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Chapter 1

Introduction

Dans cette thése, on s’intéresse a des équations évolutives modifiées par une force aléa-
toire, en dimension finie - équations différentielles stochastiques - et en dimension infinie
- équations aux dérivées partielles stochastiques. De telles équations permettent d’étudier
de nombreux systémes en neurosciences, physique, biologie, dynamique des populations,
dynamique moléculaire, ... .

Dans un premier temps, on étudie deux types d’Equations Différentielles Stochas-
tiques - EDS - qui ont un intérét en dynamique moléculaire : ’équation de Langevin
et I’équation de Langevin amorti. On propose l'analyse en temps long de méthodes
numeériques d’approximations implicites pour ces deux équations lorsque le terme détermin-
iste est a croissance polynomiale. Le Chapitre 2 traite de I’équation de Langevin amorti.
Les preuves y sont moins techniques que dans le Chapitre 3 qui concerne 1’équation de
Langevin.

Dans un second temps, on s’intéresse a des schémas de discrétisation d’Equation aux
Dérivées Partielles Stochastiques - EDPS. Dans le Chapitre 4, on étudie une EDPS non-
linéaire avec un bruit blanc additif possédant une unique mesure de probabilité invariante
et sa discrétisation en temps par un schéma d’Euler semi-implicite et en espace par la
méthode des éléments finis. Dans le Chapitre 5, on étudie la convergence faible d’un schéma
de splitting approchant la solution d’une EDPS dont le terme non-linéaire est un polynoéme.

Apres quelques rappels sur certaines notions utiles en analyse numérique d’équations
stochastiques, vous trouverez, dans cette introduction, un résumé du contenu des Chapitres
2,3, 4 et 5. Le Chapitre 2 correspond & un article accepté dans IMA Journal of Numerical
Analysis et les Chapitres 3 et 4 correspondent & des articles soumis. Le Chapitre 4 présente
un travail réalisé en collaboration avec Charles-Edouard Bréhier.

1 Analyse numérique d’équations stochastiques

1.1 Le cas des équations différentielles stochastiques

De nombreux travaux traitent de la discrétisation des équations différentielles stochastiques
- voir |48.|6770,8183|. Soient m € N, d € N, (Q, F,{F;}+>0,P) un espace de probabilité
filtré et W(t) = (Wi(t),...,Wy(t)) un processus de Wiener standard de dimension m
et adapté a la filtration {Fi}i>0 et = € R?.  On considére une équation différentielle
stochastique sur R% de la forme

dX(t) =f(X(t))dt + o(X(t))dW (t), t >0, (1.1)
X(0) ==,
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avec f : R = R% et 0 : R — R¥™. Sous certaines conditions sur f et o - voir,
par exemple, [48] - I'équation (I.1) admet une unique solution intégrale dans R? notée
(X.(t))i>0 et définie pour x € R? et t > 0 par

—x—i—/ FX ds—i—/ot (X, (5))dIV (s).

Pour discrétiser en temps I’équation , on introduit un pas de temps d et pour tout
n € N des approximations X,, de X,(nd). On peut associer a (X, )neny deux types de
convergence: la convergence forte et la convergence faible. On dit que le schéma (X,,)nen
est d’ordre fort «y si pour tout p € N* et T > 0 il existe une constante C'(p,T") > 0 telle que

1/p
<E 1rna>:<F/(S |X X(né)‘ ) < C(p,T)9".

On dit que le schéma (X,,)nen est d’ordre faible 7 si pour toute fonction test ¢ : R — R
et T' > 0 il existe une constante C(¢,T") > 0 telle que pour tout n =0, ..., [T/J]

[E¢(X,) —Ed(X (nd))| < C(¢,T)8”

L’erreur forte mesure I’écart entre les trajectoires alors que l'erreur faible étudie la conver-
gence en loi de I'approximation vers la solution exacte.

Considérons la discrétisation de I’équation par la méthode d’Euler explicite: pour
un pas de discrétisation ¢ fixé, on définit (X,,)nen par Xo = x et pour n € N par

X1 = Xp + 0£(Xp) + U(W((n +1)6) — W(na)).

I1 est bien connu que le schéma d’Euler est d’ordre fort 1/2 et d’ordre faible 1 - pour plus
de détails, on peut consulter [48,69,83].

Typiquement, un schéma déterministe utilisé sur une équation différentielle stochas-
tique est d’ordre fort 1/2 et d’ordre faible 1. Il est possible d’écrire des schémas d’ordre plus
élevés mais des termes de correction compliqués apparaissent - voir, entre autres, [69,81},82].

La preuve classique pour montrer des résultats de convergence faible consiste & utiliser
la solution de I'équation de Kolmogorov associée & 1’équation stochastique - voir la partie
- pour décomposer 'erreur.

1.2 L’équation de Kolmogorov

On note L l'opérateur de Kolmogorov associé a 1’équation stochastique (|1.1)) défini pour
z € R% et ¢ € C®(R?) par

1 & 82¢>
D] z:: G:Ei@:cj Zfl axz
ol

ai j(x) = (o(z)o(x)" m—zazf z)oje(x

Soit d € N, 'espace CS&(RUZ) désigne I’ensemble des fonctions C>°(R%) qui sont & croissance
polynomiale et telles que toutes leurs dérivées sont & croissance polynomiale. Soit ¢ €
> (R%) fixée, on définit la fonction u pour z € R% and ¢ > 0 par

pol
u(t, z) = Eg(Xa(t)),
2 1. ANALYSE NUMERIQUE D’EQUATIONS STOCHASTIQUES
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olt (X4(t))e>0 est I'unique solution de

Sous certaines conditions sur f et o, on peut montrer que u € COO(R+ X Rd) et que u
et ses dérivées sont & croissance polynomiale. De plus, en utilisant la formule d’Ito, il est
possible de montrer que u est solution de 1’équation de Kolmogorov - voir [10,31] - définie

par

d
ﬁu(t, z) = Lu(t,z), z € RY, t >0, u(0,2) = p(z), = € R

Ainsi, 'approximation faible (E¢(X,,))nen peut aussi permettre de discrétiser les so-
lutions de certaines équations aux dérivées partielles paraboliques. L’utilisation de cette
approche est particuliérement adaptée & la simulation en grandes dimensions. En effet, sa
simplicité algorithmique permet d’éviter I'inversion de grands systémes linéaires associés
aux méthodes analytiques de différences finies ou éléments finis.

1.3 Le cas des équations aux dérivées partielles stochastiques

1.3.1 Processus de Wiener cylindrique et intégrales stochastiques dans un
espace de Hilbert

Soient H un espace de Hilbert séparable muni de la norme |.|g et du produit scalaire
(., ), K un espace de Hibert séparable muni de la norme |.|x et (e;);ey un systéme
orthonormé complet de H. On rappelle qu'un opérateur linéaire borné 7' € L(H, K) est

Hilbert-Schmidt si
“+o00

Z 1T(e))|% < +oc.

=0
Il est bien connu qu'une telle somme est indépendante de la base choisie - voir [16].
L’ensemble de tous les opérateurs Hilbert-Schmidt muni de la norme

~+00 ) 1/2
Tleyir i) = (D 1Tl
=0

est un espace de Hilbert, noté Lo(H, K).

Soit (2, F,{Ft}+>0,P) un espace de probabilité filtré. Un processus de Wiener cylin-
drique W est défini par:

e Un systéme orthonormé complet de H, noté (e;);en;

e Une famille (;);en de mouvements browniens mutuellement indépendants et adaptés
a la filtration {F;}+>o0.

On pose alors pour ¢t > 0
W) =S Bilt)e (1.2)
1€N

Il est important de remarquer que le processus W ne dépend pas du systéme orthonormé
complet choisi et que la somme ne converge pas dans H - cela refléte 'irrégularité
en espace d’un tel processus. Cependant, si on considére un opérateur linéaire de Hilbert-
Schmidt T': H — K, alors TW (t) converge dans L?(Q2, H) pour tout ¢ > 0.

On peut aussi caractériser un tel processus gaussien par

EW(t) =0

dans H et
E((W (1), 00) (W (1), v2) ) = min(t, ){vr, v2) o

1. ANALYSE NUMERIQUE D’EQUATIONS STOCHASTIQUES 3
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pour tout v1 € H et v9 € H.

Soit W un processus prévisible tel que pour tout ¢t > 0 ¥(t) € Lo(H, K) et tel que
fOT |\I!(t)|%2 (H, K)dt < 400 presque sirement. Alors on peut définir I'intégrale stochastique

fOT U(s)dW (s) dans K: C’est une variable aléatoire a valeurs dans K et

T\IJ dw —+OO T\IJ d3;
/0 () =3 /0 (s)eadBi(s).

De plus, si E(fOT \\I/(s)|£2(H7K)ds> < +o00, alors on a

E/OT U(s)dW (5) = 0

E((/OT‘II(s)dW(s)>2> :E(/OT\\IJ(s)y%Q(HK)ds).

Pour plus de détails sur I'intégrale stochastique, on peut consulter [16].

1.3.2 Convergence faible des équations aux dérivées partielles stochastiques

Comme dans le cas de la dimension finie, il existe deux types de convergence. La conver-
gence forte a été traitée, entre autres, dans [18.1932-3540,41./66.75,79,88|. La convergence
faible pour des équations aux dérivées partielles linéaires stochastiques fait I'objet des ar-
ticles [19,255254)56] alors que les papiers [2-6}20}40,4187] traitent des équations aux
dérivées partielles stochastiques semi-linéaires.

Soit H un espace de Hilbert, on considére I’équation parabolique suivante

dX(t,x) =(AX(t,z) + F(X(t,x)))dt + dW (t) (1.3)
X(0,z) =x

ouz € H, X est un processus a valeurs dans H, A un opérateur linéaire non borné, négatif,
auto-adjoint avec un inverse compact et F': H — H est supposée globalement Lipschitz.
W un processus de Wiener cylindrique sur H défini sur un espace de probabilité filtré
(Q,F, F:,P).

On peut, par exemple, prendre A = 86722 sur le domaine H?(0,1) N H(0,1) avec des
conditions de Dirichlet homogéne au bord.

Sous les conditions ci dessus - voir [16] -, I’équation admet une unique solution
intégrale dans L?(92,C([0, 7], H)) definie pour = € H et t > 0 par

t t
X(t,z) = el + / IR (X (s,2))ds + / et Aqw (s).
0 0

Pour discrétiser en temps ’équation ([1.3)), on introduit, en général, un pas de temps
0 > 0, et des approximations X, (d,z) de X (nd,z) pour tout n € N a l'aide du schéma
d’Euler semi-implicite suivant:

Xni1(6,2) =X (0,2) + 6AXp41(6,2) + 6F (X0 (6,2)) + VOxnt1, (1.4)
Xo (67 .CL‘) =7,
avec Ynp+1 = %(W((n +1)8) — W(nd)). Le bruit v/6x,41 représente I'accroissement du
processus de Wiener entre les deux instants nd et (n + 1)0.

4 1. ANALYSE NUMERIQUE D’EQUATIONS STOCHASTIQUES
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Il s’agit d’'un schéma semi-implicite: la partie nonlinéaire est discrétisée de maniére
explicite, tandis que la partie linéaire I’est de maniére implicite. En introduisant I'opérateur
Rs = (I —6A)~!, on dispose en fait d'une formule explicite

Xnt1(8,2) = Rs X (8,2) + 6RsF (X (3, 2)) + VO RsXnt1-

Gréce aux conditions imposées a 'opérateur A, on peut montrer que R est un opérateur
de Hilbert-Schmidt; par conséquent le bruit \/gxnﬂ est bien a valeurs dans H. Ainsi X,
est bien défini pour tout n € N et est & valeurs dans H.

Il a été démontré dans |75 que cette approximation a un instant donné est d’ordre 1/4
au sens fort.

La principale difficulté pour adapter la preuve de la convergence faible des EDS aux
équations en dimension infinie est que ’équation de Kolmogorov devient une équation aux
dérivées partielles avec un nombre infini de variables et des opérateurs non bornés. On
doit donc utiliser une discrétisation en espace en plus d’une discrétisation en temps. En
général, deux types de discrétisation en espace sont considérés: une discrétisation en espace
selon une décomposition spectrale de 'opérateur A - elle permet de justifier tout les calculs
dans le cas ol 'on ne veut étudier que la discrétisation en temps - ou une discrétisation
utilisant la méthode des éléments finis - on étudie alors une discrétisation compléte de
notre équation.

Dans [20], Debussche adapte la preuve en dimension finie aux EDPS. Il montre que
la convergence faible associée & ’approximation est d’ordre 1/2 - ce qui est bien le
double de l'ordre fort. Les deux principaux outils utilisés dans [20] sont:

o de meilleurs estimations sur les dérivées en espace de la solution de I’équation de Kol-
mogorov, plus précisément, on a besoin que ces dérivées appartiennent aux domaines
des puissances fractionnaires de —A.

e une formule d’intégration par partie issue du calcul de Malliavin qui nous permet de
rendre plus régulier certains termes stochastiques.

Ces deux outils sont fondamentaux pour étudier des équations ayant un terme non-linéaire.
Dans le cas d’équations linéaires, on peut ne pas utiliser le deuxiéme outil, ce qui simpli-
fie les preuves - voir [19,125], mais on ne peut pas adapter ces méthodes aux équations
paraboliques non-linéaires.

1.3.3 Meéthode des éléments finis pour des EDPS

On considére D un intervalle ouvert borné de R et 'espace de Hilbert H = L?(D) muni
du produit scalaire (.,.) g et de la norme |.| et on s’intéresse aux équations de la forme

dX(t,x) = (AX(t,x) + F(X(t,x)))dt + dW (1), (1.5)
X(0,z) ==,

avec x € H. On suppose que A est un opérateur linéaire non borné, négatif, auto-adjoint
avec un inverse compact et que la fonction F': H — H est C2, lipchitzienne et bornée et
que ces deux premiéres dérivées sont bornées. W est un processus de Wiener cylindrique
sur H.

Pour discrétiser en espace ’équation par la méthode des éléments finis, on intro-
duit (V4) he(0,1), une famille d’espace de fonctions linéaires continues par morceaux associée
a une famille quasi-uniforme de sous intervalles, avec h la taille du plus grand intervalle. On
note Pj, : H — V}, la projection orthogonale de H dans Vj, et A, € L(H) la discrétisation
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de l'opérateur A. Plus précisément, on définit Ay : V), — Vj comme 'unique opérateur
vérifiant pour xj, € Vj, et yp, € Vi,

(Apxn, yn) o = (ATh, Yn)H-

Pour h € (0,1), on peut maintenant définir une discrétisation (X"())i>0 de (X (t))i>0
par ’équation

dX"(t) = A, X" (t)dt + P,F(X"(t))dt + PodW (t), X"(0) = Pya = P, Xo.

Comme pour tout h € (0, 1), Ap vérifie les mémes propriétés de régularité que A, ’équation
précédente admet une unique solution intégrale & valeurs dans V} définie pour tout 0 <
t < T par

t t
XM(t) = e Poa + / et An ph( X1 (5))ds + / =34 Py dW ().
0 0

Cette approximation est d’ordre 1/2 au sens fort - voir [56] - et 1 au sens faible - voir [3]:
pour tout 7" > 0, pour toute condition initiale x € H, pour toute fonction test ¢ : H — H,
C? bornée dont les deux premiéres dérivées sont bornées et pour tout 0 < x < 1/2, il existe
une constante C telle que pour tout h € (0,1) et tout ¢ <7, on ait

E|X"(t) — X (t)|g <Ch'/**
|Ep(X"(t)) — Eo(X(t))],, <Ch'™".

En dimension supérieure, on peut utiliser la méme méthode pour discrétiser , mais
on est obligé de colorer le bruit - voir [3|. On obtient, & nouveau, que U'erreur faible est le
double de 'erreur forte.

Pour plus d’information sur la méthode des éléments finis, on pourra regarder [12,28|
pour le cas déterministe et [3,125] pour le cas stochastique.

1.4 Comportement en temps long

Il est intéressant d’étudier le comportement en temps long de la solution d’une équation
stochastique, notamment pour connaitre le comportement & 1’équilibre de certains sys-
témes utilisés en biologie ou en physique. Cette étude peut, par exemple, nous permettre
d’approcher des quantités macroscopiques utiles en dynamique moléculaire - voir le début
de la partie [2] pour plus de détails. On se pose alors les questions suivantes: Existe-t-il une
mesure invariante pu? Si oui, notre processus est-il ergodique - i.e. la loi de notre processus
converge-t-elle vers u, & quelle vitesse et dans quel espace?

Considérons X la solution d’une EDS de la forme , possédant une mesure invariante
. Pour étudier la convergence de la loi de X vers la mesure invariante, plusieurs méthodes
sont possibles. L’une d’entre elles consiste & utiliser des fonctions de Lyapunov et des
résultats issus de la théorie des chaines de Markov - voir [9,43,[84]. Il existe aussi des
preuves n’utilisant que des outils analytiques - voir |38|. Une derniére approche consiste a
utiliser des estimations provenant de la structure elliptique ou hypocoercive de I’équation
considérée - voir, entre autres, [42,/64,[84,[86]. L’avantage de cette derniére méthode est de
fournir des vitesses de convergence plus précises. Dans le cas ou le processus est a valeurs
dans R?, on a en général besoin de la condition de dissipativité suivante: il existe des
constantes ¢ > 0 et C' > 0 telles que pour tout z € R?

(f(z),2) < —c|z|* + C.
6 1. ANALYSE NUMERIQUE D’EQUATIONS STOCHASTIQUES



CHAPTER 1. INTRODUCTION

Considérons X la solution d’une EDPS de la forme . On se place sous les mémes
hypothéses que dans la partie sur la convergence faible des EDPS. On impose une condition
de dissipativité forte : si Ag est la plus petite valeur propre de I'opérateur —A et si Lp
désigne un majorant de la constante de Lipschitz de la fonction F', on suppose

0<Lp <\ (1.6)

Dans cette situation les trajectoires issues de deux conditions initiales x1 et xo différentes, et
soumises & la méme perturbation stochastique (W (t))>0, se rapprochent exponentiellement
vite, presque stirement: pour tout ¢ > 0

Cette contraction assure 'unicité d’une mesure de probabilité invariante. L’existence d’une
telle mesure est une conséquence des propriétés du bruit; notamment la propriété de Feller
est vérifiée.

La condition de dissipativité peut étre affaiblie, auquel cas la contraction des trajec-
toires n’est plus valable; en revanche, grace & des techniques de couplage, on obtient une
contraction sur les lois. Plus précisément, on suppose qu’il existe deux constantes ¢ > 0 et
C > 0 telles que pour tout z € D(A) N H, avec D(A) le domaine de A, on ait

(Az + F(x),2) < —clz|* + C. (1.7)

La preuve de 'existence d’une mesure de probabilité invariante est la méme que dans le cas
de dissipativité forte; néanmoins celle de I'unicité devient plus complexe et nécessite des
hypotheéses sur la nature du bruit. On obtient alors la propriété de contraction suivante:
si ¢ est une fonction test bornée alors il existe deux constantes ¢ > 0 et C(¢) > 0, telles
que toutes conditions initiales x1 et xo et tout £ > 0, on ait

[ES(X (t,21)) — ES(X (¢, 22))] < C()(1 + |21]* + |22f*)e™ .

Outre 'unicité de la mesure invariante, on peut aussi déduire de cette inégalité, la conver-
gence en loi, & une vitesse exponentielle, de notre processus vers la mesure invariante: Si
¢ est une fonction test bornée alors il existe des constantes C'(¢) > 0 et ¢ > 0 telles que
pour toute condition initiale x et ¢ > 0, on ait

[Bo(X(t.0) ~ [ odu| < CO)1+]af)e

Pour plus de détail sur la méthode de couplage, on peut consulter [21155/63}72]. Cette
méthode peut aussi étre utilisée pour étudier la convergence en loi de solution d’EDS.

Soit i la mesure invariante associée a ’équation considérée et ¢ une fonction test, deux
des méthodes les plus communes pour approcher [ ¢du consistent & utiliser les trajectoires
d’une approximation en temps (X, )neny de la solution de I’équation pour calculer une
moyenne empirique. Plus précisément, on peut utiliser une moyenne en temps le long des
trajectoires pour approcher [ ¢du : on étudie alors la quantité

L3 o - [ otantan).
n=0

lorsque N tend vers I'infini. Une autre méthode consiste & utiliser la moyenne de différentes
réalisations de notre approximation. En effet, sous des conditions assurant I'ergodicité du
processus (X (t))i>0, on a que E¢(X (t)) converge vers [ ¢dp quand ¢ tend vers l'infini,
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exponentiellement vite. Dans la situation ol I’estimation d’erreur faible est indépendante
du temps final, on peut alors utiliser une méthode de Monte-Carlo pour calculer E¢(X,,),
et approcher [ ¢dp.

On se pose alors plusieurs questions : Est ce que le shéma numérique posséde une
mesure invariante? Quelle est la vitesse de convergence? Quelle est l'erreur entre la
mesure invariante associée au schéma numérique et celle associée a la solution exacte?
Quelle est I'erreur entre ’estimateur construit par I'une des méthodes précédentes et la
mesure invariante associée a la solution exacte?

Dans le cas des EDS, de nombreux articles - voir, entre autres, [43}57,/64,81-84] et les
références citées dedans - ont répondu a ces questions. Dans [22}[58164184) 85|, les auteurs
montrent des développements en série entiére par rapport au pas de discrétisation de la
mesure invariante ou de ’approximation faible. Les articles traitant des EDPS sont moins
nombreux. On pourra par exemple consulter [5].

Dans cette thése, on répond & certaines de ces questions. Dans les Chapitres 2 et 3, on
étudie le comportement en temps long de (Ep(X,))nen pour ¢ une fonction test réguliére
et (Xy)nen un schéma de discrétisation en temps de la solution de 1’équation de Langevin
amortie ou de ’équation de Langevin. On montre, entre autres, un developpement en série
entiére par rapport au pas de discrétisation de I'approximation faible. Dans le Chapitre 4,
on s’intéresse & une EDPS parabolique avec bruit additif possédant une unique mesure de
probabilité invariante p et on étudie la convergence de + Eg;ol (Xn) vers [ ¢(z)p(dz)
pour ¢ une fonction test réguliére et (X, ),en une discrétisation en temps par un schéma
d’Euler semi-implicite et en espace par une méthode des éléments finis de la solution de
I’EDPS considérée. Dans le Chapitre 5, on s’intéresse & une EDPS parabolique avec bruit
additif dont le terme non linéaire est un polynéme et & son approximation en temps par
un schéma de splitting implicite. Avant d’étudier le comportement en temps long d’une
telle approximation, il est intéressant de connaitre la convergence de cette derniére vers
la solution exacte sur un intervalle de temps borné. Plus précisément, on montre que ce
schéma est d’ordre faible 1/2.

2 Analyse d’erreur faible rétrograde pour I’équation de Langevin
amortie et I’équation de Langevin

Cette partie présente le contenu des Chapitres 2 et 3.

Considérons une fonction V représentant I’énergie potentielle d’un systéme moléculaire
classique et la fonction de densité de Gibbs-Boltzmann défini par

o) = 271 V),

ou 71 = kT, kp est la constante de Botzmann, T est la température et Z est une
constante de renormalisation. Un objectif fondamental de la dynamique moléculaire est
de calculer des moyennes par rapport & p. Une des méthodes les plus populaires pour
calculer ces quantités utilise I’équation de Langevin amortie et ’équation de Langevin.
Plus précisément, on approche ces intégrales en utilisant des propriétés d’ergodicité pour
des schémas numériques approchant la solution de I’équation de Langevin ou de I’équation
de Langevin amortie - voir [9}:39,/57,60].

Dans cette partie, on étudie les propriétés asymptotiques de discrétisation par des sché-
mas implicites de I’équation de Langevin amortie - Chapitre 2 - et de ’équation de Langevin
- Chapitre 3. L’idée principale est d’adapter aux cas des EDS la méthode d’analyse d’erreur
rétrograde utilisée pour étudier le comportement en temps long de schéma numérique dis-
crétisant des équations différentielles ordinaires. En adaptant cette méthode, on montre,
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pour chacune des deux équations, un résultat d’analyse d’erreur faible rétrograde: une
fonctionnelle de la solution numérique est proche de la solution d’une équation de Kol-
mogorov modifiée & des ordres arbitrairement élevés par rapport au pas de discrétisation.
On étudie aussi les propriétés asymptotiques des schémas implicites considérés: on mon-
tre que toute mesure invariante du schéma numérique est proche d’une mesure invariante
modifiée obtenue par développement asymptotique.

Apres avoir expliqué le principe d’analyse d’erreur rétrograde dans la partie [2.1] on
présentera, dans la partie [2.2] les résultats obtenus pour I’équation de Langevin amorti.
Enfin, dans la partie [2.3] on exposera le cas de I’équation de Langevin.

La principale différence entre ’équation de Langevin et I’équation de Langevin amortie
est que la premiére équation est elliptique alors que la deuxiéme est hypoelliptique. II est
donc plus facile d’obtenir certains résultats pour I’équation de Langevin amortie que pour
I’équation de Langevin.

2.1 Analyse d’erreur rétrograde

L’analyse d’erreur rétrograde est un outil puissant pour étudier le comportement en temps
long de schémas numériques approchant les solutions d’équations d’évolution - voir |36,
37,/59,711|76]. L’idée principale peut étre décrite de la maniére suivante: Considérons une
équation différentielle ordinaire de la forme

y(t) = fy(1)), (2.1)

avec f : R — R? un champ de vecteurs régulier. On note wf (y) le flot associé a cette
équation. Par définition, une méthode numérique définit pour un pas de temps & petit,
une approximation ¢gs du flot exact wf; de I'équation (2.1)): On a pour y € R? borné,

os(y) = Ui (y) + O™+,

avec r 'ordre de la méthode.
L’analyse d’erreur rétrograde permet de montrer que l'on peut interpréter ¢5 comme
le flot exact wg‘s d’un champ de vecteurs défini par une série en puissance de §

fs=F+8fr+6 " fron+ ..,

avec fy, £ > r, des champs de vecteurs dépendants de la méthode numérique considérée.
En général, la série définissant f5 ne converge pas, mais on peut montrer que pour y borné
et N € N* quelconque, on a

bs(y) = 0 () + O™,

avec fév la série tronquée définie par
N =f+6f+...+6Nfn.

Sous certaines conditions, la constante Cnd” peut étre optimisée en N, ainsi, on peut
choisir le terme d’erreur de I’équation précédente exponentiellement petit par rapport & 9.

Il existe de nombreuses applications a ce résultat dans le cas ott f posséde certaines
propriétés géométriques - par exemple, lorsque f est un champ de vecteurs hamiltonien ou
posséde une structure réversible. Dans ce cas, et sous certaines conditions sur la méthode
numérique ¢g, le champ de vecteurs modifié hérite de la structure de f. Par exemple, si
¢s est symplectique et f est un champ de vecteurs hamiltonien, alors f5 est un champ de
vecteurs hamiltonien. Une conséquence de ce résultat est la conservation d’un Hamiltonien
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modifié pour le schéma numeérique, pour des temps trés long - de Pordre de §=V. On peut
alors en déduire des résultats de stabilité en temps long.

Plus récemment, ces idées ont été étendues & certaines équations aux dérivées partielles
Hamiltoniennes : d’abord dans le cas linéaire [23| et ensuite dans le cas semi-linéaire -
Schrodinger ou équations des ondes - voir [29,30]. Dans la suite de cette partie, on étend
ces idées aux équations stochastiques de Langevin et de Langevin amorti.

2.2 Analyse d’erreur faible rétrograde pour I’équation de Langevin amorti

Soit d € N*, on considére le processus de Langevin amortie (X (t));>0 & valeurs dans R?
défini par ’'EDS:
dX(t) = =VV(X(t))dt + dW(t) t>0, (2.2)

avec V € C;Sl(Rd) et W un mouvement brownien de dimension d.

Apreés avoir présenté certains résultats asymptotiques sur la loi du processus, on in-
troduira les schémas numériques qui nous interéssent. On expliquera ensuite un résultat
d’analyse d’erreur faible rétrograde.

Si V' vérifie la condition de dissipativité suivante : il existe des constantes C' > 0 et
¢ > 0 telles que pour tout z € R?

(VV(x),z) > c|x|2 - C, (2.3)

alors on a existence et unicité de la solution intégrale associée a - voir [10,47].

Sous certaines conditions sur V, la loi de la solution de I’équation de va converger
exponentiellement vite vers une constante. Plus précisément, on considére (X (¢))i>0 la
solution de qui vérifie X,(0) = x et u(t,z) = Ep(X;(t)) la solution de I’équation
de Kolmogorov associée a avec ¢ € SZZ(RM)' De nombreux travaux étudient le
comportement en temps long de u, mais, en général, les résultats obtenus sont dans un
espace & poids et pas point par point. Dans [43], en utilisant des résultats de la théorie des

chaines de Markov, les auteurs ont montré, sous certaines conditions, le résultat suivant

Proposition 2.1 En utilisant les notations du paragraphe précédent, on a qu’il existe des
constantes C = C(¢p) > 0, ro :=r(¢) > 0 et Ao = No(¢) > 0 telles que pour tout t > 0 et
r € RY,
jults2) = [ 6wpl)dy| < C(1+[a]) exp(~Aob),
ot p(y)dy est la mesure invariante associée a l’équation de Langevin amortie (2.2)) définie
pour = € R par
L oy
)= —e
plz) =~
avec Z une constante de renormalisation.

Les dérivées de u se comportent comme u:

Proposition 2.2 Pour tout entier m € N* il existe des constantes C := C(m,¢) > 0 et
r=r(m,p) > ro telles que pour tout t > 0 et x € R4

|D™u(t, x)| < C(1+ |z]") exp(—Aot),

ot D™u(t) représente le vecteur de toutes les dérivées en espace d’ordre m de u(t) et Ao
est définie dans la proposition [2.1].

Comme I'équation de Langevin amortie est elliptique, on peut utiliser des formules de
Bismuth-Elworthy pour obtenir le controle des dérivées - voir I’annexe du Chapitre 2 pour
plus de détails. On déduit de cette proposition le résultat de régularité suivant:
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AMORTIE ET L’EQUATION DE LANGEVIN



CHAPTER 1. INTRODUCTION

Corollaire 2.3 Soit g € ngl(Rd) telle que [pq g(x)p(x)dx = 0. L’équation de Poisson

Lh =g, h(z)p(x)dx =0
Rd

avec L Dopérateur de Kolmogorov associé a (2.2) admet une unique solution h € ;21 (R%)
définie pour x € R par h(z) = — [[° E(g(X4(t)))dt.

Comme V est & croissance polynomiale, les schémas explicites peuvent étre instables
[43]. C’est pourquoi on considére des approximations implicites. Plus précisément, pour
un pas de temps § fixé, on étudie un schéma d’Euler implicite défini par Xy = X (0) et
pour n € N par

Xns1 = Xy — 6VV(Xpg1) + Von,

ol Np = (Mn,1y s Mnyd) = %(W((n + 1)) — W (nd)) est une variable aléatoire a valeurs

dans R? et {n,; : n € N,i € {1,d}} est une famille de variable aléatoire i.i.d vérifiant
ni,1 ~ N(0,1). On étudie aussi un schéma de split-step implicite défini par Xy = X (0) et
pour n € N par
{ X2 = Xp—0VV(Xpi1)
Xnt1 = X;:‘i‘\/gnn

ou 7y, est défini ci dessus. Pour un pas de temps suffisament petit, ces schémas sont bien
définis via un corollaire du théoréme du point fixe de Brouwer et admettent des moments
de tout ordre bornés uniformément en temps.

Sous des hypothéses de dissipativité et de semi-convexité sur le potentiel V', on montre
une version discréte de la proposition 2.1} Plus précisément, on montre que les deux
schémas précédents vont décroitre exponentiellement vite a une erreur prés en puissance
du pas de temps ¢:

Théoréme 2.4 Soit N € N* fizé. Il existe 69 > 0, qui dépend des paramétres de notre
équation, tel que si on considére (Xi)ren un des schémas précédents alors pour tout pas
de temps 0 < § < &g, on peut construire une mesure de probabilité réguliére M(];V tel que
pour toute fonction test ¢ € ggl(Rd), il existe des constantes C > 0 et 0 < A < Mg,
indépendantes de 9, telles que pour tout n € N

Box) — [ sl an)| < 00+ V).

A partir de ce résulat, on retrouve que nos deux schémas sont d’ordre faible 1. De plus,
on a que toutes les mesures invariantes associées & notre processus de discrétisation sont
proches de p¥ (y)dy & une erreur prés d’ordre CSV+L. D’autres travaux - [22,[58,(64}(82,/83]
- montrent le méme genre de résultat, mais soit les auteurs travaillent sur le tore, soit
leurs conditions sur V' sont plus restrictives, soit ils ont besoin d’avoir un pas de temps
arbitrairement petit alors que nous, nous avons juste besoin que notre pas de temps soit
majoré par une constante dépendant des paramétres de notre équation. On retrouve aussi
ici un développement en série entiére par rapport au pas de discrétisation de la mesure
invariante, comme dans [22,58}64,85|.

Pour prouver le théoréme - dans le Chapitre 3 - on étend la méthode d’analyse
d’erreur rétrograde aux équations différentielles stochastiques. Les premiers pas dans cette
direction ont été fait par Shardlow dans [80]. Il étudie une équation différentielle stochas-
tique avec un bruit additif et discrétisée par un schéma d’Euler, noté (X,,)nen. 11 montre
qu’on peut lui associer une équation différentielle stochastique, mais seulement pour N = 2.
Plus précisément, il construit une équation différentielle stochastique modifiée:

dX = f(X)dt 4+ &(X)dW
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telle que
‘E(qb(Xk)) _ E(qﬁ(f((ké)))’ < (6, T)0% k=0,...,[T/8], T > 0.

Il explique aussi que pour avoir un ordre plus élevé, il y a trop de conditions & satisfaire
pour construire une équation modifiée. Dans [89], Zygalakis a étendu ce résultat aux cas
d’EDS avec un bruit multiplicatif.

Ici, on suit Papproche de [22]|, on construit une équation modifiée en utilisant un
développement en série du générateur associé a notre équation au lieu d’utiliser un développe-
ment en série des coefficients de ’'EDS.

Plus précisément, en notant L 1'opérateur de Kolmogorov associé a notre équation, on
construit un opérateur de Kolmogorov modifié de la forme

L=L+6L+6% Lo+ ...,

avec Ly, £ € N* des opérateurs d’ordre 2¢ + 2 tel que la solution formelle de ’équation de
Kolmogorov associée a £ au temps § coincide avec Ep(X7). On considére ensuite, comme
dans le cas déterministe, les séries tronquées

LN =L 4+601+...+6NLy
et on aimerait que la solution de I’équation modifiée
oV = LN N

au temps ¢ soit une approximation d’ordre N + 1 de E¢(X;). Or, il n’est pas évident
que l'on puisse correctement définir v’V
construire une fonction v™V) telle que

. Mais, en utilisant les opérateurs Ly, on arrive a

E(d)(Xl)) - U(N) (57 XO)‘ S C(¢7 Na T7 X0)5N+1) T > 05

De plus, en utilisant la proposition [2.1| et son corollaire, on arrive & montrer que la
constante précédente ne dépend pas de T et que vN) converge exponentiellement vite vers
I'intégrale de ¢ par rapport a une mesure invariante modifiée pour £&V). Ceci nous permet
d’avoir le résultat pour £ = 1. On utilise ensuite une propriété de Markov pour avoir le
résultat pour tout k € N.

Une des principales différences entre la preuve faite dans [22], outre le fait que les
auteurs travaillent sur le tore, se trouve dans la construction du développement en série
entiére par rapport au pas de temps de E¢(X7), qui permet de définir les opérateurs Ly.
Dans [22], on construit ce développement en utilsant des formules d’It6. On ne peut pas
procéder de la méme maniére ici car nos schémas sont implicites. En effet, on ne peut pas
leur associer un processus continu adapté qui les interpole. On contourne ce probléme en
utilisant des formules de Taylor avec reste intégrale.

2.3 Analyse d’erreur faible rétrograde pour I’équation de Langevin

Soit d € N*, on consideére le processus de Langevin (X (t))t>0 := (¢(t),p(t))t>0, & valeurs
dans R2??, défini pas 'EDS:

dq(t) = p(t)dt
dp(t) = —=VV{(q(t))dt —yp(t)dt + cdW(t) t >0, (2.4)
avec V € C°%(RY), v > 0, o > 0 et W un mouvement brownien de dimension d.

pol
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Apreés avoir présenté certains résultats asymptotiques sur la loi du processus, on in-
troduira les schémas numériques qui nous intéressent. Enfin, en utilisant le méme raison-
nement que pour I’équation de Langevin amorti, on expose un résultat d’analyse d’erreur
faible rétrograde.

Si V' vérifie la condition de dissipativité , alors on a existence et unicité de la
solution intégrale associée a - voir [47].

Sous certaines conditions sur V', on montre le résultat suivant:

Proposition 2.5 On note (X4 (t))e>0 la solution de (2.4]) qui vérifie X(0) = x, u(t,x) =

Ep(X4(t)) la solution de l’équation de Kolmogorov associée a (2.4) avec ¢ € ;fjl(]RQd) et

p(q, p)dqdp la mesure invariante associée a l’équation de Langevin (2.4) définie pour ¢ € R?
et p € R¢ par

1
pla.p) = e = V),

avec Z une constante de renormalisation. On obtient alors qu’il existe des constantes
Ao = Ao(@) >0 et 0 < X\ < Ag telles que pour tout entier m € N, il existe des constantes
C:=C(m,d) >0 et 7y :=r(m, ) > 0 telles que por tout t >0, ¢ € R? et p € R?

uttean) = [ olaola.)dady] < OO +lal + o) exp(—Aor),

et pour m € Nx
|D™u(t,q,p)| < C(1+ g™ + [r]™) exp(—=At),

ot D™u(t) représente le vecteur de toutes les dérivées en espace d’ordre m de u(t).

Le résultat pour m = 0 a été démontré dans [43|. Pour obtenir le controle des dérivées, on
ne peut pas utiliser la méme méthode que pour ’équation de Langevin amorti, car notre
équation est hypo-elliptique et non pas elliptique. On utilise une adaptation de la preuve
faite par Talay dans [84] qui nous permet de connaitre la dépendance de la constante C' en
fonction de ¢. On déduit de cette proposition le résultat de régularité suivant:

Corollaire 2.6 Soit g € ;&(Rm) telle que [gaga 9(¢,p)p(q,p)dqdp = 0. L’équation de
Poisson

Lh=y, / h(q,p)p(q,p)dgdp =0
R4 xR4

avec L l'opérateur de Kolmogorov associé a (2.4) admet une unique solution h € C;gl(RM)
définie pour v € R* par h(z) = — [[CE(g(X4(t)))dt.

Comme V est & croissance polynomiale, les schémas explicites peuvent étre instables.
C’est pourquoi on considére des approximations implicites. Plus précisément, pour un pas
de temps ¢ fixé, on étudie un schéma d’Euler implicite défini par go = ¢(0), po = p(0) et
pour n € N par

{ gn+1 = (n + 5pn+1
Pn+1 = Pn — 68qV(Qn+l) - ’7(5])”4_1 + \/307711,

ot Ny = M1y ey Mod) = %(W((n + 1)6) — W(nd)) est une variable aléatoire a valeurs

dans R? et {mni: n e N,i e {1,d}} est une famille de variable aléatoire i.i.d vérifiant
ni,1 ~ N(0,1). On étudie aussi un schéma de split-step implicite défini par go = ¢(0),
po = p(0) et pour n € N par

nt1 = Qn +0p;,
Py, = Dn— 005 — 00,V (qnt1),
Pttt = Di+ Voo,
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ou 1y, est définie ci dessus. Ces schémas sont bien définis via un corollaire du théoréme du
point fixe de Brouwer et admettent des moments de tout ordre bornés uniformément en
temps.

Sous des hypothéses de dissipativité et de semi-convexité sur le potentiel V', on montre
alors une version discréte de la proposition [2.5] Plus précisément, on montre le méme
résultat que pour I’équation de Langevin amorti, les deux schémas précédents vont decroitre
exponentiellement vite & une erreur prés en puissance du pas de temps §:

Théoréme 2.7 Soit N € N* fizé. Il existe 69 > 0, qui dépend des paramétres de notre
équation, tel que si on considére (qi, Pk )keN un des schémas précédents alors pour tout pas
de temps 0 < § < &g, on peut construire une mesure de probabilité réguliére ,uf;v tel que
pour toute fonction test ¢ € ;’gl(RQd), il existe des constantes C' > 0 et 0 < A < Ag,
mdépendantes de 9, telles que pour tout n € N

[Bolanp) = [ ol )] < 00+ 5¥1).

La preuve du théoréme [2.4] est similaire a celui du théoréme 2.7} mais elle est plus
technique. Ce résultat est similaire & ceux décrits dans [22,58,84] mais les hypothéses sont
différentes.

3 Approximation de la loi invariante d’EDPS par un schéma
de discrétisation en temps et en espace

Cette partie présente le contenu du Chapitre 4.

On ¢’intéresse dans cette partie & une équation aux dérivées partielles stochastique
parabolique, possédant une unique mesure de probabilité invariante . On propose d’approcher
la loi de la mesure invariante en utilisant une discrétisation de 'EDPS par une méthode
des éléments finis en espace et par un schéma d’Euler semi-implicite en temps. Aprés
avoir rappelé les principaux résultats de convergence de cette méthode, on étudie ses pro-
priétés asymptotiques et I’écart entre la moyenne d’une fonction test ¢ évaluée le long de
la trajectoire de notre méthode et la quantité qui nous intéresse: [ ¢du. On montre que
cette convergence est d’ordre 1/2 par rapport au pas de temps et d’ordre 1 par rapport au
maillage.

Le cadre est le méme que dans la partie [[.3.3]sur la méthode des éléments finis. Soient
D C R, un intervalle ouvert borné et (Q, F, {F;}1>0,P) un espace de probabilité filtré, on
considére I'espace de Hilbert H = L?(D) et 'EDPS

dX(t,x) = (AX(t,x) + F(X(t,x)))dt + dW (1), (3.1)
X(0,2) =z,

avec x € H. On suppose que A est un opérateur linéaire non borné, négatif, auto-adjoint
avec un inverse compact et que la fonction F : H — H est C?, lipchitzienne et bornée et
que ses deux premiéres dérivées sont bornées. W est un processus de Wiener cylindrique
sur H. On fait aussi 'hypothése de dissipativité faible ([1.7)).

Comme vu dans la partie[I.4] sous 'hypothése de dissipativité faible, le processus admet
une unique mesure de probabilité invariante, notée pu.

Pour discrétiser en temps et en espace I’équation , on introduit un pas de temps
0 > 0, un paramétre de maillage h € (0,1) et des approximations X}g(é, x) de X(k¢,z)
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pour tout k£ € N a 'aide de I'algorithme suivant:

XP1(8,2) = XP(6,2) + §ARXE 1 (8,2) + OB (X8, 2)) + VO PrXkia
X(]}((s, x) =z,

avec Xki1 = %(W((k +1)0) — W(kd)) et Py : H— Vet Ay, : Vi, — Vj, sont définis dans
la partie [1.3.3| sur la méthode des éléments finis.

Il s’agit d’un schéma semi-implicite : la partie nonlinéaire est discrétisée de maniére
explicite, tandis que la partie linéaire I’est de maniére implicite. En introduisant I'opérateur

Ssn = (I —38A)"", on dispose en fait d’une formule explicite
Xiti1 = SspXit + 085w PaF (XE) + V8S5 5 Prxis1-

Grace aux conditions imposées a l'opérateur A, on peut montrer que S5 = (I — §A) L est
un opérateur de Hilbert-Schmidt; par conséquent le bruit \/SXk+1 est bien & valeurs dans
H, ainsi notre processus est bien défini sur H. De plus, pour A > 0, X ,’j est bien défini
pour tout k£ € N et est & valeurs dans Vj,.

Rappelons que note approximation a un instant donné est d’ordre 1/4 en temps et 1/2
en espace au sens fort - voir [75] et [56] - et 1/2 en temps et 1 en espace au sens faible -
voir [20] et [3].

Toujours d’aprés la partie 1.4} on a que

Bo(X (1)) =0, [ o)uldo)

avec une vitesse exponentielle. Pour obtenir un résultat d’approximation de la mesure p,
on peut donc, par exemple, montrer que l’estimation de 'erreur faible est indépendante
du temps final. C’est approche utilisée dans [5]. Ici, on utilise une autre méthode : celle
décrite dans [64] pour approcher la loi de la mesure invariante d’équations différentielles
stochastiques définies sur le tore. Les auteurs étudient ’écart entre la moyenne d’une
fonction test ¢, le long d’une trajectoire d’une discrétisation et la moyenne de ¢ par rapport
a la mesure invariante. Pour étudier Uerreur ils introduisent la solution d’une équation de
Poisson associée & leur équation. En outre, ils donnent un développement en série de
I’erreur pour une grande classe de schémas.

En adaptant la méthode décrite dans [64] pour notre équation , on démontre le
résultat suivant:

Théoréme 3.1 Pour tout 0 < k < 1/2, 9 > 0, et pour toute fonction test ¢ : H — H,
C?, bornée dont les deux premiéres dérivées sont bornées, il existe une constante C(¢) > 0
telle que pour tout h € (0,1), N>1,z€ H et0 < <y

1 N—-1 B .
‘N mZ::OEsﬁ(XZZ) — 9l < o)A+ |zP) (51/2% Syl m)’

avec ¢ = [;; ¢(2)p(dz).

L’erreur se divise en trois parties, la premiére provient de la discrétisation en temps, la
seconde de celle en espace et la derniére tend vers 0 lorsque le temps augmente. L’apparition
du dernier terme est due a des problémes de régularité spécifiques aux EDPS.

Comme vu dans la partie le comportement de E¢(X (md, z)) lorsque m tend vers
I'infini dépend de I'hypothése de dissipativité. FEn général, on a existence d’une mesure
invariante pour le processus (X ,?) reN, tandis que 'unicité n’est assurée que sous I’hypothése
de dissipativité forte . On obtient le résultat suivant:
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Proposition 3.2 Pour tout 0 < k < 1/2, 69 > 0 et pour toute fonction test ¢ : H — H,
C2, bornée dont les deus premicres dérivées sont bornées, il existe une constante C(¢) > 0
telle que pour tout O < d<dpethe(0,1), si pdh est une mesure de probabilité invariante
et ergodique de (X;'(9,.))ren alors on a

) / o(2)dp(z ; qﬁ(z)dmh(z)‘ SC(¢)(51/2‘”+h1‘“).

Dans le cas ot plusieurs mesures invariantes ergodiques existent, le résultat précédent nous
fournit une estimation de I’écart entre deux de ces mesures.

Pour prouver le théoréme - dans le Chapitre 4 - on combine les approches de [20]
et |3] pour analyser I'erreur faible pour les EDPS, de [64] pour étudier le comportement en
temps long de schémas dans le cas des EDS et de [5] pour approcher la mesure invariante
d’EDPS. L’idée principale est de considérer la solution d’une équation de Poisson ¥, de
décomposer EW(X! ) — EU(X[) en utilisant des formules d’Itd, puis de sommer les
termes pour voir apparaitre les quantités qui nous intéressent.

Plus précisément, on commence par utiliser une approximation de Galerkin, afin de se
ramener & des quantités appartenant & des sous-espaces de dimension finie de H - construits
a partir des éléments propres de A. Cela nous permet de travailler en dimension finie et
de bien définir V¥, la solution de I’équation de Poisson définie par :

LY =¢—5

/\Ifdu:(),

avec ¢ notre fonction test et L I'opérateur de Kolmogorov associé a (3.1). Sous nos hy-
pothéses, on a une forme explicite pour W, - elle dépend de la dimension de ’approximation
de Galerkin:

U(z) = — /OOO (E¢p(X(t,z)) — ¢)dt.

Grace a des formules d’Itd, erreur va dépendre d’un controle sur les dérivées de W .
Il faut, de plus, que les bornes obtenues permettent un passage & la limite lorsque la
dimension de I'approximation de Galerkin augmente. Les difficultés liées a cette exigence
sont principalement les mémes que dans les articles [3}5,20], sauf que leurs termes d’erreurs
dépendent du contrdle de u(t,z) = E¢(X (¢, x)), la solution de I’équation de Kolmogorov
associée a . En outre, on remarque que dans la décompostion de ’erreur, certains
termes sont similaires a ceux décrits dans [3,/5,20] : 1'utilisation de ’équation de Poisson
ne simplifie pas vraiment la preuve, elle déplace juste certains problémes techniques a
d’autres endroits.

Donnons les deux idées essentielles utilisées dans la preuve. La premiére est que le
controle des dérivées premiére et seconde de ¥ dans les normes induites par la norme de
I’espace de Hilbert H est insuffisant. Pour avoir un ordre de 1/2 plutdt que de 1/4, on a be-
soin que les quantités considérées appartiennent aux domaines des puissances fractionnaires
de —A. On obtient les bornes sur la solution de I’équation de Poisson en montrant que u et
ses dérivées possédent des bornes qui décroissent exponentiellement vite en temps. L’autre
idée essentielle est le controle de certaines quantités par une transformation de I’expression
en utilisant une formule d’intégration par parties, issue du calcul de Malliavin.

4 Estimation de ’erreur faible pour des EDPS dont le terme
non-linéaire est un polynéme

Cette partie présente le contenu du Chapitre 5.
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On s’intéresse dans cette partie & une EDPS parabolique dont le terme non-linéaire est
un polynéme et a sa discrétisation par un schéma de splitting implicite. On montre que la
convergence faible de ce schéma est d’ordre 1/2 par rapport au pas de temps.

Soient D = (0,1) et (Q,F,{Fi}+>0,P) un espace de probabilité filtré, on considére
'espace de Hilbert H = L?(D) et 'EDPS

dX(t,z) = (AX(t,x) + F(X(t,x)))dt + dW (t), (4.1)
X(0,2) =z,
avec x € C([0,1]), A = 92, et F un polynoéme de la forme F(z) = —ag,_12?P~1 +

?ﬁ’gl) aex’ avec p € N, azp—1 > 0 et ap € Rpour £ =0,...,2(p —1). W est un

processus de Wiener cylindrique sur H. Il a été démontré dans [10/16] que cette équa-
tion admet une unique solution intégrale dans L* (€2, C([0,7] x [0,1])) pour tout 7' > 0 et
k € N*.

En général, pour discrétiser en temps une EDPS de la forme , on utilise le schéma
semi-implicite . Comme notre terme non-linéraire est un polynéme, un tel schéma
peut étre instable. De plus, on doit avoir des moments de tout ordre dans L*°(D), on
va donc plutdt considérer un schéma implicite. Plus précisément, on introduit un pas de
temps 0 et des approximations Xy(d,x) de X (kd,z) pour tout k € N a 'aide du schéma
de splitting implicite suivant:

Xk+1/2(57 3?) = Xk(é, .%') + 5F(Xk+1/2(5, .%'))
Xit1(6,2) = Xpy1/2(0,2) + 0AX 415, 2) + Voxn
Xo(0,z) ==

avec 41 = 3 (W((k+1)8) — W(kd)). En introduisant 'opérateur Rs = (I — §A)~!, on
dispose de la formule suivante

Xk+1/2(57 x) = Xk((s, 1’) + (5F(Xk+1/2)
Xi1(6,%) = RsXji1/2(0, @) + VORsXk41-

Comme Rgs est un opérateur de Hilbert-Schmidt, le bruit \/ER(ngH est bien & valeurs
dans H. En fait, on a qu'il est dans L (D) presque stirement. Notre schéma est donc bien
défini et & valeurs dans L (D).

De plus, dans les cas ou il est facile de calculer Xj_,/, en fonction de Xy, on dispose
alors d’une formule explicite pour notre schéma.

Ce schéma est d’ordre faible 1/2:

Théoréme 4.1 Pour toute condition initiale x € C([0,1]), pour toute fonction-test ¢ :
H — H, C?, bornée dont les deux premiéres dérivées sont bornées, pour tout temps final
T > 0, pour tout 69 > 0 et pour tout 0 < k < 1/2, il existe une constante C > 0 telle que
pour tout pas de temps 0 < § < dg et pour tout indice m € N tel que md < T, on a

‘IEqﬁ(Xm(&,x)) —E¢(X(mé, x))| < 0ol/2*.

