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ABSTRACT

Inspired by the swapping algebra |[L4] and the rank n cross-ratio [L3| introduced by
F. Labourie, we construct a ring equipped with the swapping Poisson structure—the rank
n swapping algebra Z,,(P) to characterize the moduli spaces of cross ratios in rank n. We
prove that Z,(P) inherits a Poisson structure form the swapping bracket. To consider the
"cross-ratios" in the fraction ring, by interpreting Z,(P) by a geometric model, we prove
that Z,(P) is an integral domain. Then we consider the ring B, (P) generated by the
cross ratios in the fraction ring of Z,(P). As an application, for n = 2,3, we embed in a
Poisson way the ring generated by Fock-Goncharov coordinates for configuration space of
flags in R™ into B, (P). By studying the discrete integrable system for the configuration
space My 1 of N-twisted polygons in RP!, we asymptotically identify the rank 2 swapping
algebra with the dual of Virasoro algebra on a hypersurface of My 1. And we find a
discrete bihamiltonian system of My ;.

Keywords: Swapping algebra, cross ratio, Poisson structure, Fock-Goncharov algebra,
Virasoro algebra.
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In [L4], F. Labourie introduces the swapping algebra by pair of points on a circle.
He relates, through the cross ratios, the swapping algebra to the Atiyah-Bott-Goldman
symplectic structure on the universal(in genus) Hitchin space and to the Drinfeld-Sokolov
reduction on the space of real opers for all possible ranks. From his point of view, the
swapping algebra is the natural Poisson algebra for all the moduli spaces of cross ratios.
Here, the moduli space of cross ratios refers to the moduli space equipped with a cross
ratio like coordinate system and a cyclic order on points. For example, moduli space
of limit curves for Hitchin component, configuration space of flags, etc. In my thesis,
to characterize the moduli spaces of cross ratios in each rank and the relations between
special functions of the moduli spaces, inspired by the swapping algebra and the rank n
cross ratio, I introduce the rank n swapping algebra, then:

1. for n = 2,3, we embed in a Poisson way the ring generated by Fock-Goncharov
coordinates, for configuration space of flags(which correspond to X variety) in R"

into B, (P).

2. By studying the discrete integrable system for the configuration space My 1 of N-
twisted polygons in RP!, we asymptotically identify the rank 2 swapping algebra
with the dual of Virasoro algebra on a hypersurface of My 1. And we find a discrete
bihamiltonian system of My ;.

I will treat the general cases of Case [I] in my upcoming paper. I hope in the future to
obtain results in higher dimensions for Case [2] and find possible discrete bihamiltonian
system of My ,,.

1.1 Background

1.1.1 Swapping algebra

The swapping algebra is constructed through ordered pairs of points on a circle. Let
P be a cyclic subset of S!, we represent an ordered pair (7,2) of P by the expression ru.
Then we consider the associative commutative ring Z(P) = K[{zy}ve yep]/{zz|Vr € P}
over a field K (K = C or R), where {zy}v; yep are variables. Notably, rz = 0 in Z(P) if
r = x. Then we equip Z(P) with a Poisson bracket defined by F. Labourie in [L4].

Definition 1.1.1. [SWAPPING BRACKET| The swapping bracket over Z(P) is defined by
extending the following formula on generators to Z(P) by using Leibniz’s rule:

{T‘m,sy}:j(r,x,s,y)-ry-s:z:, (11)

where J(r,z,s,y) is the linking number of ry and sx.(See Section . This is the case
fora=01in [Lj].)
|[LEIBNIZ’S RULE]|

{ra - sy,tz} = ra{sy,tz} + sy{rz,tz}. (1.2)

In Section [2.1] we give more details on configurations of points with different linking
numbers.

In [L4], F. Labourie proved that
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Theorem 1.1.2. [F. LABOURIE [L4|| The swapping bracket is a Poisson bracket.

Definition 1.1.3. [SWAPPING FRACTION ALGEBRA OF P| The swapping fraction algebra
of P is the total fraction Q(P) of Z(P) equipped with the induced swapping bracket.

Definition 1.1.4. |[MULTIFRACTION ALGEBRA OF P| Let x,y,z,t belong to P so that
x #t andy # z. The cross fraction determined by (x,y, z,t) is the element of Q(P):
xzz Yyt

t] = = 1.3
[z,y, 2, ] i (1.3)

Let CR(P) = {[x,y,2,t] € Q(P) | Va,y,2,t € P, x # t,y # z} be the set of all the
cross-fractions in Q(P). Let B(P) be the subring of Q(P) generated by CR(P). Then, the
multifraction algebra of P is the ring B(P) equipped with the swapping bracket.

1.1.2 Swapping algebra and the Atiyah-Bott-Goldman symplectic structure

A theorem of F. Labourie [L1] and O. Guichard|[Gul] allows us to consider Hitchin
component as the space of the limit double curves. Let us recall some definitions.

Definition 1.1.5. [HircHIN COMPONENT [HI1||| An n-Fuchsian homomorphism from 7y (.S)
to PSL(n,R) is a homomorphism p =i o pg, where py is a discrete faithful homomorphis-
m with values in PSL(2,R) and i is the irreducible homomorphism from PSL(2,R) to
PSL(n,R). A homomorphism is Hitchin if it may be deformed into an n-Fuchsian ho-
momorphism. The Hitchin component H,(S) is the space of Hitchin homomorphisms up
to conjugation by PSL(n,R). The Hitchin component and the representations of surface
groups can be defined for surfaces with boundary [L2].

Definition 1.1.6. [HYPERCONVEX MAP| A continuous map & from a set P to RP" ! is
hyperconvex if for any pairwise distinct points (z1, ..., zp) with p < n, the following sum is
direct

E(z) + ... +&(zp)

Let 01 (S) be the boundary at infinity of m1(S). When we fix an uniformisation of
the universal cover of the surface S equipped with a complex structure, dsom1(S) can be
identified with the real projective line RP' as the boundary of H?.

Definition 1.1.7. [n-HYPERCONVEX| A homomorphism p from 71(S) to PSL(n,R) is n-
hyperconvex, if there exists a p-equivariant hyperconver map & from Osomi(S) to RP™ L,
namely £(yz) = p(v)&(x). Such a map is called the limit curve of the homomorphism.

Theorem 1.1.8. [F. LABOURIE [L1], O. GUICHARD|GUL|| A homomorphism p from
m1(S) to PSL(n,R) is Hitchin if and only if p is n-hyperconvez.

Moreover, by F. Labourie |[L1] and O. Guichard|Gull|, If p is n-hyperconvex, there
is an unique p-equivariant hyperconvex map &(&* resp.) from O, (S) to P(R™)(P(R™)*
resp.) such that £(z) € ker(£*(y)) < = = y. Hence p € Hy(S) is associated with a limit
double curve (&,£*) by Theorem [I.1.8]
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Definition 1.1.9. [WEAK CROSS RATIO| The weak cross ratio B¢ ¢« of four different points
x,Y, 2, t in Osem(S) is defined to be

Be o (z Zt):<£<x>|5*<z>> GOI0)
T Ewieo) (die)

(1.4)

which is independent of the lifts € of & with values in R"™ and the lifts £ of & with values
in R™.

Let P be a subset of 0xm1(S), F.Labourie [L4] define a ring homomorphism I :
B(P) — C*(H,(S)) by extending the following formula on generators to the whole ring
B(P):

xzz Yyt
I{— = = B¢ g t). 1.5
(2 2) () =Bee (ot (15)

Then the swapping bracket induces a Poisson bracket on the space of weak cross ratios. In
IL4], F. Labourie chooses a vanishing sequence {I';,}>2 ; of finite index subgroup of 71 (S).
Vanishing means: When n is sufficiently large, every geodesic of H/T',, becomes simple and
the intersection of two geodesics becomes either zero or one. He proved that

Theorem 1.1.10. [F. LABOURIE [L4]|| Let {I'y,}22, be a vanishing sequence of m1(S),
Sp = H/T,,. Let P C 0oom(S) be the set of end points of geodesics. Let by and by be two
elements in B(P). Let {.,.}s, be the Atiyah-Bott-Goldman bracket [AB] [G1] for H(S,).
Let {.,.} be the swapping bracket. Then we have,

lim {I(bg),I(bo)}s, = I o{bo,b1}. (1.6)

n—oo

1.1.3  Fock-Goncharov algebra on Xpsy(n Rr),s

V. V. Fock and A. B. Goncharov introduce X-higher Teichmuller space (Xg g in [EGI]
where G is real split reductive Lie group, S is a compact oriented surface with boundaries.
We suppose S has negative Euler number. Certain finite cover of H,(S) can be identified
with an open subset of Xpgr,(n r),s (see section 2 of [FG1]). Moreover, they give a coordinate
system of Xpgr(nRr),s-

Definition 1.1.11. [X-HIGHER TEICHMULLER SPACE X g, SECTION 2 OF [EGI]|| Let
G be a reductive group. Let B be the Borel group of G. Let F = G/ B be the flag variety of
G. Let T be the finite subset of 8S, S = S\T. An element in X-higher Teichmuller space
Xas is a pair (V, f) , where V is a flat connection on the G-principal bundle P — S and
f:9S\T — G/B is B-reduction flat on 9S\T, that is to say, for any x € IS\T', we choose
a flag f(x) in Plg, such that V translates f(x1) to f(x2) when x1 and x2 are in the same
component of x € OS\T.

For the disc D , a finite subset P C 9D, XPSL(n,R),D = Confy,,,, where Confy, ,, is the
configuration space of flags (see Definition , it is considered as the building block of
ApsL(n,r),s (See section 7 of [FGI]).



1. Introduction 13

Given an ideal triangulation 7" and its n-triangulation 7;,(see Chapter 3), V. V. Fock
and A. B. Goncharov associate some vertices I,, U J,, of T,, with rational functions which
we call the Fock-Goncharov coordinates X; : Xpsy(nr),s — R for any ¢ belongs to I, U J,.
They define a Poisson bracket which we call the Fock-Goncharov bracket on the function
ring generated by these functions by extending the following formulas to the whole ring.

{Xm Xw}n = €uw " Xu * Xuw (1.7)

For any u,w € I, U Jy, €y = 0,1, —1. The value of €,, depends on the orientation of the
surface. Moreover, they show that

Proposition 1.1.12. [V. V. FOck AND A. B. GONCHAROV [EG1l|| The Poisson bracket
{.,.}n does not depend on the triangulation that we choose.

1.1.4 Motivation of our study

F. Labourie [L4] have constructed a universal Poisson algebra—swapping algebra for
weak cross ratio functions of Hitchin component. There are rank n weak cross ratio rela-
tions |L3] between these weak cross ratios. So we restrict to rank n swapping algebra to
characterize weak cross ratio function ring pure algebraically. The free K-module Z(P)
becomes into a quotient ring Z,(P) with some relations(see next section), which is not
free any more. To construct rank n swapping algebra, we have to answer two fundamental
questions at the beginning:

1. Is that Z,(P) compatible with the swapping bracket?

2. Is that cross ratios well-defined in the fraction ring of Z,(P), in other words, is that
Z,(P) an integral domain?

Fortunately, the answers to these two fundamental questions are positive by Chapter [2]

For the configuration space of flags which is the building block of the universal cover-
ing(in genus) of Hitchin component, there are the Fock-Goncharov algebra considered by
V. V. Fock and A. B. Goncharov [FGI] and the rank n swapping algebra by considering the
cyclic set P to be cyclically ordered points in each configuration. Since Fock-Goncharov
algebra is a natural Poisson algebra invariant under the cluster transformations, we hope
these two natural Poisson algebras in some sense coincide with each other. In fact, we
embed in a Poisson way the Fock-Goncharov algebra into the rank n swapping algebra in
general, we will show the cases for n = 2,3 in my thesis. The general case will be shown
in the upcoming paper by the same method.

Discrete integrable system of the configuration space My, of RP™" is considered by
L. Faddeev, A. Yu. Volkov [F'V] for n = 1, R. Schwartz, V. Ovsienko and S. Tabachnikov
[SOT] for n = 2 and B. Khsein, F. Soloviev [KS]| for n in general. We plan to construct a
Poisson structure on coordinates defined by weak cross ratios on My, through the swap-
ping algebra. Then compare this Poisson structure with the Poisson structure considered
by R. Schwartz, V. Ovsienko and S. Tabachnikov [SOT| for n = 2 to show that they are
compatible, where their continuous limit are the natural Lie-Poisson structure and the
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freezing structure [SOT]. This plan is to reply the conjecture mentioned by [SOT]. But
we do not success in finding such a nice swapping Poisson structure. We have only result
for n = 1 shown in the last section. More general case will be considered later on.

1.2  Our Results

1.2.1 Rank n swapping algebra

Inspired by the swapping algebra and the rank n cross-ratio, we introduce the rank n
swapping algebra Z,,(P).

Definition 1.2.1. [THE RANK n SWAPPING RING Z,(P)| For n > 2, let R,(P) be the
subring of Z(P) generated by

1Y1 T1Yn+1
DeZ,(P)|D=det| .. o |5 V2L, e a1, YLy s Yl € P

Tn+1Y1r -+ Tn+1Yn+1
Let Z,(P) be the quotient ring Z(P)/R,(P).

We prove two fundamental Theorems [T.2.2] and [I.2.4] for the rank n swapping algebra
below.

Theorem 1.2.2. For n > 2, R, (P) is an ideal for the swapping bracket, thus Z,(P)
inherits a Poisson bracket from the swapping bracket.

By the above theorem, we have

Definition 1.2.3. [RANK n SWAPPING ALGEBRA OF P| The rank n swapping algebra of
P is the ring Z,(P) equipped with the swapping bracket.

Theorem 1.2.4. Forn > 2, Z,(P) is an integral domain.

Definition 1.2.5. [RANK n SWAPPING FRACTION ALGEBRA OF P| The rank n swapping
fraction algebra of P is the total fraction ring Q,(P) of Z,(P) equipped with the swapping
bracket.

Definition 1.2.6. [RANK n MULTIFRACTION ALGEBRA OF P| Let z,y, z,t belong to P so
that x # t and y # z. The cross fraction determined by (x,y, z,t) is the element of Qn(P):
rz yt

[‘T7y’ th] =

. 1.8
Tt Yz (18)

Let CR,(P) = {[z,y, 2, t] € Qun(P) | Va,y,2,t € P, x #t,y # 2} be the set of all the
cross-fractions in Q,(P). Let B,(P) be the subring of Q,(P) generated by CR,(P).

Then, the rank n multifraction algebra of P is the ring B, (P) equipped with the swap-
ping bracket.
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1.2.2 The relations between the rank n swapping algebra and the Fock-Goncharov
algebra

Let Dy be a disc with k marked points on the boundary. The configuration space
of flags Confy,, = Xparn,r),p, 1 the building block of the X-higher Teichmiiller space
Xpsrnr),s (see [EGI] Section 7). We want to study the relation between Fock-Goncharov
algebra and the swapping algebra on Confy, at the beginning. In fact, the swapping
algebra is very complicated on Confy,. But when we restrict to the rank n swapping
algebra, the Poisson bracket suddenly becomes canonical. We have our main result, which
says that we embed in a Poisson way the rank n Fock-Goncharov algebra A(7),) into the
rank n swapping multifraction algebra B, (P).

Definition 1.2.7. The rank n Fock-Goncharov ring A(T,,) is a ring generated by the triple
ratios and the edge functions(see Definition and Definition .

Let P = {x1,...,z} be the set of marked points of Dy. We construct the swapping
multifraction B,,(P’) on Confy,, by adding some points with geometric meaning into P.
Then we construct a ring homomorphism 607, : A(T,) — B,(P’) by interpreting the vol-
umes in Fock-Goncharov coordinates by the determinants in Z,(P’). In my thesis, we only
consider the case for n = 2,3, where P’ = P. Then we prove that

Theorem 1.2.8. Forn = 2,3, the ring homomorphism O, 1is injective and Poisson.

The general case will be shown in the upcoming paper.

1.2.3 The relation between the rank 2 swapping algebra and the Virasoro algebra

Definition 1.2.9. [CONFIGURATION SPACE OF N-TWISTED POLYGONS IN RP"| A N-
twisted polygon in RP™ is a map f from Z to RP™ such that for any k € Z, we have
f(k+ N) = My - f(k) where My belongs to PSL,1(R). We call My the monodromy of
the N-twisted polygon in RP™. We say that f is in general position if for any k € N, the
points {f(k+i— 1)} are in general position in RP™.

The configuration space of N-twisted polygons in RP", denoted by My, is the space
of the N -twisted polygons in general position in RP™ up to projective transformations.

We construct a cross ratio coordinate system {Bk}]k\[:1 of My 1. There is a natural
Poisson structure induced from the swapping algebra on the cross ratios. Then we relates
the swapping algebra to the Virasoro algebra on My ;1 as follows.

Definition 1.2.10. [(¢1,t2, N)-VIRASORO BRACKET| Let ti,t € R and N € N, the
(t1,t2, N)-Virasoro bracket on {I3}__ is defined to be:

Forp.q = - [52] o [¥],
1. when p # —q, we have

Up, IgdNt e = (0= @) Tpig

with the convention Iy, N = Ii;
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2. when p = —q, we have

(L I pINayt =2p - To+t1-p° +ta - p.

Definition 1.2.11. [DISCRETE FOURIER TRANSFORMATION| Let {By}Y_, be the cross
ratio coordinates of My 1. Let B = {By,..., By}. The discrete Fourier transformation F
of B is defined to be

N .
FB=Y B v (1.9)
k=1

Our main result is

Theorem 1.2.12. Let {By}Y_| be the cross ratio coordinates of My 1 such that

N

> Br=0

k=1
For k= = [%2] e 3],

Vi, = Fi.B ~.N'
811
We have )
{‘/;;, Vq}BQ = {‘/;)’ %}N,%,&N +o0 <]V3> . (110)

We have a similar theorem for lower rank version of the Poisson algebra defined in

[SOT] {-,-}s1 on (see Section on My 1.

Theorem 1.2.13. Let { By}l be the cross ratio coordinates of M1 such that

FiB- N
W = Temi
We have .
{Wp7Wq}Sl = {Wp7Wq}N,§£\?,48N+O<]\73> . (111)

Then we observe that

Theorem 1.2.14. For N > 5, {-,-}p2 and {-,-}s1 are compatible on My ;.
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1.3 Summary

1. In chapter 2, we construct and study the rank n swapping multifraction algebra —a
quotient ring equipped with the swapping Poisson structure. In §2.1) we recall the
swapping algebra introduced by F. Labourie. In §2:2] we define the rank n swapping
ring Z,(P) and prove that it is compatible with the swapping bracket. In §2.3 we
prove that Z,(P) is a integral domain. After two fundamental Theorems and
2.3.7, we construct the rank n swapping multifraction algebra. In we study
the relations between the rank n swapping algebra and the weak cross ratios in the

Hitchin component and the configuration space of the flags.

2. In chapter 3, for n = 2, 3, we relate the rank n swapping multifraction algebra to the
rank n Fock-Goncharov algebra on the configuration space of flags Confy, ,,. In
we recall the configuration space of flags which is the building block of Xpar,(n,r),s>
and its coordinates coined by Fock and Goncharov. In we embed in a Poisson
way the rank 2 Fock—Goncharov algebra into the rank 2 swapping multifraction
algebra. In §3.3] we embed in a Poisson way the rank 3 Fock-Goncharov algebra into
the rank 3 swapping multifraction algebra. In we relate 07, to 01, by a Poisson
embedding 7 and we generalize to 73.

3. In chapter 4, we relate the rank 2 swapping multifraction algebra to the Virasoro
algebra on a hypersurface of the configuration space My 1 of N twisted polygons in
RP'. In we recall the central extension, Virasoro algebra, Hill’s operators and
some of their properties. In we recall the configuration space My ,, of N-twisted
polygons in RP". When (N, n+1) = 1, we recall a coordinate system of My ,, [SOT]
[KS]. In we asymptotically identify the rank 2 swapping algebra with the dual
of Virasoro algebra on a hypersurface of My ;.. In we asymptotically identify
the Schwartz algebra with the dual of Virasoro algebra on a hypersurface of My ;..
We prove that swapping bracket is compatible with Schwartz bracket on My ;.



2. RANK N SWAPPING ALGEBRA
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In this chapter, we construct and study the rank n swapping multifraction algebra —a
ring equipped with the swapping Poisson structure. In we recall the swapping algebra
introduced by F. Labourie. In we define the rank n swapping ring Z,,(P) and prove
that it is compatible with the swapping bracket. In to ensure that "cross ratios" are
well-defined in the fraction ring of Z,,(P), we prove that Z,(P) is a integral domain. After
two fundamental Theorems and we construct the rank n swapping multifraction
algebra. In we study the relations between the rank n swapping algebra and the weak
cross ratios in the Hitchin component and the configuration space of flags.

2.1 Swapping algebra

In this section, we recall some definitions about the swapping algebra created by F.
Labourie. Our definitions here are based on Section 2 of [L4].

2.1.1 Linking number of 4 points in the circle

Definition 2.1.1. [LINKING NUMBER| Let (r,z,s,y) be a quadruple of 4 different points
in the interval |0,1[. Let o(A) = —1,0,1 whenever A < 0,A = 0,A > 0 respectively. We
call J(r,x,s,y) the linking number of (r,x, s,y), where

_

T(r,z,s,y) =

5'(0(7'—:1:)-a(r—y)-U(y—x)—a(r—x)-o(r—s)‘a(s—:c)). (2.1)

Fig. 2.1:

-1/2 0

1/2

If (r,z,s,y) is a quadruple of 4 points in the oriented circle S', the linking number
of 4 points in the interval S™\o for o ¢ {r,z, s,y} does not depend on the choice of 0. So,
J(r,z,s,y) is defined to be the linking number of 4 points in the circle S*. We describe
four cases in Figure 2.1
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2.1.2 Swapping algebra

Let P be a finite subset of the circle S provided with cyclic order. K is a field (C or
R) We represent an ordered pair (r,z) of P by the expression rx.

Definition 2.1.2. [SWAPPING RING OF P| The swapping ring of P is the ring Z(P) :=
K{zy vz yep]/{zz|Ve € P} over K, where {xy}vg yep are variables with values in K.

Notably, rz = 0 if r = 2 in Z(P). Then we equip Z(P) with a Poisson bracket defined
by F. Labourie in Section 2 of [L4].

Definition 2.1.3. [SWAPPING BRACKET| The swapping bracket over Z(P) is defined by
extending the following formula to Z(P) by using Leibniz’s rule and additive rule:

{re,sy} =T (r,z,s,y) -1y - sz. (2.2)
(Here is the case for oo =0 in Section 2 of [Lj)].)

Leibniz’s rule:
{ra - sy,tz} = ra{sy, tz} + sy{rz,tz} (2.3)
for any rx, xy, tz in P.
Additive rule:
{a+b,c} ={a,c} + {b,c} (2.4)
For any a,b,c € Z(P).

Theorem 2.1.4. [F. LABOURIE [L4|| The swapping bracket as above verifies the Jacobi
identity. So the swapping bracket defines a Poisson structure on Z(P).

