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INTRODUCTION

Des études expérimentales ont mis en évidence la possibilité de dé-
tecter des comportements non linéaires dans une structure mécanique
en analysant sa réponse vibro-acoustique a une sollicitation extérieure.
La réponse fréquentielle & une sollicitation harmonique met en évidence
la génération d’harmoniques supérieures et de I'inter-modulation en ré-
ponse & une sollicitation a 2 fréquences; voir par exemple [EDK99],
IMCGOZ|. Une méthode vibro-acoustique utilisant I'inter-modulation a
été développée pour détecter des défauts dans des cables précontraint
d’un pont & haubans: cette méthode a permis de retrouver un cable
endommagé détecté par ailleurs par une méthode conventionnelle de
comparaison de fréquence fondamentale avec celle mesurée 15 ans plus
tot ; mais cette nouvelle méthode a aussi permis de détecter un autre
cable endommagé a une extrémité, [VanLGO3|,[LVANQO4], [RVANO5].
Dans ce travail, nous étudions les vibrations de structures mécaniques a
un nombre fini de degrés de liberté; leur comportement peut étre mo-
délisé par un systéme différentiel en utilisant directement les lois de la
mécanique ; ¢’est une approche habituelle en génie mécanique ; on peut
aussi obtenir un tel systéme en discrétisant par éléments finis un sys-
teme d’équations aux dérivées partielles de la mécanique des milieux
continus; c¢’est une approche courante en mécanique théorique et en
mathématiques. L’aspect de propagation acoustique n’est pas considéré
dans ce travail.

Dans le cas de comportements linéaires, de tels systemes différentiels
peuvent étre résolus explicitement a partir des valeurs propres de la
matrice de rigidité (ou les valeurs propres généralisées du couple de
matrices (K, M) dans le cas d’un systéme provenant des éléments finis).



Les fréquences de vibrations peuvent étre déterminées numeériquement
par un calcul de valeurs propres pour lesquels de nombreux algorithmes
existent.
Il en va tout autrement dans un cas non linéaire ; I'’exemple classique
du pendule simple
0+ wisinh =0

met en évidence cette difficulté pour un systeme a un degré de liberté.
On ne peut calculer qu’une approximation de la période du mouvement
par exemple avec une intégrale elliptique.

Pour chercher une solution approchée, on peut utiliser une intégration
numérique pas a pas comme par exemple une méthode de Runge et
Kutta mais la détermination tres précise de la fréquence ou le calcul de
la solution dans un grand intervalle de temps n’est pas facile. Dans le
cas d'une petite solution, on peut envisager d’utiliser une méthode de
perturbation.

Pour évoquer une méthode de perturbation, proposons nous de cher-
cher une petite solution pour le pendule sous la forme :

0 = el + €°r; (1)

le point crucial est le fait que r soit borné: si ce n’est pas le cas, on ne
) J

peut pas dire que €6y est une approximation de 6. Nous commencons

par approcher ’équation par

.. 93

en identifiant les puissances de €, on obtient

0, + wif, =0 (2)
7+ w% (r — 68% + 62qb(e, 04, r)) =0 (3)

Si nous supposons 8(0) = 0, la solution de la premiére équation est 7 =
5c08(3wot) + 3cos(wot)

4
solution de la deuxiéme équation contient un terme du type ctsin(wot) ;

acos(wot) et 'on a 03 = a ; dans ces conditions, la



ce terme n’est pas borné sur [0, 400 et le développement () n’est donc
pas satisfaisant sur un intervalle du type [0, 1 /€[ mais seulement sur un
intervalle borné indépendant de e.

D’autre part, on peut vérifier que cos((wy+¢€)t) —cos(wpt) ne peut pas

R L ) . cos((wo + €)t) — cos(wpt)
étre majoré uniformément en ¢ par ce ; en effet lim =

e—0 €
tsin((wo + €)t.
Cette dernieére remarque incite a chercher une approximation au pre-

mier ordre de la solution sous la forme d’une fonction trigonométrique
dont la fréquence dépend de e. Ceci peut étre réalisé de diverses ma-
niéres. Citons la méthode de Lindstedt-Poincaré bien adaptée pour les
solutions périodiques ; elle consiste a faire un changement de variable
temps dans 1’équation différentielle sous la forme s = w.t et a utiliser
une méthode de perturbation sur le systéme transformé; on détermine
en méme temps une approximation de la solution et de sa fréquence.
Cette méthode ancienne a été utilisée récemment pour trouver un déve-
loppement pour un systéme différentiel qui modélise des vibrations avec
non linéarités de contact, [IRI0], [VLPOS].

Toutefois dans le cas d'un systéme mécanique amorti et forcé on doit
chercher des solutions non nécessairement périodiques; dans ce cas une
méthode a échelle multiples s’est révélée bien adaptée.

Une approche multi échelles, des matériaux a comportement non li-
néaire sera le contenu de cette étude. Cette méthode est utilisée pour
I’approximation en temps d’ équations faiblement non linéaires, sachant,
que les équations de mouvement de la structure sont préalablement dis-
crétisées en espace par une méthode de Galerkin. L’avantage de cette
méthode par rapport aux autres méthodes numériques, est que la solu-
tion obtenue est analytique et non pas numeérique. Elle est donc, moins
couteuse en terme de temps de calcul. Aussi, elle trouve directement
des solutions ot leurs comportements asymptotiques sont des fonctions
périodiques.

Le cas de contact rigide qui est également important du point de vue
de la théorie et les applications a été abordé dans plusieurs articles, par
exemple [ILOT], et une synthese [BBLI3] une méthode numérique pour



calculer des solutions périodiques est proposée dans[LLIT]]l Dans [IPS04]
une approche numérique pour les grandes solutions de systémes linéaires
par morceaux est proposé. Un document de synthéses sur "modes nor-
maux non linéaires" peut étre trouvée dans [KPGVOT] il comprend de
nombreux articles publiés par la communauté du génie mécanique ; plu-
sieurs domaines d’application ont été abordés par cette communauté,
par exemple dans [Mik1(] “nonlinear vibro-absorption problem, the cy-
lindrical shell nonlinear dynamics and the vehicle suspension nonlinear
dynamics are analyzed”.

Des versions préliminaires de ces résultats peuvent étre trouvées dans
[BROI| et ont été présentées a des conférences [Bral(l, [Bral ; une preuve
de convergence du développement double échelle est en [BRal3].

Dans un prochain article, le cas non lisse sera considéré ainsi qu’'un
algorithme numeérique basée sur la méthode du point fixe utilisée dans
[Rould]. Ces systémes vibrants reliés a une barre générent des ondes
acoustiques; ce point sera étudié dans un autre travail; voir Junca-
Lombard [JL09J]. C.Touzé et M.Amabili ont construit des modéles d’ordre
réduit pour des structures harmoniques avec une non linéarité géomé-
trique en utilisant le principe des modes normaux non linéaire définit
par Rosenberg [ROS66| alors que G.Kerschen et al. [KPGV(9] ont in-
troduit la notion de modes non linéaires et cela par une analyse temps
-fréquence permettant la détermination des caractéristiques.

Historiquement, les développements asymptotiques ont été utilisés
depuis la célebre mémoire de Poincaré [Poi99|. Dans le cadre du génie
mécanique, A. Nayfeh et des coauteurs ont utilisé ces développements
pour trouver la solution de nombreux exemples ainsi qu’étudier le cas de
résonance primaire ou secondaire. Il a présenté une comparaison entre
la méthode des développements asymptotiques a triple échelle et la mé-
thode de la moyenne en proposant des techniques afin de résoudre une
incohérence entre la solution approchée obtenue par la premiére mé-
thode et celle de la moyenne [Nay05]. Murdock a analysé plusieures mé-
thodes, y compris les développements a échelles multiples dans le livre
[Mur91]. Donald R. Smith a présenté dans un livre 'approche par mul-



tiples échelles comme une technique pour étudier les équations aux déri-
vées partielles qui modélisent les propriétés macroscopiques des milieux
composites et pour déterminer la solution approchée pour les problémes
d’oscillations [Sm8H|. De nombreux autres articles pourraient étre cités.

S. Junca et H. Hazim membres du laboratoire J.A.Dieudonné a 'uni-
versité de Nice Sophia Antipolis, ont introduit la méthode des dévelop-
pements asymptotiques de Lindstedt-Poincaré dans le cadre de la déter-
mination de la réponse vibratoire d’un systéme avec une non linéarité
de type contact unilatéral avec des ressorts [JRI0, [HRO9a.

Cependant un des objectifs de cette thése, est de caractériser les
fréequences de résonance qui apparaissent lors de 1’étude de la réponse,
ces approches ont été utilisées pour déterminer une solution approchée
des systémes en vibrations avec une non linéarité localisée de rigidité. Les
lois de comportement ont été approchées par un polyndéme de troisiéme
degré avec un terme quadratique et cubique. Le probléme obtenu a été
discrétisé spatialement par éléments finis conduisant ainsi & un systéme
d’équations différentielles non linéaires du deuxieme ordre. Le systéme
discret a été ensuite projeté dans la base des vecteurs propres ou la
réponse approchée d'un systéme a n degrés de libertés a été déterminée
en utilisant les développements asymptotiques a multiples échelles et le
principe des modes normaux qui sont présentés comme une extension
naturelle des modes normaux linéaires ; le comportement de la solution
est alors trés proche du cas a un degré de liberté. Auparavant le cas
a un degré de liberté a été entiérement résolu pour mettre en place la
méthode.

Le calcul de ces modes non linéaires donne accés a une meilleure com-
préhension de 'effet de la non linéarité sur ses modes propres linéaires
conduisant a la compréhension du comportement dynamique du systéme
mécanique analysé. Un mode normal non linéaire est défini comme une
solution périodique ot toutes les composantes du systéme mécanique
vibrent & la méme fréquence ; cette solution peut étre trouvée en exci-
tant le systéme par une force particuliére ayant une fréquence proche de
celle d’'un mode propre non linéaire. Les fréquences de résonances, qui
apparaissent lors de I'étude de la réponse vibratoire forcée, sont carac-



térisées.

Dans un premier chapitre, cette approche est explicitée a travers un
développement asymptotique double échelle d'un systeme a un degré
de liberté puis a plusieurs degrés de liberté. C’est I'objet de 'article
< Double scale analysis of periodic solutions of some non linear vibra-
ting systems >. La non linéarité de la loi de comportement contrainte-
déformation contient un terme quadratique ainsi qu'un terme cubique.
On cherche une petite solution @ = eu ou € est un petit parametre. Le
cas de vibration libre est considéré en premier lieu, tout en présentant
une justification de ces développements. Ces approches permettent d’ob-
tenir une solution périodique proche d’un mode normal linéaire (appelé
mode normal non linéaire). Les résultats obtenus par ces approches ont
été comparés avec une résolution numérique pas a pas utilisant le logi-
ciel Scilab; une bonne concordance a été remarquée pour € trés petit ;
ce développement obtenu n’est valable que pour de petites solutions et
de basses fréquences. Ensuite, une transformation de Fourier numérique
a été effectuée pour déterminer les fréquences. Celles ci ont été compa-
rées avec celles du systeme linéaire, les solutions peuvent tout au moins
servir de références pour identifier les effets de la non linéarité localisée
sur le comportement non linéaire global.

Dans une deuxiéme partie de ce premier chapitre, nous arrivons a dé-
crire un phénomeéne de résonance qui étend la résonance classique du cas
linéaire. Pour le systéme forcé la présence d’un terme d’amortissement
est essentielle pour obtenir une solution convenable ; la fréquence d’exci-
tation est considérée proche de celle du systéme linéaire, une étude d’un
tel systéme a été faite et 'approche par développement asymptotique
double échelle avec un parameétre perturbateur e a été appliquée tout
en incluant une preuve rigoureuse de la convergence de la méthode de
double échelles. Auparavant, une étude de la solution stationnaire ainsi
que la stabilité de la solution dynamique au voisinage de la solution sta-
tionnaire a été faite pour prouver la convergence. Cette étude a fourni
une solution approchée périodique, par suite, une approximation de la
fréquence dont 'amplitude atteint une valeur maximale (résonance pri-
maire). Nous remarquerons dans I'expression de la fréquence angulaire
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amortie, qu’aux termes trouvés dans le cas de vibration libre s’ajoute
un terme impliquant le facteur d’amortissement. Pour cette fréquence,
une solution approchée périodique a été obtenue a 'ordre €. L’intéret de
ce résultat est que lorsque la solution stationnaire atteint son amplitude
maximum, la force excitatrice satisfait la relation suivante F' = Awa
comme dans le cas linéaire ; ainsi, le terme d’amortissement \ peut étre
déterminé ; c’est assez intéressant en pratique car il est en général diffi-
cile & mesurer. Par contre, la non linéarité quadratique est absente dans
les expressions de la solution et de la fréquence, elle n’intervient que
dans la justification du développement d’ou I'idée passer a l'utilisation
de trois échelles.

Le deuxieme chapitre est constitué d’un deuxieme article qui s’inti-
tule < Triple scale analysis of periodic solutions and resonance of some
asymmetric non linear vibrating systems > ; il est publié dans [BRI3].

La démarche du cas double échelle a été suivie pour I'étude de I'ana-
lyse avec trois échelles de la réponse vibratoire pour un systéme a un
degré de liberté puis pour n degrés de liberté en vibration libre puis
amortie et forcée. Malgré la ressemblance de la démarche, beaucoup de
différences ont été notées. Nous considérons d’abord une réponse libre.
En ajoutant une troisiéme échelle de temps et en développant a l'ordre
deux, 'expression de la solution approchée a changé. Aux termes trouvés
avec une analyse a deux échelle de temps s’ajoute un terme d’ordre €
qui fait intervenir les termes quadratiques et cubiques dans ’expression
de la fréquence. 11 a été observé que le coefficient du terme quadratique
de la loi de comportement n’a aucune influence sur la fréquence de la
réponse approchée obtenue avec le développement & double échelle mais
ce coefficient intervient dans la fréquence obtenue avec le développement
avec trois échelles.

Pour la deuxiéme partie de ce deuxieme chapitre, pour la réponse for-
cée amortie, la méthode de perturbation triple échelle a été appliquée.
Afin de justifier le développement, I'étude de la solution stationnaire
ainsi que la stabilité de la solution au voisinage de cette solution sta-
tionnaire a été faite tout en précisant ’approximation de la solution.
L’'introduction d’une autre échelle de temps a compliqué certes la dé-
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termination de I'amplitude et de la phase. Cette difficulté était connue
dans la comunauté de génie mécanique ; nous avons eu recourt a la mé-
thode de la reconstitution proposée dans qui semble satisfaire la
problématique mécanique ; nous avons donné une preuve mathématique
de I'approximation de la solution avec cette approche. Un lien entre la
fréequence de la solution libre et I'amplitude de la solution forcée a été
mis en évidence. L’étude du maximum de la solution stationnaire nous
a permis de déterminer la fréquence de résonance du systéme forcé. Des
versions préliminaires de ces résultats peuvent étre trouvés dans [BR09)
et ont été présentés a < SMAI conférence de 2009 >et au < GDR-
AFPAC 2010 Conférence >>.

Pour le comportement mécanique, des développements quadratiques
et cubiques ont été ici proposés, en utilisant un développement a double
puis a triple échelles. Cette association conduit a un calcul lourd mais
bien justifié mathématiquement et pour € assez petit avec un bon accord
avec une solution numérique; il est limité a une loi de comportement
élastique.

Dans un troisieme chapitre, on considére une loi de comportement
élastoplastique écrouissable, un modeéle unifié a été présenté au chapitre
B ; ce modele est considéré comme une perspective possible de cette
these. Des exemples de validation ont été testés pour montrer 'efficacité
de ce modéle.

12



Chapitre 1

Double scale analysis of periodic
solutions of some non linear
vibrating systems

Ce travail fait l'objet d’'un article, déposé dans 'archive ouverte
pluridisciplinaire H.A.L! du Centre pour la communication scientique
directe

Y hal.archives-ouvertes. fr/hal-00776184
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Double scale analysis of periodic solutions of
some non linear vibrating systems

Nadia Ben Brahim
University of Tunis, El Manar, Ecole nationale d’ingénieurs de Tunis (ENIT),
Laboratory of civil engineering (LGC), BP 37, 1002 Tunis Belvédere, Tunisia
and Bernard Rousselet
University of Nice Sophia-Antipolis, Laboratory J.A. Dieudonné
U.M.R. C.N.R.S. 6621, Parc Valrose, F 06108 Nice, Cedex 2, France
email: br@math.unice.fr

june 13, 2013

Abstract

We consider small solutions of a vibrating system with smooth non-
linearities for which we provide an approximate solution by using a double
scale analysis; a rigorous proof of convergence of a double scale expansion
is included; for the forced response, a stability result is needed in order
to prove convergence in a neighbourhood of a primary resonance. Key-
words: double scale analysis; periodic solutions; nonlinear vibrations,
resonance MSC: 34el3, 34c25, 74h10, 74h45

1 Introduction

In this work we look for an asymptotic expansion of small periodic solutions
of free vibrations of a discrete structure without damping and with local non
linearity; then the same system with light damping and a periodic forcing with
frequency close to a frequency of the free system is analyzed (primary reso-
nance). For a small solution, we recover a behavior with some similarity with
the linear case; in particular the amplitude of the forced response reaches a
local maximum at the frequency of the free response. On the other hand the
frequency of the free response is amplitude dependent and the superposition
principle does not apply. The work of Lyapunov [0L49] is often cited as a basis
for the existence of periodic solutions which tends towards linear normal modes
as amplitudes tend to zero; the proof of this paper uses the hypothesis of ana-
lycity of the non linearity involved in the differential system. In [Roull], we
addressed the case of a non linearity which is only lipschitzian and we prove
existence of periodic solutions with a constructive proof; in this case the result
of Lyapunov obviously may not be applied. Non-linearity of oscillations is a
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classical theme in theoretical physics, for example at master level, see [LL58] in
Russian or its English or French translation in [LL60, LL66].

Asymptotic expansions have been used for a long time; such methods are
introduced in the famous memoir of Poincaré [Poi99]; a general book on asymp-
totic methods is [BM55] with french and English translations [BM62, BM61];
introductory material is in [Nay81], [Mil06]; a detailed account of the aver-
aging method with precise proofs of convergence may be found in [SV85]; an
analysis of several methods including multiple scale expansion may be found
in [Mur91]; the case of vibrations with unilateral springs have been presented
in [JR09, JR10, VLPO0S8|, [HR09a, HR09b, HFR09, Haz, Haz10]; in [JPS04] a
numerical approach for large solutions of piecewise linear systems is proposed.
The case of rigid contact which is also important from the point of view of the-
ory and applications has been addressed in several papers, for example [JLO1],
and a synthesis in [JBL13] . A review paper for so called “non linear normal
modes” may be found in [KPGV09]; it includes numerous papers published by
the mechanical community; several application fields have been addressed by
the mechanical community; for example in [Mik10] “nonlinear vibro-absorption
problem, the cylindrical shell nonlinear dynamics and the vehicle suspension
nonlinear dynamics are analyzed”.

In the mechanical engineering community the validity of the expansions is
assumed to hold; however, this is not straightforward as this kind of expansion
is not a standard series expansion and the expansion is usually not valid for
all time; for example, this point has been raised in [Rub78]. If the averaging
method was carefully analyzed as indicated above, it seems not to be the case
for the multiple scale method, the expansion of which is often compared to the
one obtained by the averaging method.

Here in a first stage we consider small solutions of a system with smooth
non-linearities for which we provide an approximate solution by using a double
scale analysis; a rigorous proof of convergence of the method of double scale is
included; for the forced response, a stability result is needed in order to prove
convergence. As an introduction, the next section addresses the one degree of
freedom case while the following one considers many degrees of freedom; for free
vibrations we find solutions close to a linear normal mode (so called non linear
normal modes) and for forced vibrations, we describe the response for forcing
frequency close to a free vibration frequency. Preliminary versions of these
results may be found in [BR09] and have been presented in conferences [Bral0,
Bra]; related results have been presented in [Gas]. Triple scale expansions is
to be submitted [BR13]. In a forthcoming paper, the non-smooth case will be
considered as well as a numerical algorithm based on the fixed point method
used in [Roull].
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2  One degree of freedom, strong cubic non lin-
earity

In this section, we consider the case of a mass attached to a spring; in the case
of a stress-strain law of the form n = ku + mcu® + mu?, we find no shift of
frequency at first order, so here we concentrate on a stress-strain law with a
stronger cubic non linearity:

d
n = ku + mecu® + m—u?

€
where € is a small parameter which is also involved in the size of the solution as

in previous paragraph; the choice of this scaling provides frequencies which are
amplitude dependent.

