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ī j̄

J+ij 1 6 i 6 p 1 6 j 6 q i 6= ī j 6= j̄
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{(1, 1)} Σh(K ) �






ẋ1 = x1 + x2 + 0.1[x
2
1 + (1+ x1) (u)],

ẋ2 = u.

0.1(1 + x1) (u)

x1

f1(x1, x2) = x1 + x2 + 0.1x
2
1, h1(x1, x2, u) = 0.1(1+ x1) (u),

f2(x1, x2) ≡ 0, h2(x1, x2, u) ≡ 0.

x1 ∈ R V1(x1) = x21 2

f1 x1 ∈ R

Lf1V1(x1, x2) = x
2
1 + x1x2 + 0.1x

3
1

x1 ∈ R ψ1(x1) =

−(1 + K1)x1 − 0.1x
2
1 K1 > 0 x2 =

ψ1(x1)

Lf1V1(x1, ψ1(x1)) = −K1x
2
1 = −α(V1(x1)),



s ∈ R>0 α(s) := 2K1s

V : R× R → R>0

(x1, x2) 7→ V1(x1) +
1

2
(x2 −ψ1(x1))

2.

(x1, x2, u) ∈
Rn−1 × R× R

LfhV(x1, x2, u) 6 −K1x
2
1 + x10.1(1+ x1) · (u) + (x2 −ψ1(x1))

·
(
u+

x1

2
+ (1+ K1 + 0.2K1x1) · (x1 + x2 + 0.1[x21 + (1+ x1) · (u)])

)
.

(x2 − ψ1(x1))
2

u E(x1, x2, u) 6 −K1x
2
1 − L(x2 − ψ1(x1))

2 E

L > 0

(x1, x2, u) ∈
R× R× R

|h1(x1, x2, u)| = |0.1(1+ x1) (u)| 6 0.1(1+ |x1|)

|h2(x1, x2, u)| ≡ 0∣∣∣∣
∂h1

∂x2
(x1, x2, u)

∣∣∣∣ = 0

Lh1
V1(x1, ψ1(x1), u) 6 |x1|0.1+ x

2
10.1

6
x21
2
1.2+

0.12

2
,

|x1|θ

(x1, x2) ∈ R×R Ψ(x1, x2) = 0.1(1+ |x1|)

ε 6 1 − 1.2 (2K1) M > 0.1 (4K1ε) ε 6 1−1.2 (2K1)
ε > 0 K1 >

0.6

V1 ψ1

A

A =
{

(x1, x2) ∈ R× R : |x1| 6
√
2M, x2 = −(1+ K1)x1 − 0.1x

2
1

}

.

P {xp ∈ Rn : p ∈ P}

ψ1 ∈ C1(R,R)



x1 ∈
[
−
√
2M,

√
2M
]
\ {0} c ∈

[
−
√
2M,

√
2M
]

ψ1(x1) =
∂ψ1

∂x1
(c) · x1.

a+ =
|x1|6

√
2M

∂ψ1

∂x1
(x1) =

|x1|6
√
2M

−(1+ K1) − 0.2x1 = −(1+ K1) + 0.2
√
2M

a− =
|x1|6

√
2M

∂ψ1

∂x1
(x1) =

|x1|6
√
2M

−(1+ K1) − 0.2x1 = −(1+ K1) − 0.2
√
2M

P = {1, 2, 3, 4}

a+ a−

|x1| 6
√
2M a− · x1 6 ψ1(x1) 6 a+ · x1 (x1, x2) ∈

A a− · x1 6 x2 6 a+ · x1

A ⊆ co(({
√
2M}× {x+,<02 , x−,<02 }) ∪ ({−

√
2M}× {x+,>02 , x−,>02 })),

x+,>02 = −a+
√
2M, x+,<02 = a+

√
2M,

x−,>02 = −a−
√
2M, x−,<02 = a−

√
2M.

A

A

x1 7→ a+x1 x1 7→
a−x1

-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2
-0.6

-0.4

-0.2

0

0.2

0.4

0.6

x 1

x
2

A ⊂ N6r

√
2M < r1



N6r

Ω=1(x
TPx)

-1 -0.5 0 0.5 1
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

x 1

x
2

|a±
√
2M| < r2 K1

0.1

2r21
+ 0.6 < K1 <

r2

r1
− 0.2r1 − 1.

K1 ◦

θ = 0.1 r =

[1, 2] N6r = {(x1, x2) ∈ R×R : |x1| 6 1, |x2| 6 2} |u| 6 2π

K1 = 1.45

K1 M = 0.03 ε = 0.6

F G

F =


1 1

0 0


 G =


0.1
1


 .

f̃h

f̃h(x, u) =


0.1 (u)(x1 + 1) − 0.1u+ 0.1x21

0


 ,

∂f̃h

∂x
(x1, x2) =


0.2x1 + 0.1 (u) 0

0 0


 ∂f̃h

∂u
(x1, x2) =


0.1 (u)(x1 + 1) − 0.1

0




{Cm ∈ R2×2 : 1 6 m 6 2} {Dv ∈ R2 : 1 6 v 6 2}



Cm =


0.3 0

0 0


 , C2 =


−0.3 0

0 0


 , D1 =


0.1
0


 , D2 =


−0.3
0


 .

P =


27.4276 11.2248

11.2248 6.2911


 K =

[
−12.9029 −6.4736

]
.

cℓ = 1

ϕℓ A ⊂ Ω61(V1) Ω61(V1) ⊂ N6r

(x1, x2) ∈ Rn−1×R

ϕg(x1, x2) = −(1+ K1 + 2θx1)(x1 + θx
2
1 + x2) −

x1

2KV

−
x1 −ψ1(x1)

KV

[
c+

c

4
∆(x1, x2)

2
]
,

∆(x1, x2) = |x1|θ(1+ |x1|) + KVθ(1+ |x1|)(1+ |1+ K1 + 2θx1|),

θ = 0.1

c = 350 > 349 =

{
1

ε[α(a ′) − α(M)]
, εKVK1, 1

}

=

{
1

ε[α(a ′) − α(M)]
, ε
KVKα

2
, 1

}

,

KV = 350 6
M+ a

a2
,

a = 0.01 a ′ = 0.04 A

ϕg

K bℓ = 0.75

Q = {1, 2}× {1} Rn

C1,1 = Ω61(x
TPx), D1,1 = Ω>1(x

TPx),

C2,1 = Ω>0.75(x
TPx), D2,1 = Ω60.75(x

TPx).



ϕq,1(·) =






ϕ1(·), q = 1,

ϕg(·), q = 2,

D2,l ∋ x 7→ g2,1(x) = {(1, 1)}

g1,1 : D1,1 ⇒ Q

x 7→






{(1, 1)}, x ∈ Ω<1(xTPx) ∩D1,

{(2, 1)}, x ∈ Ω>1(xTPx),
{(1, 1), (2, 1)}, x ∈ Ω=1(Vl) ∩D1,

K

K

(x1, x2, q) = (2, 0, 1)

x1 x2 q q

ϕg t ∈ [0, 1.4] ϕ1

0 0.5 1 1.5 2 2.5 3

1

2

t ime

x
1

0 0.5 1 1.5 2 2.5 3

-5

0

t ime

x
2

0 0.5 1 1.5 2 2.5 3
1

1.5

2

t ime

q

K

(2,0, 1)



q ∈ Q

Cq Dq Rn

ϕq ∈ C0(Rn,R) fh ∈ C1(Rn+1,Rn) q ∈ Q

fh(·, ϕq(·)) ∈ C0(Rn,Rn) fh(·, ϕq(·))
Cq x ∈ Cq

{fh(x,ϕq(x))}

dom(fh) = Rn Cq ⊂ dom(fh)

gq ∈ OSC(Rn,Q) Q

x ∈ Dq gq(x) dom(gq) = Dq

Dq ⊂ dom(gq)

Σh(K0)

Q(0, 0) ∈ Q Rn = CQ(0,0) ∪ DQ(0,0) X(0, 0) ∈
DQ(0,0) X(0, 0) ∈ CQ(0,0) \DQ(0,0)

ẋ = fh(x,ϕQ(0,0)(x)).

fh ∈ C1(Rn,Rn) ϕq ∈ C0(Rn,R)

X(0, 0) ∈ CQ(0,0) \DQ(0,0)

X(0, 0) ∈ CQ(0,0) \DQ(0,0)

N(X(0, 0)) X(0, 0)

x ∈ N(X(0, 0)) ∩CQ(0,0)

{fh(x,ϕQ(0,0)(x))} ∩ TCQ(0,0)
(x) 6= ∅,

TCQ(0,0)
(x) =

{

w ∈ Rn : ∃{xi}i∈N ⊂ CQ(0,0), xi → x, ∃{τi}i∈N ⊂ R, τi ց 0,
xi − x

τi
→ w

}

.

x ∈ N(X(0, 0))

fh

X

Cq∪Dq Cq∪Dq = Rn



Q(0, 0) ∈ Q X(0, 0) ∈ CQ(0,0) ∪ DQ(0,0)

(X,Q)

(X,Q)

dom(X,Q) IJ J = j dom(X,Q)

t → (X(t, J),Q(t, J))

Σh(ϕQ(t,J)) t→T |X(t, J)| → ∞ T = t dom(X,Q)

�

KV

B6a(A)

a ′ KV

C1

V1 ∈
(C1 ∩ P)(Rn−1,R>0)

V : Rn−1 × R → R

(x1, x2) 7→ V1(x1) +
KV

2
(x2 −ψ1(x1))

2

Ω6a′(V)

Ω6a′(V) ⊂ B6a(A).

�

{Vk}k∈N ⊂
(C1 ∩ P)(Rn,R>0) (x1, x2) ∈ Rn−1 × R

Vk(x1, x2) = V1(x1) +
k

2
(x2 −ψ1(x1))

2,

{a ′
k}k∈N ⊂ R>0 a ′

k = (a+ 1) k

k > 0

Vk

{xk}k∈N ⊂ Rn xk = (x1,k, x2,k)

Vk(x1,k, x2,k) 6M+ a ′
k (x1,k, x2,k) /∈ B6a(A).



ε ∈ (0, 1)






V1(x1,k) 6 ε

(
M+

a+ 1

k

)
,

(x2,k −ψ1(x1,k))
2 6 2

1− ε

k

(
M+

a+ 1

k

)
.

V1

{x1,k}k∈N ⊂ Rn

{x1,kj
}j∈N ⊂ {x1,k}k∈N x1,kj

→ x∗1 j→ ∞

x2,k

k ∈ N x2,k = ψ1(x1,k) + x2,k − ψ1(x1,k) x22,k 6

|ψ1(x1,k)|
2 + |x2,k − ψ1(x1,k)|

2

k→ ∞ (x2,k −ψ1(x1,k))
2 = 0

{x1,kj
}j∈N ⊂ {x1,k}k∈N j → ∞ |x∗2| 6 |ψ1(x

∗
1)|

{xk}k∈N ⊂ Rn

V1(x
∗
1) 6 εM < M x∗2−ψ1(x

∗
1) = 0 (x∗1, x

∗
2) ∈

A xkj
= (x1,kj

, x2,kj
) /∈ B6a(A)

a ′ > 0 KV > 0

�

KV a ′

a ′ 6M+ a Kv = (M+ a) (2a2) Ω6a′(V) ⊂ B6a(A)

(x∗1, x
∗
2) ∈ Ω6a′(V)

V(x∗1, x
∗
2) 6 a ′






V1(x
∗
1) 6

a ′

2

|x∗2 −ψ1(x
∗
1)| 6 a.

V(x∗1, x
∗
2) = V1(x

∗
1) +

KV

2
(x∗2 −ψ1(x

∗
1))
2
6
M+ a

2
+
M+ a

4
= 3

M+ a

4

KV V a

a

e : Rn−1 × R → R>0

(x1, x2) 7→ (x2 −ψ1(x1))
2



{(x1, x2) ∈ Rn−1 × R :

x2 = ψ1(x1)} αe

αe K∞ (x1, x2) ∈ Rn−1 × R

αe(|(x1, x2)|) 6 e(x1, x2) 6 αe(|(x1, x2)|).

