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Résumé

Le probléme du transport optimal, désormais classique en calcul des variations et originellement introduit
par Monge au 18éme siécle, consiste & minimiser 1’énergie nécessaire au déplacement d’une masse dont
la répartition est donnée vers une autre masse dont la répartition est elle aussi donnée, ce qui se traduit
mathématiquement par

inf { / e(a, T(z)) dp(z) : Tyup = y}

ou c(z,T(z)) est le colt nécessaire pour déplacer = vers T'(z) et les mesures p et v représentent les
répartitions de masse de départ et d’arrivée.

Cette thése est consacrée a I’étude de problémes variationnels similaires ot 'on fait intervenir la
matrice jacobienne de la fonction de transport, du type

inf {/L(x,T(a:),DT(a:)) du(e) : Typ = u} :

il s’agit typiquement de rajouter [ |DT(z)[*dz & la fonctionnelle [ c¢(x,T(z))du(x) afin d’obtenir une
pénalisation Sobolev. Ce type de probléme trouve ses motivations en mécanique des milieux continus,
élasticité incompressible ou en analyse de forme et appelle d’un point de vue mathématique une approche
totalement différente de celle du probléme de transport usuel.

Les questions suivantes sont envisagées :

e bonne définition du probléme, notamment du terme [ |DT|*dpu, via les espaces de Sobolev par
rapport a une mesure, et résultats d’existence de minimiseurs ;

e caractérisation de ces minimiseurs : optimalité du transport croissant sur la droite réelle, et approche
du type équation d’Euler-Lagrange en dimension quelconque;

e sélection d’un minimiseur via une procédure de pénalisation du type I'-convergence (on ajoute
e [ |DT|? et on fait tendre e vers 0) lorsque le cotit de transport est le cotit de Monge c(z, y) = |z—y|,
pour lequel 'application de transport optimale n’est pas unique;

e autres approches du probléme et perspectives : formulation dynamique du type Benamou-Brenier,
et formulation duale similaire & celle de Kantorovitch dans le cas du probléme du transport optimal
usuel.
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Abstract

The optimal transportation problem, henceforth classical in the calculus of variations, was originally
introduced by Monge in the 18th century; it consists in minimizing the total energy of the displacement
of a given repartition of mass onto another given repartition of mass. This is mathematically expressed
as follows:

inf { / c(w, T(x)) du(z) : Tyup = V}

where ¢(x,T(z)) is the cost to send x onto T'(z), and the measure p and v represent the repartitions of
source and target masses.

This thesis is devoted to similar variational problems, which involve the Jacobian matrix of the
transport map, namely

inf {/ L(z, T(x), DT () du(x) : Typt = y} :

we typically add [ |DT|? to the transport functional [ c(z,T(z))du(z) in order to obtain a Sobolev-
type penalization. This kind of constraints finds its motivations in continuum mechanics, incompressible
elasticity or shape analysis, and a quite different mathematical approach than in the usual theory of
optimal transportation is needed.

We consider the following questions:

e proper definition of the problem, in particular of the term [|DT|?dp, thanks to the theory of
Sobolev spaces with respect to a measure, and existence results;

e characterizations of these minimizers: optimality of the monotone transport map on the real line,
and Euler-Lagrange-like approach in any dimension;

e selection of a minimizer via a I'-convergence-like penalization procedure (namely adding € [ |DT|?
to the transport cost, where € is a vanishing positive parameter) where the transport cost is the
Monge cost ¢(x,y) = |x — y| (for which the optimal transport map is not unique);

e other related problems and perspectives: dynamic Benamou-Brenier-like formulation, and dual
Kantorovich-like formulation.
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Introduction

L’objectif de cette thése est d’étudier les problémes variationnels du type « transport optimal » (mini-
miser ’énergie totale du déplacement parmi les fonctions vectorielles & mesure image prescrite) auxquels
on ajoute un terme dépendant du gradient de ’application de transport. Il s’agit d’une généralisation
naturelle et qui trouve ses motivations en mécanique des milieux continus, élasticité ou analyse de forme,
mais qui a pourtant été peu ou pas étudiée jusqu’ici. Cette thése est consacrée a 'analyse mathématique
de ce type de problémes, sous ’angle des questions usuelles du calcul de variations.

0.1 Transport optimal

Le probléme du transport optimal a été introduit par Gaspard Monge en 1781 dans son célébre article
Mémoire sur la théorie des déblais et des remblais [62]. Il s’exprime dans sa motivation originelle de
la fagon suivante : imaginons que 'on ait d’une part un ou plusieurs tas de sable (les déblais) dont
la répartition est connue et représentant une masse considérable, destinés & combler des trous ou des
renfoncements (les remblais) dont le volume total est exactement celui du tas de sable a déplacer et dont
la profondeur, variable en fonction du point o on se place, est elle aussi connue. Quelle est alors la facon
optimale, c’est-a-dire la plus économe en énergie, de déplacer le tas de sable?

Ce probléme se formalise mathématiquement comme suit. Le tas de sable de départ est représenté par
une mesure p sur un espace X (la mesure p(A) d’un ensemble A représentant la masse de sable contenu
dans 'ensemble A). Le trou a combler est lui aussi représenté par une mesure v sur un espace Y (v(B)
représentant la place disponible dans ’ensemble B, par exemple son volume). Le déplacement de sable
sera simplement une fonction T': X — Y (le sable présent au point 2 étant envoyé au point T'(x)), avec
la contrainte suivante : étant donné un ensemble B dans ’espace d’arrivée, la masse de sable envoyée
dans B doit remplir exactement le volume disponible dans B, c’est-a-dire

w(A) =v(B) si A=T"1B)
Enfin, 'on se donne une fonction de codt ¢ sur X x Y a valeurs réelles (éventuellement infinies) : ¢(z,y)

sera I’énergie dépensée pour envoyer le sable présent au point z sur le point 3. Etant donné un transport T,
I’énergie totale dépensée pour envoyer les déblais X sur les remblais Y par ce transport-la sera donc

[ cla @) dute)
X

et il s’agit de minimiser cette énergie parmi toutes les fonctions 7' : X — Y qui sont des transports. Le
probléme introduit par Monge est donc :

inf {/Xc(x,T(x))d,u(a:) ST X Y, Tap = ,,}

1



) Introduction

D’un point de vue mathématique, il s’agit d’un probléme variationnel (minimisation d'un critére
intégral dans une classe de fonctions). La difficulté réside dans la contrainte définissant les fonctions
admissibles, puisque méme lorsque les mesures (i, v sont données par des densités réguliéres sur des sous-
ensembles eux aussi réguliers de R?, la contrainte Ty = v est hautement non-linéaire et compliquée &
exprimer. Dans le meilleur des cas, ici une fonction T réguliére et injective, on peut utiliser la formule du
changement de variable pour ’exprimer sous la forme

f(x)
9(T(x))

Cette équation est appelée équation de Monge-Ampére; méme si la densité g est constante, il s’agit d’une
équation multi-linéaire par rapport aux composantes de DT.

En particulier, la méthode la plus naturelle pour démontrer ne serait-ce que 1’existence d’une solution
optimale, & savoir la méthode directe du calcul des variations (étant donné une suite (7,),, dont I’énergie
totale approche ’énergie optimale, on cherche & extraire une suite (T, )r ayant une limite qui sera un
candidat & I’optimalité) ne fonctionne pas ici : en effet, dans le cas par exemple de mesures définies sur R¢
et & support borné, la seule borne sur une telle suite minimisante est une borne en norme L> (chaque T,
étant un transport, il doit nécessairement prendre ses valeurs dans le support de la mesure d’arrivée qui
est borné) qui induit seulement une convergence faible, et ce mode de convergence n’est pas suffisant pour
faire passer a la limite la contrainte sur la mesure image.

L’approche qui aboutit & ’existence d’un minimiseur est celle introduite par Kantorovitch dans les
années 1940 [52] [53]. Elle se base sur la remarque suivante : étant donné un transport T, si I’on note yr
la mesure sur ’espace produit X x Y définie par

det DT (z) =

/ wmwmﬂawz/ (2. T(z)) dp(z)
XY XxY

(c’est donc la mesure image de p par application = — (x,T(x))) alors I’égalité suivante vient immédia-
tement :

/X e(a, T(x)) dp(z) = / c(@,y) dvr(z,y)

XxY
En utilisant la contrainte sur la mesure image pour 7', on voit qu’'une telle mesure vy doit vérifier

Wl(xvy) =
(

us = et T =v ou
(m)#vr = p (m2) T { oY) = y

c’est-a-dire que ses marginales (ses mesures images par les projections 7 et m3) sont prescrites et égales
aux données p, v. Un v ayant p et v pour marginales est appelé plan de transport entre p et v, et ’on dit
qu’il est induit par T lorsqu’il est effectivement de la forme ~y7. Sil’on note II(y, v) I’ensemble des plans
de transport entre u et v, le probléme proposé par Kantorovitch est alors

wr{ [ candrten) o e}

Par rapport & la motivation du probléme originel, 14 ou la donnée de la fonction de transport 7" répond
a la question « en quel point (unique) de l'espace d’arrivée déplace-t-on la quantité de déblai située en
chaque z », la donnée d’un plan de transport v correspondrait & la question « comment répartit-on dans
tout ’espace Y (et non plus en un seul point T'(z)) la méme quantité de déblai » : informellement, a
chaque z, on n’associe plus un point unique 7'(x) mais une répartition qui serait y(x,-) (et qui, mathé-
matiquement, correspond & la désintégration de la mesure v sur X X Y par rapport & la mesure p sur
X).
Mathématiquement, le probléme de Kantorovitch posséde un certain nombre de grands avantages :



0.2. PENALISATION EN GRADIENT 3

e ’ensemble II(y, ) sur lequel on minimise n’est jamais vide puisqu’il contient la mesure produit p®v
(1a ou l'on peut facilement construire des mesures p, v pour laquelle il n’existe pas de fonctions de
transport : il suffit que p soit égale & une masse de Dirac et pas v) et est méme un sous-ensemble
convexe de I’ensemble des mesures positives sur ’espace produit ;

e la fonctionnelle que I’on minimise, v +— / cdry, est linéaire par rapport a -.

Ces arguments permettent de déduire assez rapidement ’existence d’un minimiseur au probléme de
Kantorovitch, et du fait que ce dernier est une généralisation du probléme de Monge vient immédiatement
I'inégalité

min(K) < inf(M)

ot (K) est le probléme de Kantorovitch et (M) est le probléme de Monge.

On montre alors que, sous des bonnes hypothéses sur les mesures p et v et sur la fonction de coit c,
Poptimum du probléme de Kantorovitch est concentré (en tant que mesure) sur le graphe d’une fonc-
tion y = T'(x), et T est alors optimal pour le probléme de Monge. Le cas le plus classique du cotit égal au
carré de la distance a été résolu par Brenier [20] 22], qui donne de plus une caractérisation du transport
optimal comme étant le gradient d’une fonction convexe.

La régularité des transports optimaux a elle aussi fait ’objet de travaux importants. Toujours dans
le cas quadratique, Caffarelli [24} [25] [26] a donné des conditions suffisantes pour que le transport optimal
soit de classe C* ; plus récemment, De Philippis et Figalli [34] ont prouvé sa régularité Wﬁ)cl sous des
hypotheéses trés faibles (mesures & densités bornées inférieurement et supérieurement). Ces résultats sont
en fait directement liés & la structure de T dans le cas quadratique et au fait qu’il résout I’équation de
Monge-Ampére citée plus haut tout en étant le gradient d’une fonction convexe.

On renvoie aux notes de cours de Filippo Santambrogio [65], & paraitre] et au livre de Cédric Villani [69],
ainsi qu’a ’annexe [B] pour plus de détails et les preuves formelles sur la théorie classique du transport
optimal.

0.2 Pénalisation en gradient

Dans cette thése, on introduit une généralisation naturelle du probléme du transport optimal : que
se passe-t-il si, dans la fonctionnelle [, ¢(z,T(x))du(x), on ajoute un terme comprenant la matrice
jacobienne ? On est alors amenés & minimiser, par exemple

/ L(z,T(x), DT(x)) dx
Q

parmi ’ensemble des fonctions T & mesure image Tl p prescrite. On peut voir ce probléme simplement
comme le fait d’imposer au transport T d’étre régulier, plutot que de déduire sa régularité de ses propriétés
d’optimalité, mais le but est aussi de relier la théorie du transport optimal & d’autres disciplines du calcul
des variations. Par exemple, en mécanique des milieux continus, la matrice jacobienne DT représente la
déformation et les contraintes de volume sont des contraintes standard (voir [2] [47]) exprimées en général
sous forme de déterminant, mais que 'on peut aussi écrire sous la forme de la mesure image. La quantité
fQ |DT|? représente la déformation totale; en élasticité incompressible, on peut aussi le remplacer par
fQ |!DT + DT|? qui représente I'intégrale du tenseur des contraintes, et la contrainte d’incompressibilité
peut s’exprmier comme une contrainte de volume (voir [6]).

D’autres questions équivalentes apparaissent en analyse de forme, ot 'on étudie comment une forme
peut étre déformée de maniére continue : classiquement, on cherche une famille (¢;); de difféomorphismes
indexée par un parameétre continu ¢t € [0, 1] telle que ¢y = id, que ; transforme une configuration initiale
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donnée en une configuration finale donnée (s’agissant de mesures, on imposera donc (¢1)xp = v) et
minimisant ’énergie cinétique

1
/0 |[ve]]3- dt ott vy = (1) © ()

Remplacer un tel champ de vitesse par v o ¢, dans la norme L? conduit & la formulation du probléme
de Monge-Kantorovitch introduite par Benamou et Brenier [9] :

min{/T(m) o2 du(z) : Typ = V} :min{/|vt|2dpt}

ot le minimum du membre de droite est pris sur I’ensemble des coupes (p;, v;) satisfaisant & I’équation
de continuité avec conditions initiales

8tpt + diV(tht) =0
pPo =M, P1 =V

Dans cet esprit, on peut s’attendre & ce que la minimisation de ||DT" — id||g1 () parmi les transports
Sobolev corresponde & la minimisation de [(|v|? + |Vve|?) dp; dt (cette formulation est en fait informelle
si la mesure p; est singuliére pour un certain ¢, voir plus loin). Khesin et al. [54] se sont intéressés & une
formulation similaire faisant intervenir la divergence plutdt que la norme totale de la matrice jacobienne.

Un autre probléme analogue consiste & chercher le transport 7' «le plus isométrique possible » en
introduisant le probléme

inf{/ﬂW(DT(m))dp(m) : Ty = y}

ou W quantifie le « défaut d’isométrie » de la matrice jacobienne, par exemple :

W(p) =d(p,SO4(R))  ou  W(p) =|llpll| +lpll 7" -2

(ici ||| - ||| est la norme d’algébre usuelle sur M,;(R)). Cette approche a été introduite par Granieri et
Maddalena [46] sous le terme de « reformation élastique ». La valeur minimale permet de mesurer & quel
point les mesures p et v (c’est-a-dire les formes qu’elles représentent) sont « proches d’étre isométriques ».

Dans la méme classe de problémes de « transport régularisé », un article récent de F. Santambrogio
et al. [56] étudie la minimisation de l'oscillation des applications de transport :

inf {ws(T) : Tup=rv} ot ws(T)= sup S IT(y) — T(x)]
el

Ce probléme-ci trouve ses motivations dans le domaine de la sécurité informatique [60] : il s’agit de dire
a chaque utilisateur d’un réseau social quels sont ses amis qui sont situés prés de lui (i.e. dans un rayon
fixé) sans que le réseau soit informé de la position de tous ses utilisateurs pour des raisons de vie privée.
La solution actuelle consiste & ce qu’un serveur indépendant choisisse une rotation R au hasard et la
communique aux appareils des utilisateurs, qui ne transmet au réseau central que leur position rotationnée
R(x); ce n’est cependant pas satisfaisant, car le serveur pourrait retrouver les positions initiales a partir
des positions rotationnées en comparant la densité des points R(x) & celle, connue, de la Terre (dans
I’hypothése ot un trés grand nombre d’étres humains utilise le réseau social). L’idée alternative consiste
a envoyer la densité de population de la Terre sur une densité v fixée (par exemple, la densité uniforme)
tout en préservant 'information sur les distances : avec la quantité ws, on a "implication

T(z) =T(y)| 2 ws(T) = |z —y[ =0
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de sorte que le T' minimisant ws est bien celui qui donne le plus d’informations. L’article [56] analyse
mathématiquement le probléme; l'existence d’un T optimal n’est pour le moment claire que dans le
cas unidimensionnel et le cas général pour l'existence ainsi que les approximations numériques sont des
problémes ouverts & ’heure actuelle.

Dans cette thése, on se concentre essentiellement sur les pénalisations données directement par la
norme quadratique de la matrice jacobienne [, [DT|? (éventuellement intégrée par rapport & la mesure
source ou multipliée par un petit paramétre €, ¢f. plus loin). D’un point de vue mathématique, le grand
avantage des fonctionnelles faisant intervenir un terme d’ordre supérieur (le gradient, ou la matrice
jacobienne pour les fonctions & valeurs vectorielles) est qu’elles permettent par définition de travailler
dans des espaces de fonctions plus réguliéres. Dans notre cadre, ceci facilite grandement la preuve de
Iexistence d’'un T' optimal, comme on va le voir sur 'exemple suivant : supposons que {2 soit un ouvert
borné & frontiére lipschitzienne, que p soit une mesure ayant une densité f telle que f > ¢ > 0 sur
pour une certaine constante ¢, et intéressons-nous au probléme

. 2 2 . _
i { [ (7(0) = o 4 IDT@P) () do = Ty = v 1)

Supposons de plus qu’il existe au moins une fonction 7" qui soit un transport de p & v et qui appartienne
a lespace de Sobolev H!(£2). On prend alors une suite minimisante (7},), ; en particulier, il existe une
constante C telle que

pour tout ne N, C > / |DT,|?(z) f(x) dz > c/ | DT, ()] d
Q o

et la suite (7},),, n’est plus seulement bornée dans L>(£2) mais dans H'(Q2). Ceci assure I’existence d’une
application T' et d’une sous-suite (T}, ) telle que la convergence Ty, ? T ait cette fois-ci lieu fortement

dans L?(Q), et ce type de convergence est suffisant pour garantir que la limite T satisfasse toujours la
contrainte sur la mesure image. En effet, I’on peut aussi supposer que T}, (x) ? T(z) pour presque tout x

dans Q et alors, pour toute fonction ¢ continue et bornée, on a
[ et = [ T @) 3 [ o@@) i)

et I'égalité | poTdu = | pdv pour toute telle fonction ¢ suffit & assurer que T envoie bien p sur v,

donc est admissible pour (|1)) ; on conclut en utilisant la semi-continuité de la fonctionnelle par rapport a
la convergence faible dans H'(f2).

L’inconvénient réside en fait dans le caractére non étudié jusqu’ici de ce type de probléme, avec les
inconnues qui en résultent : en particulier, il n’existe pas a notre connaissance de résultats « structurel » sur
I'optimum d’une telle fonctionnelle, contrairement au cas du transport optimal ot ’on sait caractériser T’
en utilisant la formulation duale et ou, dans le cas quadratique, on sait qu’il est égal au gradient d’une
fonction convexe (avec les propriétés de monotonie que cela implique). Les difficultés dans le cas du cott
« avec gradient » sont donc trés différentes et il s’agit d’étudier les frontiéres entre ces deux problémes.
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0.3 Contributions et organisation de la thése

0.3.1 Espaces de Sobolev par rapport 4 une mesure et existence de minimi-
seurs

Le premier chapitre de cette thése est consacrée d’une facon générale a ’existence de minimiseurs a la
fonctionnelle

T»—)/QL(:E,T(:U),DT(:U)) du(z)

parmi ’ensemble des fonctions T envoyant la mesure p sur une mesure image v prescrite. En fait, on
s’apercoit que si ’analyse précédente a un sens lorsque p est la mesure de Lebesgue, ou a une densité
bornée inférieurement, sur un ouvert de R? (la question principale étant de savoir s’il y a une injection
compacte de espace de Sobolev H*(Q2) ou H () dans L*(1)), la définition méme de la fonctionnelle que
I’on minimise lorsque u est quelconque n’est pas claire : par exemple, si p posséde une partie singuliére,
comment définit-on la quantité

/ DT () ? dp()
Q

pour une fonction 7' dont on suppose seulement qu’elle est dans L>°(Q2) et dont la matrice jacobienne
DT (z) est seulement définie pour presque tout x ? Le probléme n’est donc plus seulement le « manque de
compacité » de ’espace fonctionnel dans lequel on se place mais bien la définition méme de la quantité
qui nous intéresse.

Afin de pallier cette difficulté, on utilise la notion d’espaces de Sobolev par rapport & une mesure
qui donnent un sens au gradient d’une fonction (ou a sa matrice jacobienne s’il s’agit d’une fonction a
valeurs vectorielles) par rapport a cette mesure. Bien que cette notion soit définie dans le cadre général
d’un espace métrique mesuré quelconque (X, d, 1) (cf. les travaux de Hajlasz et al. [48] 49] [50] ou plus
récemment Ambrosio, Gigli et Savaré [5]), nous nous concentrons dans cette thése sur le cas de I’espace
eucldien R?. Quelle que soit la formalisation précise, le résultat sera toujours le suivant dans le cas de
mesures et, de fonctions réguliéres : si

e M est un sous-espace vectoriel strict de R¢;
e on se donne un systéme de coordonnées (e;)1<i<q tel que M = Vect(eq,...,ep);
e 1 est uniforme sur un ouvert borné non vide de M

alors, pour une fonction u de classe C! sur RY, le gradient de u par rapport & p est défini par
pour p-presque tout z, V,u(z) = (0iu(x),...,dpu(x),0,...,0)

Autrement dit, le gradient de u par rapport & u ne prend en compte que les dérivées dans les directions
tangentes au support de pu, et la norme Sobolev de u est alors définie naturellement par

lull3y = lullZs + (19,13

Cette définition est d’autant plus naturelle que, étant donnée une fonction 7' définie seulement sur M et
réguliére, on peut définir plusieurs extensions réguliéres de 7' a R? dont les gradients ne sont pas égaux
mais dont les dérivées dans les directions appartenant & M, elles, coincident sur M, et il s’agit de prendre
la plus économique possible.

Toutes les définitions étudiées sont faites pour que ce calcul soit aussi valable lorsqu’on remplace le
sous-espace vectoriel M par une variété (et le gradient par rapport a p au point z sera donné par les
dérivées dans la direction de I’espace tangent a M au point x).
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Cette démarche conduit donc & définir I espace tangent a une mesure pi, et pour une fonction réguliére,
le gradient par rapport & u sera donné ponctuellement en p-presque tout point x par

V(@) = pr, @) (Vu(z))

ol pr, () représente la projection orthogonale dans R? sur T, (z), I'espace tangent a p au point .

Dans le premier chapitre de cette thése, on donne donc un résumé des notions déja connues sur
les espaces de Sobolev par rapport & une mesure (en commencant de fagon naturelle par les espaces
de Sobolev & poids W; P) puis on cherche a les appliquer & notre type de probléme variationnel. Pour
les espaces de Sobolev du type H ;, la premiére version vectorielle et variationnelle du gradient par
rapport a une mesure a été introduite par Bouchitté, Buttazzo et Seppecher dans [14] (voir aussi la thése
de Fragala [41] ou l’article [I6] pour un panorama complet de ces notions, et [I7] pour les définitions
d’espaces de Sobolev d’ordre 2 dans ce cadre) et d’autres définitions ont été données par Zhikov [71], [70].
Une fois défini proprement le terme en gradient D, T, la question centrale sera toujours la suivante :
existe-t-il un résultat de compacité (du type du théoréme de Rellich dans I’espace de Sobolev classique
H?'), qui permet d’extraire d’une suite minimisante (7},),, une sous-suite (7}, )x ayant une limite 7 pour
un mode de convergence garantissant que cette limite soit toujours un transport ?

La réponse est connue (et positive) dans certains cas particuliers en dimension quelconque (mesures
doublantes) pour lesquels des résultats analogues au théoréme de Rellich existent [50]. Nous montrons
dans ce chapitre qu’elle est reste positive en dimension 1 sans hypothése sur la mesure , grace au résultat
suivant qui donne une description compléte de 'espace tangent et de ’espace de Sobolev par rapport a
w sur la droite réelle :

Théoréme ([1.3.1) paragraphe [1.3). Soit u une mesure positive finie sur un intervalle I de R. On note
W= g + s la décomposition de Lebesgue de p, ot o est absolument continue par rapport a la mesure
de Lebesgue et a pour densité f, et us est concentrée sur un sous-ensemble A de I de mesure de Lebesgue

nulle. Soit
M—{xe] :Ve>0 /x+EClt—+oo}
‘ " Joee T()

Alors Uespace tangent 4 p est donné en p-presque tout point x par

0 sizeMUA
Tu(=) { R sinon

avec le corollaire suivant sur la structure de ’espace H i(R) :

Corollaire ([1.3.1 paragraphe . On adopte les mémes notations et hypothéses que dans le théoréme
précédent.

o L’ensemble M est un fermé de I. De plus, pour tout élément u de Li, la fonction ulr_p est un

élément de L}, (I — M) et admet donc une dérivée au sens des distributions.

o Un élément u de L2,(I) est dans H,,(I) si et seulement si cette dérivée au sens des distributions est
une fonction de L?(I — M). Dans ce cas, la norme de u dans H\(I) est donnée par

HUH?{}L(I) = ||UH2L3(1) + ||(U|I—M)/||2L‘;([_M)
Notons que le fait que ’espace H i donne un role particulier aux points autour desquels 1/f est

intégrable n’est pas surprenant : si z est un tel point, 'inégalité de Cauchy-Schwarz donne pour toute
fonction u telle que u?f soit intégrable

/| L ulat = /|  MONVI® s = ([ u0rre dt)w ( /| . Jc‘i;)/
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et donc u est intégrable autour de x. Ce calcul justifie d’ailleurs que toute fonction de Li est localement
intégrable en dehors de ’ensemble M qui constitue une sorte d’ensemble critique pour ’espace de Sobolev
a poids H} En ce qui concerne les espaces de Sobolev & poids qui constituent maintenant un outil
classique, l'article de A. Kufner et B. Opic, au titre explicite How to define reasonably weighted Sobolev
spaces [55], donne un panorama global des définitions et propriétés de ces espaces (voir aussi le paragraphe
de cette thése).

Pour notre probléme variationnel, on déduit de cette description le résultat suivant : de toute suite
(Tw)n qui est bornée dans H,(I), on peut extraire une suite (7T, ) qui converge vers une fonction T
en presque tout point ou l’espace tangent 4 u est R. Ce n’est pas suffisant pour dire directement que, si
chaque T,,, est un transport, la limite 7" est elle aussi un transport, mais on parvient tout de méme a
construire une solution de notre probléme variationnel en modifiant la suite minimisante 14 ou elle ne
converge pas. On obtient ainsi ’existence d’un minimiseur pour le probléme

it { [ ((70) = a7 + (9,7 ) = Ty =v

On donne également, deux exemples de densités f1, fo définies sur le plan, strictement positives sur le

carré (0,1)2, telles que
/ dt / dt n
= —— =400
B(z,¢) f1<t) B(z,e) fQ(t>

pour tout z € (0,1)2 et e > 0, et telles que les mesures associées p;, uo verifient :
pour py-presque tout z, T, (z) =R-e;

et
pour fio-presque tout z, T, (x) = R?

Autrement dit :

e 'espace tangent & une mesure peut étre un sous-espace strict et non trivial de R¢ bien que cette
mesure soit absolument continue par rapport & la mesure de Lebesgue (premier exemple) ;

e on peut avoir un espace tangent égal & I’espace entier R? pour une mesure & densité dont Iinverse
n’est pourtant intégrable sur aucun ouvert (deuxiéme exemple).

La description précise de ’espace tangent & une mesure quelconque i en toute dimension reste pour le
moment, inconnue, mais nous sommes néanmoins capables dans les deux exemples cités de démontrer
Pexistence de solutions & certains problémes variationnels faisant intervenir le gradient (par rapport a pu)
avec mesure image prescrite dans ces deux exemples. Précisément, dans le cas de p; pour laquelle ’espace
tangent est de dimension 1, on démontre que

inf {1V, T(@)|s : T € H},(9), Ty = v}

admet une solution (toujours sous réserve que la classe de transports Sobolev de p & v soit non vide) ;
dans le cas de 9, on arrive méme a montrer que l'injection H&Q C Lfm est compacte (Théoréme ce
qui suffit & démontrer I’existence de solutions & des problémes de transport avec gradient plus généraux.

Une partie conséquente de ce chapitre a été publiée dans [58] (mais cette thése comporte quelques
ameéliorations et nouveaux résultats absents dans I’article).

0.3.2 Conditions d’optimalité et caractérisation des minimiseurs

Le deuxiéme chapitre de la thése est consacrée a la question suivante : sous des hypothéses garantissant
les résultats d’existence, quelles sont effectivement les solutions de nos problémes variationnels ?



0.3. CONTRIBUTIONS ET ORGANISATION DE LA THESE 9

Optimalité du transport croissant en 1D pour le cott Sobolev. Dans le cas du probléme du
transport optimal avec cotit quadratique, on sait depuis les travaux de Brenier que la solution a la structure
particuliére suivante : si la mesure p est absolument continue par rapport & la mesure de Lebesgue, le
transport optimal est 1'unique application 7' qui envoie effectivement u sur v et qui est égal au gradient
d’une fonction convexe. En particulier, dans le cas unidimensionel, cela signifie que T est l'unique fonction
croissante qui transporte p sur v, résultat qui est vrai en dimension 1 pour tout colt de transport qui est
une fonction convexe de la distance (¢(x,y) = h(x — y) avec h convexe). La premiére question est donc
de savoir si cette propriété persiste pour des problémes variationnels prenant en compte la dérivée de la
fonction. La réponse est positive sous de bonnes hypothéses sur la mesure de départ et négative sinon (et
Pon peut fournir des contre-exemples). Si la mesure de départ est égale & la mesure de Lebesgue, le point
important est l'inégalité suivante (publiée avec F. Santambrogio dans [59]) :

Théoréme paragraphe . Soit I un intervalle de R et f une fonction convexe croissante
R — R. Soit U une fonction a valeurs réelles appartenant a l'espace de Sobolev WhL(I). Soit T une
fonction croissante I — R. On suppose que U et T envoient la mesure de Lebesgue restreinte a I sur la
méme mesure image. Alors l’'inégalité suivante est vérifiée :

/ F(U" (@) de > / ()T (@) de (2)
I I

ot l'on a noté, pour x € 1,
n(z) = #U T ({T(x)}))

le nombre d’antécédents de T'(x) par U.

Dans le cas d’'une mesure différente de la mesure de Lebesgue, on peut obtenir un résultat un peu
plus faible si sa densité « n’oscille pas trop » :

Théoréme (2.1.3] paragraphe [2.1.1). Soit I un intervalle de R et f une fonction convexe croissante
R — R. Soit u une mesure de probabilité sur I, absolument continue par rapport a la mesure de Lebesgue,

dont la densité g vérifie
inf g

1
> =
supg ~ 2
Soit U € WHI(I). Soient Ty : I — R croissante et Ty : I — R décroissante, telles que (T1)pp = (To)pp =
Ugp. Alors lune des deux égalités suivantes est vrage :

/If(IU’(x)I)g(x)dx > /If(T{(x))g(x) dz  ou /If(IU’(x)I)g(:C)dx > /If(—Tz’(x))g(x)dx

Commentaires sur ces deux résultats. Le théoréme [2.1.2] exprime non seulement que la fonction
croissante envoyant la mesure de Lebesgue sur une mesure image prescrite est alors optimal pour [, f(|T"])
avec contrainte sur la mesure image (si U est un compétiteur, il doit avoir le méme ensemble image que
T ce qui implique nécessairement n > 1 et [; f(|U’]) > [, f(T") par croissance de f) mais donne en
plus uns estimation de ce que 'on gagne a choisir cette fonction croissante : la présence de la fonction n
exprime que ’on a intérét & choisir un transport tel que n(z) soit le plus petit possible, c’est-a-dire qui
oscille le moins possible sur I, en étant le plus injectif possible. En fait, on peut démontrer une inégalité
un peu plus forte que l'inégalité sans I’hypothése que p est la mesure de Lebesgue et si U assez
réguliére (monotone par morceaux et C! sur ces morceaux), & savoir : si T est monotone sur I et si
Tup = Uy alors

HU@Dg@ dz > [ (L)) dy
/ [ )

sup g
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(cf. proposition 2.1.4] paragraphe [2.1.2). Cette inégalité implique directement le théoréme dans ce
cas, ainsi que le théoréme [2.1.3] (en se restreignant & un sous-intervalle de I sur lequel n > 2, de sorte
que n % > 1). Le point important pour la démontrer est qu’on peut dans ce cas donner une formule
explicite pour la densité de la mesure image : si T est strictement monotone, alors

B z) _M
(Ugg)(y) = Z:Ug_y o) = T#9W = i)

ot la somme comporte n(x) termes si y = T'(x) ; informellement, ceci suggére déja que, si les valeurs de
g aux points considérés sont proches (en particulier si elle est constante), U’ « est d’autant plus grand
que n est grand ». La démonstration est en fait assez simple dans ce cas, le point technique étant de
généraliser & une fonction U quelconque en 'approximant par une suite de fonctions (Uy)y et en faisant
passer & la limite I'inégalité vraie pour tout k (mais avec les fonctions correspondantes T}, et ny).

Dans le cas ol I’hypothése sur g n’est plus vérifiée, on peut trouver un contre-exemple trés simple &
Poptimalité du transport croissant : en considérant la fonction U « triangle » sur [0, 1], i.e.

il est facile de construire une mesure p dont la densité prend deux valeurs sur [0, 1] et telle que, si T est
le transport croissant envoyant p sur Uxp, on ait par exemple I'inégalité stricte

1 1
/\T’|2du>/ 0P du
0 0

Conséquences pour nos problémes variationnels. On déduit des théorémes et [2.1.3] ainsi
que de Poptimalité déja connue du T croissant pour le critére [, h(T'(z) — x) du(x) si h est convexe, les
résultats d’optimalité suivants :

Proposition. Soit f une fonction convere croissante et h une fonction conveze. Soit I un intervalle
de R. Soit v une mesure positive sur R telle qu’il existe au moins une fonction de W'(I) envoyant la
mesure de Lebesque restreinte a f sur v. Alors le transport croissant envoyant la mesure de Lebesque
restreinte a I sur v est optimal pour le probleme

inf{/lh(U(m)—x) dx—l—/lf(\U/(:r)\)dx s UpL? :1/}

De plus :
o T est l'unique optimiseur si h est strictement conveze ;

e si h est seulement convere mais si de plus f est strictement croissante, alors le seul autre optimiseur
possible est le transport décroissant entre la mesure de Lebesque restreinte a I et v.

La dimension 2 et supérieure : approche de type équation aux dérivées partielles. La fin de
ce chapitre est consacré a I’écriture des conditions d’optimalité lorsqu’on se place sur un ouvert de R¢ avec
d > 2. En calcul des variations, la méthode usuelle (appelée méthode classique par Dacorogna [28]) pour
écrire les équations que satisfont tous les minimiseurs consiste & le « perturber » en général linéairement
puis & exploiter le fait qu’il est optimal; précisément, étant donné un minimiseur @ d’un probléme du
type

inf{J(u) : ve X}
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ot X est un espace affine (par exemple un espace de Sobolev avec condition au bord), on remarque que,
pour toute fonction ¢ appartenant a la direction vectorielle de X, la fonction ¢ — J(@+ tp) est minimale
en t = 0 de sorte que

d

—J@+t =0

/@t te) .

ce qui fournit les conditions d’optimalité pour @w. Dans notre cas, comme on I’a dit, ’ensemble des fonctions
admissibles (c’est-a-dire des transports Sobolev entre deux mesures données) n’a pas de structure linéaire ;
il faut donc considérer un autre type de perturbation.

La méthode réside dans le lemme suivant, assez classique en théorie des équations différentielles
ordinaires : étant donnée une mesure p sur un ouvert borné {2, absolument continue par rapport a la
mesure de Lebesgue et dont la densité f est assez réguliére (lipschitzienne), si v est un champ vectoriel
lipschitzien tel que fov soit a divergence nulle et tel que v(z) est parallele & 92 pour tout = € 912, alors
la solution de I’équation différentielle

pour toute telle fonction ¢,

d
aX(t, x) =v(X(t,x))

X(0,z)=x

3)

préserve la mesure p, c’est-a-dire :
VEER, X(t, )pn=p

Par conséquent, pour tout transport 7" entre p et v et pour tout ¢, application x — T'(X (¢, x)) est encore
un transport, et c’est en particulier si 7' est un minimiseur. Puisque de plus T(X(0,2)) = T'(x), on aura
alors, en notant .J est notre fonctionnelle :

d
/T | =

et ce calcul est valable pour toute fonction X (¢,-) obtenue comme solution de , donc pour tout champ
vectoriel v lipschitzien tel que div(fv) = 0 et paralléle au bord de .
Les calculs aboutissent au résultat suivant :

Proposition. Soit Q un ouvert borné régulier de R? a frontiére C*, et 1 une mesure positive sur Q ayant
une densité [ réguliére et bornée inférieurement et supérieurement. Soit v une mesure positive sur R?
telle que l’ensemble

(T € H\(Q) Typ = v}

soit non vide. Soit L : Q x R x My(R) — R, différentiable par rapport a ses deuziéme et troisiéme
variables, et soit T un minimiseur pour le probléeme

inf{/QL(x,T(x),DT(x))f(x) do : Tup = y}

Alors, pour tout champ de vecteurs v : Q — R? lipschitzien et tel que

div(fv) =0 dans
v-n=0 sur 0)

(ot n désigne la normale extérieure a 92), on a l’égalité

/Q(fvlL(w,T(:c), DT (x)) -v(z) + VsL(z,T(x), DT (z)) - (DT (z) x Dv(z))) f(z)dx =0
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Cette égalité est la formulation faible d’une équation auzx dérivées partielles avec condition aw bord. Dans
le cas quadratique, c’est-a-dire si la fonctionnelle que [’'on minimise est

T>—>/Q|T(:c)—x|2f(z)dx—|—/Q|DT(x)|2dx

cette équation aux dérivées partielles est précisément

T(z) — fix) tDT(x) x AT (z) = Vi(x), r €N

tDT(x) x DT(x) x n(z) = |DT(z) x n(x)*n(z), z € 0N
pour une fonction 4 valeurs réelles ¢ qui joue le role d’une pression.

