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Premiére partie

Introduction






Avant-Propos

Cette thése est consacrée a I'étude théorique d’un modéle de mécanique quantique relativiste. Ces derniéres
années, un intérét croissant est portée sur de tels modéles, tant par les chimistes quantiques que par les mathé-
maticiens. D’aucuns pourraient penser que la théorie de la relativité n’est pas utile dans I’étude des propriétés
chimiques ou physiques d’éléments usuels. Elle est cependant nécessaire pour expliquer des faits aussi triviaux
que la couleur de l’orE| ou 'état liquide du mercure a température ambiante [PD79, Nor91].

Dans cette thése, on s’intéresse a la polarisation du vide. Ce phénoméne surprenant survient lorsque 1’on
installe un champ électrostatique intense. Tel un réseau d’ions, le vide se déforme en sa présence, ce qui peut faire
apparaitre des paires de particule-antiparticule, plus précisément des paires d’électron-antiélectron (I’antiélectron
est aussi connu sous le nom de positron).

On se place dans le cadre du modéle dit de Bogoliubov-Dirac-Fock introduit par Chaix et Iracane en 1989.
Il s’agit d’une approximation de type champ moyen de ’électrodynamique quantique dans laquelle on néglige
les photons ainsi que le magnétisme. Son intérét réside en ce qu’il permet une étude variationnelle et non
perturbative des systémes électroniques.

Toute la question est de savoir s’il existe des minimiseurs de 1’énergie associée, c’est-a-dire d’états fonda-
mentaur dans le langage de la mécanique quantique. D’un point de vue mathématique on aboutit & un modéle
d’analyse non linéaire avec défaut de compacité. La méthode privilégiée pour étudier ce genre de probléme (et
effectivement utilisée ici) est la méthode de concentration-compacité de P.-L. Lions.

Notons que les résultats obtenus supposent la petitesse ou la grandeur de certaines constantes physiques :
par exemple on considérera souvent que la vitesse de la lumiére c est trés grande. Cela correspond a se placer au
voisinage de la limite non relativiste dans laquelle cette vitesse est supposée inﬁnieﬂ Il est plus pertinent mais
hélas beaucoup plus difficile de prouver les résultats pour les véritables valeurs des constantes physiques. Cette
question a été laissée de coté ici.

Ce recueil de cing articles traite de diverses situations physiques.

Dans le premier article on s’intéresse au systéme constitué d’un électron dans le vide. On montre 'existence
d’un état fondamental sous certaines hypothéses. Ce résultat, faux en mécanique quantique (c-a-d non relativiste)
s’explique par la polarisation du vide. La particule déforme le vide créant elle-méme le puits de potentiel qui la
lie: elle est entourée d’un nuage chargé positivementEI

Une charge éloignée ressent ainsi la force de Coulomb due a la charge de ’électron abaissée de celle du nuage
environnant. C’est la remormalisation de charge et I'objet du deuxiéme article. Il est possible de conserver la
réaction du vide a la limite non relativiste ¢ — 400 et cela aboutit & un modéle Hartree-Fock altéré. Dans ce
dernier la charge externe Ze est abaissée & une valeur Ze x Z3 < Ze dans le terme d’interaction électrostatique
et figure un terme attractif additionnel analogue & celui de ’énergie de Pekar—TomasevitchH

Le troisiéme article traite du systéme constitué de deux électrons dans le vide. Quand la réaction du vide est
trop petite elle ne peut pas contrebalancer la répulsion des deux particules: le systéme n’est pas stable.

Dans les deux derniers, on s’intéresse a des états excités du vide. On étudie le positronium, le systéme d’un
électron et d’un positron, dans ses deux orientations possibles: 'ortho-positronium et le para-positronium. Le

1. Si on néglige les effets de la relativité, l’or devrait nous paraitre comme ’argent !

2. Ainsi les effets relativistes ne sont plus négligeables dés lors qu’on ne peut plus supposer c infini.

3. Dans la situation analogue du cristal d’ions, ce nuage est constitué par les ions positifs qu’elle agrége et ’absence d’ions négatifs
qu’elle repousse. Cette image est valide dés lors que ses dimensions sont grandes devant celles du réseau cristallin: la particule dans
le milieu polarisable est alors appelé polaron.

4. Les modéles de Hartree-Fock et de Pekar-Tomasevitch sont rappelés dans le chapitre suivant.



premier correspond au cas ot les deux particules ont des spins paralléls et le second ol ceux-ci sont opposés. Le
premier est le sujet du quatriéme article, le cinquiéme article traite du second ainsi que d’autres états excités,
dont le dipositronium, la molécule constituée de deux électrons et de deux positrons.

Ces articles sont regroupés en deux parties (les trois premiers puis les deux derniers). Une derniére partie est
consacrée aux preuves de résultats techniques qui ont été annoncés dans les articles sans démonstration, faute
de place (certains d’entre eux ne sont que des adaptations de précédents résultats).

Suit maintenant une série de rappels sur la mécanique quantique relativiste puis une présentation du modéle
BDF ainsi que des principaux outils utilisés. Ceux-ci sont rappelés dans les articles. On a fait le choix de les
exposer en introduction afin que le lecteur puisse passer plus rapidement les explications correspondantes dans
les articles.



Chapitre 1

Rappels de mécanique quantique

1.1 Généralités

Les deux modéles présentés dans les parties et reviendront plusieurs fois dans I’exposé.

1.1.1 Postulats

La théorie quantique s’est développée au début du XXéme siécle partant des études sur I'interaction entre
le rayonnement et la matiére ainsi que sur la constitution méme de la matiére. Certains faits demeuraient
inexplicables si ’on se tenait & la théorie classique qui s’appuyait sur les lois de Newton. On a ’habitude de
marquer le début de la mécanique quantique par la publication d’un article de Planck en 1900, proposant une
explication du rayonnement du corps noir, corps idéal absorbant toute la lumiére qu’il regoit.

Nous n’en dirons pas plus sur les débuts de la théorie et renvoyons le lecteur intéressé a [Gri84]. Notons
simplement que 1’on se rendit compte alors que la lumiére et les constituants de la matiére se comportaient
tantoét comme une onde tantét comme une particule. Ainsi le caractére ondulatoire des électrons peut étre mis
en évidence lors d’une expérience de diffraction d’un faisceau de telles particules & travers un réseau cristallin
(expérience[l] de Davisson-Germer 1927).

En mécanique quantique, I’état de 1’électron est représenté par sa fonction d’onde. Il s’agit d’une fonction
de V’espace et son évolution dans le temps est régie par la fameuse équation de Schrédinger (voir ([1.1)). Mais
commengons d’abord & rappeler les postulats de la mécanique quantique ainsi que son formalisme.

1. A tout systéme physique est associé¢ un espace de Hilbert (H, (-, -)). L’état du systéme est défini a chaque
instant par un vecteur normé ¢ € H, unique & une phase prés. D’un point de vue géométrique il est équivalent
de dire que I'espace des états est I’espace projectif ’P(’H) de 'espace de Hilbert.

2. A toute grandeur physique A est associé un opérateur linéaire autoadjoint A de H. Une mesure de A ne peut
donner qu’'une valeur propre de I'opérateur A, appelée observable associée a la grandeur A. Si v est ’état du
systéme, la probabilité que la mesure donne p est le carré de la norme

1Pl

ot P, est le projecteur spectral de A sur la valeur propre u. Juste aprés la mesure ayant donnée u, I’état du
systéme est exactement
P
i c ’}.[

[1Pabll —
Dans le cas d’un spectre continu, on ne peut que donner les probabilités de présence dans des plages de valeurﬂ
(1, 1+ Spl.

1. A noter que cette expérience ne fut pas d’abord interprétée en ces termes

2. Dans la littérature physique la notation A est plutét utilisée, nous avons préféré réserver cette notation a la transformée de
Fourier pour éviter toute confusion ultérieure.

3. La formule de la probabilité de donner une valeur situé dans [u,u + du[ utilise le théoréme spectral [RS75, Vol I, Chap.
VII-VIII] et la notion de mesure spectrale.



La valeur moyenne (a) de la mesure de A dans un systéme d’état ¢ est donnée par le produit scalaire suivant:

(a) = (¥, AY).
3. Tant qu’aucune mesure n’est faite, 'évolution de I’état dans le temps (t) satisfait & ’équation de Schrédinger:
ihdpp(t) = Hi(t), (1.1)
ou H est I'observable d’énergie (hamiltonien du systéme) et & la constante de Planck réduite:
h
h=—. 1.2
5 (1.2)

Le procédé de correspondance mesure-observable est appelé quantification.

1.1.2 Exemple d’une particule massive

Considérons le cas d’une particule (disons de masse m). L’espace de Hilbert & considérer est 'ensemble des
fonctions de carré intégrable L?(IR?) a valeur dans C* o s € N*. La valeur de s rend compte d’éventuel degré
de liberté interne, tel le spin. Un vecteur normalis¢ de L?(R?) est appelée fonction d’onde.

Soit ¢ € L?(R3) une telle fonction. La mesure |1 (x)|*dx s’interpréte comme la probabilité de présence de la
particule: sa probabilité d’étre dans une zone V est donnée par la quantité fv |¢(x)|?dz. En particulier il n’existe
pas de trajectoire précise de la particule.

Aux positions x', 22, 23 de la particule suivant les trois axes d’un repére sont associées les opérateurs de

multiplication par z!, 22, 23 : .
XIp(x) = a?y(x), v € R%, j € {1,2,3}. (1.3)

Les impulsions p!, p?, p? sont associées elles aux opérateurs de dérivations —ihd,; :
Pitp(x) = —ihdui(z), © € R?, j € {1,2,3}. (1.4)

Supposons que la particule soit placé dans un potentiel V (x) fonction de la position z = (x!, 22, 23). L’ha-

miltonien classique est
2

p
H=_—+V(z
o TV (@)
ot bien siir p = (p*, p?, p3). Utilisant les correspondances ci-dessus, I'observable associée & 'hamiltonien est

H= —%A—FV(m). (1.5)

L’énergie E est associé a l'opérateur ihd;. La conservation de I’énergie au cours du temps transposée aux
observables donne I’équation de Schrodinger (1.1)). Ici, on obtient

2

ithoy(z,t) = —2h Ap(z,t) + V(x)(z,t). (1.6)

Me

Cette équation implique notamment que la fonction p(z,t) = |1 (z,t)|? satisfait une équation de conservation

PVY — VYT, (1.7)

— — h
op+divy =0avec 7 =—(
2mi

ce qui justifie 'interprétation de p comme densité de probabilité.
Une question fondamentale est celle de I'existence d’état stationnaire. Cela revient & rechercher les états
propres de H : si ¢(z) est fonction propre de 'hamiltonien associée a la valeur propre A, la fonction ¢ (x,t) =

A
e "r"y)(z) est solution de (I.6). De méme on peut se demander s'il existe un état de plus basse énergie, dit
fondamental. Mathématiquement la question est de savoir s’il existe un état atteignant

inf { (¢, Hy), ¢ € L*(R?), [|l|| = 1}.



Remarque 1.1. Le potentiel V(z) peut traduire plusieurs effets. Dans le cas présent, on considére surtout le
potentiel électrostatique causée par des charges positives (par exemple les protons d’un noyau) dans 'espace sur
les électrons de masse m, et charge —e.

Dans 'approximation de Born-Oppenheimer, on étudie séparément le mouvement des noyaux et des électrons,
supposant en premiére approximation que les protons sont immobiles lors du mouvement des électrons du fait
de leur masse beaucoup plus élevée.

Ainsi on considére V(z) = —Ze?/(4meg|z|) oit gg est la permittivité du vide et Z le nombre de protons du
noyau dans le cas d'un atome situé a l’origine.

1.1.3 Systémes a plusieurs particules

Considérons deux particules discernables, c’est-a-dire que 1’on puisse distinguer 'une de 'autre (penser a
deux atomes situés dans deux sites différents d’un réseau cristallin). La premiére particule est associée a I’espace
H;1 et la seconde & Hs. L’espace de Hilbert H;2 associé & I'union des deux systémes doit pouvoir rendre compte
des états de chacun d’eux, ces états étant a priori quelconques, I'un dans Hi, 'autre dans Hs de maniére
décorrélée.

On peut ainsi prendre H;2 comme étant le produit tensoriel Hy @ Hs. Cette procédure s’apparente au produit
cartésien des espaces de phases de deux particules en mécanique classique. Si on multiplie le nombre de particules,
il faut considérer le produits tensoriel de tous les espaces correspondants.

La situation est tout autre pour des particules indiscernables, telles une assemblée d’électrons. Toutes ont
des propriétés physiques semblables (charge —e, masse m.) et aucune n’a de trajectoire précise susceptible de
la distinguer. Rappelons que le principe de Pauli stipule que deux électrons (et généralement deux fermions de
méme type) ne peuvent avoir le méme état. Dans ce cas, l'espace associé est le produit extérieur des espaces a
une particule. Cela revient & se restreindre au sous-espace des fonctions d’onde antisymétriques dans le produit
tensoriel.

Disons que I'on étudie un systéme a M électrons; on note H = L?(R?) I'espace de Hilbert & un électron. Cet
espace est isomorphe a L?(R3 x |1, s], C).

L’espace de Hilbert associé au systéme total est

N LA(R® x 1, s]) ~ L2((R® x [1,s])™,C) c L*((R® x [1,s])™,C),
1<j<M

ou
L2((R? x |1, sD™,C) = {¥((xs)1<i<m), Xi = (x3,00) € R® x [1,5], V7 € Sar, U((xr(j))) = (1) ¥((2,)) }.
En d’autres termes, pour tous 1 < j; < jo < M et x € (R® x [1,s])™ on a
U(X1,y ooy Xy oo Xy ov s X)) = —U(Xa, 000Xy oo, Xy oo, XM

Un hamiltonien est associé au systéme suivant une procédure systématique appelée seconde quantification.
Nous renvoyons le lecteur a [LS10, chapitre 3] pour une présentation plus détaillée.

De maniére informelle, on doit considérer la somme des énergies cinétiques, des énergies potentielles (associées
au potentiel V(x)) et des énergies d’interaction des électrons entre eux. Dans la suite, on ne considére que les
interactions électrostatiques des électrons entre eux. Cela donne

K2 €2 1
Hy = — —A, +V(x; _ 1.8

M Z ( 2me 7 + (x])) + 8meg Z |z, — ;] (1.8)
1<j<M 1<i<j<M

Suivant la remarque on prend V(z) = —Ze?/(4mep|x|).
Comme précédemment, existe-t-il un état fondamental Wy ? Un tel état Wg doit vérifier

(o, HyWo) = inf {(¥, Hy W), ¥ e LZ(R*)M), || =1} =: Ey.

Une conséquence du célébre théoréme HVZ (voir [Hun66, Win64l, [Zhi60] et [LS10, p.223-229|) permet de
répondre.



Théoréme 1.1. Si M < Z + 1, alors il existe un état fondamental pour le systéme & M électrons.

En fait le théoréme [LS10, Théoréme 12.2] stipule, dans ce cadre, la stabilité des atomes, des molécules
neutres et des ions chargés positivement.

Nous présentons & présent une approximation du modéle revenant & se restreindre & un sous-ensemble des
états admissibles : le modéle Hartree-Fock. Celui-ci a été introduit pour ses intéréts pratiquesﬂ mais nous
I’exposons ici car il sert de référence pour le modéle BDF.

Remarque 1.2. Pour simplifier les formules, on se place dans les unités atomiques dans lesquelles m, = h =
(47mep) ™t = 1. Nous prenons aussi € = 1. Aprés réduction on obtient

Hy= Y (—A;j—iﬂé > 1 (1.9)

2 |25 v<iTren T ]

1.1.4 Le modéle Hartree-Fock

On reprend I'hamiltonien ([1.9) et on étudie le probléme variationnel restreint aux déterminants de Slater.
Ce sont les fonctions W4 s’écrivant sous la forme
1
N ¥ (@i si)i<i<n) = Wdetwg‘(i%si))lgmg/[

1<j<M

ot (t;); est une famille orthonormale de 1'espace a une particule L?(R3,C*), z; € R3 et s; € [|1, 5|].
Dans le cas M = 2, un déterminant de Slater s’écrit

U ((z1,51), (22, 52)) % (1 (21, 51)th2 (w2, 52) — 1 (w2, S2)Ua(T1, 51)).
Dans cette partie nous prenons s = 1 pour simplifier et notons x = (z1,...,2a7) € (R*)M,

D’un point de vue physique, cette approximation revient a supposer que les électrons n’interagissent pas
entre eux mais sont soumis au champ «moyen» qu’ils créent collectivement, d’olt son autre nom d’approximation
de champ moyen.

L’expression de I’énergie (¥qq, HyPsq) se simplifie grandement et se réécrit en fonction de sa matrice de
densité & un corpsE[, VB oy

Pour un état W(z), on définit I'opérateur positif ¢ par son noyau intégral :

Ty(2',y):=M jf U(z' o, ...,zp)0(Y, @2, ..., x0) de - dzpg.
(R3)M—1

La densité py de 1'état U(z) est donnée par la formule
pu(z) = Ty(z,z), © € R?

La densité étant fonction de I'y on écrira aussi pr,, .
Dans le cas d’un déterminant de Slater I'y_, est le projecteur orthogonal sur le sous-espace engendré par les

(T
Tu,, = > [yl

1<j<M

et la densité vaut

pua(@)= D @)

1<j<M
Un simple calcul donne

Z

1 1
(Wi, Har o) = Tr((= 580 = )Pwus) + 5 (Dlors, . pra,,) ~ Tl (1.10)

4. A ce propos voir [CBMO06].
5. |LS10) chapitre 1]
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ot D(pry_,.pry_,) et [Tw,, ||, sont appelés respectivement terme direct et terme d’échange et sont définies par
les formules suivantes

H PO D) gy et Y2, = ﬂ Gl dy. (1.11)

R3 xR3 R3 xR3

Existe-t-il des états de plus basse énergie ? On retrouve un résultat analogue au théoréme|l.1]et on peut aussi
statuer sur les ions chargés négativement.

Théoréme 1.2 (Lieb, Simon ’77). Pour M < Z + 1, il existe un état de plus basse énergie pour le probléeme
variationnel de Hartree-Fock a M électrons.

Theorem 1.1 (Lieb ’82). Pour M >2Z + 1, il n’y a pas d’état fondamental pour le probléme & M électrons.

Ce dernier théoréme, énoncé dans [Lie84], a été amélioré (citons [Sol03] et [Nam12]).

Forme d’un minimiseur

Intéressons-nous au minimiseur du probléme Hj;. De la méme facon qu’un état pour le systéme d’un électron
peut étre vu comme une droite complexe dans L?(R3), on peut voir ’état d’un déterminant de Slater comme un
sous-espace de L?(R?) de dimension M, en d’autres termes comme un élément de la grassmannienne Gy (L2 (R3)).
Cette correspondance est bijective.

Identifiant un espace et son projecteur orthogonal, on munit la grassmannienne de la métrique

dlSt(Hl,Hg = jf |Pr0J (I11)(z,y) — Proj (I1)(z, y | dxdy,
R3xR3

ou Proj (II;) est le projecteur orthogonal sur le sous-espace II;.

Rappelons que cette métrique est issue de la norme de Hilbert-Schmidt, ||-||g, ot 'espace G2 désigne ’en-
semble des opérateurs compacts @ dans B(L?*(R?)) dont le noyau intégral Q(z,y) est dans L2(R? x R?).

Cela fait de cette grassmanienne une variété de Hilbert dans &q(R?).

Ainsi un minimiseur I" de la fonctionnelle d’énergie satisfait les équations d’Euler-lagrange :

[Hy,T] =0, (1.12a)

1 I'(x,
Hr = —2A—Z 4 prx g — 0,
2 ] T o — g
Cet opérateur Hr est appelé opérateur de champ moyen. Les conditions de second ordre imposent que I'image
de I' soit engendrée par des vecteurs propres associés aux plus petites valeurs propres de 'opérateur Hr.

(1.12b)

Nous verrons que le modéle BDF, qui est aussi une approximation de champ moyen, présente une structure
géométrique analogue.

La section suivante est consacrée aux polarons, systémes constitués de I'interaction d’électrons avec un cristal.

1.1.5 Le modéle de Pekar-Tomasevitch

Etudions le cas d’un électron au sein d’un milieu polarisable, supposé homogéne. La situation est par exemple
celle d’un électron additionnel dans un réseau d’ions. L’homogénéité du milieu suppose ici que les dimensions
de ’électron sont grandes devant la maille du réseau. Comme expliqué au début de larticle [LR12|, le systéme
présente une énergie effective de la forme

Epr(¥) = |VelL. = D(lP [0), (1.13)

ou 1 est la fonction d’onde de 1’électron.

Remarque 1.3. Cette énergie apparait dans diverses situations physiques et I’équation variationnelle correspon-
dante posséde plusieurs noms dont Schrodinger-Newton et Choquard-Pekar. L’énergie elle-méme sera dite ici de
Pekar—Tomasevitchlﬂ suivant [FLSTTI].

6. Dans le cas d’un seul électron, elle sera dite parfois de Choquard-Pekar (notamment dans le premier article [Sok14b])
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Le polaron est stable, il admet un état fondamental. Comme dit en introduction, cela est di a la déformation
du milieu polarisable : I’électron crée son propre trou dans le milieu agrégeant autour de lui un nuage de charge
positive.

Le résultat demeure-t-il dans le cas de plusieurs électrons ? Ces derniers interagissent avec le milieu mais se
repoussent ['un l'autre.
Un état du systéme étant toujours donné par une fonction normalisée ¥ € L2(R3), I'énergie s’écrit [FLSTII]:

ELPNW) = Tr(— ATy) + U(D(pw, pw) — [T ||Z:) — aD(pw, pu), (1.14)

ot U > 0 est la force de la répulsion coulombienne et & > 0 la constante de couplage avec le milieu. Par un

changement d’échelle on peut toujours supposer a = 1 quitte & remplacer U par % Nous considérons donc

EFp[¥] = Tr(— ATy) + U(D(pw, pw) — ITw ) — D(pw, pw). (1.15)
Notation 1.1. On note l'infimum:
EYp(M) = inf {E5(¥], W € L2((R*)M)}, (1.16)
Rassemblant des résultats de [Lie77] et de [FLST11], on obtient les théorémes suivants.

Théoréme 1.3 (Lieb '77). II existe un minimiseur du probléme Epr(1) associé a la fonctionnelle (1.13)), qu’on
peut choisir positif et radial décroissant. Cest le seul a translation et spin (dans S*~1) pres.

Théoréme 1.4 (Frank, Lieb, Seiringer, Thomas ’11). Il existe une valeur critigue U, > 0 de U au dessus de
laquelle le probleme EY, (M) n’a pas de minimiseur quelle que soit la valeur de Uentier M > 2. De plus, on a
lestimation 0 < U, < 29, 4.

Remarque 1.4. Pour EY7(1), lensemble des minimiseurs forme ainsi une sous-variété de L?(R3, C®) isomorphe
a
R3 x §571

Considérant 1'unique minimiseur cp(z) radial positif paralléle a *(1,0,...,0) € C*, tous les minimiseurs
s’écrivent sous la forme

U¢cp(x — 1‘0), U cU(s), 29 € R3.

1.2 La mécanique quantique relativiste

1.2.1 Opérateur de Dirac

Dans les années 1920, Dirac essaya d’intégrer la relativité en mécanique quantique, et plus précisément de
décrire un électron relativiste. Partant de la formule de I’énergie de la particule libre

E? = mic4 + 62p2,
les mémes régles de substitution décrites auparavant conduisent a I’équation de Klein-Gordon que doit suivre la
fonction d’onde de lélectron i (x,1):

— RPOfy(zit) = (— ARPA + mict)y(z,t). (1.17)

Cette équation pose probléme lorsqu’on essaie d’en tirer une équation de conservation d’une quantité p positive,
perdant alors 'interprération probabiliste.