Definition 2.1.5. [SWAPPING ALGEBRA OF P| The swapping algebra of P is Z(P) e-
quipped with the swapping bracket.

2.1.3 Swapping fraction algebra, swapping multifraction algebra

Definition 2.1.6. [CLOSED UNDER SWAPPING BRACKET| For a ring R, if Ya,b € R, we
have {a,b} € R, then we say that R is closed under swapping bracket. Moreover, we say
that R is equipped with the closed swapping bracket.

Z(P) is a integral domain, let Q(P) be the total fraction of Z(P). By Leibniz’s rule,

{a,b}
B2

since {a,3} = — the swapping bracket is well defined on Q(P). So we have

Definition 2.1.7. [SWAPPING FRACTION ALGEBRA OF P| The swapping fraction algebra
of P is Q(P) equipped with the induced swapping bracket.

Definition 2.1.8. [CROSS FRACTION| Let z,y, z,t belong to P so that x # t and y # z.
The cross fraction determined by (z,vy, z,t) is the element of Q(P):

rz Yyt

[$)y7zvt] = (25)

ot yz

Let CR(P) = {[z,y, 2, t] € Q(P) | Va,y,z,t € P, x # t,y # z} be the set of all the
cross-fractions in Q(P).
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Remark 2.1.9. Notice that the cross fractions verify the cross-ratio conditions [L3J] :
Symmetry: [a,b,c,d] = [b,a,d, |,
Normalisation: [a,b,c,d] =0 if and only if a = c or b=d,
Normalisation: [a,b,c,d) =1 if and only if a =b or ¢ =d,
Cocycle identity: [a,b,c,d] - [a,b,d,e] = [a,b,c,¢],
Cocycle identity: [a,b,d, €] - [b,c,d,e] = [a,c,e, f].

Let B(P) be the subring of Q(P) generated by CR(P).
Proposition 2.1.10. B(P) is closed under swapping bracket.
Proof. By Leibniz’s rule, Ve, ..., ¢y, di, ..., dy, € Z(P)

{orenpdi o dm} N {cind;

b
c1--Cp-dy---dpy Pt i dj

(2.6)

we have only to show that for any two elements £2 - ¥ and Y& . ¥ jp CR(P), where x # t,

xt Yz us vw
y;éz,uaés,U%w,then{%-g—i,%~%}EB(P). Let e = xz, 62:$, es = yt,
€4 = y—lz, h1 = uw, hy = %, hs = vs, hy = % By the definition of the swapping bracket

fevh} ¢ CR(P). Then by the Leibniz’s rule, we deduce that for any e, h € Z(P),

e1-hy

{e.d)  {eh}

e/h e-h’

So for any 4,5 = 1,2,3,4, we have % € CR(P). erezeseq and hihohghy are also in
CR(P), so

4
€, h;
{61626364, h1h2h3h4} = Z {ehj} . (61626364h1h2h3h4) € B(P)
igj=1 "+ J
Finally, we conclude that B(P) is closed under swapping. O

Definition 2.1.11. [SWAPPING MULTIFRACTION ALGEBRA OF P| The swapping multi-
fraction algebra of P is B(P) equipped with the swapping bracket.

2.2 Rank n swapping algebra

In this section, we define the rank n swapping ring Z,(P), then we prove one of our
fundamental theorems, says that Z,(P) is compatible with the swapping bracket.
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2.2.1 The rank n swapping ring Z,(P)

In spirit of rank n cross-ratio in [L3| defined by F.Labourie, combining with the
definition of the swapping ring above, we define the rank n swapping ring as follows.

Notation 2.2.1. Let

T1Y1 T1Yn+1
A((®1, s Tng1), (Y15, Ynt1)) = det .
Tn+1Y1 -+ Tn4+1Yn+1

Definition 2.2.2. [THE RANK n SWAPPING RING Z,(P)| For n > 2, let R,(P) be the
ideal of Z(P) generated by
{DeZ(P)|D=Ax1, s Tnt1)s Y1y -y Ynt1) ), VT1y ooy T 1, Y1y s Ynt1 € P }.

The rank n swapping ring Z,(P) is the quotient ring Z(P)/R,(P).

Remark 2.2.3. Decomposing the determinant D in first row, we have by induction that

Ry(P) 2 R3(P) 2 ... 2 Ru(P). (2.7)

2.2.2 Swapping bracket over Z,(P)

Our main result is

Theorem 2.2.4. For n > 2, R, (P) is an ideal for the swapping bracket, thus Z,(P)
inherits a Poisson bracket from the swapping bracket.

Proof. The above theorem is equivalent to say Vh € R, (P), Vf € Z(P) , we have {f,h} €
R, (P) where n > 2. By Leibniz’s rule of the swapping bracket, it suffices to consider

f =ab € Z(P)a h = A(("'U]J ...71Un+1), (ylv "‘7yn+l))'

Lemma 2.2.5. Let n > 2. Let x1, ..., Tp+1 (Y1, .-, Ynt+1 7e€Sp.) different from each other in
P, a,b belong to P. Then {ab, A((x1, ..., Tn+1), (Y1, -, Ynt+1))} belongs to R, (P).

In particular, x1, ..., 21, Y1, ..., i are (strictly) on the right side ofﬁ and Ti41, oo Ty Ykt 15 o> Yp
are on the left side ofa? as in Figure . Let

l
AR = Zxdb ATy oy Td—15Qy Tt 15 ooy Tt 1)y (YLs ooy Ynt1))
d=1

) (2.8)
- Zayd : A((‘T17 "'7xn+1)7 (y17 e Yd—1, b7yd+17 "'7y’n+1))7
d=1
m
AL = Z xdb : A((‘Tla sy Ld—1, Ay Td4-1, "'>xn+1)a (yla "'ayn+1))
d=Il+1 (2 9)

p
- Z ayq - A((l’l, ...,$n+1), (yl: s Yd—1, b7 Yd+1y -+ yn+1))'
d=k+1

we obtain that
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Xm

Yk
yk+].

Xi=1

Fig. 2.2:

1. when a does not belong to {x1,...,xny1} and b does not belong to {yi, ..., Yn+1}, m =
p=mn+1, we have

{ab, A((.’L‘l, ...,l‘n+1), (yl, ceey yn—i-l))} = AR = —AL; (210)

2. when a coincides with Tn11, b does not belong to {y1,...,Ynt1}, m =n, p=n+1,

we have
{ab,A((wl,...,an),(yl,...,yn+1))}
1
= 5 ab A((@1, e Tng), (Y1, Yng)) + AT (2.11)
1
= _5 ~ab - A((Z‘l, "')x’VL-f-l)? (y17 "'7yn+1)) - AL’

3. when a does not belong to {x1,...,xn41}, b coincides with yp+1, m =n+1, p =n,

we have
{a’ba A((xlv "‘7xn+1)7 (yh "'7yn+1))}
1
=5 b A((@1 e Tn1), (Y1, Yng1)) + AT (2.12)
1

- 5 ~ab- A((‘Tla -~-a$n+1)7 (yh ---,Z/n+1)) - AL'

4. when a coincides with some xn11 and b coincides with some ypr1, m = p = n, we
have

{ab, A((JTl, ...,:L'n+1), (yl, ceey ynJrl))} = AR = —AL; (213)

Proof. We suppose that x1,x9,...,xnr1 (resp. y1,%2,...,Ynt1) cyclically ordered on the
circle with anticlockwise orientation.

We assoicate to (x1, ..., Zn4+1, Y1, ..., Yn+1) the oriented complete bipartite graph K11 541
with the vertex sets X = (x1,22,...,2n41) and Y = (y1,92,...,Yn+1) in P, so that every
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vertex in X is adjacent to every vertex in Y by an arrow from x; to y;, but there are no
arrows within X or Y. Let I' be the set of all the subgraphs of K, 1,41 so that every
vertex appear on exactly one edge.

Notation 2.2.6. Let vy be a oriented graph, let E () be the set of all the arrows in =y, for
any e in E(y), e = exe_ where ey (e_) is said to be the origin (end respectively) of e. If
e= fi—y_;, we denote z;y; in Z(P) by e without loss of ambiguity.

For any v in I',; we have exactly one ¢ in the permutation group of n+1 elements Sy, 41,
such that, for any e in y, we have z;, = e, y;, = e, 0(i;) = ji; for any o in Sy 11, we have
exactly one 7 in I', such that for any e in v, we have x;, = ey, y;, = e—, o(i;) = j;. For
example, the subgraph ~y with the arrows {E@Z}?jll corresponds to I € S,. We identify
the set I' with the group S,+1 of permutations of {1,...,n 4+ 1}. We have

n+1
A((xlu (XS] xn+1)7 (?/1, ceey yn+1)) = Z (_1)81gn(0) H x’bycr(z) (214)
=1

O'ESn

Then A((21,...,Zn+1), (Y1, -, Yn+1)) can be written as the sum over I':

A((x1y ooy Tpg1) Y1y ooy Ynt1)) = Z(—l)Sig"(U) H ere_, (2.15)

cel eco

where sign(o) is the sign of the permutation in S,,11. By Leibniz’s rule, we have

(b, A1, 1), s o))} = (1)) 5 ((H ) - m) . (216)

o€l eco e'co
Notation 2.2.7. The arrow % seperates S* into disjoint unions
{a} U{b}UTUJ,
where I is on the left side of a?. Let

d(a,b) ;=8I N {x1, .., Tpt1, YLy ooy Ynt1}-

If a point u in S* does not coincide with any one of {x1, ..., Tni1, Y1, - Ynt1}, We say
that u is in general position.

We say that a point u(different from v) is next to v if {1, ..., Tpt1, Y1, -y Ynt1} \{u, v}
is included in the component of S*\{u,v} which is on the left side of 1.

Notice that every element of {x1, ..., Zp+1, Y1, -.., Yn+1} appear only once in H?jll TiYo (i)
We prove the lemma by induction on d(a,b). The following calculations are all based on
the combinatorial model described above and the formula 216l

We start our induction with d(a,b) = 0, then there is no vertex of {z1, ..., Tp+1, Y1,
weeyYn+1} on the left side of ab.
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a=Xi

Fig. 2.3:

1. If @ does not coincide with any x; and b does not coincide with any y;, then for any
Zs , Y, we have {ab, zsy;} = 0. By the formula we have

{CLb,A((CL‘l, ...,.I'n+1), (yl, --~7yn+1))} =0€ Rn(P)

2. If a coincides with some x; and b does not coincide with any y; as in Figure then
for each 0 € T, each e € E(0) , we have {ab,e} = 0 except for the arrow e in o so
that ey = z;, J(a,b,eq,e_) = —%. So {ab,e} = —% -ab - e. Hence in this case, By
the formula 2.16] we deduce that

{abv A((:El, ceny l‘n+1)7 (yl, ey yn+1))} = *%ab'A((ajl, ceey anrl)v (ylv ) yn+1)) € Rn(P)

3. If a does not coincide with any z;, b coincides with some y;. Similarly as Case [2, we
have

{abaA((l‘la "'amn+1)> (yh ~-~>yn+1))} = %ab'A((l‘la -~-75L'n+1)7 (ylv'-wynJrl)) € RH(P)

4. If a coincides with some z;, b coincides with some y;. By the formula we have

{ab, A((@1, s Tpt1), (Y15 s Ynt1))

-y (1) )

o€l such that abco eco \e'€o

f oy e (x(ge) ).

o€l such that ab¢o eco \eeo

(2.17)

For o € I such that ab € o, for any e € o, we have J(a,b,e+,e_) = 0. So the first
part of the right hand side of the equation is zero.
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For the second part of the right hand side of the equation, for each o such that
ab ¢ o, we have

> (H e') {abe’e} => (H e’) (T (a;b, i, Yo(iy) + T (a,b,25-1(5),y5)) - ab

e€o \e'co eco \e'€o
1 1
J— / —_— —_— . pr—
_Z<He> < 2+2> ab=0€ R,(P).
eco \e'Eo

(2.18)

So the lemma is valid for d(a,b) = 0.

Fig. 2.4:

We suppose that the lemma is true for d(a,b) = k > 0. When ab is the dotted arrow as
in Figure with d(a,b) = k + 1, we prove that {ab, A(z1, ..., Tpt1,Y1, -, Ynt+1)} belongs
to R, (P) as follows.

1. If x4 is the next to the point b as in Figure [2.4

(a) If b is in general position. Let & be a point in general position next to x5 on
the other side of az} as in Figure Since there are d vertices on the left side
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%
of ab/, by hypothesis and the formula we have

{ab’,A(wl,.. T 1y Yy ooy Ynt1) } = Z szgng (Z (H €/> Mb;e}>

el eco \e'co

S A b 01 () L R R

el eco \e'Eo
(2.19)

Since the right hand side of the above formula is a polynomial in ab’, 21V, ...,
Tnt1b’, we denote the right hand side of the formula by P(ab’, z1¥, ..., zy41b").
When we replace ab/, z1V/, ..., 2,110 by ab, 21b, ..., xp1bin P(ab, 21V, ..., xp4q0),
we obtain that

sign(o / j ,b/, ,e_).ae_. b
P(ab7$1b7'“7xn+1b) = Z(_l) (o) (Z <H 6) (a e+ : )CLG €+ ) )

cel’ eco \e/co

Still, we have P(ab, 21), ..., ,,+1b) belongs to R, (P). Then, by the formula

we have

{ab, A(x1, .coy Tpt1, Y1y ooy Ynt1) } — Plab, x1b, ..., 2y y1b)

— Z szgn o) (Z (H 6’) (j(a, b, €+7€—) - j(a, b’,e+,e_)).ae_.e+b>

oel eco \e'ec €
b, ber,e_)).ae_.eib
_Z szgno) Z(Hd) (j( )Yy E4 + )
oel (eEa e'co ¢

(2.20)
For a is in any position, we always have:

For any ¢ in I', e in ¢ such that e; # xs,
JW ., ber,e ) =0;
For any o in I, e in ¢ such that e} = zg,
T, bey,e ) =—1.

Then we have

(_1)sign(a) ( < €/> (j(b,,b, e+,e_)).ae_.e+b>
— Z szgn (H 6’) (_1)'ayo(s) - xsb (2.21)

oel e'co $syg(5)

= —2b - A((X1, ey Ts—1, 0y Ts1y ooy Tt 1)y (Y1 ooy Ynt1)) € R (P).

So {ab, A((x1, ..., Tnt1), (Y1, -, Yn+1))} belongs to R, (P) in this case.
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(b) If b coincides with z; for some 4. Let b” be a point in general position next to b

as in Figure By the result of the case , we have

{abt, A((z1, ooy Tns1), (Y1, oy Yns1)) } € Ru(P).

Since {ab”, A((x1, ..., Tnt1)s (Y1, -y Ynt1)) } is a polynomial in ab”, 210", ..., xp41 0",
we denote it by C(ab”, x1b", ..., 2p410"). When ab”, 210", ..., 2,110" is replaced
by ab, x1b, ..., xp 410 in C(ab”, 21V, ..., 2y 41b"), we still have C'(ab, x1b, ..., x,41b)
belongs to R, (P). By the similar argument, we have

{ab, A((:L‘l, ceny :L‘n+1), (y1, veey yn+1))} — C(ab, l‘lb, veey xn+1b)

_ Z(_Usign(a) (Z (H 6’) (j(G’? b, €+,€_) — j(a,b/’,e+,e_)).a6_.e+b>

oel eco \e'€c
/!
_ \sign(o) N\ T beq,e).ae_.eqb
S (32 (1) 2 |
oel eco \e'co
(2.22)
For a is in any position, we always have:
For any o in T, e in ¢ such that ey # x;,
j(bﬁa b, e+, 67) =0;
For any ¢ in T', e in ¢ such that ey = z;,
/! 1
JO" bey,e )= ~3
By the above formula, we have
Z(_l)sign(cr) (Z (H e/> (T (", b, €+7€))-G6’-€+b>
cel eco \e'co €
1
= Z(_l)Sign(U) (H 6’) (_5)‘ay0(5)'xib (2.23)
cel’ e'co xiyg(s)
=0.

So {ab, A((x1, ... Tp+1), (Y15 -y Ynt1))} belongs to R, (P) in this case.

If b coincides with y; for some i. Let b” be a point in general position next to b
as in Figure Without loss of ambiguity, we mention that this " is not the
same as the case (b). By the result of the case , we have

{abt! , A((z1, ooy Tns1), (Y1, oy Ynt1)) } € Ru(P).

Since {ab”, A((x1, ..., Tnt1)s (Y1, -y Ynt1)) } is a polynomial in ab” | 210", ..., xp41b”,
we denote it by D(ab”, z10", ..., 2 41b"). When ab”, 21V, ..., 2, 11" is replaced
by ab, x1b, ..., xp+1bin D(ab”, 210", ..., 210", we still have D(ab, 21D, ..., 25 4+1b)
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belongs to R, (P). By the similar argument, we have

{ab, A((l’l, ceny $n+1), (y1, ceey yn+1))} — D(ab, xlb, . xn+1b)

e (Z <H 6/> (J(a,b,eq,e-) — j(a,b”,e+,e)).ae.e+b>

e
cel e€o \e'co
/!

— __1\sign(o) / j(b s b, €4, e_).ae_.e+b
S (5 (T1) 20 |
oel eco \e'€c

(2.24)
For a is in any position, we always have :
For any o in T', e in ¢ such that e_ # y;,
JW' bere ) =0;
For any o in I, e in o such that e_ = y;,
1
T bey,e )= 7
Then we have
/!
__1\sign(o) / (j(b b, €+, e_)).ae_.e+b
Sy (3 (T1¢) e
oel eco \e'co
1
= Y (C1yrion@ (H 6/> G)-ai-wo-1i)b (2.25)
ocel e'co Lo-1(3)Yi
1

= an't : A((ﬂj‘l, ...,$n+1), (yb cs Yi—1, bv Yi+1, "-ayn+1))‘

So {ab, A((x1,...,Tp+1), (Y1, .-y Ynt1))} belongs to R, (P) in this case.
(d) For b coincides with certain point  such that = x; = y;, combining the cases
(b) and (c), we have {ab, A((x1, ..., Tn+1), (Y1, ..., Yn+1))} belongs to R, (P).
2. If x4 is replaced by certain y; as in Figure We have {ab, A((x1, ..., Tnt1),
(Y1, -, Yn+1))} belongs to R, (P) by the similar arguments.

3. If x5 is replaced by certain z such that * = x; = y; as in Figure We have

{ab, A((x1, ..., Tnt1); (Y1, oy Yn+1)) } belongs to R, (P) by combining the above two
cases.

We conclude that {ab, A((x1,...,Znt+1); (Y15 ey Ynt+1))} in Ry (P) for any A((zq, ...,
Tnt1), (Y1, -y Ynt1)) in R, (P) and any ab in Z(P).
Lemma 2.2.8. For any a,b,T1,...,Tn+1,Y1, -, Ynt+1 € P, we have
n+t1
Z ayi - A((z1, ooy Tnt1)s (Y1, ooy Yim 1,0, Vi1, ooy Ynt1))
i=1

- (2.26)

= Zl‘zb . A((l’l, cees Lj—1, Ay Ti41, ...,ZL‘n+1), (yl; '--7yn+1))-
=1



2. Rank n swapping algebra 30

Proof. We develop the left hand side of Equation [2.26]in the column of b, we have

n+1

> ayi - A1y e Tns1)s (Y15 oo Vi 15D, Yik 1, s Yng1)
i=1
n+1n+1 (227)
=3 ayi - wib s AL ooy T, T, oo Tty (Y oo Yim 15 ik ds s Yn1))-
i=1 j=1
We develop the right hand side of Equation [2.26]in the row of a, we have
n+1
Z $Zb . A((.Z'l, ey Li—1y Ay L1y oevy xn+1), (yh ceny yn-l—l)
i=1
ntlntl (2.28)
=D > @b ay; A1 e Ti 1, Tit 1oy Tn1)s (Y oo Yjo1s Ui ds ooos g 1))
i=1 j=1
Compare Equation 2.27] with Equation 228 we conclude that
n+1
Z ay; - A((xla ceey $n+1)7 (y1> ces Yi—1, ba Yit1y -0y yn+1))
i=1
1 (2.29)
= Z $Zb : A((l‘l, cers Lj—1, Ay Tjt-1y ---y :L'n+1), (yl, veey yn+1))~
i=1
O

Formulas are proved by our induction procedures and the lemma above.
O

Fig. 2.5:

Remark 2.2.9. 1. For ezample, as in Figure we have
{2z, Al(z, 2,y), (2,2, 1))} = yz - A(2, 2, 2), (2,2,1)) = 0. (2.30)
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2. It is easy to notice that a coincides with some y; and b coincides with some x; can
be combined into gemeric case. But the triviality of these cases are not due to the
linking number, but due to the definition that xx =0 in Z(P).

Finally, we conclude that the swapping bracket over Z,(P) is well defined for n >
2. O

Definition 2.2.10. [RANK n SWAPPING ALGEBRA OF P| The rank n swapping algebra
of P is the ring Z,(P) equipped with the swapping bracket.

2.3 Z,(P) is an integral domain

In this section, the field K is R or C. We want to know that if the cross fractions are
well-defined in the fraction ring of Z,(P). To this end, we prove that Z,(P) is an integral
domain through a geometry model considered by H. Weyl [W1] and C. De Concini and C.
Procesi [CP].

2.3.1 A geometry model for Z,(P)

Let us introduce a geometry model essentially associated to the weak cross ratios. Let
M, be the configuration space of p vectors in K" and p co-vectors in K™*. Here we denote
a; = (a;g)[~, bi = (big)j,. Let K[M)] be the polynomial ring generated by coordinates
functions on M, = (K" x K"*)P.

Notation 2.3.1. We define the product between a vector a; in K" and a co-vector b; in
K™ by

(ailb;) = bj(as) =D aiyr-bj. (2.31)
=1

Let GL(n,K) acts naturally on the vectors and the covectors by goa; := g-a;, gob; :=
(7Y -b; where T is the transpose of the matriz. It induces a GL(n,K) action on K[M,),
defined by:

e For any g € GL(n,K), a,b € K[M,], we have go (a+b) =goa+gob;
e For any g € GL(n,K), a,b € K[M,)], we have go (a-b) = (goa)-(gob).
Then K[My)] is a GL(n,K)-module, since for any g, 91,92 € GL(n,K), a,b € K[M,],

we have:
go(a+b)=goa+gob,

(g1+g2)ea=gioa+goa,
(91-92)0ca=gio(g20a).
We denote the GL(n,K) invariant ring of K[M,] by K[M,)L(K)
Let Bk be the subring of K[M,] generated by {<ai‘bj>}€:1,j:1'
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Since (a;|b;) € K[M,)] is invariant under GL(n,K), we have B,x C K[M,]L(K),
Moreover

Theorem 2.3.2. [C. DE CoNcINI AND C. ProcEsI [CP] '] B,x = K[M,]|L0K).

Since K[M,] is an integral domain, we have

Corollary 2.3.3. [C. DE CONCINI AND C. PROCES!I [CP||| The subring B,k is an integral
domain.

