s♦•✉t✐♦♥ ❛❝t✉❡••❡ ❝♦♥s✐st❡ à ❝❡ q✉✬✉♥ s❡r✈❡✉r ✐♥❞é♣❡♥❞❛♥t ❝❤♦✐s✐ss❡ ✉♥❡ r♦t❛t✐♦♥ R ❛✉ ❤❛s❛r❞ ❡t •❛ ❝♦♠♠✉♥✐q✉❡ ❛✉① ❛♣♣❛r❡✐•s ❞❡s ✉t✐•✐s❛t❡✉rs✱ q✉✐ ♥❡ tr❛♥s♠❡t ❛✉ rés❡❛✉ ❝❡♥tr❛• q✉❡ •❡✉r ♣♦s✐t✐♦♥ r♦t❛t✐♦♥♥é❡ R(x) ❀ ❝❡ ♥✬❡st ❝❡♣❡♥❞❛♥t ♣❛s s❛t✐s❢❛✐s❛♥t✱ ❝❛r •❡ s❡r✈❡✉r ♣♦✉rr❛✐t r❡tr♦✉✈❡r •❡s ♣♦s✐t✐♦♥s ✐♥✐t✐❛•❡s à ♣❛rt✐r ❞❡s ♣♦s✐t✐♦♥s r♦t❛t✐♦♥♥é❡s ❡♥ ❝♦♠♣❛r❛♥t •❛ ❞❡♥s✐té ❞❡s ♣♦✐♥ts R(x) à ❝❡••❡✱ ❝♦♥♥✉❡✱ ❞❡ •❛ ❚❡rr❡ ✭❞❛♥s •✬❤②♣♦t❤ès❡ ♦ù ✉♥ très ❣r❛♥❞ ♥♦♠❜r❡ ❞✬êtr❡s ❤✉♠❛✐♥s ✉t✐•✐s❡ •❡ rés❡❛✉ s♦❝✐❛•✮✳ ▲✬✐❞é❡ ❛•t❡r♥❛t✐✈❡ ❝♦♥s✐st❡ à ❡♥✈♦②❡r •❛ ❞❡♥s✐té ❞❡ ♣♦♣✉•❛t✐♦♥ ❞❡ •❛ ❚❡rr❡ s✉r ✉♥❡ ❞❡♥s✐té ν ✜①é❡ ✭♣❛r ❡①❡♠♣•❡✱ •❛ ❞❡♥s✐té ✉♥✐❢♦r♠❡✮ t♦✉t ❡♥ ♣rés❡r✈❛♥t •✬✐♥❢♦r♠❛t✐♦♥ s✉r •❡s ❞✐st❛♥❝❡s ✿ ❛✈❡❝ •❛ q✉❛♥t✐té ω δ ✱ ♦♥ ❛ •✬✐♠♣•✐❝❛t✐♦♥ |T (x) -T (y)| ≥ ω δ (T ) ⇒ |x -y| ≥ δ ❞❡ s♦rt❡ q✉❡ •❡ T ♠✐♥✐♠✐s❛♥t ω δ ❡st ❜✐❡♥ ❝❡•✉✐ q✉✐ ❞♦♥♥❡ •❡ ♣•✉s ❞✬✐♥❢♦r♠❛t✐♦♥s✳ ▲✬❛rt✐❝•❡ ❬✺✻( ❛♥❛•②s❡ ♠❛t❤é♠❛t✐q✉❡♠❡♥t •❡ ♣r♦❜•è♠❡ ❀ •✬❡①✐st❡♥❝❡ ❞✬✉♥ T ♦♣t✐♠❛• ♥✬❡st ♣♦✉r •❡ ♠♦♠❡♥t ❝•❛✐r❡ q✉❡ ❞❛♥s •❡ ❝❛s ✉♥✐❞✐♠❡♥s✐♦♥♥❡• ❡t •❡ ❝❛s ❣é♥ér❛• ♣♦✉r •✬❡①✐st❡♥❝❡ ❛✐♥s✐ q✉❡ •❡s ❛♣♣r♦①✐♠❛t✐♦♥s ♥✉♠ér✐q✉❡s s♦♥t ❞❡s ♣r♦❜•è♠❡s ♦✉✈❡rts à •✬❤❡✉r❡ ❛❝t✉❡••❡✳ ❉❛♥s ❝❡tt❡ t❤ès❡✱ ♦♥ s❡ ❝♦♥❝❡♥tr❡ ❡ss❡♥t✐❡••❡♠❡♥t s✉r •❡s ♣é♥❛•✐s❛t✐♦♥s ❞♦♥♥é❡s ❞✐r❡❝t❡♠❡♥t ♣❛r •❛ ♥♦r♠❡ q✉❛❞r❛t✐q✉❡ ❞❡ •❛ ♠❛tr✐❝❡ •❛❝♦❜✐❡♥♥❡ Ω |DT | 2 ✭é✈❡♥t✉❡••❡♠❡♥t ✐♥té❣ré❡ ♣❛r r❛♣♣♦rt à •❛ ♠❡s✉r❡ s♦✉r❝❡ ♦✉ ♠✉•t✐♣•✐é❡ ♣❛r ✉♥ ♣❡t✐t ♣❛r❛♠ètr❡ ε✱ ❝❢✳ ♣•✉s •♦✐♥✮✳ ❉✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ♠❛t❤é♠❛t✐q✉❡✱ •❡ ❣r❛♥❞ ❛✈❛♥t❛❣❡ ❞❡s ❢♦♥❝t✐♦♥♥❡••❡s ❢❛✐s❛♥t ✐♥t❡r✈❡♥✐r ✉♥ t❡r♠❡ ❞✬♦r❞r❡ s✉♣ér✐❡✉r ✭•❡ ❣r❛❞✐❡♥t✱ ♦✉ •❛ ♠❛tr✐❝❡ •❛❝♦❜✐❡♥♥❡ ♣♦✉r •❡s ❢♦♥❝t✐♦♥s à ✈❛•❡✉rs ✈❡❝t♦r✐❡••❡s✮ ❡st q✉✬❡••❡s ♣❡r♠❡tt❡♥t ♣❛r ❞é✜♥✐t✐♦♥ ❞❡ tr❛✈❛✐••❡r ❞❛♥s ❞❡s ❡s♣❛❝❡s ❞❡ ❢♦♥❝t✐♦♥s ♣•✉s ré❣✉•✐èr❡s✳ ❉❛♥s ♥♦tr❡ ❝❛❞r❡✱ ❝❡❝✐ ❢❛❝✐•✐t❡ ❣r❛♥❞❡♠❡♥t •❛ ♣r❡✉✈❡ ❞❡ •✬❡①✐st❡♥❝❡ ❞✬✉♥ T ♦♣t✐♠❛•✱ ❝♦♠♠❡ ♦♥ ✈❛ •❡ ✈♦✐r s✉r •✬❡①❡♠♣•❡ s✉✐✈❛♥t ✿ s✉♣♣♦s♦♥s q✉❡ Ω s♦✐t ✉♥ ♦✉✈❡rt ❜♦r♥é à ❢r♦♥t✐èr❡ •✐♣s❝❤✐t③✐❡♥♥❡✱ q✉❡ µ s♦✐t ✉♥❡ ♠❡s✉r❡ ❛②❛♥t ✉♥❡ ❞❡♥s✐té f t❡••❡ q✉❡ f ≥ c > 0 s✉r Ω ♣♦✉r ✉♥❡ ❝❡rt❛✐♥❡ ❝♦♥st❛♥t❡ c✱ ❡t ✐♥tér❡ss♦♥s✲♥♦✉s ❛✉ ♣r♦❜•è♠❡ inf Ω (|T (x) -x| 2 + |DT (x)| 2 )f (x) ❞x : T # µ = ν ✭✶✮ ❙✉♣♣♦s♦♥s ❞❡ ♣•✉s q✉✬✐• ❡①✐st❡ ❛✉ ♠♦✐♥s ✉♥❡ ❢♦♥❝t✐♦♥ T q✉✐ s♦✐t ✉♥ tr❛♥s♣♦rt ❞❡ µ à ν ❡t q✉✐ ❛♣♣❛rt✐❡♥♥❡ à •✬❡s♣❛❝❡ ❞❡ ❙♦❜♦•❡✈ H 1 (Ω)✳ ❖♥ ♣r❡♥❞ ❛•♦rs ✉♥❡ s✉✐t❡ ♠✐♥✐♠✐s❛♥t❡ (T n ) n ❀ ❡♥ ♣❛rt✐❝✉•✐❡r✱ ✐• ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ C t❡••❡ q✉❡ ♣♦✉r t♦✉t n ∈ N, C ≥ Ω |DT n | 2 (x)f (x) ❞x ≥ c Ω |DT n (x)| 2 ❞x ❡t •❛ s✉✐t❡ (T n ) n ♥✬❡st ♣•✉s s❡✉•❡♠❡♥t ❜♦r♥é❡ ❞❛♥s L ∞ (Ω) ♠❛✐s ❞❛♥s H 1 (Ω)✳ ❈❡❝✐ ❛ss✉r❡ •✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ❛♣♣•✐❝❛t✐♦♥ T ❡t ❞✬✉♥❡ s♦✉s✲s✉✐t❡ (T n k ) k t❡••❡ q✉❡ •❛ ❝♦♥✈❡r❣❡♥❝❡ T n k -→ k T ❛✐t ❝❡tt❡ ❢♦✐s✲❝✐ •✐❡✉ ❢♦rt❡♠❡♥t ❞❛♥s L 2 (Ω)✱ ❡t ❝❡ t②♣❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❡st s✉✣s❛♥t ♣♦✉r ❣❛r❛♥t✐r q✉❡ •❛ •✐♠✐t❡ T s❛t✐s❢❛ss❡ t♦✉•♦✉rs •❛ ❝♦♥tr❛✐♥t❡ s✉r •❛ ♠❡s✉r❡ ✐♠❛❣❡✳ ❊♥ ❡✛❡t✱ •✬♦♥ ♣❡✉t ❛✉ss✐ s✉♣♣♦s❡r q✉❡ T n k (x) -→ k T (x) ♣♦✉r ♣r❡sq✉❡ t♦✉t x ❞❛♥s Ω ❡t ❛•♦rs✱ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ ϕ ❝♦♥t✐♥✉❡ ❡t ❜♦r♥é❡✱ ♦♥ ❛ ϕ(y) ❞ν(y) = Ω ϕ(T n k (x)) ❞µ(x) -→ k Ω ϕ(T (x)) ❞µ(x) ❡t •✬é❣❛•✐té ϕ • T ❞µ = ϕ ❞ν ♣♦✉r t♦✉t❡ t❡••❡ ❢♦♥❝t✐♦♥ ϕ s✉✣t à ❛ss✉r❡r q✉❡ T ❡♥✈♦✐❡ ❜✐❡♥ µ s✉r ν✱ ❞♦♥❝ ❡st ❛❞♠✐ss✐❜•❡ ♣♦✉r ✭✶✮ ❀ ♦♥ ❝♦♥❝•✉t ❡♥ ✉t✐•✐s❛♥t •❛ s❡♠✐✲❝♦♥t✐♥✉✐té ❞❡ •❛ ❢♦♥❝t✐♦♥♥❡••❡ ♣❛r r❛♣♣♦rt à •❛ ❝♦♥✈❡r❣❡♥❝❡ ❢❛✐❜•❡ ❞❛♥s H 1 (Ω)✳ ▲✬✐♥❝♦♥✈é♥✐❡♥t rés✐❞❡ ❡♥ ❢❛✐t ❞❛♥s •❡ ❝❛r❛❝tèr❡ ♥♦♥ ét✉❞✐é •✉sq✉✬✐❝✐ ❞❡ ❝❡ t②♣❡ ❞❡ ♣r♦❜•è♠❡✱ ❛✈❡❝ •❡s ✐♥❝♦♥♥✉❡s q✉✐ ❡♥ rés✉•t❡♥t ✿ ❡♥ ♣❛rt✐❝✉•✐❡r✱ ✐• ♥✬❡①✐st❡ ♣❛s à ♥♦tr❡ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡ rés✉•t❛ts ✓ str✉❝t✉r❡• ✔ s✉r •✬♦♣t✐♠✉♠ ❞✬✉♥❡ t❡••❡ ❢♦♥❝t✐♦♥♥❡••❡✱ ❝♦♥tr❛✐r❡♠❡♥t ❛✉ ❝❛s ❞✉ tr❛♥s♣♦rt ♦♣t✐♠❛• ♦ù •✬♦♥ s❛✐t ❝❛r❛❝tér✐s❡r T ❡♥ ✉t✐•✐s❛♥t •❛ ❢♦r♠✉•❛t✐♦♥ ❞✉❛•❡ ❡t ♦ù✱ ❞❛♥s •❡ ❝❛s q✉❛❞r❛t✐q✉❡✱ ♦♥ s❛✐t q✉✬✐• ❡st é❣❛• ❛✉ ❣r❛❞✐❡♥t ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡ ✭❛✈❡❝ •❡s ♣r♦♣r✐étés ❞❡ ♠♦♥♦t♦♥✐❡ q✉❡ ❝❡•❛ ✐♠♣•✐q✉❡✮✳ ▲❡s ❞✐✣❝✉•tés ❞❛♥s •❡ ❝❛s ❞✉ ❝♦ût ✓ ❛✈❡❝ ❣r❛❞✐❡♥t ✔ s♦♥t ❞♦♥❝
♣❛r♠✐ •✬❡♥s❡♠❜•❡ ❞❡s ❢♦♥❝t✐♦♥s T ❡♥✈♦②❛♥t •❛ ♠❡s✉r❡ µ s✉r ✉♥❡ ♠❡s✉r❡ ✐♠❛❣❡ ν ♣r❡s❝r✐t❡✳ ❊♥ ❢❛✐t✱ ♦♥ s✬❛♣❡rç♦✐t q✉❡ s✐ •✬❛♥❛•②s❡ ♣ré❝é❞❡♥t❡ ❛ ✉♥ s❡♥s •♦rsq✉❡ µ ❡st •❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡✱ ♦✉ ❛ ✉♥❡ ❞❡♥s✐té ❜♦r♥é❡ ✐♥❢ér✐❡✉r❡♠❡♥t✱ s✉r ✉♥ ♦✉✈❡rt ❞❡ R d ✭•❛ q✉❡st✐♦♥ ♣r✐♥❝✐♣❛•❡ ét❛♥t ❞❡ s❛✈♦✐r s✬✐• ② ❛ ✉♥❡ ✐♥•❡❝t✐♦♥ ❝♦♠♣❛❝t❡ ❞❡ •✬❡s♣❛❝❡ ❞❡ ❙♦❜♦•❡✈ H 1 (Ω) ♦✉ H 1 f (Ω) ❞❛♥s L 2 (Ω)✮✱ •❛ ❞é✜♥✐t✐♦♥ ♠ê♠❡ ❞❡ •❛ ❢♦♥❝t✐♦♥♥❡••❡ q✉❡ •✬♦♥ ♠✐♥✐♠✐s❡ •♦rsq✉❡ µ ❡st q✉❡•❝♦♥q✉❡ ♥✬❡st ♣❛s ❝•❛✐r❡ ✿ ♣❛r ❡①❡♠♣•❡✱ s✐ µ ♣♦ssè❞❡ ✉♥❡ ♣❛rt✐❡ s✐♥❣✉•✐èr❡✱ ❝♦♠♠❡♥t ❞é✜♥✐t✲♦♥ •❛ q✉❛♥t✐té Ω |DT (x)| 2 ❞µ(x) ♣♦✉r ✉♥❡ ❢♦♥❝t✐♦♥ T ❞♦♥t ♦♥ s✉♣♣♦s❡ s❡✉•❡♠❡♥t q✉✬❡••❡ ❡st ❞❛♥s L ∞ (Ω) ❡t ❞♦♥t •❛ ♠❛tr✐❝❡ •❛❝♦❜✐❡♥♥❡ DT (x) ❡st s❡✉•❡♠❡♥t ❞é✜♥✐❡ ♣♦✉r ♣r❡sq✉❡ t♦✉t x ❄ ▲❡ ♣r♦❜•è♠❡ ♥✬❡st ❞♦♥❝ ♣•✉s s❡✉•❡♠❡♥t •❡ ✓ ♠❛♥q✉❡ ❞❡ ❝♦♠♣❛❝✐té ✔ ❞❡ •✬❡s♣❛❝❡ ❢♦♥❝t✐♦♥♥❡• ❞❛♥s •❡q✉❡• ♦♥ s❡ ♣•❛❝❡ ♠❛✐s ❜✐❡♥ •❛ ❞é✜♥✐t✐♦♥ ♠ê♠❡ ❞❡ •❛ q✉❛♥t✐té q✉✐ ♥♦✉s ✐♥tér❡ss❡✳ ❆✜♥ ❞❡ ♣❛••✐❡r ❝❡tt❡ ❞✐✣❝✉•té✱ ♦♥ ✉t✐•✐s❡ •❛ ♥♦t✐♦♥ ❞✬❡s♣❛❝❡s ❞❡ ❙♦❜♦•❡✈ ♣❛r r❛♣♣♦rt à ✉♥❡ ♠❡s✉r❡ q✉✐ ❞♦♥♥❡♥t ✉♥ s❡♥s ❛✉ ❣r❛❞✐❡♥t ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ✭♦✉ à s❛ ♠❛tr✐❝❡ •❛❝♦❜✐❡♥♥❡ s✬✐• s✬❛❣✐t ❞✬✉♥❡ ❢♦♥❝t✐♦♥ à ✈❛•❡✉rs ✈❡❝t♦r✐❡••❡s✮ ♣❛r r❛♣♣♦rt à ❝❡tt❡ ♠❡s✉r❡✳ ❇✐❡♥ q✉❡ ❝❡tt❡ ♥♦t✐♦♥ s♦✐t ❞é✜♥✐❡ ❞❛♥s •❡ ❝❛❞r❡ ❣é♥ér❛• ❞✬✉♥ ❡s♣❛❝❡ ♠étr✐q✉❡ ♠❡s✉ré q✉❡•❝♦♥q✉❡ (X, d, µ) ✭❝❢✳ •❡s tr❛✈❛✉① ❞❡ ❍❛•➟❛s③ ❡t ❛•✳ ❬✹✽✱ ✹✾✱ ✺✵( ♦✉ ♣•✉s ré❝❡♠♠❡♥t ❆♠❜r♦s✐♦✱ •✐❣•✐ ❡t ❙❛✈❛ré ❬✺(✮✱ ♥♦✉s ♥♦✉s ❝♦♥❝❡♥tr♦♥s ❞❛♥s ❝❡tt❡ t❤ès❡ s✉r •❡ ❝❛s ❞❡ •✬❡s♣❛❝❡ ❡✉❝•❞✐❡♥ R d ✳ ◗✉❡••❡ q✉❡ s♦✐t •❛ ❢♦r♠❛•✐s❛t✐♦♥ ♣ré❝✐s❡✱ •❡ rés✉•t❛t s❡r❛ t♦✉•♦✉rs •❡ s✉✐✈❛♥t ❞❛♥s •❡ ❝❛s ❞❡ ♠❡s✉r❡s ❡t ❞❡ ❢♦♥❝t✐♦♥s ré❣✉•✐èr❡s ✿ s✐ • M ❡st ✉♥ s♦✉s✲❡s♣❛❝❡ ✈❡❝t♦r✐❡• str✐❝t ❞❡ R d ❀ • ♦♥ s❡ ❞♦♥♥❡ ✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s (e i ) 1≤i≤d t❡• q✉❡ M = Vect(e 1 , . . . , e p ) ❀ • µ ❡st ✉♥✐❢♦r♠❡ s✉r ✉♥ ♦✉✈❡rt ❜♦r♥é ♥♦♥ ✈✐❞❡ ❞❡ M ❛•♦rs✱ ♣♦✉r ✉♥❡ ❢♦♥❝t✐♦♥ u ❞❡ ❝•❛ss❡ C 1 s✉r R d ✱ •❡ ❣r❛❞✐❡♥t ❞❡ u ♣
❛r r❛♣♣♦rt à µ ❡st ❞é✜♥✐ ♣❛r ♣♦✉r µ✲♣r❡sq✉❡ t♦✉t x, ∇ µ u(x) = (∂ 1 u(x), . . . , ∂ p u(x), 0, . . . , 0) ❆✉tr❡♠❡♥t ❞✐t✱ •❡ ❣r❛❞✐❡♥t ❞❡ u ♣❛r r❛♣♣♦rt à µ ♥❡ ♣r❡♥❞ ❡♥ ❝♦♠♣t❡ q✉❡ •❡s ❞ér✐✈é❡s ❞❛♥s •❡s ❞✐r❡❝t✐♦♥s t❛♥❣❡♥t❡s ❛✉ s✉♣♣♦rt ❞❡ µ✱ ❡t 

•❛ ♥♦r♠❡ ❙♦❜♦•❡✈ ❞❡ u ❡st ❛•♦rs ❞é✜♥✐❡ ♥❛t✉r❡••❡♠❡♥t ♣❛r ||u|| 2 H 1 µ = ||u|| 2 L 2 µ + ||∇ µ u|| 2 L 2 µ ❈❡tt❡ ❞é✜♥✐t✐♦♥ ❡st ❞✬❛✉t❛♥t ♣•✉s ♥❛t✉r❡••❡ q✉❡✱ ét❛♥t ❞♦♥♥é❡ ✉♥❡ ❢♦♥❝t✐♦♥ T ❞é✜♥✐❡ s❡✉•❡♠❡♥t s✉r M ❡t ré❣✉•✐èr❡✱ ♦♥ ♣❡✉t ❞é✜♥✐r ♣•✉s✐❡✉rs ❡①t❡♥s✐♦♥s ré❣✉•✐èr❡s ❞❡ T à R d ❞♦♥t •❡s ❣r❛❞✐❡♥ts ♥❡ s♦♥t ♣❛s é❣❛✉① ♠❛✐s ❞♦♥t •❡s ❞ér✐✈é❡s ❞❛♥s •❡s ❞✐r❡❝t✐♦♥s ❛♣♣❛rt❡♥❛♥t à M ✱ ❡••❡s✱ ❝♦ï♥❝✐❞❡♥t s✉r M ✱ ❡t ✐• s✬❛❣✐t ❞❡ ♣r❡♥❞r❡ •❛ ♣•✉s é❝♦♥♦♠✐q✉❡ ♣♦ss✐❜•❡✳ ❚♦✉t❡s •❡s ❞é✜♥✐t✐♦♥s ét✉❞✐é❡s s♦♥t ❢❛✐t❡s ♣♦✉r q✉❡ ❝❡ ❝❛•❝✉• s♦✐t ❛✉ss✐ ✈❛•❛❜•❡ •♦rsq✉✬♦♥ r❡♠♣•❛❝❡ •❡ s♦✉s✲❡s♣❛❝❡ ✈❡❝t♦r✐❡• M ♣❛r ✉♥❡ ✈❛r✐été ✭❡t •❡ ❣r❛❞✐❡♥t ♣❛r r❛♣♣♦rt à µ ❛✉ ♣♦✐♥t x s❡r❛ ❞♦♥♥é ♣❛r •❡s ❞ér✐✈é❡s ❞❛♥s •❛ ❞✐r❡❝t✐♦♥ ❞❡ •✬❡s♣❛❝❡ t❛♥❣❡♥t à M ❛✉ ♣♦✐♥t x✮✳ ✵✳✸✳ ❈❖◆❚|■❇❯❚■❖◆❙ ❊❚ ❖|•❆◆■❙❆❚■❖◆ ❉❊ ▲❆ ❚❍➮❙❊ ✼ ❈❡tt❡ ❞é♠❛r❝❤❡ ❝♦♥❞✉✐t ❞♦♥❝ à ❞é✜♥✐r •✬❡s♣❛❝❡ t❛♥❣❡♥t à ✉♥❡ ♠❡s✉r❡ µ✱ ❡t ♣♦✉r ✉♥❡ ❢♦♥❝t✐♦♥ ré❣✉•✐èr❡✱ •❡ ❣r❛❞✐❡♥t ♣❛r r❛♣♣♦rt à µ s❡r❛ ❞♦♥♥é ♣♦♥❝t✉❡••❡♠❡♥t ❡♥ µ✲♣r❡sq✉❡ t♦✉t ♣♦✐♥t x ♣❛r ∇ µ u(x) = p Tµ(x) (∇u(x)) ♦ù p Tµ(x) r❡♣rés❡♥t❡ •❛ ♣r♦•❡❝t✐♦♥ ♦rt❤♦❣♦♥❛•❡ ❞❛♥s R d s✉r T µ (x)✱ •✬❡s♣❛❝❡ t❛♥❣❡♥t à µ ❛✉ ♣♦✐♥t x✳ ❉❛♥s •❡ ♣r❡♠
❯♥❡ ❢♦✐s ❞é✜♥✐ ♣r♦♣r❡♠❡♥t •❡ t❡r♠❡ ❡♥ ❣r❛❞✐❡♥t D µ T ✱ •❛ q✉❡st✐♦♥ ❝❡♥tr❛•❡ s❡r❛ t♦✉•♦✉rs •❛ s✉✐✈❛♥t❡ ✿ ❡①✐st❡✲t✲✐• ✉♥ rés✉•t❛t ❞❡ ❝♦♠♣❛❝✐té ✭❞✉ t②♣❡ ❞✉ t❤é♦rè♠❡ ❞❡ |❡••✐❝❤ ❞❛♥s •✬❡s♣❛❝❡ ❞❡ ❙♦❜♦•❡✈ ❝•❛ss✐q✉❡ H 1 ✮✱ q✉✐ ♣❡r♠❡t ❞✬❡①tr❛✐r❡ ❞✬✉♥❡ s✉✐t❡ ♠✐♥✐♠✐s❛♥t❡ (T n ) n ✉♥❡ s♦✉s✲s✉✐t❡ (T n k ) k ❛②❛♥t ✉♥❡ •✐♠✐t❡ T ♣♦✉r ✉♥ ♠♦❞❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❣❛r❛♥t✐ss❛♥t q✉❡ ❝❡tt❡ •✐♠✐t❡ s♦✐t t♦✉•♦✉rs ✉♥ tr❛♥s♣♦rt ❄ ▲❛ ré♣♦♥s❡ ❡st ❝♦♥♥✉❡ ✭❡t ♣♦s✐t✐✈❡✮ ❞❛♥s ❝❡rt❛✐♥s ❝❛s ♣❛rt✐❝✉•✐❡rs ❡♥ ❞✐♠❡♥s✐♦♥ q✉❡•❝♦♥q✉❡ ✭♠❡s✉r❡s ❞♦✉❜•❛♥t❡s✮ ♣♦✉r •❡sq✉❡•s ❞❡s rés✉•t❛ts ❛♥❛•♦❣✉❡s ❛✉ t❤é♦rè♠❡ ❞❡ |❡••✐❝❤ ❡①✐st❡♥t ❬✺✵(✳ ◆♦✉s ♠♦♥tr♦♥s ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ q✉✬❡••❡ ❡st r❡st❡ ♣♦s✐t✐✈❡ ❡♥ ❞✐♠❡♥s✐♦♥ 1 s❛♥s ❤②♣♦t❤ès❡ s✉r •❛ ♠❡s✉r❡ ✱ ❣râ❝❡ ❛✉ rés✉•t❛t s✉✐✈❛♥t q✉✐ ❞♦♥♥❡ ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ❝♦♠♣•èt❡ ❞❡ •✬❡s♣❛❝❡ t❛♥❣❡♥t ❡t ❞❡ •✬❡s♣❛❝❡ ❞❡ ❙♦❜♦•❡✈ ♣❛r r❛♣♣♦rt à µ s✉r •❛ ❞r♦✐t❡ ré❡••❡ ✿ ❚❤é♦rè♠❡ ✭✶✳✸✳✶✱ ♣❛r❛❣r❛♣❤❡ ✶✳✸✮✳ ❙♦✐t µ ✉♥❡ ♠❡s✉r❡ ♣♦s✐t✐✈❡ ✜♥✐❡ s✉r ✉♥ ✐♥t❡r✈❛••❡ I ❞❡ R✳ ❖♥ ♥♦t❡ µ = µ a + µ s •❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ▲❡❜❡s❣✉❡ ❞❡ µ✱ ♦ù µ a ❡st ❛❜s♦•✉♠❡♥t ❝♦♥t✐♥✉❡ ♣❛r r❛♣♣♦rt à •❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ ❡t ❛ ♣♦✉r ❞❡♥s✐té f ✱ ❡t µ s ❡st ❝♦♥❝❡♥tré❡ s✉r ✉♥ s♦✉s✲❡♥s❡♠❜•❡ A ❞❡ I ❞❡ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ ♥✉••❡✳ ❙♦✐t M = x ∈ I : ∀ε > 0, x+ε x-ε ❞t f (t) = +∞ ❆•♦rs •✬❡s♣❛❝❡ t❛♥❣❡♥t à µ ❡st ❞♦♥♥é ❡♥ µ✲♣r❡sq✉❡ t♦✉t ♣♦✐♥t x ♣❛r T µ (x) = 0 s✐ x ∈ M ∪ A R s✐♥♦♥ ❛✈❡❝ •❡ ❝♦r♦••❛✐r❡ s✉✐✈❛♥t s✉r •❛ str✉❝t✉r❡ ❞❡ •✬❡s♣❛❝❡ H 1 µ (R) ✿ ❈♦r♦••❛✐r❡ ✭✶✳✸✳✶✱ ♣❛r❛❣r❛♣❤❡ ✶✳✸✮✳ ❖♥ ❛❞♦♣t❡ •❡s ♠ê♠❡s ♥♦t❛t✐♦♥s ❡t ❤②♣♦t❤ès❡s q✉❡ ❞❛♥s •❡ t❤é♦rè♠❡ ♣ré❝é❞❡♥t✳ • ▲✬❡♥s❡♠❜•❡ M ❡st ✉♥ ❢❡r♠é ❞❡ I✳ ❉❡ ♣•✉s✱ ♣♦✉r t♦✉t é•é♠❡♥t u ❞❡ L 2 µ ✱ •❛ ❢♦♥❝t✐♦♥ u| I-M ❡st ✉♥ é•é♠❡♥t ❞❡ L 1 loc (I -M ) ❡t ❛❞♠❡t ❞♦♥❝ ✉♥❡ ❞ér✐✈é❡ ❛✉ s❡♥s ❞❡s ❞✐str✐❜✉t✐♦♥s✳ • ❯♥ é•é♠❡♥t u ❞❡ L 2 µ (I) ❡st ❞❛♥s H 1 µ (I) s✐ ❡t s❡✉•❡♠❡♥t s✐ ❝❡tt❡ ❞ér✐✈é❡ ❛✉ s❡♥s ❞❡s ❞✐str✐❜✉t✐♦♥s ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ L 2 f (I -M )✳ ❉❛♥s ❝❡ ❝❛s✱ •❛ ♥♦r♠❡ ❞❡ u ❞❛♥s H 1 µ (I) ❡st ❞♦♥♥é❡ ♣❛r ||u|| 2 H 1 µ (I) = ||u|| 2 L 2 µ (I) + ||(u| I-M ) ′ || 2 L 2 f (I-M ) ◆♦t♦♥s q✉❡ •❡ ❢❛✐t q✉❡ •✬❡s♣❛❝❡ H 1 µ ❞♦♥♥❡ ✉♥ rô•❡ ♣❛rt✐❝✉•✐❡r ❛✉① ♣♦✐♥ts ❛✉t♦✉r ❞❡sq✉❡•s 1/f ❡st ✐♥té❣r❛❜•❡ ♥✬❡st ♣❛s s✉r♣r❡♥❛♥t ✿ s✐ x ❡st ✉♥ t❡• ♣♦✐♥t✱ •✬✐♥é❣❛•✐té ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ❞♦♥♥❡ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ u t❡••❡ q✉❡ u 2 f s♦✐t ✐♥té❣r❛❜•❡ B(x,ε) |u(t)| ❞t = B(x,ε) |u(t)| f (t) ❞t f (t) ≤ Ω u(t) 2 f (t) ❞t 1/2 B(x,ε) ❞t f (t) 1/2 ✽ ■♥tr♦❞✉❝t✐♦♥ ❡t ❞♦♥❝ u ❡st ✐♥té❣r❛❜•❡ ❛✉t♦✉r ❞❡ x✳ ❈❡ ❝❛•❝✉• •✉st✐✜❡ ❞✬❛✐••❡✉rs q✉❡ t♦✉t❡ ❢♦♥❝t✐♦♥ ❞❡ L 2 µ ❡st •♦❝❛•❡♠❡♥t ✐♥té❣r❛❜•❡ ❡♥ ❞❡❤♦rs ❞❡ •✬❡♥s❡♠❜•❡ M q✉✐ ❝♦♥st✐t✉❡ ✉♥❡ s♦rt❡ ❞✬❡♥s❡♠❜•❡ ❝r✐t✐q✉❡ ♣♦✉r •✬❡s♣❛❝❡ ❞❡ ❙♦❜♦•❡✈ à ♣♦✐❞s H 1 f ✳ ❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ •❡s ❡s♣❛❝❡s ❞❡ ❙♦❜♦•❡✈ à ♣♦✐❞s q✉✐ ❝♦♥st✐t✉❡♥t ♠❛✐♥t❡♥❛♥t ✉♥ ♦✉t✐• ❝•❛ss✐q✉❡✱ •✬❛rt✐❝•❡ ❞❡ ❆✳ ❑✉❢♥❡r ❡t ❇✳ ❖♣✐❝✱ ❛✉ t✐tr❡ ❡①♣•✐❝✐t❡ ❍♦✇ t♦ ❞❡✜♥❡ r❡❛s♦♥❛❜•② ✇❡✐❣❤t❡❞ ❙♦❜♦•❡✈ s♣❛❝❡s ❬✺✺(✱ ❞♦♥♥❡ ✉♥ ♣❛♥♦r❛♠❛ ❣•♦❜❛•
❞❡s ❞é✜♥✐t✐♦♥s ❡t ♣r♦♣r✐étés ❞❡ ❝❡s ❡s♣❛❝❡s ✭✈♦✐r ❛✉ss✐ •❡ ♣❛r❛❣r❛♣❤❡ ✶✳✷✳✶ ❞❡ ❝❡tt❡ t❤ès❡✮✳ P♦✉r ♥♦tr❡ ♣r♦❜•è♠❡ ✈❛r✐❛t✐♦♥♥❡•✱ ♦♥ ❞é❞✉✐t ❞❡ ❝❡tt❡ ❞❡s❝r✐♣t✐♦♥ •❡ rés✉•t❛t s✉✐✈❛♥t ✿ ❞❡ t♦✉t❡ s✉✐t❡ (T n ) n q✉✐ ❡st ❜♦r♥é❡ ❞❛♥s H 1 µ (I)✱ ♦♥ ♣❡✉t ❡①tr❛✐r❡ ✉♥❡ s✉✐t❡ (T n k ) k q✉✐ ❝♦♥✈❡r❣❡ ✈❡rs ✉♥❡ ❢♦♥❝t✐♦♥ T ❡♥ ♣r❡sq✉❡ t♦✉t ♣♦✐♥t ♦ù •✬❡s♣❛❝❡ t❛♥❣❡♥t à µ ❡st R✳ ❈❡ ♥✬❡st ♣❛s s✉✣s❛♥t ♣♦✉r ❞✐r❡ ❞✐r❡❝t❡♠❡♥t q✉❡✱ s✐ ❝❤❛q✉❡

T n k ❡st ✉♥ tr❛♥s♣♦rt✱ •❛ •✐♠✐t❡ T ❡st ❡••❡ ❛✉ss✐ ✉♥ tr❛♥s♣♦rt✱ ♠❛✐s ♦♥ ♣❛r✈✐❡♥t t♦✉t ❞❡ ♠ê♠❡ à ❝♦♥str✉✐r❡ ✉♥❡ s♦•✉t✐♦♥ ❞❡ ♥♦tr❡ ♣r♦❜•è♠❡ ✈❛r✐❛t✐♦♥♥❡• ❡♥ ♠♦❞✐✜❛♥t •❛ s✉✐t❡ ♠✐♥✐♠✐s❛♥t❡ •à ♦ù ❡••❡ ♥❡ ❝♦♥✈❡r❣❡ ♣❛s✳ ❖♥ ♦❜t✐❡♥t ❛✐♥s✐ •✬❡①✐st❡♥❝❡ ❞✬✉♥ ♠✐♥✐♠✐s❡✉r ♣♦✉r •❡ ♣r♦❜•è♠❡ inf I ((T (x) -x) 2 + (∇ µ T (x)) 2 ) ❞µ(x) : T # µ = ν ❖♥ ❞♦♥♥❡ é❣❛•❡♠❡♥t ❞❡✉① ❡①❡♠♣•❡s ❞❡ ❞❡♥s✐tés f 1 ✱ f 2 ❞é✜♥✐❡s s✉r •❡ ♣•❛♥✱ str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡s s✉r •❡ ❝❛rré (0, 1) 2 ✱ t❡••❡s q✉❡ B(x,ε) ❞t f 1 (t) = B(x,ε) ❞t f 2 (t) = +∞
♣♦✉r t♦✉t x ∈ (0, 1) 2 ❡t ε > 0✱ ❡t t❡••❡s q✉❡ •❡s ♠❡s✉r❡s ❛ss♦❝✐é❡s : 

µ 1 ✱ µ 2 ✈❡r✐✜❡♥t ✿ ♣♦✉r µ 1 ✲♣r❡sq✉❡ t♦✉t x, T µ1 (x) = R • e 1 ❡t ♣♦✉r µ 2 ✲♣r❡sq✉❡ t♦✉t x, T µ2 (x) = R 2 ❆✉tr❡♠❡♥t ❞✐t ✿ • •✬❡s♣❛❝❡ t❛♥❣❡♥t à ✉♥❡ ♠❡s✉r❡ ♣❡✉t êtr❡ ✉♥ s♦✉s✲❡s♣❛❝❡ str✐❝t ❡t ♥♦♥ tr✐✈✐❛• ❞❡ R d ❜✐❡♥
T ∈ H 1 µ1 (Ω), T # µ 1 = ν ❛❞♠❡t ✉♥❡ s♦•✉t✐♦♥ ✭t♦✉•♦✉rs s♦✉s rés❡r✈❡ q✉❡ •❛ ❝•❛ss❡ ❞❡ tr❛♥s♣♦rts ❙♦❜♦•❡✈ ❞❡ µ à ν s♦✐t ♥♦♥ ✈✐❞❡✮ ❀ ❞❛♥s •❡ ❝❛s ❞❡ µ 2 ✱ ♦♥ ❛rr✐✈❡ ♠ê♠❡ à ♠♦♥tr❡r q✉❡ •✬✐♥•❡❝t✐♦♥ H 1 µ2 ⊂ L 2 µ2 ❡st ❝♦♠♣
❡ à •❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡✱ •❡ ♣♦✐♥t ✐♠♣♦rt❛♥t ❡st •✬✐♥é❣❛•✐té s✉✐✈❛♥t❡ ✭♣✉❜•✐é❡ ❛✈❡❝ ❋✳ ❙❛♥t❛♠❜r♦❣✐♦ ❞❛♥s ❬✺✾(✮ ✿ ❚❤é♦rè♠❡ ✭✷✳✶✳✷✱ ♣❛r❛❣r❛♣❤❡ ✷✳✶✳✶✮✳ ❙♦✐t I ✉♥ ✐♥t❡r✈❛••❡ ❞❡ R ❡t f ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡ ❝r♦✐ss❛♥t❡ R → R✳ ❙♦✐t U ✉♥❡ ❢♦♥❝t✐♦♥ à ✈❛•❡✉rs ré❡••❡s ❛♣♣❛rt❡♥❛♥t à •✬❡s♣❛❝❡ ❞❡ ❙♦❜♦•❡✈ W 1,1 (I)✳ ❙♦✐t T ✉♥❡ ❢♦♥❝t✐♦♥ ❝r♦✐ss❛♥t❡ I → R✳ ❖♥ s✉♣♣♦s❡ q✉❡ U ❡t T ❡♥✈♦✐❡♥t •❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ r❡str❡✐♥t❡ à I s✉r •❛ ♠ê♠❡ ♠❡s✉r❡ ✐♠❛❣❡✳ ❆•♦rs •✬✐♥é❣❛•✐té s✉✐✈❛♥t❡ ❡st ✈ér✐✜é❡ ✿ I f (|U ′ (x)|) ❞x ≥ I f (n(x)T ′ (x)) ❞x ✭✷✮ ♦ù •✬♦♥ ❛ ♥♦té✱ ♣♦✉r x ∈ I✱ n(x) = #(U -1 ({T (x)})) •❡ ♥♦♠❜r❡ ❞✬❛♥té❝é❞❡♥ts ❞❡ T (x) ♣❛r U ✳ ❉❛♥s •❡ ❝❛s ❞✬✉♥❡ ♠❡s✉r❡ ❞✐✛ér❡♥t❡ ❞❡ •❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡✱ ♦♥ ♣❡✉t ♦❜t❡♥✐r ✉♥ rés✉•t❛t ✉♥ ♣❡✉ ♣•✉s ❢❛✐❜•❡ s✐ s❛ ❞❡♥s✐té ✓ ♥✬♦s❝✐••❡ ♣❛s tr♦♣ ✔ ✿ ❚❤é♦rè♠❡ ✭✷✳✶✳✸✱ ♣❛r❛❣r❛♣❤❡ ✷✳✶✳✶✮✳ ❙♦✐t I ✉♥ ✐♥t❡r✈❛••❡ ❞❡ R ❡t f ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡ ❝r♦✐ss❛♥t❡ R → R✳ ❙♦✐t µ ✉♥❡ ♠❡s✉r❡ ❞❡ ♣r♦❜❛❜✐•✐té s✉r I✱ ❛❜s♦•✉♠❡♥t ❝♦♥t✐♥✉❡ ♣❛r r❛♣♣♦rt à •❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡✱ ❞♦♥t •❛ ❞❡♥s✐té g ✈ér✐✜❡ inf g sup g ≥ 1 2
❙♦✐t U ∈ W 1,1 (I)✳ ❙♦✐❡♥t T 1 : I → R ❝r♦✐ss❛♥t❡ ❡t T 2 : I → R ❞é❝r♦✐ss❛♥t❡✱ t❡••❡s q✉❡ (T 1 ) # µ = (T 2 ) # µ = U # µ✳ ❆•♦rs •✬✉♥❡ ❞❡s ❞❡✉① é❣❛•✐tés s✉✐✈❛♥t❡s ❡st ✈r❛✐❡ ✿ 