L’idée de Dirac fut de chercher une équation aux dérivées partielles d’ordre 1 en (z,t) dont les solutions sont
aussi solutions de (L.17). Il considéra

3
1 MeC
Eatw+k5=1akaxk'(/)+276w = 0 (118)

Prenant une solution ¢ de (|1.18]), il faut choisir 3 et les «ay, de telle sorte qu’on ait les propriétés suivantes :

7. Ecrivant ¥(z) = A=3/20/(x/\) avec A > 0, on réécrit ’énergie en fonction de W’
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1. ||? satisfait toujours une équation de conservation,

2. la fonction 1 est solution de (1.17)),
3. léquation (|1.18)) est invariante par les transformations du groupe de Lorentzﬂ
Un tel choix est possible & condition de supposer que ces objets sont des matrices. Habituellement on prend

I
5::(8 0 )704,@::(0 %k)ec““,ke{lﬂ,:%}, (1.19)

—Icz Ok

/01 (0 =i (10 oo
0'1—(1 0),0’2—<i O>,0'3—<0 _1>€(C . (120)

Les matrices oy sont les matrices de Pauli. On peut réécrire ((1.18)) sous la forme
ihdyp = Do,

3
Dy = —ihcz @pOpk +mec? B = —ikica - V + mec?B. (1.21)
k=1
L’opérateur Dg est I'opérateur de Dirac et s’interpréte comme I’hamiltonien de 1’électron libre. En particulier
I'énergie cinétique T, d'un électron dans ’état i) est donnée par le produit scalaire

Ty = (Do, ). (1.22)

D’un point de vue mathématique, 'opérateur Dy est un opérateur auto-adjoint agissant sur les spineurs
L? (R3, (C4) de domaine H'/? (R3, (C4). Son spectre est

(Do) =] — 00, =mec?®] U [mec?, +00l.

Cela pose un grave probléme dans 1’égalité (|1.22) car comment comprendre les états d’énergie négative, en
nombre infini ? A quoi correspond un état fondamental ? L’interprétation de Dirac fut la suivante. Le videﬂ est
constitué en fait d’une infinité d’électrons virtuels, chacun occupant un état d’énergie négative. Ces derniers
remplissent 1’espace de maniére uniforme de telle sorte qu’on ne puisse les observer, constituant la mer de Dirac.
D’aprés le principe d’exclusion de Pauli, les électrons réels ne peuvent avoir qu'une énergie positive.

Le point de vue moderne, celui de I'électrodynamique quantique (QED), a délaissé cette vision, mais histo-
riquement elle a permis de prédire 'existence du positron, 'antiparticule de I’électron.

En premier lieu elle implique que le vide est un milieu polarisable. Lorsqu’on établit un champ électrostatique
rendu de plus en plus intense, un électron virtuel peut passer a un état d’énergie positive. On se retrouve alors
avec un électron réel et I’absence d’un électron virtuel dans la mer de Dirac. De maniére équivalente 1’absence
d’électron d’énergie négative peut se voir comme la présence d’une particule de méme masse mais de charge
opposée (appelée positron). Elle forme avec 1’électron une paire de particule—antiparticulelﬂ

Nous nous en tiendrons ici au point de vue de Dirac. Le vide libre est alors représenté par le projecteur
spectral P°
PP = X(—00,0)(Do). (1.23)
Son image contient tous les états d’énergie négative et constitue la mer de Dirac libre. De méme nous notons
P_E le projecteur spectral sur le spectre positif:

P = X(0,400)(Do)- (1.24)

Prendre en compte la réaction du vide suppose étudier un systéme avec nombre infini d’électrons «virtuelsy.
C’est le point de départ du modéle BDF, exposé au chapitre suivant.

Nous terminons cette partie en présentant différentes symétries de 'opérateur Dy et introduisons en parti-
culier la conjugaison de charge.

8. comme doivent 'étre les équations en relativité. Ces transformations traduisent dans les coordonnées les changements de
référentiels inertiels en relativité restreinte.

9. Dirac (1934)«We make the assumption that, in the world as we know it, nearly all the states of negative energy for the
electrons are occupied, with just one electron in each state, and that a uniform filling of all the negative-energy states is completely
unobservable to us».

10. En QED, un positron est vu comme un électron se dirigeant vers le passé: voir [GR94, Chapitre 2]
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1.2.2 Symétries de 'opérateur de Dirac
Conjugaison de charge

La symétrie entre positron et électron peut se voir de maniére plus formelle. La conjugaison de charge C
envoie les états de I'un sur ceux de l'autre. Il s’agit d’un opérateur anti-linéaire et isométrique de L2(R?, C*),
qui au spineur 1) = (¥5)}_, associe

wy (T

| e —3

C: " — ol (1.25)
Ya 1

ot 17] désigne le complexe conjugué de v; ; en notation contractée on écrit C¢p = iBast). Notons que C est aussi
une isométrie ponctuelle au sens oil pour tout € R?, on a

ICo(@)* = (). (1.26)

En particulier, cet opérateur envoie le sous-espace Im(P?) sur Im(PY), c’est-a-dire envoie les états du vide libre
sur les états d’énergie positive et on a —CDyC~! = Dy. Cette symétrie demeure dans un champ électromagné-
tique, représenté par son potentiel scalaire ¢.; et son vecteur potentiel A [Tha92l partie 1.4.6]. L’opérateur de
Dirac pour une particule de masse m et charge e dans le champ s’écrit

H(e) = ca - ( -V — ZZ(tw)) + Bmc? + ey (t, ).

On a —CH(e)C = H(—e) de telle sorte que la conjugaison de charge relie les états d’énergie négative pour H(e)
a ceux d’énergie positive pour H(—e), 'opérateur de Dirac pour une particule de méme masse et de charge
opposée.

Si 1g(t) est solution de ihdp)(t) = H(e)(t), alors Cig(t) est solution de ihdp(t) = H(—e)1p(t), et 'égalité
montre que 'on ne peut distinguer les mouvements de ¢ (t) de ceux de Cu)(t).

L’action de SU(2)

En mécanique quantique, ’hamiltonien libre E—ZfA est invariant par les rotations de l’espace.

L’analogue en mécanique quantique relativiste est U'invariance de Dy par 'action de SU(2), le groupe spécial
unitaire de C2. Cette action est liée aux opérateurs de moments angulaires [Tha92, partie 1.3.3].

Le moment angulaire orbital est

L=XAP= ( — iﬁ(mkaxe — xeazk))1<j<3, (1.27)
ou (j,k,¢) vaut (1,2,3), (2,3,1) et (3,1,2). Le moment de spin S et le moment total J sont définis par
7 o 0
S :( ) tJ:=L+S. 1.2
4a/\a <O ak> 1§k§36 + (1.28)

Les opérateurs —iJy, —iJy et —iJs constituent une représentation de l'algébre de Lie su(2) induisant la repré-
sentation unitaire ®gy : SU(2) — U(L?) [Tha92, partie 4.6.1]

e—iqﬁJ»ndJ(x) — e—i¢S~nw(R;ix)’ o€ [O,47T) (129)

oll Ry, est la rotation de R® d’axe n € S? et d’angle ¢.
L’opérateur Dy est invariant par Uaction du groupe: pour tout élément U dans 'image Im(®Pgy) on a

UDoU™! = D,.

Aidé de [Tha92| partie 4.4.6], on peut étudier les sous-représentations irréductibles de ®gy. Cela est fait dans
le chapitre |7 et une telle sous-représentation est associée 4 deux nombres: une valeur propre de J? et une valeur
propre de l'opérateur de spin-orbite K définit comme suit :

K:=f3(2S-L+1). (1.30)
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Renversement temporel et structure symplectique

Il existe une autre symétrie envoyant Im(P?) sur Im(P?). Elle est donnée par 'action sur les spineurs de la

matrice
0 —Ic2
I, = .
Ie2 0

L’opérateur Ly := il est 'opérateur de renversement temporel [Tha92, partie 2.5.7] dans I'espace des spineurslﬂ

Ici reprenons ’exemple de la partie d’une particule chargée dans un champ électromagnétique : sa
fonction d’onde vy vérifie 'équation de Dirac ihdip = H (e).

La fonction d’onde L)y satisfait alors 'équation —ihdy1p = H(—e)v, représentant I’évolution d’une particule
de charge oppposée qui remonte le temps.

Le fait que A : Im(P?) — Im(P2) avec A € {I;,C} est une isométrie n’est pas difficile & montrer. Des
équations P f = f, on obtient

f= ﬁ e Im(PY) NL*(R*,C*) @ L*(R*,C?) <= f1 = {51 1s
(1.31)
= ﬁ € Im(PY) N I2(R3,C2) & L3R5, C2) =  f,— —1%% fr,

ol on a décomposé f en spineur haut et spineur bas (tous deux dans L?(R3,C?)).
Il est alors clair que
felm(P)) < Lfe Im(P%), idem pour C.

Soulignons aussi les faits suivants: —I;Dol; ! = Dy et [Ish(x)|? = [ (x)|>

La matrice Ig vérifie également
I2=-1,

S

conférant & L?(R3, C*) une structure presque complexe. En toute rigueur, il faudrait se placer sur un espace de
Hilbert réel, mais tel est le cas pour L?(R3,C%) si on le munit du produit scalaire Re(-, -). Elle lui confére aussi
une structure symplectique par la 2-forme (c-a-d bilinéaire antisymétrique)

Vf,g€ L*(R*CY), w(f,g) :=Re(f, Lg).

De ce point de vue, le sous-espace Im(P°) est une lagrangienne pour wy, c’est-a-dire qu'il est son propre
orthogonal selon la 2-forme wr,.

Ces remarques sur I ne sont données qu’a titre indicatif, nous n’utiliserons pas ces structures géométriques.
La matrice I est utilisée dans la derniére partie pour trouver un état de para-positronium, systéme méta-stable
constitué d’un électron et d’un positron de spins opposés. Il est possible de traduire le raisonnement de ’article
en termes géométriques, utilisant la notion d’indice de Maslov [Fur(4].

11. vu comme représentation du groupe de Poincaré.
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Chapitre 2

Le modéle BDF

Notation 2.1. Pour simplifier les notations, on écrit $ = L*(R3,C*). Suivant [Tha92, chapitre 10], on considére
une décomposition orthogonale $ = $H @ H_ ou les sous-espaces H1 sont de dimension infinie. Dans 'idée,

}"J(rl) = 9, est I'espace de Hilbert d’une particule et .7:9) = CH_ celui d’une antiparticule. On prendra ici
Hz = Im(PY).

Notation 2.2. On se place dans le systéme d’unités ou les constantes h, 4meg et ¢ sont fixées a 1. Nous gardons
la charge élémentaire e, dans le modéle celle-ci n’apparait qu’a travers la constante de structure fine o qui
physiquement vaut
2 1
e
o = ~ —.
hcdmeg 137

Ici a > 0 est considéré comme un paramétre du modéle, toujours de petite valeur.

2.1 Description du modéle

2.1.1 Deéfinition de ’énergie

Le but est de décrire des électrons relativistes en interaction avec le vide polarisé, en présence d’'un champ
électrostatique et on néglige ’action des photons. Il s’agit d’une approximation de 1’électrodynamique quantique
(QED).

En QED, le nombre de particules n’est plus invariant et peut fluctuer au gré de créations spontanées de
paires particule-antiparticule. Formellement, ’espace de Hilbert d’un systéme électronique est 1’espace de Fock,
noté F;. On peut le définir comme

Fa = @ Fm,
n,meN (21)
]:(mm) — (-/—".5-1))/\” ® (Fil))Am’

ol les deux espaces ff) et 71 sont définis ci-dessus (Notations ) L’espace F(™™) est espace a n électrons
et m positrons. On associe & F; un hamiltonien H: son expression est compliquée et nous renvoyons le lecteur
intéressé a [CI89], [HLS05al Appendice] et [Gralll, chapitre II]. On ne prend en compte dans cet exposé que les
interactions électrostatiques, en particulier H fait intervenir un potentiel électrostatique externe aw x ﬁ ou « est
la constante de structure fine et v la densité de charge externe (telle celle d’un noyau atomique).

Le modéle BDF consiste en la restriction de H & des états particuliers de F;, les états dits BDF'. La définition
précise de ces états fait appel aux opérateurs de création et d’annihilation : 1a encore nous renvoyons le lecteur
aux articles pré-cités pour de plus amples détails. Retenons toutefois les faits suivants.

— Un état BDF est entiérement déterminé par sa matrice de densité a un corps P € B(£)). Dans ce cas,
lopérateur P est un projecteur orthogonal de rang infini.
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— Soit (f;)ien une base orthonormée (BON) d’un tel projecteur P. Il faut penser 1’état comme un déterminant
de Slater infini fi A fo A - -+, représentant les électrons virtuels du vide et d’éventuels électrons réels.

— Pour qu’une projection orthogonale P représente un état BDF, il faut et il suffit que I'opérateur Q = P—P°
soit de Hilbert-Schmidt, c-a-d que @ soit compact et que son noyau intégral satisfait

[[ (@, y)Pdzdy < +oc,

L’é¢tat BDF associé & P est donné par un vecteur unitaire Qg € F(©:0),
A noter aussi une subtilité de taille: pour un état Q € F,; I'énergie (2, HQ) 7., Dest pas bien définie. En un
certain sens sa valeur est toujours —oo! Les premiéres manipulations sont formelles, le but étant de parvenir &
un modéle variationnel rigoureux.

De maniére formelle donc on soustrait & 1’énergie d’'un état BDF Qp celle de 1’état €2y pris comme état de
référence. Le projecteur P étant la matrice de densité a un corps de p, la différence donne une expression £(Q)
de@Q=P—-P°:

Q
E(Q) = Tr(DoQ) — aD(v. po) + 5 (Dlpa: pa) = QIR ) (2:2)

ou
pQ(x) =Trcs (Q(l’,l’)), (23)
et les fonctions D(-,-) et ||-||gx sont définies comme pour le modéle Hartree-Fock. Nous supposons naturellement
que la densité v est d’énergie électrostatique finie: D(v,v) < 4+o00. On reconnait la méme décomposition que
pour le modéle Hartree-Fock.
La fonction pg est la densité de Q). Sa formule n’est valide a priori que si () est a trace ou localement & trace
et pose probléme quand @ est simplement de Hilbert-Schmidt.

Passons outre et supposons que les termes sont bien définis, en particulier que Dy@ est a trace. Des mani-
pulations algébriques montrent qu’un minimiseur P = Q + P% doit satisfaire I’équation

P=Qo+P° = X (—00,0) (HQO)- (2.4)

ot Hg est 'opérateur de champ moyen associé a @

Hg :Do—l—oc((pQ—y)*i Q(x,y)).

1 Tzl (25)

On peut trouver la forme (2.4) en faisant un calcul perturbatif sans se soucier du sens. On a

£(Qo+06Q) = E(Qo) + Tr(Ha, 6Q) + 5 (Dlpsq: pse) — 15QE)

= &(Qo) + Tr(Hg, 6Q) + 0(6Q).

Pour §Q = P— P o1 P est un projecteur, on fait le calcul de la trace Tr(HQoéQ) relativement a la décomposition
Ker PeImP:

Tr(Hp,0Q) = Tr((l —P)Hg,6Q(1 — P) + PHQoaQF),
T (| Hay (1 - P)3Q(1 - P) — PoQP) ). (2.6)
Tr(1Hq,|(6Q)%) = 0.

Le retour a I’Analyse est brutal. Dés que la charge externe v n’est pas nulle, 'opérateur Qo de (2.4)) n’est pas
a trace. Pour rendre ces calculs valides une coupure en fréquence est nécessaire: au lieu de considérer ’espace £
en entier, on se restreint a

A= {1 €9, supp) C Bes(0,A)}, (2.7)

ot A > 0 est le niveau de cut-off et 12 désigne la transformée de Fourier de .
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Notation 2.3. Dans cet exposé, la transformée de Fourier .# est définie selon la formule

o 3/2/f e~ Py, (2.8)

/\

v feLYR?), f(p

Gardant (2.6 & ’esprit, on étend alors la notion de trace de la maniére suivante.

Definition 2.1. Soit Py un projecteur. Un opérateur de Hilbert-Schmidt @ est dit & Fy-trace si les deux
applications PoQP, et (1 — Py)Q(1 — Py) sont a trace. Dans ce cas la Py-trace de @ est

Trp,(Q) == Tr(PoQPy + (1 — Po)Q(1 — Ry)).

Ici on prend bien str Py := P?. Le cut-off impose quun opérateur @ a P%-trace satisfasse la condition
supp Q(+,-) C Bgs(0,A) x Bgs (0, A), (2.9)

ot @ est la transformée de Fourier de ). Dans ce cas on peut donner un sens a pg et au terme direct D(pg, pg)-
Une premiére définition de 1’énergie BDF est ainsi:

Definition 2.2 (Energie BDF, premiére version).
Soit P un projecteur tel que Q := P — P est Hilbert-Schmidt et satisfait (2.9)). L’énergie BDF de 1'état Qp est

Epr(@Q) == Tro(DoQ) — aD(w,p) + 5 (Dlpa:pa) — Q- (2.10)

C’est la définition choisie dans les articles [HLS05al, [HLS05b]. Elle suppose que 1’état fondamental du vide
libre est P° conformément & la vision de Dirac. Toutefois Hainzl, Lewin et Solovej ont montré dans [HLS07] que
la situation était légérement différente.

Prenant acte de la nécessité du cut-off, ils ont étudié le systéme dans une boite de taille finie [—L/2, L/2[3
(avec des conditions aux bords périodiques) et pris ensuite la limite L — 400. En d’autres termes ils ont pris
la limite thermodynamique du modéle. Cette procédure réduit le probléme a un probléme de dimension finie
ol I’énergie associé & I’hamiltonien correspondant HY est une fonction bien définie. Le vide libre correspond a
v = 0: pour L assez grand, ils ont montré P'existence d’un unique minimiseur P9. De plus, lorsque L tend vers
I'infini, ce minimiseur tend (dans un certain sens) vers un projecteur P° € B($,).

Le projecteur P est interprété comme ’état fondamental du vide libre. 11 est différent de P° et satisfait
I’équation
P = X(x0)(D"),

(PO —1)(2.p)
lz—yl -~

(2.11)

DO = Do —
La vision de Dirac demeure & ceci prés que ’état du vide libre correspond au projecteur spectral négatif de
lopérateur D°. Celui-ci est comme Dy un multiplicateur de Fourier & valeur matricielle, il s’écrit

DO(p) = Bgo(p) + g1 () - L=, p € B(0, A), (2.12)

Ip|

ol gg et g1 sont des fonctions lisses et radiales. Pour « et aelog(A) suffisamment petits, elles satisfont les équations
suivantes :

_ « (9)
go(p) = 1+ 4n? fB(O A) |pd—qq\ 902 )
* 0 s + 2
WP e BoOA), wpi= ey ol YmPtn@? (2.13)

Pl + 322 fB(OvA) [p=al "\ /g0(q)2+91(a)2’

En présence d’un potentiel externe av * %I’ la limite thermodynamique conduit & la définition de 1’énergie

BDF. Plus précisément, soit £y (v) l'infimum de I'énergie de HY et EL(0) celle de H? (celle de P?).
Il est montré dans [HLS07] que la différence Er(v) — EL(0) a une limite quand L tend vers Uinfini, et que
celle-ci n’est autre que I'infimum d’une énergie £fyp, définie sur

A = {projecteurs orthogonaux} N (P + &2(Hx)), (2.14)

ol 62($a) désigne l'espace des opérateurs de Hilbert-Schmidt dans $,.
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Definition 2.3 (Energie BDF). Soit P € .4 et Q = P — P° € &,. L’énergie BDF de I'état P est
5 e
Ebpr(Q) == Trpo (D°Q) — aD(v, pq) + 5 (D(pqspq) — Q1) - (2.15)

Dans la suite nous allons travailler avec cette définition[]

Remarque 2.1. L’étude mathématique des deux énergies définies en 2.2) et 2.3 différent peu. Seulement, elles ne
sont pas définies dans le méme espace: avec la premiére on compose avec un sous-espace de ’espace affine

HAPE + 62(61\)7
ou IT, est la projection orthogonale sur $5 (voir Notation . Avec la seconde on se retrouve dans
N C P+ G3(H).

Remarque 2.2. L’opérateur D apparait la premiére fois dans Particle [LS00], mais dans un autre contexte que
le modéle BDF.

Terminons cette partie par quelques notations utilisées dans la suite.

Notation 2.4. On écrit [T, la projection orthogonale sur $,. C’est le multiplicateur de Fourier
II, = F1 XB(0,A) ZF. (2.16)

En particulier elle commute avec Dy donc avec P°.

Notation 2.5. On définit
’PS)F = X(0,+0) (D0)> (2'17)

et on a Il = PY + ’Pg. Comme on se place dans $)4, on confond parfois 1 et I14.

Notation 2.6. Pour un opérateur @) € B($)), on écrit
Ver,es € {+,—}, Q= =P QP2. (2.18)
Décomposant Q suivant 5 = Im(PY) & Im(P2) on a, en notation matricielle
Q= (Q++ Q+_> (2.19)
Q™" Q
Un opérateur Q € B(H,5) est a PO-trace si Q7 ~,Q"T € Gy et QT,Q~~ € &;. Ces opérateurs forment un

0
espace de Banach 6?’ ($Ha) avec la norme

@Il 7o = Q7 e, +1Q™ Flls, + 1" e, + Q™ [ls.- (2.20)
1
Notation 2.7. Pour un opérateur @ € G2(94), 'opérateur Clgm(fj‘) est noté Rg.

Pour une densité p, la fonction p * ﬁ est notée v,.
0
Pour un opérateur Q) € 6?’ (9a), on écrit Bo = v,, —v, — Rq et
Dg :=D" + aBg. (2.21)

C’est 'opérateur de champ moyen dans le cas ot ) définit un état BDF.

Notation 2.8. L’énergie de Coulomb D(v,v) correspond a 47 fois le carré de la norme ||-||¢ :

D(v,v) = 47r/

L’espace des densités d’énergie de Coulomb finie est I'espace de Sobolev homogene H ~1(R3), noté aussi C.

v

]{) 2
|(k;| dk =: 47r||y||(23.
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FI1GURE 2.1 — Différentes feuilles pour différentes énergies

Dans la ﬁgure % représente la variété des projecteurs qui sont perturbation Hilbert-Schmidt de PY := P°II,
et ./ celle des projecteurs projecteurs qui sont perturbation Hilbert-Schmidt de P°.

Remarque 2.3 (Chronologie non exhaustive). Ce modéle a été introduit par Chaix et Iracane en 1989 dans [CI89),
puis étudié par ces derniers et Lions dans [CIL89].

Bach, Barbaroux, Helffer et Siedentop reprennent I’étude dans [BBHS98b, BBHS98a]. En particulier ils
donnent dans [BBHS98a| un cadre rigoureux au modéle BDF dans lequel la polarisation du vide est négligée.
Dans [BFHS05|, Barbaroux, Farkas, Helffer et Siedentop étudient le probléme de minimisation.

La prise en compte de la polarisation conduit a des difficultés mathématiques. Un grand pas est effectué par
Hainzl et Siedentop dans [HS03].

Dans [HLS05al [HLS05b], Hainzl, Lewin et Séré démontrent I'existence d’un état stable pour le vide polarisé,
en présence d’'un champ électrostatique externe.

C’est le point de départ de I’étude d’autres problémes variationnels : citons notamment [HLS07, [HLS09,
GLS09].

2.1.2 Minimiseurs

Notation 2.9. Soit
V=N =P C Gy(Ha). (2.22)

Nous ferons souvent la confusion entre un état BDF, sa matrice de densité & un corps dans .4, et sa matrice de
densité réduite dans 7.

