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Introduction (FR)

The qualitative laws of natural phenomena and their quantitative relations under very
simple circumstances, for example the conditions of equilibrium of a heavy parallelepiped
of edges in the ratio 1 : 2 : 3, can of course be pictured in the mind without starting
from a very large finite number of elements. However, as soon as one wants to specify
the quantitative laws for complicated conditions one always must start from differential
equations, that is first imagine a large finite number of points in the manifold, in short
one must think atomistically, and this is not altered by the fact that afterwards we can
increase the number of imagined points and so come arbitrarily close to the continuum
without ever reaching it.

BOLTZMANN, 1897!

Prouver mathématiquement la loi de Fourier pour la conduction de la chaleur reste un probléeme
totalement inachevé. Pour le résoudre, il est nécessaire de comprendre les phénomeénes de transport
sous-jacents qui impliqués au niveau microscopique. L'équation de la chaleur est connue pour
étre un phénomene macroscopique, émergeant apres une remise a I'échelle diffusive, en espace et
en temps. Il existe des modeles microscopiques pour lesquels 'énergie se comporte de maniere
balistique : par exemple, il est bien connu que la conductivité thermique est infinie pour des
systémes linéaires d’oscillateurs de dimension 1. Puisque la loi de Fourier n’est pas vérifiée lorsque
les interactions sont linéaires, la dynamique microscopique doit prendre en compte certaines
non-linéarités. Plus précisément, ces dernieres doivent apporter suffisamment de “ chaoticité ” pour
que le systeme (a 1’échelle macroscopique) soit dans un état d’équilibre local. Cette notion est
sous-entendue avec une remise a 'échelle : dans une région de dimension N~!, & une échelle de
temps tN¢, le systeme devrait étre proche d’un équilibre, paramétré par une certaine température —
cette dernieére s’exprimant comme moyenne locale de ’énergie cinétique. Autrement dit, la validité
des équations hydrodynamiques (telles que I'équation de la chaleur) découlerait des propriétés
suffisamment “mélangeantes” de la dynamique microscopique.

!Lectures on the Principles of Mechanics, as translated in Theoretical Physics and Philosophical Problems, D. Reidel
Publishing Company, Dordrecht, Holland (1974), p. 227-8.
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Du monde microscopique au monde macroscopique

() Equation de la Chaleur pour un Systéme Isolé

On considere un systeme macroscopique isolé, muni d'une température initiale non uniforme
To(x) : par exemple, un fluide ou un solide entouré de parois adiabatiques. A I'instant t > 0, la
température évolue a cause de flux thermiques, et la température interne satisfait '’équation de

conservation :
0T (x,t)

ot
ou D(T) est le coefficient de diffusion. La condition initiale s’écrit : T(x,0) = Ty(x), et les conditions
au bord doivent étre choisies convenablement. L'état stationnaire, atteint au bout d'un temps
infiniment long, est donné par une température uniforme T*. Le flux J(T) := —D(T)VT est la
quantité de chaleur traversant une unité de surface par unité de temps, et T(x, t) est la température
locale. Cette loi expérimentale a été proposée pour la premiere fois par Fourier dans Théorie
analytique de la chaleur (Oeuvre de Fourier, Gauthier-Villars, Paris, 1822). Une telle équation est
supposée valide proche de I'équilibre. La définition du flux d’énergie local J(T)(x, t) et du champ
de température T(x, t) repose sur 'hypothese d’équilibre local.

— V- [D(T)VT]

Placons-nous maintenant a 1’échelle microscopique, et laissons le systeme de N > 1 particules
évoluer et interagir selon les lois de Newton. L'objectif final (mais encore non atteint) consisterait a
prouver que I'énergie empirique du systeme converge dans I’échelle diffusive lorsque N tend vers
+o0 vers la solution de I'’équation de la chaleur précédente. Autrement dit, si le systeme se trouve
dans un état proche de I'équilibre a l'instant initial, il devrait progressivement relaxer vers un état
stationnaire completement décrit par la loi de Fourier.

) Equilibre Thermique Local

Prouver un équilibre local revient a définir une température de maniere locale, pour un volume
macroscopiquement petit, mais microscopiquement grand, en tout point x et a tout instant t.
Plus généralement, les quantités utilisées pour décrire des systemes a ’état d’équilibre local sont
supposées étre des fonctions continues du temps et de I'espace. Pour cela, on doit étre capable
d’extraire un “petit” volume V (d’un point de vue macroscopique) autour d’'un point x, c’est-a-dire
petit comparé aux échelles de longueur L pour lesquelles les quantités macroscopiques typiques
changent de maniere notable. On doit également étre slir qu'un nombre suffisamment “grand” de
particules se trouvent dans V. Enfin, le temps nécessaire pour atteindre I'état d’équilibre local doit
étre petit devant les échelles de temps pour lesquelles les changements macroscopiques ont lieu.
Chaque petite région macroscopique donnée atteint un équilibre, mais plusieurs régions différentes
peuvent étre dans plusieurs états d’équilibre différents, chacun correspondant a une valeur donnée
des parametres.
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(] Modele Microscopique

Au niveau microscopique, on suppose que le systéme physique satisfait les lois de la mécanique
classique, et possede un nombre fini N de degrés de libertés. Les états possibles du systeme
sont représentés par des points w appartement a un espace de dimension 2N : les N premieres
coordonnées {q, } sont les positions des atomes, et les N suivantes {p, } sont les moments. Puisque
'on recherche des modéles qui conservent I'énergie, le point w = (g, ..., qy, P1, ---» Px) S€ Situe sur la
surface d’énergie constante Sy := {Hy(w) = E}, ol Hy est 'Hamiltonien, et E > 0 Iénergie initiale.
Par exemple, dans le cas d’oscillateurs harmoniques, 'Hamiltonien est une forme quadratique, et
les surfaces d’énergie constante sont des ellipsoides de dimension 2N—1.

Plus précisément, la dynamique Hamiltonienne est donnée par les équations de mouvement
suivantes :

dpx(t) _ _aHN (w(t))

dt 0q, pourt>0etxe {1, ---,N}-
da.(t) _ oy (o(t))

dt apx

Rappelons que I'énergie totale du systeme est égale a Hy(w) : on peut alors facilement vérifier que
le point w reste bien sur une surface Sg’ lorsque le temps évolue. On dit que Hy est une quantité
conservée pour le systeme dynamique. La distribution microcanonique est la loi de probabilité
naturelle pour les systéemes conservatifs. Elle est concentrée sur les points w qui possedent une
énergie fixée E, et est égale a la mesure uniforme sur la sphére Sy.

Tous les modéles microscopiques que I'on étudie ici sont construits pour qu'une famille d’états de
Gibbs canoniques soit associée aux lois de conservation du systeme. Si Hy est 'unique quantité
conservée, cette famille s’écrit

1 N
du?(w) = Z—exp(—TleN) Hdpidqi’

N i=1

ou T > 0 et Zy est la constante de normalisation. Si d’autres quantités sont constantes au cours
de I'évolution, les états de Gibbs doivent étre modifiés afin de prendre en compte ces lois de
conservations additionnelles.

(J Ensemble Microcanonique et Ergodicité

Lexistence d’'un état d’équilibre local est fortement reliée a la notion d’ergodicité pour des systemes
de dimension infinie, méme si aucune définition ne fait encore consensus (voir par exemple [79]).
Dans le cas de la dimension finie, un systeme dynamique est ergodique si, de maniere grossiere,
il parvient a atteindre presque tous les états possibles (parmi ceux qui conservent I’énergie) au
bout d’'un temps trés long. Pour les systémes finis, ceci revient a montrer que la distribution
microcanonique est la seule mesure invariante (en temps) pour la dynamique [3]. Si le systéme est
ergodique, la loi microcanonique peut alors étre utilisée pour calculer des valeurs a I'équilibre :
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prenons f une observable macroscopique du systeme, et notons « I'état initial de la dynamique,
pour lequel f (w) peut prendre une valeur loin de sa valeur moyenne a I’équilibre. Lorsque le
temps évolue, on s’attend a ce que cette quantité s’approche puis reste tres proche de la moyenne
temporelle f*. Lergodicité implique que cette valeur d’équilibre est presque toujours égale a {f ...,
la moyenne de f par rapport a la loi microcanonique.

La question de l'ergodicité pour des systémes Hamiltoniens quelconques de dimension finie est
toujours sans réponse (voir par exemple [66,82]). Depuis les travaux de Kolmogorov, Arnold
et Moser dans les années 1960, on ne peut pas s’attendre a ce que des systemes Hamiltoniens
génériques suffisamment réguliers soient ergodiques. Par ailleurs, d'un point de vue mathématique,
la dérivation d’équations hydrodynamiques macroscopiques est basée sur la conservation de la
propriété d’équilibre local a tout instant t > 0. La méthode la plus aboutie pour prouver cette
conservation a été développée par Varadhan et ses co-auteurs [70]. Une condition suffisante (dans
certains modeles) pour appliquer leurs techniques est reliée a une certaine forme d’ergodicité, et se
formule de la maniére suivante :

Les seuls états “réguliers" infinis®, invariants en temps et en espace pour la dynamique,
sont des combinaisons convexes de mesures de Gibbs canoniques (infini-dimensionnelles).

En particulier, on n’a pas réellement besoin d’ergodicité pour le systeme fini-dimensionnel sous-
jacent. Seulement le systeme infini doit étre ergodique au sens ci-dessus. Par conséquent, les
résultats de KAM ne vont pas a I'encontre de la dérivation des limites hydrodynamiques. Néanmoins,
Fritz et al. [40] soulignent que cette condition d’ergodicité est particulierement difficile a obtenir
pour des systemes Hamiltoniens déterministes.

Conductivité Thermique

Donnons a présent un second exemple de problemes de diffusion : on considere un systéme uni-
dimensionnel en contact avec des réservoirs de chaleur a ses extrémités. Les réservoirs imposent
une température constante aux deux points extrémaux : T; et Tz. Lorsque le systeme atteint un
état stationnaire, un courant de chaleur non nul J(T) apparait, donné par la loi de Fourier

J(T) = —k(T)VT,

ou k(T) représente la conductivité thermique. Pour un systeme uni-dimensionnel de longueur N,
la conductivité thermique peut étre définie en fonction du flux moyen stationnaire de chaleur.
Dans [33] il est prouvé que Iétat stationnaire hors équilibre de ce systeme dynamique est unique,
et nous le notons pY. On définit d’abord AT = Ty — Ty la différence de température, puis la
conductivité thermique xy o7 pour le systeme fini de la maniére suivante :

§Jy dul  “courant d’énergie stationnaire”

K = — = - - -,
AT AT/N “gradient de température moyen

2Un état régulier est un état qui posséde une entropie relative finie (par unité de volume) par rapport aux mesures
de Gibbs. En particulier, ceci implique que la mesure conditionnelle de tout volume fini A, étant donnée la configuration
a l'extérieur de A, est absolument continue par rapport a la mesure de Lebesgue.
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Dans le cas ou

k(T):= lim lim «
(T) N-——w AT—0 AT

existe et est fini, la diffusion est normale et on dit que le systéme vérifie la loi de Fourier [22].

La théorie de la réponse linéaire fournit une autre définition de x(T), appelée la formule de Green-
Kubo. Reprenons I'exemple précédent, et supposons que les deux températures aux extrémités
soient égales : T, = Ty = T. Dans ce cas, 'unique mesure invariante du systeme est un vrai état
d’équilibre, noté uy (il n’y a pas de courant de chaleur au travers du systéme). On peut alors voir
P’état stationnaire hors équilibre u comme une perturbation de la mesure d’équilibre Y, lorsque
la différence AT = Ty — T, est petite. On définit f,, comme étant la densité de ,usl\i par rapport a
la mesure u} (voir [16] pour l'existence et la régularité de f,,), et on écrit un développement de
Taylor formel jusqu’a I'ordre 1 :
fis =14+ AT-u+o(AT),

ol u est une fonction a priori non explicite. Formellement, en utilisant le fait que le courant
d’énergie est de moyenne nulle par rapport a ,u¥ , on obtient

f Jy dul = AT- J (Jyu) dul + o(AT).

La conductivité thermique de Green-Kubo est alors définie comme suit

ko(T) = — lim N- | (Jyu) duf.
cx(T) o J( i)
De plus longs calculs montrent que les corrélations courant-courant sont impliqués dans cette
formule. Plus précisément, imaginons que le systeme microscopique est formé d’'une chaine
d’atomes indexée par Z. On note e, '’énergie de la particule x, définie par

2
X

€y i = zmx +V<qx+1 - qx)’

avec m, la masse de 'atome x, pi /(2m, ) énergie cinétique, et V le potentiel d’interaction entre
les atomes. Puisque la dynamique conserve I'énergie totale, il existe des courants microscopiques
d’énergie j, .1 (qui sont des fonctions locales des coordonnées du systeme), tels que

de,
dt

= jxfl,x (t) - jx,x+1 (t)

Le courant s’écrit de maniere explicite

px+1

V(@1 — q)-

Jxx+1 = —
x+1

En suivant par exemple [78], on peut alors écrire
1 +00
o= 0 [ [ 0i0s0) i} e
€70

T2

X
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Dans la formule ci-dessus, deux limites apparaissent, en temps et en espace. Pour prouver leur
existence, on a besoin d’'un bon contréle de la décroissante temporelle des corrélations courant-
courant : cette question est tres difficile, méme pour des systémes dynamiques de dimension
finie. Nous renvoyons le lecteur aux ouvrages [ 16, Chapitres 5-6], [17,55] pour des dérivations
heuristiques de la formule de Green-Kubo.

Des simulations numériques ainsi que certaines considérations analytiques montrent que la con-
ductivité thermique diverge pour des systémes uni-dimensionnels d’oscillateurs qui conservent le
moment total (en plus de I'énergie) [64]. Ces résultats confirment les mesures expérimentales
effectuées sur des nanotubes de carbone [27,80]. Dans le cas d’oscillateurs harmoniques (la plus
simple, et presque unique, classe de systemes pour lesquels des calculs explicites peuvent étre
effectués), le flux d’énergie stationnaire peut étre exprimé, et on montre qu’il ne décroit pas lorsque
la taille N du systeme augmente : cette particularité est due au transport ballistique de I'énergie,
portée par des phonons qui n’interagissent pas [60].

Quelques questions étudiées dans cette these

(J Limites hydrodynamiques

Les limites hydrodynamiques reposent sur des changements d’échelle, a la fois en temps et en
espace, et permettent d’obtenir des équations différentielles partielles non linéaires. Comme déja
évoqué, on aimerait expliquer les relations qui existent entre le monde microscopique et le monde
macroscopique. Puisque ce programme se situe au-dela des techniques mathématiques actuelles,
il a été proposé ces derniéres années d’ajouter a la dynamique déterministe une perturbation
stochastique qui conserve I’énergie. Ces forces stochastiques sont censées apporter des propriétés
ergodiques au systéme, sans modifier le comportement macroscopique typique de I'énergie. En par-
ticulier, les systémes harmoniques purement Hamiltoniens transportent I'énergie indépendamment
de la longueur de la chaine, car ils conservent un nombre infini de quantités. Dans cette thése,
nous nous focaliserons sur le cas harmonique, et nous étudierons 'impact de différents types de
perturbation.

La dérivation des limites hydrodynamiques est basée sur des principes de moyennisation : sur une
grande échelle de temps, la dynamique restreinte a chaque boite mesoscopique (c’est-a-dire grande
d’un point de vue microscopique, mais petite d'un point de vue macroscopique) est proche de
I’équilibre, celui-ci étant paramétrisé par I’énergie propre de la boite. Habituellement, ces énergies
évoluent selon des courants qui sont de moyenne nulle par rapport a toutes les mesures d’équilibre.
Par conséquent, une simple moyennisation de ces courants effectuée a une échelle de temps d’ordre
N ne disperse aucune énergie. Pour cette raison, on se place a I'échelle de temps N2, 14 o1 I'énergie
évolue grace aux fluctuations du courant par rapport a ’équilibre. On établit un théoreme central
limite pour les courants de I'énergie, et la conductivité thermique est donnée par une double
intégrale en temps et en espace des corrélations courant-courant : c’est la formule de Green-Kubo.
Cette conductivité devrait étre bien définie lorsque le systeme a I’équilibre possede suffisamment de
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propriétés mélangeantes.

(J Modeles non-gradients

Lorsque les courants microscopiques de I'énergie j, ,,; peuvent étre écrits comme des gradients
discrets, le comportement diffusif de '’énergie est obtenu relativement facilement. Dans ce cas, le
systeme est dit gradient. Cependant, les modeles physiques naturels, en particulier les systemes
Hamiltoniens, sont non-gradient. Pour ces systemes, la modélisation mathématique est beaucoup
plus ardue.

Les techniques habituelles utilisées dans les modeles gradients remplacent des quantités micro-
scopiques par leurs moyennes temporelles, grace a des propriétés d’ergodicité locale. Cette
procédure n’est cependant pas suffisante pour traiter les modeles non-gradient. Certains d’entre
eux sont plus simples a étudier : il est parfois possible de remplacer le courant de ’énergie par la
somme d’un gradient et d'un terme de fluctuations. Un exemple de ce type de modele sera étudié
au chapitre II : on introduit un systéme Hamiltonien d’oscillateurs couplés, dont la dynamique est
perturbée par un bruit stochastique dégénéré. Ce dernier transforme aléatoirement les vitesses
des oscillateurs en leurs opposés, grace a des processus Poissoniens. L'évolution de ce systeme est
caractérisé macroscopiquement par un systeme parabolique non linéaire couplé pour les deux lois
de conservation du modele : ’énergie, et la longueur totale de la chaine.

Les systemes non-gradient généraux sont plus ardus. Sans entrer dans les détails, la loi de Fourier
doit étre établie a un petit terme fluctuant pres. Un exemple naturel de ce type de modele peut étre
obtenu en ajoutant du désordre au systeme Hamiltonien précédent : dans le chapitre III, on suppose
que les oscillateurs évoluent dans un environnement aléatoire. Puisque la perturbation stochastique
est trés dégénérée, les limites hydrodynamiques demandent beaucoup plus d’effort, et ne sont
encore pas bien comprises. Pour cette raison, nous prouvons uniquement que les fluctuations de
I’énergie a 'équilibre évoluent selon un processus d’Ornstein-Uhlenbeck infini dimensionnel. Nous
concluons le chapitre en expliquant pourquoi les limites hydrodynamiques ne peuvent pas étre
obtenues directement.

Diffusion anormale et fluctuations macroscopiques

Ces dernieres années, des comportements anormaux ont été observés pour les systémes unidimen-
sionnels. On s’attend par exemple a ce que la conductivité thermique diverge pour les systemes
Hamiltoniens déterministes lorsqu’ils sont “unpinned”, et plus génériquement, pour les systémes
dynamiques qui conservent le moment total en plus de I’énergie (voir les articles [31,64]). Une
superdiffusion de I'énergie doit étre observée, plus précisément la conductivité thermique diverge
comme Ky ~ N*, pour un certain a € (0, 1).

Nous nous intéressons toujours a la chaine harmonique d’oscillateurs, sans désordre, et nous
bl bl

3Une chaine d’oscillateurs est appelée “unpinned” lorsque le potentiel de pinning, souvent noté W(q), est nul.
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introduisons une nouvelle perturbation stochastique dégénérée. De la méme facon que dans [18],
nous construisons un modele simplifié qui présente plusieurs similarités avec les chaines standards
(notamment la linéarité des interactions, ainsi que la conservation de I’énergie). Une diffusion
anormale peut étre observée et elle est causée par la conservation d’'une quantité supplémentaire.

Donnons un peu de détails. L'état du systéme est noté (ws,...,wy). La nouvelle perturbation
stochastique que nous considérons est de type échange : les valeurs voisines w, et w, sont
échangées a des temps Poissoniens aléatoires. Cette perturbation a la particularité de conserver ce
qui est appelé le volume de la chaine )] w,, en plus de 'énergie totale D} w?. Bernardin et al. [18]
prouvent que la conductivité thermique donnée par la formule de Green-Kubo est infinie.

Récemment, Bernardin et al. [12] sont allés plus loin et ont montré que le champ de fluctuation de
I'énergie évolue selon un processus d’Ornstein-Uhlenbeck infini dimensionnel et 3/4—fractionnaire,
en utilisant certaines idées introduites dans [46]. Avec C. Bernardin, P Goncalves, M. Jara et M.
Sasada, nous suivons leur approche, en s’inspirant de [5,11], et nous observons deux phénomeénes
distincts a partir d’un seul systéme microscopique.

Plus précisément, nous considérons la chaine simplifiée perturbée par le bruit “flip” d’intensité v, et
le bruit “échange” d’intensité A > 0. Les deux bruits conservent 'énergie > wi , mais seulement le
deuxiéme conserve le volume total Y w,. Si y = 0, le volume est conservé, le transport de I'énergie
est superdiffusif et décrit par un processus de Lévy dirigé par un Laplacien fractionnaire. Si y > 0,
le volume n’est plus conservé, et on peut prouver que le transport de I'énergie devient diffusif.
Notre objectif est d’étudier le cas y — 0, avec A d’ordre 1, et d’obtenir un “crossover” pour le
champ de fluctuations de I’énergie, dans une échelle de temps adaptée entre ces deux différents
régimes. Les résultats détaillés sont expliqués dans le Chapitre IV.

Note pour le lecteur — Les Chapitres II, III et IV peuvent étre lus de maniere indépendante. Les
notations sont rappelées lorsque nécessaires. Le Chapitre I donne une introduction plus détaillée
aux trois problemes proposés dans cette these.
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Introduction (EN)

The qualitative laws of natural phenomena and their quantitative relations under very
simple circumstances, for example the conditions of equilibrium of a heavy parallelepiped
of edges in the ratio 1 : 2 : 3, can of course be pictured in the mind without starting
from a very large finite number of elements. However, as soon as one wants to specify
the quantitative laws for complicated conditions one always must start from differential
equations, that is first imagine a large finite number of points in the manifold, in short
one must think atomistically, and this is not altered by the fact that afterwards we can
increase the number of imagined points and so come arbitrarily close to the continuum
without ever reaching it.

BOLTZMANN, 18974

Deriving the Fourier law for heat conduction is a totally unsolved problem, which assumes a good
understanding of the underlying transport phenomena that are involved at a microscopic level. The
heat equation is known to be a macroscopic phenomenon, emerging after a diffusive rescaling of
space and time. There exist microscopic models for which the energy ballistically disperses: for
instance, it is well-known that the thermal conductivity is infinite in a linear system of interacting
oscillators [60]. Since the Fourier law is not valid for linear interactions, non-linearities in the
microscopic dynamics are needed. Precisely, they should give enough “chaoticity” such that locally
the system (in the macroscopic time scale) is in a state of so-called local equilibrium. This notion
involves a scale parameter N: in a region of linear size N}, at a large time scale N°t (a > 0), the
system is close to the equilibrium given by the temperature equal to the local average of kinetic
energy. In other words, the validity of the hydrodynamic equations (such as the heat equation)
should be due to good mixing properties of the microscopic dynamics.

“Lectures on the Principles of Mechanics, as translated in Theoretical Physics and Philosophical Problems, D. Reidel
Publishing Company, Dordrecht, Holland (1974), p. 227-8.
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From the Microscopic World to the Macroscopic World

(J Heat Equation for an Isolated System

Let us consider an isolated macroscopic system, with an initial non-uniform local temperature
To(x), e.g. a fluid or solid surrounded by adiabatic walls. At t > 0, the local temperature evolves,
due to heat current, and the bulk temperature satisfies the conservation equation:

0T (x,t)
ot

where D(T) is the diffusion coefficient. This equation is to be thought with the initial condition
T(x,0) = Ty(x), and suitable boundary conditions. The stationary state, achieved in the large
time limit, is given by a uniform temperature T*. The flux J(T) := —D(T)VT is the amount
of heat transported through a unit surface per unit time and T(x,t) is the local temperature.
This phenomenological relation was first proposed by Fourier in Théorie analytique de la chaleur
(Oeuvre de Fourier, Gauthier-Villars, Paris, 1822). Such an equation is expected to be valid close
to equilibrium. The very definition of the local energy flux J(T)(x, t) and of the temperature field
T(x, t) relies on the local thermal equilibrium hypothesis.

— V- [D(T)VT]

At the microscopic scale, let a system of N » 1 particles evolve and interact according to Newton
laws. The ultimate (and still unachieved) goal would be to prove that in the large N limit, the
empirical energy converges in the diffusive time scale to the solution of the heat equation above. In
other words, starting with an initial state close to equilibrium, the system should relax towards a
stationary state, described by the Fourier law.

(7 Local Thermal Equilibrium (LTE)

Proving local thermal equilibrium consists in defining a local temperature, for a macroscopically
small but microscopically large volume, at every point x for every time t. The quantities that are
used to describe systems in thermal equilibrium are assumed to be continuous functions of space
and time. One should be able to exhibit a macroscopically small volume V at a macroscopic point
x, namely small compared to the length scales on which typical macroscopic quantities change
noticeably, but large enough so that there are “many” particles in V. In addition, the time needed
to reach LTE should be small compared to the time scales on which macroscopic changes occur.
Eventually, each given small macroscopic region of the system reaches equilibrium, but different
regions may be in different equilibrium states, corresponding to different values of the parameters.

() Microscopic Models

At the microscopic level, we assume that the physical system obeys the classical mechanics’ laws, and
has a finite number N of degrees of freedom. Its possible dynamical states can be viewed as points
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w in a 2N-dimensional space, with N position coordinates {q, } and N momentum coordinates {p, }.
Since we are looking for energy conservative systems, its dynamical state w = (qy, ..., qx, P15, -+ Px)
must lie on the energy surface S} := {Hy(w) = E}, where Hy is the Hamiltonian function and
E > 0 is the initial energy of the system. For example, in the case of a harmonic oscillators, the
Hamiltonian is a quadratic form, and the energy surfaces are (2N—1) — dimensional ellipsoids.

More precisely, the Hamiltonian dynamics is given by the following equations of motions

dp.(t)  dHy (eo(0))

de 8qx fort >0and x € {1; ,N}
da.(t) _ | Hy (e(t))

dt apx

Since the total energy equals Hy(w), then one can easily check that the point w always stays on the
energy surface along the time evolution of this conservative system. We say that Hy, is a conserved
quantity for the dynamical system. The microcanonical distribution is the natural probability law for
conservative systems, as it is concentrated on points w with a definite energy E, i.e. the uniform
measure on the sphere S}

All microscopic models are constructed in such a way that a family of canonical (Gibbs) states is
associated to the conservation laws of the underlying system. If Hy is the only conserved quantity,
they are given by

1 N

N . —1
duy() := ——exp(~T"'Hy) | [ dp.dg,

N i=1
where T > 0 and Zy is the normalization constant. If there are other quantities that remain
constant over the time evolution, the Gibbs states shall be modified to take into account the extra
conservation laws.

(J Microcanonical Ensemble and Ergodicity

The existence of LTE is strongly related to the notion of ergodicity for infinite systems, even if a
consensual definition of that notion is still missing, as explained for example in [79]. Roughly
speaking, in the finite-dimensional case, one wonder whether the system, after a long time evolution,
passes close to almost all the dynamical states compatible with energy conservation. For finite
systems, this is equivalent to prove that the microcanonical distribution is the only time-invariant
law of the dynamics [3]. If the system is ergodic, the microcanonical distribution can then be
used to calculate equilibrium values: suppose that f is some macroscopic observable and that the
system is started at time zero from a dynamical state w, for which f (w) has a value that may be
very far from its equilibrium value. As time evolves, we expect the current value to approach and
stay very close to an equilibrium value, which is equal to the time average f*. Ergodicity tells us
that this equilibrium value is almost always equal to {f )..., the average of f with respect to the
microcanonical law.
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Proving ergodicity for generic finite dimensional Hamiltonian systems is an unsolved problem (see
for instance [66,82]). More precisely, since the work of Kolmogorov, Arnold and Moser in the 60’s,
we cannot expect ergodicity for generic sufficiently regular (and finite dimensional) Hamiltonians.
From a mathematical point of view, the derivation of macroscopic hydrodynamic equations relies
on the fact that the microscopic system stays in LTE for t > 0. The so far strongest method worked
out in the last decade was initiated by Varadhan and his coworkers [70]. A sufficient condition for
their method to work (in some cases) is the following ergodicity type condition:

Every “regular” infinite state®, invariant with respect to both translations in the space and
the dynamics, is a mixture of canonical (infinite dimensional) Gibbs measures.

In particular, ergodicity for finite dimensional systems is not really needed, and only the infinite
system has to be ergodic in the sense above. Thus, KAM results do not really impede the derivation
of hydrodynamic limits. Nevertheless, Fritz et al. [40] remark that such an ergodicity condition is
still very challenging for deterministic Hamiltonian systems.

Thermal Conductivity

As a second example of diffusion problems, let us consider a one-dimensional system in contact
with heat reservoirs at its extremities. The reservoirs specify a time invariant temperature at the
two boundary points: T; and Tz. When the system comes to a stationary state, there is a non-zero
heat current J(T), given by the Fourier law:

J(T) = —x(T)VT,

where «(T) is the thermal conductivity. For a one-dimensional system of length N, the thermal
conductivity can be defined through the stationary flux of energy. In [33] it is shown that the
non-equilibrium stationary state for this dynamical system is unique, and we denote it by u}. We
define AT = Ty — T, as the temperature difference, and the thermal conductivity of the finite
system, denoted by ky A7, as the following

§Jn d,ug B “stationary energy current”

K = = - .
AT AT/N “mean temperature gradient”
Whenever
k(T):= lim lim x
(T) N—o0 AT—0 AT

exists and is finite, then the conductivity is normal and the system is said to satisfy the Fourier
law [22].

The linear response theory gives another formula for «(T), called the Green-Kubo formula. In the
previous example, suppose that the two boundary temperatures are equal: T, = Ty = T. In this

SRegularity means that the state has finite relative entropy (per unit volume) with respect to the Gibbs measure.
This assumption implies, in particular, that the conditional distribution in any finite volume A, given the configuration
outside A, is absolutely continuous with respect to the Lebesgue measure.
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case, the unique invariant measure is a real equilibrium state, denoted by uY (there is no heat
current across the system). One may consider that the non-equilibrium stationary state u is a
small perturbation of the equilibrium measure u} when the difference AT = T — Ty is small. Let
us define f, as the density of ,ug with respect to the measure ,ul}l (see [16] for the existence and
regularity of f,,), and write a formal Taylor expansion up to order 1:

fis =1+ AT -u+ o(AT),

where u is a formal function hardly computable. Formally, since the energy current has zero average
with respect to Y, one gets

J Jy dul = AT- J (Jyu) dul + o(AT).

The Green-Kubo thermal conductivity is defined as

Kok(T) =

N—>0o0

lim N-J(JNu) du?.

Further computations show that this formula involves current-current correlations. Let us consider
that the microscopic system is constituted by a chain of interacting atoms indexed by Z. We denote
by e, the energy of atom x, which reads

2
Dy
€y 1= zmx +V(qurl - qx)’

where m, is the mass of the atom x, then p?/(2m,) states for the kinetic energy, and V is the
potential associated to the interaction between atoms. Since the dynamics conserves the total
energy, there exist energy currents j, ., (local functions of the system coordinates) such that

de,
de

= jxfl,x (t) - jx,x+1 (t) .
Here, the current explicitly writes as

px+1

V/(qurl - qx)

Jex+1 = —
x+1

Following for instance [78], one can rewrite

=552 [ [ 0200 dirf e

)
TXEZO

In the above formula, two formal limits have to be taken, in space and time. For proving its
well-posedness, one needs a good control of time decay of the current-current correlations, a
difficult problem even for finite dimensional dynamical systems. For heuristic derivations of the
Green-Kubo formula, we refer the reader to [16, Chapters 5-6], [17,55].

It is well known, by numerical experiments and certain analytical considerations, that the thermal
conductivity diverges for one-dimensional systems of anharmonic oscillators with a momentum
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conserving dynamics [64]. This is also consistent with some experimental results on the length
dependence of the thermal conductance of carbon nanotubes [27,80]. For a chain of harmonic
oscillators (the simplest and almost unique class of systems for which we can perform explicit
calculations), the stationary energy flux can be computed explicitly and does not decrease when
the size N of the system increases. This is due to the ballistic transport of energy carried by the
non-interacting phonons [60].

Main Issues Addressed in this Thesis

(J Hydrodynamic Limits

Hydrodynamic limits hold when non-linear partial differential equations are obtained through a
limiting procedure that involves scale changes, both in space and time. As already explained, the
challenge is to elucidate the relation between the microscopic world and the macroscopic world.
Since this program is out of the range of current mathematical techniques for purely Hamiltonian
systems, it has been proposed over the past few years to superpose a stochastic energy conserving
perturbation to the underlying deterministic dynamics. The purpose of these stochastic forces is to
give ergodic and chaotic properties to the system, without modifying the macroscopic behavior of
the energy. In particular, purely harmonic Hamiltonian systems have energy transport independent
of the length of the chain, because of their infinitely many conserved quantities. In this thesis, we
focus on the harmonic case, and investigate the effect of different kinds of perturbation.

The proof for hydrodynamic limits is based on averaging principles: at a large time scale the
dynamics of each mesoscopic box, namely microscopically large, but macroscopically small, is close
to the equilibrium dynamics parametrized by its own energy. Usually, these energies evolve through
their currents, which have null averages with respect to all equilibrium measures. Hence, a simple
averaging of these currents (which would occur in a time scale of order N) would not disperse
any energy. We then look at the time scale N*, when the energy evolves due to the fluctuations of
the currents in equilibrium. We establish a central limit theorem for the energy currents, and the
thermal conductivity is given by the Green-Kubo formula. This conductivity should be well-defined
if the system at equilibrium has enough mixing properties.

(] Non-gradient Models

When the microscopic energy current j, ., can be written as a discrete gradient, the diffusive
behavior of the energy is easily guessed. In this case, the system is called gradient. However, the
models that are natural from the physical point of view, in particular the Hamiltonian systems, are
non-gradient. For these systems, the mathematical setting is hard to be rigorously analyzed.

For gradient models, the main strategy consists in replacing microscopic quantities by their ensemble
averages over a long period of time, thanks to local ergodicity. This procedure is not sufficient
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for non-gradient models. Some of them have helpful properties that permit to replace the energy
current with the sum of a gradient plus an explicit fluctuating term. An example of such models
will be investigated in Chapter II: we introduce a Hamiltonian system of coupled oscillators, whose
dynamics is perturbed by a degenerate stochastic noise, which randomly flips the sign of the
velocities. The evolution yields two conservation laws (the energy and the length of the chain),
and the macroscopic behavior is given by a non-linear parabolic system.

General non-gradient models are even more challenging. Roughly speaking, the Fourier law is
established microscopically up to a small fluctuating term. One natural example of these systems
can be obtained by adding some disorder in the previous Hamiltonian model: in Chapter III, we
suppose the harmonic oscillators to evolve in a random environment, in addition to be stochastically
perturbed. Because of the high degeneracy of the noise, the hydrodynamic limits procedure
needs much more effort. For that reason, we only prove a macroscopic behavior that holds at
equilibrium: precisely, we show that energy fluctuations at equilibrium evolve according to an
infinite dimensional Ornstein-Uhlenbeck process. We conclude the chapter by explaining what fails
in the derivation of the hydrodynamic limits.

(J Anomalous Diffusion and Macroscopic Fluctuations

Over the last few years, anomalous behaviors have been observed for one-dimensional systems.
The divergence of the thermal conductivity is expected to hold for a deterministic Hamiltonian
system when unpinned®, and more generically for dynamical systems which preserve momentum
in addition to the energy (see the review papers [31,64]). An energy superdiffusion is expected in
these cases, namely the thermal conductivity diverges as ky ~ N“, for some a € (0, 1).

We still focus on the harmonic chain of oscillators (without disorder), and consider a new degenerate
stochastic noise. Following [18], we construct a simplified model which presents several similarities
with standard chains (e.g. the linearity of interactions, and the conservation of energy). An
anomalous diffusion transport can be observed for this system, because of the conservation of an
extra quantity.

Let us give a few details. The dynamical state is denoted by (w;, ..., wy). The new stochastic
perturbation under investigation is of exchange type, namely nearest neighbour values w, and w,
are exchanged at random Poissonian times. This perturbation conserves the so-called total volume
of the chain ) w,, and the total energy > wi. Bernardin et al. [18] then prove that the thermal
conductivity defined by the Green-Kubo formula is infinite.

Recently, Bernardin et al. [ 12] went further and showed that the energy fluctuation field evolves
according to an infinite dimensional 3/4-fractional Ornstein-Uhlenbeck process, by using some
ideas introduced in [46]. With C. Bernardin, P Goncalves, M. Jara and M. Sasada, we follow their
approach, use some additional ideas from [5,11], and finally observe two distinct phenomena from
one microscopic system.

®A chain of oscillators is called unpinned when the pinning potential, sometimes denoted by W(q), vanishes.
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More precisely, we consider the simplified chain perturbed by the flip noise with intensity y and
the exchange noise with intensity A > 0. The two noises conserve the energy >} w? but only the
latter conserves the total volume ) w,. If y = 0, the volume is conserved, the energy transport is
superdiffusive and described by a Levy process governed by a fractional Laplacian. If y > 0, the
volume is no longer conserved and one can prove that the energy transport is diffusive. Our aim
is to study the case y — 0, with A of order 1, and to obtain a crossover in a suitable time scale
between these two very different regimes for the energy fluctuation field. The result is explained in
more details in Chapter IV.

Note for the reader — Chapters II, III and IV can be read independently of each other. All
notations are recalled when needed. The aim of Chapter I is to give a more detailed introduction to
the three problems under investigation.
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CHAPTER I
Preliminary

The intuitive idea behind the definition of global equilibrium by the Gibbs states is that
inevitably there are small perturbations not taken into account explicitly, which, in course
of time, lead to a maximally mixed state, the (mean) energy being the only conserved
quantity [...]. These perturbations — “a grain of dust in the system” — act as thermalizing
agents.

Roos [73]

1 Fourier Law for a Microscopic Model of Heat Conduction

1.1 Infinite Harmonic Hamiltonian Systems

We start with performing explicit calculations for the class of purely harmonic chains. We briefly
recall how to derive the thermal conductivity for a harmonic crystal in dimension 1 in contact with
two heat reservoirs at different temperatures. Even if it has been known for a long time that the
conductivity of perfect harmonic crystals is infinite, the forthcoming computations provide a good
way to understand the main features of transport energy accross the system: in particular, the latter
is qualitatively very different than the diffusion predicted by Fourier law.

As Lebowitz and Bergmann [8], we can imagine the reservoirs made up of an infinite number of
identical noninteracting components, each of which interacts with the system at most once. It is
assumed that prior to the interaction the components of each reservoir are at equilibrium, with
some fixed temperature. We assume that the regions of the system in direct contact with a given
reservoir are essentially at the “temperature” of that reservoir. We refer the reader to [60, 64] for
more details.

1.1.1 Modelisation

We consider a harmonic crystal containing N particles of unit mass, which can be represented as
a chain of N oscillators. Let w = (py, ..., Px, 15 ---qn) € RN be the point in the phase space of the
system: p, stands for the momentum of the oscillator at site x, and g, denotes its position. The
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dynamics in the bulk of the chain is governed by the Hamiltonian Hy(w). We denote by {-, -} the
Poisson bracket, namely: for A and B two observables of the system,

{A’B}::i{aA 0B 0A 0B }

0y Opy 0Py 04,
We denote by dul(w) the probability law on R*™ which describes the state of the system at time
t. Under idealised assumptions, the collisions effect with the reservoirs may be represented by a
Fokker-Planck term (see [59,61]). We assume the reservoirs to be attached to each extremity of
the chain, one at temperature T, the other one at temperature Tg.

The density u} is assumed to satisfy the Liouville equation

ot 0PN

where « is the “friction constant”. The right hand side of (I.1) represents the effects of collisions
with reservoir components.

ouN 0 oul 0 ouN
. +{ HN}_Ka [Phut +TL(9 +K— PNHT*‘TRaPTt ) I1.1)
D1 N

o . N . . . . N .
Under very general conditions, u, converges to a stationary distribution u as t goes to oo. This
distribution corresponds to an equilibrium if T; = Tz. Otherwise it represents a stationary non-
equilibrium state in which there are heat currents flowing through the system. The harmonic
Hamiltonian (i.e. the total energy of the system) reads for instance

N 2 N 2
px (qx —dx 1)
() 1= D) o4 ),
x=1 x=0

with fixed boundaries, meaning that g, = qy,; = 0. Equation (I.1) rewrites as

ouf _ N A
IZ{ Y ow, [ f“f]+2Di’fawi&wj (.2

where A= (A, ;) and D = (D

) are two (2N, 2N)-matrices that we write in terms of N x N blocks:

i,j
0 —I 0 0
A= (G KR) - (o E)

Here, the tridiagonal matrix G and the two matrices R and E are defined as

25i,j - 5i+1,j - 5i,j+1a ifj=1,..,N—1,
Y260 — Bina ifj =N
R;;:=08;;(0;1+6:xn)
Ei,j = 2TlRl,J‘

In other words, the equations of motion are given for x = 1,...,N by

{ Gy = Px

Pr = (Qxs1 —2Gx +qyq) + 6,1(8L — Kqy) + 6, n(Ep — KQ,)

where &, and &y are independent Wiener processes with zero mean and variance 2xT; and 2xTy
respectively.
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1.1.2 The Stationary State

The Gaussian stationary solution ,usl\i of this equation (corresponding to 8,(151\; /ot = 0) appears to be

of the form ( 1/2)
det (C™ 1 w;wW;
N L z : %]
d,uss(co).—wexp[—i C ]dw,

ij i

where C is the symmetric covariance matrix defined as C; ; := (w0 jd,uys. By replacing the definition
of C into (I.2), one finds that
C=D—AC— CA*

and the asymptotic stationary solutions can be determined from the following equation:
D = AC + CA*.

