶✱ ✉♥
t❡♥s❡✉r ❞❡ r❛♥❣ q✉❛tr❡ ✭❝❢✳ éq✉❛t✐♦♥ ✸✳✶✮✳

ĤMS = JŜa · Ŝb + ŜaDaŜa + ŜbDbŜb + ŜaDabŜb + dabŜa × Ŝb +
(
Ŝa ⊗ Ŝa

)
Daabb

(
Ŝb ⊗ Ŝb

)

✭✸✳✶✮
❛✈❡❝

✕ J ❧❡ ♣❛r❛♠ètr❡ ❞✬é❝❤❛♥❣❡ ✐s♦tr♦♣❡
✕ Da ❡t Db ❧❡s t❡♥s❡✉rs ❞✬❛♥✐s♦tr♦♣✐❡ ❧♦❝❛✉①
✕ Dab ❧❡ t❡♥s❡✉r ❞✬❛♥✐s♦tr♦♣✐❡ ❞✬é❝❤❛♥❣❡ s②♠étr✐q✉❡

✶✵✶



❈❍❆P■❚❘❊ ✸✳ ■◆❚❊❘❋➱❘❊◆❈❊❙ ❊❚ ❊❋❋❊❚❙ ❙❨◆❊❘●■◗❯❊❙
❊◆❚❘❊ ❆◆■❙❖❚❘❖P■❊❙ ▲❖❈❆▲❊❙ ❉❆◆❙ ▲❊❙ ❇■✲◆❯❈▲➱❆■❘❊❙

✕ dab ❧❡ ♣s❡✉❞♦✲✈❡❝t❡✉r ❞✬❛♥✐s♦tr♦♣✐❡ ❞✬é❝❤❛♥❣❡ ❛♥t✐s②♠étr✐q✉❡ ✭♣s❡✉❞♦✲✈❡❝t❡✉r ❞❡
❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛✮

✕ Daabb ❧❡ t❡♥s❡✉r ❞✬❛♥✐s♦tr♦♣✐❡ ❞✬é❝❤❛♥❣❡ s②♠étr✐q✉❡ ❞✬♦r❞r❡ ✹
❯♥❡ ❡①tr❛❝t✐♦♥ ❞❡s t❡♥s❡✉rs ❞✬❛♥✐s♦tr♦♣✐❡s ❧✐és ❛✉① ét❛ts tr✐♣❧❡ts ❞❡ ❝❤❛q✉❡ ❝❡♥tr❡ ♠ét❛❧✲
❧✐q✉❡ Da ❡t Db ♦❜t❡♥✉s ❡♥ ❡①❝❧✉❛♥t ❞❡ ❧✬❡s♣❛❝❡ ❛❝t✐❢ ❧❡s é❧❡❝tr♦♥s ❛ss♦❝✐és à ❧✬❛✉tr❡ ◆✐II ❡st
❛✉ss✐ ❡✛❡❝t✉é❡ ❛✜♥ ❞❡ ✈❛❧✐❞❡r ❧❛ ♠ét❤♦❞❡ ❞❡ t②♣❡ ♠✉❧t✐✲s♣✐♥ ❡t ❞❡ t❡st❡r ❧❛ tr❛♥s❢ér❛❜✐❧✐té
❞❡s ♣❛r❛♠ètr❡s ❞✬❛♥✐s♦tr♦♣✐❡ ❧♦❝❛❧❡ ❛✉ ❝♦♠♣❧❡①❡ ❜✐✲♥✉❝❧é❛✐r❡✳

❆✉ ❝♦✉rs ❞❡ ❝❡tt❡ ét✉❞❡✱ ✐❧ ❛♣♣❛r❛✐t q✉❡ ❧❡ rô❧❡ ❞❡ ❧❛ s②♠étr✐❡ ❞✉ ❝♦♠♣❧❡①❡ ❡st ✐♠♣♦rt❛♥t
❡t q✉❡ ❧❡ ❝❛r❛❝tèr❡ ♥✉❧ ❞❡ ❝❡rt❛✐♥s ♣❛r❛♠ètr❡s ♣❡✉t êtr❡ ♣ré❞✐t ♣♦✉r ❝❡rt❛✐♥❡s ❣é♦♠étr✐❡s✱
à ❧❛ ❢♦✐s ♣♦✉r ❧❡s t❡♥s❡✉rs ❞❡ r❛♥❣ ❞❡✉① ❬✺✾❪ ♠❛✐s ❛✉ss✐ ❞❡ r❛♥❣ q✉❛tr❡✳ ❉❡ ♣❧✉s✱ ❧❡ rô❧❡
❞❡s t❡♥s❡✉rs ❧♦❝❛✉① ❞❛♥s ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ♠✉❧t✐✲s♣✐♥ ❡st ♣ré♣♦♥❞ér❛♥t ❡t ♣❡r♠❡t ❞❡ ♠✐❡✉①
❝♦♠♣r❡♥❞r❡ ❧❡✉rs ✐♥✢✉❡♥❝❡s s✉r ❧❡s t❡♥s❡✉rs ❞✬é❝❤❛♥❣❡ ❛✐♥s✐ q✉❡ ❧❛ ♥❛t✉r❡ ❡t ❧✬❛♠♣❧✐t✉❞❡
❞❡s ♣❛r❛♠ètr❡s ♦❜t❡♥✉s ♣❛r ✉♥❡ ❛♣♣r♦❝❤❡ ❣✐❛♥t✲s♣✐♥✳

▲✬ét✉❞❡ ♣♦rt❡ s✉r ❞❡✉① ❝♦♠♣❧❡①❡s ♠♦❞è❧❡s ❖❬◆✐❈◆✭◆❈❍✮4❪2 ✭♥♦té ▼1✮ ❡t ❖❬◆✐❈❧✭◆❈❍✮4❪2
✭♥♦té ▼2✮ s♦✉♠✐s à ❞✐✛ér❡♥t❡s ❞é❢♦r♠❛t✐♦♥s str✉❝t✉r❛❧❡s ❛❧❧❛♥t ❞❡ ❣é♦♠étr✐❡s D4h à C1✱
❝❡❧❛ ♣❡r♠❡t ❞❡ ❝ré❡r ❞✐✛ér❡♥t❡s ❛♥✐s♦tr♦♣✐❡s ❧♦❝❛❧❡s ❡t ❞❡ ❝❛❧❝✉❧❡r ❧❡s ❛♥✐s♦tr♦♣✐❡s ❞✬✐♥✲
t❡r❛❝t✐♦♥ ✐♠♣❧✐q✉é❡s✳ ❆✜♥ ❞❡ r❡♣rés❡♥t❡r ❧❡s ❡❧❧✐♣s♦ï❞❡s ❛ss♦❝✐é❡s ❛✉① ❛♥✐s♦tr♦♣✐❡s✱ ✉♥
❡♥s❡♠❜❧❡ ❞❡ ❝♦♥✈❡♥t✐♦♥s ♦♥t été ét❛❜❧✐❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♥❛t✉r❡ ❡t ❞❡s ❞✐r❡❝t✐♦♥s ❞✉
s②stè♠❡s ❞✬❛①❡s ♣r♦♣r❡s ♠❛❣♥ét✐q✉❡s q✉✐ ❡st r❡♣rés❡♥té s✉r ❧❛ ✜❣✉r❡ ✸✳✶✳

❋✐❣✉r❡ ✸✳✶ ✕ ❈♦♥✈❡♥t✐♦♥s ♣♦✉r ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❞❡s ❛①❡s ♠❛❣♥ét✐q✉❡s ♣♦✉r ❧❡ t❡♥s❡✉r D✳
▲❡s ♣❧❛♥s ❞❡ ❢❛❝✐❧❡ ✭r❡s♣✳ ❞✐✣❝✐❧❡✮ ❛✐♠❛♥t❛t✐♦♥ s♦♥t r❡♣rés❡♥tés ❡♥ r♦✉❣❡ ✭r❡s♣✳ ♥♦✐r✮ ❡t ❧❡s ❛①❡s ❞❡ ❢❛❝✐❧❡
✭r❡s♣✳ ❞✐✣❝✐❧❡✮ ❛✐♠❛♥t❛t✐♦♥ s♦♥t s②♠❜♦❧✐sés ♣❛r ✉♥❡ ❞♦✉❜❧❡ ✢è❝❤❡ r♦✉❣❡ ✭r❡s♣✳ ♥♦✐r❡✮✳

❊♥ ❧✬❛❜s❡♥❝❡ ❞❡ ❞é❢♦r♠❛t✐♦♥ ♣♦✉r ▼1 ♦✉ ♣♦✉r ❞❡s ❝♦♠♣r❡ss✐♦♥s ❛✈❡❝ ❞✬é✈❡♥t✉❡❧❧❡s
r♦t❛t✐♦♥s ♣♦✉r ▼2✱ ♦♥ ♦❜t✐❡♥t ❞❡✉① ❛♥✐s♦tr♦♣✐❡s ❧♦❝❛❧❡s ❛①✐❛❧❡s ✭❝❢✳ ✜❣✉r❡ ✸✳✷✮✳ ❉ès ❧♦rs✱
❡♥ ❢♦♥❝t✐♦♥ ❞❡s r♦t❛t✐♦♥s ✐♠♣♦sé❡s✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬♦r✐❡♥t❡r ❧❡s ❛①❡s ❞❡ ❢❛❝✐❧❡s ❛✐♠❛♥t❛t✐♦♥✳
❖♥ ❝♦♥st❛t❡ ❛✉ss✐ q✉❡ ❧❡ t❡♥s❡✉r ❛ss♦❝✐é à ❧✬ét❛t q✉✐♥t✉♣❧❡t DQ ❞❛♥s ❧❛ ❞❡s❝r✐♣t✐♦♥ ❣✐❛♥t✲
s♣✐♥ ❡st ❞❡ ♠ê♠❡ ♥❛t✉r❡ q✉❡ ❧❡s t❡♥s❡✉rs ❧♦❝❛✉① ❡t s❛ ❞✐r❡❝t✐♦♥ ❞❡ ❢❛❝✐❧❡ ❛✐♠❛♥t❛t✐♦♥

✶✵✷



❡st ❧❛ ♠♦②❡♥♥❡ ❞❡ ❝❡❧❧❡s ❞❡s t❡♥s❡✉rs ❧♦❝❛✉① à ❧✬❡①❝❡♣t✐♦♥ ❞✉ ❝❛s ✸ ♦✉ ❝❡s ❞✐r❡❝t✐♦♥s s♦♥t
♦rt❤♦❣♦♥❛❧❡s ❛✉q✉❡❧ ❝❛s✱ s❛ ♥❛t✉r❡ ❡st ♠♦❞✐✜é✳ ❖♥ ❛ ❛❧♦rs ✉♥❡ ❛♥✐s♦tr♦♣✐❡ ♣❧❛♥❛✐r❡ ♠❛✐s ❧❛
❞✐r❡❝t✐♦♥ ❞❡ ❞✐✣❝✐❧❡ ❛✐♠❛♥t❛t✐♦♥ r❡st❡ ❛❧✐❣♥é❡ ❛✈❡❝ ❝❡❧❧❡s ❞❡s t❡♥s❡✉rs ❧♦❝❛✉①✳ ❉❡ ♣❧✉s✱ ✐❧
❛♣♣❛r❛✐t q✉❡ ❧❡ t❡♥s❡✉r ❛ss♦❝✐é à ❧✬ét❛t tr✐♣❧❡t DT ❞❛♥s ❧❛ ❞❡s❝r✐♣t✐♦♥ ❣✐❛♥t✲s♣✐♥ ♣rés❡♥t❡
✉♥❡ ♥❛t✉r❡ ✭❛①✐❛❧❡ ♦✉ ♣❧❛♥❛✐r❡✮ ❡t ✉♥ rô❧❡ ❞❡s ❛①❡s ❞❡ ❢❛❝✐❧❡ ♦✉ ❞✐✣❝✐❧❡ ❛✐♠❛♥t❛t✐♦♥ ✐♥✈❡rsé
♣❛r r❛♣♣♦rt ❛✉ t❡♥s❡✉r DQ✳