Notation 2.10. Dés a présent la lettre m désigne
m = inf o (|D°). (2.23)

Pour « et alog(A) suffisamment petits, m coincide avec go(0) (voir [HLSOT]).

Problémes variationnels et résultats antérieurs

L’énergie BDF EfLp étant définie, étudions les problémes variationnels. Par commodité on peut étendre

0
EEpr & lenvelopppe convexe fermée de ¥ sous la topologie 6?’ (voir ([2.20) ci-dessus). On la note K:

PO

K = Comv (7"

1. Une troisiéme définition est utilisée dans le troisiéme article. Elle correspond & un autre choix de cut-off et est plus adaptée
pour étudier la répartition spatiale des minimiseurs.
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Sous la condition technique

a% <1, (2.24)

I’énergie BDF est bornée inférieurement. Cela découle de 'inégalité de Kato utilisée pour controler le terme
d’échange [BBHS98a] :

‘Q(xay)|2 m 2
= dxdy < =Tr(|V . 2.25
[ B dnay < (9 QP (225)
Un premier résultat est I'existence de minimiseurs globaux.

Théoréme 2.1 (Hainzl, Lewin, Séré '05). Si ar/4 <1 et D(v,v) < +oo, alors il eviste un minimiseur
P=Q+ P de E%pp sur K. Cest un projecteur satisfaisant I’équation

P = X(~o0,0) (A Dgla).
Pour an/D(v,v) assez petit, le minimiseur est unique, et neutre au sens ou

Ce théoréme compose avec la premiére définition 2:2] mais le résultat s’applique mutatis mutandis avec la
deuxieme [2.3] La remarque sur la neutralité vient de ce que pour un état BDF, représenté par sa matrice de
densité a un corps P, sa charge est donnée par :

Charge de P = Trpo (P —P?). (2.26)
On en vient tout naturellement & s’intéresser aux états fondamentaux pour des systémes a charge fixées. Soit
Aq) :={Q e K, Trpo (Q) = ¢}, ¢ €R, (2.27)

on recherche des minimiseurs du probléme variationnel
Egpr(q) := inf {E5pr(Q), Q € Q(q)}. (2.28)

Le principe variationnel de Lieb [HLS09, Proposition 3| assure que 'on peut rechercher les minimiseurs dans ¥
quand q est entier, et plus généralement dans

{Qek, Q=P P2+ (¢ E(@)[¥)({¥], P* =P =P, [[¢|r2 =1et Py =0}.

Cela justifie au passage I’extension de ¥ & son enveloppe convexe. Un minimiseur Qo = P — P° de ’énergie
correspondante satisfait 1'équation suivante [HLS09, Proposition 1]

P = X)-oo) (IaDgoIa), 41 € [=m,m] (2.29)
Pour simplifier I’écriture, on écrira
Dgy,) =15 Doy, (2.30)

Les cas oil ¢ = M est un entier naturel correspondent & des systémes a M électrons, avec v € L'(R* R*) et
Z = [ v entier ils modélisent des atomes ou des molécules.

Le projecteur X]oo,o[(Dg\O)) s’interpréte comme le vide habillé, une déformation du wvide nu P° due a la

présence des charges. Les M «électrons réels» sont représentés par xjo,, (D(Q/;)), qui sous certaines hypothéses
est effectivement un projecteur de rang M. Nous renvoyouns le lecteur a [HLS09| et particuliérement aux théorémes
d’existence (2 et 3 de Darticle) pour plus de détails.

Ces résultats sont obtenus grace a la méthode de concentration-compacité [HLS09, théoréme 1], déplagant le
probléme & la vérification des inégalités de liaison

Vk € R*, Egpp(q) < Ehprp(q — k) + Egpp (k). (2.31)

Théoréme 2.2. Il y a équivalence entre les deux assertions :
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— Les inégalités (2.31) sont satisfaites.

— Toute suite minimisante pour le probleme EY(q) admet une sous-suite convergente et la limite est un
minimiseur. Pour v =0, le résultat demeure moyennant (éventuellement) translation des fonctions tests.

Cette équivalence s’explique simplement. Les inégalités de liaison impliquent qu’il n’est pas favorable d’un
point de vue énergétique de décomposer le systéme en deux sous-parties, I'un restant autour de la densité v,
I’autre s’échappant & l'infini.

Dés lors toute suite minimisante reste d’un seul tenant, rendant possible I’extraction d’une sous-suite conver-
gente. Réciproquement, si une inégalité est mise en défaut on construit aisément une suite minimisante non
convergente. C’est par cette méthode que dans la partie [Tl on montre I'existence de minimiseurs.

2.1.3 Reésultats de la partie [I1|

On y démontre les résultats suivants sous les hypothéses techniques de petitesseﬂ de « et de alog(A).

1. Le probléme E% (1) admet un minimiseur. La limite non relativiste est le modéle de Pekar-Tomasevitch
a un électron. Un électron dans le vide est un systéme stable.

2. Le probléme E}pp (M) admet un minimiseur pour 0 < M < [ v+ 1, sous des conditions techniques moins
restrictives que [HLS09, Théoréme 3|. La limite non relativiste est un modéle Hartree-Fock altéré.

3. Avec un nouveau choix de cut-off, on montre que le probléme E2;(2) n’admet pas de minimiseur. Deux
électrons dans le vide n’est pas un systéme stable si la réaction du vide est trop faible.

4. Les densités des minimiseurs des deux premiers points sont des fonctions intégrables. Les intégrales valent
Z3(M — f v) ou Zs est une fonction de « et A, appelée constante de renormalisation. On a

2
1 - Zy~ —3”310g(A) . (2.32)

1 + g()é log (A)

La concision de ces énoncés fait pendant avec la difficulté de leurs preuves. L’idée directrice est de se placer
prés de la limite non relativiste afin d’utiliser les résultats connus des modéles limites.

Malgré les apparences le dernier point — certes technique — n’est absolument pas évident : les minimiseurs
ne sont pas des opérateurs a trace.

Sur la limite non relativiste Le passage aux modéles non relativistes s’effectue en prenant la limite ¢ — 400
c’est-a-dire o — 0 dans notre choix d’unitésEI: un simple changement d’échelle

Y(x) — o Py(z/a)

permet de passer du choix de paramétres (¢ = 1,a, A) aux choix de paramétres (c = —,1, %) Pour un état
Q@ € K, cela correspond & la transformation

1 Ty
Qay) — — (a, a). (2.33)
Dans [HLS09], la limite non relativiste est prise en fixant le niveau de cut-off & une certaine valeur Ag > 0.

Nous montrons dans le chapitre 4| que 'amplitude de la réaction du vide dépend du nombre alog(A), dans
le sens o1 une charge électronique —1 x e agrége autour d’elle un nuage de charge positive Z3 x e.

Cela a été prouvé rigoureusement dans le modéle BDF réduit [GLS09], dans lequel le terme d’échange est
négligé. La présence de ce dernier complique (beaucoup) les calculs mais le résultat demeure.

Ainsi dans Particle [HLS09] ou 1 > a et Ay > 0 fixe, on a alog(Ag) < 1 et a la limite 0 x log(Ag) = 0. On
perd la polarisation du vide. Nous montrons que I'on peut également prendre la limite & — 0 mais en fixant
L := alog(A) a une valeur Ly > 0, petite mais pas nulle. Notant Z := [v et

2
3 LO

1-29 =3~
ST 1+ 2L

2. 1l existe a(v, M) et Lo tels que pour a < a(v, M) et alog(A) < Lo, etc.
3. voir la premiére partie de la preuve du [HLS09, Théoréme 3| pour la correspondance
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pour 0 < M < Z + 1 on a le résultat suivant.

La famille (indicée par «) des minimiseurs rééchelonnéslﬂ tend & extraction prés vers un minimiseur de la
fonctionnelle d’énergie
0
1-23
2

1
E4.() = §Tr( = AT) = 2 x Z3Tx ({T) + 5 (Do, pr) = I - Dipr,pr),  (2:30)

sous les contraintes

0<I'<1, Tti(I)=M et ST =0. (2.35)

On reconnait dans ([2.34)) les termes de 1'énergie Hartree-Fock oil la charge externe Z est abaissée a Z (1 — Z9)
avec un terme additionnel —1(1 — Z9)D(pr, pr), de type Pekar-Tomasevitch. La derniére contrainte de (2.35)
signifie que les spineurs bas sont nuls, le probléme se posant donc dans L? (R3, (C2).

2.1.4 Structure géométrique

Nous reformulons les résultats dans un langage géométrique. Les preuves figurent dans la partie [[TI} au moins
en puissance.
Commengcons peut-étre par un théoréme de structure [HLS09, Appendice].

Théoréme 2.3. Soit Py, P; deux projecteurs orthogonaux d’un espace de Hilbert tels que la différence Q = P1— P,
soit compacte. Alors
1. L’espace Im(Py) NKer(FPy) (resp. Im(Py) NKer(Py)) de dimension M, (resp. M_) est engendré par ay =
(a;)1<j<n, resp. a_ = (a—j)i<j<m_-
2. 1l existe deux familles orthonormales ey = (ej)jen- dans Ker(Py) et e- = (e_j)jen- dans Im(Fy) telles
que ay Ua_ Uey Uay est une BON de l'image de Q.
3. Chaque plan T1; = Vect(ej,e_;) est engendré par deur vecteurs e); € Ker(P1) et €’_; € Im(P1), mais aussi
par deux vecteurs propres f; et f_; associ€s aux valeurs propres respectives \j et —\;.

4. Le nombre \; vaut sin(0;) ou 0; € [0, 5] est l’angle que font les deuz droites Ce; et Ce!;.

5. 8i Q est Hilbert-Schmidt, alors la suite (\;)jen (que lon peut supposer décroissante) est dans (* et le
nombre Trp, (Q) est un entier valant

Trp,(Q) = My — M_ € 7.

Fort de ce résultat on énonce:

Théoréme 2.4. L’ensemble A (et donc également V') est une variété de Hilbert de P° + &3(Ha) (resp.
S2(HA)). Pour tout P € AN, on a

Tp A ={veE&y(Ha), v =vet PuP=(1-P(l—P)=0}

La famille des composantes connexes de N est (A N (PY + Q(M)))
valeurs de Trpo (P — PY). Soit Py € A et soit

Mez? elle est indicée par les différentes

mp, = {[’U,F’(ﬂ7 [ONS Tp«/V}
Tout projecteur Py dans la méme composante connexe que Py s’écrit sous la forme e Pye™" o1, A € mp,.
Revoyons maintenant I’énergie BDF d’un point de vue géométrique.

Théoréme 2.5. Soit une densité v € C. L’énergie BDF Efpp est une fonction lisse dans A . Le gmdient
VELpr au point P =Q + P est

Vékpe(P) = [[DYY, P],P] € Tp.A.

3 A m
4. comme dans (2.33]) mais avec o remplacé par gy
5. suivant le produit scalaire Tr(A*B) de G2(Ha).
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Un point critique pour Efpp vérifie donc
[[DYY, P, P] =0.

On rappelle que pour tout opérateur borné T € B

[T, P] ~ P)TP — PT(1 - P),
([T,P],P] = (1-P)TP+PT(1-P).

D’ou I'équation d’Euler-Lagrange
(DY), P] = 0.

De méme, en notant a = [v, P] pour v € Tp.A4", la hessienne est:

» » 1 «
Hess(Expy, P) - (v,v) = Tr(vgBDF(P)(§{a2’P}’ - aPa)) + §(D(Pmpv) - ||U‘|%x)
Soit vg de la forme

vo = [V ) (Y| + [V )(Yyl, [zl =Tet (1 - P)p_ = Py =0,

on obtient
Hess(E4pr, P) - (v0.v0) = (D94, o) — (DYo_, ) ﬂ [+ A‘;/: 9P g, dy. (2.36)
R3><R3

Les conditions de premier ordre (équation d’Euler-Lagrange) et de second ordre (hessienne positive) imposent
donc bien qu'un minimum local satisfait (2.29)).

2.1.5 Reésultats de la partie [IT]]

Dans cette partie, on s’intéresse & la composante connexe
M= NN (P + Q(0))

représentant les états possibles du vide. Le but est de rechercher des états excités s’interprétant comme le
positronium (resp. le dispositronium), systéme métastable d’un électron et un positron (resp. deux électrons et
deux positrons).

D’un point de vue géométrique on recherche des points critiques de la fonctionnelle d’énergie différents du
minimiseur global P . Pour ce faire, on se restreint & des sous-variétés de .# obtenues en imposant les symétries
décrites dans la partie [I.2.2]

On se restreint successivement aux sous-variétés

My ={Pe.#,P+CPC ' =1}, (2.37a)
My ={Pe.#, P+ PI;' =1, }, (2.37b)
W ={P € Mg, YU € ImPsy, UPU™" = P}. (2.37c)

Nous remarquons que PY est dans toutes ces sous-variétés et que toutes sont invariantes par le flot du gradient.

La sous-variété .#4 a deux composantes connexes et # en a une infinité dénombrable. La recherche de
minimiseurs dans les composantes connexes non-triviales fournit des points critiques de I’énergie BDF. C’est de
cette fagon qu’ on obtient I'ortho-positronium et le dipositronium. On rappelle que dans 1’ortho-positronium,
I’électron et le positron ont des spins paralléles.

La sous-variété .#, n’a qu'une composante connexe mais un argument de point col va fournir un point
critique différent de P, interprété comme le para-positronium oil les deux particules ont des spins opposés.

En fin de compte on énonce:
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Théoréme 2.6. I existe ag, Lo > 0 tels que pour o < ag et alog(A) < Lg il existe deux point critiques de
Uénergie BDF Po € My et Pr € M.y Ils s’écrivent sous la forme suivante ot A dénote C ouly et Py = Qa+P°.

Pa = Xjmoo0[(DS)) + [0 (0] — |Av) (Ay,
DGl = pad, (2.38)

inf0(|Dg\2|) pa €]0,m|

De méme pour tous j € N+ % etke{j+ %7 -+ %)}, il existe o > 0 tel que pour o < oy il ewiste un
point critique
Pjp="T,r+ P ew

de l’énergie BDF' qui s’écrit sous la forme suivante.

Pj i = X]*OO,O[(Dl("/J\.Y)k) + Proj(®sutj k) — Proj(C Psutjk),
Dl(ﬁ)kl/fj,k = Kk (2.39)
: A
1nf0(|D§7’)k|) = pjk €0, m[,

ot Pgy1p; i, définit une représentation irréductible de $gy associée aux valeurs propres j(j+ 1) de J 2 et k de K.

&1

\__/

0
I o £

N

FIGURE 2.2 — Représentation de la variété .Z

Dans la figure on représente les deux composantes connexes de .#« par deux cercles. On peut s’imaginer
la variété .# comme un tore légérement tourné et ’ensemble des états C-symétriques comme son intersection
avec un plan vertical.

La fonction altitude représente I’énergie BDF et on y a figuré trois points critiques : le minimiseur global
PO, puis 'ortho-positronium PHM et enfin le dipositronium Pi’Q. Pour ce dernier le signe £ correspond au signe

de la valeur propre de K.

FIGURE 2.3 — Représentation de la variété . »
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Dans la figure on représente .#y comme une portion de R* représentant la trajectoire d’un pendule
sphérique. On a figuré les points critiques de la fonction altitude (¢,z,y,z) — z. On a représenté le projecteur
PY comme le minimiseur global et le para-positronium Pi’l comme un point critique. On peut trouver ce dernier
par un argument de point col, & I'aide de la fonction d’angle 6 de la sphére en coordonnées sphériques.

2.2  Outils

2.2.1 Cadre fonctionnel

Espace de banach
Un grand nombre d’espaces de Banach est utilisé ici. Nous renvoyons le lecteur aux ouvrages [LLI7], [RS75]
Vol. 1 Chap VI] et [Sim79] pour plus de détails.

Espaces de fonctions et distributions Rappelons que pour 1 < p < +oo l'espace LP(R?) désigne
I’ensemble des fonctions f pour qui

/ |f(2)|Pdz < 4o0. (2.40)
]RS

Le cas p = 2 correspond & 'espace de Hilbert $) déja vu précédemment.
Pour s € R, H*(R?) est I'espace de Sobolev, que 'on définit grace a la transformée de Fourierlﬂ

1) = {1 € S @), Iflf = [ B0 < +o0) (2.41)
ot Pon rappelle que FE(p) := /14 |p|?. Les espaces de Sobolev homogénes H 5(R?) sont définis de maniére

analogue en remplacant E(p)?* par |p|?* dans (2.41]). Tous ces espaces sont des espaces de Hilbert.
Pour toute fonction w : R? — [1, 00[, nous définissons aussi les espaces de Hilbert €, comme suit

¢y = {f € S'(R?), / kaf? |F(k)|2dk < +oo}. (2.42)

On a utilisé par commodité I'espace des distributions de Schwartz S’(R3), pris comme «l’espace vectoriel des
objets dont on peut prendre la transformée de Fourier, et ce de maniére cohérente avec la définition usuelle dans
les espaces L*(R3) et L2(R3) ».

Espaces d’opérateurs On rappelle que B(f)) désigne I'ensemble des opérateurs linéaires bornés de £).
On notera Comp($)) ou G (H) le sous-ensemble des opérateurs compacts. L’espace G1()) désigne V'espace des
opérateurs a trace, c’est-a-dire des opérateurs @@ pour qui

Tr(IQl) = Z<\Q|€m e;) < +oo

%

ol (e;);en est une quelconque base hilbertienne de $) et |Q] = v/Q*Q (a prendre au sens du calcul fonctionnel).
— 1l existe toute une échelle de sous-espaces intermédiaires, les espaces de Schatten &,() (1 < p < 400), définis
par

6,(9) = {Q € 6(9), IQI§, == Tr|Q" < +oo}. (2.43)

Comme pour les espaces /P on a des résultats d’inclusions: pour 1 < p < ¢ < 400 on a 'injection continue
S, C &4 (de norme 1). De méme si
1,11
R
alors le produit 7'S est dans &, dés que T' € &, et S € &,.

Le cas p = 2 correspond aux opérateurs de Hilbert-Schmidt.
0

.. . P . .
— Nous avons aussi introduit 'espace &, ~ des opérateurs a PO -trace, dans lequel on définit la fonctionnelle
d’énergie.

6. Pour s € N, on peut en donner une autre définition, strictement équivalente.
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— La formule du terme d’échange définit aussi un espace de Hilbert, fait déja souligné & travers la notation ||-||2, .
— On est aussi amené & introduire des espaces de Sobolev & poids. Pour toute fonction f : R3 — [1, co[, on définit

Q. = {Q € &:(90), [[ (E(m)+E(9))f(p— 0)|Q(p, ) *dpdg < +0<>}

ol E(p) = 1/g0(p)? + g1(p)?. Dans ces espaces, on traite différemment les directions pTﬂ et p — ¢q dont les

variables duales sont respectivement z — y et ¥ Typiquement la fonction poids w(p — ¢) est E(p — q)*: pour
Yy 2 y
s grand, il faut penser I’espace comme constitué de noyaux intégraux Q(z,y) lisses dans la direction 1%, mais

2
peut-étre singulier dans la direction x — y.

Quelques inégalités

Les inégalités suivantes sont souvent utilisées dans les articles.

La lettre K désigne une constante dont on ne précise pas la valeur mais qui est indépendante des différents
parameétres considérés. Sa valeur peut changer d’une ligne a Pautre. Quand on écrit par exemple K(a,b), on
indique qu’elle dépend uniquement des paramétres mis entre parenthése.

Inégalités de Sobolev On se place dans I'espace R3: I'inégalité de Sobolev usuelle [LLI97, Théoréme 8.3]
affirme que
Ve H'(R®), [|fllzs < K[V fllz2 (2.44)

pour une certaine constante K. On rappelle aussi les inégalités de Sobolev fractionnaires suivantes [BCDI11l
Theéoréme 1.38]:

s s 1 s 1
Vs €01, Vf e H*R?), [|fller < K&V fllL2, PR Tt (2.45)

[N[e]

Les cas utilisés p = 3 et p = 4 correspondent & s = % et s =

Critére d’appartenance a S, L’inégalité de Kato-Seiler-Simon (KSS) [Sim79, Chapitre 3| stipule que
pour tout p € [2,+0c0] et m € N*  on a

vf.g € LPR™), [f(@)g(=iV)ls, < @)~ 7|If|LellglLs-

Controle de I’énergie Un mot d’abord sur le terme direct : ’application linéaire

Qe (Hr) = pg €C

est continue ot on rappelle que pg est déﬁniem par (2.3)). Une preuve de ce fait figure dans [GLS09, Proposition
2], nous prouvons dans le chapitre [5| que la constante de continuité est d’ordre 4/log(A).
Pour controler le terme d’échange, on utilise 'inégalité de Kato et I'inégalité de Hardy stipulant, dans 'ordre :

voem @), [L00a < 24vis. (2.464)
Vo e HY(R?), / |f|f:g| de < 4((-A)o, ¢). (2.46b)

Controle de 'opérateur de champ moyen Pour p € C et Q € &2, on considére
D, =Ta (D° + a(v, — Rq) )T (2.47)
Par les inégalités de Sobolev on a

ozl < llvpllzellgialies
< K[[Vull2 1l < Kllpllelle| 22

7. Grace au cut-off @ est un opérateur localement a trace: il suffit d’utiliser 'inégalité de KSS ci-dessus.

(2.48)
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De méme l'inégalité de Cauchy-Schwartz dans I’espace directﬁ montre que
Itz Ralls. < K[Qllex- (2.49)
Ces deux inégalités permettent alors d’avoir les inégalités (d’opérateurs auto-adjoints)

2
D2 (1 — 20K (|pllec + [Qllex)) < IDSYI? < D2(1 + ak([lplle + [Qex)) (2.50)

2.2.2 Le développement de Cauchy et la méthode de point fixe

Comme indiqué précédemment, le vide habillé d’un état fondamental ou excité est représenté par un projec-
teur

- . (@9)
7,0 = X—so0 (D) (2.51)
0
avec @) € 6?’ ,pECet D/(JI’\C)2 défini & (2.47)). Le but est d’obtenir des estimées d’un tel état.

Comme dans les articles [HLS05al [GLS09], on obtient une expression de T,0 PY en puissance de « en
développant une formule de Cauchy.

Ainsi, supposant que|Df()2| > K >0, on aﬂ

1 1 1
R
oo TP 27 Jim ? z—p®  z-D°
1 /d ( 1 1 )
X 21 Jp D;()/,\Q)J +in  DO+in (2.52)
= Z anj (pv Q)a
j=1
o 1 d 1\
- ran )
i =—— | ——— (1IA(Rg —v,))lIp———) . 2.53
Q(0-@) = ~5- | gt (MaRo = o) Mg (253)
Développant l'opérateur @); en somme de polyndémes homogénes en v, et Rg, on écrit
J
Qj (97 Q) = ZQk,jfkr(p7Q)7 (254)
k=0
ou
deg,, (Qr.j-1(p, Q) =k et degp, (Qr,j-r(p.Q)) =j — k. (2.55)

Grace aux inégalités (2.48)-(2.49), on peut donner un sens a la série (2.52), au moins quand la quantité
a(llpllc + |Q|lrx) est suffisament petite: la série converge alors en norme d’opérateurs.

Tout le jeu va étre de lui donner un sens dans d’autres espaces de Banach afin d’adapter I’équation (2.29)) en
schéma de point fixe & la Banach-Picard.

Soyons plus précis: soit Qo € Q(M) un minimiseur pour Efpp(M), ot v € C. On scinde (g en la partie du
vide

— 0
V= = Qo ~ P (2.56)
et la partie électronique
— )
N = X104 (D0 —1.Q0)- (2.57)

On écrit Qo = v+ N et pg, = py +n.
Dans [HLS05a], Hainzl, Lewin et Séré réécrivent les équations sous la forme

(QO’on) = (FQ(Q07PQ0)’FP(Q0’on)>7 (2'58)
ot la fonction F := Fg x F, a pour paramétreslﬂ vet N.