Once C is known, all the properties of the stationary state (heat flux, kinetic temperature) are
available. The explicit computation is done in [60,64]. When T; = Ty = T, it is easy to see that
dul (w)ocexp[—BHy(w)]dw, with f =T,

From calculations it follows that position-position and velocity-velocity correlations are equal for
all pairs of particles (x, y) such that x+ y is constant. This fact can be explained qualitatively: the
boundary effects exponentially decay with x and y. We recall the explicit results obtained in [60]
and [64] without repeating the proof.

Kinetic temperature — The stationary kinetic temperature T(x) of the atom x is defined as
T(x) := { p? dul and is shown to be given by

T(x) = Lt ;TR (1 + 2M¢(x)>

where & is an explicit function of the form

_ sinh[a(N — x)]

0.
sinh(aN) *=

This unexpectedly implies that the temperature is higher near to the coldest reservoir. Because of
the exponential decay of @, in the bulk the temperature profile is constant as if the system were at
equilibrium at constant temperature.

Heat flux — Let us define the microscopic energy e, of the atom x as

e 1= p_)zc + (qx+1 _qx)2 + (qx - qx—l)2

T2 4 4 '

The stationary energy flux between particle x — 1 and x is then given for x = 2,...,N — 1 by

T Tl
K

1

jx—l,x = 5 J(qx—l - qx)(px—l +px> d‘LLi\; = (1)
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Therefore, j, ; , is independent of the lattice position x in the stationary state, and coincides with
the energy flux j, = —jy coming from the reservoir at the left and going to the reservoir at the
right. If the local thermal equilibrium hypothesis would be valid, then it would imply that

Jpx (qx+1 - qx—1>duuN — 0.

55 N—>o0

This convergence does not hold for this model. Besides, the heat flux is proportional to the
temperature difference rather than to the gradient. This proves that homogeneous harmonic chains
do not exhibit normal transport properties since the bulk conductivity diverges.

1.2 General Introduction to the Results of Chapter II

Chapter II is based on the published article [76] and aims at proving the Fourier law for a Hamil-
tonian system of N coupled harmonic oscillators, when perturbed by an additional conservative
mixing noise. This system is called the velocity-flip model. This procedure has been proposed to
overcome the lack of ergodicity of purely harmonic chains. Olla, Varadhan and Yau [70] introduced
a stochastic pertubation for the first time in the context of gas dynamics, and then [40] follows
this idea in the context of Hamiltonian lattice dynamics. We refer to [4,9,14,15,17,18,37,65] for
more recent related works.

We study the macroscopic behavior of the velocity-flip model as N goes to infinity, after rescaling
space and time with the diffusive scaling. The system is considered under periodic boundary
conditions — more precisely we work on the one-dimensional discrete torus Ty := {0,...,N — 1}.
The configuration space is denoted by Qy := (R x R)TN A typical configuration is given by
@ = (Py, Ty )xer, Where p, stands for the velocity of the oscillator at site x, and r, represents the
distance between oscillator x and oscillator x + 1. The deterministic dynamics is described by the

harmonic Hamiltonian
p2 2
H = -+
n(w) Z { 9 9 }

x€Ty

The stochastic perturbation is added only to the velocities, in such a way that the energy of particles
is still conserved. Nevertheless, the momentum conservation is no longer valid. The added noise
can be easily described: each particle independently waits an exponentially distributed time interval
and then flips the sign of velocity. The strength of the noise is regulated by the parameter y > 0.
The total deformation ) r, and the total energy > ( pi + rf) /2 are the only two conserved quantities.
Therefore, the Gibbs states are parametrized by two potentials, temperature and tension: for > 0
and A € R, the equilibrium Gibbs measures ,ug’ , on the configuration space Q" := (R x R)™ are
given by the product measures

where e, := (p? + r?)/2 is the energy of the particle at site x, and Z(f3,A) is the normalization
constant. The temperature is equal to $~! and the tension is given by A/f.

Diffusion problems for perturbed harmonic chains



1 Fourier Law for a Microscopic Model of Heat Conduction 5

1.3 Hydrodynamic Limits

The goal is to prove that the two empirical profiles associated to the conserved quantities converge
in the thermodynamic limit N — oo to the macroscopic profiles r(t,-) and e(t,-) which satisfy
an autonomous system of coupled parabolic equations. Letr, : T — R and e, : T — R be
respectively the initial macroscopic deformation profile and the initial macroscopic energy profile
defined on the one-dimensional torus T = [0, 1]. We shall show that the functions r(t,q) and e(t,q)
defined on R, x T are solutions of

1 2
0, = =0°r

y @

1 2 qeT, teR, 1.3)
de=—0le+—

with the initial conditions r(0,-) = ry(-) and e(0, ) = e,(+).

The initial probability measure MBI on the space of configurations € is related to the two initial
profiles r, and e, in the following way:

DEFINITION I.1. A sequence {u"}y of probability measures on QN is a local equilibrium associated to
a deformation profile r, : T — R and an energy profile e, : T — (0, +0) if for every continuous
function G : T — R and for every 6 > 0, we have

, i ]
1 X
li N = G| = —JG d 60| =0,
Jim, 1| |5 S0 () re~ [ tamiarta -
3 - -
lim u 12(}(’“) Jc()()d 5|=0
— — - >6|=0.
im g 26§ e ], Sl@ela)da
\ N i

ExampLE 1.1. For any integer N we define the probability measures

exp(—fo(x/N)ex — 2o(x/N)r)
Haomaldnde) = || =gy e 9

where f,(-) and A,(-) are related to e,(-) and r,(-) through thermodynamical identities (see
Equation (I.1)). The sequence { ,ugo (Vo (')}N is a local equilibrium, and it is called the Gibbs local
equilibrium state associated to the macroscopic profiles e, and r,. Both profiles are assumed to be
continuous.

The hydrodynamic limits procedure consists in proving that this property of local equilibrium
remains in force for the probability measure ,uTNZ (which represents the state of the system at time
tN?), and with the two time dependent profiles r(t,-) and e(t, -) solutions of (I.3). We approach
this problem by using the relative entropy method, introduced for the first time by H. T. Yau [83]
for a gradient diffusive Ginzburg-Landau dynamics. Let us recall that a conservative system is called
gradient if the currents corresponding to the conserved quantities are gradients. For non-gradient
models, Varadhan [82] has proposed an effective approach. Funaki et al. followed his ideas in [41]
to extend the relative entropy method to some non-gradient processes and introduced the concept
of local equilibrium state of second order approximation.
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1.4 The Relative Entropy Method

The usual relative entropy method works with two time-dependent probability measures. Let us
denote by ,ug the Gibbs local equilibrium associated to a deformation profile r, and an energy
profile e, (Definition I.1 above). As we work in the diffusive scaling, we look at the state of the
process at time tN2. For the sake of simplicity, we now denote it by u!. .- Let ul et be the Gibbs
local equilibrium associated to the profiles r(t, -) and e(t, -) that are solutions of the system (L.3).

If we denote by fN and ¢}, respectively, the densities of u} and ,uI;I( .).x(,) With respect to a reference
equilibrium measure ,uf = ,ull\{o, we guess that qb?’ is a good approximation of the unknown density
ftN. The existence of these two densities is justified in Section 2.1, Chapter II. We measure the
distance between these two densities by their relative entropy

flw) |
ff log oF(w) du, (w).

Then, the strategy is to prove that

li =0 1.5
im — , 1.5)

and deducing that the hydrodynamic limit holds (for this last step, see [16,49,70]). In the context
of diffusive systems, the relative entropy method can be used if the following conditions are
satisfied.

e First, the dynamics has to be ergodic: the only time and space invariant measures for the
infinite system, with finite local entropy, are given by mixtures of the Gibbs measures in
infinite volume Ug 2 (defined in (I1.4)). From [40], we know that the velocity-flip model is
ergodic in the sense above (see Theorem II.4, Chapter II, for a precise statement).

e Next, we need to establish the so-called fluctuation-dissipation equations in the mathematics
literature. Such equations express the microscopic current of energy (which here is not a
discrete gradient) as the sum of a discrete gradient and a fluctuating term. More precisely, the
microscopic current of energy, denoted by j, ., is defined by the local energy conservation
law

Le, =V 1x

where £ is the generator of the infinite dynamics. The standard approach consists in proving
that there exist local functions f, and h, such that the following decomposition holds

Jx Xx+1 T vfx + ﬁh (16)

Equation (I.6) is called a microscopic fluctuation-dissipation equation. The term Lh,, when
integrated in time, is a martingale. Roughly speaking, Lh, represents rapid fluctuation,
whereas V£, represents dissipation. Gradient models are systems for which h, = 0 with the
previous notations. In general, these equations are not explicit but we are able to compute
them in our model (see (V.9) and (V.10)).
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e Finally, since we observe the system on a diffusive scale and the system is non-gradient,
we need second order approximations. If we want to obtain the entropy estimate (I.5) of
order o(N), we can not work with the measure ,ui’( ()’ but we have to correct the Gibbs
local equilibrium state with a small term. This idea was first introduced in [41] and then
used in [81] for interacting Ornstein-Uhlenbeck processes, and in [56] for the asymmetric
exclusion process in the diffusive scaling. However, as far as we know, it is the first time that
this is applied for a system with several conservation laws.

Recently, Even et al. [37] used the relative entropy method for a stochastically perturbed Hamilto-
nian dynamics which is quite close to the dynamics of this work: the time evolution is governed by
the same Hamiltonian of anharmonic oscillators but the process is perturbed by a different noise:
velocities are exchanged and not flipped. Besides, the boundary conditions are mechanical instead
of periodic. Contrary to this work, the model is studied in the hyperbolic scale, so that the authors
do not need to modify the local equilibrium state.

1.5 Technical Novelties

Up to present, the derivation of hydrodynamic equations for the harmonic oscillators perturbed
by the velocity-flip noise was not rigorously achieved [14], mainly because the control of large
energies has not been considered so far. Indeed, to perform the relative entropy method, we need

to control the moments .
“N > |px!"]du?, 1.7

xeTy

for all k > 1, uniformly in time and with respect to N. In fact, the only first several moments
are necessary to cut-off large energies (as it is explained in Section 2.2, Chapter II) and we need
all the others to obtain the Taylor expansion which appears in the relative entropy method (see
Proposition I1.7 and Lemma V4). Usually, the entropy inequality (II.17) reduces the control of (I.7)
to the estimate of the following equilibrium exponential moments

Jem(5 Ip.[€) dul,

with 6 > 0 small. Unfortunately, in our case these integrals are infinite for any k > 3 and any 6 > 0.

To avoid this problem, we could cut-off large velocities by taking a relativistic kinetic energy (as
done in [70]). Nevertheless, we should change the physics of the problem by modifying the
Liouville operator, and consequently the fluctuation-dissipation equations would not be available
any more. Similar difficulties have already appeared in other models: in [19], Bertini et al. do not
have these precious exponential moments to derive rigorously their results. In another context,
Bonetto et al. [21] study the heat conduction in anharmonic crystals with self-consistent reservoirs,
and need energy bounds to complete their results. Bernardin [9] deals with a harmonic chain
perturbed by a stochastic noise which is different from ours but has the same motivation: energy
is conserved, momentum is not. He derives the hydrodynamic limit for a particular value of the
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intensity of the noise. In this case the hydrodynamic equations are simply given by two decoupled
heat equations. The author highlights that good energy bounds are necessary to extend his work to
other values of the noise intensity. In fact, only the following weak form is proved in his paper:

1
1 — 4 N =
i [Nz XZET P XI du; =0.
We get uniform control of (I.7) (see Theorem II.3, Chapter II), thanks to a remarkable property

of our model: the set of convex combinations of Gaussian measures is preserved by the dynamics.
This is one of the main technical novelties in our work.

2 Thermal Conductivity in Disordered Chains of Oscillators

2.1 Effect of Disorder for the Purely Harmonic Chain

Chapter III is based on the submitted paper [77], and addresses diffusion problems for chains
of oscillators with random defects. The presence of impurities may strongly affect the thermal
conductivity. Thus, without introducing anharmonic potentials (and then non-linearities), we
attempt a further comprehension of the disorder impact on heat conduction.

The disordered (and purely deterministic) harmonic chain of N oscillators was introduced in [26]
and since then has attracted a lot of interest. After the first analyses of [26, 30], Ajanki and
Huveneers [1] study this disordered chain when coupled at the boundaries to Langevin heat baths,
with respective temperatures Ty and T,. They prove that

E [ f Jx dust] ~ (Tg — T )N 3/

in the limit N — oo, where [E states for the expectation with respect to the random environment.
As for the ordered case, the proof relies on an explicit representation of the current in terms of
matrix elements.

The aim of Chapter III is to study the diffusive behavior for the disordered harmonic chain,
but still perturbed by an energy conserving noise. Thanks to the stochastic perturbation, the
conductivity of the one-dimensional chain should become finite and positive. We also expect that
some homogenization effect occurs and that the conductivity does not depend on the statistics of
the disorder in the thermodynamic limit.

2.2 When the Disorder Chain is Perturbed by a Stochastic Noise

The disorder effect has already been investigated for lattice gas dynamics, for example in [38,47,
68,71]. These papers share one main feature: the models are non-gradient due to the presence of
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2 Thermal Conductivity in Disordered Chains of Oscillators 9

the environment. Non-gradient systems are usually solved by establishing a microscopic Fourier
law up to a small fluctuating term, following the sophisticated method initially developed by
Varadhan in [82], and generalized to non-reversible dynamics [51]. The previous works mainly
deal with symmetric systems of particles that evolve according to an exclusion process in random
environment: the particles are attempting jumps to nearest neighbor sites at rates which depend on
both their position and the objective site, and the rates themselves come from a quenched random
field. Different approaches are adopted to tackle this non-gradient system: whereas the standard
Varadhan’s method is helpful only in dimension d > 3 [38], the “long jump” variation developed by
Quastel in [71] is valid in all dimensions.

The study of disordered chains of oscillators perturbed by a conservative noise has appeared more
recently, see by instance [10,13,32]. In these papers, only the behavior of the thermal conductivity
defined by the Green-Kubo formula is investigated. Here, the diffusion coefficient is defined through
fluctuating hydrodynamics.

Our first motivation was to investigate the same chain of harmonic oscillators as in Chapter II,
still perturbed by the velocity-flip noise, but now provided with i.i.d. random masses. This makes
all previous computations pointless: if the system evolves in a random medium, the fluctuation-
dissipation decomposition does not hold microscopically, because the fluctuations induced by
the random environment are too large. As a consequence, such a decomposition can only be
approximated by a sequence of local functions, in the sense that the difference has a small space-
time variance with respect to the dynamics in equilibrium. The main ingredients of the usual
non-gradient method are: first, a spectral gap for the symmetric part of the dynamics, and second, a
sector condition for the total generator.

Our model has special features that enforce the Varadhan’s method to be considered with new
perspectives. In particular, the symmetric part of the generator is poorly ergodic, and does not
have a spectral gap when restricted to microcanonical manifolds. Moreover, due to the degeneracy
of the noise, the asymmetric part of the generator is difficult to control by its symmetric part (in
technical terms, the sector condition does not hold), with the only velocity-flip noise. Besides,
let us remark that the energy current depends on the disorder, and has to be approximated by a
fluctuation-dissipation equation which takes into account the fluctuations of the disorder itself.

2.3 Non-Gradient Approach with Degenerate Perturbations

Because of the high degeneracy of the velocity-flip noise, we add a second stochastic perturbation,
that exchanges velocities (divided by the square root of mass) and positions at random independent
Poissonian times, so that a weak sector condition can be proved (see Proposition II1.15, Chapter
ITI). However, the spectral gap estimate and the usual sector condition still do not hold when
adding the exchange noise, meaning that the stochastic is still very degenerate. The harmonic
chain has helpful properties, in particular the generator of the dynamics preserves the degree of
polynomials, and even a degenerate noise is sufficient to follow Varadhan’s approach. The sector
condition and the non-gradient decomposition are only needed for a specific class of functions.
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The stochastic noise still does not have a spectral gap, but it does make no harm. Contrary to the
standard Varadhan’s approach, we do not need to prove any general result concerning the so-called
closed forms (we refer to [49,75] for the general theory). As far as we know, this is the first time
that the non-gradient method is used successfully without the spectral gap estimate nor the usual
sector condition.

2.4 Macroscopic Energy Fluctuations and Thermal Conductivity

For the non-linear ordered chain investigated in [69], one need a less degenerate noise than ours,
in particular both the spectral gap and the sector condition hold. The authors show that ideas
from Varadhan’s method can be used to prove a diffusive behavior of the energy: its fluctuations in
equilibrium evolve following an infinite Ornstein-Uhlenbeck process. The covariances characterizing
this linearised heat equation are given in terms of the diffusion coefficient, which is defined through
a variational formula.

We show that the diffusion coefficient can be equivalently defined by the Green-Kubo formula.
More precisely, the latter is the space-time variance of the current at equilibrium, which is only
formal in the sense that a double limit (in space and time) has to be taken. As in [10], we prove
here that the limit is well-defined, and that the homogenization effect occurs for the Green-Kubo
formula: for almost every realization of the disorder, the thermal conductivity exists, is independent
of the disorder, is positive and finite.

Finally, let us introduce y > 0 the intensity of the flip noise, and A > 0 the intensity of the exchange
noise. We denote the diffusion coefficient by D(A, y) when obtained through the variational formula
in the Varadhan’s method, and by D(A,y) when defined through the Green-Kubo formula. We
prove that the two conductivities are equal: D(A,y) = D(A,y), when the two intensities A,y are
positive. In addition, in Chapter III we show (Theorem II1.23) that the Green-Kubo formula remains
well-defined when A = 0, namely: D(0,y) exists, is finite and positive. Finally, Theorem III.26
states that D(A,y) tends to D(0,7) as A goes to 0. The existence question for D(0, ), when defining
through hydrodynamics (or even fluctuating hydrodynamics) remains open.

2.5 Description of the Results in Chapter III

Let us now be more precise on the model and the convergence result of Chapter IIl. As before,
we investigate the harmonic Hamiltonian system described by the sequence {p,, 7 },cr,. The only
difference is that each atom x € Z has a mass M, > 0, and then the velocity of atom x is given
by p,/M,. We assume the disorder M := {M, } ., to be a collection of real i.i.d. positive random
variables such that

1
VxeZ, —=<M
C
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for some finite constant C > 0. The equations of motions are given for x € Ty by

dp,

e *
dre _ Pen P
dt B hﬂx+1 lv[x.

The dynamics conserves the total energy

2 2

pX rX
£ = - .
Z{ZMX+2}

x€Ty

To overcome the lack of ergodicity of deterministic chains, we add a stochastic perturbation to
this new dynamics, so that the convergence of the energy fluctuations distribution holds (Theorem
I11.29). The noise can be easily described: at independently distributed random Poissonian times,
the quantity p, //M, and the interdistance r, are exchanged with intensity A, or the momentum
p, is flipped into —p, with intensity y. This noise still conserves the total energy £, and is very
degenerate.

Even if Theorem II1.29 could be proved mutatis mutandis for this stochastically perturbed disordered
harmonic chain, for pedagogical reasons we now focus on a simplified model (as in [18]), which
has exactly the same features and involves less painful computations. From now on, we study the
dynamics on the new configurations {7, } ey, Written as

mxdnx = (nx+1 - T’x*l)dt: (1.8)

where m := {m, },.y_is the new disorder with the same characteristics as before. It is notationally
convenient to change the variable 7, into w, := /m,7,, and the total energy reads

Let us now introduce the corresponding stochastic energy conserving dynamics: the evolution
is described by (I.8) between random exponential times, and at each ring one of the following
interactions can happen:

a. Exchange noise — two nearest neighbour variables w, and w, ; are exchanged;

b. Flip noise — the variable w, at site x is flipped into —w, .

With these two perturbations, the dynamics conserves the total energy only, the other important
conservation laws of the Hamiltonian part being destroyed by the stochastic noises. As a result, the
following family {,ug} p~o Of grand-canonical Gibbs measures is invariant for the process:

B
,uﬁ (dw) H — exp (—Ewi dow,. (1.9)
x€Ty
The index 3 stands for the inverse of the temperature. Notice that ug does not depend on the
disorder, and that the dynamics is not reversible with respect to the measure ugz. We define e; as
the thermodynamical energy associated to 3, namely the expectaction of wg with respect to ug,
and y () = 2372 as the variance of w with respect to ug.
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Energy fluctuations at equilibrium - We consider the system starting with ug and we denote by
[E4 the expectation for the stochastic dynamics starting with this invariant distribution. We prove a
diffusive behavior for the energy: first, define the distributions-valued energy fluctuation field

fx;rl 5X/N{w ) —egf.

It is well-known that )N converges in distribution as N — oo towards a centered Gaussian field ),
which satisfies

E[Y(F)V(G)] = 2(6) f F(y)G(y)dy,

for good test functions F, G. In Chapter III we prove that these energy fluctuations evolve diffusively
in time (Theorem III.29). More precisely, the following distribution-valued process

t f 2 5X/N{co tN —eﬁ}

xeTy

converges in law as N — oo to the solution of the linear Stochastic Partial Differential Equation

(SPDE)
0,y =Dd2Ydt + /2Dy (B)0,B(y, ),

where D := D(A, v) is the diffusion coefficient which has various expressions, and B is the standard
normalized space-time white noise.

Hydrodynamic limits — Finally, we could think of using the entropy method to derive the
hydrodynamic equation. For that purpose, the initial law is not the equilibrium measure ulf\;,
but a local equilibrium measure (Definition 1.1 above). We conjecture that this property of local
equilibrium propagates in time. In other words, let e, : T — R be a bounded function. The goal
would be to show that the empirical energy profile converges in the thermodynamic limit to the
macroscopic profile e(t,-) : T — R solution of

de 0%e

—(, ) Da(tu) t>0,ueT,

e(0,u) = ey(u).

Unfortunately, even if the diffusion coefficient is well-defined through the non-gradient approach,
this does not straightforwardly provide a method to derive the hydrodynamic limits. We conclude
Chapter III by highlighting the step where the usual techniques fail.
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3 From Normal to Super Energy Diffusion in the Evanescent
Flip Noise Limit

3.1 Energy Superdiffusion for One-Dimensional Chains of Oscillators

In Chapter IV, we present the results of a joint work with Cédric Bernardin (Université de Nice),
Patricia Gongalves (PUC, Rio de Janeiro), Milton Jara (IMPA, Rio de Janeiro) and Makiko Sasada
(Keio University, Tokyo).

Anomalous diffusion for one-dimensional systems has attracted a lot of interest over the last few
years. Several features of these models have been investigated. In [4] the thermal conductivity
is proved to be infinite for an unpinned harmonic chain of oscillators perturbed by an energy-
momentum conserving noise. Let us notice that when the stochastic perturbations of harmonic
systems do not conserve momentum, the thermal conductivity is always finite [15,20]. The Green-
Kubo formalism is convenient to derive transport properties from the knowledge of the equilibrium
state, without any reference to heat baths. In this context the analytic results for heat conduction
always involve a calculation of the current-current correlation function.

Recently, in [12] Bernardin et al. study the infinite dynamical system {w, },., on R” which can be
described as the following: the equations of motion are given by

dw, = (W, — w,_;)dt, (1.10)

and, in addition, the nearest neighbours quantities w, and w,_; are exchanged at random Poisso-
nian times. The authors present a general method to prove that under the subdiffusive scale tN*2,
the energy-energy correlation function is given at the large N limit by the solution of the fractional
heat equation with exponent 3/4. This system is very close to the one introduced in Chapter III,
except that masses equal 1 and the flip noise vanishes.

3.2 Energy Fluctuation Field and Fluctuation-Dissipation Equation

Let us define the distribution-valued energy fluctuation field £,y. in the time scale tN¢ (a > 0) as

Ene(F) = == S F(Z) {2 (eNe) — p,
NSNS

where f is a smooth function defined on R. If we add the flip noise of intensity y > 0 to the
previous dynamics, the results of Chapter III show that &,,» converges as N — oo towards an
infinite dimensional Ornstein-Uhlenbeck process solution of a linear SPDE. Actually, we could prove
this convergence without using the non-gradient Varadhan’s approach (that we absolutely need if
random masses are added).

Let us give a rough explanation. Without any disorder, the deterministic dynamics defined by (1.10)
has the same features as the harmonic chain of oscillators investigated in Chapter II. With the
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only flip noise, the diffusive behavior of the energy can be entirely solved thanks to an explicit
fluctuation-dissipation equation of the form (I.6). Since the computation is within easy reach,
hereafter we go into more details.

Deterministic system (I.10) perturbed by the only flip noise — Let us denote by £ the total
generator of the infinite' dynamics {w,(t); t = 0},.;. The generator L is decomposed as the sum
L = A+ S, where A corresponds to the deterministic evolution (I.10) and Stlip represents the
stochastic perturbation. More precisely, ST and A act on local, smooth and bounded functions
f : RZ — R as follows

0
AF () = Y (0001~ 0, 1) (o),
§"f (@) == 5 D {F ()~ F(o)},

where w” is the configuration obtained from «w by changing w, into —w,. The total energy
>, w? is preserved by the evolution, and therefore there exist energy currents j, ., satisfying
L(w?) = jexs1 — Je—1.x- Here, the energy currents read

pe
jx,x+1 = zwxwarl'
A straightforward computation show that
: 2
Jx,x+1 = V(OOX + wx—lwx+1> - 'C(wxwx-i-l):

where V is the discrete gradient. In other words, an exact fluctuation-dissipation relation holds, and
only involves local functions: the situation is exactly similar to the velocity-flip model investigated
in Chapter II.

The additional exchange noise — Following [12, 18] we now add to the dynamics the exchange
noise, described by the generator

S (@) = 5 3 {F (@) ~ £ (@)},

XEZL

where ***!

is obtained from w by exchanging w, and w, ;. The first consequence of this
additional perturbation is the apparition of an extra gradient term in the current, which has no
impact on the existence of the fluctuation-dissipation equation. The second consequence has
a stronger effect: in fact, there is no real hope any more to write such a decomposition with

local functions. However, we are able to obtain non-local explicit functions f and g such that
Jop =V(f)+L(g)

Recently, Basile et al. [5] show that a good control of these functions (w.r.t. suitable norms) is
sufficient to prove the diffusive behavior of the energy fluctuation field. The key point of the

!We report to Chapter IV more details on the existence of the infinite system.
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argument is the so-called Boltzmann-Gibbs principle, which was first introduced by Brox and
Rost [24]. Roughly speaking, this principle states that the space-time fluctuations of any field
associated to an energy conservative model can be written as a linear functional of the energy
field. In our case, the same ideas from [5] can be adapted to prove the convergence of &,y.. This is
explained in more details in Chapter IV.

3.3 Two Regimes in the Evanescent Flip noise

Let us consider that the flip noise (resp. the exchange noise) is given with an intensity y > 0 (resp.
an intensity A > 0). In other words, the total generator writes £ = A + ySTP + 15", We are
interested in the energy transport in the limit y — 0. For that purpose, we assume that there exist

two parameters c, b > 0 such that
c

= ﬁ_
If ¢ = 0 (or equivalently b = +0), we recover the model of [12], and the energy transport is
superdiffusive. If b = 0, we are in the case described above, and a non-local fluctuation-dissipation
equation permits to prove a diffusive behavior.

Y

In Chapter IV we describe with more details the regimes where these two distinct phenomena
hold. If b < 2/3, the space-time rescaling tN?~%/2 gives rise to the heat equation. If b > 1, in the
space-time rescaling tN®/? the energy fluctuation field is governed by the 3/4-fractional Laplacian.
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We study the diffusive scaling limit for a chain of N coupled oscillators. In order to provide
the system with good ergodic properties, we perturb the Hamiltonian dynamics with random
flips of velocities, so that the energy is locally conserved. We derive the hydrodynamic
equations by estimating the relative entropy with respect to the local equilibrium state,
modified by a correction term (EXTRACTS FROM [76]).

1 Introduction to the Model and Main Results

1.1 Harmonic Chain and Velocity-Flip Noise

We consider the unpinned harmonic chain perturbed by the momentum-flip noise. Each particle
has the same mass that we set equal to 1. The configuration space is denoted by Q" := (R x R)™,
A typical configuration is w = (r,p) € Q, where r = (r,),cp, and p = (p,),er,. The generator
of the dynamics is given by £y := Ay + Sy, Where, for any continuously differentiable function
f:ON R,

An(f) == Z [(Pas1 = Px) Onf + (re = Tec1) Gy f]

xeTy

and
1

Su()(rp) =5 X, [f(r,p") — f(rp)].

xeTy

Here p* is the configuration obtained from p by the flip of p, into —p,. The parameter y > 0
regulates the strength of the random flip of momenta.
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The operator Ay is the Liouville operator of a chain of interacting harmonic oscillators, and Sy is
the generator of the stochastic part of the dynamics that flips at random time the velocity of one
particle. The dynamics conserves two quantities: the total deformation of the lattice R = erTN ry
and the total energy £ = > ;. e,, where e, = (p2 + r7)/2. Observe that the total momentum is no
longer conserved.

The deformation and the energy define a family of invariant measures depending on two parameters.
For B > 0 and A € R, we denote by ,ug , the Gaussian product measure on Q" given by

e_ﬁex _Arx

ul ,(dr,dp) = | | 2B

An easy computation gives that the partition function satisfies

27 A2
Z(B,A) = Fexp (%> .

In the following, we shall denote by u[-] the expectation with respect to the measure u. We
introduce Lz(,ug,x), the space of functions f defined on QN such that ‘“g,x[ f?] < +oo. Thisis a
Hilbert space, on which Ay is antisymmetric and Sy is symmetric.

dr.dp, .

The thermodynamic relations between the averages of the conserved quantities r € R and € €
(0, +90), and the potentials 8 € (0, +00) and A € R are given by

(6,1) 1= ) o] = = + o
> = ex = = o0 2
g p 26 (IL.1)
A .
f(ﬁ,l) = Mg,g[rx] = _E .
Let us notice that )
(B, 1)

V Be(0,+0),¥ AR, &(B,A) >

We assume that the initial probability law ,ug is close to a local equilibrium (see Definition 1.1,
Chapter I), recalling that a local equilibrium is a sequence u, of probability measures that satisfies

1 X |
lim uN||= » G| = —JG dq|>6|=0,
Jim [NZ (%) - [ s@ria >
{ :
I NlZG(x fc()()d ~5|=0
Jm it |5 2 6§ &~ | C@elade > o) =0,

for two given profiles e, : T — (0, +o0) and r,, : T — R, for every continuous function G : T — R
and for every 6 > 0. We recall that the Gibbs local equilibrium state associated to the macroscopic
profiles e, and r,, is defined as the following:

DEFinITION II.1. For any integer N we define the Gibbs local equilibrium states as

' exp(—o(at/N)e, — Ao(x/N)r,)
w098 = L= 0000

dr.dp, , (I1.2)
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where B,(-) and A,(-) are related to e(-) and ry(-) by (IL.1)

Both profiles are assumed to be continuous.

To establish the hydrodynamic limit corresponding to the two conservation laws, we look at the
process with generator N?£y, namely in the diffusive scale. The configuration at time tN? is
denoted by wY, and the law of the process (w),, is denoted by u}.

1.2 The Thermodynamic Entropy

The function
S(e,r) = inf {Ar+ Be-+logZ(B,2)}

B>0,AeR

is called the thermodynamic entropy. An easy computation, coming from the explicit expression of
the partition function, gives

2 r2

r
S(e,r) =1+ log(2m) + log (e— E)’ whene—E >0.

The relations (II.1) can be inverted according to

dS(e,r) 0S(e,r)

Ale,r) = Era B(e,r) = o

These two equalities, together with (II.1), show that there exists a bijection between the two
sets {(B,A) e R?; B >0} and {(e,r) e R?; e >r?/2}. From the equations above, the inverted
relations can be written as

r 1

A(e,l‘)z—m, ﬁ(e,r):m.

We denote by ¥ the function

¥: {(er)eR?;e>1*2} —  {(B,A)eR*; >0}
1

r
(&) - e—r2/2’ _e—r2/2> '

If n = (e,r) and y = (3, A) satisfy the relations (II.1), then 1) and y are said in duality and we have
—S(e,r) +logZ(B,A)=—n-x . (I11.3)

Here, the notation a - b stands for the usual scalar product between a and b.
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1.3 Hydrodynamic Equations

Let u and v be two probability measures on the same measurable space (X, 7). We define the
relative entropy H(u|v) of the probability measure u with respect to the probability measure v by

H(ulv) =Slf1p{Lf du —log (Lef dv)} ,

where the supremum is carried over all bounded measurable functions f on X. The Gibbs states in
infinite volume are the probability measures g ; on Q = (R x R)? given by

efﬁex 7Arx

ug,(dr,dp) = | | = 5——dr.dp, - (I1.4)
Q Z(B,2)

We denote by 7, ¢ the shift of ¢: (7,¢)(w) = p(T,w) = @(w(x +-)). In this article the following
theorem is proved.

THEOREM IL.1. Let {ug}y be a sequence of probability measures on QN which is a local equilibrium
associated to a deformation profile r, and an energy profile e, such that e, > r;/2 (see (I1.2)). We
denote by B, and A, the potential profiles associated to r, and e:

(Bo> A0) 1= ¥ (e, 1o) -
We assume that
N|, N _
H (“o Wﬁo(-),xo(-)) =o(N)
and that the initial profiles are continuous. We also assume that the energy moments are bounded: let
us suppose that there exists a positive constant C which does not depend on N and t, such that

V=1, u,ﬁ‘[ > ejj] < (Ck)*N. (IL5)

xeTy

Let G be a continuous function on the torus T and ¢ be a local function which satisfies the following
property: there exists a finite subset A — Z and a constant C > 0 such that, for all w € QV,
p(w) <C(1+Xiere(w)). Then,

uf[

where ( is the grand-canonical expectation of : in other words, for any (e,r) € R such that e > 1*/2,
let (B,A) = ¥(e,r) then

%;G (g) T — LG(y) ¢ (e(t,q),r(t,q))dq

N— 0

=

Ble,r) = ppale] = j () dug 5 () -

(RxR)Z

Besides, e and r are defined on R, x T and are solutions of

1 2
o,r=—0o°r,
y ¢
1 2 geT, teR, (I1.6)
de=—0le+—|,
‘ 2yq<+2>

with the initial conditions r(-,0) = ry(-) and e(-,0) = e (-).
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REMARK 1.1. 1. In order to prove the theorem, we shall show afterwards that

H (MNV;(.)) = o(N).

Here v () is a probability measure which is close to the Gibbs local equilibrium ,u B A(t)
(11.2). The functions (f(t,-), A(t,-)) are still related to e(t,-) and r(t,-) by (IL.1).

This fact allows to establish the hydrodynamic limit in the sense given in the theorem. For a
proof, we refer the reader to [70, Corollary 2.2 ], [16,49].

2. Let us notice that the functions e,r, 8 and A are smooth when t > 0, since the system of
partial differential equations is parabolic. Moreover, the function 3! = e — r?/2 satisfies

‘() =z (5) 5 =5 (5)
‘\B/) 2y a\B) vy T2pa\B)"

The supersolutions of the heat equation follow the minimum principle. Consequently, since
there exists ¢ > 0 such that the initial profile 8, has the following property

quTNJﬁO() C>O
then we know that the function f3 satisfies:

VqeTy, Vtel0,T], Bi(q) =c>0. (11.7)

3. After some integrations by parts, a simple computation shows that

1 ot )
o [ strteanetean agf o [W] +26(6,q) [2,r(6.0) | dg >0

when r and e are the solutions of the hydrodynamic equations (II.6). This fact is in agreement
with the second thermodynamic principle.

In Section 3, we will show that the hypothesis on moments bounds (II.5) holds for a wide class of
initial local equilibrium states. Before stating the theorem, let us give some definitions.

We denote by Sy (R) the set of real symmetric matrices of size N. The correlation matrix C € S,y (R)
of a probability measure v on Q" is the symmetric matrix C = (C; i)1<i j<on defined by

v[rr] i,je{l,..,N},

vlrp;] ie{l,.,N}, je {N+1,..,2N},
v[p;r;] i€ {N+1,..,2N}, je{1,..,N},
v[ppj] i,je{N+1,..,2N}.

(I11.8)
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Let us denote by % the subset of R*N x &, (R) defined by the following condition:

-

m, =0 forallk =N+1...2N,

C,i=0 foralli#j,
(m,C)eny<=< 7 ) /

C;>0 foralli=1...2N,

kCi’i—m?ZCHN,i_,,_N fOI'ElHiZl...N.

Precisely, it means that m is of the form m = (m,...,my,0,...,0), and C is a diagonal matrix
whose diagonal components can be written as (m? + a,, ..., my + ay, ay, . .., ay), where a; > 0 for
alli=1...N.

For (m,C) € Ly, we denote by G,, () the Gaussian measure with mean m and correlations given
by the matrix C. The covariance matrix of G, ¢(-) is thus C — m‘m.

LeEmMA IL.2. Let A(-) and B(-) be two functions of class C* defined on T, and ,ug(.) 2 be the Gibbs
local equilibrium defined by (11.2). If we denote by mg., 5.y and Cg.) ,.) respectively the mean vector
and the correlation matrix of ,ug('m('), then we have

N
(mﬁ('),l(')’cﬁ(')’l(')) €y and Mgy = Gmﬁ(-),l(-wcﬂ('),?»(')'

Proof. This result comes from the explicit formula of ug(.) 20) given in (II.2). First, notice that each
momentum p,. is centered under ,ug(.) A0 and

Second, we easily obtain the following expressions:
A[O A /N-1 0 0
mﬁ(),k(): - — N R T ’¢LJ 5
¢ ¢ Ll

D:diag(---,

+— o
C/S(-),A@)Z(iI (]))I\,I) where B(x/N) ~ B*(x/N)

Now we state our second main theorem, which will be proved in Section 3.

THEOREM II.3. We assume that the initial probability measure ,ugl is a convex combination of Gibbs
local equilibrium states. More precisely, let o be a probability measure whose support is included in
Y- We assume that o satisfies:

forallk >1, J[K(m,c)]k do(m,C) < w0,
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where K(m,C) := sup {Cl l} We define the initial probability measure uy by

i=

B0) = [ Gucl) dom,c).
Then, (11.5) holds, and the conclusions of Theorem III.34 are valid.

REMARK 1.2. Asin [14], we could consider a more general model, with a pinning potential. Instead
of the deformation r,, we now introduce the position q, of the particle x. The new pinning
Hamiltonian is given by

Hy Z —i—VZ Z

XETN XETN |x _y| 1,
x,Y€Ty
The strength of the pinning potential is regulated by the parameter v > 0. The energy of site x is
now given by
2
Dy @ 1
ex:_+vz_+_ Z (qx_qy>2‘
2 2
y,\xfy|:1
The stochastic operator S§ remains equal to Sy, and the Liouville operator A} can be written as
follows:

A= 3 {pe g, — (2 = D)l 8y, }

x€Ty

where A is the discrete Laplacian: (Au), = u, 1 +u,_; —2u,.

Because of the presence of the pinning, the bulk dynamics conserves only one quantity: the total
energy ), e,. It follows that the Gibbs equilibrium measures ,ug are fully characterized by the
temperature 3. Under ,ulg, the variables p, are independent of the g, and are independent
identically Gaussian variables of variance 8~!. The q, are distributed according to a centered
Gaussian process with covariances given by

1
E]].z:o .

Observe that there exists C := C(v) independent of N such that ‘,ug(qqu)‘ < C e Yl for any
N=>1.

u}?(qqu) =TI'(x —y), such that [(v? - A)]I'(z) =

These correlations make computations more technical, but the hydrodynamic limit can be estab-
lished by following the proof here (in [14, Section 3.2], a heuristic argument is given). Assume that
the system is initially distributed according to a Gibbs local equilibrium associated to the energy
profile e,(-), and define e(t,-) as the evolved profile in the diffusive scale. Then, if the energy
moments are bounded like (II.5), e is the solution of the following heat equation

{ o.e =0,(D(e)o,e), qeT, teR,
e(0,) = eo("),
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where D(e) is the diffusivity given by

B 1y
2+v24+4/v3(v2+4)
In our model, where the state space is not compact, what matters is the existence of moments

bounds. We will see in Section 3 that this existence can be easily justified by following the same
ideas which work for the unpinned model.

D:=D(e)

For the sake of simplicity, we will denote by e,(-), r.(-), A.(-) and f3,(-), respectively, the functions
q+— e(t,q), ¢ —r(t,q), ¢ — A(t,q), and g — B(t, q) defined on T.