KV : R>0 → R>0 KV (a)

Kv(a) → ∞ a→ 0

α1(|x1|) + KV (a)αe(|(x1, x2)|) 6 V(x1, x2) 6 α1(|x1|) + KV (a)αe(|(x1, x2)|).

KV (a)αe(|(x1, x2)|) 6 α1(|x1|) + KV (a)αe(|(x1, x2)|) 6 V(x1, x2)

6 α1(|x1|) + KV (a)αe(|(x1, x2)|) 6 {1, KV (a)}

(
α1(|(x1, x2)|) + αe(|(x1, x2)|)

)
.

s ∈ R>0 K∞

αa(s) = {1, KV (a)} (α1(s) + αe(s))

αa(s) =
1

KV (a)
αe(s).

s ∈ R>0 s ∈ R>0 α
−1
a ◦

αa(s) = s

α−1
a (s) = α−1

e

(
1

KV (a)
s

)
,

α−1
a ◦ αa(s) = α−1

e

(
1

KV (a)
{1, KV (a)} (α1(s) + αe(s))

)
.

a→0
α−1
a ◦ αa(a) =

a→0
α−1
e

(
1

KV (a)
{1, KV (a)} (α1(a) + αe(a))

)
= 0.

◦

a > 0

ϕg ∈ C0(Rn \ {0},R)

a ′ > 0 Ωa′(V) ⊂ B6a(A)

Σh(ϕg)

r1 : Rn−1 × R× R → Rn−1

(x1, x2, u) 7→ f1(x1, x2) + h1(x1, x2, u).



V1 (x1, x2, u) ∈ Rn−1×
R× R

Lr1V1(x1, x2, u) = Lf1V1(x1, x2) + Lh1
V1(x1, x2, u)

= Lf1V1(x1, x2) + Lf1V1(x1, ψ1(x1)) − Lf1V1(x1, ψ1(x1)) + Lh1
V1(x1, x2, u)

+Lh1
V1(x1, ψ1(x1), u) − Lh1

V1(x1, ψ1(x1), u)

6 −α(V1(x1)) + (1− ε)α(V1(x1)) + εα(M) + Lf1V1(x1, x2) + Lh1
V1(x1, x2, u)

−Lf1V1(x1, ψ1(x1)) − Lh1
V1(x1, ψ1(x1), u).

Lh1
V1(x1,ψ1(x1),u) 6

(1 − ε)α(V1(x1)) + εα(M) (x1, x2, u) ∈ Rn−1 × R× R

Lr1V1(x1, x2, u) 6 ε[α(M) − α(V1(x1))] + Lr1V1(x1, x2, u)

−Lr1V1(x1, ψ1(x1), u).

(x1, x2) ∈ Rn−1 × R

ηx1,x2 : [0, 1] → R

s 7→ sx2 + (1− s)ψ1(x1)

r1 ∈ C1(Rn+1,Rn−1) ηx1,x2 ∈ C1([0, 1],R)

dr1

ds
(x1, ηx1,x2(s), u) =

∂r1

∂ηx1,x2
(x1, ηx1,x2(s), u) · (x2 −ψ1(x1)).

s

r1(x1, x2, u) − r1(x1, ψ1(x1), u) = (x2 −ψ1(x1)) ·
1∫

0

∂r1

∂ηx1,x2
(x1, ηx1,x2(s), u)ds.

(x1, x2, u) ∈ Rn−1 × R× R

Lr1V1(x1, x2, u) 6 ε[α(M) − α(V1(x1))] +
∂V1

∂x1
(x1) · (x2 −ψ1(x1)) ·

1∫

0

∂r1

∂ηx1,x2
(x1, ηx1,x2(s), u)ds.

ψ̃ : ((Rn−1 × R) \ {(0, 0)})× R → R

(x1, x2, ū) 7→ 1

f2(x1, x2)

[
ū

KV
+ Lf1ψ1(x1, x2) −

1

KV

∂V1

∂x1
(x1)

·
1∫

0

∂f1

∂ηx1,x2
(x1, ηx1,x2(s))ds


 ,

KV



u = ψ̃(x1, x2, ū) ψ̃(ū)

V : Rn−1 × R → R

(x1, x2) 7→ V1(x1) +
KV

2
(x2 −ψ1(x1))

2.

fh

LfhV(x1, x2, ψ̃(ū)) = Lr1V1(x1, x2, ψ̃(ū)) + KV (x2 −ψ1(x1))[f2(x1, x2)ψ̃(ū) + h2(x1, x2, ψ̃(ū))

−Lr1ψ1(x1, x2, ψ̃(ū))]

6 ε[α(M) − α(V1(x1))] +
∂V1

∂x1
(x1) · (x2 −ψ1(x1)) ·

1∫

0

∂r1

∂ηx1,x2
(x1, ηx1,x2(s), ψ̃(ū))ds

+KV (x2 −ψ1(x1))[f2(x1, x2)ψ̃(ū) + h2(x1, x2, ψ̃(ū)) − Lr1ψ1(x1, x2, ψ̃(ū))]

6 ε[α(M) − α(V1(x1))] + (x2 −ψ1(x1)) ·


∂V1
∂x1

(x1) ·
1∫

0

∂r1

∂ηx1,x2
(x1, ηx1,x2(s), ψ̃(ū))ds

+KVf2(x1, x2)ψ̃(ū) + KVh2(x1, x2, ψ̃(ū)) − KVLr1ψ1(x1, x2, ψ̃(ū))

]

6 ε[α(M) − α(V1(x1))] + (x2 −ψ1(x1)) ·


∂V1
∂x1

(x1) ·
1∫

0

∂r1

∂ηx1,x2
(x1, ηx1,x2(s), ψ̃(ū))ds

+ū+ KVh2(x1, x2, ψ̃(ū)) + KVLf1ψ1(x1, x2) −
∂V1

∂x1
(x1) ·

1∫

0

∂f1

∂ηx1,x2
(x1, ηx1,x2(s))ds

−KVLr1ψ1(x1, x2, ψ̃(ū))

]

6 ε[α(M) − α(V1(x1))] + (x2 −ψ1(x1))


ū+

∂V1

∂x1
(x1) ·

1∫

0

∂h1

∂ηx1,x2
(x1, ηx1,x2(s), ψ̃(ū))ds

+KVh2(x1, x2, ψ̃(ū)) − KVLh1
ψ1(x1, x2, ψ̃(ū))

]

6 ε[α(M) − α(V1(x1))] + (x2 −ψ1(x1))[ū+ Υ(x1, x2, ψ̃(ū))],

Υ(x1, x2, ψ̃(ū)) =
∂V1

∂x1
(x1) ·

1∫

0

∂h1

∂x2
(x1, ηx1,x2(s), ψ̃(ū))ds+ KVh2(x1, x2, ψ̃(ū)) − KVLh1

ψ1(x1, x2, ψ̃(ū)).

(x1, x2, ū) ∈ Rn−1×
R× R

|Υ(x1, x2, ψ̃(ū))| 6 ∆(x1, x2),



∆(x1, x2) =

∣∣∣∣
∂V1

∂x1
(x1)

∣∣∣∣
1∫

0

Ψ(x1, ηx1,x2(s))ds

+KVΨ(x1, x2)

(
1+

∣∣∣∣
∂ψ1

∂x1
(x1)

∣∣∣∣
)
.

c >

0 (x1, x2, ū) ∈ Rn−1 × R× R

(x2 −ψ1(x1))Υ(x1, x2, ū) 6
1

c
+
c

4
(x2 −ψ1(x1))

2∆(x1, x2)
2.

ū = −(x2 −ψ1(x1))
[
c+

c

4
∆(x1, x2)

2
]

(x1, x2) ∈ Rn−1 × R c > 1

LfhV(x1, x2, ψ̃) 6 ε[α(M) − α(V1(x1))] + (x2 −ψ1(x1))ū+
1

c
+
c

4
(x2 −ψ1(x1))

2∆(x1, x2)
2

6 ε[α(M) − α(V1(x1))] − (x2 −ψ1(x1))
2
[
c+

c

4
∆(x1, x2)

2
]
+
1

c

+
c

4
(x2 −ψ1(x1))

2∆(x1, x2)
2.

LfhV(x1, x2, ψ̃) 6 ε[α(M) − α(V1(x1))] +
1

c

−c(x2 −ψ1(x1))
2,

ψ̃(x1, x2)

ψ̃

V1

A>0 :=

{

(x1, x2) ∈ Rn−1 × Rn : εα(V1(x1)) + c(x2 −ψ1(x1))
2
6 εα(M) +

1

c

}

A>0 (x1, x2) ∈ Rn−1 × R

LfhV(x1, x2, ψ̃) > 0

ζ = {V(x1, x2) : (x1, x2) ∈ A>0} c > 1

(x1, x2) ∈ Ω>ζ(V) LfhV(x1, x2, ψ̃) < 0 Ω6ζ(V)

Σh(ψ̃)

Kα > 0 α [0, ζ]

(x1, x2) ∈ Ω6ζ(V)

|α(V1(x1)) − α(V(x1, x2))| 6
KVKα

2
(x2 −ψ1(x1))

2.

c > 1 (x1, x2) ∈ Ω6ζ(V)



LfhV(x1, x2, ψ̃) 6 ε[α(M) − α(V1(x1))] +
1

c
− c(x2 −ψ1(x1))

2,

6 ε[α(M) − α(V(x1, x2))] + ε[α(V(x1, x2)) − α(V1(x1))] +
1

c
− c(x2 −ψ1(x1))

2,

6 ε[α(M) − α(V(x1, x2))] +
1

c
−

(
c− ε

KVKα

2

)
(x2 −ψ1(x1))

2.

a ′

cg =

{
1

ε[α(a ′) − α(M)]
, ε
KVKα

2
, 1

}

.

c > cg (x1, x2) ∈ Ω6ζ(V)

LfhV(x1, x2, ψ̃) 6 ε [α(a
′) − α(V(x1, x2))] .

c > cg (x1, x2) ∈ Ω>a′(V) |x|a′ := dist(x,Ω6a′(V)

α ∈ K∞

αa′(|x|) := α(|(x1, x2)|a′) =

−α(a ′) + α(V(x1, x2))

K∞

(x1, x2) ∈ Ω>a′(V)

LfhV(x1, x2, ψ̃) 6 −αa′(|x|a′)

LfhV(x1, x2, ψ̃) < 0.

Ω6a′(V) Σh(ψ̃)

Ω6a′(V) ⊂ B6a(A)

Σh(ψ̃) B>a(A)

B6a(A) A

Σh(ψ̃)

(x1, x2) ∈
Rn−1 × R \ {(0, 0)}

ϕg(x1, x2) =
1

KVf2(x1, x2)


KVLf1ψ1(x1, x2) −

∂V1

∂x1
(x1) ·

1∫

0

∂f1

∂x2
(x1, ηx1,x2(s))ds

−(x2 −ψ1(x1)) ·
(
c+

c

4
∆2(x1, x2)

)]
,

c > cg ψ̃(·) = ϕg(·) Ω6a′(V)

Σh(ϕg)

�

a bℓ cℓ 0 < bℓ < cℓ
l ∈

L Vl
l ∈ L

{Vl(x) : x ∈ B6a(A)} < bℓ.