8. Le calcul est effectué au chapitre
9. «On enserre U'intervalle R* par le cercle infini {R». Cette formule n’est valide que parce qu’on considére la différence de deux
projecteurs spectraux de la forme X]_o 0[(Op).
10. En fait cet article traite du minimiseur global, donc dans ce cas N = 0.
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Premiére méthode Dans le chapitre [3] on montre que 'on peut appliquer le schéma de point fixe F; dans
une boule B(0, K(A)) d’un espace de Banach de type

Xy = Qu X &y,

avec w : R3 + [1, +-00[ une fonction poids satisfaisant une hypothése de sous-additivité.
Le cas w = 1 correspond aux normes naturelles du probléme. On peut ensuite construire une procédure
bootsrap & partir des équations (2.56))-(2.57) comme expliqué dans cette partie.

Seconde méthode Dans le chapitre[d, on définit un nouveau schéma de point fixe, dans I'optique de prouver
que pg, est intégrable. On écrit

PQo = F2(pQ0) (259)

ol F; est une fonction de paramétres Qq et v, définie dans une boule B(0, K (A)) de CNLY(R?) ou de C. L'unicité
de la solution dans les deux cas impose le résultat.
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Deuxiéme partie

Existence et absence d’états
fondamentaux
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Chapitre 3

Sur un électron dans le vide

Existence of ground state of an electron in the BDF approximation
Abstract

The Bogoliubov-Dirac-Fock (BDF) model allows to describe relativistic electrons interacting with the Dirac
sea. It can be seen as a mean-field approximation of Quantum Electro-dynamics (QED) where photons are
neglected.

This paper treats the case of an electron together with the Dirac sea in the absence of any external field. Such
a system is described by its one-body density matrix, an infinite rank, self-adjoint operator which is a compact
pertubation of the negative spectral projector of the free Dirac operator.

The parameters of the model are the coupling constant a > 0 and the ultraviolet cut-off A > 0 : we consider
the subspace of squared integrable functions made of the functions whose Fourier transform vanishes outside
the ball B(0,A). We prove the existence of minimizers of the BDF-energy under the charge constraint of one
electron and no external field provided that o, A=! and alog(A) are sufficiently small. The interpretation is the
following : in this regime the electron creates a polarization in the Dirac vacuum which allows it to bind.

We then study the non-relativistic limit of such a system in which the speed of light tends to infinity (or
equivalently « tends to zero) with alog(A) fixed : after rescaling the electronic solution tends to the Choquard-
Pekar ground state.

FIGURE 3.1 — Spectre du systéme {électron+ vide}
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3.1 Introduction

The relativistic quantum theory of electrons is based on the free Dirac operator
D° = —ihca - V + mc?B. Here B and oy, are the C* x C* matrices :

L Idg 0 o 0 gj
ﬁ_(o —Id2>7ak_<0k 0)7
(01 (0 —i (10
T \1o0) 27\ o) 7 o 1)

The free Dirac operator D° acts on 4-spinors, that is on $ = L?(R3 C*) which is the Hilbert space of one
relativistic electron. It is self-adjoint with domain H'(R?,C*) and form domain H'/2(R3, C*). Moreover (D°)? =
m2c* — h2c2A. We write :

P? =1—P) = X(_oo0)(D"). (3.1)

It is well known that its spectrum is o(D") = (—o00, —mc?] U [mc?, +o0) leading to difficulties in relativistic
quantum mechanics. This operator was introduced by Dirac to describe the energy of a free particle with spin
% (e.g. an electron). To explain why electrons with negative energies are not observed, Dirac postulated that
all the negative energy states are already occupied by virtual electrons, the so-called Dirac sea. By the Pauli
principle, a real electron cannot have a negative energy.

We study an approximation of no-photon Quantum Electrodynamics (QED) allowing to describe the be-
havior of relativistic electrons in an external field interacting with the virtual electrons of the Dirac sea via
the electrostatic potential in a mean-field type theory. This so-called Bogoliubov-Dirac-Fock (BDF) model was
introduced by Chaix and Iracane [CI89] and then studied by Bach et al. in [BBHS98a], by Hainzl et al. in
[HS03, [HLS05a, [HLS05b), HLS07, HLS09] and by Lewin et al. in [GLS09]. In particular in those last papers, the
authors are interested in the existence of ground states for this variational model.

Let us sketch how the BDF model is derived from full QED. We use relativistic units 7 = ¢ = 1 and set the
bare particle mass equal to 1 and a = €2/(47r). When photons are neglected, the (formal) Hamiltonian H? of

QED acts on the Fock space F of $ [Tha92] :

Hé — / U (2) DO (z)dx — / o(z)p(z)dz + % If dedy. (3.2)

Here ¥(x) is the second-quantized field operator, ¢ is the external field and p(x) is the density operator :

p() = (T (@)oU(2)y — () T (2)s ). (3.3)

In the presence of an external density v, the corresponding external field is
¢ = av * Tll This Hamiltonian is not bounded from below and it is not possible to solve the corresponding
minimization problems.

The BDF variational model is obtained from this Hamiltonian by making several approximations.

The first one consists in restricting the energy to special states in F, the so-called Bogoliubov-Dirac-Fock
(BDF) states. They are states Qp which are fully described by their one-body density matrix P :

P(z,y)or = (Qp|V (2)o ¥ (y)-|p) 7. (3.4)

For instance the vacuum state Qg (no electron and no positron) in F is a BDF state with one-body density
matrix P2.

One must consider them as an infinite Slater determinant f; A fo A--- where (f;);>1 is an orthonormal basis
of the range Ran(P) of P. We will write P instead of Qp for a BDF state : the QED energy can be written in
terms of P.

In [HLS07], Hainzl et al. study the corresponding minimization problem of H° in the space $% of func-
tions in L?([~L/2,L/2)3 C*) (with periodic boundary conditions) whose Fourier transform vanishes outside the
ball B(0,A); the constant A > 0 is the so-called ultraviolet cut-off. This space has finite dimension and the
corresponding Hamiltonian H? is continuous.
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It is then shown that, for each L > 0 and 0 < o < 4/m, there exists a minimizer Py, = v + % among
BDF states (with energy Fr(0)) and that in the thermodynamic limit L — +o00, I'z, tends in some sense to a
self-adjoint, translation-invariant operator I'y of $4 :

Hr:={f €9, supp f C B(0O,A)}. (3.5)
Moreover I'j satisfies the following self-consistent equations :
Do = po gRo@Y) &0
[z -yl

The operator P =Ty + 3 is the orthogonal projection x(_oc,0)(P°) and we write P =1 — P°. The operator
D has been previously introduced in [LS00] but in another context.

We will now take P° as reference state. For a one-body density matrix P, the formal difference between the
QED energies Efpp (P — 1) and S(%ED (P2 — 3) gives the following function of Q := P — P? :

Ehpp(Q) = Tr{DO(PO QPO + PRQPQ)} —a / 6(2)p ( )dz +2

D(pq, pq) f pQ dxdy, ff |Q dxdy

The function SBDF is the BDF energy we will deal with in this paper. Throughout this paper we write P2QPY, =
Q° ' where ¢,¢’ € {+/-}. For an operator @) with integral kernel Q(z,y), we define Rg by its integral kernel :
Ro(z,y) = 2Y) There holds : |Q||2, := Ex[Q] = Tr(R5HQ). We write C the Hilbert space of densities with

TJa—yl
finite Coulomb energy :

D(pq, pq) — EX[Q]},

ci={¢eSE), [olt =4r [ 'ﬂ(]f'l' dk < +oo}. 57

The squared norm |[|¢||2 coincides with  [[ ¢*(x)((y) l‘i””_d;’l whenever this last integral converges.
R3 xR3

A justification to study the BDF energy — stated in [HLSOT] — is the following. In the presence of an external

charge density v such that D(v,v) < 400 and that ¥ continuous is in B(0, A), one can consider the corresponding

minimization problem of H? in $%. There also exists a minimizer with energy Fr(¢) and in the thermodynamic

limit :
L1—i>1}-100<EL(¢> - EL(0) = QienéAgg’DF(Q)a
where Qp :={Q € &2(H4), —P° <Q <P, QTT, Q" € &1(Hr)}.

We recall that for each 1 < p < +o00, G,($a) is the subspace of compact operators A € B($x) with
Tr|A|P < +00. The case p = 1 gives trace-class operators and p = 2 gives Hilbert-Schmidt operators. We recall
Q is Hilbert-Schmidt if and only if its integral kernel is in L?($4 x $,).

Instead of minimizing over all states in Qx, we may minimize over sector charge Oa(q), ¢ € R:

Oa(q) ={Q € Qu, Tr(QT" +Q™7) =¢}. (3.8)

The number ¢ is interpreted as the number of electrons (if ¢ € N*) or the number of positrons (if ¢ € Z\N). In
the presence of an external field v, the energy function is then defined as

Etpr(q) := inf {‘%DF(Q), Qe QA(Q)}- (3.9)

In [HLS09|, Hainzl et al. have shown that for any go € R, the problem E%pr(go) admits a minimizer as soon as
there hold binding inequalities :

V q € R\{0}, EXpr(20) < Eipr(q — ) + Edpr(q)- (3.10)

A more difficult task is to check these inequalities hold for some gg. In [HLS09], by this method it is proved that
for any v € L'(R?* R;) N C and any integer M such that 0 < M < [v + 1, the problem E{p,(M) admits a
minimizer (a so-called ground state) close to the limit & — 0 with A = Ag > 0 kept fized.
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In this paper we show there exists a minimizer for E3pn (1), provided o, A=! and alog(A) are sufficiently
small. It is remarkable that the system of one electron in the Dirac sea can bind in the absence of any external
field : this answers an open question stated in [HLS07] (page 19). The presence of the electron induces the
polarization of the Dirac sea : it is locally repelled in the neighbourhood of the particle. This fact is illustrated
by the inequality F3pp(1) < m(a) where m(«) is the infimum of the BDF energy among configurations where
the Dirac sea, represented by P?, is not polarized :

m(a) = _inf Ehor(|6)(s) = info(1D"]).

We are then interested in the non-relativistic limit o« — 0 with alog(A) kept fixed to a small value (it may
not be 0). The wave function ¥ of the real electron has a specific behaviour. There exists c(a, A) > 0 with
¢ = O(a=2%log(A)~!) such that up to translation and up to scaling by ¢ > 0, the upper spinor of the wave
function ¢ tends to a minimizer of the Choquard-Pekar energy Ecp [LieTT| :

Ecp = inf {5Cp(¢) = / |Vo|?dx — D(|¢]?, |¢|2)} <0. (3.11)

deH" (R?):||¢]| 2 =1

More precisely the Choquard-Pekar energy Ecp of 1(x) := ¢3/?i(cx) tends to Ecp. The link with a model of
polaron is natural : the Dirac sea is a polarizable system and like a lattice of ions reacts to the presence of an
electron. The smallness of alog(A) corresponds to a small charge renormalisation. As explained in [HLS05b| part
4], the physical coupling constant apnys is different from its "bare" value . More precisely in the reduced BDF
model, where the exchange term is neglected, a minimizer of £ with v > 0 radial (interpreted for instance as
[ v = Z protons) and D(v,v) small enough has radial density p, [GLS09], the potential induced by v at infinity
is not ozZﬁ as it should be but rather (v — p,) * ﬁ(az) ~ aphysZﬁ where
|z|—+o00

and B2 (0) = — log(A) + O(1). (3.12)

Qphys = OéZ3, Z3 = 37

1
1+ aB(0)
The quantity B, (0)° is the value at k = 0 of the function defined in Notation below and Z3 is the charge
renormalization constant. If we assume the charge renormalization in the full model to be a perturbation of
(3-12), fixing 0 < alog(A) = Ly < 1 corresponds to considering 0 < 1 — Z3 < 1.

In this paper we have chosen the model of [HLS07] with P° as reference state instead of that of [HLS05al
HLS05b] with P° as reference state, but all the results proved here are also true in this last model with the
same proofs.

The paper is organized as follows : in the next section we properly state the variational problem EZ3pn(1)
and state the main theorems. Subsections and are devoted to introduce the Banach spaces and the
inequalities used throughout the paper. Theorem |3.1| gives an upper bound of E3r(1) which is the BDF energy
of a test function I'. This test function is defined by adapting the fixed point scheme in [HLS05a] : the method
is explained in Subsection [3:3.3] and the needed estimates in Appendices B.B-2] and 3.B-3] Then Proposition [3.]]
states that the binding inequalities at level 1 are true for £3pp, as a consequence there exists a minimizer for
EY%5r(1). Theorem gives a lower bound of E3pr(1) by computing the BDF energy of a minimizer. The two
theorems and the proposition are proved in Section [3:4] At last we look at the nonrelativistic limit in Theorem
Appendix is devoted to prove estimates linked to the use of the operator D°.

3.2 Description of the model and main results

We start with some definitions and notations. Our convention for the Fourier transform % is :

~

1 .
13 ,_ —iz
VfenanL (R°,CY), f(p):= Gn)i /f(x)e TPd.
In Fourier space D takes the following form

ﬁ@:w%mm+mm@%:%7 (3.13)
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where gg, g1 : [0, A) — R, are real and smooth functions satisfying
z < g1(x) < zgo(x). (3.14)

It is possible to improve estimations of [LS00| in the regime L := alog(A) = O(1) : we get estimates of the
derivatives of gg, g1 by using their self-consistent equation (¢f Appendix A). We write m(a) for the bottom of
a(ID°)) -

m(a) = go(0) = min(a (| D). (3.15)
We introduce the following notations concerning the Dirac operator :
Notation 3.1. We write E (p) := /g0(p)2 + 91(p)? = |DP°(p)| and

E(p) == /1+pl*=[D(p)|.

We write go (respectively g1) for both functions
gx:x € [0,A] = gi(z) € RT and g, : p € B(0,A) — g«(|p|) € RT. The (go)’s are in C*> while g; € C'(B(0,A))
(¢f Appendix [.A)).

At last we write
g1:p € B(0,A) = g1(|p))w, € R

g:p€ B(0,A) — (go(p) ) € R%.
g1(p)
Notation 3.2. C; > 1 denotes a constant satisfying g;(r) < Cy|r| and |go|eo < Ch.

Notation 3.3. A recurrent function of this problem is

Ba(k) == 7r2|1k:|2 / Ep)E(q) —8) 8 ,

k k
[p=l+3 | la=l—5|<A

(3.16)

If we replace E (-) by E(-) we get the function BY of [HLS05al [GLS09]. We define the function bs (k) by the
formula b
ba(k) = TEoalts. (3.17)

In Appendix it is shown that Ba(k) = O(log(A)) and that for L < 1 there holds Bx(0) = 2= log(A) +
O(Llog(A) +1).

We consider then the PY-trace (P? is defined in the introduction) :

Tro(Q) == Tr(P2QPY) + Tr(PLQPY), PY =1 PC. (3.18)

As shown in[HLS05a] we know the operators Q~~ = P2QPY and Q++ = P_?_QP?F are trace-class when ) €
S5($H4) is a difference of two orthogonal projectors of the form @Q = P — P°. In this case :

QP =Q*=Q"" —Q .
We introduce the set of P%-trace class operators :

PO

(94) = {Q € 62(H) : QTT,Q7~ € &1(Ha)}.

0
The variational set Qa (¢f introduction) is a convex set of 6?‘ ($HA) and its extremal points are that of the
form @Q = P — P° where P is an orthogonal projector.
The density of an operator Q € Qp is pg(z) = Tres(Q(x, x)). It is mathematically well defined since Q is
locally trace-class (thanks to the cut-off). The Fourier transform of pg is :

Po(k) = W / Tres (Qu+ & u— &))du, (3.19)

k k
lut+5 s lu—g <A
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In the absence of external field, the energy functional defined on Qp is

Edor(Q) = Tro(D°Q) + 5 (Dlpa. o) — QI3 -

The trace part is the kinetic energy while the two others are respectively the direct term and the exchange term.
Moreover the following inequalities hold [BBHS98al, [HLS05al, [HLSO7|

Trg(D°Q) = T(D°|(Q* — Q7)) = Te(ID°|Q?), (3.20a)
{f dedy < gTY(|DO\Q2). (3.20D)

Inequality is due to Kato’s inequality ([3:37b). We assume that o < £ : in this case 3 is bounded from
below [HLSO05al.

We study the variational problem E$;,(1). To ensure the existence of a minimizer for Efn(1), it suffices
to prove the following binding inequalities [HLS09].

Proposition 3.1. There exist three constants ag, Lo, Ag > 0 such that
f0<a<ay0<L<Lyand A> Ay, then :

Vg eR\{0,1} : ERpp(1) < Eppp(l—q) + ERpr(q)- (3.21)
This Proposition comes as a corollary of the following Theorem.

Theorem 3.1. There exist three constants ag, Lo, Ag > 0 such that
ifa <ag, L < Lo, A> Ay then :

(aba(0))*m(a)
291(0)?

where Ecp is the Choquard-Pekar energy (see (3.11]) ).

Egpp(1) < m(a) + Ecp + o((aba(0))*) < m(a), (3.22)

Remark 3.1. For sufficiently small aelog(A) we have ¢7(0) > & > 0. More generally all the results we need about
go and g; are proved in Appendix [3-A]

Notation 3.4. Throughout this paper we work in the regime
a1, A>1, alog(A) =L < &, (3.23)

so whenever we write o(-) and O(-) without specifying the limit it is understood that it holds in the regime
(3.23). Moreover, K denotes a constant which is independent of o and A. The inequality a < b means that
a < Kb where a and b are positive real numbers.

To understand what happens in Theorem let us see what should be a minimizer of E}pp(1). We have
the following lemma (proved in Section see Lemma [3.11])

Lemma 3.1. A minimizer Q for E%pp(1) can be decomposed as Q = v + [¢) (1| where v, satisfy the self-
consistent equations :

0 . L 0 -1 Q(z,y)
{ T+ P2 =X(x0(Dq), Do :=D"+ Q(PQ *] -] lo—y] ) (3.24)
W)W = Xp0..(Do)-

The number 0 < p < m(a) can be chosen such that Doy = .

Thanks to Proposition 1 of [HLS09|, there only remains to prove x(o,,(DPg) has rank 1 : as v+ P? is a
compact perturbation of P° | its essential spectrum is the same and necessarily 0 < y < m(a) and X0, (Do) is
the projection onto an eigenspace of Dg. It suffices to prove ||v||s, = o(1) to get :

Tr(x(0,41(Pa)) = Tro(x[0,(Pe)) = Tro(v") — Tro(y) = 1.
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The strategy for Theorem is to take a test function I' which satisfies an equation similar to (3.24)). To
this end let us first take ¢} the unique positive radial minimizer of the Choquard-Pekar energy (¢f Introduction)

and consider ¢ := ”Pﬁ% where Py, is the projector onto $1. We consider the spinor : ¢ := Q(;l . For
A 1= % we write

U = AP (ATH), N = Ny = () (] and ny = [a]* = . (3.25)
It is possible to adapt the fixed point method of [HLS05a] to define v as the solution to

Y= X(-se0) (D" +al(py +m) |- |7 = Rly + N))) = P, (3.26)

provided a and alog(A) are small enough. In fact this paper [HLS05a] treats the case of D° but in Appendix
it is shown that replacing it by D° is harmless (¢f Lemmas and .

We chose the test function I' defined by the formulae
(A = m)o) (L —m)val

1— [lmyallZ

We then compute compute £3pp (') using that an electron does not see its own field (that is here D(||?, |¢|?)—
Ex([|¢)(y]] = 0).
Lemma 3.2. Let T be as above (3.26), (3.27). Then the following estimate holds :

Fi=y+N, 7=v+P", and N' = (3.27)

ba (0 ba (0
% p(T) = m(a) + & 2AA( ) Bop+o (‘“A()> ‘ (3.28)
More precisely, writing I = | pr||2 — ||pn' || and J = Ex[l'] — ||pn/||2 we have

Tro(D'N') = m(a) + g21/\20) /|Vw1| dx + o(A7?),
Tro(Dy) = (bA(O) bA(O) )D(nl,nl) +o (abA(0)> ’
a 2 o
51 _ (2bA(O%>\bA(O) )D(nl,nl) + 0( b/;\( )) ,
_ aba (0)
aJ =o (%) .
Lemma [3:2] is proved in Section [3.4.1] Theorem F);fl is an obvious corollary.

At this point we know there exists a minimizer v =~ + |¢)(¥| for ES(1) and it satisfies Eq. (3.24). The
computation of its energy in terms of ¢ gives a lower bound of E3p5(1) of the same form as the right hand side

of G29).

Theorem 3.2. There exist three constants a1, L1, A1 > 0 such that for a < aq,
L <Ly, A> Ay, there holds

(abA( ))Qm( )

Theorem 3.3. Writing C? := #ﬁi(a) in the regime (3.23)) we have :
h/r\nmf C2(E%pp(1) —m(a)) = limsup C2(ESpp(1) — m(a)) = Ecp. (3.30)
o, a,A—1—0

Assume Q is a minimizer for E% (1) : as in we can write : Q = v+ [Y){(|. In the limit « — 0 where
alog(A) = L' is kept fixed and for L' small enough the following holds :

Up to translation, the upper spinor ¢ € HY(R? C?) of (x) = c3/?(cx) tends to a minimizer of the
Choquar-Pekar energy Ecp. N a

Remark 3.2. This paper uses heavily estimates and proofs of [HLS05a)]. For convenience Lemma is not fully
proved : it is an adaptation of [HLS05a], the whole proof is in the thesis [Sok14c] of the author.
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3.3 Preliminary results

3.3.1 Banach spaces

In this paper several Banach spaces are used.

As usual [|-||z» and ||-||g- for p € [1,400) and s € R are the usual norms of LP and Sobolev functions.
Moreover ||-||g, is the norm of the space of Schatten-class operators &,($a) and ||-||s is the usual norm of
bounded linear operators in B()4). The norms |[|-||¢ and [|-||gx are defined in the introduction.

A large part of the paper is devoted to estimate Sobolev norms of test functions @ and among them the norm

Q& = Tr(ID°[|QI*) (3.31)

is linked to the kinetic energy of Q.
In [HLS05a] Hainzl et al. introduce the following norms for (Q, p) € G2(H,) x C N L2 :

QI = [[Ew p+q> 1Q(p, ) *dpda,

E(k (3.32)
ot = [ EEEOL 0 < oz + ol

Strictly speaking, the authors use E(-) instead of E (). However thanks to (3.14) and (3.15)) these norms are

equivalent :
1 ~
3K >0, Vp e B(0,A), =E(p) < E(p) < KE(p).

Moreover we write for an operator R(z,y) :

()2, =~
|RlI% == [] 5208 | R(p, ) dpda. (3.33)

Q(z,y)

le—y -
Unfortunately this is not sufficient and intermediate norms between ||-||kin and ||-||g (respectively ||-|lc and
Ill¢) are necessary :

As in [HLS05a)], we will estimate the above norm of Rg(z,y) =

Iz, = ﬂE ) E p+q>|@<p, 9)|*dpdy,

Iz, = [[E@® ) 2dpda, (3.34)
E 2

loll, = [ FEIEEE i, .

