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❘❡♠❡r❝✐❡♠❡♥ts

❏❡ ♥❡ s❛✉r❛✐s ❝♦♠♠❡♥❝❡r ❝❡ ♠❛♥✉s❝r✐t ❛✉tr❡♠❡♥t q✉✬❡♥ ❡①♣r✐♠❛♥t ♠❛ r❡❝♦♥♥❛✐ss❛♥❝❡ ❡♥✈❡rs ♠♦♥
❞✐r❡❝t❡✉r ❞❡ t❤ès❡✱ ❋✐❧✐♣♣♦ ❙❛♥t❛♠❜r♦❣✐♦✳ ❆✈♦✐r été s♦♥ ♣r❡♠✐❡r t❤és❛r❞ ✓ à t❡♠♣s ♣❧❡✐♥ ✔ ❢✉t ♣♦✉r
♠♦✐ ✉♥❡ ❝❤❛♥❝❡ ❡t ✉♥ ✐♠♠❡♥s❡ ♣❧❛✐s✐r✱ ❡t ❥❡ s♦✉❤❛✐t❡ ❧❡ r❡♠❡r❝✐❡r✱ ❡♥ ♣❧✉s ❞❡ s❡s q✉❛❧✐tés r❡♠❛rq✉❛❜❧❡s
❞❡ ♠❛t❤é♠❛t✐❝✐❡♥✱ ♣♦✉r s❛ ❞✐s♣♦♥✐❜✐❧✐té ❝♦♥st❛♥t❡ ✭q✉✬✐❧ s✬❛❣✐ss❡ ♣♦✉r ♠♦✐ ❞❡ ♠♦♥t❡r ✉♥ ét❛❣❡ ♦✉ ❞❡
❞é♠❛rr❡r ✉♥❡ ❞✐s❝✉ss✐♦♥ ♣❛r ❙❦②♣❡ à ✶✻❤ ✭❤❡✉r❡ ❝❛❧✐❢♦r♥✐❡♥♥❡✮✮✱ ❡t ❧❛ ❣❡♥t✐❧❧❡ss❡ ❡t ❧❛ ❜♦♥♥❡ ❤✉♠❡✉r
q✉✬✐❧ ❛ t♦✉❥♦✉rs ❣❛r❞é❡s t♦✉t ❛✉ ❧♦♥❣ ❝❡ ❝❡s q✉❛tr❡ ❛♥♥é❡s ❞❡ t❤ès❡✳ ❏✬❛✐ ❡✉ ❧✬♦❝❝❛s✐♦♥ ❞✬❡①♣❧♦r❡r ✉♥
s✉❥❡t ❡♥t✐èr❡♠❡♥t ♥♦✉✈❡❛✉ ❡t très st✐♠✉❧❛♥t ❛❧♦rs q✉❡ ❥✬ét❛✐s à ♣❡✐♥❡ ❞é❜✉t❛♥t ❡♥ tr❛♥s♣♦rt ♦♣t✐♠❛❧ ✐❧ ② ❛
q✉❛tr❡ ❛♥s✱ ❛✐♥s✐ q✉❡ ❞❡ ❞é❝♦✉✈r✐r ❧❡ ♠♦♥❞❡ ❞❡ ❧❛ r❡❝❤❡r❝❤❡ ❝♦♠♠❡ ♠❡♠❜r❡ ❞✉ ❝♦♠✐té ❞✬♦r❣❛♥✐s❛t✐♦♥ ❞✬✉♥
❝♦❧❧♦q✉❡ ✐♥t❡r♥❛t✐♦♥❛❧ ✭❡♥ ♣❧✉s ❞❡s ♥♦♠❜r❡✉s❡s ❝♦♥❢ér❡♥❝❡s ❛✉①q✉❡❧❧❡s ❥✬❛✐ ♣✉ ❡♥ ♣❧✉s ♣❛rt✐❝✐♣❡r✮✱ ❝❡ q✉✐
❡st ✉♥❡ ♠❛rq✉❡ ❞❡ ❝♦♥✜❛♥❝❡ q✉✐ ♠✬❛ ❜❡❛✉❝♦✉♣ t♦✉❝❤é✳ P♦✉r ❝❡❧❛✱ ♣♦✉r t♦✉t ❝❡ q✉❡ t✉ ♠✬❛s tr❛♥s♠✐s✱ q✉✐
♠✬❛ ✐♥✜♥✐♠❡♥t ❛♣♣♦rté ♣❡♥❞❛♥t q✉❛tr❡ ❛♥s ❡t q✉✐ ❥✬❡s♣èr❡ s❡r✈✐r❛ ❡♥❝♦r❡ ♣♦✉r ❧❡s ❛♥♥és q✉✐ ✈✐❡♥♥❡♥t✱ ❡t
♣♦✉r t♦✉s ❧❡s ❜♦♥s ♠♦♠❡♥ts q✉❡ ♥♦✉s ❛✈♦♥s ❛✉ss✐ ♣✉ ♣❛ss❡r ❡♥ ❞❡❤♦rs ❞❡s ♠❛t❤é♠❛t✐q✉❡s✱ ❥❡ t❡ r❡♠❡r❝✐❡
✐♥✜♥✐♠❡♥t ✦

❏❡ r❡♠❡r❝✐❡ ✈✐✈❡♠❡♥t ●✉② ❇♦✉❝❤✐tté ❡t ❙②❧✈✐❛ ❙❡r❢❛t② ❞✬❛✈♦✐r ❛❝❝❡♣té ❞❡ r❛♣♣♦rt❡r ❝❡tt❡ t❤ès❡✳ ▲❡✉r
❧❡❝t✉r❡ ❛tt❡♥t✐✈❡ ❡t ❧❡✉rs r❡♠❛rq✉❡s ❡t s✉❣❣❡st✐♦♥s ♦♥t ♣❡r♠✐s ✉♥❡ ❛♠é❧✐♦r❛t✐♦♥ ♥♦t❛❜❧❡ ❞✉ ♠❛♥✉s❝r✐t✳
▼❡r❝✐ é❣❛❧❡♠❡♥t à ❇❡♥♦ît ▼❡r❧❡t✱ ❆❧❛✐♥ ❚r♦✉✈é ❡t ◗✐♥❣❧❛♥ ❳✐❛ ❞✬❛✈♦✐r ❛❝❝❡♣té ❞❡ ❢❛✐r❡ ♣❛rt✐❡ ❞❡ ♠♦♥ ❥✉r②✳

❯♥❡ ♣❛rt✐❡ ♥♦♥ ♥é❣❧✐❣❡❛❜❧❡ ❞❡ ❝❡ tr❛✈❛✐❧ ❛ été ré❛❧✐sé❡ ❧♦rs ❞✬✉♥ sé❥♦✉r ❞❡ q✉❛tr❡ ♠♦✐s ❛✉ ▼❙❘■ ❞❡
❇❡r❦❡❧❡②✱ q✉✐ ♠✬❛ été ♣r♦✜t❛❜❧❡ ❛✉ss✐ ❜✐❡♥ ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ s❝✐❡♥t✐✜q✉❡ q✉❡ ♣❡rs♦♥♥❡❧✳ ❈❡ sé❥♦✉r ♥✬❛✉r❛✐t
♣❛s été ♣♦ss✐❜❧❡ s❛♥s ❧❡ s♦✉t✐❡♥ ✜♥❛♥❝✐❡r ❞✉ Pr♦❣r❛♠♠❡ ●❛s♣❛r❞ ▼♦♥❣❡ ♣♦✉r ❧✬❖♣t✐♠✐s❛t✐♦♥ ❡t ❞❡s ❢♦♥❞s
■❯❋ ❞❡ P❛tr✐❝❦ ●ér❛r❞✱ à q✉✐ ❥✬❡①♣r✐♠❡ ✉♥❡ ✈✐✈❡ r❡❝♦♥♥❛✐ss❛♥❝❡ à ❝❡t é❣❛r❞✳ ▼❡r❝✐ é❣❛❧❡♠❡♥t à ❆❧❡ss✐♦
❋✐❣❛❧❧✐ ♣♦✉r ♠✬❛✈♦✐r s♦✉t❡♥✉ ❡♥ t❛♥t q✉❡ s♣❡❝✐❛❧ ❛❞✈✐s♦r ♦✣❝✐❡❧ ❛✉♣rès ❞✉ ▼❙❘■✱ ❛✐♥s✐ q✉❡ ♣♦✉r ❛✈♦✐r
été à ❧✬♦r✐❣✐♥❡ ❡t ❛✈♦✐r ❧❛r❣❡♠❡♥t ❝♦♥tr✐❜✉é à ❧✬✉♥ ❞❡s tr❛✈❛✉① q✉✐ ✜❣✉r❡ ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t✳ ❏❡ s♦✉❤❛✐t❡
r❡♠❡r❝✐❡r ▲✉✐❣✐ ❉❡ P❛s❝❛❧❡ ♣♦✉r ❧✬❤♦s♣✐t❛❧✐té ❞❡ s♦♥ ❜✉r❡❛✉ à P✐s❡ ❡t ♣♦✉r ❛✈♦✐r été ❧❡ tr♦✐s✐è♠❡ ❛✉t❡✉r
❞❡ ❝❡ q✉✐ ❡st ❞és♦r♠❛✐s ❧❡ tr♦✐s✐è♠❡ ❝❤❛♣✐tr❡ ❞❡ ❝❡tt❡ t❤ès❡✱ ❡t ●✉② ❉❛✈✐❞ ♣♦✉r ❧❡s ❢r✉❝t✉❡✉s❡s ❞✐s❝✉ss✐♦♥s
♠❛t❤é♠❛t✐q✉❡s ❡t s✉❣❣❡st✐♦♥s q✉✐ ♦♥t ❞✐r❡❝t❡♠❡♥t ❝♦♥tr✐❜✉é à ❛♠é❧✐♦r❡r ❝❡rt❛✐♥❡s ♣❛rt✐❡s ❞❡ ❝❡ ♠❛♥✉s❝r✐t✳
❊♥✜♥✱ ❥❡ r❡♠❡r❝✐❡ ❈❛t❤❡r✐♥❡ P♦✉♣♦♥ ❡t ❱❛❧ér✐❡ ▲❛✈✐❣♥❡ ♣♦✉r ❧❡✉r s②♠♣❛t❤✐❡ ❡t ❧❡✉r ❡✣❝❛❝✐té ❛✉ ♠♦♠❡♥t
❞✬❛✛r♦♥t❡r t♦✉t❡s s♦rt❡s ❞❡ tâ❝❤❡s ❛❞♠✐♥✐str❛t✐✈❡s ❞✉r❛♥t ❝❡s q✉❛tr❡ ❛♥s✳

P♦✉r q✉✐tt❡r ❧❛ ♣❛rt✐❡ str✐❝t❡♠❡♥t ♣r♦❢❡ss✐♦♥♥❡❧❧❡ ❞❡ ❝❡s ♣❛❣❡s✱ ❥✬❡♥ ✈✐❡♥s ❞✬❛❜♦r❞ à ❧❛ très ❜♦♥♥❡
❛♠❜✐❛♥❝❡ q✉✐ ❛ ré❣♥é t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❝❡s q✉❛tr❡ ❛♥s ❞❛♥s ❧❡s ❜✉r❡❛✉① ✷✺✻✲✽✱ q✉❡ ❧✬♦♥ ❞❡✈r❛✐t ✉♥ ❥♦✉r
r❡❜❛♣t✐s❡r ✓ ❜✉r❡❛✉ ❞✬❛♥❛❧②s❡ ♥✉♠ér✐q✉❡✱ ❞✬❊❉P ❡t ❞❡ tr❛♥s♣♦rt ♦♣t✐♠❛❧ ✔✳ ▼❡r❝✐ à ❆❞❡❧✐♥❡✱ ❆✉❞❡✱
❏❡♥♥✐❢❡r ❡t ❇❡♥♦ît ♣♦✉r ❧❡✉r ❛❝❝✉❡✐❧ ❧❡s ♣r❡♠✐❡rs ♠♦✐s ♦✉ ❧❡s ♣r❡♠✐èr❡s ❛♥♥é❡s✳ ▼❡r❝✐ à ●✉✐❧❤❡♠✱ P✐❡rr❡✱
▼❛①✐♠❡✱ ◆✐♥❛✱ ❚♦♥②✱ ❏✉st✐♥❡✱ ▲♦ï❝✱ ❆❧♣ár ❡t ❆♥t♦♥✐♥✱ ❨✉❡②✉❛♥✱ ❡t ❝❡tt❡ ❛♥♥é❡ ❆♥t❤♦♥② ❡t ❈❤r✐stè❧❡ ♣♦✉r
❛✈♦✐r ♠❛✐♥t❡♥✉ ❝♦♥st❛♠♠❡♥t ❧❛ ❜♦♥♥❡ ❤✉♠❡✉r ❞❛♥s ❝❡s ❞❡✉① ✭♣❛s s✐ ❣r❛♥❞❡s✮ ♣✐è❝❡s✳ ▼❡♥t✐♦♥ s♣é❝✐❛❧❡ à
◆✐❝♦❧❛s✱ ♣♦✉r ♠✬❛✈♦✐r ♣❡r♠✐s ❞❡ ♠❡ t❛r❣✉❡r ❞✬❛✈♦✐r ✉♥ ❞❡♠✐✲❢rèr❡ ❥✉♠❡❛✉ ✭❞❡ t❤ès❡✮✱ ♣♦✉r ❛✈♦✐r ♠❛✐♥t❡♥✉
♣r♦♣r❡ ♠♦♥ ❛♣♣❛rt❡♠❡♥t ♣❡♥❞❛♥t ♠♦♥ sé❥♦✉r ❛♠ér✐❝❛✐♥✱ ❡t ♣❧✉s ♣r♦s❛ïq✉❡♠❡♥t ♣♦✉r ♠✬❛✈♦✐r ✐♥♦♣✐♥é♠❡♥t
s❛✉✈é ❧❛ ✈✐❡ ❧♦rs ❞❡ ♠❛ ♣r❡♠✐èr❡ ❡s❝❛♣❛❞❡ à P✐s❡✳ ❏❡ ✈♦✉❞r❛✐s é❣❛❧❡♠❡♥t ♠❡♥t✐♦♥♥❡r ❧✬éq✉✐♣❡ ❞❡s r♦✉❣❡s

✐✐✐



✐✈

♣♦✉r ❛✈♦✐r ♠♦♥tré ❛✈❡❝ ❝♦♥st❛♥❝❡ ✉♥ ♥✐✈❡❛✉ ✭♣r❡sq✉❡✮ é❝❧❛t❛♥t s✉r ❧❡ t❡rr❛✐♥❣ ❝❤❛q✉❡ ♠❡r❝r❡❞✐ ♠✐❞✐ ❛✐♥s✐
q✉❡ ♣♦✉r ❧❡s ♠❛✐❧s ❝♦❧❧❡❝t♦rs q✉❡ ❥❡ ❝♦♥t✐♥✉❡r❛✐ à r❡❝❡✈♦✐r ❝❤❛q✉❡ s❡♠❛✐♥❡ ✭♠❛✐❧s q✉✐✱ ♣❛r❛ît✲✐❧✱ ♣❡r♠❡tt❡♥t
à ❝❡rt❛✐♥s ♥♦✉✈❡❛✉① t❤és❛r❞s ❞✬❛✈♦✐r ✉♥ r❡❣❛r❞ ♥♦✉✈❡❛✉① s✉r ❝❡rt❛✐♥s ❞❡ ❧❡✉rs ❛♥❝✐❡♥s ❡♥s❡✐❣♥❛♥ts✳✳✳✮✳

❊♥ ❞❡❤♦rs ❞✬❖rs❛②✱ ❥❡ ❝♦♠♠❡♥❝❡ ❛✈❡❝ ✉♥ s♦✉r✐r❡ ♠❛❧✐❝✐❡✉① ♣❛r r❡♠❡r❝✐❡r ❧❛ ✓ ♠❛✜❛ ❢r❛♥ç❛✐s❡ ✔ ❛✈❡❝
q✉✐✱ ❞✉ s♦✉s✲s♦❧ ❞✉ P❛♣♣②✬s ❛✉① s♦♠♠❡ts ❞✉ ❨♦s❡♠✐t❡✱ ❥❡ ✜s ❧❡s q✉❛tr❡ ❝❡♥ts ❝♦✉♣s ❡♥ ❈❛❧✐❢♦r♥✐❡ ❧✬❛✉t♦♠♥❡
❞❡r♥✐❡r✳ ▼❡r❝✐ ❞♦♥❝ à ♠❡s ❞❡✉① ❝♦❧♦❝❛t❛✐r❡s ❚❤♦♠❛s✱ q✉✐ ❛✉r❛ r❡s♣❡❝té s♦♥ ♣ré❛✈✐s✱ ❡t ❇❡♥♦ît ✓ ♠❛❝❤✐♥❡
❞❡ ❣✉❡rr❡ ✔✱ à ❆❤♠❡❞✱ ♣♦✉r ❛✈♦✐r étr❡♥♥é ❧❡ ❝❛♥❛♣é ♠❛❣✐q✉❡✱ à ❈❤❛r❧❡s ❉❛❜❛❞✐❡✲❉❛❜❛❞❛ ✭✈r❛✐♠❡♥t
❜❡❛✉❝♦✉♣✮✱ ❡t à ❇❛♣t✐st❡ ✓ ❧❡ ♠♦❞è❧❡ ❞é♣❧♦②é ✔✳ ❏❡ ♥✬♦✉❜❧✐❡ ♣❛s ❧❡s ❥❡✉♥❡s ♠❛t❤é♠❛t✐❝✐❡♥s ❛✈❡❝ q✉✐
❥✬❛✐ ❢❛✐t ♦✉ r❡❢❛✐t ❝♦♥♥❛✐ss❛♥❝❡✱ ♥♦t❛♠♠❡♥t ❆✉❣✉st♦ ●❡r♦❧✐♥ ✭❞❡♣✉✐s ✉♥ ❞î♥❡r s♦❝✐❛❧ ❞❡✈❡♥✉ ❤✐st♦r✐q✉❡
❥✉sq✉✬à s♦♥ ❤♦s♣✐t❛❧✐té ❧♦rs ❞❡ ♠♦♥ ❞❡r♥✐❡r sé❥♦✉r ✐t❛❧✐❡♥✮ ❛✐♥s✐ q✉❡ ❘♦s❡♠♦♥❞❡ ✭♣♦✉r ❧✬❡①♣❧♦✐t ❞❡ ♥♦✉s
❛✈♦✐r s✉♣♣♦rtés ❝♦♠♠❡ ✈♦✐s✐♥s ❞❡ ❜✉r❡❛✉ ♣❡♥❞❛♥t q✉❛tr❡ ♠♦✐s✱ ❡t ♣♦✉r ✉♥ ❍❛❧❧♦✇❡❡♥ ❧✉✐ ❛✉ss✐ ❞❡✈❡♥✉
❤✐st♦r✐q✉❡✮✱ ❡t q✉❡ ❥✬❛✉r❛✐ ❧❡ ♣❧❛✐s✐r ❞❡ r❡tr♦✉✈❡r ❞ès ❝❡t été ❛♣rès ❛✈♦✐r r❡tr❛✈❡rsé ❧✬♦❝é❛♥✳

❯♥ ❣r❛♥❞ ♠❡r❝✐ à t♦✉s ❧❡s ❛♠✐s✱ ♠❛t❤❡✉① ♦✉ ♥♦♥✱ q✉✐ ♠✬❛❝❝♦♠♣❛❣♥❡♥t ❞❡♣✉✐s ♠❛✐♥t❡♥❛♥t ❞❡ ♥♦♠✲
❜r❡✉s❡s ❛♥♥é❡s✳ ▼❡r❝✐ à t♦✉s ❧❡s ♠✉s✐❝✐❡♥s q✉✐ ♠✬♦♥t ♣❡r♠✐s ❞❡ ♠✬❡①t✐r♣❡r ❞❡s ♠❛t❤s ❝❤❛q✉❡ s❡♠❛✐♥❡ ✿
à ❚❤✐❜❛✉❧t ✭❡t s♦♥ ❛r❜r❡✮ ❡t ❈❡❞ ♣♦✉r ❛✈♦✐r ♣♦✉ssé ❧❡ tr✐♦ ✓ ❍▲▼ ✔ ❥✉sq✉✬à ❝❡ ♣r✐♥t❡♠♣s ♠❛❧❣ré ♣❧✉✲
s✐❡✉rs ❝❡♥t❛✐♥❡s ✭✈♦✐r❡ ♠✐❧❧✐❡rs✮ ❞❡ ❦✐❧♦♠ètr❡s ❞✬é❝❛rt✱ ❡t à t♦✉s ❧❡s ♠❡♠❜r❡s ❞✉ ❥❛③③✲❜❛♥❞ q✉❡ ❥✬❛✐ ❝ôt♦②és
♣ré❝é❞❡♠♠❡♥t ❀ ❛✐♥s✐ q✉✬à ❖❧✐✈ ❡t t♦✉t❡ ❧❛ ❜❛♥❞❡ ❞❡ ❍❛✈❡ ❋✉♥❦✱ q✉✐ ❛✉r❛ ❞♦♥❝ ♣❡r❞✉ré ♣❡♥❞❛♥t s✐①
❧♦♥❣✉❡s ❛♥♥é❡s ✭✦✮ ❡t q✉✐ ✈❛ ❧♦♥❣t❡♠♣s ♠❡ ♠❛♥q✉❡r ❝❤❛q✉❡ ♠❡r❝r❡❞✐ s♦✐r✳ ▼❡r❝✐ à t♦✉s ♠❡s ❝❛♠❛r❛❞❡s
❝❛❝❤❛♥❛✐s✱ q✉❡ ❥✬❡s♣èr❡ r❡✈♦✐r ❡♥❝♦r❡ ❧❡ ♣❧✉s s♦✉✈❡♥t ♣♦ss✐❜❧❡ ♠❛❧❣ré ❧❛ ❞✐st❛♥❝❡ ❞❛♥s ❧❡s ❛♥♥és à ✈❡♥✐r ✿
♠❡s ✈♦✐s✐♥s ❦r❡♠❧✐♥♦✐s P✐❡rr❡✱ ❏✉❧❡s ❡t ❆♥t♦✐♥❡✱ ❈❤r✐s ❡t ❆♠❛♥❞✐♥❡✱ ◆✐❝♦ ❡t ❙❛♥❞r✐♥❡ ✭r❡♥❞❡③✲✈♦✉s ❡st
♣r✐s ❛✉ ❈❛♥❛❞❛ ✦✮✱ ❙❛r❛❤✱ ❈r✐❝r✐✱ ❋❧♦✱ ❳❛♥✱ ▼♦r❣❛♥ ✭♣♦✉r ❧❡s ♣❧❛q✉❛❣❡s✮✱ ❍♦❧✐❝❡✱ ❋❧♦r✐❛♥✱ ❘é♠✐✱ ➱♠✐❧✐❡✱
❆rt❤✉r✱ ❆❞②✳ ▼❡r❝✐ à ♠❡s ❛♠✐s ♠♦♥t♣❡❧❧✐ér❛✐♥s q✉✐ ♠❡ ❝♦♥♥❛✐ss❡♥t ❡t ♠❡ s♦✉t✐❡♥♥❡♥t ❞❡♣✉✐s ❧✬❡♥❢❛♥❝❡✱
♥♦t❛♠♠❡♥t P✐♦tr ✭♥♦♥ ❥❡ ♥✬❛✉r❛✐ ♣❛s s♦✉t❡♥✉ ❛✈❡❝ ❧❛ ❜❛♥❛♥❡✮✱ ●✉✐❧❧❛✉♠❡✱ ❆❧❡①✳

❊♥✜♥✱ ♠❡r❝✐ à ♠❛ ❢❛♠✐❧❧❡ ♣♦✉r s♦♥ s♦✉t✐❡♥ ❡t s♦♥ ❛✛❡❝t✐♦♥ ❞❡♣✉✐s t♦✉❥♦✉rs✳ ➚ ♠❡s ♣❛r❡♥ts✱ ❋r❛♥ç♦✐s❡
❡t ❉❛♥✐❡❧✱ ♣♦✉r ❧❡✉rs ❡♥❝♦✉r❛❣❡♠❡♥ts ❡t ❧❡✉r ✜❡rté ❞❡ ♠❡ ✈♦✐r ❛rr✐✈❡r ❥✉sq✉✬✐❝✐✱ ❡t à ♠♦♥ ❢rèr❡✱ ➱❧✐❡✱
♣♦✉r ✭❡♥tr❡ ❜✐❡♥ ❞✬❛✉tr❡s ❝❤♦s❡s✮ t♦✉s ❧❡s ❞é❧✐r❡s q✉❡ ♥♦✉s ♥❡ s♦♠♠❡s ❡t ♥❡ s❡r♦♥t ❥❛♠❛✐s q✉❡ ❞❡✉① à
❝♦♠♣r❡♥❞r❡✳ P♦✉r t♦✉t ❝❡ q✉❡ ✈♦✉s ♠✬❛✈❡③ ❛♣♣♦rté ❥✉sq✉✬✐❝✐ ❡t ♠✬❛♣♣♦rt❡r❡③ ❡♥❝♦r❡✱ ♣♦✉r t♦✉t ❝❡ q✉❡ ❥❡
✈♦✉s ❞♦✐s ❡t ✈♦✉s ❞❡✈r❛✐ t♦✉❥♦✉rs✱ ♠❡r❝✐✳



❘és✉♠é

▲❡ ♣r♦❜❧é♠❡ ❞✉ tr❛♥s♣♦rt ♦♣t✐♠❛❧✱ ❞és♦r♠❛✐s ❝❧❛ss✐q✉❡ ❡♥ ❝❛❧❝✉❧ ❞❡s ✈❛r✐❛t✐♦♥s ❡t ♦r✐❣✐♥❡❧❧❡♠❡♥t ✐♥tr♦❞✉✐t
♣❛r ▼♦♥❣❡ ❛✉ ✶✽è♠❡ s✐è❝❧❡✱ ❝♦♥s✐st❡ à ♠✐♥✐♠✐s❡r ❧✬é♥❡r❣✐❡ ♥é❝❡ss❛✐r❡ ❛✉ ❞é♣❧❛❝❡♠❡♥t ❞✬✉♥❡ ♠❛ss❡ ❞♦♥t
❧❛ ré♣❛rt✐t✐♦♥ ❡st ❞♦♥♥é❡ ✈❡rs ✉♥❡ ❛✉tr❡ ♠❛ss❡ ❞♦♥t ❧❛ ré♣❛rt✐t✐♦♥ ❡st ❡❧❧❡ ❛✉ss✐ ❞♦♥♥é❡✱ ❝❡ q✉✐ s❡ tr❛❞✉✐t
♠❛t❤é♠❛t✐q✉❡♠❡♥t ♣❛r

inf

{∫
c(x, T (x)) ❞µ(x) : T#µ = ν

}

♦ù c(x, T (x)) ❡st ❧❡ ❝♦ût ♥é❝❡ss❛✐r❡ ♣♦✉r ❞é♣❧❛❝❡r x ✈❡rs T (x) ❡t ❧❡s ♠❡s✉r❡s µ ❡t ν r❡♣rés❡♥t❡♥t ❧❡s
ré♣❛rt✐t✐♦♥s ❞❡ ♠❛ss❡ ❞❡ ❞é♣❛rt ❡t ❞✬❛rr✐✈é❡✳

❈❡tt❡ t❤ès❡ ❡st ❝♦♥s❛❝ré❡ à ❧✬ét✉❞❡ ❞❡ ♣r♦❜❧è♠❡s ✈❛r✐❛t✐♦♥♥❡❧s s✐♠✐❧❛✐r❡s ♦ù ❧✬♦♥ ❢❛✐t ✐♥t❡r✈❡♥✐r ❧❛
♠❛tr✐❝❡ ❥❛❝♦❜✐❡♥♥❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ tr❛♥s♣♦rt✱ ❞✉ t②♣❡

inf

{∫
L(x, T (x), DT (x)) ❞µ(x) : T#µ = ν

}
;

✐❧ s✬❛❣✐t t②♣✐q✉❡♠❡♥t ❞❡ r❛❥♦✉t❡r
∫
|DT (x)|2 ❞x à ❧❛ ❢♦♥❝t✐♦♥♥❡❧❧❡

∫
c(x, T (x)) ❞µ(x) ❛✜♥ ❞✬♦❜t❡♥✐r ✉♥❡

♣é♥❛❧✐s❛t✐♦♥ ❙♦❜♦❧❡✈✳ ❈❡ t②♣❡ ❞❡ ♣r♦❜❧è♠❡ tr♦✉✈❡ s❡s ♠♦t✐✈❛t✐♦♥s ❡♥ ♠é❝❛♥✐q✉❡ ❞❡s ♠✐❧✐❡✉① ❝♦♥t✐♥✉s✱
é❧❛st✐❝✐té ✐♥❝♦♠♣r❡ss✐❜❧❡ ♦✉ ❡♥ ❛♥❛❧②s❡ ❞❡ ❢♦r♠❡ ❡t ❛♣♣❡❧❧❡ ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ♠❛t❤é♠❛t✐q✉❡ ✉♥❡ ❛♣♣r♦❝❤❡
t♦t❛❧❡♠❡♥t ❞✐✛ér❡♥t❡ ❞❡ ❝❡❧❧❡ ❞✉ ♣r♦❜❧è♠❡ ❞❡ tr❛♥s♣♦rt ✉s✉❡❧✳

▲❡s q✉❡st✐♦♥s s✉✐✈❛♥t❡s s♦♥t ❡♥✈✐s❛❣é❡s ✿

• ❜♦♥♥❡ ❞é✜♥✐t✐♦♥ ❞✉ ♣r♦❜❧è♠❡✱ ♥♦t❛♠♠❡♥t ❞✉ t❡r♠❡
∫
|DT |2 ❞µ✱ ✈✐❛ ❧❡s ❡s♣❛❝❡s ❞❡ ❙♦❜♦❧❡✈ ♣❛r

r❛♣♣♦rt à ✉♥❡ ♠❡s✉r❡✱ ❡t rés✉❧t❛ts ❞✬❡①✐st❡♥❝❡ ❞❡ ♠✐♥✐♠✐s❡✉rs ❀

• ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡ ❝❡s ♠✐♥✐♠✐s❡✉rs ✿ ♦♣t✐♠❛❧✐té ❞✉ tr❛♥s♣♦rt ❝r♦✐ss❛♥t s✉r ❧❛ ❞r♦✐t❡ ré❡❧❧❡✱ ❡t ❛♣♣r♦❝❤❡
❞✉ t②♣❡ éq✉❛t✐♦♥ ❞✬❊✉❧❡r✲▲❛❣r❛♥❣❡ ❡♥ ❞✐♠❡♥s✐♦♥ q✉❡❧❝♦♥q✉❡ ❀

• sé❧❡❝t✐♦♥ ❞✬✉♥ ♠✐♥✐♠✐s❡✉r ✈✐❛ ✉♥❡ ♣r♦❝é❞✉r❡ ❞❡ ♣é♥❛❧✐s❛t✐♦♥ ❞✉ t②♣❡ Γ✲❝♦♥✈❡r❣❡♥❝❡ ✭♦♥ ❛❥♦✉t❡
ε
∫
|DT |2 ❡t ♦♥ ❢❛✐t t❡♥❞r❡ ε ✈❡rs 0✮ ❧♦rsq✉❡ ❧❡ ❝♦ût ❞❡ tr❛♥s♣♦rt ❡st ❧❡ ❝♦ût ❞❡ ▼♦♥❣❡ c(x, y) = |x−y|✱

♣♦✉r ❧❡q✉❡❧ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ tr❛♥s♣♦rt ♦♣t✐♠❛❧❡ ♥✬❡st ♣❛s ✉♥✐q✉❡ ❀

• ❛✉tr❡s ❛♣♣r♦❝❤❡s ❞✉ ♣r♦❜❧è♠❡ ❡t ♣❡rs♣❡❝t✐✈❡s ✿ ❢♦r♠✉❧❛t✐♦♥ ❞②♥❛♠✐q✉❡ ❞✉ t②♣❡ ❇❡♥❛♠♦✉✲❇r❡♥✐❡r✱
❡t ❢♦r♠✉❧❛t✐♦♥ ❞✉❛❧❡ s✐♠✐❧❛✐r❡ à ❝❡❧❧❡ ❞❡ ❑❛♥t♦r♦✈✐t❝❤ ❞❛♥s ❧❡ ❝❛s ❞✉ ♣r♦❜❧è♠❡ ❞✉ tr❛♥s♣♦rt ♦♣t✐♠❛❧
✉s✉❡❧✳

✈



✈✐



❆❜str❛❝t

❚❤❡ ♦♣t✐♠❛❧ tr❛♥s♣♦rt❛t✐♦♥ ♣r♦❜❧❡♠✱ ❤❡♥❝❡❢♦rt❤ ❝❧❛ss✐❝❛❧ ✐♥ t❤❡ ❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s✱ ✇❛s ♦r✐❣✐♥❛❧❧②
✐♥tr♦❞✉❝❡❞ ❜② ▼♦♥❣❡ ✐♥ t❤❡ ✶✽t❤ ❝❡♥t✉r②❀ ✐t ❝♦♥s✐sts ✐♥ ♠✐♥✐♠✐③✐♥❣ t❤❡ t♦t❛❧ ❡♥❡r❣② ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t
♦❢ ❛ ❣✐✈❡♥ r❡♣❛rt✐t✐♦♥ ♦❢ ♠❛ss ♦♥t♦ ❛♥♦t❤❡r ❣✐✈❡♥ r❡♣❛rt✐t✐♦♥ ♦❢ ♠❛ss✳ ❚❤✐s ✐s ♠❛t❤❡♠❛t✐❝❛❧❧② ❡①♣r❡ss❡❞
❛s ❢♦❧❧♦✇s✿

inf

{∫
c(x, T (x)) ❞µ(x) : T#µ = ν

}

✇❤❡r❡ c(x, T (x)) ✐s t❤❡ ❝♦st t♦ s❡♥❞ x ♦♥t♦ T (x)✱ ❛♥❞ t❤❡ ♠❡❛s✉r❡ µ ❛♥❞ ν r❡♣r❡s❡♥t t❤❡ r❡♣❛rt✐t✐♦♥s ♦❢
s♦✉r❝❡ ❛♥❞ t❛r❣❡t ♠❛ss❡s✳

❚❤✐s t❤❡s✐s ✐s ❞❡✈♦t❡❞ t♦ s✐♠✐❧❛r ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠s✱ ✇❤✐❝❤ ✐♥✈♦❧✈❡ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ t❤❡
tr❛♥s♣♦rt ♠❛♣✱ ♥❛♠❡❧②

inf

{∫
L(x, T (x), DT (x)) ❞µ(x) : T#µ = ν

}
;

✇❡ t②♣✐❝❛❧❧② ❛❞❞
∫
|DT |2 t♦ t❤❡ tr❛♥s♣♦rt ❢✉♥❝t✐♦♥❛❧

∫
c(x, T (x)) ❞µ(x) ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ❙♦❜♦❧❡✈✲

t②♣❡ ♣❡♥❛❧✐③❛t✐♦♥✳ ❚❤✐s ❦✐♥❞ ♦❢ ❝♦♥str❛✐♥ts ✜♥❞s ✐ts ♠♦t✐✈❛t✐♦♥s ✐♥ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s✱ ✐♥❝♦♠♣r❡ss✐❜❧❡
❡❧❛st✐❝✐t② ♦r s❤❛♣❡ ❛♥❛❧②s✐s✱ ❛♥❞ ❛ q✉✐t❡ ❞✐✛❡r❡♥t ♠❛t❤❡♠❛t✐❝❛❧ ❛♣♣r♦❛❝❤ t❤❛♥ ✐♥ t❤❡ ✉s✉❛❧ t❤❡♦r② ♦❢
♦♣t✐♠❛❧ tr❛♥s♣♦rt❛t✐♦♥ ✐s ♥❡❡❞❡❞✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥s✿

• ♣r♦♣❡r ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ✐♥ ♣❛rt✐❝✉❧❛r ♦❢ t❤❡ t❡r♠
∫
|DT |2 ❞µ✱ t❤❛♥❦s t♦ t❤❡ t❤❡♦r② ♦❢

❙♦❜♦❧❡✈ s♣❛❝❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♠❡❛s✉r❡✱ ❛♥❞ ❡①✐st❡♥❝❡ r❡s✉❧ts❀

• ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ t❤❡s❡ ♠✐♥✐♠✐③❡rs✿ ♦♣t✐♠❛❧✐t② ♦❢ t❤❡ ♠♦♥♦t♦♥❡ tr❛♥s♣♦rt ♠❛♣ ♦♥ t❤❡ r❡❛❧ ❧✐♥❡✱
❛♥❞ ❊✉❧❡r✲▲❛❣r❛♥❣❡✲❧✐❦❡ ❛♣♣r♦❛❝❤ ✐♥ ❛♥② ❞✐♠❡♥s✐♦♥❀

• s❡❧❡❝t✐♦♥ ♦❢ ❛ ♠✐♥✐♠✐③❡r ✈✐❛ ❛ Γ✲❝♦♥✈❡r❣❡♥❝❡✲❧✐❦❡ ♣❡♥❛❧✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✭♥❛♠❡❧② ❛❞❞✐♥❣ ε
∫
|DT |2

t♦ t❤❡ tr❛♥s♣♦rt ❝♦st✱ ✇❤❡r❡ ε ✐s ❛ ✈❛♥✐s❤✐♥❣ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡r✮ ✇❤❡r❡ t❤❡ tr❛♥s♣♦rt ❝♦st ✐s t❤❡
▼♦♥❣❡ ❝♦st c(x, y) = |x− y| ✭❢♦r ✇❤✐❝❤ t❤❡ ♦♣t✐♠❛❧ tr❛♥s♣♦rt ♠❛♣ ✐s ♥♦t ✉♥✐q✉❡✮❀

• ♦t❤❡r r❡❧❛t❡❞ ♣r♦❜❧❡♠s ❛♥❞ ♣❡rs♣❡❝t✐✈❡s✿ ❞②♥❛♠✐❝ ❇❡♥❛♠♦✉✲❇r❡♥✐❡r✲❧✐❦❡ ❢♦r♠✉❧❛t✐♦♥✱ ❛♥❞ ❞✉❛❧
❑❛♥t♦r♦✈✐❝❤✲❧✐❦❡ ❢♦r♠✉❧❛t✐♦♥✳

✈✐✐



✈✐✐✐



❚❛❜❧❡ ❞❡s ♠❛t✐èr❡s

■♥tr♦❞✉❝t✐♦♥ ✶

✵✳✶ ❚r❛♥s♣♦rt ♦♣t✐♠❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶
✵✳✷ Pé♥❛❧✐s❛t✐♦♥ ❡♥ ❣r❛❞✐❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸
✵✳✸ ❈♦♥tr✐❜✉t✐♦♥s ❡t ♦r❣❛♥✐s❛t✐♦♥ ❞❡ ❧❛ t❤ès❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✵✳✸✳✶ ❊s♣❛❝❡s ❞❡ ❙♦❜♦❧❡✈ ♣❛r r❛♣♣♦rt à ✉♥❡ ♠❡s✉r❡ ❡t ❡①✐st❡♥❝❡ ❞❡ ♠✐♥✐♠✐s❡✉rs ✳ ✳ ✳ ✳ ✳ ✻
✵✳✸✳✷ ❈♦♥❞✐t✐♦♥s ❞✬♦♣t✐♠❛❧✐té ❡t ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡s ♠✐♥✐♠✐s❡✉rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽
✵✳✸✳✸ ▲❛ ♣é♥❛❧✐s❛t✐♦♥ ❡♥ ❣r❛❞✐❡♥t ♣♦✉r ❛♣♣r♦①✐♠❡r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ▼♦♥❣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷
✵✳✸✳✹ ❆✉tr❡s ❢♦r♠✉❧❛t✐♦♥s ❡t ♣❡rs♣❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✶ ❊①✐st❡♥❝❡ ♦❢ ♠✐♥✐♠✐③❡rs ✶✾

✶✳✶ ❚❤❡ ❣❡♥❡r❛❧ str❛t❡❣② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾
✶✳✶✳✶ ▼❡t❤♦❞ ❛♥❞ ❡①✐st❡♥❝❡ ❢♦r r❡❣✉❧❛r ♠❡❛s✉r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾
✶✳✶✳✷ ❉✐✣❝✉❧t✐❡s ❢♦r ❛ ❣❡♥❡r✐❝ ♠❡❛s✉r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✶✳✷ ❙♦❜♦❧❡✈ s♣❛❝❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♠❡❛s✉r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶
✶✳✷✳✶ ❲❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s ✭❝❛s❡ µ≪ Ld✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶
✶✳✷✳✷ ●❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♠❡❛s✉r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷
✶✳✷✳✸ ❚❡❝❤♥✐❝❛❧ ❞❡✜♥✐t✐♦♥s ♦❢ t❛♥❣❡♥t✐❛❧ ❣r❛❞✐❡♥t ❛♥❞ ❙♦❜♦❧❡✈ s♣❛❝❡s ✇✐t❤ r❡s♣❡❝t t♦ µ ✳ ✷✸

✶✳✸ ❚❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼
✶✳✸✳✶ ❙tr✉❝t✉r❡ ♦❢ Tµ ❛♥❞ ❝♦♠♣❛❝t♥❡ss r❡s✉❧t ✐♥ H1

µ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼
✶✳✸✳✷ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✸✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
✶✳✸✳✸ ❈♦♥s❡q✉❡♥❝❡s ❢♦r ♦✉r ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹
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▲✬♦❜❥❡❝t✐❢ ❞❡ ❝❡tt❡ t❤ès❡ ❡st ❞✬ét✉❞✐❡r ❧❡s ♣r♦❜❧è♠❡s ✈❛r✐❛t✐♦♥♥❡❧s ❞✉ t②♣❡ ✓ tr❛♥s♣♦rt ♦♣t✐♠❛❧ ✔ ✭♠✐♥✐✲
♠✐s❡r ❧✬é♥❡r❣✐❡ t♦t❛❧❡ ❞✉ ❞é♣❧❛❝❡♠❡♥t ♣❛r♠✐ ❧❡s ❢♦♥❝t✐♦♥s ✈❡❝t♦r✐❡❧❧❡s à ♠❡s✉r❡ ✐♠❛❣❡ ♣r❡s❝r✐t❡✮ ❛✉①q✉❡❧s
♦♥ ❛❥♦✉t❡ ✉♥ t❡r♠❡ ❞é♣❡♥❞❛♥t ❞✉ ❣r❛❞✐❡♥t ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ tr❛♥s♣♦rt✳ ■❧ s✬❛❣✐t ❞✬✉♥❡ ❣é♥ér❛❧✐s❛t✐♦♥
♥❛t✉r❡❧❧❡ ❡t q✉✐ tr♦✉✈❡ s❡s ♠♦t✐✈❛t✐♦♥s ❡♥ ♠é❝❛♥✐q✉❡ ❞❡s ♠✐❧✐❡✉① ❝♦♥t✐♥✉s✱ é❧❛st✐❝✐té ♦✉ ❛♥❛❧②s❡ ❞❡ ❢♦r♠❡✱
♠❛✐s q✉✐ ❛ ♣♦✉rt❛♥t été ♣❡✉ ♦✉ ♣❛s ét✉❞✐é❡ ❥✉sq✉✬✐❝✐✳ ❈❡tt❡ t❤ès❡ ❡st ❝♦♥s❛❝ré❡ à ❧✬❛♥❛❧②s❡ ♠❛t❤é♠❛t✐q✉❡
❞❡ ❝❡ t②♣❡ ❞❡ ♣r♦❜❧è♠❡s✱ s♦✉s ❧✬❛♥❣❧❡ ❞❡s q✉❡st✐♦♥s ✉s✉❡❧❧❡s ❞✉ ❝❛❧❝✉❧ ❞❡ ✈❛r✐❛t✐♦♥s✳

✵✳✶ ❚r❛♥s♣♦rt ♦♣t✐♠❛❧

▲❡ ♣r♦❜❧è♠❡ ❞✉ tr❛♥s♣♦rt ♦♣t✐♠❛❧ ❛ été ✐♥tr♦❞✉✐t ♣❛r ●❛s♣❛r❞ ▼♦♥❣❡ ❡♥ ✶✼✽✶ ❞❛♥s s♦♥ ❝é❧è❜r❡ ❛rt✐❝❧❡
▼é♠♦✐r❡ s✉r ❧❛ t❤é♦r✐❡ ❞❡s ❞é❜❧❛✐s ❡t ❞❡s r❡♠❜❧❛✐s ❬✻✷❪✳ ■❧ s✬❡①♣r✐♠❡ ❞❛♥s s❛ ♠♦t✐✈❛t✐♦♥ ♦r✐❣✐♥❡❧❧❡ ❞❡
❧❛ ❢❛ç♦♥ s✉✐✈❛♥t❡ ✿ ✐♠❛❣✐♥♦♥s q✉❡ ❧✬♦♥ ❛✐t ❞✬✉♥❡ ♣❛rt ✉♥ ♦✉ ♣❧✉s✐❡✉rs t❛s ❞❡ s❛❜❧❡ ✭❧❡s ❞é❜❧❛✐s✮ ❞♦♥t
❧❛ ré♣❛rt✐t✐♦♥ ❡st ❝♦♥♥✉❡ ❡t r❡♣rés❡♥t❛♥t ✉♥❡ ♠❛ss❡ ❝♦♥s✐❞ér❛❜❧❡✱ ❞❡st✐♥és à ❝♦♠❜❧❡r ❞❡s tr♦✉s ♦✉ ❞❡s
r❡♥❢♦♥❝❡♠❡♥ts ✭❧❡s r❡♠❜❧❛✐s✮ ❞♦♥t ❧❡ ✈♦❧✉♠❡ t♦t❛❧ ❡st ❡①❛❝t❡♠❡♥t ❝❡❧✉✐ ❞✉ t❛s ❞❡ s❛❜❧❡ à ❞é♣❧❛❝❡r ❡t ❞♦♥t
❧❛ ♣r♦❢♦♥❞❡✉r✱ ✈❛r✐❛❜❧❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♣♦✐♥t ♦ù ♦♥ s❡ ♣❧❛❝❡✱ ❡st ❡❧❧❡ ❛✉ss✐ ❝♦♥♥✉❡✳ ◗✉❡❧❧❡ ❡st ❛❧♦rs ❧❛ ❢❛ç♦♥
♦♣t✐♠❛❧❡✱ ❝✬❡st✲à✲❞✐r❡ ❧❛ ♣❧✉s é❝♦♥♦♠❡ ❡♥ é♥❡r❣✐❡✱ ❞❡ ❞é♣❧❛❝❡r ❧❡ t❛s ❞❡ s❛❜❧❡ ❄

❈❡ ♣r♦❜❧è♠❡ s❡ ❢♦r♠❛❧✐s❡ ♠❛t❤é♠❛t✐q✉❡♠❡♥t ❝♦♠♠❡ s✉✐t✳ ▲❡ t❛s ❞❡ s❛❜❧❡ ❞❡ ❞é♣❛rt ❡st r❡♣rés❡♥té ♣❛r
✉♥❡ ♠❡s✉r❡ µ s✉r ✉♥ ❡s♣❛❝❡ X ✭❧❛ ♠❡s✉r❡ µ(A) ❞✬✉♥ ❡♥s❡♠❜❧❡ A r❡♣rés❡♥t❛♥t ❧❛ ♠❛ss❡ ❞❡ s❛❜❧❡ ❝♦♥t❡♥✉
❞❛♥s ❧✬❡♥s❡♠❜❧❡ A✮✳ ▲❡ tr♦✉ à ❝♦♠❜❧❡r ❡st ❧✉✐ ❛✉ss✐ r❡♣rés❡♥té ♣❛r ✉♥❡ ♠❡s✉r❡ ν s✉r ✉♥ ❡s♣❛❝❡ Y ✭ν(B)
r❡♣rés❡♥t❛♥t ❧❛ ♣❧❛❝❡ ❞✐s♣♦♥✐❜❧❡ ❞❛♥s ❧✬❡♥s❡♠❜❧❡ B✱ ♣❛r ❡①❡♠♣❧❡ s♦♥ ✈♦❧✉♠❡✮✳ ▲❡ ❞é♣❧❛❝❡♠❡♥t ❞❡ s❛❜❧❡
s❡r❛ s✐♠♣❧❡♠❡♥t ✉♥❡ ❢♦♥❝t✐♦♥ T : X → Y ✭❧❡ s❛❜❧❡ ♣rés❡♥t ❛✉ ♣♦✐♥t x ét❛♥t ❡♥✈♦②é ❛✉ ♣♦✐♥t T (x)✮✱ ❛✈❡❝
❧❛ ❝♦♥tr❛✐♥t❡ s✉✐✈❛♥t❡ ✿ ét❛♥t ❞♦♥♥é ✉♥ ❡♥s❡♠❜❧❡ B ❞❛♥s ❧✬❡s♣❛❝❡ ❞✬❛rr✐✈é❡✱ ❧❛ ♠❛ss❡ ❞❡ s❛❜❧❡ ❡♥✈♦②é❡
❞❛♥s B ❞♦✐t r❡♠♣❧✐r ❡①❛❝t❡♠❡♥t ❧❡ ✈♦❧✉♠❡ ❞✐s♣♦♥✐❜❧❡ ❞❛♥s B✱ ❝✬❡st✲à✲❞✐r❡

µ(A) = ν(B) s✐ A = T−1(B)

❊♥✜♥✱ ❧✬♦♥ s❡ ❞♦♥♥❡ ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❝♦ût c s✉r X × Y à ✈❛❧❡✉rs ré❡❧❧❡s ✭é✈❡♥t✉❡❧❧❡♠❡♥t ✐♥✜♥✐❡s✮ ✿ c(x, y)
s❡r❛ ❧✬é♥❡r❣✐❡ ❞é♣❡♥sé❡ ♣♦✉r ❡♥✈♦②❡r ❧❡ s❛❜❧❡ ♣rés❡♥t ❛✉ ♣♦✐♥t x s✉r ❧❡ ♣♦✐♥t y✳ ➱t❛♥t ❞♦♥♥é ✉♥ tr❛♥s♣♦rt T ✱
❧✬é♥❡r❣✐❡ t♦t❛❧❡ ❞é♣❡♥sé❡ ♣♦✉r ❡♥✈♦②❡r ❧❡s ❞é❜❧❛✐s X s✉r ❧❡s r❡♠❜❧❛✐s Y ♣❛r ❝❡ tr❛♥s♣♦rt✲❧à s❡r❛ ❞♦♥❝

∫

X

c(x, T (x)) ❞µ(x)

❡t ✐❧ s✬❛❣✐t ❞❡ ♠✐♥✐♠✐s❡r ❝❡tt❡ é♥❡r❣✐❡ ♣❛r♠✐ t♦✉t❡s ❧❡s ❢♦♥❝t✐♦♥s T : X → Y q✉✐ s♦♥t ❞❡s tr❛♥s♣♦rts✳ ▲❡
♣r♦❜❧è♠❡ ✐♥tr♦❞✉✐t ♣❛r ▼♦♥❣❡ ❡st ❞♦♥❝ ✿

inf

{∫

X

c(x, T (x)) ❞µ(x) : T : X → Y, T#µ = ν

}

✶



✷ ■♥tr♦❞✉❝t✐♦♥

❉✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ♠❛t❤é♠❛t✐q✉❡✱ ✐❧ s✬❛❣✐t ❞✬✉♥ ♣r♦❜❧è♠❡ ✈❛r✐❛t✐♦♥♥❡❧ ✭♠✐♥✐♠✐s❛t✐♦♥ ❞✬✉♥ ❝r✐tèr❡
✐♥té❣r❛❧ ❞❛♥s ✉♥❡ ❝❧❛ss❡ ❞❡ ❢♦♥❝t✐♦♥s✮✳ ▲❛ ❞✐✣❝✉❧té rés✐❞❡ ❞❛♥s ❧❛ ❝♦♥tr❛✐♥t❡ ❞é✜♥✐ss❛♥t ❧❡s ❢♦♥❝t✐♦♥s
❛❞♠✐ss✐❜❧❡s✱ ♣✉✐sq✉❡ ♠ê♠❡ ❧♦rsq✉❡ ❧❡s ♠❡s✉r❡s µ✱ ν s♦♥t ❞♦♥♥é❡s ♣❛r ❞❡s ❞❡♥s✐tés ré❣✉❧✐èr❡s s✉r ❞❡s s♦✉s✲
❡♥s❡♠❜❧❡s ❡✉① ❛✉ss✐ ré❣✉❧✐❡rs ❞❡ Rd✱ ❧❛ ❝♦♥tr❛✐♥t❡ T#µ = ν ❡st ❤❛✉t❡♠❡♥t ♥♦♥✲❧✐♥é❛✐r❡ ❡t ❝♦♠♣❧✐q✉é❡ à
❡①♣r✐♠❡r✳ ❉❛♥s ❧❡ ♠❡✐❧❧❡✉r ❞❡s ❝❛s✱ ✐❝✐ ✉♥❡ ❢♦♥❝t✐♦♥ T ré❣✉❧✐èr❡ ❡t ✐♥❥❡❝t✐✈❡✱ ♦♥ ♣❡✉t ✉t✐❧✐s❡r ❧❛ ❢♦r♠✉❧❡ ❞✉
❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ♣♦✉r ❧✬❡①♣r✐♠❡r s♦✉s ❧❛ ❢♦r♠❡

detDT (x) =
f(x)

g(T (x))

❈❡tt❡ éq✉❛t✐♦♥ ❡st ❛♣♣❡❧é❡ éq✉❛t✐♦♥ ❞❡ ▼♦♥❣❡✲❆♠♣èr❡ ❀ ♠ê♠❡ s✐ ❧❛ ❞❡♥s✐té g ❡st ❝♦♥st❛♥t❡✱ ✐❧ s✬❛❣✐t ❞✬✉♥❡
éq✉❛t✐♦♥ ♠✉❧t✐✲❧✐♥é❛✐r❡ ♣❛r r❛♣♣♦rt ❛✉① ❝♦♠♣♦s❛♥t❡s ❞❡ DT ✳

❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛ ♠ét❤♦❞❡ ❧❛ ♣❧✉s ♥❛t✉r❡❧❧❡ ♣♦✉r ❞é♠♦♥tr❡r ♥❡ s❡r❛✐t✲❝❡ q✉❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ s♦❧✉t✐♦♥
♦♣t✐♠❛❧❡✱ à s❛✈♦✐r ❧❛ ♠ét❤♦❞❡ ❞✐r❡❝t❡ ❞✉ ❝❛❧❝✉❧ ❞❡s ✈❛r✐❛t✐♦♥s ✭ét❛♥t ❞♦♥♥é ✉♥❡ s✉✐t❡ (Tn)n ❞♦♥t ❧✬é♥❡r❣✐❡
t♦t❛❧❡ ❛♣♣r♦❝❤❡ ❧✬é♥❡r❣✐❡ ♦♣t✐♠❛❧❡✱ ♦♥ ❝❤❡r❝❤❡ à ❡①tr❛✐r❡ ✉♥❡ s✉✐t❡ (Tnk

)k ❛②❛♥t ✉♥❡ ❧✐♠✐t❡ q✉✐ s❡r❛ ✉♥
❝❛♥❞✐❞❛t à ❧✬♦♣t✐♠❛❧✐té✮ ♥❡ ❢♦♥❝t✐♦♥♥❡ ♣❛s ✐❝✐ ✿ ❡♥ ❡✛❡t✱ ❞❛♥s ❧❡ ❝❛s ♣❛r ❡①❡♠♣❧❡ ❞❡ ♠❡s✉r❡s ❞é✜♥✐❡s s✉r Rd

❡t à s✉♣♣♦rt ❜♦r♥é✱ ❧❛ s❡✉❧❡ ❜♦r♥❡ s✉r ✉♥❡ t❡❧❧❡ s✉✐t❡ ♠✐♥✐♠✐s❛♥t❡ ❡st ✉♥❡ ❜♦r♥❡ ❡♥ ♥♦r♠❡ L∞ ✭❝❤❛q✉❡ Tn
ét❛♥t ✉♥ tr❛♥s♣♦rt✱ ✐❧ ❞♦✐t ♥é❝❡ss❛✐r❡♠❡♥t ♣r❡♥❞r❡ s❡s ✈❛❧❡✉rs ❞❛♥s ❧❡ s✉♣♣♦rt ❞❡ ❧❛ ♠❡s✉r❡ ❞✬❛rr✐✈é❡ q✉✐
❡st ❜♦r♥é✮ q✉✐ ✐♥❞✉✐t s❡✉❧❡♠❡♥t ✉♥❡ ❝♦♥✈❡r❣❡♥❝❡ ❢❛✐❜❧❡✱ ❡t ❝❡ ♠♦❞❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ♥✬❡st ♣❛s s✉✣s❛♥t ♣♦✉r
❢❛✐r❡ ♣❛ss❡r à ❧❛ ❧✐♠✐t❡ ❧❛ ❝♦♥tr❛✐♥t❡ s✉r ❧❛ ♠❡s✉r❡ ✐♠❛❣❡✳

▲✬❛♣♣r♦❝❤❡ q✉✐ ❛❜♦✉t✐t à ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ♠✐♥✐♠✐s❡✉r ❡st ❝❡❧❧❡ ✐♥tr♦❞✉✐t❡ ♣❛r ❑❛♥t♦r♦✈✐t❝❤ ❞❛♥s ❧❡s
❛♥♥é❡s ✶✾✹✵ ❬✺✷✱ ✺✸❪✳ ❊❧❧❡ s❡ ❜❛s❡ s✉r ❧❛ r❡♠❛rq✉❡ s✉✐✈❛♥t❡ ✿ ét❛♥t ❞♦♥♥é ✉♥ tr❛♥s♣♦rt T ✱ s✐ ❧✬♦♥ ♥♦t❡ γT
❧❛ ♠❡s✉r❡ s✉r ❧✬❡s♣❛❝❡ ♣r♦❞✉✐t X × Y ❞é✜♥✐❡ ♣❛r

∫

X×Y
ϕ(x, y) ❞γT (x, y) =

∫

X×Y
ϕ(x, T (x)) ❞µ(x)

✭❝✬❡st ❞♦♥❝ ❧❛ ♠❡s✉r❡ ✐♠❛❣❡ ❞❡ µ ♣❛r ❧✬❛♣♣❧✐❝❛t✐♦♥ x 7→ (x, T (x))✮ ❛❧♦rs ❧✬é❣❛❧✐té s✉✐✈❛♥t❡ ✈✐❡♥t ✐♠♠é❞✐❛✲
t❡♠❡♥t ✿ ∫

X

c(x, T (x)) ❞µ(x) =
∫

X×Y
c(x, y) ❞γT (x, y)

❊♥ ✉t✐❧✐s❛♥t ❧❛ ❝♦♥tr❛✐♥t❡ s✉r ❧❛ ♠❡s✉r❡ ✐♠❛❣❡ ♣♦✉r T ✱ ♦♥ ✈♦✐t q✉✬✉♥❡ t❡❧❧❡ ♠❡s✉r❡ γT ❞♦✐t ✈ér✐✜❡r

(π1)#γT = µ ❡t (π2)#γT = ν ♦ù

{
π1(x, y) = x
π2(x, y) = y

❝✬❡st✲à✲❞✐r❡ q✉❡ s❡s ♠❛r❣✐♥❛❧❡s ✭s❡s ♠❡s✉r❡s ✐♠❛❣❡s ♣❛r ❧❡s ♣r♦❥❡❝t✐♦♥s π1 ❡t π2✮ s♦♥t ♣r❡s❝r✐t❡s ❡t é❣❛❧❡s
❛✉① ❞♦♥♥é❡s µ✱ ν✳ ❯♥ γ ❛②❛♥t µ ❡t ν ♣♦✉r ♠❛r❣✐♥❛❧❡s ❡st ❛♣♣❡❧é ♣❧❛♥ ❞❡ tr❛♥s♣♦rt ❡♥tr❡ µ ❡t ν✱ ❡t ❧✬♦♥ ❞✐t
q✉✬✐❧ ❡st ✐♥❞✉✐t ♣❛r T ❧♦rsq✉✬✐❧ ❡st ❡✛❡❝t✐✈❡♠❡♥t ❞❡ ❧❛ ❢♦r♠❡ γT ✳ ❙✐ ❧✬♦♥ ♥♦t❡ Π(µ, ν) ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣❧❛♥s
❞❡ tr❛♥s♣♦rt ❡♥tr❡ µ ❡t ν✱ ❧❡ ♣r♦❜❧è♠❡ ♣r♦♣♦sé ♣❛r ❑❛♥t♦r♦✈✐t❝❤ ❡st ❛❧♦rs

inf

{∫

X×Y
c(x, y) ❞γ(x, y) : γ ∈ Π(µ, ν)

}

P❛r r❛♣♣♦rt à ❧❛ ♠♦t✐✈❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ♦r✐❣✐♥❡❧✱ ❧à ♦ù ❧❛ ❞♦♥♥é❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ tr❛♥s♣♦rt T ré♣♦♥❞
à ❧❛ q✉❡st✐♦♥ ✓ ❡♥ q✉❡❧ ♣♦✐♥t ✭✉♥✐q✉❡✮ ❞❡ ❧✬❡s♣❛❝❡ ❞✬❛rr✐✈é❡ ❞é♣❧❛❝❡✲t✲♦♥ ❧❛ q✉❛♥t✐té ❞❡ ❞é❜❧❛✐ s✐t✉é❡ ❡♥
❝❤❛q✉❡ x ✔✱ ❧❛ ❞♦♥♥é❡ ❞✬✉♥ ♣❧❛♥ ❞❡ tr❛♥s♣♦rt γ ❝♦rr❡s♣♦♥❞r❛✐t à ❧❛ q✉❡st✐♦♥ ✓ ❝♦♠♠❡♥t ré♣❛rt✐t✲♦♥ ❞❛♥s
t♦✉t ❧✬❡s♣❛❝❡ Y ✭❡t ♥♦♥ ♣❧✉s ❡♥ ✉♥ s❡✉❧ ♣♦✐♥t T (x)✮ ❧❛ ♠ê♠❡ q✉❛♥t✐té ❞❡ ❞é❜❧❛✐ ✔ ✿ ✐♥❢♦r♠❡❧❧❡♠❡♥t✱ à
❝❤❛q✉❡ x✱ ♦♥ ♥✬❛ss♦❝✐❡ ♣❧✉s ✉♥ ♣♦✐♥t ✉♥✐q✉❡ T (x) ♠❛✐s ✉♥❡ ré♣❛rt✐t✐♦♥ q✉✐ s❡r❛✐t γ(x, ·) ✭❡t q✉✐✱ ♠❛t❤é✲
♠❛t✐q✉❡♠❡♥t✱ ❝♦rr❡s♣♦♥❞ à ❧❛ ❞és✐♥té❣r❛t✐♦♥ ❞❡ ❧❛ ♠❡s✉r❡ γ s✉r X × Y ♣❛r r❛♣♣♦rt à ❧❛ ♠❡s✉r❡ µ s✉r
X✮✳

▼❛t❤é♠❛t✐q✉❡♠❡♥t✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❑❛♥t♦r♦✈✐t❝❤ ♣♦ssè❞❡ ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ ❣r❛♥❞s ❛✈❛♥t❛❣❡s ✿
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• ❧✬❡♥s❡♠❜❧❡ Π(µ, ν) s✉r ❧❡q✉❡❧ ♦♥ ♠✐♥✐♠✐s❡ ♥✬❡st ❥❛♠❛✐s ✈✐❞❡ ♣✉✐sq✉✬✐❧ ❝♦♥t✐❡♥t ❧❛ ♠❡s✉r❡ ♣r♦❞✉✐t µ⊗ν
✭❧à ♦ù ❧✬♦♥ ♣❡✉t ❢❛❝✐❧❡♠❡♥t ❝♦♥str✉✐r❡ ❞❡s ♠❡s✉r❡s µ✱ ν ♣♦✉r ❧❛q✉❡❧❧❡ ✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ ❢♦♥❝t✐♦♥s ❞❡
tr❛♥s♣♦rt ✿ ✐❧ s✉✣t q✉❡ µ s♦✐t é❣❛❧❡ à ✉♥❡ ♠❛ss❡ ❞❡ ❉✐r❛❝ ❡t ♣❛s ν✮ ❡t ❡st ♠ê♠❡ ✉♥ s♦✉s✲❡♥s❡♠❜❧❡
❝♦♥✈❡①❡ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ♠❡s✉r❡s ♣♦s✐t✐✈❡s s✉r ❧✬❡s♣❛❝❡ ♣r♦❞✉✐t ❀

• ❧❛ ❢♦♥❝t✐♦♥♥❡❧❧❡ q✉❡ ❧✬♦♥ ♠✐♥✐♠✐s❡✱ γ 7→
∫
c ❞γ✱ ❡st ❧✐♥é❛✐r❡ ♣❛r r❛♣♣♦rt à γ✳

❈❡s ❛r❣✉♠❡♥ts ♣❡r♠❡tt❡♥t ❞❡ ❞é❞✉✐r❡ ❛ss❡③ r❛♣✐❞❡♠❡♥t ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ♠✐♥✐♠✐s❡✉r ❛✉ ♣r♦❜❧è♠❡ ❞❡
❑❛♥t♦r♦✈✐t❝❤✱ ❡t ❞✉ ❢❛✐t q✉❡ ❝❡ ❞❡r♥✐❡r ❡st ✉♥❡ ❣é♥ér❛❧✐s❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ▼♦♥❣❡ ✈✐❡♥t ✐♠♠é❞✐❛t❡♠❡♥t
❧✬✐♥é❣❛❧✐té

min(K) ≤ inf(M)

♦ù (K) ❡st ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❑❛♥t♦r♦✈✐t❝❤ ❡t (M) ❡st ❧❡ ♣r♦❜❧è♠❡ ❞❡ ▼♦♥❣❡✳
❖♥ ♠♦♥tr❡ ❛❧♦rs q✉❡✱ s♦✉s ❞❡s ❜♦♥♥❡s ❤②♣♦t❤ès❡s s✉r ❧❡s ♠❡s✉r❡s µ ❡t ν ❡t s✉r ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦ût c✱

❧✬♦♣t✐♠✉♠ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❑❛♥t♦r♦✈✐t❝❤ ❡st ❝♦♥❝❡♥tré ✭❡♥ t❛♥t q✉❡ ♠❡s✉r❡✮ s✉r ❧❡ ❣r❛♣❤❡ ❞✬✉♥❡ ❢♦♥❝✲
t✐♦♥ y = T (x)✱ ❡t T ❡st ❛❧♦rs ♦♣t✐♠❛❧ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ▼♦♥❣❡✳ ▲❡ ❝❛s ❧❡ ♣❧✉s ❝❧❛ss✐q✉❡ ❞✉ ❝♦ût é❣❛❧ ❛✉
❝❛rré ❞❡ ❧❛ ❞✐st❛♥❝❡ ❛ été rés♦❧✉ ♣❛r ❇r❡♥✐❡r ❬✷✵✱ ✷✷❪✱ q✉✐ ❞♦♥♥❡ ❞❡ ♣❧✉s ✉♥❡ ❝❛r❛❝tér✐s❛t✐♦♥ ❞✉ tr❛♥s♣♦rt
♦♣t✐♠❛❧ ❝♦♠♠❡ ét❛♥t ❧❡ ❣r❛❞✐❡♥t ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡✳

▲❛ ré❣✉❧❛r✐té ❞❡s tr❛♥s♣♦rts ♦♣t✐♠❛✉① ❛ ❡❧❧❡ ❛✉ss✐ ❢❛✐t ❧✬♦❜❥❡t ❞❡ tr❛✈❛✉① ✐♠♣♦rt❛♥ts✳ ❚♦✉❥♦✉rs ❞❛♥s
❧❡ ❝❛s q✉❛❞r❛t✐q✉❡✱ ❈❛✛❛r❡❧❧✐ ❬✷✹✱ ✷✺✱ ✷✻❪ ❛ ❞♦♥♥é ❞❡s ❝♦♥❞✐t✐♦♥s s✉✣s❛♥t❡s ♣♦✉r q✉❡ ❧❡ tr❛♥s♣♦rt ♦♣t✐♠❛❧
s♦✐t ❞❡ ❝❧❛ss❡ Ck,α ❀ ♣❧✉s ré❝❡♠♠❡♥t✱ ❉❡ P❤✐❧✐♣♣✐s ❡t ❋✐❣❛❧❧✐ ❬✸✹❪ ♦♥t ♣r♦✉✈é s❛ ré❣✉❧❛r✐té W 1,1

loc s♦✉s ❞❡s
❤②♣♦t❤ès❡s très ❢❛✐❜❧❡s ✭♠❡s✉r❡s à ❞❡♥s✐tés ❜♦r♥é❡s ✐♥❢ér✐❡✉r❡♠❡♥t ❡t s✉♣ér✐❡✉r❡♠❡♥t✮✳ ❈❡s rés✉❧t❛ts s♦♥t
❡♥ ❢❛✐t ❞✐r❡❝t❡♠❡♥t ❧✐és à ❧❛ str✉❝t✉r❡ ❞❡ T ❞❛♥s ❧❡ ❝❛s q✉❛❞r❛t✐q✉❡ ❡t ❛✉ ❢❛✐t q✉✬✐❧ rés♦✉t ❧✬éq✉❛t✐♦♥ ❞❡
▼♦♥❣❡✲❆♠♣èr❡ ❝✐té❡ ♣❧✉s ❤❛✉t t♦✉t ❡♥ ét❛♥t ❧❡ ❣r❛❞✐❡♥t ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡✳

❖♥ r❡♥✈♦✐❡ ❛✉① ♥♦t❡s ❞❡ ❝♦✉rs ❞❡ ❋✐❧✐♣♣♦ ❙❛♥t❛♠❜r♦❣✐♦ ❬✻✺✱ à ♣❛r❛îtr❡❪ ❡t ❛✉ ❧✐✈r❡ ❞❡ ❈é❞r✐❝ ❱✐❧❧❛♥✐ ❬✻✾❪✱
❛✐♥s✐ q✉✬à ❧✬❛♥♥❡①❡ ❇✱ ♣♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s ❡t ❧❡s ♣r❡✉✈❡s ❢♦r♠❡❧❧❡s s✉r ❧❛ t❤é♦r✐❡ ❝❧❛ss✐q✉❡ ❞✉ tr❛♥s♣♦rt
♦♣t✐♠❛❧✳

✵✳✷ Pé♥❛❧✐s❛t✐♦♥ ❡♥ ❣r❛❞✐❡♥t

❉❛♥s ❝❡tt❡ t❤ès❡✱ ♦♥ ✐♥tr♦❞✉✐t ✉♥❡ ❣é♥ér❛❧✐s❛t✐♦♥ ♥❛t✉r❡❧❧❡ ❞✉ ♣r♦❜❧è♠❡ ❞✉ tr❛♥s♣♦rt ♦♣t✐♠❛❧ ✿ q✉❡
s❡ ♣❛ss❡✲t✲✐❧ s✐✱ ❞❛♥s ❧❛ ❢♦♥❝t✐♦♥♥❡❧❧❡

∫
X
c(x, T (x)) ❞µ(x)✱ ♦♥ ❛❥♦✉t❡ ✉♥ t❡r♠❡ ❝♦♠♣r❡♥❛♥t ❧❛ ♠❛tr✐❝❡

❥❛❝♦❜✐❡♥♥❡ ❄ ❖♥ ❡st ❛❧♦rs ❛♠❡♥és à ♠✐♥✐♠✐s❡r✱ ♣❛r ❡①❡♠♣❧❡
∫

Ω

L(x, T (x), DT (x)) ❞x

♣❛r♠✐ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s T à ♠❡s✉r❡ ✐♠❛❣❡ T#µ ♣r❡s❝r✐t❡✳ ❖♥ ♣❡✉t ✈♦✐r ❝❡ ♣r♦❜❧è♠❡ s✐♠♣❧❡♠❡♥t
❝♦♠♠❡ ❧❡ ❢❛✐t ❞✬✐♠♣♦s❡r ❛✉ tr❛♥s♣♦rt T ❞✬êtr❡ ré❣✉❧✐❡r✱ ♣❧✉tôt q✉❡ ❞❡ ❞é❞✉✐r❡ s❛ ré❣✉❧❛r✐té ❞❡ s❡s ♣r♦♣r✐étés
❞✬♦♣t✐♠❛❧✐té✱ ♠❛✐s ❧❡ ❜✉t ❡st ❛✉ss✐ ❞❡ r❡❧✐❡r ❧❛ t❤é♦r✐❡ ❞✉ tr❛♥s♣♦rt ♦♣t✐♠❛❧ à ❞✬❛✉tr❡s ❞✐s❝✐♣❧✐♥❡s ❞✉ ❝❛❧❝✉❧
❞❡s ✈❛r✐❛t✐♦♥s✳ P❛r ❡①❡♠♣❧❡✱ ❡♥ ♠é❝❛♥✐q✉❡ ❞❡s ♠✐❧✐❡✉① ❝♦♥t✐♥✉s✱ ❧❛ ♠❛tr✐❝❡ ❥❛❝♦❜✐❡♥♥❡ DT r❡♣rés❡♥t❡ ❧❛
❞é❢♦r♠❛t✐♦♥ ❡t ❧❡s ❝♦♥tr❛✐♥t❡s ❞❡ ✈♦❧✉♠❡ s♦♥t ❞❡s ❝♦♥tr❛✐♥t❡s st❛♥❞❛r❞ ✭✈♦✐r ❬✷✱ ✹✼❪✮ ❡①♣r✐♠é❡s ❡♥ ❣é♥ér❛❧
s♦✉s ❢♦r♠❡ ❞❡ ❞ét❡r♠✐♥❛♥t✱ ♠❛✐s q✉❡ ❧✬♦♥ ♣❡✉t ❛✉ss✐ é❝r✐r❡ s♦✉s ❧❛ ❢♦r♠❡ ❞❡ ❧❛ ♠❡s✉r❡ ✐♠❛❣❡✳ ▲❛ q✉❛♥t✐té∫
Ω
|DT |2 r❡♣rés❡♥t❡ ❧❛ ❞é❢♦r♠❛t✐♦♥ t♦t❛❧❡ ❀ ❡♥ é❧❛st✐❝✐té ✐♥❝♦♠♣r❡ss✐❜❧❡✱ ♦♥ ♣❡✉t ❛✉ss✐ ❧❡ r❡♠♣❧❛❝❡r ♣❛r∫

Ω
|tDT +DT |2 q✉✐ r❡♣rés❡♥t❡ ❧✬✐♥té❣r❛❧❡ ❞✉ t❡♥s❡✉r ❞❡s ❝♦♥tr❛✐♥t❡s✱ ❡t ❧❛ ❝♦♥tr❛✐♥t❡ ❞✬✐♥❝♦♠♣r❡ss✐❜✐❧✐té

♣❡✉t s✬❡①♣r♠✐❡r ❝♦♠♠❡ ✉♥❡ ❝♦♥tr❛✐♥t❡ ❞❡ ✈♦❧✉♠❡ ✭✈♦✐r ❬✻❪✮✳
❉✬❛✉tr❡s q✉❡st✐♦♥s éq✉✐✈❛❧❡♥t❡s ❛♣♣❛r❛✐ss❡♥t ❡♥ ❛♥❛❧②s❡ ❞❡ ❢♦r♠❡✱ ♦ù ❧✬♦♥ ét✉❞✐❡ ❝♦♠♠❡♥t ✉♥❡ ❢♦r♠❡

♣❡✉t êtr❡ ❞é❢♦r♠é❡ ❞❡ ♠❛♥✐èr❡ ❝♦♥t✐♥✉❡ ✿ ❝❧❛ss✐q✉❡♠❡♥t✱ ♦♥ ❝❤❡r❝❤❡ ✉♥❡ ❢❛♠✐❧❧❡ (ϕt)t ❞❡ ❞✐✛é♦♠♦r♣❤✐s♠❡s
✐♥❞❡①é❡ ♣❛r ✉♥ ♣❛r❛♠ètr❡ ❝♦♥t✐♥✉ t ∈ [0, 1] t❡❧❧❡ q✉❡ ϕ0 = ✐❞✱ q✉❡ ϕ1 tr❛♥s❢♦r♠❡ ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥✐t✐❛❧❡



✹ ■♥tr♦❞✉❝t✐♦♥

❞♦♥♥é❡ ❡♥ ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ✜♥❛❧❡ ❞♦♥♥é❡ ✭s✬❛❣✐ss❛♥t ❞❡ ♠❡s✉r❡s✱ ♦♥ ✐♠♣♦s❡r❛ ❞♦♥❝ (ϕ1)#µ = ν✮ ❡t
♠✐♥✐♠✐s❛♥t ❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡

∫ 1

0

||vt||2L2 ❞t ♦ù vt = (ϕt)
′ ◦ (ϕt)−1

❘❡♠♣❧❛❝❡r ✉♥ t❡❧ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ♣❛r vt ◦ ϕt ❞❛♥s ❧❛ ♥♦r♠❡ L2 ❝♦♥❞✉✐t à ❧❛ ❢♦r♠✉❧❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡
❞❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐t❝❤ ✐♥tr♦❞✉✐t❡ ♣❛r ❇❡♥❛♠♦✉ ❡t ❇r❡♥✐❡r ❬✾❪ ✿

min

{∫
|T (x)− x|2 ❞µ(x) : T#µ = ν

}
= min

{∫
|vt|2 ❞ρt

}

♦ù ❧❡ ♠✐♥✐♠✉♠ ❞✉ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ❡st ♣r✐s s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s ❝♦✉♣❡s (ρt, vt) s❛t✐s❢❛✐s❛♥t à ❧✬éq✉❛t✐♦♥
❞❡ ❝♦♥t✐♥✉✐té ❛✈❡❝ ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s

{
∂tρt + div(ρtvt) = 0
ρ0 = µ, ρ1 = ν

❉❛♥s ❝❡t ❡s♣r✐t✱ ♦♥ ♣❡✉t s✬❛tt❡♥❞r❡ à ❝❡ q✉❡ ❧❛ ♠✐♥✐♠✐s❛t✐♦♥ ❞❡ ||DT − ✐❞||H1(Ω) ♣❛r♠✐ ❧❡s tr❛♥s♣♦rts
❙♦❜♦❧❡✈ ❝♦rr❡s♣♦♥❞❡ à ❧❛ ♠✐♥✐♠✐s❛t✐♦♥ ❞❡

∫
(|vt|2 + |∇vt|2) ❞ρt ❞t ✭❝❡tt❡ ❢♦r♠✉❧❛t✐♦♥ ❡st ❡♥ ❢❛✐t ✐♥❢♦r♠❡❧❧❡

s✐ ❧❛ ♠❡s✉r❡ ρt ❡st s✐♥❣✉❧✐èr❡ ♣♦✉r ✉♥ ❝❡rt❛✐♥ t✱ ✈♦✐r ♣❧✉s ❧♦✐♥✮✳ ❑❤❡s✐♥ ❡t ❛❧✳ ❬✺✹❪ s❡ s♦♥t ✐♥tér❡ssés à ✉♥❡
❢♦r♠✉❧❛t✐♦♥ s✐♠✐❧❛✐r❡ ❢❛✐s❛♥t ✐♥t❡r✈❡♥✐r ❧❛ ❞✐✈❡r❣❡♥❝❡ ♣❧✉tôt q✉❡ ❧❛ ♥♦r♠❡ t♦t❛❧❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ❥❛❝♦❜✐❡♥♥❡✳

❯♥ ❛✉tr❡ ♣r♦❜❧è♠❡ ❛♥❛❧♦❣✉❡ ❝♦♥s✐st❡ à ❝❤❡r❝❤❡r ❧❡ tr❛♥s♣♦rt T ✓ ❧❡ ♣❧✉s ✐s♦♠étr✐q✉❡ ♣♦ss✐❜❧❡ ✔ ❡♥
✐♥tr♦❞✉✐s❛♥t ❧❡ ♣r♦❜❧è♠❡

inf

{∫

Ω

W (DT (x)) ❞µ(x) : T#µ = ν

}

♦ù W q✉❛♥t✐✜❡ ❧❡ ✓ ❞é❢❛✉t ❞✬✐s♦♠étr✐❡ ✔ ❞❡ ❧❛ ♠❛tr✐❝❡ ❥❛❝♦❜✐❡♥♥❡✱ ♣❛r ❡①❡♠♣❧❡ ✿

W (p) = d(p, SOd(R)) ♦✉ W (p) = |||p|||+ |||p|||−1 − 2

✭✐❝✐ ||| · ||| ❡st ❧❛ ♥♦r♠❡ ❞✬❛❧❣è❜r❡ ✉s✉❡❧❧❡ s✉r Md(R)✮✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ❛ été ✐♥tr♦❞✉✐t❡ ♣❛r ●r❛♥✐❡r✐ ❡t
▼❛❞❞❛❧❡♥❛ ❬✹✻❪ s♦✉s ❧❡ t❡r♠❡ ❞❡ ✓ r❡❢♦r♠❛t✐♦♥ é❧❛st✐q✉❡ ✔✳ ▲❛ ✈❛❧❡✉r ♠✐♥✐♠❛❧❡ ♣❡r♠❡t ❞❡ ♠❡s✉r❡r à q✉❡❧
♣♦✐♥t ❧❡s ♠❡s✉r❡s µ ❡t ν ✭❝✬❡st✲à✲❞✐r❡ ❧❡s ❢♦r♠❡s q✉✬❡❧❧❡s r❡♣rés❡♥t❡♥t✮ s♦♥t ✓ ♣r♦❝❤❡s ❞✬êtr❡ ✐s♦♠étr✐q✉❡s ✔✳

❉❛♥s ❧❛ ♠ê♠❡ ❝❧❛ss❡ ❞❡ ♣r♦❜❧è♠❡s ❞❡ ✓ tr❛♥s♣♦rt ré❣✉❧❛r✐sé ✔✱ ✉♥ ❛rt✐❝❧❡ ré❝❡♥t ❞❡ ❋✳ ❙❛♥t❛♠❜r♦❣✐♦
❡t ❛❧✳ ❬✺✻❪ ét✉❞✐❡ ❧❛ ♠✐♥✐♠✐s❛t✐♦♥ ❞❡ ❧✬♦s❝✐❧❧❛t✐♦♥ ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡ tr❛♥s♣♦rt ✿

inf {ωδ(T ) : T#µ = ν} ♦ù ωδ(T ) = sup
|x−y|<δ
x,y∈suppµ

|T (y)− T (x)|

❈❡ ♣r♦❜❧è♠❡✲❝✐ tr♦✉✈❡ s❡s ♠♦t✐✈❛t✐♦♥s ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧❛ sé❝✉r✐té ✐♥❢♦r♠❛t✐q✉❡ ❬✻✵❪ ✿ ✐❧ s✬❛❣✐t ❞❡ ❞✐r❡
à ❝❤❛q✉❡ ✉t✐❧✐s❛t❡✉r ❞✬✉♥ rés❡❛✉ s♦❝✐❛❧ q✉❡❧s s♦♥t s❡s ❛♠✐s q✉✐ s♦♥t s✐t✉és ♣rès ❞❡ ❧✉✐ ✭✐✳❡✳ ❞❛♥s ✉♥ r❛②♦♥
✜①é✮ s❛♥s q✉❡ ❧❡ rés❡❛✉ s♦✐t ✐♥❢♦r♠é ❞❡ ❧❛ ♣♦s✐t✐♦♥ ❞❡ t♦✉s s❡s ✉t✐❧✐s❛t❡✉rs ♣♦✉r ❞❡s r❛✐s♦♥s ❞❡ ✈✐❡ ♣r✐✈é❡✳
▲❛ s♦❧✉t✐♦♥ ❛❝t✉❡❧❧❡ ❝♦♥s✐st❡ à ❝❡ q✉✬✉♥ s❡r✈❡✉r ✐♥❞é♣❡♥❞❛♥t ❝❤♦✐s✐ss❡ ✉♥❡ r♦t❛t✐♦♥ R ❛✉ ❤❛s❛r❞ ❡t ❧❛
❝♦♠♠✉♥✐q✉❡ ❛✉① ❛♣♣❛r❡✐❧s ❞❡s ✉t✐❧✐s❛t❡✉rs✱ q✉✐ ♥❡ tr❛♥s♠❡t ❛✉ rés❡❛✉ ❝❡♥tr❛❧ q✉❡ ❧❡✉r ♣♦s✐t✐♦♥ r♦t❛t✐♦♥♥é❡
R(x) ❀ ❝❡ ♥✬❡st ❝❡♣❡♥❞❛♥t ♣❛s s❛t✐s❢❛✐s❛♥t✱ ❝❛r ❧❡ s❡r✈❡✉r ♣♦✉rr❛✐t r❡tr♦✉✈❡r ❧❡s ♣♦s✐t✐♦♥s ✐♥✐t✐❛❧❡s à ♣❛rt✐r
❞❡s ♣♦s✐t✐♦♥s r♦t❛t✐♦♥♥é❡s ❡♥ ❝♦♠♣❛r❛♥t ❧❛ ❞❡♥s✐té ❞❡s ♣♦✐♥ts R(x) à ❝❡❧❧❡✱ ❝♦♥♥✉❡✱ ❞❡ ❧❛ ❚❡rr❡ ✭❞❛♥s
❧✬❤②♣♦t❤ès❡ ♦ù ✉♥ très ❣r❛♥❞ ♥♦♠❜r❡ ❞✬êtr❡s ❤✉♠❛✐♥s ✉t✐❧✐s❡ ❧❡ rés❡❛✉ s♦❝✐❛❧✮✳ ▲✬✐❞é❡ ❛❧t❡r♥❛t✐✈❡ ❝♦♥s✐st❡
à ❡♥✈♦②❡r ❧❛ ❞❡♥s✐té ❞❡ ♣♦♣✉❧❛t✐♦♥ ❞❡ ❧❛ ❚❡rr❡ s✉r ✉♥❡ ❞❡♥s✐té ν ✜①é❡ ✭♣❛r ❡①❡♠♣❧❡✱ ❧❛ ❞❡♥s✐té ✉♥✐❢♦r♠❡✮
t♦✉t ❡♥ ♣rés❡r✈❛♥t ❧✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧❡s ❞✐st❛♥❝❡s ✿ ❛✈❡❝ ❧❛ q✉❛♥t✐té ωδ✱ ♦♥ ❛ ❧✬✐♠♣❧✐❝❛t✐♦♥

|T (x)− T (y)| ≥ ωδ(T ) ⇒ |x− y| ≥ δ



✵✳✷✳ P➱◆❆▲■❙❆❚■❖◆ ❊◆ ●❘❆❉■❊◆❚ ✺

❞❡ s♦rt❡ q✉❡ ❧❡ T ♠✐♥✐♠✐s❛♥t ωδ ❡st ❜✐❡♥ ❝❡❧✉✐ q✉✐ ❞♦♥♥❡ ❧❡ ♣❧✉s ❞✬✐♥❢♦r♠❛t✐♦♥s✳ ▲✬❛rt✐❝❧❡ ❬✺✻❪ ❛♥❛❧②s❡
♠❛t❤é♠❛t✐q✉❡♠❡♥t ❧❡ ♣r♦❜❧è♠❡ ❀ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ T ♦♣t✐♠❛❧ ♥✬❡st ♣♦✉r ❧❡ ♠♦♠❡♥t ❝❧❛✐r❡ q✉❡ ❞❛♥s ❧❡
❝❛s ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❡t ❧❡ ❝❛s ❣é♥ér❛❧ ♣♦✉r ❧✬❡①✐st❡♥❝❡ ❛✐♥s✐ q✉❡ ❧❡s ❛♣♣r♦①✐♠❛t✐♦♥s ♥✉♠ér✐q✉❡s s♦♥t ❞❡s
♣r♦❜❧è♠❡s ♦✉✈❡rts à ❧✬❤❡✉r❡ ❛❝t✉❡❧❧❡✳

❉❛♥s ❝❡tt❡ t❤ès❡✱ ♦♥ s❡ ❝♦♥❝❡♥tr❡ ❡ss❡♥t✐❡❧❧❡♠❡♥t s✉r ❧❡s ♣é♥❛❧✐s❛t✐♦♥s ❞♦♥♥é❡s ❞✐r❡❝t❡♠❡♥t ♣❛r ❧❛
♥♦r♠❡ q✉❛❞r❛t✐q✉❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ❥❛❝♦❜✐❡♥♥❡

∫
Ω
|DT |2 ✭é✈❡♥t✉❡❧❧❡♠❡♥t ✐♥té❣ré❡ ♣❛r r❛♣♣♦rt à ❧❛ ♠❡s✉r❡

s♦✉r❝❡ ♦✉ ♠✉❧t✐♣❧✐é❡ ♣❛r ✉♥ ♣❡t✐t ♣❛r❛♠ètr❡ ε✱ ❝❢✳ ♣❧✉s ❧♦✐♥✮✳ ❉✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ♠❛t❤é♠❛t✐q✉❡✱ ❧❡ ❣r❛♥❞
❛✈❛♥t❛❣❡ ❞❡s ❢♦♥❝t✐♦♥♥❡❧❧❡s ❢❛✐s❛♥t ✐♥t❡r✈❡♥✐r ✉♥ t❡r♠❡ ❞✬♦r❞r❡ s✉♣ér✐❡✉r ✭❧❡ ❣r❛❞✐❡♥t✱ ♦✉ ❧❛ ♠❛tr✐❝❡
❥❛❝♦❜✐❡♥♥❡ ♣♦✉r ❧❡s ❢♦♥❝t✐♦♥s à ✈❛❧❡✉rs ✈❡❝t♦r✐❡❧❧❡s✮ ❡st q✉✬❡❧❧❡s ♣❡r♠❡tt❡♥t ♣❛r ❞é✜♥✐t✐♦♥ ❞❡ tr❛✈❛✐❧❧❡r
❞❛♥s ❞❡s ❡s♣❛❝❡s ❞❡ ❢♦♥❝t✐♦♥s ♣❧✉s ré❣✉❧✐èr❡s✳ ❉❛♥s ♥♦tr❡ ❝❛❞r❡✱ ❝❡❝✐ ❢❛❝✐❧✐t❡ ❣r❛♥❞❡♠❡♥t ❧❛ ♣r❡✉✈❡ ❞❡
❧✬❡①✐st❡♥❝❡ ❞✬✉♥ T ♦♣t✐♠❛❧✱ ❝♦♠♠❡ ♦♥ ✈❛ ❧❡ ✈♦✐r s✉r ❧✬❡①❡♠♣❧❡ s✉✐✈❛♥t ✿ s✉♣♣♦s♦♥s q✉❡ Ω s♦✐t ✉♥ ♦✉✈❡rt
❜♦r♥é à ❢r♦♥t✐èr❡ ❧✐♣s❝❤✐t③✐❡♥♥❡✱ q✉❡ µ s♦✐t ✉♥❡ ♠❡s✉r❡ ❛②❛♥t ✉♥❡ ❞❡♥s✐té f t❡❧❧❡ q✉❡ f ≥ c > 0 s✉r Ω
♣♦✉r ✉♥❡ ❝❡rt❛✐♥❡ ❝♦♥st❛♥t❡ c✱ ❡t ✐♥tér❡ss♦♥s✲♥♦✉s ❛✉ ♣r♦❜❧è♠❡

inf

{∫

Ω

(|T (x)− x|2 + |DT (x)|2)f(x) ❞x : T#µ = ν

}
✭✶✮

❙✉♣♣♦s♦♥s ❞❡ ♣❧✉s q✉✬✐❧ ❡①✐st❡ ❛✉ ♠♦✐♥s ✉♥❡ ❢♦♥❝t✐♦♥ T q✉✐ s♦✐t ✉♥ tr❛♥s♣♦rt ❞❡ µ à ν ❡t q✉✐ ❛♣♣❛rt✐❡♥♥❡
à ❧✬❡s♣❛❝❡ ❞❡ ❙♦❜♦❧❡✈ H1(Ω)✳ ❖♥ ♣r❡♥❞ ❛❧♦rs ✉♥❡ s✉✐t❡ ♠✐♥✐♠✐s❛♥t❡ (Tn)n ❀ ❡♥ ♣❛rt✐❝✉❧✐❡r✱ ✐❧ ❡①✐st❡ ✉♥❡
❝♦♥st❛♥t❡ C t❡❧❧❡ q✉❡

♣♦✉r t♦✉t n ∈ N, C ≥
∫

Ω

|DTn|2(x)f(x) ❞x ≥ c

∫

Ω

|DTn(x)|2 ❞x

❡t ❧❛ s✉✐t❡ (Tn)n ♥✬❡st ♣❧✉s s❡✉❧❡♠❡♥t ❜♦r♥é❡ ❞❛♥s L∞(Ω) ♠❛✐s ❞❛♥s H1(Ω)✳ ❈❡❝✐ ❛ss✉r❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡
❛♣♣❧✐❝❛t✐♦♥ T ❡t ❞✬✉♥❡ s♦✉s✲s✉✐t❡ (Tnk

)k t❡❧❧❡ q✉❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ Tnk
−→
k
T ❛✐t ❝❡tt❡ ❢♦✐s✲❝✐ ❧✐❡✉ ❢♦rt❡♠❡♥t

❞❛♥s L2(Ω)✱ ❡t ❝❡ t②♣❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❡st s✉✣s❛♥t ♣♦✉r ❣❛r❛♥t✐r q✉❡ ❧❛ ❧✐♠✐t❡ T s❛t✐s❢❛ss❡ t♦✉❥♦✉rs ❧❛
❝♦♥tr❛✐♥t❡ s✉r ❧❛ ♠❡s✉r❡ ✐♠❛❣❡✳ ❊♥ ❡✛❡t✱ ❧✬♦♥ ♣❡✉t ❛✉ss✐ s✉♣♣♦s❡r q✉❡ Tnk

(x) −→
k
T (x) ♣♦✉r ♣r❡sq✉❡ t♦✉t x

❞❛♥s Ω ❡t ❛❧♦rs✱ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ ϕ ❝♦♥t✐♥✉❡ ❡t ❜♦r♥é❡✱ ♦♥ ❛

∫
ϕ(y) ❞ν(y) =

∫

Ω

ϕ(Tnk
(x)) ❞µ(x) −→

k

∫

Ω

ϕ(T (x)) ❞µ(x)

❡t ❧✬é❣❛❧✐té
∫
ϕ ◦ T ❞µ =

∫
ϕ ❞ν ♣♦✉r t♦✉t❡ t❡❧❧❡ ❢♦♥❝t✐♦♥ ϕ s✉✣t à ❛ss✉r❡r q✉❡ T ❡♥✈♦✐❡ ❜✐❡♥ µ s✉r ν✱

❞♦♥❝ ❡st ❛❞♠✐ss✐❜❧❡ ♣♦✉r ✭✶✮ ❀ ♦♥ ❝♦♥❝❧✉t ❡♥ ✉t✐❧✐s❛♥t ❧❛ s❡♠✐✲❝♦♥t✐♥✉✐té ❞❡ ❧❛ ❢♦♥❝t✐♦♥♥❡❧❧❡ ♣❛r r❛♣♣♦rt à
❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❢❛✐❜❧❡ ❞❛♥s H1(Ω)✳

▲✬✐♥❝♦♥✈é♥✐❡♥t rés✐❞❡ ❡♥ ❢❛✐t ❞❛♥s ❧❡ ❝❛r❛❝tèr❡ ♥♦♥ ét✉❞✐é ❥✉sq✉✬✐❝✐ ❞❡ ❝❡ t②♣❡ ❞❡ ♣r♦❜❧è♠❡✱ ❛✈❡❝ ❧❡s
✐♥❝♦♥♥✉❡s q✉✐ ❡♥ rés✉❧t❡♥t ✿ ❡♥ ♣❛rt✐❝✉❧✐❡r✱ ✐❧ ♥✬❡①✐st❡ ♣❛s à ♥♦tr❡ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡ rés✉❧t❛ts ✓ str✉❝t✉r❡❧ ✔ s✉r
❧✬♦♣t✐♠✉♠ ❞✬✉♥❡ t❡❧❧❡ ❢♦♥❝t✐♦♥♥❡❧❧❡✱ ❝♦♥tr❛✐r❡♠❡♥t ❛✉ ❝❛s ❞✉ tr❛♥s♣♦rt ♦♣t✐♠❛❧ ♦ù ❧✬♦♥ s❛✐t ❝❛r❛❝tér✐s❡r T
❡♥ ✉t✐❧✐s❛♥t ❧❛ ❢♦r♠✉❧❛t✐♦♥ ❞✉❛❧❡ ❡t ♦ù✱ ❞❛♥s ❧❡ ❝❛s q✉❛❞r❛t✐q✉❡✱ ♦♥ s❛✐t q✉✬✐❧ ❡st é❣❛❧ ❛✉ ❣r❛❞✐❡♥t ❞✬✉♥❡
❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡ ✭❛✈❡❝ ❧❡s ♣r♦♣r✐étés ❞❡ ♠♦♥♦t♦♥✐❡ q✉❡ ❝❡❧❛ ✐♠♣❧✐q✉❡✮✳ ▲❡s ❞✐✣❝✉❧tés ❞❛♥s ❧❡ ❝❛s ❞✉ ❝♦ût
✓ ❛✈❡❝ ❣r❛❞✐❡♥t ✔ s♦♥t ❞♦♥❝ très ❞✐✛ér❡♥t❡s ❡t ✐❧ s✬❛❣✐t ❞✬ét✉❞✐❡r ❧❡s ❢r♦♥t✐èr❡s ❡♥tr❡ ❝❡s ❞❡✉① ♣r♦❜❧è♠❡s✳



✻ ■♥tr♦❞✉❝t✐♦♥

✵✳✸ ❈♦♥tr✐❜✉t✐♦♥s ❡t ♦r❣❛♥✐s❛t✐♦♥ ❞❡ ❧❛ t❤ès❡

✵✳✸✳✶ ❊s♣❛❝❡s ❞❡ ❙♦❜♦❧❡✈ ♣❛r r❛♣♣♦rt à ✉♥❡ ♠❡s✉r❡ ❡t ❡①✐st❡♥❝❡ ❞❡ ♠✐♥✐♠✐✲
s❡✉rs

▲❡ ♣r❡♠✐❡r ❝❤❛♣✐tr❡ ❞❡ ❝❡tt❡ t❤ès❡ ❡st ❝♦♥s❛❝ré❡ ❞✬✉♥❡ ❢❛ç♦♥ ❣é♥ér❛❧❡ à ❧✬❡①✐st❡♥❝❡ ❞❡ ♠✐♥✐♠✐s❡✉rs à ❧❛
❢♦♥❝t✐♦♥♥❡❧❧❡

T 7→
∫

Ω

L(x, T (x), DT (x)) ❞µ(x)

♣❛r♠✐ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s T ❡♥✈♦②❛♥t ❧❛ ♠❡s✉r❡ µ s✉r ✉♥❡ ♠❡s✉r❡ ✐♠❛❣❡ ν ♣r❡s❝r✐t❡✳ ❊♥ ❢❛✐t✱ ♦♥
s✬❛♣❡rç♦✐t q✉❡ s✐ ❧✬❛♥❛❧②s❡ ♣ré❝é❞❡♥t❡ ❛ ✉♥ s❡♥s ❧♦rsq✉❡ µ ❡st ❧❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡✱ ♦✉ ❛ ✉♥❡ ❞❡♥s✐té
❜♦r♥é❡ ✐♥❢ér✐❡✉r❡♠❡♥t✱ s✉r ✉♥ ♦✉✈❡rt ❞❡ Rd ✭❧❛ q✉❡st✐♦♥ ♣r✐♥❝✐♣❛❧❡ ét❛♥t ❞❡ s❛✈♦✐r s✬✐❧ ② ❛ ✉♥❡ ✐♥❥❡❝t✐♦♥
❝♦♠♣❛❝t❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❙♦❜♦❧❡✈ H1(Ω) ♦✉ H1

f (Ω) ❞❛♥s L
2(Ω)✮✱ ❧❛ ❞é✜♥✐t✐♦♥ ♠ê♠❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥♥❡❧❧❡ q✉❡

❧✬♦♥ ♠✐♥✐♠✐s❡ ❧♦rsq✉❡ µ ❡st q✉❡❧❝♦♥q✉❡ ♥✬❡st ♣❛s ❝❧❛✐r❡ ✿ ♣❛r ❡①❡♠♣❧❡✱ s✐ µ ♣♦ssè❞❡ ✉♥❡ ♣❛rt✐❡ s✐♥❣✉❧✐èr❡✱
❝♦♠♠❡♥t ❞é✜♥✐t✲♦♥ ❧❛ q✉❛♥t✐té ∫

Ω

|DT (x)|2 ❞µ(x)

♣♦✉r ✉♥❡ ❢♦♥❝t✐♦♥ T ❞♦♥t ♦♥ s✉♣♣♦s❡ s❡✉❧❡♠❡♥t q✉✬❡❧❧❡ ❡st ❞❛♥s L∞(Ω) ❡t ❞♦♥t ❧❛ ♠❛tr✐❝❡ ❥❛❝♦❜✐❡♥♥❡
DT (x) ❡st s❡✉❧❡♠❡♥t ❞é✜♥✐❡ ♣♦✉r ♣r❡sq✉❡ t♦✉t x ❄ ▲❡ ♣r♦❜❧è♠❡ ♥✬❡st ❞♦♥❝ ♣❧✉s s❡✉❧❡♠❡♥t ❧❡ ✓ ♠❛♥q✉❡ ❞❡
❝♦♠♣❛❝✐té ✔ ❞❡ ❧✬❡s♣❛❝❡ ❢♦♥❝t✐♦♥♥❡❧ ❞❛♥s ❧❡q✉❡❧ ♦♥ s❡ ♣❧❛❝❡ ♠❛✐s ❜✐❡♥ ❧❛ ❞é✜♥✐t✐♦♥ ♠ê♠❡ ❞❡ ❧❛ q✉❛♥t✐té
q✉✐ ♥♦✉s ✐♥tér❡ss❡✳

❆✜♥ ❞❡ ♣❛❧❧✐❡r ❝❡tt❡ ❞✐✣❝✉❧té✱ ♦♥ ✉t✐❧✐s❡ ❧❛ ♥♦t✐♦♥ ❞✬❡s♣❛❝❡s ❞❡ ❙♦❜♦❧❡✈ ♣❛r r❛♣♣♦rt à ✉♥❡ ♠❡s✉r❡
q✉✐ ❞♦♥♥❡♥t ✉♥ s❡♥s ❛✉ ❣r❛❞✐❡♥t ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ✭♦✉ à s❛ ♠❛tr✐❝❡ ❥❛❝♦❜✐❡♥♥❡ s✬✐❧ s✬❛❣✐t ❞✬✉♥❡ ❢♦♥❝t✐♦♥ à
✈❛❧❡✉rs ✈❡❝t♦r✐❡❧❧❡s✮ ♣❛r r❛♣♣♦rt à ❝❡tt❡ ♠❡s✉r❡✳ ❇✐❡♥ q✉❡ ❝❡tt❡ ♥♦t✐♦♥ s♦✐t ❞é✜♥✐❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❣é♥ér❛❧
❞✬✉♥ ❡s♣❛❝❡ ♠étr✐q✉❡ ♠❡s✉ré q✉❡❧❝♦♥q✉❡ (X, d, µ) ✭❝❢✳ ❧❡s tr❛✈❛✉① ❞❡ ❍❛❥➟❛s③ ❡t ❛❧✳ ❬✹✽✱ ✹✾✱ ✺✵❪ ♦✉ ♣❧✉s
ré❝❡♠♠❡♥t ❆♠❜r♦s✐♦✱ ●✐❣❧✐ ❡t ❙❛✈❛ré ❬✺❪✮✱ ♥♦✉s ♥♦✉s ❝♦♥❝❡♥tr♦♥s ❞❛♥s ❝❡tt❡ t❤ès❡ s✉r ❧❡ ❝❛s ❞❡ ❧✬❡s♣❛❝❡
❡✉❝❧❞✐❡♥ Rd✳ ◗✉❡❧❧❡ q✉❡ s♦✐t ❧❛ ❢♦r♠❛❧✐s❛t✐♦♥ ♣ré❝✐s❡✱ ❧❡ rés✉❧t❛t s❡r❛ t♦✉❥♦✉rs ❧❡ s✉✐✈❛♥t ❞❛♥s ❧❡ ❝❛s ❞❡
♠❡s✉r❡s ❡t ❞❡ ❢♦♥❝t✐♦♥s ré❣✉❧✐èr❡s ✿ s✐

• M ❡st ✉♥ s♦✉s✲❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ str✐❝t ❞❡ Rd ❀

• ♦♥ s❡ ❞♦♥♥❡ ✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s (ei)1≤i≤d t❡❧ q✉❡ M = Vect(e1, . . . , ep) ❀

• µ ❡st ✉♥✐❢♦r♠❡ s✉r ✉♥ ♦✉✈❡rt ❜♦r♥é ♥♦♥ ✈✐❞❡ ❞❡ M

❛❧♦rs✱ ♣♦✉r ✉♥❡ ❢♦♥❝t✐♦♥ u ❞❡ ❝❧❛ss❡ C1 s✉r Rd✱ ❧❡ ❣r❛❞✐❡♥t ❞❡ u ♣❛r r❛♣♣♦rt à µ ❡st ❞é✜♥✐ ♣❛r

♣♦✉r µ✲♣r❡sq✉❡ t♦✉t x, ∇µu(x) = (∂1u(x), . . . , ∂pu(x), 0, . . . , 0)

❆✉tr❡♠❡♥t ❞✐t✱ ❧❡ ❣r❛❞✐❡♥t ❞❡ u ♣❛r r❛♣♣♦rt à µ ♥❡ ♣r❡♥❞ ❡♥ ❝♦♠♣t❡ q✉❡ ❧❡s ❞ér✐✈é❡s ❞❛♥s ❧❡s ❞✐r❡❝t✐♦♥s
t❛♥❣❡♥t❡s ❛✉ s✉♣♣♦rt ❞❡ µ✱ ❡t ❧❛ ♥♦r♠❡ ❙♦❜♦❧❡✈ ❞❡ u ❡st ❛❧♦rs ❞é✜♥✐❡ ♥❛t✉r❡❧❧❡♠❡♥t ♣❛r

||u||2H1
µ
= ||u||2L2

µ
+ ||∇µu||2L2

µ

❈❡tt❡ ❞é✜♥✐t✐♦♥ ❡st ❞✬❛✉t❛♥t ♣❧✉s ♥❛t✉r❡❧❧❡ q✉❡✱ ét❛♥t ❞♦♥♥é❡ ✉♥❡ ❢♦♥❝t✐♦♥ T ❞é✜♥✐❡ s❡✉❧❡♠❡♥t s✉r M ❡t
ré❣✉❧✐èr❡✱ ♦♥ ♣❡✉t ❞é✜♥✐r ♣❧✉s✐❡✉rs ❡①t❡♥s✐♦♥s ré❣✉❧✐èr❡s ❞❡ T à Rd ❞♦♥t ❧❡s ❣r❛❞✐❡♥ts ♥❡ s♦♥t ♣❛s é❣❛✉①
♠❛✐s ❞♦♥t ❧❡s ❞ér✐✈é❡s ❞❛♥s ❧❡s ❞✐r❡❝t✐♦♥s ❛♣♣❛rt❡♥❛♥t à M ✱ ❡❧❧❡s✱ ❝♦ï♥❝✐❞❡♥t s✉rM ✱ ❡t ✐❧ s✬❛❣✐t ❞❡ ♣r❡♥❞r❡
❧❛ ♣❧✉s é❝♦♥♦♠✐q✉❡ ♣♦ss✐❜❧❡✳

❚♦✉t❡s ❧❡s ❞é✜♥✐t✐♦♥s ét✉❞✐é❡s s♦♥t ❢❛✐t❡s ♣♦✉r q✉❡ ❝❡ ❝❛❧❝✉❧ s♦✐t ❛✉ss✐ ✈❛❧❛❜❧❡ ❧♦rsq✉✬♦♥ r❡♠♣❧❛❝❡ ❧❡
s♦✉s✲❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ M ♣❛r ✉♥❡ ✈❛r✐été ✭❡t ❧❡ ❣r❛❞✐❡♥t ♣❛r r❛♣♣♦rt à µ ❛✉ ♣♦✐♥t x s❡r❛ ❞♦♥♥é ♣❛r ❧❡s
❞ér✐✈é❡s ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ❧✬❡s♣❛❝❡ t❛♥❣❡♥t à M ❛✉ ♣♦✐♥t x✮✳
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❈❡tt❡ ❞é♠❛r❝❤❡ ❝♦♥❞✉✐t ❞♦♥❝ à ❞é✜♥✐r ❧✬❡s♣❛❝❡ t❛♥❣❡♥t à ✉♥❡ ♠❡s✉r❡ µ✱ ❡t ♣♦✉r ✉♥❡ ❢♦♥❝t✐♦♥ ré❣✉❧✐èr❡✱
❧❡ ❣r❛❞✐❡♥t ♣❛r r❛♣♣♦rt à µ s❡r❛ ❞♦♥♥é ♣♦♥❝t✉❡❧❧❡♠❡♥t ❡♥ µ✲♣r❡sq✉❡ t♦✉t ♣♦✐♥t x ♣❛r

∇µu(x) = pTµ(x)(∇u(x))

♦ù pTµ(x) r❡♣rés❡♥t❡ ❧❛ ♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡ ❞❛♥s Rd s✉r Tµ(x)✱ ❧✬❡s♣❛❝❡ t❛♥❣❡♥t à µ ❛✉ ♣♦✐♥t x✳
❉❛♥s ❧❡ ♣r❡♠✐❡r ❝❤❛♣✐tr❡ ❞❡ ❝❡tt❡ t❤ès❡✱ ♦♥ ❞♦♥♥❡ ❞♦♥❝ ✉♥ rés✉♠é ❞❡s ♥♦t✐♦♥s ❞é❥à ❝♦♥♥✉❡s s✉r

❧❡s ❡s♣❛❝❡s ❞❡ ❙♦❜♦❧❡✈ ♣❛r r❛♣♣♦rt à ✉♥❡ ♠❡s✉r❡ ✭❡♥ ❝♦♠♠❡♥ç❛♥t ❞❡ ❢❛ç♦♥ ♥❛t✉r❡❧❧❡ ♣❛r ❧❡s ❡s♣❛❝❡s
❞❡ ❙♦❜♦❧❡✈ à ♣♦✐❞s W 1,p

f ✮ ♣✉✐s ♦♥ ❝❤❡r❝❤❡ à ❧❡s ❛♣♣❧✐q✉❡r à ♥♦tr❡ t②♣❡ ❞❡ ♣r♦❜❧è♠❡ ✈❛r✐❛t✐♦♥♥❡❧✳ P♦✉r
❧❡s ❡s♣❛❝❡s ❞❡ ❙♦❜♦❧❡✈ ❞✉ t②♣❡ H1

µ✱ ❧❛ ♣r❡♠✐èr❡ ✈❡rs✐♦♥ ✈❡❝t♦r✐❡❧❧❡ ❡t ✈❛r✐❛t✐♦♥♥❡❧❧❡ ❞✉ ❣r❛❞✐❡♥t ♣❛r
r❛♣♣♦rt à ✉♥❡ ♠❡s✉r❡ ❛ été ✐♥tr♦❞✉✐t❡ ♣❛r ❇♦✉❝❤✐tté✱ ❇✉tt❛③③♦ ❡t ❙❡♣♣❡❝❤❡r ❞❛♥s ❬✶✹❪ ✭✈♦✐r ❛✉ss✐ ❧❛ t❤ès❡
❞❡ ❋r❛❣❛❧à ❬✹✶❪ ♦✉ ❧✬❛rt✐❝❧❡ ❬✶✻❪ ♣♦✉r ✉♥ ♣❛♥♦r❛♠❛ ❝♦♠♣❧❡t ❞❡ ❝❡s ♥♦t✐♦♥s✱ ❡t ❬✶✼❪ ♣♦✉r ❧❡s ❞é✜♥✐t✐♦♥s
❞✬❡s♣❛❝❡s ❞❡ ❙♦❜♦❧❡✈ ❞✬♦r❞r❡ ✷ ❞❛♥s ❝❡ ❝❛❞r❡✮ ❡t ❞✬❛✉tr❡s ❞é✜♥✐t✐♦♥s ♦♥t été ❞♦♥♥é❡s ♣❛r ❩❤✐❦♦✈ ❬✼✶✱ ✼✵❪✳
❯♥❡ ❢♦✐s ❞é✜♥✐ ♣r♦♣r❡♠❡♥t ❧❡ t❡r♠❡ ❡♥ ❣r❛❞✐❡♥t DµT ✱ ❧❛ q✉❡st✐♦♥ ❝❡♥tr❛❧❡ s❡r❛ t♦✉❥♦✉rs ❧❛ s✉✐✈❛♥t❡ ✿
❡①✐st❡✲t✲✐❧ ✉♥ rés✉❧t❛t ❞❡ ❝♦♠♣❛❝✐té ✭❞✉ t②♣❡ ❞✉ t❤é♦rè♠❡ ❞❡ ❘❡❧❧✐❝❤ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❙♦❜♦❧❡✈ ❝❧❛ss✐q✉❡
H1✮✱ q✉✐ ♣❡r♠❡t ❞✬❡①tr❛✐r❡ ❞✬✉♥❡ s✉✐t❡ ♠✐♥✐♠✐s❛♥t❡ (Tn)n ✉♥❡ s♦✉s✲s✉✐t❡ (Tnk