Pour prouver le théoréme — dans le Chapitre 5 - on suit ’approche de 20| pour analyser
lerreur faible dans le cas des EDPS dont le terme non-linéaire est borné. On utilise une
approximation de Galerkin pour se ramener & des quantités appartenant a des sous-espaces
de dimension finie de H - construits a partir des éléments propres de 'opérateur A. Puis
on décompose Ep(X (md, z) — E¢d(X,,(0,x)) en utilisant la solution u de I'équation de
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Kolmogorov associée & ’approximation de Galerkin de 1’équation - voir la partie
Grace a la formule d’'Itd, 'erreur dépend d’un contrdle des dérivées de u - qui doit étre
indépendant de la dimension de 'approximation de Galerkin.

Comme dans [20], le controle de certaines quantités est assuré par une transformation de
I’expression en utilisant une formule d’intégration par partie, issue du calcul de Malliavin.
De plus, le controéle des dérivées premiére et seconde de u dans les normes induites par la
norme de I'espace de Hilbert H est insuffisant pour obtenir de I'ordre 1/2. On montre que
les quantités considérées appartiennent aux domaines des puissances fractionnaires de —A.
Plus précisément, on prouve le résultat suivant:

Proposition 4.2 Pour tout 0 < o < 1/2, 0 < t < T et x € C([0,1]), il existe une
constante C(T, ¢, x) > 0 telle que

|Du(t, z)|a < C(T, ¢, ) (1 +¢°).

De plus, pour tout 0 < a < 1/2, 0 < < 1/2,0 <t <T et x € C([0,1]), il existe une
constante C(T, ¢, x > 0) telle que

[(—A)* D2ut, 2)(=A)°|eary < C(T, 6, 2) (141749,

Comme F' est un polynoéme et que nous n’avons pas de moments exponentiels pour la
solution de I’équation , on ne peut pas utiliser directement les méthodes classiques.
On introduit alors un opérateur de Kolmogorov modifié et on utilise les méthodes usuelles
sur le semi-groupe associé - voir I’annexe du Chapitre 5.
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Chapter 2

Weak backward error analysis for
overdamped Langevin processes

1 Introduction

In 22|, the authors give a weak backward error analysis for SDEs defined on the d-
dimensional torus. The aim of this chapter is to extend the result of [22] to the overdamped
Langevin process on RY,

In the last decades, backward error analysis has become a powerful tool to analyze the
long time behavior of numerical schemes applied to evolution equations (see 37,59} /76]).
The main idea can be described as follows: Let us consider an ordinary differential equation
of the form

y(t) = f(y(1),

where f : R? — R? is a smooth vector field, and denote by gb{ (y) the associated flow. By
definition, a numerical method defines for a small time step & an approximation ®5 of the
exact flow gbf;: We have for bounded y € R, ®5(y) = ¢5f (y) +O(6"1) where 7 is the order
of the method.

The idea of backward error analysis is to show that ®s5 can be interpreted as the exact
flow gbg‘s of a modified vector field defined as a series in powers of §

fs=F+0"fr +06 " o + ..,

where f;, [ > r are vector fields depending on the numerical method. In general, the
series defining f5 does not converge, but it can be shown that for bounded y, we have for
arbitrary N

N
Bs(y) = 61 (y) + CnoNH,

where fgv is the truncated series:
N = f4+6"fr+ ..+ N fn.

Under some analytic assumptions, the constant Cy6N+! can be optimized in N, so that
the error term in the previous equation can be made exponentially small with respect to
0.

Such a result is very important and has many applications in the case where f has some
strong geometric properties, such as Hamiltonian (see [36,37,59,71}76]). In this situation,
and under some compatibility conditions on the numerical method ®4, the modified vector
field fs inherits the structure of f.

More recently, these ideas have been extended in some situations to Hamiltonian PDEs
: First in the linear case [23]| and then in the semi linear case (nonlinear Schrédinger or
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wave equations), see [2930].

We want to use this approach to have weak error behavior for long times for the
stochastic differential equation:

dX (t) = —VV(X(t))dt + dW (t), (1.1)

where V' and all its derivatives have at most polynomial growth at infinity. This equation
is studied a lot in molecular dynamics: it describes the evolution of particles in a potential
such that the corresponding canonical measure has several regions of high probability
separated by low probability regions (see [60|) and the invariant measure associated to ({1.1)
represents the positions of the particles at equilibrium. This equation can also describe
the blood clotting dynamics [48].

Error estimates on long times for elliptic and hypoelliptic SDEs have already been
proved, especially in the case of explicit scheme. In [82,83], it is shown that for a sufficiently
small time step the explicit Euler scheme defines an ergodic process and that the invariant
measure of the Euler scheme is close to the invariant measure of the SDE. In [85], under the
assumption of the existence of a unique invariant measure associated to the SDE, Talay and
Tubaro have shown that the weak error and the invariant measure associated to the Euler
scheme can be expanded in powers of the time step . Unfortunately, the assumptions on
f and g used in [82/83,85] are restrictive and the results described in these papers are only
valid for explicit schemes.

In [43l84], Higham, Mattingly, Stuart and Talay work with implicit schemes, but they
need the time step to be small enough. In [43], under certain assumptions and in particular
in the case of the overdamped Langevin equation, it is shown that for sufficiently small
time step, two kinds of implicit schemes are ergodic processes. They also show that the
invariant measures associated with theses schemes converge to the invariant measure of the
overdamped Langevin equation. In [84], Talay studies stochastic Hamiltonian system. He
shows the exponential convergence of the solution associated to the Kolmogorov equation
and, for a sufficiently small time step d, an expansion with respect to § of the invariant
measure to the implicit scheme which is close to the invariant measure of the SDE.

In [64], a larger class of schemes is studied. It is shown that given an elliptic or
hypoelliptic SDE defined on the d-dimensional torus, the ergodic averages provided by a
class of implicit and explicit schemes are asymptotically close to the average of the invariant
measure of the SDE. The authors also show an expansion in expectation of the invariant
measure for any time-step.

In this chapter, we work on R%. Moreover, in our case V and all its derivates are
not bounded but have polynomial growth. If the coefficients of the SDEs are not globally
Lipschitz continuous, it is known that classical explicit methods of weak approximation may
result in unbounded solutions (see [45,46]). However, there exist weak explicit schemes and
strong explicit schemes which give a good approximation for some SDEs with not globally
Lipschitz continuous coefficients (see [46,70]). Also, in practice, people use explicit methods
in computing averages (see [57]). However, since it is not possible in general to control the
growth of the numerical solutions, we decide to work with implicit schemes.

The aim of this paper is, under assumptions on V', to show a weak backward error
analysis result: We show an expansion with respect to the time step 6 of E¢(X,) where
X, is an implicit scheme. The idea to extend the backward error analysis to SDEs has
already be developed in [1,122,[80,/89]. In [1], the authors use this approach to construct
new methods of weak order two to approximate stochastic differential equations. In [22],
the authors study SDEs defined on the d-dimensional torus and its approximation by the
explicit Euler scheme. They show, without any restriction on the time step, an expansion
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of E¢(X,) where X, is the explicit Euler scheme. In [80], Shardlow considers SDEs with
additive noise (g does not depend on X). He shows that it is possible to build a modified
SDE associated with the Euler scheme, but only at the first step, i.e. for N = 2. In this
case, he is able to write down a modified SDE:

dX = f(X)dt + §(X)dw,
such that

[E(6(X,)) —E(6(X (p9)))] < e1(6,T)8% p=0,..., |T/s], T > 0.

In [89], Zygalakis describes modified equations for SDEs with respect to weak convergence
and gives applications of modified equations in the numerical study of some SDEs.

In this paper, we take the approach described in [22|. We show that the generator
associated with the solution of the SDE ([1.1)) coincides with the solution of a modified
Kolmogorov equation up to high order terms with respect to the stepsize. It is known
(see |10,31]) that given ¢ : R? — R and denoting by X,(¢) the solution of the SDE (T.1]
satisfying X (0) = z, the function u defined for t > 0 and = € R? by u(t, z) = E(¢(X,(1)))
satisfies the Kolmogorov equation

dwu(t,z) = L(z)u(t,x), = € RY, t >0,

where L := L(x) is the Kolmogorov operator associated with the SDE ([1.1J).
We show that with a numerical solution, we can associate a modified Kolmogorov operator
of the form

L(6,z) = L(x) + 6Ly (x) + 6°Lo(z) + ...,

where L, [ > 1 are some modified operators of order 2] + 2. The series does not converge
but we consider truncated series:

LN (6, 2) = L(z) + 6Ly () + 6%Lo(x) + ... + 0V Ly ().

Note that this operator is no longer of order 2 and we can not define easily a solution to
the modified equation

N (t,x) = LN (8, 2)oN (¢, ).

However, in our case, we can build a function v™) such that
I E(G(X,()) = o™ (®3,.) lle< eald, N)SN T, p=0,..,[T/s), T >0,

where C is an appropriate space and X, (x) is the p'" step of a scheme with initial condition
x. As the constant ¢y does not depend on T, we have an approximation result also valid for
long times. We also show that v™) will converge exponentially fast in time to a constant.

The two main tools are the exponential convergence to equilibrium and the ellipticity
of the Poisson equation, i.e. the equation L(x)g = h. The second tool is also used in [64].

In Section 2, we first introduce the SDE which we are interested in, state our assump-
tions and introduce the numerical schemes that we use. Then, we give some results on
the Kolmogorov operator and on the solution of the Kolmogorov equation. In Section 3,
we give an asymptotic expansion of the weak error ever one step. In Section 4, we study
the modified operator £ and its approximation. In Section 5, we analyze the long time
behavior of vV,
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2 Preliminaries

2.1 Presentation of the SDE

Throughout this chapter, we use the following notation. We denote by N = {0, 1,2, ...} the
set of nonnegative integers and N* = N\{0}. We write the scalar product of two vectors
= (z1,...,24) € RYand y = (y1,...,yq) € R? as

d
(w,y) = wiyi.
=1

We identify the gradient of a function with its differential D. For k € N, h = (hy, ..., hg) €
RF 2 € R? and ¢ a function, we denote the differential of order k of ¢ at the point 2 and
in the direction (hi, ..., hy) by D*¢(x) - (hy, ..., hy). For a multi-index k = (k1 ..., kg) € N¢,
we set |k| = k1 + ... + kg and for a function ¢ € C>°(RY)

Kl (o
B () = D)

A Sr d
N 8k1x1...8kdl’d7 ve R

We also use the following notation

ol (RY) ={f € C*®(R?) such that f and all its derivatives have polynomial growth}
={f € C*®(R?) such that for all k = (ki, ..., kq) € N% 3Cy > 0,ny € N*
such that for all z € RY,  |dh f(x)| < C(1 + |z|™)}.
Let (Q, F,F,P), t > 0, be a filtered probability space and W (t) = {W(t), ..., Wy(t))
be a d-dimensional {F;}:>o-adapted standard Wiener process. We want to give a similar
result to the result described in 22| for a process X (t) on R? which solves the stochastic

differential equation

dX(t) = —DV(X(t))dt + dW(t) t >0, (2.1)

where the function V' verifies the following conditions, called Assumptions B:

B-1: V € Coo(RY).

B-2: The function V is semi-convex: There exist a bounded function Vi € C®(R?) with
bounded derivatives and a convex function Vo € C®(R%) such that V = Vi + Va.

B-3: There exist strictly positive real numbers B and k such that

(x,DV(x)) > Blz|> — Kk for all z € R%

B-j: For all k € N,
/ 2|22V @) 4z < 0.
R4

Remark 2.1 Under these assumptions, the process X (t) is well-defined for all t > 0 (see
110,47,|77]).

As a consequence of the semi-convexity of V' (assumption B-2), we obtain the existence
of a positive constant «, usually called the constant of semi-convexity, such that for all
z € R and h € R?

D2V (z) - (h,h) > —alhl? (2.2)
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We denote by L := L(z) the Kolmogorov generator associated with the stochastic
differential equation (2.1)): for ¢ € C* and = € R¢
1 d d
L(z)¢(z) = 5 Zamf)(f) - Z@V($)ai¢($),
=1

2 <
=1

where we use the notation 0; = 8%1- and 0;; = %;xj for i,j5 € {1,...,d}.
We have the following result:

Proposition 2.2 Let 29 € R? and (X (t))i>0 satisfying with X (0) = xo. Under
assumption B-3, for each p > 1 and 0 < v < 28, there ewists a positive constant Cp, such
that

vt >0, E|X(8)[* < Cp(|zo|* exp(—7t) + 1) (2.3)

Proof. Let N € N* be fixed. Let 29 € R? be fixed such that X (0) = 2. We consider
7n = inf{t, such that | X (¢)| > N}.
Using dissipativity assumption B-3, we get for 2 € R?

L(z)|z|?> = =2(z, DV (z)) + d < —28|z|? + 2k + d. (2.4)

Now, we have all in hand to prove (2.3) and the following result by recursion: For p € N*
and 0 < 7y < 283, there exists a positive constant C), such that for all ¢ > 0

E(/OWN X (s)[2° exp(’ys)d.S) <C, <|x02p +1+E(exp(y(tA TN)))>. (2.5)

Let 0 < 3 < 283. We apply Itd’s lemma to | X (t)|? exp(71t). Then we obtain for all
t>0

IX(t A ) 2 expln (t A 7)) = [X(O) + 7 / "X ()2 exp(ms)ds
+/0 " L(X(s))(]X(s)P) exp(’}qs)ds—i—/o " 2X (s)exp(y18)dW (s)

since the Brownian motions W, ..., W% are independent.
Since X (.) is bounded on [0, t ATy], the stochastic integral is a square integrable martingale.
Thus, its average vanishes. Using (2.4]), we get for all ¢ > 0

B(1X (A m)Pexpne A ) <ol + (o~ 208( [ X explns)as)

+E ( /OtATN (2k + d) exp(m s)ds) . (2.6)

Using v1 < 28, we get for all t > 0

2k +d
E(IX(tATN)Pexp(yi(t ATw))) < |zol* +

E(exp(yl (t A TN))).

Using Fatou’s lemma on the left hand side and Monotone convergence theorem on the right
hand side, we obtain for ¢ > 0

2k +d
E(|X (t)[?) exp(nt) < |xo|* + exp(11t).
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Thus, the result ([2.3) is proved for p = 1. Using (2.6) and 1 < 20, we get for ¢t > 0

(26 — )E( /O T 1X6)R) expims)ds) < Jzol? + 2B (exp(n (t A 7).

Hence, the result follows in case of p = 1.

Let us now proceed inductively. We assume that and hold true for p — 1.
We use the same ideas as above in order to prove and for p.

Let 0 < 71 < 28. We apply the It6’s lemma to exp(y1t)| X (t)|*’. The average of the
stochastic integral vanishes. Using and the two following relations: for all z € R¢

and h € RY,
D[ - h = 2p(a, b0~

and
D2|m|2p . (h’ h) — 2|$‘2(P—1)|h|2 + 4]9(}7 _ 1)|<:L’, h>|2’$|2(p—2),

we obtain for ¢ > 0
E((exp(y(t A7) X(EA ) %) (2.7)
tATN
—B(XOF) +nE( [ expls)| X (s)ds)
0
tATN
E L(X(s) (1X(s)]*) | X ()P~ Vd
([ exons) LX) (1X0) ) X (02
tATN
2p(p — 1)E X(s)]2P~Vd
2= 1E( [ explns) X()20as)
tATN
oo™ + (1 = 269B( [ exp(s) X (s)ds)
0
tATN
+p2(p—1) + 2k + d)E( / exp('yls)|X(s)\2(p_1)ds). (2.8)
0
Thus, by induction, we get for t > 0

E(exp(’yl (t A Th)) X (E A TN)PP)
< |zo|® +p(2(p — 1) + 26 + d)Cp_y <|x0\2@1> +1+E(exp(yi(t A TN)))>

Using Fatou’s lemma on the left hand side and Monotone convergence theorem on the right
hand side, we obtain for ¢ > 0

E(|X (8)27) exp(nt) <lwo/?” + p(2(p— 1) + 26 + d)Cp_y <|l‘0|2(p_1) 14 expmw)
<G, (yx0|2p +1+ eXp(’ylt)>.

Thus, we have shown ({2.3]) for p.
Using (2.7) and the induction hypothesis, we get for ¢ > 0

tATN
IE(/ X (s exp(y15)ds) < C(\x0!2p +1+E( exp(y (t A TN)))> .
0
The result (2.5)) follows for p which completes the proof. ¢

Remark 2.3 Another proof of Propositz’on can be found in [45] or [44)].
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2.2 Numerical schemes

The ordinary Euler scheme may be unstable when the coefficients of the differential equa-
tion are unbounded (see [43]). We are led to avoid explicit schemes. In fact, we study
two different implicit schemes. For a small time step § > 0 and € R?, we consider an
implicit split-step scheme defined by Xy = z and for n € N

{ X, = Xn,—-06DV(X}), (2.9)

Xnt1 = X;+W((n+1)5) — W(ns) = X + Vo,

where 1, = (N1, ..y Mna) is & R-valued random variable and {n,;: n € N,i € {1,...,d}}
is a collection of i.i.d. real-valued random variables satisfying 711 ~ N(0,1). The strong
convergence of the implicit split-step scheme in our case has already been studied (see [44]).
We also consider the implicit Euler scheme defined by Xg = x and for n € N

Xnt1 = Xp — DV(Xp11)0 + Vo, (2.10)

where 1, = (11, ..., M) 1S as above.
The following Lemma shows that these two schemes are well-defined for § < §y = é,
where « is the constant of semi-convexity of V.

Lemma 2.4 Let z € R? and § < §y = é Under assumptions B, there exists a unique
y € RY such that y = x — 6DV (y).

Proof. Let z € R Let P: R? — R? be defined for z € R? by P(z) = z — x + §DV (2).
We have that P € C'°°. Using dissipativity assumption B-3, we obtain

(P(z),2) = \Z|2 —(z,z) + 0(DV(z),z) > (1 + 65)|z|2 — KO — (x, 2).

Thus, for |z|? large enough, we conclude that (P(z),z) > 0. Then, using a Corollary of
Brouwer fixed-point Theorem (see for instance [62]), we have that there exists y € R? such
that P(y) = 0. Therefore, we have shown the existence of y € R such that y = z—6DV (y).
Let us show the uniqueness.

Let § < 0o =1, y € R? and z € R such that P(z) = P(y) =0 and y # 2. We have

y—z=—0(DV(y) — DV(z)).

Due to assumption of semi-convexity (B-2), we get

1
ly— 2> = —5/ DV (y+t(z—y)) (y—zy—2z)dt <daly — 2> < |y — z|?
0
and as a consequence y = z. ¢

Remark 2.5 The condition § < é 1s necessary only in the uniqueness part of the proof. We
have the existence for all § > 0. Moreover, in the case where V is convex, the inequality on
the second derivative hold true for all a > 0 and therefore we can show the uniqueness
for all 6 > 0. Another proof can be found in [44).

Proposition 2.6 Let § < dg := é, where a is the constant of semi-convezity of V. Under

assumptions B, the implicit split-step scheme (2.9)) and the implicit Euler scheme ([2.10))
satisfy:

Vp €N, 3C,(6) such that ¥n € N, E(|X,|*") < Cp(60)(1 + |z|?P). (2.11)
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Proof. We start by showing that the implicit split-step scheme has moments of all order.
The proof in the case of the implicit Euler scheme is similar.
Let p € N* and n € N* be fixed. As x +— |z|?P is convex, it holds for all z € R? and
y € RY
&+ Y > |2 + 2pla PV (2, )

SO
Xa|% = | X + 8DV (X3P > | X232 + 2p6(X3, DV (X)) X200,

Using dissipativity assumption B-3, we get
| X[ > (14 2p0B)| X5 — 2pd | X7 PEY.

Let £ € N* and e > 0, then there exists C. > 0 such that for any = € R?

|22 < e|z|? + C.. (2.12)
Using (2.12) for £ = p and € = %7 we get
| X% > (14 pBo)| X:|*P — 6C. (2.13)

Moreover, we have
Xt = (1012 + 2V8(X 1) + 0lna )
= Y B P
i+j+k=p ‘
O S P

(20 k!
B il il(29)k!
i#p

22j+1p! *120 /v 2j 2k /3 * k+j+1/2
+ E m|Xn| <Xn777n> |77n’ <Xm77n>5
it2j 41 rk=p o
i#£p

=|X* + A+ B.

Note that each term in B is a product of an odd number of 7, ;. Hence, using the fact
that for i € {1, ...,d} n,,; is independent of X s and 7, ; for i # j and that the moments of
odd order of 7, ; vanish, we have E(B) = 0.

Let i,j,k e N* ) ifi+2j+k=pandi# ptheni+j <pandj+#0ork#0. Let
€ > 0, using properties of 7, and , we also have for i +2j+k=pand i # p

E (12X, 1) a2 ) <CE(1X;526+))
<=E(|X;) + C.

and
E(A) < 6C,.a(30) (eE|X|?P + Cv).
Then, using (2.13)), we get
E|X, 11| < E|X:? + 6C,.a(50)eE| X [* 4 5C,, 4(60)Ce
14+ 6Cp a(do)e
- 14+ pdég
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Ife< o 6(6 y, we obtain by induction on n

14 6C,,.4(60) 146C, a(60)e )|
2p.< 2p D,
Bl Xa] —< 1+ 2p0 ) =1 +5Z< 112005 ) ¢

< |2 + C(1+ |2*P7Y)
< Cp(d0) (1 + 2] ).

2.3 Main result

Before giving the main result, we will introduce some notations and give some results on
the Kolmogorov generator L. In particular, we will describe the two important properties
that we need to prove our main result.

We will use the following notation for k € Nand [ € N
CL(RY) :={¢ € C'(R?) such that 3C;; > 0 such that for all z € R? and j € N, |j| <1,
|050(x)] < Crp(1 + |2|%)}.

Let 1 € C!(R?), we define the following norm

1Y = sup  (|95w(x)|(1+ |zF)71),
zeR?

and the semi-norm

[Vlik = sup (1650 (2)I(L + |=*)71).
z€RY

We recall that we denoted by L the Kolmogorov generator associated with the stochastic
differential equation (2.1)): it is defined for ¢ € C°(R?) and = € R? by

d d d
IS 060 - ST 0V (0)0i6(2) = L2V @ ST gy (e-2V @),
=3 ;am(:c) ;awmw(x) = 5e ;a@(e ip(x)).  (2.14)
Moreover, its formal adjoint in L?(R?) is given for ¢ € C*°(R?) and = € R? by

d d
LT (@)o(w) = 32 0aV(@)o(w) + 5 3" 0ula) + 320V ()6 (x).

i=1 i=1 =1

We consider p = %e‘gv where Z = fRd e=2V(@)dz. Tt is classical to prove that the
measure p(x)dx =: dp is invariant by P; and that for any 2 € RY, LT (x)p(z) = 0.

We also define the formal adjoint L* of L in L?(p). We have the useful equality:

L*=1L.
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Indeed, let ¢ and ¢ be two C*°-functions with compact support. Using ([2.14)), we have by
integration by parts:

1

/ ¢(z)L(z)y(z)p(z)dz = - o eV (Dg(z), Di(x))dz
R4 Rd

= | b Lo, (2.15)

which can be easily extended to ¢ and ¢ in CJ (R9).

We will now establish two preliminary results which are necessary in order to prove our
main result.
For € R?, we denote by (Xw(t))t>0 a process which solves with X,(0) = x (see
Remark. From now on, (P;);>0 is the transition semigroup associated with the Markov
process (X, (t)) We consider a function ¢ € C%(R?) and we set, for all z € R? and

t>0" pol
t>0,

u(t, z) = E(¢(X (1)) = Peop(x). (2.16)

This is well defined thanks to Proposition[2.2] It is a classical result that u is a C*° function
of (t,r) € RT x R%. Moreover, one can show that u € Coo (RY) (see Appendix). Using

ol
this result and [t6’s formula, it is possible to show that u is the unique solution of the

Kolmogorov equation (see [10] for more details):

%u(t,x) = L(z)u(t,z), € R% t >0, wu(0,z) = d(x), z € R (2.17)

Note that we use the standard identification u(t) = u(t,.).

The first property is the existence of a solution to the Poisson equation associated with
the operator L. Under assumptions B, the following Lemma holds true (see e.g. [74]).

Lemma 2.7 Let h € Cpy (RY) such that [pa h(z)p(z)dz = 0. Then, there exists a unique
function g € C;gl(Rd) such that

Lg=h and /Rd g(x)p(x)dx = 0. (2.18)

The second property is the exponential convergence to 0 of u, the solution of (2.17)),
and its derivatives in an appropriate space:

Proposition 2.8 Let ¢ € Cy) (RY) such that [pq ¢(x)p(x)dx = 0. Let u be the solution of

(2.17). There exists a constant A > 0 such that for each k € N, there exist integers ny and
my > ng and Cy > 0 such that ¢ € Cﬁk (RY) and we have the following estimate: for all
t>0 and z € R?

| D u(t, )] < C || 6 [l € (1 + |2]™). (2.19)

The proof of this proposition can be found in the appendix.

Remark 2.9 Lemma is a consequence of Proposition[2.8 Indeed, it is known that the
unique solution of (2.18)) is defined by

Our main result can be stated as follows:
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Theorem 2.10 Let X, be the discrete process defined by the implicit Euler scheme (12.10))
or the implicit split-step scheme (2.9). Let N and ny be fized. Let 69 = é where a is the
constant of semi-convezity of V.. Then, for all § < &y, there exists a modified function

N
n=1

such that pv € I‘)’;’l(Rd) and

[ ¥ @l =1
Rd

Moreover, for all functions ¢ € C3y, (R%) N CSﬁ*S(Rd), there exist Cy > 0, ky € N* and a
positive polynomial function Py satisfying the following: For all p € N and z € R?,

5606)- [ o oyl < (Pt +Ox6¥ ) @Hat) | 6-00) vy

where t, = pd, (¢) = [ ¢dp, Xo =z and X > 0 is defined in Proposition .

The constant Cy appearing in the above estimate depends on N, the semi-convexity
constant «, the polynomial growth of V and all its derivatives.

This result can be viewed as a discrete version of the Proposition 2.8]in the case k = 0.
We have for X, the discrete process defined by or , that E¢(X,) which is an
approximation of u, has the same property as u : E¢(X,,) converges exponentially fast to
a constant in C,SN (R?) up to an error §V+t1Cy with the same rate as u. At a fixed p and a
fixed § < 9y := é, where « is the constant of semi-convexity of V', fixed, we can optimize
this error with a good choice of N.

Our result can be compared with [22}64,82,83]. As in [22,/64], the only assumption
made on ¢ is that § < dg. In the case of V' convex, we do not need to choose d smaller
than dp, it is only necessary that é < d; where d; is any fixed number. We also recover
an expansion of the invariant measure as in [85]. Although our result is similar to the one
established in [22] for the case of SDEs on the torus, we point out that the proofs of [22]
are not all applicable in our case and hence our methods are different.

To prove Theorem [2.10] we will proceed in several steps. In Section [3] we give an
asymptotic expansion of the weak error for the first step. Then, we use this expansion
to build a modified operator £¥) and a function v@®) such that the weak error at the
first step and v(™) are close to an error 6V +1 (Section . In Section 5, using Lemma
we build the modified function px and, using Propositon we show the exponential
convergence of vV) to a constant depending of V. Finally, using Markov property and
Proposition [2.6] we complete the proof of Theorem [2.10

3 Asymptotic expansion of the weak error

We now examine in detail the first time step and its approximation properties in terms of
the law. By the Markov property, it is sufficient to obtain information for all the steps. It
is easy to have an expansion of u. Indeed, by Taylor expansion in time, we have the formal
expansion for small ¢ and z € R%:

2 n
ult, ) = o(x) + tL()d(z) + %L2(:E)gz$(:1;) i %L"(m)d)(x) +o

Since the solution u(t) of the Kolmogorov equation is in C;Sl(Rd), the above formal ex-

pansion can be justified in L%(p) = {f : R? = R, [ |f|?dp < oo}. Indeed, we have the
following easy result whose proof is left to the reader.
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Proposition 3.1 Let 61 > 0 and ¢ € C;jl(Rd). Then, for all N, there exist a constant
C(N,¢) and an integer ny which depends of N and of the polynomial growth of V, ¢ and

their derivatives such that for all § < 41,
Z L" ()| < C(N, @)V (L + |z[™).

We would like to have an expansion similar to the last Proposition in case of process
defined by the implicit Euler scheme or the implicit split-step scheme . Towards
this end, we first need an asymptotic expansion for X; and then, using Taylor expansions,
we get the following Proposition:

Proposition 3.2 Let ¢ € C;gl(Rd) § < 6o and xg € R% such that Xo = xo. For alln > 1,

there exist differential operators A, of order 2n with coefficients ngl(Rd) such that for all
integer N > 1, there exist Cy > 0 and k € N such that for any x € R?

[Eg(X1) — Za Ap(0)d(wo)| < OnEN (1 + |20]*)[Blan 42,55 (3.1)

where Loyt 15 such that ¢ € Cg]ﬁj(Rd) Moreover Ag =1 and A} = L

Remark 3.3 The integer k depends on N, lan1o and the polynomial growth of V and its
derivatives such that V§ < g := é, where « is the semi-convexity constant of V.

This result is similar to the asymptotic expansion of the weak error described in [22],
however, we cannot use the same proof. Indeed, we cannot use Itd’s formula because the
schemes considered here are implicit.

First, we consider the implicit split-step scheme . Let § < é be fixed and = € R?
be fixed such that Xy = X(0) = z.
Before proving Proposition we need an asymptotic expansion for X§ = x — DV (X{)).
We define the function ¥4 which associates to z € R? the solution y € R? of y = 2—5DV (y).
The function ¥s is well defined (see Lemma . Then, by definition of z, we have
X = Us(z). Moreover, we have that (4,z) — Us(z) is C*° on ]0, 2[xR?. Indeed, let the
function f defined on Q1 =]0, 1 [xR? x R? by

f(5727y) :Z_(sDV(y) - Y,

using the assumption of semi-convexity B-2, we have, for all (9, z,y) € Q, that Dy f(6, z,y)
is invertible. Then, by implicit function Theorem, we have that (d, z) — ¥s(z) is C* on
a neighborhood of each (4, z) €]0, 2[xR? .

We have the following lemma:

Lemma 3.4 Let x € R? such that Xog = x. We have, for § < é
VNoeN, Xi=y=Vsz)=zc+ Zékdk + 0N Ry 41 (2, 6), (3.2)

where Yk > 1, dj, € C;gl(]Rd) is defined for all z € R? by

di(z) = =DV (z), Vk2>2, dy(z Z So DFW() - (diy (2), oo iy (2))
i=1  ki4..+ki=k—-1,
kj>1
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and, for any N € N, Ryy1 verifies: There exist C > 0 and £y € N such that for any
z€eRY and 6 < é,

|Ry+1(2,0)] < C(1+[2]™). (3:3)

Proof. We previously showed that (6, z) — ¥s(z) is C*> on ]0, 1 [xR?. Then, let 2 € R?
fixed, we have that dy(z) is the k" term of the Taylor expansion of 6 +—+ Ws(x) and we can
write . We now search an expression for dj.

Let € R? such that Xg = 2 and y = Xg. Let Ng and 6 < é be fixed. We use
the temporary notation, for all 1 < k < Ny, gx = di and gn,+1 = Rny+1. Using Taylor
expansion and

No+1
=2+ 06R(2,0) =z + Y 6"gu()
k=1
we obtain
DV (y) =DV (x+ dRi(x,9))
No—1
=DV (x Z n,D"HV - (6Ry(2,0), ..., Ry (x,6)) + O, ()
No 1 No+1 No+1
=DV (x Z D"“V < > Fgra), . > 5’“%(9:)) + O, (7)
k=1 k=1
No—1 , n(No+1)
=DV(e Z MO 0T D DUVE): ()0, (w) + O
kl—‘r...—‘rkn:m,
1<k;<No+1

=DV(z) + Ii(z) + I2(x) + Ony (),
where

1 0—
On (2) =5N°/0 %D%“V(w—i—tdlﬁ(:p,é))-(Rl(w,d),...,Rl(:n,d))dt,

No—1 N()l

Z Zam Y D"MV(@) - (dgy (), dp, (2))

n! m=n ki+...4+kn=m,

1<k;<No
No—1 m 1
_ Y - Y DMWV(@) - (dky (), s di, (2)),
m=1 n=1 ki+...+kn=m
1<k; <Ny
No—1 | n(No+1)
Z Z 5m Z D"YW(2) - (gr, (@), ..., gk, ().
' m=Ng k1+~--+kn:m7
1<k;<No+1

Hence, we get
DV (y) = DV (z) + L (z) + 6™ g(6, z),

and
y=1a—0DV(y)=x— 0DV (x)— 61 (x) — 6N g(s, ), (3.4)
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where

1 (1 _ 1\No—
g(0, ) —/0 wDNOHV(x + toRy(x,9)) - (Ri(x,0), ..., R1(z,d))dt

(No —1)!
No 1 NO+1)
n! m=DNp ki+...+kn=m,

1<ki<No+1

Thus, by identifying (3.2)) and (3.4) and using the expression of I; above, we obtain for
all z € R,

k—
di(z) = =DV (z), Vk>2, dp(x Z a > DWW (x)-(dg, (2), ..., dy, ().
=1 ki+..+ki=k—1,k;>1

Moreover, by induction, we have for all k > 1, di, € ggl(Rd ) and [ didp < co. The above

identifying does not give an easy expression of Ry,+1, then we have not immediately .
To show this result, we will use that, for N fixed, Ry is the remainder of order N of
d — Ws(x). Therefore, if we show that for n € N, there exist C' > 0 and p, € N such that
for5<éandx€Rd,

055 (2)]> < C(1+ |zfP), (3.5)

then we show ([3.3)) and Lemma is shown.
Let z € R? and § < é be fixed. Let us show (3.5)) by induction on n.

We have, by definition of Us(x),
z = Ws(z) + 6DV (¥s(z)).

Then, multiplying by Ws(z) and using dissipativity assumption B-3, we get

(, Ws(2)) = [Ws()* + 5<DV(‘1’5(66)), ‘1’5(90)> > (1+ 86)[Ws(2)[* - Ko,
Using
2(a,b) < elal? + %\b\% for a € R4, b e RY e >0, (3.6)
we have .
Ws(@)P(L+ 50 = 3) < ol 4 o

Taking ¢ = 1, this shows (3.5)) for n = 0 and pg = 2.
Let us assume the result (3.5)) is true for all j < n and let us show it for n.
We have

o3 ws(x) = —003 (DV (W5(@)) ) =y (DV (5()) )
= —Bi(x,d) — nBa(z,0).

Using Faa di Bruno’s formula, we get

n
n!

_ mi+...+mn+1
Bi(z,0) = 52 malma! (2!)m2..my, ! (nl) v Vst H 8]\1]6 )
j=1
(TL — 1)! mi+...+mp_1+1 e 8] "
Bs(z,0) = Z s 2 V(= 1)|)mn_1D V(¥s()) - H (3ws(x))™,
Y ! j=1
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where mj +2mgo + ... + nm, =n in By and my +2my+ ...+ (n — 1)my—1 =n —1in Bs.
Multiplying by 05 W¥s(z), we get

|05 U5()[? = =DV (W5(x)) - (95 Us(x), 05 Us(x)) — (Ba(x,0), 05 Ws(x)) — n(Ba(,d), 95 ¥s(x)),
where

Bs(x,08) = Bi(x, ) — 6DV (Us(x)) - 02 Ts(x)
n!
- 52 malma! (202 my, ! (nl)mn

n
Dt +mn+1V \115 H 83\1}6 i
7=1

where m1 +2mg + ... + (n — 1)my—1 = n and m,, =0 in Bs.

Then, in By and Bs, we have that the order of each derivative of Wy is less than n — 1.
Hence, using polynomial growth assumption B-1 and induction assumption, we have that
B> and Bj have polynomial growth in z. Using , we have for € > 0

05 W5 (@) + SDPV (W) - (0§ Ws(), 0§ Ws(w) < o_B(x) + S|of sl

where B has polynomial growth. Using semi-convexity assumption B-2 and choosing ¢
small enough, we have ({3.5]). ¢

Proof of Proposition in the case of the implicit split-step scheme (2.9)). Let x €
R? such that Xo = z and § < 1. We define g5 by e5(z) = Us(z) — z. Let N fixed. We

have

X1 =X5+ \/5770 =z +es(x) + \/5770.

Using (3.2) and its proof, we have for each Ny € N*,
Zaﬂd )+ 6N Ry (2, 8) = 6Ry (, ),

where Rpy,+1 and R; have polynomial growth. Let ¢ € C;gl(Rd) such that ¢ € C2VT2(RY).
We have

(X1) =p(x + e5(x) + Vo)

2N+1

- Z kll 6k/2Dk¢($ + 85( )) ’ (7707 "'7770)
k=0
1 (1 _ #)2N+1
+/0 ((gNtiLl)!(SNHD?M%(w + e5(x) + tVon0) - (Mo, ... o) dt.

Let [.] denotes the integer part. Using Taylor expansion on D*¢(z + e5(x)) at the order
N =N —|(k+1)/2] and the computations done in the proof of the previous Lemma, we
obtain

¢(X1) = Ii(z,m0) + Lo(x,m0) + I3(x,m0) + L4(x, o),
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where
2N+1 1
11(557770) = Z k‘ék/QDk¢( ) (7707"'7770)
k=0
2N+1 Ny,
+ Z —5’“/22 Zém > DIt () - (di, (x), ..., di, (), 70, -+ 0),
' =i kitAkj=mks>1
2N+1 1 JNg
Ir(z,mo) = Z ’“/QZ > 8" Bujkla,m),
k=0 ! = ' m=Ng+1
&1 ko (TN
13(:(:7770) = Z 6 / ——D Rl (ﬁ(.%'—i—t&‘é‘(x)) ' (55<37)7---756(33)7770:--~770>dt7
k=0 k‘ 0 Nk'

Nir [T =N N NG

I =0 D tVong) - dt

(oam) =3 [ D00 ) 3/5m) - )i

and, with the temporary notation, for all 0 <k <2N + 1 and 1 <7 < Ny, gi; = d; and
Ik, Nu+1 = By 41,

B j(z,m0) = > DIFRG(2) - (Ghy (), oo Gy (2), 770, e 10).-
k1+...+kj:m,k521

We have, for all p € N and ¢ € {1,...,d}, E(nggﬂ) = 0 and 7o, is independent with z
and 7o ; for j # . Then, the expectation of all the odd term in & in I, I and I3 vanish.
Hence, we have

N
1
E(T1(em) = 3 i E(D¥6() - (i, - 0)
k=0 ’
Ny N—k | N—k '
+ZW5]€ 7' 5m Z E<D]+2k¢(x) : (dk1<$)7"'7dkj<$)77707~"7770)>7
k=0 Toj=1 J: m=j ki+..+kj=m,ks>1
N 1 N—k 1 J(N—E)
E(Iy(xz,m0)) = @5k = 6" E(Bm,j,2k(,10))
k=0 Tog=1 J: m=N+1-k
N N—Fk 1 J(N—k)
=Ny k) 2= 1 S NTE (B j ok (2, m0),
k=0 T =1 J: m=N+1—k

N 1 _ \N—k
E(I3(z,m)) = 1)!5’“/0 %Nﬁ)k’)! E(DN+1+k<Z>(x+t€5(a:))-(55(37),...,55(x),770,...n0)>dt,

N1 [F (=) IN+2
E(Iy(z,m0)) =6"T /0 WE(D 2oz + es(x) + V) - (10, -, m0) ) dt.

Using the polynomial growth of d; and R; for all i and ¢ € C2N+2(Rd), we have that

loN+2
there exists an integer n; which depends of N, fon19 and the polynomial growth of V' and

its derivatives such that

E(I2(2,10))| < Ono™ 1L+ |2]™)|lon, oy -

Similarly, we have that there exists an integer no which depends of N, foni2 and the
polynomial growth of V' and its derivatives such that

E(Ls(z,10))| < Cno™ (1 + |2]™2) |
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Using 5(z) = 0R1(x,0) and similar computations, we have that there exists an integer ns
which depends of N, o492 and the polynomial growth of V' and its derivatives such that

E(I3(z,m0))] < On™ (1 + |2]™) [| DY*6 [Nt s -

Moreover, we have
N

E(1(z,m0)) = Y 6" An(z)d(),

n=0
where Ay = I and, for all n € N* and z € R,

Z E(Dj+2k¢($)'(dk1 (), ey dy; (), M0y ey 170)))

m-+k=n, j=1 k1+ kj=m ks >1

" 1 E D2n¢(x) . (7707 ,__,170)).

(2n)! (
For n = 1, we have only one possibility: m =1 and £ =0, then j =1, k; =1 and
1
Ai(z)p(x) = E(Dg(x) - di(x)) + §E(D2¢(l‘) (10, M0))-

Using properties of 1y and the definition of d;, we get Ay = L.
We have that there exists an integer k& which depends of N, fon 19 and the polynomial
growth of V' and their derivatives such that

N
[E¢(X1) =Y 6" An(@)d(x)] < On™ (1 + [2]*)|dl2ns2,00x -
n=0
Finally, we have proved (3.1 for the implicit split-step scheme ({2.9)). ¢

Let now consider the case of the implicit Euler scheme ([2.10)).
Let z € R? such that Xy = = and § < é We need an asymptotic expansion for X; =

x — DV(X1)d + v/d1m9. We use the local notation § = /5. We define the function )y
which associate to y the solution z of z = x — 02DV (z) + 0no. This function is well defined
(see Lemma and we have X; = y(x). If we consider the function f; defined on
d d
10, f[XR X ]R by
fl(ev Y, Z) =—z+y- GQDV(Z) + 07]07

we can show, as previously, that (0,y) — 1g(y) is C* on |0, \F[XRd
We have the following lemma:

Lemma 3.5 Let x € RY such that Xo = z. For § < é, with the local notation 0 = /5

VNy € N, Xlzl/Jg( —x—i-Z(Szdkxno)—HS RN0($5770)
k=1

where Yk > 1, dy, is defined for all z € R? by

di(z,m0) =m0, d2(z,m0) = =DV (2),

—
1 .
Vk >3, di(z,m0) E pl E — DV (2) - (dg, (2,m0), e diy (2,70))-
=1 ki+...+ki=k—2, k >1

3. ASYMPTOTIC EXPANSION OF THE WEAK ERROR 35



CHAPTER 2. WEAK BACKWARD ERROR ANALYSIS FOR OVERDAMPED LANGEVIN
PROCESSES

Moreover, we have that E(dy) € C(R?), for all z € R? and k € N

pol
E(dak+1(2,m0)) =0 (3.7)

and, for any N € N, Rn11 verifies: There exist C > 0 and {n € N such that for any
ze€RY and § < é,
’E(RN-i-l(Za(sv 770))| < C(l + ’Z’eN)'

Proof. To prove this Lemma, we use the same ideas as in Lemma We first compute
dy, for all k. By induction, we rewrite dj only in terms of dy, do and the derivatives of V.
Using the independence of 79 with z, we can show (3.7).

To prove that E(Ry,) has polynomial growth, we show that for any n € N, there exist
C, > 0 and k, € N such that for z € R?%, § < é and the local notation 0 = \/5,

E(|0gt(x)|?) < Cn(1 + |z|*).
¢

The proof of Proposition in the case of the implicit Euler scheme (2.10) is similar to
the case of the implicit split-step scheme ([2.9), but we must use an asymptotic expansion
of D¥¢ to a larger order (2N + 1 — k instead of N — [(k +1)/2]).

4 Modified generator

4.1 Formal series analysis

Let us now consider § < é as fixed. We want to construct a formal series
L(0,x) = L(x)+0L1(x)+ ... + 0" Lyp(x) + ... (4.1)

where the coefficients of the operator Ly, are in C3¢ (R%), and such that formally the solution
v at time t = § of the equation

ow(t,z) = L0, z)v(t,z),t >0,z e RY v(0,z) = ¢(x),z € R

coincides in the sense of asymptotic expansion with the approximation of the transition
semigroup E¢(X7) studied in the previous section. In other words, we want to obtain the
following equality in the sense of asymptotic expansion in powers of §

exp(0L(6,2))p = ¢+ Y _ 0" An(2),
n>1

where the operators A, are defined in Proposition [3.2
Formally, this equation can be written as

exp(6L(5,x)) — Iy = §A(S, ), (4.2)

where A(J, ) = D ons1 0" Ap ().
We have

exp(6L(8,20,)) — Iy = 0L(5, ) < > (n‘_s:l)!c(a, :c)”).
n>0

Note that the (formal) inverse of the series is given by

511 n - Bn n n
<Z(n+1)!£(5,x) ) :ZH(S L5, z)",

n>0 n>0
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where the B, are the Bernoulli numbers (see [29,[37]). Hence, equations (4.1) and (4.2)
are equivalent in the sense of formal series to

L(6,z) =) %5%(5, x)tA(6, x)

>0
"B
=) o ( Apr(z) + Y Tf > L, (2)...Ly, (x)AnMH(m)) . (4.3)
n>0 =1 ni+..4ngp1=n—~

Identifying the right hand sides of (4.1) and (4.3), we get the following induction
formula

"B
Lo(6,2) = Anga(z) + Y 7'4 > Loy (€) .0 Ly (2) Ay, 41 (). (4.4)
= ’ ni+...+ngp1=n—~

Each of the terms of the above sum is an operator of order 2n+2 with coefficients C¢, (RY)

and therefore Ln is also an operator of order 2n + 2 with coefficients CJ; L (RY).
Note that ( gives immediately the inverse relation of this formal series equation:

1
z) = Z i > Lny (@)L, (2). (4.5)
/=1 ni+...+np=n—~¢
Moreover, clearly it holds
L,(z)1 =0.
4.2 Approximate solution of the modified flow

In the previous section, for a given N, we have formally constructed the modified operator
L£LMN(5, x) ) + Z 8" Ln( (4.6)

Let the step 0 be fixed. In order to perform weak backward error analysis and estimate
recursively the modified invariant law of the numerical process, we should be able to define
a solution v" of the modified flow

N (t,2) = LN (6, 2)oN (t,x),t > 0,2 € RT N (0,2) = ¢(z),z € R (4.7)

However, in our situation we do not know whether this equation has a solution.
The goal of the following theorem is to give a proper definition of the modified flow

associated to (4.6)).

Theorem 4.1 Let ¢ € ngl(Rd) such that [ ¢dp = 0. For any N € N, there ezists an
integer {n such that ¢ € Cgv (RY). For all n € N, there exist functions v,(t,.) € Cool (RY)
defined for all times t > 0 such that for allt >0, z € R? and n € N,

Opon(t, ) — L(z)vn(t, ) ZLg x)vp—e(t, x), (4.8)

with initial condition vo(0,z) = ¢(z) for all x € R and v,(0,2) = 0 forn > 1 and x € R,
For all N >0, x € R% and t > 0, setting

N
U(N) (ta x) = E 5kvk(t> .’B),
k=0

the following holds:
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a. For g = é, there exist Cy > 0, kny € N and rn € N such that for allt > 0, x € R¢
and § < 0y,

IEv™M (¢, X1) — o™ (¢ + 6, 2)] < sV ON( + |2]™) s]up[ [un (t + 8, )|oN 42,00 >
s€]0,9],
n=0,...,N

where Xg = x.

b. For g = é, there exist Cy > 0 and ry € N such that for all 6 < 8y and x € R?,

Ep(X1) — o™ (6,2)] < SV FON A+ 2™) || ¢ llon+2.60x -2
where Xog = x.

Note that in the previous theorem, we have constructed a function v™) which is an
approximate solution of (4.7)). More precisely, we can easily show that we have for all time
t>0and z € RY

0™ (t,2) = LMo (¢, 2) + RN (8, z),
U(N)(O,:L") =o¢(x)
where

R(N) (t7$) == Z 621+Z2L€1”€2 (t,.T)
01,02=0,....N

is of order O(6V+1).

Proof. For n =0, equation reduces to vy = u, the solution of . By Proposition
we deduce that u and all its derivatives have polynomial growth in space and exponen-
tial decrease in time. Let n € N* and assume that v; are constructed for j =1,...,n — 1.
Let forz € R and t > 0

ZLe &) vp_o(t, ), (4.9)

the right-hand side in (4.8]). Then v,, is uniquely defined and given by the formula

t
on(t,) = / ProF(s, )ds, > 0. (4.10)
0

Using an induction argument and Proposition [2.8] we know that v,, and all its derivatives
have polynomial growth. Moreover, we have for all i € N* and n € N* that there exist
integer ky; and ji,, such that for all ¢ > 0,

[ on(t)

where P is a polynomial in ¢ which also depends on k, n and V. This proves the first part
of the Theorem.

To prove a., we consider a fixed time t, and define the functions wy,(s,z) := v,(t + s, x)
for s > 0, z € R and n € N. By definition, these functions satisfy the relations

s < P(E) || & Hk+4n,jk,n, (4.11)

Oswp,(s,x) = ZLZ wp_g(s,2),5s > 0,2 € R w,(0,z) = v,(t,z),z € R
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Let us consider the successive time derivatives of the functions w,. We have, using the
definition of wy,, for all s > 0 and z € R?

n

2wy, (s, x) ZLe )Oswp—¢(s,x) = Z Z Ly, (x) Ly, (x)wp—g(s, x),

k=0 {1 +l2=k

and we see by induction that for all m > 1, z € R and s > 0

O wy (s, ) = > Ly (@)L, (@)wy,,, (s,7).

Z1+-~+zm+1:n

Using the fact that the operators Ly are of order 2¢+ 2 with no terms of order zero and the
coefficients of Ly have polynomial growth, we see that there exist a constant C' depending
on n and m and a constant 7, such that for all s > 0, z € R? and m > 1

O wn(s,2)l < C(L+Jal™)  sup — [Djug(s, 2)].
1<5<2(n = k)+2m

Now let us consider the Taylor expansion of wy, (6, .), for § < dg. We have for § < &y, » € R?
and n=0,...,N,

=

-n §m . 4 Uan Nent1
wp(6,x) = , MGS wp (0, ) + ; mﬁs wp (0, z)do
N—n gm

' > Ly (@)L, (@)wy,,, (0,2) + Ry (S, ).
m=0 b+ AHlmy1=n

3

Using the bounds on the time derivatives of w,,, we obtain the existence of a constant £;
such that for all 0 < § < §p, z € R¢ and all n =0, ..., N,

N—n+1 r
R (8,2)] < COVT" 1+ [2|™)  sup  [05wi(s, )]
s€]0,6],
i=0,...,IN
1<g<2N+2

for some constants depending on N, n. After summation in n, and using the expression
of the operators A,, and the definition of w,, we get for all x € R% ¢ > 0 and
0<d<dy

N n

VWt 4+ 6,2) =D 6" Ap(x)vn-m(t, ) + Ry(t, 6, 1)
where for all t > 0 and 0 < § < dg,

Ry (t,6,2)] < Cyo™ (14 al™)  sup  [Ova(t +5,2)].
5€]0,0],
n=0,...,N
1<j<2N+2

To conclude, we apply [B.1) to ¢ = v(V) (t) and use the fact that § < dy.
The second estimate b. is then a consequence of a. with t = 0 and (4.11]). ¢
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5 Asymptotic expansion of the invariant measure and long
time behavior

We now analyze the long time behavior of the solution of the modified flow associated
to . We recall that for a given operator B, we denote by B* its formal adjoint with
respect to the L?(p) product. We start by an asymptotic expansion of a formal invariant
measure for the numerical schemes.

Proposition 5.1 Let §y < é Let (Ly)n>0 be the collection of operators defined recursively
by (&.4). There exists a collection of functions (pn)n>0 such that pg =1, [g pin(z)p(z)dz =
0 forn =1, and for alln > 1, pu, € Cg /(R and

n

Lign == (Le)* pin—e- (5.1)

(=1
Let N > 0 be fized and the function pN) be defined for x € R* and 0 < § < 8o by
N
N z) =14 0" ()
n=1

Then for all 0 < & < dg, ™ (4,.) € Coo (RY) and p ™) satisfies for 0 < & < dg

[ 1@ a)pwds = 1.
R4
Remark 5.2 We consider equation (5.1) because L* = L.

Proof. Let n > 1. Assume that pug = 1 and p; are known, for j = 1,...,n — 1. Let us
consider equation (j5.1]) given by

n

Ly, = — Z(LZ)*Man =: Gy
/=1

Note that Gy, € 7, (R%) and satisfies

Gnlo) z/Rdu ) o(x)p(a)da

_ ; /R @) Lo(@) 1 pla)de = 0.