The numbers 0 and 1 refer to the exponent of E (p — ¢) and E (k).
We also introduce :

1QII% = [[ max{E @), E(r—0)°* . E(p— a) E (0 +a) }|Q(p, ) *dpda. (3.35)

For any operator @Q € G5 we have :

2
\/;lQ”Ex <@Qllxin < QN2 < [I1Qlle- (3.36)
For some function f : R? — [1,+00), we write :
% = —q)E Q(p, q)|*dpd 2 = [T S par
1R, == [ flo—a)E(+a) Q. o)*dpdg, |plle, = TE Ip(k)|"dk.
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3.3.2 Some inequalities

Let us recall Hardy’s and Kato’s inequalities we will use throughout this paper. For ¢ € L?(IR?), the following
inequalities hold :

|¢|Ef|g|2dx < 4|V, &), (3.37a)
2 e < 2(v16., 0, (3.37b)

Another recurrent inequality is Kato-Seiler-Simon’s inequality (K.-S.-S.) [Sim79] :
for any f,g € B(R3, C%) (Borelian functions), we have :

3
1f(@)g9(iV)lls, < 2m) Pl fllLellgller, 2 < p < oo. (3.38)

We use the following Sobolev inequalities in this paper (¢f [BCDI11] Theorem 1.38 p.29) : for suitable f
(f € HY(R?) for instance)

1£llzs S UV Sz 1 1ee S HIVEAF] 2 1 ls S VIR - (3.39)
An immediate result of (3.38) (p = 6) and (3.39) (p = 3) is the following Lemma.
Lemma 3.3. Let p € C and ¢, :=px|-|"'. For any t > 1/2 there exists K; > 0 such that
ool D1 lles < Killplle-

Moreover we have :

1 _
lepI D12 les < (log(A))S ol NlwplVIT2 s < llolle
Remark 3.3. The notation ¢, is used throughout the paper.
Let us consider R = Rg with @Q € Q4. The Lemma 8 of [HLS05a] states that :

|Rollr < 1@l (3.40)
The following Lemma generalizes this result :
Lemma 3.4. Lett > 0. Then we have :
IIVI72Rglls, < 11Q 2 (3.41a)
jj L \R(p, o) P < [[E®-a"E®p+q)|QWm,q)dpdg, (3.41D)
| d dg< || E( E 9) 2dpd 41
pdq < (p—q) E(p+q)|Q(p, q)| dpdy. (3.41c)

. . ~ - E(p—q) .
Proof : Ineq. (3.41¢) is a consequence of (3.40) for E (q) < Ep q) Ineq. (3.41b)) can be proved by adapting
the proof of Lemma 8.JHLS05a] (see Lemma [3.15)). This gives :

If W@@,qudq <8 [[ B20)" B0 w(t, 0|+ v, — v) Pdedo,

where w(f,v) is a weight lesser than
72)~2 H dudl {E (u—v)2 E 20)" [0 — a0/ — a2}

Ineq. (3.41al) is proved as follows : up to a constant the operator |V|~! acts in Direct space as a convolution by
iz (¢f [LLIT], p.130).
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The operator RfQﬁRQ is nonnegative and by Cauchy-Schwartz inequality :

Q(z, y)| dadydz |Q(z, =)
MRamrie) < I o o

drdyd 2
{W” = )
<H| |x_y| d dy.

]

Lemma 3.5. There exist 0 < & <1 and Ko > 0 such that, for all (Q,p) € ExxC, if o(||Q| gz + |lpllc) < &, then
D°|(1 = aKo(|Qllz: + llplle)) < 1D° +alpp — Ro)| < [D°|(1 + ako([Qllz: + llplle))- (3.42)

Proof : We have
[RQID°| M5 < RQIP°| e, < 1Qllex and [l9,D°| M5 < llplle-

As shown in [HLS05al, it suffices to take the square root of

ID%](1 = 20K (|Qllex + plle)) < ID° + alp, — Ro)* < [D°[2(1+ ak (|Qlmx + llolle))”

3.3.3 The fixed point method

In [HLSO05a] the authors prove the existence of a global minimizer of £fpr under some assumptions on
a, A, ||v]le. The authors show there exists a solution to the self-consistent equation that should satisfy a minimizer
Qo of E%pp (when PO is taken as reference state). This equation is :

QO + PE = X(—o0,0) (DO + a((on - V) %) RQO)

To this end a fixed-point scheme based on this equation is used : let us adapt this proof to our problem.
As shown in [HLS05a] we can use the Cauchy’s expansion to write (at least formally)

Q = X(—o0.0)(D° + @@ — RQ)) = X(—00.0)(D°) = Za Q. (3.43a)
1 +o0 1 1 k
Qe=—5_[ d”m ((RQ $Q) oy n “7) ~ (3.43b)

We also expand (R — ¢)*, Qi = Z -0 Qj,j—k : the function @Q; ;_x(-,-) is polynomial of degree j in Rg and
polynomial of degree (j — k) in ¢q. Thanks to Lemmas [3.3] n and [3.4] - we know that each mtegral converges at
least in S¢(54). If we take the density of each Qy, we also obtain a (formal) expansion of p[Q)] :

+oo k

Za Pk —ZZ@ Pji—k- (3.44)

k=1 j=0

In [HLSO05a] it is proved that provided a([|Q[lq + [lpqlle) is small enough, those sums converge in Q for Q
and in € for p[@]. In fact the authors show :
Proposition 3.2. For any k € N* and any 0 < j <k, the function
Ox¢€ — QOIx¢€
@.p) = (Qir—3[Q. 0l pjn—51Q. p])

is a continuous polynomial operator (with estimates of the norm precised in Lemmas and in Appendiz

'

kg *
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We prove a similar result in the cited Lemmas.
It is necessary to precise the particular form of pg1[p]. A direct computation in Fourier space gives the
following formula [HLS05al.

Lemma 3.6. For p € C we have :
po,1(p; k) = —Ba(k)p(k) € C.
If p is in € (respectively €1) then so is po1[p].

The last statement follows from the fact that |Ba (k)| < log(A), proved in Appendix

Let us describe a fixed-point scheme adapted to our problem in the spirit of [HLS05a]. Given the projector
N that corresponds to the "real" electrons and n = py its density, we try to define the dressed vacuum @
surrounding it. We seek a solution to

Q + P2 = X(~00.0) (D’ + alpqin — R(Q + N))). (3.45)

For convenience we write p' = pl, :=p+n, Q"= Q + N, ¢ = pq ; Eq. (3.45) can be rewritten :

Fo(Q'.p') = X(-.0) (D" + alely = RG)) = X(-000)(DY) + N = N + Y " a*Qu(Q', p). (3.46)
k=1

Taking the density p of both sides and using Lemma we get por = F,(Q', p’) with :

(k) !

=TT aBa(h) (ﬁ(’f) +apio(@ k) + Y a'p(@ 0 k))~ (3.47)

£>2
We must precise the domain of the function

F:=Fy x F,. (3.48)
Following [HLS05a] we first consider the Banach space X = Q x € with the norm

1(Q. )l =267 (2V2llplle + CrV2IQIlQ),
where Cr > 0 is defined in [HLS05a] and C7 > 1 is defined in Notation

Lemma 3.7. There exist Ry, e1,e2 > 0 such that if vV La < e1,af|(N,n)||x < &2 then Bx (0, Ry) is F-invariant.
The number Ry is O(y/log(A)). Moreover in this ball F is Lipschitz with constant vy = O(V/ La). In other words
the fixed point theorem can be applied to F' on Bx (0, Rp).

This lemma and the next one are proved in Appendix [3.B.2

Remark 3.4. As explained and proved in Appendix by adapting the estimates of [HLS05a] we realize that
another choice of norms for F' is possible and so another choice of Banach space on which applying the Banach
fixed point theorem. Indeed let us take a radial function f : R® — [1,4+00) : as long as there exists a constant

C(f) > 1 such that
VI —a) <CHWflo—p)+VFp— ), (3.49)

we can apply the fixed point theorem with the norms

e, = ﬂf(p—q)E (p+9)|Q(p, 9)Pdpda, llpllz, = /f(k)lf'gk”dk_

Here we are interested in the case f(p—q) = E (p—q) and f(p — q) = 1.

Let X; C G2($4) x C be the Banach space with norm
1@, Py = K(£)(IQlls + [l ) for some K(f) > 0 depending on f (Appendix ).
Lemma 3.8. There exist R)y,e,€5 > 0 such that if L < &}, al|(N,n)||x, <eb then Bx, (0, R})) is F-invariant.
The number R} is O(\/log(A)). Moreover in this ball F' is Lipschitz with constant vy = O(V La).
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3.4 Proofs

We will use the following Lemma, proved in Appendix (Subsection [3.B.3)).
Lemma 3.9. Let ¢y,7, py defined in (3.25) and (3.26). Then the following estimates hold :

e <a Ve < Le, e, < avia,

(3.50)
Ioalle < IVIa, lplle < IVEa.
Moreover :
VD[l Lz + [veallre S VLo and || [|D°],~] H62 < La. (3.51)
3.4.1 Proof of Lemma [3.2]
We recall N and n are defined in (3.25).
Notation 3.5. For convenience we write
o (A=my (A=)
SR [CEr N Py ey vy
AL 1— [[mallze
So we have N’ = |y )(¢x|. Moreover we write
T := abp(0). (3.52)

Remark 3.5. Here A™! and 7 are of the same order La. A direct calculation shows that ||P°|DY|¢yy]| 2 = O(A 1)
and |||D°|¢a]|2 = O(1). We will often use
Imallze < llyallzz + [1P29allce < (o(r) +A71). (3.53)

1. Estimation of J

Lemma gives [[7]|&, < [[7]1% = O(7%). By Cauchy-Schwarz inequality and Ineq. (3.374) : for any G = | f)(g|
with f,g € H

Te(G* R, )| < min(||y]|ex]|Gllexs 2v]le, |V | 2119l 22)-
Now thanks to Ineq. (3.37b) and Lemma :
2
[ 17al?]lo < meall3 (I DOlwebn , wipa)
(D0, mn) < 2oz ()| 1P°14] [, + HDNn ]2 = O((La)?).
Similarly we have :
T —1
| D(I9a, [ra?) | S mallze(VIga, a) S TR,
and : [Te(RIN')| < 2[yl|e. [Veallz [¥alle < 7A7E

Thus J = O(7? + A72) = O((La)?).
2. Estimation of |
According to the self-consistent equation satisfied by p-, we write

p(y; k) = =ba(k)Ti(k) + (1 = ba(K))Pro(v; k) + (1 = ba(k Za pe(vi k (3.54)

where we recall that ba(p) = ﬁ%%. We write pg := pe(y) and > := ZLO; a’py for short. There holds :

D(py. ) = [ s (3PP + (1 = 0 (8) 207 o + (1 = ba ()2 L

+290 (3 01— b () (0100 + ) + (1~ a0 Pa710(IE) ).

By Cauchy-Schwarz inequality it suffices to study [ |ﬁl(]€’€|)2‘2dk for p € {n, p1.0,>.}. We recall ||bp|p~ < L <271
for sufficiently small L.
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Lemma 3.10. Let i € {1,2}, then there holds :

foan 2
47r/b,\(p)i|m(p;| dp = ba(0y 20 iy, (3.55)
p |p| A A—00

Moreover :

allproMle £ VIallylle < (La)~3/2,
IXle <o

Before proving this Lemma, we show the estimation of I. First there holds :

(3.56)

ba(0)? L
oy llE = ;y D(ni,m) + o A

— 00

Then |¢)|*(z) = W(WA (2)|2 + |ma(2)])? — 2R 5 (z) (7n) (z)). By Cauchy-Schwarz and Kato inequa-
L
lities the two last terms are O(L(La)?). In fact :

Imeal? |2 < Imeall22 IV mn . mn) S (La)*
mealloal |2 < 2llmoal22IVenlce ol < (La)?,
50 | D (py, || — 2R{y5 (ms) )! < LVLa(La)*?.

Then D(py,ny) = —4n [ by (k)|nx(k) 2|zf2 + O{(
In the same way :

)Inalle}-
D(py |92?) = —ba(0)D(nx, ny) + /\HOOO(%'

1+ O0((r + A7 1)?), we finally obtain :

Since N S— =
T a2,

= 20RO o s (i) (3.57)

Proof of Lemma We use Proposition (Appendix . In the regime (3.23) and for ¢ = %, in a
T

neighbourhood B(0,r.) of 0 independent of o, A we have :

[Ba([]) — Ba(0)]
||

ba(k)?|nx (K /bA 52| (k
dk = dk
/k k|2 A k|2 ’

B+ KA. As f1 it € RT — 1 and fo = f7
/{2 with BA( ) 7é BA(O),

Vke B(0,r:)\{0}, < (A1 [K[2) = 2(JK)). (3.58)

Then

For A > r=% and k € B(0,\3/%) : |Bp(k/\) — BA(0)] <
have bounded derivatives (by 1 and 2 respectively), for

[ba(k) — ba(0)] < a|Ba(k) — Ba(0)],  [ba(k)* — ba(0)?] < 20| Ba(k) — Ba(0)],

SO
2 1/4 1 2
/ |fi(aBa(k)) — fi(aBa(0 ))|M < 0o + KA” /|n1 dk
- " 1/4 ) K|
A +A
S a%nanC”ﬂ}lHLm

As fi1(t), f2(t) < 2 then

[ e e < x5 [k < AL [y = O(EA)
|k|>A3/4
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and

(k) i D(ny,m1) 1
ba(k)* dk = bp(0)) ———= L'A™).
There holds Ji (1 — bp(k))? B0 ‘pl 0 ME gk < a?||p1ol|2. Then estimates of |p1,0llc and ||Y[|c are proved in

Appendix 0
3. Estimation of Tro(DN')

We emphasize that i has no lower part as a spinor.
There holds

(Domipy, wipn) = —(|DO[P2x, POapr) 4+ (DOyihn, y¥x) + 2R(D°PO4y , yhy)

—(ID°x , a) + O{”'V'IZJ)\HL?(H 1Dy 1> + || |DO|7’9¢,\HL2)}
—(|D Y5, ¢a) + o((Lar)?).

Then we have :

(DO, mhx) = (D%%x, y¥x) — (|D°|PLehx , thr)
<‘DO|¢/\7 PLYPLYA) + (|D°hn , PLAYPapa) — (ID°[PLbx , )
—(ID°IPLYx, ha) + O(ID°Pall L2 V1%, + 1P sl 2 IVl P allL2)
_<|DO|P+1/JA , ) + o((La)?).

Hence (D%¢y , ¢) = % + (|DO|P2abx , 1) + o((Lar)?).

Notation 3.6. We write (g1, ) for (g.(—iV)y, ) for x € {0,1}.

As g(’)(O) = 0 and [|¢g{||oc < « and the (g])q,a’s are uniformly continuous in a neighbourhood of 0 (c¢f

~

Proposition in Appendix A)

Epep=(anbx, )1+ (P20, ) + of(La)?)
=g0(0) + go ) (gl ¥, ¥a) +o((La)?)
=0(0) + 4901(5)»2 (V201 , 1) + o((La)?).

Furthermore
(ID°IP24hx , ha) = 5((ID°] = go)a » ©ha) = Wl(o)@%% , Ya) +o(A7?).
Finally
Trg(DON') = (D%, ¢a)

= 90(0) + gV, ) + o((La)?). (3.59)

4. Estimation of Try(D7)
Notation 3.7. Let us write B = R, — ¢/, = R(y+ N) — (py +n) * |- |~

Remark 3.6. Let us recall Lemma 1.[HLS05a] : if P,II are two projectors such that :
P —1II € G5 then
Q€ &Y = Qe & and then Trp(Q) = Trn(Q).

We apply this Lemma for P = P? and II := X(_uo,0)(D° + aB) : formally
Tro((D° + aB)y) = Te(|D°|y?) + aTro(B7) (3.60a)
Tro(D° 4+ aB)y) = ~Tr([D° + aBl?) = ~Tx(|D?) + o(Te(1D° %)) (3.600)
So we would like to show that
Te(|D°[y?) = —2Tro(By) + o((La)?),

—5(D(py +n,py) = Te(RY7)) + o((La)?), (3.61)
= —2D(p, +n, py) + o{(La)?).
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0
We have to prove that By in 6?’ and Tr{(|D° 4+ aB| — |D°))y?} = O(a(La)?).
Supposing those facts are true we get Tr(|D°y?) = —$Tro(By) + O(ar?). We use (3.41d) :

IR\ ls, < IRNIDI 2|l 1D 2y ]le, + IR(N) s I7lls, < (74271

First let us prove that Tr(|D° + aB|y?) = Tr(|D°y?) + O(a(La)?).
Thanks to Lemma there holds :

D° +aB| > [D°|(1 — aK(|[yllkin + oyl + 1[V[V/29x]l22)),
D%+ aB| < [D°|(1+ aK (Iyllkin + loylle + V]2 22)).-

Then we multiply by v* = = on the left and by - on the right : this does not change the inequalities. To conclude
it suffices to take the trace.

0 ~
Let us prove Tro(¢.y) = D(py+nx, py). Infact if Q € &7~ andif [Tr Q(p dp exists then this last 1ntegral is
y Y Bl 1

equal to Tro(Q), because P2 = f(iV), in Fourier space we have Trcs (7;§ (p)Q( )73+( )) = Trca (77+( )Q(p, )730 (p) =
0. Here, the trace Tro(’,y) is formally equal to

n) 2 [ Zm— (@ ) dpdg
Ipl,lgl<A
= (2m)3/2 ‘[[ oL (B)(Tr(3(u + k/2,u — k/2)))* dudk

tSlu-Fl<a
Nk Py (k)py (k)"
=A%WMMM=MAi—i—M:m%¢y

As shown in the estimation of I, there holds

ba(0)2—ba(0)
Y

D(py, py + 1)) = D(n1,m1) +o(%),

so we get

Tr(‘DO|’}/2) — a%;b/\(o)D(nl’nl) + o0 < > . (362)

>t~

Remark 3.7. The calculation above is correct if 5(p, q) € C°(B(0,A)?) :

ﬂ PR+ b Hldudk < 82l (h e + e,
|u:|:2\<A

We conclude by continuity of @ € 61 — pgo € C shown in [HLSOQ] that of
Qe 61 — Tro(¢,,Q) and the density of C°(B(0,A)?) in .# (& 1 ~(Hr))-

Let us prove <p7Q € 61 . We have :

(@,Q)" = (P2, DO /2) D 2Q T + (¢ [D°|71/2)~ DO M2Q ™ € &1(Ha) (3.63)
——
€62(9H1) €62(H) €B(HA) €61(9H4)

and so [Tro(, Q)] < (AY2 + /log(M) 1t e[| @], with
l@lls, =10 e, + 1@+ e + Qe + 1@ s (3.64)

To see P2 [l PL][D°|~1/? is Hilbert-Schmidt, it sufﬁceb to prove the kernel of its Fourier transform is in
L?(B(0,A)?) : thls is easy with the help of Lemma
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To conclude this section there remains to deal with Rfyfy, we recall this operator is trace-class (¢f Lemma :
Rly = (R,)[D°[7/2 |D°|/2y
——— ——
€62(Ha) €62(Ha)

and

_ av La
T{ R} = OBy s lllles + 1By D2 1D 4 le,) = O(F5°5 + (La)?). (3.65)

Remark 3.8. As A — +o0o there holds (|D°2¢;, ¥1) — D(ny,n1) = Ecp + o(1). In fact ¢; = (¢1,0)” where
01 = Py, &1/ Pan @]z and ¢} is the minimizer of Choquard-Pekar energy. Py, is the projector onto $,. So

H! ... , .
we have ¢; Ajmo #}. Writing n’ = |¢}|? there holds by Kato’s inequality (3.37b])

limale = n'lle] < llm = n'lle < (V1. ) +{1V164 60)) a2 — 64122
< (19165 60 lnliZ. — 141125

— 0.
A— oo

3.4.2 Proof of Proposition [3.1

In this part we write E(-) for ERpp(-).
Let us prove now the binding inequalities for 0 < ¢ < 1. According to Lieb’s principle (Proposition 3.[HLS09])
for each ¢ we can take minimizing sequences for E(g) of the form

{ Q) = Py — P + qlw) (Wrl, k €N

3.66
with (P(k) *’PE) S QA(O) and Pk2 = Py, Pry, = 0. ( )

We write as before vy, = Py, — P2, ng = |[¢x]?, Nk = |¢x) (x| We will forget to emphasize the dependence in k.
Writing I,(N) = aiﬁ(D(pﬂ,, n) — Tr(R*N’y)), EXpr(Q) can be written :

Eppr(Q) = Edpr(7) + ¢(D°¢, ) + ¢, (N) = (1 = 9)Epr(7) + ¢€pr (v + N).

Taking the lim inf, we obtain

E(q) = liminf((1 — ¢)&3pp(v) + ¢€Rpr(y + N)) > (1 —q) likn_1>i£f ERpr(7) + qE(1).

k— o0

Either z = likm inf E3pp(7) > 0 and E(q) > ¢E(1) or x = 0. What happens in the second case? Up to
—00

the extraction of a subsequence we can assume that liminf £3pp(7) is a limit. Thanks to (3.20) it implies
Tr(|D%2) + D(p~, py) — 0. As Py, = 0, there holds P2y, = vy, in particular

k—o0
IPLwl? =119l = IP2l* = 1 = [lv)* = 1

and (D%, 9) = (ID°[p", &F) — (|DOy¢, y¥) where ¢° = Py
As |||DO)V2y9) 12, < Tr(|DO42)|[9)|2, and ||3]|2 = 1 : up to extraction we have

lim (D%, ) (ID°l™, ¥%) = m(a).

= lim
k— o0 k—o0
The sequence ((D%y, , 1)) is bounded, else by Cauchy-Schwarz and Kato’s inequality

1
Epr(Y +N) > Epp(y) + (D%, ¥) — 5(”/’7”% + [VlIEx + ma®(|V [, )

—> +o0.
k—+oo

By Cauchy-Schwartz inequality I,(N) — 0 and

liminf E3pp(Qr) = E(q) > liminf E3pp(7y) + ¢liminf I,(N) + qlim inf (D%, ¥) > gm(a).
k—o0 k—o0 k—o0 k—o0
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It implies E(q) = gm(«), but we can use the method of Section to prove that E(q) < gm(«) for sufficiently
small « and L in regard with ¢ : we define @) by the formulae

=7+ P0 =y ooO)(D +a(py+an x| [T = R(7+qN))),
S E AL RN N

Ql EH

If we assume that F(q) = gm(a) once F(1) < m(a) has been proven, we also obtain E(q) > ¢F(1). We thus get
B(q) + E(1—q) > gE(1) + (1 - )E(1) = E(1).

There remains the case ¢ > 1. However it has been proved in [HLS09|] that for each integer M, Eppr(-) is
concave on [M, M + 1]. Besides thanks to (3.20) there holds

E(q) > q(1 — af)m(a).

So it suffices that 2(1 — aZ)m(a) > E(1) to get E(g) > E(1) for ¢ > 1. For a < 2 it is true and as E(q) > 0 for
q # 0 the binding inequalities for ¢ > 1 are proved.

3.4.3 Proof of Theorems [3.2] and [3.3
Notations

Let Q@ =+ =~ + N be a minimizer written with the notation of (3.24). As before we write n := py.
We have N = x(q,4(Dq) with D¢ := D° + a(R!, — /). We have to show that N = [¢)(¢], then we can
choose p such that Doy = |Dgl|¢ = pp with p < m(a).

We split ¥ in two : ¢ = <<p> The wave function ¢ € L?(R3,C?) is the upper spinor and y € L?(R3, C?)
X

the lower spinor.

. 2 ._ __291(0? _ _(g1(0)?
‘We write OO = W and ¢ := W
As (R(N) — ty2)1b = 0, there holds
(D + alp, — Ry))w = b = [D° + alp, — B, (3.67)
We write v} := ¢, b} := v] — R, where x is a prime symbol or no prime. Moreover we write d := DY. We
recall :
(vyh, ) = D(py, n) and [(Ry¢p, )| < [|7]|exl|nlle, (3.68)

We recall the notation (g1, ) := (g« (—iV), ) with x € {0,1}.