2.1  Free vibration, double scale expansion up to first or-
der

Using second Newton law, free vibrations of a mass attached to such a spring

are governed by:
d 3
i+ wu + eu® + 2 = 0. (1)
€

We look for a small solution with a double scale for time; we set

To = wt, T1 = Gt, (2)
so with Dou = g—;fo, Diu= %7 we obtain
d d?
d—? = wDou + eDyu, ﬁ;‘ = w?D2u + 2ewDoDyu + €2 D3u (3)

and we look for a small solution with initial data
u(0) = eag + o(e) and (0) = o(e); we use the ansatz

u = euy(To, ) + €r(Ty, Ti, €); (4)
so we have: J
di: = elwDouy + eDyuy] + €2 [wDor + €D17] (5)
and P2
Fg = EOJQDS’U,l + 62 [2OJDOD1U1 + WQDgT] + 63[D%'LL1 + DQT‘] (6)
with
1 (d*r 272 2
Dor = - el Dgr ) =2wDoD;r + eDir (7)
€
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We plug expansions (4),(6) into (1); by identifying the powers of € in the ex-
pansion of equation (1), we obtain:

wz(Dgul +u;)=0 (8)
(D3r +7) =5  with

1 d
So = —— {c(eul +e2r)2 + —(euy + €*r)3| — 2wDoDyuy — €R(uy,re)  (9)
€

2
where
R = D?uy + Dor; (10)
we can manipulate to obtain:
Sy = — [cu} + duj + 2wDoDyuy + eR(uy,r,¢€)] (11)
where
R(ui,r,€) = [R+ 2curr + 3duir + ep(ui, )] (12)

with a polynomial p(uy,r,€) = cr? + 3duyr? + edr3 .
We set 0(To,T1) = Tp + B(T1) noticing Dof = 1, D10 = D;j; we solve
equation (8) with:

uy = a(Ty) cos(6) (13)
and we obtain
2 d 3
Sy = C2a (14 cos(20)) — % (cos(36) + 3cos(h)) +

2w(Dyasin(0) + aD1 P cos(0)) — eR(uy,r,e); (14)
we gather terms at angular frequency 1:

3

Sy = —d%?) cos(0) + 2w [Dyasin(0) + aD; B cos(0)] + S5 — eR(uy,r,€)  (15)

where )
—ca 3

S8 = > (1+cos(29))—d%cos(39). (16)

By imposing

da®
Dia=0and 2waD.f= 37, so that

) da?
a=ap, (=BT with o= 387wT1’ (17)

we get that Sy = S’g — eR(uq, 7, €) no longer contains any term at frequency 1.
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In order to show that r is bounded, after eliminating terms at angular fre-
quency 1, we go back to the t variable in the second equation (8).

P+ wir = % with (18)
Sy = Si(t,€) — eR(uy, 7, €) where (19)
S5t =~ [1-+ cos(2(wt + Be)))] — L2 cos(3(t + A(e) (20

- _;“2 (1 + cos(2(wt + Boet)) — dT“S (cos(3(wt + Boet))) (21)
with R(u,r,€) = R(u1,r, €) — Dar (22)

in which the remainder R is expressed with variable ¢.

Proposition 2.1. There exists v > 0 such that for allt < t. = %, the solution
of (1), with u(0) = eag + o(e), w(0) = o(e), satisfies the following expansion

u(t) = eag cos(vet) + €*r(e,t)

where a2
a

e = 3e— 23

Ve =w+ 30 (23)

and 1 is uniformly bounded in C?(0,t.) .

Proof. Let us use lemma 5.1 with equation (18); set S = Sg; as we have enforced
(17), it is a periodic bounded function orthogonal to e**, it satisfies lemma
hypothesis; similarly set g = R;itisa polynomial in variable r with coefficients
which are bounded functions, so it is a lipschitzian function on bounded subsets
and satisfies lemma hypothesis. O

2.2 Forced vibration, double scale expansion of order 1
2.2.1 Derivation of the expansion

Here we consider a similar system with a sinusoidal forcing at a frequency close
to the free frequency (so called primary resonance); in the linear case, without
damping, it is well known that the solution is no longer bounded when the
forcing frequency goes to the free frequency. Here, we consider the mechanical
system of previous section but with periodic forcing and we include some light
damping term; the scaling of the forcing term is chosen so that the expansion
works properly; this is a known difficulty, for example see [Nay86].

d 3
i+ wut it e+ 2 = 2R cos(wet). (24)
€

We assume positive damping, A > 0 and excitation frequency @, is close to an
eigenfrequency of the linear system in the following way:

We = w + €0. (25)
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We look for a small solution with a double scale expansion; to simplify the
computations, the fast scale T is chosen ¢ dependent and we set:

0 0
To=wt, Ty =¢€tand Dou= 8—;0, Diu = a—;l; (26)
S0
d d?
di: = wDou + eDyu and ﬁg = &?D3u + 2e0. Do Dyu + €2 Diu; (27)
equation (25) provides
02 = w? + 2ewo + €202, (28)
With (25), (26), (27), (28) and the ansatz
u = E’LLl(T‘(),Tl) +627"(T0,T1,6), (29)
we obtain:
du duy  ,dr dur = o, dr
priak el R +€e‘w 07“+e(dt wDor) (30)
d
€[@Douy + eDyuq] + €2wDor + 62(d—: —wDyr) = (31)
d
elwDouy + € Douy + eDyuq] + 2w Dor + eQ(d—: — wDyr) (32)

where we remark that % — wDgr = ec Dgr + eDqr is of degree 1 in €. For the
second derivative, as for the case without forcing, we introduce

1 d2T 2 12 . .
Dor = — v Dgr | with the expansion (33)
€
Dyr = 2w[oDir + DoD17] + € [O’QDgT +20Dg D17 + D%ﬂ ; (34)
Pu dPuy | o dPur 5 5 3
e +e e + e“wDgr + €’ Dar (35)
= e [@®D3us + 2€0 Do Dyuy + €2 Diu, | (36)
+ W2 D2r 4 Dor (37)
= e{szgul + 2ew (aDgul + D0D1u1) + (38)
62 [O'QDgul =+ 20’DOD1U1 + Dful] } (39)
+ W2 D2r 4 EDor (40)

the last term in the right hand side will be part of the remainder R of

equation (42). We plug previous expansions into (24); we obtain:
w?(DEuy +uy) =0

{ D3r+r=23 with (41)

w2
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Sy = —{cuf + du} + 2w[DoDiuy + o Dfuy] + AwDous } (42)
+F cos(Tp) — eR(uy,r,€) (43)

and with

R(uy,7,€) = D?uy + 2cuqr + 3duir 4+ 0? D3uy + 20 Do Dyuy+ (44)

)\(UJD()T + oDouy + D1u1) + Daor (45)
d
+)\(d—z —wDgr) + ep(u1,,€). (46)

Set 6(Ty, Th) = To + B(T1). We solve the first equation of (41) :
uy = a(Ty) cos(6); (47)

then we use Ty = 0(Tp, T1) — B(T1) and we obtain

—ca2 3

Sy = 3 (14 cos(26)) — d% (cos(360) + 3cos(9)) +
2w(D1asin(f) + aDq S cos(d)) + 20wa cos(f) + alw sin(6)

+ F'sin(0) sin(B(T1)) + F cos(0) cos(5(T1)) — eR(uy, 7€) (48)

or

Sy = [2wD1a + Aaw + F'sin(3)] sin(6)

3da®

+ |2waD1 8 + 20wa — + F cos(B)| cos(6)

+5% —eR(ui,re) (49)

with
—ca? 3

sE = 5 (14 cos(20)) — d% (cos(36)); (50)

note that Sg is a periodic function with frequency strictly multiple of 1.

Orientation. By enforcing

(51)

2wD1ia + Aaw = —F sin(f)
2awD1 8 + 2o0wa — 3d4“3 = —F cos(p)

So = Sg —eR(uq,r, €) contains neither term at frequency 1 nor at a frequency
which goes to 1; this point will enable to justify this expansion under some
conditions; before, we study stationary solution of this system and the stability
of the dynamic solution in a neighborhood of the stationary solution.
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2.2.2 Stationary solution and stability

Let us consider the stationary solution of (51), it satisfies:

Aaw +Fsin(8) =0
(2wa — #) +7Fc‘f(5) =0. (52)

Now, we study the stability of the solution of (51), in a neighborhood of this
stationary solution noted (a, 5); set a = a + a, 8 = 8+ f3, the linearized system

l'S WIl.tteIl
<D a) — J(a)
D]/B B ’

manipulating, we obtain the jacobian matrix.

_2A £ 3 _A _ 3da®
J= (9da ’e I%‘:);?ls((g))) = (Qda ’ o ale 25 )) : (53)

8w 2wa

The matrix trace is —\, and the determinant is

A2 9da? 3da?
we notice that the determinant is strictly positive for ¢ = 0 so by continuity, it
remains positive for o small; moreover -Ldet(J) < 0 for o < 0 so det(J) > 0
for 0 < 0; by studying the trinomial in o, we notice that the determinant is

3da® 1 /9d2at A2:
4w 2\ 16w? d
so in these conditions, the two eigenvalues are negative; then the solution of the

linearized system goes to zero; with the theorem of Poincaré-Lyapunov (look
in the appendix for the theorem 5.1,) when the initial data is close enough to
the stationary solution, the solution of the system (51), goes to the stationary
solution. We expand this point, set

- (g’) Cly) = ( = (20.)0—3{:2“5 :%) ) : (54)

positive when this semi-implicit inequality is satisfied: o <

a

the system (52) may be written ¢ = G(y); denote § = (g) the solution of (52);
perform the change of variable y = § 4 x, we have G(y +z) = G(y) + Jz + g(x)
with g(z) = o(||z||; the theorem 5.1 may be applied with A = J, B = 0, here
the function g does not depends on time.

Proposition 2.2. Ifo < 3122 — 24/ %%if‘; — A2 | the stationary solution of (51)

is stable in the sense of Lyapunov (if the dynamic solution starts close to the
stationary solution of (52), it remains close to it and converges to it ); to the
stationary case corresponds the approzimate solution of (24) uy = acos(Ty+ ),
it 1s periodic; for an initial data close enough to this stationary solution, uy =
a(Ty) cos(To + B(T1)) with a,B solutions of (51); it goes to the solution (52)
a, B when Ty — 4o00.

With this result of stability, we can state precisely the approximation of the
solution of (24) by the function u;.
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2.2.3 Convergence of the expansion

Proposition 2.3. Consider the solution of (24) with
u(0) = eag + o(€), w(0) = —ewagsin(By) + o(e),
with ag, By close of the stationary solution (a, B3),

lag — a| < €Ch,|By — B| < €Co;

When o < 3da — 5\/ 3da2 — A2, there exists v > 0 such that for allt <t.= I,
the followmg expansion is satisfied

u(t) = ea(et) cos(@ct + Blet)) + €*r(e,t)
with we = w + €0 and r uniformly bounded in C?(0,t.) and with a, B solution
of (51).

Proof. Indeed after eliminating terms at frequency 1, we go back to the variable
t for the second equation (41)

. Sa
P4 wir = 2 with (55)
SQ S (t 6) R(ul, T, 6) (56)

where

R(ula T 6) = R(uhr, 6) - DQT - A(%

with all the terms expressed with the variable t; we have

—wDyr) (57)

—ca2 €
Sh(t,e) = Ja + cos(2(@ct + B(et))) —

da®(et) . .
) U fcon(aiat + B(et)); (58)

this function is not periodic but is close of the periodic function:

Si(t,e) = %5‘2(1 + cos(2(@ct + B)) — %3 (cos(3(@t + B)) (59)

and for ¢+ < I as the solution of (51) is stable: it remains close to the
stationary solution

la(et) —a| < eCy,  |B(et) — B] < eCy (60)
and
|58 — 8| < eC; (61)

so this difference may be included in the remainder R. We use lemma 5.1 with
S = 52, it satisfies lemma hypothesis; similarly, we use g = R; it satisfies the
hypothesis because it is a polynomial in the variables r, uy, €, with coefficients
which are bounded functions, so it is lipschitzian on bounded subsets. O
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2.2.4 Maximum of the stationary solution, primary resonance

Consider the stationary solution of (51), it satisfies

Aaw = —F'sin(f)
3da’ (62)
a (2w0 — T) = —F cos(p)
manipulating, we get that a is solution of the equation:
3da?\”
f(a,0) = \2a*w? + a* <2wa - 4a ) ~F?=0. (63)
We compute
0 3da?
a—i; = 4a’w(2wo — 4@ ) (64)
da®\?  da® da?
% = 2a\%w? + 2a (chr _3 4(1 ) - 6% <2w0 _ 3da ) (65)
*f 2 2
(67)
For o close enough to the solution of % =0, % is small, % is not zero, and

with the implicit function theorem this equation defines a function a(o); lets
use :

of *f
@ — _ 92 and @ — _ 922
0o % o2 %
In our case, when
g—g = 0, we have
3da®>  Of s o Of 2 4
T= %:Qa/\w, @:&Lw, (68)

so the second derivative % < 0 and a is maximum at the frequency of the free
periodic solution.

Proposition 2.4. The stationary solution of (51) satisfies
Aaw +Fsin(f8) =0
3da® (69)
2awo — =G~ +Fcos(B) =0

it reaches its maximum amplitude for o = % and 8 = 5 + km; the excitation
1s at the angular frequency

aa?

” +O0(e?) and F = wa

We = W+ 3¢

10
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it is the angular frequency v. of the free periodic solution (23) for this frequency,
the approximation (of the solution up to the order €) is periodic:

u(t) = e% sin(@ct) + e2r(e, t) (70)

Remark 2.1. We remark that this value of o = 3;32 is indeed smaller than the

mazximal value that o may reach in order that the previous expansion converges
as indicated in proposition 2.3.

Remark 2.2. We note also that when the stationary solution reaches its max-
imum amplitude we have F' = dwa and so we can recover the damping ratio
A from such a forced vibration experiment; this is a close link with the linear
case (see for example [GRI3] or the English translation [GRI7]). This is quite
interesting in practice as the damping ratio is usually difficult to measure; we
have here a kind of stability result for this experiment.

2.2.5 Computation of stationary solution

2.000

1.9957

1.990 7

1.9857]

amplitude

1.980

1.9757

1.970

1.965 T T T T T T T T T T T
1.140 1.142 1.144 1.146 1.148 1.150 1.152

frequency

Figure 1: amplitude versus frequency of stationary forced solution in blue and
magenta; amplitude of free solution in red

We have numerically solved equation (69) for a range of sigma around the

2 . . . .
value o = 335 for which the amplitude is maximum; we have chosen ¢ =

1;0=1/2; F = 1;w = 1;d = 1; in figure 1, the solid line shows the solution of
this equation that we have solved with several values of sigma using the routine
fsolve of Scilab which implements a modification of the Powell hybrid method.
We have noticed in proposition 2.2 that the solution is stable when ¢ is not too

11
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large; indeed the routine fsolve fails to solve the equation when we increase
too much o; to go further this point, with the same routine, we have computed
various values of sigma for decreasing values of the amplitude; we have plotted
this solution with a magenta dotted line. We have added a red dotted line which
is the amplitude of the free undamped solution and we notice that it crosses the
stationary solution at the point where it reaches its maximum value as stated
in previous proposition 2.2.

2.2.6 Dynamic solution

0.037
0.027
0.017
0.00]
-0.017

-0.027

-0.037

t t t t t 000 —t
-0.03 -0.02 -0.01 0.00 0.01 0.02 o2 3 45 F 7T 8 8N

Figure 2: Phase portrait Figure 3: Absolute value of
for up = 0.019796915,w. = the Fourier transform for uy =
1.0143379 0.019796915, we = 1.0143379

For various values of the initial condition, we compute numerically the solu-
tion of (24) with a standard theta method. We use e = .01, A =1/2,F = l;w =
1,d=1

In figure 2, we find the phase portrait of the solution with initial values
u(0) = 0.019796915,u/(0) = 0 so that the angular frequency of the applied
force is @, = 1.0143379 , we notice that the solution looks periodic (up to the
numerical approximation of the method); the initial value of the displacement is
computed from a value of a, o of the stationary solution (69) which is computed
in the previous paragraph. The Fourier transform in figure 3 shows only one
peak at the angular frequency 1.0143379 which is the angular frequency of the
applied force.

In figure 4 , for the same value of the frequency of the applied force, we find
the phase portrait of the solution with initial values u(0) = 0.079,4'(0) = 0;

12
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the initial value is larger than the one of the stationary solution and we notice
that the solution is decreasing as expected from the stability of the stationary
solution.

We find an analogous behavior with an initial value smaller than the station-
ary solution; in figure 5, for the same value of the frequency of the applied force,
we find the phase portrait of the solution with initial values «(0) = 0.004, v’ (0) =
0; here the solution is increasing as expected from the stability of the stationary
solution.

In the case where a,w, are far from the stationary curve, we suspect that the
frequency content of the response will involve the frequency of the applied force
and some frequency due to the system; in figure 6, we find for a = 0.3, w. = 0.5
the phase portrait of the solution, the frequency transform is in figure 7; on
this plot of the Fourier transform, we notice two peaks icluding the angular
frequency we = 0.5 of the applied load.

For large values of w,, the phase portrait is less regular see figure 9 for
a = 0.01,w. = 2 ; we find also two peaks for the Fourier transform in figure 8.

16
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3 System with a strong local cubic non linearity

In the previous section, we have derived a double scale expansion of a solution
of a one degree of freedom free vibrations system and damped vibrations with
sinusoidal forcing with frequency close to free vibration frequency. Now, we
extend the results to the case of multiple degrees of freedom.

3.1 Free vibrations, double scale expansion
We consider a system of vibrating masses attached to springs:
Mi+ Ku + ®(u,e) = 0. (71)

The mass matrix M and the rigidity matrix K are assumed to be symmetric
and positive definite. See an example in section 3.2.5 We assume that the non
linearity is local, all components are zero except for two components p — 1, p
which correspond to the endpoints of some spring assumed to be non linear:

d
D,_1(u,€) = c(uy — up_1)2 + z(up — up_l)g7 o, =—-, 1, p=2,...,n (72)

If the non linear spring would have been the first or the last one, the expression
of the function ® would depend on the boundary condition; each case would
be solved using the same method with slight changes in some formulas. In
order to get an approximate solution, we are going to write it in the generalized
eigenvector basis:

Koy, = wpMoy, with ¢L M¢; = 0y, k,l=1...,n. (73)
So we perform the change of function
u=" yrdx (74)
k=1
we obtain
ik + wiyk + 6L @) it ) =0, k=1...,n. (75)

=1

As ® has only 2 components which are not zero, it can be written

ik + Wik + (Brp—1 — Skp) po1(O_withi€) =0, k=1....n (76
=1

or more precisely

n 2
Ui + W/%yk + (¢k,p—1 - ¢k,p) lc <Z yi(@}p - ¢i7p—1)> +

=1

n 3
g (Z%(@,p - ¢i,p—1)> ] =0, k=1...,n. (77)
=1

17
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As for the 1 d.o.f. case, we use a double scale expansion to compute an approx-
imate small solution; more precisely, we look for a solution close to the normal
mode of the associated linear system; we denote this mode by subscript 1; ob-
viously by permuting the coordinates, this subscript could be anyone (different
of p, this case would give similar results with slightly different formulas); we set

T() = w1t7 T1 =€t (78)
and we use the ansatz:
vk = eyp(To, T1) + € ri(To, Ti, €) (79)
so that
d2
—dtyf = ewi Djyy, + €201 Do Dy + wiDire] + € [Diyy + Dore]  (80)
with
1 d27’k 2 2 9
Dary, = e wiDgry | = 2wy Do Dy + €Dy (81)

We plug previous expansions into (77). By identifying the coefficients of the
powers of € in the expansion of (76), we get:

WfDSy;ieriy,i =0,k=1...,n
wiD3r, + wiry = S E=1 ith (82)
1Yok T WETE = 02k, K=1...,n W1
to simplify, the manipulations, we set
6P¢l = ((bl,p - (bl,pfl)»
so:
_ —OpPr 1 2 1
Sz,k = 2 D, Z(eyi +e€ TZ—)@, €| — 2w1DoD1y;, — €Ry (83)
with
Ri = (Dly;, + Dork) (84)
and

2 3
-5 d
Sok = :;bk c (Z(eyzl + Gzri)5p¢i> + . (Z(eyzl + 527"1’)519(1’1‘)

K3

— 2w DDy}, — €Ry. (85)

The formula may be expanded

Sak = —=0p0k [ Y YiY; 600t +d D ylyjul 6p0i0p0;0,01
0 i
- 2w1D0D1y]}; - €Rk (yla T, 6) (86)

18
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where
Rk<y17 T, 6) = Rk
+ 0p Pk ecz (Zyilrj + erirj) dp@iOpd;+
0,J
edz (Syilyjl»rl + 3eyirir + 3€2Ti7”j7“l) Sp®ibpdidpdi|. (87)
il

We set 0(Ty,T1) = Tp + f(T1) and we note that Do = 1, D16 = D1; we
solve the first set of equations (82), imposing O(e) initial Cauchy data for k # 1;
we get:

yi = a(Th)cos(6), and yj = O(e), k=2...n (88)

we put terms involving yi, k > 2 into Ry; so we obtain

Sa1 = =0y [c (y10,01)” + d (y10p01)”
— 2w Do D1yt — eRy(y*,7,¢) and  (89)

Sok = —6por {C (y%5p¢1)2 +d (?/}5;)(?1)3}
— €eRp(y,ry€) for k £ 1. (90)

Using (88), we get:

S22 = ~0,01 011 + cos(26)) (5,60)" +

af
dT ((cos(30) + 3cos(0))(6,61)°) | +
2w (D1aysin(f) 4+ a1 D1 Bicos(0)) — eR1(y', 7€) and  (91)
Sy = cay ?
2 = ~8p0n | 5 (14 cos(26)) (5,61)° +

da} 3
L (cos(30) + 3eos(0)) (3,01)°) | +

— eRy(y*, 7€) for K # 1. (92)

We gather the terms at angular frequency 1 in S ;

d 3
So =~y [%3cos(9)(5p¢1)3

+ 2wy (D1aysin(8) + a1 D1 B1cos(0)) + S;l —€eR(y',r,e) (93)

19
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3

2“%(1+cos(29))(5,,¢1)2+%cos(:aa)(ép(m)?’ - (99)

Sg 1 = - p¢1 2
If we enforce

4 3da’
4

Dia; =0, and 2wia1 D161 = (0pp1)

2
O G T (99

a1 = a0, B =pPr,0l1 with 819 =
the right hand side
Sa1 =85, —eRi(y',r ) (96)

contains no term at angular frequency 1; for the other components, without any
manipulation, there is no trouble with the frequencies if we assume that all the
eigenfrequencies wy, for k = 2...n are not multiple of wy (wy, # quw; for ¢ =1 or
qg=2,q=3).