ϕg ∈ C0(Rn \ {0},R)



K

Q = {1, 2} × L

Σh(K ) (x, q) ∈ Rn ×Q

q = {(2, l)}

x ∈ C2,l ϕ2,l(x) = ϕg(x)

A

Σh(ϕg)

A ⊂ D2,l

x

D2,l D2,l

x ∈ D2,l g2,l(x) = {(1, l)}

x

x ∈ D2,l D2,l ⊂
Ω<cℓ(Vl) {0}×L

Σh(K0) D2,l

{0}× L

(X(0, 0), Q(0, 0)) ∈ Rn × {(2, l)}

{0}× L

q = {(1, l)}

x ∈ C1,l ϕ1,l(x) = ϕl(x)

{0}×L Σh(K0)

C1,l {0}× L

x ∈ D1,l

q+ = {(2, l)} ϕg

x ∈ Ω>cℓ(Vl) Ω>cℓ(Vl) ⊂
C2,l x

D2,l

q+ = {(1, gl(x))}

x ∈ Ω6cℓ(Vl) ∩ Dl x



{0} × L

Σh(K0) Ω6cℓ(Vl) ∩ Dl

{0}× L

(X(0, 0), Q(0, 0)) ∈ Rn × {(1, l)}

{0}× L

{0}×L

�

N := N6r × {u ∈ R : |u| 6 ru} (x1, u1) (x2, u2) ∈ N

gi : [0, 1] → R

t 7→ f̃h,i((1− t)(x1, u1) + t(x2, u2)),

1 6 i 6 n

f̃h ∈ C1(Rn+1,Rn) i = 1, . . . , n gi ∈ C1([0, 1],Rn)

t ∈ [0, 1]

dgi

dt
(t) = grad f̃h,i((1− t)(x1, u1) + t(x2, u2))((x2, u2) − (x1, u1)).

=
∂f̃h,i

∂x
((1− t)x1 + tx2) · (x2 − x1) +

∂f̃h,i

∂u
((1− t)u1 + tu2)(u2 − u1)

c ∈ (0, 1)

dgi

dt
(c) = f̃h,i(x2, u2) − f̃h,i(x1, u1).

f̃h,i(x2, u2) − f̃h,i(x1, u1) =
∂f̃h,i

∂x
((1− c)x1 + cx2) · (x2 − x1) +

∂f̃h,i

∂u
((1− c)u1 + cu2)(u2 − u1)

(x, u) ∈ N (x̄, ū) ∈ N

f̃h,i(x, u) =
∂f̃h,i

∂x
(x̄, ū) · x+ ∂f̃h,i

∂u
(x̄, ū)u.

(x, u) ∈ N

(x̄, ū) ∈ N

fh,i(x, u) =

(
∂f̃h,i

∂x
(x̄, ū) +

∂fh,i

∂x
(0, 0)

)
·x+
(
∂f̃h,i

∂u
(x̄, ū) +

∂fh,i

∂u
(0, 0)

)
u.



m m ∈ M

n∑

j=1

cm,ij 6

n∑

j=1

∂f̃h,i

∂xj
(x̄, ū) 6

n∑

j=1

cm,ij.

(x, u) ∈ N m m ∈ M

Cm,i · x 6
∂f̃h,i

∂x
(x̄, ū) · x 6 Cm,i · x.

(x, u) ∈ N m,m ∈ M

v, v ∈ V

Cm,i · x+Dv,iu 6
∂f̃h,i

∂x
(x̄, ū) · x+ ∂f̃h,i

∂u
(x̄, ū)u 6 Cm,i · x+Dv,i.

(x, u) ∈ N m,m ∈ M v, v ∈ V

(
∂fh,i

∂x
(0, 0) + Cm,i

)
·x+

(
∂fh,i

∂u
(0, 0) +Dv,i

)
u 6 fh,i(x, u) 6

(
∂fh,i

∂x
(0, 0) + Cm,i

)
·x+

(
∂fh,i

∂u
(0, 0) +Dv,i

)
u.

(x, u) ∈ N m,m ∈ M v, v ∈
V t ∈ [0, 1]

fh,i(x, u) ∈ (1− t)(Fi + Cm,i) · x+ (Gi +Dv,i)u+ t(Fi + Cm,i) · x+ (Gi +Dv,i)u.

(x, u) ∈ N

ẋ ∈ co{(F+ Cm)x+ (G+Dv)u},

v ∈ V m ∈ M �

W

W(F+ Cm)T +H(G+Dv)
T + (F+ Cm)W + (G+Dv)H

T < 0.

P m ∈ M v ∈ V

x ∈ N6r \ {0}

xT (F+ Cm + (G+Dv)K)
TPx+ xTP(F+ Cm + (G+Dv)K)x < 0.

i ∈ I



r2iW −Weie
T
iW

T
> 0

W = P−1 x ∈ Ω61(Vl)

xTeie
T
i x 6 r

2
i x
TPx 6 r2i .

ei · x = xi x ∈ Ω61(Vl) x
2
i 6 r

2
i Ω61(Vl) ⊂ N6r

p ∈ P

xTpPxp 6 1 co({xp ∈ Rn : p ∈ P}) ⊂ Ω61(x
TPx)

r2uW−HHT > 0

r2uW
−T > KTK x ∈ Ω61(Vl) x

TKTKx 6

r2ux
TPx 6 r2u �






ẋ1 = f1(x1, x2)

ẋ2 = f2(x1, x2)u

f1 ∈ C1(Rn,Rn−1) f2 ∈ C1(Rn,R 6=0)

φ1 ∈ C1(R,R) φ1(0) =

0 x1



ẋ1 = f1(x1, φ1(x1)).

V1 ∈ (C1 ∩ P)(Rn−1,R>0) α1 ∈ K∞ x1 ∈ Rn−1

Lf1V1(x1, φ1(x1)) 6 −α1(|x1|)

(x1, x2) ∈ Rn−1 × R

ηx1,x2 : [0, 1] → R

s 7→ sx2 + (1− s)φ1(x1)

(x1, x2) ∈ Rn−1 × R f2(x1, x2) 6= 0 u =

v f2(x1, x2)






ẋ1 = f1(x1, φ1(x1)) + (x2 − φ1(x1))

1∫

0

∂f1

∂ηx1,x2
(x1, ηx1,x2(s))ds

ẋ2 = v,

v ∈ R

e := x2 − φ1(x1)

e ė = ẋ2−Lf1φ1(x1, x2)

e






ẋ1 = f1(x1, φ1(x1)) + e

1∫

0

∂f1

∂ηx1,x2
(x1, ηx1,x2(s))ds

ė = w,

w = v− Lf1φ1(x1, x2) ẋ = f(x)

V(x1, e) = V1(x1) +
e2

2
.

f

LfV(x1, e) = Lf1V1(x1, φ1(x1)) +
∂V1

∂x1
e

1∫

0

∂f1

∂ηx1,x2
(x1, ηx1,x2(s))ds+ ew

6 α1(|x1|) + e


∂V1
∂x1

(x1) ·
1∫

0

∂f1

∂ηx1,x2
(x1, ηx1,x2(s))ds+w


 .

φ(x1, e) = −
∂V1

∂x1
(x1) ·

1∫

0

∂f1

∂ηx1,x2
(x1, ηx1,x2(s))ds− Ke,

K > 0 w = φ(x1, e)



(x1, e) ∈ Rn−1 × R

LfV(x1, e) 6 −α1(|x1|) − Ke
2.

φ

(x1, e) = (0, 0) ⇒ 0 = x2 − φ1(0)

φ(x1, e) = w = v− Lf1φ1(x1, x2)

v = −
∂V1

∂x1
(x1)·

1∫

0

∂f1

∂ηx1,x2
(x1, ηx1,x2(s))ds−(x2−φ1(x1))+Lf1φ1(x1, x2).

(x1, x2) ∈ Rn−1 ×R f2(0,0) = 0

ϕb

ϕb(x1, x2) =
1

f2(x1, x2)


−∂V1

∂x1
(x1) ·

1∫

0

∂f1

∂ηx1,x2
(x1, ηx1,x2(s))ds− (x2 − φ1(x1)) + Lf1φ1(x1, x2)


 .

A ∈ Rp×p B ∈ Rp×q C ∈ Rq×p D ∈
Rq×q M ∈ R(p+q)×(p+q)

M =


A B

C D


 ,

(A) 6= 0 z = (x, y) ∈ Rp × Rq

MzT = 0






Ax + By = 0,

Cx + Dy = 0.

−CA−1

x

(D− CA−1B)y = 0.



S = D− CA−1B A M

M ∈ R(p+q)×(p+q)

M =


A B

BT D


 ,

A ∈ Rp×p (A) 6= 0 M > 0

A > 0 (D− BTA−1B) > 0 �

M > 0 D > 0 A −

BD−1BT > 0

S ⊂ Rn

a ∈ R>0

ϕg : Rn → R

B6a(S) := {x ∈ Rn : |x|S 6 a}

Σh(ϕg) ◦
a ∈ R>0

ϕg : Rn → R B6a(A)

Σh(ϕg) A

A = {(x1, x2) ∈ Rn−1 × R : V1(x1) 6M,x2 = ψ1(x1)}.

KV

ϕb a Σh(ϕg)

V : Rn−1 × R → R

(x1, x2) 7→ V1(x1) +
KV

2
(x2 −ψ1(x1))

2

a

a



Σh(ϕg,a)

a

A ⊂ Rn

a > 0 Va :

Rn → R>0 K∞ αa αa αa

x ∈ B>a(A)

αa(|x|A) 6 Va(x) 6 αa(|x|A),

LfhVa(x,ϕg,a) 6 −αa(|x|A),

a→0
α−1
a ◦ αa(a) = 0.

A Σh(ϕg)

�









f ∈ C1(Rn × Rm,Rn)

ẋ(t) = f(x(t), u(t)),

t ∈ R>0 x(t) ∈ Rn u(t) ∈ Rm

n m x

u t X(t, x, u) t

u ∈ L∞ (R,Rm)

γ ∈ K∞

β ∈ KL x ∈ Rn u ∈ L∞ (R>0,R
m)

t ∈ R>0

γ ∈ K∞ {γ(|u(s)|) : s ∈
[0, t]} γ( {|u(s)| :

s ∈ [0, t]}) = γ(|u[0,t]|∞)
|X(t, x, u)| 6 β(|x|, t) + γ

(∣∣u[0,t]

∣∣
∞

)
,



γ
(∣∣u[0,t]

∣∣
∞

)
◦

γ (|u|∞)

k > 0 V ∈
Ck(Rn,R>0)

α,α ∈ K∞ x ∈ Rn

α(|x|) 6 V(x) 6 α(|x|);

αx ∈ K λx ∈ (C0 ∩ P)(Rn,R>0)

(x, u) ∈ Rn × Rm

V(x) > αx(|u|) ⇒ D+
f V(x, u) 6 −λx(x),

αx ◦

k > 0 D+
f V(x, u) = gradV(x) ·f(x, u)

(x, u) ∈ Rn × Rm

�

ż = g(v, z),

g ∈ C1(Rn × Rm,Rm)

z v t Z(t, z, v) k > 0

W ∈ Ck(Rm,R>0)



∃αz ∈ K∞, ∃αz ∈ K∞ : ∀z ∈ Rm, αz(|z|) 6W(z) 6 αz(|z|),

∃αz ∈ K, ∃λz ∈ (C0 ∩ P)(Rm,R>0) : ∀(x, z) ∈ Rn × Rm, W(z) > αz(|v|) ⇒ D+
gW(v, z) 6 −λz(z).






ẋ = f(x, z),

ż = g(x, z).

ẏ = h(y)

y ∈ Rn+m t Y(t, y)

V(x) > γ(W(z)) ⇒ D+
f V(x, z) 6 −λx(x),

W(z) > δ(V(x)) ⇒ D+
gW(x, z) 6 −λz(z),

γ(·) = αx ◦ α−1
z (·) ∈ K δ(·) = αz ◦

α−1
x (·) ∈ K

V W

∀s ∈ R>0, γ ◦ δ(s) < s,

�

γℓ γg x

δℓ δg z

γℓ◦δℓ γg◦δg



n = m = 1

0 6M <M 6 ∞ 0 6 N < N 6 ∞,

γ δ K

b =
s→∞

γ(s) > M, M <∞,

b =
s→∞

γ(s) > M, M = ∞.

{M,N} <∞

{γ−1(M), N} < {δ(M),N}.

S =
{
(x, z) ∈ Rn × Rm :M 6 V(x) 6M,W(z) 6 N

}

∪
{
(x, z) ∈ Rn × Rm : V(x) 6M,N 6W(z) 6 N

}
.

V W (x, z) ∈ S

V(x) > γ(W(z)) ⇒ D+
f V(x, z) 6 −λx(x),

W(z) > δ(V(x)) ⇒ D+
gW(x, z) 6 −λz(z).

◦

S ⊂ Rn+m

V W

γ

S S

S



M <∞, s ∈
[
M,M

]
\ {0}, γ ◦ δ(s) < s,

M = ∞, s ∈ [M,M) \ {0}, γ ◦ δ(s) < s.