Strategy of the proof

The proof of Theoremnrehes on bootsrap arguments enabling us to get appropriate estimates of || |[V[*¥]| 2
for s = 1,1, 2. The starting point is a priori estimates of || [V|'/2¢|| 2, || V4| 2, Tr(|D°|?). It is possible to use
an adaptation of the fixed point method of [HLS05a] to get estimates of

HE p—a)> E(p+q)|3(p, q)|*dpdg and /de

, 53> 1. Then the second part of Eq. enables to
get estimates of || [V[*+14||z> in terms of || [V|*+1/24)|| ;2> and the (squared) norms above. It is possible to keep
going as explained in the thesis of the author [Sokl4c|, provided «, L are small enough.

More precisely the steps are the following.
1. We first prove a priori estimates and get ||pgllc, |Q|lxin are O(1) and then show that ||v||xin = o(1). As a
consequence Lemma holds and we get ||pylc, [[7]lg0, (|D°[4, ¥) are O(1). This enables us to show that we
can apply the fixed point method (Lemma[3.8] f = 1) and that the minimizer v+ N and its density p, +n form
a fixed point (at least in the space associated to [|-||q, and ||-|/c)-
2. We then prove

in terms of the Sobolev norms ||| j7=+1/2 at least for s = 0, 1

[¥ll 7272, Infle = O(1). (3.69)
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Thus we can apply the fixed-point method (Lemma with n = [1|> and N = [¢)(1| and so to construct
(v + N;py + pn) as a fixed point in (a ball of) X.
3. Using the estimates that we deduce from the fixed-point method and Eq. (3.24)) we then prove that

(VI?0, ¥) = O((aba(0))?).

4. Following [HLS09], we apply a scaling transform to the minimizer with the scaling factor ¢ = O(abp(0))
defined in Subsection B.4.3] :

we get 1(z) 1= ¢¥/?(cx) € H'(C*). The previous results will give
[$llzzar2 = O1), |Ixllmr = O(Lev),

where x € H'(R3,C?) is the lower spinor of .
5. At last we compute the energy and show the asymptotic expansion.

A priori estimates

The first step is the following result.

Lemma 3.11. For Q = v+ N a minimizer of E% (1), then N has rank 1 and there holds the following a priori
estimates :

Te(|D°[y*) + aD(py, py) + (ID°, ¥) < 1.
The decomposition v + N is the same as in ([3.24)), Section[3.4 with N = |)(1)|.

Assuming this result is true we can go further : we know that

F(Q, po) = (Q, pg) where F is the function defined in (3.46) and (3.47). Using the estimates of Appendix
we get that :

+oo
loylle < Liinlle + VZalQlq + (@K (Ipglle + 1Qlle ) < L = O(1).
Jj=2
We then apply Lemma (with f = 1) : we get that (Q, pg) is in fact the unique fixed point of F' in a ball of
Xo.
Proof of Lemma : As Q is a minimizer and that E3pp(1) < m(«) then there holds :

T «
m(e) > Eor(Q) = (1 - aZ)TH(DIQY) + S D(pg. o). (3.70)
and [|Q||xin; vVallpglle = O(1). As ¥ = X(—o0,0)(Dg) — P2, using estimates of Lemmas and we get :

I7lle. < allpqlle + Qllex) < Ve

Thus |Tro(v)| < [[7]1%, < a <1, as a consequence Tro(y) = 0 and N has rank 1.
Thanks to (3.68)) and Kato’s inequality there holds

(D%, ¥) = (Dq¥, ¥) — albyth, ¥) = (IDalv, ) + Olall ¥l iz (IVllex + o4 lc))- (3.71)
We apply Lemma on |Dg| :
(IDglv, ) > (1 = K(al|Qllex + o'/ x 2| pqllc)) (D ¢, ¥), (3.72)
and :
(D", ) > (1 = KVa)(|D°4, ¥) + O(a(llpelle + Qi) ¢ 1/2)- (3.73)

By Cauchy-Schwartz inequality and Kato’s inequality :
Epr(Q) = EBpr(7) + (DY, ¥) + aR(D(py,n) — Tr(R,N))
> (1= af)Tr(|D°W?) + §D(py, py) + (1 = C2/a){D°1Y, )
=l sz ([Vllkin + NI~ lle)-
As E35p(Q) < m(a) we have

Te(|D°[v?) + aD(py, py) + (D1, 9) = O(1). (3.74)
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Estimates around the fixed point method

Let us prove that we can construct (@, po) as a fixed point in X. We have to show ||n|e, |[|N|o = O(1) and
as ||Nllg < [[©ll3s,- it suffices to prove (3.69).
By Sobolev inequality (3.39) :

Inllzz = 0112 < || IV 5. S IVI35210IL% = O(Va).

Moreover there holds D(n,n) < Z(|V|¢, 1) < 1 and |nle = O(1).
At this point we have : ||n||e,, || N, <1 : we can apply Lemmawith

flp—q) = E (p— q) and construct (@, pg) as a fixed point in X;. As shown in Appendix there holds

Ylle, +lloylles S
Let us now prove that [|1||gs/2 < 1. By (3.67) we have |d|?y) = pdy — adb,ip, therefore :

(e, o) = pl|dldy, ) + ald]V*(Ry = vy)d]7>/2(d[**¢, d|d|"/?¢).
Then thanks to (3.41b)) and Lemma below, writing
|d[*2by1d| =% = [[d]*2,b,]1d| 72 + by |d]
we get H|d‘1/2bw|d‘_3/2HB (Ivllex + ||10“/||C) + H'Y”ql

We obtain at last ||1|| gs/» < 1. In particular we can apply Lemma 3.7/ and construct (Q, pg) as a fixed point
in & and get [[7]g, [py]le < 1.

+

Lemma 3.12. Let (v, p() be in QxC and by := pé*ﬁ—’y{), vy = p{)*ﬁ. Then there holds :
B

3 1
10015 [, [2012]

1
12014 o 13| < (e + Dbl
B

Proof : The estimation for the term R(v}) comes from (3.41b) in Lemma [3.4] : indeed we have

o s g S |p - q|
FE - F K—= =
|E (p) (@)" < T T B

1
fors:Q—k,kEN*.

3 1
We write f € 5 and ® = |D°|72 {Ué, |DO|§}, the following holds :

[ ff £ dpdq3|E<> E(g)P |p0 /|f e

p—d*  E@

To deal with last term we use the same method. ]

Let us prove (|V|%¢, ¢) = O((aba(0))?).
We write = z(N) = ||g1(—iV)¢||z2. By Lemma [3.19] we have :

lpylle < Lat/? + az + La, (3.75a)

Ivllex < VLaz'? + azx + La. (3.75b)
Taking |-||2-norm of dyp = py) — ab,), we have (cf PI‘OpOSlthnmer llg6 loo) :
(@, ¥) = 2% + m()? + O(|lg5lloc®) = 2% + m(e)? + O(az?)
al(by, V)| + 2||byp||2. < Ki1La2x/? + KoLax + Kza?a®/? + Ky(La®)2? + Kea*a®
P27 < m(a)?.
For the first equality we have used Taylor’s Formula (order 2) and the fact that g{(0) = 0. As z = O(1) we have
a*z3 = O(a*z?) and
22 < k La?z'/? + ka(La)z + ks 223/2, (3.76)
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Finally we obtain
2?2 < k3(La®)? + k)2 (La) /% + kso® < (La)'/?, (3.77)

and there holds 22 < K(La)? = O(c™?).
By Lemma [3.19] the following estimates hold for the minimizer :

Mle e, | llpylle £ (L4 w(N))VLa,
Ve < Lo, | llpylle < LV ELa

where we recall :

N 1/2
w(N) = { {f |p—q2p+q||N<p,q>|2dpdq} < V20| o

Scaling

We have considered so far the problem associated with E.—1 o A (BDF energy where the parameters are : speed of
light 1, fine structure constant « and cut-off A). We link it to the BDF energy in another choice of parameters :
speed of light ¢, fine structure constant cee and cut-off ¢A, with ¢ > 0 defined in Subsection [3.4.3
As in [HLS09] we write
f)A — ﬁcA

d) — CS/2¢(C('))7

and so U.¢(x) = ¢=3/2¢(x/c). There holds a scaling correspondence between (1,a, A) and (c, ca, cA) :

Ec,ca,cA(Uc*QUc) = CzELOé,A(Q)‘

U::

To distinguish the corresponding objects of (¢, ca, ¢cA) we underline them :

Y(z) = Urip(x) = 3/ *p(cx), D° =2 U;DU. = mc?B + T,
1(z,y) = UsUc(z,y) = y(ex,cy), | m = go(—iV /e),

py(x) = Epylex),v = py |- |71, To = cgi(—iV/c)ox - TéY,
R(z,y) = y(z,y)lz —ylI™", T, = cgi(=iV/c)o - T -

There holds |V| < |T,]| < C1|V] and

Il = Vellvlles IBID°I72 15 < [l llex = Vellvllex
lpylle = vellpylle D215 < llpslle = Vellps e

We have shown (g71), ¥) = O((La)?), so for ¢ := zéio()oz), 1 has uniformly bounded H' norm with respect to the
parameters in the regime (3.23)).

Remark 3.9. Here the constant of scaling ¢ corresponds to A of the test function.

First we we prove the following middle results.
Lemma 3.13. Let Y =Y (¢) := ||gf/2w||Lz where V¥ is defined as above. Then we have
x|l < et and ||Vx||re < oY 4+ ¢t
Moreover = m(a) + O(c™2) and ESpp(1) = E4pp(v) = m(a) + O(c72).
Proof : Thanks to we have
mcgﬁy + cTatp + aclv — R}y = uc2%. (3.78)

Considering the upper part ¢ and the lower part x of 1 :

mc?p + Ty x + acvp — ac(Rp)1 = pc’p (3.79a)
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—me*x + T, + acvy — ac(Ry)z = ucQX (3.79b)

From (3.79b)) we obtain
T, «

= R — .
X me + uc£+ mce + uc((fy)Q QX)

We take the L2-norm :

9]/ 2 o 1 olVvla oLa 1
< —= — < - < -,
Ilze < T2 + 2l + Inlles) 5 3+ S0 4+ 222 < 2
In particular we have |x||z2 = [|x[|r2 = O(c™1).

We write Sx = g1 (—iV)-x with x either ¢ or . As T, exchanges upper and lower spinors, by Cauchy-Schwarz
inequality the following holds :

(D%, ) = (gop, @) — (gox, X) + 2R(So¢, X)
=m(a)|ellF. +O(c?)
=m(a) +O(c?).

It enables us to estimate

1 =m(a) + O(c™) and E§pp(1) = E3pp(y) = m(a) + O(c™2). (3.80)
From Eq. we get
(uc? —me*)g
Tyx = - =E 1t al(Bo) - V.

As p=m(a) + O(c™?), the L?-norm of T, x has the following upper bound :
IToxllze S a+c ' +av/e(La+ LVLa) < a
writing Y2 = Y (¢)? := (g3, ¥), we get the middle estimates
Xl < o (3.81a)

Ixllm < (@Y +c¢7h). (3.81b)

Indeed writing p = m(a) + dm, ¢ x ‘%"f has L2-norm lesser than Kc~!. Then :

‘/ go(tp/c) dt|p|‘ <K0¢@7
‘/ '(tp/c)(1 —t) dt|p| ‘ Kol2l,

and |go(p/c) — go(0)| < a|p|®/c3. In particular

‘QO(P/C) 790(0)’ =

(91X X) < /O X gix, x) =0 x (@Y + ¢ e ) =0(aYe? +¢7%) (3.82)

and there also holds the middle estimate : ||Vy|/zz < ac™t. m
Let us prove that ||[UXv| gs2 = O(1). The method is the following : we take the scalar product of |V|¢) with
each part of the equation |D°|?¢) = DO(u— ab, )1p. Then we cancel the leading terms in order to get an inequality
involving Y2 = (g3, ¢) of the form :

Y2 <O(c 3+ Y32 4 V32734,

As a consequence we get Y2 = O(c™3).
Let us first deal with (|D°?¢, |V|¢).
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Thanks to estimate (3.82]) there holds
[ilgra 520, (1] < 19120912 = (Ve 4 Y¥ae™).

We recall that |go(p) — m(e)| < min(||g)||ze=|pl, 2]|gol|z) : it is O(min(1, a|p|)). Then we have :

(g8, IVIY)  =m(@)*(IV[y, &) +2m(a)((g0 — m(@)¥, [V[¥) + (90 — m(a))*¥, [V]e)
=m(a)? 4+ 0(aY?),
Thus we have :
(PP, [VIg) = m(@)* (Vg ¥) + {g7|VI$, ¥) + O(aY?).
Let us now treat the term (D%(u — ab, )y, [V]Y) and first the term u(D%), |V|v).
(90BY, IVI¥) = (g0, [VI¥) —2{gox, [VIX) = (90%, [VI)) + O(aY 2 +¢7?)
=m(a)([V[¢, ) + O(aY? + a¥e™? 4 ¢7),
(D%, [V[Y) = (908, [VI) +2R((Se, [V[X))
=m(a)(|V|e, ) + O(aY? +aYe 2 +c 3+ Y32 Y32 /ac™t),
D%, [V[) =m(a)*(|V]i, ) + 0¥ + Y32 Jac™ + Ve /2 4 c72).

We write :
d["* R = [|d]*?, R, ]|d| M|y + R, |d)M 2y,

and thanks to Lemma [3.4] we have :
112 _
| [1d]'/2, R, ] |d] e, S S WIE <

By adapting the proof of Lemma [3.12| we can prove the follwing estimates :

< |lpyllev/log(A).

091,00 oo | | 09172, w5 et |,

We use Lemmas and to get estimates of [|b,¢|| 2. First we deal with the terms with S
[(Rywr, SalVIV) < [([IVIV2, Ry J1dI 7 dl, SalVIV20)[ + (R [V[V20, SalV[V2)]
S Y llex(+ [[Vez2) S Y(La).
The operator S, exchanges upper and lower spinors, so we get :
[(Sovye, VIO = [(IVIvye, Sox)| < [ V1059|115l 2

< ac | [19], 0] 0]| o + gl Wl 2 }

< ac™{/log)llpsllc x || 1V11dl/2¢]| 2 + llosllcY |

< LeP(IVellne + I1IVP2ellre) S Le™? + Lem/2Y.
Similarly the following holds :

[(Sovyxs [VIe)]

(9120, 1V]1/28,4)]
{9172, 03]l o + o V12l 22 9126
(

VIog) 1o eIV 1H2[d12x 22 + o5 lle || V132X ) Y
Ly/log(A)c=?(¢73/2 4 ¢ 'VaY + ac™?Y))Y.

IZANRZANN VAN

We treat now the terms with go(—iV

(
)
[(vy, [V]gow)
)
)

| < Aoylle| IVIM20] || Vg0 . £ Le™?
(wxs IVIgox) < lloyllel[ IVIV2x] o || [V 1gox]| . S Le2,
(R, o) S Il 191720 a | Wlgowl], < 572
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It is clear that a(Le™2 4+ ¢=%/2) = O(c™3). At last :

(D (= aby )b, [VI9) = m(@)*(|V[¢, ¢) + O(aY? + Y32 ac™ + Y2 4 ¢77),

and :
Y2(1 - Ka) < Ko ™2 + K1 (Lo?)Y + Ksy/ac Y32,

As Jac™! = O(c™%/*) (because a(log(A))'/* = o(1) in the regime (3.23)), we deduce (|V|>1, 1) = O(c™3),
equivalently

191l a2 = O(1).
We now improve estimate (3.81al) as written before :

1 1
o) =00 = [ gitinje) P = [ gien/ o
1 3
ooto/e) ~ 0 =] [ el | =it/ 'p'

[(m(a) —m)ey|| 2 < ,/M KovVLa =o(c™Y). (3.83)

and therefore

So
Ixllzr = O(c™) and [ [V]x]zz = O(c™?). (3.84)
Estimation of F3pp(1).
Thanks to Eq. (3.79b))
= 5 Y (R —vy) = T pts
gotn” gotp PRETINT e

where the remainder dx is such that ||dx||z2 is lesser than

Ea(|lyllex[V V29l + ol VIY2x]22) = O(ac™®/?) = o(c™"). Thanks to Proposition [3.3) as g19)]| 2 =
O(c™1), we have the following asymptotic expansion :

Bpe(1) + %O D(n,n) = (gop, ) — (25,0, 2=5,0) + 2R(:2 800, o) + 0o(c™?)

= m(a)(1 - 22z, 0) +2(; 200, ¢) +o(c™?)

= m(a) — (5850, 9) + (7250, @) +o(c?)
m(a) + 5 ()<g%so ) +o(c™?)

= m(a) + gy (930, ) + o(c2).

To deal with gg we use both results (|[V[3¢, ») = O(c™3) and |gj| = O(«) and treat the ((go + 1) ~!)’s one after
the other. For the last line we use the fact that (|[V[*x, x) = O(c™3). Writing in terms of ¢ :

T 2 2
R () — m(@) = ot [ o (2) 00— [ XIS ey o). @)

We recall (¢f Proposition Appendix [3.A) the (¢])a,a’s are uniformly continuous in a neighbourhood of 0;
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splitting in Fourier space at level |p| = v/c we get

/ Cg1(p/ ) D(p) [2dp = / 4,(0)%p[2 [ (p) Pdp
Ip|<v/c Ip|<ve

1 2
- </ﬁ (/[ thtense) = ghconae) 1o Par
+24/(0) /péﬁ ( | it gl<o>>dt) PP 3()dp
= / 71 (0)2p12 () 2dp + O (|| [V ]2 Supl{lgi(Q)*gi(O)l})
[p|<y/e lg|<c™ 2
— [ GRG0,
Ip|<Ve

Moreover :

o~ 3/\
[ caweriwre < | Pl 5 )ap
Ipl> /e pl>ve [Pl
S (VP ) S = 0.

c—+o00o

Thus

! 2g3(-/c —D(n,n) = 2 —D(n,n)+o
W@ 91/, ¥) = D(n,n) = (VI ¢) = D(n,n) + o(1),

By unicity of the asymptotic expansion and by definition of Ecp we thus have

Egpr(1) = m(a) + Cy* Ecp + o((aba(0))?).

(3.86)

As a consequence, the Choquard-Pekar energy wave function ¥ (more specifically ¢) tends to the minimizer.
It is known [Lie77] there is but one minimizer in H!(R3, C) up to translation. The fact that we work with spinors
is harmless. By using convexity inequality for gradients [LL97| (Theorem 7.8 p.177) and Riesz’s rearrangements
inequality (sharp version in [Lie77]), we have that there is but one minimizer of the Choquard-Pekar energy in
H(R3,C*) up to translation and overall rotation in C*. Keeping track of the mass of ) with the help of some

translation we get that necessarily it tends to a Choquard-Pekar minimizer.

Acknowledgment. The author wishes to thank E. Séré and M. Lewin for useful discussions and helpful comments,
in particular the latter for suggesting the link with the Choquard-Pekar energy. He is also indebted to the referees
and to E. Goujard for useful comments on the paper. This work was partially supported by the Grant ANR-10-
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3.A The operator D"
Remark 3.10. In this part the scalar product in R? is written (-, -) for d = 3, 4.

3.A.1 The functions gy and ¢,

As established in [HLS07], D° is a solution to the following equation in the Fourier space

- Do
D—poy P 1 BB, A), End(C)

42 DO TP

(3.87)

and by a bootstrap argument DO ¢ Ne>1H™ (B(O7 A)) With the notation of (Subsection it shows that

9o, g1 are smooth while g1 (p) = g1(p) - wp is a priori in C*(B(0,A)\{0}) and we have

a 1 go(|7])
go(lp) =1+—/ dr ,
2 Joen T = (D2 % 0ol

o7

(3.88a)



_ o r<wp7wr> g1(|7)
g1(lpl) = lpl + ;= /7-<Ad FETE (3.88b)

Remark 3.11. We recall here that C; > 0 is a constant such that g1 (r) < Cir and |go|eo < Ch.
Proposition 3.3. We have g1 € C1([0,A],R) and g(0) = 0.

Writing ||d2g1]l. = sup ||p|d®g1(p)]| the following holds :
0<|p|<A

191llc = O(1) [d?g1]l. = O(1)

Moreover there exists K > 0 such that

{ lglloc = O@) { 96 1o = O(c)

A
lgo(0) — 1] < Kaqlog — +1

Vg € B(0,A)\B(0,1), 4l
l91(q) — 1] < Ka logmﬂ ;
and we have
L 5 , 2L
go(O):lﬁ-;—FO(L +OZ), 91(0):14'374‘0(0[)

In fact it suffices to differentiate (3.87) to get g,(p) and g} (p), we take the norm to obtain the first part;
then we differentiate once more to get the second part. The third part is a consequence of those parts.
Proposition [3.3] enables us to prove the following result.

Lemma 3.14. Let p,q € B(0,A) and k = p — q. There holds
o o N 2 2
Ep) Ele) — (&p).8@) _ . (2’ 2~K|k|2 ’ 2~K|k|2 )
E(p) E(q) (E(p) + E(q)) E(p)” E(q)
where we can choose K < 2 for alog(A) sufficiently small.

Proof : In fact we can write for a,b,t = b —a € R3 : |a||b| — (a,b) = Cr(ba) gy (a,b) > —@ then

la[[b[+(a,b) *
— 2,2 2,2
A= \aHl‘)lllHé‘mW < 2;12;2 , by symmetry we also have A < 2;’2—;2.

a -1 _
Else —|a[[b] < (a,b) < —120%then {|al|b|(al[b] + (a,b))} " > 2(a2b?)~1, s0 :

2 2 2
2272 > 94 +bb-2HaHb| > 9

2 2 2
2;72 > 9a +ba%2~|a||b\ > 9.

Proposition 3.4. The function

dg1(p) = id + i / dTN(r) (dgl (r) — ga(r) go(r)dgo(rl—i— g1(r)dgr (r))

472

is in C°(B(0,A), L(R3,C*)) and
|dg1(p) — dg1(q)| < KL|p—ql.

In particular the same holds for g (t) = (dg1 (tw),w).

Proof of Proposition
1. We can define dg; (p) for p # 0. First we have

_ o dgq dgo(q)h  go(q)dgo(q)h + g1(q)dgi(q)h go(q)
o0k = 12 / b —ql? ( E ) |

E (q) E(q)° E(q)
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We remark that for p # 0 we have :

{ dg.(p)h = g.(|Ip){wp , 1), * € {0,1},
(dg1(p) - wp, wp) = g1(Ip])-

Then

., a dq dgi(g) - h go(q)dgo(g)h + g1(q)dg1(9)h g1(q)
dgl(p)'h_h+4w2/lp—ql2< E(q) E(q)’ E<q>>'

So for any w € S? we have

) a dq 91(q) 7ww2i
/ Wy, w)2 f!ﬁ(Q) 1 _919) W, Y goqg(’)q |
+(91(Q)< ow)*(1 E(q)2))E‘(q) E(q) E(q) E(q) }

The regularity of g; (as a function of R*) will come from the continuous extension to z = 0 of the formula
above.

‘We have
, ol dgq |90 0o 190/ 00 + 191 |0
9P| £ — 2 4 [g0)oo 3.90a
l90(Ip))] 2 ) =P (E(q) g0l 5 )’ ( )
« dq g/ 0o g’ 0ot g’ oo
(Pl <1+ 2/ 5 91100 190loc 191100 ) (3.90b)
) Ip—aql* \ E(q) E (q)
Thus

191]00 <1+ Ksalog(A)(|g5|oe + 19 ]s0)-
S0 |gploo < v and |gi]oc <1+ Kalog(A).

Since go € C*°(B(0,A),R) and radial, necessarily

{ 190100 < Kralog(A)|gploo + K20|g] o

dgo(0) = 0 and g{(0) = dgo(0)w = 0, Yw € S?.