R4

Using the Lemma we easily obtain the existence of a function u, € C;gl(Rd)
satisfying (5.1) and [pa pn(2)p(z)dz = 0. This completes the proof. ¢

Proposition 5.3 Let ¢ € ngl(Rd) For all n and k there exist a positive polynomial

function Py, and integers £y, 1 and my 1, > €y ), such that ¢ € CZ:F;"(]Rd) and for all t >0

I on(t) /¢ Diin @)Y Ty 1< Pon®e ™ | 6 — (@) lhsime,r  (5:2)

where (¢p) = [pa ¢(x)p(x)d.
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Proof. Using the fact that po = 1 and vg = u, we see that estimate (5.2)) is satisfied for
n = 0 (Proposition . Let n > 1 and assume that vj, j = 0,...,n — 1 satisfy for k € N*,
i€ N*and t > 0:

I o;(t) /¢> V(o)

where ¢, 1, is such that ¢ € CZ_J;M (RY). Let us set for t > 0

< Pk;]( ) M H ¢ — <¢> Hk+4j,@j,k’

-3 / et ) (2)p()

We claim that ¢, does not depend on time. Indeed, for all t > 0,

Zat/vnmtmum d:):—zat/vmtacunm()p()d

/ ot ()0t )i () pl)

:(JZ 0 -
- ; /R ,olt:2) 32 Lot (2ol

n—1
+3 [ ot L@ @)p(a)ds
=0 /R?
+/ vn(t,2)L(z)1dp
Rd
=0,
by definition of the coefficients u, (see (5.1])) and by (2.15). Note that the computation

above is justified because Vn, v, and u, are in C;gl (Rd). We deduce for all t > 0

y Oyon(t, z)p(z)dr = Z c')tvn m(t, ) pm, (z) p(z)d. (5.3)

Now, we compute the average of F,, defined by (4.9). By (4.8) and (5.3), we have for all
t>0

(o) = [ | Pult.o)pla)da =

= | Owp(t,x)p(x)dx
Rd

=— Z /]Rd OV —m (t, ) oy () dz.
m=1

8tvn(t,x)p(x)d:v—/ L(z)v,(t, z)p(x)dx

R4 R4

We rewrite (4.10) as follows: for all + > 0 and z € R¢

t t
vn(t, ) :/0 (Fn(s)>d5+/0 Pr_s(Fy(s,x) — (Fn(s)))ds.
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Using the previous expression obtained for (F,,(s)) and recalling the initial data for v,, we
deduce that for all z € R% and ¢ > 0

~ mzl /R et ) (9)ply)dy + /R Sy

/OPt s(Fn(s,z) — (Fy(s)))ds.

Then, using [pa4 pm(x)p(x)dz = 0, for m € N* (Proposition , we get for 2 € R% and
t>0

on(t, ) — /R ) o(y) pn(y) p(y)dy

=- g:l /R , (vn—m(t, y) — /R , ¢(2)un—m(2)p(2)dZ>um(y)p(y)dy

+/ Pi_s(Fp(s,x) — (Fn(s)))ds.

0
Note that, since Ly, £ € N is a differential operator of order 2¢+ 2 whose coefficients belong

to C;gl (Rd) and contain no zero order terms, there exists an integer 3,  such that for s > 0

H FTL(S) < ( Hk Bn, kS ch E‘Uf ’2 (n=€)+2+k,mp 4 2(n—r)42

<ch€ | ve(s / O(Y) (W) P(Y)AY l2(n—0)+ 24 kg gorain_oy1o -
We have used
0606 -ty s = 1069 = [ SOOI o001 125 0.
Let s be fixed. As [pa(Fp(s,z) — (Fu(s)))p(x)dz = 0 and v,(t, z) := Py(Fy(s, ) — (F,(s)))
is the unique solution of

d
%Us(tvx) = L(z)vs(t,z), z € Rd7 t>0, v5(0,7) = (Fy(s,z) — (Fu(s))), z € Rd?
we can use Proposition 2.8 to bound |P;_(F, (s x) — (Ep ()]

Then, for t >0, i € N*, z € R and k € N?, there exists an integer ok such that

|0k (vn (t, ) — g oY) pn(y)p(y)dy)| <

L orenttcn) = [ ot nom@al o)) ([ i pl0))

- t
+ /0 Ciene ) || Bu(s) = (Fu(9)) lla, p ds(L+ [2]2%).

Using the induction assumption, we have for ¢t > 0, i € N* and k € N¢

n

O (vn(t, ) / S pn(y)p(y)dy)| < Z emPon-m(E)e ™ || ¢ = () |lan,,0

m=1
n t
2 /0 ClenPiot(5)e I | 6= (0) ligyan., g (1+ [2]%).
=0

The conclusion follows. ¢
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The following Proposition completes the proof of our main result Theorem

Proposition 5.4 Let N and ¢y be fixred. Let g = é Let X, be the discrete process
defined by the implicit Euler scheme (2.10) or the implicit split-step scheme (2.9)). Let
0<6<dp and ¢ € pol(Rd) N C6N+8(]Rd). Then there exist Cy > 0 and py € N such that

for allp € N and x € R,
[E¢(Xp) — o™ (ty, )| < Cn(L+ [2P¥) | & = () lon+s,en 6V, (5.4)

where t, = pd and Xo = x.

Moreover, for 0 < § < ég and for all function ¢ € ggl(Rd) CEIJVVJFS(RC[), there exist Cy > 0

and py € N and a positive polynomial function Py satisfying the following: For all p € N
and z € R,

Bo(X,)— [ o ol <1 6= (6) loxssen (6 Pty +Ond™1) (141,
where t, = pé and Xy = x.

Proof. Let N and ¢ be fixed. Let g = é Let X, be the discrete process defined by the
implicit Euler scheme (2.10) or the implicit split-step scheme (2.9)). Let 0 < 6 < dp and
RS pol(]Rd) ﬂC6N+8(Rd) For all p, where t; = j§ for j < p, we have for € R? such that
XO =T

E¢(XP) - U(N+1) (tpa ) = EU(N+1) (Oa Xp) - (N+1) (tpvm)

_EZEXP ” 1( NH)(tJvXp J)_U( D +17Xp—j—1))-

Here we have used the notation EXr—i-1 for the conditional expectation with respect to
the filtration generated by X,_;_1. We obtain:

E*r-it (v(N“)(tja Xpj) — o™ (41, Xp—j—l))
= BNt (oD (4, X0 (X)) = D 00, X))

where X (z) is the first step of the scheme (2.10) or (2.9) when the initial condition is
x. Using Theorem with ¢ = t;, Proposition and (b.2), we deduce that there exist
integers py and ky such that

p—1
Ep(Xp) — o (b, 2)] <6V 2O Y S}upa[ vn (15 ) loN+amy (1 + [2[PY)
§=0 s€]0,
N+

n=0,..., 1
p—1
<620 3 e NPy () 1| 6 — () llonesin (L+]2fY)
7=0
<ONT2ON || ¢ — (9) llon+s.en Ze 1+ [z[PN),

for some constant C'y. We have used:

v (tj+1, eNtaky = [Vn(tjr1,.) — /Rd () pin () p(w)dT 2N 1 4 ke -
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We conclude by using the fact that for a fixed constant 4 > 0, it holds true

where the constant C depends on 4 and dp. This implies
Eo(X,) — oV (t, )] < O [| 6= (9) lonarsey 8 (1 -+ [af?™).
To prove , we note that
oD (1, 2) = o™ (8, 1) + 0N oy (ty, @)

and, for all p € N,

[on+1(tp, 2)| <[onta(tp, @) / (@) pun+1( diﬂ|+\/ ¢))pun+1(2)p(x)dz|
<ON || ¢ = (9) llav+1)s Lavy1y 0L + [z "N +10),

using (|5.2)) and its notations. The second estimate is a consequence of ([5.2)). ¢

6 Appendix : Proof of Proposition

The aim of this appendix is to prove Proposition We will proceed as follow

1. First, we show that u € %Z(Rd) and that Proposition W holds true for all ¢t <1 .

2. We show a point-wise estimate for .
3. Then, using the Bismuth-Elworthy formulas, we show Proposition 2:8| for ¢ = 1.
4. Finally, using the last two items, we show Proposition [2.8| for ¢ > 1.

In the following, the constants may vary from line to line and we usually do not mention
dependence on the parameters in order to use lighter notation. We use the generic notation
C for such constants.

6.1 The polynomial growth of u and its derivatives

Lemma 6.1 Let ¢ € Cpy ((RY). The function u, defined by (2.16)), and all its derivatives
have polynomial gmwth For all p, there exist some constants sy, €, € N, 7, and C such
that ¢ € ngp (RY) and for all v € RY, k € N? such that |k| = p and t > 0,

|Owu(t, x)| < Cexp(ypt) (1 + |z[*) || ¢

pvzep . (6'1>

Proof. Let us show the result (6.1)) for p = 0. Let us assume that ¢ € Cgeo (RY). Using
Proposition we have for all z € R? and ¢t > 0

u(t,x) :E(¢(Xz(t)))
Ju(t, )| < | ¢ llo2e, (BIXa(8)* + 1)
(P +1).
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Let us now show the result for p = 1. It holds that for all z € R?, h € R and ¢t > 0
Du(t,z) - h = E(D$(X.(t)) - nlk(t)), (6.2)
where 1/ (t) € R? is a process defined for 2 € R? and h € R? by
nt(t) = DX,(t)-h fort>0
and 7*(0) = h. Moreover, we have for all t > 0, z € R? and h € R?

d h
%nx

By definition of ¢, we have that there exists 1 € N such that ¢ € C}l (R%). Then, using
Proposition and (6.2)), we have for z € R4, h € R? and t > 0

Dutz) - b < 1|6 e, (BQXe(®)] 20 + E(ri)])
<16l (EIXOPERLGP)Y2 + Elnl(6))/?)
<C11 6 I (2l + DEREOR).

(t) = =DV (Xu(1) - 1y (1)-

Moreover, by semi-convexity assumption B-2, we get for all z € R%, h € R? and t > 0

LI = ~2DPV (X (1)) - (L ), (1)) < 2alnl(1),

where « is the constant of semi-convexity of V. Using Gronwall’s lemma, we obtain for all
zeRY heRand t >0
[z ()] < e |hf? (6.3)

and
|Du(t,z) - h| < C | ¢ |1, exp(2at)(|z| + 1)|Al.

Then, we have for all z € R% ¢ >0 and i € {1,...,d}
|Osu(t, )] < C || ¢ [l1,6, exp(2at) (|| +1).
Let us show Lemmafor p =2. We have for z € R, h € R and ¢t > 0
D2u(t, ) - (h, h) = E( D26(X, (1)) - (1} (), (1)) + DS(Xa (1)) - E1(1)),
where £(t) € R? is a process defined for z € R? h € R? by
eht) =D2X,(t) - (h,h) for t >0,

and £7(0) = 0. Moreover, we have for z € R, h € R? and ¢t > 0

%éﬁ(t) = —D’V(X4(t)) - (e (1), 0 () — D?V (X (t)) - €1(2).

Using assumption B-1 on the polynomial growth of V', we have the existence of p; € N
such that V' € Cg’p ) (RY). Using semi-convexity assumption B-2, we have for 2 € RY, h € R?
and ¢t >0

%\@’;(tw == 2(DV (X, (1)) - (0 (0,7 (1), €2 (1) = D*V (X, (1)) - (€2(1), &2(1)))
<2V s ap (IXa (D)2 + DIk OPIEED)] + 2al¢k (1)
<C1 (X (&P + 1) l(e)* + b (1) 2].
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Using Gronwall’s lemma and Proposition we obtain that the existence of ¥ > 0 de-
pending of C; and of the constant of semi-convexity « such that for all € R%, h € R¢
and ¢t >0

t
EJ¢h(6) <C exp(dat)|hf* (2| +1) + (2 " + 1)|h]* / C exp(das) exp((2a + C1)s)ds
0
<Cexp(3t)(fe|** + 1)[]".

Moreover, we have that there exists f5 € N such that ¢ € C%Q (R%). Finally, we have that
there exist some constants ko and 7 such that for all z € Rd, heR%and t >0

(D2u(t,2) - (b, )] < 1| o ECIX1 + DIl ()]
/
110l (BIXa(0P + DEIE D)

<O 6 llagy exp(ra)(L + la*2)[h].

This shows the result for p = 2.

To prove the result for higher derivatives, we use an induction, the Faa di Bruno’s
formula and the same methods as used for the first derivatives. Moreover, we can prove
that for all k£ > 0, there exist some constants qj, o, and C such that for all z € R, h € R¢
and t > 0

E|D1 X, (t) - (h, ..., h)|? < Cexp(agt)(1 + |x]?%)?|n|2*+D), (6.4)

¢

Remark 6.2 Proposition [2.§ for t <1 is a consequence of this Lemma.

6.2 Estimate of u

Proposition 6.3 Let ¢ € C;gl(Rd) be fired such that [pq ¢(x)p(x)dz = 0 and u be the
solution of (2.17)). Let us assume that ¢ € CSEO (RY). There exist real numbers C > 0 and
A\ > 0 such that for all x € R and t > 0

[u(t,2)| < C || ¢ llo2e exp(=AL)(L + |z[*°).
A proof of this result can be found in [43]. Our equation is dissipative and has noise
in all directions, hence Proposotion [6.3|is a corollary of Theorem 4.4 of [43)].
6.3 Estimate of the derivatives of u

We can now show an estimate of the derivatives of u at the time ¢t = 1:

Lemma 6.4 Let ¢ € ngl(]Rd) and k € N* be fired and u be the solution of (2.17). Let us
assume that ¢ € CSKO (RY). There exist constants C and my, > 20y such that for all v € R?
and j € N? such that |j| = k, it holds

O5u(L,z)| < C || ¢ [lo2e, (14 [z]™).

The Lemma [6.4] is a corollary of the following lemma.

Lemma 6.5 Let ¢ € ngl(Rd) N Cgeo (RY) be fived and u be the solution of (2.17). For

k € N*, there exist constants C' and my, > 2y such that for 0 <t <1, z € R? and j € N¢
such that |j| = k, it holds

[Oju(t, )| < C || ¢ lloaeo t*2(1 + |2|™). (6.5)
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Proof. We only prove the result for the two first derivatives, as the result for the higher
order follows from analogous arguments and by induction.

Let us show the result for k = 1. We have the Bismuth-Elworthy formula (see [27]):
forz e R heR?and 0 <t <1

Du(t,z) - h = %E(u(O,Xx(t)) /Ot (nl(s), W (s))),

where n!'(t) = DX,(t) - h € R? for t > 0 and 7*(0) = h.
Using Cauchy-Schwarz inequality, Burkholder-Davis-Gundy inequality and (6.3)) which
bounds 7" (t), we have for t < 1, z € R? and h € R?

|Du(t,z) - h| < t7HE(u(0, X0 (£))[2)Y2E(fy Ink(s)Pds))?)
<t 2R <r¢< X, ())!/2C|hl).
Using ¢ € CSEO (R4) and Proposition on the moment of the solution of ({2.1)), we get

(6.5]) for k=1.

Let us show it for k = 2. We have the Bismuth-Elworthy at the second order (see [27]):
for x € R, h € R% and ¢t > 0

9 t/2
D?u(tx) - (h,h) =7 [E (Du(t/2, X, (t/2)) - (DX(t/2) - h)/o (DX4(t/2) - h, dW(s)))

t/2
+ [ Dut =5, Xa(5)) (DX, (s) - (h, h))ds)] (6.6)

Using Cauchy-Schwarz inequality, Burkholder-Davis-Gundy inequality, (6.4) and (6.3
which bound DX, (t) - h and D?X,(t) - (h,h), we get for 0 <t <1, z € R? and h € R?

|D?u(t,z) - (h, h)|

§<E|Du 2 X (t/2))!4> v (IE|DXx(t/2) : h!4)1/4 (E(/0

t/2 1/2
DX.A1/2) - hds))”

+ % /Ot/2 (E‘Du(t — S,X;p(s))|2) 1/2 (E|D2Xx(s) (h, h)|2)1/2d3

< ¢
=7

(14 |x|? )]hZ[tl/z(E‘Du(t/Z X, (t/2))] )1/4+/0t/2 (E|Du(t—s,Xx(s))|2>1/2ds].

To conclude, we use the result for K = 1 and the Proposition on the moment of
the solution of the equation .

Using the proof of done in [27]|, we show the following formula at the order 3 for
zeRY heRand t >0

D3u(t,z) - (h,h,h)

2 t/2
=~ |E( D?u(t/2, X.(t/2)) - (DXo(t/2) - h, DX, (t/2) - h) / <DX$<8>-h,dw<s>>>
0

+E <Du(t/2, X, (t/2)) - (Dsz(t/Z) - (h, h)) /0 UQ(DXQ,,(S) h, dW(s)>>

+2E<
0

+ E( " Du(t — 8, X4(s)) - (D*X4(s) - (h, h, h))ds)] .
0

t/2

D2u(t — 5, Xo(s)) - (DZXx(s) - (h, h), DX(s) - h) ds>
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We use the same arguments as previously to prove (6.5 for & = 3. The proof for higher
order use the same ideas. ¢

We can now show Proposition [2.8] for ¢ > 1.

Lemma 6.6 Let ¢ € C;gl(Rd) be fized such that ¢ € C3, (RY) and u be the solution of

(2.17). For all k € N*, there exist constant Cy and my such that for all t > 1, j =
(j1s -, 7a) € N such that |j| = k and x € R?,

|Oju(t, )| < Cy exp(=At)(1 + [z[™) [| &

0,20p 5

where X is defined in Proposition [6.35,

Remark 6.7 The constant my, depends of the polynomial growth of all the derivatives of
¢ of order less that k and the polynomial growth of all the derivatives of V' of order less
that k + 1.

Proof. Let z € R? and ¢ > 1 be fixed. Let us assume that ¢ € Cgeo (R%). We have for all
t>1,
u(t,z) = E(u(t — 1, X,(1))) = E(P1(X.(1))).

Let v defined for all s > 0 by v(s,z) = EP._1(Xz(s)), then u(t,z) = v(1,z). Using
Proposition we have for all y € R?

[Pi-1()] < C(L A+ [y*®) exp(=At) || ¢

0,2¢g -

For k € N*, using Lemma [6.5|on v and £ > 1, we get that there exist constants my; > 2/
and C such that for any j € N such that |j| = &

|O5u(t, x)| < C || Py llo2e, (1+ |2[™*)
< O+ |2|™) exp(=At) [| & [lo.26 -
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Chapter 3

Weak backward error analysis for
Langevin process

1 Introduction

In the last decades, backward error analysis has become a powerful tool to analyze the long
time behavior of numerical schemes applied to evolution equations - see [37,59,76]. The
main idea can be described as follows: Let us consider an ordinary differential equation of
the form

y(t) = f(y(1),

where f : R? — R? is a smooth vector field, and denote by gf){ (p) the associated flow. By
definition, a numerical method defines for a small time step § an approximation ®; of the
exact flow gﬁg: We have for bounded p € R?, ®5(p) = gbg (p) + O(6"1) where 7 is the order
of the method.

The idea of backward error analysis is to show that ®s5 can be interpreted as the exact
flow gbg‘s of a modified vector field defined as a series in powers of §

f§ = f + 5rfr + 5T+1fr+1 + .

where f;, [ > r are vector fields depending on the numerical method. In general, the
series defining fs does not converge, but it can be shown that for bounded ¥, we have for
arbitrary N

N
Bs(y) = 61 (y) + CnoNH,

where fgv is the truncated series:
=f+0fr+ ..+ 6V fn.

Under some analytic assumptions, the constant Cyé¥*! can be optimized in N, so that
the error term in the previous equation can be made exponentially small with respect to
0.

Such a result is very important and has many applications in the case where f has some
strong geometric properties, such as Hamiltonian - see [36,137,[59.(711|76]. In this situation,
and under some compatibility conditions on the numerical method ®4, the modified vector
field fs5 inherits the structure of f.

More recently, these ideas have been extended in some situations to Hamiltonian PDEs
: First in the linear case |23| and then in the semi linear case - nonlinear Schrédingier or
wave equations - see [294|30].
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In [22|, the authors give a weak backward error analysis for SDEs defined on the d-
dimensional torus. The aim of this chapter is to extend the result of [22] to the Langevin
process on R??. This process is defined by the stochastic Hamiltonian equation:

dq(t) = M~ 'p(t)dt,
dp(t) = =8,V (q(t))dt — vp(t)dt + o M/ 2dW (¢), (1.1)

where V' is the potential energy function of a classical model for a molecular system, M is
a mass matrix, v > 0 is a free parameter, the friction coefficient and the term odW (t) is
a fluctuation term bringing energy into the system. This equation can be used to give an
approximation of the following integral

» ¢(q,p)Z~" exp(—BH(q,p))dqdp,

where g = kBLT = ‘27%, T is temperature, kp is Boltzmann’s constant, H(q,p) = %ptM_lp—i—

V(q), ¢ is a smooth function and Z =[5z, exp(—BH (¢, p))dgdp - see [9,/57,/60] for more
explanations.

In this work, we investigate the weak error which concerns the law of the solution.
More particularly, we study behavior for long time of weak approximations of the Langevin
process.

Let us recall that given a SDE in R? of the form

dX = f(X)dt + g(X)dW, (1.2)

discretized by an explicit Euler scheme (X}, ),en with time step d, then, under assumptions
on f, gand ¢ : R? — R - see [64,69,83,84] - the explicit Euler scheme (X,,),en has weak
error order 1:

IE(6(X,)) — E(6(X (n6)))| < (6, T)8, n=0,...|T/5|, T>0.

Error estimates on long times for elliptic and hypoelliptic SDEs have already been

proved, especially in the case of explicit scheme - [82,83,185] - or on the torus - [64].
In [82,83], it is shown that for a sufficiently small time step the explicit Euler scheme
defines an ergodic process and that the invariant measure of the Euler scheme is close
to the invariant measure of the SDE. In [85], under the assumption of the existence of a
unique invariant measure associated to the SDE, Talay and Tubaro have shown that the
weak error and the invariant measure associated to the Euler scheme can be expanded in
powers of the time step 6. The assumptions on f and g used in [82,83,185| are restrictive.
Moreover, the results described in these papers are valid only for explicit schemes.
In |64], a larger class of schemes is studied. It is shown that given an elliptic or hypoelliptic
SDE, the ergodic averages provided by a class of implicit and explicit schemes are asymp-
totically close to the average of the invariant measure of the SDE. The authors also show
an expansion in expectation of the invariant measure for any time-step. Unfortunately,
they work on the d-dimensional torus.

The long time behavior of approximations of the Langevin equation has already been
studied, but the authors need the time step to be small enough [4384] or work on the torus
for the position [58]. In [43], under certain assumptions and in particular in the case of the
Langevin equation, it is shown that for sufficiently small time steps, two kinds of implicit
schemes are ergodic processes. They also show that the invariant measures associated with
theses schemes converge to the invariant measure of the Langevin equation. In [84], Talay
shows the exponential convergence of the solution associated to the Kolmogorov equation
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and, for a sufficiently small time step 4, an expansion with respect to § of the invariant
measure to the implicit scheme which is close to the invariant measure of the SDE. In [58],
the authors study the Langevin equation and work with explicit splitting methods. They
provide error estimates on the invariant distribution for small step size, and compare the
sampling bias obtained for various choices of explicit splitting methods.

In this paper, we work on R?? and V and all its derivatives are not necessarily bounded
but have at most polynomial growth at infinity. The aim of this paper is, under assumptions
on V, to show a weak backward error analysis result: We show an expansion with respect
to the time step § of E¢(qk, pr) where (g, pr) is obtained by an implicit scheme. Unlike
[43.[84], we do not need that the time step is small enough and our assumptions are less
restrictive than in [84].

The idea to extend the backward error analysis to SDE has already been developed in
[1,22,/50,80]. In [1], the authors use this approach to construct new methods of weak
order two to approximate stochastic differential equations. In [22], the authors study
a SDE defined on the d-dimensional torus and its approximation by the explicit Euler
scheme. They show, without any restriction on the time step, an expansion of E¢(Xk)
where Xj = (g, px) is obtained by the explicit Euler scheme. In [80L[89], the authors show
that it is possible to build of a modified SDE associated with the Euler scheme, but only
up to second order, i.e. for N = 2. In this case, they are able to write down a modified
SDE:

dX = f(X)dt + §(X)dw,

such that
IE(¢(Xk)) — E($(X(k0)))| < e1(4,T)82, k=0,...,|T/s], T > 0.

In this paper, we take the approach described in [22,|50]. We show that the generator
associated with the solution of the SDE ([1.1)) coincides with the solution of a modified
Kolmogorov equation up to high order terms with respect to the stepsize. It is known -
see [84] - that given ¢ : R* — R and denoting by (g, (t),p,0(t)) the solution of
satisfying (q(0),p(0)) = (¢°, p°), the function u defined for t > 0 and (¢°,p°) € R?? by
u(t, q°,p") = E(d(qp(t), pyo(t))) satisfies the Kolmogorov equation

Owu(t,q,p) = Lu(t,q,p), t >0, g € RY, p e R (1.3)
u(0,¢,p) = ¢(q,p), ¢ € RY, p e R?

where L is the Kolmogorov operator associated with the SDE.
We show that with the numerical solution, we can associate a modified Kolmogorov oper-
ator of the form

[’(67 Q7p7 aqa ap) = L(Qapa aqa 8}7) + 5L1(Qap7 aqa 8}7) + 52L2(q3p7 6q78p) + ceey

where L;, [ > 1 are some modified operators of order 2] + 2. The series does not converge
but we consider truncated series:

LWN6,q,p,8y,0y) = L(q, p, By, D) + 6L1(q, p, Dy, Bp) + 62 La(q, p, By, D) + ...
+ 5NLN(q7p7 aq’ ap)

Note that this operator is no longer of order 2 and we can not define easily a solution to
the modified equation

™ (t,q,p) = LN(8, q,p, Dy, Bp)0™ (, ¢, ).
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However, in our case, we can build an approximated solution v¥) such that

E(¢(Qk7pk)) - U(N)(k(sa QO;pO) < CQ(¢) N7 QO7p0)5N+17 k= 07 ey [T/(S]a T>0.

As the constant cs does not depend on 71", we have an approximation result valid on very
long times. We also show that there exists a modified invariant measure for L&V) (0,q,p,0q,0p).

Three tools are necessary to prove our main result (see Theorem . First, we need
to find a scheme which has moments of all orders bounded uniformly in time. As we wish
to investigate the asymptotic properties of our implicit schemes, we need results on the
long time behavior of the law of u the solution of . More precisely, we need exponen-
tial convergence of u and all its derivatives in an appropriate sense and regularity of the
solution of the Poisson equation associated with L, i.e. the equation L(q,p,0y,0p)h = g.
This last tool is also used in [64]. A proof of the exponential convergence to equilibrium
of u and all its derivatives can be found in [84], but we need to know more precisely the
dependence on the bound. Moreover, using a result described in [43], we simplify the proof
in [84] (see Appendix for more details).

In Section [2] we first introduce the SDE, the assumptions that we need and the numer-
ical schemes that we use. Then, we give some results on the Kolmogorov operator and on
the solution of the Kolmogorov equation. More precisely, we describe the behavior in long
time of the solution of the Kolmogorov equation. We end this section with the statement
of our main result. The other sections describe the proof of our main result. The first
step is to build the operators L; for ¢ € N. The principal idea is to give an asymptotic
expansion of the weak approximation (Section [3) and then use it to build the operators
L; for i € N (Section 4.1) and a function v such that the weak approximation and v(")
are close to an error with respect to the time step. In Section [5] we analyze the long time
behavior of v¥) and we finish to prove our main result.

We decided to work with two implicit schemes: an implicit Euler scheme and an implicit
split-step scheme. However, if we consider another scheme which has moments of all order
bounded uniformly in time, it is easy to adapt our proof. The principal issue is the building
of the operators L; for ¢ € N. As said previously, we build it by an asymptotic expansion
of the weak approximation. If we can associate with our scheme an adapted continuous
process which interpolates it, then it is easier to have an asymptotic expansion of the weak
approximation than in our case. Indeed, we can use It6 formula to have it.

2 Preliminaries

2.1 Presentation of the SDE

We warn the reader that constants may vary from line to line during the proofs, and that in
order to use lighter notations we usually forget to mention dependence of the parameters.
We use the generic notation C for such constants.

Throughout this chapter, we use the following notation: N = {0,1,2,...} and N* =
{1,2,...}. We write the dot product of two vectors ¢ = (qi,...,qs) € R? and p =
(p1, ..., pa) € R? as

d
(a:p) =Y aipi-
=1

For a multi-index k = (kq,...,kq) € N% we set |k| = k; + ... + kg and for a function
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¢ € C*(RY)
0 ¢(q)
oK == = e R%.
q¢(Q) 8k1q1...8kdq(17 q (Q17 7Qd)
For p € R?, we set 0, = (8%1, o %)T and for k € N*, 8}’; is the differential of order k. We

also use the following notation
ol (RY) ={f € C*(R?) such that f and all its derivatives have polynomial growth}
={f € C*®(R?) such that for all k = (ki, ..., kq) € N%, 3Cy > 0,ny € N*
such that for all ¢ € RY, |8§f(q)\ < Cx(1+ |q|™)}.
Let (Q,F,F,P), t > 0, be a filtered probability space and W (t) = {Wi(t),..., Wy(t))

be a d-dimensional {F;};>o-adapted standard Wiener process. We consider a process
(q(t), p(t))ter, on R?? which verifies the stochastic Hamiltonian differential system

= -1 t s)ds
at) = q0)+ M /Op< )ds,
p(t) = p(0)— / 0,V (q(s))ds — / p(s)ds + oMVAW(8), &> 0,
0 0

where v > 0 is a friction coefficient, ¢ > 0 and M is a positive diagonal mass matrix. The
function V verifies the following conditions, called Assumptions B:

B-1: V € C(RY).

pol

B-2: There exist k > 0 and 3 €]0, 1] such that for all ¢ € RY

%@qV(Q% q) > BV(q) + VQHIQIQ — K. (2.1)

B-3: The function V is semi-convex: There exist a bounded function Vi € C(R?) with
bounded derivatives and a convex function Vo € C’OO(Rd) such that V. =V + V5.

B-j: There exists a constant k1 such that for all ¢ € R, V(q) > r1|q|?.

Remark 2.1 We can replace assumption B-4 by
Ik, k2 V(g) > kil|gl? — ke for all g € RY,

however it is more convenient to assume that V > 0.
As a consequence of the semi-convexity of V' - assumption B-3 - we obtain the existence of
a positive constant 6, usually called the constant of semi-convexity, such that for all ¢ € RY
and h € R,
2 2
9V (q)(h,h) = —6]|h|". (2.2)

As a consequence of the assumption B-2 we obtain a dissipativity inequality: There exists
a strictly positive real number 1 such that

(0,0, (q)) > Bilq|* — K for all ¢ € R%. (2.3)

Moreover, a polynomial function V, growing at infinity like |q|**, where k € N*, satisfies
Assumptions B.
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To slightly simplify the presentation that follows, we make the change of variables ¢ —
M~12q, p — M'/?p, with a corresponding adjustment of the potential. This is equivalent
to assuming M = I and the new potential the verifies same assumptions as V.

Hence, for now on, we consider the following equation:

o0 = 40+ [ poras,

0
p(t) = p(0) /O 0,V (q(s))ds — /0 p(s)ds + oW (1), >0, (2.4)

where V satisfies the conditions B.

Remark 2.2 Under these assumptions, we have that (q(t),p(t)) is well-defined for all
t >0 - see Chapter III, Theorem 4.1 in [47].

We also consider the Hamiltonian function H defined for (¢, p) € R?? by

H(q,p) = %W +V(q).

We define the Kolmogorov operator L associated with (2.4) for ¢ € C*°(R??) and
(¢,p) € R* by

9 d

o 2
L(q,p) = (p, 040(a,p)) — {0V (2) + 19, 00 0)) + 5 D 8;61} 3(¢,p)-
i—1 1 ODq

For the study of (2.4)), it is useful to define the Lyapunov function I' defined for all
(a.p) € R* by

1 2
T(q,p) = §|20|2 +V(q) + %<q,p> + PYZIQIQ +1. (2.5)

Under assumptions B, the function I' verifies the following properties:

Lemma 2.3 We have for all (q,p) € R??

I o 'Y2 2
F(q,p)2§lp\ +EIQI +1. (2.6)

Moreover, for every £ > 1, there exist strictly positive real numbers ay and dy such that we
have for every (q,p) € R

LT%(q,p) < —al*(q,p) + di. (2.7)
Remark 2.4 We can find a similar proof of Lemma in [435].

Proof. We first show (2.6). We have, for all £ > 0 and (¢, p) € R??,

€

2 72 2
> - _
¥(p,q) > 2!pl 28|Q\,

then, using the positivity of V', we get for all (¢,p) € R?* and £ > 0

1
)pl* + 7% (= = —)lal* + 1.

I'(q,p) > (1 171

€ 1
2 4 €

Taking ¢ = %, we show ([2.6)).
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We now show the other property of I" (2.7)). We first consider the case £ = 1. We have
for any (q,p) € R?? and € > 0

1 v, € 1 &
r < —|pP+V Z(ZIpP 4+ =l4)*) + =q* + 1.
(@:p) = 5lpI" + Vi) + 5 (5 Ip] +2€IQI )+ rlal” +

Multiplying by 3, taking ¢ = 2(%’8 ) and using assumption B-2 on the derivative of V', we

get for all (¢,p) € R??

BU0.0) < 3loP + V(@) + 25—+ 0 < Gl + 5OV (@.0) +r B (29

Using this inequality, we can now show (2.7)) for £ = 1. Indeed, we have for all (¢, p) € R??

do?
LT(g,p) = — 2Ipl* — 24g. 0,V (9)) + -
2 2 2
do?
<=+ (& +B)y = BL(g.p).
We have shown ([2.7)) for £ = 1 with d; = %‘2 +v(k 4+ B) and a1 = B.
Let ¢ > 2 be an integer. We now calculate LT'*. We have, for (¢,p) € R2d and i € {1,...,2d},

with the notation x = (¢, p),

8 Y o /—1 8
O (g, p) = (0 (g, p) =T (g, p) + €€ = DT*2(g, p)( 2T (. p))?
856,81‘1 q,p) = q,p 81’1({9%1 q,p q,p axz q,pP))

then we get for all (q,p) € R

_ 00 —1 B 2
LT(q,p) = (T~ (q,p) LT (¢, p) + (2)021“5 Q(q,p)’p + %q‘ .

Using for (q,p) € R??
Yo2
Ip+ 5(1\ < 2I'(q,p)

and computations for £ = 1, we get for (¢, p) € R*?

LT (g, p) < 0 (q, p)(di — a1T (g, p)) + £(¢ — 1)o°T* (g, p)
= —a1fT(q,p) + £(d1 + £ — )T} (q, p).

Using the fact that for any z € R and € > 0

’x‘é—l < 5‘$|£ + Cs,

we get
LT (q,p) < (~arl + e(dy + £ — 1))T%(q,p) + £(dy + £ — 1)C-.
Choosing ¢ = K(thi%’ ag = a1 (¢ — 1) and d; large enough, we obtain ([2.7)) for £. ¢

Using assumptions B and properties of I', we have the following result on the moments
of the solution:
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Lemma 2.5 Let a process (q(.),p(.)) which satisfies (2.4)). We have for each £ > 1 such
that E|q(0)|?* < oo and E|[p(0)|* < oo that there exist strictly positive real numbers kq > 2¢,
ay and Cy such that for allt >0

E(la(t)** + 1p()/*) < Co(1+ EIp(O)* + Ela(0)*) exp(~act) ).
Proof. Let N € N* be fixed. We consider

7n = inf{t, such that max(|q(t)|,|p(t)|) > N}.

Let £ € N* be fixed. We will show the following: There exists a positive real number C
such that for all ¢t > 0

E(T(a(t), p(1)) ) < €(1+T*(a(0), p(0)) exp(—at) ). (2.9)

Let a; be the constant defined in (2.7). Let a < ay be fixed. We apply the It6 formula
to T*(q(t), p(t)) exp(at). We obtain for all t > 0

I (q(t ATN), p(t A TN)) exp (a(t A TN))

=1 (q(O),p(O)) + a/o ™ rt (q(s),p(s)) exp(as)ds
[ .00 (a(s).0(6) expas)s
0
- /O {04V (q(s)) +vp(s), BT (q(s), p(s))) exp(as)ds
+a/°”%%MMa@@%ﬂ@m@»@w«@>

0
0.2 tATN d a
Ty /0 > 9,.0

2
i=1 i Di

T(q(s), p(s)) exp(s)ds

=T (q(O),p(O)) + a/o ™ It (q(s),p(s)) exp(as)ds
Y s),p(s)) exp(as)ds
+ [ Ir (a(s).p(9) exp(as)a

to / ™ exp(as) (@, (q(s), pls)), AW (s)).
0

The stochastic integral is a square integrable martingale because I'(¢(.),p(.)) is bounded
on [0, A7y]. Thus its average vanishes. Using the positivity of I', the inequality ([2.7]) and
o < aj, we obtain for all t > 0

B (I ot A 7)ot A ) b (e A 7))
<T(q(0),p(0)) + %E(exp(a(t ATN)))
tATN

<T(q(0),p(0)) + %E(exp(a(t ATN)))-

Fatou’s lemma on the left hand side and the Monotone convergence Theorem on the right
hand side of the last inequality now leads to (2.9). To conclude, we use property (2.6 and
the polynomial growth of I'. Y

Remark 2.6 We can find another proof of Lemma in [84).

56 2. PRELIMINARIES



CHAPTER 3. WEAK BACKWARD ERROR ANALYSIS FOR LANGEVIN PROCESS

2.2 Numerical schemes

For a small time step 6 and = € R??, the classical explicit Euler method applied to (T.2)),
is defined for ¢ = 1, ..., 2d, by X¢ = « and the formula

b =XL 0 (Xn) + > gi(Xn) (W ((n + 1)8) — WE(nd)), n>0. (2.10)
/=1

The ordinary Euler scheme may be unstable when the coefficients of the differential
equation are unbounded - see |43]. We are led to avoid explicit schemes. In fact, we
study two different implicit schemes. For a small time step § > 0, we consider an implicit
split-step scheme defined by g9 = ¢(0), po = p(0) and for n € N

Gn+l1 = Qqn+ 5p;kz
pn = Pn— 0P, — 604V (gnt1), (2.11)
Pn+1 o (W((n+1)8) = W(né)) = pj, + Voo,

where 7, = (M1, . Mna) is a Revalued random variable and {n,; : n € N,i € {1,d}}
is a collection of i.i.d. real-valued random variables satisfying 111 ~ N(0,1). We also
consider the implicit Euler scheme defined by g9 = ¢(0), po = p(0) and for n € N

{ dn+1 = (Qn +5pn+1 (2 12)
Pn+1 = Pn — 58qV(Qn+1) - '76pn+1 + \/5077717

where 1, = (11, .., M) 1S as above.
The following Lemma shows that for ¢, and p,, fixed, g,11 is well-defined for § < Jg :=
/~2
W+2779H€ where 6 is the constant of semi-convexity of V' and -« is the friction coefficient.
Y/ 2 +46

Using this result, we have that our two schemes are well-defined for é§ < §p := o

/~2
Lemma 2.7 Let (¢,p) € R* and § < &y := 7-1—27'2-1-49- Under the assumption of semi-
convezity of V - B-8 - and the dissipativity inequality ([2.3)), there exists a unique z € RY

such that z = q + %,y&(p — 004V (2)).

Proof. Let (¢,p) € R?*® and § < 5. Let P : R? — R? be defined for z € R? by
P(z) = —z+q+ %w;(p — 004V (2)). We have that P € C*°. Using the dissipativity
inequality (2.3), we obtain for all z € RY

)
P — |2 _

(P@).2) = |2 + (0.5) ~ T OV (2. 2) + 15
3,62 5 52
1+57)+ 1+5’y<p’z> +Hm +4{g,2),

(p, 2)

< —|2P(1+

Thus, for |z|? large enough we have (P(z),2) < 0. Then, using a Corollary of Brouwer fixed-
point theorem - see for instance [62] - we conclude that there exists z € R? such that P(z) =
0. Therefore, we have shown the existence of z € RY such that z = q + H‘Sﬁ(p — 00,V (2)).
Let us show the uniqueness.

Let z; € R% and 23 € RY such that P(z;) = P(23) = 0 and z; # 2. We have

62
21 — 22 = —m(ﬁq‘/(zl) - 8qV(Z2))'
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Due to the assumption of semi-convexity - B-3 - we get

52 1 2
|Zl _ Z2|2 — —1 n 57/0 631/(21 + t(ZQ — 21))(21 — 29,21 — Zg)dt < T+ 57|2’1 — ZQ|2.
Since § < V140 W, we have % <1 and z; = 29. ¢

Remark 2.8 The condition § < g := RRRVi W s necessary only in the uniqueness part
of the proof. We have the existence for all 6. Moreover, in the case where V is convex,
the inequality on the second derivative holds true for all 8 > 0 and therefore we can show
uniqueness for all § > 0.

Another proof of the fact that the implicit split-step scheme is well defined can be found

in [45].

Moreover for § small enough, we have that these two schemes have moments of all
order. More exactly, we have:

Proposition 2.9 Let k € N* and § < §y := % be fized. Assume that qo = q(0) and
po = p(0). Under assumptions B, the implicit split-step scheme and the tmplicit
FEuler scheme satisfy: There exist positive numbers Cy and €y such that for all
neN

E((gal* + [pn|™) < Cr(1+ [g(0)% + [p(0)[%). (2.13)

Remark 2.10 Since % < Vol W, the schemes considered are well defined. If we

assume that 6g < 1 then we can choose Cy, independent of dg.

We will prove this result only for the implicit Fuler scheme. The proof for the implicit
split-step scheme is similar. A proof for the moment of order 2 of the implicit split-step
scheme can be found in [43]. The two proofs use the same ideas.

To prove Proposition for the implicit Euler scheme (2.12)), we need the following
three Lemmas:

Lemma 2.11 Let V € C®(R?). Let us assume that V is semi-conver, then V verifies for
any q € R? and p € RY

0
Vi) = V(p) < (0V(a),a—p) + §\q—p\2, (2.14)
where 0 is the constant of semi-convexity of V.

Proof. Let ¢ € R? and p € R?. Using the Taylor expansion on V and the semi-convexity
assumption B-3 on V| we have

1
V(p) = V() = 0,V (a),p—a) + /O (1— )2V(g+s(p— 0)p—a,p — @)ds
> (9,V(q),p—q) — glq —p|*.
Finally, we get
V(a) = V() < 0V (a)a—p)+ gla P

¢
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Lemma 2.12 Let 0 < 6 < % and Ts € C®(R??) be defined for any (q,p) € R?*? by

o
Ls(g.p) =L(a.p) + - |pl?

1 v o 6
=§|p\2+V(q) +5(a.p) +Z\QI2+1+le!2, (2.15)

then T's verifies the following properties: for any (q,p) € R??

1
Ts(a,p) > glpl’ (2.16)
and for any n € N

(1+~v(1=e)0B)5(qn+1, Pnt1) < Ts(qn, Png1 +07Pns1 + 00V (qnt1)) +70(k + B), (2.17)
where (qn, pn) is the implicit Euler scheme defined by and 0 < € < 1 s such that
5 <2
Proof. Inequality is a consequence of property on I
By the definition of the implicit Euler scheme , we have

1 ~ ~d
Ls(qnt1,Pns1) =§|10n+1|2 +V(gn + 0pn+1) + §<Q7wpn+1> + 3\pn+1\2

2 5
+ 2 (lgnl? + 2600, pus) + Plpnsa2) + 1+ o 2
Using inequality (2.14]) on V', we get

L5(qnt1, Pnt1) <Ls(qns Pns1) + 6(04V (Gns1), Prs1) + (* + =+ T) |Pn—s-1|2

2
Al
+ 9 <Qn7pn+1>-

Since ¢n = quy1 — 6pny1 and, for any (¢, p) € R%,
pl> = laI* = (p = a,p +a) = 2(p — ¢,p) — [p — aI> < 2(p — 4, D),
we get
Ls5(gns Pn1) =Ls(qns Pnt1 + 6vPn+1 + 604V (gnt1))
+ 5 (pnna? = 1004+ 5pnss + 60,V (gi0)P)

Yo 725

- 7<Qn+1, aqV(QnJrl» - 7<Qn+l,pn+l>
762

+ 7<pn+1, gV (qn+1) + YPnt1)

0
+ L2 (o = (14 69)pass + 60,V (gn1)]?)

<T5(qn, Pt + 6YPnt1 + 60,V (qnt1)) — YO|pns1l? — 604V (qns1), Prt1)
~d 25

Y
- 7<Qn+17 gV (qn+1)) — 7<Qn+17pn+1>-

Then, we get
0o

Ls(qn+1,Pnt1) < Ts(qn, Pat1 + 0vPny1 + 58{1V(QH+1)) + ( 9 T) |pn+1|2

o
—?7 (<Qn+la gV (Gn+1)) + |pn+1|2)-
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Using ([2.8) and 8 < 1, we have

L5(qn, Pnt1) <Cs(qn, Pnt1 + 0vPnt1 + 00qV (gn+1)) — v9BT s (qnt1, Prt1)

052 4252

+ (7 + T( — 1) |pns1l® + (5 + B0

<TUs5(qn, Pr+1 + vPn+1 + 004V (qnt1)) — ¥0BTs(qn+1, Pnt1)
062
+ 7!pn+1!2 + (k + B)vo

Using property ([2.16)), we get

062 de
L5(gn+1, Pnt1) <Us5(qn, Pnt1 + 0vPns1 + 00,V (Gnt1)) + (7 - 57

+ (K + )70 — v6B(1 — €)l's(gn+1, Pnt1)-
Since § < ﬁ it follows that

(1 +~v(1 = ¢€)0B8)T5(qn+1,Pn+1) < Ls(a@n, Pns1 + 0vPns1 + 004V (gnt1)) + v6(k + B).

) |pn+1 |2

¢

Lemma 2.13 Let § < §y = LY+ A’ A e fized. Let the processes Py,(.) be defined for
t € [nd,(n+1)0] and n € N* by

Po(t) = pp + o (W(t) — W(nd)).
Then, there exists C(dg) > 0 such that for alln € N and t € [nd, (n + 1)J]
/-1
E(T5(gn, Pa(t)) < E(T5(gn,pn)) + C(60) Y _(t — 1) "E(T5(qn, pn))- (2.18)
i=0
Proof. We will show ([2.18)) by induction on ¢. Let n € N* be fixed. Using the definition
of I's, independence of ¢, with W(t) — W(nd) for t > nd and properties of W, we easily
have

E(Ts(qn, pn + o (W (t) = W(nd)))) < E(Ts5(gn,pn)) + (t — 1) ‘722 (1+ 5077)

Let ¢ € N*. Let us assume that ([2.18]) is true for all j < ¢ — 1 and let us show it for /.
Let n € N* be fixed. Using the Ito formula on I's(gn, P, (1)), we get for t € [nd, (n + 1)d]

T (ans Pal0) =T5(np0) + 0 | 6 0 PuDI + ZIPa) + S (5)

nd 2

1 N A
#5300+ D) [ T P

e /5 (1 + ?)Pn(s) + 2 0u"T5 (qus Pa(s))ds.

We take the expectation. The second term in the right hand side vanishes because it is a
square integrable martingale. Using for (¢,p) € R??

%) Y2 Ydo
[+ Sop+ gal” <161+ 22)°Ts(a,p),

we get, for ¢ € [nd, (n + 1)d],

t

E(T%(gns Pa(t))) <E(T4(qns pr)) + Ce(b0) / (S (g Pals)) .

Then, by induction we get (2.18)) for £. ¢
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Proof of Proposition in the case of the implicit Euler scheme (2.12). First, we
rewrite the implicit Euler scheme (2.12)) as

dn = Qn4+1 — 6pn+1
P+ Vo0n, = puy1 + 304V (qn+1) + v0pnt1- (2.19)

Let ¢ € N*. Using ([2.18]) for t = (n + 1)J, we see that

/-1

E(Fg(Qnapn + U\/gnn)) < E(Fg(Qmpn)) + CZ 5€_iE(FfS(Qn,pn))
=0
-1

< E(T5(gn:pn)) + C8 Y E(T5(gn, pn)),
=0

where we can choose C independent of §. Using the fact that for any z € R, ¢ € N* such
that i < fand g1 >0
2| < eq]z] + C,, (2.20)

we get
E(T5(gn, pn + oVon,)) < (1 +e16C)E(T5(gn, pn)) + CC:, 6 (2.21)

Moreover, using (12.20) and (2.17)), we get that for e > 0

(1+~(1 = )88) TE(qns1, Prnr1) < (14 022)T4(qns st + 0Pns1 + 00,V (qns1)) + 0Cs,,
(2.22)

where 0 < € < 1 is defined in (2.17)). Then, using (2.21), (2.19) and (2.22), we get

(1+7(1 = €)0B) E(T5(qns1,Pnt1)) < (1 + de2)(1 + £16C)E(T5(qn, pn)) + 0Cs, -

Choosing ¢; = W and €2 = Ay(1 — ¢)B such that A < 2(1+1/2(}_6)7550),
(1+e1C)(1+e2) <1+7(1—¢€)B. Then, by induction on n, we get

we get,

1
1+ (1 —)sB)EDi

E(T§(gn:pn)) < T5(g,p) + C8 Y (
=1
< T(q,p) + C.

To conclude, we use the fact the I'; has polynomial growth and for any (q,p) € R

L 9 72 2
g’p| +EIGI| < cl's(q,p)-

2.3 Preliminary results

Before giving the main result, we will introduce some notations and give results on the
Kolmogorov generator L. In particular, we will describe the two important properties that
we need to prove our main result.

For (z,y) € R??, we denote by (qx(t),py(t))t>0 the process that satisfies (2.4)) and has
for initial data g, (0) = = and p,(0) = y. From now on, (P;);>o is the transition semigroup

associated with the Markov process (qq(t), py(t)),s-
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In all this chapter, we consider the following spaces: for k € N and £ € N
Cr(R*)) .= { f € C*(R*) such that for all j = (ji, ..., j2a) € N, |j| < ¢,
sup | f(z)|T 7% (z) < 0o}

rcR2d

Let ¢ and k be two integers. For a function f € C,ﬁ(RQd), we define the following norm

sup sup Lf(:v)
Jj==01,-J2qa) z€R24 Fk(x)
ljl<e
We also define the semi-norm
N f(x
|fleg == sup  sup F’{( ) .
J==(J1,..-J2d) z€R24 (.CL‘)
1<]jI<e

We recall that we denote by L the Kolmogorov generator associated with the stochastic
differential equation (2.4): It is defined for all ¢ € C*°(R??) and (g, p) € R?? by

82

0'2 d
L(g.p) = (p. 0a8(ap)) — (0gV (9) + 7P, Op(4:P)) + 5 > i
i=1 "

S0 (229

Moreover its formal adjoint LT in L?(R??) is defined for all ¢ € C*°(R??) and (¢, p) € R?*?
by

LT ¢(q,p) = —(p,0,0(¢,p)) + (04V (q), 0p(a, p)) + (P, Dp(¢; P))

2 2

d
L e
T2
=1
The following equality will be useful: For any functions ¢ € C*°(R??) and ¢ € C™(R?%),
we have

#(q,p) +dvp(g,p). (2.24)

L(¢) = Lé + OL + 0* (00, Op1)). (2.25)
We define the measure dp := p(q, p)dgdp where for all (¢,p) € R??,

1 2

p(q,p) = Eexp(*alﬂ(q p))

and Z = fRQd exp(— H (g, p))dqdp. A consequence of assumption B-4 is that for all k € N
and j € N

. 2
/ |q\2k|p]2J670%H(q’p)dqdp < 00.
RQd

It is easy to verify that the measure dp is invariant by P;: L' p = 0.
We also define the following space:

L(p) = {1 B R [ IPdp < 0}

We will now give some results on the law of the solution of (2.4). We consider a function
¢ € ;SI(RM) and we set for all ¢ € R?, p € R% and t > 0:

u(t,q,p) = E(¢(qq(t), pp(t)))- (2.26)

It is a classical result that u is a C* function on Rt x R2%. Moreover, one can show the
following result on the regularity of u - see [84]:
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Lemma 2.14 Let ¢ € CESI(RM)' Let u be defined by (2.26)). For any integer m, there

exists an integer s such that for all T > 0 there exists a strictly positive real number C,(T)
such that for t € [0,T], ¢ € R? and p € R?

| D™ u(t, g, p)| < Con(T) (1 + gl + [p]*),
where D™u(t) denotes the vector of all the spatial derivatives of u(t) of order m.

By It6 formula, it is possible to show that u verifies the Kolmogorov equation

du
—(t,q,p) = Lu(q,p), ¢ R, pe R ¢ >0, w(0,q,p) = ¢(q,p), ¢ € RY, p R

dt
(2.27)
In the following, we write: u(t) = P,¢. Note that we use the standard identification
u(t) = u(t,.).