I f (|U ′ (x)|)g(x) ❞x ≥ I f (T ′ 1 (x))g(x) ❞x ♦✉ I f (|U ′ (x)|)g(x) ❞x ≥ I f (-T ′ 2 (x))g(x) ❞x ❈♦♠♠❡♥t❛✐r❡s s✉r ❝❡s ❞❡✉① rés✉•t❛ts✳ ▲❡ t❤é♦rè♠❡ ✷✳✶✳✷ ❡①♣r✐♠❡ ♥♦♥ s❡✉•❡♠❡♥t q✉❡ •❛ ❢♦♥❝t✐♦♥ ❝r♦✐ss❛♥t❡ ❡♥✈♦②❛♥t •❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ s✉r ✉♥❡ ♠❡s✉r❡ ✐♠❛❣❡ ♣r❡s❝r✐t❡ ❡st ❛•♦rs ♦♣t✐♠❛• ♣♦✉r I f (|T ′ |) ❛✈❡❝ ❝♦♥tr❛✐♥t❡ s✉r •❛ ♠❡s✉r❡ ✐♠❛❣❡ ✭s✐ U ❡st ✉♥ ❝♦♠♣ét✐t❡✉r✱ ✐• ❞♦✐t ❛✈♦✐r •❡ ♠ê♠❡ ❡♥s❡♠❜•❡ ✐♠❛❣❡ q✉❡ T ❝❡ q✉✐ ✐♠♣•✐q✉❡ ♥é❝❡ss❛✐r❡♠❡♥t n ≥ 1 ❡t I f (|U ′ |) ≥ I f (T ′ ) ♣❛r ❝r♦✐ss❛♥❝❡ ❞❡ f ✮ ♠❛✐s ❞♦♥♥❡ ❡♥ ♣•✉s ✉♥s ❡st✐♠❛t✐♦♥ ❞❡ ❝❡ q✉❡ •✬♦♥ ❣❛❣♥❡ à ❝❤♦✐s✐r ❝❡tt❡ ❢♦♥❝t✐♦♥ ❝r♦✐ss❛♥t❡ ✿ •❛ ♣rés❡♥❝❡ ❞❡ •❛ ❢♦♥❝t✐♦♥ n ❡①♣r✐♠❡ q✉❡ •✬♦♥ ❛ ✐♥térêt à ❝❤♦✐s✐r ✉♥ tr❛♥s♣♦rt t❡• q✉❡ n(x) s♦✐t •❡ ♣•✉s ♣❡t✐t ♣♦ss✐❜•❡✱ ❝✬❡st✲à✲❞✐r❡ q✉✐ ♦s❝✐••❡ •❡ ♠♦✐♥s ♣♦ss✐❜•❡ s✉r I✱ ❡♥ ét❛♥t •❡ ♣•✉s ✐♥•❡❝t✐❢ ♣♦ss✐❜•❡✳ ❊♥ ❢❛✐t✱ ♦♥ ♣❡✉t ❞é♠♦♥tr❡r ✉♥❡ ✐♥é❣❛•✐té ✉♥ ♣❡✉ ♣•✉s ❢♦rt❡ q✉❡ •✬✐♥é❣❛•✐té ✭✷✮ s❛♥s •✬❤②♣♦t❤ès❡ q✉❡ µ ❡st •❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ ❡t s✐ U ❛ss❡③ ré❣✉•✐èr❡ ✭♠♦♥♦t♦♥❡ ♣❛r ♠♦r❝❡❛✉① ❡t C 1 s✉r ❝❡s ♠♦r❝❡❛✉①✮✱ à s❛✈♦✐r ✿ s✐ T ❡st ♠♦♥♦t♦♥❡ s✉r I ❡t s✐ T # µ = U # µ ❛•♦rs I f (|U ′ (x)|)g(x) ❞x ≥ I f inf g sup g n(y)|T ′ (y)| ❞y ✶✵ ■♥tr♦❞✉❝t✐♦♥ ✭❝❢✳ ♣r♦♣♦s✐t✐♦♥ ✷✳✶✳✹✱ ♣❛r❛❣r❛♣❤❡ ✷✳✶✳✷✮✳ ❈❡tt❡ ✐♥é❣❛•✐té ✐♠♣•✐q✉❡ ❞✐r❡❝t❡♠❡♥t •❡ t❤é♦rè♠❡ ✷✳✶✳✷ ❞❛♥s ❝❡ ❝❛s✱ ❛✐♥s✐ q✉❡ •❡ t❤é♦rè♠❡ ✷✳✶✳✸ ✭❡♥ s❡ r❡str❡✐❣♥❛♥t à ✉♥ s♦✉s✲✐♥t❡r✈❛••❡ ❞❡ I s✉r •❡q✉❡• n ≥ 2✱ ❞❡ s♦rt❡ q✉❡ n inf g sup g ≥ 1✮✳ ▲❡ ♣♦✐♥t ✐♠♣♦rt❛♥t ♣♦✉r •❛ ❞é♠♦♥tr❡r ❡st q✉✬♦♥ ♣❡✉t ❞❛♥s ❝❡ ❝❛s ❞♦♥♥❡r ✉♥❡ ❢♦r♠✉•❡ ❡①♣•✐❝✐t❡ ♣♦✉r •❛ ❞❡♥s✐té ❞❡ •❛ ♠❡s✉r❡ ✐♠❛❣❡ ✿ s✐ T ❡st str✐❝t❡♠❡♥t ♠♦♥♦t♦♥❡✱ ❛•♦rs (U # g)(y) = z:U (z)=y g(z) |U ′ (z)| = (T # g)(y) = g(T -1 (y)) |T ′ (T -1 (y))| ♦ù •❛ s♦♠♠❡ ❝♦♠♣♦rt❡ n(x) t❡r♠❡s s✐ y = T (x) ❀ ✐♥❢♦r♠❡••❡♠❡♥t✱ ❝❡❝✐ s✉❣❣èr❡ ❞é•à q✉❡✱ s✐ •❡s ✈❛•❡✉rs ❞❡ g ❛✉① ♣♦✐♥ts ❝♦♥s✐❞érés s♦♥t ♣r♦❝❤❡s ✭❡♥ ♣❛rt✐❝✉•✐❡r s✐ ❡••❡ ❡st ❝♦♥st❛♥t❡✮✱ U ′ ✓ ❡st ❞✬❛✉t❛♥t ♣•✉s ❣r❛♥❞ q✉❡ n ❡st ❣r❛♥❞ ✔✳ ▲❛ ❞é♠♦♥str❛t✐♦♥ ❡st ❡♥ ❢❛✐t ❛ss❡③ s✐♠♣•❡ ❞❛♥s ❝❡ ❝❛s✱ •❡ ♣♦✐♥t t❡❝❤♥✐q✉❡ ét❛♥t ❞❡ ❣é♥ér❛•✐s❡r à ✉♥❡ ❢♦♥❝t✐♦♥ U q✉❡•❝♦♥q✉❡ ❡♥ •✬❛♣♣r♦①✐♠❛♥t ♣❛r ✉♥❡ s✉✐t❡ ❞❡ ❢♦♥❝t✐♦♥s (U k ) k ❡t ❡♥ ❢❛✐s❛♥t ♣❛ss❡r à •❛ •✐♠✐t❡ •✬✐♥é❣❛•✐té ✭✷✮ ✈r❛✐❡ ♣♦✉r t♦✉t k ✭♠❛✐s ❛✈❡❝ •❡s ❢♦♥❝t✐♦♥s ❝♦rr❡s♣♦♥❞❛♥t❡s T k ❡t n k ✮✳ ❉❛♥s •❡ ❝❛s ♦ù •✬❤②♣♦t❤ès❡ s✉r g ♥✬❡st ♣•✉s ✈ér✐✜é❡✱ ♦♥ ♣❡✉t tr♦✉✈❡r ✉♥ ❝♦♥tr❡✲❡①❡♠♣•❡ très s✐♠♣•❡ à •✬♦♣t✐♠❛•✐té ❞✉ tr❛♥s♣♦rt ❝r♦✐ss❛♥t ✿ ❡♥ ❝♦♥s✐❞ér❛♥t •❛ ❢♦♥❝t✐♦♥ U ✓ tr✐❛♥❣•❡ ✔ s✉r [0, 1]✱ ✐✳❡✳ U (x) =      2x s✐ 0 ≤ x ≤ 1 2 2(1 -x) s✐ 1 2 ≤ x ≤ 1 ✐• ❡st ❢❛❝✐•❡ ❞❡ ❝♦♥str✉✐r❡ ✉♥❡ ♠❡s✉r❡ µ ❞♦♥t •❛ ❞❡♥s✐té ♣r❡♥❞ ❞❡✉① ✈❛•❡✉rs s✉r [0, 1] ❡t t❡••❡ q✉❡✱ s✐ T ❡st •❡ tr❛♥s♣♦rt ❝r♦✐ss❛♥t ❡♥✈♦②❛♥t µ s✉r U # µ✱ ♦♥ ❛✐t ♣❛r ❡①❡♠♣•❡ •✬✐♥é❣❛•✐té str✐❝t❡ 1 0 |T ′ | 2 ❞µ > 1 0 |U ′ | 2 ❞µ ❈♦♥séq✉❡♥❝❡s ♣♦✉r ♥♦s ♣r♦❜•è♠❡s ✈❛r✐❛t✐♦♥♥❡•s✳ ❖♥ ❞é❞✉✐t ❞❡s t❤é♦rè♠❡s ✷✳✶✳✷ ❡t ✷✳✶✳✸✱ ❛✐♥s✐ q✉❡ ❞❡ •✬♦♣t✐♠❛•✐té ❞é•à ❝♦♥♥✉❡ ❞✉ T ❝r♦✐ss❛♥t ♣♦✉r •❡ ❝r✐tèr❡ I h(T (x) -x) ❞µ(x) s✐ h ❡st ❝♦♥✈❡①❡✱ •❡s rés✉•t❛ts ❞✬♦♣t✐♠❛•✐té s✉✐✈❛♥ts ✿ Pr♦♣♦s✐t✐♦♥✳ ❙♦✐t f ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡ ❝r♦✐ss❛♥t❡ ❡t h ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡✳ ❙♦✐t I ✉♥ ✐♥t❡r✈❛••❡ ❞❡ R✳ ❙♦✐t ν ✉♥❡ ♠❡s✉r❡ ♣♦s✐t✐✈❡ s✉r R t❡••❡ q✉✬✐• ❡①✐st❡ ❛✉ ♠♦✐♥s ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ W 1,1 (I) ❡♥✈♦②❛♥t •❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ r❡str❡✐♥t❡ à f s✉r ν✳ ❆•♦rs •❡ tr❛♥s♣♦rt ❝r♦✐ss❛♥t ❡♥✈♦②❛♥t •❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ r❡str❡✐♥t❡ à I s✉r ν ❡st ♦♣t✐♠❛• ♣♦✉r •❡ ♣r♦❜•è♠❡ inf I h(U (x) -x) ❞x + I f (|U ′ (x)|) ❞x : U # L 1 = ν ❉❡ ♣•✉s ✿ • T ❡st •✬✉♥✐q✉❡ ♦♣t✐♠✐s❡✉r s✐ h ❡st str✐❝t❡♠❡♥t ❝♦♥✈❡①❡ ❀ • s✐ h ❡st s❡✉•❡♠❡♥t ❝♦♥✈❡①❡ ♠❛✐s s✐ ❞❡ ♣•✉s f ❡st str✐❝t❡♠❡♥t ❝r♦✐ss❛♥t❡✱ ❛•♦rs •❡ s❡✉• ❛✉tr❡ ♦♣t✐♠✐s❡✉r ♣♦ss✐❜•❡ ❡st •❡ tr❛♥s♣♦rt ❞é❝r♦✐ss❛♥t ❡♥tr❡ •❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ r❡str❡✐♥t❡ à I ❡t ν✳ ▲❛ ❞✐♠❡♥s✐♦♥ 2 ❡t s✉♣ér✐❡✉r❡ ✿ ❛♣♣r♦❝❤❡ ❞❡ t②♣❡ éq✉❛t✐♦♥ ❛✉① ❞ér✐✈é❡s ♣❛rt✐❡••❡s✳ ▲❛ ✜♥ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❡st ❝♦♥s❛❝ré à •✬é❝r✐t✉r❡ ❞❡s ❝♦♥❞✐t✐♦♥s ❞✬♦♣t✐♠❛•✐té •♦rsq✉✬♦♥ s❡ ♣•❛❝❡ s✉r ✉♥ ♦✉✈❡rt ❞❡ R d ❛✈❡❝ d ≥ 2✳ ❊♥ ❝❛•❝✉• ❞❡s ✈❛r✐❛t✐♦♥s✱ •❛ ♠ét❤♦❞❡ ✉s✉❡••❡ ✭❛♣♣❡•é❡ ♠ét❤♦❞❡ ❝•❛ss✐q✉❡ ♣❛r ❉❛❝♦r♦❣♥❛ ❬✷✽(✮ ♣♦✉r é❝r✐r❡ •❡s éq✉❛t✐♦♥s q✉❡ s❛t✐s❢♦♥t t♦✉s •❡s ♠✐♥✐♠✐s❡✉rs ❝♦♥s✐st❡ à •❡ ✓ ♣❡rt✉r❜❡r ✔ ❡♥ ❣é♥ér❛• •✐♥é❛✐r❡♠❡♥t ♣✉✐s à ❡①♣•♦✐t❡r •❡ ❢❛✐t q✉✬✐• ❡st ♦♣t✐♠❛• ❀ ♣ré❝✐sé♠❡♥t✱ ét❛♥t ❞♦♥♥é ✉♥ ♠✐♥✐♠✐s❡✉r u ❞✬✉♥ ♣r♦❜•è♠❡ ❞✉ t②♣❡ inf{J(u) : u ∈ X} ✵✳✸✳ ❈❖◆❚|■❇❯❚■❖◆❙ ❊❚ ❖|•❆◆■❙❆❚■❖◆ ❉❊ ▲❆ ❚❍➮❙❊ ✶✶ ♦ù X ❡st ✉♥ ❡s♣❛❝❡ ❛✣♥❡ ✭♣❛r ❡①❡♠♣•❡ ✉♥ ❡s♣❛❝❡ ❞❡ ❙♦❜♦•❡✈ ❛✈❡❝ ❝♦♥❞✐t✐♦♥ ❛✉ ❜♦r❞✮✱ ♦♥ r❡♠❛rq✉❡ q✉❡✱ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ ϕ ❛♣♣❛rt❡♥❛♥t à •❛ ❞✐r❡❝t✐♦♥ ✈❡❝t♦r✐❡••❡ ❞❡ X✱ •❛ ❢♦♥❝t✐♦♥ t → J(u + tϕ) ❡st ♠✐♥✐♠❛•❡ ❡♥ t = 0 ❞❡ s♦rt❡ q✉❡ ♣♦✉r t♦✉t❡ t❡••❡ ❢♦♥❝t✐♦♥ ϕ, ❞ ❞t J(u + tϕ)
♦r❞✐♥❛✐r❡s ✿ ét❛♥t ❞♦♥♥é❡ ✉♥❡ ♠❡s✉r❡ µ s✉r ✉♥ ♦✉✈❡rt ❜♦r♥é Ω✱ ❛❜s♦•✉♠❡♥t ❝♦♥t✐♥✉❡ ♣❛r r❛♣♣♦rt à •❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ ❡t ❞♦♥t •❛ ❞❡♥s✐té f ❡st ❛ss❡③ ré❣✉•✐èr❡ ✭•✐♣s❝❤✐t③✐❡♥♥❡✮✱ s✐ v ❡st ✉♥ ❝❤❛♠♣ ✈❡❝t♦r✐❡• •✐♣s❝❤✐t③✐❡♥ t❡• q✉❡ f v s♦✐t à ❞✐✈❡r❣❡♥❝❡ ♥✉••❡ ❡t t❡• q✉❡ v(x) ❡st ♣❛r❛••è•❡ à ∂Ω ♣♦✉r t♦✉t x ∈ ∂Ω✱ ❛•♦rs •❛ s♦•✉t✐♦♥ ❞❡ •✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡••❡    ❞ ❞t X(t, x) = v(X(t, x)) X(0, x) = x ✭✸✮ ♣rés❡r✈❡ •❛ ♠❡s✉r❡ µ✱ ❝✬❡st✲à✲❞✐r❡ ✿ ∀t ∈ R, X(t, •) # µ = µ P❛r ❝♦♥séq✉❡♥t✱ ♣♦✉r t♦✉t tr❛♥s♣♦rt T ❡♥tr❡ µ ❡t ν ❡t ♣♦✉r t♦✉t t✱ •✬❛♣♣•✐❝❛t✐♦♥ x → T (X(t, x)) ❡st ❡♥❝♦r❡ ✉♥ tr❛♥s♣♦rt✱ ❡t ❝✬❡st ❡♥ ♣❛rt✐❝✉•✐❡r s✐ T ❡st ✉♥ ♠✐♥✐♠✐s❡✉r✳ P✉✐sq✉❡ ❞❡ ♣•✉s T (X(0, x)) = T (x)✱ ♦♥ ❛✉r❛ ❛•♦rs✱ ❡♥ ♥♦t❛♥t J ❡st ♥♦tr❡ ❢♦♥❝t✐♦♥♥❡••❡ ✿ ❞ ❞t J(T (X(t, •))) t=0 = 0 ❡t ❝❡ ❝❛•❝✉• ❡st ✈❛•❛❜•❡ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ X(t, •) ♦❜t❡♥✉❡ ❝♦♠♠❡ s♦•✉t✐♦♥ ❞❡ ✭✸✮✱ ❞♦♥❝ ♣♦✉r t♦✉t ❝❤❛♠♣ ✈❡❝t♦r✐❡• v •✐♣s❝❤✐t③✐❡♥ t❡• q✉❡ div(f v) = 0 ❡t ♣❛r❛••è•❡ ❛✉ ❜♦r❞ ❞❡ Ω✳ ▲❡s ❝❛•❝✉•s ❛❜♦✉t✐ss❡♥t ❛✉ rés✉•t❛t s✉✐✈❛♥t ✿ Pr♦♣♦s✐t✐♦♥✳ ❙♦✐t Ω ✉♥ ♦✉✈❡rt ❜♦r♥é ré❣✉•✐❡r ❞❡ R d à ❢r♦♥t✐èr❡ C 1 ✱ ❡t µ ✉♥❡ ♠❡s✉r❡ ♣♦s✐t✐✈❡ s✉r Ω ❛②❛♥t ✉♥❡ ❞❡♥s✐té f ré❣✉•✐èr❡ ❡t ❜♦r♥é❡ ✐♥❢ér✐❡✉r❡♠❡♥t ❡t s✉♣ér✐❡✉r❡♠❡♥t✳ ❙♦✐t ν ✉♥❡ ♠❡s✉r❡ ♣♦s✐t✐✈❡ s✉r R d t❡••❡ q✉❡ •✬❡♥s❡♠❜•❡ {T ∈ H 1 (Ω) T # µ = ν} s♦✐t ♥♦♥ ✈✐❞❡✳ ❙♦✐t L : Ω × R d × M d (R) → R✱ ❞✐✛ér❡♥t✐❛❜•❡ ♣❛r r❛♣♣♦rt à s❡s ❞❡✉①✐è♠❡ ❡t tr♦✐s✐è♠❡ ✈❛r✐❛❜•❡s✱ ❡t s♦✐t T ✉♥ ♠✐♥✐♠✐s❡✉r ♣♦✉r •❡ ♣r♦❜•è♠❡ inf Ω L(x, T (x), DT (x))f (x) ❞x : T # µ = ν ❆•♦rs✱ ♣♦✉r t♦✉t ❝❤❛♠♣ ❞❡ ✈❡❝t❡✉rs v : Ω → R d •✐♣s❝❤✐t③✐❡♥ ❡t t❡• q✉❡ div(f v) = 0 ❞❛♥s Ω v • n = 0 s✉r ∂Ω ✭♦ù n ❞és✐❣♥❡ •❛ ♥♦r♠❛•❡ ❡①tér✐❡✉r❡ à ∂Ω✮✱ ♦♥ ❛ •✬é❣❛•✐té Ω (-∇ 1 L(x, T (x), DT (x)) • v(x) + ∇ 3 L(x, T (x), DT (x)) • (DT (x) × Dv(x))) f (x) ❞x = 0 ✶✷ ■♥tr♦❞✉❝t✐♦♥ ❈❡tt❡ é❣❛•✐té ❡st •❛ ❢♦r♠✉•❛t✐♦♥ ❢❛✐❜•❡ ❞✬✉♥❡ éq✉❛t✐♦♥ ❛✉① ❞ér✐✈é❡s ♣❛rt✐❡••❡s ❛✈❡❝ ❝♦♥❞✐t✐♦♥ ❛✉ ❜♦r❞✳ ❉❛♥s •❡ ❝❛s q✉❛❞r❛t✐q✉❡✱ ❝✬❡st✲à✲❞✐r❡ s✐ •❛ ❢♦♥❝t✐♦♥♥❡••❡ q✉❡ •✬♦♥ ♠✐♥✐♠✐s❡ ❡st T → Ω |T (x) -x| 2 f (x) ❞x + Ω |DT (x)| 2 ❞x ❝❡tt❡ éq✉❛t✐♦♥ ❛✉① ❞ér✐✈é❡s ♣❛rt✐❡••❡s ❡st ♣ré❝✐sé♠❡♥t    T (x) - 2 f (x) t DT (x) × ∆T (x) = ∇ψ(x), x ∈ Ω t DT (x) × DT (x) × n(x) = |DT (x) × n(x)| 2 n(x), x ∈ ∂Ω ♣♦✉r ✉♥❡ ❢♦♥❝t✐♦♥ à ✈❛•❡✉rs ré❡••❡s ψ q✉✐ •♦✉❡ •❡ rô•❡ ❞✬✉♥❡ ♣r❡ss✐♦♥✳ ❈❡tt❡ éq✉❛t✐♦♥ ❛✉① ❞ér✐✈é❡s ♣❛rt✐❡••❡ ❡st ♥♦♥✲•✐♥é❛✐r❡✱ s❡♠❜•❡ ❝♦♠♣•✐q✉é❡ ❡t ♥✬❛ ♣❛s ❢❛✐t •✬♦❜•❡t ❞✬ét✉❞❡ s♣é❝✐✜q✉❡✳ ◆é❛♥♠♦✐♥s✱ ♥♦t♦♥s ❛✉ss✐ q✉✬♦♥ ♣❡✉t •❛ r❡tr♦✉✈❡r ✈✐❛ ❞❡s ♠ét❤♦❞❡s s❡♠❜•❛❜•❡s à •❛ ❞✉❛•✐té ❞❡ ❑❛♥t♦r♦✈✐❝❤ ✭✈♦✐r❡ ♣•✉s •♦✐♥ ❞❛♥s •✬✐♥tr♦❞✉❝t✐♦♥ ❡t •❡ ❝❤❛♣✐tr❡ ✹ ❞❡ ❝❡tt❡ t❤ès❡✮✳ ✵✳✸✳✸ ▲❛ ♣é♥❛•✐s❛t✐♦♥ ❡♥ ❣r❛❞✐❡♥t ♣♦✉r ❛♣♣r♦①✐♠❡r •❡ ♣r♦❜•è♠❡ ❞❡ ▼♦♥❣❡ ❉❛♥s •❡ tr♦✐s✐è♠❡ ❝❤❛♣✐tr❡ ❞❡ ❝❡tt❡ t❤ès❡ ✭à ♣❛r❛îtr❡ ❞❛♥s ✉♥ ❛rt✐❝•❡ ❝♦♠♠✉♥ ❛✈❡❝ ▲✳ ❉❡ P❛s❝❛•❡ ❡t ❋✳ ❙❛♥t❛♠❜r♦❣✐♦ ❬✸✸(✮✱ ♦♥ s✬✐♥tér❡ss❡ ❛✉ ♣r♦❜•è♠❡ s✉✐✈❛♥t ✿ s♦✉s ❞❡s ❤②♣♦t❤ès❡s t❡••❡ q✉❡ •❡ ♠✐♥✐♠✐s❡✉r ❡①✐st❡ ✭♠❡s✉r❡ s♦✉r❝❡ à ❞❡♥s✐té f •✐♣s❝❤✐t③✐❡♥♥❡ ❡t ❜♦r♥é❡ ✐♥❢ér✐❡✉r❡♠❡♥t✮✱ q✉❡ s❡ ♣❛ss❡✲t✲✐• s✐ •✬♦♥ ❝♦♥s✐❞èr❡ •❛ ❢♦♥❝t✐♦♥♥❡••❡ J ε : T → Ω |T (x) -x|f (x) ❞x + ε Ω |DT (x)| ❞x ✭❞é✜♥✐❡ s✉r •✬❡♥s❡♠❜•❡ ❞❡s tr❛♥s♣♦rts T ❞❡ •❛ ♠❡s✉r❡ f • L d à ✉♥❡ ♠❡s✉r❡ ν ♣r❡s❝r✐t❡✮ •♦rsq✉❡ ε ❡st ✉♥ ♣❛r❛♠ètr❡ str✐❝t❡♠❡♥t ♣♦s✐t✐❢ q✉✐ t❡♥❞ ✈❡rs ✵ ❄ ▲❡ ❢❛✐t ❞❡ ❝♦♥s✐❞ér❡r ❞❡s ♣é♥❛•✐s❛t✐♦♥s ✓ ❞❡ ♣•✉s ❡♥ ♣•✉s ♣❡t✐t❡s ✔ ❡st ❝•❛ss✐q✉❡ ❡♥ ❝❛•❝✉• ❞❡ ✈❛r✐❛t✐♦♥s ✭❞❛♥s •✬ét✉❞❡ ❞❡ ♣❤é♥♦♠è♥❡s ❞❡ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ ❬✻✶(✱ ❡♥ ❤♦♠♦❣é♥é✐s❛t✐♦♥ ❬✸✱ ✶✵(✱ ✳ ✳ ✳✮ ❡t •❡ ❜♦♥ ❝❛❞r❡ ❢♦♥❝t✐♦♥♥❡• ❡st •❛ Γ✲❝♦♥✈❡r❣❡♥❝❡✱ ✐♥tr♦❞✉✐t❡ ♣❛r ❉❡ •✐♦r❣✐ ❡t ♣♦✉r •❛q✉❡••❡ ♦♥ r❡♥✈♦✐❡ ❛✉① •✐✈r❡ ❞✬❆tt♦✉❝❤ ❬✽(✱ ❉❛• ▼❛s♦ ❬✸✶( ❡t ❇r❛✐❞❡s ❬✶✾( ♣♦✉r •❡s ❞é✜♥✐t✐♦♥s✱ ♣r♦♣r✐étés ❡t ❝♦♠♠❡♥t❛✐r❡s✳ ■❝✐✱ ♦♥ ♣❛rt ❞✉ ❝♦ût ♦r✐❣✐♥❡• ✐♥tr♦❞✉✐t ♣❛r ▼♦♥❣❡ ❡t q✉✐ ❡st •❛ ♥♦r♠❡ L 1 ❞❡ •❛ ❞✐st❛♥❝❡ ✿ Ω |T (x) -x| ❞µ(x) ♦ù | • | ❡st •❛ ♥♦r♠❡ ❡✉❝•✐❞✐❡♥♥❡ s✉r R d ✳ ❈❡ ❝♦ût ♥✬❡st ♣❛s str✐❝t❡♠❡♥t ❝♦♥✈❡①❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ •❛ ❞✐st❛♥❝❡ ❡t ❢❛✐t •✬♦❜•❡t ❞✬✉♥❡ ét✉❞❡ s♣é❝✐✜q✉❡ ❞❛♥s •❛ t❤é♦r✐❡ ❞✉ tr❛♥s♣♦rt ♦♣t✐♠❛• ✭✈♦✐r ❛♥♥❡①❡ ❇✳✸✮✱ ❡♥ ♣❛rt✐❝✉•✐❡r •❡ tr❛♥s♣♦rt ♦♣t✐♠❛• T ♥✬❡st ♣❛s ✉♥✐q✉❡ ❀ •❛ q✉❡st✐♦♥ ❡st ❞♦♥❝ ❞❡ s❛✈♦✐r q✉❡••❡ s♦•✉t✐♦♥ ❞✉ ♣r♦❜•è♠❡ ♦r✐❣✐♥❡• ❞❡ ▼♦♥❣❡ ❡st ✓ s❡•❡❝t✐♦♥♥é❡ ✔ ♣❛r •❛ ♣r♦❝é❞✉r❡ ❝♦♥s✐st❛♥t à ❝❤♦✐s✐r ✉♥ ♠✐♥✐♠✐s❡✉r T ε ❞❡ J ε ✭♦✉ ❞❡ ❢♦♥❝t✐♦♥♥❡••❡s ❞é✜♥✐❡s à ♣❛rt✐r ❞❡ J ε ✱ ❝❢✳ ♣•✉s •♦✐♥✮✳ ❉❛♥s •❛ t❤é♦r✐❡ L 1 ❞✉ tr❛♥s♣♦rt ♦♣t✐♠❛•✱ •❛ str✉❝t✉r❡ ❞❡s s♦•✉t✐♦♥s ❡st très ♣❛rt✐❝✉•✐èr❡ ❡t ♣❡✉t êtr❡ rés✉♠é❡ ❞❡ •❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿ • •❛ ❢♦r♠✉•❡ ❞❡ ❞✉❛•✐té ❞❡ ❑❛♥t♦r♦✈✐t❝❤ s✬é❝r✐t inf Ω |T (x) -x| ❞µ(x) : T # µ = ν = sup Ω u(y) ❞ν(y) - Ω u(x) ❞µ(x) : u ∈ Lip 1 (R d ) • ét❛♥t ❞♦♥♥é ✉♥ ♦♣t✐♠✐s❡✉r u ♣♦✉r •❡ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ❞❡ •✬é❣❛•✐té ♣ré❝é❞❡♥t❡✱ ♦♥ ❞é✜♥✐t ❛•♦rs •❡s r❛②♦♥s ❞❡ tr❛♥s♣♦rt ❝♦♠♠❡ ét❛♥t •❡s s❡❣♠❡♥ts ♠❛①✐♠❛✉① [x, y] t❡•s q✉❡ u(y) -u(x) = |y -x|✳ ❆•♦rs •❡s r❛②♦♥s ❞❡ tr❛♥s♣♦rts ♥❡ s✬✐♥t❡rs❡❝t❡♥t q✉✬à •❡✉rs ❡①tré♠✐tés✱ q✉✐ ❢♦r♠❡♥t ✉♥ ❡♥s❡♠❜•❡ ▲❡❜❡s❣✉❡✲♥é❣•✐❣❡❛❜•❡ ❞❡ R d ✳ • ❖♥ ❞✐s♣♦s❡ ❛✐♥s✐ ❞✬✉♥ ❡♥s❡♠❜•❡ ❞❡ s❡❣♠❡♥ts •♦✐❣♥❛♥t •❡s ♣♦✐♥ts ❞✉ s✉♣♣♦rt Ω ❞❡ µ ❛✉① ♣♦✐♥t ❞✉ s✉♣♣♦rt Ω ′ ❞❡ ν✳ ❆•♦rs✱ ✉♥❡ ❢♦♥❝t✐♦♥ ✈❡❝t♦r✐❡••❡ T ❞é✜♥✐❡ s✉r Ω ❡st ♦♣t✐♠❛•❡ ♣♦✉r •❡ ♣r♦❜•è♠❡ ❞❡ ▼♦♥❣❡ s✐ ✕ T ❡♥✈♦✐❡ ❜✐❡♥ •❛ ♠❡s✉r❡ µ s✉r •❛ ♠❡s✉r❡ ν ❀ ✕ T r❡s♣❡❝t❡ •❡s r❛②♦♥s ❞❡ tr❛♥s♣♦rt✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ T (x) ❛♣♣❛rt✐❡♥t ❛✉ ♠ê♠❡ r❛②♦♥ ❞❡ tr❛♥s♣♦rt q✉❡ x ✭❝❡ r❛②♦♥ ❞❡ tr❛♥s♣♦rt ét❛♥t ❜✐❡♥ ❞é✜♥✐ ♣♦✉r ♣r❡sq✉❡ t♦✉t x✮ ❀ ✕ T r❡s♣❡❝t❡ é❣❛•❡♠❡♥t •✬♦r✐❡♥t❛t✐♦♥ ❞❡ ❝❡s r❛②♦♥s ✭❞é✜♥✐❡ ❞❡ •❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿ [x, y] ❡st ♦r✐❡♥té ❞❡ s♦rt❡ q✉❡ u(y) -u(x) = |y -x|✮✳ P❛r♠✐ ❝❡s tr❛♥s♣♦rt ♦♣t✐♠❛✉①✱ ❞♦♥t ♦♥ ♥♦t❡ O 1 (µ, ν) •✬❡♥s❡♠❜•❡✱ •✬✉♥ ❞✬❡♥tr❡ ❡✉① •♦✉❡ ✉♥ rô•❡ s♣é❝✐❛•✱ à s❛✈♦✐r ❝❡•✉✐ q✉✐ ❡st ♠♦♥♦t♦♥❡ •❡ •♦♥❣ ❞❡ ❝❤❛q✉❡ r❛②♦♥ ❞❡ tr❛♥s♣♦rt ✭❛✉ s❡♥s s✉✐✈❛♥t ✿ s✐ x, x ′ ❛♣♣❛rt✐❡♥♥❡♥t ❛✉ ♠ê♠❡ r❛②♦♥ ❞❡ tr❛♥s♣♦rt✱ ❛•♦rs [x, x ′ ] ❡t [T (x), T (x ′ )] ♦♥t ♠ê♠❡ ♦r✐❡♥t❛t✐♦♥✮ ✿ ✐• ❡st •✬✉♥✐q✉❡ s♦•✉t✐♦♥ ❞❡ inf Ω |T (x) -x| 2 ❞µ(x) : T ❡st ♦♣t✐♠❛• ♣♦✉r •❡ ♣r♦❜•è♠❡ ❞❡ ▼♦♥❣❡ ❝✬❡st✲à✲❞✐r❡ •✬✉♥✐q✉❡ ♠✐♥✐♠✐s❡✉r ❞✉ ❝♦ût ❞❡ tr❛♥s♣♦rt q✉❛❞r❛t✐q✉❡ ♣❛r♠✐ •❡s tr❛♥s♣♦rts q✉✐ s♦♥t ❞é•à ♦♣t✐♠❛✉① ♣♦✉r •❡ ♣r♦❜•è♠❡ ❞❡ ▼♦♥❣❡✳ ◆♦t♦♥s q✉❡ ❝❡ tr❛♥s♣♦rt ♠♦♥♦t♦♥❡ ❡st ♦❜t❡♥✉ •✉✐✲♠ê♠❡ ❛✈❡❝ ✉♥❡ ♣r♦❝é❞✉r❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ •✬é♥❡r❣✐❡ ❞❡ ▼♦♥❣❡✱ à s❛✈♦✐r Ω |T (x) -x| ❞µ(x) + ε Ω |T (x) -x| 2 ❞µ(x) ❡t ♥♦t♦♥s ❛✉ss✐ •❡s rés✉•t❛ts ❞❡ ré❣✉•❛r✐té s✉✐✈❛♥ts s✉r ❝❡ tr❛♥s♣♦rt ♠♦♥♦t♦♥❡ ✿ ♦♥ s❛✐t q✉✬✐• ❡st ❝♦♥t✐♥✉ ❡♥ ❞✐♠❡♥s✐♦♥ ✷ s♦✉s ❞❡ ❜♦♥♥❡s ❤②♣♦t❤ès❡s s✉r •❡s ❞♦♠❛✐♥❡s ❡t •❡s ♠❡s✉r❡s ✭❞♦♠❛✐♥❡s ❝♦♥✈❡①❡s ❡t ❞✐s•♦✐♥ts✱ ♠❡s✉r❡s à ❞❡♥s✐tés ❝♦♥t✐♥✉❡s ❡t ❜♦r♥é❡s ✐♥❢ér✐❡✉r❡♠❡♥t✱ ❝❢✳ ❬✹✷(✮ ❡t ♦♥ ❛ ❛✉ss✐ ❞❡s ❡st✐♠❛t✐♦♥s ❛ ♣r✐♦r✐ ♣♦✉r ✉♥❡ s✉✐t❡ (T ε ) ε ❞❡ ♠✐♥✐♠✐s❡✉rs ❞✬✉♥ ❝♦ût ❛♣♣r♦①✐♠é ❛②❛♥t •❡ tr❛♥s♣♦rt ♠♦♥♦t♦♥❡ ♣♦✉r •✐♠✐t❡✱ à s❛✈♦✐r ❬✺✼( ✿ • T ε ♠✐♥✐♠✐s❡ Ω c ε (x, T (x)) ❞µ(x) ♣❛r♠✐ •❡s tr❛♥s♣♦rts ❞❡ µ à ν✱ ♦ù c ε (x, y) = ε + |x -y| 2 ❀ • ♦♥ ❛ ❞❡s ❜♦r♥❡s •♦❝❛•❡s ❡t ✉♥✐❢♦r♠❡s ❡♥ ε s✉r •❡s ✈❛•❡✉rs ♣r♦♣r❡s ❞❡ •❛ ♠❛tr✐❝❡ •❛❝♦❜✐❡♥♥❡ DT ε ✳ ❉❛♥s •❡ ❝❛❞r❡ ❞❡ •✬❛♣♣r♦①✐♠❛t✐♦♥ ♣❛r ✉♥❡ ♣é♥❛•✐s❛t✐♦♥ ❡♥ ❣r❛❞✐❡♥t✱ •❛ ♣r❡♠✐èr❡ ét❛♣❡ ❝♦♥s✐st❡ à ♠♦♥tr❡r q✉❡ •❛ Γ✲•✐♠✐t❡ ❞❡ •✬é♥❡r❣✐❡ ♣é♥❛•✐sé❡ J ε ❡st ❜✐❡♥ •✬é♥❡r❣✐❡ ♦r✐❣✐♥❡••❡ ❞❡ ▼♦♥❣❡ ✭♥♦té❡ J ❞❛♥s •❛ s✉✐t❡✮✳ ▲❛ ❞é♠♦♥str❛t✐♦♥ ❞❡ ❝❡tt❡ ❝♦♥✈❡r❣❡♥❝❡ ✓ à •✬♦r❞r❡ ③ér♦ ✔ ❡st ❞✐r❡❝t❡ ♠❛✐s ♥é❝❡ss✐t❡ ✉♥ rés✉•t❛t ❞❡ ❞❡♥s✐té ❞❡ •✬❡♥s❡♠❜•❡ ❞❡s tr❛♥s♣♦rts ❡♥tr❡ ❞❡✉① ♠❡s✉r❡s ✭❛ss❡③ ré❣✉•✐èr❡s✮ q✉✐ ❛♣♣❛rt✐❡♥♥❡♥t à •✬❡s♣❛❝❡ ❞❡ ❙♦❜♦•❡✈ H 1 (Ω) ✭❡♥ ❢❛✐t✱ q✉✐ s♦♥t •✐♣s❝❤✐t③✐❡♥s s✉r Ω✮ ♣❛r♠✐ •✬❡♥s❡♠❜•❡ ❞❡s ❛♣♣•✐❝❛t✐♦♥s ❞❡ tr❛♥s♣♦rt ❡♥tr❡ ❝❡s ❞❡✉① ♠❡s✉r❡s✳ ❈❡ rés✉•t❛t s❡♠❜•❡ ♥❛t✉r❡• ❡t ♣❡✉t ❜✐❡♥ sûr êtr❡ ✉t✐•✐sé ❞❛♥s ❞✬❛✉tr❡s ❝♦♥t❡①t❡s q✉❡ ❝❡•✉✐ ❞❡ •❛ Γ✲❝♦♥✈❡r❣❡♥❝❡ ❀ ❝❡♣❡♥❞❛♥t✱ ❡t ❞❡ ♠❛♥✐èr❡ ❛ss❡③ ét♦♥♥❛♥t❡✱ ✐• s❡♠❜•❡ à ♥♦tr❡ ❝♦♥♥❛✐ss❛♥❝❡ ♥✬❛✈♦✐r ♣❛s été ét✉❞✐é •✉sq✉✬à ♠❛✐♥t❡♥❛♥t ✿ ❚❤é♦rè♠❡ ✭✸✳✷✳✶✱ ♣❛r❛❣r❛♣❤❡ ✸✳✷✳✷✮✳ ❙♦✐❡♥t Ω✱ Ω ′ ❞❡✉① ♦✉✈❡rts ❞❡ R d ✱ ❜♦r♥és✱ ét♦✐•és ❡t à ❢r♦♥t✐èr❡s •✐♣s❝❤✐t③✐❡♥♥❡s✳ ❙♦✐❡♥t µ ∈ P(Ω)✱ ν ∈ P(Ω ′ ) ❞❡✉① ♠❡s✉r❡s✱ ❛❜s♦•✉♠❡♥t ❝♦♥t✐♥✉❡s ♣❛r r❛♣♣♦rt à •❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ ❡t à ❞❡♥s✐tés r❡s♣❡❝t✐✈❡s ♥♦té❡s f ❡t g✳ ❖♥ s✉♣♣♦s❡ q✉❡✱ ♣♦✉r ✉♥ ❝❡rt❛✐♥ α > 0✱ f ❡t g s♦♥t ❞❡ ❝•❛ss❡ C 0,α s✉r Ω✱ Ω ′ r❡s♣❡❝t✐✈❡♠❡♥t✱ ❡t q✉✬❡••❡s s♦♥t t♦✉t❡s ❞❡✉① ❜♦r♥é❡s ✐♥❢ér✐❡✉r❡♠❡♥t ♣❛r ✉♥❡ ❝♦♥st❛♥t❡ str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡✳ ❆•♦rs •✬❡♥s❡♠❜•❡ T ∈ Lip(Ω) : T # µ = ν ❡st ♥♦♥ ✈✐❞❡✱ ❡t ❡st ✉♥ s♦✉s✲❡♥s❡♠❜•❡ ❞❡♥s❡ ✭♣♦✉r •❛ ❝♦♥✈❡r❣❡♥❝❡ L 2 (Ω)✮ ❞❡ •✬❡♥s❡♠❜•❡ ❞❡s ❛♣♣•✐❝❛t✐♦♥s ❞❡ tr❛♥s♣♦rt ❡♥tr❡ µ ❡t ν✳ ✶✹ ■♥tr♦❞✉❝t✐♦♥ ❈❡ rés✉•t❛t ❞❡ ❞❡♥s✐té ❛ ♣♦✉r ❝♦♥séq✉❡♥❝❡ ❞✐r❡❝t❡ •❛ Γ✲❝♦♥✈❡r❣❡♥❝❡ ❞❡ J ε ✈❡rs J✳ ▲❛ q✉❡st✐♦♥ ♥❛t✉r❡••❡ s✉✐✈❛♥t❡ ❡st ❛•♦rs •❡ ♣r❡♠✐❡r ♦r❞r❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡✱ à s❛✈♦✐r •❛ Γ✲•✐♠✐t❡ ❞❡ •❛ ❢♦♥❝t✐♦♥♥❡••❡ J ε -W 1 ε ✭♦ù W 1 ❡st •✬✐♥✜♠✉♠ ❞❡ J✱ ❝✬❡st✲à✲❞✐r❡ •❡ ♠✐♥✐♠✉♠ ❞❡ •✬é♥❡r❣✐❡ ❞❡ ▼♦♥❣❡✮✳ ▲à ❡♥❝♦r❡ •❡ rés✉•t❛t ❡st ♥❛t✉r❡•✱ ❛✈❡❝ ❝❡tt❡ ❢♦✐s✲❝✐ ✉♥❡ ♣r❡✉✈❡ ❞✐r❡❝t❡ ❡t ♣r❡sq✉❡ tr✐✈✐❛•❡ ✿ J ε (T ε ) -W 1 ε Γ -→ H ✭✹✮ ♦ù H(T ) =    Ω |DT | 2 s✐ T ∈ O 1 (µ, ν) ∩ H 1 (Ω) +∞ s✐♥♦♥ ♦ù O 1 (µ, ν) ❡st •✬❡♥s❡♠❜•❡ ❞❡s tr❛♥s♣♦rts ❡♥tr❡ µ ❡t ν q✉✐ s♦♥t ♦♣t✐♠❛✉① ♣♦✉r •❡ ♣r♦❜•è♠❡ ❞❡ ▼♦♥❣❡ ❀ ❛✐♥s✐✱ s✐ ♣❛r♠✐ ❝❡s ❞❡r♥✐❡rs ✐• ❡①✐st❡ ❛✉ ♠♦✐♥s ✉♥ é•é♠❡♥t ❞❡ •✬❡s♣❛❝❡ H 1 (Ω)✱ ❛•♦rs •❡ tr❛♥s♣♦rt sé•❡❝t✐♦♥♥é ♣❛r •❛ ♣r♦❝é❞✉r❡ ❞❡ Γ✲❝♦♥✈❡r❣❡♥❝❡ ❡st •✬é•é♠❡♥t ❞❡ O 1 (µ, ν) q✉✐ ♠✐♥✐♠✐s❡ •✬é♥❡r❣✐❡ ❞❡ ❉✐r✐❝❤•❡t Ω |DT | 2 ✳ ➱t❛♥t ❞♦♥♥é •❡s rés✉•t❛ts ❞❡ ré❣✉•❛r✐té ❞é•à ❝♦♥♥✉s ❝♦♥❝❡r♥❛♥t •❡ tr❛♥s♣♦rt ♠♦♥♦t♦♥❡✱ ♦♥ ♣♦✉✈❛✐t ♥❛ï✈❡♠❡♥t s✬❛tt❡♥❞r❡ à ❝❡ q✉❡ ❝❡ s♦✐t ♣ré❝✐sé♠❡♥t ❝❡•✉✐✲❝✐ q✉✐ ♠✐♥✐♠✐s❡ ❝❡tt❡ é♥❡r❣✐❡✳ ❊♥ ❢❛✐t✱ ♦♥ ♣❡✉t s✬❛♣❡r❝❡✈♦✐r q✉✬✐• ♥✬❡♥ ❡st r✐❡♥ ❣râ❝❡ ❛✉① ❝♦♥tr❡✲❡①❡♠♣•❡s ❞♦♥♥és ❞❛♥s •❛ ❞❡✉①✐è♠❡ s❡❝t✐♦♥✳ ❙✉♣♣♦s♦♥s ❡♥ ❡✛❡t q✉❡ F ❡t G s♦♥t ❞❡✉① ♠❡s✉r❡s ✉♥✐❞✐♠❡♥s✐♦♥♥❡••❡s✱ s✉♣♣♦rté❡s r❡s♣❡❝t✐✈❡♠❡♥t s✉r •❡s s❡❣♠❡♥ts [0, 1] ❡t [2, 3]✱ ❡t t❡••❡s q✉❡ •❛ s♦•✉t✐♦♥ ❞❡ inf 1 0 t(x 1 ) ❞x 1 : t # F = G ♥❡ s♦✐t ♣❛s •❡ tr❛♥s♣♦rt ❝r♦✐ss❛♥t ❞❡ F ✈❡rs G✳ ■• ❡st ❢❛❝✐•❡ ❞❡ ✈♦✐r q✉❡ s✐ •✬♦♥ ♣♦s❡ f (x 1 , x 2 ) = F (x 1 ) ❡t g(x 1 , x 2 ) = G(x 1 ) s✉r •❡s ❝❛rré❡s [0, 1] 2 ❡t [2, 3] × [0, 1] r❡s♣❡❝t✐✈❡♠❡♥t✱ •❛ s♦•✉t✐♦♥ ❞❡ inf [0,1] 2 |DT (x)| 2 ❞x : T # f = g ❡st ❞❡ •❛ ❢♦r♠❡ T : x 1 x 2 → t(x 1 ) x 2 ♦ù t ♦♣t✐♠✐s❡ •❛ ♥♦r♠❡ ❙♦❜♦•❡✈ ❡♥ ❞✐♠❡♥s✐♦♥ 1 ♣❛r♠✐ •❡s tr❛♥s♣♦rts ❞❡ F ✈❡rs G ✭❡t ♥✬❡st ❞♦♥❝ ♣❛s ❝r♦✐ss❛♥t✮✳ P✉✐sq✉❡ •❡s ❞❡♥s✐tés f ❡t g ♥❡ ❞é♣❡♥❞❡♥t q✉❡ ❞✬✉♥❡ ✈❛r✐❛❜•❡✱ ♦♥ ♣❡✉t ✈♦✐r q✉❡ •❡s r❛②♦♥s ❞❡ tr❛♥s♣♦rt s♦♥t •❡s s❡❣♠❡♥ts ❤♦r✐③♦♥t❛✉① ❞❡ {0} × [0, 1] ✈❡rs {3} × [0, 1]✱ ❞❡ s♦rt❡ q✉❡ t♦✉t tr❛♥s♣♦rt ❞❡ •❛ ❢♦r♠❡ (x 1 , x 2 ) → (t(x 1 ), x 2 )) ❡st é❣❛•❡♠❡♥t ♦♣t✐♠❛• ♣♦✉r •❡ ❝♦ût ❞❡ ▼♦♥❣❡ ❀ ❛✉tr❡♠❡♥t ❞✐t •✬✐♥✜♠✉♠ ❞❡ J ε ❡st t♦✉•♦✉rs ❛tt❡✐♥t ♣❛r ❝❡ T ✭✐♥❞é♣❡♥❞❛♠♠❡♥t ❞❡ ε✮✱ q✉✐ ♥✬❡st ♣❛s •❡ tr❛♥s♣♦rt ♠♦♥♦t♦♥❡✳ P❛r ❛✐••❡✉rs✱ •❛ ❝♦♥✈❡r❣❡♥❝❡ ✭✹✮ ❛ ❛✉ss✐ ♣♦✉r ❝♦♥séq✉❡♥❝❡ ✐♠♠é❞✐❛t❡ q✉❡ •❛ ✈❛•❡✉r ❞✉ ♠✐♥✐♠✉♠ ❞❡ J ε ❛♣♣r♦①✐♠❡ •✬é♥❡r❣✐❡ ♠✐♥✐♠❛•❡ ❞❡ ▼♦♥❣❡ W 1 à •✬♦r❞r❡ 1 ❡♥ ε ✭♣ré❝✐sé♠❡♥t✱ inf J ε = W 1 + ε inf H + o(ε)✮ ❞❛♥s •❡ ❝❛s ♦ù H ♥✬❡st ♣❛s ✐❞❡♥t✐q✉❡♠❡♥t +∞✱ ✐✳❡✳ ❞❛♥s •❡ ❝❛s ♦ù ✐• ❡①✐st❡ ❛✉ ♠♦✐♥s ✉♥ é•é♠❡♥t ❞❡ O 1 (µ, ν) q✉✐ ❡st ❜✐❡♥ ✉♥ é•é♠❡♥t ❞❡ H 1 (Ω)✳ ❉❛♥s •❡ ❝❛s ❝♦♥tr❛✐r❡ ❛♣♣❛r❛✐ss❡♥t •❡s q✉❡st✐♦♥s ❝♦♥❝❡r♥❛♥t •✬♦r❞r❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ inf J ε ✈❡rs W 1 ✱ •❛ •✐♠✐t❡ ❞✉ ✓ r❡st❡ ✔ ❡t •❡ tr❛♥s♣♦rt q✉✐ ❡st sé•❡❝t✐♦♥♥é ♣❛r •❛ Γ✲❝♦♥✈❡r❣❡♥❝❡✳ ▲❡ ❝÷✉r ❞✉ ❝❤❛♣✐tr❡ ❡st ❡♥s✉✐t❡ ❝♦♥s❛❝ré à •✬ét✉❞❡ ❞✬✉♥ ❡①❡♠♣•❡ ♣❛rt✐❝✉•✐❡r q✉✐ ♣rés❡♥t❡ ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ ♣r♦♣r✐étés s✉r♣r❡♥❛♥t❡s à ❝❡ s✉•❡t✳ ❖♥ ♣r❡♥❞ ❞❡✉① ❞♦♠❛✐♥❡s é❝r✐ts ❡♥ ❝♦♦r❞♦♥♥é❡s ♣♦•❛✐r❡s ✿ Ω = 0 < r < 1, 0 < θ < π 2 ❡t Ω ′ = R 1 (θ) < r < R 2 (θ), 0 < θ < π 2 ♦ù R 1 ✱ R 2 ❞é✜♥✐ss❡♥t ❞❡✉① ❝♦✉r❜❡s ré❣✉•✐èr❡s ❡♥ ❝♦♦r❞♦♥♥é❡s ♣♦•❛✐r❡s ❀ ❛✐♥s✐✱ Ω ❡st •❡ ✓ q✉❛rt ❞❡ ❞✐sq✉❡ ✉♥✐té ✔ ❡t Ω ′ ❡st ✉♥❡ ❝♦✉r♦♥♥❡ ❝♦♠♣r✐s❡ ❡♥tr❡ ❞❡✉① ❝♦✉r❜❡s ❡♥ ♣♦•❛✐r❡s ✭♦♥ ✐♠♣♦s❡ ❛✉ss✐ 1 < inf R 1 ❡t sup R 1 < inf R 2 ❛✜♥ ❞✬❛✈♦✐r ✉♥❡ ✈r❛✐❡ ❝♦✉r♦♥♥❡ ❡t ❞❡s ❞♦♠❛✐♥❡s ❞✐s•♦✐♥ts✮✳ ❖♥ ♠✉♥✐t ❛✉ss✐ Ω ❡t Ω ′ ❞❡ ❞❡♥s✐tés ré❣✉•✐èr❡s ❡t ❜♦r♥é❡s ✐♥❢ér✐❡✉r❡♠❡♥t f ❡t g✱ ❛✉①q✉❡••❡s ♦♥ ✐♠♣♦s❡ •❛ ❝♦♥tr❛✐♥t❡ ∀θ ∈ 0, π 2 , 1 0 f (r, θ)r ❞r = 1 0 g(r, θ)r ❞r ❝✬❡st✲à✲❞✐r❡ q✉❡ •❛ ♠❛ss❡ ✭r❡•❛t✐✈❡♠❡♥t à f ✮ ❞✉ s❡❣♠❡♥t ❞✬❛♥❣•❡ θ •♦✐❣♥❛♥t 0 à •❛ ❢r♦♥t✐èr❡ ❞❡ Ω ❡st é❣❛•❡ à ❝❡••❡ ✭r❡•❛t✐✈❡♠❡♥t à g✮ ❞✉ s❡❣♠❡♥t •♦✐❣♥❛♥t •❛ ✓ ❢r♦♥t✐èr❡ ✐♥❢ér✐❡✉r❡ ✔ ❞❡ Ω 1 à s❛ ✓ ❢r♦♥t✐èr❡ s✉♣ér✐❡✉r❡ ✔✳ ❊♥ ♣❛rt✐❝✉•✐❡r✱ ♦♥ ♣❡✉t ❝♦♥str✉✐r❡ ❞❡s tr❛♥s♣♦rts T ❞❡ f à g t❡•s q✉❡ ♣♦✉r ♣r❡sq✉❡ t♦✉t x, T (x) ❡st s✉r •❡ ♠ê♠❡ s❡❣♠❡♥t ♣❛ss❛♥t ♣❛r •✬♦r✐❣✐♥❡ q✉❡ x ✭✐• s✉✣t ❞❡ ❝♦♥str✉✐r❡✱ ❛♥❣•❡ ♣❛r ❛♥❣•❡✱ ✉♥❡ ❢♦♥❝t✐♦♥ ϕ(•, θ) ❡♥✈♦②❛♥t •❛ ❞❡♥s✐té rf (r, θ) s✉r •❛ ❞❡♥s✐té rg(r, θ)✮✳ P❛r ❝♦♥séq✉❡♥t✱ •❡s r❛②♦♥s ❞❡ tr❛♥s♣♦rt s♦♥t •❡s s❡❣♠❡♥ts •♦✐❣♥❛♥t Ω à Ω ′ ❡t ❛•✐❣♥és ❛✈❡❝ •✬♦r✐❣✐♥❡✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ T ❡st ♦♣t✐♠❛• ♣♦✉r •❡ ♣r♦❜•è♠❡ ❞❡ ▼♦♥❣❡ ⇐⇒ T (x) = ϕ(x) x |x| ■• ✈✐❡♥t ✐♠♠é❞✐❛t❡♠❡♥t q✉✬✐• ♥✬❡①✐st❡ ♣❛s ❞❛♥s ❝❡ ❝❛❞r❡ ❞❡ tr❛♥s♣♦rt ♦♣t✐♠❛• ♣♦✉r •❡ ♣r♦❜•è♠❡ ❞❡ ▼♦♥❣❡ q✉✐ s♦✐t ❞❛♥s •✬❡s♣❛❝❡ ❞❡ ❙♦❜♦•❡✈ H 1 (Ω)✳ ❈❡tt❡ ♣r♦♣r✐été ❡st ✐♠♣♦rt❛♥t❡ ❝❛r ❡••❡ s✉❣❣èr❡ ❛✉ss✐ q✉❡ •❛ ✈❛•❡✉r ♠✐♥✐♠❛•❡ ❞❡ J ε ♥✬❛ ♣❛s ✉♥ ❝♦♠♣♦rt❡♠❡♥t ❞✉ t②♣❡ inf J ε = W 1 (µ, ν) + O(ε) ✭♦ù W 1 (µ, ν) ❡st •❛ ✈❛•❡✉r ♠✐♥✐♠❛•❡ ❞❡ •✬é♥❡r❣✐❡ ❞❡ ▼♦♥❣❡✮ ✿ ❡♥ ❡✛❡t✱ ❞❛♥s ❝❡ ❝❛s✱ ❡♥ ♣r❡♥❛♥t ✉♥❡ s✉✐t❡ (T ε ) ε ❛✈❡❝ T ε ♠✐♥✐♠✐s❛♥t J ε ✱ ♦♥ ❛✉r❛✐t ✐♥❢♦r♠❡••❡♠❡♥t T ε → T ❡t J ε (T ε ) -W 1 ε = Ω |DT ε | 2 ❜♦r♥é ❝❡ q✉✐ ❡♥tr❡ ❡♥ ❝♦♥tr❛❞✐❝t✐♦♥ ❛✈❡❝ •❡ ❢❛✐t q✉❡ T s♦✐t ♦♣t✐♠❛• ✭♣✉✐sq✉❡✱ ♣♦✉r ✉♥ ♦♣t✐♠✉♠✱ Ω |DT | 2 ❡st ✐♥✜♥✐✮✳ ❖♥ r❡♠❛rq✉❡ ❛✉ ♣❛ss❛❣❡ ✉♥❡ ❛♥❛•♦❣✐❡✱ ❢♦r♠❡••❡ ♠❛✐s ♣r♦❢♦♥❞❡✱ ❛✈❡❝ ❝❡rt❛✐♥❡s q✉❡st✐♦♥s ✐ss✉❡s ❞❡ •❛ t❤é♦r✐❡ ❞❡ •✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ •✐♥③❜✉r❣✲▲❛♥❞❛✉ ❬✶✷✱ ✺✶✱ ✻✹(✳ ❊♥ ❡✛❡t✱ s✐ •✬♦♥ ❝❤❡r❝❤❡ ♣❛r ❡①❡♠♣•❡ à ♠✐♥✐♠✐s❡r u → 1 ε 2 Ω (1 -|u| 2 ) + Ω |∇u| 2 ❛✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉ ❜♦r❞ ❝♦♠♠❡ ✓ u ❞♦✐t êtr❡ ♣❛r❛••è•❡ à •❛ ❢r♦♥t✐èr❡ ✔✱ ♦♥ ✈♦✐t q✉❡ ❞❡✉① t❡r♠❡s s✬♦♣♣♦s❡♥t ❞❛♥s •❛ ❢♦♥❝t✐♦♥♥❡••❡ ✿ •✬✉♥ t❡♥❞ à sé•❡❝t✐♦♥♥❡r •❡s ✈❡❝t❡✉rs ✉♥✐t❛✐r❡s ✭❛✈❡❝ ❝♦♥❞✐t✐♦♥ ❛✉ ❜♦r❞✮✱ •✬❛✉tr❡ ❝❤❡r❝❤❡ ✉♥❡ ré❣✉•❛t✐té H 1 ❝❡ q✉✐ ❡st ✐♠♣♦ss✐❜•❡ ♣✉✐sq✉✬✐• ② ❛ ❢♦r❝é♠❡♥t •❛ ❝ré❛t✐♦♥ ❞✬✉♥ ✈♦rt❡①✳ ❉❛♥s ♥♦tr❡ ❝❛s✱ •❡s ❞❡✉① ♣❤é♥♦♠è♥❡s q✉✐ s✬♦♣♣♦s❡♥t s♦♥t •❡ ❢❛✐t q✉❡ T r❡s♣❡❝t❡ •❡s r❛②♦♥s ❞❡ tr❛♥s♣♦rt ♣♦✉r êtr❡ ♦♣t✐♠❛• ♣♦✉r •❡ ♣r♦❜•è♠❡ ❞❡ ▼♦♥❣❡ ✭❞♦♥❝ q✉❡ T ❞♦✐t ✓ ❡♥✈♦②❡r •✬♦r✐❣✐♥❡ s✉r ✉♥❡ ❝♦✉r❜❡ ❡♥ ❝♦♦r❞♦♥♥é❡s ♣♦•❛✐r❡s ✔✮ ❡t s♦♥ ❝❛r❛❝tèr❡ ❙♦❜♦•❡✈✳ ■• ② ❛ ❞♦♥❝ ❡♥ ❝♦♠♠✉♥ •❛ ❝ré❛t✐♦♥ ❞✬✉♥ ✓ ✈♦rt❡① ✔ ✭✐❝✐ •✬♦r✐❣✐♥❡✮ ❡t •❡ ❢❛✐t q✉❡ •❡ ❝♦ût ♠✐♥✐♠❛• ♣♦✉r J ε ♥✬❛❞♠❡t ♣❛s ❞❡ ❞é✈❡•♦♣♣❡♠❡♥t •✐♠✐té ❞✬♦r❞r❡ 1 ❡♥ ε✳ ■• ❢❛✐t ❡♥ ❢❛✐t ❛♣♣❛r❛îtr❡ ✉♥ t❡r♠❡ •♦❣❛r✐t❤♠✐q✉❡ ❀ ♣ré❝✐sé♠❡♥t✱ ♦♥ ♣r♦✉✈❡ q✉❡ inf J ε = W 1 + K 3 ε| log ε| + O(ε) ✶✻ ■♥tr♦❞✉❝t✐♦♥ ♦ù K ❡st ❞é✜♥✐ ♣❛r K = min π/2 0 (ϕ 2 + ϕ ′2 ) : R 1 (θ) ≤ ϕ(θ) ≤ R 2 (θ) ❝✬❡st✲à✲❞✐r❡ q✉❡ K ❡st •❡ ♠❡✐••❡✉r ✓ ❝♦ût ✔ ♣♦ss✐❜•❡✱ ❡♥ t❡r♠❡ ❞❡ ♥♦r♠❡ H 1 ✉♥✐❞✐♠❡♥s✐♦♥♥❡••❡ s✉r •✬✐♥✲ t❡r✈❛••❡ (0, π/2)✱ ♣♦✉r ❡♥✈♦②❡r •✬♦r✐❣✐♥❡ s✉r ✉♥❡ ❝♦✉r❜❡ r = ϕ(θ) ❝♦♠♣r✐s❡ ❞❛♥s •❡ ❞♦♠❛✐♥❡ ❞✬❛rr✐✈é❡✳ ❈❡ ❝♦♠♣♦rt❡♠❡♥t ♣❡✉t êtr❡ •✉st✐✜é ✐♥❢♦r♠❡••❡♠❡♥t ♣❛r ✉♥ ❝❛•❝✉• q✉✐ ♠è♥❡ à •✬❛♣♣r♦①✐♠❛t✐♦♥ J ε (T ε ) = W 1 + 1 3 ε| log ε|||ϕ(0, •)|| 2 H 1 + O(ε) ♣♦✉r T (x) = ϕ(x) x |x| ❡t T ε → T ✳ ❆✉tr❡♠❡♥t ❞✐t✱ ♥♦♥ s❡✉•❡♠❡♥t •❡ ✓ ❞é✈❡•♦♣♣❡♠❡♥t •✐♠✐té ✔ ❞❡ J ε ❢❛✐t ❛♣♣❛r❛îtr❡ ✉♥ t❡r♠❡ ❞✬♦r❞r❡ ε| log ε|✱ ♠❛✐s •❛ q✉❛♥t✐té q✉❡ •✬♦♥ ✓ ré❝✉♣èr❡ ✔ ❢❛✐t ✐♥t❡r✈❡♥✐r •❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡ T ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ •✬♦r✐❣✐♥❡ s❡✉•❡♠❡♥t✱ ❝✬❡st✲à✲❞✐r❡ ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ •✬✉♥✐q✉❡ ✐♥t❡rs❡❝t✐♦♥ ❞❡s r❛②♦♥s ❞❡ tr❛♥s♣♦rt ✭q✉✐ ❡st ❛✉ss✐ •❡ ♣♦✐♥t s✐♥❣✉•✐❡r ♣♦✉r t♦✉s •❡s tr❛♥s♣♦rts ♦♣t✐♠❛✉①✮✳ ◆♦t♦♥s é❣❛•❡♠❡♥t q✉❡ ❝❡tt❡ q✉❛♥t✐té ♥❡ ❢❛✈♦r✐s❡ ♣❛s •❡ tr❛♥s♣♦rt ♠♦♥♦t♦♥❡✱ ❛✉ s❡♥s ♦ù •❛ ❢♦♥❝t✐♦♥ R 1 ♣❡✉t✱ s❡•♦♥ •❛ ❢♦r♠❡ ❞✉ ❞♦♠❛✐♥❡ Ω ′ ✱ ♥❡ ♣❛s êtr❡ ♦♣t✐♠❛•❡ ❛✉ s❡♥s ❞❡ •❛ ♥♦r♠❡ ❙♦❜♦•❡✈✳ ❚♦✉t❡s ❝❡s r❡♠❛rq✉❡s s♦♥t ❞❡s ❝♦♥séq✉❡♥❝❡s ❞✉ t❤é♦rè♠❡ s✉✐✈❛♥t ✿ ❚❤é♦rè♠❡ ✭✸✳✸✳✶✱ ♣❛r❛❣r❛♣❤❡ ✸✳✸✳✸✮✳ ❖♥ ♥♦t❡ F ε : T → 1 ε J ε (T ) -W 1 - K 3 ε| log ε| ❡t F (T ) =      +∞ s✐ T / ∈ O 1 (µ, ν) 1 0 (||ϕ(r, •)|| 2 -K) ❞r r + 1 0 ||∂ r ϕ(r, •)|| 2 L 2 r ❞r s✐ T ∈ O 1 (µ, ν), T (x) = ϕ(r, θ) x |x| ✶✳ ❙♦✐t (T ε ) ε ✉♥❡ ❢❛♠✐••❡ ❞❡ ❢♦♥❝t✐♦♥s t❡••❡ q✉❡ (F ε (T ε )) ε s♦✐t ❜♦r♥é❡✳ ❆•♦rs ♦♥ ♣❡✉t tr♦✉✈❡r ✉♥❡ s✉✐t❡ ε k → 0 ❡t ✉♥❡ ❢♦♥❝t✐♦♥ T t❡••❡s q✉❡ T ε k → T ❞❛♥s L 2 (Ω)✳ ✷✳ ■• ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ C q✉✐ ♥❡ ❞é♣❡♥❞ q✉❡ ❞❡s ❞♦♠❛✐♥❡s Ω✱ Ω ′ ❡t ❞❡s ♠❡s✉r❡s f ✱ g t❡••❡ q✉❡✱ ♣♦✉r t♦✉t❡ ❢❛♠✐•••❡ ❞❡ ❢♦♥❝t✐♦♥s (T ε ) ε>0 ✈ér✐✜❛♥t T ε → T ❞❛♥s L 2 (Ω)✱ ♦♥t ❛✐t •✬✐♥é❣❛•✐té lim inf ε→0 F ε (T ε ) ≥ F (T ) -C ✸✳ ❉❡ ♣•✉s✱ ✐• ❡①✐st❡ ✉♥❡ ❢❛♠✐••❡ ❞❡ ❢♦♥❝t✐♦♥s (T ε ) ε>0 t❡••❡ q✉❡ (F ε ) ε ❡st ❡♥ ❡✛❡t ❜♦r♥é❡✳ ◆♦t♦♥s q✉✬✐• s✬❛❣✐t ♣r❡sq✉❡ ❞✬✉♥ rés✉•t❛t ❞❡ Γ✲❝♦♥✈❡r❣❡♥❝❡✱ ❛✉ s❡♥s ♦ù ♦♥ ❛ ✉♥❡ ✐♥é❣❛•✐té ❞❡ t②♣❡ Γ✲•✐♠✐♥❢ ♠❛✐s q✉✬✐• r❡st❡r❛✐t à ♠♦♥tr❡r •❛ Γ✲•✐♠s✉♣ ❀ ♦♥ s✬❛tt❡♥❞ à ❝❡ q✉❡ F ε Γ -→ ε F -C ′ ♦ù C ′ ❡st ✉♥❡ ❝♦♥st❛♥t❡ à ♣ré❝✐s❡r✳ ✵✳✸✳✹ ❆✉tr❡s ❢♦r♠✉•❛t✐♦♥s ❡t ♣❡rs♣❡❝t✐✈❡s ▲❡s tr♦✐s ♣r❡♠✐❡rs ❝❤❛♣✐tr❡s ❞❡ ❝❡tt❡ t❤ès❡ s♦♥t ❞♦♥❝ ❝♦♥s❛❝ré❡s ❛✉① q✉❡st✐♦♥s ❝•❛ss✐q✉❡s ❡♥ ❝❛•❝✉• ❞❡s ✈❛r✐❛t✐♦♥s ✭❞♦♥♥❡r ✉♥❡ ❢♦r♠✉•❛t✐♦♥ ♣ré❝✐s❡ ❞✉ ♣r♦❜•è♠❡ ❞❛♥s •❡s ❜♦♥s ❡s♣❛❝❡s ❢♦♥❝t✐♦♥♥❡•s✱ ét✉❞✐❡r •✬❡①✐s✲ t❡♥❝❡ ❞❡ ♠✐♥✐♠✐s❡✉rs ❡t •❡s ❝♦♥❞✐t✐♦♥s ❞✬♦♣t✐♠❛•✐té✱ ❡t ét✉❞✐❡r •❛ ✓ sé•❡❝t✐♦♥ ✔ ❞✬✉♥ ♠✐♥✐♠✐s❡✉r ♣❛r ✉♥❡ ♣r♦❝é❞✉r❡ ❞❡ t②♣❡ Γ✲❝♦♥✈❡r❣❡♥❝❡✮ ❛✉t♦✉r ❞❡ ❝❡tt❡ ♥♦✉✈❡••❡ ❝•❛ss❡ ❞❡ ♣r♦❜•è♠❡s✳ ❈❡s q✉❡st✐♦♥s ét❛✐❡♥t ♥❛t✉r❡••❡s ❡t •❡✉r ét✉❞❡ ♥é❝❡ss❛✐r❡✱ ♠❛✐s ❝❤❛❝✉♥❡ ❞✬❡♥tr❡ ❡••❡s ét❛✐t ❡①♣r✐♠é❡ ❞✬✉♥❡ ❢❛ç♦♥ ✓ ❜❛s✐q✉❡ ✔ ❞✉ ♣♦✐♥t ❞❡ ✈✉❡ ❞✉ ♣r♦❜•è♠❡ ❞❡ tr❛♥s♣♦rt✱ ❛✉ s❡♥s s✉✐✈❛♥t ✿ ✐• s✬❛❣✐t ❞❡ •✬ét✉❞❡ ❞✬✉♥ ♣r♦❜•è♠❡ ✓ st❛t✐q✉❡ ✔ ✭♦ù s❡✉•s ❛♣♣❛r❛✐ss❡♥t •❡ ♣♦✐♥t ❞❡ ❞é♣❛rt✱ •❡ ♣♦✐♥t ❞✬❛rr✐✈é❡ ❡t •❛ ❞é❢♦r♠❛t✐♦♥ r❡♣rés❡♥té❡ ♣❛r •❛ ♠❛tr✐❝❡ •❛❝♦❜✐❡♥♥❡✮ ❡t ♦♥ ♥✬❛ ♣❛s ❝❤❡r❝❤é à ❡①♣•♦✐t❡r ✉♥❡ ❢♦r♠❡ ❞❡ r❡•❛①❛t✐♦♥ ❝♦♠♠❡ ✐• ❡st ♥é❝❡ss❛✐r❡ ❞❡ •❡ ❢❛✐r❡ ❞❛♥s •❛ t❤é♦r✐❡ ✉s✉❡••❡ ❞✉ tr❛♥s♣♦rt ♦♣t✐♠❛• ❀ ❞✬✉♥❡ ❝❡rt❛✐♥❡ ❢❛ç♦♥✱ ♦♥ ❡st ✈r❛✐♠❡♥t ❞❛♥s •❡ ❝❛s ét✉❞✐é ♣❛r ▼♦♥❣❡✱ q✉✐ ❞❛t❡ ♠❛✐♥t❡♥❛♥t ❞❡ ♣•✉s ❞❡ ❞❡✉① s✐è❝•❡s ✦ ▲❡ ❞❡r♥✐❡r ❝❤❛♣✐tr❡ ❞♦♥♥❡ •❡s ✐❞é❡s ❡ss❡♥t✐❡••❡s✱ •❡s rés✉•t❛ts ❡s♣érés ❡t ❝❡rt❛✐♥❡s •✉st✐✜❝❛t✐♦♥s ✐♥❢♦r✲ ♠❡••❡s ♦✉ ❝❛•❝✉•s ♣✉r❡♠❡♥t ❢♦r♠❡•s ❞❛♥s ❞❡s ❝❛s ♣❛rt✐❝✉•✐❡rs ♣♦✉r •✬ét✉❞❡ ❞❡ ❝❡s ❞❡✉① ❛♣♣r♦❝❤❡s ❛•t❡r♥❛✲ t✐✈❡s ❞✉ ♣r♦❜•è♠❡ ❞❡ ✓ tr❛♥s♣♦rt ❛✈❡❝ ♣é♥❛•✐s❛t✐♦♥ ❡♥ ❣r❛❞✐❡♥t ✔✳ ❋♦r♠✉•❛t✐♦♥s ❞②♥❛♠✐q✉❡s✳ ▲❛ ❢♦r♠✉•❡ q✉✐ ✈✐❡♥t •❡ ♣•✉s ♥❛t✉r❡••❡♠❡♥t à •✬❡s♣r✐t ❝♦♥s✐st❡ s✐♠♣•❡♠❡♥t à r❡♣r❡♥❞r❡ ❝❡••❡ ❞♦♥♥é❡ ♣❛r ❇❡♥❛♠♦✉ ❡t ❇r❡♥✐❡r ❡♥ r❡♠♣•❛ç❛♥t t♦✉t❡s •❡s ♥♦r♠❡s L 2 ♣❛r ❞❡s ♥♦r♠❡s H 1 ✿ ✐• s✬❛❣✐r❛✐t ❞♦♥❝ ❞✬ét✉❞✐❡r •❡s •✐❡♥s ❡♥tr❡ d(µ, ν) = inf Ω (|T (x) -x| 2 + |D µ (T -✐❞)| 2 (x)) ❞µ(x) : T ∈ H 1 µ (Ω), T # µ = ν ❡t inf 1 0 ||v t || 2 H 1 ρ t ❞t : ∂ t ρ t + div(ρ t v t ) = 0, ρ 0 = µ, ρ 1 = ν ❊♥ ❢❛✐t✱ ♦♥ s✬❛♣❡rç♦✐t ❛ss❡③ ✈✐t❡ q✉❡ ❝❡tt❡ ❢♦r♠✉•❡ ♥❡ ❝♦♥✈✐❡♥t ♣❛s t❡••❡ q✉❡••❡ ❞✉ ❢❛✐t✱ ♣❛r ❡①❡♠♣•❡✱ q✉❡ •❛ ♣r❡♠✐èr❡ q✉❛♥t✐té ♥✬❛ ❛ ♣r✐♦r✐ ❛✉❝✉♥❡ r❛✐s♦♥ ❞❡ ❞é✜♥✐r ✉♥❡ ❞✐st❛♥❝❡ ❡♥tr❡ µ ❡t ν✳ ❖♥ ♣❡✉t ❝♦rr✐❣❡r ❝❡•❛ ❡♥ ❝♦♥s✐❞ér❛♥t •✬❛♣♣•✐❝❛t✐♦♥ d : (µ, ν) → inf i d(ρ i , ρ i+1 ) : n ∈ N, µ = ρ 0 , ρ 1 , . . . , ρ n = ν ∈ P(R d ) ❉❛♥s ❝❡ ❝❛s✱ ♦♥ ♣❛r✈✐❡♥t à ❞é♠♦♥tr❡r ❛✉ ♠♦✐♥s ✉♥❡ ✐♥é❣❛•✐té✱ à s❛✈♦✐r 1 0 R d (|v(x, t)| + |Dv(x, t)| 2 ) ❞ρ t (x) ❞t ≥ d(µ, ν) ♣♦✉r ✉♥❡ ❢❛♠✐••❡ (v, ρ) ❛ss❡③ ré❣✉•✐èr❡ s❛t✐s❢❛✐s❛♥t •✬éq✉❛t✐♦♥ ❞❡ ❝♦♥t✐♥✉✐té ❡t r❡•✐❛♥t µ à ν ❀ •✬✐♥é❣❛•✐té ✐♥✈❡rs❡ s❡♠❜•❡ ❡••❡ ❞✐✣❝✐•❡ à ét❛❜•✐r✱ ❞✉ ❢❛✐t q✉✬✉♥❡ ❝♦✉r❜❡ ❞❡ ♠❡s✉r❡s ♣❡✉t ❛✈♦✐r ❞❡s ✈❛•❡✉rs ♥♦♥ ré❣✉•✐èr❡s ✭ρ t ♣❡✉t êtr❡ ✉♥❡ ♠❡s✉r❡ ♣♦✉r •❛q✉❡••❡ •❛ str❝✉t✉r❡ ❞❡ •✬❡s♣❛❝❡ H 1 ρt ♥✬❡st ♣❛s ❝•❛✐r❡✮ ❡t ❛✉ss✐ ❞✉ ❢❛✐t q✉✬✉♥ ♦♣t✐♠✐s❡✉r ♣♦✉r •❡ ♣r♦❜•è♠❡ ❞❡ tr❛♥s♣♦rt ❛✈❡❝ ❣r❛❞✐❡♥t ♥✬❛ ♣❛s✱ ❡♥ rè❣•❡ ❣é♥ér❛•❡✱ ❞❡ ❢♦r♠❡ ✓ ❝♦♥♥✉❡ ✔ ❝♦♠♠❡ ❝✬❡st •❡ ❝❛s ♣♦✉r •❡ tr❛♥s♣♦rt ❞❡ ❇r❡♥✐❡r ✉s✉❡• ✭❣r❛❞✐❡♥t ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡✮✳ ▲❛ q✉❡st✐♦♥ ❞❡ s❛✈♦✐r s✐ ❝❡tt❡ ✐♥é❣❛•✐té ❡st ✉♥❡ é❣❛•✐té ❡st ♣♦✉r •❡ ♠♦♠❡♥t ♦✉✈❡rt❡ ❀ ❞❛♥s •❡ ❝❛s ❞❡ d✱ ❝✬❡st✲à✲❞✐r❡ s✐ •✬♦♥ r❡✈✐❡♥t ❛✉ ♣r♦❜•è♠❡ st❛t✐q✉❡ ♦r✐❣✐♥❡•✱ ♦♥ ❞♦♥♥❡ ❛✉ss✐ ✉♥ ❡①❡♠♣•❡ ❞❡ ❝❛•❝✉• ❞❛♥s ✉♥ ❝❛s très ♣❛rt✐❝✉•✐❡r q✉✐ s✉❣❣èr❡ ✉♥❡ ❢♦r♠✉•❛t✐♦♥ ❞✐✛ér❡♥t❡✱ ♦ù ✐♥t❡r✈✐❡♥t •✬✐♥✈❡rs❡ ❞❡ •❛ ❞❡♥s✐té ❞❡ •❛ ♠❡s✉r❡ ρ t ✱ à s❛✈♦✐r ||T -✐❞|| H 1 = 1 0 (||v t || 2 L 2 ρ t + ||v ′ t || 2 L 2 1/ρ t ) ❞t s✐ T ❡st ✉♥ tr❛♥s♣♦rt s✉r •❛ ❞r♦✐t❡ ré❡••❡ ❡t s✐ •❛ ♠❡s✉r❡ ❞❡ ❞é♣❛rt µ ❡st •❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡✳ ❋♦r♠✉•❛t✐♦♥ r❡•❛①é❡ ✓ à •❛ ❑❛♥t♦r♦✈✐t❝❤ ✔✳ ❈♦♠♠❡ ♦♥ •✬❛ ❞é•à ❞✐t ❞❛♥s •❡ ♣❛r❛❣r❛♣❤❡ ❝♦♥s❛❝ré✱ •❡ ♣♦✐♥t ❞❡ ❞é♣❛rt ❞❡ •❛ ❞é♠❛r❝❤❡ ❞❡ ❑❛♥t♦r♦✈✐t❝❤ ❡st •✬é❣❛•✐té Ω c(x, T (x)) ❞µ(x) = Ω×Ω ′ c(x, y) ❞γ T (x, y) ✶✽ ■♥tr♦❞✉❝t✐♦♥ ✈r❛✐❡ ❞ès •♦rs q✉❡ γ T ❡st •❡ ♣•❛♥ ❞❡ tr❛♥s♣♦rt ✐♥❞✉✐t ♣❛r •✬❛♣♣•✐❝❛t✐♦♥ T ✳ P♦✉r tr♦✉✈❡r ✉♥❡ ❢♦r♠✉•❛t✐♦♥ éq✉✐✈❛•❡♥t❡ ❞❛♥s •❡ ❝❛s ❞❡ •❛ ♣é♥❛•✐s❛t✐♦♥ ❡♥ ❣r❛❞✐❡♥t✱ •❛ ❞✐✣❝✉•té rés✐❞❡ ❞❛♥s •❡ ❢❛✐t q✉❡ •❡ t❡r♠❡ ❛•♦✉té |DT | 2 ♥❡ ❢❛✐t ♣❛s s❡✉•❡♠❡♥t ✐♥t❡r✈❡♥✐r •❡ ♣♦✐♥t ❞❡ ❞é♣❛rt x ❡t •❡ ♣♦✐♥t ❞✬❛rr✐✈é❡ T (x)✳ ▲❛ s♦•✉t✐♦♥ ❝❤♦✐s✐❡✱ s✉❣❣éré❡ ❆•❡ss✐♦ ❋✐❣❛••✐ ✭❡t ❢❛✐s❛♥t •✬♦❜•❡t ❞✬✉♥ tr❛✈❛✐• ❡♥ ❝♦✉rs ❛✈❡❝ •✉✐✮✱ ❝♦♥s✐st❡ à ❛♣♣r♦①✐♠❡r •❡ ❝❛rré ❞❡ •❛ ♥♦r♠❡ L 2 ❞❡ •❛ ♠❛tr✐❝❡ •❛❝♦❜✐❡♥♥❡ ✭à ✉♥❡ ❝♦♥st❛♥t❡ ♠✉•t✐♣•✐❝❛t✐✈❡ ♣rès✮ ♣❛r (1 -s) Ω 2 |T (x) -T (y)| 2 |x -y| d+2s ❞x ❞y q✉✐ ❡st ❡♥ ❢❛✐t •❡ ❝❛rré ❞❡ •❛ ♥♦r♠❡ ❙♦❜♦•❡✈ ❢r❛❝t✐♦♥♥❛✐r❡ ❞✬❡①♣♦s❛♥t s ❞❡ T ✭s ❡st ✉♥ ♣❛r❛♠ètr❡ ♣♦s✐t✐❢ t❡♥❞❛♥t ✈❡rs 1 ♣❛r ✈❛•❡✉rs ✐♥❢ér✐❡✉r❡s✮✳ ❉❛♥s ❝❡ ❝❛s✱ ✐• ✈✐❡♥t ✐♠♠é❞✐❛t❡♠❡♥t q✉❡ ||T || 2 H s = (Ω×Ω ′ ) 2 (1 -s) |z -w| 2 |x -y| d+2s ❞γ T (x, z) ❞γ T (y, w) ❝✬❡st✲à✲❞✐r❡ q✉✬♦♥ ✐♥tè❣r❡ ♣❛r r❛♣♣♦rt à •❛ ♠❡s✉r❡ ♣r♦❞✉✐t γ ⊗ γ ✉♥ ❝♦ût ❞é♣❡♥❞❛♥t ❞❡ q✉❛tr❡ ✈❛r✐❛❜•❡s✱ ❞❡✉① ✈❛r✐❛❜•❡s ❞❡ ❞é♣❛rt x, y ❡t ❞❡✉① ✈❛r✐❛❜•❡s ❞✬❛rr✐✈é❡ z, w✳ ❈♦♥tr❛✐r❡♠❡♥t ❛✉ ❝❛s ❞✉ tr❛♥s♣♦rt ♦♣t✐♠❛• s❛♥s ❣r❛❞✐❡♥t✱ •❡ ❢❛✐t q✉❡ •❡ ♣•❛♥ ❞❡ tr❛♥s♣♦rt ♦♣t✐♠✐s❛♥t✱ ♣❛r ❡①❡♠♣•❡✱ Ω×Ω |z -x| 2 ❞γ(x, z) + (Ω×Ω ′ ) 2 (1 -s) |z -w| 2 |x -y| d+2s ❞γ(x, z) ❞γ(y, w) ❡st ✐♥❞✉✐t ♣❛r ✉♥❡ ❛♣♣•✐❝❛t✐♦♥ ❞❡ tr❛♥s♣♦rt ✈✐❡♥t r❛♣✐❞❡♠❡♥t ♣✉✐sq✉❡ s✐ ✉♥ ♣♦✐♥t x 0 ❡st ✓ ❡♥✈♦②é ✔ s✉r ❞❡✉① ♣♦✐♥ts z 1 ✱ z 2 ❞✐st✐♥❝ts✱ •✬✐♥té❣r❛•❡ ❞❡ |z -w| 2 |x -y| d+2s ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ x = y = x 0 ❡st ❛✉t♦♠❛t✐q✉❡♠❡♥t ✐♥✜♥✐❡✳ ❊♥ r❡✈❛♥❝❤❡✱ •❛ ❢♦♥❝t✐♦♥♥❡••❡ ❝♦♥s✐❞éré❡ ♥✬❡st ♣•✉s •✐♥é❛✐r❡ ♣❛r r❛♣♣♦rt à γ ❡t ✐• ❢❛✉t ❞♦♥❝ ❝♦♠♠❡♥❝❡r ♣❛r ❝♦♥s✐❞ér❡r •✬❡♥✈❡•♦♣♣❡ ❝♦♥✈❡①❡ ❞❛♥s •✬❡s♣❛❝❡ ❞❡s ♠❡s✉r❡s ❞❡ •✬❡♥s❡♠❜•❡ {γ ⊗ γ : γ ∈ Π(µ, ν)} ▲❡ ❢❛✐t q✉❡ •✬✐♥✜♠✉♠ ❞❡ ♥♦tr❡ ❝♦ût ❡♥ q✉❛tr❡ ✈❛r✐❛❜•❡s s✉r ❝❡tt❡ ❡♥✈❡•♦♣♣❡ ❝♦♥✈❡①❡ ✭q✉❡ •✬♦♥ ❝❤❡r❝❤❡ à ❞é❝r✐r❡ ♣❛r ❞❡s ❝♦♥tr❛✐♥t❡s s✐♠♣•❡s✮ ✈✐❡♥t ❞✬✉♥ é•é♠❡♥t ❞❡ •❛ ❢♦r♠❡ γ ⊗ γ ❡st ❡♥❝♦r❡ ✉♥❡ ❝♦♥•❡❝t✉r❡ ♣♦✉r •❡ ♠♦♠❡♥t✳ ❙♦✉s ❝❡tt❡ ❝♦♥•❡❝t✉r❡✱ ♦♥ ❡st ♥é❛♥♠♦✐♥s ❝❛♣❛❜•❡s ❞❡ ♠❡♥❡r ✉♥ r❛✐s♦♥♥❡♠❡♥t s✐♠✐•❛✐r❡ à •❛ ❞✉❛•✐té ❞❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐t❝❤ ❡t ❞✬♦❜t❡♥✐r ❢♦r♠❡••❡♠❡♥t ✭é✈❡♥t✉❡••❡♠❡♥t ❡♥ ❝♦♥s✐❞ér❛♥t ✉♥❡ ré❣✉•❛r✐s❛t✐♦♥ ❞✉ ❝♦ût ✓ ❙♦❜♦•❡✈ ❢r❛❝t✐♦♥♥❛✐r❡ ✔✱ q✉✐ ❛ ❛✉ss✐ •✬✐♥❝♦♥✈é♥✐❡♥t ❞❡ ♣rés❡♥t❡r ✉♥❡ s✐♥❣✉•❛r✐té ❡♥ x = y✮ ❞❡s ❝♦♥❞✐t✐♦♥s ❞✬♦♣t✐♠❛•✐té q✉✐ ❢♦♥t ❛♣♣❛r❛îtr❡✱ ♥♦t❛♠♠❡♥t✱ •✬♦♣ér❛t❡✉r •❛♣•❛❝✐❡♥ ❢r❛❝t✐♦♥♥❛✐r❡✳ ▲♦rsq✉❡ s t❡♥❞ ✈❡rs 1 ✭❡t s♦✉s rés❡r✈❡ q✉❡ •❡s ❛♥❛•♦❣✉❡s ❞❡s ♣♦t❡♥t✐❡•s ❞❡ ❑❛♥t♦r♦✈✐t❝❤✱ q✉✐ ❞é♣❡♥❞❡♥t ❞❡ s✱ ❛✐❡♥t ✉♥❡ •✐♠✐t❡✮✱ •✬✉♥❡ ❞❡ ❝❡s ❝♦♥❞✐t✐♦♥s ❞✬♦♣t✐♠❛•✐té ❞❡✈✐❡♥t ∇Φ(x) + C d ( t DT (x)∆T (x) + ∇(|DT | 2 )(x)) = T (x) ◆♦t♦♥s q✉✬✐• s✬❛❣✐t ❡①❛❝t❡♠❡♥t ❞❡ •❛ ♠ê♠❡ éq✉❛t✐♦♥ q✉❡ ❝❡••❡ ♦❜t❡♥✉❡ ❝♦♠♠❡ éq✉❛t✐♦♥ ❞✬❊✉•❡r✲▲❛❣r❛♥❣❡ ♣❛r •❛ ♠ét❤♦❞❡ ❞❡ ✓ ♣❡rt✉r❜❛t✐♦♥ ✔✳ ▲❡s q✉❡st✐♦♥s ♦✉✈❡rt❡s s✉r ❝❡ s✉•❡t s♦♥t ✈❛r✐é❡s ✲ à ❝♦♠♠❡♥❝❡r •❛ ❞é♠♦♥str❛t✐♦♥ ❞❡s ét❛♣❡s ♠❛♥q✉❛♥t❡s✱ ♥♦t❛♠♠❡♥t •✬ét✉❞❡ ❞❡ •✬❡♥✈❡•♦♣♣❡ ❝♦♥✈❡①❡ ❞❡s γ ⊗ γ ✲ ♠❛✐s ♦♥ ✐♥s✐st❡ s✉r •❡ ❢❛✐t q✉❡ •❡s ❝♦♥❞✐t✐♦♥s ❞✬♦♣t✐♠❛•✐té ♦❜t❡♥✉❡s ❝♦ï♥❝✐❞❡♥t ❡♥ ♣❛rt✐❡ ❛✈❡❝ ❝❡••❡s ♣r♦✈❡♥❛♥t ❞❡ •❛ ♠ét❤♦❞❡ ✓ ❝•❛ss✐q✉❡ ✔✳ ❈❤❛♣t❡r ✶ ❊①✐st❡♥❝❡ ♦❢ ♠✐♥✐♠✐③❡rs ❚❤✐s ❝❤❛♣t❡r ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠✐♥✐♠✐③❡rs ♦❢ t❤❡ ♣r♦❜•❡♠ inf Ω (c(x, T (x)) + |DT (x)| 2 ) ❞µ(x) : T # µ = ν ✇❤❡r❡✿ • Ω ✐s ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ♦❢ R d ✱ d ≥ 1❀ • µ ∈ P(Ω)✱ ν ∈ P(R d )❀ • c ✐s ❛ tr❛♥s♣♦rt ❝♦st ✭✐♥ ❣❡♥❡r❛• ✇❡ ✇✐•• s✐♠♣•② t❛❦❡ c(x, y) = |y -x| 2 ✮ ❆s ✇❡ ✇✐•• s❡❡ ❜❡•♦✇✱ t❤✐s ❢♦r♠✉•❛t✐♦♥ ✐s ❛❝t✉❛••② q✉✐t❡ ✐♥❢♦r♠❛• ✐♥ ❣❡♥❡r❛•✱ s♦ ✇❡ ✇✐•• ♣r❡❝✐s❡ ❛t ❡❛❝❤ t✐♠❡ ✐♥ ✇❤✐❝❤ ❢✉♥❝t✐♦♥❛• s♣❛❝❡ ✇❡ ❝❤♦♦s❡ t♦ ✇♦r❦✳ ✶✳✶ ❚❤❡ ❣❡♥❡r❛• str❛t❡❣② ✶✳✶✳✶ ▼❡t❤♦❞ ❛♥❞ ❡①✐st❡♥❝❡ ❢♦r r❡❣✉•❛r ♠❡❛s✉r❡s ❚❤❡ ❣❡♥❡r❛• str❛t❡❣② t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✐③❡r ✐s t❤❡ ❢♦••♦✇✐♥❣✿ ✜rst✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ s❡t ♦❢ tr❛♥s♣♦rt ♠❛♣s T ❢r♦♠ µ t♦ ν s✉❝❤ t❤❛t Ω |DT | 2 ❞µ < +∞ ✐s ♥♦♥✲❡♠♣t②❀ ✐t ✐s tr✉❡ ✐♥ ♠❛♥② ❝❛s❡s✱ ❢♦r ✐♥st❛♥❝❡ ✐❢ µ✱ ν ❛r❡ ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ✇✐t❤ ▲✐♣s❝❤✐t③ ❞❡♥s✐t② ♦♥ t✇♦ ❞♦♠❛✐♥s Ω✱ Ω ′ ✇✐t❤ r❡❣✉•❛r ❜♦✉♥❞❛r②✱ ❛♥❞ ✇❡ ✐♥ ❣❡♥❡r❛• ✇✐•• ♥♦t ❢♦❝✉s ♦♥ t❤✐s ❛ss✉♠♣t✐♦♥✳ ❚❤❡♥✱ ✇❡ ✉s❡ t❤❡ ❞✐r❡❝t ♠❡t❤♦❞ ♦❢ t❤❡ ❝❛•❝✉•✉s ♦❢ ✈❛r✐❛t✐♦♥s ❛♥❞ t❛❦❡ ❛ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡ (T n ) n ❢♦r ♦✉r ❢✉♥❝t✐♦♥❛•✳ ❚❤❡ ❢❛❝t t❤❛t |DT n | 2 ≤ C < +∞ ❢♦r ❡❛❝❤ n ❣✐✈❡s s♦♠❡ ❝♦♠♣❛❝t♥❡ss t♦ t❤❡ s❡q✉❡♥❝❡ (T n ) n ✱ ❛♥❞ ✇❡ ❝❛♥ ❡①tr❛❝t ❛ ❝♦♥✈❡r❣✐♥❣ s✉❜s❡q✉❡♥❝❡ t♦ ❛ ❝❡rt❛✐♥ ♠❛♣ T ✱ ✇❤❡r❡ t❤❡ ♠♦❞❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❡♥♦✉❣❤ t♦ ❤❛✈❡ t❤❡ ✐♠♣•✐❝❛t✐♦♥✿ T n → T ∀n, (T n ) # µ = ν =⇒ T # µ = ν s♦ t❤❛t t❤❡ •✐♠✐t T ✐s st✐•• ❛❞♠✐ss✐❜•❡✱ ❛♥❞ ✇❡ ❝♦♥❝•✉❞❡ ❜② s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛•✳ ❚❤❡ ♠♦❞❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ t❤❛t ✇❡ ♥❡❡❞ ✐s t②♣✐❝❛••② t❤❡ ♣♦✐♥t✇✐s❡ µ✲❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡✱ ❛s s❤♦✇s t❤❡ ❢♦••♦✇✐♥❣ ❡❛s② •❡♠♠❛✿ ✶✾ ✷✵ ❈❍❆P❚❊| ✶✳ ❊❳■❙❚❊◆❈❊ ❖❋ ▼■◆■▼■)❊|❙ ▲❡♠♠❛ ✶✳✶✳✶✳ ▲❡t (T n ) n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♠❡❛s✉r❛❜•❡ ♠❛♣s Ω → R d s✉❝❤ t❤❛t ∀n ∈ N, (T n ) # µ = ν ▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts T : Ω → R d s✉❝❤ t❤❛t T n (x) → T (x) ❢♦r µ✲❛✳❡✳ x ∈ Ω✳ ❚❤❡♥ T # µ = ν✳ Pr♦♦❢✳ ❚❤❡ ❢❛❝t t❤❛t (T n ) # µ = ν ❢♦r ❛♥② n ❝❛♥ ❜❡ tr❛♥s•❛t❡❞ ✇✐t❤ ∀n ∈ N, ∀ϕ ∈ C b (R d ), Ω ϕ(T n (x)) ❞µ(x) = R d ϕ(y) ❞ν(y) ■♥ t❤❡ •❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ t❤✐s ❡q✉❛•✐t②✱ s✐♥❝❡ ϕ ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❛♥❞ T n → T µ✲❛✳❡✳ ♦♥ Ω✱ t❤❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ♣r♦✈✐❞❡s Ω ϕ(T n (x)) ❞µ(x) → Ω ϕ(T (x)) ❞µ(x) s♦ t❤❛t Ω ϕ(T (x)) ❞µ(x) = Ω ϕ(y) ❞ν(y) ❢♦r ❛♥② ϕ ∈ C b (R d )✳ ❚❤✐s ❡①❛❝t•② ♠❡❛♥s t❤❛t T # µ = ν ❛♥❞ ❝♦♠♣•❡t❡s t❤❡ ♣r♦♦❢✳ ❖❢ ❝♦✉rs❡✱ t❤❡ ❞✐r❡❝t ♠❡t❤♦❞ ♦❢ t❤❡ ❝❛•❝✉•✉s ♦❢ ✈❛r✐❛t✐♦♥s ✐s ♥♦t ❡♥♦✉❣❤ ✐♥ t❤❡ ❝•❛ss✐❝❛• ♦♣t✐♠❛• tr❛♥s♣♦rt t❤❡♦r② ✭✇✐t❤♦✉t ✏❣r❛❞✐❡♥t t❡r♠✑✮✳ ■♥❞❡❡❞✱ t❤❡ ✉♥✐q✉❡ ❜♦✉♥❞ ♦♥ ❛ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡ ❢♦r t❤❡ tr❛♥s♣♦rt ❝♦st✱ ❡✳❣✳ ∀n ∈ N, Ω |T n (x) -x| 2 ❞µ(x) ≤ C < +∞ ✐♥✈♦•✈❡s t❤❡ L 2 ✲♥♦r♠ ♦❢ ❡❛❝❤ T n ✱ ❛♥❞ ✇❡ ❝❛♥ ♦♥•② ❡①tr❛❝t ❛ s❡q✉❡♥❝❡ (T n k ) k ✇❤✐❝❤ ❤❛s ❛ •✐♠✐t T ❢♦r t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ L 2 ✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ✐♠♣•✐❡s t❤❡ µ✲❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡✳ ❋♦r ✉s✱ t❤❡ ❡①✐st❡♥❝❡ r❡s✉•t ❝♦♠❡s ❢r♦♠ t❤✐s ♠❡t❤♦❞ ✉♥❞❡r s♦♠❡ ❛ss✉♠♣t✐♦♥s ♦♥ Ω ♦♥ µ✳ ❖♥❡ ❝❛♥ ❢♦r♠✉•❛t❡ ✐t ❛s ❢♦••♦✇s✿ Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✶✳ ▲❡t µ ∈ P(Ω) ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ❆ss✉♠❡ t❤❛t Ω ❤❛s ▲✐♣s❝❤✐t③ ❜♦✉♥❞❛r② ❛♥❞ t❤❛t t❤❡ ❞❡♥s✐t② f ♦❢ µ s❛t✐s✜❡s 0 < c ≤ f (x) ❢♦r ❛✳❡✳ x ∈ Ω✳ ▲❡t ν ∈ P(R d ) s✉❝❤ t❤❛t ∃ T ∈ H 1 (Ω), T # µ = ν ▲❡t L ❜❡ ❛ ❢✉♥❝t✐♦♥ Ω × R d × M d (R) → R s✉❝❤ t❤❛t✿ • ❢♦r ❛♥② (u, ξ)✱ t❤❡ ❢✉♥❝t✐♦♥ x → L(x, u, ξ) ✐s ♠❡❛s✉r❛❜•❡✱ ❛♥❞ ❢♦r ❛♥② x✱ t❤❡ ❢✉♥❝t✐♦♥ (u, ξ) → L(x, u, ξ) ✐s ❝♦♥t✐♥✉♦✉s❀ • t❤❡r❡ ❡①✐sts α > 0 s✉❝❤ t❤❛t L(x, u, ξ) ≥ α|ξ| 2 ✱ ❢♦r ❛♥② (x, u, ξ)❀ • ❢♦r ❛♥② (x, u)✱ t❤❡ ❢✉♥❝t✐♦♥ ξ → L(x, u, ξ) ✐s ❝♦♥✈❡① ♦♥ M d (R)✳ ❚❤❡♥ t❤❡ ♣r♦❜•❡♠ inf Ω L(x, T (x), DT (x)) f (x) ❞x ❛❞♠✐ts ❛t •❡❛st ♦♥❡ s♦•✉t✐♦♥✳ ✶✳✷✳ ❙❖❇❖▲❊❱ ❙P❆❈❊❙ ❲■❚❍ |❊❙P❊❈❚ ❚❖ ❆ ▼❊❆❙❯|❊ ✷✶ Pr♦♦❢✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② J t❤❡ ❢✉♥❝t✐♦♥❛• t❤❛t ✇❡ ❛r❡ tr②✐♥❣ t♦ ♠✐♥✐♠✐③❡✿ J : T ∈ H 1 (Ω) → Ω L(x, T (x), DT (x)) f (x) ❞x ❆s ❛♥♥♦✉♥❝❡❞✱ ✇❡ t❛❦❡ ❛ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡ (T n ) n ❀ ✐♥ ♣❛rt✐❝✉•❛r✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t ∀n ∈ N, Ω |DT n (x)| 2 ❞x ≤ C ❛♥❞ (T n ) n ✐s ❜♦✉♥❞❡❞ ✐♥ H 1 (Ω)✳ ❇② ❛♣♣•②✐♥❣ t❤❡ |❡••✐❝❤ t❤❡♦r❡♠ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✸✽(✱ s❡❝t✐♦♥ ✺✳✼ ♦r ❬✶(✱ ❝❤❛♣✳ ✻✮✱ ✇❡ ❡①tr❛❝t ❢r♦♠ ✐t ❛ ❝♦♥✈❡r❣❡♥❝❡ s✉❜s❡q✉❡♥❝❡ (T n k ) k ✇❤✐❝❤ ❤❛s ❛ •✐♠✐t T ❢♦r t❤❡ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ L 2 (Ω)✱ ❛♥❞ ✉♣ t♦ ❛ s❡❝♦♥❞ ❡①tr❛❝t✐♦♥ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t T n k (x) -→ k T (x) ❢♦r ❛✳❡✳ x ∈ Ω✳ ❚❤❡ •❡♠♠❛ ✶✳✶✳✶ ❣✐✈❡s ✉s t❤❛t T # µ = ν✳ ▼♦r❡♦✈❡r✱ t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ L ❣✉❛r❛♥t❡❡ t❤❛t J ✐s •♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✭s❡❡ t❤❡ ❚❤❡♦r❡♠ ❆✳✷✳✶ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✮✳ ❚❤✐s ❝♦♠♣•❡t❡s t❤❡ ♣r♦♦❢✳ ✶✳✶✳✷ ❉✐✣❝✉•t✐❡s ❢♦r ❛ ❣❡♥❡r✐❝ ♠❡❛s✉r❡ ■♥ ❛ ✜rst ❛♥❛•②s✐s✱ t❤❡ ❦❡② ♣♦✐♥t ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢ ✇❛s t❤❡ ❢❛❝t t❤❛t ✇❡ ✇♦r❦ ✐♥ ❛ ❢✉♥❝t✐♦♥❛• s♣❛❝❡ ✇❤❡r❡ ❛♥② ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ❛❞♠✐ts ❛ ♣♦✐♥t✇✐s❡ ❝♦♥✈❡r❣❡♥t s✉❜s❡q✉❡♥❝❡ ❛✳❡✳ ❢♦r t❤❡ s♦✉r❝❡ ♠❡❛s✉r❡✳ ❆❝t✉❛••②✱ t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ f ❤❡•♣s ❛•s♦ t♦ s✐♠♣•② ❣✐✈❡ ❛ s❡♥s❡ t♦ ♦✉r ❢✉♥❝t✐♦♥❛•✿ ✐❢ T ❜❡•♦♥❣s t♦ L 2 (Ω) ❛♥❞ ❛❞♠✐ts ❛ ❏❛❝♦❜✐❛♥ ♠❛tr✐① DT ✐♥ t❤❡ ✇❡❛❦ s❡♥s❡✱ ✇❡ ❤❛✈❡ t❤❡ ❡q✉✐✈❛•❡♥❝❡ T ∈ H 1 (Ω) ⇔ Ω |DT (x)| 2 f (x) ❞x < +∞ ❚❤✐s ❢❛❝t ❞♦❡s ♥♦t s✉❜s✐st ✐❢ t❤✐s ❛ss✉♠♣t✐♦♥ ♦♥ f ❢❛✐•s✱ ❛♥❞ ✇❡ ❛r❡ ❡✈❡♥ ♥♦t ❛❜•❡ t♦ ❞❡✜♥❡ t❤❡ ❡♥❡r❣② Ω |DT (x)| 2 ❞µ(x)✿ ❢♦r ✐♥st❛♥❝❡✱ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ ❛ ❣❡♥❡r✐❝ T ∈ L 2 (Ω) ❝❛♥ ❜❡ ♥♦t ✇❡••✲❞❡✜♥❡❞ µ✲❛✳❡✳ ✐❢ µ ❛❞♠✐ts ❛ ♥♦♥✲♥✉•• s✐♥❣✉•❛r ♣❛rt✳ ❚❤✐s •❡❛❞s ✉s t♦ ❢♦❝✉s ♦♥ t❤❡ t❤❡♦r② ♦❢ t❤❡ ❙♦❜♦•❡✈ s♣❛❝❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❣❡♥❡r✐❝ ♠❡❛s✉r❡s ❛♥❞ ❛♣♣•✐❝❛t✐♦♥s t♦ ♦✉r ❦✐♥❞ ♦❢ ✈❛r✐❛t✐♦♥❛• ♣r♦❜•❡♠s✳ ❚❤❡ ❝❡♥tr❛• q✉❡st✐♦♥s ✇✐•• st✐•• ❜❡ t❤❡ ❢♦••♦✇✐♥❣✿ ✶✳ ✐❢ T ∈ L 2 µ (Ω) d ✱ ❤♦✇ t♦ ❣✐✈❡ ❛ s❡♥s❡ ✭❢♦r ✐♥st❛♥❝❡✱ ✐❢ L 2 µ (Ω) ✐s ♥♦t ✐♥❝•✉❞❡❞ ✐♥ L 1 loc (Ω)✮ t♦ t❤❡ ❙♦❜♦•❡✈ ♥♦r♠ ♦❢ T ✇✐t❤ r❡s♣❡❝t t♦ µ ❛♥❞ t♦ ✐ts ❏❛❝♦❜✐❛♥ ♠❛tr✐①❄ ✷✳ ❞♦❡s t❤❡r❡ ❡①✐st ❛ ❝♦♠♣❛❝t♥❡ss r❡s✉•t ♦♥ t❤❡ s♣❛❝❡ H 1 µ (Ω) ✇❤✐❝❤ ❛••♦✇s ✉s t♦ ❛♣♣•② t❤❡ ❞✐r❡❝t ♠❡t❤♦❞ ♦❢ t❤❡ ❝❛•❝✉•✉s ♦❢ ✈❛r✐❛t✐♦♥s❄ ✶✳✷ ❙♦❜♦•❡✈ s♣❛❝❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♠❡❛s✉r❡ ✶✳✷✳✶ ❲❡✐❣❤t❡❞ ❙♦❜♦•❡✈ s♣❛❝❡s ✭❝❛s❡ µ ≪ L d ✮ ▲❡t ✉s ❛ss✉♠❡ ❛❣❛✐♥ t❤❛t µ ≪ L d ✱ ❛♥❞ ❞❡♥♦t❡ ❜② f ✐ts ❞❡♥s✐t②✳ ■♥ ❣❡♥❡r❛•✱ ❛ ✜rst ✐❞❡❛ t♦ ❞❡✜♥❡ t❤❡ ❙♦❜♦•❡✈ s♣❛❝❡ H 1 µ ❝♦♥s✐sts ✐♥ st✉❞②✐♥❣ t❤❡ s❡t ♦❢ ✭s❝❛•❛r✮ ❢✉♥❝t✐♦♥s u ∈ L 2 µ s✉❝❤ t❤❛t ∇u ❡①✐sts ✐♥ t❤❡ ✇❡❛❦ s❡♥s❡ ❛♥❞ ❜❡•♦♥❣s t♦ L 2 µ ✳ ❍❡r❡✱ ✐❢ f ✐s ♣♦s✐t✐✈❡ ♦♥ Ω✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥② u ∈ L 2 µ (Ω) Ω |u(x)| ❞x = Ω |u(x)| f (x) ❞x f (x) ≤ Ω |u(x)| 2 f (x) ❞x 1/2 Ω ❞x f (x) 1/2 ✭✶✳✶✮ ❚❤✐s s❤♦✇s t❤❛t ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ❛ss✉♠♣t✐♦♥ 1/f ∈ L 1 loc (Ω) ✭✶✳✷✮ ✷✷ ❈❍❆P❚❊| ✶✳ ❊❳■❙❚❊◆❈❊ ❖❋ ▼■◆■▼■)❊|❙ ✐♠♣•✐❡s t❤❡ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣ L 2 µ (Ω) ֒→ L 1 loc (Ω). ❛♥❞ ❛♥② ❡•❡♠❡♥t ♦❢ L 2 µ (Ω) ✐s ❛ r❡❣✉•❛r ❞✐str✐❜✉t✐♦♥ ❛♥❞ t❤✉s ❛❞♠✐ts ❛ ❣r❛❞✐❡♥t ✐♥ t❤❡ ✇❡❛❦ s❡♥s❡✳ ❲❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡ t❤❡ ❙♦❜♦•❡✈ s♣❛❝❡ ✇✐t❤ r❡s♣❡❝t t♦ f ✿ H 1 f (Ω) = u ∈ L 2 f (Ω) : ∇u ∈ L 2 f (Ω) d . ■❢ ✇❡ r❡♣•❛❝❡ t❤❡ ♣♦✇❡r 2 ✇✐t❤ ❛ ❣❡♥❡r✐❝ ❡①♣♦♥❡♥t p ∈ (1, +∞)✱ ❜② ❛♣♣•②✐♥❣ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t② ✐♥st❡❛❞ ♦❢ ✭✶✳✶✮✱ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✶✳✷✮ ✐s r❡♣•❛❝❡❞ ✇✐t❤ 1 f 1/(p-1) ∈ L 1 loc (Ω) ✭✶✳✸✮ ✇❤✐❝❤ ✐s ❛ ✇❡••✲❦♥♦✇♥ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ t♦ ❞❡✜♥❡ t❤❡ ✇❡✐❣❤t❡❞ ❙♦❜♦•❡✈ s♣❛❝❡ W 1,p f (Ω) ✇✐t❤ r❡s♣❡❝t t♦ f ✳ ❋♦r ❛ ❣❡♥❡r✐❝ ❞❡♥s✐t② f ∈ L ∞ ✱ ✐❢ ✇❡ s❡t M = x ∈ Ω : ∀ε > 0, B(x,ε)∩Ω 1 f 1/(p-1) = +∞ t❤❡♥ M ✐s t❤❡ ♠✐♥✐♠❛• ❝•♦s❡❞ s✉❜s❡t ♦❢ Ω s✉❝❤ t❤❛t (1/f ) 1/(p-1) ∈ L 1 loc (Ω -M )✱ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ❛❜♦✈❡ ❤♦•❞ ♦♥ t❤❡ s❡t Ω-M ✳ ❖♥❡ ❝❛♥ ❢♦r ✐♥st❛♥❝❡ t❛❦❡ ❢♦r ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✇❡✐❣❤t❡❞ ❙♦❜♦•❡✈ s♣❛❝❡ ✇✐t❤ r❡s♣❡❝t t♦ f W 1,p (Ω) := W 1,p (Ω -M ) ♦r W 1,p (Ω) := u ∈ L p (Ω) : u| Ω-M ∈ W 1,p (Ω -M ) ✭✶✳✹✮ ❲❡ r❡❢❡r t♦ ❬✺✺( ❢♦r ♠♦r❡ ❞❡t❛✐•s ❛❜♦✉t t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ✇❡✐❣❤t❡❞ ❙♦❜♦•❡✈ s♣❛❝❡s✳ ❋♦r ❛ ❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣ ♦❢ t❤✐s s♣❛❝❡ ✐♥t♦ L 1 ♦r L 1 f ✭✇❤✐❝❤ ✐s ❡♥♦✉❣❤ ❢♦r ✉s✮✱ t❤❡ ❚❤❡♦r❡♠ ✸ ♦❢ ❬✹✺( ✭❛♣♣•✐❡❞ ✇✐t❤ q = s = 1✮ ❣✐✈❡s ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ✇❡✐❣❤t f ✿ ❚❤❡♦r❡♠ ✶✳✷✳✶ ✭❬✹✺(✱ ❚❤❡♦r❡♠ ✸✮✳ ❆ss✉♠❡ t❤❛t Ω ❤❛s ▲✐♣s❝❤✐t③ ❜♦✉♥❞❛r② ❛♥❞ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ✭✶✳✸✮ ❤♦•❞s✳ ❆ss✉♠❡ ♠♦r❡♦✈❡r t❤❛t f ∈ L r (Ω) ❢♦r ❛ ❝❡rt❛✐♥ r > n✳ ❚❤❡♥ t❤❡ ❡♠❜❡❞❞✐♥❣ W 1,p f (Ω) ֒→ L 1 f (Ω) ✐s ❛ ❝♦♠♣❛❝t ♦♣❡r❛t♦r✳ ■♥ t❤✐s ❝❛s❡✱ ❢♦r ♦✉r ✈❛r✐❛t✐♦♥❛• ♣r♦❜•❡♠✱ ✇❡ ❝❛♥ ♠❛❦❡ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛s ✐❢ f ✇❛s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇✳ ✶✳✷✳✷ •❡♥❡r❛• ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ❙♦❜♦•❡✈ s♣❛❝❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♠❡❛s✉r❡ ❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❣❡♥❡r❛• r❡s✉•ts ❛❜♦✉t t❛♥❣❡♥t s♣❛❝❡s t♦ ❛ ❣❡♥❡r✐❝ ❇♦r❡• ♠❡❛s✉r❡ µ ❛♥❞ ❙♦❜♦•❡✈ s♣❛❝❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s ♠❡❛s✉r❡ ✭✇❡ ❤❡♥❝❡❢♦rt❤ ❞♦ ♥♦t ♠❛❦❡ ❛♥② ❛ss✉♠♣t✐♦♥ ♦♥ µ✮✳ ❚❤❡r❡ ❡①✐sts s❡✈❡r❛• ❞❡✜♥✐t✐♦♥s t♦ t❤❡s❡ ❙♦❜♦•❡✈ s♣❛❝❡s ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ♠❡tr✐❝ ♠❡❛s✉r❡ s♣❛❝❡s (X, d, µ)✱ ❢♦r ✐♥st❛♥❝❡ ✐♥ t❤❡ ♣❛♣❡rs ❜② ❙❤❛♥♠✉❣❛•✐♥❣❛♠ ❬✻✻(✱ ❍❛•➟❛s③ ❬✹✽( ♦r ❍❛•➟❛s③ ❛♥❞ ❑♦s❦❡•❛ ❬✺✵( ✭s❡❡ ❬✹✾( ❢♦r ❛ ❣•♦❜❛• s✉♠♠❛r② ♦❢ t❤❡s❡ ♥♦t✐♦♥s✮✳ ■♥ t❤❡ ❊✉❝•✐❞❡❛♥ s♣❛❝❡✱ ❛♥ ✉s✉❛• ♠❡t❤♦❞ ✐s t❤❡ ❢♦••♦✇✐♥❣✿ • ✇❡ ❣✐✈❡ ❛ s❡♥s❡ t♦ t❤❡ t❛♥❣❡♥t s♣❛❝❡ t♦ µ✱ ✇❤✐❝❤ ✐s ❛ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ µ✲❛✳❡✳ ❛♥❞ t❛❦✐♥❣ ✈❛•✉❡s ✐♥ t❤❡ s❡t ♦❢ •✐♥❡❛r s✉❜s♣❛❝❡s ♦❢ R d ❀ • t❤❡ ❣r❛❞✐❡♥t ✇✐t❤ r❡s♣❡❝t t♦ µ ❢♦r ❛ r❡❣✉•❛r ❢✉♥❝t✐♦♥ u ✐s t❤❡♥ ❞❡✜♥❡❞ ❜② ∇ µ u(x) = p Tµ(x) (∇u(x)) ❢♦r µ✲❛✳❡✳ x ∈ R d , ✇❤❡r❡ p Tµ(x) ✐s t❤❡ ♦rt❤♦❣♦♥❛• ♣r♦•❡❝t✐♦♥ ♦♥ T µ (x) ✐♥ R d ❀ • ✜♥❛••②✱ ✇❡ ❝♦♥s✐❞❡r ❢♦r t❤❡ ❙♦❜♦•❡✈ s♣❛❝❡ H 1 µ t❤❡ ❝•♦s✉r❡ ♦❢ C ∞ Ω ❢♦r t❤❡ ♥♦r♠ u ∈ C ∞ Ω → ||u|| L p µ + ||∇ µ u|| L p µ . ❚❤❡r❡ ❡①✐st s❡✈❡r❛• ✇❛②s t♦ ❞❡✜♥❡ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ♦❢ ❛ ❣❡♥❡r✐❝ ♠❡❛s✉r❡ µ✳ Pr❡✐ss ❬✻✸( ❣✐✈❡s ❛ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ t❤❡ ✐❞❡❛ ♦❢ ❜•♦✇✲✉♣✿ ❛ k✲❞✐♠❡♥s✐♦♥❛• s✉❜s♣❛❝❡ P µ ✐s s❛✐❞ t♦ ❜❡ ❛♥ ❛♣♣r♦①✐♠❛t❡ t❛♥❣❡♥t s♣❛❝❡ ♦❢ µ ❛t x ✐❢ ✇❡ ❤❛✈❡✱ ❢♦r s♦♠❡ θ > 0✱ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡ ✈❛❣✉❡ t♦♣♦•♦❣② ♦❢ ♠❡❛s✉r❡ ✇❤❡♥ ρ ❣♦❡s t♦ 0✿ µ(x + ρ • ) ⇀ θH k | Pµ . ■♥ ♦r❞❡r t♦ ❡①❛♠✐♥❡ ✈❛r✐❛t✐♦♥❛• ♣r♦❜•❡♠s✱ t❤❡ ✜rst ✇♦r❦ ✇❤✐❝❤ ♣r❡s❡♥ts t❤✐s ♥♦t✐♦♥ ✐♥ ❛ ✈❡❝t♦r ❢r❛♠❡✲ ✇♦r❦ ✐s t❤❡ ♣❛♣❡r ♦❢ ❇♦✉❝❤✐tté✱ ❇✉tt❛③③♦ ❛♥❞ ❙❡♣♣❡❝❤❡r ❬✶✹(✱ ♦r✐❣✐♥❛••② ❞♦♥❡ ❢♦r ❛♣♣•✐❝❛t✐♦♥s ♦♥ st✉❞②✐♥❣ ♦❢ ❡♥❡r❣✐❡s ✇❤✐❝❤ ❛r❡ ❝♦♥❝❡♥tr❛t❡❞ ♦♥ •♦✇✲❞✐♠❡♥s✐♦♥❛• str✉❝t✉r❡s ✭✇❡ ❛•s♦ r❡❢❡r t♦ t❤❡ s✉r✈❡② ♣❛♣❡r ❬✶✻( ❢♦r ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡s❡ ♥♦t✐♦♥s ✐♥ t❤✐s ❢r❛♠❡✇♦r❦✱ ❛♥❞ ♥♦t✐❝❡ t❤❛t ❬✶✼( ✐♥✈❡st✐❣❛t❡s s✐♠✐•❛r ♥♦t✐♦♥s ✇✐t❤ H 2 ✲♦r❞❡r ❡♥❡r❣✐❡s✮✳ ❚❤❡✐r ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ ❛ ❞✉❛•✐t② ❛r❣✉♠❡♥t✱ ✇❤✐❝❤ ❝♦♥s✐sts ✐♥ ❝❛••✐♥❣ ✏t❛♥❣❡♥t ✜❡•❞s t♦ µ✑ t❤❡ ✈❡❝t♦r ✜❡•❞s ❜❡•♦♥❣✐♥❣ t♦ X p ′ µ = {ϕ ∈ (L p ′ µ ) d : div(µϕ) ∈ L p ′ µ }, ✇❤❡r❡ t❤❡ ♦♣❡r❛t♦r div(µv) ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥❛• s❡♥s❡✳ ❚❤❡ t❛♥❣❡♥t s♣❛❝❡ x → Q µ (x) t♦ µ ❛t x ✐s t❤❡♥ ❞❡✜♥❡❞ t❤❛♥❦s t♦ t❤❡ ❢♦••♦✇✐♥❣ ♥♦t✐♦♥ ♦❢ ✏ µ✲❡ss❡♥t✐❛• ✉♥✐♦♥✑ ✭s❡❡ ❬✷✼(✮✿ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✭✉♣ t♦ ❛ µ✲♥❡❣•✐❣✐❜•❡ s❡t✮ ♠✉•t✐✲✈❛•✉❡❞ ❢✉♥❝t✐♦♥ Q µ : Ω → P(R d ) s✉❝❤ t❤❛t✿ ✶✳ ❢♦r µ✲❛✳❡✳ x ∈ Ω✱ Q µ (x) ✐s ❛ •✐♥❡❛r s✉❜s♣❛❝❡ ♦❢ R d ❀ ✷✳ ❢♦r ❛♥② ϕ ∈ X p ′ µ ✱ ❢♦r µ✲❛✳❡✳ x ∈ Ω✱ ϕ(x) ∈ Q µ (x)❀ ✸✳ ✐❢ Q ′ µ ✐s ❛ ♠✉•t✐✲✈❛•✉❡❞ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ t❤❡ t✇♦ ❛❜♦✈❡ ♣r♦♣❡rt✐❡s✱ t❤❡♥ Q µ (x) ⊆ Q ′ µ (x) ❢♦r µ✲ ❛✳❡✳ x ∈ Ω✳ ■♥ ❬✹✸(✱ ❋r❛❣❛•à ❛♥❞ ▼❛♥t❡❣❛③③❛ ❤❛✈❡ ♥♦t✐❝❡❞ t❤❛t✱ ✇✐t❤ t❤❡s❡ ♥♦t❛t✐♦♥s✱ ✇❡ ❤❛✈❡ t❤❡ ✐♥❝•✉s✐♦♥ Q µ (x) ⊆ P µ (x) ❢♦r µ✲❛✳❡✳ ♦❢ R d ✭❝❢✳ ❛•s♦ ❬✶✹✱ ▲❡♠♠❛ ✺✳✷(✮✳ ❲❡ r❡❢❡r t♦ ■•❛r✐❛ ❋r❛❣❛•à✬s P❤❉✳ t❤❡s✐s ❬✹✶( ❛♥❞✱ ❛❣❛✐♥✱ t❤❡ s✉r✈❡② ❬✶✻( ❢♦r ❛ ❝♦♠♣•❡t❡ ♦✈❡r✈✐❡✇ ❛♥❞ ♠♦r❡ ❞❡t❛✐•s ❛❜♦✉t t❤❡ ❞❡✜♥✐t✐♦♥s ❛❜♦✈❡✳ ✶✳✷✳✸ ❚❡❝❤♥✐❝❛• ❞❡✜♥✐t✐♦♥s ♦❢ t❛♥❣❡♥t✐❛• ❣r❛❞✐❡♥t ❛♥❞ ❙♦❜♦•❡✈ s♣❛❝❡s ✇✐t❤ r❡s♣❡❝t t♦ µ ■♥ t❤✐s ♣❛r❛❣r❛♣❤✱ ✇❡ r❡❝❛•• t❤❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❙♦❜♦•❡✈ s♣❛❝❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♠❡❛s✉r❡ t❤❛t ✇❡ ✉s❡ ❜❡•♦✇✳ ❋♦r t❡❝❤♥✐❝❛• r❡❛s♦♥s✱ s✐♥❝❡ ♦✉r ❣♦❛• ❝♦♥s✐sts ♦♥•② ✐♥ ❛♣♣•②✐♥❣ t❤❡s❡ ❞❡✜♥✐t✐♦♥s ♦♥ tr❛♥s♣♦rt ♣r♦❜•❡♠s✱ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ t♦ ♣r❡s❡♥t s♦♠❡ ❞❡✜♥✐t✐♦♥s ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ♣❛♣❡rs ❬✼✶✱ ✼✵( ✭✇❤✐❝❤ ✇❡r❡ ♠♦t✐✈❛t❡❞ ❜② s♦♠❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♣r♦❜•❡♠s s✐♠✐•❛r t♦ ❬✶✺(✮ ♦r ❬✶✼✱ ❙❡❝t✐♦♥ ✷(✳ ◆♦t✐❝❡ t❤❛t t❤❡s❡ t✇♦ ❛♣♣r♦❛❝❤❡s ❤❛✈❡ ♥♦t t♦ ❜❡ ♦♣♣♦s❡❞ ❛♥❞ ❛r❡ ❛❝t✉❛••② ♣r❡tt② ❡q✉✐✈❛•❡♥t ✭❛♥❞ t❤✐s ❡q✉✐✈❛•❡♥❝❡ ✐s ❤❡r❡ r✐❣♦r♦✉s•② s❤♦✇❡❞ ✐♥ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛• ❝❛s❡✱ s❡❡ ❜❡•♦✇✮✳ ✷✹ ❈❍❆P❚❊| ✶✳ ❊❳■❙❚❊◆❈❊ ❖❋ ▼■◆■▼■)❊|❙ ❉❡✜♥✐t✐♦♥ ✶✳✷✳✶✳ ❲❡ ❞❡✜♥❡ t❤❡ s♣❛❝❡ H 1 µ (Ω) ❛s t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s u ∈ L 2 µ (Ω) ✇❤✐❝❤ ❝❛♥ ❜❡ ❛♣♣r♦①✐✲ ♠❛t❡❞ ❜② ❛ s❡q✉❡♥❝❡ ♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ✇❤♦s❡ ❣r❛❞✐❡♥ts ❤❛✈❡ ❛ •✐♠✐t ✐♥ t❤❡ s♣❛❝❡ L 2 µ ✿ u ∈ H 1 µ ⇐⇒ ∃(u n ) n ∈ C ∞ Ω N , v ∈ (L 2 µ (Ω)) d : u n → u ∇v n → v ❢♦r t❤❡ L 2 µ ✲♥♦r♠. ❚❤❡ s❡t ♦❢ s✉❝❤ •✐♠✐ts v ✐s ❞❡♥♦t❡❞ ❜② Γ(u)✱ ❛♥❞ ✐ts ❡•❡♠❡♥ts ❛r❡ ❝❛••❡❞ ❣r❛❞✐❡♥ts ♦❢ u ✇✐t❤ r❡s♣❡❝t t♦ µ ✭♦r s✐♠♣•② ❣r❛❞✐❡♥ts ♦❢ u ✐❢ t❤❡r❡ ✐s ♥♦ ❛♠❜✐❣✉✐t②✮ ■♥ ❣❡♥❡r❛•✱ u ❝❛♥ ❤❛✈❡ ♠❛♥② ❣r❛❞✐❡♥ts ✭s❡❡ ❜❡•♦✇ t❤❡ ❡①❛♠♣•❡ ♦❢ ❛ ♠❡❛s✉r❡ s✉♣♣♦rt❡❞ ♦♥ ❛ s❡❣♠❡♥t ♦❢ R 2 ✮✳ ❍♦✇❡✈❡r✱ ✐❢ v 1 , v 2 ∈ Γ(u)✱ v 1 = lim n ∇ϕ n ❛♥❞ v 2 = lim n ∇ψ n ✇✐t❤ ϕ n , ψ n → u✱ ✐t ❢♦••♦✇s v 1 -v 2 = lim n ∇(ϕ n -ψ n ) ✇✐t❤ ϕ n -ψ n → 0 s♦ t❤❛t v 1 -v 2 ∈ Γ(0)❀ t❤❡r❡❢♦r❡✱ Γ(u) ✐s ❛ ❝•♦s❡❞ ❛✣♥❡ s✉❜s♣❛❝❡ ♦❢ L 2 µ (Ω) d ✱ ✇✐t❤ ❞✐r❡❝t✐♦♥ Γ(0)✳ ❲❡ ✇✐•• ❞❡✜♥❡ ✏t❤❡✑ ❣r❛❞✐❡♥t ♦❢ u ❛s ❜❡✐♥❣ ✐ts ❣r❛❞✐❡♥t ♦❢ ♠✐♥✐♠❛• L 2 µ ✲♥♦r♠✿ ❉❡✜♥✐t✐♦♥ ✶✳✷✳✷✳ ▲❡t u ∈ H 1 µ (Ω)✳ ❲❡ ❝❛•• t❛♥❣❡♥t✐❛• ❣r❛❞✐❡♥t ♦❢ u t❤❡ ♣r♦•❡❝t✐♦♥ ✭✐♥ t❤❡ ❍✐•❜❡rt s♣❛❝❡ L 2 µ ✮ ♦❢ t❤❡ ♥✉•• ❢✉♥❝t✐♦♥ ♦♥t♦ t❤❡ s✉❜s♣❛❝❡ Γ(u)✳ ■❢ v ✐s t❤✐s t❛♥❣❡♥t✐❛• ❣r❛❞✐❡♥t✱ ✇❡ ❞❡✜♥❡ t❤❡ H 1 µ ✲♥♦r♠ ♦❢ u ❜② ||u|| H 1 µ (Ω) = ||u|| 2 L 2 µ (Ω) + ||v|| 2 L 2 µ (Ω) d 1/2 ❚❤❡ ❢♦••♦✇✐♥❣ •❡♠♠❛ ✇✐•• ❜❡ ✏t❡❝❤♥✐❝❛••②✑ ✉s❡❢✉• ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡✿ ▲❡♠♠❛ ✶✳✷✳✶✳ ❚❤❡ t❤r❡❡ ❢♦••♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ tr✉❡✿ ✶✳ ✐❢ g ∈ Γ(0) ❛♥❞ a ∈ L ∞ (Ω) t❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ x → a(x)g(x) ❜❡•♦♥❣s t♦ Γ(0)❀ ✷✳ ✐❢ g ∈ L 2 µ (Ω) d ❛♥❞ a ∈ L ∞ (Ω)✱ ✐❢ p Γ ❞❡♥♦t❡s t❤❡ ♣r♦•❡❝t✐♦♥ ♦♥t♦ Γ(0) ✐♥ t❤❡ ❍✐•❜❡rt s♣❛❝❡ L 2 µ ✱ t❤❡♥ p Γ (ag) = a • p Γ (g) ✸✳ t❤❡ s♣❛❝❡ L ∞ (Ω) d ∩ Γ(0) ✐s ❞❡♥s❡ ✐♥ Γ(0)✳ Pr♦♦❢✳ ❋♦r t❤❡ ✜rst ❛ss❡rt✐♦♥✱ ✐❢ a ∈ C 1 (Ω) ❛♥❞ g ∈ Γ(0)✱ ❜② ✇r✐t✐♥❣ g = lim n ∇ϕ n ✇✐t❤ ϕ n → 0✱ ✇❡ ❤❛✈❡ ❢♦r ❡❛❝❤ n ∇(aϕ n ) = ∇a ϕ n + a ∇ϕ n → ag s♦ t❤❛t ag ✐s t❤❡ •✐♠✐t ♦❢ t❤❡ s❡q✉❡♥❝❡ (∇(aϕ n )) n ✇❤❡r❡ aϕ n → 0✱ ❛♥❞ ag ∈ Γ(0)✳ ❚❤❡ r❡s✉•t ✐s s❤♦✇♥ ✐❢ a ∈ C 1 (Ω)✱ ❛♥❞ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛♥② a ∈ L ∞ (Ω) ❜② ❞❡♥s✐t②✳ ❚♦ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ❛ss❡rt✐♦♥✱ •❡t ✉s s❡t g = p Γ (g)❀ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣r♦•❡❝t✐♦♥ ♦♥t♦ ❛ •✐♥❡❛r s✉❜s♣❛❝❡✱ ✇❡ ❤❛✈❡ g ∈ Γ(0) g -g ∈ Γ(0) ⊥ ❚❤❛♥❦s t♦ t❤❡ ✜rst ♣♦✐♥t✱ ag ∈ Γ(0) ❛♥❞ ❢♦r ❛♥② h ∈ Γ ✇❡ ❣❡t a(g -g), h = g -g, ah = 0 s✐♥❝❡ ah ∈ Γ(0) ✭❛❣❛✐♥ t❤❛♥❦s t♦ t❤❡ ✜rst ♣♦✐♥t✮✳ ❋✐♥❛••②✿ ag ∈ Γ(0) a(g -g) ∈ Γ(0) ⊥ ✇❤✐❝❤ ❡①❛❝t•② ♠❡❛♥s t❤❛t ag = p Γ (ag)✳ ❚❤❡ t❤✐r❞ ♣♦✐♥t ❝❛♥ ❜❡ s❤♦✇♥ ❜② r❡♠❛r❦✐♥❣ t❤❛t ✐❢ g ∈ Γ(0)✱ ✐❢ ✇❡ s❡t a n (x) = 1 |g(x)|≤n ✱ t❤❡♥ a n g ∈ Γ(0) ✭st✐•• t❤❛♥❦s t♦ t❤❡ ✜rst ♣♦✐♥t✮ ❛♥❞ a n g → g ❛s n → +∞✳ ✶✳✷✳ ❙❖❇❖▲❊❱ ❙P❆❈❊❙ ❲■❚❍ |❊❙P❊❈❚ ❚❖ ❆ ▼❊❆❙❯|❊ ✷✺ ❖♥❡ ❝❛♥ s❡❡ t❤❡ s❡t Γ(0) ❛s t❤❡ s❡t ♦❢ ❣r❛❞✐❡♥t ✈❡❝t♦r ✜❡•❞s ✇❤✐❝❤ ❛r❡ ♣♦✐♥t✇✐s❡•② ♦rt❤♦❣♦♥❛• t♦ t❤❡ ✏❞✐r❡❝t✐♦♥✑ ♦❢ t❤❡ ♠❡❛s✉r❡ µ✳ ❚❤✐s s✉❣❣❡sts t❤❡ ❢♦••♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡ t♦ µ✿ ❉❡✜♥✐t✐♦♥ ✶✳✷✳✸✳ ❲❡ ❞❡♥♦t❡ ❜② (e 1 , . . . , e d ) t❤❡ ❝❛♥♦♥✐❝❛• ❜❛s✐s ♦❢ R d ✱ ❛♥❞ s❡t ξ i = p Γ(0) (e i ) ✇❤❡r❡ t❤❡ ♣r♦•❡❝t✐♦♥ ✐s t❛❦❡♥ ✐♥ t❤❡ ❍✐•❜❡rt s♣❛❝❡ L 2 µ ✭✐✳❡✳ e i ✐s s❡❡♥ ❛s ❛ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ ♦♥ Ω✮✳ ❋♦r x ∈ Ω✱ ✇❡ ❞❡♥♦t❡ ❜② T µ (x) = (Vect(ξ 1 (x), . . . , ξ d (x))) ⊥ ❛♥❞ ❝❛•• T µ (x) ✭✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❢♦r µ✲❛✳❡✳ x ∈ Ω✮ t❤❡ t❛♥❣❡♥t s♣❛❝❡ t♦ µ ❛t x✳ ❚❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❛••♦✇s t♦ ♠❛❦❡ t❤❡ •✐♥❦ ❜❡t✇❡❡♥ t❛♥❣❡♥t s♣❛❝❡ ❛♥❞ ❣r❛❞✐❡♥t ✇✐t❤ r❡s♣❡❝t t♦ µ✿ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✷✳ ▲❡t v ∈ L 2 µ (Ω) d ✳ ❚❤❡♥ v ∈ Γ(0) ✐❢ ❛♥❞ ♦♥•② ✐❢✱ ❢♦r µ✲❛✳❡✳ x ∈ Ω✱ v(x) ⊥ T µ (x)✳ Pr♦♦❢✳ ❋♦r t❤❡ ❞✐r❡❝t ✐♠♣•✐❝❛t✐♦♥✱ •❡t ✉s t❛❦❡ ❛♥ ❡•❡♠❡♥t v ∈ Γ(0) ∩ L ∞ (Ω) d ❀ ✇❡ ✇r✐t❡ v(x) = λ 1 (x)e 1 + • • • + λ d (x)e d ✇✐t❤ λ 1 , . . . , λ d ∈ L ∞ (Ω)✳ ❚❛❦✐♥❣ t❤❡ ♣r♦•❡❝t✐♦♥ ♦♥t♦ Γ(0) ❛♥❞ ✉s✐♥❣ t❤❡ ✜rst s❡♥t❡♥❝❡ ♦❢ ▲❡♠♠❛ ✶✳✷✳✶✱ ✇❡ ❣❡t p Γ (v)(x) = v(x) = λ 1 (x)ξ i (x) + • + λ d (x)ξ i (x) ✇❤✐❝❤✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ T µ (x)✱ ❜❡•♦♥❣s t♦ ✐ts ♦rt❤♦❣♦♥❛• ❢♦r µ✲❛✳❡✳ x✳ ❚❤❡ ❛❜♦✈❡ •❡♠♠❛ ❛••♦✇s t♦ ❣❡♥❡r❛•✐③❡ ❢♦r ❛♥② v ∈ Γ(0) ❜② ❞❡♥s✐t② ♦❢ Γ(0) ∩ L ∞ ✐♥t♦ Γ(0)✳ ❋♦r t❤❡ ❝♦♥✈❡rs❡ ✐♠♣•✐❝❛t✐♦♥✱ •❡t ✉s ❞❡♥♦t❡ ❜② B t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s v ∈ L 2 µ (Ω) d s✉❝❤ t❤❛t✱ ❢♦r µ✲❛✳❡✳ x✱ v(x) ⊥ T µ (x)✳ ❲❡ ✇✐•• s❤♦✇ t❤❛t t❤❡ ❢✉♥❝t✐♦♥s ✇✐t❤ ❢♦r♠ x → a(x) d i=1 λ i ξ i (x) ✇❤❡r❡ a ∈ L ∞ (Ω) ❛♥❞ λ 1 , . . . , λ d ∈ R✱ ✇❤✐❝❤ ♦❢ ❝♦✉rs❡ ❜❡•♦♥❣ t♦ B✱ ❜❡•♦♥❣ ❛•s♦ t♦ Γ(0) ❛♥❞ ❢♦r♠ ❛ ❞❡♥s❡ s✉❜s❡t ♦❢ B✳ ❚❤✐s ✇✐•• ♣r♦✈✐❞❡ B ⊂ Γ(0)✱ ❛♥❞ t❤❡ r❡s✉•t ❢♦••♦✇s s✐♥❝❡ Γ(0) ✐s ❛ ❝•♦s❡❞ s✉❜s♣❛❝❡ ♦❢ L 2 µ ✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡s❡ ❢✉♥❝t✐♦♥s ❜❡•♦♥❣ t♦ Γ(0) ❝♦♠❡s ❛❣❛✐♥ ❢r♦♠ t❤❡ ✜rst s❡♥t❡♥❝❡ ♦❢ ▲❡♠♠❛ ✶✳✷✳✶✳ ▼♦r❡♦✈❡r✱ ✐❢ g ∈ B ✈❡r✐✜❡s ∀a ∈ L ∞ (Ω), ∀λ 1 , . . . , λ d ∈ R, g ⊥ a(x) d i=1 λ i ξ i (x) t❤❡♥ 0 = g(x), a(x) d i=1 λ i ξ i (x) = a(x), g(x) • d i=1 λ i ξ i (x) ❙✐♥❝❡ a ✐s ❛r❜✐tr❛r②✱ ✐t ❢♦••♦✇s t❤❛t g(x) • d i=1 λ i ξ i (x) = 0 ❢♦r ❛♥② λ 1 , . . . , λ d ∈ R ❛♥❞ µ✲❛✳❡✳ x ∈ Ω✱ t❤✉s g = 0✳ ❚❤✐s ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢✳ ❚❤✐s r❡s✉•t✱ ❝♦♠❜✐♥❡❞ t♦ t❤❡ ♦rt❤♦❣♦♥❛•✐t② ♣r♦♣❡rt② ♦❢ ∇ µ u ✐♥ L 2 µ ✱ ✐♠♣•✐❡s ❛ ♣♦✐♥t✇✐s❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t✐❛• ❣r❛❞✐❡♥t✿ ✷✻ ❈❍❆P❚❊| ✶✳ ❊❳■❙❚❊◆❈❊ ❖❋ ▼■◆■▼■)❊|❙ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✸✳ ▲❡t u ∈ H 1 µ ✳ ❚❤❡♥✱ ❢♦r v ∈ Γ(u)✱ t❤❡ ❢✉♥❝t✐♦♥ x ∈ Ω → p Tµ(x) (v(x)) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ v ❛♥❞ ♦♥•② ❞❡♣❡♥❞s ♦♥ u✳ ❚❤✐s ❢✉♥❝t✐♦♥ ❝♦✐♥❝✐❞❡s µ✲❛✳❡✳ ♦♥ Ω ✇✐t❤ t❤❡ t❛♥❣❡♥t✐❛• ❣r❛❞✐❡♥t ∇ µ u✳ Pr♦♦❢✳ ▲❡t ✉s t❛❦❡ v 1 = lim ∇ϕ n ✱ v 2 = lim ∇ψ n ✇✐t❤ ϕ n , ψ n → u✳ ❚❤❡♥ v 1 -v 2 = lim ∇(ϕ n -ψ n ) ∈ Γ(0)✱ s♦ t❤❛t (v 1 -v 2 )(x) ⊥ T µ (x) ❛♥❞ p Tµ(x) (v 1 (x)) = p Tµ(x) (v 2 (x)) ❢♦r µ✲❛✳❡✳ x ∈ Ω❀ t❤✐s ♣r♦✈❡s t❤❛t p Tµ(x) (v(x)) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❡•❡♠❡♥t v ∈ Γ(u)✳ ❲❡ ♥♦✇ s❡t v(x) = p Tµ(x) (v(x)) ❢♦r ❛ ❣❡♥❡r✐❝ v ∈ Γ(u) ❛♥❞ ❞❡♥♦t❡ ❜② w t❤❡ ✈❡❝t♦r ✜❡•❞ s✉❝❤ t❤❛t v(x) = v(x) + w(x) ✇✐t❤ w(x) ⊥ T µ (x) ❛♥❞ s✐♥❝❡ v ⊥ w µ✲❛✳❡✳ ♦♥ Ω ✇❡ ♦❜t❛✐♥ ||v|| 2 L 2 µ = ||v|| 2 L 2 µ + ||w|| 2 L 2 µ s♦ t❤❛t v ✐s t❤❡ ♠✐♥✐♠❛• ❡•❡♠❡♥t ♦❢ Γ(u) ❢♦r t❤❡ L 2 µ ✲♥♦r♠✳ ■♥ ♣❛rt✐❝✉•❛r✱ ✇❡ ❤❛✈❡ ❢♦r u ∈ C ∞ (Ω) t❤❡ ❢♦r♠✉•❛ ||u|| 2 H 1 µ (Ω) = ||u|| 2 L 2 µ (Ω) + ||p Tµ (∇ u )|| 2 L 2 µ (Ω) d ✇❤✐❝❤ ✐♠♣•✐❡s t❤❡ ❢♦••♦✇✐♥❣✿ ❈♦r♦••❛r② ✶✳✷✳✶✳ ❚❤❡ s♣❛❝❡ H 1 µ (Ω) ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❝♦♠♣•❡t✐♦♥ C ∞ Ω ❢♦r t❤❡ ♥♦r♠ u ∈ C ∞ Ω → Ω (|u(x)| 2 + |p Tµ(x) (∇u(x))| 2 ) ❞µ(x) 1/2 ❙♦♠❡ ♥❛t✉r❛• ❡①❛♠♣•❡s✳ ❲❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ✇♦r❞s ✏ t❛♥❣❡♥t✐❛• ❣r❛❞✐❡♥ts✑ ❛r❡ q✉✐t❡ ♥❛t✉r❛• ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❝❛s❡s✿ • ✐❢ µ ✐s t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ L 1 ❝♦♥❝❡♥tr❛t❡❞ ♦♥ t❤❡ s❡❣♠❡♥t I = [0, 1] × {0} × • • • × {0}✱ t❤❡♥ T µ ✐s t❤❡ •✐♥❡ R × {0} × • • • × {0} ❛✳❡✳ ♦♥ I ❛♥❞ H 1 µ = u ∈ L 2 µ : ∂u ∂x 1 ∈ L 2 µ ❛♥❞ ∇ µ u = ∂u ∂x 1 , 0, . . . , 0 ; • ♠♦r❡ ❣❡♥❡r❛••②✱ ✐❢ µ ✐s t❤❡ ✉♥✐❢♦r♠ ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ s✉♣♣♦rt❡❞ ♦♥ ❛ k✲❞✐♠❡♥s✐♦♥❛• ♠❛♥✐❢♦•❞ M ✱ t❤❡♥ T µ ✐s t❤❡ t❛♥❣❡♥t s♣❛❝❡ t♦ M ✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛• ❣❡♦♠❡tr②✳ ▲✐♥❦ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥s✳ ▲❡t ✉s r❡♠❛r❦ t❤❛t✱ ✐❢ v ✐s ❛ t❛♥❣❡♥t ✜❡•❞ ❛s ❞❡✜♥❡❞ ❛❜♦✈❡✱ ✐✳❡✳ t❤❡ ♦♣❡r❛t♦r div(ϕµ) ✐s ❝♦♥t✐♥✉♦✉s ❢♦r t❤❡ L 2 µ ✲♥♦r♠ ♦♥ D(Ω)✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥② s❡q✉❡♥❝❡ (u n ) n ♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ❤❛✈✐♥❣ 0 ❢♦r •✐♠✐t ✐♥ L 2 µ ✿ Ω ∇u n • ϕ ❞µ ≤ C ||u n || L 2 µ → 0. ❚❤❡♥✱ ✐❢ v ∈ Γ(0)✱ ✇❡ ❤❛✈❡ v • ϕ ✐♥ L 2 µ ❢♦r ❛♥② ❡•❡♠❡♥t ϕ ∈ X 2 µ ✳ ❚❤✐s ✐♠♣•✐❡s t❤❛t✱ ✉♣ t♦ ❛ µ✲♥❡❣•✐❣✐❜•❡ s❡t✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ✐♥❝•✉s✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡ Q µ (x) ⊆ T µ (x). ❲❡ ❛r❡ ♥♦t ❛❜•❡ ❢♦r t❤❡ ♠♦♠❡♥t t♦ ♣r♦✈❡ t❤❡ ✐♥✈❡rs❡ ✐♥❝•✉s✐♦♥ ✐♥ ❣❡♥❡r❛• ✭❜✉t ✐t ✐s tr✉❡ ✐♥ ❞✐♠❡♥s✐♦♥ ♦♥❡✱ s❡❡ ❜❡•♦✇✮✱ ❜✉t t❤❡ ❡q✉❛•✐t② ❜❡t✇❡❡♥ t❤❡s❡ •✐♥❡❛r s♣❛❝❡s ❤♦•❞s ❢♦r ❛•• t❤❡ ❡①❛♠♣•❡s t❤❛t ✇❡ ❤❛✈❡ st✉❞✐❡❞❀ t❤❡ •✐♥❦s ❜❡t✇❡❡♥ t❤❡s❡ ❜♦t❤ ♥♦t✐♦♥s ❛r❡ t❤❡ s✉❜•❡❝t ✭❛♠♦♥❣ ♦t❤❡rs✮ t♦ ❝✉rr❡♥t ✇♦r❦s ❜② ❙✳ ❉✐ ▼❛r✐♥♦ ❬✸✺(✳ ✶✳✸✳ ❚❍❊ ❖◆❊✲❉■▼❊◆❙■❖◆❆▲ ❈❆❙❊ ✷✼ ✶✳✸ ❚❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛• ❝❛s❡ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ ❛ ♣r❡❝✐s❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡ t♦ ❛ ❣❡♥❡r✐❝ ♠❡❛s✉r❡ µ ✭✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ✶✳✷✳✸✮ ❞❡✜♥❡❞ ♦♥ t❤❡ r❡❛• •✐♥❡✳ ❲❡ s❡t d = 1✱ Ω = I ✐s ❛ ❜♦✉♥❞❡❞ ✐♥t❡r✈❛• ♦❢ R ❛♥❞ µ ∈ P(I)✳ ✶✳✸✳✶ ❙tr✉❝t✉r❡ ♦❢ T µ ❛♥❞ ❝♦♠♣❛❝t♥❡ss r❡s✉•t ✐♥ H 1 µ ❚❤❡ str✉❝t✉r❡ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠✿ ❚❤❡♦r❡♠ ✶✳✸✳✶✳ ❲❡ ❞❡♥♦t❡ ❜②✿ • µ = µ a + µ s t❤❡ ▲❡❜❡s❣✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ µ❀ • A ❛ ▲❡❜❡s❣✉❡✲♥❡❣•✐❣✐❜•❡ s❡t ♦♥ ✇❤✐❝❤ ✐s ❝♦♥❝❡♥tr❛t❡❞ µ s ❀ • f t❤❡ ❞❡♥s✐t② ♦❢ µ a ✱ ❛♥❞ M = x ∈ I : ∀ε > 0, I∩(x-ε,x+ε) ❞t f (t) = +∞ ❚❤❡♥ T µ (x) = {0} ✐❢ x ∈ M ∪ A R otherwise ❢♦r µ✲❛✳❡✳ x ∈ I✳ ❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ ✏❝•❛ss✐❝❛•✑ ✇❡✐❣❤t❡❞ ❙♦❜♦•❡✈ s♣❛❝❡s✱ t❤❡ s❡t M ❛♣♣❡❛rs ❛s ❛ ❝r✐t✐❝❛• s❡t ❢♦r t❤❡ ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ♣❛rt ♦❢ µ✳ ◆♦t✐❝❡ ❛•s♦ t❤❛t t❤❡ s❛♠❡ s❡t ❛♣♣❡❛rs ✐♥ t❤❡ r❡•❛①❛t✐♦♥ ♦❢ ❝♦♥✈❡① ❢✉♥❝t✐♦♥❛• ♦♥ t❤❡ s♣❛❝❡ ♦❢ ♠❡❛s✉r❡s ✭s❡❡ ❬✶✽(✱ ✇❤❡r❡ ❛ s✐♠✐•❛r r❡s✉•t t♦ t❤❡ ❛❜♦✈❡ t❤❡♦r❡♠ ❝❛♥ ❜❡ s❡❡♥✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ♠❡❛s✉r❡s✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❊①❛♠♣•❡ ✸✮✳ ❙tr✉❝t✉r❡ ♦❢ t❤❡ s♣❛❝❡ H 1 µ ✳ ❲❡ ❦♥♦✇ t❤❛t M ✱ ✇❤✐❝❤ ❝❛♥ ♦❢ ❝♦✉rs❡ ❜❡ ❡♠♣t② ✭❢♦r ✐♥st❛♥❝❡ ✐❢ f ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇ ❜② ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ♦♥ I✮✱ ✐s t❤❡ ♠❛①✐♠❛• ❝•♦s❡❞ s✉❜s❡t ♦❢ I s✉❝❤ t❤❛t 1 f ∈ L 1 loc (I -M ) ✐✳❡✳ s✉❝❤ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ✭✶✳✷✮ ✐s s❛t✐s✜❡❞ ❢♦r t❤❡ ✇❡✐❣❤t❡❞ ▲❡❜❡s❣✉❡ s♣❛❝❡ L 2 f (I -M )✳ ❚❤❡r❡❢♦r❡✱ ✐❢ u ∈ L 2 µ ✱ t❤❡♥ u| I-M ❛❞♠✐ts ❛ ✇❡❛❦ ❞❡r✐✈❛t✐✈❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣✳ ✶✳✷✳✸✱ s❛②✐♥❣ t❤❛t T µ ✐s ✐❞❡♥t✐❝❛••② ❡q✉❛• t♦ t❤❡ ✇❤♦•❡ s♣❛❝❡ R d ✭✇✐t❤ ❤❡r❡ d = 1✮ ♦♥ ❛ s❡t B ♠❡❛♥s ❡①❛❝t•② t❤❛t✱ ❢♦r u ∈ H 1 µ ✱ ❛•• t❤❡ ❡•❡♠❡♥ts ♦❢ Γ(u) ❝♦✐♥❝✐❞❡ ♦♥ B✳ ❍❡r❡ ✇❡ t❤❡♥ ❡①♣❡❝t t❤❛t✱ ♦♥ t❤❡ s❡t I -(M ∪ A)✱ t❤❡ ✉♥✐q✉❡ ❡•❡♠❡♥t ♦❢ Γ(u) ✇✐•• ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ✇❡❛❦ ❞❡r✐✈❛t✐✈❡ ♦❢ u| I-M ✳ ■♥❞❡❡❞✱ •❡t ✉s t❛❦❡ ϕ ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥❝•✉❞❡❞ ✐♥t♦ I ∩ M ❛♥❞ ✈❡r✐❢②✐♥❣ 1 f ∈ L 1 (Supp(ϕ)) ▲❡t ♠♦r❡♦✈❡r v ∈ Γ(u) ❛♥❞ (u n ) n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ✇✐t❤ (u n , u ′ n ) → (u, v) ❢♦r t❤❡ L 2 µ ✲♥♦r♠✳ ❲❡ ❣❡t v -u ′ , ϕ D ′ (I-M ),D(I-M ) = -lim n→+∞ I (u n -u)ϕ ′ ✷✽ ❈❍❆P❚❊| ✶✳ ❊❳■❙❚❊◆❈❊ ❖❋ ▼■◆■▼■)❊|❙ ✇✐t❤✱ ❜② ❍ö•❞❡r ✐♥❡q✉❛•✐t②✱ I |(u n -u) ϕ ′ | ≤ ||u n -u|| L 2 f I ϕ ′ f 1/2 → 0 s✐♥❝❡✱ t❤❛♥❦s t♦ t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ 1/f ✱ t❤❡ ✐♥t❡❣r❛• I ϕ ′ /f ✐s ✜♥✐t❡✳ ❚❤✐s s❤♦✇s t❤❛t u ′ n → u ′ ✐♥ D(I -M )❀ ❜✉t ✇❡ ❛•s♦ ❦♥♦✇ t❤❛t u ′ n → v ✐♥ L 2 f (I -M )✱ ✇❤✐❝❤ •❡❛❞s t♦ u ′ ∈ L 2 f (I -M ) ❛♥❞ u ′ = v µ✲❛✳❡✳ ♦♥ I -M s♦ t❤❛t✱ ✐♥ ♣❛rt✐❝✉•❛r✱ u| I-M ∈ H 1 f (I -M )✳ ❈♦♥✈❡rs❡•②✱ ✐❢ u ∈ C ∞ Ω t❤❡♥ t❤❡ ❚❤❡♦r❡♠ ✶✳✸✳✶ ❣✐✈❡s ||u|| 2 H 1 µ (I) = ||u|| 2 L 2 µ (I) + ||u ′ || 2 L 2 f (I-M ) ❛♥❞ H 1 µ ✐s t❤❡ ❝•♦s✉r❡ ♦❢ C ∞ Ω ❢♦r t❤✐s ♥♦r♠✳ ❚❤✐s ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢ ♦❢✿ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✶✳ ❆ ❢✉♥❝t✐♦♥ u ∈ L 2 µ (I) ❜❡•♦♥❣s t♦ H 1 µ (I) ✐❢ ❛♥❞ ♦♥•② ✐❢ u| I-M ∈ H 1 f (I -M )✳ ▼♦r❡♦✈❡r✱ ❢♦r µ✲❛✳❡✳ x ∈ I✱ ∇ µ u(x) = 0 ✐❢ x ∈ M ∪ A u ′ (x) ♦t❤❡r✇✐s❡ ❛♥❞ ||u|| 2 H 1 µ (I) = ||u|| 2 L 2 µ (I) + ||u ′ || 2 L 2 f (I-M ) ✳ ■♥ ♣❛rt✐❝✉•❛r✱ ✐♥ ❞✐♠❡♥s✐♦♥ ♦♥❡✱ ✐❢ µ ≪ L 1 ✱ t❤❡♥ t❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ H 1 µ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✇❡✐❣❤t❡❞ ❙♦❜♦•❡✈ s♣❛❝❡ H 1 f ❣✐✈❡♥ ❜② t❤❡ ❢♦r♠✉•❛ ✶✳✹✱ ❛♥❞ ❢♦r ❛ ❣❡♥❡r✐❝ ♠❡❛s✉r❡ µ ✇❤♦s❡ f ✐s t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ♣❛rt✱ H 1 µ ✐s ❡①❛❝t•② t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s ♦❢ L 2 µ ✇❤✐❝❤ ❛•s♦ ❜❡•♦♥❣s t♦ H 1 f ✳ ❈♦♠♣❛❝t♥❡ss r❡s✉•t ✐♥ H 1 µ (I)✳ ■♥ ♦r❞❡r t♦ ❡①❛♠✐♥❡ ✈❛r✐❛t✐♦♥❛• ♣r♦❜•❡♠s ✐♥ t❤❡s❡ ❙♦❜♦•❡✈ s♣❛❝❡s✱ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✇✐•• ❜❡ ✉s❡❢✉•❀ ✐t ✐s ❛•r❡❛❞② ❦♥♦✇✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ |❡••✐❝❤ t❤❡♦r❡♠✱ ✐❢ µ s = 0 ❛♥❞ f ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇✳ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷✳ ▲❡t (u n ) n ❜❡ ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ♦❢ H 1 µ (I)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ (u n k ) k ✇❤✐❝❤ ❛❞♠✐ts ❛ ♣♦✐♥t✇✐s❡ •✐♠✐t u ♦♥ µ✲❛✳❡✳ ❡✈❡r② ♣♦✐♥t ♦♥ ✇❤✐❝❤ T µ ✐s R✳ Pr♦♦❢✳ ❚❤❡ s❡q✉❡♥❝❡ (u n ) ✐s ❜♦✉♥❞❡❞ ✐♥ H 1 µ (I)✱ t❤✉s t❤❡ s❡q✉❡♥❝❡ (u n | I-M ) n ✐s ❜♦✉♥❞❡❞ ✐♥ t❤❡ ✇❡✐❣❤t❡❞ ❙♦❜♦•❡✈ s♣❛❝❡ H 1 f (I -M )✳ ❇✉t s✐♥❝❡ I -M ✐s ❡①❛❝t•② t❤❡ s❡t ♦❢ ♣♦✐♥ts ❛r♦✉♥❞ ✇❤✐❝❤ 1/f ✐s ✐♥t❡❣r❛❜•❡✱ ✇❡ ❦♥♦✇ t❤❛t L 2 f (I -M ) ֒→ L 1 loc (I -M )❀ t❤✐s ❣✐✈❡s t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ ✇❡❛❦ ❞❡r✐✈❛t✐✈❡s ♦❢ u n ✭✇❤✐❝❤ ❛r❡ ❢✉♥❝t✐♦♥s ♦❢ L 2 f (I -M )✮ ✐s ❜♦✉♥❞❡❞ ✐♥ L 1 loc (I -M )✱ t❤✉s (u n | I-M ) n ✐s ❜♦✉♥❞❡❞ ✐♥ t❤❡ s♣❛❝❡ BV (I -M ) ❛♥❞ ❛❞♠✐ts ❛ L 1 ✲❛✳❡✳ ♣♦✐♥t✇✐s❡ ❝♦♥✈❡r❣❡♥t s✉❜s❡q✉❡♥❝❡✳ ❈♦♥s❡q✉❡♥t•②✱ (u n ) n ❝♦♥✈❡r❣❡s ♣♦✐♥t✇✐s❡•② ♦♥ µ a ✲❛✳❡✳ ♣♦✐♥t ♦♥ ✇❤✐❝❤ T µ ✐s R✱ ❛♥❞ ✇❡ ❦♥♦✇ t❤❛t T µ ✐s µ s ✲❛✳❡✳ ♥✉••✱ ✇❤✐❝❤ ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢ ❊q✉✐✈❛•❡♥❝❡ ❜❡t✇❡❡♥ Q µ ❛♥❞ T µ ✐♥ ✶❉✳ ❲❡ ❤❛✈❡ ❛•r❡❛❞② s❡❡♥ t❤❛t✱ ✇✐t❤ t❤❡ ❛❜♦✈❡ ♥♦t❛t✐♦♥s✱ t❤❡ t❛♥❣❡♥t s♣❛❝❡ Q µ ♦r✐❣✐♥❛••② ❞❡✜♥❡❞ ❜② ❇♦✉❝❤✐tté ❡t ❛•✳ ❛♥❞ t❤❡ s♣❛❝❡ T µ s❛t✐s❢② t❤❡ ✐♥❝•✉s✐♦♥ ❢♦r µ✲❛✳❡✳ x, Q µ (x) ⊆ T µ (x) ▲❡t ✉s s❤♦✇ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ r❡❛• •✐♥❡ t❤❡ ❚❤❡♦r❡♠ ✶✳✸✳✶ ✐♠♣•✐❡s t❤❛t t❤❡ ❝♦♥✈❡rs❡ ✐♥❝•✉s✐♦♥ ✐s ❛•s♦ tr✉❡✳ ❖❢ ❝♦✉rs❡✱ ✇❡ ♦♥•② ❤❛✈❡ t♦ s❤♦✇ ✐t ♦♥ t❤❡ ♣♦✐♥ts ✇❤❡r❡ T µ ✐s ♥♦t ♥✉••✱ ✐✳❡✳ ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ t❤❛t ❢♦r L 1 ✲❛✳❡✳ x ∈ I -M, Q µ (x) = R ❋♦r t❤✐s✱ •❡t x ∈ I -M ❛♥❞ a < b s✉❝❤ t❤❛t a < x < b ❛♥❞ b a 1/f < +∞✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r ϕ : t →=    1 f (t) t a 1 √ f ✐❢ t ∈ (a, b) ❛♥❞ t / ∈ A 0 ♦t❤❡r✇✐s❡ ❲❡ ❤❛✈❡ I ϕ 2 ❞µ = b a 1 f (t) 2 t a 1 √ f 2 f (t) ❞t ≤ (b -a) b a 1 f 3 < +∞ s♦ t❤❛t ϕ ∈ L 2 µ (I)✳ ▼♦r❡♦✈❡r✱ ❢♦r ψ ∈ D(a, b)✱ I ψ ′ ϕ ❞µ = - b a ψ(ϕf ) ′ = - b a (ψ f ) (ϕf ) ′ √ f t❤✉s I ψ ′ ϕ ❞µ ≤ b a ψ 2 f 1/2 b a ((ϕf ) ′ ) 2 f 1/2 ✇✐t❤ ❜② ❞❡✜♥✐t✐♦♥ (ϕf ) ′ = 1/ √ f ✱ ✇❤✐❝❤ •❡❛❞s t♦ I ψ ′ ϕ ❞µ ≤ √ b -a||ψ|| L 2 µ (I) ❚❤✐s ♣r♦✈❡s t❤❛t ϕ ∈ X µ ✱ s♦ t❤❛t ϕ(x) ∈ Q µ (x) ❢♦r ❛✳❡✳ ♣♦✐♥t x❀ ❜✉t ϕ ✐s ♣♦s✐t✐✈❡ ❛✳❡✳ ♦♥ (a, b)✳ ❚❤✐s ✐♠♣•✐❡s Q µ (x) = R ❛✳❡✳ ♦♥ (a, b) ❢♦r t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ✶✳✸✳✷ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✸✳✶ ❲❡ ❞✐✈✐❞❡ t❤✐s ♣r♦♦❢ ✐♥t♦ t❤r❡❡ ♣❛rts✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ I ✐♥t♦ ✐ts s✐♥❣✉•❛r s❡t A✱ t❤❡ ✏♥✐❝❡ s❡t✑ I -(M ∪ A) ❢♦r ✐ts r❡❣✉•❛r ♣❛rt✱ ❛♥❞ t❤❡ ✏❝r✐t✐❝❛• s❡t✑ M ✳ ❲❡ ✇✐•• ✉s❡ t❤❡ ❢♦••♦✇✐♥❣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ♦❢ ❛ ❣❡♥❡r✐❝ ♠❡❛s✉r❡ µ ✐♥ ❞✐♠❡♥s✐♦♥ ✶✱ ✇❤✐❝❤ ✐s ❛ ❞✐r❡❝t ❝♦r♦••❛r② ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥s✿ ✐❢ B ⊂ I ✐s ❛ ❇♦r❡• s❡t ✇✐t❤ µ(B) > 0✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ✐♠♣•✐❝❛t✐♦♥s✿ ✶✳ ✐❢ ❛♥② v ∈ Γ(0) ✐s µ✲❛✳❡✳ ♥✉•• ♦♥ B✱ t❤❡♥ T µ = R µ✲❛✳❡✳ ♦♥ B❀ ✷✳ ✐❢✱ ❢♦r ❛♥② u ∈ H 1 µ ✱ t❤❡r❡ ❡①✐sts ❛ ❣r❛❞✐❡♥t ♦❢ u ✇❤✐❝❤ ✐s µ✲❛✳❡✳ ♥✉•• ♦♥ B✱ t❤❡♥ T µ = 0 µ✲❛✳❡✳ ♦♥ B❀ ✸✳ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❣r❛❞✐❡♥t ♦❢ 0 ✇❤✐❝❤ ✐s ♣♦s✐t✐✈❡ µ✲❛✳❡✳ ♦♥ B✱ t❤❡♥ T µ ❂ 0 µ✲❛✳❡✳ ♦♥ B ❚❤❡ s✐♥❣✉•❛r ♣❛rt ♦❢ µ✳ ▲❡t ✉s ✜rst ♣r♦✈❡ t❤❛t T µ = {0} ❢♦r t❤❡ s✐♥❣✉•❛r ♣❛rt ♦❢ µ✳ ❲❡ ✉s❡ t❤❡ t❤✐r❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ❛♥❞ ❜✉✐•❞ ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s (u n ) n s✉❝❤ t❤❛t u n → 0 ❛♥❞ u ′ n → 1 A ✐♥ L 2 µ ✇❤✐❝❤ ✇✐•• ♣r♦✈❡ t❤❛t 1 A ∈ Γ(0) ❛♥❞ ✐♠♣•② t❤❡ r❡s✉•t✳ ❋♦r n ∈ N✱ •❡t Ω n ❜❡ ❛♥ ♦♣❡♥ s❡t r❡❝♦✈❡r✐♥❣ A ✇✐t❤ µ(Ω n -A) +L 1 (Ω n ) ≤ 1/n✳ ❇② t❤❡ ▲✉s✐♥ t❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts v n ❝♦♥t✐♥✉♦✉s ✇✐t❤ 0 ≤ v n ≤ 1 ♦♥ I ❛♥❞ (µ + L 1 )({x ∈ I : v n (x) = 1 Ωn (x)}) ≤ 1/n ▲❡t ✉s ❝♦♥s✐❞❡r u n (x) = x a v n (x) ❞x✱ ✇❤❡r❡ a ✐s t❤❡ •♦✇❡r ❜♦✉♥❞ ♦❢ I✳ ❚❤❡♥ ✇❡ ❤❛✈❡✿ ✸✵ ❈❍❆P❚❊| ✶✳ ❊❳■❙❚❊◆❈❊ ❖❋ ▼■◆■▼■)❊|❙ • ❢♦r ❛♥② x ∈ I✱ |u n (x)| ≤ I (|v n -1 Ωn |(t) + 1 Ωn (t)) ❞t ≤ L 1 ({v n = 1 Ωn }) + L 1 (Ω n ) ≤ 2/n t❤✉s u n ❣♦❡s t♦ 0 ✉♥✐❢♦r♠•② ❛♥❞ ❛•s♦ ❢♦r t❤❡ L 2 µ ✲♥♦r♠❀ • ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ u ′ n = v n ❝♦✐♥❝✐❞❡s ✇✐t❤ 1 A ❡①❝❡♣t ♦♥ ❛ s❡t E n s✉❝❤ t❤❛t µ(E n ) ≤ 1/n✱ ✇❡ ❤❛✈❡ I |u ′ n (x) -1 A (x)| 2 ❞µ(x) ≤ ||v n -1 A || 2 ∞ µ(E n ) ≤ 4/n t❤✉s u ′ n → 1 A ❢♦r t❤❡ L 2 µ ✲♥♦r♠✳ ❲❡ ♦❜t❛✐♥ t❤❛t 1 A ∈ Γ(0)✱ ✇❤✐❝❤ ❣✉❛r❛♥t❡❡s t❤❛t T µ = 0 ♦♥ A✳ ❚❤❡ r❡❣✉•❛r ♣❛rt✱ ♦✉ts✐❞❡ ♦❢ t❤❡ ❝r✐t✐❝❛• s❡t✳ ❙❡❝♦♥❞✱ ✇❡ ♣r♦✈❡ t❤❛t T µ = R ♦✉ts✐❞❡ ♦❢ M ∪ A✳ ❯s✐♥❣ t❤❡ ✜rst ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡✱ ✇❡ t❛❦❡ ❛♥ ❡•❡♠❡♥t g ♦❢ Γ(0) ❛♥❞ ✇❡ ✇❛♥t t♦ s❤♦✇ t❤❛t g = 0 µ✲❛✳❡✳ ♦✉ts✐❞❡ ♦❢ M ∪ A❀ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ A✱ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t g = 0 L 1 ✲❛✳❡✳ ♦♥ U ✳ ❆s ✐♥ t❤❡ ❛❜♦✈❡ r❡♠❛r❦✱ t❛❦✐♥❣ ❛ s❡q✉❡♥❝❡ ♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s u n → 0 ✇✐t❤ u ′ n → g ❛♥❞ ❛ t❡st ❢✉♥❝t✐♦♥ ϕ s✉❝❤ t❤❛t 1/f ✐s ✐♥t❡❣r❛❜•❡ ♦♥ t❤❡ s✉♣♣♦rt ♦❢ ϕ✱ ✇❡ ♦❜t❛✐♥ U u ′ n ϕ = U u n ϕ ′ ≤ U u n f ϕ ′ √ f ≤ U u 2 n f 1 2 U ϕ ′2 f 1 2 ✇❤✐❝❤ ❣♦❡s t♦ 0 ❛s n → +∞✳ ❚❤❡ s❛♠❡ ❝♦♠♣✉t❛t✐♦♥ ❣✐✈❡s U u ′ n ϕ → U gϕ✳ ❲❡ ❞❡❞✉❝❡ t❤❛t g = 0 ❛✳❡✳ ♦♥ U ❢♦r t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ❚❤❡ ❝r✐t✐❝❛• s❡t✳ ❚❤✐s ♣❛rt ✐s ♠♦r❡ ❞✐✣❝✉•t✳ •✐✈❡♥ ❛ ❢✉♥❝t✐♦♥ u ∈ C 1 (I)✱ ✇❡ ❜✉✐•❞ ❛ s❡q✉❡♥❝❡ (u n ) n ♦❢ r❡❣✉•❛r ❢✉♥❝t✐♦♥s ✭s❛②✱ C 1 ✮ s✉❝❤ t❤❛t u n → u ❛♥❞ u ′ n → v ❢♦r t❤❡ L 2 µ ✲♥♦r♠✱ ✇✐t❤ v = 0 ♦♥ M ✳ ❚❤❡ str❛t❡❣② ✐s t❤❡ ❢♦••♦✇✐♥❣✿ • ❣✐✈❡♥ ❛ s❡t Ω n ✇❤✐❝❤ ✐s ✏❛•♠♦st✑ M ✱ ✇❡ st❛rt ❢r♦♠ ❛ ❢✉♥❝t✐♦♥ u n ✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ✇✐t❤ u ♦✉ts✐❞❡ ♦❢ Ω n ❛♥❞ ✐s ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ♦♥ Ω n ✭s♦ t❤❛t ✐ts ❞❡r✐✈❛t✐✈❡ ✐s ♥✉•• ♦♥ M ✮❀ • t❤❡♥✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ♣♦✐♥ts ♦❢ u n ❜❡•♦♥❣ t♦ t❤❡ s❡t M ✱ ✇❡ r❡❣✉•❛r✐③❡ u n ❛r♦✉♥❞ t❤✐s ♣♦✐♥ts s♦ t❤❛t ✐ts ❞❡r✐✈❛t✐✈❡ st❛②s s♠❛•• ❢♦r t❤❡ L 2 µ ✲♥♦r♠✳ ❚❤❡ ✜rst st❡♣ ❝♦♥s✐sts ✐♥ ❜✉✐•❞✐♥❣ ♦✉r s❡t Ω n ✿ ▲❡♠♠❛ ✶✳✸✳✶✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② (x n ) n ❛ s❡q✉❡♥❝❡ ❝♦♥t❛✐♥✐♥❣ ❛•• t❤❡ ❛t♦♠s ♦❢ µ✳ ❋♦r n ∈ N✱ t❤❡r❡ ❡①✐sts Ω n s✉❝❤ t❤❛t✿ • Ω n = pn i=1 (a i , b i )✱ ✇✐t❤ b i < a i+1 ❢♦r ❡❛❝❤ i✱ ❛♥❞ (a i , b i ) ∩ M = ∅❀ • Ω n ⊃ M -{x 1 , . . . , x n }❀ • µ(Ω n -(M -{x 1 , . . . , x n })) ≤ 1/n Pr♦♦❢✳ ▲❡t U n ❜❡ ❛ ✜♥✐t❡ ✉♥✐♦♥ ♦❢ ♦♣❡♥ ✐♥t❡r✈❛•s r❡❝♦✈❡r✐♥❣ M ❛♥❞ ✇✐t❤ µ(U n -M ) ≤ 1/n ✭s✉❝❤ ❛ s❡t ❡①✐sts ❜② r❡❣✉•❛r✐t② ♦❢ µ ❛♥❞ ❝♦♠♣❛❝t♥❡ss ♦❢ M ✮✳ ❲❡ ❞❡♥♦t❡ ❜② Ω n = U n -{x 1 , . . . , x n }✳ ■t ✐s st✐•• ❛ ✜♥✐t❡ ✉♥✐♦♥ ♦❢ ♦♣❡♥ ✐♥t❡r✈❛•s✱ ❝♦♥t❛✐♥✐♥❣ M -{x 1 , . . . , x n } ❛♥❞ ✇✐t❤ µ(Ω n -(M -{x 1 , . . . , x n })) ≤ 1/n✳ ▼♦r❡♦✈❡r✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t ❛•• t❤❡s❡ ✐♥t❡r✈❛•s ❝♦♥t❛✐♥ ❛♥ ❡•❡♠❡♥t ♦❢ M ✿ ✐t ✐s ❡♥♦✉❣❤ t♦ r❡♠♦✈❡ ❢r♦♠ Ω n t❤❡ ✐♥t❡r✈❛•s ✇❤✐❝❤ ❞♦ ♥♦t ❝♦♥t❛✐♥ ❛♥② ❡•❡♠❡♥t ♦❢ M ✭✐❢ ❛❢t❡r t❤❛t ✇❡ ♦❜t❛✐♥ Ω n = ∅✱ ✐t ♠❡❛♥s t❤❛t M ⊂ {x 1 , . . . , x n } ⊂ A ❛♥❞ ✇❡ ❛•r❡❛❞② ❦♥♦✇ t❤❛t T µ = {0} ♦♥ A✱ s♦ t❤❡r❡ ✐s ♥♦t❤✐♥❣ t♦ ♣r♦✈❡✮✳ ✶✳✸✳ ❚❍❊ ❖◆❊✲❉■▼❊◆❙■❖◆❆▲ ❈❆❙❊ ✸✶ ▲❡t ✉s t❤✉s t❛❦❡ ❛ s❡q✉❡♥❝❡ (w n ) n ♦❢ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t w n → u ✐♥ L 2 µ ✭✐t ✐s ♣♦ss✐❜•❡ s✐♥❝❡ u ✐s ❝♦♥t✐♥✉♦✉s✱ t❤✉s ❝❛♥ ❜❡ ❛♣♣r♦❛❝❤❡❞ ✉♥✐❢♦r♠•② ♦♥ I ❜② ❛ s❡q✉❡♥❝❡ ♦❢ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s✮ ❛♥❞ ||u n || ∞ ≤ C✱ ✇❤❡r❡ C ♦♥•② ❞❡♣❡♥❞s ♦♥ u❀ ✇❡ r❡♣•❛❝❡ g n ❜② u ♦✉ts✐❞❡ ♦❢ t❤❡ s❡t Ω n ✭t❤❡ ♥❡✇ ❢✉♥❝t✐♦♥ ✇✐•• st✐•• ❜❡ ❝❛••❡❞ g n ✮✱ s♦ t❤❛t ✇❡ ❤❛✈❡ ♥♦✇ • g n → u ❢♦r t❤❡ L 2 µ ✲♥♦r♠❀ • g n ❝♦✐♥❝✐❞❡s ✇✐t❤ u ♦✉ts✐❞❡ ♦❢ Ω n ❀ • g n ❝♦✐♥❝✐❞❡s ♦♥ Ω n ✇✐t❤ ❛ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥✳ ❲❡ ❜❡❣✐♥ ❜② r❡❣✉•❛r✐③✐♥❣ g n ❛r♦✉♥❞ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ t❤❡ ✐♥t❡r✈❛•s ❢♦r♠✐♥❣ Ω n ✳ ▲❡t ε n > 0 ❜❡ s♠❛•• ❡♥♦✉❣❤ s♦ t❤❛t✿ • a i + ε n < b i -ε n ✱ ❢♦r ❡❛❝❤ i ✭✇❡ ✇✐•• ❞❡♥♦t❡ a ′ i = a i + ε n ❛♥❞ b ′ i = b i -ε n ✮❀ • (a ′ i , b ′ i ) ❝♦♥t❛✐♥s ❛♥ ❡•❡♠❡♥t ♦❢ M ✱ ❢♦r ❡❛❝❤ i❀ • ♦♥ (a i , b i )✱ g n ❤❛s ♥♦t ❛♥② ❞✐s❝♦♥t✐♥✉✐t② ♣♦✐♥t ♦✉ts✐❞❡ ♦❢ (a ′ i , b ′ i )❀ • ✐❢ ✇❡ ❞❡♥♦t❡ ❜② Ω ′ n t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ ✐♥t❡r✈❛•s (a ′ i , b ′ i )✱ ✇❡ ❤❛✈❡ µ(Ω n -Ω ′ n ) ≤ 1/n✳ ▲❡♠♠❛ ✶✳✸✳✷✳ ❚❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ w n ✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ✇✐t❤ g n ♦✉ts✐❞❡ ♦❢ Ω n -Ω ′ n ❛♥❞ s✉❝❤ t❤❛t✱ ♦♥ ❡❛❝❤ ✐♥t❡r✈❛• (a i , a ′ i ) ❛♥❞ (b ′ i , b i )✱ • w n ❛♥❞ w ′ n ❛r❡ ❜♦✉♥❞❡❞ ❜② ❝♦♥st❛♥ts ❞❡♣❡♥❞✐♥❣ ♦♥•② ♦♥ u ❛♥❞ u ′ ❀ • w n (a i ) = u(a i )✱ w ′ n (a i ) = u ′ (a i ) ❛♥❞ w ′ n = 0 ♦♥ ❛ s♠❛•• ✐♥t❡r✈❛• ❜❡❢♦r❡ a ′ i • w n (b i ) = u(b i )✱ w ′ n (b i ) = u ′ (b i ) ❛♥❞ w ′ n = 0 ♦♥ ❛ s♠❛•• ✐♥t❡r✈❛• ❛❢t❡r b ′ i ✳ Pr♦♦❢✳ ■t ✐s ❡♥♦✉❣❤ t♦ r❡♣•❛❝❡ g n ♦♥ t❤❡ ✐♥t❡r✈❛• ]a i , a i + ε n ❜② t❤❡ ❢✉♥❝t✐♦♥ x → Q(a i + x) ✇❤❡r❡ Q(t) = - u ′ (a i ) 2ε n t 2 + u ′ (a i )t + u(a i ) ❛♥❞ t♦ s❝❛•❡ t❤❡ ♥❡✇ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ✐♥t❡r✈❛• (a i , a ′ i ) ❜② r❡♣•❛❝✐♥❣ ✐t ❜② x → w n (a i + 2(x -a i )) ✐❢ a i ≤ x ≤ a i + ε n /2 w n (a ′ i -) ♦t❤❡r✇✐s❡ ❙✐♥❝❡ g n ❛♥❞ w n ❛r❡ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✐♥ n ❛♥❞ ❝♦✐♥❝✐❞❡ ♦✉ts✐❞❡ ♦❢ t❤❡ s❡t Ω n -Ω ′ n ✇❤♦s❡ ♠❡❛s✉r❡ ✐s ❛t ♠♦st 1/n✱ t❤❡ s❡q✉❡♥❝❡ (w n ) n st✐•• ❤❛s u ❢♦r •✐♠✐t ✐♥ L 2 µ ❀ ♠♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ ||w ′ n || L 2 µ (Ωn-Ω ′ n ) ≤ (2/n)||u ′ || ∞ ❛♥❞ ❢♦r ❛♥② ❞✐s❝♦♥t✐♥✉✐t② ♣♦✐♥t y ♦❢ w n ✱ w n ✐s ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ♦♥ ❛ ✭s♠❛••✮ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ y✳ ❲❡ ♥♦✇ ❤❛✈❡ t♦ r❡❣✉•❛r✐③❡ w n ❛r♦✉♥❞ ✐ts ❞✐s❝♦♥t✐♥✉✐t② ♣♦✐♥ts✱ ✇❤✐❝❤ ❛r❡ ♦♥ Ω ′ n ❀ t❤✐s ✐s ♣♦ss✐❜•❡ ♦♥•② ✐❢ t❤❡s❡ ♣♦✐♥ts ❜❡•♦♥❣ t♦ t❤❡ s❡t M ✳ ❚❤❡♥ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ❜② t❤❡ ❢♦••♦✇✐♥❣ ✏❞✐s♣•❛❝❡♠❡♥t✑ ♣r♦❝❡❞✉r❡ ♦❢ t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ♣♦✐♥ts✿ ▲❡♠♠❛ ✶✳✸✳✸✳ ❋♦r ❛♥② n✱ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ v n s✉❝❤ t❤❛t • v n = w n ♦✉ts✐❞❡ ♦❢ Ω ′ n ❀ • v n ✐s st✐•• ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ♦♥ Ω ′ n ❀ ✸✷ ❈❍❆P❚❊| ✶✳ ❊❳■❙❚❊◆❈❊ ❖❋ ▼■◆■▼■)❊|❙ • ❛♥② ❞✐s❝♦♥t✐♥✉✐t② ♣♦✐♥t ♦❢ v n ❜❡•♦♥❣s t♦ M ❀ • v n → u ✐♥ L 2 µ ✳ Pr♦♦❢✳ ❲❡ ❤❛✈❡ t♦ ♠♦❞✐❢② w n ♦♥•② ♦♥ ❡❛❝❤ ✐♥t❡r✈❛• (a ′ i , b ′ i )✳ ❖♥ t❤✐s ✐♥t❡r✈❛•✱ w n ❛❞♠✐ts ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ •✉♠♣s ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❜② a ′ i ≤ x 1 < • • • < x n = b ′ i ✳ ❲❡ ♠❛❦❡ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥str✉❝t✐♦♥✿ • ▲❡t m = inf([a ′ i , b ′ i ] ∩ M )✳ ❲❡ ❞❡✜♥❡ v n ♦♥ t❤❡ ✐♥t❡r✈❛• [a ′ i , m[ ✭✐❢ ✐t ✐s ♥♦♥❡♠♣t②✮ ❜② s❡tt✐♥❣ v n = w n (a ′ i + )✳ • ❲❡ t❤❡♥ r❡✐t❡r❛t❡ t❤❡ ❝♦♥str✉❝t✐♦♥ st❛rt✐♥❣ ❢r♦♠ m✿ ✕ ✐❢ (m, b ′ i ) ∩ M = ∅✱ ✇❡ s❡t v n = w n (b ′ i -) ♦♥ t❤✐s ✐♥t❡r✈❛•✱ ❛♥❞ ✇❡ ❛r❡ ❞♦♥❡❀ ✕ ♦t❤❡r✇✐s❡✱ •❡t m ′ = inf((m, b ′ i ) ∩ M )✳ ❲❡ ❤❛✈❡ ♥❛t✉r❛••② m ′ ≥ m✳ ■❢ m ≥ x n ✱ t❤❡♥ ✇❡ s❡t v n = w n (b ′ i -) ♦♥ (m ′ , b ′ i )✱w n ♦♥ [m, m ′ ) ❛♥❞ ✇❡ ❛r❡ ❞♦♥❡❀ ✕ ✐❢ m = m ′ < x n ✱ t❤❡♥ ✇❡ ❞❡♥♦t❡ ❜② j t❤❡ s♠❛••❡st ✐♥❞❡① s✉❝❤ t❤❛t x j > m✱ ✇❡ s❡t v n = w n ♦♥ [m, x j ) ❛♥❞ ✇❡ r❡✐t❡r❛t❡ t❤✐s ❝♦♥str✉❝t✐♦♥ st❛rt✐♥❣ ❢r♦♠ x j ❀ ✕ ✜♥❛••②✱ ✐❢ m < m ′ < x n ✱ ✇❡ s❡t v n = w n ♦♥ [m, m ′ ) ❛♥❞ ✇❡ r❡✐t❡r❛t❡ t❤✐s ❝♦♥str✉❝t✐♦♥ st❛rt✐♥❣ ❢r♦♠ m ′ ✳ ❲✐t❤ t❤✐s ❝♦♥str✉❝t✐♦♥✱ w n -v n = 0 ♦♥•② ♦♥ Ω ′ n -M ✳ ❙✐♥❝❡ µ(Ω ′ n -M ) ≤ 1/n ❛♥❞ w n , v n ❛r❡ ✉♥✐❢♦r♠•② ❜♦✉♥❞❡❞✱ ✇❡ ❣❡t ||v n -w n || L 2 µ ≤ C/n✱ ❛♥❞ ✇❡ t❤✉s st✐•• ❤❛✈❡ v n → u✳ ▼♦r❡♦✈❡r✱ ❜② ❝♦♥str✉❝t✐♦♥✱ v n ✐s st✐•• ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ♦♥ t❤❡ s❡t Ω ′ n ❛♥❞ ❛•• ✐ts •✉♠♣s ❜❡•♦♥❣ t♦ M ✳ ❚♦ ✜♥✐s❤✱ ✇❡ ❤❛✈❡ t♦ ♠♦❞✐❢② v n ❛r♦✉♥❞ ❡❛❝❤ ❞✐s❝♦♥t✐♥✉✐t② ♣♦✐♥t✱ s♦ t❤❛t t❤❡ ♥❡✇ ❢✉♥❝t✐♦♥ u n ✐s r❡❣✉•❛r ❛♥❞ ❛❞♠✐ts ❛ ❞❡r✐✈❛t✐✈❡ ✇❤✐❝❤ ✐s s♠❛•• ❢♦r t❤❡ L 2 µ ✲♥♦r♠✳ ❚❤✐s ✐s ❛••♦✇❡❞ ❜② t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t ❛❜♦✉t ❡♠❜❡❞❞✐♥❣s ❜❡t✇❡❡♥ ❢✉♥❝t✐♦♥❛• s♣❛❝❡s✿ ▲❡♠♠❛ ✶✳✸✳✹✳ ▲❡t J ❜❡ ❛ ❜♦✉♥❞❡❞ ✐♥t❡r✈❛• ♦❢ R✱ ❛♥❞ µ ❛ ✜♥✐t❡ ♠❡❛s✉r❡ ♦♥ J ✇✐t❤ ❞❡♥s✐t② f > 0✳ ❚❤❡ ❢♦••♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ ❡q✉✐✈❛•❡♥t✿ ✶✳ ❚❤❡ ❢✉♥❝t✐♦♥ 1/f ❜❡•♦♥❣s t♦ L 1 (J) ✷✳ ❚❤❡ s♣❛❝❡ L 2 µ (J) ✐s ❝♦♥t✐♥✉♦✉s•② ❡♠❜❡❞❞❡❞ ✐♥t♦ L 1 (J) Pr♦♦❢✳ ❲❡ ❤❛✈❡ ❛•r❡❛❞② s❡❡♥ t❤❡ ❞✐r❡❝t ✐♠♣•✐❝❛t✐♦♥s✱ ✇❤✐❝❤ ❝♦♠❡s ✐♠♠❡❞✐❛t❡•② ❢r♦♠ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛•✐t②✳ ❋♦r t❤❡ ✐♥✈❡rs❡ ✐♠♣•✐❝❛t✐♦♥✱ •❡t ✉s ❛ss✉♠❡ t❤❛t J 1/f = +∞ ❛♥❞ s❡t E n = t ∈ J : 1 n + 1 ≤ f (t) < 1 n ❛♥❞ l n = L 1 (E n ) ❲❡ ❦♥♦✇ t❤❛t n l n < +∞ ✭✐t ✐s t❤❡ •❡♥❣t❤ ♦❢ J✮ ❛♥❞ n nl n = n J n 1 {n-1≤1/f ≤n} ≥ n J 1 f 1 {n-1≤1/f ≤n} ≥ J 1 f = +∞ t❤✉s n nl n = +∞✳ ❲❡ ✇✐•• ❜✉✐•❞ ❛ ❢✉♥❝t✐♦♥ U ✇❤✐❝❤ ✐s ❝♦♥st❛♥t ♦♥ ❡❛❝❤ s❡t E n ✱ ❜❡•♦♥❣s t♦ L 2 µ ❛♥❞ ❞♦❡s ♥♦t ❜❡•♦♥❣ t♦ L 1 ✳ ■❢ ✇❡ ❞❡♥♦t❡ ❜② u n t❤❡ ✈❛•✉❡ ♦❢ U ♦♥ E n ✱ ✐t ✐s ❡q✉✐✈❛•❡♥t t♦ ✜♥❞ ❛ s❡q✉❡♥❝❡ (u n ) n ✈❡r✐❢②✐♥❣ n u 2 n (nl n ) < +∞ ❛♥❞ n |u n | l n = +∞ ✶✳✸✳ ❚❍❊ ❖◆❊✲❉■▼❊◆❙■❖◆❆▲ ❈❆❙❊ ✸✸ ■❢ ✇❡ r❡s✉♠❡✱ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❡ ❢♦••♦✇✐♥❣ st❛t❡♠❡♥t✿ ❢♦r ❛♥② s❡q✉❡♥❝❡ (l n ) n ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs s✉❝❤ t❤❛t n nl n = +∞ ❛♥❞ n l n < +∞✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (u n ) n ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs s✉❝❤ t❤❛t n u 2 n (nl n ) < +∞ ❛♥❞ n nu n = +∞✳ ❇② ❝♦♥tr❛❞✐❝t✐♦♥✱ ✐t ✐s ❡q✉✐✈❛•❡♥t t♦ t❤❡ ❢♦••♦✇✐♥❣✿ ❢♦r ❛♥② (l n ) n ⊂ R * + s✉❝❤ t❤❛t n l n < +∞ ❛♥❞ t❤❡ ❢♦••♦✇✐♥❣ ✐♠♣•✐❝❛t✐♦♥ ❤♦•❞s✿ n u 2 n (nl n ) < +∞ ⇒ n l n |u n | < +∞ ✇❡ ❤❛✈❡ n nl n < +∞✳ ❚❤✐s r❡s✉•t ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❝♦r♦••❛r② ♦❢ t❤❡ ❇❛♥❛❝❤✲❙t❡✐♥❤❛✉s t❤❡♦r❡♠✳ ❉❡♥♦t✐♥❣ ❜② ℓ 2 nln t❤❡ s♣❛❝❡ ♦❢ s❡q✉❡♥❝❡s (u n ) n s✉❝❤ t❤❛t n u 2 n (nl n ) < +∞✱ t❤❡ ♦♣❡r❛t♦r T N : u ∈ ℓ 2 nln -→ N n=0 l n u n ✐s •✐♥❡❛r ❝♦♥t✐♥✉♦✉s ✇✐t❤ ♥♦r♠ N n=0 nl n 1/2 ❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥ ❛❜♦✉t (l n ) n ✐s ❡q✉✐✈❛•❡♥t t♦ ∀u ∈ ℓ 2 nln sup N ∈N |T N (u)| < +∞ ❇② ❇❛♥❛❝❤✲❙t❡✐♥❤❛✉s t❤❡♦r❡♠✱ ✇❡ ❣❡t sup N ∈N ||T N || < +∞ ❛♥❞ n∈N nl n < +∞❀ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣•❡t❡✳ ❲❡ ♥♦✇ ❤❛✈❡ t❤❡ ❛r❣✉♠❡♥ts t♦ tr❛♥s❢♦r♠ w n ✐♥t♦ ❛ C 1 ❢✉♥❝t✐♦♥ u n ✇❤✐❝❤ ✇✐•• ❣✐✈❡ ✉s ♦✉r ❛♣♣r♦①✲ ✐♠❛t✐♦♥✳ ▲❡t ✉s r❡❝❛•• t❤❛t v n ✐s ❡q✉❛• t♦ u ♦✉ts✐❞❡ ♦❢ Ω n ✱ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ♦♥ Ω ′ n ✱ ❛•• ✐ts •✉♠♣s ❛r❡ •♦❝❛t❡❞ ✐♥ t❤❡ s❡t M ❛♥❞ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ v n ✐s ♥✉•• ♦♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤✐s •✉♠♣s✳ ❉❡♥♦t✐♥❣ ❜② y 1 < • • • < y p t❤❡ •✉♠♣s ♦❢ v n ✱ ✇❡ ✜♥❞ ε n s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ j✱ v n ✐s ❝♦♥st❛♥t ♦♥ (y j -ε n , y j ) ❛♥❞ (y j , y j + ε n )✳ ▼♦r❡♦✈❡r✱ ✇❡ ❦♥♦✇ t❤❛t y 1 , . . . , y p ❛r❡ ❞✐st✐♥❝t ♦❢ t❤❡ ✏❜✐❣ ❛t♦♠s✑ x 1 , . . . , x n ♦❢ µ✱ t❤✉s ✇❡ ❝❛♥ ❛ss✉♠❡✱ ✐❢ ε n ✐s s♠❛•• ❡♥♦✉❣❤✱ t❤❛t p j=1 (µ((y j -ε n , y j + ε n )) ≤ 1/n + k≥n µ(x k ) ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② µ n t❤✐s •❛st t❡r♠✱ ✇❤✐❝❤ ❣♦❡s t♦ 0 ❛s n → +∞✳ ❖♥ t❤❡ ✐♥t❡r✈❛• (y j -ε n , y j + ε n )✱ t❤❛♥❦s t♦ t❤❡ •❛st •❡♠♠❛✱ L 2 µ ✐s ♥♦t ❡♠❜❡❞❞❡❞ ✐♥t♦ L 1 ✱ t❤✉s ✇❡ ❝❛♥ ✜♥❞ ❛ r❡❣✉•❛r ❢✉♥❝t✐♦♥ g j s✉❝❤ t❤❛t yj +εn yj -εn g j = v n (y + j ) -v n (y - j ) ❛♥❞ yj +εn yj -εn g 2 j ❞µ ≤ 1 nq ❚❤❡♥✱ ✇❡ s❡t u n (x) = v n (y j -ε n ) + x yj -εn g j ✐❢ y j -ε n ≤ x ≤ y j + ε n v n (x) ♦t❤❡r✇✐s❡ ❛♥❞ ✇❡ ✜♥✐s❤ ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣✿ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✸✳ ❚❤✐s s❡q✉❡♥❝❡ (u n ) n s❛t✐s✜❡s u n → u ❛♥❞ u ′ n → v ❢♦r t❤❡ L 2 µ ✲♥♦r♠✱ ✇❤❡r❡ v(x) = u ′ (x) ✐❢ x / ∈ M ♦r ✐s ❛♥ ❛t♦♠ ♦❢ µ 0 ♦t❤❡r✇✐s❡ ❈♦♥s❡q✉❡♥t•②✱ T µ = {0} µ✲❛✳❡✳ ♦♥ M ✳ ✸✹ ❈❍❆P❚❊| ✶✳ ❊❳■❙❚❊◆❈❊ ❖❋ ▼■◆■▼■)❊|❙ Pr♦♦❢✳ ❲❡ ❦♥♦✇ t❤❛t v n → u✱ t❤✉s u n → u ❢♦r t❤❡ L 2 µ ✲♥♦r♠ ♦✉ts✐❞❡ ♦❢ t❤❡ ✐♥t❡r✈❛•s ]y j -ε n , y j + ε n [✳ ❇✉t s✐♥❝❡ t❤❡ t♦t❛• ♠❛ss ♦❢ t❤✐s ✐♥t❡r✈❛•s ❣♦❡s t♦ 0 ❛♥❞ (u n ) n ✐s ✉♥✐❢♦r♠•② ❜♦✉♥❞❡❞✱ ✇❡ ❣❡t u n → u✳ ❋♦r t❤❡ ❞❡r✐✈❛t✐✈❡✱ s✐♥❝❡ u n = u ♦✉ts✐❞❡ ♦❢ Ω n ✱ ✇❡ ❤❛✈❡ ||u ′ n -v|| 2 L 2 µ = ||u ′ n -v|| 2 L 2 µ (Ωn) = ||u ′ n -v|| 2 L 2 µ (Ωn-M ) + ||u ′ n -v|| 2 L 2 µ (M -{x1,...,xn}) ✇❤❡r❡ t❤❡ ✜rst t❡r♠ ❣♦❡s t♦ ✵ ✭s✐♥❝❡ (u n ) n ✐s ✉♥✐❢♦r♠•② ❜♦✉♥❞❡❞ ❛♥❞ µ(Ω n -M ) ❣♦❡s t♦ ✵✮❀ ❢♦r t❤❡ s❡❝♦♥❞ ♦♥❡✱ ✇❡ ❤❛✈❡ v = 0 ♦♥ M ✱ t❤✉s ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t ||u ′ n || ❣♦❡s t♦ 0 ❢♦r t❤❡ L 2 µ ✲♥♦r♠ ♦♥ M -{x 1 , . . . , x n }❀ t❤✐s t❡r♠ ✐s ❜♦✉♥❞❡❞ ❜② ||u ′ n || 2 L 2 µ (Ω ′ n -{y1,...,yp}) + p j=1 u ′ n (y j )µ({y j }) ❙✐♥❝❡ (u ′ n ) n ✐s ✉♥✐❢♦r♠•② ❜♦✉♥❞❡❞✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ s❡❝♦♥❞ t❡r♠ ❣♦❡s t♦ 0✱ ❛♥❞ s✐♥❝❡ u n ✐s ❝♦♥st❛♥t ♦✉ts✐❞❡ ♦❢ t❤❡ ✐♥t❡r✈❛•s ]y j -ε n , y j + ε n [ t❤❡ ✜rst ♦♥❡ ✐s ❡q✉❛• t♦ p j=1 yj +εn yj -εn g 2 j dµ ✇❤✐❝❤✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ g j ✱ ✐s s♠❛••❡r t❤❛♥ 1/n✳ ❚❤✐s ❝♦♠♣•❡t❡s t❤❡ ♣r♦♦❢✳ ✶✳✸✳✸ ❈♦♥s❡q✉❡♥❝❡s ❢♦r ♦✉r ✈❛r✐❛t✐♦♥❛• ♣r♦❜•❡♠ ❚❤❡♦r❡♠ ✶✳✸✳✷✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ s❡t T ∈ H 1 µ (I) : T # µ = ν ✐s ♥♦♥✲❡♠♣t②✳ ❚❤❡♥ t❤❡ ♣r♦❜•❡♠ inf I (|T (x) -x| 2 + |∇ µ T (x)| 2 ) ❞µ(x) : T ∈ H 1 µ (I), T # µ = ν ❛❞♠✐ts ❛t •❡❛st ♦♥❡ s♦•✉t✐♦♥✳ Pr♦♦❢✳ ▲❡t ✉s ❜❡❣✐♥ ❜② r❡✇r✐t✐♥❣ ♣r❡❝✐s❡•② t❤❡ ❢✉♥❝t✐♦♥❛• t❤❛t ✇❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s ❝❛s❡✿ ✇❡ ❦♥♦✇ t❤❛t T µ = {0} ♦♥ M ∪ A ❛♥❞ R ❡•s❡✇❤❡r❡✱ s♦ ♥♦✇ ✇❡ ❛r❡ ♠✐♥✐♠✐③✐♥❣ J : U ∈ H 1 µ (I) -→ I-M ((U (x) -x) 2 + U ′ (x) 2 )f (x) ❞x + M ∪A (U (x) -x) 2 ❞µ(x) ▲❡t ✉s ♠♦r❡♦✈❡r ❞❡♥♦t❡ ❜② (x i ) i t❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ ❛t♦♠s ♦❢ µ ✭✇❤✐❝❤ ❝❛♥ ❜❡ ❡♠♣t②✮✱ (µ i ) i t❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡✐r ♠❛ss✱ ❛♥❞ µ| M ∪A = µ + i µ i δ xi ✇✐t❤ µ ✐s ❛t♦♠✲•❡ss✳ ◆♦✇✱ ❢♦r U ∈ H 1 µ (I)✱ ✇❡ ❤❛✈❡ J(U ) = I-M ((U (x) -x) 2 + U ′ (x) 2 )f (x) ❞x + M ∪A (U (x) -x) 2 ❞ µ(x) + i µ i (U (x i ) -x i ) 2 ▲❡t (U n ) n ❜❡ ❛ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡✳ ❖♥ I -M ✱ ✇❤✐❝❤ ✐s ❡①❛❝t•② t❤❡ s❡t ♦❢ ♣♦✐♥ts ♦♥ ✇❤✐❝❤ T µ ✐s R✱ ✇❡ ❝❛♥ ❡①tr❛❝t ❢r♦♠ (U n ) n ❛ µ✲❛✳❡✳ ✭✇❤✐❝❤ ♠❡❛♥s L 1 ✲❛✳❡✳ ✇❤❡r❡✈❡r f = 0✮ ♣♦✐♥t✇✐s❡ ❝♦♥✈❡r❣❡♥t s✉❜s❡q✉❡♥❝❡✱ ✇❤♦s❡ •✐♠✐t ✐s ❞❡♥♦t❡❞ ❜② U ❀ •❡t ✉s r❡♠❛r❦ t❤❛t U ✐s t❤❡ ✇❡❛❦ •✐♠✐t ♦❢ (U n ) n ✭✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✮ ✐♥ t❤❡ s♣❛❝❡ H 1 f ✱ ❛♥❞ ❜② s❡♠✐✲❝♦♥t✐♥✉✐t②✱ ✇❡ ❤❛✈❡ I-M ((U (x) -x) 2 + U ′ (x) 2 )f (x) ❞x ≤ lim inf I-M ((U n (x) -x) 2 + U ′ n (x) 2 )f (x) ❞x ◆♦✇ ✇❡ s❡t✱ ❢♦r n ∈ N✱ ν n = (U n ) # µ ❛♥❞ U n t❤❡ ♦♣t✐♠❛• tr❛♥s♣♦rt ♠❛♣ ❢♦r t❤❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤ q✉❛❞r❛t✐❝ ❝♦st ❜❡t✇❡❡♥ µ ❛♥❞ ν n ✳ ❲❡ ❦♥♦✇ t❤❛t U n ✐s t❤❡ ✉♥✐q✉❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ tr❛♥s♣♦rt ♠❛♣ ❜❡t✇❡❡♥ µ ❛♥❞ ν n ✱ s♦ t❤❛t ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ( U n ) n ❛❞♠✐ts✱ ❢♦r t❤❡ µ✲❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡✱ ❛ •✐♠✐t U ✳ ❋♦r ❛♥② n✱ t❤❛♥❦s t♦ t❤❡ ♦♣t✐♠❛•✐t② ♦❢ U n ✱ ✇❡ ❤❛✈❡ M ∪A ( U n (x) -x) 2 ❞ µ(x) ≤ M ∪A (U n (x) -x) 2 ❞ µ(x) ❛♥❞ ❜② s❡♠✐✲❝♦♥t✐♥✉✐t② M ∪A ( U (x) -x) 2 ❞ µ(x) ≤ lim inf M ∪A (U n (x) -x) 2 ❞ µ(x) ❋✐♥❛••②✱ ❜② ❛ ❞✐❛❣♦♥❛• ❛r❣✉♠❡♥t✱ ♦♥❡ ❝❛♥ ✜♥❞ ❛ s❡q✉❡♥❝❡ (n k ) k s✉❝❤ t❤❛t (U n k (x i )) k ❤❛s ❛ •✐♠✐t ❢♦r ❡❛❝❤ i✳ ❚❤✉s✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② T n (x) = U n (x) ✐❢ x ∈ V U n (x) ✐❢ x ∈ (M ∪ A) ❛♥❞ T (x) = U ( x) ✐❢ x ∈ V U (x) ✐❢ x ∈ M ∪ A ✇❡ ❤❛✈❡ T n → T µ✲❛✳❡✳ ♦♥ I✱ ❛♥❞ J(T ) ≤ lim inf I-M ((U n (x) -x) 2 + U ′ n (x) 2 )f (x) ❞x + lim inf M ∪A (U n (x) -x) 2 ❞µ(x) ≤ lim inf J(U n ) ✇❤❡r❡ (U n ) n ✐s ❛ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡ ❢♦r J ♦♥ t❤❡ s❡t ♦❢ H 1 µ tr❛♥s♣♦rt ♠❛♣s ❜❡t✇❡❡♥ µ ❛♥❞ ν✳ ■t ✐s t❤✉s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t T s❛t✐s✜❡s t❤❡ ❝♦♥str❛✐♥t ♦♥ ✐♠❛❣❡ ♠❡❛s✉r❡ t♦ ❝♦♥❝•✉❞❡✳ ❇✉t ❢♦r ❡❛❝❤ n✱ ❜② ❝♦♥str✉❝t✐♦♥✱ (T n ) # µ = ν ❛♥❞ t❤❡ µ✲❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡ ❛••♦✇s t♦ ♦❜t❛✐♥ t❤❛t t❤✐s ✐s ❛•s♦ tr✉❡ ❢♦r t❤❡ •✐♠✐t T ❀ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣•❡t❡✳ ✶✳✹ ❙♦♠❡ s✉r♣r✐s✐♥❣ ❡①❛♠♣•❡s ✐♥ ❞✐♠❡♥s✐♦♥ ✷ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② s♦♠❡ ❡①❛♠♣•❡s ♦❢ ✏s✉r♣r✐s✐♥❣✑ ♠❡❛s✉r❡s ✐♥ ❞✐♠❡♥s✐♦♥ 2✱ ✇❤✐❝❤ ❛r❡ ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ❜✉t ❤❛✈❡ ❛ ❞❡♥s✐t② s✉❝❤ t❤❛t t❤❡ ❝r✐t✐❝❛• s❡t ✐s t❤❡ ✇❤♦•❡ ❞♦♠❛✐♥ Ω ❛♥❞ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ✐s ❛✳❡✳ ♥♦♥✲♥✉••✳ ❍♦✇❡✈❡r✱ ✇❡ ❛r❡ ❛❜•❡ t♦ s❤♦✇ ❝♦♠♣❛❝t♥❡ss r❡s✉•ts ✐♥ t❤❡s❡ ♣❛rt✐❝✉•❛r ❝❛s❡s ✇❤✐❝❤ ❛r❡ ❡♥♦✉❣❤ ❢♦r ♦✉r ✈❛r✐❛t✐♦♥❛• ♣r♦❜•❡♠✳ ✶✳✹✳✶ ❆ ❝❛s❡ ✇❤❡r❡ dim T µ = 1 ❛✳❡✳ ❲❡ ❜❡❣✐♥ ❜② ❜✉✐•❞✐♥❣ ❛ ❞❡♥s✐t② ✐♥ ❞✐♠❡♥s✐♦♥ ✶ ✇❤✐❝❤ ✐s ❛♥ ❡①❛♠♣•❡ ♦❢ ♠❡❛s✉r❡ ❢♦r ✇❤✐❝❤ t❤❡ ❝r✐t✐❝❛• s❡t ✐s t❤❡ ✇❤♦•❡ ✐♥t❡r✈❛•✱ ❛ t♦♦• t❤❛t ✇✐•• ❜❡ ✉s❡❞ s❡✈❡r❛• t✐♠❡s ✐♥ t❤❡ ❢♦••♦✇✐♥❣ t♦ ❝♦♥str✉❝t ❡①❛♠♣•❡s ✐♥ ❞✐♠❡♥s✐♦♥ ✷ ❛♥❞ ♠♦r❡✳ ❚❤✐s ❡①❛♠♣•❡ ✐s ❞✉❡ t♦ •✉② ❉❛✈✐❞✳ ✸✻ ❈❍❆P❚❊| ✶✳ ❊❳■❙❚❊◆❈❊ ❖❋ ▼■◆■▼■)❊|❙ Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✶✳ ❚❤❡r❡ ❡①✐st ❛ ❢✉♥❝t✐♦♥ f ∈ L ∞ (0, 1) ✇❤✐❝❤ ✐s ♣♦s✐t✐✈❡ ❛✳❡✳ ✭❢♦r t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✮ ♦♥ (0, 1) ❛♥❞ s✉❝❤ t❤❛t✱ ❢♦r ❛♥② x ∈ (0, 1)✱ (0,1)∪(x-ε,x+ε) dt f (t) = +∞ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ s❡t M ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤✐s ❢✉♥❝t✐♦♥ ✐s t❤❡ ✇❤♦•❡ (0, 1)✳ Pr♦♦❢✳ ▲❡t (q n ) n ❜❡ ❛♥ ❡♥✉♠❡r❛t✐♦♥ ♦❢ Q ∩ (0, 1)✳ ❋♦r ε > 0✱ ✇❡ s❡t U ε = n∈N q n - ε 2 n , q n + ε 2 n ∩ (0, 1) ❚❤❡ s❡t U ε ✐s ♦♣❡♥✱ ❝♦♥t❛✐♥s Q ❛♥❞ ✇❡ ❤❛✈❡ 2ε ≤ L 1 (U ε ) ≤ n∈N (ε/2 n ) = 4ε✳ ▼♦r❡♦✈❡r✱ t❤❡ ❢❛♠✐•② (U ε ) ε ❞❡❝r❡❛s❡s ✇❤❡♥ ε → 0✳ ❲❡ t❤❡♥ t❛❦❡ ❛ s❡q✉❡♥❝❡ (ε k ) k∈N ✇❤✐❝❤ ❞❡❝r❡❛s❡s t♦ 0 ❛s k → +∞ ❛♥❞ ✈❡r✐✜❡s k ε k = +∞✳ ▲❡t ✉s s❤♦✇ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ f = 1 1 + k 1 Uε k s❛t✐s✜❡s t❤❡ r❡q✉✐r❡❞ ♣r♦♣❡rt②✿ • f ✐s ♦❢ ❝♦✉rs❡ ❜♦✉♥❞❡❞ ✭❜② 1✮ ♦♥ (0, 1)✳ • f (x) ✐s ♥✉•• ✐❢ ❛♥❞ ♦♥•② ✐❢ x ❜❡•♦♥❣s t♦ ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ U ε k ❀ ❜✉t s✐♥❝❡ t❤❡ s❡q✉❡♥❝❡ (U ε k ) k ✐s ❞❡❝r❡❛s✐♥❣ ❢♦r t❤❡ ✐♥❝•✉s✐♦♥✱ t❤✐s ♠❡❛♥s t❤❛t x ❜❡•♦♥❣s t♦ U ε k ❢♦r ❛♥② k✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ L 1   k≥k0 U ε k   = L 1 (U ε k 0 ) ≤ 4ε k0 → 0 ❛s k 0 → +∞ s♦ t❤❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❛•• t❤❡ U ε k ❤❛s ③❡r♦ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡❀ t❤✐s ✐♠♣•✐❡s t❤❛t f (x) ✐s ♣♦s✐t✐✈❡ ❢♦r ❛✳❡✳ x❀ • ✜♥❛••②✱ ✐❢ a < b ∈ (0, 1)✱ t❤❡♥ b a 1 f = (b -a) + k L 1 (U ε k ∩ (a, b)) ▲❡t n 0 ❜❡ ❛ •❛r❣❡ ❡♥♦✉❣❤ ✐♥t❡❣❡r s♦ t❤❛t a ′ = a + 1 2 n0 < b - 1 2 n0 = b ′ ✳ ❲❡ ❤❛✈❡ ❢♦r ε < 1✿ U ε ∩ (a, b) = n∈N q n - ε 2 n , q n + ε 2 n ∩ (a, b) ⊃ n≥n0qn∈(a ′ ,b ′ ) q n - ε 2 n , q n + ε 2 n ❲❡ ❞❡❞✉❝❡ t❤❛t L 1 (U ε k ∩ (a, b)) ≥ n≥n0qn∈(a ′ ,b ′ ) ε 2 n-1 = Cε ✇❤❡r❡ C = n≥n0qn∈(a ′ ,b ′ ) 1 2 n-1 ❛♥❞ C ♦♥•② ❞❡♣❡♥❞s ♦♥ a, b ❛♥❞ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ε✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ b a 1 f = (b -a) + k L 1 (U ε k ∩ (a, b)) ≥ 1 + C k∈N ε k = +∞ ✶✳✹✳ ❙❖▼❊ ❙❯|P|■❙■◆• ❊❳❆▼P▲❊❙ ■◆ ❉■▼❊◆❙■❖◆ ✷ ✸✼ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ❞❡♥s✐t② f s❛t✐s✜❡s✱ ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥s ♦❢ t❤❡ ❛❜♦✈❡ s❡❝t✐♦♥✱ M = (0, 1) ❛♥❞ t❤❡ t❛♥❣❡♥t s♣❛❝❡ t♦ t❤❡ ♠❡❛s✉r❡ ✇✐t❤ ❞❡♥s✐t② f ✐s ♥✉•• ❛✳❡✳ (0, 1)✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❙♦❜♦•❡✈ s♣❛❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡❛s✉r❡ ❞µ(x 1 , x 2 ) = f (x 1 ) ❞x 1 ❞x 2 ♦♥ t❤❡ sq✉❛r❡ Ω = (0, 1) 2 ✐♥ R 2 ✳ ❙❡tt✐♥❣ g(x 1 , x 2 ) = f (x 1 )✱ t❤✐s ❡①❛♠♣•❡ ✐s ♣r❡❝✐s❡•② ❜✉✐•t s♦ t❤❛t t❤❡ ❝r✐t✐❝❛• s❡t M = x ∈ Ω : ∀ε > 0, B(x,ε)∩Ω ❞t g(t) ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ✇❤♦•❡ ❞♦♠❛✐♥ Ω✳ ❚❤❡ s♣❛❝❡ L 2 µ (Ω) ✐s ❞❡s❝r✐❜❡❞ ❛s ❢♦••♦✇s✿ u ∈ L 2 µ (Ω) ⇐⇒ Ω |u(x 1 , x 2 )| 2 f (x 1 ) ❞x 1 ❞x 2 < +∞ ⇐⇒ ❢♦r µ✲❛✳❡✳ x 1 , u(x 1 , •) ∈ L 2 (0, 1) ❛♥❞ x 1 → ||u(x 1 , •)|| L 2 ∈ L 2 f (0, 1) ■♥ ♣❛rt✐❝✉•❛r✱ ❢♦r u ∈ L 2 µ ✱ t❤❡ ♣❛rt✐❛• ❞❡r✐✈❛t✐✈❡ ∂ 2 u ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ✇❡❛❦ s❡♥s❡✿ ✐t ✐s✱ ❢♦r µ✲❛✳❡✳ x 1 ✱ t❤❡ ✇❡❛❦ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ u(x 1 , •) ✇❤✐❝❤ ❜❡•♦♥❣s t♦ L 2 (0, 1)✳ ❚❤✐s s✉❣❣❡sts t❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✿ Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✷✳ ❋♦r µ✲❛✳❡✳ x ∈ Ω✱ t❤❡ s♣❛❝❡ T µ (x) ✐s t❤❡ ✈❡rt✐❝❛• •✐♥❡ R • e 2 ✳ ■♥ ♣❛rt✐❝✉•❛r✱ ❛•t❤♦✉❣❤ µ ✐s ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✱ t❤❡ t❛♥❣❡♥t s♣❛❝❡ t♦ µ ✐s ♥♦♥✲tr✐✈✐❛• ♦♥ ❛•♠♦st ❛•• t❤❡ ❞♦♠❛✐♥ Ω✳ Pr♦♦❢ ♦❢ Pr♦♣✳ ✶✳✹✳✷✳ ❲❡ ✜rst ♣r♦✈❡ t❤❛t e 1 ⊥ T µ (x) ❢♦r µ✲❛✳❡✳ x❀ t❤❛♥❦s t♦ t❤❡ Pr♦♣✳ ✶✳✷✳✷✱ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t e 1 ∈ Γ(0) ✐✳❡✳ t♦ ♣r♦❞✉❝❡ ❛ s❡q✉❡♥❝❡ (u n ) n ♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ❤❛✈✐♥❣ 0 ❢♦r •✐♠✐t ❛♥❞ s✉❝❤ t❤❛t ∇u n → e 1 ❢♦r t❤❡ L 2 µ ✲♥♦r♠✳ ❇✉t ✇❡ ❛•r❡❛❞② ❦♥♦✇ t❤❛t✱ ✐♥ ❞✐♠❡♥s✐♦♥ ♦♥❡✱ t❤❡ t❛♥❣❡♥t s♣❛❝❡ t♦ t❤❡ ♠❡❛s✉r❡ ✇✐t❤ ❞❡♥s✐t② f ✐s ✐❞❡♥t✐❝❛••② {0}✿ t❤✐s ✐♠♣•✐❡s 1 ∈ Γ(0)✱ ✐✳❡✳ ∃v n ∈ C ∞ (0, 1) N : v n → 0 v ′ n → 1 ❢♦r t❤❡ L 2 f -norm ❛♥❞ ✇❡ ❝♦♥❝•✉❞❡ ❜② ✈❡r✐❢②✐♥❣ t❤❛t u n (x 1 , x 2 ) = v n (x 1 ) ✐s ❝♦♥✈❡♥✐❡♥t✳ ▲❡t ✉s ♥♦✇ s❤♦✇ t❤❛t e 2 ∈ T µ (x)✳ ■♥ t❤✐s ❛✐♠ ✇❡ s❤♦✇ t❤❡ ✐♠♣•✐❝❛t✐♦♥ v = (v 1 , v 2 ) ∈ Γ(0) =⇒ v 2 = 0 µ-a.e. ■♥❞❡❡❞✱ ✐❢ u n → 0 ❛♥❞ ∇u n → v = (v 1 , v 2 )✱ t❤❡♥ ❢♦r ϕ ∈ D(Ω) ✇❡ ❤❛✈❡ Ω ∂ 2 u n (x 1 , x 2 )ϕ(x 1 , x 2 )f (x 1 ) ❞x 1 ❞x 2 = Ω u n (x 1 , x 2 )∂ 2 ϕ(x 1 , x 2 )f (x 1 ) ❞x 1 ❞x 2 ≤ ||u n || L 2 f ||ϕ|| L 2 f ✇❤✐❝❤ ❣♦❡s t♦ 0 ❛s n → +∞❀ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ Ω ∂ 2 u n (x 1 , x 2 )ϕ(x 1 , x 2 )f (x 1 ) ❞x 1 ❞x 2 → Ω v 2 ϕ ❞µ ❛♥❞ ✇❡ ♦❜t❛✐♥ v 2 ϕ ❞µ = 0 ❢♦r ❛♥② t❡st ❢✉♥❝t✐♦♥ ϕ✱ t❤✉s ϕ = 0✳ ❚❤✐s ✐♠♣•✐❡s t❤❡ ❢♦••♦✇✐♥❣ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❙♦❜♦•❡✈ s♣❛❝❡ H 1 µ ✿ Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✸✳ ▲❡t u ∈ L 2 µ (Ω)✳ ❚❤❡♥ u ∈ H 1 µ (Ω) ✐❢ ❛♥❞ ♦♥•② ✐❢ t❤❡ t✇♦ ❢♦••♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿ • ❢♦r ❛✳❡✳ x 1 ✱ t❤❡ ❢✉♥❝t✐♦♥ x 2 → u(x 1 , x 2 ) ❜❡•♦♥❣s t♦ H 1 (0, 1)❀ • t❤❡ ❢✉♥❝t✐♦♥ x 1 → ||u(x 1 , •)|| 2 H 1 (0,1) ❜❡•♦♥❣s t♦ L 1 f (0, 1)✳ ■♥ t❤✐s ❝❛s❡✱ ∇ µ u = (0, ∂ 2 u) ✇❤❡r❡✱ ❢♦r µ✲❛✳❡✳ x 1 ✱ ∂ 2 u(x 1 , •) ✐s t❤❡ ✇❡❛❦ ❞❡r✐✈❛t✐✈❡ ♦❢ u(x 1 , •)✱ ✇❤✐❝❤ ❜❡•♦♥❣s t♦ L 2 (0, 1)✳ Pr♦♦❢✳ ❋♦r t❤❡ ❞✐r❡❝t ✐♠♣•✐❝❛t✐♦♥✱ •❡t ✉s t❛❦❡ u = lim n u n ✇✐t❤ ∇u n → v ✐♥ L 2 µ ✳ ▲❡t x 1 ∈ (0, 1) s✉❝❤ t❤❛t u n (x 1 , •) → u(x 1 , •) ❛♥❞ ∂ 2 u n (x 1 , •) → v 2 (x 1 , •) ✭t❤✐s ✐s tr✉❡ ✉♣ t♦ ❛ ♥❡❣•✐❣✐❜•❡ s❡t ♦❢ (0, 1)✮✳ ❚❤❡♥✱ ❢♦r ϕ ∈ D(0, 1)✱ ✇❡ ❤❛✈❡ 1 0 v 2 (x 1 , •)ϕ = lim n 1 0 ∂ 2 u n (x 1 , •)ϕ = -lim n 1 0 u n (x 1 , •)ϕ ′ = -u n (x 1 , •)ϕ ′ ✇❤✐❝❤ s❤♦✇s t❤❛t ∂ 2 u = v 2 ✳ ■♥ ♣❛rt✐❝✉•❛r 1 0 ||u(x 1 , •)|| 2 H 1 (0,1) f (x 1 ) ❞x 1 = 1 0 1 0 (|u(x 1 , x 2 )| 2 + |v(x 1 , x 2 )| 2 ) ❞x 2 f (x 1 ) ❞x 1 = ||u|| 2 L 2 µ + ||v|| 2 L 2 µ ✇❤✐❝❤ ✐s ✜♥✐t❡ s✐♥❝❡ u, v ∈ L 2 µ (Ω)✳ ▼♦r❡♦✈❡r✱ t❤❡ Pr♦♣✳ ✶✳✹✳✷ ✐♠♣•✐❡s t❤❛t✱ ❢♦r ❛♥② v ∈ Γ(u)✱ ∇ µ u(x) = p Tµ(x) (v(x)) = (0, v 2 (x)) = (0, ∂ 2 u(x)) ❋♦r t❤❡ ❝♦♥✈❡rs❡ ✐♠♣•✐❝❛t✐♦♥✱ ✇❡ ❛❣❛✐♥ r❡♠❛r❦ t❤❛t✱ ✐❢ u ∈ C ∞ Ω ✱ ||u|| 2 H 1 µ (Ω) = 1 0 ||u(x 1 , •)|| 2 L 2 (0,1) + ||(∂ 2 u)(x 1 , •)|| 2 L 2 (0,1) f (x 1 ) ❞x 1 ❛♥❞ ❝♦♥❝•✉❞❡ ❜② t❤❡ ❢❛❝t t❤❛t H 1 µ (Ω) ✐s t❤❡ ❝•♦s✉r❡ ♦❢ C ∞ Ω ❢♦r t❤✐s ♥♦r♠✳ ■♥ ♣❛rt✐❝✉•❛r✿ • ✐♥ t❤✐s ❝❛s❡✱ t❤❡ s♣❛❝❡ H 1 µ ❞♦❡s ♥♦t ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ s❡t u ∈ L 2 g (Ω) : u| Ω-M ∈ H 1 g (Ω -M ) 2 s✐♥❝❡ t❤✐s •❛st s❡t ✐s ❛❝t✉❛••② t❤❡ ✇❤♦•❡ s♣❛❝❡ L 2 g (Ω)✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ H 1 µ ✐s t❤✉s ✐♥ ❣❡♥❡r❛• ✜♥❡r t❤❛♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✇❡✐❣❤t❡❞ ❙♦❜♦•❡✈ s♣❛❝❡ H 1 g ✳ • t❤❡r❡ ❝❛♥♥♦t ❡①✐st ❛ ❝♦♠♣❛❝t♥❡ss r❡s✉•t ❢r♦♠ H 1 µ t♦ t❤❡ ❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡ ♦♥ Ω✿ ✐t ✐s ❡♥♦✉❣❤ t♦ t❛❦❡ ❛ s❡q✉❡♥❝❡ (u n ) n ♦❢ ❢✉♥❝t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥•② ♦♥ t❤❡ ✜rst ✈❛r✐❛❜•❡ x 1 ✱ ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ✐♥ L 2 f (0, 1) ❜✉t ✇❤✐❝❤ ✐s ♥♦♥✲❝♦♠♣❛❝t ❢♦r t❤❡ ❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡ t♦ ❣❡t ❛ ❝♦✉♥t❡r✲❡①❛♠♣•❡ ✭s✐♥❝❡ ❢♦r ❛ s✉❝❤ s❡q✉❡♥❝❡ ✇❡ ❤❛✈❡ ||u n || H 1 µ = ||u n || L 2 µ ✮✳ ❲❡ ❛r❡ ❤♦✇❡✈❡r ❛❜•❡ t♦ s❤♦✇ t❤❛t t❤❡ ♣r♦❜•❡♠ ✏✇✐t❤♦✉t tr❛♥s♣♦rt✑ ✇❤❡r❡ ♦♥•② t❤❡ ❣r❛❞✐❡♥t t❡r♠ ✐s ❝♦♥s✐❞❡r❡❞ ❛❞♠✐ts ❛ s♦•✉t✐♦♥✿ ✶✳✹✳ ❙❖▼❊ ❙❯|P|■❙■◆• ❊❳❆▼P▲❊❙ ■◆ ❉■▼❊◆❙■❖◆ ✷ ✸✾ ❚❤❡♦r❡♠ ✶✳✹✳✶✳ ❋♦r t❤✐s ♠❡❛s✉r❡ µ✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡r❡ ❡①✐sts ❛ µ✲❙♦❜♦•❡✈ tr❛♥s♣♦rt ❢r♦♠ µ t♦ ν✱ t❤❡ ♣r♦❜•❡♠ inf ||∇ µ T || 2 L 2 µ (Ω) : T ∈ H 1 µ (Ω), T # µ = ν ❛❞♠✐ts ❛t •❡❛st ♦♥❡ s♦•✉t✐♦♥✳ Pr♦♦❢✳ ❲❡ ❜❡❣✐♥ ❛❣❛✐♥ ❜② t❛❦✐♥❣ ❛ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡ (T n ) n ✳ ❖✉r str❛t❡❣② ✐s t♦ ❜✉✐•❞ ❛ s❡q✉❡♥❝❡ ξ n ♦❢ ✏r❡❛rr❛♥❣❡♠❡♥t✑ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ✇✐•• tr❛♥s❢♦r♠ T n ✐♥t♦ ❛ ♣♦✐♥t✇✐s❡•② ❝♦♥✈❡r❣❡♥t ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡✿ ξ n ✐s ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ (0, 1) t♦ ✐ts❡•❢ s✉❝❤ t❤❛t✱ ✐❢ ✇❡ s❡t U n (x 1 , x 2 ) = T n (ξ n (x 1 ), x 2 )✱ ✇❡ ❤❛✈❡ • ❢♦r ❛♥② n✱ (U n ) # µ = ν❀ • ❡❛❝❤ U n ❜❡•♦♥❣s ❛❣❛✐♥ t♦ H 1 µ (Ω) ❛♥❞ ||∇ µ U n || L 2 µ ≤ ||∇ µ T n || L 2 µ ❀ • (U n ) n ❛❞♠✐ts ❛ •✐♠✐t ❢♦r t❤❡ µ✲❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡✳ ❲❡ st❛rt ❜② s❡tt✐♥❣✱ ❢♦r n ∈ N ❛♥❞ x 1 ∈ (0, 1)✱ S n (x 1 ) : x 2 → T n (x 1 , x 2 ) ❋♦r ❛✳❡✳ x 1 ✱ S n (x 1 ) ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ H 1 (0, 1) ⊂ L 2 (0, 1)❀ ✇❡ ❡♥❞♦✇ L 2 (0, 1) ✇✐t❤ t❤❡ ❇♦r❡• σ✲❛•❣❡❜r❛ ❛ss♦❝✐❛t❡❞ t♦ ✐ts ♥❛t✉r❛• ♥♦r♠✳ ❚❤❡♥ ✇❡ s❡t ρ n = (S n ) # f ✇❤✐❝❤ ✐s ❛ ✜♥✐t❡ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ♦♥ L 2 (0, 1)✳ ▲❡♠♠❛ ✶✳✹✳✶✳ ❚❤❡ s❡q✉❡♥❝❡ (ρ n ) n ✐s t✐❣❤t✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳✹✳✶✳ ❋♦r L > 0✱ ✇❡ s❡t K L = u ∈ L 2 (0, 1) : u ∈ H 1 (0, 1) ❛♥❞ ||u|| 2 H 1 (0,1) ≤ L K L ✐s ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ L 2 (0, 1) ❛♥❞ ❢♦r ❡❛❝❤ n✿ ρ n (L 2 (0, 1) -K L ) = 1 0 1 L 2 -K L ❞ρ n = 1 0 1 Sn(x) / ∈K L f (x) ❞x ✇✐t❤ Sn(x) / ∈K L = 1 ||Sn(x)|| 2 H 1 (0,1) ≥L ≤ ||S n (x)|| 2 H 1 (0,1) L s♦ t❤❛t 1 0 1 Sn(x) / ∈K L f (x) ❞x ≤ 1 L 1 0 ||S n (x)|| 2 H 1 (0,1) f (x) ❞x = ||T n || 2 H 1 µ L ≥ C L ✇❤❡r❡ C ✐s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r (T n ) n ✐♥ H 1 µ ✳ ❋♦r ❡❛❝❤ ε > 0✱ t❛❦✐♥❣ L = C/ε ❛♥❞ K = K L ✱ ✇❡ ♦❜t❛✐♥ ∀n ∈ N, ρ n (L 2 (0, 1) -K) ≤ ε ✇❤✐❝❤ ✐s ❡①❛❝t•② t❤❡ r❡s✉•t✳ ❆♣♣•②✐♥❣ t❤❡ Pr♦❦❤♦r♦✈ t❤❡♦r❡♠✱ ✇❡ ✜♥❞ ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (S n ) n ✇❤✐❝❤ ❤❛s ❛ •✐♠✐t ❢♦r t❤❡ ✇❡❛❦✲✯ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♠❡❛s✉r❡s✳ ❲❡ t❤❡♥ ❛♣♣•② t❤❡ ❢♦••♦✇✐♥❣ ❢♦r♠✉•❛t✐♦♥ ♦❢ t❤❡ ❙❦♦r♦❦❤♦❞ t❤❡♦r❡♠❀ ✐t ❢♦r ✐♥st❛♥❝❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❉✉❞•❡② ❬✸✼(✱ ❛♥❞ ❤❛s ❜❡❡♥ ✉s❡❞ ✐♥ t❤✐s ❢♦r♠ ❢♦r ❛♥ ♦♣t✐♠❛• tr❛♥s♣♦rt ♣r♦❜•❡♠ ✐♥ t❤❡ ▼❛r❝ ❇❡r♥♦t✬s P❤❉✳ t❤❡s✐s ✭❬✶✶(✱ ❚❤❡♦r❡♠ ✹✳✷✳✽✮✿ ✹✵ ❈❍❆P❚❊| ✶✳ ❊❳■❙❚❊◆❈❊ ❖❋ ▼■◆■▼■)❊|❙ ❚❤❡♦r❡♠ ✶✳✹✳✷✳ ▲❡t (K, d) ❜❡ ❛ t♦t❛••② ❜♦✉♥❞❡❞ ♠❡tr✐❝ s♣❛❝❡ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ σ✲❛•❣❡❜r❛ ♦❢ ✐ts ❇♦r❡• s❡ts✳ ▲❡t (µ n ) n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡s ♦♥ (K, d)✳ ❚❤❡♥ (µ n ) n ✇❡❛❦•②✲✯ ❝♦♥✈❡r❣❡s t♦ µ ✐❢ ❛♥❞ ♦♥•② ✐❢ t❤❡r❡ ❡①✐ts ❛ ❢❛♠✐•② (χ n ) n ♦❢ ❢✉♥❝t✐♦♥s (0, 1) → K ❛♥❞ χ : (0, 1) → K s✉❝❤ t❤❛t • µ n = (χ n ) # L 1 ❢♦r ❡❛❝❤ n✱ ❛♥❞ µ = χ # L 1 ❀ • χ n → χ ❛✳❡✳ ✐♥ (0, 1)✳ ❇② r❡♣•❛❝✐♥❣ χ n ✇✐t❤ χ n • t✱ ✇❤❡r❡ t ✐s t❤❡ ♠♦♥♦t♦♥❡ tr❛♥s♣♦rt ❢r♦♠ f • L 1 t♦ L 1 ✱ ✇❡ ❣❡t t❤❛t t❤❡ s❛♠❡ r❡s✉•ts ❤♦•❞s ✇✐t❤ f • L 1 ✐♥st❡❛❞ ♦❢ L 1 ✳ ❲❡ ❛♣♣•② ✐t ✇✐t❤ K = L 2 (0, 1) ❛♥❞ µ n = ρ n ❀ t❤❡ s❡q✉❡♥❝❡ (χ n ) n t❤❛t ✇❡ ♦❜t❛✐♥ ✈❡r✐✜❡s t❤❡♥✿ • ❢♦r ❡❛❝❤ n✱ χ n ❛♥❞ S n s❡♥❞ f • L 1 ♦♥t♦ t❤❡ s❛♠❡ ✐♠❛❣❡ ♠❡❛s✉r❡✱ t❤✉s t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ ✐♠❛❣❡ s❡t ❛♥❞ ✐♥ ♣❛rt✐❝✉•❛r χ n (x 1 ) = S n (ξ n (x 1 )) ❢♦r ❛ ❝❡rt❛✐♥ ξ n (x 1 )✱ ✇❤✐❝❤ ♠❡❛♥s χ n (x 1 )(x 2 ) = T n (ξ n (x 1 ), x 2 ) ❢♦r µ✲❛✳❡✳ (x 1 , x 2 ) • ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ (S n ) # (f • L 1 ) = (χ n )#(f • L 1 )✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② F t❤❡ ❢✉♥❝t✐♦♥ u ∈ L 2 (0, 1) → ||u ′ || L 2 ✇❡ ❤❛✈❡ 1 0 F (S n (x 1 ))f (x 1 ) ❞x 1 = 1 0 F (χ n (x 1 ))f (x 1 ) ❞x 1 ✐✳❡✳ ||DµT n || 2 L 2 µ = Ω |∂ 2 T n (x 1 , x 2 )| 2 f (x 1 ) ❞x 1 ❞x 2 = Ω |∂ 2 T n (ξ n (x 1 ), x 2 )| 2 f (x 1 ) ❞x 1 ❞x 2 ✇❤✐❝❤ ✐♠♣•✐❡s t❤❛t t❤❡ ❢✉♥❝t✐♦♥ (x 1 , x 2 ) → T n (ξ n (x 1 ), x 2 ) st✐•• ❞❡✜♥❡s ❛ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡❀ • ||χ n (x 1 ) -χ(x 1 )|| L 2 (0,1) → 0 ❢♦r ❛✳❡✳ x 1 ✱ s♦ t❤❛t✱ ✐❢ ✇❡ s❡t T (x 1 , x 2 ) = χ(x 1 )(x 2 )✱ T n (ξ n (x 1 ), x 2 ) → T (x 1 , x 2 ) ✇❤✐❝❤ ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢✳ ✶✳✹✳✷ ❆ ❝❛s❡ ✇❤❡r❡ M = Ω ❜✉t T µ = R 2 ❛✳❡✳ ❚❤❡ ❡①❛♠♣•❡ ✐s ♣r♦✈✐❞❡❞ ❜② t❤❡ ❢♦••♦✇✐♥❣ ❞❡♥s✐t② ✐♥ ❞✐♠❡♥s✐♦♥ ✶✱ ✇❤✐❝❤ ✐s ❛•s♦ ❞✉❡ t♦ •✉② ❉❛✈✐❞✳ Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✹✳ ❚❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ f ∈ L ∞ (0, 1) ✇❤✐❝❤ ✐s ❛✳❡✳ ♣♦s✐t✐✈❡ ♦♥ (0, 1) ❛♥❞ s✉❝❤ t❤❛t✱ ❢♦r ❛✳❡✳ x ∈ (0, 1) 2 ❛♥❞ ❢♦r ❛♥② ε > 0✱ B(x,ε)∩(0,1) 2 ❞x 1 ❞x 2 f (x 1 ) + f (x 2 ) = +∞ Pr♦♦❢✳ ❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ✐♥❡q✉❛•✐t② 1 f (x 1 ) + f (x 2 ) ≥ 1 2 min 1 f (x 1 ) , 1 f (x 2 ) ✇❡ ❛r❡ •♦♦❦✐♥❣ ❢♦r ❛ ❢✉♥❝t✐♦♥ h ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇✱ ❛✳❡✳ ✜♥✐t❡ ♦♥ (0, 1) ❛♥❞ s✉❝❤ t❤❛t B(x,ε)∩(0,1) 2 min(h(x 1 ), h(x 2 )) ❞x 1 ❞x 2 = +∞ ✶✳✹✳ ❙❖▼❊ ❙❯|P|■❙■◆• ❊❳❆▼P▲❊❙ ■◆ ❉■▼❊◆❙■❖◆ ✷ ✹✶ ❢♦r ❛✳❡✳ x ∈ (0, 1) 2 ❛♥❞ ❛♥② ε > 0✱ ❛♥❞ ✇❡ ✇✐•• t❛❦❡ f = 1/h✳ ▲❡t (n k ) k ❜❡ t❤❡ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ✐♥t❡❣❡rs ♦❢ t❤❡ ❢♦r♠ n k = 2 l + i, 0 ≤ i ≤ 2 l -1 ❛♥❞ i = 1 ♠♦❞ l 2 ❲❡ t❤❡♥ ❞❡♥♦t❡ ❜② F k = i 2 l , i + 1 2 l ✇❤❡r❡ (i, l) ✐s ❞❡✜♥❡❞ ❜② n k = 2 l + i✱ 0 ≤ i ≤ 2 l -1✳ ❈•❛✐♠ ✶✿ k L 1 (F k ) ✐s ✜♥✐t❡✳ ■♥❞❡❡❞✱ ❢♦r ❡❛❝❤ l✱ t❤❡ ✐♥t❡❣❡rs n k s✉❝❤ t❤❛t 2 l ≤ n k < 2 l+1 ❛r❡ 2 l + 1, 2 l + l 2 + 1, . . . , 2 l + (p -1)l 2 + 1 ✇❤❡r❡ p ✈❡r✐✜❡s 2 l + (p -1)l 2 + 1 ≤ 2 l+1 ≤ 2 l + pl 2 + 1 t❤✉s p ≤ 2 l+1 l 2 + 1 ❚❤❡ ♥✉♠❜❡rs ♦❢ ✐♥t❡r✈❛•s F k ❝♦rr❡s♣♦♥❞✐♥❣ t♦ s✉❝❤ ✐♥t❡❣❡rs n k ✐s t❤✉s s♠❛••❡r t❤❛♥ 2 l+1 /l 2 + 1✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡s❡ ✐♥t❡r✈❛•s ❤❛✈❡ r❛❞✐✉s 1/2 l ✳ ❚❤❡r❡❢♦r❡ t❤❡✐r ✉♥✐♦♥ ❤❛s ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ s♠❛••❡r t❤❛♥ 1 l 2 + 1 2 l + 1 ✇❤✐❝❤ ❞❡✜♥❡s ❛ s✉♠♠❛❜•❡ s❡q✉❡♥❝❡✳ ▲❡t ✉s ♥♦✇ t❛❦❡ ❛ s❡q✉❡♥❝❡ (a k ) k ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs✳ ❚❤❡ ❢✉♥❝t✐♦♥ h : x → k a k 1 F k (x) ✐s ✜♥✐t❡ ❛t ❛♥② ♣♦✐♥t x ♦♥•② ❜❡•♦♥❣✐♥❣ t♦ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ F k ✳ ❇✉t s✐♥❝❡ k L 1 (F k ) < +∞✱ ❜② t❤❡ ❇♦r❡•✲❈❛♥t❡••✐ •❡♠♠❛✱ t❤❡ s❡t ♦❢ ♣♦✐♥ts x ❜❡•♦♥❣✐♥❣ t♦ ✐♥✜♥✐t❡•② ♠❛♥② F k ❤❛s ③❡r♦ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡❀ t❤❡r❡❢♦r❡ h(x) < +∞ ❢♦r ❛✳❡✳ x✳ ❲❡ ✇✐•• ♥♦✇ ❜✉✐•❞ ❛ s❡q✉❡♥❝❡ (a k ) k s✉❝❤ t❤❛t✱ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢✉♥❝t✐♦♥ h✱ Ω min(h(x 1 ), h(x 2 )) ❞x 1 ❞x 2 = +∞ ❈•❛✐♠ ✷✿ ❢♦r ❛♥② a < b ∈ (0, 1)✱ t❤❡r❡ ❡①✐sts l 0 s✉❝❤ t❤❛t✱ ❢♦r ❛♥② l ≥ l 0 ✱ t❤❡r❡ ❡①✐sts 0 ≤ i ≤ 2 l -1 ✈❡r✐❢②✐♥❣ i = 1 ♠♦❞ l 2 ❛♥❞ a < i 2 l < i + 1 2 l < b ■♥❞❡❡❞✱ t❛❦✐♥❣ l 0 s✉❝❤ t❤❛t l 2 0 /2 l0-1 > b -a ❛♥❞ 1/2 l0 < a✱ ✐❢ p 0 = max{p : (l 2 p + 1)/2 l ≥ a} ✇❡ ❤❛✈❡ (l 2 (p 0 + 1) + 1)/2 l > a ❛♥❞ l 2 (p 0 + 2) + 1 2 l = l 2 p 0 2 l + 1 2 l ✇✐t❤ l 2 p 0 /2 l ≤ a ❛♥❞ 1/2 l < b -a✳ ✹✷ ❈❍❆P❚❊| ✶✳ ❊❳■❙❚❊◆❈❊ ❖❋ ▼■◆■▼■)❊|❙ ❚❤❡r❡❢♦r❡✱ ✐❢ a < b ❛♥❞ a ′ < b ′ ∈ (0, 1)✱ ❢♦r l 0 ❝♦rr❡s♣♦♥❞✐♥❣ ❜♦t❤ t♦ a, b ❛♥❞ a ′ , b ′ ✇✐t❤ l ≥ l 0 ✱ ✇❡ ❤❛✈❡ (a,b)×(a ′ ,b ′ ) min(h(x 1 ), h(x 2 )) ❞x 1 ❞x 2 ≥ min(a k , a k ′ )L 1 (F k )) ✇❤❡r❡ k = i/2 l ✐s s✉❝❤ t❤❛t a < i/2 l < (i + 1)/2 l < b ❛♥❞ ✐❞❡♠ ❢♦r k ′ ✱ ❛♥❞ L 1 (F k ) = L 1 (F k ′ ) = 1/2 l ✳ ■t ✐s t❤❡♥ ❡♥♦✉❣❤ t♦ t❛❦❡ ❛ s❡q✉❡♥❝❡ a k = b l ✇✐t❤ b l /2 l → +∞ t♦ ❣❡t t❤❡ r❡s✉•t✳ ❲❡ ✇✐•• ♥♦✇ st✉❞② t❤❡ ❙♦❜♦•❡✈ s♣❛❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡❛s✉r❡ ❞µ(x 1 , x 2 ) = (f (x 1 ) + f (x 2 )) ❞x 1 ❞x 2 ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ❝r✐t✐❝❛• s❡t M ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❞❡♥s✐t② ♦❢ µ ✐s t❤❡ ✇❤♦•❡ ❞♦♠❛✐♥ Ω = (0, 1) 2 ✳ ❍♦✇❡✈❡r✿ Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✺✳ ❲❡ ❤❛✈❡ T µ = R 2 µ✲❛✳❡✳ ♦♥ R 2 ✳ Pr♦♦❢✳ ❆s ❛❜♦✈❡✱ •❡t ✉s t❛❦❡ v = (v 1 , v 2 ). ∈ Γ(0) ❛♥❞ s❤♦✇ ✜rst t❤❛t v 1 = 0✳ ■❢ u n → 0 ❛♥❞ ∇u n → v ✐♥ L 2 µ ✱ ✐♥ ♣❛rt✐❝✉•❛r✱ 1 0 1 0 u 2 n (x) ❞x 1 f (x 2 ) ❞x 2 ❛♥❞ 1 0 1 0 (∂ 1 u n (x) -v 1 (x)) 2 ❞x 1 f (x 2 ) ❞x 2 ✇❤✐❝❤ ✐♠♣•✐❡s✱ ❢♦r µ✲❛✳❡✳ x 2 ✱ u n (•, x 2 ) → 0 ❛♥❞ ∂ 1 u n (•, x 2 ) → v 1 (•, x 2 ) ✐♥ L 2 (0, 1) ❛♥❞ v 1 = 0 ❛✳❡✳ ♦♥ Ω✳ ❙✐♥❝❡ t❤❡ t✇♦ ✈❛r✐❛❜•❡s x 1 ✱ x 2 ♣•❛② s②♠♠❡tr✐❝ r♦•❡s✱ t❤❡ ♣r♦♦❢ t❤❛t v 2 = 0 ✐s s✐♠✐•❛r✳ ❚❤✐s ❣✐✈❡s ❛♥ ❡①❛♠♣•❡ ♦❢ ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ♠❡❛s✉r❡ ✇✐t❤ ❛ ❞❡♥s✐t② s✉❝❤ t❤❛t t❤❡ ❝r✐t✐❝❛• s❡t ✐s t❤❡ ✇❤♦•❡ ❞♦♠❛✐♥ Ω ❜✉t ❢♦r ✇❤✐❝❤ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ✐s ❛✳❡✳ t❤❡ ✇❤♦•❡ s♣❛❝❡ R 2 ✳ ❚❤❡ s♣❛❝❡s L 2 µ ❛♥❞ H 1 µ ❛r❡ ❞❡s❝r✐❜❡❞ ❤❡r❡✿ Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✻✳ ❆ ♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥ u : Ω 2 → R ❜❡•♦♥❣s t♦ L 2 µ ✐❢ ❛♥❞ ♦♥•② ✐❢ t❤❡ t✇♦ ❢♦••♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿ • ❢♦r ❛✳❡✳ x 1 ✱ x 2 → u(x 1 , x 2 ) ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ L 2 (0, 1)✱ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ x 1 → ||u(x 1 , •)|| 2 L 2 (0,1) ❜❡•♦♥❣s t♦ L 1 f (0, 1)❀ • ❢♦r ❛✳❡✳ x 2 ✱ x 1 → u(x 1 , x 2 ) ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ L 2 (0, 1)✱ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ x 2 → ||u(•, x 2 )|| 2 L 2 (0,1) ❜❡•♦♥❣s t♦ L 1 f (0, 1)✳ ■t ❜❡•♦♥❣s t♦ H 1 µ ✐❢ ❛♥❞ ♦♥•② ✐❢ t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥s ❛r❡ s❛t✐s✜❡❞ ✇✐t❤ t❤❡ H 1 (0, 1)✲♥♦r♠ ✐♥st❡❛❞ ♦❢ t❤❡ L 2 (0, 1)✲♥♦r♠✳ ❲❡ ❝❛♥ ♥♦✇ st❛t❡ ♦✉r ❝♦♠♣❛❝t♥❡ss r❡s✉•t ✐♥ H 1 µ ✱ ✇❤✐❝❤ ✐s ❡♥♦✉❣❤ t♦ ♦✉r ✈❛r✐❛t✐♦♥❛• ♣r♦❜•❡♠✿ ❚❤❡♦r❡♠ ✶✳✹✳✸✳ ▲❡t F ❜❡ ❛ ❜♦✉♥❞❡❞ s✉❜s❡t ♦❢ H 1 µ (Ω) ∩ L ∞ (Ω)✳ ❚❤❡♥ F ✐s ♣r❡❝♦♠♣❛❝t ✐♥ L 2 (Ω)✳ Pr♦♦❢✳ ❲❡ ❢♦••♦✇ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♦r✐❣✐♥❛• |❡••✐❝❤✲❑♦♥❞r❛❦♦✈ t❤❡♦r❡♠ ✐♥ H 1 ✱ t❤❛t ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶(✱ ❚❤❡♦r❡♠s ✷✳✸✷ ❛♥❞ ✻✳✸✳ ❲❡ ✜① ❛ ❢❛♠✐•② ♦❢ s♠♦♦t❤ ❝♦♥✈♦•✉t✐♦♥ ❦❡r♥❡•s (η h ) h>0 s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ h > 0✱ • η h = 0 ♦✉ts✐❞❡ ♦❢ (-h, h)❀ ✶✳✹✳ ❙❖▼❊ ❙❯|P|■❙■◆• ❊❳❆▼P▲❊❙ ■◆ ❉■▼❊◆❙■❖◆ ✷ ✹✸ • R η h = 1❀ • 0 ≤ η h ≤ C/h ♦♥ R❀ • η h ❤❛s ❛ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t ✇❤✐❝❤ ✐s s♠❛••❡r t❤❛♥ C/h 2 ❀ ✇❤❡r❡ C ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✳ ❲❡ ❡①t❡♥❞ ❡❛❝❤ ❢✉♥❝t✐♦♥ u ∈ F t♦ t❤❡ ✇❤♦•❡ R 2 ❜② s❡tt✐♥❣ u = 0 ♦✉ts✐❞❡ ♦❢ Ω ❛♥❞ ✇❡ s❡t✱ ❢♦r ❡❛❝❤ h > 0✱ u h (x 1 , x 2 ) = R u(x 1 , y 2 )η h (x 2 -y 2 ) ❞y 2 = R u(x 1 , x 2 -y 2 )η h (y 2 ) ❞y 2 t❤❡ ❝♦♥✈♦•✉t✐♦♥ ♦❢ u ❛♥❞ η h ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡❝♦♥❞ ✈❛r✐❛❜•❡ ✭♥♦t✐❝❡ t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥ ♠❛❦❡s s❡♥s❡ ❢♦r ❛✳❡✳ x 1 s✐♥❝❡ u(x 1 , •) ∈ L 2 (0, 1) ❢♦r ❛✳❡✳ x 1 ✮✳ ▲❡♠♠❛ ✶✳✹✳✷✳ ▲❡t h > 0 ❜❡ ✜①❡❞✳ ❚❤❡♥ t❤❡ ❢❛♠✐•② F h = {u h : u ∈ F } ✐s ❛ ♣r❡❝♦♠♣❛❝t s✉❜s❡t ♦❢ (C 0 (Ω), || • || ∞ )✳ Pr♦♦❢✳ ❲❡ ✈❡r✐❢② t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡ ❆r③❡•à✲❆s❝♦•✐ t❤❡♦r❡♠✳ ❲❡ ❛•r❡❛❞② ❦♥♦✇ t❤❛t F h ✐s ❜♦✉♥❞❡❞ ❢♦r t❤❡ L ∞ ✲♥♦r♠ ❛♥❞ ♦♥•② ❤❛✈❡ t♦ ❝❤❡❝❦ ✐ts ❡q✉✐❝♦♥t✐♥✉✐t②✳ ❋♦r δ 2 ∈ R✱ ✇❡ ❤❛✈❡ u h (x 1 , x 2 + δ 2 ) -u h (x 1 , x 2 ) = 1 0 u(x 1 , y 2 )(η h (y 2 -x 2 -δ 2 ) -η h (y 2 -x 2 )) ❞y 2 s♦ t❤❛t✱ t❤❛♥❦s t♦ t❤❡ ❜♦✉♥❞ ♦♥ Lip η h ✱ |u h (x 1 , x 2 + δ 2 ) -u h (x 1 , x 2 )| ≤ 1 0 |u(x 1 , y 2 )| C|δ 2 | h 2 ≤ C ′ |δ 2 | h 2 ✭✶✳✺✮ ✇❤❡r❡ C ′ t❛❦❡s ❛❝❝♦✉♥t ♦❢ t❤❡ ❜♦✉♥❞ ♦♥ ||u|| ∞ ✳ ❚❤✐s ❡st✐♠❛t✐♦♥ ✐s ✉♥✐❢♦r♠ ✇✐t❤ r❡s♣❡❝t t♦ (x 1 , x 2 )✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r δ 1 ∈ R u h (x 1 + δ 1 , x 2 ) -u h (x 1 , x 2 ) = 1 0 (u(x 1 + δ 1 , y 2 ) -u(x 1 , y 2 ))η h (x 2 -y 2 ) ❞y 2 ✭✶✳✻✮ ✇❤❡r❡✱ ❢♦r ❛♥② y 2 s✉❝❤ t❤❛t u(•, y 2 ) ∈ H 1 (0, 1)✱ t❤✉s ❢♦r ❛✳❡✳ y 2 ✱ |u(x 1 + δ 1 , y 2 ) -u(x 1 , y 2 )| = x1+δ1 x1 ∂ 1 u(y 1 , y 2 ) ❞y 1 ≤ ||u(•, y 2 )|| H 1 (0,1) |δ 1 | t❤❡ •❛st ❡st✐♠❛t❡ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛•✐t②✳ ❙✐♥❝❡ u ∈ H 1 µ (Ω)✱ t❤❡ ❢✉♥❝t✐♦♥ y 2 → ||u(•, y 2 )|| H 1 (0,1) ❜❡•♦♥❣s t♦ L 1 f (0, 1) ✭❛♥❞ ❡✈❡♥ t♦ L 2 f (0, 1)✮✱ ❛♥❞ s✐♥❝❡ f > 0 ❛♥❞ f ∈ L ∞ (0, 1) t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ❛♥❞ t❤❡ ♠❡❛s✉r❡ ✇✐t❤ ❞❡♥s✐t② f ❛r❡ ❡q✉✐✈❛•❡♥t❀ ✇❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛♥② ε > 0✱ t❤❡r❡ ❡①✐sts C ε > 0 s✉❝❤ t❤❛t ||u(•, y 2 )|| H 1 (0,1) ≤ C ε ❢♦r ❛✳❡✳ y 2 ♦✉ts✐❞❡ ♦❢ ❛ s❡t N ε ⊂ (0, 1) ✇✐t❤ L 1 (N ε ) ≤ ε✳ ■♥ ♣❛rt✐❝✉•❛r✱ ❢♦r s✉❝❤ ❛ y 2 ✱ |u(x 1 + δ 1 , y 2 ) -u(x 1 , y 2 )| ≤ C ε |δ 1 | ❛♥❞ R-N ε |u(x 1 + δ 1 , y 2 ) -u(x 1 , y 2 )|η h (x 2 -y 2 ) ❞y 2 ≤ C ε |δ 1 | R η h = C ε |δ 1 | ✭✶✳✼✮ ✹✹ ❈❍❆P❚❊| ✶✳ ❊❳■❙❚❊◆❈❊ ❖❋ ▼■◆■▼■)❊|❙ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ N ε |u(x 1 + δ 1 , y 2 ) -u(x 1 , y 2 )|η h (x 2 -y 2 ) ❞y 2 ≤ L 1 (N ε )2||u|| ∞ ||η h || ∞ ≤ Cε h ✭✶✳✽✮ ✇❤❡r❡ C ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ u✱ h✱ δ 1 ✱ ε✳ ❯s✐♥❣ ✭✶✳✼✮ ❛♥❞ ✭✶✳✽✮✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✶✳✻✮ t❤❛t |u h (x 1 + δ 1 , x 2 ) -u h (x 1 , x 2 )| ≤ Cε h + C ε |δ 1 | ✭✶✳✾✮ ❇② ❝♦♠❜✐♥✐♥❣ ✭✶✳✺✮ ❛♥❞ ✭✶✳✾✮✱ ✇❡ ✜♥❛••② ♦❜t❛✐♥ t❤❡ ❢♦••♦✇✐♥❣✿ ❢♦r ❛♥② ε > 0✱ t❤❡r❡ ❡①✐sts C ε > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛♥② u ∈ F ❛♥❞ δ = (δ 1 , δ 2 ) ∈ R 2 ✱ ||u h (x 1 + δ 1 , x 2 + δ 2 ) -u h (x 1 , x 2 )| ≤ C|δ 2 | h + C ε |δ 1 | + Cε h ❚❤✐s ✐s ❡♥♦✉❣❤ t♦ ❣❡t t❤❡ ❡q✉✐❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❢❛♠✐•② F h ✳ ❋♦r u ∈ F ❛♥❞ h > 0✱ ✇❡ ❤❛✈❡ u(x 1 , x 2 )-u h (x 1 , x 2 ) = R (u(x 1 , x 2 )-u(x 1 , x 2 -y 2 ))η h (y 2 ) ❞y 2 = R x2 x2-y2 ∂ 2 u h (x 1 , t 2 ) ❞t 2 η h (y 2 ) ❞y 2 s♦ t❤❛t |u -u h | 2 (x 1 , x 2 ) ≤ h -h x2 x2-y2 |∂ 2 u h (x 1 , t 2 )| ❞t 2 η h (y 2 ) ❞y 2 2 ≤ 2h • h -h x2 x2-y2 |∂ 2 u h (x 1 , t 2 )| ❞t 2 2 η h (y 2 ) 2 ❞y 2 ≤ 2h 2 R |∂ 2 u 2 (x 1 , t 2 )| 2 ❞t 2 h -h η h (y) 2 ❞y ■❢ ✇❡ s❡t µ 1 (x) = f (x 1 ) ❞x 1 ❞x 2 ✱ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛•✐t② ❣✐✈❡s ❜② ✐♥t❡❣r❛t✐♥❣ ✐t ✇✐t❤ r❡s♣❡❝t t♦ µ 1 ||u -u h || 2 L 2 µ 1 ≤ 2h 2 ||η h || 2 L 2 ||u|| 2 H 1 µ ❇✉t s✐♥❝❡ ||η h || ∞ ≤ C/h ✇❡ ❤❛✈❡ ||η h || L 2 = h -h η 2 h ≤ C h t❤✉s ||u -u h || L 2 µ 1 ≤ C √ h ✇❤❡r❡ C ❞❡♣❡♥❞s ♦♥•② ♦♥ t❤❡ ❜♦✉♥❞s ♦♥ t❤❡ ❢❛♠✐•② F ✳ ▲❡t ε > 0✳ ❲❡ ❝❤♦♦s❡ h > 0 s✉❝❤ t❤❛t ∀u ∈ F, ||u -u h || L 2 µ 1 ≤ ε 2 ❙✐♥❝❡ t❤❡ ❢❛♠✐•② {u h : u ∈ F } ✐s ♣r❡❝♦♠♣❛❝t ✐♥ C 0 Ω , || • || ∞ )✱ ✇❤✐❝❤ ✐s ❝♦♥t✐♥✉♦✉s•② ❡♠❜❡❞❞❡❞ ✐♥t♦ L 2 µ1 ✱ t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ ❢❛♠✐•② {u 1 h , . . . , u p h } ♦❢ C 0 Ω s✉❝❤ t❤❛t✱ ❢♦r ❛♥② u ∈ F ✱ ||u h -u i h || L 2 µ 1 ≤ ε 2 ✹✺ ❢♦r s♦♠❡ i, 1 ≤ i ≤ p✳ ❋✐♥❛••②✱ t❤❡ ❢❛♠✐•② {u 1 h , . . . , u p h } s❛t✐s✜❡s ∀u ∈ F, ∃ 1 ≤ i ≤ p, ||u -u i h || L 2 µ 1 ≤ ε ❚❤✐s s❤♦✇s t❤❛t t❤❡ ❢❛♠✐•② F ✐s ♣r❡❝♦♠♣❛❝t ✐♥ L 2 µ1 ✳ ❙✐♥❝❡ t❤❡ t✇♦ ✈❛r✐❛❜•❡s x 1 , x 2 ♣•❛② s②♠♠❡tr✐❝ r♦•❡s✱ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛••♦✇s ❛•s♦ t♦ ♣r♦✈❡ t❤❛t ✐t ✐s ♣r❡❝♦♠♣❛❝t ✐♥ L 2 µ2 ✱ ✇❤❡r❡ µ 2 ❤❛s t❤❡ ❞❡♥s✐t② (x 1 , x 2 ) → f (x 2 ) ♦♥ (0, 1)✳ ■t ✐s t❤✉s ♣r❡❝♦♠♣❛❝t ✐♥ t❤❡ s♣❛❝❡ L 2 µ ✳ ❈❤❛♣t❡r ✷ ❖♣t✐♠❛•✐t② ❝♦♥❞✐t✐♦♥s ❛♥❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ t❤❡ ♦♣t✐♠✐③❡rs ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ st✉❞② ♦♣t✐♠❛•✐t② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❝•❛ss ♦❢ ♣r♦❜•❡♠s inf Ω |T (x) -x| 2 ❞µ(x)x + Ω |DT (x)| 2 ❞x : T ∈ H 1 (Ω), T # µ = ν ✇❤❡r❡✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡s✉•ts ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ Ω ✐s ❛♥ ❜♦✉♥❞❡❞ ♦♣❡♥ s✉❜s❡t ♦❢ R d µ ∈ P(Ω) ❛❞♠✐ts ❛ ❞❡♥s✐t② ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇ ❜② ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❛♥❞ ν ∈ P(R d ) ✐s s✉❝❤ t❤❛t t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜•❡ ❢✉♥❝t✐♦♥s T ∈ H 1 (Ω) : T # µ = ν ✐s ♥♦♥✲❡♠♣t②✳ ✷✳✶ ❚❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛• ❝❛s❡ ❲❡ r❡❝❛•• t❤❡ ❢♦••♦✇✐♥❣ ❝•❛ss✐❝❛• t❤❡♦r❡♠ ♦❢ ♦♣t✐♠❛• tr❛♥s♣♦rt❛t✐♦♥ ♦♥ t❤❡ r❡❛• •✐♥❡✱ ✇❤♦s❡ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✿ ❚❤❡♦r❡♠ ✷✳✶✳✶✳ ▲❡t µ ∈ P(R) ❛♥❞ ❛ss✉♠❡ t❤❛t µ ❤❛s ♥♦ ❛t♦♠✳ ▲❡t ν ∈ P(R)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ♠❛♣ T 1 : R → R ❛♥❞ ❛ ✉♥✐q✉❡ ♥♦♥✲✐♥❝r❡❛s✐♥❣ ♠❛♣ T 2 : R → R s✉❝❤ t❤❛t (T 1 ) # µ = (T 2 ) # µ = ν✳ ▼♦r❡♦✈❡r✱ ✐❢ h : R → R ✐s ❝♦♥✈❡① t❤❡♥ T 1 ✐s ♦♣t✐♠❛• ❢♦r t❤❡ ♣r♦❜•❡♠ inf R h(|T (x) -x|) ❞µ(x) : T # µ = ν ✇✐t❤ ✉♥✐q✉❡♥❡ss ✐❢ h ✐s str✐❝t•② ❝♦♥✈❡①✳ ✷✳✶✳✶ ❙t❛t❡♠❡♥t ♦❢ t❤❡ ♠❛✐♥ r❡s✉•ts ❲❤❡♥ t❤❡ s♦✉r❝❡ ♠❡❛s✉r❡ ✐s ✉♥✐❢♦r♠✱ t❤❡ ♠❛✐♥ r❡s✉•t ✐s t❤❡ ❢♦••♦✇✐♥❣✱ ✇❤✐❝❤ ✐♠♣•✐❡s t❤❡ ♦♣t✐♠❛•✐t② ♦❢ t❤❡s❡ t✇♦ ♠♦♥♦t♦♥❡ tr❛♥s♣♦rt ♠❛♣s ❢♦r t❤❡ ❙♦❜♦•❡✈ ❝♦st✿ ❚❤❡♦r❡♠ ✷✳✶✳✷✳ ▲❡t I ❛ ❜♦✉♥❞❡❞ ✐♥t❡r✈❛• ♦❢ R✳ ▲❡t T, U ∈ W 1,1 (I) s✉❝❤ t❤❛t T # L 1 = U # L 1 ✱ ✇✐t❤ T ♠♦♥♦t♦♥❡✳ ▲❡t f : [0, +∞) → [0, +∞) ❜❡ ❛ ❝♦♥✈❡① ❛♥❞ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳ ❆ss✉♠❡ t❤❛t I f (|U ′ |) ❞x < +∞ ❛♥❞ •❡t ✉s s❡t✱ ❢♦r x ∈ I✱ n(x) = #U -1 ({T (x)}) ✹✼ ✹✽ ❈❍❆P❚❊| ✷✳ ❖P❚■▼❆▲■❚( ❈❖◆❉■❚■❖◆❙✱ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✇❤♦s❡ ✐♠❛❣❡ ❜② U ✐s T (x)✳ ❚❤❡♥ x → n(x)|T ′ (x)| ✐s ✐♥t❡❣r❛❜•❡ ♦♥ I ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ✐♥❡q✉❛•✐t②✿ I f (|U ′ (x)|) ❞x ≥ I f (n(x)|T ′ (x)|) ❞x ✭✷✳✶✮ ✭✇❤❡r❡ ✇❡ ✉s❡ t❤❡ ❝♦♥✈❡♥t✐♦♥ n(x)|T ′ (x)| = 0 ✐❢ T ′ (x) = 0 ❛♥❞ n(x) = +∞✮✳ ■❢ µ ✐s ♥♦t ✉♥✐❢♦r♠✱ ✇❡ ❤❛✈❡ ❛ r❡s✉•t ❛ •✐tt•❡ ✇❡❛❦❡r ✉♥❞❡r s♦♠❡ ❛ss✉♠♣t✐♦♥ ♦♥ ✐ts ❞❡♥s✐t②✿ ❚❤❡♦r❡♠ ✷✳✶✳✸✳ ▲❡t I ❛ ❜♦✉♥❞❡❞ ✐♥t❡r✈❛• ♦❢ R✱ ❛♥❞ µ ∈ P(I)✳ ❆ss✉♠❡ t❤❛t µ ❤❛s ❛ ❞❡♥s✐t② g ✈❡r✐❢②✐♥❣ inf g sup g ≥ 1 2 ✭✷✳✷✮ ▲❡t f : [0, +∞) → [0, +∞) ❜❡ ❛ ❝♦♥✈❡① ❛♥❞ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳ ▲❡t U ∈ W 1,1 (I) ❛♥❞ ν = U # µ ✳ ▲❡t T 1 ✱ T 2 ❜❡ r❡s♣❡❝t✐✈❡•② t❤❡ ✉♥✐q✉❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛♥❞ t❤❡ ✉♥✐q✉❡ ♥♦♥✲✐♥❝r❡❛s✐♥❣ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ µ t♦ ν✳ ❚❤❡♥ ♦♥❡ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ✐♥❡q✉❛•✐t✐❡s ✐s tr✉❡✿ I f (|U ′ (x)|) ❞µ(x) ≥ I f (T ′ 1 (x)) ❞µ(x) ♦r I f (|U ′ (x)|) ❞µ(x) ≥ I f (-T ′ 2 (x)) ❞µ(x) ✭✷✳✸✮ ❈♦♥s❡q✉❡♥❝❡s ❢♦r ♦✉r ✈❛r✐❛t✐♦♥❛• ♣r♦❜•❡♠✳ ▲❡t ✉s ❣✐✈❡ s♦♠❡ r❡♠❛r❦s ❛❜♦✉t t❤❡ ❢✉♥❝t✐♦♥ n(x) ✇❤✐❝❤ ❛♣♣❡❛rs ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✷✳ ❋✐rst✱ s✐♥❝❡ U ❛♥❞ T s❡♥❞ L 1 ♦♥t♦ t❤❡ s❛♠❡ ✐♠❛❣❡ ♠❡❛s✉r❡✱ t❤❡② ❤❛✈❡ s❛♠❡ ✐♠❛❣❡ s❡t ✐♥ R s♦ t❤❛t n(x) ≥ 1 ❢♦r ❛♥② x✱ ❛♥❞ t❤❡ ✐♥❡q✉❛•✐t② ✭✷✳✶✮ ❛♥❞ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ f •❡❛❞ t♦ I f (|U ′ (x)|) ❞x ≥ I f (n(x)|T ′ (x)|) ❞x ≥ I f (|T ′ (x)|) ❞x ❚❤✐s ♣r♦✈❡s t❤❛t T ✐s ♦♣t✐♠❛• ❢♦r t❤❡ ♣r♦❜•❡♠ inf I f (|U ′ (x)|) ❞x : U # L 1 = ν ✇❤❡r❡ ν = U # ν✳ ■♥ ♣❛rt✐❝✉•❛r✱ t❤✐s ♣r♦❜•❡♠ ❛❞♠✐ts ❛t •❡❛st t❤❡ t✇♦ ♠♦♥♦t♦♥❡ ♠❛♣s ❢r♦♠ L 1 | I t♦ ν ❛s s♦•✉t✐♦♥s✳ ❖♥❡ ❝❛♥ ❛❝t✉❛••② s❤♦✇ ❛ ♠♦r❡ ♣r❡❝✐s❡ r❡s✉•t✿ ✐❢ T ✐s ♠♦♥♦t♦♥❡ ❛♥❞ U ✐s ✜①❡❞ ✇✐t❤ T # L 1 = U # L 1 ✱ t❤❡♥ U ✐s ♠♦♥♦t♦♥❡ ✐❢ ❛♥❞ ♦♥•② ✐❢ n(x) = 1 ❢♦r ❛•♠♦st ❡✈❡r② x s✉❝❤ t❤❛t |T ′ (x)| > 0✳ ■♥❞❡❡❞✿ • ✐❢ U ✐s ♠♦♥♦t♦♥❡ ❛♥❞ n(x) ≥ 2✱ ✐t ♠❡❛♥s t❤❛t t❤❡r❡ ❡①✐sts x 1 < x 2 s✉❝❤ t❤❛t U (x 1 ) = U (x 2 ) = T (x)✱ ❛♥❞ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ U ✐♠♣•✐❡s t❤❛t U ✐s ❝♦♥st❛♥t ✇✐t❤ ✈❛•✉❡ T (x) ♦♥ (x 1 , x 2 )✳ ■♥ ♣❛rt✐❝✉•❛r✱ L 1 (T -1 ({T (x)})) = L 1 (U -1 ({T (x)})) ≥ x 2 -x 1 > 0 s♦ t❤❛t T ✐s ❛•s♦ ❡q✉❛• t♦ T (x) ✐♥ ❛t •❡❛st t♦ ♣♦✐♥ts❀ s✐♥❝❡ ✐t ✐s ♠♦♥♦t♦♥❡✱ ✐t ♠❡❛♥s t❤❛t x ❜❡•♦♥❣s t♦ ❛♥ ✐♥t❡r✈❛• ✇❤❡r❡ T ✐s ❝♦♥st❛♥t✱ s♦ t❤❛t T ′ (x) = 0 ♣r♦✈✐❞❡❞ t❤❛t T ❤❛s ❛ ❞❡r✐✈❛t✐✈❡ ❛t x ✭✇❤✐❝❤ ✐s tr✉❡ ❢♦r ❛✳❡✳ x s✐♥❝❡ ✐t ✐s ♠♦♥♦t♦♥❡✮❀ • ❝♦♥✈❡rs❡•②✱ ❛ss✉♠❡ t❤❛t U ✐s ♥♦t ♠♦♥♦t♦♥❡ ❛♥❞ •❡t ✉s t❛❦❡ x 1 < x 2 < x 3 s♦ t❤❛t✱ ❢♦r ✐♥st❛♥❝❡✱ U (x 2 ) > U (x 1 ) ❛♥❞ U (x 2 ) > U (x 3 )❀ ✇❡ t❤❡♥ ❝❛♥ ❛ss✉♠❡ t❤❛t U (x 1 ) = U (x 3 ) < U (x 2 )✳ ❚❛❦✐♥❣ x ′ 1 ✱ x ′ 2 s✉❝❤ t❤❛t T (x ′ 1 ) = U (x 1 ) ❛♥❞ T (x ′ 2 ) = U (x 2 )✱ ✇❡ ❣❡t n ≥ 2 ♦♥ (x ′ 1 , x ′ 2 )✳ ❋✐♥❛••②✱ s✐♥❝❡ T ∈ W 1,1 (I)✱ ✇❡ ❤❛✈❡ |T (x ′ 2 ) -T (x ′ 2 )| = x ′ 2 x ′ 1 T ′ (t) ❞t = x ′ 2 x ′ 1 |T ′ (t)| ❞t > 0 ✭t❤❡ •❛st ❡q✉❛•✐t② ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t T ′ ❤❛s ❛ ❝♦♥st❛♥t s✐❣♥ ♦♥ i✮✳ ❚❤✐s ✐♠♣•✐❡s t❤❛t |T ′ | > 0 ♦♥ ❛ ♥♦♥✲♥❡❣•✐❣✐❜•❡ s✉❜s❡t B ♦❢ (x ′ 1 , x ′ 2 )✱ ❛♥❞ n ≥ 2 ♦♥ B✳ ✷✳✶✳ ❚❍❊ ❖◆❊✲❉■▼❊◆❙■❖◆❆▲ ❈❆❙❊ ✹✾ ■♥ t❤✐s •❛st ❝❛s❡✱ ✐❢ ✇❡ ❛ss✉♠❡ ♠♦r❡♦✈❡r f t♦ ❜❡ ✐♥❝r❡❛s✐♥❣✱ ✇❡ ❣❡t ❢♦r U ♥♦♥✲♠♦♥♦t♦♥❡✿ I f (|U ′ (x)|) ❞x ≥ I f (n(x)T ′ (x)) ❞x ≥ I-B f (n(x)|T ′ (x)|) ❞x + B f (n(x)|T ′ (x)|) ❞x ✇❤❡r❡ B f (n(x)|T ′ (x)|) ❞x ≥ B f (2|T ′ (x)|) ❞x > B f (|T ′ (x)|) ❞x ❛♥❞ I-B f (n(x)|T ′ (x)|) ❞x ≥ I-B f (|T ′ (x)|) ❞x ❚❤✐s ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢ ♦❢✿ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✳ ■❢ f : [0, +∞) → [0, +∞) ✐s ❝♦♥✈❡① ❛♥❞ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛♥❞ ν ∈ P(R)✱ t❤❡♥ t❤❡ t✇♦ ♠♦♥♦t♦♥❡ tr❛♥s♣♦rt ♠❛♣s ❢r♦♠ L 1 t♦ ν ❛r❡ ❜♦t❤ ♦♣t✐♠❛• ❢♦r t❤❡ ♣r♦❜•❡♠ inf I f (|U ′ (x)|) ❞x : U ∈ W 1,1 (U ), U # L 1 = ν ✇✐t❤ ✉♥✐q✉❡♥❡ss ✐❢ ♠♦r❡♦✈❡r f ✐s ✐♥❝r❡❛s✐♥❣✳ ❚❤✐s ❤❛s ❢♦r ❝♦♥s❡q✉❡♥❝❡✿ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✳ ▲❡t f : [0, +∞) → [0, +∞) ❜❡ ❝♦♥✈❡① ❛♥❞ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛♥❞ h : R → R ❜❡ ❝♦♥✈❡①✳ ❚❤❡♥ t❤❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ tr❛♥s♣♦rt ♠❛♣ T ❢r♦♠ L 1 t♦ ν ✐s ♦♣t✐♠❛• ❢♦r t❤❡ ♣r♦❜•❡♠ inf I h(|U (x) -x|) ❞x + I f (|U ′ (x)|) ❞x : U ∈ W 1,1 (I), U # L 1 = ν ▼♦r❡♦✈❡r✿ • ✐❢ h ✐s str✐❝t•② ❝♦♥✈❡①✱ t❤❡♥ t❤❡r❡ ✐s ✉♥✐q✉❡♥❡ss❀ • ✐❢ h ✐s ♦♥•② ❝♦♥✈❡① ❜✉t f ✐s ✐♥❝r❡❛s✐♥❣✱ t❤❡♥ t❤❡ ♦♥•② ♣♦ss✐❜•❡ ❝♦♠♣❡t✐t♦r ❢♦r T ✐s t❤❡ ✉♥✐q✉❡ ♥♦♥✲ ✐♥❝r❡❛s✐♥❣ ♠❛♣ ❢r♦♠ L 1 t♦ ν✳ ❚❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠s ✷✳✶✳✷ ❛♥❞ ✷✳✶✳✸✳ ✷✳✶✳✷ ❚❤❡ ♣✐❡❝❡✇✐s❡ ♠♦♥♦t♦♥❡ ❝❛s❡ ■♥ t❤✐s ♣❛r❛❣r❛♣❤✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥s ❛♥❞ ❣✐✈❡ ❛ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✷ ❛♥❞ ❛ ♣❛rt✐❛• ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✸ ✇❤❡♥ U ❤❛s s♦♠❡ r❡❣✉•❛r✐t②✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ U ✐s t❤❡ ❢♦••♦✇✐♥❣✿ ✇❡ ✇✐•• s❛② t❤❛t U ∈ W 1,1 s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ✭P▼✮ ✭❢♦r ✏♣✐❡❝❡✇✐s❡ ♠♦♥♦t♦♥❡✑✮ ✐❢ t❤❡r❡ ❡①✐sts ❛ s✉❜❞✐✈✐s✐♦♥ x 1 < • • • < x l ♦❢ I s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ i✱ U | (xi,xi+1) ✐s C 1 ❛♥❞ |U ′ | (xi,xi+1) ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇ ❜② ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ✭✐♥ ♣❛rt✐❝✉•❛r✱ U ′ = 0 ❛♥❞ U ✐s ♠♦♥♦t♦♥❡ ♦♥ (x i , x i+1 )✮✳ ▼♦r❡♦✈❡r✱ ✇❡ st✐•• ❛ss✉♠❡ t❤❛t µ ❤❛s ❛ ❞❡♥s✐t② g ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❛♥❞ ❜❡•♦✇ ❜② ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ✇✐•• ❛❞♦♣t t❤❡ ❢♦••♦✇✐♥❣ ♥♦t❛t✐♦♥s✿ • y 1 < • • • < y k ❛r❡ t❤❡ ❡•❡♠❡♥ts ♦❢ U (I) s✉❝❤ t❤❛t {y 1 , . . . , y j } = U ({x 1 , . . . , x l })✳ ▼♦r❡♦✈❡r✱ ✉♣ t♦ ❛❞❞✐♥❣ ✜♥✐t❡•② ♠❛♥② ❡•❡♠❡♥ts t♦ {x 1 , . . . , x l }✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t U -1 ({y 1 , . . . , y j }) = {x 1 , . . . , x k }✳ • ❢♦r ❡❛❝❤ i✱ 1 ≤ i ≤ l✱ ϕ i ✐s t❤❡ ✐♥✈❡rs❡ ♠❛♣ ♦❢ U | (xi,xi+1) ✭✇❤✐❝❤ ✐s str✐❝t•② ♠♦♥♦t♦♥❡ t❤✉s ❜✐•❡❝t✐✈❡ ♦♥t♦ ✐ts ✐♠❛❣❡ ✐♥t❡r✈❛•✮❀ • ❝♦♥✈❡rs❡•②✱ ❢♦r ❡❛❝❤ k✱ 1 ≤ k ≤ j✱ ✇❡ ❞❡♥♦t❡ ❜② A k t❤❡ s❡t ♦❢ ✐♥❞❡①❡s i✱ 1 ≤ i ≤ l✱ s✉❝❤ t❤❛t U s❡♥❞s (x i , x i+1 ) ♦♥ (y k , y k+1 )✱ ❛♥❞ n k = #A k ✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ y → #U -1 (y) ✐s ❝♦♥st❛♥t ♦♥ (y k , y k+1 ) ✇✐t❤ ✈❛•✉❡ n k ✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❛r❡ ❛❜•❡ t♦ ❣✐✈❡ ❛♥ ❡①♣•✐❝✐t ❢♦r♠✉•❛ ♦❢ t❤❡ ✐♠❛❣❡ ♠❡❛s✉r❡ U # µ✿ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✸✳ ❚❤❡ ♠❡❛s✉r❡ ν = U # µ ✐s ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ▼♦r❡♦✈❡r✱ ❢♦r y ∈ U (I)\{y 1 , . . . , y j }✱ ✐❢ k ✐s s✉❝❤ t❤❛t y k < y < y k+1 ✱ t❤❡ ❞❡♥s✐t② ♦❢ ν ❛t y ✐s ❣✐✈❡♥ ❜② (U # g)(y) = i∈A k g(ϕ i (x)) |U ′ (ϕ i (x))| ✭✷✳✹✮ ■♥ ♣❛rt✐❝✉•❛r✱ ✐❢ T ✐s ♠♦♥♦t♦♥❡ ❛♥❞ T # µ = U # µ✱ t❤❡♥ g(x) |T ′ (x)| = i∈A k g(u i (x)) |U ′ (u i (x))| ✭✷✳✺✮ ✇❤❡r❡ u i = ϕ i • T ✳ ❚❤❡ ❞❡♥s✐t② ♦❢ ν ✐s ✐♥ ♣❛rt✐❝✉•❛r ♣♦s✐t✐✈❡ ♦♥ ❛✳❡✳ ♣♦✐♥t ♦❢ t❤❡ ✐♥t❡r✈❛• U (I)✱ ✇❤✐❝❤ ✐♠♣•✐❡s t❤❛t s✉❝❤ ❛ T ✐s str✐❝t•② ♠♦♥♦t♦♥❡✱ t❤✉s ❜✐•❡❝t✐✈❡✱ ❢r♦♠ I ✐♥t♦ U (I)✳ Pr♦♦❢ ♦❢ Pr♦♣✳ ✷✳✶✳✸✳ ▲❡t c < d s✉❝❤ t❤❛t y k < c < d < y k+1 ✳ ❲❡ ❝♦♠♣✉t❡ ν((c, d))✿ ✇❡ ❤❛✈❡ ν((c, d)) = µ(U -1 (c, d)) ✇✐t❤ U -1 ((c, d)) = i∈A k ϕ i ((c, d)) ❛♥❞ t❤✐s ✐s ❛ ❞✐s•♦✐♥t ✉♥✐♦♥✱ s♦ t❤❛t d c ❞ν = i∈A k ± ϕi(d) ϕi(c) g(x) ❞x = i∈A k d c g(ϕ i (y))|ϕ ′ i (y)| ❞x ✭✷✳✻✮ ❚❤❡ ❞❡♥s✐t② ♦❢ µ ♦♥ ❛✳❡✳ y ∈ (c, d) ✐s t❤✉s ❣✐✈❡♥ ❜② A k g(ϕ(y))ϕ ′ (y)✱ ❜✉t s✐♥❝❡ ϕ ✐s t❤❡ ✐♥✈❡rs❡ ♦❢ U ✐♥ (c, d) ✇❡ ❤❛✈❡ ϕ ′ = 1/(U ′ • ϕ)✳ ❚❤✐s •❡❛❞s t♦ ✭✷✳✹✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ T ✐s ♠♦♥♦t♦♥❡ ❛♥❞ s❡♥❞s µ t♦ ν✱ t❤❡♥ d c ❞ν = ± T -1 (d) T -1 (c) g(x) ❞x = d c g(T -1 (y)) |T ′ (T -1 (y))| ❞y ❚❤✐s ❝♦♠❜✐♥❡❞ t♦ ✭✷✳✻✮ ❣✐✈❡s g(T -1 (y)) |T ′ (T -1 (y))| = i∈A k g(ϕ i (y))|ϕ ′ i (y)| ❛♥❞ ✭✷✳✺✮ ❢♦••♦✇s s✐♥❝❡ ϕ ′ i = 1/(U ′ • ϕ i ) ❛♥❞ u i = ϕ i • T ✳ ❲❡ ❝❛♥ ♥♦✇ s❤♦✇ ♦✉r r❡s✉•ts ✉♥❞❡r t❤✐s ❛ss✉♠♣t✐♦♥ ♦♥ U ✿ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✹✳ ▲❡t T ❜❡ ♠♦♥♦t♦♥❡ s✉❝❤ t❤❛t T # µ = U # µ✳ ❚❤❡♥ I f (|U ′ (x)|) ❞µ(x) ≥ I f inf g sup g n(x)|T ′ (x)| ❞µ(x) ■♥ ♣❛rt✐❝✉•❛r✿ • ✐❢ g ✐s ❝♦♥st❛♥t✱ ✐✳❡✳ ✐❢ µ ✐s ✉♥✐❢♦r♠✱ t❤❡♥ t❤❡ ✐♥❡q✉❛•✐t② ✭✷✳✶✮ ❤♦•❞s❀ • ✐❢ g ♦♥•② s❛t✐s✜❡s ✭✷✳✷✮ ❛♥❞ ✐❢ n ≥ 2 ♦♥ I✱ t❤❡♥ t❤❡ ✐♥❡q✉❛•✐t② ✭✷✳✸✮ ❤♦•❞s✳ ✷✳✶✳ ❚❍❊ ❖◆❊✲❉■▼❊◆❙■❖◆❆▲ ❈❆❙❊ ✺✶ Pr♦♦❢✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡q✉❛•✐t✐❡s ✿ I f (|U ′ (x)|) ❞µ(x) = l-1 i=1 xi+1 xi f (|U ′ (x)|)g(x) ❞x = j-1 k=1 i∈A k xi+1 xi f (|U ′ (x)|)g(x) ❞x , ✇❤❡r❡ t❤❡ s✉♠ ♦✈❡r i ❤❛s n k t❡r♠s✳ ❖♥ t❤❡ ✐♥t❡r✈❛• (x i , x i+1 )✱ ✇❡ s❡t x = u i (y)✱ ❛♥❞ s✐♥❝❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ u i ✐s u ′ i = T ′ /(U ′ •u i )✱ ✇❡ ♦❜t❛✐♥ b a f (|U ′ |) ❞µ = j-1 k=1 i∈A k z k+1 z k f (|U ′ (u i (y))|) T ′ (y) U ′ (u i (y)) g(u i (y)) ❞y . ✭✷✳✼✮ ■♥ t❤❡ ❡q✉❛t✐♦♥ ✭✷✳✼✮✱ Pr♦♣✳ ✷✳✶✳✸ ❣✐✈❡s i∈A k T ′ (y) U ′ (ui(y)) g(ui(y)) g(y) = 1 ❛♥❞✱ s✐♥❝❡ f ✐s ❝♦♥✈❡①✿ b a f (|U ′ |) ❞µ ≥ j-1 k=1 z k+1 z k f i∈A k |U ′ (u i (y))| T ′ (y) U ′ (u i (y)) g(u i (y)) g(y)
g(y) ❞y;