Cette équation aux dérivées partielle est non-linéaire, semble compliquée et n’a pas fait 'objet d’étude
spécifique. Néanmoins, notons aussi qu’on peut la retrouver via des méthodes semblables & la dualité de
Kantorovich (voire plus loin dans I'introduction et le chapitre 4 de cette thése).

0.3.3 La pénalisation en gradient pour approximer le probléme de Monge

Dans le troisiéme chapitre de cette thése (& paraitre dans un article commun avec L. De Pascale et
F. Santambrogio [33]), on s’intéresse au probléme suivant : sous des hypothéses telle que le minimiseur
existe (mesure source & densité f lipschitzienne et bornée inférieurement), que se passe-t-il si l’'on considére
la fonctionnelle

JE:T»—)/Q|T(x)—x|f(:r)dm+€/Q|DT(x)|dx

(définie sur I’ensemble des transports 7' de la mesure f - £? & une mesure v prescrite) lorsque ¢ est un
paramétre strictement positif qui tend vers 07

Le fait de considérer des pénalisations « de plus en plus petites » est classique en calcul de variations
(dans ’étude de phénomeénes de transition de phase [61I], en homogénéisation [3, 10], ...) et le bon
cadre fonctionnel est la I'-convergence, introduite par De Giorgi et pour laquelle on renvoie aux livre
d’Attouch [§], Dal Maso [31] et Braides [I9] pour les définitions, propriétés et commentaires. Ici, on part
du cott originel introduit par Monge et qui est la norme L' de la distance :

/ () — 2] du(z)
Q

ol | -| est la norme euclidienne sur R%. Ce cotit n’est pas strictement convexe en fonction de la distance et
fait 'objet d’une étude spécifique dans la théorie du transport optimal (voir annexe [B.3)), en particulier
le transport optimal T n’est pas unique; la question est donc de savoir quelle solution du probléme
originel de Monge est « selectionnée » par la procédure consistant a choisir un minimiseur 7. de J. (ou
de fonctionnelles définies a partir de J., cf. plus loin).

Dans la théorie L' du transport optimal, la structure des solutions est trés particuliére et peut étre
résumée de la maniére suivante :

e la formule de dualité de Kantorovitch s’écrit
inf {/Q |T(x) — x| dp(z) : Tup = V} = sup {/Qu(y) dv(y) — /Qu(x) dp(z) :u e Lipl(Rd)}

e étant donné un optimiseur u pour le membre de droite de 1’égalité précédente, on définit alors les
rayons de transport comme étant les segments maximaux [z,y] tels que u(y) — u(x) = |y — z|.
Alors les rayons de transports ne s’intersectent qu’a leurs extrémités, qui forment un ensemble
Lebesgue-négligeable de R,
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e On dispose ainsi d’'un ensemble de segments joignant les points du support 2 de p aux point du
support €' de v. Alors, une fonction vectorielle T' définie sur ) est optimale pour le probléme de
Monge si

— T envoie bien la mesure p sur la mesure v;

— T respecte les rayons de transport, c’est-a-dire que T'(z) appartient au méme rayon de transport
que x (ce rayon de transport étant bien défini pour presque tout x);

— T respecte également ’orientation de ces rayons (définie de la maniére suivante : [z,y] est
orienté de sorte que u(y) — u(z) = |y — z|).

Parmi ces transport optimaux, dont on note O;(u, ) ’ensemble, I'un d’entre eux joue un role spécial, a
savoir celui qui est monotone le long de chaque rayon de transport (au sens suivant : si z, 2’ appartiennent
au méme rayon de transport, alors [z, '] et [T'(z), T'(z')] ont méme orientation) : il est 'unique solution de

inf{ |T(x) — 2|*du(x) : T est optimal pour le probléme de Monge }
Q

c’est-a-dire 'unique minimiseur du coit de transport quadratique parmi les transports qui sont déja
optimaux pour le probléme de Monge. Notons que ce transport monotone est obtenu lui-méme avec une
procédure d’approximation de I’énergie de Monge, a savoir

/ IT(2) — 2] du(z) + e / IT(2) - o du(z)
Q Q

et notons aussi les résultats de régularité suivants sur ce transport monotone : on sait qu’il est continu en
dimension 2 sous de bonnes hypothéses sur les domaines et les mesures (domaines convexes et disjoints,
mesures A densités continues et bornées inférieurement, cf. [42]) et on a aussi des estimations a priori

pour une suite (7:). de minimiseurs d’un colit approximé ayant le transport monotone pour limite, &
savoir [57] :

e T. minimise [, cc(x,T(x))dpu(z) parmi les transports de p a v, ot ce(x,y) = \/e + |x — y[?;
e on a des bornes locales et uniformes en ¢ sur les valeurs propres de la matrice jacobienne DT.

Dans le cadre de ’approximation par une pénalisation en gradient, la premiére étape consiste & montrer
que la I-limite de I’énergie pénalisée J. est bien I’énergie originelle de Monge (notée J dans la suite). La
démonstration de cette convergence « & ’ordre zéro » est directe mais nécessite un résultat de densité de
Pensemble des transports entre deux mesures (assez réguliéres) qui appartiennent a ’espace de Sobolev
H(Q) (en fait, qui sont lipschitziens sur {2) parmi 'ensemble des applications de transport entre ces deux
mesures. Ce résultat semble naturel et peut bien str étre utilisé dans d’autres contextes que celui de la
I'-convergence ; cependant, et de maniére assez étonnante, il semble & notre connaissance n’avoir pas été
étudié jusqu’a maintenant :

Théoréme (3.2.1) paragraphe . Soient Q, ' deux ouverts de R?, bornés, étoilés et a frontiéres
lipschitziennes. Soient u € P(Q), v € P(Q') deux mesures, absolument continues par rapport a la mesure
de Lebesque et a densités respectives notées f et g. On suppose que, pour un certain o > 0, f et g
sont de classe C%% sur Q, V' respectivement, et qu’elles sont toutes deux bornées inférieurement par une
constante strictement positive. Alors l’ensemble

{T eLip(Q) : Typ=r}

est non vide, et est un sous-ensemble dense (pour la convergence L*(Y)) de l’ensemble des applications
de transport entre p et v.
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Ce résultat de densité a pour conséquence directe la I'-convergence de J, vers J. La question naturelle
J. — W1

. . N . . . . g N
suivante est alors le premier ordre de convergence, A savoir la I'-limite de la fonctionnelle ——— (o

W1 est Vinfimum de J, ¢’est-a-dire le minimum de I’énergie de Monge). La encore le résultat est naturel,
avec cette fois-ci une preuve directe et presque triviale :

JE(TE) - Wl L)

- H (4)

)= /Q|DT|2 siT e O (p,v)NHY (Q)

+00 sinon

ol H(T

ou O1(u,v) est 'ensemble des transports entre p et v qui sont optimaux pour le probléme de Monge;
ainsi, si parmi ces derniers il existe au moins un élément de I'espace H'(f2), alors le transport sélectionné
par la procédure de I'-convergence est 1'élément de Oy (i1, v) qui minimise Pénergie de Dirichlet [, [DT'|?.

Etant donné les résultats de régularité déja connus concernant le transport monotone, on pouvait
naivement s’attendre & ce que ce soit précisément celui-ci qui minimise cette énergie. En fait, on peut
s’apercevoir qu’il n’en est rien grice aux contre-exemples donnés dans la deuxiéme section. Supposons en
effet que F et G sont deux mesures unidimensionnelles, supportées respectivement sur les segments [0, 1]

et [2, 3], et telles que la solution de
1
inf{/ t(z1)dzy @ txF = G}
0

ne soit pas le transport croissant de F vers G. Il est facile de voir que si I'on pose
f(@1,22) = F(21) et g(w1,m2) = G(1)

sur les carrées [0,1)% et [2,3] x [0, 1] respectivement, la solution de

inf {/ |DT(x)*dx : Tyuf = g}
[0,1]?

(%))

ol t optimise la norme Sobolev en dimension 1 parmi les transports de F' vers G (et n’est donc pas
croissant). Puisque les densités f et g ne dépendent que d’une variable, on peut voir que les rayons de
transport sont les segments horizontaux de {0} x [0,1] vers {3} x [0, 1], de sorte que tout transport de
la forme (z1,22) — (t(21),22)) est également optimal pour le coit de Monge; autrement dit I'infimum
de J: est toujours atteint par ce T (indépendamment de €), qui n’est pas le transport monotone.

Par ailleurs, la convergence (4) a aussi pour conséquence immeédiate que la valeur du minimum de J,
approxime 1’énergie minimale de Monge W & 'ordre 1 en e (précisément, inf J. = Wy + einf H + o(e))
dans le cas ou H n’est pas identiquement +oo, i.e. dans le cas ou il existe au moins un élément de
O1(u,v) qui est bien un élément de H'(£2). Dans le cas contraire apparaissent les questions concernant
I’ordre de convergence de inf J. vers Wy, la limite du « reste » et le transport qui est sélectionné par la
I'-convergence.

Le cceur du chapitre est ensuite consacré a ’étude d’un exemple particulier qui présente un certain
nombre de propriétés surprenantes a ce sujet. On prend deux domaines écrits en coordonnées polaires :

est de la forme

Q:{O<r<1,0<9<g} et Q’z{R1(9)<r<R2(9),O<9<g}



0.3. CONTRIBUTIONS ET ORGANISATION DE LA THESE 15

ol Ry, Ry définissent deux courbes réguliéres en coordonnées polaires ; ainsi, 2 est le « quart de disque
unité » et ' est une couronne comprise entre deux courbes en polaires (on impose aussi 1 < inf Ry et
sup Ry < inf Ry afin d’avoir une vraie couronne et des domaines disjoints). On munit aussi Q et Q' de
densités réguliéres et bornées inférieurement f et g, auxquelles on impose la contrainte

RS (0, g) , /01 f(r,0)rdr = /01 g(r,0)rdr

c’est-a-dire que la masse (relativement & f) du segment d’angle 6 joignant 0 & la frontiére de 2 est égale &
celle (relativement & ¢g) du segment joignant la « frontiére inférieure » de 2 a sa « frontiére supérieure ».
En particulier, on peut construire des transports T de f & g tels que

pour presque tout z, T'(z) est sur le méme segment passant par 1’origine que z

(il suffit de construire, angle par angle, une fonction ¢(-,6) envoyant la densité rf(r,0) sur la densité
rg(r,8)). Par conséquent, les rayons de transport sont les segments joignant ) a ' et alignés avec
lorigine, c’est-a-dire que

T est optimal pour le probléme de Monge < T'(z) = cp(sc)ﬂ
x
Il vient immédiatement qu’il n’existe pas dans ce cadre de transport optimal pour le probléme de Monge
qui soit dans l’espace de Sobolev H'(Q). Cette propriété est importante car elle suggére aussi que la valeur
minimale de J. n’a pas un comportement du type

inf J. = Wi (p,v) + O(e)

(ot Wy(u,v) est la valeur minimale de 1’énergie de Monge) : en effet, dans ce cas, en prenant une suite
(T.): avec T, minimisant J., on aurait informellement

T —
.- T et M = / |DT.|? borné
Q

ce qui entre en contradiction avec le fait que 7' soit optimal (puisque, pour un optimum, |, |DT|? est
infini).

On remarque au passage une analogie, formelle mais profonde, avec certaines questions issues de
la théorie de l'approximation de Ginzburg-Landau [12] 5] [64]. En effet, si I'on cherche par exemple &

minimiser
1
U — —2/(1 — Jul?) —|—/ |Vu|?
€% Ja Q

avec des conditions au bord comme « u doit étre paralléle & la frontiére », on voit que deux termes
s’opposent dans la fonctionnelle : I'un tend a sélectionner les vecteurs unitaires (avec condition au bord),
l'autre cherche une régulatité H' ce qui est impossible puisqu’il y a forcément la création d’un vortex.

Dans notre cas, les deux phénomeénes qui s’opposent sont le fait que 7" respecte les rayons de transport
pour étre optimal pour le probléme de Monge (donc que T doit « envoyer l’origine sur une courbe en
coordonnées polaires ») et son caractére Sobolev. Il y a donc en commun la création d’un « vortex » (ici
Porigine) et le fait que le cotit minimal pour J. n’admet pas de développement limité d’ordre 1 en €.

Il fait en fait apparaitre un terme logarithmique ; précisément, on prouve que

K
inf J. =W + §5| loge| 4+ O(g)
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ou K est défini par
/2
K = min {/ (@ +¢%) : Ri(0) < p(0) < R2(9)}
0

c’est-a-dire que K est le meilleur « cotit » possible, en terme de norme H'! unidimensionnelle sur I’in-
tervalle (0,7/2), pour envoyer l'origine sur une courbe r = () comprise dans le domaine d’arrivée. Ce
comportement peut étre justifié informellement par un calcul qui méne a "approximation

1
Jo(T2) = Wi + zellogel|l(0,)|[3: + O(e)

pour T(x) = gp(x)ﬁ et 7. — T. Autrement dit, non seulement le « développement limité » de J. fait

apparaitre un terme d’ordre €| log €|, mais la quantité que ’on « récupére » fait intervenir le comportement
de T au voisinage de l’origine seulement, c’est-a-dire au voisinage de 'unique intersection des rayons de
transport (qui est aussi le point singulier pour tous les transports optimaux). Notons également que
cette quantité ne favorise pas le transport monotone, au sens ou la fonction R, peut, selon la forme du
domaine €', ne pas étre optimale au sens de la norme Sobolev.

Toutes ces remarques sont des conséquences du théoréme suivant :

Théoréme (3.3.1] paragraphe 3.3.3). On note
1 K
F.:Tw— - (JE(T) - Wy — 35|loga|)

et

+o0 siT ¢ O1(u,v)

F(T) = 1 r 1 x
[ el =80+ [t e rar i € 03(ur). Tia) = ol )T

1. Soit (T.). une famille de fonctions telle que (F.(T:)). soit bornée. Alors on peut trouver une suite
er — 0 et une fonction T telles que T.,, — T dans L*(Q).

2. Il existe une constante C qui ne dépend que des domaines Q, Q' et des mesures f, g telle que, pour
toute famillle de fonctions (T.).~o vérifiant T. — T dans L?(2), ont ait 'inégalité

o S _
h?i}glf F.(T.)>F(T)-C

3. De plus, il existe une famille de fonctions (1. )e>o telle que (F.)c est en effet bornée.

Notons qu’il s’agit presque d’un résultat de I'-convergence, au sens oil on a une inégalité de type
I'-liminf mais qu’il resterait & montrer la I’-limsup ; on s’attend & ce que

r
F. > F-C
€
ou C’ est une constante & préciser.

0.3.4 Autres formulations et perspectives

Les trois premiers chapitres de cette thése sont donc consacrées aux questions classiques en calcul des
variations (donner une formulation précise du probléme dans les bons espaces fonctionnels, étudier Pexis-
tence de minimiseurs et les conditions d’optimalité, et étudier la « sélection » d’un minimiseur par une
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procédure de type I'-convergence) autour de cette nouvelle classe de problémes. Ces questions étaient
naturelles et leur étude nécessaire, mais chacune d’entre elles était exprimée d’une facon « basique » du
point de vue du probléme de transport, au sens suivant : il s’agit de ’étude d’un probléme « statique »
(ot seuls apparaissent le point de départ, le point d’arrivée et la déformation représentée par la matrice
jacobienne) et on n’a pas cherché a exploiter une forme de relaxation comme il est nécessaire de le faire
dans la théorie usuelle du transport optimal ; d’une certaine facon, on est vraiment dans le cas étudié par
Monge, qui date maintenant de plus de deux siécles !

Le dernier chapitre donne les idées essentielles, les résultats espérés et certaines justifications infor-
melles ou calculs purement formels dans des cas particuliers pour 1’étude de ces deux approches alterna-
tives du probléme de « transport avec pénalisation en gradient ».

Formulations dynamiques. La formule qui vient le plus naturellement & ’esprit consiste simplement
4 reprendre celle donnée par Benamou et Brenier en remplacant toutes les normes L? par des normes
H' : il s’agirait donc d’étudier les liens entre

) =int { [ (IT(0) = o 4 1D,(7 = 1P (@) du(o) = T € HA@). Ty =}

1
et inf{/ Hvt||%,; dt : Opr + div(pivr) =0, po = p, p1 = 1/}
0 t

En fait, on s’apercoit assez vite que cette formule ne convient pas telle quelle du fait, par exemple, que la
premiére quantité n’a a priori aucune raison de définir une distance entre p et v. On peut corriger cela
en considérant ’application

d:(MaV)Hinf{Zd(PiaPHl) :nENaM:P07P1>---7Pn:V6P(Rd)}
i
Dans ce cas, on parvient & démontrer au moins une inégalité, & savoir

/ / (o(z.1)] + [ Do £)?) dpr() dt > d(ps, )
0 Rd

pour une famille (v, p) assez réguliére satisfaisant I’équation de continuité et reliant p & v; l'inégalité
inverse semble elle difficile & établir, du fait qu’une courbe de mesures peut avoir des valeurs non réguliéres
(p+ peut étre une mesure pour laquelle la strcuture de espace H,}t n’est pas claire) et aussi du fait qu’un
optimiseur pour le probléme de transport avec gradient n’a pas, en régle générale, de forme « connue »
comme c’est le cas pour le transport de Brenier usuel (gradient d’une fonction convexe).

La question de savoir si cette inégalité est une égalité est pour le moment ouverte ; dans le cas de g,
c’est-a-dire si ’on revient au probléme statique originel, on donne aussi un exemple de calcul dans un cas
trés particulier qui suggére une formulation différente, ou intervient 'inverse de la densité de la mesure p,
a savoir

1
I =sdll = [ (ol + s )
0 t 1/p¢

si T est un transport sur la droite réelle et si la mesure de départ p est la mesure de Lebesgue.

Formulation relaxée « a la Kantorovitch ». Comme on ’a déja dit dans le paragraphe consacré,
le point de départ de la démarche de Kantorovitch est 1’égalité

/Q e(a, T(x)) dp(z) = / c(z,y) dyr (@, y)

QxQ
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vraie dés lors que 7 est le plan de transport induit par 'application 7T'. Pour trouver une formulation
équivalente dans le cas de la pénalisation en gradient, la difficulté réside dans le fait que le terme ajouté
[ |DT)? ne fait pas seulement intervenir le point de départ = et le point d’arrivée T'(z).

La solution choisie, suggérée Alessio Figalli (et faisant 'objet d’un travail en cours avec lui), consiste
4 approximer le carré de la norme L? de la matrice jacobienne (4 une constante multiplicative prés) par

IT(@) - TWPF 4
Q2 |x— gl

qui est en fait le carré de la norme Sobolev fractionnaire d’exposant s de T' (s est un paramétre positif
tendant vers 1 par valeurs inférieures). Dans ce cas, il vient immédiatement que

V—WP
||T||H5 = @xa )2 \x — y|d+2s dvyr(z, 2) dyr(y, w)
X !

c’est-a-dire qu’on intégre par rapport & la mesure produit v ® v un cotit dépendant de quatre variables,
deux variables de départ x,y et deux variables d’arrivée z, w. Contrairement au cas du transport optimal
sans gradient, le fait que le plan de transport optimisant, par exemple,

|z — wl?
|z — z|* dy(z, 2) // (1-5) dy(z, 2) dy(y, w)
/stz Q><Q’)2 |z — yld+2s

est induit par une application de transport vient rapidement puisque si un point z est « envoyé » sur deux

2 —wl?

points z1, z9 distincts, 'intégrale de == au voisinage de x = y = x( est automatiquement infinie.
r—y

En revanche, la fonctionnelle considérée n’est plus linéaire par rapport & -y et il faut donc commencer par
considérer I’enveloppe convexe dans ’espace des mesures de I’ensemble

{re@y:yell(y,v)}

Le fait que l'infimum de notre coit en quatre variables sur cette enveloppe convexe (que 'on cherche a
décrire par des contraintes simples) vient d’un élément de la forme  ®~y est encore une conjecture pour le
moment. Sous cette conjecture, on est néanmoins capables de mener un raisonnement similaire a la dualité
de Monge-Kantorovitch et d’obtenir formellement (éventuellement en considérant une régularisation du
colit « Sobolev fractionnaire », qui a aussi l'inconvénient de présenter une singularité en x = y) des
conditions d’optimalité qui font apparaitre, notamment, ’opérateur laplacien fractionnaire. Lorsque s
tend vers 1 (et sous réserve que les analogues des potentiels de Kantorovitch, qui dépendent de s, aient
une limite), I'une de ces conditions d’optimalité devient

Vd(z) + Ca(!DT(2)AT(z) + V(|DT|?)(z)) = T(x)

Notons qu'’il s’agit ezactement de la méme équation que celle obtenue comme équation d’Euler-Lagrange
par la méthode de « perturbation ».

Les questions ouvertes sur ce sujet sont variées - & commencer la démonstration des étapes manquantes,
notamment 1’é¢tude de l’enveloppe convexe des v ® - mais on insiste sur le fait que les conditions
d’optimalité obtenues coincident en partie avec celles provenant de la méthode « classique ».



Chapter 1

Existence of minimizers

This chapter is devoted to the existence of minimizers of the problem

inf {/Q(c(x,T(x)) + |DT(x)|?) dp(w) : Typ = 1/}
where:
e Q is a bounded open set of R?, d > 1;
e 1 cP(Q),ve PR,
e cis a transport cost (in general we will simply take c(z,y) = |y — x|?)

As we will see below, this formulation is actually quite informal in general, so we will precise at each time
in which functional space we choose to work.

1.1 The general strategy

1.1.1 Method and existence for regular measures

The general strategy to prove the existence of a minimizer is the following: first, we assume that the set
of transport maps T from x to v such that [, |[DT|*dp < +oc is non-empty; it is true in many cases,
for instance if u, v are absolutely continuous with Lipschitz density on two domains 2, ' with regular
boundary, and we in general will not focus on this assumption. Then, we use the direct method of the
calculus of variations and take a minimizing sequence (7},),, for our functional. The fact that [ |DT,|? <
C < +oo for each n gives some compactness to the sequence (7)., and we can extract a converging
subsequence to a certain map 7', where the mode of convergence is enough to have the implication:

T, —T T
= Tyupu=v
\V/Tl, (Tn)#,u =V #

so that the limit 7T is still admissible, and we conclude by semi-continuity of the functional.
The mode of convergence that we need is typically the pointwise p-a.e. convergence, as shows the
following easy lemma:
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Lemma 1.1.1. Let (T,,), be a sequence of measurable maps Q — RY such that
VneN, (T),)gp=v
Let us assume that there exists T : Q — R? such that T, (x) — T(x) for p-a.e. x € Q. Then Typ = v.

Proof. The fact that (T),)xu = v for any n can be translated with

¥n € N, Vp € Cy(RY), /Qso(Tn(x))du(m) = /Rd e(y) dv(y)

In the left-hand side of this equality, since ¢ is continuous and bounded and T;, — T p-a.e. on €, the
dominated convergence theorem provides

/anNM@%/w@@NM@
Q Q

so that
[ eT@)ante) = [ oty aviy)
for any o € Cy(R?). This exactly means that Ty p = v and completes the proof. O

Of course, the direct method of the calculus of variations is not enough in the classical optimal
transport theory (without “gradient term”). Indeed, the unique bound on a minimizing sequence for the
transport cost, e.g.

Vn € N, / T, (z) — z|* du(z) < C < 400
Q

involves the L?-norm of each T,,, and we can only extract a sequence (T}, )x which has a limit 7" for the
weak convergence in L%, which does not implies the y-a.e. convergence.

For us, the existence result comes from this method under some assumptions on € on p. One can
formulate it as follows:

Proposition 1.1.1. Let u € P(Q) absolutely continuous with respect to the Lebesque measure. Assume
that  has Lipschitz boundary and that the density f of p satisfies

0<e< f(x)
for a.e. x € Q. Let v € P(RY) such that
3T € HY(Q), Typ=v
Let L be a function Q x R x My(R) — R such that:

e for any (u,§), the function x — L(x,u,§) is measurable, and for any x, the function (u,&) —
L(z,u, &) is continuous;

e there exists a > 0 such that L(z,u,&) > al€|?, for any (z,u,&);
o for any (x,u), the function & — L(x,u,§) is conver on My(R).
Then the problem

inf{ /Q L(z, T(x), DT(z)) f(z) dx}

admits at least one solution.
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Proof. Let us denote by J the functional that we are trying to minimize:

J:TeHY(Q)— | Lz, T(x),DT(x)) f(x)dz
Q
As announced, we take a minimizing sequence (T},),; in particular, there exists a positive constant C'
such that

Vn €N, / DT, (2)2 dz < C
Q

and (7},), is bounded in H'(Q). By applying the Rellich theorem (see for instance [38], section 5.7
or [I], chap. 6), we extract from it a convergence subsequence (7}, ) which has a limit T for the strong
convergence in L?()), and up to a second extraction we can assume that T, () " T(x) for a.e. z € Q.

The lemma m gives us that Tiuu = v. Moreover, the assumptions on L guarantee that J is lower
semi-continuous with respect to the weak convergence (see the Theorem [A.2.1in the Appendix). This
completes the proof. O

1.1.2 Difficulties for a generic measure

In a first analysis, the key point in the previous proof was the fact that we work in a functional space
where any bounded sequence admits a pointwise convergent subsequence a.e. for the source measure.
Actually, the assumption on f helps also to simply give a sense to our functional: if T belongs to L?(2)
and admits a Jacobian matrix DT in the weak sense, we have the equivalence

TeH'(Q) & /Q DT (@) 2f (2) dz < 400

This fact does not subsist if this assumption on f fails, and we are even not able to define the energy
Jo IDT(x)]? dp(x): for instance, the Jacobian matrix of a generic T € L?*(£2) can be not well-defined
p-a.e. if y admits a non-null singular part. This leads us to focus on the theory of the Sobolev spaces
with respect to a generic measures and applications to our kind of variational problems. The central
questions will still be the following;:

1 if T e L2 (Q)%, how to give a sense (for instance, if LZ(€2) is not included in Lj,(£2)) to the Sobolev

loc
norm of T" with respect to p and to its Jacobian matrix?

2. does there exist a compactness result on the space H i(Q) which allows us to apply the direct method
of the calculus of variations?

1.2 Sobolev spaces with respect to a measure

1.2.1 Weighted Sobolev spaces (case ;i < L)

Let us assume again that u < £¢, and denote by f its density. In general, a first idea to define the

Sobolev space H, ! consists in studying the set of (scalar) functions u € Li such that Vu exists in the

weak sense and belongs to L2 Here, if f is positive on Q, we have for any u € L? 2 ()

[ @las = [ (o) Vi) —— (/ (@) Pf (o dx)m (/Jj;)/ (1)

This shows that in this case, the assumption

1/f € Lioe(9) (1.2)
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implies the continuous embedding
L2(9) = L (9.

and any element of Li(Q) is a regular distribution and thus admits a gradient in the weak sense. We can
then define the Sobolev space with respect to f:

Hi(Q) ={uecL}(Q) : VueL}(Q)"}.

If we replace the power 2 with a generic exponent p € (1,400), by applying the Holder inequality instead
of (1.1)), the condition (|1.2) is replaced with

(})U(p_l) € L () (13)

which is a well-known sufficient condition to define the weighted Sobolev space W}’p (©) with respect
to f. For a generic density f € L*, if we set

N
M = xEQ:V5>O,/ <) = +00
B(ze)no \

then M is the minimal closed subset of 2 such that (1/f)Y/®~Y ¢ L} (Q— M), and the definition above
hold on the set 2 — M. One can for instance take for definition of the weighted Sobolev space with respect

to f
WHP(Q) := WHP(Q — M)

or  WhP(Q):={ueLP(Q) : ulg_y € WH(Q— M)} (1.4)
We refer to [55] for more details about the definitions of weighted Sobolev spaces. For a compact

embedding of this space into L' or L} (which is enough for us), the Theorem 3 of [45] (applied with
g = s =1) gives a sufficient condition on the weight f:

Theorem 1.2.1 ([45], Theorem 3). Assume that Q has Lipschitz boundary and that the condition (1.3
holds. Assume moreover that f € L"(Q)) for a certain r > n. Then the embedding

WP(Q) — LE(Q)
18 a compact operator.

In this case, for our variational problem, we can make the same reasoning as if f was bounded
from below.

1.2.2 General definitions of the Sobolev spaces with respect to a measure

This section is devoted to an overview of the definitions and general results about tangent spaces to a
generic Borel measure p and Sobolev spaces with respect to this measure (we henceforth do not make
any assumption on u). There exists several definitions to these Sobolev spaces in the framework of metric
measure spaces (X, d, ), for instance in the papers by Shanmugalingam [66], Hajtasz [48] or Hajtasz and
Koskela [50] (see [49] for a global summary of these notions). In the Euclidean space, an usual method
is the following:

e we give a sense to the tangent space to u, which is a function defined p-a.e. and taking values in
the set of linear subspaces of R%;
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e the gradient with respect to p for a regular function w is then defined by
Vyu(z) = pr, (2)(Vu(x)) for p-ae. x € R,
where pr, () is the orthogonal projection on T}, (z) in R%;
e finally, we consider for the Sobolev space H i the closure of C*° (ﬁ) for the norm
we O (@) o llullzy + 11V,llp.

There exist several ways to define the tangent space of a generic measure p. Preiss [63] gives a method
based on the idea of blow-up: a k-dimensional subspace P, is said to be an approximate tangent space
of v at x if we have, for some 6 > 0, the following convergence in the vague topology of measure when
p goes to O:

p(z+p-) = 0H"|p,.

In order to examine variational problems, the first work which presents this notion in a vector frame-
work is the paper of Bouchitté, Buttazzo and Seppecher [I4], originally done for applications on studying
of energies which are concentrated on low-dimensional structures (we also refer to the survey paper [16]
for an overview of these notions in this framework, and notice that [17] investigates similar notions with
H?-order energies). Their approach is based on a duality argument, which consists in calling “tangent
fields to u” the vector fields belonging to

/7 / d, . /
X ={p e (L))" - div(up) € LT },

where the operator div(uv) is defined in the distributional sense. The tangent space z — Q,(x) to p at
x is then defined thanks to the following notion of “p-essential union” (see [27]):

Proposition 1.2.1. There exists a unique (up to a p-negligible set) multi-valued function Q, : Q@ —
P(RY) such that:

1. for p-a.e. x € Q, Q,(x) is a linear subspace of R%;
2. for any ¢ € Xﬁ/, for p-a.e. x € Q, p(x) € Qu(x);

8. if Q), is a multi-valued function satisfying the two above properties, then Q,(z) C Q) (z) for p-
a.e. x €.

In [43], Fragala and Mantegazza have noticed that, with these notations, we have the inclusion @, (z) C
P, (z) for pra.e. of R? (cf. also [14, Lemma 5.2]). We refer to Ilaria Fragala’s PhD. thesis [41] and, again,
the survey [I6] for a complete overview and more details about the definitions above.

1.2.3 Technical definitions of tangential gradient and Sobolev spaces with
respect to u

In this paragraph, we recall the definitions and basic properties of Sobolev spaces with respect to a measure
that we use below. For technical reasons, since our goal consists only in applying these definitions on
transport problems, we have chosen to present some definitions coming from the papers |71, [70] (which
were motivated by some homogenization problems similar to [15]) or [I7, Section 2]. Notice that these
two approaches have not to be opposed and are actually pretty equivalent (and this equivalence is here
rigorously showed in the one-dimensional case, see below).
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Definition 1.2.1. We define the space HIE(Q) as the set of functions u € Li(Q) which can be approzi-
mated by a sequence of smooth functions whose gradients have a limit in the space Li:

Up — U

OO—N
uwe H) < (ua)n €C™(Q) ,ve (LL(Q): { Y, = v

for the Li -noTrm.

The set of such limits v is denoted by T'(u), and its elements are called gradients of v with respect to u
(or simply gradients of w if there is no ambiguity)

In general, v can have many gradients (see below the example of a measure supported on a segment
of R?). However, if v1, vy € T'(u), v1 = lim V,, and vy = lim Vb, with ¢,,, 1, — u, it follows
vy —vg = limV (e, —¥y) with ¢, — ¢, =0
n
so that v; — ve € I'(0); therefore, I'(u) is a closed affine subspace of Li(Q)d, with direction T'(0).
We will define “the” gradient of u as being its gradient of minimal Li—norm:

Definition 1.2.2. Letu € H}(Q). We call tangential gradient of u the projection (in the Hilbert space L?.)
of the null function onto the subspace T'(u). If v is this tangential gradient, we define the leb—norm of u by

|l m1 ) = (”quLﬁ(Q) + HUH%;‘;(Q)d)l/
The following lemma will be “technically” useful in the definition of the tangent space:
Lemma 1.2.1. The three following assertions are true:
1. if g € T(0) and a € L>®(R2) then the function x — a(z)g(x) belongs to T'(0);
2. ifge Li(ﬂ)d and a € L>(Q), if pr denotes the projection onto I'(0) in the Hilbert space Li, then
pr(ag) = a-pr(g)
3. the space L ()¢ N T(0) is dense in I'(0).

Proof. For the first assertion, if a € C1(Q) and g € I'(0), by writing g = lim V,, with ¢, — 0, we have

for each n
V(apn) = Vayp, + aVe, — ag

so that ag is the limit of the sequence (V(awy)), where ap, — 0, and ag € I'(0). The result is shown if
a € CY(Q), and can be extended to any a € L>°(Q) by density.
To prove the second assertion, let us set § = pr(g); by definition of the projection onto a linear
subspace, we have
geT()
g—geTr(0)*
Thanks to the first point, ag € T'(0) and for any h € T we get
(alg —9),h) = (g —g,ah) =0
since ah € T'(0) (again thanks to the first point). Finally:
{ ag € T'(0)
alg —g) € T(0)*

which exactly means that ag = pr(ag).
The third point can be shown by remarking that if g € I'(0), if we set a,(z) = 1|4(z)/<n, then
ang € T'(0) (still thanks to the first point) and a,g — g as n — +oc. O
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One can see the set I'(0) as the set of gradient vector fields which are pointwisely orthogonal to the
“direction” of the measure p. This suggests the following definition of the tangent space to pu:

Definition 1.2.3. We denote by (ey,...,eq) the canonical basis of R?, and set & = pr(o)(e;) where the
projection is taken in the Hilbert space Li (i.e. e; is seen as a constant function on Q). For x € Q, we
denote by

T, (z) = (Vect(& (x),...., Ealx))) "
and call T),(z) (which is defined for p-a.e. x € Q) the tangent space to p at x.

The following proposition allows to make the link between tangent space and gradient with respect
to p:

Proposition 1.2.2. Let v € Li(Q)d. Then v € T'(0) if and only if, for p-a.e. x € Q, v(xz) L T,(x).
Proof. For the direct implication, let us take an element v € T'(0) N L>(Q)%; we write
v(z) = A(x)er + -+ Aa(z)eq

with A1,..., Ag € L°(2). Taking the projection onto I'(0) and using the first sentence of Lemma
we get
pr(v)(z) = v(x) = A (2)& () + - + Aa(2)&i()
which, by definition of T),(x), belongs to its orthogonal for p-a.e. x. The above lemma allows to generalize
for any v € I'(0) by density of I'(0) N L* into I'(0).
For the converse implication, let us denote by B the set of functions v € Li(Q)d such that, for p-a.e. x,
v(z) L T,(z). We will show that the functions with form

d
z +— a(z) <Z )\ifi(m)>

where a € L>°(Q) and Ay, ..., Aq € R, which of course belong to B, belong also to I'(0) and form a dense
subset of B. This will provide B C T'(0), and the result follows since I'(0) is a closed subspace of L?.

The fact that these functions belong to I'(0) comes again from the first sentence of Lemma
Moreover, if g € B verifies

d
Va € L®(Q), VA1,...,\d €R, g L a(z) <Z /\151(90)>
i=1

d d
0= <g(x>, a(x) <Z &@-(w)) > = <a<w), g(x) - <Z A@(m)) >

Since a is arbitrary, it follows that

then

d
g(@) - Y Aiki(x) =0
i=1
for any A1,...,A\g € R and p-a.e. x € Q, thus g = 0. This achieves the proof. O

This result, combined to the orthogonality property of V,u in Li, implies a pointwise description of
the tangential gradient:
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Proposition 1.2.3. Let u € Hﬁ Then, for v € TI'(u), the function

z€N— pT#(z)(v(x))

is independent of the function v and only depends on w. This function coincides p-a.e. on Q0 with the
tangential gradient V ,u.