As we wish to investigate the asymptotic properties of the implicit Euler scheme and
the implicit split-step scheme, we need results on the long time behavior of the solution of
. More precisely, we need exponential convergence of u and all its derivatives in an
appropriate sense:

Proposition 2.15 Let ¢ € CSSI(RM) such that [ ¢dp = 0. Let u be the unique solution
of (2.27). There exists a strictly positive real number Ao such that, for any m € N and

0 < A < A, there exist a positive real number C' and integers g1 and Ly, > 27 rda1
such that if ¢ € CHAH1(R2Y) then for all t > 0

Tm+d+1
[ w(t) llm < Cexp(=AL) [| @ [lat14m,rmpasr -

We also need the existence of a solution to the Poisson equation associated with the
operator L:

Lemma 2.16 We denote by L* the formal adjoint of L in L?(p). Let g € ;gl(RM) such

that [ gdp = 0. Then there exists a unique function h € C;gl(RM) such that
L*h =g and /hdp =0.

The proof of these two results can be found in the appendix.

2.4 Main result

Our main result can be stated as follows:

Theorem 2.17 Let N be fized. Let 6y := min(%, %). Let (qi,pr) be the discrete process

defined by the implicit Euler scheme (2.12)) or by the implicit split-step scheme (2.11)).
Then for all § < 8y, there exists a modified function ™) defined for all (q,p) € R?® by

N
M (qp) =1+ 6" un(q,p)

n=1

such that pN) € C;ZZ(RM) and

/ 1M (g, p)p(q, p)dgdp = 1.
RQd
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For all functions ¢ € ESI(RM) N CZ\IIV(RM) where ay = 6N +8 + (d + 1)(IN + 2) and
0 < X\ < Ao, where \g is defined in Proposition[2.15, there exist a positive real number Cy

and an integer ky > £y satisfying the following : For all k € N,
E(qr. pr) — / on™dp| < O (&7 + V) (1ol + [p0]*) | &= (0} llan o

where ty, = ké and (¢) = [ ¢dp.

This result can be viewed as a discrete version of Proposition 2.15]in the case of m = 0.
We have, for (g, pk), the discrete process defined by the implicit Euler scheme or
the implicit split-step scheme , that E¢(qk, pr), which is an approximation of u, has
the same property as u : E¢(qg, pr) converges exponentially fast to a constant in C,gN (R24)
up to an error 6VCy. At a fixed k, we can optimize this error with a good choice of N.

Our result can be compared with [22,50164,82,83]. As in [22/[50,64], the only assumption
made on § is that § < §p := min(%, %). We also recover an expansion of the invariant
measure as in [85].

Our result is similar to the result in the case of SDE on the torus described in [22] and
to the result for the overdamped Langevin equation described in [50].

The constant C'y appearing in the above estimate depends on IV, the constant of semi-
convexity 6, the parameters of the equation v and ¢ and the polynomial growth of V' and
all its derivatives.

To prove Theorem we will proceed in several steps and will use the same strategy
as [22]. In Section [3| we give an asymptotic expansion of the weak error for the first step.
Then, we use this expansion to build a modified operator £(M) and a function v™) such
that the weak error at the first step and v(¥) are close to an error 6V *1 (Section . In
Section [5) using Lemma we build the modified function ¥ and, using Propositon
we show the exponential convergence of v(V) to a constant depending of pV. Finally,
by the Markov property and Proposition [2.9] we complete the proof of Theorem [2.17]

3 Asymptotic expansion of the weak error

We now examine in detail the first time step and its asymptotic properties in terms of
the law. By the Markov property, it is sufficient to obtain information for all steps. It is
easy to have an expansion of u. Indeed, by Taylor expansion in time, we have the formal
expansion for small ¢ and (g, p) € R??:

2 n
u(t,q,p) = ¢(q,p) +tLo(q,p) + %L2¢(q,p) +.t+ %L%(q,p) + .

Since the solution u(t) of the Kolmogorov equation is in ngl(]RQd), the above formal

expansion can be justified in ngl(RQd). Indeed, we have the following easy result whose
proof is left to the reader.

Proposition 3.1 Let ¢ € ngl(RQd) and 61 > 0 be fixred. Then, for all N, there exist
constants C(N) and £ such that for all § < 61,

N n

1)
[u(d.0.p) = D —L"(a:)$(q:p)| < CN)SV L+ gl + [pI) | 6 llan 2.0
n=0

where ron42 is defined such that ¢ € ng\rﬁ (RQd).
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We would like to have an expansion similar to the last Proposition in the case of pro-

cesses defined by the implicit Euler scheme (2.12) or the implicit split-step scheme (2.11]).

Proposition 3.2 Let §y = min(%, %). Let ¢ € Crp (R24). For any N € N, there exists an

integer ry such that ¢ € Cfn\]fv (R24). For alln > 1, there exist operators A, of order 2n with
coefficients Czl(RQd) which depend on the scheme chosen - (2.11)) or (2.12)) -, such that for
all integer N > 1 there exist a constant Cn and an integer €y such that for 0 < § < dg

and (q,p) = (qo, o),

IE¢(q1,p1) ZM (4:2)8(a,9)] < CnN T L+ 1g|™ + ) @lans2,ray o (3:1)

Moreover, we have Ag = I and A1 =

Remark 3.3 This result is similar of the asymptotic expansion of the weak error described
in [22], but the proof is different. Indeed, we can not use Ité’s lemma because the schemes
considered here are implicit.

We consider the implicit split-step scheme (2.11)). Let 0 < § < dg. Let us recall that
we have

=qo0 + 0p;
Po =po — 0Py — 00,V (q1)
p1 =p + Véan.
To prove Proposition we first need an asymptotic expansion for ¢, p1 and pg.

We define the function ¥s which associates to (g,p) the solution z of (1 + vd)z = (1 +
v8)q + 6p — 620,V (2). The function Ws is well defined - see Lemma [2.7] . and we have

q1 = Us(qo,po). Moreover, we have that (9, ¢, p) — ¥5(q,p) is C* on |0, 7+” 2+4 [xR2d:
Let ©; =]0, RARitha s W[XRM and the function f € C'*° defined on 2; by

f(6,a,p,2) = —(1+6v)z 4+ (1 + 6v)q + p — 6%,V (2).

Using the semi-convexity of V', we have that, for all (d,q,p,2) € Qi, 0.f(d,q,p,2) is
invertible. By implicit function Theorem, we obtain that the function defined by (6, ¢, p) —

0, YTV P40 W[XRM-

Us(q,p) = z is C*° on a neighborhood of each point of
We have the following asymptotic expansion:

Lemma 3.4 Let 6y = mln(l, 49) and (q,p) € R* such that qo = q and py = p be fized.
We have for 0 < § < dg andNGN,

N
= Us(q,p) = ¢+ > 8"di(q,p) + 5" Ry 11(g,p, 0), (3:2)
k=1
where, for all k > 0, dy, € ;gl(]Rm) is defined for all (z,y) € R?? by

di(z,y) =y, and for k > 2
dip(z,y) =(—1)" 19 2 (vy + 9, V( )

k—1
+Z 1)/~ 1y™ 22 Z OV () (diy 1. (2, Y), oy iy 11 (2, 9)).
j=2 n= 1 T k14 Akp=k—j—n,
0<ki <N
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and Ry verifies: There exist C > 0 and fnx € N such that for any (z,y) € R*? and
d < &

|Ryvt1(2,y,0)] < C(L+ |2 + [y|™). (3:3)

Proof. Let 0 < 6 < d9. We have previously shown that (J,q,p) — ¥s(q,p) is C*>° on

/2
10, AHTW[XRM. Then, for (q,p) € R?? fixed, we have that dj(g,p) is the k' term of
the Taylor expansion of § — Ws(q, p) and we can write (3.2]). We now search an expression
for dk.

Let (¢,p) € R?® such that ¢y = ¢ and py = p. Let £ € N. We use the temporary
notation, for all 0 < k < /¢ —1, g ¢ = di+1 and gr o = Ry41. Hence, we have

y4
@ =q+ Y _ 8" dr(q,p) + 6" Reya (g, p, 0)
k=1

=q + 021,

where 21 = Zi:o 9k,(q,p). Using Taylor expansion, we obtain

94V (q1) =0,V (q + 621,) = Z n,f?;"”“v (6210, - 0210) + 67 104(q, p)

—0,V(q +Z 5”8”“1/ 25 9,0(4: D) 25 gre(a,p)) + 8 0¢(q,p)

n= 1
0 1 nt
=0V())+ D "> 8" D> V(@) (k.0 P)s o G t(4:P))
n=1 m= ceitkp=m,
k1+0§41255§£

+ 5é+19@(Qap>
=0,V (q) + I14(q,p) + 6" In0(q, p) + 6" 0s(q, p),

where

' (1- t)é (-2
GK(CLP) = 0 /) 8q V(q + t(SZl)(Zlv ey Zl)dt7

I4(q.p) Zfénzyn > V(@ (9 t(a5D)s s Ghn (a5 ),

n=1 m=0 ki+...+kn=m,
0<k; <t

1
Y V@) (4,p), e diy 1 (0:P)),
ol

j=1 n= ki+..+kn=~L—n,
0<k;<l—1
¢ 1 nl
Le(gp) =) —o" > &0y 0 V(@) 9k (@) s (0 )
n=1 """ m=~—n+1 ki+...+kp=m,
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Let N be fixed, using the above computations, we have

a1 =q+ (1 +~8) " (dp — 620,V (q))

N—-1
=q+ Y _(=7)F* T p+ " g(q, p)
k=0
N—2
+) (—y)keRt? <8qV(Q) — 0* I Nop—2(q,p) = 6" F N (Io N—p—2(a,p) + 0N7k72(Q7p))>
k=0
N
—=q+p+ Y (=) 2 (vp+ 0,V (9) + T (q,p) + 6V G(g,p), (34)
k=2
where
N—2
J(g:p) ==Y (=11 n-r—2(g,p)5"
k=0
N Nk oGy
=D (DR DAY S > 9TV (ki +1(4:), s dra(4:9)
k=2 j=1 n=1 """ ki+..4+kn=j—n,
0<k;<N
N k—1 ‘ ‘ k—j 1
:Zék (_1)]-1,7j—22 ﬁ Z 8;‘+1V(q)(dk1+1(q,p), '“adkn-l-l(Qap))a
k=3  j=2 n=1 " ki+..+kn=k—j—n,
0<k; <N
N—1
G<q7p) :g(q7p) - Z (_7)k127N7k72<q7p)7
k=0
9(q,p) = — ) (vp + 0,V (q1))
’ 1+ 0y 1

Identifying the terms in the two expansions (3.4) and ({3.2]), we get

N

@ =q+ Y 6"d(g,p)+ 6" Ry 11 (5,q,p),
k=1

where, for all k > 0, dj, is defined for all (g, p) € R?¢ by

d1(q,p) =p, and for k > 2,
di(q:p) =(=1)* "2 (vp + 9,V (9))

k—1 k—j
o 1
+ Y (1) QZQ > BV (q) (dry+1(q,P), -y A, 41(25 ),
7j=2 n=1 ki1+...+kn=k—j—n,
0<k;

moreover, by induction, we have, for all k € N, d, € %Z(RM).

The above identification does not give an easy expression of Ry, then we have not
immediately . To show this result, we will use that, for N, ¢ € R% and p € R? fixed,
RN (q,p,.) is the remainder of order N of § — Ws(q, p). Therefore, if we show that, for any
n € N, there exist C > 0 and ¢, € N such that for any 0 < § < dp and (¢, p) € R%,

1055(g,p)]* < C(L+ gl + [p|™), (3:5)

then we show ({3.3)) and Lemma is shown.
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Let us show the result ([3.5) by induction on n. Let 0 < § < &y and (q,p) € R?*? be
fixed. We have, by definition of Wy,

Us(q. p)(1+67) + 820,V (¥5(q,p)) = 6p + (1 + 57)q. (3.6)
We multiply this equation by Ws(q,p) and use dissipativity inequality (2.3)). We get

(P, Us(q, )0 + {q, Us(q,p)) (1 + 6v) =(1 + 69)[Ws(q, p)|* + 6*(9V (¥s(q, p)), ¥s(q, p))
>(1+4 67y + $10%)|Ws(q, p)|* — K6°.

Since !
2(a,b) < ela|> + =|b|* foralle >0, acR?and b e R?, (3.7)
€
we get, for any positive constants €; and e3:
&1 €9
Ws(q,p)|* |1+ 67 + 16” — 33
14 vy
< o2 4+ 2y 2
<0+ oIl —

We choose €1 = g9 = %, then we have that there exists a positive constant C', which is
independent of §, such that

U5(q,p)* < C(1+ gl + [pl).

This proves (3.5)) for n =0 and ¢y = 2.
Let us assume the result (3.5)) is true for all 0 < j < n and let us show it for n. Let
0 < 6 < 6y and (gq,p) € R? be fixed. Differentiating (3.6]), we have

(14 07)05¥s(q,p) = — ny9} ' Ws(q,p) + (vg + ) 1oy
— 20057 (0, (Ws(a,))) - 8205 (0,V (Ws(a, )
- 2(2) 005~ (%V(%(q,p)))
::Bl(dv Q7p) - 27132((5, Q7p) - 5233(57 qvp) - 5B4(57 Q7p)

By induction hypothesis, we have that B; has polynomial growth in (g, p). Moreover, using
Faa di Bruno’s formula, we get

(n—1)!

— mi+...+mp—1+1
Bobap) =3 e 207 (= 1)yt 04 CV¥s(a )
n—1
< [ (83%s(a.p))™,
j=1

where my + 2mg + ... + (n — 1)m;,—1 = n — 1. Using the polynomial growth of V' and its
derivatives (B-1) and induction hypothesis, we have that Bs has polynomial growth in
(¢,p). Using the same method, we have that By has polynomial growth in (g, p). Using
Faa di Bruno’s formula, we also have

n!

_ mi+...+mp+1
B3(57Q7p) *Z ml'mg'(Q')QOn'(n')m" 8(] ! V(\I/(;((Lp))
X H (85\1}6(q,p))m7
j=1

=60;V (¢ + 0V5(q, )93 ¥s(q,p) + Bs(6, q,p),
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where my + 2mgo + ... + nm,, = n and

_ n! k14...Akn_1+1
Bs(6.0.0) =) T (2R o 11 ((n = 1)) 1 01 TV (¥s(ap)
1

(Gj‘lfé(q p))

1
ki + 2ky + ... + (TL - 1)]{7“,1 =n.

n

<.
Il

Then we have that By, B2, By and Bj have polynomial growth in (g, p) and we get

(1 + 691 + 6207V (q + 0¥s(q, p))) 93 ¥s5(q,p) = Bs(6,4,p)
where Bg := —nyB; — 2nBy — 6 B4 — 6° Bs has polynomial growth in (g, p).

Multiplying by 65 ¥s(q, p), and using (3.7)) on [(Bs(d, q,p), 05 ¥s(q,p))| and semi-convexity
assumption B-3, we get

1 1

where 6 is the constant of semi-convexity and Bg has polynomial growth in (g, p). Since
§ < %, we have that there exist constants C' and ¢,, € N such that

05 Ws(q,p)> < C(1+ gl + |p|™),

which proves (3.5). ¢
Corollary 3.5 Let dp = mln(}Y %) and (¢°,p°) € R?*® such that qo = ¢° and py = p° be

fized. We have for 0 < § < g and N € N,

N
q=q"+Y_ 6"di(¢",p°) + N Ry 1 (¢°,0°,9),
k=1

N
= 0¥ di1(¢°,p°) + 6" Rv12(¢%, 0%, 8) + Voo

where, for all k >0, dy € CEZI(RM) is defined for all (z,y) € R?? by
di(z,y) =y, and for k > 2

di(2,y) =(=1) "'9* 2 (yy + 0, V( )
1

i
+Z 1)/~ 1y™ 22 Z OV () (diy 11 (2, Y), oy iy 11 (2, 9)).
Jj=2 n= 1 " kit tkn=k—j-n,
0<

)

and Ry 1 verifies: There evist C > 0 and {x € N such that for any (z,y) € R*? and
§ < dg
|Ryv41 (2,9, 6)] < C(1+ |2 + [y|™Y).

Proof of Proposition in the case of the implicit split-step scheme (2.11]). Let
N fixed. We have, with the notation of Corollary B.5] for all Ny € N

No
q =q+ Y _*dp(q,p) + 6" Ry 11(q,p,8) = g+ 6Ri (g, p, 6),

k=1
No
p1=>_ 6"de1(q,p) + 6™ Ruy12(q, p, ) + Voo
k=0
=p+ \/50770 + 0R2(q,p,0) = 2+ \/30770.
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Let ¢ € C;gl(RQd), for any n € N, there exists an integer r,, such that ¢ € C; (R2). Using

Taylor expansion, we get

o(q1,p1) =d(qr, z + Vono)

2N+1

1
=¢(q1,2) + Z Edk/zakﬁgcb(ql,z)(no,...770)
k=1

+ /1 w5N+102N+282N+2¢(q1 z + tV/6ong) (no, .m0 )dt.
o (2N +1)! P ’ ’

Let |.| denotes the integer part. Using Taylor expansion on 8£¢(q1, z) and computations
done in the proof of Lemma we obtain

&(q1,p1) = Ii(z,m0) + Ia(x,mo) + I3(x,m0) + La(z,m0),

where = = (¢, p) and

2N+1 1 Oy, 1. /n L
Ii(z,m0) = Z Egk <5k/2a§¢(x)(no,...,no) + ZEZ <€> Z §mk/2

k=0 n=1"" ¢=0 m=n

X Z 8583 €+k¢(l‘)(dk1($)a"'7dkg(1:)?d];;1+1($)?"'7d]~§n_€+1(1’1)37707"'7”0))7
_ k}l—ﬁ-...:i-kg
—‘rkl—‘r...—‘rkn,g:m
0<k; <ty
0<I~ci§£k

2N+1 n(fy+1)

)45 n
I(a,m) = Y %Uk > % > (Tg) > By k(@ mo),
=0

k=0 ~  n=0 m=_lr+1

2N+1 1 0, etl
_ 1kk/24k+1/(1—t>’“ b+ 1
—73(%770) - kzo k“a ) d 0 (lk)' Z ¢

=0
x OLOLE T R (g + tOR (2, 6),p + tORy(, 6))
X (R1($, 5)7 ) R1($, 5)7 R2($a 5)) ey R2($7 6)) o5 -+ UO)dt>

1 2N
Iy(z,mo) :6N+10—2N+2/ (L—p=

0 W82N+2¢(q + (SR]_ (SU, (S), z + t\/gno)(ng, ceny ’I’]O)dt,

k+1
wen- |
and, with the temporary notation: for all 0 < k < 2N + 1 and 1 < ¢ < ¥, gr; = diy1,
Ik = diy Grep+1 = Reyyo and gr g, 11 = Ry, 11,

Bres(@m) = S0 OO 0(@) (G (@) s 9y (), G, () Gy ()10 0.
kit tke
+ki14+...4+kn_r=m
0<k; <lr+1
0<k;<lp+1

We have, for all £ € N, E(ngﬁ“‘l) = 0 and 7p,; are independent of ¢, p and g ; for j # i,
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then the expectation of all the odd term in k£ in Iy, Is and I3 vanish. Hence we have

Ny Nk o noo n(N—k+1)
Bl =Y e X > (7)) X IR Bnsalam)
k=0 ' n=0 """ ¢=0 m=N—k+1

N PN N -k
E(I3(x,m0)) = ZW(SNH 2k/o (N—k)! ; ( ¢ )

X E(@f@fj “k1=btk g0 4 15 R (2, 0), p + tORa(x, 5))
x (Ry(2,0), ..., Ri(z,8), Ra(, 9), ...,Rg(x,é),no,...,ng))dt.

In E(Iy(w,m0)), we have m+k > N+1, then we can factor 6V 1. Moreover, if n = £ =0
then By, 2k = 0, hence, in each term of E(Ix(x,n)), we have at least one derivative of
¢. Using ¢ € C2N+2 (de) and the polynomial growth of d;, Ry,+1 and Ry,41 for j € N*

T2N+2
and Ny € N, we get that there exist integers ni, ny and ng such that

IE(I2(q,p,m0))| <Cn6™ 1+ [p™ + a]™)|Bl2n,ran
IE(Is(q, p,m0))| <CnONTHL + p|™ + |a™) || D*M 420 [l0,ran 10
IE(I3(q, p,m0))| <CnONTHL + |p|™ + |q™) || DN | N+1r0m 11 -

Hence, we have that there exists k1 € N* such that

[E¢(q1,p1) — E(11)] < Cno™ T (1 + [p™ + 1™ @lon+2,mans0s

where
S
_ 2 sim (529
E(h) ; 51 (9560 ) (.
Ny Noj o N . ‘
Dt L) 2 X B e
=0 a0 N e kitotky
+k1+...+kp_g=m
ki ki >1
X (dkl(q7p)7"'7dk[(q7p)7d%1+l<q7p)7"'7d%nil+1<q7p)77707"'7”0))7
N
= 6" Ak(g,p)¢(a, ),
k=0
and
o2k k—1 1 k— 1 n
A 2k ) 27 -
H(0:0)9(0.0) = G, E(8;%¢(q,p) (10, --»70) +Z—2 Pk Zn, (6)
j=0 n=1" =0
X > E(aflag_“%cb(q,p)(dkl(q7p),  diy (0, p), dj, (g, p),---,d,;n_m(q,p),no,-.-7770))
kit
+ki1+4..4+kn_t=k—j
0<k’i,]~€i
Using property of 7y, we get that Ag = I,
o2 & 82
A16(a.p) = Z + (09, da(q, ) + (04¢(q,p), di(g,p)) = L
and Ay is an operator of order 2k. ¢

3. ASYMPTOTIC EXPANSION OF THE WEAK ERROR 71



CHAPTER 3. WEAK BACKWARD ERROR ANALYSIS FOR LANGEVIN PROCESS

The proof for the scheme uses the same arguments.
We need asymptotic expansions for g1 = ¢+ 0p1 and p1 = p — §yp1 — 9,V (q1)0 + Von.
We use the local notation o = v/8. We define the function v, which associates to (g, p)
the solution z of (1 +~a?)z = (1 +~a?)q+ o?p — a9,V (2) + aony. This function is well
defined (see Lemma . Moreover, using same arguments as for the scheme , we
can show that (a,q,p) — a(g,p) is C™ on |0, v/61[xR??, where 6; = 1V RS

20
We have the following lemma:

Lemma 3.6 Let §y = min(%, %) and (¢°,p°) € R?® such that g9 = ¢° and py = p° be

fized. For 0 < & < &g and the local notation o = \/§, we have

2Nop+1
k
\V/NO S N7 q1 = ¢a(Qap) =4q + Z 52dk(Q7p7 770) + 5N0+1RN0+1(Q7P7 (57 770)7
k=2
2No+1 .
b1 = Z 5§dk+2((],p, 770) + 5N0+1RN0+2(Q7p3 57 770))
k=0

where, Yk > 2, dy, is defined for all (q,p) € R* by

dZ(Q7p7n0) =D, d3(Q7p7n0) = 07o

and Vk > 2
dar(q,p,m0) =(—1)* 2 (yp + 8,V (q))
k—1 k—1
[ 7 1 n
DT Y V@) (0.0, s i (4, 9:0)),
i=2 n=1"ky+..+kn=2(k—i)
ks>2
dar+1(q,p,m0) =(=1)* 5 ang
k k—1
[ 7 1 )
+) (=1)y Zﬁ > 95V (q)(dry (4,1,M0)5 -+ dk; (4, 2, 10))-
i=2 n=1 """ ki4..4+kn=2(k—i)+1
ks>2

Moreover, we have that for any k > 2, E(dy) € C;SZ(RM),

E(dak+1(¢; p,m0)) = 0 (3.8)

and, for any N € N, Ry verifies: There exist C > 0 and £y € N such that for any
(z,y) € R* and 6 < &

IE(Rn(q,p,0,m0))| < C(1+ |g™™ + [p|™).

Proof. To prove this Lemma, we use the same ideas as in Lemma We first compute
dy, for all k. By induction, we rewrite di only in terms of dj, d2 and the derivatives of V'
evaluate in ¢. Using the independence of ny with (g, p), we can show .

To prove that E(Ry) has polynomial growth, we show that, for n € N, there exist C,, > 0
and k, € N such that, for (¢,p) € R?, § < § and the local notation o = v/, we have

E(|024a(q,p)[?) < Cu(1 + |g™ + |p|™).
’

The proof of Proposition in the case of the scheme ([2.12) is similar to the case of
the scheme ([2.11]), but we must use an asymptotic expansion of 8}’;@5 to a larger order -
2N +1 — k instead of N — [(k +1)/2].
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4 Modified generator

4.1 Formal series analysis

Let us now consider § as fixed. We want to construct a formal series
L=L+0L1+..+0"L,+ .. (4.1)

where the coefficients of the operator Ly, are in Cp (R2?) and such that formally the solution
v at time t = § of the equation

Ow(t,q) = L(q,p)v(t, ¢, p), t > 0,(q,p) € R* v(0,q,p) = ¢(q,p), (¢, p) € R*

coincides in the sense of asymptotic expansion with the approximation of the transition
semigroup E¢(q1,p1) studied in the previous section. In other words, we want to have the
following equality in the sense of asymptotic expansion in powers of §

exp(0L)p = ¢ + Z 6" Ano,
n>1

where the operators A,, are defined in Proposition [3.2}
Formally, this equation can be written as

exp(6L) — Iy = §A(9), (4.2)

where A(§) = Do 0" Ap.

We have s
exp(6L) — Iy = 55(2 L").
= (n+1)!

Note that the - formal - inverse of the series is given by
" - B
(Sorme) ~Xore
n>0 n>0

where the B, are the Bernoulli numbers - see [29,37]. Hence, equations (4.1) and (4.2]) are
equivalent in the sense of formal series to

Byt i " — By
L=3 JroLtAE) =30 (Anﬂ DI DY Lnl...LneAnHlH) . (43)
=1

>0 n>0 ni+...4ngp1=n—~

Identifying the right hand sides of (4.1) and (4.3), we get the following induction

formula

n
By
Ly=Ani1+ ) o > Ly L, Apy 41 (4.4)
=1 ni+...4ngpr1=n—~

Each of the terms of the above sum is an operator of order 2n+-2 with coefficients C3, (R24)

and therefore Ly, is also an operator of order 2n + 2 with coefficients C¢, (R24).
Note that (4.2) gives immediately the inverse relation of this formal series equation:

n
1
A, = Z i Z Ly L, (4.5)
/=1 ni+...4+np=n—~

Moreover, clearly it holds
L,1=0.
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4.2 Approximate solution of the modified flow

In the previous section, for a given N, we have constructed the modified operator

N
LW =L+ "Ly (4.6)

n=1

In order to perform weak backward error analysis and recursively estimate the modified
invariant law of the numerical process, we should be able to find a solution vV of the

modified flow

o™ (t,q,p) = LN (t,q,p),t > 0,(q,p) € R* vN(0,4,p) = (a.p), (¢,p) € R*.
(4.7)
However in our situation we do not know whether this equation has a solution.
The goal of the following theorem is to give a proper definition of the modified flow

associated to (4.6)).

Theorem 4.1 Let ¢ € C;gl(RZd) such that [ ¢dp = 0. For any N € N, there exists an

integer ry such that ¢ € CN (R??). For all n € N, there exist functions vy(t,.) € C;gl(Rm)
defined for all times t > 0 such that for allt > 0 and n € N,

Bron(t,q,p) — Lon(t, q,p) ZLevn ot 4, p), (4.8)

with initial condition vy(0,.) = ¢ and vy (0,.) =0 forn > 1. For all N > 0, setting

M(t,q,p) = Z5vktqp

the following holds:

a. Let g = mm( L 49) there exist a positive real number Cn and integers £ and ky such
that for all t >0,0<6<d and (q,p) € R*

IEo™(t, g1, p1)—v™ (46, ¢,p)| < SV TLCON(1+]g|™ +|p| ) u [V (45, ) a2,k -
s€]0,0
n=0,...,N

b. Let 6y = mm( 9) there exist a positive real number Cn and an integer £y such that
for all 0 < 5 < o and (q,p) € R%

[Ed(q1,p1) = 0" (6,4.p)] < 8V CON(L+ (g™ + [pI™) 1| 6 N (as7) 42 wiaimy s -

Proof. Let ¢ € C (R?4) such that [¢dp = 0, for any N € N, there exists an integer

rn such that ¢ € C,{\;V (]RQd). For n = 0, equation reduces to vg = wu, the solution
of . By Proposition we deduce that v and all its derivatives have polynomial
growth. Let n € N and assume that v;(t) are constructed for j = 1,...,n—1. Let for t > 0
and (g, p) € R%

Fu(t,q,p) = Zlen !t q,p), (4.9)

the right-hand side in (4.8]), then v, is umquely defined and given by the formula

t
vn(t,.) = /0 P F,(s,.)ds, t>0. (4.10)
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Using an induction argument and Proposition [2.15] we know that v, and all its derivatives
have polynomial growth. Moreover, we have for all £k € N and n € N* that there exists an
integer ay,,, such that for all £ > 0

l0n () [lk0k,, < CO) | ¢ letntar+anrenass: (4.11)

where the constant C(t) depends on t, k, n and V. This proves the first part of the
Theorem.

To prove a., we consider a fixed time t and define the functions wy,(s, ¢, p) := v, (t +
s,q,p) for s >0, (¢,p) € R?® and n € N. By definition, these functions satisfy the relation

n
Oswn(s,¢,p) =Y Lewn—1(s,q,p),5 > 0,(q,p) € R*
=0

wn (0, q,p) =va(t,q,p), (q,p) € R*.

Let us consider the successive time derivatives of the functions w,. We have, using the
definition of wy,, for all s > 0 and (g, p) € R??,

O3wn (s, q,p) ZLza Wn—e(s,q,p) Z > LzlLean k(s,4,p),

=0 k=0 £1+Lo=

and we see by induction that for all m > 1, (¢, p) € R?? and s > 0

a;nwn(‘S? q,p) = Z L Lfmwfnhq (57 q, p)
b4+ p1=n

Using the fact that the operators Ly are of order 2042 with no terms of order zero and that
their coefficients have polynomial growth, we see that there exist a constant C, depending
on n and m, and an integer [3,, such that

|07 wn (s, q,p)] < C(1+ g/ + |p|™) Sup Wk (85 ) 2n—2k+2m,00 g
=0,...,n
where £, ., € N is such that wy(s,.) € C2(n ktm) (R24). Now let us consider the Taylor
expansion of wy(d,.), for § < dp. Let N be ﬁxed. We have for § < &, (¢,p) € R?¢ and
n=0,..N

N— § N—n
S n
w(6.4,p) = Z o wn<0qp>+/0 i T 0
0

—n)!

2

-n
5m

- 7‘ Z Lel“'Lfmwan-l (O7Q7p) + RN,n((Sa Q7p)'
m=0 €1+...+€m+1:n

Using the bounds on the time derivatives of w,, we obtain the existence of an integer £y
such that for all 0 < § < §p and all n =0, ..., N,

| RN (0,0, p)] < COVTHH(L (g™ + [p|™Y) e [wn (s, )|ant2,ky
€]0,9],
nS:O,...,N
for some constants depending on N, n and ky such that forn =0, ..., N, w, € Cingz(RQd).
After summation in n and using the expression (4.5)) of the operators A,, and the definition
of wy,, we get for all (¢,p) € R??, ¢t >0and 0 < § < &

N n
'U(N)(t + 5’ q7p) = Z o Z Amvn_m(t,q,p) + RN(t7 57(]7]7)7

n=0 m=0
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where

|Rn(t,6,q,p)| < OnoN A+ ||y + [p|™) S]u p[ [n(t + 5, ) |aN 2,k -
s€]0,0],
n=0,...,N

To conclude we apply (3.1]) applied to ¢ = @) (t,q,p) and use the fact that § < dy.
The second estimate b. is then a consequence of a. with t = 0 and (4.11]).

Note that in the previous theorem, we have constructed a function v®) which is an
approximate solution of (4.7). More precisely, we can easily show that we have for all time
t>0and x € R%

O™ (1, 2) =L (t,2) + RV (1, ),

where
RM(to)y=— > 6020, vt 1)
01,02=0,....N

is of order O(6V+1).

5 Asymptotic expansion of the invariant measure and long
time behavior

We now analyze the long time behavior of the solution of the modified flow associated to
. In the following, for a given operator B, we denote by B* its adjoint with respect
to the L?(p) product. We start by an asymptotic expansion of a formal invariant measure
for the numerical schemes.

Proposition 5.1 Let 6y = min(%, %) Let (Ly)n>0 be the collection of operators defined
recursively by . There exists a collection of functions (fin)n>0 such that po = 1 and

[ tndp =0 for all n € N*, and for alln € N*, p, € C;SZ(RM)

n

L pin = = (L)* it (5.1)
=1

Let N € N* be fized and the function p™N) be defined for (q,p) € R** and 0 < § < 5y by

N
pN(6,0,p) =14 6" pnlg, p),

n=1

then for 0 < 6 < &y, p™M(4,.,.) € C;gl(de) and satisfies

/ 1™ (8,9, p)p(q,p)dqdp = 1.
R2d

Proof. Let n > 1 be fixed. Assume that 49 =1 and for j = 1,...,n —1, p; are known and

(e e

Wi € pol(RQd). Let us consider equation (5.1]) given by

n
L*,un == ZLZMn—K =: Gy
(=1
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Note that G, € Cpg (R%4). Indeed, pyo, ..., in—1 and all the coefficients of L} are in C;SZ(RM).

Moreover, (G, satisfies

n
/ Gnla:p)pla; p)dacp = _Z/ Lipn—e(q, p)p(q, p)dgdp
R2d — R2d
- Z /RM tn—e(q; p)Lelp(q, p)dgdp = 0.
/=1

Using Lemma we easily obtain the existence of a function u, € CSSZ(RM) satisfying
(5-1) and [ pndp = 0. This completes the proof. ¢

Proposition 5.2 Let ¢ € ngl(RQd) such that w(0) = ¢, then for any n € N, there exists

an integer r, such that ¢ € C* (R*)). For allmn € N, k € N and A < Xo, there ezist a
positive polynomial function Py, and an integer {y,,, such that for allt >0

I on(t) - / Stindp [t < Pem(e™ | 6 = (0) lg0on (5.2)

where Ao is defined in the Proposition () = [ dpdqdp, Brn = k+4n+ (n+1)(d+1)
and Qg =Tg, .-

Proof. Let ¢ € Coy, (R24) such that u(0) = ¢, then for any n € N, there exists an integer

ryn such that ¢ € C (R?*?). Using the fact that pp = 1 and vy = u, we see that the estimate
is satisfied for n = 0 (Proposition . Let n > 1 assume that v;, j = 0,...,n —1
satisfy: For all k € N and A < \g, there exist a positive polynomial function P ; and /j,
such that for any ¢ > 0:

| v;(t,.) — /(fwy‘dp k6,0 < Prg (D€ | & = (D) lktagor (1) (d+1)sp 0

where ay, j is such that ¢ € Ck+4j+(j+1)(d+1)(R2d). Let us set for ¢t > 0

Ak, j

enlt) =) / Un—m(t, 4, P)tm(q, p)p(q; p)dgdp.
m—0 R2d
We claim that ¢, (.) does not depend on time. Indeed, for all ¢t > 0,
> o /R  Wnm (b, )i (¢, 2) (g, P)dgdp
m=0
=> 0 /RM Um(t, ¢, P)tn—m(q, p)p(q, p)dgdp
m=0

=>.2 /R , Lm—eve(t; @, p)tn—m(a, p)p(q, )dgdp

m=0 ¢=0
n n—¢
=> / ve(t,4,9) D Libin—t-m (9, p)p(g, p)dgdp
R2d
=0 m=0
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by definition of the coefficients u,, (see (5.1])). Note that the computation above is justified
because Yn, v,, uy and all their derivatives have polynomial growth. We deduce, for all
t>0,

» dyon(t, ¢, p)p(q, p)dqdp = Z - Oyvn—m(t, ¢, P)um(q, p)p(q, p)dgdp. — (5.3)
Now we compute the average of F), defined by (5.3). By (4.8]) and (5.3]), we have for ¢t > 0
(Fu(t)) = . Fy(t,q,p)p(q, p)dgdp

= / Oyon(t, q,p)p(q, p)dgdp — / Luy(t, q,p)p(q, p)dgdp
R2d R2d

= / Aon(t, q,p)p(q, p)dqdp
=— Z  Ovn-m(t,4,p)1m (4, p)dgdp.
We rewrite (#.10) as follows: for all (¢q,p) € R?? and t > 0,

vn(t,q,p):/o <Fn(3)>d8+/0 Prs(Fu(s,q,p) — (Fu(s)))ds.

Using the previous expression obtained for (F,(s)) and recalling the initial data for v, we
deduce that for all (¢, p) € R?? and t > 0

n(t,q,p) = Z/ — umdp+/¢undp

+ /O Pro(Fu(s.0,p) — (Fa(s)))ds.

Then, using [poa fim (¢, P)p(q; p)dgdp = 0, for m € N* (Proposition , we get for all
(¢,p) €R¥* and t >0

n(t,q,p) — /wndp = - zn: /RM (vn_m(t,d,ﬁ) - /qﬁun_md,o)um(d,ﬁ)p(d,ﬁ)dddﬁ
m=1
t

/0 Preu(Fa(s,0.p) — (Fa(s)))ds.

Note that, since Ly, £ € N is a differential operator of order 2¢+ 2 whose coefficients belong
to Coy (de) and contain no zero order terms, we have for k € N that there exist v, , € N

and (i € N such that for s > 0,

| Fr(s) — (Fu(s)

kvk,n _chZ‘W |bknl:<knl

< ZCM | ve(s /¢>Wdﬂ [N

where by, =k +2(n — 1) + 2 and we have used:

[V (tjs1s )la,s = [vn(tjs1,.) — /de ?(q,p)kn(q, p)p(q, p)dqdp|a. -
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Then, using Proposition we have for k € N that there exists » € N such that for ¢ > 0
I onlt) = [ Gpadp 1<

Z (/R [Un—m(t,q,p) /cbun mdp|*p(q, p)dgdp) ' (/de |t (9, P)* (g, p)dgdp)

m=1
+ /0 Cromi€ M| Fu(s) = (Fu(9)) lkt(a1) s as) 95

Using the induction assumption, we have, for k € N that there exists » € N such that for
t >0,

H 'Un(t) - /(b,undp Hk,ré Z 6mP0,nfm,0(t)e_)\t H ¢ — <¢> H(n-{—l)(d—i—l)—i—4n,o¢07j

+ Crn chl/ Piy(s)e™ ™25 || ¢ — (D) |lantot (ns1)(@+1),0m s -

The conclusion follows. ¢
The following Proposition finishes the proof of our main result Theorem

Proposition 5.3 Let N be fized and £ be fized. Let 6y = min(%, %). Let (g, px) be the
discrete process defined by the implicit Euler scheme or the implicit split-step scheme
[@10). Let 0 <6 < do, ay = 6N +8+ (N +2)(d+1) and ¢ € Co5(R*) NCJN (R??), then
there exist strictly positive real number Cn and an integer ky such that we have for k > 0,

I E(qr, pr) — o™ (¢, ) < VHON | &= (D) llan.tn (5-4)

where t, = ko.

Moreover, for 0 < < dg, A < Ag and ¢ € C;fjl(RQd) NCY (R24), there exist a positive real

number Cy, an integer ky and a positive polynomial functzon Py satisfying the following
: For all k € N,

| E¢(qr, pr) — /GbM(N)dP ok < Cn (E_AtkPN(tk) + 5N+1) | &= (D) llan.txs
where t, = k.

Proof. Let N be fixed and Iy be fixed. Let (qg,pxr) be the discrete process defined by
the implicit Euler scheme or the implicit split-step scheme , 0 <4d <y and
¢ e CESI(RZC[) N CZO]‘VN (R??) be fixed. Let (¢,p) € R?? such that ¢y = ¢ and pg = p. For all
k, with t; = kJ, we have

Ep(qr, pr) — v (tk, ¢, p) = Eo™T(0, gi, prr) — vV (8, ¢, p)
k—1

—E) E#s-1Phi (U(NH) (t5,ar—js Pi—g) = 0™t Qkfjflapkfjfl))-
=0

Here we have used the notation E%-i-1:Pk—i-1 for the conditional expectation with respect
to the filtration generated by gr—;_1 and p;_;_1. We obtain:

k=i =1 Pk=j—1 (U(NH)(tj, Qs Phj) — 0TI (541, Qkqu,pkqu))
= Efh—i—tPhit (U(NH)(%‘, 01 (gr—j-1), P1(pr—j1)) — oDt Qk—j—lapk—j—l))a
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where (q1(q), p1(p)) is the first step of the scheme (2.12)) or of the scheme (2.11) when the
initial condition is (¢q,p). Using Theorem with ¢t = t;, Proposition and (5.2)), we
deduce that there exist integers ry and ky such that for all k € N

k1
| Ep(gr, i) — v Nty ) oy < 6V H2CN D sup [Un(tj415 ) l2N+dry
j=0 $€]0,6[,n=0,...,N+1
p—1
< SVPON || ¢ = (@) lloN+8+(N-2)(d41),0x Z i Py (t;)
T
J - ~
<VPCN || ¢ — (9) llon+st vyt D€,
=0

for some constant C'y. We have used:

v (tj+15 )lap = [vn(tjt1,.) — /de ?(q, p)pn(q, p)p(q, p)dgdp|a.s-

We conclude by using the fact that for a fixed constant v; > 0, it holds true

p—1

4 1 C
E 6771]6 S S N
= l—emd = 3§

where the constant C depends on v and dp. This implies
I E(gr, o) — v, 0,) llogn < NN 1 & = () llon+s(Nr2)@s1).0n
To prove , we note that
vt q,p) = v (b, 4, p) + 0N o (tr, 4, p)

and, for all k € N,

lont1(tk, . p)| < long1(tk, g, p) — /qbuNHdpy +|/(¢_ (&) ) pensrdp]
<Cn | ¢—{¢) “BO,N+1,Q0’N+1 (1+ ’q|50,N+1 4 ’p‘fo,zvﬂ),

using ([5.2)) and its notations. The second estimate is a consequence of (/5.2)). ¢

80 5. ASYMPTOTIC EXPANSION OF THE INVARIANT MEASURE AND LONG TIME
BEHAVIOR



CHAPTER 3. WEAK BACKWARD ERROR ANALYSIS FOR LANGEVIN PROCESS

6 Appendix: Estimates on v and its derivatives

6.1 Notations, assumptions and result

In all this appendix, the constant C' may vary from line to line and we will use the following
notations:

Let ¢ € C;f;l(RQd), then, for all m € N, there exists an integer ry, such that ¢ € C7* (R*?).
For a multi-index k = (ky, ..., koq) € N, we set |k| = k1 + ... + kog and for a function
¢ € C*(R??), we set

oM g(x)

Dk¢<$) - W, xr = (acl, ...,xgd) S R4,
1---Ozgy

Moreover, we will assume in al the appendix that [ ¢dp = 0. We recall that u is defined

by (225,

The aim of this appendix is to prove the following result (Proposition [2.15):

Proposition 6.1 There exists a strictly positive real number \g such that for any m € N,
k € N2¢ such that k| = m and 0 < XA < A, there exist an integer s > 21y, 144 and a
strictly positive real number C such that for all t > 0 and (g,p) € R*?

[DFu(t, q.p)| < C(L+1al® + 1P1°) | & lntds1,mmy1pa XP(=AE).

To prove this Proposition, we will use the same idea as in [84]. Unlike in [84], we need
to know how the estimate depend on ¢. Moreover, using an estimate of u described in [43],
the proof is easier than in [84].
The proof proceeds as follows. We first show estimates on w and its derivatives in an
appropriate space. More precisely, we will show that for any 0 < A < 2Xg, m € N and
k € N?¢ such that |k| = m, there exists a strictly positive real number C,, such that for
allt >0

/ |D*u(t, q,p)*ms(q, p)dgdp < C exp(—At),

where the function 7, is defined as
1

Tg = ﬁ, (61)
for some integer s.
Moreover, we have the following result on 7,: For all multi-index j and integer s, there

exists a function 5 ¢ € C* such that

Prs(q,p) = ¥5.5(q,p)7s(q, p) (6.2)
where (el
by.s(q,p) —27% 0,

Then, for any m € N and k € N2¢ such that |k| = m, it is possible to choose an integer s,,
such that we have, for all t > 0, s > s,,, and 0 < { < 2)g

/de |D* (u(t, g, p)7s(q, p))|*dgdp < Cyn exp(—Ct).

We then conclude by applying Sobolev embedding Theorem (see [8]).

We will also use the following notation: for all s € N, drs = 7s(q, p)dqdp.
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6.2 Estimates on u(¢) and its derivatives in L?(7,) = {f : R* = R; [ |f|*dns}
Using expression ([2.24)) of LT and inequality (2.7) on LI', computations lead to

LT sdo? s(s+1)o? |0,T|?
SFSH—FWS—i—( 2) |;2| s + dyms

< (—a1s+ yd)ms + Py,

LT(WS) =

where ®(q,p) m 0 and a; is defined by (2.7)). Hence, for each s € N*, there exists

a real number vg > 0 such that
LT(TFS) < VT (6.3)

We will now show the following proposition then we will use Sobolev inequalities to
prove Proposition

Proposition 6.2 Let m € N, 0 < ( < 2\g, where Xy s defined in the following and
k € N4 such that |k| = m be fived. There evists an integer s, > 2ry, such that, for all
5 > S, there ewists a strictly positive real number Cy, s such that we have for all T > 0,

/ DFU(T) Py < Covs || 6 |2, exp(—CT), (6.4

where ry, is defined at the beginning of this appendix.

Proposition [6.2]is a corollary of the following result:

Proposition 6.3 Let \g be defined in the following. For all m € N, k € N?¢ such that
|k| = m, positive polynomial function Q and 0 < ¢ < 2Xg, there exists an integer Sy, > 21y,
such that for all s > s, there exists a strictly positive real numbers C, g s such that we
have for all T > 0

T
/0 exp(Ct) / QID*u(t)Pdrmydt < Covgs || & 2, - (6.5)

For the convenience of the reading, we will first show Propositions[6.2]and [6.3]for m = 0.
Then, we will show Proposition for m = 1 and explain how to deduce Proposition (6.2
for m = 1. Finally, we will show Proposition [6.3] by induction and show that Proposition
6.2| is a consequence of Proposition The idea to prove Proposition for m > 1 and
k € N2? such that |k| = m is the following: We first show the result for Q|9,D*1.|? and
Q|(ad, — 0,)D*1.|2. We can then deduce the result for Q|9,D¥1.|2.

To show this two Propositions for m = 0, we need a better point-wise estimatie of u:

Lemma 6.4 There ezists C = C(rg) > 0, A\g = Ao(r0) > 0 such that, for all t > 0 and
(a.p) € R*,

lu(t, q,p)| < CT™(q,p) exp(—Aot) || ¢

0,70 - (6.6)

A proof of this result can be found in [43] or [38]. To show this Lemma, the two main
ingredients are the property on I' and that for z € R?¢ ¢ > 0 and open O C R??,
the transition kernel for satisfies Q;(x,0) > 0. Under Assumption B, the second
property is true (see [43]).

We have the following Corollary:
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Lemma 6.5 For s > 2rg, there exists a strictly positive real number Cy such that
/ ()P < Cu || & Iy exp(—20t) Vi > 0. (6.7)

Moreover, for @ a positive polynomial function, we have, for all s > sg > 2rg, that there
exists a strictly positive real number Cq s such that

/ Qlu(t)2dm, < Cou || 6 |2, exp(—2ht) Ve > 0. (6.8)
Then, the results (6.4]) and (6.5 for m = 0 are a consequence of Lemma

The following Lemma is the key of the proof of all the other Lemmas.

Lemma 6.6 Let A be a linear operator and Q) a polynomial function. There exists an
integer sA,q such that for all s > sa g, we have for all >0 and T >0

T
exp(CT) / Q| Au(t)dr, + 0 /0 exp(Ct) / Q10 (Au(t)|2drsdt
T
< / QI AW(0) [2dms + (¢ + vs) /0 exp(Ct) / Q| Au(t) 2t
T T
+2 /0 exp((t) / Q([A, Llu(t), Au(t))drsdt — /0 exp(Ct) [ |Au(t)PLQdn,dt

T
ot [ et [0,Q.0 400 dmdr, (69
0
where, for A and B two linear operators, [A, Bl = AB — BA.

Proof. Let s large enough such that [ Q|Au(0)|?drs < oo. Using (2.23)) and (2.25)), we
get

D lexp(C) Q| Au(t) )

dt
—¢ exp(Ct)QIAu(D]? + 2exp(CHHQ(ALul(t), Au(t))
—Cexp(¢HQIAu(t)” + 2exp(¢HQ(LAu(1), Au(t))
+ 2exp(C)Q([A, Llut), Aut))
—Cexp(CHQIAu(t)” + exp(CHQLIAu(t)? — o exp(Ct)QIy(Au(t))?
T 2exp(C)Q([A, Llut), Au(t))
¢ exp(C)QIAu(D]? + exp(CHL(QIAu(®)) — exp(¢HI Au(hPLQ

— 0% exp(Ct)(0pQ, plAu(t)|?) — o exp((t) Q18 (Au(t))
+2exp(Ct)Q([A, Llu(t), Au(t)).

We integrate with respect to t,
exp(CT)Q|Au(T)|?
T T
=Q|Au(0)|* + ¢ ; exp(Ct)Q!AU(t)\zdtJr/o exp(Ct) L(Q| Au(t)[*)dt
T T
- /0 exp(CH)| Au(t) PLQdE — o /O exp(Ct) (0,2, Ay | Aut)2)dt

T

T
~ ot [ exp(chQia,Aut) it +2 [ exp(cQUA, Liu(t), Au(®)dt.
0 0

We integrate with respect to 7. Using the inequality (6.3) on L'7,, we have (6.13). ¢
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We will also need the following computations:

Lemma 6.7 Let k € N, we have for any (q,p) € R*?
— LH"(q,p) < 2vkH"(q,p) (6.10)
and for all t > 0 and linear operator A,
(0,H", 9| Au(t)|?) < 2kH”| Au(t)]* + 2k H* 10, Au(t)|?. (6.11)
Proof. For any (¢,p) € R?? and k € N*, we have
OpH"(q.p) = kH"* " (¢, p)p

and

k(k —1 B
(Q)IP\QH’“ %(¢,p)

< vk|p|*H*"1(q,p) < 2vkH"(q, p).

_ k.
— LH"(q,p) = vk|p[*H* " (q,p) = 5 H*(g,p) -

We have used the positivity of V. Moreover, we have for any ¢ > 0, £ € N and for each
component of Au that we still write Au,

(OpH', 0| Au(t)|?) = 40H Au(t)(pH ™", 8, Au(t))
< 20H* | Au(t)|> + 2¢|p|2 H** 2|9, Au(t)|?
< 20H|Au(t)|* + 40H* 119, Au(t)|?

and

(O H*1 0| Au(t)?) = 2(20 + 1) (H"u(t)p, H Bp Au(t))
< (20 + D) H¥ |p|u(t)? + (20 + 1) H**|0, Au(t) |*
< 2020+ V) H* M u(t)? 4 (20 + 1) H**|0, Au(t)|?.

¢

We now show the results (6.4) and (6.5) for m = 1. First, we show the two following
preliminary Lemmas.

Lemma 6.8 Let Q be a positive polynomial function. Let s > 2rg large enough and 0 <
¢ < 2Xg. There exists a strictly positive real number Cq s such that for all T > 0

T
/O exp(Ct) / Q0yu(t) Pdmdt < Con || 6 |12, - (6.12)

Proof. Let ¢ > 0. We have [Id, L] = 0, then, using Lemmawith A=1I;and Q =1,
we get for T'> 0

T
exp((T)/|u(t)]2d7rs+02/0 exp({t)/|8pu(t)\2d7rsdt
T
< / u(0) Bdrs + (¢ + v3) /0 exp(Ct) / lu(t) Pdradt.
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We choose 0 < ¢ < 2)\g and, using , we bound the last term. Then, we have (|6.12))
for Q = 1.

Let @ a positive polynomial function. Using Lemma for A = I, we get for s large
enough, ( >0and T >0

T
exp(CT)/Q|u(t)]2d7rs—l—02/0 exp({t)/Q|8p(u(t))]2d7rsdt
T
< /Qyu(o)|2dws+(<+us)/o exp((t)/Q|u(t)|2d7rsdt
T T
— ex u(t))? Tedt — o ex ,Q, Dplu(t)|?)dmgdt, (6.
/0 p(ct) / () LQd,dt /0 p(Ct) / (0, Bylu(t) P)dmadt, (6.13)

AsV e ;gl(Rd), there exists a positive polynomial function @; such that |LQ| < @1,

then we have for any T' > 0 and s large enough

T T
— ex u 2 7['3 —0'2 ex D y pu 2 7TS
/0 p(Ct) / () PLQdrdt /O p(ct) / (0pQ@. Bylu(t) ) dryd
T

T
< /O exp(ct) (201 + 0?(8,QP ) [u(t) Pdmdt + o /0 exp(Ct) / 10,u(t)2drdt.