2. We treat now the second derivative d>D°. We write h, = -2

E()
and J = E (-)~". The coefficient of 8 in d2D°(p) h? is

« dq
oo = i [ ol
q

where
d*ho(g) h* = Poolp) 17 __2 5dg0(a)h [90(a)dgo(a)h + g1(a)dg1(q)h]
E (q) E(q)
_'Egvo((qq))s [(dgo(9)h)? + go(a)d2go(a)h® + (dgr()h)? + g1 (q)d>gn (g)h?]
+3 QO(Q)E; [90(a)dgo (@) + g1(q)dg1 (q)h].
E(q)

Furthermore, we have

2

2 2 @ dg d*gi(g)h 2 2
0 = 5 [ % (TEOE i hag(@h+ s @I @)
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Since we have (|p|d®g1(p)h?, wp) = |p|ld2gy - h? + gl‘z(f‘”) ({wp, h)? — |h|?), by taking the scalar product with w, we
get

o pldg > Ipldq e
plld®gi(p)] < Ci+ /—dg*+ N
‘ H 1( )| 1 A2 |p*q|2|q|E(q)” 1” | |2E 2” H
o Ipldq { 1 2 90(q) | ;2
+— d +1d d
A2 . |p_q‘2 E(q)2(| gO| | gl|) ‘E 2‘ 90|
3 dgo| + |dg1] 1 2|dgi| +4Cy
+ dgo| + |dg1])? + 2(|dg1| + C +

We also have :

Cldq
d2 < O‘{ / — L a%g.
|d*go(p)] ) E q|2H a1l

(@)*|p -
dq (|d290| o1dgol(ldgol +|dga) , go(a) |dgo|® + |dg1|*
g lp—al*\ E(q) E(q)° E(q)  E(q)?

90(9)? |4®go| |, 90(q) (|dgo| + |dg1])?
E(q)QE(Q)+3E(Q) E(q)* )}

As < 2max( ), we have

1 1
lp—allal’ [p—ql* />

/ dq|p| <9 / dq +/ dgq
lql<a [0 —q?lqlE (q) — lgl<a [P —dlldlE (@)~ Jig<a P —alE(q)

We recall then that the convolution of radial nonnegative functions is radial nonnegative. So the following holds :

96 lloc < Ko
||d ng* <Ci+ Kalog(A)

[p— Q| lq

3. By Ineq (3.884) and for p € R?, 1 < |p| < A we get that :
47T2\go —1 / (q) dg 1
p— Q|2

V90(2)? + g1(g PP i T

golZ,

lg|<

/ ! < /ﬁlgoloo
la? /1 I+ la? Ip + 4

lg|<2A lg0l2, lq|<2A .
dr Tt r+Ipl = [r = Ip|
:27r|go|oo/ — log | :27T|go|oo/ | |
20 7p| = |nl 0 7p|
<1l+log —
Ip|

To deal with g we use Eq. (3.89). The integral of the integrand in the second line is O(1) : as we multiply by
a its contribution is O(«). For 1 < [p| < A there holds :

d d A

¢ gl _ / 0 g
lp—al|E (q) ldl lq]2|p + ¢ ol

lal<A lal<2A

For go(0) we have :

7T|90 ) —1]

A
1+ O(alog T)} o)

A
/ dr{
\/90 +91 1 V14712

=log(A) + O(l + alog(A) ).
Let us prove the estimation of g} (0). There holds for any 0 < z < A and w € S? :

2
(wwg)?dg  g1(q _on / dr z? +r? [x + 72 lg’x—i—r‘_l] g1(r)

)

‘ ‘<A|mw—q|2E( |Q| 222 2re rE (r)
q
Mo 1 1
:277/ ar i [ 7 1og +T’—1}gl(”).
0 2r 2r 1—r E (zr)
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We split at two levels : e~ and e. The integral over (e™!, e) is O(1) for log is integrable on (0, ¢). For z € (0,e1)
there holds the following expansion :

1472

4, 3
(log(14+r)—log(l—7r))—1= gr + Tgo(r ),

thus the integration over (0,e~ 1) is O(1). For x € (e, A/z) there holds :

1472

-1y _ iyt -3
(log(14+7r=")—log(l—r"")) —1 3T2+r_>0+00(r ).

2

2
we get — + O (r~2). Thus the integration over (e, A) gives :
37’ r—400

Ar A g (ra)dr _Am A gi(r)dr
3 /e E(rz)r +ol) = 3 ~/ew E(r)r +Oo-

1
If we multiply by rr

At last we get :

A
A0) 1= %/0 g;g();z)r [1- 1] +0() = 2220 o)

|
Proof of Proposition In fact it suffices to use another formulae for d%g; and d2gy consisting in replacing
91(q)dgi(q) by

(g1(q), dg1(q)).

By the same method as for dgg,dg;, we get that

[d%g1 ], < L. (3.91)
3.A.2 The function By
We recall that
BA(k‘) _ 1 / E(p) E(Q) B <g(p)>g(Q)> dl >0 (3 92)
w2 [k|? EPE@EP+E@Q) '

lp=I—%|lg=l+%|<A

This formula holds only for k& # 0 : our first purpose is to extend it continuously to 0. Thanks to Lemma
we can say that By (k) < Klog(A).

Notation 3.8. Throughout this part, p = ¢+ g, q=1{— %

Proposition 3.5. Let w be any in S?. For £ € B(0,A) we write :

w . ((9o(I€))we - w

= and EY = |g¥|.
g < dg1(0) - w ) ¢ &7 |

Then we have

1 g7 A gl
B (k %—/ —=t——=——dl =: BA(0), 3.93
ey -1 A(0) (3.93)
Moreover 5
Ba(0) = ——log(A) + O(Llog(A) + 1).

3
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Proof : Let us write I = 7%|k|2By (k), its integrand f(¢) and & = |k|. Let us consider 0 < & < % and s = § +e¢.
We assume = < 1 and split the domain in three :

B={t: (| <2}, A={l:2° <|f| <A-F},
C={: [0 |0+5 <AN{l:|f|<A-2}Cc{t:A-2Z<|<A}=C"
Using Lemma we get the following behaviour independent of «, A in the regime ([3.23) :

A Ka3
Af% z—0 A ’

(3.94)

T—r

|Ip| < Ka*t3¢ = K313 = 00(303), |Ic| < Ka?log <

There remains to deal with T4 : we rewrite f(¢) as follows :

) = lg(p) Ag(@)l* (3.95)

E(p)E(q) (E(p)+ E(q)(E(p) E(q) +8(p)-8(q)
where |g(p) Ag(q)* = > |A0il* + Zi,j ‘Aij|27

90(p) 90(q) ’ 90 90(q)
Ao = (3.96a
’ ‘ (81(p)i (g2(0): | | (9ga): (82(q)): :
(g1(p)i (g1(a))s ‘ (0g1)i (81(9)):
A= = 3.96b
=] o, o |~ oy o, (3:260)
69x = 9x(p) — 9:(q)-
If we take k along a fixed half-line : k = zw we have
1
Logo(k,€) = [ dgo(e+ (= 1/2k) - wdt =3, gi(tDwe -
t=0
L1 (k. 0) / dga(C+ (1~ 1/2)k)-wdt - dga(0) -w
In fact, as A, go, g1 are radial symmetrics so is I4(k) and for w € S? fized and p’ = £ + £, q =0 — % there
holds ~ ~
1 E()E () — / /
La(k = 2w) = —— E@)E) — (8).8(d)
T E()E(¢)(E()+E(¢))
s <[l <A—-F
folo) =4 ( ) Proposltlonﬁwc have
[fo(0)] < K W X|t|<A—z/2- By dominated convergence we get the integral formula (3.93).
As there holds by symmetry
4 0)?
[ meran= g [ g wPdn = gr (60?0 + 220 (397)
nes? 3 nes? 3 |£|2
we have 2
Ba0) 2 ( /A (052 (0) + (61 (0) + 25 (30 + )
== U u
M o L (oo + ()
/ 2 (9096 (u) + 9191 (v))? >
— u? Fdu |,
w=0 (90(u)? + g1(u)?)>/
and
A 902 (u) + (4, 291(\u|) A / / 2
BA(Q):L / u2( 0)"(u) gl) (u) + - 2| ul? du_/ u2(9090(7;)+9191§u5))2du
3m \ Ju=o (90(w)? + g1(u)?)%/ u=0 (90(u)? + g1(u)?)>/
Thanks to Proposition we get the estimate of B (0). u]

Let us look at the variations |k|~!|Ba (k) — Ba(0)].
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Proposition 3.6. There exists 0 < r. € R*, independent of o, A in the regime (3.23)) such that
for |kl <re :
K| Ba(k) = Ba(0)] < (A" + L2[k[ + [k[* + [k[*/79).

Choosing € := 6! there holds :
k|71 [Ba (k) — BA(0)] < K (A~ + [k|"/?).

Proof : For k € B(0,1) we write |k| = x. We reconsider the domains A, B and C of the proof of Proposition

and write f; the integrand in (3.92).
We have | [ f1| < Kz = Oo(x1+35) and | [ f1] < Klog(%w) = OO(%). There remains the integration
T T—

Z

= O(x?/37¢) so we can expand the integrand of T4 (z) at order 1. Indeed :

over A. For |¢| > z* we have

=on—=1 w1 E(p)_f?(ﬁ) -~ E(ﬁ)—E(p) €z
E(p) ' =E() {HiE b =B {Hiﬁ(z) +£o(§(g)2)}’

where the OO(-) is independent of ¢ (because E (¢) > 1) . The same holds for E (¢)"" and (E (p) + E (¢))
z—
Writing (¢, k) = E (p) E (q) — g(p) - 8(q) we have :

1 h(l, k) 1 h(l, k) (2E (£) — E (p) — E (q)
Lalz) = x2 (@)3‘% a2 A2E(£)3( E(0)
( ) E( ) — E (q) z?
) 0GR

By Taylor formula (at order 2) :

2E (6) = (B (p) + B (q)| < / / dtdu x5 E = K12/
tJu

By Proposition [3.4] and by Taylor formula at order 1 we have :

< Lz.

~

’g(p) -glg) g

T l

Thus |k|71|Ba(k) — BA(0)| = kQO(A*1 + L+ [Kk|%). a]

3.B The fixed point method : estimations

3.B.1 Estimation about the R. operator

Let us generalize Lemma 8.[HLS05a] that states the inequality : [|[Rg|lz < ||Q| - Further generalisations are
detailed in [Sok14d].

Lemma 3.15. Let f be some function f: B(0,A) - Ry and Q € Qs. Then we have :

[ 10~ 0PV ity < [f 10— gy + Q) et (395)
Proof : The kernel E(p, q) == =R o(p, q) is equal to :
Rip.) Qp—t,q— Qlp—tg—0 ,
’ 2772 VR

We remark the Fourier multiplier :

Az, y) = F {f(p — q)A(p, q)}
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commutes with R. : A +— R4. So it suffices to show that :
|R
H dpdq < [ Ip+ allQ(p. 0)*dpda.
To this end we follow the proof in [HLS05a], for any 6 € (0,2) :

e =<0 Cfé‘df'mw o

1Q(C+v,£ = )||Q( + v, —
|2u||€—u| [0 — ul?

QU + v, £ —v)[2 |20+ )
(2772)2 //// |2u| |6 — [0/ — ul? |2g,|1+9dudvd£df
e [] 1261Q( + v, — v) Py (6)dvar,

V)| dudvdbd?’

IN

where the weight wg(¢) is :

dudl’
_ 0
ﬁ) - |2€| JI ‘2u‘|2£1|1+0|g _ u|2|€/ _ u|2'

</—d“ (12 I"/ S — )
= ) uFa— 2\, oo —up
1 dx 2

< (= [
—(2 [0z —e2/)

Then we have :

where e € R? is any vector satisfying |e| = 1. 0

3.B.2 Estimates for the fixed point method

0
Let Ny > 0 be in &1(4) and let 7o be in &, ~ (H4).
We write ng := pn, and z(Np) := ||V Nyl||s,. We assume that

Tr(Np) < 1 (3.99)

to simplify. In our problem Ny = [¢)(¢)| with ||¢]|p2 = 1.
In this part f is some function f : R® + [1, +00) satisfying condition (3.49) and we consider the Fourier
multiplier m :

Q(x,y) € L*(9r x 97) = Z ' (f(p— 9)Q(p. q)).
For Qo € Qf,po € €; we write :
Qo po)llx; = Ko)(f)[|Qolla; + llrolle, ),

where Ky (f) > 0 to be precised later.

By Kato’s inequality and Sobolev inequality (3.39) ||nollc < «%/? and ||ngl|z> < =
suffices to write No := > a;|fi)(fil, a; > 0 and || f;||2 = 1. Then :

Inollze < S~ aillVAI35 < Zaz IV £ ]122)/4.
1

3/2_ For the last inequality it

The same method enables us to prove that ||Ry,|ls, < .
Lemma 3.16. Let Ny and g be as above. Then we have :

1Qoalovollley < Viog(M)llprlles

<
Qi ol0llle, =< lolles
<

p1,0[070]ll e, V1og(A)[[voll g, -
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Moreover :
Q10[Nollle < o,

llp1,0[Nollle < .

Lemma 3.17. Let (Qo, po) be in Xy. There exist constants K1y, Koy > 0 such that, writing

Gr(Q,p) = KiyC()(IQlles + llplle,)

we have : %

< 2 GrQop)" (3.100)
Assuming these lemmas hold, we follow [HLS054] to find a ball B(0, Ry) invariant under the function F' =

Fg x F, of the fixed point method ((3.46) and (3.47)) and on which F' is a contraction. Indeed for some K4 > 0,

we have :

V> 2 |[(Qr, pe)[Qo, polll x;

—+oo

IF[Qo, pollle, < INlle, + Ky VLa(|Qolle, + lpolle,) + K2y > €/*(aG(Qo, po))’,
=2

+oo
1E,[Qo. pollle, < lInlle, + KeayvLa(l|Quolle, + leolle,) + K2y D /(G 4(Qo. o))",
£=2

these upper bounds are finite provided aGs(Qo, po) < 1 where G is defined in Lemma Moreover :

—+o0
1A [Qo, polllLiay) < 2{K()VLa+ a5 (f) Y £**(aGs(Qo,p0) "}
=2
where K3)(f) = K(1)K@2)C(f)A(f). The supremum of the above upper bound on By, (0, R) is written v =
v(f, R).
We take Kg)(f) := Kq)C(f), Ry = ey+/log(A) for some ey > 0 and assume (|| N|g; + [|n]¢,;) < en/log(A)
(with 0 < e, <ey).
For any (Qo, po) € Bx, (0, Ry) the following holds :

1E(Qo, po)llxe; < v (£ Bp)l[(Qo, po)llxe; + 1 F(0,0) 2,

<
< v(f, Ry)ep/log(A) + Koy (f)en/1og(A).
We have :

too -1
=2

To apply the Banach fixed point Theorem it suffices to have :

v(f,e5/1og(A)) < 1 and V(f’gf@) + K Clfen _
/

For fi(p—q) = E (p— q)j with j € {0,1,2} and provided a+/log(A)ey is small enough we have :

v(f1,e7/108(A) < VIa(l +ay/log(h)e) = O(VIa).

In the case alog(A) < 1, it suffices to take Z—’; small enough to apply the fixed point Theorem.
Proof of Lemma Let M (-,-) be the function

(p,q) € B(0,A)* — M(p,q) := B _
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We write S(p) := %0(;”)) for short. A direct computation in Fourier space (and Cauchy’s formula) gives like in
[HLSO05a] :

{ Qui(pip,0) = s5725290(p — OM(p, q), (3.101)

Qro(ripa) = —3(S0)Ry (1, 0)S(@) — B (p,q)-
We will use Lemma : it gives an estimation of M (p,q) :
p—ql
(E(p) + E(q))?
The estimation of [|Qo,1(p+,)llg, is then easy. In (3.101)), it suffices to use Lemma to get estimation of

HQl,O('YO)HQf'
Then, as ||Ry|e, < 2, the estimation of ||Q1,0(No)||kin follows from a simple computation of jf |Q1.0(No)|*.

|M(p,q)| <

~

Then the norm ||p1,0[70]||e; is dealt with in the same way as in [HLS05a] :

1 ~ k k k k
p1ol0; k] = 557282 / TFCAL{R%(U—&- S E)M(U_ Sout 5)}

|uj:§|<A

By Cauchy-Schwartz inequality we have :

1
2573

/E (2u) |M (u— &, u+ &) [*du.

By Lemma lp1000]lle; < V1og(A)lolle;-
O

Proof of Lemma We only sketch the proof of Lemma in this paper : we refer the reader to [HLS05al
Sok14¢]| for full details.

The main idea is to use the K.-S.-S. inequality together with the Holder inequality for &,(4). For
instance, let us take the Hilbert-Schmidt norm of Qo 3[po] : writing h,, := % ~1(|@,,|) we have

probs P < o [ B 207 1R (ut bou— §)du x

H (|D0|2 + 772)1/4h/)0 (\D0|2 + 772)1/4 HGG S W”h/}oHL&

By Sobolev inequality we get ||k, ||zs < ||pollc and thus there holds :
1 [T 1 1 3 dn
Qualmlle, <5 [ h &,

o ). ooy s ooyl
ool

%\

Let us first estimate ||Q¢llo,, £ > 2.
The term Q3 is dealt with the same way as in [HLS05a] : we refer to this paper for details.
The difference between the example above [|Qo3[po]lls, and [|Q¢[Qo, polllo, is that we have to multiply

@é(pa q) by the weight

Vi - 0B (+a)
before taking the Hilbert-Schmidt norm. Besides this fact the main idea is the same :

— We consider 1/ f(p— q)E (p+ q)Qs.
— We take its Hilbert-Schmidt norm and get an upper bound of it using K.-S.-S. and Holder inequalities.
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To deal with \/f(p — ¢) we use condition :
fo—a) <O MV —p)+ V1 —p2)+ -+ Vo1 — a)} (3.102)

and to deal with 4/ E (p + q) we use the following trick :
1 1
E (p)2 2Y(E (a)? 2\11/4 S = ~ ’
{(E @) +7°)(E(a)” +n?)} E(p+qE®)

(3.103)

We consider the integral representation of each term of @M* ilQo, po] ; for convenience we write Ry := R[Qo]
and o := @[po).

For instance let us treat the term where the j operators Ry are on the left, we take the modulus and get the
upper bound :

—+o0
R R 19 1
/ (27) 1+3(e /2 / dp1---dpe—1 \/|EO ®.21)| H \/; i) X
- + i=1
BO.A) n (3.104)

0—1
|800(pk *pk+1)|

k=i+1 \/ E (prs1)” + 2

We write pg := p and p, := q.

We multiply (3.104) by \/f(p —q)E (p+ q) and use tricks (3.102) and (3.103). We then use (3.103) for the
terms involving p; and p;41 (0 <i < j—1) and get :

1£0' = )2 Ro 0, N/NVE @ +)s, <IQolle,- (3.105)

Moreover we have by the K.-S.-S. inequality :

~1/4 o — o vy < leolle,
(& VI = )80 — d)I(E(¢) + ||CG<E(77)1/2’

n*)”
I(E 1/4| (p’—q’)@o( —I(E () + AV (3.106)
<|[(E @) +n) " YVAVFW = d)olp — q)I(E( N+ ).

~

By using those K.-S.-S. inequalities under the integral sign fn in ((3.104) (multiplied by the weight \/f(p —QE(p+4q)),
we get an upper bound of the form :

oo d’l] KKZC 4 J £—j
= () NQollg, llrolle,”-

o E (n)(1+1+@ 3)/2

This upper bound is valid provided (¢ +1)/2 > 1 and ¢ > 3 ie if £ > 3.
In fact the same method gives :

1Qol@ollo, < NN,
||Q1,1[Q07POH|Qf < C(f)2||Q0||Qf”p0”¢f

Let us now deal with the densities pg[Qq, po]. First remark : as recalled in [HLS05a], Furry’s Theorem states
that for all ¢ = 2¢; € 2N* even, we have

po,2¢, = 0.
As in [HLS05a], we deal with the other terms by duality : the dual &} of &y is :

/ ! /E 2
¢ = {g € S'(R3) : ||]§(f()]L)dk < +oo}.
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For any ¢ € €} N L? and Q € G5($H,) we have
Q¢ = (QIDP1) (1) € 1 (L2(R).

Above, it is understood that ﬁ is the Fourier multiplier

2(R3) X\p|</\ 2(R3
DUER : ¢ € L*(R%) { (p)} € L*(R?).

Then the following holds :

(oq - )1 = TH(QQ)| = IT(Q0)] < / QClp.p)ldp.
The idea is to get an upper bound depending only on the C}—norm of ¢ and to conclude by density of @} nL?
in ¢,.
f
The ingredients are the same but we treat p; 1 and pg 3 differently (as in [HLS05a]). We use the same K.-S.-S.

inequalities and (|3.102]).

For instance, for £ > 5 :

“+oo |® —
— Do (pr pk+1)|
|Qo,5¢(p,p)| < (2n 1+3(e+1)/2/ /dp = 2 )1/4 H
Bl0.A) 1 k=1 \/E (pr)* + n2

IC(pe—1 — )|
(E (p)* + )+
We write
|Z(péfl_p)|:M|Cpf 1= D) = V1 — p) (e — p
f(pe—1—p)
and use (3.102)) :
fpe—1—p) SCH V1 —p) + -+ f(pe—1 — pe—2)).

Then it suffices to use 6 times the first inequality of (3.106) and (¢ + 1 — 6) times the second.
We refer the reader to [HLS05al [Sok14c| for the other terms. O

3.B.3 Estimates of a fixed point

Let (N, n) € X, be given where x means 0, 1 or no subscript. Let us assume that the norms of N and n are O(1)
such that we can apply the fixed point Theorem (¢f Lemmas and . From now on v is Lipschitz constant
in Lemma that is the one corresponding to F' applied on some ball By (0, R). We write : x = \/Tr(—A|N]|).

We apply the Banach theorem with initial data (0,0) € X, : iterations are written (’y&),p’u)) and 7(¢), p(e)
are defined as follows :

Yoy =Yy + Ny ploy = pey +1n (3.107)
With Y(e41) = X(—00,0)(D° + a((‘pp?m = R(7(y))) — PY. The fixed point is written :

(O, 0.) = (v, py) + (N, n).
Lemma 3.18. Let N,n,v, py be as above. If ||(N,n)||x, = O(1) then so is ||('y,p,y)||;(*.