◦

R>0 S

M <∞, s ∈ [γ−1(M), γ−1(M)] \ {0}, δ ◦ γ(s) < s,
M = ∞, s ∈ [γ−1(M), γ−1(M)) \ {0}, δ ◦ γ(s) < s.

M <∞, s ∈
[
M,M

]
\ {0}, δ(s) < γ−1(s),

M = ∞, s ∈ [M,b) \ {0}, δ(s) < γ−1(s).

M <∞, ∀s ∈ [γ−1(M), γ−1(M)] \ {0}, δ ◦ γ(s) < s
M = ∞, ∀s ∈ [γ−1(M), b) \ {0}, δ ◦ γ(s) < s

◦

M̃ = {γ−1(M), N} M̂ = {δ(M), N}.

U ∈ (C0∩P)(Rn+m,R>0)

Rn+m \ {0}

∀y ∈ Ω
6M̂

(U) \Ω
6M̃

(U),
t→∞

U(Y(t, y)) 6 M̃.

γ, δ ∈ (C1 ∩K∞) U

U(x, z) =

{
δ(V(x)) + γ−1(V(x))

2
,W(z)

}

.

�

U ∈ (C0,∩P)(Rn+m,R>0)

S Ω
6M̂

(U) \



Ω
6M̃

(U) 6= ∅ Ω
6M̂

(U) \ Ω
6M̃

(U) ⊂ S

Ω
6M̂

(U) \ Ω
6M̃

(U) Ω
6M̃

(U)

M = N = 0 Mℓ := M < ∞ Nℓ := N < ∞

Ω
6M̂ℓ

(Uℓ)

Uℓ M̂ℓ �

U

σ ∈
(K∞ ∩ C1)

U

◦

Mg :=M > 0 Ng := N > 0 M = N = ∞

Ω
6M̃g

(Ug) Ug M̃g

�

Ω
6M̂ℓ

(Uℓ)

Ω
>M̃g

(Ug) Ω
6M̃g

(Ug)

Ω
6M̃g

(Ug) ⊂ Ω6M̂ℓ
(Uℓ)

Ω
6M̃g

(Ug)

Ω
6M̃g

(Ug)\Ω6M̂ℓ
(Uℓ)

ω Ω
6M̂ℓ

(Uℓ)

A ⊂ Rn+m

∀ε > 0, ∃δ > 0 : |y|A 6 δ⇒ |Y(t, y)| 6 ε, ∀t > 0,

ℵ ⊂ Rn+m µ(ℵ) = 0

∀y ∈ Rn+m \ ℵ,
t→∞

|Y(t, y)|A = 0. ◦

A

A



Mℓ < Mg Nℓ < Ng.

R = cl

{

Ω
6M̃g

(Ug) \Ω6M̂ℓ
(Uℓ)

}

.

ρ ∈ C1(Rn+m \ {0},R>0) supp(ρ) ⊇ R

∀y ∈ R, div(hρ)(y) > 0.

�

Ω
6M̂ℓ

(Uℓ)

n = m = 1

Mℓ < Mg Nℓ < Ng.

R = cl

{

Ω
6M̃g

(Ug) \Ω6M̂ℓ
(Uℓ)

}

.

∀y ∈ R, divh(y) 6= 0 h(y) 6= 0,

�

ω R

y ∈ R

divh(y) 6= 0 h(y) 6= 0

R

Ml < Mg Nl < Ng



Mg

W

V

Nℓ

Ng

Mℓ

R

Ω6Mℓ
(V) × Ω6Nℓ

(W)

Ω
=M̃ℓ

(Uℓ)

Ω>M(V) × Ω>N(W)

Ω
=M̃g

(Ug)

R = cl{Ω
6M̂g

(Ug) \ Ω
6M̃ℓ

(Uℓ)}

V +W






ẋ = f(x, z) = −ρx(x) + z,

ż = g(x, z) = −z+ ρz(x),

x ∈ R

ρx(x) =
x3

3
− 3

x2

2
+ 2x ρz(x) = 0.8ρx(x),

∀x ∈ R, V(x) = |x|,

∀z ∈ R, W(z) = |z|.

V f (x, z) ∈
R× R

D+
f V(x, z) 6 −ρx(V(x)) +W(z).

x ∈ R λx(x) = εxρx(V(x)) εx ∈ (0, 1)

(x, z) ∈ R× R

γ

λx

λ ∈
(P∩C0)(Rn,R>0) γ

ρx(V(x)) >
W(z)

1− εx
⇒ D+

f V(x, z) 6 −λx(x).

ρx (1, 2)

εx = 0.05



0.95ρx(2) = 0.6

Γ(s) =






ρ−1x

( s

0.95

)
, s ∈ [0, 0.6),

ρ−1x,+

( s

0.95

)
, s ∈ [0.6,∞),

ρx,+ : [2,∞) → [ρx(2),∞) ρx,+(·) = ρx(·)

Γ

x

(x, z) ∈ R× R

V(x) > Γ(W(z)) ⇒ D+
f V(x, z) 6 −λx(x).

Γ

Γ∗ : R → R s∗ Γ∗(s∗) < Γ(s∗)

(x∗, z∗) ∈ R>0 × R>0 V(x∗) > Γ∗(W(z∗)) D+
f V(x

∗, z∗) >

0 �

γ ∈ K s ∈ R>0 Γ(s) 6 γ(s)

x
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n
c
ti
o
n
s

ρx
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Γ
γ ℓ

γ g
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f
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id
ρ z

δ g

δ ℓ
∆

ρx
id Γ

γℓ γg

(ρx(s), s)

[0,2.5]

ρz id ∆

δℓ
δg εx = εz = 0.05

z

(x, z) ∈ R× R

W(z) > ∆(V(x)) ⇒ D+
gW(x, z) 6 −λz(z),

∆ z



∆(s) =






ρ(s), s ∈ [0, 1),

ρ(1), s ∈ [1, 2.5),

ρ(s), s ∈ [2.5,∞),

s ∈ R>0 ρ(s) = ρz(s) 0.95

δ ∈ K s ∈ R>0 ∆(s) 6 δ(s) z

s ∈ (0.65, 2.5) s 6 Γ ◦ ∆(s) �

γℓ ∈ K

s ∈ [0, 0.5] γℓ(s) = ρx (s) δℓ ∈ K

δℓ(s)






= ∆(s), s ∈ [0, 1),

> ∆(s), s ∈ [1, 2.5].

M = Mℓ = N = Nℓ = 0.3 M = N = 0b = ∞

{γ−1ℓ (M),N} = 0 {δℓ(Mℓ), Nℓ} = 0.3

(x, z) ∈ Sℓ := (Ω6Mℓ
(V)×Ω6Nℓ

(W))

V(x) > γℓ(W(z)) ⇒ D+
f V(x, z) 6 −λx(x),

W(z) > δℓ(V(x)) ⇒ D+
gW(x, z) 6 −λz(z).

s ∈ (0, γ−1ℓ (Mℓ)] =

(0, 0.7]

δℓ ◦ γℓ(s) =
ρz ◦ ρ−1x (s/0.95)

0.95
=
0.8

0.95
ρx ◦ ρ−1x

( s

0.95

)
< s.

Ω60.3(Uℓ)

Uℓ(x, z) =

{
δℓ(V(x)) + γ

−1
ℓ (V(x))

2
,W(z)

}

.

γg ∈ K

s ∈ [0.7,∞) γg(s) = Γ(s) δg ∈ K

s ∈ [2,∞) δg(s) = ρ(s)



M = Mg = 4 N = Ng = 1 M =

N = ∞ {γ−1g (M),N} = 4 {δg(M), N} = ∞

(x, z) ∈ Sg := (Ω>Mg
(V)×Ω>Ng

(W))

V(x) > γg(W(z)) ⇒ D+
f V(x, z) 6 −λx(x),

W(z) > δg(V(x)) ⇒ D+
gW(x, z) 6 −λz(z).

s ∈ [γ−1g (Mg),∞) =

[4.5,∞)

δg ◦ γg(s) =
0.8

0.95
ρx ◦ ρ−1x

( s

0.95

)
< s.

Ω64(Ug)

Ug(x, z) =

{
δg(V(x)) + γ

−1
g (V(x))

2
,W(z)

}

.

Mℓ = 0.3 < 4 = Mg

Nℓ = 0.3 < 1 = Ng C1

∂f

∂x
(x, z) +

∂g

∂z
(x, z) = −x2 + 3x− 3 = 0

R = cl {Ω64(Ug) \Ω60.3(Uℓ)} ,

γ̃ ∈ K∞

∀s ∈ R>0, δ(s) < γ̃(s).

M <∞, ∀s ∈ [M,M] \ {0}, γ̃(s) < γ−1(s),

M = ∞, ∀s ∈ [M,b) \ {0}, γ̃(s) < γ−1(s).
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U ∈ (C0 ∩P)(Rn+m,R>0)

S

Ω
6M̂

(U) \Ω
6M̃

(U) Ω
6M̃

(U)

γ̃ ∈ K∞

δ K γ̃ K∞

σ ∈ K∞ ∩ C1

∀s ∈ R>0, δ(s) < σ(s) < γ̃(s).

U : Rn × Rm → R>0

(x, z) 7→ {σ(V(x)),W(z)}.

U ∈ (C0∩P)(Rn+m,R>0) (x, z) ∈
Rn × Rm



σ(V(x)) < W(z)

W(z) < σ(V(x))

W(z) = σ(V(x))

U

(x, z) ∈ S 6=0 := S \ {(0, 0)},

S

σ(V(x)) < W(z).

U(x, z) =W(z) D+
f,gU(x, z) = D

+
gW(x, z).

δ(V(x)) < σ(V(x)) < W(z).

D+
gW(x, z) 6 −λz(z)

W(z) > σ(V(x)) ⇒ D+
f,gU(x, z) 6 −λz(z).

W(z) < σ(V(x)).

U(x, z) = σ(V(x)) D+
f,gU(x, z) = σ

′(V(x))D+
f V(x, z).

(x, z) ∈ S 6=0

W(z) < σ(V(x)) < γ̃(V(x)).

M <∞

W(z) < σ(V(x)) < γ̃(V(x)) < γ−1(V(x)).

D+
f V(x, z) 6 −λx(x)

M = ∞ x b < V(x)

M 6 V(x) 6 b

b < V(x)



V(x) > b > γ(W(z)) ⇒ D+
f V(x, z) 6 −λx(x).

M 6 V(x) 6 b

V(x) > γ(W(z)) ⇒ D+
f V(x, z) 6 −λx(x).

W(z) < σ(V(x)) ⇒ D+
f,gU(x, z) 6 −σ ′(V(x))λx(x).

W(z) = σ(V(x)).

D+
f,gU(x, z) =

tց0

1

t

[ {
σ
(
V(X(t, x, z))

)
,W(Z(t, z, x))

}
−U(x, z)

]

=
tց0

{
σ(V(X(t, x, z))) − σ(V(x))

t
,
W(Z(t, z, x)) −W(z)

t

}

=
{
σ ′(V(x))D+

f V(x, z),D
+
gW(x, z)

}
.

D+
f,gU

D+
gW D+

f V

D+
gW x 6= 0

z 6= 0 δ(V(x)) < σ(V(x)) = W(z)

D+
gW(x, z) 6 −λz(z)

D+
f V x 6= 0

z 6= 0 W(z) = σ(V(x)) < γ̃(V(x))

D+
f V(x, z) 6 −λx(x)

0 6=W(z) = σ(V(x)) ⇒ D+
f,gU(x, z) 6 − {σ ′(V(x))λx(x), λz(z)}.

c > 0 Ω6c(U) ⊂ Ω6M(V)×Ω6N(W)

M̃ M̂

(
Ω6M(V)×Ω6N(W)

)
⊂ Ω

6M̃
(U) ⊂ Ω

6M̂
(U) ⊂

(
Ω6M(V)×Ω6N(W)

)
.

�



M̃ 6 U(x, z) 6 M̂⇒ D+
f,gU(x, z) 6 −E(x, z),

E : Rn × Rm → R>0

(x, z) 7→ {σ ′(V(x))λx(x), λz(z)}.