❋✐❣✉r❡ ✸✳✷ ✕ ❊❧❧✐♣s♦ï❞❡s r❡♣rés❡♥t❛♥t ❧✬❛♥✐s♦tr♦♣✐❡ ❡t ❧❡s ❛①❡s ♣r♦♣r❡s ♠❛❣♥ét✐q✉❡s ♣♦✉r ❧❡s t❡♥s❡✉rs
❞✬❛♥✐s♦tr♦♣✐❡ ❧♦❝❛❧❡ ❡t ❣❧♦❜❛❧❡ ❞❛♥s ❧❡ ❝❛s ❞❡ ❞❡✉① ❛♥✐s♦tr♦♣✐❡s ❧♦❝❛❧❡s ❛①✐❛❧❡s✳ ▲❡ ❝❤♦✐① ❞✉ ♠♦❞è❧❡ ❡t ❧❡
❣r♦✉♣❡ ♣♦♥❝t✉❡❧ ❞❡ s②♠étr✐❡ ✭❙P●✮ ❡st s♣é❝✐✜é ❞❛♥s ❧❛ ♣r❡♠✐èr❡ ❝♦❧♦♥♥❡✳

❊♥ ❧✬❛❜s❡♥❝❡ ❞❡ ❞é❢♦r♠❛t✐♦♥ ♣♦✉r ▼2 ♦✉ ♣♦✉r ❞❡s é❧♦♥❣❛t✐♦♥s ❛✈❡❝ ❞✬é✈❡♥t✉❡❧❧❡s r♦✲
t❛t✐♦♥s ♣♦✉r ▼1 ♦✉ ▼2✱ ♦♥ ♦❜t✐❡♥t ❞❡✉① ❛♥✐s♦tr♦♣✐❡s ❧♦❝❛❧❡s ♣❧❛♥❛✐r❡s ✭❝❢✳ ✜❣✉r❡ ✸✳✸✮✳ ▲à
❡♥❝♦r❡✱ ❧❡ ❝❤♦✐① ❞❡s ❞é❢♦r♠❛t✐♦♥s ♣❡r♠❡t ❞❡ ❞é✜♥✐r✱ ❛✉ s❡✐♥ ❞✉ ♣❧❛♥ ❞❡ ❢❛❝✐❧❡ ❛✐♠❛♥t❛t✐♦♥✱
❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ❧✬❛①❡ ❞❡ ❢❛❝✐❧❡ ❛✐♠❛♥t❛t✐♦♥✳ ❉❡ ♣❧✉s✱ ❧❡ t❡♥s❡✉r DQ ♣rés❡♥t❡ ❧❛ ♠ê♠❡ ♥❛✲
t✉r❡ q✉❡ ❧❡s t❡♥s❡✉rs ❧♦❝❛✉① ❛✈❡❝ ❞❡s ❛①❡s ❞✬❛✐♠❛♥t❛t✐♦♥s ❜✐ss❡❝t❡✉rs ❞❡s ❛①❡s ❧♦❝❛✉①✱ s❛✉❢
❞❛♥s ❧❡ ❝❛s ✼ ❞✬❛①❡s ❧♦❝❛✉① ♦rt❤♦❣♦♥❛✉① ❡t ❧❡ ❝❛s ✶✵ ♣♦✉r ❧❡q✉❡❧ ❧❡s ♣❧❛♥s ❞✬❛✐♠❛♥t❛t✐♦♥s
s♦♥t ♦rt❤♦❣♦♥❛✉①✳ ■❧ ❡♥ rés✉❧t❡✱ ❞❛♥s ❝❡ ❞❡r♥✐❡r ❝❛s✱ ✉♥❡ ♥❛t✉r❡ ❛①✐❛❧❡ ❞✉ t❡♥s❡✉r DQ ❛✈❡❝
✉♥ ❛①❡ ❞❡ ❢❛❝✐❧❡ ♦r✐❡♥t❛t✐♦♥ ❛❧✐❣♥é ❛✈❡❝ ❝❡✉① ❞❡s t❡♥s❡✉rs ❧♦❝❛✉① ♠❛❧❣ré ❧❡s ✈❛❧❡✉rs ❞❡s
♣❛r❛♠ètr❡s D ♦♣♣♦sé❡s✳

❊♥✜♥✱ à ♣❛rt✐r ❞❡ ❞é❢♦r♠❛t✐♦♥s ❞✐st✐♥❝t❡s ❡♥tr❡ ❧❡s ❞❡✉① ❝❡♥tr❡s ♠ét❛❧❧✐q✉❡s✱ ✐❧ ❡st
♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ❞❡✉① ❛♥✐s♦tr♦♣✐❡s ❧♦❝❛❧❡s ❞✐st✐♥❝t❡s ✭❝❢✳ ✜❣✉r❡ ✸✳✹✮ ♣♦✉✈❛♥t ❞♦♥♥❡r ❧✐❡✉
à ✉♥ t❡♥s❡✉r DQ ❞❡ ♥❛t✉r❡ ❛①✐❛❧❡ ♦✉ ♣❧❛♥❛✐r❡✳ ❈❡ ❞❡r♥✐❡r ♣rés❡♥t❡ ❝❡♣❡♥❞❛♥t t♦✉❥♦✉rs
❞❡s ❞✐r❡❝t✐♦♥s ❞✬❛✐♠❛♥t❛t✐♦♥ ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❝❡❧❧❡s ❞❡ ❧✬❛♥✐s♦tr♦♣✐❡ ❧♦❝❛❧❡ ❞❡ ♣❧✉s ❣r❛♥❞❡
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1Laboratoire de Chimie et de Physique Quantiques,

IRSAMC/UMR5626, Université de Toulouse 3,
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Abstract

The overall magnetic anisotropy of two bi-nuclear model complexes, the local anisotropies of

their two constitutive Ni(II) ions and the anisotropy of their exchange interactions are determined

from correlated ab initio calculations. Various geometrical deformations are imposed in order to

tune the local anisotropies of the Ni(II) ions and study their different combinations such as planar-

planar (with same and different planes), axial-axial (with same and different axes) and axial-planar

(with various orientations). The extraction of the parameters of both the giant spin and multispin

Hamiltonians combined with the determination of the local and overall magnetic axes enables one

to analyze the constructive and destructive interferences between local anisotropies in the resulting

overall anisotropy of the complex. This study follows a previous work in which it has been shown

that a four-rank tensor should be introduced in the multi-spin Hamiltonian in order to reproduce

accurately the ab initio results. All the interactions of the revisited multi-spin Hamiltonian are

extracted using the effective Hamiltonian theory.

PACS numbers: PACS
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I. INTRODUCTION

Magnetic anisotropy is the origin of the single molecule magnet (SMM) behavior1–5 which

consists in a slow relaxation of the magnetization, and to a blocking of the magnetization

for low enough temperatures. Since this bistable behavior may lead to possible technological

applications in the domain of data storage6 and quantum computing7–9, the understanding

of the microscopic origin of magnetic anisotropy has received a considerable interest during

the last two decades. For most of the complexes based on transition metal ions, the property

comes from the lift of degeneracy of the Ms components of the ground spin state S due to

relativistic effects, in particular to the spin orbit coupling, and to geometrical distortions

from the isotropic highly symmetric octahedron or tetrahedron. This phenomenon is called

the Zero-Field Splitting (ZFS) and is characterized by two parameters, namely the axial D

and the rhombic E parameters. The bistable behavior occurs when the two maximal Ms

components of the ground spin state are the lowest degenerate states and is characterized

by a uniaxial magnetic anisotropy, i.e. D is large and negative and E = 0. As soon as the

rhombic parameter E is different from zero, the Ms components are coupled and the ground

state is a linear combination of the Ms components while when D is positive the lowest

|Ms| component(s) become(s) the ground state. The synthesis of new objects presenting

the required (and improved) anisotropy characteristics rests on the ability to control the

nature (uniaxial or in plane) and magnitude of the magnetic anisotropy. Several theoretical

works have been devoted to the understanding of the chemical and geometrical factors which

govern the magnetic anisotropy in mono-nuclear species. While due to the numerous driving

factors (configurations dn, geometries, strength of the ligand field, etc.) the conclusions of

these studies are contingencies, theory allows one to understand and predict the magnetic

anisotropy characteristics of mononuclear species. In poly-nuclear complexes, the situation

is even more complicated since additional factors are expected to come into play:

• several and potentially of different nature local anisotropies of the constitutive ions are

likely to appear. Indeed, the relativistic effects which are local effects are responsible

for the lift of degeneracy of the ground spin state si of each ion i and these effects are

very sensitive to the local environment of the ion.

• anisotropic interactions (anisotropies of exchange) between local anisotropies may oc-
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cur, affecting the characteristics of the resulting overall magnetic anisotropy of the

poly-nuclear complex.

The main aim of the present work is to make a first step in the understanding of synergistic

effects between local anisotropies. It considers model bi-nuclear complexes constituted of

two Ni(II) ions adopting various geometries for which both the nature and the magnitude of

the local anisotropies may or not be different. In all cases, the parameters characterizing the

local anisotropies are determined and confronted to those of the overall magnetic anisotropy

of the complex. Two different anisotropic spin Hamiltonians can be used to characterize the

ZFS of poly-nuclear complexes:

• The giant spin Hamiltonian only reproduces the energy levels of the ground term.

When the system contains more than two unpaired electrons, and in particular in the

weak exchange limit, i.e. when the spin mixing between the spin ground state and the

excited spin state is non-negligible, the Hamiltonian contains higher than two order

Stevens operators.

• The multi-spin Hamiltonian reproduces the energy levels of all spin states arising from

the coupling between the local spin states of the paramagnetic ions.

In recent studies, the interactions of these two Hamiltonians have been confronted to those

extracted from ab initio calculations performed using the all-electron exact electronic Hamil-

tonian. It was shown that both models are not suitable to reproduce the interactions result-

ing from the ab initio calculations of a binuclear complex constituted of two Ni(II) ions in

the weak exchange limit. In the case of the Giant Spin Hamiltonian, simple additional op-

erators were sufficient to reproduce the energy spacings between the Ms components of the

ground spin state and all non-negligible interactions could be extracted.10,11 Concerning the

multi-spin Hamiltonian, it was shown that it should be extended with a bi-quadratic operator

introducing a 4-rank tensor in order to reproduce accurately all non-negligible interactions.12

Unfortunately, the number of these interactions was too large and a full extraction could not

be performed. A more systematic study of all these interactions is performed here with the

purpose of exploring possible relations between the various interactions in order to simplify

the multi-spin Hamiltonian and determine all its non-negligible interactions.

It should be stressed that relations between the parameters of the local and overall ten-

sors of anisotropy already exist,13–16 it is actually possible to determine the overall tensor
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of magnetic anisotropy by combining the local ones. Nevertheless these expressions are de-

termined while neglecting the fourth-rank tensor which happens to be responsible for the

largest contribution to the anisotropic interactions between the centers. The present paper

quantifies and discussed the various anisotropic interactions including those of the four-rank

tensor from ab initio calculations.

The next section briefly presents the procedure of extraction of the model interactions

from the effective Hamiltonian theory and provides the computational information. Section

III recalls the physics of the two considered spin Hamiltonians and presents a method for

the determination of both the overall and local magnetic axis frames. Section IV discusses

the magnitude and nature of the extracted anisotropic interactions of both models. It then

focuses on interference effects between local anisotropies in the overall anisotropy of the

bi-nuclear complex.

II. METHOD OF EXTRACTION OF THE INTERACTIONS AND COMPUTA-

TIONAL INFORMATION

As shown in previous studies,17–19 it is possible to establish the relevance of any model

Hamiltonian and to extract its constitutive interactions using the effective Hamiltonian

theory. In combination with correlated ab initio calculations performed using the all-electron

exact electronic Hamiltonian, the effective Hamiltonian theory enables one to numerically

evaluate all the matrix elements of a model Hamiltonian. This method has successfully been

applied to mono- and bi-nuclear complexes in order to determine the anisotropic interactions

of the Giant Spin Hamiltonian10–12,20–24.