)k ❛②❛♥t ✉♥❡ ❧✐♠✐t❡ T ♣♦✉r
✉♥ ♠♦❞❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❣❛r❛♥t✐ss❛♥t q✉❡ ❝❡tt❡ ❧✐♠✐t❡ s♦✐t t♦✉❥♦✉rs ✉♥ tr❛♥s♣♦rt ❄

▲❛ ré♣♦♥s❡ ❡st ❝♦♥♥✉❡ ✭❡t ♣♦s✐t✐✈❡✮ ❞❛♥s ❝❡rt❛✐♥s ❝❛s ♣❛rt✐❝✉❧✐❡rs ❡♥ ❞✐♠❡♥s✐♦♥ q✉❡❧❝♦♥q✉❡ ✭♠❡s✉r❡s
❞♦✉❜❧❛♥t❡s✮ ♣♦✉r ❧❡sq✉❡❧s ❞❡s rés✉❧t❛ts ❛♥❛❧♦❣✉❡s ❛✉ t❤é♦rè♠❡ ❞❡ ❘❡❧❧✐❝❤ ❡①✐st❡♥t ❬✺✵❪✳ ◆♦✉s ♠♦♥tr♦♥s
❞❛♥s ❝❡ ❝❤❛♣✐tr❡ q✉✬❡❧❧❡ ❡st r❡st❡ ♣♦s✐t✐✈❡ ❡♥ ❞✐♠❡♥s✐♦♥ 1 s❛♥s ❤②♣♦t❤ès❡ s✉r ❧❛ ♠❡s✉r❡ ✱ ❣râ❝❡ ❛✉ rés✉❧t❛t
s✉✐✈❛♥t q✉✐ ❞♦♥♥❡ ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ❝♦♠♣❧èt❡ ❞❡ ❧✬❡s♣❛❝❡ t❛♥❣❡♥t ❡t ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❙♦❜♦❧❡✈ ♣❛r r❛♣♣♦rt à
µ s✉r ❧❛ ❞r♦✐t❡ ré❡❧❧❡ ✿

❚❤é♦rè♠❡ ✭✶✳✸✳✶✱ ♣❛r❛❣r❛♣❤❡ ✶✳✸✮✳ ❙♦✐t µ ✉♥❡ ♠❡s✉r❡ ♣♦s✐t✐✈❡ ✜♥✐❡ s✉r ✉♥ ✐♥t❡r✈❛❧❧❡ I ❞❡ R✳ ❖♥ ♥♦t❡
µ = µa + µs ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ▲❡❜❡s❣✉❡ ❞❡ µ✱ ♦ù µa ❡st ❛❜s♦❧✉♠❡♥t ❝♦♥t✐♥✉❡ ♣❛r r❛♣♣♦rt à ❧❛ ♠❡s✉r❡
❞❡ ▲❡❜❡s❣✉❡ ❡t ❛ ♣♦✉r ❞❡♥s✐té f ✱ ❡t µs ❡st ❝♦♥❝❡♥tré❡ s✉r ✉♥ s♦✉s✲❡♥s❡♠❜❧❡ A ❞❡ I ❞❡ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡
♥✉❧❧❡✳ ❙♦✐t

M =

{
x ∈ I : ∀ε > 0,

∫ x+ε

x−ε

❞t
f(t)

= +∞
}

❆❧♦rs ❧✬❡s♣❛❝❡ t❛♥❣❡♥t à µ ❡st ❞♦♥♥é ❡♥ µ✲♣r❡sq✉❡ t♦✉t ♣♦✐♥t x ♣❛r

Tµ(x) =

{
0 s✐ x ∈M ∪A
R s✐♥♦♥

❛✈❡❝ ❧❡ ❝♦r♦❧❧❛✐r❡ s✉✐✈❛♥t s✉r ❧❛ str✉❝t✉r❡ ❞❡ ❧✬❡s♣❛❝❡ H1
µ(R) ✿

❈♦r♦❧❧❛✐r❡ ✭✶✳✸✳✶✱ ♣❛r❛❣r❛♣❤❡ ✶✳✸✮✳ ❖♥ ❛❞♦♣t❡ ❧❡s ♠ê♠❡s ♥♦t❛t✐♦♥s ❡t ❤②♣♦t❤ès❡s q✉❡ ❞❛♥s ❧❡ t❤é♦rè♠❡
♣ré❝é❞❡♥t✳

• ▲✬❡♥s❡♠❜❧❡ M ❡st ✉♥ ❢❡r♠é ❞❡ I✳ ❉❡ ♣❧✉s✱ ♣♦✉r t♦✉t é❧é♠❡♥t u ❞❡ L2
µ✱ ❧❛ ❢♦♥❝t✐♦♥ u|I−M ❡st ✉♥

é❧é♠❡♥t ❞❡ L1
loc(I −M) ❡t ❛❞♠❡t ❞♦♥❝ ✉♥❡ ❞ér✐✈é❡ ❛✉ s❡♥s ❞❡s ❞✐str✐❜✉t✐♦♥s✳

• ❯♥ é❧é♠❡♥t u ❞❡ L2
µ(I) ❡st ❞❛♥s H

1
µ(I) s✐ ❡t s❡✉❧❡♠❡♥t s✐ ❝❡tt❡ ❞ér✐✈é❡ ❛✉ s❡♥s ❞❡s ❞✐str✐❜✉t✐♦♥s ❡st

✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ L2
f (I −M)✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❛ ♥♦r♠❡ ❞❡ u ❞❛♥s H1

µ(I) ❡st ❞♦♥♥é❡ ♣❛r

||u||2H1
µ(I)

= ||u||2L2
µ(I)

+ ||(u|I−M )′||2L2
f (I−M)

◆♦t♦♥s q✉❡ ❧❡ ❢❛✐t q✉❡ ❧✬❡s♣❛❝❡ H1
µ ❞♦♥♥❡ ✉♥ rô❧❡ ♣❛rt✐❝✉❧✐❡r ❛✉① ♣♦✐♥ts ❛✉t♦✉r ❞❡sq✉❡❧s 1/f ❡st

✐♥té❣r❛❜❧❡ ♥✬❡st ♣❛s s✉r♣r❡♥❛♥t ✿ s✐ x ❡st ✉♥ t❡❧ ♣♦✐♥t✱ ❧✬✐♥é❣❛❧✐té ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ❞♦♥♥❡ ♣♦✉r t♦✉t❡
❢♦♥❝t✐♦♥ u t❡❧❧❡ q✉❡ u2f s♦✐t ✐♥té❣r❛❜❧❡

∫

B(x,ε)

|u(t)| ❞t =
∫

B(x,ε)

|u(t)|
√
f(t)

❞t
f(t)

≤
(∫

Ω

u(t)2f(t) ❞t

)1/2
(∫

B(x,ε)

❞t
f(t)

)1/2



✽ ■♥tr♦❞✉❝t✐♦♥

❡t ❞♦♥❝ u ❡st ✐♥té❣r❛❜❧❡ ❛✉t♦✉r ❞❡ x✳ ❈❡ ❝❛❧❝✉❧ ❥✉st✐✜❡ ❞✬❛✐❧❧❡✉rs q✉❡ t♦✉t❡ ❢♦♥❝t✐♦♥ ❞❡ L2
µ ❡st ❧♦❝❛❧❡♠❡♥t

✐♥té❣r❛❜❧❡ ❡♥ ❞❡❤♦rs ❞❡ ❧✬❡♥s❡♠❜❧❡M q✉✐ ❝♦♥st✐t✉❡ ✉♥❡ s♦rt❡ ❞✬❡♥s❡♠❜❧❡ ❝r✐t✐q✉❡ ♣♦✉r ❧✬❡s♣❛❝❡ ❞❡ ❙♦❜♦❧❡✈
à ♣♦✐❞s H1

f ✳ ❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡s ❡s♣❛❝❡s ❞❡ ❙♦❜♦❧❡✈ à ♣♦✐❞s q✉✐ ❝♦♥st✐t✉❡♥t ♠❛✐♥t❡♥❛♥t ✉♥ ♦✉t✐❧
❝❧❛ss✐q✉❡✱ ❧✬❛rt✐❝❧❡ ❞❡ ❆✳ ❑✉❢♥❡r ❡t ❇✳ ❖♣✐❝✱ ❛✉ t✐tr❡ ❡①♣❧✐❝✐t❡ ❍♦✇ t♦ ❞❡✜♥❡ r❡❛s♦♥❛❜❧② ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈
s♣❛❝❡s ❬✺✺❪✱ ❞♦♥♥❡ ✉♥ ♣❛♥♦r❛♠❛ ❣❧♦❜❛❧ ❞❡s ❞é✜♥✐t✐♦♥s ❡t ♣r♦♣r✐étés ❞❡ ❝❡s ❡s♣❛❝❡s ✭✈♦✐r ❛✉ss✐ ❧❡ ♣❛r❛❣r❛♣❤❡
✶✳✷✳✶ ❞❡ ❝❡tt❡ t❤ès❡✮✳

P♦✉r ♥♦tr❡ ♣r♦❜❧è♠❡ ✈❛r✐❛t✐♦♥♥❡❧✱ ♦♥ ❞é❞✉✐t ❞❡ ❝❡tt❡ ❞❡s❝r✐♣t✐♦♥ ❧❡ rés✉❧t❛t s✉✐✈❛♥t ✿ ❞❡ t♦✉t❡ s✉✐t❡
(Tn)n q✉✐ ❡st ❜♦r♥é❡ ❞❛♥s H1

µ(I)✱ ♦♥ ♣❡✉t ❡①tr❛✐r❡ ✉♥❡ s✉✐t❡ (Tnk
)k q✉✐ ❝♦♥✈❡r❣❡ ✈❡rs ✉♥❡ ❢♦♥❝t✐♦♥ T

❡♥ ♣r❡sq✉❡ t♦✉t ♣♦✐♥t ♦ù ❧✬❡s♣❛❝❡ t❛♥❣❡♥t à µ ❡st R✳ ❈❡ ♥✬❡st ♣❛s s✉✣s❛♥t ♣♦✉r ❞✐r❡ ❞✐r❡❝t❡♠❡♥t q✉❡✱ s✐
❝❤❛q✉❡ Tnk

❡st ✉♥ tr❛♥s♣♦rt✱ ❧❛ ❧✐♠✐t❡ T ❡st ❡❧❧❡ ❛✉ss✐ ✉♥ tr❛♥s♣♦rt✱ ♠❛✐s ♦♥ ♣❛r✈✐❡♥t t♦✉t ❞❡ ♠ê♠❡ à
❝♦♥str✉✐r❡ ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ♥♦tr❡ ♣r♦❜❧è♠❡ ✈❛r✐❛t✐♦♥♥❡❧ ❡♥ ♠♦❞✐✜❛♥t ❧❛ s✉✐t❡ ♠✐♥✐♠✐s❛♥t❡ ❧à ♦ù ❡❧❧❡ ♥❡
❝♦♥✈❡r❣❡ ♣❛s✳ ❖♥ ♦❜t✐❡♥t ❛✐♥s✐ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ♠✐♥✐♠✐s❡✉r ♣♦✉r ❧❡ ♣r♦❜❧è♠❡

inf

{∫

I

((T (x)− x)2 + (∇µT (x))
2) ❞µ(x) : T#µ = ν

}

❖♥ ❞♦♥♥❡ é❣❛❧❡♠❡♥t ❞❡✉① ❡①❡♠♣❧❡s ❞❡ ❞❡♥s✐tés f1✱ f2 ❞é✜♥✐❡s s✉r ❧❡ ♣❧❛♥✱ str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡s s✉r ❧❡
❝❛rré (0, 1)2✱ t❡❧❧❡s q✉❡ ∫

B(x,ε)

❞t
f1(t)

=

∫

B(x,ε)

❞t
f2(t)

= +∞

♣♦✉r t♦✉t x ∈ (0, 1)2 ❡t ε > 0✱ ❡t t❡❧❧❡s q✉❡ ❧❡s ♠❡s✉r❡s ❛ss♦❝✐é❡s µ1✱ µ2 ✈❡r✐✜❡♥t ✿

♣♦✉r µ1✲♣r❡sq✉❡ t♦✉t x, Tµ1
(x) = R · e1

❡t
♣♦✉r µ2✲♣r❡sq✉❡ t♦✉t x, Tµ2

(x) = R2

❆✉tr❡♠❡♥t ❞✐t ✿

• ❧✬❡s♣❛❝❡ t❛♥❣❡♥t à ✉♥❡ ♠❡s✉r❡ ♣❡✉t êtr❡ ✉♥ s♦✉s✲❡s♣❛❝❡ str✐❝t ❡t ♥♦♥ tr✐✈✐❛❧ ❞❡ Rd ❜✐❡♥ q✉❡ ❝❡tt❡
♠❡s✉r❡ s♦✐t ❛❜s♦❧✉♠❡♥t ❝♦♥t✐♥✉❡ ♣❛r r❛♣♣♦rt à ❧❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ ✭♣r❡♠✐❡r ❡①❡♠♣❧❡✮ ❀

• ♦♥ ♣❡✉t ❛✈♦✐r ✉♥ ❡s♣❛❝❡ t❛♥❣❡♥t é❣❛❧ à ❧✬❡s♣❛❝❡ ❡♥t✐❡r Rd ♣♦✉r ✉♥❡ ♠❡s✉r❡ à ❞❡♥s✐té ❞♦♥t ❧✬✐♥✈❡rs❡
♥✬❡st ♣♦✉rt❛♥t ✐♥té❣r❛❜❧❡ s✉r ❛✉❝✉♥ ♦✉✈❡rt ✭❞❡✉①✐è♠❡ ❡①❡♠♣❧❡✮✳

▲❛ ❞❡s❝r✐♣t✐♦♥ ♣ré❝✐s❡ ❞❡ ❧✬❡s♣❛❝❡ t❛♥❣❡♥t à ✉♥❡ ♠❡s✉r❡ q✉❡❧❝♦♥q✉❡ µ ❡♥ t♦✉t❡ ❞✐♠❡♥s✐♦♥ r❡st❡ ♣♦✉r ❧❡
♠♦♠❡♥t ✐♥❝♦♥♥✉❡✱ ♠❛✐s ♥♦✉s s♦♠♠❡s ♥é❛♥♠♦✐♥s ❝❛♣❛❜❧❡s ❞❛♥s ❧❡s ❞❡✉① ❡①❡♠♣❧❡s ❝✐tés ❞❡ ❞é♠♦♥tr❡r
❧✬❡①✐st❡♥❝❡ ❞❡ s♦❧✉t✐♦♥s à ❝❡rt❛✐♥s ♣r♦❜❧è♠❡s ✈❛r✐❛t✐♦♥♥❡❧s ❢❛✐s❛♥t ✐♥t❡r✈❡♥✐r ❧❡ ❣r❛❞✐❡♥t ✭♣❛r r❛♣♣♦rt à µ✮
❛✈❡❝ ♠❡s✉r❡ ✐♠❛❣❡ ♣r❡s❝r✐t❡ ❞❛♥s ❝❡s ❞❡✉① ❡①❡♠♣❧❡s✳ Pré❝✐sé♠❡♥t✱ ❞❛♥s ❧❡ ❝❛s ❞❡ µ1 ♣♦✉r ❧❛q✉❡❧❧❡ ❧✬❡s♣❛❝❡
t❛♥❣❡♥t ❡st ❞❡ ❞✐♠❡♥s✐♦♥ ✶✱ ♦♥ ❞é♠♦♥tr❡ q✉❡

inf
{
||∇µT (x)||2L2

µ1
: T ∈ H1

µ1
(Ω), T#µ1 = ν

}

❛❞♠❡t ✉♥❡ s♦❧✉t✐♦♥ ✭t♦✉❥♦✉rs s♦✉s rés❡r✈❡ q✉❡ ❧❛ ❝❧❛ss❡ ❞❡ tr❛♥s♣♦rts ❙♦❜♦❧❡✈ ❞❡ µ à ν s♦✐t ♥♦♥ ✈✐❞❡✮ ❀
❞❛♥s ❧❡ ❝❛s ❞❡ µ2✱ ♦♥ ❛rr✐✈❡ ♠ê♠❡ à ♠♦♥tr❡r q✉❡ ❧✬✐♥❥❡❝t✐♦♥ H1

µ2
⊂ L2

µ2
❡st ❝♦♠♣❛❝t❡ ✭❚❤é♦rè♠❡ ✶✳✹✳✸✮ ❝❡

q✉✐ s✉✣t à ❞é♠♦♥tr❡r ❧✬❡①✐st❡♥❝❡ ❞❡ s♦❧✉t✐♦♥s à ❞❡s ♣r♦❜❧è♠❡s ❞❡ tr❛♥s♣♦rt ❛✈❡❝ ❣r❛❞✐❡♥t ♣❧✉s ❣é♥ér❛✉①✳
❯♥❡ ♣❛rt✐❡ ❝♦♥séq✉❡♥t❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❛ été ♣✉❜❧✐é❡ ❞❛♥s ❬✺✽❪ ✭♠❛✐s ❝❡tt❡ t❤ès❡ ❝♦♠♣♦rt❡ q✉❡❧q✉❡s

❛♠é❧✐♦r❛t✐♦♥s ❡t ♥♦✉✈❡❛✉① rés✉❧t❛ts ❛❜s❡♥ts ❞❛♥s ❧✬❛rt✐❝❧❡✮✳

✵✳✸✳✷ ❈♦♥❞✐t✐♦♥s ❞✬♦♣t✐♠❛❧✐té ❡t ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡s ♠✐♥✐♠✐s❡✉rs

▲❡ ❞❡✉①✐è♠❡ ❝❤❛♣✐tr❡ ❞❡ ❧❛ t❤ès❡ ❡st ❝♦♥s❛❝ré❡ à ❧❛ q✉❡st✐♦♥ s✉✐✈❛♥t❡ ✿ s♦✉s ❞❡s ❤②♣♦t❤ès❡s ❣❛r❛♥t✐ss❛♥t
❧❡s rés✉❧t❛ts ❞✬❡①✐st❡♥❝❡✱ q✉❡❧❧❡s s♦♥t ❡✛❡❝t✐✈❡♠❡♥t ❧❡s s♦❧✉t✐♦♥s ❞❡ ♥♦s ♣r♦❜❧è♠❡s ✈❛r✐❛t✐♦♥♥❡❧s ❄



✵✳✸✳ ❈❖◆❚❘■❇❯❚■❖◆❙ ❊❚ ❖❘●❆◆■❙❆❚■❖◆ ❉❊ ▲❆ ❚❍➮❙❊ ✾

❖♣t✐♠❛❧✐té ❞✉ tr❛♥s♣♦rt ❝r♦✐ss❛♥t ❡♥ ✶❉ ♣♦✉r ❧❡ ❝♦ût ❙♦❜♦❧❡✈✳ ❉❛♥s ❧❡ ❝❛s ❞✉ ♣r♦❜❧è♠❡ ❞✉
tr❛♥s♣♦rt ♦♣t✐♠❛❧ ❛✈❡❝ ❝♦ût q✉❛❞r❛t✐q✉❡✱ ♦♥ s❛✐t ❞❡♣✉✐s ❧❡s tr❛✈❛✉① ❞❡ ❇r❡♥✐❡r q✉❡ ❧❛ s♦❧✉t✐♦♥ ❛ ❧❛ str✉❝t✉r❡
♣❛rt✐❝✉❧✐èr❡ s✉✐✈❛♥t❡ ✿ s✐ ❧❛ ♠❡s✉r❡ µ ❡st ❛❜s♦❧✉♠❡♥t ❝♦♥t✐♥✉❡ ♣❛r r❛♣♣♦rt à ❧❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡✱ ❧❡
tr❛♥s♣♦rt ♦♣t✐♠❛❧ ❡st ❧✬✉♥✐q✉❡ ❛♣♣❧✐❝❛t✐♦♥ T q✉✐ ❡♥✈♦✐❡ ❡✛❡❝t✐✈❡♠❡♥t µ s✉r ν ❡t q✉✐ ❡st é❣❛❧ ❛✉ ❣r❛❞✐❡♥t
❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❞❛♥s ❧❡ ❝❛s ✉♥✐❞✐♠❡♥s✐♦♥❡❧✱ ❝❡❧❛ s✐❣♥✐✜❡ q✉❡ T ❡st ❧✬✉♥✐q✉❡ ❢♦♥❝t✐♦♥
❝r♦✐ss❛♥t❡ q✉✐ tr❛♥s♣♦rt❡ µ s✉r ν✱ rés✉❧t❛t q✉✐ ❡st ✈r❛✐ ❡♥ ❞✐♠❡♥s✐♦♥ ✶ ♣♦✉r t♦✉t ❝♦ût ❞❡ tr❛♥s♣♦rt q✉✐ ❡st
✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡ ❞❡ ❧❛ ❞✐st❛♥❝❡ ✭c(x, y) = h(x − y) ❛✈❡❝ h ❝♦♥✈❡①❡✮✳ ▲❛ ♣r❡♠✐èr❡ q✉❡st✐♦♥ ❡st ❞♦♥❝
❞❡ s❛✈♦✐r s✐ ❝❡tt❡ ♣r♦♣r✐été ♣❡rs✐st❡ ♣♦✉r ❞❡s ♣r♦❜❧è♠❡s ✈❛r✐❛t✐♦♥♥❡❧s ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❛ ❞ér✐✈é❡ ❞❡ ❧❛
❢♦♥❝t✐♦♥✳ ▲❛ ré♣♦♥s❡ ❡st ♣♦s✐t✐✈❡ s♦✉s ❞❡ ❜♦♥♥❡s ❤②♣♦t❤ès❡s s✉r ❧❛ ♠❡s✉r❡ ❞❡ ❞é♣❛rt ❡t ♥é❣❛t✐✈❡ s✐♥♦♥ ✭❡t
❧✬♦♥ ♣❡✉t ❢♦✉r♥✐r ❞❡s ❝♦♥tr❡✲❡①❡♠♣❧❡s✮✳ ❙✐ ❧❛ ♠❡s✉r❡ ❞❡ ❞é♣❛rt ❡st é❣❛❧❡ à ❧❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡✱ ❧❡ ♣♦✐♥t
✐♠♣♦rt❛♥t ❡st ❧✬✐♥é❣❛❧✐té s✉✐✈❛♥t❡ ✭♣✉❜❧✐é❡ ❛✈❡❝ ❋✳ ❙❛♥t❛♠❜r♦❣✐♦ ❞❛♥s ❬✺✾❪✮ ✿

❚❤é♦rè♠❡ ✭✷✳✶✳✷✱ ♣❛r❛❣r❛♣❤❡ ✷✳✶✳✶✮✳ ❙♦✐t I ✉♥ ✐♥t❡r✈❛❧❧❡ ❞❡ R ❡t f ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡ ❝r♦✐ss❛♥t❡
R → R✳ ❙♦✐t U ✉♥❡ ❢♦♥❝t✐♦♥ à ✈❛❧❡✉rs ré❡❧❧❡s ❛♣♣❛rt❡♥❛♥t à ❧✬❡s♣❛❝❡ ❞❡ ❙♦❜♦❧❡✈ W 1,1(I)✳ ❙♦✐t T ✉♥❡
❢♦♥❝t✐♦♥ ❝r♦✐ss❛♥t❡ I → R✳ ❖♥ s✉♣♣♦s❡ q✉❡ U ❡t T ❡♥✈♦✐❡♥t ❧❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ r❡str❡✐♥t❡ à I s✉r ❧❛
♠ê♠❡ ♠❡s✉r❡ ✐♠❛❣❡✳ ❆❧♦rs ❧✬✐♥é❣❛❧✐té s✉✐✈❛♥t❡ ❡st ✈ér✐✜é❡ ✿

∫

I

f(|U ′(x)|) ❞x ≥
∫

I

f(n(x)T ′(x)) ❞x ✭✷✮

♦ù ❧✬♦♥ ❛ ♥♦té✱ ♣♦✉r x ∈ I✱
n(x) = #(U−1({T (x)}))

❧❡ ♥♦♠❜r❡ ❞✬❛♥té❝é❞❡♥ts ❞❡ T (x) ♣❛r U ✳

❉❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ♠❡s✉r❡ ❞✐✛ér❡♥t❡ ❞❡ ❧❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡✱ ♦♥ ♣❡✉t ♦❜t❡♥✐r ✉♥ rés✉❧t❛t ✉♥ ♣❡✉
♣❧✉s ❢❛✐❜❧❡ s✐ s❛ ❞❡♥s✐té ✓ ♥✬♦s❝✐❧❧❡ ♣❛s tr♦♣ ✔ ✿

❚❤é♦rè♠❡ ✭✷✳✶✳✸✱ ♣❛r❛❣r❛♣❤❡ ✷✳✶✳✶✮✳ ❙♦✐t I ✉♥ ✐♥t❡r✈❛❧❧❡ ❞❡ R ❡t f ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡ ❝r♦✐ss❛♥t❡
R → R✳ ❙♦✐t µ ✉♥❡ ♠❡s✉r❡ ❞❡ ♣r♦❜❛❜✐❧✐té s✉r I✱ ❛❜s♦❧✉♠❡♥t ❝♦♥t✐♥✉❡ ♣❛r r❛♣♣♦rt à ❧❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡✱
❞♦♥t ❧❛ ❞❡♥s✐té g ✈ér✐✜❡

inf g

sup g
≥ 1

2

❙♦✐t U ∈W 1,1(I)✳ ❙♦✐❡♥t T1 : I → R ❝r♦✐ss❛♥t❡ ❡t T2 : I → R ❞é❝r♦✐ss❛♥t❡✱ t❡❧❧❡s q✉❡ (T1)#µ = (T2)#µ =
U#µ✳ ❆❧♦rs ❧✬✉♥❡ ❞❡s ❞❡✉① é❣❛❧✐tés s✉✐✈❛♥t❡s ❡st ✈r❛✐❡ ✿

∫

I

f(|U ′(x)|)g(x) ❞x ≥
∫

I

f(T ′
1(x))g(x) ❞x ♦✉

∫

I

f(|U ′(x)|)g(x) ❞x ≥
∫

I

f(−T ′
2(x))g(x) ❞x

❈♦♠♠❡♥t❛✐r❡s s✉r ❝❡s ❞❡✉① rés✉❧t❛ts✳ ▲❡ t❤é♦rè♠❡ ✷✳✶✳✷ ❡①♣r✐♠❡ ♥♦♥ s❡✉❧❡♠❡♥t q✉❡ ❧❛ ❢♦♥❝t✐♦♥
❝r♦✐ss❛♥t❡ ❡♥✈♦②❛♥t ❧❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ s✉r ✉♥❡ ♠❡s✉r❡ ✐♠❛❣❡ ♣r❡s❝r✐t❡ ❡st ❛❧♦rs ♦♣t✐♠❛❧ ♣♦✉r

∫
I
f(|T ′|)

❛✈❡❝ ❝♦♥tr❛✐♥t❡ s✉r ❧❛ ♠❡s✉r❡ ✐♠❛❣❡ ✭s✐ U ❡st ✉♥ ❝♦♠♣ét✐t❡✉r✱ ✐❧ ❞♦✐t ❛✈♦✐r ❧❡ ♠ê♠❡ ❡♥s❡♠❜❧❡ ✐♠❛❣❡ q✉❡
T ❝❡ q✉✐ ✐♠♣❧✐q✉❡ ♥é❝❡ss❛✐r❡♠❡♥t n ≥ 1 ❡t

∫
I
f(|U ′|) ≥

∫
I
f(T ′) ♣❛r ❝r♦✐ss❛♥❝❡ ❞❡ f✮ ♠❛✐s ❞♦♥♥❡ ❡♥

♣❧✉s ✉♥s ❡st✐♠❛t✐♦♥ ❞❡ ❝❡ q✉❡ ❧✬♦♥ ❣❛❣♥❡ à ❝❤♦✐s✐r ❝❡tt❡ ❢♦♥❝t✐♦♥ ❝r♦✐ss❛♥t❡ ✿ ❧❛ ♣rés❡♥❝❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ n
❡①♣r✐♠❡ q✉❡ ❧✬♦♥ ❛ ✐♥térêt à ❝❤♦✐s✐r ✉♥ tr❛♥s♣♦rt t❡❧ q✉❡ n(x) s♦✐t ❧❡ ♣❧✉s ♣❡t✐t ♣♦ss✐❜❧❡✱ ❝✬❡st✲à✲❞✐r❡ q✉✐
♦s❝✐❧❧❡ ❧❡ ♠♦✐♥s ♣♦ss✐❜❧❡ s✉r I✱ ❡♥ ét❛♥t ❧❡ ♣❧✉s ✐♥❥❡❝t✐❢ ♣♦ss✐❜❧❡✳ ❊♥ ❢❛✐t✱ ♦♥ ♣❡✉t ❞é♠♦♥tr❡r ✉♥❡ ✐♥é❣❛❧✐té
✉♥ ♣❡✉ ♣❧✉s ❢♦rt❡ q✉❡ ❧✬✐♥é❣❛❧✐té ✭✷✮ s❛♥s ❧✬❤②♣♦t❤ès❡ q✉❡ µ ❡st ❧❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ ❡t s✐ U ❛ss❡③
ré❣✉❧✐èr❡ ✭♠♦♥♦t♦♥❡ ♣❛r ♠♦r❝❡❛✉① ❡t C1 s✉r ❝❡s ♠♦r❝❡❛✉①✮✱ à s❛✈♦✐r ✿ s✐ T ❡st ♠♦♥♦t♦♥❡ s✉r I ❡t s✐
T#µ = U#µ ❛❧♦rs ∫

I

f(|U ′(x)|)g(x) ❞x ≥
∫

I

f

(
inf g

sup g
n(y)|T ′(y)|

)
❞y



✶✵ ■♥tr♦❞✉❝t✐♦♥

✭❝❢✳ ♣r♦♣♦s✐t✐♦♥ ✷✳✶✳✹✱ ♣❛r❛❣r❛♣❤❡ ✷✳✶✳✷✮✳ ❈❡tt❡ ✐♥é❣❛❧✐té ✐♠♣❧✐q✉❡ ❞✐r❡❝t❡♠❡♥t ❧❡ t❤é♦rè♠❡ ✷✳✶✳✷ ❞❛♥s ❝❡
❝❛s✱ ❛✐♥s✐ q✉❡ ❧❡ t❤é♦rè♠❡ ✷✳✶✳✸ ✭❡♥ s❡ r❡str❡✐❣♥❛♥t à ✉♥ s♦✉s✲✐♥t❡r✈❛❧❧❡ ❞❡ I s✉r ❧❡q✉❡❧ n ≥ 2✱ ❞❡ s♦rt❡
q✉❡ n inf g

sup g ≥ 1✮✳ ▲❡ ♣♦✐♥t ✐♠♣♦rt❛♥t ♣♦✉r ❧❛ ❞é♠♦♥tr❡r ❡st q✉✬♦♥ ♣❡✉t ❞❛♥s ❝❡ ❝❛s ❞♦♥♥❡r ✉♥❡ ❢♦r♠✉❧❡
❡①♣❧✐❝✐t❡ ♣♦✉r ❧❛ ❞❡♥s✐té ❞❡ ❧❛ ♠❡s✉r❡ ✐♠❛❣❡ ✿ s✐ T ❡st str✐❝t❡♠❡♥t ♠♦♥♦t♦♥❡✱ ❛❧♦rs

(U#g)(y) =
∑

z:U(z)=y

g(z)

|U ′(z)| = (T#g)(y) =
g(T−1(y))

|T ′(T−1(y))|

♦ù ❧❛ s♦♠♠❡ ❝♦♠♣♦rt❡ n(x) t❡r♠❡s s✐ y = T (x) ❀ ✐♥❢♦r♠❡❧❧❡♠❡♥t✱ ❝❡❝✐ s✉❣❣èr❡ ❞é❥à q✉❡✱ s✐ ❧❡s ✈❛❧❡✉rs ❞❡
g ❛✉① ♣♦✐♥ts ❝♦♥s✐❞érés s♦♥t ♣r♦❝❤❡s ✭❡♥ ♣❛rt✐❝✉❧✐❡r s✐ ❡❧❧❡ ❡st ❝♦♥st❛♥t❡✮✱ U ′ ✓ ❡st ❞✬❛✉t❛♥t ♣❧✉s ❣r❛♥❞
q✉❡ n ❡st ❣r❛♥❞ ✔✳ ▲❛ ❞é♠♦♥str❛t✐♦♥ ❡st ❡♥ ❢❛✐t ❛ss❡③ s✐♠♣❧❡ ❞❛♥s ❝❡ ❝❛s✱ ❧❡ ♣♦✐♥t t❡❝❤♥✐q✉❡ ét❛♥t ❞❡
❣é♥ér❛❧✐s❡r à ✉♥❡ ❢♦♥❝t✐♦♥ U q✉❡❧❝♦♥q✉❡ ❡♥ ❧✬❛♣♣r♦①✐♠❛♥t ♣❛r ✉♥❡ s✉✐t❡ ❞❡ ❢♦♥❝t✐♦♥s (Uk)k ❡t ❡♥ ❢❛✐s❛♥t
♣❛ss❡r à ❧❛ ❧✐♠✐t❡ ❧✬✐♥é❣❛❧✐té ✭✷✮ ✈r❛✐❡ ♣♦✉r t♦✉t k ✭♠❛✐s ❛✈❡❝ ❧❡s ❢♦♥❝t✐♦♥s ❝♦rr❡s♣♦♥❞❛♥t❡s Tk ❡t nk✮✳

❉❛♥s ❧❡ ❝❛s ♦ù ❧✬❤②♣♦t❤ès❡ s✉r g ♥✬❡st ♣❧✉s ✈ér✐✜é❡✱ ♦♥ ♣❡✉t tr♦✉✈❡r ✉♥ ❝♦♥tr❡✲❡①❡♠♣❧❡ très s✐♠♣❧❡ à
❧✬♦♣t✐♠❛❧✐té ❞✉ tr❛♥s♣♦rt ❝r♦✐ss❛♥t ✿ ❡♥ ❝♦♥s✐❞ér❛♥t ❧❛ ❢♦♥❝t✐♦♥ U ✓ tr✐❛♥❣❧❡ ✔ s✉r [0, 1]✱ ✐✳❡✳

U(x) =





2x s✐ 0 ≤ x ≤ 1

2

2(1− x) s✐
1

2
≤ x ≤ 1

✐❧ ❡st ❢❛❝✐❧❡ ❞❡ ❝♦♥str✉✐r❡ ✉♥❡ ♠❡s✉r❡ µ ❞♦♥t ❧❛ ❞❡♥s✐té ♣r❡♥❞ ❞❡✉① ✈❛❧❡✉rs s✉r [0, 1] ❡t t❡❧❧❡ q✉❡✱ s✐ T ❡st
❧❡ tr❛♥s♣♦rt ❝r♦✐ss❛♥t ❡♥✈♦②❛♥t µ s✉r U#µ✱ ♦♥ ❛✐t ♣❛r ❡①❡♠♣❧❡ ❧✬✐♥é❣❛❧✐té str✐❝t❡

∫ 1

0

|T ′|2 ❞µ >
∫ 1

0

|U ′|2 ❞µ

❈♦♥séq✉❡♥❝❡s ♣♦✉r ♥♦s ♣r♦❜❧è♠❡s ✈❛r✐❛t✐♦♥♥❡❧s✳ ❖♥ ❞é❞✉✐t ❞❡s t❤é♦rè♠❡s ✷✳✶✳✷ ❡t ✷✳✶✳✸✱ ❛✐♥s✐
q✉❡ ❞❡ ❧✬♦♣t✐♠❛❧✐té ❞é❥à ❝♦♥♥✉❡ ❞✉ T ❝r♦✐ss❛♥t ♣♦✉r ❧❡ ❝r✐tèr❡

∫
I
h(T (x) − x) ❞µ(x) s✐ h ❡st ❝♦♥✈❡①❡✱ ❧❡s

rés✉❧t❛ts ❞✬♦♣t✐♠❛❧✐té s✉✐✈❛♥ts ✿

Pr♦♣♦s✐t✐♦♥✳ ❙♦✐t f ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡ ❝r♦✐ss❛♥t❡ ❡t h ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡✳ ❙♦✐t I ✉♥ ✐♥t❡r✈❛❧❧❡
❞❡ R✳ ❙♦✐t ν ✉♥❡ ♠❡s✉r❡ ♣♦s✐t✐✈❡ s✉r R t❡❧❧❡ q✉✬✐❧ ❡①✐st❡ ❛✉ ♠♦✐♥s ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ W 1,1(I) ❡♥✈♦②❛♥t ❧❛
♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ r❡str❡✐♥t❡ à f s✉r ν✳ ❆❧♦rs ❧❡ tr❛♥s♣♦rt ❝r♦✐ss❛♥t ❡♥✈♦②❛♥t ❧❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡
r❡str❡✐♥t❡ à I s✉r ν ❡st ♦♣t✐♠❛❧ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡

inf

{∫

I

h(U(x)− x) ❞x+

∫

I

f(|U ′(x)|) ❞x : U#L1 = ν

}

❉❡ ♣❧✉s ✿

• T ❡st ❧✬✉♥✐q✉❡ ♦♣t✐♠✐s❡✉r s✐ h ❡st str✐❝t❡♠❡♥t ❝♦♥✈❡①❡ ❀

• s✐ h ❡st s❡✉❧❡♠❡♥t ❝♦♥✈❡①❡ ♠❛✐s s✐ ❞❡ ♣❧✉s f ❡st str✐❝t❡♠❡♥t ❝r♦✐ss❛♥t❡✱ ❛❧♦rs ❧❡ s❡✉❧ ❛✉tr❡ ♦♣t✐♠✐s❡✉r
♣♦ss✐❜❧❡ ❡st ❧❡ tr❛♥s♣♦rt ❞é❝r♦✐ss❛♥t ❡♥tr❡ ❧❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ r❡str❡✐♥t❡ à I ❡t ν✳

▲❛ ❞✐♠❡♥s✐♦♥ 2 ❡t s✉♣ér✐❡✉r❡ ✿ ❛♣♣r♦❝❤❡ ❞❡ t②♣❡ éq✉❛t✐♦♥ ❛✉① ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s✳ ▲❛ ✜♥ ❞❡
❝❡ ❝❤❛♣✐tr❡ ❡st ❝♦♥s❛❝ré à ❧✬é❝r✐t✉r❡ ❞❡s ❝♦♥❞✐t✐♦♥s ❞✬♦♣t✐♠❛❧✐té ❧♦rsq✉✬♦♥ s❡ ♣❧❛❝❡ s✉r ✉♥ ♦✉✈❡rt ❞❡ Rd ❛✈❡❝
d ≥ 2✳ ❊♥ ❝❛❧❝✉❧ ❞❡s ✈❛r✐❛t✐♦♥s✱ ❧❛ ♠ét❤♦❞❡ ✉s✉❡❧❧❡ ✭❛♣♣❡❧é❡ ♠ét❤♦❞❡ ❝❧❛ss✐q✉❡ ♣❛r ❉❛❝♦r♦❣♥❛ ❬✷✽❪✮ ♣♦✉r
é❝r✐r❡ ❧❡s éq✉❛t✐♦♥s q✉❡ s❛t✐s❢♦♥t t♦✉s ❧❡s ♠✐♥✐♠✐s❡✉rs ❝♦♥s✐st❡ à ❧❡ ✓ ♣❡rt✉r❜❡r ✔ ❡♥ ❣é♥ér❛❧ ❧✐♥é❛✐r❡♠❡♥t
♣✉✐s à ❡①♣❧♦✐t❡r ❧❡ ❢❛✐t q✉✬✐❧ ❡st ♦♣t✐♠❛❧ ❀ ♣ré❝✐sé♠❡♥t✱ ét❛♥t ❞♦♥♥é ✉♥ ♠✐♥✐♠✐s❡✉r u ❞✬✉♥ ♣r♦❜❧è♠❡ ❞✉
t②♣❡

inf{J(u) : u ∈ X}



✵✳✸✳ ❈❖◆❚❘■❇❯❚■❖◆❙ ❊❚ ❖❘●❆◆■❙❆❚■❖◆ ❉❊ ▲❆ ❚❍➮❙❊ ✶✶

♦ù X ❡st ✉♥ ❡s♣❛❝❡ ❛✣♥❡ ✭♣❛r ❡①❡♠♣❧❡ ✉♥ ❡s♣❛❝❡ ❞❡ ❙♦❜♦❧❡✈ ❛✈❡❝ ❝♦♥❞✐t✐♦♥ ❛✉ ❜♦r❞✮✱ ♦♥ r❡♠❛rq✉❡ q✉❡✱
♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ ϕ ❛♣♣❛rt❡♥❛♥t à ❧❛ ❞✐r❡❝t✐♦♥ ✈❡❝t♦r✐❡❧❧❡ ❞❡ X✱ ❧❛ ❢♦♥❝t✐♦♥ t 7→ J(u+ tϕ) ❡st ♠✐♥✐♠❛❧❡
❡♥ t = 0 ❞❡ s♦rt❡ q✉❡

♣♦✉r t♦✉t❡ t❡❧❧❡ ❢♦♥❝t✐♦♥ ϕ,
❞
❞t
J(u+ tϕ)

∣∣∣∣
t=0

= 0

❝❡ q✉✐ ❢♦✉r♥✐t ❧❡s ❝♦♥❞✐t✐♦♥s ❞✬♦♣t✐♠❛❧✐té ♣♦✉r u✳ ❉❛♥s ♥♦tr❡ ❝❛s✱ ❝♦♠♠❡ ♦♥ ❧✬❛ ❞✐t✱ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s
❛❞♠✐ss✐❜❧❡s ✭❝✬❡st✲à✲❞✐r❡ ❞❡s tr❛♥s♣♦rts ❙♦❜♦❧❡✈ ❡♥tr❡ ❞❡✉① ♠❡s✉r❡s ❞♦♥♥é❡s✮ ♥✬❛ ♣❛s ❞❡ str✉❝t✉r❡ ❧✐♥é❛✐r❡ ❀
✐❧ ❢❛✉t ❞♦♥❝ ❝♦♥s✐❞ér❡r ✉♥ ❛✉tr❡ t②♣❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥✳

▲❛ ♠ét❤♦❞❡ rés✐❞❡ ❞❛♥s ❧❡ ❧❡♠♠❡ s✉✐✈❛♥t✱ ❛ss❡③ ❝❧❛ss✐q✉❡ ❡♥ t❤é♦r✐❡ ❞❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s
♦r❞✐♥❛✐r❡s ✿ ét❛♥t ❞♦♥♥é❡ ✉♥❡ ♠❡s✉r❡ µ s✉r ✉♥ ♦✉✈❡rt ❜♦r♥é Ω✱ ❛❜s♦❧✉♠❡♥t ❝♦♥t✐♥✉❡ ♣❛r r❛♣♣♦rt à ❧❛
♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ ❡t ❞♦♥t ❧❛ ❞❡♥s✐té f ❡st ❛ss❡③ ré❣✉❧✐èr❡ ✭❧✐♣s❝❤✐t③✐❡♥♥❡✮✱ s✐ v ❡st ✉♥ ❝❤❛♠♣ ✈❡❝t♦r✐❡❧
❧✐♣s❝❤✐t③✐❡♥ t❡❧ q✉❡ fv s♦✐t à ❞✐✈❡r❣❡♥❝❡ ♥✉❧❧❡ ❡t t❡❧ q✉❡ v(x) ❡st ♣❛r❛❧❧è❧❡ à ∂Ω ♣♦✉r t♦✉t x ∈ ∂Ω✱ ❛❧♦rs
❧❛ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡





❞
❞t
X(t, x) = v(X(t, x))

X(0, x) = x
✭✸✮

♣rés❡r✈❡ ❧❛ ♠❡s✉r❡ µ✱ ❝✬❡st✲à✲❞✐r❡ ✿
∀t ∈ R, X(t, ·)#µ = µ

P❛r ❝♦♥séq✉❡♥t✱ ♣♦✉r t♦✉t tr❛♥s♣♦rt T ❡♥tr❡ µ ❡t ν ❡t ♣♦✉r t♦✉t t✱ ❧✬❛♣♣❧✐❝❛t✐♦♥ x 7→ T (X(t, x)) ❡st ❡♥❝♦r❡
✉♥ tr❛♥s♣♦rt✱ ❡t ❝✬❡st ❡♥ ♣❛rt✐❝✉❧✐❡r s✐ T ❡st ✉♥ ♠✐♥✐♠✐s❡✉r✳ P✉✐sq✉❡ ❞❡ ♣❧✉s T (X(0, x)) = T (x)✱ ♦♥ ❛✉r❛
❛❧♦rs✱ ❡♥ ♥♦t❛♥t J ❡st ♥♦tr❡ ❢♦♥❝t✐♦♥♥❡❧❧❡ ✿

❞
❞t
J(T (X(t, ·)))

∣∣∣∣
t=0

= 0

❡t ❝❡ ❝❛❧❝✉❧ ❡st ✈❛❧❛❜❧❡ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ X(t, ·) ♦❜t❡♥✉❡ ❝♦♠♠❡ s♦❧✉t✐♦♥ ❞❡ ✭✸✮✱ ❞♦♥❝ ♣♦✉r t♦✉t ❝❤❛♠♣
✈❡❝t♦r✐❡❧ v ❧✐♣s❝❤✐t③✐❡♥ t❡❧ q✉❡ div(fv) = 0 ❡t ♣❛r❛❧❧è❧❡ ❛✉ ❜♦r❞ ❞❡ Ω✳

▲❡s ❝❛❧❝✉❧s ❛❜♦✉t✐ss❡♥t ❛✉ rés✉❧t❛t s✉✐✈❛♥t ✿

Pr♦♣♦s✐t✐♦♥✳ ❙♦✐t Ω ✉♥ ♦✉✈❡rt ❜♦r♥é ré❣✉❧✐❡r ❞❡ Rd à ❢r♦♥t✐èr❡ C1✱ ❡t µ ✉♥❡ ♠❡s✉r❡ ♣♦s✐t✐✈❡ s✉r Ω ❛②❛♥t
✉♥❡ ❞❡♥s✐té f ré❣✉❧✐èr❡ ❡t ❜♦r♥é❡ ✐♥❢ér✐❡✉r❡♠❡♥t ❡t s✉♣ér✐❡✉r❡♠❡♥t✳ ❙♦✐t ν ✉♥❡ ♠❡s✉r❡ ♣♦s✐t✐✈❡ s✉r Rd

t❡❧❧❡ q✉❡ ❧✬❡♥s❡♠❜❧❡
{T ∈ H1(Ω) T#µ = ν}

s♦✐t ♥♦♥ ✈✐❞❡✳ ❙♦✐t L : Ω × Rd × Md(R) → R✱ ❞✐✛ér❡♥t✐❛❜❧❡ ♣❛r r❛♣♣♦rt à s❡s ❞❡✉①✐è♠❡ ❡t tr♦✐s✐è♠❡
✈❛r✐❛❜❧❡s✱ ❡t s♦✐t T ✉♥ ♠✐♥✐♠✐s❡✉r ♣♦✉r ❧❡ ♣r♦❜❧è♠❡

inf

{∫

Ω

L(x, T (x), DT (x))f(x) ❞x : T#µ = ν

}

❆❧♦rs✱ ♣♦✉r t♦✉t ❝❤❛♠♣ ❞❡ ✈❡❝t❡✉rs v : Ω → Rd ❧✐♣s❝❤✐t③✐❡♥ ❡t t❡❧ q✉❡

{
div(fv) = 0 ❞❛♥s Ω
v · n = 0 s✉r ∂Ω

✭♦ù n ❞és✐❣♥❡ ❧❛ ♥♦r♠❛❧❡ ❡①tér✐❡✉r❡ à ∂Ω✮✱ ♦♥ ❛ ❧✬é❣❛❧✐té

∫

Ω

(−∇1L(x, T (x), DT (x)) · v(x) +∇3L(x, T (x), DT (x)) · (DT (x)×Dv(x))) f(x) ❞x = 0



✶✷ ■♥tr♦❞✉❝t✐♦♥

❈❡tt❡ é❣❛❧✐té ❡st ❧❛ ❢♦r♠✉❧❛t✐♦♥ ❢❛✐❜❧❡ ❞✬✉♥❡ éq✉❛t✐♦♥ ❛✉① ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s ❛✈❡❝ ❝♦♥❞✐t✐♦♥ ❛✉ ❜♦r❞✳ ❉❛♥s
❧❡ ❝❛s q✉❛❞r❛t✐q✉❡✱ ❝✬❡st✲à✲❞✐r❡ s✐ ❧❛ ❢♦♥❝t✐♦♥♥❡❧❧❡ q✉❡ ❧✬♦♥ ♠✐♥✐♠✐s❡ ❡st

T 7→
∫

Ω

|T (x)− x|2f(x) ❞x+

∫

Ω

|DT (x)|2 ❞x

❝❡tt❡ éq✉❛t✐♦♥ ❛✉① ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s ❡st ♣ré❝✐sé♠❡♥t




T (x)− 2

f(x)
tDT (x)×∆T (x) = ∇ψ(x), x ∈ Ω

tDT (x)×DT (x)× n(x) = |DT (x)× n(x)|2n(x), x ∈ ∂Ω

♣♦✉r ✉♥❡ ❢♦♥❝t✐♦♥ à ✈❛❧❡✉rs ré❡❧❧❡s ψ q✉✐ ❥♦✉❡ ❧❡ rô❧❡ ❞✬✉♥❡ ♣r❡ss✐♦♥✳

❈❡tt❡ éq✉❛t✐♦♥ ❛✉① ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡ ❡st ♥♦♥✲❧✐♥é❛✐r❡✱ s❡♠❜❧❡ ❝♦♠♣❧✐q✉é❡ ❡t ♥✬❛ ♣❛s ❢❛✐t ❧✬♦❜❥❡t ❞✬ét✉❞❡
s♣é❝✐✜q✉❡✳ ◆é❛♥♠♦✐♥s✱ ♥♦t♦♥s ❛✉ss✐ q✉✬♦♥ ♣❡✉t ❧❛ r❡tr♦✉✈❡r ✈✐❛ ❞❡s ♠ét❤♦❞❡s s❡♠❜❧❛❜❧❡s à ❧❛ ❞✉❛❧✐té ❞❡
❑❛♥t♦r♦✈✐❝❤ ✭✈♦✐r❡ ♣❧✉s ❧♦✐♥ ❞❛♥s ❧✬✐♥tr♦❞✉❝t✐♦♥ ❡t ❧❡ ❝❤❛♣✐tr❡ ✹ ❞❡ ❝❡tt❡ t❤ès❡✮✳

✵✳✸✳✸ ▲❛ ♣é♥❛❧✐s❛t✐♦♥ ❡♥ ❣r❛❞✐❡♥t ♣♦✉r ❛♣♣r♦①✐♠❡r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ▼♦♥❣❡

❉❛♥s ❧❡ tr♦✐s✐è♠❡ ❝❤❛♣✐tr❡ ❞❡ ❝❡tt❡ t❤ès❡ ✭à ♣❛r❛îtr❡ ❞❛♥s ✉♥ ❛rt✐❝❧❡ ❝♦♠♠✉♥ ❛✈❡❝ ▲✳ ❉❡ P❛s❝❛❧❡ ❡t
❋✳ ❙❛♥t❛♠❜r♦❣✐♦ ❬✸✸❪✮✱ ♦♥ s✬✐♥tér❡ss❡ ❛✉ ♣r♦❜❧è♠❡ s✉✐✈❛♥t ✿ s♦✉s ❞❡s ❤②♣♦t❤ès❡s t❡❧❧❡ q✉❡ ❧❡ ♠✐♥✐♠✐s❡✉r
❡①✐st❡ ✭♠❡s✉r❡ s♦✉r❝❡ à ❞❡♥s✐té f ❧✐♣s❝❤✐t③✐❡♥♥❡ ❡t ❜♦r♥é❡ ✐♥❢ér✐❡✉r❡♠❡♥t✮✱ q✉❡ s❡ ♣❛ss❡✲t✲✐❧ s✐ ❧✬♦♥ ❝♦♥s✐❞èr❡
❧❛ ❢♦♥❝t✐♦♥♥❡❧❧❡

Jε : T 7→
∫

Ω

|T (x)− x|f(x) ❞x+ ε

∫

Ω

|DT (x)| ❞x

✭❞é✜♥✐❡ s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s tr❛♥s♣♦rts T ❞❡ ❧❛ ♠❡s✉r❡ f · Ld à ✉♥❡ ♠❡s✉r❡ ν ♣r❡s❝r✐t❡✮ ❧♦rsq✉❡ ε ❡st ✉♥
♣❛r❛♠ètr❡ str✐❝t❡♠❡♥t ♣♦s✐t✐❢ q✉✐ t❡♥❞ ✈❡rs ✵ ❄

▲❡ ❢❛✐t ❞❡ ❝♦♥s✐❞ér❡r ❞❡s ♣é♥❛❧✐s❛t✐♦♥s ✓ ❞❡ ♣❧✉s ❡♥ ♣❧✉s ♣❡t✐t❡s ✔ ❡st ❝❧❛ss✐q✉❡ ❡♥ ❝❛❧❝✉❧ ❞❡ ✈❛r✐❛t✐♦♥s
✭❞❛♥s ❧✬ét✉❞❡ ❞❡ ♣❤é♥♦♠è♥❡s ❞❡ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ ❬✻✶❪✱ ❡♥ ❤♦♠♦❣é♥é✐s❛t✐♦♥ ❬✸✱ ✶✵❪✱ ✳ ✳ ✳✮ ❡t ❧❡ ❜♦♥
❝❛❞r❡ ❢♦♥❝t✐♦♥♥❡❧ ❡st ❧❛ Γ✲❝♦♥✈❡r❣❡♥❝❡✱ ✐♥tr♦❞✉✐t❡ ♣❛r ❉❡ ●✐♦r❣✐ ❡t ♣♦✉r ❧❛q✉❡❧❧❡ ♦♥ r❡♥✈♦✐❡ ❛✉① ❧✐✈r❡
❞✬❆tt♦✉❝❤ ❬✽❪✱ ❉❛❧ ▼❛s♦ ❬✸✶❪ ❡t ❇r❛✐❞❡s ❬✶✾❪ ♣♦✉r ❧❡s ❞é✜♥✐t✐♦♥s✱ ♣r♦♣r✐étés ❡t ❝♦♠♠❡♥t❛✐r❡s✳ ■❝✐✱ ♦♥ ♣❛rt
❞✉ ❝♦ût ♦r✐❣✐♥❡❧ ✐♥tr♦❞✉✐t ♣❛r ▼♦♥❣❡ ❡t q✉✐ ❡st ❧❛ ♥♦r♠❡ L1 ❞❡ ❧❛ ❞✐st❛♥❝❡ ✿

∫

Ω

|T (x)− x| ❞µ(x)

♦ù | · | ❡st ❧❛ ♥♦r♠❡ ❡✉❝❧✐❞✐❡♥♥❡ s✉r Rd✳ ❈❡ ❝♦ût ♥✬❡st ♣❛s str✐❝t❡♠❡♥t ❝♦♥✈❡①❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❞✐st❛♥❝❡ ❡t
❢❛✐t ❧✬♦❜❥❡t ❞✬✉♥❡ ét✉❞❡ s♣é❝✐✜q✉❡ ❞❛♥s ❧❛ t❤é♦r✐❡ ❞✉ tr❛♥s♣♦rt ♦♣t✐♠❛❧ ✭✈♦✐r ❛♥♥❡①❡ ❇✳✸✮✱ ❡♥ ♣❛rt✐❝✉❧✐❡r
❧❡ tr❛♥s♣♦rt ♦♣t✐♠❛❧ T ♥✬❡st ♣❛s ✉♥✐q✉❡ ❀ ❧❛ q✉❡st✐♦♥ ❡st ❞♦♥❝ ❞❡ s❛✈♦✐r q✉❡❧❧❡ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡
♦r✐❣✐♥❡❧ ❞❡ ▼♦♥❣❡ ❡st ✓ s❡❧❡❝t✐♦♥♥é❡ ✔ ♣❛r ❧❛ ♣r♦❝é❞✉r❡ ❝♦♥s✐st❛♥t à ❝❤♦✐s✐r ✉♥ ♠✐♥✐♠✐s❡✉r Tε ❞❡ Jε ✭♦✉
❞❡ ❢♦♥❝t✐♦♥♥❡❧❧❡s ❞é✜♥✐❡s à ♣❛rt✐r ❞❡ Jε✱ ❝❢✳ ♣❧✉s ❧♦✐♥✮✳

❉❛♥s ❧❛ t❤é♦r✐❡ L1 ❞✉ tr❛♥s♣♦rt ♦♣t✐♠❛❧✱ ❧❛ str✉❝t✉r❡ ❞❡s s♦❧✉t✐♦♥s ❡st très ♣❛rt✐❝✉❧✐èr❡ ❡t ♣❡✉t êtr❡
rés✉♠é❡ ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

• ❧❛ ❢♦r♠✉❧❡ ❞❡ ❞✉❛❧✐té ❞❡ ❑❛♥t♦r♦✈✐t❝❤ s✬é❝r✐t

inf

{∫

Ω

|T (x)− x| ❞µ(x) : T#µ = ν

}
= sup

{∫

Ω

u(y) ❞ν(y)−
∫

Ω

u(x) ❞µ(x) : u ∈ Lip1(R
d)

}

• ét❛♥t ❞♦♥♥é ✉♥ ♦♣t✐♠✐s❡✉r u ♣♦✉r ❧❡ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ❞❡ ❧✬é❣❛❧✐té ♣ré❝é❞❡♥t❡✱ ♦♥ ❞é✜♥✐t ❛❧♦rs ❧❡s
r❛②♦♥s ❞❡ tr❛♥s♣♦rt ❝♦♠♠❡ ét❛♥t ❧❡s s❡❣♠❡♥ts ♠❛①✐♠❛✉① [x, y] t❡❧s q✉❡ u(y) − u(x) = |y − x|✳
❆❧♦rs ❧❡s r❛②♦♥s ❞❡ tr❛♥s♣♦rts ♥❡ s✬✐♥t❡rs❡❝t❡♥t q✉✬à ❧❡✉rs ❡①tré♠✐tés✱ q✉✐ ❢♦r♠❡♥t ✉♥ ❡♥s❡♠❜❧❡
▲❡❜❡s❣✉❡✲♥é❣❧✐❣❡❛❜❧❡ ❞❡ Rd✳
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• ❖♥ ❞✐s♣♦s❡ ❛✐♥s✐ ❞✬✉♥ ❡♥s❡♠❜❧❡ ❞❡ s❡❣♠❡♥ts ❥♦✐❣♥❛♥t ❧❡s ♣♦✐♥ts ❞✉ s✉♣♣♦rt Ω ❞❡ µ ❛✉① ♣♦✐♥t ❞✉
s✉♣♣♦rt Ω′ ❞❡ ν✳ ❆❧♦rs✱ ✉♥❡ ❢♦♥❝t✐♦♥ ✈❡❝t♦r✐❡❧❧❡ T ❞é✜♥✐❡ s✉r Ω ❡st ♦♣t✐♠❛❧❡ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡
▼♦♥❣❡ s✐

✕ T ❡♥✈♦✐❡ ❜✐❡♥ ❧❛ ♠❡s✉r❡ µ s✉r ❧❛ ♠❡s✉r❡ ν ❀

✕ T r❡s♣❡❝t❡ ❧❡s r❛②♦♥s ❞❡ tr❛♥s♣♦rt✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ T (x) ❛♣♣❛rt✐❡♥t ❛✉ ♠ê♠❡ r❛②♦♥ ❞❡ tr❛♥s♣♦rt
q✉❡ x ✭❝❡ r❛②♦♥ ❞❡ tr❛♥s♣♦rt ét❛♥t ❜✐❡♥ ❞é✜♥✐ ♣♦✉r ♣r❡sq✉❡ t♦✉t x✮ ❀

✕ T r❡s♣❡❝t❡ é❣❛❧❡♠❡♥t ❧✬♦r✐❡♥t❛t✐♦♥ ❞❡ ❝❡s r❛②♦♥s ✭❞é✜♥✐❡ ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿ [x, y] ❡st
♦r✐❡♥té ❞❡ s♦rt❡ q✉❡ u(y)− u(x) = |y − x|✮✳

P❛r♠✐ ❝❡s tr❛♥s♣♦rt ♦♣t✐♠❛✉①✱ ❞♦♥t ♦♥ ♥♦t❡ O1(µ, ν) ❧✬❡♥s❡♠❜❧❡✱ ❧✬✉♥ ❞✬❡♥tr❡ ❡✉① ❥♦✉❡ ✉♥ rô❧❡ s♣é❝✐❛❧✱ à
s❛✈♦✐r ❝❡❧✉✐ q✉✐ ❡st ♠♦♥♦t♦♥❡ ❧❡ ❧♦♥❣ ❞❡ ❝❤❛q✉❡ r❛②♦♥ ❞❡ tr❛♥s♣♦rt ✭❛✉ s❡♥s s✉✐✈❛♥t ✿ s✐ x, x′ ❛♣♣❛rt✐❡♥♥❡♥t
❛✉ ♠ê♠❡ r❛②♦♥ ❞❡ tr❛♥s♣♦rt✱ ❛❧♦rs [x, x′] ❡t [T (x), T (x′)] ♦♥t ♠ê♠❡ ♦r✐❡♥t❛t✐♦♥✮ ✿ ✐❧ ❡st ❧✬✉♥✐q✉❡ s♦❧✉t✐♦♥ ❞❡

inf

{∫

Ω

|T (x)− x|2 ❞µ(x) : T ❡st ♦♣t✐♠❛❧ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ▼♦♥❣❡

}

❝✬❡st✲à✲❞✐r❡ ❧✬✉♥✐q✉❡ ♠✐♥✐♠✐s❡✉r ❞✉ ❝♦ût ❞❡ tr❛♥s♣♦rt q✉❛❞r❛t✐q✉❡ ♣❛r♠✐ ❧❡s tr❛♥s♣♦rts q✉✐ s♦♥t ❞é❥à
♦♣t✐♠❛✉① ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ▼♦♥❣❡✳ ◆♦t♦♥s q✉❡ ❝❡ tr❛♥s♣♦rt ♠♦♥♦t♦♥❡ ❡st ♦❜t❡♥✉ ❧✉✐✲♠ê♠❡ ❛✈❡❝ ✉♥❡
♣r♦❝é❞✉r❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡ ▼♦♥❣❡✱ à s❛✈♦✐r

∫

Ω

|T (x)− x| ❞µ(x) + ε

∫

Ω

|T (x)− x|2 ❞µ(x)

❡t ♥♦t♦♥s ❛✉ss✐ ❧❡s rés✉❧t❛ts ❞❡ ré❣✉❧❛r✐té s✉✐✈❛♥ts s✉r ❝❡ tr❛♥s♣♦rt ♠♦♥♦t♦♥❡ ✿ ♦♥ s❛✐t q✉✬✐❧ ❡st ❝♦♥t✐♥✉ ❡♥
❞✐♠❡♥s✐♦♥ ✷ s♦✉s ❞❡ ❜♦♥♥❡s ❤②♣♦t❤ès❡s s✉r ❧❡s ❞♦♠❛✐♥❡s ❡t ❧❡s ♠❡s✉r❡s ✭❞♦♠❛✐♥❡s ❝♦♥✈❡①❡s ❡t ❞✐s❥♦✐♥ts✱
♠❡s✉r❡s à ❞❡♥s✐tés ❝♦♥t✐♥✉❡s ❡t ❜♦r♥é❡s ✐♥❢ér✐❡✉r❡♠❡♥t✱ ❝❢✳ ❬✹✷❪✮ ❡t ♦♥ ❛ ❛✉ss✐ ❞❡s ❡st✐♠❛t✐♦♥s ❛ ♣r✐♦r✐
♣♦✉r ✉♥❡ s✉✐t❡ (Tε)ε ❞❡ ♠✐♥✐♠✐s❡✉rs ❞✬✉♥ ❝♦ût ❛♣♣r♦①✐♠é ❛②❛♥t ❧❡ tr❛♥s♣♦rt ♠♦♥♦t♦♥❡ ♣♦✉r ❧✐♠✐t❡✱ à
s❛✈♦✐r ❬✺✼❪ ✿

• Tε ♠✐♥✐♠✐s❡
∫
Ω
cε(x, T (x)) ❞µ(x) ♣❛r♠✐ ❧❡s tr❛♥s♣♦rts ❞❡ µ à ν✱ ♦ù cε(x, y) =

√
ε+ |x− y|2 ❀

• ♦♥ ❛ ❞❡s ❜♦r♥❡s ❧♦❝❛❧❡s ❡t ✉♥✐❢♦r♠❡s ❡♥ ε s✉r ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ ❧❛ ♠❛tr✐❝❡ ❥❛❝♦❜✐❡♥♥❡ DTε✳

❉❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ♣❛r ✉♥❡ ♣é♥❛❧✐s❛t✐♦♥ ❡♥ ❣r❛❞✐❡♥t✱ ❧❛ ♣r❡♠✐èr❡ ét❛♣❡ ❝♦♥s✐st❡ à ♠♦♥tr❡r
q✉❡ ❧❛ Γ✲❧✐♠✐t❡ ❞❡ ❧✬é♥❡r❣✐❡ ♣é♥❛❧✐sé❡ Jε ❡st ❜✐❡♥ ❧✬é♥❡r❣✐❡ ♦r✐❣✐♥❡❧❧❡ ❞❡ ▼♦♥❣❡ ✭♥♦té❡ J ❞❛♥s ❧❛ s✉✐t❡✮✳ ▲❛
❞é♠♦♥str❛t✐♦♥ ❞❡ ❝❡tt❡ ❝♦♥✈❡r❣❡♥❝❡ ✓ à ❧✬♦r❞r❡ ③ér♦ ✔ ❡st ❞✐r❡❝t❡ ♠❛✐s ♥é❝❡ss✐t❡ ✉♥ rés✉❧t❛t ❞❡ ❞❡♥s✐té ❞❡
❧✬❡♥s❡♠❜❧❡ ❞❡s tr❛♥s♣♦rts ❡♥tr❡ ❞❡✉① ♠❡s✉r❡s ✭❛ss❡③ ré❣✉❧✐èr❡s✮ q✉✐ ❛♣♣❛rt✐❡♥♥❡♥t à ❧✬❡s♣❛❝❡ ❞❡ ❙♦❜♦❧❡✈
H1(Ω) ✭❡♥ ❢❛✐t✱ q✉✐ s♦♥t ❧✐♣s❝❤✐t③✐❡♥s s✉r Ω✮ ♣❛r♠✐ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡ tr❛♥s♣♦rt ❡♥tr❡ ❝❡s ❞❡✉①
♠❡s✉r❡s✳ ❈❡ rés✉❧t❛t s❡♠❜❧❡ ♥❛t✉r❡❧ ❡t ♣❡✉t ❜✐❡♥ sûr êtr❡ ✉t✐❧✐sé ❞❛♥s ❞✬❛✉tr❡s ❝♦♥t❡①t❡s q✉❡ ❝❡❧✉✐ ❞❡ ❧❛
Γ✲❝♦♥✈❡r❣❡♥❝❡ ❀ ❝❡♣❡♥❞❛♥t✱ ❡t ❞❡ ♠❛♥✐èr❡ ❛ss❡③ ét♦♥♥❛♥t❡✱ ✐❧ s❡♠❜❧❡ à ♥♦tr❡ ❝♦♥♥❛✐ss❛♥❝❡ ♥✬❛✈♦✐r ♣❛s été
ét✉❞✐é ❥✉sq✉✬à ♠❛✐♥t❡♥❛♥t ✿

❚❤é♦rè♠❡ ✭✸✳✷✳✶✱ ♣❛r❛❣r❛♣❤❡ ✸✳✷✳✷✮✳ ❙♦✐❡♥t Ω✱ Ω′ ❞❡✉① ♦✉✈❡rts ❞❡ Rd✱ ❜♦r♥és✱ ét♦✐❧és ❡t à ❢r♦♥t✐èr❡s
❧✐♣s❝❤✐t③✐❡♥♥❡s✳ ❙♦✐❡♥t µ ∈ P(Ω)✱ ν ∈ P(Ω′) ❞❡✉① ♠❡s✉r❡s✱ ❛❜s♦❧✉♠❡♥t ❝♦♥t✐♥✉❡s ♣❛r r❛♣♣♦rt à ❧❛ ♠❡s✉r❡
❞❡ ▲❡❜❡s❣✉❡ ❡t à ❞❡♥s✐tés r❡s♣❡❝t✐✈❡s ♥♦té❡s f ❡t g✳ ❖♥ s✉♣♣♦s❡ q✉❡✱ ♣♦✉r ✉♥ ❝❡rt❛✐♥ α > 0✱ f ❡t g
s♦♥t ❞❡ ❝❧❛ss❡ C0,α s✉r Ω✱ Ω′ r❡s♣❡❝t✐✈❡♠❡♥t✱ ❡t q✉✬❡❧❧❡s s♦♥t t♦✉t❡s ❞❡✉① ❜♦r♥é❡s ✐♥❢ér✐❡✉r❡♠❡♥t ♣❛r ✉♥❡
❝♦♥st❛♥t❡ str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡✳ ❆❧♦rs ❧✬❡♥s❡♠❜❧❡

{
T ∈ Lip(Ω) : T#µ = ν

}

❡st ♥♦♥ ✈✐❞❡✱ ❡t ❡st ✉♥ s♦✉s✲❡♥s❡♠❜❧❡ ❞❡♥s❡ ✭♣♦✉r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ L2(Ω)✮ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❛♣♣❧✐❝❛t✐♦♥s
❞❡ tr❛♥s♣♦rt ❡♥tr❡ µ ❡t ν✳



✶✹ ■♥tr♦❞✉❝t✐♦♥

❈❡ rés✉❧t❛t ❞❡ ❞❡♥s✐té ❛ ♣♦✉r ❝♦♥séq✉❡♥❝❡ ❞✐r❡❝t❡ ❧❛ Γ✲❝♦♥✈❡r❣❡♥❝❡ ❞❡ Jε ✈❡rs J ✳ ▲❛ q✉❡st✐♦♥ ♥❛t✉r❡❧❧❡

s✉✐✈❛♥t❡ ❡st ❛❧♦rs ❧❡ ♣r❡♠✐❡r ♦r❞r❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡✱ à s❛✈♦✐r ❧❛ Γ✲❧✐♠✐t❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥♥❡❧❧❡
Jε −W1

ε
✭♦ù

W1 ❡st ❧✬✐♥✜♠✉♠ ❞❡ J ✱ ❝✬❡st✲à✲❞✐r❡ ❧❡ ♠✐♥✐♠✉♠ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡ ▼♦♥❣❡✮✳ ▲à ❡♥❝♦r❡ ❧❡ rés✉❧t❛t ❡st ♥❛t✉r❡❧✱
❛✈❡❝ ❝❡tt❡ ❢♦✐s✲❝✐ ✉♥❡ ♣r❡✉✈❡ ❞✐r❡❝t❡ ❡t ♣r❡sq✉❡ tr✐✈✐❛❧❡ ✿

Jε(Tε)−W1

ε

Γ−→ H ✭✹✮

♦ù H(T ) =





∫

Ω

|DT |2 s✐ T ∈ O1(µ, ν) ∩H1(Ω)

+∞ s✐♥♦♥

♦ù O1(µ, ν) ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s tr❛♥s♣♦rts ❡♥tr❡ µ ❡t ν q✉✐ s♦♥t ♦♣t✐♠❛✉① ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ▼♦♥❣❡ ❀
❛✐♥s✐✱ s✐ ♣❛r♠✐ ❝❡s ❞❡r♥✐❡rs ✐❧ ❡①✐st❡ ❛✉ ♠♦✐♥s ✉♥ é❧é♠❡♥t ❞❡ ❧✬❡s♣❛❝❡ H1(Ω)✱ ❛❧♦rs ❧❡ tr❛♥s♣♦rt sé❧❡❝t✐♦♥♥é
♣❛r ❧❛ ♣r♦❝é❞✉r❡ ❞❡ Γ✲❝♦♥✈❡r❣❡♥❝❡ ❡st ❧✬é❧é♠❡♥t ❞❡ O1(µ, ν) q✉✐ ♠✐♥✐♠✐s❡ ❧✬é♥❡r❣✐❡ ❞❡ ❉✐r✐❝❤❧❡t

∫
Ω
|DT |2✳

➱t❛♥t ❞♦♥♥é ❧❡s rés✉❧t❛ts ❞❡ ré❣✉❧❛r✐té ❞é❥à ❝♦♥♥✉s ❝♦♥❝❡r♥❛♥t ❧❡ tr❛♥s♣♦rt ♠♦♥♦t♦♥❡✱ ♦♥ ♣♦✉✈❛✐t
♥❛ï✈❡♠❡♥t s✬❛tt❡♥❞r❡ à ❝❡ q✉❡ ❝❡ s♦✐t ♣ré❝✐sé♠❡♥t ❝❡❧✉✐✲❝✐ q✉✐ ♠✐♥✐♠✐s❡ ❝❡tt❡ é♥❡r❣✐❡✳ ❊♥ ❢❛✐t✱ ♦♥ ♣❡✉t
s✬❛♣❡r❝❡✈♦✐r q✉✬✐❧ ♥✬❡♥ ❡st r✐❡♥ ❣râ❝❡ ❛✉① ❝♦♥tr❡✲❡①❡♠♣❧❡s ❞♦♥♥és ❞❛♥s ❧❛ ❞❡✉①✐è♠❡ s❡❝t✐♦♥✳ ❙✉♣♣♦s♦♥s ❡♥
❡✛❡t q✉❡ F ❡t G s♦♥t ❞❡✉① ♠❡s✉r❡s ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧❧❡s✱ s✉♣♣♦rté❡s r❡s♣❡❝t✐✈❡♠❡♥t s✉r ❧❡s s❡❣♠❡♥ts [0, 1]
❡t [2, 3]✱ ❡t t❡❧❧❡s q✉❡ ❧❛ s♦❧✉t✐♦♥ ❞❡

inf

{∫ 1

0

t(x1) ❞x1 : t#F = G

}

♥❡ s♦✐t ♣❛s ❧❡ tr❛♥s♣♦rt ❝r♦✐ss❛♥t ❞❡ F ✈❡rs G✳ ■❧ ❡st ❢❛❝✐❧❡ ❞❡ ✈♦✐r q✉❡ s✐ ❧✬♦♥ ♣♦s❡

f(x1, x2) = F (x1) ❡t g(x1, x2) = G(x1)

s✉r ❧❡s ❝❛rré❡s [0, 1]2 ❡t [2, 3]× [0, 1] r❡s♣❡❝t✐✈❡♠❡♥t✱ ❧❛ s♦❧✉t✐♦♥ ❞❡

inf

{∫

[0,1]2
|DT (x)|2 ❞x : T#f = g

}

❡st ❞❡ ❧❛ ❢♦r♠❡

T :

(
x1
x2

)
7→
(
t(x1)
x2

)

♦ù t ♦♣t✐♠✐s❡ ❧❛ ♥♦r♠❡ ❙♦❜♦❧❡✈ ❡♥ ❞✐♠❡♥s✐♦♥ 1 ♣❛r♠✐ ❧❡s tr❛♥s♣♦rts ❞❡ F ✈❡rs G ✭❡t ♥✬❡st ❞♦♥❝ ♣❛s
❝r♦✐ss❛♥t✮✳ P✉✐sq✉❡ ❧❡s ❞❡♥s✐tés f ❡t g ♥❡ ❞é♣❡♥❞❡♥t q✉❡ ❞✬✉♥❡ ✈❛r✐❛❜❧❡✱ ♦♥ ♣❡✉t ✈♦✐r q✉❡ ❧❡s r❛②♦♥s ❞❡
tr❛♥s♣♦rt s♦♥t ❧❡s s❡❣♠❡♥ts ❤♦r✐③♦♥t❛✉① ❞❡ {0} × [0, 1] ✈❡rs {3} × [0, 1]✱ ❞❡ s♦rt❡ q✉❡ t♦✉t tr❛♥s♣♦rt ❞❡
❧❛ ❢♦r♠❡ (x1, x2) 7→ (t(x1), x2)) ❡st é❣❛❧❡♠❡♥t ♦♣t✐♠❛❧ ♣♦✉r ❧❡ ❝♦ût ❞❡ ▼♦♥❣❡ ❀ ❛✉tr❡♠❡♥t ❞✐t ❧✬✐♥✜♠✉♠
❞❡ Jε ❡st t♦✉❥♦✉rs ❛tt❡✐♥t ♣❛r ❝❡ T ✭✐♥❞é♣❡♥❞❛♠♠❡♥t ❞❡ ε✮✱ q✉✐ ♥✬❡st ♣❛s ❧❡ tr❛♥s♣♦rt ♠♦♥♦t♦♥❡✳

P❛r ❛✐❧❧❡✉rs✱ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ✭✹✮ ❛ ❛✉ss✐ ♣♦✉r ❝♦♥séq✉❡♥❝❡ ✐♠♠é❞✐❛t❡ q✉❡ ❧❛ ✈❛❧❡✉r ❞✉ ♠✐♥✐♠✉♠ ❞❡ Jε
❛♣♣r♦①✐♠❡ ❧✬é♥❡r❣✐❡ ♠✐♥✐♠❛❧❡ ❞❡ ▼♦♥❣❡ W1 à ❧✬♦r❞r❡ 1 ❡♥ ε ✭♣ré❝✐sé♠❡♥t✱ inf Jε = W1 + ε infH + o(ε)✮
❞❛♥s ❧❡ ❝❛s ♦ù H ♥✬❡st ♣❛s ✐❞❡♥t✐q✉❡♠❡♥t +∞✱ ✐✳❡✳ ❞❛♥s ❧❡ ❝❛s ♦ù ✐❧ ❡①✐st❡ ❛✉ ♠♦✐♥s ✉♥ é❧é♠❡♥t ❞❡
O1(µ, ν) q✉✐ ❡st ❜✐❡♥ ✉♥ é❧é♠❡♥t ❞❡ H1(Ω)✳ ❉❛♥s ❧❡ ❝❛s ❝♦♥tr❛✐r❡ ❛♣♣❛r❛✐ss❡♥t ❧❡s q✉❡st✐♦♥s ❝♦♥❝❡r♥❛♥t
❧✬♦r❞r❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ inf Jε ✈❡rs W1✱ ❧❛ ❧✐♠✐t❡ ❞✉ ✓ r❡st❡ ✔ ❡t ❧❡ tr❛♥s♣♦rt q✉✐ ❡st sé❧❡❝t✐♦♥♥é ♣❛r ❧❛
Γ✲❝♦♥✈❡r❣❡♥❝❡✳

▲❡ ❝÷✉r ❞✉ ❝❤❛♣✐tr❡ ❡st ❡♥s✉✐t❡ ❝♦♥s❛❝ré à ❧✬ét✉❞❡ ❞✬✉♥ ❡①❡♠♣❧❡ ♣❛rt✐❝✉❧✐❡r q✉✐ ♣rés❡♥t❡ ✉♥ ❝❡rt❛✐♥
♥♦♠❜r❡ ❞❡ ♣r♦♣r✐étés s✉r♣r❡♥❛♥t❡s à ❝❡ s✉❥❡t✳ ❖♥ ♣r❡♥❞ ❞❡✉① ❞♦♠❛✐♥❡s é❝r✐ts ❡♥ ❝♦♦r❞♦♥♥é❡s ♣♦❧❛✐r❡s ✿

Ω =
{
0 < r < 1, 0 < θ <

π

2

}
❡t Ω′ =

{
R1(θ) < r < R2(θ), 0 < θ <

π

2

}



✵✳✸✳ ❈❖◆❚❘■❇❯❚■❖◆❙ ❊❚ ❖❘●❆◆■❙❆❚■❖◆ ❉❊ ▲❆ ❚❍➮❙❊ ✶✺

♦ù R1✱ R2 ❞é✜♥✐ss❡♥t ❞❡✉① ❝♦✉r❜❡s ré❣✉❧✐èr❡s ❡♥ ❝♦♦r❞♦♥♥é❡s ♣♦❧❛✐r❡s ❀ ❛✐♥s✐✱ Ω ❡st ❧❡ ✓ q✉❛rt ❞❡ ❞✐sq✉❡
✉♥✐té ✔ ❡t Ω′ ❡st ✉♥❡ ❝♦✉r♦♥♥❡ ❝♦♠♣r✐s❡ ❡♥tr❡ ❞❡✉① ❝♦✉r❜❡s ❡♥ ♣♦❧❛✐r❡s ✭♦♥ ✐♠♣♦s❡ ❛✉ss✐ 1 < inf R1 ❡t
supR1 < inf R2 ❛✜♥ ❞✬❛✈♦✐r ✉♥❡ ✈r❛✐❡ ❝♦✉r♦♥♥❡ ❡t ❞❡s ❞♦♠❛✐♥❡s ❞✐s❥♦✐♥ts✮✳ ❖♥ ♠✉♥✐t ❛✉ss✐ Ω ❡t Ω′ ❞❡
❞❡♥s✐tés ré❣✉❧✐èr❡s ❡t ❜♦r♥é❡s ✐♥❢ér✐❡✉r❡♠❡♥t f ❡t g✱ ❛✉①q✉❡❧❧❡s ♦♥ ✐♠♣♦s❡ ❧❛ ❝♦♥tr❛✐♥t❡

∀θ ∈
(
0,
π

2

)
,

∫ 1

0

f(r, θ)r ❞r =
∫ 1

0

g(r, θ)r ❞r

❝✬❡st✲à✲❞✐r❡ q✉❡ ❧❛ ♠❛ss❡ ✭r❡❧❛t✐✈❡♠❡♥t à f✮ ❞✉ s❡❣♠❡♥t ❞✬❛♥❣❧❡ θ ❥♦✐❣♥❛♥t 0 à ❧❛ ❢r♦♥t✐èr❡ ❞❡ Ω ❡st é❣❛❧❡ à
❝❡❧❧❡ ✭r❡❧❛t✐✈❡♠❡♥t à g✮ ❞✉ s❡❣♠❡♥t ❥♦✐❣♥❛♥t ❧❛ ✓ ❢r♦♥t✐èr❡ ✐♥❢ér✐❡✉r❡ ✔ ❞❡ Ω1 à s❛ ✓ ❢r♦♥t✐èr❡ s✉♣ér✐❡✉r❡ ✔✳
❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♦♥ ♣❡✉t ❝♦♥str✉✐r❡ ❞❡s tr❛♥s♣♦rts T ❞❡ f à g t❡❧s q✉❡

♣♦✉r ♣r❡sq✉❡ t♦✉t x, T (x) ❡st s✉r ❧❡ ♠ê♠❡ s❡❣♠❡♥t ♣❛ss❛♥t ♣❛r ❧✬♦r✐❣✐♥❡ q✉❡ x

✭✐❧ s✉✣t ❞❡ ❝♦♥str✉✐r❡✱ ❛♥❣❧❡ ♣❛r ❛♥❣❧❡✱ ✉♥❡ ❢♦♥❝t✐♦♥ ϕ(·, θ) ❡♥✈♦②❛♥t ❧❛ ❞❡♥s✐té rf(r, θ) s✉r ❧❛ ❞❡♥s✐té
rg(r, θ)✮✳ P❛r ❝♦♥séq✉❡♥t✱ ❧❡s r❛②♦♥s ❞❡ tr❛♥s♣♦rt s♦♥t ❧❡s s❡❣♠❡♥ts ❥♦✐❣♥❛♥t Ω à Ω′ ❡t ❛❧✐❣♥és ❛✈❡❝
❧✬♦r✐❣✐♥❡✱ ❝✬❡st✲à✲❞✐r❡ q✉❡

T ❡st ♦♣t✐♠❛❧ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ▼♦♥❣❡ ⇐⇒ T (x) = ϕ(x)
x

|x|

■❧ ✈✐❡♥t ✐♠♠é❞✐❛t❡♠❡♥t q✉✬✐❧ ♥✬❡①✐st❡ ♣❛s ❞❛♥s ❝❡ ❝❛❞r❡ ❞❡ tr❛♥s♣♦rt ♦♣t✐♠❛❧ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ▼♦♥❣❡
q✉✐ s♦✐t ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❙♦❜♦❧❡✈ H1(Ω)✳ ❈❡tt❡ ♣r♦♣r✐été ❡st ✐♠♣♦rt❛♥t❡ ❝❛r ❡❧❧❡ s✉❣❣èr❡ ❛✉ss✐ q✉❡ ❧❛ ✈❛❧❡✉r
♠✐♥✐♠❛❧❡ ❞❡ Jε ♥✬❛ ♣❛s ✉♥ ❝♦♠♣♦rt❡♠❡♥t ❞✉ t②♣❡

inf Jε =W1(µ, ν) +O(ε)

✭♦ù W1(µ, ν) ❡st ❧❛ ✈❛❧❡✉r ♠✐♥✐♠❛❧❡ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡ ▼♦♥❣❡✮ ✿ ❡♥ ❡✛❡t✱ ❞❛♥s ❝❡ ❝❛s✱ ❡♥ ♣r❡♥❛♥t ✉♥❡ s✉✐t❡
(Tε)ε ❛✈❡❝ Tε ♠✐♥✐♠✐s❛♥t Jε✱ ♦♥ ❛✉r❛✐t ✐♥❢♦r♠❡❧❧❡♠❡♥t

Tε → T ❡t
Jε(Tε)−W1

ε
=

∫

Ω

|DTε|2 ❜♦r♥é

❝❡ q✉✐ ❡♥tr❡ ❡♥ ❝♦♥tr❛❞✐❝t✐♦♥ ❛✈❡❝ ❧❡ ❢❛✐t q✉❡ T s♦✐t ♦♣t✐♠❛❧ ✭♣✉✐sq✉❡✱ ♣♦✉r ✉♥ ♦♣t✐♠✉♠✱
∫
Ω
|DT |2 ❡st

✐♥✜♥✐✮✳
❖♥ r❡♠❛rq✉❡ ❛✉ ♣❛ss❛❣❡ ✉♥❡ ❛♥❛❧♦❣✐❡✱ ❢♦r♠❡❧❧❡ ♠❛✐s ♣r♦❢♦♥❞❡✱ ❛✈❡❝ ❝❡rt❛✐♥❡s q✉❡st✐♦♥s ✐ss✉❡s ❞❡

❧❛ t❤é♦r✐❡ ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ●✐♥③❜✉r❣✲▲❛♥❞❛✉ ❬✶✷✱ ✺✶✱ ✻✹❪✳ ❊♥ ❡✛❡t✱ s✐ ❧✬♦♥ ❝❤❡r❝❤❡ ♣❛r ❡①❡♠♣❧❡ à
♠✐♥✐♠✐s❡r

u 7→ 1

ε2

∫

Ω

(1− |u|2) +
∫

Ω

|∇u|2

❛✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉ ❜♦r❞ ❝♦♠♠❡ ✓ u ❞♦✐t êtr❡ ♣❛r❛❧❧è❧❡ à ❧❛ ❢r♦♥t✐èr❡ ✔✱ ♦♥ ✈♦✐t q✉❡ ❞❡✉① t❡r♠❡s
s✬♦♣♣♦s❡♥t ❞❛♥s ❧❛ ❢♦♥❝t✐♦♥♥❡❧❧❡ ✿ ❧✬✉♥ t❡♥❞ à sé❧❡❝t✐♦♥♥❡r ❧❡s ✈❡❝t❡✉rs ✉♥✐t❛✐r❡s ✭❛✈❡❝ ❝♦♥❞✐t✐♦♥ ❛✉ ❜♦r❞✮✱
❧✬❛✉tr❡ ❝❤❡r❝❤❡ ✉♥❡ ré❣✉❧❛t✐té H1 ❝❡ q✉✐ ❡st ✐♠♣♦ss✐❜❧❡ ♣✉✐sq✉✬✐❧ ② ❛ ❢♦r❝é♠❡♥t ❧❛ ❝ré❛t✐♦♥ ❞✬✉♥ ✈♦rt❡①✳

❉❛♥s ♥♦tr❡ ❝❛s✱ ❧❡s ❞❡✉① ♣❤é♥♦♠è♥❡s q✉✐ s✬♦♣♣♦s❡♥t s♦♥t ❧❡ ❢❛✐t q✉❡ T r❡s♣❡❝t❡ ❧❡s r❛②♦♥s ❞❡ tr❛♥s♣♦rt
♣♦✉r êtr❡ ♦♣t✐♠❛❧ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ▼♦♥❣❡ ✭❞♦♥❝ q✉❡ T ❞♦✐t ✓ ❡♥✈♦②❡r ❧✬♦r✐❣✐♥❡ s✉r ✉♥❡ ❝♦✉r❜❡ ❡♥
❝♦♦r❞♦♥♥é❡s ♣♦❧❛✐r❡s ✔✮ ❡t s♦♥ ❝❛r❛❝tèr❡ ❙♦❜♦❧❡✈✳ ■❧ ② ❛ ❞♦♥❝ ❡♥ ❝♦♠♠✉♥ ❧❛ ❝ré❛t✐♦♥ ❞✬✉♥ ✓ ✈♦rt❡① ✔ ✭✐❝✐
❧✬♦r✐❣✐♥❡✮ ❡t ❧❡ ❢❛✐t q✉❡ ❧❡ ❝♦ût ♠✐♥✐♠❛❧ ♣♦✉r Jε ♥✬❛❞♠❡t ♣❛s ❞❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❧✐♠✐té ❞✬♦r❞r❡ 1 ❡♥ ε✳

■❧ ❢❛✐t ❡♥ ❢❛✐t ❛♣♣❛r❛îtr❡ ✉♥ t❡r♠❡ ❧♦❣❛r✐t❤♠✐q✉❡ ❀ ♣ré❝✐sé♠❡♥t✱ ♦♥ ♣r♦✉✈❡ q✉❡

inf Jε =W1 +
K

3
ε| log ε|+O(ε)



✶✻ ■♥tr♦❞✉❝t✐♦♥

♦ù K ❡st ❞é✜♥✐ ♣❛r

K = min

{∫ π/2

0

(ϕ2 + ϕ′2) : R1(θ) ≤ ϕ(θ) ≤ R2(θ)

}

❝✬❡st✲à✲❞✐r❡ q✉❡ K ❡st ❧❡ ♠❡✐❧❧❡✉r ✓ ❝♦ût ✔ ♣♦ss✐❜❧❡✱ ❡♥ t❡r♠❡ ❞❡ ♥♦r♠❡ H1 ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ s✉r ❧✬✐♥✲
t❡r✈❛❧❧❡ (0, π/2)✱ ♣♦✉r ❡♥✈♦②❡r ❧✬♦r✐❣✐♥❡ s✉r ✉♥❡ ❝♦✉r❜❡ r = ϕ(θ) ❝♦♠♣r✐s❡ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞✬❛rr✐✈é❡✳ ❈❡
❝♦♠♣♦rt❡♠❡♥t ♣❡✉t êtr❡ ❥✉st✐✜é ✐♥❢♦r♠❡❧❧❡♠❡♥t ♣❛r ✉♥ ❝❛❧❝✉❧ q✉✐ ♠è♥❡ à ❧✬❛♣♣r♦①✐♠❛t✐♦♥

Jε(Tε) =W1 +
1

3
ε| log ε|||ϕ(0, ·)||2H1 +O(ε)

♣♦✉r T (x) = ϕ(x) x|x| ❡t Tε → T ✳ ❆✉tr❡♠❡♥t ❞✐t✱ ♥♦♥ s❡✉❧❡♠❡♥t ❧❡ ✓ ❞é✈❡❧♦♣♣❡♠❡♥t ❧✐♠✐té ✔ ❞❡ Jε ❢❛✐t
❛♣♣❛r❛îtr❡ ✉♥ t❡r♠❡ ❞✬♦r❞r❡ ε| log ε|✱ ♠❛✐s ❧❛ q✉❛♥t✐té q✉❡ ❧✬♦♥ ✓ ré❝✉♣èr❡ ✔ ❢❛✐t ✐♥t❡r✈❡♥✐r ❧❡ ❝♦♠♣♦rt❡♠❡♥t
❞❡ T ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ ❧✬♦r✐❣✐♥❡ s❡✉❧❡♠❡♥t✱ ❝✬❡st✲à✲❞✐r❡ ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ ❧✬✉♥✐q✉❡ ✐♥t❡rs❡❝t✐♦♥ ❞❡s r❛②♦♥s ❞❡
tr❛♥s♣♦rt ✭q✉✐ ❡st ❛✉ss✐ ❧❡ ♣♦✐♥t s✐♥❣✉❧✐❡r ♣♦✉r t♦✉s ❧❡s tr❛♥s♣♦rts ♦♣t✐♠❛✉①✮✳ ◆♦t♦♥s é❣❛❧❡♠❡♥t q✉❡
❝❡tt❡ q✉❛♥t✐té ♥❡ ❢❛✈♦r✐s❡ ♣❛s ❧❡ tr❛♥s♣♦rt ♠♦♥♦t♦♥❡✱ ❛✉ s❡♥s ♦ù ❧❛ ❢♦♥❝t✐♦♥ R1 ♣❡✉t✱ s❡❧♦♥ ❧❛ ❢♦r♠❡ ❞✉
❞♦♠❛✐♥❡ Ω′✱ ♥❡ ♣❛s êtr❡ ♦♣t✐♠❛❧❡ ❛✉ s❡♥s ❞❡ ❧❛ ♥♦r♠❡ ❙♦❜♦❧❡✈✳

❚♦✉t❡s ❝❡s r❡♠❛rq✉❡s s♦♥t ❞❡s ❝♦♥séq✉❡♥❝❡s ❞✉ t❤é♦rè♠❡ s✉✐✈❛♥t ✿

❚❤é♦rè♠❡ ✭✸✳✸✳✶✱ ♣❛r❛❣r❛♣❤❡ ✸✳✸✳✸✮✳ ❖♥ ♥♦t❡

Fε : T 7→ 1

ε

(
Jε(T )−W1 −

K

3
ε| log ε|

)

❡t

F (T ) =





+∞ s✐ T /∈ O1(µ, ν)
∫ 1

0

(||ϕ(r, ·)||2 −K)
❞r
r

+

∫ 1

0

||∂rϕ(r, ·)||2L2 r ❞r s✐ T ∈ O1(µ, ν), T (x) = ϕ(r, θ)
x

|x|

✶✳ ❙♦✐t (Tε)ε ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ❢♦♥❝t✐♦♥s t❡❧❧❡ q✉❡ (Fε(Tε))ε s♦✐t ❜♦r♥é❡✳ ❆❧♦rs ♦♥ ♣❡✉t tr♦✉✈❡r ✉♥❡ s✉✐t❡
εk → 0 ❡t ✉♥❡ ❢♦♥❝t✐♦♥ T t❡❧❧❡s q✉❡ Tεk → T ❞❛♥s L2(Ω)✳

✷✳ ■❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ C q✉✐ ♥❡ ❞é♣❡♥❞ q✉❡ ❞❡s ❞♦♠❛✐♥❡s Ω✱ Ω′ ❡t ❞❡s ♠❡s✉r❡s f ✱ g t❡❧❧❡ q✉❡✱ ♣♦✉r
t♦✉t❡ ❢❛♠✐❧❧❧❡ ❞❡ ❢♦♥❝t✐♦♥s (Tε)ε>0 ✈ér✐✜❛♥t Tε → T ❞❛♥s L2(Ω)✱ ♦♥t ❛✐t ❧✬✐♥é❣❛❧✐té

lim inf
ε→0

Fε(Tε) ≥ F (T )− C

✸✳ ❉❡ ♣❧✉s✱ ✐❧ ❡①✐st❡ ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ❢♦♥❝t✐♦♥s (Tε)ε>0 t❡❧❧❡ q✉❡ (Fε)ε ❡st ❡♥ ❡✛❡t ❜♦r♥é❡✳

◆♦t♦♥s q✉✬✐❧ s✬❛❣✐t ♣r❡sq✉❡ ❞✬✉♥ rés✉❧t❛t ❞❡ Γ✲❝♦♥✈❡r❣❡♥❝❡✱ ❛✉ s❡♥s ♦ù ♦♥ ❛ ✉♥❡ ✐♥é❣❛❧✐té ❞❡ t②♣❡
Γ✲❧✐♠✐♥❢ ♠❛✐s q✉✬✐❧ r❡st❡r❛✐t à ♠♦♥tr❡r ❧❛ Γ✲❧✐♠s✉♣ ❀ ♦♥ s✬❛tt❡♥❞ à ❝❡ q✉❡

Fε
Γ−→
ε
F − C ′

♦ù C ′ ❡st ✉♥❡ ❝♦♥st❛♥t❡ à ♣ré❝✐s❡r✳

✵✳✸✳✹ ❆✉tr❡s ❢♦r♠✉❧❛t✐♦♥s ❡t ♣❡rs♣❡❝t✐✈❡s

▲❡s tr♦✐s ♣r❡♠✐❡rs ❝❤❛♣✐tr❡s ❞❡ ❝❡tt❡ t❤ès❡ s♦♥t ❞♦♥❝ ❝♦♥s❛❝ré❡s ❛✉① q✉❡st✐♦♥s ❝❧❛ss✐q✉❡s ❡♥ ❝❛❧❝✉❧ ❞❡s
✈❛r✐❛t✐♦♥s ✭❞♦♥♥❡r ✉♥❡ ❢♦r♠✉❧❛t✐♦♥ ♣ré❝✐s❡ ❞✉ ♣r♦❜❧è♠❡ ❞❛♥s ❧❡s ❜♦♥s ❡s♣❛❝❡s ❢♦♥❝t✐♦♥♥❡❧s✱ ét✉❞✐❡r ❧✬❡①✐s✲
t❡♥❝❡ ❞❡ ♠✐♥✐♠✐s❡✉rs ❡t ❧❡s ❝♦♥❞✐t✐♦♥s ❞✬♦♣t✐♠❛❧✐té✱ ❡t ét✉❞✐❡r ❧❛ ✓ sé❧❡❝t✐♦♥ ✔ ❞✬✉♥ ♠✐♥✐♠✐s❡✉r ♣❛r ✉♥❡



✵✳✸✳ ❈❖◆❚❘■❇❯❚■❖◆❙ ❊❚ ❖❘●❆◆■❙❆❚■❖◆ ❉❊ ▲❆ ❚❍➮❙❊ ✶✼

♣r♦❝é❞✉r❡ ❞❡ t②♣❡ Γ✲❝♦♥✈❡r❣❡♥❝❡✮ ❛✉t♦✉r ❞❡ ❝❡tt❡ ♥♦✉✈❡❧❧❡ ❝❧❛ss❡ ❞❡ ♣r♦❜❧è♠❡s✳ ❈❡s q✉❡st✐♦♥s ét❛✐❡♥t
♥❛t✉r❡❧❧❡s ❡t ❧❡✉r ét✉❞❡ ♥é❝❡ss❛✐r❡✱ ♠❛✐s ❝❤❛❝✉♥❡ ❞✬❡♥tr❡ ❡❧❧❡s ét❛✐t ❡①♣r✐♠é❡ ❞✬✉♥❡ ❢❛ç♦♥ ✓ ❜❛s✐q✉❡ ✔ ❞✉
♣♦✐♥t ❞❡ ✈✉❡ ❞✉ ♣r♦❜❧è♠❡ ❞❡ tr❛♥s♣♦rt✱ ❛✉ s❡♥s s✉✐✈❛♥t ✿ ✐❧ s✬❛❣✐t ❞❡ ❧✬ét✉❞❡ ❞✬✉♥ ♣r♦❜❧è♠❡ ✓ st❛t✐q✉❡ ✔
✭♦ù s❡✉❧s ❛♣♣❛r❛✐ss❡♥t ❧❡ ♣♦✐♥t ❞❡ ❞é♣❛rt✱ ❧❡ ♣♦✐♥t ❞✬❛rr✐✈é❡ ❡t ❧❛ ❞é❢♦r♠❛t✐♦♥ r❡♣rés❡♥té❡ ♣❛r ❧❛ ♠❛tr✐❝❡
❥❛❝♦❜✐❡♥♥❡✮ ❡t ♦♥ ♥✬❛ ♣❛s ❝❤❡r❝❤é à ❡①♣❧♦✐t❡r ✉♥❡ ❢♦r♠❡ ❞❡ r❡❧❛①❛t✐♦♥ ❝♦♠♠❡ ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡ ❧❡ ❢❛✐r❡
❞❛♥s ❧❛ t❤é♦r✐❡ ✉s✉❡❧❧❡ ❞✉ tr❛♥s♣♦rt ♦♣t✐♠❛❧ ❀ ❞✬✉♥❡ ❝❡rt❛✐♥❡ ❢❛ç♦♥✱ ♦♥ ❡st ✈r❛✐♠❡♥t ❞❛♥s ❧❡ ❝❛s ét✉❞✐é ♣❛r
▼♦♥❣❡✱ q✉✐ ❞❛t❡ ♠❛✐♥t❡♥❛♥t ❞❡ ♣❧✉s ❞❡ ❞❡✉① s✐è❝❧❡s ✦

▲❡ ❞❡r♥✐❡r ❝❤❛♣✐tr❡ ❞♦♥♥❡ ❧❡s ✐❞é❡s ❡ss❡♥t✐❡❧❧❡s✱ ❧❡s rés✉❧t❛ts ❡s♣érés ❡t ❝❡rt❛✐♥❡s ❥✉st✐✜❝❛t✐♦♥s ✐♥❢♦r✲
♠❡❧❧❡s ♦✉ ❝❛❧❝✉❧s ♣✉r❡♠❡♥t ❢♦r♠❡❧s ❞❛♥s ❞❡s ❝❛s ♣❛rt✐❝✉❧✐❡rs ♣♦✉r ❧✬ét✉❞❡ ❞❡ ❝❡s ❞❡✉① ❛♣♣r♦❝❤❡s ❛❧t❡r♥❛✲
t✐✈❡s ❞✉ ♣r♦❜❧è♠❡ ❞❡ ✓ tr❛♥s♣♦rt ❛✈❡❝ ♣é♥❛❧✐s❛t✐♦♥ ❡♥ ❣r❛❞✐❡♥t ✔✳

❋♦r♠✉❧❛t✐♦♥s ❞②♥❛♠✐q✉❡s✳ ▲❛ ❢♦r♠✉❧❡ q✉✐ ✈✐❡♥t ❧❡ ♣❧✉s ♥❛t✉r❡❧❧❡♠❡♥t à ❧✬❡s♣r✐t ❝♦♥s✐st❡ s✐♠♣❧❡♠❡♥t
à r❡♣r❡♥❞r❡ ❝❡❧❧❡ ❞♦♥♥é❡ ♣❛r ❇❡♥❛♠♦✉ ❡t ❇r❡♥✐❡r ❡♥ r❡♠♣❧❛ç❛♥t t♦✉t❡s ❧❡s ♥♦r♠❡s L2 ♣❛r ❞❡s ♥♦r♠❡s
H1 ✿ ✐❧ s✬❛❣✐r❛✐t ❞♦♥❝ ❞✬ét✉❞✐❡r ❧❡s ❧✐❡♥s ❡♥tr❡

d̃(µ, ν) = inf

{∫

Ω

(|T (x)− x|2 + |Dµ(T − ✐❞)|2(x)) ❞µ(x) : T ∈ H1
µ(Ω), T#µ = ν

}

❡t inf

{∫ 1

0

||vt||2H1
ρt
❞t : ∂tρt + div(ρtvt) = 0, ρ0 = µ, ρ1 = ν

}

❊♥ ❢❛✐t✱ ♦♥ s✬❛♣❡rç♦✐t ❛ss❡③ ✈✐t❡ q✉❡ ❝❡tt❡ ❢♦r♠✉❧❡ ♥❡ ❝♦♥✈✐❡♥t ♣❛s t❡❧❧❡ q✉❡❧❧❡ ❞✉ ❢❛✐t✱ ♣❛r ❡①❡♠♣❧❡✱ q✉❡ ❧❛
♣r❡♠✐èr❡ q✉❛♥t✐té ♥✬❛ ❛ ♣r✐♦r✐ ❛✉❝✉♥❡ r❛✐s♦♥ ❞❡ ❞é✜♥✐r ✉♥❡ ❞✐st❛♥❝❡ ❡♥tr❡ µ ❡t ν✳ ❖♥ ♣❡✉t ❝♦rr✐❣❡r ❝❡❧❛
❡♥ ❝♦♥s✐❞ér❛♥t ❧✬❛♣♣❧✐❝❛t✐♦♥

d : (µ, ν) 7→ inf

{
∑

i

d̃(ρi, ρi+1) : n ∈ N, µ = ρ0, ρ1, . . . , ρn = ν ∈ P(Rd)

}

❉❛♥s ❝❡ ❝❛s✱ ♦♥ ♣❛r✈✐❡♥t à ❞é♠♦♥tr❡r ❛✉ ♠♦✐♥s ✉♥❡ ✐♥é❣❛❧✐té✱ à s❛✈♦✐r
∫ 1

0

∫

Rd

(|v(x, t)|+ |Dv(x, t)|2) ❞ρt(x) ❞t ≥ d(µ, ν)

♣♦✉r ✉♥❡ ❢❛♠✐❧❧❡ (v, ρ) ❛ss❡③ ré❣✉❧✐èr❡ s❛t✐s❢❛✐s❛♥t ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥t✐♥✉✐té ❡t r❡❧✐❛♥t µ à ν ❀ ❧✬✐♥é❣❛❧✐té
✐♥✈❡rs❡ s❡♠❜❧❡ ❡❧❧❡ ❞✐✣❝✐❧❡ à ét❛❜❧✐r✱ ❞✉ ❢❛✐t q✉✬✉♥❡ ❝♦✉r❜❡ ❞❡ ♠❡s✉r❡s ♣❡✉t ❛✈♦✐r ❞❡s ✈❛❧❡✉rs ♥♦♥ ré❣✉❧✐èr❡s
✭ρt ♣❡✉t êtr❡ ✉♥❡ ♠❡s✉r❡ ♣♦✉r ❧❛q✉❡❧❧❡ ❧❛ str❝✉t✉r❡ ❞❡ ❧✬❡s♣❛❝❡ H1

ρt ♥✬❡st ♣❛s ❝❧❛✐r❡✮ ❡t ❛✉ss✐ ❞✉ ❢❛✐t q✉✬✉♥
♦♣t✐♠✐s❡✉r ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ tr❛♥s♣♦rt ❛✈❡❝ ❣r❛❞✐❡♥t ♥✬❛ ♣❛s✱ ❡♥ rè❣❧❡ ❣é♥ér❛❧❡✱ ❞❡ ❢♦r♠❡ ✓ ❝♦♥♥✉❡ ✔
❝♦♠♠❡ ❝✬❡st ❧❡ ❝❛s ♣♦✉r ❧❡ tr❛♥s♣♦rt ❞❡ ❇r❡♥✐❡r ✉s✉❡❧ ✭❣r❛❞✐❡♥t ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡✮✳

▲❛ q✉❡st✐♦♥ ❞❡ s❛✈♦✐r s✐ ❝❡tt❡ ✐♥é❣❛❧✐té ❡st ✉♥❡ é❣❛❧✐té ❡st ♣♦✉r ❧❡ ♠♦♠❡♥t ♦✉✈❡rt❡ ❀ ❞❛♥s ❧❡ ❝❛s ❞❡ d̃✱
❝✬❡st✲à✲❞✐r❡ s✐ ❧✬♦♥ r❡✈✐❡♥t ❛✉ ♣r♦❜❧è♠❡ st❛t✐q✉❡ ♦r✐❣✐♥❡❧✱ ♦♥ ❞♦♥♥❡ ❛✉ss✐ ✉♥ ❡①❡♠♣❧❡ ❞❡ ❝❛❧❝✉❧ ❞❛♥s ✉♥ ❝❛s
très ♣❛rt✐❝✉❧✐❡r q✉✐ s✉❣❣èr❡ ✉♥❡ ❢♦r♠✉❧❛t✐♦♥ ❞✐✛ér❡♥t❡✱ ♦ù ✐♥t❡r✈✐❡♥t ❧✬✐♥✈❡rs❡ ❞❡ ❧❛ ❞❡♥s✐té ❞❡ ❧❛ ♠❡s✉r❡ ρt✱
à s❛✈♦✐r

||T − ✐❞||H1 =

∫ 1

0

(||vt||2L2
ρt

+ ||v′t||2L2
1/ρt

) ❞t

s✐ T ❡st ✉♥ tr❛♥s♣♦rt s✉r ❧❛ ❞r♦✐t❡ ré❡❧❧❡ ❡t s✐ ❧❛ ♠❡s✉r❡ ❞❡ ❞é♣❛rt µ ❡st ❧❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡✳

❋♦r♠✉❧❛t✐♦♥ r❡❧❛①é❡ ✓ à ❧❛ ❑❛♥t♦r♦✈✐t❝❤ ✔✳ ❈♦♠♠❡ ♦♥ ❧✬❛ ❞é❥à ❞✐t ❞❛♥s ❧❡ ♣❛r❛❣r❛♣❤❡ ❝♦♥s❛❝ré✱
❧❡ ♣♦✐♥t ❞❡ ❞é♣❛rt ❞❡ ❧❛ ❞é♠❛r❝❤❡ ❞❡ ❑❛♥t♦r♦✈✐t❝❤ ❡st ❧✬é❣❛❧✐té

∫

Ω

c(x, T (x)) ❞µ(x) =
∫

Ω×Ω′

c(x, y) ❞γT (x, y)



✶✽ ■♥tr♦❞✉❝t✐♦♥

✈r❛✐❡ ❞ès ❧♦rs q✉❡ γT ❡st ❧❡ ♣❧❛♥ ❞❡ tr❛♥s♣♦rt ✐♥❞✉✐t ♣❛r ❧✬❛♣♣❧✐❝❛t✐♦♥ T ✳ P♦✉r tr♦✉✈❡r ✉♥❡ ❢♦r♠✉❧❛t✐♦♥
éq✉✐✈❛❧❡♥t❡ ❞❛♥s ❧❡ ❝❛s ❞❡ ❧❛ ♣é♥❛❧✐s❛t✐♦♥ ❡♥ ❣r❛❞✐❡♥t✱ ❧❛ ❞✐✣❝✉❧té rés✐❞❡ ❞❛♥s ❧❡ ❢❛✐t q✉❡ ❧❡ t❡r♠❡ ❛❥♦✉té∫
|DT |2 ♥❡ ❢❛✐t ♣❛s s❡✉❧❡♠❡♥t ✐♥t❡r✈❡♥✐r ❧❡ ♣♦✐♥t ❞❡ ❞é♣❛rt x ❡t ❧❡ ♣♦✐♥t ❞✬❛rr✐✈é❡ T (x)✳
▲❛ s♦❧✉t✐♦♥ ❝❤♦✐s✐❡✱ s✉❣❣éré❡ ❆❧❡ss✐♦ ❋✐❣❛❧❧✐ ✭❡t ❢❛✐s❛♥t ❧✬♦❜❥❡t ❞✬✉♥ tr❛✈❛✐❧ ❡♥ ❝♦✉rs ❛✈❡❝ ❧✉✐✮✱ ❝♦♥s✐st❡

à ❛♣♣r♦①✐♠❡r ❧❡ ❝❛rré ❞❡ ❧❛ ♥♦r♠❡ L2 ❞❡ ❧❛ ♠❛tr✐❝❡ ❥❛❝♦❜✐❡♥♥❡ ✭à ✉♥❡ ❝♦♥st❛♥t❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♣rès✮ ♣❛r

(1− s)

∫∫

Ω2

|T (x)− T (y)|2
|x− y|d+2s

❞x ❞y

q✉✐ ❡st ❡♥ ❢❛✐t ❧❡ ❝❛rré ❞❡ ❧❛ ♥♦r♠❡ ❙♦❜♦❧❡✈ ❢r❛❝t✐♦♥♥❛✐r❡ ❞✬❡①♣♦s❛♥t s ❞❡ T ✭s ❡st ✉♥ ♣❛r❛♠ètr❡ ♣♦s✐t✐❢
t❡♥❞❛♥t ✈❡rs 1 ♣❛r ✈❛❧❡✉rs ✐♥❢ér✐❡✉r❡s✮✳ ❉❛♥s ❝❡ ❝❛s✱ ✐❧ ✈✐❡♥t ✐♠♠é❞✐❛t❡♠❡♥t q✉❡

||T ||2Hs =

∫∫

(Ω×Ω′)2
(1− s)

|z − w|2
|x− y|d+2s

❞γT (x, z) ❞γT (y, w)