E ∈ (C0 ∩ P)(Rn × Rm,R>0) α ∈ K∞

(x, z) ∈ Rn+m α (|(x, z)|) 6 E(x, z) Ω
<M̃

(U)

|(x, z)|
M̃

:= dist

(
(x, z),Ω

6M̃
(U)
)
6 |(x, z)|,

α
(
|(x, z)|

M̃

)
6 α (|(x, z)|) 6 E(x, z)

M̃ 6 U(x, z) 6 M̂⇒ D+
f,gU(x, z) 6 −α

(
|(x, z)|

M̃

)
.

U Rn×Rm \ {(0, 0)}

σ(V(x)) > W(z) σ(V(x)) <

W(z) σ ◦ V W Rn \ {0} Rm

U∗(x, z) := σ(V(x)) = W(z) 6= 0 (x1, z1)

(x2, z2) ∈ Rn × Rm \ {(0, 0)}

|U∗(x1, z1) −U∗(x2, z2)| = |σ(V(x1)) − σ(V(x2))|

= |σ(V(x1)) − σ(V(x2)) +W(z1) −W(z2)

+W(z2) −W(z1)|

6 Lσ|V(x1) − V(x2)|+ 2LW |z1 − z2|

6 LσLV |x1 − x2|+ 2LW |z1 − z2|,

LV Lσ LW

V σ W L = {LV , Lσ, 2LW }

|U∗(x1, z1) −U
∗(x2, z2)| 6 L (|x1 − x2|+ |z1 − z2|) .

y ∈ Rn+m t ∈ R>0

D+U(Y(t, y)) = D+
hU(Y(t, y)).



y M̃ 6 U(y) 6 M̂

t ∈ R>0

t 7→ U(Y(t, y))

U∞ :=
t→∞

U(Y(t, y)) 6 M̃.

U∞ > M̃

U ε > 0

U∞ − ε > M̃ U∞ − ε 6 U(y) 6 U∞ + ε.

U {y ∈ Rn+m : U∞ − ε 6 U(y) 6 U∞ + ε}

ξ =
{
α
(
|y|
M̃

)
> 0 : U∞ − ε 6 U(y) 6 U∞ + ε

}

U Rn×Rm\{(0, 0)}

C1 t 7→ U(Y(t, y))

R6=0 t ∈ R>0 U(t)

D+U(t) ξU

D+U
t ∈ R>0

U(Y(t, y)) = U(y) +

t∫

0

D+U(Y(s, y))ds

6 U(y) − ξt.

t U(Y(t, y))

U U∞ 6 M̃

Ω
6M̂

(U) \ Ω
6M̃

(U)

Ω
6M̃

(U)

U U

σ s ∈ R>0 σ(s) = (δ(s) + γ−1(s)) 2

s ∈ R>0

2
dσ

ds
(s) =

dδ

ds
(s) +

1

dγ

ds
(γ−1(s))

dδ(s) ds > 0 dγ
(
γ−1(s)

)
ds > 0δ ∈ K∞ ∩ C1

γ−1,γ ∈ K∞ ∩
C1 σ



�

c Ω6c(U) ⊂
n > N

{yn}n∈N ⊂
R
n+m n ∈

N yn ∈ Ω61/n(U) yn /∈
Ω6M(V) × Ω6N(W) U

Ω61/n(U) ⊂ Ω61(U)

{ynj
}j∈N ⊂

{yn}n∈N ynj

j→∞−−→ y∗

U(y∗) = 0

U y∗ = 0 ynj

Ω6M(V) ×Ω6N(W)

Ω6M(V)×Ω6N(W)

(x, z) ∈ S

U(x, z) 6 M̂⇒ {V(x),W(z)} 6 {M,N}.

(x, z) ∈ S

M̃ 6 U(x, z) ⇒ {M,N} 6 {V(x),W(z)}.

U(x, z) 6 M̂

{σ(V(x)),W(z)} = U(x, z) 6 M̂ =
{
δ(M), N

}
.

{σ(V(x)),W(z)} = σ(V(x))

{δ(M), N} = δ(M) σ(V(x)) 6

δ(M) V(x) 6 σ−1 ◦ δ(M) < M

{δ(M), N} = N σ(V(x)) 6

N 6 δ(M) V(x) 6 σ−1 ◦ δ(M) < M

{σ(V(x)),W(z)} =W(z)

{δ(M), N} = δ(M) W(z) 6

δ(M) 6 N

{δ(M),N} = N W(z) 6

N

Ω
6M̂

(U) ⊂
(
Ω6M(V)×Ω6N(W)

)
;

M̃ 6 U(x, z)

{γ−1(M),N} = M̃ 6 U(x, z) = {σ(V(x)),W(z)}.

{σ(V(x)),W(z)} = σ(V(x))

{γ−1(M),N} = γ−1(M) γ−1(M) 6

σ(V(x)) M 6 γ ◦ σ(V(x)) <
V(x)

{γ−1(M),N} = N γ−1(M) 6

N 6 σ(V(x)) M 6 γ ◦ σ(V(x)) < V(x)



{M,N} 6 V(x)

{σ(V(x)),W(z)} =W(z)

{γ−1(M),N} = γ−1(M) γ−1(M) 6

W(z) N 6 γ−1(M) 6W(z)

{γ−1(M), N} = N N 6

W(z)

{M,N} 6W(z)

{M,N} 6 V(x) {M,N} 6W(z)

{M,N} 6 {V(x),W(z)} .

(
Ω6M(V)×Ω6N(W)

)
⊂ Ω

6M̃
(U).

U (x, z) ∈ S M̃ 6 U(x, z) 6 M̂

M̃ 6 U(x, z) 6 M̂⇒ {M,N} 6 {V(x),W(z)} 6 {V(x),W(z)} 6 {M,N},

�

ε > 0 M > 0 M <∞

γ̃(s) =






δ(s) + {s,M} , s ∈ [0,M) ,

δ(s) +

{

s,
γ−1(s) − δ(s)

2

}

, s ∈
[
M,M

]
,

A(s) + (B(s) −A(s))
s−M

ε
, s ∈ (M,M+ ε),

δ(s) + s, s ∈ [M+ ε,∞),

A(s) = δ(s) +

{

M,
γ−1

(
M
)
− δ

(
M
)

2

}

,

B(s) = δ(s) +M+ ε



M = ∞

γ̃(s) =






δ(s) + {s,M} , s ∈ [0,M) ,

δ(s) +

{

s,
γ−1(s) − δ(s)

2

}

, s ∈ [M,b),

δ(s) + s, s ∈ [b,∞).

γ̃ K∞

M ε γ̃

K∞ γ̃

δ, γ ∈ K

γ−1 [0, b)

sրb
γ−1(s) = ∞.

M < b

M <∞, ∀s ∈ [M,M] \ {0}, δ(s) < γ−1(s),

M = ∞, ∀s ∈ [M,M) \ {0}, δ(s) < γ−1(s).

M =
γ−1(M) − δ(M)

2
<∞.

M < ∞ γ δ

ε > 0 M + ε < b s ∈
[M,M+ ε) δ(s) < γ−1(s)

γ̃

M

sրM
γ̃(s) =

sրM
[δ(s) + {s,M}]

= δ(M) + {M,M}

=
sցM

[
δ(s) +

{

s,
γ−1(s) − δ(s)

2

}]

=
sցM

γ̃(s).



M <∞

sրM
γ̃(s) =

sրM

[
δ(s) +

{

s,
γ−1(s) − δ(s)

2

}]

= A(M)

=
sցM

[
A(s) + (B(s) −A(s))

s−M

ε

]

=
sցM

γ̃(s).

M+ ε <∞

sրM+ε
γ̃(s) =

sրM+ε

[
A(s) + (B(s) −A(s))

s−M

ε

]

= B(M+ ε)

=
sցM+ε

[δ(s) + s]

=
sցM+ε

γ̃(s).

M = ∞ b

sրb
γ̃(s) =

sրM

[
δ(s) +

{

s,
γ−1(s) − δ(s)

2

}]

= δ(b) + b

=
sցb

δ(s) + s

=
sցb

γ̃(s).

γ̃

s ∈ R>0 γ̃ δ(s)

s ∈ R>0 δ(s) < γ̃(s) γ̃ ∈ K∞

M < ∞

M = ∞ s ∈ [M,M] \ {0} s ∈ [M,b) \ {0}

{

s,
γ−1(s) − δ(s)

2

}

.

s <
γ−1

ℓ (s)−δℓ(s)

2

γ̃(s) = δ(s) + s < δ(s) +
γ−1(s) − δ(s)

2
=
γ−1(s) + δ(s)

2
;

s >
γ−1(s)−δ(s)

2

γ̃(s) =
γ−1(s) + δ(s)

2
.



s ∈ [M,M] \ {0}

s ∈ [M,b) \ {0} γ̃(s) < γ−1(s)

�

ρ ∈
C1(Rn+m,R>0) supp(ρ) ⊇ R

∀y ∈ R, div(hρ)(y) > 0,

R

Ω
6M̂ℓ

(V) �

Ω
>M̃g

(Ug)

Ω
6M̃g

(Ug)

Ω
6M̂ℓ

(Uℓ)

R Ω
6M̂ℓ

(Uℓ)

Ω
6M̃g

(Ug)

M̃g = {γ−1g (Mg),Ng} Mg Ng

γg

Ω
6M̂ℓ

(Uℓ)

M̂ℓ = {δℓ(Mℓ), Nℓ} Mℓ

Nℓ γℓ

Ω
6M̂ℓ

(Uℓ) ( Ω
6M̃g

(Ug)

Uℓ(x, z) 6 M̂ℓ ⇒ {V(x),W(z)} 6 {Mℓ,Nℓ},

Ug(x, z) > M̃g ⇒ {V(x),W(z)} > {Mg, Ng}.



{Mℓ, Nℓ} < {Mg, Ng} Ω6M̂ℓ
(Uℓ) ( Ω6M̃g

(Ug)

R = cl

{

Ω
6M̃g

(Ug) \Ω6M̂ℓ
(Uℓ)

}

6= ∅.

ρ ∈ C1(Rn+m,R>0) supp(ρ) ⊇ R

∀y ∈ R, div(hρ)(y) > 0,

Z R

Ω
6M̂ℓ

(Uℓ)

Z ⊂ R

t

Y(t,Z) = {Y(t, z) : t ∈ dom(z), z ∈ Z},

dom(z) Y(t, z)

Z t1, t2 ∈ dom(z)

t1 < t2 6 0⇒ Y(t2,Z) ⊂ Y(t1,Z).

Y(t,Z)

t 6 0 Y(t,Z) = ∅

Y :=
⋃

t60

{Y(t,Z)} =
⋃

l∈Z<0

{Y(t,Z) : t 6 l}.

Y Z

Z t ∈ dom(y) Z ∋ y 7→ Y(t, y)

YC1

∀t ∈ dom(Z),

∫

Y(t,Z)

dz 6

∫

Z

| grad Y(t, y)|dy = 0,

Z t ∈ dom(Z)

Y(t,Z) Y

Y

�



R Ω
6M̂ℓ

(Uℓ)

Z ⊂ Rn+m

Z =

∞⋂

l=1

{

y ∈ Ω
6M̃g

(Ug) : Uℓ(Y(t, y)) > M̂ℓ, t > l
}

,

Z

Z Ω
6M̃g

(Ug)

Ω
6M̂ℓ

(Uℓ)

Ω
6M̃g

(Ug) Z

τ ∈ R>0

∀t > τ, Y(t,Z) ⊂ Y(τ,Z).

t ∈ R>0

∫

Y(t,Z)

ρ(y)dy−

∫

Z

ρ(y)dY 6 0.

t ∈ R>0

t∫

0

∫

Y(s,Z)

div(hρ)(y)dyds =

∫

Y(t,Z)

ρ(y)dy−

∫

Z

ρ(y)dy.

y ∈ R div(hρ)(y) > 0 Z ⊂ R t ∈ R>0

t

∫

Y(t,Z)

div(hρ)(y)dy 6

t∫

0

∫

Y(s,Z)

div(hρ)(y)dyds

6

∫

Y(t,Z)

ρ(y)dy−

∫

Z

ρ(y)dy.