We choose 0 < ¢ < 2)\g and use and (6.12) with @ = 1 to have the result ((6.12)

for any positive polynomial function Q. ¢

Lemma 6.9 Let s > 2r; large enough and 0 < ¢ < 2X\g. There exists a strictly positive
real number ag such that for a > ag, there exists a positive real number Cs such that, for
all T > 0,

T T
— Qgu(t)Pdn, ex b (adpu(t) — dyu(t))|*drs
/0 exp(Ct) / ladyu(t) — Oyu(t) Pdmydt + /0 p(ct) / 10, (aByu(t) — Byut)) P dt
<Cll¢llf,, - (6.14)

Let k > 0 an integer. For any 0 < { < 2X\g and s > 2r1 large enough, there exists a strictly
positive real number oy, such that Voo > oy, there ewists a strictly positive real number Cy
such that, for all T >0,

T
exp(¢T) /Hk|a6pu(T) — Qyu(T)*dms —i—/o exp((t) /Hk\ap(aapu(t) — Qqu(t))|*drsdt
S Ck,s H ¢ Hirl . (6'15)

Proof. Let o > 0 and i € {1,...,d}. We use the following notation: A; = ad,, — 9,,. We
have for any function ¢ € C*(R?9)

[Alv L]¢ = —aA1y +ala - 7)81%7# + <8qz‘aqv’ 8P¢>‘

Using the polynomial growth of 9,,0,V, we have that there exist a positive polynomial
function @Q1, e1 > 0 and £2 > 0 such that for any function ¢ € C>°(R?%)

2([A1, L], A1) = —2a| A9 + 2419(04,0,V, Opth) + 2a(e — ) Op,3p A1

_ 2
< 1+ = 20) AP + Lo + =g, w2 (616
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Then, choosing s large enough and using Lemma [6.6] with @ = 1, we get for all T > 0,
€1, e2and ¢ >0

T
exp(¢T) /|A1u )|?drs + o / exp((t) /|8 (Ayu(t))|?dmgdt

/|A1u )|dms + / exp((t) /Q1|6pu )P dmdt

M/o exp(Ct) /\a u(t)2dmydt

€2

T
+ (s + ¢+ e+ e — 2a) / exp(Ct) / | Ayu(t)2dmydt.
0

We choose 0 < ¢ < 2\ and «, €1 and €9 such that v+ (41 + 92 — 2a < 0. We then use

(6-12) to prove (6.14).

We now prove ([6.15]) by recursion on k. We have proved the case k = 0. Let us assume
(6.15)) is true for kK — 1. We want to obtain it for k.

Using computations for k = 0, (6.16[), (6.10)), (6.11) and Lemma we get for s large
enough, €1 >0,e9>0,(>0and T >0

T
exp(CT) / H¥|adyu(t) — dyu(t)|2dry + 02 / exp(Ct) / HY10, (adyu(t) — Dgult)) Pdmsdt
/H ladpu(0) — d,u(0)|*dns

+ (C 4 €9 4 €1 — 2o + 2ka? + 2k + 1/5)/ exp((t) /Hk|oz8 u(t) — Oyu(t)|*dmsdt
0

2/T / k—1 _ 2
+ 2ko exp(Ct) [ H *|0p(0pu(t) — Oqu(t))|“dmsdt
0

2 2 T
+(Ql+0‘(o‘+7))/0 exp(gt)/H’“\apu(t)densdt,

€1 €9
where ()1 is a positive polynomial function. We take ( < 2\ and choose «, £ and €1 such

that €9 + 1 — 200 + 2ko? 4 2ky + ¢ 4+ vs < 0. Then, using the induction hypothesis on k,
the polynomial growth of H and ([6.12), we obtain (6.15) for k. ¢

Remark 6.10 Using the fact that ¢> < CH(q,p) and p* < 2H(q,p), (6.14] - and -,
we have for 0 < ( < 2Xg, s large enough and Q a positive polynomial function that there
exist real positive numbers o, and Cg s depending also of as, such that, for T' > 0,

T
/0 eXp(Ct)/QIOéapU(t) — Oqu(t)Pdmydt < Cqs || ¢ |3, - (6.17)

Using above Remark, we can show the following Lemma:

Lemma 6.11 Let QQ be a positive polynomial function. Let s > 2ry large enough. For all
0 < ¢ < 2o, there exists a strictly positive real number Cq s such that for all’T >0

T
/0 exp(Ct) / QIoyu(t) Pdmdt < Co || 6|12, - (6.18)
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Proof. Let 0 < ¢ < 2)\g. We have the following inequality: for any function ¢ € C*°(R??)
and a >0
‘aq¢‘2 < [(9q — aﬁp)w\? + a2\3p¢!2-

Then, using (6.17) and (6.12]), we have (6.18]). ¢

Using (6.12)) and (6.18)), we obtain ([6.5]) for m = 1. We will now show ([6.4]) for m = 1.

Lemma 6.12 For s > 2ry large enough and 0 < { < 2)\g, there exists a strictly positive
real number Cy such that for T > 0,

[ gt an, < €11 61, exp(—cT).
Proof. We have for t > 0
[0, LIu(t), Oy () = 20 u(t)p, () — 210 ()2 < |0 u(t) 2 + (1 = 29)[ By ()
Then, using Lemma we get for T'> 0 and ¢ > 0
T
exp(¢t) [ 10,0 dm. < [ 10u(0) Pdm+ (G4 1=2) [ expi(ct) [ oyute)Pamds

T
+ /O exp(Ct) / Ogu(t) Pdmds.  (6.19)

We choose 0 < ¢ < 2\ and use ((6.12)) and (6.18]) to conclude. ¢

Lemma 6.13 For s > 2ry large enough and 0 < { < 2)\g, there exists a strictly positive
real number Cs such that for all T > 0,

[ 10T Pam < €1 6 IR, exp(~cT).
Proof. We have for t > 0

2([0g, LIu(t), dg,ult)) = 200, DV, Opu(t)) g, u(t) < QlOpu(t)|® + |0, u(t)?,

where (@) is a positive polynomial function such that laqiDV|2 < Q. Then, we use Lemma
0 < ¢ <2, (6.12) and (6.18) to conclude. ¢

We have shown the result (6.4) for m = 1.

We will now show equation (6.5)) by induction on m. We already proved the case m = 1.
We suppose that (6.5) holds up to m and we want to obtain it for m + 1. First, we show
a result on 9, D*u(t) where k € N?¢ such that |k| = m.

Lemma 6.14 Let us assume that induction hypothesis (6.5) holds up to m. For s > 2r,,

large enough, 0 < ¢ < 2o and k € N2 such that |k| = m, there ewists a strictly positive
real number Cy, s such that for all T > 0,

T
/ exp(Ct) / 10, DPu(t) Pdrmydt < Cos | 6 P (6.20)
0
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Proof. By induction, we can show for any function

(DX, L}y < ) RIDYy,

iEN24, 1] <m

where P; is a positive polynomial function which depends on the polynomial growth of V'
and its derivatives. Then, we get for t > 0

2([D*, Llu(t), D*u(t)) < Y PID'w(t)]* + C|D"u(t)?, (6.21)

ieN2d |i|<m

where C' is a positive real number. Using Lemma we get for T'> 0 and ¢ >0

T
exp(CT)/\Dku(t)|2d7rS+02/0 exp(Ct)/\Bp(Dku(t))Pdﬂsdt
T
< /\Dku(O)lzdﬂs—i-(C—H/g—i-C)/O exp(gt)/|Dku(t)|2d7rsdt
T
X 2| Diy, Tsdt,
+ > [Cewico [ RAD ) dn.d

iEN2d |i|<m
We choose 0 < ¢ < 2\ and use induction hypothesis (6.5 to conclude. ¢

Lemma 6.15 Let us assume that induction hypothesis (6.5) holds. For 0 < ( < 2\,
s > 21, large enough, £ € N and k € N?? such that |k| = m, there exists a strictly positive
real number Cy, ¢ s such that

T
/ exp(Ct) / H |0, D*u(t) Pdmadt < Cogs | 6 [P (6.22)
0
for all T > 0.

Proof. We proceed by induction on ¢.

We also have the result for £ = 0 (see ) Suppose that the induction hypothesis ((6.22))
holds for £ — 1. Using computations for ¢ = 0 (6.21), (6.10), (6.11) and Lemma [6.6] we get
for s large enough, €1 > 0,62 >0, >0and T > 0

T
exp(CT)/H€|Dku(t)|2d7rs+02/ exp((t)/H£|8pDku(t)|2d7rsdt
0
< / H* D*u(0)|?dr,
T
+ (C+ C + 20% + 20y + vy) / exp(Ct) / H D*u(t)Pdrdt
0

T
+2€0’2/0 exp(Ct)/HZ_1|8pDku(t)|2d7rSdt
T
+ > / exp(Ct) / H'P2|D'u(t)|drdt,

iEN2d7m§m 0

where C' and P; are defined in (6.21). We take 0 < ¢ < 2)\g. Then, using the induction
hypothesis on ¢, the polynomial growth of H and induction hypothesis on m, we obtain

(6.15]) for £. ¢
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Remark 6.16 Using the same ideas as in Remark[6.10, we prove the following result. Let
Q a positive polynomial function. For s > 2rp, large enough, 0 < ¢ < 2\g and k € N?¢
such that |k| = m, there exists a strictly positive real number Cy, g s such that for allT > 0

T
ew@ﬂ/QW%@WﬁsﬁAem@ﬂ/@%D%WWmﬁSCth¢&M.
(6.23)

Lemma 6.17 Let us assume that induction hypothesis (6.5) holds. Let Dy'u(t) denoted
an arbitrary partial derivative of u(t) of the type O, il...aqim. For s > 2rp, 41 large enough
and 0 < { < 2, there exists a strictly positive real number &g such that for all o > &y,

there exists a strictly positive real number C' depending of m, s and « such that for all
T >0,

T
Aemww/mawwm»—%w%mm%mwsonmmﬁmﬁ. (6.24)

Proof. Let a >0, i € {1,...,d} and A; = ad, — J,. For any function ¢ € C*(R??), we
have

Moreover, by induction an m, we can show for any function 1 € C°°(R?)

ADP Ll < > Rl9,DYY,

ieN2d |i|l<m

where P, is a positive polynomial function which depends on the polynomial growth of V'
and its derivatives. Then, we get for t > 0

2(A (D, Llu(t), AiDJu(t)) < > Pd,D'u(t)* + ClA D u(t)]?, (6.25)

ieN2d |i|<m

where C is a positive real number. Using (6.25) and (6.16)), we have that there exist a
positive polynomial function @)1, £1 > 0 and €9 > 0 such that

(AL DI, Lu(t), ADTu®) < S PO, D)2+ (21 + 2 — 20+ C)| A DI u(t)
ieN2d |i|<m

Q m afa —v)? m

+ Lo, 0puty + Lo, pputn

To conclude, we proceed as Lemma [6.9f We choose s large enough and use Lemma [6.6]
We the choose ( < 2\ and «, €1 and &5 such that vy + (+ €1 + 69 — 2a+ C' < 0 and use
6.23). N

Lemma 6.18 Let us assume that induction hypothesis holds. Let QQ a positive poly-
nomial function. For s > 2rp41 large enough and 0 < ( < 2\, there exists a strictly
positive real number &g such that for all o > &y, there exists a strictly positive real number
Cm,s which also depends on o and ¢ such that for all T > 0,

T
/0 exp(Ct) / Qlad, (DI u(t)) — 8, (D u(t)) Pyt < Cov | 6 |Prsrs, - (6.26)
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Proof. First, we prove this result by induction on k for H*. We use same arguments and
computations used to prove (6.15) and (6.22]), then we have the result for @ (see Remark
6.10]). ¢

Remark 6.19 Using (6.23) and (6.26]), we prove that inequality (6.5)) holds up to m + 1.
Indeed, if there is a derivative in a direction pi,...,pq, then we use the result (6.23)). In

the other case, we use (6.26), (6.23) and 9,Dy" = —(aapiD;" — ('")qiD;n) + ady, D", for
ie{l,..,d}.

We have shown that (6.5 is true for all m, then we have shown Proposition We
now prove that (6.4) is true for the derivatives of order m, where m € N*.

Lemma 6.20 Let m € N* be fized. For s > 2ry, large enough, 0 < { < 2)\g and k € N?¢
such that |k| = m, there exists a strictly positive real number Cy, s such that for all T > 0,

[10MT) P, < Con 101, exp(—T)

Proof. We proceed as to prove Lemma [6.11] and Lemma [6.12] and we use Lemma

(6.21]) and Proposition ¢
We have shown the result ((6.4]).

6.3 Point-wise estimates of ©v and its derivatives

Proof of Proposition Using (6.4)) and (6.2)), we get : For all m € N, n € N, k € N*¢
such that |k| = m, 1 € N?? such that |1| = m, 0 < ¢ < 2)\¢ and s large enough, there exists
a strictly positive real number C,, ,, s such that for all ¢ > 0

[ [P O%utt. 0.0 0.9 i < Cons 16 o, 50—
Then, using Sobolev embedding theorem [8|, we get, for n =d + 1
|D*u(t, q,p) 73 (¢,p) < Cmarrs | ¢ limsarim,,a,, €XP(—CE),
for all t > 0 and (¢, p) € R?*?. The conclusion follows. ¢
6.4 Proof of the Lemma [2.16]

The two following results are consequences of Proposition [6.1

Corollary 6.21 Let g € CESI(R%) such that [g24 9(q,p)p(q, p)dqdp = 0, then there exists

a unique function h € Cpy (R24) such that

Lh=g and /de h(q,p)p(q,p)dgdp = 0.

Proof. It is know that the unique solution h of Lh = g which verifies

/RM h(q,p)p(q, p)dgdp = 0
is defined by N
ba.n) = [ Elota(®).py (o))t

Then the regularity of h is a consequence of Proposition [6.1
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Remark 6.22 L and its formal adjoint in L?(p) have the same behavior. Indeed, we have
for any function ¢ € C®(R??) and (q,p) € R*?
— (P, 049(q,p)) + (04V, 0pd(q; P)) — (P, Dp(g, 1))

2 d 92

g
5 29,0

i=1 Pi7Pi

=L(q, —p; 0y, 9,)9(q, —p).

L*(q,p; 0p, 0q)9(q, p) =
¢(q,p)

Then we have the Lemma [2.16]
Let g € C;gl(Rm) such that fde 9(q,p)p(q,p)dqdp = 0. Then there exists a unique function

heCh (R24) such that

L*h=g and /de h(q,p)p(q,p)dgdp = 0,

where L* is the adjoint of L with respect to the L?(p) product.
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Chapter 4

Approximation of the invariant law
Of SPDES error analysis using a Poisson equation for a

full-discretization scheme

1 Introduction

In this chapter, we want to analyze in a quantitative way the effect of time and space dis-
cretization schemes on the knowledge of the unique invariant law of a semi-linear Stochastic
PDE of parabolic type, written in the abstract form of [16]

dX(t,z) = (AX(t,z) + F(X(t,x)))dt + dW(t), 0<t<T,

X(0.0) (1.1)

This process takes value in an infinite-dimensional Hilbert space H - typically H = L?(0, 1);
A is a negative, self—adpmt unbounded linear operator on H, with a compact inverse - for
instance, A = 852’ given on the domain H?(0,1) N H{(0,1) when homogeneous Dirichlet
boundary conditions are applied. The coefficient F' is an operator on H, on which regularity
conditions are assumed and given below.

Finally, (W(t)) te[0.7] is a cylindrical Wiener process on H, so that we have a space-time
white noise in (|1.1]).

More precise assumptions are given below. In a more general setting, one could for
instance intend to remove boundedness of F', or include spatially correlated noise processes.
However, we already consider the main technical and conceptual difficulties in this paper.

In our setting, it is known that the SPDE admits a unique invariant probability
measure 4, and that convergence is exponentially fast. This result comes from the spatial
non-degeneracy of the noise and from a dissipation relation satisfied by the drift part.
Nevertheless, in general, no expression of p is available for practical use; moreover, the
support of this measure is an infinite-dimensional space.

The approximation of quantities like | 1 @dp for bounded test functions ¢ is therefore
complicated. The exponential convergence ensures that E¢(X (t)) tends to [, ¢dpu when
t tends to infinity, exponentially fast. However, using a Monte-Carlo method to compute
E¢(X(t)) would require the ability to simulate the H-valued random variable X (t), for
a large value of ¢. Since it is not possible to have an exact simulation, we introduce two
approximations:

e a discretization in time, in order to get an approximation of the law of the random
variables X (t) for different, fixed values of ¢, using a finite number of calculations;
this is done here with a semi-implicit Euler scheme;

e a discretization in space, in order to replace the H-valued random variables with
finite-dimensional ones. Here, this is performed with a finite element method.
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The second approximation is specific to the case of SPDESs, while the first one has already
been studied a lot in the case of SDEs.

Different techniques to control the error are available in the litterature. A first one is
found in [82], where an estimate of the weak error introduced by the numerical scheme is
proved, holding for any value of the finite time 7". The idea there is to expand the error
thanks to the solution of the Kolmogorov equation associated with the diffusion, and to
prove bounds on the spatial derivatives of this solution, with an exponential decrease with
respect to the time variable.

This strategy has been generalized to SPDEs like in [5], when a semi-implicit
Euler scheme is used. The main additional difficulty, when compared with the SDE case,
is the need for tools introduced in [20], for the estimate of the weak error at a fixed time
T.

Using these tools aims at proving that on a finite time interval the weak order of
convergence is twice the strong one: in other words, laws at fixed times are approximated
more accurately than the trajectories. These tools have also been used in [87] to treat
the time-discretization in a slightly more-general setting, and in [3| where discretization
in space with a finite element method is studied. Basically, the two ingredients are the
following:

e improved estimates on the derivatives of the solution of the Kolmogorov equations,
with spatial regularization;

e an integration by parts formula issued from Malliavin calculus, in order to transform
some stochastic expressions with insufficient spatial regularity into more suitable
ones.

These tools are fundamental to treat equations with nonlinear terms; they are used again
in the present work. Notice that for linear equations a specific idea simplifies the proof - so
that the second tool is not used - but cannot be adapted to nonlinear parabolic equations
like (1.1)): see [25], and [19] where a stochastic Schrodinger equation is discretized.

Here, we are interested in another method for the approximation of the invariant mea-
sure: we want to follow the approach of [64]. There, the authors study the distance between
time-averages along the realization of the numerical scheme of a test function ¢, and its
expected value with respect to the invariant law p. They introduce the solution ¥ of the
Poisson equation L¥ = ¢ — [ ¢du, where £ is the infinitesimal generator of the SDE -
the solvability of this elliptic or hypoelliptic PDE is ensured by ergodic properties. Then
they show how to expand the error for various numerical methods, in a stochastic Taylor
expansion fashion.

The use of a Poisson equation to prove convergence results of Law of Large Numbers
type is classical, as explained in [64]. In the context of SPDEs, it has been used in [4]
and [11] for the study of the averaging principle for systems evolving with two separate
time-scales.

Such a technique gives an approximation result for u, even if the numerical method is
not ergodic, having possibly several invariant laws. In the SDE case, the study of ergodicity
for time-discretizated processes has been the subject of [43|; there the author use general
results on Markov chains, like the Harris Theorem. Up to our knowledge, no such study
has been completed for SPDEs so far.

Our main result is the adaptation of the approach of [64] for SPDEs, with time and
space approximation procedures: we essentially obtain the following result - a more precise
statement is Theorem There exists a constant C' > 0 such that for any CZ(H) function
¢, any parameters 7 € (0,1) and h € (0,1), any time N > 1 and any initial condition
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xeH
e IN_IE X" d))| < (2 1 hy =
v 2 (5o - [ oema)| <e(r e nr 5o).

The error is divided into three parts: the first (resp. the second) is due to the time
(resp. space) discretization, while the last one goes to 0 when time increases.

For the proof of this result, we need to study the Poisson equation associated with the
SPDE . More precisely, we work with Galerkin approximations, and show bounds that
are independent of dimension. Moreover, the strategy described above for the study of weak
approximation for infinite dimensional processes require some additional regularization
properties for the solution of the Kolmogorov equation. Here, we need similar properties
for the solutions of Poisson equations. When compared with [3], [5] or [20], many error
terms look the same: the method with Poisson equation does not really simplify the proof,
it just moves some technical problems to other places along the proof.The main reason for
studying only the additive noise case is the following. As soon as the equation is discretized
either in time - [20] - or in space - [3] - the possible diffusion coefficients must satisfy very
strict conditions: they should be decomposed as the sum of a continuous affine function,
and another function such that the second order derivative is controlled with respect to a
very weak norm - namely, the norm associated with a negative power of the linear operator.
Moreover, the treatment of such noise requires lengthier computations. We could do so
here by adding our argument with the ones in [3| and [20] but this would result only in
hiding the main ideas of our work.

The paper is organized as follows: in Section 2] we make the assumptions on the
coefficients of the equation, and we define the discretization method in Section[3] In Section
[] we study the asymptotic behavior of the solutions of the continuous and discrete time
processes. In Section [f] we give the convergence results that we obtained. In Section [f]
we show how the error is decomposed, and we present two essential tools: the Poisson
equation, and an integration by parts from Malliavin calculus. Finally detailed proofs of
the estimates are developed in Section

2 Notations and assumptions

Let D C R be a bounded, open interval; without restriction in the sequel we assume
D = (0,1). Let H = L?*(D), with norm and inner product denoted by |.|i and (.,.)y or
simply |.| and (., .).

We consider equations in the abstract form

dX (t,z) = (AX(t,2) + F(X(t,z)))dt + dW (¢)

X(0,z) = x. 21)

In the next paragraphs, we state the assumptions made on the coefficients A and F
in (1.1). We also recall basic facts on the cylindrical Wiener process W, and on the mild
solution of the SPDE.

2.1 Test functions

To quantify the weak approximation, we use test functions - called admissible - ¢ in
the space Cg(H ,R) of functions from H to R that are twice continuously differentiable,
bounded, with first and second order bounded derivatives.
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Remark 2.1 In the sequel, we often identify the first derivative D¢(x) € L(H,R) with the
gradient in the Hilbert space H, and the second derivative D*¢(x) with a linear operator
on H, via the formulae:

(Dé(x), h) = Do(x).h for every h € H
(D?¢(x).h, k) = D?¢(x).(h, k) for every h,k € H.

We then use the following notation, for an admissible test function ¢:

[¢llo = sup [¢(z)|n
zeH
[¢ll1 = sup [Do(z)|n,
reH

18ll2 = sup [D*¢(z)|z(m)-
xeH

2.2 Assumptions on the coefficients
2.2.1 The linear operator

We denote by N = {0,1,2,...} the set of nonnegative integers.
We suppose that the following properties are satisfied:

Assumptions 2.2 1. The operator A is self-adjoint.

2. We assume that there exist a complete orthonormal system of elements of H denoted
by (er)ken, and a non-decreasing sequence of real positive numbers (A )gen such that:

Aey, = —Mgeg for all k € N.

3. The sequence (Ag)ren goes to +00 and

400 1
ZA—Q<+OO<:><)¢>1/2.
k=0 "'k

The smallest eigenvalue of —A is then .

Example 2.3 We can choose A = L5 with the domain H?(0,1) N HE(0,1) C L*(0,1) -

dxz2’
corresponding to homogeneous Dirichlet boundary conditions. In this case for any k € N

Me = m2(k +1)2, and ep(€) = V2sin((k 4 1)7€) - see [§].

In the following Definition, we introduce finite dimensional subspaces of H and associ-
ated orthogonal projections; both are based on the spectral decomposition of A.

Definition 2.4 For any M € N, we define Hys the subspace of H generated by eq, . .., enr,
Hyr = Span{er;0 < k < M}

and Pyr € L(H) the orthogonal projection onto Hyr: for any x = Z;’B rrer € H,

M
PMJ,‘: E TECL.
k=0

96 2. NOTATIONS AND ASSUMPTIONS



CHAPTER 4. APPROXIMATION OF THE INVARIANT LAW OF SPDEs: ERROR
ANALYSIS USING A POISSON EQUATION FOR A FULL-DISCRETIZATION
SCHEME

The domain D(A) of A is equal to

+o0 +oo
D(A) = {$ = wper € H, Y ()]’ < +OO} -

k=0 k=0

More generally, fractional powers of —A, are defined for a € [0, 1]:

(—A)*z =) Magep € H,
k=0

with the domains

+00 +oo
D((-A)*) = {x = Zxkek cH, |z:= Z(Ak)2a|:ck|2 < —i—oo} .

k=0 k=0

Example 2.5 In the case when A is the Laplace operator with homogeneous Dirichlet
boundary conditions on H = L*(D),

D((~4)"/?) = Hy(D) D(A) = Hy(D) N H*(D).

When « € [0, 1], it is also possible to define spaces D((—A)~®) and operators (—A)~?,
with norm denoted by |.|_; in particular when x = Y% wex, € H, we have (—A) %z =
Yokoo M “wwer and |z o o= 37000 (M) 72 g

The semi-group (e4)¢>0 can be defined by the Hille-Yosida Theorem - see [8]. We use
the following spectral formula: if z = Z::OB rrer € H, then for any t > 0

+oo
ety = Z e Mlapep. (2.2)
k=0

For any t > 0, ' is a continuous linear operator in H, with operator norm e~ **. The
semi-group (e*) is used to define the solution Z(t) = €'z of the linear Cauchy problem
dzZ(t

d7<5) =AZ(t) with Z(0) = =z.

To define solutions of more general PDEs of parabolic type, we use a mild formulation
together with the Duhamel principle.

This semi-group enjoys some smoothing properties that we often use in this work. Here
we recall a few important ones, which are easily obtained from the spectral formula :

Proposition 2.6 Under Assumption for any o € [0,1], there exists Cy > 0 such that:

1. foranyt >0 andx € H,
A
et 2|, < Cot e 22| 4.

2. forany0<s<tandx € H,

(t—19)7 _x

et — ezl < C, e 2 °%x|y.

SO'
3. for any 0 < s <t and x € D(—A)7,

A
e — e Ay < Cu(t — 5)7e 25|,
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2.2.2 The nonlinear operator

The nonlinear operator F is assumed to satisfy some general assumptions, like in [5]. In
Example 2.10] we give the two main kind of operators that can be used in our framework.

Assumptions 2.7 The function F : H — H is assumed to be bounded and Lipschitz
continuous. We denote by L the Lipschitz constant of F'.

We also define for each M > 0 a function Fyr : Hyp — Hyp, with Fy(xz) = Py F(x)
for any x € Hy;. We assume that each Fyy is twice differentiable, and that we have the
following bounds on the derivatives, uniformly with respect to M :

o There exists a constant Cy such that for any M >0, x € Hyy and h € Hyy

|DFy(z).hlg < Cilh|g.

e There exist n € [0,1[ and a constant Co such that for any M >0, x € Hyr and any
h,k € Hyr we have

[(—A)""D*Fyp(x).(h, k)| < Colh|g|k|m.

o Moreover, there exists a constant C3 such that for any M > 0, x € Hyr and any
h,k € Hy
| D? Far (). (hy k)| < Calhl—aylklu.

Remark 2.8 Multiplicative noise with appropriate assumptions like in |3] can be consid-
ered; however proofs of the required estimates become much more technical.

Since F' is bounded, the following property is easily seen to be satisfied:

Proposition 2.9 (Dissipativity) There exist ¢ > 0 and C > 0 such that for any x €
D(A)
(Az + F(z),2) < —clz|* + C. (2.3)

We remark that we have uniform control with respect to the dimension M of the

bounds on Fj := Py o F' and on its derivatives, and that (2.3) is also satisfied for Fjy,
with constants ¢ and C independent from M.

Example 2.10 We give some fundamental examples of nonlinearities for which the previ-
ous assumptions are satisfied:

o A function F : H — H of class C?, bounded and with bounded derivatives, fits in the
framework, with the choice n = 0.

e The function F can be a Nemytskii operator: let g : (0,1) xR — R be a measurable,
bounded, function such that for almost every & € (0,1) g(&,.) is twice continuously
differentiable, with uniformly bounded derivatives. Then F(x) is defined for every
r € H=1L20,1) by

F(z)(£) = g(&, x(§))-
In general, such functions are not Fréchet differentiable, but only Gdteaux differen-
tiable, with the following expressions:

(DF()h)(E) = (€, 2(e))h(e)
_ 9%
=
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If h and k are only L* functions, D*F(z).(h, k) may only be L'; however if h or k
is L™, it is L?. The conditions in Assumption are then satisfied as soon as there
exists n < 1 such that D(—A)" is continuously embedded into L>°(0,1) - it is the case
for A given in Ezxample with n > 1/4. Then the finite dimensional spaces Hy
are subspaces of L, and differentiability can be shown.

2.3 The cylindrical Wiener process and stochastic integration in H

In this section, we recall the definition of the cylindrical Wiener process and of stochastic
integral on a separable Hilbert space H with norm |.|f. For more details, see [16].

We first fix a filtered probability space (2, F, (F¢)i>0,P). A cylindrical Wiener process
on H is defined with two elements:

e a complete orthonormal system of H, denoted by (g;)ier, where I is a subset of N;

e a family (f;);er of independent real Wiener processes with respect to the filtration

((Ft)e=0);
then W is defined by

= Bi(t)a. (2.4)
el
When [ is a finite set, we recover the usual definition of Wiener processes in the finite
dimensional space R|. However the subject here is the study of some Stochastic Partial
Differential Equations, so that in the sequel the underlying Hilbert space H is infinite
dimensional; for instance when H = L2(0, 1), an example of complete orthonormal system
is (qr)k>1 = (V2sin(k7.))r>1 - see Example
A fundamental remark is that the series in does not converge in H; but if a linear
operator ¥ : H — K is Hilbert-Schmidt, then WW (¢) converges in L?(§), H) for any ¢ > 0.
Moreover, the resulting process does not depend on the choice of the complete or-
thonormal system (¢;)ie;s-
We recall that a bounded linear operator ¥ : H — K is said to be Hilbert-Schmidt

when
+oo

|‘I’|[:2 H,K) Z“I’ ar) |3 < +oo,
k=0

where the definition is independent of the choice of the orthonormal basis (g;) of H. The
space of Hilbert-Schmidt operators from H to K is denoted Lo(H, K); endowed with the
norm .|z, g,k it is an Hilbert 5pace

The stochastic integral fo (s)dW (s) is defined in K for predictible processes ¥ with
values in Lo(H, K) such that fo |W(s |52(H K)ds < 400 a.s; moreover when ¥ € L2(9 x
[0,t]; L2(H, K)), the following two properties hold:

IE|/ $)dW (s)|% = E/ | W (s \E (m,x)@s (Ito isometry),
t
E/ U(s)dW(s) =
0

A generalization of Itd formula also holds - see [16].
For instance, if v = ), -y vkqr € H, we can define

(W(t),v):/ot (0, dW(s) = 3 Bl

keN
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we then have the following space-time white noise property
EW (1), v1)(W(s),v2) =t A s(v1,v2).

Therefore to be able to integrate a process with respect to W requires some strong
properties on the integrand; in our SPDE setting, the Hilbert-Schmidt properties follow
from the assumptions made on the linear coeflicients of the equations.

Thanks to Assumption it is easy to show that the following stochastic integral is
well-defined in H, for any t > 0:

WA(t) = /0 t =) Aqw (s). (2.5)

It is called a stochastic convolution, and it is the unique mild solution of
dZ(t) = AZ(t)dt + dW(t) with Z(0)=0.

Under the second condition of Assumption there exists 6 > 0 such that for any
t > 0 we have fg S%\eSA]%Z(H)ds < +00; it can then be proved that W4 has continuous
trajectories - via the factorization method, see [16] - and that for any 1 < p < 400

Esup|WA(t)\z;I < 400. (2.6)
>0

We can now define solutions to equation (1.1]), thanks to the assumptions made on the
coefficients: the following result is classical - see [16]:

Proposition 2.11 For every T > 0, x € H, the equation (1.1) admits a unique mild
solution X € L*(Q,C([0,T], H)):

X(t) =z + / t et=IAR(X (s))ds + / t U= Aqw (s). (2.7)
0 0

3 Definition of the discretization schemes

We will consider approximations in time and in space of the process X. In this Section,
we introduce the corresponding schemes: a finite element approximation for discretization
in space, and a semi-implicit Euler scheme for discretization in time. We also discuss the
discretization in space using the spectral decomposition of the operator A.

3.1 Discretization in space : finite element approximation

We use the same framework as in [3] and [25]|. For precise general references on Finite
Element Methods, see for instance [12] and [28].

Let (Vi)ne(o,1) be a family of spaces of continuous piecewise linear functions correspond-
ing to a (quasiuniform) family of meshes (possibly not uniformly distributed) in D = (0, 1)
such that Vj, C H}(D) = D((—A)Y/?) - in other words, 0 and 1 should be included as nodes
in the partition of [0,1]. The parameter h denotes the mesh size, which is the length of
the largest subinterval in the partition.

Let P, : H — Vj denote the orthogonal projection onto the finite dimensional space
Pp,. According to the context, we also consider Pj, as a linear operator in £(H), since
V, € H.

We finally define the approximation of the operator A: it is a linear operator Aj €
L(V3).

100 3. DEFINITION OF THE DISCRETIZATION SCHEMES



CHAPTER 4. APPROXIMATION OF THE INVARIANT LAW OF SPDEs: ERROR
ANALYSIS USING A POISSON EQUATION FOR A FULL-DISCRETIZATION
SCHEME

Definition 3.1 The linear operator Ay, : Vi, — Vy, is defined such that the following vari-
ational equality holds: for any xp € Vi, and yp, € V3,

(Anzn, yn) = (Azn, Yn)
We recall a few important properties of the operator Vj:

Proposition 3.2 For any h € (0,1), Ay, is symmetric, such that —Ay, is positive definite.
If Ny, is the dimension of Vi, we denote by (e?)fi’bﬁl C Vi an orthonormal eigenbasis
corresponding to — Ay, with eigenvalues 0 < )\6‘ < )\’f <. < )\?Vh_l,

Then for any h € (0,1), we have A} > Ao.
Indeed, we have

M= inf (—Au,v) < inf (—Au,v) = inf (—Apu,v) = AL
T A = A
For any h € (0,1), Ay generates a semi-group on Vj,, which is denoted (e!4#),cp+. It is

also not difficult to define fractional powers (—Ap)* of —Ay, for any o € [—1,1]: for any
zh = ZZ]-V:’LO_I 1}?6? € Vi, we have

Np—1 Np—1
_\h
Mgt = 37 Nl ()t = 3T (et
=0 =0

The regularization estimates of Proposition 2.0] are then easily generalized to these semi-
groups; moreover bounds are uniform with respect to the mesh size h € (0,1).

We focus now on the approximations of PDEs - seen as equations in the Hilbert space
H - with equations in finite dimensional spaces Vj,.

We consider the spatially semidiscrete approximation of : (X"(t))ser+, is a process
taking values in V}, such that

dX"M(t) = Ay X"(t)dt + FRM(X"(t))dt + P,dW (t), X"(0) = P,z = P, X, (3.1)

where the non-linear coefficient F" : Vj, — V}, satisfies F"(x) = P,(F(x)) for any z € Vj,.
We remark that the regularity properties of Assumption and the dissipativity in-
equality are satisfied if we replace A (resp. F) with Ay, (resp. F™).
This equation admits a unique mild solution, such that for any 0 <¢ < T

t ¢
XM(t) = e P + / =94 ph (X P (s))ds + / eU=An P A (5). (3.2)
0 0

Notice that the stochastic integral is always well-defined, since for any h € (0, 1) the lin-
ear operator Py has finite rank; on V},, the noise process P,W is a standard Np-dimensional
Wiener process - as is easily seen by expanding W in a complete orthonormal system (g;);en
with ¢; = el for 0 <i < Nj, — 1.

To be able to state a convergence result of X" to X, and to give an order of convergence,
we now recall some important results - see [3] for more details:

Proposition 3.3 (i) We have an equivalence of norms: there exist two constants ¢,C €
(0, 400), such that for any h € (0,1), any o € [~1/2,1/2] and any 2" € V,,

ol (—Ap)*z"| < |(—A)z"| < O|(~Ap)*a"|. (3.3)

Moreover, we have for any h € (0,1), a € [-1/2,1/2], and x € H,
|(—Ap)*Prx| < C|(—A)%x|. (3.4)
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(ii) Let us denote by Ry, the so-called Ritz projector, defined as the orthogonal projection
onto Vi, in D((—A)Y?). We have the identity Ry, = (—Ap) "' Py(—A) on D(A), and

[(=A)*2(I — Ry)(-A <Crh™ Y0<s<1<7r<2 (3.5)

>,7»/2‘
L(H)
(iii) For Py, we have the following error estimate:

[(—A)2(1 - Ph)(—A)*"/2|£(H) <Ch™ Y0<s<land0<s<r<2  (3.6)

As a consequence, we get the following important result:

Proposition 3.4 For any k > 0, the linear operator on H Py,(—Ap)~Y?=% P, is continu-
ous, self-adjoint and semi-definite positive. Moreover,

sup Tr(Ph(fAh)_l/Q_“Ph) < +o0.
0<h<1

The symmetry and the positivity are very important properties for our purpose: indeed,
they allow to use inequalities like

Tr(MN)| < [M] ) Tr(N),

for M, N € L(H) such that L is symmetric and semi-definite positive.

Proof The operator is well-defined on H, and self-adjointness is clear, since (—Ap)
L(V},) is symmetric.

Now from point (i) of Proposition the following linear operators are defined and
continuous on H: (—A)*(—Ap) *P,, and (—A)/2P,(—A)~'/2P,; their norms are uni-
formly bounded with respect to h.

By duality, the operator Pj,(—Ap)~'/2P,(—A)Y/? is well-defined on H - by unique
continuous extension from the dense subspace D((—A)'/2) - and it has the same norm as
(= A2 Py (—Ap) 2Py,

Finally, we write that for any 0 < h < 1

—-1/2—k

Tr(Py(—Ap) Y25 R,)
= Tr((Pu(—Ap) "2 Pu(—A)Y2) (= A) 25 ((—A)S(— Ap) " Py)
< |Ph(_Ah)_1/2Ph(_A)1/2‘L(H)Tr((_A)_l/Q_H) [(—A)*(—Ap) " Py
< CTe((—A)~1277).

‘L(H)

¢

We now recall a few convergence results for the approximation in space, valid on time-
intervals of finite length [0, T7:

e the strong order of convergence is 1/2 - see for instance [56], [88]:
Y0 < r < 1/2,3Cr, € (0,+00), Vh € (0,1), we have E|X"(T) - X(T)| < Cp,h'/>";

e the weak order of convergence is 1 - see [3|: for any admissible test function ¢,

VO < r < 1, 3Cr, € (0,+00), Vh € (0,1), we have [E¢(X"(T)) — E¢(X(T))| <
CTﬂ«hl_r.

To conclude this part, we introduce a notation which is useful to give some of the
results in a compact way.

Definition 3.5 For h =0, we set X° = X, as well as Vo= H, Ay = A, Py = Idy.
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3.2 Another discretization in space: spectral Galerkin projection

A tool in our proof will be an additional finite dimensional projection onto the subspaces
Hj;. This approximation allows to justify rigorously the required computations; even if
the process X" takes values in a finite dimensional subspace of H, it is easier to prove
some estimates with a process taking values in finite dimensional subspaces which are
left invariant by the action of A and of the noise. We define here the corresponding
approximating processes, and give a few important convergence properties.

Let M € N. According to Definition we can consider an approximate equation in
the finite-dimensional subspace Hy:

dXM @) = AXM () dt + Fpr (XM (@))dt 4+ PydW (1), XPMD(0) = Pyz,  (3.7)

where Fyy = Py o F' - see also Assumption The process W) . — Py W takes values
in Hyy, it is a standard Wiener process.

For any final time 7" € (0,400), it admits a unique mild solution, taking values in
Hjy; C H - we recall that H); is stable by A:

t t
XM(t) = et Pya + / eE=AE (XM (5))ds + / =) APy AW (s).
0 0

To study the convergence of X(M) to X the following inequality is useful:
(I = Py) A" oy S Crdyfy, 0<r <1 (3.8)

We then have the following convergence results, for any T' € (0, +00), in the stochastic
case:

e the strong order of convergence is 1/4:

YO < r < 1/2, 30z, € (0, +00), YM € N, we have E|XM)(T) — X (T)| < 2,

1/4—7>
ANl

e the weak order of convergence is 1/2: for any admissible test function ¢,
YO < r < 1,3Cr, € (0,400), VM € N, we have [E¢(X M)(T))—E¢(X (T))| < A?/@;.

M+1

Those estimates can be proved with direct computations and the appropriate techniques
from [3] and [20]. Another possibility is to check that the projectors Py, satisfy the

estimates of Proposition with h = /\;]1112 , see Example 3.4 in [56]. Once again, we
define a value for M = oo:

Definition 3.6 For M = oo, we set X (e0) = X, as well as Hyo = H and Py, = Idgy.

3.3 Discretization in time

For each fixed mesh size h € (0,1), and for h = 0, we now define a time approximation
of the process Xj: denoting by 7 > 0 a time step, we use a semi-implicit Euler scheme to
define, for k € N,

X (r2) = X (1, 2) + TARXE (1, 2) + TP F (X1, %)) + VT PiXkt1
Xg(T,x) = Pz,
where xp4+1 = %(W((kz +1)7) — W(kT)).

To simplify the equations, most of the time we omit the dependence of X ,? on the
time-step 7 and on the initial condition x.
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The previous equation can be replaced by
X]?Jrl = 57-7th]€1 + TST7hPhF(X]}€L) + ﬁST,hPthH, (3.9)
where S; 5, is defined by
Sen=(—7A;)"". (3.10)

When h = 0, the process is well-defined in H, since it is easily checked that S; o is a
Hilbert-Schmidt operator on H. When h > 0, it is well-defined in the finite-dimensional
space Vj,.

For the analysis of the convergence of the scheme, we need the following technical
estimates on the discrete-time semi-group (Si p)jen for 7 >0 and h > 0:

Lemma 3.7 For any 0 <k <1, h€[0,1) and j > 1

1 1
()15 (1 + Ao7)I%"

(= Ap) S, Pul gy <

Moreover, for any 8> 1 and j >
B

; B
—A Bqi P, <
[(—=AR)”S]  Prley < P

and for any 0 < g <1
[(=AR) P (Srp — I)Phl oy < 27°.

Proof. Using the notations of Proposition [3.2] we have, for any z € H,

(= Ap)' 7S, Puzl

Ny, 1
_ h\2(1—k h\2

=0
e i e — :
= —— z, I i T . .
(jr)20-%) £ J (1 + APr)200=5) (1 1 \r) 20
Np, h - 2(1—k)
1 NIT 1
< g Do ( > > o e A
(47) o \1+ Ny (1+XG7)%
1 1
< ¢|Pyz|? .
> C’ hZ|H(j7-)2(1—H) (1 + )\87_)2]”
1 1
< |zl

G0 (T4 Ny

Above we have used the notation Ny = +00. To conclude, we use that for any h € [0,1),
Ao < AL The proofs of the two other inequalities are similar - see [5] for the second one.4

Remark 3.8 Later, we often use the following expression for X,’CL:

k—1 k-1
Xp=Sk P +7Y SEIRFX!) + VT Y SE P (3.11)
=0 =0

The following expression is also useful:
k-1 o
VS S5 P = [ Sk (s) (3.12)
1=0 0

where ls = | 2| - with the notation |.| for the integer part.
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For h € (0,1), we finally introduce the following processes: for 0 < k < m — 1 and
iy <t < tp

t

Xt) = X} +/

tg

t
[ApSyn X+ S PuF (X)) ds + / S, PrdW (s). (3.13)
tr

The process (X h(t>)teRt is a natural interpolation in time of the numerical solution
(XI)ken defined by (3:9): X" (tx) = X

3.4 A priori bounds on moments

We give a few results on the processes (X (t))i>0, (X"(t));er+ and (X2)ren.
All the appearing constants are uniform with respect to h € (0,1) and 7.

Lemma 3.9 For any p > 1, there exists a constant C, > 0 such that for every h € (0,1),
t>0andxz € H
E|X"(t,2)|P < Cp(1 + |z[P).

Lemma 3.10 For any p > 1, 19 > 0, there exists a constant C > 0 such that for every
he(0,1),0<7<719,keN, t>0andx € H

E|XMP < C(+|zP) and E|X"t)P < CQ+ |zP).

Proof of Lemmas [3.9] and B.10. The case h = 0 is treated in [5]. We thus only treat
the case h € (0,1), with similar methods.
Using the mild formulation, in the continuous-time situation we need to control the

three terms of (3.1)):

\etAhPh:L‘| < e_)‘gt\Phx\ < e_>‘°t|x],

since /\6‘ > A thanks to Proposition
t t
) / e(t_S)AhPhF(Xh(s))ds‘ <C / e M=) g <
0 0

thanks to the boundedness of F;

t t
E[| / eI=)A P dW (s)|F] < CE|] / el =4 Py (s) 1/
0 0

t
< Cp(/o Tr(e5)4 Pye(t=5)40) 4572

t
S Cp(/o TI‘(PhA,Zl/Q_NPh)’All,/z—’%ez(tis)AhPh‘ﬂ(H)dS)pm

t
1 AP (t—s p/2
<G| gy M) <6,

where we have reduced the estimate to the case p = 2 since the stochastic integral is a
Gaussian random variable, and then we have used It6’s isometry formula, Proposition 2.6]
and Proposition with any x > 0.

The proof of the first estimate of Lemma [3.10] goes along the same way, using the
discrete-time mild formulation , with also three quantities to control:

|Sﬂl'€,hphx| < k|x|a

1
(1+ A7)
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thanks to the first estimate of Lemma [3.7] and the boundedness of F';

k—1
m> SEIPF(X] < Cr
=0 l

o
—_

1
(1'+ AoT)k_l

I
o

T

SO ar) =1

<C;

finally as before we only need to study the case p = 2, and we use (3.12) to get

k—1 k—1
ElvT Y SE Poxisal? =Y rTe(SE, PS5
=0 =0

k—1
STI‘(PhAlzl/anph)T ’Si(}l:fl)A}ll/QJmmH)
1=0
k-1 1 log(1 + A\g7)
0
<07 G P (— (/2= R == (k= D))

=0

+o0 1
SC/O m eXp(—Ct)dt,

for some ¢ > 0.
The proof of the second estimate of Lemma using (3.13)) is then straightforward.
¢

4 Asymptotic behavior of the processes and invariant laws

First, we focus on the existence of invariant measures for the continuous and discrete time
processes. We use the well-known Krylov-Bogoliubov criterion - see [17]. Tightness comes
from two facts: D((—A)?) is compactly embedded in H when v > 0, and when v < 1/4
we can control moments with the same techniques used to prove the Lemmas and

Lemma 4.1 For any 0 <y < 1/4, 7 > 0 and any x € H, there exist C(y,7,z) > 0 and
C(v,x) > 0 such that for every h € (0,1), m>1 and t > 1
E|X)(r,2)2 < C(y,7,2)  and E|X"(t,2)]2 < C(y,2).

For h € [0,1), uniqueness of the invariant probability measure for the continuous time
process (X" (t));er+ can be deduced from the well-known Doob Theorem - see [17]. Indeed,
since in equation ([1.1]) noise is additive and non-degenerate, the Strong Feller property and
irreducibility can be easily proved. In the proof of the main Theorem [5.1] we also need
speed of convergence, and thanks to a coupling argument we get the following exponential
convergence result :

Proposition 4.2 There exist ¢ > 0, C > 0 such that for any bounded test function ¢ :
H— R, anyt >0, any h € [0,1) and any x1,x2 € V}

[EG(X" (t,21)) — EG(X" (t,22))| < Clldllo(1 + |z1|* + |z2|*)e™. (4.1)

Remark 4.3 A proof of this result can be found in Section 6.1 in [24)]. In this proof it is
obvious that ¢ and C are independent of h.
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The idea of coupling relies on the following formula: if 14y and vy are two probability
measures on a state space S, their total variation distance satisfies

dTV(VI; VQ) = inf {P(Xl 7é XQ)} s

which is an infimum over random variables (X7, X2) defined on a same probability space,
and such that X; ~ 1 and X9 ~ vs.

Roughly speaking, the principle is to define a coupling (Z1(t,x1,z2), Z2(t, 1, x2))t>0
for the processes (X (¢,21))t>0 and X ((¢,22))+>0 such that the coupling time 7 of Z; and
Zo - i.e. the first time the processes are equal - has an exponentially decreasing tail.

This technique was first used in the study of the asymptotic behavior of Markov chains
- see |7], |26], |61], |65] - and was later adapted for SDEs and more recently for SPDEs -
see for instance [55], [63], [72].

Corollary 4.4 For any h € [0,1), the process X" admits a unique invariant probability
measure p", such that for any bounded test function ¢ : H — R, t > 0 and x € V}, we have

[Eo(X" (¢, 2)) —/ ¢du”| < Cllgllo(1 + [xf*)e, (4.2)
Vi

We use the notation u = p°, when h = 0: it is the invariant law of the non-discretized
process, for which we show an approximation result.

However, the situation is more complex for the discrete time approximations: given a
time-step 7 > 0, we do not know whether uniqueness of the invariant measure also holds
for the numerical approximation (X lg)keN- In the following Remark below, we describe
a strict dissipativity assumption on the non-linear coefficient which ensures ergodicity by
a straightforward argument. Without this assumption, it is not clear whether ergodicity
holds for small time-steps 0 < 7 < Tergo, Where 7o can be chosen independently of
h € [0,1); the answer to this question will be the subject of future works.

Remark 4.5 Let h € [0,1) be fized. A sufficient condition for the uniqueness of the
invariant probability measure of the discrete time process (X lil)k:eN 18 the strict dissipativity
assumption

Lp < Ao,

where we recall that Lr denotes the Lipschitz constant of F.

Then trajectories of the processes (Xf)te]w and (X/?)keN issued from different initial
conditions x1 and xo and driven by the same noise process are exponentially close when
time increases: for any 1o > 0, there exists ¢ > 0 such that for any 0 < 7 < 19, h € [0,1),
k>0 andt > 0 we have almost surely

(X"t 1) — Xt a9)] < e”PoLr)t ) — g
|X,?(T,:171) - X]?(T, x9)| < e KT |z — aa].

The proof of the uniqueness of the invariant law is now easy, and in particular we do not
use Proposition [{.9

Results are the same when we consider the spectral Galerkin discretization:

Proposition 4.6 There exist ¢ > 0, C > 0 such that for any bounded test function ¢ :
H— R, anyt >0, any M € NU{oco} and any x1,x2 € Hyy

[E¢(X M (¢, 21)) = EG(X M (t,22))| < Cllllo(1 + |aa]* + |2 [*)e . (4.3)
4. ASYMPTOTIC BEHAVIOR OF THE PROCESSES AND INVARIANT LAWS 107



CHAPTER 4. APPROXIMATION OF THE INVARIANT LAW OF SPDEs: ERROR
ANALYSIS USING A POISSON EQUATION FOR A FULL-DISCRETIZATION
SCHEME

Moreover, for any M € NU {oc}, the process X (M) admits a unique invariant probability
measure ,u(M), such that for any bounded test function ¢ : H - R, t > 0 and x € Hyy we
have

E¢(X (1, 2)) / 6du™) < Cllllo(1 + [2[2)e. (4.4)

With the notations of Definitions and we have ;(®) =y = 0.
As consequence of Proposition [£.6] we obtain the following Lemma:

Lemma 4.7 For any bounded test function ¢ € C(H), we have

pp = ¢(2)du™(2) P / ddp =: .
Hyy — JH
Proof of Lemma A7t For any t > 0 and any fixed initial condition € H, we have
o) = [ otz ¢(Z)dM(M) (2) ~ Eo(X (1))
Hyy Hyy
+E¢(X P(X (1))
+Eo(X / 6(2)duz

We thus get that for any t > 0
imsup| [ 6 () - [ o)dn(a)] < Comp(-c)
M—+oco JHy H

and it remains to take ¢ — +o00. Notice that the constant ¢ does not depend on dimension
M. ¢
The speed of convergence in Lemma [£.7] will be given below in Remark

5 The convergence results

We now state our main result, as well as a few important consequences.
For an admissible test function ¢ we define || ¢ [lo.2= supg<;<2(l[¢ll;)-

Theorem 5.1 For any 0 < k < 1/2, 19, there ezists a constant C > 0 such that for any
C2(H) function ¢, h € (0,1), N>1,z€ H and 0< 7 <1

2

1(IE<¢>(XZ;> -3)|

0

v

3
Il

14k _ ke . 1
<Cl¢llo2 1+ \:c]s)(l + (N7)" "% 4 (N7) 1) (Tl/2 LplR g 77)’

where ¢ = [ ¢(2)du(z).