1.4 Ergodicity of the Infinite Velocity-Flip Model

We conclude this part by giving the theorem of ergodicity, which is proved in [16, Sections 2.2,
2.4.2], by following the ideas of [40]. Let us define, for all finite subsets A c Z, and for two
probability measures v and u on Q := (R x R)%, the restricted relative entropy

Hy(v|p) :=H(v,|u,)

where v, and u, are the marginal distributions of v and u on Q. The formal generator of the
infinite dynamics is denoted by £. The Gibbs states in infinite volume are the probability measures

Ugp 5 on £ given by
e_ﬁex_er

dugy :==| | =5—=—dr.dp, -
Q Z(B,2)

THEOREM II.4. Let v be a probability measure on the configuration space Q) such that
1. v has finite density entropy: there exists C > 0, such that for all finite subsets A c Z,
HA<V‘M*) < C‘A’ >
with u, := i, a reference Gibbs measure on (R x R)?,

2. v is translation invariant, and stationary, i.e. for any compactly supported and differentiable
function F(r, p),

JA(F) dv=0.

3. the conditional probability distribution of p given the probability distribution of r, denoted by
v(p|r), is invariant by any flip p — p*, with x € Z.

Then, v is a mixture of infinite Gibbs states.
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CoRroLLARY IL.5. If v is a probability measure on S satisfying 1, 2 and if v is stationary in the sense
that: for any compactly supported and differentiable function F(r, p),

then v is a mixture of infinite Gibbs states.

The outline of the rest of the section is as follows. In the next section we expose the strategy of the
proof. We introduce the relative entropy Hy(¢) of u) with respect to a corrected local equilibrium,
and we prove a Gronwall estimate of the entropy production of the form

0. Hy(t) < CHy(t) +o(N), (I1.9)

where C > 0 does not depend on N. In Section 3 we prove Theorem I1.3. We suppose that t belongs
to a compact set [0, T], T fixed. All estimates are uniform in t € [0, T|.

2 Entropy Production

2.1 Introduction to the Method

For the sake of simplificity, we denote all couples of the form (S(-), A(:)) by x(:). The corrected
Gibbs local equilibrium state vi 0 is defined by

N ! | | B * (= - 1F = h(r,p) | dr.d
= e — — — — — — . r
V) Z(x:() 1o WATPAN) & M\N) TN\ D) P ) ECPs

where Z(y,(+)) is the partition function and F, h are functions which will be precised later on. The
notation a - b still stands for the usual scalar product between a and b. An estimate of the partition

function Z(y,(+)) is performed in Appendix 2.1.1.

We are going to use the relative entropy method, with the corrected local Gibbs state v?t(.) instead
of the usual one ul;t () We define

Hy(t) —H ut N f fl(w)log ((Z))dulf,o(w),

where ftN is the density of ,ult\] with respect to the reference measure HI{IO- This is a solution, in the
sense of the distributions, of the Fokker-Planck equation

atft = N2 E;ft

where £ = —Ay + Sy is the adjoint of £y in L*(u},). In the same way, ¢" is the density of v} |
with respect to pY o (which here is easily computable).

Thus, our purpose is now to prove (I1.9). We begin with the following lemma.
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Lemma II.6.
1
0. Hy(t J o (N2LEpN — 0.9N) fNduy o = [qu (N2 Ly N — atq)?)] :
Proof. The case where f is smooth is proved in [49, Chapter 6, Lemma 1.4]. Here, we do not
know that f is smooth, so that we refer the reader to the proof in [17, Section 3.2], which can be
easily followed. ]
Now, we choose the correction term. We consider
Fl ¢ i - _ﬁ’ i A i
5 N T t N 5 t N >

rx Y px 1
Txh(rap) = (Z (px+1 + Dy + Erx) 5 Y+ ) .
Thus,

e - 0 (o (< () 2) - (3) (1) m).

We define &, := (e,,r,) and 1(t,q) := (e(t,q),r(t,q)). If f is a vectorial function, we denote its
differential by Df .

(I1.10)

In Appendix 2.1.1, the following technical result is proved.

ProposiTION IL7. The term (¢pY) ™' (N2 L5 N — 0,¢Y) is given by the sum of five terms in which a
microscopic expansion up to the first order appears. In other words,

1
o5 (L9 - 04Y) -
t
=X > 6, =) |5 —H t,>)) - (DHy) (> Eoon(e=))|+om
*k=1xeTNk ,N x k{7 :N k n :N X n JN Y
(I1.11)
where
k| I | H(e,1) | v (¢,9) |
r2
1 p;zc Tl + ZYPer_l e+ E 582/3( )
2 Iy +pr r __62 ( )
3 1 v
I N I Ce | E= CC
1
4 P (re+re 1) r(2e —r?) ;0q/3(t,q) 0, (t,q)
5 : - [0 ()P
px € 2 y q 4
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A priori the first term on the right-hand side of (II.11) is of order N, but we want to take advantage
of these microscopic Taylor expansions. First, we need to cut-off large energies in order to work
with bounded variables only. Second, the strategy consists in performing a one-block estimate: we
replace the empirical truncated current, which is averaged over a microscopic box centered at x, by
its mean with respect to a Gibbs measure with the parameters corresponding to the microscopic
averaged profiles.

A one-block estimate will be performed for each term of the form

S (Db (D) o(3) 6ol F)] we

In the following the index k is omitted, whenever this does not cause confusion. We follow the
lines of the proof given in [16, Section 3.3], and inspired from [70]. A sketch of the proof for the
one-block estimate is given in Appendix 2.1.2.

2.2 Cut-off of Large Energies

For x € Ty, we define A, y; := {e, + e, 1 <M}, J,y:=J, 1, ,and &, := &, 1, <. Then, J, y
and &, ; are bounded by C(M) > 0. We use twice the Cauchy-Schwartz inequality to write

1/2 1/2

N X N 2 X 2
u, [ Z v (t’ﬁ> x HA;)M] S U, [ Z 1% (f, N) Jx Z ]lAf(,M ]
x€Ty x€Ty x€Ty
B 1/2 1/2
X
L xeTy xeTy

First, v? ( t,x /N) is bounded by a constant which does not depend on N. Second, the term J)ZC can
be bounded above by the squared energy ei. The hypothesis (II.5) shows that there exists C, which
does not depend on N such that

1/2

X
N 2 2 1/2
“f[EV (“ﬁM <G

xeTy
Moreover, Markov inequality proves that
4 C,
‘U‘It\l|: Z ]IA;’M:| < Z AU’It\I []lex>M/2] +nu’lt\I |:]1ex_1>M/2:| < M Z nult\][ex] < M N.
x€Ty x€Ty x€Ty
Finally, we obtain a constant C independent of N such that
x
,ult“[ Z v (t’ﬁ> J, ]lAi,M] <CN¢M).
x€Ty

Observe that this estimate is in agreement with the Gronwall inequality we want to prove, since
we are going to divide by N. Thus, the error term is of order 1/M that goes to 0 as M — 0.
Consequently, J, can be replaced by J, ; in (I.12), and similarly, £, can be replaced by &, ;.
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2.3 One-block Estimate

Now we prove that

b [0 (8) 0 00) o (8) (2]

+e(N,M) (I1.13)

with (N, M) " . 0. We denote by A,(y) the box of length ¢ centered around y. We
——00,N—>00

introduce the microscopic average profiles

Nem(Y Z EJM

]EAI

We split Ty into p = N/{ boxes A,(x;) centered at x;. Here { is assumed to divide N for simplicity.
We will first let N — oo, then £ — oo and then M — oo. First of all, we want to replace

7 2 ()

1 p
Ez(t%) 2 o

lEA[

The error term produced during this step can be written as

|RN|_%i Z)l ( ;I)—V<t,%>]Ji,M <C1(M)§.

j=TlieA,(x

The last inequality comes from the smoothness of v, more precisely

i X; 14
vit,= | —vit,= || <Ci=.
N N N

Similarly, we perform the same estimates for the other terms and it remains to prove that

o2 (631 2 (o))
_(DH) <n <t%>) - (m,M(xj) - (t, %)) H (IL14)

vanishes as M, N, { — oo, the limit in N taken first, then the limit in £ and finally the limit in M.
The additive term which appears after performing this replacement can be bounded above by a
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term &y, which depends on N,M and ¢, but which is independent of the particular splitting of
Ty into p boxes. This term is of order o(N) in the Gronwall inequality we want to prove, in the
sense that

lim lim lim N~! uNe =0.
M—00 {——>00 N— 00 ‘ut [ N’M’E]

Now we want to perform a one-block estimate. The main idea consists in replacing £~' . AG) Jim
by H(n,m(x;)). This is achieved thanks to the ergodicity of the dynamics (see Theorem I1.4). In
order to use this ergodicity property, we have to work with a space translation invariant measure.
To obtain such a probability measure, we introduce a second average over the x;, 1 < j < p. For
each k € {0, ...,£ — 1}, we can split Ty into p disjoint boxes of length ¢ by writing

p
¥ke{0,..,0 —1}, Ty = JA,(x; +k) .

j=1

Then, we average the different splittings mentioned above. More precisely, in Appendix 2.1.2 we
recall how to prove

, . _ 19 |18 [x; + k]
lim sup lim sup lim sup 7 Z W, ~ Z vt N Z Jim —H(ngm(x; +k))| | =0.
k=0 j=1

M—® {(— N— iEAg (Xj+k)

(II.15)

2.4 Large Deviations
The previous estimates are valid for any splitting of Ty into p boxes of length . Thus, it would
be sufficient to prove (I1.14) with every x; replaced by x; + k for arbitrary k € {1,....,£ — 1}.

Consequently, it is sufficient to prove (II.14) in an averaged form. Then, from the one-block
estimate, we have to deal with

19 12 [x; + k| [x; + k]
7 pNTA ﬁZV (t, JT) Q (ng,M(xj +k),m (t]T ) (11.16)

where Q(w,u) := H(w) — H(u) — DH(u) - (w — u). By definition of the entropy, for any a > 0 and
any positive measurable function f we have

ff du < % {log (Je“f dv) + H(,u]v)} . (11.17)

This inequality, known as the entropy inequality, shows that: for any a > 0, (II.16) is less than or

equal to
HN(t) n lei aiN long(.) [eaé Zf:1v<t’ [XjN+k]>Q<m,M(xj+k),n<t,[ij;rk]>>] .

Notice that the last integral converges because all quantities are bounded.
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The first term is in agreement with the Gronwall inequality we want to obtain. We look at the
second term. Since we have arranged the sum over p disjoint blocks which are independently
distributed by v};’ () the second term is equal to

t

% Zi iN i log V;l;l ) e <t’ EE >Q<W’M(Xj+k)’n <tw>)
k=0 N i3 t

We are going to show that this expression vanishes as M, N, { — oo by using the large deviation
properties of the measure v;(_), that locally is almost homogeneous. In fact, by using the smoothness
for the various involved functions, we can substitute the inhomogeneous product measure vi 0
restricted to A,(x; + k) with the homogeneous product measure ,uI;[([xj LRI/N)? in each expectation of
the previous expression. More precisely, we prove the following lemma in Appendix 2.1.2:

LEmma I1.8.

[xj+k] [xj+k]
(82

M; (N, ¢, k,M) ——Zlogvx()[

can be replaced by

[xj+k] [xj+k]
V(t, XJN >ﬂ<77z,M(Xj+k)m<t, XJN ))]

1 & al
o N
M, (N, ¢, k,M) := N E logult([ijrk]/N) [e
j=1

The difference between these two terms is less than or equal to a small term which depends on { (but
not on k) and vanishes in the N limit: there exists a constant C({, M, N) which does not depend on k
such that

M; (N, £, k,M) — M,(N,¢,k,M) < C({,M,N) and C({,M,N) —— 0.

N—s0

REMARK 2.1. In the following, we will prove that

lim sup limsup limsup M, (N, £, k,M) =0 .

M—o0 {(—>ow N—

In addition to this lemma, this implies that

lim sup limsuplimsupM; (N, £,k,M) =0,

M—o0 (—s0ow N—w

since M; (N, £, k,M) is always nonnegative, and we know that, for all sequences {a,} and {b,},

limsupa, < limsup(a, — b,) + limsup b, .

Lastly, we have to show that the limit

—1 . .
lim sup lim sup lim sup 1 Z LN i Og MX[([ijrk]/N) ea£v<t’[ J;“) Q<7][,M’n<t’[ j;k]>>

M—o (—on N—® ! k=0 j=1

Diffusion problems for perturbed harmonic chains



2 Entropy Production 30

vanishes. Here, 1y := 0y m(0) = £ Yicp, 0y Eim -

The limit in p results in an integral over T because we have a Riemann sum. Moreover, the integral
does not depend on k so that the averaging over k disappears in the p limit. Hence, the point is to
estimate

1
limsuplimsup — | log uY [ea’ZV(t,q) ﬂ(m,M,n(t,q))] dq .
afl T x:(q)

M—®»w (—®

According to Laplace-Varadhan theorem applied to these product measures ,ul)\; ( and according

)’
to the dominated convergence theorem, the previous limit is equal to

1
limsup~ | sup {av(c,q) 2z n(,0)) ~ ly(zn(6,q) }dg (L18)
T

M—soo O zeR2

where I,(z,1(t,q)) is the rate function of the sequence {k‘l 21;1 gi’M}k as (', Px)xer, are dis-

tributed according to the homogeneous product measure ,ul; @ "
t

The function I, is the Legendre transform of the cumulant-generating function of &, ; :
hy(2,1(¢,q)) = sup {y -z~ log i , [e" ]} .
yeR

Hence
liminfly(z,7(t,q)) > sup {y- zZ— loguﬁt(q)[ey'g(’]} =1(z,n(t,q)) ,

yeR?
where I(z,7(t,q)) is the rate function of {k‘l Zle Si}k as (r,,p,), are distributed according to
the homogeneous product measure ,ugt @

It follows, by Fatou’s lemma, that (II.18) is smaller than or equal to

1

aﬁrsgp{av(t,q) Q(z,1(t,q)) —1(z,1(t,q)) } dgq .

From now on we omit the dependance in (t,q) of the involved functions v and 7. Recall that y
and 7 are in duality (see (I1.3)). An easy computation gives that

I(z,m) = sup {y‘ z —log <J ey‘gelf‘l"gz(?‘)drdp) }
y R?
=sup{y-z—1logZ(y +y) +1logZ(x)}
y

=logZ(y) +z-x —S(z),

where the last equality follows from the equality between the Fenchel-Legendre transform of logZ
and the function —S. We observe that I(n,n) = 0 and D,I(z,n) = 0. Furthermore, I is strictly
convex in z:

(D;1)(z,m) = (D;{-S})(z) > 0.
Since Q(n,n) = 0 and (D,Q)(z,n) = (DH)(z) — DH(n), we also get: (D,Q)(n,n) =0.
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LeEmmaA I1.9. For a > 0 sufficiently small,
VzeR?* VqeT, av(t,q)Q(z,n(t,q)) <I(z,n(t,q)) .

Proof. An easy computation provides an explicit expression for the rate function: if z = (2,,2,) and
1 = (e,r) with e — r?/2 > 0 then

: 1 r? | 2, —25/2 )
(Z,T))—m E—er-i-zl — 1og m — 1.

From the inequality —logx > —x + 1 (satisfied for any x > 0), we get

1 2
I(z,n) = 2(6_—r2/2)(’” —25)".

Thus, for a given 7, the rate function z — I(z,7) is such that I(z,1) > c,|z — n|?, where ¢, is a
positive constant. Moreover, according to (I1.7),

Vtel0,T], VqeT, cyq =c>0

t,q)

Let us fix z € R%. From the Taylor-Lagrange theorem, there exists a positive constant C such that
Q<Z’ ﬂ(t, q)) < C‘Z - Tl(t, q)|2 < I(Z’ T)(t’ q)) .

More precisely, C is equal to

sup  [D*H(n(t,q))|* .
(t,9)€[0,T]xT

Since v is uniformly bounded, the result is proved. O]

Consequently, for a small enough,
sup {av(t,q) Q(z,n(t,q)) —1(zn(t,q)} =0,
and we have finally proved that
0;Hy(t) < CHy(t) + Ry m(t)
with
: S O
Mh—r>nw€h—r>nooNh—r>noo ﬁjo RN’Z’M<S) ds=0.

By Gronwall’s inequality we obtain: Hy(t)/N —— 0 and Theorem II1.34 is proved.

N—0
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3 Proof of Moments Bounds

In the following, we prove the two conditions on the moments bounds for a class of local equilibrium
states. First, we assume that the initial law ,ug is exactly the Gibbs local equilibrium measure
,ugo (D Ae()" Second, we extend the proof to the case where ug is a convex combination of Gibbs local
equilibrium measures.

We need to control the moments u! [Y, e*| for all k > 1. The first two bounds (k = 1,2) would be
sufficient to justify the cut-off of the currents, but here we need more because of Lemma V4 (which
is necessary to prove Proposition I1.7). Since the chain is harmonic, Gibbs states are Gaussian. We
recall that all Gaussian moments can be expressed in terms of variances and covariances. In the
following, we first give an other representation of the dynamics of the process, and then we prove
the bounds and precise their dependence on k.

From now on, we consider the process generated £y (i.e. the process is not accelerated any more).
The law of this new process (@, ), is denoted by glj. At the end of this part, Theorem II.3 will be
easily deduced since all estimates will not depend on ¢, and the following equality still holds:

‘U’It\I - ‘alt\INZ :
REMARK 3.1. 1. Inthe following, we always respect the decomposition of the space QN = RN xRN,

Let us recall that the first N components stand for r and the last N components stand for p.
All vectors and matrices are written according to this decomposition. Let v be a measure on
ON. We denote by m € R?N its mean vector and by C € 91,y (R) its correlation matrix (see
(I1.8)). We can write m and C as

u zr
= (p,n)eR*™ and C= (Z V) € G (R),

where p :=v[r] e RN, n:=v[p|e RV and U,V,Z e My (R) .
2. Thanks to the convexity inequality (a + b)* < 2k7! (a* + b), for a, b > 0, we can write

1

el < 2(p +r2) .

Thus, instead of proving (II.5) we will show

,ut[Zka] < (Ck)*N and ,u,t[Zr ]\(Ck)kN.

x€Ty xeTy
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3.1 Poisson Process and Gaussian Measures

We are going to use a graphical representation of the process (&, ),s,. Let us define

O -+ -« 0 -1 1 (0)
. o
C0 ER |
A=l o, _01 (1) 0 0 _01 € My (R) . (I1.19)
-1 0
S
(0) -1 1 0 0

We now consider (m;, C,),=o, @ Markov process on R*N x &,y (R) whose generator is denoted by G
and defined as follows.

U z*
Z VvV

two symmetric matrices in Sy(R) and Z is a matrix in 9 (R). Hereafter, we denote by Z* the
transpose of the matrix Z.

Take m := (p, ) e R*N and C := € G,y (R), where p, 7 are two vectors in RY, U,V are

The generator Gy is given by

(Gwv)(m, C) := (Kyv)(m,C) + 7 (Hyv)(m,C) (I1.20)
where
Ky = ZT (~AC+ CA), ; &, + ZT {(niﬂ — )0, + (p; — pi_l)ﬁni} ,
and o . N
() (m, C) = Eng[v<mk,ck> —v(m,C)].
Here,

U Zk*
m‘ = (p,n*) and C*=%F - C - I; = 7k vk |

In these last two formulas, 7~ is the vector obtained from 7 by the flip of 7, into —,, and X, is

defined as
o= In On
o On In - 2Ek,k -

Zi'(,j = (—1)°Z;;

More precisely,
and Vi, = (—1)uFo0)V, ;.

We denote by P, . the law of the process (m,,C,),, starting from (m,,C,), and by E,, c [] the
expectation with respect to P, ¢ . For t > 0 fixed, let 6 . Co(" -) be the law of the random variable
(m,,C,) € R?N x &,(R), knowing that the process starts from (mg, Co).
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Recall that we denote by G,, () the Gaussian measure on Q" with mean m € R*" and correlation
matrix C € G,y (R).

LEMMA I1.10. Let g := “go(-),ko(-) be the Gibbs equilibrium state defined by (11.2), where Ay(-) and
Bo(+) are the two macroscopic potential profiles.

Then,
iy = JGm,C(’) o, ¢ (m,C) (I1.21)
where
Ao (O Ao [N—1
o (0 A () s
and

Co 1= (D ON) with D:diag(m’ﬁo(x/m+/5§(X/N)"“

0y D i 1
o g+ )

Proof. We begin with the graphical representation of the process (&, ),~o, which is based on the
Harris description. Let {N;},.r be a sequence of independent standard Poisson processes of intensity
y. In other words, we put on each site i € Ty an exponential clock of mean 1/y. At time O the
process has an initial state w,. Let T; = inf,., {3 ieTy, Nij(t)= 1} and i; the site where the
infimum is achieved.

During the interval [0, T,), the process follows the deterministic evolution given by the generator
Ay. More precisely, let F : (r,p) € T —> A - (r,p) € Tz where A is given by (I1.19). Then, for any
continuously differentiable function f : ON — R,

Anf (@) =A-Df (@),

and during the time interval [0, T;), &, follows the evolution given by the system: dy/dt = F(y).
At time T,, the momentum p; is flipped, and gives a new configuration. Then, the system
starts again with the deterministic evolution up to the time of the next flip, and so on. Let
&:={(i,T1),.--, (i T¢), ... } be the sequence of sites and ordered times for which we have a flip,
and let us denote its law by P. Conditionally to &, the evolution is deterministic, and the state of
the process c?)f is given by

Vte [Ty, Tp), @ =€l WA, oM TAoR,  o...0eMhawy, (11.22)

where F; is the map w = (r,p) — (1,p').

If initially the process starts from w, which is distributed according to a Gaussian measure y, then
(I)f is distributed according to a Gaussian measure af. Then, the density (i is given by

i) = | B0 aee). (1.23)
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More precisely, the mean vector mf and the correlation matrix Cf of af can be related to the mean
vector m, and the correlation matrix C, of uy:

mf — p(t=TiA Zik ce(Te—Tee1)A | Zik—l cehA mg , (I1.24)

and

Cé = (t=TA 3

L o(M=Tem)A
; i e 2

- el gy e A, Z: e (T=Ti)A Zlf‘;e—(f—Tk)A . (I1.25)
Equations (II.24) and (II.25) also give a graphical representation of the process (m,,C,),~o: during
the interval [0, T, ), m, follows the evolution given by the (vectorial) system

dy

— —F

3 W)
(where F has been previously introduced for the process &,). At time T,, the component m; .y
(which corresponds to the mean of p; ) is flipped, and gives a new mean vector. Then, the
deterministic evolution goes on up to the time of the next flip, and so on.

In the same way, during the interval [0, T,), C, follows the evolution given by the (matrix) system:

dM
— = —AM + MA
dt

(where A has been previously defined). At time T,, all the components C; ; and C;; when j # i
and i # 1, are flipped and the matrix C;, becomes %; - Cy, - Z]fl . The generator of this Markov
process (m,,C,),s, is exactly the one defined by (I.20). Consequently, for t > 0, the law of the
random variable (m,,C,) is 6, . , where

Ao (O A, (N—1
m(): —— =, , = — ’0’...’0
Bo \N Bo N “T-‘

and

D — dia ( ! +7“3(X/N) )
Co:<D ON) where o "Bo(x/N) B3 (x/N)’ ’

Oy D / ‘ 1
o~ diag ()

as it can be deduced from Lemma II.2. Recall that in this section, ,ug is given by

exp (—/50 (X/N) €x — AO(X/N)rx)

N
U, (dr,dp) = dr,dp, .
’ xl;lz[\l Z(ﬁO()’AO(»
It follows that the density @ is equal to
() = fﬂf () dP(8) = JGm,cc) de;, ¢ (m,C). (11.26)

O
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REMARK 3.2. Observe that

1) = [ Gunclp.) 0}, (m.C) = [ 7, AL g (m,C) = By 7. (0)]

¥l = | Guclr) 465, ¢ (€)= [ p. 465, ¢ (,C) = By [p.(0)]

LEmMA II.11. Let (m,,C,),~o be the Markov process defined above. As previously done, we introduce
p(t), n(t) e RN and U(t),V(t),Z(t) € My(R) such that

m, = (p(t),n(t)) and C, = <[Zj(t) Z*(t))

Then,

s
Pmo’co-a.s.,Vt>0,{ Y

Proof. First of all, let us notice that the quantities V, , (t) — ﬂi(t) and U, (t) — pi(t) are the
diagonal components of the symmetric matrix S, := m, -‘m, — C,. From Lemma II.10, we have

S, = Jsf dP(&) .

For any sequence of sites and ordered times & = {(il,Tl), oo (T Ti) s e e }, the symmetric matrix
Sf is positive because this is the matrix of covariances of a”)f It follows that S, is positive, and its
diagonal components are all positive. ]

REMARK 3.3. In the case of the pinned chain, the matrix A is slightly different, but all the notations
and conclusions are still valid. The initial correlation matrix for the pinned model is not more
diagonal, but has non-trivial values on the upper and lower diagonals. The initial mean vector is
equal to Ogax.

3.2 Evolution of (m,,C,),>

Thanks to the regularity of 3, and A,, we know that there exists a constant K which does not
depend on N such that

r %2 [<Ul¢f)2<0) +(Vi)*(0) + 2(Zi,j)2(0)] <K,

1
{ ﬁz [U::(0) +V;,(0)] <K, (I11.27)

%Z [(U)*(0) + (Vi) (0)] < K, forall k> 1.
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Moreover, one can easily show that

g(Z(UiJ)2 +(Vy)? +2(zi,j)2) =0 and g(ZUi,i +Vi’i) 0.
i,j i

It results that the two first inequalities of (I1.27) are actually uniform in ¢, in the sense that

lEmo;ColZ(Ui,j<t))2+(Vl,]< ) +2(Z; ;(t ))Z] <K,

N 1
J (11.28)

mOCOlZUll +Vll ‘|<K

We are going to see how this last inequality can be used in order to show (II.5). We denote by u;(t)

and v, (t) the two quantities
() = By | T 050)].

ieTy

v (t) = Emo,co[ > vﬁi(t)] :

ieTy

Let us make the link with (II.5). In view of (I1.26), we can write

8 [52] - [oue 5] dtt im0,

oy [rﬁk] = me,c [rﬁk] do,, ¢ (m,C).

We use the convexity inequality (a + b)?* < 2%~ (a®* + b?¥) - which is true for all a,b € R - to get
‘U't [ka] = JGm,C [(py — Ty + Tfy)zk] dentqo,co (m: C)
< 2% JGm,C [(py — ny)Zk] do,,  (m,C)+ 22k—1 Jnik do,, ¢ (m,C).

We deal with the two terms of the sum, separately. First, observe that Gaussian centered moments

Gue[(r ] = (v %) e

are easily computable:

k! 2k
Then,
2k) (2k)!
do! ,C) < t)+E 2k (¢ D :
y;r:f =) g Prea(mO < (Vk( )+ ’”°’C°[y§fy "
In the same way,
(2k) (2k)!
Zj; f »y y k! 2k det ( ’C> < k! 2k uk(t) +]Emo,Co ZT] pik(t) .
yeTy YeiN
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Lemma II.11 shows that

Emo’co[ > nf,k(t)] < Emo,col > v;y(o] = v (1),

YyeTy yeTy
E%@lijéﬁﬂléE%%[ZH&xﬂ]=WU%
yeTy yeTy

As a result,

2 [ ]\ lc,)!vk(f)””Z(g)kkkvk(t),

2k)!

Z [ ] —!uk(f)NZ(z)kk"uk(t).

In a few words, to get (II.5), we need to estimate the two quantities u;(t) and v, (t), which are
related to C,. That is what we do in the next section.

REMARK 3.4. In the case of the pinned model, the p, and q, remain centered during the evolution:
for all t > 0, m, = Ogax . This simplifies the study since we do not need to center the variables. The
result is the same: we need to estimate u,(t) and v,(t).

3.3 The Correlation Matrix

LeEmmMmA I1.12. For any integer k not equal to O, there exists a positive constant K which does not
depend on N and t such that
vi(t) <K
u(t) <K

Proof. First of all, (II.28) shows that, uniformly in ¢,
u,(t) <KN v, (t) <KN
and
u,(t) < KN v,(t) <KN.

wlt) + () = B, | 3 ¢H(0] = [ Scyro ante).

€Ty ieTy

t

=~

N
N.

NN

We observe that

Thanks to the dynamics description, we know the expression of the correlation matrix: conditionally
to &, forall t € [T, Tiiq),

C‘f(t) = et=TA 1 o(Ti=Tee)A 57 oTiA Co- e A Ly o (TimTee)A | gk o= (E=Ti)A
iq i ’

L3 B

Consequently, since C, and C*(t) are similar, we have:

V keN, Tr([C5(t)]*) = Tr(Cf) = O(N) .
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More precisely,

YU 0) Ve (0) = T 1 +< 1 +7%(i/N))’<.
BE(i/N) — \ Bo(i/N)  B3(i/N)

ieTy ieTy

From (11.27) we get Tr(C§) < NK*, where K does not depend on N, & and t:

Ko 1 Az(u)
oo | Bow) " B2 w)

Now we show that the same inequality holds for Zi[Cii.]k(t). The matrix C*(t) is symmetric, hence
diagonalizable, and after denoting its eigenvalues by A4, ..., A,y, We can write

2N
=200
i=1

We have now to compare Z AX with ZZN [C5 1%(¢). But, if we denote by P the orthogonal matrix

of the eigenvectors of C*(t), then we get C5(t) = (P?)*-D - P%, where D is the diagonal matrix with
the eigenvalues A4, ..., A,y. For the sake of simplicity, we denote by (P, ;); ; the components of Pg.

Then, .
<ZPU JIPU) (ZPT}AJPJL> (ZPU I )

But, Z] iPii=1 since D is an orthogonal matrix. Consequently, we can use the convexity
inequality, and we obtain

Z <22p;<]p1 A< AR = Tr([C (1)) < NKF

Hence,
w(t) + v (t) < fNKk dP(&) < NK*.
O

REMARK 3.5. We notice that the same proof works for the pinned case. The only difference is
about the initial matrix C,, but the smoothness of the profile f3, is still true, and the estimate
Tr(C§) = O(N) is valid.

3.4 When ,ugl is a Convex Combination of Gibbs Measures

As in Theorem II.3, we now suppose that the initial probability measure u is a convex combination
of Gibbs states defined by

B0) = [ Gy () dorlme, o) (11.29)
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If initially the process starts from w, which is distributed according to a Gaussian measure G, c,,
we know from Lemma II.10 that @, is distributed according to a convex combination of Gaussian
measures written as

| Guct a0, (m.).

Consequently, in the case where ,ug’ is given by (I1.29), the law of the process @, is given by
80 = [{ [ et 001, ¢ m0) | dotmo.co).

~ k .
Let us recall that we want to control, for k > 1, g} [erqu ] and g [er’ﬂ‘N r ] . Following the
lines of the previous section, we notice that it is sufficient to control two quantities:

o | Zuiofaotnoc.

ieTy

f mOCO{ZV ]da (Mo, Cy) -

ieTy

Lemma V.24 gives a constant C(A,, ;) which does not depend on N and t such that

| X U5(0)] < [Cl0. BN

Epc, [ 2.V ] C(20, o)]* N

More precisely,
C(2Ag, o) = sup ! )L ot
wefo,1] | Bo(u) /50( u)

In order to keep the same control, we have to suppose that, for all k > 1

J[K(m,C)]k do(m,C) <, where K(m,C) :=supC;; .

ieTy

Finally, let us observe that all estimates are given for i} but are still true for the accelerated law u}.
Indeed, the constants that appear do not depend on N and ¢.
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We investigate the macroscopic behavior of the disordered harmonic chain of oscillators,
through energy diffusion. The Hamiltonian dynamics of the system is perturbed by a
degenerate conservative noise. After rescaling space and time diffusively, we prove that the
energy fluctuations in equilibrium evolve according to a linear heat equation. The diffusion
coefficient is obtained from the non-gradient Varadhan’s approach, and is equivalently
defined through the Green-Kubo formula. Since the perturbation is very degenerate and the
symmetric part of the generator does not have a spectral gap, the standard non-gradient
method is reviewed under new perspectives (EXTRACTS FROM [77], WITH SOME ADD-INS).

1 The Harmonic Case with an Energy Conserving Noise

1.1 Generator of the Markov Process

We describe the dynamics on the finite torus Ty := {0, ..., N}, meaning that boundary conditions
are periodic. The configuration {w, },ct, evolves according to a dynamics which can be divided
into two parts, a deterministic one and a stochastic one. The space of configurations of our system
is given by © = RN. We recall that the disorder is an i.i.d. sequence m = {m, } ., which satisfies:

Vx€EZ,
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for some finite constant C > 0. The corresponding product and translation invariant measure on
the space 2, = [C™!,C]% is denoted by P and its expectation is denoted by E. For a fixed disorder
field m = {m, } 1 , we consider the system of ODE’s

vmudw, = Bret1 O dt, t>=0,xeTy
\/n1x+1 \/n1x 1

and we superpose to this deterministic dynamics a stochastic perturbation described as follows:
to each atom x € Ty, and each bond {x,x + 1}, x € Ty, is associated an exponential clock of rate
one, such that each clock is independent of each other. When the clock attached to x rings, w,
is flipped into —w,, and when the clock attached to the bond {x, x + 1} rings, the values w, and
w,; are exchanged. This dynamics can be entirely defined by the generator of the Markov process
{w,(t); x € Ty}, that is

= AT 1 ySgP 4 ASTeh

where, for all functions f : Qp x Qy — R,

et x 0
Agf(m’w) B ZT <4/7:10xm1+1 v m wx 11m ) f (m w)’

SWPf(m,w) = ) f(m,*) - f(m,w),

x€Ty

SeXChf m CO Z f xx+1 f(m,co)

x€Ty

Here, the configuration w™ is the configuration obtained from w by flipping the momentum of
particle x:

w if z # x,
(@), =9
P4 .
—w, ifz=x.

x,x+1

The configuration w is obtained from w by exchanging the momenta of particles x and x + 1:

w, ifz#x,x+1,
(W), =< w,y  ifz=x,
W, ifz=x+1.

We denote the total generator of the noise by Sy := ySSip + AS;XCh , where y, A > 0 are two positive
parameters which regulate the respective strengths of noises.

One quantity is conserved: the total energy > a)i. The following translation invariant product
Gibbs measures ,u,g on Q) are invariant for the process:

duy(w n —exp (—éwi) dow,.

xeTy
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In the following, the expectation of f with respect to ,ug is denoted by (f ). The index 3 stands
for the inverse temperature, namely <w(2)>ﬁ = 1/f. Let us highlight the fact that the Gibbs measures
do not depend on the disorder m. From the definition, our model is not reversible with respect to
the measure ,u%. Precisely, AY is an antisymmetric operator in Lz(,ug), whereas Sy is symmetric.

We denote by Q the space of configurations in the infinite line, that is Q := R%, and by ug the
product Gibbs measure on R”. Hereafter, for every 3 > 0, we denote by PP the probability measure
on Qp x Q defined by

IP’;s =P®ug.

We notice that IF’;J, is translation invariant and we write IEJ;D, for the corresponding expectation.

1.2 Energy Current

Since the dynamics conserves the total energy, there exist instantaneous currents of energy j, .1
such that £3(w?) = je,s1(M, ) — j,_ 1, (m,w). The quantity j, .., is the amount of energy
between the particles x and x + 1, and is equal to

200,y 11 Wl
/7mxmx+1 x+1 x/°
The energy conservation law can be read locally as
2(6) = @3(0) =Jy e ia(£) = I, (0),
w

where J, ., (t) is the total energy current between x and x + 1 up to time t. This can be written as

jx,x+1 (mz w) =

t
Jx,x-i—l(t) - JO jx,x+1(5) ds + Mx,x-i—l(t)’

where M, ., ;(t) is a martingale which can be explicitely computed as It6 stochastic integral:

M, (€)= L t |21 — 2] (57)d [Ny (5) — 5] + L t |2 ) — 2] (57)d [Ny 1.(5) = 25]

Here (N, .. 1),z are independent Poisson processes of intensity A. We also write j, ., = j& gt
.S ’

J 11 Where jf(‘x 41 (resp. jf ++1) 1s the current associated to the antisymmetric (resp. symmetric)
part of the generator:

2w, W
A xS x+1
mow)= —>—
Foseia (1 ) m,m,
jf’xﬂ(m, w) = j;:”xH(a)) = Mew?, | —w?).

One can check that the current cannot be directly written as the gradient of a local function, neither
by an exact fluctuation-dissipation equation involving local functions (except if masses are equal).
We also define the static compressibility that is equal to

2

x(B) = {wy)p —(wp)g = FiEs
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1.3 Cylinder Functions

For every x € Z and f a measurable function on Q2 x 2, we consider the translated function 7, f,
which is the function on Q x Q defined by: 7, f (m,w) := f (7, m, T, w), where T, m and 7, w are
the disorder and particle configurations translated by x € Z, respectively:

(Txm)z =My, (wa)z = Wy yz-

If f is a measurable function on Qp, x Q, the support of f, denoted by A, is the smallest subset of
Z such that f (m, w) only depends on {m,,w, ; x € A;} and f is called a cylinder function if A, is
finite. For every cylinder function f : Q, x Q — R, consider the formal sum

[pi= Zfrxf

XEZL

which does not make sense but for which

Vo(Ty) :=T;(m,0°) — T'f(m, w),
VO,l(rf) = Ff (1‘1‘1, O)O’1> - Ff (m, Cl)),

are well defined. Similarly, we define

(Vof)(m, w) := f(m, 0*) - f(m, w),
(vx,x—i-lf)(m’ 6()) = f(m, wLX-H) _f(m’ 6())

Let A € Z be a finite subset of Z, and denote by F, the o-algebra generated by {m,, w, ; x € A}.
For a fixed positive integer ¢, we define A, := {—{,...,£}. If the box is centered at site x € Z, we
denote it by A/(x) := {—€ + x,...,¢ + x}.

We denote by C the set of cylinder functions on Q5 x Q with compact support and null average
with respect to ug (for P-almost every m € Q5). We also introduce the set of quadratic cylinder
functions on Q. x Q, denoted by Q < C, and defined as follows: f € Q if there exists a finite
sequence (1, ;(m)); ;c of real cylinder functions on Q, such that

f(m,w) = Zwi,i(m)(wiz-i-l —w?) + Z Y j(mw;w;. (1I1.1)
i€Z i,jEZ
i#j

In other words, quadratic functions are homogeneous polynomials of degree two in the variable w,
that have null average with respect to ug for every m € Qp,. An other definition through Hermite
polynomials is given in Appendix 2.2.1.

For f € C, denote by s, the smallest positive integer s such that A; contains the support of f and
then Ay = A, . Hereafter, we consider operators L™, A™ and S acting on functions f € C as
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LPf = A"f + Sf, (111.2)

Amf (m’ w) _ Z ( Wyt - Wy_1 ) af (m’w)’

o \WVmemy o /memy

Sf _ YSﬂipf —‘r)LSeXChf

S f(m,w) = Y (V. f)(m,w) =) f(m, " ),
Sexchf(m’ w) = Z(vx x+1f m, w Zf xx+1 f(m’ w)
XEZ XEZL

We also denote S, = YV, +AV, ., for x € Z. For A, € Z defined as above, we denote by 52’ resp.
S,,» the restriction of the generator £™, resp. S, to the finite box A, assuming periodic boundary
conditions.

Now we are ready to define two sets of functions that will play further a crucial role.

DerINITION III.1. Let C, (respectively Q,) be the set of cylinder (respectively quadratic cylinder)
functions ¢ on Qp, x Q such that there exists a finite subset A € Z, and cylinder functions {F,,G,} e

satisfying
p = Z V + vx x+1 (G )

X€EA

If ¢ belongs to Q,, we assume the cylinder functions F,, G, to be quadratic.

To conclude this section we introduce the quadratic form associated to the generator: for any x € Z
and cylinder functions f, g € C, let us define

Dy(pg; f) = (L) f g = L(=Sa)f -5 = D3 (=8, &)

XEA[

and notice that
(=8f,8)5 = 5 (f (m, ) —f(m,w)) (8(m, &) —g(m, @) ),

2 mw™ ) - Flm, ) (glm o™ ) - gm,w)) ),

The symmetric form D, is called the Dirichlet form, and is well-defined on C. This is a random
variable with respect to the disorder m.

1.4 Semi-inner Products and Diffusion Coefficient

For cylinder functions g,h € C, let us introduce

< g h>»g,:= Z EplgTch] and  «g>»p .= Z xEglg w?] (1I1.3)

XEL XEZ
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which are well-defined because g and h belong to C and therefore all but a finite number of terms
vanish. Notice that « -, »4, is an inner-product, since the following equality holds:

<f,g >>ﬁ*_thE erf erg>

X€EA XeEA

Since « f —1,f,g »p,= 0 for all x € Z, this scalar product is only semidefinite. In the next
proposition we give explicit formulas for elements of C,,.

Prorosrtion IILI.1. If ¢ € C, with

Y= 2 vy(Fy) + vy,y+1<Gy)>

YeEA

then
T <co—cof)ZTG>
yEA ﬁ
L P, g>>ﬁ*—E< Zr_nyrVOl ZT G> forall geC.
YEA YEA
Proof. The proof is straightforward. ]

DEFINITION III.2. We define the diffusion coefficient D(f) for 8 > 0 as

D(B):=A+

1
1nfsup{<<f —Sf g, +2< b — A g »s, — < g,—Sg > *}.
X(ﬁ) €0 geo B, 0,1 B, B,

The first term in the sum is only due to the exchange noise, whereas the second one comes from
the Hamiltonian part of the dynamics. Formally, this formula could be read as

1
D(B) = A+ —— < Jop, (=L™) gy »pu (IT1.4)
1v(B) 0,1 0,1 7B,
but the last term is ill-defined because j{il is not in the range of £L™. More rigorously, we should
define « jg,, (—£™)"jg; »p.. as

lim sup « ]Ol,(z — L™tk

jO,l P Box -

z—0
The scalar product above is now well-defined, and the problem is reduced to prove convergence as
z — 0. From Hille-Yosida Theorem (see [36, Proposition 2.1] for instance) (III.4) is equal to the
infinite volume Green-Kubo formula:

1
D(B)=A+ lim E f (0 de | . (II1.5)
() =2+ gy m, " e (0.5 >>ﬁ
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In Section 3.1, we prove that (III.5) converges, by inspiring the argument from [10], and show
that the diffusion coefficient can be equivalently defined in the two ways.