❝✬❡st✲à✲❞✐r❡ q✉✬♦♥ ✐♥tè❣r❡ ♣❛r r❛♣♣♦rt à ❧❛ ♠❡s✉r❡ ♣r♦❞✉✐t γ ⊗ γ ✉♥ ❝♦ût ❞é♣❡♥❞❛♥t ❞❡ q✉❛tr❡ ✈❛r✐❛❜❧❡s✱
❞❡✉① ✈❛r✐❛❜❧❡s ❞❡ ❞é♣❛rt x, y ❡t ❞❡✉① ✈❛r✐❛❜❧❡s ❞✬❛rr✐✈é❡ z, w✳ ❈♦♥tr❛✐r❡♠❡♥t ❛✉ ❝❛s ❞✉ tr❛♥s♣♦rt ♦♣t✐♠❛❧
s❛♥s ❣r❛❞✐❡♥t✱ ❧❡ ❢❛✐t q✉❡ ❧❡ ♣❧❛♥ ❞❡ tr❛♥s♣♦rt ♦♣t✐♠✐s❛♥t✱ ♣❛r ❡①❡♠♣❧❡✱

∫

Ω×Ω

|z − x|2 ❞γ(x, z) +
∫∫

(Ω×Ω′)2
(1− s)

|z − w|2
|x− y|d+2s

❞γ(x, z) ❞γ(y, w)

❡st ✐♥❞✉✐t ♣❛r ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❞❡ tr❛♥s♣♦rt ✈✐❡♥t r❛♣✐❞❡♠❡♥t ♣✉✐sq✉❡ s✐ ✉♥ ♣♦✐♥t x0 ❡st ✓ ❡♥✈♦②é ✔ s✉r ❞❡✉①

♣♦✐♥ts z1✱ z2 ❞✐st✐♥❝ts✱ ❧✬✐♥té❣r❛❧❡ ❞❡
|z − w|2

|x− y|d+2s
❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ x = y = x0 ❡st ❛✉t♦♠❛t✐q✉❡♠❡♥t ✐♥✜♥✐❡✳

❊♥ r❡✈❛♥❝❤❡✱ ❧❛ ❢♦♥❝t✐♦♥♥❡❧❧❡ ❝♦♥s✐❞éré❡ ♥✬❡st ♣❧✉s ❧✐♥é❛✐r❡ ♣❛r r❛♣♣♦rt à γ ❡t ✐❧ ❢❛✉t ❞♦♥❝ ❝♦♠♠❡♥❝❡r ♣❛r
❝♦♥s✐❞ér❡r ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡①❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♠❡s✉r❡s ❞❡ ❧✬❡♥s❡♠❜❧❡

{γ ⊗ γ : γ ∈ Π(µ, ν)}

▲❡ ❢❛✐t q✉❡ ❧✬✐♥✜♠✉♠ ❞❡ ♥♦tr❡ ❝♦ût ❡♥ q✉❛tr❡ ✈❛r✐❛❜❧❡s s✉r ❝❡tt❡ ❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡①❡ ✭q✉❡ ❧✬♦♥ ❝❤❡r❝❤❡ à
❞é❝r✐r❡ ♣❛r ❞❡s ❝♦♥tr❛✐♥t❡s s✐♠♣❧❡s✮ ✈✐❡♥t ❞✬✉♥ é❧é♠❡♥t ❞❡ ❧❛ ❢♦r♠❡ γ⊗γ ❡st ❡♥❝♦r❡ ✉♥❡ ❝♦♥❥❡❝t✉r❡ ♣♦✉r ❧❡
♠♦♠❡♥t✳ ❙♦✉s ❝❡tt❡ ❝♦♥❥❡❝t✉r❡✱ ♦♥ ❡st ♥é❛♥♠♦✐♥s ❝❛♣❛❜❧❡s ❞❡ ♠❡♥❡r ✉♥ r❛✐s♦♥♥❡♠❡♥t s✐♠✐❧❛✐r❡ à ❧❛ ❞✉❛❧✐té
❞❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐t❝❤ ❡t ❞✬♦❜t❡♥✐r ❢♦r♠❡❧❧❡♠❡♥t ✭é✈❡♥t✉❡❧❧❡♠❡♥t ❡♥ ❝♦♥s✐❞ér❛♥t ✉♥❡ ré❣✉❧❛r✐s❛t✐♦♥ ❞✉
❝♦ût ✓ ❙♦❜♦❧❡✈ ❢r❛❝t✐♦♥♥❛✐r❡ ✔✱ q✉✐ ❛ ❛✉ss✐ ❧✬✐♥❝♦♥✈é♥✐❡♥t ❞❡ ♣rés❡♥t❡r ✉♥❡ s✐♥❣✉❧❛r✐té ❡♥ x = y✮ ❞❡s
❝♦♥❞✐t✐♦♥s ❞✬♦♣t✐♠❛❧✐té q✉✐ ❢♦♥t ❛♣♣❛r❛îtr❡✱ ♥♦t❛♠♠❡♥t✱ ❧✬♦♣ér❛t❡✉r ❧❛♣❧❛❝✐❡♥ ❢r❛❝t✐♦♥♥❛✐r❡✳ ▲♦rsq✉❡ s
t❡♥❞ ✈❡rs 1 ✭❡t s♦✉s rés❡r✈❡ q✉❡ ❧❡s ❛♥❛❧♦❣✉❡s ❞❡s ♣♦t❡♥t✐❡❧s ❞❡ ❑❛♥t♦r♦✈✐t❝❤✱ q✉✐ ❞é♣❡♥❞❡♥t ❞❡ s✱ ❛✐❡♥t
✉♥❡ ❧✐♠✐t❡✮✱ ❧✬✉♥❡ ❞❡ ❝❡s ❝♦♥❞✐t✐♦♥s ❞✬♦♣t✐♠❛❧✐té ❞❡✈✐❡♥t

∇Φ(x) + Cd(
tDT (x)∆T (x) +∇(|DT |2)(x)) = T (x)

◆♦t♦♥s q✉✬✐❧ s✬❛❣✐t ❡①❛❝t❡♠❡♥t ❞❡ ❧❛ ♠ê♠❡ éq✉❛t✐♦♥ q✉❡ ❝❡❧❧❡ ♦❜t❡♥✉❡ ❝♦♠♠❡ éq✉❛t✐♦♥ ❞✬❊✉❧❡r✲▲❛❣r❛♥❣❡
♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ✓ ♣❡rt✉r❜❛t✐♦♥ ✔✳

▲❡s q✉❡st✐♦♥s ♦✉✈❡rt❡s s✉r ❝❡ s✉❥❡t s♦♥t ✈❛r✐é❡s ✲ à ❝♦♠♠❡♥❝❡r ❧❛ ❞é♠♦♥str❛t✐♦♥ ❞❡s ét❛♣❡s ♠❛♥q✉❛♥t❡s✱
♥♦t❛♠♠❡♥t ❧✬ét✉❞❡ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡①❡ ❞❡s γ ⊗ γ ✲ ♠❛✐s ♦♥ ✐♥s✐st❡ s✉r ❧❡ ❢❛✐t q✉❡ ❧❡s ❝♦♥❞✐t✐♦♥s
❞✬♦♣t✐♠❛❧✐té ♦❜t❡♥✉❡s ❝♦ï♥❝✐❞❡♥t ❡♥ ♣❛rt✐❡ ❛✈❡❝ ❝❡❧❧❡s ♣r♦✈❡♥❛♥t ❞❡ ❧❛ ♠ét❤♦❞❡ ✓ ❝❧❛ss✐q✉❡ ✔✳



❈❤❛♣t❡r ✶

❊①✐st❡♥❝❡ ♦❢ ♠✐♥✐♠✐③❡rs

❚❤✐s ❝❤❛♣t❡r ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠✐♥✐♠✐③❡rs ♦❢ t❤❡ ♣r♦❜❧❡♠

inf

{∫

Ω

(c(x, T (x)) + |DT (x)|2) ❞µ(x) : T#µ = ν

}

✇❤❡r❡✿

• Ω ✐s ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ♦❢ Rd✱ d ≥ 1❀

• µ ∈ P(Ω)✱ ν ∈ P(Rd)❀

• c ✐s ❛ tr❛♥s♣♦rt ❝♦st ✭✐♥ ❣❡♥❡r❛❧ ✇❡ ✇✐❧❧ s✐♠♣❧② t❛❦❡ c(x, y) = |y − x|2✮

❆s ✇❡ ✇✐❧❧ s❡❡ ❜❡❧♦✇✱ t❤✐s ❢♦r♠✉❧❛t✐♦♥ ✐s ❛❝t✉❛❧❧② q✉✐t❡ ✐♥❢♦r♠❛❧ ✐♥ ❣❡♥❡r❛❧✱ s♦ ✇❡ ✇✐❧❧ ♣r❡❝✐s❡ ❛t ❡❛❝❤ t✐♠❡
✐♥ ✇❤✐❝❤ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡ ✇❡ ❝❤♦♦s❡ t♦ ✇♦r❦✳

✶✳✶ ❚❤❡ ❣❡♥❡r❛❧ str❛t❡❣②

✶✳✶✳✶ ▼❡t❤♦❞ ❛♥❞ ❡①✐st❡♥❝❡ ❢♦r r❡❣✉❧❛r ♠❡❛s✉r❡s

❚❤❡ ❣❡♥❡r❛❧ str❛t❡❣② t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✐③❡r ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✜rst✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ s❡t
♦❢ tr❛♥s♣♦rt ♠❛♣s T ❢r♦♠ µ t♦ ν s✉❝❤ t❤❛t

∫
Ω
|DT |2 ❞µ < +∞ ✐s ♥♦♥✲❡♠♣t②❀ ✐t ✐s tr✉❡ ✐♥ ♠❛♥② ❝❛s❡s✱

❢♦r ✐♥st❛♥❝❡ ✐❢ µ✱ ν ❛r❡ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ ▲✐♣s❝❤✐t③ ❞❡♥s✐t② ♦♥ t✇♦ ❞♦♠❛✐♥s Ω✱ Ω′ ✇✐t❤ r❡❣✉❧❛r
❜♦✉♥❞❛r②✱ ❛♥❞ ✇❡ ✐♥ ❣❡♥❡r❛❧ ✇✐❧❧ ♥♦t ❢♦❝✉s ♦♥ t❤✐s ❛ss✉♠♣t✐♦♥✳ ❚❤❡♥✱ ✇❡ ✉s❡ t❤❡ ❞✐r❡❝t ♠❡t❤♦❞ ♦❢ t❤❡
❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s ❛♥❞ t❛❦❡ ❛ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡ (Tn)n ❢♦r ♦✉r ❢✉♥❝t✐♦♥❛❧✳ ❚❤❡ ❢❛❝t t❤❛t

∫
|DTn|2 ≤

C < +∞ ❢♦r ❡❛❝❤ n ❣✐✈❡s s♦♠❡ ❝♦♠♣❛❝t♥❡ss t♦ t❤❡ s❡q✉❡♥❝❡ (Tn)n✱ ❛♥❞ ✇❡ ❝❛♥ ❡①tr❛❝t ❛ ❝♦♥✈❡r❣✐♥❣
s✉❜s❡q✉❡♥❝❡ t♦ ❛ ❝❡rt❛✐♥ ♠❛♣ T ✱ ✇❤❡r❡ t❤❡ ♠♦❞❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❡♥♦✉❣❤ t♦ ❤❛✈❡ t❤❡ ✐♠♣❧✐❝❛t✐♦♥✿

{
Tn → T

∀n, (Tn)#µ = ν
=⇒ T#µ = ν

s♦ t❤❛t t❤❡ ❧✐♠✐t T ✐s st✐❧❧ ❛❞♠✐ss✐❜❧❡✱ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ ❜② s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧✳
❚❤❡ ♠♦❞❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ t❤❛t ✇❡ ♥❡❡❞ ✐s t②♣✐❝❛❧❧② t❤❡ ♣♦✐♥t✇✐s❡ µ✲❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡✱ ❛s s❤♦✇s t❤❡

❢♦❧❧♦✇✐♥❣ ❡❛s② ❧❡♠♠❛✿

✶✾
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▲❡♠♠❛ ✶✳✶✳✶✳ ▲❡t (Tn)n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♠❡❛s✉r❛❜❧❡ ♠❛♣s Ω → Rd s✉❝❤ t❤❛t

∀n ∈ N, (Tn)#µ = ν

▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts T : Ω → Rd s✉❝❤ t❤❛t Tn(x) → T (x) ❢♦r µ✲❛✳❡✳ x ∈ Ω✳ ❚❤❡♥ T#µ = ν✳

Pr♦♦❢✳ ❚❤❡ ❢❛❝t t❤❛t (Tn)#µ = ν ❢♦r ❛♥② n ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ✇✐t❤

∀n ∈ N, ∀ϕ ∈ Cb(R
d),

∫

Ω

ϕ(Tn(x)) ❞µ(x) =
∫

Rd

ϕ(y) ❞ν(y)

■♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ t❤✐s ❡q✉❛❧✐t②✱ s✐♥❝❡ ϕ ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❛♥❞ Tn → T µ✲❛✳❡✳ ♦♥ Ω✱ t❤❡
❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ♣r♦✈✐❞❡s

∫

Ω

ϕ(Tn(x)) ❞µ(x) →
∫

Ω

ϕ(T (x)) ❞µ(x)

s♦ t❤❛t ∫

Ω

ϕ(T (x)) ❞µ(x) =
∫

Ω

ϕ(y) ❞ν(y)

❢♦r ❛♥② ϕ ∈ Cb(R
d)✳ ❚❤✐s ❡①❛❝t❧② ♠❡❛♥s t❤❛t T#µ = ν ❛♥❞ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

❖❢ ❝♦✉rs❡✱ t❤❡ ❞✐r❡❝t ♠❡t❤♦❞ ♦❢ t❤❡ ❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s ✐s ♥♦t ❡♥♦✉❣❤ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ♦♣t✐♠❛❧
tr❛♥s♣♦rt t❤❡♦r② ✭✇✐t❤♦✉t ✏❣r❛❞✐❡♥t t❡r♠✑✮✳ ■♥❞❡❡❞✱ t❤❡ ✉♥✐q✉❡ ❜♦✉♥❞ ♦♥ ❛ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡ ❢♦r t❤❡
tr❛♥s♣♦rt ❝♦st✱ ❡✳❣✳

∀n ∈ N,

∫

Ω

|Tn(x)− x|2 ❞µ(x) ≤ C < +∞

✐♥✈♦❧✈❡s t❤❡ L2✲♥♦r♠ ♦❢ ❡❛❝❤ Tn✱ ❛♥❞ ✇❡ ❝❛♥ ♦♥❧② ❡①tr❛❝t ❛ s❡q✉❡♥❝❡ (Tnk
)k ✇❤✐❝❤ ❤❛s ❛ ❧✐♠✐t T ❢♦r t❤❡

✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ L2✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ✐♠♣❧✐❡s t❤❡ µ✲❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡✳
❋♦r ✉s✱ t❤❡ ❡①✐st❡♥❝❡ r❡s✉❧t ❝♦♠❡s ❢r♦♠ t❤✐s ♠❡t❤♦❞ ✉♥❞❡r s♦♠❡ ❛ss✉♠♣t✐♦♥s ♦♥ Ω ♦♥ µ✳ ❖♥❡ ❝❛♥

❢♦r♠✉❧❛t❡ ✐t ❛s ❢♦❧❧♦✇s✿

Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✶✳ ▲❡t µ ∈ P(Ω) ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ❆ss✉♠❡
t❤❛t Ω ❤❛s ▲✐♣s❝❤✐t③ ❜♦✉♥❞❛r② ❛♥❞ t❤❛t t❤❡ ❞❡♥s✐t② f ♦❢ µ s❛t✐s✜❡s

0 < c ≤ f(x)

❢♦r ❛✳❡✳ x ∈ Ω✳ ▲❡t ν ∈ P(Rd) s✉❝❤ t❤❛t

∃T ∈ H1(Ω), T#µ = ν

▲❡t L ❜❡ ❛ ❢✉♥❝t✐♦♥ Ω× Rd ×Md(R) → R s✉❝❤ t❤❛t✿

• ❢♦r ❛♥② (u, ξ)✱ t❤❡ ❢✉♥❝t✐♦♥ x 7→ L(x, u, ξ) ✐s ♠❡❛s✉r❛❜❧❡✱ ❛♥❞ ❢♦r ❛♥② x✱ t❤❡ ❢✉♥❝t✐♦♥ (u, ξ) 7→
L(x, u, ξ) ✐s ❝♦♥t✐♥✉♦✉s❀

• t❤❡r❡ ❡①✐sts α > 0 s✉❝❤ t❤❛t L(x, u, ξ) ≥ α|ξ|2✱ ❢♦r ❛♥② (x, u, ξ)❀

• ❢♦r ❛♥② (x, u)✱ t❤❡ ❢✉♥❝t✐♦♥ ξ 7→ L(x, u, ξ) ✐s ❝♦♥✈❡① ♦♥ Md(R)✳

❚❤❡♥ t❤❡ ♣r♦❜❧❡♠

inf

{∫

Ω

L(x, T (x), DT (x)) f(x) ❞x

}

❛❞♠✐ts ❛t ❧❡❛st ♦♥❡ s♦❧✉t✐♦♥✳
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Pr♦♦❢✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② J t❤❡ ❢✉♥❝t✐♦♥❛❧ t❤❛t ✇❡ ❛r❡ tr②✐♥❣ t♦ ♠✐♥✐♠✐③❡✿

J : T ∈ H1(Ω) 7→
∫

Ω

L(x, T (x), DT (x)) f(x) ❞x

❆s ❛♥♥♦✉♥❝❡❞✱ ✇❡ t❛❦❡ ❛ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡ (Tn)n❀ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C
s✉❝❤ t❤❛t

∀n ∈ N,

∫

Ω

|DTn(x)|2 ❞x ≤ C

❛♥❞ (Tn)n ✐s ❜♦✉♥❞❡❞ ✐♥ H1(Ω)✳ ❇② ❛♣♣❧②✐♥❣ t❤❡ ❘❡❧❧✐❝❤ t❤❡♦r❡♠ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✸✽❪✱ s❡❝t✐♦♥ ✺✳✼
♦r ❬✶❪✱ ❝❤❛♣✳ ✻✮✱ ✇❡ ❡①tr❛❝t ❢r♦♠ ✐t ❛ ❝♦♥✈❡r❣❡♥❝❡ s✉❜s❡q✉❡♥❝❡ (Tnk

)k ✇❤✐❝❤ ❤❛s ❛ ❧✐♠✐t T ❢♦r t❤❡ str♦♥❣
❝♦♥✈❡r❣❡♥❝❡ ✐♥ L2(Ω)✱ ❛♥❞ ✉♣ t♦ ❛ s❡❝♦♥❞ ❡①tr❛❝t✐♦♥ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t Tnk

(x) −→
k
T (x) ❢♦r ❛✳❡✳ x ∈ Ω✳

❚❤❡ ❧❡♠♠❛ ✶✳✶✳✶ ❣✐✈❡s ✉s t❤❛t T#µ = ν✳ ▼♦r❡♦✈❡r✱ t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ L ❣✉❛r❛♥t❡❡ t❤❛t J ✐s ❧♦✇❡r
s❡♠✐✲❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✭s❡❡ t❤❡ ❚❤❡♦r❡♠ ❆✳✷✳✶ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✮✳ ❚❤✐s
❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

✶✳✶✳✷ ❉✐✣❝✉❧t✐❡s ❢♦r ❛ ❣❡♥❡r✐❝ ♠❡❛s✉r❡

■♥ ❛ ✜rst ❛♥❛❧②s✐s✱ t❤❡ ❦❡② ♣♦✐♥t ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢ ✇❛s t❤❡ ❢❛❝t t❤❛t ✇❡ ✇♦r❦ ✐♥ ❛ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡
✇❤❡r❡ ❛♥② ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ❛❞♠✐ts ❛ ♣♦✐♥t✇✐s❡ ❝♦♥✈❡r❣❡♥t s✉❜s❡q✉❡♥❝❡ ❛✳❡✳ ❢♦r t❤❡ s♦✉r❝❡ ♠❡❛s✉r❡✳
❆❝t✉❛❧❧②✱ t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ f ❤❡❧♣s ❛❧s♦ t♦ s✐♠♣❧② ❣✐✈❡ ❛ s❡♥s❡ t♦ ♦✉r ❢✉♥❝t✐♦♥❛❧✿ ✐❢ T ❜❡❧♦♥❣s t♦ L2(Ω)
❛♥❞ ❛❞♠✐ts ❛ ❏❛❝♦❜✐❛♥ ♠❛tr✐① DT ✐♥ t❤❡ ✇❡❛❦ s❡♥s❡✱ ✇❡ ❤❛✈❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡

T ∈ H1(Ω) ⇔
∫

Ω

|DT (x)|2f(x) ❞x < +∞

❚❤✐s ❢❛❝t ❞♦❡s ♥♦t s✉❜s✐st ✐❢ t❤✐s ❛ss✉♠♣t✐♦♥ ♦♥ f ❢❛✐❧s✱ ❛♥❞ ✇❡ ❛r❡ ❡✈❡♥ ♥♦t ❛❜❧❡ t♦ ❞❡✜♥❡ t❤❡ ❡♥❡r❣②∫
Ω
|DT (x)|2 ❞µ(x)✿ ❢♦r ✐♥st❛♥❝❡✱ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ ❛ ❣❡♥❡r✐❝ T ∈ L2(Ω) ❝❛♥ ❜❡ ♥♦t ✇❡❧❧✲❞❡✜♥❡❞

µ✲❛✳❡✳ ✐❢ µ ❛❞♠✐ts ❛ ♥♦♥✲♥✉❧❧ s✐♥❣✉❧❛r ♣❛rt✳ ❚❤✐s ❧❡❛❞s ✉s t♦ ❢♦❝✉s ♦♥ t❤❡ t❤❡♦r② ♦❢ t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡s
✇✐t❤ r❡s♣❡❝t t♦ ❛ ❣❡♥❡r✐❝ ♠❡❛s✉r❡s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s t♦ ♦✉r ❦✐♥❞ ♦❢ ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠s✳ ❚❤❡ ❝❡♥tr❛❧
q✉❡st✐♦♥s ✇✐❧❧ st✐❧❧ ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✶✳ ✐❢ T ∈ L2
µ(Ω)

d✱ ❤♦✇ t♦ ❣✐✈❡ ❛ s❡♥s❡ ✭❢♦r ✐♥st❛♥❝❡✱ ✐❢ L2
µ(Ω) ✐s ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ L1

loc(Ω)✮ t♦ t❤❡ ❙♦❜♦❧❡✈
♥♦r♠ ♦❢ T ✇✐t❤ r❡s♣❡❝t t♦ µ ❛♥❞ t♦ ✐ts ❏❛❝♦❜✐❛♥ ♠❛tr✐①❄

✷✳ ❞♦❡s t❤❡r❡ ❡①✐st ❛ ❝♦♠♣❛❝t♥❡ss r❡s✉❧t ♦♥ t❤❡ s♣❛❝❡H1
µ(Ω) ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❛♣♣❧② t❤❡ ❞✐r❡❝t ♠❡t❤♦❞

♦❢ t❤❡ ❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s❄

✶✳✷ ❙♦❜♦❧❡✈ s♣❛❝❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♠❡❛s✉r❡

✶✳✷✳✶ ❲❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s ✭❝❛s❡ µ ≪ Ld✮

▲❡t ✉s ❛ss✉♠❡ ❛❣❛✐♥ t❤❛t µ ≪ Ld✱ ❛♥❞ ❞❡♥♦t❡ ❜② f ✐ts ❞❡♥s✐t②✳ ■♥ ❣❡♥❡r❛❧✱ ❛ ✜rst ✐❞❡❛ t♦ ❞❡✜♥❡ t❤❡
❙♦❜♦❧❡✈ s♣❛❝❡ H1

µ ❝♦♥s✐sts ✐♥ st✉❞②✐♥❣ t❤❡ s❡t ♦❢ ✭s❝❛❧❛r✮ ❢✉♥❝t✐♦♥s u ∈ L2
µ s✉❝❤ t❤❛t ∇u ❡①✐sts ✐♥ t❤❡

✇❡❛❦ s❡♥s❡ ❛♥❞ ❜❡❧♦♥❣s t♦ L2
µ✳ ❍❡r❡✱ ✐❢ f ✐s ♣♦s✐t✐✈❡ ♦♥ Ω✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥② u ∈ L2

µ(Ω)

∫

Ω

|u(x)| ❞x =

∫

Ω

(
|u(x)|

√
f(x)

) ❞x√
f(x)

≤
(∫

Ω

|u(x)|2f(x) ❞x
)1/2 (∫

Ω

❞x
f(x)

)1/2

✭✶✳✶✮

❚❤✐s s❤♦✇s t❤❛t ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ❛ss✉♠♣t✐♦♥

1/f ∈ L1
loc(Ω) ✭✶✳✷✮
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✐♠♣❧✐❡s t❤❡ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣
L2
µ(Ω) →֒ L1

loc(Ω).

❛♥❞ ❛♥② ❡❧❡♠❡♥t ♦❢ L2
µ(Ω) ✐s ❛ r❡❣✉❧❛r ❞✐str✐❜✉t✐♦♥ ❛♥❞ t❤✉s ❛❞♠✐ts ❛ ❣r❛❞✐❡♥t ✐♥ t❤❡ ✇❡❛❦ s❡♥s❡✳ ❲❡ ❝❛♥

t❤❡♥ ❞❡✜♥❡ t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡ ✇✐t❤ r❡s♣❡❝t t♦ f ✿

H1
f (Ω) =

{
u ∈ L2

f (Ω) : ∇u ∈ L2
f (Ω)

d
}
.

■❢ ✇❡ r❡♣❧❛❝❡ t❤❡ ♣♦✇❡r 2 ✇✐t❤ ❛ ❣❡♥❡r✐❝ ❡①♣♦♥❡♥t p ∈ (1,+∞)✱ ❜② ❛♣♣❧②✐♥❣ t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t② ✐♥st❡❛❞
♦❢ ✭✶✳✶✮✱ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✶✳✷✮ ✐s r❡♣❧❛❝❡❞ ✇✐t❤

(
1

f

)1/(p−1)

∈ L1
loc(Ω) ✭✶✳✸✮

✇❤✐❝❤ ✐s ❛ ✇❡❧❧✲❦♥♦✇♥ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ t♦ ❞❡✜♥❡ t❤❡ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡ W 1,p
f (Ω) ✇✐t❤ r❡s♣❡❝t

t♦ f ✳ ❋♦r ❛ ❣❡♥❡r✐❝ ❞❡♥s✐t② f ∈ L∞✱ ✐❢ ✇❡ s❡t

M =

{
x ∈ Ω : ∀ε > 0,

∫

B(x,ε)∩Ω

(
1

f

)1/(p−1)

= +∞
}

t❤❡♥ M ✐s t❤❡ ♠✐♥✐♠❛❧ ❝❧♦s❡❞ s✉❜s❡t ♦❢ Ω s✉❝❤ t❤❛t (1/f)1/(p−1) ∈ L1
loc(Ω−M)✱ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ❛❜♦✈❡

❤♦❧❞ ♦♥ t❤❡ s❡t Ω−M ✳ ❖♥❡ ❝❛♥ ❢♦r ✐♥st❛♥❝❡ t❛❦❡ ❢♦r ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡ ✇✐t❤ r❡s♣❡❝t
t♦ f

W 1,p(Ω) :=W 1,p(Ω−M)

♦r W 1,p(Ω) :=
{
u ∈ Lp(Ω) : u|Ω−M ∈W 1,p(Ω−M)

}
✭✶✳✹✮

❲❡ r❡❢❡r t♦ ❬✺✺❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s ❛❜♦✉t t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s✳ ❋♦r ❛ ❝♦♠♣❛❝t
❡♠❜❡❞❞✐♥❣ ♦❢ t❤✐s s♣❛❝❡ ✐♥t♦ L1 ♦r L1

f ✭✇❤✐❝❤ ✐s ❡♥♦✉❣❤ ❢♦r ✉s✮✱ t❤❡ ❚❤❡♦r❡♠ ✸ ♦❢ ❬✹✺❪ ✭❛♣♣❧✐❡❞ ✇✐t❤
q = s = 1✮ ❣✐✈❡s ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ✇❡✐❣❤t f ✿

❚❤❡♦r❡♠ ✶✳✷✳✶ ✭❬✹✺❪✱ ❚❤❡♦r❡♠ ✸✮✳ ❆ss✉♠❡ t❤❛t Ω ❤❛s ▲✐♣s❝❤✐t③ ❜♦✉♥❞❛r② ❛♥❞ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ✭✶✳✸✮
❤♦❧❞s✳ ❆ss✉♠❡ ♠♦r❡♦✈❡r t❤❛t f ∈ Lr(Ω) ❢♦r ❛ ❝❡rt❛✐♥ r > n✳ ❚❤❡♥ t❤❡ ❡♠❜❡❞❞✐♥❣

W 1,p
f (Ω) →֒ L1

f (Ω)

✐s ❛ ❝♦♠♣❛❝t ♦♣❡r❛t♦r✳

■♥ t❤✐s ❝❛s❡✱ ❢♦r ♦✉r ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠✱ ✇❡ ❝❛♥ ♠❛❦❡ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛s ✐❢ f ✇❛s ❜♦✉♥❞❡❞
❢r♦♠ ❜❡❧♦✇✳

✶✳✷✳✷ ●❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♠❡❛s✉r❡

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❣❡♥❡r❛❧ r❡s✉❧ts ❛❜♦✉t t❛♥❣❡♥t s♣❛❝❡s t♦ ❛
❣❡♥❡r✐❝ ❇♦r❡❧ ♠❡❛s✉r❡ µ ❛♥❞ ❙♦❜♦❧❡✈ s♣❛❝❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s ♠❡❛s✉r❡ ✭✇❡ ❤❡♥❝❡❢♦rt❤ ❞♦ ♥♦t ♠❛❦❡
❛♥② ❛ss✉♠♣t✐♦♥ ♦♥ µ✮✳ ❚❤❡r❡ ❡①✐sts s❡✈❡r❛❧ ❞❡✜♥✐t✐♦♥s t♦ t❤❡s❡ ❙♦❜♦❧❡✈ s♣❛❝❡s ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ♠❡tr✐❝
♠❡❛s✉r❡ s♣❛❝❡s (X, d, µ)✱ ❢♦r ✐♥st❛♥❝❡ ✐♥ t❤❡ ♣❛♣❡rs ❜② ❙❤❛♥♠✉❣❛❧✐♥❣❛♠ ❬✻✻❪✱ ❍❛❥➟❛s③ ❬✹✽❪ ♦r ❍❛❥➟❛s③ ❛♥❞
❑♦s❦❡❧❛ ❬✺✵❪ ✭s❡❡ ❬✹✾❪ ❢♦r ❛ ❣❧♦❜❛❧ s✉♠♠❛r② ♦❢ t❤❡s❡ ♥♦t✐♦♥s✮✳ ■♥ t❤❡ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡✱ ❛♥ ✉s✉❛❧ ♠❡t❤♦❞
✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ✇❡ ❣✐✈❡ ❛ s❡♥s❡ t♦ t❤❡ t❛♥❣❡♥t s♣❛❝❡ t♦ µ✱ ✇❤✐❝❤ ✐s ❛ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ µ✲❛✳❡✳ ❛♥❞ t❛❦✐♥❣ ✈❛❧✉❡s ✐♥
t❤❡ s❡t ♦❢ ❧✐♥❡❛r s✉❜s♣❛❝❡s ♦❢ Rd❀
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• t❤❡ ❣r❛❞✐❡♥t ✇✐t❤ r❡s♣❡❝t t♦ µ ❢♦r ❛ r❡❣✉❧❛r ❢✉♥❝t✐♦♥ u ✐s t❤❡♥ ❞❡✜♥❡❞ ❜②

∇µu(x) = pTµ(x)(∇u(x)) ❢♦r µ✲❛✳❡✳ x ∈ Rd,

✇❤❡r❡ pTµ(x) ✐s t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦♥ Tµ(x) ✐♥ Rd❀

• ✜♥❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r ❢♦r t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡ H1
µ t❤❡ ❝❧♦s✉r❡ ♦❢ C∞ (Ω

)
❢♦r t❤❡ ♥♦r♠

u ∈ C∞ (Ω
)
7→ ||u||Lp

µ
+ ||∇µu||Lp

µ
.

❚❤❡r❡ ❡①✐st s❡✈❡r❛❧ ✇❛②s t♦ ❞❡✜♥❡ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ♦❢ ❛ ❣❡♥❡r✐❝ ♠❡❛s✉r❡ µ✳ Pr❡✐ss ❬✻✸❪ ❣✐✈❡s ❛ ♠❡t❤♦❞
❜❛s❡❞ ♦♥ t❤❡ ✐❞❡❛ ♦❢ ❜❧♦✇✲✉♣✿ ❛ k✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ Pµ ✐s s❛✐❞ t♦ ❜❡ ❛♥ ❛♣♣r♦①✐♠❛t❡ t❛♥❣❡♥t s♣❛❝❡
♦❢ µ ❛t x ✐❢ ✇❡ ❤❛✈❡✱ ❢♦r s♦♠❡ θ > 0✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡ ✈❛❣✉❡ t♦♣♦❧♦❣② ♦❢ ♠❡❛s✉r❡ ✇❤❡♥
ρ ❣♦❡s t♦ 0✿

µ(x+ ρ · )⇀ θHk|Pµ
.

■♥ ♦r❞❡r t♦ ❡①❛♠✐♥❡ ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠s✱ t❤❡ ✜rst ✇♦r❦ ✇❤✐❝❤ ♣r❡s❡♥ts t❤✐s ♥♦t✐♦♥ ✐♥ ❛ ✈❡❝t♦r ❢r❛♠❡✲
✇♦r❦ ✐s t❤❡ ♣❛♣❡r ♦❢ ❇♦✉❝❤✐tté✱ ❇✉tt❛③③♦ ❛♥❞ ❙❡♣♣❡❝❤❡r ❬✶✹❪✱ ♦r✐❣✐♥❛❧❧② ❞♦♥❡ ❢♦r ❛♣♣❧✐❝❛t✐♦♥s ♦♥ st✉❞②✐♥❣
♦❢ ❡♥❡r❣✐❡s ✇❤✐❝❤ ❛r❡ ❝♦♥❝❡♥tr❛t❡❞ ♦♥ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ str✉❝t✉r❡s ✭✇❡ ❛❧s♦ r❡❢❡r t♦ t❤❡ s✉r✈❡② ♣❛♣❡r ❬✶✻❪
❢♦r ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡s❡ ♥♦t✐♦♥s ✐♥ t❤✐s ❢r❛♠❡✇♦r❦✱ ❛♥❞ ♥♦t✐❝❡ t❤❛t ❬✶✼❪ ✐♥✈❡st✐❣❛t❡s s✐♠✐❧❛r ♥♦t✐♦♥s ✇✐t❤
H2✲♦r❞❡r ❡♥❡r❣✐❡s✮✳ ❚❤❡✐r ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ ❛ ❞✉❛❧✐t② ❛r❣✉♠❡♥t✱ ✇❤✐❝❤ ❝♦♥s✐sts ✐♥ ❝❛❧❧✐♥❣ ✏t❛♥❣❡♥t
✜❡❧❞s t♦ µ✑ t❤❡ ✈❡❝t♦r ✜❡❧❞s ❜❡❧♦♥❣✐♥❣ t♦

Xp′

µ = {ϕ ∈ (Lp
′

µ )
d : div(µϕ) ∈ Lp

′

µ },

✇❤❡r❡ t❤❡ ♦♣❡r❛t♦r div(µv) ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ s❡♥s❡✳ ❚❤❡ t❛♥❣❡♥t s♣❛❝❡ x 7→ Qµ(x) t♦ µ ❛t
x ✐s t❤❡♥ ❞❡✜♥❡❞ t❤❛♥❦s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t✐♦♥ ♦❢ ✏µ✲❡ss❡♥t✐❛❧ ✉♥✐♦♥✑ ✭s❡❡ ❬✷✼❪✮✿

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✭✉♣ t♦ ❛ µ✲♥❡❣❧✐❣✐❜❧❡ s❡t✮ ♠✉❧t✐✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ Qµ : Ω →
P(Rd) s✉❝❤ t❤❛t✿

✶✳ ❢♦r µ✲❛✳❡✳ x ∈ Ω✱ Qµ(x) ✐s ❛ ❧✐♥❡❛r s✉❜s♣❛❝❡ ♦❢ Rd❀

✷✳ ❢♦r ❛♥② ϕ ∈ Xp′

µ ✱ ❢♦r µ✲❛✳❡✳ x ∈ Ω✱ ϕ(x) ∈ Qµ(x)❀

✸✳ ✐❢ Q′
µ ✐s ❛ ♠✉❧t✐✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ t❤❡ t✇♦ ❛❜♦✈❡ ♣r♦♣❡rt✐❡s✱ t❤❡♥ Qµ(x) ⊆ Q′

µ(x) ❢♦r µ✲
❛✳❡✳ x ∈ Ω✳

■♥ ❬✹✸❪✱ ❋r❛❣❛❧à ❛♥❞ ▼❛♥t❡❣❛③③❛ ❤❛✈❡ ♥♦t✐❝❡❞ t❤❛t✱ ✇✐t❤ t❤❡s❡ ♥♦t❛t✐♦♥s✱ ✇❡ ❤❛✈❡ t❤❡ ✐♥❝❧✉s✐♦♥Qµ(x) ⊆
Pµ(x) ❢♦r µ✲❛✳❡✳ ♦❢ Rd ✭❝❢✳ ❛❧s♦ ❬✶✹✱ ▲❡♠♠❛ ✺✳✷❪✮✳ ❲❡ r❡❢❡r t♦ ■❧❛r✐❛ ❋r❛❣❛❧à✬s P❤❉✳ t❤❡s✐s ❬✹✶❪ ❛♥❞✱ ❛❣❛✐♥✱
t❤❡ s✉r✈❡② ❬✶✻❪ ❢♦r ❛ ❝♦♠♣❧❡t❡ ♦✈❡r✈✐❡✇ ❛♥❞ ♠♦r❡ ❞❡t❛✐❧s ❛❜♦✉t t❤❡ ❞❡✜♥✐t✐♦♥s ❛❜♦✈❡✳

✶✳✷✳✸ ❚❡❝❤♥✐❝❛❧ ❞❡✜♥✐t✐♦♥s ♦❢ t❛♥❣❡♥t✐❛❧ ❣r❛❞✐❡♥t ❛♥❞ ❙♦❜♦❧❡✈ s♣❛❝❡s ✇✐t❤
r❡s♣❡❝t t♦ µ

■♥ t❤✐s ♣❛r❛❣r❛♣❤✱ ✇❡ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❙♦❜♦❧❡✈ s♣❛❝❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♠❡❛s✉r❡
t❤❛t ✇❡ ✉s❡ ❜❡❧♦✇✳ ❋♦r t❡❝❤♥✐❝❛❧ r❡❛s♦♥s✱ s✐♥❝❡ ♦✉r ❣♦❛❧ ❝♦♥s✐sts ♦♥❧② ✐♥ ❛♣♣❧②✐♥❣ t❤❡s❡ ❞❡✜♥✐t✐♦♥s ♦♥
tr❛♥s♣♦rt ♣r♦❜❧❡♠s✱ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ t♦ ♣r❡s❡♥t s♦♠❡ ❞❡✜♥✐t✐♦♥s ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ♣❛♣❡rs ❬✼✶✱ ✼✵❪ ✭✇❤✐❝❤
✇❡r❡ ♠♦t✐✈❛t❡❞ ❜② s♦♠❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♣r♦❜❧❡♠s s✐♠✐❧❛r t♦ ❬✶✺❪✮ ♦r ❬✶✼✱ ❙❡❝t✐♦♥ ✷❪✳ ◆♦t✐❝❡ t❤❛t t❤❡s❡
t✇♦ ❛♣♣r♦❛❝❤❡s ❤❛✈❡ ♥♦t t♦ ❜❡ ♦♣♣♦s❡❞ ❛♥❞ ❛r❡ ❛❝t✉❛❧❧② ♣r❡tt② ❡q✉✐✈❛❧❡♥t ✭❛♥❞ t❤✐s ❡q✉✐✈❛❧❡♥❝❡ ✐s ❤❡r❡
r✐❣♦r♦✉s❧② s❤♦✇❡❞ ✐♥ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ s❡❡ ❜❡❧♦✇✮✳
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❉❡✜♥✐t✐♦♥ ✶✳✷✳✶✳ ❲❡ ❞❡✜♥❡ t❤❡ s♣❛❝❡ H1
µ(Ω) ❛s t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s u ∈ L2

µ(Ω) ✇❤✐❝❤ ❝❛♥ ❜❡ ❛♣♣r♦①✐✲
♠❛t❡❞ ❜② ❛ s❡q✉❡♥❝❡ ♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ✇❤♦s❡ ❣r❛❞✐❡♥ts ❤❛✈❡ ❛ ❧✐♠✐t ✐♥ t❤❡ s♣❛❝❡ L2

µ✿

u ∈ H1
µ ⇐⇒ ∃(un)n ∈ C∞ (Ω

)N
, v ∈ (L2

µ(Ω))
d :

{
un → u
∇vn → v

❢♦r t❤❡ L2
µ✲♥♦r♠.

❚❤❡ s❡t ♦❢ s✉❝❤ ❧✐♠✐ts v ✐s ❞❡♥♦t❡❞ ❜② Γ(u)✱ ❛♥❞ ✐ts ❡❧❡♠❡♥ts ❛r❡ ❝❛❧❧❡❞ ❣r❛❞✐❡♥ts ♦❢ u ✇✐t❤ r❡s♣❡❝t t♦ µ
✭♦r s✐♠♣❧② ❣r❛❞✐❡♥ts ♦❢ u ✐❢ t❤❡r❡ ✐s ♥♦ ❛♠❜✐❣✉✐t②✮

■♥ ❣❡♥❡r❛❧✱ u ❝❛♥ ❤❛✈❡ ♠❛♥② ❣r❛❞✐❡♥ts ✭s❡❡ ❜❡❧♦✇ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❛ ♠❡❛s✉r❡ s✉♣♣♦rt❡❞ ♦♥ ❛ s❡❣♠❡♥t
♦❢ R2✮✳ ❍♦✇❡✈❡r✱ ✐❢ v1, v2 ∈ Γ(u)✱ v1 = lim

n
∇ϕn ❛♥❞ v2 = lim

n
∇ψn ✇✐t❤ ϕn, ψn → u✱ ✐t ❢♦❧❧♦✇s

v1 − v2 = lim
n

∇(ϕn − ψn) ✇✐t❤ ϕn − ψn → 0

s♦ t❤❛t v1 − v2 ∈ Γ(0)❀ t❤❡r❡❢♦r❡✱ Γ(u) ✐s ❛ ❝❧♦s❡❞ ❛✣♥❡ s✉❜s♣❛❝❡ ♦❢ L2
µ(Ω)

d✱ ✇✐t❤ ❞✐r❡❝t✐♦♥ Γ(0)✳
❲❡ ✇✐❧❧ ❞❡✜♥❡ ✏t❤❡✑ ❣r❛❞✐❡♥t ♦❢ u ❛s ❜❡✐♥❣ ✐ts ❣r❛❞✐❡♥t ♦❢ ♠✐♥✐♠❛❧ L2

µ✲♥♦r♠✿

❉❡✜♥✐t✐♦♥ ✶✳✷✳✷✳ ▲❡t u ∈ H1
µ(Ω)✳ ❲❡ ❝❛❧❧ t❛♥❣❡♥t✐❛❧ ❣r❛❞✐❡♥t ♦❢ u t❤❡ ♣r♦❥❡❝t✐♦♥ ✭✐♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ L2

µ✮
♦❢ t❤❡ ♥✉❧❧ ❢✉♥❝t✐♦♥ ♦♥t♦ t❤❡ s✉❜s♣❛❝❡ Γ(u)✳ ■❢ v ✐s t❤✐s t❛♥❣❡♥t✐❛❧ ❣r❛❞✐❡♥t✱ ✇❡ ❞❡✜♥❡ t❤❡ H1

µ✲♥♦r♠ ♦❢ u ❜②

||u||H1
µ(Ω) =

(
||u||2L2

µ(Ω) + ||v||2L2
µ(Ω)d

)1/2

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✇✐❧❧ ❜❡ ✏t❡❝❤♥✐❝❛❧❧②✑ ✉s❡❢✉❧ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡✿

▲❡♠♠❛ ✶✳✷✳✶✳ ❚❤❡ t❤r❡❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ tr✉❡✿

✶✳ ✐❢ g ∈ Γ(0) ❛♥❞ a ∈ L∞(Ω) t❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ x 7→ a(x)g(x) ❜❡❧♦♥❣s t♦ Γ(0)❀

✷✳ ✐❢ g ∈ L2
µ(Ω)

d ❛♥❞ a ∈ L∞(Ω)✱ ✐❢ pΓ ❞❡♥♦t❡s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ Γ(0) ✐♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ L2
µ✱ t❤❡♥

pΓ(ag) = a · pΓ(g)

✸✳ t❤❡ s♣❛❝❡ L∞(Ω)d ∩ Γ(0) ✐s ❞❡♥s❡ ✐♥ Γ(0)✳

Pr♦♦❢✳ ❋♦r t❤❡ ✜rst ❛ss❡rt✐♦♥✱ ✐❢ a ∈ C1(Ω) ❛♥❞ g ∈ Γ(0)✱ ❜② ✇r✐t✐♥❣ g = lim
n

∇ϕn ✇✐t❤ ϕn → 0✱ ✇❡ ❤❛✈❡

❢♦r ❡❛❝❤ n
∇(aϕn) = ∇aϕn + a∇ϕn → ag

s♦ t❤❛t ag ✐s t❤❡ ❧✐♠✐t ♦❢ t❤❡ s❡q✉❡♥❝❡ (∇(aϕn))n ✇❤❡r❡ aϕn → 0✱ ❛♥❞ ag ∈ Γ(0)✳ ❚❤❡ r❡s✉❧t ✐s s❤♦✇♥ ✐❢
a ∈ C1(Ω)✱ ❛♥❞ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛♥② a ∈ L∞(Ω) ❜② ❞❡♥s✐t②✳

❚♦ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ❛ss❡rt✐♦♥✱ ❧❡t ✉s s❡t g = pΓ(g)❀ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ ❛ ❧✐♥❡❛r
s✉❜s♣❛❝❡✱ ✇❡ ❤❛✈❡ {

g ∈ Γ(0)

g − g ∈ Γ(0)⊥

❚❤❛♥❦s t♦ t❤❡ ✜rst ♣♦✐♥t✱ ag ∈ Γ(0) ❛♥❞ ❢♦r ❛♥② h ∈ Γ ✇❡ ❣❡t

〈a(g − g), h〉 = 〈g − g, ah〉 = 0

s✐♥❝❡ ah ∈ Γ(0) ✭❛❣❛✐♥ t❤❛♥❦s t♦ t❤❡ ✜rst ♣♦✐♥t✮✳ ❋✐♥❛❧❧②✿
{

ag ∈ Γ(0)

a(g − g) ∈ Γ(0)⊥

✇❤✐❝❤ ❡①❛❝t❧② ♠❡❛♥s t❤❛t ag = pΓ(ag)✳
❚❤❡ t❤✐r❞ ♣♦✐♥t ❝❛♥ ❜❡ s❤♦✇♥ ❜② r❡♠❛r❦✐♥❣ t❤❛t ✐❢ g ∈ Γ(0)✱ ✐❢ ✇❡ s❡t an(x) = 1|g(x)|≤n✱ t❤❡♥

ang ∈ Γ(0) ✭st✐❧❧ t❤❛♥❦s t♦ t❤❡ ✜rst ♣♦✐♥t✮ ❛♥❞ ang → g ❛s n→ +∞✳
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❖♥❡ ❝❛♥ s❡❡ t❤❡ s❡t Γ(0) ❛s t❤❡ s❡t ♦❢ ❣r❛❞✐❡♥t ✈❡❝t♦r ✜❡❧❞s ✇❤✐❝❤ ❛r❡ ♣♦✐♥t✇✐s❡❧② ♦rt❤♦❣♦♥❛❧ t♦ t❤❡
✏❞✐r❡❝t✐♦♥✑ ♦❢ t❤❡ ♠❡❛s✉r❡ µ✳ ❚❤✐s s✉❣❣❡sts t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡ t♦ µ✿

❉❡✜♥✐t✐♦♥ ✶✳✷✳✸✳ ❲❡ ❞❡♥♦t❡ ❜② (e1, . . . , ed) t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ♦❢ Rd✱ ❛♥❞ s❡t ξi = pΓ(0)(ei) ✇❤❡r❡ t❤❡
♣r♦❥❡❝t✐♦♥ ✐s t❛❦❡♥ ✐♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ L2

µ ✭✐✳❡✳ ei ✐s s❡❡♥ ❛s ❛ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ ♦♥ Ω✮✳ ❋♦r x ∈ Ω✱ ✇❡
❞❡♥♦t❡ ❜②

Tµ(x) = (Vect(ξ1(x), . . . , ξd(x)))
⊥

❛♥❞ ❝❛❧❧ Tµ(x) ✭✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❢♦r µ✲❛✳❡✳ x ∈ Ω✮ t❤❡ t❛♥❣❡♥t s♣❛❝❡ t♦ µ ❛t x✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❛❧❧♦✇s t♦ ♠❛❦❡ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ t❛♥❣❡♥t s♣❛❝❡ ❛♥❞ ❣r❛❞✐❡♥t ✇✐t❤ r❡s♣❡❝t
t♦ µ✿

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✷✳ ▲❡t v ∈ L2
µ(Ω)

d✳ ❚❤❡♥ v ∈ Γ(0) ✐❢ ❛♥❞ ♦♥❧② ✐❢✱ ❢♦r µ✲❛✳❡✳ x ∈ Ω✱ v(x) ⊥ Tµ(x)✳

Pr♦♦❢✳ ❋♦r t❤❡ ❞✐r❡❝t ✐♠♣❧✐❝❛t✐♦♥✱ ❧❡t ✉s t❛❦❡ ❛♥ ❡❧❡♠❡♥t v ∈ Γ(0) ∩ L∞(Ω)d❀ ✇❡ ✇r✐t❡

v(x) = λ1(x)e1 + · · ·+ λd(x)ed

✇✐t❤ λ1, . . . , λd ∈ L∞(Ω)✳ ❚❛❦✐♥❣ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ Γ(0) ❛♥❞ ✉s✐♥❣ t❤❡ ✜rst s❡♥t❡♥❝❡ ♦❢ ▲❡♠♠❛ ✶✳✷✳✶✱
✇❡ ❣❡t

pΓ(v)(x) = v(x) = λ1(x)ξi(x) + ·+ λd(x)ξi(x)

✇❤✐❝❤✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ Tµ(x)✱ ❜❡❧♦♥❣s t♦ ✐ts ♦rt❤♦❣♦♥❛❧ ❢♦r µ✲❛✳❡✳ x✳ ❚❤❡ ❛❜♦✈❡ ❧❡♠♠❛ ❛❧❧♦✇s t♦ ❣❡♥❡r❛❧✐③❡
❢♦r ❛♥② v ∈ Γ(0) ❜② ❞❡♥s✐t② ♦❢ Γ(0) ∩ L∞ ✐♥t♦ Γ(0)✳

❋♦r t❤❡ ❝♦♥✈❡rs❡ ✐♠♣❧✐❝❛t✐♦♥✱ ❧❡t ✉s ❞❡♥♦t❡ ❜② B t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s v ∈ L2
µ(Ω)

d s✉❝❤ t❤❛t✱ ❢♦r µ✲❛✳❡✳ x✱
v(x) ⊥ Tµ(x)✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡ ❢✉♥❝t✐♦♥s ✇✐t❤ ❢♦r♠

x 7→ a(x)

(
d∑

i=1

λiξi(x)

)

✇❤❡r❡ a ∈ L∞(Ω) ❛♥❞ λ1, . . . , λd ∈ R✱ ✇❤✐❝❤ ♦❢ ❝♦✉rs❡ ❜❡❧♦♥❣ t♦ B✱ ❜❡❧♦♥❣ ❛❧s♦ t♦ Γ(0) ❛♥❞ ❢♦r♠ ❛ ❞❡♥s❡
s✉❜s❡t ♦❢ B✳ ❚❤✐s ✇✐❧❧ ♣r♦✈✐❞❡ B ⊂ Γ(0)✱ ❛♥❞ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s s✐♥❝❡ Γ(0) ✐s ❛ ❝❧♦s❡❞ s✉❜s♣❛❝❡ ♦❢ L2

µ✳
❚❤❡ ❢❛❝t t❤❛t t❤❡s❡ ❢✉♥❝t✐♦♥s ❜❡❧♦♥❣ t♦ Γ(0) ❝♦♠❡s ❛❣❛✐♥ ❢r♦♠ t❤❡ ✜rst s❡♥t❡♥❝❡ ♦❢ ▲❡♠♠❛ ✶✳✷✳✶✳

▼♦r❡♦✈❡r✱ ✐❢ g ∈ B ✈❡r✐✜❡s

∀a ∈ L∞(Ω), ∀λ1, . . . , λd ∈ R, g ⊥ a(x)

(
d∑

i=1

λiξi(x)

)

t❤❡♥

0 =

〈
g(x), a(x)

(
d∑

i=1

λiξi(x)

)〉
=

〈
a(x), g(x) ·

(
d∑

i=1

λiξi(x)

)〉

❙✐♥❝❡ a ✐s ❛r❜✐tr❛r②✱ ✐t ❢♦❧❧♦✇s t❤❛t

g(x) ·
d∑

i=1

λiξi(x) = 0

❢♦r ❛♥② λ1, . . . , λd ∈ R ❛♥❞ µ✲❛✳❡✳ x ∈ Ω✱ t❤✉s g = 0✳ ❚❤✐s ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢✳

❚❤✐s r❡s✉❧t✱ ❝♦♠❜✐♥❡❞ t♦ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ♣r♦♣❡rt② ♦❢ ∇µu ✐♥ L2
µ✱ ✐♠♣❧✐❡s ❛ ♣♦✐♥t✇✐s❡ ❞❡s❝r✐♣t✐♦♥ ♦❢

t❤❡ t❛♥❣❡♥t✐❛❧ ❣r❛❞✐❡♥t✿
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Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✸✳ ▲❡t u ∈ H1
µ✳ ❚❤❡♥✱ ❢♦r v ∈ Γ(u)✱ t❤❡ ❢✉♥❝t✐♦♥

x ∈ Ω 7→ pTµ(x)(v(x))

✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ v ❛♥❞ ♦♥❧② ❞❡♣❡♥❞s ♦♥ u✳ ❚❤✐s ❢✉♥❝t✐♦♥ ❝♦✐♥❝✐❞❡s µ✲❛✳❡✳ ♦♥ Ω ✇✐t❤ t❤❡
t❛♥❣❡♥t✐❛❧ ❣r❛❞✐❡♥t ∇µu✳

Pr♦♦❢✳ ▲❡t ✉s t❛❦❡ v1 = lim∇ϕn✱ v2 = lim∇ψn ✇✐t❤ ϕn, ψn → u✳ ❚❤❡♥ v1−v2 = lim∇(ϕn−ψn) ∈ Γ(0)✱
s♦ t❤❛t (v1 − v2)(x) ⊥ Tµ(x) ❛♥❞ pTµ(x)(v1(x)) = pTµ(x)(v2(x)) ❢♦r µ✲❛✳❡✳ x ∈ Ω❀ t❤✐s ♣r♦✈❡s t❤❛t
pTµ(x)(v(x)) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❡❧❡♠❡♥t v ∈ Γ(u)✳ ❲❡ ♥♦✇ s❡t v(x) = pTµ(x)(v(x)) ❢♦r
❛ ❣❡♥❡r✐❝ v ∈ Γ(u) ❛♥❞ ❞❡♥♦t❡ ❜② w t❤❡ ✈❡❝t♦r ✜❡❧❞ s✉❝❤ t❤❛t

v(x) = v(x) + w(x) ✇✐t❤ w(x) ⊥ Tµ(x)

❛♥❞ s✐♥❝❡ v ⊥ w µ✲❛✳❡✳ ♦♥ Ω ✇❡ ♦❜t❛✐♥

||v||2L2
µ
= ||v||2L2

µ
+ ||w||2L2

µ

s♦ t❤❛t v ✐s t❤❡ ♠✐♥✐♠❛❧ ❡❧❡♠❡♥t ♦❢ Γ(u) ❢♦r t❤❡ L2
µ✲♥♦r♠✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ ❢♦r u ∈ C∞(Ω) t❤❡ ❢♦r♠✉❧❛

||u||2H1
µ(Ω) = ||u||2L2

µ(Ω) + ||pTµ
(∇u)||2L2

µ(Ω)d

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❈♦r♦❧❧❛r② ✶✳✷✳✶✳ ❚❤❡ s♣❛❝❡ H1
µ(Ω) ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❝♦♠♣❧❡t✐♦♥ C∞ (Ω

)
❢♦r t❤❡ ♥♦r♠

u ∈ C∞ (Ω
)
7→
(∫

Ω

(|u(x)|2 + |pTµ(x)(∇u(x))|2) ❞µ(x)
)1/2

❙♦♠❡ ♥❛t✉r❛❧ ❡①❛♠♣❧❡s✳ ❲❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ✇♦r❞s ✏t❛♥❣❡♥t✐❛❧ ❣r❛❞✐❡♥ts✑ ❛r❡ q✉✐t❡ ♥❛t✉r❛❧ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❝❛s❡s✿

• ✐❢ µ ✐s t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ L1 ❝♦♥❝❡♥tr❛t❡❞ ♦♥ t❤❡ s❡❣♠❡♥t I = [0, 1]× {0} × · · · × {0}✱ t❤❡♥ Tµ
✐s t❤❡ ❧✐♥❡ R× {0} × · · · × {0} ❛✳❡✳ ♦♥ I ❛♥❞

H1
µ =

{
u ∈ L2

µ :
∂u

∂x1
∈ L2

µ

}
❛♥❞ ∇µu =

(
∂u

∂x1
, 0, . . . , 0

)
;

• ♠♦r❡ ❣❡♥❡r❛❧❧②✱ ✐❢ µ ✐s t❤❡ ✉♥✐❢♦r♠ ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ s✉♣♣♦rt❡❞ ♦♥ ❛ k✲❞✐♠❡♥s✐♦♥❛❧ ♠❛♥✐❢♦❧❞ M ✱
t❤❡♥ Tµ ✐s t❤❡ t❛♥❣❡♥t s♣❛❝❡ t♦ M ✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❣❡♦♠❡tr②✳

▲✐♥❦ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥s✳ ▲❡t ✉s r❡♠❛r❦ t❤❛t✱ ✐❢ v ✐s ❛ t❛♥❣❡♥t ✜❡❧❞ ❛s ❞❡✜♥❡❞
❛❜♦✈❡✱ ✐✳❡✳ t❤❡ ♦♣❡r❛t♦r div(ϕµ) ✐s ❝♦♥t✐♥✉♦✉s ❢♦r t❤❡ L2

µ✲♥♦r♠ ♦♥ D(Ω)✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥② s❡q✉❡♥❝❡ (un)n
♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ❤❛✈✐♥❣ 0 ❢♦r ❧✐♠✐t ✐♥ L2

µ✿
∣∣∣∣
∫

Ω

∇un · ϕ ❞µ

∣∣∣∣ ≤ C ||un||L2
µ
→ 0.

❚❤❡♥✱ ✐❢ v ∈ Γ(0)✱ ✇❡ ❤❛✈❡ v · ϕ ✐♥ L2
µ ❢♦r ❛♥② ❡❧❡♠❡♥t ϕ ∈ X2

µ✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t✱ ✉♣ t♦ ❛ µ✲♥❡❣❧✐❣✐❜❧❡
s❡t✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❝❧✉s✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡

Qµ(x) ⊆ Tµ(x).

❲❡ ❛r❡ ♥♦t ❛❜❧❡ ❢♦r t❤❡ ♠♦♠❡♥t t♦ ♣r♦✈❡ t❤❡ ✐♥✈❡rs❡ ✐♥❝❧✉s✐♦♥ ✐♥ ❣❡♥❡r❛❧ ✭❜✉t ✐t ✐s tr✉❡ ✐♥ ❞✐♠❡♥s✐♦♥ ♦♥❡✱
s❡❡ ❜❡❧♦✇✮✱ ❜✉t t❤❡ ❡q✉❛❧✐t② ❜❡t✇❡❡♥ t❤❡s❡ ❧✐♥❡❛r s♣❛❝❡s ❤♦❧❞s ❢♦r ❛❧❧ t❤❡ ❡①❛♠♣❧❡s t❤❛t ✇❡ ❤❛✈❡ st✉❞✐❡❞❀
t❤❡ ❧✐♥❦s ❜❡t✇❡❡♥ t❤❡s❡ ❜♦t❤ ♥♦t✐♦♥s ❛r❡ t❤❡ s✉❜❥❡❝t ✭❛♠♦♥❣ ♦t❤❡rs✮ t♦ ❝✉rr❡♥t ✇♦r❦s ❜② ❙✳ ❉✐ ▼❛r✐♥♦
❬✸✺❪✳
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✶✳✸ ❚❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ ❛ ♣r❡❝✐s❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡ t♦ ❛ ❣❡♥❡r✐❝ ♠❡❛s✉r❡ µ ✭✐♥ t❤❡ s❡♥s❡
♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ✶✳✷✳✸✮ ❞❡✜♥❡❞ ♦♥ t❤❡ r❡❛❧ ❧✐♥❡✳ ❲❡ s❡t d = 1✱ Ω = I ✐s ❛ ❜♦✉♥❞❡❞ ✐♥t❡r✈❛❧ ♦❢ R ❛♥❞
µ ∈ P(I)✳

✶✳✸✳✶ ❙tr✉❝t✉r❡ ♦❢ Tµ ❛♥❞ ❝♦♠♣❛❝t♥❡ss r❡s✉❧t ✐♥ H1

µ

❚❤❡ str✉❝t✉r❡ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✿

❚❤❡♦r❡♠ ✶✳✸✳✶✳ ❲❡ ❞❡♥♦t❡ ❜②✿

• µ = µa + µs t❤❡ ▲❡❜❡s❣✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ µ❀

• A ❛ ▲❡❜❡s❣✉❡✲♥❡❣❧✐❣✐❜❧❡ s❡t ♦♥ ✇❤✐❝❤ ✐s ❝♦♥❝❡♥tr❛t❡❞ µs❀

• f t❤❡ ❞❡♥s✐t② ♦❢ µa✱ ❛♥❞

M =

{
x ∈ I : ∀ε > 0,

∫

I∩(x−ε,x+ε)

❞t
f(t)

= +∞
}

❚❤❡♥

Tµ(x) =

{
{0} ✐❢ x ∈M ∪A
R otherwise

❢♦r µ✲❛✳❡✳ x ∈ I✳

❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ ✏❝❧❛ss✐❝❛❧✑ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s✱ t❤❡ s❡t M ❛♣♣❡❛rs ❛s ❛ ❝r✐t✐❝❛❧ s❡t ❢♦r t❤❡
❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ♣❛rt ♦❢ µ✳ ◆♦t✐❝❡ ❛❧s♦ t❤❛t t❤❡ s❛♠❡ s❡t ❛♣♣❡❛rs ✐♥ t❤❡ r❡❧❛①❛t✐♦♥ ♦❢ ❝♦♥✈❡①
❢✉♥❝t✐♦♥❛❧ ♦♥ t❤❡ s♣❛❝❡ ♦❢ ♠❡❛s✉r❡s ✭s❡❡ ❬✶✽❪✱ ✇❤❡r❡ ❛ s✐♠✐❧❛r r❡s✉❧t t♦ t❤❡ ❛❜♦✈❡ t❤❡♦r❡♠ ❝❛♥ ❜❡ s❡❡♥✱ ✐♥
t❤❡ ❝❛s❡ ♦❢ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ♠❡❛s✉r❡s✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❊①❛♠♣❧❡ ✸✮✳

❙tr✉❝t✉r❡ ♦❢ t❤❡ s♣❛❝❡ H1
µ✳ ❲❡ ❦♥♦✇ t❤❛t M ✱ ✇❤✐❝❤ ❝❛♥ ♦❢ ❝♦✉rs❡ ❜❡ ❡♠♣t② ✭❢♦r ✐♥st❛♥❝❡ ✐❢ f ✐s

❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❜② ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ♦♥ I✮✱ ✐s t❤❡ ♠❛①✐♠❛❧ ❝❧♦s❡❞ s✉❜s❡t ♦❢ I s✉❝❤ t❤❛t

1

f
∈ L1

loc(I −M)

✐✳❡✳ s✉❝❤ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ✭✶✳✷✮ ✐s s❛t✐s✜❡❞ ❢♦r t❤❡ ✇❡✐❣❤t❡❞ ▲❡❜❡s❣✉❡ s♣❛❝❡ L2
f (I −M)✳ ❚❤❡r❡❢♦r❡✱ ✐❢

u ∈ L2
µ✱ t❤❡♥ u|I−M ❛❞♠✐ts ❛ ✇❡❛❦ ❞❡r✐✈❛t✐✈❡✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣✳ ✶✳✷✳✸✱ s❛②✐♥❣ t❤❛t Tµ ✐s ✐❞❡♥t✐❝❛❧❧② ❡q✉❛❧ t♦ t❤❡ ✇❤♦❧❡
s♣❛❝❡ Rd ✭✇✐t❤ ❤❡r❡ d = 1✮ ♦♥ ❛ s❡t B ♠❡❛♥s ❡①❛❝t❧② t❤❛t✱ ❢♦r u ∈ H1

µ✱ ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ♦❢ Γ(u) ❝♦✐♥❝✐❞❡
♦♥ B✳ ❍❡r❡ ✇❡ t❤❡♥ ❡①♣❡❝t t❤❛t✱ ♦♥ t❤❡ s❡t I − (M ∪ A)✱ t❤❡ ✉♥✐q✉❡ ❡❧❡♠❡♥t ♦❢ Γ(u) ✇✐❧❧ ❝♦✐♥❝✐❞❡ ✇✐t❤
t❤❡ ✇❡❛❦ ❞❡r✐✈❛t✐✈❡ ♦❢ u|I−M ✳

■♥❞❡❡❞✱ ❧❡t ✉s t❛❦❡ ϕ ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥❝❧✉❞❡❞ ✐♥t♦ I ∩M ❛♥❞ ✈❡r✐❢②✐♥❣

1

f
∈ L1(Supp(ϕ))

▲❡t ♠♦r❡♦✈❡r v ∈ Γ(u) ❛♥❞ (un)n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ✇✐t❤ (un, u
′
n) → (u, v) ❢♦r t❤❡

L2
µ✲♥♦r♠✳ ❲❡ ❣❡t

〈v − u′, ϕ〉D′(I−M),D(I−M) = − lim
n→+∞

(∫

I

(un − u)ϕ′
)



✷✽ ❈❍❆P❚❊❘ ✶✳ ❊❳■❙❚❊◆❈❊ ❖❋ ▼■◆■▼■❩❊❘❙

✇✐t❤✱ ❜② ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②✱

∫

I

|(un − u)ϕ′| ≤ ||un − u||L2
f

(∫

I

ϕ′

f

)1/2

→ 0

s✐♥❝❡✱ t❤❛♥❦s t♦ t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ 1/f ✱ t❤❡ ✐♥t❡❣r❛❧
∫
I
ϕ′/f ✐s ✜♥✐t❡✳ ❚❤✐s s❤♦✇s t❤❛t u′n → u′ ✐♥

D(I −M)❀ ❜✉t ✇❡ ❛❧s♦ ❦♥♦✇ t❤❛t u′n → v ✐♥ L2
f (I −M)✱ ✇❤✐❝❤ ❧❡❛❞s t♦

u′ ∈ L2
f (I −M) ❛♥❞ u′ = v µ✲❛✳❡✳ ♦♥ I −M

s♦ t❤❛t✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ u|I−M ∈ H1
f (I −M)✳

❈♦♥✈❡rs❡❧②✱ ✐❢ u ∈ C∞ (Ω
)
t❤❡♥ t❤❡ ❚❤❡♦r❡♠ ✶✳✸✳✶ ❣✐✈❡s

||u||2H1
µ(I)

= ||u||2L2
µ(I)

+ ||u′||2L2
f (I−M)

❛♥❞ H1
µ ✐s t❤❡ ❝❧♦s✉r❡ ♦❢ C∞ (Ω

)
❢♦r t❤✐s ♥♦r♠✳ ❚❤✐s ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢ ♦❢✿

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✶✳ ❆ ❢✉♥❝t✐♦♥ u ∈ L2
µ(I) ❜❡❧♦♥❣s t♦ H

1
µ(I) ✐❢ ❛♥❞ ♦♥❧② ✐❢ u|I−M ∈ H1

f (I−M)✳ ▼♦r❡♦✈❡r✱
❢♦r µ✲❛✳❡✳ x ∈ I✱

∇µu(x) =

{
0 ✐❢ x ∈M ∪A
u′(x) ♦t❤❡r✇✐s❡

❛♥❞ ||u||2H1
µ(I)

= ||u||2L2
µ(I)

+ ||u′||2
L2

f (I−M)
✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ ❞✐♠❡♥s✐♦♥ ♦♥❡✱ ✐❢ µ ≪ L1✱ t❤❡♥ t❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ H1
µ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥

♦❢ t❤❡ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡ H1
f ❣✐✈❡♥ ❜② t❤❡ ❢♦r♠✉❧❛ ✶✳✹✱ ❛♥❞ ❢♦r ❛ ❣❡♥❡r✐❝ ♠❡❛s✉r❡ µ ✇❤♦s❡ f ✐s t❤❡

❞❡♥s✐t② ♦❢ t❤❡ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ♣❛rt✱ H1
µ ✐s ❡①❛❝t❧② t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s ♦❢ L2

µ ✇❤✐❝❤ ❛❧s♦ ❜❡❧♦♥❣s t♦
H1
f ✳

❈♦♠♣❛❝t♥❡ss r❡s✉❧t ✐♥ H1
µ(I)✳ ■♥ ♦r❞❡r t♦ ❡①❛♠✐♥❡ ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠s ✐♥ t❤❡s❡ ❙♦❜♦❧❡✈ s♣❛❝❡s✱ t❤❡

❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❢✉❧❀ ✐t ✐s ❛❧r❡❛❞② ❦♥♦✇✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❘❡❧❧✐❝❤ t❤❡♦r❡♠✱ ✐❢ µs = 0
❛♥❞ f ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇✳

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷✳ ▲❡t (un)n ❜❡ ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ♦❢ H1
µ(I)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ (unk

)k
✇❤✐❝❤ ❛❞♠✐ts ❛ ♣♦✐♥t✇✐s❡ ❧✐♠✐t u ♦♥ µ✲❛✳❡✳ ❡✈❡r② ♣♦✐♥t ♦♥ ✇❤✐❝❤ Tµ ✐s R✳

Pr♦♦❢✳ ❚❤❡ s❡q✉❡♥❝❡ (un) ✐s ❜♦✉♥❞❡❞ ✐♥ H1
µ(I)✱ t❤✉s t❤❡ s❡q✉❡♥❝❡ (un|I−M )n ✐s ❜♦✉♥❞❡❞ ✐♥ t❤❡ ✇❡✐❣❤t❡❞

❙♦❜♦❧❡✈ s♣❛❝❡ H1
f (I−M)✳ ❇✉t s✐♥❝❡ I−M ✐s ❡①❛❝t❧② t❤❡ s❡t ♦❢ ♣♦✐♥ts ❛r♦✉♥❞ ✇❤✐❝❤ 1/f ✐s ✐♥t❡❣r❛❜❧❡✱ ✇❡

❦♥♦✇ t❤❛t L2
f (I−M) →֒ L1

loc(I−M)❀ t❤✐s ❣✐✈❡s t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ ✇❡❛❦ ❞❡r✐✈❛t✐✈❡s ♦❢ un ✭✇❤✐❝❤ ❛r❡
❢✉♥❝t✐♦♥s ♦❢ L2

f (I −M)✮ ✐s ❜♦✉♥❞❡❞ ✐♥ L1
loc(I −M)✱ t❤✉s (un|I−M )n ✐s ❜♦✉♥❞❡❞ ✐♥ t❤❡ s♣❛❝❡ BV (I −M)

❛♥❞ ❛❞♠✐ts ❛ L1✲❛✳❡✳ ♣♦✐♥t✇✐s❡ ❝♦♥✈❡r❣❡♥t s✉❜s❡q✉❡♥❝❡✳ ❈♦♥s❡q✉❡♥t❧②✱ (un)n ❝♦♥✈❡r❣❡s ♣♦✐♥t✇✐s❡❧② ♦♥
µa✲❛✳❡✳ ♣♦✐♥t ♦♥ ✇❤✐❝❤ Tµ ✐s R✱ ❛♥❞ ✇❡ ❦♥♦✇ t❤❛t Tµ ✐s µs✲❛✳❡✳ ♥✉❧❧✱ ✇❤✐❝❤ ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢

❊q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ Qµ ❛♥❞ Tµ ✐♥ ✶❉✳ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥ t❤❛t✱ ✇✐t❤ t❤❡ ❛❜♦✈❡ ♥♦t❛t✐♦♥s✱ t❤❡
t❛♥❣❡♥t s♣❛❝❡ Qµ ♦r✐❣✐♥❛❧❧② ❞❡✜♥❡❞ ❜② ❇♦✉❝❤✐tté ❡t ❛❧✳ ❛♥❞ t❤❡ s♣❛❝❡ Tµ s❛t✐s❢② t❤❡ ✐♥❝❧✉s✐♦♥

❢♦r µ✲❛✳❡✳ x, Qµ(x) ⊆ Tµ(x)

▲❡t ✉s s❤♦✇ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ r❡❛❧ ❧✐♥❡ t❤❡ ❚❤❡♦r❡♠ ✶✳✸✳✶ ✐♠♣❧✐❡s t❤❛t t❤❡ ❝♦♥✈❡rs❡ ✐♥❝❧✉s✐♦♥ ✐s ❛❧s♦
tr✉❡✳ ❖❢ ❝♦✉rs❡✱ ✇❡ ♦♥❧② ❤❛✈❡ t♦ s❤♦✇ ✐t ♦♥ t❤❡ ♣♦✐♥ts ✇❤❡r❡ Tµ ✐s ♥♦t ♥✉❧❧✱ ✐✳❡✳ ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ t❤❛t

❢♦r L1✲❛✳❡✳ x ∈ I −M, Qµ(x) = R
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❋♦r t❤✐s✱ ❧❡t x ∈ I −M ❛♥❞ a < b s✉❝❤ t❤❛t a < x < b ❛♥❞
∫ b
a
1/f < +∞✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r

ϕ : t 7→=





1

f(t)

∫ t

a

1√
f

✐❢ t ∈ (a, b) ❛♥❞ t /∈ A

0 ♦t❤❡r✇✐s❡

❲❡ ❤❛✈❡ ∫

I

ϕ2 ❞µ =

∫ b

a

(
1

f(t)

)2(∫ t

a

1√
f

)2

f(t) ❞t ≤ (b− a)

(∫ b

a

1

f

)3

< +∞

s♦ t❤❛t ϕ ∈ L2
µ(I)✳ ▼♦r❡♦✈❡r✱ ❢♦r ψ ∈ D(a, b)✱

∫

I

ψ′ϕ ❞µ = −
∫ b

a

ψ(ϕf)′ = −
∫ b

a

(ψ
√
f)

(
(ϕf)′√
f

)

t❤✉s

∣∣∣∣
∫

I

ψ′ϕ ❞µ

∣∣∣∣ ≤
(∫ b

a

ψ2f

)1/2(∫ b

a

((ϕf)′)2

f

)1/2

✇✐t❤ ❜② ❞❡✜♥✐t✐♦♥ (ϕf)′ = 1/
√
f ✱ ✇❤✐❝❤ ❧❡❛❞s t♦

∣∣∣∣
∫

I

ψ′ϕ ❞µ

∣∣∣∣ ≤
√
b− a||ψ||L2

µ(I)

❚❤✐s ♣r♦✈❡s t❤❛t ϕ ∈ Xµ✱ s♦ t❤❛t ϕ(x) ∈ Qµ(x) ❢♦r ❛✳❡✳ ♣♦✐♥t x❀ ❜✉t ϕ ✐s ♣♦s✐t✐✈❡ ❛✳❡✳ ♦♥ (a, b)✳ ❚❤✐s
✐♠♣❧✐❡s Qµ(x) = R ❛✳❡✳ ♦♥ (a, b) ❢♦r t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳

✶✳✸✳✷ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✸✳✶

❲❡ ❞✐✈✐❞❡ t❤✐s ♣r♦♦❢ ✐♥t♦ t❤r❡❡ ♣❛rts✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ I ✐♥t♦ ✐ts s✐♥❣✉❧❛r s❡t
A✱ t❤❡ ✏♥✐❝❡ s❡t✑ I − (M ∪ A) ❢♦r ✐ts r❡❣✉❧❛r ♣❛rt✱ ❛♥❞ t❤❡ ✏❝r✐t✐❝❛❧ s❡t✑ M ✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ♦❢ ❛ ❣❡♥❡r✐❝ ♠❡❛s✉r❡ µ ✐♥ ❞✐♠❡♥s✐♦♥ ✶✱ ✇❤✐❝❤ ✐s ❛ ❞✐r❡❝t ❝♦r♦❧❧❛r②
♦❢ t❤❡ ❞❡✜♥✐t✐♦♥s✿ ✐❢ B ⊂ I ✐s ❛ ❇♦r❡❧ s❡t ✇✐t❤ µ(B) > 0✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♣❧✐❝❛t✐♦♥s✿

✶✳ ✐❢ ❛♥② v ∈ Γ(0) ✐s µ✲❛✳❡✳ ♥✉❧❧ ♦♥ B✱ t❤❡♥ Tµ = R µ✲❛✳❡✳ ♦♥ B❀

✷✳ ✐❢✱ ❢♦r ❛♥② u ∈ H1
µ✱ t❤❡r❡ ❡①✐sts ❛ ❣r❛❞✐❡♥t ♦❢ u ✇❤✐❝❤ ✐s µ✲❛✳❡✳ ♥✉❧❧ ♦♥ B✱ t❤❡♥ Tµ = 0 µ✲❛✳❡✳ ♦♥ B❀

✸✳ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❣r❛❞✐❡♥t ♦❢ 0 ✇❤✐❝❤ ✐s ♣♦s✐t✐✈❡ µ✲❛✳❡✳ ♦♥ B✱ t❤❡♥ Tµ ❂ 0 µ✲❛✳❡✳ ♦♥ B

❚❤❡ s✐♥❣✉❧❛r ♣❛rt ♦❢ µ✳ ▲❡t ✉s ✜rst ♣r♦✈❡ t❤❛t Tµ = {0} ❢♦r t❤❡ s✐♥❣✉❧❛r ♣❛rt ♦❢ µ✳ ❲❡ ✉s❡ t❤❡ t❤✐r❞
❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ❛♥❞ ❜✉✐❧❞ ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s (un)n s✉❝❤ t❤❛t

un → 0 ❛♥❞ u′n → 1A ✐♥ L2
µ

✇❤✐❝❤ ✇✐❧❧ ♣r♦✈❡ t❤❛t 1A ∈ Γ(0) ❛♥❞ ✐♠♣❧② t❤❡ r❡s✉❧t✳
❋♦r n ∈ N✱ ❧❡t Ωn ❜❡ ❛♥ ♦♣❡♥ s❡t r❡❝♦✈❡r✐♥❣ A ✇✐t❤ µ(Ωn−A)+L1(Ωn) ≤ 1/n✳ ❇② t❤❡ ▲✉s✐♥ t❤❡♦r❡♠✱

t❤❡r❡ ❡①✐sts vn ❝♦♥t✐♥✉♦✉s ✇✐t❤ 0 ≤ vn ≤ 1 ♦♥ I ❛♥❞

(µ+ L1)({x ∈ I : vn(x) 6= 1Ωn
(x)}) ≤ 1/n

▲❡t ✉s ❝♦♥s✐❞❡r un(x) =
∫ x
a
vn(x) ❞x✱ ✇❤❡r❡ a ✐s t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ I✳ ❚❤❡♥ ✇❡ ❤❛✈❡✿
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• ❢♦r ❛♥② x ∈ I✱

|un(x)| ≤
∫

I

(|vn − 1Ωn
|(t) + 1Ωn

(t)) ❞t ≤ L1({vn 6= 1Ωn
}) + L1(Ωn) ≤ 2/n

t❤✉s un ❣♦❡s t♦ 0 ✉♥✐❢♦r♠❧② ❛♥❞ ❛❧s♦ ❢♦r t❤❡ L2
µ✲♥♦r♠❀

• ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ u′n = vn ❝♦✐♥❝✐❞❡s ✇✐t❤ 1A ❡①❝❡♣t ♦♥ ❛ s❡t En s✉❝❤ t❤❛t µ(En) ≤ 1/n✱
✇❡ ❤❛✈❡ ∫

I

|u′n(x)− 1A(x)|2 ❞µ(x) ≤ ||vn − 1A||2∞ µ(En) ≤ 4/n

t❤✉s u′n → 1A ❢♦r t❤❡ L2
µ✲♥♦r♠✳

❲❡ ♦❜t❛✐♥ t❤❛t 1A ∈ Γ(0)✱ ✇❤✐❝❤ ❣✉❛r❛♥t❡❡s t❤❛t Tµ = 0 ♦♥ A✳

❚❤❡ r❡❣✉❧❛r ♣❛rt✱ ♦✉ts✐❞❡ ♦❢ t❤❡ ❝r✐t✐❝❛❧ s❡t✳ ❙❡❝♦♥❞✱ ✇❡ ♣r♦✈❡ t❤❛t Tµ = R ♦✉ts✐❞❡ ♦❢ M ∪ A✳
❯s✐♥❣ t❤❡ ✜rst ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡✱ ✇❡ t❛❦❡ ❛♥ ❡❧❡♠❡♥t g ♦❢ Γ(0) ❛♥❞ ✇❡ ✇❛♥t t♦ s❤♦✇
t❤❛t g = 0 µ✲❛✳❡✳ ♦✉ts✐❞❡ ♦❢ M ∪A❀ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ A✱ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t g = 0 L1✲❛✳❡✳ ♦♥ U ✳ ❆s
✐♥ t❤❡ ❛❜♦✈❡ r❡♠❛r❦✱ t❛❦✐♥❣ ❛ s❡q✉❡♥❝❡ ♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s un → 0 ✇✐t❤ u′n → g ❛♥❞ ❛ t❡st ❢✉♥❝t✐♦♥ ϕ
s✉❝❤ t❤❛t 1/f ✐s ✐♥t❡❣r❛❜❧❡ ♦♥ t❤❡ s✉♣♣♦rt ♦❢ ϕ✱ ✇❡ ♦❜t❛✐♥

∣∣∣∣
∫

U

u′nϕ

∣∣∣∣ =
∣∣∣∣
∫

U

unϕ
′
∣∣∣∣ ≤

∫

U

∣∣∣un
√
f
∣∣∣
∣∣∣∣
ϕ′
√
f

∣∣∣∣ ≤
(∫

U

u2nf

) 1
2
(∫

U

ϕ′2

f

) 1
2

✇❤✐❝❤ ❣♦❡s t♦ 0 ❛s n → +∞✳ ❚❤❡ s❛♠❡ ❝♦♠♣✉t❛t✐♦♥ ❣✐✈❡s
∫
U
u′nϕ →

∫
U
gϕ✳ ❲❡ ❞❡❞✉❝❡ t❤❛t g = 0

❛✳❡✳ ♦♥ U ❢♦r t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳

❚❤❡ ❝r✐t✐❝❛❧ s❡t✳ ❚❤✐s ♣❛rt ✐s ♠♦r❡ ❞✐✣❝✉❧t✳ ●✐✈❡♥ ❛ ❢✉♥❝t✐♦♥ u ∈ C1(I)✱ ✇❡ ❜✉✐❧❞ ❛ s❡q✉❡♥❝❡ (un)n
♦❢ r❡❣✉❧❛r ❢✉♥❝t✐♦♥s ✭s❛②✱ C1✮ s✉❝❤ t❤❛t un → u ❛♥❞ u′n → v ❢♦r t❤❡ L2

µ✲♥♦r♠✱ ✇✐t❤ v = 0 ♦♥ M ✳ ❚❤❡
str❛t❡❣② ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ❣✐✈❡♥ ❛ s❡t Ωn ✇❤✐❝❤ ✐s ✏❛❧♠♦st✑ M ✱ ✇❡ st❛rt ❢r♦♠ ❛ ❢✉♥❝t✐♦♥ un ✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ✇✐t❤ u ♦✉ts✐❞❡ ♦❢
Ωn ❛♥❞ ✐s ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ♦♥ Ωn ✭s♦ t❤❛t ✐ts ❞❡r✐✈❛t✐✈❡ ✐s ♥✉❧❧ ♦♥ M✮❀

• t❤❡♥✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ♣♦✐♥ts ♦❢ un ❜❡❧♦♥❣ t♦ t❤❡ s❡tM ✱ ✇❡ r❡❣✉❧❛r✐③❡ un ❛r♦✉♥❞
t❤✐s ♣♦✐♥ts s♦ t❤❛t ✐ts ❞❡r✐✈❛t✐✈❡ st❛②s s♠❛❧❧ ❢♦r t❤❡ L2

µ✲♥♦r♠✳

❚❤❡ ✜rst st❡♣ ❝♦♥s✐sts ✐♥ ❜✉✐❧❞✐♥❣ ♦✉r s❡t Ωn✿

▲❡♠♠❛ ✶✳✸✳✶✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② (xn)n ❛ s❡q✉❡♥❝❡ ❝♦♥t❛✐♥✐♥❣ ❛❧❧ t❤❡ ❛t♦♠s ♦❢ µ✳ ❋♦r n ∈ N✱ t❤❡r❡ ❡①✐sts
Ωn s✉❝❤ t❤❛t✿

• Ωn =
pn⋃
i=1

(ai, bi)✱ ✇✐t❤ bi < ai+1 ❢♦r ❡❛❝❤ i✱ ❛♥❞ (ai, bi) ∩M 6= ∅❀

• Ωn ⊃M − {x1, . . . , xn}❀
• µ(Ωn − (M − {x1, . . . , xn})) ≤ 1/n

Pr♦♦❢✳ ▲❡t Un ❜❡ ❛ ✜♥✐t❡ ✉♥✐♦♥ ♦❢ ♦♣❡♥ ✐♥t❡r✈❛❧s r❡❝♦✈❡r✐♥❣ M ❛♥❞ ✇✐t❤ µ(Un −M) ≤ 1/n ✭s✉❝❤ ❛ s❡t
❡①✐sts ❜② r❡❣✉❧❛r✐t② ♦❢ µ ❛♥❞ ❝♦♠♣❛❝t♥❡ss ♦❢ M✮✳ ❲❡ ❞❡♥♦t❡ ❜② Ωn = Un − {x1, . . . , xn}✳ ■t ✐s st✐❧❧ ❛
✜♥✐t❡ ✉♥✐♦♥ ♦❢ ♦♣❡♥ ✐♥t❡r✈❛❧s✱ ❝♦♥t❛✐♥✐♥❣ M − {x1, . . . , xn} ❛♥❞ ✇✐t❤ µ(Ωn − (M − {x1, . . . , xn})) ≤ 1/n✳
▼♦r❡♦✈❡r✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t ❛❧❧ t❤❡s❡ ✐♥t❡r✈❛❧s ❝♦♥t❛✐♥ ❛♥ ❡❧❡♠❡♥t ♦❢ M ✿ ✐t ✐s ❡♥♦✉❣❤ t♦ r❡♠♦✈❡ ❢r♦♠
Ωn t❤❡ ✐♥t❡r✈❛❧s ✇❤✐❝❤ ❞♦ ♥♦t ❝♦♥t❛✐♥ ❛♥② ❡❧❡♠❡♥t ♦❢ M ✭✐❢ ❛❢t❡r t❤❛t ✇❡ ♦❜t❛✐♥ Ωn = ∅✱ ✐t ♠❡❛♥s t❤❛t
M ⊂ {x1, . . . , xn} ⊂ A ❛♥❞ ✇❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t Tµ = {0} ♦♥ A✱ s♦ t❤❡r❡ ✐s ♥♦t❤✐♥❣ t♦ ♣r♦✈❡✮✳
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▲❡t ✉s t❤✉s t❛❦❡ ❛ s❡q✉❡♥❝❡ (wn)n ♦❢ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t wn → u ✐♥ L2
µ ✭✐t ✐s

♣♦ss✐❜❧❡ s✐♥❝❡ u ✐s ❝♦♥t✐♥✉♦✉s✱ t❤✉s ❝❛♥ ❜❡ ❛♣♣r♦❛❝❤❡❞ ✉♥✐❢♦r♠❧② ♦♥ I ❜② ❛ s❡q✉❡♥❝❡ ♦❢ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t
❢✉♥❝t✐♦♥s✮ ❛♥❞ ||un||∞ ≤ C✱ ✇❤❡r❡ C ♦♥❧② ❞❡♣❡♥❞s ♦♥ u❀ ✇❡ r❡♣❧❛❝❡ gn ❜② u ♦✉ts✐❞❡ ♦❢ t❤❡ s❡t Ωn ✭t❤❡
♥❡✇ ❢✉♥❝t✐♦♥ ✇✐❧❧ st✐❧❧ ❜❡ ❝❛❧❧❡❞ gn✮✱ s♦ t❤❛t ✇❡ ❤❛✈❡ ♥♦✇

• gn → u ❢♦r t❤❡ L2
µ✲♥♦r♠❀

• gn ❝♦✐♥❝✐❞❡s ✇✐t❤ u ♦✉ts✐❞❡ ♦❢ Ωn❀

• gn ❝♦✐♥❝✐❞❡s ♦♥ Ωn ✇✐t❤ ❛ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥✳

❲❡ ❜❡❣✐♥ ❜② r❡❣✉❧❛r✐③✐♥❣ gn ❛r♦✉♥❞ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ t❤❡ ✐♥t❡r✈❛❧s ❢♦r♠✐♥❣ Ωn✳ ▲❡t εn > 0 ❜❡ s♠❛❧❧
❡♥♦✉❣❤ s♦ t❤❛t✿

• ai + εn < bi − εn✱ ❢♦r ❡❛❝❤ i ✭✇❡ ✇✐❧❧ ❞❡♥♦t❡ a′i = ai + εn ❛♥❞ b′i = bi − εn✮❀

• (a′i, b
′
i) ❝♦♥t❛✐♥s ❛♥ ❡❧❡♠❡♥t ♦❢ M ✱ ❢♦r ❡❛❝❤ i❀

• ♦♥ (ai, bi)✱ gn ❤❛s ♥♦t ❛♥② ❞✐s❝♦♥t✐♥✉✐t② ♣♦✐♥t ♦✉ts✐❞❡ ♦❢ (a′i, b
′
i)❀

• ✐❢ ✇❡ ❞❡♥♦t❡ ❜② Ω′
n t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ ✐♥t❡r✈❛❧s (a′i, b

′
i)✱ ✇❡ ❤❛✈❡ µ(Ωn − Ω′

n) ≤ 1/n✳

▲❡♠♠❛ ✶✳✸✳✷✳ ❚❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ wn ✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ✇✐t❤ gn ♦✉ts✐❞❡ ♦❢ Ωn − Ω′
n ❛♥❞ s✉❝❤ t❤❛t✱

♦♥ ❡❛❝❤ ✐♥t❡r✈❛❧ (ai, a
′
i) ❛♥❞ (b′i, bi)✱

• wn ❛♥❞ w′
n ❛r❡ ❜♦✉♥❞❡❞ ❜② ❝♦♥st❛♥ts ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ u ❛♥❞ u′❀

• wn(ai) = u(ai)✱ w
′
n(ai) = u′(ai) ❛♥❞ w′

n = 0 ♦♥ ❛ s♠❛❧❧ ✐♥t❡r✈❛❧ ❜❡❢♦r❡ a′i

• wn(bi) = u(bi)✱ w
′
n(bi) = u′(bi) ❛♥❞ w′

n = 0 ♦♥ ❛ s♠❛❧❧ ✐♥t❡r✈❛❧ ❛❢t❡r b′i✳

Pr♦♦❢✳ ■t ✐s ❡♥♦✉❣❤ t♦ r❡♣❧❛❝❡ gn ♦♥ t❤❡ ✐♥t❡r✈❛❧ ]ai, ai + εn ❜② t❤❡ ❢✉♥❝t✐♦♥ x 7→ Q(ai + x) ✇❤❡r❡

Q(t) = −u
′(ai)

2εn
t2 + u′(ai)t+ u(ai)

❛♥❞ t♦ s❝❛❧❡ t❤❡ ♥❡✇ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ✐♥t❡r✈❛❧ (ai, a′i) ❜② r❡♣❧❛❝✐♥❣ ✐t ❜②

x 7→
{
wn(ai + 2(x− ai)) ✐❢ ai ≤ x ≤ ai + εn/2

wn(a
′
i
−
) ♦t❤❡r✇✐s❡

❙✐♥❝❡ gn ❛♥❞ wn ❛r❡ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ✐♥ n ❛♥❞ ❝♦✐♥❝✐❞❡ ♦✉ts✐❞❡ ♦❢ t❤❡ s❡t Ωn −Ω′
n ✇❤♦s❡ ♠❡❛s✉r❡

✐s ❛t ♠♦st 1/n✱ t❤❡ s❡q✉❡♥❝❡ (wn)n st✐❧❧ ❤❛s u ❢♦r ❧✐♠✐t ✐♥ L2
µ❀ ♠♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡

||w′
n||L2

µ(Ωn−Ω′
n)

≤ (2/n)||u′||∞

❛♥❞ ❢♦r ❛♥② ❞✐s❝♦♥t✐♥✉✐t② ♣♦✐♥t y ♦❢ wn✱ wn ✐s ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ♦♥ ❛ ✭s♠❛❧❧✮ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ y✳ ❲❡
♥♦✇ ❤❛✈❡ t♦ r❡❣✉❧❛r✐③❡ wn ❛r♦✉♥❞ ✐ts ❞✐s❝♦♥t✐♥✉✐t② ♣♦✐♥ts✱ ✇❤✐❝❤ ❛r❡ ♦♥ Ω′

n❀ t❤✐s ✐s ♣♦ss✐❜❧❡ ♦♥❧② ✐❢ t❤❡s❡
♣♦✐♥ts ❜❡❧♦♥❣ t♦ t❤❡ s❡t M ✳ ❚❤❡♥ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ✏❞✐s♣❧❛❝❡♠❡♥t✑ ♣r♦❝❡❞✉r❡ ♦❢ t❤❡
❞✐s❝♦♥t✐♥✉✐t② ♣♦✐♥ts✿

▲❡♠♠❛ ✶✳✸✳✸✳ ❋♦r ❛♥② n✱ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ vn s✉❝❤ t❤❛t

• vn = wn ♦✉ts✐❞❡ ♦❢ Ω′
n❀

• vn ✐s st✐❧❧ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ♦♥ Ω′
n❀
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• ❛♥② ❞✐s❝♦♥t✐♥✉✐t② ♣♦✐♥t ♦❢ vn ❜❡❧♦♥❣s t♦ M ❀

• vn → u ✐♥ L2
µ✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡ t♦ ♠♦❞✐❢② wn ♦♥❧② ♦♥ ❡❛❝❤ ✐♥t❡r✈❛❧ (a′i, b
′
i)✳ ❖♥ t❤✐s ✐♥t❡r✈❛❧✱ wn ❛❞♠✐ts ❛ ✜♥✐t❡ ♥✉♠❜❡r

♦❢ ❥✉♠♣s ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❜② a′i ≤ x1 < · · · < xn = b′i✳ ❲❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str✉❝t✐♦♥✿

• ▲❡t m = inf([a′i, b
′
i] ∩ M)✳ ❲❡ ❞❡✜♥❡ vn ♦♥ t❤❡ ✐♥t❡r✈❛❧ [a′i,m[ ✭✐❢ ✐t ✐s ♥♦♥❡♠♣t②✮ ❜② s❡tt✐♥❣

vn = wn(a
′
i
+
)✳

• ❲❡ t❤❡♥ r❡✐t❡r❛t❡ t❤❡ ❝♦♥str✉❝t✐♦♥ st❛rt✐♥❣ ❢r♦♠ m✿

✕ ✐❢ (m, b′i) ∩M = ∅✱ ✇❡ s❡t vn = wn(b
′
i
−
) ♦♥ t❤✐s ✐♥t❡r✈❛❧✱ ❛♥❞ ✇❡ ❛r❡ ❞♦♥❡❀

✕ ♦t❤❡r✇✐s❡✱ ❧❡t m′ = inf((m, b′i) ∩M)✳ ❲❡ ❤❛✈❡ ♥❛t✉r❛❧❧② m′ ≥ m✳ ■❢ m ≥ xn✱ t❤❡♥ ✇❡ s❡t
vn = wn(b

′
i
−
) ♦♥ (m′, b′i)✱wn ♦♥ [m,m′) ❛♥❞ ✇❡ ❛r❡ ❞♦♥❡❀

✕ ✐❢ m = m′ < xn✱ t❤❡♥ ✇❡ ❞❡♥♦t❡ ❜② j t❤❡ s♠❛❧❧❡st ✐♥❞❡① s✉❝❤ t❤❛t xj > m✱ ✇❡ s❡t vn = wn ♦♥
[m,xj) ❛♥❞ ✇❡ r❡✐t❡r❛t❡ t❤✐s ❝♦♥str✉❝t✐♦♥ st❛rt✐♥❣ ❢r♦♠ xj ❀

✕ ✜♥❛❧❧②✱ ✐❢ m < m′ < xn✱ ✇❡ s❡t vn = wn ♦♥ [m,m′) ❛♥❞ ✇❡ r❡✐t❡r❛t❡ t❤✐s ❝♦♥str✉❝t✐♦♥ st❛rt✐♥❣
❢r♦♠ m′✳

❲✐t❤ t❤✐s ❝♦♥str✉❝t✐♦♥✱ wn−vn 6= 0 ♦♥❧② ♦♥ Ω′
n−M ✳ ❙✐♥❝❡ µ(Ω′

n−M) ≤ 1/n ❛♥❞ wn, vn ❛r❡ ✉♥✐❢♦r♠❧②
❜♦✉♥❞❡❞✱ ✇❡ ❣❡t ||vn − wn||L2

µ
≤ C/n✱ ❛♥❞ ✇❡ t❤✉s st✐❧❧ ❤❛✈❡ vn → u✳ ▼♦r❡♦✈❡r✱ ❜② ❝♦♥str✉❝t✐♦♥✱ vn ✐s

st✐❧❧ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ♦♥ t❤❡ s❡t Ω′
n ❛♥❞ ❛❧❧ ✐ts ❥✉♠♣s ❜❡❧♦♥❣ t♦ M ✳

❚♦ ✜♥✐s❤✱ ✇❡ ❤❛✈❡ t♦ ♠♦❞✐❢② vn ❛r♦✉♥❞ ❡❛❝❤ ❞✐s❝♦♥t✐♥✉✐t② ♣♦✐♥t✱ s♦ t❤❛t t❤❡ ♥❡✇ ❢✉♥❝t✐♦♥ un ✐s r❡❣✉❧❛r
❛♥❞ ❛❞♠✐ts ❛ ❞❡r✐✈❛t✐✈❡ ✇❤✐❝❤ ✐s s♠❛❧❧ ❢♦r t❤❡ L2

µ✲♥♦r♠✳ ❚❤✐s ✐s ❛❧❧♦✇❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❛❜♦✉t
❡♠❜❡❞❞✐♥❣s ❜❡t✇❡❡♥ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡s✿

▲❡♠♠❛ ✶✳✸✳✹✳ ▲❡t J ❜❡ ❛ ❜♦✉♥❞❡❞ ✐♥t❡r✈❛❧ ♦❢ R✱ ❛♥❞ µ ❛ ✜♥✐t❡ ♠❡❛s✉r❡ ♦♥ J ✇✐t❤ ❞❡♥s✐t② f > 0✳ ❚❤❡
❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✶✳ ❚❤❡ ❢✉♥❝t✐♦♥ 1/f ❜❡❧♦♥❣s t♦ L1(J)

✷✳ ❚❤❡ s♣❛❝❡ L2
µ(J) ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥t♦ L1(J)

Pr♦♦❢✳ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥ t❤❡ ❞✐r❡❝t ✐♠♣❧✐❝❛t✐♦♥s✱ ✇❤✐❝❤ ❝♦♠❡s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③
✐♥❡q✉❛❧✐t②✳ ❋♦r t❤❡ ✐♥✈❡rs❡ ✐♠♣❧✐❝❛t✐♦♥✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t

∫
J
1/f = +∞ ❛♥❞ s❡t

En =

{
t ∈ J :

1

n+ 1
≤ f(t) <

1

n

}
❛♥❞ ln = L1(En)

❲❡ ❦♥♦✇ t❤❛t
∑
n
ln < +∞ ✭✐t ✐s t❤❡ ❧❡♥❣t❤ ♦❢ J✮ ❛♥❞

∑

n

nln =
∑

n

∫

J

n1{n−1≤1/f≤n} ≥
∑

n

∫

J

1

f
1{n−1≤1/f≤n} ≥

∫

J

1

f
= +∞

t❤✉s
∑
n
nln = +∞✳ ❲❡ ✇✐❧❧ ❜✉✐❧❞ ❛ ❢✉♥❝t✐♦♥ U ✇❤✐❝❤ ✐s ❝♦♥st❛♥t ♦♥ ❡❛❝❤ s❡t En✱ ❜❡❧♦♥❣s t♦ L2

µ ❛♥❞ ❞♦❡s

♥♦t ❜❡❧♦♥❣ t♦ L1✳ ■❢ ✇❡ ❞❡♥♦t❡ ❜② un t❤❡ ✈❛❧✉❡ ♦❢ U ♦♥ En✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ ✜♥❞ ❛ s❡q✉❡♥❝❡ (un)n
✈❡r✐❢②✐♥❣ ∑

n

u2n (nln) < +∞ ❛♥❞
∑

n

|un| ln = +∞
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■❢ ✇❡ r❡s✉♠❡✱ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✿ ❢♦r ❛♥② s❡q✉❡♥❝❡ (ln)n ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs
s✉❝❤ t❤❛t

∑
n
nln = +∞ ❛♥❞

∑
n
ln < +∞✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (un)n ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs s✉❝❤ t❤❛t

∑
n
u2n(nln) < +∞ ❛♥❞

∑
n
nun = +∞✳ ❇② ❝♦♥tr❛❞✐❝t✐♦♥✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❢♦r ❛♥②

(ln)n ⊂ R∗
+ s✉❝❤ t❤❛t

∑
n
ln < +∞ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♣❧✐❝❛t✐♦♥ ❤♦❧❞s✿

(
∑

n

u2n (nln) < +∞
)

⇒
(
∑

n

ln|un| < +∞
)

✇❡ ❤❛✈❡
∑
n
nln < +∞✳ ❚❤✐s r❡s✉❧t ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❝♦r♦❧❧❛r② ♦❢ t❤❡ ❇❛♥❛❝❤✲❙t❡✐♥❤❛✉s t❤❡♦r❡♠✳ ❉❡♥♦t✐♥❣

❜② ℓ2nln t❤❡ s♣❛❝❡ ♦❢ s❡q✉❡♥❝❡s (un)n s✉❝❤ t❤❛t
∑
n
u2n (nln) < +∞✱ t❤❡ ♦♣❡r❛t♦r

TN : u ∈ ℓ2nln 7−→
N∑

n=0

lnun

✐s ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ✇✐t❤ ♥♦r♠

(
N∑
n=0

nln

)1/2

❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥ ❛❜♦✉t (ln)n ✐s ❡q✉✐✈❛❧❡♥t t♦

∀u ∈ ℓ2nln sup
N∈N

|TN (u)| < +∞

❇② ❇❛♥❛❝❤✲❙t❡✐♥❤❛✉s t❤❡♦r❡♠✱ ✇❡ ❣❡t sup
N∈N

||TN || < +∞ ❛♥❞
∑
n∈N

nln < +∞❀ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳

❲❡ ♥♦✇ ❤❛✈❡ t❤❡ ❛r❣✉♠❡♥ts t♦ tr❛♥s❢♦r♠ wn ✐♥t♦ ❛ C1 ❢✉♥❝t✐♦♥ un ✇❤✐❝❤ ✇✐❧❧ ❣✐✈❡ ✉s ♦✉r ❛♣♣r♦①✲
✐♠❛t✐♦♥✳ ▲❡t ✉s r❡❝❛❧❧ t❤❛t vn ✐s ❡q✉❛❧ t♦ u ♦✉ts✐❞❡ ♦❢ Ωn✱ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ♦♥ Ω′

n✱ ❛❧❧ ✐ts ❥✉♠♣s ❛r❡
❧♦❝❛t❡❞ ✐♥ t❤❡ s❡t M ❛♥❞ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ vn ✐s ♥✉❧❧ ♦♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤✐s ❥✉♠♣s✳ ❉❡♥♦t✐♥❣ ❜②
y1 < · · · < yp t❤❡ ❥✉♠♣s ♦❢ vn✱ ✇❡ ✜♥❞ εn s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ j✱ vn ✐s ❝♦♥st❛♥t ♦♥ (yj − εn, yj) ❛♥❞
(yj , yj + εn)✳ ▼♦r❡♦✈❡r✱ ✇❡ ❦♥♦✇ t❤❛t y1, . . . , yp ❛r❡ ❞✐st✐♥❝t ♦❢ t❤❡ ✏❜✐❣ ❛t♦♠s✑ x1, . . . , xn ♦❢ µ✱ t❤✉s ✇❡
❝❛♥ ❛ss✉♠❡✱ ✐❢ εn ✐s s♠❛❧❧ ❡♥♦✉❣❤✱ t❤❛t

p∑

j=1

(µ((yj − εn, yj + εn)) ≤ 1/n+
∑

k≥n
µ(xk)

❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② µn t❤✐s ❧❛st t❡r♠✱ ✇❤✐❝❤ ❣♦❡s t♦ 0 ❛s n→ +∞✳
❖♥ t❤❡ ✐♥t❡r✈❛❧ (yj − εn, yj + εn)✱ t❤❛♥❦s t♦ t❤❡ ❧❛st ❧❡♠♠❛✱ L2

µ ✐s ♥♦t ❡♠❜❡❞❞❡❞ ✐♥t♦ L1✱ t❤✉s ✇❡ ❝❛♥
✜♥❞ ❛ r❡❣✉❧❛r ❢✉♥❝t✐♦♥ gj s✉❝❤ t❤❛t

∫ yj+εn

yj−εn
gj = vn(y

+
j )− vn(y

−
j ) ❛♥❞

∫ yj+εn

yj−εn
g2j ❞µ ≤ 1

nq

❚❤❡♥✱ ✇❡ s❡t

un(x) =

{
ṽn(yj − εn) +

∫ x
yj−εn gj ✐❢ yj − εn ≤ x ≤ yj + εn

vn(x) ♦t❤❡r✇✐s❡

❛♥❞ ✇❡ ✜♥✐s❤ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣✿

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✸✳ ❚❤✐s s❡q✉❡♥❝❡ (un)n s❛t✐s✜❡s un → u ❛♥❞ u′n → v ❢♦r t❤❡ L2
µ✲♥♦r♠✱ ✇❤❡r❡

v(x) =

{
u′(x) ✐❢ x /∈M ♦r ✐s ❛♥ ❛t♦♠ ♦❢ µ
0 ♦t❤❡r✇✐s❡

❈♦♥s❡q✉❡♥t❧②✱ Tµ = {0} µ✲❛✳❡✳ ♦♥ M ✳
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Pr♦♦❢✳ ❲❡ ❦♥♦✇ t❤❛t vn → u✱ t❤✉s un → u ❢♦r t❤❡ L2
µ✲♥♦r♠ ♦✉ts✐❞❡ ♦❢ t❤❡ ✐♥t❡r✈❛❧s ]yj − εn, yj + εn[✳

❇✉t s✐♥❝❡ t❤❡ t♦t❛❧ ♠❛ss ♦❢ t❤✐s ✐♥t❡r✈❛❧s ❣♦❡s t♦ 0 ❛♥❞ (un)n ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✱ ✇❡ ❣❡t un → u✳ ❋♦r
t❤❡ ❞❡r✐✈❛t✐✈❡✱ s✐♥❝❡ un = u ♦✉ts✐❞❡ ♦❢ Ωn✱ ✇❡ ❤❛✈❡

||u′n − v||2L2
µ
= ||u′n − v||2L2

µ(Ωn)
= ||u′n − v||2L2

µ(Ωn−M) + ||u′n − v||2L2
µ(M−{x1,...,xn})

✇❤❡r❡ t❤❡ ✜rst t❡r♠ ❣♦❡s t♦ ✵ ✭s✐♥❝❡ (un)n ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❛♥❞ µ(Ωn −M) ❣♦❡s t♦ ✵✮❀ ❢♦r t❤❡
s❡❝♦♥❞ ♦♥❡✱ ✇❡ ❤❛✈❡ v = 0 ♦♥ M ✱ t❤✉s ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t ||u′n|| ❣♦❡s t♦ 0 ❢♦r t❤❡ L2

µ✲♥♦r♠ ♦♥
M − {x1, . . . , xn}❀ t❤✐s t❡r♠ ✐s ❜♦✉♥❞❡❞ ❜②

||u′n||2L2
µ(Ω

′
n−{y1,...,yp}) +

p∑

j=1

u′n(yj)µ({yj})

❙✐♥❝❡ (u′n)n ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ s❡❝♦♥❞ t❡r♠ ❣♦❡s t♦ 0✱ ❛♥❞ s✐♥❝❡ un ✐s ❝♦♥st❛♥t
♦✉ts✐❞❡ ♦❢ t❤❡ ✐♥t❡r✈❛❧s ]yj − εn, yj + εn[ t❤❡ ✜rst ♦♥❡ ✐s ❡q✉❛❧ t♦

p∑

j=1

∫ yj+εn

yj−εn
g2jdµ

✇❤✐❝❤✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ gj ✱ ✐s s♠❛❧❧❡r t❤❛♥ 1/n✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

✶✳✸✳✸ ❈♦♥s❡q✉❡♥❝❡s ❢♦r ♦✉r ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠

❚❤❡♦r❡♠ ✶✳✸✳✷✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ s❡t

{
T ∈ H1

µ(I) : T#µ = ν
}

✐s ♥♦♥✲❡♠♣t②✳ ❚❤❡♥ t❤❡ ♣r♦❜❧❡♠

inf

{∫

I

(|T (x)− x|2 + |∇µT (x)|2) ❞µ(x) : T ∈ H1
µ(I), T#µ = ν

}

❛❞♠✐ts ❛t ❧❡❛st ♦♥❡ s♦❧✉t✐♦♥✳

Pr♦♦❢✳ ▲❡t ✉s ❜❡❣✐♥ ❜② r❡✇r✐t✐♥❣ ♣r❡❝✐s❡❧② t❤❡ ❢✉♥❝t✐♦♥❛❧ t❤❛t ✇❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s ❝❛s❡✿ ✇❡ ❦♥♦✇ t❤❛t
Tµ = {0} ♦♥ M ∪A ❛♥❞ R ❡❧s❡✇❤❡r❡✱ s♦ ♥♦✇ ✇❡ ❛r❡ ♠✐♥✐♠✐③✐♥❣

J : U ∈ H1
µ(I) 7−→

∫

I−M
((U(x)− x)2 + U ′(x)2)f(x) ❞x+

∫

M∪A
(U(x)− x)2 ❞µ(x)

▲❡t ✉s ♠♦r❡♦✈❡r ❞❡♥♦t❡ ❜② (xi)i t❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ ❛t♦♠s ♦❢ µ ✭✇❤✐❝❤ ❝❛♥ ❜❡ ❡♠♣t②✮✱ (µi)i t❤❡ s❡q✉❡♥❝❡
♦❢ t❤❡✐r ♠❛ss✱ ❛♥❞

µ|M∪A = µ̃+
∑

i

µiδxi

✇✐t❤ µ̃ ✐s ❛t♦♠✲❧❡ss✳ ◆♦✇✱ ❢♦r U ∈ H1
µ(I)✱ ✇❡ ❤❛✈❡

J(U) =

∫

I−M
((U(x)− x)2 + U ′(x)2)f(x) ❞x+

∫

M∪A
(U(x)− x)2 ❞µ̃(x) +

∑

i

µi(U(xi)− xi)
2

▲❡t (Un)n ❜❡ ❛ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡✳ ❖♥ I −M ✱ ✇❤✐❝❤ ✐s ❡①❛❝t❧② t❤❡ s❡t ♦❢ ♣♦✐♥ts ♦♥ ✇❤✐❝❤ Tµ ✐s R✱ ✇❡
❝❛♥ ❡①tr❛❝t ❢r♦♠ (Un)n ❛ µ✲❛✳❡✳ ✭✇❤✐❝❤ ♠❡❛♥s L1✲❛✳❡✳ ✇❤❡r❡✈❡r f 6= 0✮ ♣♦✐♥t✇✐s❡ ❝♦♥✈❡r❣❡♥t s✉❜s❡q✉❡♥❝❡✱
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✇❤♦s❡ ❧✐♠✐t ✐s ❞❡♥♦t❡❞ ❜② U ❀ ❧❡t ✉s r❡♠❛r❦ t❤❛t U ✐s t❤❡ ✇❡❛❦ ❧✐♠✐t ♦❢ (Un)n ✭✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✮ ✐♥
t❤❡ s♣❛❝❡ H1

f ✱ ❛♥❞ ❜② s❡♠✐✲❝♦♥t✐♥✉✐t②✱ ✇❡ ❤❛✈❡

∫

I−M
((U(x)− x)2 + U ′(x)2)f(x) ❞x ≤ lim inf

(∫

I−M
((Un(x)− x)2 + U ′

n(x)
2)f(x) ❞x

)

◆♦✇ ✇❡ s❡t✱ ❢♦r n ∈ N✱ νn = (Un)#µ̃ ❛♥❞ Ũn t❤❡ ♦♣t✐♠❛❧ tr❛♥s♣♦rt ♠❛♣ ❢♦r t❤❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤
q✉❛❞r❛t✐❝ ❝♦st ❜❡t✇❡❡♥ µ̃ ❛♥❞ νn✳ ❲❡ ❦♥♦✇ t❤❛t Ũn ✐s t❤❡ ✉♥✐q✉❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ tr❛♥s♣♦rt ♠❛♣ ❜❡t✇❡❡♥
µ̃ ❛♥❞ νn✱ s♦ t❤❛t ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t (Ũn)n ❛❞♠✐ts✱ ❢♦r t❤❡ µ̃✲❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡✱ ❛ ❧✐♠✐t Ũ ✳ ❋♦r ❛♥② n✱
t❤❛♥❦s t♦ t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ Ũn✱ ✇❡ ❤❛✈❡

∫

M∪A
(Ũn(x)− x)2 ❞µ̃(x) ≤

∫

M∪A
(Un(x)− x)2 ❞µ̃(x)

❛♥❞ ❜② s❡♠✐✲❝♦♥t✐♥✉✐t②

∫

M∪A
(Ũ(x)− x)2 ❞µ̃(x) ≤ lim inf

(∫

M∪A
(Un(x)− x)2 ❞µ̃(x)

)

❋✐♥❛❧❧②✱ ❜② ❛ ❞✐❛❣♦♥❛❧ ❛r❣✉♠❡♥t✱ ♦♥❡ ❝❛♥ ✜♥❞ ❛ s❡q✉❡♥❝❡ (nk)k s✉❝❤ t❤❛t (Unk
(xi))k ❤❛s ❛ ❧✐♠✐t ❢♦r ❡❛❝❤ i✳

❚❤✉s✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜②

Tn(x) =

{
Un(x) ✐❢ x ∈ V

Ũn(x) ✐❢ x ∈ (M ∪A) ❛♥❞ T (x) =

{
U(x) ✐❢ x ∈ V

Ũ(x) ✐❢ x ∈M ∪A

✇❡ ❤❛✈❡ Tn → T µ✲❛✳❡✳ ♦♥ I✱ ❛♥❞

J(T ) ≤ lim inf

(∫

I−M
((Un(x)− x)2 + U ′

n(x)
2)f(x) ❞x

)
+ lim inf

(∫

M∪A
(Un(x)− x)2 ❞µ(x)

)

≤ lim inf J(Un)

✇❤❡r❡ (Un)n ✐s ❛ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡ ❢♦r J ♦♥ t❤❡ s❡t ♦❢ H1
µ tr❛♥s♣♦rt ♠❛♣s ❜❡t✇❡❡♥ µ ❛♥❞ ν✳ ■t ✐s

t❤✉s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t T s❛t✐s✜❡s t❤❡ ❝♦♥str❛✐♥t ♦♥ ✐♠❛❣❡ ♠❡❛s✉r❡ t♦ ❝♦♥❝❧✉❞❡✳ ❇✉t ❢♦r ❡❛❝❤ n✱ ❜②
❝♦♥str✉❝t✐♦♥✱ (Tn)#µ = ν ❛♥❞ t❤❡ µ✲❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡ ❛❧❧♦✇s t♦ ♦❜t❛✐♥ t❤❛t t❤✐s ✐s ❛❧s♦ tr✉❡ ❢♦r t❤❡ ❧✐♠✐t T ❀
t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳

✶✳✹ ❙♦♠❡ s✉r♣r✐s✐♥❣ ❡①❛♠♣❧❡s ✐♥ ❞✐♠❡♥s✐♦♥ ✷

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ✏s✉r♣r✐s✐♥❣✑ ♠❡❛s✉r❡s ✐♥ ❞✐♠❡♥s✐♦♥ 2✱ ✇❤✐❝❤ ❛r❡ ❛❜s♦❧✉t❡❧②
❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ❜✉t ❤❛✈❡ ❛ ❞❡♥s✐t② s✉❝❤ t❤❛t t❤❡ ❝r✐t✐❝❛❧ s❡t ✐s t❤❡ ✇❤♦❧❡
❞♦♠❛✐♥ Ω ❛♥❞ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ✐s ❛✳❡✳ ♥♦♥✲♥✉❧❧✳ ❍♦✇❡✈❡r✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ s❤♦✇ ❝♦♠♣❛❝t♥❡ss r❡s✉❧ts ✐♥
t❤❡s❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s ✇❤✐❝❤ ❛r❡ ❡♥♦✉❣❤ ❢♦r ♦✉r ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠✳

✶✳✹✳✶ ❆ ❝❛s❡ ✇❤❡r❡ dimTµ = 1 ❛✳❡✳

❲❡ ❜❡❣✐♥ ❜② ❜✉✐❧❞✐♥❣ ❛ ❞❡♥s✐t② ✐♥ ❞✐♠❡♥s✐♦♥ ✶ ✇❤✐❝❤ ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ ♠❡❛s✉r❡ ❢♦r ✇❤✐❝❤ t❤❡ ❝r✐t✐❝❛❧
s❡t ✐s t❤❡ ✇❤♦❧❡ ✐♥t❡r✈❛❧✱ ❛ t♦♦❧ t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ s❡✈❡r❛❧ t✐♠❡s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t♦ ❝♦♥str✉❝t ❡①❛♠♣❧❡s ✐♥
❞✐♠❡♥s✐♦♥ ✷ ❛♥❞ ♠♦r❡✳ ❚❤✐s ❡①❛♠♣❧❡ ✐s ❞✉❡ t♦ ●✉② ❉❛✈✐❞✳
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Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✶✳ ❚❤❡r❡ ❡①✐st ❛ ❢✉♥❝t✐♦♥ f ∈ L∞(0, 1) ✇❤✐❝❤ ✐s ♣♦s✐t✐✈❡ ❛✳❡✳ ✭❢♦r t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✮
♦♥ (0, 1) ❛♥❞ s✉❝❤ t❤❛t✱ ❢♦r ❛♥② x ∈ (0, 1)✱

∫

(0,1)∪(x−ε,x+ε)

dt

f(t)
= +∞

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ s❡t M ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤✐s ❢✉♥❝t✐♦♥ ✐s t❤❡ ✇❤♦❧❡ (0, 1)✳

Pr♦♦❢✳ ▲❡t (qn)n ❜❡ ❛♥ ❡♥✉♠❡r❛t✐♦♥ ♦❢ Q ∩ (0, 1)✳ ❋♦r ε > 0✱ ✇❡ s❡t

Uε =
⋃

n∈N

(
qn − ε

2n
, qn +

ε

2n

)
∩ (0, 1)

❚❤❡ s❡t Uε ✐s ♦♣❡♥✱ ❝♦♥t❛✐♥s Q ❛♥❞ ✇❡ ❤❛✈❡ 2ε ≤ L1(Uε) ≤
∑
n∈N

(ε/2n) = 4ε✳ ▼♦r❡♦✈❡r✱ t❤❡ ❢❛♠✐❧② (Uε)ε

❞❡❝r❡❛s❡s ✇❤❡♥ ε→ 0✳
❲❡ t❤❡♥ t❛❦❡ ❛ s❡q✉❡♥❝❡ (εk)k∈N ✇❤✐❝❤ ❞❡❝r❡❛s❡s t♦ 0 ❛s k → +∞ ❛♥❞ ✈❡r✐✜❡s

∑
k

εk = +∞✳ ▲❡t ✉s

s❤♦✇ t❤❛t t❤❡ ❢✉♥❝t✐♦♥

f =
1

1 +
∑
k

1Uεk

s❛t✐s✜❡s t❤❡ r❡q✉✐r❡❞ ♣r♦♣❡rt②✿

• f ✐s ♦❢ ❝♦✉rs❡ ❜♦✉♥❞❡❞ ✭❜② 1✮ ♦♥ (0, 1)✳

• f(x) ✐s ♥✉❧❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ x ❜❡❧♦♥❣s t♦ ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ Uεk ❀ ❜✉t s✐♥❝❡ t❤❡ s❡q✉❡♥❝❡ (Uεk)k ✐s
❞❡❝r❡❛s✐♥❣ ❢♦r t❤❡ ✐♥❝❧✉s✐♦♥✱ t❤✐s ♠❡❛♥s t❤❛t x ❜❡❧♦♥❣s t♦ Uεk ❢♦r ❛♥② k✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

L1



⋂

k≥k0
Uεk


 = L1(Uεk0

) ≤ 4εk0 → 0 ❛s k0 → +∞

s♦ t❤❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❛❧❧ t❤❡ Uεk ❤❛s ③❡r♦ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡❀ t❤✐s ✐♠♣❧✐❡s t❤❛t f(x) ✐s ♣♦s✐t✐✈❡
❢♦r ❛✳❡✳ x❀

• ✜♥❛❧❧②✱ ✐❢ a < b ∈ (0, 1)✱ t❤❡♥
∫ b

a

1

f
= (b− a) +

∑

k

L1(Uεk ∩ (a, b))

▲❡t n0 ❜❡ ❛ ❧❛r❣❡ ❡♥♦✉❣❤ ✐♥t❡❣❡r s♦ t❤❛t a′ = a+
1

2n0
< b− 1

2n0
= b′✳ ❲❡ ❤❛✈❡ ❢♦r ε < 1✿

Uε ∩ (a, b) =
⋃

n∈N

(
qn − ε

2n
, qn +

ε

2n

)
∩ (a, b) ⊃

⋃

n≥n0qn∈(a′,b′)

(
qn − ε

2n
, qn +

ε

2n

)

❲❡ ❞❡❞✉❝❡ t❤❛t

L1(Uεk ∩ (a, b)) ≥
∑

n≥n0qn∈(a′,b′)

ε

2n−1
= Cε ✇❤❡r❡ C =

∑

n≥n0qn∈(a′,b′)

1

2n−1

❛♥❞ C ♦♥❧② ❞❡♣❡♥❞s ♦♥ a, b ❛♥❞ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ε✳ ❚❤✉s✱ ✇❡ ❤❛✈❡
∫ b

a

1

f
= (b− a) +

∑

k

L1(Uεk ∩ (a, b)) ≥ 1 + C
∑

k∈N

εk = +∞
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❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ❞❡♥s✐t② f s❛t✐s✜❡s✱ ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥s ♦❢ t❤❡ ❛❜♦✈❡ s❡❝t✐♦♥✱ M = (0, 1) ❛♥❞ t❤❡
t❛♥❣❡♥t s♣❛❝❡ t♦ t❤❡ ♠❡❛s✉r❡ ✇✐t❤ ❞❡♥s✐t② f ✐s ♥✉❧❧ ❛✳❡✳ (0, 1)✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡
❙♦❜♦❧❡✈ s♣❛❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡❛s✉r❡

❞µ(x1, x2) = f(x1) ❞x1 ❞x2

♦♥ t❤❡ sq✉❛r❡ Ω = (0, 1)2 ✐♥ R2✳ ❙❡tt✐♥❣ g(x1, x2) = f(x1)✱ t❤✐s ❡①❛♠♣❧❡ ✐s ♣r❡❝✐s❡❧② ❜✉✐❧t s♦ t❤❛t t❤❡
❝r✐t✐❝❛❧ s❡t

M =

{
x ∈ Ω : ∀ε > 0,

∫

B(x,ε)∩Ω

❞t
g(t)

}

❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ✇❤♦❧❡ ❞♦♠❛✐♥ Ω✳
❚❤❡ s♣❛❝❡ L2

µ(Ω) ✐s ❞❡s❝r✐❜❡❞ ❛s ❢♦❧❧♦✇s✿

u ∈ L2
µ(Ω) ⇐⇒

∫∫

Ω

|u(x1, x2)|2f(x1) ❞x1 ❞x2 < +∞

⇐⇒ ❢♦r µ✲❛✳❡✳ x1, u(x1, ·) ∈ L2(0, 1) ❛♥❞ x1 7→ ||u(x1, ·)||L2 ∈ L2
f (0, 1)

■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r u ∈ L2
µ✱ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ∂2u ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ✇❡❛❦ s❡♥s❡✿ ✐t ✐s✱ ❢♦r µ✲❛✳❡✳

x1✱ t❤❡ ✇❡❛❦ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ u(x1, ·) ✇❤✐❝❤ ❜❡❧♦♥❣s t♦ L2(0, 1)✳ ❚❤✐s s✉❣❣❡sts t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦♣♦s✐t✐♦♥✿

Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✷✳ ❋♦r µ✲❛✳❡✳ x ∈ Ω✱ t❤❡ s♣❛❝❡ Tµ(x) ✐s t❤❡ ✈❡rt✐❝❛❧ ❧✐♥❡ R · e2✳

■♥ ♣❛rt✐❝✉❧❛r✱ ❛❧t❤♦✉❣❤ µ ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✱ t❤❡ t❛♥❣❡♥t
s♣❛❝❡ t♦ µ ✐s ♥♦♥✲tr✐✈✐❛❧ ♦♥ ❛❧♠♦st ❛❧❧ t❤❡ ❞♦♠❛✐♥ Ω✳

Pr♦♦❢ ♦❢ Pr♦♣✳ ✶✳✹✳✷✳ ❲❡ ✜rst ♣r♦✈❡ t❤❛t e1 ⊥ Tµ(x) ❢♦r µ✲❛✳❡✳ x❀ t❤❛♥❦s t♦ t❤❡ Pr♦♣✳ ✶✳✷✳✷✱ ✐t ✐s ❡♥♦✉❣❤
t♦ s❤♦✇ t❤❛t e1 ∈ Γ(0) ✐✳❡✳ t♦ ♣r♦❞✉❝❡ ❛ s❡q✉❡♥❝❡ (un)n ♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ❤❛✈✐♥❣ 0 ❢♦r ❧✐♠✐t ❛♥❞ s✉❝❤
t❤❛t ∇un → e1 ❢♦r t❤❡ L2

µ✲♥♦r♠✳ ❇✉t ✇❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t✱ ✐♥ ❞✐♠❡♥s✐♦♥ ♦♥❡✱ t❤❡ t❛♥❣❡♥t s♣❛❝❡ t♦ t❤❡
♠❡❛s✉r❡ ✇✐t❤ ❞❡♥s✐t② f ✐s ✐❞❡♥t✐❝❛❧❧② {0}✿ t❤✐s ✐♠♣❧✐❡s 1 ∈ Γ(0)✱ ✐✳❡✳

∃vn ∈ C∞(0, 1)N :

{
vn → 0
v′n → 1

❢♦r t❤❡ L2
f − norm

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ ❜② ✈❡r✐❢②✐♥❣ t❤❛t un(x1, x2) = vn(x1) ✐s ❝♦♥✈❡♥✐❡♥t✳
▲❡t ✉s ♥♦✇ s❤♦✇ t❤❛t e2 ∈ Tµ(x)✳ ■♥ t❤✐s ❛✐♠ ✇❡ s❤♦✇ t❤❡ ✐♠♣❧✐❝❛t✐♦♥

v = (v1, v2) ∈ Γ(0) =⇒ v2 = 0 µ−a.e.