∀t ∈ R>0,

∫

Y(t,Z)

div(hρ)(y)dy 6 0.

∀t ∈ R>0,

∫

Y(t,Z)

div(hρ)(y)dy = 0.

t ∈ R>0 Y(t,Z)



Y Z

. . y ∈ R,
t→∞

Uℓ(Y(t, y)) 6 M̂ℓ.

�

n = m = 1

∀y ∈ R, divh(y) 6= 0, h(y) 6= 0,

R Ω
6M̂ℓ

(Uℓ) �

y ∈ R divh(y) 6= 0
h(y) 6= 0 ρ

�

C ⊂ R2 C

T <∞ (x, z) ∈ C (X(nT, x, z), Z(nT, x, z)) =

(x, z) ∀n ∈ Z

Uℓ ∈ (C0∩P)(Rn+m,R>0)

Ug ∈ (C0 ∩ P)(Rn+m,R>0)

Uℓ(x, z) 6 M̂ℓ ⇒ {V(x),W(z)} 6 {Mℓ,Nℓ},

Ug(x, z) > M̃g ⇒ {V(x),W(z)} > {Mg, Ng}.

{Mℓ, Nℓ} < {Mg, Ng} Ω6M̂ℓ
(Uℓ) ( Ω6M̃g

(Ug)

R = cl

{

Ω
6M̃g

(Ug) \Ω6M̂ℓ
(Uℓ)

}

6= ∅.



U∞ ∈ (C0∩P)(Rn+m,R>0)

Rn+m \ {0} h̃ ∈ C1(R2,R2)

supp(U∞) supp(h̃) supp(U∞) ⊃ R

supp(h̃) ⊃ R y ∈ R U∞(y) = Ug(y)

h̃(y) = h(y)

Ω=Mg
(U∞)

U∞ Ω=Mg
(U∞)

S∞ ⊂ Ω=Mg
(U∞) Ug

p∞ : [a∞, b∞] ⊂
R → Ω=Mg

(U∞) s ∈
[a∞, b∞] p∞(s) /∈ S∞ dp∞(s) ds ∇U∞(p∞(s))

∫∫

Ω6Mg (U∞)

div h̃(y)dy =

∮

Ω=Mg (U∞)

h̃(y) · n∞(y)dy,

n∞ Ω6Mg
(U∞) y ∈

Ω=Mg
(U∞)

y ∈ Ω=Mg(U∞)

gradUg(y)

n∞(y) =






gradU∞(y)

| gradU∞(y)|
, gradU∞(y) ,

0, .

Eg ∈ (C0 ∩ P)(Rn+m,R>0)

∀y ∈ Ω=Mg
(U∞), D+

h̃
U∞(y) 6 −Eg(y) < 0.

p∞

. . s ∈ [a∞, b∞],
D+

h̃
U∞(p∞(s))

| gradU∞(p∞(s))|
= h̃(p∞(s)) · n∞(p∞(s)) < 0.

Ω=Mg
(U∞)

∫∫

Ω6Mg (Ug)

divh(y)dy =

∫

[a∞,b∞]

h(p∞(s)) · n∞(p∞(s))ds < 0,

y ∈ K U∞(y) = Ug(y) h̃(y) = h(y)

pℓ : [aℓ, bℓ] → Ω=Mℓ
(Uℓ)



Ω=Mℓ
(Uℓ) nℓ

∫∫

Ω
6M̂ℓ

(Uℓ)

divh(y)dy =

∫

[aℓ,bℓ]

h(pℓ(s)) · nℓ(pℓ(s))ds < 0

C ∈ R2

C p : [a, b] → C n

R

∫∫

DC

divh(y)dy =

∫

[a,b]

h(p(s)) · n(p(s))ds = 0,

DC C

∫∫

Ω6Mg (Ug)\DC

divh(y)dy =

∫∫

Ω6Mg (Ug)

divh(y)dy−

∫∫

DC

divh(y)dy

=

∫∫

Ω6Mg (Ug)

divh(y)dy,

∫∫

Ω6Mg (Ug)\DC

divh(y)dy < 0.

∫∫

DC\Ω
6M̂ℓ

(Uℓ)

divh(y)dy =

∫∫

DC

divh(y)dy−

∫∫

Ω
6M̂ℓ

(Uℓ)

divh(y)dy

= −

∫∫

Ω
6M̂ℓ

(Uℓ)

divh(y)dy,

∫∫

DC\Ω
6M̂ℓ

(Uℓ)

divh(y)dy > 0.

C divh

R divh ȳ ∈ R divh(ȳ) =

0

C R

ω

R

ω R R



Ω6Mℓ
(Uℓ) �

n = m = 1

R

∀y ∈ R, divh(y) 6= 0, h(y) 6= 0,

R Ω
6M̂ℓ

(Uℓ) �

(x, z) ∈ Rn × Rm V(x) > Γ(W(z))

z ∈ Ω<0.6(W)

Γ(W(z)) = ρ−1x

(
W(z)

0.95

)
.

V(x) > ρ−1x

(
W(z)

0.95

)
.

ρ−1x [0, 0.6)

ρx(V(x)) >
W(z)

0.95
.

D+
f V(x, z) 6 −λx(x)

z ∈ Ω>0.6(W)

Γ

W z∗ ∈ R>0 s∗ = W(z∗)

Γ∗(W(z∗)) < Γ(W(z∗))

z∗ ∈ (R>0 ∩Ω<0.6(W))

Γ(W(z∗)) = ρ−1x

(
W(z∗)

0.95

)
.

ρ−1x [0, 0.6)

ρx(Γ
∗(W(z∗)))0.95 < W(z∗) V

x∗ ∈ R>0 ρx(Γ
∗(W(z∗)))0.95 6 ρx(V(x∗)) < W(z∗)

(x∗, z∗) ∈ R>0 × R>0 V

D+
f V(x

∗, z∗) = −ρx(V(x
∗)) +W(z∗) > 0.

z∗ ∈ Ω>0.6(W)

(x∗, z∗) ∈ R>0 × R>0 D+
f V(x

∗, z∗) > 0

�



(0.65, 2.5) (0.65, 1)

[1, 2.5)

s ∈ (0.65, 1) ∆

0.6 < ∆(s) < 0.7 ∀s ∈ (0.6, 0.7) Γ(s)

∀s ∈ (0.65, 0.7) 2.2 < ρ−1x (s) < 2.3 ∀s ∈ (0.65, 1)

s 6 Γ ◦ ∆(s) [1, 2.5)

�

ω

ω

k > 0 p > 0

h ∈ Ck(Rn,Rp) K ⊂ Rn y ∈ K

h(y) 6= 0 h̃ ∈ Ck(Rn,Rp) supp(h̃) ⊃ K

supp(h̃) y ∈ K h̃(y) = h(y) �

K y ∈ K h(y) 6= 0

ε > 0 y ∈ B6ε(K) h(y) 6= 0
y ∈ Rn

η(y) =






c

(
−1

1− |y|2

)
, |y| < 1,

0, ,



c

∫

Rn

η(y)dy = 1.

η ∈ C∞(Rn,R>0) supp(η) = B61(0)

δ > 0 y ∈ Rn

ηδ(y) =
1

δn
η
(y
δ

)
.

ηδ ∈ C∞(Rn,R>0) supp(ηδ) = B6δ(0)

∫

Rn

ηδ(y)dy = 1.

χ(y) =






1, y ∈ B
6
ε
2
(K),

0,

χ

ηε/2

χ(y) =

∫

Rn

χ(y− x)η ε
2
(x)dx.

χ(y) =






∫

Rn

η ε
2
(x)dx, y− x ∈ B

6
ε
2
(K) |x| <

ε

2
,

0, y− x /∈ B
>
ε
2
(K) |x| >

ε

2
.

χ ∈ C∞(Rn, [0, 1])

y ∈ K χ(y) = 1

y ∈ B>ε(K) χ(y) = 0

supp(χ) = B6ε(K)

y ∈ Rn h̃(y) = χ(y)h(y) h̃ ∈
Ck(Rn,Rp)

y ∈ K h̃(y) = h(y)

y ∈ B>ε(K) h̃(y) = 0

K ⊂ supp

(
h̃
)

supp

(
h̃
)

y ∈ supp

(
h̃
)
h̃ 6= 0 �



Γ : R>0 → R

s 7→
∞∫

0

ts−1e−t dt

◦

E ⊂ Rn E

diam : E× E → R>0

(x, y) 7→ {|x− y|}.

0 6 n <∞ 0 < δ 6 ∞

H
n
δ (E) =






∑

j∈N

diam(Ej)
n : E ⊂

⋃

j∈N

Ej, diam(Ej) < δ,Ej ⊂ Rn





.

n E

H̃
n(E) =

δ→0
H

n
δ (E) =

δ>0

H
n
δ (E).

n E

H
n(E) =

α(s)

2n
H̃

n(E),

α(n) =
Γ
(
n
2

)

Γ
(
n
2
+ 1
) . ◦

n

E ⊂ Rn n

E

Rn n

µ = H n H n(E) < ∞ H n−1(E) = ∞ H n+1(E) =

0 ◦

E ⊂ Rn

ext∗(E) =

{

x ∈ Rn :
r→0

µ (E ∩ B6r(x))

µ (B6r(x))
= 0

}

;



int∗(E) = ext∗(Rn \ E)

cl∗{E} = Rn \ ext∗(E)

∂∗E = cl∗{E} \ int∗(E) ◦

int∗(E) ⊂ cl∗{E}, int∗(Rn \ E) = ext∗(E),

∂∗E = cl∗(E) ∩ cl∗{Rn \ E} = ∂∗(Rn \ E) = Rn \ (int∗(E) ∪ ext∗(E)).

int(E) ⊂ int∗(E), cl∗{E} ⊂ cl{E}, ∂∗E ⊂ ∂E.

∂∗E = ∂E ⇔ int(E) = int∗(E) cl∗{E} = cl{E},

int∗(E) ⊂
{

x ∈ Rn :
r→0

µ (E ∩ B6r(x))

µ (B6r(x))
= 1

}

E

C

x1, x2, x5 /∈ C

C x2 x5

x4

x1

x2

x5

x3

B=r(xi) i =

1, . . . , 5

x1, x2, x3 /∈ int∗(C) x4, x5 ∈ int∗(C)

x1 ∈ ∂∗C x2, x3 ∈ ext∗(C) C

x2 x2 ∈ ∂∗C ⋄

E ⊂ Rn

P(E) = H
n−1(∂∗E).