Assuming the convergence in the Green-Kubo formula, one can easily see that D(f3) does not
depend on 8. We denote by L(z) the second term of the right-hand side of (IIL.5), that is

+00
L(z) 1= —— j et < j(0),2,(0) »p, dt.

The function L is smooth on (0, +x0) [72]. Let L?(« -,- »4 ) be the Hilbert space generated by
the set of bounded local functions and the inner product « -,- »4 ,, and h, := h,(m, w; 3) be the
solution of the resolvent equation in L*(« -, - » ) i€

(z—L™)h, = jér

We have that )
< h, it »s.,=— < h,j >s,.
z2Jo,1 7B, > 2 Jo1 7B,

1
e )
Observe that if w is distributed according to ug then B2w is distributed according to u,. Since
h,(m, w;1) = h,(m, w; B) and jZ , is a homogeneous function of degree two in w, it follows that
the diffusion coefficient does not depend on f3.

2 Non-gradient Method without Spectral Gap

From now on, we assume 8 = 1. This assumption is justified since we are going to deal only
with quadratic functions (as defined before). For instance, when one result is stated for the scalar
product « - >»;, (meaning 3 = 1), the same argument in the proof can be rewritten for any 5 > 0,
after multiplying the process {w,(t)} by B~2.

2.1 Central Limit Theorem Variances at Equilibrium
In this section we are going to identify the diffusion coefficient D given in Definition III.2. Roughly

speaking, we are going to show that D is the asymptotic component of the energy current j, ., in
the direction of the gradient w? e w?, and makes the expression below vanish:

1 t
inf limsup limsup —E} J 2 ewsr —D(w?,, —w?) = L™ f)]ds | |. (I11.6)
0

fEQ N—w t—mw tN xeTy

Let us start by giving well-known tools that will help understand the forthcoming results.
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2.1.1 An Insight through Additive Functionals of Markov Processes

Consider a continuous time Markov process {Y,},-, on a complete and separable metric space E,
which has an invariant and ergodic measure 7. We denote by (- the inner product in L?(7) and
by £ the infinitesimal generator of the process. The adjoint of £ in L?(7) is denoted by £*. Fix a
function V: E — R in L?(7t) such that (V) = 0. Theorem 2.7 in [52] gives conditions on V which
guarantee a central limit theorem for

\% Jot V(Y,)ds

and shows that the limiting variance equals

o?(V,m) =2 lim NV, (z—L)V) .

z>0

Let the generator £ be decomposed as £ = S + A, where S = (£L+ £*)/2 and A = (L — L*)/2
denote, respectively, the symmetric and antisymmetric parts of £. Let H,; be the completion of
L?(7) with respect to the semi-norm | - |; defined as:

113 := o (L) f ) = F (=8)f ..

Let H_; be the dual space of H; with respect to L*(7), in other words, the Hilbert space generated
by local functions and the norm | - |_; defined by

IF12, = sup {205, ~ lglt}

where the supremum is carried over all local functions g. Formally, |f||_; can also be thought as
{f,(=8)7*f),. Notice the difference with the variance o-*(V, ) which formally reads

2V, (—£)7V)_= 2<v, [(—ﬁ)—l]sv> .

T

Hereafter, B, represents the symmetric part of the operator B. We can write, at least formally, that
-1
—1 * -1
{[c0)7,} =-s+a(-5)s5> -5,

where A* stands for the adjoint of .A. We have therefore that [(—E)*l]s < (=8)!. The following
result is a rigorous estimate of the time variance in terms of the #_; norm, which is proved
in [52, Lemma 2.4] .

LeEmMMA IT1.2. Given T > 0 and a mean zero function V in L*(7) n H_1,

t 2
E, [ sup ( J V(s)ds) ]<24Tv2 .- (I11.7)

0<t<T 0
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If we compare the previous left-hand side to (II1.6), the next step should be to take V proportional
to

2 Lwin = D(@3,, — @) = L7(7,f)]

x€eTy
and then take the limit as N goes to co. In the right-hand side of (III.7) we will obtain a variance
that depends on N, and the main task will be to show that this variance converges: this is studied
in more details in what follows. Precisely, we prove that the limit of the variance results in a
semi-norm, which is denoted by || - ||; and defined in (III.14). We are going to see that (II.14)
involves a variational formula, which formally reads

2

1% °

IF IR =< £, (=8)7"f »1. + <f>

Ax(1)
The final step consists in minimizing this semi-norm on a well-chosen subspace, through orthogonal
projections in Hilbert spaces. The hard point is that || - ||; only depends on the symmetric part of
the generator S, and the latter is really degenerate, since it does not have a spectral gap.

In Subsection 2.1.2, we investigate the variance (f,(—S)~'f);, and prove its well-posedness for
every function f in Q,. In Subsection 2.1.3, we relate the previous limiting variance (taking the
limit as N goes to infinity) to the suitable semi-norm. Then, in Section 2.2 we investigate the
Hilbert space generated by the semi-norm, and prove some decompositions into direct sums. Finally,
Section 2.3 focuses on the diffusion coefficient and its different expressions.

2.1.2 Microcanonical Measures and Integration by Part

In this paragraph, we recall general results on microcanonical measures, and state them for every
B > 0 for the safe of clarity.

Decomposition on microcanonical measures — The thermodynamic ensemble which is natu-
rally associated with a Hamiltonian dynamics is the microcanonical ensemble, which describes the
system at fixed energy. It is possible to devise a probability measure on the configurations w € Qy
with constant energy 3! > 0 such that the measure is stationary with respect to the Hamiltonian
flow. The corresponding probability measure denoted by ,uﬁ‘b is the normalized uniform probability

measure on the sphere
Syp = {a)eQN; 2 w? = /31}.

xeTy

Now, for 3! > 0 fixed, we disintegrate the microcanonical measure ung on Syp. Let G be
the group generated by the following matrices: the permutation matrices P, defined for any
permutation o of {1,...,N} by

1 ifi=o(j),

P se =
( 0)1’] 0 otherwise,
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and the sign matrices Sy, defined for k € {1, ...,N} by
1 ifi=jandi#k,
(Sk)i,j - —1 lfl - ] - k,
0 otherwise.

The group G acts on &y 4. For x € &y 5, we denote by GV the orbit of x = (x,, ..., Xy) under the
action of G. More precisely,

gjj’f" = «{we Gyps Vie{l,..,N}, w;e{£x; - ;ixN}},

2N(N+1 /2

and each orbit is finite, with cardinality This group action defines a projection

VI 6N,[3 — QN,ﬁ

onto the quotient space Qy 5 := Gy 5/G. We can define the pushforward measure vy g := 7 ,uﬁcﬁ
on Qy g. Then, the disintegration of ,uﬁcﬁ with respect to 7t writes as follows: for all test functions
f :6yp — R, the measure ,ul’z}cﬁ,( x) with support on Q}f’ﬁ satisfies

f () dus L (@) dhT () vy (),

It is not difficult to see that pyg(-) := uy ([x) is the uniform measure on the orbit GNP, since its
support is invariant under a subgroup of rotations (of the total sphere). Let us denote by (- )y, the
corresponding expectation. We obtain that, for all test functions f : Gy 5 — R,

<f>N[5x: N(N+1)/2 Z f

yegy P

To conclude, let us fix the energy 3! > 0, take x in the microcanonical sphere Sy,p, and look
at the dynamics generated by Ly restricted on the orbit g}jﬁ. Then, observe that the kernel of
Sy in the Hilbert space L*(uy 5,,) has dimension 1. As a result, the range of Sy in L*(uy g ) has
codimension 1, and is equal to the mean-zero functions.

Properties of C, and Q, — In the sequel, we give some properties of the two spaces C, and Q,:
for instance, the energy current is among the elements of Q, (Proposition II1.3). We also prove an
integration by parts formula for the functions of C, (Proposition II1.4).

ProvrosiTiON II1.3. Every ¢ € C, has zero mean with respect to s, Ex namely
<()0>S¢,E,X =0, for P — almost all disorder m, for allE >0, and x€ &, .
Moreover, the following elements belong to Q,

@ Joi» Jor-
(b) L£™f, Sf and A™f, forall f € Q.
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Proof. The first statement is a consequence of the definition. Besides, (a) is directly obtain from the
following identities: for x € Z, and k > 1

w2 —w=V, . (coz) (I11.8)

x+1 X
W, W,
W Wy = Sy ( ) Z Sett ( +”1) . (II1.9)

Then, if f € Q, it is easy to see that (II1.8) and (II1.9) are sufficient to prove (b). For instance,

2 2

™ w.,,,) — Wy Wiy o Wy p1Wy1 Py — WOy
x“x+1) -

\/mx+1mx+2 \/mxmxfl \/mxmerl

- 4wawx+1 + l(warz - wx+1)wx + A(c*)xfl - wx)warl'

O

Conversely, let us now consider a function ¢ € C,. From the previous subsection together with
Proposition II1.3, we can write the cylinder function ¢ as ¢ = (-8 Aw)(_S Aq})_ltp for some mean-
zero function (—SAW)_lgo, measurable with respect to the variables {mx,wx ;X E A(p}. The
reversibility of the measure y, g, implies that the following decomposition holds in LZ(W’&X)

Y= Zv +vxx+1(G)

XEA,

with

F, = gvx l<_3/\¥,>_1 901
G, = %vx,erl l(‘SAV,)_l QP] .

The following proposition is a direct consequence of these comments.

ProrosiTioN III.4 (Integration by parts formula). Let ¢ be a cylinder function in C,. There exists
a family of cylinder functions {F;f, G?; xe Aw} measurable with respect to F, A, such that

<90’ g>€,ﬁ,x = Z <Ff’ vxg>l,ﬁ,x + <Gf’ VX,X+1g>l,ﬁ,x (II.10)

XEA,
for all rectangles A, that contain A, for all 3 > 0, and for all functions g € LZ(W,ﬁ,x)- Forall y € Z,

o _RpW¥
Tny =F

x+y?
7,G? =G
Moreover,
(,8)px < C0:B,X) {8, (= 51,) 8D e (IIL11)

where C(p, 8,X) is equal to

C(p, B,x) := 2<90’ ( - SAw)il‘p%,ﬁ,x‘
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By reintegration of the disintegrated measure U, g the same result (II1.10) may be restated with
microcanonical measures U, g replaced by ug and IP% and (I11.11) becomes:

(p.8)p <Ci(0) g (—Sh,) ), (II1.12)
E(p,8)p < Ca(w) E(g, (— Si,) ), (II1.13)

for some constants C,, C, which can be written in terms of variances and do not depend on f3.

Proof. Inequalities (II1.11) and (I11.12) follow from Cauchy-Schwarz inequality applied to (II1.10).
Let us notice that the last inequality (II1.13) uses the translation invariance of the measure P;j. ]

To conclude this paragraph, we give the variational formula that defines the variance in the case of
quadratic functions. The remarkable fact is its restriction on quadratic functions.

ProrosiTion III.5 (Variance of quadratic functions). If ¢ € Q,, then
(0, (=8p,) 10 ) = sup{2<<p &5~ D, (538)} -

This result can be restated with ug replaced with ]P’73 as
EQe, (=5p,)"'¢)p = sup {25(p,8), ~E[D, (s 0]}
ge

Proof. This follows from the decomposition of every function in Lz(uﬁ) over the Hermite polynomi-
als basis: see Proposition V.13 (Appendix 2.2.1). O

2.1.3 Limiting Variance and Semi-norm

We return to the case 3 = 1. In the following, we deliberately keep the notation y (1), even if the
latter could be replaced with its exact value. We are going to obtain a variational formula for the

variance
(2€>1E<<_SA5> Z TxPs Z Tx®

x|<t, Ix|<t,

where ¢ € Q, and £, = £ —s, — 1. We first introduce a semi-norm on QO. For any cylinder function
@ in Q,, let us define

, 29t A 2l v, 2
Il = sup 3 2 < g,g >0 +3— 53 = IF; (Vours) | - 2Bi | (VoTs) (I1L.14)
g€

x(1
= sup {2 LY, g», t2a < P>, —E [DO (,ul;awg + l"g)] } (II1.15)
geoQ
aeR
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As we previously noticed, this formula can be restated as

2

2
— P>, . (II.16)
Ax(1) 3

llellf =< @,(=8) 1@ »1, +

Since ¢ belongs to Q,, the results of Subsection 2.1.2 are valid, namely: the first term in the
right-hand side of (I11.16) is well-defined (Proposition III.4), and the supremum in the variational
formula (II1.14) can be restricted over functions in Q (Proposition III.5). We are now in position to
state the main result of this subsection.

THEOREM IIL.6. Consider a quadratic cylinder function ¢ € Q,. Then
Zli;nw(2€)1E< =8) D T Y e ) = el
|x|<t, |x|<t, )
Here, {, stands for £ —s, — 1 so that the support of T, is included in A, for every x € Ay,

This theorem is the key of the standard non-gradient Varadhan’s method. As usual, the proof is
done in two steps that we separate as two different lemmas for the sake of clarity.

First, we bound the variance of a cylinder function ¢ € Q,,, with respect to the canonical measure
u,, by the semi-norm |[||¢||2. Precisely,

Lemma II1.7. Under the assumptions of Theorem III.6,

nmsup<ze>1E<<_sA[>l T e Y e ) < llell

t—® lx|<t, Ix|<t,

In this step, one need to know the weak limits of some particular sequences in Q,. In the typical
approach, these weak limits are viewed as germs of closed forms, but for the harmonic chain, this
way of thinking is not necessary. In Appendix 2.2.2, we describe the link between the point of view
of closed forms and the theorem below.

TueOREM II1.8. Let {f, } oy a sequence of quadratic functions in L?(u,). Let us define

g,:=VY, <1“fn) and h,:=V,, (l“fn> .

If {g,}, respectively {h,}, weakly converges in L?(u,) towards g, respectively h, then there exist a € R
and f € Q such that

g(w) = V,o(Ts)(w), (I11.17)
h(w) = a(w] — w?) + Vo, (T;)(w), (I11.18)

considering that the above equalities are stated in L?(u,) sense. This result remains in force if u, is
replaced with the product measure P} = P ® u,, where P is the law of the disorder.
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Lemma III.7 and Theorem III.8 are both proved in Appendix 2.2.2.

In the second step, a lower bound for the variance can be easily deduced from the variational
formula which expresses the variance as a supremum:

LEmMA II1.9. Under the assumptions of Theorem III.6,

nmsup<ze)—1E<<_sM)—l T e Y e ) = el

b x| <, Ix|<t, )

This result is very close to the standard method, and we postpone its proof to Appendix 2.2.2.

2.2 Hilbert Space and Projections

We now focus on the semi-norm || - ||; that was introduced in the previous section (II[.14). We can
easily define from ||- [|; a semi-inner product on C, through polarization. Denote by N the kernel of
the semi-norm || - [|; on C,. Then, the completion of Q,|, denoted by H, is a Hilbert space. Let us

explain how the well-known Varadhan’s approach is modified. Usually, the Hilbert space on which
orthogonal projections are performed is the completion of Cy|,,, in other words it involves all local
functions. Then, the standard procedure aims at proving that each element of that Hilbert space
can be approximated by a sequence of functions in the range of the generator plus an additional
term which is proportional to the current. The crucial steps for obtaining this decomposition consist
in: first, controlling the antisymmetric part of the generator by the symmetric one for every cylinder
function, and second, proving a strong result on germs of closed forms (see Appendix 2.2.2). These
two key points are not valid in our model, but they can be adapted and then proved when restricted
to quadratic functions. It turns out that these weak versions are sufficient, since we are looking for
a fluctuation-dissipation approximation that involves quadratic functions only.

In Subsection 2.2.1, we show that 7, is the completion of SQ|y + {j§,}. In other words, all
elements of #, can be approximated by a jg,1 + Sg for some a € R and g € Q. This is not irrelevant
since the symmetric part of the generator preserves the degree of polynomial functions. Moreover,
the sum of the two subspaces { 13,1} and SQ|, is orthogonal, and we denote it by

SO @ {io1}-

Nevertheless, this decomposition is not satisfactory, because we want the fluctuating term to be
on the form £™(f ), and not S(f ). In order to make this replacement, we need to prove the weak
sector condition, that gives a control of ||.A™g||, by ||Sg||:, when g is a quadratic function. The
argument is explained is Subsection 2.2.2 and 2.2.3, and the weak sector condition is proved in
Appendix 2.2.3. The only trouble is that this new decomposition is not orthogonal any more, so
that we can not express the diffusion coefficient as a variational formula, like (II1.26). This problem
is solved in Section 2.3.
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2.2.1 Decomposition according to the symmetric part

We begin this subsection with a table of calculus, very useful in the sequel.

ProrosiTion II1.10. Forall g€ Qy,he Q,

«h,Sg>» = —<«hg»,,
<hjs,» = —<h»,,
<jopSh»; = 0,

lig, M7 = Ax(1).

Proof The first two identities are direct consequences of Theorem III.6 and of the following identity

S(Z xwi) = D ernr-

X€EA X€EA

The last two ones follow directly. ]

CoroLLARY III.11. ForallacRand g € Q,

. A, Vo
lajs, +Sgll3 = a2z (1) + SE; | (VouT 2| + S} | (VT2

In particular, the variational formula for ||h||; when h € Q, writes

R|? = «h,j§, »1 +sup{—2 «h,Sg > —|Sg|}. (I11.19)

Ax (1) geQ

ProrosiTION II1.12. We denote by SQ the space {Sh ; he Q}. Then,
Hy = @b\f @L {ng}

Proof. We divide the proof into two steps.

(a) The space is well generated - The inclusion SQ|, + { j5,} © H, is obvious. Moreover, from the
variational formula (III.19) we know that: if h € H, satisfies « h, jgl »;=0and <« h,Sg »,=0 for
all g € Q, then ||h[|; = 0.

(b) The sum is orthogonal - This follows from the previous proposition and from the fact that
< j§,,Sh»=0forallhe Q.

(]
2.2.2 Replacement of S with £
In this subsection, we prove identities which mix the antisymmetric and the symmetric part of the

generator, which will be used to get the weak sector condition (Proposition II1.15). The argument
is widely inspired from [69].
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LEmmMmA II1.13. Forall g,he Q,

«Sg, A"h», = — <« A"g,Sh », . (111.20)
€ 8g,Jor »1=— < AT, o, > (1I1.21)

Proof. Identity (II1.20) easily comes from the first identity of Proposition III.10 and from the
invariance by translations of the measure P7:

«8gA™h», = — « g, A% »y,= — > E}[1,g, Ah] = > E}[A™(7,g),h]

XEZ XEZ
= > Ej[7.(A™g),h] = ) Ej[A™g, T k] = Y Ei[A™g, T h] = — « A™g,Sh >, .
XEZL XEZL XEZL

Then, by the first identity of Proposition III.10,

«8g, i > =— < g it »i=— ) B8 0] = — ) Eilg. " x+1]

XEZL XEZL
* -A A * *
= _EXEl [g’]x—l,x _Jx,x+1 - ZXE g"Am ZXE ]
XEZ X€EZL XEL
=—X Amg:jg,l 21,
and this proves (II1.21). ]

This last lemma and the second identity of Proposition III.10 imply the following:

CoOROLLARY III.14. ForallaeR, g€ Q,

& ajg’1 + Sg,aj(‘i1 + A"g »,=0.

We are now in position to state the main result of this subsection.

ProrosiTiON III.15 (Weak sector condition). (i) There exist two constants C, := C(y,A) and
C, := C(y, A) such that the following inequalities hold for all f,g € Q:

|« A™g, Sf »1| < Col|Sf1 [ISg ]l (I11.22)

1
|« A", 5f »1| < CfISgll + SISl (I1.23)

(ii) There exists a positive constant C such that, for all g € Q,

A"l < clisglls-

Proof. The proof is technical because made of explicit computations for quadratic functions. For
that reason, we report it to Appendix 2.2.3. ]
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2.2.3 Decomposition of the Hilbert space

We now deduce from the previous two subsections the expected decomposition of #;.

ProrosiTiON II1.16. We denote by L™Q the space {L™g ; g € Q}. Then,
Hy = LmOly @ {jo. }-

Proof. We first prove that H; can be written as the sum of the two subspaces. Then, we show that
the sum is direct.

(a) The space is well generated - The inclusion £™Q|,, + {j5,} < H, follows from Proposition
I11.3. To prove the converse inclusion, let h € #; so that < h, j5 , »,= 0 and « h, L™g »,= 0 for all
g € Q. From Corollary I1I.12, h can be written as

k—>0
for some sequence {g,} € Q. More precisely, since « Sg;, A™g; >»;= 0 by Equation (II1.20),
[R[? = lim «Sg.,Sg » = lim «Sg,L g, > .
k—0 k—0

Moreover, we also have by assumption that « h,Sg;, »,= 0 for all k, and from Proposition III.15,

sup || £7gx [y < (C+ 1) sup [ Sgxll, =: Cy

keN keN
is finite. Therefore,

|\|h|Hf = lim «8g,L"g » ;= lim «S8g,—h,L"g. > < lim Cy||Sg — h||;, =0.
k——>00 k—>00 k—>0

(b) The sum is direct - Let {g,} € Q be a sequence such that, for some a € R,
. .S .
Jm LR =ajy, inH,
By a similar argument,

limsup « Sgi, Sgx »,= limsup « LMg;,Sg, »,=limsup « LMg; — ajg’l,Sgk »;=0,

k—0 k— 0 k—0

where the last equality comes from the fact that « jg’l, Sgi »1= 0 for all k. On the other hand, by
Proposition II1.15, [|£™g/[, < (C+ 1)||Sg|?. Then, a = 0 and this concludes the proof. O

Recall that j5, (m, w) = A(w? — w?). We have obtained the following result.

THEOREM III.17. For every g € Q,, there exists a unique constant a € R, such that

g+a(w!—wl)eL™Q inH,. (1I1.24)
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In particular, this theorem states that there exists a unique number D, and a sequence of cylinder
functions {f;} € Q such that

llox = D(e] = es) = L™filly ~—— 0. (II1.25)
Let us notice that this convergence also holds with the same constant D and the same sequence {f;.}

if we replace the semi-norm || - [|; with || - || g for all 8 > O (from the change of variables argument
given at the beginning of Section 2).

2.3 On the Diffusion Coefficient

The main goal of this section is to express the diffusion coefficient in several variational formulas.
First, recall Definition III.2, which can be written as

D=+

inf supE | D T 2078 — A™F TS —Do(u:T,)|. I11.26
707 IESUpE [ Dolii ) + 25, — AT, = Dol T )| (IIL.26)

From Theorem III.17, there exists a unique number D such that
Jo1—D(w?—w?l)eLmQ inH,.

We are going to obtain a more explicit formula for that D, and relate it to (II1.26), by following the
argument given by instance in [69]. We first rewrite the decomposition of the Hilbert space given
in Proposition II1.16, by replacing jgl with j, ;. This new statement is based on Corollary I1I.14,
which gives an orthogonality relation. The second step is to find an other orthogonal decomposition
(see (I11.27) below), which will enable us to prove the variational formula (II.26) for D.

Hereafter, we denote by £L™* := S — A™ the adjoint of the generator in L*(u, ), and
Joa = jg,l - jg,r
LeEmmA III.18. The following decompositions hold
Hi=LTO|y® {jO,l} = L™ Q| ® {]51}

Proof. We only sketch the proof of the first decomposition, since it is done in [69]. Let us recall
from Proposition II.16 that £™Q has a complementary subspace in 7, which is one-dimensional.
Therefore, it is sufficient to prove that #, is generated by £™Q and the total current. Let h € H,
such that « h, jo; »;=0and « h,L™g »,= 0 for all g € Q. By Corollary III.12, h can be written as

. .S
h= kh;rlmSgk +dajg,
for some sequence {g;} € Q, and a € R, and from Corollary I11.14,

R[S = lemoo <« aJ'g’,l + 88k, ajo1 + L7gk >1 -
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Moreover, from Proposition II1.15,

Sup \Hajo,1 + ‘Cmgkm? < 2a2H|jo,1Hﬁ +2(C+1)sup H‘Sngﬁ =: Gy
keN keN

is finite. Therefore,
IR]I1% = kh;nw < aJ'S,l +Sg —h,ajo, + L7 >,

< limsup Ch|\|ajg’1 +S8g— h|Hf =0.

k—00

The same arguments apply to the second decomposition. ]

We define bounded linear operators T,T* : H; — H, as

T(ajo, + L™f) := aj(f,l + Sf,
T*(ajy, + L™ f) := ajg, + Sf.

From the following identity
llajos + L7F I = llajs, + £™FIIF = llajg, + SFIT + llajg, + A™F I3,
we can easily see that T* is the adjoint operator of T and we also have the relations
< Tjgpsdor »1 =< T35 1, joq 1= Ax (1)
K Tjg 1, L™ f »1 =< T'js 1, L7f »,=0, forall f € Q.
In particular, T maps { jg,1} into a subspace orthogonal to L™* Q)| i.e.
Hy = L% 0|, & {Tj5,} (II1.27)
and there exists a unique number Q such that
Jo.—QTjs, €£L™Q inH,.
We are going to show that D = AQ.

LEmma III.19. Ay (1)
x(1 I mx
- inf ||, — £™ 3. (I11.28)

Q=—
ITjs, I3 Ax(1) Feo

Proof. The first identity follows from the fact that
«Tjgy»Jor — QTioy »1= A% (1) — Q|| Tjg, |7 = 0.
The second identity is obtained from the following statement

. o .S * i
}25 H|]0’1 - QT]()’l - Em f ‘Hl - O (11129)

O
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After an easy computation, we can also prove that « Tg, g »,=« Tg,Tg », for all g € H,. Since

Joa — Tig, is orthogonal to Tj§ |, we have:
jg,l B Tjg,l € m

By the fact we obtain the variational formula for || Tjg, [[;:
ProposiTioN III.20.

ITjg Al = inf g — £™ FIIE-
Proof With a similar argument (in the proof of the previous proposition), we have

nf 135, —Ti5, — £ F |l =0,
and

nf 15, — TS, — €™ I3 = inf 115, — £ F 12— inf T35, 2

which concludes the proof.

THEOREM III.21.

x(1)

D= : : —.
4infreg |ljo, — L™ |7

inf ko Lm,* 2 —
oy It i, — £

Proof. By the definition, j,; —Djg,/A € £L™Q and therefore

. :S D * +S D -S 2
K Jo1— ]0’1E:T ]0’1 »>q= A'%<1) - %H‘T](),1H|1 =0.

Therefore, D = AQ, and the variational formula for D can be deduced from the one for Q.

REMARK 2.1. We can rewrite the variational formula for D as:

inf {155, 13 + IISF 1% + 15, — AmF 13}

x(1) se
~ e inf {187 3+ 13, — A2}
s x(11) }ggzgg{wfﬁ — 2« jb — A™f,Sg > —!HSgH\Z{}
T N R Ty S

— A+

inf su E[D T +2<’A — A™ ,r> —Dy(uy; T ]
X(l)feggegp o3 Ty) Jo1 f ) o(b1;Tg)

(II1.30)

(1I1.31)

(111.32)

0

(1I1.33)

(II1.34)

(II1.35)

We use the fact that in (II1.33), we can restrict the infimum on functions f in Q that satisfy
& j(’)\1 — A™f, jgl »;= 0. Let us notice that (II1.34) and (II1.35) recover the variational formula

(II1.26).
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We conclude this section with a general statement that will be used in Section 4 to prove the
diffusive behavior of the macroscopic energy fluctuations.

ProrosiTioN II1.22. For any sequence {f,} € Q such that
lim |[jo1 — D(w% - wﬁ) — L% ]lL=0
k—00

we have , ,
k@wE@(vm(wg—rﬁ)) +y(v0(rfk)) > — 2Dy(1).

1

Proof. By assumption,
Jm [T (jo = D(w] — ) = L) [l = 0

and therefore
Jim 55, = Sfil|2 = D T(? - ) 2

Then, the result follows from

x(1)
— 0=
BRI
and
133, - sl = 52 (@3- 0t~ Voutr) ) + 2 (velr) ). awse
’ 2 ’ ‘ 1 2 ‘ 1

O

3 Green-Kubo Formulas

3.1 Convergence of Green-Kubo Formula

Linear response theory predicts that the diffusion coefficient is given by the homogenized Green-
Kubo formula. Let us define

1 +00
x(z)=A+ EL e < jgy(m, 1), o, (m,0) »; , dt

where « - >, is the inner product defined by (III.3). The Laplace transform above (the second
term of the right-hand side) is denoted by L(z), is smooth on (0, +0), and k(2z) can be rewritten:

(o) — 1oa o smye1a
K(z) =A+ 5 <Jo (2= L") g1 P1 - (111.37)
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3.1.1 Existence of the Green-Kubo Formula

In this paragraph we prove the existence and finiteness of the Green-Kubo formula. The argument
is based on the paper [10], where the author generalizes some ideas developed in [6,50].

THEOREM II1.23. The following limit D := lirnof(z) exists, is finite and positive.
Z—>
z>0

Proof. We investigate the existence of the limit

. A —1:A
Zh_r)n0 < Jos (z—L™) Jo1 P - (I11.38)

z>0

The Hilbert space generated by the set of local functions and the inner product « -,- > , is denoted
by L2. We define h, := h,(m, w; 1) as the solution of the resolvent equation in L

(z = L™h, = jg,. (I11.39)

Then we have to prove that
1 :
L(z) = 5 € hz,]c’i1 1.

converges as z goes to 0, and that the limit is finite and non-negative. Then, from (II1.37) it will
follow that D > A > 0 and D is positive. We denote by | - |, the semi-norm corresponding to the
symmetric part of the generator due to the flip noise

IFI3 =< £, (~yS"0)f >,

and H, is the Hilbert space obtained by the completion of L? w.r.t. that semi-norm. We multiply
(II1.39) by h, and integrate with respect to « - »; , and we get:

2 < hy,hy >y, + R+ <y, (“ASTMR, >, =< hy, oy >

Let us notice that (—yS™P)( jél) =2y jg’l. As a consequence, the Cauchy-Schwarz inequality for the
scalar product « -, (—yS™P). »1,. on the right-hand side gives

]l <€

for some positive constant C. Since {h,}, is a bounded sequence in #,, we can extract a weakly
converging subsequence in ;. We continue to denote this subsequence by {h,}, and we denote by
h, the limit.

Now we are going to show that the convergence is stronger (see (iv) in Lemma III.24 below) and
that the limit is independent of the subsequence. Since the generator L™ conserves the degree
of homogeneous polynomial functions, we know that the solution of the resolvent equation is
expected to be on the form

h(w)= ), ¢.(x,y)0.,,

X,y€z?
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where ¢, : Z? — R is a square-summable symmetric function. Let h, = h_ + h? be the decomposi-
tion of h, according to the two subspaces Q= and Q”, where Q~ is generated by {w?,x € Z} and
Q7 is generated by {w,w,,x # y}. The main point in the following argument is that all gradient
terms vanish in L2.

First of all, one can easily see how the spaces Q= and Q” are mapped by the generators:

A0 — Q%  A™: Q0" —Q
S — {0} S™:9*— 0F
Sexch . Q: N Q: Sexch . Q;ﬁ N Q;ﬁ

Moreover, if f € O, then A™(f) is a gradient in Q”, and S™"(f) is a gradient in Q. With all
these considerations, (II1.39) rewrites in Lf as

zh; — AS™"(h7) =0
zh? — ASOM(hY) —yS™ (hY) — A™ () = jb,.

The first equation means that h_ = 0 in L? and therefore the solution h, of the resolvent equation is
an element of Q7. As a consequence, we can write (—yS™P)(h,) = 2yh,, and this remark is one of
the key points in the following argument.

LeEmwma I11.24. All the properties below are satisfied:
) limoz «hy,h, »,=0
Z—>
(i) {h,} weakly converges as z goes to 0 towards h, in L?
(i) « ji, ho»1, =< ho, (=S)hy »1,
(iv) « (h, —hy),(=S)(h, —hg) », , vanishes as z goes to O

(v) the weak limit of {h,} does not depend on the subsequence.

We briefly prove the five points: (i) and (ii) come from the fact that « h,,h, »,, equals 2y|h, 3.
To get (iii), we multiply (III.39) by h, and integrate:

2 < hy,hy, »;, + <hy, (=S)h, », + < hy, (“A™)h, », =<« hzl,j(’il P (111.40)

We first take the limit as 2’ — 0 and then as z — 0, and we use (i) and (ii) to obtain (iii). In the
same way, multiplying (II1.39) by h, gives

2 < hy,hy >, + < hy, (—S)h, »1, =< hy, jo, >,

The first term of the left-hand side vanishes as z goes to 0, and the right-hand side converges to
« hg, (=S)hg », .. This implies (iv), that is

& (hy —hgy), (=8)(h, — hy) »p,— 0.

z—0
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The uniqueness of the limit follows by a standard argument with the same idea of (II1.40). We have
proved the first part: the limit (II1.38) exists. To obtain its finiteness, we are going to give an upper
bound, using the following variational formula:

< i (o= £ iy 1= sup {2 iy o I~ AL

where the supremum is carried over local functions and the two norms | - ||, are defined by

2 +1
Hinl,z =< f’ (Z - S)i f >>1,* .
For the upper bound, we neglect the term coming from the antisymmetric part A™f, that gives
oy (2= L™ 7o > << g, (2= 8) gy P

In the right-hand side we can also neglect the part coming from the exchange symmetric part S,
and remind that S™P( jgl) =-2 jé‘l. This gives an explicit finite upper bound. Then, we have from
Lemma II1.24, Property (iii) that the limit

. A —1:A A
lim « jo, (2= L") »1. =< Jop,ho »1, =< ho, (=S)hg »1, >0,

z2—>00

and the positiveness is proved. ]

3.1.2 Equivalence of the Definitions

In this subsection we rigorously prove the equality between the variational formula for the diffusion
coefficient and the Green-Kubo formula (see the end of Subsection 1.4).

THEOREM IIL.25. For every A > 0 and y > 0,
o 1. A m)—1:A
D:=A+ Ezhjqo < Jors (z—L™) Jo1 P10
z>0

coincides with the diffusion coefficient D defined in Subsection 2.3.
Proof. From Subsection 2.3, we know that the diffusion coefficient can be written different ways.
For instance, one can easily check that

2

- IT(wf — @)l

By definition of D, there exists a sequence {f,},-, of functions in Q such that
8 = j5’1 - D<w% - w(2)> - ﬁm’*<fe>

satisfies ||g.||; — O as € goes to 0. By substitution in the equality above, we get

1 % * * [ *k *
D™ = 2D? <Joa —L™f— & T (]0,1 L™~ 8e) >
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recalling that « Tg,Tg »,=« g,T*g », for all g € H;. Therefore,
L. m :
D:§<<Jo’1_£ ’fs_ga’]g’l_sfs_ga >1

< ].(;,1 - ‘Cm’*fs;jg,l - Sfe e8! +Rs

N | =

where R, is bounded by C|| g%, and then vanishes as ¢ goes to 0. Finally, from Proposition III.10,
we can write

1
D=A+ > limO & fer (=8)fe »14 -

The problem is now reduced to prove that

lim « fo, (=8)fe »10 = Hm < jo,, (2= L7) gy >, - (IIL.41)
z>0

For every z > 0 and € > 0, we have by definition above and (III.39),
jor =zh, — L™, (IIL42)
jor =D(w] — wp) + g + L™ f.. (IIL43)

First, multiply (III.43) by f, and integrate with respect to « - » ,, keeping in mind that all gradients
give no contribution. We get

- < j(ﬁpf& >>1,* =< fs: & >>1,* — < fs» (_S)fe >>1,*
and using (I11.42),
KL, fe >, —2 <Ry, fo> 1, =< i, 8 P11, — < fo, (=) fe »1

First, let z go to 0, and observe that z < h,, f, »;, vanishes, from the Cauchy-Schwarz inequality
together with Statement (i) of Lemma II1.24. The limit of « £L™h,, f, »,, exists from the weak
convergence of {h,},. Then, take the limit as € goes to 0, and observe that

_ 1/2 _ 1/2
& for&e P10 =% fo, (=8)(—=8) g 1. < < fo, (8)fe >>1,/* & ger (=8) 7', >>1,/*

< Cligells —— 0

The first equality is justified by the fact that g, belongs to Q,, and the last inequality comes from
the definition of the semi-norm || - [|; given in (II1.14). As a consequence, we have obtained

lim « f,,(=S)f, »;,= lim lim « —£™h,,f, »,, .
e—0 ’ e—>02z—0 ’
In the same way, multiply (I11.43) by h, and integrate with respect to « - >, so that

— Jophs P =K g hy >y + KLY b >

If we send first z to 0, then « g,,h, »;, converges to < g.,h, »;, from the weak convergence of
{h,},. With the same argument as before, we write

« gs>h0 >>1,*< C|Hgsml 8—_>0) 0.
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Therefore,
lim «j&,h, »;, = lim lim « —L™"f, h, >,
z—0 > e—0z—>
= gli_l')l’lo < fs? (_S)fa 21 %
and the claim is proved. ]

3.2 Vanishing Exchange Noise

With the same ideas of the previous subsection, it can be easily shown that the homogenized
Green-Kubo formula also converges if the strength A of the exchange noise vanishes. The aim of
this paragraph is to study the limit of D(A,y) as A goes to 0. First, we turn (I11.37) into a new
definition that highlights the dependence on A > 0. For that purpose we introduce new notations:
we define S, := ySTP, S, := S, + AS™?, and then

ﬁm:: Am+80 a)owl )
?n m m exch and J()(m)(w) = = ]gl (m; CO)
LY :=A"+ 8, =L]+AS mym, :

Let us introduce the homogenized Green-Kubo formula for both noises:

K(A,2) :=<« Jo(m), (z — L) "Jo(m) », (I11.44)
and the homogenized Green-Kubo formula for flip noise only:

Ko(2) =< Jo(m), (z — L) Jp(m) >, . (I11.45)

According to the previous paragraph, we already know that the Green-Kubo formulas (I11.44) and
(II1.45) converge as z goes to 0. Then, the following diffusion coefficients are well defined, for all
A >0,

D(A):= A+ lim ¥(A,2),

z—0

Dy := lim %y (2).

z—0

The main result of this subsection is stated in the following theorem.

THEOREM II1.26. The function A ~— D(A) is continuous at 0. More precisely,

lim D(2) = D,
A, P = Do
Let us remark that the theorem above does not imply the existence of the hydrodynamics diffusion
coefficient D(0, y). This question remains open.

Proof. The proof is divided into two steps. For the sake of readability, we erase the notation m in
Jo(m), and keep in mind its dependence on the disorder.
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Step 1 - Convergence of the diffusion coefficient. Let us denote by h,, and HM the two
solutions of the resolvent equations in L?:

(Z - El’ol'l) hZ,O - Jo,
(Z - ,CI;’*)EZ,A - Jo.
We look at the following difference, for A,z > 0 fixed,

&Jo, (2= L) Mg >, — <o, (2= LE) o>,

m\—1
= ‘ «Jo, (2= L) Ty >, — < Jo,hy g >,

= [« o, (= £2)7 |2 = £ — (5 — LDy | 51
= A« Jy, (2= LTSN (R, 4) >,
= A« (2= L) Mg, STM(h, o) »1.]-

To complete the proof, we are reduced to show that A] « EZ’ Py Se“h(hz,o) »1, | vanishes when we
first let z — 0 and then A — 0. For that purpose, we need more precise information on the two
solutions }_lz’k and h, . Since the generator L' (resp. L") conserves the degree of homogeneous
polynomial functions, we know that the solution of the resolvent equation 1_12’ » (resp. h, () has to be

homogeneous polynomial of degree two, precisely:

Ez,?t(w) = Z (Pz,?k(mﬂx’y)wxwyi

X,YEZ

where ¢, ;(m,-, ) : Z> — R is a square-integrable symmetric function. As before, we decompose
every degree two function h as h = h= + h”, where h~ belongs to Q= and h” belongs to Q”.
We have seen in the proof of Theorem III.23 that the part belonging to @~ vanishes for the two
solutions, in other words, }_'LZ’ , and h, o are elements of Q. As a consequence,

& hz’A,SeXCh(hZ’O) >, =< hZ,A,SeXCh(hZ’O) 1.

which is bounded by

\/« Hz,l: (_SeXCh) (Hz,)\> >>1,* \/<< hz,OJ <_SeXCh>(hz,0) >>1,*

according to the Cauchy-Schwarz inequality for the scalar product « -, (—S%). »1,. We treat
separately the two terms into the two lemmas below. We prove that the first term is bounded by
C/ V2, and the second one is uniformly bounded for A,z > 0. Here we state the two lemmas:

LEmMA II1.27. There exists a constant C > 0 such that, for all z,A > 0,

< hy 5, (—8%M)(h, ;) »1., < T
LemmMmA II1.28. There exists a constant C > 0 such that, for all z > 0,

< Ry, (—S"M)(hy o) »1., < C.