The effective Hamiltonian theory25,26 enables one to extract from accurate ab initio cal-

culations the most rigorous effective Hamiltonian working in the same model space as the

model Hamiltonian. This effective Hamiltonian is then compared to the model one. In the

des Cloizeaux formalism,26 the general expression of the effective Hamiltonian is:

Ĥeff =
∑

k

|Ψ̃k〉Ek〈Ψ̃k| (1)

where Ψ̃k are the orthonormalized projections onto the model space of the all-electron

Hamiltonian eigenvectors Ψk and Ek are the corresponding eigenenergies. This formula-

tion ensures that the eigenvalues of the effective Hamiltonian are the eigenenergies of the
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all-electron Hamiltonian while its eigenvectors are the projections onto the model space of

the all-electron Hamiltonian eigenvectors, such that:

Ĥeff |Ψ̃k〉 = Ek|Ψ̃k〉 (2)

Since it is possible to calculate all the matrix elements of the effective Hamiltonian as:

〈i|Ĥeff |j〉 = 〈i|
∑

k

|Ψ̃k〉Ek〈Ψ̃k|j〉 (3)

the method provides more information than the low energy spectrum. Values of the inter-

actions of the model Hamiltonian can be assigned by confronting these numerical matrix

elements to their analytical expression in the model Hamiltonian.

The ab initio calculations were performed using the Spin-Orbit State-Interaction (SO-

SI) method27 implemented in the MOLCAS package.28 The method performs a variational

treatment of the spin-orbit couplings between the lowest selected states. The preliminary

spin-orbit free calculations account for non-dynamic correlation effects. The complete active

space self consistent field (CASSCF) method is used to calculate non-dynamically correlated

wave functions. The active space contains the 16 d electrons in the 10 d orbitals for the

calculation of the magnetic anisotropy of the bi-nuclear species, i.e. CAS(16,10)SCF. To

compute the local anisotropy tensors, the orbitals of each center were considered active

alternatively while the orbitals of the other center were kept inactive, i.e. CAS(8,5)SCF

calculations were carried out. Extended basis sets of ANO type29 have been used namely

6s5p4d2f for Ni, 6s5p2d for Cl, 4s3p1d for O and N, 3s2p for C and 2s for H.

III. MODEL HAMILTONIANS AND PROPER MAGNETIC AXIS FRAME

A. Giant-spin Hamiltonian

The simplest description of magnetic anisotropy in polynuclear systems is provided by the

giant-spin approximation.30–33 The use of this Hamiltonian is physically based when the spin

ground state of the molecule is sufficiently separated in energy from the other spin multiplets

such that the magnetic properties can be described using a single spin ground state. In the

considered case, since the coupling between the two Ni(II) ions is antiferromagnetic, it will

be used to determine both the triplet and quintuplet excited states anisotropic parameters,

in particular the D and E parameters and the corresponding magnetic axis frames.
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The Hamiltonian can be expressed in terms of the standard Stevens equivalent operators

Ôm
k (Ŝz, Ŝ±),

34 i.e. as linear combinations of spin operators of symmetry m (m = 0 is axial,

m = 2 is rhombic, m = 4 is tetragonal), orders k and additional operators which were shown

to be necessary in the case of a bi-nuclear complex in the weak exchange limit.

Ĥ2
GSH = B0

2Ô
0
2 +B2

2Ô
2
2 +B4

4Ô
4
4 +Bax

4 Ô
ax
4 +Bax,rh

4 Ôax,rh
4 +Brh

4 Ô
rh
4 (4)

where

Ôax
4 =

1

96
(MS + 2)(MS + 1)(MS − 1)(MS − 2)(Ŝ+Ŝ+Ŝ−Ŝ− + Ŝ−Ŝ−Ŝ+Ŝ+)

Ôax,rh
4 =

1

4
√
6
(Ŝ−ŜzŜzŜ− + Ŝ+ŜzŜzŜ+)

Ôrh
4 =

1

24
[Ŝ+Ŝ+Ŝ+Ŝ+ + Ŝ−Ŝ−Ŝ−Ŝ− + (MS − 1)(MS + 1)(ŜzŜ+ŜzŜ− + ŜzŜ−ŜzŜ+)]

Ô0
0 = S(S + 1) Ô0

2 = 3Ŝ2
z − S(S + 1) Ô2

2 =
1

2
(Ŝ2

+ + Ŝ2
−)

Ô0
4 = 35Ŝ4

z + [25− 30S(S + 1)] Ŝ2
z − 6S(S + 1) + 3S2(S + 1)2

Ô2
4 =

1

4

[
(7Ŝ2

z − S(S + 1)− 5)(Ŝ2
+ + Ŝ2

−) + (Ŝ2
+ + Ŝ2

−)(7Ŝ
2
z − S(S + 1)− 5)

]

Ô4
4 =

1

2
(Ŝ4

+ + Ŝ4
−),

(5)

The second-order terms are related to the axial and rhombic parameters of the ZFS D

tensor such that D = 3B0
2 and E = B2

2 . Higher than 2 order terms essentially arise from

couplings between the different spin states (i.e. spin-mixing) and are particularly small

in the considered cases since the magnetic coupling is relatively large (around 40 cm−1).

The values of these interactions are not reported here since the largest obtained value is

B4
4 = 0.09 cm−1. The determination of the proper magnetic axis frame could therefore

safely be performed using only the second-order tensors S · D2 · S for the quintuplet state

and S · D1 · S for the triplet state (i.e. only the B0
2 and B2

2 interactions for both states).

For this purpose, we have artificially removed the couplings between the singlet, triplet and

quintuplet MS components to extract the tensors and consequently diagonalize them.
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B. Multispin Hamiltonian

For a binuclear complex constituted of sites a and b, this model works on the basis of

the |MSa
,MSb

〉 functions. It is designed to reproduce the energy of all the states resulting

from the coupling between the ground spin states of each magnetic site. In the present

study, the Hamiltonian describes the energy of allMS components of the singlet, triplet and

quintuplet states. As recently shown in a binuclear complex of Ni(II) in the weak exchange

limit, it involves a biquadratic operators and a 4-rank tensor Daabb. In the considered case,

its expression is:

ĤMS = JŜa · Ŝb+ ŜaDaŜa+ ŜbDbŜb+ ŜaDabŜb+dabŜa× Ŝb+
(
Ŝa ⊗ Ŝa

)
Daabb

(
Ŝb ⊗ Ŝb

)
(6)

where J is the isotropic magnetic exchange, Da and Db are local Zero Field Splitting (ZFS)

tensors, Dab is the symmetric anisotropic tensor and dab is the antisymmetric anisotropic

term,13–16 known as the Dzyaloshinskii Moriya vector. The components of these two tensors

read :

Dab + dab

=




Dxx Dxy Dxz

Dxy Dyy Dyz

Dxz Dyz Dzz


 +




0 dxy −dxz

−dxy 0 dyz

dxz −dyz 0




(7)

The analytical Hamiltonian matrix is given in reference10 and an example of model matrix of

the multispin Hamiltonian, in which the tensors are assumed to share the same axes frame

is given in table I.

In order to compare the nature of the local and overall anisotropies, the proper magnetic axis

frame of each Ni(II) ions of the bi-nuclear system in its triplet and quintuplet states have

been determined. For this purpose, the parameters of the various tensors of both Hamil-

tonians (giant- and multi-spin) were extracted from the effective Hamiltonian theory, such

that the model Hamiltonian matrix calculated using the extracted values of the parameters

reproduces at best the numerical effective Hamiltonian matrix calculated using equation 3.

Since the proper magnetic axes of each tensor may in principle be different, all tensors are

computed in a single axes frame and rotations (P = Rz(φ).Rx(θ).Rz(ψ) where Rx and Rz

stand for rotation around x and z respectively and φ, θ, ψ are the Euler angles) between

7
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TABLE I: Example of a multi-spin Hamiltonian matrix for a geometry in which the local tensors of the two magnetic centers share the same

magnetic axes frame

|Msa,Msb> |-1,-1> |-1,0> |0,-1> |-1,1> |0,0> |1,-1> |1,0> |0,1> |1,1>

<-1,-1| Da
3 + 2Dab

3 +Db
3 −Dxxzz+

3Dxyxy−Dyyzz + J

− dy√
2
− idx√

2

dy√
2
+ idx√

2
Dxxzz

2 − Dyyzz
2 + Eb Dxzxz

2 − Dyzyz
2 +

Eab

Dxxzz
2 − Dyyzz

2 + Ea 0 0 0

<-1,0| − dy√
2
+ idx√

2
Da
3 − 2Db

3 + Dxxzz −

2Dxyxy + Dyyzz

−Dab
3 + Dxzxz

2 + Dyzyz
2 +

idz + J

− dy√
2
− idx√

2
0 0 Ea −Dxzxz

2 + Dyzyz
2 + Eab 0

<0,-1| dy√
2
− idx√

2
−Dab

3 + Dxzxz
2 + Dyzyz

2 −

idz + J

−2Da
3 + Db

3 + Dxxzz −

2Dxyxy + Dyyzz

0 0 dy√
2
+ idx√

2
−Dxzxz

2 + Dyzyz
2 + Eab Eb 0

<-1,1| Dxxzz
2 − Dyyzz

2 + Eb − dy√
2
+ idx√

2
0 Da

3 − 2Dab
3 +Db

3 −Dxxzz+

3Dxyxy−Dyyzz− J

−Dab
3 − Dxzxz

2 −
Dyzyz

2 + idz + J

2Dxyxy 0 − dy√
2
− idx√

2
Dxxzz

2 − Dyyzz
2 + Ea

<0,0| Dxzxz
2 − Dyzyz

2 + Eab 0 0 −Dab
3 − Dxzxz

2 − Dyzyz
2 −

idz + J

−2Da
3 − 2Db

3 −

4Dxyxy

−Dab
3 − Dxzxz

2 − Dyzyz
2 +

idz + J

0 0 Dxzxz
2 − Dyzyz

2 + Eab

<1,-1| Dxxzz
2 − Dyyzz

2 + Ea 0 dy√
2
− idx√

2
2Dxyxy −Dab

3 − Dxzxz
2 −

Dyzyz
2 − idz + J

Da
3 − 2Dab

3 +Db
3 −Dxxzz+

3Dxyxy−Dyyzz− J

dy√
2
+ idx√

2
0 Dxxzz

2 − Dyyzz
2 + Eb

<1,0| 0 Ea −Dxzxz
2 + Dyzyz

2 + Eab 0 0 dy√
2
− idx√

2
Da
3 − 2Db

3 + Dxxzz −

2Dxyxy + Dyyzz

−Dab
3 + Dxzxz

2 + Dyzyz
2 −

idz + J

dy√
2
+ idx√

2

<0,1| 0 −Dxzxz
2 + Dyzyz

2 + Eab Eb − dy√
2
+ idx√

2
0 0 −Dab

3 + Dxzxz
2 + Dyzyz

2 +

idz + J

−2Da
3 + Db

3 + Dxxzz −

2Dxyxy + Dyyzz

− dy√
2
− idx√

2

<1,1| 0 0 0 Dxxzz
2 − Dyyzz

2 + Ea Dxzxz
2 − Dyzyz

2 +

Eab

Dxxzz
2 − Dyyzz

2 + Eb dy√
2
− idx√

2
− dy√

2
+ idx√

2
Da
3 + 2Dab

3 +Db
3 −Dxxzz+

3Dxyxy−Dyyzz + J

8
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the proper axes frame of each tensor and the axes frame of the calculation are introduced,

enabling one to determine the axial and rhombic parameters of all magnetic anisotropy ten-

sors. Tables II35 and III gives the number and nature of the non-zero parameters depending

on the symmetry point group for the two-rank tensor Dab, the Dzyaloshinski Moriya vector

and the four-rank tensor. κ = ±1 indicates the absence/presence of a symmetry element

that interchanges the two magnetic centers. In order to simplify the extraction, we have

imposed the following relation:

Dxxxx +Dyyyy +Dzzzz + 2Dxxyy + 2Dxxzz + 2Dyyzz = 0 (8)

which only ensures that the anisotropic part of the Hamiltonian is traceless. In the numerical

effective Hamiltonian matrix, zero (or negligible) elements appear while they correspond to

the sum of various parameters in the analytical model matrix. These sums have therefore

been set to zero which introduces the following additional relations:

Dxxxx = Dyyyy = 0 (9)

Dxxyy =
1

2
(Dxxxx −Dxyxy) (10)

Dxzxz −Dyzyz = −Dxx
ab +Dyy

ab (11)

Dxxzz −Dyyzz = 2Dxx
ab − 2Dyy

ab (12)

that are used to decrease the number of independent parameters. For all studied cases

there exists an appropriate axis frame for which the 4-rank tensor reduces at most to nine

independent components only (among the 81 possible a priori), when these relations are

imposed.