In order to prove that r is bounded, after the elimination of terms at fre-
quency 1, we write back the equations with the variable ¢, for the second set of
equations of (82).

Wiy +wpry = Say  fork=1,...n (97)

with ~ _
So1 = 5371 —€eRy(y' 7€) (98)

where

2
S§71 = —0p¢1 [Cgl(l + cos(2(w1t + BLoet))(épgbl)Q

da} 3
+ Tcos(3(w1t + B1,0€t))(6p01) ] (99)

and

_ 2
So k= —0pdr [C;l(l + cos(2(wit + Broet))) (5,1)° +

03
% ((cos(3(w1t + B1,0€t)) + 3cos((wit + ﬁl,oet)))(dpqﬁl)?’) ]

— €eRy(yt,rye) for k# 1  (100)

and where

Rk(yl,r7 €) = Rk(ylm7 €) — Dary, (101)
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Proposition 3.1. Under the assumption that wy and w1 are Z independent for
k # 1, there exists v > 0 such that for allt <t. = T, the solution of (76) with
initial data

y1(0) = €aro, 91(0) =0, wx(0)=O0(e), vx(0)=0 (102)
satisfy the following expansion

d 2
y1(t) = eagcos(vet) + €21 (e, t) with v = wy + 368%(%7,, — 1)t (103)
1

yr(t) = 21 (e, t) (104)

with 1y, uniformly bounded in C*(0,t.) for k=1,...n and wy, @1 are the eigen-
value and eigenvectors defined in (73).

Corollary 3.1. The solution of (71), (72) with
1u(0) = earo, ¢1u(0) =0, ¢gu(0)=0(e), ¢pu(0)=0

with wg, ¢ are the eigenvalue and eigenvectors defined in (73)
is  u(t)=> yk(t)er (105)
k=1

with the expansion of yx of previous proposition.

Proof. For the proposition, we use lemma 5.4. Set S; = 55,17 Sk = Sy for
k =1,...n; as we have enforced (95), the functions Sy are periodic, bounded,
and are orthogonal to e**, we have assumed that wj, and w; are Z independent
for k # 1; so Sk, kK = 1,...,n satisfies the lemma hypothesis. Similarly, set
g = R, its components are polynomials in r with coefficients which are bounded
functions, so it is lipschitzian on the bounded subsets of R, it satisfies the
hypothesis of lemma 5.4 and so the proposition is proved. The corollary is an
easy consequence of the proposition and the change of function (107) O

Remark 3.1. We have obtained a periodic asymptotic expansion of a solution
of system (71), (72); they are called non linear normal modes in the mechanical
community ([KPGV09, JPS04]. In the next section, we shall derive that the
frequencies of the normal mode are resonant frequencies for an associated forced
system, the so called primary resonance; secondary resonance could be derived
along similar lines.

3.2 Forced, damped vibrations, double scale expansion
3.2.1 Derivation of the expansion

We consider a similar system of forced vibrating masses attached to springs with
a light damping;:

Mii 4 eCu + Ku + ®(u, €) = €2 Fcos(@t) (106)
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with the same assumptions as in subsection 3.1. We assume that the frequency
of the driving force is close to some frequency of the linearised system (primary
resonance); we denote this frequency with the subscript 1: @, = wy + €o.

We assume that the non linearity is local, all components are zero except
for two components p — 1, p which correspond to the endpoints of some spring
assumed to be non linear. As for free vibrations, we perform the change of
function

u = Z Yk Ok (107)
k=1

with ¢y, the generalised eigenvectors of (73). As the damping matrix C is usu-
ally not well defined, to simplify, we assume that it is diagonal in the eigenvector
basis ¢, k=1,...n. We obtain

ik + ENRUK + WYk + ¢£<I>(Z Yidi,€) = €2 freos(@ct), k=1...,n  (108)
i=1

with fr = cz)ZF. As for the free vibration case, ® has only 2 components which
are not zero, so the system can be written

n
ik + XNkl + Wiy + (Pkp—1 — Phpr ©) Pp1 (D yithi) = € frcos(@et),
1=1

k=1...,n (109)

or more precisely
n 2
i + ARGk + Wiyr + (Prp1 — Orp) [C (Z Yi(Pip — ¢i,p—1)> +
i=1

n 3
g (Z Yi(Pip — ¢i,p1)> ] = € frcos(@ct),
i=1
kE=1...,n. (110)

As for the 1 d.o.f. case, we use a double scale expansion to compute an approx-
imate small solution; we use a fast scale which is € dependent; we set

T() = (I)Gt, T1 =€t (111)
and we use the “ansatz”
Y = Gyi(To,Tl) +€27“k(T0,T1,6) (112)
so that
d dr
% = e[wlDoy,i + ea Doyi + eDly,ﬂ + 2wy Dory, + eQ(d—ZC —w1Dorg) (113)
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d2yk
dt?

= e{w%Dgyi + 2ewq [aDSy,ﬁ + DoDly,ﬂ +
& [o" Dok + 27 DaDia) + D] |
+ EWIDEry, + EDory, (114)

with

1 d27‘k 2 2 2
Dory, = il 7ol wiDgry | = 2wi(oDgry, + DoD1ry)
+e [azDgrk + 20DgDqry, + D%’I‘k] . (115)

We plug previous expansions into (110). By identifying the coefficients of the

powers of € in the expansion of (110), we get:
WDy +wiyp =0, k=1...,n (116)
w%D%rk + w,%rk =Sk k=1...,n with

2

0.
Sok = { I:fk Pp1 (Z(ey} +€r:) i, 6) +2w; [DoDlyiMD%y,iHAkwlDoyi}

+ freos(Tp) — eRy(y*,r ) (117)

where we gather higher order terms in Ry and to simplify, the manipulations,
we have set

5p¢l = (¢l,p - (bl,p—l)v

SO:

2 3
Op d
Sok = — p€2k c (Z(Gyzl + 52Ti)5p¢i> + . (Z(eyzl + 527"i)5p¢z‘>

K2

— 2w1[Do D1y, + o Diyi] — Mswi Doy
+ frcos(To) — eRi(y*,7€).  (118)

The formula may be expanded

SQ,k = - p¢k CZ yzlyjlgpd%(;pqu + dz yq,lyjlyllép(blépgbjépgbl
i,j 05,0
— 2w [DoD1y; + 0 D2y}] — Mww1 Doy
+ freos(Ty) — eRp(y',m€)  (119)
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We set 6(Ty, T1) = Tp + B(T1) and we note that Dof = 1, D16 = D1 5; we
solve the first set of equations (116), imposing initial Cauchy data for k # 1 of
order O(¢e) we get:

yi = a1(Ty)cos(f), and yi = O(e), k=2...n (120)

we put terms involving y,ﬁ into Ry, for k > 2 and so we obtain

2 3
Sa = =801 ¢ (y1op01)” +d (y1dp01)°
— 2w [Do D1yt + 0 Dgyy] — MwiDoyy + ficos(Ty) — eRi(y",r,e) and  (121)

Sok = —0por [C (y%5p¢)1)2 +d (y%6p¢1)3:| +
frcos(Ty) — eRi(y,r e) for k# 1. (122)

Using (120), we get:

2
Sa = —by61| 51 (1 + cos(20)) (3,61)° +

03
% ((008(39) +3 COS(H))(6P¢1)3) } +
2wi [D1aqsin(8) + a1 D1 5; cos(0) 4+ oay cos(0)] + Awiagsin(f)
+ f1[sin(0) sin(B) + cos(0) cos(B)] — eR1(y*,r,€) and  (123)

ca% 2
Sak = —Oyn | 5 (1 + cos(26)) (8,61)° +
3

% ((cos(36) + 3 cos(0))(5ph1)*) } +

+ fr[sin(0) sin(B) + cos() cos(B)] — eRp(y*,r,€) for k # 1. (124)
We gather the terms at angular frequency 1 in S ;

3
5271 = 5p¢1 [ — 3% COS(Q)((;pQSl)S + 2(4)1(0,1D151 + O'al) + fl COS(ﬁ)] COS(G)

+ {wl(QDlal + Aar) + flsin(ﬁ)} sin(0) + ngl —eR(y*,re) (125)

3

ﬁ(l + cos(20)) (0,¢1)* + % cos(39)(5p¢1)3] . (126)

S = o |%
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Orientation If we enforce

w1 (2D1a1 + )\1&1) = —fgsin(ﬁl), and (127)
2wi (a1 D1 By + oar) = 2% (8,01)" — ficos(Br)
the right hand side
5271 = 55,1 — eRl(yl, r, 6) (128)

contains no term at angular frequency 1; for the other components, without any
manipulation, there is not such terms , if we assume that all the eigenfrequencies
wy for k = 2...n are not multiple of wy (wx # qwy for ¢ = 1 or ¢ = 2,
g = 3). This will enable us to justify this expansion; previously, we study the
stationary solution of this approximate system and the stability of the solution
in a neighbourhood of this stationary solution.

3.2.2 Stationary solution and stability

The situation is very close to the 1 d.o.f. case; except the replacement of d by
of d = d(d,¢1)%, the system (127) is the same as (51); the other components are
zero. We state a similar proposition

Proposition 3.2. When o < 3132 -3/ %"Zf; — A2 | the stationary solution of
(127) is stable in the sense of Lyapunov (if the dynamic solution starts close
to the stationary one, it remains close and converges to it); to the stationary
case corresponds the approzimate solution of (77) y = @y cos(To + B1), vy =
O(e), k=2,...,n, it is periodic; for an initial data close enough to the sta-
tionary solution, yi = a(Ty)cos(Ty + B1(T1)), yj = O(e), k =2,...,n with

a,B1 solutions of (127) with d replaced by d ; they converge to the stationary
solution ay, 81 when T} — 4o00.

3.2.3 Convergence of the expansion

In order to prove that r is bounded, after the elimination of terms at frequency
1, we write back the equations with the variable ¢, for the second set of equations
of (82).

WL 4 wiry :gg)k fork=1,...n (129)

with R ~
Sa1 =S5, — €Ri(y",rye) (130)

where
2
Sg’l = —0p1 M(l + cos(2(w.t + Bl(et))(5p¢1)2

da? ~ 3
+ e cos(3(@et + Si(et))(0p01) (131)
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and

(a1(et)®
2

Sok = —Optn | (1 + cos(2(@et + B (et))) (8p¢1)° +

o3
% ((cos(3(dj€t + Bet)) + 3 cos((@et + ﬂl(et)))(§p¢1)3)

—eRy(y', 7€) for k#£1 (132)

where
d’l" k

dt

Proposition 3.3. Under the assumption that wy and w1 are Z independent for

k # 1, there exists y > 0 such that for allt <t. = 1, the solution of (110) with
initial data

y1(0) =e€ai o+ 0(62)7 yl(O) = —ewal,osm(ﬁl’o) + 0(62), (134)

yr(0) = O(e"),  41(0) =0 (135)

and with the initial data close to the stationary solution

la1,0 — a1 < eC1, |B1o— Bi| < eCh

Rk(yl, r€) = Ri(y', 7€) — Dory — /\k( — kaork) (133)

satisfy the following expansion
y1(t) = eay (et) cos(@ct + Bi(et)) + e2ri (e, t) with (136)
yr(t) = e2ri(e, t) (137)

with ay,B1 solution of (127) and with ry uniformly bounded in C?(0,t.) for
k=1,...n and w1, $1 are the eigenvalue and eigenvectors defined in (73) and
a1B1 are solution of (127)

Corollary 3.2. The solution of (106), (72) with
¢1TU(0) = €041,0, ¢1T’56(0) = —ewray,0sin(B1,0), gbfu(()) = 0(62), ¢;€ﬂ(0) =0

with wy, ¢y the eigenvalues and eigenvectors defined in (73).
is u(t) =Y yr(t)ox (138)
k=1

with the expansion of yi of previous proposition.

Proof. For the proposition, we use lemma 5.4. Set S = Sg_l, Sk = Sy, for k =
1,...n; as we have enforced (95), the functions Sy are periodic, bounded, and are
orthogonal to e**, we have assumed that wy, and w; are Z independent for k # 1;
so S satisfies the lemma hypothesis. Similarly, set ¢ = R, it is a polynomial
in r with coefficients which are bounded functions , so it is lipschitzian on
the bounded subsets of R, it satisfies the hypothesis of lemma 5.4 and so the
proposition is proved. The corollary is an easy consequence of the proposition
and the change of function (107) O
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3.2.4 Maximum of the stationary solution

As equation (127) is similar to the equation (51) of the 1 d.o.f. case, we get also
that the stationary solution reaches its maximum amplitude to the frequency of
the free periodic solution.

Consider the stationary solution of (127), it satisfies

Aajwy = —fisin(B1)
3da’ (139)
a (2w10 — T) = —f1cos(f)
manipulating, we get that a; is solution of the equation:
N
3da?
flay,0) = Maw? +a? <2w10 — 4(11) —ff=0. (140)
As for the 1 d.o.f. case, we can state:
Proposition 3.4. The stationary solution of (127) satisfies
Aaiw;  +fisin =0
Vah TR (1)
20 w10 — G~ +ficos(f) =0
it reaches its mazimum amplitude for o = Zcff and By = § + km; the excitation

s at the frequency
N da3 - .
We = w1 + 368—, with d =d(®1, — P1p—1)" and F = Mwiaq
w1
where @1 is the eigenvector of the underlying linear system associated to wi;
@, 1is the frequency of the free periodic solution (23); for this frequency, the
approzimation (of the solution up to the order €) is periodic:

yi(t) = e)\ilul sin(@ct) + 2r(e, t) (142)
Yk (t) = 627’k (6, t) (143)

As for the 1 d.o.f. case we can remark the following points.

7.2
Remark 3.2. This value of 0 = 38%?11 is indeed smaller than the maximal value
that o may reach in order that the system be stable and that the previous expan-

ston converges as indicated in proposition 2.3.

Remark 3.3. We note also that when the stationary solution reaches its max-
imum amplitude we have f1 = Aiwia1 and so we can recover the damping ratio
A1 from such a forced vibration experiment; this is a close link with the linear
case (see for example [GRI3] or the English translation [GRI7]). This is quite
interesting in practice as the damping ratio is usually difficult to measure. Ob-
viously, we can recover the damping ratio for other frequencies by performing
other experiments.

We can also consider this result as a stability of the process used in the linear
case with respect to the appearance of a small non-linearity.
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3.2.5 Numerical solution

We consider numerical solution of (106) with (72); we have chosen M = I; u = 0
at both ends, so K is the classical matrix

C = X with A = 1/2; for numerical balance, we have computed %; with the
choice p = 1 we have ®; = e[cu? + du}] with ¢ = 1,d = 1. In figure 10, we find
3 curves in phase space for components 1,3,6 of the system. In figure 11, we
find the Fourier transform of the components; some components have the same
transform; the graphs are slightly non symmetric.

4 Conclusion

For differential systems modeling spring-masses vibrations with non linear springs,
we have derived and rigorously proved a double scale analysis of periodic solution
of free vibrations (so called non linear normal modes); for damped vibrations
with periodic forcing with frequency close to free vibration frequency ( the so
called primary resonance case), we have obtained an asymptotic expansion and
derived that the amplitude is maximal at the frequency of the non linear nor-
mal mode. Such non linear vibrating systems linked to a bar generate acoustic
waves; an analysis of the dilatation of a one-dimensional nonlinear crack im-
pacted by a periodic elastic wave, a smooth model of the crack may be carried
over with a delay differential equation, [j109].

Acknowledgment We thank S. Junca for his stimulating interest.

5 Appendix
5.1 Inequalities for differential equations
Lemma 5.1. Let w. be solution of

w” +w = S(t,€) +eg(t,w,e) (144)
w(0) =0, w'(0)=0. (145)

If the right hand side satisfies the following conditions

1. S is a sum of periodic bounded functions:

(a) for allt and for all € small enough, S(t,e) < M
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(b) f% e®S(t,e)dt = 0, 0 TeTS(t,e)dt = 0 uniformly for e small
enough

2. for all R > 0, there exists kr such that for |u| < R and |v| < R, the
inequality |g(t,u,€) — g(t,v,€)| < krlu—v| holds and |g(t, 0, €)|is bounded;
in other words g is locally lipschitzian with respect to u.

then, there exists v > 0 such that for € small enough, we is uniformly bounded
in C*(0,T.) with T, =2

Proof. The proof is close to the proof of lemma 6.3 of [JR10]; but it is technically
simpler since here we assume g to be locally lipschitzian with respect to w
whereas it is only bounded in [JR10].

1. We first consider

U)l” +wp = S(t7 6) (146)
wi(0) =0, wj(0)=0 (147)

as S is a sum of periodic functions which are uniformly orthogonal to e’
and e~ w; is bounded in C?(0, +0c0).

2. Then we perform a change of function: w = w; + ws, the following equal-
ities hold

we” + wq = €ga(t, w2, €) (148)
wz(0) =0, wy(0) =0 (149)

with go which satisfies the same hypothesis as g:

for all R > 0, there exists kg such that for |u| < R and |v| < R, the follow-
ing inequality holds |ga(t, u, €) — g2(t, v, €)| < kr|u — v|. Using Duhamel
principle, the solution of this equation satisfies:

t
wo = 6/ sin(t — s)ga(s, wa(s), €)ds (150)
0
from which
t t
wa(t)) < ¢ [ lgalos,wals). )~ ga(s.0.00ds + [ laals.0.00ds (151
0 0
so if |w| < R, hypothesis of lemma imply
t
|wa(t)] < e/ krlwa|ds + eCt. (152)
0

A corollary of lemma of Bellman-Gronwall, see below, will enable to con-
clude. It yields

lwa(t)] < kg (exp(ekgrt) — 1). (153)
R
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Now set T. = sup{t||w| < R}, then we have

R< < (exp(ekgt) — 1)
kr

this shows that there exists v such that |we| < R for ¢ < T, which means
that it is in L>°(0,T) for Tc = Z; also, we have w in C(0, T¢) then as w is
solution of (144), it is also bounded in C%(0,T%).

]
Lemma 5.2. (Bellman-Gronwall, [bel, Bel64]) Let u,e, 5 be continuous func-
tions with 5 > 0,

/ B(s)u(s)ds for 0 <t <T (154)

+ [ 869660 [exat [ 7107 s (155)

Lemma 5.3. ( a consequence of previous lemma, suited for expansions, see
[SV85]) Let u be a positive function, d2 >0, 61 > 0 and

then

t
u(t) < dat 4 0y / u(s)ds
0

then 5
ult) < 3 (exp(drt) — 1)
1
Lemma 5.4. Let v, = [v§,...,v5]7 be the solution of the following system:

w%(vi)” + wivi = Si(t) + egr(t,ve). (156)

If wy and wy are Z independent for all k = 2...N and the right hand side
satisfies the following conditions with M > 0, C' > 0 prescribed constants:

1. Sy is a sum of bounded periodic functions, |Sk(t)] < M which satisfy the
non resonance conditions:

2. Sy is orthogonal to e*™, i.e. fo Yetitdt = 0 uniformly for e going to
zero

3. for all R > 0 there exists kr such that for ||u|| < R, ||v|| < R, the following
inequality holds fork=1,... N :

|gk(t7uae) - gk(t,v,e)\ < kR”u - U”

and |gx(t,0,¢€)| is bounded
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then there exists vy > 0 such that for e small enough v, is bounded in C?(0,T,)
with Te = 1

Proof. 1. We first consider the linear system

wi(ve1)” +wivea = S (157)
vg,1(0) = 0 and (vg1) =0 (158)

For k = 1, with hypothesis 1.a, S; is a sum of bounded periodic functions;
it is orthogonal to e*®, there is no resonance. For k # 1, there is no
resonance as “(:—’1“ ¢ 7 with hypothesis 1.b.

So vy,1 belongs to Cc® fork=1,...,n.
2. Then we perform a change of function
U = Uk + U

and vy , are solutions of the following system :

w%(vk72)” + wivk,g =egp2(t,vk2,€), k=1,...,N (159)
v 0(0) =0, (V) =0, k=1,...,N (160)

with
Gty sV 2 ) = Gty oV + U )

where gy 2 satisfies the same hypothesis as gi:
for all R > 0 there exists kr such that for || ux ||[< R, || vk [|< R, the
following inequality holds for Kk =1,..., N :

I gk,2(t, wks €) = gr2(t, vy €) [|< kg || ug —vp || - (161)

Using Duhamel principle, the solution or the equation (159) satisfies:

¢
Vo = e/ sin(t — S)Qk,Q(S,Uz,Q(S), €)ds (162)
0

SO
t
ko) 1< € [ 1 gralo via(s)) =~ gna(s,0,6) | ds
0

t
¢ / | gra(s,0,¢) || ds  (163)
0

so with (161), we obtain

t
[ vk2(8) 1< 6/0 k[ vi2(t) || ds + eCt (164)
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We shall conclude using Bellman-Gronwall lemma; we obtain

vk (1) 1< - (expleknt) 1) (165)
R

this shows that there exists v such that |vf ,| < R for ¢t < T¢, which means
that it is in L>°(0,T¢) for T = 2; also, we have v, in C(0,T,) then as vy
is solution of (144), it is also bounded in C%(0,T,).