Proof. Let us take v; = lim Vp,,, vo = lim V), with ¢,,, 1, — u. Then vy —ve = lim V(p, —1,) € T'(0),
so that (vi — v2)(w) L Ty(z) and pr, (o) (vi(z)) = pr,(2)(v2(2)) for p-a.e. x € Q; this proves that
DT, (2)(v(2)) does not depend on the choice of the element v € I'(u). We now set v(z) = pr, (2)(v(z)) for
a generic v € I'(u) and denote by w the vector field such that

v(z) =0(x) + w(z) with w(z) L T,(x)

and since v | w p-a.e. on {2 we obtain
ol 25 = 115113 + ol 2
so that ¥ is the minimal element of I'(u) for the L2-norm. O
In particular, we have for u € C*°(Q) the formula

||U||§{}},(Q) = ||U|\%ﬁ(sz) + HpTu(VU)H%i(Q)d
which implies the following;:
Corollary 1.2.1. The space H;(Q) coincides with the completion C*> (ﬁ) for the norm

B 1/2

we e @) v ([ (u@)? + lon o (Vate) ) aute)

Some natural examples. We can see that the words “tangential gradients” are quite natural in the
following cases:

e if 41 is the Lebesgue measure L' concentrated on the segment I = [0,1] x {0} x --- x {0}, then T},
is the line R x {0} x --- x {0} a.e. on I and

ou Ju
1 2, 2 _ )
HH{UEL”.axIGLH} and Vﬂu<8$170,...70),

e more generally, if p is the uniform Hausdorff measure supported on a k-dimensional manifold M,
then T}, is the tangent space to M in the sense of the differential geometry.

Link between the two above definitions. Let us remark that, if v is a tangent field as defined
above, i.e. the operator div(ppu) is continuous for the L2-norm on D(£2), we have for any sequence (uy)n
of smooth functions having 0 for limit in L?:

\/ Vun'%’dﬂ‘ < C llunlliz 0.
Q

Then, if v € T'(0), we have v - ¢ in Li for any element ¢ € Xﬁ. This implies that, up to a p-negligible
set, we have the following inclusion between the two definitions of the tangent space

Qu (z) C T, (z).

We are not able for the moment to prove the inverse inclusion in general (but it is true in dimension one,
see below), but the equality between these linear spaces holds for all the examples that we have studied;
the links between these both notions are the subject (among others) to current works by S. Di Marino
[33].
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1.3 The one-dimensional case

In this section, we give a precise description of the tangent space to a generic measure p (in the sense
of the definition [L.2.3) defined on the real line. We set d = 1, 2 = I is a bounded interval of R and

peP).

1.3.1 Structure of 7, and compactness result in Hi
The structure of the tangent space is given by the following theorem:
Theorem 1.3.1. We denote by:

® [ = g + ps the Lebesgue decomposition of

o A a Lebesgue-negligible set on which is concentrated p;

o f the density of ., and

M = xEI:V5>O,/ iZ—i-oo
IN(x—e,x+e) f(t)

Then o) if N
0} fxeMU
Tu(w) = { R otherwise

for p-a.e. x € 1.

As in the case of “classical” weighted Sobolev spaces, the set M appears as a critical set for the
absolutely continuous part of u. Notice also that the same set appears in the relaxation of convex
functional on the space of measures (see [I8], where a similar result to the above theorem can be seen, in
the case of absolutely continuous measures, as a consequence of the Example 3).

Structure of the space H Flt We know that M, which can of course be empty (for instance if f is
bounded from below by a positive constant on I), is the maximal closed subset of I such that

% € Llloc(I - M)
i.e. such that the condition is satisfied for the weighted Lebesgue space L?(I — M). Therefore, if
u € Li, then u|;_ps admits a weak derivative.

On the other hand, as a consequence of Prop. saying that T}, is identically equal to the whole
space R? (with here d = 1) on a set B means exactly that, for v € H Flb, all the elements of I'(u) coincide
on B. Here we then expect that, on the set I — (M U A), the unique element of I'(u) will coincide with
the weak derivative of u|;_ps.

Indeed, let us take ¢ a smooth function with compact support included into I N M and verifying

% e L' (Supp(¢))

Let moreover v € I'(u) and (u,), be a sequence of smooth functions with (un,u]) — (u,v) for the
Lfb—norm. We get

(v—1, <P>D’(17M),D(17M) =— lim </(un - U)QO/)
I

n—-4oo
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with, by Holder inequality,

o 1/2
it =@ <l =l ([ £) 7 50
I I f

since, thanks to the assumption on 1/f, the integral f[ ¢©'/f is finite. This shows that u/, — «’ in
D(I — M); but we also know that u/, — v in L?(I — M), which leads to

u € L?(I—M) and u =v p-ae onl—M

so that, in particular, u|;_y € Hp(I — M).
Conversely, if u € C* () then the Theorem gives

HUqub(z) = ||U|\%g(1) + ||U/||i?(17M)

and H i is the closure of C'* (ﬁ) for this norm. This achieves the proof of:

Proposition 1.3.1. A functionu € L7,(I) belongs to H,,(I) if and only if u|r_nr € H} (I—M). Moreover,
for p-a.e. x €1,

] o ife e MUA
Vuulz) = { u'(z) otherwise

and ||u‘|ifﬁ(1) = ||“||2Lﬁ(1) + ||“/||2L§(1_M)-

In particular, in dimension one, if i < £, then this definition of H! coincides with the definition
of the weighted Sobolev space H}c given by the formula and for a generic measure p whose f is the

density of the absolutely continuous part, H ; is exactly the set of functions of Li which also belongs to
HE.
f

Compactness result in H }L (I). In order to examine variational problems in these Sobolev spaces, the
following proposition will be useful; it is already know, as a consequence of the Rellich theorem, if s =0
and f is bounded from below.

Proposition 1.3.2. Let (uy,), be a bounded sequence of H},(I). Then there exists a subsequence (un, )k
which admits a pointwise limit u on p-a.e. every point on which T, is R.

Proof. The sequence (u,) is bounded in H(T), thus the sequence (un|7—ar)n is bounded in the weighted
Sobolev space H} (I —M). But since I — M is exactly the set of points around which 1/f is integrable, we
know that L (I — M) < Lj,.(I—M); this gives that the sequence of the weak derivatives of u,, (which are
functions of Lfc (I —M)) is bounded in L}, (I — M), thus (un|7—r)» is bounded in the space BV (I — M)
and admits a L£!'-a.e. pointwise convergent subsequence. Consequently, (u,), converges pointwisely on
iq-a.e. point on which 7}, is R, and we know that T}, is ps-a.e. null, which achieves the proof O

Equivalence between (), and 7}, in 1D. We have already seen that, with the above notations, the
tangent space @), originally defined by Bouchitté et al. and the space T}, satisfy the inclusion

for p-ae. z, Qu(x) C Ty(x)

Let us show that in the case of the real line the Theorem [1.3.1]implies that the converse inclusion is also
true. Of course, we only have to show it on the points where 7}, is not null, i.e. we have to check that

for L'-ae. x €I — M, Qu(z) =R
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For this, let x € I — M and a < b such that a < x < b and f; 1/f < 4+o00. We now consider

ift € (a,b) and t ¢ A

Sl

pite= f(lt)/at

0 otherwise

/ﬁ"Qd":/j (%>2</,lt¢lf)2f<t>dt<<b—a> (/:;)3<+00

so that ¢ € L2 (I). Moreover, for ¢ € D(a,b),

/Iz//sodﬂ= —/abw(sOf)' = —/ab(zb\/?) (%)

o |feads([or) ([477)

with by definition (¢ f)" = 1/4/f, which leads to

’/jlﬂ/@du‘ < Vb —all$|[rzr)

We have

This proves that ¢ € X, so that ¢(z) € Q.(z) for a.e. point x; but ¢ is positive a.e. on (a,b). This
implies Q. (x) =R a.e. on (a,b) for the Lebesgue measure.

1.3.2 Proof of Theorem [1.3.1]

We divide this proof into three parts, which correspond to the decomposition of I into its singular set
A, the “nice set” I — (M U A) for its regular part, and the “critical set” M. We will use the following
characterization of the tangent space of a generic measure p in dimension 1, which is a direct corollary
of the definitions: if B C I is a Borel set with p(B) > 0, we have the following implications:

1. if any v € T'(0) is p-a.e. null on B, then T, =R p-a.e. on B;
2. if, for any u € Hi, there exists a gradient of v which is p-a.e. null on B, then T, = 0 p-a.e. on B;

3. if there exists a gradient of 0 which is positive p-a.e. on B, then T}, = 0 p-a.e. on B

The singular part of p. Let us first prove that 7, = {0} for the singular part of ;. We use the third
characterization of the tangent space and build a sequence of functions (uy), such that

up, — 0 and u,, — 14 inLi

which will prove that 14 € I'(0) and imply the result.
For n € N, let Q,, be an open set recovering A with 1(Q, — A)+L£1(2,) < 1/n. By the Lusin theorem,
there exists v,, continuous with 0 < v, <1 on [ and

(u+LY{z € I va(2) # 1o, (2)}) <1/n

Let us consider u,(z) = [ v, () dz, where a is the lower bound of I. Then we have:
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e for any z € I,
|un(z)] < /1(|U" —1g,[(t) + Lq, () dt < L'({vn # 1o, }) + L1(20) < 2/n

thus u,, goes to 0 uniformly and also for the LZ-norm;

e on the other hand, since u], = v, coincides with 1,4 except on a set E, such that u(E,) < 1/n,
we have

/I|U§L(17) — La(@)? du(@) < |lvn — Lall3 p(En) < 4/n
thus u;, — 14 for the L%-norm.

We obtain that 14 € I'(0), which guarantees that T, = 0 on A.

The regular part, outside of the critical set. Second, we prove that 7, = R outside of M U A.
Using the first characterization of the tangent space, we take an element g of I'(0) and we want to show
that ¢ = 0 u-a.e. outside of M U A; by definition of A, it is enough to show that g = 0 £'-a.e. on U. As
in the above remark, taking a sequence of smooth functions u, — 0 with u/, — g and a test function ¢

such that 1/f is integrable on the support of ¢, we obtain
1 1
2 %0/2 2
< UZf) (/ =
(/U v f

]| o<
U U U

which goes to 0 as n — +00. The same computation gives fU uLp — fU gp. We deduce that ¢ = 0
a.e. on U for the Lebesgue measure.

il

The critical set. This part is more difficult. Given a function u € C*(I), we build a sequence (u, )y,
of regular functions (say, C!) such that u,, — u and u/, — v for the Li—norm, with v = 0 on M. The
strategy is the following:

e given a set {2, which is “almost” M, we start from a function w,, which coincides with u outside of
Q,, and is piecewise constant on €, (so that its derivative is null on M);

e then, using the fact that the discontinuity points of u,, belong to the set M, we regularize u,, around
this points so that its derivative stays small for the Li—norm.

The first step consists in building our set €2,,:

Lemma 1.3.1. Let us denote by (x,)n a sequence containing all the atoms of p. For n € N, there exists
Q,, such that:

p'VL
e O, = U (ai,b;), with b; < a;y1 for each i, and (a;,b;) N M # (;

1=1

° Qn DMf{xla"'axn};

L4 H(Qn*(M*{xlaﬂwzn})) < 1/”

Proof. Let U, be a finite union of open intervals recovering M and with p(U, — M) < 1/n (such a set
exists by regularity of x4 and compactness of M). We denote by Q,, = U, — {z1,...,2,}. It is still a
finite union of open intervals, containing M — {x1,...,x,} and with u(Q, — (M — {z1,...,2,})) < 1/n.
Moreover, we may assume that all these intervals contain an element of M: it is enough to remove from
Q,, the intervals which do not contain any element of M (if after that we obtain €,, = (), it means that
M c{z1,...,z,} C A and we already know that T}, = {0} on A, so there is nothing to prove). O
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Let us thus take a sequence (wy,), of piecewise constant functions such that w, — w in Li (it is
possible since u is continuous, thus can be approached uniformly on I by a sequence of piecewise constant
functions) and ||un||oc < C, where C only depends on u; we replace g, by w outside of the set ,, (the
new function will still be called g,), so that we have now

e g, — u for the Li—norm;
e g, coincides with u outside of €2,,;
e g, coincides on (), with a piecewise constant function.

We begin by regularizing g,, around the endpoints of the intervals forming €2,,. Let £, > 0 be small
enough so that:

e a;+¢e, <b; —ey, for each i (we will denote a} = a; + ¢, and b, = b; —&,,);

e (a},b}) contains an element of M, for each i;

1) 7

e on (a;,b;), gn has not any discontinuity point outside of (a, b});

17

e if we denote by €/, the union of the intervals (af,b.), we have p(2,, — Q) < 1/n.

27 71

Lemma 1.3.2. There exists a function w, which coincides with g, outside of Q, — Q. and such that,
on each interval (a;,a}) and (b}, b;),

e w, and w) are bounded by constants depending only on u and u’';

o wy(a;) =wu(a;), wl(a;) = (a;) and w), =0 on a small interval before
o wy(b;) =wu(b;), w,(b;) = (b;) and w), =0 on a small interval after b,.
Proof. Tt is enough to replace g, on the interval ]a;, a; + &, by the function x — Q(a; + x) where

Q) = L8 ()i + )

and to scale the new function on the interval (a;,a;) by replacing it by

1= O

wp(a; +2(x —a;)) ifa; <x<a;+e,/2
T — .
wp(a) ") otherwise

Since g, and w,, are bounded uniformly in n and coincide outside of the set Q, — ! whose measure
is at most 1/n, the sequence (wy,), still has u for limit in L?; moreover, we have

Hw;zHLﬁ(Qn—Q;L) < (2/n)]|v]|oo

and for any discontinuity point y of w,, w, is piecewise constant on a (small) neighborhood of y. We
now have to regularize w,, around its discontinuity points, which are on € ; this is possible only if these
points belong to the set M. Then we are interested by the following “displacement” procedure of the
discontinuity points:

Lemma 1.3.3. For any n, there exists a function v, such that
e v, = w, outside of U ;

o v, is still piecewise constant on U ;
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e any discontinuity point of v, belongs to M ;
® U, —UIN Li.

Proof. We have to modify w, only on each interval (a},b;). On this interval, w,, admits a finite number
of jumps which we denote by a; < x; < -+ <z, = b,. We make the following construction:

o Let m = inf([al,b]] N M). We define v, on the interval [a},m[ (if it is nonempty) by setting
v = wp(aih).

e We then reiterate the construction starting from m:

—if (m, b)) N M = (), we set v, = w, (b, ) on this interval, and we are done;

— otherwise, let m' = inf((m,b,) N M). We have naturally m’ > m. If m > z,, then we set
U = wy (b, ) on (m/,b}),w, on [m,m’) and we are done;

— if m =m’ < z,, then we denote by j the smallest index such that z; > m, we set v, = w,, on
[m,z;) and we reiterate this construction starting from z;;

— finally, if m < m’ < x,,, we set v, = w, on [m,m’) and we reiterate this construction starting
from m/'.

With this construction, w, —v,, # 0 only on Q, — M. Since u(Q), — M) < 1/n and wy,, v, are uniformly
bounded, we get ||[v, — wp||rz < C/n, and we thus still have v, — u. Moreover, by construction, v, is
still piecewise constant on the set Q/, and all its jumps belong to M. O

To finish, we have to modify v,, around each discontinuity point, so that the new function w,, is regular
and admits a derivative which is small for the Li—norm. This is allowed by the following result about
embeddings between functional spaces:

Lemma 1.3.4. Let J be a bounded interval of R, and p a finite measure on J with density f > 0. The
following assertions are equivalent:

1. The function 1/ f belongs to L'(J)
2. The space L2,(J) is continuously embedded into L'(.J)

Proof. We have already seen the direct implications, which comes immediately from the Cauchy-Schwarz
inequality. For the inverse implication, let us assume that [ g1 /f = +o0 and set

1 1
= . —_— < —_— = 1
E, {t eJ il S flit) < n} and I, =L'(E,)

We know that 1, < +oo (it is the length of J) and
n

1 1
Y nly = Z/J”]l{nflgl/fgn} 2 Z/J 7 Tin1<1/5<ny 2 /J 7=t

thus > nl, = +0o. We will build a function U which is constant on each set E,,, belongs to Li and does

not belong to L. If we denote by u, the value of U on E,, it is equivalent to find a sequence (u,),
verifying

Zui (nlp) < +o00 and Z [t | Ly, = 400

n n
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If we resume, we want to prove the following statement: for any sequence (l,), of positive numbers

such that > nl, = +o00 and Y1, < 400, there exists a sequence (uy), of positive numbers such that
n n

SwuZ(nl,) < +oo and Y. nu, = +oo. By contradiction, it is equivalent to the following: for any

n

(In)n C RY such that )1, < 400 and the following implication holds:

(Z u? (nl,) < —|—oo> = (Z Inlun| < +oo>

we have > nl,, < +oo. This result can be seen as a corollary of the Banach-Steinhaus theorem. Denoting

n
by £2, the space of sequences (uy), such that Y u? (nl,) < 400, the operator

n

N
Ty :u€ Eiln — Zlnun
n=0
N 1/2
is linear continuous with norm <Z nln> and the assumption about (), is equivalent to
n=0

Vue 2, sup [Tn(u)| < +oo
NeN

By Banach-Steinhaus theorem, we get sup ||Tx|| < 400 and > nl, < +o0; the proof is complete. I
NeN neN

We now have the arguments to transform w, into a C' function w, which will give us our approx-
imation. Let us recall that v, is equal to u outside of 2,,, piecewise constant on 2/, all its jumps are

located in the set M and the derivative of v, is null on a neighborhood of this jumps. Denoting by

y1 < --- < yp the jumps of v,, we find ¢, such that, for each j, v, is constant on (y; — e,,y;) and
(y;,y; + €n). Moreover, we know that y1,...,y, are distinct of the “big atoms” x1,...,z, of u, thus we
can assume, if €,, is small enough, that
P
D (s —enryj +en) < 1n+ Y plx)
j=1 k>n

and we denote by p,, this last term, which goes to 0 as n — +o0.
On the interval (y; —ep,y; +€n), thanks to the last lemma, Lﬁ is not embedded into L', thus we can
find a regular function g; such that

Yj+en N B Yjt+en ) 1
/ 9i = vn(yj ) — Un(yj ) and / gy dp < —
y Yj—en nq

j—En

Then, we set
~ - _
" (Q}'): 'Un(yj_sn)—’_fyj_angj lfyj—gngxgyj+sn
' vn () otherwise

and we finish with the following:
Proposition 1.3.3. This sequence (uy,), satisfies u, — u and u, — v for the Li—norm, where
o(z) = u'(x) if x ¢ M or is an atomn of p
10 otherwise

Consequently, T, = {0} p-a.e. on M.



34 CHAPTER 1. EXISTENCE OF MINIMIZERS

Proof. We know that v,, — u, thus u,, — u for the Li—norm outside of the intervals |y, — e, y; + €nl.

But since the total mass of this intervals goes to 0 and (uy,), is uniformly bounded, we get u,, — u. For
the derivative, since u,, = u outside of €2,,, we have

[y, — U||%g = [Juy, — UH%ﬁ(Q”) = [Juy, — v||%ﬁ(Q"7M) + [Juz, — ’UHQLfL(Mf{wh...,w"})

where the first term goes to 0 (since (uy), is uniformly bounded and u(Q2, — M) goes to 0); for the
second one, we have v = 0 on M, thus it is enough to prove that ||uj || goes to 0 for the L2-norm on
M —A{z1,...,x,}; this term is bounded by

p
191 0y + D i )e({53)
j=1

Since (u),), is uniformly bounded, we know that the second term goes to 0, and since u, is constant

outside of the intervals Jy; — ey, y; + €,[ the first one is equal to
Yjten

p
> / gidp
=1

i En

which, by definition of g;, is smaller than 1/n. This completes the proof. O

1.3.3 Consequences for our variational problem

Theorem 1.3.2. Let us assume that the set
{TeH,(I): Typ=r}

is non-empty. Then the problem

inf {/I(|T(x) —zf + |V T (2)?)dp(z) : T € H(I), Tup = V}

admits at least one solution.

Proof. Let us begin by rewriting precisely the functional that we consider in this case: we know that
T, = {0} on M U A and R elsewhere, so now we are minimizing

J: UEH}L(I) — (U(z) —2)* + U'(2)?) f(z) d:c—f—/ (U(x) —z)? dp(z)
I-M MUA

Let us moreover denote by (z;); the sequence of the atoms of 1 (which can be empty), (u;); the sequence
of their mass, and

plaroa =+ pada,

with 71 is atom-less. Now, for U € H ,(I), we have

)= [ (@) =0+ U@ @) e+ [

MUA

(U(x) — 2)* dji(w) + Z pi(U (w:) = @)

Let (Upn)n be a minimizing sequence. On I — M, which is exactly the set of points on which 7}, is R, we
can extract from (U,), a p-a.e. (which means £'-a.e. wherever f # 0) pointwise convergent subsequence,
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whose limit is denoted by U; let us remark that U is the weak limit of (U,), (up to a subsequence) in
the space H}c, and by semi-continuity, we have

/I_M((U(x) — 2 + U(2)2) f(2) dz < limin (/I

-M

(Un(a) — 2 + UL (@)°) (2) dx)

Now we set, for n € N, v,, = (Uy,)xt and [~fn the optimal transport map for the Monge-Kantorovich
quadratic cost between 1z and v,,. We know that U, is the unique non-decreasing transport map between

i and vy, so that we can assume that (U,), admits, for the pi-a.e. convergence, a limit U. For any n,
thanks to the optimality of U,, we have

/ (O (2) — 2% dfi(a) < / (Un () — 2)% dji(x)
MUA

MUA

and by semi-continuity

/MUA(ﬁ(x) — 2)?dpi(z) < liminf ( /MUA(Un(x) —z)? dﬁ(:z:))

Finally, by a diagonal argument, one can find a sequence (ng )y such that (U,, (z;))x has a limit for each i.
Thus, if we denote by

| Un(z) ifzeV [ Uwx) ifzeV
T"(f”){ Un(z) ifzeMua 204 T(f”){ U(z) ifzcMUA

we have T,, — T p-a.e. on I, and

J(T) <liminf (/I_M((Un(a:) — )% + Uy, (2)*) f(x) dx) + lim inf (/M
< liminf J(U,)

(Un(a) — 2)? du(ﬂf))

UA

where (Up,), is a minimizing sequence for J on the set of H :L transport maps between p and v. It is
thus enough to prove that 7T satisfies the constraint on image measure to conclude. But for each n, by
construction, (T,,)xp = v and the p-a.e. convergence allows to obtain that this is also true for the limit T;
the proof is complete. O

1.4 Some surprising examples in dimension 2

In this section, we study some examples of “surprising” measures in dimension 2, which are absolutely
continuous with respect to the Lebesgue measure but have a density such that the critical set is the whole
domain 2 and the tangent space is a.e. non-null. However, we are able to show compactness results in
these particular cases which are enough for our variational problem.

1.4.1 A case where dim7, =1 a.e.

We begin by building a density in dimension 1 which is an example of measure for which the critical
set is the whole interval, a tool that will be used several times in the following to construct examples in
dimension 2 and more. This example is due to Guy David.
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Proposition 1.4.1. There exist a function f € L°(0, 1) which is positive a.e. (for the Lebesgue measure)
on (0,1) and such that, for any x € (0,1),

/ #
0. 1)U(e—s,a+e) ()

In other words, the set M corresponding to this function is the whole (0,1).
Proof. Let (¢,,)n be an enumeration of Q N (0,1). For € > 0, we set

U. = U (qn—%,anrZ%)ﬂ(O,l)

neN

The set U, is open, contains Q and we have 2e < L1(U.) < Y (¢/2") = 4e. Moreover, the family (U.).
neN
decreases when ¢ — 0.

We then take a sequence (ej)reny which decreases to 0 as k — +o0o and verifies > e = +00. Let us
k
show that the function )

f= TS
k

satisfies the required property:
e f is of course bounded (by 1) on (0,1).

e f(z) is null if and only if = belongs to an infinite number of U, ; but since the sequence (Uy, )y is
decreasing for the inclusion, this means that z belongs to U,, for any k. On the other hand,

c ﬂ U, | = EI(UE,CO) <deg, — 0 as kg — +o0
k>ko

so that the intersection of all the U,, has zero Lebesgue measure; this implies that f(x) is positive
for a.e. x;

e finally, if a < b € (0,1), then

/bl :(b—a)—i—Z»Cl(Uskm(avb))
a f k

1
<b— — =1V". We have for € < 1:
2m0 2n0

Let ng be a large enough integer so that ' = a +

V(@b = (0 gt t o) N@h) > U (00 gt t )

neN n>non€(a,b)

We deduce that

1
LU N@h) = > “L=Ce  wheeC= Y

n—1
n>noqn€(a’,b) n>nogn €(a’ )

and C' only depends on a,b and does not depend on €. Thus, we have

J I TICRORS S AUAGION EER:) SETEe
a k

keN
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By construction, the density f satisfies, with the notations of the above section, M = (0,1) and the
tangent space to the measure with density f is null a.e. (0,1). We are interested in the behavior of the
Sobolev space with respect to the measure

dp(z1, ze) = f(z1) dzg dae

on the square = (0,1)% in R2. Setting g(x1,72) = f(x1), this example is precisely built so that the

critical set
dt
M=<zeQ:Ve>0, —
B(z.o)ne 9(t)

coincides with the whole domain €.
The space L2(12) is described as follows:

u€ Li(Q) = //Q |u(z1, 22) 2 f(x1) day dzy < 400

= for p-a.e. z1,u(xy,-) € L*(0,1) and 1 — ||Ju(zy,-)||r2 € L%(O, 1)

In particular, for u € Li, the partial derivative du can be defined in the weak sense: it is, for p-a.e.
71, the weak derivative of the function wu(x1,-) which belongs to L?(0,1). This suggests the following
proposition:

Proposition 1.4.2. For p-a.e. x € 2, the space T, (x) is the vertical line R - 5.

In particular, although u is absolutely continuous with respect to the Lebesgue measure, the tangent
space to p is non-trivial on almost all the domain 2.

Proof of Prop.[1.7.2, We first prove that e; L T),(x) for p-a.e. x; thanks to the Prop. it is enough
to show that e; € I'(0) i.e. to produce a sequence (uy), of smooth functions having 0 for limit and such
that Vu,, — e; for the Li—norm. But we already know that, in dimension one, the tangent space to the
measure with density f is identically {0}: this implies 1 € I'(0), i.e.

vy — 0

oo N,
Ju, € C(0,1) '{v;—ﬂl

for the L?&‘ — norm

and we conclude by verifying that u, (z1, z2) = v,(x1) is convenient.
Let us now show that ey € T),(x). In this aim we show the implication

v=(v',v?) €T(0) = v? =0 p—a.e.

Indeed, if u,, — 0 and Vu,, — v = (v}, v?), then for ¢ € D(Q) we have

‘/ Oottn (21, 22) (21, x2) f(21) dory dag
Q

= ’//Q U (11, 22)O20(21, 2) f(21) dy dg

< lunllz2llellz2
which goes to 0 as n — +o00; on the other hand
/ Aottt (21, x2) (21, x2) f(21) dry de — / vipdu
Q Q

and we obtain [ v?pdp = 0 for any test function ¢, thus ¢ = 0. O

This implies the following description of the Sobolev space H ;:
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Proposition 1.4.3. Let u € Li(Q) Then u € H;(Q) if and only if the two following conditions are
satisfied:

e for a.e. 11, the function xo — u(xy,x2) belongs to H(0,1);
e the function z1 — ||lu(zy, ')H%{l(o 1) belongs to Ly(0,1).

In this case,
VH’UJ = (O, 82’&)

where, for p-a.e. 1, Oau(xy,-) is the weak derivative of u(x1,-), which belongs to L(0,1).

Proof. For the direct implication, let us take v = lim u,, with Vu,, — v in Li. Let 1 € (0,1) such that
n

un(21,-) = u(ry,-) and douy,(w1,-) — v?(x1,-) (this is true up to a negligible set of (0,1)). Then, for
» € D(0,1), we have

1 1 1
/ vz(xl, Jp = lim/ Oottn (21, )p = — lim/ Un (21, )" = — /un(xl, )
0 mJo mJo

which shows that dyu = v2. In particular

1 1, 1
[ e e da = [ ([ uteraa) + foer, e des ) fon) dar =l -+ ol
0o \Jo
which is finite since u, v € L2 (). Moreover, the Prop. implies that, for any v € T'(u),

V() = pr, ) (v(2)) = (0,0*(2)) = (0, dou())

For the converse implication, we again remark that, if u € C* (Q),

1
g = [ (s Mo + @)1, o) Flo) da

and conclude by the fact that H;(Q) is the closure of C* (€2) for this norm. O

In particular:

e in this case, the space H ; does not coincide with the set
{ue LE(Q) tulo-m € Hgl(Q — M)*}

since this last set is actually the whole space L2(f2). The definition of H} is thus in general finer
than the definition of the weighted Sobolev space H ;.

e there cannot exist a compactness result from H ; to the a.e. convergence on 2: it is enough to
take a sequence (uy), of functions depending only on the first variable x1, which is bounded in
L?(O, 1) but which is non-compact for the a.e. convergence to get a counter-example (since for a
such sequence we have |[un||m1 = [[un||r2).

We are however able to show that the problem “without transport” where only the gradient term is
considered admits a solution:
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Theorem 1.4.1. For this measure pu, provided that there exists a p-Sobolev transport from p to v, the
problem

inf {1V, T3z ) : T € HA(Q), Ty = v}
admits at least one solution.

Proof. We begin again by taking a minimizing sequence (7,),. Our strategy is to build a sequence &, of
“rearrangement” functions which will transform 7T, into a pointwisely convergent minimizing sequence:
&, is a function from (0, 1) to itself such that, if we set Uy, (21, z2) = T, (§n(21), 22), we have

o for any n, (Up)pp =v;
o each U, belongs again to H, () and ||V, Un||z2 < ||V T|l12;
e (U,), admits a limit for the p-a.e. convergence.
We start by setting, for n € N and z; € (0,1),
Sn(x1) : xo v T (21, 22)

For a.e. z1, Sn(x1) is a function of H'(0,1) C L2(0,1); we endow L?(0,1) with the Borel o-algebra
associated to its natural norm. Then we set

Pn = (Sn)#f

which is a finite positive measure on L?(0,1).

Lemma 1.4.1. The sequence (p,)n is tight.
Proof of Lemma[I.{.1 For L > 0, we set

K = {u € L%(0,1) : w € H'(0,1) and [ul31 (g, < L}

K1 is a compact subset of L?(0,1) and for each n:

1 1
pulL20.1) =~ K1) = [ Apomic,dpn = [ L5 e, fa)do
0 0

e 1S.(@)I2
n\T) g1 (0,1)
/sn(z)¢KL = L@ 20 = L
so that (12
1 1
1 nilgy  C
| 15w f@de < 1 [ 1S @l @) de = — = 7

where C' is an upper bound for (7},), in Hﬁ For each ¢ > 0, taking L = C/e and K = K|, we obtain
Vn €N, po(L*(0,1) - K) <e¢
which is exactly the result. O

Applying the Prokhorov theorem, we find a subsequence of (S,,), which has a limit for the weak-*
convergence of measures. We then apply the following formulation of the Skorokhod theorem; it for
instance can be found in Dudley [37], and has been used in this form for an optimal transport problem
in the Marc Bernot’s PhD. thesis ([11], Theorem 4.2.8):
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Theorem 1.4.2. Let (K, d) be a totally bounded metric space equipped with the o-algebra of its Borel
sets. Let (pn)n be a sequence of probability measures on (K,d). Then (u,), weakly-* converges to u if
and only if there exits a family (xn)n of functions (0,1) - K and x : (0,1) - K such that

o (1, = (xn)p L for each n, and = xxL';
® Xn — X a.e. in (0,1).

By replacing x, with x, o ¢, where ¢ is the monotone transport from f - £! to £, we get that the
same results holds with f - £ instead of £!. We apply it with K = L2(0,1) and p,, = p,; the sequence
(Xn)n that we obtain verifies then:

e for each n, x,, and S,, send f-L! onto the same image measure, thus they have the same image set
and in particular x,,(z1) = Sp (& (z1)) for a certain &, (z1), which means

Xn(21)(22) = To(En(21), 22)  for p-ae. (21,13)
e as a consequence of (S,)x(f - LY) = (xn)#(f - L), if we denote by F the function
we L2(0,1) o [l 2

we have fol F(Sp(z1))f(z1)dzy = fo (xn(z1)) f(z1) dzy i.e.
| DuT (7 =/ (02T (w1, 2) [* f (1) Ay dwz:/ 02T (n (1), 2) > f (1) dzy das
" Q Q

which implies that the function (x1,x2) — T,,(£n(21), 22) still defines a minimizing sequence;
o |Ixn(z1) = x(21)|22(0,1) — O for a.e. z1, so that, if we set T'(x1,z2) = x(21)(z2),
T (&n(21), w2) = T(21, 72)

which achieves the proof. [

1.4.2 A case where M = but 7T, = R? a.e.

The example is provided by the following density in dimension 1, which is also due to Guy David.

Proposition 1.4.4. There exists a function f € L>°(0,1) which is a.e. positive on (0,1) and such that,
for a.e. x € (0,1)? and for any ¢ > 0,

// dl’l dIQ +
_ Gndry
B(z,e)no,02 f(@1) + f(22)

Proof. Starting from the inequality

_ 1 (1 1)
Jf(xy) + f(z2) — 2 f(x1)” f(x2)

we are looking for a function i bounded from below, a.e. finite on (0,1) and such that

// min(h(zy), h(z2)) da; dze = +00
B(z,e)N(0,1)2
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for a.e. z € (0,1)? and any ¢ > 0, and we will take f = 1/h.
Let (ng)x be the increasing sequence of integers of the form

np=2"44,0<i<2'—1andi=1mod ?

i 1+ 1
Fk: = (215 21 )
where (i,1) is defined by nj, =2 +1i, 0 < <2 — 1.
Claim 1: Y LY(F}) is finite. Indeed, for each [, the integers ny, such that 2! < nj; < 2!*! are
%

We then denote by

2, 2 P41, 2 (p - )P+

where p verifies
2t (p—1P+1 <2 <2l 4 pi? 1

+1

thus png—kl

The numbers of intervals F} corresponding to such integers ny is thus smaller than 2/7!/i1? 4+ 1. On the
other hand, these intervals have radius 1/2'. Therefore their union has Lebesgue measure smaller than

1 . 1
2 2041
which defines a summable sequence.
Let us now take a sequence (ay )y of positive numbers. The function

h:x»—)Zak]le(x)

k

is finite at any point x only belonging to a finite number of Fj. But since Y, £!'(F}) < +oo, by the
Borel-Cantelli lemma, the set of points = belonging to infinitely many F} has zero Lebesgue measure;
therefore h(z) < 400 for a.e. . We will now build a sequence (ay); such that, for the corresponding
function h,

//Q min(h(z1), h(z2)) dy dzy = 400

Claim 2: for any a < b € (0,1), there exists ly such that, for any | > lo, there exists 0 < i < 2! —1
verifying
. 1
i =1 mod > and a<§<z;

Indeed, taking [y such that 12/20=! > b —q and 1/2% < q, if

<b

po =max{p: (I’p+1)/2' > a}
we have (12(po +1) +1)/2! > a and

Plpo+2)+1 IPpg 1

2! oo 2!

with 1%py/2! < a and 1/2! < b — a.
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Therefore, if a < b and o’ < ¥ € (0,1), for Iy corresponding both to a,b and a’,b" with [ > Iy, we have
/ / min(h(z1), h(zs)) dey dzs > min(ag, o)L (Fr))
(a,b)x(a’,b")
where k = /2! is such that a < i/2' < (i +1)/2! < b and idem for &/, and L} (Fy) = LY (F) = 1/2%. It

is then enough to take a sequence a; = b; with bl/ZI — 400 to get the result. O

We will now study the Sobolev space with respect to the measure

dp(zy,xe) = (f(z1) + f(22)) day dxe

By construction, the critical set M corresponding to the density of u is the whole domain = (0,1)2.
However:

Proposition 1.4.5. We have T,, = R? p-a.e. on R?.

Proof. As above, let us take v = (v!,v?). € I'(0) and show first that v* = 0. If u,, — 0 and Vu, — v in
Li, in particular,

[ </ e o) Sy b and / ( [ Gt - @y dar) floa) oo

which implies, for u-a.e. xs,
Up (-, x2) = 0 and Oyuy, (-, z2) — vl(-,xz) in LQ(O, 1)

and v! = 0 a.e. on €. Since the two variables x;, x5 play symmetric roles, the proof that v? = 0 is
similar. O

This gives an example of absolutely continuous measure with a density such that the critical set is
the whole domain Q but for which the tangent space is a.e. the whole space R®. The spaces L” and H,
are described here:

Proposition 1.4.6. A measurable function u : Q2 — R belongs to Li if and only if the two following
assumptions are satisfied:

e for a.e. T1, 19 — u(w1,22) is a function of L*(0,1), and the function z1 — ||u(z1, ')”%2(0 1) belongs
to L}(0,1);

e for a.e. vy, T4 — u(w1,x2) is a function of L?(0,1), and the function xo — ||u(o,x2)||%2(O 1) belongs
to L}(0,1).

It belongs to H}L if and only if the same assumptions are satisfied with the H'(0,1)-norm instead of the
L?(0,1)-norm.