This result can be interpreted from a statistical point of view: % Z%;é E¢(X") is an
estimator of the average ¢ = [; ¢(z)p(dz) of the admissible test function ¢ with respect
to the invariant law p of the SPDE. Theorem gives an error bound on its bias.

Of the two factors in parenthesis in the Theorem, only the second one is important -
the presence of the first one is for technical estimates which degenerate at time 0 whereas
we are interested at the asymptotic behavior of the quantity. The main observation is that
the orders of convergence with respect to 7 and h are given by the corresponding weak
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orders 1/2 and 1 in the approximation of X (T) for a fixed value of the final time T' < +o00
- given in [20] and [3]. The aim of this chapter is to show how the corresponding error
bounds are preserved asymptotically - under appropriate conditions.

An interesting supplementary result would concern the study of the statistical error.
In [|64], two more error bounds are proved: first in the mean-square sense, and then in an
almost sure statement - thanks to an argument of Borel-Cantelli type. We have not been
able to treat our problem in a similar way. We claim that it is for the following reason.
The right order of convergence with respect to 7 in Theorem [5.1] is obtained thanks to an
appropriate integration by parts formula - as explained in the Introduction; the study of
the mean-square error - now in a stronger sense - implies that the use of such a technique
seems impossible. To generalize the results of [64] in the infinite dimensional setting, new
arguments should be found.

The additional term ﬁ corresponds to the bias introduced between the average in
time and its limit when time increases.

From Theorem it is easy to obtain approximation results when only one type of
discretization is applied.

Results on distance between invariant laws of the various processes can now be given.
As explained in Section 4] without the time-discretization ergodicity holds for the spatially
discretized, time-continuous process X" for any h € (0,1), while as soon as discretization
in time is applied it is not clear whether it holds for small enough time-steps, uniformly
with respect to h.

However, as a consequence of Theorem we obtain error bounds controlling the
distance between the average of admissible test functions with respect to the possibly non
unique ergodic invariant laws of the discretized process and the invariant law of the SPDE.

Proposition 5.2 For any 0 < K < 1/2, 79 > 0, there exists a constant C > 0 such that
the following holds: for any 0 < 7 < 79 and h € (0,1), assume that p™" is an ergodic
invariant law of (X )keN, then for any admissible test function ¢, we have

[ o)duce) /¢ A () < C |6 oz (r/27 + 110,

The proof of this result is easy - we let go N to oo in the estimate of Theorem [5.1] and
use the convergence of the time-average for u™" a.e. initial condition, see also [5].
The above result also holds for invariant laws having a finite third order moment.

Remark 5.3 [t is also possible to derive the error estimate as in Theorem[5.1] and Propo-
sition[5.9 when discretization in space is done with the spectral approzimation in dimension
M instead of using a finite element method with mesh-size h. For instance, we precise the
speed of convergence in : for any 0 < k < 1/2 and ¢ € Cg(H), there exists a constant Cl

such that )
[ odn= [ ondn® < O
Hpy A

M+1
The strategy - developed in Section [6] - remains the same, where we use an auziliary di-
mension variable, say L, going to oo for the ambient space where the Poisson equation is
used, while M 1is fixed.

6 Description of the proof

We fix the time step 7, as well as N € N; we then introduce the notation T' = N7. We
also define, for k € N, t;, = k7. k > 0 is a parameter, which is be supposed to be small
enough. We also control 7: for some 75 > 0, 7 < 7p.
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6.1 Strategy

The three key ingredients to prove Theorem are the use of an additional finite dimen-
sional projection onto the subspaces Hjs, the use of the solution of the Poisson equation
as in [64] (see Sub-section and an integration by parts formula issued from Malliavin
calculus as in [5,20] (see Sub-Section [6.3).

We will use the Poisson equation in finite dimension, then we will use the following
decomposition:

N-1 N-1

1 - 1 —
v n;ﬂwm —¢=x H;EMPMX&) — Our
B B 1 N-1
+ o =6+~ 2 (Es(X]) —Eo(Paxl)),
m=0

where we recall that Py, is the orthogonal projection of H into Hjy; and ¢, is define at
the end of Section [l

It is obvious the the last term converge to 0 when M — 4o00. The convergence to 0 of
the second term is not difficult, it has been proved in Section ] The proof of the estimate
of the first term is very technical, so for pedagogy, in Sub-Section we introduce the
decomposition of the error and identify the three terms which we control later in Sub-

Section Sub-Section and Sub-Section

6.2 Some results on the Poisson equation in finite dimension

Let M € {1,2,...}. Let ¢ € CZ(H). We define ¥M) : H); — R by the unique solution of
the Poisson equation

LMGM) — Py — Gy, and / @M g, (M) — g, (6.1)
Hyy

where £M) is the infinitesimal generator of the SPDE (3.7)) defined for functions of class
C%2+: H — R and for any € H by

LDy (x) = (APyrx + Py F(x), Dy(x)) + %Tr(PMD%(x)).

In the following, we will need to control the first and the second derivatives of ¥. The
Proposition below is the essential result that we need. It is the same kind of estimation
used in [5,20] to obtain weak order of convergence 1/2.

Proposition 6.1 Let M € {1,2,...}. Let ¢ € CZ(H). The function M) defined for any
x € Hy by

W) = [ B(60X00 (0, 2) ~ By a
0

is of class C% and the unique solution of (6.1)). Moreover, we have the following estimates:
for any 0 < B,y < 1/2 there exist C,Cg > 0 - independent of M - such that for any
x € Hy
M (@) <O+ 2) || ¢ llo,
DT ()5 < Co(1+ [2) || 6 loa (6.2)

and

(=4 D2 (@) (=AY | 2a1,) < Cor(L+[2%) || 6 llo2, (6.3)
where || ¢ HO,z’: Supogjgi(” @ ”J)
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Remark 6.2 In fact, the result on DV is also true for f < 1 and the result on D*V is
also true for B < 1, v < 1 and 4+ v < 1. Moreover, all the constants are uniform with
respect to M € {1,2,...}.

A proof of this result can be found in the Appendix.

6.3 A Malliavin integration by parts formula

Let h € (0,1) be fixed - the case h = 0 is not required in the calculations.

As explained in the Introduction, one of the key tools to obtain the right weak order
is a transformation of some spatially irregular terms involving the stochastic integral with
respect to the cylindrical Wiener process, into more suitable, deterministic ones, thanks to
an integration by parts formula, issued from Malliavin calculus - see 73], [78§].

The notations here are the same as in 20|, where the following useful integration by
parts formula is given - see Lemma 2.1 therein:

Lemma 6.3 For any G € DY2(V,,), uw € C2(V3,) and ¥ € L2(Qx [0,T],L2(V3)) an adapted
process,

T T
E[Du(G). /0 U(s)dW M (s)] = K] /0 Tr(U(s)* D*u(G)D,G)ds], (6.4)

where DG : £ € H v DG €V, stands for the Malliavin derivative of G, and DV2(V},) is
the set of H-valued random variables G =), <N, Gie?, with G; € DY? the domain of
the Malliavin derivative for R-valued random variables for any i.

Remark 6.4 This Lemma remains valid if u is not assumed to be bounded but only u €
C2%(V},) provided the expectations and the integral above are well defined. This is easily seen
by approzimation of u by bounded functions.

Some care must be taken when controlling the Malliavin derivative of X”: in general
it is not possible to obtain uniform estimates with respect to time - unless for instance a
strict dissipativity condition is satisfied - see Remark

In the proof of technical estimates below, we circumvent this problem by using these
derivatives only at times t;, = k7 and s such that ¢4_;, < 1. We also have the following
estimates.

Lemma 6.5 For any 0 < 8 < 1 and 19 > 0, there exists a constant C' > 0 such that for
every h € (0,1), k>1,0< 7 <79 and s € [0, tx]

1
(1+ Aor)A=Bk=1)e)

[(—AR)P DX} vy < C(L+ Lpr) (14 )-

Moreover, if ty, <t < tgy1, we have
(= An) DX () vy < Cl=AR) DXL £ (vs)-

We want to emphasize that the constant in Lemma [6.5] is uniform with respect to
h e (0,1).

Proof According to the definition of DG as a linear operator in V}, we need to control
|(—Ap)PDEXT ()| and |(—Ap)PDEX], uniformly with respect to £ € Vj, with [¢] < 1.

The second inequality is a consequence of the following equality for s < ¢ <t < tg41,

thanks to (3.13):
DEX"(t) = DEXP + (t — tin) (TARS-nDEX] + S P F(XP) - DEXTY),
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and the conclusion follows since

sup |TARS:klz(v,) < +oo.
he(0,1)

Now we prove the first estimate, and we fix h € (0,1). For any k > 1, £ € V}, and
s € [0, t], using the chain rule for Malliavin calculus and expressions ({3.11) and (3.12)), we
have

k—1
DIX) = Si et +71 Y SHID(PF)(X]).DEX]
i=ls+1

We recall that I denotes the integer part of 2, so that when i <[5 we have DﬁXih = 0.
As a consequence, the discrete Gronwall Lemma ensures that for k > [ + 1

IDEXR] < (1+ Lpr)* ).
Now using Lemma [3.7] we have

S

1 (1+ Lp7)"™
—Ap)PDIX]| < f|+Lpr
[(—An) K| (14_)\07)(175)(%1%5 1| F le;l _|_>\07. —B)(k *)tfﬂ.

€]

To conclude, we see that when 0 < 7 < 7

k—1

1 +oo 1
T 3 gc/ t=h —dt < C' < 0.
ity (L Agr)=A) k=i 0 (1+ Agr) )7

6.4 Strategy for the estimate of limy/_, + SN ES(PuXE) — by

Let M € {1,2,...}, we define the function U4) for 2 € H by
T (2) = v (Pyra),

where W(M) is the solution of the Poisson equation (6.1). Using the identifications intro-
duced in Remark [2.T] we have for any = € H

DIYM) (3 = Py DM (Py2),
D>*UM) () = Py D> M) (P Py,

then it is easy to show that U(M) and W(M) verify the same estimates (see Proposition [6.1)).

We need the continuous time interpolation of the numerical process X" defined by
(3.13)). For all m € N, we can associate to X" on [t 1] the generator £7™" defined
for x € V}, and ¢ € L(H) by

1 *
£T,m,h¢(x) = <S.,.7hAhX7},L1 + S‘r,hPhF(Xr}rLL)a D¢<$)> + iTr(ST,hST,hPth(b(m))' (65)
Thanks to the It6 formula and Proposition [6.1} we have for any integer m

tm
EGOD(xh y _EEM(xhy= [ Bormh gD (K (5))ds.
m+1 m '
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We also need the markov generator £ of the finite element solution X" to decompose this
term. The generator £" is given for z € V}, by

We have the following decomposition:

~ ~ tm+1 ~ ~
EGM) (xh ) — EGOD(xh) :/ E([f’m’h - Eh) GO (X (s5))ds
tm

tm+1 - -
+ / E(Eh - L(M))\I/(M) (X" (s))ds
tm

tm+1 - -
+ / ELMGM) (XN (s))ds.
t'm

Using the following equality for x € H
LODGM) 1y = LODGM) (Pyr2) + (P F(a) — Py F(Pygz), DM (Pyya))

and the definition of ™) we get

[ B (FOR ) — F(R X)) DROD (P K0 s

tm+1

E(U,mh Eh) FOD (XN (5))ds

b1 ( E(M) HO0 (s

m

E¢(PyX") — bur)

/.
(
/ttm+1 IE(¢(PMXh(s))) — E<</>(PMX[,2)>ds
/.

+
+ 7
+

tm+1

+ E(Pu (F(X"(s5)) = F(Py X"(s)) ), D¥OD (Py X(5))) ds

m

Then if we sum for m=1,..., N — 1 and divide by N7, we obtain
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=1 + 1o+ I3+ Iy + I5 + I¢.
(6.6)
The two first terms and the last term are easy to control. Indeed, using Proposition
and Lemma we get for 0 < 7 < 79,

1
I+ L] <C(1 2 —
|1+ 12| < C(1+ |z )NT,

where 79 is any fixed positive real number. Using the fact that F' is lipschitz, Proposition

and Lemma we get

M—o0

The control of of the three other terms will be the subject of three following Subsections.
First, in Subsection [7.1} the following estimate of I3 is shown:

Lemma 6.6 (Space-discretization error) For any 0 < k < 1/2 and 19, there ezists a
constant C' > 0 such that for any ¢ € C}(H), x € H and 0 < 7 < 79

1 [t (M) n\ & (M) h
lﬁjipm';/tm E(ﬁ - L )\IJ (X"(s))ds

<O+ [2P) [ ¢ log A5 (1+ (NT)7H).
In Subsection we will show the following estimate of Iy:

Lemma 6.7 (Time-discretization error) For any 0 < k < 1/2 and 719, there exists a
constant C' > 0 such that for any ¢ € CZ(H), M € {1,2,...}, y € H and 0 < 7 < 19

1 = [imi h h\ & (M), 5h
- E(ch — crmh) §00 (%
N /tm (£ — £mm Y OO (X (1)t
<C | ¢llog (1+ )77 (1 + (N7)7H7 4 (N7) 7).

Finally, the proof of the following estimate of I5 is detailed in Subsection [7.2}
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Lemma 6.8 (Additional time-discretization error) For any 0 < k < 1/4 and 19,
there exists a constant C' > 0 such that for any ¢ € C}(H), M € {1,2,...}, y € H and
0<7t<m

tm+1
Z / (6P X4 (0) ~EoP X0 )a < € [ 6 o 72 (1 ).

The order of the respective proofs may not seem natural. We have made the choice
to put the proof of the Lemma on the time-discretization error at the end since it
essentially uses the same arguments as in [5|, while the others require new estimates,
appearing for the first time in this context of approximations of invariant laws. We thus
begin with the proof of Lemma on the space discretization error, and go on with the
proof of Lemma concerning the additional time-discretization error induced by the use
of the Poisson equation - instead of the the generators, we have the process alone.

7 Detailed proof of the estimates

We warn the reader that constants may vary from line to line during the proofs, and that in
order to use lighter notations we usually forget to mention dependence on the parameters.
We use the generic notation C for such constants. All constants will depend on a parameter
k > 0, which can be chosen as small as necessary.

To simplify the expressions, we have not mentioned the dependence of the error with
respect to the test function ¢. However, thanks to Proposition it is straightforward to
give this precision.

7.1 Control of the space dicretization error - ZZ } ttm“ E(UM) £h>

In this Subsection, we prove the estimate of the Lemma

7.1.1 Strategy

To control this term, we will mix ideas described in [3] and in [5]. In [3], to prove weak
convergence, the authors use estimation on u the solution of the Kolmogorov equation
associated to the SPDE. We can use the same ideas because, for each M € {1,2,...},
UM)  the solution of the Poisson equation, and its derivatives verify the same kind of
estimations than wu.

Let M € {1,2,...} be fixed. First, we will decompose £M) — £" in three terms. We
have for any =z € H

+ ((Py — Py)F(x), DI (1))
1
n 7T7«((PM — P,) DG (g;)>
2
and we obtain
N-1 N—-1
1 bmt1 1
NT;/% (L0 — )OO (1)t DICELEES]

7. DETAILED PROOF OF THE ESTIMATES 115

M (XM ().



CHAPTER 4. APPROXIMATION OF THE INVARIANT LAW OF SPDEs: ERROR
ANALYSIS USING A POISSON EQUATION FOR A FULL-DISCRETIZATION
SCHEME

where for 1 <m <N —1

" = E / " Aar — A XN (), DEOD (TR (8)) e

=k / T (Par — POF(R (1), DBOD (XM (1))

1

- K / o Tr((Pys — Py)D*EOD (X(0) ).

7.1.2 Estimate of a™

The Ritz projection Rp can be expressed in the form Ry = AglPhA. Using this we can
write

((Anr — Ap)X"M(1), DD (X(1)))
=((An Py — AnPr) X" (1), DUOD (XM (1))
=(X"(t), (PhAnr — ApP) DI (X" (2))) = (X" (t), ApPu(Rp Par — I) DU (X(1)))
=(X"(t), ApPo(Ry — )Py DY (XP(2))) + (X(2), ApPa(Par = DDIMD (X" (1)),
The idea of this decomposition is to apply the error estimates and for Ry and

Py respectively. We now use formula (3.13]) on X (t). We then need to estimate the
following five terms.

tm+l - -
a™ =E / (XI APy (R, — I) Py DY) (X (1)) dt
tm
tm41 ~ ~
+E / (t — tm)(AnSrn X2 ApPr(Ry — I) Py DOUD (X (1)) dt
tm
tma1 ~ ~
5 [ ) (S PAF(X). AnPy (B — D Py DV (X (1)
tm
tm+1 ~ ~
+E / ( / Sy 1 PudW (s), ApPy(Ry, — I) Py DI (XM(1)))dt
t’UL tm
tm41 B B
+E / (A X" (Pyy — DI (X (1)))dt
tm
=a]"" +ay" - a " a4 amM
* Estimate of a}"” m™h: We use expressions of X! and (3:12) to decompose a}"” h,

thrl ~ ~
a"" =E /t (S Po, ApPo(Ry — 1) Py DUUD (XP(2))) dt

bt 1 k—1 ~ ~
B [ ST R CX), VPR — 1) Py DB (1)
tm =0
tm+1 tm ~ -
+E / ([ 8™t PydW (s), ApPy(Ry, — I) Py DU (XM (1)))dt
t b

m 0

m,h
=: +a12 +ay;.

e [stimate of aﬁh : The ideas are to "share" (—Aj) between different factors and to
use regularization properties of the semi-group (th)keN. Thanks to Proposition
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Proposition for g = %, Lemma and Lemma we get, for any small
enough parameter 0 < k < 1/2,

tm+1
i =B [ (A ST P, (A PR~ 1)
tm
x (—A) V2P (=AY 2DUM) (XR (1)) dt|
tm+1
SE/t (= Ap) S Pl ey 2| [ (= AR) Pu(R, — D) (=A) 72| 20y

X [Par e (= A) 2 DUOD (X7 (2)) |t

(mTl)l_“ (1+ )\107')’"’“'i 2l (=A)"(Fn - I)(_A)il/z‘ﬂ(H)

tm+l -
x / E(1+ [X"(8)[2)de
tm

1 1
< 3 172){.
=Cr (m)1=F (1 + Ag7)™* (L+[z[)n

<C

We will now use the following useful inequality: for 7 < 7y and any N > 1

1
< C,. 1
TZ e < © (™.

Indeed,

qu

1 N 1
< C/ T ~dt
(L4 Ao7)t* 0o TR (14 NoT)FF

o q .
< / e—t; log(l—l—)\m')dt
— tl—n

0

< [ e Y
e -
~—Jo si® y klog(1 + \oT)

N
Il
—_

< Ck.
Then, using (7.1)), we get
1 N-1
w7 D el < Ok TP+ Jaf?) (72)
m=1

o Estimate of ay "5 . Using the same ideas than to estimate ar, lh, we have

m+ 1
y<cTE/ Z| (AR TSI PR (XD
X ’(_Ah) Pu(Rp, — 1) (=A) 72 2 | (=AY 2DIID (X (2))|de.
Since F' is supposed to be bounded, the estimate ([7.1)) yields

m—1 m
1 1
—A)E § STIR(X])| < O\F § <C.,.
|T< h) i T,h ( l)‘ > ” HOT — (i )1—,-; (1 +)\07)ln =
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With Lemma Lemma and Proposition for § = %, we can now write
am,h < C(l+ |z 2 hl—?fi,]_
‘ 1,2 ’

and we get

< O+ |z[2)pl—2*. (7.3)

o FEstimate of aféh : The analysis of this term is more complicated. We refer the
reader to |5| for a discussion on the problem, and for detailed explications on the
strategy of the proof - following the original idea of [20].

We recall that the problem lies in the regularity in space of the process, due to
whiteness in space of the driving noise. The strategy used to control aqf?ih and

ag}ih above would only give an order of convergence 1/4, while we expect 1/2 - our
constants need to be uniform with respect to the mesh size h!

We decompose a’f?éh into two parts, corresponding to different intervals for the
stochastic integration. On one of these parts, we can work directly. On the other, a
Malliavin integration by parts is performed: it allows to use appropriate regulariza-
tion properties, and to obtain the correct order of convergence 1/2. We emphasize
on the length of the interval where this integration by parts is applied: its maximal
size is independent of 7 and h, so that the possible exponential divergence when
time increases of the Malliavin derivatives implies no trouble.

By using (3.12)), we make the decomposition

tm+1 tm ~ ~
aly" =E / (| STl PudW(s), (—Ap)Pr(Ry — I) Py DI (X(1)))dt
t"L 0

tomt1 (tm—370)VO .
R / ( / (= A) ISl Py AW (s), (— An)* PRy — 1)
tm 0
x Py DM (X (1)))dt
tm41 tm -~ ~
+E / ( / Par(Rp, — I)Py(—Ap) ST PudW (s), DU M (X7(t))) dt.
tm ( ’

tm—370)V0

For the first term - which is equal to 0 when t,,, < 37y - we use the Cauchy-Schwarz
inequality and we directly get

(tm—370)VO _ _
|E( /0 (= Ap)'7rSI s PydW (s), (—Ap)" Pu(Ry — 1) Py DY (X (1)))]
< (E[(=An)"Pu(Ry — I)(—=A) /2 Pay (= A) /2 DB (XP (1)) %) /2

(tm—370)VO0 ;
% (E| / (= )18 PV (5) )2,
0
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We have the following inequality - we remark that in the integral below ¢,,_;, > 1:
tm—3T0 (tm—370)VO
E| / (—AR)' STl PudW (s)|* = / |(—(Ap) = ST Pul 7, gy ds
0 0 ’

(tm—310)VO
_ / Tr((—Ap)2 25201 P, ) ds
0

(tm—370)VO _
< /0 (S Pyl ) | (— AR) Y2 S Py gy dis

X Tr(Py(—Ap) V275 Py)

(tm—370)VO 1
<
_C/ (1+ Aor)m—lata /2™ 7o

(tm—370)VO 1
<C ——d
- /0 (14 Xor)ms °

+o00 1
<c / 1
0 (1 + /\07-)3/7
<C,

when 7 < 79 and thanks to Proposmon 4] and Lemma . Then, thanks to
Proposition Proposition E for 8= 5 and Lemma we get

tm+1 (tm 37’0) 0 - -
IE / ( / (—Ap)' r ST PydW (s), (—Ap)" Pr(Ry—I) Py DI M (X7(1)))dt|
tm 0
< C(1+ |z[*)Tht =2~
For the second term, we use the Malliavin integration by parts formula (Lemma
to get
tma1 - ~
E | / (B — 1) Py(—A) ST Pud W (s), DO (X (1)) di
tm m—370)V ’

tm41 - - ~
/ / Tr S;"h (= Ap)Py(Ry, — I) Py D*OMD) (Xh(t))DSXh(t)) dsdt.
tm 37-O

Thanks to both estimates of Lemma we have for (t,, —31) V0 <s<t, <t<
tm—l—l
1

(14 Aor)(I-e)lm=to)ger

(—A)DEX ()| < C(1 4 Lpr)™ (1 +

),

and we see that (1 + Lp7)™ ! is bounded by a constant.

We can then control the second term of agnih with

tm+1 K K _
/ / ARSI | (= AP P (R — D) (= A) Y2
tm m—3T0) \/0

x[(=4 )1/2D2\I/(M)(X"(t))(—A)l/Q‘”/QIL(mI(—A)“DsXh(t)lz(H)dsdt
x Tr((—A) =127/
b —1+3% 1 1
<C t 2 =1+t ds
= Jttm—smvo " (1+/\OT)(m—ls)32( e ls(1+)\or)(m l)(1- n))
x ThY35(1 + |z)?),
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using Proposition [6.1] Lemmas [6.5] and B.7]
We have

tm _ K 1 tm 1 1
/ m1:;3 s 48 S/ 3E 35577 05
(tm—370)VO s (1 =+ )\07')(m7 s) 2 0 33 (1 + )\07’) S/T

< C < 400,
for 7 < 79, thanks to ((7.1)).
Therefore
| Nl
— > la (14 |z|?)ht 3", (7.4)
NT =
Using (7.2)), (7.3) and (7.4)), we have
] Nl
2l mh < o1+ )hl 3R (1 4 |z)?). (7.5)
m=1

* Estimate of agn’h: Since (t — tm)|(=An)Srlc) < C, agl’h is bounded by the same
expression as agn’h: by (7.5)), we have

N-1
1
N Z <o+ )hl L+ [2]?). (7.6)

* Estimate of agl’h: We have

t'm+1
5 < [ = )l (= A40) S Palean [PX)

|(=An)“Pu(Rh — D)(=A)" 2 Par(—=A) 2 DUD (X (1)) |dt

Since F' and (¢t — tm)|(—Ah)1_”ST,hPh|L(H) are bounded, using the same idea than to
estimate arl'?ih, we get
N—

Z

m=1

(1 +[af?). (7.7)

* Estimate of ay"” . We again use the integration by parts formula to rewrite a, mih,

ot =k [ " / S PLTV(5), (~ A) PRy — DDBOD (1))
__E / A / T (S, Pa(—An) Po (R — 1T (XN (1)YDy XM (1)) dsdlt.

From (B.13)), for t,, < s <t < t;,41 we have DIX"(t) = S, ,Pul; as a consequence, the

situation is much simpler and we do not need to use the same trick as in the control of
m,h
ayy -
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Then, as previously, we have

tm41
" SE/ (t — tn) Tr((—Ap) " Sy 1 Pr(—Ap) " Py(Ry — I)(—A) 2 Py
tm

% ( A)1/2D2 (M)(Xh( ))(_A)1/2—/4/2(_A)—1/2—n/2(_A)HST7h)dt
<c|(—An) TS n Pal comny Tr((—A) 72702 (= AR) Py (R — 1) (= A) ™2 | 2oy

tm41 B B
< [ ) EDREOD (1) () )|~ AYS Pl
tm
<c(1 4+ |z*)Tht =2,

Therefore
N-1

1
o " < C(1 + |z)h1 2", (7.8)
m=1

* Estimate of a™: Using Proposition Lemma and estimate (3.8), we have

tm41 -
a1 < [ B (AR Pl KO (Pa = 1)(=4)724

X (= A) DTN (XN (1)] )t

tm+1 - -
<Cilollor A [T E(RM 10+ X OP))de

< O | llog Ayt 2r (1 + |2

Then, we get
m,M
B Nr NT Z ja™ 1 =0

With the previous estimates, we get

N-1

1 - —3K
lim sup —— Z ™| < C || ¢ [log (1+ [2*) (1 +T~Ha! . (7.9)
M—>+oo

7.1.3 Estimate of v"™
Writing Py — P, = (Py — I) + (I — Py,), we get the natural decomposition

tm+1 - -
b —E / (Par — D)F(Pay X(8)), DFM (X(8)))dt
tm
tm+1 - - -
+E / (I — POF(Py X" (1)), DEOD (K1) dt
tm
:me’M +bm’h.
Using the fact that F is bounded, Proposition [6.1] and Lemma 3.9 we have
) 1 N - -
b =|E / (F(Pu X (1)), (P — I)(—A)~ /2% (— A) 2=+ DHOD (XN (1)) |
tm
tm 1 ~ ~
< / | F flo |(P: — T)(—A)" /245 g E| (— A) /25 DBOD (XA (1)) de

<CT(1+ |a)(P; = D)(=A) "> o)
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Using (3.6 and (| ., we get
7" < Cr(1 + [af*)n' "
and
M| < Cr(1+ [22)A, 2.

Finally, we have

N-1
1 m —9%k —1/24k
N 2 BT OO ) )
m=1

and
N—-1

1
hmsup— b < C(1 + |z|?)ht 2.
lim sup Z\ | < O+ [z

7.1.4 Estimate of ¢

We use the same natural decomposition than for b™: ¢™ = ¢™" + ¢™M  where for i €

{h, M}

m+1 ~ ~
2|Cm z| _‘E/ TT((_A)QH(Pi - I)(_A)—I/Z—l-n(_A)1/2—/@D2\II(M)(Xh(t))(_A)l/Q—n
x (—A )—1/2—“)415(
<Tr((—A) Y2 (AP (B = T (=AY

tm+1 - -

X / E|(—A)2*D2EOD (XM (1))(—A)Y25|dt.
tm

Using Assumptions 2.2] Proposition [6.1] Lemma [B.9] commutativity of A and Py and

estimates and (| -, we get
20| < Or(1+ [af)hy 2

and
Q\CmM] < C7(1+ |z| )hl 6r

Then, we have

N-1
= D1 < OO P (R 4 A

Tm 1

and
| Nl

lim sup —— D 1™ < C(1+ Jzf?)ht 0,

M —4-oc0 m=1
7.1.5 Conclusion
With the above estimations, we get

tm41
hj\r/[n_s;up NT /t £<M> Eh)\I/(M)(Xh( Nds < C(1+|z )R (1+T71). (7.10)
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7.2 Control of the additional time-discretization error E¢(Py X (t))—E¢(Py X"),
if £, <t <tmir.

In this Subsection, we prove the estimate of Lemma

This part of the error is due to the replacement of the continuous-time process X with
the discrete-time process from which it is built by interpolation.

If we compare with the other parts of the error, we observe that instead of ¥ the
expression involves the test function ¢. Since ¢ is only assumed to be of class Cf , its
derivatives do not satisfy estimates with a regularization in space like for ¥. However, we
are still able to distribute appropriately the powers of the operator — Ay, thus obtaining
the good rate of convergence.

We define an auxiliary function ¢y : H — R with ¢y = ¢ o Pyy. It is of class Cf and
using the identifications introduced in Remark we have for any z € H

Don(x) = PyyDo(Pyz),
D2¢p(x) = PayyD?¢(Pryx) Pay.
Thanks to the Itd’s formula, from (3.13) we get for ¢, <t < tp41
E¢(PyX"(t)) — E¢(Pu X)) = Edar(X"(8)) — Edar(X (tm))

- /t t (S;nARXE Dépr(X"(s)))ds
FE [ (8- PF(X), Do (K4 6)) s

+E /t t %Tr((SﬂhPh)(SﬂhPh)*DQ(;;M()N(h(S))ds.
=: El(t) + Eg(t) + E3(t>.

The error is naturally divided into three terms. We first treat the easiest ones: Es and Ej3.

Using boundedness of the linear operator S, of the nonlinear coefficient F', of the
orthogonal projectors Py; and P, and of the first-order derivative of ¢, we easily obtain
that for t,, <t < tpm41

B0 =B [ (8- PhF(X]), Dw(X"(5))as] < O

We now control F3(t). Using the boundedness of the second-order derivative of ¢y,
uniformly with respect to M, we have
|E3(t)] < Ot — tm) Tr((SrnPr)(SrnPr)”)

< OTTr[((—Ap) 3582, Py Py (= Ap) 5 By

S CT\(—Ah)1/2+”S72_7hPhyﬁ(H)Tr(Ph(—Ah)_l/z_“Ph)

S OT1/27K/7
where k € (0,1/2) is a small parameter, thanks to the first inequality of Lemma and
to Proposition [3.4]

The treatment of the E; is the most complicated amongst the three terms, due to the
presence of the unbounded operator Aj,. We recall that X" is controlled in the norm of
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(—Ap)%, uniformly in h, only for o < 1/4; to obtain the correct weak order of convergence
1/2 with respect to 7, we need a careful control. One of the ingredients is the Malliavin
integration by parts.

Thanks to and (3.12)), E, is divided into three parts: Ey(t) = E11(t) + E12(t) +
E173(t), with for ¢, <t < tim+1

Eoa(t) = / (ST A Py, Dgag(X7(s)))ds

tm
t m—1
Brat) = E [ (rAnSen Y ST PFCX), Do (X)) ds
tm k=0

t tm ~ ~
Ei3(t)=E / (ApSyp /O STl PudW (r), Dar (X" (s)))ds.
tm

We have isolated the stochastic part in Xf,ll; then only the treatment of Ej 3(¢) is difficult.
First, using Lemma [3.7] we have if m > 1

| ARSI Prx| < |(=An)"SenPal ooy | (—An) ™ ST Pal ooy |
< Cla|gr it .
As a consequence, for t,, <t < tmi1

l—n

B (8)] < Clal

ti "

The treatment of E 9 is similar: we have when m > 1

m—1 m—1
T ARSrn > SI PR F(XI)| < CTH(=AR)"SrnPal ey D (= An)' "SI * Pl oy |[F (X)) |
k=0 k=0
m—1
<Cr "r |(—Ah)17KSTI:kPh|£(H)
k=0

It remains to control Ej 3(t), which contains the stochastic term, with low regularity
properties. We need to use a Malliavin integration by parts formula; however due to the
weak dissipativity condition the behavior of the Malliavin derivatives is bad with respect
to time. The solution is to split the stochastic integral factor into two parts: for any
tn <8 <t <tmp

tm L
B(AnSo [ ST AW (). D6 (X1 (5))
0
(tm—37'0) 0 ~ -
— E(ASy 1 / ST PLdW (), Déag(X2(5))
0

tm - ~
E(A3S: / ST PydW (r), Dns (X"(s)))
(tm—370)VO
=: E131(s,t) + E132(s,1).

124 7. DETAILED PROOF OF THE ESTIMATES



CHAPTER 4. APPROXIMATION OF THE INVARIANT LAW OF SPDEs: ERROR
ANALYSIS USING A POISSON EQUATION FOR A FULL-DISCRETIZATION
SCHEME

For the first error term, we directly use the Cauchy-Schwarz inequality and we have
(see term aTéh of Sub-Section |7.1| for more details)

(tm—3710)VO ~ ~
|Braa(s,t)|* < O E\/ SrnAnSTy " PhdW (1)) (E|Dar (X" (5))*)
(bm =370}V I,)+1 I)+1
< c/ Te (B ApSYy SO A4, Py ) dr

(tm—3710)V
< C/O Tr(Ph(—Ah)_ln_RPh)‘(_Ah)5/2+ns72—7(}7km+1ph|L(H)d7"

For the second error term, using the Malliavin integration by parts formula, we get for
any ty, < s <t <tpm

tm o
E(AnSy / ST PydW (), Déar (X1(5))
(tmf'g)To)VO
tm . - ~
_E / Te(S™ 43,8, Py D2das (X7 ())D, X (s))dr.
( b

tm —37’0)\/0

We then write that

tm - -~ ~
IE / Te(S) " ApSr n P D Gar (X" (s))) Dy X" () dr |
(tm—370)VO

tm -~ ~ ~
</( | Te((—An) ST " Snr Pa)E[| (= An) ' Dr X" ()| (11| D* G (X (5)) 1 dr.
tm—3710)V0

Since

Tr((_Ah)KSZL}L_lTSh,TPh) < Tr(Ph(_Ah>_l/2_2liPh)‘S:—?h_lr (—AR)Y*T25S, Py | £ (),

we have (see term aTz’,’h of Sub-Section [7.1| for more details)

tm ~ 3 .
[E / Te (ST " ApSrn PaDr X" (5) D s (X" (s)))dr|
(tm,—3T0)V0
< CrlfrEe /tm ! (1+ Lpr)™ (1 + 1 \d
T TN N T T r
- (tm—3r0)v0 (14 AoT)=tr " (1 + Agr)r(m=tr)¢]l~ I

Using that (14 Lp7)™ ' < C for the range of  used to compute the integral, we see that
‘E17372(8, t)‘ < CT71/272K.

After integration with respect to s, we obtain

t
|[Er3(t)] < / (IB13,1(s,t)| + |E132(s,t)|)ds < O(1 + 71/272%),
tm

and
11—k

E1(1)] < O/ 4 || =

1—
ti=r ")

+ 7

Using the bounds on Fy and Fj3, we therefore obtain that when m > 1 and ¢, <t <

thrl
2]

— i)

[Eo(Py X*(1) ~ Eo(PuX)| < CTV2(1 4 o8
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As a consequence, we obtain
m+1 h h
- / (Bo(PyX"(1)) - Eas(PMXm))dﬂ
tm

Nt
< Ol 4 ol 5= /

\wl ) (7.11)

< Or1/2-25(1 '
<Ct (1+ 7(]\77)1_5

7.3 Control of the time-discreti%ation~ error:
e St i E(Lh — £rm k) BOD (XM (1)) dt.

Nt m=1 Jt,,

To control this term, we will use ideas described in [5,[20] and in Sub-Section [7.1]We
decompose the error into five terms:

tm+1 N—
NTz/ £t — LT GO0 (X (5))d Z (am + b+ Cm + din + €m),
where for 1 <m < N -1
tm+1 ~ ot
am =E / (I — Sy p)ApXh, DU (XM (1)))dt,
tm
t7n+1 - ~ ~
by = E / (AR(X™(t) = XY, DEOD (K1) dt,
tm
tm+l ~ ~
on = [T = ) PP (X0), DX (1), (7.12)
tm
t'm+1 ~ ~ ~
4 —E / (FR(XM(t)) — FP(XR), DEOD(X(1)))dt,
tm
1

tm1 ~ ~
em = 3E / Te((Pa Py — (SrPh) (Srn Pa) ) D2E D (XM(1)) ) .
tm

The estimates are:

Lemma 7.1

1 N—-1
N 2 laml = C(0+ |2)(1+ (N7)~h)rt/2=2,
m=1
1 N-1
N7 2 lbml = C(L+ ) (1 + T 1)rl/22n,
m=1
N—
Z [em] < O+ [2]2)rV/27",
1 = 1/2—2x 3 —1+x
w7 2 ldm| <OV ) (1 4+ T,
o
1 N—
-~ Z lem| < C(A + |z|?)71/273%,
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7.3.1 Estimate of a,,

We have the equality of linear operators in £(V},): (I —S;p)Ap = —7S; A%, Then, using
(3.11]), we decompose the error into three terms: a,, = a’, + a2, + a2,, with

tm+1
arln = —TE/ <S7— hAhS hPheT PhD\I/(M)(Xh( t)))dt
tm

m—1

tm+1 - ~
a2 = —TE/ (S nAZT Z S:'T,Lh_th(th)7PhD\Ij(M) (X"(t)))dt
tm =

m—1

tma1 ~ ~
ap, = _TE/ (SrnApV/T > ST Pxigr, Pu DU M (X7 (1)))dt;
tm .

The replacement of DU M) (X" (t)) € H with its orthogonal projection P, DW M) (X" (t))
is valid since the other factor in the scalar product belongs to V,.

The main task is to control the operator A2, using the benefits of the regularization
properties of the semi-group (S”TC n)ken and of the derivatives of UM)  The main difficulties

appear in the control of a?,, where a Malliavin integration by parts is required in order to
obtain the correct weak order of convergence. The control of the other terms al, and a2,
is technical but much easier.

* Estimate of a),

We write, for any small enough parameter 0 < k < 1/2,

jal,| <7E / S ANV i (A ST B o Py,
X \(jAh)l/Q—ﬁpthi(M) (X" (t))|v, dt
<Cla|grr V22410 (1 4 Agr) T /t e E|(—A)Y2=*DUM) (X (1)) gt
<C(1+ |zP)rr V2=2m14r (1 4 Aor)*zﬂ,

thanks to Lemma Lemma Proposition [3.3] and Proposition
Thanks to estimate (7.1)), we get

1
fies > apl < C(1+ |22 (Nr) (7.13)
m=1
* Estimate of a2,
First we write
2 bt 1/242 )i - ) h(
20 < OB [ Sy (= 40 g Z St B, P (XD
tm —

x [(—Ap)Y? ”PhD\II(M)(Xh( )|y, dt. (7.14)

Since F' is supposed to be bounded by || Fo, the estimate (7.1]) yields
m—1 1 1
r(=Ap)' "> SR F(X])| < C||Flor < C,.
> | X
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With Lemma [3.10] and Proposition [6.1] we easily obtain
1
fies > lag| < C( A |z?)rt/22e, (7.15)

* Estimate of a3,

This is where things become harder. The problem is the same than for estimate aféh in
Sub-Section As for aTéh, using (3.12)), we decompose a, = =o'+ a73n2, with

tm41 (tm—570)VO ~ ~
Bl = —7F / ( / Sy nAZS™ s pLdW (), P, DU M) (XM (1)))dt,
tm 0 ’

tm+1 tm - ~
@32 = _rE / ( / S, n AZS™ P (s), P DT (1)) .
tm (tm—570)VO ’

We remark that a>)! = 0 if ¢, < 579. Thanks to the Cauchy-Schwarz inequality, to
Proposition (for f =0) and Lemma we get

(tm—57'0) 0 _ -
([ S, p AL PLdW (s), P DI (X0 (1))
0 9
tm—5710)VO 5 5
< (EI/ Srn ARSI ' PadW (s)|3) /2 (B P DU M (XM (2)) 7)1/
0 b
< C(L+ |zf);
indeed we have the following inequality for 0 < 7 < 7y:
tm—570)V0
E| / R, A} STt Py dW () < C.
0

The proof is easily adapted from the corresponding one in the estimate of a%h in Sub-

Section [T11
Then

For a%f, we use the integration by parts formula of Lemma to get

m+1 ~ ~
= —7E / / ThAhsm L PLdW (s), P, DU (XP(#)))dt
tm 57—0

tm+1 ~ ~
= —7E / / Tr sm L A2S, P, D*IM )(Xh(t))DsXh(t)) dsdt.
tm (tm—570)V

Thanks to both estimates of Lemma we have for (¢, —510) V0 < s <ty <t < typy1

1
(14 A7) (=B =)

(=)D X" ()] < C(L+ Lpr)™ (1 + );

and we see that (1 + Lp7)™ % is bounded by a constant.
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We have
a3

tm+1 )
= E/ / (A2 i | (= Ap) 35 ST Te((—A) V275

tm m—57'0 \/O

( 1/2 K/QP DQ\IJ(M)(Xh(t))(_A)l/Q—n/2|£(H)’(_A)H,DSXh(t”E(H)det

tm41 tm _1+3N 1 1

L+t dsdt
/m—5T0)VO ls ( )m ls ( m-— ls (1 + AOT)(m l )(1— ))

X Tl/ﬂ (14 |af)
< Crr'P7 (14 [z)?),

by estimate ([7.1]), Assumption Propositions and Lemmas and

We obtain
N-1

NT Z ’a32| <C(1—|—|l‘| ) 1/2— 2;1

m=1

Therefore
NT Z ja,| < C(1+ |71 /272x, (7.16)

1

With the previous estimates on a', a? and a?, we get

N—-1
Z lam| < C(1+ |z?)(1 + T~ H)7l/22, (7.17)

m=

L
N7

7.3.2 Estimate of b,
We decompose the corresponding term into three parts: b,, = b}, + b2, + b3,, with
tm+1 ~ ~
b =2 [ (= ) (AT = 800X DB (1))
tm
tm+l - -
2, =8 [ (0 ) (A0S0 O, PO (R0
tm
m—+1
b3 = E/ / ApSrn PhdW (s), P, DU (X (1)) dt;

* Estimate of b}

bl is bounded by the same expression as a,,: by (7.17) we have

Z bl | < C(1+ [y>)(1 4+ T~ H)rl/272, (7.18)
* Estimate of b2,
We have
tm+1 N B
b2, ] < TE/ [(—AR) Y258 1 Pl ooy | P E (X2 (= Ap) 25 P, DO (X(2))|dt
tm
< ||Fllom** 57 (1 + |2[?).
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We then have
N—-1

Z 02| < Y2751 + |z)?). (7.19)

* Estimate of b},

. . . . . . 3 .
We again use the integration by parts formula to rewrite b;,:

b _E/m“/ ApSy n PrdW (s), P, DIM) (X1(1))) dt

m—+1 ~
/ / Tr(S, 5 Ap Py D*OM) (X1(1))D XM (1)) dsd.
tm

From (3.13), for ¢, < s <t < t;,4+1 we have DﬁXh(t) = S; 1 Pnl; as a consequence, the

situation is much simpler and we do not need to use the same trick as in the control of

3

Ay,

Then we have
tm+1 - -
3 | <E / (t — tm)Tr(Srp Ap Py D*U M) (XM(1)) S, ), Py ) dt
tm

tm+1
SCT/ S (= AR)YVEE2 Py 2y Te((— A) ™ 252) (= A) S n Pal 2y
tm

(= Ap) Y252 P DU M) (X (1)) (— A) V2752 oyt
< C(1+ |z?)rt/2=352r,

Therefore
p Nl
— c(1 1/2-3r/2, 7.20
i O il < CQL+ lal)r (7.20)
With the previous estimates, we get

;N
w7 2 [bml S OO [af’) (1 +T7H)rt/272, (7.21)

m=1

7.3.3 Estimate of ¢,

This term is easy to treat: we have

tm41 - ~
|em| < E/ (= AR) "2 = Sl cov | PRE (X[ (= Ap) 27 B DU (X (1) )| dt
tm
<O rr(1 4 |z,
where we have used Proposition Assumption and Lemma Then we see that

N—-1
D lem| < CTVPTRA A ). (7.22)

m=1

1
Nt
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7.3.4 Estimate of d,,

The term d,, contains the error between F"(X"(t)) and F"(X"); we recall that F" =
P, o F. We perform an expansion with respect to an orthonormal basis (eh)ieN of H, such

that (e; )J\Q}J ! is the orthonormal basis of V}, introduced in Proposition — the vectors e

for 7 > Nh do not matter.
In this orthonormal system, the cylindrical Wiener process is expanded as

t)=>_ Bt (7.23)

€N

with a family (,BZ )ien of independent standard one-dimensional Wiener processes.

Let F* : H — R denote the function such that F/*(z) = (F"(x),el). We also denote,
for any i € N, by 9% the operator such that d'¢(z) = (Dé(z),el) € R, for any x € H,
where ¢ : H — R is of class C'. Then

(FACEM0) — FPOX), DEOD A0 = 3 (EREM0) - F ()0 500 (20(0),
=0
The It6 formula gives for t, <t < tyme1 and 0 < i< Nj — 1
FAM2) — FA(XE) = 1 /m TH(S, 457 PADFL (X () ds
[ (A8t DEL R )
+ [ (SO, DEF () ds
& [ DRI 6, SV (5)

Thanks to this, d, for j € {1,2,3,4} are naturally defined, and we now control each
term.

* Estimate of d},

By definition, we have

t Np—1

m+1 _ ~ ~
i, _/ / Z TY(ST,hS:,hPhDQFih(Xh(S)))ds@z-h\IJ(M)(Xh(t))dt_

tm =0

Expanding the trace thanks to the complete orthonormal system (el!);en;,

N}fTr(Ph5:7hPhD2Fih(Xh(s))ST,hPh)(?f"‘i'(m(Xh(t))
=0
NZNZ DR (RA(s)) el e b b0 (£4(1)
- =0 = ( +)‘h )2 ]7 j
:Nh lN}Fl#Dth(th(s))( )Gh ( )(X'h(t)).
= = (1—}—)\;‘7')2 i €5, €5
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For any fixed 0 < j < Np, — 1, the Cauchy-Schwarz inequality yields
Np—1

|30 D2EM(EM(s)). (el B (XN (1))

=0

Ny —1 > 12 /N, 1 1/2
< <Z \D2Flh(X(};(;))2> (e ?7 ?)‘ ) (Z (A?)%‘alh\i/(M)(X—h(t))P)
i=0 i

Y

i=0
where 77 < 1/2 is defined in Assumption
The second factor is bounded from above by

(= AR)"PL DY (XM (1)] < C|(=A)"DIM (XM (1)),

thanks to Proposition the right-hand side is then controlled thanks to Proposition
0. 1]

To control the first factor, thanks to Assumption we get

(NZ D2 (K1(5)) (e} )

1/2
e : ) = |(~An) T PADF(X"(3)) (e} €]
=0 1

< C|(=A)T"D*F(X"(s)).(e}, €})
< Clelulel|u < C,

since (e;-l) ;j is an orthonormal system, and using Proposition
Therefore we obtain

Np—1
| Y Tr(Sr S5 PaD*E (X" ()0 DY) (X" (1))
=0
Np—1 1
1 2 —_—
O+ ) 3 (1 + Alr)?
7=0 J

Np—1 1
<O+ [af)yr 2y RCEaVaYyom
= (1 4 )\jT)2 (/\j)l/2+

C(1+ |z)?)r =2 e (Py(—Ap) ~V25Py).

h-\1/2+k
()\jr)/+

Then thanks to Proposition [3.4] we have

|| < C(1+ [2f)r!/2 "7,
and

N-1
ldL| < C(1 + |a|?) /2= (7.24)
Nt m=1
* Estimate of d2,
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Thanks to (3.11)) and (3.12)), we have

tm+1 tNhil ~ ~ ~
= / / > (AnSenX ), DEMX(5)))op UM (XM (t))dsdt
tm tm =0

b1 m—1 ~
—E / / Z (ARSI o +7 ) ApSE M (X, DE (X (5)))
=0
x AP >( X" (t))dsdt
tm+1 tm ~ ~ ~
+E / / > (A, / STt Py dW (1), DEM X (s))) 000 M) (X (1)) dsdt
tm tm 5 0 ’

::d?,’l1 + dff.

(i) For the first term, since F' and DF' are bounded on H and 7 < 7y, we have, using

3.

|dz,
tm+1 t _ m—1 ~
_|E / / (DFM(R4(s)).(ApSI P + Apr 3 STEHLFR (X)), DWOD (P (1)) dsd|
tm tm 1=0

tma1 t L
< [ [ 1S Pl (140 ST Pasl
tm tm

m—1
7 D AR TSI Pal e | PuF (X)) DR D (X)) dsdt
=0

1
1-k 2 1+kK
<O (1 + || )(t |$’+thm ! (1+)\0T)(m—l)n>

. 5, 1
<cortTr 4+ ]m\S)T(tliﬁ +1).

m

Therefore

N— N-1
1
m

1
2,1 1—k (|13 T 1
N zzjlfdm | < Cm (|7 +1)f mz;(t’ln_n +1)
11—k 3 1 T 1
<Cr'7E(1 + |2 >(T = ——dt +1)

1

1
< CrlR(L 4 ]:):\3)(1+T_1+“/0 L)

S—K/

<O A+ 2P (14T, (7.25)

(ii) For the second term, we again use an integration by parts, after a decomposition of
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the time interval - as in the estimates for a . First,

tm+1 t Np—1 tm - ~ ~
P2=E / / > (A / ST PLdW (r), DE!N(X"(s)))0p M (X7(8) ) dsdt
tm tm = 0
tme1  pt Vo=l (tm—570)VO - - .
_E / / S (4 / ST P AW (1), DEP (X" (5))) 08 (X7 (1)) dsdt
tm tm =0 0 ’
tm+1 t Nh 1
= S (A / ST el el (r)ol (Y (5))0 0D (X (1) dsdt
tm tm i F e (tm —570)VO

o221 2,2,2
= doo" +dooc.