H. Weyl describe B,k as a quotient ring.

Theorem 2.3.4. [H. WEvYL [W1]|| The relations in B,k are generated by R = {f €

<ai1|bj1> <ai1‘bjn+1>
BnK ’ f:det ,Vik,jlzl,...,p}.
<a’in+1 ‘bj1> <ain+1 |a’jn+1>
Remark 2.3.5. In other words, let W be the polynomial Ting K[{xi,j}f’j:l], r={f¢€
Li1,51 Li1,jnt1
W | f=det| .. v | WYk g = 1,0}, let T be the ideal of W gen-
Tipt1,91 - Lipg1,Jnt1

erated by r, then we have Byx = W/T.

Let us recall that Z,(P) = Z(P)/R,(P) is the rank n swapping ring where P =
{x1,...,zp}. When we identify a; with x; on the left and b; with x; on the right of the pairs
of points in Z,(P), we obtain the main result of this section

Theorem 2.3.6. Let Z,(P) be the rank n swapping ring. Let S,k be the ideal of Bnx
generated by {(a;|b;)}r_,, then Bux/Snk = Zn(P).

2.3.2 Proof of the main theorem

Our main result is

Theorem 2.3.7. Forn > 1, Z,(P) is an integral domain.

Proof. Consider these GL(n, K)-modules: Let L be the ideal of K[M,] generated by ({(a;|b;)}._;),
let K, be the quotient ring K[{a; ;, bi,l}f,}n:ﬁ/[/a let S,k be the ideal of B,k generated by

{{albi) }i_, .-

There is an exact sequence of GL(n, K)-modules:
0— L — K[M,] = K, —0. (2.32)
By Lie group cohomology|CE], the exact sequence above induces the long exact sequence :

0 — LOME) 5 KM, |OL0E) o gOLWE) 5 FY(GL(n,K), L) — ... (2.33)

! Thanks for the reference provided by J. B. Bost.
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Proposition 2.3.8. Let S be the finite subset {{a;|b;)}t_;. Let K be R or C. Then
(K[M,] - S>GL(n’K) = K[MP]GL(TL’K) -5

Remark 2.3.9. For K = C, this lemma can be proved by Weyl’s unitary trick. But for
K =R, this lemma depends on Corollary[2.5.19

Proof. We prove the proposition in three steps. Firstly, we prove the proposition when we
substitute U(n) for GL(n,K); secondly, by Corollary [2.3.12] we prove the proposition for
GL(n, C); finally, by Corollary [2.3.12 we prove the proposition for GL(n,R).

1. Let
U(n) = {g € GL(n,C) | g-g" = I}.
Let us prove that
(C[My] - 8)" = C[M "™ - 5.
Of course, we have

(C[M,) - )V 2 €[,V - 8.

We now prove that (C[M,] - S)U(") C[M,]V™ . S. Let dg be a Haar measure
U

-
on U(n). Let x belongs to (C[M,]-S) (™) we represent by Zl 1t - s; where
t; € C[My) and s; € S. Since S C C[M,)C) C C[M,|V™, for any g € U(n),
g o s; = s;. Thus we have

k

k
z=goz=>) (got)-(gos)=> (got)-s
=1

=1

So
k k

gox:/()Z(gotl).sldgzz</()got1d9>.sl. (2.34)
U(n U(n

=1 =1
Let

b = / g ot dg.
U(n)

For any g; in U(n), we have

globz=/ gro(got) dg:/ ((91-g)ot) dg
=/ ((91-g)ots) d(g1-9) = br.
U(n)
So by belongs to C[M,)Y(™ hence x belongs to C[M,]Y(™ . S. Therefore, we have
(C[My] - 8)™ C A" - 5.

We conclude that
(C[M] - $)V = M, - 8.
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2. Secondly, let us prove that

(CIMy] - $)FHD = ) s

Let g be the Lie algebra of the Lie group G. Let s be a subset of g. Let V' be a
subset of C[M,,]. Let

d
Vsz{a€V|a exp(t-h)oa=0Vh € s }.
=0

Since for the groups U(n) and GL(n,C) , the exponential map is surjective, for any

subset V' of C[M,], we have
VU(n) — Vu(n)

and
VGL(n,C) — Vg[(n,(C).

To prove that
yolnC) = yuln)

since

Vg[(n,(C) _ Vu(n)+i~u(n) _ Vu(n) N Vi-u(n),

we only have to prove that

Lemma 2.3.10. For any u € gl(n,C), any v € C[M,], we have

% (exp (t-i-u)o(v)) =i d

0 |, @t o). (230)

Proof. Let a;, j,-ai, j bk, 1, --bk, 1, be a monomial in C[M,,], where iy, ..., is, k1, ..., k¢ €
{1,..,p}, 71, s Jsy U1y ooy Iy € {1, ...,n}. Then, for any u € gl(n,C), we have

(eXp (t ) u) © (ail,jl R bk1,l1 tU bkmlt))
t=0

5 d
—£(<ut20
t
d
*;«dtt_o

dt

exp (t-u)o az'm,jm> Ty Qi et Qi1 gmgt Qi Okl bkt,lz>

T
exp (_t " U ) © bide) T Qi Qig g bk1,l1 T bkdq,ldq ’ bkd+1:ld+1 T bkt:lt)
= ((u o aim,jm) “Qig1 G, gm—1 " Qg 1,0met1 T Qs bk17l1 o bkt,lt)

T
- ((u ° bidajd) TGy gyttt Qg s bklall T bkd—hld—l ’ bkd+17ld+1 T bkt,lt) .

(2.37)
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Replacing u by 7 - u in the above formula, we have

(exp (t-i-u)o (@i g - Qigje bky iy = Okyty))
t=0d (2.38)

(exp (t-u) o (@iy gy + " Qig e Okyty =+ Okety)) -
t=0

d
dt

=1

At
Since for any vy, ..., v, € C[M,], any A1, ..., A\, € C and any h € gl(n,C), we have

= (exp (- h) o (0r)).

t=0

- d
(exp(t~h)o()\1-v1+...+)\r-v7«)):;)\r' T

t=0
we obtain that for any v € C[M,],

d

T (exp (t-u) o (v)). (2.39)

t=0

(exp(t-i-u)o(v)):i-%

t=0
O

Remark 2.3.11. This lemma largely depends on the group action of GL(n,K) on
K[M,), see Notation [2.5.1]

Corollary 2.3.12. Let V' be a subset of C[M,]. Let g be a linear Lie algebra. Then
Ve =Vyre,

Proof. If v € V9, then

d
Gi|_ @pwe @) =0

for any u € g. By Lemma [2.3.10] we have

(exp(t-i-u)o(v))=0
t=0

dt

for any u € g. So v € V¥, Hence, we have V8 C V*9. Similarly, we have V8 DO /9,
We conclude that

Ve =Vie,
O
By Corollary we obtain that
Vu(n) —_ Vi-u(n)?
thus we have
yalnC) = yuln),
Hence
(C[M,)] - S)GL(n,(C) = (C[M,] - S)g[(n,C) = (C[M,] - S)“(") = (C[M,) _S)U(n) 210

= C[M,)Y™ . § = C[M, "™ . § = C[M,]?"™O) . § = C[M,]+O) . 5.

We conclude that
(C[My] - 8) M) = Clag| SO 8,
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3. Finally, let us prove that
(R[M] - S)GL(n’R) = R[MP]GL(H’R) - S.
Of course, we have
(R[My] - )15 S RIM, S8 5,

To prove that
(R[Mp] . S)GL(n,R) C R[MP]GL(n,R) . S,

firstly, we have

R[M,)] - §)CLR)  (R[M,)] - §)9" ), 2.41
P P
By Corollary [2.3.12] we have

(RMy] $)5R) = (R[] SO RIH00R) = (R[af,]. 5)80C) = (R[] -5)4).
(2.42)
On the other hand, by case 2, we have

(C[M,) - §)LO = €M, |0 . 5 = B¢ - 8.

When we restrict to the polynomials with real coefficients of the above equation, we
have
(R[M,] - S)CL0) — By . § = R[M,|HR) . g, (2.43)
By Equations 2:41]2.43] 2:12] we obtain that
(R[My ] - §)CH5) € RIM, S8 s,
We conclude that
(R[My)] - )5 = R(M LD

Finally, we conclude that
(K[M,] - §)GHmK) — KM, |CLK) . g
for K=R or C.
O

Lemma 2.3.13. There is a ring homomorphism 6 : Bpx/Spx — KSL(H’K)

the exact sequence:

induced from

0 — LOME) 5 KM, |OL0E) o gOLWE) 5 FY(GL(n,K), L) — ... (2.44)
18 1njective.

Proof. We have K[M,)|S“"K) = B, . By Proposition[2.3.8, we have LEMK) = (K[M,]({{a;|b;)}7_,)) LK) =
Bk ({(ailbi)}r_1)) = Spk. So the exact sequence becomes into:

0= Spk — Bux — K§ME) — HY(GL(n,K),L) — ... (2.45)

So there is an injective ring homomorphism 6 from B,x/Syk to KE LK) ]
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Proposition 2.3.14. K, is an integral domain.

Proof. We proof the theorem by induction on the number of the vectors p. When p = 1,
K1 = K[{a1 g, bri b/ ({2 k=1 a1k - bre})-

Lemma 2.3.15. Forn > 1, Y ;a1 x.big is an @rreducible polynomial in the integral
domain K[{a1 x, b1 r}}_q]-

Proof. Let us define the degree of a monomial in K[{a; ,b1 x}7_,] to be the sum of the
degrees in all the variables. Let the degree of a polynomial f in K[{a1x,b1x}}7_,] be the
maximal degree of the monomials in f, denoted by deg(f). Suppose that > 7' aq x.b1  is
a reducible polynomial in K[{a1x, b1 x}}_], we have

n

Z aip-biy=g-h,
k=1

where g, h € K[{a1x,b11}7_], deg(g) > 0 and deg(h) > 0. Since K[{a1x,b1x}}_,] is a
integral domain, 2 = deg(gh) = deg(g)+deg(h), so we have deg(g) = deg(h) = 1. Suppose
that

g=c+ A -z14+ ...+ N -Tp,

h=d+p-y1+ ...+ ps - Ys,

where A1, ..., Ap, i1, ..., s are non zero elements in K, z1, ..., x, (y1, ..., ys resp.) are different
elements in {a1, b1 x}j_,. Since there is no square in g - h, we have

{xlu -"afEr} N {yla ERXX) Z/s} = (Z)

and
res=n.

Since there are 2n variables in g - h, we have
r+ s =2n.
Then r - s > 2n — 1. Since n > 1, we obtain that
r-s>2n—1>n=r-s,

which is a contradiction. We conclude that 2712-:1 a1 k-b1  is an irreducible polynomial in
Kl{a1k, by ti—]- O

Since K[{a1 , b1z }}_,] is an integral domain and >";’_; a1 4.1 is an irreducible poly-
nomial by Lemma [2.3.15] we obtain that K; is an integral domain. Suppose that the
theorem is true for p =m > 1. When p=m + 1,

n

K1 = K{aig, bindinsi" 1/ ({D aipbin ) = Knl{am e bmni 1k 3i1)/ (Y @t k-bmrii}),
k=1 k=1
(2.46)
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we have Ko [{@m+1,k: bmt1,k 7] is an integral domain. > 4 @m1k - Dpy1,k IS an irre-
ducible polynomial over Ky,[{am+1k:bm+1k}i—1]- Since ami1k, b1k = 1,...,n) are
not variable that appear in K,,, so 2221 Qm+1,k - b1,k 1S an irreducible polynomial over
K {@m+1k Omt1.k}peq)s 50 K1 is an integral domain.

We conclude that K, is an integral domain for any p > 1. O
By Proposition|2.3.14] K, is an integral domain, we deduce that KE’ LK) s an integral
domain. By Lemma [2.3.13] there is an injective ring homomorphism 6 from B,k /S, to
KE L(n’K), Bk /Snk is an integral domain. Moreover, by Theoremmzn(P) ~ Buk/Snk,
finally, we conclude that Z,(P) is an integral domain. O

Remark 2.3.16. Z(P) is not a integral domain, since

Ty T2
D = zy.yz = det
vy <yy yz>

is zero in Z1(P), but we have xy and yz are not zero in Z1(P) whenever x vy, y # z .

Remark 2.3.17. We observe that this geometry model has other important usage than
the theorem above. It is easy to see that the stability condition of the images of enough
finite points of the limit double curve is related to the hyper-convexity property of the rep-
resentation of surface group. We shall interpret some algebraic geometry property by some
dynamic property related to Z,(P) in the future.

2.3.3 Rank n swapping fraction algebra of P

Definition 2.3.18. The rank n swapping fraction ring Q,,(P) is the total fraction ring of
Z,(P).
Similar to Q(P), we have the swapping bracket is well defined on 9, (P).

Definition 2.3.19. The rank n swapping fraction algebra of P is the ring Q,(P) equipped
with the closed swapping bracket.

2.3.4 Rank n swapping multifraction algebra of P

Let CR,(P) = {[z,y, 2, 1] :%-3—26 On(P) | VYz,y,2,t € P, x #1t, y # z} be the

rt
set of all the cross-ratios in Q, (P).

Definition 2.3.20. The rank n swapping multifraction ring B,,(P) is the subring of Qn(P)
generated by CR,(P).

Similar to Proposition [2.1.10] we have
Proposition 2.3.21. B,,(P) is closed under swapping bracket.

Definition 2.3.22. The rank n swapping multifraction algebra of P is the ring B, (P)
equipped with the closed swapping bracket.
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2.4 The rank n swapping algebra and the weak cross ratios

In this section, let P be a subset of Oxm1(S) where S is a surface of negative Euler
class with boundaries. We associate the rank n swapping algebra with the rank n cross
ratios, similar to the ring homomorphism in [L4], but up to R, (P).

2.4.1 The weak cross ratios

A theorem of F. Labourie [LI] and O. Guichard|[Gul] help us to consider Hitchin
component as the space of the double limit curves {(§,&*)}. Let us recall some definitions.

Definition 2.4.1. [HITCHIN COMPONENT| An n-Fuchsian homomorphism from 7 (S) to
PSL(n,R) is a homomorphism p = iopy, where py is a discrete faithful homomorphism with
values in PSL(2,R) and i is the irreducible homomorphism from PSL(2,R) to PSL(n,R).
A homomorphism is Hitchin if it may be deformed into an n-Fuchsian homomorphism.
Hitchin component H, (S) is the space of Hitchin homomorphisms up to adjoint action of
PSL(n,R).

Definition 2.4.2. [HYPERCONVEX MAP| A continuous map & from a set P to RP"™1 is
hyperconvex if for any pairwise distinct points (x1, ..., zp) with p < n, the following sum is
direct

E(x1) + oo+ E(xp).

Let 0som1(S) be the boundary at infinity of m1(S). When we fix an uniformisation of
the universal cover of the surface S equipped with a complex structure, dsom1(S) can be
identified with the real projective line RP! as the boundary of H?.

Definition 2.4.3. [n-HYPERCONVEX| A homomorphism p from 71(S) to PSL(n,R) is
n-hyperconvex, if there exists a p-equivariant hyperconvex map & from Osomi(S) to RP" 1,
namely &(yz) = p(y)&(x). Such a map is called the limit curve of the homomorphism.

Theorem 2.4.4. [F. LABOURIE [L1]], O. GUICHARD|GUIL|| Every homomorphism p from
m1(S) to PSL(n,R) is Hitchin if and only if p is n-hyperconvez.

If p is n-hyperconvex, there is uniquely another p-equivariant hyperconvex map &*
from Ooomi(S) to P(R™)* such that &(x) € ker(£*(y)) & = = y. Hence p € Hy(S) is
associated with a double limit curve (&, £*) by Theorem [2.4.4]

Definition 2.4.5. [WEAK CROSS RATIO| Let (£,€*) be a double limit curve. Let (€
resp.) be the lifts of £(§* resp.) with values in R™(R™ resp.). The weak cross ratio Bg¢ ¢«
of 4 different points x,y, z,t in Osom1(S) is defined to be

({w]¢e) (dw
(i@|ewm) (éw)

Be e+ (2,9, 2,t) = (2.47)

which is independent of the lifts { with values in R™ and §~* with values in R™.
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F. Labourie [L4] define a ring homomorphism I : B(P) — C*>°(H,(S)) such that

xz Yyt
) A = By ex t 2.48
<xt yz) (p) e (T,Y, 2, 1) ( )

z

for all 2= - ;ﬁ € CR(P). Since CR(P) generates B(P) over R, the map above shall be
extended to the whole ring B(P).

Since there is the swapping bracket on B(P), the ring homomorphism I induces a
Poisson bracket {-,-}; on I(B(P)).

Definition 2.4.6. For any o, 3 € B(P), the Poisson bracket {-,-}1 on I(B(P)) is

{1(a), 1(8)}1 += I({a, B)). (2.49)
Definition 2.4.7. Forn > 1, let i), : CR,(P) — C°(H,(S)) be the map such that for any
L U € CR,(P):

xt

g [xz Yyt
ad = By ¢« t 2.50
n (l’t yz> (p) I3 (%3/7 2, )7 ( )

where p is associated with the double limit curve (&,£*).

Proposition 2.4.8. Forn > 1, the map i), extends to a ring homomorphism i, : B,(P) —
C®(Hn(S)) where inleg, (p) = in-

Proof. Let j be the natural surjective ring projection from B(P) to B,(P). We define a
map i, as follows: for any @, in B,(P), let Q(aq,...,a;) be one of its representative in
B(P), where aq, ..., a; belong to CR(P), Q is a rational function, such that

Qn = j(Q(ala SEY) al)) = Q(j(a1)7 "'7j(al))7
let
in(Qn) = I(Q(ay, ..., ).
We have to prove that i, is a well defined ring homomorphism. By our definition, we only
have to prove that if @, equals to zero in B, (P), then I(Q(a1,...,o;)) equals to zero in
C*>(H,(S)) which does not depend on the choice of the representative in B(P). To this

end, we identify the rank n cross ratio conditions with the generators in R, (P) after we
introduce some notations in the next section.

2.4.2 Rank n cross ratio

Definition 2.4.9. [Cross RATIO [L3|| A cross ratio on 0xm1(S) is a Holder function
B defined on Osomi (S)¥* = {(a,b,c,d) € doom1(S)* |z # t,y # z} invariant under the
diagonal action of w1(S) and which satisfies :

Symmetry: B(a,b,c,d) =B(b,a,d,c),

Normalisation: B(a,b,c,d) =0 if and only if a =c orb=d,
Normalisation: B((a,b,c,d) =1 if and only if a =b or ¢ =d,
Cocycle identity: B(a,b,c,d) - B(a,b,d,e) = B(a,b,c,e),
Cocycle identity: B(a,b,d,e) - B(b,c,d,e) = B(a,c,d,e).
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Definition 2.4.10. [RANK n CROSS RATIO [L3|| For every integer p, let KP be the set of

(u,v) = ((vo, ..., vp), (U0, ..., up)) (2.51)

where w;, v; € 01 (S), such that uj # u; # ug and v; # v; # vo whenever j > 1 > 0. Let
B be a cross ratio and let x§ be the map from KP to R defined by

p
b — B(u;, v; . 2.52
XB i%‘e>t0( (ul,’UJ,U(),U())) ( 5 )

The cross ratio B has rank n if

1. xg(u,v) # 0 for all (u,v) € K,

2. X2 (u,v) = 0 for all (u,v) € KL,

Of course, the weak cross ratio associate with the double limit curve (&, £*) is a rank
n cross ratio.
Lemma 2.4.11. Let
(u,v) = ((V0y vy Vnt1), (UQy vvvy Unt1)) (2.53)
where u;, v; € Ooom1(S), such that ug # vo are different from all the {ui,vi}?ill. Let B be

a rank n cross ratio. Let (&,£*) be the double limit curve associate to B. Let é({* resp.) be
the lifts of £(€* resp.) with values in R (R™ resp.), then xp' = det! 1L, (B(us, v;, uo, vo))

{N*(vj)>) is zero. o

is zero is equivalent to say det?j:ll (<£~(uz)

Proof. We multiple <§:(ui) {*(v0)> in rows and m in columns in y+!, we obtain
-~ 1 s A ) 1
8 e IT (€] ) 11 o) e
B (]

Since ug # vo are different from all the {u;,v;}/}, <§ (u;)
0, <£~(uz’)
say detzjill (<é(uz)

(7)) # 0, {Eluo)| €(vy) ) #
f*(v0)> = (0. By the formula above, we conclude that XﬁJrl = 0 is equivalent to

&) =0. 0

We continue to prove Proposition [2.4.8

Since @, equals to zero in B, (P), for any representative Q(ax,...,qq), we suppose
Q(aq,...,aq) equals to P'/Q" in B(P) where P’ and Q' belong to Z(P), we have P’ belongs
to Rn(P). Since I identifies = on the left of the ordered pairs in Z(P) with £(z) and
on the right with £*(z), then I(P’/Q’) equals to the sum of products with a factor of the

type det?j:ll <<§(ul)’ §~*(v])>) By Lemma [2.4.11} I(Q(a1, ..., q)) equals to zero.

We conclude that for n > 1, i, is well defined and i, |eq P) = i, O]
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The ring homomorphism %,, is not injective, F. Labourie conjectures that

Conjecture 2.4.12. For n > 2, ker(iy,) equals to the ideal generated by {%3—2 —~o0

2z UL | Vy € m(S)}.

xt yz

2.4.3 Injectivity

The ring homomorphism i, is not injective at least due to the fact that 2= - 5—2 — 7o

(% : ;’—2) = 0, now we consider a discrete version of i,, where the corresponding 7 (.5) is

identity.

Let us recall that Z,(P) = Z(P)/R,(P) is the rank n swapping ring where P =
{z1,...,zp}. Recall that M, is the configuration space of p vectors a; in K" and p co-
vectors b; in K™*. When we identify x; on the left with a; and z; on the right with b;, we
induce a map j, from CR,(P) to C*(M,):

. ((Tixy T _ {ailbk)  (a;|by)
]"<m'xjxk)(f) = Tailbr)  Taglon) (255)

where f = (a1, ...,ap,b1,...,b,) € M.

Similar as Proposition we have
Proposition 2.4.13. For n > 1, the map j, extends to a ring homomorphism k, :
B, (P) — C*(Mp). where knleg, (p) = Jjn-

Moreover, the isomorphism between B,k/S,x and Z,(P) induce the isomorphism

between ky,(B,(P)) and B, (P).

Proposition 2.4.14. For n > 1, there exists a ring homomorphism l,, from k,(B,(P)) to
B, (P) such that
ln o ]Cn = IdBn(P)

Corollary 2.4.15. Forn > 1, k, is injective.
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In this chapter, we relate the rank n swapping multifraction algebra to the rank n
Fock-Goncharov algebra on the configuration space of flags Confy ,, for n = 2,3. This is
one of the reason that we consider the quotient ring Z,,(P) and the rank in the last chapter.
In we recall the configuration space of flags which is the building block of Xpar,(nr),s;
and its coordinates coined by Fock and Goncharov [FGI]. In we embed in a Poisson
way the rank 2 Fock-Goncharov algebra into the rank 2 swapping multifraction algebra.
In §3.3] we embed in a Poisson way the rank 3 Fock—Goncharov algebra into the rank 3
swapping multifraction algebra. In §3.4] we relate 7, to 67, by a Poisson embedding 7
and we generalize to 73.