O

Theorem 5.1. ( of Poincaré-Lyapunov, for example see [SV85]) Consider the
equation

where x,xg € R™, A is a constant matriz n X n with all its eigenvalues with
negative real parts; B(t) is a matriz which is continuous with the property

lims, 100 || B(t)|] = 0. The vector field is continuous with respect to t and x
s continuously differentiable with respect to x in a neighborhood of x = 0;
moreover

g(t,x) = o([[z) when |lz[| -0
uniformly in t. Then, there exists constants C,to, d, u such that if ||zo]| < %
]| < Cllaolle™ 1)t > g

holds

5.2 Numerical computations of Fourier transform

Assuming a function f to be almost-periodic, the fourier coefficients are :

T—+oo

T
a, = lim / f(t)e rtdt (166)
0

(for example, see Fourier coefficients of an almost-periodic function in http://www.encyclopediaofmath.org/).
For numerical purposes, we chose T' large enough and consider the Fourier co-
efficients of a function of period T equal to f in this interval.
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Abstract We consider small solutions of a vibrating mechanical system with smooth non-
linearities for which we provide an approximate solution by using a triple scale analysis; a rigorous
proof of convergence of the triple scale method is included; for the forced response, a stability
result is needed in order to prove convergence in a neighbourhood of a primary resonance. The
amplitude of the response with respect to the frequency forcing is described and it is related to
the frequency of a free periodic vibration.
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1 Introduction

In this article, we perform a triple scale analysis of small periodic solutions of free vibrations of
a discrete structure without damping and with a local smooth non-linearity; then we consider a
similar system with damping and a periodic forcing in a resonance situation.

Several experimental studies show that it is possible to detect defects in a structure by
considering its vibro-acoustic response to an external actuation; there is a vast literature in
applied physics. We recall some papers related to the use of the frequency response for non
destructive testing; in particular generation of higher harmonics, cross-modulation of a high
frequency by a low frequency (often called intermodulations in telecommunication): [EDK99],
[MCGO02]; in [DGLV03], ”a vibro-acoustic method, based on frequency modulation, is developed
in order to detect defects on aluminium and concrete beams”; experiments have been performed
on a real bridge by G. Vanderborck with four prestressed cables: two undamaged cables, a
damaged one and a safe one but damaged at the anchor. With routine experimental checking
of the lowest natural frequency, the presence of the damaged cable had only been found by
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comparison with data collected 15 years ago; the one damaged at the anchor was not found; see
details in [LVdb04], [RV05].

However the analysis per se of non linear vibration is also an important topic from the
academic and industrial viewpoint. In this work, we are interested in the behaviour due to a
local non linear stress-strain law; first, we consider free vibration and then forced response of a
damped system with excitation frequency close to a frequency of the free system ; so, this local
stress-strain law is assumed to be: N = k& + c@i? + d@3, where N is the normal force and @ is
the elongation. The elastodynamic problem of continuum mechanics leads after discretization by
finite elements to a system of non linear differential equations of second order, thus, this paper
deals with such systems with several degrees of freedom. We determine an asymptotic expansion
of small periodic solutions of a discrete structure; we use the method of triple scale [Nay81] and
compare these results with a numerical integration program; also, we perform a numerical Fourier
transform to determine the frequencies and compare with that of the linear system.

Our approach is only valid in the low frequency range and we have bypassed the propagation
of acoustic waves in the structure; this point has been studied in [JL09],[JL12]. The case of
rigid contact which is also important from the point of view of theory and applications has been
addressed in several papers, for example [JLO1], and a synthesis in [BBL13] ; a numerical method
to compute periodic solutions is proposed in [LL11] . Asymptotic expansions have been used for a
long time; such methods are introduced in the famous memoir of Poincaré [Poi99]; a classic general
book on asymptotic methods is [BM55] with french and English translations [BM62,BM61];
introductory material is in [Nay81], [Mil06]; a detailed account of the averaging method with
precise proofs of convergence may be found in [SV85]; an analysis of several methods including
multiple scale expansion may be found in [Mur91]; the case of vibrations with unilateral springs
have been presented in [JR09,JR10,VLP08,? HR09b, HFR09]; this topic has been presented by
H. Hazim at “Congres Smai” in 2009; more details are to be found in his thesis defended at
University of Nice Sophia-Antipolis in 2010. In a forthcoming paper, such a non-smooth case will
be considered as well as a numerical algorithm based on the fixed point method used in [Roull].
The case of vibrations with weak grazing unilateral contact has been presented by S. Junca and
Ly Tong at 4th Canadian Conference on Nonlinear Solid Mechanics 2013; in [JPS04]

a numerical approach for large solutions of piecewise linear systems is proposed. A review
paper for so called “non linear normal modes” may be found in [KPGV09]; it includes numerous
papers published by the mechanical engineering community; several application fields have been
addressed by this community; for example in [Mik10] “nonlinear vibro-absorption problem, the
cylindrical shell nonlinear dynamics and the vehicle suspension nonlinear dynamics are anal-
ysed”. Preliminary versions of these results may be found in [BR09] and have been presented in
conferences [Bral0,Bral; a proof of convergence of double scale expansion is to be found in the
preliminary work [BR13].

In the present text and in the conclusion, we compare the use of double or triple scale
expansion. We emphasize that the use of three time scales, instead of two times scales presented
in the preliminary work [BR13], provides a much improved insight in the behavior of the forced
response close to resonance. In this paper, as an introduction, in a first step, we consider small
solutions of a system with one degree of freedom; we compare free vibration frequency and the
frequency of the periodic forcing for which the amplitude is maximal. Then we address a system
with several degrees of freedom, we look for periodic free vibrations (so called non linear normal
modes in the mechanical engineering community); we compare this frequency with the response
to a periodic forcing close to resonance.



Triple scale expansion of vibrating, resonance, periodic solution 3

2 One degree of freedom, quadratic and cubic non linearity

We consider a stress-strain law with a strong cubic non linearity:

d
N = kit + (i, €) with &(i, €) = mea® + —wi®
€
where € is a small parameter which is also involved in the size of the solution; m is the mass,
k the linear rigidity of the spring and @ the change of length of the spring; the choice of this
scaling provides frequencies which are amplitude dependent at first order.

2.1 Free vibration, triple scale expansion up to second order

Using second Newton law, free vibrations of a mass attached to such a spring are governed by:

. d_.
U+ Wi+ ci® + —u = 0. (1)
€

Remark 1 — We intend to look for a small solution therefore, we consider a change of function

and obtain the transformed equation:
i 4+ w?u + ecu® + edu® = 0.

In this form, this is a Duffing equation for which exists a vast literature, for example see the
expository book [KB2011].

— For the scaling we have chosen, when we use double scale analysis, we remarked in [BR09]
that the approximation that we obtain does not involve explicitly the coefficient ¢ of the
quadratic term; this coefficient is only involved in the proof of the validity of the expansion.
In particular the frequency shift only involves the coefficient d of the cubic term.

— However when we use three time scales, the coefficient of the quadratic term is involved in
the frequency shift.

— On the other hand, if we would let ¢ — +00 in (1) , we would get a singular perturbation
problem; this is not considered here.

As we look for a small solution with a triple scale analysis for time; we set

Ou Ou Ou
T Diu=—— and Dou= — (2)

To = wt, T =¢et, Tp=e€’t, hence Dou = aT, T,

and we obtain

d
diz — wDou + €Dyu + € Dou
d2
Tt;‘ = w?D3u + 2ewDy Dyu + 2€2wDo Do + €2 D?u 4 26 Dy Dyu + € D3u.

As we look for a small solution we consider initial data @(0) = ea+€2v; +O(e?) and u(0) = O(e?);
or u(0) = a + ev; + O(e?) and (0) = O(e?); we expand the solution with the ansatz

u(t) = w(Ty, Ty, Tp) = u™(Ty, Ty, To) + eu'® (Ty, Ty, Ty) + €2r(Ty, Ty, Ts); (3)

so we obtain:
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du  du du®  dr  du® du®
@ @ Ta TTa T e T
= [wDou(l) + eDuM + eDgu(l)] + e[wDou(2) +eDu® + eDgu(Q)]
+ €2[wDor + €D11 + €2 Dyr]

dr
+ 2Dor + 62(5 — wDyr)

and with the formula
1 (dr 212 2 312
Dyr = — o w*Dgr | = 2wDoD17 + € [2WDOD2T + Dir + 26D1D2T,] + €’ D5,
€
we get

Pu d?>u™) d?u® L d?r dPuM) du® 3
2T ar g g T g g Tt el

= wQDSu(l) +€ [2wD0D1u(1) + wQD(Q)u(z)}

+ e {2WDOD2U(1) + D?uW 4 20DgDyu® + D%r} (4)
i PD 1Dou™ + 20D Dyu® + DYl + Dgr}
+e {D%u(l) + 2D Dyu'® + eDgu(Q)} )

We plug expansions (3),(4) into (1); by identifying the powers of € in the expansion of equation
(1), we obtain:

w? [D3u® +u?] = S, (5)

{ DZu® 44 =0
D3r + r] =53

5
with
Sy = —cu(1)2 — duM? — 20Dy D1u™M  and
Sy = —2cuMu® — 3duM?4® — 20Dy Dyu) — Dfu(l) — 2wDoyDyu? — eR(e,r, fu(l),u(2))7
with
R(e,r, u(l),u(z)) = 2D, Dou™™ + 20wDoDou® + Dfu@)
+ cu®? 4 2eru® + 3duMu®? + 3duD?r + Dar
€ (D%u(l) + 2D, Dyu® + eD%u(2)> + ep(u™ u® r €
and with p, a polynomial in 7:
p(uD,u® r €) = 2eru® + du®3 + +6duMu@r
+ e(er? 4 3du®?r 4 3duVr?) + E2[3duPr? + edr?).

For convenience, we perform the change of variable 6(Ty, Ty, T2) = Ty + 5(T1, T2); we notice that
Do = 1; D10 = D13 and D6 = D 3; we solve the first equation of (5) with Dou)(0) = 0, we
get:

uV = a(Ty, Ty) cos(h). (6)
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Remark 2 We notice that a and § are not constants but functions of time scales T} and Ts
because u depends on these times scales. The dependence of these functions with respect to
T1 and Ty will be determined by solving the equations of the following orders and eliminating
the so-called secular terms.

First, we determine the dependence on 77; with simple manipulation of the second equation of
(5), we obtain

2 3 _ 973
Sy = —%(COS(Q@) +1)— d% cos(30) + cos(d) ( SZa + 2waD1ﬁ> + 2wD;asin(6)

we gather terms at angular frequency w:

3
S = 2 cos(0) + 20 [Drasin(0) + aDyfeos(0)] + 5§ where

2 d 3
a (1 + cos(26)) — % cos(306)

St =

It appears some terms at the frequency of the system, these terms provide a solution u(?) of the
equation (72) which is non periodic and non bounded over long time intervals. We will eliminate
these so-called secular terms by imposing:

da?
Dia=0and D.0= 3da (7)
8w
the solution of the second equation of (5), is:
2 2 3
2y —ca ca da
u® = - + 62 cos(20) + 3902 cos(30).

Remark 3 We have omitted the term at frequency w which is redundant with «(!); however this
choice is connected to the value of the initial condition; see Remark 5.

For the third equation of (5), the unknown is r; this equation includes non linearities; we do
not solve it but we show that the solution is bounded on an interval dependent on €. We use the
values of ™, u? in S5. Intermediate computations:

_ 3 3 da?
uMu? = 1;% cos() + %uﬂ cos(30) + 64(3‘)2 (cos(26) + cos(46)).
—5cat  da® a* da® cat da®
(uM)2u?) = 12 +1287COS(9) 6 — cos(20) + e 5 cos(30) + Y] cos(40) + o802 cos(50)

The right hand side, after some manipulations is:

S3 = sin(0) (2wDsa + 2D1aD1 B + aD3 )

2,3 2.5
+ cos(f) <2waD2ﬁ Dia+ a(D1B3)? + 5c*a®  3d*a )

6w?  128w?
+ 8% — eR(r,e,u, u®?)
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with
5dca* . 4ca 4ca? 15cda*
Sg = 7 + Sln(29) <3¢uD1a> + COS(20) (leﬂ + 32L¢)2>
. 9da? —c?a®  3d%a®  9dad
+ sin(36) ( 60 Dla) + cos(36) ( 62 Gi? + 60 Dlﬁ)

—5cdat —3d%a®

+ COS(49)(327) + COS(59)(W

).
By imposing

2wDsa + 2D1aD1 3+ aD?3 =0

5ca®  3d*a®
2 2 _
2waDsf — Dia + a(D15)* + 62 12802 =0

we get that S3 = S§ — eR(e,u™ 1 1) no longer contains any term at frequency w.

As Dia=0and D5 = %, we obtain

6w2  128w2

A2t 2.3 B2a°
2waD25+a<9 a> 5c%a 3d%a

64w?

So,
5c2a?  15d2a*

Dya(T) =0 and Dyf(T3) = (_m ~ e

)- (8)

As a and [ do not depend on Tj, we note that:

% = eDia + €2Dya + O(€)
05 , ©)
= = D18+ EDaf+0(eY),

thus taking into account (7) and to (8), we obtain:

—5c2a?  15d%a*

da B @ - 3da? B
12w3 256w3

ga _ _ 2
7 0 and o € » +e(

) (10)

therefore, the solution of these equations is:

3da®> , 5c%a® 15d%a?
€

a=cte and ft)= 8w +el= 1203 256w3

)| t. (11)

The constant of integration is chosen to be zero as the initial velocity satisfies u(0) = 7(€?).
In order to show that, r is bounded, after eliminating terms at angular frequency w, we go
back to the t variable in the third equations of (5).

&2 i
Ez +wir =S, (12)
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with 53 = Sg(t, €) — eR(r,e,uM u) where

cda*

5dcat 15¢da*  cda*
2w? )

Si(t,e) = o Tt +8n) (55 5 w) + sin(2(wt + B(t)))(

—c?a®  3d%a® 27d%a° . 9d%a®
67 6d? | 12802 ) +sin@wt +5(0))(752)

—3cda* —3d%a®
T ) + cos(b(wt + ﬁ(t)))(7128w2

+ cos(3(wt + B(1))) (

+ cos(4(wt + B(1)))( )

and R = R(e,r,u™ u®) - Dyr.

in which the remainder R, the functions ¥, 4 and their partial derivatives with respect to
T, T, are expressed with the variable .

Proposition 1 There exists v > 0 such that for allt < t. = %, the solution @ = eu of (1) has
the following expansion,

7ca2 ca2

u(t) = ea cos(vet) + €2 ( sor T+ oz cos(2uct) + % cos(3uet)> + 31 (e, t)

~ 2/ —ca? da® 3\ - 2 (13)
w(0) = ea + (557 + 552) + O(e?),u(0) = O(e%)
with
3da® 5c2a?  15d%a* 3
= - - 14
Veswhegte ( 1263 256w3)+0(6) (14)

and r is uniformly bounded in C?(0,t.).

Proof Let us use lemma 1 with equation (12); set S = Sg; as we have enforced (10), it
is a periodic bounded function orthogonal to e®, it satisfies lemma hypothesis; similarly set
g = R;itis a polynomial in variable r with coefficients which are bounded functions, so it is a
lipschitzian function on bounded subsets and satisfies lemma hypothesis. 0O

Remark 4 We notice that if we increase ¢, there is a change of convexity of the mapping a — v;
this is an effect which cannot be noticed by just obtaining a first order approximation of the
frequency with a double scale approximation of the solution as in [BR13]. See numerical results
at the end of subsection 2.3.

Remark 5 We can notice that we can also derive the solution which satisfies ©(0) = ea by adding

2 3
to the solution —e?(5o5 + :2%) cos(vet)

2.2 Numerical Results

In the figure 1, we find plots of the Fourier transform of solutions; on the left, the linear case,
we notice one frequency and on the right, three frequencies in the non linear case. the Fourier
transform displays the frequencies, 1 = 0.164; 2v1 = 0.329; 3v; = 0.493

We notice good correlation between analytical results of asymptotic expansion and an inte-
gration step by step (with Scilab program ODE and numerical fast Fourier transform).
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Fig. 1 Dynamic frequency shift(fft) linear(left) and a non linear element with two methods(numerical(blue),
asymptotic expansion( red))

2.3 Forced vibration, triple scale expansion up to second order
2.8.1 Derivation of the expansion

Here we consider a similar system with a sinusoidal forcing at a frequency close to the free
frequency; in the linear case without damping, it is well known that the solution is no longer
bounded when the forcing frequency goes to the free frequency. Here, we consider the mechanical
system of previous section but with periodic forcing and we include some damping term; the
scaling of the forcing term is chosen so that the expansion works properly; this is a known point,
for example see [Nay86].

. . d
U+ Wi+ eXu + ci? + —a® = €2 F,, cos(Wet), (15)
€

where F,, = % with the mass m; we assume positive damping, A > 0 and excitation frequency
w is close to an eigenfrequency of the linear system in the following way:

Je = w + €0. (16)

Remark 6 — We look for a small solution with a triple scale expansion; as for the free vibrations,
we consider a change of function and obtain the transformed equation

il + wu + e\t + ecu® + edu® = €F,, cos(Wet).
— To simplify the computations, the fast scale Tj is chosen to be € dependent.

We set:

Ju Dyu= a—u and Dsou = Ou

To = @ct, Ty =cet and T = €2t, therefore Dou = 87T0’ T, G—TQ,
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SO

d
diti = &.Dou + eDyu + €2Dyu and

(17)
d2
ﬁg = ~3D(2)u + 2ee Do D1u 4 2¢> Dy Dou + eQDfu + 263Dy Dyu + 64D§u.

With (16), (17) and the following ansatz, we look for a small solution:

u(t) = w(Ty, T1, Tp) = v (Ty, Ty, To) + eu'® (Ty, T1, To) + €2r(To, T1, Ts) (18)

we obtain:

i~ ar Ta Ta T @
= [(w + e0)DouM) 4+ eD1u™) + eDyuM] 4 €[(w + e0) Dou® + eDyu® + 2 Dyu®)]

du du® du® odr du® du®

dr
+ e Dor + ¢ (E — Dyr)

dr
+ wDor + € (E —wDor)

where we remark that % — wDor = €Dy + €2Dyr is of degree 1 in €. For the second derivative,
as for the case without forcing, we introduce

1, d?r
Dg’l‘ (@— 2D(2)’I“)

= 20D D11 + € [20DoDar + Dir + 2¢DaDyr] + €2 D3r

and we get

du d?>uM) d*>u® yd?r  d*u™ d?u® 9 3
-5 = 13 +6F e +e— e + 0’ Dir + €Dy

= &'JQDgu(l) +e [ZLDDODlu(U + &JQDgu( )
e {%DODQu(l) + D2 4 20D D1u® + @2D§r]
+é [2D1D2u<1> +20DoDyu® + D2 4 Dgr}
+e€ [DQ W 4 2D1D2u(2) + GDSU(Q):| .
We plug previous expansions into (15); we obtain:

w? (D%u(z) + u(Q)) =5 (19)

DZu™ 4w =0
{ w? (D%r—i—r) =53

with

So —cu(1)2 — du™? — 20Dy D1u™ — A\wDou — QwJDSu(l) + Fp,cos(Tp) and (20)
S3 = —2cuMu® — 3duM24? — 2wD0D2u( ) — D%u(l) — 2wD0D1u( ) — 02D2 W _ 20DgD1u a
(21)

—2woD2u® — AwDu® — ADyu™ — Mo DouV — eR(e, r,u™), u?) (22)

)

with
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revoir
R(e,r,u™ u?®) = 2D, Dou™ + 20Dy Dyu® + D?u(?)
+ cu®? 4+ 2cuMr + 3duMu®? + 3duM?r + NwDor + Dou™ + D1u® + eDyu?)
+€ (D%u(l) + 2D Dou® + eD%u(Z)) 4+ D3r + /\(% —wDgr) + ep(u(l), u® €)
and

p(uD,u® r €) = 2eru® + du®3 + +6duDuPr
+ e(er? + 3du®?r + 3duMr?) + €2 [3duPr? + edr).

We solve the first equation of (19):
uV = a(Ty,Ty) cosb (23)

where we have set 0(Ty, T1,T2) = Ty + B(T1,T2); we use cos(Tp) = cos(6) cos(5) + sin(0) sin(B)
and we obtain

ca® da® . .
Sy = —7(008(29) +1) - Ve cos(30) + sin(0) [2wD1a + dwa + Fyy, sin(()]
3da?
+ cos(0) |2waD1 8 — 1 + 2wac + F, cos(f)
—3da?

or Sy = cos(f) + F,, cos(ﬁ)} + 2w[Dyasin(8) + a(D15 + o) cos(8)]

+ sin(0) [Mwa + Fy, sin(3)] + 5%

2 3
with S% = —%(005(29) +1)— d% cos(30).

By imposing

2wDia 4+ dwa = —F,, sin(f3) (24)
2waD1 3+ 2wao — # = —F,, cos(B),
the solution of the second equation of (19) is:
2 2 3
2y —ca ca da
u? = ol + @COS(?G) + 39,2 cos(30) (25)

where we have omitted the term at the frequency w is which redundant with w().
The third equation of (19) includes non linearities, the unknown is r, we do not solve it, but
we show that the solution is bounded on an interval which is € dependent; the right hand side is:

S3 =sinf [QwDQa 4+ XaD16+ 2D1aD1 5+ aD%ﬁ +20D1a + )\aa]

5c2a3 B 3d?a®

6w? 128w?2

+ Sg — €R(e,r, u, u(z))

+cosf |2waDyf3 — ADya — D?a + a(D158)? + o%a + 20aD1 3 +
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11
where revoir
5cda* 4ca 15cda4
f_
S5 = < n 26 {Dla—l—)\?)}—i—c 529[ 39,2 ]—l—
da® 3\da® 9da? c2a3 3d%a®
30 D —_— 30 —
sin [ 16w " 6w ]+COS { 16w 62 64w2]
—3cda* 3d%a®
cos 46 [ 192 } ~ 128,72 <% 50 (26)
To eliminate the secular terms, we impose:
2wDsa + AaD1( + 2DvaD1 3 + aDQB + 20D1a + Aao = O o7
3 2 5
2waDyf3 — ADya — D2a + a(Dyf3)? + 0%a + 20aDy 3+ Soa — 34 @7
In the system (24) the expression of Dja, D1 can be extracted
Dla — _Fm;f(ﬁ) _ )\70‘ 28
Difi = — — Fuconto) i (28)
As the functions a and § do not depend on Tj, the following relations hold
da 2 3
g = eD1a + € Doa + 1€”) (29)
d
£ = 6D15+€2D25+/€3)- (30)
We are going to express ‘fl‘;, ‘fif as functions of a, 3. We manipulate equation (27)
2wDsa + (Aa + 2Dqa)(o + D13) —aD?3 =0
502(13 2a5
2waDsff — ADra — D3a + a(o + D1f)? + 204 — 3 —
then, we replace Dya, D18 by their expression in (28), we get
2wDsa — Fm%n(ﬁ)(a +D18) —aD33=0
2 5
—2waDyB — ADya — D2a + a0 + Dy B)? + 24 — 30l
and
2%wDsa — Fpn s‘in(ﬁ)( szcaoj(ﬁ) + 3da ) aD%ﬂ —0 a1
. 2 2 3 2 5
—2waDyff — N(— Fm bm(,B) /\a) _ D%a—ka(FmQCaO:(B) _ 321%)2 + 5&}2 _ fgsf;z —0.