9
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TABLE II: Non-zero symmetric and anti-symmetric compo-

nents of the 2 rank exchange tensors

Point group♣ κ♥
Symmetric Antisymmetric Number of

components components parameters

C1 +1 xx,yy,zz,xy,xz,yz xy,xz,yz 9

Ci -1 xx,yy,zz,xy,xz,yz 6

Cs
♦

-1
xx,yy,zz,xy

xz,yz 6

+1 xy 5

C2

-1
xx,yy,zz,xy

xz,yz 6

+1 xy 5

D2 -1 xx,yy,zz xy 4

C2v
♠

-1
xx,yy,zz

xz 4

+1 xy 4

D2h -1 xx,yy,zz 3

D2d -1 xx=yy,zz 2

Cn +1 xx=yy,zz xy 3

Cnv +1 xx=yy,zz 2

Dn, Sn, Cnh,
-1 xx=yy,zz 2

Dnh, Dnd

♣ The higher order symmetry axis lies along z, n ≥ 3. ♥ κ = −1 if the

magnetic centers are exchanged by a symmetry operation and κ = +1 other-

wise. ♦ The σh plane is the xy plane. ♠ The σv plane is the yz plane.

IV. RESULTS AND DISCUSSION

Geometrical deformations have been applied to the model complexes O[Ni(NCH)4CN ]2

noted M1 (cases 1, 10, 11, 13 see figure 1)and O[Ni(NCH)4Cl]2 noted M2 (cases 2-9, 12,

see figure 2) in order to tune the characteristics of the local and overall anisotropies (see

figures 4, 5, 6). Compressions, stretchings and angular distorsions generate local anisotropies

with peculiar and different features.

The D4h geometry (5) of O[Ni(NCH)4Cl]2 is such that Z is a hard axis of magnetization

10
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TABLE III: Non-zero symmetric components of the 4th rank exchange
¯̄̄̄
Daabb

tensor

Point group♣
Symmetric Number of

components parameters♦

C2, Cs, C2h

xxxx,yyyy,zzzz,xxyy,xxzz,yyzz
14

& xyxy,xzxz,yyzz,xxxy,yyxy,zzxy

D2, C2v, D2h

xxxx,yyyy,zzzz,xxyy,xxzz,yyzz
9

& xyxy,xzxz,yyzz

Cn, Cnv, Cnh, Dn, Dnd, Dnh

xxxx=yyyy, zzzz, xxyy, xxzz=yyzz
6

& xyxy, xzxz=yzyz

♣ The higher order symmetry axis lies along z, n ≥ 3. ♦ Reduced by potential other relation.

NC Nia

NayCH

NaxCH

HCNay

NaxCH

O Nib

NbyCH

NbxCH

HCNby

NbxCH

CN

FIG. 1: Scheme of the molecular model 1 (M1)

Geometrical parameters : distances lax = Nia − Nax, lay = Nia − Nay , lbx = Nib − Nbx, lby = Nib − Nby , an-

gles θa = (Nax, Nia, O), θb = (Nbx, Nib, O) dihedral angles Φx = (Nax, Nia, Nib, Nbx), Φy = (Nay , Nia, Nib, Nby),

Φxy = (Nax, Nia, Nib, Nby)

for both centers and they do not exhibit any local rhombicity. In the D2h structures (6 and

2) the bonds have been stretched or compressed in a single direction in order to generate

respectively either two parallel easy planes (figure 5) or two collinear easy axes (figure 4) of

magnetization. In theD2d structures (7 and 3), the deformations are applied to different axes

(X and Y) such that the easy planes or the easy axes are orthogonal. Angular distorsions

(of 10 degrees on each sites) have been applied to both the D2h geometries in order to

generate the D2 structure in which the local easy planes (8) are no more parallel. The C2v

(9) geometry illustrates the cases of two local planar anisotropies and only one of them is

11
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Cl Nia

NayCH

NaxCH

HCNay

NaxCH

O Nib

NbyCH

NbxCH

HCNby

NbxCH

Cl

FIG. 2: Scheme of the molecular model 2 (M2)

Geometrical parameters : distances lax = Nia − Nax, lay = Nia − Nay , lbx = Nib − Nbx, lby = Nib − Nby , dihedral angles

Φx = (Nax, Nia, Nib, Nbx), Φy = (Nay , Nia, Nib, Nby), Φxy = (Nax, Nia, Nib, Nby)

FIG. 3: Convention used to schematize the nature of the magnetic anisotropy and to show the

magnetic axis frame of the D-tensors. A prolate ellipsoid indicates an axial anisotropy while an

oblate ellipsoid refers to a planar anisotropy. Hard axes and hard planes are represented in black

while easy axes and easy planes are in red. Plain color planes indicate the absence of rhombicity.

rhombic. In the C2v (12) geometry, one center has a planar anisotropy while the other has

an axial anisotropy and the easy axis is parallel to the easy plane. Finally the C1 structure

(4), the two local anisotropies are axial and one of the easy axis is in the (XY) plane and

the other in the (XZ) plane.

The ligand CN− produces a stronger ligand field which permits to study other combina-

tions of local anisotropies. In the D4h structure (1) of O[Ni(NCH)4CN ]2, the local axial

anisotropies share the same easy axis Z. The C4v structure (11) has one axial local anisotropy

12
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FIG. 4: Ellipsoids representing the anisotropy nature (axial or planar) and the proper magnetic

axes frames of the various local and overall anisotropy tensors for different geometries in which local

axial anisotropies have been imposed. The compound number and the model compound (either

M1 or M2) are indicated in the left column.

with the easy axis Z and a local planar anisotropy with the easy plane (XY). In the C2v

structure (13), one center has an axial anisotropy with the easy axis Z while the other has

a planar anisotropy with the easy plane (YZ).

For each structure, the parameters of the three different models were extracted. The local

ZFS parameters Dloc
a , Eloc

a , Dloc
b , Eloc

b , the Giant-Spin Hamiltonian parameters D2, E2 for the

quintet and D1, E1 for the triplet and all the parameters of the multi-spin Hamiltonian can

be found in table IV. The proper magnetic axis frames of all the tensors have been extracted

and are represented in the figures 4 (for both axial local anisotropies), 5 (for both planar

local anisotropies) and 6 (for axial and local local anisotropies) report pictures of the applied

deformations and of the resulting anisotropy ellipsoids which provide a visualization of the

nature of the magnetic anisotropies (both local and overall for the quintuplet and triplet

states); the direction of the Dzyaloshinskii Moriya vector is also indicated when it is not

13
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FIG. 5: Ellipsoids representing the anisotropy nature (axial or planar) and the proper magnetic

axes frames of the various local and overall anisotropy tensors for different geometries in which

local planar anisotropies have been imposed. The compound number and the model compound

(either M1 or M2) are indicated in the left column.

zero. Note that conventions used in figures 4, 5 and 6 are given in figure 3.

Comparing the values of the various parameters and the ellipsoids of the local and overall

anisotropies deserves some general comments:

• The magnetic axes frames and local anisotropy parameters extracted from the cal-

culations performed with one or two magnetic centers are very similar, showing the

transferability of these parameters from the monomer to the dimer. The small dis-

crepancies are due to the bias introduced in the local calculations by the closed shell

character of the inactive Ni(II) center. The values of the local anisotropy parameters

14
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TABLE IV: Values of extracted parameters in cm−1

Cases 1 2 3 4 5 6 7 8 9 10 11 12 13

SPG D4h D2h D2d C1 D4h D2h D2d D2 C2v D2d C4v C2v C2v

Dloc
a -3.1 -21.9 -19.4 -22.5 10.0 9.9 10.0 8.5 9.9 15.0 -4.3 2.2 -3.8

Dloc
b -3.1 -21.9 -19.4 -24.4 10.0 9.9 10.0 8.5 9.6 15.0 2.1 -21.7 5.4

Eloc
a 0 3.7 2.8 0.6 0 1.6 1.5 1.8 1.5 1.3 0 0.1 1.1

Eloc
b 0 3.7 2.8 0.1 0 1.6 1.5 1.8 0.0 1.3 0 2.6 0.0

D2 -2.4 -6.7 2.5 -6.6 2.5 2.5 2.5 1.6 2.5 -2.2 -1.5 -3.6 -2.5

E2 0 0.7 0 0.6 0 0.5 0 0.2 0.2 0 0 0.2 0.3

D1 7.6 19.2 -6.9 18.6 -6.6 -6.7 -6.6 -3.7 -6.7 9.7 5.2 8.6 8.0

E1 0 2.3 0 2.4 0 1.4 0 0.5 0.7 0 0 1.4 0.9

J 38.9 50.3 49.7 49.8 40.9 41.1 41.1 41.0 41.8 30.6 40.3 38.6 37.2

Da -2.2 -21.1 -21.9 -20.7 10.9 12.0 12.1 9.3 12.0 16.6 -3.6 4.6 -2.1

Db -2.2 -21.1 -21.9 -21.3 10.9 12.0 12.1 9.3 12.0 16.6 1.1 -20.3 4.2

Ea 0 0.4 0.3 0.6 0 1.4 1.4 1.4 1.4 3.1 0 0.0 0.0

Eb 0 0.4 0.3 0.1 0 1.4 1.4 1.4 0.0 3.1 0 0.9 0.5

Dab 0.3 0.3 0.3 0.3 0.4 5.2 0.4 0.4 5.1 -4.7 0.3 0.3 -4.7

Eab 0 0.0 0 0.0 0 0.9 0 0.0 0.5 0 0 0.0 0.6

‖d‖ 0 0 0 0.00 0 0 0 0.04 0 0.0 0 0.0 0.0

d dir z

Dzzzz -4.9 -4.0 -5.4 -3.6 -3.8 -4.8 -4.9 -4.9 -4.9 5.5 -3.6 -3.0 -5.4

Dxxzz 0 0 0 0 0 -1.3 0 0 -2.2 3.3 0 0 2.2

Dyyzz 0 0 0 0 0 -5.0 0 0 -4.1 3.3 0 0 4.7

Dxxyy 2.5 2.0 2.7 1.8 1.9 8.7 2.4 2.4 8.7 -9.4 1.8 1.5 -4.2

Dxyxy -1.2 -1.0 -1.4 -0.9 -0.9 -4.4 -1.2 -1.2 4.4 4.7 -0.9 -0.7 2.1

Dxzxz -1.3 -1.1 -1.4 -1.3 0 -0.6 -1.2 -1.3 -0.1 -0.3 -0.9 -0.8 -2.4

Dyzyz -1.3 -1.0 -1.4 -1.3 0 1.3 -1.2 -1.3 0.8 -0.3 -0.9 -0.8 -3.6
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FIG. 6: Ellipsoids representing the anisotropy nature (axial or planar) and the proper magnetic

axes frames of the various local and overall anisotropy tensors for different geometries in which

both an axial and a planar local anisotropies have been imposed. The compound number and the

model compound (either M1 or M2) are indicated in the left column.

that should be considered as the most precise are those extracted for the two magnetic

centers.

• The values of Dab and Eab are very small and the anisotropy of the exchange is es-

sentially brought by the four-rank tensor components. One should also note that

the planar nature of the anisotropy brought by ¯̄Dab seems to be unaffected by the

distorsions in the considered systems, except cases 10 and 13.