We can now state our compactness result in H ;, which is enough to our variational problem:
Theorem 1.4.3. Let F be a bounded subset of H\(Q) N L>(Q). Then F is precompact in L*(Q).

Proof. We follow the proof of the original Rellich-Kondrakov theorem in H', that can be found in [I],
Theorems 2.32 and 6.3. We fix a family of smooth convolution kernels (7;,)r>0 such that, for each h > 0,

e 7, = 0 outside of (—h, h);
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o [am=1
e 0<n, <C/honR;
e 73, has a Lipschitz constant which is smaller than C/h?;
where C' is a positive constant independent of h. We extend each function v € F to the whole R? by

setting u = 0 outside of 2 and we set, for each h > 0,

up(x1, x2) = / w(xr, y2)nn (2 — y2) dys = / w(xi, 2 — Y2)nn (y2) dya
R R

the convolution of u and 7, with respect to the second variable (notice that this definition makes sense
for a.e. 1 since u(xy,-) € L?(0,1) for a.e. x1).

Lemma 1.4.2. Let h > 0 be fized. Then the family
F, ={up : ue F}
is a precompact subset of (C°(Q), || - |lo)-
Proof. We verify the assumption of the Arzela-Ascoli theorem. We already know that Fj, is bounded for

the L°°-norm and only have to check its equicontinuity. For 5 € R, we have

1
up (1, T2 + 02) — up(z1, 2) = / (w1, y2) (M (y2 — v2 — 62) — np(y2 — 2)) dyo
0

so that, thanks to the bound on Lip 7y,

C1o,|
h2

182
h2

1
fun (21, @2 + 62) — un (1, 22)| < / (e, y)) D2 < ¢ (1.5)
0

where C’ takes account of the bound on ||u||s. This estimation is uniform with respect to (z1,z2).
On the other hand, for §; € R

1
up(z1 + 01, 22) — up(21,72) = / (w(z1 + 01, 92) — w(x1, y2))nn (22 — y2) dya (1.6)
0

where, for any yo such that u(-,y2) € H*(0, 1), thus for a.e. yo,

1401
|u(21 + 01, y2) — u(w1,y2)| = / Oy, y2) dyr | < [lu(- y2)||m1 0,1V 161]

1

the last estimate coming from the Cauchy-Schwarz inequality.
Since u € H}(Q2), the function
y2 = [[uC )l 0.n)
belongs to L}C(O, 1) (and even to L?(O, 1)), and since f > 0 and f € L*°(0, 1) the Lebesgue measure and

the measure with density f are equivalent; we deduce that for any € > 0, there exists C. > 0 such that
l[u(-, y2)||r1(0,1) < Cc for a.e. ya outside of a set N. C (0,1) with £'(N.) < e. In particular, for such a

Y2,
[u(zy 4 01, y2) — u(z1, y2)| < Cen/]61]

and [u(@1 + 01, 92) — u(@1,y2) |k (22 — y2) dy2 < C=/101] / M = Cer/]01] (1.7)
R

R—N¢g
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On the other hand,

[ o1+ 61,m) = . )z = ) e < €1 (N2l el < 57

where C does not depend on u, h, 41, €. Using (1.7) and (1.8), we deduce from (1.6) that

Ce
lup (1 + 61, x2) — up (21, 22)| < -+ C./]61]

(1.9)
By combining (1.5 and (1.9), we finally obtain the following: for any ¢ > 0, there exists C. > 0 such
that, for any v € F and § = (61,02) € R?,

C|o C
llun(z1 + 01, 22 + 02) — up(x1, 22)| < |hQ|+Cs \51|+7€

This is enough to get the equicontinuity of the family Fj.
For v € F and h > 0, we have

u(x, x2) —up(x1, x2) = /(U(xl,$2)—U(9€17$2—y2))77h(y2)dyz :/ (/ azuh(ﬂﬂhtz)dtz) nn(y2) dyz
R R x
so that

2—Y2
h 1) 2
u —up|*(z1,22) < (/ (/ |O2up (1, t2)] df2) Uh(yz)dy2>
—h To—Y2
h ) 2
< 2h-/ (/ |82Uh($1>t2)|dt2) N (y2)? dys
—h T2—Y2

< 2h? </R |Oaua (21, t2)[? dtz) (/_}; m(y)? dy)

If we set pq(x) = f(x1)dx; dzg, the above inequality gives by integrating it with respect to 1

e — wnl 3y < 20l 3
But since ||7p]lco < C/h we have

L2 L h h,
C

thus [lu — UhHLﬁl <cvh
where C' depends only on the bounds on the family F.
Let € > 0. We choose h > 0 such that

g
Vu € F, [lu—unllrz <5

-2
Since the family {uy : u € F} is precompact in (C°(Q)),]| - ||e), which is continuously embedded into
L2, there exists a finite family {u},...,u}} of (C° (€2)) such that, for any u € F,

i
[lun — up|lzz <

N ™
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for some 4,1 < i < p. Finally, the family {uj,...,u}} satisfies
Yue F,31<i<p, ||“_UZHL31 <e

This shows that the family F' is precompact in Li .- Since the two variables z1,z2 play symmetric

roles, the same reasoning allows also to prove that it is precompact in wa, where po has the density

(x1,22) — f(x2) on (0,1). It is thus precompact in the space Li. O
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Chapter 2

Optimality conditions and
characterizations of the optimizers

In this chapter, we study optimality conditions for the class of problems

inf{/Q IT(2) —:c|2du(:c)x+/Q|DT(a:)|2da: LT e HY(Q), Ty = y}

where, according to the results of the previous section, Q is an bounded open subset of R? 1 € P(Q)
admits a density which is bounded from below by a positive constant and v € P(R?) is such that the set
of admissible functions

{TeH(Q): Typp=v}

is non-empty.

2.1 The one-dimensional case
We recall the following classical theorem of optimal transportation on the real line, whose proof can be
found in the Appendix:

Theorem 2.1.1. Let ;o € P(R) and assume that p has no atom. Let v € P(R). Then there exists
a unique non-decreasing map 17 : R — R and a unique non-increasing map To : R — R such that
(Th)gp = (To)pp = v. Moreover, if h : R — R is convex then Ty is optimal for the problem

it { [ 1(17@) ~ el dute) : Ty = v

with uniqueness if h is strictly convez.

2.1.1 Statement of the main results

When the source measure is uniform, the main result is the following, which implies the optimality of
these two monotone transport maps for the Sobolev cost:

Theorem 2.1.2. Let I a bounded interval of R. Let T,U € WY(I) such that Tu L' = UyxL, with
T monotone. Let f : [0,400) — [0,+00) be a convexr and non-decreasing function. Assume that
J; F(U']) dz < 400 and let us set, for x € 1,

n(z) = #U~ ({T(2)})

47
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the number of points whose image by U is T(x). Then x > n(zx)|T’(x)| is integrable on I and we have
the following inequality:

/f (|U'(z)|)dz > /f x)|T' (z)]) dz (2.1)
(where we use the convention n(x)|T'(x)] =0 if T'(x) =0 and n(z) = +0).
If p is not uniform, we have a result a little weaker under some assumption on its density:

Theorem 2.1.3. Let I a bounded interval of R, and p € P(I). Assume that p has a density g verifying

inf g 1 (2.2)
sup g 2 '

Let f : [0,+00) — [0,+00) be a convex and non-decreasing function. Let U € WH(I) and v = Ugp .
Let Ty, Ty be respectively the unique non-decreasing and the unique non-increasing transport map from
to v. Then one of the following inequalities is true:

/fW’ /fn ) du(z /fW /f STy du(z)  (23)

Consequences for our variational problem. Let us give some remarks about the function n(x)
which appears in Theorem First, since U and T send £! onto the same image measure, they have
same image set in R so that n( ) > 1 for any z, and the inequality (2.1) and the monotonicity of f lead

N /If(|U’ dx>/f 2)|T (x dm>/f [T (x

This proves that T is optimal for the problem

inf{/lf(|U’(x)|)dx cUpLt = u}

where v = Ugv. In particular, this problem admits at least the two monotone maps from £!|; to v as
solutions.

One can actually show a more precise result: if 7" is monotone and U is fixed with Tz L' = UyL?,
then U is monotone if and only if n(z) = 1 for almost every x such that |T7(z)| > 0. Indeed:

e if U is monotone and n(x) > 2, it means that there exists z1 < x2 such that U(z1) = U(z2) = T'(x),
and the monotonicity of U implies that U is constant with value T'(z) on (21, z2). In particular,

LYTTH{T(@)}) = LU ({T(2)}) = 22 =21 >0

so that T is also equal to T'(z) in at least to points; since it is monotone, it means that x belongs
to an interval where T is constant, so that 7"(z) = 0 provided that T has a derivative at x (which
is true for a.e. x since it is monotone);

e conversely, assume that U is not monotone and let us take xy < xo < x3 so that, for instance,
U(zz) > U(z1) and U(zz) > U(xs); we then can assume that U(zy) = U(zs) < U(xz). Taking
ah, x4 such that T'(z}) = U(zy) and T(z5) = U(xz), we get n > 2 on (xf,z%). Finally, since

T € WHi(T), we have
5
/ T'(t)dt

1

T () — T(ah)| = z/%ﬁﬁWﬂ>O

’
1

(the last equality comes from the fact that 7" has a constant sign on ¢). This implies that |T”| > 0
on a non-negligible subset B of (x), %), and n > 2 on B.
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In this last case, if we assume moreover f to be increasing, we get for U non-monotone:

/If(|U’ dx>/f Ndz> [ fn@)|T (= dx+/f 2))) da

I1-B

/f 2)|T (x dx>/f2|T’ dx>/Bf(|T’(x))dx

and f(n(@)|T'(2)]) dz > AT (2)]) dz
I-B I-B

where

This achieves the proof of:

Proposition 2.1.1. If f : [0,400) — [0,400) is convex and non-decreasing and v € P(R), then the two
monotone transport maps from L' to v are both optimal for the problem

inf {/If(|U’(x)|) de: U € WHY(U), UuLt = y}

with uniqueness if moreover f is increasing.
This has for consequence:

Proposition 2.1.2. Let f : [0,+00) — [0, +00) be convex and non-decreasing and h : R — R be convexz.
Then the non-decreasing transport map T from L' to v is optimal for the problem

inf{ [ h(|U(x) —z|)dz+ [ f|U'(z))dz : U € WD), UpLt = v
I I

Moreover:
e if h is strictly convez, then there is uniqueness;

e if h is only convex but f is increasing, then the only possible competitor for T is the unique non-
increasing map from L' to v.

The rest of this section is devoted to the proof of the theorems [2.1.2) and [2.1.3]

2.1.2 The piecewise monotone case

In this paragraph, we introduce the notations and give a proof of Theorem and a partial proof
of Theorem [2.1.3] when U has some regularity. The assumption on U is the following: we will say
that U € Wh! satisfies the condition (PM) (for “piecewise monotone”) if there exists a subdivision
x1 < --- < ay of I such that, for each i, Ul(y, 4,,,) i C' and |U’|(4, 4., ,) is bounded from below by a
positive constant (in particular, U’ # 0 and U is monotone on (z;,x;+1)). Moreover, we still assume that
w1 has a density g which is bounded from above and below by positive constants. In this case, we will
adopt the following notations:

e y; < --- < yi are the elements of U(I) such that {y1,...,y;} = U({z1,...,2;}). Moreover, up to
adding finitely many elements to {z1, ..., 2;}, we can assume that U~*({y1,...,y;}) = {z1,..., 2% }-

e for each i, 1 < i <[, ¢; is the inverse map of U|(y, 4,,,) (Which is strictly monotone thus bijective
onto its image interval);
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e conversely, for each k, 1 < k < j, we denote by A the set of indexes i, 1 < ¢ < [, such that U
sends (z;,Z;11) on (Yg,Yk+1), and ny = #Ag. Notice that the function y — #U !(y) is constant
n (Yk, Yr+1) with value ny.

In this case, we are able to give an explicit formula of the image measure Uy pu:

Proposition 2.1.3. The measure v = Uy p is absolutely continuous with respect to the Lebesgue measure.
Moreover, for y € U(I)\{y1,...,y;}, if k is such that yi, <y < yry1, the density of v at y is given by

(fv)
(Uxg)(y Z T (@)l (2.4)
ZEAk wi
In particular, if T is monotone and Tyup = Uyp, then

x) Z |U'( uz(xx) (25)

1€EAL

where u; = ;o T.

The density of v is in particular positive on a.e. point of the interval U(I), which implies that such a
T is strictly monotone, thus bijective, from I into U ().

Proof of Prop. [2.1.3 Let ¢ < d such that yx < ¢ < d < yg4+1. We compute v((c,d)): we have v((c,d)) =
w(U=t(e,d)) with U= ((c,d)) = U i((c,d)) and this is a disjoint union, so that

i€AL
wi(d)
/ Y dfo/ 9l ()| ()] d (2.6)
¢ €A i(c) €A

The density of u on a.e. y € (¢,d) is thus given by Zg( (y))¢'(y), but since ¢ is the inverse of U in
(¢c,d) we have ¢’ = 1/(U’ o ). This leads to On the other hand, if 7' is monotone and sends p to

v, then
Yt [T e [T )
I ‘i/mc) syde = [ ety

This combined to (2.6) gives

9(T' () /
T =1/ N g\pi\y))1¥;\y
T T1(y) 2; (9i(®))l¢i ()]
and (2.5) follows since ¢} = 1/(U’ o ;) and u; = p; 0 T. 0

We can now show our results under this assumption on U:

Proposition 2.1.4. Let T' be monotone such that Tyup = Uyp. Then
inf g
U'(x)])d xZ/ (m nxT’ac)d x
[ @han@ > [ (@i @) ane)

e if g is constant, i.e. if u is uniform, then the inequality (2.1) holds;

In particular:

e if g only satisfies (2.2) and if n > 2 on I, then the inequality (2.3) holds.
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Proof. We have the following equalities :

=1 .z Jj—1
[ @hane) =3 [ sqv@) <dw—Z<

k=1

Z/ 71U @)Dga)d )

€A

where the sum over i has ny terms. On the interval (z;,z;1), we set = u;(y), and since the derivative
of u; is u, = T"/(U'ow;), we obtain

fIU’ =55 ([ 0 atonn -2 g ay) (2.7
Ui (y))

k=1ic€Ay

In the equation (2.7)), Prop.[2.1.3|gives Z ‘ T (y

[ du>Z / (Z |U'<ui<y>>|\Uff;‘j;>)\g(“”(y”>g<y>dy;

= 9(y)

9(wsW) — 1 and, since f is convex:
9(y)

We use the monotonicity of f to get

[ du>Z/zw (Z'U' |Gty

€A

iﬁg)ﬂ@ﬁm

sup g

> )
9 which occurs ny,
supg

times; since ny, is exactly the constant value of n on (zy, zx+1), we obtain the integral on this interval of
n(y)T"(y)2LL: and the first sum gives the integral of this function on the whole interval I, i.e.

Jatoaez [ 1(ELupir) au) o

2.1.3 Proof of Theorem [2.1.2; approximation

In the second sum, the terms |U’(u;(y))| disappear and there only remains 7" (y)

In this paragraph, given U € W11(I), we build an approximation (Uy) of U by functions satisfying the
condition (PM) and we show that the inequality at the index k (with the increasing transport T}
- the proof would be exactly the same with the decreasing transport - and the function nj corresponding
to the map Uy) passes to the limit as k — +o0o. We fix a super-linear non-decreasing function f and we
first show the following;:

Lemma 2.1.1. For every U € WHY(I) with [ f(|U']) < 400 there exists a sequence (Uy)gen in WH(I)
such that :

o Uy P U in WHL(T) ;
k——+oo

o [Ul m folU'| in LN(I) ;

o for each k, Uy is piecewise affine with U], # 0 a.e..

Proof. First notice that if the the thesis is true when replacing f with = — f(z) 4 x, then it stays true
for the original function f. This allows to assume that f’ is bounded from below by a positive constant;
then f:RT — RT is bijective and its inverse function is Lipschitz. Let (hy)r be a sequence of positive
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and piecewise constant functions (say, on dyadic intervals of length (b — a)/2¥), such that hy, — f o [U|
in L'(I). We define U] by
Ur(w) = sgn(U () — Uy )~ (hie(2)

where z;7, x, are the dyadic numbers around z (this is a non-ambiguous definition for a.e. z € I).

We have f o |U]| — fo|U'| in L*(I) and we want to prove U, — U’. First, notice that, since f~!
is Lipschitz, we easily get |Uj| — |U’| in L'. Moreover, up to subsequences the convergence also holds
a.e. on I. Thus, it is enough to manage the sign and prove that U], — U’ a.e. on I. This convergence holds
on any non-dyadic point where U is differentiable with U’ # 0 (which imposes the sign of U(z}) — U (z},)).
These points, together with those where |U’| = U’ = 0 cover almost all the interval ; this gives U; — U’
a.e. on I and, by dominated convergence, we obtain U] — U’ in L!.

Then, if we take for Uy, the primitive of U;, which has the same value of U at a, we obtain a sequence
(U, of piecewise affine functions such that, by construction, Uy, — U in Wh(I) and fo|U}| — fo|U’|
in L(I). O

In particular, each Uy, verifies the condition (PM), thus the inequality (2.1) is true with Uy, Ty (the
non-decreasing function with same image measure) and ny = #U,~ Lo Ty,

Remark. Thanks to the inequality in the piecewise affine case and since f is non-decreasing and super-
linear, ny > 1 and [ f(|U}|) has a limit, we infer that the sequence (f(7})) is bounded in L*(I), with f
super-linear; thus (77); is an equi-integrable family, which implies:

e the sequence (7T}); is equi-continuous, thus it admits, up to subsequences, a uniform limit 7T'; this
limit is obviously a non-decreasing function;

e from the strong convergence U, — U in W' we infer a.e. pointwise convergence, which implies
that (Up)xL' — UxL'; analogously, we have (Tg)xL' — TyxL', which implies UpxL! = Tp L1
Hence, the function T is exactly the monotone function corresponding to the original function U;

e the sequence (77)y, is weakly relatively compact in L', which, together with the uniform convergence
T, — T, gives T € WH(I) and T}, — T in WHI(I).

Asymptotics of ni(xz) as k — co To look at the limits of ny, let us define the function m given by

m(z) = inf{liminf ng(zx) : zp — x}.
k——+oco

This function is actually the I'-lim inf of the functions ny, (see [19]). A general result on I'-lim inf functions
gives that m is lower semi-continuous on I (it is easy to check it via a sort of diagonal sequence).

We are interested in the following.
Lemma 2.1.2. For almost every x € I such that T'(x) # 0, we have m(x) > n(x).

Proof. Let us first show that this inequality holds if y = T'(z) is not a local extremum of U; thus, if we
take 2’ € I and 6 > 0 with U(2’) = y, there exist 7, 2T € ]2’ — §,2’' 4+ §[ with U(z~) < U(2') < U(z™).
Let (x)r be a sequence of I converging to z, and y; = T (2x). Thanks to the uniform convergence of
(Tx)r to T, yr — y. Let p be a finite integer such that p < n(z); we will show that we can find p distinct
points having Ty (zx) as image by U, for k large enough (depending on p).

Let 21 < ... < 2, € U"(y), and § < min;(zj4+1 — z;). By the assumption on y, we can find £ > 0 and
some points z;r and z; in each interval ]z; — 6, 2; + 0] such that U(z;) +¢ < U(zj) < U(zj) —e.

Since Uy, — U pointwisely on I, the sequence (Uk(z; ))r (resp. (Uk(zj»'))k, (Ur(z;))k) converges to

U(z; ) (resp. U(z;r), U(z;)). There exists ko € N such that, for k& > ko, we have Uy (2; ) < U(z; ) +¢/2 <
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y —¢/2 and Uk(z;r) > U(z;r) —¢&/2 > y+ ¢/2; moreover, since yr — y, we can assume that, for k > ko,
y—¢/2 <yr <y+e/2; combining these two points, we have

for all k> ko, Ur(z;) <yr < Uk(zj);

then by the intermediate value theorem, since Uy is continuous, for any j, there exist zf between zj and

z; , such that Uk(z;“) = y. The points z;?, 1 < j < p, are distinct, since they belong to disjoint intervals
|z; — 6,2 +6[. Hence, ni(zx) > p for k > ko. The proof is complete if T'(z) is not a local extremum of U.
The last step consists in showing that the set A of points x such that T'(z) is a local extremum for U
and verifying furthermore 7" (x) > 0 is negligible for the Lebesgue measure. Indeed, y is a local maximum
of U if, and only if, y = I}]laXU with ¢ € QN 1, r € Q4 and J,, =]q — r,q 4 r[NI; therefore,
.

A= U {Tl(maXU)ﬂ{T' >0}, T (minU) N {T" >0}}
q€QNI,reQy Jarr Jar

This equality proves that A is measurable, and it is enough to prove that for each level ¢t we have
LY (T1(t) N {T" > 0}) = 0; this is true since T = 0 a.e. on any level set of T' (which is an interval). [

Conclusion by semi-continuity We denote for x € I and k,j € N:

nfﬂ(x) = min (j7 ;relg{ﬂx —y|+ nk(y)}) ; hj(z) = lim ni(x),

k— 400

(h; exists since the family (nfc) i is, for each 7, uniformly bounded and equi-Lipschitz, thus we can assume
that it admits a uniform limit up to subsequences). Let us notice that for any j, nj, < ny (take z =y in
the definition of nj ). Moreover, by Lemma , m >mn on I. Let us show the following lemma:

Lemma 2.1.3. For any j € N, we have h; > m; on I, where m; is defined as
my(a) = win (5, nf (7le = ol + m(w)}).
Proof. Set ni = min(j, ﬁ{c) and m; = min(j, m;), where
i (z) = Inf{jlo —y[ +nk(y)} and m;(2) = it {jlo —y[ +m(y)}.

By definition, there is a sequence (yx)), such that 7 (z) < jlz — yk| + nk(yr) < 7(x) + 1/k for any
taking the minimum with j, we obtain

; o , 1
n.(x) < min (4, j|lz — yr| + ne(ye)) < nj(z) + T

We may assume by compactness that y, — y € I, and, by definition of h;, we have min(j, jlz — yx| +
nk(yx)) = hj(x). Moreover, by definition of m, we have liminfy_, | o ng(yx) > m(y), which gives
——+oo
min (j, jlz =yl +m(y)) < hj(z)
for y = limy, yi, € I ; since m;(z) is the infimum over y of the left-hand side, we obtain hj(z) > m;(z). O

The functions m; that we just introduced are the usual Lipschitz “regularization” of the l.s.c. function
m, and we will use (without proving) the following standard lemma.
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Lemma 2.1.4. The sequence of functions (m;);en is non-decreasing, and has m for pointwise limit.
We now return to our main result:

Theorem 2.1.4. Let f be convex and non-decreasing, U € W' such that [ f(|U'|) < +oo and T
monotone non-decreasing such that Ty L' = Uy L. Then the inequality (2.1] . ) holds.

Proof. First of all suppose that f is superlinear. We use the approximation defined in this section. Section
2 proves that, for any k :

/ F(UL@)]) da > / F (@) TY()) d

and thanks to the non-decreasing behavior of f and to the remarks about ny, nk and hj, we have the
following inequalities, which are true for k > ko for every 6 > 0 and j (ko = ko(0,7)):

/I FuTy) > / fniTy) > / F((hy — )T} > / f((m; — O)T)). (2.8)

For some fixed § > 0 and j € N, the functional
Tew' o /f((mj(x) )T (2)) da
I

is lower semi-continuous with respect to the weak convergence in Wh! (see [28]). Thus, taking the limit

k — 400 in (2.8) gives
k——+oco

liminf/fnka /f = 6)T):;

and by monotone convergence, taking the limit j — +o0o0 and § — 0 in the right-hand side gives

Since m > n a.e. on the set {T” # 0} and f is non-decreasing, the proof is complete for f super-linear.
If f has linear growth, it is sufficient to select a positive, convex, increasing and super-linear function
f such that Ik f |U']) < +o0; if we fix € > 0, f + ef is super-linear and non-decreasing, thus

for all € > 0 we have /f(\U/D—i—E/]?(\U/D Z/f(nT/)—i—E/f(nT’) Z/f(nT’)

and passing to the limit as € — 0 gives the result. O

2.1.4 Proof of Theorem 2.1.3

Again, we begin by taking U satisfying the condition (PM). The proof in this case is decomposed in
several lemmas. We denote by m(z) = #U1({U(x)}); since U satisfies the condition (PM), m is
piecewise constant on I, and we denote by x; < --- < x;,, a subdivision of I such that m is alternatively
equal to 1 and everywhere greater than 1 on (z;, 7x41) (i.€. M|z 2,,,) = 1 if k is odd and > 2 if k even
or the converse, depending on the value of m at the beginning of I).

Lemma 2.1.5. The function U is strictly monotone on any interval (xy,xr1) on which m is constant
with value 1. Moreover:

o if Ul(zy,zp.,) 18 increasing, then U(xz) < U(xg) for any x < xp, and U(x) > U(zpyr) for any
T2 Tpt;
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o conversely, if Ul (q, ,.,) 18 decreasing, then U(x) > U(xy) for any v < xp, and U(z) < U(zgs1) for
any T > Tht1.

Proof. Since m = 1 on (zk, x41), for any x € (z, zr4+1), x is the unique point of I having U(z) as image
by U. In particular, Ul (4, z,.,) is injective, thus monotone since it is continuous.

Assume now that it is increasing. If there exists z < zy such that U(x) > U(xy), let us take
y € (U(xg),U(x)) NU((zx),U(xk+1)); by the intermediate value theorem, there exists z; € (x, z;) and
29 € (xg, xgp+1) such that y = U(z1) = U(z2); in particular, U(z3) = 2, which is impossible.

The same reasoning shows also that U(x) > U(xg41) for £ > xp41. The proof is similar if Ul(,, 4, )
is decreasing.

Lemma 2.1.6. U has the same monotonicity on any (xk, k1) where m = 1.

Proof. Assume by contradiction that, for instance, Ul (4, z,,) i increasing and U\(zk,,mk,ﬂ) is decreasing
with k < k’. We then have

U(z) < U(xgy1) and U(zp) > U(zgr41)
Moreover, thanks to the lemma [2.1.5]
U(:Ek+1) S U(Ik/+1) and U(Ik) Z U(xk/)

These four equalities lead to U(xy) < U(xy). The proof is the same if Ul(,, 4, .,) is decreasing and
Ul(zys 24r,,) 18 increasing. -

We will now say that U is “globally increasing” if it is increasing on any interval of which m = 1, and
“globally decreasing” in the converse case.

Lemma 2.1.7. If U is globally increasing, then, for each k,

U(z) < xp for z < x, and U(z) > xpq1 for x> xpyq
Conversely, if U is globally decreasing, then, for each k,

U(z) > xp for x < xy and U(z) < xpy1 for x> xpyq

Proof. The case where m|(, o.,,) = 1 comes directly from the lemma Assume for instance that U
is globally increasing, and let us take & such that m| ) = 2.

Tk Lk+41

e Assume that there is z < x; such that U(z) > U(wy); this implies k > 2, m|, , ) = 1 and
Uley_1,a) 18 increasing. Therefore, the Lemma gives U(z) < U(zg—1) for © < zj_1, so that
z € (xk—1,xx), but in this case the growth of U on this interval leads to U(z) < U(z) which is
impossible.

e Similarly, we prove that there is no z > x4y with U(z) < U(zg41).
The proof is the same if U is globally decreasing. O

Let us now denote by yx = inf(y, 2,,,) U, Ykt1 = SUP(y, 4,,,) U it U is globally increasing and the
converse if U is globally decreasing. The above lemma shows that y; = U(xy) for each 2 < k <p—1.

Lemma 2.1.8. Assume that U is globally increasing. Let Ty the non-decreasing transport map from pu
to v ="Ulgp. Then, for each k:

Tl(zk) = Yk and (T1)|#(.u|(wk,zk+1)) =Uyg (:u“‘(afk7$k+1)) = V(yk,yk+1)

If U is globally decreasing, then the same equality holds for each k, with Ty (the non-increasing transport
map from p to v) instead of T7.
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Proof. Assume U to be globally increasing and let us first show the result for £k = 1. If p = 2 then
(z1,22) = I and there is nothing to prove, so we also assume that p > 3. We know that z; = inf I by
definition, and the last lemma provides y; = inf U(I), which implies T} (z1) = y1, and

yo= sup U= inf U sothat U(zy) =1

(x1,22) (z2,2p)

On the other hand, the fact that 77 and U have same image measure gives

/ﬂylgv(w>ScdH(if) Z/]lylgl(z)scd#(l“)

In the above equality, we take ¢ = yo. Then we have U(z) > y» for a.e. x > xo with equality at most for
a finite number of points x since U satisfies the condition (PM), so that, for a.e. z € I,

y1 <U(@x) <ys <= 21 <z <129 (2.9)

Ty (z) T
/ dv = / du
Y1 Z1

On the other hand, the equivalence (2.9) provides

To Y2
/ dp = /ﬂyler(w)s:uz dp() =/ dv
1 Y1

so that le(“ dv = fyylz dv, but v is absolutely continuous with respect to the Lebesgue measure with

We know that T is characterized by

a a.e. positive density so that the function y — fxyl dv is increasing. We conclude that T} (z2) = y2. The
second equality of the lemma comes from the fact that (77)xp = v and from the equivalence

1<z <2 = y1 <Ti(z) <y <= Yyl <U(z) <y

The lemma is proved on (x1,z2). We prove it similarly on (z2,23) by considering (z2,x,) as global
source interval and (y2,yp) as global target interval, and we make the same reasoning successively on
each (zy,zp), k<p—1. O

Lemma 2.1.9. Assume U to be globally increasing. Let f be convex and non-decreasing. Then, for each

k:
® if M|(ay00) = 1, then U =Ty on (wp, Tx11);
o if m|(zy 20,1) > 2, then f““ Fqu' d,u>f70’“r1 fqri) du

In particular, [, f(|U')dp > [, f(IT7])dp. If U is globally decreasing, the same results hold with T
instead of T5.

Proof. 1f m| (4, 2,.,) = 1, then U and T} have the same monotonicity and send v|(,, »,,) onto the same
image measure, thus they coincide on this interval. If not, the result comes directly from Prop. 2.1.4]
applied on (zk,zr4+1) (the fact that m > 2 on this interval guarantees, with the notations of Prop. 2.1.4]
that n > 2). O
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Conclusion when U is not regular. Let U € WHY(I); we approximate U by the same sequence
of piecewise affine functions (U, ), (see Lemma . Each U, is either globally increasing or globally
decreasing; up to a subsequence, one can assume that their “global monotonicity” is the same. If each U,
is globally increasing, we consider the corresponding increasing transport 77" sending p onto the same
image measure. We know that, for each n,

vneN. [ rwihan= [ sy
and that:
o folUl| = foU in L'(I);
o TP — Ty in WY(I) (see the remarks after the Lemma [2.1.1);
e the function T'— [, f(|T”|) dp is Ls.c. with respect to the weak convergence in W1,
This allows to pass to the limit and get [, f(|U’|)dp > [; f(T7) dp. The same inequality with T3 follows

if each U, is globally decreasing.

2.1.5 A counter-example when the condition on u fails

We conclude this section by giving an easy example of measure for which the inequality (2.3)) fails. The
strategy is the following: starting from the triangle function

2z ifx <

U:x2€(0,1) —
z€(0,1) {2—2x if 2>

N|— D=

we construct a density g for which the associated increasing transport T verifies [, [T"|*dp > [, |U'|* dp.
Let a > 2 to be fixed below and
a if0<e<

glz)=¢ 1 ifi<z<
«@ if%<x<1

oo Bl

(g is not a probability density, but it would enough to divide it by (1 + «)/2 to get it; however, we
keep these formulas for the sake of simplicity of computations). We compute the increasing transport T°
sending g onto Ugg (since p is symmetric with respect to the middle of I, the cost of its derivative is the
same than for the decreasing transport from g to Uxg), for instance thanks to the formula : it is

1
o1
T 1f35_4
1,1 1 el 3
- 1 a\"T) Ba=t=g
xXr —
TR L R R
/1 43 o1
5 \a 1=T="" 9,
(z—1)+1 1oL cpen
a\xr — 1 _ — X
200 7
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U(z) T(x)
v=1 v=1
"% »%
V=« V=«
1 3 1 3
. . . .
n =« u=1 u=o«o u =« w=1 m=«

The graphs of U and T (here for a = 4)

We now compute for a generic function f:

[a0ode= 25 and [ s 5204 Gr - L 5 (1)

Thus, the inequality [2:3] fails provided that
fla)  f@)—f1) f)+[(2) +%f <1> =0

2 2 2 a

One see directly that, for f super-linear, one can find such an « (it is enough to take it large enough
since this quantity goes to +0o as a — +00). For instance, for f = |- |2, this condition becomes

at =302 —5a2+1>0

which is true provided that o > «g ~ 4,1819, the greatest zero of this polynomial function. This
construction has also been used to build counter-example to the optimality of the monotone transport
map for another type of variational problems (see [56], fourth paragraph). Notice however that:

e this does not prove directly the sharpness of the condition

e also, this does not prove that this triangle function U is optimal for the functional U — [, f(|U’]) dp
for such a p, this proves only that this U is better than the monotone functions from p to Uy p for
this cost.

2.2 A PDE approach in dimension 2 and more

In this section, we forget the case of the real line and assume d > 2. Let Q be an open subset of R% and
L :R? x R x My(R) — R; our goal is to characterize the minimizers of

J:Tw— /QL(x,T(x),DT(x))f(:c) dz

among the maps T such that:
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e T sends = f- L' onto a fixed non-negative measure v on RY, with v(R?) = fQ f;
e T belongs to H(Q).

We still assume that the class of such functions T is non-empty, and make the sufficient assumptions
on , f, L so that the existence of a minimizer can be proved by the direct method of the calculus of
variations: 2 is a bounded open set with Lipschitz boundary, f is a density on € verifying 0 < ¢ < f <
C < +ocoand L:Q x R x My(R) — [0,+00) is a function such that:

e there exists a > 0 such that, for any z, u, p, L(z,u,p) > a|p|%;
e for any z and wu, the function p — L(z,u,p) is convex on M4(R).

We now fix an optimal 7. Our strategy is to introduce a family (7});, defined for ¢ small enough
around 0, of “perturbations” of T" such that T, = T'; the optimality conditions will come from
d

—J(T, =0
dt @) t=0

2.2.1 Measure-preserving flow and perturbation of the optimal T

The key point for building our approximation is the following proposition, which constructs a measure-
preserving time-parametrized flow (X (¢,-)); starting from a generic divergence-free vector field v with
Neumann boundary conditions on v:

Proposition 2.2.1. Assume the boundary of Q to be C' and the density f to be Lipschitz. Letv : Q@ — R
be a Lipschitz vector field satisfying

div(fv) =0 in Q
v-n=20 on 0N

where x — n(x) denotes the outward normal of Q. For x € Q, we denote by t — X(t,x) the mazimal
solution of the Cauchy problem

d

d—tX(t, x) = v(X(¢t,x))
X(0,2) =2

(2.10)

Then the following assertions are true:
e cach X(-,x), x € Q, is defined on R;
e cach X(t,), t € R, is Lipschitz and one-to-one Q — Q and we have
X(t, X(s,2))=X(t+s,x)
for any s,t € R and x € Q;
e cach x — X(t,-), t € R, sends the measure 1 onto itself.

As a consequence, for each Sobolev transport map T from p to v and for each ¢ € R, the function
T o X(t,-) also sends p onto v and is also admissible. Then, if 7' minimizes J among these maps, the
fact that Ty = T implies our optimality condition: for any Lipschitz vector field v on Q such that fv is
divergence-free and v - n = 0 on 02, we have

d
(T o X(t,)) =0
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Let us remark that such a method can not be adapted to the one-dimensional case, since the only
divergence-free vector field with Neumann boundary conditions is actually the null function. This cor-
responds to the fact that there exists only two measure-preserving maps on an interval which are, since
such a map has to be monotone, the identity and z — ¢—x (¢ being the constant such that the source and
interval coincide); thus, any time-parametrized family of perturbation (X;); which preserves the measure
is actually independent of the time and still equal to one of these maps. Notice that the problem that the
one-dimensional measure-preserving maps are in some sense “isolated” also appears in variational mod-
els for fluid-mechanics (see for instance [7), [21] for the incompressible Euler equations) while, in higher
dimension, as shown in [67, 68], there is more possibilities to connect any diffeomorphism to the identity
maps via a time-parametrized family of diffeomorphisms.

Proof of Prop.[2.2.1] This proof is standard (it can be found, for instance, in [4], chap. 8), but we
reproduce it here under our own assumptions for the sake of completeness.