On the other hand, we can determine D?a and D?3 by differentiating (28)

2 Fpcos(B)D1f ADia
Dro=——""5, T2
DG = F,,sin(8)D, N (Fm cos(0) N ?wda) Dia

2aw 2a2w 4w
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or with (28)

Dia — _ Fmcos(d) (Uchos(ﬁ) 3da2) A( Fnsin(3) Aa )

2w 2aw 8w 2 2w 2
D23 = F,, sin(pB) o F,, cos(f) n 3da? n F,, cos(B 3da msm _Aa
2aw 2aw 8w C2a%w 2
or
D2 oFncos(B)  FZcos?(B)  3da?Fp,cos(B)  AF,,sin(B3) n Na
a= _ il
! 2w 4aw? 16w?2 4w 4
D2 = oFnsin(8)  FZsin(B)cos(8) 3daF,,sin(8) AF,cos(8) 3dAa®
= 2aw 2a2w? 16w? daw Sw
Then, in (31) we use previous formula
. 2
2%wDoa — Fr, il)n(ﬁ) (_Fch;ous)(ﬁ) + 352 )
o Fy, sin(f3) F2 sin(B) cos(B) 3daF,, sin(3) AF,, cos(f3) 3d\a?\ __ 0
+a|— 2aw - 2a2w? - 16w?2 - daw T T 8w -
. 2 2 . i
2waDyff — N(—EmsnlB) _ Aay (aFm;os(ﬁ) | Fncos’(B) 340 P cos(B) | AFmsinG8) ¥)
—Fy, cos(B) 3da 5¢%2a® 3d%a®
+CL( 2awb + ) 6w2  128wZ
we manipulate
9da’®F,, sin(8) o F,, sin(f3) AF,, cos(B) 3dha® _
{ A ) . s el cs) i ) A5 5
'm Sin A oF,, cos a” F), cos 5d°a 5c“a”
2waDoff + === 4 o 2w - T6w?2 ~ 28,2 5oz =0
and we obtain:
DQCL _ 31616)\(12 + UFm smB + )\Fm cosﬁ + 9da23g2351n5 (32)
_ 1od2 4 sa? FrycosB | 3daFycosB _ AFpsing
Doff = =55 = 25607 — T2 T = 4wCZS + a32w§os - 8w§a
Now we return to (29) introducing (28) and (32), we obtain:
da __ . (_Fm sin(3) _ da
dt 2w 2
6 (S0 4 St 4 2l ) 1 0(0)
dg __ 3da? F,, cos(B3) 2 A2 15d%a* 5c2a? (33)
E—g(_‘7+ 8v ~  2aw >+€ <_8w_ 256w° 1207
FrocosfB | 3daFmcosB  AFmsinf 3
+oTpged  salgesd _ Magind ) 1 O(e)

Orientation: amplitude and phase equation.Equations (33) ensure that Sg has no term at fre-
quency of wy or which goes to wi .

This will allow us to justify this expansion in certain conditions; before we need to consider the
stationnary solution of the system (33) and the stability of the solution close to the station-
ary solution. This equation (33) is an extension for triple scale analysis of a similar equation
introduced in a preliminary work with double scale analysis in [BR13].
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Remark 7 In this approach, we are using the method of reconstitution; this term has been intro-
duced in 1985 in [Nay86| in order to resolve a discrepancy between higher order approximation
solutions obtained by multi scales method on the one hand and generalised averaging method
on the other hand; it has been discussed in [VLP0S] and from the engineering point of view, the
controversy has been resolved in [Nay05]; however the present mathematical proof of convergence
seems new.

Remark 8 The previous equations are of importance to derive the solution of the equation (1);
their stationary solution will provide an approximate periodic solution of (1).

2.8.2 Stationnary solution and stability

Let us consider the stationary solution of (33), it satisfies:

g (a,,@,a,e) = 07
{ g;(aalg707 6) =0 (34)

with
_Fmsin(ﬂ) - &)+

g1 = «( 2w 2

2/3dXa® | oFnsinf8 | AFncosB |, 9da®F,,sinf 3
(16w2 + =4zt T8zt 3203 )+ O(€)

(. 3da® _ Fucos(d) (35)
92_6( o+ 8w 242aw 2)2
2 _)\72 _ 15d%a”  5c’a o F,, cos B 3daFy cosB _ AFpsin 3 3
+e (80~ Woor ~ 1o T Tidta T mos i, ) T O(€).

Now, we study the stability of the solution of (35) in a neighbourhood of this stationary
solution noted (a, 8); set a = a + a and § = [ + (3, the linearised system is written :

(5)-4()

J— Jag1 091
0ag2 0gg2

with the jacobian matrix

we compute the partial derivatives:

— A 2 _ (3da = Fy,cos(B) 9
Oagr = €(— 2) + O(€?) Oage = € ( ™ 5L, + O(?)
__ Facos(f) 2 _ Fpsin(p) )
3591 ——6T+O(€ ) aﬁglg —Ew‘f'O(G )
or:
— A 2 0 9da 5
agr = e(=5) + O(€) Dage = e~ + 2 —) + O(e?)
3da? A
dyg1 = e(oa — . )+ O(e%) dy92 = €(—5) + O(€%)
8w 2
The matrix trace is tr(J) = —\e and the determinant is
A2 3doa® = 27d%a*
_ 2| 2 3
det(J) = e 1 +o o + o1 + O(e%) (36)
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the two eigenvalues are negative for € is small enough; when

< 3da®> 1 [9d%at \2
T 4w 2V 16w?

then the solution of the linearised system goes to zero; with the theorem of Poincaré-Lyapunov
(look in the appendix for the theorem 1) when the initial data is close enough to the stationary
solution, the solution of the system (33), goes to the stationary solution.

< 3da®> 1 [9d%a* \2
T 4w 2V 16w?

and € small enough, the stationary solution (a,[3) of (33) is stable in the sense of Lyapunov (if
the dynamic solution starts close to the stationary solution of (35), it remains close to it and
converges to it ); to the stationary case corresponds the approximate solution Ugpp = €Ugpp Of

(15)

Proposition 2 When

—ca? ca? as

+ = cos(2(@ct + ) + diz cos(3(@et + B))

ﬂapp = €a COS((IJEt + B) + 62 [W 6w 32w

with
De=w+ €0
It is periodic up to the order two.
Remark 9 The expression of u,y, uses the remark
uV) = a cos(Ty + ) = a cos(@ct + 3)
2)

and similarly for u(2).

With this result of stability, we can state precisely the approximation of the solution of (15)

2.3.8 Convergence of the expansion

Proposition 3 Consider the solution @ = eu of (15) with initial conditions

— a2 2 3
(0) = e cos(60) + [ 5o 1 0 cos(a) + s cos(30) + O(P), (37
2 3
i(0) = —ewag sin(Fo) + €[ 22)6;0 sin(263y) — 3(12(232 sin(39)] + O(€?) (38)

with (ag, Bo) close of the stationary solution (@, );
|CLO — EL| < 6201, |ﬁ — B| < 6201

< 3da’ 1 /9d%a*
— 4w

2V 16w?
¢ > 0 such that for all t <t.= %, the following expansion of u = eu is satisfied

u(t) = ea(t) cosgdjet + g(t))—l— .
(55 + fom cos(2(@t + (1)) + 553 cos(B(@t + B(1))] + €¥r(e, 1)

when o — A2 and € small enough, there exists

(39)

with ©. = w + €0 and r uniformly bounded in C?(0,t.) and with a, B solution of (33)
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Proof Indeed after eliminating terms at frequency vy, we go back to the variable ¢ for the
third equation (19).
d*r _g
P +wir = 3
with
S3 = Si(t,€) — eR(uM,u® r,¢) with R = R — Dyr — N(% — Dyr)
with all the terms expressed with the variable ¢. We express S5 ! in (26) by inserting Dqa, D13 by
their expressions in (24) and using 6 = @t 4+ F; this function is not periodic but is close to a
periodic function STi by replacing 3 by £3.
As the solution of (33) is stable, for t < %:

B(et, €t) — B| < ECh,  a(et,€’t) —a| < Co

and

158 — S| < 204
so this difference may be included in the remainder R. We use lemma 5.1 of Appendix (already
introduced in [BR13]); with S = 53, it satisfies lemma hypothesis; similarly, we use R = R; it
satisfies the hypothesis because it is a polynomial in the variables 7, u1, ¢,with coefficients which

are bounded functions, so it is lipschitzian on bounded subsets.
O

Remark 10 The previous proposition states that for well prepared data close to the stationary
solution, the triple scales approximation converges in the sense that the difference between the
solution and its approximation is equal to € where r is a function which remains bounded in
C?(0,t.) with t. = 1, for some constant v, with e going to 0.

2.8.4 Maximum of the stationary solution, primary resonance

We consider the stationary solution of (33), it satisfies,

{eisdzs @

with formulae (35). We are going to find an expansion of a, 3, 0 with respect to the small param-
eter € when o +— a reaches a maximum. The idea is that the functions (o, €) — (a, ) are defined
implicitly by the previous equations; the jacobian matrix is

91a> 913 9io Yie
92a 928 920 92
and its sub matrix J,z is:

J(a.8) = (gm 91ﬁ>

92a 925

in paragraph 2.3.2, we have proved previously that when o, ¢ are small enough, J,5 # 0 and so
with the implicit function theorem, in a neighbourhood of the stationary solution, there exists a
regular function

(0, €) — (a, B).
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We first transform (34) (35) in the following way
Fpsin(8)  Aa

gi(a,B,0,¢) = (— o 5 )+ €Ai(a,B,0) +O0(?) =0 (41)
3da®>  F, cos(B) 9
— (—F — _ A = 42
92(0"67076) ( g Sw 2aw )+ € 2(a7ﬁ70)+o(6 ) 0 ( )
with
3da® oF,sin8 AF,cosB 9da’*F,,sin 3
Ai(a,B,0) = 3673 1?8 T 3.8
A2 15d%a*  5c%a?
(a,8,0) = o — o _

8w  256w? 12w3
oF,cosfB  3daF,,cos3 AF,,sing
4w?a 32w3 8w2a

We derive a first approximation of sin 3 and cos 8 by neglecting terms of order one in e:

Fm2ii)n[3 _ >\2a + O( ) (43)
L”;fsﬁ 35“ —oa+ O(e)
Using dgl =0, we get
F,, cos(B) 08 Aanr d—AlJrO() (44)

2w o 200
When a is maximum with respect to o, we get another equation g;‘ = 0; with previous equation,
we get a third equation g3 = 0 with

g3<a’aﬂaa7 6) =

We have for € = 0, % =0, %%‘3 = 0; we denote ag, 35,0 the solution of the 3 equations for
e=0.

We differentiate (43) with respect to o; when 3—2 = 0, we obtain for the first approximation

{ Fm cos(Bg) 3,30 _

F, sm(ﬁowﬁo + ai =0

3 (45)
2w
and so cos(fy) = 0, sin(G}) = %1; if we use (41), we notice that a change of sign of sin(Gf)
changes the sign of a; so we choose sin(3;) = —1 and ag has the sign of F,,,; then with (41), (42),
the following equalities hold:
Fp, _ 3day?  3dF?

% = 3o 70 Sw 8A2w3 (46)

with (45), we get also % = 2% — 2 We remark that c is not involved in these formulas. Then

Fp,
we can compute for € = 0, % = 0; %—%’ = F;%:)‘(B) gf I;w, % = 0. So we obtain that the
determinant of the extended matrix
91a 918 91,0
J*(a,8,0) = | 920 928 92.0
93a 938 93,0

is not zero for (ay, 35,0¢4); so once more, we can use the implicit function theorem to define
differentiable functions
* * *
e— (a",8%,07)

where we denote a*, 3%, 0* the solution of the 3 equations.
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After this first approzimation, we look for an expansion of these functions: € — (a*, 5%, 0*);
a* = a} +eal +O(2), B =65+ eff + O(2), o = o} + ea; + O(e2). (47)

We perform some preliminary computations of A} o = Ay(ag, 85,00), A5 = A2(ag, B5,04);

. _ 3dhal® o Fy, sin(8y) N 9day? F,y, sin 3%
YO 16w? 4w? 32w3

A2 15d%alt BcPal? AFy,sin ]
8w 256w3 12w3 Sw2ag

then, we use the values of (46) and we get

* p—
Az 0=~

o Buoy __Mai; 0Ly _ Fusin(®) _ ash
Lo 92 T 2w oo dw?  dw (48)
A C15dPagt 5c%ai® 5oy 5Pap? 045,  —Fycos(35) 0
207 256w3 12w3 12w 12w3 ’ do dw2a B
A7 o _ oy cos(B5)  AFmsin(f5) N 9da?F,, cos(3%) _ AP Aaj (49)
ap 42 8w? 32w3 Sw? 8w
043, __opFmsin(85)  3dagFsin(B5)  AFw cos(65) (50)
op dw?af 32w3 8w2a
_ 0iFm | 3daiF. _ 0§Fm _ ofA. 5)
dw?a} 32w 2w?aly 2w’

On the other hand, we notice that sin(8y + €31 + O(¢?)) = —1 + O(e?) and with (46), we
expand formula (41) to obtain at second order

Aay . 7)@508‘
2 RO 9y
and therefore .
. ajo,
1= (zuo (52)
We compute
910  0Ai, 2 Aag 2
9% =~ 9y +O(e )—*6@4’0(6 ) (53)
9970  Fncos(B)  0A7, ) EnfBt Naj )
0 _ , _ B _ 4
e 5 +e 5 + O(e%) 0 €55 + O(e%); (54)
where we have used cos(3y + €81 + O(€2)) = —eB1 + O(€?) and g—g =0
@ _ Y910 91,0% 91,0@ 4 0(62)
do do 08 0do 9B 0Oa
_ Aag F.B7  \a 2 9 55
_6{ 4w+< 2w 8w A +0(<) (55)
* * )‘ 2
= —ea} (8] + 2w) + O(¢%)

L dg
as 5L =0, we get
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pi = A (56)

—5

We use these approximations in the second equation (42) to obtain

3daj? dafa;  Fp.07 N
—(0§ +e07) + Swo + Ge 8(20 Ly QCL*% +eA50+ O() =0 (57)
0
and hence
3dajal  FpB7
ko A*
o1 1w 2a + Ag (58)
_ 3dag agog F, A 4oAr
4w w 2a5w \ 2w 2,0
2 2
o5 A .
=_920 2
w 4w 20
_ oy? _ 5c?al _ )\72 (59)

We remark that we get a frequency slightly different of the free vibration frequency associated
to the same amplitude.

We have obtained the following important result.

Proposition 4 The stationary solution of (33) satisfies

(Pusin(® _day 1 cAy(a,B,0) + O() =0
(0 — %o 4 oplB)) 4 edy(a,B,0) + O(c?) = 0

8w 2aw

with

3d\a®  oF,sin3 AF,cos3 9da3F,, sinp
Arla o) = 3603 1?8?38
A2 15d%a* 5c2a% oF,, cos 3 3daF,, cos 3 7 AF,, sin 8

A =z - -
2(a, B,0) 8w 256w3 1203 4w2a, 3208 8w?ay

this stationary solution reaches its maximum amplitude for o = of + eo} + O(€?), a* =
ay + ea; + O(2), B* = B + €87 + O(e?) with

F,, 3da32 3F2 s
o Imo = m e 61
% = 3w 0 Sw 8A2w3’ Ho 2 (61)
and
. 29 o bcfai? N2 87d*al  5cfay? N2 . A . aso;
01 = =75 .00 — 3 T 4. orp 3 103 1 1=5 5 @& =—-———
12w 12w 4w 256w 12w 4w 2w w

the periodic forcing is at the angular frequency

Qe =w +eay + 2o + O(2)
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it is slightly different of the approximate angular frequency ve of the undamped free periodic
solution associated to the same amplitude. (14); for this frequency, the approximation (of the
solution i = eu of (15) up to the order €2) is periodic:

u(t) = ea”* cos(wet + B*t) ’
2 + Sy cos(2(@et + 7)) + 5oz cos(3(@et + B4))] + Er(e,t)  (62)
(0) = ea* + [ + L1 1 0(eY),  u(0) = O(?)

3w?

with T bounded in C?(0,t.)

Remark 11 We remark that, for ¢ small enough, this value of ¢* is indeed smaller than the
maximal value that ¢ may reach in order that the previous expansion converges as indicated in
proposition 3.

Remark 12 We have obtained an expansion of &, up to order €? to be compared with the expan-
sion with a double scale analysis (see in [BR13]); in particular the amplitude dependence on the
frequency of the applied force depends on the ratio of ¢ and d; see numerical results below.

We have justified the basic behaviour of a primary resonance; many other phenomena may
appear like subharmonic resonances, see for example [Nay86].

d=1,c=1,wl=1,deltasig=0.000001,ksigmax=25,alpha=0.01,eps=0.01

1.98 L
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Fig. 2 Left: amplitude versus frequency of stationary forced solution in blue and magenta; amplitude of free
solution in red. Right: phase versus frequency of stationary forced solution

In figure 2, weuse e = 0.01,A =1/2,¢c =1,d = 1,w = 1, F = 1. On the left, the solid line displays
the amplitude of the solution of this equation with respect to values of the frequency; we have
solved (40) with the routine FSOLVE of Scilab; it implements a variant of the hybrid method of
Powell. In proposition 2, the solution is stable when sigma is small enough; the routine FSOLVE
fails to solve the equation when o is too large; then we have exchanged the use of o and a. The
dotted line plots the amplitude of the free solution with respect to its frequency. On the right,
the phase v = —f is plotted with respect to the frequency; it is also obtained by solving (40)
with the routine FSOLVE.

1.0145
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d=0.25,c=6,wl=1,deltasig=0.000001,ksigmax=25,eps=0.01

2.000 1.80
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frequency

Fig. 3 Left: amplitude versus frequency of stationary forced solution in blue and magenta; amplitude of free
solution in red. Right: phase versus frequency of stationary forced solution

In figure 3, we use € = 0.01,A =1/2,¢=6,d = 1/4,w = 1, F = 1. On the left the solid line
displays the amplitude of the solution with respect to values of the frequency; on the right the
phase +y is plotted. We notice that the behaviour is quite different of the previous plots.

Remark 13 We emphasise that the behaviour of the last plots is linked to the ration of ¢ and d;
this type of behaviour cannot be obtained with double scale expansion ; see [BR13].