• The giant-spin 2-rank tensors ¯̄D1 and ¯̄D2 exhibit opposite anisotropic features, the

axes or planes of easy or difficult magnetization are systematically opposite. For a

sake of simplicity, only the values and features of ¯̄D2 will be commented hereafter.

One may also note that the anisotropy parameters are larger in the triplet ( ¯̄D1) than

in the quintuplet ( ¯̄D2), as already explained by Boca15. Due to the presence of the

four rank tensor, the relations between the various tensors are slightly different than

those already proposed15.

• As expected, strectching and compression induce opposite local anisotropy features,
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respectively planar or axial anisotropies i.e. positive or negative sign of the D2 values.

• When the local anisotropies are axial (see figure 4) and the axes are collinear (cases 1

and 2), the overall magnetic anisotropy of the highest spin state is axial and the axis is

collinear to the local ones as expected. Nevertheless, the value of the axial parameter

is considerably reduced unless the axes are confounded (case 1).

• When the two axes of the local axial anisotropies are orthogonal (case 3), the overall

anisotropy of the highest spin state is planar and does not exhibit any rhombicity.

• When the local centers exhibit axial local anisotropies with non collinear and non

orthogonal axes (case 4), the resulting anisotropy of the complex is axial but again

smaller and the corresponding axis bisects the two local ones. When the axes of the

local axial anisotropies exhibit a weak angle, the D value of the overall anisotropy

remains of the same order of magnitude whatever the direction of the deformation is.

• When the local anisotropies are planar (see figure 5) and the planes are parallel (cases

5-9), the overall magnetic anisotropy of the highest spin state is planar and the easy

plane is parallel or confounded to the local ones. When local rhombicity is present

(cases 6-9) on one or both center(s), the easy axis of anisotropy of the highest spin

state is either along the same direction than the common local easy axis (case 6) or

along the easy axis of the most rhombic center. If only one center exhibit a local

rhombicity, this highest spin state rhombicity is reduced (case 9). For non parallel

local rhombicity, the overall rhombicity is along the average direction (case 8) and still

reduced except if these local easy axis are orthogonal (case 7) where no rhombicity

appear for the highest spin state.

• When the nature of both local anisotropies are different (one axial and one planar, cases

11-13 see figure 6), the amplitudes of the anisotropies (D parameters) determine the

nature of the resulting overall anisotropy of the highest spin state. For example, when

one of the anisotropic center exhibits a weak planar anisotropy and the other one an

important axial anisotropy with the axis into the plane (case 12), the overall anisotropy

of the highest spin state is axial and the axis is collinear to the axis of the local axial

anisotropy with smaller parameters than both collinear local axial anisotropies. The

case 13 presents one local anisotropy with an easy axis along Z perpendicular to the
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hard axis of the planar anisotropy of the other center, it appears an axial exchange Dab

along Z that imposes it nature and magnetic axes to the overall tensor of the highest

spin state.

• With two planar anisotropy with perpendicular hard axis along X and Y in D2d sym-

metry (case 10), an axial exchange Dab along Z is obtained. The resulting overall

anisotropy is axial along the common easy axes Z of the local anisotropies.

• The values of the anisotropic parameters are systematically smaller for the overall mag-

netic anisotropy than for the local ones except for common axial anisotropy (case 1).

Large values of the local anisotropies do not systematically induce a large anisotropy

of the overall complex in its highest spin state and interferences between the local

anisotropies are very important. One should also note that while in most of the cases

the D2 value has the same sign than the local ones, it is not systematic (case 3).

• The anisotropy of exchange is more important in case of local planar anisotropies than

for local axial anisotropies. The rhombic parameter of the two rank tensor ¯̄Dab is

always very weak or negligible in the studied cases. Finally, one should note that the

most important contributions to the anisotropy of exchange are brought by the four

rank tensor.

• the only synergistic cases are obtained from local planar anisotropies, either by com-

bining one axial and one planar anisotropies with the easy axis parallel to the easy

plane or two planar anisotropies exhibiting confounded easy axes (in the easy plane).

In this last case (10 since the two difficult axes are orthogonal, the resulting overall

anisotropy does not exhibit any rhombicity.

V. SUMMARY AND PERSPECTIVES

Rules to predict vanishing values of symmetric and antisymmetric 2nd order exchange

tensors and symmetric 4th order symmetric exchanged were presented, illustrated (see figures

4, 5 and 6) and tested on a model. It seems that the exchange ZFS parameters are essentially

governed by the relative local anisotropy and are emphasised by symmetrical monomer or

reduced by anti-symmetrical one.
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The study leads to the conclusion that it seems possible to impose the direction of the

axes of magnetization of local Da and Db tensors. A big deformation leads to an easy

axis of magnetization different that the metal-metal direction despite the evident difference

of environment and offer an interesting negative D-value. For weak field ligand, slight

deformations let the D-value positive and the hard axis along the metal-metal direction but

allow to choose the direction of the in plane easy axis of magnetization. The exchange tensor

Dab present often a positive D-value and an hard axis along Z direction, except for the cases

10 and 12 where it anisotropy is axial and lead the overall anisotropy of D2 tensor. The

Dzyaloshinskii Moriya vector is governed by the symmetry of the system, it vanishes like

Eab in case of a rotation C4 or improper S4 axis of symmetry and requires a non-orthogonal

disposition of the ligand to offer a non negligible value.

The giant-spin tensors appear quasi-systematically opposite in sign, with exchanged roles

of easy and hard axes of magnetization. Magnetization axes of the quintet tensors D2 are, in

general, the average of the localDa andDb ones, even in bothD2d cases with orthogonal easy

axes ; it average results in an easy plane of magnetization for D2 tensor. It is consequently

possible to produce overall D2 planar anisotropy with two local axial anisotropies (case 3)

or overall axial anisotropy with two local planes (case 10). In both C2v cases with only a

deformation on one site (cases 9 and 12), the rombicity on one site (case 9) produce the

half value of the overall rhombicity E2 produced with both site deformation (case 6) and

the strong axial anisotropy on one site (case 12) is associated to half values the overall

anisotropy D2 of the highest spin state with symmetrical deformation (case 2). Concerning

the numerical giant-spin ZFS parameters, they are related to the multi-spin description (see

figure IV), for example, for both local axial anisotropies (cases 2-4), the 3|D2| and |D1|
parameters or, for both planar local anisotropies (cases 6-9) 3E2 and E1 parameters are

around the average of the equivalent ZFS parameters of each local tensors.

The role of the relative symmetry of each monomer should be a guideline to obtain impor-

tant D-value of higher multiplicity giant-spin. Consequently, chain of metallic compounds

connected by inorganic bridge with inorganic ligands compress along a nearly parallel direc-

tion is expected to give interesting ZFS magnetic properties.
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Appendix A: Analytical matrix elements of the multi-spin Hamiltonian expressed

in the |S,Ms〉 basis of the quintet and singlet components, in the proper magnetic axes

frame.

〈2,−2|Ĥ|2,−2〉 = (1) + 2
3
[Da +Dab] + J

〈2,−2|Ĥ|2,−1〉 = 0

〈2,−2|Ĥ|2, 0〉 =
√

2
3
[(2) + (3) + Ea + Eab]

〈2,−2|Ĥ|2, 1〉 = 0

〈2,−2|Ĥ|2, 2〉 = (4)

〈2,−2|Ĥ|0, 0〉 = 1√
3
[2(2)− (3) + 2Ea − Eab]

〈2,−1|Ĥ|2,−1〉 = −Da

3
− Dab

3
+ (5) + (6) + J

〈2,−1|Ĥ|2, 0〉 = 0

〈2,−1|Ĥ|2, 1〉 = −(3) + Ea + Eab + (7)

〈2,−1|Ĥ|2, 2〉 = 0

〈2,−1|Ĥ|0, 0〉 = 0

〈2, 0|Ĥ|2, 0〉 = 1
3
[(1)− 2Da − 2Dab − 4(6) + (8) + 2(9)]

+J
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〈2, 0|Ĥ|2, 1〉 = 0

〈2, 0|Ĥ|2, 2〉 =
√

2
3
[(2) + (3) + Ea + Eab]

〈2, 0|Ĥ|0, 0〉 =
√
2
3
[(1) + 2Da −Dab − (6) + (8)− (9)]

〈2, 1|Ĥ|2, 1〉 = −Da

3
− Dab

3
+ (5) + (6) + J

〈2, 1|Ĥ|2, 2〉 = 0

〈2, 1|Ĥ|0, 0〉 = 0

〈2, 2|Ĥ|2, 2〉 = (1) + 2
3
[Da +Dab] + J

〈2, 2|Ĥ|0, 0〉 = 1√
3
[2(2)− (3) + 2Ea − Eab]

〈0, 0|Ĥ|0, 0〉 = 1
3
[2(1) + 4(6) + 2(8) + (9)]− 2J
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(1) = 1
4
(Dxxxx +Dyyyy) +

1
2
Dxxyy +Dxxzz +Dyyzz +Dzzzz

(2) = 1
4
(Dxxxx −Dyyyy) +

1
2
(Dxxzz −Dyyzz)

(3) = 1
2
(Dxzxz −Dyzyz)

(4) = 1
4
(Dxxxx +Dyyyy)− 1

2
Dxxyy −Dxyxy

(5) = 1
2
(Dxxxx +Dyyyy) +Dxxyy +Dxxzz +Dyyzz

(6) = 1
2
(Dxzxz +Dyzyz)

(7) = 1
2
(Dxxxx −Dyyyy)

(8) = 1
4
(Dxxxx +Dyyyy) +Dxyxy − 1

2
Dxxyy

(9) = Dxxxx +Dyyyy + 2Dxxyy
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Appendix B: Analytical matrix of the S ·D ·S Hamiltonian, expressed in an arbitrary

axes frame.

|S,MS〉 |2,−2〉 |2,−1〉 |2, 0〉
〈2,−2| D11 +D22 + 4D33 −3D13 − 3iD23

√
6
2
(D11 −D22 + 2iD12)

〈2,−1| −3D13 + 3iD23
5
2
(D11 +D22) +D33 −

√
6
2
(D13 + iD23)

〈2, 0|
√
6
2
(D11 −D22 − 2iD12) −

√
6
2
(D13 − iD23) 3(D11 +D22)

〈2, 1| 0 3
2
(D11 −D22 − 2iD12)

√
6
2
(D13 − iD23)

〈2, 2| 0 0
√
6
2
(D11 −D22 − 2iD12)

|S,MS〉 |2, 1〉 |2, 2〉
〈2,−2| 0 0

〈2,−1| 3
2
(D11 −D22 + 2iD12) 0

〈2, 0|
√
6
2
(D13 + iD23)

√
6
2
(D11 −D22 + 2iD12)

〈2, 1| 5
2
(D11 +D22) +D33 3D13 + 3iD23

〈2, 2| 3D13 − 3iD23 D11 +D22 + 4D33

Appendix C: Analytical matrix of the Sa ·Da ·Sa +Sb ·Db ·Sb Hamiltonian expressed

in an arbitrary axes frame; Da = Db are the local ZFS tensors of the multi-spin

Hamiltonian.

|S,MS〉 |2,−2〉 |2,−1〉 |2, 0〉
〈2,−2| Da11 +Da22 + 2Da33 −Da13 − iDa23

1√
6
(Da11 −Da22 + 2iD12)

〈2,−1| −Da13 + iDa23
1
2
(3Da11 + 3Da22 + 2Da33) − 1√

6
(Da13 + iDa23)

〈2, 0| 1√
6
(Da11 −Da22 − 2iDa12) − 1√

6
(Da13 − iDa23)

1
3
(5Da11 + 5Da22 + 2Da33)

〈2, 1| 0 1
2
(Da11 −Da22 − 2iDa12)

1√
6
(Da13 − iDa23)

〈2, 2| 0 0 1√
6
(Da11 −Da22 − 2iDa12)
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|S,MS〉 |2, 1〉 |2, 2〉
〈2,−2| 0 0

〈2,−1| 1
2
(Da11 −Da22 + 2iDa12) 0

〈2, 0| 1√
6
(Da13 + iDa23)

1√
6
(Da11 −Da22 + 2iDa12)

〈2, 1| 1
2
(3Da11 + 3Da22 + 2Da33) Da13 + iDa23

〈2, 2| Da13 − iDa23 Da11 +Da22 + 2Da33
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Appendix D: Analytical matrix elements of the giant-spin Hamiltonian derived

from the multi-spin Hamiltonian at the second-order of perturbation.