3.1 Configuration space of flags and its coordinates

3.1.1 Configuration space of flags

Definition 3.1.1. [FLAG| A flag X in R™ is a family (X1,..., Xn—1) so that Xy is a k-
dimensional vector space in R", X}, C Xp11. A base of a flag X is a basis x1,,,x, of R"
so that &y is generated by {x1,...,x}.

We denote the space of all the flags in R by F,.

Definition 3.1.2. [CONFIGURATION SPACE OF FLAGS| Let (F,G, H) be a triple of flags
in R™. We call (F,G, H) are in general position if for all triples of the positive numbers
(m,l,p) withm +1+p=n, the sum F, + G; + H, = R" is direct.

A configuration of flags (F1, ..., Fy)(k > 3) in R™ is in general position if any three of
them is in general position.

Let the configuration space of flags Confy, ,, to be the ordered sets of flags (X1, ..., Xi)
in general position up to projective transformations.

3.1.2 'Triangulation

Definition 3.1.3. [IDEAL TRIANGULATION| Let S be a connected oriented topological sur-
face of finite type and genus g with boundaries or punctures and marked points. We assume
that S has negative Euler number. We denote by S the surface obtained from S by filling in
the punctures. Let B be the union of the punctures and the marked points on the boundaries.

An arc in S is the image in S of a closed interval, whose interior is homeomorphically
embedded in S\ B and whose endpoints are on B. An arc in S is said to be essential if it
is mot homotopic (relative to B) to a point in S.

An ideal triangulation of S is a maximal collection of disjoint essential arcs that are
pairwise non-homotopic.

Let Dy (k > 3) be a disk with k marked points B = {z1, ..., 23} on the boundary S*.
Let B be the marked points ordered cyclically on S'. Let Z1...Z; be the convex k-gon
with the edges z1x9, x2x3..., xpz1. Then the ideal triangulation T' of (Dy, B) is same as a
triangulation of Z1...xx. Later on, we draw a convex polygon to represent Dy.
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Definition 3.1.4. [N-TRIANGULATION| Given a triangulation T, we define the n-triangulation
T, of T to be: for each interior triangle(no edge of the triangle is on the boundary of T)
of T, we subdivide this triangle into n? triangles as in Figure . Let

X1 X2

LE X Xs

Xe X7

Fig. 3.1:

I, = {n — 1 vertices of T, on each edge of T which is not the edge of the k — gon},
(3.1)
as A,B,C,E,F,G in Figure[5] Let

-2 —1
I = {w vertices of T, in the interior of each triangle of T} . (3.2)

as D in Figure[3.]]

If 75 is an edge of a triangle rst of T, the inner vertex u of Ts in I,, is described by a
pair of positive numbers (x,y) where x +y =n and

_ dist(u,st) dist(u,rt)
 dist(r,st) "~ dist(s,rt)’

As in Figure A is described by (2,1) on the edge T5xy.

€T .

If abc is a triangle of T, the inner vertex v of abc in J, is described by a triple of
positive numbers (m, 1, p) where m +1+p=n and
_ dist(v,bc) dist(v,ac) dist(v,ab)
 dist(a,be) ~ dist(b,ac) ~ dist(c,ab)’

m:l:p
As in Figure D is described by (1,1,1) in the triangle TiT3T5.

we will assign to each vertex of I, an edge function and each vertex of J, an triple
ratio in the next section.
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3.1.3 Fock—Goncharov coordinates

In [FGI],V. V. Fock and A. B. Goncharov introduce the higher Teichmuller space
(Xa,5,Acr s) where G is real semi-simple Lie group, G’ is Langlands dual of G, S is a
compact oriented surface with boundaries. We suppose S has negative Euler number.
They relate (Xg,5, Ag’,s) to the cluster orbi-ensemble(a generalization of cluster algebra)
(Xh(c,s), An(cr,s)). These algebraic structure has geometric meaning, since certain finite
cover of the Penner’s decorated Teichmiiller space can be identified with a open subset of
Agsr2,r),s [P1], certain finite cover of the Hitchin component H,,(S) can be identified with
a open set of Xpgr(nr),s- More precisely, they give a special coordinate system for the
spaces Agy,(nk),5 and Xparn,k),s for any field K and the Hitchin component corresponds
to the positive part of the space Xpqr(nr),s-

Definition 3.1.5. [X-HIGHER TEICHMULLER SPACE Xg g| Let G be a reductive group.
Let B be the Borel group of G. Let F = G /B be the flag variety of G. Let T be the finite
subset of 98, S = S\T'. An element in Xg g is a pair (V, f) , where V is a flat connection
on the G-principal bundle P — S and f : 0S\T — G/B is B-reduction flat on 0S\T, that
is to say, for any x € OS\T, we choose a flag f(x) in P|y, such that V translates f(x1) to
f(z2) when xy and xo are in the same component of x € OS\T.

Remark 3.1.6. For the disc D with a finite subset P C 0D, XPGL(n R)D = Confy, ,,,

where Confy,, is the configuration space of flags, it is the building block of Xpqr(nr),s (see
Section 7.8 of [FG1)]).

The edge functions and the triple ratios are functions on Xpgy,(n,r),s defined by Fock
and Goncharov in [FG1]|. We give some notations on the flags before we define the edge
functions and the triple ratios.

Notation 3.1.7. Let {f*}"_, be a base of a flag F in R™. Fork =1,,,n, let
fho= FLA LA fR (3.3)

and by convention f0 = 1.

Definition 3.1.8. [(m, [, p)-TRIPLE RATIO| For m,l,p > 0, the (m,l, p)-triple ratio of the
triple of flags (F,G,H) in RP" ! is

0 (fm“ AGEA iﬂ’—l) 0 (fm—l A G A i}P) -0 (fm NGt A iﬂ’“)

TP (G F H) = —— - - - - - :
Q (fm—l—l A G-t A hp) .0 (fm A G A hp—1> .0 (fm—l AghA hp—l—l)
(3.4)
where 2 is the volume form on R™, {f}%, {g"}", {h*}", are bases of F, G, H respec-
tively.

This triple ratio does not depend on the bases that we choose for the flags since each
of {fm=1, fr, frtl gl=lgh gt pr=1 hP, hP*1} appears once in the numerator , once in
the denominator of the right hand side of the definition.
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Definition 3.1.9. [(i,n—i)-EDGE FUNCTION| For 0 < i < n and a quadruple (Y,T,Z,X) €
F2X in general position, The (i,n — i)-edge function of the edge ZT is

QFAZTIAL) - Q(F AT Ay

B, Y, T,Z,X)= - . i i )
2(7 y &y ) Q(:f:l/\zf'"_’_l/\yl)'Q(i‘l_l/\ﬁ’n_’/\h)

(3.5)

By the same reason, this edge function does not depend on the bases that we choose
for the flags.

Remark 3.1.10. Attention, we define the edge function as the minus of the original defi-
nition of the edge function in [F'GI).

By definition, we have

Proposition 3.1.11.

1
B,(T.Y,.Z X)= ————— 3.6
l( 9 b 9 ) BZ(}/’ T7 Z,X) ( )

1
B,(YT X, Z)= 3.7
’L( T ’ ) ani(Y,T, ZvX) ( )

Since
Qg -viy.yg-vy) =detg- Qv ..., vp),
we have

Proposition 3.1.12. The triple ratios and the edge functions are invariant by projective
translations.

Fock-Goncharov coordinate for the space Xpqr(n,r),s is constructed as follows. Given
an ideal triangulation T and its n-triangulation T}, of the topological surface S of negative
Euler class with boundaries. Let 75 be an edge of T, let rsf and 75g be the triangles
of T, with the flags (F,G, R, S)(corresponding to (f,g,r,s)) in general position, for each
element ¢ of I, on 7§ associated to (i,n — i), we assign to ¢ an (i,n — i)-edge function;
Let abc be an triangle of T, with the flags (A, B, C')(corresponding to (a,b,c)) in general
position, for each element v of J,, in the interior of abc associated to (m, [, p), we assign to
v a (m,l, p)-triple ratio.

Theorem 3.1.13. [V. V . Fock, A. B. GoNcHAROV [FGI1]|| Given an ideal triangu-
lation T and its n-triangulation T, of the topological surface S of negative Euler class
with boundaries, the triple ratios and the edge functions are algebraic independent. These
functions give us a coordinate system of Xpay,n,r),s-

Using Theorem [3.1.13| for the case S = Dy, we have

Corollary 3.1.14. All the edge functions and triple ratios for a triangulation T of the
k-gon T1.-.xx and its n-triangulation T, are algebraic independent. These functions give
us a coordinate system of Confy, ,,.
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3.2 Fock-Goncharov and swapping algebras for Confy, 5

3.2.1 Rank n Fock-Goncharov algebra on Confy,,,

Definition 3.2.1. [RANK n FOCK-GONCHAROV RING| For a disk with k marked points
Dy, let P = {x1,...,x1} be the set of marked points, let T be an ideal triangulation of Dy,
let T, be its n-triangulation. Let X, be the edge function corresponding to v in I, let X,
be the triple ratio corresponding to u in J,. The rank n Fock—Goncharov ring is the ring
generated by the edge functions and the triple ratios over K(K =R or C).

We denote the rank n Fock—Goncharov ring by A(T,,) or K{ X, }ver,ur,]-

Definition 3.2.2. [RANK n FOCK—-GONCHAROV BRACKET [F(G1/, see [FG2] for a simple
version|

The Rank n Fock—Goncharov bracket is defined by extending the following formula for
the generators to A(T,).
{Xu, Xutn = €uw - Xu - Xo (3.8)

Where €y = (arrows from u to w) - (arrows form w to u).

For each triangle of T and its n-triangulation, we have the arrows described as in
Figure[3.]]

Theorem 3.2.3. [V. V . Fock, A. B. GoNcHAROV [EGI1]|| The rank n Fock—Goncharov
bracket verifies Jacobi identity, so the rank n Fock—Goncharov ring equipped with a rank n
Fock-Goncharov bracket is a Poisson algebra.

Definition 3.2.4. [RANK n FOCK-GONCHAROV ALGEBRA| The rank n Fock-Goncharov
algebra of T, is the ring A(T),) equipped with the rank n Fock—Goncharov bracket.

3.2.2 Relations between Fock-Goncharov and swapping algebras for Confy, o

For a disk with k& marked points on the boundary Dy, let P = {z1,...,z;} be the set
of marked points, we construct the rank 2 swapping multifraction algebra Ba(P) as in the
chapter 2. Let T be a triangulation of Z1...zx and T its 2-triangulation, let A(T5) be the
rank 2 Fock-Goncharov algebra. We show that A(7%) embed in a Poisson way into Ba(P)
by a natural ring monomorphism which relates volume forms to ordered pairs of marked
points.

Definition 3.2.5. We define a ring homomorphism 01, by extending the following map
defined on the generators to A(T»):

(3.9)

where x,y,z,t are in S* as in Figure[3.3
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Fig. 3.2:

Remark 3.2.6. By Theorem there is no algebraic relation between these edge func-
tions, hence Or, is well defined.

Proposition 3.2.7. The ring homomorphism 01, is injective.

Proof. Let ko be the ring homomorphism from By (P) to C*°(Confy, ,,) defined in Proposition
2.4.13| By the definition, we have kg o 7, is an identity map on the generators of A(T%).
Since kg and 07, are ring homomorphism, kg o067, is an identity map on A(72). We conclude
that Or, is injective. O

Remark 3.2.8. The ring homomorphism 01, is not surjective, for instance, in Figure
2.2t ¢ Gr,(A(Tz)). But any generator of By(P) belongs to Im(Or;) for some ideal

zy
triangulation Ty.

3.2.3 Main theorem

We embed in a Poisson way the rank 2 Fock—Goncharov algebra into the rank 2
multifraction algebra for Confy, o by the following theorem.

Theorem 3.2.9. The ring monomorphism Or, is Poisson.

Proof. We associate each edge function with a lozenge and an edge. By symmetry, we have
the following possible cases for two graphs associated to edge functions as in Figure [3:3}

1. Trivial cases: Two graphs associate with two edge functions can be separated by a
line in the disk.

2. Two graphs associated to two edge functions have one common point.
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7
NAY

Fig. 3.3:

3. Two graphs associated to two edge functions have two common points.

4. Two graphs associated to two edge functions have three common points.

We prove the theorem for all the cases as follows.

1. Trivial case

Fig. 3.4:

As in Figure [3.3]1, two graphs associate with two edge functions can be separated
by a line in the disk.
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Let a, 8,7, 0,9, z,t,x be cyclically ordered [«, 3,7, 0, vy, 2,t, 2] as in Figure . Let

By ba
Or,(€) = % : [3’704
and y
yz tx
0T2 (6) = E : y??

we have to verify that

Proposition 3.2.10.
{01,(€),0n,(e)} = O0r,({€, e}2) = 0.

Proof. The linking number between the ordered pair of points of {«, 3,7, 0} and the
ordered pair of points of {x,y, z,t} is always zero, thus we have

{ﬁv Do yz tw}

0y Ba’ tz yx
Since
01,({e, e}2) =0,

we conclude that

{9T2 (E)a 9T2 (6)} = GTQ({G’ 6}2) =0.

. One common point

As in Figure 3.3]2, the cases that two graphs associated to two edge functions have
one common point. By symmetry, we have to check the following three cases:

(a) Let x,3,7,0,vy, z,t be cyclically ordered [z, 8,7, 0, y, z,t] as in Figure Let

By bz
O, (€) = % : %
and y
yz tx
0T2 (6) = E : yil"

we have to verify that

Proposition 3.2.11.

{0T2(6)7 GTQ(e)} = HTQ({67 6}2) =0.
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Fig. 3.5:

Proof. When the swapping bracket between the factors of 6r,(e) and 6p,(e)
is not zero, two of the factors have common point x on left side(right side
respectively). We have

By, 0z yz tx
Oy  pBx) tz yx

By bz yz itz
Oy pBx tz yx

_ {0z, ta}  {Ox,yx} {Bz,tz} {Bz,yz} (3.10)
Oz - tx Ox - yx Bz - tx Bx - yx ’

111

T2 2 22

=0.

Since

‘9T2<{€> 6}2) =0,

we conclude that
{0T2(6)7 GTQ(e)} = 0T2({€7 6}2) =0.
O

(b) Let z,8,7,0,y, z,t be cyclically ordered [z, 3,7, 6, y, z,t] as in Figure Let

_ 20 =8
0T2 (6) - 339 ’Yﬁ
and y
Yz tx
6 — 727 2
TQ(e) tZ yx7

we have to verify that
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Fig. 3.6:

Proposition 3.2.12.

{0T2(€)7 9T2(6)} = GTQ({€7 6}2) =0.

Proof. When the swapping bracket between the factors of 6r,(e) and 6p,(e)
is not zero, two of the factors have common point x on left side(right side
respectively). We have

{8568
T vB87 tz  yx
0. =6 yz  tz =0 (8-11)
z0 B8 tz yx
Since
GTQ({67 6}2) =0,

we conclude that

{0T2(6)7 9T2(6)} = 0T2({67 6}2) =0.

O]

Let x,3,7,0,y, z,t be cyclically ordered [z, 3,7, 6,y, z,t] as in Figure Let

0 B

o = 7.2

T2<6) 339 ’Yﬁ

and ;
_ry 2

QTQ(G) - 2y ﬂft’

we have to verify that
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Fig. 3.7:

Proposition 3.2.13.

{0T2(€)7 9T2(6)} = GTQ({€7 6}2) =0.

Proof. When the swapping bracket between the factors of 6r,(e) and 6p,(e)
is not zero, two of the factors have common point x on left side(right side
respectively). We have

29 2B zy 2t
z0 B zy at
20 b wy ozt
z0 B zy at

_ {zBzy}  {zBxt} {20 zy}  {2h at}

- zB-ay 8- xt z0 -y x83- xt (3.12)

111l

2 2 22

=0.
Since

O, ({€, e}2) =0,
we conclude that
{eTz (6)’ 0T2 (6)} = eTz({€> 6}2) =0.
O

3. Two common points

As in Figure [3.3]3, the cases that two graphs associated to two edge functions have
two common points. By symmetry, we have to check the following two cases:
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Fig. 3.8:

(a) Let z,3,7,y, z,t be cyclically ordered [z, 3,7, y, z,t] as in Figure Let

By
Or,(€) = — -
Tz( ) vy
and
Yz
9T2 (6) = E

we have to verify that

Proposition 3.2.14.

yx
Bx

tx
YT

{01,(€), O1,(e)} = 01, ({€, e}2) = 0.

Proof. When the swapping bracket between the factors of 0z, (e) and 07, (e) is
not zero, two of the factors have common point z or y on left side(right side

respectively). We have
{& LyT o yz Lz}
yy Bz’ tz yx
By . yz  yz . tz
yy Pz tz yz
 Ayvyzr | Avvyed | {yayz) | {yztey {Bxtx} | {Br,yx}
= - - - - - -
Yy - Yz Yy - yx yx - Yz yx - tx Bx - tx Bx - yx
B AU A 1
N 2 2 2 2 2
=0.
(3.13)
Since
O, ({€, e}2) =0,
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we conclude that

{eTz (6)’ 0T2 (6)} = GTZ({Q 6’}2) = 0.

(b) Let x,8,7,y,z,t be cyclically ordered [z, 3,7, v, 2,t] as in Figure Let

and

X
t
€
r4
y
Fig. 3.9:
bre) =42 22,

we have to verify that

Proposition 3.2.15.

{0T2(6)7 9T2(€)} = HTQ({€7 6}2) =0.

Proof. When the swapping bracket between the factors of 0z, (¢) and 07, (e) is
not zero, two of the factors have common point z or y on left side(right side
respectively). We have

2w .28 yz | tw
zy B’ tz  yz

.28 yz |t
zy B tz yz

_ _lyvysy | lyvwed | {yeyed | fyetey {Botey | {Boya)
Yy Yz Yy - yx yx - Yz yx - tx B - tx px -y

= 0.
(3.14)
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Since
9T2({6, 6}2> =0,

we conclude that
{(9T2(6), 9T2(6)} = (9T2({6, 6}2) =0.

4. Three common points

As in Figure [3.3]4, the cases that two graphs associated to two edge functions have
three common points. By symmetry, we have to check the following case.

Let x, 8,y, z,t be cyclically ordered [z, 8,y, z,t] as in Figure Let

Fig. 3.10:
By zx
P e Aeded
T2 (6) Zy 51_
and ;
yz tx
0 == .—,
0 tz yx

we have to verify that

Proposition 3.2.16.
{0T2 (6)7 9T2 (6)} = QTQ({67 6}2)‘

Proof. When the swapping bracket between the factors of 7,(¢) and 6rp,(e) is not
zero, two of the factors have common point x or y or z on left side(right side respec-
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tively). We have

By  zz yz tz
zy Bz’ tz  yx
By  zz yz txz
zy Bz tz yx

_ {zzx,tx} B {zz,yx} B {Bx,tx} N {Bx,yz}

zx - tx 2T - yx Bx -tz Bx - yx (3.15)
1 1 1 n 1
2 2 2 2
=1.
Since
01, ({€, e}2) = O, (e - e),
we conclude that
{01, (€), Oy (e)} = 0, ({e, e}a).
O
Finally, we conclude that 6 is a Poisson homomorphism.
O

3.3 Fock-Goncharov and swapping algebras for Confy, 3

For a disk with k& marked points Dy, let P = {x1, ...,z } be the set of marked points,
we have the rank 3 swapping multifraction algebra Bs(P). Given Dy, an ideal triangulation
T and its 3-triangulation 73, we have the rank 3 Fock—Goncharov ring A(T3). In fact,
A(T3) is related to Bs(P) by a natural Poisson ring monomorphism which relates volume
forms to ordered pairs of points.

3.3.1 Fock-Goncharov algebra for Confy, 3

Let us recall the edge functions and the triple ratios of F3. By Definitions
we have

Definition 3.3.1. [THE EDGE FUNCTION AND THE TRIPLE RATIO OF F3| Let Q be the
volume form on R3. Let the triple ratio of the three flags F,G, H in R? be

9) (gl /\fQ) Q (fl Ahz) O (ﬁl /\§]2)

T(G,F,H) = - - - —L. (3.16)
) (fl Ag2) 0 (hl /\f2> 0 (gl Ah2)
Let the edge functions of the flags Y, T, Z, X in Rs be
Q@A) QA Az
Bi(Y.T, 2, X) = Q (1 A 22) Q@ ARTA R (3.17)
1A 22 SIS IS
By(Y, T, Z, X) = 1 :Q(t /\x)Q(g{ AT /\z) (3.18)

TB(Y.T,X.Z) Q@A) Q(f Azl Az
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3.3.2 Relations between Fock-Goncharov and swapping for Confy, 3

Fig. 3.11:

Lemma 3.3.2. Let x,z,y,u,s,v € P, x,z,y(u, s,v) are different from each other, we have

A ((z, z,y), (u,s,v)) # 0. (3.19)

in Z3(P).

Proof. Let us recall the geometric model for Z3(P). Each point = corresponds to vector
z1 in K3 and covector x5 in K3*. By Theorem we have B3k /Ssg = Z3(P). This
isomorphism is realized by identifying x on the left hand side with vector x1 and x on the
right hand side with covector z3. Thus A ((z, z,y), (u, s,v)) # 0 € Z3(P) corresponds to
say that

(1luz) (21]s2) (x1|v2)

det <21|UQ> <Zl|82> <Z1|U2> S BgK/Sg]K.
(yiluz) (yils2)  (yilva)

is not always zero. Actually,

(T1lug) (z1]s2) (21]v2)
det <21|ZL2> <21|82> <21‘1)2>
(yiluz) (yils2) (y1|v2)

is interpreted as volume form of 1, 21, y1 with the dual base of us, s9,v2. Let x1, 21, y1 and
ug, 2, U are both in general position in R?. We obtain that

(1lug) (z1]s2) (x1|va)
det <Z1|U2> <Zl|82> <21|02> c BgK/SgK.
(yluz)  (yls2)  (yilv2)
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is not always zero. We conclude that

A ((z,2,9), (u,s,v)) # 0.
in Z3(P). O
Lemma 3.3.3. Let z,y, z,t,u,s,v,w € P, x,z,y(u, s,v,w) are different from each other,

we have

A((z,2,t), (u,8,0)  A((w,z,t),(u,s,w))

= . (3.20)
A((z,2,9), (u,5,0))  A((z,2,9), (u,s,w))
Proof. Consider the matrix
ail; ai2 aiz ail4 Tu IS TV TW
A= as1 ag2 a3 a4 _ Zu zZs8 ZU ZW . (321)
agy ag2 ass as4 yu ys yv yw
a41 Q42 Q43 Q44 tu ts tv tw

The adjugate of A is

All _A21 A31 _A41

“ —A12 A22 _A32 A42

A = . 3.22
Ay —Asy  Agy  —Ag (3:22)

— A14 A24 - A34 A44

Where A;; equals the determinant of the matrix without the ith row and the jth colomn
of A.
We have already

det A =0,

then
A" A = 04x4. (3.23)

A, A* and A* - A correspond to linear endomorphisms of K* f,g and go f respectively. By
Equation the rank of g o f(the dimension of the image of g o f) is 0. By the above
lemma, we have

A ((z,2,9), (u, s,v)) # 0. (3.24)

Thus, the rank of f is at least 3. Therefore, we have the rank of ¢ is at most 1 (If not so,
we will get the rank of g o f is not 0). We conclude that

Asa - Agg — Agz - Asa = 0. (3.25)

This is same to say

Remark 3.3.4. This is the essential step that we use the rank n condition.
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Moreover, by applying Lemma three times, we have

Corollary 3.3.5. Let x,z,t,y,u,w,v,u1,w,v1 € P, u,w,v(ur,wi,v1, or x,z,y resp.)
are different from each other. We have

A ((z, z,t), (u,w,v)) B A ((x, z,t), (u1,wy,v1))

— 3.26
A (@, 2,9), (0 0,0)) ~ A (2, 2,9), (wr, w1, ) (3:26)
in Bs(P).
Notation 3.3.6. Let P
T(',B: Z, y) = #
2x - Yz - xY
By Corollary[3.3.5, let
B, .t.y) = A ((z, z,t), (u,w,v))

By Corollary and Theorem [2:2.1]

Corollary 3.3.7. Let a,b,x,z,t,y,u,w,v € P, u,w,v are different from each other. We
have the value of

{ab, E(z,z,t,y)}
in Q3(P) does not depend on the choice of three different points u,w,v € P.