3 System with local quadratic and cubic non linearity
3.1 Free vibrations, triple scale expansion up to second order
We consider a system of several vibrating masses attached to springs:

Mu+ K i+ (i, €) = 0 (63)

The mass matrix M and the rigidity matrix K are assumed to be symmetric and positive definite.
We assume that the non linearity is local, all components are zero except for two components
p — 1, p which correspond to the end points of some spring assumed to be non linear:

d

Qsp—l(ﬂ) = C(ap - ﬂp—l)z + g(ap - ap—l)ga Qsp = _gpp—l (64)

In order to get an approximate solution, we are going to display the equation in the generalised
eigenvector basis:

Ko = wiMey, with ¢f M ¢ = ddp, k,l=1...,n (65)
So we perform the change of functions:

W= gutr; K=Y §Kor = hrwiMer; Mii=_ Moy, (66)
k=1 k=1 k=1 k=1
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we obtain

Uk + Witk + of PO Gidi€) =0, k=1...,n
1=1

As @ has only 2 components which are not zero, it can be written

Uk + widk + (Grp1 — 0kp) Lo (O Gichise) =0, k=1....,n
=1

or more precisely

n

2
Ui + Wb + (Prp—1 — Prp) lc (Z Gi(Pip — ¢i,p1)> +

i=1
3
d n
€<Z?Ji(¢i,p—¢i,p—1)> 120, k=1...,n (67)

i=1

Remark 14 As we intend to look for a small solution, we consider a change of function
and we obtain the transformed equation:

n 2
i1+ wiyk + (Drp-1 — Prp) [GC (Z Yi(Pip — ¢i,p1)> +

i=1
n 3
ed (Zyi((bi’p_(bi}pl)) ] =0, k=1...,n (68)

i=1
3.1.1 Deriwation of an asymptotic expansion

As for the 1 degree of freedom case, we use a triple scale expansion to compute an approximate
small solution; more precisely, we look for a solution close to a normal mode of the associated
linear system; we denote this mode by subscript w;; obviously by permuting the coordinates,
this subscript could be anyone (different of p, this case would give similar results with slightly
different formulae); we set

To=uwit, T)=c¢et, Th=cthence Doy, = %’ Dy, = 27 and Doy = g?k (69)
and we use the ansatz
ue(t) = ye(To, T, To) =yt (To, T1, To) + ey (To, Th, To) + ru(To, T1, To) (70)

So we have:

d? Ye
dez

2D(2) (1) te {2W1D0D1y( )+D2 (2)]
(1) (1) (2) 2
+ €2 2w1 Do Doy, + Dlyk + 2w Do D1y, + Dir
|:2D1D2y( ) —+ 2w1D0D2yk ) + Dlyk ) + DB"'ki|

+ et [ D3y + 201 Doy + DBy |
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with

1 [/ d?
Dsry = — <dtr2k — w%Dgrk> = 2w1DoD1ry + 6[2W1D0D27“k + Dlrk] + 2¢2 D1Dory + € DQ’)"k
€

We plug previous expansions (70) and (71) into (68); by identifying the coefficients of the
powers of € in the expansion of (68), we get:

WDy 4 wyV =0 | k=1...,n
w%DSy,(f) + w,%y,(c ) — =5k, k=1...,n (72)
w%DOrk—i—wkrk—S‘;’k , k=1....n

where Sy i, S35 are defined below; to simplify the manipulations, we set d¢xp = (dr,p — Pk.p—1);

52 k= _C(S(bkp Zyl 6¢lpy(1)6¢mp _d6¢kp Z yél)yl(l 6¢lpy 1)6¢gp5¢0p _QWIDODly( )

l,m g;l,0

sk =—cOny | D 0?0100, | — doduy [ D un u(Mus” 660 06p001

3%} h,g,l

— 2w DoDay” — D2y — 2w, Dy D1y — RV, 1P 1y €)
with

Ry, (e, T/c7y;(cl)7y;(€ N = 2D1D2y;(€1) + 2W1D0D2y1(€2) + D%y,(f)

+ by | Dy V001,005 | + o | Sy ride,,000
l.j

l,j

+dodiy | D Uy u P bnpdgpodny | + dodiy, | Sy yiridony00g,001,

h,g,l h,g,l

+ Dary + G(Dgy;(cl) + 2D1D2y(2) +eDj (2)) + GP(y;(cl)v y;(f), Thy €)
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and with a polynomial in the variables r,, with coefficients y( ), yf(ﬁ),

p(y l(cl)»yl(f)ﬂ’m €) = codip Zyz 70¢1p0¢jp | + doryp th )yg(;z)rla¢hp5¢gpé¢lp

l,j h,g,l

+ ddory Z Yy, yé2)yl(2)5¢hp5¢gp§¢lp
h,g,l

+ec|cdpry | D ririddipddsy | +dsdwy [ D Uy ri00n006p061
l,j h,g,l

+ d(S(i)kp Z ys) rgrl5¢hp5¢gp5¢lp
h,g,l

+EdSdiy | Y U rgri8ondgpdtny | + Eddpny | Y rhrgriddny06 00, | (73)

h,g,l h,g,l

We set G(TO,T:[,TQ) TO + 61(T1,T2) we note that Doe = ]. D10 = Dlﬁ and D29 = Dgﬁh
we solve the first set of equations (72), imposing O(e?) initial Cauchy data for k # 1 and
Doyil)(O) = 0; we get:

(74)

Remark 15 We note that a; and 31 are not constants but functions of times 77 and 75 because u
depends on these times scales. The dependence of these functions with respect to T7 and Ty will
be determined by solving the equations of the following orders and eliminating secular terms.

First, we determine the dependence in T7; we manipulate the right hand sides:

3
So1 = —5¢1p[ (1 + cos(20))66%, + %(608(39) + 3005(9))5(;5?4
+ 2wy [a1 D13 cos(9) + Dyay sin(6)]

3

Sok = —5¢kp[ 5 (1 + cos(20))667, + dZ1 (cos(30) + 3008(9))6@5‘;’47 for k#1

In S5 1, we gather the terms at angular frequency wy;

3
Sy = 4% cos(0))8¢%, + 2wi a1 D1y cos(0) + Dyay sin(6)] + % (75)

with
3

da
Sg L= —(5(;511,[ 5 (1 + cos(29))6¢1p 41 cos(30)6qb‘;’p
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It appears some terms at the frequency of the system, these terms provide a solution yf) of the
equation (72) which is non periodic and non bounded over long time intervals. We will eliminate
these terms by imposing:

D1a1 =0 W s (76)
3déop7,a
Dy = 8(22,11‘” :

and if we assume that w? is a simple eigenvalue and wi # 9w?, w? # 4w (no internal
resonance), the solution of the second equation (72) is:

o =06t 5h 5 cos(20)] + 661 il cos(36)

2wi ) ) 1p 3207 .
yt? = Supd83, [~ 50k + sy cos(20)] + 5¢kp5¢§pﬁ‘ng) cos(36), k=2,...,n.
(77)
where we have omitted the term at angular frequency w; which is redundant with ygl).
For the third set of equations of (72), r is the unknown, this equation contains non-linearities,
we do not solve it but we show that the solution is bounded on an interval dependent of €. The
right hand side, after some manipulations is:

5371 = sin(@) (2w1D2a1 =+ 2D1@1D161 =+ alD%ﬁl)

5c20¢8 a?  3d%04% ad
0)( 2wia1 DBy — D? D13)? 1 _ p 1
cos( )( wia1 Do B4 ta1 + a1 (D) + 6w% 128w%

+ S§,1 - ERI (rlu €, y§1)7 y§2))

where
5cdd¢T] at 4cé¢3 aq 4cdd3 a? 15¢déo? at
f 1p™1 : 1p 1p™1 1p*%1
=—F— 20 | ———D 20 | ————D —_—
3.1 82 By M| teos S DT 5
9dé¢1, a3 2048 a3 3d*0¢%, a3 9datio]
. 9 7pD 9 _ D _ pY1 1 lpD
i3 [ T6w, 10| Fcos3 62 612 T 16w D
5cddp] af 3d26645 ad
40 | — L - z 0
+ cos l 3907 12807 os50  (78)
and
5c200kp005 a3 3d*0¢r,00% a3
_ 9 p~l PY¥1p g (1) ,(2)
Sz = cos( )( 6.7 12807 + 53 % R (rk, 6,91 591 )
where
g 5cd5¢kp6¢?pa‘1l+ oy 465¢kp5¢%palD o520 405¢kp5¢%pa%D 15cd5q§;€p542)(15ch‘11
3.k = 82 S 31 L] reos 301 ot e
9ddprpdet,ai Roprpddt,al  3d25hp007 a7 9dS, 003, a3
5in3) | ————2—D 530 | — Pl PYPlp pOP1101
e [ 16, 11 eos 62 6do? T 16w 151
5Cd5¢}’cp6¢)(l3 azll 3d25¢kp5¢z ai)
40 | — P - P
eos [ 3202 8z s
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By imposing

2548 a3 2¢.8 5
2wia1Dafi — Diar + ar (D)2 + o 2000 _ g

6w? 128w?

{ 2wi Daay + 2D1a1 D1y + a1 DB = 0

we get that S5 = S§71 —€eR1(r1, ¢, y%l), y%z)) contains no terms at the frequency of the system.

—3dspT, a3 .
As Dya; =0 and D3 = #, we obtain

3d5¢‘11paf)2 N 5¢20¢8,a3 B 3d?0¢%,af _

2wia1 D (
wiarDaf1 + a1 6.2 12807

8w1

so:
502&;5?1,(1% 15d26¢§pa‘11

Dgal(Tz) =0 and Dgﬂl (TQ) = — 12wi‘)’ - 256&}? (79)
As a, 8 do not depend on T,
?g = GDlCLl + €2D2a1 + 0(63) (80)
S = €D+ €2Dof3 + O(e3)
and taking into account (76) and (79),we obtain:
day _ 0 and s _ 63d5¢‘{pa§ Lo (—5025¢§>’pa§ B 15d26¢§pa‘11) (81)
dt dt 8w 12w} 256w;
As a result, the solution of these equations is:
3dég}, a? 5¢26¢5 a?  15d2%6¢5 ai
— ot 4 =] m e 4 )| 82
m=ce and S [6 8o € 1207 256w (82)

In order to show that r; is bounded, after eliminating the secular terms, we can go back to
the variable t in the equation of 7y, we get:

d*ry % . x = (@

a2 +w%7"1 = 53,1 with 53,1 = S§,1(t’€) - €R1(7‘17€,y§ ),y§ ))

Ery - LG " , W @

2 twirg =Sy with Sy, =55, (t€) — eRy(ri, ey, ",y ) k=2,....n

where S§71 is in (78) where all time scales Ty, Ty, T5 are expressed with the time variable ¢.

Rl = Rl (6, 1, ygl)v ygz)) - D3r1

After these manipulations, we can state a proposition which will be easily proved with tech-
nical lemmas of the Appendix.

Proposition 5 We assume that w? is a simple eigenvalue and w% —9w? # 0, w,% —4w? #0 (no
internal resonance), then it exists ¢ > 0 such that for allt < t. = %, the solution g = ey of
(67) with the initial data

5 2 i3
¢ia dia
1 21 + 1 12
3wy 32wy
éral épal Jka:{’
2w 2(4w? —w?)  4(wi —w})

71(0) = ear + € (= ) +€r1(e,0), §1(0) = Oe)

(83)

7, (0) = €[ |4 €3ri (e, 0), 71(0) = O(e)
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has the following expansion:

1 () = ear cos(vet) + €[5k + 24 cos(2(v.t)) + 2k cos(3(vet))] + €¥ri (6, 1) )
e(t) = [~ zw + m cos(2(vet)) + h cos(3(vet))] + ri(e, )
with i, uniformly bounded in C%(0,t.) for k =1,...n and the angular frequency
Ve = w1 + 6(3;1;‘1’%) +é (‘fj? - ;i‘gjg ) O(e%) (85)
with §¢1, = ($1,p = $1,5-1): 8kp = (Phep — Prep—1), &1 = c(0¢1,)*, dy = d(8¢1,)* and
Cr = C(5¢1p)25¢kp, dy = d(5¢1p)35¢kp
Corollary 1 The solution of (63) with initial conditions
tpr0(0) = eay + €2 (—363%% + :gf%) +€7r1(e,0),  *¢1a(0) = O(e?)
ty o~ o Crai cpai dy.a? 3 o 2 (%6)
i) = -G+ g ) (e, i) = O
n
is u(t) = Z Je(t)pr + €3r(t, ) (87)
k=1

with the expansion of yx of previous proposition.

Proof For the proposition, we use lemma 4; set S; = 5'371, Sk = O3 for k = 1,...n; as
we have enforced (82), the functions Sy are periodic, bounded, and are orthogonal to e*%, we
have assumed that wy and w; are Z independent for k # 1; then S satisfies satisfies the lemma
hypothesis. Similarly, set ¢ = R, its components are polynomials in r with coefficients which are
bounded functions, so it is lipschitzian on the bounded subsets it satisfies the hypothesis of the
lemma and so the proposition is proved. The corollary is an easy consequence of the proposition

and the change of function (66)

a

Remark 16 1. We have obtained a periodic asymptotic expansion of a solution of system (63);

they are called non linear normal modes in the mechanical community ([KPGV09,?]. If the
initial condition is close to an eigenvector @, up to second order, the component of the solution
on this eigenvector has an approximation which has the same form as for the single degree of
freedom system; the other components remain small.

. The frequency shift is given by a similar formula with ¢ replaced by ¢ = ¢(¢1,, — ¢17p_1)3,
d replaced by d = d(¢1,p — d1,p—1)"; so the frequency shift depends on the position of non-
linearity with respect to the components of the associated eigenvector.

. In the spirit of inverse problems, this previous point opens a way to localise the non-linearity.
. We do not study the periodicity of the solution itself but as the system is Hamiltonian, it
could be obtained from general results, for example see [MH92].

. In the next section, under the assumption of no internal resonance, we shall derive that the
frequencies of the normal mode are close to resonant frequencies for an associated forced
system, the so called primary resonance; with some changes, secondary resonance could be
derived along similar lines.
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3.1.2 Numerical results

We consider numerical solution of (63) with (64); we have chosen M = I; u = 0 at both ends,
so K is the classical matrix

C = A with A = 1/2; for numerical balance, we have computed <; with the choice p = 1 we
have @1 = €[cu? + du}] with ¢ = 1,d = 1. In figure 3.1.2, for 29 degrees of freedom, we find the
Fourier transform of the components; some components have the same transform; the graphs are
slightly non symmetric; we find also several curves in phase space for some components of the
system.

We remark that up to numerical integration errors, all frequencies are equal and the compo-
nents are periodic. All these characteristics are coherent with the results obtained by asymptotic
expansions: an approximation of a non linear normal mode which is a continuation with respect
to € of a linear normal mode.

3.2 Forced, damped vibrations, triple scale expansion
3.2.1 Derivation of an asymptotic expansion

We consider a similar system of forced vibrating masses attached to springs with some damping
and submitted to a periodic forcing:

M+ eCti + Ku + ®(i1, €) = €2 F cos It (88)

with the same assumptions as in subsection 3.1. We assume that the non linearity is local, all
components are zero except for two components p — 1, p which correspond to the endpoints of
some spring assumed to be non linear. As for free vibrations, we perform the change of function

W= jkdw (89)
k=1

with ¢, the generalised eigenvectors of (65). However, the distribution of damping is almost
always unknown and it is usually necessary to make an assumption about its distribution; a
simple and widely used hypothesis is to choose a modal damping ( hypothesis of Basile in french
terminology):

C=eyM+exK
Therefore
Uk + Xkt + widn + B> Jidi,€) = € freosi Ty,  k=1....n
i=1

with
Gjy[—FGKw,% =X\, and ‘'opF = fi
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phase portrait(right)

Fig. 4 Absolute value of the Fourier transform for (fft) (left);
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As for the free vibration case, @ has only 2 components which are not zero, so the system can
be written:

i=1 i=1
=€ frcosw Ty, for k=1....,n (90)

2 3
Uk + XUk + Wilk + (Pkp-1 — Br.p) [C (Z Gi(Pip — ¢i,p—1)> +- <Z Gi(¢i — ¢i,p—1)> ]

Remark 17 As we intend to look for a small solution, we consider a change of function
and we obtain the transformed equation:

n 2 n 3
i+ €N + Wik + (Bhp—1 — Drp) [ec (Z Yi(hip — asi,pl)) +ed (Z yi(i — @,,;1)) ]
=1

i=1
=efrpcos(wct) for k=1....n (91)

We will highlight a link between the frequency of the free solution of the preceding paragraph
and the amplitude of the steady state forced solution; it is assumed that the excitation frequency
is close to the natural frequency of the linear system

We =Wy + €0 (92)

As in the previous case, we look for a small solution with a triple scale expansion, more
precisely, we look for a periodic solution close to an eigenmode of the linear system, for
example, we consider mode y; (by permuting the indexes it could be any mode); we set:

To = &ct, Ty =et, Ty =e*t hence Doy = %’ Dyyr, = % and Doy, = %
Derivatives of y; may be expanded:
dyy, _ - 2
—r = @eDoyi, + eDuyr + € Dayi (93)
and
d;g’“ = O2D2yy, + 20, Do D1y + 26> Do Doy, + €2 D3y, + 263 D1 Doy + €* D2y, (94)

we use the ansatz

yr(t) = yr(To, T1, To) = y;il)(To7T1,T2) + ey,(f)(To,ThTz) + 2r(To, T1, To) (95)
we get:
dy, dyy) oy | pdr dy) | Ly 5 dr
e _ e _ D T _p
- dt T a TS Tar T g T Dot (G — Dore)

= [@eDoy;(gl) + €D1y;(€1) + €2D2y;(€1)] + G[JJeDoy;(f) + €D1y;(€2) + €2D2y;(€2)]

N dr N
+ 2. Dory + 62(d—: — weDory)
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we note that % — @eDory, = €Dy11, + €2Dary; it is of order 1 in e. For the second derivative, as
in the case of free vibration, we introduce:

1, d>ry
Dare = 2 (T

= 2w€D0D1Tk + € [2(:)61)01)27“1C + D%Tk + 2D2D1’I“k] + €3D§Tk

— QD)

d2yk B d2y](€1) +6d2y’(€2) +€2d2rk _ d2y](€1) +E d2yk
a2 dt? dt? dt? dt2 dt?

= 2D\ + ¢ [%EDODlyfj) n Dgy,(f)}

+ GQLZ)ED%T]C + 63D3Tk

re {QQEDODzy,(:) + D2V 4 25, Dy D1y + Dgrk}
+e [2D1D2y,(€ )+ 2weD0D2y(2) +D y,(c ) + D?,Tk}

*[ D3y + 2D Doy + DBy |

We plug previous expansions (93), (95) and (94) of y* into (91); by identifying the coefficients
of the powers of €, we get:

w%DSy;(f) +kai(¢1) =0 k=1....n
D(Q) (2) %ylg)*SQ,k , k=1....n (96)
w%DOT+Wk7"*S3,k 3 k:]"n

with

SQ k — _Cad)kp Zyl(l)5¢lpy 5¢mp - d5¢kp (Z yg1)6¢gpy 5¢npyo 5¢op>

L,m g,m,0

— 2W1D0D1yk AkwlDoy](g ) 2OJO'D(2)y]E) ) + fk COS(T()),

S3,k = _05¢kp Zyl(l)yj(‘2)5¢lp6¢jp d5¢kp Z y}(ll)yg yn2)6¢hp5¢gp6¢np
j h,g,n
— 2w1D0D2y,(€1) — D%yl(cl) — 2w1D0D1y£2) — 2D2 (1) — 2w10D0y,(€ ) 20D0D1y1(€1) — 2<A11(7D0y/l(€ )

- /\leyk - _/\kO'DOyk /\kw1Doy;(C ) eRy (e, Tkvyg ),yf))
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where 0¢rp = (Pr,p — Prp—1) and with
Rk(earkay](cl)ayl(f)) = 21711722/;(c )+ 2w1DoD2y( Y+ D%y,(f)

+ cOrp Zy“ B 601005 | + codrp | > i 1100,,001,

3%}

+dsony | Y U Py 60np80p00np | + A0y | Dyt y 100006550y
h,g,n h,g,n

A (w1 Dor + D2y;(€1) + Dly;(f) + €D2y;(€2)) + Dsr

d
+e (D3l + 20102y + D3y + (5 = wiDor) + ep(y” yY i

and the polynomial p displayed in (73).
We solve the first set of equations (96) imposing initial Cauchy data for k # 1 of order O(e?)
and Doygl)(O) =0 we get:

{ ygl) =a1(T1,T») cos(6) (97)

y,(gl)zO, k=2,...,n

with 0(Ty, T1,T2) = To + (11, T>) for which we have Do = 1, D16 = D;[31; we put terms
involving y,i, k > 2 into Rg; so we obtain:

= —d61,| - L1 4 cos(20))563, dz?(cos(39)+3cos(0))5¢?p

+ 2(4)1(D1(L1 sm(@) + a1 (Dlﬂl + (7) COS(@)) + )\10,10}1 sm(9)
+ f1(cos(0) cos(By) + sin(f) sin(51))

o3
Sok = —5¢kp 5 (1 + cos(26))667, + %(005(30) + 3 cos(d ))5¢i’p}
+ fr(cos(0) cos(B1) +sin(f) sin(31)), k=1,...,n.

We will eliminate the terms at angular frequency w; hence the functions a; (T, T3) and 51 (11, T2)
satisfy:

{ 2w1D1a1 + )\1041(4)1 = —f1 Sin(ﬂl)

4 3 98
2wia1 D1y + 2wiao — W%al = —f1cos(fB1) 8

and the solution of the second equation of (96) is

i = o1, <%+§“a cos (2 >>5<z> + oy cos(30)36,

32w2

2) 1 da 3 (99)
= 0dkp —z(wg = s 72 005(29))&;5 mcos(i’)@)(wlp

where we have omitted the term at frequency w; which is redundant with yil)
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For the third equation of (96), the unknown is 7; we do not solve it but we show that the
solution is bounded on an interval dependent on e. After some manipulations, the right hand
side is:

5371 = 4sinf [2w1D2a1 =+ )\1(11D1ﬁ1 =+ 2D1(11D1ﬁ1 + alD%ﬁl + 20D1a1 + /\1(110’]
5¢26¢5 a3 B 30¢%,d*a?
6&)1 128&)1

+cos lelangﬁl — M Diag — D%al + al(D151)2 + a2a1 + 20a1 D161 +

+ Sg —€eR(e,r, u®, u(z))

where
5cdép? at 4edP3 a Acddd a?
gl _ gbép 1 + sin 20 [ d)lp 1D1a1 + 1 d)lp 1
' 8wy w1 3w1
4c5p3 a2 15¢dé¢T at
0g | —p71 p T Yp™L
+cos [ 5o, DI T

s lgdaqbglpafD 3/\1d5¢‘11pa§] ©os30 [Qddqb‘llpa?D 5o 25900} 3d%5¢% ai

16wy ™ 161 16w, 0T T Gw? 64w?

4 cosdd [_ 30d6¢zpa‘f]  eos50 3d*0¢%,a3

8uw? 128w?
and a similar expression for Sg x- To eliminate the secular terms, we impose,

2w1D2a1 + )\1(11D1,61 + 2D1Q1D161 + alD%ﬂl + 20’D10,1 + )\1&10’ = 0
2¢.6 3 Qs 8 32 5
2w1a1D251 — )\1D1a1 — D%Ch + al(D1ﬂ1)2 + 0'2(11 + 20’&1D1ﬂ1 + b gi%pal — 35(12521555% = O

As a1 and 1 do not depend on Tj, the following relations hold:

% = eDiay + €2Dyaq + 0(63)
dﬁt (100)
ditl = EDlﬁl —|— 62D251 + 0(63)

On the other hand, we can determine the expression of Dya; and Dsy(3, like for one degree of
freedom:

D2 L= 3d>\15¢411p‘1§ + o f1siny + A1 f1 cosy + 9d5¢%p“%f1 sin -y

16w 4w 8w? 32w
A2 15d2§<;bzfpa‘11 562&;5(1”](11
Doy =55, — 256w 1208 (101)
+0f1 cos vy + 3d6¢§llpa’1f1 cosy  Aifisiny
dw?ay 32w 8w?ay

now we return to (100) introducing (98) and (101), we obtain:

da1 f1 sm(ﬁ) )\1@1 2 3d}‘1§¢%pail)) Ufl sin ﬂ )‘1 fl COS /8 9d§¢%29a%f1 sin ﬂ 3
hubeb Y S (0]
- e( 2o+t ) Te T R v e 207 +0(e%)

45 _ (. 0okt et
dt 8(4)1 2(4)1(11
N 62( B )\7% B 15)(12(5(;55131,6141L B 5026¢?pa% o fi cos 3 3d5¢‘11pa1f1 cos 3 _MA sinﬂ) 0(e)
8w 256w3 12w3 dwiay 32w} 8wiay
(102)
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Remark 18 In this approach, like for one free degree of freedom, we are using the method of
reconstitution. We notice these equations are similar to (33)

Remark 19 S§ + R(e,r, 1™, 1?)) has no term at frequency w; or which goes to w; .