〈2,−2|Ĥ|2,−2〉 = (1) + 2
3
[Da +Dab] + J + [2(2)−(3)+2Ea−Eab]2

9J

〈2,−2|Ĥ|2,−1〉 = 0

〈2,−2|Ĥ|2, 0〉 =
√

2
3
[(2) + (3) + Ea + Eab] +

√
6[2(2)−(3)+2Ea−Eab][(1)+2Da−Dab−(6)+(8)−(9)]

27J

〈2,−2|Ĥ|2, 1〉 = 0

〈2,−2|Ĥ|2, 2〉 = (4) + [2(2)−(3)+2Ea−Eab]2

9J

〈2,−1|Ĥ|2,−2〉 = 0

〈2,−1|Ĥ|2,−1〉 = −Da

3
− Dab

3
+ (5) + (6) + J

〈2,−1|Ĥ|2, 0〉 = 0

〈2,−1|Ĥ|2, 1〉 = −(3) + Ea + Eab + (7)

〈2,−1|Ĥ|2, 2〉 = 0

〈2, 0|Ĥ|2,−2〉 =
√

2
3
[(2) + (3) + Ea + Eab] +

√
6[2(2)−(3)+2Ea−Eab][(1)+2Da−Dab−(6)+(8)−(9)]

27J
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〈2, 0|Ĥ|2, 1〉 = 0

〈2, 0|Ĥ|2, 0〉 = 1
3
[(1)− 2Da − 2Dab − 4(6) + (8) + 2(9)] + J + 2[(1)+2Da−Dab−(6)+(8)−(9)]2

27J

〈2, 0|Ĥ|2, 1〉 = 0

〈2, 0|Ĥ|2, 2〉 =
√

2
3
[(2) + (3) + Ea + Eab] +

√
6[2(2)−(3)+2Ea−Eab][(1)+2Da−Dab−(6)+(8)−(9)]

27J

〈2, 1|Ĥ|2,−2〉 = 0

〈2, 1|Ĥ|2,−1〉 = −(3) + Ea + Eab + (7)

〈2, 1|Ĥ|2, 0〉 = 0

〈2, 1|Ĥ|2, 1〉 = −Da

3
− Dab

3
+ (5) + (6) + J

〈2, 1|Ĥ|2, 2〉 = 0

〈2, 2|Ĥ|2,−2〉 = (4) + [2(2)−(3)+2Ea−Eab]2

9J

〈2, 2|Ĥ|2,−1〉 = 0

〈2, 2|Ĥ|2, 0〉 =
√

2
3
[(2) + (3) + Ea + Eab] +

√
6[2(2)−(3)+2Ea−Eab][(1)+2Da−Dab−(6)+(8)−(9)]

27J

〈2, 2|Ĥ|2, 1〉 = 0

〈2, 2|Ĥ|2, 2〉 = (1) + 2
3
[Da +Dab] + J + [2(2)−(3)+2Ea−Eab]2

9J
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TABLE V: Matrix elements of the Giant Spin Hamiltonian for the quintuplet state in the proper

magnetic axes frame

|S,MS〉 |2,−2〉 |2,−1〉 |2, 0〉 |2, 1〉 |2, 2〉

〈2,−2| 9B0
2 +Brh

4 0
√
6B2

2 +Bax,rh
4 0 12B4

4 +Brh
4

〈2,−1| 0 0 0 3B2
2 0

〈2, 0|
√
6B2

2 +Bax,rh
4 0 -3B0

2 +Bax
4 0

√
6B2

2 +Bax,rh
4

〈2, 1| 0 3B2
2 0 0 0

〈2, 2| 12B4
4 +Brh

4 0
√
6B2

2 0 9B0
2 +Brh
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❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s

❆✉ ❝♦✉rs ❞❡ ❝❡tt❡ t❤ès❡✱ ✉♥❡ ét✉❞❡ ❞❡ ❧✬❛♥✐s♦tr♦♣✐❡ ♠❛❣♥ét✐q✉❡ ❞❡ ❞✐✛ér❡♥ts ❝♦♠♣❧❡①❡s
♠♦♥♦✲ ❡t ❜✐✲♥✉❝❧é❛✐r❡s ❛ été ♠❡♥é❡ ❛✜♥ ❞❡ ❞ét❡r♠✐♥❡r ❧❡s ♣❛r❛♠ètr❡s ♣❡r♠❡tt❛♥t ❞❡ ❝❛r❛❝✲
tér✐s❡r ❧❛ str✉❝t✉r❡ é❧❡❝tr♦♥✐q✉❡ ❡t ❧❡s ét❛ts s♣✐♥✲♦r❜✐t❡s ❡♥ ❧✬❛❜s❡♥❝❡ ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳

P♦✉r ❝❡ ❢❛✐r❡✱ ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❝❛❧❝✉❧s t❤é♦r✐q✉❡s ❛❜ ✐♥✐t✐♦✱ ré❛❧✐sés s✐ ♣♦ss✐❜❧❡ s✉r
❧❡s str✉❝t✉r❡s ❝r✐st❛❧❧♦❣r❛♣❤✐q✉❡s ✐ss✉❡s ❞❡ ♠❡s✉r❡ ♣❛r r❛②♦♥s ❳✱ ❡st ♠❡♥é✳ ❈❡s ❝❛❧❝✉❧s
♣r❡♥♥❡♥t ❡♥ ❝♦♠♣t❡✱ ❞❛♥s ✉♥❡ ❝❡rt❛✐♥❡ ♠❡s✉r❡✱ ❧❡s ♣❤é♥♦♠è♥❡s r❡❧❛t✐✈✐st❡s ♦✉ ❞❡ ❝♦rré❧❛✲
t✐♦♥ ❛✜♥ ❞❡ ❞é❝r✐r❡✱ ❧❡ ♣❧✉s ♣ré❝✐sé♠❡♥t ♣♦ss✐❜❧❡✱ ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ❡t ❧✬é♥❡r❣✐❡ ❞❡s ét❛ts
s♣❡❝tr❛✉① ♥é❝❡ss❛✐r❡ à ❧✬é✈❛❧✉❛t✐♦♥ ❞✉ ❩❋❙✳ P❛r ❧❛ s✉✐t❡✱ ✉♥❡ ♣r♦❝é❞✉r❡ ❞✬❡①tr❛❝t✐♦♥ ❞✬✉♥
❤❛♠✐❧t♦♥✐❡♥ ❡✛❡❝t✐❢ ❡st ✉t✐❧✐sé❡ ❡t ♣❡r♠❡t✱ ♣❛r ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ✉♥ ❤❛♠✐❧t♦♥✐❡♥ ♠♦❞è❧❡✱
❞✬♦❜t❡♥✐r ❧❡s ❛①❡s ♠❛❣♥ét✐q✉❡s ❡t ❧❡s ✈❛❧❡✉rs ❞❡s ♣❛r❛♠ètr❡s ❞❡ ❩❋❙ ❛✜♥ ❞❡ ❧❡s ❝♦♠♣❛r❡r
❛✉① ✈❛❧❡✉rs s♣❡❝tr♦s❝♦♣✐q✉❡s ❡t ♠❛❣♥ét✐q✉❡s ♦❜t❡♥✉❡s ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t✳

❉❛♥s ❧❡ ❝❛s ❞❡s ❝♦♠♣❧❡①❡s ♠♦♥♦✲♥✉❝❧é❛✐r❡s ét✉❞✐és✱ ❞❡s r❛t✐♦♥❛❧✐s❛t✐♦♥s ♣❡r♠❡tt❛♥t
❞❡ ❝♦♠♣r❡♥❞r❡ ❝♦♠♠❡♥t ❛❝❝r♦îtr❡ ❝❡s ♣❛r❛♠ètr❡s ♦♥t été ré❛❧✐sé❡s✱ ✐❧ ❡st ❛❧♦rs ♣♦ss✐❜❧❡
❞✬✐❞❡♥t✐✜❡r ❧❡s ♣r✐♥❝✐♣❛✉① ét❛ts ❡①❝✐tés r❡s♣♦♥s❛❜❧❡s ❞❡ ❧✬❛♥✐s♦tr♦♣✐❡ ♠❛❣♥ét✐q✉❡ ♣❛r ❡✛❡t
s♣✐♥✲♦r❜✐t❡ ♦✉ s♣✐♥✲s♣✐♥✱ ❡♥ ✉t✐❧✐s❛♥t✱ ♣❛r ❡①❡♠♣❧❡✱ ❞❡s ❝♦♠♣❧❡①❡s à ❝♦♦r❞✐♥❛t✐♦♥ ❡①♦t✐q✉❡
❛✜♥ ❞✬♦❜t❡♥✐r ✉♥❡ ❢♦rt❡ ❛♥✐s♦tr♦♣✐❡✳ ❉❡ ♣❧✉s✱ ✐❧ ❛ été ♦❜s❡r✈é q✉✬❡♥ ✉t✐❧✐s❛♥t ✉♥ ❧✐❣❛♥❞ à
❤❛✉t❡ s②♠étr✐❡ str✉❝t✉r❡❧❧❡✱ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❝♦♠♣❧❡①❡ ❞❡ ◆✐(II)✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r
✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧ à ❤❛✉t s♣✐♥ q✉❛s✐✲❞é❣é♥éré✳ ▲❡ ❝♦✉♣❧❛❣❡ s♣✐♥✲♦r❜✐t❡✱ ♣r✐♥❝✐♣❛❧ r❡s✲
♣♦♥s❛❜❧❡ ❞✉ ❩❋❙✱ ❡st ❛❧♦rs ✐♠♣♦rt❛♥t✱ ❞❡ ❧✬♦r❞r❡ ❞❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❝♦✉♣❧❛❣❡ s♣✐♥✲♦r❜✐t❡✳

❈❡♣❡♥❞❛♥t✱ ✉♥❡ ❞✐st♦rs✐♦♥ ❞❡ ❧❛ ❣é♦♠étr✐❡ ❞✉ ❧✐❣❛♥❞ ♣❛r ❡✛❡t ❏❛❤♥✲❚❡❧❧❡r t❡♥❞ à ❧❡✈❡r
❝❡tt❡ ❞é❣é♥ér❡s❝❡♥❝❡ ❡t✱ ❡♥ ❝♦♥séq✉❡♥❝❡✱ à ré❞✉✐r❡ ❧❡ ❩❋❙✳ ❈❡ ♣❤é♥♦♠è♥❡ ❡st ❝♦rr♦❜♦ré
♣❛r ❧❡s ♠❡s✉r❡s ❡①♣ér✐♠❡♥t❛❧❡s ♠♦t✐✈❛♥t ❛✐♥s✐ ❧❡s ❝♦❧❧❛❜♦r❛t✐♦♥s ❡♥tr❡ ❡①♣ér✐♠❡♥t❛t❡✉rs ❡t
t❤é♦r✐❝✐❡♥s✳ ❉❡ ♠ê♠❡✱ ❧❡s ♠❡s✉r❡s ❡t ❝❛❧❝✉❧s t❤é♦r✐q✉❡s ❞✬❛✐♠❛♥t❛t✐♦♥ ❡t ❞❡ s✉s❝❡♣t✐❜✐❧✐té
♠❛❣♥ét✐q✉❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ t❡♠♣ér❛t✉r❡ ❡t ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛♣♣❧✐q✉é ♣❡r♠❡tt❡♥t
❞❡ ✈ér✐✜❡r ❧❛ ✈❛❧✐❞✐té ❞❡s str✉❝t✉r❡s✳