Recall that ( )0<Z< N, —1 is the orthonormal basis of V}, introduced in Proposition

See also . For d ’2’1, we can work directly as for the similar part in a3, and we see
that

|d2’2’1]
Np—1 .
timt1 t Nh— (tm—570)VO0 41 hoh i, (M) [ vh
<[E > | ST AW (), DEI(X (5))) 00 5 (X(8)) dsdt]
tm tm 5= ’

tm+1 (tm—57'0) 0 - N
< / / E[(DF"(X"(s)).AnS: / STt PudW (), DU (X(#))) |dsdt
tom 0 ’

tm

tm+1 (tm_57—0) VO ~ ~
</ / (Bl [ STl PLdW (1) )Y 2(E| DD (X0 (1)) ) 2d st
tm tm 0

< CT(1+ |2,

thanks to Lemmas[3.10] Proposition and to the estimate proved in the control of a2,

(tm—570)VO (tm—570)VO
E|ApSy 1 / STl Pyd W ()2 < E|A2S, / STl Pud i ()2 < C.
0 ’ 0 ’

For d%>?, we can write thanks to the Malliavin integration by parts (6.4) and with the
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chain rule

d2,2,2

+ Np—1

e[ > Ah/t o S el A P () (R @) s

m ¢,5,m=0

Nhl

tm+1 tm
— / / / (A STtk etyahoh BN (5)) (Deh Xh(s), ehy
tm tm J (tm—570)V

zgmn =0

x UM (X (t))drdsdt

trt1 Nh 1 3 )
+E / / / (A STtk ol i (Xh(s)) ool B0 (X (1))

t’"L t"L 'm 57’0

z ] m,n=0
X (DeﬁnXh(t),e )drdsdt
tmt1 Np—1 - ho~ N N
=K / / / > DPEMXM(s))(AnSEy el Dim X ()00 M) (X (t)) drdsdt
tm 570 ’

sz

tm+1 W~
+E / / / <Bi(s,t)AhST,;““e,’;,Dﬁmxh(t»drdsdt
tm—570)V zm O '

Nj,—1

tm+1 i )
) E/ / / > T (Pu(D X" (5)) D2 F] (X" (5)) A S 1 Py )
tm 57’0 :

x M) (X ())drdsdt
Np—1

tm+1
TE / / / Z Tr (Ph(D XM (t)* B'(S,t)AhS:}L_lT-’_lPh) drdsdt,
tm tm m—57'0

where we define, for each 0 < ¢ < Nj, — 1, a linear operator on V}, by

Np—1
(Bi(s,t)zp, yn) = (DFM(X"(s)), z1) Z PP M) (X (8)) (yp, €M)

= <DF¢h(Xh(S)),xh><D2\1’(M)(Xh(t))~e?7yh)-

We have, for any xp, yn € Vi,

Nj,—1

> (Bils, t)an, yn) = D*TM(XP(0).(DFM(X"(s5)).2n, yn)
=0

and, using Proposition and Assumption

Nj,—1

| Y Bils, )l i) < [DE(X"(8))] 20y | D*ED (X))
=0
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so we can write, for (¢, —579) VO <r <t,
Np—1
DI (ph(prxh(t)*zsi(s,t)Ahs:j};lr“Ph) |
i=0
Np—1

<D XMW iyl Y Bils, )l i (= An) 28T Pl 2oy | S (— An) 225 Py )
=0

X Tr(Py(—Ap) Y2712 p,)
_ 1
< —1/2—2k,—1+3K/2
<Cr b, (1+ Agr)(m—ir)3s/2

using Lemma [6.5|- since (14 Lp7)™ " < C - and Lemma

For the other term, we have to deal with the poor regularity of F' at second order. We

proceed as in the control of d},, and expand the trace with respect to the orthonormal

basis (ef);en of H.

Np—1
| T (P X" (5)) DUFR (X" () AnSy P ) 150D (X (1)
1=0
_ P M D2EM (X (). (e, €M) b ~ N
h i \Fjr g J hyn| 9hq, (M) h
~ ~ ~ Nh_l ~
< D X"(5)| £ | (— Ar) "B, DY D (X (1)) | Z [(—Ap)"D?FM (X" (s)).(eh, e

3"

=0
h
X A
h\14+m—1,.’
(L+A37)

thanks to the Cauchy-Schwarz inequality.

By using the same analysis as in the estimation of d.,, we see that the above expression
is bounded by
B B _ Nh*l )\h
CIDrX"(5)| £ (v | (—An) P, DY D (X (1)) |11 Z J
j=0

hoNTtm—1,
(1+/\j7) m

but the last sum is equal to Tr(P,A,ST," ZTH), so that we see that indeed the two
expressions in d%? are bounded by the same expression.
Therefore

tm+1 t tm 1
d2,2,2 < ]E/ / / CT*1/272nt—1+3H/2 1 e 2 drdsdt
™) < tm tm J (tm—570)VO m—tr (1+AOT)(m—lr)3n/2( [2[%)

tm _ 1
< 2\, 1/2—2x 14+3k/2
< C(1+ |z|%)T 7'/0 b, i+ )\OT)(mflr)iin/ZdT

< O(1 4|y,
as already proved - see ([7.1]).

Now gathering estimates for d2>" and dfﬁQ’Q, we obtain

N-1
1
foes D 1P < C(1+ JaP)yrt /A, (7.26)
-
=1
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Estimate of d3, We have
tm41 t Np—1 - ~ ~
dh =B [ [ (8B ), DE (X (6)) 0 B0 (R (1)) s
tm tm =0

= E/t7rL+1 /t <PhD\iJ(M)(Xh(t))7DFh(Xh(S)).(ST’hFh(XTI}T)»det.

We have assumed F' and DF' to be bounded, so we easily get
|l < C(L+ [af?)7?

and
1

No D il <+ )T (7.27)

N-1
m=1

Estimate of d,

Finally, thanks to the integration by parts formula of Proposition we have

tm+1 t Nh_]' - ~ ~
dl = E / / " (DFH(XP(5), 8,0 PudW () 000D (K1)t
bm tm =0

IE/t:n+1 /t; Tr ((DsXh(t))*PhDQ\iJ(M)(Xh(t))DFh(Xh(S))SﬂhPh) dsdt

tm41 t ~ B -
E / / Tr (ST,hPhDQ\IJ(M)(Xh(t))DFh(Xh(s))ST,h) dsdt;
tm tm

indeed, we have Dgf(h(t) = Syl for all £ € Vi, when t,, < s <t < t),41 - see also
the control of b3,. Now,

tm+1 t ~
| <E / / (S (—A) Y24 i | DE (X () i) | v

x [ D2 (XP (1)) 2y Te(Po(—Ap) ™25 Py )dsdt
< O + |z)?)rV/¥rr,

and

LS jdh) < O(1 + 2ty (7.28)

Estimate of d,,: conclusion With ([7.24), (7.25), (7.26)), (7.27) and (7.28]), we get

N-1

1
fies D d| < CTVEE(L 4 2P (1 4+ TR, (7.29)
m=1

7.3.5 Estimate of ¢,,

Using the symmetry of the operators Py, € L(H) and S;p € L(V},), the commutativity of
Py, and S}, and the fact that P}, is a projector, we have in £(H)

PPy — (SrnPr)(SenPr)* = 2Py Sen Pu(I — Syp)Pr + Po(I — Srp) Pu(I — Sy ) Pr;
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we then decompose e, into two parts: e, = el + e2,, with

tm+t1 ~ ~
el = IE/ Tr(PySrn Pu(I — Srp) P D*TMD (XM (1)),
tm

1 tm+1 ~ ~
2, = QIE/ Tr(Py(I — Srp)Pu(I — Sy ) P DM (X (1))).
t’"L

* Estimate of ¢!,

el

tm41 ~ ~
<E / T ((=A) Y25 (=A)*F PuS, nPh(I — Sy) PuD* T (X1(1)) (—A)/27%) | ds
tm

tm+l
<E / Tr((—A)~/>7%) (= A PuSnPh(l = Srn)(=An) ™24 4
tm
X |(=Ap) V2P D2 (XM (1) (—A) 20 s
1+ [2?)7| (= An)2F Sr P (I — Spp)(—Ap) /2t
)

(1 + ’:E‘ 7_7_72,%7_1/27& — CTl+1/273n‘

’ﬁ(Vh)
* Estimate of ¢2,

1 trn+l ~ ~
leml = [5E / Tr(Pi(1 = Srp)Pa(I = Srp) PaD*T M (X7 (1)) |
tm

1 tm+1
< 5B [ (- A) AP P ~ So) AT = S.0)
tm
X (= Ap) AT (= Ay) 2 D2E M (XM (1)) (- A) 27 |ds
< O(L+ [aP)yrTr((=A) 27| (A Pl = Srp) Pall = Sra) Pa(=An) "> 1 gy
< O+ |27 (= AR)**(I = Srp) Pull = Srp)(=AR) 2]
C(1+|l" )7_7_ 25K 1/2 K CT1+1/2_3H.

* Estimate of e,,: conclusion

We thus have

N-—
1
~ ) : lem| < C(1 + |z|?)71/273", (7.30)
-

7.3.6 Conclusion

With the above estimations, we get

tm+1 - -
/ E(ch - E”””‘) TOD(Xh(1)dt| < O + |2[?)rY/>F(1 + T~ 4 77,
tm
(7.31)
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7.4 Conclusion

With , and , we get
1 N-1 -
= D (B(6(XE) = 8) < CO+ o )r 251+ T + T (1 4 5170),
m=0

where C does not depend of T', h, 7 and M.
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8 Appendix

8.1 Study of the (finite-dimensional) Poisson equation

This Section is devoted to the proof of Proposition [6.1

Let ¢ € Cg . For lighter notation, we will assume in this appendix that ¢ = 0. We
define the function u for any ¢ > 0 and x € H by

u(t, ) = Elp(X (£, 2))], (8.1)

which is solution of a finite dimensional Kolmogorov equation associated with the Galerkin
finite dimensional approximation of ([1.1):

%(t, 2) = Lu(t, z) = éTr (D?u(t,)) + (Az + F(z), Du(t,)).
Since ¢ is of class C2, bounded and with bounded derivatives, we are able to prove that
with respect to x the function w is twice differentiable. Then, using the Itd formula, we
can show that W is solution of .

To prove Proposition we only need to show that u € C? and that u and its two
first derivates have estimates which are integrable with respect to ¢. In fact, we will show
the result below:

Proposition 8.1 Let ¢ € C? such that ¢ = 0 and u defined by (8.1). There exist constants
C, ¢ and fi > 0 such that for any 0 < B,y < 1/2 there exist constants Cg and Cg~ such
that for anyt >0 andy € H

ut,2) < CA+12?) | & (82)
IDut,2)]s < a1+ )e ™+ ) [ 6 o (8.3
and
1 _
(~ AV D2u(t,2)(~A) ) < Ooa(1+ 5+ e P o) [ 6 oz (84

where n < 1 is defined in the Assumption
Remark 8.2 In fact the estimation (8.3), is true for 5 < 1.
The proof of this result is similar to the proof done in [5].

Remark 8.3 Since ¢ is of class C2, bounded and with bounded derivatives, we are able to
prove that with respect to y the function u is twice differentiable, and that the derivatives
can be calculated in the following way:

o For any h € H, we have

Du(t,z).h = E[DS(X (t,x)).n"" (¢)], (8.5)
where 0 is the solution of
h,x
W) — e ) + DX () (1)

v (0) = h.
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o For any h,k € H, we have

D?u(t,x).(h, k) = E[D*¢(X (t,2)).(n"* (1), 1" (1)) + D(X (¢, 2)).C""*(t)], (8.6)

where ("F® s the solution of
AT _ pchEa(g) 4 DP(X (1)) (8) + DEF(X (6,2))- (1 (8), (1))
7 = ,T)). yx)).(n ) Tl )

gh,k,x(o) —0.
Morover, we already have the equation (8.2)) (see (4.1))).

We will now show the equations and . The singularity ¢~ in is a
consequence of the regularity propertles satlsﬁed by F. The proofs require several steps.
First in Lemmabelow we prove estimates for a finite horizon and general 0 < 8,y < 1/2;
then in Lemma we study the long-time behaviour in the particular case 5 = vy = 0; we
finally conclude with the proofs of Proposition [8.1}

First, we prove estimates of these quantities for 0 < ¢t < 1 - see Lemmas 4.4 and 4.5

in |20], with a difference coming from the assumptions made on the nonlinear coefficient
F:

Lemma 8.4 For any 0 < < 1/2, 0 < < 1/2, there exist constants Cg and Cg such
that for any y € H and any 0 <t <1

| Du(t, z)| <% 211 Do llo
[(=A)"D%u(t, 2)(=A) | () < Cp, v( + 2557 (1 Dé llo + 1 D°¢ o),
where 1 is defined in Assumption 2.7.

Remark 8.5 If we take another time interval |0, Trnqz| instead of 10, 1], the constants Cg
and Cg are a priori exponentially increasing in Tpqq.

Proof. Owing to (8.5) and , we only need to prove the following almost sure estimates,
for some constants Cg and Cjp - which may vary from line to line below: for any 0 <t <1

. C
"] < 25 |hl-s

1
¢ (6)] < Cp,ymin(

(8.7)
1
tn tﬁ+’y)’ ‘ ,8|k| -

where the parameter 7 is defined in Assumption [2.7]
We use mild formulations, and the regularization properties of the semi-group given in
Proposition

t
()] = |+ /0 CDADF(X (s, y)) " (s)ds]

05 ! h,x
< t7|h’—ﬁ +C [ [n™"(s)lds,
0

and by the Gronwall Lemma we get the result.
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For the second-order derivative, we moreover use the properties of F' in Assumption

2.7 to get
t
M) = | / IADF(X (5,2)).¢" (s)ds
0
+ / t U IADAF(X (5,2)). (0" (s), 7 (s)) ds]
0

t t C
§C’/ ¢k (s ds+/ —ZBA 1k () |1k (s)|ds
i+ [ L@ o)
1

t 1
h.k,z 1—-n—B— -
< [IcHE s + Con -l 0 [ s

To conclude, it remains to use the Gronwall Lemma, since for any 0 < ¢ < 1 we get
t!=1=B=v <t thanks to the assumption 8+ < 1. ¢

Thanks to the dissipativity property expressed in Proposition [2.9, we can prove the
result in the case § = v = 0. We notice that the proof would be straightforward under a
strict dissipativity assumption - since then 7™%(¢) and ¢"**(t) would decrease exponen-
tially in ¢; in the general case n»*(t) and ¢™*7(t) are exponentially increasing in time so
that we can not work directly. Here the result comes from the estimate of Proposition
4.2l

Lemma 8.6 There exist constants C' and ¢ > 0 such that for any t > 0 and any y € H
|Du(t,z)| < Ce (1 + |z*) | ¢ [lo

and

_ 1
| D?u(t, z) | cemy < Ce™* (1 + ) (L ) 1| ¢ flo -

Proof. The Bismut-Elworthy-Li formula states that if ® : H — R is a function of class C?
with bounded derivatives and with at most quadratic growth - i.e. there exists M (®) > 0
such that for any # € H we have |®(z)| < M(®)(1 + |z|?) - then we can calculate the
first and the second order derivatives of (¢,z) — v(t,x) := E®(X (¢, z)) with respect to x.
First, we have for any x € H and h € H

Do(t,z).h = 11[1‘,[/0 (n®(s), dW (s))®(X (t, )]

L s (8.8)
= JB([ ). AW (s)ule/2 X 12,2
0

the second equality is a consequence of the identity v(t,z) = Ev(t/2, X(t/2,x)) obtained
with the Markov property, and of the first equality applied with the function v(¢/2,.).

Using the second formula of , we obtain a formula for the second order derivative:
for any y € H and h,k € H,

2 2 [ ok
Dv(t,x).(h, k) = t]E[/ (M5 (s), dW (s))v(t/2, X (T/2,))]
) 0 (8.9)

t/2
+ tE[/O (" (s),dW (s)) Du(t/2, X (¢/2)).0"" (¢ /2)].
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We then see, using Lemmas and - with 8 =~ = 0 - that there exists C' > 0 such
that forany 0 <t <1,z € H, h,k€ H

wwmwst@uHWMu

&~

(8.10)

|D?v(t, z).(h, k)| <

S @)1+ faf) [ K]

Now when ¢ > 1 the Markov property implies that u(t,z) = Eu(t — 1, X(1,z)), and by

(4.2) we have
hm_L@_L@msceW”a+mﬁnmm

If we choose ®y(x) = u(t — 1,x) — [ ¢dp, we have u(t,x) = E®y(X(1,2)) + [, ¢dfi, with
M(®;) < Ce =D || ¢ |lo. With (8.10) at time 1, we obtain for ¢ > 1

|Du(t,z).h] < C || ¢ llo eV (L + |z*)|h|
ID%u(t,z).(h, k)| < O | ¢ lo UV (L + []?)[h] K.

Moreover by Lemma [8:4] we have a control when 0 < ¢ < 1, so that with a change of
constants we get the result. ¢

We can finally prove the Proposition The key tool is the Markov property of the
process X which yields the following formula: for any ¢t > 1

u(t,x) = Elu(t — 1, X1 (z))]. (8.11)

To get the exponential decreasing, we use Lemma at time t — 1 when ¢ > 1, while
|h| -5 appears from 1y, (1), and with estimates coming from Lemma

Proof of Propositions Using equation (8.11) and Lemma for any t > 1 we
have

[Du(t,z).h| < C || ¢ llo e " VE[(1+]X (L, 2) )" ()] < C || ¢ lo eV (14 ]z[*) 2] g,

where the last estimate comes from Lemmas [3.9] and 8.4
Combining this estimate with the result of Lemma which gives an estimate for

t <1, we obtain (8.3).

For the second order derivatives, Lemma [8.4] gives an estimate for ¢ < 1, and for ¢ > 1

we use (8.11) to see that

D?u(t,x).(h, k) = E[D?[u(t — 1, X (1, z))].(h, k)]
=ED?u(t —1,X(1,2)).(n** (1), n**(1)) + EDu(t — 1, X (1,z)).cC"*=(1).

Using Lemma [B.6] we get an exponential decreasing; thanks to Lemma [3.9] and to the
estimates in the proof of Lemma [8.4] at time 1, we obtain

[D%u(t,x).(h, k)| <[l ¢ llo eV (L + [f*) || k] -

Then (8.4)) easily follows. ¢
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8.2 Proof of some estimates

We give the detailed proofs of some estimates on the processes (X" (t));ep+ and (X})gen,
given in Section [3.4]

We omit the reference to the parameter of the spatial discretization h € (0,1), but it
is clear from the proofs that the constants are uniform with respect to h.

Proof of Lemma 3.9l If we define Z(t) = X (t) — WA4(t), we have Z(0) = X(0) = z, and

dfh(f) — AZ(t) + F(X(t)),
and by Proposition [2.9]
Ld|Z(t)]
5 g = (AZ(t) + F(X(1). Z(1))

(AZ(t) + F(Z(1)), Z(t)) + (F(X(t)) = F(£(1)), Z())
< =l ZWP +C + [|FlolZ(t)]
< |zt +

for some new constants ¢, C".
Then almost surely we have for any ¢ > 0

1Z@)] < C(1+ |z)).
Thanks to (2.6]), the conclusion easily follows. ¢

Proof of Lemma [3.10L As in the proof of Lemma above, we introduce Z,, = X,, —
wy,, where the process (wy,) is the numerical approximation of W4 with the numerical

scheme (3.9) - with F' = 0; it is defined by

Wm+1 = S‘r,hwm + \/FST,th-‘rl'

Using Theorem 3.2 of |75], giving the strong order 1/4 for the numerical scheme - when
the initial condition is 0, with no nonlinear coefficient, with a constant diffusion term and
under the assumptions made here - we obtain the following estimate: for any p > 1, 79 > 0
and 0 < r < 1/2 there exists C' > 0 such that for any 0 < 7 < 79 and m >0

E|wy, — WA(mr)|?P < cr1/2=p, (8.12)

Thanks to (2.6) and (8.12]), we get that for any 79 > 0, there exists C' > 0 such that for
O<rtr<tmandm>0
E|w,,|> < C. (8.13)

Now Z,, defined above satisfies Zyp = Xg = x and

Zm+1 = ST,th + TST,hF(Xm);

since, for h € (0,1), [Srulem) < ﬁ, we obtain the almost sure estimates
Z < — 17 C
| Zm+1] < 1+/\0T| m|+CT
and
| Zm| < C(1+ |z|).
Thanks to (8.13)), we therefore obtain the result. ¢

144 8. APPENDIX



Chapter 5

Weak approximation of SPDE: the
case of polynomial nonlinearity in a
bounded interval.

1 Introduction

When one considers a numerical scheme for a stochastic equation, two types of errors can
be considered. The strong error measures the pathwise approximation of the true solution
by a numerical one. This problem has been extensively studied in finite dimension for
stochastic differential equations - see for instance [48]69,[83] - and also more recently in
infinite dimension for various types of stochastic partial differential equations (SPDEs) -
see references cited in [20]. Another way to measure the error is the so-called weak order of
convergence of a numerical scheme which is concerned with the approximation of the law of
the solution at a fixed time. In many applications, this error is more relevant. Pioneering
works by Milstein - [67,/68] - and Talay - [81] - have been followed by many articles - see
references in the books cited above. Weak approximation of solution of SPDEs has been
studied only recently. Weak convergence for linear stochastic partial differential equations
has been studied in the papers [19,[25, 5254} 56| while the works [2-6}20,/40,41,87] treat
semi-linear equations.

In this chapter, we consider a stochastic nonlinear heat equation in a bounded interval
(0,1) driven by a space-time white noise :

dX =(AX + F(X))dt + dW, (1.1)
X (0) ==,

where H = L?(0,1), A = 0., D(A) = H?(0,1) N H}(0,1), W is a cylindrical Wiener
process and the nonlinearity F' is polynomial - see Subsection It is well known -
[10,/16] - that this equation has a unique solution. We investigate the error committed
when approximating this solution by a discretization in time by an implicit split-step
scheme and a discretization in space by a spectral decomposition of A - see Section [3]- and
we show that this scheme has weak order 1/2 in time - see Theorem

In the case of stochastic differential equation, it is well known that, in general, the
weak order is twice the strong order - see [83]. The classical proof of this is to expand
the error thanks to the solution of the Kolmogorov equation associated with the stochastic
equation and to use bounds on the spatial derivatives of this solution. This strategy has
been generalized to SPDEs in 20|, where a semi-implicit Euler scheme is studied. The two
principal tools used in |20] are the following:
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e improved estimates on the derivatives of the solution of the Kolmogorov equations,
with spatial regularization;

e an integration by parts formula issued from Malliavin calculus, in order to transform
some stochastic expressions with insufficient spatial regularity into more suitable
ones.

These tools are fundamental to treat equations with nonlinear terms. They have also
been used, among others, in [87] to treat the time-discretization in a slightly more-general
setting, in [3] where discretization in space with a finite element method is studied and
in [5,6] where the authors analyze approximations of the invariant measure for SPDEs.

Notice that for linear equations a specific idea simplifies the proof - so that the sec-
ond tool is not used - but can not be adapted for nonlinear parabolic equations like (|1.1)):
see [25], and in a different context |[19] where the unitary group property of the Schrodinger
evolution allows to treat nonlinearities. Also, in [2,149|, the authors do not use the Kol-
mogorov equation but duality in refined Watanabe-Sobolev space to prove weak conver-
gence (see also 13| in the finite dimensional case).

Here, we use the approach described in [20] to prove our result. Most of the works on
weak convergence for SPDEs deal with the semi-implicit Euler scheme. With our notation,
it reads:

X1 — Xm = 0(AX 41 + F( X)) + W((m + 1)d) — W(md), Xo = =z,

where ¢ is the time step. Such scheme is interesting because it has an explicit form and
requires only the inversion of the linear part of the equation. It is commonly used in
practice.

However, fully implicit schemes - in which the nonlinearity is evaluated at X,,,+1 - have
also some interests. On the practical side, it is known that they have better qualitative
properties and are supposed to reflect more properly the true dynamic of the equation.
On the theoretical side, it is often impossible to prove rigorous results for a semi-implicit
scheme. For instance, in the case treated here, since we consider unbounded non-linearities,
it is not known whether it is possible to prove that the discrete solutions of the semi-
implicit scheme has bounded moments whereas it is true for the implicit one. Of course,
the drawback of implicit schemes is that the inversion of the nonlinearity may be very
expensive.

Here we choose to work with the split-step scheme:

Xm+1/2 == Xm + 5F(Xm+1/2)
Xint1 = Xpy1/2 + 0AX i1 + W((n + 1)6) — W(nd)
Xo =,

This scheme has several advantages. First, it is often possible to explicitly solve the first
equation and obtain easily X, ;12 in terms of X,,,. Then, it is not more expensive than the
semi-implicit scheme. Also, as shown below, it is possible to prove bounds on the moments
of the discrete solutions. From a technical point of view, we use below a continuous
interpolate of the numerical solution which is very helpful for our analysis since we can use
Ito formula and avoid a lot of computations. We are not able to construct such interpolate
for the implicit scheme so that the proof would be much more technical.

Note also that the first step of the scheme could be replaced by the exact solution of the
ordinary differential equation: X’ = f(X). This might be helpful in some circumstances
when this solution is known explicitly. Our result and proof are still valid for this scheme.
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Another problem which emerges when we work with polynomial nonlinearity is the reg-
ularity of the derivatives of the solution of the Kolmogorov equation associated with the
SPDE. Since regularity of the derivative is measured in some Sobolev spaces, we cannot
use the results of [10] for instance. We have to derive more subtle estimates which are
proved in the appendix and are interesting on their own.

The paper is organized as follows: in Section 2] we make the assumptions on the
coefficients of the equation, and we define the discretization method in Section 8] In
Sections [] and we presents two tools: a priori bound on moments and integration
by parts from Malliavin calculus. In Section [6] we give the convergence result that we
obtained. In Section [7] we introduce the strategy and the last tool used: the regularity of
the solution of the Kolmogorov equation. A detailed proof of the estimates can be found
in Section A proof of the regularity of the two first derivatives of the solution of the
Kolmogorov equation can be found in the Appendix.

2 Notations and assumptions

We denote by H the Hilbert space H = L?(0, 1), with the norm denoted by |.|g = |.|;2 or
simply |.| and the inner product denoted by (.,.)g = (.,.)z2 or simply (.,.). We consider
equations of the form

dX,(t) = (AX,(t) + F(X,(t)))dt + dW (¢)

X.(0) = . 21

In the next paragraphs, we state the assumptions made on the coefficients A and F’; we
also recall basic facts on the cylindrical Wiener process W and on the mild solution of the
SPDE.

2.1 Test functions

To quantify the weak approximation, we use test functions ¢ in the space Cg(H ,R) of
functions from H to R that are twice continuously differentiable, bounded, with first and
second order bounded derivatives.

Remark 2.1 In the sequel, we often identify the first derivative D¢(z) € L(H,R) with the
gradient in the Hilbert space H, and the second derivative D*¢(x) with a linear operator
on H, via the formulas:

(D¢(x),h) = Do(x) - h for every h € H
(D?¢(x).h, k) = D*¢(x) - (h, k) for every h,k € H.

In the sequel, we use the following notations:
|¢lo = sup [¢(z)|
zeH
[¢l1 = sup [Dé(z)|n
zeH
|¢l2 = sup [D*¢(x)|c(m)
reEH

and
|Ploi = sup |¢];,
0<j<i

where 1 = 1, 2.
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2.2 Assumptions on the coefficients
2.2.1 The linear operator

We denote by N = {0,1,2,...} the set of nonnegative integers and N* = {1,2,...}.

We define A by A = j?, with the domain H?(0,1) N H(0,1) C L?(0,1) - cor-
responding to homogeneous Dirichlet boundary conditions. Let \; = w2(k + 1)? and
fx(&) = V2sin((k + 1)7€), for k € N, then the following properties are satisfied - see [§]
for more details:

Lemma 2.2 1. The family (fi)ken is a complete orthonormal system of elements of H
and we have

Afi = =g fr for all k € N.
2. The sequence () is a non-decreasing sequence, goes to +oo and verifies

“+00

)\—a<+oo<:)a>1/2.
k=0 "k

The smallest eigenvalue of —A is then g = 7.

In the following Definition, we introduce finite dimensional subspaces of H and associ-
ated orthogonal projections; both are based on the spectral decomposition of A.

Definition 2.3 For any M € N, we define Hy; the subspace of H generated by fo, ..., far,
Hyy = Span{fi;0 <k < M}

and Py € L(H) the orthogonal projection onto Hyy: for any x = ZZ:OB xrfr € H,

M
Pyx = Z T fr-
k=0

The domain D(A) of Ais equal to D(A) = {x = S/ zp.fr € H, 31250 (Me)?|wk]? < +oo}.
More generally, fractional powers of —A, are defined for « € [0, 1]:

(—A) %z = Mafr € H,
k=0
with the domains
400 00
D((—A)*) = {:c =Y wpfr € H, |od = () al? < +oo} .
k=0 k=0
Remark 2.4 We have
D((-A)'/?) = Hy(D) D(A) = Hy(D)n H*(D).

When « € [0,1], it is also possible to define spaces D(—A)~“ and operators (—A)~¢,
with norm denoted by |.|_4; in particular when = = >0 x4 fi € H, we have (—A)™®
SoRSo N i and |zf2 o = 3000 (A) T2 k.

The semi-group (e!4);>g can be defined by the Hille-Yosida Theorem - see [8]. We use
the following spectral formula: if z = Z::OB i fr € H, then for any ¢ > 0

€r =

+0o0
ety = g e My fr.
k=0
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For any t > 0, ' is a continuous linear operator in H, with operator norm e~ **, The
semi-group (e*) is used to define the solution Z(t) = €'z of the linear Cauchy problem

dZ(t) . B
— = AZ(t) with Z(0) = z.

To define solutions of more general PDEs of parabolic type, we use mild formulation,
and Duhamel principle.

The semi-group €' enjoys some smoothing properties that we often use in this work.
Basically we need the following properties, which are easily proved using the above spectral

properties.
Proposition 2.5 For any o € [0, 1], there exists Cx > 0 such that we have:

1. foranyt >0 andx € H,
A
]etAac](, < Cgt_“e_TOt]:):\H.

2. forany0<s<tandx € H,

(t—s)°

SG’

etz — e x|y < Oy e 2|2 h.

3. for any 0 < s <t and x € D(—A)?,

A
etz — esAx|y < Co(t — 3)06_708]30\0.
For k > 1, we denote by |.|;+ the norm of L¥(0,1) and |.|z~ the norm of L°°(0,1).

2.2.2 The nonlinear operator

Let f: R — R be defined for y € R by

2(p—1)

fy) = gy + Z an’, (2:2)
(=0

where p € N*, agp—1 > 0 and ay € R for £ = 0,...,2(p — 1). Then the operator F' is
defined for every x € L?P~1(0,1) and ¢ € (0,1) by

In general, such functions are not Fréchet differentiable, but only Géateaux differentiable,
with the following expressions when it can be justified:

(DF(@)h)€) = 92 (x(€))h(e)
2
(D2 (@). (0, K)E) = ZL (a(©)neIh(e)

The following properties on f are easily seen to be satisfied:
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Proposition 2.6 f and all its derivatives have polynomial growth.
There exist c; > 0 and ca > 0 such that for any y € R

fW)y < —elyl* + co. (2.3)

There exists v > 0 such that for any y € R

of

By (y) <. (2.4)

For any ¢ > 0, there exist C2 > 0 and C? > 0 such that for any x € R and y € R
(f(a+y) = f(x)z < ela|* + Cely|* + CZ. (2.5)
Our equation verifies the following dissipativity condition:

Proposition 2.7 (Dissipativity) There exist ¢y > 0 and ca > 0 such that for any = €
D(A) N L*(0,1)
< Az + F(2),2 >2< —c1|z]32 + ca. (2.6)

2.3 The cylindrical Wiener process and stochastic integration in H

In this section, we recall the definition of the cylindrical Wiener process and of the stochas-
tic integral on a separable Hilbert space H with norm |.|. For more details, see [16].

We first fix a filtered probability space (2, F, (Ft)t>0,P). A cylindrical Wiener process
on H is defined with two elements:

e a complete orthonormal system of H, denoted by (¢q;)icr, where I is a subset of N;

e a family (f;)ier of independent real Wiener processes with respect to the filtration
(Fe)ezo0);

then W is defined by
W(t) =Y Bi(t)a (2.7)
el
We can remark that the resulting process does not depend on the choice of the complete
orthonormal system (gq;)ic;.
When [ is a finite set, we recover the usual definition of Wiener processes in the finite
dimensional space RII. Here, H = L?(0,1) and we can choose (gg)r>1 = (V2sin(kr.))g>1.
A fundamental remark is that the series in does not converge in H; but if a linear
operator ¥ : H — K is Hilbert-Schmidt, then YW (t) converges in L?($, K) for any ¢ > 0.
We recall that a bounded linear operator ¥ : H — K is said to be Hilbert-Schmidt

when
+o0o

U200 = D 1) % < 400,
k=1

where the definition is independent of the choice of the orthonormal basis (gx) of H. The
space of Hilbert-Schmidt operators from H to K is denoted L2(H, K); endowed with the
norm |.|z, (g k) it is an Hilbert space. For an Hilbert-Schmidt operator L € L(H, K), we
have

|\ L|Z, (i) = Tr(L*L) = Tr(LLY),
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where for a nuclear operator R € L(H ), Tr(R) denotes the trace of the operator R, i.e.
Tr(R) = Z(R%Qi) < +00.
i>1

It is well known that the previous properties does not depend on the choice of the Hilbertian
basis. Moreover, the following properties hold for L nuclear and M bounded

Tr(LM) =Tr(ML)
and, if L is also positive,
Tr(LM) < Tr(L)|M]£(H). (2.8)

The stochastic integral fO (s)dW (s) is defined in K for predictible processes ¥ with
values in Lo(H, K) such that fO |W(s |£2(H Kk)ds < +00 a.s; moreover when ¥ € L2(Q x
[0,t]; L2(H, K)), the following two properties hold:

E]/ $)AW (s)|% = E/ |W(s ‘L (m,x)ds (Ito isometry),

E /0 U(s)dW (s) =

A generalization of Itd formula also holds - see [16].
For instance, if v = ), .« Vrqr € H, we can define

(W (1), 0) :/Ot w0, dW(s) = 3 Bt

keN*

we then have the following space-time white noise property
E(W (t),v1)(W (s),v2) =t A s{vi,va).

Therefore to be able to integrate a process with respect to W requires some strong
properties on the integrand; in our SPDE setting, the Hilbert-Schmidt properties follow
from the assumptions made on the linear coefficients of the equations.

Thanks to Lemma [2.2] it is easy to show that the following stochastic integral is well-
defined in H, for any ¢ > 0:

WA(t) ::jgte“—sﬁ4de(sy (2.9)

It is called a stochastic convolution, and it is the unique mild solution of
dZ(t) = AZ(t)dt + dW(t) with Z(0) =0.

By Lemma there exists § > 0 such that for any ¢ > 0 we have fg S%]eSAﬁZ(H)dS <

+00; it can then be proved that W4 has continuous trajectories - via the factorization
method, see [16] - and that for any k € N*

Esup [WA(t)[% < +o0. (2.10)
t>0

We also have - see |10] and [16] - that for any 7" > 0 and 1 < k < 400

E sup [WA#)[5e < 0. (2.11)
te[0,7

We can now define solutions to Equation ({2.1]), thanks to the assumptions made on the
coefficients: the following result is classical - see [10] or [16]:
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Proposition 2.8 For every T > 0, k € N* and x € C([0,1]), the equation (2.1) admits a
unique mild solution X, € LF (2,¢([0,T] x [0,1])):

t t
X, (1) = Ay + / VAR (X, (5))ds + / DAGT(s), ¢ € [0,T]. (2.12)
0 0

3 Definition of the discretization scheme

Our main interest is the time discretisation of the process X. Nevertheless, in order to
avoid to introduce infinite dimensional Kolmogorov operators, we always work on a spatial
discretisation which is obtained by simple Galerkin projection. The estimates will be given
below are uniformly independent of the spatial discretization. In this Section, we introduce
the Galerkin approximation using the spectral decomposition of the operator A and the
implicit split-step scheme we are interested in.

3.1 Discretization in space : Galerkin approximation

To justify rigorously the required computations, we need to work with a finite dimensional
approximation. The first step is to consider finite dimensional projection onto the subspaces
H)y of the H-valued process (X (t));ep+: for any M € {1,2,...}, we define (XM (t)),cp+
by the equation

dXM @) = AXM () dt + Py F(XD(@))dt + dw M (), (3.1)

with the initial condition X™)(0) = Pysz.

The projection Py is defined in Deﬁnition Then WM) = Py, W is a M-dimensional
Wiener process on the subspace Hy;. We remark that the above equations are well-defined
on H)s - which is a stable subspace of A.

The following result justifies the convergence of the Galerkin approximation: for any
fixed T € RT and 0 < xk < 1/4, there exists C(T) > 0 such that for any ¢t € [0,7] ,
xz € C([0,1]) and M € {1,2,...}, we have

1/2 1
—1/44k’
>\M+1

(B (1) - XM @2) T < o) + ol ) (3:2)

where p is defined in (2.2)).
In the sequel, we need the useful notation

Foo=F Po=1 W®=w, Xx) =Xx.

3.2 Discretization in time

Let § be the time step. Let N € N* and T' = NJ be fixed. For each M € {1,2,...} U{o0o},
we now define a time approximation of the process X™): thanks to an implicit split-step
scheme, we define form=1,...,N —1

XM (5,0) = XM (5,2) + 5Py F(XM)(5,2))

m41/2 m+1/2
X (6,2) = Xgﬁ)l/z(éa 2) + SAX 5 (6, 2) + Vo
X(SM)(& .’L‘) =,

where 31y = L (WOD((m 4 1)8) — WD (my)).
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We have for § < §p := %, where 7 is defined in (2.9)), that this scheme is well-defined -

see Lemma 2.4 of Chapter 2 for more details.

To simplify the equations, most of the time we omit the dependence of XT(,LM) on the

time-step ¢ and on the initial condition x.
When M = oo, the above expression does not make sense in H. However, defining

Rs = (I —0A)71, (3.3)
this last equation can be replaced by

XM= XM 4 5Py P(x M)

m+1/2 7 m+1/2
M M M
X1(n+)1 = R5X7SH_)1/2 + ﬁRéXgnQP (3.4)

which is valid, since one easily checks that Rs is a Hilbert-Schmidt operator on H. More-
over, the expression is also valid for M # oo, since the operators Rs and Pj; commute.

Note that in many case, we can easily compute the solution of the equation: y =
x+0F (y), where z is fixed, then we have an explicit form for the implicit split-step scheme

B-).

Remark 3.1 The processes (Xy(nM))m:Lm,N can be seen in two different ways. On the one
hand, for a fired M € {1,2,...} U{oo} it is given by a implicit split-step discretization of
the process (X M) (t))tcfo,r); on the other hand, for M # oo, it is naturally defined as a
Galerkin approximation in dimension M of the discrete time process (X,S;’O))m:17.,.7N.

For the analysis of the convergence of the scheme, we need the following technical
estimates:

Lemma 3.2 Forany0<x<1landj>1,

1 1

— AV RRY < c— —.
(AT Blean = €Gsr 4 oy

Moreover, for any > 1 and j > 3,

1

—A)PRI <Cc—=.

Proof. For any z € H,

+oo
()Rl = 3 STl
= # +§ |z.’2)\?(1*'€) (j5)2(175) 1 1 |
(j6)2(=+) gl t (1 + A;0)200R) (14 A;6)%%
R VARV L ,
< (j6)2(1=~) Z_z; <1 T )\ij5> W|Zi|
1 1

< c|z|? .
< deln G T g0y

The proof of the second inequality is similar.
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Remark 3.3 Later, we often use the following expression for XT(nM) :
m—1 m—1
X0 = Ry Py +6 Y Ry PyF(XM ) + V0 Y Ry Paxesa- (3.5)
£=0 =0

The following expression is also useful:

m—1

tm
VoY R Paxes = / R PrrdW (s), (3.6)
=0 0

where £s = | 5] - with the notation |.] for the integer part - and t,, = md.

We finally introduce the following processes, for each M € {1,2,...} U{oo}: for 0 <
m<N-—1and t, <t<tn41

t t
e M
XDy = x(M) 4 /t (AR XM + Ry Py F(X0Y) ))]ds + /t RydW M (s).  (3.7)

The process (X M) (t)),cp+ is a natural interpolation of the numerical solution (XT(nM))meN
defined by @.4): X (t,,) = X2,

4 A priori bounds on moments

We work with the finite dimensional approximation, but we omit the parameter M €
{1,2,...} U{oo}. The constants appearing below are independent of M.
Let N € N* and T = N§ be fixed, we give few results on the processes (X (t)).e(o,77,

(X (1)iepo.r) and (Xm)m=0,...N-

Lemma 4.1 For any k > 1, there exists a constant C(T) > 0 such that for every 0 <t <
T and x € C([0,1])

E( sup | Xa(8)[fe) < CR(T)(L + J2]feo).
se|0,

A proof of Lemma can be found in Chapter 6 of [10] or in [16].

Lemma 4.2 Let 0y := % For any ¢ € N*, there exists a constant C' > 0 such that for
every x € C([0,1]), m=0,...,N — 1, t € [tm,tm+t1) and 6 < do

E sup | Xm|%% <CQ1+|z%),

m=0,...,IN

E sup | Xt1/2]70 < C(L+ |z|75),

7777

E sup ]X(t) %eoo <C(1+ |x‘%eoo).
te(0,7

A proof of Lemma [4.2) can be found in the Section 9.
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5 Malliavin calculus

We work with the finite dimensional approximation, but we omit the parameter M €
{1,2,...} - the case M = oo is not required in the computations. The constants appearing
below are independent of M.

As explained in the Introduction, one of the key tools to obtain the right weak order
is a transformation of some spatially irregular terms involving the stochastic integral with
respect to the cylindrical Wiener process, into more suitable, deterministic ones, thanks to
an integration by parts formula, issued from Malliavin calculus - see 73], [78§].

The notations here are the same as in [20|, where the following useful integration by
parts formula is given - see Lemma 2.1 therein:

Lemma 5.1 For any F € DV?(H), u € C}(H) and ¥ € L*(Q x [0, T, L2(H)) an adapted

process,

T T
E[Du(F) - /0 U(s)dW (s)] = E| /0 TH(W (s)* D*u(F)D, F)ds), (5.1)

where DsF : h € H — DM'F € H stands for the Malliavin derivative of F, and DY2(H)
is the set of H-valued random variables F =, F; fi, with F; € DY2 the domain of the
Malliavin derivative for R-valued random variables for any i.

Remark 5.2 This Lemma remains valid if u is not assumed to be bounded but only u €
C%(H) provided the expectations and the integral above are well defined. This is easily seen
by approximation of u by bounded functions.

Lemma 5.3 Let §y < %, where v is defined in Proposz'tion be fized. For any h € H,
0<d<dy, Ne N T=0N and s € [0,T], we have for m < s, where {5 is the integer

part of 5,
DX, =0

and forbs+1<m< N
IDPX 0| < (14 2000) (M) (1 — 290) (=D 2,
Moreover, for a >0, k > 0 and £y < m < N, we have

(= A)* DI Xl < t,%, (1+ Ag8)~ )= )

m—1
+ed > £ V0T 4 208) YA (1 — 296) TV | g | DF (X1 o) |1
(=0s+1

Proof. Let N € N*, T =0N, s € [0,T] and h € H be fixed. Using (3.4]), we have

{ DiXy 11 = RsD!Xy 12+ Rsh
DiXi1/2 = DiXy, +0DF(Xy 412) - DiXo,y1y2

and, for m = {1,..., N} and m # {5 + 1,

{ DiXp = DIX,,_ 1+ 0ADIX,,
DiX,1/2 = DiXp1 4 0DF(X,, 1)) - DXy 19

Using Proposition we get for m # 05+ 1

1 1
L N 1 3 I (=2 S
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and

1
§|D?Xm|2 < |D?Xm—1/2‘2 - 5)\0‘D£LXm|2a

1
2
then we obtain for m # £5 + 1

DX 0% < (14 2X00) 71 (1 — 296) DA X1 |2
By induction, we obtain, for m < £
DX, =0

and

D?mel/Q =0.

We also have DQXL;SH/Q = 0 and D"X, 1 = Rsh. Then we get, by induction, for
m>Vls+1
D2 X |? < (1+2X08) ") (1 — 298) ===y

and

IDEX 10l < (14 2008) "™ 8) (1 — 290) = (M=) ).
Let a > 0 and 5+ 1 < m < N be fixed. Using (3.5) and above computations, we have

m—1
DiXy =0 Y Ry 'DF(Xyy1y2) - DiXpp1pe + RY4h

0=0s+1
and
m—1
(= A)* DY Xl r < (AR “hla +6 Y [(~A) Ry DF(Xy11/2) - DiXeyapolar.
l=ls+1
Let K > 0, ¢ € L'(0,1), ¥ € L?(0, ) be fixed. We have, by duality, Sobolev inequality
(see [8]) and Lemma [3.2] for 6 =0,. -1

(A R, 9) 12 =(¢, (—A)* Ry Y) 2
<|| 1 |(—A)* Ry | Lo
<c|g| 1| (—A) Y TRTORP T Y|

—1/4—
ety Bl 4 2,
then we get, for { =4;+1,....m—1

a pmM— —1/4—a—k
8|(=A)*REDF (X1 o) - DI X ol < et IDF(Xp4172) - DhXppapolr (5.2)

—1/4—a—k
< cétml_/ﬁ |DF(X4+1/2)IH\D?X4+1/2|H-
(5.3)

Using Lemma and above computations, we obtain

[(—A)* DI Xy < 6%, (14 Aod)~ (M=) =)

+ b Z £ 70T 4 208) YA (1 — 296) TV | g | DF (X1 o) |1
l=Ls+1
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Lemma 5.4 Let §y < %, where v is defined in Proposition be fized. For any h € H,
0<d<d NeN',T=Nojands € [0,T], we have for t < t,,, where ls is the integer

part of 3,
fOT tgs <t< tés—i-l ~
DhX (t) = Rsh
and fort >ty 11 and m the integer part ofg
DX (8)|F < e(1+2X08) ") (1 = 248) "~V af,.
Moreover, for a >0, Kk >0, m > ¥ls+ 1 and t,, <t < tpq1, we have

’(_A)QD;LX(t)‘H < Ct;igs(l + Aog)*(mffs)(lfa)m’H
+eb Z ¢ /ATOTR (] 4 ong8) /20 (1 — 278) "2 || g | DF (X1 j0) |1

+ 0P (L4 2208) TR (1 — 296) VA DE (X g0) | B

Proof. Using Lemma and the definition of X (3.7), the proof of the three first results
are obvious. Moreover, we have for any h € H, s € [0,T], m > {5+ 1 and t,,, <t < typ41

DIX(t) = DXy + (t — tm) ARsDY Xon + (t — tm) RsDF (X0 11/2) D X 1)2-
Then, using computations done in Lemma we get for o > 0 and k > 0
(A DLX(1)] < |(—=A)*DLXin| + 0/(=A)* RsDF (Xpny1/9) - D Xy 2]
<c|(—A) DX + 53/4_a_m|DF(Xm+1/2)||D?Xm+1/2|
Sct;noigs(l + )\05)—(771—65)(1—04)|h|

m—1
+ed > t;l,/fs_a_”(l +2X00) T2 (1 — 298) V2D B DF (X g4 o)
t=tit1

+ 83T (L 4 2008) TR (1 — 248) T DF (X4 )

6 Result

We now give our main result which states that our scheme is of weak order 1/2:

Theorem 6.1 Let dg < %, where v is defined in Proposition be fized. For any N € N*
and 0 < k < 1/4, there exists C(T') > 0 such that for any m €0,...,N}, M € {1,2,...},
xz € C([0,1]) and 6 < ég, we have

(X)) ~ EG(Xe(mo))] € O+ [l Dleloa (82 + 7).

M+1

where T'= 6N and p € N is defined in (2.2). For the semi-discrete solution with M = oo,
we deduce:

IE(¢(Xim)) — E(p(Xz(mo)))| < C(T)(1+ |x’%(()£)‘¢‘0’261/27n.

The error estimate in space is not optimal since it is deduced from the strong order
estimate . As already mentionned, the aim of this chapter is the study of the weak
convergence of the discretization in time. It is of order 1/2 as in the case of Lipschitz
linearity - see [20]. To study the weak convergence in time, we introduce a discretization
in space for technical reasons.
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7 Structure of the proof of the weak approximation result

Let 6§y < %, where v is defined in Propositio be fixed. We also fix the time step
6 <y and N € N. We use the notation T'= N and x > 0 is a parameter, which is be
supposed to be small enough.

7.1 Strategy

We start with the following decomposition

E(o(X ")) — E(¢(Xa(md))) =E(o(X ")) — E(@(XM (mo)))

+E(3(X M) (m6))) — B($(X(md))).
By (3.2), we directly have for k > 0
1

0.1 /4—x "
M+1

[E(s(XM (md))) — E(&(Xe(md)))| < C(T)(1 + |z[5,)|¢

The proof of the estimate of the first term is very technical, so for pedagogy we first
introduce the decomposition of the error, and identify the term which we control later in
Section [8] Some crucial estimates on the derivatives of the semi-group with respect to the
initial conditions are given below in Sub-Section and proved in the Appendix.

7.2 Strategy for the estimate of E(gb(X,(nM))) — IE(gf)(Xg(cM) (md)))

In the following, we work with the finite dimensional approximation, but we omit the
parameter M € {1,2,...}. The constants appearing below are independent of M.
Let L, the Kolmogorov operator associated with the finite dimensional approximation

of (2.1)), be defined for ¢ € C*° and = € H by

Lo(z) = %Tr (D?¢(x)) + (Dé(x), Az + F(x)). (7.1)
We also define, for z € H and ¢t > 0,

u(t, x) = Elp(X.(1))], (7.2)

which is solution of a finite dimensional Kolmogorov equation associated with the finite
dimensional approximation of ([2.1):

du

E(t,m) = Lu(t, ).

The weak error at time T' = Nd can be decomposed as a telescoping sum - where, to
simplify, the dependence of the numerical approximation in d and x is not written:

E[¢(Xo(T))] — E[p(XN)] = u(T, z) — E[u(0, Xy )]

N-1
= D (BT — tm, Xm)] = E[w(T — timy1, Xiny1)])
" N-1
=u(T,z) = Eu(T — 6,X1)] + » (A" + B™ +C™ + D™),
m=1

(7.3)
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where for 1 <m <N —1

- [ DT — 6 X (1), (1~ Ry) F(X (1))t
E/tMH T —t, X (1), AX(£) — ARy X))t
b (7.4)

C" = - / "UDu(T — 1, R (1)), Rs(F(R (1)) — F(Xypan o))t
D™ = —%E /tm+1 Tr((f — RsR))D*u(T —t, X(t)))dt.

This follows from the use of the Kolmogorov equation and of the Ito6 formula.

7.3 Bounds on the derivatives of the transition semigroup

In the following, we will need to control the first and the second derivatives of u. The
Proposition below is the essential result that we need. Similar estimates are used in [5}20]
to obtain weak order of convergence 1/2.

Proposition 7.1 Let p be defined in (2.2). For any 0 < o < 1/2, 0 < t < T and
z € C([0,1]), we have

IDu(t.2)la < CTY(1+£72) 1+ fal2) 610, (7.5
Moreover, for any 0 < a<1/2,0<5<1/2,0<t<T and x € C([0,1]), we have
|(=A)* D?ult, ) (= A)°| zry < C(T) (14t~ D) (1 + |l 12) [ Dlo,2- (7.6)

A proof of this result can be found in the Appendix.

8 Proof of the estimates

We need to control the terms given in , according to the decomposition ([7.3)).

We warn the reader that constants may vary from line to line during the proofs, and
that in order to use lighter notations we usually forget to mention dependence on the
parameters. We use the generic notation C for such constants. All constants will depend
on a parameter x > 0, which can be chosen as small as necessary.

To simplify the expressions, we have not mentioned the dependence of the error with
respect to the test function ¢. However, thanks to Proposition it is straightforward to
give this precision.

We recall that we work with the finite dimensional approximation, but we omit the
parameter M € {1,2,...} .The constants appearing below are independent of M.

8.1 Estimate of u(T,x) — E[u(T — ¢, X1)]
The Markov property gives

u(T, z) = E[¢(X(T))] = E[u(T - 6, X.(9))].
Using Lemmas and and Proposition we get for 0 < k < 1/2

_ o 1/2
(T, ) = E[u(T - 6, X1)]| < C(T)(1+ (T —6)~"/**) (B|X,(6) = X117 5 ,) P21+ 2f3).
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Using (3.5 and (| -, we can write

é
X,(0) — X1 = ez — Ryx + / O=9AF (X, (s))ds — RsF (X1 2)
0

1) 1)
+ / A=) aw (s) — / RsdW (s). (8.1)
0 0
We have

’(_A)—l/Z—H@(eAJ - R6)|£(H) < 61/2—n sup $—1/2+H(6Z‘ - (1 +$)_1).

T>No

Hence:
|(_A)—1/2+n(eA5 _ R&)x|H < 061/2_H’$|H.

Since f has polynomial growth, we have for any = € C([0,1]), |F(z)|% < C(1 + |x|i€o)

Moreover, ]68A|£(H) < 1for s >0, |Rs|zmy < 1 and \(—A)_1/2+“|E(H) < ¢, then we get,

by Lemmas [I.1] and [4.2]
g 2
E)(—A)—l/m/ CoIAP(Xa(s))ds — SRsF(Xypa)| | < OO (1+ |a[ ).
0

Using Proposition and Lemma 2.2] we get

0 2
E‘(_A)—I/Q-Hi/ e(d—s)AdW(S)‘ —E/ | 1/2+K] S)A’%z H)dS
0
<TI‘ —-1/2— K / ’ 3ne(6fs)A|H|e(5fs)A‘HdS
< -
C/o ((5_8)35618
Scél*?)ﬁ'

The last term is controlled in the same way: E|(—A)~1/2+# f06 RsdW (s)|? < ed'73%. There-
fore we have

|u(T, z) — E[u(T — 6, X1)]| < C(T)(1+ (T — 5)—1/2+n>51/2—3/2n(1 n !x\i’;).