µ(E) + P(E) <∞ ◦

k > 0



V ∈ Ck(R2,R>0) supp(V)

c ∈ R>0

Ω=c(V) H 1 (Ω=c(V)) <∞Ω=c(V) H 1

C1

H 1 x ∈ Ω=c(V) V x

C Ω=c(V)

p : [a, b] → C

t ∈ [a, b]

dp

dt
(t) = τ(p(t)),

x ∈ C τ(x) C �

Ω=c(V)

R2 ∂Ω=c(V) = cl{Ω=c(V)} = Ω=c(V)

∂∗Ω=c(V) ⊂ cl{Ω=c(V)} Ω6c(V)

∫

Ω=c(V)

dH 1 <∞,

R1

x ∈ ∂∗E

nE(x) Rn

H±(E, x) = {y ∈ Rn : ±nE(x) · (y− x) > 0}.

nE E ⊂ Rn

x ∈ ∂∗E

r→0

µ (B6r(x) ∩H+(E, x) ∩ E)

µ (B6r(x))
= 0,

r→0

µ (B6r(x) ∩ (H−(E, x) \ E))

µ (B6r(x))
= 0

◦



x3

E

x1

x2

nE(x1)

nE(x2)

x3

x3

H 1 x ∈ Ω=c(V)

gradV(x)

n : Ω=c(V) → R2

x 7→






gradV(x)

| gradV(x)|
, gradV(x)

0,

H 1 Ω6c(V)

n

k > 0

f ∈ Ck(R2,R2) supp(f)

∫∫

Ω6c(V)

div f(x)dx =

∮

[a,b]

f(p(s)) · n(p(s))ds

R2 R

p : [a, b] → Ω=c(V) Ω=c(V) �

R
n

C ⊂ R2

DC

C f = (f1, f2) : R
2 → R2 f1 : R

2 → R f2 : R
2 →

R DC f



∮

C

(f1(x1, x2)dx1 + f2(x1, x2)dx2) =

∫∫

DC

(
∂f2

∂x1
−
∂f1

∂x2

)
dx1dx2,

C �

C

DC x

y [a, b] [e, f]

A,B ∈ C E, F ∈ C a b

e f x C

AEB AFB C

[a, b] [e, f]

x2

x1

C

DC

a b

e

f

A B

E

F

C

AEB AFB

η1 : [a, b] → R2

η2 : [a, b] → R2

f1 x2 DC

∫∫

DC

∂f1

∂x2
(x1, x2)dx1dx2 =

b∫

a

η2(x1)∫

η1(x1)

∂f1

∂x2
(x1, x2)dx2dx1

C

∫∫

DC

∂f1

∂x2
(x1, x2)dx1dx2 =

b∫

a

(f1(x1, η2(x1)) − f1(x1, η1(x1)))dx1

= −

b∫

a

f1(x1, η1(x1))dx1 −

a∫

b

f1(x1, η2(x1))dx1

= −

∮

C

f1(x1, x2)dx1.

f2

x1 DC

∫∫

DC

∂f2

∂x1
(x1, x2)dx1dx2 =

∮

C

f2(x1, x2)dx2.

�



Ω=c(V) C1

V H 1 Ω=c(V)

H 1

Ω=c(V) H 1(Ω=c(V)) <∞

p : [a, b] → Ω=c(V)

f̃ = (−f2, f1) f =

(f1, f2) f = (f1, f2) ∈ C1(R2,R2) f̃ ∈ C1(R2,R2)

∮

Ω=c(V)

(−f2(x1, x2)dx1 + f1(x1, x2)dx2) =

∮

Ω=c(V)

(−f2(x1, x2), f1(x1, x2)) · (dx1, dx2)

x̄ = (x̄1, x̄2) ∈ C s̄ ∈ [a, b]

p(s̄) = (x̄1, x̄2) p ′(s̄)

C x̄ T(s̄) = p ′(s̄) |p ′(s̄)| = (τ(s̄), σ(s̄))

x̄ N(s̄) = n(p(s)) = (σ(s̄),−τ(s̄))

s ∈ [a, b] 
dx1
dx2


 = T(s)ds =


τ(s)
σ(s)


 ds.



∮

Ω=c(V)

(−f2(x1, x2)dx1 + f1(x1, x2)dx2) =

∮

[a,b]

(−f2(p(s)), f1(p(s))) · (τ(s), σ(s))ds

=

∮

[a,b]

(f1(p(s)), f2(p(s))) · (σ(s),−τ(s))ds

=

∮

[a,b]

(f1(p(s)), f2(p(s))) · n(p(s))ds

∫∫

Ω6c(V)

(
∂f1

∂x1
(x1, x2) +

∂f2

∂x2
(x1, x2)

)
dx1dx2 =

∮

[a,b]

(f1(p(s)), f2(p(s))) · n(p(s))ds.

k > 1 p > 1

ρ ∈ (Ck ∩ Lp)(Rn+m,R>0) Y(t, y)

y ∈ Rn+m t ∈ R>0

Z Y(·,Z) = {Y(·, z) : z ∈ Z}

∫

Y(t,Z)

ρ(y)dy−

∫

Z

ρ(y)dy =

t∫

0

∫

Y(τ,Z)

div(ρh)(y)dydτ.

�

k > 1 p > 1

ρ ∈ (Ck ∩ Lp)(Rn,R>0)

∫

B>1(0)

(hρ)(y)

|y|
dy <∞

. . y ∈ Rn+m, div(hρ)(y) > 0.

y ∈ Rn+m

t→∞

|Y(t, y)| = 0.

ρ

�





ω

ẋ1 = f1(x1, u1)



f1 ∈ C1(Rn+m,Rn)

A1 ⊂ Rn

A1

u = 0
u ≡ 0 u ≡ 0

γ1 ∈ K u1 ∈ Rm

ℵ1(u1) ⊂ Rn µ1(ℵ1(u1)) = 0

∀x1 ∈ Rn \ ℵ1(u1),
t→∞

|X1(t, x1, u1)|A 6 γ1(||u1||∞). ◦

A1 = {0}

ℵ1 : Rm → 2R
n

µ(ℵ1(u1)) = 0 u1 ∈ Rm

∀u1 ∈ Rm, ∀x1 ∈ Rn \ ℵ1(u1),
t→∞

|X1(t, x1, u1)| 6 γ1

(

t→∞

|u1(t)|

)
.

�



f : Rn → Rn f∞ : Rn → Rn

ẋ = f∞(x),

Rn C∞

ẋ = f(x). �



σ S Rn

σ

∅ Rn ∈ S(Rn)



A ∈ S(Rn) Rn \A ∈ S(Rn)

{Ai : i ∈ N} ⊂ S(Rn)

⋃

i∈N

Ai ∈ S(Rn)
⋂

i∈N

Ai ∈ S(Rn).

(Rn,S(Rn)) A ∈ S(Rn)

◦

T(Rn) Rn

σ B(Rn) Rn σ

B(Rn) = S(T(Rn)) B(Rn)

◦

(Rn,S(Rn))

mes : S(Rn) → R>0

mes(∅) = 0

mes

mes

(⋃

i∈N

Ai

)
=

∑

i∈N

mes(Ai),

{Ai}i∈N ⊂ S(Rn)

(Rn,S(Rn), mes) ◦

[a, b] ℓ([a, b]) = b − a R ⊂ Rn

R =
n×
i=1

[ai, bi].

R = int(R) R1 R2

int(R1) ∩ int(R2) = ∅ n

Rn R

R

vol(R) =

n∏

i=1

ℓ([ai, bi])

0 ·∞ = 0 ◦

(Rn,S(Rn))

E ⊂ Rn

µ∗(E) =

{
∑

i∈N

vol(Ri) : E ⊂
⋃

i∈N

Ri,Ri ∈ R

}

,



E

µ∗ : 2R
n → R>0

E 7→ µ∗(E),

2R
n

Rn

◦

1 µ∗(∅) = 0

2 E ⊂ S(Rn) µ∗(E) 6 µ∗(S(Rn))

3 {Ei ⊂ Rn : i ∈ N} Rn

µ∗
(
n⋃

i=1

Ei

)
6

m∑

i=1

µ∗(Ei).

�

E ⊂ Rn

A ⊂ Rn

µ∗(A) = µ∗(A ∩ E) + µ∗(A \ E).

L(Rn) σ

µ∗

µ = µ∗|L(Rn) µ : L(Rn) → [0,∞] ◦

�

�

(Rn,S(Rn)) (Rm,S(Rm))

f : Rn → Rm f−1(B) ∈ S(Rn)

B ∈ S(Rm) ◦

E ⊂ Rn



χE : Rn → R

y 7→






1, y ∈ E,

0, y /∈ E.

φ : Rn → R (Rn,S(Rn))

φ(y) =

N∑

i=1

ciχEi
(y),

i = 1, . . . ,N ci ∈ R Ei ∈ S(Rn)

i = 1, . . . ,N ci ∈ R>0

◦

(Rn,S, µ) φ : Rn →
R>0 φ µ

∫

φdµ =

N∑

i=1

ciµ(Ei).

ci = 0 µ(Ei) = ∞ 0 ·∞ = 0 ◦

(Rn,S, µ) h : Rn →
R>0

∫

hdµ =

{∫

φdµ : 0 6 φ 6 h,φ

}

. ◦

φ

f : Rn → Rm

{φi}i∈N

φi : R
n → Rm φi → fS ⊂ R

n {fn}n∈N

S {fn}n∈N

f ∃x̄ ∈ S

∀ε > 0 ∃N(x̄, ε) > 0

∀n >N(x̄, ε), |fn(x̄) − f(x̄)| < ε.

Rm

∫

||f− φn||dµ→ 0, n→ ∞.

◦

(Rn,S(Rn), µ) p ∈ [1,∞)

h : Rn → R p p

Rn K ⊂ Rn p ∈ [1,∞)

∫

K

|h(y)|p dµ <∞.

p h Rn L
p
(Rn,R)



p = ∞

ess sup
y∈K

|h(y)| <∞,

ess sup
y∈K

h(y) = {a ∈ R : µ{y ∈ K : h(y) > a} = 0}.

∞ h Rn

L∞ (Rn,R)

h Rn |h|∞ := ess sup{|h(y)| : y ∈ Rn} ◦

Y ⊂ Rn

h : Y → Rn

∀ȳ ∈ Y , ∀ǫ > 0, ∃δ(ȳ, ǫ) > 0 : ∀y ∈ Y , |y−ȳ| < δ(ȳ, ǫ) ⇒ |h(y)−h(ȳ)| < ǫ.

k h : Y → Rn

Ck(Y ,Rm) h

∀ǫ > 0, ∃δ(ǫ) > 0 : ∀y1 ∈ Y , ∀y2 ∈ Y , |y2−y2| < δ(ǫ) ⇒ |h(y1)−h(y2)| < ǫ.

◦

h ∈ C0(Rn,Rm)

K ⊂ Rn

M > 0 y1 y2 ∈ K

|h(y1) − h(y2)| 6M|y1 − y2|.

◦

[a, b] ⊂ R

h : [a, b] → Rn

g ∈ L1([a, b],Rn) t ∈ [a, b]

h(t) = h(a) +

∫t

a

g(s)ds ◦

h : Rn →
Rm x ∈ Rn

O ⊂ Rn h O ◦

f ∈ C0(Rn,Rm) f �



M : Rn ⇒

Rm x ∈ Rn

{xi}i∈N ⊂ Rn x ∈ Rn

{yi}i∈N ⊂M({xi}i∈N) y ∈M(x) yi → y

x ∈ Rn S ⊂ Rn M : Rn ⇒ Rm

S Rn ⇒ Rm M(x) x ∈ S

∅ x /∈ S x ∈ S ◦

k > 0 h ∈ Ck(Rn ×
Rm,Rn) u ∈ L∞ (R,Rm)






ẏ(t) = h(y(t), u(t)),

y(t0) = y0,

t ∈ R y(t) ∈ Rn u

t ∈
R u ∈ L∞ (R,Rm)

y(t) = y0 +

t∫

t0

h(y(s), u(s))ds.

y0 ∈ Rn I ⊂ R t0 ∈ I

u ∈ L∞ (R,Rm) Y : I × {y0} × {u} → Rn

y0 u

Y(t0) = y0

I ∋ t 7→ Y(t, y0, u) ∈ Rn

t ∈ I

dY

dt
(t, y, u) = h(Y(t, y, u)).



y0 u

Sh(y0, u) I

dom(Y) u ≡ 0 Y(t, y0)

Sh(y0) ◦

Y Ȳ

Ȳ Y dom(Y) ( dom(Ȳ)

t ∈ dom(Y) Y(t, y0, u) = Ȳ(t, y0, u) t ∈ dom(Ȳ)

dȲ

dt
(t, y0, u) = h(Ȳ(t, y0, u)).