From these statements we deduce
2| <y 5, ™M (hy o) »1.,| < CoVA

where C, does not depend on A,z > 0, and Theorem III.26 follows.
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Step 2 - Proofs of the two lemmas. We begin with the proof of Lemma II1.27. We recall the

resolvent equation in L%:
zh, ; — (AST + 8o — A™)h, ; = . (I11.46)

We multiply (II1.46) by h, , and integrate with respect to « - > ,, in order to get
Z < f_lz,k,}_lz’l »1.+ <« i_lm, (—50)(}_19;,;1) »1, FAL }_12,,1,( Se’“:h)(hZ 2) D1, =< Jo,hZ A D1 -

The right-hand side rewrites as
(2r)' « (=S0)(Jo) hzo »1 -
Cauchy-Schwarz inequality for the scalar product « -, (—Sp)- >, on the right-hand side gives
Z < Ez,)bﬁz,)k »,<C
with C := (2y) Y2« Jy, Jo >>i/*2 and then
A < Ry, (—8%M) (R, ;) 1., <C.

We now turn to Lemma III.28. We prove a general result, precisely: there exists a constant C > 0
such that, for all g € Q7,
< g (~8"Mg»,, <C«Kg,g».,. (I11.47)

This fact is proved through explicit computations. Let us write g € Q7 in the form

- Z ¢x,k (m) Wy Wy yk-

XEZL
k=1

A straightforward computation gives that

k=2 2€7

2
1
Lg, (—SeXCh)g >>1,* = ZE [ vO lr ] 2 E (Z qf)z,k(szm) - d)z,k(lem))

<4TE (2 ¢z,k<m>)

k=2 2€7,

In the last inequality, we use the fact that the measure P on the disorder is translation invariant
and that (a — b)? < 2(a® + b?) for all a, b € R. Besides, one can also check that

« g:g»l* EE'Z ¢zk ¢xk ] ZE (Z¢z,k(m)> s

k>1 X,2€7Z k>1 2€Z

thanks to the translation invariance of P. The bound (II1.47) follows directly, with C = 4. To prove
Lemma II1.28, it remains to show that « h, o, h,, »;, is uniformly bounded in z. We recall the

resolvent equation in L%:
zh, o — (So + A™)h, o = Jo. (I11.48)
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Notice that we can write Sy(h, o) = —2yh, o. We multiply (II1.48) by h, , and integrate with respect
to « - »;, in order to get

z < hyg,h, 0>, +2y <hyg,h 0>, =< Jo,hy 0 >, -

As previously, Cauchy-Schwarz inequality for the scalar product « -, (—S,)- »;, on the right-hand
side gives
< h, g h, 0>, <C,

with C:= (2y)7! « Jy,Jo >>i/*2 . (]

4 Macroscopic Fluctuations of Energy

In this section we are interested in the fluctuations of the empirical energy, when the system is at
equilibrium. We prove that the limit fluctuation process is governed by a generalized Ornstein-
Uhlenbeck process, whose covariances are given in terms of the diffusion coefficient.

4.1 Energy Fluctuation Field

Recall that we denote by eg the thermodynamical energy associated to the inverse temperature
3 > 0, namely eg = B~'. We define the energy empirical distribution 7}  on the torus T = [0, 1)

as
1
i (du) = = Z W2(t)8,n(du), te[0,T], ueT,

x€Ty

where §, states for the Dirac measure. We denote by {w(t)},-, the Markov process generated by
N?L® and by M, the set of probability measures on T, endowed with the weak topology. The space
of trajectories in M;, which are right-continuous and left-limited (i.e. the Skorokhod space) is
denoted by D ([0, T],Ml). If the initial state of the dynamics is given by the equilibrium Gibbs
measure ,ug, then nlt\fm weakly converges towards the deterministic measure on T, equal to {egdu}.
Our goal is to investigate the fluctuations of the empirical measure 7™ with respect to this limit.
Let us fix the disorder m, and the inverse of temperature 3 > 0 and consider the system under the
equilibrium measure ,ug .

DEriNITION II1.3 (Empirical energy fluctuations). We denote by yfm the empirical energy fluctua-

tion field defined as
N 1 X 2
Vin(H) = < D1 H (N) {@2(t) e},

xeTy

where H: T — R is a smooth function.

We are going to prove that the distribution ) converges in law towards the solution of the linear

SPDE:
0,y =Da;ydt+4/2Dx(B) 0, B(y,t)
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where B is a standard normalized space-time white noise, and D is the diffusion coefficient defined
in Theorem II1.17. Observe that there is no dependence on the statistics of the disorder m in the limit
process. In other words, the latter is described by the stationary generalized Ornstein-Uhlenbeck
process with zero mean and covariances given by

dudvH(u)G(v )exp(—(u_V)z),

4tD

<yt(H)y0(G)> \/W R2

for all t > 0 and smooth functions H,G : T — R. Here, H (resp. G) is the periodic extension to
the real line of H (resp. G).

We denote by 9N the probability measure on D([0,T]|, M, ) induced by the energy fluctuation
field Y and the Markov process {w(t)},>, generated by N*L, starting from the equilibrium
probabiiity measure ,ug. Let Q) be the probability measure on the space D([0, T], M;) corresponding
to the generalized Ornstein-Uhlenbeck process ),. The main result of this section is the following.

THEOREM II1.29. For almost all realization of the disorder m € Sy, the sequence {YN }y-, weakly
converges in D([0,T], M,) to the probability measure 2).

4.2 Strategy of the Proof

We follow the lines of [69, Section 3], and we write the proof for f = 1 (the same argument
remaining in force for every 3 > 0). The proof of Theorem III.29 is divided into three steps. First,
we need to show that the sequence {9)N }-, is tight. This point follows a standard argument, given
for instance in [49, Section 11].

Then, we prove that the one-time marginal of any limit point )* of a convergent subsequence of
{DN }x=1 is the law of a centered Gaussian field Y with covariances given by

EYG)) - x(1 fduH( G(w),

where H,G : T — R are smooth functions. This statement comes from the central limit theorem
for independent variables. Finally, we prove the main point in the next subsections: all limit points
2)* of convergent subsequences of {2 }\-, solve the martingale problems below.

Martingale problems — For each smooth function H: T — R,

M, (H) := Y, (H) — Vy(H) — L t DY, (H")ds, (I11.49)
and
N, (H) := (M, (H))* - 2tx(1)Dj H' (u)*du (I11.50)

are L' (9))-martingales.
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4.3 Martingale Decompositions

Let us fix a smooth function H : T — R. We rewrite Y _(H) as

Yy (H) = ff >, VyH ( )J”H(m s)ds + My, (H)

x€Ty

where M} is the martingale defined as

M08 = [ 1 37 901 () (02— ) 0)aNees6) - 2]

x€Ty

Hereafter, (N, ,,1).cz> (N, ),z are independent Poisson processes of intensity (respectively) A and
y. The notation Vy states for the discrete gradient:

o ()-sfu (25 +3)

and the discrete Laplacian Ay is defined in a similar way:

o (3) e (252) 0 (52) - 3)

To close the equation, we are going to replace the term involving the microscopic currents with a
term involving Y\ . In other words, the most important part in the fluctuation field represented by

[N S v (5 ) e msyas

xeTy

is its projection over the conservation field Y} (recall that the total energy is the unique conserved
quantity of the system). The non-gradient approach consists in using the fluctuation-dissipation
approximation of the current j, ,,; given by Theorem II1.17 as D(co)zc e wi) + L£™(7,f). For that
purpose, we rewrite, for any f € Q,

t
y?,’m<H>=3’é“,m<H>+f DY (AxH)ds + Ty o (H) + 375 (H) + Mgy, - (H) + 907, (H), (IL51)
0
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where

203,00 = [ VN 3 9t (5) [ratms) - D(e2,, — 02)(6) - 7. )(mas) s,

(&
(=}

9
~+

32N (H) =

t,m,f

X;NVNH() (7, f)(m,s)ds,

(&
(=}

= [ S v (5 {[vx,xH(wg T AN ()~ 2]

xe’]I‘

— V. (Tg)(s)d[Ni(s) = ys] }

s )= [ = IZVNH( ){ V(T () [N, (5) — As]

x€Ty

£V (T)(s) d[Ni(s) — 7s] }
The strategy of the proof is based on the two following results.
LemmMmA II1.30. For every smooth function H: T — R, and every function f € Q,

. ~2,N 2,N 2
N@@E<5up (328, (1) + 02 (1)) >1:0.

0<t<T

THEOREM II1.31 (Boltzmann-Gibbs principle). There exists a sequence of functions {fi}ren € Q
such that

(i) for every smooth function H: T — R,

2
lim lim E< sup (322fk(H)) > =0, (I111.52)
1

k——>00 N—00 0<t<T

(ii) and moreover

2 2
lim E A(vm(wg—rf )) +y(v0(rf )) — 2Dy (1). (IIL.53)
k—>0o0 ? k k 1
As a result, the martingale im m s, Converges in 1.2 (P}), asN — o and k — oo, to a martingale

M, (H) of quadratic variation

2th(1)J H' (u)?du,

T
and the limit Y, (H) of )}, (H) satisfies the equation

V,(H) = Y,(H) + Lt YV,(DH")ds + 9, (H).

We have proved that the limit solves the martingale problems (II1.49) and (II1.50), which uniquely
characterize the generalized Ornstein-Uhlenbeck process ),. The proof of Theorem III.31 is strongly
related to the characterization of the diffusion coefficient given in Sections 2.1, 2.2 and 2.3.
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4.4 Proof of Lemma III.30

In this paragraph we give a proof of Lemma II1.30. We define

As before, we can rewrite

7N (H >+fmfﬁif< ) =X5 (£) =X (0)

t,m,f
f x; vx Xx+1 ZEZE: VNI_I ( ) - vN (%) 1—‘f (m’s>d[Nx,x+1(s) - A‘S]
N\FJ z ET] v H ( ) of b —vH (%) I, | (m,s)d[N, (s) — As]-
Therefore,

2 2
(920, (H) + 2N (1)) <3 (X5 (6) X3 ,(0))
1 t X ’
+3 WNJ,{;NV"”‘” Z;;NVNH( > T.f v — VyH (ﬁ) Ty | (m,s)d[N, . 1(s) — As]

2

+3 N\FJM ZVNH( ) T, f —VNH(§> Iy | (m,s)d[N,(s) — As]

z€Ty
(I11.54)
On the one hand,
(), 5 o () (3) 2o,
x,yeTy

This last quantity is of order 1/N?, because f is a local function of zero average, and H is smooth.
On the other hand, let us define

ZVNH( )Tzf—VNH< )Zrzf

z€Ty 2EL

Then, the expectation of the second term of (II.54) is equal to

2 E([Taxn¥L),

xeTy

37LZtN2

Again, since f is local and H is smooth, this quantity is of order 1/N?. Indeed, in the expression
V,xt1(Y,), there is a sum over z € Z, but in which only terms with |z — x| < 2 remain. The same
holds for the third term of (II1.54).
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4.5 Proof of Theorem II1.31

In this paragraph, we prove Theorem II1.31 by using the central limit theorem variances given in
Theorem III.6. First, we show how to relate (III.52) to such variances.

ProposITION II1.32. Let 1) € C, such that s, < N. Then

‘ 2 24T
<0§31<>T UO w(S)dS] >1 <z W (=S o (II1.55)

The previous result is proved for example in [52, Section 2, Lemma 2.4]. We are going to use
this bound for functions of type >, G(x/N)7, ¢, where ¢ belongs to Q,. The main result of this
subsection is the following.

TaeEOREM IILI.33. Let ¢ € Q,, and G a smooth function on T. Then,

2

limsupE<sup VN f )G < ) 7. p(m,s)ds > < CT| |2 f G?(u)du. (I11.56)
T

N—>00 0<t<T xeTy
1

Proof. From Proposition I11.32, the left-hand side of (II1.56) is bounded by

24TEfZ(>Tx¢()(N25N1\FZ(> )>’

x€Ty x€Ty 1

that can be written with the variational formula as

24T sup4 VN > G ( ) [f Tuon] — NE| Dy (13 £) |

fec x€eTy
Since ¢ € Q,, from Proposition V.13 we can restrict the supremum over f € Q. Proposition III.4
gives
1/2
(raon <C{Tuf (=80 )7 uf)),
and by Cauchy-Schwarz inequality,

VN 6 (%) (f o), < % PNe (%)2 l/ZNC¢<f (—SfO.

xeTy xeTy

The supremum on f can be explicitely computed, and gives the final bound

2

, 1 x\?
E<Os<13£T \ff G ( ) 7 . (m,s)ds > <CT NZG<N) . (1I.57)
1

xeTy xeTy
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We are now going to show that the constant on the right-hand side is proportional to ||¢||2. For
that purpose, we average on microscopic boxes: for k « N, we denote

ak = 2 Ty
YEA
and we want to substitute

WZ <)Tx<p with 2f12G<§)Tx¢k.

x€Ty x€Ty

The error term that appears is estimated by

(o[ ] 2 g (o2) o) ormoe] )

IX y|<k

1

From (II1.57), the expression above is bounded by Ck/N, and then vanishes as N — o0. We are
reduced to estimate

2

E B ; |
<osstr1<pT 2k+1J0 ( >Tx(10k(m,5) s >

1

By the same argument, this is bounded by

ST x; sup {\fG ( ) E [<f Tx¢k>1] ~ o1k [<T_xf, <_SAk) T_xf>1]}

< 2kC—Ti- 1 X;T:N ?CSQP {C(‘P)\/ﬁG <§) E [<T—xf, (_SAk>(T_xf)>1]1/2

L (_sAk)T_xf>l]}.

The supremum on f can be explicitely computed, and gives the final bound

oo (3 5(3) )arenl5) 50,

x€Ty

Taking the limit as N — oo and then k — oo, we obtain (III.56) from the central limit theorem
for variances at equilibrium (Theorem III.6). ]

We apply Theorem I11.33 to J ”1 N m s (F), and we get

2
limsup]E< sup (ff}j, f(H)) > < CTljos — D(w? — w?) — L7F |2 f H' (u)?du.
1 T

N—00 o<t<T
In Section 2.2, we have shown that there exists a sequence of local functions {f;.} € Q such that
. 2 2
o~ D(e? — @) — L™l ——> 0.

Eventually, Proposition III.22 given in Section 2.3 proves the second statement of Theorem III.31.
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5 Hydrodynamic Limits

In this last paragraph, we briefly enlighten the failure in the derivation of the hydrodynamic limits.
Let us assume that the initial law for the Markov process {w(t)},>, (still generated by N*£), is
not the equilibrium measure ,ug, but a local equilibrium measure (defined in the same way as in
Chapter II). The main goal would be to prove that this property of local equilibrium propagates in
time: in other words hydrodynamics limits hold, with an energy profile solution of the diffusion
equation with constant coefficient D.

5.1 Statement of the Hydrodynamic Limits Conjecture

The distribution at time ¢ of the Markov chain on Ty with the generator N°£Y and the initial
probability measure uy is denoted by P™ . The measure induced by IP’E‘N ,onD ([0, T],QN) is
denoted by Py.

Ut

Recall that we denote by M the set of probability measures on T, endowed with the weak topology
and by D ([O, T], /\/ll) the Skorokhod space of trajectories in M;. The measure induced by PY' on
D ([0,T], M, ) is denoted by Q® := P o (7‘CN>_1 , where

= — :E] CU (SX.

xeTN

ConJECTURE IT1.34. Let T > O be a time-horizon. Let {u"}y be a sequence of probability measures
on Q. Under suitable conditions on the initial law u~, for almost every realization of the random
environment m, the measure QY weakly converges in D ([0, T],Ml) to the probability measure
concentrated on the path {e(t,u)du} o1, where e is the unique weak solution of the system

oe 0%e

—(t,u) =D—=(t,u), t>0,ueT
o (bw) =D—3(t,u)

e(0,u) = ey(u).

What we expect as for “suitable assumptions” on the initial law are the common ones in the
literature of hydrodynamic limits, when dealing with non compact spaces. The first one is natural
and related on the relative entropy:

AssumpTioN II1.35. We suppose that there exists a positive constant K, such that the relative entropy
H(uN|uY) of uN with respect to a reference measure u} is bounded by KyN:

H(uN|ul) < KN. (I11.58)

For instance, if u" is defined as a Gibbs local equilibrium state:

2

H Bo X/N

x€Ty
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for some continuous function f3, : T — R_, then (III.58) is satisfied. The second one is related to
energy boundness, that has already been a major concern in Chapter II. More precisely,

AssumpTiON II1.36. We assume there exists a positive constant E, such that

1
limsup,uNlN Z wi] < E,. (I11.59)

N—0 x€eTy

In the derivation of hydrodynamic limits with the usual entropy method, we need the following two
estimates: first, there exists a positive constant C such that, for any t > 0

1

Em[— > w? (t)] <C. (I11.60)
N xeTy

This can be easily established using (II1.59) and the Cauchy-Schwarz inequality. The second control

that we need is

t
1
. - 4 -
Jlim Ep L = > wis)ds | =o. (II.61)
x€eTy

If uN is a convex combination of Gibbs local equilibrium states, then the same argument of Chapter
IT (Section 3) shows that the law of the process remains a convex combination of Gaussian measures,
and that (II11.61) holds.

Contrary to the velocity-flip model, we do not need to assume a good control of every energy
moment if we expect the usual entropy method to work. This technical need was only due to the
relative entropy method.

With Assumptions II1.35 and II1.36 we could try to prove Theorem II1.34 by using the entropy
method, which permits to consider more general initial profiles (for example, the profile 3, can be
assumed only bounded, not smooth). The usual technical points of this well-known procedure are
the one and two-blocks estimates, as well as tightness. In this model, they are somehow easy to
prove because the diffusion coefficient is constant, and there is no need to prove its regularity.

5.2 Replacement of the Current by a Gradient

In this subsection we recall the main steps of the usual entropy method, and explain which ones
can be proved for our system. We fix the disorder m = {m, },.; and T > 0. For t € [0, T], we
denote by Zflm the empirical energy field defined as

1 X

ZN H)== > H (—) w?(t),
o N x€Ty N *

where H: T — R is a smooth function. We rewrite Z_(H) as

20 (1) = 2 1)+ [ 30 981 (5 ) s am,0) )5+ o 80,

t
0 xeTy N
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where ‘,Jﬁfm(H) is a martingale. The strategy consists in replacing the current j, ., by the linear
combination given in Theorem III.17. For that purpose, for any f € Q we rewrite

t,m,f

t
Z)(H) = 20 (H) + L DZN (ANH)ds + 30 (H) + 30 (H) + 90 (H),
where

3000 = [ 3 0t (5) [ )6 Dl — w)ls) - £(5. )5 s,

x€Ty

= [ 3 v (5) cnes)m o)

x€Ty

Theorem II1.34 would follow from the three lemmas below.

Lemma II1.37. For every smooth function H: T — R and every 6 > 0,

N—>00

lim Py [sup’fmlt\]m(H)’ > 5] =0.
[0,T] ’

LemwMmA II1.38. For every f € Q and every smooth function H: T — R,

lim sup Epm [Jflljlf (H)H =0.

N— 0

LEMMA II1.39. There exists a sequence of functions {f; }rey € Q such that, for every smooth function
H:T—R,

. . ~1,N .
Jim, Jim, | |32 001]| =0
Lemma II1.37 and Lemma II1.38 can be proved, following the same standard arguments given for
example in [49, Section 7]. We need the energy moment estimate (II1.61) in Lemma II1.37, in
the computation of the quadratic variation of the martingale. The next subsection is devoted to
highlight what fails in Lemma II1.39, which should be related to the results of Sections 2.1, 2.3 and
2.2.

REMARK 5.1. Conditioned to proving Lemma II1.39, Theorem II1.34 would follow: recall that
Qy is the distribution on the path space D ([O, T],Ml) of the process m). Following the same
argument as for the generalized exclusion process in [49, Section 7.6], we can show that the
sequence {Qg, N> 1} is weakly relatively compact. It remains to prove that every limit point Q'
is concentrated on absolutely continuous paths e(t,du) = e(t,u)du whose densities are solutions
of the hydrodynamic equations given in Theorem III.34. It could be seen from Lemma II1.39 by
following the proof of [49, Theorem 7.0.1].
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5.3 Failed Variance Estimate

In this paragraph we fix the disorder m, and we erase it whenever no confusion arises. We are
going to recall here the usual main steps of the entropy method. We rewrite 322 f (H) as

w0 = [ 3 6(%) meimo)sas

x€Ty

where
¢(m, w) := jo1(m, w) —D(w] — wy) — LT (f)(m, )

o))

Entropy inequality — In Lemma III.39, note that the expectation with respect to the law of the
process P is taken. There is a priori no hope to get any estimate of this expectation, apart from
the well-known entropy inequality. More precisely, let us denote by XfN(co) the following quantity:

From the entropy inequality, we obtain

T
E]P[I\Ifl
0

[ e

| ®@is)as )]

for all « > 0. Since the entropy is decreasing in time, we know that, for all disorder field m,
H(PY| ,u,lg) is bounded. From the arbitrariness of a, we are reduced to investigate the convergence
of the second term in the previous right-hand side.

1 1
m|, N
] < aNH(IP’NWﬁ) N logE“% [exp (aN

Feynman-Kac formula — Usually, the purpose is to reduce the dynamics problem to the study
of the largest eigenvalue for a small perturbation of the generator N*Sy. This reduction relies
on Feynman-Kac formula and on a variational formula for the largest eigenvalue of a symmetric
operator. By Feynman-Kac formula,

By [exp {NJTXQ(w)(s) ds}] < exp {JT An(s) ds}

where Ay(s) is the largest eigenvalue of the symmetric operator NSy(-) + NXﬁ(w). From the
variational formula for the largest eigenvalue of an operator in a Hilbert space, we also know that

Anls) < sup { Q) 81 ~ N*Du(atp; VB)

where the supremum is taken over all measurable functions g which are densities with respect to
,ug. In particular,

%10«51% [exp {LTNXQ(w)(s) ds}] < LT sup {<X§(w) g(w)>ﬁ — NDy(ug; \/g)}ds
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Reduction to microscopic blocks - With the same spirit of the one-block estimate presented in
Chapter II, it is then crucial to replace microscopic quantities with their spatial averages. Here, with
the same ideas of [49], we can replace

Joq with Z Jext1
26 +145 o
1
2 . 2
w; with Z w
2£ + 1 Xe/\[ *
1
LY (f)(w)  with e (Tef)
N 2€f +1 XEZA% 1L X

where {; = —s; — 1 so that £ (7, f) is F, -mesurable for every y € A, . Let us introduce the
following notation

1 1 1
W/t = +D | — 2— 2 L
2@'-1-1 Z JYy-H 20 +1 W, 20 +1 2 Wy ng_’_l 2 sf+1 yf)

YEA |x| < [x—1|<t J’EA

(111.62)
with ¢/ = ¢ — 1. Finally, thanks to the regularity of the function G and the fact that D is constant,
we are able to reduce Lemma II1.39 to Lemma III.40 below. We also need to perform a cut-off in
order to control high energy values, and this is valid thanks to (II.61).

LEMMA II1.40. For all 6 > 0,

inf lim sup lim sup sup {<Y£’Z(o)) g(w)>ﬁ — 6NDy(lg; \/E)} <0, (111.63)

€Q _n N—®

where

Vi (0)i= 16 (5 ) mwito)

Reduction to a variance estimate — Then, the challenge is to reduce the proof of Lemma II1.40
to the following result:

1
inf lim 2¢ x [< (-su,) Wf,f’Wf,€> ] _o (I1L.64)
feQl—w B

This convergence holds, since it is equivalent to the conclusion of Theorem III.17, where the
diffusion coefficient D is defined through the non gradient approach. Here is the main obstacle.
If we follow the strategy given in [49, Section 7.3], we can bound the supremum in (III.63) by
the largest eigenvalue of S,, + bW/ where b is a small constant. In order to estimate this largest
eigenvalue, we usually use a perturbation method which provides a bound on the largest eigenvalue
in terms of the variance of W/‘. This can not be proved, and suggests that the entropy inequality
together with the Feynman-Kac formula are not the good tools to prove the hydrodynamic limits
for systems which do not have a spectral gap (see the last concluded section).
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We conclude this section by explaining why the perturbation theory does not work. Let us try to
prove Lemma II1.40. Since ug is translation invariant, we may rewrite <Y1f\;e (+) g(-)>ﬁ as

< (5wt >_xg<w>>ﬁ.

Since the Dirichlet form is convex, the supremum in (II1.63) is bounded from above by

ON

57 O Sup {b<wfeg>ﬁ Dy (g \f)} (IIL.65)

xeTy ¢

where the constant b = b(x, ¢, 5, N) satisfies

blo— e x\ 2/ <lc 20
bli= |6 (%) 5| <Gz

Let us denote by Ay, this last supremum inside the sum (III.65), which does not depend on x.
We consider a sequence {g; },cy that approaches this supremum, such that

. ’[ o
s, (s (50 V) 8, s

The idea of the perturbation theory is to expand /g, around the constant value 1. We write

(VEi (S, +1BWH) Vg, ) = b((WH) 4 2(WH (/1)) + W (8 -1)7) )~ Dilbtpi v8,).
(I11.66)

We know that <Wf £ >ﬁ = 0, and we use the Cauchy-Schwarz inequality for the scalar product
(,(=8h,))p in the second term. We obtain that (II.66) is bounded, for every A > 0, by

b (;<Wﬂ, (_SAZ>_1Wf’e>/5 + %De (gs \/Ek)) + b<Wf’[<\/§k - 1)2>[5 —Dy(bps /&)

It remains to bound the third term in the expression above. This could be done if we had the
following lemma.

LEmMA II1.41. There exists a constant C := C({, f, 3,y, A) such that, for every g =0,

(WH(\/g = 1)) < CDy (kg3 /8)- (I11.67)

As in Section 4, we could try to use the fact that W/*¢ is a quadratic function. Even this fact is not
helpful, and we give now a counter-example to this last lemma. We denote by H, the normalized
one-variable Hermite polynomial of degree n > 3 (see Appendix 2.2.1). Let us consider

{ VE(w) = [Hy(eo)]

W (w) =Hy(wy) = w? — 1.

Let us notice that (H2); = 1, and (H,)z = 0, so that the two test functions g and W/* satisfy all
expected conditions. By using the recursive relation

Hn+1(w0> = woH,(wy) —nH,_;(wy),
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we get for the left-hand side of (I11.67),

(Hy([Hu| = 1)), = {wiHi(wo)), — (Ha)p — 2(Ha[H, ), + (Hy),
=(HZ, | +2nH,  H, o +0H, ) — 1 2<H2\Hny>ﬁ
=140 —1-2(H,[H,|), > n* - 2.

Above the last equality comes from the orthonormality of the polynomial basis, and the last
inequality is a consequence of the Cauchy-Schwarz inequality (H,|H, |> p < (Hy)p(H?)s = 1. Let us
assume that there exists a constant C > 0 which does not depend on n such that

n’® — 2 < (Hy(|H,| — 1)*); < CDy(ug; [H,).-

From the convexity of the Dirichlet form, we have

Df(nu’ﬁ; ’Hn‘) < DZ(M[S;HH)'

In the case where n is an even positive integer, the flip noise gives a zero contribution to the
Dirichlet form, and then, for all n even, we have

A 2
Dy(pgsH,) = 5 <(Hn(co1) — H, (o)) >l3 = )y — A(H, (@) Hy(1)), = 2.

In the last equality, we use the fact that H,, is unitary, and that H, (w,)H,,(w;) constitutes another
element of the Hermite polynomial basis, then is orthogonal to the constant polynomial 1. Letting
n go to infinity, we obtain a contradiction to (II.67).

Ergodic decomposition — Another idea would be to use the ergodic decomposition described
in Subsection 2.1.2. The generator S, restricted to finite boxes does not have a spectral gap, but
it becomes ergodic when restricted to each orbit g}jﬁ . However, this approach fails, because the
space is not compact, and we need to disintegrate the measure ug with respect to all energy levels
n (0,+0). This enforces us to introduce a cut-off in the variational formula giving the largest
| < Eq} will appear in front of W/*{, Finally,
we will have to deal with functions of the configurations that are not quadratic any more, and we
do not know how to prove the convergence result (II1.64) for general functions.

eigenvalue. In other words, an indicator function 1{|w

5.4 Conclusion

Even if the non-gradient method can be applied in some cases when the spectral gap does not
hold, (and then the diffusion coefficient is well-defined), this does not straightforwardly imply the
hydrodynamic limits.

In order to derive the hydrodynamic theorem, we would need to bypass the entropy inequality
together with the Feynman-Kac formula. The entropy inequality is however a convenient mean to
transform the averages w.r.t. the unknown law ,ult\I into equilibrium averages w.r.t. ,ug, which are
more easily tractable. The same problem would arise in the relative entropy method, because of
the entropy inequality.
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We study the macroscopic fluctuations of an energy conserving chain of oscillators at equi-
librium. The harmonic Hamiltonian dynamics is perturbed by two degenerate stochastic
noises, one of them vanishing with the size of the chain. The limit of the energy fluctuation
field depends on the evanescent speed of the random perturbation. In particular we obtain
two very different regimes for the energy transport.

This chapter is based on a collaborative work with C. Bernardin, P Goncalves, M. Jara
and M. Sasada.

1 The Homogeneous Harmonic Chain in the Evanescent Flip

Noise Limit

1.1 Model and Notations

We consider an infinite chain of harmonic oscillators at equilibrium. There is no disorder (meaning
that all masses are constant, equal 1 for simplicity). The velocities evolve according to the same
Hamiltonian dynamics described in Chapter III, Section 1.4, namely the harmonic oscillators are
perturbed by the exchange noise and the flip noise. We recall the following notations: the space of
configurations is given by Q = R%, and we say that a function f : Q — R is local if there exists a
finite subset A of Z such that the support of f is included in A. We define the generator

L,=A+7y,SMP 4 rsoh
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1 The Homogeneous Harmonic Chain in the Evanescent Flip Noise Limit 84

defined for all smooth local bounded functions f : 2 — R by

0
Af(w) = Z (wx-i-l - Cl)x—l) acf ((,()),
S"f (w) = ) f(@¥) = f(w),
Sexchf Z f x x+1 (CO)

The configuration w* is the configuration obtained from w by flipping the momentum of particle x:

("), = w, if z # x,
: —w, ifz=x.

The configuration w***! is obtained from w by exchanging the momenta of particles x and x + 1:

w, ifz#x,x+1,
(™), =S w,; ifz=x,
Wy ifz=x+1.

We denote by S, := v, S™P + A5 the total generator of the noise, where y,, A > 0 are two positive
parameters which regulate the respective strengths of noises. We assume that there exist two
constants ¢ > 0 and b > 0 such that

Yn="3-
n nb

The Gibbs measures are given by the Gaussian product probability measures
2

f x
:g %exp<— w)dwx,

where 8 > O states for the inverse temperature. In the following, the expectation of a function
f with respect to ug is denoted by (f )5. The current of energy satisfies L, (w?)=Vj,_,,andis
explicitely given by

jx,x+1(w> = jix+1( ) + ]x x+1( ) 2(’0 wx+1 + A‘( x+1 wi)' (N]‘)

Let us notice that the current does not depend on n (since it does not involve the intensity y,, of the
flip noise).

We consider the dynamics starting with an equilibrium Gibbs measure at a fixed temperature 3!
in a subdiffusive time scale tn%, 0 < a < 2. The existence of the infinite dynamics under this initial
distribution can be proved following by instance [40,57]. We denote by C°(R) the set of smooth
functions with compact support. We define the energy fluctuation field {£ ; t € [0,T|} as the
C(R)-valued process given by

Zf( ){w tn®) — B},

er
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1 The Homogeneous Harmonic Chain in the Evanescent Flip Noise Limit 85

Given two functions f,h e C(R), we look at the evolution with t of the following quantity

o (f,h) = (ENF); 5 (M),

when n goes to infinity.

1.2 Statement of the Results

We briefly summarize the results of that chapter:

1

2)

3)

4/3

For any b > 0, the energy fluctuation field does not evolve up to the time scale tn*°. We are

not going to write the proof here, since the complete argument is given in [11, Theorem 2].

If 0 < b < 2/3, the fluctuation field does not evolve up to the time scale tn?>~%/2, In the time
scale tn?~?/2, the limit of the energy fluctuation field is given by a standard infinite dimensional
Ornstein Uhlenbeck (OU) process independent of b.

Precisely, a small value of b means that the velocity-flip does not vanish too fast, and then the
energy behaves diffusively in the sense that energy fluctuations of the system at equilibrium
evolve according to a linear heat equation, as expected from the results of Chapter III. The
strategy for proving such a behavior is based on a fluctuation-dissipation decomposition of the
microscopic energy currents j, ., ;. More precisely, we are able to write explicitely the current
in the form V(g) + L(h), where g and h are two functions of the configuration w. With such a
decomposition it is possible to derive macroscopically the evolution of the energy and identify
the thermal conductivity. Here, the fluctuation-dissipation decomposition is non-local, and
convergence is proved thanks to accurate estimates.

If b € (1, +o0], the energy fluctuation field does not evolve up to the time scale tn®?. In the
time scale tn®?, the limit of the energy fluctuation field is given by an infinite dimensional
fractional Ornstein-Uhlenbeck (fOU) process independent of b.

Precisely, a big value of b means that the velocity-flip disappears quickly enough so as to recover
the same behavior as the case y = 0, which is proved in [12]. The proof consists in adapting the
argument in [12] to the case where an extra stochastic perturbation is added.

The case b € [2/3; 1] remains open. The conjecture is not easy to guess. One possible behavior is
the following: b = 1 would be a field interpolating the standard OU process and the fOU process,
and b € [2/3; 1) would correspond to the same diffusive behavior as for b € [0;2/3). In any cases,
by scaling considerations one can see that the limiting energy field

E(t,x;c,b):= lim &'

n—--ao0
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2 The Energy Fluctuation Field for b < 2/3 86

in the time scale tn® shall satisfy the scaling relation (in law)

E(t,x;c,b) = e¥2&(te% ex; ce™®,b), &>0.

2 The Energy Fluctuation Field for b < 2/3

In this section we prove

THEOREM IV.1. Let us assume that a =2 —b/2 and b < 2/3. Let f and h be two functions in C*(R)
and let us fix t > 0. Then,

nle@ ol(f,h) = j% deudvf(u)h(v) exp ( B (u4—“1</)2)’

where y (f3) is the compressibility defined as y () := <‘°3>/3 - <w§>2 =232 and

1
if b+#0,
o — \/2101 f
A+ if b=0.
V2Ac /

With the same ideas of Chapter III, Section 4, one can also prove that the fluctuation field £
converges in law to the infinite dimensional Ornstein Uhlenbeck process &, solution of the linear
stochastic partial differential equation

0.8 = k0>Edt +4/2xx (B) 0,B(u, t),

where B is the standard normalized space-time white noise. This extension to Theorem IV.1 is
standard, and we refer for instance to [49] for more details.

2.1 Fluctuation-dissipation Equation

In the sequel, we erase the dependence on the parameters n, b and ¢ whenever no confusion arises.
We consider a function u in the form

u= Z Z pk(x)wxwao (Iv.2)

xe€Z k=1

where {p,(x); x € Z,k > 1} is a real sequence that satisfies the condition

DI pi(x)? < +oo, (IV3)

XEZ k=1
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2 The Energy Fluctuation Field for b < 2/3 87

so that u is a function in LZ(,uﬁ). Observe first that Au is a sum of gradient terms. Indeed, we have

Au = Z Z pk(x) \% [wx—lwx+k + wxwx-‘rk—l] 5

XEZ k=1

where the discrete gradient V is defined for a function u: 2 — R as
Vu(w) := 1iu(w) — u(w).

Hereafter, 7, denotes the translated operator that acts on u as (7,u)(w) := u(7,w), and 7, w is the
configuration obtained from w by shifting: (7,w), = w,,,. Our aim is now to solve the equation

(Ynsﬂip + ASeXCh)u =2ww, = j&(‘”):
and then it will follow that
Lu—v= jél (v4)

where
v=Au= Z Z Pr(X) V [0, 1@y + 0,04 g1 ]

xe€Z k=1

is a sum of gradient functions. One can check that v and £,u are also elements of L?(ug).
Straightforward computations show that

(125 4 255 = 3 3By (x)0,00

XEZ k=1
where, for x € Z,
Fi(x) = =227, + A)p1(x) + A(p2(x) + p2(x — 1)),
Fi(x) = —4(yn + A)pi(x) + k(ﬁm(X) P (X 1)+ Pregr () + Prega (x — 1)): k> 2.
When identifying the coefficients in front of the different terms, we see that we need
Fr () = 215y c—g}- (IV.5)

We use the Fourier transform (V.28) of square summable sequences defined in Appendix 2.3.1, and
we reformulate the conditions (IV.5) for 6 € T in an equivalent way:

—2(27, +2)p1(0) + A(1+€%7)5,(0) = 2,

. A o (IV.6)
— 41+ A)P(0) + A(1+ e 2™)p_1(0) + A(1 +e*™)py1(0) =0, k=2

By Parseval relation, condition (IV.3) is equivalent to

D11 1(0)2do < +oo.

k=1YT

It is then easy to show that (IV.6) and the above integrability condition lead to
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with

and

Yo+ A\/(l - %)2 - cosz(rcG).

In the following, we will need sharp estimates on p, and X, precisely:

LEmmA IV.2. For O € T, and for sufficiently large n, we have

\cos(n@ 5.(0)] < 1

1+\/> A %+sin2(77:9).

Proof. We only prove the first estimate, the second one is straightforward. We define C := y,/A.

Then
X(6)] = Wlne)y {1 rC-qJatcp —coszm-e)}.

For n large enough, we have C < 1, and then (1 + C)? < (1 + C)(1 + /C). This implies

X(0)] <

cos*(m0) _ cos*(m0) _ cos?(m0)
(1+C)(1+vC) ~ (1+C2 (1+C)%°
and the result follows straightforwardly. ]

2.2 Sketch of the proof of Theorem IV.1

Let us write
o1 = or.h) 7 [ 25 (Z2)0(2) Guaalont), w0 1) s

where V,, is the discretization of the derivative w.r.t. the lattice n'Z, i.e.

@) (%) =nlr () -5(2)]-

The discretization A, of the Laplacian is defined in a similar way. Let us recall that the current is
decomposed as j,,,; = + 55

]z 2+1 z,2+1°

If a < 2, it is easy to see that the contribution coming from j Zz ., vanishes as n — o0 since a second
integration by parts can be performed and the time scale is subdiffusive. If a = 2 and b = 0, the
symmetric part of the current gives a non trivial contribution. More precisely, after an integration
by part we get the term

Jt o™(Af",h)ds

0
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and therefore the coefficient A has to be added to the thermal conductivity «.

We now assume that a < 2. By using the fluctuation-dissipation equation (IV.4) for the contribution
coming from j/,, we obtain that

015, = o500 + 12 [ 39,0 (22 (L) (rn)on), wifo) ) as

07z n
= SO () Ematont) f0) 57 ) s + o1
where 0, (1) — 0 as n goes to c0. We introduce the following notations:
Vit =t [ A (2R anisny, who)-p ) ds,
)=t [ 50 () im0 ) o

Let us now focus on the term V?(f,h). The function v can be rewritten as

V= Z p1(x )+
XEZ
where
w) = Z Z Pk(x)v[wxquk + wxwx+k71] + Z pl(x>{wxwx+2 - wxflwarl}' (IV.7)
XEZL k=2 XEZ

Then, accordingly to this decomposition, we write the term V}(f,h) as the sum of two terms
Vi(f,h) = K3 (f,h) + Wi (f,h).

It turns out that ,
K'(f,h) = —n“_lfo ol (F,h)ds

where the function F is defined on n~'Z by

r(3) - S { N - (=)}

zeZ

:—Zpl <W;Z>, w € Z.

zeZ

In the sequel we prove the following convergences:

() If b <1 then
lim |UY(f,h)| =

n—--+400
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(ii) fa=2—b/2 and b < 2, then

t

K'(f,h) — J ol (kf",h)ds

0

lim =0.

n—-ao0

(iii) If b < 2/3, then

One can easily check that these three points imply Theorem IV.1. Besides, we shall see in the
proof of (ii) that the case a < 2 — b/2 corresponds to [V}(f,h)| — 0. In other words, there is no

evolution up to the time scale a =2 — b/2.

REMARK 2.1. If b > 2 and a = 3/2, we can adapt the argument in the proof of (ii) and show that
the limit results in a constant times the 3/4-fractional Laplacian of f (instead of a constant times
the second derivative of ). However, this is not sufficient to prove that for b > 2 the limit of the
energy fluctuation field is given by a fractional heat equation, because we do not know how to
control the other terms (U} and ¥}) for b > 2. And in fact we know from the results of Section 3

that the contribution of these terms is not trivial, since a drift term should appear.

2.3 Proofs of Convergence Results

In this section we prove the above three convergence results.

Lemma IV.3 (Fluctuation part). If b < 1 then

lim [U}(f.h)] =O.

n—->--+00

Proof. For each z € Z we have that
t
naf (L 7.u)(sn®)ds = (T,u)(tn®) — (T,u)(0) + N7"
0
where N*" is a martingale equal to 0 at t = 0, and then for any t > 0,

(NE™, @i (0) =B )y =0.
Notice that the expression for u only involves terms of the form w, w, with x # y, and then
(.u(0) (3(0) — B 1)), = 0.
We use the translation invariance of the dynamics in order to write

Yy +z

U1 = = 3 (N (D)) {ran) — (ra(©)) , w2(0) - B )

n Y.2€Z n B

:%<{%y2%h(%) (2(0) —/3—1)} x {%Z(vnf>(§)<rzu><ma>}>ﬁ.