■♥❞❡❡❞✱ ✐❢ un → 0 ❛♥❞ ∇un → v = (v1, v2)✱ t❤❡♥ ❢♦r ϕ ∈ D(Ω) ✇❡ ❤❛✈❡
∣∣∣∣
∫∫

Ω

∂2un(x1, x2)ϕ(x1, x2)f(x1) ❞x1 ❞x2

∣∣∣∣ =
∣∣∣∣
∫∫

Ω

un(x1, x2)∂2ϕ(x1, x2)f(x1) ❞x1 ❞x2

∣∣∣∣ ≤ ||un||L2
f
||ϕ||L2

f

✇❤✐❝❤ ❣♦❡s t♦ 0 ❛s n→ +∞❀ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞
∫∫

Ω

∂2un(x1, x2)ϕ(x1, x2)f(x1) ❞x1 ❞x2 →
∫∫

Ω

v2ϕ ❞µ

❛♥❞ ✇❡ ♦❜t❛✐♥
∫
v2ϕ ❞µ = 0 ❢♦r ❛♥② t❡st ❢✉♥❝t✐♦♥ ϕ✱ t❤✉s ϕ = 0✳

❚❤✐s ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡ H1
µ✿
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Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✸✳ ▲❡t u ∈ L2
µ(Ω)✳ ❚❤❡♥ u ∈ H1

µ(Ω) ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡
s❛t✐s✜❡❞✿

• ❢♦r ❛✳❡✳ x1✱ t❤❡ ❢✉♥❝t✐♦♥ x2 7→ u(x1, x2) ❜❡❧♦♥❣s t♦ H1(0, 1)❀

• t❤❡ ❢✉♥❝t✐♦♥ x1 7→ ||u(x1, ·)||2H1(0,1) ❜❡❧♦♥❣s t♦ L1
f (0, 1)✳

■♥ t❤✐s ❝❛s❡✱

∇µu = (0, ∂2u)

✇❤❡r❡✱ ❢♦r µ✲❛✳❡✳ x1✱ ∂2u(x1, ·) ✐s t❤❡ ✇❡❛❦ ❞❡r✐✈❛t✐✈❡ ♦❢ u(x1, ·)✱ ✇❤✐❝❤ ❜❡❧♦♥❣s t♦ L2(0, 1)✳

Pr♦♦❢✳ ❋♦r t❤❡ ❞✐r❡❝t ✐♠♣❧✐❝❛t✐♦♥✱ ❧❡t ✉s t❛❦❡ u = lim
n
un ✇✐t❤ ∇un → v ✐♥ L2

µ✳ ▲❡t x1 ∈ (0, 1) s✉❝❤ t❤❛t

un(x1, ·) → u(x1, ·) ❛♥❞ ∂2un(x1, ·) → v2(x1, ·) ✭t❤✐s ✐s tr✉❡ ✉♣ t♦ ❛ ♥❡❣❧✐❣✐❜❧❡ s❡t ♦❢ (0, 1)✮✳ ❚❤❡♥✱ ❢♦r
ϕ ∈ D(0, 1)✱ ✇❡ ❤❛✈❡

∫ 1

0

v2(x1, ·)ϕ = lim
n

∫ 1

0

∂2un(x1, ·)ϕ = − lim
n

∫ 1

0

un(x1, ·)ϕ′ = −
∫
un(x1, ·)ϕ′

✇❤✐❝❤ s❤♦✇s t❤❛t ∂2u = v2✳ ■♥ ♣❛rt✐❝✉❧❛r

∫ 1

0

||u(x1, ·)||2H1(0,1)f(x1) ❞x1 =

∫ 1

0

(∫ 1

0

(|u(x1, x2)|2 + |v(x1, x2)|2) ❞x2
)
f(x1) ❞x1 = ||u||2L2

µ
+ ||v||2L2

µ

✇❤✐❝❤ ✐s ✜♥✐t❡ s✐♥❝❡ u, v ∈ L2
µ(Ω)✳ ▼♦r❡♦✈❡r✱ t❤❡ Pr♦♣✳ ✶✳✹✳✷ ✐♠♣❧✐❡s t❤❛t✱ ❢♦r ❛♥② v ∈ Γ(u)✱

∇µu(x) = pTµ(x)(v(x)) = (0, v2(x)) = (0, ∂2u(x))

❋♦r t❤❡ ❝♦♥✈❡rs❡ ✐♠♣❧✐❝❛t✐♦♥✱ ✇❡ ❛❣❛✐♥ r❡♠❛r❦ t❤❛t✱ ✐❢ u ∈ C∞ (Ω
)
✱

||u||2H1
µ(Ω) =

∫ 1

0

(
||u(x1, ·)||2L2(0,1) + ||(∂2u)(x1, ·)||2L2(0,1)

)
f(x1) ❞x1

❛♥❞ ❝♦♥❝❧✉❞❡ ❜② t❤❡ ❢❛❝t t❤❛t H1
µ(Ω) ✐s t❤❡ ❝❧♦s✉r❡ ♦❢ C∞ (Ω

)
❢♦r t❤✐s ♥♦r♠✳

■♥ ♣❛rt✐❝✉❧❛r✿

• ✐♥ t❤✐s ❝❛s❡✱ t❤❡ s♣❛❝❡ H1
µ ❞♦❡s ♥♦t ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ s❡t

{
u ∈ L2

g(Ω) : u|Ω−M ∈ H1
g (Ω−M)2

}

s✐♥❝❡ t❤✐s ❧❛st s❡t ✐s ❛❝t✉❛❧❧② t❤❡ ✇❤♦❧❡ s♣❛❝❡ L2
g(Ω)✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ H1

µ ✐s t❤✉s ✐♥ ❣❡♥❡r❛❧ ✜♥❡r
t❤❛♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡ H1

g ✳

• t❤❡r❡ ❝❛♥♥♦t ❡①✐st ❛ ❝♦♠♣❛❝t♥❡ss r❡s✉❧t ❢r♦♠ H1
µ t♦ t❤❡ ❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡ ♦♥ Ω✿ ✐t ✐s ❡♥♦✉❣❤ t♦

t❛❦❡ ❛ s❡q✉❡♥❝❡ (un)n ♦❢ ❢✉♥❝t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ t❤❡ ✜rst ✈❛r✐❛❜❧❡ x1✱ ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ✐♥
L2
f (0, 1) ❜✉t ✇❤✐❝❤ ✐s ♥♦♥✲❝♦♠♣❛❝t ❢♦r t❤❡ ❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡ t♦ ❣❡t ❛ ❝♦✉♥t❡r✲❡①❛♠♣❧❡ ✭s✐♥❝❡ ❢♦r ❛

s✉❝❤ s❡q✉❡♥❝❡ ✇❡ ❤❛✈❡ ||un||H1
µ
= ||un||L2

µ
✮✳

❲❡ ❛r❡ ❤♦✇❡✈❡r ❛❜❧❡ t♦ s❤♦✇ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✏✇✐t❤♦✉t tr❛♥s♣♦rt✑ ✇❤❡r❡ ♦♥❧② t❤❡ ❣r❛❞✐❡♥t t❡r♠ ✐s
❝♦♥s✐❞❡r❡❞ ❛❞♠✐ts ❛ s♦❧✉t✐♦♥✿
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❚❤❡♦r❡♠ ✶✳✹✳✶✳ ❋♦r t❤✐s ♠❡❛s✉r❡ µ✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡r❡ ❡①✐sts ❛ µ✲❙♦❜♦❧❡✈ tr❛♥s♣♦rt ❢r♦♠ µ t♦ ν✱ t❤❡
♣r♦❜❧❡♠

inf
{
||∇µT ||2L2

µ(Ω) : T ∈ H1
µ(Ω), T#µ = ν

}

❛❞♠✐ts ❛t ❧❡❛st ♦♥❡ s♦❧✉t✐♦♥✳

Pr♦♦❢✳ ❲❡ ❜❡❣✐♥ ❛❣❛✐♥ ❜② t❛❦✐♥❣ ❛ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡ (Tn)n✳ ❖✉r str❛t❡❣② ✐s t♦ ❜✉✐❧❞ ❛ s❡q✉❡♥❝❡ ξn ♦❢
✏r❡❛rr❛♥❣❡♠❡♥t✑ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ✇✐❧❧ tr❛♥s❢♦r♠ Tn ✐♥t♦ ❛ ♣♦✐♥t✇✐s❡❧② ❝♦♥✈❡r❣❡♥t ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡✿
ξn ✐s ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ (0, 1) t♦ ✐ts❡❧❢ s✉❝❤ t❤❛t✱ ✐❢ ✇❡ s❡t Un(x1, x2) = Tn(ξn(x1), x2)✱ ✇❡ ❤❛✈❡

• ❢♦r ❛♥② n✱ (Un)#µ = ν❀

• ❡❛❝❤ Un ❜❡❧♦♥❣s ❛❣❛✐♥ t♦ H1
µ(Ω) ❛♥❞ ||∇µUn||L2

µ
≤ ||∇µTn||L2

µ
❀

• (Un)n ❛❞♠✐ts ❛ ❧✐♠✐t ❢♦r t❤❡ µ✲❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡✳

❲❡ st❛rt ❜② s❡tt✐♥❣✱ ❢♦r n ∈ N ❛♥❞ x1 ∈ (0, 1)✱

Sn(x1) : x2 7→ Tn(x1, x2)

❋♦r ❛✳❡✳ x1✱ Sn(x1) ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ H1(0, 1) ⊂ L2(0, 1)❀ ✇❡ ❡♥❞♦✇ L2(0, 1) ✇✐t❤ t❤❡ ❇♦r❡❧ σ✲❛❧❣❡❜r❛
❛ss♦❝✐❛t❡❞ t♦ ✐ts ♥❛t✉r❛❧ ♥♦r♠✳ ❚❤❡♥ ✇❡ s❡t

ρn = (Sn)#f

✇❤✐❝❤ ✐s ❛ ✜♥✐t❡ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ♦♥ L2(0, 1)✳

▲❡♠♠❛ ✶✳✹✳✶✳ ❚❤❡ s❡q✉❡♥❝❡ (ρn)n ✐s t✐❣❤t✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳✹✳✶✳ ❋♦r L > 0✱ ✇❡ s❡t

KL =
{
u ∈ L2(0, 1) : u ∈ H1(0, 1) ❛♥❞ ||u||2H1(0,1) ≤ L

}

KL ✐s ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ L2(0, 1) ❛♥❞ ❢♦r ❡❛❝❤ n✿

ρn(L
2(0, 1)−KL) =

∫ 1

0

1L2−KL
❞ρn =

∫ 1

0

1Sn(x)/∈KL
f(x) ❞x

✇✐t❤ ∫

Sn(x)/∈KL

= 1||Sn(x)||2
H1(0,1)

≥L ≤
||Sn(x)||2H1(0,1)

L

s♦ t❤❛t ∫ 1

0

1Sn(x)/∈KL
f(x) ❞x ≤ 1

L

∫ 1

0

||Sn(x)||2H1(0,1)f(x) ❞x =
||Tn||2H1

µ

L
≥ C

L

✇❤❡r❡ C ✐s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r (Tn)n ✐♥ H1
µ✳ ❋♦r ❡❛❝❤ ε > 0✱ t❛❦✐♥❣ L = C/ε ❛♥❞ K = KL✱ ✇❡ ♦❜t❛✐♥

∀n ∈ N, ρn(L
2(0, 1)−K) ≤ ε

✇❤✐❝❤ ✐s ❡①❛❝t❧② t❤❡ r❡s✉❧t✳

❆♣♣❧②✐♥❣ t❤❡ Pr♦❦❤♦r♦✈ t❤❡♦r❡♠✱ ✇❡ ✜♥❞ ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (Sn)n ✇❤✐❝❤ ❤❛s ❛ ❧✐♠✐t ❢♦r t❤❡ ✇❡❛❦✲✯
❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♠❡❛s✉r❡s✳ ❲❡ t❤❡♥ ❛♣♣❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❙❦♦r♦❦❤♦❞ t❤❡♦r❡♠❀ ✐t ❢♦r
✐♥st❛♥❝❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❉✉❞❧❡② ❬✸✼❪✱ ❛♥❞ ❤❛s ❜❡❡♥ ✉s❡❞ ✐♥ t❤✐s ❢♦r♠ ❢♦r ❛♥ ♦♣t✐♠❛❧ tr❛♥s♣♦rt ♣r♦❜❧❡♠
✐♥ t❤❡ ▼❛r❝ ❇❡r♥♦t✬s P❤❉✳ t❤❡s✐s ✭❬✶✶❪✱ ❚❤❡♦r❡♠ ✹✳✷✳✽✮✿
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❚❤❡♦r❡♠ ✶✳✹✳✷✳ ▲❡t (K, d) ❜❡ ❛ t♦t❛❧❧② ❜♦✉♥❞❡❞ ♠❡tr✐❝ s♣❛❝❡ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ σ✲❛❧❣❡❜r❛ ♦❢ ✐ts ❇♦r❡❧
s❡ts✳ ▲❡t (µn)n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ (K, d)✳ ❚❤❡♥ (µn)n ✇❡❛❦❧②✲✯ ❝♦♥✈❡r❣❡s t♦ µ ✐❢
❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐ts ❛ ❢❛♠✐❧② (χn)n ♦❢ ❢✉♥❝t✐♦♥s (0, 1) → K ❛♥❞ χ : (0, 1) → K s✉❝❤ t❤❛t

• µn = (χn)#L1 ❢♦r ❡❛❝❤ n✱ ❛♥❞ µ = χ#L1❀

• χn → χ ❛✳❡✳ ✐♥ (0, 1)✳

❇② r❡♣❧❛❝✐♥❣ χn ✇✐t❤ χn ◦ t✱ ✇❤❡r❡ t ✐s t❤❡ ♠♦♥♦t♦♥❡ tr❛♥s♣♦rt ❢r♦♠ f · L1 t♦ L1✱ ✇❡ ❣❡t t❤❛t t❤❡
s❛♠❡ r❡s✉❧ts ❤♦❧❞s ✇✐t❤ f · L1 ✐♥st❡❛❞ ♦❢ L1✳ ❲❡ ❛♣♣❧② ✐t ✇✐t❤ K = L2(0, 1) ❛♥❞ µn = ρn❀ t❤❡ s❡q✉❡♥❝❡
(χn)n t❤❛t ✇❡ ♦❜t❛✐♥ ✈❡r✐✜❡s t❤❡♥✿

• ❢♦r ❡❛❝❤ n✱ χn ❛♥❞ Sn s❡♥❞ f · L1 ♦♥t♦ t❤❡ s❛♠❡ ✐♠❛❣❡ ♠❡❛s✉r❡✱ t❤✉s t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ ✐♠❛❣❡ s❡t
❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r χn(x1) = Sn(ξn(x1)) ❢♦r ❛ ❝❡rt❛✐♥ ξn(x1)✱ ✇❤✐❝❤ ♠❡❛♥s

χn(x1)(x2) = Tn(ξn(x1), x2) ❢♦r µ✲❛✳❡✳ (x1, x2)

• ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ (Sn)#(f · L1) = (χn)#(f · L1)✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② F t❤❡ ❢✉♥❝t✐♦♥

u ∈ L2(0, 1) 7→ ||u′||L2

✇❡ ❤❛✈❡
∫ 1

0
F (Sn(x1))f(x1) ❞x1 =

∫ 1

0
F (χn(x1))f(x1) ❞x1 ✐✳❡✳

||DµTn||2L2
µ
=

∫

Ω

|∂2Tn(x1, x2)|2f(x1) ❞x1 ❞x2 =

∫

Ω

|∂2Tn(ξn(x1), x2)|2f(x1) ❞x1 ❞x2

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ❢✉♥❝t✐♦♥ (x1, x2) 7→ Tn(ξn(x1), x2) st✐❧❧ ❞❡✜♥❡s ❛ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡❀

• ||χn(x1)− χ(x1)||L2(0,1) → 0 ❢♦r ❛✳❡✳ x1✱ s♦ t❤❛t✱ ✐❢ ✇❡ s❡t T (x1, x2) = χ(x1)(x2)✱

Tn(ξn(x1), x2) → T (x1, x2)

✇❤✐❝❤ ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢✳

✶✳✹✳✷ ❆ ❝❛s❡ ✇❤❡r❡ M = Ω ❜✉t Tµ = R2 ❛✳❡✳

❚❤❡ ❡①❛♠♣❧❡ ✐s ♣r♦✈✐❞❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡♥s✐t② ✐♥ ❞✐♠❡♥s✐♦♥ ✶✱ ✇❤✐❝❤ ✐s ❛❧s♦ ❞✉❡ t♦ ●✉② ❉❛✈✐❞✳

Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✹✳ ❚❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ f ∈ L∞(0, 1) ✇❤✐❝❤ ✐s ❛✳❡✳ ♣♦s✐t✐✈❡ ♦♥ (0, 1) ❛♥❞ s✉❝❤ t❤❛t✱
❢♦r ❛✳❡✳ x ∈ (0, 1)2 ❛♥❞ ❢♦r ❛♥② ε > 0✱

∫∫

B(x,ε)∩(0,1)2

❞x1 ❞x2
f(x1) + f(x2)

= +∞

Pr♦♦❢✳ ❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ✐♥❡q✉❛❧✐t②

1

f(x1) + f(x2)
≥ 1

2
min

(
1

f(x1)
,

1

f(x2)

)

✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❛ ❢✉♥❝t✐♦♥ h ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇✱ ❛✳❡✳ ✜♥✐t❡ ♦♥ (0, 1) ❛♥❞ s✉❝❤ t❤❛t
∫∫

B(x,ε)∩(0,1)2
min(h(x1), h(x2)) ❞x1 ❞x2 = +∞
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❢♦r ❛✳❡✳ x ∈ (0, 1)2 ❛♥❞ ❛♥② ε > 0✱ ❛♥❞ ✇❡ ✇✐❧❧ t❛❦❡ f = 1/h✳
▲❡t (nk)k ❜❡ t❤❡ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ✐♥t❡❣❡rs ♦❢ t❤❡ ❢♦r♠

nk = 2l + i, 0 ≤ i ≤ 2l − 1 ❛♥❞ i = 1 ♠♦❞ l2

❲❡ t❤❡♥ ❞❡♥♦t❡ ❜②

Fk =

(
i

2l
,
i+ 1

2l

)

✇❤❡r❡ (i, l) ✐s ❞❡✜♥❡❞ ❜② nk = 2l + i✱ 0 ≤ i ≤ 2l − 1✳
❈❧❛✐♠ ✶✿

∑
k

L1(Fk) ✐s ✜♥✐t❡✳ ■♥❞❡❡❞✱ ❢♦r ❡❛❝❤ l✱ t❤❡ ✐♥t❡❣❡rs nk s✉❝❤ t❤❛t 2l ≤ nk < 2l+1 ❛r❡

2l + 1, 2l + l2 + 1, . . . , 2l + (p− 1)l2 + 1

✇❤❡r❡ p ✈❡r✐✜❡s
2l + (p− 1)l2 + 1 ≤ 2l+1 ≤ 2l + pl2 + 1

t❤✉s p ≤ 2l+1

l2
+ 1

❚❤❡ ♥✉♠❜❡rs ♦❢ ✐♥t❡r✈❛❧s Fk ❝♦rr❡s♣♦♥❞✐♥❣ t♦ s✉❝❤ ✐♥t❡❣❡rs nk ✐s t❤✉s s♠❛❧❧❡r t❤❛♥ 2l+1/l2 + 1✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ t❤❡s❡ ✐♥t❡r✈❛❧s ❤❛✈❡ r❛❞✐✉s 1/2l✳ ❚❤❡r❡❢♦r❡ t❤❡✐r ✉♥✐♦♥ ❤❛s ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ s♠❛❧❧❡r t❤❛♥

1

l2
+

1

2l + 1

✇❤✐❝❤ ❞❡✜♥❡s ❛ s✉♠♠❛❜❧❡ s❡q✉❡♥❝❡✳
▲❡t ✉s ♥♦✇ t❛❦❡ ❛ s❡q✉❡♥❝❡ (ak)k ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs✳ ❚❤❡ ❢✉♥❝t✐♦♥

h : x 7→
∑

k

ak1Fk
(x)

✐s ✜♥✐t❡ ❛t ❛♥② ♣♦✐♥t x ♦♥❧② ❜❡❧♦♥❣✐♥❣ t♦ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ Fk✳ ❇✉t s✐♥❝❡
∑
k L1(Fk) < +∞✱ ❜② t❤❡

❇♦r❡❧✲❈❛♥t❡❧❧✐ ❧❡♠♠❛✱ t❤❡ s❡t ♦❢ ♣♦✐♥ts x ❜❡❧♦♥❣✐♥❣ t♦ ✐♥✜♥✐t❡❧② ♠❛♥② Fk ❤❛s ③❡r♦ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡❀
t❤❡r❡❢♦r❡ h(x) < +∞ ❢♦r ❛✳❡✳ x✳ ❲❡ ✇✐❧❧ ♥♦✇ ❜✉✐❧❞ ❛ s❡q✉❡♥❝❡ (ak)k s✉❝❤ t❤❛t✱ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❢✉♥❝t✐♦♥ h✱ ∫∫

Ω

min(h(x1), h(x2)) ❞x1 ❞x2 = +∞

❈❧❛✐♠ ✷✿ ❢♦r ❛♥② a < b ∈ (0, 1)✱ t❤❡r❡ ❡①✐sts l0 s✉❝❤ t❤❛t✱ ❢♦r ❛♥② l ≥ l0✱ t❤❡r❡ ❡①✐sts 0 ≤ i ≤ 2l − 1
✈❡r✐❢②✐♥❣

i = 1 ♠♦❞ l2 ❛♥❞ a <
i

2l
<
i+ 1

2l
< b

■♥❞❡❡❞✱ t❛❦✐♥❣ l0 s✉❝❤ t❤❛t l20/2
l0−1 > b− a ❛♥❞ 1/2l0 < a✱ ✐❢

p0 = max{p : (l2p+ 1)/2l ≥ a}

✇❡ ❤❛✈❡ (l2(p0 + 1) + 1)/2l > a ❛♥❞

l2(p0 + 2) + 1

2l
=
l2p0
2l

+
1

2l

✇✐t❤ l2p0/2l ≤ a ❛♥❞ 1/2l < b− a✳
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❚❤❡r❡❢♦r❡✱ ✐❢ a < b ❛♥❞ a′ < b′ ∈ (0, 1)✱ ❢♦r l0 ❝♦rr❡s♣♦♥❞✐♥❣ ❜♦t❤ t♦ a, b ❛♥❞ a′, b′ ✇✐t❤ l ≥ l0✱ ✇❡ ❤❛✈❡
∫∫

(a,b)×(a′,b′)

min(h(x1), h(x2)) ❞x1 ❞x2 ≥ min(ak, ak′)L1(Fk))

✇❤❡r❡ k = i/2l ✐s s✉❝❤ t❤❛t a < i/2l < (i + 1)/2l < b ❛♥❞ ✐❞❡♠ ❢♦r k′✱ ❛♥❞ L1(Fk) = L1(Fk′) = 1/2l✳ ■t
✐s t❤❡♥ ❡♥♦✉❣❤ t♦ t❛❦❡ ❛ s❡q✉❡♥❝❡ ak = bl ✇✐t❤ bl/2l → +∞ t♦ ❣❡t t❤❡ r❡s✉❧t✳

❲❡ ✇✐❧❧ ♥♦✇ st✉❞② t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡❛s✉r❡

❞µ(x1, x2) = (f(x1) + f(x2)) ❞x1 ❞x2

❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ❝r✐t✐❝❛❧ s❡t M ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❞❡♥s✐t② ♦❢ µ ✐s t❤❡ ✇❤♦❧❡ ❞♦♠❛✐♥ Ω = (0, 1)2✳
❍♦✇❡✈❡r✿

Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✺✳ ❲❡ ❤❛✈❡ Tµ = R2 µ✲❛✳❡✳ ♦♥ R2✳

Pr♦♦❢✳ ❆s ❛❜♦✈❡✱ ❧❡t ✉s t❛❦❡ v = (v1, v2). ∈ Γ(0) ❛♥❞ s❤♦✇ ✜rst t❤❛t v1 = 0✳ ■❢ un → 0 ❛♥❞ ∇un → v ✐♥
L2
µ✱ ✐♥ ♣❛rt✐❝✉❧❛r✱

∫ 1

0

(∫ 1

0

u2n(x) ❞x1

)
f(x2) ❞x2 ❛♥❞

∫ 1

0

(∫ 1

0

(∂1un(x)− v1(x))2 ❞x1

)
f(x2) ❞x2

✇❤✐❝❤ ✐♠♣❧✐❡s✱ ❢♦r µ✲❛✳❡✳ x2✱

un(·, x2) → 0 ❛♥❞ ∂1un(·, x2) → v1(·, x2) ✐♥ L2(0, 1)

❛♥❞ v1 = 0 ❛✳❡✳ ♦♥ Ω✳ ❙✐♥❝❡ t❤❡ t✇♦ ✈❛r✐❛❜❧❡s x1✱ x2 ♣❧❛② s②♠♠❡tr✐❝ r♦❧❡s✱ t❤❡ ♣r♦♦❢ t❤❛t v2 = 0 ✐s
s✐♠✐❧❛r✳

❚❤✐s ❣✐✈❡s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ♠❡❛s✉r❡ ✇✐t❤ ❛ ❞❡♥s✐t② s✉❝❤ t❤❛t t❤❡ ❝r✐t✐❝❛❧ s❡t ✐s
t❤❡ ✇❤♦❧❡ ❞♦♠❛✐♥ Ω ❜✉t ❢♦r ✇❤✐❝❤ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ✐s ❛✳❡✳ t❤❡ ✇❤♦❧❡ s♣❛❝❡ R2✳ ❚❤❡ s♣❛❝❡s L2

µ ❛♥❞ H1
µ

❛r❡ ❞❡s❝r✐❜❡❞ ❤❡r❡✿

Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✻✳ ❆ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ u : Ω2 → R ❜❡❧♦♥❣s t♦ L2
µ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣

❛ss✉♠♣t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿

• ❢♦r ❛✳❡✳ x1✱ x2 7→ u(x1, x2) ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ L2(0, 1)✱ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ x1 7→ ||u(x1, ·)||2L2(0,1) ❜❡❧♦♥❣s

t♦ L1
f (0, 1)❀

• ❢♦r ❛✳❡✳ x2✱ x1 7→ u(x1, x2) ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ L2(0, 1)✱ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ x2 7→ ||u(·, x2)||2L2(0,1) ❜❡❧♦♥❣s

t♦ L1
f (0, 1)✳

■t ❜❡❧♦♥❣s t♦ H1
µ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥s ❛r❡ s❛t✐s✜❡❞ ✇✐t❤ t❤❡ H1(0, 1)✲♥♦r♠ ✐♥st❡❛❞ ♦❢ t❤❡

L2(0, 1)✲♥♦r♠✳

❲❡ ❝❛♥ ♥♦✇ st❛t❡ ♦✉r ❝♦♠♣❛❝t♥❡ss r❡s✉❧t ✐♥ H1
µ✱ ✇❤✐❝❤ ✐s ❡♥♦✉❣❤ t♦ ♦✉r ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠✿

❚❤❡♦r❡♠ ✶✳✹✳✸✳ ▲❡t F ❜❡ ❛ ❜♦✉♥❞❡❞ s✉❜s❡t ♦❢ H1
µ(Ω) ∩ L∞(Ω)✳ ❚❤❡♥ F ✐s ♣r❡❝♦♠♣❛❝t ✐♥ L2(Ω)✳

Pr♦♦❢✳ ❲❡ ❢♦❧❧♦✇ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❘❡❧❧✐❝❤✲❑♦♥❞r❛❦♦✈ t❤❡♦r❡♠ ✐♥ H1✱ t❤❛t ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶❪✱
❚❤❡♦r❡♠s ✷✳✸✷ ❛♥❞ ✻✳✸✳ ❲❡ ✜① ❛ ❢❛♠✐❧② ♦❢ s♠♦♦t❤ ❝♦♥✈♦❧✉t✐♦♥ ❦❡r♥❡❧s (ηh)h>0 s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ h > 0✱

• ηh = 0 ♦✉ts✐❞❡ ♦❢ (−h, h)❀
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•
∫
R
ηh = 1❀

• 0 ≤ ηh ≤ C/h ♦♥ R❀

• ηh ❤❛s ❛ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t ✇❤✐❝❤ ✐s s♠❛❧❧❡r t❤❛♥ C/h2❀

✇❤❡r❡ C ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✳ ❲❡ ❡①t❡♥❞ ❡❛❝❤ ❢✉♥❝t✐♦♥ u ∈ F t♦ t❤❡ ✇❤♦❧❡ R2 ❜②
s❡tt✐♥❣ u = 0 ♦✉ts✐❞❡ ♦❢ Ω ❛♥❞ ✇❡ s❡t✱ ❢♦r ❡❛❝❤ h > 0✱

uh(x1, x2) =

∫

R

u(x1, y2)ηh(x2 − y2) ❞y2 =

∫

R

u(x1, x2 − y2)ηh(y2) ❞y2

t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ u ❛♥❞ ηh ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡❝♦♥❞ ✈❛r✐❛❜❧❡ ✭♥♦t✐❝❡ t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥ ♠❛❦❡s s❡♥s❡
❢♦r ❛✳❡✳ x1 s✐♥❝❡ u(x1, ·) ∈ L2(0, 1) ❢♦r ❛✳❡✳ x1✮✳

▲❡♠♠❛ ✶✳✹✳✷✳ ▲❡t h > 0 ❜❡ ✜①❡❞✳ ❚❤❡♥ t❤❡ ❢❛♠✐❧②

Fh = {uh : u ∈ F}

✐s ❛ ♣r❡❝♦♠♣❛❝t s✉❜s❡t ♦❢ (C0(Ω), || · ||∞)✳

Pr♦♦❢✳ ❲❡ ✈❡r✐❢② t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡ ❆r③❡❧à✲❆s❝♦❧✐ t❤❡♦r❡♠✳ ❲❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t Fh ✐s ❜♦✉♥❞❡❞ ❢♦r
t❤❡ L∞✲♥♦r♠ ❛♥❞ ♦♥❧② ❤❛✈❡ t♦ ❝❤❡❝❦ ✐ts ❡q✉✐❝♦♥t✐♥✉✐t②✳ ❋♦r δ2 ∈ R✱ ✇❡ ❤❛✈❡

uh(x1, x2 + δ2)− uh(x1, x2) =

∫ 1

0

u(x1, y2)(ηh(y2 − x2 − δ2)− ηh(y2 − x2)) ❞y2

s♦ t❤❛t✱ t❤❛♥❦s t♦ t❤❡ ❜♦✉♥❞ ♦♥ Lip ηh✱

|uh(x1, x2 + δ2)− uh(x1, x2)| ≤
∫ 1

0

|u(x1, y2)|
C|δ2|
h2

≤ C ′ |δ2|
h2

✭✶✳✺✮

✇❤❡r❡ C ′ t❛❦❡s ❛❝❝♦✉♥t ♦❢ t❤❡ ❜♦✉♥❞ ♦♥ ||u||∞✳ ❚❤✐s ❡st✐♠❛t✐♦♥ ✐s ✉♥✐❢♦r♠ ✇✐t❤ r❡s♣❡❝t t♦ (x1, x2)✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r δ1 ∈ R

uh(x1 + δ1, x2)− uh(x1, x2) =

∫ 1

0

(u(x1 + δ1, y2)− u(x1, y2))ηh(x2 − y2) ❞y2 ✭✶✳✻✮

✇❤❡r❡✱ ❢♦r ❛♥② y2 s✉❝❤ t❤❛t u(·, y2) ∈ H1(0, 1)✱ t❤✉s ❢♦r ❛✳❡✳ y2✱

|u(x1 + δ1, y2)− u(x1, y2)| =
∣∣∣∣∣

∫ x1+δ1

x1

∂1u(y1, y2) ❞y1

∣∣∣∣∣ ≤ ||u(·, y2)||H1(0,1)

√
|δ1|

t❤❡ ❧❛st ❡st✐♠❛t❡ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✳
❙✐♥❝❡ u ∈ H1

µ(Ω)✱ t❤❡ ❢✉♥❝t✐♦♥
y2 7→ ||u(·, y2)||H1(0,1)

❜❡❧♦♥❣s t♦ L1
f (0, 1) ✭❛♥❞ ❡✈❡♥ t♦ L2

f (0, 1)✮✱ ❛♥❞ s✐♥❝❡ f > 0 ❛♥❞ f ∈ L∞(0, 1) t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ❛♥❞
t❤❡ ♠❡❛s✉r❡ ✇✐t❤ ❞❡♥s✐t② f ❛r❡ ❡q✉✐✈❛❧❡♥t❀ ✇❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛♥② ε > 0✱ t❤❡r❡ ❡①✐sts Cε > 0 s✉❝❤ t❤❛t
||u(·, y2)||H1(0,1) ≤ Cε ❢♦r ❛✳❡✳ y2 ♦✉ts✐❞❡ ♦❢ ❛ s❡t Nε ⊂ (0, 1) ✇✐t❤ L1(Nε) ≤ ε✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r s✉❝❤ ❛
y2✱

|u(x1 + δ1, y2)− u(x1, y2)| ≤ Cε
√
|δ1|

❛♥❞
∫

R−Nε
|u(x1 + δ1, y2)− u(x1, y2)|ηh(x2 − y2) ❞y2 ≤ Cε

√
|δ1|

∫

R

ηh = Cε
√

|δ1| ✭✶✳✼✮
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❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
∫

Nε

|u(x1 + δ1, y2)− u(x1, y2)|ηh(x2 − y2) ❞y2 ≤ L1(Nε)2||u||∞||ηh||∞ ≤ Cε

h
✭✶✳✽✮

✇❤❡r❡ C ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ u✱ h✱ δ1✱ ε✳ ❯s✐♥❣ ✭✶✳✼✮ ❛♥❞ ✭✶✳✽✮✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✶✳✻✮ t❤❛t

|uh(x1 + δ1, x2)− uh(x1, x2)| ≤
Cε

h
+ Cε

√
|δ1| ✭✶✳✾✮

❇② ❝♦♠❜✐♥✐♥❣ ✭✶✳✺✮ ❛♥❞ ✭✶✳✾✮✱ ✇❡ ✜♥❛❧❧② ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❢♦r ❛♥② ε > 0✱ t❤❡r❡ ❡①✐sts Cε > 0 s✉❝❤
t❤❛t✱ ❢♦r ❛♥② u ∈ F ❛♥❞ δ = (δ1, δ2) ∈ R2✱

||uh(x1 + δ1, x2 + δ2)− uh(x1, x2)| ≤
C|δ2|
h

+ Cε
√
|δ1|+

Cε

h

❚❤✐s ✐s ❡♥♦✉❣❤ t♦ ❣❡t t❤❡ ❡q✉✐❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❢❛♠✐❧② Fh✳

❋♦r u ∈ F ❛♥❞ h > 0✱ ✇❡ ❤❛✈❡

u(x1, x2)−uh(x1, x2) =
∫

R

(u(x1, x2)−u(x1, x2−y2))ηh(y2) ❞y2 =

∫

R

(∫ x2

x2−y2
∂2uh(x1, t2) ❞t2

)
ηh(y2) ❞y2

s♦ t❤❛t

|u− uh|2(x1, x2) ≤
(∫ h

−h

(∫ x2

x2−y2
|∂2uh(x1, t2)| ❞t2

)
ηh(y2) ❞y2

)2

≤ 2h ·
∫ h

−h

(∫ x2

x2−y2
|∂2uh(x1, t2)| ❞t2

)2

ηh(y2)
2 ❞y2

≤ 2h2
(∫

R

|∂2u2(x1, t2)|2 ❞t2
)(∫ h

−h
ηh(y)

2 ❞y

)

■❢ ✇❡ s❡t µ1(x) = f(x1) ❞x1 ❞x2✱ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ❣✐✈❡s ❜② ✐♥t❡❣r❛t✐♥❣ ✐t ✇✐t❤ r❡s♣❡❝t t♦ µ1

||u− uh||2L2
µ1

≤ 2h2||ηh||2L2 ||u||2H1
µ

❇✉t s✐♥❝❡ ||ηh||∞ ≤ C/h ✇❡ ❤❛✈❡

||ηh||L2 =

∫ h

−h
η2h ≤ C

h

t❤✉s ||u− uh||L2
µ1

≤ C
√
h

✇❤❡r❡ C ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ❜♦✉♥❞s ♦♥ t❤❡ ❢❛♠✐❧② F ✳
▲❡t ε > 0✳ ❲❡ ❝❤♦♦s❡ h > 0 s✉❝❤ t❤❛t

∀u ∈ F, ||u− uh||L2
µ1

≤ ε

2

❙✐♥❝❡ t❤❡ ❢❛♠✐❧② {uh : u ∈ F} ✐s ♣r❡❝♦♠♣❛❝t ✐♥
(
C0
(
Ω
))
, || · ||∞)✱ ✇❤✐❝❤ ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥t♦

L2
µ1
✱ t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ ❢❛♠✐❧② {u1h, . . . , uph} ♦❢

(
C0
(
Ω
))

s✉❝❤ t❤❛t✱ ❢♦r ❛♥② u ∈ F ✱

||uh − uih||L2
µ1

≤ ε

2
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❢♦r s♦♠❡ i, 1 ≤ i ≤ p✳ ❋✐♥❛❧❧②✱ t❤❡ ❢❛♠✐❧② {u1h, . . . , uph} s❛t✐s✜❡s

∀u ∈ F, ∃ 1 ≤ i ≤ p, ||u− uih||L2
µ1

≤ ε

❚❤✐s s❤♦✇s t❤❛t t❤❡ ❢❛♠✐❧② F ✐s ♣r❡❝♦♠♣❛❝t ✐♥ L2
µ1
✳ ❙✐♥❝❡ t❤❡ t✇♦ ✈❛r✐❛❜❧❡s x1, x2 ♣❧❛② s②♠♠❡tr✐❝

r♦❧❡s✱ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛❧❧♦✇s ❛❧s♦ t♦ ♣r♦✈❡ t❤❛t ✐t ✐s ♣r❡❝♦♠♣❛❝t ✐♥ L2
µ2
✱ ✇❤❡r❡ µ2 ❤❛s t❤❡ ❞❡♥s✐t②

(x1, x2) 7→ f(x2) ♦♥ (0, 1)✳ ■t ✐s t❤✉s ♣r❡❝♦♠♣❛❝t ✐♥ t❤❡ s♣❛❝❡ L2
µ✳
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❈❤❛♣t❡r ✷

❖♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❛♥❞

❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ t❤❡ ♦♣t✐♠✐③❡rs

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ st✉❞② ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s

inf

{∫

Ω

|T (x)− x|2 ❞µ(x)x+

∫

Ω

|DT (x)|2 ❞x : T ∈ H1(Ω), T#µ = ν

}

✇❤❡r❡✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ Ω ✐s ❛♥ ❜♦✉♥❞❡❞ ♦♣❡♥ s✉❜s❡t ♦❢ Rd µ ∈ P(Ω)
❛❞♠✐ts ❛ ❞❡♥s✐t② ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❜② ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❛♥❞ ν ∈ P(Rd) ✐s s✉❝❤ t❤❛t t❤❡ s❡t
♦❢ ❛❞♠✐ss✐❜❧❡ ❢✉♥❝t✐♦♥s {

T ∈ H1(Ω) : T#µ = ν
}

✐s ♥♦♥✲❡♠♣t②✳

✷✳✶ ❚❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡

❲❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛ss✐❝❛❧ t❤❡♦r❡♠ ♦❢ ♦♣t✐♠❛❧ tr❛♥s♣♦rt❛t✐♦♥ ♦♥ t❤❡ r❡❛❧ ❧✐♥❡✱ ✇❤♦s❡ ♣r♦♦❢ ❝❛♥ ❜❡
❢♦✉♥❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✿

❚❤❡♦r❡♠ ✷✳✶✳✶✳ ▲❡t µ ∈ P(R) ❛♥❞ ❛ss✉♠❡ t❤❛t µ ❤❛s ♥♦ ❛t♦♠✳ ▲❡t ν ∈ P(R)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts
❛ ✉♥✐q✉❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ♠❛♣ T1 : R → R ❛♥❞ ❛ ✉♥✐q✉❡ ♥♦♥✲✐♥❝r❡❛s✐♥❣ ♠❛♣ T2 : R → R s✉❝❤ t❤❛t
(T1)#µ = (T2)#µ = ν✳ ▼♦r❡♦✈❡r✱ ✐❢ h : R → R ✐s ❝♦♥✈❡① t❤❡♥ T1 ✐s ♦♣t✐♠❛❧ ❢♦r t❤❡ ♣r♦❜❧❡♠

inf

{∫

R

h(|T (x)− x|) ❞µ(x) : T#µ = ν

}

✇✐t❤ ✉♥✐q✉❡♥❡ss ✐❢ h ✐s str✐❝t❧② ❝♦♥✈❡①✳

✷✳✶✳✶ ❙t❛t❡♠❡♥t ♦❢ t❤❡ ♠❛✐♥ r❡s✉❧ts

❲❤❡♥ t❤❡ s♦✉r❝❡ ♠❡❛s✉r❡ ✐s ✉♥✐❢♦r♠✱ t❤❡ ♠❛✐♥ r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ♦♣t✐♠❛❧✐t② ♦❢
t❤❡s❡ t✇♦ ♠♦♥♦t♦♥❡ tr❛♥s♣♦rt ♠❛♣s ❢♦r t❤❡ ❙♦❜♦❧❡✈ ❝♦st✿

❚❤❡♦r❡♠ ✷✳✶✳✷✳ ▲❡t I ❛ ❜♦✉♥❞❡❞ ✐♥t❡r✈❛❧ ♦❢ R✳ ▲❡t T, U ∈ W 1,1(I) s✉❝❤ t❤❛t T#L1 = U#L1✱ ✇✐t❤
T ♠♦♥♦t♦♥❡✳ ▲❡t f : [0,+∞) → [0,+∞) ❜❡ ❛ ❝♦♥✈❡① ❛♥❞ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳ ❆ss✉♠❡ t❤❛t∫
I
f(|U ′|) ❞x < +∞ ❛♥❞ ❧❡t ✉s s❡t✱ ❢♦r x ∈ I✱

n(x) = #U−1({T (x)})

✹✼
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t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✇❤♦s❡ ✐♠❛❣❡ ❜② U ✐s T (x)✳ ❚❤❡♥ x 7→ n(x)|T ′(x)| ✐s ✐♥t❡❣r❛❜❧❡ ♦♥ I ❛♥❞ ✇❡ ❤❛✈❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t②✿ ∫

I

f(|U ′(x)|) ❞x ≥
∫

I

f(n(x)|T ′(x)|) ❞x ✭✷✳✶✮

✭✇❤❡r❡ ✇❡ ✉s❡ t❤❡ ❝♦♥✈❡♥t✐♦♥ n(x)|T ′(x)| = 0 ✐❢ T ′(x) = 0 ❛♥❞ n(x) = +∞✮✳

■❢ µ ✐s ♥♦t ✉♥✐❢♦r♠✱ ✇❡ ❤❛✈❡ ❛ r❡s✉❧t ❛ ❧✐tt❧❡ ✇❡❛❦❡r ✉♥❞❡r s♦♠❡ ❛ss✉♠♣t✐♦♥ ♦♥ ✐ts ❞❡♥s✐t②✿

❚❤❡♦r❡♠ ✷✳✶✳✸✳ ▲❡t I ❛ ❜♦✉♥❞❡❞ ✐♥t❡r✈❛❧ ♦❢ R✱ ❛♥❞ µ ∈ P(I)✳ ❆ss✉♠❡ t❤❛t µ ❤❛s ❛ ❞❡♥s✐t② g ✈❡r✐❢②✐♥❣

inf g

sup g
≥ 1

2
✭✷✳✷✮

▲❡t f : [0,+∞) → [0,+∞) ❜❡ ❛ ❝♦♥✈❡① ❛♥❞ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳ ▲❡t U ∈ W 1,1(I) ❛♥❞ ν = U#µ ✳
▲❡t T1✱ T2 ❜❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ✉♥✐q✉❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛♥❞ t❤❡ ✉♥✐q✉❡ ♥♦♥✲✐♥❝r❡❛s✐♥❣ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ µ
t♦ ν✳ ❚❤❡♥ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ✐s tr✉❡✿

∫

I

f(|U ′(x)|) ❞µ(x) ≥
∫

I

f(T ′
1(x)) ❞µ(x) ♦r

∫

I

f(|U ′(x)|) ❞µ(x) ≥
∫

I

f(−T ′
2(x)) ❞µ(x) ✭✷✳✸✮

❈♦♥s❡q✉❡♥❝❡s ❢♦r ♦✉r ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠✳ ▲❡t ✉s ❣✐✈❡ s♦♠❡ r❡♠❛r❦s ❛❜♦✉t t❤❡ ❢✉♥❝t✐♦♥ n(x)
✇❤✐❝❤ ❛♣♣❡❛rs ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✷✳ ❋✐rst✱ s✐♥❝❡ U ❛♥❞ T s❡♥❞ L1 ♦♥t♦ t❤❡ s❛♠❡ ✐♠❛❣❡ ♠❡❛s✉r❡✱ t❤❡② ❤❛✈❡
s❛♠❡ ✐♠❛❣❡ s❡t ✐♥ R s♦ t❤❛t n(x) ≥ 1 ❢♦r ❛♥② x✱ ❛♥❞ t❤❡ ✐♥❡q✉❛❧✐t② ✭✷✳✶✮ ❛♥❞ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ f ❧❡❛❞
t♦ ∫

I

f(|U ′(x)|) ❞x ≥
∫

I

f(n(x)|T ′(x)|) ❞x ≥
∫

I

f(|T ′(x)|) ❞x

❚❤✐s ♣r♦✈❡s t❤❛t T ✐s ♦♣t✐♠❛❧ ❢♦r t❤❡ ♣r♦❜❧❡♠

inf

{∫

I

f(|U ′(x)|) ❞x : U#L1 = ν

}

✇❤❡r❡ ν = U#ν✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ♣r♦❜❧❡♠ ❛❞♠✐ts ❛t ❧❡❛st t❤❡ t✇♦ ♠♦♥♦t♦♥❡ ♠❛♣s ❢r♦♠ L1|I t♦ ν ❛s
s♦❧✉t✐♦♥s✳

❖♥❡ ❝❛♥ ❛❝t✉❛❧❧② s❤♦✇ ❛ ♠♦r❡ ♣r❡❝✐s❡ r❡s✉❧t✿ ✐❢ T ✐s ♠♦♥♦t♦♥❡ ❛♥❞ U ✐s ✜①❡❞ ✇✐t❤ T#L1 = U#L1✱
t❤❡♥ U ✐s ♠♦♥♦t♦♥❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ n(x) = 1 ❢♦r ❛❧♠♦st ❡✈❡r② x s✉❝❤ t❤❛t |T ′(x)| > 0✳ ■♥❞❡❡❞✿

• ✐❢ U ✐s ♠♦♥♦t♦♥❡ ❛♥❞ n(x) ≥ 2✱ ✐t ♠❡❛♥s t❤❛t t❤❡r❡ ❡①✐sts x1 < x2 s✉❝❤ t❤❛t U(x1) = U(x2) = T (x)✱
❛♥❞ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ U ✐♠♣❧✐❡s t❤❛t U ✐s ❝♦♥st❛♥t ✇✐t❤ ✈❛❧✉❡ T (x) ♦♥ (x1, x2)✳ ■♥ ♣❛rt✐❝✉❧❛r✱

L1(T−1({T (x)})) = L1(U−1({T (x)})) ≥ x2 − x1 > 0

s♦ t❤❛t T ✐s ❛❧s♦ ❡q✉❛❧ t♦ T (x) ✐♥ ❛t ❧❡❛st t♦ ♣♦✐♥ts❀ s✐♥❝❡ ✐t ✐s ♠♦♥♦t♦♥❡✱ ✐t ♠❡❛♥s t❤❛t x ❜❡❧♦♥❣s
t♦ ❛♥ ✐♥t❡r✈❛❧ ✇❤❡r❡ T ✐s ❝♦♥st❛♥t✱ s♦ t❤❛t T ′(x) = 0 ♣r♦✈✐❞❡❞ t❤❛t T ❤❛s ❛ ❞❡r✐✈❛t✐✈❡ ❛t x ✭✇❤✐❝❤
✐s tr✉❡ ❢♦r ❛✳❡✳ x s✐♥❝❡ ✐t ✐s ♠♦♥♦t♦♥❡✮❀

• ❝♦♥✈❡rs❡❧②✱ ❛ss✉♠❡ t❤❛t U ✐s ♥♦t ♠♦♥♦t♦♥❡ ❛♥❞ ❧❡t ✉s t❛❦❡ x1 < x2 < x3 s♦ t❤❛t✱ ❢♦r ✐♥st❛♥❝❡✱
U(x2) > U(x1) ❛♥❞ U(x2) > U(x3)❀ ✇❡ t❤❡♥ ❝❛♥ ❛ss✉♠❡ t❤❛t U(x1) = U(x3) < U(x2)✳ ❚❛❦✐♥❣
x′1✱ x

′
2 s✉❝❤ t❤❛t T (x′1) = U(x1) ❛♥❞ T (x′2) = U(x2)✱ ✇❡ ❣❡t n ≥ 2 ♦♥ (x′1, x

′
2)✳ ❋✐♥❛❧❧②✱ s✐♥❝❡

T ∈W 1,1(I)✱ ✇❡ ❤❛✈❡

|T (x′2)− T (x′2)| =
∣∣∣∣∣

∫ x′

2

x′

1

T ′(t) ❞t

∣∣∣∣∣ =
∫ x′

2

x′

1

|T ′(t)| ❞t > 0

✭t❤❡ ❧❛st ❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t T ′ ❤❛s ❛ ❝♦♥st❛♥t s✐❣♥ ♦♥ i✮✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t |T ′| > 0
♦♥ ❛ ♥♦♥✲♥❡❣❧✐❣✐❜❧❡ s✉❜s❡t B ♦❢ (x′1, x

′
2)✱ ❛♥❞ n ≥ 2 ♦♥ B✳



✷✳✶✳ ❚❍❊ ❖◆❊✲❉■▼❊◆❙■❖◆❆▲ ❈❆❙❊ ✹✾

■♥ t❤✐s ❧❛st ❝❛s❡✱ ✐❢ ✇❡ ❛ss✉♠❡ ♠♦r❡♦✈❡r f t♦ ❜❡ ✐♥❝r❡❛s✐♥❣✱ ✇❡ ❣❡t ❢♦r U ♥♦♥✲♠♦♥♦t♦♥❡✿
∫

I

f(|U ′(x)|) ❞x ≥
∫

I

f(n(x)T ′(x)) ❞x ≥
∫

I−B
f(n(x)|T ′(x)|) ❞x+

∫

B

f(n(x)|T ′(x)|) ❞x

✇❤❡r❡ ∫

B

f(n(x)|T ′(x)|) ❞x ≥
∫

B

f(2|T ′(x)|) ❞x >
∫

B

f(|T ′(x)|) ❞x

❛♥❞
∫

I−B
f(n(x)|T ′(x)|) ❞x ≥

∫

I−B
f(|T ′(x)|) ❞x

❚❤✐s ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢ ♦❢✿

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✳ ■❢ f : [0,+∞) → [0,+∞) ✐s ❝♦♥✈❡① ❛♥❞ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛♥❞ ν ∈ P(R)✱ t❤❡♥ t❤❡ t✇♦
♠♦♥♦t♦♥❡ tr❛♥s♣♦rt ♠❛♣s ❢r♦♠ L1 t♦ ν ❛r❡ ❜♦t❤ ♦♣t✐♠❛❧ ❢♦r t❤❡ ♣r♦❜❧❡♠

inf

{∫

I

f(|U ′(x)|) ❞x : U ∈W 1,1(U), U#L1 = ν

}

✇✐t❤ ✉♥✐q✉❡♥❡ss ✐❢ ♠♦r❡♦✈❡r f ✐s ✐♥❝r❡❛s✐♥❣✳

❚❤✐s ❤❛s ❢♦r ❝♦♥s❡q✉❡♥❝❡✿

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✳ ▲❡t f : [0,+∞) → [0,+∞) ❜❡ ❝♦♥✈❡① ❛♥❞ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛♥❞ h : R → R ❜❡ ❝♦♥✈❡①✳
❚❤❡♥ t❤❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ tr❛♥s♣♦rt ♠❛♣ T ❢r♦♠ L1 t♦ ν ✐s ♦♣t✐♠❛❧ ❢♦r t❤❡ ♣r♦❜❧❡♠

inf

{∫

I

h(|U(x)− x|) ❞x+

∫

I

f(|U ′(x)|) ❞x : U ∈W 1,1(I), U#L1 = ν

}

▼♦r❡♦✈❡r✿

• ✐❢ h ✐s str✐❝t❧② ❝♦♥✈❡①✱ t❤❡♥ t❤❡r❡ ✐s ✉♥✐q✉❡♥❡ss❀

• ✐❢ h ✐s ♦♥❧② ❝♦♥✈❡① ❜✉t f ✐s ✐♥❝r❡❛s✐♥❣✱ t❤❡♥ t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ ❝♦♠♣❡t✐t♦r ❢♦r T ✐s t❤❡ ✉♥✐q✉❡ ♥♦♥✲
✐♥❝r❡❛s✐♥❣ ♠❛♣ ❢r♦♠ L1 t♦ ν✳

❚❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠s ✷✳✶✳✷ ❛♥❞ ✷✳✶✳✸✳

✷✳✶✳✷ ❚❤❡ ♣✐❡❝❡✇✐s❡ ♠♦♥♦t♦♥❡ ❝❛s❡

■♥ t❤✐s ♣❛r❛❣r❛♣❤✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥s ❛♥❞ ❣✐✈❡ ❛ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✷ ❛♥❞ ❛ ♣❛rt✐❛❧ ♣r♦♦❢
♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✸ ✇❤❡♥ U ❤❛s s♦♠❡ r❡❣✉❧❛r✐t②✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ U ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✇❡ ✇✐❧❧ s❛②
t❤❛t U ∈ W 1,1 s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ✭P▼✮ ✭❢♦r ✏♣✐❡❝❡✇✐s❡ ♠♦♥♦t♦♥❡✑✮ ✐❢ t❤❡r❡ ❡①✐sts ❛ s✉❜❞✐✈✐s✐♦♥
x1 < · · · < xl ♦❢ I s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ i✱ U |(xi,xi+1) ✐s C1 ❛♥❞ |U ′|(xi,xi+1) ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❜② ❛
♣♦s✐t✐✈❡ ❝♦♥st❛♥t ✭✐♥ ♣❛rt✐❝✉❧❛r✱ U ′ 6= 0 ❛♥❞ U ✐s ♠♦♥♦t♦♥❡ ♦♥ (xi, xi+1)✮✳ ▼♦r❡♦✈❡r✱ ✇❡ st✐❧❧ ❛ss✉♠❡ t❤❛t
µ ❤❛s ❛ ❞❡♥s✐t② g ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❛♥❞ ❜❡❧♦✇ ❜② ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ✇✐❧❧
❛❞♦♣t t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✿

• y1 < · · · < yk ❛r❡ t❤❡ ❡❧❡♠❡♥ts ♦❢ U(I) s✉❝❤ t❤❛t {y1, . . . , yj} = U({x1, . . . , xl})✳ ▼♦r❡♦✈❡r✱ ✉♣ t♦
❛❞❞✐♥❣ ✜♥✐t❡❧② ♠❛♥② ❡❧❡♠❡♥ts t♦ {x1, . . . , xl}✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t U−1({y1, . . . , yj}) = {x1, . . . , xk}✳

• ❢♦r ❡❛❝❤ i✱ 1 ≤ i ≤ l✱ ϕi ✐s t❤❡ ✐♥✈❡rs❡ ♠❛♣ ♦❢ U |(xi,xi+1) ✭✇❤✐❝❤ ✐s str✐❝t❧② ♠♦♥♦t♦♥❡ t❤✉s ❜✐❥❡❝t✐✈❡
♦♥t♦ ✐ts ✐♠❛❣❡ ✐♥t❡r✈❛❧✮❀
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• ❝♦♥✈❡rs❡❧②✱ ❢♦r ❡❛❝❤ k✱ 1 ≤ k ≤ j✱ ✇❡ ❞❡♥♦t❡ ❜② Ak t❤❡ s❡t ♦❢ ✐♥❞❡①❡s i✱ 1 ≤ i ≤ l✱ s✉❝❤ t❤❛t U
s❡♥❞s (xi, xi+1) ♦♥ (yk, yk+1)✱ ❛♥❞ nk = #Ak✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ y 7→ #U−1(y) ✐s ❝♦♥st❛♥t
♦♥ (yk, yk+1) ✇✐t❤ ✈❛❧✉❡ nk✳

■♥ t❤✐s ❝❛s❡✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❣✐✈❡ ❛♥ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛ ♦❢ t❤❡ ✐♠❛❣❡ ♠❡❛s✉r❡ U#µ✿

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✸✳ ❚❤❡ ♠❡❛s✉r❡ ν = U#µ ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳
▼♦r❡♦✈❡r✱ ❢♦r y ∈ U(I)\{y1, . . . , yj}✱ ✐❢ k ✐s s✉❝❤ t❤❛t yk < y < yk+1✱ t❤❡ ❞❡♥s✐t② ♦❢ ν ❛t y ✐s ❣✐✈❡♥ ❜②

(U#g)(y) =
∑

i∈Ak

g(ϕi(x))

|U ′(ϕi(x))|
✭✷✳✹✮

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ T ✐s ♠♦♥♦t♦♥❡ ❛♥❞ T#µ = U#µ✱ t❤❡♥

g(x)

|T ′(x)| =
∑

i∈Ak

g(ui(x))

|U ′(ui(x))|
✭✷✳✺✮

✇❤❡r❡ ui = ϕi ◦ T ✳

❚❤❡ ❞❡♥s✐t② ♦❢ ν ✐s ✐♥ ♣❛rt✐❝✉❧❛r ♣♦s✐t✐✈❡ ♦♥ ❛✳❡✳ ♣♦✐♥t ♦❢ t❤❡ ✐♥t❡r✈❛❧ U(I)✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t s✉❝❤ ❛
T ✐s str✐❝t❧② ♠♦♥♦t♦♥❡✱ t❤✉s ❜✐❥❡❝t✐✈❡✱ ❢r♦♠ I ✐♥t♦ U(I)✳

Pr♦♦❢ ♦❢ Pr♦♣✳ ✷✳✶✳✸✳ ▲❡t c < d s✉❝❤ t❤❛t yk < c < d < yk+1✳ ❲❡ ❝♦♠♣✉t❡ ν((c, d))✿ ✇❡ ❤❛✈❡ ν((c, d)) =
µ(U−1(c, d)) ✇✐t❤ U−1((c, d)) =

⋃
i∈Ak

ϕi((c, d)) ❛♥❞ t❤✐s ✐s ❛ ❞✐s❥♦✐♥t ✉♥✐♦♥✱ s♦ t❤❛t

∫ d

c

❞ν =
∑

i∈Ak

±
∫ ϕi(d)

ϕi(c)

g(x) ❞x =
∑

i∈Ak

∫ d

c

g(ϕi(y))|ϕ′
i(y)| ❞x ✭✷✳✻✮

❚❤❡ ❞❡♥s✐t② ♦❢ µ ♦♥ ❛✳❡✳ y ∈ (c, d) ✐s t❤✉s ❣✐✈❡♥ ❜②
∑
Ak

g(ϕ(y))ϕ′(y)✱ ❜✉t s✐♥❝❡ ϕ ✐s t❤❡ ✐♥✈❡rs❡ ♦❢ U ✐♥

(c, d) ✇❡ ❤❛✈❡ ϕ′ = 1/(U ′ ◦ ϕ)✳ ❚❤✐s ❧❡❛❞s t♦ ✭✷✳✹✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ T ✐s ♠♦♥♦t♦♥❡ ❛♥❞ s❡♥❞s µ t♦
ν✱ t❤❡♥ ∫ d

c

❞ν = ±
∫ T−1(d)

T−1(c)

g(x) ❞x =

∫ d

c

g(T−1(y))

|T ′(T−1(y))| ❞y

❚❤✐s ❝♦♠❜✐♥❡❞ t♦ ✭✷✳✻✮ ❣✐✈❡s
g(T−1(y))

|T ′(T−1(y))| =
∑

i∈Ak

g(ϕi(y))|ϕ′
i(y)|

❛♥❞ ✭✷✳✺✮ ❢♦❧❧♦✇s s✐♥❝❡ ϕ′
i = 1/(U ′ ◦ ϕi) ❛♥❞ ui = ϕi ◦ T ✳

❲❡ ❝❛♥ ♥♦✇ s❤♦✇ ♦✉r r❡s✉❧ts ✉♥❞❡r t❤✐s ❛ss✉♠♣t✐♦♥ ♦♥ U ✿

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✹✳ ▲❡t T ❜❡ ♠♦♥♦t♦♥❡ s✉❝❤ t❤❛t T#µ = U#µ✳ ❚❤❡♥

∫

I

f(|U ′(x)|) ❞µ(x) ≥
∫

I

f

(
inf g

sup g
n(x)|T ′(x)|

)
❞µ(x)

■♥ ♣❛rt✐❝✉❧❛r✿

• ✐❢ g ✐s ❝♦♥st❛♥t✱ ✐✳❡✳ ✐❢ µ ✐s ✉♥✐❢♦r♠✱ t❤❡♥ t❤❡ ✐♥❡q✉❛❧✐t② ✭✷✳✶✮ ❤♦❧❞s❀

• ✐❢ g ♦♥❧② s❛t✐s✜❡s ✭✷✳✷✮ ❛♥❞ ✐❢ n ≥ 2 ♦♥ I✱ t❤❡♥ t❤❡ ✐♥❡q✉❛❧✐t② ✭✷✳✸✮ ❤♦❧❞s✳
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Pr♦♦❢✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t✐❡s ✿

∫

I

f(|U ′(x)|) ❞µ(x) =
l−1∑

i=1

∫ xi+1

xi

f(|U ′(x)|)g(x) ❞x =

j−1∑

k=1

(
∑

i∈Ak

∫ xi+1

xi

f(|U ′(x)|)g(x) ❞x
)
,

✇❤❡r❡ t❤❡ s✉♠ ♦✈❡r i ❤❛s nk t❡r♠s✳ ❖♥ t❤❡ ✐♥t❡r✈❛❧ (xi, xi+1)✱ ✇❡ s❡t x = ui(y)✱ ❛♥❞ s✐♥❝❡ t❤❡ ❞❡r✐✈❛t✐✈❡
♦❢ ui ✐s u′i = T ′/(U ′◦ui)✱ ✇❡ ♦❜t❛✐♥

∫ b

a

f(|U ′|) ❞µ =

j−1∑

k=1

∑

i∈Ak

(∫ zk+1

zk

f(|U ′(ui(y))|)
∣∣∣∣

T ′(y)

U ′(ui(y))

∣∣∣∣ g(ui(y)) ❞y
)
. ✭✷✳✼✮

■♥ t❤❡ ❡q✉❛t✐♦♥ ✭✷✳✼✮✱ Pr♦♣✳ ✷✳✶✳✸ ❣✐✈❡s
∑
i∈Ak

∣∣∣ T ′(y)
U ′(ui(y))

∣∣∣ g(ui(y))
g(y) = 1 ❛♥❞✱ s✐♥❝❡ f ✐s ❝♦♥✈❡①✿

∫ b

a

f(|U ′|) ❞µ ≥
j−1∑

k=1

∫ zk+1

zk

f

(
∑

i∈Ak

|U ′(ui(y))|
∣∣∣∣

T ′(y)

U ′(ui(y))

∣∣∣∣
g(ui(y))

g(y)

)
g(y) ❞y;

❲❡ ✉s❡ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ f t♦ ❣❡t

∫ b

a

f(|U ′|) ❞µ ≥
j−1∑

k=1

∫ zk+1

zk

f

(
∑

i∈Ak

|U ′(ui(y))|
∣∣∣∣

T ′(y)

U ′(ui(y))

∣∣∣∣
inf g

sup g

)
g(y) ❞y

■♥ t❤❡ s❡❝♦♥❞ s✉♠✱ t❤❡ t❡r♠s |U ′(ui(y))| ❞✐s❛♣♣❡❛r ❛♥❞ t❤❡r❡ ♦♥❧② r❡♠❛✐♥s T ′(y) inf g
sup g ✇❤✐❝❤ ♦❝❝✉rs nk

t✐♠❡s❀ s✐♥❝❡ nk ✐s ❡①❛❝t❧② t❤❡ ❝♦♥st❛♥t ✈❛❧✉❡ ♦❢ n ♦♥ (zk, zk+1)✱ ✇❡ ♦❜t❛✐♥ t❤❡ ✐♥t❡❣r❛❧ ♦♥ t❤✐s ✐♥t❡r✈❛❧ ♦❢
n(y)T ′(y) inf g

sup g ❀ ❛♥❞ t❤❡ ✜rst s✉♠ ❣✐✈❡s t❤❡ ✐♥t❡❣r❛❧ ♦❢ t❤✐s ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ✇❤♦❧❡ ✐♥t❡r✈❛❧ I✱ ✐✳❡✳

∫

I

f(|U ′|) ❞µ ≥
∫

I

f

(
inf g

sup g
n(y)|T ′(y)|

)
❞µ(y)

✷✳✶✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✷✿ ❛♣♣r♦①✐♠❛t✐♦♥

■♥ t❤✐s ♣❛r❛❣r❛♣❤✱ ❣✐✈❡♥ U ∈W 1,1(I)✱ ✇❡ ❜✉✐❧❞ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ (Uk)k ♦❢ U ❜② ❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣ t❤❡
❝♦♥❞✐t✐♦♥ ✭P▼✮ ❛♥❞ ✇❡ s❤♦✇ t❤❛t t❤❡ ✐♥❡q✉❛❧✐t② ✭✷✳✶✮ ❛t t❤❡ ✐♥❞❡① k ✭✇✐t❤ t❤❡ ✐♥❝r❡❛s✐♥❣ tr❛♥s♣♦rt Tk
✲ t❤❡ ♣r♦♦❢ ✇♦✉❧❞ ❜❡ ❡①❛❝t❧② t❤❡ s❛♠❡ ✇✐t❤ t❤❡ ❞❡❝r❡❛s✐♥❣ tr❛♥s♣♦rt ✲ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ nk ❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ ♠❛♣ Uk✮ ♣❛ss❡s t♦ t❤❡ ❧✐♠✐t ❛s k → +∞✳ ❲❡ ✜① ❛ s✉♣❡r✲❧✐♥❡❛r ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ f ❛♥❞ ✇❡
✜rst s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣✿

▲❡♠♠❛ ✷✳✶✳✶✳ ❋♦r ❡✈❡r② U ∈W 1,1(I) ✇✐t❤
∫
f(|U ′|) < +∞ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (Uk)k∈N ✐♥ W 1,1(I)

s✉❝❤ t❤❛t ✿

• Uk −−−−−→
k→+∞

U ✐♥ W 1,1(I) ❀

• f ◦ |U ′
k| −−−−−→

k→+∞
f ◦ |U ′| ✐♥ L1(I) ❀

• ❢♦r ❡❛❝❤ k✱ Uk ✐s ♣✐❡❝❡✇✐s❡ ❛✣♥❡ ✇✐t❤ U ′
k 6= 0 ❛✳❡✳✳

Pr♦♦❢✳ ❋✐rst ♥♦t✐❝❡ t❤❛t ✐❢ t❤❡ t❤❡ t❤❡s✐s ✐s tr✉❡ ✇❤❡♥ r❡♣❧❛❝✐♥❣ f ✇✐t❤ x 7→ f(x) + x✱ t❤❡♥ ✐t st❛②s tr✉❡
❢♦r t❤❡ ♦r✐❣✐♥❛❧ ❢✉♥❝t✐♦♥ f ✳ ❚❤✐s ❛❧❧♦✇s t♦ ❛ss✉♠❡ t❤❛t f ′ ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❜② ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t❀
t❤❡♥ f : R+ → R+ ✐s ❜✐❥❡❝t✐✈❡ ❛♥❞ ✐ts ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥ ✐s ▲✐♣s❝❤✐t③✳ ▲❡t (hk)k ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡
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❛♥❞ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s ✭s❛②✱ ♦♥ ❞②❛❞✐❝ ✐♥t❡r✈❛❧s ♦❢ ❧❡♥❣t❤ (b− a)/2k✮✱ s✉❝❤ t❤❛t hk → f ◦ |U ′|
✐♥ L1(I)✳ ❲❡ ❞❡✜♥❡ U ′

k ❜②
U ′
k(x) = s❣♥(U(x+k )− U(x−k ))f

−1(hk(x))

✇❤❡r❡ x+k ✱ x
−
k ❛r❡ t❤❡ ❞②❛❞✐❝ ♥✉♠❜❡rs ❛r♦✉♥❞ x ✭t❤✐s ✐s ❛ ♥♦♥✲❛♠❜✐❣✉♦✉s ❞❡✜♥✐t✐♦♥ ❢♦r ❛✳❡✳ x ∈ I✮✳

❲❡ ❤❛✈❡ f ◦ |U ′
k| → f ◦ |U ′| ✐♥ L1(I) ❛♥❞ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ U ′

k → U ′✳ ❋✐rst✱ ♥♦t✐❝❡ t❤❛t✱ s✐♥❝❡ f−1

✐s ▲✐♣s❝❤✐t③✱ ✇❡ ❡❛s✐❧② ❣❡t |U ′
k| → |U ′| ✐♥ L1✳ ▼♦r❡♦✈❡r✱ ✉♣ t♦ s✉❜s❡q✉❡♥❝❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛❧s♦ ❤♦❧❞s

❛✳❡✳ ♦♥ I✳ ❚❤✉s✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♠❛♥❛❣❡ t❤❡ s✐❣♥ ❛♥❞ ♣r♦✈❡ t❤❛t U ′
k → U ′ ❛✳❡✳ ♦♥ I✳ ❚❤✐s ❝♦♥✈❡r❣❡♥❝❡ ❤♦❧❞s

♦♥ ❛♥② ♥♦♥✲❞②❛❞✐❝ ♣♦✐♥t ✇❤❡r❡ U ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ✇✐t❤ U ′ 6= 0 ✭✇❤✐❝❤ ✐♠♣♦s❡s t❤❡ s✐❣♥ ♦❢ U(x+k )−U(x−k )✮✳
❚❤❡s❡ ♣♦✐♥ts✱ t♦❣❡t❤❡r ✇✐t❤ t❤♦s❡ ✇❤❡r❡ |U ′| = U ′ = 0 ❝♦✈❡r ❛❧♠♦st ❛❧❧ t❤❡ ✐♥t❡r✈❛❧ ❀ t❤✐s ❣✐✈❡s U ′

k → U ′

❛✳❡✳ ♦♥ I ❛♥❞✱ ❜② ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡✱ ✇❡ ♦❜t❛✐♥ U ′
k → U ′ ✐♥ L1✳

❚❤❡♥✱ ✐❢ ✇❡ t❛❦❡ ❢♦r Uk t❤❡ ♣r✐♠✐t✐✈❡ ♦❢ U ′
k ✇❤✐❝❤ ❤❛s t❤❡ s❛♠❡ ✈❛❧✉❡ ♦❢ U ❛t a✱ ✇❡ ♦❜t❛✐♥ ❛ s❡q✉❡♥❝❡

(Uk)k ♦❢ ♣✐❡❝❡✇✐s❡ ❛✣♥❡ ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t✱ ❜② ❝♦♥str✉❝t✐♦♥✱ Uk → U ✐♥ W 1,1(I) ❛♥❞ f ◦ |U ′
k| → f ◦ |U ′|

✐♥ L1(I)✳

■♥ ♣❛rt✐❝✉❧❛r✱ ❡❛❝❤ Uk ✈❡r✐✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ✭P▼✮✱ t❤✉s t❤❡ ✐♥❡q✉❛❧✐t② ✭✷✳✶✮ ✐s tr✉❡ ✇✐t❤ Uk✱ Tk ✭t❤❡
♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ✇✐t❤ s❛♠❡ ✐♠❛❣❡ ♠❡❛s✉r❡✮ ❛♥❞ nk = #U−1

k ◦ Tk✳

❘❡♠❛r❦✳ ❚❤❛♥❦s t♦ t❤❡ ✐♥❡q✉❛❧✐t② ✐♥ t❤❡ ♣✐❡❝❡✇✐s❡ ❛✣♥❡ ❝❛s❡ ❛♥❞ s✐♥❝❡ f ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛♥❞ s✉♣❡r✲
❧✐♥❡❛r✱ nk ≥ 1 ❛♥❞

∫
f(|U ′

k|) ❤❛s ❛ ❧✐♠✐t✱ ✇❡ ✐♥❢❡r t❤❛t t❤❡ s❡q✉❡♥❝❡ (f(T ′
k))k ✐s ❜♦✉♥❞❡❞ ✐♥ L1(I)✱ ✇✐t❤ f

s✉♣❡r✲❧✐♥❡❛r❀ t❤✉s (T ′
k)k ✐s ❛♥ ❡q✉✐✲✐♥t❡❣r❛❜❧❡ ❢❛♠✐❧②✱ ✇❤✐❝❤ ✐♠♣❧✐❡s✿

• t❤❡ s❡q✉❡♥❝❡ (Tk)k ✐s ❡q✉✐✲❝♦♥t✐♥✉♦✉s✱ t❤✉s ✐t ❛❞♠✐ts✱ ✉♣ t♦ s✉❜s❡q✉❡♥❝❡s✱ ❛ ✉♥✐❢♦r♠ ❧✐♠✐t T ❀ t❤✐s
❧✐♠✐t ✐s ♦❜✈✐♦✉s❧② ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥❀

• ❢r♦♠ t❤❡ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ Uk → U ✐♥ W 1,1 ✇❡ ✐♥❢❡r ❛✳❡✳ ♣♦✐♥t✇✐s❡ ❝♦♥✈❡r❣❡♥❝❡✱ ✇❤✐❝❤ ✐♠♣❧✐❡s
t❤❛t (Uk)#L1 ⇀ U#L1❀ ❛♥❛❧♦❣♦✉s❧②✱ ✇❡ ❤❛✈❡ (Tk)#L1 ⇀ T#L1✱ ✇❤✐❝❤ ✐♠♣❧✐❡s U#L1 = T#L1✳
❍❡♥❝❡✱ t❤❡ ❢✉♥❝t✐♦♥ T ✐s ❡①❛❝t❧② t❤❡ ♠♦♥♦t♦♥❡ ❢✉♥❝t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♦r✐❣✐♥❛❧ ❢✉♥❝t✐♦♥ U ❀

• t❤❡ s❡q✉❡♥❝❡ (T ′
k)k ✐s ✇❡❛❦❧② r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t ✐♥ L1✱ ✇❤✐❝❤✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡

Tk → T ✱ ❣✐✈❡s T ∈W 1,1(I) ❛♥❞ Tk ⇀ T ✐♥ W 1,1(I)✳

❆s②♠♣t♦t✐❝s ♦❢ nk(x) ❛s k → ∞ ❚♦ ❧♦♦❦ ❛t t❤❡ ❧✐♠✐ts ♦❢ nk✱ ❧❡t ✉s ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ m ❣✐✈❡♥ ❜②

m(x) = inf{lim inf
k→+∞

nk(xk) : xk → x}.

❚❤✐s ❢✉♥❝t✐♦♥ ✐s ❛❝t✉❛❧❧② t❤❡ Γ✲lim inf ♦❢ t❤❡ ❢✉♥❝t✐♦♥s nk ✭s❡❡ ❬✶✾❪✮✳ ❆ ❣❡♥❡r❛❧ r❡s✉❧t ♦♥ Γ✲lim inf ❢✉♥❝t✐♦♥s
❣✐✈❡s t❤❛t m ✐s ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ♦♥ I ✭✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ ✐t ✈✐❛ ❛ s♦rt ♦❢ ❞✐❛❣♦♥❛❧ s❡q✉❡♥❝❡✮✳

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

▲❡♠♠❛ ✷✳✶✳✷✳ ❋♦r ❛❧♠♦st ❡✈❡r② x ∈ I s✉❝❤ t❤❛t T ′(x) 6= 0✱ ✇❡ ❤❛✈❡ m(x) ≥ n(x)✳

Pr♦♦❢✳ ▲❡t ✉s ✜rst s❤♦✇ t❤❛t t❤✐s ✐♥❡q✉❛❧✐t② ❤♦❧❞s ✐❢ y = T (x) ✐s ♥♦t ❛ ❧♦❝❛❧ ❡①tr❡♠✉♠ ♦❢ U ❀ t❤✉s✱ ✐❢ ✇❡
t❛❦❡ x′ ∈ I ❛♥❞ δ > 0 ✇✐t❤ U(x′) = y✱ t❤❡r❡ ❡①✐st x−✱ x+ ∈ ]x′ − δ, x′ + δ[ ✇✐t❤ U(x−) < U(x′) < U(x+)✳
▲❡t (xk)k ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ I ❝♦♥✈❡r❣✐♥❣ t♦ x✱ ❛♥❞ yk = Tk(xk)✳ ❚❤❛♥❦s t♦ t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦❢
(Tk)k t♦ T ✱ yk → y✳ ▲❡t p ❜❡ ❛ ✜♥✐t❡ ✐♥t❡❣❡r s✉❝❤ t❤❛t p ≤ n(x)❀ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ✇❡ ❝❛♥ ✜♥❞ p ❞✐st✐♥❝t
♣♦✐♥ts ❤❛✈✐♥❣ Tk(xk) ❛s ✐♠❛❣❡ ❜② U ✱ ❢♦r k ❧❛r❣❡ ❡♥♦✉❣❤ ✭❞❡♣❡♥❞✐♥❣ ♦♥ p✮✳

▲❡t z1 < ... < zp ∈ U−1(y)✱ ❛♥❞ δ < minj(zj+1 − zj)✳ ❇② t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ y✱ ✇❡ ❝❛♥ ✜♥❞ ε > 0 ❛♥❞
s♦♠❡ ♣♦✐♥ts z+j ❛♥❞ z−j ✐♥ ❡❛❝❤ ✐♥t❡r✈❛❧ ]zj − δ, zj + δ[ s✉❝❤ t❤❛t U(z−j ) + ε < U(zj) < U(z+j )− ε✳

❙✐♥❝❡ Uk → U ♣♦✐♥t✇✐s❡❧② ♦♥ I✱ t❤❡ s❡q✉❡♥❝❡ (Uk(z
−
j ))k ✭r❡s♣✳ (Uk(z

+
j ))k✱ (Uk(zj))k✮ ❝♦♥✈❡r❣❡s t♦

U(z−j ) ✭r❡s♣✳ U(z+j )✱ U(zj)✮✳ ❚❤❡r❡ ❡①✐sts k0 ∈ N s✉❝❤ t❤❛t✱ ❢♦r k ≥ k0✱ ✇❡ ❤❛✈❡ Uk(z
−
j ) ≤ U(z−j )+ε/2 ≤
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y − ε/2 ❛♥❞ Uk(z
+
j ) ≥ U(z+j )− ε/2 ≥ y + ε/2❀ ♠♦r❡♦✈❡r✱ s✐♥❝❡ yk → y✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t✱ ❢♦r k ≥ k0✱

y − ε/2 ≤ yk ≤ y + ε/2 ❀ ❝♦♠❜✐♥✐♥❣ t❤❡s❡ t✇♦ ♣♦✐♥ts✱ ✇❡ ❤❛✈❡

❢♦r ❛❧❧ k ≥ k0, Uk(z
−
j ) ≤ yk ≤ Uk(z

+
j );

t❤❡♥ ❜② t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡ t❤❡♦r❡♠✱ s✐♥❝❡ Uk ✐s ❝♦♥t✐♥✉♦✉s✱ ❢♦r ❛♥② j✱ t❤❡r❡ ❡①✐st zkj ❜❡t✇❡❡♥ z+j ❛♥❞
z−j ✱ s✉❝❤ t❤❛t Uk(zkj ) = yk✳ ❚❤❡ ♣♦✐♥ts zkj ✱ 1 ≤ j ≤ p✱ ❛r❡ ❞✐st✐♥❝t✱ s✐♥❝❡ t❤❡② ❜❡❧♦♥❣ t♦ ❞✐s❥♦✐♥t ✐♥t❡r✈❛❧s
]zj − δ, zj + δ[✳ ❍❡♥❝❡✱ nk(xk) ≥ p ❢♦r k ≥ k0✳ ❚❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡ ✐❢ T (x) ✐s ♥♦t ❛ ❧♦❝❛❧ ❡①tr❡♠✉♠ ♦❢ U ✳

❚❤❡ ❧❛st st❡♣ ❝♦♥s✐sts ✐♥ s❤♦✇✐♥❣ t❤❛t t❤❡ s❡t A ♦❢ ♣♦✐♥ts x s✉❝❤ t❤❛t T (x) ✐s ❛ ❧♦❝❛❧ ❡①tr❡♠✉♠ ❢♦r U
❛♥❞ ✈❡r✐❢②✐♥❣ ❢✉rt❤❡r♠♦r❡ T ′(x) > 0 ✐s ♥❡❣❧✐❣✐❜❧❡ ❢♦r t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ■♥❞❡❡❞✱ y ✐s ❛ ❧♦❝❛❧ ♠❛①✐♠✉♠
♦❢ U ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ y = max

Jq,r
U ✇✐t❤ q ∈ Q ∩ I✱ r ∈ Q∗

+ ❛♥❞ Jq,r =]q − r, q + r[∩I❀ t❤❡r❡❢♦r❡✱

A =
⋃

q∈Q∩I,r∈Q∗

+

{
T−1(max

Jq,r
U) ∩ {T ′ > 0}, T−1(min

Jq,r
U) ∩ {T ′ > 0}

}

❚❤✐s ❡q✉❛❧✐t② ♣r♦✈❡s t❤❛t A ✐s ♠❡❛s✉r❛❜❧❡✱ ❛♥❞ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t ❢♦r ❡❛❝❤ ❧❡✈❡❧ t ✇❡ ❤❛✈❡
L1
(
T−1(t) ∩ {T ′ > 0}

)
= 0❀ t❤✐s ✐s tr✉❡ s✐♥❝❡ T ′ = 0 ❛✳❡✳ ♦♥ ❛♥② ❧❡✈❡❧ s❡t ♦❢ T ✭✇❤✐❝❤ ✐s ❛♥ ✐♥t❡r✈❛❧✮✳

❈♦♥❝❧✉s✐♦♥ ❜② s❡♠✐✲❝♦♥t✐♥✉✐t② ❲❡ ❞❡♥♦t❡ ❢♦r x ∈ I ❛♥❞ k, j ∈ N✿

njk(x) = min

(
j, inf
y∈I

{j|x− y|+ nk(y)}
)
; hj(x) = lim

k→+∞
njk(x);

✭hj ❡①✐sts s✐♥❝❡ t❤❡ ❢❛♠✐❧② (njk)k ✐s✱ ❢♦r ❡❛❝❤ j✱ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❛♥❞ ❡q✉✐✲▲✐♣s❝❤✐t③✱ t❤✉s ✇❡ ❝❛♥ ❛ss✉♠❡
t❤❛t ✐t ❛❞♠✐ts ❛ ✉♥✐❢♦r♠ ❧✐♠✐t ✉♣ t♦ s✉❜s❡q✉❡♥❝❡s✮✳ ▲❡t ✉s ♥♦t✐❝❡ t❤❛t ❢♦r ❛♥② j✱ njk ≤ nk ✭t❛❦❡ x = y ✐♥
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ njk✮✳ ▼♦r❡♦✈❡r✱ ❜② ▲❡♠♠❛ ✷✳✶✳✷✱ m ≥ n ♦♥ I✳ ▲❡t ✉s s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✿

▲❡♠♠❛ ✷✳✶✳✸✳ ❋♦r ❛♥② j ∈ N✱ ✇❡ ❤❛✈❡ hj ≥ mj ♦♥ I✱ ✇❤❡r❡ mj ✐s ❞❡✜♥❡❞ ❛s

mj(x) = min

(
j, inf
y∈I

{j|x− y|+m(y)}
)
.

Pr♦♦❢✳ ❙❡t njk = min(j, ñjk) ❛♥❞ mj = min(j, m̃j)✱ ✇❤❡r❡

ñjk(x) = inf
y∈I

{j|x− y|+ nk(y)} ❛♥❞ m̃j(x) = inf
y∈I

{j|x− y|+m(y)}.

❇② ❞❡✜♥✐t✐♦♥✱ t❤❡r❡ ✐s ❛ s❡q✉❡♥❝❡ (yk)k s✉❝❤ t❤❛t ñjk(x) ≤ j|x − yk| + nk(yk) ≤ ñjk(x) + 1/k ❢♦r ❛♥② k❀
t❛❦✐♥❣ t❤❡ ♠✐♥✐♠✉♠ ✇✐t❤ j✱ ✇❡ ♦❜t❛✐♥

njk(x) ≤ min (j, j|x− yk|+ nk(yk)) ≤ njk(x) +
1

k
.

❲❡ ♠❛② ❛ss✉♠❡ ❜② ❝♦♠♣❛❝t♥❡ss t❤❛t yk → y ∈ I✱ ❛♥❞✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ hj ✱ ✇❡ ❤❛✈❡ min(j, j|x − yk| +
nk(yk)) −−−−−→

k→+∞
hj(x)✳ ▼♦r❡♦✈❡r✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ m✱ ✇❡ ❤❛✈❡ lim infk→+∞ nk(yk) ≥ m(y)✱ ✇❤✐❝❤ ❣✐✈❡s

min (j, j|x− y|+m(y)) ≤ hj(x)

❢♦r y = limk yk ∈ I ❀ s✐♥❝❡ mj(x) ✐s t❤❡ ✐♥✜♠✉♠ ♦✈❡r y ♦❢ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡✱ ✇❡ ♦❜t❛✐♥ hj(x) ≥ mj(x)✳

❚❤❡ ❢✉♥❝t✐♦♥s mj t❤❛t ✇❡ ❥✉st ✐♥tr♦❞✉❝❡❞ ❛r❡ t❤❡ ✉s✉❛❧ ▲✐♣s❝❤✐t③ ✏r❡❣✉❧❛r✐③❛t✐♦♥✑ ♦❢ t❤❡ ❧✳s✳❝✳ ❢✉♥❝t✐♦♥
m✱ ❛♥❞ ✇❡ ✇✐❧❧ ✉s❡ ✭✇✐t❤♦✉t ♣r♦✈✐♥❣✮ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛♥❞❛r❞ ❧❡♠♠❛✳
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▲❡♠♠❛ ✷✳✶✳✹✳ ❚❤❡ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s (mj)j∈N ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣✱ ❛♥❞ ❤❛s m ❢♦r ♣♦✐♥t✇✐s❡ ❧✐♠✐t✳

❲❡ ♥♦✇ r❡t✉r♥ t♦ ♦✉r ♠❛✐♥ r❡s✉❧t✿

❚❤❡♦r❡♠ ✷✳✶✳✹✳ ▲❡t f ❜❡ ❝♦♥✈❡① ❛♥❞ ♥♦♥✲❞❡❝r❡❛s✐♥❣✱ U ∈ W 1,1 s✉❝❤ t❤❛t
∫
f(|U ′|) < +∞ ❛♥❞ T

♠♦♥♦t♦♥❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ s✉❝❤ t❤❛t T#L1 = U#L1✳ ❚❤❡♥ t❤❡ ✐♥❡q✉❛❧✐t② ✭✷✳✶✮ ❤♦❧❞s✳

Pr♦♦❢✳ ❋✐rst ♦❢ ❛❧❧ s✉♣♣♦s❡ t❤❛t f ✐s s✉♣❡r❧✐♥❡❛r✳ ❲❡ ✉s❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡✜♥❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳ ❙❡❝t✐♦♥
✷ ♣r♦✈❡s t❤❛t✱ ❢♦r ❛♥② k ✿ ∫

I

f(|U ′
k(x)|) ❞x ≥

∫

I

f(nk(x)T
′
k(x)) ❞x

❛♥❞ t❤❛♥❦s t♦ t❤❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❜❡❤❛✈✐♦r ♦❢ f ❛♥❞ t♦ t❤❡ r❡♠❛r❦s ❛❜♦✉t nk✱ n
j
k ❛♥❞ hj ✱ ✇❡ ❤❛✈❡ t❤❡

❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t✐❡s✱ ✇❤✐❝❤ ❛r❡ tr✉❡ ❢♦r k ≥ k0 ❢♦r ❡✈❡r② δ > 0 ❛♥❞ j ✭k0 = k0(δ, j)✮✿
∫

I

f(nkT
′
k) ≥

∫

I

f(njkT
′
k) ≥

∫

I

f((hj − δ)T ′
k) ≥

∫

I

f((mj − δ)T ′
k). ✭✷✳✽✮

❋♦r s♦♠❡ ✜①❡❞ δ > 0 ❛♥❞ j ∈ N✱ t❤❡ ❢✉♥❝t✐♦♥❛❧

T ∈W 1,1 7→
∫

I

f((mj(x)− δ)T ′(x)) ❞x

✐s ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ W 1,1 ✭s❡❡ ❬✷✽❪✮✳ ❚❤✉s✱ t❛❦✐♥❣ t❤❡ ❧✐♠✐t
k → +∞ ✐♥ ✭✷✳✽✮ ❣✐✈❡s

lim inf
k→+∞

∫

I

f(nkT
′
k) ≥

∫

I

f((mj − δ)T ′);

❛♥❞ ❜② ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡✱ t❛❦✐♥❣ t❤❡ ❧✐♠✐t j → +∞ ❛♥❞ δ → 0 ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❣✐✈❡s
∫

I

f((mj − δ)T ′) −−−−→
j→+∞

∫

I

f((m− δ)T ′) −−−→
δ→0

∫

I

f(mT ′).