Y

dom(Y) dom(Y) = ∞

◦

k > 0 u ∈
L∞ (R,Rm) h ∈ Ck(Rn × Rm,Rn) y0 ∈ Rn

Y

Y

Y(t, y0, u) ∞ t→ ∂dom(Y) �

u ∈ L∞ (R,Rm) h ∈
C0(Rn × Rm,Rn) y

u y0 ∈ Rn

Y �

k > 1 u ∈
L∞ (R,Rm) h ∈ Ck(Rn × Rm,Rn) y0 ∈ Rn

Y Ck(dom(Y) × {y0} × {u},Rn)

Rn ∋ y0 7→ Y(·, y0, u) ∈ Rn Ck �

k > 0 φ ∈ Ck(Rn,Rm)

u






dy

dt
(t) = h(y(t), φ(y(t))),

y(t0) = y0.
φ

h(y(·), φ(y(·)))
h(y(·)) φ



ω y∞ ∈ Rn

ω Y {ti}i∈N ⊂ dom(Y) ti ր ∞

Y ∈ Sh(y0) Y(tn, y0) → y∞ ω

Y ω ω(y0)

M ⊂ Rn φ

y0 ∈ M Y ∈ Sh(y0) Y(t, y0) ∈ M

t > t0 ◦

Ȳ φ

ȳ ∈ Rn ȳ

φ t ∈ dom(Y) h(Ȳ(t, ȳ)) = 0 ◦

φ Y

ȳ

t ∈ R c(t) = y(t) − ȳ

t ∈ R ċ(t) = ẏ(t) ċ

ẏ

A ⊂ Rn

φ

φ ǫ > 0 δ(ǫ) > 0

y0 ∈ Rn Y ∈ Sh(y0)

|y0|A 6 δ(ǫ) ⇒ |Y(t, y0)|A 6 ǫ, ∀t > t0;

φ

φ δ0 > 0

y0 ∈ Rn Y ∈ Sh(y0)

|y0|A 6 δ0 ⇒
t→∞

|Y(t, y0)|A = 0.

φ

δ0 ◦








ẋ =
x2(y− x) + y5

(x2 + y2)(1+ (x2 + y2))2

ẏ =
y2(y− 2x)

(x2 + y2)(1+ (x2 + y2))2
.

⋄

-1 -0.5 0 0.5 1 1.5 2
0

0.5

1

1.5

2

x

y

k > 0

α ∈ Ck([0, a),R>0)

s1, s2 ∈ [0, a) s1 < s2 α(s1) < α(s2)

V ∈ Ck(Rn,R>0) p > 1

S ⊂ Rn r > 0

y ∈ B6r(S) \ {S} V(y) > 0 V(y) = 0

y ∈ S P (Rn,R>0)

r

S = {0} P(Rn,R>0)

V ∈ Ck(Rn,R>0) p > 1 |y| →
∞ V(y) → ∞

α ∈ (Ck ∩ P)([0, a),R>0) K([0, a),R>0)

K a

K∞ K

β ∈ Ck(R>0 × R>0,R>0) KL



t ∈ R>0 s 7→ β(s, t) K

s ∈ R>0 t 7→ β(s, t) ∈ R>0

β(s, t) → 0 t→ ∞ ◦

K

KL K∞

s

α(s)

α ∈ P

s

α ∈ K

α(s)

β(s, t)

β(s, ·) ∈ K

β(·, t)
s t s

α ∈ K∞

α(s)

α1 α2 ∈
K α3 α4 ∈ K∞ β ∈ KL

α−1
1 ∈ K [0, α1(a)]

α−1
3 ∈ K∞

α1 ◦ α2 ∈ K

α3 ◦ α4 ∈ K∞

β(s, t) = α1(β(α2(s), t)) ∈ KL

β(s, t) 6 α1(α2(s)e
−t) ∈ KL �

k > 0 V ∈ Ck(Rn,R>0)

r > 0 α, α ∈ K([0, r),R>0)

∀y ∈ B6r(0), α(|y|) 6 V(y) 6 α(|y|).

V α, α ∈ K∞ �

k > 1

V ∈ Ck(Rn,R>0)

α,α ∈ K∞



α,α ∈ K([0, r),R>0) y ∈ Rn y ∈
B6r(0)

α(|y|) 6 V(y) 6 α(|y|).

LhV : Rn → R

y 7→ 〈gradV(y), h(y)〉.

V h −LhV ∈ (Ck−1∩P)(Rn,R>0)

−LhV ∈ (Ck−1 ∩ P )(Rn,R>0) V

φ ◦

−LhV ∈ (Ck−1∩P )(Rn,R>0)

α ∈ K([0, r),R>0) y ∈
B6r(0) LhV(y) 6 −α(|y|)

α α

α (C∞ ∩K)([0, r),R>0)

V ∈ P (Rn,R>0) y ∈ Y LhV(y) 6 0

φ

V ∈ P (Rn,R>0) y ∈ Y LhV(y) 6 0

φ

V ∈ P (Rn,R>0) −LhV ∈ P (Rn,R>0)

φ

V ∈ P(Rn,R>0) −LhV ∈ P(Rn,R>0)

φ �

φ

�






ẏ = −α(y)

y(t0) = y0,

α K([0, a),R>0) 0 6

y0 < a Y [t0,∞)

β ∈ KL(([0, a),R>0) × R>0,R>0 × R>0)

t ∈ [t0,∞) y(t) 6 β(y0, t− t0) �



φ

α ∈ K

c > 0 t0 |y0| 6 c

|Y(t, y0)| 6 α(|y0|), t > t0;

β ∈
KL c > 0 t0

|y0| 6 c

|Y(t, y0)| 6 β(|y0|, t− t0), t > t0;

c �

f : [a, b) →
R t ∈ [a, b)

D+f(t) =
τց0

f(t+ τ) − f(t)

τ
,

D+f(t) =
τց0

f(t+ τ) − f(t)

τ
,

D−f(t) =
τր0

f(t+ τ) − f(t)

τ
,

D−f(t) =
τր0

f(t+ τ) − f(t)

τ
,

n > 0

V : Rn → R

y ∈ R
n

D+
v V(y) =

w→v
τց0

V(y+ τw) −V(y)

τ
.

V

y, v ∈ Rn V : Rn → R

D+
v V(y) =

τց0

V(y+ τv) − V(y)

τ

V v y

v

gradD V(y) = {ξ ∈ Rn : D+,vV(y) > ξ · v, ∀v ∈ Rn}

V ξ

◦



V ∈ C0(Rn,R)

y ∈ Rn D+
v V(y) V C1

y ∈ Rn

D+
v V(y) = gradV(y) · v.

V

τ > 0 K ⊂ Rn L > 0

y, v ∈ K y+ τv ∈ K

D+
v V(y) 6

τց0

|V(y+ τv) − V(y)|

τ
6

τց0

L|τv|

τ
6 L|v|.

V ∈ C1(Rn,Rn) y, v ∈ Rn

τ > 0 V(y+ τv) =

V(y) + gradV(y) · τv+ ϑ(y, v, τ) y ∈ Rn

D+
v V(y) =

τց0

gradV(y) · τv+ ϑ(y, v, τ)
τ

= gradV(y) · v. ◦

f ∈ C0((a, b),R) f

(a, b) (a, b)

�

φ

φ

Y φ V ∈ C0(Rn,R)

t ∈ dom(Y)

D+V(Y(t, y)) = D+
hV(Y(t, y)). �

y ∈ Rn D+
hV(y) 6 0 V

φ

V ∈ (C0∩P)(Rn,R>0)

α ∈ K∞ y ∈ Rn

D+
f V(y) 6 −α(|y|),

V φ



Y φ

y ∈ Rn V ∈ (C0 ∩ P)(Rn,R>0)

y ∈ Rn D+
hV(y) VD+

hV

t1, t2 ∈ dom(Y) t1 < t2

V(Y(t2, y)) − V(Y(t1, y)) =

t2∫

t1

D+V(Y(s, y))ds

6 −

t2∫

t1

α(|Y(s, y)|)ds

6 −α(|Y(t1, y)|)(t2 − t1)

< 0.

V(Y(t2, y)) < V(Y(t1, y))

W ∈ (C0∩P)(Rn,R>0) D+
hW(y) <

0 y ∈ Rn D+
hW

D+
hW ȳ D+

hW(ȳ) <

0 D+
hW(ȳ) = 0

◦

V : Rn → R

V◦
v(y) =

x→y
τց0

V(x+ τv) − V(x)

τ
,

V◦,v(y) =
x→y
τց0

V(x+ τv) − V(x)

τ
.

v

gradC V(y) = {ξ ∈ Rn : V◦
v(y) > ξ · v, ∀v ∈ Rn}

V y ∈ Rn ◦

gradC V(y) = {ξ ∈ Rn : V◦,v(y) 6 ξ · v 6 V◦
v(y)},

V◦,v(y) = {ξ · v : ξ ∈ gradC V(y)},

V◦
v(y) = {ξ · v : ξ ∈ gradC V(y)}.



V ∈ Ck(Rn,R>0) k > 1 gradC V(y) =

{gradV(y)}

x ∈ Rn V ∈ C0(Rn,R>0) ℵ

Rn ℵV V

gradC V(y) = co

{

i→∞
gradV(yi) : yi → y, yi /∈ ℵ ∪ℵV

}

. �

V : Rn → R

V ∈ (C0∩P)(Rn,R>0)

y ∈ Rn ξ ∈ gradC V(y)

{h(y) · ξ} 6 0,

V φ �

α ∈ K∞ y ∈ Rn ξ ∈ gradC V(y)

{h(y) · ξ} 6 −α(|y|),

V φ

x∈Rn
D+,hV(y) 6 −α(|y|).

◦

τ ∈ R>0

x→y
V(x+ τv) − V(x)

τ
6
V(y+ τv) − V(y)

τ
6

x→y

V(x+ τv) − V(x)

τ
.

V

V◦,v(y) 6 D+,vV(y) 6 D
+
v V(y) 6 V

◦
v(y).

V ∈ C0(Rn,R)

y ∈ Rn

gradD V(y) ⊂ gradC V(y). �








ẏ(t) = h(y(t), u(t)),

y(t0) = y0.

t ∈ R>0 u(t) ∈ Km Km ⊂ Rm

u ∈ L∞ (R,Km)

M ⊂ Rn

∀y0 ∈ M, ∀u ∈ L∞ (R>0,Km), ∀t > 0, Y(t, y0, u) ∈ M.

M

δ ∈ K∞ ε > 0

u ∈ L∞ (R>0,Km) t > 0

|y0|M 6 δ(ε) ⇒ |Y(t, y0, u)| 6 ε;

r, ε > 0 T > 0

u ∈ L∞ (R>0,Km) t > T

|y0| 6 r⇒ |Y(t, y0, u)| 6 ε. ◦



M ⊂ Rn β ∈ KL

y0 ∈ Rn u ∈ L∞ (R,Km) t ∈ R>0

|Y(t, y0, u)|M 6 β(|y0|, t).

�

V ∈ Ck(Rn,R>0)

M ⊂
Rn Rn \M

M α ∈ K∞

y ∈ Rn \M u ∈ L∞ (R,Km)

LhV(y, u) 6 −α (|y|M) . ◦

M ⊂ Rn

M

V

M �

s ∈ [0, r]

φ(s) =
|y|6s

V(y).

V ∈ (Ck ∩ P )(Rn,R>0) φ ∈ (Ck ∩ P )(R>0,R>0)

c̄ > 1 α ∈ K([0, r),R>0)

s ∈ [0, r] c̄φ(s) 6 α(s) y ∈
B6r(0)

V(y) 6 φ(|y|) 6 α(|y|);

s ∈ [0, r]

ψ(s) =
s6|y|6r

V(y).

y ∈ B6r(0) \ {0} V(y) > 0

s ∈ (0, r] ψ(s) > 0 ψ



V ψ ∈ C0(R>0,R>0) c < 1

α ∈ K([0, r),R>0)

s ∈ [0, r] α(s) 6 cψ(s) y ∈ B6r(0)

α(|y|) 6 ψ(|y|) 6 V(y).

V ∈ (Ck ∩P)(Rn,R>0)

r = ∞ V φ(s) → ∞ ψ(s) → ∞

s→ ∞ α α K∞

V(x) → ∞ |x| → ∞ α(|x|) → ∞ V(x) → ∞

|x| → ∞ V α

V α ∈ K∞

c > 0 x ∈
Ω6c(V) |x| 6 α−1(V(x)) 6 α−1(c) Ω6c(V)

Ω6c(V) ⊂ RnΩ6c(V)

[0, c] V
V

Ω6c(V) c ∈ R>0 ρ(c) = {|x| :

x ∈ Ω6c(V)}

V

K∞ x ∈ Rn V(x) |x| 6 {|x| : x ∈
Ω6c(V)} α(|x|) 6 α( {|x| : x ∈ Ω6c(V)}) = α(ρ(c)) = V(x)