This will allow us to justify this expansion in certain conditions, before we consider the stationary
solution of the system (102) and the stability of the solution close to the stationary solution.

3.2.2 Stationary solution and stability

Let us consider the stationary solution of (102), it satisfies:

{ainds -
with
g1 =e(— flszll(ﬂ) + )\1a1>+
. (gdxigf%pa? + oy smﬁ i Alfljlobg n 9d5¢1§gi)fl Smﬁ) o)
g2 = e(—o 4 2000l _ f}j}oi‘fm) o 4
(g — Bt S cfnn MRl Al 1 ()

(104)

The situation is very close to the 1 d.o.f. case; except the replacement of ¢ by ¢ = céqﬁp and

d by of d = d5¢1p, the system (104) is the same as (35); the other components are zero. We state
a similar proposition.

Proposition 6 When
- 3da3 9d%ai

7= Ao 16w? i

and € small enough, the stationary solution (a1, 31) of (102) is stable in the sense of Lyapunov
(if the dynamic solution starts close to the stationary one, it remains close and converges to it);
to the stationary case corresponds the approximate solution of (91)

~3
U1 app = €ay cos(@et+3)+€ (5¢1p [( (j?l +672 cos 2(W6t+ﬂ))5¢%p+3:i2auj% COS(3(‘D€t+B))5¢§p] )5
(105)
5 —ca% cd% - > 2
iearn = € (500 | (57525 o2y ~ 37—y s 20t + )09,
d(l‘;’ -~ 2 3
~ TG s @+ Mo ]) - (106)

it is periodic.

With this result of stability, we can state precisely the approximation of the solution of (88)
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3.2.83 Convergence of the expansion

In order to prove that r; is bounded, after eliminating terms at frequency vy, we go back to the
variable ¢ for the third set of equations of (96) .
d27"k
dt?
. _ of P, (2)
S31=85,(t,e) —eRi(y, ',y ,r1,€) and for k # 1

S3.k = —2c0Pprp [yil)yf)éqﬁp] — 3dédyp [y§1)2y§2)5¢i’p] — eRy(e, 08, 9Y)

—&—w%rk = 5'3,;C fork=1,...n with

where
dr k

Rk(ea Tk, ygl)a ng)) = Rk (6, Tk, ygl)a y§2)) - DQTk - )\k (E

— WkDOTk)
with all the terms expressed with the variable t.

Proposition 7 Under the assumption that w,% # 4w?, w,% # 9w? and w? a simple eigenvalue (no
internal resonance) for k # 1, there exists ¢ > 0 such that for allt < t. = %, the solution §j = ey
of (90) with initial data

. 9 . 9 7 .3
- —C1ayg €10a19 diaiy 3
0) = 2 2 3 0,€),
71(0) = eay + € ( 207 602 cos(2f) + 3202 cos(300)) + €*r(0, )
gk(o) — 2 ( 761&%0 éla%() COS(ZBQ) + dlai)ocos(S(ﬂo))) + 637’(0 6)
2wi —wi)  2(dwi —w}) 4(9w? — wi) T

with similar expressions for 41 (0), yx(0) and with (a1g, Bo) close to the stationary solution (ay,3)

lato — a1 < €C*, |Bo — B < ECH

has the following expansion

- - 2 —éla% éla% - dla? - 3
71 = eay cos(@et+5(t))+e[(( 207 +6—w% cos(2(wet+/6(t)))+32w% cos(3(wet+6(t))))]+e’r1(t)
dka‘%

- 7(§ka2 ékCLQ ~
= & ( [(2(%% 2 ;f) o i 7 cos(2(@ct+B(t)))+

~ 3
M COS(3(UJ€t+/B(t))):| >+€ Tk (t)
with a1, 3 solution of (102) and with i, uniformly bounded in C*(0,t.) for k = 1,...n and
w1, @1 are the eigenvalue and eigenvectors defined in (65), with d¢1, = (d1,p — P1,p—1), OPrp =

(G — Php—1), C1 = c(6¢1p)%, di = d(6¢1,)* and & = c(8¢1p)?0¢kp, dp = d(5¢1,)3¢kp as in
proposition 5.

Corollary 2 The solution of (88) with

oTa(0) = eay + 62(761030 + meliit cos(2v) + daty cos(370)) + €r1(0; €),
2w, 6w? 32w?

oF(0) = & (5t 4 Ol

wp —wi)  2(4wi - w})

d1a3
cos(270) + Wiowi) 005(3(70))> + *r(0€),



Triple scale expansion of vibrating, resonance, periodic solution 35

with similar expressions for ¢7u(0), ¢Fw(0) and with wy, ¢y, the eigenvalues and eigenvectors
defined in (65).

n
is G(t) = > Ju(t)x (107)
k=1
with the expansion of yi. of previous proposition.

Proof We follow a similar route as for one degree of freedom, we use lemma 4. Set S; =
S§17 Sk = Ss for k = 1,...n; as we have enforced (104), the functions Sy are not periodic
but close to a periodic function, bounded and are orthogonal to et we have assumed that wy,
and w; are Z independent for k # 1; so S satisfies the lemma hypothesis. Similarly, set g = R,
it is a polynomial in 7 with coefficients which are bounded functions , so it is lipschitzian on the
bounded subsets of R, it satisfies the hypothesis of lemma 4 and so the proposition is proved.
The corollary is an easy consequence of the proposition and the change of function (89) 0O

3.2.4 Mazximum of the stationary solution

We can state results similar to the case of one degree of freedom.

Proposition 8 The stationary solution of (102) satisfies

{ (~L5n) L My 4 Ay (ay,8,0) + O(2) = 0

1 108
(70_ + 3d5¢71p 1 f Cos(ﬁ)) + EAQ(al,ﬁ,CT) + 0(62) —0 ( )

8wq 2a1w1
with

3déoi \a3 i 9dé¢1 a3 f1 si
Ay(a,B,0) = 2P0t ofisin | Aficosf | 9d001,a1]1sin 5

16w? dw? 8w? 32w3
P A R
2T 8wy 25603 12w}
oficos B 3dd¢t,aificos ~ Mfising
4w?ay 32w 8way

this stationary solution reaches its mazimum amplitude for o = of + eo} + O(€?) with

o f1 0*:3&;{?0: 3df} g T
! 0T 8w 8w T

5 (109)

0 A1wy

and

72 %4 %2 %2
787d a5 aiy A2 . A

* *
* _ AL — o — 0%
256w3 1203 4w’ TH 2wy w1

0'1:

the periodic forcing is at the angular frequency

Qe = wy + €0 + a7 + O(e?)
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up to the term involving the damping ratio A1, it is slightly different of the approzximate angular
frequency ve of the undamped free periodic solution (85); for this frequency, the approzimation
(of the solution § = ey of (90) up to the order €?) is periodic:

~ 1 EI é1 (7,1(2

71(t) = eat cos(@.t + B*) + €|( _2w§ - 6w’ cos(2(@ct + %))

- ' )
+‘§12w1% cos(3(@et + )] + €371 (e, 1) 110)
_&ar? o G2 N e
() = [(57=tay — s—my CoS(2(@et + 57)))

7 =3
dkal

— Ty Cos(B(@et + B7)] + i (e t)

and initial conditions like in proposition 5.

4 Conclusion

For some differential systems modelling spring-masses vibrations with non linear springs, we
have derived and rigorously proved an asymptotic approximation of periodic solution of free
vibrations (so called non linear normal modes); for damped vibrations with periodic forcing with
frequency close (but different) to free vibration frequency ( the so called primary resonance case),
we have obtained an asymptotic expansion and derived that the amplitude is maximal close to
the frequency of the non linear normal mode.

We emphasize that the use of three time scales provides a more accurate value of the link
between frequency and amplitude (so called backbone) of a non linear mode but it yields also a
new insight in the behavior of the solution which was not provided by a double-scale analysis:
the influence of the ratio of ¢ over d on the shape of the backbone and the amplitude of the
forced response to an harmonic force as is clearly displayed in figure 2 and 3.

As an opening to a related problem, we can notice that such non linear vibrating systems
linked to a bar generate acoustic waves; an analysis of the dilatation of a one-dimensional nonlin-
ear crack impacted by a periodic elastic wave, with a smooth model of the crack may be carried
over with a delay differential equation, [JL09].

Acknowledgment We thank S. Junca for his stimulating interest.

5 Appendix

All these lemmas are recalled here for convenience of the reader; they already have been proposed
in [BR13].

Lemma 1 Let w. be solution of
(111)

If the right hand side satisfies the following conditions

1. S is a sum of periodic bounded functions:
(a) for allt and for all € small enough, S(t,e) < M

(b) f027r et S(t, e)dt =0, OQW e~ S(t, e)dt = 0 uniformly for € small enough
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2. for all R > 0, there exists kr such that for |u| < R and |v| < R, the inequality |g(t,u,€) —

g(t,v,€)| < krlu —v| holds and |g(t, 0, €)|is bounded; in other words g is locally lipschitzian
with respect to u.

then, there exists v > 0 such that for € small enough, w. is uniformly bounded in C*(0,T,) with
T.=1

Proof The proof is close to the proof of lemma 6.3 of [JR10]; but it is technically simpler since
here we assume g to be locally lipschitzian with respect to u whereas it is only bounded in [JR10].

1. We first consider

wy” +wy = S(t,e)

112
()= 0, w}(0) =0 .
as S is a sum of periodic functions which are uniformly orthogonal to e and e™*, w; is
bounded in C%(0, +00)
. Then we perform a change of function: w = w; + ws, the following equalities hold
wo” + wo = t, wa,
2 2 6925 2,€) (113)
wa2(0) =0, w5(0) =0

with go which satisfies the same hypothesis as g:

for all R > 0, there exists kg such that for |u| < R and |v| < R, the following inequality holds
lg2(t,u, €) — g2(t,v,€)| < kr|u — v|. Using Duhamel principle, the solution of this equation
satisfies:

t
wo = e/ sin(t — $)ga(s, wa(s), €)ds
0

from which

t

t
wa () < € [ 1ga(s,wa(s),€) — ga(s,0,€)[ds + ¢ / 1g2(5, 0, 0)|ds
0 0

so if |w| < R, hypothesis of lemma imply

t
|wa(t)] < e/ krlws|ds + eCt
0
A corollary of lemma of Bellman-Gronwall, see below, will enable to conclude. It yields
C
s (1)) < 2 (expleknt) — 1)
R
Now set T, = sup{t||w| < R}, then we have

< © (exp(eknt) — 1)
kr

R
this shows that there exists v such that |ws| < R for t < T, which means that it is in
L>=(0,T,) for T, = 1; also, we have w in C(0,T,) then as w is solution of (111), it is also
bounded in C%(0,T).

O
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Lemma 2 (Bellman-Gronwall, [BG, Bel64]) Let u, e, 3 be continuous functions with § > 0,

u(t) < e(t) +/0 B(s)u(s)ds for 0 <t <T

then

<+ [ ' B(s)e(s) e tﬁ(f)df] ds

Lemma 3 ( a consequence of previous lemma, suited for expansions, see [SV85]) Let u be a
positive function, 62 > 0, 61 > 0 and

¢
u(t) < 0ot + 51/ u(s)ds
0

then 5
u(t) < 52 (exp(61t) — 1)
1

Lemma 4 Let v, = [v§,...,v5]T be the solution of the following system:
W ()" + wivg = Su(t) + egu(t, ve) (114)

If w and wy, are Z independent for all k = 2... N and the right hand side satisfies the following
conditions with M > 0, C' > 0 prescribed constants:

1. Sy is a sum of bounded periodic functions, |Sk(t)] < M which satisfy the non resonance
conditions:

2. Sy is orthogonal to e, i.e. fo% Sy (t)ettdt = 0 uniformly for e going to zero

3. for all R > 0 there exists kr such that for |u|| < R, ||v|]| < R, the following inequality holds
fork=1....N :

t

|gk(t’ U, 6) - gk(t’ v, 6)| < kRHu - U”
and |gx(t,0,€)| is bounded
then there exists v > 0 such that for € small enough v, is bounded in C*(0,T.) with T, = 1

Proof
1. We first consider the linear system

wi (vk,1)” + wivky = Sk

115
v,1(0) =0 and (vg1) =0 (115)

For k£ = 1, with hypothesis 1.a, S; is a sum of bounded periodic functions; it is orthogonal to
e there is no resonance. For k # 1, there is no resonance as ‘:—’1‘ ¢ 7 with hypothesis 1.b.

So vj,1 belongs to C? fork=1,...,n
2. Then we perform a change of function
U, = Vg1 + UIEf,Q

and vy , are solutions of the following system :

W%(Uk,Z)” + Wﬁ”k,Q =e€gp2(t,vk2.€), k=1,...,N

116
v52(0) =0, (vio)' =0, k=1,...,N (116)
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with
Gr2(ty ey Vg 2y o) = Gr(ly ooy V1 + V25 00)

where gy o satisfies the same hypothesis as gj:
for all R > 0 there exists kg such that for || uy ||< R, || vk ||< R, the following inequality
holds for k=1,..., N :

| gr2(t, uk, €) — gr2(t, vk, €) |< kr || up — vi || (117)

Using Duhamel principle, the solution or the equation (116) satisfies:

t
Vg = e/ sin(t — s)gx,2(s, vg o(5), €)ds
0

SO

t
[ o2 () [I< 6/ | gr.2(s, vi,2(5), €) = g.2(s, 0, €) || ds+
0

t
¢ / | gra(5,0,¢) | ds
0

so with (117), we obtain

t
ka0 1€ [ k(o) | ds+cCr

We shall conclude using Bellman-Gronwall lemma; we obtain

C
lvk,2(t) | —(eap(ekrt) — 1)
R
this shows that there exists v such that |vf 5| < R for ¢t < T¢, which means that it is in
L>(0,T) for T, = 1; also, we have v in C(0,T) then as vy is solution of (111), it is also
bounded in C%(0,T,).
Theorem 1 ( of Poincaré-Lyapunov, for example see [SV85]) Consider the equation
= (A4 B(t))x+ g(t,x), z(to) = xo, t > to
where x,xg € R™, A is a constant matriz n X n with all its eigenvalues with negative real
parts; B(t) is a matriz which is continuous with the property lim;_, o ||B(t)|| = 0. The vector
field is continuous with respect to t and x is continuously differentiable with respect to x in a
neighbourhood of © = 0; moreover
g(t,) = of|lall) when [l — 0
uniformly in t. Then, there exists constants C,to, d, u such that if ||zo]| < %

lz]| < Cllaolle™ 1)t > £

holds
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5.1 Numerical computations of Fourier transform

Assuming a function f to be almost-periodic, the Fourier coefficients are :

T
n= i t)e ntdt 118
o= lim_ [ (e (18)

where A, are countable Fourier exponents of f. (for example, see Fourier coefficients of an almost-
periodic function in http://www.encyclopediaofmath.org/). For numerical purposes, we chose T
large enough and with a fast Fourier transform, we compute numerically the Fourier coefficients
of a function of period T" equal to f in this interval.

References

References

[BG] Bellman and Gronwall inequality. Encyclopedia of Mathematics. URL:
http://www.encyclopediaofmath.org/.

[Bel64] R. Bellman. Perturbation techniques in mathematics, physics, and engineering. Holt, Rinehart and
Winston, Inc., New York, 1964.

[BM55] N. N. Bogolyubov and Yu. A. Mitropol’skil. Asimptoticeskie metody v teorii nelineinyh kolebanii. Go-
sudarstv. Izdat. Tehn.-Teor. Lit., Moscow, 1955.

[BM61] N. N. Bogoliubov and Y. A. Mitropolsky. Asymptotic methods in the theory of non-linear oscillations.
Translated from the second revised Russian edition. International Monographs on Advanced Mathematics and
Physics. Hindustan Publishing Corp., Delhi, Gordon and Breach Science Publishers, New York, 1961.

[BM62] N. N. Bogolioubov and I. A Mitropolski. Les méthodes asymptotiques en théorie des oscillations non
linéaires. Gauthier-Villars & Cie, Editeur-Imprimeur-Libraire, Paris, 1962.

[BR0O9] N. Ben Brahim and B. Rousselet. Vibration d’une barre avec une loi de comportement localement non
linéaire. In Proceedings of ”Tendances des applications mathématiques en Tunisie, Algerie, Maroc”, Morocco
(2009), pages 479-485, 2009.

[BR13] N. Ben Brahim and B. Rousselet. Double scale analysis of periodic solutions of some non linear vibrating
systems. http://hal.archives-ouvertes.fr/hal-00776184, 2013.

[Bra] N. Ben Brahim. Vibration d’une barre avec une loi de comportement localement non linéaire. Communi-
cation au Congres Smai 2009.

[BralO] N. Ben Brahim. Vibration of a bar with a law of behaviour locally nonlinear. Affiche au GDR-AFPAC
conference, 18-22 janvier 2010.

[EDK99] V.V. Kasakov A.E. Ekimov, I.N. Didenkulov. Modulation of torsional waves in a rod with a crack.
J.Acoust. Soc. AM., 3(106):1289-1291, 1999.

[GR93] M. Géradin and D. Rixen. Théorie des vibrations. Application a la dynamique des structures. Masson,
1993.

[GR97] M. Géradin and D. Rixen. Mechanical vibrations : theory and application to structural dynamics. Chich-
ester: Wiley, 1997.

[HFR09] H. Hazim, N. Fergusson and B. Rousselet. Numerical and experimental study for a beam system with
local unilateral contact modelling satellite solar arrays. In Proceedings of the 11th European spacecraft structures,
materials and mechanical testing conference (ECSSMMT 11), 2009. http://hal-unice.archives-ouvertes.fr/hal-
00418509 /fr/.

[HRO09a] H. Hazim and B. Rousselet. Finite element for a beam system with nonlinear contact under periodic
excitation. In M. Deschamp A. Leger, editor, Ultrasonic wave propagation in non homogeneous media, springer
proceedings in physics, pages 149-160. Springer, 2009. http://hal-unice.archives-ouvertes.fr/hal-00418504 /fr/.

[HRO9b] H. Hazim and B. Rousselet. Frequency sweep for a beam system with local unilateral contact modelling
satellite solar arrays. In Proceedings of ” Tendances des applications mathématiques en Tunisie, Algerie, Maroc”,
Morocco (2009), pages 541-545, 2009. http://hal-unice.archives-ouvertes.fr/hal-00418507 /fr/.

[JLO1] Janin, O. and Lamarque, C. H., Comparison of several numerical methods for mechanical systems with
impacts., in Int. J. Numer. Methods Eng., 51, 9, 1101-1132, 2001.

[BBL13] Bastien, Jérome and Bernardin, Frédéric and Lamarque, Claude-Henri , Non smooth deterministic or
stochastic discrete dynamical systems. Applications to models with friction or impact. , Mechanical Engineering
and Solid Mechanics Series. John Wiley €&amp; Sons. xvi, 496 p. , 2013 .

[JPS04] D. Jiang, C. Pierre, and S.W. Shaw. Large-amplitude non-linear normal modes of piecewise linear
systems. Journal of sound and vibration, 2004.



Triple scale expansion of vibrating, resonance, periodic solution 41

[JLO9] S. Junca and B. Lombard. Dilatation of a one dimensional nonlinear crack impacted by a periodic elastic
wave. STAM J. Appl. Math, 2009, 70-3,735-761 http://hal.archives-ouvertes.fr/hal-00339279.

[JL12] S. Junca and B. Lombard. Interaction between periodic elastic waves and two contact non-linearities.
Mathematical Models and Methods in Applied Sciences, 2012, 22 4.

[JRO9] S. Junca and B. Rousselet. Asymptotic expansion of vibrations with unilateral contact. In M. Deschamp
A. Leger, editor, Ultrasonic wave propagation in non homogeneous media, springer proceedings in physics, pages
173-182. Springer, 2009.

[JR10] S. Junca and B. Rousselet. The method of strained coordinates for vibrations with weak unilateral springs.
The IMA Journal of Applied Mathematics, 2010. http://hal-unice.archives-ouvertes.fr/hal-00395351 /fr/.

[KB2011] Kovacic I. (ed.) and Brennan M. (ed.): The Duffing equation. Nonlinear oscillators and their behaviour
John Wiley & Sons, (2011).

[KPGV09] G. Kerschen, M. Peeters, J.C. Golinval, and A.F. Vakakis. Nonlinear normal modes, part 1: A useful
framework for the structural dynamicist. Mechanical Systems and Signal Processing, 23:170—194, 2009.

[LL58] L. D. Landau and E. M. LifSic. Mekhanika. Theoretical Physics, Vol. I. Gosudarstv. Izdat. Fiz.-Mat. Lit.,
Moscow, 1958.

[LL60] L. D. Landau and E. M. Lifshitz. Mechanics. Course of Theoretical Physics, Vol. 1. Translated from the
Russian by J. B. Bell. Pergamon Press, Oxford, 1960.