❲❡ ✉s❡ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ f t♦ ❣❡t b a f (|U ′ |) ❞µ ≥ j-1 k=1 z k+1 z k f i∈A k |U ′ (u i (y))| T ′ (y) U ′ (u i (y)) inf g sup g g(y) ❞y ■♥ t❤❡ s❡❝♦♥❞ s✉♠✱ t❤❡ t❡r♠s |U ′ (u i (y))| ❞✐s❛♣♣❡❛r ❛♥❞ t❤❡r❡ ♦♥•② r❡♠❛✐♥s T ′ (y) inf g sup g ✇❤✐❝❤ ♦❝❝✉rs n k t✐♠❡s❀ s✐♥❝❡ n k ✐s ❡①❛❝t•② t❤❡ ❝♦♥st❛♥t ✈❛•✉❡ ♦❢ n ♦♥ (z k , z k+1 )✱ ✇❡ ♦❜t❛✐♥ t❤❡ ✐♥t❡❣r❛• ♦♥ t❤✐s ✐♥t❡r✈❛• ♦❢ n(y)T ′ (y) inf g sup g ❀ ❛♥❞ t❤❡ ✜rst s✉♠ ❣✐✈❡s t❤❡ ✐♥t❡❣r❛• ♦❢ t❤✐s ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ✇❤♦•❡ ✐♥t❡r✈❛• I✱ ✐✳❡✳ I f (|U ′ |) ❞µ ≥ I f inf g sup g n(y)|T ′ (y)| ❞µ(y) ✷✳✶✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✷✿ ❛♣♣r♦①✐♠❛t✐♦♥ ■♥ t❤✐s ♣❛r❛❣r❛♣❤✱ ❣✐✈❡♥ U ∈ W 1,1 (I)✱ ✇❡ ❜✉✐•❞ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ (U k ) k ♦❢ U ❜② ❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ ✭P▼✮ ❛♥❞ ✇❡ s❤♦✇ t❤❛t t❤❡ ✐♥❡q✉❛•✐t② ✭✷✳✶✮ ❛t t❤❡ ✐♥❞❡① k ✭✇✐t❤ t❤❡ ✐♥❝r❡❛s✐♥❣ tr❛♥s♣♦rt T k ✲ t❤❡ ♣r♦♦❢ ✇♦✉•❞ ❜❡ ❡①❛❝t•② t❤❡ s❛♠❡ ✇✐t❤ t❤❡ ❞❡❝r❡❛s✐♥❣ tr❛♥s♣♦rt ✲ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ n k ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♠❛♣ U k ✮ ♣❛ss❡s t♦ t❤❡ •✐♠✐t ❛s k → +∞✳ ❲❡ ✜① ❛ s✉♣❡r✲•✐♥❡❛r ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ f ❛♥❞ ✇❡ ✜rst s❤♦✇ t❤❡ ❢♦••♦✇✐♥❣✿ ▲❡♠♠❛ ✷✳✶✳✶✳ ❋♦r ❡✈❡r② U ∈ W 1,1 (I) ✇✐t❤ f (|U ′ |) < +∞ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (U k ) k∈N ✐♥ W 1,1 (I) s✉❝❤ t❤❛t ✿ • U k -----→ k→+∞ U ✐♥ W 1,1 (I) ❀ • f • |U ′ k | -----→ k→+∞ f • |U ′ | ✐♥ L 1 (I) ❀ • ❢♦r ❡❛❝❤ k✱ U k ✐s ♣✐❡❝❡✇✐s❡ ❛✣♥❡ ✇✐t❤ U ′ k = 0 ❛✳❡✳✳ Pr♦♦❢✳ ❋✐rst ♥♦t✐❝❡ t❤❛t ✐❢ t❤❡ t❤❡ t❤❡s✐s ✐s tr✉❡ ✇❤❡♥ r❡♣•❛❝✐♥❣ f ✇✐t❤ x → f (x) + x✱ t❤❡♥ ✐t st❛②s tr✉❡ ❢♦r t❤❡ ♦r✐❣✐♥❛• ❢✉♥❝t✐♦♥ f ✳ ❚❤✐s ❛••♦✇s t♦ ❛ss✉♠❡ t❤❛t f ′ ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇ ❜② ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t❀ t❤❡♥ f : R + → R + ✐s ❜✐•❡❝t✐✈❡ ❛♥❞ ✐ts ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥ ✐s ▲✐♣s❝❤✐t③✳ ▲❡t (h k ) k ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ ✺✷ ❈❍❆P❚❊| ✷✳ ❖P❚■▼❆▲■❚( ❈❖◆❉■❚■❖◆❙✱ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ❛♥❞ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s ✭s❛②✱ ♦♥ ❞②❛❞✐❝ ✐♥t❡r✈❛•s ♦❢ •❡♥❣t❤ (b -a)/2 k ✮✱ s✉❝❤ t❤❛t h k → f • |U ′ | ✐♥ L 1 (I)✳ ❲❡ ❞❡✜♥❡ U ′ k ❜② U ′ k (x) = s❣♥(U(x + k ) -U (x - k ))f -1 (h k (x)) ✇❤❡r❡ x + k ✱ x - k ❛r❡ t❤❡ ❞②❛❞✐❝ ♥✉♠❜❡rs ❛r♦✉♥❞ x ✭t❤✐s ✐s ❛ ♥♦♥✲❛♠❜✐❣✉♦✉s ❞❡✜♥✐t✐♦♥ ❢♦r ❛✳❡✳ x ∈ I✮✳ ❲❡ ❤❛✈❡ f • |U ′ k | → f • |U ′ | ✐♥ L 1 (I) ❛♥❞ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ U ′ k → U ′ ✳ ❋✐rst✱ ♥♦t✐❝❡ t❤❛t✱ s✐♥❝❡ f -1 ✐s ▲✐♣s❝❤✐t③✱ ✇❡ ❡❛s✐•② ❣❡t |U ′ k | → |U ′ | ✐♥ L 1 ✳ ▼♦r❡♦✈❡r✱ ✉♣ t♦ s✉❜s❡q✉❡♥❝❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛•s♦ ❤♦•❞s ❛✳❡✳ ♦♥ I✳ ❚❤✉s✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♠❛♥❛❣❡ t❤❡ s✐❣♥ ❛♥❞ ♣r♦✈❡ t❤❛t U ′ k → U ′ ❛✳❡✳ ♦♥ I✳ ❚❤✐s ❝♦♥✈❡r❣❡♥❝❡ ❤♦•❞s ♦♥ ❛♥② ♥♦♥✲❞②❛❞✐❝ ♣♦✐♥t ✇❤❡r❡ U ✐s ❞✐✛❡r❡♥t✐❛❜•❡ ✇✐t❤ U ′ = 0 ✭✇❤✐❝❤ ✐♠♣♦s❡s t❤❡ s✐❣♥ ♦❢ U (x + k )-U (x - k )✮✳ ❚❤❡s❡ ♣♦✐♥ts✱ t♦❣❡t❤❡r ✇✐t❤ t❤♦s❡ ✇❤❡r❡ |U ′ | = U ′ = 0 ❝♦✈❡r ❛•♠♦st ❛•• t❤❡ ✐♥t❡r✈❛• ❀ t❤✐s ❣✐✈❡s U ′ k → U ′ ❛✳❡✳ ♦♥ I ❛♥❞✱ ❜② ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡✱ ✇❡ ♦❜t❛✐♥ U ′ k → U ′ ✐♥ L 1 ✳ ❚❤❡♥✱ ✐❢ ✇❡ t❛❦❡ ❢♦r U k t❤❡ ♣r✐♠✐t✐✈❡ ♦❢ U ′ k ✇❤✐❝❤ ❤❛s t❤❡ s❛♠❡ ✈❛•✉❡ ♦❢ U ❛t a✱ ✇❡ ♦❜t❛✐♥ ❛ s❡q✉❡♥❝❡ (U k ) k ♦❢ ♣✐❡❝❡✇✐s❡ ❛✣♥❡ ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t✱ ❜② ❝♦♥str✉❝t✐♦♥✱ U k → U ✐♥ W 1,1 (I) ❛♥❞ f • |U ′ k | → f • |U ′ | ✐♥ L 1 (I)✳ ■♥ ♣❛rt✐❝✉•❛r✱ ❡❛❝❤ U k ✈❡r✐✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ✭P▼✮✱ t❤✉s t❤❡ ✐♥❡q✉❛•✐t② ✭✷✳✶✮ ✐s tr✉❡ ✇✐t❤ U k ✱ T k ✭t❤❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ✇✐t❤ s❛♠❡ ✐♠❛❣❡ ♠❡❛s✉r❡✮ ❛♥❞ n k = #U -1 k • T k ✳ |❡♠❛r❦✳ ❚❤❛♥❦s t♦ t❤❡ ✐♥❡q✉❛•✐t② ✐♥ t❤❡ ♣✐❡❝❡✇✐s❡ ❛✣♥❡ ❝❛s❡ ❛♥❞ s✐♥❝❡ f ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛♥❞ s✉♣❡r✲ •✐♥❡❛r✱ n k ≥ 1 ❛♥❞ f (|U ′ k |) ❤❛s ❛ •✐♠✐t✱ ✇❡ ✐♥❢❡r t❤❛t t❤❡ s❡q✉❡♥❝❡ (f (T ′ k )) k ✐s ❜♦✉♥❞❡❞ ✐♥ L 1 (I)✱ ✇✐t❤ f s✉♣❡r✲•✐♥❡❛r❀ t❤✉s (T ′ k ) k ✐s ❛♥ ❡q✉✐✲✐♥t❡❣r❛❜•❡ ❢❛♠✐•②✱ ✇❤✐❝❤ ✐♠♣•✐❡s✿ • t❤❡ s❡q✉❡♥❝❡ (T k ) k ✐s ❡q✉✐✲❝♦♥t✐♥✉♦✉s✱ t❤✉s ✐t ❛❞♠✐ts✱ ✉♣ t♦ s✉❜s❡q✉❡♥❝❡s✱ ❛ ✉♥✐❢♦r♠ •✐♠✐t T ❀ t❤✐s •✐♠✐t ✐s ♦❜✈✐♦✉s•② ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥❀ • ❢r♦♠ t❤❡ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ U k → U ✐♥ W 1,1 ✇❡ ✐♥❢❡r ❛✳❡✳ ♣♦✐♥t✇✐s❡ ❝♦♥✈❡r❣❡♥❝❡✱ ✇❤✐❝❤ ✐♠♣•✐❡s t❤❛t (U k ) # L 1 ⇀ U # L 1 ❀ ❛♥❛•♦❣♦✉s•②✱ ✇❡ ❤❛✈❡ (T k ) # L 1 ⇀ T # L 1 ✱ ✇❤✐❝❤ ✐♠♣•✐❡s U # L 1 = T # L 1 ✳ ❍❡♥❝❡✱ t❤❡ ❢✉♥❝t✐♦♥ T ✐s ❡①❛❝t•② t❤❡ ♠♦♥♦t♦♥❡ ❢✉♥❝t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♦r✐❣✐♥❛• ❢✉♥❝t✐♦♥ U ❀ • t❤❡ s❡q✉❡♥❝❡ (T ′ k ) k ✐s ✇❡❛❦•② r❡•❛t✐✈❡•② ❝♦♠♣❛❝t ✐♥ L 1 ✱ ✇❤✐❝❤✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ T k → T ✱ ❣✐✈❡s T ∈ W 1,1 (I) ❛♥❞ T k ⇀ T ✐♥ W 1,1 (I)✳ ❆s②♠♣t♦t✐❝s ♦❢ n k (x) ❛s k → ∞ ❚♦ •♦♦❦ ❛t t❤❡ •✐♠✐ts ♦❢ n k ✱ •❡t ✉s ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ m ❣✐✈❡♥ ❜② m(x) = inf{lim inf k→+∞ n k (x k ) : x k → x}. ❚❤✐s ❢✉♥❝t✐♦♥ ✐s ❛❝t✉❛••② t❤❡ Γ✲lim inf ♦❢ t❤❡ ❢✉♥❝t✐♦♥s n k ✭s❡❡ ❬✶✾(✮✳ ❆ ❣❡♥❡r❛• r❡s✉•t ♦♥ Γ✲lim inf ❢✉♥❝t✐♦♥s ❣✐✈❡s t❤❛t m ✐s •♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ♦♥ I ✭✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ ✐t ✈✐❛ ❛ s♦rt ♦❢ ❞✐❛❣♦♥❛• s❡q✉❡♥❝❡✮✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❢♦••♦✇✐♥❣✳ ▲❡♠♠❛ ✷✳✶✳✷✳ ❋♦r ❛•♠♦st ❡✈❡r② x ∈ I s✉❝❤ t❤❛t T ′ (x) = 0✱ ✇❡ ❤❛✈❡ m(x) ≥ n(x)✳ Pr♦♦❢✳ ▲❡t ✉s ✜rst s❤♦✇ t❤❛t t❤✐s ✐♥❡q✉❛•✐t② ❤♦•❞s ✐❢ y = T (x) ✐s ♥♦t ❛ •♦❝❛• ❡①tr❡♠✉♠ ♦❢ U ❀ t❤✉s✱ ✐❢ ✇❡ t❛❦❡ x ′ ∈ I ❛♥❞ δ > 0 ✇✐t❤ U (x ′ ) = y✱ t❤❡r❡ ❡①✐st x -✱ x + ∈ ]x ′ -δ, x ′ + δ[ ✇✐t❤ U (x -) < U (x ′ ) < U (x + )✳ ▲❡t (x k ) k ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ I ❝♦♥✈❡r❣✐♥❣ t♦ x✱ ❛♥❞ y k = T k (x k )✳ ❚❤❛♥❦s t♦ t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ (T k ) k t♦ T ✱ y k → y✳ ▲❡t p ❜❡ ❛ ✜♥✐t❡ ✐♥t❡❣❡r s✉❝❤ t❤❛t p ≤ n(x)❀ ✇❡ ✇✐•• s❤♦✇ t❤❛t ✇❡ ❝❛♥ ✜♥❞ p ❞✐st✐♥❝t ♣♦✐♥ts ❤❛✈✐♥❣ T k (x k ) ❛s ✐♠❛❣❡ ❜② U ✱ ❢♦r k •❛r❣❡ ❡♥♦✉❣❤ ✭❞❡♣❡♥❞✐♥❣ ♦♥ p✮✳ ▲❡t z 1 < ... < z p ∈ U -1 (y)✱ ❛♥❞ δ < min j (z j+1 -z j )✳ ❇② t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ y✱ ✇❡ ❝❛♥ ✜♥❞ ε > 0 ❛♥❞ s♦♠❡ ♣♦✐♥ts z + j ❛♥❞ z - j ✐♥ ❡❛❝❤ ✐♥t❡r✈❛• ]z j -δ, z j + δ[ s✉❝❤ t❤❛t U (z - j ) + ε < U (z j ) < U (z + j ) -ε✳ ❙✐♥❝❡ U k → U ♣♦✐♥t✇✐s❡•② ♦♥ I✱ t❤❡ s❡q✉❡♥❝❡ (U k (z - j )) k ✭r❡s♣✳ (U k (z + j )) k ✱ (U k (z j )) k ✮ ❝♦♥✈❡r❣❡s t♦ U (z - j ) ✭r❡s♣✳ U (z + j )✱ U (z j )✮✳ ❚❤❡r❡ ❡①✐sts k 0 ∈ N s✉❝❤ t❤❛t✱ ❢♦r k ≥ k 0 ✱ ✇❡ ❤❛✈❡ U k (z - j ) ≤ U (z - j ) + ε/2 ≤ y -ε/2 ❛♥❞ U k (z + j ) ≥ U (z + j ) -ε/2 ≥ y + ε/2❀ ♠♦r❡♦✈❡r✱ s✐♥❝❡ y k → y✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t✱ ❢♦r k ≥ k 0 ✱ y -ε/2 ≤ y k ≤ y + ε/2 ❀ ❝♦♠❜✐♥✐♥❣ t❤❡s❡ t✇♦ ♣♦✐♥ts✱ ✇❡ ❤❛✈❡ ❢♦r ❛•• k ≥ k 0 , U k (z - j ) ≤ y k ≤ U k (z + j ); t❤❡♥ ❜② t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛•✉❡ t❤❡♦r❡♠✱ s✐♥❝❡ U k ✐s ❝♦♥t✐♥✉♦✉s✱ ❢♦r ❛♥② j✱ t❤❡r❡ ❡①✐st z k j ❜❡t✇❡❡♥ z + j ❛♥❞ z - j ✱ s✉❝❤ t❤❛t U k (z k j ) = y k ✳ ❚❤❡ ♣♦✐♥ts z k j ✱ 1 ≤ j ≤ p✱ ❛r❡ ❞✐st✐♥❝t✱ s✐♥❝❡ t❤❡② ❜❡•♦♥❣ t♦ ❞✐s•♦✐♥t ✐♥t❡r✈❛•s ]z j -δ, z j + δ[✳ ❍❡♥❝❡✱ n k (x k ) ≥ p ❢♦r k ≥ k 0 ✳ ❚❤❡ ♣r♦♦❢ ✐s ❝♦♠♣•❡t❡ ✐❢ T (x) ✐s ♥♦t ❛ •♦❝❛• ❡①tr❡♠✉♠ ♦❢ U ✳ ❚❤❡ •❛st st❡♣ ❝♦♥s✐sts ✐♥ s❤♦✇✐♥❣ t❤❛t t❤❡ s❡t A ♦❢ ♣♦✐♥ts x s✉❝❤ t❤❛t T (x) ✐s ❛ •♦❝❛• ❡①tr❡♠✉♠ ❢♦r U ❛♥❞ ✈❡r✐❢②✐♥❣ ❢✉rt❤❡r♠♦r❡ T ′ (x) > 0 ✐s ♥❡❣•✐❣✐❜•❡ ❢♦r t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ■♥❞❡❡❞✱ y ✐s ❛ •♦❝❛• ♠❛①✐♠✉♠ ♦❢ U ✐❢✱ ❛♥❞ ♦♥•② ✐❢✱ y = max Jq,r U ✇✐t❤ q ∈ Q ∩ I✱ r ∈ Q * + ❛♥❞ J q,r =]q -r, q + r[∩I❀ t❤❡r❡❢♦r❡✱ A = q∈Q∩I,r∈Q * + T -1 (max Jq,r U ) ∩ {T ′ > 0}, T -1 (min Jq,r U ) ∩ {T ′ > 0} ❚❤✐s ❡q✉❛•✐t② ♣r♦✈❡s t❤❛t A ✐s ♠❡❛s✉r❛❜•❡✱ ❛♥❞ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t ❢♦r ❡❛❝❤ •❡✈❡• t ✇❡ ❤❛✈❡ L 1 T -1 (t) ∩ {T ′ > 0} = 0❀ t❤✐s ✐s tr✉❡ s✐♥❝❡ T ′ = 0 ❛✳❡✳ ♦♥ ❛♥② •❡✈❡• s❡t ♦❢ T ✭✇❤✐❝❤ ✐s ❛♥ ✐♥t❡r✈❛•✮✳ ❈♦♥❝•✉s✐♦♥ ❜② s❡♠✐✲❝♦♥t✐♥✉✐t② ❲❡ ❞❡♥♦t❡ ❢♦r x ∈ I ❛♥❞ k, j ∈ N✿ n j k (x) = min j, inf y∈I {j|x -y| + n k (y)} ; h j (x) = lim k→+∞ n j k (x); ✭h j ❡①✐sts s✐♥❝❡ t❤❡ ❢❛♠✐•② (n j k ) k ✐s✱ ❢♦r ❡❛❝❤ j✱ ✉♥✐❢♦r♠•② ❜♦✉♥❞❡❞ ❛♥❞ ❡q✉✐✲▲✐♣s❝❤✐t③✱ t❤✉s ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ✐t ❛❞♠✐ts ❛ ✉♥✐❢♦r♠ •✐♠✐t ✉♣ t♦ s✉❜s❡q✉❡♥❝❡s✮✳ ▲❡t ✉s ♥♦t✐❝❡ t❤❛t ❢♦r ❛♥② j✱ n j k ≤ n k ✭t❛❦❡ x = y ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ n j k ✮✳ ▼♦r❡♦✈❡r✱ ❜② ▲❡♠♠❛ ✷✳✶✳✷✱ m ≥ n ♦♥ I✳ ▲❡t ✉s s❤♦✇ t❤❡ ❢♦••♦✇✐♥❣ •❡♠♠❛✿ ▲❡♠♠❛ ✷✳✶✳✸✳ ❋♦r ❛♥② j ∈ N✱ ✇❡ ❤❛✈❡ h j ≥ m j ♦♥ I✱ ✇❤❡r❡ m j ✐s ❞❡✜♥❡❞ ❛s m j (x) = min j, inf y∈I {j|x -y| + m(y)} . Pr♦♦❢✳ ❙❡t n j k = min(j, n j k ) ❛♥❞ m j = min(j, m j )✱ ✇❤❡r❡ n j k (x) = inf y∈I {j|x -y| + n k (y)} ❛♥❞ m j (x) = inf y∈I {j|x -y| + m(y)}. ❇② ❞❡✜♥✐t✐♦♥✱ t❤❡r❡ ✐s ❛ s❡q✉❡♥❝❡ (y k ) k s✉❝❤ t❤❛t n j k (x) ≤ j|x -y k | + n k (y k ) ≤ n j k (x) + 1/k ❢♦r ❛♥② k❀ t❛❦✐♥❣ t❤❡ ♠✐♥✐♠✉♠ ✇✐t❤ j✱ ✇❡ ♦❜t❛✐♥ n j k (x) ≤ min (j, j|x -y k | + n k (y k )) ≤ n j k (x) + 1 k . ❲❡ ♠❛② ❛ss✉♠❡ ❜② ❝♦♠♣❛❝t♥❡ss t❤❛t y k → y ∈ I✱ ❛♥❞✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ h j ✱ ✇❡ ❤❛✈❡ min(j, j|x -y k | + n k (y k )) -----→ k→+∞ h j (x)✳ ▼♦r❡♦✈❡r✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ m✱ ✇❡ ❤❛✈❡ lim inf k→+∞ n k (y k ) ≥ m(y)✱ ✇❤✐❝❤ ❣✐✈❡s min (j, j|x -y| + m(y)) ≤ h j (x) ❢♦r y = lim k y k ∈ I ❀ s✐♥❝❡ m j (x) ✐s t❤❡ ✐♥✜♠✉♠ ♦✈❡r y ♦❢ t❤❡ •❡❢t✲❤❛♥❞ s✐❞❡✱ ✇❡ ♦❜t❛✐♥ h j (x) ≥ m j (x)✳ ❚❤❡ ❢✉♥❝t✐♦♥s m j t❤❛t ✇❡ •✉st ✐♥tr♦❞✉❝❡❞ ❛r❡ t❤❡ ✉s✉❛• ▲✐♣s❝❤✐t③ ✏r❡❣✉•❛r✐③❛t✐♦♥✑ ♦❢ t❤❡ •✳s✳❝✳ ❢✉♥❝t✐♦♥ m✱ ❛♥❞ ✇❡ ✇✐•• ✉s❡ ✭✇✐t❤♦✉t ♣r♦✈✐♥❣✮ t❤❡ ❢♦••♦✇✐♥❣ st❛♥❞❛r❞ •❡♠♠❛✳ ▲❡♠♠❛ ✷✳✶✳✹✳ ❚❤❡ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s (m j ) j∈N ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣✱ ❛♥❞ ❤❛s m ❢♦r ♣♦✐♥t✇✐s❡ •✐♠✐t✳ ❲❡ ♥♦✇ r❡t✉r♥ t♦ ♦✉r ♠❛✐♥ r❡s✉•t✿ ❚❤❡♦r❡♠ ✷✳✶✳✹✳ ▲❡t f ❜❡ ❝♦♥✈❡① ❛♥❞ ♥♦♥✲❞❡❝r❡❛s✐♥❣✱ U ∈ W 1,1 s✉❝❤ t❤❛t f (|U ′ |) < +∞ ❛♥❞ T ♠♦♥♦t♦♥❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ s✉❝❤ t❤❛t T # L 1 = U # L 1 ✳ ❚❤❡♥ t❤❡ ✐♥❡q✉❛•✐t② ✭✷✳✶✮ ❤♦•❞s✳ Pr♦♦❢✳ ❋✐rst ♦❢ ❛•• s✉♣♣♦s❡ t❤❛t f ✐s s✉♣❡r•✐♥❡❛r✳ ❲❡ ✉s❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡✜♥❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳ ❙❡❝t✐♦♥ ✷ ♣r♦✈❡s t❤❛t✱ ❢♦r ❛♥② k ✿ I f (|U ′ k (x)|) ❞x ≥ I f (n k (x)T ′ k (x)) ❞x ❛♥❞ t❤❛♥❦s t♦ t❤❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❜❡❤❛✈✐♦r ♦❢ f ❛♥❞ t♦ t❤❡ r❡♠❛r❦s ❛❜♦✉t n k ✱ n j k ❛♥❞ h j ✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ✐♥❡q✉❛•✐t✐❡s✱ ✇❤✐❝❤ ❛r❡ tr✉❡ ❢♦r k ≥ k 0 ❢♦r ❡✈❡r② δ > 0 ❛♥❞ j ✭k 0 = k 0 (δ, j)✮✿ I f (n k T ′ k ) ≥ I f (n j k T ′ k ) ≥ I f ((h j -δ)T ′ k ) ≥ I f ((m j -δ)T ′ k ). ✭✷✳✽✮ ❋♦r s♦♠❡ ✜①❡❞ δ > 0 ❛♥❞ j ∈ N✱ t❤❡ ❢✉♥❝t✐♦♥❛• T ∈ W 1,1 → I f ((m j (x) -δ)T ′ (x)) ❞x ✐s •♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ W 1,1 ✭s❡❡ ❬✷✽(✮✳ ❚❤✉s✱ t❛❦✐♥❣ t❤❡ •✐♠✐t k → +∞ ✐♥ ✭✷✳✽✮ ❣✐✈❡s lim inf k→+∞ I f (n k T ′ k ) ≥ I f ((m j -δ)T ′ ); ❛♥❞ ❜② ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡✱ t❛❦✐♥❣ t❤❡ •✐♠✐t j → +∞ ❛♥❞ δ → 0 ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❣✐✈❡s I f ((m j -δ)T ′ ) ----→ j→+∞ I f ((m -δ)T ′ ) ---→ δ→0 I f (mT ′ ). ❙✐♥❝❡ m ≥ n ❛✳❡✳ ♦♥ t❤❡ s❡t {T ′ = 0} ❛♥❞ f ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣✱ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣•❡t❡ ❢♦r f s✉♣❡r✲•✐♥❡❛r✳ ■❢ f ❤❛s •✐♥❡❛r ❣r♦✇t❤✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❡•❡❝t ❛ ♣♦s✐t✐✈❡✱ ❝♦♥✈❡①✱ ✐♥❝r❡❛s✐♥❣ ❛♥❞ s✉♣❡r✲•✐♥❡❛r ❢✉♥❝t✐♦♥ f s✉❝❤ t❤❛t f (|U ′ |) < +∞❀ ✐❢ ✇❡ ✜① ε > 0✱ f + ε f ✐s s✉♣❡r✲•✐♥❡❛r ❛♥❞ ♥♦♥✲❞❡❝r❡❛s✐♥❣✱ t❤✉s ❢♦r ❛•• ε > 0 ✇❡ ❤❛✈❡ f (|U ′ |) + ε f (|U ′ |) ≥ f (nT ′ ) + ε f (nT ′ ) ≥ f (nT ′ ) ❛♥❞ ♣❛ss✐♥❣ t♦ t❤❡ •✐♠✐t ❛s ε → 0 ❣✐✈❡s t❤❡ r❡s✉•t✳ ✷✳✶✳✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✸ ❆❣❛✐♥✱ ✇❡ ❜❡❣✐♥ ❜② t❛❦✐♥❣ U s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ ✭P▼✮✳ ❚❤❡ ♣r♦♦❢ ✐♥ t❤✐s ❝❛s❡ ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥ s❡✈❡r❛• •❡♠♠❛s✳ ❲❡ ❞❡♥♦t❡ ❜② m(x) = #U -1 ({U (x)})❀ s✐♥❝❡ U s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ✭P▼✮✱ m ✐s ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ♦♥ I✱ ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② x 1 < • • • < x p ❛ s✉❜❞✐✈✐s✐♦♥ ♦❢ I s✉❝❤ t❤❛t m ✐s ❛•t❡r♥❛t✐✈❡•② ❡q✉❛• t♦ 1 ❛♥❞ ❡✈❡r②✇❤❡r❡ ❣r❡❛t❡r t❤❛♥ 1 ♦♥ (x l , x k+1 ) ✭✐✳❡✳ m| (x k ,x k+1 ) = 1 ✐❢ k ✐s ♦❞❞ ❛♥❞ ≥ 2 ✐❢ k ❡✈❡♥ ♦r t❤❡ ❝♦♥✈❡rs❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛•✉❡ ♦❢ m ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ I✮✳ ▲❡♠♠❛ ✷✳✶✳✺✳ ❚❤❡ ❢✉♥❝t✐♦♥ U ✐s str✐❝t•② ♠♦♥♦t♦♥❡ ♦♥ ❛♥② ✐♥t❡r✈❛• (x k , x k+1 ) ♦♥ ✇❤✐❝❤ m ✐s ❝♦♥st❛♥t ✇✐t❤ ✈❛•✉❡ 1✳ ▼♦r❡♦✈❡r✿ • ✐❢ U | (x k ,x k+1 ) ✐s ✐♥❝r❡❛s✐♥❣✱ t❤❡♥ U (x) ≤ U (x k ) ❢♦r ❛♥② x ≤ x k ❛♥❞ U (x) ≥ U (x k+1 ) ❢♦r ❛♥② x ≥ x k+1 ❀ • ❝♦♥✈❡rs❡•②✱ ✐❢ U | (x k ,x k+1 ) ✐s ❞❡❝r❡❛s✐♥❣✱ t❤❡♥ U (x) ≥ U (x k ) ❢♦r ❛♥② x ≤ x k ❛♥❞ U (x) ≤ U (x k+1 ) ❢♦r ❛♥② x ≥ x k+1 ✳ Pr♦♦❢✳ ❙✐♥❝❡ m = 1 ♦♥ (x k , x k+1 )✱ ❢♦r ❛♥② x ∈ (x k , x k+1 )✱ x ✐s t❤❡ ✉♥✐q✉❡ ♣♦✐♥t ♦❢ I ❤❛✈✐♥❣ U (x) ❛s ✐♠❛❣❡ ❜② U ✳ ■♥ ♣❛rt✐❝✉•❛r✱ U | (x k ,x k+1 ) ✐s ✐♥•❡❝t✐✈❡✱ t❤✉s ♠♦♥♦t♦♥❡ s✐♥❝❡ ✐t ✐s ❝♦♥t✐♥✉♦✉s✳ ❆ss✉♠❡ ♥♦✇ t❤❛t ✐t ✐s ✐♥❝r❡❛s✐♥❣✳ ■❢ t❤❡r❡ ❡①✐sts x ≤ x k s✉❝❤ t❤❛t U (x) > U (x k )✱ •❡t ✉s t❛❦❡ y ∈ (U (x k ), U (x)) ∩ U ((x k ), U (x k+1 ))❀ ❜② t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛•✉❡ t❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts z 1 ∈ (x, x k ) ❛♥❞ z 2 ∈ (x k , x k+1 ) s✉❝❤ t❤❛t y = U (z 1 ) = U (z 2 )❀ ✐♥ ♣❛rt✐❝✉•❛r✱ U (z 2 ) = 2✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜•❡✳ ❚❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ s❤♦✇s ❛•s♦ t❤❛t U (x) ≥ U (x k+1 ) ❢♦r x ≥ x k+1 ✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐•❛r ✐❢ U | (x k ,x k+1 ) ✐s ❞❡❝r❡❛s✐♥❣✳ ▲❡♠♠❛ ✷✳✶✳✻✳ U ❤❛s t❤❡ s❛♠❡ ♠♦♥♦t♦♥✐❝✐t② ♦♥ ❛♥② (x k , x k+1 ) ✇❤❡r❡ m = 1✳ Pr♦♦❢✳ ❆ss✉♠❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t✱ ❢♦r ✐♥st❛♥❝❡✱ U | (x k ,x k+1 ) ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ U | (x k ′ ,x k ′ +1 ) ✐s ❞❡❝r❡❛s✐♥❣ ✇✐t❤ k < k ′ ✳ ❲❡ t❤❡♥ ❤❛✈❡ U (x k ) < U (x k+1 ) ❛♥❞ U (x k ′ ) > U (x k ′ +1 ) ▼♦r❡♦✈❡r✱ t❤❛♥❦s t♦ t❤❡ •❡♠♠❛ ✷✳✶✳✺✱ U (x k+1 ) ≤ U (x k ′ +1 ) ❛♥❞ U (x k ) ≥ U (x k ′ ) ❚❤❡s❡ ❢♦✉r ❡q✉❛•✐t✐❡s •❡❛❞ t♦ U (x k ) < U (x k )✳ ❚❤❡ ♣r♦♦❢ ✐s t❤❡ s❛♠❡ ✐❢ U | (x k ,x k+1 ) ✐s ❞❡❝r❡❛s✐♥❣ ❛♥❞ U | (x k ′ ,x k ′ +1 ) ✐s ✐♥❝r❡❛s✐♥❣✳ ❲❡ ✇✐•• ♥♦✇ s❛② t❤❛t U ✐s ✏❣•♦❜❛••② ✐♥❝r❡❛s✐♥❣✑ ✐❢ ✐t ✐s ✐♥❝r❡❛s✐♥❣ ♦♥ ❛♥② ✐♥t❡r✈❛• ♦❢ ✇❤✐❝❤ m = 1✱ ❛♥❞ ✏❣•♦❜❛••② ❞❡❝r❡❛s✐♥❣✑ ✐♥ t❤❡ ❝♦♥✈❡rs❡ ❝❛s❡✳ ▲❡♠♠❛ ✷✳✶✳✼✳ ■❢ U ✐s ❣•♦❜❛••② ✐♥❝r❡❛s✐♥❣✱ t❤❡♥✱ ❢♦r ❡❛❝❤ k✱ U (x) ≤ x k ❢♦r x ≤ x k ❛♥❞ U (x) ≥ x k+1 ❢♦r x ≥ x k+1 ❈♦♥✈❡rs❡•②✱ ✐❢ U ✐s ❣•♦❜❛••② ❞❡❝r❡❛s✐♥❣✱ t❤❡♥✱ ❢♦r ❡❛❝❤ k✱ U (x) ≥ x k ❢♦r x ≤ x k ❛♥❞ U (x) ≤ x k+1 ❢♦r x ≥ x k+1 Pr♦♦❢✳ ❚❤❡ ❝❛s❡ ✇❤❡r❡ m| (x k ,x k+1 ) = 1 ❝♦♠❡s ❞✐r❡❝t•② ❢r♦♠ t❤❡ •❡♠♠❛ ✷✳✶✳✺✳ ❆ss✉♠❡ ❢♦r ✐♥st❛♥❝❡ t❤❛t U ✐s ❣•♦❜❛••② ✐♥❝r❡❛s✐♥❣✱ ❛♥❞ •❡t ✉s t❛❦❡ k s✉❝❤ t❤❛t m| (x k ,x k+1 ) ≥ 2✳ • ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s z < x k s✉❝❤ t❤❛t U (z) > U (x k )❀ t❤✐s ✐♠♣•✐❡s k ≥ 2✱ m| (x k-1 ,x k ) = 1 ❛♥❞ U (x k-1 ,x k ) ✐s ✐♥❝r❡❛s✐♥❣✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ▲❡♠♠❛ ✷✳✶✳✺ ❣✐✈❡s U (x) ≤ U (x k-1 ) ❢♦r x ≤ x k-1 ✱ s♦ t❤❛t z ∈ (x k-1 , x k )✱ ❜✉t ✐♥ t❤✐s ❝❛s❡ t❤❡ ❣r♦✇t❤ ♦❢ U ♦♥ t❤✐s ✐♥t❡r✈❛• •❡❛❞s t♦ U (z) ≤ U (x k ) ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜•❡✳ • ❙✐♠✐•❛r•②✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡r❡ ✐s ♥♦ z > x k+1 ✇✐t❤ U (z) < U (x k+1 )✳ ❚❤❡ ♣r♦♦❢ ✐s t❤❡ s❛♠❡ ✐❢ U ✐s ❣•♦❜❛••② ❞❡❝r❡❛s✐♥❣✳ ▲❡t ✉s ♥♦✇ ❞❡♥♦t❡ ❜② y k = inf (x k ,x k+1 ) U ✱ y k+1 = sup (x k ,x k+1 ) U ✐❢ U ✐s ❣•♦❜❛••② ✐♥❝r❡❛s✐♥❣ ❛♥❞ t❤❡ ❝♦♥✈❡rs❡ ✐❢ U ✐s ❣•♦❜❛••② ❞❡❝r❡❛s✐♥❣✳ ❚❤❡ ❛❜♦✈❡ •❡♠♠❛ s❤♦✇s t❤❛t y k = U (x k ) ❢♦r ❡❛❝❤ 2 ≤ k ≤ p -1✳ ▲❡♠♠❛ ✷✳✶✳✽✳ ❆ss✉♠❡ t❤❛t U ✐s ❣•♦❜❛••② ✐♥❝r❡❛s✐♥❣✳ ▲❡t T 1 t❤❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ µ t♦ ν = U | # µ✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ k✿ T 1 (x k ) = y k ❛♥❞ (T 1 )| # (µ| (x k ,x k+1 ) ) = U # (µ| (x k ,x k+1 ) ) = ν (y k ,y k+1 ) ■❢ U ✐s ❣•♦❜❛••② ❞❡❝r❡❛s✐♥❣✱ t❤❡♥ t❤❡ s❛♠❡ ❡q✉❛•✐t② ❤♦•❞s ❢♦r ❡❛❝❤ k✱ ✇✐t❤ T 2 ✭t❤❡ ♥♦♥✲✐♥❝r❡❛s✐♥❣ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ µ t♦ ν✮ ✐♥st❡❛❞ ♦❢ T 1 ✳ Pr♦♦❢✳ ❆ss✉♠❡ U t♦ ❜❡ ❣•♦❜❛••② ✐♥❝r❡❛s✐♥❣ ❛♥❞ •❡t ✉s ✜rst s❤♦✇ t❤❡ r❡s✉•t ❢♦r k = 1✳ ■❢ p = 2 t❤❡♥ (x 1 , x 2 ) = I ❛♥❞ t❤❡r❡ ✐s ♥♦t❤✐♥❣ t♦ ♣r♦✈❡✱ s♦ ✇❡ ❛•s♦ ❛ss✉♠❡ t❤❛t p ≥ 3✳ ❲❡ ❦♥♦✇ t❤❛t x 1 = inf I ❜② ❞❡✜♥✐t✐♦♥✱ ❛♥❞ t❤❡ •❛st •❡♠♠❛ ♣r♦✈✐❞❡s y 1 = inf U (I)✱ ✇❤✐❝❤ ✐♠♣•✐❡s T 1 (x 1 ) = y 1 ✱ ❛♥❞ y 2 = sup (x1,x2) U = inf (x2,xp) U s♦ t❤❛t U (x 2 ) = y 2 ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❢❛❝t t❤❛t T 1 ❛♥❞ U ❤❛✈❡ s❛♠❡ ✐♠❛❣❡ ♠❡❛s✉r❡ ❣✐✈❡s 1 y1≤U (x)≤c ❞µ(x) = 1 y1≤T1(x)≤c ❞µ(x) ■♥ t❤❡ ❛❜♦✈❡ ❡q✉❛•✐t②✱ ✇❡ t❛❦❡ c = y 2 ✳ ❚❤❡♥ ✇❡ ❤❛✈❡ U (x) ≥ y 2 ❢♦r ❛✳❡✳ x ≥ x 2 ✇✐t❤ ❡q✉❛•✐t② ❛t ♠♦st ❢♦r ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts x s✐♥❝❡ U s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ✭P▼✮✱ s♦ t❤❛t✱ ❢♦r ❛✳❡✳ x ∈ I✱ y 1 ≤ U (x) ≤ y 2 ⇐⇒ x 1 ≤ x ≤ x 2 ✭✷✳✾✮ ❲❡ ❦♥♦✇ t❤❛t T 1 ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② T1(x) y1 ❞ν = x x1 ❞µ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❡q✉✐✈❛•❡♥❝❡ ✭✷✳✾✮ ♣r♦✈✐❞❡s x2 x1 ❞µ = 1 y1≤U (x)≤y2 ❞µ(x) = y2 y1 ❞ν s♦ t❤❛t T1(x2) y1 ❞ν = y2 y1 ❞ν✱ ❜✉t ν ✐s ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ✇✐t❤ ❛ ❛✳❡✳ ♣♦s✐t✐✈❡ ❞❡♥s✐t② s♦ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ y → y x1 ❞ν ✐s ✐♥❝r❡❛s✐♥❣✳ ❲❡ ❝♦♥❝•✉❞❡ t❤❛t T 1 (x 2 ) = y 2 ✳ ❚❤❡ s❡❝♦♥❞ ❡q✉❛•✐t② ♦❢ t❤❡ •❡♠♠❛ ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t (T 1 ) # µ = ν ❛♥❞ ❢r♦♠ t❤❡ ❡q✉✐✈❛•❡♥❝❡ x 1 ≤ x ≤ x 2 ⇐⇒ y 1 ≤ T 1 (x) ≤ y 2 ⇐⇒ y1 ≤ U (x) ≤ y 2 ❚❤❡ •❡♠♠❛ ✐s ♣r♦✈❡❞ ♦♥ (x 1 , x 2 )✳ ❲❡ ♣r♦✈❡ ✐t s✐♠✐•❛r•② ♦♥ (x 2 , x 3 ) ❜② ❝♦♥s✐❞❡r✐♥❣ (x 2 , x p ) ❛s ❣•♦❜❛• s♦✉r❝❡ ✐♥t❡r✈❛• ❛♥❞ (y 2 , y p ) ❛s ❣•♦❜❛• t❛r❣❡t ✐♥t❡r✈❛•✱ ❛♥❞ ✇❡ ♠❛❦❡ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ s✉❝❝❡ss✐✈❡•② ♦♥ ❡❛❝❤ (x k , x p )✱ k ≤ p -1✳ ▲❡♠♠❛ ✷✳✶✳✾✳ ❆ss✉♠❡ U t♦ ❜❡ ❣•♦❜❛••② ✐♥❝r❡❛s✐♥❣✳ ▲❡t f ❜❡ ❝♦♥✈❡① ❛♥❞ ♥♦♥✲❞❡❝r❡❛s✐♥❣✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ k✿ • ✐❢ m| (x k ,x k+1 ) = 1✱ t❤❡♥ U = T 1 ♦♥ (x k , x k+1 )❀ • ✐❢ m| (x k ,x k+1 ) ≥ 2✱ t❤❡♥ x k+1 x k f (|U ′ |) ❞µ ≥ x k+1 x k f (|T ′ 1 |) ❞µ ■♥ ♣❛rt✐❝✉•❛r✱ I f (|U ′ |) ❞µ ≥ I f (|T ′ 1 |) ❞µ✳ ■❢ U ✐s ❣•♦❜❛••② ❞❡❝r❡❛s✐♥❣✱ t❤❡ s❛♠❡ r❡s✉•ts ❤♦•❞ ✇✐t❤ T 1 ✐♥st❡❛❞ ♦❢ T 2 ✳ Pr♦♦❢✳ ■❢ m| (x k ,x k+1 ) = 1✱ t❤❡♥ U ❛♥❞ T 1 ❤❛✈❡ t❤❡ s❛♠❡ ♠♦♥♦t♦♥✐❝✐t② ❛♥❞ s❡♥❞ ν| (x k ,x k+1 ) ♦♥t♦ t❤❡ s❛♠❡ ✐♠❛❣❡ ♠❡❛s✉r❡✱ t❤✉s t❤❡② ❝♦✐♥❝✐❞❡ ♦♥ t❤✐s ✐♥t❡r✈❛•✳ ■❢ ♥♦t✱ t❤❡ r❡s✉•t ❝♦♠❡s ❞✐r❡❝t•② ❢r♦♠ Pr♦♣✳ ✷✳✶✳✹ ❛♣♣•✐❡❞ ♦♥ (x k , x k+1 ) ✭t❤❡ ❢❛❝t t❤❛t m ≥ 2 ♦♥ t❤✐s ✐♥t❡r✈❛• ❣✉❛r❛♥t❡❡s✱ ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥s ♦❢ Pr♦♣✳ ✷✳✶✳✹✱ t❤❛t n ≥ 2✮✳ ✷✳✶✳ ❚❍❊ ❖◆❊✲❉■▼❊◆❙■❖◆❆▲ ❈❆❙❊ ✺✼ ❈♦♥❝•✉s✐♦♥ ✇❤❡♥ U ✐s ♥♦t r❡❣✉•❛r✳ ▲❡t U ∈ W 1,1 (I)❀ ✇❡ ❛♣♣r♦①✐♠❛t❡ U ❜② t❤❡ s❛♠❡ s❡q✉❡♥❝❡ ♦❢ ♣✐❡❝❡✇✐s❡ ❛✣♥❡ ❢✉♥❝t✐♦♥s (U n ) n ✭s❡❡ ▲❡♠♠❛ ✷✳✶✳✶✮✳ ❊❛❝❤ U n ✐s ❡✐t❤❡r ❣•♦❜❛••② ✐♥❝r❡❛s✐♥❣ ♦r ❣•♦❜❛••② ❞❡❝r❡❛s✐♥❣❀ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ ♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡✐r ✏❣•♦❜❛• ♠♦♥♦t♦♥✐❝✐t②✑ ✐s t❤❡ s❛♠❡✳ ■❢ ❡❛❝❤ U n ✐s ❣•♦❜❛••② ✐♥❝r❡❛s✐♥❣✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥❝r❡❛s✐♥❣ tr❛♥s♣♦rt T n 1 s❡♥❞✐♥❣ µ ♦♥t♦ t❤❡ s❛♠❡ ✐♠❛❣❡ ♠❡❛s✉r❡✳ ❲❡ ❦♥♦✇ t❤❛t✱ ❢♦r ❡❛❝❤ n✱ ∀n ∈ N, I f (|U ′ n |) ❞µ ≥ I f ((T n 1 ) ′ ) ❞µ ❛♥❞ t❤❛t✿ • f • |U ′ n | → f • U ✐♥ L 1 (I)❀ • T n 1 ⇀ T 1 ✐♥ W 1,1 (I) ✭s❡❡ t❤❡ r❡♠❛r❦s ❛❢t❡r t❤❡ ▲❡♠♠❛ ✷✳✶✳✶✮❀ • t❤❡ ❢✉♥❝t✐♦♥ T → I f (|T ′ |) ❞µ ✐s •✳s✳❝✳ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ W 1,1 ✳ ❚❤✐s ❛••♦✇s t♦ ♣❛ss t♦ t❤❡ •✐♠✐t ❛♥❞ ❣❡t I f (|U ′ |) ❞µ ≥ I f (T ′ 1 ) ❞µ✳ ❚❤❡ s❛♠❡ ✐♥❡q✉❛•✐t② ✇✐t❤ T 2 ❢♦••♦✇s ✐❢ ❡❛❝❤ U n ✐s ❣•♦❜❛••② ❞❡❝r❡❛s✐♥❣✳ ✷✳✶✳✺ ❆ ❝♦✉♥t❡r✲❡①❛♠♣•❡ ✇❤❡♥ t❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ µ ❢❛✐•s ❲❡ ❝♦♥❝•✉❞❡ t❤✐s s❡❝t✐♦♥ ❜② ❣✐✈✐♥❣ ❛♥ ❡❛s② ❡①❛♠♣•❡ ♦❢ ♠❡❛s✉r❡ ❢♦r ✇❤✐❝❤ t❤❡ ✐♥❡q✉❛•✐t② ✭✷✳✸✮ ❢❛✐•s✳ ❚❤❡ str❛t❡❣② ✐s t❤❡ ❢♦••♦✇✐♥❣✿ st❛rt✐♥❣ ❢r♦♠ t❤❡ tr✐❛♥❣•❡ ❢✉♥❝t✐♦♥ U : x ∈ (0, 1) → 2x ✐❢ x ≤ 1 2 2 -2x ✐❢ x ≥ 1 2 ✇❡ ❝♦♥str✉❝t ❛ ❞❡♥s✐t② g ❢♦r ✇❤✐❝❤ t❤❡ ❛ss♦❝✐❛t❡❞ ✐♥❝r❡❛s✐♥❣ tr❛♥s♣♦rt T ✈❡r✐✜❡s I |T ′ | 2 ❞µ ≥ I |U ′ | 2 ❞µ✳ ▲❡t α > 2 t♦ ❜❡ ✜①❡❞ ❜❡•♦✇ ❛♥❞ g(x) =      α ✐❢ 0 < x < 1 4 1 ✐❢ 1 4 < x < 3 4 α ✐❢ 1 4 < x < 1 ✭g ✐s ♥♦t ❛ ♣r♦❜❛❜✐•✐t② ❞❡♥s✐t②✱ ❜✉t ✐t ✇♦✉•❞ ❡♥♦✉❣❤ t♦ ❞✐✈✐❞❡ ✐t ❜② (1 + α)/2 t♦ ❣❡t ✐t❀ ❤♦✇❡✈❡r✱ ✇❡ ❦❡❡♣ t❤❡s❡ ❢♦r♠✉•❛s ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣•✐❝✐t② ♦❢ ❝♦♠♣✉t❛t✐♦♥s✮✳ ❲❡ ❝♦♠♣✉t❡ t❤❡ ✐♥❝r❡❛s✐♥❣ tr❛♥s♣♦rt T s❡♥❞✐♥❣ g ♦♥t♦ U # g ✭s✐♥❝❡ µ ✐s s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠✐❞❞•❡ ♦❢ I✱ t❤❡ ❝♦st ♦❢ ✐ts ❞❡r✐✈❛t✐✈❡ ✐s t❤❡ s❛♠❡ t❤❛♥ ❢♦r t❤❡ ❞❡❝r❡❛s✐♥❣ tr❛♥s♣♦rt ❢r♦♠ g t♦ U # g✮✱ ❢♦r ✐♥st❛♥❝❡ t❤❛♥❦s t♦ t❤❡ ❢♦r♠✉•❛ ✭✷✳✺✮✿ ✐t ✐s T : x →                    x ✐❢ x ≤ 1 4 1 4 + 1 α x - 1 4 ✐❢ 1 4 ≤ x ≤ 3 4 x + 1 2 1 α -1 ✐❢ 3 4 ≤ x ≤ 1 - 1 2α α(x -1) + 1 ✐❢ 1 - 1 2α ≤ x ≤ 1 • 1 4 • 3 4 • 1 2 µ = α µ = α µ = 1 ν = α ν = 1 U (x) • 1 4 • 3 4 • 1 2 µ = α µ = α µ = 1 ν = α ν = 1 T (x) ❚❤❡ ❣r❛♣❤s ♦❢ U ❛♥❞ T ✭❤❡r❡ ❢♦r α = 4✮ ❲❡ ♥♦✇ ❝♦♠♣✉t❡ ❢♦r ❛ ❣❡♥❡r✐❝ ❢✉♥❝t✐♦♥ f ✿ I f (|U ′ |) ❞µ = 1 + α 2 f (2) ❛♥❞ I f (T ′ ) ❞µ = f (α) 2α + α 2 f (1) - f (1) 2 + 1 2 f 1 α ❚❤✉s✱ t❤❡ ✐♥❡q✉❛•✐t② ✷✳✸ ❢❛✐•s ♣r♦✈✐❞❡❞ t❤❛t f (α) 2 -α f (2) -f (1) 2 - f (1) + f (2) 2 + 1 2 f 1 α > 0 ❖♥❡ s❡❡ ❞✐r❡❝t•② t❤❛t✱ ❢♦r f s✉♣❡r✲•✐♥❡❛r✱ ♦♥❡ ❝❛♥ ✜♥❞ s✉❝❤ ❛♥ α ✭✐t ✐s ❡♥♦✉❣❤ t♦ t❛❦❡ ✐t •❛r❣❡ ❡♥♦✉❣❤ s✐♥❝❡ t❤✐s q✉❛♥t✐t② ❣♦❡s t♦ +∞ ❛s α → +∞✮✳ ❋♦r ✐♥st❛♥❝❡✱ ❢♦r f = | • | 2 ✱ t❤✐s ❝♦♥❞✐t✐♦♥ ❜❡❝♦♠❡s α 4 -3α 3 -5α 2 + 1 > 0 ✇❤✐❝❤ ✐s tr✉❡ ♣r♦✈✐❞❡❞ t❤❛t α ≥ α 0 ≃ 4, 1819✱ t❤❡ ❣r❡❛t❡st ③❡r♦ ♦❢ t❤✐s ♣♦•②♥♦♠✐❛• ❢✉♥❝t✐♦♥✳ ❚❤✐s ❝♦♥str✉❝t✐♦♥ ❤❛s ❛•s♦ ❜❡❡♥ ✉s❡❞ t♦ ❜✉✐•❞ ❝♦✉♥t❡r✲❡①❛♠♣•❡ t♦ t❤❡ ♦♣t✐♠❛•✐t② ♦❢ t❤❡ ♠♦♥♦t♦♥❡ tr❛♥s♣♦rt ♠❛♣ ❢♦r ❛♥♦t❤❡r t②♣❡ ♦❢ ✈❛r✐❛t✐♦♥❛• ♣r♦❜•❡♠s ✭s❡❡ ❬✺✻(✱ ❢♦✉rt❤ ♣❛r❛❣r❛♣❤✮✳ ◆♦t✐❝❡ ❤♦✇❡✈❡r t❤❛t✿ • t❤✐s ❞♦❡s ♥♦t ♣r♦✈❡ ❞✐r❡❝t•② t❤❡ s❤❛r♣♥❡ss ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥ ✷✳✷❀ • ❛•s♦✱ t❤✐s ❞♦❡s ♥♦t ♣r♦✈❡ t❤❛t t❤✐s tr✐❛♥❣•❡ ❢✉♥❝t✐♦♥ U ✐s ♦♣t✐♠❛• ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛• U → I f (|U ′ |) ❞µ ❢♦r s✉❝❤ ❛ µ✱ t❤✐s ♣r♦✈❡s ♦♥•② t❤❛t t❤✐s U ✐s ❜❡tt❡r t❤❛♥ t❤❡ ♠♦♥♦t♦♥❡ ❢✉♥❝t✐♦♥s ❢r♦♠ µ t♦ U # µ ❢♦r t❤✐s ❝♦st✳ ✷✳✷ ❆ P❉❊ ❛♣♣r♦❛❝❤ ✐♥ ❞✐♠❡♥s✐♦♥ ✷ ❛♥❞ ♠♦r❡ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❢♦r❣❡t t❤❡ ❝❛s❡ ♦❢ t❤❡ r❡❛• •✐♥❡ ❛♥❞ ❛ss✉♠❡ d ≥ 2✳ ▲❡t Ω ❜❡ ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ R d ❛♥❞ L : R d × R d × M d (R) → R❀ ♦✉r ❣♦❛• ✐s t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♠✐♥✐♠✐③❡rs ♦❢ J : T → Ω L(x, T (x), DT (x))f (x) ❞x ❛♠♦♥❣ t❤❡ ♠❛♣s T s✉❝❤ t❤❛t✿ • T s❡♥❞s µ = f • L 1 ♦♥t♦ ❛ ✜①❡❞ ♥♦♥✲♥❡❣❛t✐✈❡ ♠❡❛s✉r❡ ν ♦♥ R d ✱ ✇✐t❤ ν(R d ) = Ω f ❀ • T ❜❡•♦♥❣s t♦ H 1 (Ω)✳ ❲❡ st✐•• ❛ss✉♠❡ t❤❛t t❤❡ ❝•❛ss ♦❢ s✉❝❤ ❢✉♥❝t✐♦♥s T ✐s ♥♦♥✲❡♠♣t②✱ ❛♥❞ ♠❛❦❡ t❤❡ s✉✣❝✐❡♥t ❛ss✉♠♣t✐♦♥s ♦♥ Ω✱ f ✱ L s♦ t❤❛t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✐③❡r ❝❛♥ ❜❡ ♣r♦✈❡❞ ❜② t❤❡ ❞✐r❡❝t ♠❡t❤♦❞ ♦❢ t❤❡ ❝❛•❝✉•✉s ♦❢ ✈❛r✐❛t✐♦♥s✿ Ω ✐s ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ✇✐t❤ ▲✐♣s❝❤✐t③ ❜♦✉♥❞❛r②✱ f ✐s ❛ ❞❡♥s✐t② ♦♥ Ω ✈❡r✐❢②✐♥❣ 0 < c ≤ f ≤ C < +∞ ❛♥❞ L : Ω × R d × M d (R) → [0, +∞) ✐s ❛ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t✿ • t❤❡r❡ ❡①✐sts α > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛♥② x✱ u✱ p✱ L(x, u, p) ≥ α|p| 2 ❀ • ❢♦r ❛♥② x ❛♥❞ u✱ t❤❡ ❢✉♥❝t✐♦♥ p → L(x, u, p) ✐s ❝♦♥✈❡① ♦♥ M d (R)✳ ❲❡ ♥♦✇ ✜① ❛♥ ♦♣t✐♠❛• T ✳ ❖✉r str❛t❡❣② ✐s t♦ ✐♥tr♦❞✉❝❡ ❛ ❢❛♠✐•② (T t ) t ✱ ❞❡✜♥❡❞ ❢♦r t s♠❛•• ❡♥♦✉❣❤ ❛r♦✉♥❞ 0✱ ♦❢ ✏♣❡rt✉r❜❛t✐♦♥s✑ ♦❢ T s✉❝❤ t❤❛t T 0 = T ❀ t❤❡ ♦♣t✐♠❛•✐t② ❝♦♥❞✐t✐♦♥s ✇✐•• ❝♦♠❡ ❢r♦♠ ❞ ❞t J(T t ) t=0 = 0 ✷✳✷✳✶ ▼❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ✢♦✇ ❛♥❞ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛• T ❚❤❡ ❦❡② ♣♦✐♥t ❢♦r ❜✉✐•❞✐♥❣ ♦✉r ❛♣♣r♦①✐♠❛t✐♦♥ ✐s t❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✱ ✇❤✐❝❤ ❝♦♥str✉❝ts ❛ ♠❡❛s✉r❡✲ ♣r❡s❡r✈✐♥❣ t✐♠❡✲♣❛r❛♠❡tr✐③❡❞ ✢♦✇ (X(t, •)) t st❛rt✐♥❣ ❢r♦♠ ❛ ❣❡♥❡r✐❝ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ✈❡❝t♦r ✜❡•❞ v ✇✐t❤ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ v✿ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶✳ ❆ss✉♠❡ t❤❡ ❜♦✉♥❞❛r② ♦❢ Ω t♦ ❜❡ C 1 ❛♥❞ t❤❡ ❞❡♥s✐t② f t♦ ❜❡ ▲✐♣s❝❤✐t③✳ ▲❡t v : Ω → R d ❜❡ ❛ ▲✐♣s❝❤✐t③ ✈❡❝t♦r ✜❡•❞ s❛t✐s❢②✐♥❣ div(f v) = 0 ✐♥ Ω v • n = 0 ♦♥ ∂Ω ✇❤❡r❡ x → n(x) ❞❡♥♦t❡s t❤❡ ♦✉t✇❛r❞ ♥♦r♠❛• ♦❢ ∂Ω✳ ❋♦r x ∈ Ω✱ ✇❡ ❞❡♥♦t❡ ❜② t → X(t, x) t❤❡ ♠❛①✐♠❛• s♦•✉t✐♦♥ ♦❢ t❤❡ ❈❛✉❝❤② ♣r♦❜•❡♠    ❞ ❞t X(t, x) = v(X(t, x)) X(0, x) = x ✭✷✳✶✵✮ ❚❤❡♥ t❤❡ ❢♦••♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ tr✉❡✿ • ❡❛❝❤ X(•, x)✱ x ∈ Ω✱ ✐s ❞❡✜♥❡❞ ♦♥ R❀ • ❡❛❝❤ X(t, •)✱ t ∈ R✱ ✐s ▲✐♣s❝❤✐t③ ❛♥❞ ♦♥❡✲t♦✲♦♥❡ Ω → Ω ❛♥❞ ✇❡ ❤❛✈❡ X(t, X(s, x)) = X(t + s, x) ❢♦r ❛♥② s, t ∈ R ❛♥❞ x ∈ Ω❀ • ❡❛❝❤ x → X(t, •)✱ t ∈ R✱ s❡♥❞s t❤❡ ♠❡❛s✉r❡ µ ♦♥t♦ ✐ts❡•❢✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❢♦r ❡❛❝❤ ❙♦❜♦•❡✈ tr❛♥s♣♦rt ♠❛♣ T ❢r♦♠ µ t♦ ν ❛♥❞ ❢♦r ❡❛❝❤ t ∈ R✱ t❤❡ ❢✉♥❝t✐♦♥ T • X(t, •) ❛•s♦ s❡♥❞s µ ♦♥t♦ ν ❛♥❞ ✐s ❛•s♦ ❛❞♠✐ss✐❜•❡✳ ❚❤❡♥✱ ✐❢ T ♠✐♥✐♠✐③❡s J ❛♠♦♥❣ t❤❡s❡ ♠❛♣s✱ t❤❡ ❢❛❝t t❤❛t T 0 = T ✐♠♣•✐❡s ♦✉r ♦♣t✐♠❛•✐t② ❝♦♥❞✐t✐♦♥✿ ❢♦r ❛♥② ▲✐♣s❝❤✐t③ ✈❡❝t♦r ✜❡•❞ v ♦♥ Ω s✉❝❤ t❤❛t f v ✐s ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❛♥❞ v • n = 0 ♦♥ ∂Ω✱ ✇❡ ❤❛✈❡ ❞ ❞t J(T • X(t, •)) t=0 = 0 ✻✵ ❈❍❆P❚❊| ✷✳ ❖P❚■▼❆▲■❚( ❈❖◆❉■❚■❖◆❙✱ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ▲❡t ✉s r❡♠❛r❦ t❤❛t s✉❝❤ ❛ ♠❡t❤♦❞ ❝❛♥ ♥♦t ❜❡ ❛❞❛♣t❡❞ t♦ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛• ❝❛s❡✱ s✐♥❝❡ t❤❡ ♦♥•② ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ✈❡❝t♦r ✜❡•❞ ✇✐t❤ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐s ❛❝t✉❛••② t❤❡ ♥✉•• ❢✉♥❝t✐♦♥✳ ❚❤✐s ❝♦r✲ r❡s♣♦♥❞s t♦ t❤❡ ❢❛❝t t❤❛t t❤❡r❡ ❡①✐sts ♦♥•② t✇♦ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ♠❛♣s ♦♥ ❛♥ ✐♥t❡r✈❛• ✇❤✐❝❤ ❛r❡✱ s✐♥❝❡ s✉❝❤ ❛ ♠❛♣ ❤❛s t♦ ❜❡ ♠♦♥♦t♦♥❡✱ t❤❡ ✐❞❡♥t✐t② ❛♥❞ x → c-x ✭c ❜❡✐♥❣ t❤❡ ❝♦♥st❛♥t s✉❝❤ t❤❛t t❤❡ s♦✉r❝❡ ❛♥❞ ✐♥t❡r✈❛• ❝♦✐♥❝✐❞❡✮❀ t❤✉s✱ ❛♥② t✐♠❡✲♣❛r❛♠❡tr✐③❡❞ ❢❛♠✐•② ♦❢ ♣❡rt✉r❜❛t✐♦♥ (X t ) t ✇❤✐❝❤ ♣r❡s❡r✈❡s t❤❡ ♠❡❛s✉r❡ ✐s ❛❝t✉❛••② ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ t✐♠❡ ❛♥❞ st✐•• ❡q✉❛• t♦ ♦♥❡ ♦❢ t❤❡s❡ ♠❛♣s✳ ◆♦t✐❝❡ t❤❛t t❤❡ ♣r♦❜•❡♠ t❤❛t t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛• ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ♠❛♣s ❛r❡ ✐♥ s♦♠❡ s❡♥s❡ ✏✐s♦•❛t❡❞✑ ❛•s♦ ❛♣♣❡❛rs ✐♥ ✈❛r✐❛t✐♦♥❛• ♠♦❞✲ ❡•s ❢♦r ✢✉✐❞✲♠❡❝❤❛♥✐❝s ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✼✱ ✷✶( ❢♦r t❤❡ ✐♥❝♦♠♣r❡ss✐❜•❡ ❊✉•❡r ❡q✉❛t✐♦♥s✮ ✇❤✐•❡✱ ✐♥ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥✱ ❛s s❤♦✇♥ ✐♥ ❬✻✼✱ ✻✽(✱ t❤❡r❡ ✐s ♠♦r❡ ♣♦ss✐❜✐•✐t✐❡s t♦ ❝♦♥♥❡❝t ❛♥② ❞✐✛❡♦♠♦r♣❤✐s♠ t♦ t❤❡ ✐❞❡♥t✐t② ♠❛♣s ✈✐❛ ❛ t✐♠❡✲♣❛r❛♠❡tr✐③❡❞ ❢❛♠✐•② ♦❢ ❞✐✛❡♦♠♦r♣❤✐s♠s✳ Pr♦♦❢ ♦❢ Pr♦♣✳ ✷✳✷✳✶✳ ❚❤✐s ♣r♦♦❢ ✐s st❛♥❞❛r❞ ✭✐t ❝❛♥ ❜❡ ❢♦✉♥❞✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ❬✹(✱ ❝❤❛♣✳ ✽✮✱ ❜✉t ✇❡ r❡♣r♦❞✉❝❡ ✐t ❤❡r❡ ✉♥❞❡r ♦✉r ♦✇♥ ❛ss✉♠♣t✐♦♥s ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣•❡t❡♥❡ss✳ ❚❤❡ ✜rst ♣♦✐♥t ❝♦♥s✐sts ✐♥ s❤♦✇✐♥❣ t❤❛t ❛♥② ♠❛①✐♠❛• s♦•✉t✐♦♥ ♦❢ ✭✷✳✶✵✮ ✐s ❣•♦❜❛• ✐♥ t✐♠❡ ❛♥❞ ❞♦❡s ♥♦t ❝r♦ss t❤❡ ❜♦✉♥❞❛r② ♦❢ Ω✳ ❆ss✉♠❡ t❤❛t✱ ❢♦r s♦♠❡ x ∈ Ω✱ t❤❡ ♠❛①✐♠❛• s♦•✉t✐♦♥ ♦❢ ✭✷✳✶✵✮ ✐s ❞❡✜♥❡❞ ♦♥ ❛♥ ✐♥t❡r✈❛• I ✇✐t❤✱ ❢♦r ✐♥st❛♥❝❡✱ sup I = a < +∞✳ ◆♦t✐❝❡ t❤❛t s✐♥❝❡ v ✐s ❜♦✉♥❞❡❞ ♦♥ Ω✱ X(•, x) ✐s t✐♠❡✲▲✐♣s❝❤✐t③ t❤✉s ❛❞♠✐ts ❛ •✐♠✐t ❛s t → a❀ t❤✐s •✐♠✐t ❝❛♥♥♦t ❜❡•♦♥❣ t♦ Ω s✐♥❝❡ X(•, x) ✐s ♠❛①✐♠❛•✱ t❤✉s ✇❡ ❤❛✈❡ X(t, x) ---→ t→a x a ∈ ∂Ω✳ ❙✐♥❝❡ ∂Ω ✐s C 1 ✱ t❤❡r❡ ❡①✐sts ❛♥ ♦♣❡♥ s❡t U ❝♦♥t❛✐♥✐♥❣ x a s✉❝❤ t❤❛t✱ ✉♣ t♦ ❛ ❝❤❛♥❣❡ ♦❢ ❝♦♦r❞✐♥❛t❡s✱ Ω ∩ U = {(x 1 , . . . , x d-1 , ϕ(x 1 , . . . , x d-1 ))} ∩ U ✇❤❡r❡ ϕ ✐s ❛ C 1 ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ V ♦❢ (x 1 a , . . . , x d-1 a )✳ ■♥ t❤✐s s②st❡♠ ♦❢ ❝♦♦r❞✐♥❛t❡s✱ ✇❡ ❞❡♥♦t❡ ❜② x = (x 1 , . . . , x d-1 ) ❛♥❞ v = (v 1 , . . . , v d-1 )✳ ❚❤❡ ❢❛❝t t❤❛t v • n = 0 ♦♥ ∂Ω ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s v d ( x, ϕ( x)) = ∇ϕ( x) • v( x, ϕ( x)) ✭✷✳✶✶✮ ❢♦r x ❝•♦s❡ ❡♥♦✉❣❤ t♦ x a ✳ ▲❡t ✉s ❞❡✜♥❡ y ❛s ❜❡✐♥❣ t❤❡ ♠❛①✐♠❛• s♦•✉t✐♦♥ ♦❢ t❤❡ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ y ′ (t) = v( y(t), ϕ( y(t))) y(a) = x a ❛♥❞ s❡t y d (t) = ϕ( y(t))❀ y✱ y d ❛r❡ ❞❡✜♥❡❞ ♦♥ ❛♥ ♦♣❡♥ ✐♥t❡r✈❛• J ❛r♦✉♥❞ a✳ ❚❤❛♥❦s t♦ t❤❡ ❡q✉❛•✐t② ✭✷✳✶✶✮✱ ✇❡ ❤❛✈❡ y ′ d (t) = ∇ϕ( y(t)) • v( y(t), ϕ( y(t))) = v d ( y(t), ϕ( y(t))) ❢♦r t ❝•♦s❡ ❡♥♦✉❣❤ t♦ a✳ ❚❤✐s ✐♠♣•✐❡s t❤❛t ✐❢ ✇❡ s❡t y = ( y, y d )✱ ✇❡ ❤❛✈❡ y ′ = v(y) ♦♥ (a -ε, a + ε) ❢♦r ε s♠❛•• ❡♥♦✉❣❤✱ ❛♥❞ y(a) = x a ✳ ■❢ ✇❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ z : t → X(t, x) ✐❢ t ∈ I y(t) ✐❢ a < t < a + ε t❤❡♥ z ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ X(•, x) t♦ t❤❡ ✐♥t❡r✈❛• I ∩ (a -ε, a + ε)✱ ✇❤✐❝❤ str✐❝t•② ❝♦♥t❛✐♥s I✱ ✐♥t♦ ❛ s♦•✉t✐♦♥ ♦❢ ✭✷✳✶✵✮✳ ❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ s✐♥❝❡ X(•, x) ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ♠❛①✐♠❛•✳ ❚❤❡ ❢❛❝t t❤❛t X(t, •) ✐s ▲✐♣s❝❤✐t③ ❢♦r ❛♥② t ❝♦♠❡s ❞✐r❡❝t•② ❢r♦♠ t❤❡ ❝•❛ss✐❝❛• t❤❡♦r② ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r✲ ❡♥t✐❛• ❡q✉❛t✐♦♥s✳ ❚♦ s❤♦✇ t❤❛t X(t, X(s, •)) = X(t + s, •)✱ ♦♥❡ ❝❛♥ s❡❡ t❤❛t✱ ❢♦r ❡❛❝❤ x✱ t → X(t, X(s, x)) ❛♥❞ t → X(t + s, x) ❜♦t❤ s❛t✐s❢② Y ′ (t) = Y (t) Y (s) = X(s, x) s♦ t❤❛t t❤❡② ❛r❡ ❡q✉❛• ❜② t❤❡ ❈❛✉❝❤②✲▲✐♣s❝❤✐t③ t❤❡♦r❡♠✳ ✷✳✷✳ ❆ P❉❊ ❆PP|❖❆❈❍ ■◆ ❉■▼❊◆❙■❖◆ ✷ ❆◆❉ ▼❖|❊ ✻✶ ❋♦r t❤❡ t❤✐r❞ ♣♦✐♥t✱ ❛ ✉s✉❛• ♠❡t❤♦❞ ✇♦✉•❞ ❝♦♥s✐st ✐♥ s❤♦✇✐♥❣ t❤❛t t❤❡ ❝✉r✈❡ ♦❢ ♠❡❛s✉r❡s (X(t, •) # µ) t s❛t✐s✜❡s t❤❡ s♦✲❝❛••❡❞ ✏❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥✑ ✇✐t❤ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥ ∂ t ρ t + div(ρ t v) = 0 ρ 0 = µ ✇❤♦s❡ t❤❡ t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t ♠❡❛s✉r❡ µ ✐s ❛•s♦ ❛ s♦•✉t✐♦♥ ❛♥❞ ❢♦r ✇❤✐❝❤ t❤❡r❡ ✐s ✉♥✐q✉❡♥❡ss✳ ❚❤✐s ✐s ❞♦♥❡ ✉♥❞❡r ✈❡r② ❣❡♥❡r❛• ❛ss✉♠♣t✐♦♥s ♦♥ (ρ t ) t ❛♥❞ v ✭✇❤✐❝❤ ❝❛♥ ❛•s♦ ❞❡♣❡♥❞ ♦♥ t❤❡ t✐♠❡✮ ✐♥ t❤❡ ❝❤❛♣✳ ✽ ♦❢ ❬✹(✳ ■♥ ♦✉r ❝❛s❡✱ ♦♥❡ ❝❛♥ ♣r♦❝❡❡❞ ❞✐r❡❝t•② ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ❞❡♥s✐t② ♦❢ X(t, •) # µ✿ s✐♥❝❡ X(t, •) ✐s ❛ ❜✐✲▲✐♣s❝❤✐t③ ♠❛♣ ❢r♦♠ Ω ✐♥t♦ ✐ts❡•❢ ❛♥❞ ❤❛s X(-t, •) ❛s ✐♥✈❡rs❡ ♠❛♣✱ ❢♦r ❛♥② t❡st ❢✉♥❝t✐♦♥ ϕ ∈ C b (Ω) ❛♥❞ t ∈ R✱ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜•❡s ❢♦r♠✉•❛ ❣✐✈❡s Ω ϕ(X(t, x))f (x) ❞x = Ω ϕ(y)f (X(-t, y))| det DX(-t, y)|f (X(-t, y)) ❞y ✇✐t❤ det DX(t, x) > 0 ❢♦r ❛♥② t ❛♥❞ x ✭✐t ❝❛♥♥♦t ✈❛♥✐s❤ s✐♥❝❡ X(t, •) ✐s ❛ ❜✐✲▲✐♣s❝❤✐t③ ♠❛♣✱ ✐s t✐♠❡✲ ❝♦♥t✐♥✉♦✉s t❤✉s ❤❛s ❛ ❝♦♥st❛♥t s✐❣♥✱ ❛♥❞ ✐s ❡q✉❛• t♦ 1 ✇❤❡♥ t = 0 s✐♥❝❡ X(0, •) ✐s t❤❡ ✐❞❡♥t✐t② ♠❛♣✮✳ ❲❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ♠❡❛s✉r❡ X(t, •) # µ ❤❛s ❛ ❞❡♥s✐t② ♦♥ Ω ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜② f t (x) = f (X(-t, x)) det DX(-t, x) ❲❡ ❝♦♠♣✉t❡ t❤❡ t✐♠❡✲❞❡r✐✈❛t✐✈❡ ♦❢ t❤✐s ❞❡♥s✐t②✿ ❞ ❞t f t (x) = ∇f (X(-t, x)) • (-∂ t X(t, x)) + f (X(-t, x)) tr(Com DX(-t, x) × -∂ t DX(-t, x)) ✇❤❡r❡ Com DX ❞❡♥♦t❡s t❤❡ ♠❛tr✐① ♦❢ ❝♦❢❛❝t♦rs ♦❢ DX✱ ❛♥❞ ∂ t DX(t, x) = Dv(X(t, x)) × DX(t, x)✱ s♦ t❤❛t tr(Com DX(-t, x) × -∂ t DX(-t, x)) = -det DX(-t, x) × tr(Dv(X(-t, x))) = -det DX(-t, x) × div v(X(-t, x)) ❛♥❞ ❞ ❞t f t (x) = -det DX(-t, x) × (∇f • v + f div v)(X(-t, x)) = -det DX(-t, x) div(f v)(X(-t, x)) = 0 ❚❤❡r❡❢♦r❡ t❤❡ ❞❡♥s✐t② f t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t ❛♥❞ ✐ts ❡q✉❛• t♦ ✐ts ✈❛•✉❡ ❛t t = 0✱ ✇❤✐❝❤ ✐s f s✐♥❝❡ X(0, •) ✐s t❤❡ ✐❞❡♥t✐t② ♠❛♣✳ ❚❤✐s ♣r♦✈❡s t❤❛t X(t, •) # µ = µ ❢♦r ❛♥② t✳ ✷✳✷✳✷ ❉❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛•✐t② ❝♦♥❞✐t✐♦♥s ❚❤❡ ✇❡❛❦ ❢♦r♠✉•❛t✐♦♥ ✐♥ t❤❡ ❣❡♥❡r❛• ❝❛s❡✳ ❲❡ ♠❛❦❡ t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s ♦♥ ∂Ω ❛♥❞ f ✱ ✜① v ∈ Lip Ω ❛♥❞ ❝♦♠♣✉t❡ t❤❡ t✐♠❡✲❞❡r✐✈❛t✐✈❡ ♦❢ J(T • X(t, •)) ✇❤❡r❡ X ✐s ❞❡✜♥❡❞ ❜② ✭✷✳✶✵✮✳ ▲❡t ✉s ✜rst ♥♦t✐❝❡ t❤❛t s✐♥❝❡ T ∈ H 1 (Ω) ❛♥❞ X(t, •) ✐s ❜✐✲▲✐♣s❝❤✐t③ ❢♦r ❡❛❝❤ t✱ ❡❛❝❤ ♠❛♣ T • X(t, •) st✐•• ❜❡•♦♥❣s t♦ H 1 (Ω) ❛♥❞ ✐ts ✇❡❛❦ ❞❡r✐✈❛t✐✈❡ ✐s ❣✐✈❡♥ ❜② t❤❡ ✉s✉❛• ❢♦r♠✉•❛s ♦❢ ❞❡r✐✈❛t✐♦♥ ♦❢ ❛ ❝♦♠♣♦s✐t✐♦♥✳ ❉❡♥♦t✐♥❣ ❜② T t t❤✐s ♠❛♣✱ ✇❡ t❤✉s ❤❛✈❡✱ ❢♦r ❡❛❝❤ t✱ DT t = DT • X(t, •) × D x X(t, •) ❛♥❞ J(T t ) = Ω L(x, T (X(t, x)), DT (X(t, x)) × D x X(t, x))f (x) ❞x ✻✷ ❈❍❆P❚❊| ✷✳ ❖P❚■▼❆▲■❚( ❈❖◆❉■❚■❖◆❙✱ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ❇② ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t X(t, •) ♣r❡s❡r✈❡s µ ❛♥❞ ❤❛s X(-t, •) ❢♦r ✐♥✈❡rs❡✱ ✇❡ ❣❡t J(T t ) = Ω L(X(-t, x), T (x), DT (x) × D x X(t, X(-t, x)))f (x) ❞x ✇❤❡r❡ D x X(t, x) ❞❡♥♦t❡s t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ X(t, •) ❛t x✳ ❚❤❡♥ ❞ ❞t J(T t ) = Ω ∇ x L(X(-t, x), T (x), DT (x) × (D x X)(t, X(-t, x))) • ❞ ❞t (X(-t, x))f (x) ❞x + Ω ∇ p L(X(-t, x), T (x), DT (x) × (D x X)(t, X(-t, x))) • DT (x) × ❞ ❞t (D x X(t, X(-t, x)))f (x) ❞x ✭✷✳✶✷✮ ❲❡ ♥♦✇ ❤❛✈❡ t♦ ❝♦♠♣✉t❡ t❤❡ t✐♠❡✲❞❡r✐✈❛t✐✈❡ ♦❢ D x X(t, X(-t, x))✳ ❲❡ ❤❛✈❡ ❞ ❞t (D x X(t, X(-t, x))) = (∂ t D x X)(t, X(-t, x)) + d i=1 (∂ i D x X)(t, X(-t, x))
❞ ❞t