The first point consists in showing that any maximal solution of is global in time and does
not cross the boundary of 2. Assume that, for some x € (), the maximal solution of is defined
on an interval I with, for instance, supl = a < +o0o. Notice that since v is bounded on Q, X (-, z) is
time-Lipschitz thus admits a limit as ¢ — a; this limit cannot belong to 2 since X (-, z) is maximal, thus
we have X(t,z) % € 0. Since 09 is C!, there exists an open set U containing z, such that, up

to a change of coordinates,

QnNU ={(z1,...,x4-1,0(x1,...,24-1))} NU

where ¢ is a C' function defined on a neighborhood V of (z!,...,22~1). In this system of coordinates,
we denote by T = (21,...,24—1) and ¥ = (v1,...,v4—1). The fact that v-n =0 on 9 can be written as
va (T, o(Z)) = Vo (T) - (T, 0(Z)) (2.11)

for z close enough to Z,. Let us define y as being the maximal solution of the ordinary differential

equation
{ 710 =60, 960
y(a) = zq
and set y4(t) = ©(y(t)); ¥, yq are defined on an open interval J around a. Thanks to the equality (2.11)),
we have
ya(t) = Vey(t) - v(G(t), @(t)) = va(@(t), (5(t)))

for t close enough to a. This implies that if we set y = (¥, yaq), we have ¥/ = v(y) on (a —e,a+¢€) for ¢
small enough, and y(a) = z,. If we now consider the function

PN X(t,x) iftel
2 y(t) ifa<t<a+e

then z is an extension of X (-, z) to the interval I N (a —¢e,a+ ¢), which strictly contains I, into a solution
of . This is a contradiction since X (-, z) is supposed to be maximal.

The fact that X(¢,-) is Lipschitz for any ¢ comes directly from the classical theory of ordinary differ-
ential equations. To show that X (¢, X(s,-)) = X (¢t + s, ), one can see that, for each z, t = X (¢, X (s, z))
and ¢t — X (t + s, ) both satisfy

Y'(t) = Y{(t)
{ Y(s) = X(s,x)

so that they are equal by the Cauchy-Lipschitz theorem.
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For the third point, a usual method would consist in showing that the curve of measures (X (¢, -)4p)
satisfies the so-called “continuity equation” with initial condition

{ Opr + div(pw) =0
po = H

whose the time-independent measure p is also a solution and for which there is uniqueness. This is done
under very general assumptions on (p;); and v (which can also depend on the time) in the chap. 8 of [4].
In our case, one can proceed directly by computing the density of X (¢, )4 pu: since X(¢,-) is a bi-Lipschitz
map from € into itself and has X (—t,-) as inverse map, for any test function ¢ € Cp(f2) and ¢t € R, the
change of variables formula gives

/Q<P(X(t»w))f(x)dx=/s@(y)f(X(—t,y))ldetDX(—t,y)lf(X(—t,y))dy

Q

with det DX (t,z) > 0 for any ¢ and z (it cannot vanish since X (¢,-) is a bi-Lipschitz map, is time-
continuous thus has a constant sign, and is equal to 1 when ¢ = 0 since X (0, -) is the identity map). We
deduce that the measure X (¢,-)xp has a density on Q which is given by

fi(x) = f(X(—t,z)) det DX (—t,x)

We compute the time-derivative of this density:
d
aft(x) =V X(-t,z)) (-0 X(t,z)) + f(X(—t,2)) tr(Com DX (—t,x) x =0, DX (—t,x))

where Com DX denotes the matrix of cofactors of DX, and 9;DX (t,z) = Dv(X(t,x)) x DX(¢t,x), so
that

tr(Com DX (—t,z) X —0;DX(—t,z)) = —det DX (—t,x) X tr(Dv(X(—t, x)))
= —det DX (—t,z) x divo(X(—t, z))

and %ft(a:) = —det DX (—t,z) x (Vf-v+ fdive)(X(—t,z))
= —det DX (—t,x) div(fv)(X(—t,2)) =0

Therefore the density f; does not depend on ¢ and its equal to its value at ¢ = 0, which is f since X (0, -)
is the identity map. This proves that X (¢,-)xp = p for any ¢. O

2.2.2 Derivation of the optimality conditions

The weak formulation in the general case. We make the above assumptions on 992 and f, fix
v € Lip (Q) and compute the time-derivative of J(T o X (¢,-)) where X is defined by (2.10). Let us first
notice that since T € H'(Q) and X (¢,-) is bi-Lipschitz for each ¢, each map T o X (¢,) still belongs to
H'(Q) and its weak derivative is given by the usual formulas of derivation of a composition. Denoting
by T} this map, we thus have, for each ¢,

DT, = DT o )((t7 ) X DmX(t7 )

and J(Ty) = /QL(:r,T(X(t,:c)),DT(X(t,z)) X D, X(t,x))f(x)dx
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By using the fact that X (¢,-) preserves u and has X (—t,-) for inverse, we get

J(Ty) = ; L(X(—t,x),T(z), DT (z) x DX (t, X (—t,2)))f(x)dx

where D, X (¢, z) denotes the Jacobian matrix of X (¢,-) at . Then

G700 = [ VeL(X(~42).7(@). DT(@) (D, X)(t. X (~.0))) - (X (~t2)f () da

+ /Q V,L(X(~t,z),T(z), DT(z) x (D, X)(t, X (~t,2))) - DT(z) x %(DxX(t,X(ft,a:))) f(z)da
(2.12)

We now have to compute the time-derivative of D, X (¢, X (—t,z)). We have

d
SDLX (4 X (~1,2))) = D X) (6, X(~,2) + (0D X)X (—1,2))

X(—t,x))
with, for y € Q,

0D, X (t,y) = D(0: X (t,-))(y) = D(voe X(t,-)))(y) = Dv(X(t,y)) x D X(t,y)
which, by taking account of X (0,z) = z, leads to

d
%(DIX(t,X(—t,x))) = Dufa) x DX (0,2) - 3 AP X0, )u(e)

But, since X (0,z) = x for each x € Q, it follows

D,X(0,2)=1; and  8;D,X(0,z)=0

d
so that — (D X (t, X (—t,x))) = Dv(x)
dt —o
We reinsert it into (2.12)):

d
aJ(Tt)

— /Q (~V,L(x, T(x), DT(x)) - v(x) + V,L(x, T(x), DT(x)) - (DT(x) x Do(x))) f(x) dz

and the optimality of 7" implies that this time-derivative is null. This computation holds for any Lipschitz
vector field v on Q such that div(fv) = 0 with boundary condition v -n = 0 on 9. To summarize:

Proposition 2.2.2. Under the above assumptions on f, v and ), let T be an optimal map for the problem
inf {/ L(x,T(x), DT (x)) f(x)dx : T € H (Q), Typ = u}
Q
Let v € Lip (ﬁ) such that
div(fv) =0 in Q
v-n=0 on 0N
Then

/Q (=VL(z,T(x), DT(z)) - v(xz) + V,L(z,T(x), DT (x)) - (DT (x) x Dv(zx))) f(z)dx =0 (2.13)
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An explicit PDE in the quadratic case. We will now focus on the case
J(T) = / IT(@) — 2 f(z) da +/ DT ()] da
Q Q

corresponding to L(x,u,p) = |u — z|?> + [p|?>/f(z). We compute

p|?

VoL(z,u,p) =2(x —u) — F@)?

Vf(z) and VpL(x,u,p):m

The equation ([2.13) becomes

— X M X VX xT)ax xX) - T v\T T =
[ (2@ =)+ EEEEV @) ) w(o(a) da s 2 [ D7) - (DT (@) x Do) da =0 (214

for any v € Lip (€2) such that fv is divergence-free and v - n =0 on 9.
Our goal is now to write an explicit PDE having (2.14) as weak formulation. We first assume that v
is moreover compactly supported on Q and that T € H?(2), so that we can integrate by parts the second

term of ([2.14):

DT(z)- (DT (z) x Dv(z))dz = > 9 TiokT05vk
Q Q1< k<d (2.15)
= — Z (ajijzasz + 8jTi8J2»kTi)vk
1<igk<dJo 7 ’

with > 0Tk Tiv, = AT - (DT x v) = ('DT x AT) - v (2.16)

1<i,j,k<d

1
and > OO Tig =V (2|DT|2> v (2.17)
1<i,j,k<d

By inserting (2.16)) and (2.17)) into (2.14)), we obtain

b
f(=)

/Q (2(T(x) 4 PTOCG ey 2 i pri) x AT()

f(z)? f(@) V(DT )(x)> -(fv)(z)dz =0

But

DTE . 1., (|DT|2>
Vf—-=V(DT]*)=V | ——
which, integrated against fv, gives 0 since fuv is divergence-free. Similarly, [,z - f(z)v(x)dz = 0. The
optimality condition becomes

2
/ (T(z) — ——'DT(z) x AT(:I:)) - fx)v(xz)dz =0 (2.18)
Q f(x)
for any vector field v € Lip (ﬁ) compactly supported in 2 and such that div(fv) = 0; in other words,
2
curl ( T'(z) — ——'DT(z xATx):O
(1) = 575DT (@) % AT()
where the operator curl is defined in the weak sense. This is equivalent to
2
T(z) — —'DT(z) x AT (z) = V¢ (2.19)

/()
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for some distribution ¢ € D'(Q).
Let us now write the boundary conditions associated to (2.19) for an optimizer T of J which also

belongs to H?(Q). If v is not anymore supposed to be compactly supported into 2, the integration by
parts formula (2.15)) involves a boundary term:

/QDT(x) (DT (z) x Dv(z))dz

1
= —/ (tDT x AT +V <|DT|2)> LY ;T Tyvpn,
0 2

1<i jk<d” 9%
with > 0 T.0kTivgn; = ('DT x DT x v) - n
1<i,j,k<d
We make the same computations than above with this boundary term. The equation ([2.18) is now

2t Tr) X X . T )ulx ¢ Tr) X x vlx)) nlx xX) =
[ (1) = 5207w % AT@)) - fwte) + [ (DT) x DT() x o(a) - n(a) dS(a) =0 (2:20)

for any Lipschitz vector field v on  satisfying

div(fv) =0 in Q
v-n=0 on Of)

By taking account of ([2.19), the first term is equal to

/ Vip(z) - v(z) f(x) de = */ Y(z) div(fo)(z)de + [ () f(z)v(z) - n(z) dS(z)
Q Q le)
and the two terms are null thanks to the conditions on v. We obtain

/89(tDT(:c) x DT(z) x v(z)) - n(z)dS(z) =0 (2.21)

This boundary conditions holds for any v € Lip () such that fu is divergence-free and v-n =0 on 0.
We conclude thanks to the following:

Proposition 2.2.3. Assume that 09 is C>® for some o > 0. Let v be a vector field o — R? such that
v € CH(0Q) and v-n =0 on Q. Then v can be extended into a C** vector field © — R such that
divo =0 in Q.

Proof. We begin by considering an extension v of v into the whole Q belonging to C'** (ﬁ) Let us denote
by g = divv and define w one the solution of

divw=g¢g in

w=0 on 0f)

belonging to C1* (Q2) (see [30], Theorem 2). The function u = v — w is then convenient. O

We henceforth assume that 0 is C*® and f € C1© (ﬁ) The Prop. and the equation (2.21))
lead to

/8 (DT(a) x DT(a) x n(x)) - (w(a)n(z) dS(a) =0

for any scalar function w € C**(99Q). We deduce that ‘DT(z) x DT (z) x n(x) is parallel to n(x) on
a.e. point x of Q. If A(z) is thus defined by *DT(z) x DT (z) x n(z) = A(z)n(z), it follows immediately
M) = |DT(z) x n(z)|?. This achieves the proof of the following:
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Theorem 2.2.1. Assume Q to be a bounded open subset of RY with C' boundary. Let f be a positive

Lipschitz density on Q, and u = f - L. Let v be a positive measure on R? with v(R?) = fQ f and such
that the set

{U € H Q) : Ugp = v}

is non-empty. Let T be a minimizer of the functional
JiU I—>/ U(z) — 22 () da +/ DU ()2 dz
Q Q

among all the transport maps from u to v belonging to H*(S)). Then:

e For any Lipschitz vector field v on Q such that

div(fv) =0 in Q
v-n=0 on 09)

we have

— X M x sV x X xX) - x v\ Tr =
[ (2@ -0+ P 0)) - owis@ o s 2 [ D7) (07(0) % Difa)) dr =0

o If moreover T € H?(Q), 90 is C>* and f € C** (ﬁ), then T satisfies the partial differential
equation with boundary condition
2
T(z) — o) DT (x) x AT (z) = Vi(x), zeN
x
tDT(x) x DT(x) x n(z) = |DT(z) x n(x)*n(z), z € 0N

for some scalar distribution .

This partial differential equation is nonlinear and seems complicated to study. However, one of its
interests is that we are able to find it through other ways which are close to the dual Kantorovich’s
approaches of the classical optimal transport problem (see Chapter 4).
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Chapter 3

The Monge problem with vanishing
gradient penalization

In this chapter, we investigate the following minimization problem: given u, v two - smooth enough -
probability densities on R? with u supported in a domain €2, we study

inf {J.(T) : Tpp =v} where J(T) = /Q |T(x) — x| du(x) + E/Q |DT)?dx

where ¢ is a vanishing positive parameter. Our goal is to understand the behavior of the functional J. in
the sense of I'-convergence and of characterize the limits of the minimizers 7.

Multiplying the gradient penalization with a vanishing parameter ¢ is motivated by the particular
structure of the Monge problem (see below the paragraph [3.1)and the Appendix[B.3). It is known that the
minimizers of Jy (that we will denote by J in the following) are not unique and are exactly the transport
maps from p to v which also send almost any source point x to a point T'(x) belonging to the same
transport ray as x (see below the precise definition). Among these transport maps, selection results are
particularly useful, and approximating with strictly convex transport costs c.(z,y) = |z — y| + |z — y/|?
brings to the monotone transport (i.e. the unique transport map which is non-decreasing along each
transport ray). Some regularity properties are known about it (continuity in the case of regular measures
with disjoint and convex supports in the plane [42], uniform estimates on an approximating sequence
under more general assumptions [57]). The question is to know which of these transport map is selected
by the approximation through the gradient penalization that we propose here. This is a natural question,
and, due to its higher regularity than other maps, one could wonder if it is again the monotone map in
this case.

Up to very weak modifications, this chapter can fully be found as a paper in [33].

3.1 DMotivations and known facts about the Monge problem

In this paragraph, we recall some known facts and useful tools about the optimal transportation problem
with the Monge cost ¢(x,y) = |z — y|, where | - | is the Euclidean norm on R%. We only state here the
tools that we will use in that follows; more details can be found in the Appendix

Let ©, Q' be two bounded open set on R, p € P(Q), v € P(€) and assume that p is absolutely
continuous with respect to the Lebesgue measure; we then denote by f its density. Then we set

Wi (p, v) :inf{/Q|T(x) —xz|du(z) : T:Q —RY, T#M:V}

67
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the minimal value of the Monge transport cost from p to v, and
O1(p,v) = {T :Q =R Typ=vand / |T(z) — x| du(z) = Wl(u,u)}
Q

the set of optimal transport maps for the Monge cost (if there is no ambiguity, we will use simply the
notations W; and O;). Notice that the above Monge problem is a particular issue of its Kantorovich
formulation, i.e.

i {/Q Q ly = zldv(z,y) v € P(2x Q/) S(me)py = py (Ty) gy = V} )
X ’

and the minimal value of this problem coincides with Wy (u, v) as well.

Theorem 3.1.1 (Duality formula for the Monge problem). We have the equality

Wil =sup{ [ a vl - [ o) duto) s w e Lipy (79}

where Lip;(R?) denotes the set of 1-Lipschitz functions R® — R. Such optimal Lipschitz functions
are called Kantorovich potentials. Moreover, the Kantorovich potential is unique provided that 2 is a
connected set and that the set {f > 0} \ Q' is a dense subset of Q).

As a direct consequence of the duality formula, if 7' : Q@ — R sends u to v and u € Lip, (R?), we have
the equivalence:

{ T € O1(u,v)

u is a Kantorovich potential for pra.e. x € 0, u(T(x)) —u(z) = |T(x) — 2l
We now introduce the following crucial notion of transport ray:
Definition 3.1.1 (Transport rays). Let u be a Kantorovich potential and x € Q, y € Q. Then:

e the open oriented segment (x,y) is called transport ray if u(y) — u(z) = |y — z|;

e the closed oriented segment [x,y] is called maximal transport ray if any point of (x,y) is contained
into at least one transport ray with same orientation as [r,y], and if [x,y] is not strictly included
into any segment with the same property.

Proposition 3.1.1 (Geometric properties of transport rays). The set of mazimal transport rays does not
depend on the choice of the Kantorovich potential u and only depends on the source and target measures
and v. Moreover:

e any intersection point of two different mazimal transport rays is an endpoint of these both mazimal
transport rays;

e the set of the endpoints of all the mazimal transport rays is Lebesque-negligible.
These notions allow to prove the existence and to characterize the optimal transports:

Proposition 3.1.2 (Existence and characterization of optimal transport maps). The solutions of the
Monge problem exist and are not unique; precisely, a map T sending p to v is optimal if and only if:

e for a.e. x € Q, T(x) belongs to the same maximal transport ray as x;

o the oriented segment [x,T(x)] has the same orientation as this transport ray.



3.2. GENERALITIES AND DENSITY OF SOBOLEV TRANSPORT MAPS 69

These notions allow to prove the existence and to characterize the optimal transports:

Proposition 3.1.3 (Existence and characterization of optimal transport maps). The solutions of the
Monge problem exist and are not unique; precisely, a map T sending p to v is optimal if and only if:

o for a.e. x € Q, T(x) belongs to the same mazimal transport ray as x;
e the oriented segment [x,T(x)] has the same orientation as this transport ray.

We finish by recalling that, among all maps in O;(u,v), there is a special one which has received
much attention so far, and by quickly reviewing its properties.

Proposition 3.1.4 (The monotone map and a secondary variational problem). If p is absolutely con-
tinuous, there exists a unique transport map T from p to v such that, for each mazimal transport ray S,
T is non-decreasing from the segment S N Q to the segment S N Q' (meaning that if x,2’ € Q belong to
the same transport ray, then [x,2'] and [T(x),T(z')] have the same orientation). Moreover, T solves the
problem

inf {/Q IT(2) — e du(z) : T € ol(u,y)} .

Notice that this solution is already obtained as limit of minimizers of a perturbed variational problem,
namely

inf{/g|T(x)—a:|du(x)+a/Q|T(:U)—x|2du(x) : T#u:z/}

This very particular transport map is probably one of the most natural in O;(u,v) and one of the
most regular. In particular, under some assumptions on the densities f, g and their supports Q, €
(convex and disjoint supports in the plane and continuous and bounded by above and below densities),
this transport has also be shown to be continuous [42], and, under more general assumptions, [57] gives
also some regularity results for the minimizer T, of an approximated problem where ¢ is replaced with
ce(z,y) = /€2 + |z — y|? (local uniform bounds on the eigenvalues of the Jacobian matrix Ty).

In particular, due to higher regularity of the monotone map, we can expect at first glance that adding
a vanishing Dirichlet energy to the Monge cost again leads to select this particular map among the optimal
transport maps.

3.2 Generalities and density of Sobolev transport maps

In that follows, we consider two bounded and star-shaped domains €, ' with Lipschitz boundaries and
two measures p € P(Q), v € P(Q) with positive and bounded from below densities f, g; we assume
moreover that the class of maps T € H'(f2) sending u onto v is non-empty (this is guaranteed if for
instance f, g are Holder continuous, see below). The functional that we will study is defined, for ¢ > 0,
by

J. T»—>/Q\T(x)—J;|d,u(a:)+5/Q|DT(x)|2dx

and we denote by J the corresponding functional when e = 0 (which is thus the classical Monge’s transport
energy); moreover, we extend J., J to the whole L?(Q2) by setting J.(T) = J(T) = +oo for a map T
which is not a transport map from p to v. We will study the behavior of the family of functionals (J;).,
when ¢ vanishes, in the sense of I'-convergence; the definitions and basic properties of I'-convergence that
we will use are recalled in the Appendix [A]

As usual in transport theory, we consider as a setting for our variational problems the set of transport
plans v which are probabilities on the product space  x Q' with given marginals (7;)xy = p and
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(my)#y = v and all the I'-limits that we consider in that follows are considered with respect to the weak
convergence of plans as probability measures. However, due to our choices of the functionals that we
minimize, most of the transport plan that we consider will be actually induced by transport maps, i.e.
~yr = (id X T)xp with Tz po = v. These maps are valued in €, which is bounded, and are hence bounded.
We could also consider different notions of convergence, in particular based on the pointwise convergence
of these plans, and we will actually do it often. For simplicity, we will use the convergence in L?(£2; Q')
(but, since these functions are bounded, this is equivalent to any other LP convergence with p < 00). As
the following lemma (which will be also technically useful later) shows, this convergence is equivalent to
the weak convergence in the sense of measures of the transport plans:

Lemma 3.2.1. Assume that Q, Q' are compact domains and p is a finite non-negative measure on €.
Let (Ty,)n be a sequence of maps Q — Q. Assume that there exists a map T such that vy, — yr in the
weak sense of measures. Then T, — T in L,(52).

Conversely, if T,, — T in Lfb(Q), then we have vy, — 7 in the weak sense of measures.

Proof. If yr, — vr and ¢ € Cp(Q) is a vector-valued function, we have

/ o(z) - To() du(z) = / o@) ydvr, @) = | o@) ydyr(ey) = / o(z) - T(z) du(z)
Q Q

QxQ/ QxQ/

which proves that T,, — T weakly in Li(Q) On the other hand,

[ @k = [ P [ e = [ 1@

thus | TollLz — |IT|22

and the convergence T;, — T is actually strong.
Conversely, assume that T, — T in L2 () and let (nz)) be such that the convergence T,, (z) = T'(x)
holds for a.e. z € Q, then for any ¢ € C,(£2 x ') we have

| s, @ = [ o@T @) > [ oo T@)du@) = [ e diniey.

x QY

This proves VT, — VT but, the limit being independent of the subsequence we easily get full convergence
of the whole sequence. O

Since the set of transport plans between p to v is compact for the weak topology in the set of measures
on ) x €, a consequence of lemma is that the equi-coercivity needed to deduce the convergence of
minima and minimizer from the I'-convergence of functionals (Theorem will be satisfied in all the
I'-convergence results of the following. Therefore, we will not focus on it anymore and still will consider
that these results imply the convergence of minima and of minimizers.

3.2.1 Statement of the zeroth and first order I'-convergences

Zeroth order I'-limit. The first step is to check that J. L, J. Here we must consider that Je is
extended to transport plan by setting +oco on those transport plans which are not of the form v = 4
for T € H', and that J is defined as usual as J(v) = [ |# — y| dy for transport plans. This I'-onvergence
actually requires a non-trivial result which states that the set of Sobolev transport maps is a dense subset
of the set of transport maps from p to v. We prove this result in the next paragraph (see theorem
below) for Holder densities and a large class of domains given by the following definition:
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Definition 3.2.1. We call Lipschitz polar domain any open bounded subset Q of R% having form

Q=<:zeR?: [z -2 <7 LT
|z — xo]

for some o € Q and a Lipschitz function v : S4~' — (0,+00). In particular, such a domain € is
star-shaped with Lipschitz boundary.

Proposition 3.2.1 (Zeroth order I'-limit). Assume that Q, ' are both Lipschitz polar domains and that
f, g are both C°%% and bounded from below. Then J. L Jase—o.

Proof. The I'-liminf inequality is trivial (we have J. > J by definition, and J is continuous for the weak
convergence of plans), and the T'-limsup inequality is a direct consequence of the Prop. and of the
density of the set of Sobolev transports for the L2-convergence. O

First order I'-limit. We state it at follows, with this time a short proof:

Proposition 3.2.2 (First order I'-limit). Assume simply that f, g are bounded from below on Q, Q' and

J. —W
that Q has Lipschitz boundary. Then the functional e 1 I'-converges, when ¢ — 0, to

€
a7 [ | DT@)P Az if T € Or(u,v) 0 HY(9)
. +00 otherwise,

where, again, H is extend to plans which are not induced by maps by +oo.

Proof. T'-limsup inequality. If T € O1(u,v), then by choosing T, = T for any £ we obtain automatically

J(Te) — W, J(Tz) — W,
Je(Te) - W = Jo |DT|? for each . It remains to show that if T ¢ Oy (u, v), then we have Je(Te) =W —

+oo for any sequence (T:). converging to T’; but since the map

T /Q T(z) — 2| du(z)

is continuous for the L2-convergence, we have for such a (7%).

fminf 22T =W e L (/ 1T (2) — 2| dp(z) — W1>
g € e O

€

which is 400 since T is not optimal for the Monge problem.

(TE) _ Wl
e

J,
I'-liminf inequality. We can concentrate on sequence of maps T, with equibounded values for == ,

which provides a bound on [, |DT.|?. This implies that we can assume, up to subsequences, that (7).
converges weakly in H! to T. Assuming the liminf to be finite, from

o> el =W _1 (/ T2 () — | dp(z) — W1> +/ \DT.[? > / |DT.[?
S 9 Q Q Q

we deduce as above that 7' must belong to O;(u, ) and, since the last term is lower semi-continuous with
respect to the weak convergence in H'({2) (which is guaranteed up to subsequences since (Je, (1%, ))x is
bounded) we get the inequality we look for. O



72 CHAPTER 3. THE MONGE PROBLEM WITH VANISHING GRADIENT PENALIZATION

Since the I'-convergence implies the convergence of minima, we then have
inf J. =inf J + einf H + o(e) = W1 +einf H + o(e)

provided that the infimum is finite, which means that there exists at least one transport map T also
belonging to the Sobolev space H'(Q2). In the converse case, and under the assumptions of the zeroth
order I'-convergence, we have

inf g
inf J. — Wy and M — +o00

which means that the lowest order of convergence of inf J. to J is smaller than €. The study of a precise
example where this order is €|loge| is the object of the section

What about the selected map ? The first-order I'-convergence and the basic properties of I'-limits
imply that, if 7. minimizes J., then 7. — T which minimizes the Sobolev norm among the set Oy (u, v) of
optimal transport maps from p to v. This gives a selection principle, via secondary variational problem
(minimizing something in the class of minimizers), in the same spirit of what we presented for the
monotone transport map along each transport ray. A natural question is to find which is this new “special”
selected map, and whether it can coincide with the monotone one. Thanks to the non-optimality results
of this map for the Sobolev cost on the real line, the answer is that they are in general different. We cal
look at the following explicit counter-example (where we have however Oy (u,v) N HY(Q) # 0).

Let us set Q = (0,1)2, ' = (2,3) x (0,1) in R%. Let F, G be two probability densities on the real
line, supported in (0,1) and (2, 3) respectively; we now consider the densities defined by

flz1,22) = F(21) and g(z1,22) = G(x1)

Then, if ¢ is a transport map from F' to G on the real line and T'(z1,22) = (t(x1), z2), it is easy to check
that T sends the density f onto ¢ and if u(z1, 22) = z1 we have

T (z) — x| = [t(z1) — 21| = t(z1) — 21 = w(T (21, 72)) — u(21,72)

This proves that T is optimal and u, which is of course 1-Lipschitz, is a Kantorovich potential, so that
the maximal transport rays are exactly the segments [0,3] x {z2}, 0 < 22 < 1. As a consequence,

t(-, xg)#F = G

T e O1(p,v) = T(x1,22) = (t(x1,22),22) with for ae.

In particular, the monotone transport map along the maximal transport rays is « — (t(z1), x2), where ¢
is the non-decreasing transport map from F' to G on the real line. For this transport map 7', we have

1
/ |DT (z)|* do = / t'(21)* dy
Q 0
Now, one can choose F', G such that the solution of
1
inf {/ U'(z1)?day @ UyF = G} (3.1)
0

is not attained by the increasing transport map from F, to G. Thus, if ¢ minimizes (3.1) and T(mh x9) =

t(x1), we have

/Q|D:F(x)|2dx=/01?(x1)2dx1 </01t'(x1)2dx1:/Q|DT(;U)|2dx

and T is also an optimal transport map for the Monge problem.
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3.2.2 Proof of the density of Lipschitz transports

In this section, we prove that, under natural assumptions (domains which are diffeomorphics to the unit
ball, Holder and bounded from above and below densities), the transport maps from u to v which are
Lipschitz continuous form a dense subset of the set of transport maps from p to v. Notice that, for
the sake of the applications to the zero-th order I'-convergence of the previous section, we only need the
density of those maps belonging to the Sobolev space H!(Q); also, we needed density in the set of plans,
but since it is well known that transport maps are dense in the set of transport plans, for simplicity we will
prove density in the set of maps. This result, that we need in this chapter to study the I'-convergence of
the functional J., could of course be useful for other aims; however, it was, to the best of our knowledge,
not investigated until now.

Theorem 3.2.1. Assume that Q, Q' are both Lipschitz polar domains and that f, g are both C%® and
bounded from below. Then the set
{T' e Lip(Q) : Tup=r}

is mon-empty, and is a dense subset of the set
{T:Q=Q : Typ=v}
endowed with the norm || - ||z (q).

Notice that, exactly as for the density of transport maps inside the set of transport plans, the best
possible result would be to show the density under the same assumptions guaranteeing the existence of
at least such a map (for the density of maps into plans the assumption is that p must be atomless, which
is the same as for the existence of at least a map T'). Here we are not so far since the already known
results about regularity of some transport maps (by Caffarelli et al. or Dacorogna-Moser) deal with at
least Holder densities. Also, one can see from the proof below that we do not use much more than the
existence of Lipschitz maps. Concerning the assumption on the domains to be star-shaped, this is used
to send them onto the unit ball in a Lipschitz-diffeomorphic way (in order to get sufficiently regular
measures), as shown in the following lemma which is used several times:

Lemma 3.2.2. If U is a Lipschitz polar domain with

U=3zeR?: |z -z <7 L%
|z — x|

then there exists a map o : U — B(0,1) such that:

« is a bi-Lipschitz diffeomorphism from U to B(0,1);
e det Do is Lipschitz and bounded from below (thus, det Da™! is also Lipschitz);

if U is star-shaped around xo then, for any x # xo, a(z) S
a(@)] | = o
(We will not use the third property in the proof of Theorem [3.2.1] but it will be useful later in section
3.4.9).

Proof. Up to a translation and a dilation, we can assume zo = 0 and v < 1 on S?~!. Now we set

. 1 x
x if |[2] < =« ()
alz) = 27\ =]

AMz)— otherwise
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for a suitable choice of A : U — [0, +00). Assuming that A is Lipschitz, we compute Da on the region

1 A A
{|x > 'y(x/x|)} Here we have Da =2 ®@V ((x)) + — I, thus, in an orthonormal basis whose first
27 x |z
vector is e = —,
|z
A A
2o, (290) g, (AEY (e, A0
o * Tl Tl .
Da — 0 0 PPN 0 + 7]’”
: ||

n—1
nd det Dar — <|m|86 <)\(x)> N A(m)) <>\(:c)>
] ] ||
We write A = A(r,e) where r = |z|, which leads to

n—1 n—1
det Do = (r@r <A> + )\) <)\> =9\ <>‘>
T T T T

At this time, we see that the following conditions on A allow to conclude:

e ) is Lipschitz on the domain {M <zl < fy(m/\x|)},
e if we fix e € S971, then A(-,e) is increasing on the interval [%,v(e)} ;

o 3 (H2,¢) = 12 and Ar(e), ) = 1

e I\ (%)n_l is Lipschitz and is equal to 1 for r = 7(26), which means 0, A (%, e) =on—L

To satisfy these conditions, it is enough to choose for A(-,e) a second-degree polynomial function with

prescribed values at 'Y(;), v(e) and prescribed first derivative at @ O
Proof of Theorem[3.2.1l First, we assume ) = Q' = [—%, %]d but we will also identify (for convolution

purposes, see below) the cube Q with a Torus. We will generalize later to any pair of Lipschitz star-shaped
domains. Thus, let T': Q — Q sending f to g, and let us build a sequence (T3,),, of Lipschitz maps such
that
L*()
T, ——T and VneN, (T,)gp=v

n——+4oo

Step 1: regqularization of the transport plan. We denote by ~ the transport plan associated to T’ let
us recall that it is defined by

//Q so(x’y)dv(w,y)=/Q<p(:c,T(x))f<x)dx

for any continuous and bounded function ¢ on 2x’. We use the disintegration of measures (see Theorem

5.3.1in []) to write
//msOdWZ/Q(/Q o(z,y) d%(y)> du(z)



3.2. GENERALITIES AND DENSITY OF SOBOLEV TRANSPORT MAPS 75

for a family of measures (7;)zcq on 2. Now we take a family of periodic convolution kernels (pg)g, we
define, for each x, the measure v¥ on Q by v¥ = pp x 7., where the convolution product is taken in
the distributional sense on the torus €2, and set dvyx(z,y) = dyF(y) ® du(z); the fact that (px)x is an
approximate identity guarantees that -, — 7 for the weak convergence of measures.

On the other hand, notice that

//Q2 o(z,y) dy(z,y) = ///Q3 (@, y)pr(y — 2) dye (2) f(z) dz dy
*/ (/ e(@,y)pr(y — 2) dv(z, z)) dy

// e(@,y)pe(y — T(2))f(z) dy dz

for any test function . Thus, ~y; is absolutely continuous with respect to the Lebesgue measure on 22
and its density is pi(y — T'(z)) f(x). In particular, this density is smooth with respect to y and bounded
from below by a positive constant c;. Moreover, if we denote by vy the second marginal of v, then v
has also a Lipschitz and bounded from below density.

Step 2: construction of a transport map corresponding to the reqularized transport plan. The goal of
this step is to build, for each k, a family of regular maps (T,’lC ), each sending the first marginal of -y, onto
the second one and such that, for a suitable diagonal extraction, T,’fk — T for the L?-convergence.

We fix k € N and a dyadic number h, and decompose Q = |JQ; into a union of cubes Q;, each with

1

size-length 2h, via a regular grid. For each i, we set

= pilQ, and v = (m2) 4 (l(Qixa)

Notice that v, has 4 as first marginal, thus we have also p; = (m1)% (V| (g, x0)); in particular, p; (which
is a measure on the cube Q;) and v* (which is a measure on the whole cube 2) have both same mass.
Moreover, y; still has f as density and the density of v} is

v [ @) - i

which is smooth and bounded from below by a positive constant. We finish this step by building a map
: Q; — Q such that

° U ", 1s Lipschitz continuous;
. Uikh(:r) =z for z € 0Q); (this is allowed since the source @; is included in the target Q);
e U, sends p; onto vf

Let us notice that the two first points guarantee that the global map defined by T} (z) = U}, (z)
(which depends on the radius h and the original integer k) for = € @; will be globally Lipschitz on Q and
the third point implies that 7} sends globally the measure u onto the measure v, = (m2)x7) (which is
equal to the sum of the vF).

Now we explain very brleﬂy the construction of such a Uk . For the sake of simplicity, we give the
details only in the case where Q); is not an extremal cube of Q i.e. where 0@Q; N 0f) is empty, and claim
that the extreme case can be treated in a similar way.

We denote by z; the center of Q; which has radius h (for the infinite norm in R?), and by &, and d,
the two positive numbers such that

pl{e 51 < Nl —willoe < 1Y) =l 82 < Ilo— milloo < 511) = 22K(@\ Q)
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(such positive numbers exist by the intermediate value theorem since § — p(Bso(x;,d)) is continuous).
Now we consider:

e a first Lipschitz map V; from {z : §; < ||z — ;]| < h} to Q\ Q;, with (V1)xp = $15(Q\ Q;) and
such that Vi(x) = « for ||z — ;|| = d1;

e asecond Lipschitz map V5 from {z : 6 < ||z —i||so < 01} to Q\Q;, such that (Va)xp = 1vF(Q\Q;)
and Va(z) = Vi () for ||a — ;|| = 6;

e a third Lipschitz map V3 from {0 : ||z —z;||c < 2} to Q;, such that V3(z) = Vo(x) on the boundary
and (V3)gp = vf(Q).

and we set Ui’fh(x) = Vi(z) if 01 < ||z — @il < h, Va(z) if 62 < ||z — 24lloc < 01 and Vs(z) if

[l — #il|oo < 2. The constraints on (Vi)uu, (Va)wu, (V3)xp imply that Ui’fh defined on the whole Q;
sends globally u|g, onto v, and the constraints on the boundary on each domain guarantee that Ui’fh is
Lipschitz on Q;. We construct V7, Vo, V3 using Dacorogna-Moser’s result (a simple adaptation is needed,
since the source and target domains are not the same here, but are diffeomorphic to each other: either
they are both cubes, or they both have the form “large cube minus small cube”).

In particular, v, and Yrp give both same mass to each @; x £ which have radius h. Now if u is a

1-Lipschitz function Q x ' — R, we compute
| et - [ i =% [ uwidm - b
i iX

Since 7, and Y1k have both the same second marginal on each @Q; x €,

/ w(@s, y)(dypy (2, y) — dyi(z,)) =0
Qi XS

where, for each i, x; denotes the center of @);. Thus
| e drgen - [ @ =3 [ () = @) (g - dwley)
i X

<[ el ldg = duly)
i ix

where in the last inequality we used the fact that u is supposed to be 1-Lipschitz. We deduce

[ ety - [ uwyano <n [[ - anl <o
02 02 02

This inequality holds for any 1-Lipschitz function u : Q2 — R. Thus, if W} denotes the classical Wasser-
stein distance (on Q2: this is just a technical trick to metrize the weak convergence of plans), we deduce
Wi (Vk,'yT}zf) < h for any k. Since we know that v, — yr as k — +o0, we also have Wy (v, vr) — 0 and
if we set h = 1/2% we have Wi(ygr,vr) — 0. Thanks to the lemma we deduce T} — T for the
L?-norm in €.