2€EZL
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Then, from the Cauchy-Schwarz inequality and the stationarity of ug, there exist constants C',C > 0
which do not depend on n such that

FUH) (et
) nf(>

ZGZ

‘U” (f, h E)’czu

‘fﬂ ¢

L2(ug)

L2(ug)

Using (IV.2) and the Parseval relation, a simple computation shows that

Ll - S ) G )
I;fmk {Ze9 v.h) (% )(an)(¥>}<19
Zj B0V, )2 (n0) do
=;L%w )(n6) do.

In the last two equalities we use the Fourier transform 7, defined in (V.29), Appendix 2.3.1.
According to Lemma IV.2, we know that there exists a constant C > 0 such that

p@Fr
1—-[X(0) VTn [% + sinz(ne)]

By Lemma V.21 in Appendix 2.3.1, | F,(V,.f)|*(n6) is bounded above by a constant C > 0 which
does not depend on n, 8. We deduce that
Cn 1

HWEVf() = b B sin(m0)

One can check that the right-hand side of the last 1nequa11ty is of order n/y,. The lemma follows as
soon as ,/ny, diverges to oo, which is equivalent to the condition b < 1. ]

de.

Now we deal with the term K} (f,h).

LemMma IV4 (Diffusive behavior). If a =2 — b/2 and b < 2, then

lim
n—-0o0

K'(f,h) — Ltaﬁ(Kf”,h)ds =

Proof. First, let us write
t
KU~ | otlef" s

5 ) e GO et 5] ez,

X,y€EZ
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Then, from the Cauchy-Schwarz inequality, we get that there exists a constant C > 0 such that

<ExfemE) @)

We are reduced to prove that the right-hand side vanishes as n goes to co. The proof relies on
Fourier transform. The discrete Fourier transform of n?~'F is given by

K!(f,h) — Lt ol (kf",h)ds

n"lF,(F)(8) = na_22F<%>e2m5”” = 12 F (AL (E)P (%)

4 sin® (né)
=-—n" = Falf)(E).
Yo+ A\/(l + )2 — cosz(n%)

We denote
4sin®(m2)
n

Yo+ A\/(l +12)2 — COSZ(TC%)

We now recall that a = 2 — b/2 and introduce the term 1/4/2Ac. By Plancherel relation it is
equivalent to prove

%
lim I,:= lim

n—-ao n—oo | _n

3 1 2
0:(2) A - =R ()| dE=0.

By Corollary V.22 in Appendix 2.3.1 we know that, for any smooth and compactly supported
function g,

[N

n
2

lim | |F.(8)(&) — (Fg)(&)[FdE = 0.

n—o | _n

Therefore, we can replace in I, the term F,(f")(&) by F(f")(&) = —4n?|E]*(Ff)(&), where F is
the usual Fourier transform defined on the Schwartz space (see (V.27), Appendix 2.3.1). We write
then

P 3 47.[252 2
f_; 0u(2) 7))+ T=(FF)E)| d
P 2522 , et (2
<2[ a3) + | Fp@fas« S [ eimino - e

The last term of the right-hand side of the previous inequality goes to 0 as n — <o since f is
smooth and compactly supported. We are reduced to show that

. 2 3 4m2E? 2 2
nh—r>noo 73 qn(ﬁ) + m |Fn<f)<§)‘ dg = 0.

A simple application of Lemma V.21 (Appendix 2.3.1) shows that it is equivalent to prove

Jim. ;n a(3) + %sinz (n%)ﬁﬂ(f)(é)!% -0,
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Observe now that

-1
g\ 4n* L,/ & 4n* L & cn® nbA L/ & cn—?P
qn<;>+ hE sin <7r;> = Tane sin <7'c;> 1+ o +?sm <7'C;>+ Y —1).
(IV.8)
In particular, we have
g 4n* & 2
= = )| <CEl". IV,
q“<n>+msm (75 )] <kl (V)

By Lemma V.21 of Appendix 2.3.1 we know that

lim sup limsupj E[*F,(F)(E)[dE = 0.
A<[E[<n/2

A—>0 n—:ao0

Thus, by (IV.9), it is sufficient to prove that for any A > 0 fixed,

lim
e JlEl<A

u(5) s (5| 0@ ez =o.

By (IV.8) we have

J|€<A

where

-1
4n? '3 cn~® nbA 3 cn~b
A) = su s'n2< —> 1+ +—s'n2( —>+ —1
£n(A) |g\£\ V2Ac N \/ a2 o\ 21
vanishes as n goes to infinity since b < 2. The claim follows after noticing that
1 X
2
sup — — ) < oo.
P2 (3)

Finally, let us remark that if a < 2 — b/2, the same computation using the Fourier transform shows
that VI (f, h) vanishes. 0]

2

DGR ARG S W E

|El<A n X€EZ n

3 2 £
n <;) + %smz <TCE>

We conclude this section with the proof of the last convergence.

LemMA IV5 (Boltzman-Gibbs principle). If b < 2/3 then we have

lim W7(f,h) =0.

n—-ao0

Proof. Recall (IV.7). Performing a simple computation we can rewrite 1 as

"‘/J(w) = Z Z (pkfl(x + 1) + pk+1(x))v[wxwx+k])

xXeZ k=1
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with the convention that p,(x) = 0 for any x € Z. Let us introduce 1), defined on Z by

Yi(x) = pr_1(x + 1) + presa (x).

By using the space invariance of ugz, we can write

W (f,h) = n® 2<{Zh< )( —%)}X{Ltw(w(sna))ds}>

where the function ¢ is given by

= 2 D) () el = 1) = () H 00120 (IV10)

X,2€Z k=1

B

Thus, from the Cauchy-Schwarz inequality, it is sufficient to prove that the L2 (P, ﬂ) norm of

na=3/2 Lt ¢(w(sn®))ds

vanishes with n, where I, denotes the law of the Markov process {w(tn“)},-, starting with .
We denote by E, - the corresponding expectation. By a general inequality for variance of additive
functionals of Markov processes (see [52, Lemma 2.4]), we have

E,, !(Lt w(w(sn“»ds)z] <ce(p, (1 =nts,)” 90>ﬁ

=Ctn~ <cp [tn*] ' - S n cp> (Iv11)

Now we can use some ideas from [11] in order to get a very sharp estimate of (IV.11). In Appendix
2.3.2, we prove that (¢, ([tn?] ™! —S,)"'¢) is bounded from above by Cn?". As a consequence,
the Boltzmann-Gibbs principle holds if a — 3 + 2b < 0. With the condition a = 2 — b/2 we obtain
b <2/3. O

3 The Energy Fluctuation Field for b > 1

For the sake of simplicity, hereafter we assume A = 1. The same computations for any A > 0 could
be done, but become significantly more technical. In this section we prove the following theorem.

THEOREM IV.6. Let (P,),-, be the semigroup generated by the infinitesimal generator

e ((_ 3/4 o 1/4
L:= ﬁ(( AP — (=),

If b>1and a = 3/2 then

lim of(f,h) = deudvf P, (u—v). (IV.12)

n—>+00

As for Theorem IV.1, with a little more effort we could also prove that the energy fluctuation field
&' converges to an infinite dimensional 3/4-fractional Ornstein-Uhlenbeck process.
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3.1 Weak Formulation

In this section we give the strategy of the proof, which is the same as in [12], so that we use the
same notations. In the whole section, a = 3/2, and b > 1. We also assume 3 = 1, the general case
follows after an easy change of variable into the Markov process.

Two coupled differential equations — Let g be a fixed function in C*(R). We define the process
{S}';t = 0} acting on functions f € C°(R) as

1
Si(f):= o;(f,8) = 50((f8)- (IV13)

1
x(1)

for any t > 0, n € N. After arranging terms in a convenient way we have that

-3 (B o D {FRR) i)

For a function h € C*(R?) we define {Q}(h); t > 0} as

v %<{%ﬁzg<§> ((0)-1) } : {1 > H(5 %)wy<tn3/2>wz<tn3/2>}> .

1

Notice that Q7 (h) depends only on the symmetric part of the function h. Therefore, we will always
assume, without loss of generality, that h(x, y) = h(y, x) for any x, y € Z. Notice as well that Q7 (h)
does not depend on the values of h at the diagonal {x = y}. Let us write now the differential
equations for S7'(f ) and Qf (h). We start with introducing some definitions.

DEFINITION IV.1 (Discrete approximations). For any function f € C°(R), and any function h €
C*(R?), we define

(i) the discrete approximation A, f : R — R of the second derivative of f as

o (3) = (1) () - ()}

(ii) the discrete approximation V,f ® & : n~'7Z* — R of the distribution f'(x)5(x = y) as

(e s} wy-xn
(vof ©8) (5. 7) = Y E{F () -F (=)} v =x— (v14)
0 otherwise.

(iii) the discrete approximation A,h : R> — R of the Laplacian of h as
x x+1 x—1 x y+1 x y—1 x
(5 :nz{h< ) (2 ) (2 ) en (2 y_>_4h(_,z)},
nn n n n n n n n n nn
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(iv) the discrete approximation A,h : R — R of the directional derivative (—2,—2) - Vh as

(32 a5 ) () ) ()

(v) the discrete approximation D,h : n~'Z — R of the directional derivative of h along the diagonal

{x=y}as . )
X X X+ X — X
oa(2) ~{n(50) -H(2))

(vi) the discrete approximation D,h : n='Z? — R of the distribution dyh(x,x)®06(x =y)as

., R —h(5 )y —x+l
Bh(5 ) = {refh(=h 5 —h(EL =D} iy —x
0 otherwise.

The following proposition can be deduced after straightforward computations, which are detailed
in Appendix 2.3.3.

ProPOSITION IV.7. For any function f € C*(R), any function h € C*(R?),

d
7S ) =—2Q(V.f ®8) + 5 (N2 A,f), (IV15)
%QIf(h) = Q' (L,h) — 287 (D,h) +2Q} (n"*D,h), (IV16)

where the operator L,, is defined by

1
L, =/nA, + T A, —4n®?%y 1d. (IV.17)
n

A priori bounds - For any function f € C(R), define the weighted £*(Z)-norm as

Fi2,= - 2 2(5).

XEZ

By the Cauchy-Schwarz inequality we have the a priori bound

(St < l18lnlf 120 (1V18)

for any t > 0, any n € N and any f, g € C*°(R). Therefore, the term S™(n"*/?A, f) is negligible, as
n — oo. In (IV.15), the term Q’;(Vn f ®06) is the relevant one. We also have the a priori bound

Q7 ()] < 2/ gl2,nll Rz, (IV19)
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where |h|,,, is the weighted £2(Z2)-norm of h

W= MR (52)

X,YEZ
and h is defined by _x y Xy
A(on) =) Lo

In Equation (IV.15), both fields S and Q] appear with non-negligible terms. Moreover, the term
involving Q} is quite singular, since it involves an approximation of a distribution. Let us give the
clever strategy explained in [12]: given f € C°(R), if we choose h such that L,h = V, f ® 5, we can
try to cancel the term Q7 (V,f ® 6) and Qf(L,h) out. Then the term S}'(D,h) provides a non-trivial
drift for the differential equation (IV.15) and the term Q’;(n_l/ 2ﬁlh) turns out to be negligible. We
refer the reader to [12, Section 5.1] for an enlightening heuristic explanation of the proof.

3.2 Sketch of the Proof

After giving the topological setting needed for the theorem, we sketch the main steps of the
argument, which are detailed in [12].

Topological setting - We fix a finite time-horizon T > 0. Let us define the Hermite polynomials
Hy:R— R as

Hy(x) — (-1)fe% e %

for any ¢ € N, and any x € R. We define the Hermite functions f, : R — R as

1 X2
fe(x) = —=—=H(x)e” +
VeV 2Tm
For any ¢ € N, and any x € R. The Hermite functions {f;;{ € N,} form an orthonormal basis of
L*(R). For each k € R, we define the Sobolev space H, as the completion of C*(R) with respect to
the norm || - |, defined as

g3, = 2, (1 +€)*(fy,8)°

[ENO

for any g € C*(R). Here we use the notation {f;, g) = § g(x)f,(x)dx.

Main steps of the proof — First, we need to show tightness, and then to characterize the limit
points of weakly converging subsequences.

1) TiGHTNESS. The same standard arguments exposed in [12] imply the following
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2)

3)

Lemma IV.8. For any k > ;—z, the sequence {S';t € [0,T]},oy is weakly relatively compact in

L?([0, T]; H_y). Moreover, for any t € [0, T] fixed, the sequence {S}'; n € N} is sequentially, weakly
relatively compact in H_,.

CHARACTERIZATION OF LIMIT POINTS. Fix k > ;—z and let us consider a limit point of {S';t €
[0, T]},.eny With respect to the weak topology of L*([0, T|; H_;). The aim is to prove the following

PROPOSITION IV.9. Let f : [0, T] xR — R be a smooth function of compact support (in C*([0, T| x

R)). Then,
T

Sr(fr) = So(fo) + J St((at + L)ft)dt° (IV.20)

0

As a result, {S,; t € [0,T|} is a weak solution of the fractional heat equation:
du = —i{(—A)S/4 + V(=AY
t \/i b

as defined in (2.1) of [45, Section 8.1]. Precisely, it is shown in [45] that there is a unique
solution of (IV.20) and therefore the limit process {S;;t € [0, T|} is unique. Proposition IV.9 is
the most challenging part of the proof, and the next section is devoted to it.

ConcLusioN. The proof of Theorem IV.6 is almost done: the first two points imply that the
sequence {S'; t € [0, T|},y weakly converges in L*([0, T]; H_;) to a unique limit point, denoted
by {S,;t €[0,T]}.

It can be proved that the convergence also holds for fixed times t € [0, T|, with respect to the
weak topology of H_,, where

[0,T]g = {t e [O,T];%e @}.

Since T is arbitrary, this last convergence holds for any t € [0, 0). In particular, S}'(f ) converges
to S,(f) as n — o for any f € C(R).

The main differences between the model of [12] and ours rely on the velocity-flip noise, of intensity
Vn-
technical details in the proof have to be slightly modified, but the main idea remains the same.
More precisely, rigorous convergence estimates lead to the condition: b > 1.

This additional perturbation first appears in the definition of the operator L, in (IV.17). Some

3.3 Convergence estimates

We are going to give the proof of Proposition IV.9. Recall that the parameter b in the definition
of v, is supposed to be strictly greater than 1. Let us assume that {S}'; t € [0, T]},.y converges to
{S,; t € [0, T]} with respect to the weak topology of L*([0, T]; H_,).
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Let us fix a function f € C°(R) and let h, : n”'Z x n™'Z — R be the solution of the equation
L.k, = V,.f ®6. (IV21)
The following properties of h, are shown in Appendix 2.3, following [12]:

LEmMMA IV.10. Let f € C(R). The solution of (IV.21) satisfies

1 X
lim — > R (5,2) =0, (IV22)
n—w n nn
X,y€EZ
. 1 b 1 x|
lim — > Dk, () +21F (5)] =0, (Iv:23)
n—>00 ner n 4 n

In other words, |y, and |Dyh, + i]Lf Hz . converge to 0 as n — .

By (IV.15) and (IV.16), we see that
T
SHF) = Sy)+ | 1(—4Dih)de + 2[Qh(h,) ~ Qhlh)]
T T
+J SH(n2A,f)dt + 4J Q" (n~Y*D,(h,))dt.
0 0

Therefore, by the a priori bound (IV.19) and Lemma IV.10, we have that
T

SAf) =S5(f) +L sp(Lf)dt+4fQ';(n1/25n(hn))dt (IV.24)

plus an error term which goes to 0 as n — oo. It turns out that the a priori bound (IV.19) is not
sufficient to show that the last term on the right-hand side of (IV.24) goes to 0 with n since

(D,h,)* (% X::l) (IV.25)

1

3
n XEZ

is of order one. Therefore we use again (IV.16) applied to h = v, where v, is the solution of the
Poisson equation
L,v,=n 2D, (IV.26)

Then we have

T - T
J Q';<n—1/zz>nhn)dt - 2f SY(Dyv,)dt — 2f
0

0 0

T

Q: (n 2D, )de + Q5(v,) — Q5(va):

Now, we can use the a priori bound (IV.18) and (IV.19). The following estimates on v, are proved
in Appendix 2.3.
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LemmaA IV.11. The solution v, of (IV.26) satisfies

1 X
tim — 32 (5,2) =0, (v27)
n—w n® 24 "\n’n

1 X
lim — Y (D,v,)*(>) =0, (IV.28)
e ner n

1 ~ 2/ X x+1
lim — Y (D,v, (—, ) — 0. V29
nl*>oc ]13 );Z( v ) n n ( )

In other words, v, |, > [PpVallon and H\/iﬁﬁnvnHz,n converge to 0, as n — 0.

It follows that .

s;(f):sg(f)+JO SM(Lf)dt (IV:30)

plus an error term which goes to 0 as n — oo. Recall that {S}; t € [0, T|}, .y weakly converges to
{S;;t €]0,T]}. The main difficulty is that the operator L is an integro-differential operator with
heavy tails (in other words, even for f € C°(R) the function L.f has heavy tails). As a result, we
cannot take the limit n — oo in (IV.30). Bernardin et al. in [12] achieve to Proposition IV.9 after
truncature considerations, and results about the Lipschitz property of the function t — S,(f). We
refer the reader to their paper, and also to [29,45] for useful properties of the fractional Laplacian.

In Appendix 2.3, Lemma IV.11 and Lemma IV.10 are proved. The computations are similar to [12],
but they take into account the additional term due to the presence of the velocity-flip noise, and

explain the needed assumption on the parameter b. The new technical estimate is given in Lemma
V.26.
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1 Numerical Simulations

This section describes the numerical simulations we have performed for the models of Chapter II
and Chapter III. The time-discretization of the dynamics is done with a standard splitting strategy,
decomposing the generator as the sum of the deterministic part and the stochastic perturbation,
and then integrating each part.

A simple numerical scheme for the deterministic part of the dynamics relies on the Hamiltonian
interpretation of the system. Indeed, the longtime integration of Hamiltonian system is well
understood. The most standard scheme used in practice is the so-called Stormer-Verlet scheme
(Subsection 1.1). All the forthcoming theoretical results are detailed in [44,74].

1.1 Symplectic Integration of Hamiltonian Systems

1.1.1 Symplecticity of Hamiltonian Flow

In this thesis we have studied interactions of oscillators that follow a Hamiltonian dynamics. Let us
recall here the general context. The mechanical system evolves following Newton’s equations:

dw—J VH 1
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where w = (q,p) € R?N is the configuration of positions and momenta, and J is the real matrix of

size 2N:
0 1
J:= < N) .

Let us remark that the matrix J is antisymmetric and orthogonal. The function H(q, p) is called the
Hamiltonian and remains constant along the trajectories.

DEFINITION V.1. Let U be an open set of R?N. A differentiable map g : U — RN is called symplectic
if the Jacobian matrix g’(q, p) satisfies: for all (q,p) € U,

g'(q,p)"-J-g'(q,p) =J. (V2)

Equation (V.2) expresses that the map g preserves the area of sets in the (q, p)-plane. We recall
that the flow ¢, : U — RN of a Hamiltonian system is the mapping:

¢¢(Qos Po) := (q(t),p(t)),

where (q(t),p(t)) is the solution of the system corresponding to initial values q(0) = q, and
P(0) = Ppo.

TueoreM V.1. (Symplecticity of Hamiltonian flow, Poincaré 1899). Let H(q,p) be a twice con-
tinuously differentiable function on U c R?N. Then, for each fixed t, the flow ¢, is a symplectic
transformation wherever it is defined.

An important property of symplectic transformations, which goes back to Jacobi, is that they
preserve the Hamiltonian character of the differential equation. More precisely, symplecticity
is a characteristic property of Hamiltonian systems, as stated in the following theorem. We
call a differential equation w(t) = F(w) locally Hamiltonian if for every w, € U, there exists a
neighbourhood where F(w) = J- VH(w), for some function H.

THEOREM V2. [44]. Let f : U— R be continuously differentiable. Then, o (t) = F(w) is locally
Hamiltonian if and only if its flow ¢,(w,) is symplectic for all w, € U and for sufficiently small t.

It is then natural to search for numerical methods that share this property. The Hamiltonian flow
has another remarkable property: is is symmetric in time, and so could be the numerical scheme.

DEFINITION V.2. A numerical one-step method is called

(i) symplectic if the one-step map ®,, = y° — y' = ®,,(y°) is symplectic whenever the method is
applied to a smooth Hamiltonian system.

(ii) symmetric if 5, 0 P_,, = Id.

Finally, it is known that a symplectic method preserves the total energy up to a small error term, for
exponentially long times. We refer to [43, Chapter VI], or [44] for more details. Briefly speaking, a
good control of the error term needs strong assumptions on the Hamiltonian (like analyticity), and
weaker results can be obtained under weaker assumptions.
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1.1.2 Numerical Schemes for the Deterministic Dynamics

Symmetrization of schemes — In general, the interactions between oscillators are described by
the potential V(q), and the total energy is given by the following Hamiltonian

1 Tag—1
H(q,p):V(qHEp M™'p,

where M is the matrix of masses, M := diag(m,, ..., my). As a result, the Hamiltonian can be written

as H(q,p) = H;(q,p) + Hy(q, p) with H;(q,p) := (1/2)p"M 'p and H,(q, p) = V(q). The system of
Newton’s equations is then decomposed as

q=M"'p q=0
p=0 p=—VV(q).

Each of these Hamiltonian systems has a flow which can be explicitely computed:

¢ (q,p)=(q+tM 'p,p),  ¢2(qp)=(qp—tVV(q)).

The transformations ¢ and ¢? are symplectic for all ¢ as they are flows of Hamiltonian systems. A
numerical approximation of (V.65) can be obtained for instance by the following splitting (often
named as Lie-Trotter splitting)

(", p") = ¢, 0 p,,(d" D). (V3)

More explicitely,

qn+1 _ qn + AtM_lpn,

pn+1 _ pn _ Atvv(qn+1).
This numerical scheme is called the symplectic Euler scheme. It is explicit, and of order' 1, but non
symmetric. We can obtain an other symplectic Euler scheme by interverting the transformations ¢'
and ¢2. The Stérmer-Verlet scheme is more widespread. It symmetrises the decomposition (V.3) by
doing the Strang splitting

2 1 2
bpr = ¢At/2 © ¢At © ¢At/2'

This gives the following numerical scheme:

At
Pn—&-1/2 _ pn o 7vv(qn)’

qn+1 _ q)“l 4 AtM_lpn+1/2, (V4)
At
pn+1 _ pn+1/2 . 7VV(q”+1).

This scheme is explicit, which is really comfortable in statistical physics: systems with large number
of particles make indeed implicit algorithms not easily tractable. The numerical flow ®,, shares

!The order of a numerical method quantifies the rate of convergence of the numerical approximation to the exact
solution. A numerical solution is said to be of order n if the error is proportional to the step-size to the nth power.
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three qualitative properties with the exact Hamiltonian flow: it is time reversible, symmetric, and
symplectic [43], which are very important properties as far as the long time numerical integration
of Hamiltonian dynamics is concerned. This algorithm also asks for a unique evaluation of the forces
—VV per time step. For all these reasons, it is the most commonly used algorithm in molecular
dynamics.

Some elements of backward error analysis — The main motivation of this numerical scheme
relies on a backward interpretation, which considers the numerical approximation as the exact
solution of a modified problem. This backward analysis illustrates the preservation of invariant
measures.

We consider the differential equation y = F(y), with its flow ¢,, and a numerical one-step method
¥y = &,,(y") of order p. The idea consists in searching and studying a modified differential
equation

z(t) = Fa(2) (V.5)

such that the exact flow 1), of (V.5) is a good approximation of the numerical flow ®,,, in the sense
that ®,, is a numerical approximation of order at least p + 1 of ¢,. More precisely, we compute the
Taylor series expansion of F,, and we identify the terms which appear in the related expansions of
both flows (see [43, Chapter IX] for exact computations).

In other words, in our context the numerical scheme exactly conserves an approximate Hamiltonian
H,,, and this implies an approximate conservation of the exact Hamiltonian. For the harmonic case
(i.e. V(q) = (1/2)q"q) and the Stormer-Verlet scheme, the approximate Hamiltonian writes

(Ar)?
4

T

q4q.

Hu (P,q) =H(p,q) —

1.2 Sampling for the Initial Measure and Iterations

1.2.1 Heat Baths and Green-Kubo formula

In the framework of linear response theory, the dynamics should involve generalized Langevin
equations, which are usually derived with the projection method (onto the conserved quantities),
introduced independently by Mori [67] and Zwanzig [84].

Let us be more precise: the system of oscillators is brought into a non-equilibrium steady state,
by introducing stochastic perturbations limited to the boundaries of the system. If we want to
illustrate the thermal fluctuations of the system through its exchanges with its environment, we
can model these exchanges by using a Langevin dynamics which acts at the boundaries.

Consider two heat baths that are coupled respectively to the first and the last particle of the chain.
The initial conditions of the baths are distributed according to thermal equilibrium at inverse
temperatures 3, and f3z. Integrating the variables of the heat baths leads to a system of random
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integro-differential equations: the generalized Langevin equations. They differ from the Newton
equations of motion by the addition of two kinds of force: a (random) force exerted by the heat
baths on the chain of oscillators and a dissipative force with memory which describes the genuine
retroaction from the heat bath on the small system.

1.2.2 Sampling for the Initial Canonical Measure

An accurate numerical computation of the phase-space trajectories asks first for a good sampling of
the starting points, for instance distributed according to the canonical ug defined as

dug(q,p) =Z ' exp (—BH(q,p)) dqdp, (V6)

where f is the mean inverse 8 = (f, + fz)/2 in the non-equilibrium case, and § = 1/T if the
system starts at equilibrium with temperature T. As usual, Z is the normalization constant. In [25],
Cances et al. explain how to compute numerically an invariant distribution using a Langevin
dynamics. Going further, [63] provides error estimates on the invariant distribution, and compares
the sampling bias obtained for various choices of splitting method.

Indeed, the dynamics (V.65) cannot be used to generate points according to the canonical measure,
because the energy H is preserved by the flow. The trajectory of the system remains indeed on the
surface of constant energy

{(a,p) ; H(q,p) = H(q(0),p(0))}.

In order to generate points according to the canonical measure, stochastic perturbations should
ensure that different energy levels will be explored, and eventually all of them. These considerations
straightforwardly extend to the numerical case since symplectic methods such as (V4) almost
preserve the energy over extremely long times.

Therefore, the idea consists in introducing some Brownian forces which model fluctuation, balanced
with viscous damping forces which model dissipation and we obtain the so-called Langevin dynamics.
More precisely, the equations of motion read

dq(t) =M 'p(t) dt
dp(t) = —VV(q(t)) dt —EM 'p(t) dt + odW(t)

where (W(t)),s, is a N-dimensional Wiener process. The parameters & and o stand for the
magnitude of the dissipation and of the fluctuations respectively, and are linked by the fluctuation-

dissipation relation:
( 2& ) 1/2
o=|— .
8

It is straightforward to show that the canonical probability measure (V.6) is a steady state of the
Fokker-Planck equation associated with (V.7). In the harmonic case, these Brownian additional
forces are not needed. In fact, the Gibbs equilibrium state turns out to be a product of independent
Gaussian variables, and the initial configuration can be generated through standard Monte-Carlo
simulations.

V.7)
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1.2.3 Final Numerical Scheme

Creating initial conditions -

1. Initial measure. First, we sample the canonical measure thanks to the previous Langevin
dynamics, or the Monte-Carlo generation of Gaussian variables (in the harmonic case).

2. Poissonian clocks and random masses. If the deterministic dynamics is perturbed by the
velocity-flip perturbation, then the velocity p, is changed into p, at exponentially distributed
random times, with an average time y . Therefore, we generate one Poissonian clock T?{ for
each oscillator, with 7% drawn from an exponential law with parameter y. We do the same
for the exchange noise, and we also sample a sequence of random masses attributed to each
oscillator if needed.

Iterations of the dynamics — We iterate the numerical scheme for the hybrid dynamics: the
equations are governed by the usual Hamiltonian dynamics, to which the stochastic perturbation(s)
is superposed.

1. Verlet part. We apply the Stormer-Verlet scheme (V.4).

2. Stochastic noise. The Poissonian time 7" is updated as follows: if 7' > At, then T;H'H =
T — At. Otherwise, p, is flipped into —p, and 77*! is resampled from an exponential law
of parameter y.

1.3 Hydrodynamic Limits and Diffusion Coefficient

In this subsection we describe the numerical simulations we have implemented. For each one,
the time-step At is chosen to ensure a good longtime preservation of energy for the deterministic
dynamics in the absence of stochastic perturbation. In order to have a relative error in energy less
than 10>, we use At = 0.005.

The velocity-flip model studied in Chapter II yields a system of coupled parabolic equations. Recall
that the two profiles of deformation and energy, respectively r(t,q) and e(t,q), are defined on
R, x T and are solutions of

o,r = —0%r
Y q
1 2 qeT, teR, (V8)
) _
o.e zyaq <e+2>

where y stands for the intensity of the velocity-flip noise.

On the one hand, the two smooth solutions of (V.8) are simulated through classical finite difference
schemes for scalar equations: first, we obtain the deformation r, and then we plug the numerical
solution for r into the second equation, so as to get a parabolic equation with a non trivial second
member.
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On the other hand, the hydrodynamic behavior of the molecular dynamics is obtained numerically
through averaging over numerous replicas of the system. This provides us an efficient way to check
the macroscopic behavior of our interacting particle system. Let us remind that the temperature for
this model is defined as T(t,q) := e(t,q) — r*(t,q)/2, according to (II.1).

In the numerical simulation below, we used the following initial condition:

1 ifqe[0,1/2) and  T(0,q) = 0.5 ifqe[0,1/2)

r(0,q) =
CD=101 itqeq/an] 1 ifqe[1/2,1]

These initial conditions correspond to crenel functions.

Elongation, time=0.023002
1000 14

0.925 o
0.850
0.775
0.700 + 0.7 H
0.625 o
0.550
0.475 4
0.400 o 0.4 4
0.325 4
0.250 -
0.175 +

G.100 T T T T T T T T T T T T T T T T T T
0.000 0100 0200 0300 0400 0500 0600 0700 0800 0.500 1000 o o1 0.2 03 0.4 0.5 0e 07 0.8 oS

Figure V.1: Two pictures on the elongation profile at fixed time.
Left: Solution of the PDE. Right: Hydrodynamic profile with N = 256 particles.

Temperature, time=0.007000
0.600 0.6

0.558

0517

0.475 4

0.433 o

0.392 o

0350 .35

0308

0.267 o

0.225 +

0.183

0.142 o

G.100 T T T T T T T T T T T T T T T T T T
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Figure V.2: Two pictures on the temperature profile at fixed time.
Left: Solution of the PDE. Right: Hydrodynamic profile with N = 256 particles.

In both models of Chapter II and Chapter III, the conservation of the energy gives rise to a diffusion
coefficient, which can be defined either by the Green-Kubo formula, or through hydrodynamics.
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The conservation law for the energy locally reads, for each atom x,

ex(t) - ex(O) = Jx—l,x(t) - Jx,x-‘rl(t)

where e, (t) is the energy at site x, and J, . ,(t) is energy current exchanged between particles x
and x + 1 up to time t. It can be written as:

t
eann(®) = [ Jeen6) 854 Mo (0
0
Here, M, ,,(t) is a martingale term which can be explicitely written thanks to the stochastic
calculus of It6, and j, ,,, is the instantaneous current of energy between x and x + 1. Hereafter,
for the sake of simplicity, we denote by Q, (t) the integrated current between the particles x and
x + 1, and Q(t) the total integrated current:

Qx(t) = Jx,x+1(t): Q(t) = 2 Qx(t)'

x€Ty

The thermal conductivity k of a system can be computed either at equilibrium, using a Green-Kubo
formula, or in a non-equilibrium setting. The Green-Kubo method relies on the integration of the
heat flux correlation function, and often requires long simulation times for the time integral to
converge. The non-equilibrium approach assumes a linear response regime, so that the heat flux
depends linearly on the temperature gradient Ty — Tj.

1. The Green-Kubo formula gives an expression for the thermal conductivity x, which can be
expressed in terms of Q(t):

K:= lim lim LEME [<%>2] = lim lim ! Eu;‘ [ ]

t—>00 N—oo QT2 VN t—0o0N—0 2T2N t

2. The Fourier law provides an other way of simulating. When we add two heat baths in contact
with the first and last particle at different temperatures Ty and T;, the diffusion coefficient
naturally appears. Let uls\i be the non-equilibrium stationary state. According to the Fourier
law,

NEug [jx,x+1]

TR —T| N—w

K.

Let us recall a few results of Chapter III: we prove that homogenization effect occurs for the
Green-Kubo formula: for almost every realization of the mass disorder, the thermal conductivity
exists, is independent of the disorder, is positive and finite. When y > 0 denotes the intensity of the
flip noise, and A > O the intensity of the exchange noise, we denote the diffusion coefficient by
D(A,y). Theorem III.26 states that D(A,y) tends to D(0,y) as A goes to 0, and that the speed of
convergence is at most proportional to v/A.

This is about be checked by numerical simulations (but not available yet).
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2 Technical Details and Proofs

2.1 Technical Proofs of Chapter II

2.1.1 Proof of the Taylor Expansions

Now we prove Proposition II.7. For the sake of simplicity, we define

( Ty Y
gx(r’p) = _Z px+1+px+§rx 5

px+1
3 fx(r,P) = >
Y

, X , X X
5x(r’p) = ﬁt (ﬁ) 8x +)Lt (N) fx =F (t’ ﬁ) ’ Txh(rxp) .

First we will compute the first part that appears in the integral N2 (d)i")*l Li¢N , then we will
compute the second part —,¢} /Y x fN.

\

First, we compute the term involving the adjoint operator and prove a Taylor expansion.

LEmMA V.3.

N 2
X D + Iy X Tei1
= 2 () [p ' T] -3 (5) [+

xeTy
¢r . 1
+ N2 X;N [£*(8,) + A(5,)] + 0 (ﬁ) :
Proof. First, remind that the expression of qbi\I is given by
Z(1,0))" 1
¢ (r,p) = %xgqexp (ex <—[5t (%) + 1) - A, (%) re + ﬁF (t,%) .Txh(r,p)) .
By definition,
N
A=t 3| (14 () e -2 () | + e S e

We write down the two conservation laws:
A(ex) :j;+1 _])ec where ]; = DPxTx-1>
A(ry) =jr.,—J. wherej :=p,.
Hence,

ApY =) ) [(1 P (%)) V(i) = (§> v<j;>x] + %? 2 A

x€Ty xeTy
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where V(f), = f..1 — fx. We are interested in the first two terms in the sum, and we compute a

discrete summation by part. Indeed,

Z fyv(g)y = Z gerlv(f)

YyeTy yeTy

We obtain the following terms:
x+1 X\ L (X 1 S X\ 1 o 1
Pl ) P\x) =P x)ntP\N) e O\ )
A x+1 A X _ X 1+7U’ X 1+O 1
‘\ N “\N/ "t\N/N "T\N/N? N3 )
First of all, we look at the term obtained in the sum with O (N_g). We want to prove

N [ 3 prar 0 ) £y < CHy(o) +o).

xeTy

We use the entropy inequality. Let € : N — R be a bounded function. We get

x€eTy

2

But, let us recall the inequality p, 7, < (p r?)/2 and for N large enough, we have

x+1
N a | 2m 2N
v e —
() [ P (prg( Nﬁ 2ae(N
We obtain a similar estimate for v () [exp (aN . Therefore, we have showed

f Z Px+1r e( de.Ulo (t) +0(1) .

x€Ty

Hence,

Hy(t) 1
JprHr e(N)fNd 11\10< Na +alogfexp< prﬂr e(N )qudulO.

X / X ¢N /i X " X
. _Z 1) 2 () 5 2 [ () 2 () e

e X a0 (5)

Moreover, we can compute two equations which are called “fluctuation-dissipation equations”. In
other words, we decompose the current of energy and the current of deformation as the sum of a

discrete gradient and a dissipative term:

Px+1 = \% ( ;X) +£*(fx) >

2
px T %
Pxi1Tx =V <_T> +L (gx) :

(V.9)

(V10)
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We use the two equations (V.9) and (V.10), and we obtain

ags =2y {/5; (5) %—%) +£*<gx>]+xz (3) [V<_;X)X+E*(fx)”

xeTy

¢ . (X , [N 1
IS [ (2 per 2 (2 pe] 2 5 o (2).

x€Ty xeTN

We sum again by part, on the two terms with a gradient, and we obtain as before

¢N X px +rxrx 1 ” X Iy
AP N 2 o () e 2 (R) 5 e
x€Ty

Z{A e )}+o<%).

xe’]I‘N
We get the result. ]
LEmmA V4.
¢N N 2
Sy = 256+ 515 2, | 2 8x(p) = 8.(p) | + o) e(N),
x€Ty yeTy \ xeTy

where ) [N*¢(N)| = o(N) .
Proof. Thanks to the exponential term, we have
quN:—Z exp 25 (") —6,(p) | -1
yeTy xeTN

The main idea consists in noting that e* — 1 = x + x%/2 + o(x?). We are going to give a rigorous
proof of this estimate in our context thanks to the hypothesis on the energy moments. More
precisely, in view of (I1.9) and Lemma II.6, we want to prove that

2 Z (N), where F, = Z (5x(py)—6x(p)) .

yeTy k>3 x€Ty

Let us compute F,. We notice that in the following expression,

51 (2) B o (£) e,

xeTy

the only terms which are changing when we flip p into p” are

e the term when x = y, and the difference is

2 (3)
Y N
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e the term when x = y — 1, and the difference is

ry_lpyﬁ{ (y—l) A’ ( 1) 2py .
Y N N Y

In other words, we have to show that

[F, |

w2 2w | v

YTy k=3

py .y ryflpy .y_l y_l 2py
F o )’ - / / y
o[ (5) + 25 )+ () 7

\CO |rypy’ +C1 ‘ry—lpy‘ +C2 |py‘
r2+p2 2 +p2
y Y y—1 y 2
5 +ClT+C2(1+py)
<K(l+e,+e, q),

with

Co

N

where K is a constant which does not depend on N and t. First of all, we introduce the space
= {ey <1 €y 1S 1}

(ey + €y 1 + 1)k Kk IL{e <1, e, <1} (BK)k
DAY | SN X X
yeTy ‘ k=3 k! N y€eTN k=3 k! N
3K)*
=N? ( : >k —0
P k! Nk N—
Since we have (e, + ey_l)k]lA§ < (2e, +e, )k, we deduce (e, + ey_l)k]lAg < Cf e} +Chel_|
Consequently;,
. [Fy [ K L ek KX el | K*
NZ“r Z k! Nk <N2‘u't Zk'Nk +NZ‘U't Z]de :
yeTy k=3 : yeTy k=3 yeTy k=3 :

Now we deal with N> .. Y [Zbg ef,/(k!Nk)]. Remind that el <2 (p2* + rZ¢). We are reduced
to prove that

pzk 2k
N Yy
N [Zk'Nk] ——0 and N}yl [Z k!Nk] ——0
yeTy k>3 yeTy k=3

We can flip the summations thanks to Fubini theorem. From the hypothesis on the moments bounds

we get
(Ck)

p2k
NZut [2 k!N"] <N22 KINE v

y€eTy k=3 k=3
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This last limit is deduced from the property of the series S(x) := Y., k* x*2/(k!) . It is a power
series which has a strictly positive radius and is continuous at 0. Then,

(C k)* C
2 2
N e =98N ) e

k=3

The same happens for the second sum. It follows that

Fk
NZMT[Zk!Lk]mo'

yeTy k=3

After adding the two terms and get some simplifications, we obtain this following final result.

ProrosiTION V5.

1 X DPiiq T Tyl X Tt
N2/* N 52 t, x+1 25 (t, ) [ + ]
pN MR XZGT:N{ (qﬁ ( N) [ 2y T Pxy1Tx | — O N y + Dyt
—I—— g o, + 0B ! +20,A t—1 2—1— (N)
r r .
Yxe’]l‘Np d xl N 1 N 0

Proof. There are simplifications when we write (—A + yS)(¢}). Actually,

—Z{ A(8,) +7S(8,)—L£*(5,)}=0.

x€Ty

The result follows. []

Now, we turn to the logarithmic derivative. First, we notice that 0,¢} /¢ = 0,{log(¢})}. Moreover,

oa(#l) =C e, (=6.(5) +1) -2 (5) 81 (5) s oo +pet L
# 2 (5) 2 - toglz(6,0).2, (1

We need to estimate the partition function Z(,(-), A.(-)). More precisely, in the following lemma
we compare this new partition function to the exact partition function

) 27 A¢(x/N)
Z(B.(), () =[] (e/N) P <2ﬁt(x/N)) '

xeTy Mt

LEMMA V6.