Definition 3.3.8. We define a ring homomorphism 01, by extending the following map
defined on the generators to A(T3):

6T3 : A(Tg,) — 63(77)
For a triangle Tzy of T, the corresponding flags are X, Z,Y , let
0r,(T(X, 2,Y)) = T(z, z,y). (3.27)

For two triangles zyx and zxt of T, the corresponding flags of x,y,z,t are X,Y,Z,T
respectively. Let

z
Or,(BL(Y, T, Z, X)) = % CE(z,2,t,y), (3.28)
t
Or,(Bo(Y, T, Z, X)) = y% CE(z,2,1,1). (3.29)

Remark 3.3.9. Sometimes, to simplify our calculations of certain swapping bracket, we
consider E(x,z,y,t) € Q3(P’) by adding some points to P.

Let k3 : B3(P) — C*°(Confy3) be the ring homomorphism defined in Proposition
24713

Proposition 3.3.10.
kg o} 0T3 = Id.A(Tg)'
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Proof.

Notation 3.3.11. For each flag F', we choose a base {fi}!' | of a flag F' in R™. For
k=1,,,n, let R
fE=fLAAfE (3.30)
We denote 2 (:%1 A QQ) by XY for any X,Y in the flag variety Fs.
For a triple ratio T'(X, Z,Y), we have

k‘g 09T3(T(X, Z, Y))
<ﬂ:z-zy-yx>
2X Yz - 1Y
| X2.77-7%
ZX -YZ-XY
— T(X,Z,Y).

(3.31)

Let

A ((z, z,t), (2,2,v))
A((z,2,y), (z,2,v)
For an edge function B (Y, T, Z, X), we have

E(z,z,t,y) =

k309T3(]B31(Y,T,Z,X))

_ g (Y A((x, z,t), (2z,2,v))

U\ A, 2,y), (5,7,0))

Yz <@ﬁ(ﬁ—ﬁﬁﬁ(—ﬁﬁ(ﬁ)

(3.32)

" T7 \XZZXYV-X22VYX - XV.ZXYZ
Let U = (U, Us) be a flag in R3 where Us = X1 A Z1. In R3, we have

%\1280-f1+81-21+82'§1 (3.33)
where sg, s1, so € R. Thus we obtain that
XU XX XV XZ
ZU ZX 7V ZZ
YU YX YV YZ
TU TX TV TZ

det = 0. (3.34)

And we have XU = ZU = 0. Then, we decompose Determinant m in the first column
and we obtain that

XX XV XZ

det | ZX 2V ZZ

TU TX TV TZ ) XZZXTV-XZZVIX-XV.ZXTZ (3.35)
YU XX XV XZ XZZXYV-XZZVYX -XV.ZXYZ

det | ZX 2ZV ZZ
YX YV YZ
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So
YZ TU
ks o 0r,(BL(Y, T, Z, X)) = —= - — =B (Y, T, Z, X). (3.36)
TZ YU

Similarly, we have
k3o 0r,(B2(Y,T,2,X)) =B2(Y, T, Z, X).

So ks ofr, is an identity map on all the generators. Since k3o 0r, is a ring homomorphism,
we have k3 o 9T3 = Id.A(Tg)' L]
In particular, we have

Corollary 3.3.12. 0r, is injective.

3.3.3 Main theorem

We embed in a Poisson way the rank 3 Fock—Goncharov algebra into the rank 3
multifraction algebra for Confy, 3 by Theorem [3.3.16

Let us prove some lemmas before we start to prove the main theorem.

Lemma 3.3.13. Let a1, a2, 21,22,23 € P. Assume that |J(ou, oo, xi, x5)| # 1 for any
1,7 = 1,2,3, and aq,as are in the arc T1x5. We calculate {xgigiiiiiiiiﬁ} in Qn(P).

Up to symmetry, we have seven cases as in Figure[3.13. We have

( ) % case 1 and case 2
12, L1X9 * XX3 - T3X1
- = {—3 case 3 and case 4 (3.37)
Q10 - X112 - T2T3 * L3T1
0 others

in Qn(P).

Proof. By Leibniz’s rule, we have

{arag, 7122 - 2273 - T371 } i {a1ag, 7122} + {araz, mox3} + {araz, v371}
109 - T1X9 - T3 * T3 A1 - T1X9Q 109 - T2x3 102 - 3T '

(3.38)

In case 1, we have
{onag, mize} 1

bl
10 - L1 2
{arag, mox3} 0
Qarag - T3 ’
{arag, z321} :

102 - 31
We obtain that

{onag, 2122 - 2973 - 2371} 1
109 - X1X9 * X3 - T3x1 2.

We obtain the results for the other cases by the same way.
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OL=X1 oz=X1 1 X
o 6]
o2 Ol
Xz X3 X2 Xz O1=X2 X3 =Xz X3
1 2 3 4
=Xy Oz=X1 X1
al%
o
=Xz X3 CL=Xz2 X Xz X
5 6 7

Fig. 3.12:

Finally, we conclude that

( ) % case 1 and case 2
a1002, X1 * T2X3 * T3T1
: = —% case 3 and case 4 (3.39)
Q1 - X112 - T2T3 - T3T1
0 others
in Q,(P). O

As a corollary, we have

Corollary 3.3.14. Let a1, a9, a3, U1, ..., Us, V1, -..,Us € P. Let P be a polynomial in vari-

ables uyvy, ..., usvs. Recall that T'(ov1, o, aig) = 19202080801 - Agsume that | T (o, o, ug, v)| #

aoQ] 32 Q3
1 foranyi,j=1,2,3,1=1,...,s, we have
{T(a1,09,as3), P(ujvy, ..., usvs)} =0
in Qn(P).
Proof. In fact, the corollary follows from an observation by Lemma [3.3.13] that

{wvp, s - asa - asas } _ {wv, agay - azag - aqas}

3.40
UV - rpeg - Qipeg - i3 uvy - vy - e3eg - i Qe3 ( )

O]

Lemma 3.3.15. Let aq, g, 1,22, 23,24, u,v,w € P. Assume that |J (a1, o, x;,x5)] # 1
for any i,5 = 1,2,3,4. Let dgp. = 1 if a = b or a = ¢, dqp = 0 otherwise. Recall that

_ A((z1,z3,22),(u,v,w))

= A(orms00) (uow) " Then we have

E($1, €3, T2, $4)

{10, E(x1, 23,22, 24) }
a1 - E(l’]_,.’l?g, X2, x4)

= \.7(051705272:27:1;4) : 5041;1'27734

in Qn(P).
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Proof. We prove the lemma by considering all possible positions of o, as in S':

. ~~
1. a1, a9 are in the arc xxo,

. ~~~
2. aq, a9 are in the arc zox3,
3. a1, a9 are in the arc r3xy,

4. aq, a9 are in the arc r4xq.

We prove tﬁe\case 1, the others are similar. When «q, ag are different from each other
in the arc z125. By Lemma [3.3.3] the value of i((m’x?”x?)’(u’v’w)) does not depend on the

((zl »T3 71.'4)7(11'7”71”))

different position of u, v, w. We assume that u, v, w are in the arc r3z4 as in Figure.

X C1=Xa1
oz '
ﬂ‘ &
ol
Xa X2 Xa
Xz
~
- w
b A"
u
X3
Qi X3
Cl1=Xz
X3 3

Fig. 3.13:

1. when «; is different from x; and x2, by Equation [2.10] we have

{OélOéQ, A ((xlv €3, x?)? (U, v, ’UJ))} =0
and

{oiag, A ((z1, 23, 24), (u,v,w))} = 0.
So by Leibniz’s rule, we have

{arag, E(x1, 23,72, 24)}
10 - E(xla x3,T2, ‘T4)

=0.

2. when «; coincides with x1, by Equation [2.10] we have

{041042, A ((.%'1, l’g,[Eg), (U7U7w))} = _% cQQ - A ((.%‘1,1‘3,1‘2), (’LL, v, w))

(3.41)
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and
1
{a1ae, A ((z1, 23, 24), (u,v,w))} = —5 arag - A ((z1, 23, 24), (U, v,w)) .

So by Leibniz’s rule, we have

{OéleQ, E(fI,'l, €3, T2, $4)}
ajon - E(xr, 23, 22, 24)

= 0. (3.42)

3. when «; coincides with xg, by Equation [2.T1] we have
1
{anaz, A (21,23, 22), (u, v, w))} = =5 - araz - A((21, 23, 22), (u, v, w))

{a1ag, A ((z1, z3, 24), (u,v,w))} = 0.

So by Leibniz’s rule, we have

{onog, E(zy, 23,29, 14)} 1 (3.43)
arag - E(x1, 73,2, 74) 2
We conclude that when «q, as are in the arc :@,
{arag, E(x1, 73,72, 74) }
=J(a1,a9,29,24) * Oqy - .
ajon - E(xy, 23,22, 4) Jla1, 02,22, 34) - Sariwn.as
in Q,(P).
We obtain the results for the other three cases by the same way.
Finally, we conclude that
{arag, E(r1, 3, 72,74) }
=J(a1,a9,29,T4) - Oq- .
arag - E(w1, 23,72, 74) Jla, 02,22, 34) - barsaz o
in Q,(P). O

Our main result is

Theorem 3.3.16. The ring homomorphism 1, is Poisson.

Proof. We associate each edge function with a 4-gons and an edge, each triple ratio with
a triangle. For example, we associate By (Y, T, Z, X)(or Bo(Y, T, Z, X)) with yztx and zz
, we associate T'(X, Z,Y) with Tzy. By symmetry, we have the following possible cases as
in Figure 3.1}

1. Trivial cases.

2. Brackets of triple ratios.

3. Brackets of triple ratio and edge function.



o O @@

(D 2

N A N ﬁﬁ@b
4o NN A

4. Brackets of edge functions.

Fig. 3.14:

We prove the theorem for all the cases as follows.

1. Trivial case

Two graphs associate with two Fock—Goncharov coordinates «,b are separated by
a line in the disk. As in Figure there are three cases, in each case, « is the
Fock—Goncharov coordinate on the left and a is the Fock—Goncharov coordinate on

the right.
£
\ \ '
t
T
1 2
I €1
F €2
3

Fig. 3.15:
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Proposition 3.3.17. For all these cases, we have
{0n,(at), O1,(b)} = 01y ({v, b}s).
Proof. For all these cases, we have
{01,(c), O1,(b)} = 0.
For the Fock—Goncharov bracket, we have
{a, b}3 =0.

We conclude that
{9T3 (O‘>ﬂ 0T3 (b)} = 9T3 ({a, b}B) .
O

2. Brackets of triple ratios Two graphs associate with two triple ratios have at least

Fig. 3.16:

one common point. By symmetry, we have the following two cases as in Figure [3.10
By Corollary [3.3.14] we obtain that

Corollary 3.3.18. For these two cases, we have
{01, (1), 075(t)} = O, ({7, t}3) = 0.

3. Brackets of triple ratio and edge function

Two graphs associate with a triple ratio and an edge function have at least one
common point. By symmetry, we have the following four cases as in Figure [3.17

(a) By Corollary [3.3.14] we have
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T -

Fig. 3.17:

Proposition 3.3.19. For case 1,2,3 in Figure we have

{9T3 (T)v 6T3 (61)} = QTS({T7 61}3) =0 (3'44)
and
{07,(7), Oy (e2)} = Om, ({7, e2}3) = 0. (3.45)
N 1
y T R
Fig. 3.18:

(b) As in Figure let u € S*. Let z,y,u,2,t be cyclically ordered [x,y,u, 2, t]
as in Figure [3.1§

Or,(7) = 01, (T(X, Z,Y)) = Ty, z, 2) = 2o =% (3.46)

Ty - 2T Yz
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z
Or,(e2) = 07, (B1(Y, T, Z, X)) = % - Elx,z,t,y), (3.47)

To simplify our calculations, let

A((x, z,t), (z,z,u))
A((x,2,9), (z,2,u))

E(z,z,t,y) =

By symmetry, we only have to verify that
Proposition 3.3.20.

{01,(7), 01, (e2)} = 01, ({7, e2}3). (3.48)
Proof. By Equation 210} we have
{zz, A((z,2,t),(z,z,u))} = —zu-A((z, 2,t),(z,2,2)) =0
and
{zz, A((z,2,y), (z,z,u)} = yz-A ((z, 2, ), (2, x,u)) —zu-A ((z, z,y), (2,2,2)) = 0.

We obtain that
{zz, E(z,z,t,y)} = 0. (3.49)

Similarly, we obtain that
{zz, E(z,z,t,y)} = 0. (3.50)
By Leibniz’s rule, we have

{T(y,(L‘,Z), % ' E(I’,Z,t,y)}
T(y,ﬂl‘,Z) 2. E(x,z,t,y)

{yz, E(z,2,t,y)} {zy, E(z,2,t,y)} (3.51)
yr - E(x, z,t,y) xy - E(x, z,t,y)
{zz, E(z,2,t,y)} {zz, E(x,2,t,y)}
* xz- E(x,z,t,y) 2z E(x,z,t,y)
Ll Bz ty)y  {yz Bl zty)}
zy - E(x,z,t,y) yz - E(x,z,t,y)

By Lemma|3.3.15 we have

{yz, E(z,2,t,y)} _ 17 (3.52)
ny N E(SC,Z,t, y) 2
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FE t
{xy, ([L‘, 2, ay)} — 07 (353)
Ty - E(SU, 2 t’ y)
E
{zy, E(z,2,t,y)} _ 0, (3.54)
Yy - E(.’I}, Z, t7 y)

{yz7 E(x7z7t7y)} ]'

ye Bz, zty) 2 (3.59)
Thus the right hand side of Equation equals to
1 1
=04+--04+0-040—-(—= (3.56)
2 2
=1.
For the Fock-Goncharov algebra, we have
{7, ea}s =7 e,
we conclude that
{01;(7), 0y (e2)} = 01, ({7, ea}s).
O

4. Brackets of edge functions
Two graphs associate with two edge functions have at least one common point. By

symmetry, we have the following cases as in Figure [3.14]4.

(a) Letu,v € S'. Let z,a,v, 8,7, 9, u, z, s be cyclically ordered [z, o, v, 8,7, Y, U, 2, S]
as in Figure [3.19

o}
v
! " N X
'] r
B €2 &
Y
€1
5
y -
ez
~

Fig. 3.19:
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T
Or,(c1) = bru(Bo(AT, B, X)) = 2 - E(w, 5, ,7), (3.57)
af
9T3 (62) = GTB(BI(Aa F: Ba X)) = 775 : E(.%', 67 Y, Oé), (358)
ST
9T3(61) - 9T3(B2(Y7 S, Z, X)) - yi.fC ’ E(xv 2 Y, 5)7 (359)
z
Or(e2) = 0r, (Bi(Y, 5, 2, X)) = L= - E(, z,5,1). (3.60)
To simplify our calculations, let
A((z, 8,a), (8,z,v))
E(ﬂj, ﬂ? a’ ,y) =
A((z,B,7), (B, z,v))’
A((z,2,9), (2,2, u))
E(a’:7 Z’ y’ S) =
A((z,z,5), (2, ))
By symmetry, we only have to verify that
1.
{01, (1), 0y (e1)} = b1, ({e1, er}s) =0
ii.
{01, (€1), 01y (e2)} = 01, ({e1, ea}s) =0
1ii.
{01, (€2), 01 (e2)} = Om,({e2, ea}s) = 0.
Proposition 3.3.21.
{01, (e1),0m5(e1)} = O, ({€1, er}s) = 0.
Proof. By Lemma [3.3.15, for any factor S of Z—ﬁ . W
(S € {sx,yx,xz,xu, 2z, 2U, Y2, yz,yu}), we have
{S, E(z,B,a,7)} =0.
Thus we have
{E(:C,B,oz,v), Z:-E(:U,z,y,s)} =0 (3.61)
Then by Lemma we have
{vz, E(z,2,y,5)} =0, (3.62)
and
{az, E(x,z,y,s)} = 0. (3.63)
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Thus, by Leibniz’s rule, we have

{2 B(e.8,0,7), 2 Bla,2.5))
2. E(x, 8,a,7) - 22 - E(x, 2,9, s)

azx yx
_Gmoseh o) forsa) for, yo)
NI - ST NT - YT QX - ST ax -y
{vz, E(x,z,y,s)} {ax, E(z,z,y,5)}
vx - E(x, 2,9, s)  az- E(z,z,y,s) (3.64)

{B@.8,a.7), 2 B2y}

E(%Ba@,’Y)‘%'E(%ZJ/yS)
L
B 2 2 2

_|_

Since
07, ({€1, e1}3) =0,

we conclude that

{9T3 (61)’ 9T3 (61)} = 9T3({517 61}3) =0.

Similarly, we have

Proposition 3.3.22.
{0r,(€1), 01y (e2)} = O, ({e1, ea}s) = 0.
Proposition 3.3.23.

{075(e2), 07y (€2)} = O3 ({€2, e2}3) = 0.

(b) Letu,v € S*. Let x, o, B, 1,7, ¥, u, 2, s be cyclically ordered [z, o, B, v, 7, ¥, u, 2, 5]
as in Figure

pe;

Or,(e1) = 01, (B2(B, X, T, A)) = Ba - E(a,n, B, x), (3.65)
01y (e2) = 07,(B1(B, X.T, A)) = irz . E(, 7,2, B), (3.66)
Or,(e1) = 07, (Ba(Y, S, Z, X)) = Z% - E(z,2,y, ), (3.67)
Or,(e3) = 07, (By(Y, S, Z, X)) = Zj CE(w, 2, 5,y). (3.68)

Similarly as Proposition [3.3.21] we have
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B
Fig. 3.20:
| {07 (e0), Oy (e1)} = Or({er, ex}s) =0,
| {01, (€1), 015 (e2)} = O, ({e1, ea}s) =0,
| {07, (€2), 0y (e1)} = 0, ({e2, ex}s) = 0,

{01;(e2), 01, (e2)} = O, ({€2, e2}3) = 0.

(c) Letu,v € St. Let x, i, B, 1,7, u,9, 2, s be cyclically ordered [z, o, B, v, Y, u, Y, 2, 5]
as in Figure let

ro

Or,(c1) = br, (By(B, X, T, A)) = 5o+ B, 7, ,), (3.69)
Or(e2) = Oz, (B1(B, X, T, A)) = 5:: By, 8), (3.70)
Or,(e1) = 07, (Bo(X, Z,Y, S)) = g CE(s,y,7,2), (3.71)
Or,(es) = 07, (By(X, Z,Y,S)) = % CE(s,y, 2, 7). (3.72)

Similarly as Proposition [3.3.21] we have
i.
{01;(e1), 015 (1)} = O0r,({e1, ex}s) =0,
ii.

{01, (€1), 01 (e2)} = 07, ({€1, e2}3) =0,
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Fig. 3.21:

iii.

{01, (€2), 015 (e2)} = 01, ({€2, e2}3) = 0.

(d) Let u,v € S'. Let z,a,v, B,y, u, 2, s be cyclically ordered [z, o, v, 8, y, u, 2, 5] as

in Figure let

Fig. 3.22:

X
Or,(e1) = 07, (Bo(A,Y, B, X)) = XX . B(x, 8,0, ),

axr

O (c2) = Oy (By(A, Y, B, X)) = “2 . B(a, 8.y, ).

ypB

(3.73)

(3.74)
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ST

9T3(61) = GTS(BQ(K S, Z, X)) = yix ’ E($727y7 S)v (375)
Or,(e2) = Oz, (Bu(Y, S, Z, X)) = = - B, z,5.,y). (3.76)

By symmetry, we only have to verify that

1.

{07, (e1), 015(e1)} = Or5({e1, e1}3) = 0.

| {07, (e1), 015 (e2)} = 01 ({1, e2}3) = 0.

| 101, (e2), 61 (62)} = b1, ({2, €2}3) = 0.
Proposition 3.3.24.

{01, (e1), 05 (e1)} = O1,({e1, ex}3) = 0.
Proof. To simplify our calculations; let

A((x, 8, @), (B, x,v))
A((x,B,y), (B z,v))

By Lemma for any factor S of
A((z, B, a),(B,z,v)) =af - fr-av —av-fr-af —xf - ax - P,

E(x7/87 a??/) =

we have

{S, E(z,z,y,5)} =0.

Thus we have

{A ((x7 B’ a)’ (/87 x? V)) ) E(x7 z? y? S)} = 0'
Moreover, by Lemma for r = x, v, 8, we have

{yr, E(z,2,y,8)} _ 1

yr-E($,Z,y,S) 2
Since A (z, 8,y), (B,z,v)) =xf - fz-yv —av - fz-yB —xf - yx - v, we have
{A ((@,8,9), (B,2,v)), E(z,2,9,9)} _ 1 (3.77)

A((z,B8,y),(B,z,v)) - E(x,2,y,s) 2

By Lemma|3.3.15] we have
{E(x757a7y)7 S.’IJ} - 07 (378)

{E(z,8,0,y), yz} 1
E(x,B,a,y)-yz 2 (3.79)
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Thus we have

{% 'E(Ialgua)y)a % 'E(ZU,Z,y,S)}
o 'E(:L‘,B,a,y) -2 'E(.’L’,Z,y,S)

ax yT
_ gz soh {yw,ye}  fox, s} | {ox, ya)
YT - ST YT - Yyx QzT - ST azr - Yyx

{yz, E(z,2,y,5)} {oz, E(z,2,y,5)}
yr - E(x,z,y,s) az - E(z,z,y,s)

{E(x,B,0y), st} {E(x,B,0y), yz}
E(x,ﬂ,a,y)-sx E(xaﬁaavy)'yx

_l’_

{A((z,8,0), (B 2,v)) , E(z,2,y,8)}  {A((x,0,9), (B, 2,0)), Ez,2,y,5)}

_l’_

(
A((z,B,a),(8,2,v))  E(z,2,y,5) A((z,B,y),(B,2,v))  E(z,2,y,5)
LT S —0+0—1+0—<—1)
2 2+2+< 2) 2 2

=0
(3.80)
Since
01, ({€1, e1}s) =0,
we conclude that
{0T3 (61)’ 0T3 (61)} = 9T3({61’ 61}3) = 0.
O

Similarly, we have

Proposition 3.3.25.