[LL66] L. Landau and E. Lifchitz. Physique théorique. Tome I. Mécanique. Deuxiéme édition revue et complétée.
Editions Mir, Moscow, 1966.

[LL11] Laxalde, Denis and Legrand, Mathias, Nonlinear modal analysis of mechanical systems with frictionless
contact interfaces., ”Comput. Mech. 7, 47:469-478, 2011.

[MH92] Kenneth R. Meyer and Glen R. Hall Introduction to Hamiltonian dynamical systems and the N-Body
problem. New York etc.: Springer-Verlag, 1992.

[Lya49] A. M. Lyapunov or Liapounoff. The general problem of the stability of motion. Princeton University
Press, 1949. English translation by Fuller from Edouard Davaux’s french translation (Probleme général de
la stabilité du mouvement, Ann. Fac. Sci. Toulouse (2) 9 (1907)); this french translation is to be found in
url:http://afst.cedram.org/; originally published in Russian in Kharkov. Mat. Obshch, Kharkov in 1892.

[Mik10] Y. Mikhlin. Nonlinear normal vibration modes and their applications. In Proceedings of the 9th Brazilian
conference on dynamics Control and their Applications, pages 151-171, 2010.

[Milo6] P. D. Miller. Applied asymptotic analysis, volume 75 of Graduate Studies in Mathematics. American
Mathematical Society, Providence, RI, 2006.

[MCGO2] A. Moussatov-B. Castagnede-V. Gusev. Frequency up-conversion and frequency down-conversion of
acoustic waves in damaged materials. Physics letter A, 301:281-290, 2002.

[Mur91] J. A. Murdock. Perturbations. A Wiley-Interscience Publication. John Wiley & Sons Inc., New York,
1991. Theory and methods.

[Nay81] A. H. Nayfeh. Introduction to perturbation techniques. J. Wiley, 1981.

[Nay86] A. H. Nayfeh. Perturbation methods in nonlinear dynamics. In Nonlinear dynamics aspects of particle
accelerators (Santa Margherita di Pula, 1985), volume 247 of Lecture Notes in Phys., pages 238-314. Springer,
Berlin, 1986.

[Nay05] A. H. Nayfeh. Resolving controversies in the application of the method of multiple scales and the
generalized method of averaging., Nonlinear Dyn., Volume 40 1, pages 61-102,Springer, 2005.

[Poi99] H. Poincaré. Méthodes nouvelles de la mécanique céleste. Gauthier-Villars, 1892-1899.

[Roull] B. Rousselet. Periodic solutions of 0.d.e. systems with a Lipschitz non linearity. http://hal-unice.archives-
ouvertes.fr/hal-00608442, July 2011.

[Rub78] L. A. Rubenfeld. On a derivative-expansion technique and some comments on multiple scaling in the
asymptotic approximation of solutions of certain differential equations. SIAM Rewv., 20(1):79-105, 1978.

[SV85] J.A. Sanders and F. Verhulst. Averaging methods in nonlinear dynamical systems. Springer, 1985.

[DGLVO03] P. Dufourcq, JP. Groby, M. Lagier, P. Témin, and G. Vanderborck. Détection vibro-acoustique non
linéaire d’ endomagements dans une structure poutre. Communication au Congrés frangais de mécanique,
septembre 2003.

[LVdb04] M. Lagier and G. Vanderborck. Application of non-linear ultrasonic spectroscopy to health monitoring
and damage detection in structures,. 38p. In 75th Shock and Vibration Symposium, Virginia Beach (VA) USA,
du 18/10/2004 au 21/10/2004, 2004.

[RV05] B. Rousselet and G. Vanderborck. Non destructive testing with non linear vibroacoustic. In Rassineux
Ohayon, Grellier, editor, Septieme colloque national en Calcul de structures, volume 2, pages 603—608. Hermes,
2005.

[VLPO8] F. Vestroni, A. Luongo, and A. Paolone. A perturbation method for evaluating nonlinear normal modes
of a piecewise linear two-degrees-of-freedom system. Nonlinear Dynam., 54(4):379-393, 2008.



2.2 Autres résultats numériques

Le cas de deux éléments dont un endomagé refléte le systéme, étant donné que la barre
est saine par tout sauf en une partie.
les solutions sont :

y1(t) = eay cos(vet) + €2[—Cy + Cycos(2(vet)) + Deos(3(vet))]
+e3r1 (e, 1)
ya(t) = €2[~Cla — Caacos(2(vet)) — Docos(3(vet))] + €3ra(e, t)

tel que d12 = (P12 — P1,1)

avec
O _ c(5¢12)3a% C _ c(5gb12)3a% _ d(5gb12)4a§’
! 2,2 7 6w? 3202
S (0¢12)%a? S (0¢12)%a? d(6¢12)30¢a0a} )
12 2w3 o 2(w? —dwi) 7 2 4(9w3 — w?) 1note e

loppement asymptotique.

,b=4,c=-6,d6,w=1.014663,h=1,alpha=0.06,a=4

0.25

0.20 7
0157
0.10 7
0.05
0.00 7

-0.05 7

displacment y2(m)

-0.10 7

-0.15 7

-0.20 7

-0.25 T T T T T T T T T T T T T T
-020 -015 -010 -0.05 0.0 0.05 0.10 0.15 0.20

displacment y1(m)

Fi1G. 2.1 Déplacement temporel non linéaire D.A (rouge) , ODE( bleu)
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deplacement dynamique frequentiel pour deux elts lin F=0 \b=4,¢=-6,0=6,w=1.014663,h=1,alpha=0.06,a=4

e e

log10(z/ym)
b
log10(z/ym)

yfi=
yil=

T s e e e e L s s s e e B
00 05 10 15 20 25

nu nu

Fig. 2.2 - (a gauche) : Déplacement dynamique fréquentiel (fft) linéaire -
(& droite) non linéaire DA(bleu) et ODE( vert) pour 2 éléments,z est la norme
de la fft(y; ou o)

Le probléme pour 2 éléments a été résolu avec deux méthodes : développement asymp-
totique et résolution numérique, ot nous avons utilisé pour ce dernier, le programme ODE.
Ces deux méthodes nous ont permi d’obtenir une solution u que nous avons utilisé pour des-
siner une courbe paramétrée de ces deux premiéres composantes ; y; = u(1,:) et yo = u(2. :)
en imposant une condition initiale pour obtenir une solution périodique selon le principe
des modes normaux non linéaire ; avec le développement asymptotique dans la figure ET1
en rouge, on trouve une solution proche du segment de droite obtenu dans le cas linéaire;
avec la solution numeérique dans la figure EXIl en bleu, nous trouvons une courbe ayant la
forme d’un haricot dii au comportement des composantes en fonction du temps et au choix
de la condition initiale; nous remarquons aussi quelques écartements di aux manque de
précision de la condition initiale, ensuite, nous avons calculé la transformée de Fourier
de y; pour avoir la réponse fréquentielle, nous avons dessiné logl0( z/ym) (ou z est la
norme de la fft(yl) et ym est le max de (z)) en fonction de la fréquence. Pour le systéme
linéaire, il y a deux fréquences qui sont : v1 = 0.1614805 Hz et v5 = 0.9411773 Hz et pour
le cas non linéaire, en choisissant cette condition initiale, il n’y a que les fréquences de
période multiple de la premiére fréquence non linéaire qui est proche de vq représentées
par la figure 22 c’est le principe des modes normaux.

En remarquant 'importance des termes cubiques et quadratiques, nous avons procédé
a des expériences ol nous avons varié les coefficients ¢ et d qui sont représentées par les
figures suivantes : .
» Variation de c
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,b=4,c=0,d6,w=1.0135544 h=1,alpha=0.06,a=4 ,b=4,c=0,d6,w=1.0135544 h=1,alpha=0.06,a=4 b=4,6=0,06,w=1.0135544,h=1,alpha=0.06 a=4
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Fi1G. 2.3 Différentes courbes pour différentes valeurs de la variable quadratique 'c’
(resp ¢—0, ¢—-6, ¢—16) de la non linéarité titre avec le programme ODE

Lorsque nous avons enlevé la partie quadratique c’est a dire ¢=0, nous nous rappro-
chons du cas linéaire, il ne reste que les fréquences 3vq et 61 multiple de 3v1 mais en petite
amplitude.

En augmantant la valeur de ¢, nous remarquons que ces courbes reprennent leurs formes
mais avec des ondulations plus importantes, le plus important, c’est de differentier entre
I’absence de la partie quadratique et sa présence et le changement qu’il y a eu .

» Variation de d :

17
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F1G. 2.4 — Différentes courbes pour différentes valeurs de la variable cubique ’d’(resp.
d—0, d—6, d—16) de la non linéarité avec le programme ODE

Lorsque nous avons éliminé d, 'allure de la courbe paramétrée n 'a pas beaucoup changé
cela est di au fait que la partie cubique ne contient pas seulement les termes en d mais
aussi des termes en c.

Ce qui nous a amené a varier la variable €
» Variation d’c :
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b=4,c=-6,d=6w=1.0146123 h=1,alpha=0.005 a=4 b=4,c=-6,d=6,w=1.0146123 h=1alpha=0.005,a=4 b=4,6=-6,0=6,w=1.0146123 h=1,alpha=0.005,a=4
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FiG. 2.5 Différents courbes pour différents valeurs du paramétre perturbateur
e(resp € = 0.005,¢ = 0.02,e = 0.1) avec le DA et ODE

En augmentant la valeur d’e , nous remarquons que les ondulations sont plus impor-
tantes alors nous déduisons que les développements asymptotiques ne sont fiables que pour
des valeurs d’e trés petites, en effet, c’est le principe de ces développements.
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Chapitre 3

Présentation d’un modeéle
Elasto-plastique unifié

3.1 Introduction

Un matériau élastoplastique est caractérisé par un seuil d’effort au-dessous duquel le
comportement est purement élastique (réversible). Une fois celui-ci atteint, la déformation
n’est plus réversible. Généralement, la déformation est considérée indépendante du temps
et elle n’évolue pas si la charge est maintenue constante (pas de viscosité et pas de fluage).
Une fois le seuil, qui n’est pas fonction de la vitesse de la déformation, est dépassé, des dé-
fauts localisés peuvent apparaitre provoquant une diminution brutale de la rigidité. Apreés
décharge, le comportement redevient élastique, tout en gardant une déformation résiduelle
mais ayant une limite d’élasticité plus importante qu’avant le dépassement du seuil.

Le comportement du matériau est dit élasto-plastique avec écrouissage. La courbe d’écrouis-
sage est la courbe de I’évolution de la contrainte o en fonction de I'allongement e représenté
par la figure Bl

€, €

FiG. 3.1 Modéle élastoplastique avec Ecrouissage

Dans la premiére partie, (0 < o), le comportement est dit élastique.
Dans la deuxiéme partie,(¢ > o.), la rigidité diminue considérablement (E, << E)
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S’il y a une décharge, le comportement du matériau redevient élastique avec la rigidité

initiale E, figure
S’il y a une décharge compléte, la déformation & o = 0 devient ¢y ( c’est la déformation

plastique résiduelle).

€, €

Fia. 3.2 — Charge — Décharge avec écrouissage et contrainte résiduelle

La limite devient a; et s’il y a recharge, le comportement redevient élastique selon la
courbe définie par la figure ot ol > ¢ : c’est Iécruissage :

3 e

FiG. 3.3 — Comportement avec recharge

3.2 Présentation du modéle

Méme si le probleme d’élastoplasticité avec écrouissage a été amplement abordé, & titre

d’exemple [HKAM] [CCTEL [T [FT]. Le modeéle ici présenté est distingué par une loi de com-

portement unifiée durant toutes les phases de chargement et de déchargement, d’élasticité
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et de plasticité, ... et par un pas de calcul qui peut étre grand.

Un modele unifié d’élastoplasticité pouvant représenter les différents étages (charge, dé-
charge, écrouissage,...) est défini par les étapes présentées ci-dessous et cela sous forme
unidimensionnelle et sous sa forme tridimensionnelle (tensorielle). Le modéle permet au-
tomatiquement avec la méme loi de comportement de :

1. Savoir si nous sommes dans la partie élastique ou plastique.
2. Modifier la contrainte limite suite & un écrouissage.

A chaque pas de chargement, un accroissement de déformation de initie I’étape. un calcul
élastique est effectué, le modéle détecte avec la méme procédure et en utilisant la fonction

1 7
g définie par g(0) = —(= + arctg(o)), si le comportement est élastique ou bien plastique.

Dans le cas d’'une décharge, une nouvelle limite est définie : c’est I’écrouissage.

Forme unidimensionnelle Forme tridimensionnelle
€03 005 0c; O €V o0 00
de dﬁij
€ = € + de €ij = E?j + deij
do, = kde : k est la rigidité dafj = kijride,
0e = 0¢ — doe o5 = a?j —doj;
o= ic'gc(ae) + OTT-QT(O'E) ovM _
_ g OV M
oo0 = 00+ (6 — 00).g1(| =) | o5y = o5y + (——.05; — o5;).91(|——1)
(6~ o0.0:(1%]) o o
o —00.91\|%F 00 0 -1 0 VM

€00 = €0 — k = €j = €5t kijkl(g—-afj - Uz’j) 91(|T )
de = € — €qg : déformation deij = €5 — E%Q

(1 —-g:1(1%]) (1 — g1 (|751]))
do =2k.————%""de do;i = 2k;in. z de,

2 =g (%) N Y2 = (|72 )
og =0 O'?j = Uij
_ _ _ Oc
Oc = 0+ (U - Uc)'glc(ﬁ) OV M
_ _ _ _ _ _ OV M
or :O'T—(O'—O'T).ng(ﬁ) 0:0+(UVM—0).91(W)

3.3 Reésultats numériques

3.3.1 Exemple 1 : Contrainte uniaxiale de traction — com-
pression

Soit un milieu ayant une contrainte uniaxiale de traction compression. Une évolution
de la déformation a été faite en parcourant des états de déformations différentes : élastique,
plastique, plastique avec écrouissage, changement de signe de la déformation, atteinte de
la limiter en traction puis en compression (de signe différent), figure B4l Notons que 1'al-
gorithme explicitant le modéle permet d’avoir un pas de déformation assez important.
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Fi1G. 3.4 Contrainte déformation pour le cas d’une contrainte unidimensionnelle

3.3.2 Exemple 2 : Etat de contrainte en cisaillement pure

Le deuxiéme exemple est un cisaillement pure en déformation plane. la structure est
— —
soumise a deux forces T'et — T perpendiculaires a I’axe ol les points d’applications sont

décalés.
0 7

T 0
Si la contrainte de cisaillement 7 est inférieure a la limite de cisaillement du matériau
alors le comportement est élastique, si non il est plastique avec apparition d’écrouissage et
nous observons le méme phénomeéne qu’avec la traction, un nouveau seuil de plasticité a

Le tenseur de contrainte de cisaillement est sous la forme suivante :0 =

chaque augmentation de charge. figure Bl

1% 10%

5107

-5 %107 4

~1x10% 4

1 T T T
-0,005 0,000 0,005 0,010 e

Fic. 3.5 Cisaillement simple

Si nous appliquons une décharge trés grande alors observons un résidu de déformation
négatif comme l'indique 'exemple suivant la figurd3.fl
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FiGc. 3.6 Cisaillement simple avec décharge importante

3.3.3 Exemple 3 : Etat de contrainte Tridimensionnelle

En tridimensionnelle, les résultats peuvent étre plus intéressants, dans le sens ou les
variations des déformations peuvent étre variées. Dans ce cas la limite d’élasticité est dé-
finie par le critére de Von Mises défini par :

1
o= ﬁ\/((jll — 0'22)2 + (0'22 — 0'33)2 + (0'33 — 0'11)2 + 6(0’%2 + 0'%3 + 0'%3)

Le principe est le méme qu’en unidimensionnelle. Si la contrainte de Von Misés est
inférieure a la limite d’élasticité alors le comoprtement est élastique dans le cas contraire,
il apparait un écrouissage.

Ce milieu est soumis a une évolution des déformations €11, €22, €33 & valeurs égales (sans
déformation de cisaillement) ot son tenseur de contrainte est :

€11
0 = Ke avec K matrice de rigidité et € = | €99

€33

Les trois figures qui suivent figure B, B8 et B représentent respectivement 1’évolution
des contraintes 011,092, 033 en fonction des déformations respectives.

Les mémes constatations qu’en unidimensionnelle ont été observées a chaque augmentation
de charge, nous obtenons un nouveau seuil de plasticité avec apparition d’écrouissage.
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F1G. 3.7 — Evolution en déformation tridimensionnelle

02

2x10° o

1% 10%

-1 x10% 4~

-2 x10%

T T T T
-0,005 0,000 0,003 0,010 £z

F1G. 3.8 — Evolution en déformation tridimensionnelle
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Fig. 3.9 FEvolution en déformation tridimensionnelle

3.4 Conclusion et perspectives

Aux deux chapitres traitant "'approche multiéchelle, le comportement du matériau avec
défaut a été modélisé par une approche asymptotique cubique et quadratique. Le modéle
présenté ici pouvait remplacer I’approche asymptotique et diminuer ainsi le temps de calcul.
Un couplage est donc prévu avec ’approche multiéchelle.
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CONCLUSION

La problématique de ’analyse des vibrations non linéaires des structures avec défauts
localisés a été étudiée selon 'approche de développement asymptotique & double ou triple
échelle ; la structure mécanique est auparavant discrétisée par éléments finis ce qui fournit
un systéme d’équations différentielles non linéaires du deuxiéme ordre. Pour déterminer
les solutions du systéme, la méthode du développement asymptotique & échelles multiples
a été adoptée. L’intérét pratique de ce développement vient justement du fait que 1'on
peut obtenir une bonne approximation dans une bande de fréquences pour des problémes
de vibration comportant un petit parameétre de perturbation qui produit une modulation
lentement variable des vibrations. L’analyse mathématique de validité du développement
asymptotique de solutions périodiques des vibrations libres (dites modes normaux non li-
néaires) a été rigoureusement faite et la détermination des modes propres d’un systéme non
linéaire & quelques degrés de liberté a été analysé. Les résultats obtenus par cette approche
ont été comparés avec une résolution numérique utilisant un programme d’intégration nu-
meérique pas a pas de scilab; d’autre part, une transformation de Fourier numérique a été
effectuée pour déterminer les fréquences. Celles ci ont été comparées avec celles du sys-
téme linéaire. Les solutions de ce dernier peuvent tout au moins servir de références pour
identifier les effets de non linéarité localisée sur le comportement non linéaire global.

[’analyse a été faite sur un systéme non linéaire dans la base des vecteurs propres pour
simplifier les calculs en suivant le principe des modes normaux qui consiste a ce que toutes
les composantes vibrent & la méme fréquence. Des résultats illustrés par des exemples ont
été exposés.

Pour les vibrations forcées amorties avec une fréquence excitatrice proche de la fré-
quence propre de vibration libre, la résolution est complexe, néanmoins, nous sommes
arrivés a décrire un phénomeéne de résonance étendant la résonance classique du cas li-
néaire.

On a mis en évidence une solution périodique du systéme amorti et forcé ; elle apparait
comme solution stationnaire du systéme transformé ; la stabilité de la solution au voisinage
de celle ci est importante en elle méme mais est aussi un ingrédient de la démonstration
de la convergence du développement asymptotique effectué. Nous avons montré que l'am-
plitude de la solution périodique atteint une valeur maximale pour une fréquence de la
force appliquée proche de celle d'une vibration libre (résonance primaire). Nous avons re-
marqué dans I'expression de la fréquence angulaire de la solution périodique amortie et
forcée, qu’aux termes trouvés dans le cas de vibration libre s’ajoute un terme impliquant le
facteur d’amortissement. Pour cette fréquence, nous avons obtenu une solution approchée
périodique a 'ordre €. Avec cette approche nous mettons en évidence que lorsque la solu-

27



tion stationnaire atteint son amplitude maximum, la force excitatrice satisfait la relation
suivante F' = Away, ainsi, le terme d’amortissement A peut étre déterminé, c’est assez
intéressant en pratique car il est en général difficile & mesurer. Par contre, Il a été observé
que le terme quadratique n’a aucune influence sur la réponse approchée obtenue avec le
développement a double échelle .

En utilisant le développement & triple échelle, ’expression de la solution approchée
de la fréquence de la solution périodique est améliorée. Dans 'expression de la fréquence,
aux termes trouvés avec deux échelles de temps s’ajoute un terme d’ordre € qui fait
intervenir les coefficients des termes quadratiques et cubiques de ’équation du systéme.
L’introduction d'une autre échelle de temps a compliqué la détermination de l'amplitude
et de la phase. Pour palier a cette difficulté, nous avons eu recourt a la méthode de la
reconstitution [Nay03| qui semble satisfaire la problématique mécanique ; nous avons donné
une preuve mathématique de son utilisation. Un lien entre la fréquence de la solution libre
et I'amplitude de la solution forcée a été mis en évidence. Il permet de déterminer une
approximation de la fréquence de résonance du systéme forcé; elle est trouvée proche de
la fréquence du mode normal non linéaire.

Perspectives . les points suivants peuvent étre considéreés :

Le décalage de la fréquence dépend de la position du défaut, ceci permet d’envisager
un probléme inverse de la localisation du défaut, par suite ; plus directement I'identi-
fication des parameétres de rigidité linéaire, ainsi que les coefficients des rigidités non
linéaires c et d a partir de mesures expérimentales de la réponse du systéme peuvent
étre considérés.
Une utilisation de cette approche dans le cas de plaques est une possibilité pratique
tres utile en ingéniérie.
Associer le modele élasto-plastique unifié et les approches a multiples échelles.

— Tester le modele élasto-plastique unifié sur des exemples industriels avec un grand
nombre de degrés de libertés.
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