12,108 Z(B, (), () — 0, 108 Z(B,(-), A ()| = O(1)  when N — o
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Proof. First of all, remind that the exact expression of Z, := Z(f5,(-), A,(+)) can be written as

X X
Z, = expy — —e,—A (= |1y
Jo| oot (§)e#(§)
Iy LT Lo, (%) Pxia
W) g (o5 (5) 52 o

1 1
—exp{ 5117} [ e -5 buc,ix— b fax—exp {51117 25V dec

where b, is a vector and C, is a symmetric positive matrix. More precisely, one can see that

oSG A6

xeTy Mt x€Ty

where h, is a function that can be easily expressed with A, ,,A, and 3,. Then, h, is smooth.
Moreover, C, can be written as C, = D, + N"'H, with D, a diagonal matrix and H, a symmetric
matrix which has at most three non-zero components on each row and each column. More
precisely,

- (0)
Dt: ﬁt(X/N> ’
(0) '
(0) —(27)7'B}(x/N) (0)
(1/4)B{(x/N) —(2y) 7' B!(x/N)
o (0) (0)
' (0)
(2B /N) (0)

Now we write

0,logZ, = Za( ( >>+;a log det(C Zah< )
0, logZ, = Za( ( >>+ —0,logdet(D,) .

N=2Y, .k, (x/N)| = O(1) since h, is smooth. It remains to show that the following quantity
is bounded above by a constant that does not depend on N:

detC, . 1
0, logdetD = |0, | logdet I+ﬁDt H, =
t
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We denote by K, the matrix Dt_lHt, which also has at most three non-zero components on each
row and each column, and by K| the derivative of K, with respect to t. We notice that for N large
enough, the matrix I + K, /N is invertible, and we have

Tr(‘com(I +K,/N) - (I +K//N)) ‘ B

0 <1 detct) = T (I+1K>_1(I+K’)
‘\"°®dep, )| ~ det(1+ K,/N) - N :
where com(A) is the comatrix of A. Now we deal with (I +K,/N)™':

(I+ﬁKt> =1-K + ) K

k=2

>

But, the component (i, j) of K’: can be written as »,; ; a;; a; ;- a; ; where a; ; are the compo-
nents of K,. We know that there are at most three non-zero components on each row and each
column, and that they are all bounded by a constant C that does not depend on N (since 3, and A,
are smooth). Then, it implies that |Tr(KF)| < N3*C. It follows that

Tr [(I + %Kt) _1] Tr (1 —K + )] (;Ilk)ka)

k=2
because Tr(K,) = O(1) (we can compute it and again use the smoothness of the profiles). In the

same way, we show that
1 _1
Tr !K/t (I + NKt> ]

This ends the proof. ]

i,y

.....

3k
Nk—l

<1+|Tr(K,)| +C )
k=2

=0(1),

~0(1).

We deduce from the previous result that

X X x A2
Aogl2(5, (1,3, ()] = 3 ~SPED 4 0, 2 - LA 2

Consequently, we have proved the following statement.

+0(1) .

ProrosiTION V7.

X X ry X Y
8t{log(q5f)} = X;ZN — e 0 f (t, N) — 10 A (Q ﬁ) — M_Nataqﬁ (f, N) <Px+1 + Py + El‘x)
Px . x o.B(t,x/N)
e (o5) e

N) " B(t,x/N)
A(t,x/N)  0.B(t,x/N) 22(t, x/N)

Bltx/N) 2 Ptx/N)

o N | I e
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We are now able to prove the Taylor expansion. According to the results above, we have

1 2 pk N 2 Py T re1Ty 9 X Iy
FN £ -0 {log( t>} :ng{ a [5 ( N> [Tl pxrx—1] _ﬁq)' (t7 ﬁ) l? +px]

2

+ Z—; [(rx e 1)0,B (t, %) +20,2 (t, %)T
+ {ex —e <t§>] o.p (t%) + lrx —r (t, %)] O A (t%) } +0o(N) .

(V11)

Using the notations introduced in Section 2 (Chapter II), this becomes:

L N2LEGN — 0, flog(¢M)} = 3 {—iazfs <t f) 7 le (t f) 7
¢N t = 2)/ q ’N x % q ’N x
1 x\ 1 3 1 b X\
+ 4—)/ laq/s (t, N)] Jo + ;aq/s <t,ﬁ> OgM (t, ﬁ) J?
1 x\1? s
+;|:(7ql (t, ﬁ)] Jx
X X
+{e _e( )]aﬁ< ) [rx_r(t,ﬁ)]atx(%)}+O<N>.

We denote by H; the function defined as follows:

X
e (1 () ) = o B

The explicit formulations for H, are given by Proposition II.7. The sum
> —iazﬁ H () e (6 ) n (=
= 2'}/ q N 1\ 7 N Y q > N 2\ M ) N
! 0 t - 2H t - 1(9 t = oAt - H t a
+4Y q/3 )N 3 77 )N +}/qﬁ ’N q ’N 4 'n ’N
! oAt = 2H t, =
+ y q ) N s{7N N

is of order o(N) (thanks to the regularity of the functions e, r, 8, 1), so that we can introduce it in
the right member of the equality (V.11). Then, we obtain after computations

2 2
85/5 6§A [(Zlﬁ] aqﬁ&qA [@ﬂ]
I aeHl I — aeHz + - aeHB + 6eH4 + —deHs = _atﬁ 5
2y Y 4 Y
and ) )
82/3 8§A [ﬁqﬁ] aqﬁaqk [(9 A}
_g arHl - aer + - ﬁng + ‘)/ arH4 ‘)/' (9 H5 a A.
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Indeed, these two quantities are respectively equal to

i2p o] <e+ ) s [w]

2y v

Y Y
and ) )
2B A |OB 0.BO.A Og
e R —[q ] r(2e—3r2)—qﬁ—q(2e—3r2)+r[q ] .
2y Y 2y Y Y

This concludes the proof and gives Proposition II.7.

2.1.2 One-block Estimate and Large Deviations Replacement

We start with giving a sketch for the proof of the one-block estimate statement (II.15), which is
completely done in [16, Section 3.4]. First, we define the space time average of distribution:

fTN 1 ijt de
= Tis S,
tN = Jo

and f its projection on {(r;, p;) € R* ™V 5 ie A := {—[k/2] — 1,...,[k/2] + 1}}.

We also denote dvN = fN [ [icr, dridp; and dvy' = £ [ [icr, dr:idp; the corresponding probability
measures on RN and R2(k+1),

Observe first that (II.15) can be rewritten as

. : : 1 N
thmsuphmsuphmsupj 7 Z Jim —H(Mem(0))| pdv™ =0,

M—® (—on N—® ieh, (0)

because
15312 1Y
Zkz] foj+k:N21Tx'
xXx=

P o
We give the two main lemmas that can be proved following [16].

LemmaA V.8. For each fixed k, the sequence of probability measures (v]fI )Nk 1s tight.

For any k let v, be a limit point of the sequence (v} )y=,. The sequence of probability measures
(Vi)x>1 forms a consistent family and by Kolmogorov’s theorem there exists a unique probability

measure v on (R x R)” such that the restriction of v on {(r;,p;) € R***V ; i e A, } is v,. One has
easily that v is invariant by translations.

LEMMA V.9. For any bounded smooth local function F(r,p), we have fﬁde =0.
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Then, v is a convex combination of grand canonical Gibbs measures u, = ug ,, precisely we can
write v = §dp(x)u,, with p a probability measure such that {dp (x)u, [e;] < C, for any j € Z.

Hence, it results that

limsuplimsuplimsupf Z Jim — H(my(0)] p dv™

M—ow (—so0 N—@ lEA[

=limSUPlimsupfdp(x)f Z Jim —HMem(0))| ¢ duy,

M—c0 t—0 IEA[

=1imsupfdp(x) limSUPf D Jiw —H(new(0))] pdu, |

M—s t—c0 lE/\g(O)

where the last equality is a consequence of the dominated convergence theorem. Since u,, is ergodic
with respect to {7, ; x € Z}, the last term is equal to

lim sup fdp(x) ‘uz [Jom| — H(u, [TIO,M])‘ :

M—00

As M —> o0, i, [Jo ] converges to p, [Jo] = H(u,[&,]) and u, [Equ] to u, [Eo]. By Fatou’s lemma,
the limit in M is equal to 0 and this concludes the proof of the one-block lemma.

Finally, we prove the large deviations estimate (Lemma II.8, Section 2.4), and we recall here the
result we are going to prove.

LEmma V.10.

[xj+k] [xj+k]
(52|

M; (N, ¢, k,M) ——Zlogvx()[

can be replaced by

1 & allv(t Lxj +4d Q nem(xj+k)m|t bxj +K)

R N >N LMA\Aj MG N

My (N, £, k,M) := ﬁZ{lOg“xt([xﬁk]/N) [e (5 )a (+55)) ,
J:

The difference between these two terms is less than or equal to a small term which depends on { (but
not on k) and vanishes in the N limit: there exists a constant C({, M, N) which does not depend on k
such that

M, (N, £, k, M) — M,(N, ¢, k,M) < C({,M,N) and C({,M,N) ——0.

N—s 0

Proof. For each j € {1,...,p}, the function

x: +k x: +k
Nl

is bounded above by ¢%, C > 0 (since MM is bounded and t belongs to a compact set), and
depends on the configuration only through the coordinates in A,(x; + k). Thus, each expectation

F;:=exp {aﬁ
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appearing in the sum can be taken w.r.t the restriction to A,(x; + k) of vN . These restrictions

xe()”
are inhomogeneous product measures but with slowly varying parameters and hence, each term

log vi(.) [F;] can be replaced by log ,u?t([xj iy [Fj] with a small error.

Indeed, the difference between these two terms is equal to

N
Lo N - F; (hj —1) oz [ 1+ Bty LBy (= 1)]
O8 My ([x;+k]/N N =108 N
e I R L) oy k) L]

with

i x. +k
hj3:eXP{ Z gi,M'lXt(_>_Xt< . )]‘*‘
€A (xj+k) N N

(e8] o (e () e (5

The inequality log(1 + x) < |x| (true for any real x) and the fact that ,ul)j
us to estimate

([ +RUN) [F;] > 1 reduces

Myt LF5 (s = DT -

By using the smoothness of y, and the inequality |e* — 1| < |x|e/], one easily shows that there exist
positive constants C,, C(¢), and 3 which do not depend on j such that

C(0)e Col
Fj(h; — 1) < N Z leiw + e+ 1] |exp{ — Z leiv+eiim+1] ¢
iEAg (x)'Jrk) iEAe (Xj+k)

d‘u’N xi+k
and — el N IJ\]JF I <C(0).
d,uﬁ’o

Ag (X]Jrk)

Hence, the total error performing by these replacements is bounded above:

1 . Co
M; (N, £, k,M) — M, (N, £,k,M) < a—Ncl(ﬂ,M) Mg, |eXPy — 2 leim +€iim+ 1]
iEAg(O)

for some positive constant C; (¢, M), and goes to 0 as N goes to infinity for each given fixed £. []

2.2 Technical Proofs of Chapter III

2.2.1 Hermite Polynomials and Quadratic Functions

In the whole subsection, we assume 8 = 1. Every result can be restated for the general case after

multiplying the process by /2.
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Hermite polynomials on R” — Let y be the set of positive integer-valued functions & : Z — N,
such that £, vanish for all but a finite number of x € Z. The length of &, denoted by |£], is defined

as
HEDXR*

XEZL

For & € y, we define the polynomial function on Q

Hi(w) = Hhix(wx)r

XEZL

where {h, },cy are the normalized Hermite polynomials w.r.t. the centered one-dimensional Gaussian
law with variance 1. The sequence {H;}.., forms an orthonormal basis of the Hilbert space L%(u,),
where u, is the infinite product Gibbs measure defined by (1.9). As a result, every function
f € L*(u,) can be decomposed in the form

f(w) =) F(E)Hg(w).
gex
Moreover, we can compute the scalar product {f, g); for f = > F()H; and g = > : G(§)H; as

{f.en = Y F(E)G(E).

gex

DEeFINITION V.3. We denote by y, < y the subset sequences of length n, i.e. y, := {§ ex; &l = n} .
A function f € L?(u,) is of degree n if its decomposition

f =) F(EH,
Eey

satisfies: F(§) =0 for all & ¢ y,.
In the next paragraph we focus on degree 2 functions, which are by definition on the form

Dol x)(@2—1)+ Y o(x,y)w,w, (V13)

XEZL X#Y

where ¢ : Z> — R is a square summable symmetric function.

Local functions — On the set of n-tuples x := (x;,...,x,) of Z", we introduce the equivalence
relation x ~ y if there exists a permutation o on {1,...,n} such that x, ) = y; forall i € {1,...,n}.
The class of x for the relation ~ is denoted by [x]| and its cardinal by c(x). Then the set of
configurations of y, can be identified with the set of n-tuples classes for ~ by the one-to-one
application:

'~ —
X] = [(xp,.0 0, x,) ] > EX
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where for any y € Z, (M), =>7" |1

i=1"y=x"

We identify & € y, with the occupation numbers of a configuration with n particles, and [x|
corresponds to the positions of those n particles. A function F : y, — R is nothing but a symmetric
function F : Z" — R through the identification of £ with [x]. We denote (with some abuse
of notations) by (-, -) the scalar product on ®L?(y,), each y, being equipped with the counting
measure. Hence, for two functions F,G : y — R, we have

(F,G) =) >, Fal&)G, ZZ—F (%),
n=0<&ey, n=0 er"

with F,, G,, the restrictions of F,G to y,,.

Dirichlet form — It is not hard to check the following proposition, which is a direct consequence
of the fact that h, has the same parity of the integer n.

ProposITION V.11. If a local function f € L?(u,) is written in the form f = Yee, F(E)Hg, then
Sf (@) = ) (SF)(£)He (),
Sey
where S is the operator acting on functions F : y — R as
) =2 [FE) —F(E)] +7v 2, (-~ 1)F(E).
XEZL XEZL

Here, £ is obtained from & by exchanging &, and & ,.

From this result we deduce:
CoroLLARY V.12, For any f = 3. F(E)H; € L?(u,), we have

D(f;u1)=<f,—8f>1=2{%2( (£ =F(©) +71 2 (-1 1) FZ(E)}

Eey X€EZ XEZ

Quadratic functions — In Chapter III, we deal with the set of quadratic functions f in L*(u,),
namely degree two functions that are homogeneous, i.e. satisfies the algebraic relation

VAeR, f(Aw)=A*f(w), u,—as. (V14)

We also assume that f has zero average with respect to u,. Therefore, we could also rewrite every

f as
Cz)) = Zw(x,x)(wi x+1 Z 1/J X .y

XEZL X#Y
for a suitable function 1) : Z?> — R square summable and symmetric, and we recover the form

given in (II1.1). We first restrict some variational formula to this class of functions, and then we
study sequences of functions that weakly converge in L*(uj ).
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ProposiTION VI13. If f € L?(u,) is quadratic in the sense above with zero average w.r.t ,, then the
following variational formula
sup {2(f,8), ~ Dl(gi )
8€L? (k)

can be restricted over quadratic functions g of zero mean w.r.t .

Proof. This fact follows after decomposing g as > te, G(E)H;. Corollary V12 and the orthogonality
of Hermite polynomials imply that we can restrict the supremum over functions g of degree two
(V.13). As a result, g writes as the sum of a quadratic function plus an additional constant term.

Then, notice that the constant term gives a zero contribution in the quantity to maximise: indeed,
the Dirichlet form does not change if we add a constant, and the function f is supposed to
be centered, so that < f>1 = 0. Therefore, we can assume that the supremum is taken over
homogeneous functions of degree two, and the same argument shows that g can also be taken with
zero average. (]

ProPOSITION V.14. Let {f,}, be a sequence of quadratic functions in L*(u,). Suppose that {f, } weakly
converges to f € L?(u,). Then, f is quadratic.

Proof. For allne N, and & ¢ y,, the scalar product < fn,H€>1 vanishes (by definition). From the
weak convergence, we know that

<fn’H€>1 7 <f’ H§>1’
as n goes to infinity, for all £ € y. This implies: <f, H§>1 =0forall ¢ y,.

Besides, the algebraic relation (V.14) is still valid after taking the weak limit in LZ(,ul), as well
as the zero-average property (with respect to u;). This implies that the weak limit f € L*(u;) is
quadratic, and of zero mean if every f, is centered. ]

REMARK 2.1. In Chapter III, the set denoted by Q is restricted to local quadratic functions. The
conclusions of Propositions V.13 and V.14 remain valid if we replace the quadratic functions in
L%(u,) by elements of Q.

2.2.2 A Weak Version of Closed Forms Results

In that section we prove a theorem that should be thought as a kind of closed forms results, as they
are stated in [75] or in [49, Section A.3.4]. We give the link between Theorem V.15 below and
closed forms at the end of this paragraph.

Decomposition of quadratic functions — For the sake of clarity, we erase the dependence on the
disorder m, and consider that the functions are defined on 2, and square integrable w.r.t. the Gibbs
measure ;. We explain how one can restate the same result for functions defined on Q, x Q in
Remark 2.2.
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THEOREM V.15. Let {f,},cn @ sequence of quadratic functions in L*(u,). Let us define

g, =V, <l"fn> and h,:=Vy; <1"fn> .

If {g,}, respectively {h,}, weakly converges in L?(u,) towards g, respectively h, then there exist a € R
and f € Q such that

g(w) = Vo(I'y)(w), (V15)
h(w) = a(w} — w?) + Vo, (T)(w), (V.16)

where the above equalities are stated in L?(u,) sense. This result remains in force if u, is replaced with
the product measure P} = P ® u,, where P is the law of the disorder (see Remark 2.2).

Proof. From Proposition V.14, we already know that g and h are quadratic functions in L?(u,).
Hence, we look for g and h of the form

g(w)= D P(x,y)w,w, (V17)
X,yEZ

h(w) = Y] Yy(x,y)w,w, (V18)
X,YEZ

where v;, %), : Z*> — R are square integrable symmetric functions. We are now going to give a list
or equalities, being satisfied by the pair of sequences. Let us be more precise. We define, for a pair
(f',£2) of two L?(u,) functions, the following identities, stated in L?(u,) sense:

RD) (7.f)(w)+ (1,)(w*) =0, for all x € Z.
R2) (1,.£)(w)+ (7,)(w™* 1) =0, for all x € Z.

R3) (1.f) (@) + (1,2 (w") = (1,2) (@) + (Tys ) (01, for all x € Z,

It is straightforward to check that, for all n € N, the pair (g,, h,) satisfy identities (R1-R3). Easily,
one can show that the latter always take place after passing to the weak limit in L*(u, ). Precisely,
the weak limit (g, h) of {g,,h,} also satisfy (R1-R3). This follows from the following easy lemma
(which is a consequence of the translation invariance of u,):

LEMMA V.16. If {g,}, weakly converges in L?(u,) towards g, then, for all x € 7Z,

{ gn(w’“)}n weakly converges towards g(w™),

{gn(w

X, x+1 x,x+1)'

)}n weakly converges towards g(w

Notice that all equalities (R1-R3) — now stated for (g,h) — turn into identities satisfied by v; and
Y,, defined in (V.17) and (V.18). Namely, 1, and 1), have to satisfy

(R1) Pi(x,y)=0 ifx#0andy #0,
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(R2) Yo(x,y) =0 if x ¢ {0,1} and y ¢ {0,1},
Yo(x,x) + Py (x +1,x+1)=0 forall x € Z.
(R3) 2¢2(x10> =1/’1(X—1,0)—1/)1(X,0) ifx¢{0’1}:

l/)1(_1’0) = l/)1(170)-

The first two identities imply that g writes in L?(u;) on the form

= Z’L)bl(x7o)wxw07 (V19)
x#0
and h rewrites as
w) = Y Pa(x,0)[w0, — wow,] +15(0,0)(w] - w?), (V:20)

x#0,1

whereas the final equality makes a connection between g and h. In view of (V.15) and (V.16), we
are going to need the following straightforward lemma:

LEMMA V.17. Let f € L?(u,) be on the form

flo)= 2 vlx,y)w.w

X,YEZL

where ¢ : Z2 — R is a symmetric cylinder function. Then,

Vo(Ty) ——4290 (x 4+ 2,2)wowy, (V21)
Voi(Ty) =2 Z (x +2,2) —p(x +2,2+ 1) (00, — wow,). (V.22)
2€7Z
x#0,1

Confronting (V.21)-(V.22) with (V.19)-(V.20), and keeping in mind the expected result of Theorem
V.15, we are now looking for a symmetric function ¢ : Z> — R which is square-summable on Z>
and satisfies

1
Z(p(x +z,z)=—2¢1(x,0) for all x # 0,

2€Z

Z [o(x +2,2) —p(x +2,2+1)] = %wz(x,O) for all x ¢ {0,1}.

2€Z

Such a function g exists if and only if, for all x ¢ {0, 1},

211’2(3(, O) = ¢1(X - 110) - ’l/)l(X,O).
This last equality is true according to (R3), and the result is proved, with a = ¢,(0,0) and f € Q
defined as

flw)= ) ¢x,y)ow

X,YEZL
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REMARK 2.2. In the whole section, every result that involves the Gibbs measure u; can be translated
into the same result involving the product measure IP}. By instance, the decomposition in the
Hilbert space turns into the following: every f € L*(P}) can be written as

f(m, @) = F(m, §)He (o),

gex

and if f is quadratic, it rewrites

fmw)= > ¢m,x,y)w,w,

X,YEZ

where, for all m € Qp, ¢ (m, -, ) is a symmetric function on Z?, square summable and integrable
w.r.t. P. Moreover, the translation operator 7, that is involved in identities (R1-R3) should translate
also the disorder environment, as it is defined at the beginning of Subsection 1.3, Chapter III. The
result follows since P] is space-translation invariant.

Connection with closed forms results — Let us briefly explain the connection between Theorem
V.15 and the closed forms as they are defined for example in [75]. For that purpose, we are going to
reformulate identities (R1-R3). First, interprete f.(w), respectively f>(w), as the price to change
the configuration w € Q into w*, respectively to change w into w™*"!. In particular,

e the price to flip w, when the configuration is w should be equal to —f}(w*) : this is (R1),

e the price to exchange w, and w, ; when the configuration is w should also be equal to
—f2 (w™**1) : this is (R2).

In the context of interacting particle systems, closed forms are expected to give the same price for
any 2-step path with equal end points. In our setting, the last equality (R3) can be translated into:
“The quantity at site x is flipped, and then exchanged with the quantity at site x + 1. Equally, the
quantities at site x and x + 1 are exchanged first, and then the quantity at site x + 1 is flipped.”
There are three other such paths, that we do not need to prove our statement:

e two quantities are exchanged at sites x, x + 1, and also independently at sites y, y + 1, with
{e,x+1n{y,y +1} =&,
e two quantities are flipped independently at sites x and y, with x # y,

¢ the quantity at site x is flipped, and then the quantities at sites y and y + 1 are exchanged,
for y ¢ {x,x + 1}, and the converse is also possible.

Recall that we have defined 2 := R%. We denote by B the space of real-valued functions
B:={f:Q— R}.

We are now interested in the space of forms, which are defined as (f.,f?),., where f. € B, and
f2 € B, for every x € Z. To each function F : @ — R is associated a form:
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DEFINITION V.4. A form f = (f)l(, i?()xGZ is an exact form if there exists a continuous function F : Q —
R such that

f}((a)) =F(w*) —F(w),
Vxez, Vwel, {fi(w) = F(w™") — F(w).

Easily, one can prove that all exact forms are closed forms. We now present two examples of closed
forms that play a central role.

ExampLE 2.1. We denote by a = (a',a') the closed form defined by

ar(w) =0,
@ (@) = wp —wl ),

for all x € Z and configurations w € . This closed form corresponds to the formal function
F(w) = ), xw?, but this is not an exact form.

ExampLE 2.2. Let h be a cylinder function. Let us recall that we denote by I';, the formal sum
>« Txh, and define w, = (u;,u?) as

{ (ty)x (@) = Th(@*) — Ty (w),

(up)x (@) = Th(@™ 1) = Th(w),

for all x € Z, and configurations w € Q. Though >, 7 h is a formal sum, these two equalities are
well defined. Let us notice that u;, is a closed form that is not exact, unless h is constant.

These two examples show that closed forms on Q2 are not always exact forms. Let us introduce the
notion of a germ of a closed form.

DEFINITION V.5. A pair of continuous functions f = (f!, f?), where f': Q — R, is a germ of closed
form if f = (7, f),cz, is a closed form.

Examples 2.1 and 2.2 provide two types of germs of closed forms. Consider the cylinder function
A(w) = (0, ws — w?). The collection (7,2A), is the closed form a of Example 2.1. For a cylinder
function h, the collection (V,T',, V,. . 1T},) . obtained through translations of the cylinder function
(VoI'y, Vo 1T) is the closed from of Example 2.2. For a pair of L*(IP})-functions f = (f', f?), we
called it a germ of closed form if f = (7 f ), satisfies all of conditions as a closed form in L*(PP})-
sense. Usually, Theorem V.15 is replaced with a similar result that concerns every germ of closed
form in L? (P}). We refer the reader to [75, Theorem 5.1] or [49, Theorem A.3.4.14] for more
details.

Proof of Lemma III.7 and Lemma III.9 - With Theorem V.15 we are able to prove the missing
two lemmas of Chapter III, that we recall here:
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LemmaA V.18. Consider a quadratic cylinder function ¢ € Q,. Then,
. _ —1
lim sup(2¢) 1E<(_SA[> D, e D) e ) <ol
= |x|<t, |x|<,
where { , stands for £ —s, — 1 so that the support of 7, is included in Af for every x € Ay,

Proof. We follow the proof given in [69, Lemma 4.3] and we assume first that ¢ = V(F) + V,(G),
for two quadratic cylinder functions F, G. Then, the general case follows by linearity. We write the
variational formula

1 1
(26)1E< SA[ Z Tx®>s Z Tx® = sup 2E SD: Z Tx h - Y E[Df(nu’hh)}
heC

[x|<t, |x]<ty, 1 |x|<l

1 1 1
— sup 2E<FVO % >tk | +GVYy, o > Tk > T [Dy (1413 1)]

heC
[x|<l,, |x|<t, 1

Since ¢ is quadratic, we can restrict the supremum in the class of quadratic functions h that are
localized in A, (the proof of that statement is detailed in Proposition V.13). It turns out that we
can also restrict the supremum to functions h such that E [D[ (uq; h)] < CL. This follows from the
fact that the first term can be bounded as follows (according Proposition III.4 in addition to the
convexity of the Dirichlet form):

0, >, Tih Ci,/z (E[Dz(ul;h)])l/z-

x|<t,

Recall that C, is a constant that depends on ¢. Next, we want to replace the sums over Ay, with
the same sums over A, (recall that Ew =/{— S, — 1< ¢). For that purpose, we denote

First of all, from Cauchy-Schwarz inequality, we have

e(3[am] + S[m]) <gE[pmin]

Then, we also can write as before

(v T o)< B alpasn])

Lo<x<t 1

These last two inequalities give the upper bound

(25)‘111*3<(—SM)_1 DT, D Ty

|x[<€, |x|<e,
<sup {2E<F £ (h) + Gg‘;(h)>1 - E<§[§g(h)]2 + %[ i(h)]2>l} + \/%
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Let us choose a sequence {h,} satisfying E [D;(u1;h;)| < CL. Then, the sequence {¢!(h;), ¢! (hy)}
is uniformly bounded in L*(IP%), and this implies the existence of a weakly convergent subsequence.
We denote by (o, {;) a weak limit and assume that the sequence {¢! (h,), {!(h;)} weakly converges
to (o, ;). The conclusion is now based on the weak version of closed forms result that we proved
before: the pair ({,{;) can be written in L*(P}) as

(Vo' a(wg — i) + Vo Ty,

with g € Q and a € R. We have obtained that

(26)1E< =8, D e, Y xso> sup {2E<FCO+GC> ]—%EI[C?]}

Ix|<t, Ix|<t,, 061

= sup {2E<F Vol + G (a(wl — w?) + Vo,lf‘g)>1
geQ
aeR

T [(Vry?] - %E; | (a(ew?—?) + vo,lrg)z]}

The inequality above is a consequence of the following fact: the L>-norm may only decrease along
weakly convergent subsequences. The result follows, after recalling (III.15). ]

The second inequality is more standard, we write down the proof for the sake of completeness:

LeEmmA V.19. Under the assumptions of Theorem IIL.6,

nmsup<ze>—1E< 57 Y e Y e ) = el

t—0 Ix|<t, Ix|<t,

Proof. We define, for f € Q,

Jy = Z Tng’l, Hfz 2 S(tyf).

Y.y +1en lyl<t—sp—1

The following limits hold:

. -1
eh_I‘)noo(ze) IE< SAI Z Tx(p:Jl>
|x|<e,
elim (26)‘1E< SAe Z ’L’xtp,Hf> = <¢,f >,
1

L P D 4y (V23)

%m
[x|<E,

ehjloo(ZE)—lE<( ~8,)" <aJe + H{) ,aJ; + H{>1 _
A

* 2 Y * 2
5B [(a(w?—w?) + vo,lrg> ] + 2B [(vorg) ]
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We only prove (V.23), the other relations can be obtained in a similar way. As previously, we assume
for the sake of simplicity that ¢ = V,(F) 4+ V,;(G). We recall the elementary identity

Sh, wai =J,(w).

XEN;

Therefore,

<2e>‘1E<(—SAZ)‘1 2 W’Jf> =-@07 ) ) yElew] ]

[x|<e, Y.y +1eh |x|<t,

-0 > > Y E[GV,(w?_ )]

Y.y +1en |x|<t,

=—(20)7" Z X Ej[G Vo (wp)] + (x + 1)E}[G V4, (w])]

[x|<e,

=(20)71(20, + 1) E[G, w? — 0} — < ¢ »q,, .

{—0

The last limit comes from Proposition II.1 and the fact that £, = £ —s,, — 1. Then, we obtain from
the variational formula written with h = (=8,,) " (aJ, + ng )

. -1
I;rggf(%) E< SA[ Z T,.9, Z )

|x|<€, lx|<e,

> liminf(2¢) ! 2E<(—SA€)_1 3 Txc,o,aJ@+H{> ~E{(=8,,) " (@ + 1) ag + 1),

{—0
[x|<e, 1

=2, f»,F2a<p>»,, —E [Do(ul;awg + l"f)] .

The result follows after taking the supremum on f € Q, and recalling (III.15).

2.2.3 Proof of the Weak Sector Condition

In this section we prove Proposition III.15 (Chapter III) that we recall here for the sake of clarity.
We write down the result for any 8 > 0, even if the proof for f = 1 would be sufficient for our
purpose.

ProrosITION V.20 (Weak Sector condition). (i) There exist two constants Cy(y,A) and C,(y, A)
such that the following inequality hold for all f, g € Q:

<A™, Sf 4] < CollSF 5 IS8l -

1
<A™, Sf >4 < CilISglls + SIS Il
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(ii) There exists a positive constant C(f8) such that, for all g € Q,

A%l < C(B)lISgllp-

Proof. We prove (i). We assume that

Z 1/)x 0 x+1 )25) + Z 1*px,k(rn)(J‘)x(")x+k

XEZ XEZL
k=1

Z Px, 0 x+1 32() + 2 (px,k(m)wxwark'

XEZL XEZ
k>1

We denote by V™) the discrete Laplacian in the variable m, that is

VTp(m) = 2p(m) —p(7,m) —1p(7_;m),

and 7, V™ is the operator defined as

(7. VP)p(m) := V7 (7,m).

Straightforward computations show that
Y s 2 A 2
IIsgll? = EEﬁ [(vorg) |+ ;Eﬁ [(Voar,)’|

EHEERIEOE (Seovn)

XEZL XEZ XEZ

ZE <Z _xwx,k)—rl_x(sz,k)]) ,

k=2 X€EZL

2
ISF I > llsTes I3 = ZE; (zZ%,k(m)wowk) I E (Z%,km

2€Z k>1 Z2€EZ

k=1

2
)) . (V24)
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Now we deal with « A™g,Sf »4. From Proposition I11.10 of Chapter III, and by definition,

< Amg,Sf >p = _ZE% [f: Tz(Amg)]

2€EZ

== Z I ‘Px,o(m)<wi+1 - wi,f
x,2€Z gy
k=1
2 T (V™M o)
ﬁ Ye7, | \/m 2EZ
1 Tﬂl)xl wxl
L 2 : T_(Ps2)
[32);2 [(\/mxmx+1 \/mx+1mx+2 é o
i - lex,k 11/)x,k
+ [52 2 Z m,m ; m m
k>2 x€eZ \/ xMlx+1 \/ x+kTxt+k+1 / zez,
Z 2 E T—l,l/)x,k o /pr’k
k>2 x€eZ \/mxmx+1 \/mx+kmx+k71 ZEL

ZT—Z (Pz k+1
Zsz ()Dzk 1

LA | = D) [0un(m), 000 7o (A™E)g

From Cauchy-Schwarz inequality, and recalling 1/,/mom; < C (P-a.s.), we obtain the following

bound:

2C
| « A"g,Sf »p| < [52 (Zr

XEZ

YE

k=2

vm’t/)x 0))

XEZL

X€EZ

Now we are going to use two times the trivial inequality v/ab
of ¢ > 0. In (V.25) we take ¢ = y/C and in (V.26) we take ¢ = 2y/(3C). This trick gives the final

bound

| « A"g,Sf »p| <

Y/32

k>

2C2
Z E (Z lex,k - 1/)x,k>

Tx (vm‘/)x,o)>

(Z lex,k - lpx,k

(ZT llljxk ka

Z2EZ

2
Z Tz@z,kl)

57 1/2
(Z T_,Q, 1> (V25)
2€Z
1 1/2 97 1/2
(Z T_, cpz’z) (V26)
2EZL
57 1/2 57 1/2
> (Z T_4 sz,k-‘rl)
2€7Z
1/2

b <a/e + eb/2 for a particular choice

ZE

k=1 2€7

<Z sz,k (T—

m))
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Recalling (V.24), we obtain

m 9CZ 2 1 2
| < A"g,Sf »p | < Y_?\"'SgH'ﬁ + E\HSf -

If we use the Cauchy-Schwarz inequality, we get:

2

18C
K A™g Sf »2 <

We have proved (i) with C, = 4/18C?/(yA) and C; = 9C?/(yA). Now we turn to (ii). From Lemma
I11.13 of Chapter III and Statement (i),

lisglis S M-

< A™g,jo, »p = <« Sg,Jo1 »p < ISgllpll g -

Moreover, from Statement (i), we also get, for all f € Q,,
2« A, Sf vy < ISFIIE + = ISgl2

As a result, the variational formula (II1.19) for [|A™g||7 gives:

1 92 lig.llz o2
[A™gllZ < < A™g,j5. »% +—||Sg]|% < —+ — | ||Sgll%
P 2x(B) 0L7F  yA P\ Ax(B)  yA P

The result is proved. ]

2.3 Technical Proofs of Chapter IV

2.3.1 Tools on Fourier Analysis

In Chapter IV, Fourier analysis is one of the most important tools. Actually, the Fourier transform
is very useful, since it is reversible, being able to transform from either domain to the other. In
the case of a periodic function, the Fourier transform can be simplified to the calculation of series
coefficients. Also, when the domain is a lattice, it is still possible to recreate a version of the original
Fourier transform according to the Poisson summation formula, also known as discrete-time Fourier
transform. In Chapter IV we need to introduce three different Fourier transforms.

1. Fourier transform of integrable functions — If f : R — R is an integrable function, we
define its Fourier transform Ff : R — C as

Ff(&):= Lf(x)ezm&x dx, EeR. V27)

2. Fourier transform of square summable sequences — If h : Z — R is square summable,
we define its Fourier transform h : T — C in L*(T) as

h(6) := Z h(x)e?™* — QeT. (V.28)

XEZ
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3. Discrete Fourier transform of integrable functions — If g : R — R is an integrable
function, we define its Fourier transform F,(g) : R — C as

Fal8)(8) = — De (f)e””g/n, EeR. (V29)

XEZL L

These definitions can easily be extended for d-dimensional spaces, d > 1. For each Fourier
transform, we have the Parseval-Plancherel identity between suitable norms of the involved spaces,
and we also can recover the initial functions for the knowledge of their Fourier transforms by the
inverse Fourier transform.

For example, for the Fourier transform (3), the Parseval-Plancherel identity reads

%J;ZgG)’z:J[_ ]

The function g can be recovered from the knowledge of its Fourier transform by the inverse Fourier
transform of F, (g):

|7.(2) ()" de.

NN
N =

x :
8(3) - | o 0@ e e,
[-55]
Now we give the properties that we need in Chapter IV.

Lemma V.21. If g € S(R) is in the Schwartz space then for any p > 1, there exists a constant
C:=C(p, f) such that for any |y| < 1/2,

Ay < T

Proof. This lemma is entirely proved in [12]. ]

The following result is an easy corollary of the previous lemma.

CoROLLARY V.22. If g € S(R) is in the Schwartz space, then, for any p = 0,

AL P Fa(8)(&) = (Fo)(E) g =0,

and there exists a constant C > 0 such that

I

[SRE

>

N =

EP|F(g)(&)PdE < C.

]

[SHE]
NN
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2.3.2 Sharp Estimate of the Resolvent Norm and Boltzmann-Gibbs Principle

Recall the definition of the Hermite polynomials given in Section 2.2.1. Hereafter we consider the
orthonormal basis of L?(ug), for some value of § > 0. For any z > 0 and any f € L*(u;) we define
the H,,; , norm of f by

£ lire = {F 5 (2= S,
Let us notice that
Hinz = Z<f9f’>/5 + D(M{o’:f)

where D(ug; f) := (f, (—S,)f )p is the Dirichlet form of f. We have seen in Section 2.2.1 that, if f
has the decomposition f = > ., F(&)H, then

A 2
D(ug; f) = ), {52 (FE™) —F (@) + 7, ), (1) —1>F2<5>}. (V30)

Eey XEZL XEZL

We recall some tools presented in [11], which permit to compare the Dirichlet form associated to
the symmetric operator S, with the Dirichlet form associated to a simple symmetric random walk
on Z2. Let us introduce a few notations. We define

A, ={(x,y)eZ® y > x+1}
<X

We denote by D the Dirichlet form associated to a symmetric simple random walk on Z?2, which
satisfies the following two rules: first, jumps from A, to A, and from A, to A, have been
suppressed, and second, jumps from (x,x) € A, to (x +1,x + 1) € A, have been added, i.e.

2 1 2
Z 2 (Flxre)—f(x) +5 2 (Fxt (L)~ f(x),

‘e| 1 X€A+ XEAO
X+e€A+

where f : Z? — R is a square summable symmetric function. The proof of the following lemma is
straightforward.

LEMMA V.23. Let [ = Ziexz F(&)H; be a local function of degree 2.
There exists a positive constant C, that does not depend on f and n, such that

CHD(f) +7a ), FA(x) | <D(ug; f) <C|D(f)+71, ), FA(x)

X¢EA X¢A

Now we turn to the proof of the Boltzmann-Gibbs principle (Lemma IV.5). Observe that the function
¢ defined by (IV.10) is a function of degree 2 with a decomposition in the form ¢ = ), 104 JH¢
which satisfies (&) = 0 if & = 25, for some x € Z. We have that

<<,0,(z =87 90>ﬁ = sup {2<<,0,g>/5 —2(8,8)p —D(uﬁ;g)}
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where the supremum is taken over local functions g € LZ(,u,ﬁ). From Proposition V.13, we can

restrict this supremum over degree 2 functions g, and in addition we can impose that G(§) =0 if £
writes 26, for some x € Z. Then, by Lemma V.23,

(o-s)"e), cSup{Z ®(x,)G(x,y) = (z+7) Y, G(x,¥)

XFy (x,y)ez?
X#Y

el Z Z (G((x,y) +e) —G(x,y))z}

le[=1 (x,y)ea”™
(x,y)+ecA”

where C,C’ are positive constants, A* = {(x,y) € Z*; x # y} and as usual we identify the
functions defined on y, with symmetric functions defined on Z". In order to get rid of the geometric
constraints appearing in the last term of the variational formula, for any symmetric function G
defined on the set A”*, we denote by G its extension to Z? defined by

~ - 1
G(x,y)=G(x,y) if x#y, and G(x,x)=-— Z G((x,x) +e).

le|=1
It is trivial that there exists a constant C > 0 such that

Y G x,y)<C ) Gxy),

(x.y)ez? (x,y)eZ?
X#Y

and
N Y (Bt -6xy) <cYy Y (Glxy) e -Gy)

le|=1 (x,y)ez? le|=1 (x,y)eA”
Y
(x,y)+eeA”

Thus, we have

<¢,(z—5n)_1w>ﬁ<cosgp 2. 20Y)Gy) ~Cilz+y,) ), GHx.y)

(x,y)ezZ? (x,y)ez?
2
-6, Y, Y (6(tey) +e)-6lx,y))
Jel=1 (x,)ez2

where the supremum is now taken over all symmetric local functions G : Z* — R. Notice that the
last variational formula is equal to the resolvent norm, for a simple symmetric two dimensional
random walk, of the function .

Then by using Fourier transform, it is proved in [11] that the last supremum is equal to
G B
4 Jioa? Ci[z + v,] +4Cy Zizzl sin®(7k;)

dk, (V31)
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where C,, C;, C, are three positive constants, and the Fourier transform d of & is given by
b(k)= >, (x,y)e? btk k= (ky,k,) €[0,1]%
(x,y)ez?

Thus we have reduced the problem to estimate the behavior w.r.t. n of the integral (V.31) with
z = 1/(tn®). Since the constants t,Cy, C;,C, do not play any role, we fix them equal to 1. The
function ¢ can be rewritten as

LP((")) = Z {2( nf)( )[¢|v u|( -z 1) _Qp|v—u|(u_z)]} w,w, = Z@(u,v)co w

v>u \ 2€Z

with the symmetric function ® given by

1u¢v

d(u,v) =

DUV (5 ) [ (@ Ay =2 = 1) =y n v = 2)].