{01, (e1), 01, (e2)} = O1,({e1, e2}3) = 0.
Proposition 3.3.26.

{01, (€2), 0 (e2)} = b1, ({e2, ea}s) = 0.

(e) Let u,v € S'. Let z,a, B,v,y, u, 2, s be cyclically ordered [z, o, B, v, y, u, 2, 5] as

in Figure let

Or,(e1) = bz, (Ba(B, X, Y, A)) = 22 oy, 6,7), (3.81)
Ors(e2) = 07, (B1(B, X, Y, A)) = ig - E(a,y,z, ), (3.82)
Or,(e1) = 07, (Ba(Y, S, Z, X)) = Zi; Bz, 2,9, 5), (3.83)
O, (e2) = 01, (B1(Y, S, Z, X)) = g CE(z,2,8,y). (3.84)

By symmetry, we only have to verify that



3. Fock-Goncharov algebra and swapping algebra 78

5]

- u

Fig. 3.23:

{01;(e1), 015 (e1)} = O, ({e1, e1}3) =0,
ii.
{01,(e1), 07 (e2)} = O, ({e1, e2}s) = 0.
Proposition 3.3.27.

{07, (e1), 015(e1)} = Or5({e1, e1}3) = 0.

Proof. To simplify our calculations, let

A (e y,B), (y, o, v))

E(a,y, 8,7) = A((o,y,z), (y,a, 1)) .

By Equation we obtain that

{A ((ny>5)>(y>aay))7 E(a:,z,y,s)} _ 71 (385)
(A((a,y,ﬂ),(y,a,u)))-E(:U,z,y,s) 2’
{A((a,y,l’),(y,a,l/)), E<m7z7y78)} :_1 (386)
(A((a,y,m),(y,a,y)))-E(:B,z,y,s) 2
Thus we have
A((a,y,8),(y,a,v))
{E(a7 Y, 67 ) (.’E, Z,Y, 8)} _ { A((a,y,x),(y,a,u)) ’ E(.%', Y, 8)}
Ela,y,B,2)- B zy,s) — QUesBluoan) e, oy )

-()-(3)

=0.
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By Lemma we obtain that
{za, E(z,z,y,5)} =0

(3.88)
{Ba, B(w,zy,5)} =0 (3.89)
{E(a,y,8,2), sz} =0 (3.90)
{E(a,y,ﬁ,x), y{L‘}ZO ( )

Thus we have

{g—g - E(a,y, B, x), ;—i 'E(fzr,z,y,s)}
5 F(a,y,5,0) 2 E(5,2,9,5)
_{za, sz} {za, yz}  {Bo, sz} N {Ba, yx} A{za, E(x,z,y,s)}
TQ - ST T YT Ba - sz Ba - yx za - E(x, z,y,s)
{Bo, Be.mu.5)) | (Blawy, o), st} {Ela,y.B.2), ya)
fa - E(z,z,y,s) a,y, B,x) - sx a,y, B,x) - yx
{E(o,y, B,2), E(z,2,y,5)}
E(o,y, B,x) - E(x,z,y,8)
=0-0-0+0+0-0+0-0+0
=0.

(3.92)

Since

01, ({€1, e1}s) =0,

we conclude that

{0T3 (61)’ 0T3 (61)} = 9T3({51; 61}3) =0.

Similarly, we have
Proposition 3.3.28.

{015(e1), 07y (e2)} = 015 ({€1, e2}3) = 0.

(f) Let w,v € S'. Let x,m,w,y,v, z,t be cyclically ordered [z, m,w,y,v, z,1] as in

Figure 3:24] We have

01, (K) = 07, (Bo(Y, T, 7, X)) = ZE E(z, 2,9, 1), (3.93)
Or,(L) = 0r,(BL(Y, T, Z, X)) = %  B(z,2,t,y), (3.94)
0r,(A) = 07, (Bo(M, Z,Y, X)) = % - E(z,y,m, 2), (3.95)
0r,(B) = 01,(B1(M, Z,Y, X)) = %y - E(x,y, z,m). (3.96)

By symmetry, we only have to verify that
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Fig. 3.24:

{9T3 (K)79T3 (A)} = GTS({K> A}3) = _9T3 (K) ’ 9T3 (A)a

ii.

{07, (K), 01, (B)} = 0r,({ K, B}3) =0,
iii.
{0r,(L),01,(B)} = 0r,({L, B}s) =0,
We start with a lemma.
Lemma 3.3.29.
{E(z,y,m,z), E(x,z,y,t)} =0. (3.97)

Proof. To simplify our calculations, let

A((z,y,m), (y,r,w))
A ((z,y, 2), (y,z,w))

E(z,y,m,z) =

By Equation we have

{A((z,y,m), (y,2,w)), E(x,z,y,t)} 1
A((xayam)v(%wi))'E(x7zayvt) 2’

By Equation we have

{2z, E(z,z,y,t)} = 0. (3.98)

By Lemma let

A ((z, z,y), (v1,v2,v3))

E($727y7t) = A ((1’7 Z,t), (/U17/U27/U3)) 7
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where vy, v, v3 are in the interior of the arc z¢. By Equation we have
{ZU), A ((x7 Zy y), (vh V2, 03))}
czw - A ((.’L‘, 2, y)a (’Ul, 2, 'US)) —Yyw- A ((lU, Z, Z), (’Ul, v, ’Ug)) (399)

czw - A((x, 2,y), (v1, v2,v3))

[\D\H[\DM—‘

and

{Zw> A((.%',Z,t) (U17U27U3))} ; W - A((x,z,y),(vl,vg,vg)), (3100)

SO
{zw, E(z,z,y,t)} 1

1
cw- E(x,z,y,t) 2 2

= 0. (3.101)

We calculate five terms of type { } by using Lemma hlas in table below:

a\b | E(z,z,y,t)
Yy 0

yT -1/2
Zw

W 0

2y 0

zx

yw —1/2

Since A ((z, z,9), (y,z,w)) = zy - zx - yw + 2w - 2y - yr — xY - zw - yz, we have

{A((z,y,2), (y,2,w)), E(z,2,y,0)} 1 (3.102)

A((x,y,z),(y,x,w))-E(x,z,y,t) 2

Thus we have
{E(z,y,m,2), E(x,2,y,t)}

E(
(<“ y’>m Z)< ; 24 0) (3.103)
We conclude that
{E(m,y,m, Z), E(az,z,y,t)} = 0.
O

Proposition 3.3.30.
{0T3 (K)v 0T3 (A)}
9T3 (K) ’ 0T3 (A)

=—1.
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Proof. We have

t
{y% - E(z,2,9,t), %E(fc,y,m,Z)}
& B(x,z,y,t)- 2 - E(z,y,m,2)

yx mx
_ftw ) ftrma) e, sz} | (e, ma)
 trzx tr - mx YT - 2T YT - MmIT
{tz, E(x,y,m,2)} {yz, E(z,y,m, 2)} (3.104)
th'E(x,y,m,Z) yx'E(xayvmVZ)
n {E(z,z,y,t), z2} {E(z,z,y,t), mx}
E(x,z,y,t) - zx E(x,z,y,t) - mz
+ {E(x7 Z? y’ t)7 E('CC7 y? m7 z)}
E(xaz7y>t) -E xayamaz) ‘
By Lemma [3.3.15 we have
{tz, E(z,y,m,2)} =0, (3.105)
{E(z,z,y,t), mx} =0. (3.106)
By Equation [3.50] we have
{yz, E(z,y,m,2)} =0, (3.107)
{E(x,z,y,t), zz} = 0. (3.108)

Together with Lemma [3.3.29] the right hand side of Equation equals to

:<_;>_<—;>—;+<—;>+0—0+0—0+0 (3.109)

We conclude that
{0T3 (K)a 9T3 (A)}

0n, () Op,(A)

Proposition 3.3.31.
{9T3(K)7 eTs(B)} = 0.
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Proof. We have

t
{&- B2y,

my
e E(x,y,z,m)}

% -E(a:,z,y,t) : % 'E(x,y,z,m)
_ {tz, my}  {tw, zy} {yz, my} N {yz, zy}
txr - my tx - 2y YT - my YT - 2Y

_ {yx7 E(x7 y? z? m)}

{tz, E(z,y,2,m)}
tr - E(z,y,z,m)

{E(z, 2.y, my}

yx - E(xay7z7m)
{E(z,2,y,1), 2y}

(
E(x,z,y,
(

E(x Zayvt) T RY

E(z, 2y,
By Lemma [3.3.15 we have

t),
t)-m

{E(z,z,y,t), E(m y,z,m)}
t)- E(z,y,z,m)

{tz, E(x,y,z,m)} =0,

{E(x7zay7t)a my} =0
{E(z,2,y,t), zy} = 0.

By Equation |3.50] we have

{y$7 E(x7 y? Z? m)} = 0

With Lemma the right hand side of Equation equals to

=0-0-0+0+0-0+0-0+0

=0

We conclude that
{9T3 (

Proposition 3.3.32.

K),0r,(B)} = 0.

{0T3 (L)7 6T3 (B)} =0.

Proof. We have

{% ’ E(LU,Z,t,y), % ’ E(x,y,z,m)}
% ) E(:U,z,t,y) ' % ’ E(x,y,z,m)
_{yz, myy {yz, zy) {tz, my} | {tz 2y}
Yz - my Yz -2y tz - my tz - 2y

{yza E(‘Tv Y, % m)} _

{tz, E(x,y,z,m)}

Ty By mm)

L 1E@2ty), my} B

tz - E(z,y,z,m)
{E(z,2,t,y), 2y}

T EB@ by m E(z,z,t,y) - 2y
L B ty), (fC Yy, z,m)}
E(z,z,t,y) - E(x,y,z,m)

(3.110)

(3.111)
(3.112)

(3.113)

(3.114)

(3.115)

(3.116)
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By Lemma we have

{yz, E(z,y,2,m)} =0, (3.117)
{tz, E(z,y,2,m)} =0, (3.118)
{E(z, 2,t,y), my} =0, (3.119)
{E(z,2,t,y), 2y} =0. (3.120)

Together with Lemma [3.3.29] the right hand side of Equation [3.116| equals to

=0-0-04+04+0-0+0-0+0 (3.121)
=0
We conclude that
{0T3(L)76T3 (B)} =0.
O

Let w,v € S'. Let , m,w,y,v, z,t be cyclically ordered [z, m,w,y,v, z,t] as in

Figure 3.:24] We have

t

Or,(K) = 0p,(Bo(Y, T, Z, X)) = yi; CE(z,2,y,1), (3.122)
z

Or,(L) = 07, (B (Y, T, Z, X)) = % CE(z,2,t,y), (3.123)

Proposition 3.3.33.
{9T3 (K)’ 0T3 (L)} =0.

Proof. To simplify our calculations, let

1 A
E(x7 Z? y? t) = = ((x’ Z’ y)’(27 x’ v))
E(z,z,ty) A, zy),(z1,0))
We have
{2 B(w,2,y.t), - B,z ty)
% : E(%Zay»t) ’ %j 'E(x727t7y)
_{twoyzy {teotz) {yeye} |y t2)
 tx- Yz tr -tz YT - Yz yx -tz (3.124)

{tx, E(x,z,t,y)} {yz, E(z,z,t,y)}
te - E(x,z,t,y) yx - Bz, z,t,y)
B0, vz (Bl s, t2)
E(z,z,y,t) - yz E(z,z,y,t) -tz
We calculate four terms of type % by using Lemma as in the table
below:
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A((z,z,t),(z,z,v))
a \ b yz tz A((z,2,9),(z,2,v))
tx 1/2
yx 1/2
N (CERNCEX) TP
Ao ey | —1/2 | —1/2

Thus the right hand side of Equation [3.124] equals to
1 1 1 1 1 1
=0—(=)—-(—= - — = —— ] —=(-= 12
(2> <2>+0+2 2+< 2) (2>+0 (3.125)

GTS({K’ L}3) =0,

Since

we conclude that

{0T3 (K)v 9T3 (L)}

0n,(K) Op, (L)

We conclude that the monomorphism 67, is Poisson. O

3.4 Poisson embedding

For a disk with k(k > 3) marked points on the boundary, given an ideal triangulation
T and its n-triangulation 7;, for n > 2. We have the Fock-Goncharov rings {A(T},) }n=2,
We consider the relations among {A(T2), A(T3),...}. In fact, A(T}) is naturally Poisson
embedded in A(Tj41) for & = 2,3. Hence, A(T3) is Poisson embedded in A(T}) for all
k= 3,4.

3.4.1 Poisson embedding T

Definition 3.4.1. We consider a ring homomorphism 1o from A(Ts) to A(T3) by extending
the following map on generators for each triangle of T to A(T»):

m(A) = A'B’,
TQ(B) = C,D/,
TQ(C) = E/F/.

Proposition 3.4.2. The ring homomorphism To is injective.

Proof. If 7o(P(a, ..., ) = P(12(a1), ..., 72(ay)) = 0, where P(ay, ..., ayy,) is a polynomi-
al of the edge functions (ayq, ..., ay,) in A(T3). Let mo(a;) = Biy; for i = 1,...,m. By observ-
ing that 81, V1, .-, Bm, Ym are different from each other. Since there is no algebraic relation
among {fS1,71, -, Bm>Ym}- S0, there is no algebraic relation among {2 (a), ..., 72(am)}.
We have P(ay, ..., ) = 0. We conclude that 7o is injective. O
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Fig. 3.25:

Proposition 3.4.3. The ring homomorphism 19 is Poisson.

Proof. By symmetry, we only have to verify that if
{m2(A), 2(C)}s =120 {A, C}s.
The notations are shown in Figure [3:25] We have
{m2(A4), 72(C)}s ={A'B',E'F'}3 = AAB'E'F' = 15(A)12(C) = 12(AC) = 150 {4, C}>.

O

Let i be the natural embedding from B2(P) to Bs(P).

Proposition 3.4.4. The following diagram of ring homomorphisms commutes:

A(Ty) —2— A(Ty)

l O, l O

By(P) —— By(P)

Which means that 01, o 79 = i 0 O,.

Proof. By definitions of these ring homomorphisms, we only have to check one generator

of A(T»). By Formula we have
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Q ~1 s1 Qfl ~1
i09T2< (¥ /\z)' ( /\x)>zz<lgm>_yzt$

Q(fl/\zl) Q (gt AL yr )  tz yx

We conclude that 07, o 75 =7 0 0p,. ]

3.4.2 Poisson embedding T3

Definition 3.4.5. We consider a ring homomorphism 13 from A(T3) to A(Ty) by extending
the following map on generators for each TYyz and xzt of T to A(T,):

73(Bis—i(Y,T,Z,X))) = Bix13-i(Y,T,Z,X))Bi4—i(Y, T, Z, X)),
7‘3(T1,171(X, Z, Y)) = T271’1(X, Z, Y) . T1,271(X, Z, Y) . T1,1,2 (X, 7, Y).

Proposition 3.4.6. The ring homomorphism T3 is injective.

Proof. As in Proposition [3:41] to proof 73 is injective, we have to proof the algebraic
independence of {7’3(3172(}/, T, Z7 X))), Tg(BQJ(Y, T, Z, X))), T3(T1,171(X, Z, Y)), } Since
the Fock-Goncharov coordinates {B13(Y,T, Z, X)), B2o(Y,T,Z, X)), B31(Y, T, Z, X)),
T511(X,2,Y),T121(X,2,Y), T112(X,Z,Y)...} are algebraic independent. With
T3(Bl,2(Ya T7 Z? X))) = B2,2<Ya T7 27 X))B1,3(Y7 T: Z: X))v
7—3(3271(}/7 T, Z, X))) = B3,1(Ya T, Z, X))BQQ(Y? T, Z, X))>
3(Th11(X,2,Y)) =T211(X,2,Y) - Th21(X,2,Y) - Th12(X,Z,Y),
we have that {7’3(31,2(}/, T,7,X))), T3(BQ71(Y, T,7,X))), T3(T17171(X, Z,Y)), } are alge-

braic independent. We conclude that 73 is injective. O

Proposition 3.4.7. The ring homomorphism 13 is Poisson.

Proof. By symmetry, as in Figure [3.26] we only have to verify
{m3(A), m3(F)}a = 130 {A, F}s,
{m3(G), m3(A)}a = 30 {G, A}3,
{m3(B), 73(G)}4 = 13 0 {B, G}s3,
{m3(A), 13(E)}4s =130 {A,E}3 =0,
{m3(A), 13(D)}s =130{A,D}3=0.
By calculations, we have
{7r3(A), 3(F)}s ={A'B', T’'H'}y, = AB'I'H = 130 {A, F}3,
{r3(G), 73(A) s ={JK'L' B}y = JK'L' A’B' = 750 {G, A} 3,
{r3(B), 13(G)}s ={B'C",JK'L'}, = BC'"JJK'L' = 730 {B, G}3,
{r3(4),73(E)}a =0,
{m3(A), m3(D)}4 = 0.
We conclude that 73 is Poisson. ]

Corollary 3.4.8. The ring homomorphism o o 73 is a Poisson embedding.
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Fig. 3.26:



4. SWAPPING ALGEBRA AND THE DISCRETE VERSION OF THE SPACE
OF OPERS
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In this chapter, we relate the rank 2 swapping multifraction algebra to the Virasoro
algebra on a hypersurface of the configuration space My 1 of N twisted polygons in RP'.
In §11] we recall the central extension, Virasoro algebra, Hill’s operators and some of their
properties. In we recall the configuration space My, of N-twisted polygons in RP".
When (N,n + 1) = 1, we recall a coordinate system of My, [SOT]| [KS|. In §1.3] we
asymptotically identify the rank 2 swapping algebra with the dual of Virasoro algebra on
a hypersurface of My ;. In we asymptotically identify the Schwartz algebra with the
dual of Virasoro algebra on a hypersurface of My 1. We prove that swapping bracket is
compatible with Schwartz bracket on My ;.

4.1 Virasoro algebra and Hill’s operators

This section is for the purpose of self-contained, which is not original. we recall the
definition of central extension, Virasoro algebra, Hill’s operators and some well known
facts. We refer to [KW] , [OT] and [S1] for further details.

4.1.1 Central extension

Let g be a Lie algebra, let n be a vector space.

Definition 4.1.1. [2-COCYCLE| The map w : g X g — n is a 2-cocycle if w is bilinear,
antisymmetric and satisfies the cocycle identity

w([X,Y],Z2) +w(]Z,X],Y) +w([]Y,Z],X) =0. (4.1)

Definition 4.1.2. [2-COBOUNDARY| A 2-cocycle w on g with values in n is called a 2-
coboundary if there exists a linear map « : g — n such that

w(X,Y) = a([X,Y])
forall X,Y € g.
Proposition 4.1.3. [CHAPTER 1 SECTION 3.1 IN [KW]]| Let w : g X g — n be a bilinear
2-form. Let
g:=gPn

be a vector space equipped with the following bracket:

(X, ), (Y, v)] = ([X, Y], w(X,Y)). (4.2)
Then g is a Lie algebra if and only if w is a 2-cocycle.

Definition 4.1.4. [CENTRAL EXTENSION| A central extension defined by a 2-cocycle w :
g x g — n of a Lie algebra g by a vector space n is a Lie algebra g whose underlying vector
space g = g @Pn is equipped with the following Lie bracket:

[(X,w), (Y, 0)] = ([X, Y], w(X,Y)). (4.3)



4. Swapping algebra and the discrete version of the space of opers 91

One can easily see that the central extension defined by a 2-coboundary becomes the
trivial extension by the zero cocycle after the change of coordinates (X, u) — (X, u—a(X)).
Moreover, we have the following proposition.

Proposition 4.1.5. [CHAPTER 1 ProOPOSITION 3.4 IN [KW|| There is a one-to-one
correspondence between equivalence classes of central extensions of g by n and the elements

of H*(g,n).

4.1.2 Virasoro algebra

We denote % by Op.

Definition 4.1.6. [LIE ALGEBRA Vect(S')] Let Vect(S') be the space of all the smooth
vector fields on S*. After fizing a coordinate @ on the circle ST, any smooth vector field on
St can be written as f(0)0y, where f is a smooth function on S'. Under this identification,
the Lie bracket of two elements f(0)0y, g(0)0p in Vect(S') is given by

[£(0)0%, 9(0)05] = (f'(0)9(0) — g'(0)£(6))0e. (4.4)
where f'(0) denotes the derivative in 6 of the function f(6). The Lie algebra Vect(S?) is
the vector space Vect(S1) equipped with the Lie bracket defined above.

Since f(0) is smooth in S, we have the Fourier coefficient decomposition

FO) =Y fue™,

k=—oc0
where f; € C.
Definition 4.1.7. [WITT ALGEBRA| Let Ly := ie™*?0y. The Witt algebra Q0itt is the Lie

subalgebra of Vect(S') @ C generated by {Ly}re The restriction of the Lie bracket is
the Witt bracket given by

_m'
[Lim, Ln] = (m — n) Ly tn. (4.5)
for any m,n € Z.

Definition 4.1.8. [VIRASORO ALGEBRA| The map wgr : Witt x Witt — R given by

@ (£0)00.90)09) = [ 10} 0)a0 (16)

is a nontrivial 2-cocycle on Witt, called the Gelfand—Fuchs cocycle. The corresponding
central extension of 2Witt is called the Virasoro algebra and is denoted by vit.

Proposition 4.1.9. [CHAPTER 2 PROPOSITION 2.3 IN [KW|| Let w be a 2-cocycle of
Witt. Let dp =1 ifa =10, 0ap =0 if a # b . Then there are two constants c1, ca such that

W(Lp, Lim) = (c1 -n% 4 ¢2-n) - i (4.7)
When ¢1 =0, w s a 2-coboundary.
Remark 4.1.10. For Gelfand-Fuchs 2-cocycle, we have
wWaF(Lny Lin) = -0> - 6 —m. (4.8)
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4.1.3 Hill’s operators

Definition 4.1.11. [HILL'S OPERATOR AND HILL’S EQUATION| Let a € R. Let H(t) €
C?(R,R) with H(s) = H(s+1) for any s € R. Then the Hill’s operator defined by (H(S), a)
is a map af—; + H(s) from C*(R,R) to C°(R,R). When

d?X (s)
ds?

+ H(s) - X(s)=0

for any s € R, we say X (s) € C*(R,R) is a solution of the Hill’s equation adiﬁz(s) +H(s)-
X(s)=0.