Step 3: rearranging Tf’f. It remains to compose each map T,’f with a transport map Uy from v to

v, which will ensure the obtained map to send p onto v as well. We use the following classical result of
Caffarelli ([69], Theorem 4.14): if

e X, Y are two bounded open sets of R?, uniformly convex and with C? boundary;
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o fc (0% (X), gec C%(Y) are two probability densities

then the optimal transport map from f to g belongs to C1*(X). The assumption on the source domain
is of course not satisfied here, thus we use the lemma to get a bi-Lipschitz map « : Q — B(0,1)
such that det Do is also Lipschitz. We then denote by

g =axg and T, = 0k

where g is the density of v, (we know that gy is Lipschitz and bounded from below). The fact that
det D« is Lipschitz and bounded guarantees that g is Holder and g,, is Lipschitz as well.
We know that g — ¢ in the weak sense of measures, thus g, — g also, and

Wa(gy. ) = / () — oGy (z) dz — 0
B(0,1)

where Uy is the optimal transport map from g, to g for the quadratic cost; the Caffarelli’s regularity
result guarantees Uy to belong to C1*(B(0,1)), and we deduce from the convergence W5(g,, g) — 0 that
Ui(z) — « for almost any = € B(0,1). Now if we consider

Tk:a_lonoaOT,f

then we can check that Tj, — T in L2(R2), and we have (Tk)#,u = v for each k by construction. The proof

is complete in the case Q@ = Q' = [-1, %]d.

Step 4: generalization to any pair of domains. If , Q' are now two Lipschitz polar domains and T is a
transport maps from p to v, we consider two Lipschitz diffeomorphisms a; : © — [0,1]¢, ag : Q' — [0,1]¢
as in the Lemma The regularity of det Day, det Day guarantees that the image measures (o )4 u,
(a2)xv have both CU® regularity, thus we are able to find a sequence (Uy)y of transport maps from
(a1)4p to (az)gv converging for the L2([0,1]%)-norm to (ag) o T o (a1)~!, and it is now easy to check

that Ty = (a2) ™! o Uy 0 o sends p to v and converges to 1" as well. O

3.3 An example of approximation of order ¢|log¢|

As we said in the above section, the convergence % — H allows to know the behavior of inf J. and
of any family (7;). of minimizers in the case where inf % < +o00. This paragraph is devoted to the study
of an example where this assumption fails (i.e. where any optimal transport map for the Monge problem
is not Sobolev).

3.3.1 Notations and first remarks

In the rest of this chapter, we set d = 2 and we will denote by (r, 8) the usual system of polar coordinates
in R?. Our source and target domains will be respectively

Q:{xz(r,ﬁ):0<r<1,0<9<g}

and Q' = {sc = (r,0): Ry(0) <1 < Ry(0),0 < 0 < g}
where Ry, Ry are two Lipschitz functions [0, %] — (0,+00) with inf Ry > 1 and inf Ry > sup R;. We
also suppose Ry to be such that R} is a function of bounded variation. Notice also that we can choose
R1, R, such that the target domain € is convex (for instance if the curves r = Ry(0), r = R2(0) are
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actually two lines in the quarter plane). We assume that f and g are two Lipschitz densities on €, {V/,
bounded from above and below by positive constants, with the following hypothesis:

Ry (0)
V0€ / f(r,0) rdr—/ g(r,0)rdr (3.2)
R1(6)

which means that, for any 0, the mass (with respect to f) of the segment joining the origin to the
boundary of Q and with angle 6 is equal to the mass (with respect to g) of the segment with same angle
joining the “above” and “below” boundaries of £’ (i.e. the curves r = Ry(0) and r = R2(0)).

Then the structure of the optimal maps for the Monge cost is given by the following:

Proposition 3.3.1. Under these assumptions on Q, Q', f, g, the Euclidean norm is a Kantorovich
potential and the mazimal transport rays are the segments joining 0 to (R2(0),0). Consequently,

TeOi(u,v) < Taf=gand T(z) = c,o(sc)ﬁ%|

for some function ¢ € Q — (inf Ry, +00).

Proof. For 6 € (0, %), we denote by t(-, 6) a one-dimensional transport map from the measure r — rf(r, )
to the measure r — rg(r,0) (such a transport map exists since these two measures have same mass thanks
to the equality (3.2). It is then easy to check that the map

T:2=(r0) eQ%t(r,G)%

is a transport map from f to g, and if we set w = |- |, u is of course 1-Lipschitz and, for any z,
u(T(z))—u(z) = [t(r,0) | ‘ |z| = (|¢(r, 9)|—|x|)—‘ ‘( (r,0) — |m|)|‘ |T(x)— x| for any x € Q.
We deduce that that u = | - | is a Kantorovich potential. Consequently, a segment [z,y] is a transport
ray if and only if

u(y) —u(e) =ly—=[  de  |y—z| =yl —|z|

Thus, we have y = Az for a positive A. In particular, y and x belong to the same line passing through the
origin. In other words, the transport rays are included in the lines passing through the origin. Moreover,
a transport map T belongs to O1(u,v) if and only if, for a.e. x € Q, |T(z) — x| = |T(x)| — |x| which

again means that T'(z) = <p(m)|x—‘ for some positive function ¢. O
x

Corollary 3.3.1. Under the above assumptions on Q, ', u, v, we have Oy (u,v) N H () = ()

Proof. Let T € O1(p,v). By Prop.|3.3.1 we have T'(x) = o(r, ) for x = (r,0), where ¢ is a real-valued

function; the fact that T sends p onto v implies T'(x) € &' for any x, thus ¢ is bounded from below on
Q by the lower bound of R;. We now compute the Jacobian matrix of 7. Denoting by z* the image of

x by the rotation with angle m/2, we have in the basis (i i):

EIRNED
orp 0
x o(x
DT (z) = 2l ®Ve(z) — |§c|)Id =| e ¢
T T

thus /|DT |2dx>//



3.3. AN EXAMPLE OF APPROXIMATION OF ORDER ¢|LOG¢| 79

In particular, the first order I'-limit H has here the constant value +o0o, which implies that the minimal
value of J. cannot approach Wj; with order 1 in e. This is mainly due to the blow-up of the Sobolev
norm at a single point, which suggests a formal but deep analogy with the Ginzburg-Landau theory (see
for instance [12] 511 [64]), where we look at the minimization of

1
uH?/ 1 — [uf?) /|Vu|2

with Neumann boundary conditions. Here two terms are contradictory in the functional: the first one
suggests to select unit vector fields parallel to the boundary, and the second requires H!-regularity, which
is impossible since the previous point creates a vortex. In our case, up to a 90° rotation, the situation
is similar. The two contradictory phenomenas are the fact that 7" has to preserve the transport rays (to
optimize the Monge problem) and that it has a finite Sobolev norm; this also leads to the creation of
an explosion (a vortex, rotated by 90°; here the origin, which is sent to a whole curve belonging to the
target domain).

Moreover, the two next paragraphs will show that the excess in the approximation of Wi by inf J. is
of order ¢|loge|, which is also a common feature with the Ginzburg-Landau theory (but the analogy is
likely to stop here).

3.3.2 Heuristics

In this paragraph, we give a preliminary example of analysis of the behavior of J.(7.) when ¢ — 0 and
T. approaches an optimal map T for the Monge problem; this will not lead directly to a rigorous proof
of the general result, but gives an idea of which quantities will appear.

Assume that T € Oy (p, v) with T'(z) = ¢(r, 0)%,
{ S(z) ifze Qs

T(x) otherwise

and let us build an approximation (7). defined by

T.(x) =

where § will be fixed (depending on ¢), Q5 = B(0,6) N Q and S will be build to send (f - £L)|q, onto the
same image measure that the original 7" has on 25. Notice that S depends indeed both on ¢ and on ¢,
but we omit this dependence. In this case, we have

JA(T.) =Wy = / |T:(x) — z|f(x) dz — Wy —|—/ |DS|? —|—/ |DT|?
Q Qs NQs
Since T is optimal for the Monge problem and coincides with 7. outside of Q5, we have
[ @) =als@)ds = Wi = [ (7.0) =l = [7@) = al) f@)do = [ (S(a) o] = |T(@) ~ ) f (o) da

Qs

We now claim that

/ IT(x) - 2| () dz = / (I@)| - |a])f (z) da
Qs

Qs

Indeed, we still have the equality |T(z) — z| = |T(z)| — |z|, and the image measures of (f - £¢)|q, by T
and S are the same. As a consequence,

/Q T () — al f () dae — W = / (IS(@) — 2| - [S(@)] + |e]) f(z) da
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and, by the triangle inequality, |S(x) — z| — |S(z)] + |z| < |(S(x) —z) — S(x)| + |z| < 2|z| so that

3
/|T5(x)—x|f(x)dx—W1§/ 2|x|dx<2/ / r? d7“d9<ﬂ
Q Qs

In order to estimate the norm of the Jacobian matrix DT outside of 25, we recall that, in the basis
r x L
(& a)
Or

0
Dy ¢
T T

DT (x) =

/Q\m |DT(z)|* do = /:/0

Now we note that, for 8 € (0,7/2), the one-dimensional map ¢(+,6) sends the density rf(,6) onto the
density rg(r,0). The first density is bounded from above (but vanishes around r = 0), and the second
one from below (also from above). Thus, one can assume that 0,¢(-,0) is bounded (by the way, if T is
the monotone map along the transport rays, we also have 9,¢(r,0) — 0 as r — 0), so that

T rl
/ / Or(r,0)*rdrdd < C
0 4

where C' is a constant independent of 6. On the other hand,

1,z 2 2 ! -

5 o(r,0) + dgp(r, 0 dr
// ) ) 40 dr = o (r, M (0,0 /2)

s Jo r 4 '

In this last integral, we make the change of variable r = §¢, which gives

0)2 0
// p(r, +5'9‘/’(7' i d&dr*|log5|/ 100" Ml (0,7/2) At

We moreover assume that || (3%, )| |31 0.z /2y = [1€(0, )10 r/2) s & — 0. This leads to

so that

[SE]

2 2
((p(’l“,e) +89@(T79) +7“8T<,0(7",9)2> do dr

r

DT2 ~ 1 A2 3
o IPTE = 1088100 s o) + 06 +2)

It remains to estimate the L?-norm of the Jacobian matrix of S on Q5. We recall that S has to be
built so that 7;, defined on the whole €2, is still a transport map from p to v with finite Sobolev norm;
thus, the map S, defined on 5, must send {25 onto its original image S(€25) in a regular way and keep
the constraint on the image measures:

Sy (nles) = Ty (plas)
Moreover, the regularity of the global map 7. implies a compatibility condition at the boundary:
S(z) =T(x) for |z| = 4§

Thanks to the Dacorogna-Moser’s result (Theorem in the Appendix, see below for its precise use),
we are indeed able to build such a map S. Yet, the diameter of Qs is v/28; on the other hand, T(fs)
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contains the whole curve 8 — (0,0), so that its diameter is bounded from below by a positive constant
independent of 6. Thus, the best estimate that one can expect is

C
ol
L1p575

For a reasonable transport map 7', one can show that such a map S can be found with moreover S(z) =
T(x) for |z| = & (see the paragraph below). In this case, the global map T still sends  to v and

we have
o\ 2
o< () <
Qs as \ 0

Je(Te) = Wi = el log 8|[[¢(0, )l 1 (0,q/2) + O(8° + )

, we obtain

Finally,

If we choose § = £1/3

1
Jo(T:) = Wi + €| log5|§||<p(0, WNIEr 0,7/2) + O(e)
In particular:

e the first order of convergence of J.(T.) to W; is not anymore ¢, but ¢|loge|;

o the first significant term only involves the behavior of ¢ around 0, which is the crossing point of all
the transport rays (and also the singularity point of the measure restricted to any transport ray,
since it vanishes at 0). This suggests that T, — T, where T" at » = 0 minimizes ||o(r,-)||g1.

3.3.3 Main result and consequences

The analysis in the above paragraph suggests to introduce the minimal value of [[¢(0, -)|| g1 (0,x/2) among
the functions ¢ such that

x
x = p(r,0)—
|z
x
is a transport map from p to v. In particular, for such a ¢ and for any = € ), the point ¢(r, Q)W still
T

belongs to the target domain €)'; thus, its value at r = 0 verifies
for a.e 0 € (0,7/2), R1(0) < ¢(0,0) < Ry(6)
We will thus set

K = min { / R+ 0P 0 pe 1 (0.5), Ri) < 0(0) < R2<9>}
and, following the ideas of the last sub-section,
F.:Tw— % <JE(T) —Wy - %s\ log6|)
Notice here that the assumption inf Ry > sup Ry allows to remove the constraint ¢(0) < Ry(f) in

the minimization problem defining K (indeed, if ¢ > Ry on a subset of (0,7/2), one can replace it with
min(yp, inf R) on this subset and this will decrease its Sobolev norm): in other words, we have

K = min {/02(4,0(9)2 +(0)2)d6 : e HY (o, g) , Ri(8) < w(é)}

The main result of this chapter is the following:
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Theorem 3.3.1. Let us denote by
Gy HY(0,7/2) = ||ollf(0,n/2) — K

and

+00 ifT¢Ol(/~L7V)

F(T) = x

[ G+ [ ol rdr T € 01 T(@) = p(r0)
0 0

||

1. For any family of maps (T:). such that (F.(T¢)). is bounded, there exists a sequence e, — 0 and a
map T such that T., — T in L*(2).

2. There exists a constant C, depending only on the domains 2, Q' and of the measures f, g, so that,
for any family of maps (T:.)eso with T. — T as € — 0 in L*(2), we have

liminf F.(T.) > F(T) - C
e—0

3. Moreover, there exists at least one family (T.).>0 such that (F.(T.))c is indeed bounded.

Notice that we have not stated here a true I'—convergence result, but we only provide an estimate on
the I'-liminf, and the existence of a sequence with equibounded energy. We conjecture indeed that the
I-limit of the sequence F is of the form F — C for a suitable constant C' depending on the shape of
and f(0) (again, the main important region is that around z = 0 in €2, which must be sent on the curve
®); precisely, the constant C' that we expect is

€= tm (inf{k3f(0)/ﬂ(|y|—y'ggg|) dy—i—/Q|DS(y)|2dy—Klog)\ : s:m-m/})

with may be some additional constraint in the minimization problem for each A (see below a justification

at the end of the paragraph [3.4.1)).
However, we do not prove it here and we only use the estimate we prove to get some consequences on
the minima and the minimizers of F.

Consequences on the minimal value of J.. If we apply the Theorem to a sequence (7% ). where
each T, minimizes J. (which is equivalent with minimizing F.), we obtain that the sequence (F. (7)), is
bounded and

K
inf J. = F.(T.) = Wi (,v) + §€| loge| + O(¢)

Consequences on the behavior of (7.).. We first note the following:

Lemma 3.3.1. The problem which defines the constant K, namely

™

inf { / S0 + ¢ (0)2)d0 - p e H (0.5) B1(0) < 0(0) < Rz(ﬁ)} : (3.3)

admits a unique minimizer ®. Moreover, if ¢ € H'(0,7/2) verifies Ry < ¢, then

G(p) > Il — |3
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Proof. Let us denote by C the set of functions ¢ € H'(0,7/2) verifying the constraint R; < ¢ on (0,7/2).
Notice that C is a convex closed subset of H(0,7/2), so that (3.3) admits as well a unique minimizer ®,
which is the orthogonal projection of 0 onto C in the Hilbert space H'(0,7/2). This implies

Vo eC, (P, —®) >0 (3.4)
If now ¢ € C, then
Gl) — [lp — Bl = llglzn — 11012 — o — 0l = 2(®, 0 — @)
which is non-negative thanks to the inequality . O
As a consequence, we obtain:
Proposition 3.3.2. Let T € O1(u,v), T(z) = ¢(r, 0)| K such that F(T) < +oco. Then r — o(r,-) is
continuous from [0,1] to L*(0,7/2), and we have p(0,-) = ®.

This, combined with Theorem implies that that if (7). has an equi-bounded energy (meaning
that F.(T:) is uniformly bounded in ¢), then it has, up to a subsequence, a limit T = ¢(r, 0)‘2—| where

o(r,0) is continuous with respect to r and has ®(0) as limit as » — 0. In other words, T sends 0 onto
the curve r = ®(6) which has the best H'-norm among the curves with values in the target domain €2'.
This is in particular true if each 7. minimizes J. (thus F.).

Proof of Prop. The assumption on 7 implies that the integrals

1 1
/0Harsow,-)Hi%o,w/g)rdr and /0||arso<r,->||%2<o,ﬂ/2>rdr

are both controlled by some finite constant A. Now we have for 6 € (0, 7/2):

T2 T2 1/2 T2 d’l“ 1/2

lo(r1,0) — ©(r2,0)| :/ Orp(r,0)dr < (/ Orp(r, 9)2rd7‘> (/ 7‘)
w/2 T2 ) T2 Jp
thos [ le(r0) = (a0 a0 < ([ 1000 g rar) ([

r
so that  [[o(r1,-) — @(ra, )|[72(0,x /2y 40 < Alog 72 (3.5)
1
This proves the continuity of r — (r, ).
On the other hand, thanks to the Lemma [3:3.1] we have
dr
1z [ atetr, / ot ) = @l o)

By setting r = e~?, we obtain
+oo
Az [T flpte ) - Bl
0

But, for ¢t; < t2 € (0, +00), we have

2
lo(e™™, ) — @72 —[lo(e™™,) — @l17.] = [ple ™) —p(e™, "), @) L2
< lple™,) = (e, )l ]2l
—ts
< Alog ey = A(tQ - t1>

where the last inequality comes from (3.5). Thus, the function ¢ — ||p(e™?, ) — ®||2, is Lipschitz and
belongs to L (0, +00). This implies that it vanishes at +o0, so that ¢(r,-) — ®in L?(0,7/2) asr — 0. O
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3.4 Proof of Theorem [3.3.1]

3.4.1 I-liminf estimate

Let (T.)c be a family of maps and let us begin by writing precisely the expression of F.(7%) for any £ > 0
and any transport map 7.. We have

1 K
F.(T.) = - (/ |Te(x) — x| f(x) dz — W1> —|—/ |DT. ()| dw — §|log6|
Q Q
We set & = £1/3 and notice that
K 1q
= |loge| = K|log 8| = K/ il
3 S T

We decompose 7. into radial and tangential components:

x x L

T.(z) = pe(r, G)H + e (r, H)H

and compute

DT. = = & V. (z) + ve() <Id - Le x) + e Ve () + pela) <R _ it x>
T lz| x| || || lz| |z

where R denotes the rotation with angle 7/2 and we still set 2+ = Rx. Thus, the matrix of DT, in the

1
basis <x7m ) is
|| ||

Ortpe Ore
DTe(x) = | 8pp. — v e + Dot
r r
so that , ,
DT |* = 0,2 + 0,2 + (89%7; Vo) . (e J:g"%)
We obtain

1 1
dr
L1DTp = [ DT+ [ ioroetr I + N0l ) e+ [ (00 = el -+ e+ ) S
s

On the other hand, we already know that

[ 1@ = alfta) do =W = [ (T2(0) ol = [T@)] + o) f(0) o
Finally, the complete expression of F; is the following;:

FUT) = 2 [ (T.0) =] = @) + e f (@) do+ [ |DT.J

Qs

1 dT 1
+/ (I1Gope = 1) (r, 72 + (0= + Bote) (1, |72 — K) — +/ (10rpe (7, [T + 110rtpe|[72) 7 dr
5 r 5
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/2
thus, if we denote by H(p, ) = / (' (0) —1(0))? + (p(0) +1'(0))* A8 for ¢, € H'(0,7/2), we have
0

PUT) = 2 [ (Ta) = 2| = [T.@)| + o) f(@)do+ [ |DT.P

Qs
s [ et 0etr) = ) [ U0 N + 00l e 30
1) §

The following lemma collects some properties of the function H.

Lemma 3.4.1. We recall that
H: (p,9) € H'(0,7/2) x H'(0,7/2) = |l" = ¥[72 + |0+ ¢'l[7
for ¢,v € HY(0,7/2). Then:
o The function H is lower semi-continuous with respect to the strong L?-convergence.
o Assume that (p,v) satisfies, for any 0,
2(0)#(0) + ¥(0)i(0) €

where &(0) = (cosf,sin@). We denote by (0) = max(p(0), R1(0)). Then we have the inequality

1,
H(p ) = K + 5118 = @l = Bll[ 220,02 (3.7)

for some positive constant B which only depends on Q.

Proof. Step 1: the semi-continuity of H. We take a sequence (¢y,, ¥, ), converging to some (p, 1) for the
L?-norm. Up to subsequences, we can assume that

n—-+0o0o

n—-+o0o

and we also assume that (H (¢, %, ))n is bounded. Now we remark that
H(pn, ) = l1¢h = ¥nllZ2 + llen +¥nllZ2 = (€012 — [lenllz2)® + (1€hllze — ll¥nllZ2)”

thus [l llee < VH(on,¥n) +[¢nllee and Y52 < VH(@n, ¥n) +[|@nllz2

We deduce that (©,)n, (¢n), are bounded in H'(0,7/2) so that the convergence (pn,1,) — (¢,v)
actually holds, up to a subsequence, weakly in H*(0,7/2). Now the convexity of (o, ¢’,1,9) — (¢’ —
)2+ (o+1")? implies that H is lower semi-continuous with respect to the weak convergence in H*(0, 7/2),
which allows to conclude.

Now we pass to the proof of the inequality (3.7). We begin by a kind of “sub-lemma” which will be
useful several times in the proof.

Step 2: preliminary estimates. We recall that ¢ = max(R;,¢) and denote by h = @ — ¢ > 0. Now
we claim that:

e for any ¢ € (0,7/2), we have the inequality
0 < h(t) < Biloh(t)] (3-8)

for some constant B; depending only on .
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e we have the inequality
(6, h) | < Bal|h[|o (3.9)

for some constant By depending only on ';

e the above both inequalities lead to the estimate
lellfn = K + 118 = @13 — Bsl[¥ll (3.10)
for some constant Bz depending only on €.
First, we remark that the constraint ¢(0)2(6) + ¥(0)2+(0) € ' implies
R1(0)? < 0(0)* +(0)* < Rao(6)? where 6 =6 + arcsin v
p(0)* +(0)?

Thus, we have
hO) = Ri(0) — (0)
= R1(0) — R1(60) + R1(0") — p(0)
< (Lip R1)|0 = 0| + \/¢*(0) + ¥*(0) — ¢(0)

< (Lip Ry) arcsin ﬁ((?g)/l) + [1(0)]
™ Lip R1
< —
< (3R 1) wio
. 3 . - T Lip R1
which is (3.8)) with B; = Sl R, .

Second, we recall that h = (R; — )™, thus ¢ +h = R; on any point where h # 0. This leads to

m/2 /2
[ ermn=| [ i
0 0

/2 /2 /2
/ (p+h)'H / RN [R’lh}g“—/ RN
0 0 0

We get (B:9) with B, = (g sup Ry + 2 Lip Ry + |\Rgf|\L1).
Third, we write

s
- < 2 (sup Ru) bl

_ < (2sup Ry + [|RY]]1)]|h]s

and

el = lI@lIE + hllFn + 20, h) (3.11)
Since ¢ > Ry on (0,7/2) and thanks to the Lemma [3.3.1] we have ||@[[%: > ||¢ — ®[|3: + K. On the
other hand, by using (3.8) and (3.9), we have

(8, h) = =Bs||hl[oc = =B1Ba|[¢)]|o
We insert into (3.11) and skip ||h||%,, since it is nonnegative to get
lellin > K + 1@ = @[[fn — 2B1B2[9]]x
thus (3.10)) holds with Bs = 2B Bs.
Step 3: the inequality (3.7)) holds if ||¢'||r2 is large enough. We start from

/2 /2 /2
H(so,w:\|so||%p+||w||%p+2/0 smz/—a/o wsa':||so||ip+||¢||zf4/0 g — 2ol
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First, the condition on (¢, 1)) implies that ||¢||co, ||¢]||cc < sup Rz so that

lev]s?| < 2(sup Ry)?

On the other hand,
< |[PlloovVm/211¢ |2 < sup Ron/m/2][¢]| L2

/2
|/ Py’
0

Hp.0) > [l + 1161 — 4sup Ro/ 7RIl 1 = Alsup R
1 1
> Sliel -+ (31112 — 45up Ray/ 7Bl 12 — Asup R)?)

By using (3.10)), we obtain

This leads to

1 ~ 1
Hlp.) 2 55 + 115~ 0l ~ Ballolle) + (5112 = 4500 Rav/A72 12 — Asup R)?
and, since || < /2% + 12 < Ry, we have

1 ~ 1 B
Hlp.) 2 506 + 13- ®llm) + (51122 — dsup Re/ATI¢ s = (4up R + 5 sup B ) )

K
The announced estimate (3.7)) holds provided that the term in brackets is greater that 5 which is true
provided that ||¢’||2 > By where By is the largest root of the polynom

K

%X2 —4sup Ro/m/2X — <4(supR2)2 + %supRz + 2)

and By only depends of €.
Step 4: case ||¢'||2 < By. In this case, we still have

/2
Hp, ) = Il 2 + |11 20 — 4 / g — 2oyl

/2
with |/ @' | <MYl v/ /20|¢ |12 < V//2Bal[]lo
0

and  |[0]5"] < 2llello][¥]]oe < 25up Rol[t)]]o

This leads to
H(g, ) > gl + 1613 — (Va72Ba + 250 Ry [[9]]ac

> K +1¢ = @[3 + [1llE: — Bsllvlle

where we have again used (3.10)) and set Bs = (\/TI'/QB4 + 2sup R2) + B3, which only depends on .

It now remains to estimate ||¢||%: — Bs|[¢)|| from below with —||1/JH2L/23 The condition on (@, )

implies that ¢(0) > 0 and ¢ (7/2) < 0, so that there exists ¢y such that ¢(t9) = 0. We then have

t d t
V() = (ZDQ)Z/t 290" <2/l 29|l thus  [[$llee < V2V/0]22 ][] 12

Sy, dt
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We use the Young inequality

1 1
for—4+—-=1ande>0
p q

q
with p =4, ¢ = 4/3, a = \/[@/[[z= and b = \/[ll2, to get

V2et 3v2 2/3

Wlloe < == 11W'l1Z2 + o 1¥Il1

We deduce

112
191132 = Bslllloo > <1— : s Il

\/513564
4

V2Bset , 3V2Bs,,  12/3
[ r2 —

By choosing ¢ such that =1, we obtain

2/3
14112 = Bs||¢lleo > —Bllw]| 2

3v2B;

4e4/3

where B = only depends on €2 and K. This achieves the proof. O

We also will need the following estimate on the first term of the expression (3.6).

Lemma 3.4.2. Let T be a transport map from p to v. We write

T(a) = pla) o+ (o) 7
Then, for a.e. x,
T (z) — 2| = |T(2)| + |2 > Alz[$*(z) (3.12)

for some constant A which only depends on €V'.

Proof. We compute:

T(2) — x> — |T(2)?
T(x) — x|+ |T(z)|
We have |T'(x) — z|? = (o(z) — |2])? + ¥ (2)? and |T|? = ¢* + 92, so that
|| + |7 (z) — 2| + |T(x)| — 2¢(x)
T (z) — = + |T(z)]

T(z) = x| = [T(2)| + [z] = + ||

|z — 2|z|p(x)

IT@) =l = IT@)] + 2l = rr e = T )

+ |z = ||

We remark that

IT(x) — 2| = p(2) + |z] = V(p(x) = [2)? + ¢(2)? — (p(z) — |2]) > 0

[T(2)] =)  _ 2] T (2)* — o(x)®
T(x) — | + [T (x)| (1T (@) — | + |T(2)N(IT ()] + ()

thus  |T(z) — 2| — |T ()| + [z] = ||
Since z € 2 and T'(z) € ', we have
T(z) — 2|+ |T(2)| <2|T(z)| + |z| < 2sup Ry + 1

and |T(x)] + ¢(z) <2|T(z)| < 2sup R
1

On the other hand, |T'(x)|*> — ¢(x)? = ¢ (x)?. This leads to the result with A = @sup B 1 1) (@sup o)
O
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The estimate leads to
[0 a1 - @)+ @) o> Aint [ et
and the estimate to
[ teatrn =08 > [ (=Bl B + St - 0l ) &

where we again have set ¢ = max(R1,¢.). By inserting into (3.6), we have

A inf f dr
F(T) /n% JNEar2dr - B /H% Sl

1

- ' r,- r,)) — 2/3 " ' )22 rdr
3 | 00 = K+ Blotroll ) S+ [ ioreatrllfarar (319

1
Let us denote by X, = — / |[1be(r, )||32r% dr. By the Holder inequality applied with respect to the
measure with density 1/r on (d,1), we have

d 1 1d L1 4
[ & = [ty 2 8 < ([ &) ([ 59

1 1
dr 1 dr 3 1 3

. 2 3 _° _

with /5 [|the||7 2 - <eX. and /5 ey Rl (64/3 1) < 55473

which leads to
3/4
[t B 8 < ex (az) =S xe
€ — 254/3 2\/5

since § = ¢!/3. We insert into ([3.13) to obtain

1/3

F.(T.) > (Ainf f)X. — B' X}/?
1 dr 1
+-]£ (H (pe(r, ). (r, ) = K + Bl (r, )l [7°) = +-j£ 10rpe(r, ) [F2rdr - (3.14)
— /33
where B/ = mB

Let us assume that (F:(T;)). is bounded by a positive constant M. This implies that (X.). is bounded

by some constant M’ (otherwise the term (Ainf f) X, — B’ /% would tend to 400, and the other term
is positive), thus

1
/mew@HWSM%
0

and 1. — 0 a.e. on Q. Since (X.). and (F.(T:)). are bounded, (3.14) provides

1
d
A(M%mm%m»fK+mwme”T /na% N rdr < M
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for some constant M” which does not depend on e. We now use the estimate (3.7)) to get

1 ! ~ 2 dr ! 2 1"
5 [ Nlee =@l —+ | 0rpe(r)l[zardr < M
s r 5

We thus have a L?, -loc bound 8,¢. and on dy@., but since $(r, 0) = max(R; (), ¢(r,0)), the bound on
Or@. implies a bound on 9,¢.. Thus, the family ($.). is bounded in Hloc( ) and there exists e, — 0
and @ such that ¢. — @ a.e. on Q. But we recall that the estimation still holds and provides

|<Pa;€ - ¢Ek| < Bl|¢5| -0

which leads ¢., — @ a.e. on Q. If we set now T'(z) = 6%, we have proved that T, — T a.e. on .
x

This convergence also holds in L?() since |T.| < sup Ry for any ¢. This proves the first statement of the
Theorem 3311

Assume now that (7). is a family of transport maps converging to some T for the L?-norm on .
We deduce from (3.14) that, if we set C' = — )i(nfO(Ainf fX? — BX), which only depends on ', we have
>

! 23
F.(T) > —C+ /5 (H (o2 (), o)) — K + Blle (|24 / 18ripe(r, )12 v

Assuming that (F.(7%.)). is bounded, the above computations give a H!-loc bound for (¢.)., thus

1 1
liminf/ [0y pe (T, )||2L2 rdr > / [|0rp(r, )HQLQ rdr
e—0 5 0

since this functional is lower semi-continuous for the weak convergence in H'(€2). On the other hand,
the estimate (3.7)) shows also that

H(pe(r, ), ¢e(r, 7)) — K + Bllgpe(r, )75 >

for any € and r, thus we can apply the Fatou lemma since the semi-continuity of H provides

lim inf(H (¢e(r, ), e (r, ) — K + B||¢e(r,)|75%) > Glp(r, )

k—+4oco

for a.e. r € (0,1). Thus

1
imipr (1) = -0+ [ 6ot ) Yt [ 0ot rar
0

as announced.

Remark. If we choose to set § = \e!/3, where )\ is to be fixed depending on &, the precise expression
(3.6) becomes
1
FAL) = 2 [ (T20) | - [T(@)| + e} fla)do + / DT>~ K log
Qs Qs

E e _ 2/3
w1 =l 0@ )= B [l

+/5(H(%(Tw),we(rr))—K+B\|¢e(h~)ll2/3 & /H&"‘Ps NZzrdr (3.15)
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By using the above estimates (3.7) and (3.12), we get that the second line is this time bounded from
below by

B
Ainf fX, — X(Xg)l/?’

which is itself bounded from below by —Cy = inf{Ainf fX — 2X1/3} which goes to 0 as A\ — +oc.
Thus, these terms disappear if A goes to +0o as € — 0. Let us now compute the first line of (3.15):

1 2
- [ )~ = @)+l s@ e [ DT - K log
=% [(00) - 891 - 101 + )£ 6w dy + [ [DULP = Ko

where we have set * = dy and U(y) = T:(dy). Now we use the following expansion

0206) = 001 = W)l = (1] =+ 20 ) +ol0?)

and recall that 6 = X\e'/3, to get
52 9
T [ 10 = 691~ [0 + 7@ dy-+ [ DU~ Ko

/ (| =y |g Ey§|>f(5y)dy+/Q|DU8|2—Klog/\+o</\454/3)

We can bound this term from below (up to the rest with order A*c!/3, that we can make going to 0 with
a good choice of A, and another rest taking account of f(dy) — f(0)) with

C’;inf{f(())/QA?’ <|y|y EE i) dy+/ |DUJ? — Klog)\}

where the constraint on U has to be precised and is satisfied by U.. For a good choice of A, as ¢ — 0, we
skip the first constant —C) and get, since the third line of (3.15)) is lower semi-continuous,

liminf F, > F(T) — lim C}
e—0

A—+o00

which correspond to the result that we conjectured in order to make more precise the theorem [B.3.1]

3.4.2 Construction of family of transport maps with equi-bounded energy

The last point of the proof of Theorem [3.3.1] consists in building a family of maps (7). such that (F.(T:)).
T

is as well bounded. The sketch of the proof is the following: we start from a transport map T = ¢ — 2]
x

with ¢(0,-) = ® (that we call “the original 7" in the following), assume that ¢ is regular except around
the origin, and modify T" only on Qj.

Step 1: construction of the original transport map. We set T'(z) = ¢(r,0) where ¢ is built

x
x|’
as follows:
e ©(0,0) = (), and (-, 0) is increasing and sends the one-dimensional measure ug (the starting
measure u concentrated on the transport ray with angle 0) onto v4/2 (where vy is the target measure
on the same transport ray), until the radius p; such that ¢(p1,60) = Ra2(0);
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e starting from this radius p1, ¢(+, ) is decreasing with the same source and target measure, until
the radius po such that, again, ¢(p2,0) = ®(6). Therefore, on the interval (p1, p2), ©(+,0) sends pg

onto vg(a(0),Rx(0))

e on the last interval (if it is non-empty, which corresponds to ®(6) > R;(0)), ¢ is still decreasing
and sends f19 onto vpl(g, (6),5(0)

Precisely, we fix 6 and the expressions of uyg, vy are
dpg(r) =rf(r,0)dr and dvg(r) =rg(r,6)dr
which have both same mass on (0,1) and (R1(6), R2(0)) respectively. Now we define successively p;(6)

and pz(0) by
p1(0) Ra(0) | p2(0) R2(0) 1
/ dpg = / —duy and / dupg = / —duy
0 o) 2 p1(0) o0) 2

which are proper definitions thanks to the intermediate value theorem, and imply

1 a(0)
/ dpe = / dvg
p2(0) 0

Thus, we have the equality between masses:
1
10(0, p1(0)) = 1o (p1(0), p2(0)) = Svo(2(0), 1) and  pg(p2(6), 1) = v6(0, 2(0))
and the measures g, vy are absolutely continuous on these intervals. We now define the function ¢(-, 6)
as being;:
e on the interval (0, p1(6)), the unique increasing map (0, p1(6) — (®(6),1) sending pg onto 1vy;

e on the interval (p1(0), p2(6)), the unique decreasing map (p1(8), p2(0)) — (®(0), 1) sending uy onto

1.
5V0;

e on the interval (p2(6),1) (if this interval is not empty), the unique decreasing map (p2(9),1) —
(0, ®(0)) sending pg to vy

It is easy to check that ¢(-,0), defined on the whole (0,1), sends globally g onto vy. As a consequence,
the two-dimensional valued function

T:z=(r0) GQHQQ(nQ)'% e

is a transport map from u to v.

Step 2: estimates on ¢ around the origin. As above, we set § = /3 and we aim to modify T only
on Qs = QN B(0,4). In order to obtain as well a transport map from p to v, we have to guarantee that
the new map S sends the domain Qs on its image T'(Qs), with the constraint of image measure. For this,
the following estimates on the original transport 7" will be useful:

Proposition 3.4.1. The above function ¢ has Lipschitz regularity on (0,1) x (0,7/2). Moreover, there
exists some positive constants ¢, C' depending only on ', f, g such that

ar? < o(r,0) — (9) < Cr? (3.16)
for any r small enough and 6 € (0,7/2), and
Lip(p(r,) — @) < Cr” (3.17)
for any r € (0,1).



3.4. PROOF OF THEOREM 3.3 93

Proof. The Lipschitz regularity of ¢ is actually a consequence of its definition and of the inverse function
theorem. First, let us recall that p;(6) is defined by

F(p1(6),6) = 5(G(R2(6),6) - G(®(6),6))
- R R . R R
where F(R,0) = /0 dpg = /0 rf(r,0)dr and G(R,0) = /Rl(o) dyy = /Rl(e) rg(r,0)dr

Notice that we have necessary p1(6) > 0y > 0, where g verifies, for instance,

/ dp = / dv
B(0,60)N2 sup Ry <r<inf Ry

(such a 8y exists since & — u(B(0,8) N Q) is continuous and increasing). Thus, F is C* with respect to

its first variable and its derivative is Lipschitz and bounded from below by dginf f, and the same holds

for G; moreover, F' and G are both Lipschitz with respect to 6. As a consequence of the inverse function

theorem, p; is well-defined and Lipschitz. The same reasoning shows that ps is well-defined and Lipschitz.
Then we know that ¢ is defined if 0 < r < py(0) by

r ©(r,0) . ~
/dmz/' Ay e B(r0) = Glo(r,0),0) — G®(0),0)
0 ®(6)

Again, by the inverse function theorem, ¢ is C' with respect to » and Lipschitz with respect to §. The
same reasoning can be applied on the intervals (p1(6), p2(6)) and, if it is non-empty, (p2(0),1). We get
that the function ¢ is Lipschitz with respect to its both variables (r, ).