2€Z

Its Fourier transform is given by

ZZ(I) u u +] 21n(k1u+k2(u+] + ZZ@ u+], 217‘5( 1(u+j)+kou)

UEZ j=1 uezZ j=1
= 5 FalBf ) (ks + k) Z (e2mhal 1 e2imkel)a)y (K + k).
Since |F,(A,f)(&)| < C, for a suitable constant C, > 0 independent of n and &, it follows that
there exist constants C,C’ > 0 such that
w0 2

]@(k)\z Z (eZinklj + eZinkzj)¢j<kl + kz)
i=1

A

C

0 2
=C Z (e2i7rk1j +e2ink2j +e2iﬂk1(j—1) +e 2imky (j— 1))p1(k1 +k2)

101 (ky + ko) P
(1= [X(ky + ko) |)*

To get the last inequality, we used the explicit form of p; and the fact that

~

11 —X(ky + ky)w| =>1— |X(ky +ky)| >0
for any complex number w of modulus one. Then, from Lemma IV.2 it follows that
RGO c
(1= [XO))* ~ yu[rs +sin*(n6)]

It remains to study the behavior of the integral

1 1
L, := dk X .
f[o,uz { (N +7,) + sin®(rtky) + sin®(1ky) v, [y, + sin®(7(k; + kz))]}

The leading term in this integral is provided when
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(1) either k is an extremal point of [0,1]?, i.e. (0,0),(0,1),(1,0),(1,1),
(2) or k belongs to the diagonal {k; + k, = 1}, and k is not one of the previous four points.
We first consider the first case (1). By periodicity, we can assume that the extremal point is (0, 0).

We also have that a > b, and then vy, » n~%. We perform a Taylor expansion and forget about the
constants. We are reduced to compute the order as n goes to oo of

J dk f rdr -
N —— ~n“’.
[0,1]* Yn [Yn + k% + kg] [Yn + <k1 + k2>2] 0 vy, [Yn + r2]2

The first estimate comes after a change into polar coordinates, and the last one is deduced from

another change of variables:

1 rdr 1/A/Tn du
[ e
o Yalvatr2]” oo p2[14u?)

In the second case (2), with the same argument we are reduced to investigate the behavior of

Jl rdr
o v2[yn+r?]

which is of the same order n?.

When k is not close to one of these points, we can bound by below sin*(7k;) + sin*(mk,) and

sin®(7t(k, + k,)) by a strictly positive constant independent of n and then show that the correspond-

ing integral gives a smaller contribution. Finally, I, is of order n2®.

2.3.3 Computations Involving the Generator

In this subsection, we explain how to obtain the differential equations of Proposition IV.7. Let
f :Z — R be a function of finite support, and let £(f) : @ — R be defined as

E(f) =D, f(x)e?.
X€EZ
A simple computation shows that

SE(f) =D Af (x)w?,

XEZL

where Af (x) = f(x+1) + f(x —1) — 2f (x) is the discrete Laplacian on Z. On the other hand

Ag(f) = _zzvf(x)wxwx+1:

where Vf(x) = f(x + 1) — f(x) is the discrete right-derivative in Z. Let f : Z> — R be a
symmetric function of finite support, and let Q(f) : @ — R be defined as

Q(f) = Z f(x,y)coxwy.

X,YEZL
X#Y
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Define Af : Z> — R as

Af(x,y)zf(x+1,y)+f(x—1,y)+f(x,y+1)+f(x,y—1)—4f(x,y)

for any x,y € Z and Af : Z* — R by

Af(e,y)=f(x=Ly)+f(x,y—=1)—f(x+1Ly)—f(x,y +1)

for any x, y € Z. Notice that Af is the discrete Laplacian on the lattice Z? and Af is a possible
definition of the discrete derivative of f in the direction (—2, —2). Notice that we are using the
same symbol A for the one-dimensional and two-dimensional, discrete Laplacian. From the context
it will be clear which operator is used. We have that

SQUf) = Y [(AF)(x,y) —4r.f (x,y)] w0

X,YEZ
X#Y

+2Z{ (x,x+1) f(x,x)]+[f(x,x+1)—f(x+1,x+1)]}wxwx+1

X€EZL

:Q(Af_2YnId)
—1—22{ (x,x+1) f(x,x)]+[f(x,x+1)—f(x+1,x+1)]}coxwx+1.

XEZL
Similarly, we have that

AQ(f) = Q(Af) +22 {[f(x—l,x) —f(x,x+ 1)]0)32(— [f(x,x) —f(x+ 1,x+1)]wxa)x+1}.

XEZL

It follows that
£,Q(f) = Q((A +A—4y,Id)f) +D(f), (V32)
where the diagonal term D(f) is given by

=22 (wi—ﬁ_l) (f(x—l,x) —f(x,x+1)) +4Z (f(x,x+1)—f(x,x))wxwx+1.

X€EZL XEZL

The normalization constant 3! can be added for free because f(x,x +1) — f(x — 1,x) is a
mean-zero function. Notice that the operators f — Q(f), f — £,Q(f) are continuous maps from
*(Z?) to L*(ug). Therefore, an approximation procedure shows that the identities above hold true
for any f € £*(Z?). Recalling the definition of S, we deduce (IV.15), that is

@ 18 52 (2) 01— )] - a0k 005 30

XEZ

2.3.4 Proof of Lemma IV.10

Let us define the following functions, for x,y € Z
A(x,y) = 4[sin®(nx) +sin®(ny)], Q(x,y) = 2[sin(27x) + sin(27y)]. (V33)

Several times we will use the following elementary change of variable property proved in [12].
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LEMMA V.24. Let f : R? — C be a n-periodic function in each direction of R?. Then we have

J e

The proof is similar to the proof given in [12]. The Fourier transform of h,, is given by

1 i85 O F () (k+0)
2vn (A +4y,—iQ) (5,4

where A and I' are defined in (V.33). Observe first that

2imd 2img 217l 2ing
iQ(ﬂ ﬁ)zen l—-e n J—e n (l—en
n’n

* _ 16sin? (%)

Then, by Plancherel-Parseval relation and Lemma V.24 we have that

Ihal2, = H )(k,€)[2 dkde = H - (;[Z)(f;f():z) dkde¢
Tn " n

£(k,0)dkde = “ 2f§ ¢,0)dede.

NI:
NI:
NI:
NI:

Falh)(k, €) = (V34)

so that
2ing

‘lﬂ ‘5 e e ‘ <4‘1—e n

22 1)
1 f 20t |2 ) d¢

2 e [Imn©) f T [
s 28 P T

_4n f[_%] sin?(my )|, (F) (ny) [P W(y) dy,

where for the last equality we perform the changes of variables y = % and x = % and forget the
positive term 4y,. The function W is defined by

dx
W = . V.35
2 f[%%] Ay —x,x) +Q*(y — x,x) (V35)
It is proved in [12, Lemma E5] that W(y) < C|y|~%/2 for |y| < 1/2. Hence, we get, by using the
second part of Lemma V.21 with p = 3 and the elementary inequality sin*(7y) < (7y)?, that

1/2 |y’1/2

)(k,0) 2dkd£<C’J — _dy =0(n""?).
H ) T P T

E
2

N =

We have proved the first part of Lemma IV.10, that is (IV.22). We turn now to (IV.23). We denote by
G, the 1-periodic function defined by

0%y — 2,
1f[ b —=5) dz. (V.36)

G _ _
") 18] 4y, + Ay —2,2) —1Q(y —2,2)
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As y — 0, the function G,, is close (in a sense defined below) to the function G, given by

1
Go(y) = Slmy[2(1 + isgn(y)).

M37)

In fact we show in Lemma V.26 that there exists one constant C > 0 such that for any |y| < 1/2 and

for all positive integer n,

Go(¥) — Go(y)| < C[sin®(my) +v*|sin(ry)| /2 + v, |sin(my)|*?].

We denote by q := q(f) : R — R the function defined by
alx) = | e#=Go(y)Ff (y)dy

which coincides with —%IL f(x). Let q, : n"*Z — R the function defined by

(5) =2 (3)

Then, the proof of (IV.23) reduces to the following

in, 2 S [a(E) -0 ()] o

Proof. Since F,(h) is a symmetric function we can easily see that

LEMmMA V.25. We have

i 2imEx 2im(k+€)x

k ¢

Fal@)()=—2 e n U P Q(—,—)fn(h)(k,e)dkde.

We use now Lemma V.24 and the inverse Fourier transform relation to get

in

—( ¢
A@0O=5 o( L )R mE - Lo
By the explicit expression (V.34) of F, (h) we obtain that
Vn (550
Fal@)(&) = — . | F()E)
4 f[—g’a] 4y, + A (S5 1) — (55, )

Again by the inverse Fourier transform we get that

a.(,) - f[_ T Gn(g)mf)(a) de.

(V.38)
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Then we have

x 2imtEx

A(3)-a) =] e as FrE

—M _2in€x g
" - Tl3/2 n — -
+f|§|<n/2 e Go(&) [}"f(‘g) fn(f)(g)] dé + j&én/z e (Gy Gn)<n)]:n(f)(€) de.

Above we have used the fact that n®2G, (%) = Gy(&). Then we use the triangular inequality and
Plancherel’s theorem in the two last terms of the RHS to write

DIUGRAGIEY

XEZL

2

2iméx
J|£|> KRG IGEE

S G S EEATIG) [
|El<n/2

& 2 (V.39)
n® —ac)(2)E .

" Lm (Go—G,) (=) F(F)(E)] dE
=: (1) + (I1) + (IID).

We refer to [12] for a proof of the following fact: both terms (I) and (II) give a trivial contribution
in (V.39). The first one is estimated by performing an integration by parts and using the fact that
the Fourier transform Ff of f is in the Schwartz space and that G, and G;, grow polynomially. For
the second one, a change of variables £ = yn and the fact that f is in the Schwartz space together
with Lemma V.21 permit to conclude.

The contribution of (III) is estimated by using (V45) and is different from [12]. Recall the trivial
inequality |sin(my)| < |my], for |y| < 1/2. The first term of the RHS gives the upper bound

c 4 24¢ = n*|z|* nz)|*dz
) D@ e =C [ A e

N =

]

which goes to 0, as n — oo, by Lemma V.21 applied with p = 2. We now deal with the last term of
the RHS of (V45), which gives the upper bound

1
Y

1, |, EFDNOR GE = C ) [y el 70

]

which goes to 0, as n — o0. Indeed, this is a consequence of Lemma V.21, and of the fact that yinz
goes to O (as long as b > 1). The second part gives

2
f |fn(f)7(§)| dE — Cny!
El<n/2 )|

n

N =
N =

Cn3y2

J[ LAVl

|sin ( %%] | sin(7z)|

Again, since z — |sin(nz)| ! is integrable on {|z| < 1/2}, and thanks to Lemma V.21, this bound
goes to 0 as soon as yﬁn”' goes to 0, which is automatically satisfied if b > 1.
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2.3.5 Proof of Lemma IV.11

The proof is similar to the proof given in [12]. Let w, : n='Z — R be defined by

() =) - m ()

and observe that

wa(3)s =x+1,
—Lﬁh(fz>=ﬁp1v%L) izx—l
ﬁ n'tn n’ n n n > >
0, otherwise.
The Fourier transform F,(v,) is thus given by
-k L
1 62171" + 62171
Fu(va)(k, €) = = Falwp)(k +0). (V40)

n (A + 4y, —iQ)(59)

By using Lemma V.24, we can write that the Fourier transform of w, is given by

217l

fn(hn)(g _e:e){eiT - 1}d£

By (V.34) we get

Vo g
Fawa)(&) = =51, (2) 7 (H)(@) (V41)
where the function I, is defined by
i QR
I(y) = J[%%] (—A v iQ) (y — x,x)dx. (V42)

Proof of (IV27) — Asin [12], we can easily get

il <on ], PR P

N |

]

by using Lemma V.21. Then, from Lemma V.27 and since W(y) < C|y|~%? (see [12, Lemma E5]),
we get that

N =

F. () (ny) 2] sin(ry)[2dy gcf P? oS I
' [—%%] 1+ |ny|P n3/2 [_gg] 1+ |z|P

i, <on

N =

]

which goes to 0 as soon as p is chosen bigger than 3.

N =
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Proof of (IV.28) — Following [12], straightforward computations lead to

D)@ = —n(1=c )R w)En ().

n

where J, is given by
1+ eZin(y—Zx)

Jn(y) = J[_%’%] A h 0 x’x>dx. (V43)

Now, by using (V.41) we finally get that

Fu(Dav,)(E) = 7/ (1—c o )mmEm(E)n().

n n

where I, is defined by (V42). By Plancherel-Parseval relation we have to prove that
. 2 2 2
i () OO )G
-t f[ S L) P ) PIF(F ) (ny) Py

_2’2]

vanishes, as n — c0. By Lemma V.21 and Lemma V.27, this is equivalent to show that the following
term goes to 0, as n — o0

Y ALY
[,%%] 1+ |nylP n [,gg] 1+ |z|P

For p bigger than 5, this term goes to 0 as n — c0.

Proof of (IV29) - Let 0, :n 'Z — R be defined by

0(3) =) ()

and observe that

9,1(5), y=x+1,
iﬁv (f X)z 3/2 6(;_1) =x—1
\/ﬁ n'n n’ n n n b y 5

0, otherwise.

We have to show that
nh;nmnz 62(x) =0
XEZL
which is equivalent by Plancherel-Parseval relation to show that

lim 2 f[ F,(6,)(£)dE = 0.

]

N3
SN

Diffusion problems for perturbed harmonic chains



2 Technical Details and Proofs 144

By using Lemma V.24, we have that the Fourier transform of 6, is given by

FA6)©) = [, FE-t0(e T ~1)a

53
Performing a change of variables and using (V.40) and (V.41), we get that

vn 3

A0 = L r L () (2),

where I, is defined by (V42) and K, is given by
« ( ) Jv (eZin(y—x) + eZiTcx) (e—Zinx _ 1)
| T P [C )

dx. (V.44)

We need to show that
. 2 2
nhmoo n”||6,/3, = 0.

By Plancherel-Parseval relation, this is equivalent to prove that

im n® 21 (8 PIKR (&) 2 qe =
Jim 1 [ NI (G =0

By using the change of variables y = £/n, Lemma V.21, Lemma V.27, we have

3 210 (£\|2 2\ 2 o |y[* _9 2[*
o POELE P <cnt | ETmar =T

which goes to 0, as n — o0, for p bigger than 5.

2.3.6 A Few Integral Estimates
The following lemma is the new technical estimate which takes into account the extra-term coming
from the velocity-flip noise of intensity v,,.

LEMmA V.26. Recall that G, and G, are defined by (V.36) and (V.37). There exists a constant C > 0
such that for any |y| < 1/2 and for any positive integer n,

Ga(y) = Goly)| < C[sin*(my) + v |sin(my)[ "2 + v, |sin(ny)|2]. (V45)

Proof. We compute the function G, thanks to the residue theorem. For any |y| < 1/2 we denote by
w :=w(y) the complex number w = ¢*™. By denoting z = ¢*™, for |x| < 1/2, we have that

AMy—x,x)=4—z(w'+1)—z H(w+1),
iQy—x,x)=z(1-w)+zw-1).

We denote by C the unit circle positively oriented. Therefore,

! ﬂgfw(z)dz

16im
C

G,(y)=
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where the meromorphic function f,, is defined by

[(w—1)+2*(1—-w)?
22(22 = 22(1 +7,) +w)

fulz) =

The poles of f,, are 0 and z_,z, which are the two solutions of z* — 2z(1 + y,,) + w. We can check
that

2, = (147, £Vae®? (V46)

where
a’ =4(1+7y,)?sin®(ny) + [(1+7,)* — 1]2,

0 _ aret (1+7,)*—cos(2my) i
= arctan Sn(2ry) - 2sgn(y).

Observe that [z_| < 1 and |z, | > 1. Indeed, since

(1+7y,)%—cos(2my)  v>+ 2y, +2sin*(ny)
sin(27y) B sin(27my)

we have that || < 7t/2 (distinguish the case y > 0 and the case y < 0). Moreover y, > 0 so that a
simple geometric argument permits to conclude that |z, | > 1. Since z_z, = 1, we have |z_| < 1.
By the residue theorem, we have

%fw (z)dz = 27i[Res(f,,, 0) + Res(f,,,z_)]

where Res(f,,,a) denotes the value of the residue of f,, at pole a. An elementary computation
shows that

2(w —1)>2

Res(fw, 0) = T’

w—1)+(1-w1)z?
Res(f,,z_) = lim (z—2_)f,(2) = 1l )+ )] .

5z Z_—z, z

By using the fact that 22 = 2z_(1+ y,) — w, we obtain that

Gn(_)/> - %[R@S(fw, 0) + ReS(fW,Z_>] = (M/AI._T;[) []_ + M]

(w17 [1 . M/]

4w? NG
—1/4
S wo1? (w12 (14y,)% 2+ 7 02
4w? 4w? 2| sin(my)| 4(1+7,)%sin®(my)
w—12 (w—12 (1+7,)%*
( 2) 7( 2) ( i ) 2 4 g (y)
4w 4w 2|sin(my)|
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where
—~1/4

g, (y) = ;
(y) 42 2| sin(ny)‘ 4(1 + }/n)z Sll’lz(ﬂy)

(w—1)% (1+7,)°*? e—i0/2 ) _ [1 . (2+7,)? Y?I
We deal separately with two terms: first,

(w—1)?

4w?

‘ = sin®*(my).

Second, after noticing that
1 2 2
1.2+ <1,
4 " 4(1+7,)?

we get

~1/4 1/4
24 . 2 2 2 2
S PRICES S - B P | NP - S B
4(1+1y,)*sin*(ny) sin(7y) sin®(my)

Then, we get easily that
lea(y)] < Crasin(my)| "2
Moreover, we have that
(14 7,)"* = 1] <Cr,.

Since the derivative of arctan is bounded above by a constant, we have also that

. 1 )
e 192 _ (1 +isgn(y))e ™2
V2

= ‘L\gn(y)‘ exp {—% larctan (tan(ny) + %)] } — exp {—étan(ny)}‘
< Clarctan <tan(7‘cy) + %) —tan(my)| < Clsin?—;:y)!'

We deduce the result

G (¥) — Go(y)| < C[sin*(my) + 2 |sin(ny)| "2 + y, | sin(my)|"?] .

The last lemma below is widely inspired from [12].

Lemma V.27. The functions 1, J,, and K,, respectively defined by (V.42), (V.43) and (V.44), satisfy for
any y € R and any positive integer n,

IL(¥)| < Clsin(my)|*?
1J.(y)| < C|sin(my)| "/
K, (¥)| < C|sin(my)["?

where C is a positive constant which does not depend on y nor on n.
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Proof. We divide the proof into three parts, corresponding to the three inequalities.

1. As previously, we compute I, by using the residue theorem. For any |y| < 1/2 we denote by
w :=w(y) the complex number w = ¢?™. Then we have

1 w—-1
L(y)= T a— fuw(2)dz, (V47)
C

where the meromorphic function f,, is defined by

(z—1)(z*+w)
— V48
with z,. defined by (V46). We recall that |z_| < 1 and |z, | > 1 so that by the residue theorem
we have

w—1
1(y) = = —5— [Res(fu, 0) + Res(f,.,z.)]

A simple computation shows that

Res(f,,0) =1—2/w, Res(f,,z_)=1/z_.

w—1[1 2]
In(.y):_— _+1__ .

2w Z_ w

It follows that

Replacing w and z_ by their explicit values we get the result.

2. Then we also compute J, by using the residue theorem:
1
J =—— d
) = =i P o)
c

where the meromorphic function f,, is defined by

B (22 +w)
W) = e e —a)

with z, defined by (V.46). By the residue theorem, we get

1
Iu(y) = = (Res(f,,,0) + Res(f,,2.))
A simple computation shows that
2
2z —2,)

By using the explicit expressions for w, z,, we get the result.

w
Res(fW,O) = —E, Res(fw,z,) =

3. Finally, it is not difficult to see that

K(y) = ~——=1.(7),

and by the first estimate the result follows.
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3 CEMRACS Project: An Inverse Problem in Homogenization

During Summer 2013, I participated in the scientific event of the SMAI (the french Society of Applied
and Industrial Mathematics) called CEMRACS (Centre d’Eté Mathématique de Recherche Avancée
en Calcul Scientifique). It consists in an intensive five weeks long research session. CEMRACS 2013
was devoted to Modelling and simulation of complex systems: stochastic and deterministic approaches.

I have worked on an inverse problem in stochastic homogenization with W. Minvielle (Ecole des
Ponts), A. Obliger (Université Pierre et Marie Curie) and E Legoll (Ecole des Ponts). Our research
has lead to a submitted article [62], which is summarized in this section.

3.1 Introduction

Our work has a physical origin: for physicists, modelling porous media is a challenge, in particular
because geometry of such materials can be extremely complex. One possible approach (followed
in this work) consists in completely forgetting the exact geometry of the system except for a few
parameters, and consider that channels form a simple network like Z9. This leads to the so-called
pore-network models (PNM), initially introduced by Fatt in the 1950s [39]. Some microscopic
properties are assigned to the network elements (channels conductances in this work) and rules
are defined to compute the homogenized properties, which are then compared to the available
experimental data. The aim is to construct a microscopic network with the effective properties of a
real representative sample of rock.

We adopt a stochastic model: at the microscopic scale, the physical properties are described by
a random field. In particular, we are interested in monophasic transport phenomena which are
described by the Darcy law. Precisely, the local flux of water is assumed to be proportional to the
local pressure gradient, and the microscopic properties of interest are the channels conductances.
The equation to solve is therefore a discrete linear elliptic equation in divergence form, with random
coefficients. The homogenized (macroscopic) property arising with this procedure is called the
permeability.

The channels conductances depend on their size, which is randomly distributed. In practice, this size
distribution can be inferred from experiments: we denote it by L,,,. Very often, the macroscopic
permeability computed with L., is different from the experimental effective properties. The
main goal of this work consists in improving that random distribution, when starting from the
experimental initial guess, in order to eventually achieve a better agreement between measured
and computed effective properties.

From a more mathematical standpoint, the question can be phrased in the following terms. Consider
a second-order divergence-form operator whose coefficients are random. If the coefficients distribu-
tion is stationary and ergodic, then (under some additional technical assumptions) this random
operator can be replaced, over large scales, by an effective operator with constant homogenized
coefficients. Random homogenization theory actually provides a mean to compute macroscopic
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quantities if we know the microscopic ones, and to solve the so-called forward problem. Here we
consider the inverse problem, and try to extract some information on the properties of the materials
at the microscopic scale on the basis of macroscopic quantities.

Homogenization is an averaging process, which filters out many features of the microscopic
coefficients. There is no hope to recover a full information about the microstructure (in our case,
the probability distribution of the conductances) from the only knowledge of macroscopic quantities.
We adopt here a more restricted objective, and we assume a functional form for the distribution
of the microscopic conductances (hereafter, a Weibull distribution). Our aim is to recover the
parameters (denoted hereafter by 8) of that microscopic law.

Our approach is not specific to Weibull laws, and it could be used for a wide class of distribution
laws with parameters 6 (we give in [62] more details). Our motivation for choosing Weibull laws
comes from physical reasons: based on experimental results, it appears to be a reasonable choice.

The question of recovering the unknown parameters 6 of the microscopic distribution from homog-
enized (and more generally macroscopic) quantities belongs to the wide family of inverse problems.
In this work, a major point of interest is the selection of the macroscopic quantities which we need
to know in order to uniquely determine the parameters 6.

3.2 Discrete Homogenization Theory

We first recall some elements of homogenization for discrete elliptic equations with random
coefficients. We refer to [53,54] for seminal contributions on this topic. For homogenization of
elliptic partial differential equations (PDEs), we refer to [35] for a general, numerically oriented
presentation, to the textbooks [7,28,48] and to the review article [2].

3.2.1 Homogenization Result

Let us give some usual definitions for stochastic homogenization, before turning to the specific
case of discrete elliptic equations. Throughout this section, (2, F,P) is a probability space and we
denote by E the corresponding expectation.

We fix an integer d > 1 and assume that the group (Z%,+) acts on Q. We denote by (T )iz
this action, and assume that it preserves the measure P, namely for all k € Z¢ and all A € F,
P(7.A) = P(A). We assume that the action 7 is ergodic: precisely, if A € F is such that 7, A = A for
any k € Z¢, then P(A) = 0 or 1. In addition, we introduce the following notion of stationarity:

DEFINITION V.6. We say that a function 1) : Z¢ x Q — R is stationary if

Vx,zeZ% P(x+zw)=19(x,T,0) as. (V.49)

We now focus on the case of discrete elliptic equations. We view Z‘ as a lattice, whose unit
vectors are denoted by e;, i € {1,...,d}. Each vertex x € 74 of the lattice is connected to 2d other
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vertices: x +e;, i € {1,...,d}. We write x ~ y if x and y are neighbours, and e = (x,y) the
corresponding (non-oriented) edge. For any vertex x € Z¢, and any direction 1 < i < d, we denote
by a;(x, w) € (0,00) the random conductance of the edge (x, x +e;). We next introduce the diagonal
matrix A defined for any vertex x € Z¢ by

A(x,w) := diag(al(x,w),...,ad(x,co)>. (V.50)

We assume that, for any direction i, the conductances {a;(x,)},cz¢ form an i.i.d. sequence of
random variables. The matrix A is therefore stationary. We introduce discrete differential operators
on the lattice Z9.

DEFINITION V.7. For a function g : Z¢ — R, the gradient Vg : Z¢ — RY is defined by
g(x+e)—g(x)

(Vg)(x) = :
g(x+ey) —g(x)

For a function G = (G, ...,G,) : Z¢ — RY, the function V*G : Z¢ — R is defined by
d
—(V*G)(x) = X (Gi(x) = Gy(x — ¢,)).
i-1

We think of V*G as the negative divergence of G. The operator V* is the {2 transpose of V in the
following sense: for any compactly supported functions g : Z¢ — R and G : Z¢ — R¢,

2, 8()VG(x) = ), Vg(x)-G(x).

Hereafter, the notation a - b stands for the usual scalar product in R¢. We additionally define
rescaled discrete differential operators as follows:

DEFINITION V.8. For a function g : eZ¢ — R, the gradient V,g : €Z¢ — R is defined by

g(x +ee;) — g(x)
(Veg)(x) =~ :
g(x +eeq) — g(x)

For a function G = (Gy, ...,G,) : eZ¢ — RY, the function ViG: eZ% — R is defined by

—(V*G)(x) = Z G;(x) —ii(x ~ Sei)'

i=1

Usually, the matrix field A is assumed to satisfy the following assumption:

AssumpTioN V.28 (Ellipticity — boundedness condition). There exist two positive deterministic con-
stants ¢ and C such that the matrix A defined by (V.50) satisfies, for all & € RY, and for all x € Z¢,

c|EP <& Alx,w)E <C|E} P-—as. (V51)
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In view of (V.50), note that this simply means 0 < ¢ < a;(x, w) < C almost surely, forany 1 < j <d
and any x € Z4. The following homogenization result holds (we refer to [54, Theorems 3 and 4]
for a proof):

THEOREM V.29. Let D be a bounded domain of R? and f € 1?(D). Let A be the random matrix field
given by (V.50) satisfying Assumption V.28. Let u, € £%(¢Z%;R) be the unique solution to

V! [A(x/e, w)V, u (x,w)] = f(x) inDneZ,
u,(x,w)=0 in (RN\D) ez,

When ¢ — 0, u,(-, ) converges to a homogenized solution u* in the following sense. For any & € R,
introduce the corrector . in the direction & as the unique solution (defined on 74 x Q) to

—V* [A(, ) (E+ Vee(,w))]| =0 inZ' P— as., (V.52)
¢:(0,0) =0, P— as.,
such that V; is stationary in the sense of (V49) and satisfies, for all x € Z4 E[Vp(x,-)] = 0.

Let A* be the constant matrix defined for & € R? by
ATE =E[A(x,-) (& + Ve (x,-))] (V53)
and the unique solution u* € Hy(D) to the (continuous) PDE
~div[A*Vu*] = f inD,

where ¥V and div are the usual (continuous) gradient and divergence differential operators, and Hy(D)
is the closure in the Sobolev space H' (D) of the space C°(D) of infinitely differentiable compactly
supported functions.

Then, we have the (strong) convergence u, 0 u*, in the sense that
E—>

gl 2 lu, (x,w) —u*(x)|* —— 0 P — almost surely. (V.54)

e—>0
xeDneZd

Note that, in the right-hand side of (V.53), the vector A(E + V) is stationary, and therefore
the expectation may be evaluated at any x € Z¢. In general, ¢ itself is not stationary, as the
one-dimensional case shows; only its gradient is.

REMARK 3.1. From a more probabilistic point of view, the operator £ := —V*-A(-, w)V can be seen
as the generator of a Markov process. More precisely, £ describes the evolution of the environment
viewed by a particle performing a continuous time random walk in a random environment (namely,
the lattice Z¢ with random edge conductances). We refer the reader to [34] for more details.
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3.2.2 Approximation on Finite Boxes

The corrector problem (V.52) is untractable in practice, since it is posed in the entire lattice Z9.
Approximations are therefore in order. The standard procedure amounts to considering finite boxes
(see e.g. [23]). For a positive integer N, we denote by Ay the finite box {0, ...,N}? and by &y the set
of edges in Ay. The truncated corrector ga? defined on Ay x £ is the unique solution to

—V*[A(-,w)(§+vwg(.,w))] —0 inAy, P—as., (\[55)

such that (-, w) is Ay-periodic, and ¢ (0, w) = 0, P- as.

The homogenized matrix A*, which is deterministic, is then approximated by the matrix A defined
for £ e R by

Al (w)E = AL Z Alx, ) (& + Vi (x, ). (V.56)

Because of truncation, the practical approximation AJ is random. In the large N limit, the determin-
istic value is attained, thanks to ergodicity. More precisely, A} (w) converges almost surely towards
A* as N goes to infinity, thanks to the ergodic theorem.

REMARK 3.2. In (V.55), we have complemented the elliptic equation in Ay with periodic boundary
conditions. Other choices could be made, such as imposing homogeneous Dirichlet boundary
conditions: 90?(-, w) =0 on JAy (see e.g. [23] for a similar discussion in the case of continuous
PDEs). In the numerical experiments of Section 3.5, we only use periodic boundary conditions,
following (V.55).

In practice, we work on a finite box Ay, on which the apparent homogenized matrix A is random.
It is natural to introduce M i.i.d. realizations of the random field A(x, w) and solve (V.55)-(V.56) for
each of them, thereby obtaining i.i.d. realizations Ay (w), 1 < m < M. Let us define the empirical
mean

. 14
Agu(©) = 1 2 AV (@) (V57)
m=1

which is, according to the law of large numbers, a converging approximation of E [AI*\I] We have
that

—_—k

AN’M(w)

E [A;I] a.s.

M— 0

. . ekl . . .
The error when approximating A* by A ,, can be written as the sum of two contributions,

—k

A" =Ry = (A By ) + (B[] - Ay ) (V58)

The second term in the right-hand side of (V.58) is the statistical error, which measures the fact
that th? is only an approximation of V.. The first term is the systematic error, due to the fact
that, for any finite N, E[A}] # A*. The dominated convergence theorem ensures that this error
vanishes as N — oo. Many studies have been recently devoted to proving sharp estimates on
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the rate of this convergence, following the seminal work [23]. In [42, Lemma 2.3], the authors
show that the systematic error is of order N~! when the corrector problem is complemented with
homogeneous Dirichlet boundary conditions on dAy, and of order N~ In* (N) when using periodic
boundary conditions.

In the sequel, we want to identify the parameters of the microscopic probability distribution,
knowing two macroscopic quantities:

(i) the homogenized permeability, which is in practice approximated by K; e
(i) the relative variance defined by

Var [(AI*\I)ij]

(e[@,])"

VarR [(A;I) ij] =
which is in practice approximated by

1 1 3
SN,M:T<_2
(AHLM)% M

[(Aﬁ’m(w))w - (K;,M>ij]2> : (V59)

3.3 The One-Dimensional Case

The purpose of this section is two-fold. On the one hand, we provide explicit formulas for the
homogenized quantities in terms of the microscopic field A(x,w). We derive these formulas
assuming that (V.51) holds. On the second hand, we show that we can relax Assumption (V.51).

In the one-dimensional case, the problem (V.55)-(V.56) can be analytically solved. We have

A; —12 L )" foralmostall (V.60)
N(w) = N Axw)) or almost all w. .

X€EAN

Likewise, the problem (V.52)-(V.53) can also be solved, yielding the formula

1 _1
A*=FE 61
Feel oD
which can be evaluated at any x € Z due to the stationarity of A. First, it can be checked that the
homogenization convergence (V.54) holds, and second, that A{(w) indeed converges to A* when
N — co. We note that, as soon as A(x,w) > 0 a.s. for any x € Z and A~'(x,-) € L' (Q2) (this latter
condition being independent of x), (V.60) and (V.61) are well-defined. The following theorem
states that these assumptions are enough for homogenization to hold in the one-dimensional case
(and is proved in [62]).

TuEOREM V.30. Let D be a bounded domain of R, and f € Co(D). Let A be a stationary random scalar
field (defined on Z x ), which is almost surely positive and finite, and such that A™(x, ) e L}(Q).
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Let u, € £*(e7Z;R) be the unique solution to

ViA(x/e, )V u(x,w)] = f(x) inDneZ,
U (x,w)=0 in (R\D) n €Z,

and let u* H(l)(D) be the unique solution to the (continuous) boundary value problem
—[A*@wY]'=f inD,

where A* is defined by (V.61). Then u,(-, w) converges to the homogenized solution u* when ¢ — 0,
in the sense that
€ Z lu, (x,w) —u*(x)|* —— 0 almost surely. (V62)

e—0
X€EDNEL
From now on we assume that the conductances {a;(x, w)} are independently identically distributed
according to the Weibull law of parameter (A*,k/4). For any k > 0, Assumption (V.51) is not
satisfied. However, when k > 4, the conditions for having Theorem V.30 are satisfied, and we know
that
14
AN /63

I'(1—4/k) (V63)

where I' is the Euler Gamma function. The variance of Ay, is finite if and only if k > 8.

3.4 A Parameter Fitting Problem

We now describe the problem we consider, first in the general case (Section 3.4.1), next in the one-
dimensional case (Section 3.4.2). In that latter section, we also motivate our choice of macroscopic
quantities from which we fit the parameters of the Weibull law.

3.4.1 General Case

We assume that we are given two observed quantities, the first one being the macroscopic perme-
ability matrix
*,0bs *,0bs
K (w) = e - Ay (w)ey

and the second one is its relative variance Sgbs for some parameters 6, = (Aqps, kops) Of the Weibull
law. Note that the relative variance crucially depends on the size N¢ of the finite box on which
it is measured (in contrast to the apparent permeability, which converges to a finite value when
N — o0). We assume here that we know this size. In practice, these three quantities, N, K;I’Obs and
SI?I"S, can be obtained by physical experiments. Given N, K;I’Obs and Sgbs, our aim is to recover (an
approximation of) 6. To that aim, we consider the function

(RDZ - Ry
Fym o B (KN’iVI(bQ) - 1)2 ., <SN,M£0) - 1>2 (V.64)
KN,O S S(li] S

which penalizes the sum of the (relative) errors between
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*,0Ds

o first, K;’M(O) (an empirical estimator of E[KY (-, 6)] when M is large), and K{™;

e second, SN’M(Q) (an empirical estimator of the relative variance when M is large) and SI‘\’IbS.

Different weights could be assigned to the error on the permeability and the error on its relative
variance. We eventually cast our parameter fitting problem in the form of the optimization problem

inf Fyy(0
Oc(0m)xK naa(6),
where K c (0,0) is the admissible set of parameters k such that homogenization holds (even if
Assumption (V.51) is not satisfied for any k > 0) and the variance of K, is also well-defined. In the
one-dimensional case, K = (8, ).

3.4.2 The One-Dimensional Case

In the one-dimensional case, explicit computations are available, in particular when M — oo and
N — oo. In [62] we prove the following lemma:

LEmMA V.31. The function FL” := Mlim Nlim F1°(0) has a unique minimizer, which is 0.
—>00 N—00

Homogenization is an averaging process, which filters out many features of the microscopic
coefficient A. These features cannot be recovered from the knowledge of macroscopic quantities.
The above lemma shows that, if one assumes a given form for the probability distribution of A (here,
a Weibull distribution), then one is able to recover the two parameters, knowing two macroscopic
quantities, the permeability and its relative variance.

It is also obvious from (V.63) that the knowledge of the macroscopic permeability is not enough
to uniquely determine the two parameters A and k of the Weibull law. Additional information is
needed. Our choice of considering the relative variance of the permeability is motivated by the
following observation. This quantity, in the one-dimensional case, only depends (at first order in N)
on k and does not depend on A, so that it permits to estimate the parameter k. Once k has been
identified, the macroscopic permeability yields an estimation of A, by using (V.63).

In [62], we have ploted the function 6 — F'>(0) for A, = 1 and k,, = 15. We observe that the
function is not degenerated at its minimum, in the sense that its hessian matrix at 8, is positive
definite, with eigenvalues equal to 16 and 0.04. We thus expect that a standard algorithm (such as
the Newton algorithm) will be able to converge to the minimizer of F!". This is indeed the case, as
shown in Section 3.5.

Finally, we show in [62] that we can approximate the function to minimize by an explicit function
Fll\ID, that does not depend on M. This function is consistent in the sense that it almost surely
converges, when N — o0, to the exact function F'”(6). On the other hand, F\”(0, w) is random,
and thus somewhat mimics the difficulties that one would encounter in the multi-dimensional case
when working with Fy ,(0).
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3.5 Numerical Simulations

We briefly explain how in practice we minimize the function F\, before turning to our numerical
results. As pointed out in the introduction, we only consider here the one-dimensional case, and
postpone the study of two-dimensional examples to a future work.

Optimization algorithm — We show in [62] how to compute the first and second derivatives
of the function F?(0, w) with respect to 6 = (A,k). Then, we use the Newton algorithm, and
compute a sequence 0; according to

-1
011 =06;—u; [H(F;D)(ej)] VEL(6)), (V65)

where 7 (Fi?) € R?*? is the Hessian matrix of F” and VF.” € R? is the gradient of F” (for the sake
of simplicity, we keep implicit the dependence with respect to w). In turn, u; > 0 is the step-size,
which is chosen by using a line-search algorithm (along the descent direction prescribed by the
Newton algorithm), with Goldstein’s (respectively Armijo’s) rule to increase (respectively decrease)
the step-size.

We note that the function 6 — F!°(6) is not convex. It is possible to find some 6 such that the
Hessian matrix H (Fg) (0) is not positive definite, but rather has (at least) one negative eigenvalue.
We thus cannot expect the function 6 — F{”(8) to be convex (even for large values of N), and the
Newton algorithm to be globally convergent. We are therefore careful to start the Newton iterations
from an initial guess 6, (given by physical experiments) that we hope to be close enough to the
minimizer of F".

Numerical results — In all what follows, we set N = 10°. Our first numerical test is to check
whether the Newton algorithm (V.65) is indeed able to minimize the function 6 — F°(6, w).
We pick once for all one realization of the i.i.d. random variables and we run the Newton algo-
rithm (V.65) starting from several initial guesses 6,. We observe that it indeed always converges
to O, in a limited number of iterations. We also remark that, for some initial guesses, using an
adaptive step-size u; as in (V.65) is critical: if, in contrast, one uses the step-size u; = 1, then the
algorithm may not converge, or converges within a much larger number of iterations.

For our second test, we proceed as follows. We first set O, = (A kres) = (1,15), pick one
realization of the i.i.d. random variables w and define all the macroscopic observed quantities
computed with this realization. We now fix the initial guess 6, = (1.1,16.5) (10% off the reference
value 60,.¢) and set M = 500. For any 1 < m <M, we apply the following procedure:

e we draw a realization of N i.i.d. random variables w,,.

e we run the Newton algorithm (V.65) to minimize the function 6 — FI{ID(Q, ®,,). The optimal
parameter found by the algorithm depends on w,, and is denoted by 0,,.(w,,). Since w,, is
different from the reference realization w, we have in general 6, (w,,) # Oy
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We show on Figure V.3 the histogram of the optimal parameters 6, (w,,) for 1 <m < M. We see
that these histograms are centered close to the reference value (k,, resp. A..¢). There is however a
small bias, i.e. E[0,,] # 0, We also observe that the width of these histograms (related to the
variance of k. and A,,,) is quite small.

ReEMARK 3.3. Of course, the variance of k,, and A, is related to N. In the limit N — o0, the
function F{”(6, w) almost surely converges to a deterministic limit, and we thus expect kope and
Aope t0 almost surely converge to a deterministic limit. But this is not the regime we are interested
in, since in practice (in the two-dimensional case), we have to work with the random function Fy ;.
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Figure V.3: Left: distribution of k(). Right: distribution of A4y (w).

We next compare the variance of 6, with the amount of randomness introduced in the function
F}”(:, ). We show on Figure Vi4 the histograms, for 1 < m < M, of the two macroscopic quantities
K} (6p, w,,) and of Sy(ko, w,,), for the initial guess parameter 6, = (1.1,16.5). We observe that
the relative variance of the optimal parameters is roughly of the same order of magnitude as the
relative variance introduced in the function to minimize.
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Figure V.4: Left: distribution of K (6, w). Right: distribution of Sy(kg, w).
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