❙✐♥❝❡ m ≥ n ❛✳❡✳ ♦♥ t❤❡ s❡t {T ′ 6= 0} ❛♥❞ f ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣✱ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡ ❢♦r f s✉♣❡r✲❧✐♥❡❛r✳
■❢ f ❤❛s ❧✐♥❡❛r ❣r♦✇t❤✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❡❧❡❝t ❛ ♣♦s✐t✐✈❡✱ ❝♦♥✈❡①✱ ✐♥❝r❡❛s✐♥❣ ❛♥❞ s✉♣❡r✲❧✐♥❡❛r ❢✉♥❝t✐♦♥

f̃ s✉❝❤ t❤❛t
∫
f̃(|U ′|) < +∞❀ ✐❢ ✇❡ ✜① ε > 0✱ f + εf̃ ✐s s✉♣❡r✲❧✐♥❡❛r ❛♥❞ ♥♦♥✲❞❡❝r❡❛s✐♥❣✱ t❤✉s

❢♦r ❛❧❧ ε > 0 ✇❡ ❤❛✈❡
∫
f(|U ′|) + ε

∫
f̃(|U ′|) ≥

∫
f(nT ′) + ε

∫
f̃(nT ′) ≥

∫
f(nT ′)

❛♥❞ ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ❛s ε→ 0 ❣✐✈❡s t❤❡ r❡s✉❧t✳

✷✳✶✳✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✸

❆❣❛✐♥✱ ✇❡ ❜❡❣✐♥ ❜② t❛❦✐♥❣ U s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ ✭P▼✮✳ ❚❤❡ ♣r♦♦❢ ✐♥ t❤✐s ❝❛s❡ ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥
s❡✈❡r❛❧ ❧❡♠♠❛s✳ ❲❡ ❞❡♥♦t❡ ❜② m(x) = #U−1({U(x)})❀ s✐♥❝❡ U s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ✭P▼✮✱ m ✐s
♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ♦♥ I✱ ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② x1 < · · · < xp ❛ s✉❜❞✐✈✐s✐♦♥ ♦❢ I s✉❝❤ t❤❛t m ✐s ❛❧t❡r♥❛t✐✈❡❧②
❡q✉❛❧ t♦ 1 ❛♥❞ ❡✈❡r②✇❤❡r❡ ❣r❡❛t❡r t❤❛♥ 1 ♦♥ (xl, xk+1) ✭✐✳❡✳ m|(xk,xk+1) = 1 ✐❢ k ✐s ♦❞❞ ❛♥❞ ≥ 2 ✐❢ k ❡✈❡♥
♦r t❤❡ ❝♦♥✈❡rs❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ m ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ I✮✳

▲❡♠♠❛ ✷✳✶✳✺✳ ❚❤❡ ❢✉♥❝t✐♦♥ U ✐s str✐❝t❧② ♠♦♥♦t♦♥❡ ♦♥ ❛♥② ✐♥t❡r✈❛❧ (xk, xk+1) ♦♥ ✇❤✐❝❤ m ✐s ❝♦♥st❛♥t
✇✐t❤ ✈❛❧✉❡ 1✳ ▼♦r❡♦✈❡r✿

• ✐❢ U |(xk,xk+1) ✐s ✐♥❝r❡❛s✐♥❣✱ t❤❡♥ U(x) ≤ U(xk) ❢♦r ❛♥② x ≤ xk ❛♥❞ U(x) ≥ U(xk+1) ❢♦r ❛♥②
x ≥ xk+1❀
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• ❝♦♥✈❡rs❡❧②✱ ✐❢ U |(xk,xk+1) ✐s ❞❡❝r❡❛s✐♥❣✱ t❤❡♥ U(x) ≥ U(xk) ❢♦r ❛♥② x ≤ xk ❛♥❞ U(x) ≤ U(xk+1) ❢♦r
❛♥② x ≥ xk+1✳

Pr♦♦❢✳ ❙✐♥❝❡ m = 1 ♦♥ (xk, xk+1)✱ ❢♦r ❛♥② x ∈ (xk, xk+1)✱ x ✐s t❤❡ ✉♥✐q✉❡ ♣♦✐♥t ♦❢ I ❤❛✈✐♥❣ U(x) ❛s ✐♠❛❣❡
❜② U ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ U |(xk,xk+1) ✐s ✐♥❥❡❝t✐✈❡✱ t❤✉s ♠♦♥♦t♦♥❡ s✐♥❝❡ ✐t ✐s ❝♦♥t✐♥✉♦✉s✳

❆ss✉♠❡ ♥♦✇ t❤❛t ✐t ✐s ✐♥❝r❡❛s✐♥❣✳ ■❢ t❤❡r❡ ❡①✐sts x ≤ xk s✉❝❤ t❤❛t U(x) > U(xk)✱ ❧❡t ✉s t❛❦❡
y ∈ (U(xk), U(x)) ∩ U((xk), U(xk+1))❀ ❜② t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡ t❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts z1 ∈ (x, xk) ❛♥❞
z2 ∈ (xk, xk+1) s✉❝❤ t❤❛t y = U(z1) = U(z2)❀ ✐♥ ♣❛rt✐❝✉❧❛r✱ U(z2) = 2✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡✳

❚❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ s❤♦✇s ❛❧s♦ t❤❛t U(x) ≥ U(xk+1) ❢♦r x ≥ xk+1✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r ✐❢ U |(xk,xk+1)

✐s ❞❡❝r❡❛s✐♥❣✳

▲❡♠♠❛ ✷✳✶✳✻✳ U ❤❛s t❤❡ s❛♠❡ ♠♦♥♦t♦♥✐❝✐t② ♦♥ ❛♥② (xk, xk+1) ✇❤❡r❡ m = 1✳

Pr♦♦❢✳ ❆ss✉♠❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t✱ ❢♦r ✐♥st❛♥❝❡✱ U |(xk,xk+1) ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ U |(xk′ ,xk′+1)
✐s ❞❡❝r❡❛s✐♥❣

✇✐t❤ k < k′✳ ❲❡ t❤❡♥ ❤❛✈❡

U(xk) < U(xk+1) ❛♥❞ U(xk′) > U(xk′+1)

▼♦r❡♦✈❡r✱ t❤❛♥❦s t♦ t❤❡ ❧❡♠♠❛ ✷✳✶✳✺✱

U(xk+1) ≤ U(xk′+1) ❛♥❞ U(xk) ≥ U(xk′)

❚❤❡s❡ ❢♦✉r ❡q✉❛❧✐t✐❡s ❧❡❛❞ t♦ U(xk) < U(xk)✳ ❚❤❡ ♣r♦♦❢ ✐s t❤❡ s❛♠❡ ✐❢ U |(xk,xk+1) ✐s ❞❡❝r❡❛s✐♥❣ ❛♥❞
U |(xk′ ,xk′+1)

✐s ✐♥❝r❡❛s✐♥❣✳

❲❡ ✇✐❧❧ ♥♦✇ s❛② t❤❛t U ✐s ✏❣❧♦❜❛❧❧② ✐♥❝r❡❛s✐♥❣✑ ✐❢ ✐t ✐s ✐♥❝r❡❛s✐♥❣ ♦♥ ❛♥② ✐♥t❡r✈❛❧ ♦❢ ✇❤✐❝❤ m = 1✱ ❛♥❞
✏❣❧♦❜❛❧❧② ❞❡❝r❡❛s✐♥❣✑ ✐♥ t❤❡ ❝♦♥✈❡rs❡ ❝❛s❡✳

▲❡♠♠❛ ✷✳✶✳✼✳ ■❢ U ✐s ❣❧♦❜❛❧❧② ✐♥❝r❡❛s✐♥❣✱ t❤❡♥✱ ❢♦r ❡❛❝❤ k✱

U(x) ≤ xk ❢♦r x ≤ xk ❛♥❞ U(x) ≥ xk+1 ❢♦r x ≥ xk+1

❈♦♥✈❡rs❡❧②✱ ✐❢ U ✐s ❣❧♦❜❛❧❧② ❞❡❝r❡❛s✐♥❣✱ t❤❡♥✱ ❢♦r ❡❛❝❤ k✱

U(x) ≥ xk ❢♦r x ≤ xk ❛♥❞ U(x) ≤ xk+1 ❢♦r x ≥ xk+1

Pr♦♦❢✳ ❚❤❡ ❝❛s❡ ✇❤❡r❡ m|(xk,xk+1) = 1 ❝♦♠❡s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❧❡♠♠❛ ✷✳✶✳✺✳ ❆ss✉♠❡ ❢♦r ✐♥st❛♥❝❡ t❤❛t U
✐s ❣❧♦❜❛❧❧② ✐♥❝r❡❛s✐♥❣✱ ❛♥❞ ❧❡t ✉s t❛❦❡ k s✉❝❤ t❤❛t m|(xk,xk+1) ≥ 2✳

• ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s z < xk s✉❝❤ t❤❛t U(z) > U(xk)❀ t❤✐s ✐♠♣❧✐❡s k ≥ 2✱ m|(xk−1,xk) = 1 ❛♥❞
U(xk−1,xk) ✐s ✐♥❝r❡❛s✐♥❣✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ▲❡♠♠❛ ✷✳✶✳✺ ❣✐✈❡s U(x) ≤ U(xk−1) ❢♦r x ≤ xk−1✱ s♦ t❤❛t
z ∈ (xk−1, xk)✱ ❜✉t ✐♥ t❤✐s ❝❛s❡ t❤❡ ❣r♦✇t❤ ♦❢ U ♦♥ t❤✐s ✐♥t❡r✈❛❧ ❧❡❛❞s t♦ U(z) ≤ U(xk) ✇❤✐❝❤ ✐s
✐♠♣♦ss✐❜❧❡✳

• ❙✐♠✐❧❛r❧②✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡r❡ ✐s ♥♦ z > xk+1 ✇✐t❤ U(z) < U(xk+1)✳

❚❤❡ ♣r♦♦❢ ✐s t❤❡ s❛♠❡ ✐❢ U ✐s ❣❧♦❜❛❧❧② ❞❡❝r❡❛s✐♥❣✳

▲❡t ✉s ♥♦✇ ❞❡♥♦t❡ ❜② yk = inf(xk,xk+1) U ✱ yk+1 = sup(xk,xk+1)
U ✐❢ U ✐s ❣❧♦❜❛❧❧② ✐♥❝r❡❛s✐♥❣ ❛♥❞ t❤❡

❝♦♥✈❡rs❡ ✐❢ U ✐s ❣❧♦❜❛❧❧② ❞❡❝r❡❛s✐♥❣✳ ❚❤❡ ❛❜♦✈❡ ❧❡♠♠❛ s❤♦✇s t❤❛t yk = U(xk) ❢♦r ❡❛❝❤ 2 ≤ k ≤ p− 1✳

▲❡♠♠❛ ✷✳✶✳✽✳ ❆ss✉♠❡ t❤❛t U ✐s ❣❧♦❜❛❧❧② ✐♥❝r❡❛s✐♥❣✳ ▲❡t T1 t❤❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ µ
t♦ ν = U |#µ✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ k✿

T1(xk) = yk ❛♥❞ (T1)|#(µ|(xk,xk+1)) = U#(µ|(xk,xk+1)) = ν(yk,yk+1)

■❢ U ✐s ❣❧♦❜❛❧❧② ❞❡❝r❡❛s✐♥❣✱ t❤❡♥ t❤❡ s❛♠❡ ❡q✉❛❧✐t② ❤♦❧❞s ❢♦r ❡❛❝❤ k✱ ✇✐t❤ T2 ✭t❤❡ ♥♦♥✲✐♥❝r❡❛s✐♥❣ tr❛♥s♣♦rt
♠❛♣ ❢r♦♠ µ t♦ ν✮ ✐♥st❡❛❞ ♦❢ T1✳
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Pr♦♦❢✳ ❆ss✉♠❡ U t♦ ❜❡ ❣❧♦❜❛❧❧② ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❧❡t ✉s ✜rst s❤♦✇ t❤❡ r❡s✉❧t ❢♦r k = 1✳ ■❢ p = 2 t❤❡♥
(x1, x2) = I ❛♥❞ t❤❡r❡ ✐s ♥♦t❤✐♥❣ t♦ ♣r♦✈❡✱ s♦ ✇❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t p ≥ 3✳ ❲❡ ❦♥♦✇ t❤❛t x1 = inf I ❜②
❞❡✜♥✐t✐♦♥✱ ❛♥❞ t❤❡ ❧❛st ❧❡♠♠❛ ♣r♦✈✐❞❡s y1 = inf U(I)✱ ✇❤✐❝❤ ✐♠♣❧✐❡s T1(x1) = y1✱ ❛♥❞

y2 = sup
(x1,x2)

U = inf
(x2,xp)

U s♦ t❤❛t U(x2) = y2

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❢❛❝t t❤❛t T1 ❛♥❞ U ❤❛✈❡ s❛♠❡ ✐♠❛❣❡ ♠❡❛s✉r❡ ❣✐✈❡s

∫
1y1≤U(x)≤c ❞µ(x) =

∫
1y1≤T1(x)≤c ❞µ(x)

■♥ t❤❡ ❛❜♦✈❡ ❡q✉❛❧✐t②✱ ✇❡ t❛❦❡ c = y2✳ ❚❤❡♥ ✇❡ ❤❛✈❡ U(x) ≥ y2 ❢♦r ❛✳❡✳ x ≥ x2 ✇✐t❤ ❡q✉❛❧✐t② ❛t ♠♦st ❢♦r
❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts x s✐♥❝❡ U s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ✭P▼✮✱ s♦ t❤❛t✱ ❢♦r ❛✳❡✳ x ∈ I✱

y1 ≤ U(x) ≤ y2 ⇐⇒ x1 ≤ x ≤ x2 ✭✷✳✾✮

❲❡ ❦♥♦✇ t❤❛t T1 ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜②
∫ T1(x)

y1

❞ν =

∫ x

x1

❞µ

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ✭✷✳✾✮ ♣r♦✈✐❞❡s

∫ x2

x1

❞µ =

∫
1y1≤U(x)≤y2 ❞µ(x) =

∫ y2

y1

❞ν

s♦ t❤❛t
∫ T1(x2)

y1
❞ν =

∫ y2
y1

❞ν✱ ❜✉t ν ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ✇✐t❤

❛ ❛✳❡✳ ♣♦s✐t✐✈❡ ❞❡♥s✐t② s♦ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ y 7→
∫ y
x1

❞ν ✐s ✐♥❝r❡❛s✐♥❣✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t T1(x2) = y2✳ ❚❤❡
s❡❝♦♥❞ ❡q✉❛❧✐t② ♦❢ t❤❡ ❧❡♠♠❛ ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t (T1)#µ = ν ❛♥❞ ❢r♦♠ t❤❡ ❡q✉✐✈❛❧❡♥❝❡

x1 ≤ x ≤ x2 ⇐⇒ y1 ≤ T1(x) ≤ y2 ⇐⇒ y1 ≤ U(x) ≤ y2

❚❤❡ ❧❡♠♠❛ ✐s ♣r♦✈❡❞ ♦♥ (x1, x2)✳ ❲❡ ♣r♦✈❡ ✐t s✐♠✐❧❛r❧② ♦♥ (x2, x3) ❜② ❝♦♥s✐❞❡r✐♥❣ (x2, xp) ❛s ❣❧♦❜❛❧
s♦✉r❝❡ ✐♥t❡r✈❛❧ ❛♥❞ (y2, yp) ❛s ❣❧♦❜❛❧ t❛r❣❡t ✐♥t❡r✈❛❧✱ ❛♥❞ ✇❡ ♠❛❦❡ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ s✉❝❝❡ss✐✈❡❧② ♦♥
❡❛❝❤ (xk, xp)✱ k ≤ p− 1✳

▲❡♠♠❛ ✷✳✶✳✾✳ ❆ss✉♠❡ U t♦ ❜❡ ❣❧♦❜❛❧❧② ✐♥❝r❡❛s✐♥❣✳ ▲❡t f ❜❡ ❝♦♥✈❡① ❛♥❞ ♥♦♥✲❞❡❝r❡❛s✐♥❣✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤
k✿

• ✐❢ m|(xk,xk+1) = 1✱ t❤❡♥ U = T1 ♦♥ (xk, xk+1)❀

• ✐❢ m|(xk,xk+1) ≥ 2✱ t❤❡♥
∫ xk+1

xk
f(|U ′|) ❞µ ≥

∫ xk+1

xk
f(|T ′

1|) ❞µ

■♥ ♣❛rt✐❝✉❧❛r✱
∫
I
f(|U ′|) ❞µ ≥

∫
I
f(|T ′

1|) ❞µ✳ ■❢ U ✐s ❣❧♦❜❛❧❧② ❞❡❝r❡❛s✐♥❣✱ t❤❡ s❛♠❡ r❡s✉❧ts ❤♦❧❞ ✇✐t❤ T1
✐♥st❡❛❞ ♦❢ T2✳

Pr♦♦❢✳ ■❢ m|(xk,xk+1) = 1✱ t❤❡♥ U ❛♥❞ T1 ❤❛✈❡ t❤❡ s❛♠❡ ♠♦♥♦t♦♥✐❝✐t② ❛♥❞ s❡♥❞ ν|(xk,xk+1) ♦♥t♦ t❤❡ s❛♠❡
✐♠❛❣❡ ♠❡❛s✉r❡✱ t❤✉s t❤❡② ❝♦✐♥❝✐❞❡ ♦♥ t❤✐s ✐♥t❡r✈❛❧✳ ■❢ ♥♦t✱ t❤❡ r❡s✉❧t ❝♦♠❡s ❞✐r❡❝t❧② ❢r♦♠ Pr♦♣✳ ✷✳✶✳✹
❛♣♣❧✐❡❞ ♦♥ (xk, xk+1) ✭t❤❡ ❢❛❝t t❤❛t m ≥ 2 ♦♥ t❤✐s ✐♥t❡r✈❛❧ ❣✉❛r❛♥t❡❡s✱ ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥s ♦❢ Pr♦♣✳ ✷✳✶✳✹✱
t❤❛t n ≥ 2✮✳
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❈♦♥❝❧✉s✐♦♥ ✇❤❡♥ U ✐s ♥♦t r❡❣✉❧❛r✳ ▲❡t U ∈ W 1,1(I)❀ ✇❡ ❛♣♣r♦①✐♠❛t❡ U ❜② t❤❡ s❛♠❡ s❡q✉❡♥❝❡
♦❢ ♣✐❡❝❡✇✐s❡ ❛✣♥❡ ❢✉♥❝t✐♦♥s (Un)n ✭s❡❡ ▲❡♠♠❛ ✷✳✶✳✶✮✳ ❊❛❝❤ Un ✐s ❡✐t❤❡r ❣❧♦❜❛❧❧② ✐♥❝r❡❛s✐♥❣ ♦r ❣❧♦❜❛❧❧②
❞❡❝r❡❛s✐♥❣❀ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ ♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡✐r ✏❣❧♦❜❛❧ ♠♦♥♦t♦♥✐❝✐t②✑ ✐s t❤❡ s❛♠❡✳ ■❢ ❡❛❝❤ Un
✐s ❣❧♦❜❛❧❧② ✐♥❝r❡❛s✐♥❣✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥❝r❡❛s✐♥❣ tr❛♥s♣♦rt Tn1 s❡♥❞✐♥❣ µ ♦♥t♦ t❤❡ s❛♠❡
✐♠❛❣❡ ♠❡❛s✉r❡✳ ❲❡ ❦♥♦✇ t❤❛t✱ ❢♦r ❡❛❝❤ n✱

∀n ∈ N,

∫

I

f(|U ′
n|) ❞µ ≥

∫

I

f((Tn1 )
′) ❞µ

❛♥❞ t❤❛t✿

• f ◦ |U ′
n| → f ◦ U ✐♥ L1(I)❀

• Tn1 ⇀ T1 ✐♥ W 1,1(I) ✭s❡❡ t❤❡ r❡♠❛r❦s ❛❢t❡r t❤❡ ▲❡♠♠❛ ✷✳✶✳✶✮❀

• t❤❡ ❢✉♥❝t✐♦♥ T 7→
∫
I
f(|T ′|) ❞µ ✐s ❧✳s✳❝✳ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ W 1,1✳

❚❤✐s ❛❧❧♦✇s t♦ ♣❛ss t♦ t❤❡ ❧✐♠✐t ❛♥❞ ❣❡t
∫
I
f(|U ′|) ❞µ ≥

∫
I
f(T ′

1) ❞µ✳ ❚❤❡ s❛♠❡ ✐♥❡q✉❛❧✐t② ✇✐t❤ T2 ❢♦❧❧♦✇s
✐❢ ❡❛❝❤ Un ✐s ❣❧♦❜❛❧❧② ❞❡❝r❡❛s✐♥❣✳

✷✳✶✳✺ ❆ ❝♦✉♥t❡r✲❡①❛♠♣❧❡ ✇❤❡♥ t❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ µ ❢❛✐❧s

❲❡ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥ ❜② ❣✐✈✐♥❣ ❛♥ ❡❛s② ❡①❛♠♣❧❡ ♦❢ ♠❡❛s✉r❡ ❢♦r ✇❤✐❝❤ t❤❡ ✐♥❡q✉❛❧✐t② ✭✷✳✸✮ ❢❛✐❧s✳ ❚❤❡
str❛t❡❣② ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ st❛rt✐♥❣ ❢r♦♠ t❤❡ tr✐❛♥❣❧❡ ❢✉♥❝t✐♦♥

U : x ∈ (0, 1) 7→
{

2x ✐❢ x ≤ 1
2

2− 2x ✐❢ x ≥ 1
2

✇❡ ❝♦♥str✉❝t ❛ ❞❡♥s✐t② g ❢♦r ✇❤✐❝❤ t❤❡ ❛ss♦❝✐❛t❡❞ ✐♥❝r❡❛s✐♥❣ tr❛♥s♣♦rt T ✈❡r✐✜❡s
∫
I
|T ′|2 ❞µ ≥

∫
I
|U ′|2 ❞µ✳

▲❡t α > 2 t♦ ❜❡ ✜①❡❞ ❜❡❧♦✇ ❛♥❞

g(x) =





α ✐❢ 0 < x < 1
4

1 ✐❢ 1
4 < x < 3

4

α ✐❢ 1
4 < x < 1

✭g ✐s ♥♦t ❛ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t②✱ ❜✉t ✐t ✇♦✉❧❞ ❡♥♦✉❣❤ t♦ ❞✐✈✐❞❡ ✐t ❜② (1 + α)/2 t♦ ❣❡t ✐t❀ ❤♦✇❡✈❡r✱ ✇❡
❦❡❡♣ t❤❡s❡ ❢♦r♠✉❧❛s ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t② ♦❢ ❝♦♠♣✉t❛t✐♦♥s✮✳ ❲❡ ❝♦♠♣✉t❡ t❤❡ ✐♥❝r❡❛s✐♥❣ tr❛♥s♣♦rt T
s❡♥❞✐♥❣ g ♦♥t♦ U#g ✭s✐♥❝❡ µ ✐s s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠✐❞❞❧❡ ♦❢ I✱ t❤❡ ❝♦st ♦❢ ✐ts ❞❡r✐✈❛t✐✈❡ ✐s t❤❡
s❛♠❡ t❤❛♥ ❢♦r t❤❡ ❞❡❝r❡❛s✐♥❣ tr❛♥s♣♦rt ❢r♦♠ g t♦ U#g✮✱ ❢♦r ✐♥st❛♥❝❡ t❤❛♥❦s t♦ t❤❡ ❢♦r♠✉❧❛ ✭✷✳✺✮✿ ✐t ✐s

T : x 7→





x ✐❢ x ≤ 1

4
1

4
+

1

α

(
x− 1

4

)
✐❢

1

4
≤ x ≤ 3

4

x+
1

2

(
1

α
− 1

)
✐❢

3

4
≤ x ≤ 1− 1

2α

α(x− 1) + 1 ✐❢ 1− 1

2α
≤ x ≤ 1
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•
1
4 •

3
4

• 1
2

µ = α µ = αµ = 1

ν = α

ν = 1

U(x)

•
1
4 •

3
4

• 1
2

µ = α µ = αµ = 1

ν = α

ν = 1

T (x)

❚❤❡ ❣r❛♣❤s ♦❢ U ❛♥❞ T ✭❤❡r❡ ❢♦r α = 4✮

❲❡ ♥♦✇ ❝♦♠♣✉t❡ ❢♦r ❛ ❣❡♥❡r✐❝ ❢✉♥❝t✐♦♥ f ✿
∫

I

f(|U ′|) ❞µ =
1 + α

2
f(2) ❛♥❞

∫

I

f(T ′) ❞µ =
f(α)

2α
+
α

2
f(1)− f(1)

2
+

1

2
f

(
1

α

)

❚❤✉s✱ t❤❡ ✐♥❡q✉❛❧✐t② ✷✳✸ ❢❛✐❧s ♣r♦✈✐❞❡❞ t❤❛t

f(α)

2
− α

f(2)− f(1)

2
− f(1) + f(2)

2
+

1

2
f

(
1

α

)
> 0

❖♥❡ s❡❡ ❞✐r❡❝t❧② t❤❛t✱ ❢♦r f s✉♣❡r✲❧✐♥❡❛r✱ ♦♥❡ ❝❛♥ ✜♥❞ s✉❝❤ ❛♥ α ✭✐t ✐s ❡♥♦✉❣❤ t♦ t❛❦❡ ✐t ❧❛r❣❡ ❡♥♦✉❣❤
s✐♥❝❡ t❤✐s q✉❛♥t✐t② ❣♦❡s t♦ +∞ ❛s α→ +∞✮✳ ❋♦r ✐♥st❛♥❝❡✱ ❢♦r f = | · |2✱ t❤✐s ❝♦♥❞✐t✐♦♥ ❜❡❝♦♠❡s

α4 − 3α3 − 5α2 + 1 > 0

✇❤✐❝❤ ✐s tr✉❡ ♣r♦✈✐❞❡❞ t❤❛t α ≥ α0 ≃ 4, 1819✱ t❤❡ ❣r❡❛t❡st ③❡r♦ ♦❢ t❤✐s ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥✳ ❚❤✐s
❝♦♥str✉❝t✐♦♥ ❤❛s ❛❧s♦ ❜❡❡♥ ✉s❡❞ t♦ ❜✉✐❧❞ ❝♦✉♥t❡r✲❡①❛♠♣❧❡ t♦ t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ t❤❡ ♠♦♥♦t♦♥❡ tr❛♥s♣♦rt
♠❛♣ ❢♦r ❛♥♦t❤❡r t②♣❡ ♦❢ ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠s ✭s❡❡ ❬✺✻❪✱ ❢♦✉rt❤ ♣❛r❛❣r❛♣❤✮✳ ◆♦t✐❝❡ ❤♦✇❡✈❡r t❤❛t✿

• t❤✐s ❞♦❡s ♥♦t ♣r♦✈❡ ❞✐r❡❝t❧② t❤❡ s❤❛r♣♥❡ss ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥ ✷✳✷❀

• ❛❧s♦✱ t❤✐s ❞♦❡s ♥♦t ♣r♦✈❡ t❤❛t t❤✐s tr✐❛♥❣❧❡ ❢✉♥❝t✐♦♥ U ✐s ♦♣t✐♠❛❧ ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛❧ U 7→
∫
I
f(|U ′|) ❞µ

❢♦r s✉❝❤ ❛ µ✱ t❤✐s ♣r♦✈❡s ♦♥❧② t❤❛t t❤✐s U ✐s ❜❡tt❡r t❤❛♥ t❤❡ ♠♦♥♦t♦♥❡ ❢✉♥❝t✐♦♥s ❢r♦♠ µ t♦ U#µ ❢♦r
t❤✐s ❝♦st✳

✷✳✷ ❆ P❉❊ ❛♣♣r♦❛❝❤ ✐♥ ❞✐♠❡♥s✐♦♥ ✷ ❛♥❞ ♠♦r❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❢♦r❣❡t t❤❡ ❝❛s❡ ♦❢ t❤❡ r❡❛❧ ❧✐♥❡ ❛♥❞ ❛ss✉♠❡ d ≥ 2✳ ▲❡t Ω ❜❡ ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ Rd ❛♥❞
L : Rd × Rd ×Md(R) → R❀ ♦✉r ❣♦❛❧ ✐s t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♠✐♥✐♠✐③❡rs ♦❢

J : T 7→
∫

Ω

L(x, T (x), DT (x))f(x) ❞x

❛♠♦♥❣ t❤❡ ♠❛♣s T s✉❝❤ t❤❛t✿
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• T s❡♥❞s µ = f · L1 ♦♥t♦ ❛ ✜①❡❞ ♥♦♥✲♥❡❣❛t✐✈❡ ♠❡❛s✉r❡ ν ♦♥ Rd✱ ✇✐t❤ ν(Rd) =
∫
Ω
f ❀

• T ❜❡❧♦♥❣s t♦ H1(Ω)✳

❲❡ st✐❧❧ ❛ss✉♠❡ t❤❛t t❤❡ ❝❧❛ss ♦❢ s✉❝❤ ❢✉♥❝t✐♦♥s T ✐s ♥♦♥✲❡♠♣t②✱ ❛♥❞ ♠❛❦❡ t❤❡ s✉✣❝✐❡♥t ❛ss✉♠♣t✐♦♥s
♦♥ Ω✱ f ✱ L s♦ t❤❛t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✐③❡r ❝❛♥ ❜❡ ♣r♦✈❡❞ ❜② t❤❡ ❞✐r❡❝t ♠❡t❤♦❞ ♦❢ t❤❡ ❝❛❧❝✉❧✉s ♦❢
✈❛r✐❛t✐♦♥s✿ Ω ✐s ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ✇✐t❤ ▲✐♣s❝❤✐t③ ❜♦✉♥❞❛r②✱ f ✐s ❛ ❞❡♥s✐t② ♦♥ Ω ✈❡r✐❢②✐♥❣ 0 < c ≤ f ≤
C < +∞ ❛♥❞ L : Ω× Rd ×Md(R) → [0,+∞) ✐s ❛ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t✿

• t❤❡r❡ ❡①✐sts α > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛♥② x✱ u✱ p✱ L(x, u, p) ≥ α|p|2❀

• ❢♦r ❛♥② x ❛♥❞ u✱ t❤❡ ❢✉♥❝t✐♦♥ p 7→ L(x, u, p) ✐s ❝♦♥✈❡① ♦♥ Md(R)✳

❲❡ ♥♦✇ ✜① ❛♥ ♦♣t✐♠❛❧ T ✳ ❖✉r str❛t❡❣② ✐s t♦ ✐♥tr♦❞✉❝❡ ❛ ❢❛♠✐❧② (Tt)t✱ ❞❡✜♥❡❞ ❢♦r t s♠❛❧❧ ❡♥♦✉❣❤
❛r♦✉♥❞ 0✱ ♦❢ ✏♣❡rt✉r❜❛t✐♦♥s✑ ♦❢ T s✉❝❤ t❤❛t T0 = T ❀ t❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ✇✐❧❧ ❝♦♠❡ ❢r♦♠

❞
❞t
J(Tt)

∣∣∣∣
t=0

= 0

✷✳✷✳✶ ▼❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ✢♦✇ ❛♥❞ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ T

❚❤❡ ❦❡② ♣♦✐♥t ❢♦r ❜✉✐❧❞✐♥❣ ♦✉r ❛♣♣r♦①✐♠❛t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✱ ✇❤✐❝❤ ❝♦♥str✉❝ts ❛ ♠❡❛s✉r❡✲
♣r❡s❡r✈✐♥❣ t✐♠❡✲♣❛r❛♠❡tr✐③❡❞ ✢♦✇ (X(t, ·))t st❛rt✐♥❣ ❢r♦♠ ❛ ❣❡♥❡r✐❝ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ✈❡❝t♦r ✜❡❧❞ v ✇✐t❤
◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ v✿

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶✳ ❆ss✉♠❡ t❤❡ ❜♦✉♥❞❛r② ♦❢ Ω t♦ ❜❡ C1 ❛♥❞ t❤❡ ❞❡♥s✐t② f t♦ ❜❡ ▲✐♣s❝❤✐t③✳ ▲❡t v : Ω → Rd

❜❡ ❛ ▲✐♣s❝❤✐t③ ✈❡❝t♦r ✜❡❧❞ s❛t✐s❢②✐♥❣
{

div(fv) = 0 ✐♥ Ω
v · n = 0 ♦♥ ∂Ω

✇❤❡r❡ x 7→ n(x) ❞❡♥♦t❡s t❤❡ ♦✉t✇❛r❞ ♥♦r♠❛❧ ♦❢ ∂Ω✳ ❋♦r x ∈ Ω✱ ✇❡ ❞❡♥♦t❡ ❜② t 7→ X(t, x) t❤❡ ♠❛①✐♠❛❧
s♦❧✉t✐♦♥ ♦❢ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ 




❞
❞t
X(t, x) = v(X(t, x))

X(0, x) = x
✭✷✳✶✵✮

❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ tr✉❡✿

• ❡❛❝❤ X(·, x)✱ x ∈ Ω✱ ✐s ❞❡✜♥❡❞ ♦♥ R❀

• ❡❛❝❤ X(t, ·)✱ t ∈ R✱ ✐s ▲✐♣s❝❤✐t③ ❛♥❞ ♦♥❡✲t♦✲♦♥❡ Ω → Ω ❛♥❞ ✇❡ ❤❛✈❡

X(t,X(s, x)) = X(t+ s, x)

❢♦r ❛♥② s, t ∈ R ❛♥❞ x ∈ Ω❀

• ❡❛❝❤ x 7→ X(t, ·)✱ t ∈ R✱ s❡♥❞s t❤❡ ♠❡❛s✉r❡ µ ♦♥t♦ ✐ts❡❧❢✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❢♦r ❡❛❝❤ ❙♦❜♦❧❡✈ tr❛♥s♣♦rt ♠❛♣ T ❢r♦♠ µ t♦ ν ❛♥❞ ❢♦r ❡❛❝❤ t ∈ R✱ t❤❡ ❢✉♥❝t✐♦♥
T ◦ X(t, ·) ❛❧s♦ s❡♥❞s µ ♦♥t♦ ν ❛♥❞ ✐s ❛❧s♦ ❛❞♠✐ss✐❜❧❡✳ ❚❤❡♥✱ ✐❢ T ♠✐♥✐♠✐③❡s J ❛♠♦♥❣ t❤❡s❡ ♠❛♣s✱ t❤❡
❢❛❝t t❤❛t T0 = T ✐♠♣❧✐❡s ♦✉r ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥✿ ❢♦r ❛♥② ▲✐♣s❝❤✐t③ ✈❡❝t♦r ✜❡❧❞ v ♦♥ Ω s✉❝❤ t❤❛t fv ✐s
❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❛♥❞ v · n = 0 ♦♥ ∂Ω✱ ✇❡ ❤❛✈❡

❞
❞t
J(T ◦X(t, ·))

∣∣∣∣
t=0

= 0
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▲❡t ✉s r❡♠❛r❦ t❤❛t s✉❝❤ ❛ ♠❡t❤♦❞ ❝❛♥ ♥♦t ❜❡ ❛❞❛♣t❡❞ t♦ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ s✐♥❝❡ t❤❡ ♦♥❧②
❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ✈❡❝t♦r ✜❡❧❞ ✇✐t❤ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐s ❛❝t✉❛❧❧② t❤❡ ♥✉❧❧ ❢✉♥❝t✐♦♥✳ ❚❤✐s ❝♦r✲
r❡s♣♦♥❞s t♦ t❤❡ ❢❛❝t t❤❛t t❤❡r❡ ❡①✐sts ♦♥❧② t✇♦ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ♠❛♣s ♦♥ ❛♥ ✐♥t❡r✈❛❧ ✇❤✐❝❤ ❛r❡✱ s✐♥❝❡
s✉❝❤ ❛ ♠❛♣ ❤❛s t♦ ❜❡ ♠♦♥♦t♦♥❡✱ t❤❡ ✐❞❡♥t✐t② ❛♥❞ x 7→ c−x ✭c ❜❡✐♥❣ t❤❡ ❝♦♥st❛♥t s✉❝❤ t❤❛t t❤❡ s♦✉r❝❡ ❛♥❞
✐♥t❡r✈❛❧ ❝♦✐♥❝✐❞❡✮❀ t❤✉s✱ ❛♥② t✐♠❡✲♣❛r❛♠❡tr✐③❡❞ ❢❛♠✐❧② ♦❢ ♣❡rt✉r❜❛t✐♦♥ (Xt)t ✇❤✐❝❤ ♣r❡s❡r✈❡s t❤❡ ♠❡❛s✉r❡
✐s ❛❝t✉❛❧❧② ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ t✐♠❡ ❛♥❞ st✐❧❧ ❡q✉❛❧ t♦ ♦♥❡ ♦❢ t❤❡s❡ ♠❛♣s✳ ◆♦t✐❝❡ t❤❛t t❤❡ ♣r♦❜❧❡♠ t❤❛t t❤❡
♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ♠❛♣s ❛r❡ ✐♥ s♦♠❡ s❡♥s❡ ✏✐s♦❧❛t❡❞✑ ❛❧s♦ ❛♣♣❡❛rs ✐♥ ✈❛r✐❛t✐♦♥❛❧ ♠♦❞✲
❡❧s ❢♦r ✢✉✐❞✲♠❡❝❤❛♥✐❝s ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✼✱ ✷✶❪ ❢♦r t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❊✉❧❡r ❡q✉❛t✐♦♥s✮ ✇❤✐❧❡✱ ✐♥ ❤✐❣❤❡r
❞✐♠❡♥s✐♦♥✱ ❛s s❤♦✇♥ ✐♥ ❬✻✼✱ ✻✽❪✱ t❤❡r❡ ✐s ♠♦r❡ ♣♦ss✐❜✐❧✐t✐❡s t♦ ❝♦♥♥❡❝t ❛♥② ❞✐✛❡♦♠♦r♣❤✐s♠ t♦ t❤❡ ✐❞❡♥t✐t②
♠❛♣s ✈✐❛ ❛ t✐♠❡✲♣❛r❛♠❡tr✐③❡❞ ❢❛♠✐❧② ♦❢ ❞✐✛❡♦♠♦r♣❤✐s♠s✳

Pr♦♦❢ ♦❢ Pr♦♣✳ ✷✳✷✳✶✳ ❚❤✐s ♣r♦♦❢ ✐s st❛♥❞❛r❞ ✭✐t ❝❛♥ ❜❡ ❢♦✉♥❞✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ❬✹❪✱ ❝❤❛♣✳ ✽✮✱ ❜✉t ✇❡
r❡♣r♦❞✉❝❡ ✐t ❤❡r❡ ✉♥❞❡r ♦✉r ♦✇♥ ❛ss✉♠♣t✐♦♥s ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✳

❚❤❡ ✜rst ♣♦✐♥t ❝♦♥s✐sts ✐♥ s❤♦✇✐♥❣ t❤❛t ❛♥② ♠❛①✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✵✮ ✐s ❣❧♦❜❛❧ ✐♥ t✐♠❡ ❛♥❞ ❞♦❡s
♥♦t ❝r♦ss t❤❡ ❜♦✉♥❞❛r② ♦❢ Ω✳ ❆ss✉♠❡ t❤❛t✱ ❢♦r s♦♠❡ x ∈ Ω✱ t❤❡ ♠❛①✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✵✮ ✐s ❞❡✜♥❡❞
♦♥ ❛♥ ✐♥t❡r✈❛❧ I ✇✐t❤✱ ❢♦r ✐♥st❛♥❝❡✱ sup I = a < +∞✳ ◆♦t✐❝❡ t❤❛t s✐♥❝❡ v ✐s ❜♦✉♥❞❡❞ ♦♥ Ω✱ X(·, x) ✐s
t✐♠❡✲▲✐♣s❝❤✐t③ t❤✉s ❛❞♠✐ts ❛ ❧✐♠✐t ❛s t→ a❀ t❤✐s ❧✐♠✐t ❝❛♥♥♦t ❜❡❧♦♥❣ t♦ Ω s✐♥❝❡ X(·, x) ✐s ♠❛①✐♠❛❧✱ t❤✉s
✇❡ ❤❛✈❡ X(t, x) −−−→

t→a
xa ∈ ∂Ω✳ ❙✐♥❝❡ ∂Ω ✐s C1✱ t❤❡r❡ ❡①✐sts ❛♥ ♦♣❡♥ s❡t U ❝♦♥t❛✐♥✐♥❣ xa s✉❝❤ t❤❛t✱ ✉♣

t♦ ❛ ❝❤❛♥❣❡ ♦❢ ❝♦♦r❞✐♥❛t❡s✱

Ω ∩ U = {(x1, . . . , xd−1, ϕ(x1, . . . , xd−1))} ∩ U

✇❤❡r❡ ϕ ✐s ❛ C1 ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ V ♦❢ (x1a, . . . , x
d−1
a )✳ ■♥ t❤✐s s②st❡♠ ♦❢ ❝♦♦r❞✐♥❛t❡s✱

✇❡ ❞❡♥♦t❡ ❜② x̃ = (x1, . . . , xd−1) ❛♥❞ ṽ = (v1, . . . , vd−1)✳ ❚❤❡ ❢❛❝t t❤❛t v · n = 0 ♦♥ ∂Ω ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

vd(x̃, ϕ(x̃)) = ∇ϕ(x̃) · ṽ(x̃, ϕ(x̃)) ✭✷✳✶✶✮

❢♦r x̃ ❝❧♦s❡ ❡♥♦✉❣❤ t♦ x̃a✳ ▲❡t ✉s ❞❡✜♥❡ ỹ ❛s ❜❡✐♥❣ t❤❡ ♠❛①✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥ {

ỹ′(t) = ṽ(ỹ(t), ϕ(ỹ(t)))
ỹ(a) = xa

❛♥❞ s❡t yd(t) = ϕ(ỹ(t))❀ ỹ✱ yd ❛r❡ ❞❡✜♥❡❞ ♦♥ ❛♥ ♦♣❡♥ ✐♥t❡r✈❛❧ J ❛r♦✉♥❞ a✳ ❚❤❛♥❦s t♦ t❤❡ ❡q✉❛❧✐t② ✭✷✳✶✶✮✱
✇❡ ❤❛✈❡

y′d(t) = ∇ϕ(ỹ(t)) · v(ỹ(t), ϕ(ỹ(t))) = vd(ỹ(t), ϕ(ỹ(t)))

❢♦r t ❝❧♦s❡ ❡♥♦✉❣❤ t♦ a✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ✐❢ ✇❡ s❡t y = (ỹ, yd)✱ ✇❡ ❤❛✈❡ y′ = v(y) ♦♥ (a − ε, a + ε) ❢♦r ε
s♠❛❧❧ ❡♥♦✉❣❤✱ ❛♥❞ y(a) = xa✳ ■❢ ✇❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥

z : t 7→
{
X(t, x) ✐❢ t ∈ I
y(t) ✐❢ a < t < a+ ε

t❤❡♥ z ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ X(·, x) t♦ t❤❡ ✐♥t❡r✈❛❧ I ∩ (a− ε, a+ ε)✱ ✇❤✐❝❤ str✐❝t❧② ❝♦♥t❛✐♥s I✱ ✐♥t♦ ❛ s♦❧✉t✐♦♥
♦❢ ✭✷✳✶✵✮✳ ❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ s✐♥❝❡ X(·, x) ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ♠❛①✐♠❛❧✳

❚❤❡ ❢❛❝t t❤❛t X(t, ·) ✐s ▲✐♣s❝❤✐t③ ❢♦r ❛♥② t ❝♦♠❡s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r✲
❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❚♦ s❤♦✇ t❤❛t X(t,X(s, ·)) = X(t+ s, ·)✱ ♦♥❡ ❝❛♥ s❡❡ t❤❛t✱ ❢♦r ❡❛❝❤ x✱ t 7→ X(t,X(s, x))
❛♥❞ t 7→ X(t+ s, x) ❜♦t❤ s❛t✐s❢② {

Y ′(t) = Y (t)
Y (s) = X(s, x)

s♦ t❤❛t t❤❡② ❛r❡ ❡q✉❛❧ ❜② t❤❡ ❈❛✉❝❤②✲▲✐♣s❝❤✐t③ t❤❡♦r❡♠✳
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❋♦r t❤❡ t❤✐r❞ ♣♦✐♥t✱ ❛ ✉s✉❛❧ ♠❡t❤♦❞ ✇♦✉❧❞ ❝♦♥s✐st ✐♥ s❤♦✇✐♥❣ t❤❛t t❤❡ ❝✉r✈❡ ♦❢ ♠❡❛s✉r❡s (X(t, ·)#µ)t
s❛t✐s✜❡s t❤❡ s♦✲❝❛❧❧❡❞ ✏❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥✑ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥

{
∂tρt + div(ρtv) = 0
ρ0 = µ

✇❤♦s❡ t❤❡ t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t ♠❡❛s✉r❡ µ ✐s ❛❧s♦ ❛ s♦❧✉t✐♦♥ ❛♥❞ ❢♦r ✇❤✐❝❤ t❤❡r❡ ✐s ✉♥✐q✉❡♥❡ss✳ ❚❤✐s ✐s ❞♦♥❡
✉♥❞❡r ✈❡r② ❣❡♥❡r❛❧ ❛ss✉♠♣t✐♦♥s ♦♥ (ρt)t ❛♥❞ v ✭✇❤✐❝❤ ❝❛♥ ❛❧s♦ ❞❡♣❡♥❞ ♦♥ t❤❡ t✐♠❡✮ ✐♥ t❤❡ ❝❤❛♣✳ ✽ ♦❢ ❬✹❪✳
■♥ ♦✉r ❝❛s❡✱ ♦♥❡ ❝❛♥ ♣r♦❝❡❡❞ ❞✐r❡❝t❧② ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ❞❡♥s✐t② ♦❢ X(t, ·)#µ✿ s✐♥❝❡ X(t, ·) ✐s ❛ ❜✐✲▲✐♣s❝❤✐t③
♠❛♣ ❢r♦♠ Ω ✐♥t♦ ✐ts❡❧❢ ❛♥❞ ❤❛s X(−t, ·) ❛s ✐♥✈❡rs❡ ♠❛♣✱ ❢♦r ❛♥② t❡st ❢✉♥❝t✐♦♥ ϕ ∈ Cb(Ω) ❛♥❞ t ∈ R✱ t❤❡
❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ❢♦r♠✉❧❛ ❣✐✈❡s

∫

Ω

ϕ(X(t, x))f(x) ❞x =

∫

Ω

ϕ(y)f(X(−t, y))| detDX(−t, y)|f(X(−t, y)) ❞y

✇✐t❤ detDX(t, x) > 0 ❢♦r ❛♥② t ❛♥❞ x ✭✐t ❝❛♥♥♦t ✈❛♥✐s❤ s✐♥❝❡ X(t, ·) ✐s ❛ ❜✐✲▲✐♣s❝❤✐t③ ♠❛♣✱ ✐s t✐♠❡✲
❝♦♥t✐♥✉♦✉s t❤✉s ❤❛s ❛ ❝♦♥st❛♥t s✐❣♥✱ ❛♥❞ ✐s ❡q✉❛❧ t♦ 1 ✇❤❡♥ t = 0 s✐♥❝❡ X(0, ·) ✐s t❤❡ ✐❞❡♥t✐t② ♠❛♣✮✳ ❲❡
❞❡❞✉❝❡ t❤❛t t❤❡ ♠❡❛s✉r❡ X(t, ·)#µ ❤❛s ❛ ❞❡♥s✐t② ♦♥ Ω ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜②

ft(x) = f(X(−t, x)) detDX(−t, x)

❲❡ ❝♦♠♣✉t❡ t❤❡ t✐♠❡✲❞❡r✐✈❛t✐✈❡ ♦❢ t❤✐s ❞❡♥s✐t②✿

❞
❞t
ft(x) = ∇f(X(−t, x)) · (−∂tX(t, x)) + f(X(−t, x)) tr(ComDX(−t, x)×−∂tDX(−t, x))

✇❤❡r❡ ComDX ❞❡♥♦t❡s t❤❡ ♠❛tr✐① ♦❢ ❝♦❢❛❝t♦rs ♦❢ DX✱ ❛♥❞ ∂tDX(t, x) = Dv(X(t, x)) × DX(t, x)✱ s♦
t❤❛t

tr(ComDX(−t, x)×−∂tDX(−t, x)) = − detDX(−t, x)× tr(Dv(X(−t, x)))
= − detDX(−t, x)× div v(X(−t, x))

❛♥❞
❞
❞t
ft(x) = − detDX(−t, x)× (∇f · v + f div v)(X(−t, x))

= − detDX(−t, x) div(fv)(X(−t, x)) = 0

❚❤❡r❡❢♦r❡ t❤❡ ❞❡♥s✐t② ft ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t ❛♥❞ ✐ts ❡q✉❛❧ t♦ ✐ts ✈❛❧✉❡ ❛t t = 0✱ ✇❤✐❝❤ ✐s f s✐♥❝❡ X(0, ·)
✐s t❤❡ ✐❞❡♥t✐t② ♠❛♣✳ ❚❤✐s ♣r♦✈❡s t❤❛t X(t, ·)#µ = µ ❢♦r ❛♥② t✳

✷✳✷✳✷ ❉❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s

❚❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳ ❲❡ ♠❛❦❡ t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s ♦♥ ∂Ω ❛♥❞ f ✱ ✜①
v ∈ Lip

(
Ω
)
❛♥❞ ❝♦♠♣✉t❡ t❤❡ t✐♠❡✲❞❡r✐✈❛t✐✈❡ ♦❢ J(T ◦X(t, ·)) ✇❤❡r❡ X ✐s ❞❡✜♥❡❞ ❜② ✭✷✳✶✵✮✳ ▲❡t ✉s ✜rst

♥♦t✐❝❡ t❤❛t s✐♥❝❡ T ∈ H1(Ω) ❛♥❞ X(t, ·) ✐s ❜✐✲▲✐♣s❝❤✐t③ ❢♦r ❡❛❝❤ t✱ ❡❛❝❤ ♠❛♣ T ◦ X(t, ·) st✐❧❧ ❜❡❧♦♥❣s t♦
H1(Ω) ❛♥❞ ✐ts ✇❡❛❦ ❞❡r✐✈❛t✐✈❡ ✐s ❣✐✈❡♥ ❜② t❤❡ ✉s✉❛❧ ❢♦r♠✉❧❛s ♦❢ ❞❡r✐✈❛t✐♦♥ ♦❢ ❛ ❝♦♠♣♦s✐t✐♦♥✳ ❉❡♥♦t✐♥❣
❜② Tt t❤✐s ♠❛♣✱ ✇❡ t❤✉s ❤❛✈❡✱ ❢♦r ❡❛❝❤ t✱

DTt = DT ◦X(t, ·)×DxX(t, ·)

❛♥❞ J(Tt) =

∫

Ω

L(x, T (X(t, x)), DT (X(t, x))×DxX(t, x))f(x) ❞x
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❇② ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t X(t, ·) ♣r❡s❡r✈❡s µ ❛♥❞ ❤❛s X(−t, ·) ❢♦r ✐♥✈❡rs❡✱ ✇❡ ❣❡t

J(Tt) =

∫

Ω

L(X(−t, x), T (x), DT (x)×DxX(t,X(−t, x)))f(x) ❞x

✇❤❡r❡ DxX(t, x) ❞❡♥♦t❡s t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ X(t, ·) ❛t x✳ ❚❤❡♥

❞
❞t
J(Tt) =

∫

Ω

∇xL(X(−t, x), T (x), DT (x)× (DxX)(t,X(−t, x))) · ❞
❞t

(X(−t, x))f(x) ❞x

+

∫

Ω

∇pL(X(−t, x), T (x), DT (x)× (DxX)(t,X(−t, x))) ·DT (x)× ❞
❞t

(DxX(t,X(−t, x)))f(x) ❞x
✭✷✳✶✷✮

❲❡ ♥♦✇ ❤❛✈❡ t♦ ❝♦♠♣✉t❡ t❤❡ t✐♠❡✲❞❡r✐✈❛t✐✈❡ ♦❢ DxX(t,X(−t, x))✳ ❲❡ ❤❛✈❡

❞
❞t

(DxX(t,X(−t, x))) = (∂tDxX)(t,X(−t, x)) +
d∑

i=1

(∂iDxX)(t,X(−t, x)) ❞
❞t

(X(−t, x))

✇✐t❤✱ ❢♦r y ∈ Ω✱

∂tDxX(t, y) = D(∂tX(t, ·))(y) = D(v ◦X(t, ·)))(y) = Dv(X(t, y))×DxX(t, y)

✇❤✐❝❤✱ ❜② t❛❦✐♥❣ ❛❝❝♦✉♥t ♦❢ X(0, x) = x✱ ❧❡❛❞s t♦

❞
❞t

(DxX(t,X(−t, x)))
∣∣∣∣
t=0

= Dv(x)×DxX(0, x)−
d∑

i=1

∂iDxX(0, x)vi(x)

❇✉t✱ s✐♥❝❡ X(0, x) = x ❢♦r ❡❛❝❤ x ∈ Ω✱ ✐t ❢♦❧❧♦✇s

DxX(0, x) = Id ❛♥❞ ∂iDxX(0, x) = 0

s♦ t❤❛t
❞
❞t

(DxX(t,X(−t, x)))
∣∣∣∣
t=0

= Dv(x)

❲❡ r❡✐♥s❡rt ✐t ✐♥t♦ ✭✷✳✶✷✮✿

❞
❞t
J(Tt)

∣∣∣∣
t=0

=

∫

Ω

(−∇xL(x, T (x), DT (x)) · v(x) +∇pL(x, T (x), DT (x)) · (DT (x)×Dv(x))) f(x) ❞x

❛♥❞ t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ T ✐♠♣❧✐❡s t❤❛t t❤✐s t✐♠❡✲❞❡r✐✈❛t✐✈❡ ✐s ♥✉❧❧✳ ❚❤✐s ❝♦♠♣✉t❛t✐♦♥ ❤♦❧❞s ❢♦r ❛♥② ▲✐♣s❝❤✐t③
✈❡❝t♦r ✜❡❧❞ v ♦♥ Ω s✉❝❤ t❤❛t div(fv) = 0 ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ v · n = 0 ♦♥ ∂Ω✳ ❚♦ s✉♠♠❛r✐③❡✿

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✷✳ ❯♥❞❡r t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s ♦♥ f ✱ ν ❛♥❞ Ω✱ ❧❡t T ❜❡ ❛♥ ♦♣t✐♠❛❧ ♠❛♣ ❢♦r t❤❡ ♣r♦❜❧❡♠

inf

{∫

Ω

L(x, T (x), DT (x))f(x) ❞x : T ∈ H1(Ω), T#µ = ν

}

▲❡t v ∈ Lip
(
Ω
)
s✉❝❤ t❤❛t {

div(fv) = 0 ✐♥ Ω
v · n = 0 ♦♥ ∂Ω

❚❤❡♥
∫

Ω

(−∇xL(x, T (x), DT (x)) · v(x) +∇pL(x, T (x), DT (x)) · (DT (x)×Dv(x))) f(x) ❞x = 0 ✭✷✳✶✸✮
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❆♥ ❡①♣❧✐❝✐t P❉❊ ✐♥ t❤❡ q✉❛❞r❛t✐❝ ❝❛s❡✳ ❲❡ ✇✐❧❧ ♥♦✇ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡

J(T ) =

∫

Ω

|T (x)− x|2f(x) ❞x+

∫

Ω

|DT (x)|2 ❞x

❝♦rr❡s♣♦♥❞✐♥❣ t♦ L(x, u, p) = |u− x|2 + |p|2/f(x)✳ ❲❡ ❝♦♠♣✉t❡

∇xL(x, u, p) = 2(x− u)− |p|2
f(x)2

∇f(x) ❛♥❞ ∇pL(x, u, p) =
2p

f(x)

❚❤❡ ❡q✉❛t✐♦♥ ✭✷✳✶✸✮ ❜❡❝♦♠❡s
∫

Ω

(
2(T (x)− x) +

|DT (x)|2
f(x)2

∇f(x)
)
· v(x)f(x) ❞x+ 2

∫

Ω

DT (x) · (DT (x)×Dv(x)) ❞x = 0 ✭✷✳✶✹✮

❢♦r ❛♥② v ∈ Lip
(
Ω
)
s✉❝❤ t❤❛t fv ✐s ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❛♥❞ v · n = 0 ♦♥ ∂Ω✳

❖✉r ❣♦❛❧ ✐s ♥♦✇ t♦ ✇r✐t❡ ❛♥ ❡①♣❧✐❝✐t P❉❊ ❤❛✈✐♥❣ ✭✷✳✶✹✮ ❛s ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥✳ ❲❡ ✜rst ❛ss✉♠❡ t❤❛t v
✐s ♠♦r❡♦✈❡r ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ♦♥ Ω ❛♥❞ t❤❛t T ∈ H2(Ω)✱ s♦ t❤❛t ✇❡ ❝❛♥ ✐♥t❡❣r❛t❡ ❜② ♣❛rts t❤❡ s❡❝♦♥❞
t❡r♠ ♦❢ ✭✷✳✶✹✮✿

∫

Ω

DT (x) · (DT (x)×Dv(x)) ❞x =

∫

Ω

∑

1≤i,j,k≤d
∂jTi∂kTi∂jvk

= − ∑
1≤i,j,k≤d

∫

Ω

(∂2j,jTi∂kTi + ∂jTi∂
2
j,kTi)vk

✭✷✳✶✺✮

✇✐t❤
∑

1≤i,j,k≤d
∂2j,jTi∂kTivk = ∆T · (DT × v) = (tDT ×∆T ) · v ✭✷✳✶✻✮

❛♥❞
∑

1≤i,j,k≤d
∂jTi∂

2
j,kTivk = ∇

(
1

2
|DT |2

)
· v ✭✷✳✶✼✮

❇② ✐♥s❡rt✐♥❣ ✭✷✳✶✻✮ ❛♥❞ ✭✷✳✶✼✮ ✐♥t♦ ✭✷✳✶✹✮✱ ✇❡ ♦❜t❛✐♥
∫

Ω

(
2(T (x)− x) +

|DT (x)|2
f(x)2

∇f(x)− 2

f(x)
tDT (x)×∆T (x)− 1

f(x)
∇(|DT |2)(x)

)
· (fv)(x) ❞x = 0

❇✉t
|DT |2
f2

∇f − 1

f
∇(|DT |2) = ∇

( |DT |2
f

)

✇❤✐❝❤✱ ✐♥t❡❣r❛t❡❞ ❛❣❛✐♥st fv✱ ❣✐✈❡s 0 s✐♥❝❡ fv ✐s ❞✐✈❡r❣❡♥❝❡✲❢r❡❡✳ ❙✐♠✐❧❛r❧②✱
∫
Ω
x · f(x)v(x) ❞x = 0✳ ❚❤❡

♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥ ❜❡❝♦♠❡s
∫

Ω

(
T (x)− 2

f(x)
tDT (x)×∆T (x)

)
· f(x)v(x) ❞x = 0 ✭✷✳✶✽✮

❢♦r ❛♥② ✈❡❝t♦r ✜❡❧❞ v ∈ Lip
(
Ω
)
❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ✐♥ Ω ❛♥❞ s✉❝❤ t❤❛t div(fv) = 0❀ ✐♥ ♦t❤❡r ✇♦r❞s✱

curl

(
T (x)− 2

f(x)
tDT (x)×∆T (x)

)
= 0

✇❤❡r❡ t❤❡ ♦♣❡r❛t♦r curl ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ ✇❡❛❦ s❡♥s❡✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦

T (x)− 2

f(x)
tDT (x)×∆T (x) = ∇ψ ✭✷✳✶✾✮
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❢♦r s♦♠❡ ❞✐str✐❜✉t✐♦♥ ψ ∈ D′(Ω)✳
▲❡t ✉s ♥♦✇ ✇r✐t❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛ss♦❝✐❛t❡❞ t♦ ✭✷✳✶✾✮ ❢♦r ❛♥ ♦♣t✐♠✐③❡r T ♦❢ J ✇❤✐❝❤ ❛❧s♦

❜❡❧♦♥❣s t♦ H2(Ω)✳ ■❢ v ✐s ♥♦t ❛♥②♠♦r❡ s✉♣♣♦s❡❞ t♦ ❜❡ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ✐♥t♦ Ω✱ t❤❡ ✐♥t❡❣r❛t✐♦♥ ❜②
♣❛rts ❢♦r♠✉❧❛ ✭✷✳✶✺✮ ✐♥✈♦❧✈❡s ❛ ❜♦✉♥❞❛r② t❡r♠✿
∫

Ω

DT (x) · (DT (x)×Dv(x)) ❞x

= −
∫

Ω

(
tDT ×∆T +∇

(
1

2
|DT |2

))
· v +

∑

1≤i,j,k≤d

∫

∂Ω

∂jTi∂kTivknj

✇✐t❤
∑

1≤i,j,k≤d
∂jTi∂kTivknj = (tDT ×DT × v) · n

❲❡ ♠❛❦❡ t❤❡ s❛♠❡ ❝♦♠♣✉t❛t✐♦♥s t❤❛♥ ❛❜♦✈❡ ✇✐t❤ t❤✐s ❜♦✉♥❞❛r② t❡r♠✳ ❚❤❡ ❡q✉❛t✐♦♥ ✭✷✳✶✽✮ ✐s ♥♦✇
∫

Ω

(
T (x)− 2

f(x)
tDT (x)×∆T (x)

)
· f(x)v(x) +

∫

∂Ω

(tDT (x)×DT (x)× v(x)) · n(x) ❞S(x) = 0 ✭✷✳✷✵✮

❢♦r ❛♥② ▲✐♣s❝❤✐t③ ✈❡❝t♦r ✜❡❧❞ v ♦♥ Ω s❛t✐s❢②✐♥❣
{

div(fv) = 0 ✐♥ Ω
v · n = 0 ♦♥ ∂Ω

❇② t❛❦✐♥❣ ❛❝❝♦✉♥t ♦❢ ✭✷✳✶✾✮✱ t❤❡ ✜rst t❡r♠ ✐s ❡q✉❛❧ t♦
∫

Ω

∇ψ(x) · v(x)f(x) ❞x = −
∫

Ω

ψ(x) div(fv)(x) ❞x+

∫

∂Ω

ψ(x)f(x)v(x) · n(x) ❞S(x)

❛♥❞ t❤❡ t✇♦ t❡r♠s ❛r❡ ♥✉❧❧ t❤❛♥❦s t♦ t❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ v✳ ❲❡ ♦❜t❛✐♥
∫

∂Ω

(tDT (x)×DT (x)× v(x)) · n(x) ❞S(x) = 0 ✭✷✳✷✶✮

❚❤✐s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❤♦❧❞s ❢♦r ❛♥② v ∈ Lip
(
Ω
)
s✉❝❤ t❤❛t fv ✐s ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❛♥❞ v · n = 0 ♦♥ ∂Ω✳

❲❡ ❝♦♥❝❧✉❞❡ t❤❛♥❦s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣✿

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✸✳ ❆ss✉♠❡ t❤❛t ∂Ω ✐s C3,α ❢♦r s♦♠❡ α > 0✳ ▲❡t v ❜❡ ❛ ✈❡❝t♦r ✜❡❧❞ ∂Ω → Rd s✉❝❤ t❤❛t
v ∈ C1,α(∂Ω) ❛♥❞ v · n = 0 ♦♥ ∂Ω✳ ❚❤❡♥ v ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ✐♥t♦ ❛ C1,α ✈❡❝t♦r ✜❡❧❞ Ω → Rd s✉❝❤ t❤❛t
div v = 0 ✐♥ Ω✳

Pr♦♦❢✳ ❲❡ ❜❡❣✐♥ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛♥ ❡①t❡♥s✐♦♥ ṽ ♦❢ v ✐♥t♦ t❤❡ ✇❤♦❧❡ Ω ❜❡❧♦♥❣✐♥❣ t♦ C1,α
(
Ω
)
✳ ▲❡t ✉s ❞❡♥♦t❡

❜② g = div ṽ ❛♥❞ ❞❡✜♥❡ w ♦♥❡ t❤❡ s♦❧✉t✐♦♥ ♦❢
{

divw = g ✐♥ Ω
w = 0 ♦♥ ∂Ω

❜❡❧♦♥❣✐♥❣ t♦ C1,α
(
Ω
)
✭s❡❡ ❬✸✵❪✱ ❚❤❡♦r❡♠ ✷✮✳ ❚❤❡ ❢✉♥❝t✐♦♥ u = ṽ − w ✐s t❤❡♥ ❝♦♥✈❡♥✐❡♥t✳

❲❡ ❤❡♥❝❡❢♦rt❤ ❛ss✉♠❡ t❤❛t ∂Ω ✐s C3,α ❛♥❞ f ∈ C1,α
(
Ω
)
✳ ❚❤❡ Pr♦♣✳ ✷✳✷✳✸ ❛♥❞ t❤❡ ❡q✉❛t✐♦♥ ✭✷✳✷✶✮

❧❡❛❞ t♦ ∫

∂Ω

(tDT (x)×DT (x)× n(x)) · (w(x)n(x)) ❞S(x) = 0

❢♦r ❛♥② s❝❛❧❛r ❢✉♥❝t✐♦♥ w ∈ C1,α(∂Ω)✳ ❲❡ ❞❡❞✉❝❡ t❤❛t tDT (x) × DT (x) × n(x) ✐s ♣❛r❛❧❧❡❧ t♦ n(x) ♦♥
❛✳❡✳ ♣♦✐♥t x ♦❢ ∂Ω✳ ■❢ λ(x) ✐s t❤✉s ❞❡✜♥❡❞ ❜② tDT (x)×DT (x)× n(x) = λ(x)n(x)✱ ✐t ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧②
λ(x) = |DT (x)× n(x)|2✳ ❚❤✐s ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣✿
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❚❤❡♦r❡♠ ✷✳✷✳✶✳ ❆ss✉♠❡ Ω t♦ ❜❡ ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s✉❜s❡t ♦❢ Rd ✇✐t❤ C1 ❜♦✉♥❞❛r②✳ ▲❡t f ❜❡ ❛ ♣♦s✐t✐✈❡
▲✐♣s❝❤✐t③ ❞❡♥s✐t② ♦♥ Ω✱ ❛♥❞ µ = f · Ld✳ ▲❡t ν ❜❡ ❛ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ♦♥ Rd ✇✐t❤ ν(Rd) =

∫
Ω
f ❛♥❞ s✉❝❤

t❤❛t t❤❡ s❡t
{U ∈ H1(Ω) : U#µ = ν}

✐s ♥♦♥✲❡♠♣t②✳ ▲❡t T ❜❡ ❛ ♠✐♥✐♠✐③❡r ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧

J : U 7→
∫

Ω

|U(x)− x|2f(x) ❞x+

∫

Ω

|DU(x)|2 ❞x

❛♠♦♥❣ ❛❧❧ t❤❡ tr❛♥s♣♦rt ♠❛♣s ❢r♦♠ µ t♦ ν ❜❡❧♦♥❣✐♥❣ t♦ H1(Ω)✳ ❚❤❡♥✿

• ❋♦r ❛♥② ▲✐♣s❝❤✐t③ ✈❡❝t♦r ✜❡❧❞ v ♦♥ Ω s✉❝❤ t❤❛t

{
div(fv) = 0 ✐♥ Ω
v · n = 0 ♦♥ ∂Ω

✇❡ ❤❛✈❡
∫

Ω

(
2(T (x)− x) +

|DT (x)|2
f(x)2

∇f(x)
)
· v(x)f(x) ❞x+ 2

∫

Ω

DT (x) · (DT (x)×Dv(x)) ❞x = 0

• ■❢ ♠♦r❡♦✈❡r T ∈ H2(Ω)✱ ∂Ω ✐s C3,α ❛♥❞ f ∈ C1,α
(
Ω
)
✱ t❤❡♥ T s❛t✐s✜❡s t❤❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧

❡q✉❛t✐♦♥ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥





T (x)− 2

f(x)
tDT (x)×∆T (x) = ∇ψ(x), x ∈ Ω

tDT (x)×DT (x)× n(x) = |DT (x)× n(x)|2n(x), x ∈ ∂Ω

❢♦r s♦♠❡ s❝❛❧❛r ❞✐str✐❜✉t✐♦♥ ψ✳

❚❤✐s ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐s ♥♦♥❧✐♥❡❛r ❛♥❞ s❡❡♠s ❝♦♠♣❧✐❝❛t❡❞ t♦ st✉❞②✳ ❍♦✇❡✈❡r✱ ♦♥❡ ♦❢ ✐ts
✐♥t❡r❡sts ✐s t❤❛t ✇❡ ❛r❡ ❛❜❧❡ t♦ ✜♥❞ ✐t t❤r♦✉❣❤ ♦t❤❡r ✇❛②s ✇❤✐❝❤ ❛r❡ ❝❧♦s❡ t♦ t❤❡ ❞✉❛❧ ❑❛♥t♦r♦✈✐❝❤✬s
❛♣♣r♦❛❝❤❡s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ♦♣t✐♠❛❧ tr❛♥s♣♦rt ♣r♦❜❧❡♠ ✭s❡❡ ❈❤❛♣t❡r ✹✮✳
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❈❤❛♣t❡r ✸

❚❤❡ ▼♦♥❣❡ ♣r♦❜❧❡♠ ✇✐t❤ ✈❛♥✐s❤✐♥❣

❣r❛❞✐❡♥t ♣❡♥❛❧✐③❛t✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✿ ❣✐✈❡♥ µ✱ ν t✇♦ ✲ s♠♦♦t❤ ❡♥♦✉❣❤ ✲
♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t✐❡s ♦♥ Rd ✇✐t❤ µ s✉♣♣♦rt❡❞ ✐♥ ❛ ❞♦♠❛✐♥ Ω✱ ✇❡ st✉❞②

inf {Jε(T ) : T#µ = ν} ✇❤❡r❡ Jε(T ) =

∫

Ω

|T (x)− x| ❞µ(x) + ε

∫

Ω

|DT |2dx

✇❤❡r❡ ε ✐s ❛ ✈❛♥✐s❤✐♥❣ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡r✳ ❖✉r ❣♦❛❧ ✐s t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ Jε ✐♥
t❤❡ s❡♥s❡ ♦❢ Γ✲❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ♦❢ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❧✐♠✐ts ♦❢ t❤❡ ♠✐♥✐♠✐③❡rs Tε✳

▼✉❧t✐♣❧②✐♥❣ t❤❡ ❣r❛❞✐❡♥t ♣❡♥❛❧✐③❛t✐♦♥ ✇✐t❤ ❛ ✈❛♥✐s❤✐♥❣ ♣❛r❛♠❡t❡r ε ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ♣❛rt✐❝✉❧❛r
str✉❝t✉r❡ ♦❢ t❤❡ ▼♦♥❣❡ ♣r♦❜❧❡♠ ✭s❡❡ ❜❡❧♦✇ t❤❡ ♣❛r❛❣r❛♣❤ ✸✳✶ ❛♥❞ t❤❡ ❆♣♣❡♥❞✐① ❇✳✸✮✳ ■t ✐s ❦♥♦✇♥ t❤❛t t❤❡
♠✐♥✐♠✐③❡rs ♦❢ J0 ✭t❤❛t ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② J ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✮ ❛r❡ ♥♦t ✉♥✐q✉❡ ❛♥❞ ❛r❡ ❡①❛❝t❧② t❤❡ tr❛♥s♣♦rt
♠❛♣s ❢r♦♠ µ t♦ ν ✇❤✐❝❤ ❛❧s♦ s❡♥❞ ❛❧♠♦st ❛♥② s♦✉r❝❡ ♣♦✐♥t x t♦ ❛ ♣♦✐♥t T (x) ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s❛♠❡
tr❛♥s♣♦rt r❛② ❛s x ✭s❡❡ ❜❡❧♦✇ t❤❡ ♣r❡❝✐s❡ ❞❡✜♥✐t✐♦♥✮✳ ❆♠♦♥❣ t❤❡s❡ tr❛♥s♣♦rt ♠❛♣s✱ s❡❧❡❝t✐♦♥ r❡s✉❧ts ❛r❡
♣❛rt✐❝✉❧❛r❧② ✉s❡❢✉❧✱ ❛♥❞ ❛♣♣r♦①✐♠❛t✐♥❣ ✇✐t❤ str✐❝t❧② ❝♦♥✈❡① tr❛♥s♣♦rt ❝♦sts cε(x, y) = |x− y|+ ε|x− y|2
❜r✐♥❣s t♦ t❤❡ ♠♦♥♦t♦♥❡ tr❛♥s♣♦rt ✭✐✳❡✳ t❤❡ ✉♥✐q✉❡ tr❛♥s♣♦rt ♠❛♣ ✇❤✐❝❤ ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛❧♦♥❣ ❡❛❝❤
tr❛♥s♣♦rt r❛②✮✳ ❙♦♠❡ r❡❣✉❧❛r✐t② ♣r♦♣❡rt✐❡s ❛r❡ ❦♥♦✇♥ ❛❜♦✉t ✐t ✭❝♦♥t✐♥✉✐t② ✐♥ t❤❡ ❝❛s❡ ♦❢ r❡❣✉❧❛r ♠❡❛s✉r❡s
✇✐t❤ ❞✐s❥♦✐♥t ❛♥❞ ❝♦♥✈❡① s✉♣♣♦rts ✐♥ t❤❡ ♣❧❛♥❡ ❬✹✷❪✱ ✉♥✐❢♦r♠ ❡st✐♠❛t❡s ♦♥ ❛♥ ❛♣♣r♦①✐♠❛t✐♥❣ s❡q✉❡♥❝❡
✉♥❞❡r ♠♦r❡ ❣❡♥❡r❛❧ ❛ss✉♠♣t✐♦♥s ❬✺✼❪✮✳ ❚❤❡ q✉❡st✐♦♥ ✐s t♦ ❦♥♦✇ ✇❤✐❝❤ ♦❢ t❤❡s❡ tr❛♥s♣♦rt ♠❛♣ ✐s s❡❧❡❝t❡❞
❜② t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ t❤r♦✉❣❤ t❤❡ ❣r❛❞✐❡♥t ♣❡♥❛❧✐③❛t✐♦♥ t❤❛t ✇❡ ♣r♦♣♦s❡ ❤❡r❡✳ ❚❤✐s ✐s ❛ ♥❛t✉r❛❧ q✉❡st✐♦♥✱
❛♥❞✱ ❞✉❡ t♦ ✐ts ❤✐❣❤❡r r❡❣✉❧❛r✐t② t❤❛♥ ♦t❤❡r ♠❛♣s✱ ♦♥❡ ❝♦✉❧❞ ✇♦♥❞❡r ✐❢ ✐t ✐s ❛❣❛✐♥ t❤❡ ♠♦♥♦t♦♥❡ ♠❛♣ ✐♥
t❤✐s ❝❛s❡✳

❯♣ t♦ ✈❡r② ✇❡❛❦ ♠♦❞✐✜❝❛t✐♦♥s✱ t❤✐s ❝❤❛♣t❡r ❝❛♥ ❢✉❧❧② ❜❡ ❢♦✉♥❞ ❛s ❛ ♣❛♣❡r ✐♥ ❬✸✸❪✳

✸✳✶ ▼♦t✐✈❛t✐♦♥s ❛♥❞ ❦♥♦✇♥ ❢❛❝ts ❛❜♦✉t t❤❡ ▼♦♥❣❡ ♣r♦❜❧❡♠

■♥ t❤✐s ♣❛r❛❣r❛♣❤✱ ✇❡ r❡❝❛❧❧ s♦♠❡ ❦♥♦✇♥ ❢❛❝ts ❛♥❞ ✉s❡❢✉❧ t♦♦❧s ❛❜♦✉t t❤❡ ♦♣t✐♠❛❧ tr❛♥s♣♦rt❛t✐♦♥ ♣r♦❜❧❡♠
✇✐t❤ t❤❡ ▼♦♥❣❡ ❝♦st c(x, y) = |x − y|✱ ✇❤❡r❡ | · | ✐s t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠ ♦♥ Rd✳ ❲❡ ♦♥❧② st❛t❡ ❤❡r❡ t❤❡
t♦♦❧s t❤❛t ✇❡ ✇✐❧❧ ✉s❡ ✐♥ t❤❛t ❢♦❧❧♦✇s❀ ♠♦r❡ ❞❡t❛✐❧s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ❇✳✸✳

▲❡t Ω✱ Ω′ ❜❡ t✇♦ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ♦♥ Rd✱ µ ∈ P(Ω)✱ ν ∈ P(Ω′) ❛♥❞ ❛ss✉♠❡ t❤❛t µ ✐s ❛❜s♦❧✉t❡❧②
❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡❀ ✇❡ t❤❡♥ ❞❡♥♦t❡ ❜② f ✐ts ❞❡♥s✐t②✳ ❚❤❡♥ ✇❡ s❡t

W1(µ, ν) = inf

{∫

Ω

|T (x)− x| ❞µ(x) : T : Ω → Rd, T#µ = ν

}

✻✼
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t❤❡ ♠✐♥✐♠❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ▼♦♥❣❡ tr❛♥s♣♦rt ❝♦st ❢r♦♠ µ t♦ ν✱ ❛♥❞

O1(µ, ν) =

{
T : Ω → Rd : T#µ = ν ❛♥❞

∫

Ω

|T (x)− x| ❞µ(x) =W1(µ, ν)

}

t❤❡ s❡t ♦❢ ♦♣t✐♠❛❧ tr❛♥s♣♦rt ♠❛♣s ❢♦r t❤❡ ▼♦♥❣❡ ❝♦st ✭✐❢ t❤❡r❡ ✐s ♥♦ ❛♠❜✐❣✉✐t②✱ ✇❡ ✇✐❧❧ ✉s❡ s✐♠♣❧② t❤❡
♥♦t❛t✐♦♥s W1 ❛♥❞ O1✮✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❛❜♦✈❡ ▼♦♥❣❡ ♣r♦❜❧❡♠ ✐s ❛ ♣❛rt✐❝✉❧❛r ✐ss✉❡ ♦❢ ✐ts ❑❛♥t♦r♦✈✐❝❤
❢♦r♠✉❧❛t✐♦♥✱ ✐✳❡✳

min

{∫

Ω×Ω′

|y − x| ❞γ(x, y) : γ ∈ P(Ω× Ω′) : (πx)#γ = µ, (πy)#γ = ν

}
,

❛♥❞ t❤❡ ♠✐♥✐♠❛❧ ✈❛❧✉❡ ♦❢ t❤✐s ♣r♦❜❧❡♠ ❝♦✐♥❝✐❞❡s ✇✐t❤ W1(µ, ν) ❛s ✇❡❧❧✳

❚❤❡♦r❡♠ ✸✳✶✳✶ ✭❉✉❛❧✐t② ❢♦r♠✉❧❛ ❢♦r t❤❡ ▼♦♥❣❡ ♣r♦❜❧❡♠✮✳ ❲❡ ❤❛✈❡ t❤❡ ❡q✉❛❧✐t②

W1(µ, ν) = sup

{∫

Ω′

u(y) ❞ν(y)−
∫

Ω

u(x) ❞µ(x) : u ∈ Lip1(R
d)

}

✇❤❡r❡ Lip1(R
d) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ 1✲▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s Rd → R✳ ❙✉❝❤ ♦♣t✐♠❛❧ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s

❛r❡ ❝❛❧❧❡❞ ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛❧s✳ ▼♦r❡♦✈❡r✱ t❤❡ ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛❧ ✐s ✉♥✐q✉❡ ♣r♦✈✐❞❡❞ t❤❛t Ω ✐s ❛
❝♦♥♥❡❝t❡❞ s❡t ❛♥❞ t❤❛t t❤❡ s❡t {f > 0} \ Ω′ ✐s ❛ ❞❡♥s❡ s✉❜s❡t ♦❢ Ω✳

❆s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❞✉❛❧✐t② ❢♦r♠✉❧❛✱ ✐❢ T : Ω → Rd s❡♥❞s µ t♦ ν ❛♥❞ u ∈ Lip1(R
d)✱ ✇❡ ❤❛✈❡

t❤❡ ❡q✉✐✈❛❧❡♥❝❡✿
{
T ∈ O1(µ, ν)
u ✐s ❛ ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛❧

⇐⇒ ❢♦r µ✲❛✳❡✳ x ∈ Ω, u(T (x))− u(x) = |T (x)− x|

❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝r✉❝✐❛❧ ♥♦t✐♦♥ ♦❢ tr❛♥s♣♦rt r❛②✿

❉❡✜♥✐t✐♦♥ ✸✳✶✳✶ ✭❚r❛♥s♣♦rt r❛②s✮✳ ▲❡t u ❜❡ ❛ ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛❧ ❛♥❞ x ∈ Ω✱ y ∈ Ω′✳ ❚❤❡♥✿

• t❤❡ ♦♣❡♥ ♦r✐❡♥t❡❞ s❡❣♠❡♥t (x, y) ✐s ❝❛❧❧❡❞ tr❛♥s♣♦rt r❛② ✐❢ u(y)− u(x) = |y − x|❀

• t❤❡ ❝❧♦s❡❞ ♦r✐❡♥t❡❞ s❡❣♠❡♥t [x, y] ✐s ❝❛❧❧❡❞ ♠❛①✐♠❛❧ tr❛♥s♣♦rt r❛② ✐❢ ❛♥② ♣♦✐♥t ♦❢ (x, y) ✐s ❝♦♥t❛✐♥❡❞
✐♥t♦ ❛t ❧❡❛st ♦♥❡ tr❛♥s♣♦rt r❛② ✇✐t❤ s❛♠❡ ♦r✐❡♥t❛t✐♦♥ ❛s [x, y]✱ ❛♥❞ ✐❢ [x, y] ✐s ♥♦t str✐❝t❧② ✐♥❝❧✉❞❡❞
✐♥t♦ ❛♥② s❡❣♠❡♥t ✇✐t❤ t❤❡ s❛♠❡ ♣r♦♣❡rt②✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶ ✭●❡♦♠❡tr✐❝ ♣r♦♣❡rt✐❡s ♦❢ tr❛♥s♣♦rt r❛②s✮✳ ❚❤❡ s❡t ♦❢ ♠❛①✐♠❛❧ tr❛♥s♣♦rt r❛②s ❞♦❡s ♥♦t
❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛❧ u ❛♥❞ ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ s♦✉r❝❡ ❛♥❞ t❛r❣❡t ♠❡❛s✉r❡s µ
❛♥❞ ν✳ ▼♦r❡♦✈❡r✿

• ❛♥② ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t ♦❢ t✇♦ ❞✐✛❡r❡♥t ♠❛①✐♠❛❧ tr❛♥s♣♦rt r❛②s ✐s ❛♥ ❡♥❞♣♦✐♥t ♦❢ t❤❡s❡ ❜♦t❤ ♠❛①✐♠❛❧
tr❛♥s♣♦rt r❛②s❀

• t❤❡ s❡t ♦❢ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ ❛❧❧ t❤❡ ♠❛①✐♠❛❧ tr❛♥s♣♦rt r❛②s ✐s ▲❡❜❡s❣✉❡✲♥❡❣❧✐❣✐❜❧❡✳

❚❤❡s❡ ♥♦t✐♦♥s ❛❧❧♦✇ t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♦♣t✐♠❛❧ tr❛♥s♣♦rts✿

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✷ ✭❊①✐st❡♥❝❡ ❛♥❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ♦♣t✐♠❛❧ tr❛♥s♣♦rt ♠❛♣s✮✳ ❚❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡
▼♦♥❣❡ ♣r♦❜❧❡♠ ❡①✐st ❛♥❞ ❛r❡ ♥♦t ✉♥✐q✉❡❀ ♣r❡❝✐s❡❧②✱ ❛ ♠❛♣ T s❡♥❞✐♥❣ µ t♦ ν ✐s ♦♣t✐♠❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

• ❢♦r ❛✳❡✳ x ∈ Ω✱ T (x) ❜❡❧♦♥❣s t♦ t❤❡ s❛♠❡ ♠❛①✐♠❛❧ tr❛♥s♣♦rt r❛② ❛s x❀

• t❤❡ ♦r✐❡♥t❡❞ s❡❣♠❡♥t [x, T (x)] ❤❛s t❤❡ s❛♠❡ ♦r✐❡♥t❛t✐♦♥ ❛s t❤✐s tr❛♥s♣♦rt r❛②✳



✸✳✷✳ ●❊◆❊❘❆▲■❚■❊❙ ❆◆❉ ❉❊◆❙■❚❨ ❖❋ ❙❖❇❖▲❊❱ ❚❘❆◆❙P❖❘❚ ▼❆P❙ ✻✾

❚❤❡s❡ ♥♦t✐♦♥s ❛❧❧♦✇ t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♦♣t✐♠❛❧ tr❛♥s♣♦rts✿

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✸ ✭❊①✐st❡♥❝❡ ❛♥❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ♦♣t✐♠❛❧ tr❛♥s♣♦rt ♠❛♣s✮✳ ❚❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡
▼♦♥❣❡ ♣r♦❜❧❡♠ ❡①✐st ❛♥❞ ❛r❡ ♥♦t ✉♥✐q✉❡❀ ♣r❡❝✐s❡❧②✱ ❛ ♠❛♣ T s❡♥❞✐♥❣ µ t♦ ν ✐s ♦♣t✐♠❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

• ❢♦r ❛✳❡✳ x ∈ Ω✱ T (x) ❜❡❧♦♥❣s t♦ t❤❡ s❛♠❡ ♠❛①✐♠❛❧ tr❛♥s♣♦rt r❛② ❛s x❀

• t❤❡ ♦r✐❡♥t❡❞ s❡❣♠❡♥t [x, T (x)] ❤❛s t❤❡ s❛♠❡ ♦r✐❡♥t❛t✐♦♥ ❛s t❤✐s tr❛♥s♣♦rt r❛②✳

❲❡ ✜♥✐s❤ ❜② r❡❝❛❧❧✐♥❣ t❤❛t✱ ❛♠♦♥❣ ❛❧❧ ♠❛♣s ✐♥ O1(µ, ν)✱ t❤❡r❡ ✐s ❛ s♣❡❝✐❛❧ ♦♥❡ ✇❤✐❝❤ ❤❛s r❡❝❡✐✈❡❞
♠✉❝❤ ❛tt❡♥t✐♦♥ s♦ ❢❛r✱ ❛♥❞ ❜② q✉✐❝❦❧② r❡✈✐❡✇✐♥❣ ✐ts ♣r♦♣❡rt✐❡s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✹ ✭❚❤❡ ♠♦♥♦t♦♥❡ ♠❛♣ ❛♥❞ ❛ s❡❝♦♥❞❛r② ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠✮✳ ■❢ µ ✐s ❛❜s♦❧✉t❡❧② ❝♦♥✲
t✐♥✉♦✉s✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ tr❛♥s♣♦rt ♠❛♣ T ❢r♦♠ µ t♦ ν s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ ♠❛①✐♠❛❧ tr❛♥s♣♦rt r❛② S✱
T ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢r♦♠ t❤❡ s❡❣♠❡♥t S ∩ Ω t♦ t❤❡ s❡❣♠❡♥t S ∩ Ω′ ✭♠❡❛♥✐♥❣ t❤❛t ✐❢ x, x′ ∈ Ω ❜❡❧♦♥❣ t♦
t❤❡ s❛♠❡ tr❛♥s♣♦rt r❛②✱ t❤❡♥ [x, x′] ❛♥❞ [T (x), T (x′)] ❤❛✈❡ t❤❡ s❛♠❡ ♦r✐❡♥t❛t✐♦♥✮✳▼♦r❡♦✈❡r✱ T s♦❧✈❡s t❤❡
♣r♦❜❧❡♠

inf

{∫

Ω

|T (x)− x|2 ❞µ(x) : T ∈ O1(µ, ν)

}
.

◆♦t✐❝❡ t❤❛t t❤✐s s♦❧✉t✐♦♥ ✐s ❛❧r❡❛❞② ♦❜t❛✐♥❡❞ ❛s ❧✐♠✐t ♦❢ ♠✐♥✐♠✐③❡rs ♦❢ ❛ ♣❡rt✉r❜❡❞ ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠✱
♥❛♠❡❧②

inf

{∫

Ω

|T (x)− x| ❞µ(x) + ε

∫

Ω

|T (x)− x|2 ❞µ(x) : T#µ = ν

}

❚❤✐s ✈❡r② ♣❛rt✐❝✉❧❛r tr❛♥s♣♦rt ♠❛♣ ✐s ♣r♦❜❛❜❧② ♦♥❡ ♦❢ t❤❡ ♠♦st ♥❛t✉r❛❧ ✐♥ O1(µ, ν) ❛♥❞ ♦♥❡ ♦❢ t❤❡
♠♦st r❡❣✉❧❛r✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✉♥❞❡r s♦♠❡ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❞❡♥s✐t✐❡s f ✱ g ❛♥❞ t❤❡✐r s✉♣♣♦rts Ω✱ Ω′

✭❝♦♥✈❡① ❛♥❞ ❞✐s❥♦✐♥t s✉♣♣♦rts ✐♥ t❤❡ ♣❧❛♥❡ ❛♥❞ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❜② ❛❜♦✈❡ ❛♥❞ ❜❡❧♦✇ ❞❡♥s✐t✐❡s✮✱
t❤✐s tr❛♥s♣♦rt ❤❛s ❛❧s♦ ❜❡ s❤♦✇♥ t♦ ❜❡ ❝♦♥t✐♥✉♦✉s ❬✹✷❪✱ ❛♥❞✱ ✉♥❞❡r ♠♦r❡ ❣❡♥❡r❛❧ ❛ss✉♠♣t✐♦♥s✱ ❬✺✼❪ ❣✐✈❡s
❛❧s♦ s♦♠❡ r❡❣✉❧❛r✐t② r❡s✉❧ts ❢♦r t❤❡ ♠✐♥✐♠✐③❡r Tε ♦❢ ❛♥ ❛♣♣r♦①✐♠❛t❡❞ ♣r♦❜❧❡♠ ✇❤❡r❡ c ✐s r❡♣❧❛❝❡❞ ✇✐t❤
cε(x, y) =

√
ε2 + |x− y|2 ✭❧♦❝❛❧ ✉♥✐❢♦r♠ ❜♦✉♥❞s ♦♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① Tε✮✳

■♥ ♣❛rt✐❝✉❧❛r✱ ❞✉❡ t♦ ❤✐❣❤❡r r❡❣✉❧❛r✐t② ♦❢ t❤❡ ♠♦♥♦t♦♥❡ ♠❛♣✱ ✇❡ ❝❛♥ ❡①♣❡❝t ❛t ✜rst ❣❧❛♥❝❡ t❤❛t ❛❞❞✐♥❣
❛ ✈❛♥✐s❤✐♥❣ ❉✐r✐❝❤❧❡t ❡♥❡r❣② t♦ t❤❡ ▼♦♥❣❡ ❝♦st ❛❣❛✐♥ ❧❡❛❞s t♦ s❡❧❡❝t t❤✐s ♣❛rt✐❝✉❧❛r ♠❛♣ ❛♠♦♥❣ t❤❡ ♦♣t✐♠❛❧
tr❛♥s♣♦rt ♠❛♣s✳

✸✳✷ ●❡♥❡r❛❧✐t✐❡s ❛♥❞ ❞❡♥s✐t② ♦❢ ❙♦❜♦❧❡✈ tr❛♥s♣♦rt ♠❛♣s

■♥ t❤❛t ❢♦❧❧♦✇s✱ ✇❡ ❝♦♥s✐❞❡r t✇♦ ❜♦✉♥❞❡❞ ❛♥❞ st❛r✲s❤❛♣❡❞ ❞♦♠❛✐♥s Ω✱ Ω′ ✇✐t❤ ▲✐♣s❝❤✐t③ ❜♦✉♥❞❛r✐❡s ❛♥❞
t✇♦ ♠❡❛s✉r❡s µ ∈ P(Ω)✱ ν ∈ P(Ω′) ✇✐t❤ ♣♦s✐t✐✈❡ ❛♥❞ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❞❡♥s✐t✐❡s f ✱ g❀ ✇❡ ❛ss✉♠❡
♠♦r❡♦✈❡r t❤❛t t❤❡ ❝❧❛ss ♦❢ ♠❛♣s T ∈ H1(Ω) s❡♥❞✐♥❣ µ ♦♥t♦ ν ✐s ♥♦♥✲❡♠♣t② ✭t❤✐s ✐s ❣✉❛r❛♥t❡❡❞ ✐❢ ❢♦r
✐♥st❛♥❝❡ f, g ❛r❡ ❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s✱ s❡❡ ❜❡❧♦✇✮✳ ❚❤❡ ❢✉♥❝t✐♦♥❛❧ t❤❛t ✇❡ ✇✐❧❧ st✉❞② ✐s ❞❡✜♥❡❞✱ ❢♦r ε > 0✱
❜②

Jε : T 7→
∫

Ω

|T (x)− x| ❞µ(x) + ε

∫

Ω

|DT (x)|2 ❞x

❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② J t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢✉♥❝t✐♦♥❛❧ ✇❤❡♥ ε = 0 ✭✇❤✐❝❤ ✐s t❤✉s t❤❡ ❝❧❛ss✐❝❛❧ ▼♦♥❣❡✬s tr❛♥s♣♦rt
❡♥❡r❣②✮❀ ♠♦r❡♦✈❡r✱ ✇❡ ❡①t❡♥❞ Jε✱ J t♦ t❤❡ ✇❤♦❧❡ L2(Ω) ❜② s❡tt✐♥❣ Jε(T ) = J(T ) = +∞ ❢♦r ❛ ♠❛♣ T
✇❤✐❝❤ ✐s ♥♦t ❛ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ µ t♦ ν✳ ❲❡ ✇✐❧❧ st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❢❛♠✐❧② ♦❢ ❢✉♥❝t✐♦♥❛❧s (Jε)ε✱
✇❤❡♥ ε ✈❛♥✐s❤❡s✱ ✐♥ t❤❡ s❡♥s❡ ♦❢ Γ✲❝♦♥✈❡r❣❡♥❝❡❀ t❤❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ Γ✲❝♦♥✈❡r❣❡♥❝❡ t❤❛t
✇❡ ✇✐❧❧ ✉s❡ ❛r❡ r❡❝❛❧❧❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ❆✳

❆s ✉s✉❛❧ ✐♥ tr❛♥s♣♦rt t❤❡♦r②✱ ✇❡ ❝♦♥s✐❞❡r ❛s ❛ s❡tt✐♥❣ ❢♦r ♦✉r ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠s t❤❡ s❡t ♦❢ tr❛♥s♣♦rt
♣❧❛♥s γ ✇❤✐❝❤ ❛r❡ ♣r♦❜❛❜✐❧✐t✐❡s ♦♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ Ω × Ω′ ✇✐t❤ ❣✐✈❡♥ ♠❛r❣✐♥❛❧s (πx)#γ = µ ❛♥❞
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(πy)#γ = ν ❛♥❞ ❛❧❧ t❤❡ Γ✲❧✐♠✐ts t❤❛t ✇❡ ❝♦♥s✐❞❡r ✐♥ t❤❛t ❢♦❧❧♦✇s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❡❛❦
❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♣❧❛♥s ❛s ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s✳ ❍♦✇❡✈❡r✱ ❞✉❡ t♦ ♦✉r ❝❤♦✐❝❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧s t❤❛t ✇❡
♠✐♥✐♠✐③❡✱ ♠♦st ♦❢ t❤❡ tr❛♥s♣♦rt ♣❧❛♥ t❤❛t ✇❡ ❝♦♥s✐❞❡r ✇✐❧❧ ❜❡ ❛❝t✉❛❧❧② ✐♥❞✉❝❡❞ ❜② tr❛♥s♣♦rt ♠❛♣s✱ ✐✳❡✳
γT = (✐❞×T )#µ ✇✐t❤ T#µ = ν✳ ❚❤❡s❡ ♠❛♣s ❛r❡ ✈❛❧✉❡❞ ✐♥ Ω′✱ ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞✱ ❛♥❞ ❛r❡ ❤❡♥❝❡ ❜♦✉♥❞❡❞✳
❲❡ ❝♦✉❧❞ ❛❧s♦ ❝♦♥s✐❞❡r ❞✐✛❡r❡♥t ♥♦t✐♦♥s ♦❢ ❝♦♥✈❡r❣❡♥❝❡✱ ✐♥ ♣❛rt✐❝✉❧❛r ❜❛s❡❞ ♦♥ t❤❡ ♣♦✐♥t✇✐s❡ ❝♦♥✈❡r❣❡♥❝❡
♦❢ t❤❡s❡ ♣❧❛♥s✱ ❛♥❞ ✇❡ ✇✐❧❧ ❛❝t✉❛❧❧② ❞♦ ✐t ♦❢t❡♥✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ L2(Ω;Ω′)
✭❜✉t✱ s✐♥❝❡ t❤❡s❡ ❢✉♥❝t✐♦♥s ❛r❡ ❜♦✉♥❞❡❞✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛♥② ♦t❤❡r Lp ❝♦♥✈❡r❣❡♥❝❡ ✇✐t❤ p <∞✮✳ ❆s
t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✭✇❤✐❝❤ ✇✐❧❧ ❜❡ ❛❧s♦ t❡❝❤♥✐❝❛❧❧② ✉s❡❢✉❧ ❧❛t❡r✮ s❤♦✇s✱ t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ✐s ❡q✉✐✈❛❧❡♥t t♦
t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ ♠❡❛s✉r❡s ♦❢ t❤❡ tr❛♥s♣♦rt ♣❧❛♥s✿

▲❡♠♠❛ ✸✳✷✳✶✳ ❆ss✉♠❡ t❤❛t Ω✱ Ω′ ❛r❡ ❝♦♠♣❛❝t ❞♦♠❛✐♥s ❛♥❞ µ ✐s ❛ ✜♥✐t❡ ♥♦♥✲♥❡❣❛t✐✈❡ ♠❡❛s✉r❡ ♦♥ Ω✳
▲❡t (Tn)n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♠❛♣s Ω → Ω′✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♠❛♣ T s✉❝❤ t❤❛t γTn ⇀ γT ✐♥ t❤❡
✇❡❛❦ s❡♥s❡ ♦❢ ♠❡❛s✉r❡s✳ ❚❤❡♥ Tn → T ✐♥ L2

µ(Ω)✳
❈♦♥✈❡rs❡❧②✱ ✐❢ Tn → T ✐♥ L2

µ(Ω)✱ t❤❡♥ ✇❡ ❤❛✈❡ γTn ⇀ γT ✐♥ t❤❡ ✇❡❛❦ s❡♥s❡ ♦❢ ♠❡❛s✉r❡s✳

Pr♦♦❢✳ ■❢ γTn ⇀ γT ❛♥❞ ϕ ∈ Cb(Ω) ✐s ❛ ✈❡❝t♦r✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥✱ ✇❡ ❤❛✈❡

∫

Ω

ϕ(x) · Tn(x) ❞µ(x) =
∫

Ω×Ω′

ϕ(x) · y ❞γTn(x, y) →
∫

Ω×Ω′

ϕ(x) · y ❞γT (x, y) =
∫

Ω

ϕ(x) · T (x) ❞µ(x)

✇❤✐❝❤ ♣r♦✈❡s t❤❛t Tn ⇀ T ✇❡❛❦❧② ✐♥ L2
µ(Ω)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

∫

Ω

|Tn(x)|2 ❞µ(x) =
∫

Ω×Ω′

|y|2 ❞γTn
(x, y) →

∫

Ω×Ω′

|y|2 ❞γT (x, y) =
∫

Ω

|T (x)|2 ❞µ(x)

t❤✉s ||Tn||L2
µ
→ ||T ||L2

µ

❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ Tn → T ✐s ❛❝t✉❛❧❧② str♦♥❣✳
❈♦♥✈❡rs❡❧②✱ ❛ss✉♠❡ t❤❛t Tn → T ✐♥ L2

µ(Ω) ❛♥❞ ❧❡t (nk)k ❜❡ s✉❝❤ t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ Tnk
(x) → T (x)

❤♦❧❞s ❢♦r ❛✳❡✳ x ∈ Ω✱ t❤❡♥ ❢♦r ❛♥② ϕ ∈ Cb(Ω× Ω′) ✇❡ ❤❛✈❡

∫

Ω×Ω′

ϕ(x, y) ❞γTnk
(x, y) =

∫

Ω

ϕ(x, Tnk
(x)) ❞µ(x) →

∫

Ω

ϕ(x, T (x)) ❞µ(x) =
∫

Ω×Ω′

ϕ(x, y) ❞γT (x, y).

❚❤✐s ♣r♦✈❡s γTnk
⇀ γT ✱ ❜✉t✱ t❤❡ ❧✐♠✐t ❜❡✐♥❣ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ s✉❜s❡q✉❡♥❝❡ ✇❡ ❡❛s✐❧② ❣❡t ❢✉❧❧ ❝♦♥✈❡r❣❡♥❝❡

♦❢ t❤❡ ✇❤♦❧❡ s❡q✉❡♥❝❡✳

❙✐♥❝❡ t❤❡ s❡t ♦❢ tr❛♥s♣♦rt ♣❧❛♥s ❜❡t✇❡❡♥ µ t♦ ν ✐s ❝♦♠♣❛❝t ❢♦r t❤❡ ✇❡❛❦ t♦♣♦❧♦❣② ✐♥ t❤❡ s❡t ♦❢ ♠❡❛s✉r❡s
♦♥ Ω×Ω′✱ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❧❡♠♠❛ ✸✳✷✳✶ ✐s t❤❛t t❤❡ ❡q✉✐✲❝♦❡r❝✐✈✐t② ♥❡❡❞❡❞ t♦ ❞❡❞✉❝❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢
♠✐♥✐♠❛ ❛♥❞ ♠✐♥✐♠✐③❡r ❢r♦♠ t❤❡ Γ✲❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥❛❧s ✭❚❤❡♦r❡♠ ❆✳✷✳✷✮ ✇✐❧❧ ❜❡ s❛t✐s✜❡❞ ✐♥ ❛❧❧ t❤❡
Γ✲❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✇✐❧❧ ♥♦t ❢♦❝✉s ♦♥ ✐t ❛♥②♠♦r❡ ❛♥❞ st✐❧❧ ✇✐❧❧ ❝♦♥s✐❞❡r
t❤❛t t❤❡s❡ r❡s✉❧ts ✐♠♣❧② t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♠✐♥✐♠❛ ❛♥❞ ♦❢ ♠✐♥✐♠✐③❡rs✳

✸✳✷✳✶ ❙t❛t❡♠❡♥t ♦❢ t❤❡ ③❡r♦t❤ ❛♥❞ ✜rst ♦r❞❡r Γ✲❝♦♥✈❡r❣❡♥❝❡s

❩❡r♦t❤ ♦r❞❡r Γ✲❧✐♠✐t✳ ❚❤❡ ✜rst st❡♣ ✐s t♦ ❝❤❡❝❦ t❤❛t Jε
Γ−→ J ✳ ❍❡r❡ ✇❡ ♠✉st ❝♦♥s✐❞❡r t❤❛t Jε ✐s

❡①t❡♥❞❡❞ t♦ tr❛♥s♣♦rt ♣❧❛♥ ❜② s❡tt✐♥❣ +∞ ♦♥ t❤♦s❡ tr❛♥s♣♦rt ♣❧❛♥s ✇❤✐❝❤ ❛r❡ ♥♦t ♦❢ t❤❡ ❢♦r♠ γ = γT
❢♦r T ∈ H1✱ ❛♥❞ t❤❛t J ✐s ❞❡✜♥❡❞ ❛s ✉s✉❛❧ ❛s J(γ) =

∫
|x− y| ❞γ ❢♦r tr❛♥s♣♦rt ♣❧❛♥s✳ ❚❤✐s Γ✲♦♥✈❡r❣❡♥❝❡

❛❝t✉❛❧❧② r❡q✉✐r❡s ❛ ♥♦♥✲tr✐✈✐❛❧ r❡s✉❧t ✇❤✐❝❤ st❛t❡s t❤❛t t❤❡ s❡t ♦❢ ❙♦❜♦❧❡✈ tr❛♥s♣♦rt ♠❛♣s ✐s ❛ ❞❡♥s❡ s✉❜s❡t
♦❢ t❤❡ s❡t ♦❢ tr❛♥s♣♦rt ♠❛♣s ❢r♦♠ µ t♦ ν✳ ❲❡ ♣r♦✈❡ t❤✐s r❡s✉❧t ✐♥ t❤❡ ♥❡①t ♣❛r❛❣r❛♣❤ ✭s❡❡ t❤❡♦r❡♠ ✸✳✷✳✶
❜❡❧♦✇✮ ❢♦r ❍ö❧❞❡r ❞❡♥s✐t✐❡s ❛♥❞ ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ ❞♦♠❛✐♥s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✿
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❉❡✜♥✐t✐♦♥ ✸✳✷✳✶✳ ❲❡ ❝❛❧❧ ▲✐♣s❝❤✐t③ ♣♦❧❛r ❞♦♠❛✐♥ ❛♥② ♦♣❡♥ ❜♦✉♥❞❡❞ s✉❜s❡t Ω ♦❢ Rd ❤❛✈✐♥❣ ❢♦r♠

Ω =

{
x ∈ Rd : |x− x0| < γ

(
x− x0
|x− x0|

)}

❢♦r s♦♠❡ x0 ∈ Ω ❛♥❞ ❛ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ γ : Sd−1 → (0,+∞)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ s✉❝❤ ❛ ❞♦♠❛✐♥ Ω ✐s
st❛r✲s❤❛♣❡❞ ✇✐t❤ ▲✐♣s❝❤✐t③ ❜♦✉♥❞❛r②✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶ ✭❩❡r♦t❤ ♦r❞❡r Γ✲❧✐♠✐t✮✳ ❆ss✉♠❡ t❤❛t Ω✱ Ω′ ❛r❡ ❜♦t❤ ▲✐♣s❝❤✐t③ ♣♦❧❛r ❞♦♠❛✐♥s ❛♥❞ t❤❛t

f ✱ g ❛r❡ ❜♦t❤ C0,α ❛♥❞ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇✳ ❚❤❡♥ Jε
Γ−→ J ❛s ε→ 0✳

Pr♦♦❢✳ ❚❤❡ Γ✲❧✐♠✐♥❢ ✐♥❡q✉❛❧✐t② ✐s tr✐✈✐❛❧ ✭✇❡ ❤❛✈❡ Jε ≥ J ❜② ❞❡✜♥✐t✐♦♥✱ ❛♥❞ J ✐s ❝♦♥t✐♥✉♦✉s ❢♦r t❤❡ ✇❡❛❦
❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♣❧❛♥s✮✱ ❛♥❞ t❤❡ Γ✲❧✐♠s✉♣ ✐♥❡q✉❛❧✐t② ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ Pr♦♣✳ ❆✳✷✳✷ ❛♥❞ ♦❢ t❤❡
❞❡♥s✐t② ♦❢ t❤❡ s❡t ♦❢ ❙♦❜♦❧❡✈ tr❛♥s♣♦rts ❢♦r t❤❡ L2✲❝♦♥✈❡r❣❡♥❝❡✳

❋✐rst ♦r❞❡r Γ✲❧✐♠✐t✳ ❲❡ st❛t❡ ✐t ❛t ❢♦❧❧♦✇s✱ ✇✐t❤ t❤✐s t✐♠❡ ❛ s❤♦rt ♣r♦♦❢✿

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷ ✭❋✐rst ♦r❞❡r Γ✲❧✐♠✐t✮✳ ❆ss✉♠❡ s✐♠♣❧② t❤❛t f ✱ g ❛r❡ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ♦♥ Ω✱ Ω′ ❛♥❞

t❤❛t Ω ❤❛s ▲✐♣s❝❤✐t③ ❜♦✉♥❞❛r②✳ ❚❤❡♥ t❤❡ ❢✉♥❝t✐♦♥❛❧
Jε −W1

ε
Γ✲❝♦♥✈❡r❣❡s✱ ✇❤❡♥ ε→ 0✱ t♦

H : T 7→
{∫

Ω
|DT (x)|2 ❞x ✐❢ T ∈ O1(µ, ν) ∩H1(Ω)

+∞ ♦t❤❡r✇✐s❡,

✇❤❡r❡✱ ❛❣❛✐♥✱ H ✐s ❡①t❡♥❞ t♦ ♣❧❛♥s ✇❤✐❝❤ ❛r❡ ♥♦t ✐♥❞✉❝❡❞ ❜② ♠❛♣s ❜② +∞✳

Pr♦♦❢✳ Γ✲❧✐♠s✉♣ ✐♥❡q✉❛❧✐t②✳ ■❢ T ∈ O1(µ, ν)✱ t❤❡♥ ❜② ❝❤♦♦s✐♥❣ Tε = T ❢♦r ❛♥② ε ✇❡ ♦❜t❛✐♥ ❛✉t♦♠❛t✐❝❛❧❧②
Jε(Tε)−W1

ε
=
∫
Ω
|DT |2 ❢♦r ❡❛❝❤ ε✳ ■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t ✐❢ T /∈ O1(µ, ν)✱ t❤❡♥ ✇❡ ❤❛✈❡

Jε(Tε)−W1

ε
→

+∞ ❢♦r ❛♥② s❡q✉❡♥❝❡ (Tε)ε ❝♦♥✈❡r❣✐♥❣ t♦ T ❀ ❜✉t s✐♥❝❡ t❤❡ ♠❛♣

T 7→
∫

Ω

|T (x)− x| ❞µ(x)

✐s ❝♦♥t✐♥✉♦✉s ❢♦r t❤❡ L2✲❝♦♥✈❡r❣❡♥❝❡✱ ✇❡ ❤❛✈❡ ❢♦r s✉❝❤ ❛ (Tε)ε

lim inf
ε

Jε(Tε)−W1

ε
≥ lim inf

ε

1

ε

(∫

Ω

|T (x)− x| ❞µ(x)−W1

)

✇❤✐❝❤ ✐s +∞ s✐♥❝❡ T ✐s ♥♦t ♦♣t✐♠❛❧ ❢♦r t❤❡ ▼♦♥❣❡ ♣r♦❜❧❡♠✳

Γ✲❧✐♠✐♥❢ ✐♥❡q✉❛❧✐t②✳ ❲❡ ❝❛♥ ❝♦♥❝❡♥tr❛t❡ ♦♥ s❡q✉❡♥❝❡ ♦❢ ♠❛♣s Tε ✇✐t❤ ❡q✉✐❜♦✉♥❞❡❞ ✈❛❧✉❡s ❢♦r
Jε(Tε)−W1

ε
✱

✇❤✐❝❤ ♣r♦✈✐❞❡s ❛ ❜♦✉♥❞ ♦♥
∫
Ω
|DTε|2✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ✇❡ ❝❛♥ ❛ss✉♠❡✱ ✉♣ t♦ s✉❜s❡q✉❡♥❝❡s✱ t❤❛t (Tε)ε

❝♦♥✈❡r❣❡s ✇❡❛❦❧② ✐♥ H1 t♦ T ✳ ❆ss✉♠✐♥❣ t❤❡ ❧✐♠✐♥❢ t♦ ❜❡ ✜♥✐t❡✱ ❢r♦♠

C ≥ Jε(Tε)−W1

ε
=

1

ε

(∫

Ω

|Tε(x)− x| ❞µ(x)−W1

)
+

∫

Ω

|DTε|2 ≥
∫

Ω

|DTε|2

✇❡ ❞❡❞✉❝❡ ❛s ❛❜♦✈❡ t❤❛t T ♠✉st ❜❡❧♦♥❣ t♦ O1(µ, ν) ❛♥❞✱ s✐♥❝❡ t❤❡ ❧❛st t❡r♠ ✐s ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ H1(Ω) ✭✇❤✐❝❤ ✐s ❣✉❛r❛♥t❡❡❞ ✉♣ t♦ s✉❜s❡q✉❡♥❝❡s s✐♥❝❡ (Jεk(Tεk))k ✐s
❜♦✉♥❞❡❞✮ ✇❡ ❣❡t t❤❡ ✐♥❡q✉❛❧✐t② ✇❡ ❧♦♦❦ ❢♦r✳
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❙✐♥❝❡ t❤❡ Γ✲❝♦♥✈❡r❣❡♥❝❡ ✐♠♣❧✐❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♠✐♥✐♠❛✱ ✇❡ t❤❡♥ ❤❛✈❡

inf Jε = inf J + ε infH+ o(ε) =W1 + ε infH+ o(ε)

♣r♦✈✐❞❡❞ t❤❛t t❤❡ ✐♥✜♠✉♠ ✐s ✜♥✐t❡✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ tr❛♥s♣♦rt ♠❛♣ T ❛❧s♦
❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡ H1(Ω)✳ ■♥ t❤❡ ❝♦♥✈❡rs❡ ❝❛s❡✱ ❛♥❞ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ③❡r♦t❤
♦r❞❡r Γ✲❝♦♥✈❡r❣❡♥❝❡✱ ✇❡ ❤❛✈❡

inf Jε →W1 ❛♥❞
inf Jε −W1

ε
→ +∞

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ❧♦✇❡st ♦r❞❡r ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ inf Jε t♦ J ✐s s♠❛❧❧❡r t❤❛♥ ε✳ ❚❤❡ st✉❞② ♦❢ ❛ ♣r❡❝✐s❡
❡①❛♠♣❧❡ ✇❤❡r❡ t❤✐s ♦r❞❡r ✐s ε| log ε| ✐s t❤❡ ♦❜❥❡❝t ♦❢ t❤❡ s❡❝t✐♦♥ ✸✳✸✳

❲❤❛t ❛❜♦✉t t❤❡ s❡❧❡❝t❡❞ ♠❛♣ ❄ ❚❤❡ ✜rst✲♦r❞❡r Γ✲❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ t❤❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ Γ✲❧✐♠✐ts
✐♠♣❧② t❤❛t✱ ✐❢ Tε ♠✐♥✐♠✐③❡s Jε✱ t❤❡♥ Tε → T ✇❤✐❝❤ ♠✐♥✐♠✐③❡s t❤❡ ❙♦❜♦❧❡✈ ♥♦r♠ ❛♠♦♥❣ t❤❡ s❡t O1(µ, ν) ♦❢
♦♣t✐♠❛❧ tr❛♥s♣♦rt ♠❛♣s ❢r♦♠ µ t♦ ν✳ ❚❤✐s ❣✐✈❡s ❛ s❡❧❡❝t✐♦♥ ♣r✐♥❝✐♣❧❡✱ ✈✐❛ s❡❝♦♥❞❛r② ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠
✭♠✐♥✐♠✐③✐♥❣ s♦♠❡t❤✐♥❣ ✐♥ t❤❡ ❝❧❛ss ♦❢ ♠✐♥✐♠✐③❡rs✮✱ ✐♥ t❤❡ s❛♠❡ s♣✐r✐t ♦❢ ✇❤❛t ✇❡ ♣r❡s❡♥t❡❞ ❢♦r t❤❡
♠♦♥♦t♦♥❡ tr❛♥s♣♦rt ♠❛♣ ❛❧♦♥❣ ❡❛❝❤ tr❛♥s♣♦rt r❛②✳ ❆ ♥❛t✉r❛❧ q✉❡st✐♦♥ ✐s t♦ ✜♥❞ ✇❤✐❝❤ ✐s t❤✐s ♥❡✇ ✏s♣❡❝✐❛❧✑
s❡❧❡❝t❡❞ ♠❛♣✱ ❛♥❞ ✇❤❡t❤❡r ✐t ❝❛♥ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ♠♦♥♦t♦♥❡ ♦♥❡✳ ❚❤❛♥❦s t♦ t❤❡ ♥♦♥✲♦♣t✐♠❛❧✐t② r❡s✉❧ts
♦❢ t❤✐s ♠❛♣ ❢♦r t❤❡ ❙♦❜♦❧❡✈ ❝♦st ♦♥ t❤❡ r❡❛❧ ❧✐♥❡✱ t❤❡ ❛♥s✇❡r ✐s t❤❛t t❤❡② ❛r❡ ✐♥ ❣❡♥❡r❛❧ ❞✐✛❡r❡♥t✳ ❲❡ ❝❛❧
❧♦♦❦ ❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣❧✐❝✐t ❝♦✉♥t❡r✲❡①❛♠♣❧❡ ✭✇❤❡r❡ ✇❡ ❤❛✈❡ ❤♦✇❡✈❡r O1(µ, ν) ∩H1(Ω) 6= ∅✮✳

▲❡t ✉s s❡t Ω = (0, 1)2✱ Ω′ = (2, 3) × (0, 1) ✐♥ R2✳ ▲❡t F ✱ G ❜❡ t✇♦ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t✐❡s ♦♥ t❤❡ r❡❛❧
❧✐♥❡✱ s✉♣♣♦rt❡❞ ✐♥ (0, 1) ❛♥❞ (2, 3) r❡s♣❡❝t✐✈❡❧②❀ ✇❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❞❡♥s✐t✐❡s ❞❡✜♥❡❞ ❜②

f(x1, x2) = F (x1) ❛♥❞ g(x1, x2) = G(x1)

❚❤❡♥✱ ✐❢ t ✐s ❛ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ F t♦ G ♦♥ t❤❡ r❡❛❧ ❧✐♥❡ ❛♥❞ T (x1, x2) = (t(x1), x2)✱ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦
t❤❛t T s❡♥❞s t❤❡ ❞❡♥s✐t② f ♦♥t♦ g ❛♥❞ ✐❢ u(x1, x2) = x1 ✇❡ ❤❛✈❡

|T (x)− x| = |t(x1)− x1| = t(x1)− x1 = u(T (x1, x2))− u(x1, x2)

❚❤✐s ♣r♦✈❡s t❤❛t T ✐s ♦♣t✐♠❛❧ ❛♥❞ u✱ ✇❤✐❝❤ ✐s ♦❢ ❝♦✉rs❡ ✶✲▲✐♣s❝❤✐t③✱ ✐s ❛ ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛❧✱ s♦ t❤❛t
t❤❡ ♠❛①✐♠❛❧ tr❛♥s♣♦rt r❛②s ❛r❡ ❡①❛❝t❧② t❤❡ s❡❣♠❡♥ts [0, 3]× {x2}✱ 0 < x2 < 1✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱

T ∈ O1(µ, ν) ⇐⇒ T (x1, x2) = (t(x1, x2), x2) ✇✐t❤
t(·, x2)#F = G
❢♦r ❛✳❡✳ x2

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♠♦♥♦t♦♥❡ tr❛♥s♣♦rt ♠❛♣ ❛❧♦♥❣ t❤❡ ♠❛①✐♠❛❧ tr❛♥s♣♦rt r❛②s ✐s x 7→ (t(x1), x2)✱ ✇❤❡r❡ t
✐s t❤❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ F t♦ G ♦♥ t❤❡ r❡❛❧ ❧✐♥❡✳ ❋♦r t❤✐s tr❛♥s♣♦rt ♠❛♣ T ✱ ✇❡ ❤❛✈❡

∫

Ω

|DT (x)|2 ❞x =

∫ 1

0

t′(x1)
2 ❞x1

◆♦✇✱ ♦♥❡ ❝❛♥ ❝❤♦♦s❡ F ✱ G s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢

inf

{∫ 1

0

U ′(x1)
2 ❞x1 : U#F = G

}
✭✸✳✶✮

✐s ♥♦t ❛tt❛✐♥❡❞ ❜② t❤❡ ✐♥❝r❡❛s✐♥❣ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ F ✱ t♦ G✳ ❚❤✉s✱ ✐❢ t̃ ♠✐♥✐♠✐③❡s ✭✸✳✶✮ ❛♥❞ T̃ (x1, x2) =
t̃(x1)✱ ✇❡ ❤❛✈❡