(X(-t, x)) ✇✐t❤✱ ❢♦r y ∈ Ω✱ ∂ t D x X(t, y) = D(∂ t X(t, •))(y) = D(v • X(t, •)))(y) = Dv(X(t, y)) × D x X(t, y) ✇❤✐❝❤✱ ❜② t❛❦✐♥❣ ❛❝❝♦✉♥t ♦❢ X(0, x) = x✱ •❡❛❞s t♦ ❞ ❞t (D x X(t, X(-t, x))) t=0 = Dv(x) × D x X(0, x) - d i=1 ∂ i D x X(0, x)v i (x) ❇✉t✱ s✐♥❝❡ X(0, x) = x ❢♦r ❡❛❝❤ x ∈ Ω✱ ✐t ❢♦••♦✇s D x X(0, x) = I d ❛♥❞ ∂ i D x X(0, x) = 0 s♦ t❤❛t ❞ ❞t (D x X(t, X(-t, x))) t=0 = Dv(x) ❲❡ r❡✐♥s❡rt ✐t ✐♥t♦ ✭✷✳✶✷✮✿ ❞ ❞t J(T t ) t=0 = Ω (-∇ x L(x, T (x), DT (x)) • v(x) + ∇ p L(x, T (x), DT (x)) • (DT (x) × Dv(x))) f (x) ❞x ❛♥❞ t❤❡ ♦♣t✐♠❛•✐t② ♦❢ T ✐♠♣•✐❡s t❤❛t t❤✐s t✐♠❡✲❞❡r✐✈❛t✐✈❡ ✐s ♥✉••✳ ❚❤✐s ❝♦♠♣✉t❛t✐♦♥ ❤♦•❞s ❢♦r ❛♥② ▲✐♣s❝❤✐t③ ✈❡❝t♦r ✜❡•❞ v ♦♥ Ω s✉❝❤ t❤❛t div(f v) = 0 ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ v • n = 0 ♦♥ ∂Ω✳ ❚♦ s✉♠♠❛r✐③❡✿ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✷✳ ❯♥❞❡r t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s ♦♥ f ✱ ν ❛♥❞ Ω✱ •❡t T ❜❡ ❛♥ ♦♣t✐♠❛• ♠❛♣ ❢♦r t❤❡ ♣r♦❜•❡♠ inf Ω L(x, T (x), DT (x))f (x) ❞x : T ∈ H 1 (Ω), T # µ = ν ▲❡t v ∈ Lip Ω s✉❝❤ t❤❛t div(f v) = 0 ✐♥ Ω v • n = 0 ♦♥ ∂Ω ❚❤❡♥ Ω (-∇ x L(x, T (x), DT (x)) • v(x) + ∇ p L(x, T (x), DT (x)) • (DT (x) × Dv(x))) f (x) ❞x = 0 ✭✷✳✶✸✮ ✷✳✷✳ ❆ P❉❊ ❆PP|❖❆❈❍ ■◆ ❉■▼❊◆❙■❖◆ ✷ ❆◆❉ ▼❖|❊ ✻✸ ❆♥ ❡①♣•✐❝✐t P❉❊ ✐♥ t❤❡ q✉❛❞r❛t✐❝ ❝❛s❡✳ ❲❡ ✇✐•• ♥♦✇ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ J(T ) = Ω |T (x) -x| 2 f (x) ❞x + Ω |DT (x)| 2 ❞x ❝♦rr❡s♣♦♥❞✐♥❣ t♦ L(x, u, p) = |u -x| 2 + |p| 2 /f (x)✳ ❲❡ ❝♦♠♣✉t❡ ∇ x L(x, u, p) = 2(x -u) - |p| 2 f (x) 2 ∇f (x) ❛♥❞ ∇ p L(x, u, p) = 2p f (x) ❚❤❡ ❡q✉❛t✐♦♥ ✭✷✳✶✸✮ ❜❡❝♦♠❡s Ω 2(T (x) -x) + |DT (x)| 2 f (x) 2 ∇f (x) • v(x)f (x) ❞x + 2 Ω DT (x) • (DT (x) × Dv(x)) ❞x = 0 ✭✷✳✶✹✮ ❢♦r ❛♥② v ∈ Lip Ω s✉❝❤ t❤❛t f v ✐s ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❛♥❞ v • n = 0 ♦♥ ∂Ω✳ ❖✉r ❣♦❛• ✐s ♥♦✇ t♦ ✇r✐t❡ ❛♥ ❡①♣•✐❝✐t P❉❊ ❤❛✈✐♥❣ ✭✷✳✶✹✮ ❛s ✇❡❛❦ ❢♦r♠✉•❛t✐♦♥✳ ❲❡ ✜rst ❛ss✉♠❡ t❤❛t v ✐s ♠♦r❡♦✈❡r ❝♦♠♣❛❝t•② s✉♣♣♦rt❡❞ ♦♥ Ω ❛♥❞ t❤❛t T ∈ H 2 (Ω)✱ s♦ t❤❛t ✇❡ ❝❛♥ ✐♥t❡❣r❛t❡ ❜② ♣❛rts t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ ✭✷✳✶✹✮✿ Ω DT (x) • (DT (x) × Dv(x)) ❞x = Ω 1≤i,j,k≤d ∂ j T i ∂ k T i ∂ j v k = - 1≤i,j,k≤d Ω (∂ 2 j,j T i ∂ k T i + ∂ j T i ∂ 2 j,k T i )v k ✭✷✳✶✺✮ ✇✐t❤ 1≤i,j,k≤d ∂ 2 j,j T i ∂ k T i v k = ∆T • (DT × v) = ( t DT × ∆T ) • v ✭✷✳✶✻✮ ❛♥❞ 1≤i,j,k≤d ∂ j T i ∂ 2 j,k T i v k = ∇ 1 2 |DT | 2 • v ✭✷✳✶✼✮ ❇② ✐♥s❡rt✐♥❣ ✭✷✳✶✻✮ ❛♥❞ ✭✷✳✶✼✮ ✐♥t♦ ✭✷✳✶✹✮✱ ✇❡ ♦❜t❛✐♥ Ω 2(T (x) -x) + |DT (x)| 2 f (x) 2 ∇f (x) - 2 f (x) t DT (x) × ∆T (x) - 1 f (x) ∇(|DT | 2 )(x) • (f v)(x) ❞x = 0 ❇✉t |DT | 2 f 2 ∇f - 1 f ∇(|DT | 2 ) = ∇ |DT | 2 f ✇❤✐❝❤✱ ✐♥t❡❣r❛t❡❞ ❛❣❛✐♥st f v✱ ❣✐✈❡s 0 s✐♥❝❡ f v ✐s ❞✐✈❡r❣❡♥❝❡✲❢r❡❡✳ ❙✐♠✐•❛r•②✱ Ω x • f (x)v(x) ❞x = 0✳ ❚❤❡ ♦♣t✐♠❛•✐t② ❝♦♥❞✐t✐♦♥ ❜❡❝♦♠❡s Ω T (x) - 2 f (x) t DT (x) × ∆T (x) • f (x)v(x) ❞x = 0 ✭✷✳✶✽✮ ❢♦r ❛♥② ✈❡❝t♦r ✜❡•❞ v ∈ Lip Ω ❝♦♠♣❛❝t•② s✉♣♣♦rt❡❞ ✐♥ Ω ❛♥❞ s✉❝❤ t❤❛t div(f v) = 0❀ ✐♥ ♦t❤❡r ✇♦r❞s✱ curl T (x) - 2 f (x) t DT (x) × ∆T (x) = 0 ✇❤❡r❡ t❤❡ ♦♣❡r❛t♦r curl ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ ✇❡❛❦ s❡♥s❡✳ ❚❤✐s ✐s ❡q✉✐✈❛•❡♥t t♦ T (x) - 2 f (x) t DT (x) × ∆T (x) = ∇ψ ✭✷✳✶✾✮ ✻✹ ❈❍❆P❚❊| ✷✳ ❖P❚■▼❆▲■❚( ❈❖◆❉■❚■❖◆❙✱ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ❢♦r s♦♠❡ ❞✐str✐❜✉t✐♦♥ ψ ∈ D ′ (Ω)✳ ▲❡t ✉s ♥♦✇ ✇r✐t❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛ss♦❝✐❛t❡❞ t♦ ✭✷✳✶✾✮ ❢♦r ❛♥ ♦♣t✐♠✐③❡r T ♦❢ J ✇❤✐❝❤ ❛•s♦ ❜❡•♦♥❣s t♦ H 2 (Ω)✳ ■❢ v ✐s ♥♦t ❛♥②♠♦r❡ s✉♣♣♦s❡❞ t♦ ❜❡ ❝♦♠♣❛❝t•② s✉♣♣♦rt❡❞ ✐♥t♦ Ω✱ t❤❡ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❢♦r♠✉•❛ ✭✷✳✶✺✮ ✐♥✈♦•✈❡s ❛ ❜♦✉♥❞❛r② t❡r♠✿ Ω DT (x) • (DT (x) × Dv(x)) ❞x = - Ω t DT × ∆T + ∇ 1 2 |DT | 2 • v + 1≤i,j,k≤d ∂Ω ∂ j T i ∂ k T i v k n j ✇✐t❤ 1≤i,j,k≤d ∂ j T i ∂ k T i v k n j = ( t DT × DT × v) • n ❲❡ ♠❛❦❡ t❤❡ s❛♠❡ ❝♦♠♣✉t❛t✐♦♥s t❤❛♥ ❛❜♦✈❡ ✇✐t❤ t❤✐s ❜♦✉♥❞❛r② t❡r♠✳ ❚❤❡ ❡q✉❛t✐♦♥ ✭✷✳✶✽✮ ✐s ♥♦✇ Ω T (x) - 2 f (x) t DT (x) × ∆T (x) • f (x)v(x) + ∂Ω ( t DT (x) × DT (x) × v(x)) • n(x) ❞S(x) = 0 ✭✷✳✷✵✮ ❢♦r ❛♥② ▲✐♣s❝❤✐t③ ✈❡❝t♦r ✜❡•❞ v ♦♥ Ω s❛t✐s❢②✐♥❣ div(f v) = 0 ✐♥ Ω v • n = 0 ♦♥ ∂Ω ❇② t❛❦✐♥❣ ❛❝❝♦✉♥t ♦❢ ✭✷✳✶✾✮✱ t❤❡ ✜rst t❡r♠ ✐s ❡q✉❛• t♦ Ω ∇ψ(x) • v(x)f (x) ❞x = - Ω ψ(x) div(f v)(x) ❞x + ∂Ω ψ(x)f (x)v(x) • n(x) ❞S(x) ❛♥❞ t❤❡ t✇♦ t❡r♠s ❛r❡ ♥✉•• t❤❛♥❦s t♦ t❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ v✳ ❲❡ ♦❜t❛✐♥ ∂Ω ( t DT (x) × DT (x) × v(x)) • n(x) ❞S(x) = 0 ✭✷✳✷✶✮ ❚❤✐s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❤♦•❞s ❢♦r ❛♥② v ∈ Lip Ω s✉❝❤ t❤❛t f v ✐s ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❛♥❞ v • n = 0 ♦♥ ∂Ω✳ ❲❡ ❝♦♥❝•✉❞❡ t❤❛♥❦s t♦ t❤❡ ❢♦••♦✇✐♥❣✿ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✸✳ ❆ss✉♠❡ t❤❛t ∂Ω ✐s C 3,α ❢♦r s♦♠❡ α > 0✳ ▲❡t v ❜❡ ❛ ✈❡❝t♦r ✜❡•❞ ∂Ω → R d s✉❝❤ t❤❛t v ∈ C 1,α (∂Ω) ❛♥❞ v • n = 0 ♦♥ ∂Ω✳ ❚❤❡♥ v ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ✐♥t♦ ❛ C 1,α ✈❡❝t♦r ✜❡•❞ Ω → R d s✉❝❤ t❤❛t div v = 0 ✐♥ Ω✳ Pr♦♦❢✳ ❲❡ ❜❡❣✐♥ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛♥ ❡①t❡♥s✐♦♥ v ♦❢ v ✐♥t♦ t❤❡ ✇❤♦•❡ Ω ❜❡•♦♥❣✐♥❣ t♦ C 1,α Ω ✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② g = div v ❛♥❞ ❞❡✜♥❡ w ♦♥❡ t❤❡ s♦•✉t✐♦♥ ♦❢ div w = g ✐♥ Ω w = 0 ♦♥ ∂Ω ❜❡•♦♥❣✐♥❣ t♦ C 1,α Ω ✭s❡❡ ❬✸✵(✱ ❚❤❡♦r❡♠ ✷✮✳ ❚❤❡ ❢✉♥❝t✐♦♥ u = v -w ✐s t❤❡♥ ❝♦♥✈❡♥✐❡♥t✳ ❲❡ ❤❡♥❝❡❢♦rt❤ ❛ss✉♠❡ t❤❛t ∂Ω ✐s C 3,α ❛♥❞ f ∈ C 1,α Ω ✳ ❚❤❡ Pr♦♣✳ ✷✳✷✳✸ ❛♥❞ t❤❡ ❡q✉❛t✐♦♥ ✭✷✳✷✶✮ •❡❛❞ t♦ ∂Ω ( t DT (x) × DT (x) × n(x)) • (w(x)n(x)) ❞S(x) = 0 ❢♦r ❛♥② s❝❛•❛r ❢✉♥❝t✐♦♥ w ∈ C 1,α (∂Ω)✳ ❲❡ ❞❡❞✉❝❡ t❤❛t t DT (x) × DT (x) × n(x) ✐s ♣❛r❛••❡• t♦ n(x) ♦♥ ❛✳❡✳ ♣♦✐♥t x ♦❢ ∂Ω✳ ■❢ λ(x) ✐s t❤✉s ❞❡✜♥❡❞ ❜② t DT (x) × DT (x) × n(x) = λ(x)n(x)✱ ✐t ❢♦••♦✇s ✐♠♠❡❞✐❛t❡•② λ(x) = |DT (x) × n(x)| 2 ✳ ❚❤✐s ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦••♦✇✐♥❣✿ ❚❤❡♦r❡♠ ✷✳✷✳✶✳ ❆ss✉♠❡ Ω t♦ ❜❡ ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s✉❜s❡t ♦❢ R d ✇✐t❤ C 1 ❜♦✉♥❞❛r②✳ ▲❡t f ❜❡ ❛ ♣♦s✐t✐✈❡ ▲✐♣s❝❤✐t③ ❞❡♥s✐t② ♦♥ Ω✱ ❛♥❞ µ = f • L d ✳ ▲❡t ν ❜❡ ❛ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ♦♥ R d ✇✐t❤ ν(R d ) = Ω f ❛♥❞ s✉❝❤ t❤❛t t❤❡ s❡t {U ∈ H 1 (Ω) : U # µ = ν} ✐s ♥♦♥✲❡♠♣t②✳ ▲❡t T ❜❡ ❛ ♠✐♥✐♠✐③❡r ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛• J : U → Ω |U (x) -x| 2 f (x) ❞x + Ω |DU (x)| 2 ❞x ❛♠♦♥❣ ❛•• t❤❡ tr❛♥s♣♦rt ♠❛♣s ❢r♦♠ µ t♦ ν ❜❡•♦♥❣✐♥❣ t♦ H 1 (Ω)✳ ❚❤❡♥✿ • ❋♦r ❛♥② ▲✐♣s❝❤✐t③ ✈❡❝t♦r ✜❡•❞ v ♦♥ Ω s✉❝❤ t❤❛t div(f v) = 0 ✐♥ Ω v • n = 0 ♦♥ ∂Ω ✇❡ ❤❛✈❡ Ω 2(T (x) -x) + |DT (x)| 2 f (x) 2 ∇f (x) • v(x)f (x) ❞x + 2 Ω DT (x) • (DT (x) × Dv(x)) ❞x = 0 • ■❢ ♠♦r❡♦✈❡r T ∈ H 2 (Ω)✱ ∂Ω ✐s C 3,α ❛♥❞ f ∈ C 1,α Ω ✱ t❤❡♥ T s❛t✐s✜❡s t❤❡ ♣❛rt✐❛• ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥    T (x) - 2 f (x) t DT (x) × ∆T (x) = ∇ψ(x), x ∈ Ω t DT (x) × DT (x) × n(x) = |DT (x) × n(x)| 2 n(x), x ∈ ∂Ω ❢♦r s♦♠❡ s❝❛•❛r ❞✐str✐❜✉t✐♦♥ ψ✳ ❚❤✐s ♣❛rt✐❛• ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ ✐s ♥♦♥•✐♥❡❛r ❛♥❞ s❡❡♠s ❝♦♠♣•✐❝❛t❡❞ t♦ st✉❞②✳ ❍♦✇❡✈❡r✱ ♦♥❡ ♦❢ ✐ts ✐♥t❡r❡sts ✐s t❤❛t ✇❡ ❛r❡ ❛❜•❡ t♦ ✜♥❞ ✐t t❤r♦✉❣❤ ♦t❤❡r ✇❛②s ✇❤✐❝❤ ❛r❡ ❝•♦s❡ t♦ t❤❡ ❞✉❛• ❑❛♥t♦r♦✈✐❝❤✬s ❛♣♣r♦❛❝❤❡s ♦❢ t❤❡ ❝•❛ss✐❝❛• ♦♣t✐♠❛• tr❛♥s♣♦rt ♣r♦❜•❡♠ ✭s❡❡ ❈❤❛♣t❡r ✹✮✳ ❈❤❛♣t❡r ✸ ❚❤❡ ▼♦♥❣❡ ♣r♦❜•❡♠ ✇✐t❤ ✈❛♥✐s❤✐♥❣ ❣r❛❞✐❡♥t ♣❡♥❛•✐③❛t✐♦♥ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❢♦••♦✇✐♥❣ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜•❡♠✿ ❣✐✈❡♥ µ✱ ν t✇♦ ✲ s♠♦♦t❤ ❡♥♦✉❣❤ ✲ ♣r♦❜❛❜✐•✐t② ❞❡♥s✐t✐❡s ♦♥ R d ✇✐t❤ µ s✉♣♣♦rt❡❞ ✐♥ ❛ ❞♦♠❛✐♥ Ω✱ ✇❡ st✉❞② inf {J ε (T ) : T # µ = ν} ✇❤❡r❡ J ε (T ) = Ω |T (x) -x| ❞µ(x) + ε Ω |DT | 2 dx ✇❤❡r❡ ε ✐s ❛ ✈❛♥✐s❤✐♥❣ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡r✳ ❖✉r ❣♦❛• ✐s t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛• J ε ✐♥ t❤❡ s❡♥s❡ ♦❢ Γ✲❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ♦❢ ❝❤❛r❛❝t❡r✐③❡ t❤❡ •✐♠✐ts ♦❢ t❤❡ ♠✐♥✐♠✐③❡rs T ε ✳ ▼✉•t✐♣•②✐♥❣ t❤❡ ❣r❛❞✐❡♥t ♣❡♥❛•✐③❛t✐♦♥ ✇✐t❤ ❛ ✈❛♥✐s❤✐♥❣ ♣❛r❛♠❡t❡r ε ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ♣❛rt✐❝✉•❛r str✉❝t✉r❡ ♦❢ t❤❡ ▼♦♥❣❡ ♣r♦❜•❡♠ ✭s❡❡ ❜❡•♦✇ t❤❡ ♣❛r❛❣r❛♣❤ ✸✳✶ ❛♥❞ t❤❡ ❆♣♣❡♥❞✐① ❇✳✸✮✳ ■t ✐s ❦♥♦✇♥ t❤❛t t❤❡ ♠✐♥✐♠✐③❡rs ♦❢ J 0 ✭t❤❛t ✇❡ ✇✐•• ❞❡♥♦t❡ ❜② J ✐♥ t❤❡ ❢♦••♦✇✐♥❣✮ ❛r❡ ♥♦t ✉♥✐q✉❡ ❛♥❞ ❛r❡ ❡①❛❝t•② t❤❡ tr❛♥s♣♦rt ♠❛♣s ❢r♦♠ µ t♦ ν ✇❤✐❝❤ ❛•s♦ s❡♥❞ ❛•♠♦st ❛♥② s♦✉r❝❡ ♣♦✐♥t x t♦ ❛ ♣♦✐♥t T (x) ❜❡•♦♥❣✐♥❣ t♦ t❤❡ s❛♠❡ tr❛♥s♣♦rt r❛② ❛s x ✭s❡❡ ❜❡•♦✇ t❤❡ ♣r❡❝✐s❡ ❞❡✜♥✐t✐♦♥✮✳ ❆♠♦♥❣ t❤❡s❡ tr❛♥s♣♦rt ♠❛♣s✱ s❡•❡❝t✐♦♥ r❡s✉•ts ❛r❡ ♣❛rt✐❝✉•❛r•② ✉s❡❢✉•✱ ❛♥❞ ❛♣♣r♦①✐♠❛t✐♥❣ ✇✐t❤ str✐❝t•② ❝♦♥✈❡① tr❛♥s♣♦rt ❝♦sts c ε (x, y) = |x -y| + ε|x -y| 2 ❜r✐♥❣s t♦ t❤❡ ♠♦♥♦t♦♥❡ tr❛♥s♣♦rt ✭✐✳❡✳ t❤❡ ✉♥✐q✉❡ tr❛♥s♣♦rt ♠❛♣ ✇❤✐❝❤ ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛•♦♥❣ ❡❛❝❤ tr❛♥s♣♦rt r❛②✮✳ ❙♦♠❡ r❡❣✉•❛r✐t② ♣r♦♣❡rt✐❡s ❛r❡ ❦♥♦✇♥ ❛❜♦✉t ✐t ✭❝♦♥t✐♥✉✐t② ✐♥ t❤❡ ❝❛s❡ ♦❢ r❡❣✉•❛r ♠❡❛s✉r❡s ✇✐t❤ ❞✐s•♦✐♥t ❛♥❞ ❝♦♥✈❡① s✉♣♣♦rts ✐♥ t❤❡ ♣•❛♥❡ ❬✹✷(✱ ✉♥✐❢♦r♠ ❡st✐♠❛t❡s ♦♥ ❛♥ ❛♣♣r♦①✐♠❛t✐♥❣ s❡q✉❡♥❝❡ ✉♥❞❡r ♠♦r❡ ❣❡♥❡r❛• ❛ss✉♠♣t✐♦♥s ❬✺✼(✮✳ ❚❤❡ q✉❡st✐♦♥ ✐s t♦ ❦♥♦✇ ✇❤✐❝❤ ♦❢ t❤❡s❡ tr❛♥s♣♦rt ♠❛♣ ✐s s❡•❡❝t❡❞ ❜② t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ t❤r♦✉❣❤ t❤❡ ❣r❛❞✐❡♥t ♣❡♥❛•✐③❛t✐♦♥ t❤❛t ✇❡ ♣r♦♣♦s❡ ❤❡r❡✳ ❚❤✐s ✐s ❛ ♥❛t✉r❛• q✉❡st✐♦♥✱ ❛♥❞✱ ❞✉❡ t♦ ✐ts ❤✐❣❤❡r r❡❣✉•❛r✐t② t❤❛♥ ♦t❤❡r ♠❛♣s✱ ♦♥❡ ❝♦✉•❞ ✇♦♥❞❡r ✐❢ ✐t ✐s ❛❣❛✐♥ t❤❡ ♠♦♥♦t♦♥❡ ♠❛♣ ✐♥ t❤✐s ❝❛s❡✳ ❯♣ t♦ ✈❡r② ✇❡❛❦ ♠♦❞✐✜❝❛t✐♦♥s✱ t❤✐s ❝❤❛♣t❡r ❝❛♥ ❢✉••② ❜❡ ❢♦✉♥❞ ❛s ❛ ♣❛♣❡r ✐♥ ❬✸✸(✳ ✸✳✶ ▼♦t✐✈❛t✐♦♥s ❛♥❞ ❦♥♦✇♥ ❢❛❝ts ❛❜♦✉t t❤❡ ▼♦♥❣❡ ♣r♦❜•❡♠ ■♥ t❤✐s ♣❛r❛❣r❛♣❤✱ ✇❡ r❡❝❛•• s♦♠❡ ❦♥♦✇♥ ❢❛❝ts ❛♥❞ ✉s❡❢✉• t♦♦•s ❛❜♦✉t t❤❡ ♦♣t✐♠❛• tr❛♥s♣♦rt❛t✐♦♥ ♣r♦❜•❡♠ ✇✐t❤ t❤❡ ▼♦♥❣❡ ❝♦st c(x, y) = |x -y|✱ ✇❤❡r❡ | • | ✐s t❤❡ ❊✉❝•✐❞❡❛♥ ♥♦r♠ ♦♥ R d ✳ ❲❡ ♦♥•② st❛t❡ ❤❡r❡ t❤❡ t♦♦•s t❤❛t ✇❡ ✇✐•• ✉s❡ ✐♥ t❤❛t ❢♦••♦✇s❀ ♠♦r❡ ❞❡t❛✐•s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ❇✳✸✳ ▲❡t Ω✱ Ω ′ ❜❡ t✇♦ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ♦♥ R d ✱ µ ∈ P(Ω)✱ ν ∈ P(Ω ′ ) ❛♥❞ ❛ss✉♠❡ t❤❛t µ ✐s ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡❀ ✇❡ t❤❡♥ ❞❡♥♦t❡ ❜② f ✐ts ❞❡♥s✐t②✳ ❚❤❡♥ ✇❡ s❡t W 1 (µ, ν) = inf Ω |T (x) -x| ❞µ(x) : T : Ω → R d , T # µ = ν ✻✼ ✻✽ ❈❍❆P❚❊| ✸✳ ❚❍❊ ▼❖◆•❊ P|❖❇▲❊▼ ❲■❚❍ ❱❆◆■❙❍■◆• •|❆❉■❊◆❚ P❊◆❆▲■)❆❚■❖◆ t❤❡ ♠✐♥✐♠❛• ✈❛•✉❡ ♦❢ t❤❡ ▼♦♥❣❡ tr❛♥s♣♦rt ❝♦st ❢r♦♠ µ t♦ ν✱ ❛♥❞ O 1 (µ, ν) = T : Ω → R d : T # µ = ν ❛♥❞ Ω |T (x) -x| ❞µ(x) = W 1 (µ, ν) t❤❡ s❡t ♦❢ ♦♣t✐♠❛• tr❛♥s♣♦rt ♠❛♣s ❢♦r t❤❡ ▼♦♥❣❡ ❝♦st ✭✐❢ t❤❡r❡ ✐s ♥♦ ❛♠❜✐❣✉✐t②✱ ✇❡ ✇✐•• ✉s❡ s✐♠♣•② t❤❡ ♥♦t❛t✐♦♥s W 1 ❛♥❞ O 1 ✮✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❛❜♦✈❡ ▼♦♥❣❡ ♣r♦❜•❡♠ ✐s ❛ ♣❛rt✐❝✉•❛r ✐ss✉❡ ♦❢ ✐ts ❑❛♥t♦r♦✈✐❝❤ ❢♦r♠✉•❛t✐♦♥✱ ✐✳❡✳ min Ω×Ω ′ |y -x| ❞γ(x, y) : γ ∈ P(Ω × Ω ′ ) : (π x ) # γ = µ, (π y ) # γ = ν , ❛♥❞ t❤❡ ♠✐♥✐♠❛• ✈❛•✉❡ ♦❢ t❤✐s ♣r♦❜•❡♠ ❝♦✐♥❝✐❞❡s ✇✐t❤ W 1 (µ, ν) ❛s ✇❡••✳ ❚❤❡♦r❡♠ ✸✳✶✳✶ ✭❉✉❛•✐t② ❢♦r♠✉•❛ ❢♦r t❤❡ ▼♦♥❣❡ ♣r♦❜•❡♠✮✳ ❲❡ ❤❛✈❡ t❤❡ ❡q✉❛•✐t② W 1 (µ, ν) = sup Ω ′ u(y) ❞ν(y) - Ω u(x) ❞µ(x) : u ∈ Lip 1 (R d ) ✇❤❡r❡ Lip 1 (R d ) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ 1✲▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s R d → R✳ ❙✉❝❤ ♦♣t✐♠❛• ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s ❛r❡ ❝❛••❡❞ ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛•s✳ ▼♦r❡♦✈❡r✱ t❤❡ ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛• ✐s ✉♥✐q✉❡ ♣r♦✈✐❞❡❞ t❤❛t Ω ✐s ❛ ❝♦♥♥❡❝t❡❞ s❡t ❛♥❞ t❤❛t t❤❡ s❡t {f > 0} \ Ω ′ ✐s ❛ ❞❡♥s❡ s✉❜s❡t ♦❢ Ω✳ ❆s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❞✉❛•✐t② ❢♦r♠✉•❛✱ ✐❢ T : Ω → R d s❡♥❞s µ t♦ ν ❛♥❞ u ∈ Lip 1 (R d )✱ ✇❡ ❤❛✈❡ t❤❡ ❡q✉✐✈❛•❡♥❝❡✿ T ∈ O 1 (µ, ν) u ✐s ❛ ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛• ⇐⇒ ❢♦r µ✲❛✳❡✳ x ∈ Ω, u(T (x)) -u(x) = |T (x) -x| ❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦••♦✇✐♥❣ ❝r✉❝✐❛• ♥♦t✐♦♥ ♦❢ tr❛♥s♣♦rt r❛②✿ ❉❡✜♥✐t✐♦♥ ✸✳✶✳✶ ✭❚r❛♥s♣♦rt r❛②s✮✳ ▲❡t u ❜❡ ❛ ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛• ❛♥❞ x ∈ Ω✱ y ∈ Ω ′ ✳ ❚❤❡♥✿ • t❤❡ ♦♣❡♥ ♦r✐❡♥t❡❞ s❡❣♠❡♥t (x, y) ✐s ❝❛••❡❞ tr❛♥s♣♦rt r❛② ✐❢ u(y) -u(x) = |y -x|❀ • t❤❡ ❝•♦s❡❞ ♦r✐❡♥t❡❞ s❡❣♠❡♥t [x, y] ✐s ❝❛••❡❞ ♠❛①✐♠❛• tr❛♥s♣♦rt r❛② ✐❢ ❛♥② ♣♦✐♥t ♦❢ (x, y) ✐s ❝♦♥t❛✐♥❡❞ ✐♥t♦ ❛t •❡❛st ♦♥❡ tr❛♥s♣♦rt r❛② ✇✐t❤ s❛♠❡ ♦r✐❡♥t❛t✐♦♥ ❛s [x, y]✱ ❛♥❞ ✐❢ [x, y] ✐s ♥♦t str✐❝t•② ✐♥❝•✉❞❡❞ ✐♥t♦ ❛♥② s❡❣♠❡♥t ✇✐t❤ t❤❡ s❛♠❡ ♣r♦♣❡rt②✳ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶ ✭•❡♦♠❡tr✐❝ ♣r♦♣❡rt✐❡s ♦❢ tr❛♥s♣♦rt r❛②s✮✳ ❚❤❡ s❡t ♦❢ ♠❛①✐♠❛• tr❛♥s♣♦rt r❛②s ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛• u ❛♥❞ ♦♥•② ❞❡♣❡♥❞s ♦♥ t❤❡ s♦✉r❝❡ ❛♥❞ t❛r❣❡t ♠❡❛s✉r❡s µ ❛♥❞ ν✳ ▼♦r❡♦✈❡r✿ • ❛♥② ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t ♦❢ t✇♦ ❞✐✛❡r❡♥t ♠❛①✐♠❛• tr❛♥s♣♦rt r❛②s ✐s ❛♥ ❡♥❞♣♦✐♥t ♦❢ t❤❡s❡ ❜♦t❤ ♠❛①✐♠❛• tr❛♥s♣♦rt r❛②s❀ • t❤❡ s❡t ♦❢ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ ❛•• t❤❡ ♠❛①✐♠❛• tr❛♥s♣♦rt r❛②s ✐s ▲❡❜❡s❣✉❡✲♥❡❣•✐❣✐❜•❡✳ ❚❤❡s❡ ♥♦t✐♦♥s ❛••♦✇ t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♦♣t✐♠❛• tr❛♥s♣♦rts✿ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✷ ✭❊①✐st❡♥❝❡ ❛♥❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ♦♣t✐♠❛• tr❛♥s♣♦rt ♠❛♣s✮✳ ❚❤❡ s♦•✉t✐♦♥s ♦❢ t❤❡ ▼♦♥❣❡ ♣r♦❜•❡♠ ❡①✐st ❛♥❞ ❛r❡ ♥♦t ✉♥✐q✉❡❀ ♣r❡❝✐s❡•②✱ ❛ ♠❛♣ T s❡♥❞✐♥❣ µ t♦ ν ✐s ♦♣t✐♠❛• ✐❢ ❛♥❞ ♦♥•② ✐❢✿ • ❢♦r ❛✳❡✳ x ∈ Ω✱ T (x) ❜❡•♦♥❣s t♦ t❤❡ s❛♠❡ ♠❛①✐♠❛• tr❛♥s♣♦rt r❛② ❛s x❀ • t❤❡ ♦r✐❡♥t❡❞ s❡❣♠❡♥t [x, T (x)] ❤❛s t❤❡ s❛♠❡ ♦r✐❡♥t❛t✐♦♥ ❛s t❤✐s tr❛♥s♣♦rt r❛②✳ ✸✳✷✳ •❊◆❊|❆▲■❚■❊❙ ❆◆❉ ❉❊◆❙■❚( ❖❋ ❙❖❇❖▲❊❱ ❚|❆◆❙P❖|❚ ▼❆P❙ ✻✾ ❚❤❡s❡ ♥♦t✐♦♥s ❛••♦✇ t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♦♣t✐♠❛• tr❛♥s♣♦rts✿ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✸ ✭❊①✐st❡♥❝❡ ❛♥❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ♦♣t✐♠❛• tr❛♥s♣♦rt ♠❛♣s✮✳ ❚❤❡ s♦•✉t✐♦♥s ♦❢ t❤❡ ▼♦♥❣❡ ♣r♦❜•❡♠ ❡①✐st ❛♥❞ ❛r❡ ♥♦t ✉♥✐q✉❡❀ ♣r❡❝✐s❡•②✱ ❛ ♠❛♣ T s❡♥❞✐♥❣ µ t♦ ν ✐s ♦♣t✐♠❛• ✐❢ ❛♥❞ ♦♥•② ✐❢✿ • ❢♦r ❛✳❡✳ x ∈ Ω✱ T (x) ❜❡•♦♥❣s t♦ t❤❡ s❛♠❡ ♠❛①✐♠❛• tr❛♥s♣♦rt r❛② ❛s x❀ • t❤❡ ♦r✐❡♥t❡❞ s❡❣♠❡♥t [x, T (x)] ❤❛s t❤❡ s❛♠❡ ♦r✐❡♥t❛t✐♦♥ ❛s t❤✐s tr❛♥s♣♦rt r❛②✳ ❲❡ ✜♥✐s❤ ❜② r❡❝❛••✐♥❣ t❤❛t✱ ❛♠♦♥❣ ❛•• ♠❛♣s ✐♥ O 1 (µ, ν)✱ t❤❡r❡ ✐s ❛ s♣❡❝✐❛• ♦♥❡ ✇❤✐❝❤ ❤❛s r❡❝❡✐✈❡❞ ♠✉❝❤ ❛tt❡♥t✐♦♥ s♦ ❢❛r✱ ❛♥❞ ❜② q✉✐❝❦•② r❡✈✐❡✇✐♥❣ ✐ts ♣r♦♣❡rt✐❡s✳ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✹ ✭❚❤❡ ♠♦♥♦t♦♥❡ ♠❛♣ ❛♥❞ ❛ s❡❝♦♥❞❛r② ✈❛r✐❛t✐♦♥❛• ♣r♦❜•❡♠✮✳ ■❢ µ ✐s ❛❜s♦•✉t❡•② ❝♦♥✲ t✐♥✉♦✉s✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ tr❛♥s♣♦rt ♠❛♣ T ❢r♦♠ µ t♦ ν s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ ♠❛①✐♠❛• tr❛♥s♣♦rt r❛② S✱ T ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢r♦♠ t❤❡ s❡❣♠❡♥t S ∩ Ω t♦ t❤❡ s❡❣♠❡♥t S ∩ Ω ′ ✭♠❡❛♥✐♥❣ t❤❛t ✐❢ x, x ′ ∈ Ω ❜❡•♦♥❣ t♦ t❤❡ s❛♠❡ tr❛♥s♣♦rt r❛②✱ t❤❡♥ [x, x ′ ] ❛♥❞ [T (x), T (x ′ )] ❤❛✈❡ t❤❡ s❛♠❡ ♦r✐❡♥t❛t✐♦♥✮✳▼♦r❡♦✈❡r✱ T s♦•✈❡s t❤❡ ♣r♦❜•❡♠ inf Ω |T (x) -x| 2 ❞µ(x) : T ∈ O 1 (µ, ν) . ◆♦t✐❝❡ t❤❛t t❤✐s s♦•✉t✐♦♥ ✐s ❛•r❡❛❞② ♦❜t❛✐♥❡❞ ❛s •✐♠✐t ♦❢ ♠✐♥✐♠✐③❡rs ♦❢ ❛ ♣❡rt✉r❜❡❞ ✈❛r✐❛t✐♦♥❛• ♣r♦❜•❡♠✱ ♥❛♠❡•② inf Ω |T (x) -x| ❞µ(x) + ε Ω |T (x) -x| 2 ❞µ(x) : T # µ = ν ❚❤✐s ✈❡r② ♣❛rt✐❝✉•❛r tr❛♥s♣♦rt ♠❛♣ ✐s ♣r♦❜❛❜•② ♦♥❡ ♦❢ t❤❡ ♠♦st ♥❛t✉r❛• ✐♥ O 1 (µ, ν) ❛♥❞ ♦♥❡ ♦❢ t❤❡ ♠♦st r❡❣✉•❛r✳ ■♥ ♣❛rt✐❝✉•❛r✱ ✉♥❞❡r s♦♠❡ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❞❡♥s✐t✐❡s f ✱ g ❛♥❞ t❤❡✐r s✉♣♣♦rts Ω✱ Ω ′ ✭❝♦♥✈❡① ❛♥❞ ❞✐s•♦✐♥t s✉♣♣♦rts ✐♥ t❤❡ ♣•❛♥❡ ❛♥❞ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❜② ❛❜♦✈❡ ❛♥❞ ❜❡•♦✇ ❞❡♥s✐t✐❡s✮✱ t❤✐s tr❛♥s♣♦rt ❤❛s ❛•s♦ ❜❡ s❤♦✇♥ t♦ ❜❡ ❝♦♥t✐♥✉♦✉s ❬✹✷(✱ ❛♥❞✱ ✉♥❞❡r ♠♦r❡ ❣❡♥❡r❛• ❛ss✉♠♣t✐♦♥s✱ ❬✺✼( ❣✐✈❡s ❛•s♦ s♦♠❡ r❡❣✉•❛r✐t② r❡s✉•ts ❢♦r t❤❡ ♠✐♥✐♠✐③❡r T ε ♦❢ ❛♥ ❛♣♣r♦①✐♠❛t❡❞ ♣r♦❜•❡♠ ✇❤❡r❡ c ✐s r❡♣•❛❝❡❞ ✇✐t❤ c ε (x, y) = ε 2 + |x -y| 2 ✭•♦❝❛• ✉♥✐❢♦r♠ ❜♦✉♥❞s ♦♥ t❤❡ ❡✐❣❡♥✈❛•✉❡s ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① T ε ✮✳ ■♥ ♣❛rt✐❝✉•❛r✱ ❞✉❡ t♦ ❤✐❣❤❡r r❡❣✉•❛r✐t② ♦❢ t❤❡ ♠♦♥♦t♦♥❡ ♠❛♣✱ ✇❡ ❝❛♥ ❡①♣❡❝t ❛t ✜rst ❣•❛♥❝❡ t❤❛t ❛❞❞✐♥❣ ❛ ✈❛♥✐s❤✐♥❣ ❉✐r✐❝❤•❡t ❡♥❡r❣② t♦ t❤❡ ▼♦♥❣❡ ❝♦st ❛❣❛✐♥ •❡❛❞s t♦ s❡•❡❝t t❤✐s ♣❛rt✐❝✉•❛r ♠❛♣ ❛♠♦♥❣ t❤❡ ♦♣t✐♠❛• tr❛♥s♣♦rt ♠❛♣s✳ ✸✳✷ •❡♥❡r❛•✐t✐❡s ❛♥❞ ❞❡♥s✐t② ♦❢ ❙♦❜♦•❡✈ tr❛♥s♣♦rt ♠❛♣s ■♥ t❤❛t ❢♦••♦✇s✱ ✇❡ ❝♦♥s✐❞❡r t✇♦ ❜♦✉♥❞❡❞ ❛♥❞ st❛r✲s❤❛♣❡❞ ❞♦♠❛✐♥s Ω✱ Ω ′ ✇✐t❤ ▲✐♣s❝❤✐t③ ❜♦✉♥❞❛r✐❡s ❛♥❞ t✇♦ ♠❡❛s✉r❡s µ ∈ P(Ω)✱ ν ∈ P(Ω ′ ) ✇✐t❤ ♣♦s✐t✐✈❡ ❛♥❞ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇ ❞❡♥s✐t✐❡s f ✱ g❀ ✇❡ ❛ss✉♠❡ ♠♦r❡♦✈❡r t❤❛t t❤❡ ❝•❛ss ♦❢ ♠❛♣s T ∈ H 1 (Ω) s❡♥❞✐♥❣ µ ♦♥t♦ ν ✐s ♥♦♥✲❡♠♣t② ✭t❤✐s ✐s ❣✉❛r❛♥t❡❡❞ ✐❢ ❢♦r ✐♥st❛♥❝❡ f, g ❛r❡ ❍ö•❞❡r ❝♦♥t✐♥✉♦✉s✱ s❡❡ ❜❡•♦✇✮✳ ❚❤❡ ❢✉♥❝t✐♦♥❛• t❤❛t ✇❡ ✇✐•• st✉❞② ✐s ❞❡✜♥❡❞✱ ❢♦r ε > 0✱ ❜② J ε : T → Ω |T (x) -x| ❞µ(x) + ε Ω |DT (x)| 2 ❞x ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② J t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢✉♥❝t✐♦♥❛• ✇❤❡♥ ε = 0 ✭✇❤✐❝❤ ✐s t❤✉s t❤❡ ❝•❛ss✐❝❛• ▼♦♥❣❡✬s tr❛♥s♣♦rt ❡♥❡r❣②✮❀ ♠♦r❡♦✈❡r✱ ✇❡ ❡①t❡♥❞ J ε ✱ J t♦ t❤❡ ✇❤♦•❡ L 2 (Ω) ❜② s❡tt✐♥❣ J ε (T ) = J(T ) = +∞ ❢♦r ❛ ♠❛♣ T ✇❤✐❝❤ ✐s ♥♦t ❛ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ µ t♦ ν✳ ❲❡ ✇✐•• st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❢❛♠✐•② ♦❢ ❢✉♥❝t✐♦♥❛•s (J ε ) ε ✱ ✇❤❡♥ ε ✈❛♥✐s❤❡s✱ ✐♥ t❤❡ s❡♥s❡ ♦❢ Γ✲❝♦♥✈❡r❣❡♥❝❡❀ t❤❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ Γ✲❝♦♥✈❡r❣❡♥❝❡ t❤❛t ✇❡ ✇✐•• ✉s❡ ❛r❡ r❡❝❛••❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ❆✳ ❆s ✉s✉❛• ✐♥ tr❛♥s♣♦rt t❤❡♦r②✱ ✇❡ ❝♦♥s✐❞❡r ❛s ❛ s❡tt✐♥❣ ❢♦r ♦✉r ✈❛r✐❛t✐♦♥❛• ♣r♦❜•❡♠s t❤❡ s❡t ♦❢ tr❛♥s♣♦rt ♣•❛♥s γ ✇❤✐❝❤ ❛r❡ ♣r♦❜❛❜✐•✐t✐❡s ♦♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ Ω × Ω ′ ✇✐t❤ ❣✐✈❡♥ ♠❛r❣✐♥❛•s (π x ) # γ = µ ❛♥❞ (π y ) # γ = ν ❛♥❞ ❛•• t❤❡ Γ✲•✐♠✐ts t❤❛t ✇❡ ❝♦♥s✐❞❡r ✐♥ t❤❛t ❢♦••♦✇s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♣•❛♥s ❛s ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡s✳ ❍♦✇❡✈❡r✱ ❞✉❡ t♦ ♦✉r ❝❤♦✐❝❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛•s t❤❛t ✇❡ ♠✐♥✐♠✐③❡✱ ♠♦st ♦❢ t❤❡ tr❛♥s♣♦rt ♣•❛♥ t❤❛t ✇❡ ❝♦♥s✐❞❡r ✇✐•• ❜❡ ❛❝t✉❛••② ✐♥❞✉❝❡❞ ❜② tr❛♥s♣♦rt ♠❛♣s✱ ✐✳❡✳ γ T = (✐❞ × T ) # µ ✇✐t❤ T # µ = ν✳ ❚❤❡s❡ ♠❛♣s ❛r❡ ✈❛•✉❡❞ ✐♥ Ω ′ ✱ ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞✱ ❛♥❞ ❛r❡ ❤❡♥❝❡ ❜♦✉♥❞❡❞✳ ❲❡ ❝♦✉•❞ ❛•s♦ ❝♦♥s✐❞❡r ❞✐✛❡r❡♥t ♥♦t✐♦♥s ♦❢ ❝♦♥✈❡r❣❡♥❝❡✱ ✐♥ ♣❛rt✐❝✉•❛r ❜❛s❡❞ ♦♥ t❤❡ ♣♦✐♥t✇✐s❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡s❡ ♣•❛♥s✱ ❛♥❞ ✇❡ ✇✐•• ❛❝t✉❛••② ❞♦ ✐t ♦❢t❡♥✳ ❋♦r s✐♠♣•✐❝✐t②✱ ✇❡ ✇✐•• ✉s❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ L 2 (Ω; Ω ′ ) ✭❜✉t✱ s✐♥❝❡ t❤❡s❡ ❢✉♥❝t✐♦♥s ❛r❡ ❜♦✉♥❞❡❞✱ t❤✐s ✐s ❡q✉✐✈❛•❡♥t t♦ ❛♥② ♦t❤❡r L p ❝♦♥✈❡r❣❡♥❝❡ ✇✐t❤ p < ∞✮✳ ❆s t❤❡ ❢♦••♦✇✐♥❣ •❡♠♠❛ ✭✇❤✐❝❤ ✇✐•• ❜❡ ❛•s♦ t❡❝❤♥✐❝❛••② ✉s❡❢✉• •❛t❡r✮ s❤♦✇s✱ t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ✐s ❡q✉✐✈❛•❡♥t t♦ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ ♠❡❛s✉r❡s ♦❢ t❤❡ tr❛♥s♣♦rt ♣•❛♥s✿ ▲❡♠♠❛ ✸✳✷✳✶✳ ❆ss✉♠❡ t❤❛t Ω✱ Ω ′ ❛r❡ ❝♦♠♣❛❝t ❞♦♠❛✐♥s ❛♥❞ µ ✐s ❛ ✜♥✐t❡ ♥♦♥✲♥❡❣❛t✐✈❡ ♠❡❛s✉r❡ ♦♥ Ω✳ ▲❡t (T n ) n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♠❛♣s Ω → Ω ′ ✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♠❛♣ T s✉❝❤ t❤❛t γ Tn ⇀ γ T ✐♥ t❤❡ ✇❡❛❦ s❡♥s❡ ♦❢ ♠❡❛s✉r❡s✳ ❚❤❡♥ T n → T ✐♥ L 2 µ (Ω)✳ ❈♦♥✈❡rs❡•②✱ ✐❢ T n → T ✐♥ L 2 µ (Ω)✱ t❤❡♥ ✇❡ ❤❛✈❡ γ Tn ⇀ γ T ✐♥ t❤❡ ✇❡❛❦ s❡♥s❡ ♦❢ ♠❡❛s✉r❡s✳ Pr♦♦❢✳ ■❢ γ Tn ⇀ γ T ❛♥❞ ϕ ∈ C b (Ω) ✐s ❛ ✈❡❝t♦r✲✈❛•✉❡❞ ❢✉♥❝t✐♦♥✱ ✇❡ ❤❛✈❡ Ω ϕ(x) • T n (x) ❞µ(x) = Ω×Ω ′ ϕ(x) • y ❞γ Tn (x, y) → Ω×Ω ′ ϕ(x) • y ❞γ T (x, y) = Ω ϕ(x) • T (x) ❞µ(x) ✇❤✐❝❤ ♣r♦✈❡s t❤❛t T n ⇀ T ✇❡❛❦•② ✐♥ L 2 µ (Ω)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ Ω |T n (x)| 2 ❞µ(x) = Ω×Ω ′ |y| 2 ❞γ Tn (x, y) → Ω×Ω ′ |y| 2 ❞γ T (x, y) = Ω |T (x)| 2 ❞µ(x) t❤✉s ||T n || L 2 µ → ||T || L 2 µ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ T n → T ✐s ❛❝t✉❛••② str♦♥❣✳ ❈♦♥✈❡rs❡•②✱ ❛ss✉♠❡ t❤❛t T n → T ✐♥ L 2 µ (Ω) ❛♥❞ •❡t (n k ) k ❜❡ s✉❝❤ t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ T n k (x) → T (x) ❤♦•❞s ❢♦r ❛✳❡✳ x ∈ Ω✱ t❤❡♥ ❢♦r ❛♥② ϕ ∈ C b (Ω × Ω ′ ) ✇❡ ❤❛✈❡ Ω×Ω ′ ϕ(x, y) ❞γ Tn k (x, y) = Ω ϕ(x, T n k (x)) ❞µ(x) → Ω ϕ(x, T (x)) ❞µ(x) = Ω×Ω ′ ϕ(x, y) ❞γ T (x, y). ❚❤✐s ♣r♦✈❡s γ Tn k ⇀ γ T ✱ ❜✉t✱ t❤❡ •✐♠✐t ❜❡✐♥❣ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ s✉❜s❡q✉❡♥❝❡ ✇❡ ❡❛s✐•② ❣❡t ❢✉•• ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✇❤♦•❡ s❡q✉❡♥❝❡✳ ❙✐♥❝❡ t❤❡ s❡t ♦❢ tr❛♥s♣♦rt ♣•❛♥s ❜❡t✇❡❡♥ µ t♦ ν ✐s ❝♦♠♣❛❝t ❢♦r t❤❡ ✇❡❛❦ t♦♣♦•♦❣② ✐♥ t❤❡ s❡t ♦❢ ♠❡❛s✉r❡s ♦♥ Ω × Ω ′ ✱ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ •❡♠♠❛ ✸✳✷✳✶ ✐s t❤❛t t❤❡ ❡q✉✐✲❝♦❡r❝✐✈✐t② ♥❡❡❞❡❞ t♦ ❞❡❞✉❝❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♠✐♥✐♠❛ ❛♥❞ ♠✐♥✐♠✐③❡r ❢r♦♠ t❤❡ Γ✲❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥❛•s ✭❚❤❡♦r❡♠ ❆✳✷✳✷✮ ✇✐•• ❜❡ s❛t✐s✜❡❞ ✐♥ ❛•• t❤❡ Γ✲❝♦♥✈❡r❣❡♥❝❡ r❡s✉•ts ♦❢ t❤❡ ❢♦••♦✇✐♥❣✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✇✐•• ♥♦t ❢♦❝✉s ♦♥ ✐t ❛♥②♠♦r❡ ❛♥❞ st✐•• ✇✐•• ❝♦♥s✐❞❡r t❤❛t t❤❡s❡ r❡s✉•ts ✐♠♣•② t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♠✐♥✐♠❛ ❛♥❞ ♦❢ ♠✐♥✐♠✐③❡rs✳ ✸✳✷✳✶ ❙t❛t❡♠❡♥t ♦❢ t❤❡ ③❡r♦t❤ ❛♥❞ ✜rst ♦r❞❡r Γ✲❝♦♥✈❡r❣❡♥❝❡s )❡r♦t❤ ♦r❞❡r Γ✲•✐♠✐t✳ ❚❤❡ ✜rst st❡♣ ✐s t♦ ❝❤❡❝❦ t❤❛t J ε Γ -→ J✳ ❍❡r❡ ✇❡ ♠✉st ❝♦♥s✐❞❡r t❤❛t J ε ✐s ❡①t❡♥❞❡❞ t♦ tr❛♥s♣♦rt ♣•❛♥ ❜② s❡tt✐♥❣ +∞ ♦♥ t❤♦s❡ tr❛♥s♣♦rt ♣•❛♥s ✇❤✐❝❤ ❛r❡ ♥♦t ♦❢ t❤❡ ❢♦r♠ γ = γ T ❢♦r T ∈ H 1 ✱ ❛♥❞ t❤❛t J ✐s ❞❡✜♥❡❞ ❛s ✉s✉❛• ❛s J(γ) = |x -y| ❞γ ❢♦r tr❛♥s♣♦rt ♣•❛♥s✳ ❚❤✐s Γ✲♦♥✈❡r❣❡♥❝❡ ❛❝t✉❛••② r❡q✉✐r❡s ❛ ♥♦♥✲tr✐✈✐❛• r❡s✉•t ✇❤✐❝❤ st❛t❡s t❤❛t t❤❡ s❡t ♦❢ ❙♦❜♦•❡✈ tr❛♥s♣♦rt ♠❛♣s ✐s ❛ ❞❡♥s❡ s✉❜s❡t ♦❢ t❤❡ s❡t ♦❢ tr❛♥s♣♦rt ♠❛♣s ❢r♦♠ µ t♦ ν✳ ❲❡ ♣r♦✈❡ t❤✐s r❡s✉•t ✐♥ t❤❡ ♥❡①t ♣❛r❛❣r❛♣❤ ✭s❡❡ t❤❡♦r❡♠ ✸✳✷✳✶ ❜❡•♦✇✮ ❢♦r ❍ö•❞❡r ❞❡♥s✐t✐❡s ❛♥❞ ❛ •❛r❣❡ ❝•❛ss ♦❢ ❞♦♠❛✐♥s ❣✐✈❡♥ ❜② t❤❡ ❢♦••♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✿ ❉❡✜♥✐t✐♦♥ ✸✳✷✳✶✳ ❲❡ ❝❛•• ▲✐♣s❝❤✐t③ ♣♦•❛r ❞♦♠❛✐♥ ❛♥② ♦♣❡♥ ❜♦✉♥❞❡❞ s✉❜s❡t Ω ♦❢ R d ❤❛✈✐♥❣ ❢♦r♠ Ω = x ∈ R d : |x -x 0 | < γ x -x 0 |x -x 0 | ❢♦r s♦♠❡ x 0 ∈ Ω ❛♥❞ ❛ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ γ : S d-1 → (0, +∞)✳ ■♥ ♣❛rt✐❝✉•❛r✱ s✉❝❤ ❛ ❞♦♠❛✐♥ Ω ✐s st❛r✲s❤❛♣❡❞ ✇✐t❤ ▲✐♣s❝❤✐t③ ❜♦✉♥❞❛r②✳ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶ ✭)❡r♦t❤ ♦r❞❡r Γ✲•✐♠✐t✮✳ ❆ss✉♠❡ t❤❛t Ω✱ Ω ′ ❛r❡ ❜♦t❤ ▲✐♣s❝❤✐t③ ♣♦•❛r ❞♦♠❛✐♥s ❛♥❞ t❤❛t f ✱ g ❛r❡ ❜♦t❤ C 0,α ❛♥❞ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇✳ ❚❤❡♥ J ε Γ -→ J ❛s ε → 0✳ Pr♦♦❢✳ ❚❤❡ Γ✲•✐♠✐♥❢ ✐♥❡q✉❛•✐t② ✐s tr✐✈✐❛• ✭✇❡ ❤❛✈❡ J ε ≥ J ❜② ❞❡✜♥✐t✐♦♥✱ ❛♥❞ J ✐s ❝♦♥t✐♥✉♦✉s ❢♦r t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♣•❛♥s✮✱ ❛♥❞ t❤❡ Γ✲•✐♠s✉♣ ✐♥❡q✉❛•✐t② ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ Pr♦♣✳ ❆✳✷✳✷ ❛♥❞ ♦❢ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ s❡t ♦❢ ❙♦❜♦•❡✈ tr❛♥s♣♦rts ❢♦r t❤❡ L 2 ✲❝♦♥✈❡r❣❡♥❝❡✳ ❋✐rst ♦r❞❡r Γ✲•✐♠✐t✳ ❲❡ st❛t❡ ✐t ❛t ❢♦••♦✇s✱ ✇✐t❤ t❤✐s t✐♠❡ ❛ s❤♦rt ♣r♦♦❢✿ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷ ✭❋✐rst ♦r❞❡r Γ✲•✐♠✐t✮✳ ❆ss✉♠❡ s✐♠♣•② t❤❛t f ✱ g ❛r❡ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇ ♦♥ Ω✱ Ω ′ ❛♥❞ t❤❛t Ω ❤❛s ▲✐♣s❝❤✐t③ ❜♦✉♥❞❛r②✳ ❚❤❡♥ t❤❡ ❢✉♥❝t✐♦♥❛• J ε -W 1 ε Γ✲❝♦♥✈❡r❣❡s✱ ✇❤❡♥ ε → 0✱ t♦ H : T → Ω |DT (x)| 2 ❞x ✐❢ T ∈ O 1 (µ, ν) ∩ H 1 (Ω) +∞ ♦t❤❡r✇✐s❡, ✇❤❡r❡✱ ❛❣❛✐♥✱ H ✐s ❡①t❡♥❞ t♦ ♣•❛♥s ✇❤✐❝❤ ❛r❡ ♥♦t ✐♥❞✉❝❡❞ ❜② ♠❛♣s ❜② +∞✳ Pr♦♦❢✳ Γ✲•✐♠s✉♣ ✐♥❡q✉❛•✐t②✳ ■❢ T ∈ O 1 (µ, ν)✱ t❤❡♥ ❜② ❝❤♦♦s✐♥❣ T ε = T ❢♦r ❛♥② ε ✇❡ ♦❜t❛✐♥ ❛✉t♦♠❛t✐❝❛••② J ε (T ε ) -W 1 ε = Ω |DT | 2 ❢♦r ❡❛❝❤ ε✳ ■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t ✐❢ T / ∈ O 1 (µ, ν)✱ t❤❡♥ ✇❡ ❤❛✈❡ J ε (T ε ) -W 1 ε → +∞ ❢♦r ❛♥② s❡q✉❡♥❝❡ (T ε ) ε ❝♦♥✈❡r❣✐♥❣ t♦ T ❀ ❜✉t s✐♥❝❡ t❤❡ ♠❛♣ T → Ω |T (x) -x| ❞µ(x) ✐s ❝♦♥t✐♥✉♦✉s ❢♦r t❤❡ L 2 ✲❝♦♥✈❡r❣❡♥❝❡✱ ✇❡ ❤❛✈❡ ❢♦r s✉❝❤ ❛ (T ε ) ε lim inf ε J ε (T ε ) -W 1 ε ≥ lim inf ε 1 ε Ω |T (x) -x| ❞µ(x) -W 1 ✇❤✐❝❤ ✐s +∞ s✐♥❝❡ T ✐s ♥♦t ♦♣t✐♠❛• ❢♦r t❤❡ ▼♦♥❣❡ ♣r♦❜•❡♠✳ Γ✲•✐♠✐♥❢ ✐♥❡q✉❛•✐t②✳ ❲❡ ❝❛♥ ❝♦♥❝❡♥tr❛t❡ ♦♥ s❡q✉❡♥❝❡ ♦❢ ♠❛♣s T ε ✇✐t❤ ❡q✉✐❜♦✉♥❞❡❞ ✈❛•✉❡s ❢♦r J ε (T ε ) -W 1 ε ✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s ❛ ❜♦✉♥❞ ♦♥ Ω |DT ε | 2 ✳ ❚❤✐s ✐♠♣•✐❡s t❤❛t ✇❡ ❝❛♥ ❛ss✉♠❡✱ ✉♣ t♦ s✉❜s❡q✉❡♥❝❡s✱ t❤❛t (T ε ) ε ❝♦♥✈❡r❣❡s ✇❡❛❦•② ✐♥ H 1 t♦ T ✳ ❆ss✉♠✐♥❣ t❤❡ •✐♠✐♥❢ t♦ ❜❡ ✜♥✐t❡✱ ❢r♦♠ C ≥ J ε (T ε ) -W 1 ε = 1 ε Ω |T ε (x) -x| ❞µ(x) -W 1 + Ω |DT ε | 2 ≥ Ω |DT ε | 2 ✇❡ ❞❡❞✉❝❡ ❛s ❛❜♦✈❡ t❤❛t T ♠✉st ❜❡•♦♥❣ t♦ O 1 (µ, ν) ❛♥❞✱ s✐♥❝❡ t❤❡ •❛st t❡r♠ ✐s •♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ H 1 (Ω) ✭✇❤✐❝❤ ✐s ❣✉❛r❛♥t❡❡❞ ✉♣ t♦ s✉❜s❡q✉❡♥❝❡s s✐♥❝❡ (J ε k (T ε k )) k ✐s ❜♦✉♥❞❡❞✮ ✇❡ ❣❡t t❤❡ ✐♥❡q✉❛•✐t② ✇❡ •♦♦❦ ❢♦r✳ ✼✷ ❈❍❆P❚❊| ✸✳ ❚❍❊ ▼❖◆•❊ P|❖❇▲❊▼ ❲■❚❍ ❱❆◆■❙❍■◆• •|❆❉■❊◆❚ P❊◆❆▲■)❆❚■❖◆ ❙✐♥❝❡ t❤❡ Γ✲❝♦♥✈❡r❣❡♥❝❡ ✐♠♣•✐❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♠✐♥✐♠❛✱ ✇❡ t❤❡♥ ❤❛✈❡ inf J ε = inf J + ε inf H + o(ε) = W 1 + ε inf H + o(ε) ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ✐♥✜♠✉♠ ✐s ✜♥✐t❡✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡r❡ ❡①✐sts ❛t •❡❛st ♦♥❡ tr❛♥s♣♦rt ♠❛♣ T ❛•s♦ ❜❡•♦♥❣✐♥❣ t♦ t❤❡ ❙♦❜♦•❡✈ s♣❛❝❡ H 1 (Ω)✳ ■♥ t❤❡ ❝♦♥✈❡rs❡ ❝❛s❡✱ ❛♥❞ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ③❡r♦t❤ ♦r❞❡r Γ✲❝♦♥✈❡r❣❡♥❝❡✱ ✇❡ ❤❛✈❡ inf J ε → W 1 ❛♥❞ inf J ε -W 1 ε → +∞ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ •♦✇❡st ♦r❞❡r ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ inf J ε t♦ J ✐s s♠❛••❡r t❤❛♥ ε✳ ❚❤❡ st✉❞② ♦❢ ❛ ♣r❡❝✐s❡ ❡①❛♠♣•❡ ✇❤❡r❡ t❤✐s ♦r❞❡r ✐s ε| log ε| ✐s t❤❡ ♦❜•❡❝t ♦❢ t❤❡ s❡❝t✐♦♥ ✸✳✸✳ ❲❤❛t ❛❜♦✉t t❤❡ s❡•❡❝t❡❞ ♠❛♣ ❄ ❚❤❡ ✜rst✲♦r❞❡r Γ✲❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ t❤❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ Γ✲•✐♠✐ts ✐♠♣•② t❤❛t✱ ✐❢ T ε ♠✐♥✐♠✐③❡s J ε ✱ t❤❡♥ T ε → T ✇❤✐❝❤ ♠✐♥✐♠✐③❡s t❤❡ ❙♦❜♦•❡✈ ♥♦r♠ ❛♠♦♥❣ t❤❡ s❡t O 1 (µ, ν) ♦❢ ♦♣t✐♠❛• tr❛♥s♣♦rt ♠❛♣s ❢r♦♠ µ t♦ ν✳ ❚❤✐s ❣✐✈❡s ❛ s❡•❡❝t✐♦♥ ♣r✐♥❝✐♣•❡✱ ✈✐❛ s❡❝♦♥❞❛r② ✈❛r✐❛t✐♦♥❛• ♣r♦❜•❡♠ ✭♠✐♥✐♠✐③✐♥❣ s♦♠❡t❤✐♥❣ ✐♥ t❤❡ ❝•❛ss ♦❢ ♠✐♥✐♠✐③❡rs✮✱ ✐♥ t❤❡ s❛♠❡ s♣✐r✐t ♦❢ ✇❤❛t ✇❡ ♣r❡s❡♥t❡❞ ❢♦r t❤❡ ♠♦♥♦t♦♥❡ tr❛♥s♣♦rt ♠❛♣ ❛•♦♥❣ ❡❛❝❤ tr❛♥s♣♦rt r❛②✳ ❆ ♥❛t✉r❛• q✉❡st✐♦♥ ✐s t♦ ✜♥❞ ✇❤✐❝❤ ✐s t❤✐s ♥❡✇ ✏s♣❡❝✐❛•✑ s❡•❡❝t❡❞ ♠❛♣✱ ❛♥❞ ✇❤❡t❤❡r ✐t ❝❛♥ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ♠♦♥♦t♦♥❡ ♦♥❡✳ ❚❤❛♥❦s t♦ t❤❡ ♥♦♥✲♦♣t✐♠❛•✐t② r❡s✉•ts ♦❢ t❤✐s ♠❛♣ ❢♦r t❤❡ ❙♦❜♦•❡✈ ❝♦st ♦♥ t❤❡ r❡❛• •✐♥❡✱ t❤❡ ❛♥s✇❡r ✐s t❤❛t t❤❡② ❛r❡ ✐♥ ❣❡♥❡r❛• ❞✐✛❡r❡♥t✳ ❲❡ ❝❛• •♦♦❦ ❛t t❤❡ ❢♦••♦✇✐♥❣ ❡①♣•✐❝✐t ❝♦✉♥t❡r✲❡①❛♠♣•❡ ✭✇❤❡r❡ ✇❡ ❤❛✈❡ ❤♦✇❡✈❡r O 1 (µ, ν) ∩ H 1 (Ω) = ∅✮✳ ▲❡t ✉s s❡t Ω = (0, 1) 2 ✱ Ω ′ = (2, 3) × (0, 1) ✐♥ R 2 ✳ ▲❡t F ✱ G ❜❡ t✇♦ ♣r♦❜❛❜✐•✐t② ❞❡♥s✐t✐❡s ♦♥ t❤❡ r❡❛• •✐♥❡✱ s✉♣♣♦rt❡❞ ✐♥ (0, 1) ❛♥❞ (2, 3) r❡s♣❡❝t✐✈❡•②❀ ✇❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❞❡♥s✐t✐❡s ❞❡✜♥❡❞ ❜② f (x 1 , x 2 ) = F (x 1 ) ❛♥❞ g(x 1 , x 2 ) = G(x 1 ) ❚❤❡♥✱ ✐❢ t ✐s ❛ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ F t♦ G ♦♥ t❤❡ r❡❛• •✐♥❡ ❛♥❞ T (x 1 , x 2 ) = (t(x 1 ), x 2 )✱ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t T s❡♥❞s t❤❡ ❞❡♥s✐t② f ♦♥t♦ g ❛♥❞ ✐❢ u(x 1 , x 2 ) = x 1 ✇❡ ❤❛✈❡ |T (x) -x| = |t(x 1 ) -x 1 | = t(x 1 ) -x 1 = u(T (x 1 , x 2 )) -u(x 1 , x 2 ) ❚❤✐s ♣r♦✈❡s t❤❛t T ✐s ♦♣t✐♠❛• ❛♥❞ u✱ ✇❤✐❝❤ ✐s ♦❢ ❝♦✉rs❡ ✶✲▲✐♣s❝❤✐t③✱ ✐s ❛ ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛•✱ s♦ t❤❛t t❤❡ ♠❛①✐♠❛• tr❛♥s♣♦rt r❛②s ❛r❡ ❡①❛❝t•② t❤❡ s❡❣♠❡♥ts [0, 3] × {x 2 }✱ 0 < x 2 < 1✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ T ∈ O 1 (µ, ν) ⇐⇒ T (x 1 , x 2 ) = (t(x 1 , x 2 ), x 2 ) ✇✐t❤ t(•, x 2 ) # F = G ❢♦r ❛✳❡✳ x 2 ■♥ ♣❛rt✐❝✉•❛r✱ t❤❡ ♠♦♥♦t♦♥❡ tr❛♥s♣♦rt ♠❛♣ ❛•♦♥❣ t❤❡ ♠❛①✐♠❛• tr❛♥s♣♦rt r❛②s ✐s x → (t(x 1 ), x 2 )✱ ✇❤❡r❡ t ✐s t❤❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ F t♦ G ♦♥ t❤❡ r❡❛• •✐♥❡✳ ❋♦r t❤✐s tr❛♥s♣♦rt ♠❛♣ T ✱ ✇❡ ❤❛✈❡ Ω |DT (x)| 2 ❞x = 1 0 t ′ (x 1 ) 2 ❞x 1 ◆♦✇✱ ♦♥❡ ❝❛♥ ❝❤♦♦s❡ F ✱ G s✉❝❤ t❤❛t t❤❡ s♦•✉t✐♦♥ ♦❢ inf 1 0 U ′ (x 1 ) 2 ❞x 1 : U # F = G ✭✸✳✶✮ ✐s ♥♦t ❛tt❛✐♥❡❞ ❜② t❤❡ ✐♥❝r❡❛s✐♥❣ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ F ✱ t♦ G✳ ❚❤✉s✱ ✐❢ t ♠✐♥✐♠✐③❡s ✭✸✳✶✮ ❛♥❞ T (x 1 , x 2 ) = t(x 1 )✱ ✇❡ ❤❛✈❡ Ω |D T (x)| 2 ❞x = 1 0 t ′ (x 1 ) 2 ❞x 1 < 1 0 t ′ (x 1 ) 2 ❞x 1 = Ω |DT (x)| 2 ❞x ❛♥❞ T ✐s ❛•s♦ ❛♥ ♦♣t✐♠❛• tr❛♥s♣♦rt ♠❛♣ ❢♦r t❤❡ ▼♦♥❣❡ ♣r♦❜•❡♠✳ ✸✳✷✳ •❊◆❊|❆▲■❚■❊❙ ❆◆❉ ❉❊◆❙■❚( ❖❋ ❙❖❇❖▲❊❱ ❚|❆◆❙P❖|❚ ▼❆P❙ ✼✸ ✸✳✷✳✷ Pr♦♦❢ ♦❢ t❤❡ ❞❡♥s✐t② ♦❢ ▲✐♣s❝❤✐t③ tr❛♥s♣♦rts ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❛t✱ ✉♥❞❡r ♥❛t✉r❛• ❛ss✉♠♣t✐♦♥s ✭❞♦♠❛✐♥s ✇❤✐❝❤ ❛r❡ ❞✐✛❡♦♠♦r♣❤✐❝s t♦ t❤❡ ✉♥✐t ❜❛••✱ ❍ö•❞❡r ❛♥❞ ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❛♥❞ ❜❡•♦✇ ❞❡♥s✐t✐❡s✮✱ t❤❡ tr❛♥s♣♦rt ♠❛♣s ❢r♦♠ µ t♦ ν ✇❤✐❝❤ ❛r❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢♦r♠ ❛ ❞❡♥s❡ s✉❜s❡t ♦❢ t❤❡ s❡t ♦❢ tr❛♥s♣♦rt ♠❛♣s ❢r♦♠ µ t♦ ν✳ ◆♦t✐❝❡ t❤❛t✱ ❢♦r t❤❡ s❛❦❡ ♦❢ t❤❡ ❛♣♣•✐❝❛t✐♦♥s t♦ t❤❡ ③❡r♦✲t❤ ♦r❞❡r Γ✲❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ♦♥•② ♥❡❡❞ t❤❡ ❞❡♥s✐t② ♦❢ t❤♦s❡ ♠❛♣s ❜❡•♦♥❣✐♥❣ t♦ t❤❡ ❙♦❜♦•❡✈ s♣❛❝❡ H 1 (Ω)❀ ❛•s♦✱ ✇❡ ♥❡❡❞❡❞ ❞❡♥s✐t② ✐♥ t❤❡ s❡t ♦❢ ♣•❛♥s✱ ❜✉t s✐♥❝❡ ✐t ✐s ✇❡•• ❦♥♦✇♥ t❤❛t tr❛♥s♣♦rt ♠❛♣s ❛r❡ ❞❡♥s❡ ✐♥ t❤❡ s❡t ♦❢ tr❛♥s♣♦rt ♣•❛♥s✱ ❢♦r s✐♠♣•✐❝✐t② ✇❡ ✇✐•• ♣r♦✈❡ ❞❡♥s✐t② ✐♥ t❤❡ s❡t ♦❢ ♠❛♣s✳ ❚❤✐s r❡s✉•t✱ t❤❛t ✇❡ ♥❡❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r t♦ st✉❞② t❤❡ Γ✲❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛• J ε ✱ ❝♦✉•❞ ♦❢ ❝♦✉rs❡ ❜❡ ✉s❡❢✉• ❢♦r ♦t❤❡r ❛✐♠s❀ ❤♦✇❡✈❡r✱ ✐t ✇❛s✱ t♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇•❡❞❣❡✱ ♥♦t ✐♥✈❡st✐❣❛t❡❞ ✉♥t✐• ♥♦✇✳ ❚❤❡♦r❡♠ ✸✳✷✳✶✳ ❆ss✉♠❡ t❤❛t Ω✱ Ω ′ ❛r❡ ❜♦t❤ ▲✐♣s❝❤✐t③ ♣♦•❛r ❞♦♠❛✐♥s ❛♥❞ t❤❛t f ✱ g ❛r❡ ❜♦t❤ C 0,α ❛♥❞ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇✳ ❚❤❡♥ t❤❡ s❡t {T ∈ Lip(Ω) : T # µ = ν} ✐s ♥♦♥✲❡♠♣t②✱ ❛♥❞ ✐s ❛ ❞❡♥s❡ s✉❜s❡t ♦❢ t❤❡ s❡t {T : Ω → Ω ′ : T # µ = ν} ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥♦r♠ || • || L 2 (Ω) ✳ ◆♦t✐❝❡ t❤❛t✱ ❡①❛❝t•② ❛s ❢♦r t❤❡ ❞❡♥s✐t② ♦❢ tr❛♥s♣♦rt ♠❛♣s ✐♥s✐❞❡ t❤❡ s❡t ♦❢ tr❛♥s♣♦rt ♣•❛♥s✱ t❤❡ ❜❡st ♣♦ss✐❜•❡ r❡s✉•t ✇♦✉•❞ ❜❡ t♦ s❤♦✇ t❤❡ ❞❡♥s✐t② ✉♥❞❡r t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥s ❣✉❛r❛♥t❡❡✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛t •❡❛st s✉❝❤ ❛ ♠❛♣ ✭❢♦r t❤❡ ❞❡♥s✐t② ♦❢ ♠❛♣s ✐♥t♦ ♣•❛♥s t❤❡ ❛ss✉♠♣t✐♦♥ ✐s t❤❛t µ ♠✉st ❜❡ ❛t♦♠•❡ss✱ ✇❤✐❝❤ ✐s t❤❡ s❛♠❡ ❛s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛t •❡❛st ❛ ♠❛♣ T ✮✳ ❍❡r❡ ✇❡ ❛r❡ ♥♦t s♦ ❢❛r s✐♥❝❡ t❤❡ ❛•r❡❛❞② ❦♥♦✇♥ r❡s✉•ts ❛❜♦✉t r❡❣✉•❛r✐t② ♦❢ s♦♠❡ tr❛♥s♣♦rt ♠❛♣s ✭❜② ❈❛✛❛r❡••✐ ❡t ❛•✳ ♦r ❉❛❝♦r♦❣♥❛✲▼♦s❡r✮ ❞❡❛• ✇✐t❤ ❛t •❡❛st ❍ö•❞❡r ❞❡♥s✐t✐❡s✳ ❆•s♦✱ ♦♥❡ ❝❛♥ s❡❡ ❢r♦♠ t❤❡ ♣r♦♦❢ ❜❡•♦✇ t❤❛t ✇❡ ❞♦ ♥♦t ✉s❡ ♠✉❝❤ ♠♦r❡ t❤❛♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ▲✐♣s❝❤✐t③ ♠❛♣s✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❞♦♠❛✐♥s t♦ ❜❡ st❛r✲s❤❛♣❡❞✱ t❤✐s ✐s ✉s❡❞ t♦ s❡♥❞ t❤❡♠ ♦♥t♦ t❤❡ ✉♥✐t ❜❛•• ✐♥ ❛ ▲✐♣s❝❤✐t③✲❞✐✛❡♦♠♦r♣❤✐❝ ✇❛② ✭✐♥ ♦r❞❡r t♦ ❣❡t s✉✣❝✐❡♥t•② r❡❣✉•❛r ♠❡❛s✉r❡s✮✱ ❛s s❤♦✇♥ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ •❡♠♠❛ ✇❤✐❝❤ ✐s ✉s❡❞ s❡✈❡r❛• t✐♠❡s✿ ▲❡♠♠❛ ✸✳✷✳✷✳ ■❢ U ✐s ❛ ▲✐♣s❝❤✐t③ ♣♦•❛r ❞♦♠❛✐♥ ✇✐t❤ U = x ∈ R d : |x -x 0 | < γ x -x 0 |x -x 0 | t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♠❛♣ α : U → B(0, 1) s✉❝❤ t❤❛t✿ • α ✐s ❛ ❜✐✲▲✐♣s❝❤✐t③ ❞✐✛❡♦♠♦r♣❤✐s♠ ❢r♦♠ U t♦ B(0, 1)❀ • det Dα ✐s ▲✐♣s❝❤✐t③ ❛♥❞ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇ ✭t❤✉s✱ det Dα -1 ✐s ❛•s♦ ▲✐♣s❝❤✐t③✮❀ • ✐❢ U ✐s st❛r✲s❤❛♣❡❞ ❛r♦✉♥❞ x 0 t❤❡♥✱ ❢♦r ❛♥② x = x 0 ✱ α(x) |α(x)| = x -x 0 |x -x 0 | ✭❲❡ ✇✐•• ♥♦t ✉s❡ t❤❡ t❤✐r❞ ♣r♦♣❡rt② ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✶✱ ❜✉t ✐t ✇✐•• ❜❡ ✉s❡❢✉• •❛t❡r ✐♥ s❡❝t✐♦♥ ✸✳✹✳✷✮✳ Pr♦♦❢✳ ❯♣ t♦ ❛ tr❛♥s•❛t✐♦♥ ❛♥❞ ❛ ❞✐•❛t✐♦♥✱ ✇❡ ❝❛♥ ❛ss✉♠❡ x 0 = 0 ❛♥❞ γ ≤ 1 ♦♥ S d-1 ✳ ◆♦✇ ✇❡ s❡t α(x) =      x ✐❢ |x| ≤ 1 2 γ x |x| λ(x) x |x| ♦t❤❡r✇✐s❡ . ❢♦r ❛ s✉✐t❛❜•❡ ❝❤♦✐❝❡ ♦❢ λ : U → [0, +∞)✳ ❆ss✉♠✐♥❣ t❤❛t λ ✐s ▲✐♣s❝❤✐t③✱ ✇❡ ❝♦♠♣✉t❡ Dα ♦♥ t❤❡ r❡❣✐♦♥ |x| > 1 2 γ(x/|x|) ✳ ❍❡r❡ ✇❡ ❤❛✈❡ Dα = x ⊗ ∇ λ(x) x + λ |x| I d t❤✉s✱ ✐♥ ❛♥ ♦rt❤♦♥♦r♠❛• ❜❛s✐s ✇❤♦s❡ ✜rst ✈❡❝t♦r ✐s e = x |x| ✱ Dα =        |x|∂ e λ(x) |x| |x|∂ e2 λ(x) |x| . . . |x| ∂ en λ(x) |x| 0 0 . . . 0 ✳ ✳ ✳ ✳ ✳ ✳ . . . ✳ ✳ ✳ 0 0 . . . 0        + λ |x| I n ❛♥❞ det Dα = |x|∂ e λ(x) |x| + λ(x) |x| λ(x) |x| n-1 ❲❡ ✇r✐t❡ λ = λ(r, e) ✇❤❡r❡ r = |x|✱ ✇❤✐❝❤ •❡❛❞s t♦ det Dα = r∂ r λ r + λ r λ r n-1 = ∂ r λ λ r n-1 ❆t t❤✐s t✐♠❡✱ ✇❡ s❡❡ t❤❛t t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ♦♥ λ ❛••♦✇ t♦ ❝♦♥❝•✉❞❡✿ • λ ✐s ▲✐♣s❝❤✐t③ ♦♥ t❤❡ ❞♦♠❛✐♥ γ(x/|x|) 2 ≤ |x| ≤ γ(x/|x|) ❀ • ✐❢ ✇❡ ✜① e ∈ S d-1 ✱ t❤❡♥ λ(•, e) ✐s ✐♥❝r❡❛s✐♥❣ ♦♥ t❤❡ ✐♥t❡r✈❛• γ(e) 2 , γ(e) ❀ • λ γ(e) 2 , e = γ(e) 2 ❛♥❞ λ(γ(e), e) = 1❀ • ∂ r λ λ r n-1 ✐s ▲✐♣s❝❤✐t③ ❛♥❞ ✐s ❡q✉❛• t♦ 1 ❢♦r r = γ(e) 2 ✱ ✇❤✐❝❤ ♠❡❛♥s ∂ r λ γ(e) 2 , e = 2 n-1 ✳ ❚♦ s❛t✐s❢② t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ❝❤♦♦s❡ ❢♦r λ(•, e) ❛ s❡❝♦♥❞✲❞❡❣r❡❡ ♣♦•②♥♦♠✐❛• ❢✉♥❝t✐♦♥ ✇✐t❤ ♣r❡s❝r✐❜❡❞ ✈❛•✉❡s ❛t γ(e) 2 ✱ γ(e) ❛♥❞ ♣r❡s❝r✐❜❡❞ ✜rst ❞❡r✐✈❛t✐✈❡ ❛t γ(e) 2 ✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✶✳ ❋✐rst✱ ✇❡ ❛ss✉♠❡ Ω = Ω ′ = -1 2 , 1 2 d ❜✉t ✇❡ ✇✐•• ❛•s♦ ✐❞❡♥t✐❢② ✭❢♦r ❝♦♥✈♦•✉t✐♦♥ ♣✉r♣♦s❡s✱ s❡❡ ❜❡•♦✇✮ t❤❡ ❝✉❜❡ Ω ✇✐t❤ ❛ ❚♦r✉s✳ ❲❡ ✇✐•• ❣❡♥❡r❛•✐③❡ •❛t❡r t♦ ❛♥② ♣❛✐r ♦❢ ▲✐♣s❝❤✐t③ st❛r✲s❤❛♣❡❞ ❞♦♠❛✐♥s✳ ❚❤✉s✱ •❡t T : Ω → Ω s❡♥❞✐♥❣ f t♦ g✱ ❛♥❞ •❡t ✉s ❜✉✐•❞ ❛ s❡q✉❡♥❝❡ (T n ) n ♦❢ ▲✐♣s❝❤✐t③ ♠❛♣s s✉❝❤ t❤❛t T n L 2 (Ω) -----→ n→+∞ T ❛♥❞ ∀n ∈ N, (T n ) # µ = ν ❙t❡♣ ✶✿ r❡❣✉•❛r✐③❛t✐♦♥ ♦❢ t❤❡ tr❛♥s♣♦rt ♣•❛♥✳ ❲❡ ❞❡♥♦t❡ ❜② γ t❤❡ tr❛♥s♣♦rt ♣•❛♥ ❛ss♦❝✐❛t❡❞ t♦ T ❀ •❡t ✉s r❡❝❛•• t❤❛t ✐t ✐s ❞❡✜♥❡❞ ❜② Ω 2 ϕ(x, y) ❞γ(x, y) = Ω ϕ(x, T (x))f (x) ❞x ❢♦r ❛♥② ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ϕ ♦♥ Ω×Ω ′ ✳ ❲❡ ✉s❡ t❤❡ ❞✐s✐♥t❡❣r❛t✐♦♥ ♦❢ ♠❡❛s✉r❡s ✭s❡❡ ❚❤❡♦r❡♠ ✺✳✸✳✶ ✐♥ ❬✹(✮ t♦ ✇r✐t❡ Ω 2 ϕ ❞γ = Ω Ω ϕ(x, y) ❞γ x (y) ❞µ(x) ✸✳✷✳ •❊◆❊|❆▲■❚■❊❙ ❆◆❉ ❉❊◆❙■❚( ❖❋ ❙❖❇❖▲❊❱ ❚|❆◆❙P❖|❚ ▼❆P❙ ✼✺ ❢♦r ❛ ❢❛♠✐•② ♦❢ ♠❡❛s✉r❡s (γ x ) x∈Ω ♦♥ Ω✳ ◆♦✇ ✇❡ t❛❦❡ ❛ ❢❛♠✐•② ♦❢ ♣❡r✐♦❞✐❝ ❝♦♥✈♦•✉t✐♦♥ ❦❡r♥❡•s (ρ k ) k ✱ ✇❡ ❞❡✜♥❡✱ ❢♦r ❡❛❝❤ x✱ t❤❡ ♠❡❛s✉r❡ γ k x ♦♥ Ω ❜② γ k x = ρ k ⋆ γ x ✱ ✇❤❡r❡ t❤❡ ❝♦♥✈♦•✉t✐♦♥ ♣r♦❞✉❝t ✐s t❛❦❡♥ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥❛• s❡♥s❡ ♦♥ t❤❡ t♦r✉s Ω✱ ❛♥❞ s❡t ❞γ k (x, y) = ❞γ k x (y) ⊗ ❞µ(x)❀ t❤❡ ❢❛❝t t❤❛t (ρ k ) k ✐s ❛♥ ❛♣♣r♦①✐♠❛t❡ ✐❞❡♥t✐t② ❣✉❛r❛♥t❡❡s t❤❛t γ k ⇀ γ ❢♦r t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♠❡❛s✉r❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♥♦t✐❝❡ t❤❛t Ω 2 ϕ(x, y) ❞γ k (x, y) = Ω 3 ϕ(x, y)ρ k (y -z) ❞γ x (z)f (x) ❞x ❞y = Ω Ω 2 ϕ(x, y)ρ k (y -z) ❞γ(x, z) ❞y = Ω 2 ϕ(x, y)ρ k (y -T (x))f (x) ❞y ❞x ❢♦r ❛♥② t❡st ❢✉♥❝t✐♦♥ ϕ✳ ❚❤✉s✱ γ k ✐s ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ Ω 2 ❛♥❞ ✐ts ❞❡♥s✐t② ✐s ρ k (y -T (x))f (x)✳ ■♥ ♣❛rt✐❝✉•❛r✱ t❤✐s ❞❡♥s✐t② ✐s s♠♦♦t❤ ✇✐t❤ r❡s♣❡❝t t♦ y ❛♥❞ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇ ❜② ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t c k ✳ ▼♦r❡♦✈❡r✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② ν k t❤❡ s❡❝♦♥❞ ♠❛r❣✐♥❛• ♦❢ γ k ✱ t❤❡♥ ν k ❤❛s ❛•s♦ ❛ ▲✐♣s❝❤✐t③ ❛♥❞ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇ ❞❡♥s✐t②✳ ❙t❡♣ ✷✿ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ tr❛♥s♣♦rt ♠❛♣ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ r❡❣✉•❛r✐③❡❞ tr❛♥s♣♦rt ♣•❛♥✳ ❚❤❡ ❣♦❛• ♦❢ t❤✐s st❡♣ ✐s t♦ ❜✉✐•❞✱ ❢♦r ❡❛❝❤ k✱ ❛ ❢❛♠✐•② ♦❢ r❡❣✉•❛r ♠❛♣s (T k h ) h ❡❛❝❤ s❡♥❞✐♥❣ t❤❡ ✜rst ♠❛r❣✐♥❛• ♦❢ γ k ♦♥t♦ t❤❡ s❡❝♦♥❞ ♦♥❡ ❛♥❞ s✉❝❤ t❤❛t✱ ❢♦r ❛ s✉✐t❛❜•❡ ❞✐❛❣♦♥❛• ❡①tr❛❝t✐♦♥✱ T k h k → T ❢♦r t❤❡ L 2 ✲❝♦♥✈❡r❣❡♥❝❡✳ ❲❡ ✜① k ∈ N ❛♥❞ ❛ ❞②❛❞✐❝ ♥✉♠❜❡r h✱ ❛♥❞ ❞❡❝♦♠♣♦s❡ Ω = i Q i ✐♥t♦ ❛ ✉♥✐♦♥ ♦❢ ❝✉❜❡s Q i ✱ ❡❛❝❤ ✇✐t❤ s✐③❡✲•❡♥❣t❤ 2h✱ ✈✐❛ ❛ r❡❣✉•❛r ❣r✐❞✳ ❋♦r ❡❛❝❤ i✱ ✇❡ s❡t µ i = µ| Qi ❛♥❞ ν k i = (π 2 ) # (γ k | (Qi×Ω) ) ◆♦t✐❝❡ t❤❛t γ k ❤❛s µ ❛s ✜rst ♠❛r❣✐♥❛•✱ t❤✉s ✇❡ ❤❛✈❡ ❛•s♦ µ i = (π 1 ) # (γ k | (Qi×Ω) )❀ ✐♥ ♣❛rt✐❝✉•❛r✱ µ i ✭✇❤✐❝❤ ✐s ❛ ♠❡❛s✉r❡ ♦♥ t❤❡ ❝✉❜❡ Q i ✮ ❛♥❞ ν k i ✭✇❤✐❝❤ ✐s ❛ ♠❡❛s✉r❡ ♦♥ t❤❡ ✇❤♦•❡ ❝✉❜❡ Ω✮ ❤❛✈❡ ❜♦t❤ s❛♠❡ ♠❛ss✳ ▼♦r❡♦✈❡r✱ µ i st✐•• ❤❛s f ❛s ❞❡♥s✐t② ❛♥❞ t❤❡ ❞❡♥s✐t② ♦❢ ν k i ✐s y → Qi ρ k (T (x) -y)f (x) ❞x ✇❤✐❝❤ ✐s s♠♦♦t❤ ❛♥❞ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇ ❜② ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳ ❲❡ ✜♥✐s❤ t❤✐s st❡♣ ❜② ❜✉✐•❞✐♥❣ ❛ ♠❛♣ U k i,h : Q i → Ω s✉❝❤ t❤❛t • U k i,h ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s❀ • U k i,h (x) = x ❢♦r x ∈ ∂Q i ✭t❤✐s ✐s ❛••♦✇❡❞ s✐♥❝❡ t❤❡ s♦✉r❝❡ Q i ✐s ✐♥❝•✉❞❡❞ ✐♥ t❤❡ t❛r❣❡t Ω✮❀ • U k i,h s❡♥❞s µ i ♦♥t♦ ν k i ✳ ▲❡t ✉s ♥♦t✐❝❡ t❤❛t t❤❡ t✇♦ ✜rst ♣♦✐♥ts ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ❣•♦❜❛• ♠❛♣ ❞❡✜♥❡❞ ❜② T k h (x) = U k i,h (x) ✭✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ r❛❞✐✉s h ❛♥❞ t❤❡ ♦r✐❣✐♥❛• ✐♥t❡❣❡r k✮ ❢♦r x ∈ Q i ✇✐•• ❜❡ ❣•♦❜❛••② ▲✐♣s❝❤✐t③ ♦♥ Ω ❛♥❞ t❤❡ t❤✐r❞ ♣♦✐♥t ✐♠♣•✐❡s t❤❛t T k h s❡♥❞s ❣•♦❜❛••② t❤❡ ♠❡❛s✉r❡ µ ♦♥t♦ t❤❡ ♠❡❛s✉r❡ ν k = (π 2 ) # γ k ✭✇❤✐❝❤ ✐s ❡q✉❛• t♦ t❤❡ s✉♠ ♦❢ t❤❡ ν k i ✮✳ ◆♦✇ ✇❡ ❡①♣•❛✐♥ ✈❡r② ❜r✐❡✢② t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s✉❝❤ ❛ U k i,h ✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣•✐❝✐t②✱ ✇❡ ❣✐✈❡ t❤❡ ❞❡t❛✐•s ♦♥•② ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ Q i ✐s ♥♦t ❛♥ ❡①tr❡♠❛• ❝✉❜❡ ♦❢ Ω✱ ✐✳❡✳ ✇❤❡r❡ ∂Q i ∩ ∂Ω ✐s ❡♠♣t②✱ ❛♥❞ ❝•❛✐♠ t❤❛t t❤❡ ❡①tr❡♠❡ ❝❛s❡ ❝❛♥ ❜❡ tr❡❛t❡❞ ✐♥ ❛ s✐♠✐•❛r ✇❛②✳ ❲❡ ❞❡♥♦t❡ ❜② x i t❤❡ ❝❡♥t❡r ♦❢ Q i ✇❤✐❝❤ ❤❛s r❛❞✐✉s h ✭❢♦r t❤❡ ✐♥✜♥✐t❡ ♥♦r♠ ✐♥ R d ✮✱ ❛♥❞ ❜② δ 1 ❛♥❞ δ 2 t❤❡ t✇♦ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs s✉❝❤ t❤❛t µ({x : δ 1 ≤ ||x -x i || ∞ ≤ h}) = µ({x : δ 2 ≤ ||x -x i || ∞ ≤ δ 1 }) = 1 2 ν k i (Ω \ Q i ) ✭s✉❝❤ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs ❡①✐st ❜② t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛•✉❡ t❤❡♦r❡♠ s✐♥❝❡ δ → µ(B ∞ (x i , δ)) ✐s ❝♦♥t✐♥✉♦✉s✮✳ ◆♦✇ ✇❡ ❝♦♥s✐❞❡r✿ • ❛ ✜rst ▲✐♣s❝❤✐t③ ♠❛♣ V 1 ❢r♦♠ {x : δ 1 ≤ ||x -x i || ∞ ≤ h} t♦ Ω \ Q i ✱ ✇✐t❤ (V 1 ) # µ = 1 2 ν k i (Ω \ Q i ) ❛♥❞ s✉❝❤ t❤❛t V 1 (x) = x ❢♦r ||x -x i || = δ 1 ❀ • ❛ s❡❝♦♥❞ ▲✐♣s❝❤✐t③ ♠❛♣ V 2 ❢r♦♠ {x : δ 2 ≤ ||x-x i || ∞ ≤ δ 1 } t♦ Ω\Q i ✱ s✉❝❤ t❤❛t (V 2 ) # µ = 1 2 ν k i (Ω\Q i ) ❛♥❞ V 2 (x) = V 1 (x) ❢♦r ||x -x i || = δ 2 ❀ • ❛ t❤✐r❞ ▲✐♣s❝❤✐t③ ♠❛♣ V 3 ❢r♦♠ {0 : ||x-x i || ∞ ≤ δ 2 } t♦ Q i ✱ s✉❝❤ t❤❛t V 3 (x) = V 2 (x) ♦♥ t❤❡ ❜♦✉♥❞❛r② ❛♥❞ (V 3 ) # µ = ν k i (Q i )✳ ❛♥❞ ✇❡ s❡t U k i,h (x) = V 1 (x) ✐❢ δ 1 ≤ ||x -x i || ∞ ≤ h✱ V 2 (x) ✐❢ δ 2 ≤ ||x -x i || ∞ ≤ δ 1 ❛♥❞ V 3 (x) ✐❢ ||x -x i || ∞ ≤ δ 2 ✳ ❚❤❡ ❝♦♥str❛✐♥ts ♦♥ (V 1 ) # µ✱ (V 2 ) # µ✱ (V 3 ) # µ ✐♠♣•② t❤❛t U k i,h ❞❡✜♥❡❞ ♦♥ t❤❡ ✇❤♦•❡ Q i s❡♥❞s ❣•♦❜❛••② µ| Qi ♦♥t♦ ν k i ✱ ❛♥❞ t❤❡ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦♥ ❡❛❝❤ ❞♦♠❛✐♥ ❣✉❛r❛♥t❡❡ t❤❛t U k i,h ✐s ▲✐♣s❝❤✐t③ ♦♥ Q i ✳ ❲❡ ❝♦♥str✉❝t V 1 ✱ V 2 ✱ V 3 ✉s✐♥❣ ❉❛❝♦r♦❣♥❛✲▼♦s❡r✬s r❡s✉•t ✭❛ s✐♠♣•❡ ❛❞❛♣t❛t✐♦♥ ✐s ♥❡❡❞❡❞✱ s✐♥❝❡ t❤❡ s♦✉r❝❡ ❛♥❞ t❛r❣❡t ❞♦♠❛✐♥s ❛r❡ ♥♦t t❤❡ s❛♠❡ ❤❡r❡✱ ❜✉t ❛r❡ ❞✐✛❡♦♠♦r♣❤✐❝ t♦ ❡❛❝❤ ♦t❤❡r✿ ❡✐t❤❡r t❤❡② ❛r❡ ❜♦t❤ ❝✉❜❡s✱ ♦r t❤❡② ❜♦t❤ ❤❛✈❡ t❤❡ ❢♦r♠ ✏•❛r❣❡ ❝✉❜❡ ♠✐♥✉s s♠❛•• ❝✉❜❡✑✮✳ ■♥ ♣❛rt✐❝✉•❛r✱ γ k ❛♥❞ γ T k h ❣✐✈❡ ❜♦t❤ s❛♠❡ ♠❛ss t♦ ❡❛❝❤ Q i × Ω ✇❤✐❝❤ ❤❛✈❡ r❛❞✐✉s h✳ ◆♦✇ ✐❢ u ✐s ❛ 1✲▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ Ω × Ω ′ → R✱ ✇❡ ❝♦♠♣✉t❡ Ω 2 u(x, y) ❞γ T k h (x, y) - Ω 2 u(x, y) ❞γ k (x, y) = i Qi×Ω u(x, y)( ❞γ T k h -❞γ k )(x, y) ❙✐♥❝❡ γ k ❛♥❞ γ T k h ❤❛✈❡ ❜♦t❤ t❤❡ s❛♠❡ s❡❝♦♥❞ ♠❛r❣✐♥❛• ♦♥ ❡❛❝❤ Q i × Ω✱ Qi×Ω u(x i , y)( ❞γ T k h (x, y) -❞γ k (x, y)) = 0 ✇❤❡r❡✱ ❢♦r ❡❛❝❤ i✱ x i ❞❡♥♦t❡s t❤❡ ❝❡♥t❡r ♦❢ Q i ✳ ❚❤✉s Ω 2 u(x, y) ❞γ T k h (x, y) - Ω 2 u(x, y) ❞γ k (x, y) = i Qi×Ω (u(x, y) -u(x i , y))( ❞γ T k h -❞γ k )(x, y) ≤ i Qi×Ω |x -x i | | ❞γ T k h -❞γ k |(x, y) ✇❤❡r❡ ✐♥ t❤❡ •❛st ✐♥❡q✉❛•✐t② ✇❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t u ✐s s✉♣♣♦s❡❞ t♦ ❜❡ 1✲▲✐♣s❝❤✐t③✳ ❲❡ ❞❡❞✉❝❡ Ω 2 u(x, y) ❞γ T k h (x, y) - Ω 2 u(x, y) ❞γ k (x, y) ≤ h Ω 2 | ❞γ T k h -❞γ k | ≤ 2h ❚❤✐s ✐♥❡q✉❛•✐t② ❤♦•❞s ❢♦r ❛♥② 1✲▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ u : Ω 2 → R✳ ❚❤✉s✱ ✐❢ W 1 ❞❡♥♦t❡s t❤❡ ❝•❛ss✐❝❛• ❲❛ss❡r✲ st❡✐♥ ❞✐st❛♥❝❡ ✭♦♥ Ω 2 ✿ t❤✐s ✐s •✉st ❛ t❡❝❤♥✐❝❛• tr✐❝❦ t♦ ♠❡tr✐③❡ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♣•❛♥s✮✱ ✇❡ ❞❡❞✉❝❡ W 1 (γ k , γ T k h ) ≤ h ❢♦r ❛♥② k✳ ❙✐♥❝❡ ✇❡ ❦♥♦✇ t❤❛t γ k → γ T ❛s k → +∞✱ ✇❡ ❛•s♦ ❤❛✈❡ W 1 (γ k , γ T ) → 0 ❛♥❞ ✐❢ ✇❡ s❡t h = 1/2 k ✇❡ ❤❛✈❡ W 1 (γ T k h , γ T ) → 0✳ ❚❤❛♥❦s t♦ t❤❡ •❡♠♠❛ ✸✳✷✳✶✱ ✇❡ ❞❡❞✉❝❡ T k h → T ❢♦r t❤❡ L 2 ✲♥♦r♠ ✐♥ Ω✳ ❙t❡♣ ✸✿ r❡❛rr❛♥❣✐♥❣ T k h ✳ ■t r❡♠❛✐♥s t♦ ❝♦♠♣♦s❡ ❡❛❝❤ ♠❛♣ T k h ✇✐t❤ ❛ tr❛♥s♣♦rt ♠❛♣ U k ❢r♦♠ ν k t♦ ν✱ ✇❤✐❝❤ ✇✐•• ❡♥s✉r❡ t❤❡ ♦❜t❛✐♥❡❞ ♠❛♣ t♦ s❡♥❞ µ ♦♥t♦ ν ❛s ✇❡••✳ ❲❡ ✉s❡ t❤❡ ❢♦••♦✇✐♥❣ ❝•❛ss✐❝❛• r❡s✉•t ♦❢ ❈❛✛❛r❡••✐ ✭❬✻✾(✱ ❚❤❡♦r❡♠ ✹✳✶✹✮✿ ✐❢ • X✱ Y ❛r❡ t✇♦ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡ts ♦❢ R d ✱ ✉♥✐❢♦r♠•② ❝♦♥✈❡① ❛♥❞ ✇✐t❤ C 2 ❜♦✉♥❞❛r②❀ ✸✳✸✳ ❆◆ ❊❳❆▼P▲❊ ❖❋ ❆PP|❖❳■▼❆❚■❖◆ ❖❋ ❖|❉❊| ε| LOG ε| ✼✼ • f ∈ C 0,α (X)✱ g ∈ C 0,α (Y ) ❛r❡ t✇♦ ♣r♦❜❛❜✐•✐t② ❞❡♥s✐t✐❡s t❤❡♥ t❤❡ ♦♣t✐♠❛• tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ f t♦ g ❜❡•♦♥❣s t♦ C 1,α (X)✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ s♦✉r❝❡ ❞♦♠❛✐♥ ✐s ♦❢ ❝♦✉rs❡ ♥♦t s❛t✐s✜❡❞ ❤❡r❡✱ t❤✉s ✇❡ ✉s❡ t❤❡ •❡♠♠❛ ✸✳✷✳✷ t♦ ❣❡t ❛ ❜✐✲▲✐♣s❝❤✐t③ ♠❛♣ α : Ω → B(0, 1) s✉❝❤ t❤❛t det Dα ✐s ❛•s♦ ▲✐♣s❝❤✐t③✳ ❲❡ t❤❡♥ ❞❡♥♦t❡ ❜② g = α # g ❛♥❞ g k = α # g k ✇❤❡r❡ g k ✐s t❤❡ ❞❡♥s✐t② ♦❢ ν k ✭✇❡ ❦♥♦✇ t❤❛t g k ✐s ▲✐♣s❝❤✐t③ ❛♥❞ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇✮✳ ❚❤❡ ❢❛❝t t❤❛t det Dα ✐s ▲✐♣s❝❤✐t③ ❛♥❞ ❜♦✉♥❞❡❞ ❣✉❛r❛♥t❡❡s t❤❛t g ✐s ❍ö•❞❡r ❛♥❞ g k ✐s ▲✐♣s❝❤✐t③ ❛s ✇❡••✳ ❲❡ ❦♥♦✇ t❤❛t g k ⇀ g ✐♥ t❤❡ ✇❡❛❦ s❡♥s❡ ♦❢ ♠❡❛s✉r❡s✱ t❤✉s g k ⇀ g ❛•s♦✱ ❛♥❞ W 2 (g k , g) = B(0,1) |U k (x) -x| 2 g k (x) ❞x → 0 ✇❤❡r❡ U k ✐s t❤❡ ♦♣t✐♠❛• tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ g k t♦ g ❢♦r t❤❡ q✉❛❞r❛t✐❝ ❝♦st❀ t❤❡ ❈❛✛❛r❡••✐✬s r❡❣✉•❛r✐t② r❡s✉•t ❣✉❛r❛♥t❡❡s U k t♦ ❜❡•♦♥❣ t♦ C 1,α (B(0, 1))✱ ❛♥❞ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ W 2 (g k , g) → 0 t❤❛t U k (x) → x ❢♦r ❛•♠♦st ❛♥② x ∈ B(0, 1)✳ ◆♦✇ ✐❢ ✇❡ ❝♦♥s✐❞❡r T k = α -1 • U k • α • T k h t❤❡♥ ✇❡ ❝❛♥ ❝❤❡❝❦ t❤❛t T k → T ✐♥ L 2 (Ω)✱ ❛♥❞ ✇❡ ❤❛✈❡ ( T k ) # µ = ν ❢♦r ❡❛❝❤ k ❜② ❝♦♥str✉❝t✐♦♥✳ ❚❤❡ ♣r♦♦❢ ✐s ❝♦♠♣•❡t❡ ✐♥ t❤❡ ❝❛s❡ Ω = Ω ′ = -1 2 , 1 2 d ✳ ❙t❡♣ ✹✿ ❣❡♥❡r❛•✐③❛t✐♦♥ t♦ ❛♥② ♣❛✐r ♦❢ ❞♦♠❛✐♥s✳ ■❢ Ω✱ Ω ′ ❛r❡ ♥♦✇ t✇♦ ▲✐♣s❝❤✐t③ ♣♦•❛r ❞♦♠❛✐♥s ❛♥❞ T ✐s ❛ tr❛♥s♣♦rt ♠❛♣s ❢r♦♠ µ t♦ ν✱ ✇❡ ❝♦♥s✐❞❡r t✇♦ ▲✐♣s❝❤✐t③ ❞✐✛❡♦♠♦r♣❤✐s♠s α 1 : Ω → [0, 1] d ✱ α 2 : Ω ′ → [0, 1] d ❛s ✐♥ t❤❡ ▲❡♠♠❛ ✸✳✷✳✷✳ ❚❤❡ r❡❣✉•❛r✐t② ♦❢ det Dα 1 ✱ det Dα 2 ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ ✐♠❛❣❡ ♠❡❛s✉r❡s (α 1 ) # µ✱ (α 2 ) # ν ❤❛✈❡ ❜♦t❤ C 0,α r❡❣✉•❛r✐t②✱ t❤✉s ✇❡ ❛r❡ ❛❜•❡ t♦ ✜♥❞ ❛ s❡q✉❡♥❝❡ (U k ) k ♦❢ tr❛♥s♣♦rt ♠❛♣s ❢r♦♠ (α 1 ) # µ t♦ (α 2 ) # ν ❝♦♥✈❡r❣✐♥❣ ❢♦r t❤❡ L 2 ([0, 1] d )✲♥♦r♠ t♦ (α 2 ) • T • (α 1 ) -1 ✱ ❛♥❞ ✐t ✐s ♥♦✇ ❡❛s② t♦ ❝❤❡❝❦ t❤❛t T k = (α 2 ) -1 • U k • α 1 s❡♥❞s µ t♦ ν ❛♥❞ ❝♦♥✈❡r❣❡s t♦ T ❛s ✇❡••✳ ✸✳✸ ❆♥ ❡①❛♠♣•❡ ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ♦r❞❡r ε| log ε| ❆s ✇❡ s❛✐❞ ✐♥ t❤❡ ❛❜♦✈❡ s❡❝t✐♦♥✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ Jε-W1 ε → H ❛••♦✇s t♦ ❦♥♦✇ t❤❡ ❜❡❤❛✈✐♦r ♦❢ inf J ε ❛♥❞ ♦❢ ❛♥② ❢❛♠✐•② (T ε ) ε ♦❢ ♠✐♥✐♠✐③❡rs ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ inf H < +∞✳ ❚❤✐s ♣❛r❛❣r❛♣❤ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ ❛♥ ❡①❛♠♣•❡ ✇❤❡r❡ t❤✐s ❛ss✉♠♣t✐♦♥ ❢❛✐•s ✭✐✳❡✳ ✇❤❡r❡ ❛♥② ♦♣t✐♠❛• tr❛♥s♣♦rt ♠❛♣ ❢♦r t❤❡ ▼♦♥❣❡ ♣r♦❜•❡♠ ✐s ♥♦t ❙♦❜♦•❡✈✮✳ ✸✳✸✳✶ ◆♦t❛t✐♦♥s ❛♥❞ ✜rst r❡♠❛r❦s ■♥ t❤❡ r❡st ♦❢ t❤✐s ❝❤❛♣t❡r✱ ✇❡ s❡t d = 2 ❛♥❞ ✇❡ ✇✐•• ❞❡♥♦t❡ ❜② (r, θ) t❤❡ ✉s✉❛• s②st❡♠ ♦❢ ♣♦•❛r ❝♦♦r❞✐♥❛t❡s ✐♥ R 2 ✳ ❖✉r s♦✉r❝❡ ❛♥❞ t❛r❣❡t ❞♦♠❛✐♥s ✇✐•• ❜❡ r❡s♣❡❝t✐✈❡•② Ω = x = (r, θ) : 0 < r < 1, 0 < θ < π 2 ❛♥❞ Ω ′ = x = (r, θ) : R 1 (θ) < r < R 2 (θ), 0 < θ < π 2 ✇❤❡r❡ R 1 ✱ R 2 ❛r❡ t✇♦ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s 0, π 2 → (0, +∞) ✇✐t❤ inf R 1 > 1 ❛♥❞ inf R 2 > sup R 1 ✳ ❲❡ ❛•s♦ s✉♣♣♦s❡ R 1 t♦ ❜❡ s✉❝❤ t❤❛t R ′ 1 ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❜♦✉♥❞❡❞ ✈❛r✐❛t✐♦♥✳ ◆♦t✐❝❡ ❛•s♦ t❤❛t ✇❡ ❝❛♥ ❝❤♦♦s❡ R 1 ✱ R 2 s✉❝❤ t❤❛t t❤❡ t❛r❣❡t ❞♦♠❛✐♥ Ω ′ ✐s ❝♦♥✈❡① ✭❢♦r ✐♥st❛♥❝❡ ✐❢ t❤❡ ❝✉r✈❡s r = R 1 (θ)✱ r = R 2 (θ) ❛r❡ ❛❝t✉❛••② t✇♦ •✐♥❡s ✐♥ t❤❡ q✉❛rt❡r ♣•❛♥❡✮✳ ❲❡ ❛ss✉♠❡ t❤❛t f ❛♥❞ g ❛r❡ t✇♦ ▲✐♣s❝❤✐t③ ❞❡♥s✐t✐❡s ♦♥ Ω✱ Ω ′ ✱ ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❛♥❞ ❜❡•♦✇ ❜② ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts✱ ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ ❤②♣♦t❤❡s✐s✿ ∀θ ∈ 0, π 2 , 1 0 f (r, θ) r ❞r = R2(θ) R1(θ) g(r, θ) r ❞r ✭✸✳✷✮ ✇❤✐❝❤ ♠❡❛♥s t❤❛t✱ ❢♦r ❛♥② θ✱ t❤❡ ♠❛ss ✭✇✐t❤ r❡s♣❡❝t t♦ f ✮ ♦❢ t❤❡ s❡❣♠❡♥t •♦✐♥✐♥❣ t❤❡ ♦r✐❣✐♥ t♦ t❤❡ ❜♦✉♥❞❛r② ♦❢ Ω ❛♥❞ ✇✐t❤ ❛♥❣•❡ θ ✐s ❡q✉❛• t♦ t❤❡ ♠❛ss ✭✇✐t❤ r❡s♣❡❝t t♦ g✮ ♦❢ t❤❡ s❡❣♠❡♥t ✇✐t❤ s❛♠❡ ❛♥❣•❡ •♦✐♥✐♥❣ t❤❡ ✏❛❜♦✈❡✑ ❛♥❞ ✏❜❡•♦✇✑ ❜♦✉♥❞❛r✐❡s ♦❢ Ω ′ ✭✐✳❡✳ t❤❡ ❝✉r✈❡s r = R 1 (θ) ❛♥❞ r = R 2 (θ)✮✳ ❚❤❡♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♦♣t✐♠❛• ♠❛♣s ❢♦r t❤❡ ▼♦♥❣❡ ❝♦st ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦••♦✇✐♥❣✿ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶✳ ❯♥❞❡r t❤❡s❡ ❛ss✉♠♣t✐♦♥s ♦♥ Ω✱ Ω ′ ✱ f ✱ g✱ t❤❡ ❊✉❝•✐❞❡❛♥ ♥♦r♠ ✐s ❛ ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛• ❛♥❞ t❤❡ ♠❛①✐♠❛• tr❛♥s♣♦rt r❛②s ❛r❡ t❤❡ s❡❣♠❡♥ts •♦✐♥✐♥❣ 0 t♦ (R 2 (θ), θ)✳ ❈♦♥s❡q✉❡♥t•②✱ T ∈ O 1 (µ, ν) ⇐⇒ T # f = g ❛♥❞ T (x) = ϕ(x) x |x| ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ ϕ ∈ Ω → (inf R 1 , +∞)✳ Pr♦♦❢✳ ❋♦r θ ∈ 0, π 2 ✱ ✇❡ ❞❡♥♦t❡ ❜② t(•, θ) ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛• tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ t❤❡ ♠❡❛s✉r❡ r → rf (r, θ) t♦ t❤❡ ♠❡❛s✉r❡ r → rg(r, θ) ✭s✉❝❤ ❛ tr❛♥s♣♦rt ♠❛♣ ❡①✐sts s✐♥❝❡ t❤❡s❡ t✇♦ ♠❡❛s✉r❡s ❤❛✈❡ s❛♠❡ ♠❛ss t❤❛♥❦s t♦ t❤❡ ❡q✉❛•✐t② ✭✸✳✷✮✮✳ ■t ✐s t❤❡♥ ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡ ♠❛♣ T : x = (r, θ) ∈ Ω → t(r, θ) x |x| ✐s ❛ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ f t♦ g✱ ❛♥❞ ✐❢ ✇❡ s❡t u = | • |✱ u ✐s ♦❢ ❝♦✉rs❡ 1✲▲✐♣s❝❤✐t③ ❛♥❞✱ ❢♦r ❛♥② x✱ u(T (x))-u(x) = t(r, θ) x |x| -|x| = (|t(r, θ)|-|x|) x |x| = (t(r, θ) -|x|) x |x| = |T (x)-x| ❢♦r ❛♥② x ∈ Ω. ❲❡ ❞❡❞✉❝❡ t❤❛t t❤❛t u = | • | ✐s ❛ ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛•✳ ❈♦♥s❡q✉❡♥t•②✱ ❛ s❡❣♠❡♥t [x, y] ✐s ❛ tr❛♥s♣♦rt r❛② ✐❢ ❛♥❞ ♦♥•② ✐❢ u(y) -u(x) = |y -x| i.e. |y -x| = |y| -|x| ❚❤✉s✱ ✇❡ ❤❛✈❡ y = λx ❢♦r ❛ ♣♦s✐t✐✈❡ λ✳ ■♥ ♣❛rt✐❝✉•❛r✱ y ❛♥❞ x ❜❡•♦♥❣ t♦ t❤❡ s❛♠❡ •✐♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ♦r✐❣✐♥✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ tr❛♥s♣♦rt r❛②s ❛r❡ ✐♥❝•✉❞❡❞ ✐♥ t❤❡ •✐♥❡s ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ♦r✐❣✐♥✳ ▼♦r❡♦✈❡r✱ ❛ tr❛♥s♣♦rt ♠❛♣ T ❜❡•♦♥❣s t♦ O 1 (µ, ν) ✐❢ ❛♥❞ ♦♥•② ✐❢✱ ❢♦r ❛✳❡✳ x ∈ Ω✱ |T (x) -x| = |T (x)| -|x| ✇❤✐❝❤ ❛❣❛✐♥ ♠❡❛♥s t❤❛t T (x) = ϕ(x) x |x| ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ ϕ✳ ❈♦r♦••❛r② ✸✳✸✳✶✳ ❯♥❞❡r t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s ♦♥ Ω✱ Ω ′ ✱ µ✱ ν✱ ✇❡ ❤❛✈❡ O 1 (µ, ν) ∩ H 1 (Ω) = ∅ Pr♦♦❢✳ ▲❡t T ∈ O 1 (µ, ν)✳ ❇② Pr♦♣✳ ✸✳✸✳✶✱ ✇❡ ❤❛✈❡ T (x) = ϕ(r, θ) x |x| ❢♦r x = (r, θ)✱ ✇❤❡r❡ ϕ ✐s ❛ r❡❛•✲✈❛•✉❡❞ ❢✉♥❝t✐♦♥❀ t❤❡ ❢❛❝t t❤❛t T s❡♥❞s µ ♦♥t♦ ν ✐♠♣•✐❡s T (x) ∈ Ω ′ ❢♦r ❛♥② x✱ t❤✉s ϕ ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇ ♦♥ Ω ❜② t❤❡ •♦✇❡r ❜♦✉♥❞ ♦❢ R 1 ✳ ❲❡ ♥♦✇ ❝♦♠♣✉t❡ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ T ✳ ❉❡♥♦t✐♥❣ ❜② x ⊥ t❤❡ ✐♠❛❣❡ ♦❢ x ❜② t❤❡ r♦t❛t✐♦♥ ✇✐t❤ ❛♥❣•❡ π/2✱ ✇❡ ❤❛✈❡ ✐♥ t❤❡ ❜❛s✐s x |x| , x ⊥ |x| ✿ DT (x) = x |x| ⊗ ∇ϕ(x) - ϕ(x) |x| I d =   ∂ r ϕ 0 ∂ θ ϕ r ϕ r   t❤✉s Ω |DT (x)| 2 ❞x ≥ 1 0 π 2 0 ϕ(r, θ) 2 r 2 r ❞θ❞r ≥ 1 0 π 2 (inf R 1 ) 2 ❞r r = +∞ ✸✳✸✳ ❆◆ ❊❳❆▼P▲❊ ❖❋ ❆PP|❖❳■▼❆❚■❖◆ ❖❋ ❖|❉❊| ε| LOG ε| ✼✾ ■♥ ♣❛rt✐❝✉•❛r✱ t❤❡ ✜rst ♦r❞❡r Γ✲•✐♠✐t H ❤❛s ❤❡r❡ t❤❡ ❝♦♥st❛♥t ✈❛•✉❡ +∞✱ ✇❤✐❝❤ ✐♠♣•✐❡s t❤❛t t❤❡ ♠✐♥✐♠❛• ✈❛•✉❡ ♦❢ J ε ❝❛♥♥♦t ❛♣♣r♦❛❝❤ W 1 ✇✐t❤ ♦r❞❡r 1 ✐♥ ε✳ ❚❤✐s ✐s ♠❛✐♥•② ❞✉❡ t♦ t❤❡ ❜•♦✇✲✉♣ ♦❢ t❤❡ ❙♦❜♦•❡✈ ♥♦r♠ ❛t ❛ s✐♥❣•❡ ♣♦✐♥t✱ ✇❤✐❝❤ s✉❣❣❡sts ❛ ❢♦r♠❛• ❜✉t ❞❡❡♣ ❛♥❛•♦❣② ✇✐t❤ t❤❡ •✐♥③❜✉r❣✲▲❛♥❞❛✉ t❤❡♦r② ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✷✱ ✺✶✱ ✻✹(✮✱ ✇❤❡r❡ ✇❡ •♦♦❦ ❛t t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ u → 1 ε 2 Ω (1 -|u| 2 ) + Ω |∇u| 2 ✇✐t❤ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❍❡r❡ t✇♦ t❡r♠s ❛r❡ ❝♦♥tr❛❞✐❝t♦r② ✐♥ t❤❡ ❢✉♥❝t✐♦♥❛•✿ t❤❡ ✜rst ♦♥❡ s✉❣❣❡sts t♦ s❡•❡❝t ✉♥✐t ✈❡❝t♦r ✜❡•❞s ♣❛r❛••❡• t♦ t❤❡ ❜♦✉♥❞❛r②✱ ❛♥❞ t❤❡ s❡❝♦♥❞ r❡q✉✐r❡s H 1 ✲r❡❣✉•❛r✐t②✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜•❡ s✐♥❝❡ t❤❡ ♣r❡✈✐♦✉s ♣♦✐♥t ❝r❡❛t❡s ❛ ✈♦rt❡①✳ ■♥ ♦✉r ❝❛s❡✱ ✉♣ t♦ ❛ 90 • r♦t❛t✐♦♥✱ t❤❡ s✐t✉❛t✐♦♥ ✐s s✐♠✐•❛r✳ ❚❤❡ t✇♦ ❝♦♥tr❛❞✐❝t♦r② ♣❤❡♥♦♠❡♥❛s ❛r❡ t❤❡ ❢❛❝t t❤❛t T ❤❛s t♦ ♣r❡s❡r✈❡ t❤❡ tr❛♥s♣♦rt r❛②s ✭t♦ ♦♣t✐♠✐③❡ t❤❡ ▼♦♥❣❡ ♣r♦❜•❡♠✮ ❛♥❞ t❤❛t ✐t ❤❛s ❛ ✜♥✐t❡ ❙♦❜♦•❡✈ ♥♦r♠❀ t❤✐s ❛•s♦ •❡❛❞s t♦ t❤❡ ❝r❡❛t✐♦♥ ♦❢ ❛♥ ❡①♣•♦s✐♦♥ ✭❛ ✈♦rt❡①✱ r♦t❛t❡❞ ❜② 90 • ❀ ❤❡r❡ t❤❡ ♦r✐❣✐♥✱ ✇❤✐❝❤ ✐s s❡♥t t♦ ❛ ✇❤♦•❡ ❝✉r✈❡ ❜❡•♦♥❣✐♥❣ t♦ t❤❡ t❛r❣❡t ❞♦♠❛✐♥✮✳ ▼♦r❡♦✈❡r✱ t❤❡ t✇♦ ♥❡①t ♣❛r❛❣r❛♣❤s ✇✐•• s❤♦✇ t❤❛t t❤❡ ❡①❝❡ss ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ W 1 ❜② inf J ε ✐s ♦❢ ♦r❞❡r ε| log ε|✱ ✇❤✐❝❤ ✐s ❛•s♦ ❛ ❝♦♠♠♦♥ ❢❡❛t✉r❡ ✇✐t❤ t❤❡ •✐♥③❜✉r❣✲▲❛♥❞❛✉ t❤❡♦r② ✭❜✉t t❤❡ ❛♥❛•♦❣② ✐s •✐❦❡•② t♦ st♦♣ ❤❡r❡✮✳ ✸✳✸✳✷ ❍❡✉r✐st✐❝s ■♥ t❤✐s ♣❛r❛❣r❛♣❤✱ ✇❡ ❣✐✈❡ ❛ ♣r❡•✐♠✐♥❛r② ❡①❛♠♣•❡ ♦❢ ❛♥❛•②s✐s ♦❢ t❤❡ ❜❡❤❛✈✐♦r ♦❢ J ε (T ε ) ✇❤❡♥ ε → 0 ❛♥❞ T ε ❛♣♣r♦❛❝❤❡s ❛♥ ♦♣t✐♠❛• ♠❛♣ T ❢♦r t❤❡ ▼♦♥❣❡ ♣r♦❜•❡♠❀ t❤✐s ✇✐•• ♥♦t •❡❛❞ ❞✐r❡❝t•② t♦ ❛ r✐❣♦r♦✉s ♣r♦♦❢ ♦❢ t❤❡ ❣❡♥❡r❛• r❡s✉•t✱ ❜✉t ❣✐✈❡s ❛♥ ✐❞❡❛ ♦❢ ✇❤✐❝❤ q✉❛♥t✐t✐❡s ✇✐•• ❛♣♣❡❛r✳ ❆ss✉♠❡ t❤❛t T ∈ O 1 (µ, ν) ✇✐t❤ T (x) = ϕ(r, θ) x |x| ✱ ❛♥❞ •❡t ✉s ❜✉✐•❞ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ (T ε ) ε ❞❡✜♥❡❞ ❜② T ε (x) = S(x) ✐❢ x ∈ Ω δ T (x) ♦t❤❡r✇✐s❡ ✇❤❡r❡ δ ✇✐•• ❜❡ ✜①❡❞ ✭❞❡♣❡♥❞✐♥❣ ♦♥ ε✮✱ Ω δ = B(0, δ) ∩ Ω ❛♥❞ S ✇✐•• ❜❡ ❜✉✐•❞ t♦ s❡♥❞ (f • L d )| Ω δ ♦♥t♦ t❤❡ s❛♠❡ ✐♠❛❣❡ ♠❡❛s✉r❡ t❤❛t t❤❡ ♦r✐❣✐♥❛• T ❤❛s ♦♥ Ω δ ✳ ◆♦t✐❝❡ t❤❛t S ❞❡♣❡♥❞s ✐♥❞❡❡❞ ❜♦t❤ ♦♥ δ ❛♥❞ ♦♥ ε✱ ❜✉t ✇❡ ♦♠✐t t❤✐s ❞❡♣❡♥❞❡♥❝❡✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ J ε (T ε ) -W 1 = Ω |T ε (x) -x|f (x) ❞x -W 1 + Ω δ |DS| 2 + Ω\Ω δ |DT | 2 ❙✐♥❝❡ T ✐s ♦♣t✐♠❛• ❢♦r t❤❡ ▼♦♥❣❡ ♣r♦❜•❡♠ ❛♥❞ ❝♦✐♥❝✐❞❡s ✇✐t❤ T ε ♦✉ts✐❞❡ ♦❢ Ω δ ✱ ✇❡ ❤❛✈❡ Ω |T ε (x) -x|f (x) ❞x -W 1 = Ω (|T ε (x) -x| -|T (x) -x|)f (x) ❞x = Ω δ (|S(x) -x| -|T (x) -x|)f (x) ❞x ❲❡ ♥♦✇ ❝•❛✐♠ t❤❛t Ω δ |T (x) -x|f (x) ❞x = Ω δ (|S(x)| -|x|)f (x) ❞x ■♥❞❡❡❞✱ ✇❡ st✐•• ❤❛✈❡ t❤❡ ❡q✉❛•✐t② |T (x) -x| = |T (x)| -|x|✱ ❛♥❞ t❤❡ ✐♠❛❣❡ ♠❡❛s✉r❡s ♦❢ (f • L d )| Ω δ ❜② T ❛♥❞ S ❛r❡ t❤❡ s❛♠❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ Ω |T ε (x) -x|f (x) ❞x -W 1 = Ω δ (|S(x) -x| -|S(x)| + |x|)f (x) ❞x ✽✵ ❈❍❆P❚❊| ✸✳ ❚❍❊ ▼❖◆•❊ P|❖❇▲❊▼ ❲■❚❍ ❱❆◆■❙❍■◆• •|❆❉■❊◆❚ P❊◆❆▲■)❆❚■❖◆ ❛♥❞✱ ❜② t❤❡ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t②✱ |S(x) -x| -|S(x)| + |x| ≤ |(S(x) -x) -S(x)| + |x| ≤ 2|x| s♦ t❤❛t Ω |T ε (x) -x|f (x) ❞x -W 1 ≤ Ω δ 2|x| ❞x ≤ 2 π 2 0 δ 0 r 2 ❞r ❞θ ≤ πδ 3 3 ■♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ t❤❡ ♥♦r♠ ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① DT ♦✉ts✐❞❡ ♦❢ Ω δ ✱ ✇❡ r❡❝❛•• t❤❛t✱ ✐♥ t❤❡ ❜❛s✐s x |x| , x |x| ⊥ ✱ DT (x) =   ∂ r ϕ 0 ∂ θ ϕ r ϕ r   s♦ t❤❛t Ω\Ω δ |DT (x)| 2 ❞x = 1 δ π 2 0 ϕ(r, θ) 2 + ∂ θ ϕ(r, θ) 2 r + r∂ r ϕ(r, θ) 2 ❞θ ❞r ◆♦✇ ✇❡ ♥♦t❡ t❤❛t✱ ❢♦r θ ∈ (0, π/2)✱ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛• ♠❛♣ ϕ(•, θ) s❡♥❞s t❤❡ ❞❡♥s✐t② rf (•, θ) ♦♥t♦ t❤❡ ❞❡♥s✐t② rg(r, θ)✳ ❚❤❡ ✜rst ❞❡♥s✐t② ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ✭❜✉t ✈❛♥✐s❤❡s ❛r♦✉♥❞ r = 0✮✱ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ❢r♦♠ ❜❡•♦✇ ✭❛•s♦ ❢r♦♠ ❛❜♦✈❡✮✳ ❚❤✉s✱ ♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ∂ r ϕ(•, θ) ✐s ❜♦✉♥❞❡❞ ✭❜② t❤❡ ✇❛②✱ ✐❢ T ✐s t❤❡ ♠♦♥♦t♦♥❡ ♠❛♣ ❛•♦♥❣ t❤❡ tr❛♥s♣♦rt r❛②s✱ ✇❡ ❛•s♦ ❤❛✈❡ ∂ r ϕ(r, θ) → 0 ❛s r → 0✮✱ s♦ t❤❛t π 2 0 1 δ ∂ r ϕ(r, θ) 2 r ❞r ❞θ ≤ C ✇❤❡r❡ C ✐s ❛ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ δ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ 1 δ π 2 0 ϕ(r, θ) 2 + ∂ θ ϕ(r, θ) 2 r ❞θ ❞r = 1 δ ||ϕ(r, •)|| 2 H 1 (0,π/2) ❞r r ■♥ t❤✐s •❛st ✐♥t❡❣r❛•✱ ✇❡ ♠❛❦❡ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜•❡ r = δ t ✱ ✇❤✐❝❤ ❣✐✈❡s 1 δ π 2 0 ϕ(r, θ) 2 + ∂ θ ϕ(r, θ) 2 r ❞θ ❞r = | log δ| 1 0 ||ϕ(δ t , •)|| 2 H 1 (0,π/2) ❞t ❲❡ ♠♦r❡♦✈❡r ❛ss✉♠❡ t❤❛t ||ϕ(δ t , •)|| 2 H 1 (0,π/2) → ||ϕ(0, •)|| 2 H 1 (0,π/2) ❛s δ → 0✳ ❚❤✐s •❡❛❞s t♦ ε Ω\Ω δ |DT | 2 ∼ ε,δ→0 ε| log δ|||ϕ(0, •)|| 2 H 1 (0,π/2) + O(δ 3 + ε) ■t r❡♠❛✐♥s t♦ ❡st✐♠❛t❡ t❤❡ L 2 ✲♥♦r♠ ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ S ♦♥ Ω δ ✳ ❲❡ r❡❝❛•• t❤❛t S ❤❛s t♦ ❜❡ ❜✉✐•t s♦ t❤❛t T ε ✱ ❞❡✜♥❡❞ ♦♥ t❤❡ ✇❤♦•❡ Ω✱ ✐s st✐•• ❛ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ µ t♦ ν ✇✐t❤ ✜♥✐t❡ ❙♦❜♦•❡✈ ♥♦r♠❀ t❤✉s✱ t❤❡ ♠❛♣ S✱ ❞❡✜♥❡❞ ♦♥ Ω δ ✱ ♠✉st s❡♥❞ Ω δ ♦♥t♦ ✐ts ♦r✐❣✐♥❛• ✐♠❛❣❡ S(Ω δ ) ✐♥ ❛ r❡❣✉•❛r ✇❛② ❛♥❞ ❦❡❡♣ t❤❡ ❝♦♥str❛✐♥t ♦♥ t❤❡ ✐♠❛❣❡ ♠❡❛s✉r❡s✿ S # (µ| Ω δ ) = T # (µ| Ω δ ) ▼♦r❡♦✈❡r✱ t❤❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ ❣•♦❜❛• ♠❛♣ T ε ✐♠♣•✐❡s ❛ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥ ❛t t❤❡ ❜♦✉♥❞❛r②✿ S(x) = T (x) ❢♦r |x| = δ ❚❤❛♥❦s t♦ t❤❡ ❉❛❝♦r♦❣♥❛✲▼♦s❡r✬s r❡s✉•t ✭❚❤❡♦r❡♠ ❆✳✸✳✶ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✱ s❡❡ ❜❡•♦✇ ❢♦r ✐ts ♣r❡❝✐s❡ ✉s❡✮✱ ✇❡ ❛r❡ ✐♥❞❡❡❞ ❛❜•❡ t♦ ❜✉✐•❞ s✉❝❤ ❛ ♠❛♣ S✳ (❡t✱ t❤❡ ❞✐❛♠❡t❡r ♦❢ Ω δ ✐s √ 2δ❀ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ T (Ω δ ) ✸✳✸✳ ❆◆ ❊❳❆▼P▲❊ ❖❋ ❆PP|❖❳■▼❆❚■❖◆ ❖❋ ❖|❉❊| ε| LOG ε| ✽✶ ❝♦♥t❛✐♥s t❤❡ ✇❤♦•❡ ❝✉r✈❡ θ → ϕ(0, θ)✱ s♦ t❤❛t ✐ts ❞✐❛♠❡t❡r ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇ ❜② ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ δ✳ ❚❤✉s✱ t❤❡ ❜❡st ❡st✐♠❛t❡ t❤❛t ♦♥❡ ❝❛♥ ❡①♣❡❝t ✐s Lip S ≤ C δ ❋♦r ❛ r❡❛s♦♥❛❜•❡ tr❛♥s♣♦rt ♠❛♣ T ✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t s✉❝❤ ❛ ♠❛♣ S ❝❛♥ ❜❡ ❢♦✉♥❞ ✇✐t❤ ♠♦r❡♦✈❡r S(x) = T (x) ❢♦r |x| = δ ✭s❡❡ t❤❡ ♣❛r❛❣r❛♣❤ ✸✳✹✳✷ ❜❡•♦✇✮✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❣•♦❜❛• ♠❛♣ T ε st✐•• s❡♥❞s µ t♦ ν ❛♥❞ ✇❡ ❤❛✈❡ Ω δ |DT | 2 ≤ Ω δ C δ 2 ≤ C 2 ❋✐♥❛••②✱ J ε (T ε ) -W 1 = ε| log δ|||ϕ(0, •)|| H 1 (0,π/2) + O(δ 3 + ε) ■❢ ✇❡ ❝❤♦♦s❡ δ = ε 1/3 ✱ ✇❡ ♦❜t❛✐♥ J ε (T ε ) = W 1 + ε| log ε| 1 3 ||ϕ(0, •)|| 2 H 1 (0,π/2) + O(ε) ■♥ ♣❛rt✐❝✉•❛r✿ • t❤❡ ✜rst ♦r❞❡r ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ J ε (T ε ) t♦ W 1 ✐s ♥♦t ❛♥②♠♦r❡ ε✱ ❜✉t ε| log ε|❀ • t❤❡ ✜rst s✐❣♥✐✜❝❛♥t t❡r♠ ♦♥•② ✐♥✈♦•✈❡s t❤❡ ❜❡❤❛✈✐♦r ♦❢ ϕ ❛r♦✉♥❞ 0✱ ✇❤✐❝❤ ✐s t❤❡ ❝r♦ss✐♥❣ ♣♦✐♥t ♦❢ ❛•• t❤❡ tr❛♥s♣♦rt r❛②s ✭❛♥❞ ❛•s♦ t❤❡ s✐♥❣✉•❛r✐t② ♣♦✐♥t ♦❢ t❤❡ ♠❡❛s✉r❡ r❡str✐❝t❡❞ t♦ ❛♥② tr❛♥s♣♦rt r❛②✱ s✐♥❝❡ ✐t ✈❛♥✐s❤❡s ❛t 0✮✳ ❚❤✐s s✉❣❣❡sts t❤❛t T ε → T ✱ ✇❤❡r❡ T ❛t r = 0 ♠✐♥✐♠✐③❡s ||ϕ(r, •)|| H 1 ✳ ✸✳✸✳✸ ▼❛✐♥ r❡s✉•t ❛♥❞ ❝♦♥s❡q✉❡♥❝❡s ❚❤❡ ❛♥❛•②s✐s ✐♥ t❤❡ ❛❜♦✈❡ ♣❛r❛❣r❛♣❤ s✉❣❣❡sts t♦ ✐♥tr♦❞✉❝❡ t❤❡ ♠✐♥✐♠❛• ✈❛•✉❡ ♦❢ ||ϕ(0, •)|| H 1 (0,π/2) ❛♠♦♥❣ t❤❡ ❢✉♥❝t✐♦♥s ϕ s✉❝❤ t❤❛t x → ϕ(r, θ) x |x| ✐s ❛ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ µ t♦ ν✳ ■♥ ♣❛rt✐❝✉•❛r✱ ❢♦r s✉❝❤ ❛ ϕ ❛♥❞ ❢♦r ❛♥② x ∈ Ω✱ t❤❡ ♣♦✐♥t ϕ(r, θ) x |x| st✐•• ❜❡•♦♥❣s t♦ t❤❡ t❛r❣❡t ❞♦♠❛✐♥ Ω ′ ❀ t❤✉s✱ ✐ts ✈❛•✉❡ ❛t r = 0 ✈❡r✐✜❡s ❢♦r ❛✳❡ θ ∈ (0, π/2), R 1 (θ) ≤ ϕ(0, θ) ≤ R 2 (θ) ❲❡ ✇✐•• t❤✉s s❡t K = min π 2 0 (ϕ(θ) 2 + ϕ ′ (θ) 2 ) ❞θ : ϕ ∈ H 1 0, π 2 , R 1 (θ) ≤ ϕ(θ) ≤ R 2 (θ) ❛♥❞✱ ❢♦••♦✇✐♥❣ t❤❡ ✐❞❡❛s ♦❢ t❤❡ •❛st s✉❜✲s❡❝t✐♦♥✱ F ε : T → 1 ε J ε (T ) -W 1 - K 3 ε| log ε| ◆♦t✐❝❡ ❤❡r❡ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ inf R 2 > sup R 1 ❛••♦✇s t♦ r❡♠♦✈❡ t❤❡ ❝♦♥str❛✐♥t ϕ(θ) ≤ R 2 (θ) ✐♥ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜•❡♠ ❞❡✜♥✐♥❣ K ✭✐♥❞❡❡❞✱ ✐❢ ϕ > R 2 ♦♥ ❛ s✉❜s❡t ♦❢ (0, π/2)✱ ♦♥❡ ❝❛♥ r❡♣•❛❝❡ ✐t ✇✐t❤ min(ϕ, inf R 2 ) ♦♥ t❤✐s s✉❜s❡t ❛♥❞ t❤✐s ✇✐•• ❞❡❝r❡❛s❡ ✐ts ❙♦❜♦•❡✈ ♥♦r♠✮✿ ✐♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❤❛✈❡ K = min π 2 0 (ϕ(θ) 2 + ϕ ′ (θ) 2 ) ❞θ : ϕ ∈ H 1 0, π 2 , R 1 (θ) ≤ ϕ(θ) ❚❤❡ ♠❛✐♥ r❡s✉•t ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t❤❡ ❢♦••♦✇✐♥❣✿ ✽✷ ❈❍❆P❚❊| ✸✳ ❚❍❊ ▼❖◆•❊ P|❖❇▲❊▼ ❲■❚❍ ❱❆◆■❙❍■◆• •|❆❉■❊◆❚ P❊◆❆▲■)❆❚■❖◆ ❚❤❡♦r❡♠ ✸✳✸✳✶✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② G : ϕ ∈ H 1 (0, π/2) → ||ϕ|| 2 H 1 (0,π/2) -K ❛♥❞ F (T ) =      +∞ ✐❢ T / ∈ O 1 (µ, ν) 1 0 G(ϕ(r, •)) ❞r r + 1 0 ||∂ r ϕ(r, •)|| 2 L 2 r ❞r ✐❢ T ∈ O 1 (µ, ν), T (x) = ϕ(r, θ) x |x| ✶✳ ❋♦r ❛♥② ❢❛♠✐•② ♦❢ ♠❛♣s (T ε ) ε s✉❝❤ t❤❛t (F ε (T ε )) ε ✐s ❜♦✉♥❞❡❞✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ε k → 0 ❛♥❞ ❛ ♠❛♣ T s✉❝❤ t❤❛t T ε k → T ✐♥ L 2 (Ω)✳ ✷✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C✱ ❞❡♣❡♥❞✐♥❣ ♦♥•② ♦♥ t❤❡ ❞♦♠❛✐♥s Ω✱ Ω ′ ❛♥❞ ♦❢ t❤❡ ♠❡❛s✉r❡s f ✱ g✱ s♦ t❤❛t✱ ❢♦r ❛♥② ❢❛♠✐•② ♦❢ ♠❛♣s (T ε ) ε>0 ✇✐t❤ T ε → T ❛s ε → 0 ✐♥ L 2 (Ω)✱ ✇❡ ❤❛✈❡ lim inf ε→0 F ε (T ε ) ≥ F (T ) -C ✸✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛t •❡❛st ♦♥❡ ❢❛♠✐•② (T ε ) ε>0 s✉❝❤ t❤❛t (F ε (T ε )) ε ✐s ✐♥❞❡❡❞ ❜♦✉♥❞❡❞✳ ◆♦t✐❝❡ t❤❛t ✇❡ ❤❛✈❡ ♥♦t st❛t❡❞ ❤❡r❡ ❛ tr✉❡ Γ-❝♦♥✈❡r❣❡♥❝❡ r❡s✉•t✱ ❜✉t ✇❡ ♦♥•② ♣r♦✈✐❞❡ ❛♥ ❡st✐♠❛t❡ ♦♥ t❤❡ Γ✲•✐♠✐♥❢✱ ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s❡q✉❡♥❝❡ ✇✐t❤ ❡q✉✐❜♦✉♥❞❡❞ ❡♥❡r❣②✳ ❲❡ ❝♦♥•❡❝t✉r❡ ✐♥❞❡❡❞ t❤❛t t❤❡ Γ✲•✐♠✐t ♦❢ t❤❡ s❡q✉❡♥❝❡ F ε ✐s ♦❢ t❤❡ ❢♦r♠ F -C ❢♦r ❛ s✉✐t❛❜•❡ ❝♦♥st❛♥t C ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s❤❛♣❡ ♦❢ Ω ′ ❛♥❞ f (0) ✭❛❣❛✐♥✱ t❤❡ ♠❛✐♥ ✐♠♣♦rt❛♥t r❡❣✐♦♥ ✐s t❤❛t ❛r♦✉♥❞ x = 0 ✐♥ Ω✱ ✇❤✐❝❤ ♠✉st ❜❡ s❡♥t ♦♥ t❤❡ ❝✉r✈❡ Φ✮❀ ♣r❡❝✐s❡•②✱ t❤❡ ❝♦♥st❛♥t C t❤❛t ✇❡ ❡①♣❡❝t ✐s C = lim λ→+∞ inf λ 3 f (0) Ω |y| -y • S(y) |S(y)| ❞y + Ω |DS(y)| 2 ❞y -K log λ : S : Ω 1 → Ω ′ ✇✐t❤ ♠❛② ❜❡ s♦♠❡ ❛❞❞✐t✐♦♥❛• ❝♦♥str❛✐♥t ✐♥ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜•❡♠ ❢♦r ❡❛❝❤ λ ✭s❡❡ ❜❡•♦✇ ❛ •✉st✐✜❝❛t✐♦♥ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣❛r❛❣r❛♣❤ ✸✳✹✳✶✮✳ ❍♦✇❡✈❡r✱ ✇❡ ❞♦ ♥♦t ♣r♦✈❡ ✐t ❤❡r❡ ❛♥❞ ✇❡ ♦♥•② ✉s❡ t❤❡ ❡st✐♠❛t❡ ✇❡ ♣r♦✈❡ t♦ ❣❡t s♦♠❡ ❝♦♥s❡q✉❡♥❝❡s ♦♥ t❤❡ ♠✐♥✐♠❛ ❛♥❞ t❤❡ ♠✐♥✐♠✐③❡rs ♦❢ F ε ✳ ❈♦♥s❡q✉❡♥❝❡s ♦♥ t❤❡ ♠✐♥✐♠❛• ✈❛•✉❡ ♦❢ J ε ✳ ■❢ ✇❡ ❛♣♣•② t❤❡ ❚❤❡♦r❡♠ ✸✳✸✳✶ t♦ ❛ s❡q✉❡♥❝❡ (T ε ) ε ✇❤❡r❡ ❡❛❝❤ T ε ♠✐♥✐♠✐③❡s J ε ✭✇❤✐❝❤ ✐s ❡q✉✐✈❛•❡♥t ✇✐t❤ ♠✐♥✐♠✐③✐♥❣ F ε ✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ s❡q✉❡♥❝❡ (F ε (T ε )) ε ✐s ❜♦✉♥❞❡❞ ❛♥❞ inf J ε = F ε (T ε ) = W 1 (µ, ν) + K 3 ε| log ε| + O(ε) ❈♦♥s❡q✉❡♥❝❡s ♦♥ t❤❡ ❜❡❤❛✈✐♦r ♦❢ (T ε ) ε ✳ ❲❡ ✜rst ♥♦t❡ t❤❡ ❢♦••♦✇✐♥❣✿ ▲❡♠♠❛ ✸✳✸✳✶✳ ❚❤❡ ♣r♦❜•❡♠ ✇❤✐❝❤ ❞❡✜♥❡s t❤❡ ❝♦♥st❛♥t K✱ ♥❛♠❡•② inf π 2 0 (ϕ(θ) 2 + ϕ ′ (θ) 2 ) ❞θ : ϕ ∈ H 1 0, π 2 , R 1 (θ) ≤ ϕ(θ) ≤ R 2 (θ) , ✭✸✳✸✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ ♠✐♥✐♠✐③❡r Φ✳ ▼♦r❡♦✈❡r✱ ✐❢ ϕ ∈ H 1 (0, π/2) ✈❡r✐✜❡s R 1 ≤ ϕ✱ t❤❡♥ G(ϕ) ≥ ||ϕ -Φ|| 2 H 1 Pr♦♦❢✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② C t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s ϕ ∈ H 1 (0, π/2) ✈❡r✐❢②✐♥❣ t❤❡ ❝♦♥str❛✐♥t R 1 ≤ ϕ ♦♥ (0, π/2)✳ ◆♦t✐❝❡ t❤❛t C ✐s ❛ ❝♦♥✈❡① ❝•♦s❡❞ s✉❜s❡t ♦❢ H 1 (0, π/2)✱ s♦ t❤❛t ✭✸✳✸✮ ❛❞♠✐ts ❛s ✇❡•• ❛ ✉♥✐q✉❡ ♠✐♥✐♠✐③❡r Φ✱ ✇❤✐❝❤ ✐s t❤❡ ♦rt❤♦❣♦♥❛• ♣r♦•❡❝t✐♦♥ ♦❢ 0 ♦♥t♦ C ✐♥ t❤❡ ❍✐•❜❡rt s♣❛❝❡ H 1 (0, π/2)✳ ❚❤✐s ✐♠♣•✐❡s ∀ϕ ∈ C, Φ, ϕ -Φ ≥ 0 ✭✸✳✹✮ ■❢ ♥♦✇ ϕ ∈ C✱ t❤❡♥ G(ϕ) -||ϕ -Φ|| 2 H 1 = ||ϕ|| 2 H 1 -||Φ|| 2 H 1 -||ϕ -Φ|| 2 H 1 = 2 Φ, ϕ -Φ ✇❤✐❝❤ ✐s ♥♦♥✲♥❡❣❛t✐✈❡ t❤❛♥❦s t♦ t❤❡ ✐♥❡q✉❛•✐t② ✭✸✳✹✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ♦❜t❛✐♥✿ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✷✳ ▲❡t T ∈ O 1 (µ, ν)✱ T (x) = ϕ(r, θ) x |x| ✱ s✉❝❤ t❤❛t F (T ) < +∞✳ ❚❤❡♥ r → ϕ(r, •) ✐s ❝♦♥t✐♥✉♦✉s ❢r♦♠ [0, 1] t♦ L 2 (0, π/2)✱ ❛♥❞ ✇❡ ❤❛✈❡ ϕ(0, •) = Φ✳ ❚❤✐s✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❚❤❡♦r❡♠ ✸✳✸✳✶✱ ✐♠♣•✐❡s t❤❛t t❤❛t ✐❢ (T ε ) ε ❤❛s ❛♥ ❡q✉✐✲❜♦✉♥❞❡❞ ❡♥❡r❣② ✭♠❡❛♥✐♥❣ t❤❛t F ε (T ε ) ✐s ✉♥✐❢♦r♠•② ❜♦✉♥❞❡❞ ✐♥ ε✮✱ t❤❡♥ ✐t ❤❛s✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ ❛ •✐♠✐t T = ϕ(r, θ) x |x| ✇❤❡r❡ ϕ(r, θ) ✐s ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ r ❛♥❞ ❤❛s Φ(θ) ❛s •✐♠✐t ❛s r → 0✳ ■♥ ♦t❤❡r ✇♦r❞s✱ T s❡♥❞s 0 ♦♥t♦ t❤❡ ❝✉r✈❡ r = Φ(θ) ✇❤✐❝❤ ❤❛s t❤❡ ❜❡st H 1 ✲♥♦r♠ ❛♠♦♥❣ t❤❡ ❝✉r✈❡s ✇✐t❤ ✈❛•✉❡s ✐♥ t❤❡ t❛r❣❡t ❞♦♠❛✐♥ Ω ′ ✳ ❚❤✐s ✐s ✐♥ ♣❛rt✐❝✉•❛r tr✉❡ ✐❢ ❡❛❝❤ T ε ♠✐♥✐♠✐③❡s J ε ✭t❤✉s F ε ✮✳ Pr♦♦❢ ♦❢ Pr♦♣✳ ✸✳✸✳✷✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ T ✐♠♣•✐❡s t❤❛t t❤❡ ✐♥t❡❣r❛•s 1 0 ||∂ r ϕ(r, •)|| 2 L 2 (0,π/2) r ❞r ❛♥❞ 1 0 ||∂ r ϕ(r, •)|| 2 L 2 (0,π/2) r ❞r ❛r❡ ❜♦t❤ ❝♦♥tr♦••❡❞ ❜② s♦♠❡ ✜♥✐t❡ ❝♦♥st❛♥t A✳ ◆♦✇ ✇❡ ❤❛✈❡ ❢♦r θ ∈ (0, π/2)✿ |ϕ(r 1 , θ) -ϕ(r 2 , θ)| = r2 r1 ∂ r ϕ(r, θ) ❞r ≤ r2 r1 ∂ r ϕ(r, θ) 2 r ❞r 1/2 r2 r1 ❞r r 1/2 t❤✉s π/2 0 |ϕ(r 1 , θ) -ϕ(r 2 , θ)| 2 ❞θ ≤ r2 r1 ||∂ r ϕ(r, •)|| 2 L 2 (0,π/2) r ❞r r2 r1 ❞r r s♦ t❤❛t ||ϕ(r 1 , •) -ϕ(r 2 , •)|| 2 L 2 (0,π/2) ❞θ ≤ A log r 2 r 1 ✭✸✳✺✮ ❚❤✐s ♣r♦✈❡s t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ r → ϕ(r, •)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❛♥❦s t♦ t❤❡ ▲❡♠♠❛ ✸✳✸✳✶✱ ✇❡ ❤❛✈❡ A ≥ 1 0 G(ϕ(r, •)) ❞r r ≥ 1 0 ||ϕ(r, •) -Φ|| 2 L 2 (0,π/2) ❞r r ❇② s❡tt✐♥❣ r = e -t ✱ ✇❡ ♦❜t❛✐♥ A ≥ +∞ 0 ||ϕ(e -t , •) -Φ|| 2 L 2 ❞t ❇✉t✱ ❢♦r t 1 < t 2 ∈ (0, +∞)✱ ✇❡ ❤❛✈❡ ||ϕ(e -t1 , •) -Φ|| 2 L 2 -||ϕ(e -t2 , •) -Φ|| 2 L 2 | = | ϕ(e -t1 , •) -ϕ(e -t 2 , •), Φ L 2 | ≤ ||ϕ(e -t1 , •) -ϕ(e -t2 , •)|| ||Φ|| ≤ A log e -t2 e -t1 = A(t 2 -t 1 ) ✇❤❡r❡ t❤❡ •❛st ✐♥❡q✉❛•✐t② ❝♦♠❡s ❢r♦♠ ✭✸✳✺✮✳ ❚❤✉s✱ t❤❡ ❢✉♥❝t✐♦♥ t → ||ϕ(e -t , •) -Φ|| 2 L 2 ✐s ▲✐♣s❝❤✐t③ ❛♥❞ ❜❡•♦♥❣s t♦ L 1 (0, +∞)✳ ❚❤✐s ✐♠♣•✐❡s t❤❛t ✐t ✈❛♥✐s❤❡s ❛t +∞✱ s♦ t❤❛t ϕ(r, •) → Φ ✐♥ L 2 (0, π/2) ❛s r → 0✳ ✸✳✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✶ ✸✳✹✳✶ Γ✲•✐♠✐♥❢ ❡st✐♠❛t❡ ▲❡t (T ε ) ε ❜❡ ❛ ❢❛♠✐•② ♦❢ ♠❛♣s ❛♥❞ •❡t ✉s ❜❡❣✐♥ ❜② ✇r✐t✐♥❣ ♣r❡❝✐s❡•② t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ F ε (T ε ) ❢♦r ❛♥② ε > 0 ❛♥❞ ❛♥② tr❛♥s♣♦rt ♠❛♣ T ε ✳ ❲❡ ❤❛✈❡ F ε (T ε ) = 1 ε Ω |T ε (x) -x|f (x) ❞x -W 1 + Ω |DT ε (x)| 2 ❞x - K 3 | log ε| ❲❡ s❡t δ = ε 1/3 ❛♥❞ ♥♦t✐❝❡ t❤❛t K 3 | log ε| = K| log δ| = K 1 δ ❞r r ❲❡ ❞❡❝♦♠♣♦s❡ T ε ✐♥t♦ r❛❞✐❛• ❛♥❞ t❛♥❣❡♥t✐❛• ❝♦♠♣♦♥❡♥ts✿ T ε (x) = ϕ ε (r, θ) x |x| + ψ ε (r, θ) x |x| ⊥ ❛♥❞ ❝♦♠♣✉t❡ DT ε = x |x| ⊗ ∇ϕ ε (x) + ϕ ε (x) |x| I d - x |x| ⊗ x |x| + x |x| ⊥ ⊗ ∇ψ ε (x) + ψ ε (x) |x| R - x |x| ⊥ ⊗ x |x| ✇❤❡r❡ R ❞❡♥♦t❡s t❤❡ r♦t❛t✐♦♥ ✇✐t❤ ❛♥❣•❡ π/2 ❛♥❞ ✇❡ st✐•• s❡t x ⊥ = Rx✳ ❚❤✉s✱ t❤❡ ♠❛tr✐① ♦❢ DT ε ✐♥ t❤❡ ❜❛s✐s x |x| , x |x| ⊥ ✐s DT ε (x) =   ∂ r ϕ ε ∂ r ψ ε ∂ θ ϕ ε -ψ ε r ϕ ε + ∂ θ ψ ε r   s♦ t❤❛t |DT ε | 2 = ∂ r ϕ 2 ε + ∂ r ψ 2 ε + (∂ θ ϕ ε -ψ ε ) 2 r 2 + (ϕ ε + ∂ θ ψ ε ) 2 r 2 ❲❡ ♦❜t❛✐♥ Ω |DT ε | 2 = Ω δ |DT ε | 2 + 1 δ (||∂ r ϕ ε (r, •)|| 2 L 2 + ||∂ r ψ ε || 2 L 2 ) r ❞r + 1 δ (||∂ θ ϕ ε -ψ ε || 2 L 2 + ||ϕ ε + ∂ θ ψ ε || 2 L 2 ) ❞r r ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❛•r❡❛❞② ❦♥♦✇ t❤❛t Ω |T ε (x) -x|f (x) ❞x -W 1 = Ω (|T ε (x) -x| -|T ε (x)| + |x|)f (x) ❞x ❋✐♥❛••②✱ t❤❡ ❝♦♠♣•❡t❡ ❡①♣r❡ss✐♦♥ ♦❢ F ε ✐s t❤❡ ❢♦••♦✇✐♥❣✿ F ε (T ε ) = 1 ε Ω (|T ε (x) -x| -|T ε (x)| + |x|)f (x) ❞x + Ω δ |DT ε | 2 + 1 δ (||(∂ θ ϕ ε -ψ ε )(r, •)|| 2 L 2 + ||(ϕ ε + ∂ θ ψ ε )(r, •)|| 2 L 2 -K) ❞r r + 1 δ (||∂ r ϕ ε (r, •)|| 2 L 2 + ||∂ r ψ ε || 2 L 2 ) r ❞r t❤✉s✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② H(ϕ, ψ) = π/2 0 (ϕ ′ (θ) -ψ(θ)) 2 + (ϕ(θ) + ψ ′ (θ)) 2 ❞θ ❢♦r ϕ, ψ ∈ H 1 (0, π/2)✱ ✇❡ ❤❛✈❡ F ε (T ε ) = 1 ε Ω (|T ε (x) -x| -|T ε (x)| + |x|)f (x) ❞x + Ω δ |DT ε | 2 + 1 δ (H(ϕ ε (r, •), ψ ε (r, •)) -K) ❞r r + 1 δ (||∂ r ϕ ε (r, •)|| 2 L 2 + ||∂ r ψ ε || 2 L 2 ) r ❞r ✭✸✳✻✮ ❚❤❡ ❢♦••♦✇✐♥❣ •❡♠♠❛ ❝♦••❡❝ts s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ H✳ ▲❡♠♠❛ ✸✳✹✳✶✳ ❲❡ r❡❝❛•• t❤❛t H : (ϕ, ψ) ∈ H 1 (0, π/2) × H 1 (0, π/2) → ||ϕ ′ -ψ|| 2 L 2 + ||ϕ + ψ ′ || 2 L 2 ❢♦r ϕ, ψ ∈ H 1 (0, π/2)✳ ❚❤❡♥✿ • ❚❤❡ ❢✉♥❝t✐♦♥ H ✐s •♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ str♦♥❣ L 2 ✲❝♦♥✈❡r❣❡♥❝❡✳ • ❆ss✉♠❡ t❤❛t (ϕ, ψ) s❛t✐s✜❡s✱ ❢♦r ❛♥② θ✱ ϕ(θ)x(θ) + ψ(θ)x ⊥ (θ) ∈ Ω ′ ✇❤❡r❡ x(θ) = (cos θ, sin θ)✳ ❲❡ ❞❡♥♦t❡ ❜② ϕ(θ) = max(ϕ(θ), R 1 (θ))✳ ❚❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ✐♥❡q✉❛•✐t② H(ϕ, ψ) ≥ K + 1 2 || ϕ -Φ|| 2 L 2 -B||ψ|| 2/3 L 2 (0,π/2) ✭✸✳✼✮ ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t B ✇❤✐❝❤ ♦♥•② ❞❡♣❡♥❞s ♦♥ Ω ′ ✳ Pr♦♦❢✳ ❙t❡♣ ✶✿ t❤❡ s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢ H✳ ❲❡ t❛❦❡ ❛ s❡q✉❡♥❝❡ (ϕ n , ψ n ) n ❝♦♥✈❡r❣✐♥❣ t♦ s♦♠❡ (ϕ, ψ) ❢♦r t❤❡ L 2 ✲♥♦r♠✳ ❯♣ t♦ s✉❜s❡q✉❡♥❝❡s✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t lim inf n→+∞ H(ϕ n , ψ n ) = lim n→+∞ H(ϕ n , ψ n ) ❛♥❞ ✇❡ ❛•s♦ ❛ss✉♠❡ t❤❛t (H(ϕ n , ψ n )) n ✐s ❜♦✉♥❞❡❞✳ ◆♦✇ ✇❡ r❡♠❛r❦ t❤❛t H(ϕ n , ψ n ) = ||ϕ ′ n -ψ n || 2 L 2 + ||ϕ n + ψ ′ n || 2 L 2 ≥ (||ϕ ′ n || L 2 -||ψ n || L 2 ) 2 + (||ϕ ′ n || L 2 -||ψ n || 2 L 2 ) 2 t❤✉s ||ϕ ′ n || L 2 ≤ H(ϕ n , ψ n ) + ||ψ n || L 2 ❛♥❞ ||ψ ′ n || L 2 ≤ H(ϕ n , ψ n ) + ||ϕ n || L 2 ❲❡ ❞❡❞✉❝❡ t❤❛t (ϕ n ) n ✱ (ψ n ) n ❛r❡ ❜♦✉♥❞❡❞ ✐♥ H 1 (0, π/2) s♦ t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ (ϕ n , ψ n ) → (ϕ, ψ) ❛❝t✉❛••② ❤♦•❞s✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ ✇❡❛❦•② ✐♥ H 1 (0, π/2)✳ ◆♦✇ t❤❡ ❝♦♥✈❡①✐t② ♦❢ (ϕ, ϕ ′ , ψ, ψ ′ ) → (ϕ ′ - ψ) 2 +(ϕ+ψ ′ ) 2 ✐♠♣•✐❡s t❤❛t H ✐s •♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ H 1 (0, π/2)✱ ✇❤✐❝❤ ❛••♦✇s t♦ ❝♦♥❝•✉❞❡✳ ◆♦✇ ✇❡ ♣❛ss t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✐♥❡q✉❛•✐t② ✭✸✳✼✮✳ ❲❡ ❜❡❣✐♥ ❜② ❛ ❦✐♥❞ ♦❢ ✏s✉❜✲•❡♠♠❛✑ ✇❤✐❝❤ ✇✐•• ❜❡ ✉s❡❢✉• s❡✈❡r❛• t✐♠❡s ✐♥ t❤❡ ♣r♦♦❢✳ ❙t❡♣ ✷✿ ♣r❡•✐♠✐♥❛r② ❡st✐♠❛t❡s✳ ❲❡ r❡❝❛•• t❤❛t ϕ = max(R 1 , ϕ) ❛♥❞ ❞❡♥♦t❡ ❜② h = ϕ -ϕ ≥ 0✳ ◆♦✇ ✇❡ ❝•❛✐♠ t❤❛t✿ • ❢♦r ❛♥② t ∈ (0, π/2)✱ ✇❡ ❤❛✈❡ t❤❡ ✐♥❡q✉❛•✐t② 0 ≤ h(t) ≤ B 1 |ψ(t)| ✭✸✳✽✮ ❢♦r s♦♠❡ ❝♦♥st❛♥t B 1 ❞❡♣❡♥❞✐♥❣ ♦♥•② ♦♥ Ω ′ ✳ • ✇❡ ❤❛✈❡ t❤❡ ✐♥❡q✉❛•✐t② | ϕ, h H 1 | ≤ B 2 ||h|| ∞ ✭✸✳✾✮ ❢♦r s♦♠❡ ❝♦♥st❛♥t B 2 ❞❡♣❡♥❞✐♥❣ ♦♥•② ♦♥ Ω ′ ❀ • t❤❡ ❛❜♦✈❡ ❜♦t❤ ✐♥❡q✉❛•✐t✐❡s •❡❛❞ t♦ t❤❡ ❡st✐♠❛t❡ ||ϕ|| 2 H 1 ≥ K + || ϕ -Φ|| 2 H 1 -B 3 ||ψ|| ∞ ✭✸✳✶✵✮ ❢♦r s♦♠❡ ❝♦♥st❛♥t B 3 ❞❡♣❡♥❞✐♥❣ ♦♥•② ♦♥ Ω ′ ✳ ❋✐rst✱ ✇❡ r❡♠❛r❦ t❤❛t t❤❡ ❝♦♥str❛✐♥t ϕ(θ)x(θ) + ψ(θ)x ⊥ (θ) ∈ Ω ′ ✐♠♣•✐❡s R 1 (θ ′ ) 2 < ϕ(θ) 2 + ψ(θ) 2 < R 2 (θ ′ ) 2 ✇❤❡r❡ θ ′ = θ + arcsin ψ(θ) ϕ(θ) 2 + ψ(θ) 2 ❚❤✉s✱ ✇❡ ❤❛✈❡ h(θ) = R 1 (θ) -ϕ(θ) = R 1 (θ) -R 1 (θ ′ ) + R 1 (θ ′ ) -ϕ(θ) ≤ (Lip R 1 )|θ -θ ′ | + ϕ 2 (θ) + ψ 2 (θ) -ϕ(θ) ≤ (Lip R 1 ) arcsin |ψ(θ)| R 1 (θ ′ ) + |ψ(θ)| ≤ π 2 Lip R 1 inf R 1 + 1 |ψ(θ)| ✇❤✐❝❤ ✐s ✭✸✳✽✮ ✇✐t❤ B 1 = π 2 Lip R 1 inf R 1 + 1✳ ❙❡❝♦♥❞✱ ✇❡ r❡❝❛•• t❤❛t h = (R 1 -ϕ) + ✱ t❤✉s ϕ + h = R 1 ♦♥ ❛♥② ♣♦✐♥t ✇❤❡r❡ h = 0✳ ❚❤✐s •❡❛❞s t♦ π/2 0 (ϕ + h)h = π/2 0 R 1 h ≤ π 2 (sup R 1 )||h|| ∞ ❛♥❞ π/2 0 (ϕ + h) ′ h ′ = π/2 0 R ′ 1 h ′ = [R ′ 1 h] π/2 0 - π/2 0 R ′′ 1 h ≤ (2 sup R ′ 1 + ||R ′′ 1 || 1 )||h|| ∞ ❲❡ ❣❡t ✭✸✳✾✮ ✇✐t❤ B 2 = π 2 sup R 1 + 2 Lip R 1 + ||R ′′ 1 || L 1 ✳ ❚❤✐r❞✱ ✇❡ ✇r✐t❡ ||ϕ|| 2 H 1 = || ϕ|| 2 H 1 + ||h|| 2 H 1 + 2 ϕ, h ✭✸✳✶✶✮ ❙✐♥❝❡ ϕ ≥ R 1 ♦♥ (0, π/2) ❛♥❞ t❤❛♥❦s t♦ t❤❡ ▲❡♠♠❛ ✸✳✸✳✶✱ ✇❡ ❤❛✈❡ || ϕ|| 2 H 1 ≥ || ϕ -Φ|| 2 H 1 + K✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ✉s✐♥❣ ✭✸✳✽✮ ❛♥❞ ✭✸✳✾✮✱ ✇❡ ❤❛✈❡ ϕ, h ≥ -B 2 ||h|| ∞ ≥ -B 1 B 2 ||ψ|| ∞ ❲❡ ✐♥s❡rt ✐♥t♦ ✭✸✳✶✶✮ ❛♥❞ s❦✐♣ ||h|| 2 H 1 s✐♥❝❡ ✐t ✐s ♥♦♥♥❡❣❛t✐✈❡ t♦ ❣❡t ||ϕ|| 2 H 1 ≥ K + || ϕ -Φ|| 2 H 1 -2B 1 B 2 ||ψ|| ∞ t❤✉s ✭✸✳✶✵✮ ❤♦•❞s ✇✐t❤ B 3 = 2B 1 B 2 ✳ ❙t❡♣ ✸✿ t❤❡ ✐♥❡q✉❛•✐t② ✭✸✳✼✮ ❤♦•❞s ✐❢ ||ϕ ′ || L 2 ✐s •❛r❣❡ ❡♥♦✉❣❤✳ ❲❡ st❛rt ❢r♦♠ H(ϕ, ψ) = ||ϕ|| 2 H 1 + ||ψ|| 2 H 1 + 2 π/2 0 ϕψ ′ -2 π/2 0 ψϕ ′ = ||ϕ|| 2 H 1 + ||ψ|| 2 H 1 -4 π/2 0 ψϕ ′ -2[ϕψ] π/2 0 ❋✐rst✱ t❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ (ϕ, ψ) ✐♠♣•✐❡s t❤❛t ||ϕ|| ∞ , ||ψ|| ∞ ≤ sup R 2 s♦ t❤❛t |[ϕψ] π/2 0 | ≤ 2(sup R 2 ) 2 ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ π/2 0 ψϕ ′ ≤ ||ψ|| ∞ π/2||ϕ ′ || L 2 ≤ sup R 2 π/2||ϕ ′ || L 2 ❚❤✐s •❡❛❞s t♦ H(ϕ, ψ) ≥ ||ϕ|| 2 H 1 + ||ψ|| 2 H 1 -4 sup R 2 π/2||ϕ ′ || L 2 -4(sup R 2 ) 2 ≥ 1 2 ||ϕ|| 2 H 1 + 1 2 ||ϕ ′ || 2 L 2 -4 sup R 2 π/2||ϕ ′ || L 2 -4(sup R 2 ) 2 ❇② ✉s✐♥❣ ✭✸✳✶✵✮✱ ✇❡ ♦❜t❛✐♥ H(ϕ, ψ) ≥ 1 2 (K + || ϕ -Φ|| 2 H 1 -B 3 ||ψ|| ∞ ) + 1 2 ||ϕ ′ || 2 L 2 -4 sup R 2 π/2||ϕ ′ || L 2 -4(sup R 2 ) 2 ❛♥❞✱ s✐♥❝❡ |ψ| ≤ ϕ 2 + ψ 2 ≤ R 1 ✱ ✇❡ ❤❛✈❡ H(ϕ, ψ) ≥ 1 2 (K + || ϕ -Φ|| H 1 ) + 1 2 ||ϕ ′ || 2 L 2 -4 sup R 2 π/2||ϕ ′ || L 2 -4(sup R 2 ) 2 + B 3 2 sup R 2 ❚❤❡ ❛♥♥♦✉♥❝❡❞ ❡st✐♠❛t❡ ✭✸✳✼✮ ❤♦•❞s ♣r♦✈✐❞❡❞ t❤❛t t❤❡ t❡r♠ ✐♥ ❜r❛❝❦❡ts ✐s ❣r❡❛t❡r t❤❛t K 2 ✱ ✇❤✐❝❤ ✐s tr✉❡ ♣r♦✈✐❞❡❞ t❤❛t ||ϕ ′ || L 2 ≥ B 4 ✇❤❡r❡ B 4 ✐s t❤❡ •❛r❣❡st r♦♦t ♦❢ t❤❡ ♣♦•②♥♦♠ 1 2 X 2 -4 sup R 2 π/2X -4(sup R 2 ) 2 + B 3 2 sup R 2 + K 2 ❛♥❞ B 4 ♦♥•② ❞❡♣❡♥❞s ♦❢ Ω ′ ✳ ❙t❡♣ ✹✿ ❝❛s❡ ||ϕ ′ || L 2 ≤ B 4 ✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ st✐•• ❤❛✈❡ H(ϕ, ψ) = ||ϕ|| 2 H 1 + ||ψ|| 2 H 1 -4 π/2 0 ψϕ ′ -2[ϕψ] π/2 0 ✇✐t❤ π/2 0 ψϕ ′ ≤ ||ψ|| ∞ π/2||ϕ ′ || L 2 ≤ π/2B 4 ||ψ|| ∞ ❛♥❞ |[ϕψ] π/2 0 | ≤ 2||ϕ|| ∞ ||ψ|| ∞ ≤ 2 sup R 2 ||ψ|| ∞ ❚❤✐s •❡❛❞s t♦ H(ϕ, ψ) ≥ ||ϕ|| 2 H 1 + ||ψ|| 2 H 1 - π/2B 4 + 2 sup R 2 ||ψ|| ∞ ≥ K + || ϕ -Φ|| 2 H 1 + ||ψ|| 2 H 1 -B 5 ||ψ|| ∞ ✇❤❡r❡ ✇❡ ❤❛✈❡ ❛❣❛✐♥ ✉s❡❞ ✭✸✳✶✵✮ ❛♥❞ s❡t B 5 = π/2B 4 + 2 sup R 2 + B 3 ✱ ✇❤✐❝❤ ♦♥•② ❞❡♣❡♥❞s ♦♥ Ω ′ ✳ ■t ♥♦✇ r❡♠❛✐♥s t♦ ❡st✐♠❛t❡ ||ψ|| 2 H 1 -B 5 ||ψ|| ∞ ❢r♦♠ ❜❡•♦✇ ✇✐t❤ -||ψ|| 2/3 L 2 ✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ (ϕ, ψ) ✐♠♣•✐❡s t❤❛t ψ(0) ≥ 0 ❛♥❞ ψ(π/2) ≤ 0✱ s♦ t❤❛t t❤❡r❡ ❡①✐sts t 0 s✉❝❤ t❤❛t ψ(t 0 ) = 0✳ ❲❡ t❤❡♥ ❤❛✈❡ ψ 2 (t) = t t0 ❞ ❞t (ψ 2 ) = t t0 2ψψ ′ ≤ 2||ψ|| L 2 ||ψ ′ || L 2 t❤✉s ||ψ|| ∞ ≤ √ 2 ||ψ|| L 2 ||ψ ′ || L 2 ❲❡ ✉s❡ t❤❡ (♦✉♥❣ ✐♥❡q✉❛•✐t② ab ≤ (εa) p p + (b/ε) q q ❢♦r 1 p + 1 q = 1 ❛♥❞ ε > 0 ✇✐t❤ p = 4✱ q = 4/3✱ a = ||ψ ′ || L 2 ❛♥❞ b = ||ψ|| L 2 ✱ t♦ ❣❡t ||ψ|| ∞ ≤ √ 2ε 4 4 ||ψ ′ || 2 L 2 + 3 √ 2 4ε 4/3 ||ψ|| 2/3 L 2 ❲❡ ❞❡❞✉❝❡ ||ψ ′ || 2 H 1 -B 5 ||ψ|| ∞ ≥ 1 - √ 2B 5 ε 4 4 ||ψ ′ || L 2 - 3 √ 2B 5 4ε 4/3 ||ψ|| 2/3 L 2 ❇② ❝❤♦♦s✐♥❣ ε s✉❝❤ t❤❛t √ 2B 5 ε 4 4 = 1✱ ✇❡ ♦❜t❛✐♥ ||ψ|| 2 H 1 -B 5 ||ψ|| ∞ ≥ -B||ψ|| 2/3 L 2 ✇❤❡r❡ B = 3 √ 2B 5 4ε 4/3 ♦♥•② ❞❡♣❡♥❞s ♦♥ Ω ′ ❛♥❞ K✳ ❚❤✐s ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢✳ ❲❡ ❛•s♦ ✇✐•• ♥❡❡❞ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡ ♦♥ t❤❡ ✜rst t❡r♠ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ ✭✸✳✻✮✳ ▲❡♠♠❛ ✸✳✹✳✷✳ ▲❡t T ❜❡ ❛ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ µ t♦ ν✳ ❲❡ ✇r✐t❡ T (x) = ϕ(x) x |x| + ψ(x) x |x| ⊥ ❚❤❡♥✱ ❢♦r ❛✳❡✳ x✱ |T (x) -x| -|T (x)| + |x| ≥ A|x|ψ 2 (x) ✭✸✳✶✷✮ ❢♦r s♦♠❡ ❝♦♥st❛♥t A ✇❤✐❝❤ ♦♥•② ❞❡♣❡♥❞s ♦♥ Ω ′ ✳ Pr♦♦❢✳ ❲❡ ❝♦♠♣✉t❡✿ |T (x) -x| -|T (x)| + |x| = |T (x) -x| 2 -|T (x)| 2 |T (x) -x| + |T (x)| + |x| ❲❡ ❤❛✈❡ |T (x) -x| 2 = (ϕ(x) -|x|) 2 + ψ(x) 2 ❛♥❞ |T | 2 = ϕ 2 + ψ 2 ✱ s♦ t❤❛t |T (x) -x| -|T (x)| + |x| = |x| 2 -2|x|ϕ(x) |T (x) -x| + |T (x)| + |x| = |x| |x| + |T (x) -x| + |T (x)| -2ϕ(x) |T (x) -x| + |T (x)| ❲❡ r❡♠❛r❦ t❤❛t |T (x) -x| -ϕ(x) + |x| = (ϕ(x) -|x|) 2 + ψ(x) 2 -(ϕ(x) -|x|) ≥ 0 t❤✉s |T (x) -x| -|T (x)| + |x| ≥ |x| |T (x)| -ϕ(x) |T (x) -x| + |T (x)| = |x| |T (x)| 2 -ϕ(x) 2 (|T (x) -x| + |T (x)|)(|T (x)| + ϕ(x)) ❙✐♥❝❡ x ∈ Ω ❛♥❞ T (x) ∈ Ω ′ ✱ ✇❡ ❤❛✈❡ |T (x) -x| + |T (x)| ≤ 2|T (x)| + |x| ≤ 2 sup R 2 + 1 ❛♥❞ |T (x)| + ϕ(x) ≤ 2|T (x)| ≤ 2 sup R 2 ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ |T (x)| 2 -ϕ(x) 2 = ψ(x) 2 ✳ ❚❤✐s •❡❛❞s t♦ t❤❡ r❡s✉•t ✇✐t❤ A = 1 (2 sup R 2 + 1)(2 sup R 2 ) ✽✾ ❚❤❡ ❡st✐♠❛t❡ ✭✸✳✶✷✮ •❡❛❞s t♦ Ω (|T ε (x) -x| -|T ε (x)| + |x|)f (x) ❞x ≥ A inf f 1 0 ||ψ ε (r, •)|| 2 L 2 r ❞r ❛♥❞ t❤❡ ❡st✐♠❛t❡ ✭✸✳✼✮ t♦ 1 δ (H(ϕ ε (r, •), ψ ε (r, •)) -K) ❞r r ≥ 1 δ -B||ψ ε (r, •)|| 2/3 L 2 + 1 2 || ϕ ε (r, •) -Φ|| 2 H 1 ❞r r ✇❤❡r❡ ✇❡ ❛❣❛✐♥ ❤❛✈❡ s❡t ϕ ε = max(R 1 , ϕ ε )✳ ❇② ✐♥s❡rt✐♥❣ ✐♥t♦ ✭✸✳✻✮✱ ✇❡ ❤❛✈❡ F ε (T ε ) ≥ A inf f ε 1 0 ||ψ ε (r, •)|| 2 L 2 r 2 ❞r -B 1 δ ||ψ ε (r, •)|| 2/3 L 2 ❞r r + 1 2 1 δ (H(ϕ ε (r, •), ψ ε (r, •)) -K + B||ψ ε (r, •)|| 2/3 L 2 ) ❞r r + 1 δ ||∂ r ϕ ε (r, •)|| 2 L 2 r ❞r ✭✸✳✶✸✮ ▲❡t ✉s ❞❡♥♦t❡ ❜② X ε = 1 ε 1 0 ||ψ ε (r, •)|| 2 L 2 r 2 ❞r✳ ❇② t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t② ❛♣♣•✐❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡❛s✉r❡ ✇✐t❤ ❞❡♥s✐t② 1/r ♦♥ (δ, 1)✱ ✇❡ ❤❛✈❡ 1 δ ||ψ ε (r, •)|| 2/3 L 2 ❞r r = 1 δ (||ψ ε (r, •)|| 2 L 2 r 3 ) 1/3 1 r ❞r r ≤ 1 δ ||ψ ε || 2 L 2 r 3 ❞r r 1/3 1 δ 1 r 4/3 ❞r r 3/4 ✇✐t❤ 1 δ ||ψ ε || 2 L 2 r 3 ❞r r ≤ εX ε ❛♥❞ 1 δ 1 r 4/3 ❞r r = 3 4 1 δ 4/3 -1 ≤ 3 2δ 4/3 ✇❤✐❝❤ •❡❛❞s t♦ 1 δ ||ψ ε (r, •)|| 2/3 L 2 ❞r r ≤ (εX ε ) 1/3 3 2δ 4/3 3/4 = 3 √ 3 2 √ 2 X 1/3 ε s✐♥❝❡ δ = ε 1/3 ✳ ❲❡ ✐♥s❡rt ✐♥t♦ ✭✸✳✶✸✮ t♦ ♦❜t❛✐♥ F ε (T ε ) ≥ (A inf f )X ε -B ′ X 1/3 ε + 1 δ (H(ϕ ε (r, •), ψ ε (r, •)) -K + B||ψ ε (r, •)|| 2/3 L 2 ) ❞r r + 1 δ ||∂ r ϕ ε (r, •)|| 2 L 2 r ❞r ✭✸✳✶✹✮ ✇❤❡r❡ B ′ = 3 √ 3 2 √ 2 B✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t (F ε (T ε )) ε ✐s ❜♦✉♥❞❡❞ ❜② ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t M ✳ ❚❤✐s ✐♠♣•✐❡s t❤❛t (X ε ) ε ✐s ❜♦✉♥❞❡❞ ❜② s♦♠❡ ❝♦♥st❛♥t M ′ ✭♦t❤❡r✇✐s❡ t❤❡ t❡r♠ (A inf f )X ε -B ′ X 1/3 ε ✇♦✉•❞ t❡♥❞ t♦ +∞✱ ❛♥❞ t❤❡ ♦t❤❡r t❡r♠ ✐s ♣♦s✐t✐✈❡✮✱ t❤✉s 1 0 ||ψ ε (r, •)|| 2 L 2 r 2 ❞r ≤ M ′ ε ❛♥❞ ψ ε → 0 ❛✳❡✳ ♦♥ Ω✳ ❙✐♥❝❡ (X ε ) ε ❛♥❞ (F ε (T ε )) ε ❛r❡ ❜♦✉♥❞❡❞✱ ✭✸✳✶✹✮ ♣r♦✈✐❞❡s 1 δ (H(ϕ ε (r, •), ψ ε (r, •)) -K + B||ψ ε (r, •)|| 2/3 L 2 ❞r r + 1 δ ||∂ r ϕ ε (r, •)|| 2 L 2 r ❞r ≤ M ′′ ❢♦r s♦♠❡ ❝♦♥st❛♥t M ′′ ✇❤✐❝❤ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ε✳ ❲❡ ♥♦✇ ✉s❡ t❤❡ ❡st✐♠❛t❡ ✭✸✳✼✮ t♦ ❣❡t 1 2 1 δ || ϕ ε -Φ|| 2 H 1 ❞r r + 1 δ ||∂ r ϕ ε (r, •)|| 2 L 2 r ❞r ≤ M ′′ ❲❡ t❤✉s ❤❛✈❡ ❛ L 2 loc ✲•♦❝ ❜♦✉♥❞ ∂ r ϕ ε ❛♥❞ ♦♥ ∂ θ ϕ ε ✱ ❜✉t s✐♥❝❡ ϕ(r, θ) = max(R 1 (θ), ϕ(r, θ))✱ t❤❡ ❜♦✉♥❞ ♦♥ ∂ r ϕ ε ✐♠♣•✐❡s ❛ ❜♦✉♥❞ ♦♥ ∂ r ϕ ε ✳ ❚❤✉s✱ t❤❡ ❢❛♠✐•② ( ϕ ε ) ε ✐s ❜♦✉♥❞❡❞ ✐♥ H 1 loc (Ω) ❛♥❞ t❤❡r❡ ❡①✐sts ε k → 0 ❛♥❞ ϕ s✉❝❤ t❤❛t ϕ ε → ϕ ❛✳❡✳ ♦♥ Ω✳ ❇✉t ✇❡ r❡❝❛•• t❤❛t t❤❡ ❡st✐♠❛t✐♦♥ ✭✸✳✽✮ st✐•• ❤♦•❞s ❛♥❞ ♣r♦✈✐❞❡s |ϕ ε k -ϕ ε k | ≤ B 1 |ψ ε | → 0 ✇❤✐❝❤ •❡❛❞s ϕ ε k → ϕ ❛✳❡✳ ♦♥ Ω✳ ■❢ ✇❡ s❡t ♥♦✇ T (x) = ϕ x |x| ✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t T ε k → T ❛✳❡✳ ♦♥ Ω✳ ❚❤✐s ❝♦♥✈❡r❣❡♥❝❡ ❛•s♦ ❤♦•❞s ✐♥ L 2 (Ω) s✐♥❝❡ |T ε | ≤ sup R 2 ❢♦r ❛♥② ε✳ ❚❤✐s ♣r♦✈❡s t❤❡ ✜rst st❛t❡♠❡♥t ♦❢ t❤❡ ❚❤❡♦r❡♠ ✸✳✸✳✶✳ ❆ss✉♠❡ ♥♦✇ t❤❛t (T ε ) ε ✐s ❛ ❢❛♠✐•② ♦❢ tr❛♥s♣♦rt ♠❛♣s ❝♦♥✈❡r❣✐♥❣ t♦ s♦♠❡ T ❢♦r t❤❡ L 2 ✲♥♦r♠ ♦♥ Ω✳ ❲❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✸✳✶✹✮ t❤❛t✱ ✐❢ ✇❡ s❡t C = -inf X>0 (A inf f X 3 -BX)✱ ✇❤✐❝❤ ♦♥•② ❞❡♣❡♥❞s ♦♥ Ω ′ ✱ ✇❡ ❤❛✈❡ F ε (T ε ) ≥ -C + 1 δ (H(ϕ ε (r, •), ψ ε (r, •)) -K + B||ψ ε (r, •)|| 2/3 L 2 ) ❞r r + 1 δ ||∂ r ϕ ε (r, •)|| 2 L 2 r ❞r ❆ss✉♠✐♥❣ t❤❛t (F ε (T ε )) ε ✐s ❜♦✉♥❞❡❞✱ t❤❡ ❛❜♦✈❡ ❝♦♠♣✉t❛t✐♦♥s ❣✐✈❡ ❛ H 1 ✲•♦❝ ❜♦✉♥❞ ❢♦r (ϕ ε ) ε ✱ t❤✉s lim inf ε→0 1 δ ||∂ r ϕ ε (r, •)|| 2 L 2 r ❞r ≥ 1 0 ||∂ r ϕ(r, •)|| 2 L 2 r ❞r s✐♥❝❡ t❤✐s ❢✉♥❝t✐♦♥❛• ✐s •♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ❢♦r t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ H 1 (Ω)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❡st✐♠❛t❡ ✭✸✳✼✮ s❤♦✇s ❛•s♦ t❤❛t H(ϕ ε (r, •), ψ ε (r, •)) -K + B||ψ ε (r, •)|| 2/3 L 2 ≥ 0 ❢♦r ❛♥② ε ❛♥❞ r✱ t❤✉s ✇❡ ❝❛♥ ❛♣♣•② t❤❡ ❋❛t♦✉ •❡♠♠❛ s✐♥❝❡ t❤❡ s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢ H ♣r♦✈✐❞❡s lim inf k→+∞ (H(ϕ ε (r, •), ψ ε (r, •)) -K + B||ψ ε (r, •)|| 2/3 L 2 ) ≥ G(ϕ(r, •)) ❢♦r ❛✳❡✳ r ∈ (0, 1)✳ ❚❤✉s lim inf ε→0 F ε (T ε ) ≥ -C + 1 0 G(ϕ(r, •)) ❞r r + 1 0 ||∂ r ϕ(r, •)|| 2 L 2 r ❞r ❛s ❛♥♥♦✉♥❝❡❞✳ |❡♠❛r❦✳ ■❢ ✇❡ ❝❤♦♦s❡ t♦ s❡t δ = λε 1/3 ✱ ✇❤❡r❡ λ ✐s t♦ ❜❡ ✜①❡❞ ❞❡♣❡♥❞✐♥❣ ♦♥ ε✱ t❤❡ ♣r❡❝✐s❡ ❡①♣r❡ss✐♦♥ ✭✸✳✻✮ ❜❡❝♦♠❡s F ε (T ε ) = 1 ε Ω δ (|T ε (x) -x| -|T (x)| + |x|)f (x) ❞x + Ω δ |DT ε | 2 -K log λ + 1 ε Ω\Ω δ (|T ε (x) -x| -|T (x)| + |x|)f (x) ❞x -B 1 δ ||ψ ε (r, •)|| 2/3 L 2 r ❞r + 1 δ (H(ϕ ε (r, •), ψ ε (r, •)) -K + B||ψ ε (r, •)|| 2/3 L 2 ) ❞r r + 1 δ ||∂ r ϕ ε (r, •)|| 2 L 2 r ❞r ✭✸✳✶✺✮ ✸✳✹✳ P|❖❖❋ ❖❋ ❚❍❊❖|❊▼ ✸✳✸✳✶ ✾✶ ❇② ✉s✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s ✭✸✳✼✮ ❛♥❞ ✭✸✳✶✷✮✱ ✇❡ ❣❡t t❤❛t t❤❡ s❡❝♦♥❞ •✐♥❡ ✐s t❤✐s t✐♠❡ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇ ❜② A inf f X ε - B λ (X ε ) 1/3 ✇❤✐❝❤ ✐s ✐ts❡•❢ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇ ❜② -C λ = inf{A inf f X -B λ X 1/3 }✱ ✇❤✐❝❤ ❣♦❡s t♦ 0 ❛s λ → +∞✳ ❚❤✉s✱ t❤❡s❡ t❡r♠s ❞✐s❛♣♣❡❛r ✐❢ λ ❣♦❡s t♦ +∞ ❛s ε → 0✳ ▲❡t ✉s ♥♦✇ ❝♦♠♣✉t❡ t❤❡ ✜rst •✐♥❡ ♦❢ ✭✸✳✶✺✮✿ 1 ε Ω δ (|T ε (x) -x| -|T (x)| + |x|)f (x) ❞x + Ω δ |DT ε | 2 -K log λ = δ 2 ε Ω (|U ε (y) -δy| -|U ε (y)| + |δy|)f (δy) ❞y + Ω |DU ε | 2 -K log λ ✇❤❡r❡ ✇❡ ❤❛✈❡ s❡t x = δy ❛♥❞ U ε (y) = T ε (δy)✳ ◆♦✇ ✇❡ ✉s❡ t❤❡ ❢♦••♦✇✐♥❣ ❡①♣❛♥s✐♦♥ |U ε (y) -δy| -|U ε (y)| = δ |y| -y • U ε (y) |U ε (y)| + o(δ 2 ) ❛♥❞ r❡❝❛•• t❤❛t δ = λε 1/3 ✱ t♦ ❣❡t δ 2 ε Ω |U ε (y) -δy| -|U ε (y)| + |δy|f (δy) ❞y + Ω |DU ε | 2 -K log λ = Ω λ 3 |y| -y • U ε (y) |U ε (y)| f (δy) ❞y + Ω |DU ε | 2 -K log λ + o λ 4 ε 4/3 ❲❡ ❝❛♥ ❜♦✉♥❞ t❤✐s t❡r♠ ❢r♦♠ ❜❡•♦✇ ✭✉♣ t♦ t❤❡ r❡st ✇✐t❤ ♦r❞❡r λ 4 ε 1/3 ✱ t❤❛t ✇❡ ❝❛♥ ♠❛❦❡ ❣♦✐♥❣ t♦ 0 ✇✐t❤ ❛ ❣♦♦❞ ❝❤♦✐❝❡ ♦❢ λ✱ ❛♥❞ ❛♥♦t❤❡r r❡st t❛❦✐♥❣ ❛❝❝♦✉♥t ♦❢ f (δy) → f (0)✮ ✇✐t❤ -C ′ λ = inf f (0) Ω λ 3 |y| -y • U (y) |U (y)| ❞y + Ω |DU | 2 -K log λ ✇❤❡r❡ t❤❡ ❝♦♥str❛✐♥t ♦♥ U ❤❛s t♦ ❜❡ ♣r❡❝✐s❡❞ ❛♥❞ ✐s s❛t✐s✜❡❞ ❜② U ε ✳ ❋♦r ❛ ❣♦♦❞ ❝❤♦✐❝❡ ♦❢ λ✱ ❛s ε → 0✱ ✇❡ s❦✐♣ t❤❡ ✜rst ❝♦♥st❛♥t -C λ ❛♥❞ ❣❡t✱ s✐♥❝❡ t❤❡ t❤✐r❞ •✐♥❡ ♦❢ ✭✸✳✶✺✮ ✐s •♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s✱ lim inf ε→0 F ε ≥ F (T ) -lim λ→+∞ C ′ λ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ r❡s✉•t t❤❛t ✇❡ ❝♦♥•❡❝t✉r❡❞ ✐♥ ♦r❞❡r t♦ ♠❛❦❡ ♠♦r❡ ♣r❡❝✐s❡ t❤❡ t❤❡♦r❡♠ ✸✳✸✳✶✳ ✸✳✹✳✷ ❈♦♥str✉❝t✐♦♥ ♦❢ ❢❛♠✐•② ♦❢ tr❛♥s♣♦rt ♠❛♣s ✇✐t❤ ❡q✉✐✲❜♦✉♥❞❡❞ ❡♥❡r❣② ❚❤❡ •❛st ♣♦✐♥t ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✶ ❝♦♥s✐sts ✐♥ ❜✉✐•❞✐♥❣ ❛ ❢❛♠✐•② ♦❢ ♠❛♣s (T ε ) ε s✉❝❤ t❤❛t (F ε (T ε )) ε ✐s ❛s ✇❡•• ❜♦✉♥❞❡❞✳ ❚❤❡ s❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢ ✐s t❤❡ ❢♦••♦✇✐♥❣✿ ✇❡ st❛rt ❢r♦♠ ❛ tr❛♥s♣♦rt ♠❛♣ T = ϕ x |x| ✇✐t❤ ϕ(0, •) = Φ ✭t❤❛t ✇❡ ❝❛•• ✏t❤❡ ♦r✐❣✐♥❛• T ✑ ✐♥ t❤❡ ❢♦••♦✇✐♥❣✮✱ ❛ss✉♠❡ t❤❛t ϕ ✐s r❡❣✉•❛r ❡①❝❡♣t ❛r♦✉♥❞ t❤❡ ♦r✐❣✐♥✱ ❛♥❞ ♠♦❞✐❢② T ♦♥•② ♦♥ Ω δ ✳ ❙t❡♣ ✶✿ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛• tr❛♥s♣♦rt ♠❛♣✳ ❲❡ s❡t T (x) = ϕ(r, θ) x |x| ✱ ✇❤❡r❡ ϕ ✐s ❜✉✐•t ❛s ❢♦••♦✇s✿ • ϕ(0, θ) = Φ(θ)✱ ❛♥❞ ϕ(•, θ) ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ s❡♥❞s t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛• ♠❡❛s✉r❡ µ θ ✭t❤❡ st❛rt✐♥❣ ♠❡❛s✉r❡ µ ❝♦♥❝❡♥tr❛t❡❞ ♦♥ t❤❡ tr❛♥s♣♦rt r❛② ✇✐t❤ ❛♥❣•❡ θ✮ ♦♥t♦ ν θ /2 ✭✇❤❡r❡ ν θ ✐s t❤❡ t❛r❣❡t ♠❡❛s✉r❡ ♦♥ t❤❡ s❛♠❡ tr❛♥s♣♦rt r❛②✮✱ ✉♥t✐• t❤❡ r❛❞✐✉s ρ 1 s✉❝❤ t❤❛t ϕ(ρ 1 , θ) = R 2 (θ)❀ • st❛rt✐♥❣ ❢r♦♠ t❤✐s r❛❞✐✉s ρ 1 ✱ ϕ(•, θ) ✐s ❞❡❝r❡❛s✐♥❣ ✇✐t❤ t❤❡ s❛♠❡ s♦✉r❝❡ ❛♥❞ t❛r❣❡t ♠❡❛s✉r❡✱ ✉♥t✐• t❤❡ r❛❞✐✉s ρ 2 s✉❝❤ t❤❛t✱ ❛❣❛✐♥✱ ϕ(ρ 2 , θ) = Φ(θ)✳ ❚❤❡r❡❢♦r❡✱ ♦♥ t❤❡ ✐♥t❡r✈❛• (ρ 1 , ρ 2 )✱ ϕ(•, θ) s❡♥❞s µ θ ♦♥t♦ ν θ | (Φ(θ),R2(θ)) ❀ • ♦♥ t❤❡ •❛st ✐♥t❡r✈❛• ✭✐❢ ✐t ✐s ♥♦♥✲❡♠♣t②✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ Φ(θ) > R 1 (θ)✮✱ ϕ ✐s st✐•• ❞❡❝r❡❛s✐♥❣ ❛♥❞ s❡♥❞s µ θ ♦♥t♦ ν θ | (R1(θ),Φ(θ) Pr❡❝✐s❡•②✱ ✇❡ ✜① θ ❛♥❞ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ µ θ ✱ ν θ ❛r❡ ❞µ θ (r) = rf (r, θ) ❞r ❛♥❞ ❞ν θ (r) = rg(r, θ) ❞r ✇❤✐❝❤ ❤❛✈❡ ❜♦t❤ s❛♠❡ ♠❛ss ♦♥ (0, 1) ❛♥❞ (R 1 (θ), R 2 (θ)) r❡s♣❡❝t✐✈❡•②✳ ◆♦✇ ✇❡ ❞❡✜♥❡ s✉❝❝❡ss✐✈❡•② ρ 1 (θ) ❛♥❞ ρ 2 (θ) ❜② ρ1(θ) 0 ❞µ θ = R2(θ) Φ(θ) 1 2 ❞ν θ ❛♥❞ ρ2(θ) ρ1(θ) ❞µ θ = R2(θ) Φ(θ) 1 2 ❞ν θ ✇❤✐❝❤ ❛r❡ ♣r♦♣❡r ❞❡✜♥✐t✐♦♥s t❤❛♥❦s t♦ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛•✉❡ t❤❡♦r❡♠✱ ❛♥❞ ✐♠♣•② 1 ρ2(θ) ❞µ θ = Φ(θ) 0 ❞ν θ ❚❤✉s✱ ✇❡ ❤❛✈❡ t❤❡ ❡q✉❛•✐t② ❜❡t✇❡❡♥ ♠❛ss❡s✿ µ θ (0, ρ 1 (θ)) = µ θ (ρ 1 (θ), ρ 2 (θ)) = 1 2 ν θ (Φ(θ), 1) ❛♥❞ µ θ (ρ 2 (θ), 1) = ν θ (0, Φ(θ)) ❛♥❞ t❤❡ ♠❡❛s✉r❡s µ θ ✱ ν θ ❛r❡ ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ♦♥ t❤❡s❡ ✐♥t❡r✈❛•s✳ ❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ ϕ(•, θ) ❛s ❜❡✐♥❣✿ • ♦♥ t❤❡ ✐♥t❡r✈❛• (0, ρ 1 (θ))✱ t❤❡ ✉♥✐q✉❡ ✐♥❝r❡❛s✐♥❣ ♠❛♣ (0, ρ 1 (θ) → (Φ(θ), 1) s❡♥❞✐♥❣ µ θ ♦♥t♦ 1 2 ν θ ❀ • ♦♥ t❤❡ ✐♥t❡r✈❛• (ρ 1 (θ), ρ 2 (θ))✱ t❤❡ ✉♥✐q✉❡ ❞❡❝r❡❛s✐♥❣ ♠❛♣ (ρ 1 (θ), ρ 2 (θ)) → (Φ(θ), 1) s❡♥❞✐♥❣ µ θ ♦♥t♦ 1 2 ν θ ❀ • ♦♥ t❤❡ ✐♥t❡r✈❛• (ρ 2 (θ), 1) ✭✐❢ t❤✐s ✐♥t❡r✈❛• ✐s ♥♦t ❡♠♣t②✮✱ t❤❡ ✉♥✐q✉❡ ❞❡❝r❡❛s✐♥❣ ♠❛♣ (ρ 2 (θ), 1) → (0, Φ(θ)) s❡♥❞✐♥❣ µ θ t♦ ν θ ■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t ϕ(•, θ)✱ ❞❡✜♥❡❞ ♦♥ t❤❡ ✇❤♦•❡ (0, 1)✱ s❡♥❞s ❣•♦❜❛••② µ θ ♦♥t♦ ν θ ✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛• ✈❛•✉❡❞ ❢✉♥❝t✐♦♥ T : x = (r, θ) ∈ Ω → ϕ(r, θ) x |x| ∈ Ω ′ ✐s ❛ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ µ t♦ ν✳ ❙t❡♣ ✷✿ ❡st✐♠❛t❡s ♦♥ ϕ ❛r♦✉♥❞ t❤❡ ♦r✐❣✐♥✳ ❆s ❛❜♦✈❡✱ ✇❡ s❡t δ = ε 1/3 ❛♥❞ ✇❡ ❛✐♠ t♦ ♠♦❞✐❢② T ♦♥•② ♦♥ Ω δ = Ω ∩ B(0, δ)✳ ■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛s ✇❡•• ❛ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ µ t♦ ν✱ ✇❡ ❤❛✈❡ t♦ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ♥❡✇ ♠❛♣ S s❡♥❞s t❤❡ ❞♦♠❛✐♥ Ω δ ♦♥ ✐ts ✐♠❛❣❡ T (Ω δ )✱ ✇✐t❤ t❤❡ ❝♦♥str❛✐♥t ♦❢ ✐♠❛❣❡ ♠❡❛s✉r❡✳ ❋♦r t❤✐s✱ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡s ♦♥ t❤❡ ♦r✐❣✐♥❛• tr❛♥s♣♦rt T ✇✐•• ❜❡ ✉s❡❢✉•✿ Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✶✳ ❚❤❡ ❛❜♦✈❡ ❢✉♥❝t✐♦♥ ϕ ❤❛s ▲✐♣s❝❤✐t③ r❡❣✉•❛r✐t② ♦♥ (0, 1) × (0, π/2)✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts c, C ❞❡♣❡♥❞✐♥❣ ♦♥•② ♦♥ Ω ′ ✱ f ✱ g s✉❝❤ t❤❛t cr 2 ≤ ϕ(r, θ) -Φ(θ) ≤ Cr 2 ✭✸✳✶✻✮ ❢♦r ❛♥② r s♠❛•• ❡♥♦✉❣❤ ❛♥❞ θ ∈ (0, π/2)✱ ❛♥❞ Lip(ϕ(r, •) -Φ) ≤ Cr 2 ✭✸✳✶✼✮ ❢♦r ❛♥② r ∈ (0, 1)✳ Pr♦♦❢✳ ❚❤❡ ▲✐♣s❝❤✐t③ r❡❣✉•❛r✐t② ♦❢ ϕ ✐s ❛❝t✉❛••② ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✐ts ❞❡✜♥✐t✐♦♥ ❛♥❞ ♦❢ t❤❡ ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥ t❤❡♦r❡♠✳ ❋✐rst✱ •❡t ✉s r❡❝❛•• t❤❛t ρ 1 (θ) ✐s ❞❡✜♥❡❞ ❜② F (ρ 1 (θ), θ) = 1 2 (G(R 2 (θ), θ) -G(Φ(θ), θ)) ✇❤❡r❡ F (R, θ) = R 0 ❞µ θ = R 0 rf (r, θ) ❞r ❛♥❞ G(R, θ) = R R1(θ) ❞ν θ = R R1(θ) rg(r, θ) ❞r ◆♦t✐❝❡ t❤❛t ✇❡ ❤❛✈❡ ♥❡❝❡ss❛r② ρ 1 (θ) ≥ δ 0 > 0✱ ✇❤❡r❡ δ 0 ✈❡r✐✜❡s✱ ❢♦r ✐♥st❛♥❝❡✱ B(0,δ0)∩Ω ❞µ = sup R1≤r≤inf R2 ❞ν ✭s✉❝❤ ❛ δ 0 ❡①✐sts s✐♥❝❡ δ → µ(B(0, δ) ∩ Ω) ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ✐♥❝r❡❛s✐♥❣✮✳ ❚❤✉s✱ F ✐s C 1 ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ✜rst ✈❛r✐❛❜•❡ ❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡ ✐s ▲✐♣s❝❤✐t③ ❛♥❞ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇ ❜② δ 0 inf f ✱ ❛♥❞ t❤❡ s❛♠❡ ❤♦•❞s ❢♦r G❀ ♠♦r❡♦✈❡r✱ F ❛♥❞ G ❛r❡ ❜♦t❤ ▲✐♣s❝❤✐t③ ✇✐t❤ r❡s♣❡❝t t♦ θ✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥ t❤❡♦r❡♠✱ ρ 1 ✐s ✇❡••✲❞❡✜♥❡❞ ❛♥❞ ▲✐♣s❝❤✐t③✳ ❚❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ s❤♦✇s t❤❛t ρ 2 ✐s ✇❡••✲❞❡✜♥❡❞ ❛♥❞ ▲✐♣s❝❤✐t③✳ ❚❤❡♥ ✇❡ ❦♥♦✇ t❤❛t ϕ ✐s ❞❡✜♥❡❞ ✐❢ 0 ≤ r ≤ ρ 1 (θ) ❜② r 0 ❞µ θ = ϕ(r,θ) Φ(θ) ❞ν θ ✐✳❡✳ F (r, θ) = G(ϕ(r, θ), θ) -G(Φ(θ), θ) ❆❣❛✐♥✱ ❜② t❤❡ ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥ t❤❡♦r❡♠✱ ϕ ✐s C 1 ✇✐t❤ r❡s♣❡❝t t♦ r ❛♥❞ ▲✐♣s❝❤✐t③ ✇✐t❤ r❡s♣❡❝t t♦ θ✳ ❚❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❝❛♥ ❜❡ ❛♣♣•✐❡❞ ♦♥ t❤❡ ✐♥t❡r✈❛•s (ρ 1 (θ), ρ 2 (θ)) ❛♥❞✱ ✐❢ ✐t ✐s ♥♦♥✲❡♠♣t②✱ (ρ 2 (θ), 1)✳ ❲❡ ❣❡t t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ϕ ✐s ▲✐♣s❝❤✐t③ ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ❜♦t❤ ✈❛r✐❛❜•❡s (r, θ)✳ ◆♦t✐❝❡ ❛•s♦ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡ ♦♥ ϕ(r, θ) ❢♦r r s♠❛•• ❡♥♦✉❣❤✿ ✇❡ ❤❛✈❡ r 0 ❞µ θ = ϕ(r,θ) Φ(θ) ❞ν θ ✱ ✇✐t❤ t❤❡ ✐♥❡q✉❛•✐t✐❡s r 2 inf f ≤ r 0 ❞µ θ ≤ r 2 sup f ❛♥❞ (inf g)(ϕ(r, θ) -Φ(θ)) ≤ ϕ(r,θ) Φ(θ) ❞ν θ ≤ (sup g)(ϕ(r, θ) -Φ(θ)) ❚❤✐s •❡❛❞s ✐♠♠❡❞✐❛t❡•② t♦ ✭✸✳✶✻✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❦♥♦✇ t❤❛t ϕ(r, θ) ❤❛s ▲✐♣s❝❤✐t③ r❡❣✉•❛r✐t② ✇✐t❤ r❡s♣❡❝t t♦ θ ❛♥❞ ϕ(R,θ) R1(θ) rg(r, θ) ❞r = R 0 rf (r, θ) ❞r ✭✸✳✶✽✮ ■❢ θ ✐s s✉❝❤ t❤❛t t❤❡ ❡q✉❛•✐t② ✭✸✳✶✽✮ ✐s ❞✐✛❡r❡♥t✐❛❜•❡ ✇✐t❤ r❡s♣❡❝t t♦ θ ✭✇❤✐❝❤ ✐s tr✉❡ ❢♦r ❛✳❡✳ θ s✐♥❝❡ ❛•• t❤❡ ❝♦♥s✐❞❡r❡❞ ❢✉♥❝t✐♦♥s ❛r❡ ❛t •❡❛st ▲✐♣s❝❤✐t③✮✱ ✇❡ ❣❡t ∂ 2 ϕ(R, θ)ϕ(R, θ)G(ϕ(R, θ), θ) -R ′ 1 (θ)R 1 (θ)G(ϕ(R, θ), θ) = R 0 r∂ 2 f (r, θ) ❞r t❤✉s ∂ θ (ϕ(R, θ) -R 1 (θ))ϕ(R, θ)G(ϕ(R, θ), θ) + R ′ 1 (θ)(ϕ(R, θ) -R 1 (θ))G(ϕ(R, θ), θ) = R 0 r∂ 2 f (r, θ) ❞r ❛♥❞ |∂ θ (ϕ(R, θ) -R 1 (θ))| ≤ (Lip R 1 )(sup G) (inf R 1 )(inf G) |ϕ(R, θ) -R 1 (θ)| + R 2 2 Lip F ❚❤❛♥❦s t♦ t❤❡ ✐♥❡q✉❛•✐t② ✭✸✳✶✻✮✱ ✇❡ ❣❡t |∂ θ (ϕ(R, θ) -R 1 (θ))| ≤ CR 2 ❢♦r s♦♠❡ ❝♦♥st❛♥t C ❞❡♣❡♥❞✐♥❣ ♦♥•② ♦♥ f ✱ g✱ Ω ′ ✱ ✇❤✐❝❤ ♣r♦✈❡s ✭✸✳✶✼✮✳ ✾✹ ❈❍❆P❚❊| ✸✳ ❚❍❊ ▼❖◆•❊ P|❖❇▲❊▼ ❲■❚❍ ❱❆◆■❙❍■◆• •|❆❉■❊◆❚ P❊◆❆▲■)❆❚■❖◆ ❙t❡♣ ✸✿ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛• T ✳ ■♥ t❤❛t ❢♦••♦✇s✱ ✇❡ ❞❡♥♦t❡ ❜② Ω δ = Ω 1 ∩ B(0, δ) = {x = (r, θ) : 0 < r < δ ❛♥❞ 0 < θ < π/2} ❛♥❞ Ω ′ δ = T (Ω δ ) = {x = (r, θ) : Φ(θ) < r < ϕ(δ, θ) ❛♥❞ 0 < θ < π/2} ❲❡ ♥♦✇ ❞❡♥♦t❡ ❜②✿ • S 1 : x ∈ Ω δ → x δ ∈ Ω 1 ❛♥❞ f δ (x) = f (δx)✳ ◆♦t✐❝❡ t❤❛t f δ = 1 δ 2 (S 1 ) # (f | Ω δ )❀ • Ω 2 ✐s t❤❡ r❡❝t❛♥❣•❡ (0, 1) × (0, π/2) ❛♥❞ S 2 : (λ, θ) ∈ Ω 2 → x = (Φ(θ) + λ(ϕ(δ, θ) -Φ(θ)), θ) ∈ Ω ′ δ ✇❤❡r❡ x ✐s ❤❡r❡ ✇r✐tt❡♥ ✐♥ ♣♦•❛r ❝♦♦r❞✐♥❛t❡s✳ ❲❡ ❛•s♦ ❞❡♥♦t❡ ❜② g δ = 1 δ 2 (S 2 ) -1 # g| Ω ′ δ ✳ ❆s ❛❜♦✈❡✱ S 1 ❛♥❞ S 2 ❛❝t✉❛••② ❞❡♣❡♥❞ ♦♥ δ ❜✉t ✇❡ ❢♦r❣❡t t❤❡ ✐♥❞❡① δ ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣•✐❝✐t② ♦❢ t❤❡ ♥♦t❛t✐♦♥s✳ ❲❡ ❤❛✈❡ ♦❢ ❝♦✉rs❡ inf f ≤ f δ (x) ≤ sup f ❢♦r ❛♥② x ∈ Ω 1 ✱ ❛♥❞ Lip f δ ≤ δ Lip f ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ S 2 ✐s ▲✐♣s❝❤✐t③ ❛♥❞ ♦♥❡✲t♦✲♦♥❡✱ t❤❡ ▼♦♥❣❡✲❆♠♣èr❡ ❡q✉❛t✐♦♥ ♣r♦✈✐❞❡s det DS 2 (λ, θ) = g δ (λ, θ) g(S 2 (λ, θ)) t❤✉s g δ (λ, θ) = (ϕ(δ, θ) -Φ(θ)) 1 δ 2 g(S 2 (λ, θ)) ✭✸✳✶✾✮ ❲❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✸✳✶✻✮ ❛♥❞ ✭✸✳✶✾✮ t❤❛t c ≤ g δ ≤ C ❢♦r c, C ♣♦s✐t✐✈❡ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ δ✳ ▼♦r❡♦✈❡r✱ ✭✸✳✶✾✮ ♣r♦✈✐❞❡s Lip g δ ≤ sup(ϕ δ -ϕ) 1 δ 2 Lip(g • S 2 ) + Lip(ϕ δ -Φ) 1 δ 2 sup g ❆❣❛✐♥✱ t❤❛♥❦s t♦ ✭✸✳✶✻✮ ❛♥❞ ✭✸✳✶✾✮ ❛♥❞ ✉s✐♥❣ t❤❛t Lip S 2 ✐s ✉♥✐❢♦r♠•② ❜♦✉♥❞❡❞ ✇✐t❤ r❡s♣❡❝t t♦ δ✱ ✇❡ ❣❡t Lip g δ ≤ C ✐♥❞❡♣❡♥❞❡♥t ♦❢ δ✳ ❲❡ ✇♦✉•❞ •✐❦❡ t♦ ✉s❡ t❤❡ ❚❤❡♦r❡♠ ❆✳✸✳✶✱ ❜✉t t❤✐s r❡s✉•t ✇♦r❦s ❛ ♣r✐♦r✐ ♦♥•② t♦ •✐♥❦ t✇♦ ♠❡❛s✉r❡s ❞❡✜♥❡❞ ♦♥ t❤❡ s❛♠❡ ❞♦♠❛✐♥✳ ❚❤✉s✱ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ st❡♣ ❝♦♥s✐sts ✐♥ s❡♥❞✐♥❣ Ω δ ✱ Ω ′ δ ♦♥t♦ t❤❡ ✉♥✐t ❜❛••✱ ✇❤✐❝❤ ✐s ❞✐r❡❝t•② ❛••♦✇❡❞ ✐♥ ❛ r❡❣✉•❛r ❡♥♦✉❣❤ t❤❛♥❦s t♦ t❤❡ ▲❡♠♠❛ ✸✳✷✳✷✳ ▼♦r❡♦✈❡r✱ •❡t ✉s ♥♦t✐❝❡ t❤❛t Ω 1 ✱ Ω 2 ❛r❡ ✐♥✜♥✐t❡•② ❞✐✛❡♦♠♦r♣❤✐❝ t♦ t❤❡ ❢♦••♦✇✐♥❣ ❞♦♠❛✐♥s ✭✇❤✐❝❤ ❛r❡ ♦❜t❛✐♥❡❞ ❞✐r❡❝t•② t❤❛♥❦s t♦ r♦t❛t✐♦♥s✴tr❛♥s•❛t✐♦♥s✴❞✐•❛t✐♦♥s✮✿ θ θ θ λ(θ) ✸✳✹✳ P|❖❖❋ ❖❋ ❚❍❊❖|❊▼ ✸✳✸✳✶ ✾✺ ■♥ t❤❡ ❛❜♦✈❡ ♣✐❝t✉r❡✱ t❤❡ ✉♣♣❡r r✐❣❤t ❛♥❞ •♦✇❡r r✐❣❤t ❝♦r♥❡rs ♦❢ t❤❡ s❡❝♦♥❞ ❞♦♠❛✐♥s ❛r❡ ❡q✉❛• t♦ t❤❡ ✉♣♣❡r r✐❣❤t ❛♥❞ •♦✇❡r r✐❣❤t ❝♦r♥❡rs ♦❢ t❤❡ ✜rst ❞♦♠❛✐♥s✳ ❙✐♥❝❡ t❤❡ ♠❛♣s ♣r♦✈✐❞❡❞ ❜② t❤❡ ▲❡♠♠❛ ✸✳✷✳✷ ❢r♦♠ t❤❡s❡ t✇♦ ❞♦♠❛✐♥s t♦ t❤❡ ✉♥✐t ❞✐s❦ ❜♦t❤ ♣r❡s❡r✈❡ ❛♥❣•❡s ✭✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦r✐❣✐♥✱ s❡❡ t❤❡ ❛♥❣•❡ θ ♦♥ t❤❡ ♣✐❝t✉r❡✮✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② α✱ β t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛♣s st❛rt✐♥❣ ❢r♦♠ Ω 1 ✱ Ω 2 ✱ ✇❡ ❤❛✈❡ β -1 • α(x) = (1, λ(θ)) ✐❢ |x| = 1 ❛♥❞ x ❤❛s θ ❢♦r ❛♥❣•❡✳ ✇❤❡r❡ λ ✐s ❛ ❜✐✲▲✐♣s❝❤✐t③ ♠❛♣ ❢r♦♠ t❤❡ ✐♥t❡r✈❛• (0, π/2) ♦♥t♦ (0, 1)❀ ❜② ❝♦♠♣♦s✐♥❣ t❤❡ s❡❝♦♥❞ ❝♦♦r❞✐♥❛t❡ ✇✐t❤ λ -1 ✱ ♦♥❡ ❝❛♥ ❛❝t✉❛••② ❛ss✉♠❡ t❤❛t β -1 • α(x) = (1, θ)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ r❡❣✉•❛r✐t② ♦❢ det Dα✱ det Dβ t❤❛t✱ ✐❢ f δ = α # f δ ❛♥❞ g δ = β # g δ t❤❡♥ f δ ✱ g δ ❤❛✈❡ ❛•s♦ ✐♥✜♠✉♠✱ s✉♣r❡♠✉♠ ❛♥❞ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t ❜♦✉♥❞❡❞ ✐♥❞❡♣❡♥❞❡♥t•② ♦❢ δ✳ ◆♦✇ t❤❡ ❉❛❝♦r♦❣♥❛✲▼♦s❡r r❡s✉•t ♣r♦✈✐❞❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❜✐✲▲✐♣s❝❤✐t③ ❞✐✛❡♦♠♦r♣❤✐s♠ u δ ✱ ✇❤♦s❡ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t ✐s ❜♦✉♥❞❡❞ ✐♥❞❡♣❡♥❞❡♥t•② ♦❢ δ✱ s❡♥❞✐♥❣ t❤❡ ❞❡♥s✐t② f δ ♦♥t♦ g δ ✱ ❛♥❞ ✇✐t❤ u δ (x) = x ❢♦r |x| = 1✳ ❋✐♥❛••②✱ ✇❡ ❝♦♥s✐❞❡r S = S 2 • β -1 • u δ • α • S 1 ■❢ |x| = δ✱ ✇❡ ❤❛✈❡ |S 1 (x)| = 1✱ t❤✉s α(S(x)) ∈ ∂B(0, 1) ❛♥❞ β -1 (u δ (α(S 1 (x)))) = β -1 (α(S 1 (x))) s♦ t❤❛t β -1 (u δ (α(S 1 (x)))) = (1, θ)✱ ✇❤❡r❡ θ ✐s t❤❡ ❛♥❣•❡ ♦❢ x✳ ❈♦♥s❡q✉❡♥t•②✱ S 2 (β -1 (u δ (α(S 1 (x))))) ❤❛s (ϕ(δ, θ), θ) ❛s ♣♦•❛r ❝♦♦r❞✐♥❛t❡s✱ s♦ ✐t ✐s ❡q✉❛• t♦ T (x)✳ ❚♦ s✉♠♠❛r✐③❡✱ S ❛♥❞ T ❝♦✐♥❝✐❞❡ ♦♥ t❤❡ •✐♥❡ {|x| = δ}✱ S ✐s ▲✐♣s❝❤✐t③ ♦♥ Ω δ ❛♥❞✱ t❤❛♥❦s t♦ t❤❡ ❡st✐♠❛t❡s ♦♥ ϕ✱ T ✐s ▲✐♣s❝❤✐t③ ♦♥ Ω \ Ω δ ✳ ❚❤✐s ✐♠♣•✐❡s t❤❛t T ε ✐s ❣•♦❜❛••② ▲✐♣s❝❤✐t③ ♦♥ Ω✱ t❤✉s ✐t ❜❡•♦♥❣s t♦ H 1 (Ω)✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ Lip u δ ≤ C, Lip S 2 ≤ Lip Φ ❛♥❞ Lip S 1 = 1 δ t❤✉s Lip S ≤ C δ ❢♦r s♦♠❡ ❝♦♥st❛♥t C ✇❤✐❝❤ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ δ✳ ❙t❡♣ ✹✿ ❡st✐♠❛t❡s ♦♥ F ε (T ε )✳ ❲❡ r❡st❛rt ❢r♦♠ t❤❡ ❡①♣r❡ss✐♦♥ ✭✸✳✻✮✱ ❛♥❞ ✉s❡ t❤❡ ❢❛❝ts t❤❛t ψ ε = 0 ❛♥❞ t❤❛t T ε = T ♦✉ts✐❞❡ ♦❢ Ω δ ✿ F ε (T ε ) = 1 ε Ω δ (|S(x) -x| -|S(x)| + |x|)f (x) ❞x + Ω δ |DS(x)| 2 ❞x + 1 δ (||ϕ(r, •)|| 2 L 2 + ||∂ θ ϕ(r, •)|| 2 L 2 -K) ❞r r + 1 δ ||∂ r ϕ(r, •)|| 2 L 2 r ❞r ❲❡ st✐•• ❤❛✈❡ |S(x) -x| -|S(x)| + |x| ≤ 2|x| ❛♥❞ |DS(x)| ≤ C/δ✱ s♦ t❤❛t 1 ε Ω δ (|S(x) -x| -|S(x)| + |x|)f (x) ❞x + Ω δ |DS(x)| 2 ❞x ≤ π sup f 3 δ 3 ε + C 2 π 4 ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ s✐♥❝❡ δ = ε 1/3 ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ||ϕ(r, •)|| 2 L 2 + ||∂ θ ϕ(r, •)|| 2 L 2 -K = (||ϕ(r, •)|| 2 L 2 -||Φ|| 2 L 2 ) + (||∂ θ ϕ(r, •)|| 2 L 2 -||Φ ′ || 2 L 2 ) ✾✻ ❈❍❆P❚❊| ✸✳ ❚❍❊ ▼❖◆•❊ P|❖❇▲❊▼ ❲■❚❍ ❱❆◆■❙❍■◆• •|❆❉■❊◆❚ P❊◆❆▲■)❆❚■❖◆ = ϕ(r, •) -Φ, ϕ(r, •) + Φ L 2 + ∂ θ ϕ(r, •) -Φ ′ , ∂ θ ϕ(r, •) + Φ ′ L 2 ≤ ||ϕ(r, •) -Φ ′ || L 1 (||ϕ(r, •)|| ∞ + ||Φ|| ∞ ) + ||∂ θ ϕ(r, •) -Φ ′ || L 1 (Lip ϕ + Lip Φ) ❙✐♥❝❡ Φ✱ ϕ(r, •) ❛r❡ ✈❛•✉❡❞ ✐♥ Ω ′ ✱ t❤❡✐r L ∞ ✲♥♦r♠ ❛r❡ ❝♦♥tr♦••❡❞ ❜② sup R 2 ✳ ❇② ❝♦♠❜✐♥✐♥❣ t❤✐s ❛♥❞ t❤❡ ❡st✐♠❛t❡s ✭✸✳✶✻✮ ❛♥❞ ✭✸✳✶✼✮✱ ✇❡ ♦❜t❛✐♥ 0 ≤ ||ϕ(r, •)|| 2 L 2 + ||∂ θ ϕ(r, •)|| 2 L 2 -K ≤ Cr 2 ❢♦r r s♠❛•• ❡♥♦✉❣❤ ✭❛♥❞ ✇❤❡r❡ C ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ r✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❦♥♦✇ t❤❛t ϕ✱ Φ ❛♥❞ t❤❡✐r ❞❡r✐✈❛t✐✈❡s ❛r❡ ❣•♦❜❛••② ❜♦✉♥❞❡❞ ♦♥ (0, 1) × (0, π/2)✳ ❚❤✐s ♣r♦✈❡s t❤❛t 1 0 (||ϕ(r, •)|| 2 L 2 + ||∂ θ ϕ(r, •)|| 2 L 2 -K) ❞r r < +∞ ❛♥❞ 1 0 ||∂ r ϕ(r, •)|| 2 L 2 r ❞r < +∞ ❛♥❞ ✇❡ ❝♦♥❝•✉❞❡ t❤❛t (F ε (T ε )) ε ✐s ❜♦✉♥❞❡❞ ❛s ✇❡••✳ ❈❤❛♣t❡r ✹ |❡•❛t❡❞ ♠♦❞❡•s ❛♥❞ ♣❡rs♣❡❝t✐✈❡s ■♥ t❤❡ t❤r❡❡ ✜rst ❝❤❛♣t❡rs ♦❢ t❤✐s t❤❡s✐s✱ ✇❡ ❡①❛♠✐♥❡❞ t❤❡ ♠♦st ♥❛t✉r❛• q✉❡st✐♦♥s t❤❛t ✇❡ ❢❛❝❡ ✐♥ ❛♥② ✈❛r✐❛t✐♦♥❛• ♣r♦❜•❡♠ ✭✇❡••✲♣♦s❡❞♥❡ss✱ ❡①✐st❡♥❝❡✱ ♦♣t✐♠❛•✐t② ❝♦♥❞✐t✐♦♥s✱ s❡•❡❝t✐♦♥ ♦❢ ❛ ♠✐♥✐♠✐③❡r ✈✐❛ ❛ •✐♠✐t ♣r♦❝❡❞✉r❡✮✳ ❆•t❤♦✉❣❤ ✇❡ ❝♦♥s✐❞❡r❡❞ t❤❛t ✐t ✇❛s ♥❡❝❡ss❛r② t♦ st❛rt ❢r♦♠ t❤❡s❡ q✉❡st✐♦♥s✱ t❤❡② ❤❛✈❡ ❛•• ❜❡❡♥ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ♠♦st ❜❛s✐❝ ❢♦r♠✉•❛t✐♦♥ ♦❢ tr❛♥s♣♦rt ♣r♦❜•❡♠✱ ✇❤✐❝❤ ✐s ✏st❛t✐❝✑ ✭✐♥ s❡♥s❡ t❤❛t ♦♥•② ❛♣♣❡❛r ✐♥ t❤❡ ❢✉♥❝t✐♦♥❛• t❤❡ st❛rt✐♥❣ ♣♦✐♥t x ❛♥❞ t❤❡ ❛rr✐✈❛• ♣♦✐♥t T (x)✮ ❛♥❞ ❞♦❡s ♥♦t ❡①♣•♦✐t ❛ r❡•❛①❛t✐♦♥ ❢♦r♠✉•❛ ✭✇❤✐❝❤✱ ✐♥ t❤❡ ❝•❛ss✐❝❛• ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤ ♣r♦❜•❡♠✱ ✐s ♥❡❝❡ss❛r② t♦ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ✐♥ t❤❡ ♥✐❝❡ ❝❛s❡s ♦❢ st❛rt✐♥❣ ♠❡❛s✉r❡ µ✮✳ ■♥ ♦♣t✐♠❛• tr❛♥s♣♦rt✱ t❤❡ t✇♦ ❢♦••♦✇✐♥❣ ❛•t❡r♥❛t✐✈❡ ❢♦r♠✉•❛t✐♦♥s ❛r❡ ♥♦✇ ✇❡••✲❦♥♦✇♥✿ • t❤❡ ❑❛♥t♦r♦✈✐❝❤✬s ❢♦r♠✉•❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛• tr❛♥s♣♦rt ♣r♦❜•❡♠✱ ♥❛♠❡•② inf c(x, y) ❞γ(x, y) : (π 1 ) # γ = ν, (π 2 ) # γ = ν ✇❛s t❤❡ ❜❛s✐❝ t♦♦• t♦ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✐③✐♥❣ tr❛♥s♣♦rt ♠❛♣ T ✱ ❜✉t ❛•s♦ ♣r♦✈✐❞❡s s❡✈❡r❛• ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ ✐t ✈✐❛ t❤❡ ❞✉❛•✐t② ❢♦r♠✉•❛ inf c(x, T (x)) ❞µ(x) : T # µ = ν = sup ϕ ❞µ + ψ ❞ν : ϕ(x) + ψ(y) ≤ c(x, y) ❋♦r ✐♥st❛♥❝❡ t❤❡ ❢❛❝t t❤❛t T ✐s t❤❡ ❣r❛❞✐❡♥t ♦❢ ❛ ❝♦♥✈❡① ❢✉♥❝t✐♦♥ ✐♥ t❤❡ q✉❛❞r❛t✐❝ ❝❛s❡ c(x, y) = |y-x| 2 ✐s t②♣✐❝❛••② ♦❜t❛✐♥❡❞ t❤❛♥❦s t♦ t❤✐s ❢♦r♠✉•❛t✐♦♥❀ • ■♥ ❛ ✇❡••✲❦♥♦✇♥ ♣❛♣❡r ❬✾(✱ ❇❡♥❛♠♦✉ ❛♥❞ ❇r❡♥✐❡r ❤❛✈❡ s❤♦✇♥ t❤❡ ❡q✉❛•✐t② ❜❡t✇❡❡♥ t❤❡ ♦♣t✐♠❛• q✉❛❞r❛t✐❝ tr❛♥s♣♦rt ❝♦st ❛♥❞ t❤❡ q✉❛♥t✐t② inf 1 0 ||v t || 2 L 2 ρ t ❞t ✇❤❡r❡ t❤❡ ✐♥✜♠✉♠ ✐s t❛❦❡♥ ❛♠♦♥❣ t❤❡ ❢❛♠✐•② ♦❢ ✈❡•♦❝✐t② ✜❡•❞s ❛♥❞ ♠❡❛s✉r❡ (ρ t , v t ) t s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ❛♥❞ ✇❤✐❝❤ ❝♦♥♥❡❝t µ t♦ ν❀ t❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♠✐♥✐♠❛• ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ ❣❡♦❞❡s✐❝s ❢r♦♠ µ t♦ ν ✐♥ t❤❡ s♣❛❝❡ ♦❢ ♠❡❛s✉r❡s ✭s❡❡ t❤❡ ❞❡t❛✐•s ❜❡•♦✇✮✱ ❛♥❞ t❤✐s ❢♦r♠✉•❛t✐♦♥ ✐s ❛•s♦ ✐♠♣♦rt❛♥t ❢♦r ✐ts ♥✉♠❡r✐❝❛• ❛♣♣•✐❝❛t✐♦♥s ❜❡❝❛✉s❡ ✐t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❛ ❝♦♥✈❡① ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜•❡♠✳ ■t ✐s t❤✉s ♥❛t✉r❛• t♦ •♦♦❦ ❛t✿ ✾✼ • s✐♠✐•❛r ❞②♥❛♠✐❝s ❢♦r♠✉•❛t✐♦♥s ✭s✐♥❝❡ t❤❡② ✐♥✈♦•✈❡ ❛ t✐♠❡ ♣❛r❛♠❡t❡r✮ ❢♦r tr❛♥s♣♦rt ♣r♦❜•❡♠s ❛•s♦ ✐♥✈♦•✈✐♥❣ t❤❡ ❣r❛❞✐❡♥t❀ ✐♥ ♣❛rt✐❝✉•❛r✱ ✇❡ ❡①♣❡❝t t♦ r❡•❛t❡ inf ||T -✐❞|| 2 H 1 µ : T # µ = ν t♦ inf 1 0 ||v t || 2 H 1 ρ t ❞t ✇❤✐❝❤ •✉st ❝♦rr❡s♣♦♥❞s t♦ r❡♣•❛❝❡ ✐♥ t❤❡ t✇♦ t❡r♠s t❤❡ L 2 ✲♥♦r♠ ✇✐t❤ t❤❡ H 1 ✲♥♦r♠ ✭✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❡❛s✉r❡s ✐♥ ❜♦t❤ ❝❛s❡s✮❀ • ❞✉❛• ❑❛♥t♦r♦✈✐❝❤✲•✐❦❡ ❢♦r♠✉•❛t✐♦♥s✱ ❡✳❣✳ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ❛ ♠❡❛s✉r❡ γ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ tr❛♥s♣♦rt ♣•❛♥ ✭❜✉t ✇✐t❤ s♦♠❡t❤✐♥❣ ♠♦r❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❣r❛❞✐❡♥t✮✳ ❚❤✐s ❝❤❛♣t❡r ✐s ❞❡✈♦t❡❞ t♦ s♦♠❡ ♣r♦♣♦s❛• ❛♥❞ ❢♦r♠❛• ✐❞❡❛s ♦♥ ✇❤❛t ❝♦✉•❞ ❜❡ ❞♦♥❡ ♦♥ t❤❡s❡ t✇♦ ♣r♦❜•❡♠s✳ ❚❤❡r❡ ✐s ❛❝t✉❛••② ♥♦t ❛♥② ✈❡r② ♣r❡❝✐s❡ r❡s✉•t ❢♦r t❤❡ ♠♦♠❡♥t✱ ❜✉t ✇❡ ❣✐✈❡ ❤❡r❡ t❤❡ ♠❛✐♥ ✐❞❡❛s✱ t❤❡ ❡①♣❡❝t❡❞ r❡s✉•ts ❛♥❞ t❤❡ ❢♦r♠❛• ❝♦♠♣✉t❛t✐♦♥s t❤❛t ❝♦✉•❞ ❜❡ ❛ ❣✉✐❞❡•✐♥❡ ❢♦r ♣♦ss✐❜•❡ ❢✉t✉r❡ r❡s❡❛r❝❤❡s ✭s♦♠❡ ♦❢ t❤❡♠ ❜❡✐♥❣ ❝✉rr❡♥t•② ✐♥ ♣r♦❣r❡ss✮✳ ✹✳✶ ❉②♥❛♠✐❝ ❢♦r♠✉•❛t✐♦♥s ♦❢ t❤❡ ❙♦❜♦•❡✈ tr❛♥s♣♦rt ♣r♦❜•❡♠ ✹✳✶✳✶ ❚❤❡ ♦r✐❣✐♥❛• ❇❡♥❛♠♦✉✲❇r❡♥✐❡r r❡s✉•t ❛♥❞ ✐ts ✐♠♣•✐❝❛t✐♦♥s ❲❡ ❜❡❣✐♥ t❤✐s s❡❝t✐♦♥ ❜② r❡❝❛••✐♥❣ t❤❡ ♠❛✐♥ r❡s✉•t ♦❢ ❇❡♥❛♠♦✉ ❛♥❞ ❇r❡♥✐❡r✱ ✇❤✐❝❤ ♣r❡s❡♥t❡❞ ❛ ✢✉✐❞✲ ♠❡❝❤❛♥✐❝s ❛♣♣r♦❛❝❤ ♦❢ t❤❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤ ♣r♦❜•❡♠ ✇✐t❤ ✐♠♣♦rt❛♥t ♥✉♠❡r✐❝❛• ❛♣♣•✐❝❛t✐♦♥s✳ ❚❤❡✐r ♠❛✐♥ r❡s✉•t ✐s t❤❡ ❢♦••♦✇✐♥❣ ✭❬✾(✱ Pr♦♣✳ ✶✳✶✱ ♣r♦♦❢ ✐♥ t❤❡ ✹t❤ ♣❛r❛❣r❛♣❤✮✿ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✶✳ ❆ss✉♠✐♥❣ µ✱ ν t♦ ❜❡ t✇♦ ♣r♦❜❛❜✐•✐t② ❞❡♥s✐t✐❡s ♦♥ R d ✱ ❜♦t❤ ❝♦♠♣❛❝t•② s✉♣♣♦rt❡❞ ❛♥❞ s♠♦♦t❤ ❡♥♦✉❣❤ ♦♥ t❤❡✐r r❡s♣❡❝t✐✈❡ s✉♣♣♦rts✳ ❚❤❡♥ t❤❡ ♠✐♥✐♠❛• ✈❛•✉❡ ♦❢ t❤❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤ ♣r♦❜•❡♠ ✇✐t❤ q✉❛❞r❛t✐❝ ❝♦st inf Ω |T (x) -x| 2 ❞ : T # µ = ν ✐s ❡q✉❛• t♦ t❤❡ ♠✐♥✐♠❛• ✈❛•✉❡ ♦❢ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② 1 0 R d |v(t, x)| 2 ❞ρ t (x) ❞t ❛♠♦♥❣ ❛•• t❤❡ ✈❡❝t♦r ✜❡•❞s (t, x) → v(t, x) ❛♥❞ t❤❡ ❝✉r✈❡s ♦❢ ♠❡❛s✉r❡s (ρ t ) 0≤t≤1 s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ✇✐t❤ ✐♥✐t✐❛• ❛♥❞ ✜♥❛• ❝♦♥❞✐t✐♦♥s ∂ t ρ t + div(ρ t v(t, •)) = 0 ρ 0 = µ, ρ 1 = ν ✭✹✳✶✮ ❙❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢✳ ❲❡ ❜❡❣✐♥ ❜② s❤♦✇✐♥❣ t❤❡ ✐♥❡q✉❛•✐t② 1 0 R d |v(t, x)| 2 ❞ρ t (x) ❞t ≥ W 2 (µ, ν) 2 ✭✹✳✷✮ ✇❤❡r❡ W 2 (µ, ν) 2 ❞❡♥♦t❡s t❤❡ ♠✐♥✐♠❛• ✈❛•✉❡ ♦❢ t❤❡ q✉❛❞r❛t✐❝ tr❛♥s♣♦rt ❡♥❡r❣② ❢r♦♠ µ t♦ ν✱ ❛♥❞ ❢♦r ❛♥② (v, ρ) s❛t✐s❢②✐♥❣ ✭✹✳✶✮✳ ❋♦r s✉❝❤ ❛ (v, ρ)✱ ✇❡ ❞❡✜♥❡ X ❛s ❜❡✐♥❣ t❤❡ s♦•✉t✐♦♥ ♦❢ t❤❡ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥    ❞ ❞t X(t, x) = v(X(t, x)) X(0, x) = x ✭✹✳✸✮ ✹✳✶✳ ❉(◆❆▼■❈ ❋❖|▼❯▲❆❚■❖◆❙ ❖❋ ❚❍❊ ❙❖❇❖▲❊❱ ❚|❆◆❙P❖|❚ P|❖❇▲❊▼ ✾✾ ❲❡ ❝•❛✐♠ t❤❛t✱ ❢♦r ❡❛❝❤ t✱ X(t, •) s❡♥❞s µ ♦♥t♦ ρ t ✳ ❚♦ ♣r♦✈❡ ✐t✱ ✇❡ ✈❡r✐❢② t❤❛t (X(t, •) # µ, v) ✈❡r✐✜❡s ❛•s♦ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ✭✹✳✶✮ ❢♦r ✇❤✐❝❤✱ ❣✐✈❡♥ t❤❡ ✈❡❝t♦r ✜❡•❞ v ❛♥❞ t❤❡ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥ ρ 0 ✱ t❤❡ s♦•✉t✐♦♥ (ρ t ) t ✐s ✉♥✐q✉❡ ✭s❡❡ t❤❡ ❝❤❛♣✳ ✽ ♦❢ ❬✹(✮✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ ❢♦r ❛ t❡st ❢✉♥❝t✐♦♥ ϕ ❞❡♣❡♥❞✐♥❣ ♦♥ (t, x) ∈ (0, 1) × R d ❛♥❞ ❝♦♠♣❛❝t•② s✉♣♣♦rt❡❞ ✐♥t♦ t❤✐s s♣❛❝❡✿ 1 0 d R (∂ t ϕ + ∇ x ϕ • v) ❞((X t , •) # µ) ❞t = 1 0 R d (∂ t ϕ(X(t, x)) + ∇ x ϕ(X(t, x)) • v(t, x)) ❞µ(x) ❞t ❲❡ ✐♥t❡❣r❛t❡ ❜② ♣❛rts t❤❡ •❛st t❡r♠ ❛♥❞ ✉s❡ t❤❡ ❢❛❝t t❤❛t ❞ ❞t X(t, •) = v(X(t, •)) t♦ ❣❡t 1 0 d R (∂ t ϕ + ∇ x ϕ • v) ❞((X t , •) # µ) ❞t = 1 0 ❞ ❞t R d ϕ(t, X(t, •)) ❞µ(x) ❞t = R d (ϕ(1, X(1, , x)) -ϕ(0, X(0, x))) ❞µ(x) ✇❤✐❝❤ ✐s ♥✉•• ❢♦r ❛♥② ϕ ❝♦♠♣❛❝t•② s✉♣♣♦rt❡❞ ✐♥ t✐♠❡✳ ❈♦♥s❡q✉❡♥t•②✱ (X(t, •) # µ) t s❛t✐s✜❡s ✭✹✳✶✮ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥❛• s❡♥s❡ ❛♥❞ ✇✐t❤ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥ X(0, •) # µ = ✐❞ # µ = µ✱ ✇❤✐❝❤ ✐♠♣•✐❡s X(t, •) # µ = ρ t ✳ ❚❤✐s ✐♠♣•✐❡s t❤❛t X(1, •) s❡♥❞s µ ♦♥t♦ ρ 1 = ν✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❝♦♠♣✉t❡ 1 0 R d |v(t, x)| 2 ❞ρ t (x) ❞t = R d 1 0 |v(t, X(t, x))| 2 ❞t ❞µ(x) ≥ R d 1 0 v(t, X(t, x)) ❞t 2 ❞µ(x) ✇❤❡r❡ t❤❡ •❛st ✐♥❡q✉❛•✐t② ❝♦♠❡s ❢r♦♠ t❤❡ ❏❡♥s❡♥✬s ✐♥❡q✉❛•✐t②✳ ❇② ♥♦t✐❝✐♥❣ t❤❛t v(X(t, x)) = ❞ ❞t X(t, x)✱ ✇❡ ❞❡❞✉❝❡ 1 0 R d |v(t, x)| 2 ❞ρ t (x) ❞t ≥ R d |X(1, x) -X(0, x)| 2 ❞µ(x) ≥ R d |X(1, x) -x| d ❞µ(x) ❛♥❞ t❤✐s ✐s ❣r❡❛t❡r t❤❛♥ W 2 (µ, ν) 2 s✐♥❝❡ X(1, •) s❡♥❞s µ ♦♥t♦ ν✳ ◆♦✇ ✐t ✐s ❡♥♦✉❣❤ t♦ ✜♥❞ ❛ ✈❡•♦❝✐t② ✜❡•❞ v ❛♥❞ ❛ ❝✉r✈❡ ♦❢ ♠❡❛s✉r❡s ρ ✇❤✐❝❤ r❡❛•✐③❡ t❤❡ ❡q✉❛•✐t② ✐♥ ✭✹✳✷✮✳ ❋♦r t❤✐s✱ ✇❡ ❞❡✜♥❡ X(t, x) = x + t(T (x) -x) ✇❤❡r❡ T ✐s t❤❡ ♦♣t✐♠❛• ♠❛♣ ❢r♦♠ µ t♦ ν ❢♦r t❤❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤ ♣r♦❜•❡♠✳ ❲❡ r❡❝❛•• t❤❛t T (x) = ∇ψ(x) ❢♦r s♦♠❡ ❝♦♥✈❡① ❢✉♥❝t✐♦♥ ψ : Ω → R❀ t❤✉s t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ X(t, •) ✐s DX(t, x) = I d + t(D 2 ψ(x) -I d ) = (1 -t)I d + tD 2 ψ(x) ❙✐♥❝❡ D 2 ψ ✐s ♣♦s✐t✐✈❡✱ t❤✐s ❏❛❝♦❜✐❛♥ ♠❛tr✐① ✐s ♣♦s✐t✐✈❡ ❢♦r ❛♥② (t, x) ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ♠❛♣ X(t, •) ✐s ✐♥✈❡rt✐❜•❡ ❢♦r ❛♥② t✳ ❲❡ t❤❡♥ s❡t v(t, x) = ∂ t X(t, (X(t, •)) -1 (x)) ❇② ❝♦♥str✉❝t✐♦♥ ♦❢ v✱ X ❛♥❞ v s❛t✐s❢② t❤❡ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ ✭✹✳✸✮✳ ■❢ ✇❡ ❞❡♥♦t❡ ❜② ρ t = X(t, •) # µ✱ ✇❡ t❤✉s ❦♥♦✇ t❤❛t (ρ t , v(t, •)) t s❛t✐s❢② t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥❀ ♠♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ X(0, •) = ✐❞ ❛♥❞ X(1, •) = T t❤✉s t❤❡ ✐♥✐t✐❛• ❛♥❞ ✜♥❛• ❝♦♥❞✐t✐♦♥ ρ 0 = µ✱ ρ 1 = ν ❛•s♦ ❤♦•❞✳ ■t r❡♠❛✐♥s t♦ ❝♦♠♣✉t❡✿ 1 0 R d |v(t, x)| 2 ❞ρ t (x) ❞t = 1 0 R d |T (X(t, •) -1 (x)) -X(t, •) -1 (x)| 2 ❞(X(t, •) # µ)(x) ❞t = 1 0 R d |T (x) -x| 2 ❞µ(x) ❞t = W 2 (µ, ν) 2 ❛s ❛♥♥♦✉♥❝❡❞✳ ✶✵✵ ❈❍❆P❚❊| ✹✳ |❊▲❆❚❊❉ ▼❖❉❊▲❙ ❆◆❉ P❊|❙P❊❈❚■❱❊❙ ■♥ ♣❛rt✐❝✉•❛r✱ t❤❡ ♣r♦♦❢ ❛•s♦ s❤♦✇s t❤❛t✱ ✐♥ t❤❡ ♦♣t✐♠❛• ♣❛✐r (ρ t , v t ) t ✱ t❤❡ ❝✉r✈❡ ♦❢ ♠❡❛s✉r❡s (ρ t ) t ✐s t → (X t ) # µ ✇❤❡r❡ X t (x) = (1 -t)x + tT (x) ❆❝t✉❛••②✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t ✐❢ ✇❡ ❡♥❞♦✇ t❤❡ s♣❛❝❡ P 2 (R d ) ♦❢ t❤❡ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡s ✇✐t❤ ✜♥✐t❡ ♠♦♠❡♥t ♦❢ ♦r❞❡r 2 ✇✐t❤ t❤❡ ❲❛ss❡rst❡✐♥ ❞✐st❛♥❝❡ ❣✐✈❡♥ ❜② t❤❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤ ♣r♦❜•❡♠ W 2 (µ, ν) = inf R d |T (x) -x| 2 ❞µ(x) : T # µ = ν 1/2 = inf R d |y -x| 2 ❞γ(x, y) : γ ∈ Π(µ, ν) 1/2 t❤❡♥ t❤❡ ❝♦♥st❛♥t✲s♣❡❡❞ ❣❡♦❞❡s✐❝ ❢r♦♠ µ t♦ ν ✐s ♣r❡❝✐s❡•② t❤❡ ❝✉r✈❡ t → (X t ) # µ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳ ❚❤✉s✱ t❤❡ ❇❡♥❛♠♦✉✲❇r❡♥✐❡r ❢♦r♠✉•❛ ❛♥❞ ✐ts ♣r♦♦❢ ♠❛❦❡ t❤❡ •✐♥❦ ❜❡t✇❡❡♥ t❤❡ ❲❛ss❡rst❡✐♥ ❞✐st❛♥❝❡ ✭✇✐t❤ ♦r❞❡r 2✮ ❛♥❞ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ ✈❡•♦❝✐t② ✜❡•❞s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝✉r✈❡✳ ❖✉r q✉❡st✐♦♥ ✐s✿ ❞♦❡s t❤❡r❡ ❡①✐st s✉❝❤ ❛ •✐♥❦ ✐❢ ✇❡ •♦♦❦ ❛t t❤❡ H 1 ✲♦r❞❡r tr❛♥s♣♦rt ❝♦st❄ ❛♥❞ ✇❤❛t ✐s t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♣❛❝❡ P 2 (R d ) ✐❢ ✇❡ r❡♣•❛❝❡ t❤❡ ❲❛ss❡rst❡✐♥ ❞✐st❛♥❝❡ ✇✐t❤✱ ❢♦r ✐♥st❛♥❝❡✱ (µ, ν) → inf ||T -✐❞|| H 1 µ : T # µ = ν ♦r ✐ts ❇❡♥❛♠♦✉✲❇r❡♥✐❡r ✈❡rs✐♦♥ ✇✐t❤ inf 1 0 ||v t (x)|| 2 H 1 ρ t ❞t ? ◆♦t✐❝❡ ❛•s♦ t❤❛t ✐♥ t❤✐s ❢♦r♠✉•❛t✐♦♥ ✇❡ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r ❙♦❜♦•❡✈ s♣❛❝❡s ✇✳r✳t✳ ✈❛r②✐♥❣ ♠❡❛s✉r❡s ✭s✐♥❝❡ ρ t ❞❡♣❡♥❞s ♦♥ t❤❡ t✐♠❡✮✳ ■♥ ♣❛rt✐❝✉•❛r✱ s♦♠❡ ♣r♦♣❡rt✐❡s ❝♦✉•❞ ❞❡♣❡♥❞ ♦♥ t❤❡ r❡❣✉•❛r✐t② ♦❢ ρ t ❛♥❞✱ ✇❤❡♥ ✐t ❤❛s ❛ ❞❡♥s✐t②✱ ♦♥ t❤❡ s✉♠♠❛❜✐•✐t② ♦❢ 1/ρ t ✳ (❡t✱ ✇❡ ✇✐•• s❡❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ t❤❛t 1/ρ t ♣•❛②s ❛ s♣❡❝✐❛• r♦•❡✱ ❛t •❡❛st ✐♥ ❛ ✈❡r② ♣❛rt✐❝✉•❛r ❝❛s❡ ✹✳✶✳✷ P♦ss✐❜•❡ ❛♣♣r♦❛❝❤❡s ❢♦r ❛ H 1 ✲♦r❞❡r ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ♠❡❛s✉r❡s ▼♦t✐✈❛t✐♦♥s ❛♥❞ r❡•❛t❡❞ ♣r♦❜•❡♠s✳ ❆ t②♣✐❝❛• q✉❡st✐♦♥ ✐♥ s❤❛♣❡ ❛♥❛•②s✐s ✐s t♦ ❦♥♦✇ ❤♦✇ ♠✉❝❤ ❛ s❤❛♣❡ ❝❛♥ ❜❡ ❞❡❢♦r♠❡❞ ❞✉r✐♥❣ t❤❡ t✐♠❡✱ st❛rt✐♥❣ ❢r♦♠ ❛ ❣✐✈❡♥ ❝♦♥✜❣✉r❛t✐♦♥ ✭r❡♣r❡s❡♥t❡❞ ❜② t❤❡ s♦✉r❝❡ ♠❡❛s✉r❡ µ✮ ❛♥❞ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ❣✐✈❡♥ t❛r❣❡t ❝♦♥✜❣✉r❛t✐♦♥ ❛t t = 1 ✭❛•s♦ r❡♣r❡s❡♥t❡❞ ❜② ❛ ♠❡❛s✉r❡ ν✮✱ ✈✐❛ ❛ ❝♦♥t✐♥✉♦✉s ❢❛♠✐•② ♦❢ ❞✐✛❡♦♠♦r♣❤s✐♠s (ϕ t ) t ✱ ✇✐t❤ ϕ 0 = ✐❞ ❛♥❞ t❤❡ ❝♦♥str❛✐♥t (ϕ 1 ) # µ = ν✳ ◆♦t✐❝❡ t❤❛t t❤✐s •❛st ❝♦♥str❛✐♥t ✐s ❝•♦s❡ t♦ t❤❡ ❝•❛ss✐❝❛• ❝♦♥str❛✐♥t ♦❢ ♦♣t✐♠❛• tr❛♥s♣♦rt❛t✐♦♥✱ ❜✉t ✇❡ ❛❞❞ t♦ ✐t t❤❡ ❢❛❝t t❤❛t ϕ t ❤❛s t♦ ❜❡ ❛ ❞✐✛❡♦♠♦r♣❤✐s♠✳ ❯♥❞❡r t❤✐s ❝♦♥str❛✐♥t✱ ✐t ✐s ✉s✉❛• t♦ •♦♦❦ ❛t t❤❡ ♠✐♥✐♠✉♠ ♦❢ 1 0 ||v t || 2 ❞t ✇❤❡r❡ ∂ t ϕ t = v t • ϕ t ❛♥❞ t❤❡ ♥♦r♠ ❝❛♥ ❜❡ L p ♦r W 1-p ✲•✐❦❡ ❛♥❞ ❝❛♥ ✐♥✈♦•✈❡ ♦r ♥♦t t❤❡ ♠❡❛s✉r❡ (ϕ t ) # µ ✭❡✳❣✳ ||v t || L 2 ✱ ||v t • ϕ t || L 2 ♦r t❤❡✐r ❙♦❜♦•❡✈ ❡q✉✐✈❛•❡♥ts✮✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ q✉❛♥t✐t② 1 0 ||v t • ϕ t || 2 L 2 µ ❞t ✐s ❡①❛❝t•② t❤❡ ❇❡♥❛♠♦✉✲❇r❡♥✐❡r ✏♥♦r♠✑ ♦❢ t❤❡ ❢❛♠✐•② (v t , (ϕ t ) # µ) t ✳ ✹✳✶✳ ❉(◆❆▼■❈ ❋❖|▼❯▲❆❚■❖◆❙ ❖❋ ❚❍❊ ❙❖❇❖▲❊❱ ❚|❆◆❙P❖|❚ P|❖❇▲❊▼ ✶✵✶ P❛rt✐❛• ❛♥❛•②s✐s ♦❢ ❛ ♣✉r❡ H 1 ✲❇❡♥❛♠♦✉✲❇r❡♥✐❡r✲•✐❦❡ ❢♦r♠✉•❛✳ ❚❤❡ ♠♦st ♥❛t✉r❛• ✐❞❡❛ ❝♦♥s✐sts ✐♥ •♦♦❦✐♥❣ ❛t t❤❡ •✐♥❦s ❜❡t✇❡❡♥ t❤❡ t✇♦ ♣✉r❡ H 1 ✈❡rs✐♦♥s ♦❢ t❤❡ L 2 ❇❡♥❛♠♦✉✲❇r❡♥✐❡r ❢♦r♠✉•❛✱ ♥❛♠❡•② inf R d |T (x) -x| 2 ❞µ(x) + R d |D µ (T -✐❞)(x)| 2 ❞µ(x) : T ∈ H 1 µ , T # µ = ν ❛♥❞ inf 1 0 ||v t || 2 H 1 ρ t ❞t : ∂ t ρ t + div(ρ t v t ) = 0, ρ 0 = µ, ρ 1 = ν ✇❤❡r❡ t❤❡ H 1 ✲♥♦r♠ ✐s ❛ ♣r✐♦r✐ ✐♥ ❜♦t❤ ❝❛s❡s t❛❦❡♥ ✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡ ❙♦❜♦•❡✈ s♣❛❝❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♠❡❛s✉r❡ ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❈❤❛♣t❡r ✶✳ ❚❤❡ ✜rst r❡♠❛r❦ ✐s t❤❛t✱ ❜② ❝♦♥tr❛st t♦ t❤❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤ ♣r♦❜•❡♠✱ t❤❡ ❢❛❝t t❤❛t d : (µ, ν) → inf R d |T (x) -x| 2 ❞µ(x) + R d |D µ (T -✐❞)(x)| 2 ❞µ(x) : T ∈ H 1 µ , T # µ = ν ❞❡✜♥❡s ❛ ❞✐st❛♥❝❡ ♦♥ P(R d ) ✭❡✈❡♥ ✐❢ ✇❡ ❛••♦✇ ❛ ❞✐st❛♥❝❡ t♦ t❛❦❡ ❛♥ ✐♥✜♥✐t❡ ✈❛•✉❡✮ s❡❡♠s s❡❡♠s ❢❛•s❡✿ ♥❡✐t❤❡r t❤❡ s②♠♠❡tr②✱ ♥♦r t❤❡ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t②✱ ❛r❡ •✐❦❡•② t♦ ❜❡ tr✉❡ ✐♥ ❣❡♥❡r❛• ✭❡✈❡♥ ✐❢ ✇❡ ❞✐❞ ♥♦t ♣r♦❞✉❝❡ ❡①♣•✐❝✐t ❡①❛♠♣•❡s ✇❤❡r❡ t❤✐s ✐s t❤❡ ❝❛s❡✮✳ ❚♦ s♦•✈❡ t❤✐s ♣r♦❜•❡♠✱ t❤❡ ✐❞❡❛ ❝♦♥s✐sts ✐♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❛♣♣•✐❝❛t✐♦♥ d : (µ, ν) → inf i d(ρ i , ρ i+1 ) : n ∈ N, µ = ρ 0 , ρ 1 , . . . , ρ n = ν ∈ P(R d ) ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❝❛♥ ❛t •❡❛st ♣r♦✈❡ ❛♥ ✐♥❡q✉❛•✐t② ✐♥ ❛ ✈❡r② s♠♦♦t❤ ❢r❛♠❡✇♦r❦✿ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✷✳ ▲❡t (ρ t , v t ) t ❜❡ ❛ r❡❣✉•❛r ❡♥♦✉❣❤ ❝✉r✈❡ ♦❢ ♠❡❛s✉r❡s s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ✭✹✳✶✮ ❛♥❞ ❝♦♥♥❡❝t✐♥❣ µ t♦ ν✳ ❚❤❡♥ t❤❡ ❢♦••♦✇✐♥❣ ✐♥❡q✉❛•✐t② ❤♦•❞s✿ 1 0 R d (|v(x, t)| + |Dv(x, t)| 2 ) ❞ρ t (x) ❞t ≥ d(µ, ν) ❙❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢✳ ▲❡t 0 = t 0 < t 1 < • • • < t n = 1 ❜❡ ❛ s✉❜❞✐✈✐s✐♦♥ ♦❢ [0, 1]✱ ❛♥❞ •❡t ✉s s❡t✱ ❢♦r ❡❛❝❤ i✱ ρ i = ρ ti ❛♥❞ h i = t i+1 -t i ✳ ❋♦r ❡❛❝❤ i✱ ✇❡ ❞❡♥♦t❡ ❜② X i t❤❡ ✢♦✇ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✈❡❝t♦r ✜❡•❞ v ❛♥❞ ❡q✉❛• t♦ t❤❡ ✐❞❡♥t✐t② ♠❛♣ ❛t t❤❡ t✐♠❡ t i ✿ ∂ t X i (t, x) = v(t, X(t, x)) X i (t i , x) = x ❲❡ ❛❣❛✐♥ ✈❡r✐❢② t❤❛t X i (t, •) # ρ i = ρ t ✱ ❢♦r ❡❛❝❤ i ❛♥❞ t ∈ [t i , t i+1 ]✳ ◆♦✇ ✇❡ ❝♦♠♣✉t❡✱ st❛rt✐♥❣ ❢r♦♠ t❤❡ •❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ✐♥❡q✉❛•✐t② t❤❛t ✇❡ ✇❛♥t t♦ s❤♦✇✿ 1 0 R d |v(t, .)| 2 + |Dv(t, .)| 2 ❞ρ t ❞t = n-1 i=0 ti+1 ti R d |v(t, X i (t, .))| 2 + |Dv(t, X i (t, .))| 2 ❞ρ ti ❞t ✇✐t❤✱ ❜② ❞❡✜♥✐t✐♦♥✱ v(t, X i (t, .)) = ∂ t X i (t, .) ❛♥❞ Dv(t, X i (t, .)) × DX i (t, .) = ∂ t DX i (t, .)✳ ❲❡ ♦❜t❛✐♥ 1 0 R d (|v| 2 + |Dv| 2 ) ❞ρ t ❞t = n-1 i=0 R d ti+1 ti |∂ t X i | 2 + |∂ t DX i | 2 ❞t ❞ρ ti + n-1 i=0 R d ti+1 ti |Dv(t, X i )| 2 -|Dv(t, X i ) × DX i (t, x)| 2 ❞t ❞ρ ti ❆s ✐♥ t❤❡ ♦r✐❣✐♥❛• ♣r♦♦❢✱ t❤❡ ❏❡♥s❡♥ ✐♥❡q✉❛•✐t② ♣r♦✈✐❞❡s ti+1 ti |∂ t X i | 2 + |∂ t DX i | 2 ❞t ≥ 1 t i+1 -t i |X i (t i+1 , x) -x| 2 + |DX i (t i+1 , x) -✐❞| 2 ❞t ❛♥❞✱ s✐♥❝❡ (X i (t i+1 )) # ρ i = ρ i+1 ✱ ✐t ❢♦••♦✇s n-1 i=0 R d ti+1 ti |∂ t X i | 2 + |∂ t DX i | 2 ❞t ❞ρ i ≥ n-1 i=0 1 t i+1 -t i R d |X i (t i+1 ) -x| 2 + |DX i (t i+1 ) -✐❞| 2 ❞ρ i ≥ n-1 i=0 1 t i+1 -t i d(ρ i , ρ i+1 ) 2 ≥ n-1 i=0 d(ρ i , ρ i+1 ) 2 ≥ d(µ, ν) 2 ❲❡ ✜♥❛••② ❣❡t 1 0 R d (|v| 2 + |Dv| 2 ) ❞ρ t ❞t ≥ d(µ, ν) 2 + n-1 i=1 R d ti+1 ti |Dv(t, X i )| 2 -|Dv(t, X i ) × DX i | 2 ❞t ❞ρ i ✇❤✐❝❤ ✐s ♣r❡❝✐s❡•② t❤❡ ✐♥❡q✉❛•✐t② t❤❛t ✇❡ ❛r❡ •♦♦❦✐♥❣ ❢♦r ✇✐t❤ ❛♥ ✏❡rr♦r t❡r♠✑❀ ✐t r❡♠❛✐♥s t♦ ♠❛❦❡ t❤✐s ❡rr♦r t❡r♠ ❛r❜✐tr❛r② s♠❛•• ❜② ❡st✐♠❛t❡ ✐t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ st❡♣ ♦❢ t❤❡ s✉❜❞✐✈✐s✐♦♥ (t 0 , . . . , t n )✳ ❲❡ ✜rst r❡♠❛r❦ t❤❛t✱ ❜② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♥♦r♠s ♦♥ M d (R) ❛♥❞ s✐♥❝❡ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ v ❛r❡ ❜♦✉♥❞❡❞✱ ✇❡ ❤❛✈❡ n-1 i=1 R d ti+1 ti |Dv(t, X i )| 2 -|Dv(t, X i ) × DX i | 2 ❞t ❞ρ i ≤ C n-1 i=0 R d ti+1 ti |DX i -id| ❞t ❞ρ i ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C✳ ❚♦ ❡st✐♠❛t❡ t❤✐s t❡r♠✱ ✇❡ ❞✐✛❡r❡♥t✐❛t❡ ✇✐t❤ r❡s♣❡❝t t♦ x t❤❡ ❡q✉❛•✐t② ∂ t X i = v(t, X i ) ❛♥❞ ❝♦♠♣✉t❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ✐♥ M d (R) ✇✐t❤ DX i ✿ 1 2 ∂ t |DX i (t, x)| 2 = ( t DX i , Dv(t, X i ) × DX i ≤ C|DX i | 2 ❚❤❡♥ t❤❡ •rö♥✇❛•• ✐♥❡q✉❛•✐t② ❣✐✈❡s |DX i (t, x)| ≤ exp(At) ❢♦r s♦♠❡ ❝♦♥st❛♥t A✳ ■♥ ♣❛rt✐❝✉•❛r✱ |DT | ≤ B = exp A ❢♦r ❛♥② t ∈ [0, 1]✳ ❲❡ ❞❡❞✉❝❡ t❤❛t |DX i -✐❞| ≤ t ti |v(s, X i (s, x))||DX i (s, x)| ❞s ≤ M (t -t i ) ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t M ✳ n-1 i=0 R d ti+1 ti |DX i -✐❞| ❞t ❞ρ i ≤ C n-1 i=0 (t i+1 -t i ) 2 ✇❤✐❝❤ ❣♦❡s t♦ ✵ ✇❤❡♥ max 1≤i≤n (t i+1 -t i ) → 0✳ ❚❤✐s ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢✳ ❆♥ ❛•t❡r♥❛t✐✈❡ ❢♦r♠✉•❛ ✐♥ ❛ ♣❛rt✐❝✉•❛r ❝❛s❡✳ ❲❡ ✜♥✐s❤ t❤✐s ♣❛r❛❣r❛♣❤ ❜② ♣r♦❞✉❝✐♥❣ ❛♥ ❡①❛♠♣•❡ ♦❢ ❝♦♠♣✉t❛t✐♦♥ ✇❤✐❝❤ s✉❣❣❡sts ❛♥ ❡q✉✐✈❛•❡♥t ❢♦r♠✉•❛ ✇✐t❤ H 1 ✲♥♦r♠ ✐♥ ❛ ✈❡r② ♣❛rt✐❝✉•❛r ❝❛s❡❀ t❤✐s ❡①❛♠♣•❡ ✐s ❞✉❡ t♦ ❋r❛♥ç♦✐s✲❳❛✈✐❡r ❱✐❛•❛r❞✳ ■♥ ♦♥❡ ❞✐♠❡♥s✐♦♥ ❛♥❞ ✐❢ t❤❡ st❛rt✐♥❣ ♠❡❛s✉r❡ ✐s t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✱ •❡t ϕ 1 ❜❡ ❛ ❜✐•❡❝t✐✈❡ ♠❛♣ s❡♥❞✐♥❣ L 1 ♦♥t♦ ν ❛♥❞ •❡t ✉s ❞❡✜♥❡ ϕ t : x → (1 -t)x + tϕ 1 (x) ✹✳✷✳ ❆ ❚❊◆❚❆❚■❱❊ ❑❆◆❚❖|❖❱■❈❍✲▲■❑❊ ❋❖|▼❯▲❆❚■❖◆ ✶✵✸ ❋♦r ♠♦♥♦t♦♥✐❝✐t② r❡❛s♦♥s t❤✐s ♠❛♣ ✐s ❛•s♦ ❛ ❞✐✛❡♦♠♦r♣❤✐s♠ ❛♥❞ ✇❡ ❝❛♥ ❞❡✜♥❡ v t (x) = ∂ t ϕ t (ϕ -1 t (x)) ❛s ✈❡•♦❝✐t② ✜❡•❞✳ ◆♦✇ ||ϕ 1 -✐❞|| 2 H 1 (I) = 1 0 ||∂ t ϕ t || 2 H 1 (I) ❞t = 1 0 (||v t • ϕ t || 2 L 2 (I) + ||(v t • ϕ t ) ′ || 2 L 2 (I) ) ❞t ✇✐t❤ ||v t • ϕ t || L 2 (I) = ||v t || 2 L 2 µ t ✇✐t❤ ||(v t • ϕ t ) ′ || 2 L 2 (I) = I v ′ t (ϕ t (x)) 2 ϕ ′ t (x) ❞x = v ′ t (y)ϕ ′ t (ϕ -1 t (y)) 2 ❞y ϕ ′ t (ϕ -1 t (y)) ✇❤❡r❡ t❤❡ •❛st ❡q✉❛•✐t② ❝♦♠❡s ❜② ❝❤❛♥❣✐♥❣ ♦❢ ✈❛r✐❛❜•❡s❀ ❜✉t ✇❡ ❦♥♦✇ t❤❛t 1 ϕ ′ t (ϕ -1 t (y)) ✐s ❛❝t✉❛••② t❤❡ ❞❡♥s✐t② ♦❢ (ϕ t ) # µ❀ t❤✉s✱ ✐❢ ✇❡ ❛❣❛✐♥ ❞❡♥♦t❡ ❜② µ t t❤✐s ❞❡♥s✐t②✱ ✇❡ ✜♥❛••② ♦❜t❛✐♥ ||(v t • ϕ t ) ′ || 2 L 2 (I) = 1 0 v ′ t (x) 2 ❞x µ t (x) ❙♦ t❤❡ ♦❜t❛✐♥❡❞ ❢♦r♠✉•❛ ✐s ✜♥❛••② ||ϕ 1 -✐❞|| H 1 (I) = 1 0 (||v t || 2 L 2 µ t + ||v ′ t || 2 L 2 1/µ t ) ❞t ❚❤❡ s✉r♣r✐s✐♥❣ ❢❛❝t ✐s t❤❛t ✇❡ ♦❜t❛✐♥ t❤❡ ❞❡♥s✐t② 1/µ t ✭❛♥❞ ♥♦t ❛♥②♠♦r❡ µ t ✮ ❢♦r t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ✈❡•♦❝✐t② ✜❡•❞✳ ✹✳✷ ❆ t❡♥t❛t✐✈❡ ❑❛♥t♦r♦✈✐❝❤✲•✐❦❡ ❢♦r♠✉•❛t✐♦♥ ❚❤❡ ❣♦❛• ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❡①♣r❡ss t❤❡ ♣r♦❜•❡♠ ✏tr❛♥s♣♦rt ♣•✉s ❣r❛❞✐❡♥t✑ inf Ω |T (x) -x| 2 ❞µ(x) + Ω |DT (x)| 2 ❞x : T # µ = ν ✭✹✳✹✮ ✉♥❞❡r ❛ ❑❛♥t♦r♦✈✐❝❤✲•✐❦❡ ❢♦r♠✉•❛t✐♦♥✱ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛♥ ❡q✉✐✈❛•❡♥t ♦❢ t❤❡ ❞✉❛•✐t② ❢♦r♠✉•❛ ✐♥ t❤❡ ❝•❛ss✐❝❛• ♦♣t✐♠❛• tr❛♥s♣♦rt ♣r♦❜•❡♠ ✭s❡❡ ❆♣♣❡♥❞✐① ❇✮ ❛♥❞ t♦ ❞❡❞✉❝❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦♣t✐♠✐③❡r✳ ▲❡t ✉s r❡❝❛•• t❤❛t t❤❡ st❛rt✐♥❣ ♣♦✐♥t ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ t❤❡ ▼♦♥❣❡ ♣r♦❜•❡♠ t♦ t❤❡ ❑❛♥t♦r♦✈✐❝❤ ♣r♦❜•❡♠ ✐s t❤❡ r❡♠❛r❦ Ω c(x, T (x)) ❞µ(x) = Ω×Ω ′ c(x, y) ❞γ T (x, y) ✇❤❡r❡ γ T = (✐❞ × T ) # µ✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❣r❛❞✐❡♥t ♣❡♥❛•✐③❛t✐♦♥✱ t❤❡ ✐♥t❡❣r❛• t❤❛t ✇❡ ❛✐♠ t♦ ♠✐♥✐♠✐③❡ ✐♥✈♦•✈❡s t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ T ❛♥❞ ♥♦t ♦♥•② ❛♥②♠♦r❡ t❤❡ st❛rt✐♥❣ ♣♦✐♥t x ❛♥❞ t❤❡ ❛rr✐✈❛• ♣♦✐♥t T (x)✳ ❚❤❡ str❛t❡❣② t♦ ❝♦rr❡❝t t❤✐s ✐s ❞✉❡ t♦ ❆•❡ss✐♦ ❋✐❣❛••✐✳ ■t ❝♦♥s✐sts ✲ ✐♥ ❝❛s❡ ✇❤❡r❡ t❤❡ s♦✉r❝❡ ♠❡❛s✉r❡ µ ✐s t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ Ω✱ ♦r ❛t •❡❛st ✇❤❡r❡ t❤❡ ❣r❛❞✐❡♥t t❡r♠ ✇❤✐❝❤ ❛♣♣❡❛rs ✐s ✐♥t❡❣r❛t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ✲ ✐♥ ✉s✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ L 2 ✲♥♦r♠ ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐①✿ (1 -s) Ω 2 |T (x) -T (y)| 2 |x -y| d+2s ❞x ❞y → C d ||DT || 2 L 2 (Ω) ❢♦r T r❡❣✉•❛r ❡♥♦✉❣❤ ❛♥❞ ✇❤❡r❡ C d ♦♥•② ❞❡♣❡♥❞s ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ ✭s❡❡ ❜❡•♦✇ t❤❡ s✉♠♠❛r② ♦❢ ♥♦t✐♦♥s ♦♥ ❢r❛❝t✐♦♥❛• ❙♦❜♦•❡✈ s♣❛❝❡s t❤❛t ✇❡ ✇✐•• ♥❡❡❞ ❤❡r❡✮✳ ❚❤✉s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ♣r♦❜•❡♠ inf Ω |T (x) -x| 2 ❞µ(x) + (1 -s) Ω 2 |T (x) -T (y)| 2 |x -y| d+2s ❞x ❞y : T ∈ H s (Ω), T # L d = ν ✇❤❡r❡ H s (Ω) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ✭✈❡❝t♦r✮ ❢✉♥❝t✐♦♥s T s✉❝❤ t❤❛t t❤❡ ✐♥t❡❣r❛• Ω 2 |T (x) -T (y)| 2 |x -y| d+2s ❞x ❞y ✐s ✜♥✐t❡✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ q✉❛♥t✐t② t❤❛t ✇❡ ♠✐♥✐♠✐③❡ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❢♦r♠ ✐♥✈♦•✈✐♥❣ t❤❡ ♠❡❛s✉r❡ γ T = (✐❞ × T ) # µ✿ Ω×Ω ′ |z -x| 2 ❞γ T (x, z) + Ω×Ω ′ |z -w| 2 |x -y| d+2s ❞γ T (x, z) ❞γ T (y, w) ❚❤❡ str❛t❡❣② ✐s t❤✉s t♦ st✉❞② t❤✐s ♣r♦❜•❡♠ ✭✐♥ ♣❛rt✐❝✉•❛r✱ t❤❡ ♠❛✐♥ ❞✐✣❝✉•t✐❡s ❛r❡ t❤❛t t❤✐s ❢✉♥❝t✐♦♥ ✐s ♥♦t •✐♥❡❛r ✇✐t❤ r❡s♣❡❝t t♦ γ T ❛♥❞ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✐♥✈♦•✈❡s ❛ s✐♥❣✉•❛r ♣❛rt |z -w| 2 |x -y| d+2s ✮ ❛♥❞ t♦ tr② t♦ ❞❡❞✉❝❡ ❛ ❞✉❛• ❢♦r♠✉•❛t✐♦♥ ✭✐♥✈♦•✈✐♥❣ ❛ ❝♦st ❢✉♥❝t✐♦♥ ✇✐t❤ ✹ ✈❛r✐❛❜•❡s✮ t❤❛t ✇❡ ❛✐♠ t♦ ♣❛ss t♦ t❤❡ •✐♠✐t s → 1✳ ❲❡ ❜❡❣✐♥ ❜② ❛ ❜r✐❡❢ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛• t♦♦•s t❤❛t ✇❡ ✉s❡ ✭s✐♥❝❡ t❤❡② ♦♥•② ❛♣♣❡❛r ✐♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✐♥❝•✉❞❡ t❤❡② ❤❡r❡ ❛♥❞ ♥♦t ✐♥ t❤❡ ❆♣♣❡♥❞✐①✮✳ ✹✳✷✳✶ ❋r❛❝t✐♦♥❛• ❙♦❜♦•❡✈ ♥♦r♠s✱ ❢r❛❝t✐♦♥❛• ▲❛♣•❛❝✐❛♥ ❛♥❞ r❡❣✉•❛r✐③❛t✐♦♥ ❆•♠♦st ❛•• t❤❡ ❞❡✜♥✐t✐♦♥s ❜❡•♦✇ ❝♦♠❡ ❢r♦♠ ❬✸✻( ✇❤❡r❡ ❝❛♥ ❛•s♦ ❜❡ ❢♦✉♥❞ ♠♦r❡ ❞❡t❛✐•s✱ ♣r♦♦❢s ❛♥❞ r❡❢❡r✲ ❡♥❝❡s✳ ✐♥ ✇❤❛t ❢♦••♦✇s✱ Ω ✐s ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ♦❢ R d ✇✐t❤ ▲✐♣s❝❤✐t③ ❜♦✉♥❞❛r②✳ ❋r❛❝t✐♦♥❛• ❙♦❜♦•❡✈ s♣❛❝❡s✳ ❉❡✜♥✐t✐♦♥ ✹✳✷✳✶✳ ❋♦r s ∈ (0, 1) ❛♥❞ u ∈ L 2 (Ω)✱ ✇❡ ❞❡✜♥❡ ||u|| 2 H s (Ω) = ||u|| 2 L 2 (Ω) + s(1 -s) Ω |u(x) -u(y)| 2 |x -y| ❞x ❞y ❛♥❞ ❞❡♥♦t❡ ❜② H s (Ω) t❤❡ ✈❡❝t♦r s✉❜s♣❛❝❡ ♦❢ L 2 (Ω) ❢♦r♠❡❞ ✇✐t❤ ❢✉♥❝t✐♦♥s u s✉❝❤ t❤❛t ||u|| H s (Ω) ✐s ✜♥✐t❡✳ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶✳ ❲❡ ❤❛✈❡ t❤❡ ✐♥❝•✉s✐♦♥ H 1 (Ω) ⊂ H s ′ (Ω) ⊂ H s (Ω) ✐❢ 1 > s ′ > s > 0✳ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷✳ ❚❤❡ ❢♦••♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡s ❤♦•❞✿ • ❢♦r u ∈ H 1 (Ω)✱ lim s→1 (1 -s) Ω |u(x) -u(y)| 2 |x -y| d+2s ❞x ❞y = C d ||∇u|| 2 L 2 ✇❤❡r❡ C d ❞❡♣❡♥❞s ♦♥•② ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ ❛♥❞ ✐s ❣✐✈❡♥ ❜② C d = S d-1 u 2 1 ❞u❀ • ❢♦r u ∈ s (Ω)✱ lim s→0 s Ω |u(x) -u(y)| 2 |x -y| d+2s ❞x ❞y = C ′ d ||u|| L 2 (Ω) ✇❤❡r❡ C ′ d ♦♥•② ❞❡♣❡♥❞s ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥✳ ❋r❛❝t✐♦♥❛• ▲❛♣•❛❝✐❛♥ ♦♣❡r❛t♦r✳ ■t ❝❛♥ ❜❡ ❞❡✜♥❡❞ t❤r♦✉❣❤ ❛ ❋♦✉r✐❡r tr❛♥s❢♦r♠✱ ❜✉t ✇❡ ❝❤♦♦s❡ t❤❡ ❢♦••♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ s✐♥❝❡ ✇❡ ✇♦r❦ ✐♥ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥s ❛♥❞ ♥♦t ✐♥ R d ✿ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✸✳ ❋♦r x ∈ Ω✱ ✇❡ ❤❛✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡✿ lim s→1 Ω u(x) -u(y) |x -y| d+2s ❞y = - 1 2 C d ∆u(x) ✐❢ u ✐s r❡❣✉•❛r ❡♥♦✉❣❤ ❛♥❞ ✇❤❡r❡ C d ✐s t❤❡ ❝♦♥st❛♥t ❞❡✜♥❡❞ ❛❜♦✈❡✳ ❚❤✉s✱ ✇❡ ✇✐•• s❡t ∆ s u(x) = - 2 C d Ω u(x) -u(y) |x -y| d+2s ❞y ❆•s♦✱ t❤✐s ❝❤♦✐❝❡ ♦❢ ❞❡✜♥✐t✐♦♥ ✐♠♣•✐❡s t❤❛t ∆ s u ✐s t❤❡ ✜rst ✈❛r✐❛t✐♦♥ ♦❢ ||∇u|| 2 H s ✳ ❲❡ ❛•s♦ ✈❡r✐❢② ❛♥❞ ❣✐✈❡ ❛ s❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡✿ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✹✳ ■❢ T ✐s ❛ r❡❣✉•❛r ❡♥♦✉❣❤ ✈❡❝t♦r✲✈❛•✉❡❞ ❢✉♥❝t✐♦♥✱ ✐❢ K s (x) = (1 -s) 1 |x| d+2s t❤❡♥ lim s→1 Ω |T (x) -T (y)| 2 ∇K s (x -y) ❞y = C d ( t DT (x)∆T (x) + ∇(|DT | 2 )(x)) ❙❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢✳ ❲❡ ❝♦♠♣✉t❡ t❤❡ ✐♥t❡❣r❛• ♦♥ ❛ s♠❛•• ❜♦✉♥❞ ❛r♦✉♥❞ x ✭t❤❡ ✐♥t❡❣r❛• ❢♦r y ❢❛r ❛✇❛② ❢r♦♠ x ✇✐•• ✈❛♥✐s❤ ❛s s → 1✮✳ ❲❡ st❛rt ❢r♦♠ ❛ ❚❛②•♦r ❡①♣❛♥s✐♦♥ ♦❢ T ✿ ✐❢ y = x + h✱ |T (x) -T (y)| 2 ∇K s (x -y) = |DT (x)(h)| 2 h |h| d+2s+2 + 2( DT (x)(h) • D 2 T (x)(h, h)) h |h| d+2s+2 + O(|h| 5-(d+2s+2) )
❚❤❡ ✜rst t❡r♠ ✐s ♦❞❞ ✇✐t❤ r❡s♣❡❝t t♦ h✱ t❤✉s ✐ts ✐♥t❡❣r❛ 