Notice also the following estimate on ¢(r,8) for r small enough: we have f07 dpg = fg((g')’a) dvg, with
the inequalities

r @(r,0)
Pintf < [ dpp<rtswf and (nfg)(e(r0) - 20) < [ dup < Gupg)elr.0) — 2(0)
0 >(0)
This leads immediately to (3.16). On the other hand, we know that ¢(r,§) has Lipschitz regularity with

respect to 6 and

#(R,0) R
/ rg(r,0)dr = / rf(r,0)dr (3.18)
0

R1(6)
If 6 is such that the equality (3.18) is differentiable with respect to 6 (which is true for a.e. 6 since all the
considered functions are at least Lipschitz), we get

R
O20(R, 0)p(R, 0)G(p(R, 0),0) — Ry (0)R1 ()G (p(R, 0),0) = /0 Oy f(r,6) dr
thus
R
30 ((p(Rv 0) -’ (9))90(1%’ G)G(@(R’ 9)) 0) + Rll (0) ((p(Rv 0) -’ (9))G(§0(R7 0)’ 0) = /O Tan(Tv 0) dr

and )
(Lip Ry)(sup G)

196(i2(R, 6) = Ra(O)] = "7k R S nr &)

R2
lp(R,0) — R1(0)] + > LipF
Thanks to the inequality (3.16]), we get

|90((R,0) — R1(6))| < CR?

for some constant C' depending only on f, g, £, which proves (3.17)). O
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Step 3: perturbation of the optimal 7. In that follows, we denote by
Q=M NB0,§)={z=(rd):0<r<dand 0< 0 <7w/2}

and Q5 =T(Q)={z=(r,0):®0) <r < ¢(5,0)and 0 <6 < 7/2}
We now denote by:

d
5
e (25 is the rectangle (0,1) x (0,7/2) and

1
e S1:x €y~ = € and fs(x) = f(dx). Notice that fs = ﬁ(Sl)#(f'Q{s);

Syt (M, 0) € Qg sz = (B(0) + A(2(6,0) — B()),0) €

1
= ((52)7 sgley )-
As above, S; and Sy actually depend on § but we forget the index ¢ for the sake of simplicity of the

notations. We have of course inf f < fs(z) < sup f for any = € Qq, and Lip f5 < §Lip f. On the other
hand, since Sy is Lipschitz and one-to-one, the Monge-Ampére equation provides

g5\, 0)
det DS:(X.0) =~ ooy

where z is here written in polar coordinates. We also denote by g5 =

s g5(\,6) = (9(0.6) — B(6)) 350(S:(A.6)) (3.19)

We deduce from (3.16) and (3.19) that ¢ < gs < C for ¢, C positive and independent of §. Moreover,
(3.19) provides

. 1 . ) 1
Lip gs < sup(ps — w)(sfg Lip(g o S2) + Lip(ps — @)57 sup g

Again, thanks to and and using that Lip Sy is uniformly bounded with respect to d, we get
Lip g5 < C independent, of 4.

We would like to use the Theorem but this result works a priori only to link two measures
defined on the same domain. Thus, an intermediate step consists in sending €25, {25 onto the unit ball,
which is directly allowed in a regular enough thanks to the Lemma [3.:2.:2l Moreover, let us notice that
Q1, Qo are infinitely diffeomorphic to the following domains (which are obtained directly thanks to
rotations/translations/dilations):
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In the above picture, the upper right and lower right corners of the second domains are equal to the
upper right and lower right corners of the first domains. Since the maps provided by the Lemma [3.2.2]
from these two domains to the unit disk both preserve angles (with respect to the origin, see the angle 6
on the picture), if we denote by «, 8 the corresponding maps starting from Qp, Qs, we have

B~ oa(x) = (1,(0)) if |z] = 1 and « has 6 for angle.

where A is a bi-Lipschitz map from the interval (0,7/2) onto (0,1); by composing the second coordinate
with A™!, one can actually assume that 87! o a(z) = (1,0). On the other hand, we deduce from the
regularity of det Do, det DS that, if

fo=aufs and g5 = Bugs

then f5, g5 have also infimum, supremum and Lipschitz constant bounded independently of §. Now
the Dacorogna-Moser result provides the existence of a bi-Lipschitz diffeomorphism ws, whose Lipschitz
constant is bounded independently of d, sending the density fs onto g5, and with us(z) = z for |z| = 1.
Finally, we consider
S =508 ousoaoS,

If |x| = 6, we have |S1(z)| = 1, thus «(S(z)) € 0B(0,1) and
B us(a(S1(2)))) = 87 (a(S1 ()

so that 8~ (us(a(S1(x)))) = (1,0), where 6 is the angle of 2. Consequently, Sa(87!(us(a(S1())))) has
(¢(0,0),0) as polar coordinates, so it is equal to T'(x).

To summarize, S and T coincide on the line {|z| = §}, S is Lipschitz on Qs and, thanks to the
estimates on ¢, T is Lipschitz on £\ Qs. This implies that T is globally Lipschitz on €, thus it belongs
to H'()). Moreover, we have

1
Lipus < C, LipSy <Lip® and Lip$5; = 5

thus LipS < %

for some constant C' which does not depend on 6.

Step 4: estimates on F.(7.). We restart from the expression (3.6), and use the facts that . = 0
and that T, = T outside of Qs:

F(T) =1 / (IS(x) — | — 1S()| + a]) f(z) da + / DS()? da

g
! 2 2 dr ! 2
+/§ (Ilp(r, N2 + 1B (r, ) 22 —K>7+/5 19ro(r, )] 22 rdr

We still have |S(x) — x| — |S(z)| + |x| < 2|z| and |DS(z)| < C/§, so that

1 — X — xT X X i 1'2 X
/%<|S<x> = 15(@)] + e f () d +/95|DS< )2 de <

e

msup f 63 n C?n
3 € 4

which is bounded since § = £1/3. On the other hand,

llo(r )72 + 100 (r, Iz — K = (lle(r, )72 = [19]172) + (1069 (r, )lI72 — [19]]72)
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= <(p(7’, ) -, QD(T', ) + (I)>L2 + <89§0(T’ ) - @/769g0(’l", ) + (I)/>L2
< le(r, ) = @'l (lle(r, o + [1®]loc) + 106 (r, -) — || 21 (Lip ¢ + Lip ®)

Since @, ¢(r,-) are valued in €', their L>°-norm are controlled by sup Ry. By combining this and the

estimates (3.16]) and (3.17]), we obtain
0 < [l(r, )12 + l0es(r, )||72 — K < Cr?

for r small enough (and where C' does not depend on 7). On the other hand, we know that ¢, ® and
their derivatives are globally bounded on (0, 1) x (0,7/2). This proves that

! dr
| etz + gt e = 1) < o0

1
and / |0y0(r, |32 7dr < +o0
0

and we conclude that (F.(T%)). is bounded as well.



Chapter 4

Related models and perspectives

In the three first chapters of this thesis, we examined the most natural questions that we face in any
variational problem (well-posedness, existence, optimality conditions, selection of a minimizer via a limit
procedure). Although we considered that it was necessary to start from these questions, they have all
been expressed in terms of the most basic formulation of transport problem, which is “static” (in sense
that only appear in the functional the starting point  and the arrival point T'(x)) and does not exploit a
relaxation formula (which, in the classical Monge-Kantorovich problem, is necessary to show the existence
in the nice cases of starting measure p).
In optimal transport, the two following alternative formulations are now well-known:

e the Kantorovich’s formulation of the optimal transport problem, namely

wt { [ et dr(en) s (ra)y =i () = v}

was the basic tool to show the existence of a minimizing transport map 7', but also provides several
characterizations of it via the duality formula

inf {/c(x,T(m)) du(z) « Tup = 1/} = sup {/godu + /z/Jdu o)+ u(y) < c(m,y)}
For instance the fact that 7' is the gradient of a convex function in the quadratic case c(x,y) = |y—z|>

is typically obtained thanks to this formulation;

e In a well-known paper [9], Benamou and Brenier have shown the equality between the optimal
quadratic transport cost and the quantity

1
1nf{/ ||’UtH%2 dt}
0 Pt

where the infimum is taken among the family of velocity fields and measure (p, v;); satisfying the
continuity equation and which connect p to v; this corresponds to the minimal kinetic energy of
the geodesics from p to v in the space of measures (see the details below), and this formulation is
also important for its numerical applications because it can be expressed as a convex minimization
problem.

It is thus natural to look at:

97
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e similar dynamics formulations (since they involve a time parameter) for transport problems also
involving the gradient; in particular, we expect to relate

inf {HT - id”%{; s Tup = u}

1
to 1nf{/ Hth%{l dt}
0 Pt

which just corresponds to replace in the two terms the L?-norm with the H'-norm (with respect
to the corresponding measures in both cases);

e dual Kantorovich-like formulations, e.g. expressed in terms of a measure v which corresponds to a
transport plan (but with something more corresponding to the gradient).

This chapter is devoted to some proposal and formal ideas on what could be done on these two
problems. There is actually not any very precise result for the moment, but we give here the main ideas,
the expected results and the formal computations that could be a guideline for possible future researches
(some of them being currently in progress).

4.1 Dynamic formulations of the Sobolev transport problem

4.1.1 The original Benamou-Brenier result and its implications

We begin this section by recalling the main result of Benamou and Brenier, which presented a fluid-
mechanics approach of the Monge-Kantorovich problem with important numerical applications. Their
main result is the following ([9], Prop. 1.1, proof in the 4th paragraph):

Proposition 4.1.1. Assuming i, v to be two probability densities on R?, both compactly supported and
smooth enough on their respective supports. Then the minimal value of the Monge-Kantorovich problem

with quadratic cost
inf {/ IT(z) — z|?d : Typ= V}
Q

is equal to the minimal value of the kinetic energy

/o1 /]R [o(t, ) dpe(x) dt

among all the vector fields (t,x) — v(t,x) and the curves of measures (pi)o<i<1 Satisfying the continuity
equation with initial and final conditions

{ atpt + diV(pt’U(t, )) =0 (4 1)
pPo=H,p1 =V '
Sketch of the proof. We begin by showing the inequality

1
/ / o(t, 2)[* dpy () dt > Wa(p, v)? (4.2)
0 Rd

where Wo(j1,v)? denotes the minimal value of the quadratic transport energy from y to v, and for any
(v, p) satisfying (4.1). For such a (v,p), we define X as being the solution of the ordinary differential
equation

d

aX(t,x) =v(X(t,2))
X(0,2) ==z

(4.3)
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We claim that, for each ¢, X (¢, -) sends p onto p;. To prove it, we verify that (X (¢,-)xu, v) verifies also the
continuity equation for which, given the vector field v and the initial condition pg, the solution (p;);
is unique (see the chap. 8 of [4]). Indeed, we have for a test function ¢ depending on (¢,z) € (0,1) x R?
and compactly supported into this space:

1 d 1
/ / (Brp + Voo - 0) A((Xs, ) o) dt = / / (Orp(X (1, 2)) + Vao(X (7)) - o(t, ) dpa(z)
0 R 0 R4

d
We integrate by parts the last term and use the fact that aX(t, ) =v(X(t-)) to get

1 rd 1
d
| [ e vaemaxgpmar= [ ([ ettt duto))
o Jr o dt \Jga
= [ (L X (1 2) = 900, X(0.2)) dita)
which is null for any ¢ compactly supported in time. Consequently, (X (¢,-)4u), satisfies (4.1) in the

distributional sense and with initial condition X (0, -)xp = idgp = p, which implies X (¢, )xpu = ps.
This implies that X(1,-) sends g onto p; = v. On the other hand, we compute

/ 1 [ woPap@a= [ [ (e, X (1,2 ddp(a) > /.

d
where the last inequality comes from the Jensen’s inequality. By noticing that v(X (¢, z)) = aX (t, ),

2

/0 o(t, X (5, 2)) dt| du()

we deduce
1
| [ ol an@ae= [ 00 - X0 Pdute) = [ 1X(1,2) - ol du(o)
0 R4 Rd Rd

and this is greater than Wy (u,)? since X (1,-) sends p onto v.
Now it is enough to find a velocity field v and a curve of measures p which realize the equality in
. For this, we define
X(t,z) =z +t(T(x) — x)

where T is the optimal map from p to v for the Monge-Kantorovich problem. We recall that T'(x) = V()
for some convex function ¢ :  — R; thus the Jacobian matrix of X (¢,-) is

DX (t,x) = Iy + t(D*(x) — 1) = (1 — t)I5 + tD*p(x)

Since D21 is positive, this Jacobian matrix is positive for any (¢,2) and we deduce that the map X(t,-)
is invertible for any ¢. We then set

v(t,z) = 0 X (t, (X(t,)) " (2))

By construction of v, X and v satisfy the ordinary differential equation (4.3). If we denote by p; =
X(t,-)4u, we thus know that (p¢,v(t,-)), satisfy the continuity equation; moreover, we have X (0,-) =id
and X(1,-) = T thus the initial and final condition pg = u, p1 = v also hold. It remains to compute:

1 1
/ lo(t, 2)|? dpy () dt = / Tt ) () — X (1) (@) AX(E ) a) () dit
0 JRd 0 JRrd

:/ IT(2) — o2 du() dt
0 R4
= WQ(M; V)2

as announced. O
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In particular, the proof also shows that, in the optimal pair (p¢,v¢)s, the curve of measures (p;); is
t— (Xy)ap where Xi(z) = (1 —t)ax +tT(x)

Actually, one can show that if we endow the space P2(R%) of the probability measures with finite moment
of order 2 with the Wasserstein distance given by the Monge-Kantorovich problem

Wa(p,v) = (inf{/Rd T(@) — 22 du(z) : Typ = y}>1/2

) (inf{/ﬂad ly = o* dy(z,y) v € TM(n, u)})1/2

then the constant-speed geodesic from p to v is precisely the curve ¢ +— (Xy)4p described above. Thus,
the Benamou-Brenier formula and its proof make the link between the Wasserstein distance (with order 2)
and the kinetic energy of the velocity fields associated to the corresponding curve.

Our question is: does there exist such a link if we look at the H'-order transport cost? and what is
the behavior of the space P, (R?) if we replace the Wasserstein distance with, for instance,

(V) = inf{||T—id||H‘1L s Typ = V}

1
inf{/ |Jve ()] % dt} 7
0 Pt

Notice also that in this formulation we need to consider Sobolev spaces w.r.t. varying measures (since p;
depends on the time). In particular, some properties could depend on the regularity of p; and, when it
has a density, on the summability of 1/p;. Yet, we will see in the next section that 1/p; plays a special
role, at least in a very particular case

or its Benamou-Brenier version with

4.1.2 Possible approaches for a H'-order distance between measures

Motivations and related problems. A typical question in shape analysis is to know how much a
shape can be deformed during the time, starting from a given configuration (represented by the source
measure 1) and in order to obtain a given target configuration at ¢ = 1 (also represented by a measure
v), via a continuous family of diffeomorphsims (), with ¢ = id and the constraint (¢1)xp = v. Notice
that this last constraint is close to the classical constraint of optimal transportation, but we add to it the
fact that ¢; has to be a diffeomorphism. Under this constraint, it is usual to look at the minimum of

1
/ [Jve|[? dt where Dy = vy 0 Py
0

and the norm can be L? or W!~P-like and can involve or not the measure (o) (e.g. ||vel| 2, |[veo ]| 2
or their Sobolev equivalents). For instance, the quantity

1
/ or © el 25
0 H

is exactly the Benamou-Brenier “norm” of the family (v, (o))
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Partial analysis of a pure H'-Benamou-Brenier-like formula. The most natural idea consists in
looking at the links between the two pure H' versions of the L? Benamou-Brenier formula, namely

inf {/Rd IT(2) — z|? dp(z) + /Rd |D, (T —id)(z)*du(z) : T € H}L,T#u = V}

1
and ll’lf{/ Hth%{}) dt : 8tpt +diV(pt’l)t) = 07 pPo = U,p1 = I/}
0 t

where the H'-norm is a priori in both cases taken in the sense of the Sobolev spaces with respect to a
measure as described in the Chapter 1. The first remark is that, by contrast to the Monge-Kantorovich
problem, the fact that

T oy int { [ 7)o duto) + [ DT~ 0@ duto) T € L Ty = v

defines a distance on P(R?) (even if we allow a distance to take an infinite value) seems seems false:
neither the symmetry, nor the triangle inequality, are likely to be true in general (even if we did not
produce explicit examples where this is the case). To solve this problem, the idea consists in considering
the application

d: (Hay) Hlnf{zg(p’hpl-‘rl) : nEN’ M:p()vplw"apn:VEP(Rd)}

In this case, we can at least prove an inequality in a very smooth framework:

Proposition 4.1.2. Let (pt, v¢); be a reqular enough curve of measures satisfying the continuity equation
@.1) and connecting i to v. Then the following inequality holds:

1
| [ o0l + 100w 0F) dpla) > )
0
Sketch of the proof. Let 0 = tg < t; < -+ < t,, = 1 be a subdivision of [0,1], and let us set, for each i,

pi = p, and h; = t;11 — t;. For each i, we denote by X, the flow associated to the vector field v and
equal to the identity map at the time t;:

{ 8t( i(t, ) = (t,X(tyx))

ti,x) =

We again verify that X;(t,-)xp; = p, for each ¢ and ¢ € [t;,t,11]. Now we compute, starting from the
left-hand side of the inequality that we want to show:

/ /Rd JI? + |Du(t, )|? dpy dt = Z/M/ v(t, X;(t,.))* + | Du(t, Xi(t,.) > dpy, dt

with, by definition, v(t, X;(t,.)) = 0:X;(¢,.) and Dv(¢t, X;(¢,.)) x DX,(t,.) = 0:DX,(t,.). We obtain

1 n—1 tig1
[ [ cioepianar=% [ [ ox + o0xip) arap,
0 JRd i=0 R Ji,

n—1 tir1
+ Z/ / (IDu(t, X;)|? — | Du(t, X;) x DX,(t,2)|?) dtdp,
i=0 /R? Jti '
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As in the original proof, the Jensen inequality provides

tit1 1
/ (|0: X + [0:DX; %) dt > — (1X;(tig1, ) — 2> + | DX (tiv1, x) —1d|?) dt
t; i+1

and, since (X;(ti+1))#pi = pit1, it follows

n—1 tit1
Z/R/ (|0:X:|* + |0:DX;[?) dtdp; > Z / (1X;(tig1) — z* + |[DX;(tip1) — id|?) dp;
i=0 t

Z01+1

ZO z+1_t

n—1 2
d(pi, pis1)? (Zd Pis Pi+1 ) > d(p,v)?
—0

We finally get

1 n—1 tit1
/ / (Jv]? + |Dv|?) dps dt > d(p,v)? + Z/ / (|Dv(t, X;)|* — |Do(t, X;) x DX;|?) dtdp;
0 JRA i=1 R Jt;

which is precisely the inequality that we are looking for with an “error term”; it remains to make this
error term arbitrary small by estimate it with respect to the step of the subdivision (o, ...,t,). We first
remark that, by properties of the norms on M4(R) and since the derivatives of v are bounded, we have

n—1 tit1 n—1 tit1
Z/ / (IDu(t, X2 — | Do(t, X,) x DXi[?) dtdp; < CZ/ / DX — id|dt dp;
i=1 /Rt i=0 /R Jti

for some positive constant C. To estimate this term, we differentiate with respect to x the equality
O X; = v(t, X;) and compute the inner product in My(R) with DX;:

%EMDXi(t,x)F = ((*DX;, Dv(t, X;) x DX;) < C|DX;|?

Then the Gronwall inequality gives |DX;(t,x)| < exp(At) for some constant A. In particular, |DT| <
B = exp A for any ¢ € [0,1]. We deduce that

t
DX, —id| g/ lo(s, Xi(s, )| [DX:(s, )| ds < M(t —t;)
ti

for some positive constant M.

n—1 tiv1 n—1
Z/ / |DX; —id|dtdp; < CZ(ti+1 —t
i—0 Rt i=0

which goes to 0 when max (t;=1 — t;) — 0. This achieves the proof. O

An alternative formula in a particular case. We finish this paragraph by producing an example of
computation which suggests an equivalent formula with H'-norm in a very particular case; this example
is due to Francois-Xavier Vialard.

In one dimension and if the starting measure is the Lebesgue measure, let ¢1 be a bijective map
sending £! onto v and let us define

o1z (1 —t)x + tpr(x)



4.2. A TENTATIVE KANTOROVICH-LIKE FORMULATION 103

For monotonicity reasons this map is also a diffeomorphism and we can define v;(z) = 9y (; *(z)) as
velocity field. Now

1
Hw—mmmnzé|@%mmnw

1
:A(WwwM§m+Hm0%ﬂﬁmﬂﬁ

with l[ve o @il L2y = ||UtH%ﬁt

dy
eA()

is actually the

with |Mw%ﬂ@m=£@wmm%mmu=/¢@¢wf@v

where the last equality comes by changing of variables; but we know that " _1( M
PelPr Y
density of (¢¢)4u; thus, if we again denote by g, this density, we finally obtain

5 dz
pe(x)

1
Hmowﬂmm=/;mm

So the obtained formula is finally

1
lon = idlman = [ oty + 11l )
0 Lt 1/pg

The surprising fact is that we obtain the density 1/u; (and not anymore u;) for the gradient of the
velocity field.

4.2 A tentative Kantorovich-like formulation

The goal of this section is to express the problem “transport plus gradient”

inf {/Q |T(z) — 2|? du(z) + /Q |DT(x)]*da : Typ = u} (4.4)

under a Kantorovich-like formulation, in order to obtain an equivalent of the duality formula in the
classical optimal transport problem (see Appendix and to deduce properties of the optimizer. Let us
recall that the starting point of the transition from the Monge problem to the Kantorovich problem is
the remark

/Qc(m,T(as))du(x) :/QXQ/ c(x,y)dyr(z,y)

where v = (id X T')xp. In the case of the gradient penalization, the integral that we aim to minimize
involves the Jacobian matrix of 7" and not only anymore the starting point = and the arrival point T'(z).

The strategy to correct this is due to Alessio Figalli. It consists - in case where the source measure
1 is the Lebesgue measure on €, or at least where the gradient term which appears is integrated with
respect to the Lebesgue measure - in using the following approximation of the L?-norm of the Jacobian
matrix:

)|2 2
dedy — Cy4||DT||;
//2 |.T |d+2$ Y d” H 2(Q)
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for T regular enough and where Cjy only depends on the dimension (see below the summary of notions
on fractional Sobolev spaces that we will need here). Thus, we consider the approximated problem

2
lnf{/ |T —CC|2 d,“ //QZ x_yd+23| d.’ﬂdy - T € HS(Q)’ T#,Cd _ ]/}

T(y)?
Ifc -yl drdy

is finite. In this case, we can write the quantity that we minimize in the following form involving the
measure yr = (id x T)#u

|z — w]?
|z — x|2d’yT (z,2) // dyr(z, 2) dyr(y, w)
/QXQ’ axar |7 — ylites

The strategy is thus to study this problem (in particular, the main difficulties are that this function is
[z —w|?

where H*(Q2) denotes the set of (vector) functions T' such that the integral //

not linear with respect to 77 and the cost function involves a singular part ) and to try to

T—y d+2s
deduce a dual formulation (involving a cost function with 4 variables) that w|e aim|t0 pass to the limit
s — 1.

We begin by a brief overview of the functional tools that we use (since they only appear in this
chapter, we include they here and not in the Appendix).

4.2.1 Fractional Sobolev norms, fractional Laplacian and regularization

Almost all the definitions below come from [36] where can also be found more details, proofs and refer-
ences. in what follows, (2 is a bounded open set of R? with Lipschitz boundary.

Fractional Sobolev spaces.

Definition 4.2.1. For s € (0,1) and u € L?(2), we define

2
v =l 50 [ DI g,
I ||H(Q) I HL(Q) ( ) Q |z — y|

and denote by H*(Q) the vector subspace of L*() formed with functions u such that ||u||y=(q) is finite.

Proposition 4.2.1. We have the inclusion H*(Q) ¢ H¥ () € H3(Q) if 1 > s’ > 5> 0.
Proposition 4.2.2. The following convergences hold:

e forue H'Y(Q),
lim (1 — s) / A Juz) —uy)* dzdy = Cql[Vul|7-

s—1 |z — y|d+2s

where Cy depends only on the dimension and is given by Cy = / u? du;
gd—1

o forue (),

_ 2
lim s/ dedy = Cyllul|r2(0)
Q

5—0 |J)—y|d+2$

where C!; only depends on the dimension.
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Fractional Laplacian operator. It can be defined through a Fourier transform, but we choose the
following definition since we work in bounded domains and not in R%:

Proposition 4.2.3. For z € €, we have the convergence:

u(ﬂﬂ) —uly) 1

if u is reqular enough and where Cy is the constant deﬁned above. Thus, we will set

ASu =
/ |z — yId“S

Also, this choice of definition implies that A®u is the first variation of ||Vu|
give a sketch of the proof of the following convergence:

2... We also verify and

Proposition 4.2.4. If T is a regular enough vector-valued function, if

Ks(z) = (1 - S)W

then
lim / T(x) — T(y) PV K, (2 — y) dy = Ca(*DT(2) AT (x) + V(|DT|?)(x))

Sketch of the proof. We compute the integral on a small bound around z (the integral for y far away from
x will vanish as s — 1). We start from a Taylor expansion of T: if y = x + h,

‘T(ZL') - T(y)|2VKS(I — y) = |DT(I)(h)|2WhQS+2
+2(DT(z)(h) - D*T(z)(h, h))|hw+h2s+2 + O(|h[5—(d+2s+2)y

The first term is odd with respect to h, thus its integral on a ball centered in 0 is null, and the integral
of |n|>~(4+25+2) is bounded with respect to s thus the last term (that we multiply with (1 — s)) vanishes
when s — 1. Thus, it remains to compute

lim 2(d + 25)(1  5) /B PTE@® DT h))|h|dfzs+2 dh
We have
DT (z)(h) - D*T(z)( = > OTy(2)0,,T;(x)hibghiha,

7.k, Im

and when we integrate it on a ball centered in 0, all the terms which are odd with respect to i again
disappear by symmetry, thus they are null except if

l=m l#m l#m
{i:k: o {l:z’andm:k: o {l:k:andm:i

It remains
h2h?2
2d+2s)(1—5) > &:Tj(:c)(?lz_lTj(x)/ LU
1<5,1<d ’ B(ze) [Pl
h2h?
4 4(d +25)(1 — 5) 0T ( ()/ R
1<;c:<d B(x,e) || d+2s+2

i
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The first term (with 97,7;) will give "DTAT T and the second one will give V|DT|?.. Tt only remains

to compute the limits
lim (1 )/ hfh? dh
im(l—s —
s—1 B(0,e) |A|FT25T2

in function of the constant Cy (this limit depends on the equality ¢ = j, and can be computed by using
the classical hyperspherical coordinates and Wallis integrals). O

A regularizing convolution kernel. We also will use the following regularizing kernel, that we define
as a Fourier transform:

F(L)(€) =~ A€ exp(—<lel*)

and we verify that, for any regular enough function u,

for any fixed s € (0, 1), /Q(u(x) —u(y))Kse(r —y)dy — —fAs (x)

e—0

1
and for any fixed € > 0, / (u(z) —w(y)) Kse(x —y)dy — —iCdA(u*pE)
Q S5—r

where p. is the classical Gauss function

pe(o) = e (12

This kernel will used to regularize our cost function, since our minimization problem involves

|2 — w|?
//Q oy T — |z — yld+2s dle,2) daly, w)
X U

where the cost integrated with respect to 7 ® v admits here a singularity along the line x = y.

4.2.2 A sort of Kantorovich problem with 4 variables

Following the introduction of this section, we begin by studying, for a fixed s € (0, 1),

mf{ I (U=l =)+ (=i fﬁfzs)dwz,z)dv(y,w)} (4.5)

where the infimum is taken among the transport plans « € II(u, v) whose first and second marginal are
prescribed (and we still assume that p is actually the Lebesgue measure on ). Thus, we will set

1 z —wl?
celazw) = (1 =l ly =)+ (1= o) E
(we have replaced the transport cost |z — x|? with respect to its “symmetrized” version in order to have
a cost function depending on the 4 variables x, z, y, w and symmetric with respect to the transformation
(2,25, w) = (y, w,, 2)).
The first remark is the following, which guarantees that the infimum (if it exists) comes from a
transport map:
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Proposition 4.2.5. Assume that v € II(p,v) is such that

// =P ) dyyw) < +
YL, 2) AY\Y, w o0

(@x)? |7 — yldt2e

Then v is induced by a transport map.

Proof. Indeed, if 7 is not supported onto a graph then there exists (2o, 21), (zo,22) belonging to the
support of v with z; # z2; we choose £ > 0 such that the closed balls B(z1,¢) and B(z2,¢) are disjoints
and note that, for some § > 0,

‘Z—U}|2 d’Y(J?,Z) d’)/(y7w)
T D@, 2) dy(y, w) =6 s
/B(($0721,f60722)76) |z —y|?*+? B((z0,21,%0,22),¢) |z —y|9+2

dx dy
= o0v(B(z1,¢e))v(B(z0,¢ // — =400 O
(B(z1,¢))v(B(22,¢)) Boney? [ — Y

The fact that the optimal plan from g to v for this fractional Sobolev cost comes from a transport
map is thus elementary, but this fact does not hold anymore if we replace cs by its regularized version

1
Cse = §(|Z - {,E|2 + |w - y|2) + |Z - w|2KS,€(x - y)

since the integral [[ K, (x — y)dxzdy is then finite. Moreover, the functional that we consider is not
convex with respect to «y since it involves a term with v ® v (while the classical Monge-Kantorovich cost
is linear with respect to 7).

Thus, the next step is to study the convex hull of the set

{rovy:yell(pv)}
The result that we expect is the following:
Conjecture 4.2.1. Let Y be the set of positive measures o on (2xQ)? satisfying the following conditions:
o (m13)%0 = pu® u, where m 3(z,z,y,w) = (z,y);
o (mo4)40 =v v, where mo4(x, 2, y, w) = (z,wW);
o 740 =0, where T(z,z,y,w) = (y,w, x, 2);

o Vf e Ch((Ux)?), [ fla,2)f(y,w)do(z,z,y,w) =0
Then {/cda 10 € E} is attained by an element with form v ®~, v € U(u,v).

Let us explain briefly the origin of the four constraints above: the first and the second one express
the fact that the first and second marginal of v € II(y, v) are prescribed and the third and the fourth one
express that v ® « is still symmetric and “positive” among the functions with form f(z,2)f(y,w). Since
these four constraints are all preserved by convex combinations, the set ¥ is a convex subset of the set of
positive measures on (£ x Q')2.

We hope that these four constraints are “maximal” (meaning that 3 is actually the convex hull of
{y®~:v€l(u,v)}) and a possible strategy to show this conjecture consists in studying the extremal
points of X
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4.2.3 Duality formula for 4-variables costs in the class X

We forget in this paragraph the dependence of the cost ¢ on s and €, just assume that it is symmetric
(i.e. invariant by the transformation (x, z,y,w) — (y,w, z, z)) and only focus on the constraint “o € ¥”.
Following the original proof of the duality formula in the optimal transport (see the Appendix , we
remark that, for a positive measure o on (Q x Q)%

sup{ [ oo ) (A ) (o) = dola o)) s p e cery f = { § K Taes S

sup{ [vte (@ @) - dote ) s weaany) = {1 Tmdes Zver

0 if =
sup {/(X o —x)do : 7€ Cyp((Q x Q’)Q)} = { oo Tftierwi(se

and that sup {— /w(:r, 2)w(y, w)do(z, z,v, w)} is 0 if the fourth constraint defining o is satisfied and

400 otherwise. Notice also that we have the equality

sup{—/W(z,Z)w(y,w)da(x,zvy,w)} = sup{—/ (;wi(z,Z)wi(y,w)> da(x,zvy,w)}

where the sum inside the right hand-side is taken in sense of the uniform convergence (and this allows to
consider a supremum among a convex class of functions). Thus, we have the equality:

inf{/(gng)szU : JEZ} :inf{sup{/w(d;u@,u— do)—i—/z/z(dz/@l/— do)
JF/(X*XOT)dJ*/ (Zwi(x,z)wi(y,w))> da+/cda}}

Assume that we are able to invert infimum and supremum. It remains

inf / cdo : 0 €X )= sup {/(wd(ﬂ@ﬂ)Jri/Jd(l/@I/))
(QxQ)? Psh,xw

+ lgf {/(c(m,z,y,w) - <p(m,z) - Sp(yﬂu)
_(X - X OT)('ervyaw) - Zwi(x,z)wi(y,w)) da(x,z,y,w)}}

The above infimum is 0 if

C(xvzava) > cp(x,y) + w(zﬂw) + X(‘razvva) - X(yawvxvz) + Zwi($,Z)Wi(y,W)

K2

for any (z, z,y,w) € (2 x ©')2, and +oco otherwise. Thus, we look at the problem

sup{/wdu®u+/wd1/®1/}
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where the supremum is taken among the pairs of functions (¢, ) such that

EIXv (wi)i : @(x7y) + ¢(Z,w) + X(x7 %Y, w) - X(y7w7$7 Z) + Zwi(x7 Z)wi(va) < C(l‘, 2, va)

K3

Notice that if, in the last equality, we exchange (z,y) and (z,w) and compute the half-sum, it follows
since ¢ is symmetric that

S 60,9) + plu,2)) + 3 (05, 0) + ,2)) 3w, ey, ) < e 2,9, 0)

3

and by noticing the equalities

/%(w(fmy)ﬂo(y,w))du(x) du(y) = /w(w,y) dp(x) du(y)

and [ S0() + 0p,2) dvle) dvly) = [ (e dv(e) dviy)

sup{/godu@u-l—/zbdu@u}

where the supremum is taken among the pairs of functions (p, 1)) which are both symmetric with respect
to to their variables (z,y) and (z,w) and such that

we deduce that one can consider

Hwi)i = oz, y) + (z,w) + Zwi(ax 2)w;(y, w) < c(z, z,y,w)

The duality formula would be written as follows:

Conjecture 4.2.2. We have the equality

inf{/cda:aez}zsup{/godu®u+wdu®y:(go,w)ES}

where S is the set of pairs (¢,v) such that
o 0 € CL(N?%), Y € CW(Y)?;
e o(z,y) = ¢y, x) and Y(z,w) = P(w, 2) for any x,y, z, w;
o there exists a sequence (w;); of functions of Cyp(€2 X ) such that 3 wi(x, 2)w;(y, w) uniformly

converges and the inequality

(p(x?y) + ¢(2,w) + Zwi(‘r’ z)wi(y,w) < C(.’E, z,y,w) (46)

3

holds for any (x,z,y,w) € (Q x Q')2.
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Properties of the optimizers. Now we take an optimal ¢ € X, an optimal pair (¢,%) € S and
sequence (w;); as in the above conjecture. Assuming that o = v ® v for some ~, we integrate the
inequality (4.6) with respect to o. It follows

/wd(u®u)+/wd(V®V)+Z(/wz*dvy</Cd0

On the other hand, we know if the duality formula is true that [odp®@ v+ dv ® v = [cdo. This
implies that f w; dy = 0 for any i. Thus, we have

(p(aj?y) + ¢(2,w) + Zwi<xaz)wi(yaw> < C(x,Z,va) for any r,z,y,w € (Q X Q/)2

/ (go(:r,y) +Y(z,w) + Zwi(x, Z)wl(yﬂn)) do(z, z,y,w) = /Cda

This implies (4.6]) is actually an equality on the support of o. We also notice that integrating (4.6) with
respect to dy(y,w) leads, since [w;(y,w)dy(y,w) =0 for any i, to

[ ota it + [ otau)ivto) < [ e nwrintrn

and the integral of the two hand-sides of this inequality with respect to dvy(z, z) are equal, which implies
that these hand-sides are actually equal for (x, z) belonging to the support of v. We summarize:

Proposition 4.2.6. Assume that the above conjectures hold. Then, if o and (p,) are optimal for their
respective problems, the inequality

QD(IL',y) + 1/}(2:,11)) + Zwi(xa Z)wi(y’w) < C(:Ca Z7y7w)

is an equality on the support of o. Moreover, if o = v @~ with v € II(p,v), then [w;dy =0 for any i
which implies that the following inequality holds:

/so z,y) du(y /?/J (z,w) dv(w / (2, 2,y,w) dy(y, w)

with equality if (z,z) belongs to the support of ~y.