We can also consider H as a function belongs to C2?(S!,R). By definition, the dual
space of Vect(S!) is the space of the quadratic differential

Q%% .= {H(0)(d0)* | H(0) € C*(S",R)} .
The dual space of vit is
vit* := {(H(0)(d9)?,a) | H(0) € C*(S*,R),a € R}

We identify vit* with the space of Hill’s operators

d2
{adgz +H() | H(O) € C*(S",R),ac R} :

Later on, we consider the hyperplane {—% + H(9) | H(9) € C?*(St, R)} .
Definition 4.1.12. [SCHWARZIAN DERIVATIVE| Let u € C?(R,R). Then the Schwarzian

3 2
U/u/” 2 (U,/)

S(u) i = ———— 4.9

=" (4.9)

Proposition 4.1.13. [CHAPTER 1 SECTION 1.2 IN [OT]]| Let us fix x,x1,x2,x3, 4 € R.
Letfa:b:c:d] = =5 - %. The Schwarzian derivative S(u)(z) satisfies for all small €

[u(x + z1€) : ulx + zo€) : u(x + x3€) : u(x +x4€)] = [21 : T2 : 23 : 24] — 2S(w)(2)€® + O(®).
(4.10)

There is a well known result which relates the Hill’s operator to the Schwarzian deriva-
tive.

Proposition 4.1.14. [CHAPTER 2 ProproOSITION 2.9 IN [KW]|]| If f,g are two linear
independent solutions of the Hill’s equation for (H(s),—1). Let u = 5. Let S(u) be the
Schwarzian derivative of u. Then, we have

H(t) = f%  S(u)(t) (4.11)
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4.2 The configuration space of N-twisted polygons in RP"

Discrete integrable system of the configuration space My, of RP" is considered by
L. Faddeev, A. Yu. Volkov [EV] for n = 1, R. Schwartz, V. Ovsienko and S. Tabachnikov
[SOT] for n = 2 and B. Khsein, F. Soloviev [KS| for n in general. When (N,n+1) =1, a
coordinate system of My, is given in [SOT] and [KS|, we recall in our own way.

4.2.1 Configuration space of N-twisted polygons

Definition 4.2.1. [CONFIGURATION SPACE OF N-TWISTED POLYGONS IN RP"| A N-
twisted polygon in RP™ is a map f from Z to RP™ such that for any k € Z, we have
f(k+ N) = My - f(k) where My belongs to PSL,1(R). We call My the monodromy of
the N-twisted polygon in RP™. We say that f is in general position if for any k € N, the
points { f(k+i— 1)}?;11 are in general position in RP".

The configuration space of N-twisted polygons in RP", denoted by My, is the space
of the N -twisted polygons in general position in RP™ up to projective transformations.

Remark 4.2.2. If f is in general position, the monodromy is determined by f.

We a similar definition for R**1\ {0}.

Definition 4.2.3. [CONFIGURATION SPACE OF N-TWISTED POLYGONS IN R\ {0}] A
N-twisted polygon in R"" 1\ {0} is a map f from Z to R"*1\ {0} such that for any k € Z,
we have f(k+N) = G f(k) where G 7 belongs to GL,41(R). We call G' ¢ the monodromy

of the N-twisted polygon in R\ {0}. We say that ]? is in general position if for any
k €N, the points {f(k +i—1)}1] are in general position in R\ {0}.

The configuration space of N-twisted polygons in R™*\ {0}, denoted by ./\//l]v\,n, 15 the
space of the N -twisted polygons in general position in R"*1\ {0} up to linear transforma-
tions.

Remark 4.2.4. 1. There is a natural projection wy from MN\,n to Mn ., giwen by:

-~

™ (f) =T, (4.12)
where f = (..., f(1), F(2),...) and f = (..., f(1), £(2),...) with for any j € Z,

FG) = (X1 Xny14) € RPN {0}
and
fG) = [X15 s Xngr,5] € RP™

2. Forn =2, My is the configuration space considered by Richard Schwartz, Valentin
Ovsienko and Sergei Tabachnikovin in [SOT]. They constructed a Poisson struc-
ture(discrete version of Gelfand-Dickey second Poisson structure) such that the pen-
tagram map defined in Introduction of [SOT| relative to this Poisson structure is
completely integrable.

3. Forn = 1, M1 should be thought as a discrete version of the space of the Hill’s
operators. We will construct a Poisson structure on My 1 from the swapping algebra
in the next section.
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4.2.2 Construction of a coordinate system

The configuration space of N-twisted polygons in RP" is a discrete version of quasi
periodic curves in RP™. In the continuous case, there is a one to one map between quasi
periodic curves without inflection points in RP™ up to projective transformations and
generic (n + 1)-th order linear differential operators up to some relations, since a curve
without inflection points in RPP™ up to projective translations is interpreted as n—+1 linearly
independent solutions of one generic (n+ 1)-th order linear differential operator up to some
relations.

In [SOT], they give the (a,b)-coordinates for My o when (N,3) = 1. In [KS|, they
generalize the (a, b)-coordinates for My, without much detail. We recall this coordinate
system in our own way.

For any element

~ -~

F=(f(1),f2),..) € Myn,

where ~
f(.]) = (Xl,ja "'7Xn+1,j) S RTH_l,

o~ o~ ~

for any k € Z, since { f(k—1)}}- are in general position, the n+1 vectors f(k—n), ..., f(k)

~ ~

are linearly independent, but the n + 2 vectors f(k — n),..., f(k + 1) are not linearly
independent, so there are (ak k—n; ..., Gnt1k—n) € R™! such that

Xikt1 = 01 k—nXik + a2 k—nXik—1+ o Opk—nXik—nt1 + g1 k—nXik—n (4.13)

fori=1,...,n+ 1, where

~ ~ ~ ~ ~

det (Flk = n), oo Flk = 5 = 1), Tk — ). FOk 4 1), Flk 2 = ). .. F))
det (f(k‘ —N)y ey A(k)) |

Ajk—n =

Fori=1,..,n+1, k € Z, a; 4 is considered as a map from My, to R.

As we vary k, we get a family of functions {a1, ..., ant1,k} 50 _o- Since f(k+ N) =

~

Gy - f(k), we have a;, = a; 4+ n. Thus we have

Proposition 4.2.5. The functions {a1j,...,an+1k ), defines a coordinate system of
M.

—_—
Proof. We have already shown that given an element in M ,,, we obtain a set {a; g, ..., an+17k}]kV:1.
Given a set {a, ..., an+17k}£{:1, we want to get an element in My ,. Since the elements

in m is equivalent under GL(n,R), for any element

~ ~

F=(.f1),f2),..) € Myn,

where

—

FG) = (X1, Xngry) € RV,
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~

we suppose that (f(O), ey (n)) = Iniintl-

Then, given {a g, ..., an+1,k}£]:17 we get {a1 g, ..y g1k Foo o With a; ;= a; p1n. We
obtain an element {f(7)}52 belongs to My, through Equations O

1=—00

Corollary 4.2.6. dim/\//lN\m =(n+1)-N.

Proof. By counting the cardinal of variables in {aj, ..., an+17k}]k\f:1, we have dimm =
n-N. O

We generalize Proposition 4.1 in [SOT]| by using the same method to give a coordinate
system of My, when (N,n+1) = 1.

Definition 4.2.7. Let ¢ # 0, let @ be the natural projection from m to Mpyy,. Let
/\/lec be the subset of My, such that for any g € MNync, we have

det (g(k),...,9(k+n)) =c#0 (4.14)
for any k € Z.

Lemma 4.2.8. For any f € My, we have a unique g € mc such that w(g) = f.

Proof. For any element
f = (7f(0)7f(1)ﬂ ) € MN,nv
we lift f to

~ ~

F=(..F0), (1), ..) € M
where )
f(j) = (XL]‘, "'7Xn+1,j) c R+

for any j € Z. The general position property implies that det < fk), ..., f(k+ n)) = 0 for

any k € Z. We rescale g(j) = t; - f(j) (where g(j) = (Y14, ..., Yn41,;) for any j € Z) such
that

det (g(k),...,g(k+n)) =c#0 (4.15)
for any k € Z. We obtain that

det (f(k),...,f(k: +n)>

for k = 1,..., N with the convention j + N = j. Since (N,n + 1) = 1, Equations
have a unique solution. We conclude that there is a unique g belongs to M N,nc such that
m(g) = f. O

(4.16)

U lgn =

When we restrict ./WN\n to the subspace mc, Equations becomes into
Yikr1 =b1xnYik + 02k nYir—1+ bnirnYik—ni1+ (=1)"Yirn. (4.17)

Similarly to Proposition [4.2.5] we have



4. Swapping algebra and the discrete version of the space of opers 96

Lemma 4.2.9. The functions {by , ..., bn’k},ivzl defines a coordinate system of mc.

Combining Lemma and Lemma [1.2.9] we have

Proposition 4.2.10. When (N,n + 1) = 1, the functions {bl,k,...,bmk}fi\;l defines a
coordinate system of M p,.

Corollary 4.2.11. dim My, =n-N.

Proof. By counting the cardinal of variables in {b; , ---,bn,k}fc\;l, we have dim My, =
n-N. ]

Later on, we only consider the case n = 1.

4.3 Large N asymptotic relation between the swapping algebra and the Virasoro
algebra

By considering a cross ratio coordinate system {Bk}kN:1 of My 1, we define a Poisson
structure on R(By, ..., By) through the swapping algebra, which is asymptotic to the dual
of some Poisson algebra generated by Virasoro algebra.

4.3.1 'The discrete Hill’s operator and the cross-ratios

Definition 4.3.1. [DISCRETE HILL'S EQUATION| Let N > 1 be an integer. Given a
periodic sequence {Hy}32 _ in R where Hyip = Hy for any k € Z. The discrete Hill’s

equation s the difference equation in {Cy}72 -

H
Crp1 = <N’; + 2) Ok — Cg—1, (4.18)

for any k belongs to Z.

We define {Hy}72 _ . to be a discrete Hill’s operator, and {Cy}32 _  as in Equation
is the solution to the discrete Hill’s equation.

By Proposition [4.2.10] we have

Corollary 4.3.2. Let N be an odd integer. For any f € My, let by = bi(f) be the
coordinate system of My 1. Let

Hy = (b, —2) - N2

Let {X;}° o and {Y;}2_ are two solutions to the Hill’s equation with the initial

1=—00 1=—00
conditions
Xo=0,X1=1Yy=1,Y1=0.
Let X
_
fi= Y

~

let f={[fi : 11}2_oo € M1, then by(f) = by(f).
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Remark 4.3.3. Let N be an odd integer. Since Hy is linear to by, {Hk},lc\[:1 is also a
coordinate system of My 1.

Notation 4.3.4. Let cq,...,¢, € R, the continued fraction

1
[c15 €2, s ] 1= 1 + -
cg+ ——
2 ‘ 1
=
Cn
Proposition 4.3.5. Let N > 4,
1. form > 2, we have
fn = [_bl;bQJ_b37"'7(_1)n71bn—1]; (419)

2. for k> 2, we have

fs—f1 fa—f3 fore — fok—1 fory2 — fors1’

and for any k > 1, we have
bk - br1 = [fo—1, frras forts frl- (4.21)

bor = (fs — fo) fs—f2 fa— 1[5 Jor = forrr  forv2 — for (4.20)

Proof. 1. We prove Formula by induction on n. By Formula we have X411 =
kak - Xk,1 and YkJrl = kak - Yk,1 for any k € Z. Since X() = O,Xl = 1,Y0 =
1,Y; =0, we have
Xo=b1, X3 =0biba+1, Xy =bibobs —b1 —b3, Yo = —1, Y3 = —bo, Yy = —bob3 + 1.
Then, we obtain that
1
fo==bi, fsa=—-bi + by fa = [=b1; b2, —bs3, ba].
So Formula is true for n = 2, 3,4. Suppose that for n = k,
f = X bp1Xp1 — Xpo
Yo o bp—1Ye—1 — Yi—2
Forn=k+1

= [—bl;bg,—bg,...,(—1)k_1bk_1]. (422)

Xp—
Xk-Jrl B kak — Xk,1 . bk:—le—l — Xgp—2 — gk :

Se+1 = = -
T Y Ye - Yeo bp—1Yp—1 — Yp2 — YIIZ:

) (4.23)
<bk71 - @) X1 — Xgo
(bk—l - é) Ye1 — Yo
By substitute bg_1 — i for bg_1 in the continued fraction fj, we have
1
= | =by;bg, —bg, oo, (=) by — —
frr1 [ 1502, =b3, ..o, (=1)" 7 (bg—1 bk) (4.24)

= [_bl; bz, —bs, ..., (_1)k_1bk717 (_1)kbk)]
We conclude that the formula f,, = [~b1;ba, —b3, ..., (—1)""tb, 1] for n > 2.
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2. For any k > 0, we have

X1 — XeYir1 = (0p X — Xi—1) - Yo — Xpo - (0% — Y1) = Xi Y1 — Xe1 Y
=..=X1Yy — XoY1 =1,

4.25)
X, X, 1
for1 — fo= o - T = , 4.26)
Yiri Yoo YiYen
 Xp2 Xk Xp2Ve — Xp Yo
Sz — fo = - =
Yipe Y YiYii2 (4.27)
_ (1 X1 — Xp) - Vi — X - (bp1 Yarn = V2) by '
YiYito YipYi
By the above formulas, we conclude that for any k£ > 2, we have
(fg—f2)-f3_f2 it fok = forr1  Sforwv2 — fok
f3—=Jf1 fa—[3 Jor = for—1 fort2 — fort1
1 1 1 bakt1
_ 1 YoYs  YaYs YouYort1 — YortoYor (4.28)
YoY3 YlY YlY Y }} Y. 1Y
314 413 2k12k—1 2k+212k+1
_ bapn b
7},22 2%k+1-
For any k > 1, we have
o1 = Jrkvr Jra2 — Sk
Jr—1, frer2, frer1s fr] = :
| +2 fiert, fil Je1 = Jre Srre — frenr
—b b1
_ Yk_ﬂ’flﬂ - Yok (4.29)
= 1 1
Yie_1Yk Yit2Yet1
= brbr1-
]

Definition 4.3.6. Since we relate bibgi1 to a cross ratio [fr—1, fx+r2, fe+1, i), let

By = bkzbk—i-l-

By the same argument in [SOT], we have

Corollary 4.3.7. The functions {Bk}ivzl defines a coordinate system of My 1. We call
{By}_, the cross ratio coordinate system.

4.3.2 Relate discrete version with continuous version

By Proposition we relate the Schwartzian with By, as follows.
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Proposition 4.3.8. Let H(t) € C*(R,R) with H(s) = H(s+ 1) for any s € R be a Hill’s
operator, let X (t), Y(t) be two linear independent solutions of H(t).

Let N >4, let H, = H(k/N), X;, = X(k/N), Y, =Y (k/N), suppose that

X1 0N
X7 Yo
1 X [k 1
m=-y35(5 (v)) o (5):

h = X1Yb - X0Y1 7é 0.

then we have

Proof. Let

For any k£ > 0, we have

X1V — Xi Y1 = (0 X — Xpm1) - Yo — Xpp - (b Yy — Y1) = Xi Y1 — X1 Vi
— = X\Yo— XYi = h,

(4.30)
Xpi1 Xa h
Jet1— fe = - = ) 4.31
i Yiri Yo YiYin (4.31)
Xy X XpoVe — XgYipo
Jra2 — fu = - =
Yiee Y YiYiio (4.32)
_ (k1 Xepr = Xp) - Yo = X (Or1 Yars = Yi) _ hbe ‘
YiYiio YiYi
For any k > 1, we have
—hb hby,
foo1 = frvr fer2—fr | ViV Viia¥i B
fk—l - fk fk+2 - fk?-‘rl Yeo1Yr YiiaVitt
Then we have
=1t o2t o1t fu] = Orbrna
= (24 Hyy1/N?)(2 + Hy/N?) (4.34)

2(Hg + Hy1) | HpHgsa
N2 + Nt

When N converge to infinity, since H(t) is continuous, we have

1
Hp1q _Hk+0<N) .

Comparing with the Schwarzian derivative in Proposition we have
X [k 1
VY, (L
N))T°\WN)

=k—-1:k+2:k+1:kl+

We conclude that
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4.3.3 Swapping algebra on S*

Definition 4.3.9. Let N > 5 be odd. Let us consider a cyclic ordered set in S*
'P::{Tk,ISkSN‘T’1<T2 ---- TN<T1...}.

Recall that By = [fi—1, fx+2, fk+1, fx]. Let 0 be a map from {By,..., BNy} to B2(P) such
that:

Tk—1Tk+1  Tk+2Tk
0'(By) := : (4.35)
Tk—1Tk  Tk4+2Tk+1
for k=1,..., N with the convention r = rg4+n-.

Proposition 4.3.10. Let N > 5 be odd. Then the map 0" extends to a ring homomorphism
0 : R(Bl, ...,BN) — BQ(P)

Proof. For a polynomial P(By, ..., By), let
H(P(Bla >BN)) = P(QI(BI)7 agl(BN))

To prove that 0 is a well defined ring homomorphism, we have only to prove that for any
P(Bl, ceny BN) = 0, we have P(G’(Bl), ceey GI(BN)) =0.

Since {bz’}ijL give a coordinate system of My 1, we have by, ..., by are algebraic inde-

pendent. We have by = ]g—ll, ., by = le;rl—17 so b1, By, ..., By_1 are algebraic independent.

Since N is odd, let N = 2m + 1. We have

B2 B1Bs3 - Bopg1
! ByBy -+ Bay

So By, ..., Bom41 are algebraic independent. If
P(B].) ~-"BQm+1) = 07

then
P(X1,...; Xom+41) =0

for any variables Xy, ..., Xom+1, S0
P(0'(B1),....,0/(Bamy1)) = 0.
O

Proposition 4.3.11. Let N > 5 be odd, let us consider the finite family of elements of
Bs(P)

N
.- {Tk1?“k+2 TTETE+1 Th+2Tk+1 " Tk+3Tk Th+2Tk+3 " Th+17k }
T ) )
Tk—1Tk+1 " TkTk+2 Tk+2Tk " Tk+3Tk+1 Tk+2Tk " Thk+1Tk+3 ) =1
with the convention ry, = ryn. Let (C) be the subring of Ba(P) generated by C. Then for

any 1,7 =1,..., N, we have % belongs to (C).
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Proof. Since we have the convention ry = rgyn, the index of By have the convention
k =k + N. By direct calculation, we obtain that

1. Fori=k, j =k + 1, we have

{0(Bk), 0(Br+1)}

G(Bk) ’ Q(Bk+1) (4.36)
— 14 TE—1Tk+2 " TkTk+1 + TE+2Tk+1 " Tk+3Tk

b
Tk—1Tk+1 " TETk+2 Tk+2Tk * Tk+3Tk+1

2. Fori=k, j=k+1, we have

{0(Bk+1),0(By)}

G(Bk-&-l) ’ Q(Bk) (4'37)
— 1 _ Th=1Tk42 " TRTRAL  ThA2TR+1 C ThA3TE

)
Tk—1Tk+1 " TkTk+2 TE4+2Tk * Tk+3Tk+1

3. Fori =k, j =k+ 2, we have

{0(Bk),0(Bry2)} _ {Tk—lrkﬂ Tk+2Tk  Tk+1Tk+3 Tk+47“k+2}

)
9(By) - 0(Bi42) The1Tk Th+2Tkt1 Tht1Th+2 ThtdTh+3
_ TE42Tk+3 " Tk+1Tk

Tk4+2Tk * Tk4+1Tk+3

(4.38)

4. Fori =k + 2, j = k, we have

{0(Br2),0(By)}

0(Br+2) - 0(Bk) (4.39)
_ TE+2Tk+3 " Tk+1Tk

Tk+2Tk * Tk+1Tk+3

5. For all the other cases, we have

O]

N
Definition 4.3.12. Let N > 5 be odd, let D = CU{T’“‘IT’“Jrl Th+27k }k . with the conven-

TR—1Tk Tht2Th+l | fo—
tion 1y, = ryn. Let R(By,..., By) be a free fraction ring generated by {Bs,..., By}. We
define a map ' : D — R(By, ..., By) by:

Tk—1Tk+1 Tk+2Tk
n'< +L Tt ):Bk, (4.40)
Te—1Tk Tk4+2Tk+1

) Tk—1Tk+2 * TkTk+1 1
Tk—1Tk4+1 " TkTk42 k
Tk42Tk+1 * Th4+3Tk 1
’( ekl R >:1—B , (4.42)
Tk4+2Tk - Tk+3Tk+1 k+1
)  Th+2Tk+3 " Thk+1Tk 1
Ui < =5 (4.43)
Tk4+2Tk " TEe+1Tk+3 k+1

for k=1,..., N with the convention r = rgLn.
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Proposition 4.3.13. The map 1’ extends to a well defined ring homomorphism n from
(D) to R(Bjy, ..., BN).

Proof. Since
[fr—1t fot2t frt1 t fk] = B,

1
o1t fe s oot fopr) =1— B
1
[fot2: frogs s frop1: o] =1— B
kb1
1
it frorr: frogs: fu] = R
kb1

Let P belongs to (D), then a represent of P in Q(P) with a factor of T5(P) in the numerator
of P maps to zero in R(By, ..., By). O

Proposition 4.3.14. The ring homomorphism 6 is injective.

Proof. Of course, we have
n00 = Ipp,,..By)-

We conclude that 6 is injective. O

Thus allows us to define a swapping bracket on R(Bj, ..., By).

Definition 4.3.15. Let N > 5 be odd, we define the swapping bracket {-, -} g2 on R(Bj, ..., By)
by:
{P,Q}p2 :=n({0(P),0(Q)}) (4.44)

for any P,Q € R(By, ..., By).

Proposition 4.3.16. Let N > 5 be odd, with the convention k+ N =k, fork=1,...,N,
we have

1 1
{Bk7Bk+1}BQ = (1 — = — ) Bk; : Bk+1, (445)
By Bi+
1 1
{Bk7 kal}B2 =—(1- ?k - Bk,1 Bk . kal, (446)
1
{ Bk, Brt2}B2 = 5 By - Byyo, (4.47)
k41
1
{Bk, Br—2}B2 = 5. Br Bi-a, (4.48)
k—1

for the other cases
{Bi, Bj}p2 = 0. (4.49)
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Proof. The results follow from Proposition and Definition [I-3:15]
O

Without the restriction for N to be odd, we define the swapping bracket on R(By, ..., By)
as follows.

Definition 4.3.17. [SWAPPING BRACKET ON R(Bjy,...,By)| Let N > 5, we define the
swapping bracket {-,-}p2 on R(By,..., BN) by extending the following formula on genera-
tors to R(By, ..., By):

with the convention k+ N =k, fork=1,..., N, we have

1 1
{Bk; Bry1}p2 = (1 - = - ) By - Byya, (4.50)
Bi  Bgta
1 1
{Bi,Bi—1}B2 = — <1 B Bk—1> By, - By, (4.51)
1
{Bk: Brt2}tB2 = B By - By, (4.52)
k1
1
{Bk, Bx—2}B2 = 5, Br Br-2, (4.53)
k-1
for the other cases
(Bi,B;} s = 0. (4.54)

Proposition 4.3.18. For N > 5(odd or even), the swapping bracket {-, -} g2 on R(Bj, ..., BN)
is a Poisson bracket.