∫

Ω

|DT̃ (x)|2 ❞x =

∫ 1

0

t̃′(x1)
2 ❞x1 <

∫ 1

0

t′(x1)
2 ❞x1 =

∫

Ω

|DT (x)|2 ❞x

❛♥❞ T̃ ✐s ❛❧s♦ ❛♥ ♦♣t✐♠❛❧ tr❛♥s♣♦rt ♠❛♣ ❢♦r t❤❡ ▼♦♥❣❡ ♣r♦❜❧❡♠✳
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✸✳✷✳✷ Pr♦♦❢ ♦❢ t❤❡ ❞❡♥s✐t② ♦❢ ▲✐♣s❝❤✐t③ tr❛♥s♣♦rts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❛t✱ ✉♥❞❡r ♥❛t✉r❛❧ ❛ss✉♠♣t✐♦♥s ✭❞♦♠❛✐♥s ✇❤✐❝❤ ❛r❡ ❞✐✛❡♦♠♦r♣❤✐❝s t♦ t❤❡ ✉♥✐t
❜❛❧❧✱ ❍ö❧❞❡r ❛♥❞ ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❛♥❞ ❜❡❧♦✇ ❞❡♥s✐t✐❡s✮✱ t❤❡ tr❛♥s♣♦rt ♠❛♣s ❢r♦♠ µ t♦ ν ✇❤✐❝❤ ❛r❡
▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢♦r♠ ❛ ❞❡♥s❡ s✉❜s❡t ♦❢ t❤❡ s❡t ♦❢ tr❛♥s♣♦rt ♠❛♣s ❢r♦♠ µ t♦ ν✳ ◆♦t✐❝❡ t❤❛t✱ ❢♦r
t❤❡ s❛❦❡ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s t♦ t❤❡ ③❡r♦✲t❤ ♦r❞❡r Γ✲❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ♦♥❧② ♥❡❡❞ t❤❡
❞❡♥s✐t② ♦❢ t❤♦s❡ ♠❛♣s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡ H1(Ω)❀ ❛❧s♦✱ ✇❡ ♥❡❡❞❡❞ ❞❡♥s✐t② ✐♥ t❤❡ s❡t ♦❢ ♣❧❛♥s✱
❜✉t s✐♥❝❡ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t tr❛♥s♣♦rt ♠❛♣s ❛r❡ ❞❡♥s❡ ✐♥ t❤❡ s❡t ♦❢ tr❛♥s♣♦rt ♣❧❛♥s✱ ❢♦r s✐♠♣❧✐❝✐t② ✇❡ ✇✐❧❧
♣r♦✈❡ ❞❡♥s✐t② ✐♥ t❤❡ s❡t ♦❢ ♠❛♣s✳ ❚❤✐s r❡s✉❧t✱ t❤❛t ✇❡ ♥❡❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r t♦ st✉❞② t❤❡ Γ✲❝♦♥✈❡r❣❡♥❝❡ ♦❢
t❤❡ ❢✉♥❝t✐♦♥❛❧ Jε✱ ❝♦✉❧❞ ♦❢ ❝♦✉rs❡ ❜❡ ✉s❡❢✉❧ ❢♦r ♦t❤❡r ❛✐♠s❀ ❤♦✇❡✈❡r✱ ✐t ✇❛s✱ t♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱
♥♦t ✐♥✈❡st✐❣❛t❡❞ ✉♥t✐❧ ♥♦✇✳

❚❤❡♦r❡♠ ✸✳✷✳✶✳ ❆ss✉♠❡ t❤❛t Ω✱ Ω′ ❛r❡ ❜♦t❤ ▲✐♣s❝❤✐t③ ♣♦❧❛r ❞♦♠❛✐♥s ❛♥❞ t❤❛t f ✱ g ❛r❡ ❜♦t❤ C0,α ❛♥❞
❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇✳ ❚❤❡♥ t❤❡ s❡t

{T ∈ Lip(Ω) : T#µ = ν}
✐s ♥♦♥✲❡♠♣t②✱ ❛♥❞ ✐s ❛ ❞❡♥s❡ s✉❜s❡t ♦❢ t❤❡ s❡t

{T : Ω → Ω′ : T#µ = ν}

❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥♦r♠ || · ||L2(Ω)✳

◆♦t✐❝❡ t❤❛t✱ ❡①❛❝t❧② ❛s ❢♦r t❤❡ ❞❡♥s✐t② ♦❢ tr❛♥s♣♦rt ♠❛♣s ✐♥s✐❞❡ t❤❡ s❡t ♦❢ tr❛♥s♣♦rt ♣❧❛♥s✱ t❤❡ ❜❡st
♣♦ss✐❜❧❡ r❡s✉❧t ✇♦✉❧❞ ❜❡ t♦ s❤♦✇ t❤❡ ❞❡♥s✐t② ✉♥❞❡r t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥s ❣✉❛r❛♥t❡❡✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢
❛t ❧❡❛st s✉❝❤ ❛ ♠❛♣ ✭❢♦r t❤❡ ❞❡♥s✐t② ♦❢ ♠❛♣s ✐♥t♦ ♣❧❛♥s t❤❡ ❛ss✉♠♣t✐♦♥ ✐s t❤❛t µ ♠✉st ❜❡ ❛t♦♠❧❡ss✱ ✇❤✐❝❤
✐s t❤❡ s❛♠❡ ❛s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛t ❧❡❛st ❛ ♠❛♣ T ✮✳ ❍❡r❡ ✇❡ ❛r❡ ♥♦t s♦ ❢❛r s✐♥❝❡ t❤❡ ❛❧r❡❛❞② ❦♥♦✇♥
r❡s✉❧ts ❛❜♦✉t r❡❣✉❧❛r✐t② ♦❢ s♦♠❡ tr❛♥s♣♦rt ♠❛♣s ✭❜② ❈❛✛❛r❡❧❧✐ ❡t ❛❧✳ ♦r ❉❛❝♦r♦❣♥❛✲▼♦s❡r✮ ❞❡❛❧ ✇✐t❤ ❛t
❧❡❛st ❍ö❧❞❡r ❞❡♥s✐t✐❡s✳ ❆❧s♦✱ ♦♥❡ ❝❛♥ s❡❡ ❢r♦♠ t❤❡ ♣r♦♦❢ ❜❡❧♦✇ t❤❛t ✇❡ ❞♦ ♥♦t ✉s❡ ♠✉❝❤ ♠♦r❡ t❤❛♥ t❤❡
❡①✐st❡♥❝❡ ♦❢ ▲✐♣s❝❤✐t③ ♠❛♣s✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❞♦♠❛✐♥s t♦ ❜❡ st❛r✲s❤❛♣❡❞✱ t❤✐s ✐s ✉s❡❞
t♦ s❡♥❞ t❤❡♠ ♦♥t♦ t❤❡ ✉♥✐t ❜❛❧❧ ✐♥ ❛ ▲✐♣s❝❤✐t③✲❞✐✛❡♦♠♦r♣❤✐❝ ✇❛② ✭✐♥ ♦r❞❡r t♦ ❣❡t s✉✣❝✐❡♥t❧② r❡❣✉❧❛r
♠❡❛s✉r❡s✮✱ ❛s s❤♦✇♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✇❤✐❝❤ ✐s ✉s❡❞ s❡✈❡r❛❧ t✐♠❡s✿

▲❡♠♠❛ ✸✳✷✳✷✳ ■❢ U ✐s ❛ ▲✐♣s❝❤✐t③ ♣♦❧❛r ❞♦♠❛✐♥ ✇✐t❤

U =

{
x ∈ Rd : |x− x0| < γ

(
x− x0
|x− x0|

)}

t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♠❛♣ α : U → B(0, 1) s✉❝❤ t❤❛t✿

• α ✐s ❛ ❜✐✲▲✐♣s❝❤✐t③ ❞✐✛❡♦♠♦r♣❤✐s♠ ❢r♦♠ U t♦ B(0, 1)❀

• detDα ✐s ▲✐♣s❝❤✐t③ ❛♥❞ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ✭t❤✉s✱ detDα−1 ✐s ❛❧s♦ ▲✐♣s❝❤✐t③✮❀

• ✐❢ U ✐s st❛r✲s❤❛♣❡❞ ❛r♦✉♥❞ x0 t❤❡♥✱ ❢♦r ❛♥② x 6= x0✱
α(x)

|α(x)| =
x− x0
|x− x0|

✭❲❡ ✇✐❧❧ ♥♦t ✉s❡ t❤❡ t❤✐r❞ ♣r♦♣❡rt② ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✶✱ ❜✉t ✐t ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ❧❛t❡r ✐♥ s❡❝t✐♦♥
✸✳✹✳✷✮✳

Pr♦♦❢✳ ❯♣ t♦ ❛ tr❛♥s❧❛t✐♦♥ ❛♥❞ ❛ ❞✐❧❛t✐♦♥✱ ✇❡ ❝❛♥ ❛ss✉♠❡ x0 = 0 ❛♥❞ γ ≤ 1 ♦♥ Sd−1✳ ◆♦✇ ✇❡ s❡t

α(x) =





x ✐❢ |x| ≤ 1

2
γ

(
x

|x|

)

λ(x)
x

|x| ♦t❤❡r✇✐s❡
.
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❢♦r ❛ s✉✐t❛❜❧❡ ❝❤♦✐❝❡ ♦❢ λ : U → [0,+∞)✳ ❆ss✉♠✐♥❣ t❤❛t λ ✐s ▲✐♣s❝❤✐t③✱ ✇❡ ❝♦♠♣✉t❡ Dα ♦♥ t❤❡ r❡❣✐♦♥{
|x| > 1

2
γ(x/|x|)

}
✳ ❍❡r❡ ✇❡ ❤❛✈❡ Dα = x⊗∇

(
λ(x)

x

)
+

λ

|x|Id t❤✉s✱ ✐♥ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ✇❤♦s❡ ✜rst

✈❡❝t♦r ✐s e =
x

|x| ✱

Dα =




|x|∂e
(
λ(x)

|x|

)
|x|∂e2

(
λ(x)

|x|

)
. . . |x|

(
∂en

λ(x)

|x|

)

0 0 . . . 0
✳✳✳

✳✳✳ . . .
✳✳✳

0 0 . . . 0




+
λ

|x|In

❛♥❞ detDα =

(
|x|∂e

(
λ(x)

|x|

)
+
λ(x)

|x|

)(
λ(x)

|x|

)n−1

❲❡ ✇r✐t❡ λ = λ(r, e) ✇❤❡r❡ r = |x|✱ ✇❤✐❝❤ ❧❡❛❞s t♦

detDα =

(
r∂r

(
λ

r

)
+
λ

r

)(
λ

r

)n−1

= ∂rλ

(
λ

r

)n−1

❆t t❤✐s t✐♠❡✱ ✇❡ s❡❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ♦♥ λ ❛❧❧♦✇ t♦ ❝♦♥❝❧✉❞❡✿

• λ ✐s ▲✐♣s❝❤✐t③ ♦♥ t❤❡ ❞♦♠❛✐♥
{
γ(x/|x|)

2 ≤ |x| ≤ γ(x/|x|)
}
❀

• ✐❢ ✇❡ ✜① e ∈ Sd−1✱ t❤❡♥ λ(·, e) ✐s ✐♥❝r❡❛s✐♥❣ ♦♥ t❤❡ ✐♥t❡r✈❛❧
[
γ(e)
2 , γ(e)

]
❀

• λ
(
γ(e)
2 , e

)
= γ(e)

2 ❛♥❞ λ(γ(e), e) = 1❀

• ∂rλ
(
λ
r

)n−1
✐s ▲✐♣s❝❤✐t③ ❛♥❞ ✐s ❡q✉❛❧ t♦ 1 ❢♦r r = γ(e)

2 ✱ ✇❤✐❝❤ ♠❡❛♥s ∂rλ
(
γ(e)
2 , e

)
= 2n−1✳

❚♦ s❛t✐s❢② t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ❝❤♦♦s❡ ❢♦r λ(·, e) ❛ s❡❝♦♥❞✲❞❡❣r❡❡ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ ✇✐t❤
♣r❡s❝r✐❜❡❞ ✈❛❧✉❡s ❛t γ(e)

2 ✱ γ(e) ❛♥❞ ♣r❡s❝r✐❜❡❞ ✜rst ❞❡r✐✈❛t✐✈❡ ❛t γ(e)
2 ✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✶✳ ❋✐rst✱ ✇❡ ❛ss✉♠❡ Ω = Ω′ =
[
− 1

2 ,
1
2

]d
❜✉t ✇❡ ✇✐❧❧ ❛❧s♦ ✐❞❡♥t✐❢② ✭❢♦r ❝♦♥✈♦❧✉t✐♦♥

♣✉r♣♦s❡s✱ s❡❡ ❜❡❧♦✇✮ t❤❡ ❝✉❜❡ Ω ✇✐t❤ ❛ ❚♦r✉s✳ ❲❡ ✇✐❧❧ ❣❡♥❡r❛❧✐③❡ ❧❛t❡r t♦ ❛♥② ♣❛✐r ♦❢ ▲✐♣s❝❤✐t③ st❛r✲s❤❛♣❡❞
❞♦♠❛✐♥s✳ ❚❤✉s✱ ❧❡t T : Ω → Ω s❡♥❞✐♥❣ f t♦ g✱ ❛♥❞ ❧❡t ✉s ❜✉✐❧❞ ❛ s❡q✉❡♥❝❡ (Tn)n ♦❢ ▲✐♣s❝❤✐t③ ♠❛♣s s✉❝❤
t❤❛t

Tn
L2(Ω)−−−−−→
n→+∞

T ❛♥❞ ∀n ∈ N, (Tn)#µ = ν

❙t❡♣ ✶✿ r❡❣✉❧❛r✐③❛t✐♦♥ ♦❢ t❤❡ tr❛♥s♣♦rt ♣❧❛♥✳ ❲❡ ❞❡♥♦t❡ ❜② γ t❤❡ tr❛♥s♣♦rt ♣❧❛♥ ❛ss♦❝✐❛t❡❞ t♦ T ❀ ❧❡t
✉s r❡❝❛❧❧ t❤❛t ✐t ✐s ❞❡✜♥❡❞ ❜②

∫∫

Ω2

ϕ(x, y) ❞γ(x, y) =
∫

Ω

ϕ(x, T (x))f(x) ❞x

❢♦r ❛♥② ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ϕ ♦♥ Ω×Ω′✳ ❲❡ ✉s❡ t❤❡ ❞✐s✐♥t❡❣r❛t✐♦♥ ♦❢ ♠❡❛s✉r❡s ✭s❡❡ ❚❤❡♦r❡♠
✺✳✸✳✶ ✐♥ ❬✹❪✮ t♦ ✇r✐t❡ ∫∫

Ω2

ϕ ❞γ =

∫

Ω

(∫

Ω

ϕ(x, y) ❞γx(y)

)
❞µ(x)
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❢♦r ❛ ❢❛♠✐❧② ♦❢ ♠❡❛s✉r❡s (γx)x∈Ω ♦♥ Ω✳ ◆♦✇ ✇❡ t❛❦❡ ❛ ❢❛♠✐❧② ♦❢ ♣❡r✐♦❞✐❝ ❝♦♥✈♦❧✉t✐♦♥ ❦❡r♥❡❧s (ρk)k✱ ✇❡
❞❡✜♥❡✱ ❢♦r ❡❛❝❤ x✱ t❤❡ ♠❡❛s✉r❡ γkx ♦♥ Ω ❜② γkx = ρk ⋆ γx✱ ✇❤❡r❡ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♣r♦❞✉❝t ✐s t❛❦❡♥ ✐♥
t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ s❡♥s❡ ♦♥ t❤❡ t♦r✉s Ω✱ ❛♥❞ s❡t ❞γk(x, y) = ❞γkx(y) ⊗ ❞µ(x)❀ t❤❡ ❢❛❝t t❤❛t (ρk)k ✐s ❛♥
❛♣♣r♦①✐♠❛t❡ ✐❞❡♥t✐t② ❣✉❛r❛♥t❡❡s t❤❛t γk ⇀ γ ❢♦r t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♠❡❛s✉r❡s✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♥♦t✐❝❡ t❤❛t
∫∫

Ω2

ϕ(x, y) ❞γk(x, y) =
∫∫∫

Ω3

ϕ(x, y)ρk(y − z) ❞γx(z)f(x) ❞x ❞y

=

∫

Ω

(∫

Ω2

ϕ(x, y)ρk(y − z) ❞γ(x, z)

)
❞y

=

∫∫

Ω2

ϕ(x, y)ρk(y − T (x))f(x) ❞y ❞x

❢♦r ❛♥② t❡st ❢✉♥❝t✐♦♥ ϕ✳ ❚❤✉s✱ γk ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ Ω2

❛♥❞ ✐ts ❞❡♥s✐t② ✐s ρk(y − T (x))f(x)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ❞❡♥s✐t② ✐s s♠♦♦t❤ ✇✐t❤ r❡s♣❡❝t t♦ y ❛♥❞ ❜♦✉♥❞❡❞
❢r♦♠ ❜❡❧♦✇ ❜② ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ck✳ ▼♦r❡♦✈❡r✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② νk t❤❡ s❡❝♦♥❞ ♠❛r❣✐♥❛❧ ♦❢ γk✱ t❤❡♥ νk
❤❛s ❛❧s♦ ❛ ▲✐♣s❝❤✐t③ ❛♥❞ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❞❡♥s✐t②✳

❙t❡♣ ✷✿ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ tr❛♥s♣♦rt ♠❛♣ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ r❡❣✉❧❛r✐③❡❞ tr❛♥s♣♦rt ♣❧❛♥✳ ❚❤❡ ❣♦❛❧ ♦❢
t❤✐s st❡♣ ✐s t♦ ❜✉✐❧❞✱ ❢♦r ❡❛❝❤ k✱ ❛ ❢❛♠✐❧② ♦❢ r❡❣✉❧❛r ♠❛♣s (T kh )h ❡❛❝❤ s❡♥❞✐♥❣ t❤❡ ✜rst ♠❛r❣✐♥❛❧ ♦❢ γk ♦♥t♦
t❤❡ s❡❝♦♥❞ ♦♥❡ ❛♥❞ s✉❝❤ t❤❛t✱ ❢♦r ❛ s✉✐t❛❜❧❡ ❞✐❛❣♦♥❛❧ ❡①tr❛❝t✐♦♥✱ T khk

→ T ❢♦r t❤❡ L2✲❝♦♥✈❡r❣❡♥❝❡✳
❲❡ ✜① k ∈ N ❛♥❞ ❛ ❞②❛❞✐❝ ♥✉♠❜❡r h✱ ❛♥❞ ❞❡❝♦♠♣♦s❡ Ω =

⋃
i

Qi ✐♥t♦ ❛ ✉♥✐♦♥ ♦❢ ❝✉❜❡s Qi✱ ❡❛❝❤ ✇✐t❤

s✐③❡✲❧❡♥❣t❤ 2h✱ ✈✐❛ ❛ r❡❣✉❧❛r ❣r✐❞✳ ❋♦r ❡❛❝❤ i✱ ✇❡ s❡t

µi = µ|Qi
❛♥❞ νki = (π2)#(γk|(Qi×Ω))

◆♦t✐❝❡ t❤❛t γk ❤❛s µ ❛s ✜rst ♠❛r❣✐♥❛❧✱ t❤✉s ✇❡ ❤❛✈❡ ❛❧s♦ µi = (π1)#(γk|(Qi×Ω))❀ ✐♥ ♣❛rt✐❝✉❧❛r✱ µi ✭✇❤✐❝❤
✐s ❛ ♠❡❛s✉r❡ ♦♥ t❤❡ ❝✉❜❡ Qi✮ ❛♥❞ νki ✭✇❤✐❝❤ ✐s ❛ ♠❡❛s✉r❡ ♦♥ t❤❡ ✇❤♦❧❡ ❝✉❜❡ Ω✮ ❤❛✈❡ ❜♦t❤ s❛♠❡ ♠❛ss✳
▼♦r❡♦✈❡r✱ µi st✐❧❧ ❤❛s f ❛s ❞❡♥s✐t② ❛♥❞ t❤❡ ❞❡♥s✐t② ♦❢ νki ✐s

y 7→
∫

Qi

ρk(T (x)− y)f(x) ❞x

✇❤✐❝❤ ✐s s♠♦♦t❤ ❛♥❞ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❜② ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳ ❲❡ ✜♥✐s❤ t❤✐s st❡♣ ❜② ❜✉✐❧❞✐♥❣ ❛ ♠❛♣
Uki,h : Qi → Ω s✉❝❤ t❤❛t

• Uki,h ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s❀

• Uki,h(x) = x ❢♦r x ∈ ∂Qi ✭t❤✐s ✐s ❛❧❧♦✇❡❞ s✐♥❝❡ t❤❡ s♦✉r❝❡ Qi ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ t❛r❣❡t Ω✮❀

• Uki,h s❡♥❞s µi ♦♥t♦ νki ✳

▲❡t ✉s ♥♦t✐❝❡ t❤❛t t❤❡ t✇♦ ✜rst ♣♦✐♥ts ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ❣❧♦❜❛❧ ♠❛♣ ❞❡✜♥❡❞ ❜② T kh (x) = Uki,h(x)
✭✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ r❛❞✐✉s h ❛♥❞ t❤❡ ♦r✐❣✐♥❛❧ ✐♥t❡❣❡r k✮ ❢♦r x ∈ Qi ✇✐❧❧ ❜❡ ❣❧♦❜❛❧❧② ▲✐♣s❝❤✐t③ ♦♥ Ω ❛♥❞
t❤❡ t❤✐r❞ ♣♦✐♥t ✐♠♣❧✐❡s t❤❛t T kh s❡♥❞s ❣❧♦❜❛❧❧② t❤❡ ♠❡❛s✉r❡ µ ♦♥t♦ t❤❡ ♠❡❛s✉r❡ νk = (π2)#γk ✭✇❤✐❝❤ ✐s
❡q✉❛❧ t♦ t❤❡ s✉♠ ♦❢ t❤❡ νki ✮✳

◆♦✇ ✇❡ ❡①♣❧❛✐♥ ✈❡r② ❜r✐❡✢② t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s✉❝❤ ❛ Uki,h✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ❣✐✈❡ t❤❡
❞❡t❛✐❧s ♦♥❧② ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ Qi ✐s ♥♦t ❛♥ ❡①tr❡♠❛❧ ❝✉❜❡ ♦❢ Ω✱ ✐✳❡✳ ✇❤❡r❡ ∂Qi ∩ ∂Ω ✐s ❡♠♣t②✱ ❛♥❞ ❝❧❛✐♠
t❤❛t t❤❡ ❡①tr❡♠❡ ❝❛s❡ ❝❛♥ ❜❡ tr❡❛t❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✳

❲❡ ❞❡♥♦t❡ ❜② xi t❤❡ ❝❡♥t❡r ♦❢ Qi ✇❤✐❝❤ ❤❛s r❛❞✐✉s h ✭❢♦r t❤❡ ✐♥✜♥✐t❡ ♥♦r♠ ✐♥ Rd✮✱ ❛♥❞ ❜② δ1 ❛♥❞ δ2
t❤❡ t✇♦ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs s✉❝❤ t❤❛t

µ({x : δ1 ≤ ||x− xi||∞ ≤ h}) = µ({x : δ2 ≤ ||x− xi||∞ ≤ δ1}) =
1

2
νki (Ω \Qi)
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✭s✉❝❤ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs ❡①✐st ❜② t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡ t❤❡♦r❡♠ s✐♥❝❡ δ 7→ µ(B∞(xi, δ)) ✐s ❝♦♥t✐♥✉♦✉s✮✳
◆♦✇ ✇❡ ❝♦♥s✐❞❡r✿

• ❛ ✜rst ▲✐♣s❝❤✐t③ ♠❛♣ V1 ❢r♦♠ {x : δ1 ≤ ||x− xi||∞ ≤ h} t♦ Ω \Qi✱ ✇✐t❤ (V1)#µ = 1
2ν

k
i (Ω \Qi) ❛♥❞

s✉❝❤ t❤❛t V1(x) = x ❢♦r ||x− xi|| = δ1❀

• ❛ s❡❝♦♥❞ ▲✐♣s❝❤✐t③ ♠❛♣ V2 ❢r♦♠ {x : δ2 ≤ ||x−xi||∞ ≤ δ1} t♦ Ω\Qi✱ s✉❝❤ t❤❛t (V2)#µ = 1
2ν

k
i (Ω\Qi)

❛♥❞ V2(x) = V1(x) ❢♦r ||x− xi|| = δ2❀

• ❛ t❤✐r❞ ▲✐♣s❝❤✐t③ ♠❛♣ V3 ❢r♦♠ {0 : ||x−xi||∞ ≤ δ2} t♦ Qi✱ s✉❝❤ t❤❛t V3(x) = V2(x) ♦♥ t❤❡ ❜♦✉♥❞❛r②
❛♥❞ (V3)#µ = νki (Qi)✳

❛♥❞ ✇❡ s❡t Uki,h(x) = V1(x) ✐❢ δ1 ≤ ||x − xi||∞ ≤ h✱ V2(x) ✐❢ δ2 ≤ ||x − xi||∞ ≤ δ1 ❛♥❞ V3(x) ✐❢
||x − xi||∞ ≤ δ2✳ ❚❤❡ ❝♦♥str❛✐♥ts ♦♥ (V1)#µ✱ (V2)#µ✱ (V3)#µ ✐♠♣❧② t❤❛t Uki,h ❞❡✜♥❡❞ ♦♥ t❤❡ ✇❤♦❧❡ Qi
s❡♥❞s ❣❧♦❜❛❧❧② µ|Qi

♦♥t♦ νki ✱ ❛♥❞ t❤❡ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦♥ ❡❛❝❤ ❞♦♠❛✐♥ ❣✉❛r❛♥t❡❡ t❤❛t Uki,h ✐s
▲✐♣s❝❤✐t③ ♦♥ Qi✳ ❲❡ ❝♦♥str✉❝t V1✱ V2✱ V3 ✉s✐♥❣ ❉❛❝♦r♦❣♥❛✲▼♦s❡r✬s r❡s✉❧t ✭❛ s✐♠♣❧❡ ❛❞❛♣t❛t✐♦♥ ✐s ♥❡❡❞❡❞✱
s✐♥❝❡ t❤❡ s♦✉r❝❡ ❛♥❞ t❛r❣❡t ❞♦♠❛✐♥s ❛r❡ ♥♦t t❤❡ s❛♠❡ ❤❡r❡✱ ❜✉t ❛r❡ ❞✐✛❡♦♠♦r♣❤✐❝ t♦ ❡❛❝❤ ♦t❤❡r✿ ❡✐t❤❡r
t❤❡② ❛r❡ ❜♦t❤ ❝✉❜❡s✱ ♦r t❤❡② ❜♦t❤ ❤❛✈❡ t❤❡ ❢♦r♠ ✏❧❛r❣❡ ❝✉❜❡ ♠✐♥✉s s♠❛❧❧ ❝✉❜❡✑✮✳

■♥ ♣❛rt✐❝✉❧❛r✱ γk ❛♥❞ γTk
h

❣✐✈❡ ❜♦t❤ s❛♠❡ ♠❛ss t♦ ❡❛❝❤ Qi × Ω ✇❤✐❝❤ ❤❛✈❡ r❛❞✐✉s h✳ ◆♦✇ ✐❢ u ✐s ❛
1✲▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ Ω× Ω′ → R✱ ✇❡ ❝♦♠♣✉t❡

∫

Ω2

u(x, y) ❞γTk
h
(x, y)−

∫

Ω2

u(x, y) ❞γk(x, y) =
∑

i

∫

Qi×Ω

u(x, y)( ❞γTk
h
− ❞γk)(x, y)

❙✐♥❝❡ γk ❛♥❞ γTk
h
❤❛✈❡ ❜♦t❤ t❤❡ s❛♠❡ s❡❝♦♥❞ ♠❛r❣✐♥❛❧ ♦♥ ❡❛❝❤ Qi × Ω✱

∫

Qi×Ω

u(xi, y)( ❞γTk
h
(x, y)− ❞γk(x, y)) = 0

✇❤❡r❡✱ ❢♦r ❡❛❝❤ i✱ xi ❞❡♥♦t❡s t❤❡ ❝❡♥t❡r ♦❢ Qi✳ ❚❤✉s

∫

Ω2

u(x, y) ❞γTk
h
(x, y)−

∫

Ω2

u(x, y) ❞γk(x, y) =
∑

i

∫

Qi×Ω

(u(x, y)− u(xi, y))( ❞γTk
h
− ❞γk)(x, y)

≤
∑

i

∫

Qi×Ω

|x− xi| | ❞γTk
h
− ❞γk|(x, y)

✇❤❡r❡ ✐♥ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ✇❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t u ✐s s✉♣♣♦s❡❞ t♦ ❜❡ 1✲▲✐♣s❝❤✐t③✳ ❲❡ ❞❡❞✉❝❡
∫

Ω2

u(x, y) ❞γTk
h
(x, y)−

∫

Ω2

u(x, y) ❞γk(x, y) ≤ h

∫∫

Ω2

| ❞γTk
h
− ❞γk| ≤ 2h

❚❤✐s ✐♥❡q✉❛❧✐t② ❤♦❧❞s ❢♦r ❛♥② 1✲▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ u : Ω2 → R✳ ❚❤✉s✱ ✐❢ W1 ❞❡♥♦t❡s t❤❡ ❝❧❛ss✐❝❛❧ ❲❛ss❡r✲
st❡✐♥ ❞✐st❛♥❝❡ ✭♦♥ Ω2✿ t❤✐s ✐s ❥✉st ❛ t❡❝❤♥✐❝❛❧ tr✐❝❦ t♦ ♠❡tr✐③❡ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♣❧❛♥s✮✱ ✇❡ ❞❡❞✉❝❡
W1(γk, γTk

h
) ≤ h ❢♦r ❛♥② k✳ ❙✐♥❝❡ ✇❡ ❦♥♦✇ t❤❛t γk → γT ❛s k → +∞✱ ✇❡ ❛❧s♦ ❤❛✈❡ W1(γk, γT ) → 0 ❛♥❞

✐❢ ✇❡ s❡t h = 1/2k ✇❡ ❤❛✈❡ W1(γTk
h
, γT ) → 0✳ ❚❤❛♥❦s t♦ t❤❡ ❧❡♠♠❛ ✸✳✷✳✶✱ ✇❡ ❞❡❞✉❝❡ T kh → T ❢♦r t❤❡

L2✲♥♦r♠ ✐♥ Ω✳
❙t❡♣ ✸✿ r❡❛rr❛♥❣✐♥❣ T kh ✳ ■t r❡♠❛✐♥s t♦ ❝♦♠♣♦s❡ ❡❛❝❤ ♠❛♣ T kh ✇✐t❤ ❛ tr❛♥s♣♦rt ♠❛♣ Uk ❢r♦♠ νk t♦

ν✱ ✇❤✐❝❤ ✇✐❧❧ ❡♥s✉r❡ t❤❡ ♦❜t❛✐♥❡❞ ♠❛♣ t♦ s❡♥❞ µ ♦♥t♦ ν ❛s ✇❡❧❧✳ ❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛ss✐❝❛❧ r❡s✉❧t ♦❢
❈❛✛❛r❡❧❧✐ ✭❬✻✾❪✱ ❚❤❡♦r❡♠ ✹✳✶✹✮✿ ✐❢

• X✱ Y ❛r❡ t✇♦ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡ts ♦❢ Rd✱ ✉♥✐❢♦r♠❧② ❝♦♥✈❡① ❛♥❞ ✇✐t❤ C2 ❜♦✉♥❞❛r②❀
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• f ∈ C0,α(X)✱ g ∈ C0,α(Y ) ❛r❡ t✇♦ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t✐❡s

t❤❡♥ t❤❡ ♦♣t✐♠❛❧ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ f t♦ g ❜❡❧♦♥❣s t♦ C1,α(X)✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ s♦✉r❝❡ ❞♦♠❛✐♥
✐s ♦❢ ❝♦✉rs❡ ♥♦t s❛t✐s✜❡❞ ❤❡r❡✱ t❤✉s ✇❡ ✉s❡ t❤❡ ❧❡♠♠❛ ✸✳✷✳✷ t♦ ❣❡t ❛ ❜✐✲▲✐♣s❝❤✐t③ ♠❛♣ α : Ω → B(0, 1)
s✉❝❤ t❤❛t detDα ✐s ❛❧s♦ ▲✐♣s❝❤✐t③✳ ❲❡ t❤❡♥ ❞❡♥♦t❡ ❜②

g = α#g ❛♥❞ gk = α#gk

✇❤❡r❡ gk ✐s t❤❡ ❞❡♥s✐t② ♦❢ νk ✭✇❡ ❦♥♦✇ t❤❛t gk ✐s ▲✐♣s❝❤✐t③ ❛♥❞ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇✮✳ ❚❤❡ ❢❛❝t t❤❛t
detDα ✐s ▲✐♣s❝❤✐t③ ❛♥❞ ❜♦✉♥❞❡❞ ❣✉❛r❛♥t❡❡s t❤❛t g ✐s ❍ö❧❞❡r ❛♥❞ gk ✐s ▲✐♣s❝❤✐t③ ❛s ✇❡❧❧✳

❲❡ ❦♥♦✇ t❤❛t gk ⇀ g ✐♥ t❤❡ ✇❡❛❦ s❡♥s❡ ♦❢ ♠❡❛s✉r❡s✱ t❤✉s gk ⇀ g ❛❧s♦✱ ❛♥❞

W2(gk, g) =

∫

B(0,1)

|Uk(x)− x|2gk(x) ❞x→ 0

✇❤❡r❡ Uk ✐s t❤❡ ♦♣t✐♠❛❧ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ gk t♦ g ❢♦r t❤❡ q✉❛❞r❛t✐❝ ❝♦st❀ t❤❡ ❈❛✛❛r❡❧❧✐✬s r❡❣✉❧❛r✐t②
r❡s✉❧t ❣✉❛r❛♥t❡❡s Uk t♦ ❜❡❧♦♥❣ t♦ C1,α(B(0, 1))✱ ❛♥❞ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ W2(gk, g) → 0 t❤❛t
Uk(x) → x ❢♦r ❛❧♠♦st ❛♥② x ∈ B(0, 1)✳ ◆♦✇ ✐❢ ✇❡ ❝♦♥s✐❞❡r

T̃k = α−1 ◦ Uk ◦ α ◦ T kh

t❤❡♥ ✇❡ ❝❛♥ ❝❤❡❝❦ t❤❛t T̃k → T ✐♥ L2(Ω)✱ ❛♥❞ ✇❡ ❤❛✈❡ (T̃k)#µ = ν ❢♦r ❡❛❝❤ k ❜② ❝♦♥str✉❝t✐♦♥✳ ❚❤❡ ♣r♦♦❢

✐s ❝♦♠♣❧❡t❡ ✐♥ t❤❡ ❝❛s❡ Ω = Ω′ =
[
− 1

2 ,
1
2

]d
✳

❙t❡♣ ✹✿ ❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ ❛♥② ♣❛✐r ♦❢ ❞♦♠❛✐♥s✳ ■❢ Ω✱ Ω′ ❛r❡ ♥♦✇ t✇♦ ▲✐♣s❝❤✐t③ ♣♦❧❛r ❞♦♠❛✐♥s ❛♥❞ T ✐s ❛
tr❛♥s♣♦rt ♠❛♣s ❢r♦♠ µ t♦ ν✱ ✇❡ ❝♦♥s✐❞❡r t✇♦ ▲✐♣s❝❤✐t③ ❞✐✛❡♦♠♦r♣❤✐s♠s α1 : Ω → [0, 1]d✱ α2 : Ω′ → [0, 1]d

❛s ✐♥ t❤❡ ▲❡♠♠❛ ✸✳✷✳✷✳ ❚❤❡ r❡❣✉❧❛r✐t② ♦❢ detDα1✱ detDα2 ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ ✐♠❛❣❡ ♠❡❛s✉r❡s (α1)#µ✱
(α2)#ν ❤❛✈❡ ❜♦t❤ C0,α r❡❣✉❧❛r✐t②✱ t❤✉s ✇❡ ❛r❡ ❛❜❧❡ t♦ ✜♥❞ ❛ s❡q✉❡♥❝❡ (Uk)k ♦❢ tr❛♥s♣♦rt ♠❛♣s ❢r♦♠
(α1)#µ t♦ (α2)#ν ❝♦♥✈❡r❣✐♥❣ ❢♦r t❤❡ L2([0, 1]d)✲♥♦r♠ t♦ (α2) ◦ T ◦ (α1)

−1✱ ❛♥❞ ✐t ✐s ♥♦✇ ❡❛s② t♦ ❝❤❡❝❦
t❤❛t Tk = (α2)

−1 ◦ Uk ◦ α1 s❡♥❞s µ t♦ ν ❛♥❞ ❝♦♥✈❡r❣❡s t♦ T ❛s ✇❡❧❧✳

✸✳✸ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ♦r❞❡r ε| log ε|
❆s ✇❡ s❛✐❞ ✐♥ t❤❡ ❛❜♦✈❡ s❡❝t✐♦♥✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ Jε−W1

ε → H ❛❧❧♦✇s t♦ ❦♥♦✇ t❤❡ ❜❡❤❛✈✐♦r ♦❢ inf Jε ❛♥❞
♦❢ ❛♥② ❢❛♠✐❧② (Tε)ε ♦❢ ♠✐♥✐♠✐③❡rs ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ infH < +∞✳ ❚❤✐s ♣❛r❛❣r❛♣❤ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞②
♦❢ ❛♥ ❡①❛♠♣❧❡ ✇❤❡r❡ t❤✐s ❛ss✉♠♣t✐♦♥ ❢❛✐❧s ✭✐✳❡✳ ✇❤❡r❡ ❛♥② ♦♣t✐♠❛❧ tr❛♥s♣♦rt ♠❛♣ ❢♦r t❤❡ ▼♦♥❣❡ ♣r♦❜❧❡♠
✐s ♥♦t ❙♦❜♦❧❡✈✮✳

✸✳✸✳✶ ◆♦t❛t✐♦♥s ❛♥❞ ✜rst r❡♠❛r❦s

■♥ t❤❡ r❡st ♦❢ t❤✐s ❝❤❛♣t❡r✱ ✇❡ s❡t d = 2 ❛♥❞ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② (r, θ) t❤❡ ✉s✉❛❧ s②st❡♠ ♦❢ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s
✐♥ R2✳ ❖✉r s♦✉r❝❡ ❛♥❞ t❛r❣❡t ❞♦♠❛✐♥s ✇✐❧❧ ❜❡ r❡s♣❡❝t✐✈❡❧②

Ω =
{
x = (r, θ) : 0 < r < 1, 0 < θ <

π

2

}

❛♥❞ Ω′ =
{
x = (r, θ) : R1(θ) < r < R2(θ), 0 < θ <

π

2

}

✇❤❡r❡ R1✱ R2 ❛r❡ t✇♦ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s
[
0, π2

]
→ (0,+∞) ✇✐t❤ inf R1 > 1 ❛♥❞ inf R2 > supR1✳ ❲❡

❛❧s♦ s✉♣♣♦s❡ R1 t♦ ❜❡ s✉❝❤ t❤❛t R′
1 ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❜♦✉♥❞❡❞ ✈❛r✐❛t✐♦♥✳ ◆♦t✐❝❡ ❛❧s♦ t❤❛t ✇❡ ❝❛♥ ❝❤♦♦s❡

R1✱ R2 s✉❝❤ t❤❛t t❤❡ t❛r❣❡t ❞♦♠❛✐♥ Ω′ ✐s ❝♦♥✈❡① ✭❢♦r ✐♥st❛♥❝❡ ✐❢ t❤❡ ❝✉r✈❡s r = R1(θ)✱ r = R2(θ) ❛r❡
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❛❝t✉❛❧❧② t✇♦ ❧✐♥❡s ✐♥ t❤❡ q✉❛rt❡r ♣❧❛♥❡✮✳ ❲❡ ❛ss✉♠❡ t❤❛t f ❛♥❞ g ❛r❡ t✇♦ ▲✐♣s❝❤✐t③ ❞❡♥s✐t✐❡s ♦♥ Ω✱ Ω′✱
❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❛♥❞ ❜❡❧♦✇ ❜② ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts✱ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦t❤❡s✐s✿

∀θ ∈
(
0,
π

2

)
,

∫ 1

0

f(r, θ) r ❞r =
∫ R2(θ)

R1(θ)

g(r, θ) r ❞r ✭✸✳✷✮

✇❤✐❝❤ ♠❡❛♥s t❤❛t✱ ❢♦r ❛♥② θ✱ t❤❡ ♠❛ss ✭✇✐t❤ r❡s♣❡❝t t♦ f✮ ♦❢ t❤❡ s❡❣♠❡♥t ❥♦✐♥✐♥❣ t❤❡ ♦r✐❣✐♥ t♦ t❤❡
❜♦✉♥❞❛r② ♦❢ Ω ❛♥❞ ✇✐t❤ ❛♥❣❧❡ θ ✐s ❡q✉❛❧ t♦ t❤❡ ♠❛ss ✭✇✐t❤ r❡s♣❡❝t t♦ g✮ ♦❢ t❤❡ s❡❣♠❡♥t ✇✐t❤ s❛♠❡ ❛♥❣❧❡
❥♦✐♥✐♥❣ t❤❡ ✏❛❜♦✈❡✑ ❛♥❞ ✏❜❡❧♦✇✑ ❜♦✉♥❞❛r✐❡s ♦❢ Ω′ ✭✐✳❡✳ t❤❡ ❝✉r✈❡s r = R1(θ) ❛♥❞ r = R2(θ)✮✳

❚❤❡♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ ♠❛♣s ❢♦r t❤❡ ▼♦♥❣❡ ❝♦st ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣✿

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶✳ ❯♥❞❡r t❤❡s❡ ❛ss✉♠♣t✐♦♥s ♦♥ Ω✱ Ω′✱ f ✱ g✱ t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠ ✐s ❛ ❑❛♥t♦r♦✈✐❝❤
♣♦t❡♥t✐❛❧ ❛♥❞ t❤❡ ♠❛①✐♠❛❧ tr❛♥s♣♦rt r❛②s ❛r❡ t❤❡ s❡❣♠❡♥ts ❥♦✐♥✐♥❣ 0 t♦ (R2(θ), θ)✳ ❈♦♥s❡q✉❡♥t❧②✱

T ∈ O1(µ, ν) ⇐⇒ T#f = g ❛♥❞ T (x) = ϕ(x)
x

|x|
❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ ϕ ∈ Ω → (inf R1,+∞)✳

Pr♦♦❢✳ ❋♦r θ ∈
(
0, π2

)
✱ ✇❡ ❞❡♥♦t❡ ❜② t(·, θ) ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ t❤❡ ♠❡❛s✉r❡ r 7→ rf(r, θ)

t♦ t❤❡ ♠❡❛s✉r❡ r 7→ rg(r, θ) ✭s✉❝❤ ❛ tr❛♥s♣♦rt ♠❛♣ ❡①✐sts s✐♥❝❡ t❤❡s❡ t✇♦ ♠❡❛s✉r❡s ❤❛✈❡ s❛♠❡ ♠❛ss t❤❛♥❦s
t♦ t❤❡ ❡q✉❛❧✐t② ✭✸✳✷✮✮✳ ■t ✐s t❤❡♥ ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡ ♠❛♣

T : x = (r, θ) ∈ Ω → t(r, θ)
x

|x|
✐s ❛ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ f t♦ g✱ ❛♥❞ ✐❢ ✇❡ s❡t u = | · |✱ u ✐s ♦❢ ❝♦✉rs❡ 1✲▲✐♣s❝❤✐t③ ❛♥❞✱ ❢♦r ❛♥② x✱

u(T (x))−u(x) =
∣∣∣∣t(r, θ)

x

|x|

∣∣∣∣−|x| = (|t(r, θ)|−|x|) x|x| =
∣∣∣∣(t(r, θ)− |x|) x|x|

∣∣∣∣ = |T (x)−x| ❢♦r ❛♥② x ∈ Ω.

❲❡ ❞❡❞✉❝❡ t❤❛t t❤❛t u = | · | ✐s ❛ ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛❧✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛ s❡❣♠❡♥t [x, y] ✐s ❛ tr❛♥s♣♦rt
r❛② ✐❢ ❛♥❞ ♦♥❧② ✐❢

u(y)− u(x) = |y − x| i.e. |y − x| = |y| − |x|
❚❤✉s✱ ✇❡ ❤❛✈❡ y = λx ❢♦r ❛ ♣♦s✐t✐✈❡ λ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ y ❛♥❞ x ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ❧✐♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡
♦r✐❣✐♥✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ tr❛♥s♣♦rt r❛②s ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❧✐♥❡s ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ♦r✐❣✐♥✳ ▼♦r❡♦✈❡r✱
❛ tr❛♥s♣♦rt ♠❛♣ T ❜❡❧♦♥❣s t♦ O1(µ, ν) ✐❢ ❛♥❞ ♦♥❧② ✐❢✱ ❢♦r ❛✳❡✳ x ∈ Ω✱ |T (x) − x| = |T (x)| − |x| ✇❤✐❝❤
❛❣❛✐♥ ♠❡❛♥s t❤❛t T (x) = ϕ(x)

x

|x| ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ ϕ✳

❈♦r♦❧❧❛r② ✸✳✸✳✶✳ ❯♥❞❡r t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s ♦♥ Ω✱ Ω′✱ µ✱ ν✱ ✇❡ ❤❛✈❡ O1(µ, ν) ∩H1(Ω) = ∅

Pr♦♦❢✳ ▲❡t T ∈ O1(µ, ν)✳ ❇② Pr♦♣✳ ✸✳✸✳✶✱ ✇❡ ❤❛✈❡ T (x) = ϕ(r, θ)
x

|x| ❢♦r x = (r, θ)✱ ✇❤❡r❡ ϕ ✐s ❛ r❡❛❧✲✈❛❧✉❡❞

❢✉♥❝t✐♦♥❀ t❤❡ ❢❛❝t t❤❛t T s❡♥❞s µ ♦♥t♦ ν ✐♠♣❧✐❡s T (x) ∈ Ω′ ❢♦r ❛♥② x✱ t❤✉s ϕ ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ♦♥
Ω ❜② t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ R1✳ ❲❡ ♥♦✇ ❝♦♠♣✉t❡ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ T ✳ ❉❡♥♦t✐♥❣ ❜② x⊥ t❤❡ ✐♠❛❣❡ ♦❢

x ❜② t❤❡ r♦t❛t✐♦♥ ✇✐t❤ ❛♥❣❧❡ π/2✱ ✇❡ ❤❛✈❡ ✐♥ t❤❡ ❜❛s✐s
(
x
|x| ,

x⊥

|x|

)
✿

DT (x) =
x

|x| ⊗ ∇ϕ(x)− ϕ(x)

|x| Id =




∂rϕ 0

∂θϕ

r

ϕ

r




t❤✉s
∫

Ω

|DT (x)|2 ❞x ≥
∫ 1

0

∫ π
2

0

ϕ(r, θ)2

r2
r ❞θ❞r ≥

∫ 1

0

π

2
(inf R1)

2 ❞r
r

= +∞
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■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✜rst ♦r❞❡r Γ✲❧✐♠✐tH ❤❛s ❤❡r❡ t❤❡ ❝♦♥st❛♥t ✈❛❧✉❡ +∞✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ♠✐♥✐♠❛❧
✈❛❧✉❡ ♦❢ Jε ❝❛♥♥♦t ❛♣♣r♦❛❝❤ W1 ✇✐t❤ ♦r❞❡r 1 ✐♥ ε✳ ❚❤✐s ✐s ♠❛✐♥❧② ❞✉❡ t♦ t❤❡ ❜❧♦✇✲✉♣ ♦❢ t❤❡ ❙♦❜♦❧❡✈
♥♦r♠ ❛t ❛ s✐♥❣❧❡ ♣♦✐♥t✱ ✇❤✐❝❤ s✉❣❣❡sts ❛ ❢♦r♠❛❧ ❜✉t ❞❡❡♣ ❛♥❛❧♦❣② ✇✐t❤ t❤❡ ●✐♥③❜✉r❣✲▲❛♥❞❛✉ t❤❡♦r② ✭s❡❡
❢♦r ✐♥st❛♥❝❡ ❬✶✷✱ ✺✶✱ ✻✹❪✮✱ ✇❤❡r❡ ✇❡ ❧♦♦❦ ❛t t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢

u 7→ 1

ε2

∫

Ω

(1− |u|2) +
∫

Ω

|∇u|2

✇✐t❤ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❍❡r❡ t✇♦ t❡r♠s ❛r❡ ❝♦♥tr❛❞✐❝t♦r② ✐♥ t❤❡ ❢✉♥❝t✐♦♥❛❧✿ t❤❡ ✜rst ♦♥❡
s✉❣❣❡sts t♦ s❡❧❡❝t ✉♥✐t ✈❡❝t♦r ✜❡❧❞s ♣❛r❛❧❧❡❧ t♦ t❤❡ ❜♦✉♥❞❛r②✱ ❛♥❞ t❤❡ s❡❝♦♥❞ r❡q✉✐r❡s H1✲r❡❣✉❧❛r✐t②✱ ✇❤✐❝❤
✐s ✐♠♣♦ss✐❜❧❡ s✐♥❝❡ t❤❡ ♣r❡✈✐♦✉s ♣♦✐♥t ❝r❡❛t❡s ❛ ✈♦rt❡①✳ ■♥ ♦✉r ❝❛s❡✱ ✉♣ t♦ ❛ 90◦ r♦t❛t✐♦♥✱ t❤❡ s✐t✉❛t✐♦♥
✐s s✐♠✐❧❛r✳ ❚❤❡ t✇♦ ❝♦♥tr❛❞✐❝t♦r② ♣❤❡♥♦♠❡♥❛s ❛r❡ t❤❡ ❢❛❝t t❤❛t T ❤❛s t♦ ♣r❡s❡r✈❡ t❤❡ tr❛♥s♣♦rt r❛②s ✭t♦
♦♣t✐♠✐③❡ t❤❡ ▼♦♥❣❡ ♣r♦❜❧❡♠✮ ❛♥❞ t❤❛t ✐t ❤❛s ❛ ✜♥✐t❡ ❙♦❜♦❧❡✈ ♥♦r♠❀ t❤✐s ❛❧s♦ ❧❡❛❞s t♦ t❤❡ ❝r❡❛t✐♦♥ ♦❢
❛♥ ❡①♣❧♦s✐♦♥ ✭❛ ✈♦rt❡①✱ r♦t❛t❡❞ ❜② 90◦❀ ❤❡r❡ t❤❡ ♦r✐❣✐♥✱ ✇❤✐❝❤ ✐s s❡♥t t♦ ❛ ✇❤♦❧❡ ❝✉r✈❡ ❜❡❧♦♥❣✐♥❣ t♦ t❤❡
t❛r❣❡t ❞♦♠❛✐♥✮✳

▼♦r❡♦✈❡r✱ t❤❡ t✇♦ ♥❡①t ♣❛r❛❣r❛♣❤s ✇✐❧❧ s❤♦✇ t❤❛t t❤❡ ❡①❝❡ss ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ W1 ❜② inf Jε ✐s
♦❢ ♦r❞❡r ε| log ε|✱ ✇❤✐❝❤ ✐s ❛❧s♦ ❛ ❝♦♠♠♦♥ ❢❡❛t✉r❡ ✇✐t❤ t❤❡ ●✐♥③❜✉r❣✲▲❛♥❞❛✉ t❤❡♦r② ✭❜✉t t❤❡ ❛♥❛❧♦❣② ✐s
❧✐❦❡❧② t♦ st♦♣ ❤❡r❡✮✳

✸✳✸✳✷ ❍❡✉r✐st✐❝s

■♥ t❤✐s ♣❛r❛❣r❛♣❤✱ ✇❡ ❣✐✈❡ ❛ ♣r❡❧✐♠✐♥❛r② ❡①❛♠♣❧❡ ♦❢ ❛♥❛❧②s✐s ♦❢ t❤❡ ❜❡❤❛✈✐♦r ♦❢ Jε(Tε) ✇❤❡♥ ε → 0 ❛♥❞
Tε ❛♣♣r♦❛❝❤❡s ❛♥ ♦♣t✐♠❛❧ ♠❛♣ T ❢♦r t❤❡ ▼♦♥❣❡ ♣r♦❜❧❡♠❀ t❤✐s ✇✐❧❧ ♥♦t ❧❡❛❞ ❞✐r❡❝t❧② t♦ ❛ r✐❣♦r♦✉s ♣r♦♦❢
♦❢ t❤❡ ❣❡♥❡r❛❧ r❡s✉❧t✱ ❜✉t ❣✐✈❡s ❛♥ ✐❞❡❛ ♦❢ ✇❤✐❝❤ q✉❛♥t✐t✐❡s ✇✐❧❧ ❛♣♣❡❛r✳

❆ss✉♠❡ t❤❛t T ∈ O1(µ, ν) ✇✐t❤ T (x) = ϕ(r, θ)
x

|x| ✱ ❛♥❞ ❧❡t ✉s ❜✉✐❧❞ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ (Tε)ε ❞❡✜♥❡❞ ❜②

Tε(x) =

{
S(x) ✐❢ x ∈ Ωδ
T (x) ♦t❤❡r✇✐s❡

✇❤❡r❡ δ ✇✐❧❧ ❜❡ ✜①❡❞ ✭❞❡♣❡♥❞✐♥❣ ♦♥ ε✮✱ Ωδ = B(0, δ)∩Ω ❛♥❞ S ✇✐❧❧ ❜❡ ❜✉✐❧❞ t♦ s❡♥❞ (f · Ld)|Ωδ
♦♥t♦ t❤❡

s❛♠❡ ✐♠❛❣❡ ♠❡❛s✉r❡ t❤❛t t❤❡ ♦r✐❣✐♥❛❧ T ❤❛s ♦♥ Ωδ✳ ◆♦t✐❝❡ t❤❛t S ❞❡♣❡♥❞s ✐♥❞❡❡❞ ❜♦t❤ ♦♥ δ ❛♥❞ ♦♥ ε✱
❜✉t ✇❡ ♦♠✐t t❤✐s ❞❡♣❡♥❞❡♥❝❡✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡

Jε(Tε)−W1 =

∫

Ω

|Tε(x)− x|f(x) ❞x−W1 +

∫

Ωδ

|DS|2 +
∫

Ω\Ωδ

|DT |2

❙✐♥❝❡ T ✐s ♦♣t✐♠❛❧ ❢♦r t❤❡ ▼♦♥❣❡ ♣r♦❜❧❡♠ ❛♥❞ ❝♦✐♥❝✐❞❡s ✇✐t❤ Tε ♦✉ts✐❞❡ ♦❢ Ωδ✱ ✇❡ ❤❛✈❡
∫

Ω

|Tε(x)− x|f(x) ❞x−W1 =

∫

Ω

(|Tε(x)− x| − |T (x)− x|)f(x) ❞x =

∫

Ωδ

(|S(x)− x| − |T (x)− x|)f(x) ❞x

❲❡ ♥♦✇ ❝❧❛✐♠ t❤❛t ∫

Ωδ

|T (x)− x|f(x) ❞x =

∫

Ωδ

(|S(x)| − |x|)f(x) ❞x

■♥❞❡❡❞✱ ✇❡ st✐❧❧ ❤❛✈❡ t❤❡ ❡q✉❛❧✐t② |T (x) − x| = |T (x)| − |x|✱ ❛♥❞ t❤❡ ✐♠❛❣❡ ♠❡❛s✉r❡s ♦❢ (f · Ld)|Ωδ
❜② T

❛♥❞ S ❛r❡ t❤❡ s❛♠❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱
∫

Ω

|Tε(x)− x|f(x) ❞x−W1 =

∫

Ωδ

(|S(x)− x| − |S(x)|+ |x|)f(x) ❞x
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❛♥❞✱ ❜② t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱ |S(x)− x| − |S(x)|+ |x| ≤ |(S(x)− x)− S(x)|+ |x| ≤ 2|x| s♦ t❤❛t

∫

Ω

|Tε(x)− x|f(x) ❞x−W1 ≤
∫

Ωδ

2|x| ❞x ≤ 2

∫ π
2

0

∫ δ

0

r2 ❞r ❞θ ≤ πδ3

3

■♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ t❤❡ ♥♦r♠ ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① DT ♦✉ts✐❞❡ ♦❢ Ωδ✱ ✇❡ r❡❝❛❧❧ t❤❛t✱ ✐♥ t❤❡ ❜❛s✐s(
x
|x| ,

x
|x|

⊥
)
✱

DT (x) =




∂rϕ 0

∂θϕ

r

ϕ

r




s♦ t❤❛t ∫

Ω\Ωδ

|DT (x)|2 ❞x =

∫ 1

δ

∫ π
2

0

(
ϕ(r, θ)2 + ∂θϕ(r, θ)

2

r
+ r∂rϕ(r, θ)

2

)
❞θ ❞r

◆♦✇ ✇❡ ♥♦t❡ t❤❛t✱ ❢♦r θ ∈ (0, π/2)✱ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠❛♣ ϕ(·, θ) s❡♥❞s t❤❡ ❞❡♥s✐t② rf(·, θ) ♦♥t♦ t❤❡
❞❡♥s✐t② rg(r, θ)✳ ❚❤❡ ✜rst ❞❡♥s✐t② ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ✭❜✉t ✈❛♥✐s❤❡s ❛r♦✉♥❞ r = 0✮✱ ❛♥❞ t❤❡ s❡❝♦♥❞
♦♥❡ ❢r♦♠ ❜❡❧♦✇ ✭❛❧s♦ ❢r♦♠ ❛❜♦✈❡✮✳ ❚❤✉s✱ ♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ∂rϕ(·, θ) ✐s ❜♦✉♥❞❡❞ ✭❜② t❤❡ ✇❛②✱ ✐❢ T ✐s
t❤❡ ♠♦♥♦t♦♥❡ ♠❛♣ ❛❧♦♥❣ t❤❡ tr❛♥s♣♦rt r❛②s✱ ✇❡ ❛❧s♦ ❤❛✈❡ ∂rϕ(r, θ) → 0 ❛s r → 0✮✱ s♦ t❤❛t

∫ π
2

0

∫ 1

δ

∂rϕ(r, θ)
2r ❞r ❞θ ≤ C

✇❤❡r❡ C ✐s ❛ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ δ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

∫ 1

δ

∫ π
2

0

ϕ(r, θ)2 + ∂θϕ(r, θ)
2

r
❞θ ❞r =

∫ 1

δ

||ϕ(r, ·)||2H1(0,π/2)

❞r
r

■♥ t❤✐s ❧❛st ✐♥t❡❣r❛❧✱ ✇❡ ♠❛❦❡ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ r = δt✱ ✇❤✐❝❤ ❣✐✈❡s

∫ 1

δ

∫ π
2

0

ϕ(r, θ)2 + ∂θϕ(r, θ)
2

r
❞θ ❞r = | log δ|

∫ 1

0

||ϕ(δt, ·)||2H1(0,π/2) ❞t

❲❡ ♠♦r❡♦✈❡r ❛ss✉♠❡ t❤❛t ||ϕ(δt, ·)||2H1(0,π/2) → ||ϕ(0, ·)||2H1(0,π/2) ❛s δ → 0✳ ❚❤✐s ❧❡❛❞s t♦

ε

∫

Ω\Ωδ

|DT |2 ∼
ε,δ→0

ε| log δ|||ϕ(0, ·)||2H1(0,π/2) +O(δ3 + ε)

■t r❡♠❛✐♥s t♦ ❡st✐♠❛t❡ t❤❡ L2✲♥♦r♠ ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ S ♦♥ Ωδ✳ ❲❡ r❡❝❛❧❧ t❤❛t S ❤❛s t♦ ❜❡
❜✉✐❧t s♦ t❤❛t Tε✱ ❞❡✜♥❡❞ ♦♥ t❤❡ ✇❤♦❧❡ Ω✱ ✐s st✐❧❧ ❛ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ µ t♦ ν ✇✐t❤ ✜♥✐t❡ ❙♦❜♦❧❡✈ ♥♦r♠❀
t❤✉s✱ t❤❡ ♠❛♣ S✱ ❞❡✜♥❡❞ ♦♥ Ωδ✱ ♠✉st s❡♥❞ Ωδ ♦♥t♦ ✐ts ♦r✐❣✐♥❛❧ ✐♠❛❣❡ S(Ωδ) ✐♥ ❛ r❡❣✉❧❛r ✇❛② ❛♥❞ ❦❡❡♣
t❤❡ ❝♦♥str❛✐♥t ♦♥ t❤❡ ✐♠❛❣❡ ♠❡❛s✉r❡s✿

S#(µ|Ωδ
) = T#(µ|Ωδ

)

▼♦r❡♦✈❡r✱ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❣❧♦❜❛❧ ♠❛♣ Tε ✐♠♣❧✐❡s ❛ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❛t t❤❡ ❜♦✉♥❞❛r②✿

S(x) = T (x) ❢♦r |x| = δ

❚❤❛♥❦s t♦ t❤❡ ❉❛❝♦r♦❣♥❛✲▼♦s❡r✬s r❡s✉❧t ✭❚❤❡♦r❡♠ ❆✳✸✳✶ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✱ s❡❡ ❜❡❧♦✇ ❢♦r ✐ts ♣r❡❝✐s❡ ✉s❡✮✱
✇❡ ❛r❡ ✐♥❞❡❡❞ ❛❜❧❡ t♦ ❜✉✐❧❞ s✉❝❤ ❛ ♠❛♣ S✳ ❨❡t✱ t❤❡ ❞✐❛♠❡t❡r ♦❢ Ωδ ✐s

√
2δ❀ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ T (Ωδ)



✸✳✸✳ ❆◆ ❊❳❆▼P▲❊ ❖❋ ❆PP❘❖❳■▼❆❚■❖◆ ❖❋ ❖❘❉❊❘ ε|LOG ε| ✽✶

❝♦♥t❛✐♥s t❤❡ ✇❤♦❧❡ ❝✉r✈❡ θ 7→ ϕ(0, θ)✱ s♦ t❤❛t ✐ts ❞✐❛♠❡t❡r ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❜② ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t
✐♥❞❡♣❡♥❞❡♥t ♦❢ δ✳ ❚❤✉s✱ t❤❡ ❜❡st ❡st✐♠❛t❡ t❤❛t ♦♥❡ ❝❛♥ ❡①♣❡❝t ✐s

LipS ≤ C

δ

❋♦r ❛ r❡❛s♦♥❛❜❧❡ tr❛♥s♣♦rt ♠❛♣ T ✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t s✉❝❤ ❛ ♠❛♣ S ❝❛♥ ❜❡ ❢♦✉♥❞ ✇✐t❤ ♠♦r❡♦✈❡r S(x) =
T (x) ❢♦r |x| = δ ✭s❡❡ t❤❡ ♣❛r❛❣r❛♣❤ ✸✳✹✳✷ ❜❡❧♦✇✮✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❣❧♦❜❛❧ ♠❛♣ Tε st✐❧❧ s❡♥❞s µ t♦ ν ❛♥❞
✇❡ ❤❛✈❡ ∫

Ωδ

|DT |2 ≤
∫

Ωδ

(
C

δ

)2

≤ C2

❋✐♥❛❧❧②✱
Jε(Tε)−W1 = ε| log δ|||ϕ(0, ·)||H1(0,π/2) +O(δ3 + ε)

■❢ ✇❡ ❝❤♦♦s❡ δ = ε1/3✱ ✇❡ ♦❜t❛✐♥

Jε(Tε) =W1 + ε| log ε|1
3
||ϕ(0, ·)||2H1(0,π/2) +O(ε)

■♥ ♣❛rt✐❝✉❧❛r✿

• t❤❡ ✜rst ♦r❞❡r ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ Jε(Tε) t♦ W1 ✐s ♥♦t ❛♥②♠♦r❡ ε✱ ❜✉t ε| log ε|❀
• t❤❡ ✜rst s✐❣♥✐✜❝❛♥t t❡r♠ ♦♥❧② ✐♥✈♦❧✈❡s t❤❡ ❜❡❤❛✈✐♦r ♦❢ ϕ ❛r♦✉♥❞ 0✱ ✇❤✐❝❤ ✐s t❤❡ ❝r♦ss✐♥❣ ♣♦✐♥t ♦❢ ❛❧❧

t❤❡ tr❛♥s♣♦rt r❛②s ✭❛♥❞ ❛❧s♦ t❤❡ s✐♥❣✉❧❛r✐t② ♣♦✐♥t ♦❢ t❤❡ ♠❡❛s✉r❡ r❡str✐❝t❡❞ t♦ ❛♥② tr❛♥s♣♦rt r❛②✱
s✐♥❝❡ ✐t ✈❛♥✐s❤❡s ❛t 0✮✳ ❚❤✐s s✉❣❣❡sts t❤❛t Tε → T ✱ ✇❤❡r❡ T ❛t r = 0 ♠✐♥✐♠✐③❡s ||ϕ(r, ·)||H1 ✳

✸✳✸✳✸ ▼❛✐♥ r❡s✉❧t ❛♥❞ ❝♦♥s❡q✉❡♥❝❡s

❚❤❡ ❛♥❛❧②s✐s ✐♥ t❤❡ ❛❜♦✈❡ ♣❛r❛❣r❛♣❤ s✉❣❣❡sts t♦ ✐♥tr♦❞✉❝❡ t❤❡ ♠✐♥✐♠❛❧ ✈❛❧✉❡ ♦❢ ||ϕ(0, ·)||H1(0,π/2) ❛♠♦♥❣
t❤❡ ❢✉♥❝t✐♦♥s ϕ s✉❝❤ t❤❛t

x 7→ ϕ(r, θ)
x

|x|
✐s ❛ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ µ t♦ ν✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r s✉❝❤ ❛ ϕ ❛♥❞ ❢♦r ❛♥② x ∈ Ω✱ t❤❡ ♣♦✐♥t ϕ(r, θ)

x

|x| st✐❧❧

❜❡❧♦♥❣s t♦ t❤❡ t❛r❣❡t ❞♦♠❛✐♥ Ω′❀ t❤✉s✱ ✐ts ✈❛❧✉❡ ❛t r = 0 ✈❡r✐✜❡s

❢♦r ❛✳❡ θ ∈ (0, π/2), R1(θ) ≤ ϕ(0, θ) ≤ R2(θ)

❲❡ ✇✐❧❧ t❤✉s s❡t

K = min

{∫ π
2

0

(ϕ(θ)2 + ϕ′(θ)2) ❞θ : ϕ ∈ H1
(
0,
π

2

)
, R1(θ) ≤ ϕ(θ) ≤ R2(θ)

}

❛♥❞✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ✐❞❡❛s ♦❢ t❤❡ ❧❛st s✉❜✲s❡❝t✐♦♥✱

Fε : T 7→ 1

ε

(
Jε(T )−W1 −

K

3
ε| log ε|

)

◆♦t✐❝❡ ❤❡r❡ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ inf R2 > supR1 ❛❧❧♦✇s t♦ r❡♠♦✈❡ t❤❡ ❝♦♥str❛✐♥t ϕ(θ) ≤ R2(θ) ✐♥
t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❞❡✜♥✐♥❣ K ✭✐♥❞❡❡❞✱ ✐❢ ϕ > R2 ♦♥ ❛ s✉❜s❡t ♦❢ (0, π/2)✱ ♦♥❡ ❝❛♥ r❡♣❧❛❝❡ ✐t ✇✐t❤
min(ϕ, inf R2) ♦♥ t❤✐s s✉❜s❡t ❛♥❞ t❤✐s ✇✐❧❧ ❞❡❝r❡❛s❡ ✐ts ❙♦❜♦❧❡✈ ♥♦r♠✮✿ ✐♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❤❛✈❡

K = min

{∫ π
2

0

(ϕ(θ)2 + ϕ′(θ)2) ❞θ : ϕ ∈ H1
(
0,
π

2

)
, R1(θ) ≤ ϕ(θ)

}

❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿
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❚❤❡♦r❡♠ ✸✳✸✳✶✳ ▲❡t ✉s ❞❡♥♦t❡ ❜②

G : ϕ ∈ H1(0, π/2) 7→ ||ϕ||2H1(0,π/2) −K

❛♥❞

F (T ) =





+∞ ✐❢ T /∈ O1(µ, ν)
∫ 1

0

G(ϕ(r, ·))❞r
r

+

∫ 1

0

||∂rϕ(r, ·)||2L2 r ❞r ✐❢ T ∈ O1(µ, ν), T (x) = ϕ(r, θ)
x

|x|

✶✳ ❋♦r ❛♥② ❢❛♠✐❧② ♦❢ ♠❛♣s (Tε)ε s✉❝❤ t❤❛t (Fε(Tε))ε ✐s ❜♦✉♥❞❡❞✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ εk → 0 ❛♥❞ ❛
♠❛♣ T s✉❝❤ t❤❛t Tεk → T ✐♥ L2(Ω)✳

✷✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ t❤❡ ❞♦♠❛✐♥s Ω✱ Ω′ ❛♥❞ ♦❢ t❤❡ ♠❡❛s✉r❡s f ✱ g✱ s♦ t❤❛t✱
❢♦r ❛♥② ❢❛♠✐❧② ♦❢ ♠❛♣s (Tε)ε>0 ✇✐t❤ Tε → T ❛s ε→ 0 ✐♥ L2(Ω)✱ ✇❡ ❤❛✈❡

lim inf
ε→0

Fε(Tε) ≥ F (T )− C

✸✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ ❢❛♠✐❧② (Tε)ε>0 s✉❝❤ t❤❛t (Fε(Tε))ε ✐s ✐♥❞❡❡❞ ❜♦✉♥❞❡❞✳

◆♦t✐❝❡ t❤❛t ✇❡ ❤❛✈❡ ♥♦t st❛t❡❞ ❤❡r❡ ❛ tr✉❡ Γ−❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t✱ ❜✉t ✇❡ ♦♥❧② ♣r♦✈✐❞❡ ❛♥ ❡st✐♠❛t❡ ♦♥
t❤❡ Γ✲❧✐♠✐♥❢✱ ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s❡q✉❡♥❝❡ ✇✐t❤ ❡q✉✐❜♦✉♥❞❡❞ ❡♥❡r❣②✳ ❲❡ ❝♦♥❥❡❝t✉r❡ ✐♥❞❡❡❞ t❤❛t t❤❡
Γ✲❧✐♠✐t ♦❢ t❤❡ s❡q✉❡♥❝❡ Fε ✐s ♦❢ t❤❡ ❢♦r♠ F − C ❢♦r ❛ s✉✐t❛❜❧❡ ❝♦♥st❛♥t C ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s❤❛♣❡ ♦❢ Ω′

❛♥❞ f(0) ✭❛❣❛✐♥✱ t❤❡ ♠❛✐♥ ✐♠♣♦rt❛♥t r❡❣✐♦♥ ✐s t❤❛t ❛r♦✉♥❞ x = 0 ✐♥ Ω✱ ✇❤✐❝❤ ♠✉st ❜❡ s❡♥t ♦♥ t❤❡ ❝✉r✈❡
Φ✮❀ ♣r❡❝✐s❡❧②✱ t❤❡ ❝♦♥st❛♥t C t❤❛t ✇❡ ❡①♣❡❝t ✐s

C = lim
λ→+∞

(
inf

{
λ3f(0)

∫

Ω

(
|y| − y · S(y)|S(y)|

)
❞y +

∫

Ω

|DS(y)|2 ❞y −K log λ : S : Ω1 → Ω′
})

✇✐t❤ ♠❛② ❜❡ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥t ✐♥ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r ❡❛❝❤ λ ✭s❡❡ ❜❡❧♦✇ ❛ ❥✉st✐✜❝❛t✐♦♥
❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣❛r❛❣r❛♣❤ ✸✳✹✳✶✮✳

❍♦✇❡✈❡r✱ ✇❡ ❞♦ ♥♦t ♣r♦✈❡ ✐t ❤❡r❡ ❛♥❞ ✇❡ ♦♥❧② ✉s❡ t❤❡ ❡st✐♠❛t❡ ✇❡ ♣r♦✈❡ t♦ ❣❡t s♦♠❡ ❝♦♥s❡q✉❡♥❝❡s ♦♥
t❤❡ ♠✐♥✐♠❛ ❛♥❞ t❤❡ ♠✐♥✐♠✐③❡rs ♦❢ Fε✳

❈♦♥s❡q✉❡♥❝❡s ♦♥ t❤❡ ♠✐♥✐♠❛❧ ✈❛❧✉❡ ♦❢ Jε✳ ■❢ ✇❡ ❛♣♣❧② t❤❡ ❚❤❡♦r❡♠ ✸✳✸✳✶ t♦ ❛ s❡q✉❡♥❝❡ (Tε)ε ✇❤❡r❡
❡❛❝❤ Tε ♠✐♥✐♠✐③❡s Jε ✭✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t ✇✐t❤ ♠✐♥✐♠✐③✐♥❣ Fε✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ s❡q✉❡♥❝❡ (Fε(Tε))ε ✐s
❜♦✉♥❞❡❞ ❛♥❞

inf Jε = Fε(Tε) =W1(µ, ν) +
K

3
ε| log ε|+O(ε)

❈♦♥s❡q✉❡♥❝❡s ♦♥ t❤❡ ❜❡❤❛✈✐♦r ♦❢ (Tε)ε✳ ❲❡ ✜rst ♥♦t❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

▲❡♠♠❛ ✸✳✸✳✶✳ ❚❤❡ ♣r♦❜❧❡♠ ✇❤✐❝❤ ❞❡✜♥❡s t❤❡ ❝♦♥st❛♥t K✱ ♥❛♠❡❧②

inf

{∫ π
2

0

(ϕ(θ)2 + ϕ′(θ)2) ❞θ : ϕ ∈ H1
(
0,
π

2

)
, R1(θ) ≤ ϕ(θ) ≤ R2(θ)

}
, ✭✸✳✸✮

❛❞♠✐ts ❛ ✉♥✐q✉❡ ♠✐♥✐♠✐③❡r Φ✳ ▼♦r❡♦✈❡r✱ ✐❢ ϕ ∈ H1(0, π/2) ✈❡r✐✜❡s R1 ≤ ϕ✱ t❤❡♥

G(ϕ) ≥ ||ϕ− Φ||2H1
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Pr♦♦❢✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② C t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s ϕ ∈ H1(0, π/2) ✈❡r✐❢②✐♥❣ t❤❡ ❝♦♥str❛✐♥t R1 ≤ ϕ ♦♥ (0, π/2)✳
◆♦t✐❝❡ t❤❛t C ✐s ❛ ❝♦♥✈❡① ❝❧♦s❡❞ s✉❜s❡t ♦❢ H1(0, π/2)✱ s♦ t❤❛t ✭✸✳✸✮ ❛❞♠✐ts ❛s ✇❡❧❧ ❛ ✉♥✐q✉❡ ♠✐♥✐♠✐③❡r Φ✱
✇❤✐❝❤ ✐s t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ 0 ♦♥t♦ C ✐♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ H1(0, π/2)✳ ❚❤✐s ✐♠♣❧✐❡s

∀ϕ ∈ C, 〈Φ, ϕ− Φ〉 ≥ 0 ✭✸✳✹✮

■❢ ♥♦✇ ϕ ∈ C✱ t❤❡♥
G(ϕ)− ||ϕ− Φ||2H1 = ||ϕ||2H1 − ||Φ||2H1 − ||ϕ− Φ||2H1 = 2 〈Φ, ϕ− Φ〉

✇❤✐❝❤ ✐s ♥♦♥✲♥❡❣❛t✐✈❡ t❤❛♥❦s t♦ t❤❡ ✐♥❡q✉❛❧✐t② ✭✸✳✹✮✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ♦❜t❛✐♥✿

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✷✳ ▲❡t T ∈ O1(µ, ν)✱ T (x) = ϕ(r, θ)
x

|x| ✱ s✉❝❤ t❤❛t F (T ) < +∞✳ ❚❤❡♥ r 7→ ϕ(r, ·) ✐s

❝♦♥t✐♥✉♦✉s ❢r♦♠ [0, 1] t♦ L2(0, π/2)✱ ❛♥❞ ✇❡ ❤❛✈❡ ϕ(0, ·) = Φ✳

❚❤✐s✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❚❤❡♦r❡♠ ✸✳✸✳✶✱ ✐♠♣❧✐❡s t❤❛t t❤❛t ✐❢ (Tε)ε ❤❛s ❛♥ ❡q✉✐✲❜♦✉♥❞❡❞ ❡♥❡r❣② ✭♠❡❛♥✐♥❣
t❤❛t Fε(Tε) ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ ε✮✱ t❤❡♥ ✐t ❤❛s✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ ❛ ❧✐♠✐t T = ϕ(r, θ) x|x| ✇❤❡r❡
ϕ(r, θ) ✐s ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ r ❛♥❞ ❤❛s Φ(θ) ❛s ❧✐♠✐t ❛s r → 0✳ ■♥ ♦t❤❡r ✇♦r❞s✱ T s❡♥❞s 0 ♦♥t♦
t❤❡ ❝✉r✈❡ r = Φ(θ) ✇❤✐❝❤ ❤❛s t❤❡ ❜❡st H1✲♥♦r♠ ❛♠♦♥❣ t❤❡ ❝✉r✈❡s ✇✐t❤ ✈❛❧✉❡s ✐♥ t❤❡ t❛r❣❡t ❞♦♠❛✐♥ Ω′✳
❚❤✐s ✐s ✐♥ ♣❛rt✐❝✉❧❛r tr✉❡ ✐❢ ❡❛❝❤ Tε ♠✐♥✐♠✐③❡s Jε ✭t❤✉s Fε✮✳

Pr♦♦❢ ♦❢ Pr♦♣✳ ✸✳✸✳✷✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ T ✐♠♣❧✐❡s t❤❛t t❤❡ ✐♥t❡❣r❛❧s
∫ 1

0

||∂rϕ(r, ·)||2L2(0,π/2) r ❞r ❛♥❞
∫ 1

0

||∂rϕ(r, ·)||2L2(0,π/2) r ❞r

❛r❡ ❜♦t❤ ❝♦♥tr♦❧❧❡❞ ❜② s♦♠❡ ✜♥✐t❡ ❝♦♥st❛♥t A✳ ◆♦✇ ✇❡ ❤❛✈❡ ❢♦r θ ∈ (0, π/2)✿

|ϕ(r1, θ)− ϕ(r2, θ)| =
∫ r2

r1

∂rϕ(r, θ) ❞r ≤
(∫ r2

r1

∂rϕ(r, θ)
2 r ❞r

)1/2 (∫ r2

r1

❞r
r

)1/2

t❤✉s
∫ π/2

0

|ϕ(r1, θ)− ϕ(r2, θ)|2 ❞θ ≤
(∫ r2

r1

||∂rϕ(r, ·)||2L2(0,π/2) r ❞r

)(∫ r2

r1

❞r
r

)

s♦ t❤❛t ||ϕ(r1, ·)− ϕ(r2, ·)||2L2(0,π/2) ❞θ ≤ A log
r2
r1

✭✸✳✺✮

❚❤✐s ♣r♦✈❡s t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ r 7→ ϕ(r, ·)✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❛♥❦s t♦ t❤❡ ▲❡♠♠❛ ✸✳✸✳✶✱ ✇❡ ❤❛✈❡

A ≥
∫ 1

0

G(ϕ(r, ·))❞r
r

≥
∫ 1

0

||ϕ(r, ·)− Φ||2L2(0,π/2)

❞r
r

❇② s❡tt✐♥❣ r = e−t✱ ✇❡ ♦❜t❛✐♥

A ≥
∫ +∞

0

||ϕ(e−t, ·)− Φ||2L2 ❞t

❇✉t✱ ❢♦r t1 < t2 ∈ (0,+∞)✱ ✇❡ ❤❛✈❡

||ϕ(e−t1 , ·)− Φ||2L2 − ||ϕ(e−t2 , ·)− Φ||2L2 | = |〈ϕ(e−t1 , ·)− ϕ(e−t
2

, ·),Φ〉L2 |
≤ ||ϕ(e−t1 , ·)− ϕ(e−t2 , ·)|| ||Φ||

≤ A log
e−t2

e−t1
= A(t2 − t1)

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ ✭✸✳✺✮✳ ❚❤✉s✱ t❤❡ ❢✉♥❝t✐♦♥ t 7→ ||ϕ(e−t, ·) − Φ||2L2 ✐s ▲✐♣s❝❤✐t③ ❛♥❞
❜❡❧♦♥❣s t♦ L1(0,+∞)✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ✐t ✈❛♥✐s❤❡s ❛t +∞✱ s♦ t❤❛t ϕ(r, ·) → Φ ✐♥ L2(0, π/2) ❛s r → 0✳
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✸✳✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✶

✸✳✹✳✶ Γ✲❧✐♠✐♥❢ ❡st✐♠❛t❡

▲❡t (Tε)ε ❜❡ ❛ ❢❛♠✐❧② ♦❢ ♠❛♣s ❛♥❞ ❧❡t ✉s ❜❡❣✐♥ ❜② ✇r✐t✐♥❣ ♣r❡❝✐s❡❧② t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ Fε(Tε) ❢♦r ❛♥② ε > 0
❛♥❞ ❛♥② tr❛♥s♣♦rt ♠❛♣ Tε✳ ❲❡ ❤❛✈❡

Fε(Tε) =
1

ε

(∫

Ω

|Tε(x)− x|f(x) ❞x−W1

)
+

∫

Ω

|DTε(x)|2 ❞x− K

3
| log ε|

❲❡ s❡t δ = ε1/3 ❛♥❞ ♥♦t✐❝❡ t❤❛t

K

3
| log ε| = K| log δ| = K

∫ 1

δ

❞r
r

❲❡ ❞❡❝♦♠♣♦s❡ Tε ✐♥t♦ r❛❞✐❛❧ ❛♥❞ t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥ts✿

Tε(x) = ϕε(r, θ)
x

|x| + ψε(r, θ)
x

|x|
⊥

❛♥❞ ❝♦♠♣✉t❡

DTε =
x

|x| ⊗ ∇ϕε(x) +
ϕε(x)

|x|

(
Id −

x

|x| ⊗
x

|x|

)
+

x

|x|
⊥
⊗∇ψε(x) +

ψε(x)

|x|

(
R− x

|x|
⊥
⊗ x

|x|

)

✇❤❡r❡ R ❞❡♥♦t❡s t❤❡ r♦t❛t✐♦♥ ✇✐t❤ ❛♥❣❧❡ π/2 ❛♥❞ ✇❡ st✐❧❧ s❡t x⊥ = Rx✳ ❚❤✉s✱ t❤❡ ♠❛tr✐① ♦❢ DTε ✐♥ t❤❡

❜❛s✐s

(
x

|x| ,
x

|x|
⊥
)

✐s

DTε(x) =




∂rϕε ∂rψε

∂θϕε − ψε
r

ϕε + ∂θψε
r




s♦ t❤❛t

|DTε|2 = ∂rϕ
2
ε + ∂rψ

2
ε +

(∂θϕε − ψε)
2

r2
+

(ϕε + ∂θψε)
2

r2

❲❡ ♦❜t❛✐♥
∫

Ω

|DTε|2 =

∫

Ωδ

|DTε|2 +
∫ 1

δ

(||∂rϕε(r, ·)||2L2 + ||∂rψε||2L2) r ❞r+
∫ 1

δ

(||∂θϕε −ψε||2L2 + ||ϕε + ∂θψε||2L2)
❞r
r

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t
∫

Ω

|Tε(x)− x|f(x) ❞x−W1 =

∫

Ω

(|Tε(x)− x| − |Tε(x)|+ |x|)f(x) ❞x

❋✐♥❛❧❧②✱ t❤❡ ❝♦♠♣❧❡t❡ ❡①♣r❡ss✐♦♥ ♦❢ Fε ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

Fε(Tε) =
1

ε

∫

Ω

(|Tε(x)− x| − |Tε(x)|+ |x|)f(x) ❞x+

∫

Ωδ

|DTε|2

+

∫ 1

δ

(||(∂θϕε − ψε)(r, ·)||2L2 + ||(ϕε + ∂θψε)(r, ·)||2L2 −K)
❞r
r

+

∫ 1

δ

(||∂rϕε(r, ·)||2L2 + ||∂rψε||2L2) r ❞r
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t❤✉s✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② H(ϕ, ψ) =

∫ π/2

0

(ϕ′(θ)−ψ(θ))2 + (ϕ(θ) +ψ′(θ))2 ❞θ ❢♦r ϕ, ψ ∈ H1(0, π/2)✱ ✇❡ ❤❛✈❡

Fε(Tε) =
1

ε

∫

Ω

(|Tε(x)− x| − |Tε(x)|+ |x|)f(x) ❞x+

∫

Ωδ

|DTε|2

+

∫ 1

δ

(H(ϕε(r, ·), ψε(r, ·))−K)
❞r
r

+

∫ 1

δ

(||∂rϕε(r, ·)||2L2 + ||∂rψε||2L2) r ❞r ✭✸✳✻✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❝♦❧❧❡❝ts s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ H✳

▲❡♠♠❛ ✸✳✹✳✶✳ ❲❡ r❡❝❛❧❧ t❤❛t

H : (ϕ, ψ) ∈ H1(0, π/2)×H1(0, π/2) 7→ ||ϕ′ − ψ||2L2 + ||ϕ+ ψ′||2L2

❢♦r ϕ, ψ ∈ H1(0, π/2)✳ ❚❤❡♥✿

• ❚❤❡ ❢✉♥❝t✐♦♥ H ✐s ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ str♦♥❣ L2✲❝♦♥✈❡r❣❡♥❝❡✳

• ❆ss✉♠❡ t❤❛t (ϕ, ψ) s❛t✐s✜❡s✱ ❢♦r ❛♥② θ✱

ϕ(θ)x̂(θ) + ψ(θ)x̂⊥(θ) ∈ Ω′

✇❤❡r❡ x̂(θ) = (cos θ, sin θ)✳ ❲❡ ❞❡♥♦t❡ ❜② ϕ̃(θ) = max(ϕ(θ), R1(θ))✳ ❚❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ✐♥❡q✉❛❧✐t②

H(ϕ, ψ) ≥ K +
1

2
||ϕ̃− Φ||2L2 −B||ψ||2/3L2(0,π/2) ✭✸✳✼✮

❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t B ✇❤✐❝❤ ♦♥❧② ❞❡♣❡♥❞s ♦♥ Ω′✳

Pr♦♦❢✳ ❙t❡♣ ✶✿ t❤❡ s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢ H✳ ❲❡ t❛❦❡ ❛ s❡q✉❡♥❝❡ (ϕn, ψn)n ❝♦♥✈❡r❣✐♥❣ t♦ s♦♠❡ (ϕ, ψ) ❢♦r t❤❡
L2✲♥♦r♠✳ ❯♣ t♦ s✉❜s❡q✉❡♥❝❡s✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t

lim inf
n→+∞

H(ϕn, ψn) = lim
n→+∞

H(ϕn, ψn)

❛♥❞ ✇❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t (H(ϕn, ψn))n ✐s ❜♦✉♥❞❡❞✳ ◆♦✇ ✇❡ r❡♠❛r❦ t❤❛t

H(ϕn, ψn) = ||ϕ′
n − ψn||2L2 + ||ϕn + ψ′

n||2L2 ≥ (||ϕ′
n||L2 − ||ψn||L2)2 + (||ϕ′

n||L2 − ||ψn||2L2)2

t❤✉s ||ϕ′
n||L2 ≤

√
H(ϕn, ψn) + ||ψn||L2 ❛♥❞ ||ψ′

n||L2 ≤
√
H(ϕn, ψn) + ||ϕn||L2

❲❡ ❞❡❞✉❝❡ t❤❛t (ϕn)n✱ (ψn)n ❛r❡ ❜♦✉♥❞❡❞ ✐♥ H1(0, π/2) s♦ t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ (ϕn, ψn) → (ϕ, ψ)
❛❝t✉❛❧❧② ❤♦❧❞s✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ ✇❡❛❦❧② ✐♥ H1(0, π/2)✳ ◆♦✇ t❤❡ ❝♦♥✈❡①✐t② ♦❢ (ϕ,ϕ′, ψ, ψ′) 7→ (ϕ′ −
ψ)2+(ϕ+ψ′)2 ✐♠♣❧✐❡s t❤❛tH ✐s ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✐♥H1(0, π/2)✱
✇❤✐❝❤ ❛❧❧♦✇s t♦ ❝♦♥❝❧✉❞❡✳

◆♦✇ ✇❡ ♣❛ss t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② ✭✸✳✼✮✳ ❲❡ ❜❡❣✐♥ ❜② ❛ ❦✐♥❞ ♦❢ ✏s✉❜✲❧❡♠♠❛✑ ✇❤✐❝❤ ✇✐❧❧ ❜❡
✉s❡❢✉❧ s❡✈❡r❛❧ t✐♠❡s ✐♥ t❤❡ ♣r♦♦❢✳

❙t❡♣ ✷✿ ♣r❡❧✐♠✐♥❛r② ❡st✐♠❛t❡s✳ ❲❡ r❡❝❛❧❧ t❤❛t ϕ̃ = max(R1, ϕ) ❛♥❞ ❞❡♥♦t❡ ❜② h = ϕ̃ − ϕ ≥ 0✳ ◆♦✇
✇❡ ❝❧❛✐♠ t❤❛t✿

• ❢♦r ❛♥② t ∈ (0, π/2)✱ ✇❡ ❤❛✈❡ t❤❡ ✐♥❡q✉❛❧✐t②

0 ≤ h(t) ≤ B1|ψ(t)| ✭✸✳✽✮

❢♦r s♦♠❡ ❝♦♥st❛♥t B1 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ Ω′✳
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• ✇❡ ❤❛✈❡ t❤❡ ✐♥❡q✉❛❧✐t②
|〈ϕ̃, h〉H1 | ≤ B2||h||∞ ✭✸✳✾✮

❢♦r s♦♠❡ ❝♦♥st❛♥t B2 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ Ω′❀

• t❤❡ ❛❜♦✈❡ ❜♦t❤ ✐♥❡q✉❛❧✐t✐❡s ❧❡❛❞ t♦ t❤❡ ❡st✐♠❛t❡

||ϕ||2H1 ≥ K + ||ϕ̃− Φ||2H1 −B3||ψ||∞ ✭✸✳✶✵✮

❢♦r s♦♠❡ ❝♦♥st❛♥t B3 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ Ω′✳

❋✐rst✱ ✇❡ r❡♠❛r❦ t❤❛t t❤❡ ❝♦♥str❛✐♥t ϕ(θ)x̂(θ) + ψ(θ)x̂⊥(θ) ∈ Ω′ ✐♠♣❧✐❡s

R1(θ
′)2 < ϕ(θ)2 + ψ(θ)2 < R2(θ

′)2 ✇❤❡r❡ θ′ = θ + arcsin
ψ(θ)√

ϕ(θ)2 + ψ(θ)2

❚❤✉s✱ ✇❡ ❤❛✈❡
h(θ) = R1(θ)− ϕ(θ)

= R1(θ)−R1(θ
′) +R1(θ

′)− ϕ(θ)

≤ (LipR1)|θ − θ′|+
√
ϕ2(θ) + ψ2(θ)− ϕ(θ)

≤ (LipR1) arcsin
|ψ(θ)|
R1(θ′)

+ |ψ(θ)|

≤
(
π

2

LipR1

inf R1
+ 1

)
|ψ(θ)|

✇❤✐❝❤ ✐s ✭✸✳✽✮ ✇✐t❤ B1 =
π

2

LipR1

inf R1
+ 1✳

❙❡❝♦♥❞✱ ✇❡ r❡❝❛❧❧ t❤❛t h = (R1 − ϕ)+✱ t❤✉s ϕ+ h = R1 ♦♥ ❛♥② ♣♦✐♥t ✇❤❡r❡ h 6= 0✳ ❚❤✐s ❧❡❛❞s t♦
∣∣∣∣∣

∫ π/2

0

(ϕ+ h)h

∣∣∣∣∣ =
∣∣∣∣∣

∫ π/2

0

R1h

∣∣∣∣∣ ≤
π

2
(supR1)||h||∞

❛♥❞

∣∣∣∣∣

∫ π/2

0

(ϕ+ h)′h′

∣∣∣∣∣ =
∣∣∣∣∣

∫ π/2

0

R′
1h

′

∣∣∣∣∣ =
∣∣∣∣∣[R

′
1h]

π/2
0 −

∫ π/2

0

R′′
1h

∣∣∣∣∣ ≤ (2 supR′
1 + ||R′′

1 ||1)||h||∞

❲❡ ❣❡t ✭✸✳✾✮ ✇✐t❤ B2 =
(π
2
supR1 + 2LipR1 + ||R′′

1 ||L1

)
✳

❚❤✐r❞✱ ✇❡ ✇r✐t❡
||ϕ||2H1 = ||ϕ̃||2H1 + ||h||2H1 + 2〈ϕ̃, h〉 ✭✸✳✶✶✮

❙✐♥❝❡ ϕ̃ ≥ R1 ♦♥ (0, π/2) ❛♥❞ t❤❛♥❦s t♦ t❤❡ ▲❡♠♠❛ ✸✳✸✳✶✱ ✇❡ ❤❛✈❡ ||ϕ̃||2H1 ≥ ||ϕ̃ − Φ||2H1 +K✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ ❜② ✉s✐♥❣ ✭✸✳✽✮ ❛♥❞ ✭✸✳✾✮✱ ✇❡ ❤❛✈❡

〈ϕ̃, h〉 ≥ −B2||h||∞ ≥ −B1B2||ψ||∞

❲❡ ✐♥s❡rt ✐♥t♦ ✭✸✳✶✶✮ ❛♥❞ s❦✐♣ ||h||2H1 s✐♥❝❡ ✐t ✐s ♥♦♥♥❡❣❛t✐✈❡ t♦ ❣❡t

||ϕ||2H1 ≥ K + ||ϕ̃− Φ||2H1 − 2B1B2||ψ||∞

t❤✉s ✭✸✳✶✵✮ ❤♦❧❞s ✇✐t❤ B3 = 2B1B2✳
❙t❡♣ ✸✿ t❤❡ ✐♥❡q✉❛❧✐t② ✭✸✳✼✮ ❤♦❧❞s ✐❢ ||ϕ′||L2 ✐s ❧❛r❣❡ ❡♥♦✉❣❤✳ ❲❡ st❛rt ❢r♦♠

H(ϕ, ψ) = ||ϕ||2H1 + ||ψ||2H1 + 2

∫ π/2

0

ϕψ′ − 2

∫ π/2

0

ψϕ′ = ||ϕ||2H1 + ||ψ||2H1 − 4

∫ π/2

0

ψϕ′ − 2[ϕψ]
π/2
0
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❋✐rst✱ t❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ (ϕ, ψ) ✐♠♣❧✐❡s t❤❛t ||ϕ||∞, ||ψ||∞ ≤ supR2 s♦ t❤❛t

|[ϕψ]π/20 | ≤ 2(supR2)
2

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ∣∣∣∣∣

∫ π/2

0

ψϕ′

∣∣∣∣∣ ≤ ||ψ||∞
√
π/2||ϕ′||L2 ≤ supR2

√
π/2||ϕ′||L2

❚❤✐s ❧❡❛❞s t♦
H(ϕ, ψ) ≥ ||ϕ||2H1 + ||ψ||2H1 − 4 supR2

√
π/2||ϕ′||L2 − 4(supR2)

2

≥ 1

2
||ϕ||2H1 +

(
1

2
||ϕ′||2L2 − 4 supR2

√
π/2||ϕ′||L2 − 4(supR2)

2

)

❇② ✉s✐♥❣ ✭✸✳✶✵✮✱ ✇❡ ♦❜t❛✐♥

H(ϕ, ψ) ≥ 1

2
(K + ||ϕ̃− Φ||2H1 −B3||ψ||∞) +

(
1

2
||ϕ′||2L2 − 4 supR2

√
π/2||ϕ′||L2 − 4(supR2)

2

)

❛♥❞✱ s✐♥❝❡ |ψ| ≤
√
ϕ2 + ψ2 ≤ R1✱ ✇❡ ❤❛✈❡

H(ϕ, ψ) ≥ 1

2
(K + ||ϕ̃− Φ||H1) +

(
1

2
||ϕ′||2L2 − 4 supR2

√
π/2||ϕ′||L2 −

(
4(supR2)

2 +
B3

2
supR2

))

❚❤❡ ❛♥♥♦✉♥❝❡❞ ❡st✐♠❛t❡ ✭✸✳✼✮ ❤♦❧❞s ♣r♦✈✐❞❡❞ t❤❛t t❤❡ t❡r♠ ✐♥ ❜r❛❝❦❡ts ✐s ❣r❡❛t❡r t❤❛t
K

2
✱ ✇❤✐❝❤ ✐s tr✉❡

♣r♦✈✐❞❡❞ t❤❛t ||ϕ′||L2 ≥ B4 ✇❤❡r❡ B4 ✐s t❤❡ ❧❛r❣❡st r♦♦t ♦❢ t❤❡ ♣♦❧②♥♦♠

1

2
X2 − 4 sup R2

√
π/2X −

(
4(supR2)

2 +
B3

2
supR2 +

K

2

)

❛♥❞ B4 ♦♥❧② ❞❡♣❡♥❞s ♦❢ Ω′✳
❙t❡♣ ✹✿ ❝❛s❡ ||ϕ′||L2 ≤ B4✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ st✐❧❧ ❤❛✈❡

H(ϕ, ψ) = ||ϕ||2H1 + ||ψ||2H1 − 4

∫ π/2

0

ψϕ′ − 2[ϕψ]
π/2
0

✇✐t❤

∣∣∣∣∣

∫ π/2

0

ψϕ′

∣∣∣∣∣ ≤ ||ψ||∞
√
π/2||ϕ′||L2 ≤

√
π/2B4||ψ||∞

❛♥❞ |[ϕψ]π/20 | ≤ 2||ϕ||∞||ψ||∞ ≤ 2 supR2||ψ||∞
❚❤✐s ❧❡❛❞s t♦

H(ϕ, ψ) ≥ ||ϕ||2H1 + ||ψ||2H1 −
(√

π/2B4 + 2 supR2

)
||ψ||∞

≥ K + ||ϕ̃− Φ||2H1 + ||ψ||2H1 −B5||ψ||∞
✇❤❡r❡ ✇❡ ❤❛✈❡ ❛❣❛✐♥ ✉s❡❞ ✭✸✳✶✵✮ ❛♥❞ s❡t B5 =

(√
π/2B4 + 2 supR2

)
+B3✱ ✇❤✐❝❤ ♦♥❧② ❞❡♣❡♥❞s ♦♥ Ω′✳

■t ♥♦✇ r❡♠❛✐♥s t♦ ❡st✐♠❛t❡ ||ψ||2H1 − B5||ψ||∞ ❢r♦♠ ❜❡❧♦✇ ✇✐t❤ −||ψ||2/3L2 ✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ (ϕ, ψ)
✐♠♣❧✐❡s t❤❛t ψ(0) ≥ 0 ❛♥❞ ψ(π/2) ≤ 0✱ s♦ t❤❛t t❤❡r❡ ❡①✐sts t0 s✉❝❤ t❤❛t ψ(t0) = 0✳ ❲❡ t❤❡♥ ❤❛✈❡

ψ2(t) =

∫ t

t0

❞
❞t

(ψ2) =

∫ t

t0

2ψψ′ ≤ 2||ψ||L2 ||ψ′||L2 t❤✉s ||ψ||∞ ≤
√
2
√
||ψ||L2 ||ψ′||L2
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❲❡ ✉s❡ t❤❡ ❨♦✉♥❣ ✐♥❡q✉❛❧✐t②

ab ≤ (εa)p

p
+

(b/ε)q

q
❢♦r

1

p
+

1

q
= 1 ❛♥❞ ε > 0

✇✐t❤ p = 4✱ q = 4/3✱ a =
√

||ψ′||L2 ❛♥❞ b =
√
||ψ||L2 ✱ t♦ ❣❡t

||ψ||∞ ≤
√
2ε4

4
||ψ′||2L2 +

3
√
2

4ε4/3
||ψ||2/3L2

❲❡ ❞❡❞✉❝❡

||ψ′||2H1 −B5||ψ||∞ ≥
(
1−

√
2B5ε

4

4

)
||ψ′||L2 − 3

√
2B5

4ε4/3
||ψ||2/3L2

❇② ❝❤♦♦s✐♥❣ ε s✉❝❤ t❤❛t

√
2B5ε

4

4
= 1✱ ✇❡ ♦❜t❛✐♥

||ψ||2H1 −B5||ψ||∞ ≥ −B||ψ||2/3L2

✇❤❡r❡ B =
3
√
2B5

4ε4/3
♦♥❧② ❞❡♣❡♥❞s ♦♥ Ω′ ❛♥❞ K✳ ❚❤✐s ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢✳

❲❡ ❛❧s♦ ✇✐❧❧ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ♦♥ t❤❡ ✜rst t❡r♠ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ ✭✸✳✻✮✳

▲❡♠♠❛ ✸✳✹✳✷✳ ▲❡t T ❜❡ ❛ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ µ t♦ ν✳ ❲❡ ✇r✐t❡

T (x) = ϕ(x)
x

|x| + ψ(x)
x

|x|
⊥

❚❤❡♥✱ ❢♦r ❛✳❡✳ x✱
|T (x)− x| − |T (x)|+ |x| ≥ A|x|ψ2(x) ✭✸✳✶✷✮

❢♦r s♦♠❡ ❝♦♥st❛♥t A ✇❤✐❝❤ ♦♥❧② ❞❡♣❡♥❞s ♦♥ Ω′✳

Pr♦♦❢✳ ❲❡ ❝♦♠♣✉t❡✿

|T (x)− x| − |T (x)|+ |x| = |T (x)− x|2 − |T (x)|2
|T (x)− x|+ |T (x)| + |x|

❲❡ ❤❛✈❡ |T (x)− x|2 = (ϕ(x)− |x|)2 + ψ(x)2 ❛♥❞ |T |2 = ϕ2 + ψ2✱ s♦ t❤❛t

|T (x)− x| − |T (x)|+ |x| = |x|2 − 2|x|ϕ(x)
|T (x)− x|+ |T (x)| + |x| = |x| |x|+ |T (x)− x|+ |T (x)| − 2ϕ(x)

|T (x)− x|+ |T (x)|
❲❡ r❡♠❛r❦ t❤❛t

|T (x)− x| − ϕ(x) + |x| =
√
(ϕ(x)− |x|)2 + ψ(x)2 − (ϕ(x)− |x|) ≥ 0

t❤✉s |T (x)− x| − |T (x)|+ |x| ≥ |x| |T (x)| − ϕ(x)

|T (x)− x|+ |T (x)| = |x| |T (x)|2 − ϕ(x)2

(|T (x)− x|+ |T (x)|)(|T (x)|+ ϕ(x))

❙✐♥❝❡ x ∈ Ω ❛♥❞ T (x) ∈ Ω′✱ ✇❡ ❤❛✈❡

|T (x)− x|+ |T (x)| ≤ 2|T (x)|+ |x| ≤ 2 supR2 + 1

❛♥❞ |T (x)|+ ϕ(x) ≤ 2|T (x)| ≤ 2 supR2

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ |T (x)|2 − ϕ(x)2 = ψ(x)2✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ r❡s✉❧t ✇✐t❤ A =
1

(2 supR2 + 1)(2 supR2)



✸✳✹✳ P❘❖❖❋ ❖❋ ❚❍❊❖❘❊▼ ✸✳✸✳✶ ✽✾

❚❤❡ ❡st✐♠❛t❡ ✭✸✳✶✷✮ ❧❡❛❞s t♦

∫

Ω

(|Tε(x)− x| − |Tε(x)|+ |x|)f(x) ❞x ≥ A inf f

∫ 1

0

||ψε(r, ·)||2L2 r ❞r

❛♥❞ t❤❡ ❡st✐♠❛t❡ ✭✸✳✼✮ t♦

∫ 1

δ

(H(ϕε(r, ·), ψε(r, ·))−K)
❞r
r

≥
∫ 1

δ

(
−B||ψε(r, ·)||2/3L2 +

1

2
||ϕ̃ε(r, ·)− Φ||2H1

)
❞r
r

✇❤❡r❡ ✇❡ ❛❣❛✐♥ ❤❛✈❡ s❡t ϕ̃ε = max(R1, ϕε)✳ ❇② ✐♥s❡rt✐♥❣ ✐♥t♦ ✭✸✳✻✮✱ ✇❡ ❤❛✈❡

Fε(Tε) ≥
A inf f

ε

∫ 1

0

||ψε(r, ·)||2L2 r2 ❞r −B

∫ 1

δ

||ψε(r, ·)||2/3L2

❞r
r

+
1

2

∫ 1

δ

(H(ϕε(r, ·), ψε(r, ·))−K +B||ψε(r, ·)||2/3L2 )
❞r
r

+

∫ 1

δ

||∂rϕε(r, ·)||2L2 r ❞r ✭✸✳✶✸✮

▲❡t ✉s ❞❡♥♦t❡ ❜② Xε =
1

ε

∫ 1

0

||ψε(r, ·)||2L2r2 ❞r✳ ❇② t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t② ❛♣♣❧✐❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡

♠❡❛s✉r❡ ✇✐t❤ ❞❡♥s✐t② 1/r ♦♥ (δ, 1)✱ ✇❡ ❤❛✈❡

∫ 1

δ

||ψε(r, ·)||2/3L2

❞r
r

=

∫ 1

δ

(||ψε(r, ·)||2L2r3)1/3
1

r

❞r
r

≤
(∫ 1

δ

||ψε||2L2r3
❞r
r

)1/3 (∫ 1

δ

1

r4/3
❞r
r

)3/4

✇✐t❤
∫ 1

δ

||ψε||2L2r3
❞r
r

≤ εXε ❛♥❞
∫ 1

δ

1

r4/3
❞r
r

=
3

4

(
1

δ4/3
− 1

)
≤ 3

2δ4/3

✇❤✐❝❤ ❧❡❛❞s t♦
∫ 1

δ

||ψε(r, ·)||2/3L2

❞r
r

≤ (εXε)
1/3

(
3

2δ4/3

)3/4

=

√
3
√
3

2
√
2
X1/3
ε

s✐♥❝❡ δ = ε1/3✳ ❲❡ ✐♥s❡rt ✐♥t♦ ✭✸✳✶✸✮ t♦ ♦❜t❛✐♥

Fε(Tε) ≥ (A inf f)Xε −B′X1/3
ε

+

∫ 1

δ

(H(ϕε(r, ·), ψε(r, ·))−K +B||ψε(r, ·)||2/3L2 )
❞r
r

+

∫ 1

δ

||∂rϕε(r, ·)||2L2 r ❞r ✭✸✳✶✹✮

✇❤❡r❡ B′ =
√

3
√
3

2
√
2
B✳

▲❡t ✉s ❛ss✉♠❡ t❤❛t (Fε(Tε))ε ✐s ❜♦✉♥❞❡❞ ❜② ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥tM ✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t (Xε)ε ✐s ❜♦✉♥❞❡❞
❜② s♦♠❡ ❝♦♥st❛♥t M ′ ✭♦t❤❡r✇✐s❡ t❤❡ t❡r♠ (A inf f)Xε −B′X1/3

ε ✇♦✉❧❞ t❡♥❞ t♦ +∞✱ ❛♥❞ t❤❡ ♦t❤❡r t❡r♠
✐s ♣♦s✐t✐✈❡✮✱ t❤✉s ∫ 1

0

||ψε(r, ·)||2L2r2 ❞r ≤M ′ε

❛♥❞ ψε → 0 ❛✳❡✳ ♦♥ Ω✳ ❙✐♥❝❡ (Xε)ε ❛♥❞ (Fε(Tε))ε ❛r❡ ❜♦✉♥❞❡❞✱ ✭✸✳✶✹✮ ♣r♦✈✐❞❡s

∫ 1

δ

(H(ϕε(r, ·), ψε(r, ·))−K +B||ψε(r, ·)||2/3L2

❞r
r

+

∫ 1

δ

||∂rϕε(r, ·)||2L2 r ❞r ≤M ′′
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❢♦r s♦♠❡ ❝♦♥st❛♥t M ′′ ✇❤✐❝❤ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ε✳ ❲❡ ♥♦✇ ✉s❡ t❤❡ ❡st✐♠❛t❡ ✭✸✳✼✮ t♦ ❣❡t

1

2

∫ 1

δ

||ϕ̃ε − Φ||2H1

❞r
r

+

∫ 1

δ

||∂rϕε(r, ·)||2L2 r ❞r ≤M ′′

❲❡ t❤✉s ❤❛✈❡ ❛ L2
loc✲❧♦❝ ❜♦✉♥❞ ∂rϕε ❛♥❞ ♦♥ ∂θϕ̃ε✱ ❜✉t s✐♥❝❡ ϕ̃(r, θ) = max(R1(θ), ϕ(r, θ))✱ t❤❡ ❜♦✉♥❞ ♦♥

∂rϕε ✐♠♣❧✐❡s ❛ ❜♦✉♥❞ ♦♥ ∂rϕ̃ε✳ ❚❤✉s✱ t❤❡ ❢❛♠✐❧② (ϕ̃ε)ε ✐s ❜♦✉♥❞❡❞ ✐♥ H1
loc(Ω) ❛♥❞ t❤❡r❡ ❡①✐sts εk → 0

❛♥❞ ϕ̃ s✉❝❤ t❤❛t ϕ̃ε → ϕ̃ ❛✳❡✳ ♦♥ Ω✳ ❇✉t ✇❡ r❡❝❛❧❧ t❤❛t t❤❡ ❡st✐♠❛t✐♦♥ ✭✸✳✽✮ st✐❧❧ ❤♦❧❞s ❛♥❞ ♣r♦✈✐❞❡s

|ϕεk − ϕ̃εk | ≤ B1|ψε| → 0

✇❤✐❝❤ ❧❡❛❞s ϕεk → ϕ̃ ❛✳❡✳ ♦♥ Ω✳ ■❢ ✇❡ s❡t ♥♦✇ T (x) = ϕ̃
x

|x| ✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t Tεk → T ❛✳❡✳ ♦♥ Ω✳

❚❤✐s ❝♦♥✈❡r❣❡♥❝❡ ❛❧s♦ ❤♦❧❞s ✐♥ L2(Ω) s✐♥❝❡ |Tε| ≤ supR2 ❢♦r ❛♥② ε✳ ❚❤✐s ♣r♦✈❡s t❤❡ ✜rst st❛t❡♠❡♥t ♦❢ t❤❡
❚❤❡♦r❡♠ ✸✳✸✳✶✳

❆ss✉♠❡ ♥♦✇ t❤❛t (Tε)ε ✐s ❛ ❢❛♠✐❧② ♦❢ tr❛♥s♣♦rt ♠❛♣s ❝♦♥✈❡r❣✐♥❣ t♦ s♦♠❡ T ❢♦r t❤❡ L2✲♥♦r♠ ♦♥ Ω✳
❲❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✸✳✶✹✮ t❤❛t✱ ✐❢ ✇❡ s❡t C = − inf

X>0
(A inf fX3 −BX)✱ ✇❤✐❝❤ ♦♥❧② ❞❡♣❡♥❞s ♦♥ Ω′✱ ✇❡ ❤❛✈❡

Fε(Tε) ≥ −C +

∫ 1

δ

(H(ϕε(r, ·), ψε(r, ·))−K +B||ψε(r, ·)||2/3L2 )
❞r
r

+

∫ 1

δ

||∂rϕε(r, ·)||2L2 r ❞r

❆ss✉♠✐♥❣ t❤❛t (Fε(Tε))ε ✐s ❜♦✉♥❞❡❞✱ t❤❡ ❛❜♦✈❡ ❝♦♠♣✉t❛t✐♦♥s ❣✐✈❡ ❛ H1✲❧♦❝ ❜♦✉♥❞ ❢♦r (ϕε)ε✱ t❤✉s

lim inf
ε→0

∫ 1

δ

||∂rϕε(r, ·)||2L2 r ❞r ≥
∫ 1

0

||∂rϕ(r, ·)||2L2 r ❞r

s✐♥❝❡ t❤✐s ❢✉♥❝t✐♦♥❛❧ ✐s ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ❢♦r t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ H1(Ω)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
t❤❡ ❡st✐♠❛t❡ ✭✸✳✼✮ s❤♦✇s ❛❧s♦ t❤❛t

H(ϕε(r, ·), ψε(r, ·))−K +B||ψε(r, ·)||2/3L2 ≥ 0

❢♦r ❛♥② ε ❛♥❞ r✱ t❤✉s ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ❋❛t♦✉ ❧❡♠♠❛ s✐♥❝❡ t❤❡ s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢ H ♣r♦✈✐❞❡s

lim inf
k→+∞

(H(ϕε(r, ·), ψε(r, ·))−K +B||ψε(r, ·)||2/3L2 ) ≥ G(ϕ(r, ·))

❢♦r ❛✳❡✳ r ∈ (0, 1)✳ ❚❤✉s

lim inf
ε→0

Fε(Tε) ≥ −C +

∫ 1

0

G(ϕ(r, ·)) ❞r
r

+

∫ 1

0

||∂rϕ(r, ·)||2L2 r ❞r

❛s ❛♥♥♦✉♥❝❡❞✳

❘❡♠❛r❦✳ ■❢ ✇❡ ❝❤♦♦s❡ t♦ s❡t δ = λε1/3✱ ✇❤❡r❡ λ ✐s t♦ ❜❡ ✜①❡❞ ❞❡♣❡♥❞✐♥❣ ♦♥ ε✱ t❤❡ ♣r❡❝✐s❡ ❡①♣r❡ss✐♦♥
✭✸✳✻✮ ❜❡❝♦♠❡s

Fε(Tε) =
1

ε

∫

Ωδ

(|Tε(x)− x| − |T (x)|+ |x|)f(x) ❞x+

∫

Ωδ

|DTε|2 −K log λ

+
1

ε

∫

Ω\Ωδ

(|Tε(x)− x| − |T (x)|+ |x|)f(x) ❞x−B

∫ 1

δ

||ψε(r, ·)||2/3L2 r ❞r

+

∫ 1

δ

(H(ϕε(r, ·), ψε(r, ·))−K +B||ψε(r, ·)||2/3L2 )
❞r
r

+

∫ 1

δ

||∂rϕε(r, ·)||2L2 r ❞r ✭✸✳✶✺✮
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❇② ✉s✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s ✭✸✳✼✮ ❛♥❞ ✭✸✳✶✷✮✱ ✇❡ ❣❡t t❤❛t t❤❡ s❡❝♦♥❞ ❧✐♥❡ ✐s t❤✐s t✐♠❡ ❜♦✉♥❞❡❞ ❢r♦♠
❜❡❧♦✇ ❜②