We thus understand that to obtain weak order 1/2 requires to be careful in the estimate.
Here we used Proposition with @ = 1/2 — k instead of a = 0; otherwise looking at
E|X (6, 2) — X1|? is not sufficient. The control of the other terms must be done in the same
spirit.

8.2 Estimate of A™

We can not use directly Cauchy-Schwarz inequality and Proposition [7.1] for a = 0. We
first rewrite and bound A™ by:

|A™ | =|E /ttm+1<Du(T — 1, X(t)), 5AR5F(5((t))>dt\H
—|E / T (AR DU(T — 1, X (1)), (— AR F (R (4) |,
<E / " SIDUT =, K ()12 el (— AV Ry | P (X (8)) e,
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where 0 < k < 1/2. We now use Cauchy-Schwarz inequality, Proposition and Lemmas
3.2l and 2] to obtain:
tmi1

|Am| < C(T)51/2—n( +| ‘12p)/m (1_|_(T_t)—1/2+n)dt

tm
and
N-1

T
|A™| <C(T)§Y% “(1+|x12p)(:r+/ (T — )~ '/2+rdt)
m=1 0
<C(T)§*77(1 + |=] 22).
8.3 Estimate of B™

Using expression (3.7, we decompose B™:

B™ —E / " DT — 1 X(1)), A(T — Rs)Xom)dt
+ E/tMH(t —tp)(Du(T —t, X (t)), A2Rs X, )dt
+ [ ) (DUl — 1, K(0), ARG (X))

+E/tm+1(Du(T—t,X(t)),/t ARsdW (s))dt.

:=B]" + BY' + By + B,

8.3.1 Estimate of B}"
Using I — Ry = —0ARs and expressions (3.5) and (3.6), we get

t7n+1 ~
B~ — ]E/ 5(Du(T — t, X (t)), A2Rs Rz dt
tm

m—1

- E/t " S(Du(T — 1, X (1)), A2 Ry6 Z RUF(Xpy1 )t

tm+1 - tm
_E / S(Du(T — t, X (1)), / ARG (s)) d
tm 0
= B, + B, + BT,

We will now study each term, the most complicated is the last.

1. Estimate of By";. We have
tm 1 -
| Biy| <6 E/ | Du(T = t. X ()12l (=) 22 R | oy | (= A) ' R x|t
lm

tm+1
<C(T)5Y/22(1 + ya:|8Lpoo)/ (14 (T — )" V/2m) g tllan,
tm

m

by Proposition [7.1] and Lemmas [3.2] and Then, it follows easily
N-1 N-1
D IBI| SO+ 2 B8P0 Y0

tm+1

(14 (T — )"V )at

tm

<O(T)(L+ |2 s /22,
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2. Estimate of BY%. By Proposition [7.1] n Cauchy-Schwarz inequality and Lemmas [3.2] .
and [£:2] we can erte

tm+1 -
By <S5 E / Du(T — t, X))l 2| (— A2 Ry i
tm

1
X4 Z (A R o) |[F (X1 2) |t

tm+1
<o(T) / (1 (T — )220 §12-28(1 4 [o]122)5 Ztl :
t",L €
T
1
dt

tm+1
SC(T)/ (14 (T — t)~ > %) dt 61727201 4 [a[}22) / Py
tm 0

and we obtain

N—-1
|BYY| < C(T)(1 + |z[22)at/272x,

m=1

3. Estimate of BT%. The analysis of this term is more complicated. As in [20] the
problem lies in the regularity in space of the process, due to whiteness in space of
the driving noise. The strategy used to control By and Bf", above would only give
an order of convergence 1/4, while we expect 1/2. To obtain the correct order of
convergence 1/2 we use a Malliavin integration by parts.

By Malliavin integration by parts formula (Lemma, Proposition and Lemmas

and we get
fm1 o e 41
|E/t DU — . X(0). [ AR aw ()i
" tm+1 tm ~ ~
=|E / / Tr 5Rg"—ls+1(—A)2D2u(T—t,X(t))DsXh(t)) dsdt|
t'IIL
tm+1 tm -
<k | / ) 2D — 1, X (1)) (~ )Y Tr((—A) )
tm

(=AY D, X (D)15(— A) 5% R gy | (— A) 2 R | g sl

- tn (EI(=4)*D, X (1))
< (T 51/2 4k (q + 16p / 14+ (T —¢ —14k /
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Using Lemma we get for k < 1/4

tm —A 2I€DSX tm 1
/ (=4) (t)1|_3,§ ds Sc/ - ds
0 (1 + Aoé)?m(m—fs)tm_es 0 tmfﬁs(l + Aoé)(m—es)(l—i-n)

[
+c ——a
o ¢t

eY0(m—Ls) g ¢

1-3k
m—~s
m—1 1
4
x 0 Z m(l"' sup [ Xpy1/0[)
t=ts+1 Uy _p £=0,...,m—1
t
m 1
+ 663/4—3:‘@@“/T/ — dS(]_ + |Xm+1/2|4p)
0 tmffs
T
1
SC/ —-dt
o TR
1_3.~ s P
- C(T>/0 31—3Hd8/0 t1/4+35dt<1 +E:S(E.Iim’Xe+1/2| )

T
1
+ C(T)/o tl,ﬁdt(l +€,Sup [ Xoi1/2")

=0,...,m
<OMA+  sup [ Xl

£=0,....m—

then we obtain

tm

tm+1 -
|E/ (Du(T —t, X (1)), AZRITETLAW (s)) dt|
tm 0

tm+1
< C(T)s /2451 + |a;|§9£)/ (1+ (T — )~ dt.
tm
Finally, we have
N-—1
|BIs| < C(T)6"/>45(1 + |2[2%)
m=1
and
N—1
|BY| < C(T)6Y/274% (1 + [a] 72).
m=1

8.3.2 Estimate of BY"

The estimate of Bj* is similar to the estimate of B{", then we have
N-1
|3 By| < om)s e,
m=1

8.3.3 Estimate of Bj"
We have

tm+41 ~
|BP| <E / (= A)2F Du(T — 1, K (1)1~ A2 R a5\ F (X1 j2) | et
" tm+1 19
<o(T) / (L4 (T — 8725tV 25 (1 4 [ 12)
tm
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by Proposition [7.1] Lemmas [£.2] and 3.2] and Cauchy Schwarz inequality. We then have

N—-1
|BY'| < O(T)8Y7*(1 + |l ;).

m=1

8.3.4 Estimate of B}"

We again use the integration by parts formula to rewrite B)":

Bl ——E / " DT — 1 X (1), / " ARsdW (s))dt

__E / " / Te(D2u(T — t, X (£))Ds X (£) ARy )dsdt

From Lemma for t,, < s <t < tpy1 we have Dﬁf( (t) = Rsl. Then, as previously, we
have

tm+1
|By"| <E/t (t = tm) (= A) 252 Ry | o gy Te((— A) V2 75/2) (= A)* R oy
% |(_A)1/2—R/2D2U(T - t,X(t))(—A)l/Q_Kﬂ‘dt

tm+1
<O(T)(1 + |z 2) /t (14 (T — t)~ 1) aes' /225

and
N-1

B < C(T)(1+ [l 2)6"/2 3.

m=1

8.3.5 Estimate of B™:Conclusion

Finally, we have
N—1

|B™| < C(T)(1+ |=[12)5 /7"

m=1

8.4 Estimate of O™

Let t,, <t < tm41 and ¢ € N be fixed, the [t6 formula give us
~ t ~
Fi(X(t)) =F;(Xm) +/ (DF;(X(s)), ARs X ,,)ds
tm
t
+ [ (DF(X (), RsF(Xy12))ds
Tg 1 t _
+ [ (DR(X(). RsdW () + 5 [ To(ReR;DF(K (s) ).
The Taylor expansion at the first order give us

1
Fi(Xomy1y2) = Fi(Xm) + 5/0 (DFj(Xm + 0(Xpi1/2 — X)), F(Xony1/2))d0-
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We can now rewrite C™:

tm+1
om :E/ S (T —t, Xt 5/ (RsDFi(tm + 0(Xoms1j3 — X))o F (X 1/2)d0) e
tm ieN
tm+41
—IE/ > ou(T —t, X(t ))/ (RsDF;(X(s)), ARs X nds)dt
tm jeN tm

&[S 0uT £ X0) [ (RDR (), R (X2

=7 ZM(T—tX())/ (RsDE(X(5)), RydWV (s))dt

m  jeN tm
- 1E/tm+1284u(T—t X(t))/ Te(BYD?F(X(s)) ) dsdt
2 ] (A bl .
m €N m
—C O+ O + O + O,

We now estimate each term.

8.4.1 Estimate of C{"

To bound this term, we use the Cauchy-Schwarz inequality, Lemma and Proposition
where o = 0. We get

" tm41 1/2 2\ /4
crl<s | (BIDuT £, X)) (BIDF (X + 610 — X))

. (E|F<Xm+1/2>| )" dpar
<O+ []2)

and

‘ZC{”‘<C’ )5(1 + | [3).

8.4.2 Estimate of CJ"
Using (3.5) and (i3.6]), we have the following decomposition for C3:

oy = — E/th (Du(T —t, X (1)), /t (R;DF(X(s)), AR a)ds)dt

_ E/ttmﬂ@u(T —t,X(t)), /tt (RsDF(X(s)),6 Z ARSEY ™ F (Xepr o)) ds)de

tm

w /tm+l<Du(T_t,X'(t)), / RDF(R (), [ ARSRY W () ds)ds
tm tm ’

We will now study each term, the most complicated is the last.

1. Estimate of C3%.
Using Cauchy-Schwarz inequality, Lemmas [B.2| and [£:2] and Proposition we get
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o] = [E / DT~ 1. X (1), [ (RsDF(X(9). (~A) Rs(=A)' " Ri'a)ds)it
/ " / E| Du(T —tX<>>|) I Rol (BIDF (R ()I?) (A Rl (~ )~ Ry aldsds

<C(T)(1 + |2|}2)0 "6 —

tm“'

Then, we have

N-1
O3 | <C(T)(L + || 2)0" ”52 e
m=1 m=1 tm
<C(T)(1 120) 51— t d
<C(T)( + |z[}e) Oth

<C(T)T*(1 + || £)5' ",

2. Estimate of C3%.
Using Cauchy-Schwarz inequality, Lemmas and and Proposition we get

o< [ [ (sour - e x@)) sl (RDFEE) Ay R

ol 1/2
%) Z (—A) " F R (IEyF()Q+1 /2)12) drdsdt

tm41 1
<C(T)(1 + |z|;2) / / dsdté™ “52 —
tm tm /=0 tm—f
<C(T)(1 + |=[, )55 "
and
N-1
|C35 T)(1 + |z[;22)6" "
m=1

3. Estimate of 0573.

We use the integration by parts formula of Lemma to get

cyy = —E /t " /t / m28u R (6))Rsd, F4 (X () (AR fi f)dBy(r)dsdt
_ g / m / / "N 2l — t, X)) (DEX (1), f) Re0s Fo(X (5))(ARIH £y, f)drdsdt
i,5,k,n
-E / " / |3 ol =t S0 R0 K )DER (). i) (ARG i v
i,5,kn

e m m
=C351+ C359.

Using the Cauchy-Schwarz inequality, Lemmas [£.2] [3:2] and and Proposition
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we get

G551

~|e / A / t / tmZTr[DTX(s)R(;DZFi(X(s))ARg”“er]ﬁiu(T—t,X(t))drdsdt

tm+1 tm )
<E/ /t / Tr(( 1/27'$)"D7~X( )HR6HD2 (X ( NII(= )1/2+2nR6|
)'"ERY | Du(T — t, X (1)) |drdsdt

th’L
<C(T)(1 + || 22)5%/2~ 2”/ ——drdsdt
0 m—~A,

<C(T)(1 + |z|}22)5%/2 2%,

We used that for 0 < r < t, < s < tpy1 and £ € H, |DEX(s)| < ce?T|¢]. For the
other term, we have

m—+1 tm
C331 = / // Z Bi(s,t) ARP 0 £ DEX (1)) drdsdt

tm+1 tm -
=E / / / ZT‘r{DTX(t)Bi(s,t)ARg”“_(’}drdsdt,
tm tm JO i

where we define a linear operator on H by
(Bi(s, t)h, k) =(Rs DF;(X Z —t, X () (k, fn)
=(RsDF;(X (8))><DQU( —t, X(t)) - h, k).

We have
> (Bi(s,t)h, k) = D*u(T — t, X(t)) - (RsDF(X(s)).h, k),

7

then, using the same ideas than above,

E)Zﬂ[ (s, t) AR f]

§E<\ XWIIRSIDF(X)ID>u(T 1, KO)I(~A) Ry~
x |(— A)Y22R Ry T ((— A) /)
78

<C(T)(1+ |z 20(p— 1))t—1+n5 1/2— 2n

and
O3 1] < CT)(1 + [2]2)5%/2 2%,

Finally, we have
N-1
O3] < C(T)(1 + [2f722)8"/2 2",

m=1
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8.4.3 Estimate of CY"

To bound this term, we need the Cauchy-Schwarz inequality, Lemma and Proposition
I] where o« = 0. We get

m tm+1 1/4 1/4

ol < / / ElDu(T 1. X(0)2) sl (EIDFE )) 1ol (BIF X)) st
(T)62(1 + |2[122)

and

’ZC;}" < C(T)5(1 + |=[1%).

8.4.4 Estimate of C}"

Thanks to a Malliavin integration by parts, we can write

=-> E /m+1 Tt X(1)) /t RsOuFi (X (5))(Rs ;. fr)dB;(s)dt
?J? m

=- > /WH/ X())(DIX(t), fn) RsOkFi(X (s))(Rs f;, fi)dsdt
1,3,k,n

_ Z /thH tnl@u( —t, X(t ))R58kn (X (s))(DIX(s), L) (Rsfi, fi)dsdt

i,5,k,n
tm+1
:—E/ / ZTr DX st)R(;)dsdt
tm+1 ~ - ~
—E / / > T R?;DQR(X(s))DSX(s))aiu(T —t, X (t))dsdt,
tm tm i

where we define a linear operator on H by
(Bi(s,t)h, k) = (RsDF;(X Z — £, X(8))(k, fn)
(Rs DFy(X (S)),h><DQU(T—t7X( t) - firk).
We have 3, (Bi(s, t)h, k) = D*u(T—t,%(t))-(RsDF (X (s)).h, k) and for t,, < s <t <ty 1,
DX (t) = Rsh,

SO we can write

|1 (DaX(0Bi(s,)Rs )| < Tr((=A) 727 (=A) > R |Rs P [ D*u(T — ¢, X ()| DF(X(5))]

and

‘E/th/ ZTr D X(t)Bi(s t)R(;)dsdt‘ < O(T)(1 + |x]72)§3/2%,

by Lemma [£.2] and Proposmon 1] Using the same ideas, we have
tm+1 t - -
‘E/ / S Tr <R§D2Fi(X(s))DSX(s))dsdt‘ < C(T)(1 + |z]12)63/2 -+
t"n tm i

and

¥ cr| < sia
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8.4.5 Estimate of CI"
The control of this term is easy. Indeed, using Lemmas [3.2] and 2.2 we have for i € N
T (RED2F(X(s))) | < Tr((—A) 72 7) (= A) /2% By o | ol 1y | DPF (X (5)) |
< CoVER(L 1 |R ()],
Then, using Cauchy-Schwarz inequality, Proposition [7.I] and Lemma [1:2] we obtain
C3°] < CT)36'2 (1 + Jal 12)
and

(chn‘q; )85 (1 + [2|}22).

8.4.6 Estimate of C™

Finally, we get
N-1

™| < C(T)(1+ |2[12)5" /27",

m=1

8.5 Estimate of D™

We have, using the symmetry of Rg,
11 | )
51 — §R5R5 = Rs(I — Rs)* + 5([— Rs)(I — Ry)*,

and

1 thrl ~
D™ — 21[-3/ Tr(([ — RsR;)D*u(T —t, X(t)))dt
tm

1

- iE /tm“ Te((I — By)(I — Ry)* D*u(T — 1, X (1)) ) e

tm+1 ~
+ ]E/ Tr(R(;(I — Rs)*D*u(T —t, X(t)))dt
tm
= D"+ Dy".

8.5.1 Estimate of D7".
Using I — Rs = —JARs, Lemmas and [2.2] and Proposition [7.1] we have

1 tm+1 B . - i
DY < QE/t Tr((—A) Y27 5(I — Rg)?(—A)~1/2+3m)

X [(=A)PEDPU(T — ¢, X(6) (=) o mydt
< C(D)|(=A)"# (I = R)l e | — Rl Tr((—A)7127)

. /tmﬂ(l + (T — 1) PB4 | X ()] 2 ) dt

tm+1
< O(T)(1+ m;ifz)(sl/?—?)“/ (14 (T — t)"1+2%)dt.

tm

Then
N-1

DT < C(T)(1 + || ;)61 23x, (8.2)

m=1
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8.5.2 Estimate of DJ'.
Using Lemmas [3.2] and [2.2] and Proposition we have

tm+1
Dy| <E / To((—A) YRRy (I — Rg)(—A)~Y/2+%)
tm
X (= A2 D2(T — 1, K (1)) (— A) Y25 gyt
t'm+1
< O(T)(1+ |2[192)] (—A)~V2H(T — Ry) (— A)2*| gy Te((— A)~H/2) / (14 (T — )42t
tm+1

<oma+ yx|;i€)51/2—3*”~/ (14 (T — 1)~ 1+2%) g1,

tm

Then

i

|D5| < C(T)(1 + || 22)61/2 3%, (8.3)

3
I

8.5.3 Estimate of D™: conclusion

With (8.2)) and ({8.3]), we get

=2

|D™| < C(T)(1 + || ;)12 (8.4)

3
I

8.6 Conclusion

With the above estimate, we get

[E(6(Xa(T))) — E(6(Xn))| < C(T)(1 + |af72)81/27".
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9 Appendix: Bounds on moments of the scheme

To prove Lemma we introduce a process (Zp,)men defined for any m € N by Z
X — Wm, where the process (W, )men is the numerical approximation of WA - defined
in (2.9) - with the numerical schema - with F = 0 - and use bounds on moments of
(Wm)men to obtain bounds of moments for (Z,,)men and then for (X,,)men. Therefore,
we first show the following Lemma:

Lemma 9.1 Let 6 >0, N € N* and T = N be fized. Let (wp,)m=o,..N be the numerical
approzimation of W4 on [0, T] with the numerical schema (3.5)) - with F' = 0; it is defined
by wo =0 and form=0,...N —1 by
Wil = Rswpm + \/3R5Xm+1-
We have for ¢ € N*
E  sup |wnlie < oo (9.1)
m=0,...,N—1

Proof. To prove Lemma [0.I] we will proceed as follows. First we define a continuous
interpolation of the discrete scheme (wyy,)m=0,.. n—1. Let X be defined on [0,T] by

t
W (t) = wp + (t — tm) ARswy, + / RsdW (s) t € [tm, tm+1)-
tm

In the following, we set
W(t)(&) =W(t€), 0<t<T, £€(0,1).

Then, we show the following result: For any 0 < x < 1/2, there exists C(T") > 0 such that
for every € € (0,1), n € (0,1), t € [0,7] and s € [0, 7]

EW (t,&) = W(t,n)|* < O(T)ln —€'™" (9:2)

and . 3
E|W (t,n) — W(s,n)[* < C(T)Jt — s|"/*7*. (9.3)

Finally, we use Kolomogorov’s test - see chapter 3 of [16] - to prove

E sup |[W(t)|5s < 00

te[0,7]
and (9.1]) follows.
Let us prove (9.2)). First, we remark that we can show by induction for m =1,..., N

that wy, = >0, [y R§AW (s). Let n € (0,1),£ € (0,1),m=0,...,N=land t;, <t < tpi
be fixed. We have

W0,6) = W) = 50 3 (0(E) ~ )1+ M8+ (= 1+ 20)™) [ it
ZZlOO: t—tm
+Z fr(€ m)(1+ Akd)™ /o dBk(s)
then for any 0 < k < 1/2
BV (.6) — W(t.n)f <chfk - R PO s (1)
A2+
PN gl O — fPe

k=0
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As for any f € [0,1] there exists ¢g > 0 such that for all z > 0 and y > 0
|sinz — siny| < cglz — y/’,

WegetforB:%f%

A0
2 < 1—2k 1/2—k 1/2—k k
EW (t,€) — W(t,n)? < cl¢ ] (kZ%A +ZA o)

g 0’5 - 77|1/47

by Lemma 2.2]
Let us prove (9.3]). Let £ € (0,1) and 0 < s <t < T be fixed. Let us first assume that

tm < s <t <tmi1- We have

t—s

moog
W(t€) = W(s,€) = (t — ) ARs 3 /0 Riaw(s)(©)+ [ RsaW(s)(),
/=1

0

then for 0 < kK < 1/2

e2m In(14+Mgd) _ 1

BIW (8 =W OF <=9 > (7 Spon s war)

e—2m ln(l+)\k6)5‘fk (5) ’2

)\1/24-.‘@

TN D P Vi s —
k=0

As for any 3 € [0,1] there exists cg > 0 such that for all > 0 and y > 0
e — e¥| < cglz —yl”, (9.4)
we get for § = £
3/24k

~ . _ w/2 (A0 " o~ —1/2-k
E‘W(t,{) (S 5)’2 <‘t 5‘1/2 (Z/\ 1/2— /2((1—’_)WT /2+Z)\k / )
k=0

<C(T)|t - Sll/2 5,

by Lemma [2.2]and [t — s| < 4.
Let us now assume that 0 < s <t,, <t <ty,41. Weset n = [$] and we write

E[W (t,6)=X (5,6 < EW (£, &) =W (tm, ) PHEIW (tim, €) =W (b1, &) HEIW (t41, ) =W (s, ) >
We already showed that for any 0 < k < 1/2
E[W(t,€) = W (tm, &) < O(T)|t — tm|/*7"

and
E[W (tn11,€) = W(5,€)[* < C(D)ltns1 — s[/*7.

Moreover, we have

(mag) n+1, Z/ REdW

42
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and

2(m—n—1)In(14+A\x8) _ | —2(m—n—1) In(14+A4J)

- ~ 2 . 1 €
BIW (b ) = W(tns1 OF <2 (o3, (T a2

o
§C|tm o tn+1‘1/2—fi Z )\;1/2—5
k=0
<Clty =ty ['/*7"
by Lemma and inequality (9.4) where g = % — k. Using
(a+b)* <c(a*+b*), a>0,b>0,

it is easy to prove (9.3).
It follows from ({9.3) and (9.2)) that for any 0 < x < 1/4 there exists C' > 0 such that

/4—k
EIW(t,€) ~ W(s.m)P < O(jt — s+ fe —n?)

Since W (t, &) — W (s, n) is a Gaussian random variable, we have for £ = 1,2, ... that there
exists C' > 0 such that

£(1/4—k)
B[ (t,€) ~ W(s.m)P < Ot = sP + e —n?)

Kolmogorov’s test now implies that W has a Holder continuous on [0,7] x (0, 1) versions

for any o € [0,1/4). Moreover, we have

E sup |[W(t)]5x < 00
te[0,7]

and (9.1) follows.
We can now prove Lemma

Proof of Lemma [4.2l Let § > 0 be fixed. We introduce Z,, = X,,, — w,, and Zm+1/2 =
Xpmt1/2 — Wm, where the process (wy,) is the numerical approximation of W4 with the
numerical schema (3.5)) - with £ = 0; it is defined by

Wint1 = Rswpm + \/3R5Xm+1~
We have Zy = Xy = z and for any m € [0,..., N — 1]
Zmi1/2 = Zm + 6F (X p1)2)
Zm+1 = RsZp 11/

Let £ € N* and m =0,..., N — 1 be fixed. By a maximum principle, we have for any
x € C([0,1]), |Rsx|r> < |z|pee. Then, we obtain the almost sure estimate

| Zmt1loee < |Zmy1y2lee.
Moreover, using Properties and , we get for any & € (0,1)
| Zigs1/2(E) P <IZm ()7 + 26 f( m+1/2(§))Zm+1/2(§)
+26(F(Xn41/2(8)) = f(Zmi12(6))) Zums2(6)

&) —d(2c — €)|Zm+1/z( )7 + der + 8C; |wm ()P + 6C2
7 = 8(2c =€) Zpny1/2(6)* + der + 6C2 |wm () + 6C2.
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Then, with € = ¢, we get
|Zms1 |70 < 1 Zmsrjolioe < (14 €0) 7 Zmlfee + (14 ¢8)'6C(1+ [ |72)
and
| Zini1|Foe < (14 0) 751+ 061)| Zin| Poe + (1 + €8) 26O (1 + | [225).
We take e1 such that 14 6y < (1 + )¢ and we get, by induction on m,

Zint1 |7 <Elz[f + C(T)A+ sup  |w,|[2)

n=0,...,N

Finally, using Lemma we obtain

E sup |Zm|% < C(T)(1 + |z]%).

m=0,...,N

We also have

E  sup  |Zpiijelie < C(T)(1 + |2[F).

m=0,...,N—1 ‘

Using Lemma we can conclude that

E sup |Xm|% <C(T)(1+ |z2%)

m=0,...,N

and

E sup | Xppa0lie < O+ [2[fs).
m=0,...,N—1

Moreover, using for ¢ € [t,,, tm41) that

~ t— tm t
X(8) = Xon + (t = tm) AR5 Xin + —==Rs(Xin 1172 = Xom) + / RsdW (s)
tm

and above estimates, we get

E sup |X(t)|%£oo <C(T)(1+ |x|%£oo).
t€[0,T]

10 Appendix: Smoothing properties of the transition semi-
group

10.1 Introduction

In this Appendix, we want to prove Proposition We recall that we work with the
Galerkin finite dimensional approximation, but we omit the parameter M. The constants
appearing below are independent of M. Moreover, the constants C' and C(T) may vary
from line to line. We also recall that the transition semigroup P; associated to the solution

of is given by
Pp(z) =E(p(X,(1)) = u(t,x), t >0, x € H, ¢ € C}(H). (10.1)

As F and its derivatives are not bounded and we have not bound on exponential
moments of X,(¢), we can not use directly usual method - see appendix of [20] and section
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5 of |5]. For that purpose, we use here a similar method as in [14] and [15]. We introduce
a Kolmogorov operator with a suitable potential term

N(ﬁ(%) = L(ﬁ(x) - Kg($)¢($), r € H, (10'2)

where K > 0 is sufficiently large, L is the Kolmogorov operator defined by (7.1, g is
defined for x € L*(0,1) by
4
g9(x) =1+ || %,

and p is defined in equation ([2.2)). We also introduce the corresponding semigroup S; given
by the Feynman-Kac formula,

Sip(x) = E(e_K Jo g(Xw(S))ngb(Xx(t))),qﬁ €C}H), t>0, z € H. (10.3)

Thanks to the exponential factor and estimates on the derivative X;(t), we are able to find
an estimate for |DSy¢(x)|. Then, using the identity

t
Po = St¢ + K/O St_s(gps¢)d8, t>0, ¢ € Cg(H), (104)

we obtain estimates for DP,¢(z). This arguments will be iterated to get a bound on second
order derivative of P;.

Throughout this appendix, we use the following notation: for = € C([0,1]), h € H
and 0 <t < T, nl(t) :== DX,(t) - h is the first derivative of X, (¢) in the direction h and
€' (t) = D2X,(t) - (h, h) is the second derivative of X, (t) in the direction h.

We end this section by giving some estimates. We shall often use the classical interpo-
lary estimate,

=B  B-a
|z[p < |zla " fzly ™", a < B <, € D((—A)") (10.5)
and the Agmon estimate
@l < [al 2 lal})5 @ € D(—A)2). (10.6)

10.2 Estimate of DP,¢(x)

We shall proceed in three steps to bound DP;¢(z). In section [10.2.1} we give two estimates
of n(t), the derivative of X, () in the direction h € H. In section [10.2.2| we use these
estimates to bound DS;¢(x), where the semigroup S; is defined in ((10.3)). Finally in section

10.2.3, we obtain the required estimate for DP.¢(x) using the identity (10.4)).

10.2.1 Estimate of n/(t)

First, we will show the following Lemma.

Lemma 10.1 For any o € [—1/2,0), there exists ¢ > 0 such that
t t s
T BIPROt 2 - [ B PEOOa ), ds < B (107
forall0 <t <T, zeC(0,1]) and h € H. Moreover, we have
[z (#)]Z2 < €7 [h[ (10.8)

for all0 <t <T, zeC([0,1]) and h € H.
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Proof. Let 0 <t < T, x € C([0,1]) and h € H be fixed. Let us first notice that n?(¢)
fulfills the equation

d — .

Multiplying both sides of the first identity in (10.9) by (—A)2¥n(¢) and integrating in
[0, 1] yields
S LREOR + WO 0 =IDECG0) 20, (~ A D)

<|(—A)**nl (1) | oo | DF (X (t)) ] L2 0} (8)] 2
Since H'(0,1) C L*(0,1), we have, for a € (—1/2,0) and by the interpolary estimate
([10.5),
(AP0 (O)|ree < e ()/araa < ey (O] O] 1y
and
e ()] 2 < [z (0)]a" > 0e (0115 o (10.10)

Therefore, it results, for a € (—1/2,0),
%\ﬁﬁ(t)\i (O . SADF(Xa()| 22105 () alne ()]1/214
< DFCX0) Bl 02 + S0 2o
Since H(0, 1) C L*(0,1), we immediately have for o = —1/2,
|77x( )21z + g (8)] 72 <clng ()] -1/al DF(Xa(6))| 21z (8)] 22

1
<c|DF (Xo () |2l (121 o + *\773(75)\%2

2dt

Then, (10.7) follows by integrating in time % o~ Jo IDF(Xa(5)[75 *Inh . For a =0, by
dt
(2.4), we have
d
Iz )Lz + 1O 2 < Az (B[ (10.11)
Then, by Gronwall Lemma, we get ((10.8)).

Now, we can show the following Lemma.

Lemma 10.2 For any 0 < ¢ < % and T > 0, there exists C(T) > 0 such that for any
0<t<T,heH and z € C([0,1))

—c [t =(8))|2,ds —
e eI PO Sl (1) 7 < O+ 7)Mo (10.12)
where ¢ is defined in Lemma [101]

Proof. Let 0 <t < T,z € C([0,1]), 0 < e < 1/2 and h € H be fixed. Using (10.11]), we
have

% (e—ch DX 2y ph )2 2) e o PPN ads | g2
4o B IDPO g 4 x(t)liz
— c|DF(X <>>|% e do IPECE NGt ) 2,
<em el IPPOCEadopl )2,
e e o IPPO D adey 1)
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Integrating by time and using the Hoélder inequality, Lemma and inequality ([10.10)
with o = —1/2 + ¢, yields

t
e~ CJo IDF(Xa(s)) istt|17§}(t)|%2

t ¢ S
< /0 e o IPPOSO 27 |yl (5) 2, s + /0 e o IPFCC D207 gyl (5) 2, ds
t
- /0 e I PR ()25, Il ()22 s
t
by [ B IPROSO )ds
0

t s 1-2¢ t s 2e
—c [P |DF (X (7))|2,dr —c [P |DF(Xo(7))|?,dr
g(/e J3 IDF(Xa ()2, |ng(8)|§ds> (/6 I3 IDF(Xa ()2, ,ng(s)yzl/2+€ds)
0 0
t S
e
0

t
_ N 2
S ety e PO ) s

Then, using Gronwall Lemma and dividing by ¢, we have ((10.12]).

10.2.2 Estimate of DS;¢(x)

We shall use the following notation

H ¢ HO,L4pi— sup ‘(b( )‘

seri(o) 1+ x|k,

If we want to use equation ((10.4) to have an estimate of P;¢(z), we need to have an
estimate of DS;¢ for ¢ € C{(H) and another for ¢ € C°(H) such that || ¢ || zar< +00.

Lemma 10.3 Let 0 < € < 1/2 be fized. If K is chosen sufficiently large then for any
¢ € CL(H), we have for any 0 <t <T and x € C([0,1])

DSz < CDIolon (14 Il ) 14471724,
Proof. Let h € H, z € C([0,1]), 0 <t < T and ¢ € C{(H) be fixed. We have
DSy(x) - h =B (=K I 90 Do, (1)) - 1fa(1)) (10.13)
~ KE( /0 Dg(X,(s)) - nl(s)dse ™ S 90, (1)),

Using Cauchy-Schwarz inequality, we have

Dg(Xa(0) -0 < C(1+ 1Xa0) 12, ) I (0)] 2 (10.14)
Then, choosing K sufficiently large and using Lemmas [10.1} Mand we get for 0 < e < 1/2

|DSip(x) - h §|¢’0,1E(6*Kf3 g(Xz(s))ds|772(t)|L2)
t
+ Clolo( /0 (1+ [ X (5)] ) I () e Jo 90X (Drg)
C(T)|lox (1 +t2T9) Ry oy
t
(1)l /0 (14 E|Xo()|0) (1 + 57 Y/25)ds|h]_y o
<C(T)(1+7Y242) (14 [212) 1 @lo.a |l 1 j2se-
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The conclusions follows.

Lemma 10.4 Let 0 < € < 1/2 be fized. If K is chosen sufficiently large then for any
¢ € CY(H) such that || ¢ ||g.r1»< 00, we have for z € C([0,1]) and 0 <t < T

|DS1p(2)1/2- < C(T) || ¢ llo,z2r (1 + |x]i1;0>(1 L),

Proof. Let 0 <t < T, h € H and z € C([0,1]) be fixed. We know from [17] that for any
¢ € Cy(H), Si¢ is differentiable in any direction h € H and its derivative DS;¢(z) - h is
given by the generalized Bismut-Elworthy formula

D5t¢(x) -h :%E(C_ng g(XI(S))dSCb(X:B(t))/O <77g(3)7 dW(S)>)

+ KE(e B0, 1) (1= 5)Da(Xe(o) - (5)s)

Hence, we can write by Cauchy-Schwarz inequality

1/2
IDS0(@) bl <7 116 o <E( o1 1|, (>IL4P>)>

g (E (e_Kfot o /0 Gl ), dW(s)))2>>l/2

] 0l (B(e KB4 X 01))

(s B [ Dy atoas)))

=0 + 1.

1/2

Let us estimate I;. We have, by Lemma
B (e o5 (1 4 |X, ()[F,)) < CT)(A + [af).

We set

K rt

t
g(t) = e~ 5 Jo g o)s /0 (o (5), AW (5)).

Then

da(t) = ~ o 9(Xa())a(t)dt + e O ) 1)ty (1)

and consequently, by the It6 formula,

bk [ a2 [ e RO ). )
t
+/ efxfog(Xz(T))drmg(s)@Qd& (10.15)
0

So, by Proposition and for K large enough, we obtain for 0 < e < 1/2

t
E(q(t)?) <E /0 oIS 90T (2.

t

<O / (1457142 ds
0

<SC(T)[B gy t*.
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Consequently,
Ll <Ot ¢

4
0,4 (1 + |95’L1?>o) |h|—1 /24

Let us estimate Io. Thanks to ([10.14f), Cauchy-Schwarz inequality, Lemmas and

we have

(K0 ([ Dy, (6) b))
<cn( [+ s [ e B ) as)
<C(T)AI oy 221+ JfE).
Finally, we obtain that
IDSi$() - hl < C(T)(1 + |2l f2) (L +£72) || @ llo,a |Bl-1/2+

and the conclusion follows.

10.2.3 Estimate of DP.¢(x)

Lemma 10.5 Assume that ¢ € C}(H) and 0 < e < 1/2. Then we have for z € C([0,1])
and 0 <t <T

IDP(x)]1ja—o < C(T)(L+71249) g0 1 (1 + [af3).
Proof. Let 0 <t < T, z € C([0,1]) and h € H be fixed. First, we write that
t
DP(x) - h = DSid(x) - h+ K / DS,y (9Psd)(x) - hds,
0

where in the definition we choose K such that Lemma [[0.3] and Lemma [[0.4] hold. We
estimate the first term using Lemma Since

1+ |z[* ) Poo(z
| gPs¢ H07L4p: sup ( | ’L4p)‘ sP()]

< [¢lo
2eL4(0,1) 1+ |z| 5, ’

we use Lemma [[0.4] to estimate the second term. We obtain
|DPi(x) - h| <C(T)|$loa (1 + || ) (1 + )R]y o

t
+ O+ 1el) [ (1 (=) dslhls o
and the conclusion follows.

10.3 Estimate of D?*P,¢(z)

As to estimate DP;é(x), we shall proceed in three steps to bound D?P;¢(z). In section
10.3.1] we estimate £(t), the second derivative of X,(¢) in the direction (h,h) for h € H.
In section 10.3.2|, we use this estimate to bound D2S;¢(x), where the semigroup S; is
defined in ([10.3). Finally in section we obtain the required estimate for DP¢(x)

using the identity (10.4).
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10.3.1 Estimate of £"(¢)
Lemma 10.6 There exists C(T) > 0 such that for any0 <t <T, h € H and x € C([0,1])

ER )2, < C(T)(1+ sup | Xu(t)]7%)|hl1a. (10.16)
te(0,7

Proof. Let 0 <t < T, x € C([0,1]) and h € H be fixed. Let us first notice that ()
fulfills the equation

{:ftﬁi’(t) = AG(t) + DF(Xo(t)) - §1(t) + D2F(Xo(t)) - (mi(t), mii(¢))
&) = o

Multiplying both sides of the first identity in the above equality by £"(¢) and integrating
in [0, 1] yields

Deh )z2 + &2 (O o <VIER O[22 + [D*F(Xo ()| e Ingt (8) 7212 ()|

<AE )2 + [D2F (X (1)) | oo [ (1) 32 1€1 () 127 €1 (1)1

1
<Y|ER D2 + CID*F(Xo(0) 2 Ik ()} €r 75 + ek D1

2dt

by (2.4) and Agmon estimate ((10.6). Then, by ((10.8)), we get

d
e D <A1 O)F2 + CID*F(Xa0) Rk 5 1 072

<2|eh(#)[22 + C| D> F( X4 () [2oo |0 (1) 12 + g|§I< )7
<FIEM®)22 + C(T)(1 + sup [ Xu(8)[12)|h]1s.
0<t<T

2/3

Using Gronwall Lemma, we obtain ((10.17]).

Lemma 10.7 Let ¢ be defined in Lemma|10.1. For any 0 < e < 1/2, there exist c1(T) > ¢
and C(T) > 0 such that for any 0 <t <T, h € H and x € C([0, 1))

€h(1)] a0 IPPONEds < o)1 4 s{gpﬂ|Xx<t>|4gio><1+f1/4+€>|h12_1/2+€. (10.17)
tel0,

Proof. Let 0 <t < T, x € C([0,1]) and h € H be fixed. We recall that ¢(¢) fulfills the

equation

{ié;’é(t) = AGL(t) + DF(Xo(t)) - £1(t) + D2F(Xo(t)) - (mt(t), mii(¢))
&) = o.

We rewrite this equation in the integral form
h) = [ AIDECGS) s + [ DO - () b))
0

Let ¢ € L'(0,1), we have for any x > 0 and ¢ > 0 that there exists ¢, > 0 such that

e 9] 12 < et ™A | o (10.18)
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Indeed, let ¢ € L1(0,1) and ® € L2(0,1) be fixed, we have by duality, Sobolev inequality
(see [8]) and Proposition

(e, ) =(y, e ®)
<[] |e" 4@ o
el || (—A) e AP
et [ 2

for any ¢t > 0, and the inequality (10.18)) follows.

Then, by inequality (10.18]), Lemma and Cauchy-Schwarz inequality, we get, for
any € >0

|§£(t)|L2€—2cfg |DF(X2())2 5 dr
t S
< / (t — 5) "/ A2 gl ()| oo 20 IPPCD2T D (X, (5))  2ds
0

t
+ C(T)/ (t =) VR4 sT)ds sup |DPF(Xo (1)) B2 o
0

te[0,7T
t s 1/2
<([a—oas) / €l e 5 IPPO Dt D, 9)) )
+C(T) e sup [D2F(Xa(1) |1 |hf? oy
te[0,T]

where ¢ is defined in Proposition We square the above inequality and by Grénwall
Lemma we obtain

[€h(t)3ae e foIPF Ol

< C(T) sup [D*F(Xy(1)[F0PIL) 0y
te[0,7)

¢
_ _ _ TV/2=2 [*|DF(Xo (7)) 5d7
% (t 1/2+2 4 1/2 5/0 s 1/2+25|DF(XI(3))|%2 Jo IDF(Xa(r))|2 ds)

Then,

c+ T2 2z (s ] _ -
[€h ()2 T D L IPPOG N0 <oy )+ sup X)) by (/572 4 1)

and the conclusion follows.

10.3.2 Estimate of D?S;¢(z)

In this sub-section, we shall prove an estimate of D%S;¢(x) for ¢ € CZ(H).

Lemma 10.8 Let 0 < & < 1/2 be fized. If K := K(T) is chosen sufficiently large then for
any ¢ € C2(H), we have for any 0 <t <T and z € C([0,1])

|(—A)2E D28 () (—A) /27| < O(T)|@lo2(1 + |of ) (1 + %),

Proof. We choose K such that we can use Lemmas and Let 0 < e < 1/2,
¢ €CZ(H),0<t<T,zeC([0,1]) and h € H be fixed. By differentiation of (10.13), we
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have
D28i(w) - (h, ) =E (e b sX(DE DX, (1)) - (ml(8),ml (1))
+ B (e KR O Do x, (1)) - €2(1))

—2KIE / Dg(X.(s)) - nl(s)dse & fég(XAs))dSqu(Xz(t))~77§Z(t))
- KE( [ D0660) - ) oI 91, 1)
- KE( /0 Dg(X,(s)) - € (s)dse™ s 9X=Dds g x, (1))

t
+ KB / Dg(Xa(s)) - nj(s)ds) e Jo 00Nt (1))
0
=0 + L+ I3+ 1+ I5 + I.
The first term is estimated as follows

11| <E (e KR aC O ()2, ) 6],
<CT)(1+ ) A2,

by Lemma For the second term we have
12| 2 §|¢’0,1E(6*Kfotg(Xz(s))ds|€il(t)|L2)
<I9loa CDIM g e (1 +17549) (14 B( sup [Xa(8)|12))
t€[0,T]
<IloaCDIRE 1o (147459 (1 + 2]
by Lemmas and Concerning the third term, we write

t
T3] <E( /O (14 X (3)] {20 I () o™ 7205 9T g K/ oD 1)1 ) [ o,

t
C(T)|¢’071‘h|2_1/2+€(1 + |$’i€o)/0 (1 + 5_1/2+€)d8(1 + t_1/2+z-:)
T Blo B2 gy (1 + [2122),
thanks to Lemmas [£.1] and [10.2] Using Lemmas [£.1] and [10.2] we have
! ap ) h K ))d
il <CE( [ (14 X)) e o0 5) o,
C(T)[BlolhI 121 (1 + |2[1).
Using Lemmas [.1] and [[0.7] we have
t
152 <CE( /0 (1 [ X (5)[ 1) [€(5) e Jo 957 g5 ) g
<C(T)(1 + |z[)6lolhl? 1 oy
For Ig, we have
t
Is] 2 <CE( /0 (1 X () ) I () e 0 92N g5 g
<O+ )l GlolP 1 e
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by Lemmas [£.1] and [10.2]

Finally, we have
D*Si() - (hy )|z < C(T)(L+ ¢ 2RI o (1 [2[75)[Blo

and the conclusion follows.

10.3.3 Estimate of D?P;¢(x)

Lemma 10.9 Let ¢ € C}(H) be fived. Then, we have for x € C([0,1]), h € H and
0<t<LT

|D2Pyg(x) - (h, h)| < C(T)|Blo2(1 + |z[72) |22

Proof. Let 0 <t < T, x € C([0,1]) and h € H be fixed. Differentiate (10.1]) two times
yields

D2Pig(x) - (h, h) = B(D*6(X,(1)) - (1 (1), nl(2)) ) + B Do(X, (1)) - €1(1) ).
Then, by Lemmas and we get

ID*Pyg(x) - (h )| < [9l2ln ()72 + OLEIEL (D)2 < C(T)[lo(1+ || ) Al

Lemma 10.10 Let ¢ € CZ(H) and 0 < € < 1/2 be fired. We have for z € C([0,1]) and
0<t<T

(=) 2D Pg(a) (= A)V2 70| < C(T)(L+1772) o (1 + ] 1)

Proof. Let 0 <t < T, x € C([0,1]) and h € H be fixed. Differentiate (10.4) two times
yields

t
D?Pip(x) - (h,h) = D®S;p(z) - (h,h) + K /0 D?S;_,(9Ps¢)(x) - (h, h)ds.

The first term is estimate by Lemma [10.8

— 8
[D2Sid(x) - (h, h)| < C(T) A+t F2) B2y (1 + 2] o2
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For the second one, we have

/otDQSt—s(gPsqﬁ)(:v) - (h, h)ds

- / B (eI O DR X (1~ 8)) - (3t~ ), 1t — )Pl — 5)))ds

0

+2 /t ]E(e_ngisg(XI(T))dTDg(Xx(t —3))- ng(t — 8)DPsp( Xy (t — 5)) - nz(t — s))ds
0

+ / B (K (X, 1 ) DPPg(Xalt ) - (A — 5), it — 5) ) ds

0

+ / B (KIS Dy (Xt 5)) - € — ) Pub(Kalt — ) ds
0

+ / t E(e—Kfé )T (X (= 8))DPy(Xo(t — 5)) - € (t — s))ds
0

t—s

—2K /0 E(e—Kfcf’Sg(Xx“”dT i Dg(Xx(T»-nﬁ(r)dTDmXx(t—s))-nﬁ(t—s)Psas(Xw(t—s)))ds

—2K / E e K Iy g(Xa(m))dr i Dg(Xm)-nﬁ(r)dfg(xx(t—s))DPscz»(Xx(t—s))-nﬁ(t—s))ds

K / B (e KR a0 [T D2, (7)) - (1 ()l (7)) drg (Xt — ) Pup (Xt — 5) ) ds
0

t t—s

K[ (TR0 [ (X (7)) - € (P)dmg (Xt — ) Pab (Kt — 5)) )

[ (RO Dg(Xa (1) (7)) *g(Xa(t = $)Pd(Xa(t — 5)) ) ds

:—ZS
The first term is estimated as follows
1S1l <CE(e KB 005 (1 X, (6 — )[ 2t — 5)132 ) 9l
CT)lo(1 + [ 2) 2 /0 (t— )12
C(T)[lo(1 + |22 IR 1 oy

by Lemmas and For the second term, using Lemmas and [10.5] we have

t
Salpa <OT) [ B (e IO (1 X, (0 )2 e )2
0

<O(D)| o bl oo (1 + |2 }2).

Concerning the third term, we write
t t—s
’S3|L2 SC(T)|¢’0’2/ E((l + ‘X (t — 8) 6p ) -K [, g(XI(T))dT‘nZ(t B S)|%2)d8

<c(T )|¢’02(1‘H$| )|h|21/2+€]h\ 1/2+¢

by Lemmas [.1] . [10.2) and [I0.9] For S4, we have, using Lemmas [£.1] and [10.7]
’S4|L2 <C/ Kfot*sg(Xz(T))dT(l + ’Xx(t - S) ipoo)‘gg(t - S)|L2>d8|¢)|0

(T)(1 + [2[ 2| Blol Pl 1 jo -

184 10. APPENDIX: SMOOTHING PROPERTIES OF THE TRANSITION SEMIGROUP



CHAPTER 5. WEAK APPROXIMATION OF SPDE: THE CASE OF POLYNOMIAL
NONLINEARITY IN A BOUNDED INTERVAL.

Concerning S5, we have, by Lemmas [4.1] [10.7] and [I0.5]

t t—s
[S5]2 <C(T) /0 B (o o (1 4 X (0 — ) [2) €(2 — 5)112 )

<O(T)(L + |l )6l |kl oo

For Sg, we have

t t—s 1/2
Sol2 < | ( [ B(0+ P Rae € a0 g )
0 0

t—s 1/2
(B4 1t = (= e T 200) ) g

t
<OT) (1 + 2$2) B2, 5. |0lo / (14 (¢ — 8)71/2+2) ds
<C(T) (1 + |2l ) B2 o4l @lo,

by Lemmas and and Cauchy-Schwarz inequality.
For S7, we have, by Lemmas and and Cauchy-Schwarz inequality,

el =€) /ot /O” <E<(1+|Xm(7) el (r) 7267 Jo o >)du))1/2d7

1/2
(B0 ot = OB — o) e 790000 ) gl
<CO+ 1l Dbloalhl o

For Ss, we have, by Lemmas [£.1] and [10.2]

5] <C/ / (L4 X () ) I (7)o 5 95Dt (14 (2 = 8)[ ) ) sl
T)(1+ lalghe) 8ol 1 oy

Using Lemmas [£.1] and [[0.7] we have for Sy

ol <C/ ([0 X e I SO (1 4 Xt )1 82) sl
(D) Glol 1o (1 +12112).

For S1p, we have

t t—s
Sule <C [[B( [0+ X)) e M (14 |3, = ) ) asl oy
<C(T)(1 + [a]z2) ol 1 o
by Lemmas and The conclusion follows.

Remark 10.11 We can easily adapt the proof done in this Appendix to show: For any
0<a<1/2,0<8<1/2,0<t<T andx € H, we have

(=A4)*D*Py(2)(=A)°| < C(T)(L + ¢~ )1+ |2[12) Do 2.
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Résumé

Cetravail présente quelques résultats concernant le comportement
en temps fini et en temps long de méthodes numériques pour des
équations stochastiques.

On s’intéresse d’abord aux équations différentielles stochastiques
de Langevin et de Langevin amorti. On montre un résultat
concernant I'analyse derreur faible rétrograde de ses équations
par des schémas numériques implicites. En particulier, on montre
que l'erreur entre le générateur associé au schéma numérique
et la solution d’'une équation de Kolmogorov modifiée est d’ordre
élevé par rapport au pas de discrétisation. On montre aussi que la
dynamique associée au schéma numérique est exponentiellement
mélangeante.

Dans un deuxiéme temps, on étudie le comportement en temps
long d’une discrétisation en temps et en espace d'une EDPS
semi-linéaire avec un bruit blanc additif, qui posséde une unique
mesure invariante p. On considére une discrétisation en temps par
un schéma d’Euler et en espace par une méthode des éléments
finis. On montre que la moyenne, par rapport aux lois invariantes
(qui n'est pas forcément unique) associées a I'approximation,
par des fonctions tests suffisamment réguliéres est proche de la
quantité correspondante pour . Plus précisément, on étudie la
vitesse de convergence par rapport aux différents paramétres de
discrétisation. Enfin, on s’intéresse a une EDPS semi-linéaire avec
un bruit blanc additif dont le terme non-linéaire est un polynéme.
On étudie la convergence au sens faible d'une approximation en
temps par un schéma de splitting implicite.

Mots-clés

Analyse d'erreur rétrograde, équation de Langevin, équation de
Langevin amortie, schéma numérique implicite, erreur faible,
équation de Kolmogorov, mesure invariante, équation aux dérivées
partielles stochastiques, schéma d’Euler, méthode des éléments
finis, équation de Poisson.

Nodordre : ..o
Ecole normale supérieure de Rennes

Abstract

This work presents some results about behavior in long time and in
finite time of numerical methods for stochastic equations.

In a first part, we are considered with overdamped Langevin Sto-
chastic Differential Equations (SDE) and Langevin SDE. We show a
weak backward error analysis result for its numerical approxima-
tions defined by implicit methods. In particular, we prove that the
generator associated with the numerical solution coincides with
the solution of a modified Kolmogorov equation up to high order
terms with respect to the stepsize. This implies that every measure
of the numerical scheme is close to a modified invariant measure
obtained by asymptotic expansion. Moreover, we prove that, up to
negligible terms, the dynamic associated with the implicit scheme
considered is exponentially mixing.

In a second part, we study the long-time behavior of fully dis-
cretized semilinear SPDEs with additive space-time white noise,
which admit a unique invariant probability measure y. We focus on
the discretization in time thanks to a scheme of Euler type, and
on a Finite Element discretization in space and we show that the
average of regular enough test functions with respect to the (pos-
sibly non unique) invariant laws of the approximations are close to
the corresponding quantity for u. More precisely, we analyze the
rate of the convergence with respect to the different discretization
parameters. Finally, we are concerned with semilinear SPDEs with
additive space-time white noise, which the nonlinear term is a po-
lynomial function. We analyze the rate of the weak convergence for
discretization in time with an implicit splitting method.

Keywords

Backward error analysis, Langevin equation, overdamped Lan-
gevin equation, implicit numerical scheme, Kolmogorov equa-
tion, weak error, Stochastic Partial Differential Equations, inva-
riant measures, Euler scheme, Finite Element Method, Poisson
equation.
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