■❧ s❡♠❜❧❡ ❞♦♥❝ ✐♥tér❡ss❛♥t✱ ❞✬✉t✐❧✐s❡r ❞❡s ❧✐❣❛♥❞s ♣♦❧②❞❡♥t❡s r✐❣✐❞❡s q✉✐ ✐♠♣♦s❡♥t ✉♥❡
str✉❝t✉r❡ ❣é♦♠étr✐q✉❡ ♣r♦❝❤❡ ❞✬✉♥❡ ❤❛✉t❡ s②♠étr✐❡ ♠❛✐s ❧é❣èr❡♠❡♥t ❞é❢♦r♠é❡ ❛✜♥ ❞✬♦❜✲
t❡♥✐r ❞❡s ♦r❜✐t❛❧❡s ♠♦❧é❝✉❧❛✐r❡s ♠❛❥♦r✐t❛✐r❡♠❡♥t ♠ét❛❧❧✐q✉❡s ♣r♦❝❤❡ ❞❡ ❧❛ ❞é❣é♥ér❡s❝❡♥❝❡✳
▲❡ ❜é♥é✜❝❡ ❞✉ ❝♦✉♣❧❛❣❡ s♣✐♥✲♦r❜✐t❡ ❡st ❛❧♦rs ♣❛rt✐❡❧❧❡♠❡♥t ♠❛✐♥t❡♥✉ ❝❛r ❧❛ ❞✐st♦rs✐♦♥ ❡st
❧✐♠✐té❡✱ ❛✐♥s✐✱ ❧❡s ♣r❡♠✐❡rs ét❛ts ❡①❝✐tés ♣♦✉✈❛♥t ♣♦t❡♥t✐❡❧❧❡♠❡♥t ❝♦♥tr✐❜✉❡r à ✉♥ D ♥é❣❛t✐❢
s♦♥t ♣r♦❝❤❡s ❡♥ é♥❡r❣✐❡ ❡t ❞♦♥♥❡♥t ✉♥❡ ✈❛❧❡✉r ✐♠♣♦rt❛♥t❡ ❞❡ D ❡t ❢❛✐❜❧❡ ❞❡ E✳
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❉❛♥s ❧❡ ❝❛s ❞❡s ❝♦♠♣❧❡①❡s ♣♦❧②✲♥✉❝❧é❛✐r❡s✱ ❧✬ét✉❞❡ s✬❡st r❡str❡✐♥t❡ à ❞❡s ❝♦♠♣♦sés ❜✐✲
♥✉❝❧é❛✐r❡s ❞❡ ◆✐(II) ❛✜♥ ❞❡ ♣♦✉✈♦✐r ❞é✜♥✐r ❞❡s ♣❛r❛♠ètr❡s ❡t ❛①❡s ♠❛❣♥ét✐q✉❡s ❧♦❝❛✉① s✉r
❝❤❛q✉❡ ❝❡♥tr❡ ♠ét❛❧❧✐q✉❡✱ ❞❡ ♠❛♥✐èr❡ ❛♥❛❧♦❣✉❡ ❛✉① ❝♦♠♣♦sés ♠♦♥♦✲♥✉❝❧é❛✐r❡s ♣rés❡♥t❛♥t
♣❧✉s ❞❡ ❞❡✉① é❧❡❝tr♦♥s ❝é❧✐❜❛t❛✐r❡s✱ ❛✐♥s✐ q✉❡ ❞❡s ♣❛r❛♠ètr❡s ❞✬❛♥✐s♦tr♦♣✐❡ ❞✬é❝❤❛♥❣❡✳ ◆♦✲
t♦♥s q✉❡ ❝❡ t②♣❡ ❞❡ ❝♦♠♣♦sés r❡q✉✐❡rt ✉♥ ✐♠♣♦rt❛♥t ❝♦ût ❞❡ ❝❛❧❝✉❧✳

❉✐✛ér❡♥ts ❤❛♠✐❧t♦♥✐❡♥s ❡✛❡❝t✐❢s ❡t ♠♦❞è❧❡s ♦♥t été ❞ét❡r♠✐♥és✱ ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥❡
❞❡s❝r✐♣t✐♦♥ ✧❣✐❛♥t✲s♣✐♥✧✱ ♣♦✉r ❧❡ q✉✐♥t✉♣❧❡t ❡t ❧❡ tr✐♣❧❡t ❢♦♥❞❛♠❡♥t❛❧ ❛✜♥ ❞❡ ❞é❞✉✐r❡ ✉♥
❧♦t ❞❡ ♣❛r❛♠ètr❡s ❞✬❛♥✐s♦tr♦♣✐❡ ❣❧♦❜❛❧❡ ❀ ♣✉✐s ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥❡ ❞❡s❝r✐♣t✐♦♥ ✧♠✉❧t✐✲s♣✐♥✧✱
♣♦✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s ét❛ts ❧❡s ♣❧✉s ❜❛s ❞✉ s♣❡❝tr❡✳ ❉❛♥s ❝❡tt❡ ❞❡r♥✐èr❡✱ ❧✬❛❥♦✉t ❞✬✉♥ t❡r♠❡
❞✬é❝❤❛♥❣❡ ♥é❝❡ss✐t❛♥t ✉♥ t❡♥s❡✉r ❞✬♦r❞r❡ q✉❛tr❡ à été ❝♦♥✜r♠é✳ ❊♥✜♥✱ ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥
❞❡ ❧✬❛♥✐s♦tr♦♣✐❡ ❞❡ ❝❤❛q✉❡ ❝❡♥tr❡ ♠ét❛❧❧✐q✉❡ ✐♥❞é♣❡♥❞❛♠♠❡♥t ❞❡ ❧✬❛✉tr❡ ❛ été ❡✛❡❝t✉é❡✳

❈❡s ❝♦♠♣♦sés ❜✐✲♥✉❝❧é❛✐r❡s ♦♥t été ❛♥❛❧②sés ❛✈❡❝ ❞✐✛ér❡♥t❡s ❞é❢♦r♠❛t✐♦♥s str✉❝t✉r❛❧❡s
❛✜♥ ❞❡ ♣rés❡♥t❡r ❞✐✛ér❡♥ts ❝❛s ❞✬❛♥✐s♦tr♦♣✐❡s ♣❧❛♥❛✐r❡s ♦✉ ❛①✐❛❧❡s✱ ✐❧ ❛♣♣❛r❛✐t ❛❧♦rs q✉❡ ❝❡r✲
t❛✐♥s ❣r♦✉♣❡s ♣♦♥❝t✉❡❧s ❞❡ s②♠étr✐❡ ✐♠♣❧✐q✉❡♥t ✉♥❡ ❛♥♥✉❧❛t✐♦♥ ❞❡ ♣❛r❛♠ètr❡s ❞✬é❝❤❛♥❣❡s✳
▲❡ s❡✉❧ ♠♦②❡♥ ❞✬♦❜t❡♥✐r ✉♥ ❡✛❡t s②♥❡r❣✐q✉❡ ❡♥tr❡ ❧❡s ❛♥✐s♦tr♦♣✐❡s ❧♦❝❛❧❡s ❡st ❞✬❛❧✐❣♥❡r
❞❡s ❛♥✐s♦tr♦♣✐❡s ❛①✐❛❧❡s ❧♦❝❛❧❡s✱ ❧✬❛♥✐s♦tr♦♣✐❡ ❣❧♦❜❛❧❡s ❞✉ q✉✐♥t✉♣❧❡t ❢♦♥❞❛♠❡♥t❛❧ ❡st ❛❧♦rs
❛❝❝r✉❡✳ ❉❛♥s ❧❡ ❝❛s ❞✬❛♥✐s♦tr♦♣✐❡s ❧♦❝❛❧❡s ♣❛r❛❧❧è❧❡s✱ ❧✬❡✛❡t ❣❧♦❜❛❧ ❡st ré❞✉✐t✱ ♠❛✐s ❞❡ ♠ê♠❡
♥❛t✉r❡ ❡t ❞✐r❡❝t✐♦♥ ❀ ❞❛♥s ❧❡ ❝❛s ❞❡ ❢❛✐❜❧❡s ✈❛r✐❛t✐♦♥s ❛♥❣✉❧❛✐r❡s ❡♥tr❡ ❧❡s ❛①❡s ♠❛❣♥ét✐q✉❡s
❧♦❝❛✉①✱ ❧✬❡✛❡t ❣❧♦❜❛❧ ❡st ❡♥❝♦r❡ ré❞✉✐t ❡t ❧❛ ❞✐r❡❝t✐♦♥ ♦❜t❡♥✉❡ ❡st ✉♥❡ ♠♦②❡♥♥❡ ❞❡ ❝❡❧❧❡
❞❡s ❛①❡s ❧♦❝❛✉①✳ ❉❛♥s ❧❡ ❝❛s ❞✬❛♥✐s♦tr♦♣✐❡s ❛①✐❛❧❡s ❞❡ ❞✐r❡❝t✐♦♥s ♦rt❤♦❣♦♥❛❧❡s✱ ♣❛r ❝♦♥tr❡✱
❧✬❛♥✐s♦tr♦♣✐❡ ❣❧♦❜❛❧❡ ❡st ♣❧❛♥❛✐r❡✳

❉❡s rés✉❧t❛ts ❛♥❛❧♦❣✉❡s s♦♥t ♦❜t❡♥✉s ❞❛♥s ❧❡ ❝❛s ❞✬❛♥✐s♦tr♦♣✐❡s ♣❧❛♥❛✐r❡s ❧♦❝❛❧❡s ❡t
❧✬❛♥✐s♦tr♦♣✐❡ ❣❧♦❜❛❧❡ ❛♣♣❛r❛✐t✱ ❡♥ ❣é♥ér❛❧✱ ❝♦♠♠❡ ✉♥❡ ♠♦②❡♥♥❡ ❞❡s ❛♥✐s♦tr♦♣✐❡s ❧♦❝❛❧❡s✳
■❧ ❡st ❝❡♣❡♥❞❛♥t ♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ❞❛♥s ❝❡rt❛✐♥❡s ❝♦♥✜❣✉r❛t✐♦♥s ✉♥❡ ❛♥✐s♦tr♦♣✐❡ ❣❧♦❜❛❧❡
♣❧❛♥❛✐r❡ ❛✈❡❝ ❞❡✉① ❛♥✐s♦tr♦♣✐❡s ❧♦❝❛❧❡s ❛①✐❛❧❡s✱ ♦✉✱ ❛✉ ❝♦♥tr❛✐r❡✱ ✉♥❡ ❛♥✐s♦tr♦♣✐❡ ❣❧♦❜❛❧❡
❛①✐❛❧❡ ❛✈❡❝ ❞❡✉① ❛♥✐s♦tr♦♣✐❡s ❧♦❝❛❧❡s ♣❧❛♥❛✐r❡s✳