4.2.4 Back to the Sobolev cost and optimality conditions

We aim to exploit the analysis in the above paragraph in the case of regularized (or not) fractional
Sobolev cost with 4 variables:

1
Cs,e = 5(‘2 - x|2 + Jw — 9‘2) + hs (2, 2,9, w)

2
. . xr—
where h; . (z,2,y,w) = |z — w|*K; . (x — y) (which gives, for ¢ = 0, hs(z, z,y,w) = (1 — S)|z|—w%+23)

If s and ¢ are fixed, we take an optimal pair (ps ., s ) for this cost cs . and expect that the duality
formula

SDS,S(:I;’ y) + ws,e(z7 U)) + Zwi,5($7 Z)W:i’g(ya U}) S cs,e(x7 Y, ’LU)
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holds with equality on the support of the optimal o, . and with

/ S w1, 2)e o (3 0) Aoy (1, 2,1, 0) = O

which means /wgE (z,2)dys,e(x,2) =0 for any ¢

where, according to the Conjecture 2.1} v, . is defined by 0, = 7, ® 75.. Notice that by setting
- 1 ~ 1 .
Ps,e = §(|{E|2 + |y|2) - Sas,s(xay) and ws,s = §(|Z|2 + |w|2) - 7/}s,s(zaw)a we can transform " into

Sose(x y)+¢ss(z w)+hse z,z,y,w Zw35 1' Z ss(y7 )2 <x,z>+<va>

with equality if (x, z,y,w). Since we do not have any information about ws . except that its integral
with respect to v, . is null (where we assume that 75 . ® 75 = 05,.), our idea consists to integrate this
inequality with respect to vs(y, w) which leads to

/Q Gocla,y) du(y) + [ Boc(ew) dv(w) + / he (2, 2, 0) dys.c (3, )

Q QxQ

>+ [ ) @)

with equality if (z, z) belongs to the support of v, .. Now the problem is the following:

e assume € = (. Then we know that 7, is induced by a transport map 7', and the integral

|2 =Ty
hs(z, z,y, w) dys e (y, w :/ ——dx
/QXQ’ (@, 2,9, w) dys.e(y, w) Pz

is actually 400 except if z = T'(x). Thus, a reasoning like “if (z,y) belongs to the support of ~,
then z is the critical point of some function of which we compute the gradient” does not hold here;

e if € > 0, then all the functions considered in the inequality (4.7) are regular as well and we obtain

By (1) + Vs (y) + /

hoe (2, 2,y ) s o (3, w) > (2, 2) + / (g, ) dys.e (3, w)
QxQ/ QxQ/

for some functions ®,., ¥, . and with equality on the support of v, .; but we do not have any
information on 7, . (and the fact that it is induced by a transport map is not guaranteed).

Formal computations and back to a PDE. Let us notice however that a formal computation in
the case ¢ = 0 allows to make the link with the partial differential equation that we obtained at the end
of Chapter [2l Indeed, we have in this case

Y 2
@+ [ a9z @ [ i)

QxQ/

with equality if (z, z) belongs to the support of 75 ® 75, and where we have set

bo)= Gy and W)= [ G dvw)
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If we were allowed to take the derivative of this equality, and since we know that in this case v, is induced
by a transport map 7', we would obtain that = a critical point of the function

2
P+ [ (- >?>dgﬂw—@ﬂw

This leads to the equality
/|T Y)|’VEK,(z —y)dy = T(x)

By using the Lemma [4.2.4] we obtain if V¥ (z) has a limit as s — 1:
V&(z) + Cy("DT(2)AT(z) + V(IDT|*)(x)) = T(x) (4.8)
This is the equation which appears in the Theorem Notice also that if we use the “fact” that T'(x)

is the critical point of the function

2 Oy(x) + Uy(2) —|—/

Q

|2 = T(y)?
1-— 7 dy —
( gé@imﬁ%y (z, 2)
we obtain
VU (z)+2(1-s /| |d+25 dy==z

for z = T'(x), thus
VU (T(x)) — CgA°T(x) = x (4.9)
where A® is the fractional Laplacian defined in the paragraph Thus, we have actually at the limit

s — 1 a couple of equation

(4.10)

{ Vo(x) + Cy(*DT(x)AT(z) + V(IDT)?)(x)) = T(z)
VU (T(x)) — C4AT(z) =

Notice also that this system leads, for instance, to
VO(z) + DT (x)VU(T(x)) + C4V(IDT|?)(z) = T(z) + DT (z)x

In other words,
V(®+VoT+Cy| DT> — (2, T(x))) =0

thus this is a constant function on €); we are even able to compute this constant since the integral of
® + UoT (which are defined starting from the optimal pair (¢, ) for the dual problem with 4 variables)
is known, and we find that this constant is null. Thus, we obtain formally the relation

() + W o T(x) + Ca| DT(2)? = (z,T(2))

At this point, it would be interesting to make the link between our “potentials” ®, ¥ and the original
Kantorovich potentials which appear when we study the classical Monge-Kantorovich problem (which

verify, with the above notations, 3(z) + ¢(T(x)) = (z, T(x))).
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The case of the regularized problem. We now return to the equation (4.7)) in the case € > 0 and
we assume that ;. is yet induced by a transport map 7. In what follows, we set

Hsvg(x,z):/Q|Z—T(y)|2Ks,5(z—y)dy

We first notice that the function ¥, . can be replaced with

v { Hoc(o9) = @)= [ (0T Oy~ (0,21}

Since we have Disz’E(x, y) =214 [, K (z—y)dy < Cy 14 for some constant C . (which goes to +oc0

as € — 0), the function whose we are taking the supremum are all semi-concave with respect to z.

Thus, the obtained function is itself semi-concave and the constraints and the value of the integral

[(®5,e du+ T, . dv) did not change. The same reasoning holds for ¥, .. We conclude that we can assume

the “potentials” @, ., U, . to be semi-concave (this is similar to the classical transport theory where the

potential functions are concave; however, the semi-concavity here does not hold at the limit € — 0).
Now we know that any x € €2 is a critical point of the function

T 5 (7) + U (T()) + Hs o (7, T(2)) — (2, T(2)) — /Q<y»T(y) dy
and that T'(x) is a critical point of the function
£ (o) + W) + Hoclo2) = 0,2) — [ 0 T(w)dy
Q
The optimality conditions are then the following couple of equations:
Vo, () + / |
Q
V(@) +2 [ (T(0) - T Koo~ y)dy =z
Q

T(x) — T(y)>VEK,(z — y) dy = T(x)

where we know moreover that our potential functions ®, ., ¥ . are both semi-concave. We can verify
that (4.8), (4.9) both appear at the limit ¢ — 0 and for a fixed s (still provided that the functions
O, ., U, . have a limit as € — 0). Also, one can write the equations where € > 0 stay fixed but s — 1:

V. (2) + L ACVIT % p2)(x) — Cald(!DT 5 ) (2)T () = T(a)
VU (T(x)) — CaA(T % pe)(z) =z

and again, we verify that (4.10) follows as a limit of this system as ¢ — 0.
The open question are several:

e how to show that the infimum among ¥ is attained by a tensor product v ® v? (we suggest the
following tracks: study the extremal points or the set 3; or examine the case of finite measures,
which is reduced to a matrix problem);

e how to show that, in the regularized problem with € > 0, the optimal v (in the problem inf cdy ® v
among the measures with prescribed marginals) is induced by a transport map? (one could envisage
to establish a “twist condition” on the function Hy . but this seems not clear for the moment)

However, we emphasize the fact that the optimality condition that we obtain formally at the limit
coincides with the partial differential equation coming from the measure-preserving perturbation of the
optimal T.
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Appendix A

Tools of measure theory and calculus of
variations

A.1 Basis of measure theory

A.1.1 Image measure

In this paragraph, we recall the definition and characterizations of the image measure:

Definition A.1.1. Let (X,X%), (Y,Y') be two measurable spaces. If Y : X — Y is a map and p is a
positive measure on X, we define the image measure of u by T, or push-forward of u by T, as

Tyu(B) = w(T~*(B))
for any B € ¥/, We also say that T sends the measure p onto the measure Ty fi.

As a consequence of the definition, the measures p and Tl still have same mass. The following
characterization is used frequently:

Proposition A.1.1. Let (X,Y), (Y,X') be two measurable spaces, T : X — Y be a map and p be a
positive measure on X. Let ¢ : Y — R be a measurable function. Then ¢ is integrable with respect to
Tyup if and only if ¢ o T is integrable with respect to p and in this case the following equality holds:

/ () d(Tyep)(y) = / o(T(2)) dps(z)
Y X

On the other hand, if v is a positive measure on Y and the equality

/gpdl/:/gaonu
Y X

holds for any function ¢ € L}L(X) (or, if X, Y are metric spaces and u, v are Borel measures, for any
continuous and bounded function ¢ on X ), then v = Typu.

In this context, a natural question is the following: given a measure p and a map 7', how to compute
the image measure T u? The following proposition gives the answer if 7" is regular and one-to-one:

115
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Proposition A.1.2. Assume X = R? and W to be absolutely continuous with respect to the Lebesgue
measure, with density f. Assume supp f = Q for a bounded open set Q C R, Let T : Q — R? be a
measurable map; assume that T is C' and injective on Q with non-null Jacobian determinant; we set
' =T(Q2). Then the image measure Ty has a density g on '; moreover, we have for any x € Q the
identity
f(x)
| det DT (z)| = (A1)
9(T'(x))

Proof. Given ¢ a continuous and bounded function on €', we compute the integral of pg (with respect
to the Lebesgue measure) by changing of variable:

| ewati)dy = | oT@)a(Tie)]det DT(@)] da

On the other hand, we know since v = Ty that

//wdv=/ﬂondu i.e. /lw(y)g(y) dy:/Qw(T(fv))f(fv) dz

Thus, the equality

Awwmm@@M®uﬁuwu=/¢@mﬁ@Mm

Q

holds for any continuous and bounded function ¢ on 2. This implies g(T'(z))|det DT (x)| = f(x) for any
x € Q. O

Notice that one can also obtain the equality (A.1) by applying the coarea formula, which more
generally implies

f(@)
o) = D |det DT(2)|

z€Qy=T(x)

for any Lipschitz function Q — R? and y € T(Q) (see for instance [39], paragraph 3.4.2). In this thesis,
we give an elementary proof of a similar formula in a particular case on the real line (piecewise monotone
maps, see Chapter 2, Prop. .

Finally, we also state here the definitions of the marginals of a measure definied on a finite product
of measure spaces (which is used frequentely in optimal transport theory):

Definition A.1.2. Let X;,..., X, be finitely many measure spaces and v a measure of the product space
X1 X x Xp. For1 <i<p, we call i-th marginal of v the measure on X; denoted by p; defined by

i = () where m (2, xp) €Xi X x Xp o € X

A.1.2 Other useful results

We here give statements of some classical theorems of measure theory which are used in this thesis.

Theorem A.1.1 (Lusin’s theorem). Let yu be a Borel measure on R? and f: R — R? be a measurable
function. Let A C R? be a Borel set with u(A) < +oo. Then, for any ¢ > 0, there exists a compact set
K C A such that n(A — K) < e and f|x is continuous.

The proof can be found for instance in [39], paragraph 1.2, or in [40], Theorem 2.3.5.
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Tight families of measures and Prokhorov’s theorem.
Definition A.1.3. Let (X,d,X) be a metric measure space.

o We say that a sequence (i), of positive measures on X weakly converges to a measure p if the
convergence

dyp, —— d
/XQPMH_H_OO/XQPM

holds for any continuous and bounded function ¢ on X

o A family F of probability measures on X is tight if, for any € > 0, there exists a compact subset K
of X such that n(K)>1—¢ for any u € F.

Theorem A.1.2 (Prokhorov’s theorem, see [37], Th. 9.3.3). Let (un)n be a sequence of probability
measures on X . If the family {p, : n € N} is tight, then there exists a subsequence (fin, )i which weakly
converges to a probability measure (.

Skorokhod’s theorem.

Theorem A.1.3 (Skorokhod’s theorem, see [13], Th. 25.6, or [11], Th. 4.2.8, for an application of optimal
transport). If (X,d) is a metric space and (p,)n is a sequence of probability measures on X having a
weak limit (1, then there exists a sequence (Xn)n of measurable functions (0,1) — X and a function
x :(0,1) = X such that

e xn(z) = x(z) for a.e. x € (0,1);

o 1= xxL" and, for any n, pn, = (xn)xL"

Disintegration of measure. We state this result under sufficient assumptions for us:

Theorem A.1.4 (Disintegration, see [4], Th. 5.3.1 or [32], III-70). Let X, Y be two complete separable
metric spaces and let v be a finite measure on X x Y. We denote by u, v the first and second marginals
of v respectively. Then there exists two measurable families of probability measures (Vy)zex and (vy)yey
such that

dy = dya(y) © dp(z) = dyy(z) @ dv(y)

which means that, for any continuous and bounded function p : X xY — R,

//XXY‘PCWZ/X (/Y w(x,y)dvm(w) dﬂ(x)z/y</x<p(x,y)d7y(x)> du(y)

A.2 Calculus of variations and basis of I'-convergence.

We use several times several results of semicontinuity with respect to the weak convergence, which are
all consequences of this general result (see [29], Theorem 3.4):

Theorem A.2.1. Let Q be a bounded open set of R? with Lipschitz boundary, and p > 1. Let L :
QxR x My(R) — RU {+00} be a map satisfying the two following conditions:

e L is a Caratheodory function, i.e. L(-,u,&) is measurable for any (u,&) and L(x,-,-) is continuous
for any x;
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e for a.e. x and any u,&, we have the inequality
L(z,u,§) = (a(z), &) + b(x)
where b is a function of LP(Q)) and a is a function of v (Q) with matriz values;
o for a.e. x € Q and any u € R?, the map & — L(x,u, &) is convex on My(R).
Then, the map
T e WHP(Q) AL(x,T(a:),DT(:r))d:r

is lower semi-continuous with respect to the weak convergence in W (Q).

I'-convergence: definitions and basic properties. All the following definitions and properties of
I'-convergence can be found in [31] or [I9] with very much more details. In that follows, (X, d) is a metric
space.

Definition A.2.1. Let (F,), be a sequence of functions X — R. We say that (F,), I'-converges to F,
and we write F, LF if, for any x € X, we have
n
e for any sequence (x,,), of X converging to x,

liminf F,, (z,) > F(x) (T-liminf inequality);

e there exists a sequence (x,), converging to x and such that

limsup Fy, (zy,) < F(z) (T-limsup inequality).

This definition is actually equivalent to the following equalities for any = € X:

F(z) = inf {liminf Fo(zy) : xp — x} = inf {limsupFn(m‘n) LT, — x}
n

n

The function x — inf {lim inf Fy(x) : @y — x} is called I'-liminf of the sequence (F,),, and the other

one its T-limsup. A useful result is the following (which, for instance, implies that a constant sequence
of functions does not I'-converge to itself in general):

Proposition A.2.1. The T'-liminf and the T'-limsup of a sequence of functions (F,), are both lower
semi-continuous on X.

Proof. Let us denote it by F'~ this I'-liminf , and let (x,), be a sequence of X having a limit z. We
will show that, for any € > 0, we have F,,(x,) > F~(z) — 2¢ for n large enough (depending on ¢), which
implies liminf,, F,,(z,) > F(z).

We recall that F'~(z,) = inf{liminfy, Fy(2n %) : ©nr — »}. Thus, for any n € N, we take a sequence
(Tn k), With lirrkinf Fi(zn k) < F~(x,) +€; in particular, we have

1
Fi(zp k) < F~(x,) + - +e for infinitely many k € N (A.2)
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Now we find an extraction ¢ such that (z,, ,(n))n converges to x as n — +oo and (A.2) is true with
k = ¢(n). We then can write x, ) = Yp(n) for a sequence (Y ), having x for limit (for instance, by
setting ym = Tp ,(n) With o(n) <m < p(n+ 1)), so that

Fon)(@npm) 2 F~(x) —¢ (A.3)

for n large enough, since lim inf,, (Fi(,,)(2p,4(n))) > F~(2). By combining (A.2) for k£ = ¢(n) and (A.3)),
we get

1
F~(z,) > F (z) — 2+ —
n
for n large enough, which achieves the proof. O

The main interest of I'-convergence is its consequences in terms of convergence of minima:

Theorem A.2.2. Let (F,), be a sequence of functions X — R and assume that F, L F. Assume

moreover that there exists a compact and non-empty subset K of X such that

Vn € N, inf F,, = inf F,
X K

(we say that (F,), is equi-mildly coercive on X ). Then F admits a minimum on X and the sequence
(infx F},)n converges to min F. Moreover, if (x,), is a sequence of X such that

lim F,,(2,,) = lim(inf F},)
n n X

and if (Ty(n))n @5 a subsequence of (y,)n having a limit x, then F(x) = infx F.

We finish with the following result, which allows to focus on the I'-limsup inequality only on a dense
subset of X under some assumptions:

Proposition A.2.2. Let (F,), be a sequence of functionals and F be a functional X — R. Assume that
there exists a dense subset Y C X such that:

e for any x € X, there exists a sequence (x,,)n, of Y such that x, — x and F(z,) = F(z);
o the I'-limsup inequality holds for any r € Y.
Then it holds for any x belonging to the whole x.
Proof. This comes directly from the lower semi-continuity of the I'-limpsup: denoting by
Ft(z) = inf{limsup F,,(x,) : n — 2}

we chose, given z € X, a sequence (x,), converging to x and with F(z,) — F(z). We know that
F*(z,) < F(x,) for any z, and that F'* is lower semi-continuous on X, which leads directly to F'*(z) <
F(z) by passing to the limit n — +o00; this is the T-limsup inequality. O

A.3 The Dacorogna and Moser’s result

We finish by giving a “transportation” result (which is not “optimal” transportation, but could be called
“regular” transportation) by Dacorogna and Moser (see [30]). They gave sufficient conditions to send a
density f onto a density g by a regular diffeomorphism, where f, g satisfy regularity assumptions and
are defined on the same domain 2 whose boundary also satisfies regularity assumptions.

More precisely, the statement that we use in this thesis is the following;:
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Theorem A.3.1. Let U C R? be a bounded open set with C>* boundary OU. Let fy, f» be two positive
Lipschitz functions on U such that
[ =]t
U U

Then there exists a Lipschitz diffeomorphism u:U — U satisfying

fi(z)
det Vu(zr) = ——~, €U
= @)
u(x) =z, x €U
Moreover we have the following estimate:
. . . 1 Li + Li
Lipu < exp (OIS — ll +Lip i+ Lip ) (i + SRl MR Y) a

The result given in the original paper ([30], Theorem 1’) deals with more general assumptions on
the density f; (f € C*+32(U) and the result is a C*+1:@ diffeomorphism) but only with fo = 1, which
corresponds to the Lebesgue measure (up to a normalizing constant). We adapt it in a more general
case for the target density and give moreover an estimate on the regularity of the transport that we
obtained which is vacant in the original paper (but not so difficult to obtain). This estimate is probably
not “sharp”, but sufficient in the case which we are interested in (see paragraph .

Sketch of the proof. Following the original paper, we begin by finding a solution v € C%(U) of
divo(z) = fi(z) — fa(z), zeU
v(z) =0, x €U

with the estimate (coming from the standard theory of elliptic equations, see [44])

lvllere < K|l f1 = follco.e < C(|[f1 = falloo + Lip(f1 = f2)) (A.5)
where C only depends on «, f1, fo, U. Then we set

v(z)
(1 =) f1(z) + tfa(x)

and consider the solution ® of the Cauchy problem.

d
&é(t,x) =w(t, ®(t,x))

®(0,2) =z

w(t,x) =

We define u(x) = ®(1, ). Then it remains to check that u satisfies the announced equation. Moreover,
a standard Gronwall argument provides

|ﬂaw—¢0wMSnw—mwm(AImWM&»dﬁ

where the Lipschitz constant of w(s, -), which is a quotient of Lipschitz and bouded from below functions,
is estimated as follows:

) Lipwv 1
Lipuw(s, ) < inf((1 —s)f1 +sf2) (1—s)fl—|—sf2)

The estimate (A.5) allows immediately to control the Lipschitz cnstant of v. On the other hand, v is
valued in U, thus ||v]|« is also bounded. This leads to the announced estimate (A.4]). O

+meLm(



Appendix B

Some facts about optimal transport

B.1 General theory: Monge and Kantorovich problems, duality
formula and existence results

Monge problem. The original formulation of the optimal transport problem is the following: if X, Y
are two metric spaces (say complete and separable, but in this thesis we were essentially focused on the
case of compact subsets of R?) and ¢: X x Y — RU {400}, we study the so-called Monge problem

inf {/X (e, T(x))du(z) : T : X =Y, Tup= l/}

where p, v are two finite measures on X, Y with same mass (one can assume that they are both probability
measures). Depending on the spaces X, Y and on the measures p, v, the existence of transport maps
from g to v is not guaranteed in general; moreover, even under this assumption and in regular case, the
existence of a minimizer cannot be obtained, for instance, thanks to the direct method in the calculus of
variations. The henceforth well-known method, due to Kantorovich, consists in introducing the following
relaxation.

Kantorovich problem. We study

inf {/ c(z,y)dy(z,y) 1 v € H(uﬂ/)} (B.1)
XxXY
where II(u, ) denotes the set of probability measures v on the product space X x Y such that

m(z,y) ==

(m1)y = 1 and (mo)py =v where { malzy) =y

An immediate advantage of this minimization problem is that the set II(u,v) is never empty (it con-
tains pu ® v); moreover, the functional that we consider is here linear with respect to the variable v. The
existence result follows:

Proposition B.1.1. Assume that p, v are two probability measures on R? and that ¢ : R?xR? — [0, +00)
is lower semi-continuous. Then there exists at least a solution to the Kantorovich minimization problem

inf {/Rdxw c(z,y)dy(z,y) : v € H(u,l/)}

121
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Dual problem. Now we remark that, if v is a positive measure on R? x R?, then

_ . ol _J 0 if(m)gy=un
P {/Rdx]Rd pla) dy(z,y) /Rd pdu: o € Ch(R >} B { +oo  otherwise
and -
_ . ol ] 0 if (ma)py=v
Sub {Aded w(y) d’7(1’7 y) /Rd w dv: 'l/} < Cb(R )} - { “+00 otherwise

Thus, the Kantorovich problem can be written

inf sup {/ c(x,y)dn(z,y
YEMT (R4 XR?) {(tp,w)ecb(Rd)Q Rd x R4 ( ) ( )

- (/Rded p(z)dzy(z,y) — /Rdwdu> - (/wa(y) dy(z,y) — /Rdde)}}

Let us assume that the infimum and the supremum can be inverted. Notice that the quantity

VR - Ao {/}Rded(C(% y) = (p(z) +¢(y))) dv(x,y)}

is 0 if c(x,y) — ¢(x) — ¥(y) = 0 and —oo otherwise. This suggests to look at the minimization problem

sup {/ o(x) dp(x) +/ U(y) dv(y) = 9,9 € Co(RY), p(2) + (y) < C(x,y)} (B.2)
Rd Rd
The problem is called dual problem.

Convexity, c-concavity, cyclical monotonicity and duality formula. Notice that if a pair (p, 1)
is a candidate for (B.2), then (,%) defined by

P(y) = inf{c(z,y) — p(x)}  and @(w)=igf{6(w,y)—¥(y)}

is also admissible and satisfies 1) > v and @ > . This suggests to study the problem (B.2) among the
such pairs.
We henceforth assume that j, v are supported into bounded open subsets €2, ' of R? and that c is

defined on Q x .

Definition B.1.1. We say that a function ¢ : Q — R is c-concave if there exists a function x : O 5R

such that
p(z) = yiené,{C(aa y) —x(v)}

for any x € Q. Similarly, a function v : Q — R is said to be c-concave if
U(y) = infa € Qc(z,y) — ()}

for some function £ : Q — R and for any y € .
Moreover, for two function ¢ : Q — R and 1) : O SR (no necessary c-concave), we denote by

(y) = inf{e(z,y) —p(z) ;2 € Q) and  ¢°(x) = inf{c(z,y) —Y(y) 1y € Q}
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The above analysis suggest the following method to solve (B.2): starting from a maximizing sequence
(0, ¥ )n, we notice that the sequence (%), <)y, is still formed by admissible functions and, for any n,
(0S)° + ()05 (y) > @n(x) + n(y). This leads to the following existence result:

Proposition B.1.2. Assume p, v to be compactly supported and c¢ to be continuous on the product
of their supports. Then the problem (B.2) admits a solution(p,), with ¢ is a c-concave function and

P=c
We now introduce, for a subset of R¢, the notion of c-cyclical monotonicity:

Proposition B.1.3. Let v be an optimizer for the Kantorovich problem (B.l). Assume c to be contin-
uous. Then, for any finite family of pairs (x1,v1),- .., (Xp,Yyp) belonging to the support of v and for any
permutation o of {1,...,p}, the following inequality holds:

C(xh yl) < Z C(x’ia yo(z))
i=1 i=1
We say that the support of v is a c-cyclically monotone subset of (R%)2.

The following property of c-cyclically monotone subsets of (R?)? will imply the equality between
Kantorovich and Monge problems:

Lemma B.1.1. Assume that T is a c-cyclically monotone subset of (R%)2. Then there exists a c-concave
function ¢ such that

L c{(z,y) : o) +2(y) = c(z,y)}
By taking (p, ¢°) as candidate for the dual problem, we obtain:

Proposition B.1.4. With the above assumptions on p, v, the optimal values of the problems (B.1)) and

(B.2) are equal:

Lt { [eenarn - e oo { [o@auta)+ [vavn}
() +9(y) < clz,y)

Moreover, the optimal value of (B.2) is attained by a pair (v, ) for a c-concave function ¢ . Finally,
if v is the optimizer of the Kantorovich problem (B.1), the equality

o(x) +P(y) = c(x,y)

holds for any (x,y) in the support of ~.

Back to the Monge problem in the strictly convex case. We conclude with the existence and
uniqueness result for the Monge and the Kantorovich problem in the case of strictly convex costs. Given
a Kantorovich potential ¢ and an optimal transport plan 7, we start from the inequality

o(r) +P(y) < c(z,y)

for any (z,y) € (R%)? with equality if (x,y) belongs to the support of v. Thus, for such a (x,y), the
function

T o(@,y) — ¢(7)
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is maximal for ¥ = x. Assume now that ¢(z,y) = h(y — x) for a strictly convex function h; in this case,
it can be proven that any c-concave function is actually Lipschitz continuous and x is a critical point of
the function A(- — y) — ¢, which means

Vh(z —y) = Vp(z) =0

(provided that x is a differentiability point for ¢, thus for a.e. x € Q). Since h is strictly convex, its
gradient can be inverted and we obtain y = z — (Vh) "} (Vp(x)), thus y is well-defined in function of z.
To summarize:

Theorem B.1.1. We make the above assumptions on u, v and assume moreover that p is absolutely
continuous with respect to the Lebesque measure. Assume that c(x,y) = h(x — y) for a strictly convex
function h. Then there exists a unique solution v of the Kantorovich problem and a unique map T
such that v = (idx T)gp. Moreover, there exists at least one Kantorovich potential ¢ which is a Lipschitz
function, and we have the equality

T(z) =z~ (Vh) " (Ve(z))

for a.e. x belonging to the support of p.

B.2 Optimal transport on the real line

We here summarize some well-known results about the optimal transportation problem in dimension 1.

Theorem B.2.1. Let u, v € P(R). Assume u to be atomlesss. Then there exists a unique non-decreasing
map T1 : R — R and a unique non-increasing map T : R — R sending u to v.

Proof. Step 1: existence of the non-decreasing map. We define

Fu(z) = p((=00,z])  and  F,(y) = v((—o0,y])

It is clear that F),, F,, are both non-decreasing and right-continuous, and have 0 as limit in —oo and 1 as
limit in +o00; moreover, the fact that p is atomlesss guarantees F), to be continuous on R. Now we set

Ty(x) = inf{y : F\,(y) = Fl(2)} (B.3)

We moreover claim that the infimum in the right-hand-side of (B.3)) is attained, since, if (y,)n is a
minimizing sequence, one can assume it to be decreasing since F), is non-decreasing so that y,, — y and,
since F), is right-continuous, F,(y) = lim F,, (y,) > F,.(x).

n

Since F), and F, are both non-decreasing, it is clear that 77 is also non-decreasing, and it remains to
check that it sends p onto v; for this, it is enough to show the equality

(T~ (=00, b])) = v((—00,b])
for any b € R. We begin by noticing the equivalence
€Ty H((—00,b]) < Ti(z) <b < Fu(z) < F,(b) (B.4)
If F,(b) = 1, then the last inequality is satisfied for any = € R, so that T~!((—o0,b]) = R and

u(T~H((—00,0])) = 1 = Fy (b) = v((—00,b])
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Assume now that F,(b) < 1. In this case, since F), is continuous and non-decreasing, we deduce from
(B-4) that T, *((c0, b)) is an interval with form (—oo,d] with F,(d) = F,(b); this provides

(T~ (—00,b])) = p((—00, d]) = Fu(d) = F, (b) = v((~o0,b])

which is the announced result.
Step 2: uniqueness of the non-decreasing map. We now define for y € R:

Gy (y) = v((—00,y))

G, is also non-decreasing and is moreover left-continuous; moreover, we have G, < F, with equality
everywhere except on the atoms of v. We then claim the following: if U is a non-decreasing map sending
1 to v, then, for any x € R,

G, (U(x)) < Fyu(z) < F,(U(z)) (B.5)

Indeed, the monotonicity of U implies
U™ ((—00,U())) C (—00,2] C U™ ((—00,U(x)])

and (B.5)) follows by computing the measure p of these third sets. Since (B.5]) holds for any map U which
is non-decreasing and sends p onto v, if U, U are two such maps and z verifies U(z) < U(z), we have

G,(U(x)) < Fyu(z) < F,(U(z))
On the other hand,

(=00, U(@)] € (=00, U(x))  thus  F,(U(x)) < G, (U(x))
By combining the two inequalities above, we get that, for such a z,
Uz) <U(z) and  G,(U(z)) = G,(U(x))

Since @, is non-decreasing, this proves that G,, is constant on the interval [U(z), U(z)] with value F,(x).
In particular, F,(z) belongs to

L={ye(0,1):3a<b,G,=1on (a,b)}

i.e. to the image by G, of the union of all the intervals with positive length on which G, is constant.
The maximal such intervals form a countable set, thus L is a countable set of R. Now we claim that

/L(F;l({l})) =0 for any [ € [0, 1]

and this will imply that U, U are equal except on a p-negligible set of R (which is E;N(L)).
Indeed, for ! € [0,1], the pre-image of {l{} by F,, is an interval I with u(I) = p (I) since p has no
atom. Now, by regularity of p,

wu(I) = sup {,u([a, b)) : (a,b) C I} = sup {Fu(b) — Fyu(a): (a,b) C I}

and this supremum is null since F), is constant on I with value I.

Step 3: the non-increasing case. We remark that if we set p~([a,b]) = p~ ([—b, —a]) then p~ is also an
atomless probability measure on R, and the existence and uniqueness of a non-decreasing transport map
from p~ to v, which we just have shown, is equivalent to the existence and uniqueness of a non-increasing
transport map from pu to v. O
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This proof gives also explicit formulas and elementary properties for these two maps T;, To. For
instance, assume that u, v are compactly supported on intervals [a, b], [¢, d] respectively, and have densities
f, g which are a.e. positive on these intervals; then T7, T are both continuous and given by the formulas

/azf(t)dt:/cn(m)g(t)dt and /:f(t)dt:/;(x)g(t)dt

On the other hand, under the same assumptions, assume moreover that g is symmetric with respect
to the center of [c,d], then we have the formula T5(z) = d — (T1(z) — ¢) for any x; one can show it by

verifying that, in such a case,
Ty (x) d
[ ewa= [ (o) de
c d—(T1(z)—c)

In particular we get, for instance, T7(x) = —T»(z) on any point where 77, 7o admit both derivatives
(thus a.e. on [c, d] since both of them are monotone).
Now we state the optimality result about the non-decreasing transport map:

Theorem B.2.2. Let u, v be two probability measures on R, both compactly supported, with u non-
atomic. Let h: R — R be a convex function. Then the above non-decreasing transport map 11 from u to
v is optimal for the problem

inf {/ hT(z) —x)dp(z) : Tup = 1/}
R
with uniqueness if h is strictly convez.

Sketch of proof. In the strictly convex case, the existence and uniqueness of a minimizer T is already
known and it remains only to prove that it is non-decreasing. This comes from the c-cyclical monotonicity
of the support of (id ® T')4p: it implies

MT(z) —z) +h(T(z") —2') <h(T(z") —x) + KT (x) — ) (B.6)

for p-a.e. x € R.
Assuming now by contradiction that < 2’ and T'(z) > T'(z'), we set

a=T(z) -z, b=T(')—2 andec=2" -z
The inequality can be written as
h(a) + h(b) < h(a—c)+ h(b+c) (B.7)

Now, the assumptions on z,z’, T'(x), T (z') imply b < b+ ¢ < a. We write b+ ¢ = (1 —t)b+ta and deduce
from the strict convexity of h that

h(b+c¢) < (1 —t)h(b) + th(a)
Similarly, we note that b < a — ¢ < a and write a — ¢ = (1 — ¢')b+ t'a so that
ha—c) < (1 —=t)h(b) +t'h(a)
Now we compute t = ¢/(a — b) and t' = 1 — ¢ so that
h(b+c)+h(a—rc) < (2—(t+t)h(bd) + (t+t')h(a) = h(b) + h(a)

which combined with (B.7) leads to h(a) — h(b) < h(a) — h(b) which is a contradiction.
The proof in the non-strictly convex case is obtained by approximation of i by the family of strict
convex functions he = h +¢| - |2. O
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B.3 Optimal transport with distance cost

We here give the main existence results and characterizations of optimal transport maps when the cost is
actually equal to the Euclidean distance. In all this section, we thus fix ¢(z,y) = |y — 2| for (x,y) € (R?)2.
The first result characterizes the c-concave functions:

Proposition B.3.1. If c(z,y) = |y — x|, then a function ¢ : R? — R is c-concave if and only if it is
Lipschitz continuous on R? with Lipschitz constant at most 1. Moreover, in this case, with the notations
of the section [B.1], we have p° = —p.

As a consequence, if u, v € P(R?) are both compactly supported with u < £, the duality formula
can be written as

Ve}}}fm {/ ly — xld’y(x,y)} = uGLSilplﬁRd) {/u(y) dv(y) — /u(aj) du(m)}

We now fix a Kantorovich potential u. The following notion of transport ray is crucial.
Definition B.3.1. Let ,y, = # y, be two points of R%. Then:
e the oriented open segment (x,y) is a transport ray if and only if u(y) — u(z) = |y — z|;
e the oriented closet segment [x,y] is a mazimal transport ray if and only if

— any z € (x,y) belongs to a transport ray (z',y’) with same orientation than [z, y);

— any closed segment satisfying the above property and containing x and y is equal to [z, y].

The maximal transport rays are well-defined up to a Lebesgue-negligible (thus p-negligible) set of R?,
as states the following proposition:

Proposition B.3.2. Let [z,y] and [2/,y'] be two mazimal transport rays. Then they can intersect only
on a point which is an extremity of both of them. In such a case, the Kantorovich potential u is non-
differentiable at this point.

In particular, since u is Lipschitz, the set of points of R% belonging to at least two transport rays is
Lebesgue-negligible.

Now let us examine the consequence of this structure for the duality formula and for an optimal
transport 7. Assume that such a T exists; the duality formula provides

[ @ =alan) = [ wwavt) - [ u@)ante) = [ @) - ) duta)
Moreover, the fact that u is 1-Lipschitz implies the equality
w(T(z)) —u(z) < |T(z) — |

for p-a.e. x € . Thus, since the integral of the both hand-sides of this inequality are equal, it is actually
an equality:
for p—a.e. z €, uw(T(z)) —u(z) =|T(z) — x|

This implies that (x,T(x)) is a transport ray. In particular,  and T'(z) belong to the same maximal
transport ray and are oriented in the same sense than this transport ray.
One can verify converse implication is also true. To summarize:
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Proposition B.3.3. The solutions of the Monge problem

inf{/Q IT(x) — | du(w) : Tup = 1/}

exist and are not unique. A map T : Q — R? is a solution if and only if:
o T sends u onto v;
o for p-a.e. v € Q,

— T(x) and = belong to the same maximal transport ray;

— the orientation of the segment (x,T(x)) is the same than that one of this transport rays.

We finish by some words about the monotone transport along the transport rays. We define it as being
the only map T verifying the two following properties:

o T'c O1(p,v), and

e for a.e. z,2’' € Q, if z, 2’ belong both to the same transport ray, then T'(z) — 2z and T'(z') — 2’ have
same direction.

The uniqueness of such a map T can be seen as a consequence of the uniqueness of the non-decreasing
transport map in the one-dimensional case since, given a transport ray S, 7" has to send the measure pu
“concentrated on S” onto the measure v “concentrated on S” in a monotone way. The formal justification
would use the disintegration of measures, and we will not enter into the details here.

Notice also the following remarks:

e T is the unique solutions of the minimization problem

inf {/ |T(z) — x| du(z) : T € O1(p, I/)}
Q
i.e. the unique optimizer of the quadratic costs among the maps which are already optimal for the
Monge cost with L!-distance;

e also, and this is actually the tool to obtain the above property, 7' can be obtained by solving

wt { [ (7)ol <47@) — o) dute) : Ty = v

and passing to the limit as ¢ — 0;

e finally, let us notice some regularity properties of this monotone T'. First, it has been shown T to
be continuous under some strong assumptions on the domains and measures (convex and disjoint
domains in the plane and positive densities, see [42]). Also, [57] gives also some regularity results
for the minimizer T, of an approximated problem where ¢ is replaced with c.(z,y) = /€2 + |z — y|?
(local uniform bounds on the eigenvalues of the Jacobian matrix 7).
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