• ♦♥ ❛ ❜❛•• ❝❡♥t❡r❡❞ ✐♥ 0 ✐s ♥✉••✱ ❛♥❞ t❤❡ ✐♥t❡❣r❛• ♦❢ |h| 5-(d+2s+2) ✐s ❜♦✉♥❞❡❞ ✇✐t❤ r❡s♣❡❝t t♦ s t❤✉s t❤❡ •❛st t❡r♠ ✭t❤❛t ✇❡ ♠✉•t✐♣•② ✇✐t❤ (1 -s)✮ ✈❛♥✐s❤❡s ✇❤❡♥ s → 1✳ ❚❤✉s✱ ✐t r❡♠❛✐♥s t♦ ❝♦♠♣✉t❡ lim s→1 2(d + 2s)(1 -s) B(x,ε) (DT (x)(h) • D 2 T (x)(h, h)) h |h| d+2s+2 ❞h ❲❡ ❤❛✈❡ DT (x)(h) • D 2 T (x)(h, h)h i = j,k,l,m ∂ k T j (x)∂ 2 l,m T j (x)h i h k h l h m ❛♥❞ ✇❤❡♥ ✇❡ ✐♥t❡❣r❛t❡ ✐t ♦♥ ❛ ❜❛•• ❝❡♥t❡r❡❞ ✐♥ 0✱ ❛•• t❤❡ t❡r♠s ✇❤✐❝❤ ❛r❡ ♦❞❞ ✇✐t❤ r❡s♣❡❝t t♦ h ❛❣❛✐♥ ❞✐s❛♣♣❡❛r ❜② s②♠♠❡tr②✱ t❤✉s t❤❡② ❛r❡ ♥✉•• ❡①❝❡♣t ✐❢ l = m i = k ♦r l = m l = i ❛♥❞ m = k ♦r l = m l = k ❛♥❞ m = i ■t r❡♠❛✐♥s 2(d + 2s)(1 -s) 1≤j,l≤d ∂ i T j (x)∂ 2 l,l T j (x) B(x,ε) h 2 i h 2 l |h| d+2s+2 ❞h + 4(d + 2s)(1 -s) 1≤j,k≤d k =i ∂ k T j (x)∂ 2 i,k T j (x) B(x,ε) h 2 i h 2 k |h| d+2s+2 ❞h ✶✵✻ ❈❍❆P❚❊| ✹✳ |❊▲❆❚❊❉ ▼❖❉❊▲❙ ❆◆❉ P❊|❙P❊❈❚■❱❊❙ ❚❤❡ ✜rst t❡r♠ ✭✇✐t❤ ∂ 2 l,l T j ✮ ✇✐•• ❣✐✈❡ t DT ∆T T ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ✇✐•• ❣✐✈❡ ∇|DT | 2 ✳✳ ■t ♦♥•② r❡♠❛✐♥s t♦ ❝♦♠♣✉t❡ t❤❡ •✐♠✐ts lim s→1 (1 -s) B(0,ε) h 2 i h 2 j |h| d+2s+2 ❞h ✐♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝♦♥st❛♥t C d ✭t❤✐s •✐♠✐t ❞❡♣❡♥❞s ♦♥ t❤❡ ❡q✉❛•✐t② i = j✱ ❛♥❞ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② ✉s✐♥❣ t❤❡ ❝•❛ss✐❝❛• ❤②♣❡rs♣❤❡r✐❝❛• ❝♦♦r❞✐♥❛t❡s ❛♥❞ ❲❛••✐s ✐♥t❡❣r❛•s✮✳ ❆ r❡❣✉•❛r✐③✐♥❣ ❝♦♥✈♦•✉t✐♦♥ ❦❡r♥❡•✳ ❲❡ ❛•s♦ ✇✐•• ✉s❡ t❤❡ ❢♦••♦✇✐♥❣ r❡❣✉•❛r✐③✐♥❣ ❦❡r♥❡•✱ t❤❛t ✇❡ ❞❡✜♥❡ ❛s ❛ ❋♦✉r✐❡r tr❛♥s❢♦r♠✿ F(K s,ε )(ξ) = - C d 2 |ξ| 2s exp(-ε|ξ| 2s ) ❛♥❞ ✇❡ ✈❡r✐❢② t❤❛t✱ ❢♦r ❛♥② r❡❣✉•❛r ❡♥♦✉❣❤ ❢✉♥❝t✐♦♥ u✱ ❢♦r ❛♥② ✜①❡❞ s ∈ (0, 1), Ω (u(x) -u(y))K s,ε (x -y) ❞y ---→ ε→0 - 1 2 ∆ s u(x) ❛♥❞ ❢♦r ❛♥② ✜①❡❞ ε > 0, Ω (u(x) -u(y))K s,ε (x -y) ❞y ---→ s→1 - 1 2 C d ∆(u ⋆ ρ ε ) ✇❤❡r❡ ρ ε ✐s t❤❡ ❝•❛ss✐❝❛• •❛✉ss ❢✉♥❝t✐♦♥ ρ ε (x) = 1 (2 √ πε) d exp - |x| 2 4ε ❚❤✐s ❦❡r♥❡• ✇✐•• ✉s❡❞ t♦ r❡❣✉•❛r✐③❡ ♦✉r ❝♦st ❢✉♥❝t✐♦♥✱ s✐♥❝❡ ♦✉r ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜•❡♠ ✐♥✈♦•✈❡s (Ω×Ω ′ ) 2 |z -w| 2 |x -y| d+2s ❞γ(x, z) ❞γ(y, w) ✇❤❡r❡ t❤❡ ❝♦st ✐♥t❡❣r❛t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ γ ⊗ γ ❛❞♠✐ts ❤❡r❡ ❛ s✐♥❣✉•❛r✐t② ❛•♦♥❣ t❤❡ •✐♥❡ x = y✳ ✹✳✷✳✷ ❆ s♦rt ♦❢ ❑❛♥t♦r♦✈✐❝❤ ♣r♦❜•❡♠ ✇✐t❤ ✹ ✈❛r✐❛❜•❡s ❋♦••♦✇✐♥❣ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❜❡❣✐♥ ❜② st✉❞②✐♥❣✱ ❢♦r ❛ ✜①❡❞ s ∈ (0, 1)✱ inf (Ω×Ω ′ ) 2 1 2 (|z -x| 2 + |w -y| 2 ) + (1 -s) |z -w| 2 |x -y| d+2s ❞γ(x, z) ❞γ(y, w) ✭✹✳✺✮ ✇❤❡r❡ t❤❡ ✐♥✜♠✉♠ ✐s t❛❦❡♥ ❛♠♦♥❣ t❤❡ tr❛♥s♣♦rt ♣•❛♥s γ ∈ Π(µ, ν) ✇❤♦s❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♠❛r❣✐♥❛• ❛r❡ ♣r❡s❝r✐❜❡❞ ✭❛♥❞ ✇❡ st✐•• ❛ss✉♠❡ t❤❛t µ ✐s ❛❝t✉❛••② t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ Ω✮✳ ❚❤✉s✱ ✇❡ ✇✐•• s❡t c s (x, z, y, w) = 1 2 (|z -x| 2 + |y -w| 2 ) + (1 -s) |z -w| 2 |x -y| d+2s ✭✇❡ ❤❛✈❡ r❡♣•❛❝❡❞ t❤❡ tr❛♥s♣♦rt ❝♦st |z -x| 2 ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ✏s②♠♠❡tr✐③❡❞✑ ✈❡rs✐♦♥ ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❛ ❝♦st ❢✉♥❝t✐♦♥ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✹ ✈❛r✐❛❜•❡s x, z, y, w ❛♥❞ s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ (x, z, y, w) → (y, w, x, z)✮✳ ❚❤❡ ✜rst r❡♠❛r❦ ✐s t❤❡ ❢♦••♦✇✐♥❣✱ ✇❤✐❝❤ ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ ✐♥✜♠✉♠ ✭✐❢ ✐t ❡①✐sts✮ ❝♦♠❡s ❢r♦♠ ❛ tr❛♥s♣♦rt ♠❛♣✿ ✹✳✷✳ ❆ ❚❊◆❚❆❚■❱❊ ❑❆◆❚❖|❖❱■❈❍✲▲■❑❊ ❋❖|▼❯▲❆❚■❖◆ ✶✵✼ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✺✳ ❆ss✉♠❡ t❤❛t γ ∈ Π(µ, ν) ✐s s✉❝❤ t❤❛t (Ω×Ω ′ ) 2 |z -w| 2 |x -y| d+2s ❞γ(x, z) ❞γ(y, w) < +∞ ❚❤❡♥ γ ✐s ✐♥❞✉❝❡❞ ❜② ❛ tr❛♥s♣♦rt ♠❛♣✳ Pr♦♦❢✳ ■♥❞❡❡❞✱ ✐❢ γ ✐s ♥♦t s✉♣♣♦rt❡❞ ♦♥t♦ ❛ ❣r❛♣❤ t❤❡♥ t❤❡r❡ ❡①✐sts (x 0 , z 1 )✱ (x 0 , z 2 ) ❜❡•♦♥❣✐♥❣ t♦ t❤❡ s✉♣♣♦rt ♦❢ γ ✇✐t❤ z 1 = z 2 ❀ ✇❡ ❝❤♦♦s❡ ε > 0 s✉❝❤ t❤❛t t❤❡ ❝•♦s❡❞ ❜❛••s B(z 1 , ε) ❛♥❞ B(z 2 , ε) ❛r❡ ❞✐s•♦✐♥ts ❛♥❞ ♥♦t❡ t❤❛t✱ ❢♦r s♦♠❡ δ > 0✱ B((x0,z1,x0,z2),ε) |z -w| 2 |x -y| d+2s ❞γ(x, z) ❞γ(y, w) ≥ δ B((x0,z1,x0,z2),ε) ❞γ(x, z) ❞γ(y, w) |x -y| d+2s = δν(B(z 1 , ε))ν(B(z 2 , ε)) B(x0,ε) 2 ❞x ❞y |x -y| d+2s = +∞ ❚❤❡ ❢❛❝t t❤❛t t❤❡ ♦♣t✐♠❛• ♣•❛♥ ❢r♦♠ µ t♦ ν ❢♦r t❤✐s ❢r❛❝t✐♦♥❛• ❙♦❜♦•❡✈ ❝♦st ❝♦♠❡s ❢r♦♠ ❛ tr❛♥s♣♦rt ♠❛♣ ✐s t❤✉s ❡•❡♠❡♥t❛r②✱ ❜✉t t❤✐s ❢❛❝t ❞♦❡s ♥♦t ❤♦•❞ ❛♥②♠♦r❡ ✐❢ ✇❡ r❡♣•❛❝❡ c s ❜② ✐ts r❡❣✉•❛r✐③❡❞ ✈❡rs✐♦♥ c s,ε = 1 2 (|z -x| 2 + |w -y| 2 ) + |z -w| 2 K s,ε (x -y) s✐♥❝❡ t❤❡ ✐♥t❡❣r❛• K s,ε (x -y) ❞x ❞y ✐s t❤❡♥ ✜♥✐t❡✳ ▼♦r❡♦✈❡r✱ t❤❡ ❢✉♥❝t✐♦♥❛• t❤❛t ✇❡ ❝♦♥s✐❞❡r ✐s ♥♦t ❝♦♥✈❡① ✇✐t❤ r❡s♣❡❝t t♦ γ s✐♥❝❡ ✐t ✐♥✈♦•✈❡s ❛ t❡r♠ ✇✐t❤ γ ⊗ γ ✭✇❤✐•❡ t❤❡ ❝•❛ss✐❝❛• ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤ ❝♦st ✐s •✐♥❡❛r ✇✐t❤ r❡s♣❡❝t t♦ γ✮✳ ❚❤✉s✱ t❤❡ ♥❡①t st❡♣ ✐s t♦ st✉❞② t❤❡ ❝♦♥✈❡① ❤✉•• ♦❢ t❤❡ s❡t {γ ⊗ γ : γ ∈ Π(µ, ν)} ❚❤❡ r❡s✉•t t❤❛t ✇❡ ❡①♣❡❝t ✐s t❤❡ ❢♦••♦✇✐♥❣✿ ❈♦♥•❡❝t✉r❡ ✹✳✷✳✶✳ ▲❡t Σ ❜❡ t❤❡ s❡t ♦❢ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡s σ ♦♥ (Ω×Ω ′ ) 2 s❛t✐s❢②✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿ • (π 1,3 ) # σ = µ ⊗ µ✱ ✇❤❡r❡ π 1,3 (x, z, y, w) = (x, y)❀ • (π 2,4 ) # σ = ν ⊗ ν✱ ✇❤❡r❡ π 2,4 (x, z, y, w) = (z, w)❀ • τ # σ = σ✱ ✇❤❡r❡ τ (x, z, y, w) = (y, w, x, z)❀ • ∀f ∈ C b ((Ω × Ω ′ ) 2 ), f (x, z)f (y, w) ❞σ(x, z, y, w) ≥ 0 ❚❤❡♥ c ❞σ : σ ∈ Σ ✐s ❛tt❛✐♥❡❞ ❜② ❛♥ ❡•❡♠❡♥t ✇✐t❤ ❢♦r♠ γ ⊗ γ✱ γ ∈ Π(µ, ν)✳ ▲❡t ✉s ❡①♣•❛✐♥ ❜r✐❡✢② t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ ❢♦✉r ❝♦♥str❛✐♥ts ❛❜♦✈❡✿ t❤❡ ✜rst ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ❡①♣r❡ss t❤❡ ❢❛❝t t❤❛t t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♠❛r❣✐♥❛• ♦❢ γ ∈ Π(µ, ν) ❛r❡ ♣r❡s❝r✐❜❡❞ ❛♥❞ t❤❡ t❤✐r❞ ❛♥❞ t❤❡ ❢♦✉rt❤ ♦♥❡ ❡①♣r❡ss t❤❛t γ ⊗ γ ✐s st✐•• s②♠♠❡tr✐❝ ❛♥❞ ✏♣♦s✐t✐✈❡✑ ❛♠♦♥❣ t❤❡ ❢✉♥❝t✐♦♥s ✇✐t❤ ❢♦r♠ f (x, z)f (y, w)✳ ❙✐♥❝❡ t❤❡s❡ ❢♦✉r ❝♦♥str❛✐♥ts ❛r❡ ❛•• ♣r❡s❡r✈❡❞ ❜② ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥s✱ t❤❡ s❡t Σ ✐s ❛ ❝♦♥✈❡① s✉❜s❡t ♦❢ t❤❡ s❡t ♦❢ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡s ♦♥ (Ω × Ω ′ ) 2 ✳ ❲❡ ❤♦♣❡ t❤❛t t❤❡s❡ ❢♦✉r ❝♦♥str❛✐♥ts ❛r❡ ✏♠❛①✐♠❛•✑ ✭♠❡❛♥✐♥❣ t❤❛t Σ ✐s ❛❝t✉❛••② t❤❡ ❝♦♥✈❡① ❤✉•• ♦❢ {γ ⊗ γ : γ ∈ Π(µ, ν)}✮ ❛♥❞ ❛ ♣♦ss✐❜•❡ str❛t❡❣② t♦ s❤♦✇ t❤✐s ❝♦♥•❡❝t✉r❡ ❝♦♥s✐sts ✐♥ st✉❞②✐♥❣ t❤❡ ❡①tr❡♠❛• ♣♦✐♥ts ♦❢ Σ ✹✳✷✳✸ ❉✉❛•✐t② ❢♦r♠✉•❛ ❢♦r 4✲✈❛r✐❛❜•❡s ❝♦sts ✐♥ t❤❡ ❝•❛ss Σ ❲❡ ❢♦r❣❡t ✐♥ t❤✐s ♣❛r❛❣r❛♣❤ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝♦st c ♦♥ s ❛♥❞ ε✱ •✉st ❛ss✉♠❡ t❤❛t ✐t ✐s s②♠♠❡tr✐❝ ✭✐✳❡✳ ✐♥✈❛r✐❛♥t ❜② t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ (x, z, y, w) → (y, w, x, z)✮ ❛♥❞ ♦♥•② ❢♦❝✉s ♦♥ t❤❡ ❝♦♥str❛✐♥t ✏ σ ∈ Σ✑✳ ❋♦••♦✇✐♥❣ t❤❡ ♦r✐❣✐♥❛• ♣r♦♦❢ ♦❢ t❤❡ ❞✉❛•✐t② ❢♦r♠✉•❛ ✐♥ t❤❡ ♦♣t✐♠❛• tr❛♥s♣♦rt ✭s❡❡ t❤❡ ❆♣♣❡♥❞✐① ❇✮✱ ✇❡ r❡♠❛r❦ t❤❛t✱ ❢♦r ❛ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ σ ♦♥ (Ω × Ω ′ ) 2 ✿ sup ϕ(x, y)( ❞(µ ⊗ µ)(x, y) -❞σ(x, z, y, w)) : ϕ ∈ C b (Ω 2 ) = 0 ✐❢ (π 1,3 ) # σ = µ ⊗ µ +∞ ♦t❤❡r✇✐s❡ sup ψ(x, y)( ❞(ν ⊗ ν)(z, w) -❞σ(x, z, y, w)) : ψ ∈ C b (Ω ′2 ) = 0 ✐❢ (π 2,4 ) # σ = ν ⊗ ν +∞ ♦t❤❡r✇✐s❡ sup (χ • τ -χ) ❞σ : τ ∈ C b ((Ω × Ω ′ ) 2 ) = 0 ✐❢ τ # σ = χ +∞ ♦t❤❡r✇✐s❡ ❛♥❞ t❤❛t sup -ω(x, z)ω(y, w) ❞σ(x, z, y, w) ✐s 0 ✐❢ t❤❡ ❢♦✉rt❤ ❝♦♥str❛✐♥t ❞❡✜♥✐♥❣ σ ✐s s❛t✐s✜❡❞ ❛♥❞ +∞ ♦t❤❡r✇✐s❡✳ ◆♦t✐❝❡ ❛•s♦ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ❡q✉❛•✐t② sup -ω(x, z)ω(y, w) ❞σ(x, z, y, w) = sup - i ω i (x, z)ω i (y, w) ❞σ(x, z, y, w) ✇❤❡r❡ t❤❡ s✉♠ ✐♥s✐❞❡ t❤❡ r✐❣❤t ❤❛♥❞✲s✐❞❡ ✐s t❛❦❡♥ ✐♥ s❡♥s❡ ♦❢ t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ✭❛♥❞ t❤✐s ❛••♦✇s t♦ ❝♦♥s✐❞❡r ❛ s✉♣r❡♠✉♠ ❛♠♦♥❣ ❛ ❝♦♥✈❡① ❝•❛ss ♦❢ ❢✉♥❝t✐♦♥s✮✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ t❤❡ ❡q✉❛•✐t②✿ inf (Ω×Ω ′ ) 2 c ❞σ : σ ∈ Σ = inf sup ϕ( ❞µ ⊗ µ -❞σ) + ψ( ❞ν ⊗ ν -❞σ) + (χ -χ • τ ) ❞σ - i ω i (x, z)ω i (y, w)) ❞σ + c ❞σ ❆ss✉♠❡ t❤❛t ✇❡ ❛r❡ ❛❜•❡ t♦ ✐♥✈❡rt ✐♥✜♠✉♠ ❛♥❞ s✉♣r❡♠✉♠✳ ■t r❡♠❛✐♥s inf (Ω×Ω ′ ) 2 c ❞σ : σ ∈ Σ = sup ϕ,ψ,χ,ω (ϕ ❞(µ ⊗ µ) + ψ ❞(ν ⊗ ν)) + inf σ (c(x, z, y, w) -ϕ(x, z) -ϕ(y, w) -(χ -χ • τ )(x, z, y, w) - i ω i (x, z)ω i (y, w)) ❞σ(x, z, y, w) ❚❤❡ ❛❜♦✈❡ ✐♥✜♠✉♠ ✐s 0 ✐❢ c(x, z, y, w) ≥ ϕ(x, y) + ψ(z, w) + χ(x, z, y, w) -χ(y, w, x, z) + i ω i (x, z)ω i (y, w) ❢♦r ❛♥② (x, z, y, w) ∈ (Ω × Ω ′ ) 2 ✱ ❛♥❞ +∞ ♦t❤❡r✇✐s❡✳ ❚❤✉s✱ ✇❡ •♦♦❦ ❛t t❤❡ ♣r♦❜•❡♠ sup ϕ ❞µ ⊗ µ + ψ ❞ν ⊗ ν ✹✳✷✳ ❆ ❚❊◆❚❆❚■❱❊ ❑❆◆❚❖|❖❱■❈❍✲▲■❑❊ ❋❖|▼❯▲❆❚■❖◆ ✶✵✾ ✇❤❡r❡ t❤❡ s✉♣r❡♠✉♠ ✐s t❛❦❡♥ ❛♠♦♥❣ t❤❡ ♣❛✐rs ♦❢ ❢✉♥❝t✐♦♥s (ϕ, ψ) s✉❝❤ t❤❛t ∃χ, (ω i ) i : ϕ(x, y) + ψ(z, w) + χ(x, z, y, w) -χ(y, w, x, z) + i ω i (x, z)ω i (y, w) ≤ c(x, z, y, w) ◆♦t✐❝❡ t❤❛t ✐❢✱ ✐♥ t❤❡ •❛st ❡q✉❛•✐t②✱ ✇❡ ❡①❝❤❛♥❣❡ (x, y) ❛♥❞ (z, w) ❛♥❞ ❝♦♠♣✉t❡ t❤❡ ❤❛•❢✲s✉♠✱ ✐t ❢♦••♦✇s s✐♥❝❡ c ✐s s②♠♠❡tr✐❝ t❤❛t 1 2 (ϕ(x, y) + ϕ(y, x)) + 1 2 (ψ(z, w) + ψ(w, z)) + i ω i (x, z)ω i (y, w) ≤ c(x, z, y, w) ❛♥❞ ❜② ♥♦t✐❝✐♥❣ t❤❡ ❡q✉❛•✐t✐❡s 1 2 (ϕ(x, y) + ϕ(y, x)) ❞µ(x) ❞µ(y) = ϕ(x, y) ❞µ(x) ❞µ(y) ❛♥❞ 1 2 (ψ(x, y) + ψ(y, x)) ❞ν(x) ❞ν(y) = ψ(x, y) ❞ν(x) ❞ν(y) ✇❡ ❞❡❞✉❝❡ t❤❛t ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r sup ϕ ❞µ ⊗ µ + ψ ❞ν ⊗ ν ✇❤❡r❡ t❤❡ s✉♣r❡♠✉♠ ✐s t❛❦❡♥ ❛♠♦♥❣ t❤❡ ♣❛✐rs ♦❢ ❢✉♥❝t✐♦♥s (ϕ, ψ) ✇❤✐❝❤ ❛r❡ ❜♦t❤ s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t♦ t❤❡✐r ✈❛r✐❛❜•❡s (x, y) ❛♥❞ (z, w) ❛♥❞ s✉❝❤ t❤❛t ∃(ω i ) i : ϕ(x, y) + ψ(z, w) + i ω i (x, z)ω i (y, w) ≤ c(x, z, y, w) ❚❤❡ ❞✉❛•✐t② ❢♦r♠✉•❛ ✇♦✉•❞ ❜❡ ✇r✐tt❡♥ ❛s ❢♦••♦✇s✿ ❈♦♥•❡❝t✉r❡ ✹✳✷✳✷✳ ❲❡ ❤❛✈❡ t❤❡ ❡q✉❛•✐t② inf c ❞σ : σ ∈ Σ = sup ϕ ❞µ ⊗ µ + ψ ❞ν ⊗ ν : (ϕ, ψ) ∈ S ✇❤❡r❡ S ✐s t❤❡ s❡t ♦❢ ♣❛✐rs (ϕ, ψ) s✉❝❤ t❤❛t • ϕ ∈ C b (Ω 2 )✱ ψ ∈ C b (Ω ′ ) 2 ❀ • ϕ(x, y) = ϕ(y, x) ❛♥❞ ψ(z, w) = ψ(w, z) ❢♦r ❛♥② x, y, z, w❀ • t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (ω i ) i ♦❢ ❢✉♥❝t✐♦♥s ♦❢ C b (Ω × Ω ′ ) s✉❝❤ t❤❛t i ω i (x, z)ω i (y, w) ✉♥✐❢♦r♠•② ❝♦♥✈❡r❣❡s ❛♥❞ t❤❡ ✐♥❡q✉❛•✐t② ϕ(x, y) + ψ(z, w) + i ω i (x, z)ω i (y, w) ≤ c(x, z, y, w) ✭✹✳✻✮ ❤♦•❞s ❢♦r ❛♥② (x, z, y, w) ∈ (Ω × Ω ′ ) 2 ✳ ✶✶✵ ❈❍❆P❚❊| ✹✳ |❊▲❆❚❊❉ ▼❖❉❊▲❙ ❆◆❉ P❊|❙P❊❈❚■❱❊❙ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ♦♣t✐♠✐③❡rs✳ ◆♦✇ ✇❡ t❛❦❡ ❛♥ ♦♣t✐♠❛• σ ∈ Σ✱ ❛♥ ♦♣t✐♠❛• ♣❛✐r (ϕ, ψ) ∈ S ❛♥❞ s❡q✉❡♥❝❡ (ω i ) i ❛s ✐♥ t❤❡ ❛❜♦✈❡ ❝♦♥•❡❝t✉r❡✳ ❆ss✉♠✐♥❣ t❤❛t σ = γ ⊗ γ ❢♦r s♦♠❡ γ✱ ✇❡ ✐♥t❡❣r❛t❡ t❤❡ ✐♥❡q✉❛•✐t② ✭✹✳✻✮ ✇✐t❤ r❡s♣❡❝t t♦ σ✳ ■t ❢♦••♦✇s ϕ ❞(µ ⊗ µ) + ψ ❞(ν ⊗ ν) + i ω i ❞γ 2 ≤ c ❞σ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❦♥♦✇ ✐❢ t❤❡ ❞✉❛•✐t② ❢♦r♠✉•❛ ✐s tr✉❡ t❤❛t ϕ ❞µ ⊗ ν + ψ ❞ν ⊗ ν = c ❞σ✳ ❚❤✐s ✐♠♣•✐❡s t❤❛t ω i ❞γ = 0 ❢♦r ❛♥② i✳ ❚❤✉s✱ ✇❡ ❤❛✈❡        ϕ(x, y) + ψ(z, w) + i ω i (x, z)ω i (y, w) ≤ c(x, z, y, w) ❢♦r ❛♥② x, z, y, w ∈ (Ω × Ω ′ ) 2 ϕ(x, y) + ψ(z, w) + i ω i (x, z)ω i (y, w) ❞σ(x, z, y, w) = c ❞σ ❚❤✐s ✐♠♣•✐❡s ✭✹✳✻✮ ✐s ❛❝t✉❛••② ❛♥ ❡q✉❛•✐t② ♦♥ t❤❡ s✉♣♣♦rt ♦❢ σ✳ ❲❡ ❛•s♦ ♥♦t✐❝❡ t❤❛t ✐♥t❡❣r❛t✐♥❣ ✭✹✳✻✮ ✇✐t❤ r❡s♣❡❝t t♦ ❞γ(y, w) •❡❛❞s✱ s✐♥❝❡ ω i (y, w) ❞γ(y, w) = 0 ❢♦r ❛♥② i✱ t♦ ϕ(x, y) ❞µ(y) + ψ(z, w) ❞ν(w) ≤ c(x, z, y, w) ❞γ(y, w) ❛♥❞ t❤❡ ✐♥t❡❣r❛• ♦❢ t❤❡ t✇♦ ❤❛♥❞✲s✐❞❡s ♦❢ t❤✐s ✐♥❡q✉❛•✐t② ✇✐t❤ r❡s♣❡❝t t♦ ❞γ(x, z) ❛r❡ ❡q✉❛•✱ ✇❤✐❝❤ ✐♠♣•✐❡s t❤❛t t❤❡s❡ ❤❛♥❞✲s✐❞❡s ❛r❡ ❛❝t✉❛••② ❡q✉❛• ❢♦r (x, z) ❜❡•♦♥❣✐♥❣ t♦ t❤❡ s✉♣♣♦rt ♦❢ γ✳ ❲❡ s✉♠♠❛r✐③❡✿ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✻✳ ❆ss✉♠❡ t❤❛t t❤❡ ❛❜♦✈❡ ❝♦♥•❡❝t✉r❡s ❤♦•❞✳ ❚❤❡♥✱ ✐❢ σ ❛♥❞ (ϕ, ψ) ❛r❡ ♦♣t✐♠❛• ❢♦r t❤❡✐r r❡s♣❡❝t✐✈❡ ♣r♦❜•❡♠s✱ t❤❡ ✐♥❡q✉❛•✐t② ϕ(x, y) + ψ(z, w) + i ω i (x, z)ω i (y, w) ≤ c(x, z, y, w) ✐s ❛♥ ❡q✉❛•✐t② ♦♥ t❤❡ s✉♣♣♦rt ♦❢ σ✳ ▼♦r❡♦✈❡r✱ ✐❢ σ = γ ⊗ γ ✇✐t❤ γ ∈ Π(µ, ν)✱ t❤❡♥ ω i ❞γ = 0 ❢♦r ❛♥② i ✇❤✐❝❤ ✐♠♣•✐❡s t❤❛t t❤❡ ❢♦••♦✇✐♥❣ ✐♥❡q✉❛•✐t② ❤♦•❞s✿ ϕ(x, y) ❞µ(y) + ψ(z, w) ❞ν(w) ≤ c(x, z, y, w) ❞γ(y, w) ✇✐t❤ ❡q✉❛•✐t② ✐❢ (x, z) ❜❡•♦♥❣s t♦ t❤❡ s✉♣♣♦rt ♦❢ γ✳ ✹✳✷✳✹ ❇❛❝❦ t♦ t❤❡ ❙♦❜♦•❡✈ ❝♦st ❛♥❞ ♦♣t✐♠❛•✐t② ❝♦♥❞✐t✐♦♥s ❲❡ ❛✐♠ t♦ ❡①♣•♦✐t t❤❡ ❛♥❛•②s✐s ✐♥ t❤❡ ❛❜♦✈❡ ♣❛r❛❣r❛♣❤ ✐♥ t❤❡ ❝❛s❡ ♦❢ r❡❣✉•❛r✐③❡❞ ✭♦r ♥♦t✮ ❢r❛❝t✐♦♥❛• ❙♦❜♦•❡✈ ❝♦st ✇✐t❤ 4 ✈❛r✐❛❜•❡s✿ c s,ε = 1 2 (|z -x| 2 + |w -y| 2 ) + h s,ε (x, z, y, w) ✇❤❡r❡ h s,ε (x, z, y, w) = |z -w| 2 K s,ε (x -y) ✭✇❤✐❝❤ ❣✐✈❡s✱ ❢♦r ε = 0✱ h s (x, z, y, w) = (1 -s) |x -y| 2 |z -w| d+2s ✮✳ ■❢ s ❛♥❞ ε ❛r❡ ✜①❡❞✱ ✇❡ t❛❦❡ ❛♥ ♦♣t✐♠❛• ♣❛✐r (ϕ s,ε , ψ s,ε ) ❢♦r t❤✐s ❝♦st c s,ε ❛♥❞ ❡①♣❡❝t t❤❛t t❤❡ ❞✉❛•✐t② ❢♦r♠✉•❛ ϕ s,ε (x, y) + ψ s,ε (z, w) + i ω i s,ε (x, z)ω i s,ε (y, w) ≤ c s,ε (x, z, y, w) ✹✳✷✳ ❆ ❚❊◆❚❆❚■❱❊ ❑❆◆❚❖|❖❱■❈❍✲▲■❑❊ ❋❖|▼❯▲❆❚■❖◆ ✶✶✶ ❤♦•❞s ✇✐t❤ ❡q✉❛•✐t② ♦♥ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ♦♣t✐♠❛• σ s,ε ❛♥❞ ✇✐t❤ i ω i s,ε (x, z)ω i s,ε (y, w) ❞σ s,ε (x, z, y, w) = 0 ✇❤✐❝❤ ♠❡❛♥s ω i s,ε (x, z) ❞γ s,ε (x, z) = 0 ❢♦r ❛♥② i ✇❤❡r❡✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❈♦♥•❡❝t✉r❡ ✹✳✷✳✶✱ γ s,ε ✐s ❞❡✜♥❡❞ ❜② σ s,ε = γ s,ε ⊗ γ s,ε ✳ ◆♦t✐❝❡ t❤❛t ❜② s❡tt✐♥❣ ϕ s,ε = 1 2 (|x| 2 + |y| 2 ) -ϕ s,ε (x, y) ❛♥❞ ψ s,ε = 1 2 (|z| 2 + |w| 2 ) -ψ s,ε (z, w)✱ ✇❡ ❝❛♥ tr❛♥s❢♦r♠ ✭✹✳✻✮ ✐♥t♦ ϕ s,ε (x, y) + ψ s,ε (z, w) + h s,ε (x, z, y, w) - i ω i s,ε (x, z)ω i s,ε (y, w) ≥ x, z + y, w ✇✐t❤ ❡q✉❛•✐t② ✐❢ (x, z, y, w)✳ ❙✐♥❝❡ ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛♥② ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ω i s,ε ❡①❝❡♣t t❤❛t ✐ts ✐♥t❡❣r❛• ✇✐t❤ r❡s♣❡❝t t♦ γ s,ε ✐s ♥✉•• ✭✇❤❡r❡ ✇❡ ❛ss✉♠❡ t❤❛t γ s,ε ⊗ γ s,ε = σ s,ε ✮✱ ♦✉r ✐❞❡❛ ❝♦♥s✐sts t♦ ✐♥t❡❣r❛t❡ t❤✐s ✐♥❡q✉❛•✐t② ✇✐t❤ r❡s♣❡❝t t♦ γ s,ε (y, w) ✇❤✐❝❤ •❡❛❞s t♦ Ω ϕ s,ε (x, y) ❞µ(y) + Ω ′ ψ s,ε (z, w) ❞ν(w) + Ω×Ω ′ h s,ε (x, z, y, w) ❞γ s,ε (y, w) ≥ x, z + Ω×Ω ′ y, w ❞γ s,ε (y, w) ✭✹✳✼✮ ✇✐t❤ ❡q✉❛•✐t② ✐❢ (x, z) ❜❡•♦♥❣s t♦ t❤❡ s✉♣♣♦rt ♦❢ γ s,ε ✳ ◆♦✇ t❤❡ ♣r♦❜•❡♠ ✐s t❤❡ ❢♦••♦✇✐♥❣✿ • ❛ss✉♠❡ ε = 0✳ ❚❤❡♥ ✇❡ ❦♥♦✇ t❤❛t γ s ✐s ✐♥❞✉❝❡❞ ❜② ❛ tr❛♥s♣♦rt ♠❛♣ T ✱ ❛♥❞ t❤❡ ✐♥t❡❣r❛• Ω×Ω ′ h s (x, z, y, w) ❞γ s,ε (y, w) = Ω |z -T (y)| 2 |x -y| d+2s ❞x ✐s ❛❝t✉❛••② +∞ ❡①❝❡♣t ✐❢ z = T (x)✳ ❚❤✉s✱ ❛ r❡❛s♦♥✐♥❣ •✐❦❡ ✏✐❢ (z, y) ❜❡•♦♥❣s t♦ t❤❡ s✉♣♣♦rt ♦❢ γ✱ t❤❡♥ z ✐s t❤❡ ❝r✐t✐❝❛• ♣♦✐♥t ♦❢ s♦♠❡ ❢✉♥❝t✐♦♥ ♦❢ ✇❤✐❝❤ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❣r❛❞✐❡♥t✑ ❞♦❡s ♥♦t ❤♦•❞ ❤❡r❡❀ • ✐❢ ε > 0✱ t❤❡♥ ❛•• t❤❡ ❢✉♥❝t✐♦♥s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ✐♥❡q✉❛•✐t② ✭✹✳✼✮ ❛r❡ r❡❣✉•❛r ❛s ✇❡•• ❛♥❞ ✇❡ ♦❜t❛✐♥ Φ s,ε (x) + Ψ s,ε (y) + Ω×Ω ′ h s,ε (x, z, y, w) ❞γ s,ε (y, w) ≥ x, z + Ω×Ω ′ y, w ❞γ s,ε (y, w) ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥s Φ s,ε ✱ Ψ s,ε ❛♥❞ ✇✐t❤ ❡q✉❛•✐t② ♦♥ t❤❡ s✉♣♣♦rt ♦❢ γ s,ε ❀ ❜✉t ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛♥② ✐♥❢♦r♠❛t✐♦♥ ♦♥ γ s,ε ✭❛♥❞ t❤❡ ❢❛❝t t❤❛t ✐t ✐s ✐♥❞✉❝❡❞ ❜② ❛ tr❛♥s♣♦rt ♠❛♣ ✐s ♥♦t ❣✉❛r❛♥t❡❡❞✮✳ ❋♦r♠❛• ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ❜❛❝❦ t♦ ❛ P❉❊✳ ▲❡t ✉s ♥♦t✐❝❡ ❤♦✇❡✈❡r t❤❛t ❛ ❢♦r♠❛• ❝♦♠♣✉t❛t✐♦♥ ✐♥ t❤❡ ❝❛s❡ ε = 0 ❛••♦✇s t♦ ♠❛❦❡ t❤❡ •✐♥❦ ✇✐t❤ t❤❡ ♣❛rt✐❛• ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ t❤❛t ✇❡ ♦❜t❛✐♥❡❞ ❛t t❤❡ ❡♥❞ ♦❢ ❈❤❛♣t❡r ✷✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ ✐♥ t❤✐s ❝❛s❡ Φ s (x) + Ψ s (z) + Ω×Ω ′ (1 -s) |z -T (y)| 2 |x -y| d+2s ❞y ≥ x, z + Ω×Ω ′ y, w ❞γ s (y, w) ✇✐t❤ ❡q✉❛•✐t② ✐❢ (x, z) ❜❡•♦♥❣s t♦ t❤❡ s✉♣♣♦rt ♦❢ γ s ⊗ γ s ✱ ❛♥❞ ✇❤❡r❡ ✇❡ ❤❛✈❡ s❡t Φ s (x) = Ω ϕ s (x, y) ❞y ❛♥❞ Ψ s (z) = Ω ′ ψ s (z, w) ❞ν(w) ■❢ ✇❡ ✇❡r❡ ❛••♦✇❡❞ t♦ t❛❦❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤✐s ❡q✉❛•✐t②✱ ❛♥❞ s✐♥❝❡ ✇❡ ❦♥♦✇ t❤❛t ✐♥ t❤✐s ❝❛s❡ γ s ✐s ✐♥❞✉❝❡❞ ❜② ❛ tr❛♥s♣♦rt ♠❛♣ T ✱ ✇❡ ✇♦✉•❞ ♦❜t❛✐♥ t❤❛t x ❛ ❝r✐t✐❝❛• ♣♦✐♥t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ x → Φ s ( x) + Ω (1 -s) |T (x) -T (y)| 2 | x -y| d+2s ❞y -x, T (x) ❚❤✐s •❡❛❞s t♦ t❤❡ ❡q✉❛•✐t② ∇Φ s (x) + Ω |T (x) -T (y)| 2 ∇K s (x -y) ❞y = T (x) ❇② ✉s✐♥❣ t❤❡ ▲❡♠♠❛ ✹✳✷✳✹✱ ✇❡ ♦❜t❛✐♥ ✐❢ ∇Ψ s (x) ❤❛s ❛ •✐♠✐t ❛s s → 1✿ ∇Φ(x) + C d ( t DT (x)∆T (x) + ∇(|DT | 2 )(x)) = T (x) ✭✹✳✽✮ ❚❤✐s ✐s t❤❡ ❡q✉❛t✐♦♥ ✇❤✐❝❤ ❛♣♣❡❛rs ✐♥ t❤❡ ❚❤❡♦r❡♠ ✷✳✷✳✶✳ ◆♦t✐❝❡ ❛•s♦ t❤❛t ✐❢ ✇❡ ✉s❡ t❤❡ ✏❢❛❝t✑ t❤❛t T (x) ✐s t❤❡ ❝r✐t✐❝❛• ♣♦✐♥t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ z → Φ s (x) + Ψ s (z) + Ω (1 -s) Ω |z -T (y)| 2 | x -y| d+2s ❞y -x, z ✇❡ ♦❜t❛✐♥ ∇Ψ(z) + 2(1 -s) Ω z -T (y) |x -y| d+2s ❞y = x ❢♦r z = T (x)✱ t❤✉s ∇Ψ s (T (x)) -C d ∆ s T (x) = x ✭✹✳✾✮ ✇❤❡r❡ ∆ s ✐s t❤❡ ❢r❛❝t✐♦♥❛• ▲❛♣•❛❝✐❛♥ ❞❡✜♥❡❞ ✐♥ t❤❡ ♣❛r❛❣r❛♣❤ ✹✳✷✳✷✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ ❛❝t✉❛••② ❛t t❤❡ •✐♠✐t s → 1 ❛ ❝♦✉♣•❡ ♦❢ ❡q✉❛t✐♦♥ ∇Φ(x) + C d ( t DT (x)∆T (x) + ∇(|DT | 2 )(x)) = T (x) ∇Ψ(T (x)) -C d ∆T (x) = x ✭✹✳✶✵✮ ◆♦t✐❝❡ ❛•s♦ t❤❛t t❤✐s s②st❡♠ •❡❛❞s✱ ❢♦r ✐♥st❛♥❝❡✱ t♦ ∇Φ(x) + t DT (x)∇Ψ(T (x)) + C d ∇(|DT | 2 )(x) = T (x) + t DT (x)x ■♥ ♦t❤❡r ✇♦r❞s✱ ∇(Φ + Ψ • T + C d |DT | 2 -x, T (x) ) = 0 t❤✉s t❤✐s ✐s ❛ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ ♦♥ Ω❀ ✇❡ ❛r❡ ❡✈❡♥ ❛❜•❡ t♦ ❝♦♠♣✉t❡ t❤✐s ❝♦♥st❛♥t s✐♥❝❡ t❤❡ ✐♥t❡❣r❛• ♦❢ Φ + Ψ • T ✭✇❤✐❝❤ ❛r❡ ❞❡✜♥❡❞ st❛rt✐♥❣ ❢r♦♠ t❤❡ ♦♣t✐♠❛• ♣❛✐r (ϕ, ψ) ❢♦r t❤❡ ❞✉❛• ♣r♦❜•❡♠ ✇✐t❤ ✹ ✈❛r✐❛❜•❡s✮ ✐s ❦♥♦✇♥✱ ❛♥❞ ✇❡ ✜♥❞ t❤❛t t❤✐s ❝♦♥st❛♥t ✐s ♥✉••✳ ❚❤✉s✱ ✇❡ ♦❜t❛✐♥ ❢♦r♠❛••② t❤❡ r❡•❛t✐♦♥ Φ(x) + Ψ • T (x) + C d |DT (x)| 2 = x, T (x) ❆t t❤✐s ♣♦✐♥t✱ ✐t ✇♦✉•❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ♠❛❦❡ t❤❡ •✐♥❦ ❜❡t✇❡❡♥ ♦✉r ✏♣♦t❡♥t✐❛•s✑ Φ✱ Ψ ❛♥❞ t❤❡ ♦r✐❣✐♥❛• ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛•s ✇❤✐❝❤ ❛♣♣❡❛r ✇❤❡♥ ✇❡ st✉❞② t❤❡ ❝•❛ss✐❝❛• ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤ ♣r♦❜•❡♠ ✭✇❤✐❝❤ ✈❡r✐❢②✱ ✇✐t❤ t❤❡ ❛❜♦✈❡ ♥♦t❛t✐♦♥s✱ ϕ(x) + ψ(T (x)) = x, T (x) ✮✳ ✹✳✷✳ ❆ ❚❊◆❚❆❚■❱❊ ❑❆◆❚❖|❖❱■❈❍✲▲■❑❊ ❋❖|▼❯▲❆❚■❖◆ ✶✶✸ ❚❤❡ ❝❛s❡ ♦❢ t❤❡ r❡❣✉•❛r✐③❡❞ ♣r♦❜•❡♠✳ ❲❡ ♥♦✇ r❡t✉r♥ t♦ t❤❡ ❡q✉❛t✐♦♥ ✭✹✳✼✮ ✐♥ t❤❡ ❝❛s❡ ε > 0 ❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t γ s,ε ✐s ②❡t ✐♥❞✉❝❡❞ ❜② ❛ tr❛♥s♣♦rt ♠❛♣ T ✳ ■♥ ✇❤❛t ❢♦••♦✇s✱ ✇❡ s❡t H s,ε (x, z) = Ω |z -T (y)| 2 K s,ε (x -y) ❞y ❲❡ ✜rst ♥♦t✐❝❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ Ψ s,ε ❝❛♥ ❜❡ r❡♣•❛❝❡❞ ✇✐t❤ z → sup z H s,ε (x, z) -Φ s,ε (x) - Ω y, T (y) ❞y -x, z ❙✐♥❝❡ ✇❡ ❤❛✈❡ D 2 z,z H s,ε (x, y) = 2I d Ω K s,ε (x -y) ❞y ≤ C s,ε I d ❢♦r s♦♠❡ ❝♦♥st❛♥t C s,ε ✭✇❤✐❝❤ ❣♦❡s t♦ +∞ ❛s ε → 0✮✱ t❤❡ ❢✉♥❝t✐♦♥ ✇❤♦s❡ ✇❡ ❛r❡ t❛❦✐♥❣ t❤❡ s✉♣r❡♠✉♠ ❛r❡ ❛•• s❡♠✐✲❝♦♥❝❛✈❡ ✇✐t❤ r❡s♣❡❝t t♦ z✳ ❚❤✉s✱ t❤❡ ♦❜t❛✐♥❡❞ ❢✉♥❝t✐♦♥ ✐s ✐ts❡•❢ s❡♠✐✲❝♦♥❝❛✈❡ ❛♥❞ t❤❡ ❝♦♥str❛✐♥ts ❛♥❞ t❤❡ ✈❛•✉❡ ♦❢ t❤❡ ✐♥t❡❣r❛• (Φ s,ε ❞µ + Ψ s,ε ❞ν) ❞✐❞ ♥♦t ❝❤❛♥❣❡✳ ❚❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❤♦•❞s ❢♦r Ψ s,ε ✳ ❲❡ ❝♦♥❝•✉❞❡ t❤❛t ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❡ ✏♣♦t❡♥t✐❛•s✑ Φ s,ε ✱ Ψ s,ε t♦ ❜❡ s❡♠✐✲❝♦♥❝❛✈❡ ✭t❤✐s ✐s s✐♠✐•❛r t♦ t❤❡ ❝•❛ss✐❝❛• tr❛♥s♣♦rt t❤❡♦r② ✇❤❡r❡ t❤❡ ♣♦t❡♥t✐❛• ❢✉♥❝t✐♦♥s ❛r❡ ❝♦♥❝❛✈❡❀ ❤♦✇❡✈❡r✱ t❤❡ s❡♠✐✲❝♦♥❝❛✈✐t② ❤❡r❡ ❞♦❡s ♥♦t ❤♦•❞ ❛t t❤❡ •✐♠✐t ε → 0✮✳ ◆♦✇ ✇❡ ❦♥♦✇ t❤❛t ❛♥② x ∈ Ω ✐s ❛ ❝r✐t✐❝❛• ♣♦✐♥t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ x → Φ s,ε ( x) + Ψ ε (T (x)) + H s,ε ( x, T (x)) -x, T (x) - Ω y, T (y) ❞y ❛♥❞ t❤❛t T (x) ✐s ❛ ❝r✐t✐❝❛• ♣♦✐♥t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ z → Φ s,ε (x) + Ψ s,ε (z) + H s,ε (x, z) -x, z - Ω y, T (y) ❞y ❚❤❡ ♦♣t✐♠❛•✐t② ❝♦♥❞✐t✐♦♥s ❛r❡ t❤❡♥ t❤❡ ❢♦••♦✇✐♥❣ ❝♦✉♣•❡ ♦❢ ❡q✉❛t✐♦♥s✿        ∇Φ s,ε (x) + Ω |T (x) -T (y)| 2 ∇K s,ε (x -y) ❞y = T (x) ∇Ψ s,ε (x) + 2 Ω (T (x) -T (y))K s,ε (x -y) ❞y = x ✇❤❡r❡ ✇❡ ❦♥♦✇ ♠♦r❡♦✈❡r t❤❛t ♦✉r ♣♦t❡♥t✐❛• ❢✉♥❝t✐♦♥s Φ s,ε ✱ Ψ s,ε ❛r❡ ❜♦t❤ s❡♠✐✲❝♦♥❝❛✈❡✳ ❲❡ ❝❛♥ ✈❡r✐❢② t❤❛t ✭✹✳✽✮✱ ✭✹✳✾✮ ❜♦t❤ ❛♣♣❡❛r ❛t t❤❡ •✐♠✐t ε → 0 ❛♥❞ ❢♦r ❛ ✜①❡❞ s ✭st✐•• ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ❢✉♥❝t✐♦♥s Φ s,ε , Ψ s,ε ❤❛✈❡ ❛ •✐♠✐t ❛s ε → 0✮✳ ❆•s♦✱ ♦♥❡ ❝❛♥ ✇r✐t❡ t❤❡ ❡q✉❛t✐♦♥s ✇❤❡r❡ ε > 0 st❛② ✜①❡❞ ❜✉t s → 1✿    ∇Φ ε (x) + 1 2 ∆(∇|T | 2 ⋆ ρ ε )(x) -C d ∆( t DT ⋆ ρ ε )(x)T (x) = T (x) ∇Ψ ε (T (x)) -C d ∆(T ⋆ ρ ε )(x) = x ❛♥❞ ❛❣❛✐♥✱ ✇❡ ✈❡r✐❢② t❤❛t ✭✹✳✶✵✮ ❢♦••♦✇s ❛s ❛ •✐♠✐t ♦❢ t❤✐s s②st❡♠ ❛s ε → 0✳ ❚❤❡ ♦♣❡♥ q✉❡st✐♦♥ ❛r❡ s❡✈❡r❛•✿ • ❤♦✇ t♦ s❤♦✇ t❤❛t t❤❡ ✐♥✜♠✉♠ ❛♠♦♥❣ Σ ✐s ❛tt❛✐♥❡❞ ❜② ❛ t❡♥s♦r ♣r♦❞✉❝t γ ⊗ γ❄ ✭✇❡ s✉❣❣❡st t❤❡ ❢♦••♦✇✐♥❣ tr❛❝❦s✿ st✉❞② t❤❡ ❡①tr❡♠❛• ♣♦✐♥ts ♦r t❤❡ s❡t Σ❀ ♦r ❡①❛♠✐♥❡ t❤❡ ❝❛s❡ ♦❢ ✜♥✐t❡ ♠❡❛s✉r❡s✱ ✇❤✐❝❤ ✐s r❡❞✉❝❡❞ t♦ ❛ ♠❛tr✐① ♣r♦❜•❡♠✮❀ • ❤♦✇ t♦ s❤♦✇ t❤❛t✱ ✐♥ t❤❡ r❡❣✉•❛r✐③❡❞ ♣r♦❜•❡♠ ✇✐t❤ ε > 0✱ t❤❡ ♦♣t✐♠❛• γ ✭✐♥ t❤❡ ♣r♦❜•❡♠ inf c ❞γ ⊗ γ ❛♠♦♥❣ t❤❡ ♠❡❛s✉r❡s ✇✐t❤ ♣r❡s❝r✐❜❡❞ ♠❛r❣✐♥❛•s✮ ✐s ✐♥❞✉❝❡❞ ❜② ❛ tr❛♥s♣♦rt ♠❛♣❄ ✭♦♥❡ ❝♦✉•❞ ❡♥✈✐s❛❣❡ t♦ ❡st❛❜•✐s❤ ❛ ✏t✇✐st ❝♦♥❞✐t✐♦♥✑ ♦♥ t❤❡ ❢✉♥❝t✐♦♥ H s,ε ❜✉t t❤✐s s❡❡♠s ♥♦t ❝•❡❛r ❢♦r t❤❡ ♠♦♠❡♥t✮ ❍♦✇❡✈❡r✱ ✇❡ ❡♠♣❤❛s✐③❡ t❤❡ ❢❛❝t t❤❛t t❤❡ ♦♣t✐♠❛•✐t② ❝♦♥❞✐t✐♦♥ t❤❛t ✇❡ ♦❜t❛✐♥ ❢♦r♠❛••② ❛t t❤❡ •✐♠✐t ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♣❛rt✐❛• ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛• T ✳ ❆♣♣❡♥❞✐① ❆ ❚♦♦•s ♦❢ ♠❡❛s✉r❡ t❤❡♦r② ❛♥❞ ❝❛•❝✉•✉s ♦❢ ✈❛r✐❛t✐♦♥s ❆✳✶ ❇❛s✐s ♦❢ ♠❡❛s✉r❡ t❤❡♦r② ❆✳✶✳✶ ■♠❛❣❡ ♠❡❛s✉r❡ ■♥ t❤✐s ♣❛r❛❣r❛♣❤✱ ✇❡ r❡❝❛•• t❤❡ ❞❡✜♥✐t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ t❤❡ ✐♠❛❣❡ ♠❡❛s✉r❡✿ ❉❡✜♥✐t✐♦♥ ❆✳✶✳✶✳ ▲❡t (X, Σ)✱ (Y, Σ ′ ) ❜❡ t✇♦ ♠❡❛s✉r❛❜•❡ s♣❛❝❡s✳ ■❢ Y : X → Y ✐s ❛ ♠❛♣ ❛♥❞ µ ✐s ❛ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ♦♥ X✱ ✇❡ ❞❡✜♥❡ t❤❡ ✐♠❛❣❡ ♠❡❛s✉r❡ ♦❢ µ ❜② T ✱ ♦r ♣✉s❤✲❢♦r✇❛r❞ ♦❢ µ ❜② T ✱ ❛s T # µ(B) = µ(T -1 (B)) ❢♦r ❛♥② B ∈ Σ ′ ✳ ❲❡ ❛•s♦ s❛② t❤❛t T s❡♥❞s t❤❡ ♠❡❛s✉r❡ µ ♦♥t♦ t❤❡ ♠❡❛s✉r❡ T # µ✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥✱ t❤❡ ♠❡❛s✉r❡s µ ❛♥❞ T # µ st✐•• ❤❛✈❡ s❛♠❡ ♠❛ss✳ ❚❤❡ ❢♦••♦✇✐♥❣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✐s ✉s❡❞ ❢r❡q✉❡♥t•②✿ Pr♦♣♦s✐t✐♦♥ ❆✳✶✳✶✳ ▲❡t (X, Σ)✱ (Y, Σ ′ ) ❜❡ t✇♦ ♠❡❛s✉r❛❜•❡ s♣❛❝❡s✱ T : X → Y ❜❡ ❛ ♠❛♣ ❛♥❞ µ ❜❡ ❛ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ♦♥ X✳ ▲❡t ϕ : Y → R ❜❡ ❛ ♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥✳ ❚❤❡♥ ϕ ✐s ✐♥t❡❣r❛❜•❡ ✇✐t❤ r❡s♣❡❝t t♦ T # µ ✐❢ ❛♥❞ ♦♥•② ✐❢ ϕ • T ✐s ✐♥t❡❣r❛❜•❡ ✇✐t❤ r❡s♣❡❝t t♦ µ ❛♥❞ ✐♥ t❤✐s ❝❛s❡ t❤❡ ❢♦••♦✇✐♥❣ ❡q✉❛•✐t② ❤♦•❞s✿ Y ϕ(y) ❞(T # µ)(y) = X ϕ(T (x)) ❞µ(x) ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ ν ✐s ❛ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ♦♥ Y ❛♥❞ t❤❡ ❡q✉❛•✐t② Y ϕ ❞ν = X ϕ • T ❞µ ❤♦•❞s ❢♦r ❛♥② ❢✉♥❝t✐♦♥ ϕ ∈ L 1 µ (X) ✭♦r✱ ✐❢ X, Y ❛r❡ ♠❡tr✐❝ s♣❛❝❡s ❛♥❞ µ✱ ν ❛r❡ ❇♦r❡• ♠❡❛s✉r❡s✱ ❢♦r ❛♥② ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ϕ ♦♥ X✮✱ t❤❡♥ ν = T # µ✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ❛ ♥❛t✉r❛• q✉❡st✐♦♥ ✐s t❤❡ ❢♦••♦✇✐♥❣✿ ❣✐✈❡♥ ❛ ♠❡❛s✉r❡ µ ❛♥❞ ❛ ♠❛♣ T ✱ ❤♦✇ t♦ ❝♦♠♣✉t❡ t❤❡ ✐♠❛❣❡ ♠❡❛s✉r❡ T # µ❄ ❚❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❣✐✈❡s t❤❡ ❛♥s✇❡r ✐❢ T ✐s r❡❣✉•❛r ❛♥❞ ♦♥❡✲t♦✲♦♥❡✿ ✶✶✺ ✶✶✻ ❆PP❊◆❉■❳ ❆✳ ❚❖❖▲❙ ❖❋ ▼❊❆❙❯|❊ ❚❍❊❖|( ❆◆❉ ❈❆▲❈❯▲❯❙ ❖❋ ❱❆|■❆❚■❖◆❙ Pr♦♣♦s✐t✐♦♥ ❆✳✶✳✷✳ ❆ss✉♠❡ X = R d ❛♥❞ µ t♦ ❜❡ ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✱ ✇✐t❤ ❞❡♥s✐t② f ✳ ❆ss✉♠❡ supp f = Ω ❢♦r ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t Ω ⊂ R d ✳ ▲❡t T : Ω → R d ❜❡ ❛ ♠❡❛s✉r❛❜•❡ ♠❛♣❀ ❛ss✉♠❡ t❤❛t T ✐s C 1 ❛♥❞ ✐♥•❡❝t✐✈❡ ♦♥ Ω ✇✐t❤ ♥♦♥✲♥✉•• ❏❛❝♦❜✐❛♥ ❞❡t❡r♠✐♥❛♥t❀ ✇❡ s❡t Ω ′ = T (Ω)✳ ❚❤❡♥ t❤❡ ✐♠❛❣❡ ♠❡❛s✉r❡ T # µ ❤❛s ❛ ❞❡♥s✐t② g ♦♥ Ω ′ ❀ ♠♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥② x ∈ Ω t❤❡ ✐❞❡♥t✐t② | det DT (x)| = f (x) g(T (x)) ✭❆✳✶✮ Pr♦♦❢✳ •✐✈❡♥ ϕ ❛ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ♦♥ Ω ′ ✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ✐♥t❡❣r❛• ♦❢ ϕg ✭✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✮ ❜② ❝❤❛♥❣✐♥❣ ♦❢ ✈❛r✐❛❜•❡✿ Ω ′ ϕ(y)g(y) ❞y = Ω ϕ(T (x))g(T (x))| det DT (x)| ❞x ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❦♥♦✇ s✐♥❝❡ ν = T # µ t❤❛t Ω ′ ϕ ❞ν = Ω ϕ • T ❞µ i.e. Ω ′ ϕ(y)g(y) ❞y = Ω ϕ(T (x))f (x) ❞x ❚❤✉s✱ t❤❡ ❡q✉❛•✐t② Ω ϕ(T (x))g(T (x))| det DT (x)| ❞x = Ω ϕ(T (x))f (x) ❞x ❤♦•❞s ❢♦r ❛♥② ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ϕ ♦♥ Ω✳ ❚❤✐s ✐♠♣•✐❡s g(T (x))| det DT (x)| = f (x) ❢♦r ❛♥② x ∈ Ω✳ ◆♦t✐❝❡ t❤❛t ♦♥❡ ❝❛♥ ❛•s♦ ♦❜t❛✐♥ t❤❡ ❡q✉❛•✐t② ✭❆✳✶✮ ❜② ❛♣♣•②✐♥❣ t❤❡ ❝♦❛r❡❛ ❢♦r♠✉•❛✱ ✇❤✐❝❤ ♠♦r❡ ❣❡♥❡r❛••② ✐♠♣•✐❡s g(y) = x∈Ω:y=T (x) f (x) | det DT (x)| ❢♦r ❛♥② ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ Ω → R d ❛♥❞ y ∈ T (Ω) ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✸✾(✱ ♣❛r❛❣r❛♣❤ ✸✳✹✳✷✮✳ ■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❣✐✈❡ ❛♥ ❡•❡♠❡♥t❛r② ♣r♦♦❢ ♦❢ ❛ s✐♠✐•❛r ❢♦r♠✉•❛ ✐♥ ❛ ♣❛rt✐❝✉•❛r ❝❛s❡ ♦♥ t❤❡ r❡❛• •✐♥❡ ✭♣✐❡❝❡✇✐s❡ ♠♦♥♦t♦♥❡ ♠❛♣s✱ s❡❡ ❈❤❛♣t❡r ✷✱ Pr♦♣✳ ✷✳✶✳✸✮✳ ❋✐♥❛••②✱ ✇❡ ❛•s♦ st❛t❡ ❤❡r❡ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ♠❛r❣✐♥❛•s ♦❢ ❛ ♠❡❛s✉r❡ ❞❡✜♥✐❡❞ ♦♥ ❛ ✜♥✐t❡ ♣r♦❞✉❝t ♦❢ ♠❡❛s✉r❡ s♣❛❝❡s ✭✇❤✐❝❤ ✐s ✉s❡❞ ❢r❡q✉❡♥t❡•② ✐♥ ♦♣t✐♠❛• tr❛♥s♣♦rt t❤❡♦r②✮✿ ❉❡✜♥✐t✐♦♥ ❆✳✶✳✷✳ ▲❡t X 1 , . . . , X p ❜❡ ✜♥✐t❡•② ♠❛♥② ♠❡❛s✉r❡ s♣❛❝❡s ❛♥❞ γ ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ X 1 × • • • × X p ✳ ❋♦r 1 ≤ i ≤ p✱ ✇❡ ❝❛•• i✲t❤ ♠❛r❣✐♥❛• ♦❢ γ t❤❡ ♠❡❛s✉r❡ ♦♥ X i ❞❡♥♦t❡❞ ❜② µ i ❞❡✜♥❡❞ ❜② µ i = (π i ) # γ ✇❤❡r❡ π i : (x 1 , . . . , x p ) ∈ X 1 × • • • × X p → x i ∈ X i ❆✳✶✳✷ ❖t❤❡r ✉s❡❢✉• r❡s✉•ts ❲❡ ❤❡r❡ ❣✐✈❡ st❛t❡♠❡♥ts ♦❢ s♦♠❡ ❝•❛ss✐❝❛• t❤❡♦r❡♠s ♦❢ ♠❡❛s✉r❡ t❤❡♦r② ✇❤✐❝❤ ❛r❡ ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ❚❤❡♦r❡♠ ❆✳✶✳✶ ✭▲✉s✐♥✬s t❤❡♦r❡♠✮✳ ▲❡t µ ❜❡ ❛ ❇♦r❡• ♠❡❛s✉r❡ ♦♥ R d ❛♥❞ f : R d → R d ′ ❜❡ ❛ ♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥✳ ▲❡t A ⊂ R d ❜❡ ❛ ❇♦r❡• s❡t ✇✐t❤ µ(A) < +∞✳ ❚❤❡♥✱ ❢♦r ❛♥② ε > 0✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣❛❝t s❡t K ⊂ A s✉❝❤ t❤❛t µ(A -K) ≤ ε ❛♥❞ f | K ✐s ❝♦♥t✐♥✉♦✉s✳ ❚❤❡ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❬✸✾(✱ ♣❛r❛❣r❛♣❤ ✶✳✷✱ ♦r ✐♥ ❬✹✵(✱ ❚❤❡♦r❡♠ ✷✳✸✳✺✳ ❆✳✷✳ ❈❆▲❈❯▲❯❙ ❖❋ ❱❆|■❆❚■❖◆❙ ❆◆❉ ❇❆❙■❙ ❖❋ Γ✲❈❖◆❱❊|•❊◆❈❊✳ ✶✶✼ ❚✐❣❤t ❢❛♠✐•✐❡s ♦❢ ♠❡❛s✉r❡s ❛♥❞ Pr♦❦❤♦r♦✈✬s t❤❡♦r❡♠✳ ❉❡✜♥✐t✐♦♥ ❆✳✶✳✸✳ ▲❡t (X, d, Σ) ❜❡ ❛ ♠❡tr✐❝ ♠❡❛s✉r❡ s♣❛❝❡✳ • ❲❡ s❛② t❤❛t ❛ s❡q✉❡♥❝❡ (µ n ) n ♦❢ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡s ♦♥ X ✇❡❛❦•② ❝♦♥✈❡r❣❡s t♦ ❛ ♠❡❛s✉r❡ µ ✐❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ X ϕ ❞µ n -----→ n→+∞ X ϕ ❞µ ❤♦•❞s ❢♦r ❛♥② ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ϕ ♦♥ X • ❆ ❢❛♠✐•② F ♦❢ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡s ♦♥ X ✐s t✐❣❤t ✐❢✱ ❢♦r ❛♥② ε > 0✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣❛❝t s✉❜s❡t K ♦❢ X s✉❝❤ t❤❛t µ(K) ≥ 1 -ε ❢♦r ❛♥② µ ∈ F✳ ❚❤❡♦r❡♠ ❆✳✶✳✷ ✭Pr♦❦❤♦r♦✈✬s t❤❡♦r❡♠✱ s❡❡ ❬✸✼(✱ ❚❤✳ ✾✳✸✳✸✮✳ ▲❡t (µ n ) n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡s ♦♥ X✳ ■❢ t❤❡ ❢❛♠✐•② {µ n : n ∈ N } ✐s t✐❣❤t✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ (µ n k ) k ✇❤✐❝❤ ✇❡❛❦•② ❝♦♥✈❡r❣❡s t♦ ❛ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡ µ✳ ❙❦♦r♦❦❤♦❞✬s t❤❡♦r❡♠✳ ❆✳✶✳✸ ✭❙❦♦r♦❦❤♦❞✬s t❤❡♦r❡♠✱ s❡❡ ❬✶✸(✱ ❚❤✳ ✷✺✳✻✱ ♦r ❬✶✶(✱ ❚❤✳ ✹✳✷✳✽✱ ❢♦r ❛♥ ❛♣♣•✐❝❛t✐♦♥ ♦❢ ♦♣t✐♠❛• tr❛♥s♣♦rt✮✳ ■❢ (X, d) ✐s ❛ ♠❡tr✐❝ s♣❛❝❡ ❛♥❞ (µ n ) n ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡s ♦♥ X ❤❛✈✐♥❣ ❛ ✇❡❛❦ •✐♠✐t µ✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (χ n ) n ♦❢ ♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥s (0, 1) → X ❛♥❞ ❛ ❢✉♥❝t✐♦♥ χ : (0, 1) → X s✉❝❤ t❤❛t • χ n (x) → χ(x) ❢♦r ❛✳❡✳ x ∈ (0, 1)❀ • µ = χ # L 1 ❛♥❞✱ ❢♦r ❛♥② n✱ µ n = (χ n ) # L 1 ✳ ❉✐s✐♥t❡❣r❛t✐♦♥ ♦❢ ♠❡❛s✉r❡✳ ❲❡ st❛t❡ t❤✐s r❡s✉•t ✉♥❞❡r s✉✣❝✐❡♥t ❛ss✉♠♣t✐♦♥s ❢♦r ✉s✿ ❚❤❡♦r❡♠ ❆✳✶✳✹ ✭❉✐s✐♥t❡❣r❛t✐♦♥✱ s❡❡ ❬✹(✱ ❚❤✳ ✺✳✸✳✶ ♦r ❬✸✷(✱ ■■■✲✼✵✮✳ ▲❡t X✱ Y ❜❡ t✇♦ ❝♦♠♣•❡t❡ s❡♣❛r❛❜•❡ ♠❡tr✐❝ s♣❛❝❡s ❛♥❞ •❡t γ ❜❡ ❛ ✜♥✐t❡ ♠❡❛s✉r❡ ♦♥ X × Y ✳ ❲❡ ❞❡♥♦t❡ ❜② µ✱ ν t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♠❛r❣✐♥❛•s ♦❢ γ r❡s♣❡❝t✐✈❡•②✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts t✇♦ ♠❡❛s✉r❛❜•❡ ❢❛♠✐•✐❡s ♦❢ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡s (γ x ) x∈X ❛♥❞ (γ y ) y∈Y s✉❝❤ t❤❛t ❞γ = ❞γ x (y) ⊗ ❞µ(x) = ❞γ y (x) ⊗ ❞ν(y) ✇❤✐❝❤ ♠❡❛♥s t❤❛t✱ ❢♦r ❛♥② ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ϕ : X × Y → R✱ X×Y ϕ ❞γ = X Y ϕ(x, y) ❞γ x (y) ❞µ(x) = Y X ϕ(x, y) ❞γ y (x) ❞ν(y) ❆✳✷ ❈❛•❝✉•✉s ♦❢ ✈❛r✐❛t✐♦♥s ❛♥❞ ❜❛s✐s ♦❢ Γ✲❝♦♥✈❡r❣❡♥❝❡✳ ❲❡ ✉s❡ s❡✈❡r❛• t✐♠❡s s❡✈❡r❛• r❡s✉•ts ♦❢ s❡♠✐❝♦♥t✐♥✉✐t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡✱ ✇❤✐❝❤ ❛r❡ ❛•• ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤✐s ❣❡♥❡r❛• r❡s✉•t ✭s❡❡ ❬✷✾(✱ ❚❤❡♦r❡♠ ✸✳✹✮✿ ❚❤❡♦r❡♠ ❆✳✷✳✶✳ ▲❡t Ω ❜❡ ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ♦❢ R d ✇✐t❤ ▲✐♣s❝❤✐t③ ❜♦✉♥❞❛r②✱ ❛♥❞ p ≥ 1✳ ▲❡t L : Ω × R d × M d (R) → R ∪ {+∞} ❜❡ ❛ ♠❛♣ s❛t✐s❢②✐♥❣ t❤❡ t✇♦ ❢♦••♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿ • L ✐s ❛ ❈❛r❛t❤❡♦❞♦r② ❢✉♥❝t✐♦♥✱ ✐✳❡✳ L(•, u, ξ) ✐s ♠❡❛s✉r❛❜•❡ ❢♦r ❛♥② (u, ξ) ❛♥❞ L(x, •, •) ✐s ❝♦♥t✐♥✉♦✉s ❢♦r ❛♥② x❀ • ❢♦r ❛✳❡✳ x ❛♥❞ ❛♥② u, ξ✱ ✇❡ ❤❛✈❡ t❤❡ ✐♥❡q✉❛•✐t② L(x, u, ξ) ≥ a(x), ξ + b(x) ✇❤❡r❡ b ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ L p (Ω) ❛♥❞ a ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ L p ′ (Ω) ✇✐t❤ ♠❛tr✐① ✈❛•✉❡s❀ • ❢♦r ❛✳❡✳ x ∈ Ω ❛♥❞ ❛♥② u ∈ R d ✱ t❤❡ ♠❛♣ ξ → L(x, u, ξ) ✐s ❝♦♥✈❡① ♦♥ M d (R)✳ ❚❤❡♥✱ t❤❡ ♠❛♣ T ∈ W 1,p (Ω) → Ω L(x, T (x), DT (x)) ❞x ✐s •♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ W 1,p (Ω)✳ Γ✲❝♦♥✈❡r❣❡♥❝❡✿ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❜❛s✐❝ ♣r♦♣❡rt✐❡s✳ ❆•• t❤❡ ❢♦••♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ Γ✲❝♦♥✈❡r❣❡♥❝❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✸✶( ♦r ❬✶✾( ✇✐t❤ ✈❡r② ♠✉❝❤ ♠♦r❡ ❞❡t❛✐•s✳ ■♥ t❤❛t ❢♦••♦✇s✱ (X, d) ✐s ❛ ♠❡tr✐❝ s♣❛❝❡✳ ❉❡✜♥✐t✐♦♥ ❆✳✷✳✶✳ ▲❡t (F n ) n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s X → R✳ ❲❡ s❛② t❤❛t (F n ) n Γ✲❝♦♥✈❡r❣❡s t♦ F ✱ ❛♥❞ ✇❡ ✇r✐t❡ F n Γ -→ n F ✐❢✱ ❢♦r ❛♥② x ∈ X✱ ✇❡ ❤❛✈❡ • ❢♦r ❛♥② s❡q✉❡♥❝❡ (x n ) n ♦❢ X ❝♦♥✈❡r❣✐♥❣ t♦ x✱ lim inf n F n (x n ) ≥ F (x) ✭Γ✲•✐♠✐♥❢ ✐♥❡q✉❛•✐t②✮❀ • t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (x n ) n ❝♦♥✈❡r❣✐♥❣ t♦ x ❛♥❞ s✉❝❤ t❤❛t lim sup n F n (x n ) ≤ F (x) ✭Γ✲•✐♠s✉♣ ✐♥❡q✉❛•✐t②✮✳ ❚❤✐s ❞❡✜♥✐t✐♦♥ ✐s ❛❝t✉❛••② ❡q✉✐✈❛•❡♥t t♦ t❤❡ ❢♦••♦✇✐♥❣ ❡q✉❛•✐t✐❡s ❢♦r ❛♥② x ∈ X✿ F (x) = inf lim inf n F n (x n ) : x n → x = inf lim sup n F n (x n ) : x n → x ❚❤❡ ❢✉♥❝t✐♦♥ x → inf lim inf n F n (x n ) : x n → x ✐s ❝❛••❡❞ Γ✲•✐♠✐♥❢ ♦❢ t❤❡ s❡q✉❡♥❝❡ (F n ) n ✱ ❛♥❞
-t❤✐s Γ✲•✐♠✐♥❢ ✱ ❛♥❞ •❡t (x n ) n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ X ❤❛✈✐♥❣ ❛ •✐♠✐t x✳ ❲❡ ✇✐•• s❤♦✇ t❤❛t✱ ❢♦r ❛♥② ε > 0✱ ✇❡ ❤❛✈❡ F n (x n ) ≥ F -(x) -2ε ❢♦r n •❛r❣❡ ❡♥♦✉❣❤ ✭❞❡♣❡♥❞✐♥❣ ♦♥ ε✮✱ ✇❤✐❝❤ ✐♠♣•✐❡s lim inf n F n (x n ) ≥ F (x)✳ ❲❡ r❡❝❛•• t❤❛t F -(x n ) = inf{lim inf k F k (x n,k ) : x n,k → x n }✳ ❚❤✉s✱ ❢♦r ❛♥② n ∈ N✱ ✇❡ t❛❦❡ ❛ s❡q✉❡♥❝❡ (x n,k ) k ✇✐t❤ lim inf k F k (x n,k ) ≤ F -(x n ) + ε❀ ✐♥ ♣❛rt✐❝✉•❛r✱ ✇❡ ❤❛✈❡ F k (x n,k ) ≤ F -(x n ) + 1 n + ε ❢♦r ✐♥✜♥✐t❡•② ♠❛♥② k ∈ N ✭❆✳✷✮ ❆✳✸✳ ❚❍❊
Lip u ≤ exp C(||f 1 -f 2 || ∞ + Lip f 1 + Lip f 2 ) 1 inf f 1 ∧ f 2 + Lip f 1 + Lip f 2 (inf f 1 ∧ f 2 ) 2
||v|| C 1,α ≤ K||f 1 -f 2 || C 0,α ≤ C(||f 1 -f 2 || ∞ + Lip(f 1 -f 2 ))