■❧ s❡♠❜❧❡ ❞♦♥❝ ♣♦ss✐❜❧❡✱ ❞❛♥s ❧❡ ❝❛s ❞❡ ❝♦♠♣♦sés ♣♦❧②✲♥✉❝❧é❛✐r❡s✱ ❞❡ ❝♦♥trô❧❡r ❧❡ s♣✐♥
❣❧♦❜❛❧ ❞✉ ❝♦♠♣❧❡①❡ ❡♥ ♠♦❞✐✜❛♥t ❧✬❡♥✈✐r♦♥♥❡♠❡♥t ❞❡ ❝❤❛q✉❡ ❝❡♥tr❡ ♠ét❛❧❧✐q✉❡ t♦✉t ❡♥
r❡s♣❡❝t❛♥t q✉❡❧q✉❡s rè❣❧❡s ❞❡ s②♠étr✐❡ ❛✜♥ ❞✬❛❝❝r♦✐tr❡ ♦✉ ❞❡ ré❞✉✐r❡ ❧❡s ♣❛r❛♠ètr❡s ❞❡
❩❋❙ s❡❧♦♥ ❧✬♦❜❥❡❝t✐❢ r❡❝❤❡r❝❤é✳ ❈❡♣❡♥❞❛♥t✱ ✉♥❡ ♣❛r❢❛✐t❡ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡s ♣❤é♥♦♠è♥❡s
♠✐s ❡♥ ❥❡✉ ♥✬❡st ♣❛s à ❧✬♦r❞r❡ ❞✉ ❥♦✉r ❡t ♥é❝❡ss✐t❡r❛✐t ✉♥❡ ❛♥❛❧②s❡ ♣❧✉s ❞ét❛✐❧❧é❡ ❛✈❡❝✱
❡♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❡s ♠é❝❛♥✐s♠❡s é❧❡❝tr♦♥✐q✉❡s ✐♠♣❧✐q✉és ❞❛♥s ❧✬❛♥✐s♦tr♦♣✐❡ ❡t ❝♦♠♠❡♥t ❧❡s
♠♦❞é❧✐s❡r ♣❛r ❧❡s ❞✐✛ér❡♥ts t❡♥s❡✉rs✳ ■❧ s❡r❛✐t ❛✐♥s✐ ♣♦ss✐❜❧❡ ❞✬❛ss✉r❡r ✉♥❡ ♠❛îtr✐s❡ ❞❡
❧✬❛♥✐s♦tr♦♣✐❡ ❧♦❝❛❧❡ ❡t ❞❡ ❧❛ tr❛♥s♣♦s❛❜✐❧✐té ✈❡rs ✉♥❡ ❛♥✐s♦tr♦♣✐❡ ❣❧♦❜❛❧❡ ❞✉ ❝♦♠♣❧❡①❡✳

✶✸✽



❇✐❜❧✐♦❣r❛♣❤✐❡

❬✶❪ ❉✳ ●❛tt❡s❝❤✐✱ ❘✳ ❙❡ss♦❧✐✱ ❛♥❞ ❏✳ ❱✐❧❧❛✐♥✱ ▼♦❧❡❝✉❧❛r ◆❛♥♦♠❛❣♥❡ts ✭❖①❢♦r❞ ❯♥✐✈❡rs✐t②
Pr❡ss✮ ✭✷✵✵✻✮✳

❬✷❪ ❚✳ ▲✐s✱ Pr❡♣❛r❛t✐♦♥✱ str✉❝t✉r❡✱ ❛♥❞ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❛ ❞♦❞❡❝❛♥✉❝❧❡❛r ♠✐①❡❞✲
✈❛❧❡♥❝❡ ♠❛♥❣❛♥❡s❡ ❝❛r❜♦①②❧❛t❡✱ ❆❝t❛ ❈r②st✳ ❙❡❝t✳ ❇ ✸✻✱ ✷✵✹✷✕✷✵✹✻ ✭✶✾✽✵✮✳

❬✸❪ ❆✳ ❈❛♥❡s❝❤✐✱ ❉✳ ●❛tt❡s❝❤✐✱ ❘✳ ❙❡ss♦❧✐✱ ❆✳ ▲✳ ❇❛rr❛✱ ▲✳ ❈✳ ❇r✉♥❡❧✱
❛♥❞ ▼✳ ●✉✐❧❧♦t✱ ❆❧t❡r♥❛t✐♥❣ ❝✉rr❡♥t s✉s❝❡♣t✐❜✐❧✐t②✱ ❤✐❣❤ ✜❡❧❞ ♠❛❣♥❡t✐③❛✲
t✐♦♥✱ ❛♥❞ ♠✐❧❧✐♠❡t❡r ❜❛♥❞ ❊P❘ ❡✈✐❞❡♥❝❡ ❢♦r ❛ ❣r♦✉♥❞ S = 10 st❛t❡ ✐♥
[Mn12O12(CH3COO)16(H2O)4].2CH3COOH.4H2O✱ ❏✳ ❆♠✳ ❈❤❡♠✳ ❙♦❝✳ ✶✶✸✱
✺✽✼✸✕✺✽✼✹ ✭✶✾✾✶✮✳

❬✹❪ ❆✳ ▲✳ ❇❛rr❛✱ ❉✳ ●❛tt❡s❝❤✐✱ ✱ ❛♥❞ ❘✳ ❙❡ss♦❧✐✱ ❍✐❣❤✲❢r❡q✉❡♥❝② ❊P❘ s♣❡❝tr❛ ♦❢ ❛ ♠♦❧❡❝✉❧❛r
♥❛♥♦♠❛❣♥❡t ✿ ✉♥❞❡rst❛♥❞✐♥❣ q✉❛♥t✉♠ t✉♥♥❡❧✐♥❣ ♦❢ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥✱ P❤②s✳ ❘❡✈✳ ❇
✺✻✱ ✽✶✾✷✕✽✶✾✽ ✭✶✾✾✼✮✳

❬✺❪ ❊✳ ❘✉✐③✱ ❏✳ ❈✐r❡r❛✱ ❏✳ ❈❛♥♦✱ ❙✳ ❆❧✈❛r❡③✱ ❈✳ ▲♦♦s❡✱ ❛♥❞ ❏✳ ❑♦rt✉s✱ ❈❛♥ ❧❛r❣❡ ♠❛❣♥❡t✐❝
❛♥✐s♦tr♦♣② ❛♥❞ ❤✐❣❤ s♣✐♥ r❡❛❧❧② ❝♦❡①✐st ❄✱ ❈❤❡♠✳ ❈♦♠♠✉♥✳ ♣♣✳ ✺✷✕✺✹ ✭✷✵✵✽✮✳

❬✻❪ ❙✳ ❍✐❧❧✱ ❙✳ ❉❛tt❛✱ ❏✳ ▲✐✉✱ ❘✳ ■♥❣❧✐s✱ ❈✳ ▼✐❧✐♦s✱ P✳ ▲✳ ❋❡♥❣✱ ❏✳ ❏✳ ❍❡♥❞❡rs♦♥✱ ❊✳ ❞❡❧
❇❛r❝♦✱ ❊✳ ❑✳ ❇r❡❝❤✐♥✱ ❛♥❞ ❉✳ ◆✳ ❍❡♥❞r✐❝❦s♦♥✱ ▼❛❣♥❡t✐❝ q✉❛♥t✉♠ t✉♥♥❡❧✐♥❣ ✿ ■♥s✐❣❤ts
❢r♦♠ s✐♠♣❧❡ ♠♦❧❡❝✉❧❡✲❜❛s❡❞ ♠❛❣♥❡ts✱ ❉❛❧t♦♥ ❚r❛♥s✳ ✸✾✱ ✹✻✾✸✕✹✼✵✼ ✭✷✵✶✵✮✳

❬✼❪ ❏✳ ❋r✐❡❞♠❛♥✱ ▼✳ P✳ ❙❛r❛❝❤✐❦✱ ❏✳ ❚❡❥❛❞❛✱ ❛♥❞ ❘✳ ❩✐♦❧♦✱ ▼❛❝r♦s❝♦♣✐❝ ♠❡❛s✉r❡♠❡♥t ♦❢
r❡s♦♥❛♥t ♠❛❣♥❡t✐③❛t✐♦♥ t✉♥♥❡❧✐♥❣ ✐♥ ❤✐❣❤✲s♣✐♥ ♠♦❧❡❝✉❧❡s✱ P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✼✻✱ ✸✽✸✵✕
✸✽✸✸ ✭✶✾✾✻✮✳

❬✽❪ ▲✳ ❚❤♦♠❛s✱ ❋✳ ▲✐♦♥t✐✱ ❘✳ ❇❛❧❧♦✉✱ ❉✳ ●❛tt❡s❝❤✐✱ ❘✳ ❙❡ss♦❧✐✱ ❛♥❞ ❇✳ ❇❛r❜❛r❛✱ ▼❛❝r♦✲
s❝♦♣✐❝ q✉❛♥t✉♠ t✉♥♥❡❧✐♥❣ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ✐♥ s✐♥❣❧❡ ❝r②st❛❧ ♦❢ ♥❛♥♦♠❛❣♥❡ts✱ ◆❛t✉r❡
✸✽✸✱ ✶✹✺✕✶✹✼ ✭✶✾✾✻✮✳

❬✾❪ ❋✳ ❚♦rr❡s✱ ❏✳ ▼✳ ❍❡r♥á♥❞❡③✱ ❳✳ ❇♦❤✐❣❛s✱ ❛♥❞ ❏✳ ❚❡❥❛❞❛✱ ●✐❛♥t ❛♥❞ t✐♠❡✲❞❡♣❡♥❞❡♥t
♠❛❣♥❡t♦❝❛❧♦r✐❝ ❡✛❡❝t ✐♥ ❤✐❣❤✲s♣✐♥ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡ts✱ ❆♣♣❧✳ P❤②s✳ ▲❡t✳ ✼✼✱ ✸✷✹✽✕✸✷✺✵
✭✷✵✵✵✮✳

❬✶✵❪ ▼✳ ▼❛♥♥✐♥✐✱ ❋✳ P✐♥❡✐❞❡r✱ P✳ ❙❛✐♥❝t❛✈✐t✱ ❈✳ ❉❛♥✐❡❧✐✱ ❊✳ ❖t❡r♦✱ ❈✳ ❙❝✐❛♥❝❛❧❡♣♦r❡✱ ❆✳ ❚❛✲
❧❛r✐❝♦✱ ▼✳✲❆✳ ❆rr✐♦✱ ❆✳ ❈♦r♥✐❛✱ ❉✳ ●❛tt❡s❝❤✐✱ ❛♥❞ ❘✳ ❙❡ss♦❧✐✱ ▼❛❣♥❡t✐❝ ♠❡♠♦r② ♦❢ ❛
s✐♥❣❧❡✲♠♦❧❡❝✉❧❡ q✉❛♥t✉♠ ♠❛❣♥❡t ✇✐r❡❞ t♦ ❛ ❣♦❧❞ s✉r❢❛❝❡✱ ◆❛t ▼❛t❡r✳ ✭✷✵✵✾✮✳

❬✶✶❪ ▼✳ ◆✳ ▲❡✉❡♥❜❡r❣❡r✱ ❛♥❞ ❉✳ ▲♦ss✱ ◗✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣ ✐♥ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡ts✱ ◆❛t✉r❡
✹✶✵✱ ✼✽✾✕✼✾✸ ✭✷✵✵✶✮✳

❬✶✷❪ ❆✳ ❆r❞❛✈❛♥✱ ❖✳ ❘✐✈❛❧✱ ❏✳ ❏✳ ▲✳ ▼♦rt♦♥✱ ❙✳ ❏✳ ❇❧✉♥❞❡❧❧✱ ❆✳ ▼✳ ❚②r②s❤❦✐♥✱ ●✳ ❆✳ ❚✐♠❝♦✱
❛♥❞ ❘✳ ❊✳ P✳ ❲✐♥♣❡♥♥②✱ ❲✐❧❧ ❙♣✐♥✲❘❡❧❛①❛t✐♦♥ ❚✐♠❡s ✐♥ ▼♦❧❡❝✉❧❛r ▼❛❣♥❡ts P❡r♠✐t
◗✉❛♥t✉♠ ■♥❢♦r♠❛t✐♦♥ Pr♦❝❡ss✐♥❣ ❄✱ P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✾✽✱ ✵✺✼ ✷✵✶ ✭✷✵✵✼✮✳

✶✸✾



❇■❇▲■❖●❘❆P❍■❊

❬✶✸❪ P✳ ❈✳ ❊✳ ❙t❛♠♣✱ ❛♥❞ ❆✳ ●❛✐t❛✲❆r✐♥♦✱ ❙♣✐♥✲❜❛s❡❞ q✉❛♥t✉♠ ❝♦♠♣✉t❡rs ♠❛❞❡ ❜② ❝❤❡♠✐s✲
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✭❉♦✈❡r P✉❜❧✐❝❛t✐♦♥s✱ ❉♦✈❡r✱ ◆❡✇ ❨♦r❦✮ ✭✶✾✽✻✮✳

❬✶✾❪ ❖✳ ❑❛❤♥✱ ▼♦❧❡❝✉❧❛r ▼❛❣♥❡t✐s♠ ✭❱❈❍ P✉❜❧✐s❤❡rs✮ ✭✶✾✾✸✮✳
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