Proof. Let

J(Bi, Bj, By,) := {{Bi, Bj} B2, Bx} B2 + {{Bj, Bi:} B2, Bi } B2 + {{ Bk, Bi} B2, Bj } B2-
(4.55)
By definition, we have to check that

J(B;,Bj,B) =0
for any 4,75,k =1, ..., N. Since
J(Bi, Bj, Br) = —J(Bj, B, By),
when some indexes coincide, for example i = j, we have
J(B;, B;, By) = 0.

Let o4 be the permutation of the N indexes such that o(l) = [ + s. The permutation o
induce a ring automorphism y; of R(By, ..., By) such that

XS(BZ) - Bl+s
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for I =1,...,N. Moreover, we have
{xs(Bi), xs(Bj)} B2 = xs({ Bi, Bj}p2).
Let 7 be the permutation of the N indexes such that
T()=N+1-1

for [ =1,..., N. The permutation 7 induce a ring automorphism v of R(Bj, ..., By) such
that

v(B;) = BNyt1-1-
Moreover, we have
{v(Bi),v(Bj)}B2 = —v({Bi, Bj}B2).
By the above symmetry, we suppose that
1=1
and
1<j<k<N.
Let
Ui=min{|j —i|, [j —i— N[, |k—j|, |k—j— NI, [i k[, |i =k - NI}.
We suppose that [ = |j — 1|, we have to verify the following cases:
1. When 1< j—2<k—4<N —1, we have
J(B1, B;, By) = 0. (4.56)
2. When j =2, k = 3, we have
J(B1, B, B3)
= {{B1, B2}B2, B3}p2 + {{B2, B3}p2, Bi}p2+ {{B3, Bi}p2, B2}p2

B1B
= {B1By — By — By, B3}ps + {B2B3s — By — B3, B1}p2+ { Sl BQ}
B2

By
B B

= (B —1-21) - {By, Bslpa+ (Bs—1— =22 ) -{By, Bi}ps
BQ B2

_ {B2, B1}p2-{B2, Bs}ps +{B3, Ba}p2-{B2, Bi}p2

=0.
By

(4.57)

3. When j =2, k=4 and N > 5, we have
J(B1, B2, By)

= {{B1, B2}B2, Ba}po + {{B2, Ba}p2, Bi}p2 +{{B4, Bi}p2, Ba}n2
BB
={B1By; — By — By, By}p2+ {—;4, Bl}
3 B2
By By

B

(4.58)

B
=(B1—1)-{Ba, Bs}ps — Bi;l -{Bs, Bi}p2+ -{Bs, Bi}n2
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4. When j =2, k=4 and N =5, we have

J(B1, By, By)
= {{B1, B2}B2, Ba}p2 + {{B2, Ba}p2, Bi}p2 +{{B4, Bi}p2, Ba}n2

BB B.B
={B1By; — By — By, By}p2+ {— Sy Bl} + {— 2L Bz}
B2 B2

Bs B:
B ByB
= (B1—1)-{B2, Ba}p2+ (B2 —1)-{B1, Ba}pz — 372 {B2, Bi}p2 + ;24 {Bs, Bi}p2
3
By By By ByBy
22 B, Bilgs— =2 {By, Bo}ps— =~ -{By, B {Bs, B
B {By4, Bi}B2 B {B1, B2} Bs {B4, Ba}pa + B2 {Bs, B2} B2

B B B
= (By—1)-{B1, Ba}ps— —> - {B4, Bi}ps — — - {Bi1, Ba}ps — — - {Bu, By} o
B3 Bs Bs

ByB,
-{Bs5, B
Bg { 59 2}32

B1By By BBy By By ByBy ByB1 BsBs

—(By—1)- 22 24 (BiBy— By — By) — 2. .
(2)35 B; B B5<12 ! 2)35 Bs B B
=0
(4.59)
5. When j =2, 4 < k< N — 1, we have
J(Bla BQ? Bk‘)
= {{B1, Ba2}B2, Br}p2+ {{B2, Bi}2, Bi}p2+ {{Bk, Bi}B2, B2}n2 (4.60)
={B1By — By — By, Bi}p2 .
=0
6. When j = 2, K = N, by the cyclic permutation and the case [2| we have
J(By, Ba, By) =0 (4.61)
7. When j =3, k=5 and N > 6, we have
J(B1, B3, Bs)
= {{B1, B3}B2, Bs}p2+ {{B3, Bs}B2, Bi}p2+ {{B5, Bi}B2, B3}n2
B1B3 } { B3 Bs }
- -2 G B
{ By " g 27 (4.62)
_ B1B3Bs B1B3Bs
"~ ByBy By By

=0
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8. When j =3, k=5 and N = 6, we have

J(B1, B3, Bs)
= {{B1, Bs}B2, Bs}p2 + {{B3, Bs}p2, Bi}p2 +{{Bs, Bi}p2, Bs}n2

BB B3 B BsB
(B (B ) {0 )
By B2 By B2 Bg B2

B3

Bl B5
=23 (B, Bs}go— = - {Bs, Bs}ps — —> - {B3, B

Bs

B B
-{Bs, Bi}p2 — 2L {Bs, B3}p2 — 2. {B1, B3}n2
Bg Bg

By
_ BiB3Bs  BiB3B; BB3B; B1BsBs Bi1B3Bs BiB3Bs
"~ ByBg ByB, ByBy B, Bg B4 Bg By Bg
=0

9. When j =3,5< k<N —1, we have
J(BlaB?)ka)
= {{B1, Bs}p2, Bir}p2+ {{B3, Br}B2, Bi}p2+ {{Bk, Bi}B2, Bs}p2

BiB; (4.64)
=< — B
{ By’ k}

=0

10. When j =3, k= N — 1 > 5, by cyclic permutation, we have

XQ(J(Bl, B3, BN—l)) = J(Bg, B5, Bl) = J(Bl, Bg, B5). (465)
By Case[7] we have
J(B1, B3, Bs) = 0. (4.66)
Thus we have
J(B1,Bs,Bn_1) = 0. (4.67)

We conclude that for any i, j, k, we have

4.3.4 Main result
Definition 4.3.19. [(t1,t2, N)-VIRASORO BRACKET| Let t1,t € R and N € N, the
(t1,t2, N)-Virasoro bracket on {Ix}__\ is defined to be:

Forp.g =~ [%5] .. [3],
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1. when p # —q, we have
Up, Igdnrte = (P — @) - Iptq

with the convention Iy, N = I;

2. when p = —q, we have

{Ipy I_pINtr s =20 Io + 1 - p* + t2 - .

Remark 4.3.20. Very specifical values of t1 and to correspond to Virasoro algebra. When
t1 1s fized, to varies, they correspond to same cohomology class. Different t1 corresponds
to different cohomology class. Virasoro algebra generates all the possible central extension
by Proposition . (t1,t2, N)-Virasoro bracket is asymptotic to the Poisson bracket as-
sociated to the 2-cocycle with ¢c1 = t1, co = to in Pmposition but it is not a Poisson
bracket.

Definition 4.3.21. [DISCRETE FOURIER TRANSFORMATION| Let { By} | be the cross

ratio coordinates of M. Let B = {By,..., BN}. The discrete Fourier transformation F
of B is defined to be

N .
FB=Y B v (4.68)
k=1

Our main result of this chapter is

Theorem 4.3.22. Let {By}Y_| be the cross ratio coordinates of My 1 such that

N
S p=0
k=1
Fork=—[*3], .. [3],
B-N
o BN
8mi
We have .
{Vp. Vot B2 = {Vp, V‘I}N,%,SN +o0 <N3> : (4.69)
Proof. For p,q=— [%] s e [%], we have
N 2pki 2q(k+1)mi 2p(k+1)7i 2qkmi
— T —=zq T —zp T — T
{]:pB,]:qB}BQ = Z (6 i’ e N — € N - e ?V ) . (BkBk—H - Bk - Bk:-i—l)

k=1
—2pkwi —2q(k+2)7i
— (6 N - e N

_op(k42)mi  —2qkmi B.B
ot gy Bilbiees

Bj11
(4.70)
By

2 (Hy + Hyq1) n HyHpyyq

By = bpbiy1 =4+ N2 Nt
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we have LI )
k
Bk:4+]v2+0<]v2>.

We have the above formula equals to

k=1

Amipi oL g 24He (LN () —tami —87%¢? N 32m3¢%i o
3N3 O\ V3 N2 N? N N2 3N3

—4pri —8m2p?  32npi 1 4H, 1

“2ptakmi [32Hk(p —qmi 1672(p? — ¢?) N 3213 (p3 — ¢®)i ‘o < 1 )] '

N3 N2 N3 N3
= (4.71)
When p # —q, since Zévzl e R 0, by B =4+ 4]\%“ + o(ﬁ), the above formula
equals to
ZNjemwm SBup—a)mi _ 8(p—q)mi B+0<1>. (472)
N N p+q N3 )’ :

k=1

When p = —¢q, the above formula equals to

64pmi o 64p3 73 1
N3 L N3
k=1
N 9.
16pmi Z 64p313i 1 4.73
TN k—l(Bkill)Jr N2 to N3 ( )
64p3n3i 1

Since Z]kvz1 By =0, we have V) = 0.
We obtain that:

for p # —q, ,

U Vida = (0= ) Vo +0 (3 )

for p = —¢q
2

8 1
{%’V*p}32:2p'vb+ <N> p3_8Np+0<]\[3> .

We conclude that .
Vi Vidor = Vst + (33 ) (4.72)

N . . .
—2(p+q)kwi —2qmi  —2m2¢®  Am¢Pi 1 —2pmi =272 p?
2 e " 'K<H N T toane o\ae)) Uty T

1

N3

))
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4.4  Schwartz algebra on R(By, ..., By) and its relation with swapping algebra

We plan to construct a Poisson structure on coordinates defined by weak cross ratios
on My, through the swapping algebra. Then compare this swapping Poisson structure
with the Poisson structure considered by R. Schwartz, V. Ovsienko and S. Tabachnikov
[SOT] for n = 2 to show that they are compatible, where their continuous limit are the
natural Lie-Poisson structure and the freezing structure [SOT]|. This plan is to reply the
conjecture mentioned in [SOT]. But we do not success in finding such a nice swapping
Poisson structure. We have only result for n = 1 as shown in this section. More general
case will be considered later on.

4.4.1 Schwartz algebra and its asymptotic phenomenon

The Schwartz algebra appears in [SOT| as a Poisson algebra on the cross ratio coor-
dinate system of My o which is a discrete version of the second Gelfand-Dickey Poisson
structure. Here, we consider the case for RP! where the bracket is referring to [FV]. We
have the similar result as in Section [L.3]

Definition 4.4.1. [SCHWARTZ BRACKET ON R(Bjy, ..., By)| The Schwartz bracket {-,-}1
on R(By, ..., By) is defined by extending the following formula on generators to the whole
Ting:

{Bi, Bix1}s1 = £B; - Bix1 (4.75)

For the other cases
{Bi,Bj}s1 =0 (4.76)

We have similar result as Theorem [4.3.22] for the Schwartz algebra on R(Bj, ..., By).
Theorem 4.4.2. Let {By})_, be the cross ratio coordinates of M1 such that

N
}:Bkza
k=1

FiB- N
Wi = ———.
" 16w
We have 1
{Wp, Wats1 = {Wp, Wq}NgLA?A_gN +o <N3> : (4.77)
Proof. For p,q=— [%] s e [%], we have
N 2phi 2q(kt1)mi 2p (k1) 2qkmi
_ i —2q T —2p T — T
(FB FBlsi =Y (78 e N e N e R ) (BBy)  (478)
k=1

By
2(Hy + Hyy1) | HipHpyq
N2 + N4

By = agagi1 =4+
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we have

AH, 1
Bk:4+]v2+0<]v2>.

We have the above formula equals to
N . . .
—2@tokri —2qmi  —2m2¢®  Am3¢ti 1 —2pmi =272 - p?
Ze '<<1+ N Tz toane tolas)) Uty T

() 0o (2)

_ Ze%;qw“ [327” —q) 200 —¢)  6Ar( - ¢Y)i | GAHi(p—g)mi (Jé)] '

N2 3N3 N3
(4.79)
When p # —q, since fo:l 6_2(pz+vq)km =0, by B, =4+ 4Hk + o(#), the above formula
equals to
N . .
—20ptokri 16Bg(p — q)mi  16(p — q)mi 1
Z € N : N = N : ‘FP+QB + O(m% (480)
k=1
When p = —gq, since Zé\le B, = 0, the above formula equals to
. . N .
64pmi  128pmi 128p373i 1
N ;Hk_ svz o\
. . N .
64pme  32pmi 128p3m3i 1 (4.81)
= By —4)— ————— — :
N+N’;(k) AR E
64pmi 128p 1
= —12 il
N 8 snz ¢ <N3>
and
Wo=0
Thus we have:
1. for p # —¢q
1
{Wp7 Wq}Sl =(pP-q)- Wpiq +0 <N3>
2. for p=—q
872 1
{Wp,W_pts1=2p-Wo+(4—8N) -p— N P’ +o N3 )
We conclude that
1
{Wp, Wq}51 = {Wp7 W, }N gﬂ A—8N +o (]\[3> . (482)
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4.4.2 Bihamiltonian system

Let us recall the traditional definition of the bihamiltonian system.

Definition 4.4.3. Two Poisson structures {-,-}q and {-,-}» on a manifold M are said to

be compatible if and only if for any X\, {-,-}a + A{+, }p is Poisson on M.

A dynamic system %m = &(m) over M is bihamiltonian if its vector field & is Hamiltonian

with respect to these two Poisson structure {-,-}q and {-, }p.
Then we define the compatibility on a ring R with two Poisson structures.

Definition 4.4.4. Two Poisson brackets {-, -}, and {-,-}p on a ring R are said to be com-
patible if and only if for any A, {-,-}a + X{+, - }» is Poisson on R.

Proposition 4.4.5. {-,-}, and {-, -} are compatible if and only if for any x,y,z € R, we

have
{{x7 y}a’ Z}b + {{y’ Z}m x}b + {{Zv x}aa y}b+

+ {{.T, y}b7 Z}a + {{yu Z}ba l‘}a + {{Zu x}ba y}a =0
Proof. Let the bracket
{'7 '}a)\b = {'7 '}a + )‘{) '}b'
The bracket {-, -}, is Poisson if and only if {-, -}, satisfies the Jacobi identity. For any

x,y,z € R, Let Y runs over the triplets (x,y, 2), (y, 2, ), (2,2,y), the Jacobi identity of
{, “}axp equals

Z{{x, Y}arbs Ztarb

= Z{{% Yta + Mz, ylo, 2tan

=> ({{z, vla 2ta + AUz, Yhos 2}a + {2, Ylas 2}) + X {2, Yo, 2}s)
=2\ (= yho 2te + {2 ylas 2})

The last equation uses the fact that {-,-}, and {-,-}; are Poisson. We conclude that {-,-},
and {-, -}, are compatible if and only if

> (= vl 2ta+ {2 ylas 2h) = 0.

(4.83)

Our main result of this section is
Theorem 4.4.6. For N > 5, {-,-}p2 and {-,-}s1 are compatible on My ;.

Remark 4.4.7. For N = 2, we have also constructed a swapping algebra on My o, but
we found that it is not compatible with the Schwartz algebra on My 2.
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Proof. Let

K (B, Bj, By,) := {{Bi, Bj} B2, Br}s1 + {{Bj, Bi} B2, Bi}s1 + {{ B, Bi} B2, Bj } 51

4.84
+ {{Bi, Bj}s1, Bx} B2 + {{Bj, B }s1, Bi} B2 + {{ Bk, Bi}s1, Bj } 2. (4.84)

By definition, we have to check that
K(B;,Bj,By) =0
for any 4,5,k =1,..., N. Since
K(Bi, Bj, Bi) = —K(Bj, Bi, By),
when some indexes coincide, for example ¢ = j, we have
K(B;, B;, B;) = 0.

As in the proof of Proposition let o5 be the permutation of the N indexes such that
o(l) =1+ s. The permutation o induce a ring automorphism x, of R(By, ..., By) such
that

Xs(B1) = Biys

for l =1,...,N. Moreover, we have

{Xs(Bi)7Xs(Bj)}Sl = Xs({Bia Bj}Sl)
and

{xs(Bi), xs(Bj) B2 = xs({ Bi, Bj}p2)-
Let 7 be the permutation of the N indexes such that

r)=N+1-1

for [ = 1,..., N. The permutation 7 induce a ring automorphism v of R(Bjy, ..., By) such
that

v(B;) = BNy1-1-

Moreover, we have

{v(Bi),v(B;)}s1 = —v({Bi, Bj}s1),
{v(Bi),v(Bj)}p2 = —v({Bi, Bj}p2).
By the above symmetry, we suppose that
1=1
and
1<j<k<N.

Let

We suppose that [ = |j — 1|, we have to verify the following cases:
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1. When1<j—-1<k—2<N —1, we have

K (B4, B;, By)

= {{B1, Bj}B2, Bx}s1 + {{Bj, Bx} B2, B1}s1 + {{ Bk, B1} B2, Bj} s1
+ {{B1, Bj}s1, Br} B2 + {{Bj, Br}s1, B1} B2 + {{Bx, B1}s1, Bj} B2
= {{B1, Bj} B2, Bx}s1 + {{Bj, Br} B2, B1}s1 + {{ Bk, B1} B2, Bj} 1.

(4.85)

Since
{B1,B;}B2

is a polynomial of By, ..., B;, we have

{{Bi1,Bj}B2,Br}s1 = 0.
Similarly, we have

{{Bj,Bi}B2,B1}s1 =0
and

{{Bk, B1}B2,Bj}s1 = 0.
We conclude that

K(Bl7 Bia Bk?) =0.
2. When j =2, k = 3, we have

K(BlaB27B3)
= {{B1, B2} B2, B3}s1 + {{ B2, B3} B2, B1}s1 + {{B3, B1} B2, B2} 51
+ {{B1,Ba}s1, B3} g2 + {{B2, B3 }s1, Bi1} B2 + {{B3, B1 }s1, B2} B2

B3 B
> 1,B2}51

= {B1By — By — By, B3}s1 + {B2B3 — Ba — B3, B1}s1 + { B,

(4.86)
+ {B1B2, B3}p2 + {B2Bs, B1} o

= (Bl — 1)B2B3 — (Bg — 1)3132 —+ Bl(BQBg — BQ — Bg)
BlBg BSBl
— By — (B1By — By — B9)B
By s — (B1B 1 2)B3 + B,
=0.

By

3. When j =2, k=4 and N > 5, we have

K(Bl,BQ,B4)
= {{B1, B2} B2, Ba}s1 + {{ B2, Ba} B2, B1}s1 + {{ B4, B1} B2, B2} 51
+ {{B1,Ba}s1, Ba} g2 + {{B2, Ba}s1, Bi} B2 + {{B4, B1 }s1, B2} B2
BB
= {B1By — By — By, Ba}s1 + {2

Bs
_ Bi1B3By B1B;By
B3 Bs

,Bi}s1 + {B1B2, B4} B2 (4.87)

=0.



4. Swapping algebra and the discrete version of the space of opers 114

4. When j =2, k=4 and N =5, we have

K (B, B2, By)
= {{B1,B2}B2, Ba}s1 + {{B2, Ba} B2, Bi1}s1 + {{B4, Bi} B2, B2} 51
+ {{B1,Ba}s1, Ba} g2 + {{B2, Ba}si, Bi} B2 + {{B4, B1 }s1, B2} B2

ByBy B,By
= {B1By — By — By, B - B - B
{BiBy = B1 = By, Bu}s1 + {=—5— Bi}ss + {——5— Ba}s1 (4.88)
+ {B1B2, B4} o2

B B1ByBy B B1B4sB> B B1ByBy N B1B4B>
 Bs Bs B3 Bs

=0.

4.4.3 Casimir elements

Definition 4.4.8. [CASIMIR ELEMENT| An element f of a ring R is called a Casimir
element for the Poisson bracket on the ring R if f Poisson commutes with all other elements
n R.

Proposition 4.4.9. Let N > 5. For N = 2l even, B1B>.....By and B1Bs.....By_1 are
two Casmir elements with respect to the Schwartz bracket on R(By, ..., BN); for N =21+ 1
odd, B1Bjs.....Boj1 is a Casmir with respect to the Schwartz bracket on R(Bj, ..., By).

Proof. 1t is sufficient to prove that the elements Poisson commute with the generators
Bl, ceny BN of R(Bl, ceey BN).
1. When N > 5, for any i = 1, ..., N we have
{BZ', B1Bs..... BN}I
By
= T{BzﬁBi—l}l +
=—-B;-B1Bs..... By + B; - B1Bs..... By =0

B
71]\[{31', Bitih (4.89)

With the convention that £k + N = k. We conclude that B1Bs.....By is a Casmir
element with respect to the Schwartz bracket on R(By, ..., By).

2. When N > 5 even, N = 2[, for any ¢ = 1, ...,1 we have

{Bgi,h B1Bs..... B2l—1}1 =0. (490)
{Bgi,BlBg ..... Bglfl}l
B1Bs..... Boj_ B1Bs..... Boj_
173 2l I{Bzi,B2i—1}1+ 123 2l I{BQiaB2i+1}1 (4.91)
B Boit1

With the convention that kK + N = k. We conclude that B;Bs.....Bg;_1 is a Casmir
element with respect to the Schwartz bracket on R(By, ..., By).
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Proposition 4.4.10. Let N > 5. For N = 2] even,

By By.....By;
B1Bs.....By;_1
is a Casmir element with respect to the swapping bracket on R(Bi, ...
odd,
By By.....By
B Bs..... B2l+1

,Bn); for N =2l+1

is a Casmir with respect to the swapping bracket on R(By, ..., BN).

Proof. 1t is sufficient to prove that the elements Poisson commute with the generators

Bl, ceey BN of R(Bl, ceey BN).

1. When N = 2[ even, for any ¢ = 1,...,1 we have

_ {B2i,Baio}pa  {Bai,Bai-1}pa  {Bai, Bais1}p2 | {Bai Baita}no (4.92)
By Boj_» B9;iBoi 1 B9 Bait1 Bs;Bai o ‘
S NP N SR 1)+(1>
Ba;i_1 By Baj_1 Bo;  Bojt1 Boi1
=0.
With the convention that k + N = k. Thus we have
ByBy..... By }
Bai, —0 4.93
{ " B1By.... By_1 | o (4.93)
Similarly, we have
BoBy..... B
{B2z+1, 12 ! 2 } =0 (4.94)

We conclude that

is a Casmir element with respect to the swapping bracket on R(Bj, ..., By).

2. When N = 2] + 1 odd, Similarly, we have

is a Casimir element with respect to the swapping bracket on R(By, ..., By).
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