✭✐❝✐

  ||| • ||| ❡st •❛ ♥♦r♠❡ ❞✬❛•❣è❜r❡ ✉s✉❡••❡ s✉r M d (R)✮✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ❛ été ✐♥tr♦❞✉✐t❡ ♣❛r •r❛♥✐❡r✐ ❡t ▼❛❞❞❛•❡♥❛ ❬✹✻( s♦✉s •❡ t❡r♠❡ ❞❡ ✓ r❡❢♦r♠❛t✐♦♥ é•❛st✐q✉❡ ✔✳ ▲❛ ✈❛•❡✉r ♠✐♥✐♠❛•❡ ♣❡r♠❡t ❞❡ ♠❡s✉r❡r à q✉❡• ♣♦✐♥t •❡s ♠❡s✉r❡s µ ❡t ν ✭❝✬❡st✲à✲❞✐r❡ •❡s ❢♦r♠❡s q✉✬❡••❡s r❡♣rés❡♥t❡♥t✮ s♦♥t ✓ ♣r♦❝❤❡s ❞✬êtr❡ ✐s♦♠étr✐q✉❡s ✔✳ ❉❛♥s •❛ ♠ê♠❡ ❝•❛ss❡ ❞❡ ♣r♦❜•è♠❡s ❞❡ ✓ tr❛♥s♣♦rt ré❣✉•❛r✐sé ✔✱ ✉♥ ❛rt✐❝•❡ ré❝❡♥t ❞❡ ❋✳ ❙❛♥t❛♠❜r♦❣✐♦ ❡t ❛•✳ ❬✺✻( ét✉❞✐❡ •❛ ♠✐♥✐♠✐s❛t✐♦♥ ❞❡ •✬♦s❝✐••❛t✐♦♥ ❞❡s ❛♣♣•✐❝❛t✐♦♥s ❞❡ tr❛♥s♣♦rt ✿ inf {ω δ (T ) : T # µ = ν} ♦ù ω δ (T ) = sup |x-y|<δ x,y∈supp µ |T (y) -T (x)| ❈❡ ♣r♦❜•è♠❡✲❝✐ tr♦✉✈❡ s❡s ♠♦t✐✈❛t✐♦♥s ❞❛♥s •❡ ❞♦♠❛✐♥❡ ❞❡ •❛ sé❝✉r✐té ✐♥❢♦r♠❛t✐q✉❡ ❬✻✵( ✿ ✐• s✬❛❣✐t ❞❡ ❞✐r❡ à ❝❤❛q✉❡ ✉t✐•✐s❛t❡✉r ❞✬✉♥ rés❡❛✉ s♦❝✐❛• q✉❡•s s♦♥t s❡s ❛♠✐s q✉✐ s♦♥t s✐t✉és ♣rès ❞❡ •✉✐ ✭✐✳❡✳ ❞❛♥s ✉♥ r❛②♦♥ ✜①é✮ s❛♥s q✉❡ •❡ rés❡❛✉ s♦✐t ✐♥❢♦r♠é ❞❡ •❛ ♣♦s✐t✐♦♥ ❞❡ t♦✉s s❡s ✉t✐•✐s❛t❡✉rs ♣♦✉r ❞❡s r❛✐s♦♥s ❞❡ ✈✐❡ ♣r✐✈é❡✳ ▲❛

  très ❞✐✛ér❡♥t❡s ❡t ✐• s✬❛❣✐t ❞✬ét✉❞✐❡r •❡s ❢r♦♥t✐èr❡s ❡♥tr❡ ❝❡s ❞❡✉① ♣r♦❜•è♠❡s✳ ✻ ■♥tr♦❞✉❝t✐♦♥ ✵✳✸ ❈♦♥tr✐❜✉t✐♦♥s ❡t ♦r❣❛♥✐s❛t✐♦♥ ❞❡ •❛ t❤ès❡ ✵✳✸✳✶ ❊s♣❛❝❡s ❞❡ ❙♦❜♦•❡✈ ♣❛r r❛♣♣♦rt à ✉♥❡ ♠❡s✉r❡ ❡t ❡①✐st❡♥❝❡ ❞❡ ♠✐♥✐♠✐✲ s❡✉rs ▲❡ ♣r❡♠✐❡r ❝❤❛♣✐tr❡ ❞❡ ❝❡tt❡ t❤ès❡ ❡st ❝♦♥s❛❝ré❡ ❞✬✉♥❡ ❢❛ç♦♥ ❣é♥ér❛•❡ à •✬❡①✐st❡♥❝❡ ❞❡ ♠✐♥✐♠✐s❡✉rs à •❛ ❢♦♥❝t✐♦♥♥❡••❡ T → Ω L(x, T (x), DT (x)) ❞µ(x)

  ✐❡r ❝❤❛♣✐tr❡ ❞❡ ❝❡tt❡ t❤ès❡✱ ♦♥ ❞♦♥♥❡ ❞♦♥❝ ✉♥ rés✉♠é ❞❡s ♥♦t✐♦♥s ❞é•à ❝♦♥♥✉❡s s✉r •❡s ❡s♣❛❝❡s ❞❡ ❙♦❜♦•❡✈ ♣❛r r❛♣♣♦rt à ✉♥❡ ♠❡s✉r❡ ✭❡♥ ❝♦♠♠❡♥ç❛♥t ❞❡ ❢❛ç♦♥ ♥❛t✉r❡••❡ ♣❛r •❡s ❡s♣❛❝❡s ❞❡ ❙♦❜♦•❡✈ à ♣♦✐❞s W 1,p f ✮ ♣✉✐s ♦♥ ❝❤❡r❝❤❡ à •❡s ❛♣♣•✐q✉❡r à ♥♦tr❡ t②♣❡ ❞❡ ♣r♦❜•è♠❡ ✈❛r✐❛t✐♦♥♥❡•✳ P♦✉r •❡s ❡s♣❛❝❡s ❞❡ ❙♦❜♦•❡✈ ❞✉ t②♣❡ H 1 µ ✱ •❛ ♣r❡♠✐èr❡ ✈❡rs✐♦♥ ✈❡❝t♦r✐❡••❡ ❡t ✈❛r✐❛t✐♦♥♥❡••❡ ❞✉ ❣r❛❞✐❡♥t ♣❛r r❛♣♣♦rt à ✉♥❡ ♠❡s✉r❡ ❛ été ✐♥tr♦❞✉✐t❡ ♣❛r ❇♦✉❝❤✐tté✱ ❇✉tt❛③③♦ ❡t ❙❡♣♣❡❝❤❡r ❞❛♥s ❬✶✹( ✭✈♦✐r ❛✉ss✐ •❛ t❤ès❡ ❞❡ ❋r❛❣❛•à ❬✹✶( ♦✉ •✬❛rt✐❝•❡ ❬✶✻( ♣♦✉r ✉♥ ♣❛♥♦r❛♠❛ ❝♦♠♣•❡t ❞❡ ❝❡s ♥♦t✐♦♥s✱ ❡t ❬✶✼( ♣♦✉r •❡s ❞é✜♥✐t✐♦♥s ❞✬❡s♣❛❝❡s ❞❡ ❙♦❜♦•❡✈ ❞✬♦r❞r❡ ✷ ❞❛♥s ❝❡ ❝❛❞r❡✮ ❡t ❞✬❛✉tr❡s ❞é✜♥✐t✐♦♥s ♦♥t été ❞♦♥♥é❡s ♣❛r )❤✐❦♦✈ ❬✼✶✱ ✼✵(✳

  q✉❡ ❝❡tt❡ ♠❡s✉r❡ s♦✐t ❛❜s♦•✉♠❡♥t ❝♦♥t✐♥✉❡ ♣❛r r❛♣♣♦rt à •❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ ✭♣r❡♠✐❡r ❡①❡♠♣•❡✮ ❀ • ♦♥ ♣❡✉t ❛✈♦✐r ✉♥ ❡s♣❛❝❡ t❛♥❣❡♥t é❣❛• à •✬❡s♣❛❝❡ ❡♥t✐❡r R d ♣♦✉r ✉♥❡ ♠❡s✉r❡ à ❞❡♥s✐té ❞♦♥t •✬✐♥✈❡rs❡ ♥✬❡st ♣♦✉rt❛♥t ✐♥té❣r❛❜•❡ s✉r ❛✉❝✉♥ ♦✉✈❡rt ✭❞❡✉①✐è♠❡ ❡①❡♠♣•❡✮✳ ▲❛ ❞❡s❝r✐♣t✐♦♥ ♣ré❝✐s❡ ❞❡ •✬❡s♣❛❝❡ t❛♥❣❡♥t à ✉♥❡ ♠❡s✉r❡ q✉❡•❝♦♥q✉❡ µ ❡♥ t♦✉t❡ ❞✐♠❡♥s✐♦♥ r❡st❡ ♣♦✉r •❡ ♠♦♠❡♥t ✐♥❝♦♥♥✉❡✱ ♠❛✐s ♥♦✉s s♦♠♠❡s ♥é❛♥♠♦✐♥s ❝❛♣❛❜•❡s ❞❛♥s •❡s ❞❡✉① ❡①❡♠♣•❡s ❝✐tés ❞❡ ❞é♠♦♥tr❡r •✬❡①✐st❡♥❝❡ ❞❡ s♦•✉t✐♦♥s à ❝❡rt❛✐♥s ♣r♦❜•è♠❡s ✈❛r✐❛t✐♦♥♥❡•s ❢❛✐s❛♥t ✐♥t❡r✈❡♥✐r •❡ ❣r❛❞✐❡♥t ✭♣❛r r❛♣♣♦rt à µ✮ ❛✈❡❝ ♠❡s✉r❡ ✐♠❛❣❡ ♣r❡s❝r✐t❡ ❞❛♥s ❝❡s ❞❡✉① ❡①❡♠♣•❡s✳ Pré❝✐sé♠❡♥t✱ ❞❛♥s •❡ ❝❛s ❞❡ µ 1 ♣♦✉r •❛q✉❡••❡ •✬❡s♣❛❝❡ t❛♥❣❡♥t ❡st ❞❡ ❞✐♠❡♥s✐♦♥ ✶✱ ♦♥ ❞é♠♦♥tr❡ q✉❡ inf ||∇ µ T (x)|| 2 L 2 µ 1

  ❛❝t❡ ✭❚❤é♦rè♠❡ ✶✳✹✳✸✮ ❝❡ q✉✐ s✉✣t à ❞é♠♦♥tr❡r •✬❡①✐st❡♥❝❡ ❞❡ s♦•✉t✐♦♥s à ❞❡s ♣r♦❜•è♠❡s ❞❡ tr❛♥s♣♦rt ❛✈❡❝ ❣r❛❞✐❡♥t ♣•✉s ❣é♥ér❛✉①✳ ❯♥❡ ♣❛rt✐❡ ❝♦♥séq✉❡♥t❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❛ été ♣✉❜•✐é❡ ❞❛♥s ❬✺✽( ✭♠❛✐s ❝❡tt❡ t❤ès❡ ❝♦♠♣♦rt❡ q✉❡•q✉❡s ❛♠é•✐♦r❛t✐♦♥s ❡t ♥♦✉✈❡❛✉① rés✉•t❛ts ❛❜s❡♥ts ❞❛♥s •✬❛rt✐❝•❡✮✳ ✵✳✸✳✷ ❈♦♥❞✐t✐♦♥s ❞✬♦♣t✐♠❛•✐té ❡t ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡s ♠✐♥✐♠✐s❡✉rs ▲❡ ❞❡✉①✐è♠❡ ❝❤❛♣✐tr❡ ❞❡ •❛ t❤ès❡ ❡st ❝♦♥s❛❝ré❡ à •❛ q✉❡st✐♦♥ s✉✐✈❛♥t❡ ✿ s♦✉s ❞❡s ❤②♣♦t❤ès❡s ❣❛r❛♥t✐ss❛♥t •❡s rés✉•t❛ts ❞✬❡①✐st❡♥❝❡✱ q✉❡••❡s s♦♥t ❡✛❡❝t✐✈❡♠❡♥t •❡s s♦•✉t✐♦♥s ❞❡ ♥♦s ♣r♦❜•è♠❡s ✈❛r✐❛t✐♦♥♥❡•s ❄ ✵✳✸✳ ❈❖◆❚|■❇❯❚■❖◆❙ ❊❚ ❖|•❆◆■❙❆❚■❖◆ ❉❊ ▲❆ ❚❍➮❙❊ ✾ ❖♣t✐♠❛•✐té ❞✉ tr❛♥s♣♦rt ❝r♦✐ss❛♥t ❡♥ ✶❉ ♣♦✉r •❡ ❝♦ût ❙♦❜♦•❡✈✳ ❉❛♥s •❡ ❝❛s ❞✉ ♣r♦❜•è♠❡ ❞✉ tr❛♥s♣♦rt ♦♣t✐♠❛• ❛✈❡❝ ❝♦ût q✉❛❞r❛t✐q✉❡✱ ♦♥ s❛✐t ❞❡♣✉✐s •❡s tr❛✈❛✉① ❞❡ ❇r❡♥✐❡r q✉❡ •❛ s♦•✉t✐♦♥ ❛ •❛ str✉❝t✉r❡ ♣❛rt✐❝✉•✐èr❡ s✉✐✈❛♥t❡ ✿ s✐ •❛ ♠❡s✉r❡ µ ❡st ❛❜s♦•✉♠❡♥t ❝♦♥t✐♥✉❡ ♣❛r r❛♣♣♦rt à •❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡✱ •❡ tr❛♥s♣♦rt ♦♣t✐♠❛• ❡st •✬✉♥✐q✉❡ ❛♣♣•✐❝❛t✐♦♥ T q✉✐ ❡♥✈♦✐❡ ❡✛❡❝t✐✈❡♠❡♥t µ s✉r ν ❡t q✉✐ ❡st é❣❛• ❛✉ ❣r❛❞✐❡♥t ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡✳ ❊♥ ♣❛rt✐❝✉•✐❡r✱ ❞❛♥s •❡ ❝❛s ✉♥✐❞✐♠❡♥s✐♦♥❡•✱ ❝❡•❛ s✐❣♥✐✜❡ q✉❡ T ❡st •✬✉♥✐q✉❡ ❢♦♥❝t✐♦♥ ❝r♦✐ss❛♥t❡ q✉✐ tr❛♥s♣♦rt❡ µ s✉r ν✱ rés✉•t❛t q✉✐ ❡st ✈r❛✐ ❡♥ ❞✐♠❡♥s✐♦♥ ✶ ♣♦✉r t♦✉t ❝♦ût ❞❡ tr❛♥s♣♦rt q✉✐ ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡ ❞❡ •❛ ❞✐st❛♥❝❡ ✭c(x, y) = h(xy) ❛✈❡❝ h ❝♦♥✈❡①❡✮✳ ▲❛ ♣r❡♠✐èr❡ q✉❡st✐♦♥ ❡st ❞♦♥❝ ❞❡ s❛✈♦✐r s✐ ❝❡tt❡ ♣r♦♣r✐été ♣❡rs✐st❡ ♣♦✉r ❞❡s ♣r♦❜•è♠❡s ✈❛r✐❛t✐♦♥♥❡•s ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ •❛ ❞ér✐✈é❡ ❞❡ •❛ ❢♦♥❝t✐♦♥✳ ▲❛ ré♣♦♥s❡ ❡st ♣♦s✐t✐✈❡ s♦✉s ❞❡ ❜♦♥♥❡s ❤②♣♦t❤ès❡s s✉r •❛ ♠❡s✉r❡ ❞❡ ❞é♣❛rt ❡t ♥é❣❛t✐✈❡ s✐♥♦♥ ✭❡t •✬♦♥ ♣❡✉t ❢♦✉r♥✐r ❞❡s ❝♦♥tr❡✲❡①❡♠♣•❡s✮✳ ❙✐ •❛ ♠❡s✉r❡ ❞❡ ❞é♣❛rt ❡st é❣❛•

  ♦✉r♥✐t •❡s ❝♦♥❞✐t✐♦♥s ❞✬♦♣t✐♠❛•✐té ♣♦✉r u✳ ❉❛♥s ♥♦tr❡ ❝❛s✱ ❝♦♠♠❡ ♦♥ •✬❛ ❞✐t✱ •✬❡♥s❡♠❜•❡ ❞❡s ❢♦♥❝t✐♦♥s ❛❞♠✐ss✐❜•❡s ✭❝✬❡st✲à✲❞✐r❡ ❞❡s tr❛♥s♣♦rts ❙♦❜♦•❡✈ ❡♥tr❡ ❞❡✉① ♠❡s✉r❡s ❞♦♥♥é❡s✮ ♥✬❛ ♣❛s ❞❡ str✉❝t✉r❡ •✐♥é❛✐r❡ ❀ ✐• ❢❛✉t ❞♦♥❝ ❝♦♥s✐❞ér❡r ✉♥ ❛✉tr❡ t②♣❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥✳ ▲❛ ♠ét❤♦❞❡ rés✐❞❡ ❞❛♥s •❡ •❡♠♠❡ s✉✐✈❛♥t✱ ❛ss❡③ ❝•❛ss✐q✉❡ ❡♥ t❤é♦r✐❡ ❞❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡••❡s

  t❤❡ ♦t❤❡r ♦♥❡ ✐ts Γ✲•✐♠s✉♣✳ ❆ ✉s❡❢✉• r❡s✉•t ✐s t❤❡ ❢♦••♦✇✐♥❣ ✭✇❤✐❝❤✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♠♣•✐❡s t❤❛t ❛ ❝♦♥st❛♥t s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s ❞♦❡s ♥♦t Γ✲❝♦♥✈❡r❣❡ t♦ ✐ts❡•❢ ✐♥ ❣❡♥❡r❛•✮✿ Pr♦♣♦s✐t✐♦♥ ❆✳✷✳✶✳ ❚❤❡ Γ✲•✐♠✐♥❢ ❛♥❞ t❤❡ Γ✲•✐♠s✉♣ ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s (F n ) n ❛r❡ ❜♦t❤ •♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ♦♥ X✳Pr♦♦❢✳ ▲❡t ✉s ❞❡♥♦t❡ ✐t ❜② F

  ❉❆❈❖|❖•◆❆ ❆◆❉ ▼❖❙❊|✬❙ |❊❙❯▲❚ ✶✶✾ ◆♦✇ ✇❡ ✜♥❞ ❛♥ ❡①tr❛❝t✐♦♥ ϕ s✉❝❤ t❤❛t (x n,ϕ(n) ) n ❝♦♥✈❡r❣❡s t♦ x ❛s n → +∞ ❛♥❞ ✭❆✳✷✮ ✐s tr✉❡ ✇✐t❤ k = ϕ(n)✳ ❲❡ t❤❡♥ ❝❛♥ ✇r✐t❡ x n,ϕ(n) = y ϕ(n) ❢♦r ❛ s❡q✉❡♥❝❡ (y m ) m ❤❛✈✐♥❣ x ❢♦r •✐♠✐t ✭❢♦r ✐♥st❛♥❝❡✱ ❜② s❡tt✐♥❣ y m = x n,ϕ(n) ✇✐t❤ ϕ(n) ≤ m < ϕ(n + 1)✮✱ s♦ t❤❛t F ϕ(n) (x n,ϕ(n) ) ≥ F -(x)ε ✭❆✳✸✮ ❢♦r n •❛r❣❡ ❡♥♦✉❣❤✱ s✐♥❝❡ lim inf n (F ϕ(n) (x n,ϕ(n) )) ≥ F -(x)✳ ❇② ❝♦♠❜✐♥✐♥❣ ✭❆✳✷✮ ❢♦r k = ϕ(n) ❛♥❞ ✭❆✳✸✮✱ ✇❡ ❣❡t F -(x n ) ≥ F -(x) -2ε + 1 n ❢♦r n •❛r❣❡ ❡♥♦✉❣❤✱ ✇❤✐❝❤ ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢✳ ❚❤❡ ♠❛✐♥ ✐♥t❡r❡st ♦❢ Γ✲❝♦♥✈❡r❣❡♥❝❡ ✐s ✐ts ❝♦♥s❡q✉❡♥❝❡s ✐♥ t❡r♠s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♠✐♥✐♠❛✿ ❚❤❡♦r❡♠ ❆✳✷✳✷✳ ▲❡t (F n ) n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s X → R ❛♥❞ ❛ss✉♠❡ t❤❛t F n ♦✈❡r t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣❛❝t ❛♥❞ ♥♦♥✲❡♠♣t② s✉❜s❡t K ♦❢ X s✉❝❤ t❤❛t ∀n ∈ N, inf X F n = inf K F n ✭✇❡ s❛② t❤❛t (F n ) n ✐s ❡q✉✐✲♠✐•❞•② ❝♦❡r❝✐✈❡ ♦♥ X✮✳ ❚❤❡♥ F ❛❞♠✐ts ❛ ♠✐♥✐♠✉♠ ♦♥ X ❛♥❞ t❤❡ s❡q✉❡♥❝❡ (inf X F n ) n ❝♦♥✈❡r❣❡s t♦ min F ✳ ▼♦r❡♦✈❡r✱ ✐❢ (x n ) n ✐s ❛ s❡q✉❡♥❝❡ ♦❢ X s✉❝❤ t❤❛t lim n F n (x n ) = lim n (inf X F n ) ❛♥❞ ✐❢ (x ϕ(n) ) n ✐s ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (x n ) n ❤❛✈✐♥❣ ❛ •✐♠✐t x✱ t❤❡♥ F (x) = inf X F ✳ ❲❡ ✜♥✐s❤ ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t✱ ✇❤✐❝❤ ❛••♦✇s t♦ ❢♦❝✉s ♦♥ t❤❡ Γ✲•✐♠s✉♣ ✐♥❡q✉❛•✐t② ♦♥•② ♦♥ ❛ ❞❡♥s❡ s✉❜s❡t ♦❢ X ✉♥❞❡r s♦♠❡ ❛ss✉♠♣t✐♦♥s✿ Pr♦♣♦s✐t✐♦♥ ❆✳✷✳✷✳ ▲❡t (F n ) n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥❛•s ❛♥❞ F ❜❡ ❛ ❢✉♥❝t✐♦♥❛• X → R✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❞❡♥s❡ s✉❜s❡t Y ⊂ X s✉❝❤ t❤❛t✿ • ❢♦r ❛♥② x ∈ X✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (x n ) n ♦❢ Y s✉❝❤ t❤❛t x n → x ❛♥❞ F (x n ) → F (x)❀ • t❤❡ Γ✲•✐♠s✉♣ ✐♥❡q✉❛•✐t② ❤♦•❞s ❢♦r ❛♥② x ∈ Y ✳ ❚❤❡♥ ✐t ❤♦•❞s ❢♦r ❛♥② x ❜❡•♦♥❣✐♥❣ t♦ t❤❡ ✇❤♦•❡ x✳ Pr♦♦❢✳ ❚❤✐s ❝♦♠❡s ❞✐r❡❝t•② ❢r♦♠ t❤❡ •♦✇❡r s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢ t❤❡ Γ✲•✐♠♣s✉♣✿ ❞❡♥♦t✐♥❣ ❜② F + (x) = inf{lim sup F n (x n ) : x n → x} ✇❡ ❝❤♦s❡✱ ❣✐✈❡♥ x ∈ X✱ ❛ s❡q✉❡♥❝❡ (x n ) n ❝♦♥✈❡r❣✐♥❣ t♦ x ❛♥❞ ✇✐t❤ F (x n ) → F (x)✳ ❲❡ ❦♥♦✇ t❤❛t F + (x n ) ≤ F (x n ) ❢♦r ❛♥② x✱ ❛♥❞ t❤❛t F + ✐s •♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ♦♥ X✱ ✇❤✐❝❤ •❡❛❞s ❞✐r❡❝t•② t♦ F + (x) ≤ F (x) ❜② ♣❛ss✐♥❣ t♦ t❤❡ •✐♠✐t n → +∞❀ t❤✐s ✐s t❤❡ Γ✲•✐♠s✉♣ ✐♥❡q✉❛•✐t②✳ ❆✳✸ ❚❤❡ ❉❛❝♦r♦❣♥❛ ❛♥❞ ▼♦s❡r✬s r❡s✉•t ❲❡ ✜♥✐s❤ ❜② ❣✐✈✐♥❣ ❛ ✏tr❛♥s♣♦rt❛t✐♦♥✑ r❡s✉•t ✭✇❤✐❝❤ ✐s ♥♦t ✏♦♣t✐♠❛•✑ tr❛♥s♣♦rt❛t✐♦♥✱ ❜✉t ❝♦✉•❞ ❜❡ ❝❛••❡❞ ✏r❡❣✉•❛r✑ tr❛♥s♣♦rt❛t✐♦♥✮ ❜② ❉❛❝♦r♦❣♥❛ ❛♥❞ ▼♦s❡r ✭s❡❡ ❬✸✵(✮✳ ❚❤❡② ❣❛✈❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s t♦ s❡♥❞ ❛ ❞❡♥s✐t② f ♦♥t♦ ❛ ❞❡♥s✐t② g ❜② ❛ r❡❣✉•❛r ❞✐✛❡♦♠♦r♣❤✐s♠✱ ✇❤❡r❡ f ✱ g s❛t✐s❢② r❡❣✉•❛r✐t② ❛ss✉♠♣t✐♦♥s ❛♥❞ ❛r❡ ❞❡✜♥❡❞ ♦♥ t❤❡ s❛♠❡ ❞♦♠❛✐♥ Ω ✇❤♦s❡ ❜♦✉♥❞❛r② ❛•s♦ s❛t✐s✜❡s r❡❣✉•❛r✐t② ❛ss✉♠♣t✐♦♥s✳ ▼♦r❡ ♣r❡❝✐s❡•②✱ t❤❡ st❛t❡♠❡♥t t❤❛t✇❡ ✉s❡ ✐♥ t❤✐s t❤❡s✐s ✐s t❤❡ ❢♦••♦✇✐♥❣✿ ✶✷✵ ❆PP❊◆❉■❳ ❆✳ ❚❖❖▲❙ ❖❋ ▼❊❆❙❯|❊ ❚❍❊❖|( ❆◆❉ ❈❆▲❈❯▲❯❙ ❖❋ ❱❆|■❆❚■❖◆❙ ❚❤❡♦r❡♠ ❆✳✸✳✶✳ ▲❡t U ⊂ R d ❜❡ ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ✇✐t❤ C 3,α ❜♦✉♥❞❛r② ∂U ✳ ▲❡t f 1 ✱ f 2 ❜❡ t✇♦ ♣♦s✐t✐✈❡ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s ♦♥ U s✉❝❤ t❤❛t U ❡①✐sts ❛ ▲✐♣s❝❤✐t③ ❞✐✛❡♦♠♦r♣❤✐s♠ u : U → U s❛t✐s❢②✐♥❣ ♦✈❡r ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡✿

✭❆✳✹✮

  ❚❤❡ r❡s✉•t ❣✐✈❡♥ ✐♥ t❤❡ ♦r✐❣✐♥❛• ♣❛♣❡r ✭❬✸✵(✱ ❚❤❡♦r❡♠ ✶✬✮ ❞❡❛•s ✇✐t❤ ♠♦r❡ ❣❡♥❡r❛• ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❞❡♥s✐t② f 1 ✭f ∈ C k+3,α (U ) ❛♥❞ t❤❡ r❡s✉•t ✐s ❛ C k+1,α ❞✐✛❡♦♠♦r♣❤✐s♠✮ ❜✉t ♦♥•② ✇✐t❤ f 2 = 1✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ✭✉♣ t♦ ❛ ♥♦r♠❛•✐③✐♥❣ ❝♦♥st❛♥t✮✳ ❲❡ ❛❞❛♣t ✐t ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛• ❝❛s❡ ❢♦r t❤❡ t❛r❣❡t ❞❡♥s✐t② ❛♥❞ ❣✐✈❡ ♠♦r❡♦✈❡r ❛♥ ❡st✐♠❛t❡ ♦♥ t❤❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ tr❛♥s♣♦rt t❤❛t ✇❡ ♦❜t❛✐♥❡❞ ✇❤✐❝❤ ✐s ✈❛❝❛♥t ✐♥ t❤❡ ♦r✐❣✐♥❛• ♣❛♣❡r ✭❜✉t ♥♦t s♦ ❞✐✣❝✉•t t♦ ♦❜t❛✐♥✮✳ ❚❤✐s ❡st✐♠❛t❡ ✐s ♣r♦❜❛❜•② ♥♦t ✏s❤❛r♣✑✱ ❜✉t s✉✣❝✐❡♥t ✐♥ t❤❡ ❝❛s❡ ✇❤✐❝❤ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ✭s❡❡ ♣❛r❛❣r❛♣❤ ✸✳✹✳✷✮✳ ❙❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢✳ ❋♦••♦✇✐♥❣ t❤❡ ♦r✐❣✐♥❛• ♣❛♣❡r✱ ✇❡ ❜❡❣✐♥ ❜② ✜♥❞✐♥❣ ❛ s♦•✉t✐♦♥ v ∈ C 1,α (U ) ♦❢ div v(x) = f 1 (x)f 2 (x), x ∈ U v(x) = 0,x ∈ ∂U ✇✐t❤ t❤❡ ❡st✐♠❛t❡ ✭❝♦♠✐♥❣ ❢r♦♠ t❤❡ st❛♥❞❛r❞ t❤❡♦r② ♦❢ ❡••✐♣t✐❝ ❡q✉❛t✐♦♥s✱ s❡❡ ❬✹✹(✮

0

  ✭❆✳✺✮ ✇❤❡r❡ C ♦♥•② ❞❡♣❡♥❞s ♦♥ α✱ f 1 ✱ f 2 ✱ U ✳ ❚❤❡♥ ✇❡ s❡t w(t, x) = v(x) (1t)f 1 (x) + tf 2 (x) ❛♥❞ ❝♦♥s✐❞❡r t❤❡ s♦•✉t✐♦♥ Φ ♦❢ t❤❡ ❈❛✉❝❤② ♣r♦❜•❡♠✳ x) = w(t, Φ(t, x)) Φ(0, x) = x ❲❡ ❞❡✜♥❡ u(x) = Φ(1, x)✳ ❚❤❡♥ ✐t r❡♠❛✐♥s t♦ ❝❤❡❝❦ t❤❛t u s❛t✐s✜❡s t❤❡ ❛♥♥♦✉♥❝❡❞ ❡q✉❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ ❛ st❛♥❞❛r❞ •rö♥✇❛•• ❛r❣✉♠❡♥t ♣r♦✈✐❞❡s ||Φ(t, x) -Φ(t, y)|| ≤ ||x -y|| exp t Lip(w(s, •)) ❞s ✇❤❡r❡ t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t ♦❢ w(s, •)✱ ✇❤✐❝❤ ✐s ❛ q✉♦t✐❡♥t ♦❢ ▲✐♣s❝❤✐t③ ❛♥❞ ❜♦✉❞❡❞ ❢r♦♠ ❜❡•♦✇ ❢✉♥❝t✐♦♥s✱ ✐s ❡st✐♠❛t❡❞ ❛s ❢♦••♦✇s✿ Lip w(s, •) ≤ Lip v inf((1s)f 1 + sf 2 ) + ||v|| ∞ Lip 1 (1s)f 1 + sf 2 ❚❤❡ ❡st✐♠❛t❡ ✭❆✳✺✮ ❛••♦✇s ✐♠♠❡❞✐❛t❡•② t♦ ❝♦♥tr♦• t❤❡ ▲✐♣s❝❤✐t③ ❝♥st❛♥t ♦❢ v✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ v ✐s ✈❛•✉❡❞ ✐♥ U ✱ t❤✉s ||v|| ∞ ✐s ❛•s♦ ❜♦✉♥❞❡❞✳ ❚❤✐s •❡❛❞s t♦ t❤❡ ❛♥♥♦✉♥❝❡❞ ❡st✐♠❛t❡ ✭❆✳✹✮✳ ❆♣♣❡♥❞✐① ❇ ❙♦♠❡ ❢❛❝ts ❛❜♦✉t ♦♣t✐♠❛• tr❛♥s♣♦rt ❇✳✶ •❡♥❡r❛• t❤❡♦r②✿ ▼♦♥❣❡ ❛♥❞ ❑❛♥t♦r♦✈✐❝❤ ♣r♦❜•❡♠s✱ ❞✉❛•✐t② ❢♦r♠✉•❛ ❛♥❞ ❡①✐st❡♥❝❡ r❡s✉•ts ▼♦♥❣❡ ♣r♦❜•❡♠✳ ❚❤❡ ♦r✐❣✐♥❛• ❢♦r♠✉•❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛• tr❛♥s♣♦rt ♣r♦❜•❡♠ ✐s t❤❡ ❢♦••♦✇✐♥❣✿ ✐❢ X✱ Y ❛r❡ t✇♦ ♠❡tr✐❝ s♣❛❝❡s ✭s❛② ❝♦♠♣•❡t❡ ❛♥❞ s❡♣❛r❛❜•❡✱ ❜✉t ✐♥ t❤✐s t❤❡s✐s ✇❡ ✇❡r❡ ❡ss❡♥t✐❛••② ❢♦❝✉s❡❞ ♦♥ t❤❡ ❝❛s❡ ♦❢ ❝♦♠♣❛❝t s✉❜s❡ts ♦❢ R d ✮ ❛♥❞ c : X × Y → R ∪ {+∞}✱ ✇❡ st✉❞② t❤❡ s♦✲❝❛••❡❞ ▼♦♥❣❡ ♣r♦❜•❡♠ inf X c(x, T (x)) ❞µ(x) : T : X → Y, T # µ = ν ✇❤❡r❡ µ✱ ν ❛r❡ t✇♦ ✜♥✐t❡ ♠❡❛s✉r❡s ♦♥ X✱ Y ✇✐t❤ s❛♠❡ ♠❛ss ✭♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡② ❛r❡ ❜♦t❤ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡s✮✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s♣❛❝❡s X✱ Y ❛♥❞ ♦♥ t❤❡ ♠❡❛s✉r❡s µ✱ ν✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ tr❛♥s♣♦rt ♠❛♣s ❢r♦♠ µ t♦ ν ✐s ♥♦t ❣✉❛r❛♥t❡❡❞ ✐♥ ❣❡♥❡r❛•❀ ♠♦r❡♦✈❡r✱ ❡✈❡♥ ✉♥❞❡r t❤✐s ❛ss✉♠♣t✐♦♥ ❛♥❞ ✐♥ r❡❣✉•❛r ❝❛s❡✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✐③❡r ❝❛♥♥♦t ❜❡ ♦❜t❛✐♥❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ t❤❛♥❦s t♦ t❤❡ ❞✐r❡❝t ♠❡t❤♦❞ ✐♥ t❤❡ ❝❛•❝✉•✉s ♦❢ ✈❛r✐❛t✐♦♥s✳ ❚❤❡ ❤❡♥❝❡❢♦rt❤ ✇❡••✲❦♥♦✇♥ ♠❡t❤♦❞✱ ❞✉❡ t♦ ❑❛♥t♦r♦✈✐❝❤✱ ❝♦♥s✐sts ✐♥ ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ r❡•❛①❛t✐♦♥✳ ❑❛♥t♦r♦✈✐❝❤ ♣r♦❜•❡♠✳ ❲❡ st✉❞② inf X×Y c(x, y) ❞γ(x, y) : γ ∈ Π(µ, ν) ✭❇✳✶✮ ✇❤❡r❡ Π(µ, ν) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡s γ ♦♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ X × Y s✉❝❤ t❤❛t (π 1 ) # γ = µ ❛♥❞ (π 2 ) # γ = ν ✇❤❡r❡ π 1 (x, y) = x π 2 (x, y) = y ❆♥ ✐♠♠❡❞✐❛t❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜•❡♠ ✐s t❤❛t t❤❡ s❡t Π(µ, ν) ✐s ♥❡✈❡r ❡♠♣t② ✭✐t ❝♦♥✲ t❛✐♥s µ ⊗ ν✮❀ ♠♦r❡♦✈❡r✱ t❤❡ ❢✉♥❝t✐♦♥❛• t❤❛t ✇❡ ❝♦♥s✐❞❡r ✐s ❤❡r❡ •✐♥❡❛r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❛r✐❛❜•❡ γ✳ ❚❤❡ ❡①✐st❡♥❝❡ r❡s✉•t ❢♦••♦✇s✿ Pr♦♣♦s✐t✐♦♥ ❇✳✶✳✶✳ ❆ss✉♠❡ t❤❛t µ✱ ν ❛r❡ t✇♦ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡s ♦♥ R d ❛♥❞ t❤❛t c : R d ×R d → [0, +∞) ✐s •♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛t •❡❛st ❛ s♦•✉t✐♦♥ t♦ t❤❡ ❑❛♥t♦r♦✈✐❝❤ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜•❡♠ inf R d ×R d c(x, y) ❞γ(x, y) : γ ∈ Π(µ, ν) ✶✷✶ ✶✷✷ ❆PP❊◆❉■❳ ❇✳ ❙❖▼❊ ❋❆❈❚❙ ❆❇❖❯❚ ❖P❚■▼❆▲ ❚|❆◆❙P❖|❚ ❉✉❛• ♣r♦❜•❡♠✳ ◆♦✇ ✇❡ r❡♠❛r❦ t❤❛t✱ ✐❢ γ ✐s ❛ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ♦♥ R d × R d ✱ t❤❡♥ sup R d ×R d ϕ(x) ❞γ(x, y) -R d ϕ ❞µ : ϕ ∈ C b (R d ) = 0 ✐❢ (π 1 ) # γ = µ ❞γ(x, y) -R d ψ ❞ν : ψ ∈ C b (R d ) = 0 ✐❢ (π 2 ) # γ = ν +∞ ♦t❤❡r✇✐s❡ ❚❤✉s✱ t❤❡ ❑❛♥t♦r♦✈✐❝❤ ♣r♦❜•❡♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ inf γ∈M + (R d ×R d ) sup (ϕ,ψ)∈C b (R d ) 2 R d ×R d c(x, y) ❞π(x, y) ♠❡ t❤❛t t❤❡ ✐♥✜♠✉♠ ❛♥❞ t❤❡ s✉♣r❡♠✉♠ ❝❛♥ ❜❡ ✐♥✈❡rt❡❞✳ ◆♦t✐❝❡ t❤❛t t❤❡ q✉❛♥t✐t② inf γ∈M + (R d ×R d ) R d ×R d (c(x, y) -(ϕ(x) + ψ(y))) ❞γ(x, y) ✐s 0 ✐❢ c(x, y)ϕ(x)ψ(y) = 0 ❛♥❞ -∞ ♦t❤❡r✇✐s❡✳ ❚❤✐s s✉❣❣❡sts t♦ •♦♦❦ ❛t t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜•❡♠ sup R d ϕ(x) ❞µ(x) + R d ψ(y) ❞ν(y) : ϕ, ψ ∈ C b (R d ), ϕ(x) + ψ(y) ≤ c(x, y) ✭❇✳✷✮ ❚❤❡ ♣r♦❜•❡♠ ✭❇✳✷✮ ✐s ❝❛••❡❞ ❞✉❛• ♣r♦❜•❡♠✳ ❈♦♥✈❡①✐t②✱ c✲❝♦♥❝❛✈✐t②✱ ❝②❝•✐❝❛• ♠♦♥♦t♦♥✐❝✐t② ❛♥❞ ❞✉❛•✐t② ❢♦r♠✉•❛✳ ◆♦t✐❝❡ t❤❛t ✐❢ ❛ ♣❛✐r (ϕ, ψ) ✐s ❛ ❝❛♥❞✐❞❛t❡ ❢♦r ✭❇✳✷✮✱ t❤❡♥ (ϕ, ψ) ❞❡✜♥❡❞ ❜② y)ψ(y)} ✐s ❛•s♦ ❛❞♠✐ss✐❜•❡ ❛♥❞ s❛t✐s✜❡s ψ ≥ ψ ❛♥❞ ϕ ≥ ϕ✳ ❚❤✐s s✉❣❣❡sts t♦ st✉❞② t❤❡ ♣r♦❜•❡♠ ✭❇✳✷✮ ❛♠♦♥❣ t❤❡ s✉❝❤ ♣❛✐rs✳ ❲❡ ❤❡♥❝❡❢♦rt❤ ❛ss✉♠❡ t❤❛t µ✱ ν ❛r❡ s✉♣♣♦rt❡❞ ✐♥t♦ ❜♦✉♥❞❡❞ ♦♣❡♥ s✉❜s❡ts Ω✱ Ω ′ ♦❢ R d ❛♥❞ t❤❛t c ✐s ❞❡✜♥❡❞ ♦♥ Ω × Ω ′ ✳ ❉❡✜♥✐t✐♦♥ ❇✳✶✳✶✳ ❲❡ s❛② t❤❛t ❛ ❢✉♥❝t✐♦♥ ϕ : Ω → R ✐s c✲❝♦♥❝❛✈❡ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ χ : Ω ′ → R s✉❝❤ t❤❛t ϕ(x) = inf y∈Ω ′ {c(x, y)χ(y)} ❢♦r ❛♥② x ∈ Ω✳ ❙✐♠✐•❛r•②✱ ❛ ❢✉♥❝t✐♦♥ ψ : Ω → R ✐s s❛✐❞ t♦ ❜❡ c✲❝♦♥❝❛✈❡ ✐❢ ψ(y) = inf x ∈ Ω{c(x, y)ξ(x)} ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ ξ : Ω → R ❛♥❞ ❢♦r ❛♥② y ∈ Ω ′ ✳ ▼♦r❡♦✈❡r✱ ❢♦r t✇♦ ❢✉♥❝t✐♦♥ ϕ : Ω → R ❛♥❞ ψ : Ω ′ → R ✭♥♦ ♥❡❝❡ss❛r② c✲❝♦♥❝❛✈❡✮✱ ✇❡ ❞❡♥♦t❡ ❜② ϕ c (y) = inf{c(x, y)ϕ(x) : x ∈ Ω} ❛♥❞ ψ c (x) = inf{c(x, y)ψ(y) : y ∈ Ω} ❇✳✶✳ •❊◆❊|❆▲ ❚❍❊❖|( ✶✷✸ ❚❤❡ ❛❜♦✈❡ ❛♥❛•②s✐s s✉❣❣❡st t❤❡ ❢♦••♦✇✐♥❣ ♠❡t❤♦❞ t♦ s♦•✈❡ ✭❇✳✷✮✿ st❛rt✐♥❣ ❢r♦♠ ❛ ♠❛①✐♠✐③✐♥❣ s❡q✉❡♥❝❡ (ϕ n , ψ n ) n ✱ ✇❡ ♥♦t✐❝❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ (ϕ c n ) c , ϕ c n ) n ✐s st✐•• ❢♦r♠❡❞ ❜② ❛❞♠✐ss✐❜•❡ ❢✉♥❝t✐♦♥s ❛♥❞✱ ❢♦r ❛♥② n✱ (ϕ c n ) c + (x)ϕ c n (y) ≥ ϕ n (x) + ψ n (y)✳ ❚❤✐s •❡❛❞s t♦ t❤❡ ❢♦••♦✇✐♥❣ ❡①✐st❡♥❝❡ r❡s✉•t✿ Pr♦♣♦s✐t✐♦♥ ❇✳✶✳✷✳ ❆ss✉♠❡ µ✱ ν t♦ ❜❡ ❝♦♠♣❛❝t•② s✉♣♣♦rt❡❞ ❛♥❞ c t♦ ❜❡ ❝♦♥t✐♥✉♦✉s ♦♥ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡✐r s✉♣♣♦rts✳ ❚❤❡♥ t❤❡ ♣r♦❜•❡♠ ✭❇✳✷✮ ❛❞♠✐ts ❛ s♦•✉t✐♦♥(ϕ, ψ)✱ ✇✐t❤ ϕ ✐s ❛ c✲❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ ❛♥❞ ψ = ϕ c ✳ ❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡✱ ❢♦r ❛ s✉❜s❡t ♦❢ R d ✱ t❤❡ ♥♦t✐♦♥ ♦❢ c✲❝②❝•✐❝❛• ♠♦♥♦t♦♥✐❝✐t②✿ Pr♦♣♦s✐t✐♦♥ ❇✳✶✳✸✳ ▲❡t γ ❜❡ ❛♥ ♦♣t✐♠✐③❡r ❢♦r t❤❡ ❑❛♥t♦r♦✈✐❝❤ ♣r♦❜•❡♠ ✭❇✳✶✮✳ ❆ss✉♠❡ c t♦ ❜❡ ❝♦♥t✐♥✲ ✉♦✉s✳ ❚❤❡♥✱ ❢♦r ❛♥② ✜♥✐t❡ ❢❛♠✐•② ♦❢ ♣❛✐rs (x 1 , y 1 ), . . . , (x p , y p ) ❜❡•♦♥❣✐♥❣ t♦ t❤❡ s✉♣♣♦rt ♦❢ γ ❛♥❞ ❢♦r ❛♥② ♣❡r♠✉t❛t✐♦♥ σ ♦❢ {1, . . . , p}✱ t❤❡ ❢♦••♦✇✐♥❣ ✐♥❡q✉❛•✐t② ❤♦•❞s✿ p i=1 c(x i , y i ) ≤ p i=1 c(x i , y σ(i) ) ❲❡ s❛② t❤❛t t❤❡ s✉♣♣♦rt ♦❢ γ ✐s ❛ c✲❝②❝•✐❝❛••② ♠♦♥♦t♦♥❡ s✉❜s❡t ♦❢ (R d ) 2 ✳ ❚❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣❡rt② ♦❢ c✲❝②❝•✐❝❛••② ♠♦♥♦t♦♥❡ s✉❜s❡ts ♦❢ (R d ) 2 ✇✐•• ✐♠♣•② t❤❡ ❡q✉❛•✐t② ❜❡t✇❡❡♥ ❑❛♥t♦r♦✈✐❝❤ ❛♥❞ ▼♦♥❣❡ ♣r♦❜•❡♠s✿ ▲❡♠♠❛ ❇✳✶✳✶✳ ❆ss✉♠❡ t❤❛t Γ ✐s ❛ c✲❝②❝•✐❝❛••② ♠♦♥♦t♦♥❡ s✉❜s❡t ♦❢ (R d ) 2 ✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ c✲❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ ϕ s✉❝❤ t❤❛t Γ ⊂ {(x, y) : ϕ(x) + ϕ(y) = c(x, y)} ❇② t❛❦✐♥❣ (ϕ, ϕ c ) ❛s ❝❛♥❞✐❞❛t❡ ❢♦r t❤❡ ❞✉❛• ♣r♦❜•❡♠✱ ✇❡ ♦❜t❛✐♥✿ Pr♦♣♦s✐t✐♦♥ ❇✳✶✳✹✳ ❲✐t❤ t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s ♦♥ µ✱ ν✱ t❤❡ ♦♣t✐♠❛• ✈❛•✉❡s ♦❢ t❤❡ ♣r♦❜•❡♠s ✭❇✳✶✮ ❛♥❞ ✭❇✳✷✮ ❛r❡ ❡q✉❛•✿ inf γ∈Π(µ,ν) c(x, y) ❞γ(x, y) = sup (ϕ, ψ) ∈ C b (Ω) × C b (Ω ′ ) ϕ(x) + ψ(y) ≤ c(x, y) ϕ(x) ❞µ(x) + ψ(y) ❞ν(y) ▼♦r❡♦✈❡r✱ t❤❡ ♦♣t✐♠❛• ✈❛•✉❡ ♦❢ ✭❇✳✷✮ ✐s ❛tt❛✐♥❡❞ ❜② ❛ ♣❛✐r (ϕ, ϕ c ) ❢♦r ❛ c✲❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ ϕ ✳ ❋✐♥❛••②✱ ✐❢ γ ✐s t❤❡ ♦♣t✐♠✐③❡r ♦❢ t❤❡ ❑❛♥t♦r♦✈✐❝❤ ♣r♦❜•❡♠ ✭❇✳✶✮✱ t❤❡ ❡q✉❛•✐t② ϕ(x) + ψ(y) = c(x, y) ❤♦•❞s ❢♦r ❛♥② (x, y) ✐♥ t❤❡ s✉♣♣♦rt ♦❢ γ✳ ❇❛❝❦ t♦ t❤❡ ▼♦♥❣❡ ♣r♦❜•❡♠ ✐♥ t❤❡ str✐❝t•② ❝♦♥✈❡① ❝❛s❡✳ ❲❡ ❝♦♥❝•✉❞❡ ✇✐t❤ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉•t ❢♦r t❤❡ ▼♦♥❣❡ ❛♥❞ t❤❡ ❑❛♥t♦r♦✈✐❝❤ ♣r♦❜•❡♠ ✐♥ t❤❡ ❝❛s❡ ♦❢ str✐❝t•② ❝♦♥✈❡① ❝♦sts✳ •✐✈❡♥ ❛ ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛• ϕ ❛♥❞ ❛♥ ♦♣t✐♠❛• tr❛♥s♣♦rt ♣•❛♥ γ✱ ✇❡ st❛rt ❢r♦♠ t❤❡ ✐♥❡q✉❛•✐t② ϕ(x) + ϕ(y) ≤ c(x, y) ❢♦r ❛♥② (x, y) ∈ (R d ) 2 ✇✐t❤ ❡q✉❛•✐t② ✐❢ (x, y) ❜❡•♦♥❣s t♦ t❤❡ s✉♣♣♦rt ♦❢ γ✳ ❚❤✉s✱ ❢♦r s✉❝❤ ❛ (x, y)✱ t❤❡ ❢✉♥❝t✐♦♥ x → c( x, y)ϕ( x) ✶✷✹ ❆PP❊◆❉■❳ ❇✳ ❙❖▼❊ ❋❆❈❚❙ ❆❇❖❯❚ ❖P❚■▼❆▲ ❚|❆◆❙P❖|❚ ✐s ♠❛①✐♠❛• ❢♦r x = x✳ ❆ss✉♠❡ ♥♦✇ t❤❛t c(x, y) = h(yx) ❢♦r ❛ str✐❝t•② ❝♦♥✈❡① ❢✉♥❝t✐♦♥ h❀ ✐♥ t❤✐s ❝❛s❡✱ ✐t ❝❛♥ ❜❡ ♣r♦✈❡♥ t❤❛t ❛♥② c✲❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ ✐s ❛❝t✉❛••② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❛♥❞ x ✐s ❛ ❝r✐t✐❝❛• ♣♦✐♥t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ h(•y) -ϕ✱ ✇❤✐❝❤ ♠❡❛♥s ∇h(xy) -∇ϕ(x) = 0 ✭♣r♦✈✐❞❡❞ t❤❛t x ✐s ❛ ❞✐✛❡r❡♥t✐❛❜✐•✐t② ♣♦✐♥t ❢♦r ϕ✱ t❤✉s ❢♦r ❛✳❡✳ x ∈ Ω✮✳ ❙✐♥❝❡ h ✐s str✐❝t•② ❝♦♥✈❡①✱ ✐ts ❣r❛❞✐❡♥t ❝❛♥ ❜❡ ✐♥✈❡rt❡❞ ❛♥❞ ✇❡ ♦❜t❛✐♥ y = x -(∇h) -1 (∇ϕ(x))✱ t❤✉s y ✐s ✇❡••✲❞❡✜♥❡❞ ✐♥ ❢✉♥❝t✐♦♥ ♦❢ x✳ ❚♦ s✉♠♠❛r✐③❡✿ ❚❤❡♦r❡♠ ❇✳✶✳✶✳ ❲❡ ♠❛❦❡ t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s ♦♥ µ✱ ν ❛♥❞ ❛ss✉♠❡ ♠♦r❡♦✈❡r t❤❛t µ ✐s ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ❆ss✉♠❡ t❤❛t c(x, y) = h(xy) ❢♦r ❛ str✐❝t•② ❝♦♥✈❡① ❢✉♥❝t✐♦♥ h✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ γ ♦❢ t❤❡ ❑❛♥t♦r♦✈✐❝❤ ♣r♦❜•❡♠ ✭❇✳✶✮ ❛♥❞ ❛ ✉♥✐q✉❡ ♠❛♣ T s✉❝❤ t❤❛t γ = (✐❞ × T ) # µ✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛t •❡❛st ♦♥❡ ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛• ϕ ✇❤✐❝❤ ✐s ❛ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥✱ ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❡q✉❛•✐t② T (x) = x -(∇h) -1 (∇ϕ(x)) ❢♦r ❛✳❡✳ x ❜❡•♦♥❣✐♥❣ t♦ t❤❡ s✉♣♣♦rt ♦❢ µ✳ ❇✳✷ ❖♣t✐♠❛• tr❛♥s♣♦rt ♦♥ t❤❡ r❡❛• •✐♥❡ ❲❡ ❤❡r❡ s✉♠♠❛r✐③❡ s♦♠❡ ✇❡••✲❦♥♦✇♥ r❡s✉•ts ❛❜♦✉t t❤❡ ♦♣t✐♠❛• tr❛♥s♣♦rt❛t✐♦♥ ♣r♦❜•❡♠ ✐♥ ❞✐♠❡♥s✐♦♥ 1✳ ❚❤❡♦r❡♠ ❇✳✷✳✶✳ ▲❡t µ✱ ν ∈ P(R)✳ ❆ss✉♠❡ µ t♦ ❜❡ ❛t♦♠•❡sss✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ♠❛♣ T 1 : R → R ❛♥❞ ❛ ✉♥✐q✉❡ ♥♦♥✲✐♥❝r❡❛s✐♥❣ ♠❛♣ T 2 : R → R s❡♥❞✐♥❣ µ t♦ ν✳ Pr♦♦❢✳ ❙t❡♣ ✶✿ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ♠❛♣✳ ❲❡ ❞❡✜♥❡ F µ (x) = µ((-∞, x]) ❛♥❞ F ν (y) = ν((-∞, y]) ■t ✐s ❝•❡❛r t❤❛t F µ ✱ F ν ❛r❡ ❜♦t❤ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛♥❞ r✐❣❤t✲❝♦♥t✐♥✉♦✉s✱ ❛♥❞ ❤❛✈❡ 0 ❛s •✐♠✐t ✐♥ -∞ ❛♥❞ 1 ❛s •✐♠✐t ✐♥ +∞❀ ♠♦r❡♦✈❡r✱ t❤❡ ❢❛❝t t❤❛t µ ✐s ❛t♦♠•❡sss ❣✉❛r❛♥t❡❡s F µ t♦ ❜❡ ❝♦♥t✐♥✉♦✉s ♦♥ R✳ ◆♦✇ ✇❡ s❡t T 1 (x) = inf {y : F ν (y) ≥ F µ (x)} ✭❇✳✸✮ ❲❡ ♠♦r❡♦✈❡r ❝•❛✐♠ t❤❛t t❤❡ ✐♥✜♠✉♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞✲s✐❞❡ ♦❢ ✭❇✳✸✮ ✐s ❛tt❛✐♥❡❞✱ s✐♥❝❡✱ ✐❢ (y n ) n ✐s ❛ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡✱ ♦♥❡ ❝❛♥ ❛ss✉♠❡ ✐t t♦ ❜❡ ❞❡❝r❡❛s✐♥❣ s✐♥❝❡ F ν ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣ s♦ t❤❛t y n → y ❛♥❞✱ s✐♥❝❡ F ν ✐s r✐❣❤t✲❝♦♥t✐♥✉♦✉s✱ F ν (y) = lim n F ν (y n ) ≥ F µ (x)✳ ❙✐♥❝❡ F µ ❛♥❞ F ν ❛r❡ ❜♦t❤ ♥♦♥✲❞❡❝r❡❛s✐♥❣✱ ✐t ✐s ❝•❡❛r t❤❛t T 1 ✐s ❛•s♦ ♥♦♥✲❞❡❝r❡❛s✐♥❣✱ ❛♥❞ ✐t r❡♠❛✐♥s t♦ ❝❤❡❝❦ t❤❛t ✐t s❡♥❞s µ ♦♥t♦ ν❀ ❢♦r t❤✐s✱ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❡ ❡q✉❛•✐t② µ(T -1 ((-∞, b])) = ν((-∞, b])) ❢♦r ❛♥② b ∈ R✳ ❲❡ ❜❡❣✐♥ ❜② ♥♦t✐❝✐♥❣ t❤❡ ❡q✉✐✈❛•❡♥❝❡ x ∈ T -1 1 ((-∞, b]) ⇐⇒ T 1 (x) ≤ b ⇐⇒ F µ (x) ≤ F ν (b) ✭❇✳✹✮ ■❢ F ν (b) = 1✱ t❤❡♥ t❤❡ •❛st ✐♥❡q✉❛•✐t② ✐s s❛t✐s✜❡❞ ❢♦r ❛♥② x ∈ R✱ s♦ t❤❛t T -1 ((-∞, b]) = R ❛♥❞ µ(T -1 ((-∞, b])) = 1 = F ν (b) = ν((-∞, b]) ❇✳✷✳ ❖P❚■▼❆▲ ❚|❆◆❙P❖|❚ ❖◆ ❚❍❊ |❊❆▲ ▲■◆❊ ✶✷✺ ❆ss✉♠❡ ♥♦✇ t❤❛t F ν (b) < 1✳ ■♥ t❤✐s ❝❛s❡✱ s✐♥❝❡ F µ ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ♥♦♥✲❞❡❝r❡❛s✐♥❣✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭❇✳✹✮ t❤❛t T -1 1 ((∞, b]) ✐s ❛♥ ✐♥t❡r✈❛• ✇✐t❤ ❢♦r♠ (-∞, d] ✇✐t❤ F µ (d) = F ν (b)❀ t❤✐s ♣r♦✈✐❞❡s µ(T -1 (-∞, b])) = µ((-∞, d]) = F µ (d) = F ν (b) = ν((-∞, b]) ✇❤✐❝❤ ✐s t❤❡ ❛♥♥♦✉♥❝❡❞ r❡s✉•t✳ ❙t❡♣ ✷✿ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ♠❛♣✳ ❲❡ ♥♦✇ ❞❡✜♥❡ ❢♦r y ∈ R✿ G ν (y) = ν((-∞, y)) G ν ✐s ❛•s♦ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛♥❞ ✐s ♠♦r❡♦✈❡r •❡❢t✲❝♦♥t✐♥✉♦✉s❀ ♠♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ G ν ≤ F ν ✇✐t❤ ❡q✉❛•✐t② ❡✈❡r②✇❤❡r❡ ❡①❝❡♣t ♦♥ t❤❡ ❛t♦♠s ♦❢ ν✳ ❲❡ t❤❡♥ ❝•❛✐♠ t❤❡ ❢♦••♦✇✐♥❣✿ ✐❢ U ✐s ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ♠❛♣ s❡♥❞✐♥❣ µ t♦ ν✱ t❤❡♥✱ ❢♦r ❛♥② x ∈ R✱ G ν (U (x)) ≤ F µ (x) ≤ F ν (U (x)) ✭❇✳✺✮ ■♥❞❡❡❞✱ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ U ✐♠♣•✐❡s U -1 ((-∞, U (x))) ⊆ (-∞, x] ⊆ U -1 ((-∞, U (x)]) ❛♥❞ ✭❇✳✺✮ ❢♦••♦✇s ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ♠❡❛s✉r❡ µ ♦❢ t❤❡s❡ t❤✐r❞ s❡ts✳ ❙✐♥❝❡ ✭❇✳✺✮ ❤♦•❞s ❢♦r ❛♥② ♠❛♣ U ✇❤✐❝❤ ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛♥❞ s❡♥❞s µ ♦♥t♦ ν✱ ✐❢ U ✱ U ❛r❡ t✇♦ s✉❝❤ ♠❛♣s ❛♥❞ x ✈❡r✐✜❡s U (x) < U (x)✱ ✇❡ ❤❛✈❡ G ν ( U (x)) ≤ F µ (x) ≤ F ν (U (x)) ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ (-∞, U (x)] ⊆ (-∞, U (x)) t❤✉s F ν (U (x)) ≤ G ν ( U (x)) ❇② ❝♦♠❜✐♥✐♥❣ t❤❡ t✇♦ ✐♥❡q✉❛•✐t✐❡s ❛❜♦✈❡✱ ✇❡ ❣❡t t❤❛t✱ ❢♦r s✉❝❤ ❛ x✱ U (x) < U (x) ❛♥❞ G ν (U (x)) = G ν ( U (x)) ❙✐♥❝❡ G ν ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣✱ t❤✐s ♣r♦✈❡s t❤❛t G ν ✐s ❝♦♥st❛♥t ♦♥ t❤❡ ✐♥t❡r✈❛• [U (x), U (x)] ✇✐t❤ ✈❛•✉❡ F µ (x)✳ ■♥ ♣❛rt✐❝✉•❛r✱ F µ (x) ❜❡•♦♥❣s t♦ L = {y ∈ (0, 1) : ∃a < b, G ν = l ♦♥ (a, b)} ✐✳❡✳ t♦ t❤❡ ✐♠❛❣❡ ❜② G ν ♦❢ t❤❡ ✉♥✐♦♥ ♦❢ ❛•• t❤❡ ✐♥t❡r✈❛•s ✇✐t❤ ♣♦s✐t✐✈❡ •❡♥❣t❤ ♦♥ ✇❤✐❝❤ G ν ✐s ❝♦♥st❛♥t✳ ❚❤❡ ♠❛①✐♠❛• s✉❝❤ ✐♥t❡r✈❛•s ❢♦r♠ ❛ ❝♦✉♥t❛❜•❡ s❡t✱ t❤✉s L ✐s ❛ ❝♦✉♥t❛❜•❡ s❡t ♦❢ R✳ ◆♦✇ ✇❡ ❝•❛✐♠ t❤❛t µ(F -1 µ ({l})) = 0 ❢♦r ❛♥② l ∈ [0, 1] ❛♥❞ t❤✐s ✇✐•• ✐♠♣•② t❤❛t U ✱ U ❛r❡ ❡q✉❛• ❡①❝❡♣t ♦♥ ❛ µ✲♥❡❣•✐❣✐❜•❡ s❡t ♦❢ R ✭✇❤✐❝❤ ✐s F -1 µ (L)✮✳ ■♥❞❡❡❞✱ ❢♦r l ∈ [0, 1]✱ t❤❡ ♣r❡✲✐♠❛❣❡ ♦❢ {l} ❜② F µ ✐s ❛♥ ✐♥t❡r✈❛• I ✇✐t❤ µ(I) = µ I s✐♥❝❡ µ ❤❛s ♥♦ ❛t♦♠✳ ◆♦✇✱ ❜② r❡❣✉•❛r✐t② ♦❢ µ✱ µ(I) = sup µ([a, b]) : (a, b) ⊂ I = sup F µ (b) -F µ (a) : (a, b) ⊂ I ❛♥❞ t❤✐s s✉♣r❡♠✉♠ ✐s ♥✉•• s✐♥❝❡ F µ ✐s ❝♦♥st❛♥t ♦♥ I ✇✐t❤ ✈❛•✉❡ l✳ ❙t❡♣ ✸✿ t❤❡ ♥♦♥✲✐♥❝r❡❛s✐♥❣ ❝❛s❡✳ ❲❡ r❡♠❛r❦ t❤❛t ✐❢ ✇❡ s❡t µ -([a, b]) = µ -([-b, -a]) t❤❡♥ µ -✐s ❛•s♦ ❛♥ ❛t♦♠•❡ss ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡ ♦♥ R✱ ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ µ -t♦ ν✱ ✇❤✐❝❤ ✇❡ •✉st ❤❛✈❡ s❤♦✇♥✱ ✐s ❡q✉✐✈❛•❡♥t t♦ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ♥♦♥✲✐♥❝r❡❛s✐♥❣ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ µ t♦ ν✳ ✶✷✻ ❆PP❊◆❉■❳ ❇✳ ❙❖▼❊ ❋❆❈❚❙ ❆❇❖❯❚ ❖P❚■▼❆▲ ❚|❆◆❙P❖|❚ ❚❤✐s ♣r♦♦❢ ❣✐✈❡s ❛•s♦ ❡①♣•✐❝✐t ❢♦r♠✉•❛s ❛♥❞ ❡•❡♠❡♥t❛r② ♣r♦♣❡rt✐❡s ❢♦r t❤❡s❡ t✇♦ ♠❛♣s T 1 ✱ T 2 ✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ss✉♠❡ t❤❛t µ✱ ν ❛r❡ ❝♦♠♣❛❝t•② s✉♣♣♦rt❡❞ ♦♥ ✐♥t❡r✈❛•s [a, b]✱ [c, d] r❡s♣❡❝t✐✈❡•②✱ ❛♥❞ ❤❛✈❡ ❞❡♥s✐t✐❡s f ✱ g ✇❤✐❝❤ ❛r❡ ❛✳❡✳ ♣♦s✐t✐✈❡ ♦♥ t❤❡s❡ ✐♥t❡r✈❛•s❀ t❤❡♥ T 1 ✱ T 2 ❛r❡ ❜♦t❤ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❣✐✈❡♥ ❜② t❤❡ ❢♦r♠✉•❛s ♦t❤❡r ❤❛♥❞✱ ✉♥❞❡r t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥s✱ ❛ss✉♠❡ ♠♦r❡♦✈❡r t❤❛t g ✐s s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝❡♥t❡r ♦❢ [c, d]✱ t❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❢♦r♠✉•❛ T 2 (x) = d -(T 1 (x)c) ❢♦r ❛♥② x❀ ♦♥❡ ❝❛♥ s❤♦✇ ✐t ❜② ✈❡r✐❢②✐♥❣ t❤❛t✱ ✐♥ s✉❝❤ ❛ ❝❛s❡✱ ❛rt✐❝✉•❛r ✇❡ ❣❡t✱ ❢♦r ✐♥st❛♥❝❡✱ T 1 (x) = -T 2 (x) ♦♥ ❛♥② ♣♦✐♥t ✇❤❡r❡ T 1 ✱ T 2 ❛❞♠✐t ❜♦t❤ ❞❡r✐✈❛t✐✈❡s ✭t❤✉s ❛✳❡✳ ♦♥ [c, d] s✐♥❝❡ ❜♦t❤ ♦❢ t❤❡♠ ❛r❡ ♠♦♥♦t♦♥❡✮✳ ◆♦✇ ✇❡ st❛t❡ t❤❡ ♦♣t✐♠❛•✐t② r❡s✉•t ❛❜♦✉t t❤❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ tr❛♥s♣♦rt ♠❛♣✿ ❚❤❡♦r❡♠ ❇✳✷✳✷✳ ▲❡t µ✱ ν ❜❡ t✇♦ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡s ♦♥ R✱ ❜♦t❤ ❝♦♠♣❛❝t•② s✉♣♣♦rt❡❞✱ ✇✐t❤ µ ♥♦♥✲ ❛t♦♠✐❝✳ ▲❡t h : R → R ❜❡ ❛ ❝♦♥✈❡① ❢✉♥❝t✐♦♥✳ ❚❤❡♥ t❤❡ ❛❜♦✈❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ tr❛♥s♣♦rt ♠❛♣ T 1 ❢r♦♠ µ t♦ ν ✐s ♦♣t✐♠❛• ❢♦r t❤❡ ♣r♦❜•❡♠ inf R h(T (x)x) ❞µ(x) : T # µ = ν ✇✐t❤ ✉♥✐q✉❡♥❡ss ✐❢ h ✐s str✐❝t•② ❝♦♥✈❡①✳ ❙❦❡t❝❤ ♦❢ ♣r♦♦❢✳ ■♥ t❤❡ str✐❝t•② ❝♦♥✈❡① ❝❛s❡✱ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ♠✐♥✐♠✐③❡r T ✐s ❛•r❡❛❞② ❦♥♦✇♥ ❛♥❞ ✐t r❡♠❛✐♥s ♦♥•② t♦ ♣r♦✈❡ t❤❛t ✐t ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣✳ ❚❤✐s ❝♦♠❡s ❢r♦♠ t❤❡ c✲❝②❝•✐❝❛• ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ s✉♣♣♦rt ♦❢ (✐❞ ⊗ T ) # µ✿ ✐t ✐♠♣•✐❡s h(T (x)x) + h(T (x ′ )x ′ ) ≤ h(T (x ′ )x) + h(T (x)x ′ ) ✭❇✳✻✮ ❢♦r µ✲❛✳❡✳ x ∈ R✳ ❆ss✉♠✐♥❣ ♥♦✇ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t x < x ′ ❛♥❞ T (x) > T (x ′ )✱ ✇❡ s❡t a = T (x)x, b = T (x ′ )x ′ ❛♥❞ c = x ′x ❚❤❡ ✐♥❡q✉❛•✐t② ✭❇✳✻✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s h(a) + h(b) ≤ h(ac) + h(b + c) ✭❇✳✼✮ ◆♦✇✱ t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ x, x ′ , T (x), T (x ′ ) ✐♠♣•② b < b + c < a✳ ❲❡ ✇r✐t❡ b + c = (1t)b + ta ❛♥❞ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ str✐❝t ❝♦♥✈❡①✐t② ♦❢ h t❤❛t h(b + c) < (1t)h(b) + th(a) ❙✐♠✐•❛r•②✱ ✇❡ ♥♦t❡ t❤❛t b < ac < a ❛♥❞ ✇r✐t❡ ac = (1t ′ )b + t ′ a s♦ t❤❛t h(ac) < (1t ′ )h(b) + t ′ h(a) ◆♦✇ ✇❡ ❝♦♠♣✉t❡ t = c/(ab) ❛♥❞ t ′ = 1t s♦ t❤❛t h(b + c) + h(ac) < (2 -(t + t ′ ))h(b) + (t + t ′ )h(a) = h(b) + h(a) ✇❤✐❝❤ ❝♦♠❜✐♥❡❞ ✇✐t❤ ✭❇✳✼✮ •❡❛❞s t♦ h(a)h(b) < h(a)h(b) ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤❡ ♣r♦♦❢ ✐♥ t❤❡ ♥♦♥✲str✐❝t•② ❝♦♥✈❡① ❝❛s❡ ✐s ♦❜t❛✐♥❡❞ ❜② ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ h ❜② t❤❡ ❢❛♠✐•② ♦❢ str✐❝t ❝♦♥✈❡① ❢✉♥❝t✐♦♥s h ε = h + ε| • | 2 ✳ ❇✳✸✳ ❖P❚■▼❆▲ ❚|❆◆❙P❖|❚ ❲■❚❍ ❉■❙❚❆◆❈❊ ❈❖❙❚ ✶✷✼ ❇✳✸ ❖♣t✐♠❛• tr❛♥s♣♦rt ✇✐t❤ ❞✐st❛♥❝❡ ❝♦st ❲❡ ❤❡r❡ ❣✐✈❡ t❤❡ ♠❛✐♥ ❡①✐st❡♥❝❡ r❡s✉•ts ❛♥❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ ♦♣t✐♠❛• tr❛♥s♣♦rt ♠❛♣s ✇❤❡♥ t❤❡ ❝♦st ✐s ❛❝t✉❛••② ❡q✉❛• t♦ t❤❡ ❊✉❝•✐❞❡❛♥ ❞✐st❛♥❝❡✳ ■♥ ❛•• t❤✐s s❡❝t✐♦♥✱ ✇❡ t❤✉s ✜① c(x, y) = |y -x| ❢♦r (x, y) ∈ (R d ) 2 ✳ ❚❤❡ ✜rst r❡s✉•t ❝❤❛r❛❝t❡r✐③❡s t❤❡ c✲❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥s✿ Pr♦♣♦s✐t✐♦♥ ❇✳✸✳✶✳ ■❢ c(x, y) = |y -x|✱ t❤❡♥ ❛ ❢✉♥❝t✐♦♥ ϕ : R d → R ✐s c✲❝♦♥❝❛✈❡ ✐❢ ❛♥❞ ♦♥•② ✐❢ ✐t ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ♦♥ R d ✇✐t❤ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t ❛t ♠♦st 1✳ ▼♦r❡♦✈❡r✱ ✐♥ t❤✐s ❝❛s❡✱ ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥s ♦❢ t❤❡ s❡❝t✐♦♥ ❇✳✶✱ ✇❡ ❤❛✈❡ ϕ c = -ϕ✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐❢ µ✱ ν ∈ P(R d ) ❛r❡ ❜♦t❤ ❝♦♠♣❛❝t•② s✉♣♣♦rt❡❞ ✇✐t❤ µ ≪ L d ✱ t❤❡ ❞✉❛•✐t② ❢♦r♠✉•❛ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s inf γ∈Π(µ,ν) |y -x| ❞γ(x, y) = sup u∈Lip 1 (R d ) u(y) ❞ν(y)u(x) ❞µ(x) ❲❡ ♥♦✇ ✜① ❛ ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛• u✳ ❚❤❡ ❢♦••♦✇✐♥❣ ♥♦t✐♦♥ ♦❢ tr❛♥s♣♦rt r❛② ✐s ❝r✉❝✐❛•✳ ❉❡✜♥✐t✐♦♥ ❇✳✸✳✶✳ ▲❡t x, y✱ x = y✱ ❜❡ t✇♦ ♣♦✐♥ts ♦❢ R d ✳ ❚❤❡♥✿ • t❤❡ ♦r✐❡♥t❡❞ ♦♣❡♥ s❡❣♠❡♥t (x, y) ✐s ❛ tr❛♥s♣♦rt r❛② ✐❢ ❛♥❞ ♦♥•② ✐❢ u(y)u(x) = |y -x|❀ • t❤❡ ♦r✐❡♥t❡❞ ❝•♦s❡t s❡❣♠❡♥t [x, y] ✐s ❛ ♠❛①✐♠❛• tr❛♥s♣♦rt r❛② ✐❢ ❛♥❞ ♦♥•② ✐❢ ✕ ❛♥② z ∈ (x, y) ❜❡•♦♥❣s t♦ ❛ tr❛♥s♣♦rt r❛② (x ′ , y ′ ) ✇✐t❤ s❛♠❡ ♦r✐❡♥t❛t✐♦♥ t❤❛♥ [x, y]❀ ✕ ❛♥② ❝•♦s❡❞ s❡❣♠❡♥t s❛t✐s❢②✐♥❣ t❤❡ ❛❜♦✈❡ ♣r♦♣❡rt② ❛♥❞ ❝♦♥t❛✐♥✐♥❣ x ❛♥❞ y ✐s ❡q✉❛• t♦ [x, y]✳ ❚❤❡ ♠❛①✐♠❛• tr❛♥s♣♦rt r❛②s ❛r❡ ✇❡••✲❞❡✜♥❡❞ ✉♣ t♦ ❛ ▲❡❜❡s❣✉❡✲♥❡❣•✐❣✐❜•❡ ✭t❤✉s µ✲♥❡❣•✐❣✐❜•❡✮ s❡t ♦❢ R d ✱ ❛s st❛t❡s t❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✿ Pr♦♣♦s✐t✐♦♥ ❇✳✸✳✷✳ ▲❡t [x, y] ❛♥❞ [x ′ , y ′ ] ❜❡ t✇♦ ♠❛①✐♠❛• tr❛♥s♣♦rt r❛②s✳ ❚❤❡♥ t❤❡② ❝❛♥ ✐♥t❡rs❡❝t ♦♥•② ♦♥ ❛ ♣♦✐♥t ✇❤✐❝❤ ✐s ❛♥ ❡①tr❡♠✐t② ♦❢ ❜♦t❤ ♦❢ t❤❡♠✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ t❤❡ ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛• u ✐s ♥♦♥✲ ❞✐✛❡r❡♥t✐❛❜•❡ ❛t t❤✐s ♣♦✐♥t✳ ■♥ ♣❛rt✐❝✉•❛r✱ s✐♥❝❡ u ✐s ▲✐♣s❝❤✐t③✱ t❤❡ s❡t ♦❢ ♣♦✐♥ts ♦❢ R d ❜❡•♦♥❣✐♥❣ t♦ ❛t •❡❛st t✇♦ tr❛♥s♣♦rt r❛②s ✐s ▲❡❜❡s❣✉❡✲♥❡❣•✐❣✐❜•❡✳ ◆♦✇ •❡t ✉s ❡①❛♠✐♥❡ t❤❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s str✉❝t✉r❡ ❢♦r t❤❡ ❞✉❛•✐t② ❢♦r♠✉•❛ ❛♥❞ ❢♦r ❛♥ ♦♣t✐♠❛• tr❛♥s♣♦rt T ✳ ❆ss✉♠❡ t❤❛t s✉❝❤ ❛ T ❡①✐sts❀ t❤❡ ❞✉❛•✐t② ❢♦r♠✉•❛ ♣r♦✈✐❞❡s Ω |T (x) -x| ❞µ(x) = R d u(y) ❞ν(y) -R d u(x) ❞µ(x) = Ω (u(T (x))u(x)) ❞µ(x) ▼♦r❡♦✈❡r✱ t❤❡ ❢❛❝t t❤❛t u ✐s ✶✲▲✐♣s❝❤✐t③ ✐♠♣•✐❡s t❤❡ ❡q✉❛•✐t② u(T (x))u(x) ≤ |T (x) -x| ❢♦r µ✲❛✳❡✳ x ∈ Ω✳ ❚❤✉s✱ s✐♥❝❡ t❤❡ ✐♥t❡❣r❛• ♦❢ t❤❡ ❜♦t❤ ❤❛♥❞✲s✐❞❡s ♦❢ t❤✐s ✐♥❡q✉❛•✐t② ❛r❡ ❡q✉❛•✱ ✐t ✐s ❛❝t✉❛••② ❛♥ ❡q✉❛•✐t②✿ ❢♦r µa.e. x ∈ Ω, u(T (x))u(x) = |T (x) -x| ❚❤✐s ✐♠♣•✐❡s t❤❛t (x, T (x)) ✐s ❛ tr❛♥s♣♦rt r❛②✳ ■♥ ♣❛rt✐❝✉•❛r✱ x ❛♥❞ T (x) ❜❡•♦♥❣ t♦ t❤❡ s❛♠❡ ♠❛①✐♠❛• tr❛♥s♣♦rt r❛② ❛♥❞ ❛r❡ ♦r✐❡♥t❡❞ ✐♥ t❤❡ s❛♠❡ s❡♥s❡ t❤❛♥ t❤✐s tr❛♥s♣♦rt r❛②✳ ❖♥❡ ❝❛♥ ✈❡r✐❢② ❝♦♥✈❡rs❡ ✐♠♣•✐❝❛t✐♦♥ ✐s ❛•s♦ tr✉❡✳ ❚♦ s✉♠♠❛r✐③❡✿ ✶✷✽ ❆PP❊◆❉■❳ ❇✳ ❙❖▼❊ ❋❆❈❚❙ ❆❇❖❯❚ ❖P❚■▼❆▲ ❚|❆◆❙P❖|❚ Pr♦♣♦s✐t✐♦♥ ❇✳✸✳✸✳ ❚❤❡ s♦•✉t✐♦♥s ♦❢ t❤❡ ▼♦♥❣❡ ♣r♦❜•❡♠ inf Ω |T (x) -x| ❞µ(x) : T # µ = ν ❡①✐st ❛♥❞ ❛r❡ ♥♦t ✉♥✐q✉❡✳ ❆ ♠❛♣ T : Ω → R d ✐s ❛ s♦•✉t✐♦♥ ✐❢ ❛♥❞ ♦♥•② ✐❢✿ • T s❡♥❞s µ ♦♥t♦ ν❀ • ❢♦r µ✲❛✳❡✳ x ∈ Ω✱ ✕ T (x) ❛♥❞ x ❜❡•♦♥❣ t♦ t❤❡ s❛♠❡ ♠❛①✐♠❛• tr❛♥s♣♦rt r❛②❀ ✕ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ s❡❣♠❡♥t (x, T (x)) ✐s t❤❡ s❛♠❡ t❤❛♥ t❤❛t ♦♥❡ ♦❢ t❤✐s tr❛♥s♣♦rt r❛②s✳ ❲❡ ✜♥✐s❤ ❜② s♦♠❡ ✇♦r❞s ❛❜♦✉t t❤❡ ♠♦♥♦t♦♥❡ tr❛♥s♣♦rt ❛•♦♥❣ t❤❡ tr❛♥s♣♦rt r❛②s✳ ❲❡ ❞❡✜♥❡ ✐t ❛s ❜❡✐♥❣ t❤❡ ♦♥•② ♠❛♣ T ✈❡r✐❢②✐♥❣ t❤❡ t✇♦ ❢♦••♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿ • T ∈ O 1 (µ, ν)✱ ❛♥❞ • ❢♦r ❛✳❡✳ x, x ′ ∈ Ω✱ ✐❢ x, x ′ ❜❡•♦♥❣ ❜♦t❤ t♦ t❤❡ s❛♠❡ tr❛♥s♣♦rt r❛②✱ t❤❡♥ T (x)x ❛♥❞ T (x ′ )x ′ ❤❛✈❡ s❛♠❡ ❞✐r❡❝t✐♦♥✳ ❚❤❡ ✉♥✐q✉❡♥❡ss ♦❢ s✉❝❤ ❛ ♠❛♣ T ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ tr❛♥s♣♦rt ♠❛♣ ✐♥ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛• ❝❛s❡ s✐♥❝❡✱ ❣✐✈❡♥ ❛ tr❛♥s♣♦rt r❛② S✱ T ❤❛s t♦ s❡♥❞ t❤❡ ♠❡❛s✉r❡ µ ✏❝♦♥❝❡♥tr❛t❡❞ ♦♥ S✑ ♦♥t♦ t❤❡ ♠❡❛s✉r❡ ν ✏❝♦♥❝❡♥tr❛t❡❞ ♦♥ S✑ ✐♥ ❛ ♠♦♥♦t♦♥❡ ✇❛②✳ ❚❤❡ ❢♦r♠❛• •✉st✐✜❝❛t✐♦♥ ✇♦✉•❞ ✉s❡ t❤❡ ❞✐s✐♥t❡❣r❛t✐♦♥ ♦❢ ♠❡❛s✉r❡s✱ ❛♥❞ ✇❡ ✇✐•• ♥♦t ❡♥t❡r ✐♥t♦ t❤❡ ❞❡t❛✐•s ❤❡r❡✳ ◆♦t✐❝❡ ❛•s♦ t❤❡ ❢♦••♦✇✐♥❣ r❡♠❛r❦s✿ • T ✐s t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥s ♦❢ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜•❡♠ inf Ω |T (x) -x| 2 ❞µ(x) : T ∈ O 1 (µ, ν) ✐✳❡✳ t❤❡ ✉♥✐q✉❡ ♦♣t✐♠✐③❡r ♦❢ t❤❡ q✉❛❞r❛t✐❝ ❝♦sts ❛♠♦♥❣ t❤❡ ♠❛♣s ✇❤✐❝❤ ❛r❡ ❛•r❡❛❞② ♦♣t✐♠❛• ❢♦r t❤❡ ▼♦♥❣❡ ❝♦st ✇✐t❤ L 1 ✲❞✐st❛♥❝❡❀ • ❛•s♦✱ ❛♥❞ t❤✐s ✐s ❛❝t✉❛••② t❤❡ t♦♦• t♦ ♦❜t❛✐♥ t❤❡ ❛❜♦✈❡ ♣r♦♣❡rt②✱ T ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② s♦•✈✐♥❣ inf Ω (|T (x) -x| + ε|T (x) -x| 2 ) ❞µ(x) : T # µ = ν ❛♥❞ ♣❛ss✐♥❣ t♦ t❤❡ •✐♠✐t ❛s ε → 0❀ • ✜♥❛••②✱ •❡t ✉s ♥♦t✐❝❡ s♦♠❡ r❡❣✉•❛r✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ♠♦♥♦t♦♥❡ T ✳ ❋✐rst✱ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ T t♦ ❜❡ ❝♦♥t✐♥✉♦✉s ✉♥❞❡r s♦♠❡ str♦♥❣ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❞♦♠❛✐♥s ❛♥❞ ♠❡❛s✉r❡s ✭❝♦♥✈❡① ❛♥❞ ❞✐s•♦✐♥t ❞♦♠❛✐♥s ✐♥ t❤❡ ♣•❛♥❡ ❛♥❞ ♣♦s✐t✐✈❡ ❞❡♥s✐t✐❡s✱ s❡❡ ❬✹✷(✮✳ ❆•s♦✱ ❬✺✼( ❣✐✈❡s ❛•s♦ s♦♠❡ r❡❣✉•❛r✐t② r❡s✉•ts ❢♦r t❤❡ ♠✐♥✐♠✐③❡r T ε ♦❢ ❛♥ ❛♣♣r♦①✐♠❛t❡❞ ♣r♦❜•❡♠ ✇❤❡r❡ c ✐s r❡♣•❛❝❡❞ ✇✐t❤ c ε (x, y) = ε 2 + |x -y| 2 ✭•♦❝❛• ✉♥✐❢♦r♠ ❜♦✉♥❞s ♦♥ t❤❡ ❡✐❣❡♥✈❛•✉❡s ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① T ε ✮✳