A inf fXε −
B

λ
(Xε)

1/3

✇❤✐❝❤ ✐s ✐ts❡❧❢ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❜② −Cλ = inf{A inf fX − B
λX

1/3}✱ ✇❤✐❝❤ ❣♦❡s t♦ 0 ❛s λ → +∞✳
❚❤✉s✱ t❤❡s❡ t❡r♠s ❞✐s❛♣♣❡❛r ✐❢ λ ❣♦❡s t♦ +∞ ❛s ε→ 0✳ ▲❡t ✉s ♥♦✇ ❝♦♠♣✉t❡ t❤❡ ✜rst ❧✐♥❡ ♦❢ ✭✸✳✶✺✮✿

1

ε

∫

Ωδ

(|Tε(x)− x| − |T (x)|+ |x|)f(x) ❞x+

∫

Ωδ

|DTε|2 −K log λ

=
δ2

ε

∫

Ω

(|Uε(y)− δy| − |Uε(y)|+ |δy|)f(δy) ❞y +
∫

Ω

|DUε|2 −K log λ

✇❤❡r❡ ✇❡ ❤❛✈❡ s❡t x = δy ❛♥❞ Uε(y) = Tε(δy)✳ ◆♦✇ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣❛♥s✐♦♥

|Uε(y)− δy| − |Uε(y)| = δ

(
|y| − y · Uε(y)|Uε(y)|

)
+ o(δ2)

❛♥❞ r❡❝❛❧❧ t❤❛t δ = λε1/3✱ t♦ ❣❡t

δ2

ε

∫

Ω

|Uε(y)− δy| − |Uε(y)|+ |δy|f(δy) ❞y +
∫

Ω

|DUε|2 −K log λ

=

∫

Ω

λ3
(
|y| − y · Uε(y)|Uε(y)|

)
f(δy) ❞y +

∫

Ω

|DUε|2 −K log λ+ o
(
λ4ε4/3

)

❲❡ ❝❛♥ ❜♦✉♥❞ t❤✐s t❡r♠ ❢r♦♠ ❜❡❧♦✇ ✭✉♣ t♦ t❤❡ r❡st ✇✐t❤ ♦r❞❡r λ4ε1/3✱ t❤❛t ✇❡ ❝❛♥ ♠❛❦❡ ❣♦✐♥❣ t♦ 0 ✇✐t❤
❛ ❣♦♦❞ ❝❤♦✐❝❡ ♦❢ λ✱ ❛♥❞ ❛♥♦t❤❡r r❡st t❛❦✐♥❣ ❛❝❝♦✉♥t ♦❢ f(δy) → f(0)✮ ✇✐t❤

−C ′
λ = inf

{
f(0)

∫

Ω

λ3
(
|y| − y · U(y)

|U(y)|

)
❞y +

∫

Ω

|DU |2 −K log λ

}

✇❤❡r❡ t❤❡ ❝♦♥str❛✐♥t ♦♥ U ❤❛s t♦ ❜❡ ♣r❡❝✐s❡❞ ❛♥❞ ✐s s❛t✐s✜❡❞ ❜② Uε✳ ❋♦r ❛ ❣♦♦❞ ❝❤♦✐❝❡ ♦❢ λ✱ ❛s ε→ 0✱ ✇❡
s❦✐♣ t❤❡ ✜rst ❝♦♥st❛♥t −Cλ ❛♥❞ ❣❡t✱ s✐♥❝❡ t❤❡ t❤✐r❞ ❧✐♥❡ ♦❢ ✭✸✳✶✺✮ ✐s ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s✱

lim inf
ε→0

Fε ≥ F (T )− lim
λ→+∞

C ′
λ

✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ r❡s✉❧t t❤❛t ✇❡ ❝♦♥❥❡❝t✉r❡❞ ✐♥ ♦r❞❡r t♦ ♠❛❦❡ ♠♦r❡ ♣r❡❝✐s❡ t❤❡ t❤❡♦r❡♠ ✸✳✸✳✶✳

✸✳✹✳✷ ❈♦♥str✉❝t✐♦♥ ♦❢ ❢❛♠✐❧② ♦❢ tr❛♥s♣♦rt ♠❛♣s ✇✐t❤ ❡q✉✐✲❜♦✉♥❞❡❞ ❡♥❡r❣②

❚❤❡ ❧❛st ♣♦✐♥t ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✶ ❝♦♥s✐sts ✐♥ ❜✉✐❧❞✐♥❣ ❛ ❢❛♠✐❧② ♦❢ ♠❛♣s (Tε)ε s✉❝❤ t❤❛t (Fε(Tε))ε
✐s ❛s ✇❡❧❧ ❜♦✉♥❞❡❞✳ ❚❤❡ s❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✇❡ st❛rt ❢r♦♠ ❛ tr❛♥s♣♦rt ♠❛♣ T = ϕ

x

|x|
✇✐t❤ ϕ(0, ·) = Φ ✭t❤❛t ✇❡ ❝❛❧❧ ✏t❤❡ ♦r✐❣✐♥❛❧ T ✑ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✮✱ ❛ss✉♠❡ t❤❛t ϕ ✐s r❡❣✉❧❛r ❡①❝❡♣t ❛r♦✉♥❞
t❤❡ ♦r✐❣✐♥✱ ❛♥❞ ♠♦❞✐❢② T ♦♥❧② ♦♥ Ωδ✳

❙t❡♣ ✶✿ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ tr❛♥s♣♦rt ♠❛♣✳ ❲❡ s❡t T (x) = ϕ(r, θ)
x

|x| ✱ ✇❤❡r❡ ϕ ✐s ❜✉✐❧t

❛s ❢♦❧❧♦✇s✿

• ϕ(0, θ) = Φ(θ)✱ ❛♥❞ ϕ(·, θ) ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ s❡♥❞s t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠❡❛s✉r❡ µθ ✭t❤❡ st❛rt✐♥❣
♠❡❛s✉r❡ µ ❝♦♥❝❡♥tr❛t❡❞ ♦♥ t❤❡ tr❛♥s♣♦rt r❛② ✇✐t❤ ❛♥❣❧❡ θ✮ ♦♥t♦ νθ/2 ✭✇❤❡r❡ νθ ✐s t❤❡ t❛r❣❡t ♠❡❛s✉r❡
♦♥ t❤❡ s❛♠❡ tr❛♥s♣♦rt r❛②✮✱ ✉♥t✐❧ t❤❡ r❛❞✐✉s ρ1 s✉❝❤ t❤❛t ϕ(ρ1, θ) = R2(θ)❀
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• st❛rt✐♥❣ ❢r♦♠ t❤✐s r❛❞✐✉s ρ1✱ ϕ(·, θ) ✐s ❞❡❝r❡❛s✐♥❣ ✇✐t❤ t❤❡ s❛♠❡ s♦✉r❝❡ ❛♥❞ t❛r❣❡t ♠❡❛s✉r❡✱ ✉♥t✐❧
t❤❡ r❛❞✐✉s ρ2 s✉❝❤ t❤❛t✱ ❛❣❛✐♥✱ ϕ(ρ2, θ) = Φ(θ)✳ ❚❤❡r❡❢♦r❡✱ ♦♥ t❤❡ ✐♥t❡r✈❛❧ (ρ1, ρ2)✱ ϕ(·, θ) s❡♥❞s µθ
♦♥t♦ νθ|(Φ(θ),R2(θ))❀

• ♦♥ t❤❡ ❧❛st ✐♥t❡r✈❛❧ ✭✐❢ ✐t ✐s ♥♦♥✲❡♠♣t②✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ Φ(θ) > R1(θ)✮✱ ϕ ✐s st✐❧❧ ❞❡❝r❡❛s✐♥❣
❛♥❞ s❡♥❞s µθ ♦♥t♦ νθ|(R1(θ),Φ(θ)

Pr❡❝✐s❡❧②✱ ✇❡ ✜① θ ❛♥❞ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ µθ✱ νθ ❛r❡

❞µθ(r) = rf(r, θ) ❞r ❛♥❞ ❞νθ(r) = rg(r, θ) ❞r

✇❤✐❝❤ ❤❛✈❡ ❜♦t❤ s❛♠❡ ♠❛ss ♦♥ (0, 1) ❛♥❞ (R1(θ), R2(θ)) r❡s♣❡❝t✐✈❡❧②✳ ◆♦✇ ✇❡ ❞❡✜♥❡ s✉❝❝❡ss✐✈❡❧② ρ1(θ)
❛♥❞ ρ2(θ) ❜② ∫ ρ1(θ)

0

❞µθ =
∫ R2(θ)

Φ(θ)

1

2
❞νθ ❛♥❞

∫ ρ2(θ)

ρ1(θ)

❞µθ =
∫ R2(θ)

Φ(θ)

1

2
❞νθ

✇❤✐❝❤ ❛r❡ ♣r♦♣❡r ❞❡✜♥✐t✐♦♥s t❤❛♥❦s t♦ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡ t❤❡♦r❡♠✱ ❛♥❞ ✐♠♣❧②
∫ 1

ρ2(θ)

❞µθ =
∫ Φ(θ)

0

❞νθ

❚❤✉s✱ ✇❡ ❤❛✈❡ t❤❡ ❡q✉❛❧✐t② ❜❡t✇❡❡♥ ♠❛ss❡s✿

µθ(0, ρ1(θ)) = µθ(ρ1(θ), ρ2(θ)) =
1

2
νθ(Φ(θ), 1) ❛♥❞ µθ(ρ2(θ), 1) = νθ(0,Φ(θ))

❛♥❞ t❤❡ ♠❡❛s✉r❡s µθ✱ νθ ❛r❡ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ♦♥ t❤❡s❡ ✐♥t❡r✈❛❧s✳ ❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ ϕ(·, θ)
❛s ❜❡✐♥❣✿

• ♦♥ t❤❡ ✐♥t❡r✈❛❧ (0, ρ1(θ))✱ t❤❡ ✉♥✐q✉❡ ✐♥❝r❡❛s✐♥❣ ♠❛♣ (0, ρ1(θ) → (Φ(θ), 1) s❡♥❞✐♥❣ µθ ♦♥t♦ 1
2νθ❀

• ♦♥ t❤❡ ✐♥t❡r✈❛❧ (ρ1(θ), ρ2(θ))✱ t❤❡ ✉♥✐q✉❡ ❞❡❝r❡❛s✐♥❣ ♠❛♣ (ρ1(θ), ρ2(θ)) → (Φ(θ), 1) s❡♥❞✐♥❣ µθ ♦♥t♦
1
2νθ❀

• ♦♥ t❤❡ ✐♥t❡r✈❛❧ (ρ2(θ), 1) ✭✐❢ t❤✐s ✐♥t❡r✈❛❧ ✐s ♥♦t ❡♠♣t②✮✱ t❤❡ ✉♥✐q✉❡ ❞❡❝r❡❛s✐♥❣ ♠❛♣ (ρ2(θ), 1) →
(0,Φ(θ)) s❡♥❞✐♥❣ µθ t♦ νθ

■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t ϕ(·, θ)✱ ❞❡✜♥❡❞ ♦♥ t❤❡ ✇❤♦❧❡ (0, 1)✱ s❡♥❞s ❣❧♦❜❛❧❧② µθ ♦♥t♦ νθ✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱
t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✈❛❧✉❡❞ ❢✉♥❝t✐♦♥

T : x = (r, θ) ∈ Ω 7→ ϕ(r, θ)
x

|x| ∈ Ω′

✐s ❛ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ µ t♦ ν✳

❙t❡♣ ✷✿ ❡st✐♠❛t❡s ♦♥ ϕ ❛r♦✉♥❞ t❤❡ ♦r✐❣✐♥✳ ❆s ❛❜♦✈❡✱ ✇❡ s❡t δ = ε1/3 ❛♥❞ ✇❡ ❛✐♠ t♦ ♠♦❞✐❢② T ♦♥❧②
♦♥ Ωδ = Ω ∩B(0, δ)✳ ■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛s ✇❡❧❧ ❛ tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ µ t♦ ν✱ ✇❡ ❤❛✈❡ t♦ ❣✉❛r❛♥t❡❡ t❤❛t
t❤❡ ♥❡✇ ♠❛♣ S s❡♥❞s t❤❡ ❞♦♠❛✐♥ Ωδ ♦♥ ✐ts ✐♠❛❣❡ T (Ωδ)✱ ✇✐t❤ t❤❡ ❝♦♥str❛✐♥t ♦❢ ✐♠❛❣❡ ♠❡❛s✉r❡✳ ❋♦r t❤✐s✱
t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ♦♥ t❤❡ ♦r✐❣✐♥❛❧ tr❛♥s♣♦rt T ✇✐❧❧ ❜❡ ✉s❡❢✉❧✿

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✶✳ ❚❤❡ ❛❜♦✈❡ ❢✉♥❝t✐♦♥ ϕ ❤❛s ▲✐♣s❝❤✐t③ r❡❣✉❧❛r✐t② ♦♥ (0, 1)× (0, π/2)✳ ▼♦r❡♦✈❡r✱ t❤❡r❡
❡①✐sts s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts c, C ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ Ω′✱ f ✱ g s✉❝❤ t❤❛t

cr2 ≤ ϕ(r, θ)− Φ(θ) ≤ Cr2 ✭✸✳✶✻✮

❢♦r ❛♥② r s♠❛❧❧ ❡♥♦✉❣❤ ❛♥❞ θ ∈ (0, π/2)✱ ❛♥❞

Lip(ϕ(r, ·)− Φ) ≤ Cr2 ✭✸✳✶✼✮

❢♦r ❛♥② r ∈ (0, 1)✳
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Pr♦♦❢✳ ❚❤❡ ▲✐♣s❝❤✐t③ r❡❣✉❧❛r✐t② ♦❢ ϕ ✐s ❛❝t✉❛❧❧② ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✐ts ❞❡✜♥✐t✐♦♥ ❛♥❞ ♦❢ t❤❡ ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥
t❤❡♦r❡♠✳ ❋✐rst✱ ❧❡t ✉s r❡❝❛❧❧ t❤❛t ρ1(θ) ✐s ❞❡✜♥❡❞ ❜②

F̃ (ρ1(θ), θ) =
1

2
(G(R2(θ), θ)− G̃(Φ(θ), θ))

✇❤❡r❡ F̃ (R, θ) =

∫ R

0

❞µθ =
∫ R

0

rf(r, θ) ❞r ❛♥❞ G̃(R, θ) =

∫ R

R1(θ)

❞νθ =
∫ R

R1(θ)

rg(r, θ) ❞r

◆♦t✐❝❡ t❤❛t ✇❡ ❤❛✈❡ ♥❡❝❡ss❛r② ρ1(θ) ≥ δ0 > 0✱ ✇❤❡r❡ δ0 ✈❡r✐✜❡s✱ ❢♦r ✐♥st❛♥❝❡✱
∫

B(0,δ0)∩Ω

❞µ =

∫

supR1≤r≤inf R2

❞ν

✭s✉❝❤ ❛ δ0 ❡①✐sts s✐♥❝❡ δ 7→ µ(B(0, δ) ∩ Ω) ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ✐♥❝r❡❛s✐♥❣✮✳ ❚❤✉s✱ F̃ ✐s C1 ✇✐t❤ r❡s♣❡❝t t♦
✐ts ✜rst ✈❛r✐❛❜❧❡ ❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡ ✐s ▲✐♣s❝❤✐t③ ❛♥❞ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❜② δ0 inf f ✱ ❛♥❞ t❤❡ s❛♠❡ ❤♦❧❞s
❢♦r G̃❀ ♠♦r❡♦✈❡r✱ F̃ ❛♥❞ G̃ ❛r❡ ❜♦t❤ ▲✐♣s❝❤✐t③ ✇✐t❤ r❡s♣❡❝t t♦ θ✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥
t❤❡♦r❡♠✱ ρ1 ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞ ▲✐♣s❝❤✐t③✳ ❚❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ s❤♦✇s t❤❛t ρ2 ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞ ▲✐♣s❝❤✐t③✳

❚❤❡♥ ✇❡ ❦♥♦✇ t❤❛t ϕ ✐s ❞❡✜♥❡❞ ✐❢ 0 ≤ r ≤ ρ1(θ) ❜②
∫ r

0

❞µθ =
∫ ϕ(r,θ)

Φ(θ)

❞νθ ✐✳❡✳ F̃ (r, θ) = G̃(ϕ(r, θ), θ)−G(Φ(θ), θ)

❆❣❛✐♥✱ ❜② t❤❡ ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥ t❤❡♦r❡♠✱ ϕ ✐s C1 ✇✐t❤ r❡s♣❡❝t t♦ r ❛♥❞ ▲✐♣s❝❤✐t③ ✇✐t❤ r❡s♣❡❝t t♦ θ✳ ❚❤❡
s❛♠❡ r❡❛s♦♥✐♥❣ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ♦♥ t❤❡ ✐♥t❡r✈❛❧s (ρ1(θ), ρ2(θ)) ❛♥❞✱ ✐❢ ✐t ✐s ♥♦♥✲❡♠♣t②✱ (ρ2(θ), 1)✳ ❲❡ ❣❡t
t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ϕ ✐s ▲✐♣s❝❤✐t③ ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ❜♦t❤ ✈❛r✐❛❜❧❡s (r, θ)✳

◆♦t✐❝❡ ❛❧s♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ♦♥ ϕ(r, θ) ❢♦r r s♠❛❧❧ ❡♥♦✉❣❤✿ ✇❡ ❤❛✈❡
∫ r
0
❞µθ =

∫ ϕ(r,θ)
Φ(θ)

❞νθ✱ ✇✐t❤
t❤❡ ✐♥❡q✉❛❧✐t✐❡s

r2 inf f ≤
∫ r

0

❞µθ ≤ r2 sup f ❛♥❞ (inf g)(ϕ(r, θ)− Φ(θ)) ≤
∫ ϕ(r,θ)

Φ(θ)

❞νθ ≤ (sup g)(ϕ(r, θ)− Φ(θ))

❚❤✐s ❧❡❛❞s ✐♠♠❡❞✐❛t❡❧② t♦ ✭✸✳✶✻✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❦♥♦✇ t❤❛t ϕ(r, θ) ❤❛s ▲✐♣s❝❤✐t③ r❡❣✉❧❛r✐t② ✇✐t❤
r❡s♣❡❝t t♦ θ ❛♥❞ ∫ ϕ(R,θ)

R1(θ)

rg(r, θ) ❞r =
∫ R

0

rf(r, θ) ❞r ✭✸✳✶✽✮

■❢ θ ✐s s✉❝❤ t❤❛t t❤❡ ❡q✉❛❧✐t② ✭✸✳✶✽✮ ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ θ ✭✇❤✐❝❤ ✐s tr✉❡ ❢♦r ❛✳❡✳ θ s✐♥❝❡ ❛❧❧ t❤❡
❝♦♥s✐❞❡r❡❞ ❢✉♥❝t✐♦♥s ❛r❡ ❛t ❧❡❛st ▲✐♣s❝❤✐t③✮✱ ✇❡ ❣❡t

∂2ϕ(R, θ)ϕ(R, θ)G(ϕ(R, θ), θ)−R′
1(θ)R1(θ)G(ϕ(R, θ), θ) =

∫ R

0

r∂2f(r, θ) ❞r

t❤✉s

∂θ(ϕ(R, θ)−R1(θ))ϕ(R, θ)G(ϕ(R, θ), θ) +R′
1(θ)(ϕ(R, θ)−R1(θ))G(ϕ(R, θ), θ) =

∫ R

0

r∂2f(r, θ) ❞r

❛♥❞

|∂θ(ϕ(R, θ)−R1(θ))| ≤
(LipR1)(supG)

(inf R1)(inf G)
|ϕ(R, θ)−R1(θ)|+

R2

2
LipF

❚❤❛♥❦s t♦ t❤❡ ✐♥❡q✉❛❧✐t② ✭✸✳✶✻✮✱ ✇❡ ❣❡t

|∂θ(ϕ(R, θ)−R1(θ))| ≤ CR2

❢♦r s♦♠❡ ❝♦♥st❛♥t C ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ f ✱ g✱ Ω′✱ ✇❤✐❝❤ ♣r♦✈❡s ✭✸✳✶✼✮✳
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❙t❡♣ ✸✿ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ T ✳ ■♥ t❤❛t ❢♦❧❧♦✇s✱ ✇❡ ❞❡♥♦t❡ ❜②

Ωδ = Ω1 ∩B(0, δ) = {x = (r, θ) : 0 < r < δ ❛♥❞ 0 < θ < π/2}

❛♥❞ Ω′
δ = T (Ωδ) = {x = (r, θ) : Φ(θ) < r < ϕ(δ, θ) ❛♥❞ 0 < θ < π/2}

❲❡ ♥♦✇ ❞❡♥♦t❡ ❜②✿

• S1 : x ∈ Ωδ 7→
x

δ
∈ Ω1 ❛♥❞ fδ(x) = f(δx)✳ ◆♦t✐❝❡ t❤❛t fδ =

1

δ2
(S1)#(f |Ωδ

)❀

• Ω2 ✐s t❤❡ r❡❝t❛♥❣❧❡ (0, 1)× (0, π/2) ❛♥❞

S2 : (λ, θ) ∈ Ω2 7→ x = (Φ(θ) + λ(ϕ(δ, θ)− Φ(θ)), θ) ∈ Ω′
δ

✇❤❡r❡ x ✐s ❤❡r❡ ✇r✐tt❡♥ ✐♥ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s✳ ❲❡ ❛❧s♦ ❞❡♥♦t❡ ❜② gδ =
1

δ2

(
(S2)

−1
#g|Ω′

δ

)
✳

❆s ❛❜♦✈❡✱ S1 ❛♥❞ S2 ❛❝t✉❛❧❧② ❞❡♣❡♥❞ ♦♥ δ ❜✉t ✇❡ ❢♦r❣❡t t❤❡ ✐♥❞❡① δ ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t② ♦❢ t❤❡
♥♦t❛t✐♦♥s✳ ❲❡ ❤❛✈❡ ♦❢ ❝♦✉rs❡ inf f ≤ fδ(x) ≤ sup f ❢♦r ❛♥② x ∈ Ω1✱ ❛♥❞ Lip fδ ≤ δ Lip f ✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ s✐♥❝❡ S2 ✐s ▲✐♣s❝❤✐t③ ❛♥❞ ♦♥❡✲t♦✲♦♥❡✱ t❤❡ ▼♦♥❣❡✲❆♠♣èr❡ ❡q✉❛t✐♦♥ ♣r♦✈✐❞❡s

detDS2(λ, θ) =
gδ(λ, θ)

g(S2(λ, θ))

t❤✉s gδ(λ, θ) = (ϕ(δ, θ)− Φ(θ))
1

δ2
g(S2(λ, θ)) ✭✸✳✶✾✮

❲❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✸✳✶✻✮ ❛♥❞ ✭✸✳✶✾✮ t❤❛t c ≤ gδ ≤ C ❢♦r c, C ♣♦s✐t✐✈❡ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ δ✳ ▼♦r❡♦✈❡r✱
✭✸✳✶✾✮ ♣r♦✈✐❞❡s

Lip gδ ≤ sup(ϕδ − ϕ)
1

δ2
Lip(g ◦ S2) + Lip(ϕδ − Φ)

1

δ2
sup g

❆❣❛✐♥✱ t❤❛♥❦s t♦ ✭✸✳✶✻✮ ❛♥❞ ✭✸✳✶✾✮ ❛♥❞ ✉s✐♥❣ t❤❛t LipS2 ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✇✐t❤ r❡s♣❡❝t t♦ δ✱ ✇❡ ❣❡t
Lip gδ ≤ C ✐♥❞❡♣❡♥❞❡♥t ♦❢ δ✳

❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ✉s❡ t❤❡ ❚❤❡♦r❡♠ ❆✳✸✳✶✱ ❜✉t t❤✐s r❡s✉❧t ✇♦r❦s ❛ ♣r✐♦r✐ ♦♥❧② t♦ ❧✐♥❦ t✇♦ ♠❡❛s✉r❡s
❞❡✜♥❡❞ ♦♥ t❤❡ s❛♠❡ ❞♦♠❛✐♥✳ ❚❤✉s✱ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ st❡♣ ❝♦♥s✐sts ✐♥ s❡♥❞✐♥❣ Ωδ✱ Ω′

δ ♦♥t♦ t❤❡ ✉♥✐t ❜❛❧❧✱
✇❤✐❝❤ ✐s ❞✐r❡❝t❧② ❛❧❧♦✇❡❞ ✐♥ ❛ r❡❣✉❧❛r ❡♥♦✉❣❤ t❤❛♥❦s t♦ t❤❡ ▲❡♠♠❛ ✸✳✷✳✷✳ ▼♦r❡♦✈❡r✱ ❧❡t ✉s ♥♦t✐❝❡ t❤❛t
Ω1✱ Ω2 ❛r❡ ✐♥✜♥✐t❡❧② ❞✐✛❡♦♠♦r♣❤✐❝ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞♦♠❛✐♥s ✭✇❤✐❝❤ ❛r❡ ♦❜t❛✐♥❡❞ ❞✐r❡❝t❧② t❤❛♥❦s t♦
r♦t❛t✐♦♥s✴tr❛♥s❧❛t✐♦♥s✴❞✐❧❛t✐♦♥s✮✿

θ θ̃ θ̃
λ(θ)
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■♥ t❤❡ ❛❜♦✈❡ ♣✐❝t✉r❡✱ t❤❡ ✉♣♣❡r r✐❣❤t ❛♥❞ ❧♦✇❡r r✐❣❤t ❝♦r♥❡rs ♦❢ t❤❡ s❡❝♦♥❞ ❞♦♠❛✐♥s ❛r❡ ❡q✉❛❧ t♦ t❤❡
✉♣♣❡r r✐❣❤t ❛♥❞ ❧♦✇❡r r✐❣❤t ❝♦r♥❡rs ♦❢ t❤❡ ✜rst ❞♦♠❛✐♥s✳ ❙✐♥❝❡ t❤❡ ♠❛♣s ♣r♦✈✐❞❡❞ ❜② t❤❡ ▲❡♠♠❛ ✸✳✷✳✷
❢r♦♠ t❤❡s❡ t✇♦ ❞♦♠❛✐♥s t♦ t❤❡ ✉♥✐t ❞✐s❦ ❜♦t❤ ♣r❡s❡r✈❡ ❛♥❣❧❡s ✭✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦r✐❣✐♥✱ s❡❡ t❤❡ ❛♥❣❧❡ θ̃
♦♥ t❤❡ ♣✐❝t✉r❡✮✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② α✱ β t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛♣s st❛rt✐♥❣ ❢r♦♠ Ω1✱ Ω2✱ ✇❡ ❤❛✈❡

β−1 ◦ α(x) = (1, λ(θ)) ✐❢ |x| = 1 ❛♥❞ x ❤❛s θ ❢♦r ❛♥❣❧❡✳

✇❤❡r❡ λ ✐s ❛ ❜✐✲▲✐♣s❝❤✐t③ ♠❛♣ ❢r♦♠ t❤❡ ✐♥t❡r✈❛❧ (0, π/2) ♦♥t♦ (0, 1)❀ ❜② ❝♦♠♣♦s✐♥❣ t❤❡ s❡❝♦♥❞ ❝♦♦r❞✐♥❛t❡
✇✐t❤ λ−1✱ ♦♥❡ ❝❛♥ ❛❝t✉❛❧❧② ❛ss✉♠❡ t❤❛t β−1 ◦ α(x) = (1, θ)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡
r❡❣✉❧❛r✐t② ♦❢ detDα✱ detDβ t❤❛t✱ ✐❢

fδ = α#fδ ❛♥❞ gδ = β#gδ

t❤❡♥ fδ✱ gδ ❤❛✈❡ ❛❧s♦ ✐♥✜♠✉♠✱ s✉♣r❡♠✉♠ ❛♥❞ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t ❜♦✉♥❞❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ δ✳ ◆♦✇
t❤❡ ❉❛❝♦r♦❣♥❛✲▼♦s❡r r❡s✉❧t ♣r♦✈✐❞❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❜✐✲▲✐♣s❝❤✐t③ ❞✐✛❡♦♠♦r♣❤✐s♠ uδ✱ ✇❤♦s❡ ▲✐♣s❝❤✐t③
❝♦♥st❛♥t ✐s ❜♦✉♥❞❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ δ✱ s❡♥❞✐♥❣ t❤❡ ❞❡♥s✐t② fδ ♦♥t♦ gδ✱ ❛♥❞ ✇✐t❤ uδ(x) = x ❢♦r |x| = 1✳

❋✐♥❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r
S = S2 ◦ β−1 ◦ uδ ◦ α ◦ S1

■❢ |x| = δ✱ ✇❡ ❤❛✈❡ |S1(x)| = 1✱ t❤✉s α(S(x)) ∈ ∂B(0, 1) ❛♥❞

β−1(uδ(α(S1(x)))) = β−1(α(S1(x)))

s♦ t❤❛t β−1(uδ(α(S1(x)))) = (1, θ)✱ ✇❤❡r❡ θ ✐s t❤❡ ❛♥❣❧❡ ♦❢ x✳ ❈♦♥s❡q✉❡♥t❧②✱ S2(β
−1(uδ(α(S1(x))))) ❤❛s

(ϕ(δ, θ), θ) ❛s ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s✱ s♦ ✐t ✐s ❡q✉❛❧ t♦ T (x)✳
❚♦ s✉♠♠❛r✐③❡✱ S ❛♥❞ T ❝♦✐♥❝✐❞❡ ♦♥ t❤❡ ❧✐♥❡ {|x| = δ}✱ S ✐s ▲✐♣s❝❤✐t③ ♦♥ Ωδ ❛♥❞✱ t❤❛♥❦s t♦ t❤❡

❡st✐♠❛t❡s ♦♥ ϕ✱ T ✐s ▲✐♣s❝❤✐t③ ♦♥ Ω \Ωδ✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t Tε ✐s ❣❧♦❜❛❧❧② ▲✐♣s❝❤✐t③ ♦♥ Ω✱ t❤✉s ✐t ❜❡❧♦♥❣s
t♦ H1(Ω)✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡

Lipuδ ≤ C, LipS2 ≤ LipΦ ❛♥❞ LipS1 =
1

δ

t❤✉s LipS ≤ C

δ

❢♦r s♦♠❡ ❝♦♥st❛♥t C ✇❤✐❝❤ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ δ✳

❙t❡♣ ✹✿ ❡st✐♠❛t❡s ♦♥ Fε(Tε)✳ ❲❡ r❡st❛rt ❢r♦♠ t❤❡ ❡①♣r❡ss✐♦♥ ✭✸✳✻✮✱ ❛♥❞ ✉s❡ t❤❡ ❢❛❝ts t❤❛t ψε = 0
❛♥❞ t❤❛t Tε = T ♦✉ts✐❞❡ ♦❢ Ωδ✿

Fε(Tε) =
1

ε

∫

Ωδ

(|S(x)− x| − |S(x)|+ |x|)f(x) ❞x+

∫

Ωδ

|DS(x)|2 ❞x

+

∫ 1

δ

(||ϕ(r, ·)||2L2 + ||∂θϕ(r, ·)||2L2 −K)
❞r
r

+

∫ 1

δ

||∂rϕ(r, ·)||2L2 r ❞r

❲❡ st✐❧❧ ❤❛✈❡ |S(x)− x| − |S(x)|+ |x| ≤ 2|x| ❛♥❞ |DS(x)| ≤ C/δ✱ s♦ t❤❛t

1

ε

∫

Ωδ

(|S(x)− x| − |S(x)|+ |x|)f(x) ❞x+

∫

Ωδ

|DS(x)|2 ❞x ≤ π sup f

3

δ3

ε
+
C2π

4

✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ s✐♥❝❡ δ = ε1/3✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

||ϕ(r, ·)||2L2 + ||∂θϕ(r, ·)||2L2 −K = (||ϕ(r, ·)||2L2 − ||Φ||2L2) + (||∂θϕ(r, ·)||2L2 − ||Φ′||2L2)
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= 〈ϕ(r, ·)− Φ, ϕ(r, ·) + Φ〉L2 + 〈∂θϕ(r, ·)− Φ′, ∂θϕ(r, ·) + Φ′〉L2

≤ ||ϕ(r, ·)− Φ′||L1(||ϕ(r, ·)||∞ + ||Φ||∞) + ||∂θϕ(r, ·)− Φ′||L1(Lipϕ+ LipΦ)

❙✐♥❝❡ Φ✱ ϕ(r, ·) ❛r❡ ✈❛❧✉❡❞ ✐♥ Ω′✱ t❤❡✐r L∞✲♥♦r♠ ❛r❡ ❝♦♥tr♦❧❧❡❞ ❜② supR2✳ ❇② ❝♦♠❜✐♥✐♥❣ t❤✐s ❛♥❞ t❤❡
❡st✐♠❛t❡s ✭✸✳✶✻✮ ❛♥❞ ✭✸✳✶✼✮✱ ✇❡ ♦❜t❛✐♥

0 ≤ ||ϕ(r, ·)||2L2 + ||∂θϕ(r, ·)||2L2 −K ≤ Cr2

❢♦r r s♠❛❧❧ ❡♥♦✉❣❤ ✭❛♥❞ ✇❤❡r❡ C ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ r✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❦♥♦✇ t❤❛t ϕ✱ Φ ❛♥❞
t❤❡✐r ❞❡r✐✈❛t✐✈❡s ❛r❡ ❣❧♦❜❛❧❧② ❜♦✉♥❞❡❞ ♦♥ (0, 1)× (0, π/2)✳ ❚❤✐s ♣r♦✈❡s t❤❛t

∫ 1

0

(||ϕ(r, ·)||2L2 + ||∂θϕ(r, ·)||2L2 −K)
❞r
r
< +∞

❛♥❞
∫ 1

0

||∂rϕ(r, ·)||2L2 r ❞r < +∞

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t (Fε(Tε))ε ✐s ❜♦✉♥❞❡❞ ❛s ✇❡❧❧✳



❈❤❛♣t❡r ✹

❘❡❧❛t❡❞ ♠♦❞❡❧s ❛♥❞ ♣❡rs♣❡❝t✐✈❡s

■♥ t❤❡ t❤r❡❡ ✜rst ❝❤❛♣t❡rs ♦❢ t❤✐s t❤❡s✐s✱ ✇❡ ❡①❛♠✐♥❡❞ t❤❡ ♠♦st ♥❛t✉r❛❧ q✉❡st✐♦♥s t❤❛t ✇❡ ❢❛❝❡ ✐♥ ❛♥②
✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠ ✭✇❡❧❧✲♣♦s❡❞♥❡ss✱ ❡①✐st❡♥❝❡✱ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s✱ s❡❧❡❝t✐♦♥ ♦❢ ❛ ♠✐♥✐♠✐③❡r ✈✐❛ ❛ ❧✐♠✐t
♣r♦❝❡❞✉r❡✮✳ ❆❧t❤♦✉❣❤ ✇❡ ❝♦♥s✐❞❡r❡❞ t❤❛t ✐t ✇❛s ♥❡❝❡ss❛r② t♦ st❛rt ❢r♦♠ t❤❡s❡ q✉❡st✐♦♥s✱ t❤❡② ❤❛✈❡ ❛❧❧
❜❡❡♥ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ♠♦st ❜❛s✐❝ ❢♦r♠✉❧❛t✐♦♥ ♦❢ tr❛♥s♣♦rt ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ✐s ✏st❛t✐❝✑ ✭✐♥ s❡♥s❡
t❤❛t ♦♥❧② ❛♣♣❡❛r ✐♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ t❤❡ st❛rt✐♥❣ ♣♦✐♥t x ❛♥❞ t❤❡ ❛rr✐✈❛❧ ♣♦✐♥t T (x)✮ ❛♥❞ ❞♦❡s ♥♦t ❡①♣❧♦✐t ❛
r❡❧❛①❛t✐♦♥ ❢♦r♠✉❧❛ ✭✇❤✐❝❤✱ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤ ♣r♦❜❧❡♠✱ ✐s ♥❡❝❡ss❛r② t♦ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡
✐♥ t❤❡ ♥✐❝❡ ❝❛s❡s ♦❢ st❛rt✐♥❣ ♠❡❛s✉r❡ µ✮✳

■♥ ♦♣t✐♠❛❧ tr❛♥s♣♦rt✱ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❛❧t❡r♥❛t✐✈❡ ❢♦r♠✉❧❛t✐♦♥s ❛r❡ ♥♦✇ ✇❡❧❧✲❦♥♦✇♥✿

• t❤❡ ❑❛♥t♦r♦✈✐❝❤✬s ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ tr❛♥s♣♦rt ♣r♦❜❧❡♠✱ ♥❛♠❡❧②

inf

{∫
c(x, y) ❞γ(x, y) : (π1)#γ = ν, (π2)#γ = ν

}

✇❛s t❤❡ ❜❛s✐❝ t♦♦❧ t♦ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✐③✐♥❣ tr❛♥s♣♦rt ♠❛♣ T ✱ ❜✉t ❛❧s♦ ♣r♦✈✐❞❡s s❡✈❡r❛❧
❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ ✐t ✈✐❛ t❤❡ ❞✉❛❧✐t② ❢♦r♠✉❧❛

inf

{∫
c(x, T (x)) ❞µ(x) : T#µ = ν

}
= sup

{∫
ϕ ❞µ+

∫
ψ ❞ν : ϕ(x) + ψ(y) ≤ c(x, y)

}

❋♦r ✐♥st❛♥❝❡ t❤❡ ❢❛❝t t❤❛t T ✐s t❤❡ ❣r❛❞✐❡♥t ♦❢ ❛ ❝♦♥✈❡① ❢✉♥❝t✐♦♥ ✐♥ t❤❡ q✉❛❞r❛t✐❝ ❝❛s❡ c(x, y) = |y−x|2
✐s t②♣✐❝❛❧❧② ♦❜t❛✐♥❡❞ t❤❛♥❦s t♦ t❤✐s ❢♦r♠✉❧❛t✐♦♥❀

• ■♥ ❛ ✇❡❧❧✲❦♥♦✇♥ ♣❛♣❡r ❬✾❪✱ ❇❡♥❛♠♦✉ ❛♥❞ ❇r❡♥✐❡r ❤❛✈❡ s❤♦✇♥ t❤❡ ❡q✉❛❧✐t② ❜❡t✇❡❡♥ t❤❡ ♦♣t✐♠❛❧
q✉❛❞r❛t✐❝ tr❛♥s♣♦rt ❝♦st ❛♥❞ t❤❡ q✉❛♥t✐t②

inf

{∫ 1

0

||vt||2L2
ρt

❞t

}

✇❤❡r❡ t❤❡ ✐♥✜♠✉♠ ✐s t❛❦❡♥ ❛♠♦♥❣ t❤❡ ❢❛♠✐❧② ♦❢ ✈❡❧♦❝✐t② ✜❡❧❞s ❛♥❞ ♠❡❛s✉r❡ (ρt, vt)t s❛t✐s❢②✐♥❣ t❤❡
❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ❛♥❞ ✇❤✐❝❤ ❝♦♥♥❡❝t µ t♦ ν❀ t❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♠✐♥✐♠❛❧ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢
t❤❡ ❣❡♦❞❡s✐❝s ❢r♦♠ µ t♦ ν ✐♥ t❤❡ s♣❛❝❡ ♦❢ ♠❡❛s✉r❡s ✭s❡❡ t❤❡ ❞❡t❛✐❧s ❜❡❧♦✇✮✱ ❛♥❞ t❤✐s ❢♦r♠✉❧❛t✐♦♥ ✐s
❛❧s♦ ✐♠♣♦rt❛♥t ❢♦r ✐ts ♥✉♠❡r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ❜❡❝❛✉s❡ ✐t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❛ ❝♦♥✈❡① ♠✐♥✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠✳

■t ✐s t❤✉s ♥❛t✉r❛❧ t♦ ❧♦♦❦ ❛t✿

✾✼
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• s✐♠✐❧❛r ❞②♥❛♠✐❝s ❢♦r♠✉❧❛t✐♦♥s ✭s✐♥❝❡ t❤❡② ✐♥✈♦❧✈❡ ❛ t✐♠❡ ♣❛r❛♠❡t❡r✮ ❢♦r tr❛♥s♣♦rt ♣r♦❜❧❡♠s ❛❧s♦
✐♥✈♦❧✈✐♥❣ t❤❡ ❣r❛❞✐❡♥t❀ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❡①♣❡❝t t♦ r❡❧❛t❡

inf
{
||T − ✐❞||2H1

µ
: T#µ = ν

}

t♦ inf

{∫ 1

0

||vt||2H1
ρt
❞t

}

✇❤✐❝❤ ❥✉st ❝♦rr❡s♣♦♥❞s t♦ r❡♣❧❛❝❡ ✐♥ t❤❡ t✇♦ t❡r♠s t❤❡ L2✲♥♦r♠ ✇✐t❤ t❤❡ H1✲♥♦r♠ ✭✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❡❛s✉r❡s ✐♥ ❜♦t❤ ❝❛s❡s✮❀

• ❞✉❛❧ ❑❛♥t♦r♦✈✐❝❤✲❧✐❦❡ ❢♦r♠✉❧❛t✐♦♥s✱ ❡✳❣✳ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ❛ ♠❡❛s✉r❡ γ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛
tr❛♥s♣♦rt ♣❧❛♥ ✭❜✉t ✇✐t❤ s♦♠❡t❤✐♥❣ ♠♦r❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❣r❛❞✐❡♥t✮✳

❚❤✐s ❝❤❛♣t❡r ✐s ❞❡✈♦t❡❞ t♦ s♦♠❡ ♣r♦♣♦s❛❧ ❛♥❞ ❢♦r♠❛❧ ✐❞❡❛s ♦♥ ✇❤❛t ❝♦✉❧❞ ❜❡ ❞♦♥❡ ♦♥ t❤❡s❡ t✇♦
♣r♦❜❧❡♠s✳ ❚❤❡r❡ ✐s ❛❝t✉❛❧❧② ♥♦t ❛♥② ✈❡r② ♣r❡❝✐s❡ r❡s✉❧t ❢♦r t❤❡ ♠♦♠❡♥t✱ ❜✉t ✇❡ ❣✐✈❡ ❤❡r❡ t❤❡ ♠❛✐♥ ✐❞❡❛s✱
t❤❡ ❡①♣❡❝t❡❞ r❡s✉❧ts ❛♥❞ t❤❡ ❢♦r♠❛❧ ❝♦♠♣✉t❛t✐♦♥s t❤❛t ❝♦✉❧❞ ❜❡ ❛ ❣✉✐❞❡❧✐♥❡ ❢♦r ♣♦ss✐❜❧❡ ❢✉t✉r❡ r❡s❡❛r❝❤❡s
✭s♦♠❡ ♦❢ t❤❡♠ ❜❡✐♥❣ ❝✉rr❡♥t❧② ✐♥ ♣r♦❣r❡ss✮✳

✹✳✶ ❉②♥❛♠✐❝ ❢♦r♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❙♦❜♦❧❡✈ tr❛♥s♣♦rt ♣r♦❜❧❡♠

✹✳✶✳✶ ❚❤❡ ♦r✐❣✐♥❛❧ ❇❡♥❛♠♦✉✲❇r❡♥✐❡r r❡s✉❧t ❛♥❞ ✐ts ✐♠♣❧✐❝❛t✐♦♥s

❲❡ ❜❡❣✐♥ t❤✐s s❡❝t✐♦♥ ❜② r❡❝❛❧❧✐♥❣ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ ❇❡♥❛♠♦✉ ❛♥❞ ❇r❡♥✐❡r✱ ✇❤✐❝❤ ♣r❡s❡♥t❡❞ ❛ ✢✉✐❞✲
♠❡❝❤❛♥✐❝s ❛♣♣r♦❛❝❤ ♦❢ t❤❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤ ♣r♦❜❧❡♠ ✇✐t❤ ✐♠♣♦rt❛♥t ♥✉♠❡r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤❡✐r
♠❛✐♥ r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✭❬✾❪✱ Pr♦♣✳ ✶✳✶✱ ♣r♦♦❢ ✐♥ t❤❡ ✹t❤ ♣❛r❛❣r❛♣❤✮✿

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✶✳ ❆ss✉♠✐♥❣ µ✱ ν t♦ ❜❡ t✇♦ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t✐❡s ♦♥ Rd✱ ❜♦t❤ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ❛♥❞
s♠♦♦t❤ ❡♥♦✉❣❤ ♦♥ t❤❡✐r r❡s♣❡❝t✐✈❡ s✉♣♣♦rts✳ ❚❤❡♥ t❤❡ ♠✐♥✐♠❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤ ♣r♦❜❧❡♠
✇✐t❤ q✉❛❞r❛t✐❝ ❝♦st

inf

{∫

Ω

|T (x)− x|2 ❞ : T#µ = ν

}

✐s ❡q✉❛❧ t♦ t❤❡ ♠✐♥✐♠❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣②
∫ 1

0

∫

Rd

|v(t, x)|2 ❞ρt(x) ❞t

❛♠♦♥❣ ❛❧❧ t❤❡ ✈❡❝t♦r ✜❡❧❞s (t, x) 7→ v(t, x) ❛♥❞ t❤❡ ❝✉r✈❡s ♦❢ ♠❡❛s✉r❡s (ρt)0≤t≤1 s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t②
❡q✉❛t✐♦♥ ✇✐t❤ ✐♥✐t✐❛❧ ❛♥❞ ✜♥❛❧ ❝♦♥❞✐t✐♦♥s

{
∂tρt + div(ρtv(t, ·)) = 0
ρ0 = µ, ρ1 = ν

✭✹✳✶✮

❙❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢✳ ❲❡ ❜❡❣✐♥ ❜② s❤♦✇✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t②
∫ 1

0

∫

Rd

|v(t, x)|2 ❞ρt(x) ❞t ≥W2(µ, ν)
2 ✭✹✳✷✮

✇❤❡r❡ W2(µ, ν)
2 ❞❡♥♦t❡s t❤❡ ♠✐♥✐♠❛❧ ✈❛❧✉❡ ♦❢ t❤❡ q✉❛❞r❛t✐❝ tr❛♥s♣♦rt ❡♥❡r❣② ❢r♦♠ µ t♦ ν✱ ❛♥❞ ❢♦r ❛♥②

(v, ρ) s❛t✐s❢②✐♥❣ ✭✹✳✶✮✳ ❋♦r s✉❝❤ ❛ (v, ρ)✱ ✇❡ ❞❡✜♥❡ X ❛s ❜❡✐♥❣ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥ 




❞
❞t
X(t, x) = v(X(t, x))

X(0, x) = x
✭✹✳✸✮
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❲❡ ❝❧❛✐♠ t❤❛t✱ ❢♦r ❡❛❝❤ t✱ X(t, ·) s❡♥❞s µ ♦♥t♦ ρt✳ ❚♦ ♣r♦✈❡ ✐t✱ ✇❡ ✈❡r✐❢② t❤❛t (X(t, ·)#µ, v) ✈❡r✐✜❡s ❛❧s♦ t❤❡
❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ✭✹✳✶✮ ❢♦r ✇❤✐❝❤✱ ❣✐✈❡♥ t❤❡ ✈❡❝t♦r ✜❡❧❞ v ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ρ0✱ t❤❡ s♦❧✉t✐♦♥ (ρt)t
✐s ✉♥✐q✉❡ ✭s❡❡ t❤❡ ❝❤❛♣✳ ✽ ♦❢ ❬✹❪✮✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ ❢♦r ❛ t❡st ❢✉♥❝t✐♦♥ ϕ ❞❡♣❡♥❞✐♥❣ ♦♥ (t, x) ∈ (0, 1)× Rd

❛♥❞ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ✐♥t♦ t❤✐s s♣❛❝❡✿
∫ 1

0

∫ d

R

(∂tϕ+∇xϕ · v) ❞((Xt, ·)#µ) ❞t =
∫ 1

0

∫

Rd

(∂tϕ(X(t, x)) +∇xϕ(X(t, x)) · v(t, x)) ❞µ(x) ❞t

❲❡ ✐♥t❡❣r❛t❡ ❜② ♣❛rts t❤❡ ❧❛st t❡r♠ ❛♥❞ ✉s❡ t❤❡ ❢❛❝t t❤❛t
❞
❞t
X(t, ·) = v(X(t, ·)) t♦ ❣❡t

∫ 1

0

∫ d

R

(∂tϕ+∇xϕ · v) ❞((Xt, ·)#µ) ❞t =
∫ 1

0

❞
❞t

(∫

Rd

ϕ(t,X(t, ·)) ❞µ(x)
)

❞t

=

∫

Rd

(ϕ(1, X(1, , x))− ϕ(0, X(0, x))) ❞µ(x)

✇❤✐❝❤ ✐s ♥✉❧❧ ❢♦r ❛♥② ϕ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ✐♥ t✐♠❡✳ ❈♦♥s❡q✉❡♥t❧②✱ (X(t, ·)#µ)t s❛t✐s✜❡s ✭✹✳✶✮ ✐♥ t❤❡
❞✐str✐❜✉t✐♦♥❛❧ s❡♥s❡ ❛♥❞ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ X(0, ·)#µ = ✐❞#µ = µ✱ ✇❤✐❝❤ ✐♠♣❧✐❡s X(t, ·)#µ = ρt✳

❚❤✐s ✐♠♣❧✐❡s t❤❛t X(1, ·) s❡♥❞s µ ♦♥t♦ ρ1 = ν✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❝♦♠♣✉t❡
∫ 1

0

∫

Rd

|v(t, x)|2 ❞ρt(x) ❞t =
∫

Rd

∫ 1

0

|v(t,X(t, x))|2 ❞t ❞µ(x) ≥
∫

Rd

∣∣∣∣
∫ 1

0

v(t,X(t, x)) ❞t

∣∣∣∣
2

❞µ(x)

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ t❤❡ ❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t②✳ ❇② ♥♦t✐❝✐♥❣ t❤❛t v(X(t, x)) =
❞
❞t
X(t, x)✱

✇❡ ❞❡❞✉❝❡
∫ 1

0

∫

Rd

|v(t, x)|2 ❞ρt(x) ❞t ≥
∫

Rd

|X(1, x)−X(0, x)|2 ❞µ(x) ≥
∫

Rd

|X(1, x)− x|d ❞µ(x)

❛♥❞ t❤✐s ✐s ❣r❡❛t❡r t❤❛♥ W2(µ, ν)
2 s✐♥❝❡ X(1, ·) s❡♥❞s µ ♦♥t♦ ν✳

◆♦✇ ✐t ✐s ❡♥♦✉❣❤ t♦ ✜♥❞ ❛ ✈❡❧♦❝✐t② ✜❡❧❞ v ❛♥❞ ❛ ❝✉r✈❡ ♦❢ ♠❡❛s✉r❡s ρ ✇❤✐❝❤ r❡❛❧✐③❡ t❤❡ ❡q✉❛❧✐t② ✐♥
✭✹✳✷✮✳ ❋♦r t❤✐s✱ ✇❡ ❞❡✜♥❡

X(t, x) = x+ t(T (x)− x)

✇❤❡r❡ T ✐s t❤❡ ♦♣t✐♠❛❧ ♠❛♣ ❢r♦♠ µ t♦ ν ❢♦r t❤❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤ ♣r♦❜❧❡♠✳ ❲❡ r❡❝❛❧❧ t❤❛t T (x) = ∇ψ(x)
❢♦r s♦♠❡ ❝♦♥✈❡① ❢✉♥❝t✐♦♥ ψ : Ω → R❀ t❤✉s t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ X(t, ·) ✐s

DX(t, x) = Id + t(D2ψ(x)− Id) = (1− t)Id + tD2ψ(x)

❙✐♥❝❡ D2ψ ✐s ♣♦s✐t✐✈❡✱ t❤✐s ❏❛❝♦❜✐❛♥ ♠❛tr✐① ✐s ♣♦s✐t✐✈❡ ❢♦r ❛♥② (t, x) ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ♠❛♣ X(t, ·)
✐s ✐♥✈❡rt✐❜❧❡ ❢♦r ❛♥② t✳ ❲❡ t❤❡♥ s❡t

v(t, x) = ∂tX(t, (X(t, ·))−1(x))

❇② ❝♦♥str✉❝t✐♦♥ ♦❢ v✱ X ❛♥❞ v s❛t✐s❢② t❤❡ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭✹✳✸✮✳ ■❢ ✇❡ ❞❡♥♦t❡ ❜② ρt =
X(t, ·)#µ✱ ✇❡ t❤✉s ❦♥♦✇ t❤❛t (ρt, v(t, ·))t s❛t✐s❢② t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥❀ ♠♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ X(0, ·) = ✐❞
❛♥❞ X(1, ·) = T t❤✉s t❤❡ ✐♥✐t✐❛❧ ❛♥❞ ✜♥❛❧ ❝♦♥❞✐t✐♦♥ ρ0 = µ✱ ρ1 = ν ❛❧s♦ ❤♦❧❞✳ ■t r❡♠❛✐♥s t♦ ❝♦♠♣✉t❡✿

∫ 1

0

∫

Rd

|v(t, x)|2 ❞ρt(x) ❞t =
∫ 1

0

∫

Rd

|T (X(t, ·)−1(x))−X(t, ·)−1(x)|2 ❞(X(t, ·)#µ)(x) ❞t

=

∫ 1

0

∫

Rd

|T (x)− x|2 ❞µ(x) ❞t

=W2(µ, ν)
2

❛s ❛♥♥♦✉♥❝❡❞✳
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■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♣r♦♦❢ ❛❧s♦ s❤♦✇s t❤❛t✱ ✐♥ t❤❡ ♦♣t✐♠❛❧ ♣❛✐r (ρt, vt)t✱ t❤❡ ❝✉r✈❡ ♦❢ ♠❡❛s✉r❡s (ρt)t ✐s

t 7→ (Xt)#µ ✇❤❡r❡ Xt(x) = (1− t)x+ tT (x)

❆❝t✉❛❧❧②✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t ✐❢ ✇❡ ❡♥❞♦✇ t❤❡ s♣❛❝❡ P2(R
d) ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ✇✐t❤ ✜♥✐t❡ ♠♦♠❡♥t

♦❢ ♦r❞❡r 2 ✇✐t❤ t❤❡ ❲❛ss❡rst❡✐♥ ❞✐st❛♥❝❡ ❣✐✈❡♥ ❜② t❤❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤ ♣r♦❜❧❡♠

W2(µ, ν) =

(
inf

{∫

Rd

|T (x)− x|2 ❞µ(x) : T#µ = ν

})1/2

=

(
inf

{∫

Rd

|y − x|2 ❞γ(x, y) : γ ∈ Π(µ, ν)

})1/2

t❤❡♥ t❤❡ ❝♦♥st❛♥t✲s♣❡❡❞ ❣❡♦❞❡s✐❝ ❢r♦♠ µ t♦ ν ✐s ♣r❡❝✐s❡❧② t❤❡ ❝✉r✈❡ t 7→ (Xt)#µ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳ ❚❤✉s✱
t❤❡ ❇❡♥❛♠♦✉✲❇r❡♥✐❡r ❢♦r♠✉❧❛ ❛♥❞ ✐ts ♣r♦♦❢ ♠❛❦❡ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ t❤❡ ❲❛ss❡rst❡✐♥ ❞✐st❛♥❝❡ ✭✇✐t❤ ♦r❞❡r 2✮
❛♥❞ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝✉r✈❡✳

❖✉r q✉❡st✐♦♥ ✐s✿ ❞♦❡s t❤❡r❡ ❡①✐st s✉❝❤ ❛ ❧✐♥❦ ✐❢ ✇❡ ❧♦♦❦ ❛t t❤❡ H1✲♦r❞❡r tr❛♥s♣♦rt ❝♦st❄ ❛♥❞ ✇❤❛t ✐s
t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♣❛❝❡ P2(R

d) ✐❢ ✇❡ r❡♣❧❛❝❡ t❤❡ ❲❛ss❡rst❡✐♥ ❞✐st❛♥❝❡ ✇✐t❤✱ ❢♦r ✐♥st❛♥❝❡✱

(µ, ν) 7→ inf
{
||T − ✐❞||H1

µ
: T#µ = ν

}

♦r ✐ts ❇❡♥❛♠♦✉✲❇r❡♥✐❡r ✈❡rs✐♦♥ ✇✐t❤

inf

{∫ 1

0

||vt(x)||2H1
ρt
❞t

}
?

◆♦t✐❝❡ ❛❧s♦ t❤❛t ✐♥ t❤✐s ❢♦r♠✉❧❛t✐♦♥ ✇❡ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r ❙♦❜♦❧❡✈ s♣❛❝❡s ✇✳r✳t✳ ✈❛r②✐♥❣ ♠❡❛s✉r❡s ✭s✐♥❝❡ ρt
❞❡♣❡♥❞s ♦♥ t❤❡ t✐♠❡✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ s♦♠❡ ♣r♦♣❡rt✐❡s ❝♦✉❧❞ ❞❡♣❡♥❞ ♦♥ t❤❡ r❡❣✉❧❛r✐t② ♦❢ ρt ❛♥❞✱ ✇❤❡♥ ✐t
❤❛s ❛ ❞❡♥s✐t②✱ ♦♥ t❤❡ s✉♠♠❛❜✐❧✐t② ♦❢ 1/ρt✳ ❨❡t✱ ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ t❤❛t 1/ρt ♣❧❛②s ❛ s♣❡❝✐❛❧
r♦❧❡✱ ❛t ❧❡❛st ✐♥ ❛ ✈❡r② ♣❛rt✐❝✉❧❛r ❝❛s❡

✹✳✶✳✷ P♦ss✐❜❧❡ ❛♣♣r♦❛❝❤❡s ❢♦r ❛ H1✲♦r❞❡r ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ♠❡❛s✉r❡s

▼♦t✐✈❛t✐♦♥s ❛♥❞ r❡❧❛t❡❞ ♣r♦❜❧❡♠s✳ ❆ t②♣✐❝❛❧ q✉❡st✐♦♥ ✐♥ s❤❛♣❡ ❛♥❛❧②s✐s ✐s t♦ ❦♥♦✇ ❤♦✇ ♠✉❝❤ ❛
s❤❛♣❡ ❝❛♥ ❜❡ ❞❡❢♦r♠❡❞ ❞✉r✐♥❣ t❤❡ t✐♠❡✱ st❛rt✐♥❣ ❢r♦♠ ❛ ❣✐✈❡♥ ❝♦♥✜❣✉r❛t✐♦♥ ✭r❡♣r❡s❡♥t❡❞ ❜② t❤❡ s♦✉r❝❡
♠❡❛s✉r❡ µ✮ ❛♥❞ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ❣✐✈❡♥ t❛r❣❡t ❝♦♥✜❣✉r❛t✐♦♥ ❛t t = 1 ✭❛❧s♦ r❡♣r❡s❡♥t❡❞ ❜② ❛ ♠❡❛s✉r❡
ν✮✱ ✈✐❛ ❛ ❝♦♥t✐♥✉♦✉s ❢❛♠✐❧② ♦❢ ❞✐✛❡♦♠♦r♣❤s✐♠s (ϕt)t✱ ✇✐t❤ ϕ0 = ✐❞ ❛♥❞ t❤❡ ❝♦♥str❛✐♥t (ϕ1)#µ = ν✳ ◆♦t✐❝❡
t❤❛t t❤✐s ❧❛st ❝♦♥str❛✐♥t ✐s ❝❧♦s❡ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❝♦♥str❛✐♥t ♦❢ ♦♣t✐♠❛❧ tr❛♥s♣♦rt❛t✐♦♥✱ ❜✉t ✇❡ ❛❞❞ t♦ ✐t t❤❡
❢❛❝t t❤❛t ϕt ❤❛s t♦ ❜❡ ❛ ❞✐✛❡♦♠♦r♣❤✐s♠✳ ❯♥❞❡r t❤✐s ❝♦♥str❛✐♥t✱ ✐t ✐s ✉s✉❛❧ t♦ ❧♦♦❦ ❛t t❤❡ ♠✐♥✐♠✉♠ ♦❢

∫ 1

0

||vt||2 ❞t ✇❤❡r❡ ∂tϕt = vt ◦ ϕt

❛♥❞ t❤❡ ♥♦r♠ ❝❛♥ ❜❡ Lp ♦rW 1−p✲❧✐❦❡ ❛♥❞ ❝❛♥ ✐♥✈♦❧✈❡ ♦r ♥♦t t❤❡ ♠❡❛s✉r❡ (ϕt)#µ ✭❡✳❣✳ ||vt||L2 ✱ ||vt ◦ϕt||L2

♦r t❤❡✐r ❙♦❜♦❧❡✈ ❡q✉✐✈❛❧❡♥ts✮✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ q✉❛♥t✐t②

∫ 1

0

||vt ◦ ϕt||2L2
µ
❞t

✐s ❡①❛❝t❧② t❤❡ ❇❡♥❛♠♦✉✲❇r❡♥✐❡r ✏♥♦r♠✑ ♦❢ t❤❡ ❢❛♠✐❧② (vt, (ϕt)#µ)t✳
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P❛rt✐❛❧ ❛♥❛❧②s✐s ♦❢ ❛ ♣✉r❡ H1✲❇❡♥❛♠♦✉✲❇r❡♥✐❡r✲❧✐❦❡ ❢♦r♠✉❧❛✳ ❚❤❡ ♠♦st ♥❛t✉r❛❧ ✐❞❡❛ ❝♦♥s✐sts ✐♥
❧♦♦❦✐♥❣ ❛t t❤❡ ❧✐♥❦s ❜❡t✇❡❡♥ t❤❡ t✇♦ ♣✉r❡ H1 ✈❡rs✐♦♥s ♦❢ t❤❡ L2 ❇❡♥❛♠♦✉✲❇r❡♥✐❡r ❢♦r♠✉❧❛✱ ♥❛♠❡❧②

inf

{∫

Rd

|T (x)− x|2 ❞µ(x) +
∫

Rd

|Dµ(T − ✐❞)(x)|2 ❞µ(x) : T ∈ H1
µ, T#µ = ν

}

❛♥❞ inf

{∫ 1

0

||vt||2H1
ρt
❞t : ∂tρt + div(ρtvt) = 0, ρ0 = µ, ρ1 = ν

}

✇❤❡r❡ t❤❡ H1✲♥♦r♠ ✐s ❛ ♣r✐♦r✐ ✐♥ ❜♦t❤ ❝❛s❡s t❛❦❡♥ ✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛
♠❡❛s✉r❡ ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❈❤❛♣t❡r ✶✳ ❚❤❡ ✜rst r❡♠❛r❦ ✐s t❤❛t✱ ❜② ❝♦♥tr❛st t♦ t❤❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤
♣r♦❜❧❡♠✱ t❤❡ ❢❛❝t t❤❛t

d̃ : (µ, ν) 7→ inf

{∫

Rd

|T (x)− x|2 ❞µ(x) +
∫

Rd

|Dµ(T − ✐❞)(x)|2 ❞µ(x) : T ∈ H1
µ, T#µ = ν

}

❞❡✜♥❡s ❛ ❞✐st❛♥❝❡ ♦♥ P(Rd) ✭❡✈❡♥ ✐❢ ✇❡ ❛❧❧♦✇ ❛ ❞✐st❛♥❝❡ t♦ t❛❦❡ ❛♥ ✐♥✜♥✐t❡ ✈❛❧✉❡✮ s❡❡♠s s❡❡♠s ❢❛❧s❡✿
♥❡✐t❤❡r t❤❡ s②♠♠❡tr②✱ ♥♦r t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱ ❛r❡ ❧✐❦❡❧② t♦ ❜❡ tr✉❡ ✐♥ ❣❡♥❡r❛❧ ✭❡✈❡♥ ✐❢ ✇❡ ❞✐❞ ♥♦t
♣r♦❞✉❝❡ ❡①♣❧✐❝✐t ❡①❛♠♣❧❡s ✇❤❡r❡ t❤✐s ✐s t❤❡ ❝❛s❡✮✳ ❚♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✱ t❤❡ ✐❞❡❛ ❝♦♥s✐sts ✐♥ ❝♦♥s✐❞❡r✐♥❣
t❤❡ ❛♣♣❧✐❝❛t✐♦♥

d : (µ, ν) 7→ inf

{
∑

i

d̃(ρi, ρi+1) : n ∈ N, µ = ρ0, ρ1, . . . , ρn = ν ∈ P(Rd)

}

■♥ t❤✐s ❝❛s❡✱ ✇❡ ❝❛♥ ❛t ❧❡❛st ♣r♦✈❡ ❛♥ ✐♥❡q✉❛❧✐t② ✐♥ ❛ ✈❡r② s♠♦♦t❤ ❢r❛♠❡✇♦r❦✿

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✷✳ ▲❡t (ρt, vt)t ❜❡ ❛ r❡❣✉❧❛r ❡♥♦✉❣❤ ❝✉r✈❡ ♦❢ ♠❡❛s✉r❡s s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥
✭✹✳✶✮ ❛♥❞ ❝♦♥♥❡❝t✐♥❣ µ t♦ ν✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ❤♦❧❞s✿

∫ 1

0

∫

Rd

(|v(x, t)|+ |Dv(x, t)|2) ❞ρt(x) ❞t ≥ d̃(µ, ν)

❙❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢✳ ▲❡t 0 = t0 < t1 < · · · < tn = 1 ❜❡ ❛ s✉❜❞✐✈✐s✐♦♥ ♦❢ [0, 1]✱ ❛♥❞ ❧❡t ✉s s❡t✱ ❢♦r ❡❛❝❤ i✱
ρi = ρti ❛♥❞ hi = ti+1 − ti✳ ❋♦r ❡❛❝❤ i✱ ✇❡ ❞❡♥♦t❡ ❜② Xi t❤❡ ✢♦✇ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✈❡❝t♦r ✜❡❧❞ v ❛♥❞
❡q✉❛❧ t♦ t❤❡ ✐❞❡♥t✐t② ♠❛♣ ❛t t❤❡ t✐♠❡ ti✿

{
∂tXi(t, x) = v(t,X(t, x))
Xi(ti, x) = x

❲❡ ❛❣❛✐♥ ✈❡r✐❢② t❤❛t Xi(t, ·)#ρi = ρt✱ ❢♦r ❡❛❝❤ i ❛♥❞ t ∈ [ti, ti+1]✳ ◆♦✇ ✇❡ ❝♦♠♣✉t❡✱ st❛rt✐♥❣ ❢r♦♠ t❤❡
❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② t❤❛t ✇❡ ✇❛♥t t♦ s❤♦✇✿

∫ 1

0

∫

Rd

|v(t, .)|2 + |Dv(t, .)|2 ❞ρt ❞t =
n−1∑

i=0

∫ ti+1

ti

∫

Rd

|v(t,Xi(t, .))|2 + |Dv(t,Xi(t, .))|2 ❞ρti ❞t

✇✐t❤✱ ❜② ❞❡✜♥✐t✐♦♥✱ v(t,Xi(t, .)) = ∂tXi(t, .) ❛♥❞ Dv(t,Xi(t, .))×DXi(t, .) = ∂tDXi(t, .)✳ ❲❡ ♦❜t❛✐♥

∫ 1

0

∫

Rd

(|v|2 + |Dv|2) ❞ρt ❞t =
n−1∑

i=0

∫

Rd

∫ ti+1

ti

(
|∂tXi|2 + |∂tDXi|2

)
❞t ❞ρti

+
n−1∑

i=0

∫

Rd

∫ ti+1

ti

(
|Dv(t,Xi)|2 − |Dv(t,Xi)×DXi(t, x)|2

)
❞t ❞ρti
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❆s ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦♦❢✱ t❤❡ ❏❡♥s❡♥ ✐♥❡q✉❛❧✐t② ♣r♦✈✐❞❡s
∫ ti+1

ti

(
|∂tXi|2 + |∂tDXi|2

)
❞t ≥ 1

ti+1 − ti

(
|Xi(ti+1, x)− x|2 + |DXi(ti+1, x)− ✐❞|2

)
❞t

❛♥❞✱ s✐♥❝❡ (Xi(ti+1))#ρi = ρi+1✱ ✐t ❢♦❧❧♦✇s

n−1∑

i=0

∫

Rd

∫ ti+1

ti

(
|∂tXi|2 + |∂tDXi|2

)
❞t ❞ρi ≥

n−1∑

i=0

1

ti+1 − ti

∫

Rd

(
|Xi(ti+1)− x|2 + |DXi(ti+1)− ✐❞|2

)
❞ρi

≥
n−1∑

i=0

1

ti+1 − ti
d̃(ρi, ρi+1)

2 ≥
(
n−1∑

i=0

d̃(ρi, ρi+1)

)2

≥ d(µ, ν)2

❲❡ ✜♥❛❧❧② ❣❡t

∫ 1

0

∫

Rd

(|v|2 + |Dv|2) ❞ρt ❞t ≥ d(µ, ν)2 +

n−1∑

i=1

∫

Rd

∫ ti+1

ti

(
|Dv(t,Xi)|2 − |Dv(t,Xi)×DXi|2

)
❞t ❞ρi

✇❤✐❝❤ ✐s ♣r❡❝✐s❡❧② t❤❡ ✐♥❡q✉❛❧✐t② t❤❛t ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ✇✐t❤ ❛♥ ✏❡rr♦r t❡r♠✑❀ ✐t r❡♠❛✐♥s t♦ ♠❛❦❡ t❤✐s
❡rr♦r t❡r♠ ❛r❜✐tr❛r② s♠❛❧❧ ❜② ❡st✐♠❛t❡ ✐t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ st❡♣ ♦❢ t❤❡ s✉❜❞✐✈✐s✐♦♥ (t0, . . . , tn)✳ ❲❡ ✜rst
r❡♠❛r❦ t❤❛t✱ ❜② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♥♦r♠s ♦♥ Md(R) ❛♥❞ s✐♥❝❡ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ v ❛r❡ ❜♦✉♥❞❡❞✱ ✇❡ ❤❛✈❡

n−1∑

i=1

∫

Rd

∫ ti+1

ti

(
|Dv(t,Xi)|2 − |Dv(t,Xi)×DXi|2

)
❞t ❞ρi ≤ C

n−1∑

i=0

∫

Rd

∫ ti+1

ti

|DXi − id| ❞t ❞ρi

❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C✳ ❚♦ ❡st✐♠❛t❡ t❤✐s t❡r♠✱ ✇❡ ❞✐✛❡r❡♥t✐❛t❡ ✇✐t❤ r❡s♣❡❝t t♦ x t❤❡ ❡q✉❛❧✐t②
∂tXi = v(t,Xi) ❛♥❞ ❝♦♠♣✉t❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ✐♥ Md(R) ✇✐t❤ DXi✿

1

2
∂t|DXi(t, x)|2 = 〈(tDXi, Dv(t,Xi)×DXi〉 ≤ C|DXi|2

❚❤❡♥ t❤❡ ●rö♥✇❛❧❧ ✐♥❡q✉❛❧✐t② ❣✐✈❡s |DXi(t, x)| ≤ exp(At) ❢♦r s♦♠❡ ❝♦♥st❛♥t A✳ ■♥ ♣❛rt✐❝✉❧❛r✱ |DT | ≤
B = expA ❢♦r ❛♥② t ∈ [0, 1]✳ ❲❡ ❞❡❞✉❝❡ t❤❛t

|DXi − ✐❞| ≤
∫ t

ti

|v(s,Xi(s, x))||DXi(s, x)| ❞s ≤M(t− ti)

❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t M ✳

n−1∑

i=0

∫

Rd

∫ ti+1

ti

|DXi − ✐❞| ❞t ❞ρi ≤ C

n−1∑

i=0

(ti+1 − ti)
2

✇❤✐❝❤ ❣♦❡s t♦ ✵ ✇❤❡♥ max
1≤i≤n

(ti+1 − ti) → 0✳ ❚❤✐s ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢✳

❆♥ ❛❧t❡r♥❛t✐✈❡ ❢♦r♠✉❧❛ ✐♥ ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡✳ ❲❡ ✜♥✐s❤ t❤✐s ♣❛r❛❣r❛♣❤ ❜② ♣r♦❞✉❝✐♥❣ ❛♥ ❡①❛♠♣❧❡ ♦❢
❝♦♠♣✉t❛t✐♦♥ ✇❤✐❝❤ s✉❣❣❡sts ❛♥ ❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛ ✇✐t❤ H1✲♥♦r♠ ✐♥ ❛ ✈❡r② ♣❛rt✐❝✉❧❛r ❝❛s❡❀ t❤✐s ❡①❛♠♣❧❡
✐s ❞✉❡ t♦ ❋r❛♥ç♦✐s✲❳❛✈✐❡r ❱✐❛❧❛r❞✳

■♥ ♦♥❡ ❞✐♠❡♥s✐♦♥ ❛♥❞ ✐❢ t❤❡ st❛rt✐♥❣ ♠❡❛s✉r❡ ✐s t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✱ ❧❡t ϕ1 ❜❡ ❛ ❜✐❥❡❝t✐✈❡ ♠❛♣
s❡♥❞✐♥❣ L1 ♦♥t♦ ν ❛♥❞ ❧❡t ✉s ❞❡✜♥❡

ϕt : x 7→ (1− t)x+ tϕ1(x)
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❋♦r ♠♦♥♦t♦♥✐❝✐t② r❡❛s♦♥s t❤✐s ♠❛♣ ✐s ❛❧s♦ ❛ ❞✐✛❡♦♠♦r♣❤✐s♠ ❛♥❞ ✇❡ ❝❛♥ ❞❡✜♥❡ vt(x) = ∂tϕt(ϕ
−1
t (x)) ❛s

✈❡❧♦❝✐t② ✜❡❧❞✳ ◆♦✇

||ϕ1 − ✐❞||2H1(I) =

∫ 1

0

||∂tϕt||2H1(I) ❞t

=

∫ 1

0

(||vt ◦ ϕt||2L2(I) + ||(vt ◦ ϕt)′||2L2(I)) ❞t

✇✐t❤ ||vt ◦ ϕt||L2(I) = ||vt||2L2
µt

✇✐t❤ ||(vt ◦ ϕt)′||2L2(I) =

∫

I

v′t(ϕt(x))
2ϕ′

t(x) ❞x =

∫
v′t(y)ϕ

′
t(ϕ

−1
t (y))2

❞y

ϕ′
t(ϕ

−1
t (y))

✇❤❡r❡ t❤❡ ❧❛st ❡q✉❛❧✐t② ❝♦♠❡s ❜② ❝❤❛♥❣✐♥❣ ♦❢ ✈❛r✐❛❜❧❡s❀ ❜✉t ✇❡ ❦♥♦✇ t❤❛t
1

ϕ′
t(ϕ

−1
t (y))

✐s ❛❝t✉❛❧❧② t❤❡

❞❡♥s✐t② ♦❢ (ϕt)#µ❀ t❤✉s✱ ✐❢ ✇❡ ❛❣❛✐♥ ❞❡♥♦t❡ ❜② µt t❤✐s ❞❡♥s✐t②✱ ✇❡ ✜♥❛❧❧② ♦❜t❛✐♥

||(vt ◦ ϕt)′||2L2(I) =

∫ 1

0

v′t(x)
2 ❞x
µt(x)

❙♦ t❤❡ ♦❜t❛✐♥❡❞ ❢♦r♠✉❧❛ ✐s ✜♥❛❧❧②

||ϕ1 − ✐❞||H1(I) =

∫ 1

0

(||vt||2L2
µt

+ ||v′t||2L2
1/µt

) ❞t

❚❤❡ s✉r♣r✐s✐♥❣ ❢❛❝t ✐s t❤❛t ✇❡ ♦❜t❛✐♥ t❤❡ ❞❡♥s✐t② 1/µt ✭❛♥❞ ♥♦t ❛♥②♠♦r❡ µt✮ ❢♦r t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡
✈❡❧♦❝✐t② ✜❡❧❞✳

✹✳✷ ❆ t❡♥t❛t✐✈❡ ❑❛♥t♦r♦✈✐❝❤✲❧✐❦❡ ❢♦r♠✉❧❛t✐♦♥

❚❤❡ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❡①♣r❡ss t❤❡ ♣r♦❜❧❡♠ ✏tr❛♥s♣♦rt ♣❧✉s ❣r❛❞✐❡♥t✑

inf

{∫

Ω

|T (x)− x|2 ❞µ(x) +
∫

Ω

|DT (x)|2 ❞x : T#µ = ν

}
✭✹✳✹✮

✉♥❞❡r ❛ ❑❛♥t♦r♦✈✐❝❤✲❧✐❦❡ ❢♦r♠✉❧❛t✐♦♥✱ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛♥ ❡q✉✐✈❛❧❡♥t ♦❢ t❤❡ ❞✉❛❧✐t② ❢♦r♠✉❧❛ ✐♥ t❤❡
❝❧❛ss✐❝❛❧ ♦♣t✐♠❛❧ tr❛♥s♣♦rt ♣r♦❜❧❡♠ ✭s❡❡ ❆♣♣❡♥❞✐① ❇✮ ❛♥❞ t♦ ❞❡❞✉❝❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦♣t✐♠✐③❡r✳ ▲❡t ✉s
r❡❝❛❧❧ t❤❛t t❤❡ st❛rt✐♥❣ ♣♦✐♥t ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ t❤❡ ▼♦♥❣❡ ♣r♦❜❧❡♠ t♦ t❤❡ ❑❛♥t♦r♦✈✐❝❤ ♣r♦❜❧❡♠ ✐s
t❤❡ r❡♠❛r❦ ∫

Ω

c(x, T (x)) ❞µ(x) =
∫

Ω×Ω′

c(x, y) ❞γT (x, y)

✇❤❡r❡ γT = (✐❞ × T )#µ✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❣r❛❞✐❡♥t ♣❡♥❛❧✐③❛t✐♦♥✱ t❤❡ ✐♥t❡❣r❛❧ t❤❛t ✇❡ ❛✐♠ t♦ ♠✐♥✐♠✐③❡
✐♥✈♦❧✈❡s t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ T ❛♥❞ ♥♦t ♦♥❧② ❛♥②♠♦r❡ t❤❡ st❛rt✐♥❣ ♣♦✐♥t x ❛♥❞ t❤❡ ❛rr✐✈❛❧ ♣♦✐♥t T (x)✳

❚❤❡ str❛t❡❣② t♦ ❝♦rr❡❝t t❤✐s ✐s ❞✉❡ t♦ ❆❧❡ss✐♦ ❋✐❣❛❧❧✐✳ ■t ❝♦♥s✐sts ✲ ✐♥ ❝❛s❡ ✇❤❡r❡ t❤❡ s♦✉r❝❡ ♠❡❛s✉r❡
µ ✐s t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ Ω✱ ♦r ❛t ❧❡❛st ✇❤❡r❡ t❤❡ ❣r❛❞✐❡♥t t❡r♠ ✇❤✐❝❤ ❛♣♣❡❛rs ✐s ✐♥t❡❣r❛t❡❞ ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ✲ ✐♥ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ L2✲♥♦r♠ ♦❢ t❤❡ ❏❛❝♦❜✐❛♥
♠❛tr✐①✿

(1− s)

∫∫

Ω2

|T (x)− T (y)|2
|x− y|d+2s

❞x ❞y → Cd||DT ||2L2(Ω)
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❢♦r T r❡❣✉❧❛r ❡♥♦✉❣❤ ❛♥❞ ✇❤❡r❡ Cd ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ ✭s❡❡ ❜❡❧♦✇ t❤❡ s✉♠♠❛r② ♦❢ ♥♦t✐♦♥s
♦♥ ❢r❛❝t✐♦♥❛❧ ❙♦❜♦❧❡✈ s♣❛❝❡s t❤❛t ✇❡ ✇✐❧❧ ♥❡❡❞ ❤❡r❡✮✳ ❚❤✉s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ♣r♦❜❧❡♠

inf

{∫

Ω

|T (x)− x|2 ❞µ(x) + (1− s)

∫∫

Ω2

|T (x)− T (y)|2
|x− y|d+2s

❞x ❞y : T ∈ Hs(Ω), T#Ld = ν

}

✇❤❡r❡ Hs(Ω) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ✭✈❡❝t♦r✮ ❢✉♥❝t✐♦♥s T s✉❝❤ t❤❛t t❤❡ ✐♥t❡❣r❛❧
∫∫

Ω2

|T (x)− T (y)|2
|x− y|d+2s

❞x ❞y

✐s ✜♥✐t❡✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ q✉❛♥t✐t② t❤❛t ✇❡ ♠✐♥✐♠✐③❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠ ✐♥✈♦❧✈✐♥❣ t❤❡
♠❡❛s✉r❡ γT = (✐❞× T )#µ✿

∫

Ω×Ω′

|z − x|2 ❞γT (x, z) +
∫∫

Ω×Ω′

|z − w|2
|x− y|d+2s

❞γT (x, z) ❞γT (y, w)

❚❤❡ str❛t❡❣② ✐s t❤✉s t♦ st✉❞② t❤✐s ♣r♦❜❧❡♠ ✭✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♠❛✐♥ ❞✐✣❝✉❧t✐❡s ❛r❡ t❤❛t t❤✐s ❢✉♥❝t✐♦♥ ✐s

♥♦t ❧✐♥❡❛r ✇✐t❤ r❡s♣❡❝t t♦ γT ❛♥❞ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✐♥✈♦❧✈❡s ❛ s✐♥❣✉❧❛r ♣❛rt
|z − w|2

|x− y|d+2s
✮ ❛♥❞ t♦ tr② t♦

❞❡❞✉❝❡ ❛ ❞✉❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✐♥✈♦❧✈✐♥❣ ❛ ❝♦st ❢✉♥❝t✐♦♥ ✇✐t❤ ✹ ✈❛r✐❛❜❧❡s✮ t❤❛t ✇❡ ❛✐♠ t♦ ♣❛ss t♦ t❤❡ ❧✐♠✐t
s→ 1✳

❲❡ ❜❡❣✐♥ ❜② ❛ ❜r✐❡❢ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ t♦♦❧s t❤❛t ✇❡ ✉s❡ ✭s✐♥❝❡ t❤❡② ♦♥❧② ❛♣♣❡❛r ✐♥ t❤✐s
❝❤❛♣t❡r✱ ✇❡ ✐♥❝❧✉❞❡ t❤❡② ❤❡r❡ ❛♥❞ ♥♦t ✐♥ t❤❡ ❆♣♣❡♥❞✐①✮✳

✹✳✷✳✶ ❋r❛❝t✐♦♥❛❧ ❙♦❜♦❧❡✈ ♥♦r♠s✱ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ❛♥❞ r❡❣✉❧❛r✐③❛t✐♦♥

❆❧♠♦st ❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥s ❜❡❧♦✇ ❝♦♠❡ ❢r♦♠ ❬✸✻❪ ✇❤❡r❡ ❝❛♥ ❛❧s♦ ❜❡ ❢♦✉♥❞ ♠♦r❡ ❞❡t❛✐❧s✱ ♣r♦♦❢s ❛♥❞ r❡❢❡r✲
❡♥❝❡s✳ ✐♥ ✇❤❛t ❢♦❧❧♦✇s✱ Ω ✐s ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ♦❢ Rd ✇✐t❤ ▲✐♣s❝❤✐t③ ❜♦✉♥❞❛r②✳

❋r❛❝t✐♦♥❛❧ ❙♦❜♦❧❡✈ s♣❛❝❡s✳

❉❡✜♥✐t✐♦♥ ✹✳✷✳✶✳ ❋♦r s ∈ (0, 1) ❛♥❞ u ∈ L2(Ω)✱ ✇❡ ❞❡✜♥❡

||u||2Hs(Ω) = ||u||2L2(Ω) + s(1− s)

∫∫

Ω

|u(x)− u(y)|2
|x− y| ❞x ❞y

❛♥❞ ❞❡♥♦t❡ ❜② Hs(Ω) t❤❡ ✈❡❝t♦r s✉❜s♣❛❝❡ ♦❢ L2(Ω) ❢♦r♠❡❞ ✇✐t❤ ❢✉♥❝t✐♦♥s u s✉❝❤ t❤❛t ||u||Hs(Ω) ✐s ✜♥✐t❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶✳ ❲❡ ❤❛✈❡ t❤❡ ✐♥❝❧✉s✐♦♥ H1(Ω) ⊂ Hs′(Ω) ⊂ Hs(Ω) ✐❢ 1 > s′ > s > 0✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡s ❤♦❧❞✿

• ❢♦r u ∈ H1(Ω)✱

lim
s→1

(1− s)

∫∫

Ω

|u(x)− u(y)|2
|x− y|d+2s

❞x ❞y = Cd||∇u||2L2

✇❤❡r❡ Cd ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ ❛♥❞ ✐s ❣✐✈❡♥ ❜② Cd =

∫

Sd−1

u21 ❞u❀

• ❢♦r u ∈ ⋃
s
(Ω)✱

lim
s→0

s

∫∫

Ω

|u(x)− u(y)|2
|x− y|d+2s

❞x ❞y = C ′
d||u||L2(Ω)

✇❤❡r❡ C ′
d ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥✳
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❋r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r✳ ■t ❝❛♥ ❜❡ ❞❡✜♥❡❞ t❤r♦✉❣❤ ❛ ❋♦✉r✐❡r tr❛♥s❢♦r♠✱ ❜✉t ✇❡ ❝❤♦♦s❡ t❤❡
❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ s✐♥❝❡ ✇❡ ✇♦r❦ ✐♥ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥s ❛♥❞ ♥♦t ✐♥ Rd✿

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✸✳ ❋♦r x ∈ Ω✱ ✇❡ ❤❛✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡✿

lim
s→1

∫

Ω

u(x)− u(y)

|x− y|d+2s
❞y = −1

2
Cd∆u(x)

✐❢ u ✐s r❡❣✉❧❛r ❡♥♦✉❣❤ ❛♥❞ ✇❤❡r❡ Cd ✐s t❤❡ ❝♦♥st❛♥t ❞❡✜♥❡❞ ❛❜♦✈❡✳ ❚❤✉s✱ ✇❡ ✇✐❧❧ s❡t

∆su(x) = − 2

Cd

∫

Ω

u(x)− u(y)

|x− y|d+2s
❞y

❆❧s♦✱ t❤✐s ❝❤♦✐❝❡ ♦❢ ❞❡✜♥✐t✐♦♥ ✐♠♣❧✐❡s t❤❛t ∆su ✐s t❤❡ ✜rst ✈❛r✐❛t✐♦♥ ♦❢ ||∇u||2Hs ✳ ❲❡ ❛❧s♦ ✈❡r✐❢② ❛♥❞
❣✐✈❡ ❛ s❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡✿

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✹✳ ■❢ T ✐s ❛ r❡❣✉❧❛r ❡♥♦✉❣❤ ✈❡❝t♦r✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥✱ ✐❢

Ks(x) = (1− s)
1

|x|d+2s

t❤❡♥

lim
s→1

∫

Ω

|T (x)− T (y)|2∇Ks(x− y) ❞y = Cd(
tDT (x)∆T (x) +∇(|DT |2)(x))

❙❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢✳ ❲❡ ❝♦♠♣✉t❡ t❤❡ ✐♥t❡❣r❛❧ ♦♥ ❛ s♠❛❧❧ ❜♦✉♥❞ ❛r♦✉♥❞ x ✭t❤❡ ✐♥t❡❣r❛❧ ❢♦r y ❢❛r ❛✇❛② ❢r♦♠
x ✇✐❧❧ ✈❛♥✐s❤ ❛s s→ 1✮✳ ❲❡ st❛rt ❢r♦♠ ❛ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ T ✿ ✐❢ y = x+ h✱

|T (x)− T (y)|2∇Ks(x− y) = |DT (x)(h)|2 h

|h|d+2s+2

+ 2(DT (x)(h) ·D2T (x)(h, h))
h

|h|d+2s+2
+O(|h|5−(d+2s+2))

❚❤❡ ✜rst t❡r♠ ✐s ♦❞❞ ✇✐t❤ r❡s♣❡❝t t♦ h✱ t❤✉s ✐ts ✐♥t❡❣r❛❧ ♦♥ ❛ ❜❛❧❧ ❝❡♥t❡r❡❞ ✐♥ 0 ✐s ♥✉❧❧✱ ❛♥❞ t❤❡ ✐♥t❡❣r❛❧
♦❢ |h|5−(d+2s+2) ✐s ❜♦✉♥❞❡❞ ✇✐t❤ r❡s♣❡❝t t♦ s t❤✉s t❤❡ ❧❛st t❡r♠ ✭t❤❛t ✇❡ ♠✉❧t✐♣❧② ✇✐t❤ (1− s)✮ ✈❛♥✐s❤❡s
✇❤❡♥ s→ 1✳ ❚❤✉s✱ ✐t r❡♠❛✐♥s t♦ ❝♦♠♣✉t❡

lim
s→1

2(d+ 2s)(1− s)

∫

B(x,ε)

(DT (x)(h) ·D2T (x)(h, h))
h

|h|d+2s+2
❞h

❲❡ ❤❛✈❡
DT (x)(h) ·D2T (x)(h, h)hi =

∑

j,k,l,m

∂kTj(x)∂
2
l,mTj(x)hihkhlhm

❛♥❞ ✇❤❡♥ ✇❡ ✐♥t❡❣r❛t❡ ✐t ♦♥ ❛ ❜❛❧❧ ❝❡♥t❡r❡❞ ✐♥ 0✱ ❛❧❧ t❤❡ t❡r♠s ✇❤✐❝❤ ❛r❡ ♦❞❞ ✇✐t❤ r❡s♣❡❝t t♦ h ❛❣❛✐♥
❞✐s❛♣♣❡❛r ❜② s②♠♠❡tr②✱ t❤✉s t❤❡② ❛r❡ ♥✉❧❧ ❡①❝❡♣t ✐❢

{
l = m
i = k

♦r

{
l 6= m
l = i ❛♥❞ m = k

♦r

{
l 6= m
l = k ❛♥❞ m = i

■t r❡♠❛✐♥s

2(d+ 2s)(1− s)
∑

1≤j,l≤d
∂iTj(x)∂

2
l,lTj(x)

∫

B(x,ε)

h2ih
2
l

|h|d+2s+2
❞h

+ 4(d+ 2s)(1− s)
∑

1≤j,k≤d
k 6=i

∂kTj(x)∂
2
i,kTj(x)

∫

B(x,ε)

h2ih
2
k

|h|d+2s+2
❞h
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❚❤❡ ✜rst t❡r♠ ✭✇✐t❤ ∂2l,lTj✮ ✇✐❧❧ ❣✐✈❡ tDT∆T T ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ✇✐❧❧ ❣✐✈❡ ∇|DT |2✳✳ ■t ♦♥❧② r❡♠❛✐♥s
t♦ ❝♦♠♣✉t❡ t❤❡ ❧✐♠✐ts

lim
s→1

(1− s)

∫

B(0,ε)

h2ih
2
j

|h|d+2s+2
❞h

✐♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝♦♥st❛♥t Cd ✭t❤✐s ❧✐♠✐t ❞❡♣❡♥❞s ♦♥ t❤❡ ❡q✉❛❧✐t② i = j✱ ❛♥❞ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② ✉s✐♥❣
t❤❡ ❝❧❛ss✐❝❛❧ ❤②♣❡rs♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s ❛♥❞ ❲❛❧❧✐s ✐♥t❡❣r❛❧s✮✳

❆ r❡❣✉❧❛r✐③✐♥❣ ❝♦♥✈♦❧✉t✐♦♥ ❦❡r♥❡❧✳ ❲❡ ❛❧s♦ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❣✉❧❛r✐③✐♥❣ ❦❡r♥❡❧✱ t❤❛t ✇❡ ❞❡✜♥❡
❛s ❛ ❋♦✉r✐❡r tr❛♥s❢♦r♠✿

F(Ks,ε)(ξ) = −Cd
2
|ξ|2s exp(−ε|ξ|2s)

❛♥❞ ✇❡ ✈❡r✐❢② t❤❛t✱ ❢♦r ❛♥② r❡❣✉❧❛r ❡♥♦✉❣❤ ❢✉♥❝t✐♦♥ u✱

❢♦r ❛♥② ✜①❡❞ s ∈ (0, 1),

∫

Ω

(u(x)− u(y))Ks,ε(x− y) ❞y −−−→
ε→0

−1

2
∆su(x)

❛♥❞ ❢♦r ❛♥② ✜①❡❞ ε > 0,

∫

Ω

(u(x)− u(y))Ks,ε(x− y) ❞y −−−→
s→1

−1

2
Cd∆(u ⋆ ρε)

✇❤❡r❡ ρε ✐s t❤❡ ❝❧❛ss✐❝❛❧ ●❛✉ss ❢✉♥❝t✐♦♥

ρε(x) =
1

(2
√
πε)d

exp

(
−|x|2

4ε

)

❚❤✐s ❦❡r♥❡❧ ✇✐❧❧ ✉s❡❞ t♦ r❡❣✉❧❛r✐③❡ ♦✉r ❝♦st ❢✉♥❝t✐♦♥✱ s✐♥❝❡ ♦✉r ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥✈♦❧✈❡s

∫∫

(Ω×Ω′)2

|z − w|2
|x− y|d+2s

❞γ(x, z) ❞γ(y, w)

✇❤❡r❡ t❤❡ ❝♦st ✐♥t❡❣r❛t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ γ ⊗ γ ❛❞♠✐ts ❤❡r❡ ❛ s✐♥❣✉❧❛r✐t② ❛❧♦♥❣ t❤❡ ❧✐♥❡ x = y✳

✹✳✷✳✷ ❆ s♦rt ♦❢ ❑❛♥t♦r♦✈✐❝❤ ♣r♦❜❧❡♠ ✇✐t❤ ✹ ✈❛r✐❛❜❧❡s

❋♦❧❧♦✇✐♥❣ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❜❡❣✐♥ ❜② st✉❞②✐♥❣✱ ❢♦r ❛ ✜①❡❞ s ∈ (0, 1)✱

inf

{∫∫

(Ω×Ω′)2

(
1

2
(|z − x|2 + |w − y|2) + (1− s)

|z − w|2
|x− y|d+2s

)
❞γ(x, z) ❞γ(y, w)

}
✭✹✳✺✮

✇❤❡r❡ t❤❡ ✐♥✜♠✉♠ ✐s t❛❦❡♥ ❛♠♦♥❣ t❤❡ tr❛♥s♣♦rt ♣❧❛♥s γ ∈ Π(µ, ν) ✇❤♦s❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♠❛r❣✐♥❛❧ ❛r❡
♣r❡s❝r✐❜❡❞ ✭❛♥❞ ✇❡ st✐❧❧ ❛ss✉♠❡ t❤❛t µ ✐s ❛❝t✉❛❧❧② t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ Ω✮✳ ❚❤✉s✱ ✇❡ ✇✐❧❧ s❡t

cs(x, z, y, w) =
1

2
(|z − x|2 + |y − w|2) + (1− s)

|z − w|2
|x− y|d+2s

✭✇❡ ❤❛✈❡ r❡♣❧❛❝❡❞ t❤❡ tr❛♥s♣♦rt ❝♦st |z − x|2 ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ✏s②♠♠❡tr✐③❡❞✑ ✈❡rs✐♦♥ ✐♥ ♦r❞❡r t♦ ❤❛✈❡
❛ ❝♦st ❢✉♥❝t✐♦♥ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✹ ✈❛r✐❛❜❧❡s x, z, y, w ❛♥❞ s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥
(x, z, y, w) 7→ (y, w, x, z)✮✳

❚❤❡ ✜rst r❡♠❛r❦ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❤✐❝❤ ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ ✐♥✜♠✉♠ ✭✐❢ ✐t ❡①✐sts✮ ❝♦♠❡s ❢r♦♠ ❛
tr❛♥s♣♦rt ♠❛♣✿
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Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✺✳ ❆ss✉♠❡ t❤❛t γ ∈ Π(µ, ν) ✐s s✉❝❤ t❤❛t

∫∫

(Ω×Ω′)2

|z − w|2
|x− y|d+2s

❞γ(x, z) ❞γ(y, w) < +∞

❚❤❡♥ γ ✐s ✐♥❞✉❝❡❞ ❜② ❛ tr❛♥s♣♦rt ♠❛♣✳

Pr♦♦❢✳ ■♥❞❡❡❞✱ ✐❢ γ ✐s ♥♦t s✉♣♣♦rt❡❞ ♦♥t♦ ❛ ❣r❛♣❤ t❤❡♥ t❤❡r❡ ❡①✐sts (x0, z1)✱ (x0, z2) ❜❡❧♦♥❣✐♥❣ t♦ t❤❡
s✉♣♣♦rt ♦❢ γ ✇✐t❤ z1 6= z2❀ ✇❡ ❝❤♦♦s❡ ε > 0 s✉❝❤ t❤❛t t❤❡ ❝❧♦s❡❞ ❜❛❧❧s B(z1, ε) ❛♥❞ B(z2, ε) ❛r❡ ❞✐s❥♦✐♥ts
❛♥❞ ♥♦t❡ t❤❛t✱ ❢♦r s♦♠❡ δ > 0✱

∫

B((x0,z1,x0,z2),ε)

|z − w|2
|x− y|d+2s

❞γ(x, z) ❞γ(y, w) ≥ δ

∫

B((x0,z1,x0,z2),ε)

❞γ(x, z) ❞γ(y, w)
|x− y|d+2s

= δν(B(z1, ε))ν(B(z2, ε))

∫∫

B(x0,ε)2

❞x ❞y
|x− y|d+2s

= +∞

❚❤❡ ❢❛❝t t❤❛t t❤❡ ♦♣t✐♠❛❧ ♣❧❛♥ ❢r♦♠ µ t♦ ν ❢♦r t❤✐s ❢r❛❝t✐♦♥❛❧ ❙♦❜♦❧❡✈ ❝♦st ❝♦♠❡s ❢r♦♠ ❛ tr❛♥s♣♦rt
♠❛♣ ✐s t❤✉s ❡❧❡♠❡♥t❛r②✱ ❜✉t t❤✐s ❢❛❝t ❞♦❡s ♥♦t ❤♦❧❞ ❛♥②♠♦r❡ ✐❢ ✇❡ r❡♣❧❛❝❡ cs ❜② ✐ts r❡❣✉❧❛r✐③❡❞ ✈❡rs✐♦♥

cs,ε =
1

2
(|z − x|2 + |w − y|2) + |z − w|2Ks,ε(x− y)

s✐♥❝❡ t❤❡ ✐♥t❡❣r❛❧
∫∫

Ks,ε(x − y) ❞x ❞y ✐s t❤❡♥ ✜♥✐t❡✳ ▼♦r❡♦✈❡r✱ t❤❡ ❢✉♥❝t✐♦♥❛❧ t❤❛t ✇❡ ❝♦♥s✐❞❡r ✐s ♥♦t
❝♦♥✈❡① ✇✐t❤ r❡s♣❡❝t t♦ γ s✐♥❝❡ ✐t ✐♥✈♦❧✈❡s ❛ t❡r♠ ✇✐t❤ γ ⊗ γ ✭✇❤✐❧❡ t❤❡ ❝❧❛ss✐❝❛❧ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤ ❝♦st
✐s ❧✐♥❡❛r ✇✐t❤ r❡s♣❡❝t t♦ γ✮✳

❚❤✉s✱ t❤❡ ♥❡①t st❡♣ ✐s t♦ st✉❞② t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ t❤❡ s❡t

{γ ⊗ γ : γ ∈ Π(µ, ν)}

❚❤❡ r❡s✉❧t t❤❛t ✇❡ ❡①♣❡❝t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❈♦♥❥❡❝t✉r❡ ✹✳✷✳✶✳ ▲❡t Σ ❜❡ t❤❡ s❡t ♦❢ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡s σ ♦♥ (Ω×Ω′)2 s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

• (π1,3)#σ = µ⊗ µ✱ ✇❤❡r❡ π1,3(x, z, y, w) = (x, y)❀

• (π2,4)#σ = ν ⊗ ν✱ ✇❤❡r❡ π2,4(x, z, y, w) = (z, w)❀

• τ#σ = σ✱ ✇❤❡r❡ τ(x, z, y, w) = (y, w, x, z)❀

• ∀f ∈ Cb((Ω× Ω′)2),
∫
f(x, z)f(y, w) ❞σ(x, z, y, w) ≥ 0

❚❤❡♥

{∫
c ❞σ : σ ∈ Σ

}
✐s ❛tt❛✐♥❡❞ ❜② ❛♥ ❡❧❡♠❡♥t ✇✐t❤ ❢♦r♠ γ ⊗ γ✱ γ ∈ Π(µ, ν)✳

▲❡t ✉s ❡①♣❧❛✐♥ ❜r✐❡✢② t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ ❢♦✉r ❝♦♥str❛✐♥ts ❛❜♦✈❡✿ t❤❡ ✜rst ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ❡①♣r❡ss
t❤❡ ❢❛❝t t❤❛t t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♠❛r❣✐♥❛❧ ♦❢ γ ∈ Π(µ, ν) ❛r❡ ♣r❡s❝r✐❜❡❞ ❛♥❞ t❤❡ t❤✐r❞ ❛♥❞ t❤❡ ❢♦✉rt❤ ♦♥❡
❡①♣r❡ss t❤❛t γ ⊗ γ ✐s st✐❧❧ s②♠♠❡tr✐❝ ❛♥❞ ✏♣♦s✐t✐✈❡✑ ❛♠♦♥❣ t❤❡ ❢✉♥❝t✐♦♥s ✇✐t❤ ❢♦r♠ f(x, z)f(y, w)✳ ❙✐♥❝❡
t❤❡s❡ ❢♦✉r ❝♦♥str❛✐♥ts ❛r❡ ❛❧❧ ♣r❡s❡r✈❡❞ ❜② ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥s✱ t❤❡ s❡t Σ ✐s ❛ ❝♦♥✈❡① s✉❜s❡t ♦❢ t❤❡ s❡t ♦❢
♣♦s✐t✐✈❡ ♠❡❛s✉r❡s ♦♥ (Ω× Ω′)2✳

❲❡ ❤♦♣❡ t❤❛t t❤❡s❡ ❢♦✉r ❝♦♥str❛✐♥ts ❛r❡ ✏♠❛①✐♠❛❧✑ ✭♠❡❛♥✐♥❣ t❤❛t Σ ✐s ❛❝t✉❛❧❧② t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢
{γ ⊗ γ : γ ∈ Π(µ, ν)}✮ ❛♥❞ ❛ ♣♦ss✐❜❧❡ str❛t❡❣② t♦ s❤♦✇ t❤✐s ❝♦♥❥❡❝t✉r❡ ❝♦♥s✐sts ✐♥ st✉❞②✐♥❣ t❤❡ ❡①tr❡♠❛❧
♣♦✐♥ts ♦❢ Σ
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✹✳✷✳✸ ❉✉❛❧✐t② ❢♦r♠✉❧❛ ❢♦r 4✲✈❛r✐❛❜❧❡s ❝♦sts ✐♥ t❤❡ ❝❧❛ss Σ

❲❡ ❢♦r❣❡t ✐♥ t❤✐s ♣❛r❛❣r❛♣❤ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝♦st c ♦♥ s ❛♥❞ ε✱ ❥✉st ❛ss✉♠❡ t❤❛t ✐t ✐s s②♠♠❡tr✐❝
✭✐✳❡✳ ✐♥✈❛r✐❛♥t ❜② t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ (x, z, y, w) 7→ (y, w, x, z)✮ ❛♥❞ ♦♥❧② ❢♦❝✉s ♦♥ t❤❡ ❝♦♥str❛✐♥t ✏σ ∈ Σ✑✳
❋♦❧❧♦✇✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦♦❢ ♦❢ t❤❡ ❞✉❛❧✐t② ❢♦r♠✉❧❛ ✐♥ t❤❡ ♦♣t✐♠❛❧ tr❛♥s♣♦rt ✭s❡❡ t❤❡ ❆♣♣❡♥❞✐① ❇✮✱ ✇❡
r❡♠❛r❦ t❤❛t✱ ❢♦r ❛ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ σ ♦♥ (Ω× Ω′)2✿

sup

{∫
ϕ(x, y)( ❞(µ⊗ µ)(x, y)− ❞σ(x, z, y, w)) : ϕ ∈ Cb(Ω

2)

}
=

{
0 ✐❢ (π1,3)#σ = µ⊗ µ
+∞ ♦t❤❡r✇✐s❡

sup

{∫
ψ(x, y)( ❞(ν ⊗ ν)(z, w)− ❞σ(x, z, y, w)) : ψ ∈ Cb(Ω

′2)

}
=

{
0 ✐❢ (π2,4)#σ = ν ⊗ ν
+∞ ♦t❤❡r✇✐s❡

sup

{∫
(χ ◦ τ − χ) ❞σ : τ ∈ Cb((Ω× Ω′)2)

}
=

{
0 ✐❢ τ#σ = χ
+∞ ♦t❤❡r✇✐s❡

❛♥❞ t❤❛t sup

{
−
∫
ω(x, z)ω(y, w) ❞σ(x, z, y, w)

}
✐s 0 ✐❢ t❤❡ ❢♦✉rt❤ ❝♦♥str❛✐♥t ❞❡✜♥✐♥❣ σ ✐s s❛t✐s✜❡❞ ❛♥❞

+∞ ♦t❤❡r✇✐s❡✳ ◆♦t✐❝❡ ❛❧s♦ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ❡q✉❛❧✐t②

sup

{
−
∫
ω(x, z)ω(y, w) ❞σ(x, z, y, w)

}
= sup

{
−
∫ (∑

i

ωi(x, z)ωi(y, w)

)
❞σ(x, z, y, w)

}

✇❤❡r❡ t❤❡ s✉♠ ✐♥s✐❞❡ t❤❡ r✐❣❤t ❤❛♥❞✲s✐❞❡ ✐s t❛❦❡♥ ✐♥ s❡♥s❡ ♦❢ t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ✭❛♥❞ t❤✐s ❛❧❧♦✇s t♦
❝♦♥s✐❞❡r ❛ s✉♣r❡♠✉♠ ❛♠♦♥❣ ❛ ❝♦♥✈❡① ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s✮✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ t❤❡ ❡q✉❛❧✐t②✿

inf

{∫

(Ω×Ω′)2
c ❞σ : σ ∈ Σ

}
= inf

{
sup

{∫
ϕ( ❞µ⊗ µ− ❞σ) +

∫
ψ( ❞ν ⊗ ν − ❞σ)

+

∫
(χ− χ ◦ τ) ❞σ −

∫ (∑

i

ωi(x, z)ωi(y, w))

)
❞σ +

∫
c ❞σ

}}

❆ss✉♠❡ t❤❛t ✇❡ ❛r❡ ❛❜❧❡ t♦ ✐♥✈❡rt ✐♥✜♠✉♠ ❛♥❞ s✉♣r❡♠✉♠✳ ■t r❡♠❛✐♥s

inf

{∫

(Ω×Ω′)2
c ❞σ : σ ∈ Σ

}
= sup
ϕ,ψ,χ,ω

{∫
(ϕ ❞(µ⊗ µ) + ψ ❞(ν ⊗ ν))

+ inf
σ

{∫
(c(x, z, y, w)− ϕ(x, z)− ϕ(y, w)

−(χ− χ ◦ τ)(x, z, y, w)−
∑

i

ωi(x, z)ωi(y, w)) ❞σ(x, z, y, w)

}}

❚❤❡ ❛❜♦✈❡ ✐♥✜♠✉♠ ✐s 0 ✐❢

c(x, z, y, w) ≥ ϕ(x, y) + ψ(z, w) + χ(x, z, y, w)− χ(y, w, x, z) +
∑

i

ωi(x, z)ωi(y, w)

❢♦r ❛♥② (x, z, y, w) ∈ (Ω× Ω′)2✱ ❛♥❞ +∞ ♦t❤❡r✇✐s❡✳ ❚❤✉s✱ ✇❡ ❧♦♦❦ ❛t t❤❡ ♣r♦❜❧❡♠

sup

{∫
ϕ ❞µ⊗ µ+

∫
ψ ❞ν ⊗ ν

}
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✇❤❡r❡ t❤❡ s✉♣r❡♠✉♠ ✐s t❛❦❡♥ ❛♠♦♥❣ t❤❡ ♣❛✐rs ♦❢ ❢✉♥❝t✐♦♥s (ϕ, ψ) s✉❝❤ t❤❛t

∃χ, (ωi)i : ϕ(x, y) + ψ(z, w) + χ(x, z, y, w)− χ(y, w, x, z) +
∑

i

ωi(x, z)ωi(y, w) ≤ c(x, z, y, w)

◆♦t✐❝❡ t❤❛t ✐❢✱ ✐♥ t❤❡ ❧❛st ❡q✉❛❧✐t②✱ ✇❡ ❡①❝❤❛♥❣❡ (x, y) ❛♥❞ (z, w) ❛♥❞ ❝♦♠♣✉t❡ t❤❡ ❤❛❧❢✲s✉♠✱ ✐t ❢♦❧❧♦✇s
s✐♥❝❡ c ✐s s②♠♠❡tr✐❝ t❤❛t

1

2
(ϕ(x, y) + ϕ(y, x)) +

1

2
(ψ(z, w) + ψ(w, z)) +

∑

i

ωi(x, z)ωi(y, w) ≤ c(x, z, y, w)

❛♥❞ ❜② ♥♦t✐❝✐♥❣ t❤❡ ❡q✉❛❧✐t✐❡s

∫
1

2
(ϕ(x, y) + ϕ(y, x)) ❞µ(x) ❞µ(y) =

∫
ϕ(x, y) ❞µ(x) ❞µ(y)

❛♥❞
∫

1

2
(ψ(x, y) + ψ(y, x)) ❞ν(x) ❞ν(y) =

∫
ψ(x, y) ❞ν(x) ❞ν(y)

✇❡ ❞❡❞✉❝❡ t❤❛t ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r

sup

{∫
ϕ ❞µ⊗ µ+

∫
ψ ❞ν ⊗ ν

}

✇❤❡r❡ t❤❡ s✉♣r❡♠✉♠ ✐s t❛❦❡♥ ❛♠♦♥❣ t❤❡ ♣❛✐rs ♦❢ ❢✉♥❝t✐♦♥s (ϕ, ψ) ✇❤✐❝❤ ❛r❡ ❜♦t❤ s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t
t♦ t♦ t❤❡✐r ✈❛r✐❛❜❧❡s (x, y) ❛♥❞ (z, w) ❛♥❞ s✉❝❤ t❤❛t

∃(ωi)i : ϕ(x, y) + ψ(z, w) +
∑

i

ωi(x, z)ωi(y, w) ≤ c(x, z, y, w)

❚❤❡ ❞✉❛❧✐t② ❢♦r♠✉❧❛ ✇♦✉❧❞ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✿

❈♦♥❥❡❝t✉r❡ ✹✳✷✳✷✳ ❲❡ ❤❛✈❡ t❤❡ ❡q✉❛❧✐t②

inf

{∫
c ❞σ : σ ∈ Σ

}
= sup

{∫
ϕ ❞µ⊗ µ+ ψ ❞ν ⊗ ν : (ϕ, ψ) ∈ S

}

✇❤❡r❡ S ✐s t❤❡ s❡t ♦❢ ♣❛✐rs (ϕ, ψ) s✉❝❤ t❤❛t

• ϕ ∈ Cb(Ω
2)✱ ψ ∈ Cb(Ω

′)2 ❀

• ϕ(x, y) = ϕ(y, x) ❛♥❞ ψ(z, w) = ψ(w, z) ❢♦r ❛♥② x, y, z, w❀

• t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (ωi)i ♦❢ ❢✉♥❝t✐♦♥s ♦❢ Cb(Ω × Ω′) s✉❝❤ t❤❛t
∑
i

ωi(x, z)ωi(y, w) ✉♥✐❢♦r♠❧②

❝♦♥✈❡r❣❡s ❛♥❞ t❤❡ ✐♥❡q✉❛❧✐t②

ϕ(x, y) + ψ(z, w) +
∑

i

ωi(x, z)ωi(y, w) ≤ c(x, z, y, w) ✭✹✳✻✮

❤♦❧❞s ❢♦r ❛♥② (x, z, y, w) ∈ (Ω× Ω′)2✳
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Pr♦♣❡rt✐❡s ♦❢ t❤❡ ♦♣t✐♠✐③❡rs✳ ◆♦✇ ✇❡ t❛❦❡ ❛♥ ♦♣t✐♠❛❧ σ ∈ Σ✱ ❛♥ ♦♣t✐♠❛❧ ♣❛✐r (ϕ, ψ) ∈ S ❛♥❞
s❡q✉❡♥❝❡ (ωi)i ❛s ✐♥ t❤❡ ❛❜♦✈❡ ❝♦♥❥❡❝t✉r❡✳ ❆ss✉♠✐♥❣ t❤❛t σ = γ ⊗ γ ❢♦r s♦♠❡ γ✱ ✇❡ ✐♥t❡❣r❛t❡ t❤❡
✐♥❡q✉❛❧✐t② ✭✹✳✻✮ ✇✐t❤ r❡s♣❡❝t t♦ σ✳ ■t ❢♦❧❧♦✇s

∫
ϕ ❞(µ⊗ µ) +

∫
ψ ❞(ν ⊗ ν) +

∑

i

(∫
ωi ❞γ

)2

≤
∫
c ❞σ

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❦♥♦✇ ✐❢ t❤❡ ❞✉❛❧✐t② ❢♦r♠✉❧❛ ✐s tr✉❡ t❤❛t
∫
ϕ ❞µ ⊗ ν + ψ ❞ν ⊗ ν =

∫
c ❞σ✳ ❚❤✐s

✐♠♣❧✐❡s t❤❛t
∫
ωi ❞γ = 0 ❢♦r ❛♥② i✳ ❚❤✉s✱ ✇❡ ❤❛✈❡





ϕ(x, y) + ψ(z, w) +
∑
i

ωi(x, z)ωi(y, w) ≤ c(x, z, y, w) ❢♦r ❛♥② x, z, y, w ∈ (Ω× Ω′)2

∫ (
ϕ(x, y) + ψ(z, w) +

∑

i

ωi(x, z)ωi(y, w)

)
❞σ(x, z, y, w) =

∫
c ❞σ

❚❤✐s ✐♠♣❧✐❡s ✭✹✳✻✮ ✐s ❛❝t✉❛❧❧② ❛♥ ❡q✉❛❧✐t② ♦♥ t❤❡ s✉♣♣♦rt ♦❢ σ✳ ❲❡ ❛❧s♦ ♥♦t✐❝❡ t❤❛t ✐♥t❡❣r❛t✐♥❣ ✭✹✳✻✮ ✇✐t❤
r❡s♣❡❝t t♦ ❞γ(y, w) ❧❡❛❞s✱ s✐♥❝❡

∫
ωi(y, w) ❞γ(y, w) = 0 ❢♦r ❛♥② i✱ t♦

∫
ϕ(x, y) ❞µ(y) +

∫
ψ(z, w) ❞ν(w) ≤

∫
c(x, z, y, w) ❞γ(y, w)

❛♥❞ t❤❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡ t✇♦ ❤❛♥❞✲s✐❞❡s ♦❢ t❤✐s ✐♥❡q✉❛❧✐t② ✇✐t❤ r❡s♣❡❝t t♦ ❞γ(x, z) ❛r❡ ❡q✉❛❧✱ ✇❤✐❝❤ ✐♠♣❧✐❡s
t❤❛t t❤❡s❡ ❤❛♥❞✲s✐❞❡s ❛r❡ ❛❝t✉❛❧❧② ❡q✉❛❧ ❢♦r (x, z) ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s✉♣♣♦rt ♦❢ γ✳ ❲❡ s✉♠♠❛r✐③❡✿

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✻✳ ❆ss✉♠❡ t❤❛t t❤❡ ❛❜♦✈❡ ❝♦♥❥❡❝t✉r❡s ❤♦❧❞✳ ❚❤❡♥✱ ✐❢ σ ❛♥❞ (ϕ, ψ) ❛r❡ ♦♣t✐♠❛❧ ❢♦r t❤❡✐r
r❡s♣❡❝t✐✈❡ ♣r♦❜❧❡♠s✱ t❤❡ ✐♥❡q✉❛❧✐t②

ϕ(x, y) + ψ(z, w) +
∑

i

ωi(x, z)ωi(y, w) ≤ c(x, z, y, w)

✐s ❛♥ ❡q✉❛❧✐t② ♦♥ t❤❡ s✉♣♣♦rt ♦❢ σ✳ ▼♦r❡♦✈❡r✱ ✐❢ σ = γ ⊗ γ ✇✐t❤ γ ∈ Π(µ, ν)✱ t❤❡♥
∫
ωi ❞γ = 0 ❢♦r ❛♥② i

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ❤♦❧❞s✿

∫
ϕ(x, y) ❞µ(y) +

∫
ψ(z, w) ❞ν(w) ≤

∫
c(x, z, y, w) ❞γ(y, w)

✇✐t❤ ❡q✉❛❧✐t② ✐❢ (x, z) ❜❡❧♦♥❣s t♦ t❤❡ s✉♣♣♦rt ♦❢ γ✳

✹✳✷✳✹ ❇❛❝❦ t♦ t❤❡ ❙♦❜♦❧❡✈ ❝♦st ❛♥❞ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s

❲❡ ❛✐♠ t♦ ❡①♣❧♦✐t t❤❡ ❛♥❛❧②s✐s ✐♥ t❤❡ ❛❜♦✈❡ ♣❛r❛❣r❛♣❤ ✐♥ t❤❡ ❝❛s❡ ♦❢ r❡❣✉❧❛r✐③❡❞ ✭♦r ♥♦t✮ ❢r❛❝t✐♦♥❛❧
❙♦❜♦❧❡✈ ❝♦st ✇✐t❤ 4 ✈❛r✐❛❜❧❡s✿

cs,ε =
1

2
(|z − x|2 + |w − y|2) + hs,ε(x, z, y, w)

✇❤❡r❡ hs,ε(x, z, y, w) = |z − w|2Ks,ε(x − y) ✭✇❤✐❝❤ ❣✐✈❡s✱ ❢♦r ε = 0✱ hs(x, z, y, w) = (1 − s)
|x− y|2

|z − w|d+2s
✮✳

■❢ s ❛♥❞ ε ❛r❡ ✜①❡❞✱ ✇❡ t❛❦❡ ❛♥ ♦♣t✐♠❛❧ ♣❛✐r (ϕs,ε, ψs,ε) ❢♦r t❤✐s ❝♦st cs,ε ❛♥❞ ❡①♣❡❝t t❤❛t t❤❡ ❞✉❛❧✐t②
❢♦r♠✉❧❛

ϕs,ε(x, y) + ψs,ε(z, w) +
∑

i

ωis,ε(x, z)ω
i
s,ε(y, w) ≤ cs,ε(x, z, y, w)
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❤♦❧❞s ✇✐t❤ ❡q✉❛❧✐t② ♦♥ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ♦♣t✐♠❛❧ σs,ε ❛♥❞ ✇✐t❤
∫ ∑

i

ωis,ε(x, z)ω
i
s,ε(y, w) ❞σs,ε(x, z, y, w) = 0

✇❤✐❝❤ ♠❡❛♥s
∫
ωis,ε(x, z) ❞γs,ε(x, z) = 0 ❢♦r ❛♥② i

✇❤❡r❡✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❈♦♥❥❡❝t✉r❡ ✹✳✷✳✶✱ γs,ε ✐s ❞❡✜♥❡❞ ❜② σs,ε = γs,ε ⊗ γs,ε✳ ◆♦t✐❝❡ t❤❛t ❜② s❡tt✐♥❣

ϕ̃s,ε =
1

2
(|x|2 + |y|2)− ϕs,ε(x, y) ❛♥❞ ψ̃s,ε =

1

2
(|z|2 + |w|2)− ψs,ε(z, w)✱ ✇❡ ❝❛♥ tr❛♥s❢♦r♠ ✭✹✳✻✮ ✐♥t♦

ϕ̃s,ε(x, y) + ψ̃s,ε(z, w) + hs,ε(x, z, y, w)−
∑

i

ωis,ε(x, z)ω
i
s,ε(y, w) ≥ 〈x, z〉+ 〈y, w〉

✇✐t❤ ❡q✉❛❧✐t② ✐❢ (x, z, y, w)✳ ❙✐♥❝❡ ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛♥② ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ωis,ε ❡①❝❡♣t t❤❛t ✐ts ✐♥t❡❣r❛❧
✇✐t❤ r❡s♣❡❝t t♦ γs,ε ✐s ♥✉❧❧ ✭✇❤❡r❡ ✇❡ ❛ss✉♠❡ t❤❛t γs,ε ⊗ γs,ε = σs,ε✮✱ ♦✉r ✐❞❡❛ ❝♦♥s✐sts t♦ ✐♥t❡❣r❛t❡ t❤✐s
✐♥❡q✉❛❧✐t② ✇✐t❤ r❡s♣❡❝t t♦ γs,ε(y, w) ✇❤✐❝❤ ❧❡❛❞s t♦

∫

Ω

ϕ̃s,ε(x, y) ❞µ(y) +
∫

Ω′

ψ̃s,ε(z, w) ❞ν(w) +
∫

Ω×Ω′

hs,ε(x, z, y, w) ❞γs,ε(y, w)

≥ 〈x, z〉+
∫

Ω×Ω′

〈y, w〉 ❞γs,ε(y, w) ✭✹✳✼✮

✇✐t❤ ❡q✉❛❧✐t② ✐❢ (x, z) ❜❡❧♦♥❣s t♦ t❤❡ s✉♣♣♦rt ♦❢ γs,ε✳ ◆♦✇ t❤❡ ♣r♦❜❧❡♠ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ❛ss✉♠❡ ε = 0✳ ❚❤❡♥ ✇❡ ❦♥♦✇ t❤❛t γs ✐s ✐♥❞✉❝❡❞ ❜② ❛ tr❛♥s♣♦rt ♠❛♣ T ✱ ❛♥❞ t❤❡ ✐♥t❡❣r❛❧
∫

Ω×Ω′

hs(x, z, y, w) ❞γs,ε(y, w) =
∫

Ω

|z − T (y)|2
|x− y|d+2s

❞x

✐s ❛❝t✉❛❧❧② +∞ ❡①❝❡♣t ✐❢ z = T (x)✳ ❚❤✉s✱ ❛ r❡❛s♦♥✐♥❣ ❧✐❦❡ ✏✐❢ (z, y) ❜❡❧♦♥❣s t♦ t❤❡ s✉♣♣♦rt ♦❢ γ✱
t❤❡♥ z ✐s t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ s♦♠❡ ❢✉♥❝t✐♦♥ ♦❢ ✇❤✐❝❤ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❣r❛❞✐❡♥t✑ ❞♦❡s ♥♦t ❤♦❧❞ ❤❡r❡❀

• ✐❢ ε > 0✱ t❤❡♥ ❛❧❧ t❤❡ ❢✉♥❝t✐♦♥s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ✐♥❡q✉❛❧✐t② ✭✹✳✼✮ ❛r❡ r❡❣✉❧❛r ❛s ✇❡❧❧ ❛♥❞ ✇❡ ♦❜t❛✐♥

Φs,ε(x) + Ψs,ε(y) +

∫

Ω×Ω′

hs,ε(x, z, y, w) ❞γs,ε(y, w) ≥ 〈x, z〉+
∫

Ω×Ω′

〈y, w〉 ❞γs,ε(y, w)

❢♦r s♦♠❡ ❢✉♥❝t✐♦♥s Φs,ε✱ Ψs,ε ❛♥❞ ✇✐t❤ ❡q✉❛❧✐t② ♦♥ t❤❡ s✉♣♣♦rt ♦❢ γs,ε❀ ❜✉t ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛♥②
✐♥❢♦r♠❛t✐♦♥ ♦♥ γs,ε ✭❛♥❞ t❤❡ ❢❛❝t t❤❛t ✐t ✐s ✐♥❞✉❝❡❞ ❜② ❛ tr❛♥s♣♦rt ♠❛♣ ✐s ♥♦t ❣✉❛r❛♥t❡❡❞✮✳

❋♦r♠❛❧ ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ❜❛❝❦ t♦ ❛ P❉❊✳ ▲❡t ✉s ♥♦t✐❝❡ ❤♦✇❡✈❡r t❤❛t ❛ ❢♦r♠❛❧ ❝♦♠♣✉t❛t✐♦♥ ✐♥
t❤❡ ❝❛s❡ ε = 0 ❛❧❧♦✇s t♦ ♠❛❦❡ t❤❡ ❧✐♥❦ ✇✐t❤ t❤❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ t❤❛t ✇❡ ♦❜t❛✐♥❡❞ ❛t t❤❡ ❡♥❞
♦❢ ❈❤❛♣t❡r ✷✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ ✐♥ t❤✐s ❝❛s❡

Φs(x) + Ψs(z) +

∫

Ω×Ω′

(1− s)
|z − T (y)|2
|x− y|d+2s

❞y ≥ 〈x, z〉+
∫

Ω×Ω′

〈y, w〉 ❞γs(y, w)

✇✐t❤ ❡q✉❛❧✐t② ✐❢ (x, z) ❜❡❧♦♥❣s t♦ t❤❡ s✉♣♣♦rt ♦❢ γs ⊗ γs✱ ❛♥❞ ✇❤❡r❡ ✇❡ ❤❛✈❡ s❡t

Φs(x) =

∫

Ω

ϕ̃s(x, y) ❞y ❛♥❞ Ψs(z) =

∫

Ω′

ψ̃s(z, w) ❞ν(w)
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■❢ ✇❡ ✇❡r❡ ❛❧❧♦✇❡❞ t♦ t❛❦❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤✐s ❡q✉❛❧✐t②✱ ❛♥❞ s✐♥❝❡ ✇❡ ❦♥♦✇ t❤❛t ✐♥ t❤✐s ❝❛s❡ γs ✐s ✐♥❞✉❝❡❞
❜② ❛ tr❛♥s♣♦rt ♠❛♣ T ✱ ✇❡ ✇♦✉❧❞ ♦❜t❛✐♥ t❤❛t x ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ t❤❡ ❢✉♥❝t✐♦♥

x̃ 7→ Φs(x̃) +

∫

Ω

(1− s)
|T (x)− T (y)|2
|x̃− y|d+2s

❞y − 〈x̃, T (x)〉

❚❤✐s ❧❡❛❞s t♦ t❤❡ ❡q✉❛❧✐t②

∇Φs(x) +

∫

Ω

|T (x)− T (y)|2∇Ks(x− y) ❞y = T (x)

❇② ✉s✐♥❣ t❤❡ ▲❡♠♠❛ ✹✳✷✳✹✱ ✇❡ ♦❜t❛✐♥ ✐❢ ∇Ψs(x) ❤❛s ❛ ❧✐♠✐t ❛s s→ 1✿

∇Φ(x) + Cd(
tDT (x)∆T (x) +∇(|DT |2)(x)) = T (x) ✭✹✳✽✮

❚❤✐s ✐s t❤❡ ❡q✉❛t✐♦♥ ✇❤✐❝❤ ❛♣♣❡❛rs ✐♥ t❤❡ ❚❤❡♦r❡♠ ✷✳✷✳✶✳ ◆♦t✐❝❡ ❛❧s♦ t❤❛t ✐❢ ✇❡ ✉s❡ t❤❡ ✏❢❛❝t✑ t❤❛t T (x)
✐s t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ t❤❡ ❢✉♥❝t✐♦♥

z 7→ Φs(x) + Ψs(z) +

∫

Ω

(1− s)

∫

Ω

|z − T (y)|2
|x̃− y|d+2s

❞y − 〈x, z〉

✇❡ ♦❜t❛✐♥

∇Ψ(z) + 2(1− s)

∫

Ω

z − T (y)

|x− y|d+2s
❞y = x

❢♦r z = T (x)✱ t❤✉s

∇Ψs(T (x))− Cd∆
sT (x) = x ✭✹✳✾✮

✇❤❡r❡ ∆s ✐s t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ❞❡✜♥❡❞ ✐♥ t❤❡ ♣❛r❛❣r❛♣❤ ✹✳✷✳✷✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ ❛❝t✉❛❧❧② ❛t t❤❡ ❧✐♠✐t
s→ 1 ❛ ❝♦✉♣❧❡ ♦❢ ❡q✉❛t✐♦♥

{
∇Φ(x) + Cd(

tDT (x)∆T (x) +∇(|DT |2)(x)) = T (x)
∇Ψ(T (x))− Cd∆T (x) = x

✭✹✳✶✵✮

◆♦t✐❝❡ ❛❧s♦ t❤❛t t❤✐s s②st❡♠ ❧❡❛❞s✱ ❢♦r ✐♥st❛♥❝❡✱ t♦

∇Φ(x) + tDT (x)∇Ψ(T (x)) + Cd∇(|DT |2)(x) = T (x) + tDT (x)x

■♥ ♦t❤❡r ✇♦r❞s✱

∇(Φ + Ψ ◦ T + Cd|DT |2 − 〈x, T (x)〉) = 0

t❤✉s t❤✐s ✐s ❛ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ ♦♥ Ω❀ ✇❡ ❛r❡ ❡✈❡♥ ❛❜❧❡ t♦ ❝♦♠♣✉t❡ t❤✐s ❝♦♥st❛♥t s✐♥❝❡ t❤❡ ✐♥t❡❣r❛❧ ♦❢
Φ+Ψ ◦T ✭✇❤✐❝❤ ❛r❡ ❞❡✜♥❡❞ st❛rt✐♥❣ ❢r♦♠ t❤❡ ♦♣t✐♠❛❧ ♣❛✐r (ϕ, ψ) ❢♦r t❤❡ ❞✉❛❧ ♣r♦❜❧❡♠ ✇✐t❤ ✹ ✈❛r✐❛❜❧❡s✮
✐s ❦♥♦✇♥✱ ❛♥❞ ✇❡ ✜♥❞ t❤❛t t❤✐s ❝♦♥st❛♥t ✐s ♥✉❧❧✳ ❚❤✉s✱ ✇❡ ♦❜t❛✐♥ ❢♦r♠❛❧❧② t❤❡ r❡❧❛t✐♦♥

Φ(x) + Ψ ◦ T (x) + Cd|DT (x)|2 = 〈x, T (x)〉

❆t t❤✐s ♣♦✐♥t✱ ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ♠❛❦❡ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ ♦✉r ✏♣♦t❡♥t✐❛❧s✑ Φ✱ Ψ ❛♥❞ t❤❡ ♦r✐❣✐♥❛❧
❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛❧s ✇❤✐❝❤ ❛♣♣❡❛r ✇❤❡♥ ✇❡ st✉❞② t❤❡ ❝❧❛ss✐❝❛❧ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤ ♣r♦❜❧❡♠ ✭✇❤✐❝❤
✈❡r✐❢②✱ ✇✐t❤ t❤❡ ❛❜♦✈❡ ♥♦t❛t✐♦♥s✱ ϕ̃(x) + ψ̃(T (x)) = 〈x, T (x)〉✮✳
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❚❤❡ ❝❛s❡ ♦❢ t❤❡ r❡❣✉❧❛r✐③❡❞ ♣r♦❜❧❡♠✳ ❲❡ ♥♦✇ r❡t✉r♥ t♦ t❤❡ ❡q✉❛t✐♦♥ ✭✹✳✼✮ ✐♥ t❤❡ ❝❛s❡ ε > 0 ❛♥❞
✇❡ ❛ss✉♠❡ t❤❛t γs,ε ✐s ②❡t ✐♥❞✉❝❡❞ ❜② ❛ tr❛♥s♣♦rt ♠❛♣ T ✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ s❡t

Hs,ε(x, z) =

∫

Ω

|z − T (y)|2Ks,ε(x− y) ❞y

❲❡ ✜rst ♥♦t✐❝❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ Ψs,ε ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ✇✐t❤

z 7→ sup
z

{
Hs,ε(x, z)− Φs,ε(x)−

∫

Ω

〈y, T (y)〉 ❞y − 〈x, z〉
}

❙✐♥❝❡ ✇❡ ❤❛✈❡ D2
z,zHs,ε(x, y) = 2Id

∫
Ω
Ks,ε(x− y) ❞y ≤ Cs,εId ❢♦r s♦♠❡ ❝♦♥st❛♥t Cs,ε ✭✇❤✐❝❤ ❣♦❡s t♦ +∞

❛s ε → 0✮✱ t❤❡ ❢✉♥❝t✐♦♥ ✇❤♦s❡ ✇❡ ❛r❡ t❛❦✐♥❣ t❤❡ s✉♣r❡♠✉♠ ❛r❡ ❛❧❧ s❡♠✐✲❝♦♥❝❛✈❡ ✇✐t❤ r❡s♣❡❝t t♦ z✳
❚❤✉s✱ t❤❡ ♦❜t❛✐♥❡❞ ❢✉♥❝t✐♦♥ ✐s ✐ts❡❧❢ s❡♠✐✲❝♦♥❝❛✈❡ ❛♥❞ t❤❡ ❝♦♥str❛✐♥ts ❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✐♥t❡❣r❛❧∫
(Φs,ε ❞µ+Ψs,ε ❞ν) ❞✐❞ ♥♦t ❝❤❛♥❣❡✳ ❚❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❤♦❧❞s ❢♦r Ψs,ε✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ✇❡ ❝❛♥ ❛ss✉♠❡

t❤❡ ✏♣♦t❡♥t✐❛❧s✑ Φs,ε✱ Ψs,ε t♦ ❜❡ s❡♠✐✲❝♦♥❝❛✈❡ ✭t❤✐s ✐s s✐♠✐❧❛r t♦ t❤❡ ❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt t❤❡♦r② ✇❤❡r❡ t❤❡
♣♦t❡♥t✐❛❧ ❢✉♥❝t✐♦♥s ❛r❡ ❝♦♥❝❛✈❡❀ ❤♦✇❡✈❡r✱ t❤❡ s❡♠✐✲❝♦♥❝❛✈✐t② ❤❡r❡ ❞♦❡s ♥♦t ❤♦❧❞ ❛t t❤❡ ❧✐♠✐t ε→ 0✮✳

◆♦✇ ✇❡ ❦♥♦✇ t❤❛t ❛♥② x ∈ Ω ✐s ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ t❤❡ ❢✉♥❝t✐♦♥

x̃ 7→ Φs,ε(x̃) + Ψε(T (x)) +Hs,ε(x̃, T (x))− 〈x̃, T (x)〉 −
∫

Ω

〈y, T (y) ❞y

❛♥❞ t❤❛t T (x) ✐s ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ t❤❡ ❢✉♥❝t✐♦♥

z 7→ Φs,ε(x) + Ψs,ε(z) +Hs,ε(x, z)− 〈x, z〉 −
∫

Ω

〈y, T (y) ❞y

❚❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❛r❡ t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦✉♣❧❡ ♦❢ ❡q✉❛t✐♦♥s✿




∇Φs,ε(x) +

∫

Ω

|T (x)− T (y)|2∇Ks,ε(x− y) ❞y = T (x)

∇Ψs,ε(x) + 2

∫

Ω

(T (x)− T (y))Ks,ε(x− y) ❞y = x

✇❤❡r❡ ✇❡ ❦♥♦✇ ♠♦r❡♦✈❡r t❤❛t ♦✉r ♣♦t❡♥t✐❛❧ ❢✉♥❝t✐♦♥s Φs,ε✱ Ψs,ε ❛r❡ ❜♦t❤ s❡♠✐✲❝♦♥❝❛✈❡✳ ❲❡ ❝❛♥ ✈❡r✐❢②
t❤❛t ✭✹✳✽✮✱ ✭✹✳✾✮ ❜♦t❤ ❛♣♣❡❛r ❛t t❤❡ ❧✐♠✐t ε → 0 ❛♥❞ ❢♦r ❛ ✜①❡❞ s ✭st✐❧❧ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ❢✉♥❝t✐♦♥s
Φs,ε,Ψs,ε ❤❛✈❡ ❛ ❧✐♠✐t ❛s ε→ 0✮✳ ❆❧s♦✱ ♦♥❡ ❝❛♥ ✇r✐t❡ t❤❡ ❡q✉❛t✐♦♥s ✇❤❡r❡ ε > 0 st❛② ✜①❡❞ ❜✉t s→ 1✿





∇Φε(x) +
1

2
∆(∇|T |2 ⋆ ρε)(x)− Cd∆(tDT ⋆ ρε)(x)T (x) = T (x)

∇Ψε(T (x))− Cd∆(T ⋆ ρε)(x) = x

❛♥❞ ❛❣❛✐♥✱ ✇❡ ✈❡r✐❢② t❤❛t ✭✹✳✶✵✮ ❢♦❧❧♦✇s ❛s ❛ ❧✐♠✐t ♦❢ t❤✐s s②st❡♠ ❛s ε→ 0✳
❚❤❡ ♦♣❡♥ q✉❡st✐♦♥ ❛r❡ s❡✈❡r❛❧✿

• ❤♦✇ t♦ s❤♦✇ t❤❛t t❤❡ ✐♥✜♠✉♠ ❛♠♦♥❣ Σ ✐s ❛tt❛✐♥❡❞ ❜② ❛ t❡♥s♦r ♣r♦❞✉❝t γ ⊗ γ❄ ✭✇❡ s✉❣❣❡st t❤❡
❢♦❧❧♦✇✐♥❣ tr❛❝❦s✿ st✉❞② t❤❡ ❡①tr❡♠❛❧ ♣♦✐♥ts ♦r t❤❡ s❡t Σ❀ ♦r ❡①❛♠✐♥❡ t❤❡ ❝❛s❡ ♦❢ ✜♥✐t❡ ♠❡❛s✉r❡s✱
✇❤✐❝❤ ✐s r❡❞✉❝❡❞ t♦ ❛ ♠❛tr✐① ♣r♦❜❧❡♠✮❀

• ❤♦✇ t♦ s❤♦✇ t❤❛t✱ ✐♥ t❤❡ r❡❣✉❧❛r✐③❡❞ ♣r♦❜❧❡♠ ✇✐t❤ ε > 0✱ t❤❡ ♦♣t✐♠❛❧ γ ✭✐♥ t❤❡ ♣r♦❜❧❡♠ inf c ❞γ⊗ γ
❛♠♦♥❣ t❤❡ ♠❡❛s✉r❡s ✇✐t❤ ♣r❡s❝r✐❜❡❞ ♠❛r❣✐♥❛❧s✮ ✐s ✐♥❞✉❝❡❞ ❜② ❛ tr❛♥s♣♦rt ♠❛♣❄ ✭♦♥❡ ❝♦✉❧❞ ❡♥✈✐s❛❣❡
t♦ ❡st❛❜❧✐s❤ ❛ ✏t✇✐st ❝♦♥❞✐t✐♦♥✑ ♦♥ t❤❡ ❢✉♥❝t✐♦♥ Hs,ε ❜✉t t❤✐s s❡❡♠s ♥♦t ❝❧❡❛r ❢♦r t❤❡ ♠♦♠❡♥t✮

❍♦✇❡✈❡r✱ ✇❡ ❡♠♣❤❛s✐③❡ t❤❡ ❢❛❝t t❤❛t t❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥ t❤❛t ✇❡ ♦❜t❛✐♥ ❢♦r♠❛❧❧② ❛t t❤❡ ❧✐♠✐t
❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡
♦♣t✐♠❛❧ T ✳
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❆♣♣❡♥❞✐① ❆

❚♦♦❧s ♦❢ ♠❡❛s✉r❡ t❤❡♦r② ❛♥❞ ❝❛❧❝✉❧✉s ♦❢

✈❛r✐❛t✐♦♥s

❆✳✶ ❇❛s✐s ♦❢ ♠❡❛s✉r❡ t❤❡♦r②

❆✳✶✳✶ ■♠❛❣❡ ♠❡❛s✉r❡

■♥ t❤✐s ♣❛r❛❣r❛♣❤✱ ✇❡ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ t❤❡ ✐♠❛❣❡ ♠❡❛s✉r❡✿

❉❡✜♥✐t✐♦♥ ❆✳✶✳✶✳ ▲❡t (X,Σ)✱ (Y,Σ′) ❜❡ t✇♦ ♠❡❛s✉r❛❜❧❡ s♣❛❝❡s✳ ■❢ Y : X → Y ✐s ❛ ♠❛♣ ❛♥❞ µ ✐s ❛
♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ♦♥ X✱ ✇❡ ❞❡✜♥❡ t❤❡ ✐♠❛❣❡ ♠❡❛s✉r❡ ♦❢ µ ❜② T ✱ ♦r ♣✉s❤✲❢♦r✇❛r❞ ♦❢ µ ❜② T ✱ ❛s

T#µ(B) = µ(T−1(B))

❢♦r ❛♥② B ∈ Σ′✳ ❲❡ ❛❧s♦ s❛② t❤❛t T s❡♥❞s t❤❡ ♠❡❛s✉r❡ µ ♦♥t♦ t❤❡ ♠❡❛s✉r❡ T#µ✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥✱ t❤❡ ♠❡❛s✉r❡s µ ❛♥❞ T#µ st✐❧❧ ❤❛✈❡ s❛♠❡ ♠❛ss✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✐s ✉s❡❞ ❢r❡q✉❡♥t❧②✿

Pr♦♣♦s✐t✐♦♥ ❆✳✶✳✶✳ ▲❡t (X,Σ)✱ (Y,Σ′) ❜❡ t✇♦ ♠❡❛s✉r❛❜❧❡ s♣❛❝❡s✱ T : X → Y ❜❡ ❛ ♠❛♣ ❛♥❞ µ ❜❡ ❛
♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ♦♥ X✳ ▲❡t ϕ : Y → R ❜❡ ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥✳ ❚❤❡♥ ϕ ✐s ✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦
T#µ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ϕ ◦ T ✐s ✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ µ ❛♥❞ ✐♥ t❤✐s ❝❛s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t② ❤♦❧❞s✿

∫

Y

ϕ(y) ❞(T#µ)(y) =
∫

X

ϕ(T (x)) ❞µ(x)

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ ν ✐s ❛ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ♦♥ Y ❛♥❞ t❤❡ ❡q✉❛❧✐t②

∫

Y

ϕ ❞ν =

∫

X

ϕ ◦ T ❞µ

❤♦❧❞s ❢♦r ❛♥② ❢✉♥❝t✐♦♥ ϕ ∈ L1
µ(X) ✭♦r✱ ✐❢ X,Y ❛r❡ ♠❡tr✐❝ s♣❛❝❡s ❛♥❞ µ✱ ν ❛r❡ ❇♦r❡❧ ♠❡❛s✉r❡s✱ ❢♦r ❛♥②

❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ϕ ♦♥ X✮✱ t❤❡♥ ν = T#µ✳

■♥ t❤✐s ❝♦♥t❡①t✱ ❛ ♥❛t✉r❛❧ q✉❡st✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❣✐✈❡♥ ❛ ♠❡❛s✉r❡ µ ❛♥❞ ❛ ♠❛♣ T ✱ ❤♦✇ t♦ ❝♦♠♣✉t❡
t❤❡ ✐♠❛❣❡ ♠❡❛s✉r❡ T#µ❄ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❣✐✈❡s t❤❡ ❛♥s✇❡r ✐❢ T ✐s r❡❣✉❧❛r ❛♥❞ ♦♥❡✲t♦✲♦♥❡✿

✶✶✺



✶✶✻ ❆PP❊◆❉■❳ ❆✳ ❚❖❖▲❙ ❖❋ ▼❊❆❙❯❘❊ ❚❍❊❖❘❨ ❆◆❉ ❈❆▲❈❯▲❯❙ ❖❋ ❱❆❘■❆❚■❖◆❙

Pr♦♣♦s✐t✐♦♥ ❆✳✶✳✷✳ ❆ss✉♠❡ X = Rd ❛♥❞ µ t♦ ❜❡ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡
♠❡❛s✉r❡✱ ✇✐t❤ ❞❡♥s✐t② f ✳ ❆ss✉♠❡ supp f = Ω ❢♦r ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t Ω ⊂ Rd✳ ▲❡t T : Ω → Rd ❜❡ ❛
♠❡❛s✉r❛❜❧❡ ♠❛♣❀ ❛ss✉♠❡ t❤❛t T ✐s C1 ❛♥❞ ✐♥❥❡❝t✐✈❡ ♦♥ Ω ✇✐t❤ ♥♦♥✲♥✉❧❧ ❏❛❝♦❜✐❛♥ ❞❡t❡r♠✐♥❛♥t❀ ✇❡ s❡t
Ω′ = T (Ω)✳ ❚❤❡♥ t❤❡ ✐♠❛❣❡ ♠❡❛s✉r❡ T#µ ❤❛s ❛ ❞❡♥s✐t② g ♦♥ Ω′❀ ♠♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥② x ∈ Ω t❤❡
✐❞❡♥t✐t②

| detDT (x)| = f(x)

g(T (x))
✭❆✳✶✮

Pr♦♦❢✳ ●✐✈❡♥ ϕ ❛ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ♦♥ Ω′✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ✐♥t❡❣r❛❧ ♦❢ ϕg ✭✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✮ ❜② ❝❤❛♥❣✐♥❣ ♦❢ ✈❛r✐❛❜❧❡✿

∫

Ω′

ϕ(y)g(y) ❞y =

∫

Ω

ϕ(T (x))g(T (x))| detDT (x)| ❞x

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❦♥♦✇ s✐♥❝❡ ν = T#µ t❤❛t

∫

Ω′

ϕ ❞ν =

∫

Ω

ϕ ◦ T ❞µ i.e.

∫

Ω′

ϕ(y)g(y) ❞y =

∫

Ω

ϕ(T (x))f(x) ❞x

❚❤✉s✱ t❤❡ ❡q✉❛❧✐t② ∫

Ω

ϕ(T (x))g(T (x))| detDT (x)| ❞x =

∫

Ω

ϕ(T (x))f(x) ❞x

❤♦❧❞s ❢♦r ❛♥② ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ϕ ♦♥ Ω✳ ❚❤✐s ✐♠♣❧✐❡s g(T (x))| detDT (x)| = f(x) ❢♦r ❛♥②
x ∈ Ω✳

◆♦t✐❝❡ t❤❛t ♦♥❡ ❝❛♥ ❛❧s♦ ♦❜t❛✐♥ t❤❡ ❡q✉❛❧✐t② ✭❆✳✶✮ ❜② ❛♣♣❧②✐♥❣ t❤❡ ❝♦❛r❡❛ ❢♦r♠✉❧❛✱ ✇❤✐❝❤ ♠♦r❡
❣❡♥❡r❛❧❧② ✐♠♣❧✐❡s

g(y) =
∑

x∈Ω:y=T (x)

f(x)

| detDT (x)|

❢♦r ❛♥② ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ Ω → Rd ❛♥❞ y ∈ T (Ω) ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✸✾❪✱ ♣❛r❛❣r❛♣❤ ✸✳✹✳✷✮✳ ■♥ t❤✐s t❤❡s✐s✱
✇❡ ❣✐✈❡ ❛♥ ❡❧❡♠❡♥t❛r② ♣r♦♦❢ ♦❢ ❛ s✐♠✐❧❛r ❢♦r♠✉❧❛ ✐♥ ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦♥ t❤❡ r❡❛❧ ❧✐♥❡ ✭♣✐❡❝❡✇✐s❡ ♠♦♥♦t♦♥❡
♠❛♣s✱ s❡❡ ❈❤❛♣t❡r ✷✱ Pr♦♣✳ ✷✳✶✳✸✮✳

❋✐♥❛❧❧②✱ ✇❡ ❛❧s♦ st❛t❡ ❤❡r❡ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ♠❛r❣✐♥❛❧s ♦❢ ❛ ♠❡❛s✉r❡ ❞❡✜♥✐❡❞ ♦♥ ❛ ✜♥✐t❡ ♣r♦❞✉❝t
♦❢ ♠❡❛s✉r❡ s♣❛❝❡s ✭✇❤✐❝❤ ✐s ✉s❡❞ ❢r❡q✉❡♥t❡❧② ✐♥ ♦♣t✐♠❛❧ tr❛♥s♣♦rt t❤❡♦r②✮✿

❉❡✜♥✐t✐♦♥ ❆✳✶✳✷✳ ▲❡t X1, . . . , Xp ❜❡ ✜♥✐t❡❧② ♠❛♥② ♠❡❛s✉r❡ s♣❛❝❡s ❛♥❞ γ ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ♣r♦❞✉❝t s♣❛❝❡
X1 × · · · ×Xp✳ ❋♦r 1 ≤ i ≤ p✱ ✇❡ ❝❛❧❧ i✲t❤ ♠❛r❣✐♥❛❧ ♦❢ γ t❤❡ ♠❡❛s✉r❡ ♦♥ Xi ❞❡♥♦t❡❞ ❜② µi ❞❡✜♥❡❞ ❜②

µi = (πi)#γ ✇❤❡r❡ πi : (x1, . . . , xp) ∈ X1 × · · · ×Xp 7→ xi ∈ Xi

❆✳✶✳✷ ❖t❤❡r ✉s❡❢✉❧ r❡s✉❧ts

❲❡ ❤❡r❡ ❣✐✈❡ st❛t❡♠❡♥ts ♦❢ s♦♠❡ ❝❧❛ss✐❝❛❧ t❤❡♦r❡♠s ♦❢ ♠❡❛s✉r❡ t❤❡♦r② ✇❤✐❝❤ ❛r❡ ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s✳

❚❤❡♦r❡♠ ❆✳✶✳✶ ✭▲✉s✐♥✬s t❤❡♦r❡♠✮✳ ▲❡t µ ❜❡ ❛ ❇♦r❡❧ ♠❡❛s✉r❡ ♦♥ Rd ❛♥❞ f : Rd → Rd
′

❜❡ ❛ ♠❡❛s✉r❛❜❧❡
❢✉♥❝t✐♦♥✳ ▲❡t A ⊂ Rd ❜❡ ❛ ❇♦r❡❧ s❡t ✇✐t❤ µ(A) < +∞✳ ❚❤❡♥✱ ❢♦r ❛♥② ε > 0✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣❛❝t s❡t
K ⊂ A s✉❝❤ t❤❛t µ(A−K) ≤ ε ❛♥❞ f |K ✐s ❝♦♥t✐♥✉♦✉s✳

❚❤❡ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❬✸✾❪✱ ♣❛r❛❣r❛♣❤ ✶✳✷✱ ♦r ✐♥ ❬✹✵❪✱ ❚❤❡♦r❡♠ ✷✳✸✳✺✳
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❚✐❣❤t ❢❛♠✐❧✐❡s ♦❢ ♠❡❛s✉r❡s ❛♥❞ Pr♦❦❤♦r♦✈✬s t❤❡♦r❡♠✳

❉❡✜♥✐t✐♦♥ ❆✳✶✳✸✳ ▲❡t (X, d,Σ) ❜❡ ❛ ♠❡tr✐❝ ♠❡❛s✉r❡ s♣❛❝❡✳

• ❲❡ s❛② t❤❛t ❛ s❡q✉❡♥❝❡ (µn)n ♦❢ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡s ♦♥ X ✇❡❛❦❧② ❝♦♥✈❡r❣❡s t♦ ❛ ♠❡❛s✉r❡ µ ✐❢ t❤❡
❝♦♥✈❡r❣❡♥❝❡ ∫

X

ϕ ❞µn −−−−−→
n→+∞

∫

X

ϕ ❞µ

❤♦❧❞s ❢♦r ❛♥② ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ϕ ♦♥ X

• ❆ ❢❛♠✐❧② F ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ X ✐s t✐❣❤t ✐❢✱ ❢♦r ❛♥② ε > 0✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣❛❝t s✉❜s❡t K
♦❢ X s✉❝❤ t❤❛t µ(K) ≥ 1− ε ❢♦r ❛♥② µ ∈ F ✳

❚❤❡♦r❡♠ ❆✳✶✳✷ ✭Pr♦❦❤♦r♦✈✬s t❤❡♦r❡♠✱ s❡❡ ❬✸✼❪✱ ❚❤✳ ✾✳✸✳✸✮✳ ▲❡t (µn)n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡s ♦♥ X✳ ■❢ t❤❡ ❢❛♠✐❧② {µn : n ∈ N} ✐s t✐❣❤t✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ (µnk

)k ✇❤✐❝❤ ✇❡❛❦❧②
❝♦♥✈❡r❣❡s t♦ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ✳

❙❦♦r♦❦❤♦❞✬s t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ❆✳✶✳✸ ✭❙❦♦r♦❦❤♦❞✬s t❤❡♦r❡♠✱ s❡❡ ❬✶✸❪✱ ❚❤✳ ✷✺✳✻✱ ♦r ❬✶✶❪✱ ❚❤✳ ✹✳✷✳✽✱ ❢♦r ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♦♣t✐♠❛❧
tr❛♥s♣♦rt✮✳ ■❢ (X, d) ✐s ❛ ♠❡tr✐❝ s♣❛❝❡ ❛♥❞ (µn)n ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ X ❤❛✈✐♥❣ ❛
✇❡❛❦ ❧✐♠✐t µ✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (χn)n ♦❢ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s (0, 1) → X ❛♥❞ ❛ ❢✉♥❝t✐♦♥
χ : (0, 1) → X s✉❝❤ t❤❛t

• χn(x) → χ(x) ❢♦r ❛✳❡✳ x ∈ (0, 1)❀

• µ = χ#L1 ❛♥❞✱ ❢♦r ❛♥② n✱ µn = (χn)#L1✳

❉✐s✐♥t❡❣r❛t✐♦♥ ♦❢ ♠❡❛s✉r❡✳ ❲❡ st❛t❡ t❤✐s r❡s✉❧t ✉♥❞❡r s✉✣❝✐❡♥t ❛ss✉♠♣t✐♦♥s ❢♦r ✉s✿

❚❤❡♦r❡♠ ❆✳✶✳✹ ✭❉✐s✐♥t❡❣r❛t✐♦♥✱ s❡❡ ❬✹❪✱ ❚❤✳ ✺✳✸✳✶ ♦r ❬✸✷❪✱ ■■■✲✼✵✮✳ ▲❡t X✱ Y ❜❡ t✇♦ ❝♦♠♣❧❡t❡ s❡♣❛r❛❜❧❡
♠❡tr✐❝ s♣❛❝❡s ❛♥❞ ❧❡t γ ❜❡ ❛ ✜♥✐t❡ ♠❡❛s✉r❡ ♦♥ X × Y ✳ ❲❡ ❞❡♥♦t❡ ❜② µ✱ ν t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♠❛r❣✐♥❛❧s
♦❢ γ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts t✇♦ ♠❡❛s✉r❛❜❧❡ ❢❛♠✐❧✐❡s ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s (γx)x∈X ❛♥❞ (γy)y∈Y
s✉❝❤ t❤❛t

❞γ = ❞γx(y)⊗ ❞µ(x) = ❞γy(x)⊗ ❞ν(y)

✇❤✐❝❤ ♠❡❛♥s t❤❛t✱ ❢♦r ❛♥② ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ϕ : X × Y → R✱

∫∫

X×Y
ϕ ❞γ =

∫

X

(∫

Y

ϕ(x, y) ❞γx(y)

)
❞µ(x) =

∫

Y

(∫

X

ϕ(x, y) ❞γy(x)

)
❞ν(y)

❆✳✷ ❈❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s ❛♥❞ ❜❛s✐s ♦❢ Γ✲❝♦♥✈❡r❣❡♥❝❡✳

❲❡ ✉s❡ s❡✈❡r❛❧ t✐♠❡s s❡✈❡r❛❧ r❡s✉❧ts ♦❢ s❡♠✐❝♦♥t✐♥✉✐t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡✱ ✇❤✐❝❤ ❛r❡
❛❧❧ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤✐s ❣❡♥❡r❛❧ r❡s✉❧t ✭s❡❡ ❬✷✾❪✱ ❚❤❡♦r❡♠ ✸✳✹✮✿

❚❤❡♦r❡♠ ❆✳✷✳✶✳ ▲❡t Ω ❜❡ ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ♦❢ Rd ✇✐t❤ ▲✐♣s❝❤✐t③ ❜♦✉♥❞❛r②✱ ❛♥❞ p ≥ 1✳ ▲❡t L :
Ω× Rd ×Md(R) → R ∪ {+∞} ❜❡ ❛ ♠❛♣ s❛t✐s❢②✐♥❣ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

• L ✐s ❛ ❈❛r❛t❤❡♦❞♦r② ❢✉♥❝t✐♦♥✱ ✐✳❡✳ L(·, u, ξ) ✐s ♠❡❛s✉r❛❜❧❡ ❢♦r ❛♥② (u, ξ) ❛♥❞ L(x, ·, ·) ✐s ❝♦♥t✐♥✉♦✉s
❢♦r ❛♥② x❀
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• ❢♦r ❛✳❡✳ x ❛♥❞ ❛♥② u, ξ✱ ✇❡ ❤❛✈❡ t❤❡ ✐♥❡q✉❛❧✐t②

L(x, u, ξ) ≥ 〈a(x), ξ〉+ b(x)

✇❤❡r❡ b ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ Lp(Ω) ❛♥❞ a ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ Lp
′

(Ω) ✇✐t❤ ♠❛tr✐① ✈❛❧✉❡s❀

• ❢♦r ❛✳❡✳ x ∈ Ω ❛♥❞ ❛♥② u ∈ Rd✱ t❤❡ ♠❛♣ ξ 7→ L(x, u, ξ) ✐s ❝♦♥✈❡① ♦♥ Md(R)✳

❚❤❡♥✱ t❤❡ ♠❛♣

T ∈W 1,p(Ω) 7→
∫

Ω

L(x, T (x), DT (x)) ❞x

✐s ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ W 1,p(Ω)✳

Γ✲❝♦♥✈❡r❣❡♥❝❡✿ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❜❛s✐❝ ♣r♦♣❡rt✐❡s✳ ❆❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢
Γ✲❝♦♥✈❡r❣❡♥❝❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✸✶❪ ♦r ❬✶✾❪ ✇✐t❤ ✈❡r② ♠✉❝❤ ♠♦r❡ ❞❡t❛✐❧s✳ ■♥ t❤❛t ❢♦❧❧♦✇s✱ (X, d) ✐s ❛ ♠❡tr✐❝
s♣❛❝❡✳

❉❡✜♥✐t✐♦♥ ❆✳✷✳✶✳ ▲❡t (Fn)n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s X 7→ R✳ ❲❡ s❛② t❤❛t (Fn)n Γ✲❝♦♥✈❡r❣❡s t♦ F ✱

❛♥❞ ✇❡ ✇r✐t❡ Fn
Γ−→
n
F ✐❢✱ ❢♦r ❛♥② x ∈ X✱ ✇❡ ❤❛✈❡

• ❢♦r ❛♥② s❡q✉❡♥❝❡ (xn)n ♦❢ X ❝♦♥✈❡r❣✐♥❣ t♦ x✱

lim inf
n

Fn(xn) ≥ F (x) ✭Γ✲❧✐♠✐♥❢ ✐♥❡q✉❛❧✐t②✮❀

• t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (xn)n ❝♦♥✈❡r❣✐♥❣ t♦ x ❛♥❞ s✉❝❤ t❤❛t

lim sup
n

Fn(xn) ≤ F (x) ✭Γ✲❧✐♠s✉♣ ✐♥❡q✉❛❧✐t②✮✳

❚❤✐s ❞❡✜♥✐t✐♦♥ ✐s ❛❝t✉❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t✐❡s ❢♦r ❛♥② x ∈ X✿

F (x) = inf
{
lim inf

n
Fn(xn) : xn → x

}
= inf

{
lim sup

n
Fn(xn) : xn → x

}

❚❤❡ ❢✉♥❝t✐♦♥ x 7→ inf
{
lim inf

n
Fn(xn) : xn → x

}
✐s ❝❛❧❧❡❞ Γ✲❧✐♠✐♥❢ ♦❢ t❤❡ s❡q✉❡♥❝❡ (Fn)n✱ ❛♥❞ t❤❡ ♦t❤❡r

♦♥❡ ✐ts Γ✲❧✐♠s✉♣✳ ❆ ✉s❡❢✉❧ r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✭✇❤✐❝❤✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♠♣❧✐❡s t❤❛t ❛ ❝♦♥st❛♥t s❡q✉❡♥❝❡
♦❢ ❢✉♥❝t✐♦♥s ❞♦❡s ♥♦t Γ✲❝♦♥✈❡r❣❡ t♦ ✐ts❡❧❢ ✐♥ ❣❡♥❡r❛❧✮✿

Pr♦♣♦s✐t✐♦♥ ❆✳✷✳✶✳ ❚❤❡ Γ✲❧✐♠✐♥❢ ❛♥❞ t❤❡ Γ✲❧✐♠s✉♣ ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s (Fn)n ❛r❡ ❜♦t❤ ❧♦✇❡r
s❡♠✐✲❝♦♥t✐♥✉♦✉s ♦♥ X✳

Pr♦♦❢✳ ▲❡t ✉s ❞❡♥♦t❡ ✐t ❜② F− t❤✐s Γ✲❧✐♠✐♥❢ ✱ ❛♥❞ ❧❡t (xn)n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ X ❤❛✈✐♥❣ ❛ ❧✐♠✐t x✳ ❲❡
✇✐❧❧ s❤♦✇ t❤❛t✱ ❢♦r ❛♥② ε > 0✱ ✇❡ ❤❛✈❡ Fn(xn) ≥ F−(x)− 2ε ❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤ ✭❞❡♣❡♥❞✐♥❣ ♦♥ ε✮✱ ✇❤✐❝❤
✐♠♣❧✐❡s lim infn Fn(xn) ≥ F (x)✳

❲❡ r❡❝❛❧❧ t❤❛t F−(xn) = inf{lim infk Fk(xn,k) : xn,k → xn}✳ ❚❤✉s✱ ❢♦r ❛♥② n ∈ N✱ ✇❡ t❛❦❡ ❛ s❡q✉❡♥❝❡
(xn,k)k ✇✐t❤ lim inf

k
Fk(xn,k) ≤ F−(xn) + ε❀ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡

Fk(xn,k) ≤ F−(xn) +
1

n
+ ε ❢♦r ✐♥✜♥✐t❡❧② ♠❛♥② k ∈ N ✭❆✳✷✮
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◆♦✇ ✇❡ ✜♥❞ ❛♥ ❡①tr❛❝t✐♦♥ ϕ s✉❝❤ t❤❛t (xn,ϕ(n))n ❝♦♥✈❡r❣❡s t♦ x ❛s n → +∞ ❛♥❞ ✭❆✳✷✮ ✐s tr✉❡ ✇✐t❤
k = ϕ(n)✳ ❲❡ t❤❡♥ ❝❛♥ ✇r✐t❡ xn,ϕ(n) = yϕ(n) ❢♦r ❛ s❡q✉❡♥❝❡ (ym)m ❤❛✈✐♥❣ x ❢♦r ❧✐♠✐t ✭❢♦r ✐♥st❛♥❝❡✱ ❜②
s❡tt✐♥❣ ym = xn,ϕ(n) ✇✐t❤ ϕ(n) ≤ m < ϕ(n+ 1)✮✱ s♦ t❤❛t

Fϕ(n)(xn,ϕ(n)) ≥ F−(x)− ε ✭❆✳✸✮

❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤✱ s✐♥❝❡ lim infn(Fϕ(n)(xn,ϕ(n))) ≥ F−(x)✳ ❇② ❝♦♠❜✐♥✐♥❣ ✭❆✳✷✮ ❢♦r k = ϕ(n) ❛♥❞ ✭❆✳✸✮✱
✇❡ ❣❡t

F−(xn) ≥ F−(x)− 2ε+
1

n

❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❤✐❝❤ ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢✳

❚❤❡ ♠❛✐♥ ✐♥t❡r❡st ♦❢ Γ✲❝♦♥✈❡r❣❡♥❝❡ ✐s ✐ts ❝♦♥s❡q✉❡♥❝❡s ✐♥ t❡r♠s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♠✐♥✐♠❛✿

❚❤❡♦r❡♠ ❆✳✷✳✷✳ ▲❡t (Fn)n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s X → R ❛♥❞ ❛ss✉♠❡ t❤❛t Fn
Γ−→
n

F ✳ ❆ss✉♠❡

♠♦r❡♦✈❡r t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣❛❝t ❛♥❞ ♥♦♥✲❡♠♣t② s✉❜s❡t K ♦❢ X s✉❝❤ t❤❛t

∀n ∈ N, inf
X
Fn = inf

K
Fn

✭✇❡ s❛② t❤❛t (Fn)n ✐s ❡q✉✐✲♠✐❧❞❧② ❝♦❡r❝✐✈❡ ♦♥ X✮✳ ❚❤❡♥ F ❛❞♠✐ts ❛ ♠✐♥✐♠✉♠ ♦♥ X ❛♥❞ t❤❡ s❡q✉❡♥❝❡
(infX Fn)n ❝♦♥✈❡r❣❡s t♦ minF ✳ ▼♦r❡♦✈❡r✱ ✐❢ (xn)n ✐s ❛ s❡q✉❡♥❝❡ ♦❢ X s✉❝❤ t❤❛t

lim
n
Fn(xn) = lim

n
(inf
X
Fn)

❛♥❞ ✐❢ (xϕ(n))n ✐s ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (xn)n ❤❛✈✐♥❣ ❛ ❧✐♠✐t x✱ t❤❡♥ F (x) = infX F ✳

❲❡ ✜♥✐s❤ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ✇❤✐❝❤ ❛❧❧♦✇s t♦ ❢♦❝✉s ♦♥ t❤❡ Γ✲❧✐♠s✉♣ ✐♥❡q✉❛❧✐t② ♦♥❧② ♦♥ ❛ ❞❡♥s❡
s✉❜s❡t ♦❢ X ✉♥❞❡r s♦♠❡ ❛ss✉♠♣t✐♦♥s✿

Pr♦♣♦s✐t✐♦♥ ❆✳✷✳✷✳ ▲❡t (Fn)n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥❛❧s ❛♥❞ F ❜❡ ❛ ❢✉♥❝t✐♦♥❛❧ X → R✳ ❆ss✉♠❡ t❤❛t
t❤❡r❡ ❡①✐sts ❛ ❞❡♥s❡ s✉❜s❡t Y ⊂ X s✉❝❤ t❤❛t✿

• ❢♦r ❛♥② x ∈ X✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (xn)n ♦❢ Y s✉❝❤ t❤❛t xn → x ❛♥❞ F (xn) → F (x)❀

• t❤❡ Γ✲❧✐♠s✉♣ ✐♥❡q✉❛❧✐t② ❤♦❧❞s ❢♦r ❛♥② x ∈ Y ✳

❚❤❡♥ ✐t ❤♦❧❞s ❢♦r ❛♥② x ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ✇❤♦❧❡ x✳

Pr♦♦❢✳ ❚❤✐s ❝♦♠❡s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢ t❤❡ Γ✲❧✐♠♣s✉♣✿ ❞❡♥♦t✐♥❣ ❜②

F+(x) = inf{lim supFn(xn) : xn → x}

✇❡ ❝❤♦s❡✱ ❣✐✈❡♥ x ∈ X✱ ❛ s❡q✉❡♥❝❡ (xn)n ❝♦♥✈❡r❣✐♥❣ t♦ x ❛♥❞ ✇✐t❤ F (xn) → F (x)✳ ❲❡ ❦♥♦✇ t❤❛t
F+(xn) ≤ F (xn) ❢♦r ❛♥② x✱ ❛♥❞ t❤❛t F+ ✐s ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ♦♥ X✱ ✇❤✐❝❤ ❧❡❛❞s ❞✐r❡❝t❧② t♦ F+(x) ≤
F (x) ❜② ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t n→ +∞❀ t❤✐s ✐s t❤❡ Γ✲❧✐♠s✉♣ ✐♥❡q✉❛❧✐t②✳

❆✳✸ ❚❤❡ ❉❛❝♦r♦❣♥❛ ❛♥❞ ▼♦s❡r✬s r❡s✉❧t

❲❡ ✜♥✐s❤ ❜② ❣✐✈✐♥❣ ❛ ✏tr❛♥s♣♦rt❛t✐♦♥✑ r❡s✉❧t ✭✇❤✐❝❤ ✐s ♥♦t ✏♦♣t✐♠❛❧✑ tr❛♥s♣♦rt❛t✐♦♥✱ ❜✉t ❝♦✉❧❞ ❜❡ ❝❛❧❧❡❞
✏r❡❣✉❧❛r✑ tr❛♥s♣♦rt❛t✐♦♥✮ ❜② ❉❛❝♦r♦❣♥❛ ❛♥❞ ▼♦s❡r ✭s❡❡ ❬✸✵❪✮✳ ❚❤❡② ❣❛✈❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s t♦ s❡♥❞ ❛
❞❡♥s✐t② f ♦♥t♦ ❛ ❞❡♥s✐t② g ❜② ❛ r❡❣✉❧❛r ❞✐✛❡♦♠♦r♣❤✐s♠✱ ✇❤❡r❡ f ✱ g s❛t✐s❢② r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s ❛♥❞
❛r❡ ❞❡✜♥❡❞ ♦♥ t❤❡ s❛♠❡ ❞♦♠❛✐♥ Ω ✇❤♦s❡ ❜♦✉♥❞❛r② ❛❧s♦ s❛t✐s✜❡s r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ st❛t❡♠❡♥t t❤❛t ✇❡ ✉s❡ ✐♥ t❤✐s t❤❡s✐s ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿
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❚❤❡♦r❡♠ ❆✳✸✳✶✳ ▲❡t U ⊂ Rd ❜❡ ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ✇✐t❤ C3,α ❜♦✉♥❞❛r② ∂U ✳ ▲❡t f1✱ f2 ❜❡ t✇♦ ♣♦s✐t✐✈❡
▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s ♦♥ U s✉❝❤ t❤❛t ∫

U

f1 =

∫

U

f2

❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ▲✐♣s❝❤✐t③ ❞✐✛❡♦♠♦r♣❤✐s♠ u : U → U s❛t✐s❢②✐♥❣




det∇u(x) = f1(x)

f2(u(x))
, x ∈ U

u(x) = x, x ∈ ∂U

▼♦r❡♦✈❡r ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿

Lipu ≤ exp

(
C(||f1 − f2||∞ + Lip f1 + Lip f2)

(
1

inf f1 ∧ f2
+

Lip f1 + Lip f2
(inf f1 ∧ f2)2

))
✭❆✳✹✮

❚❤❡ r❡s✉❧t ❣✐✈❡♥ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♣❛♣❡r ✭❬✸✵❪✱ ❚❤❡♦r❡♠ ✶✬✮ ❞❡❛❧s ✇✐t❤ ♠♦r❡ ❣❡♥❡r❛❧ ❛ss✉♠♣t✐♦♥s ♦♥
t❤❡ ❞❡♥s✐t② f1 ✭f ∈ Ck+3,α(U) ❛♥❞ t❤❡ r❡s✉❧t ✐s ❛ Ck+1,α ❞✐✛❡♦♠♦r♣❤✐s♠✮ ❜✉t ♦♥❧② ✇✐t❤ f2 = 1✱ ✇❤✐❝❤
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ✭✉♣ t♦ ❛ ♥♦r♠❛❧✐③✐♥❣ ❝♦♥st❛♥t✮✳ ❲❡ ❛❞❛♣t ✐t ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧
❝❛s❡ ❢♦r t❤❡ t❛r❣❡t ❞❡♥s✐t② ❛♥❞ ❣✐✈❡ ♠♦r❡♦✈❡r ❛♥ ❡st✐♠❛t❡ ♦♥ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ tr❛♥s♣♦rt t❤❛t ✇❡
♦❜t❛✐♥❡❞ ✇❤✐❝❤ ✐s ✈❛❝❛♥t ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♣❛♣❡r ✭❜✉t ♥♦t s♦ ❞✐✣❝✉❧t t♦ ♦❜t❛✐♥✮✳ ❚❤✐s ❡st✐♠❛t❡ ✐s ♣r♦❜❛❜❧②
♥♦t ✏s❤❛r♣✑✱ ❜✉t s✉✣❝✐❡♥t ✐♥ t❤❡ ❝❛s❡ ✇❤✐❝❤ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ✭s❡❡ ♣❛r❛❣r❛♣❤ ✸✳✹✳✷✮✳

❙❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ♣❛♣❡r✱ ✇❡ ❜❡❣✐♥ ❜② ✜♥❞✐♥❣ ❛ s♦❧✉t✐♦♥ v ∈ C1,α(U) ♦❢
{

div v(x) = f1(x)− f2(x), x ∈ U
v(x) = 0, x ∈ ∂U

✇✐t❤ t❤❡ ❡st✐♠❛t❡ ✭❝♦♠✐♥❣ ❢r♦♠ t❤❡ st❛♥❞❛r❞ t❤❡♦r② ♦❢ ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥s✱ s❡❡ ❬✹✹❪✮

||v||C1,α ≤ K||f1 − f2||C0,α ≤ C(||f1 − f2||∞ + Lip(f1 − f2)) ✭❆✳✺✮

✇❤❡r❡ C ♦♥❧② ❞❡♣❡♥❞s ♦♥ α✱ f1✱ f2✱ U ✳ ❚❤❡♥ ✇❡ s❡t

w(t, x) =
v(x)

(1− t)f1(x) + tf2(x)

❛♥❞ ❝♦♥s✐❞❡r t❤❡ s♦❧✉t✐♦♥ Φ ♦❢ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠✳




❞
❞t

Φ(t, x) = w(t,Φ(t, x))

Φ(0, x) = x

❲❡ ❞❡✜♥❡ u(x) = Φ(1, x)✳ ❚❤❡♥ ✐t r❡♠❛✐♥s t♦ ❝❤❡❝❦ t❤❛t u s❛t✐s✜❡s t❤❡ ❛♥♥♦✉♥❝❡❞ ❡q✉❛t✐♦♥✳ ▼♦r❡♦✈❡r✱
❛ st❛♥❞❛r❞ ●rö♥✇❛❧❧ ❛r❣✉♠❡♥t ♣r♦✈✐❞❡s

||Φ(t, x)− Φ(t, y)|| ≤ ||x− y|| exp
(∫ t

0

Lip(w(s, ·)) ❞s
)

✇❤❡r❡ t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t ♦❢ w(s, ·)✱ ✇❤✐❝❤ ✐s ❛ q✉♦t✐❡♥t ♦❢ ▲✐♣s❝❤✐t③ ❛♥❞ ❜♦✉❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❢✉♥❝t✐♦♥s✱
✐s ❡st✐♠❛t❡❞ ❛s ❢♦❧❧♦✇s✿

Lipw(s, ·) ≤ Lip v

inf((1− s)f1 + sf2)
+ ||v||∞ Lip

(
1

(1− s)f1 + sf2

)

❚❤❡ ❡st✐♠❛t❡ ✭❆✳✺✮ ❛❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② t♦ ❝♦♥tr♦❧ t❤❡ ▲✐♣s❝❤✐t③ ❝♥st❛♥t ♦❢ v✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ v ✐s
✈❛❧✉❡❞ ✐♥ U ✱ t❤✉s ||v||∞ ✐s ❛❧s♦ ❜♦✉♥❞❡❞✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ ❛♥♥♦✉♥❝❡❞ ❡st✐♠❛t❡ ✭❆✳✹✮✳



❆♣♣❡♥❞✐① ❇

❙♦♠❡ ❢❛❝ts ❛❜♦✉t ♦♣t✐♠❛❧ tr❛♥s♣♦rt

❇✳✶ ●❡♥❡r❛❧ t❤❡♦r②✿ ▼♦♥❣❡ ❛♥❞ ❑❛♥t♦r♦✈✐❝❤ ♣r♦❜❧❡♠s✱ ❞✉❛❧✐t②
❢♦r♠✉❧❛ ❛♥❞ ❡①✐st❡♥❝❡ r❡s✉❧ts

▼♦♥❣❡ ♣r♦❜❧❡♠✳ ❚❤❡ ♦r✐❣✐♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ tr❛♥s♣♦rt ♣r♦❜❧❡♠ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✐❢ X✱ Y
❛r❡ t✇♦ ♠❡tr✐❝ s♣❛❝❡s ✭s❛② ❝♦♠♣❧❡t❡ ❛♥❞ s❡♣❛r❛❜❧❡✱ ❜✉t ✐♥ t❤✐s t❤❡s✐s ✇❡ ✇❡r❡ ❡ss❡♥t✐❛❧❧② ❢♦❝✉s❡❞ ♦♥ t❤❡
❝❛s❡ ♦❢ ❝♦♠♣❛❝t s✉❜s❡ts ♦❢ Rd✮ ❛♥❞ c : X × Y → R ∪ {+∞}✱ ✇❡ st✉❞② t❤❡ s♦✲❝❛❧❧❡❞ ▼♦♥❣❡ ♣r♦❜❧❡♠

inf

{∫

X

c(x, T (x)) ❞µ(x) : T : X → Y, T#µ = ν

}

✇❤❡r❡ µ✱ ν ❛r❡ t✇♦ ✜♥✐t❡ ♠❡❛s✉r❡s ♦♥X✱ Y ✇✐t❤ s❛♠❡ ♠❛ss ✭♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡② ❛r❡ ❜♦t❤ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡s✮✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s♣❛❝❡s X✱ Y ❛♥❞ ♦♥ t❤❡ ♠❡❛s✉r❡s µ✱ ν✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ tr❛♥s♣♦rt ♠❛♣s
❢r♦♠ µ t♦ ν ✐s ♥♦t ❣✉❛r❛♥t❡❡❞ ✐♥ ❣❡♥❡r❛❧❀ ♠♦r❡♦✈❡r✱ ❡✈❡♥ ✉♥❞❡r t❤✐s ❛ss✉♠♣t✐♦♥ ❛♥❞ ✐♥ r❡❣✉❧❛r ❝❛s❡✱ t❤❡
❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✐③❡r ❝❛♥♥♦t ❜❡ ♦❜t❛✐♥❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ t❤❛♥❦s t♦ t❤❡ ❞✐r❡❝t ♠❡t❤♦❞ ✐♥ t❤❡ ❝❛❧❝✉❧✉s ♦❢
✈❛r✐❛t✐♦♥s✳ ❚❤❡ ❤❡♥❝❡❢♦rt❤ ✇❡❧❧✲❦♥♦✇♥ ♠❡t❤♦❞✱ ❞✉❡ t♦ ❑❛♥t♦r♦✈✐❝❤✱ ❝♦♥s✐sts ✐♥ ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣
r❡❧❛①❛t✐♦♥✳

❑❛♥t♦r♦✈✐❝❤ ♣r♦❜❧❡♠✳ ❲❡ st✉❞②

inf

{∫

X×Y
c(x, y) ❞γ(x, y) : γ ∈ Π(µ, ν)

}
✭❇✳✶✮

✇❤❡r❡ Π(µ, ν) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s γ ♦♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ X × Y s✉❝❤ t❤❛t

(π1)#γ = µ ❛♥❞ (π2)#γ = ν ✇❤❡r❡

{
π1(x, y) = x
π2(x, y) = y

❆♥ ✐♠♠❡❞✐❛t❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s t❤❛t t❤❡ s❡t Π(µ, ν) ✐s ♥❡✈❡r ❡♠♣t② ✭✐t ❝♦♥✲
t❛✐♥s µ⊗ ν✮❀ ♠♦r❡♦✈❡r✱ t❤❡ ❢✉♥❝t✐♦♥❛❧ t❤❛t ✇❡ ❝♦♥s✐❞❡r ✐s ❤❡r❡ ❧✐♥❡❛r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❛r✐❛❜❧❡ γ✳ ❚❤❡
❡①✐st❡♥❝❡ r❡s✉❧t ❢♦❧❧♦✇s✿

Pr♦♣♦s✐t✐♦♥ ❇✳✶✳✶✳ ❆ss✉♠❡ t❤❛t µ✱ ν ❛r❡ t✇♦ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ Rd ❛♥❞ t❤❛t c : Rd×Rd → [0,+∞)
✐s ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ❑❛♥t♦r♦✈✐❝❤ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

inf

{∫

Rd×Rd

c(x, y) ❞γ(x, y) : γ ∈ Π(µ, ν)

}

✶✷✶
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❉✉❛❧ ♣r♦❜❧❡♠✳ ◆♦✇ ✇❡ r❡♠❛r❦ t❤❛t✱ ✐❢ γ ✐s ❛ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ♦♥ Rd × Rd✱ t❤❡♥

sup

{∫

Rd×Rd

ϕ(x) ❞γ(x, y)−
∫

Rd

ϕ ❞µ : ϕ ∈ Cb(R
d)

}
=

{
0 ✐❢ (π1)#γ = µ
+∞ ♦t❤❡r✇✐s❡

❛♥❞

sup

{∫

Rd×Rd

ψ(y) ❞γ(x, y)−
∫

Rd

ψ ❞ν : ψ ∈ Cb(R
d)

}
=

{
0 ✐❢ (π2)#γ = ν
+∞ ♦t❤❡r✇✐s❡

❚❤✉s✱ t❤❡ ❑❛♥t♦r♦✈✐❝❤ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ✇r✐tt❡♥

inf
γ∈M+(Rd×Rd)

{
sup

(ϕ,ψ)∈Cb(Rd)2

{∫

Rd×Rd

c(x, y) ❞π(x, y)

−
(∫

Rd×Rd

ϕ(x)dxγ(x, y)−
∫

Rd

ϕ ❞µ

)
−
(∫

Rd×Rd

ψ(y) ❞γ(x, y)−
∫

Rd

ψ ❞ν

)}}

▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ ✐♥✜♠✉♠ ❛♥❞ t❤❡ s✉♣r❡♠✉♠ ❝❛♥ ❜❡ ✐♥✈❡rt❡❞✳ ◆♦t✐❝❡ t❤❛t t❤❡ q✉❛♥t✐t②

inf
γ∈M+(Rd×Rd)

{∫

Rd×Rd

(c(x, y)− (ϕ(x) + ψ(y))) ❞γ(x, y)

}

✐s 0 ✐❢ c(x, y)− ϕ(x)− ψ(y) = 0 ❛♥❞ −∞ ♦t❤❡r✇✐s❡✳ ❚❤✐s s✉❣❣❡sts t♦ ❧♦♦❦ ❛t t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

sup

{∫

Rd

ϕ(x) ❞µ(x) +
∫

Rd

ψ(y) ❞ν(y) : ϕ, ψ ∈ Cb(R
d), ϕ(x) + ψ(y) ≤ c(x, y)

}
✭❇✳✷✮

❚❤❡ ♣r♦❜❧❡♠ ✭❇✳✷✮ ✐s ❝❛❧❧❡❞ ❞✉❛❧ ♣r♦❜❧❡♠✳

❈♦♥✈❡①✐t②✱ c✲❝♦♥❝❛✈✐t②✱ ❝②❝❧✐❝❛❧ ♠♦♥♦t♦♥✐❝✐t② ❛♥❞ ❞✉❛❧✐t② ❢♦r♠✉❧❛✳ ◆♦t✐❝❡ t❤❛t ✐❢ ❛ ♣❛✐r (ϕ, ψ)
✐s ❛ ❝❛♥❞✐❞❛t❡ ❢♦r ✭❇✳✷✮✱ t❤❡♥ (ϕ,ψ) ❞❡✜♥❡❞ ❜②

ψ(y) = inf
x
{c(x, y)− ϕ(x)} ❛♥❞ ϕ(x) = inf

y
{c(x, y)− ψ(y)}

✐s ❛❧s♦ ❛❞♠✐ss✐❜❧❡ ❛♥❞ s❛t✐s✜❡s ψ ≥ ψ ❛♥❞ ϕ ≥ ϕ✳ ❚❤✐s s✉❣❣❡sts t♦ st✉❞② t❤❡ ♣r♦❜❧❡♠ ✭❇✳✷✮ ❛♠♦♥❣ t❤❡
s✉❝❤ ♣❛✐rs✳

❲❡ ❤❡♥❝❡❢♦rt❤ ❛ss✉♠❡ t❤❛t µ✱ ν ❛r❡ s✉♣♣♦rt❡❞ ✐♥t♦ ❜♦✉♥❞❡❞ ♦♣❡♥ s✉❜s❡ts Ω✱ Ω′ ♦❢ Rd ❛♥❞ t❤❛t c ✐s
❞❡✜♥❡❞ ♦♥ Ω× Ω

′
✳

❉❡✜♥✐t✐♦♥ ❇✳✶✳✶✳ ❲❡ s❛② t❤❛t ❛ ❢✉♥❝t✐♦♥ ϕ : Ω → R ✐s c✲❝♦♥❝❛✈❡ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ χ : Ω
′ → R

s✉❝❤ t❤❛t
ϕ(x) = inf

y∈Ω
′

{c(x, y)− χ(y)}

❢♦r ❛♥② x ∈ Ω✳ ❙✐♠✐❧❛r❧②✱ ❛ ❢✉♥❝t✐♦♥ ψ : Ω → R ✐s s❛✐❞ t♦ ❜❡ c✲❝♦♥❝❛✈❡ ✐❢

ψ(y) = inf x ∈ Ω{c(x, y)− ξ(x)}

❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ ξ : Ω → R ❛♥❞ ❢♦r ❛♥② y ∈ Ω
′
✳

▼♦r❡♦✈❡r✱ ❢♦r t✇♦ ❢✉♥❝t✐♦♥ ϕ : Ω → R ❛♥❞ ψ : Ω
′ → R ✭♥♦ ♥❡❝❡ss❛r② c✲❝♦♥❝❛✈❡✮✱ ✇❡ ❞❡♥♦t❡ ❜②

ϕc(y) = inf{c(x, y)− ϕ(x) : x ∈ Ω} ❛♥❞ ψc(x) = inf{c(x, y)− ψ(y) : y ∈ Ω}
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❚❤❡ ❛❜♦✈❡ ❛♥❛❧②s✐s s✉❣❣❡st t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡t❤♦❞ t♦ s♦❧✈❡ ✭❇✳✷✮✿ st❛rt✐♥❣ ❢r♦♠ ❛ ♠❛①✐♠✐③✐♥❣ s❡q✉❡♥❝❡
(ϕn, ψn)n✱ ✇❡ ♥♦t✐❝❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ (ϕcn)

c, ϕcn)n ✐s st✐❧❧ ❢♦r♠❡❞ ❜② ❛❞♠✐ss✐❜❧❡ ❢✉♥❝t✐♦♥s ❛♥❞✱ ❢♦r ❛♥② n✱
(ϕcn)

c + (x)ϕcn(y) ≥ ϕn(x) + ψn(y)✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①✐st❡♥❝❡ r❡s✉❧t✿

Pr♦♣♦s✐t✐♦♥ ❇✳✶✳✷✳ ❆ss✉♠❡ µ✱ ν t♦ ❜❡ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ❛♥❞ c t♦ ❜❡ ❝♦♥t✐♥✉♦✉s ♦♥ t❤❡ ♣r♦❞✉❝t
♦❢ t❤❡✐r s✉♣♣♦rts✳ ❚❤❡♥ t❤❡ ♣r♦❜❧❡♠ ✭❇✳✷✮ ❛❞♠✐ts ❛ s♦❧✉t✐♦♥(ϕ, ψ)✱ ✇✐t❤ ϕ ✐s ❛ c✲❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ ❛♥❞
ψ = ϕc✳

❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡✱ ❢♦r ❛ s✉❜s❡t ♦❢ Rd✱ t❤❡ ♥♦t✐♦♥ ♦❢ c✲❝②❝❧✐❝❛❧ ♠♦♥♦t♦♥✐❝✐t②✿

Pr♦♣♦s✐t✐♦♥ ❇✳✶✳✸✳ ▲❡t γ ❜❡ ❛♥ ♦♣t✐♠✐③❡r ❢♦r t❤❡ ❑❛♥t♦r♦✈✐❝❤ ♣r♦❜❧❡♠ ✭❇✳✶✮✳ ❆ss✉♠❡ c t♦ ❜❡ ❝♦♥t✐♥✲
✉♦✉s✳ ❚❤❡♥✱ ❢♦r ❛♥② ✜♥✐t❡ ❢❛♠✐❧② ♦❢ ♣❛✐rs (x1, y1), . . . , (xp, yp) ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s✉♣♣♦rt ♦❢ γ ❛♥❞ ❢♦r ❛♥②
♣❡r♠✉t❛t✐♦♥ σ ♦❢ {1, . . . , p}✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ❤♦❧❞s✿

p∑

i=1

c(xi, yi) ≤
p∑

i=1

c(xi, yσ(i))

❲❡ s❛② t❤❛t t❤❡ s✉♣♣♦rt ♦❢ γ ✐s ❛ c✲❝②❝❧✐❝❛❧❧② ♠♦♥♦t♦♥❡ s✉❜s❡t ♦❢ (Rd)2✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ♦❢ c✲❝②❝❧✐❝❛❧❧② ♠♦♥♦t♦♥❡ s✉❜s❡ts ♦❢ (Rd)2 ✇✐❧❧ ✐♠♣❧② t❤❡ ❡q✉❛❧✐t② ❜❡t✇❡❡♥
❑❛♥t♦r♦✈✐❝❤ ❛♥❞ ▼♦♥❣❡ ♣r♦❜❧❡♠s✿

▲❡♠♠❛ ❇✳✶✳✶✳ ❆ss✉♠❡ t❤❛t Γ ✐s ❛ c✲❝②❝❧✐❝❛❧❧② ♠♦♥♦t♦♥❡ s✉❜s❡t ♦❢ (Rd)2✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ c✲❝♦♥❝❛✈❡
❢✉♥❝t✐♦♥ ϕ s✉❝❤ t❤❛t

Γ ⊂ {(x, y) : ϕ(x) + ϕ(y) = c(x, y)}

❇② t❛❦✐♥❣ (ϕ,ϕc) ❛s ❝❛♥❞✐❞❛t❡ ❢♦r t❤❡ ❞✉❛❧ ♣r♦❜❧❡♠✱ ✇❡ ♦❜t❛✐♥✿

Pr♦♣♦s✐t✐♦♥ ❇✳✶✳✹✳ ❲✐t❤ t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s ♦♥ µ✱ ν✱ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡s ♦❢ t❤❡ ♣r♦❜❧❡♠s ✭❇✳✶✮ ❛♥❞
✭❇✳✷✮ ❛r❡ ❡q✉❛❧✿

inf
γ∈Π(µ,ν)

{∫
c(x, y) ❞γ(x, y)

}
= sup

(ϕ, ψ) ∈ Cb(Ω)× Cb(Ω
′)

ϕ(x) + ψ(y) ≤ c(x, y)

{∫
ϕ(x) ❞µ(x) +

∫
ψ(y) ❞ν(y)

}

▼♦r❡♦✈❡r✱ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ ✭❇✳✷✮ ✐s ❛tt❛✐♥❡❞ ❜② ❛ ♣❛✐r (ϕ,ϕc) ❢♦r ❛ c✲❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ ϕ ✳ ❋✐♥❛❧❧②✱
✐❢ γ ✐s t❤❡ ♦♣t✐♠✐③❡r ♦❢ t❤❡ ❑❛♥t♦r♦✈✐❝❤ ♣r♦❜❧❡♠ ✭❇✳✶✮✱ t❤❡ ❡q✉❛❧✐t②

ϕ(x) + ψ(y) = c(x, y)

❤♦❧❞s ❢♦r ❛♥② (x, y) ✐♥ t❤❡ s✉♣♣♦rt ♦❢ γ✳

❇❛❝❦ t♦ t❤❡ ▼♦♥❣❡ ♣r♦❜❧❡♠ ✐♥ t❤❡ str✐❝t❧② ❝♦♥✈❡① ❝❛s❡✳ ❲❡ ❝♦♥❝❧✉❞❡ ✇✐t❤ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞
✉♥✐q✉❡♥❡ss r❡s✉❧t ❢♦r t❤❡ ▼♦♥❣❡ ❛♥❞ t❤❡ ❑❛♥t♦r♦✈✐❝❤ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❝❛s❡ ♦❢ str✐❝t❧② ❝♦♥✈❡① ❝♦sts✳ ●✐✈❡♥
❛ ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛❧ ϕ ❛♥❞ ❛♥ ♦♣t✐♠❛❧ tr❛♥s♣♦rt ♣❧❛♥ γ✱ ✇❡ st❛rt ❢r♦♠ t❤❡ ✐♥❡q✉❛❧✐t②

ϕ(x) + ϕ(y) ≤ c(x, y)

❢♦r ❛♥② (x, y) ∈ (Rd)2 ✇✐t❤ ❡q✉❛❧✐t② ✐❢ (x, y) ❜❡❧♦♥❣s t♦ t❤❡ s✉♣♣♦rt ♦❢ γ✳ ❚❤✉s✱ ❢♦r s✉❝❤ ❛ (x, y)✱ t❤❡
❢✉♥❝t✐♦♥

x̃ 7→ c(x̃, y)− ϕ(x̃)
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✐s ♠❛①✐♠❛❧ ❢♦r x̃ = x✳ ❆ss✉♠❡ ♥♦✇ t❤❛t c(x, y) = h(y − x) ❢♦r ❛ str✐❝t❧② ❝♦♥✈❡① ❢✉♥❝t✐♦♥ h❀ ✐♥ t❤✐s ❝❛s❡✱
✐t ❝❛♥ ❜❡ ♣r♦✈❡♥ t❤❛t ❛♥② c✲❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ ✐s ❛❝t✉❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❛♥❞ x ✐s ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢
t❤❡ ❢✉♥❝t✐♦♥ h(· − y)− ϕ✱ ✇❤✐❝❤ ♠❡❛♥s

∇h(x− y)−∇ϕ(x) = 0

✭♣r♦✈✐❞❡❞ t❤❛t x ✐s ❛ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♣♦✐♥t ❢♦r ϕ✱ t❤✉s ❢♦r ❛✳❡✳ x ∈ Ω✮✳ ❙✐♥❝❡ h ✐s str✐❝t❧② ❝♦♥✈❡①✱ ✐ts
❣r❛❞✐❡♥t ❝❛♥ ❜❡ ✐♥✈❡rt❡❞ ❛♥❞ ✇❡ ♦❜t❛✐♥ y = x− (∇h)−1(∇ϕ(x))✱ t❤✉s y ✐s ✇❡❧❧✲❞❡✜♥❡❞ ✐♥ ❢✉♥❝t✐♦♥ ♦❢ x✳
❚♦ s✉♠♠❛r✐③❡✿

❚❤❡♦r❡♠ ❇✳✶✳✶✳ ❲❡ ♠❛❦❡ t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s ♦♥ µ✱ ν ❛♥❞ ❛ss✉♠❡ ♠♦r❡♦✈❡r t❤❛t µ ✐s ❛❜s♦❧✉t❡❧②
❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ❆ss✉♠❡ t❤❛t c(x, y) = h(x − y) ❢♦r ❛ str✐❝t❧② ❝♦♥✈❡①
❢✉♥❝t✐♦♥ h✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ γ ♦❢ t❤❡ ❑❛♥t♦r♦✈✐❝❤ ♣r♦❜❧❡♠ ✭❇✳✶✮ ❛♥❞ ❛ ✉♥✐q✉❡ ♠❛♣ T
s✉❝❤ t❤❛t γ = (✐❞×T )#µ✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛❧ ϕ ✇❤✐❝❤ ✐s ❛ ▲✐♣s❝❤✐t③
❢✉♥❝t✐♦♥✱ ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❡q✉❛❧✐t②

T (x) = x− (∇h)−1(∇ϕ(x))

❢♦r ❛✳❡✳ x ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s✉♣♣♦rt ♦❢ µ✳

❇✳✷ ❖♣t✐♠❛❧ tr❛♥s♣♦rt ♦♥ t❤❡ r❡❛❧ ❧✐♥❡

❲❡ ❤❡r❡ s✉♠♠❛r✐③❡ s♦♠❡ ✇❡❧❧✲❦♥♦✇♥ r❡s✉❧ts ❛❜♦✉t t❤❡ ♦♣t✐♠❛❧ tr❛♥s♣♦rt❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ ❞✐♠❡♥s✐♦♥ 1✳

❚❤❡♦r❡♠ ❇✳✷✳✶✳ ▲❡t µ✱ ν ∈ P(R)✳ ❆ss✉♠❡ µ t♦ ❜❡ ❛t♦♠❧❡sss✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣
♠❛♣ T1 : R → R ❛♥❞ ❛ ✉♥✐q✉❡ ♥♦♥✲✐♥❝r❡❛s✐♥❣ ♠❛♣ T2 : R → R s❡♥❞✐♥❣ µ t♦ ν✳

Pr♦♦❢✳ ❙t❡♣ ✶✿ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ♠❛♣✳ ❲❡ ❞❡✜♥❡

Fµ(x) = µ((−∞, x]) ❛♥❞ Fν(y) = ν((−∞, y])

■t ✐s ❝❧❡❛r t❤❛t Fµ✱ Fν ❛r❡ ❜♦t❤ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛♥❞ r✐❣❤t✲❝♦♥t✐♥✉♦✉s✱ ❛♥❞ ❤❛✈❡ 0 ❛s ❧✐♠✐t ✐♥ −∞ ❛♥❞ 1 ❛s
❧✐♠✐t ✐♥ +∞❀ ♠♦r❡♦✈❡r✱ t❤❡ ❢❛❝t t❤❛t µ ✐s ❛t♦♠❧❡sss ❣✉❛r❛♥t❡❡s Fµ t♦ ❜❡ ❝♦♥t✐♥✉♦✉s ♦♥ R✳ ◆♦✇ ✇❡ s❡t

T1(x) = inf {y : Fν(y) ≥ Fµ(x)} ✭❇✳✸✮

❲❡ ♠♦r❡♦✈❡r ❝❧❛✐♠ t❤❛t t❤❡ ✐♥✜♠✉♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞✲s✐❞❡ ♦❢ ✭❇✳✸✮ ✐s ❛tt❛✐♥❡❞✱ s✐♥❝❡✱ ✐❢ (yn)n ✐s ❛
♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡✱ ♦♥❡ ❝❛♥ ❛ss✉♠❡ ✐t t♦ ❜❡ ❞❡❝r❡❛s✐♥❣ s✐♥❝❡ Fν ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣ s♦ t❤❛t yn → y ❛♥❞✱
s✐♥❝❡ Fν ✐s r✐❣❤t✲❝♦♥t✐♥✉♦✉s✱ Fν(y) = lim

n
Fν(yn) ≥ Fµ(x)✳

❙✐♥❝❡ Fµ ❛♥❞ Fν ❛r❡ ❜♦t❤ ♥♦♥✲❞❡❝r❡❛s✐♥❣✱ ✐t ✐s ❝❧❡❛r t❤❛t T1 ✐s ❛❧s♦ ♥♦♥✲❞❡❝r❡❛s✐♥❣✱ ❛♥❞ ✐t r❡♠❛✐♥s t♦
❝❤❡❝❦ t❤❛t ✐t s❡♥❞s µ ♦♥t♦ ν❀ ❢♦r t❤✐s✱ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❡ ❡q✉❛❧✐t②

µ(T−1((−∞, b])) = ν((−∞, b]))

❢♦r ❛♥② b ∈ R✳ ❲❡ ❜❡❣✐♥ ❜② ♥♦t✐❝✐♥❣ t❤❡ ❡q✉✐✈❛❧❡♥❝❡

x ∈ T−1
1 ((−∞, b]) ⇐⇒ T1(x) ≤ b ⇐⇒ Fµ(x) ≤ Fν(b) ✭❇✳✹✮

■❢ Fν(b) = 1✱ t❤❡♥ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ✐s s❛t✐s✜❡❞ ❢♦r ❛♥② x ∈ R✱ s♦ t❤❛t T−1((−∞, b]) = R ❛♥❞

µ(T−1((−∞, b])) = 1 = Fν(b) = ν((−∞, b])
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❆ss✉♠❡ ♥♦✇ t❤❛t Fν(b) < 1✳ ■♥ t❤✐s ❝❛s❡✱ s✐♥❝❡ Fµ ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ♥♦♥✲❞❡❝r❡❛s✐♥❣✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠
✭❇✳✹✮ t❤❛t T−1

1 ((∞, b]) ✐s ❛♥ ✐♥t❡r✈❛❧ ✇✐t❤ ❢♦r♠ (−∞, d] ✇✐t❤ Fµ(d) = Fν(b)❀ t❤✐s ♣r♦✈✐❞❡s

µ(T−1(−∞, b])) = µ((−∞, d]) = Fµ(d) = Fν(b) = ν((−∞, b])

✇❤✐❝❤ ✐s t❤❡ ❛♥♥♦✉♥❝❡❞ r❡s✉❧t✳
❙t❡♣ ✷✿ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ♠❛♣✳ ❲❡ ♥♦✇ ❞❡✜♥❡ ❢♦r y ∈ R✿

Gν(y) = ν((−∞, y))

Gν ✐s ❛❧s♦ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛♥❞ ✐s ♠♦r❡♦✈❡r ❧❡❢t✲❝♦♥t✐♥✉♦✉s❀ ♠♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ Gν ≤ Fν ✇✐t❤ ❡q✉❛❧✐t②
❡✈❡r②✇❤❡r❡ ❡①❝❡♣t ♦♥ t❤❡ ❛t♦♠s ♦❢ ν✳ ❲❡ t❤❡♥ ❝❧❛✐♠ t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✐❢ U ✐s ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ♠❛♣ s❡♥❞✐♥❣
µ t♦ ν✱ t❤❡♥✱ ❢♦r ❛♥② x ∈ R✱

Gν(U(x)) ≤ Fµ(x) ≤ Fν(U(x)) ✭❇✳✺✮

■♥❞❡❡❞✱ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ U ✐♠♣❧✐❡s

U−1((−∞, U(x))) ⊆ (−∞, x] ⊆ U−1((−∞, U(x)])

❛♥❞ ✭❇✳✺✮ ❢♦❧❧♦✇s ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ♠❡❛s✉r❡ µ ♦❢ t❤❡s❡ t❤✐r❞ s❡ts✳ ❙✐♥❝❡ ✭❇✳✺✮ ❤♦❧❞s ❢♦r ❛♥② ♠❛♣ U ✇❤✐❝❤
✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛♥❞ s❡♥❞s µ ♦♥t♦ ν✱ ✐❢ U ✱ Ũ ❛r❡ t✇♦ s✉❝❤ ♠❛♣s ❛♥❞ x ✈❡r✐✜❡s U(x) < Ũ(x)✱ ✇❡ ❤❛✈❡

Gν(Ũ(x)) ≤ Fµ(x) ≤ Fν(U(x))

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

(−∞, U(x)] ⊆ (−∞, Ũ(x)) t❤✉s Fν(U(x)) ≤ Gν(Ũ(x))

❇② ❝♦♠❜✐♥✐♥❣ t❤❡ t✇♦ ✐♥❡q✉❛❧✐t✐❡s ❛❜♦✈❡✱ ✇❡ ❣❡t t❤❛t✱ ❢♦r s✉❝❤ ❛ x✱

U(x) < Ũ(x) ❛♥❞ Gν(U(x)) = Gν(Ũ(x))

❙✐♥❝❡ Gν ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣✱ t❤✐s ♣r♦✈❡s t❤❛t Gν ✐s ❝♦♥st❛♥t ♦♥ t❤❡ ✐♥t❡r✈❛❧ [U(x), Ũ(x)] ✇✐t❤ ✈❛❧✉❡ Fµ(x)✳
■♥ ♣❛rt✐❝✉❧❛r✱ Fµ(x) ❜❡❧♦♥❣s t♦

L = {y ∈ (0, 1) : ∃a < b,Gν = l ♦♥ (a, b)}

✐✳❡✳ t♦ t❤❡ ✐♠❛❣❡ ❜② Gν ♦❢ t❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧ t❤❡ ✐♥t❡r✈❛❧s ✇✐t❤ ♣♦s✐t✐✈❡ ❧❡♥❣t❤ ♦♥ ✇❤✐❝❤ Gν ✐s ❝♦♥st❛♥t✳
❚❤❡ ♠❛①✐♠❛❧ s✉❝❤ ✐♥t❡r✈❛❧s ❢♦r♠ ❛ ❝♦✉♥t❛❜❧❡ s❡t✱ t❤✉s L ✐s ❛ ❝♦✉♥t❛❜❧❡ s❡t ♦❢ R✳ ◆♦✇ ✇❡ ❝❧❛✐♠ t❤❛t

µ(F−1
µ ({l})) = 0 ❢♦r ❛♥② l ∈ [0, 1]

❛♥❞ t❤✐s ✇✐❧❧ ✐♠♣❧② t❤❛t U ✱ Ũ ❛r❡ ❡q✉❛❧ ❡①❝❡♣t ♦♥ ❛ µ✲♥❡❣❧✐❣✐❜❧❡ s❡t ♦❢ R ✭✇❤✐❝❤ ✐s F−1
µ (L)✮✳

■♥❞❡❡❞✱ ❢♦r l ∈ [0, 1]✱ t❤❡ ♣r❡✲✐♠❛❣❡ ♦❢ {l} ❜② Fµ ✐s ❛♥ ✐♥t❡r✈❛❧ I ✇✐t❤ µ(I) = µ
(
I̊
)
s✐♥❝❡ µ ❤❛s ♥♦

❛t♦♠✳ ◆♦✇✱ ❜② r❡❣✉❧❛r✐t② ♦❢ µ✱

µ(I) = sup
{
µ([a, b]) : (a, b) ⊂ I̊

}
= sup

{
Fµ(b)− Fµ(a) : (a, b) ⊂ I̊

}

❛♥❞ t❤✐s s✉♣r❡♠✉♠ ✐s ♥✉❧❧ s✐♥❝❡ Fµ ✐s ❝♦♥st❛♥t ♦♥ I̊ ✇✐t❤ ✈❛❧✉❡ l✳
❙t❡♣ ✸✿ t❤❡ ♥♦♥✲✐♥❝r❡❛s✐♥❣ ❝❛s❡✳ ❲❡ r❡♠❛r❦ t❤❛t ✐❢ ✇❡ s❡t µ−([a, b]) = µ−([−b,−a]) t❤❡♥ µ− ✐s ❛❧s♦ ❛♥

❛t♦♠❧❡ss ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ R✱ ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ tr❛♥s♣♦rt ♠❛♣
❢r♦♠ µ− t♦ ν✱ ✇❤✐❝❤ ✇❡ ❥✉st ❤❛✈❡ s❤♦✇♥✱ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ♥♦♥✲✐♥❝r❡❛s✐♥❣
tr❛♥s♣♦rt ♠❛♣ ❢r♦♠ µ t♦ ν✳
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❚❤✐s ♣r♦♦❢ ❣✐✈❡s ❛❧s♦ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛s ❛♥❞ ❡❧❡♠❡♥t❛r② ♣r♦♣❡rt✐❡s ❢♦r t❤❡s❡ t✇♦ ♠❛♣s T1✱ T2✳ ❋♦r
✐♥st❛♥❝❡✱ ❛ss✉♠❡ t❤❛t µ✱ ν ❛r❡ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ♦♥ ✐♥t❡r✈❛❧s [a, b]✱ [c, d] r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ❤❛✈❡ ❞❡♥s✐t✐❡s
f ✱ g ✇❤✐❝❤ ❛r❡ ❛✳❡✳ ♣♦s✐t✐✈❡ ♦♥ t❤❡s❡ ✐♥t❡r✈❛❧s❀ t❤❡♥ T1✱ T2 ❛r❡ ❜♦t❤ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❣✐✈❡♥ ❜② t❤❡ ❢♦r♠✉❧❛s

∫ x

a

f(t) ❞t =
∫ T1(x)

c

g(t) ❞t ❛♥❞
∫ x

a

f(t) ❞t =
∫ d

T2(x)

g(t) ❞t

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✉♥❞❡r t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥s✱ ❛ss✉♠❡ ♠♦r❡♦✈❡r t❤❛t g ✐s s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ❝❡♥t❡r ♦❢ [c, d]✱ t❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❢♦r♠✉❧❛ T2(x) = d − (T1(x) − c) ❢♦r ❛♥② x❀ ♦♥❡ ❝❛♥ s❤♦✇ ✐t ❜②
✈❡r✐❢②✐♥❣ t❤❛t✱ ✐♥ s✉❝❤ ❛ ❝❛s❡✱ ∫ T1(x)

c

g(t) ❞t =
∫ d

d−(T1(x)−c)
g(t) ❞t

■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❣❡t✱ ❢♦r ✐♥st❛♥❝❡✱ T1(x) = −T2(x) ♦♥ ❛♥② ♣♦✐♥t ✇❤❡r❡ T1✱ T2 ❛❞♠✐t ❜♦t❤ ❞❡r✐✈❛t✐✈❡s
✭t❤✉s ❛✳❡✳ ♦♥ [c, d] s✐♥❝❡ ❜♦t❤ ♦❢ t❤❡♠ ❛r❡ ♠♦♥♦t♦♥❡✮✳

◆♦✇ ✇❡ st❛t❡ t❤❡ ♦♣t✐♠❛❧✐t② r❡s✉❧t ❛❜♦✉t t❤❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ tr❛♥s♣♦rt ♠❛♣✿

❚❤❡♦r❡♠ ❇✳✷✳✷✳ ▲❡t µ✱ ν ❜❡ t✇♦ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ R✱ ❜♦t❤ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞✱ ✇✐t❤ µ ♥♦♥✲
❛t♦♠✐❝✳ ▲❡t h : R → R ❜❡ ❛ ❝♦♥✈❡① ❢✉♥❝t✐♦♥✳ ❚❤❡♥ t❤❡ ❛❜♦✈❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ tr❛♥s♣♦rt ♠❛♣ T1 ❢r♦♠ µ t♦
ν ✐s ♦♣t✐♠❛❧ ❢♦r t❤❡ ♣r♦❜❧❡♠

inf

{∫

R

h(T (x)− x) ❞µ(x) : T#µ = ν

}

✇✐t❤ ✉♥✐q✉❡♥❡ss ✐❢ h ✐s str✐❝t❧② ❝♦♥✈❡①✳

❙❦❡t❝❤ ♦❢ ♣r♦♦❢✳ ■♥ t❤❡ str✐❝t❧② ❝♦♥✈❡① ❝❛s❡✱ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ♠✐♥✐♠✐③❡r T ✐s ❛❧r❡❛❞②
❦♥♦✇♥ ❛♥❞ ✐t r❡♠❛✐♥s ♦♥❧② t♦ ♣r♦✈❡ t❤❛t ✐t ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣✳ ❚❤✐s ❝♦♠❡s ❢r♦♠ t❤❡ c✲❝②❝❧✐❝❛❧ ♠♦♥♦t♦♥✐❝✐t②
♦❢ t❤❡ s✉♣♣♦rt ♦❢ (✐❞⊗ T )#µ✿ ✐t ✐♠♣❧✐❡s

h(T (x)− x) + h(T (x′)− x′) ≤ h(T (x′)− x) + h(T (x)− x′) ✭❇✳✻✮

❢♦r µ✲❛✳❡✳ x ∈ R✳
❆ss✉♠✐♥❣ ♥♦✇ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t x < x′ ❛♥❞ T (x) > T (x′)✱ ✇❡ s❡t

a = T (x)− x, b = T (x′)− x′ ❛♥❞ c = x′ − x

❚❤❡ ✐♥❡q✉❛❧✐t② ✭❇✳✻✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

h(a) + h(b) ≤ h(a− c) + h(b+ c) ✭❇✳✼✮

◆♦✇✱ t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ x, x′, T (x), T (x′) ✐♠♣❧② b < b+ c < a✳ ❲❡ ✇r✐t❡ b+ c = (1− t)b+ ta ❛♥❞ ❞❡❞✉❝❡
❢r♦♠ t❤❡ str✐❝t ❝♦♥✈❡①✐t② ♦❢ h t❤❛t

h(b+ c) < (1− t)h(b) + th(a)

❙✐♠✐❧❛r❧②✱ ✇❡ ♥♦t❡ t❤❛t b < a− c < a ❛♥❞ ✇r✐t❡ a− c = (1− t′)b+ t′a s♦ t❤❛t

h(a− c) < (1− t′)h(b) + t′h(a)

◆♦✇ ✇❡ ❝♦♠♣✉t❡ t = c/(a− b) ❛♥❞ t′ = 1− t s♦ t❤❛t

h(b+ c) + h(a− c) < (2− (t+ t′))h(b) + (t+ t′)h(a) = h(b) + h(a)

✇❤✐❝❤ ❝♦♠❜✐♥❡❞ ✇✐t❤ ✭❇✳✼✮ ❧❡❛❞s t♦ h(a)− h(b) < h(a)− h(b) ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳
❚❤❡ ♣r♦♦❢ ✐♥ t❤❡ ♥♦♥✲str✐❝t❧② ❝♦♥✈❡① ❝❛s❡ ✐s ♦❜t❛✐♥❡❞ ❜② ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ h ❜② t❤❡ ❢❛♠✐❧② ♦❢ str✐❝t

❝♦♥✈❡① ❢✉♥❝t✐♦♥s hε = h+ ε| · |2✳
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❇✳✸ ❖♣t✐♠❛❧ tr❛♥s♣♦rt ✇✐t❤ ❞✐st❛♥❝❡ ❝♦st

❲❡ ❤❡r❡ ❣✐✈❡ t❤❡ ♠❛✐♥ ❡①✐st❡♥❝❡ r❡s✉❧ts ❛♥❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ ♦♣t✐♠❛❧ tr❛♥s♣♦rt ♠❛♣s ✇❤❡♥ t❤❡ ❝♦st ✐s
❛❝t✉❛❧❧② ❡q✉❛❧ t♦ t❤❡ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡✳ ■♥ ❛❧❧ t❤✐s s❡❝t✐♦♥✱ ✇❡ t❤✉s ✜① c(x, y) = |y−x| ❢♦r (x, y) ∈ (Rd)2✳

❚❤❡ ✜rst r❡s✉❧t ❝❤❛r❛❝t❡r✐③❡s t❤❡ c✲❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥s✿

Pr♦♣♦s✐t✐♦♥ ❇✳✸✳✶✳ ■❢ c(x, y) = |y − x|✱ t❤❡♥ ❛ ❢✉♥❝t✐♦♥ ϕ : Rd → R ✐s c✲❝♦♥❝❛✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s
▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ♦♥ Rd ✇✐t❤ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t ❛t ♠♦st 1✳ ▼♦r❡♦✈❡r✱ ✐♥ t❤✐s ❝❛s❡✱ ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥s
♦❢ t❤❡ s❡❝t✐♦♥ ❇✳✶✱ ✇❡ ❤❛✈❡ ϕc = −ϕ✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐❢ µ✱ ν ∈ P(Rd) ❛r❡ ❜♦t❤ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ✇✐t❤ µ ≪ Ld✱ t❤❡ ❞✉❛❧✐t② ❢♦r♠✉❧❛
❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

inf
γ∈Π(µ,ν)

{∫
|y − x| ❞γ(x, y)

}
= sup
u∈Lip1(R

d)

{∫
u(y) ❞ν(y)−

∫
u(x) ❞µ(x)

}

❲❡ ♥♦✇ ✜① ❛ ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛❧ u✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t✐♦♥ ♦❢ tr❛♥s♣♦rt r❛② ✐s ❝r✉❝✐❛❧✳

❉❡✜♥✐t✐♦♥ ❇✳✸✳✶✳ ▲❡t x, y✱ x 6= y✱ ❜❡ t✇♦ ♣♦✐♥ts ♦❢ Rd✳ ❚❤❡♥✿

• t❤❡ ♦r✐❡♥t❡❞ ♦♣❡♥ s❡❣♠❡♥t (x, y) ✐s ❛ tr❛♥s♣♦rt r❛② ✐❢ ❛♥❞ ♦♥❧② ✐❢ u(y)− u(x) = |y − x|❀

• t❤❡ ♦r✐❡♥t❡❞ ❝❧♦s❡t s❡❣♠❡♥t [x, y] ✐s ❛ ♠❛①✐♠❛❧ tr❛♥s♣♦rt r❛② ✐❢ ❛♥❞ ♦♥❧② ✐❢

✕ ❛♥② z ∈ (x, y) ❜❡❧♦♥❣s t♦ ❛ tr❛♥s♣♦rt r❛② (x′, y′) ✇✐t❤ s❛♠❡ ♦r✐❡♥t❛t✐♦♥ t❤❛♥ [x, y]❀

✕ ❛♥② ❝❧♦s❡❞ s❡❣♠❡♥t s❛t✐s❢②✐♥❣ t❤❡ ❛❜♦✈❡ ♣r♦♣❡rt② ❛♥❞ ❝♦♥t❛✐♥✐♥❣ x ❛♥❞ y ✐s ❡q✉❛❧ t♦ [x, y]✳

❚❤❡ ♠❛①✐♠❛❧ tr❛♥s♣♦rt r❛②s ❛r❡ ✇❡❧❧✲❞❡✜♥❡❞ ✉♣ t♦ ❛ ▲❡❜❡s❣✉❡✲♥❡❣❧✐❣✐❜❧❡ ✭t❤✉s µ✲♥❡❣❧✐❣✐❜❧❡✮ s❡t ♦❢ Rd✱
❛s st❛t❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✿

Pr♦♣♦s✐t✐♦♥ ❇✳✸✳✷✳ ▲❡t [x, y] ❛♥❞ [x′, y′] ❜❡ t✇♦ ♠❛①✐♠❛❧ tr❛♥s♣♦rt r❛②s✳ ❚❤❡♥ t❤❡② ❝❛♥ ✐♥t❡rs❡❝t ♦♥❧②
♦♥ ❛ ♣♦✐♥t ✇❤✐❝❤ ✐s ❛♥ ❡①tr❡♠✐t② ♦❢ ❜♦t❤ ♦❢ t❤❡♠✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ t❤❡ ❑❛♥t♦r♦✈✐❝❤ ♣♦t❡♥t✐❛❧ u ✐s ♥♦♥✲
❞✐✛❡r❡♥t✐❛❜❧❡ ❛t t❤✐s ♣♦✐♥t✳

■♥ ♣❛rt✐❝✉❧❛r✱ s✐♥❝❡ u ✐s ▲✐♣s❝❤✐t③✱ t❤❡ s❡t ♦❢ ♣♦✐♥ts ♦❢ Rd ❜❡❧♦♥❣✐♥❣ t♦ ❛t ❧❡❛st t✇♦ tr❛♥s♣♦rt r❛②s ✐s
▲❡❜❡s❣✉❡✲♥❡❣❧✐❣✐❜❧❡✳

◆♦✇ ❧❡t ✉s ❡①❛♠✐♥❡ t❤❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s str✉❝t✉r❡ ❢♦r t❤❡ ❞✉❛❧✐t② ❢♦r♠✉❧❛ ❛♥❞ ❢♦r ❛♥ ♦♣t✐♠❛❧
tr❛♥s♣♦rt T ✳ ❆ss✉♠❡ t❤❛t s✉❝❤ ❛ T ❡①✐sts❀ t❤❡ ❞✉❛❧✐t② ❢♦r♠✉❧❛ ♣r♦✈✐❞❡s

∫

Ω

|T (x)− x| ❞µ(x) =
∫

Rd

u(y) ❞ν(y)−
∫

Rd

u(x) ❞µ(x) =
∫

Ω

(u(T (x))− u(x)) ❞µ(x)

▼♦r❡♦✈❡r✱ t❤❡ ❢❛❝t t❤❛t u ✐s ✶✲▲✐♣s❝❤✐t③ ✐♠♣❧✐❡s t❤❡ ❡q✉❛❧✐t②

u(T (x))− u(x) ≤ |T (x)− x|

❢♦r µ✲❛✳❡✳ x ∈ Ω✳ ❚❤✉s✱ s✐♥❝❡ t❤❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡ ❜♦t❤ ❤❛♥❞✲s✐❞❡s ♦❢ t❤✐s ✐♥❡q✉❛❧✐t② ❛r❡ ❡q✉❛❧✱ ✐t ✐s ❛❝t✉❛❧❧②
❛♥ ❡q✉❛❧✐t②✿

❢♦r µ− a.e. x ∈ Ω, u(T (x))− u(x) = |T (x)− x|
❚❤✐s ✐♠♣❧✐❡s t❤❛t (x, T (x)) ✐s ❛ tr❛♥s♣♦rt r❛②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ x ❛♥❞ T (x) ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ♠❛①✐♠❛❧
tr❛♥s♣♦rt r❛② ❛♥❞ ❛r❡ ♦r✐❡♥t❡❞ ✐♥ t❤❡ s❛♠❡ s❡♥s❡ t❤❛♥ t❤✐s tr❛♥s♣♦rt r❛②✳

❖♥❡ ❝❛♥ ✈❡r✐❢② ❝♦♥✈❡rs❡ ✐♠♣❧✐❝❛t✐♦♥ ✐s ❛❧s♦ tr✉❡✳ ❚♦ s✉♠♠❛r✐③❡✿
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Pr♦♣♦s✐t✐♦♥ ❇✳✸✳✸✳ ❚❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ▼♦♥❣❡ ♣r♦❜❧❡♠

inf

{∫

Ω

|T (x)− x| ❞µ(x) : T#µ = ν

}

❡①✐st ❛♥❞ ❛r❡ ♥♦t ✉♥✐q✉❡✳ ❆ ♠❛♣ T : Ω → Rd ✐s ❛ s♦❧✉t✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

• T s❡♥❞s µ ♦♥t♦ ν❀

• ❢♦r µ✲❛✳❡✳ x ∈ Ω✱

✕ T (x) ❛♥❞ x ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ♠❛①✐♠❛❧ tr❛♥s♣♦rt r❛②❀

✕ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ s❡❣♠❡♥t (x, T (x)) ✐s t❤❡ s❛♠❡ t❤❛♥ t❤❛t ♦♥❡ ♦❢ t❤✐s tr❛♥s♣♦rt r❛②s✳

❲❡ ✜♥✐s❤ ❜② s♦♠❡ ✇♦r❞s ❛❜♦✉t t❤❡ ♠♦♥♦t♦♥❡ tr❛♥s♣♦rt ❛❧♦♥❣ t❤❡ tr❛♥s♣♦rt r❛②s✳ ❲❡ ❞❡✜♥❡ ✐t ❛s ❜❡✐♥❣
t❤❡ ♦♥❧② ♠❛♣ T ✈❡r✐❢②✐♥❣ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

• T ∈ O1(µ, ν)✱ ❛♥❞

• ❢♦r ❛✳❡✳ x, x′ ∈ Ω✱ ✐❢ x, x′ ❜❡❧♦♥❣ ❜♦t❤ t♦ t❤❡ s❛♠❡ tr❛♥s♣♦rt r❛②✱ t❤❡♥ T (x)− x ❛♥❞ T (x′)− x′ ❤❛✈❡
s❛♠❡ ❞✐r❡❝t✐♦♥✳

❚❤❡ ✉♥✐q✉❡♥❡ss ♦❢ s✉❝❤ ❛ ♠❛♣ T ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣
tr❛♥s♣♦rt ♠❛♣ ✐♥ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ s✐♥❝❡✱ ❣✐✈❡♥ ❛ tr❛♥s♣♦rt r❛② S✱ T ❤❛s t♦ s❡♥❞ t❤❡ ♠❡❛s✉r❡ µ
✏❝♦♥❝❡♥tr❛t❡❞ ♦♥ S✑ ♦♥t♦ t❤❡ ♠❡❛s✉r❡ ν ✏❝♦♥❝❡♥tr❛t❡❞ ♦♥ S✑ ✐♥ ❛ ♠♦♥♦t♦♥❡ ✇❛②✳ ❚❤❡ ❢♦r♠❛❧ ❥✉st✐✜❝❛t✐♦♥
✇♦✉❧❞ ✉s❡ t❤❡ ❞✐s✐♥t❡❣r❛t✐♦♥ ♦❢ ♠❡❛s✉r❡s✱ ❛♥❞ ✇❡ ✇✐❧❧ ♥♦t ❡♥t❡r ✐♥t♦ t❤❡ ❞❡t❛✐❧s ❤❡r❡✳

◆♦t✐❝❡ ❛❧s♦ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡♠❛r❦s✿

• T ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

inf

{∫

Ω

|T (x)− x|2 ❞µ(x) : T ∈ O1(µ, ν)

}

✐✳❡✳ t❤❡ ✉♥✐q✉❡ ♦♣t✐♠✐③❡r ♦❢ t❤❡ q✉❛❞r❛t✐❝ ❝♦sts ❛♠♦♥❣ t❤❡ ♠❛♣s ✇❤✐❝❤ ❛r❡ ❛❧r❡❛❞② ♦♣t✐♠❛❧ ❢♦r t❤❡
▼♦♥❣❡ ❝♦st ✇✐t❤ L1✲❞✐st❛♥❝❡❀

• ❛❧s♦✱ ❛♥❞ t❤✐s ✐s ❛❝t✉❛❧❧② t❤❡ t♦♦❧ t♦ ♦❜t❛✐♥ t❤❡ ❛❜♦✈❡ ♣r♦♣❡rt②✱ T ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣

inf

{∫

Ω

(|T (x)− x|+ ε|T (x)− x|2) ❞µ(x) : T#µ = ν

}

❛♥❞ ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ❛s ε→ 0❀

• ✜♥❛❧❧②✱ ❧❡t ✉s ♥♦t✐❝❡ s♦♠❡ r❡❣✉❧❛r✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ♠♦♥♦t♦♥❡ T ✳ ❋✐rst✱ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ T t♦
❜❡ ❝♦♥t✐♥✉♦✉s ✉♥❞❡r s♦♠❡ str♦♥❣ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❞♦♠❛✐♥s ❛♥❞ ♠❡❛s✉r❡s ✭❝♦♥✈❡① ❛♥❞ ❞✐s❥♦✐♥t
❞♦♠❛✐♥s ✐♥ t❤❡ ♣❧❛♥❡ ❛♥❞ ♣♦s✐t✐✈❡ ❞❡♥s✐t✐❡s✱ s❡❡ ❬✹✷❪✮✳ ❆❧s♦✱ ❬✺✼❪ ❣✐✈❡s ❛❧s♦ s♦♠❡ r❡❣✉❧❛r✐t② r❡s✉❧ts
❢♦r t❤❡ ♠✐♥✐♠✐③❡r Tε ♦❢ ❛♥ ❛♣♣r♦①✐♠❛t❡❞ ♣r♦❜❧❡♠ ✇❤❡r❡ c ✐s r❡♣❧❛❝❡❞ ✇✐t❤ cε(x, y) =

√
ε2 + |x− y|2

✭❧♦❝❛❧ ✉♥✐❢♦r♠ ❜♦✉♥❞s ♦♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① Tε✮✳
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