Proof : In the regime , the Lipschitz constant v in Lemmas [3.7] . E is o(1). So :

+oo

1Y) = 0.0) e < D es1ys Ayn) = ey Pl
£=0
+oo

< S Bl ) = Gy Pl

£=0
< [1(0,0) || ., < IV,

1—vg 1—vg

68



We want to be more precise and prove Lemma [3.9] We first have :

Lemma 3.19. Let N,n,~, py,z(N) =: x be as above. Let us write :

w(N) := \/H lp = aP’lp+ qll N (p, q)|*dpda.
Then the following estimates hold :

Iz < VELaz'?+ax+ La,
Ivle < vVLaz'?+a,
Proof : The first point is devoted to Lemma [3.19] and the second to the end of Lemma [3.9
1. We write m := .Z~*(n(k)/(1 + aBa(k))). There holds : F(0,0) = (N,n); in particular 1y = 0 and p(1y =
n—n=—F"1(by) xn.
Writing v = Zz':of(*y(“l) —Y)) + Y1) we have :

lprlle < La='2? + az + La,
o~ le SL$_1/2+06$+U)(N)\/R+L04.

e < ZLOSHV(ZH) —vwlle + e —ywlle + v lle
< S VIF0,0)la; + [[Fo(N,7) = Nlle
The first term on the right hand side is equal to %HN,ﬁHXf = O(La). The second term is the ||-|| g norm of :
too
>l Q4[N, 7).
j=1

By Lemmas and the following inequalities hold : a||Q1[N, 7|z < VLaz=/? 4+ az and

+oo +oo
> QiIN. e <)ol |QiIN. Ao < @*|(N.M)x = O(a?) = O(La).
j=2 j=2

Using the same method for ||-||g, we have a||Q1[N,7]|lo < VLaz™'/? + a||N| g and :

7z < VLar™'2 +az+ La < VLaz™Y? + az + La,

3.108
Ille < vVELaz='?+a|Nl|g+ La < VLar='/? +a. (3.108)

There remains to check that x = O(La) to get |||z < La and ||| o < a.
For the density we have :

+oo
[oylle < Z||P(z+1) —pwlle +llp@) — paylle + o lle
—
v
<Y VIF0,0)]x, + [F,(N,7) = 7llc + [In — 7lle.
=2

It is clear that ||[n —7illec < ||bal|z|nllc < Lz~'/2. The first term is O(a?). The last term is the norm of :

94—1{% (apro(V. k) + io o5 (N7 ) }

=2
We use Lemmas and to get :
all(do —ba) * pro(N)lc < ax,
00
> )60 = ba) # pi(NA)le < Q2|(N,7)[% < 0? < LVLa.
=2

69



Here §; is the usual Dirac’s generalized function.
If we consider the norm |||, there holds :

all(do — ba) % pro(N)llzz < m¢ {[ o+ allp = aPIN (v, @) Pdpdq =: VLow(N)

where we have used Lemma 3.15 with f(p — ¢) = |p — ¢|*. Provided z = O(La) and w(N) = O(L) the following
estimate hold :
oy lles lpylle < LV Lo

For the test function defined by (3.25) and (3.26)), it is clear that z = O(La) and w(N) = O((La)/?).
2. The estimate of ||y||g, follows from these estimates. First by computing in Fourier space it is clear that :

Vpo € C: [|Qoalpollls, < llpolle.

Then :
+00
e <D alQH, e

a +00

< a(|Qoaldlllss + 1QuolYTls.) + D o 1Q;1s Al

j=2
< alpllle + a(llBulle, + [IVllex) + O@2[|(, o)1) < avLa.
Moreover :

[J 1B ®) - E(0) A 0)Pdpda < [[ Ip— aP[7(p,0)dpdg < 7113 < (La)?.
To conclude this part, there remains to estimate ||v|D°|wx|/z2 and ||y ||z2. We have :

[YD°1allze - < IVlle. I ID°¥allz: < av/La,
[viball: - < Ile.ll¢allze < aviLa.

We can get better upper bounds [SokI4c] but we do not need them here. u]
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Chapitre 4

Sur la renormalisation de charge

Charge renormalisation in a mean-field approximation of QED
Abstract

We study the Bogoliubov-Dirac-Fock (BDF) model, a no-photon, mean-field approximation of quantum
electrodynamics that allows to study relativistic electrons interacting with the vacuum. It is a variational model
in which states are represented by Hilbert-Schmidt operators. We prove a charge renormalisation formula that
holds close to the non-relativistic limit : the density of a ground state is shown to be integrable although such
a state is known not to be trace-class. We prove that we can take the non-relativistic limit by keeping track of
the vacuum polarisation. We get an altered Hartree-Fock model due to the screening effect.

densité de charge

distribution de charge observée

réponse du vide

FIGURE 4.1 — Représentation de la renormalisation de charge
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4.1 Introduction

The relativistic quantum theory of electrons is based on the Dirac operator [Tha92] :
mc?p — Z?zl ihco - 05. Here c is the speed of light, m the mass of electron, i the Planck’s constant,

idcz 0 0 gj 4
= = End(C
b ( 0 —idcz)’% <aj 0)6 nd(C),

where the 0;’s are the Pauli matrices :

(D) e (U ) (M0 "

The Dirac operator is a self-adjoint operator acting on § := L?(R?, C*) and whose domain is H!(R3, C*). In
the one-particle theory, the energy of a free particle 1 € L?(R3, C*) is given by (D¢, 1), while the spectrum of
Dy is (—o0, —mc?] U [mc?, +00). According to Dirac’s interpretation, all the negative energy states are already
occupied by "virtual" electrons, the so-called Dirac sea. By the Pauli principle a real electron can only have
positive energy.

In this paper we study the Bogoliubov-Dirac-Fock (BDF) model which is a mean-field approximation of
Quantum Electrodynamics (QED). This model, introduced by Chaix and Iracane in [CI89], enables us to consider
a system of relativistic electrons interacting with the vacuum in the presence of an electrostatic field. This paper is
a continuation of previous works by Hainzl, Gravejat, Lewin, Séré, Siedentop, Solovej [HS03, [HLS05a, [HLS05b),
HLS07, [HLS09) [GLS09] and Sok (unpublished work [SokI4b]). In this paper we will extend some results of
[GLS09| and of [HLS09].

We use relativistic units i = ¢ = 4weg = 1 and set the bare particle mass equal to 1. The fine structure
constant is written a.. The free Dirac operator is written D° = —ia-V + 3, furthermore we write § := L?(R3, C%)
and define P2 (resp. P{) as the negative (resp. positive) spectral projector of Dy.

We will not recall here how the BDF energy is derived from QED but refer the reader to [CI89] or [HLS05al,
Appendix|. Let us just say that the starting point is the Hamiltonian of QED Hqgp, defined on the electronic
Fock space F.;. The mean-field approximation consists in restricting the Hamiltonian of QED Hggp to "Hartree-
Fock" states, the so-called BDF states.

These BDF states are fully characterized by their one-body density matrix (1pdm) P, an orthogonal projector
of L?(R3, C*). For instance, the projector P is the 1pdm of the free vacuum Qg of the Fock space F,;. Taking
P° as a reference state, we consider the reduced 1pdm @ := P — P°. Not all projectors are admissible : a
projector P defines a BDF states if and only if the difference P — P° is Hilbert-Schmidt.

Remark 4.1. We recall that a Hilbert-Schmidt operator is a compact operator () whose integral kernel Q(z,y)
is square-integrable, or equivalently whose singular values form a sequence in ¢2. If this sequence is in ¢!, then
the corresponding operator is trace-class.

Let Qp be a BDF state with 1pdm P. The formal difference of the energy (Qp|H|Qp) of the state Qp and
that of Qg gives a function of (), the so-called BDF energy.
We assume the presence of an external density of charge v (real-valued) of finite Coulomb norm :

_ - PR o v@)vy)*
D(v,v) = |v||2 = 4r T dk_ﬂ oyl (4.2)

The last equality holds for suitable v (for instance v € C N L%/%(R3)).
Formally the BDF energy of a state with reduced 1pdm @) is :

Tepo (Do@) — aD(pq,v) + § (Dipa, ) ~ EXQ]),
Trpo (DoQ) = Tr{P?(DoQ)P° + P (DoQ) P}, (4.3)
Q(z,y)”
E = || —=—dxdy.
Hal= | eyl Y
Here, a > 0 is the coupling constant, Q(z,y) the integral kernel of the operator @ and pg is its density :

pg(z) = Trea(Q(z, z)). We recognize the kinetic energy, the interaction energy with v, the direct term and the
exchange term as in Hartree-Fock theory.
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This expression is not always well defined, in particular the formula for the density pg makes sense a priori
only if @ is (locally) trace-clas.

An ultraviolet cut-off A > 0 is needed : many choices are possible. In [HLS05al, [HL.S05b, HILS07, HLS09],
Hainzl et al. have considered a "sharp" cut-off in which L?(R3,C?) is replaced by its subspace £, made of
functions whose Fourier transforms vanish outside a ball B(0, A).

In [HLS07|, Hainzl et al. proposed another BDF energy based on an altered Dirac operator D° and on its
spectral projectors

P = xuy (D°) (4.4)

In fact Hainzl et al. studied the periodized Hamiltonian Hj, in a finite box [—%, %) (with periodic boundary
conditions). Setting an ultraviolet cut-off, the problem becomes finite dimensional : for L large enough they prove
there exists a unique ground state which tends to P° as L tends to +oo. Thus the BDF energy with respect to

this minimizer ("substracting (Qpo [H|Qpo )") gives a more relevant model.

The operator D° has the same structure as the Dirac operator : D° := - g1 (—iV)+ 8go(—iV) and it satisfies
the following equation :
a sgn(D°)(z,y)

DY = Dy +
2 |z -yl

(4.5)
Here go and g; are smooth functions of B(0, A).

In this paper the energy functional &4 is defined on a subspace K of G3($4), made of convex combinations
of reduced 1pdm’s of form P — P%. The set K is properly defined in the next section and Efp is defined as in
([4.3) except that we replace the P°-trace by a P°-trace :

Tro(D°Q) := Tr{P°(D°Q)P° + PO(D°Q)PY}, (4.6)

A global minimizer of Efp is interpreted as the polarized vacuum in the presence of v.

The charge of a state @ € K is given by Tro(Q). Thus the ground state of a system with M electrons is given
by a minimizer of £5pp over the corresponding charge sector.

Furthermore, we define then the energy functional for ¢ € R :

Etpr(e) = inf{&pr(Q), Q € Q(q)},
Qg) ={Q ek, Tro(Q) = q}.

The question becomes : does there exist a minimizer for E{yp(q)?
In [HLS09], Hainzl et al. proved that a sufficient condition for the existence is the validity of binding inequa-
lities at level ¢ :
V¢ € R\{0,q}, Egpr(q) < Eipr(a —4') + Egpr(d).- (4.7)

A much more difficult task is to check that these inequalities hold.

In [HLS09], the authors showed the following.

Let a density v € L'(R3, R ) NC, an integer 0 < M < [v+1 and a cut-off level Ag > 0 be given, then there
exists minimizer for Efpp(M) provided o < go(v, Ag) for some number gy (v, Ag) > 0.

In [Sok14b| we proved that E3pr(1) admits a minimizer provided that , A™! and L := arlog(A) are small
enough. In other words, surprisingly an electron can bind alone in the Dirac sea without any external density,
due to the vacuum polarisation.

In both cases the results hold in the non-relativistic regime o < 1.

Let M € Z : a minimizer for Efnr (M) satisfies a self-consistent equation of the form [HLS09]

Q+ P2 = X(—oo (DO + allpg — v) * = LEB)) = (o (Do), (4.8)

Here, 11 is a Lagrange multiplier due to the charge constraint M, interpreted as a chemical potential. For M > 0,
it is positive, the projector x(—oc,0)(Dg) is interpreted as the 1pdm of the polarized vacuum while x[o,,(Dq) is
the 1pdm of the "real" electrons. For « sufficiently small, the last projector is indeed of rank M. Furthermore
in the limit o — 0, Ag > 0 fixed, its scaling by a~! tends (up to extraction) to a minimizer of the Hartree-Fock
energy Efp for M electrons and Z := [ v, restricted to L?(R3,C? & 0).
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In [Sok14b], a similar result is obtained with a minimizer for 3 (1) in the non-relativistic limit o —
0, alog(A) := Ly fixed, the limit is then the Choquard-Pekar model [Lie77].
In this paper we show that, assuming L = alog(A) < Ly, there exists a minimizer for Efpr(M) as soon as
M < [v+1and @ < a1 (v, L). The nonrelativistic limit is an altered Hartree-Fock model : writing Z = [ v and
a=(ZL)/(1+ £L) <1 the energy is
VI € &1 (L*(R3,CY),0<T <1, Tr(l) = M :

EZ.(T) i= 3 T(=AT) = Z(1 = a)Tx (4T) + H{llor 3 — BxITT} - llor 3.

The vacuum polarizes due to the presence of v and the electrons : the positive charge v attracts a cloud of
negative charge which makes it appear smaller (hence the term Z(1 — a)) while the electrons repelled them
resulting to an attractive well created by the distortion (hence the term —£||pr||2 like in a polaron model). This
result gives a wider range of existence of ground state in the space of parameters (o, A) compared to that of
[HLS09], where the quantity alog(Ag) is neglected and considered as o (1).

a—0
To prove it, it is necessary to have a good understanding of a minimizer @)y and of its density pg,. In

[GLS09] the authors proved that, in the simplified model without the exchange term, the density of a minimizer
is integrable. This is a natural result : the distortion of the vacuum due to a finite number of charged particles
with finite Coulomb energy should also be finite.

Mathematically speaking however this is a non-trivial fact because a minimizer for E{pp(M) is not trace-
class. As in [GLS09] we prove that, assuming that L is small enough and M, ||v||% < log(A), then the density pg
of a minimizer @ is in L' N C. Moreover, the following charge renormalisation formula holds :

M—-Z

7 4.9
1+ 2L (49)

/(pQ—Z/) =:Z3(M — Z) ~

where Z3 is interpreted as the renormalization constant [GLS11]. This means that the total observed charge
[(pg — v) is different from the real charge M — Z of the system.

The quantity L = alog(A) is related to Zs. In the reduced BDF model where the exchange term is neglected,
Gravejat et al. showed in [GLS09] that the density pg of a minimizer of the reduced energy Egpp(M) is radial
as soon as v is radial and that, in this case, away from the origin, the electrostatic potential of the system is

1 aZs(M - 2)
a(pg —v) * m(x) oo T
In the full model we were unable to prove such behaviour at infinity but we think this is true. Taking L small
corresponds then to considering Z3 close to 1.

The main contribution of this paper is the integrability result stating that the density of a minimizer is
in L' together with the charge renormalisation formula . It cannot be easily obtained from [GLS09], the
presence of the exchange term complicates the study. In our results, we were unable to remove the technical
conditions M, ||v||2 < log(A). We emphasize here that we can prove the same results with another choice of
cut-off considered in [GLS09], the one consisting in replacing P° by Do(1 — £ ) in L?(R3, C*).

The paper is organized as follows : in the next section we properly define the variational problem £fpp and
states the main results.

In Section [d.3] we derive two fixed point schemes from the equation satisfied by a minimizer, using the Cauchy
expansion. Moreover a prior: estimates are proved in Subsection

In Sectionwe prove important estimates on a term of the Cauchy expansion (”Q1,0”) and prove Theorem

Section [4.5] is devoted to prove estimates for the fixed point method and apply it to prove that the density
of a minimizer is in L! (under some assumptions).

We prove the formula of charge renormalization (Theorem and the existence of minimizers close to the
nonrelativistic limit (Theorem in Section

The nonrelativistic energy is studied in Appendix [f.B] The very technical Appendix [£.C|is devoted to prove
Proposition [£.1} We prove Lemma [£.8] which is used for Sections [£.4] and [£.5] in Appendix [1.A]
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Remark 4.2 (Fourier transform). Throughout this paper, the Fourier transform % is defined as the extension of

~ 1

Vfe L2R)NLYR3) : f(p) = fa)e Tz

(2m)3/2 Jgs

Remark 4.3 (Form of DO) The operator D° was first studied by Lieb and Siedentop in [LS00] in another context.
We know g1 (—iV) = B N\gl( iV) and go, g1 are radial functions satisfying

Vp € B(0,A), |p| < g1(p) < go(p)|p| and 1 < go(p) < 14 Cst x alog(A). (4.10)

We define
= inf o(|DY)). (4.11)

For alog(A) and « sufficiently small, m is equal to go(0).
Useful estimates on go, g1 are proved in [Sok14b].

4.2 Description of the model and main results

BDF Energy We assume there is an external density of charge v (real-valued) of finite Coulomb norm (||v||¢ <
+00).
Let us recall our choice of cut-off : following [HLS09], we replace Dy by DY and work in $,, defined by

Ha = {1 € LA(R3,C"), supp¥ C Bra(0,A)}, A > 0.

We write 6,(9,) the Schatten class of compact operators A in £, such that Tr(]A|P) < 400 [Sim79]. The set
of P%-trace operators is [HLS09] :

0
T ={Q €6,5(H1),QTT,Q7 €61(Ha)} (4.12)
where Q°1%2 := ’PngPSQ. This set is a Banach space with
QI 7o = Q" e + 1Q™ Flle, + 17 lle, + QT |ls,- (4.13)
©1

We recall that Tro (|D°|(Q*F — Q= 7)) is the kinetic energy functional.
We work in a subset of this space, namely

K :={Q, P°<Q<P}061 c{Q @ =Qine’. (4.14)
0
It is the closed convex hull of the P — P ¢ 6?’, where P is an orthogonal projection.

The density pg must be defined consistently with the usual formula when @ is (locally) trace-class and it
must also be of finite Coulomb energy.

0
Let @ be in 6?’, then pg is defined by duality :
7)0
VVe C’, QV € 6, and TI'Q(QV) = c/<V, pQ>c. (415)

0
The map @ € 6?‘ — pg € C is continuous [GLS09, Proposition 2.
The exchange term is well defined : thanks to Kato’s inequality [BBHS98al [HLS07, [HLS05al

ff 9 y QCDE gy < To(VIQ?) < Tr(1Dol@?) = Tr{ Dol /2@ Dol /2)

(4.16)
and T @ €K: < To{|DolY2(@F — Q)| Dol!/2) < Tron (D°Q),
The BDF energy is defined as follows :
v o Q ,y
Epe(Q) = Trpn (0°Q) — aD(v0) + 5 (Dlps o) - [ 1 Q@ IE jogy). @er. (@)
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As said in the introduction we define the energy functional EXp(gq) by the infimum over Q(q) = {Q €
IC7 TrPE (Q) = Q}
For M € N*, let us say that the problem E¥pr(M) has a minimizer : as pointed out in [HLS09, [GLS09] such
a minimizer 7' = v + N must be of the following form :
v+ P2 = X0 { D +al(ply] = v) * {1 = RIV]D } =t X(—o0,0) (Do),
M,
N = x{D° + al(py —v) * 1 = (By)) } = 20520 1) (W1, (4.18)
50 Doyripy = iy and we write :n = py = 3 [9;]%.

We choose 0 < py < g < -+ < ppg, = p < m. A priori My # M but in our regime they are equal (Lemma
. Indeed in the spirit of [HLS05a] the equation of the dressed vacuum + enables us to say that (v, p, — v)
is the only fixed point of some function F'!) defined in (a ball of) the Banach space X; = Q; x C where

1QUI, = QI = [[ (B @)+ E (0))|Q(p, a) *dpda.

Notation 4.1. For a density p € C we write : v, = v[p] := p* ﬁ

0
For an operator QQ € Gf’ with integral kernel Q(x,y) we define the operator Rg = R[Q)] by the formula :

Q(z,y)
Ro(z,y) == .
el@mu) =177y
We remark that Ex[Q] = Tr(R$HQ) =: Q|
Moreover we write
BQ = U[pQ — I/] — RQ and DQ =Y + OéBQ- (419)

The Cauchy expansion Let 7/ = v+ N be a minimizer for Efyr(M), the decomposition being that of
(@ 13).

Notation 4.2. Throughout this paper n := py, moreover we write pi{ for p,» and the double prime means —v is
added :
Pl =py+n—v, n' =n—v

We also write B!, = B, := plJ ﬁ — R[Y].

By functional calculus, we expand X (—oo,0)(Dq) — PY in power of « : this is the Cauchy expansion [HLS05a]

1 [t 1 1 =
N =N- — d( - ): iQ.(, ),
v+ 27r/_oo UG wararint s Za Q;(', )
j=1 (4.20)
Qi) 1 /+°°d 1 (B 1 )j
(Y, py) = n . / — ).
J v 21 J_ oo DO4in\T T DO +in

We define Qy,; as the part of Qx+:(Q, p) which is a homogeneous polynomial of degree k in Ry and of degree
Lin p; pri(Q, p) denotes its density. For £ > 1 and (Q, p) € &2(H'/?) € C, Q/[Q, p] is the operator :

+oo
QelQ, p) =Y _ 7 7Q;(Q, pl.
j=¢
As shown in [HLS05al [GLS09] we have
poalpl = —F " (Ba)*p (4.21)

where .Z ~1(B,) is a radial L! function.
In the following Lemma, we refer to the Banach spaces Q,, and €, : they are defined below (4.26). This
Lemma is proved in Section [{.4]
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Lemma 4.1. Fi: Q — Q1,0(Q) is a bounded linear map of &, for p =1 and p = 2 with respective norms
€
O(log(A)) and O(+/log(A)). By interpolation Fy o is in L(S,) for 1 < p=1+¢ < 2 with norm O((log(A))'~2).
Moreover it is also a bounded operator in L(Q,,) with norm O(1), and the function

PFLo:Q € Qu — p(F1,0[Q]) € €y

is bounded with norm O(\/log(A)). Provided that alog(A) is sufficiently small, the operator (Id — aFy ) is
invertible with inverse T in all those Banach spaces with norm O(1). The function t: Q € Q, — p(T[Q] — Q) €
¢ s bounded and

ltolle, = VIa|Qlq.,-

We write
T=T-1d, 79 := PT(Q)s Tjk = PT(Q;.1) and tg = P(Q)- (4.22)

0
If Q € Qu_1 NG, then 7¢ € C and if (Q, pg) € Qu X €, then 7o € €,
The self-consistent equation (4.18)) is rewritten as follows :

(Id = aF10)(") = N + aQo1(p}) +ZQJ ', 05).

j=2
Taking the inverse T, we get :
{N+aQo 1(pl) +ZQJ Y0l } (4.23)
Jj=2
The important proposition holds :
Proposition 4.1. For p € C we have atg1(p) = —fa % p where fu is a radial L' function whose L*-norm is

O(alog(A)).

Its technical proof is in Appendix [{.C]
There holds a Theorem a la Furry [Fur37, [HLS054] :

Theorem 4.1. There exists K > 0 such that for any po, p1 (say in C) and ar/log(A) < K there holds :

p{T(Qo2(p0))} = p{T(QLl(TQOJ(pI); po))} =0. (4.24)

Remark 4.4. T(Qo,2(po)) and T(Q1,1(T(Qo,1(p1)), po)) may not vanish but their density do due to the fact that
the trace Trga is taken. The smallness of ay/log(A) is to ensure the T operator is well defined on Q.

Main Theorems

Theorem 4.2 (Computation of . p7 z)dx). Let M be in N and v =+ N be a minimizer of E%pp(M) and
assume M, ||v||2 < log(A) and , the decomposition of v is that of (4.18)). Then p, € L' and

__afa(0) _
/p,y(:r)d:c TN (M —2) (4.25)

Theorem 4.3 (Existence of minimizers). There exists Ko > 0 satisfying the following result :
for any non-negative function v € CNL' with Z = [v and 0 < L < 1/(MKy), there exists a1 = a1(v,L) > 0
such that if o < ay then for any integer 0 < M < Z + 1 the problem E% (M) admits a minimizer.

Let v" = x(0,u) (D) be a minimizer, decomposed as in and let U, be defined as follows :

L?(R3,CY) — L*R3,CY
$(x) — a32p(Z)
We write 1-{-/}(0()0) = a, then as o tends to 0, UsX (0,4 (D~ )Uq tends to a minimizer of

EL(D) = §Te(=AT) = Z(1 — a)Tr(5T) + 3(D(pr, pr) — Ex[L]) = §D(pr, pr),
for 0 <T <1, Tr(T) = M and 2T =0.

a -
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Remark 4.5. Thanks to Section and [GLS09] we have

f0)  Zalog(A)

1+ fa(0) 1+ %alog(A) + O(a + (alog(A))?).

Banach spaces We use several Banach spaces. For p € [1,4+00], s > 0, ||-[|z» (vesp.||||z=) is the norm of the
usual LP (resp. Sobolev) space. We write [|-||g, for the norm of Schatten class operators &,, [Sim79]. The norm
of bounded linear operator in § is written ||-||3. We recall ||-||gx and ||-||c have already been defined in Sections
1 and 2 and |-[|q,,[||l¢, are defined in Remark [4.3]

Notation 4.3. From now on, for any w : R® — [1, +00) satisfying the condition
IK ) > 0| Vp,q,p1 € R?, w(p — q) < Ky (w(p —p1) + w(pr — q)),

we define two Hilbert spaces :

Qo ={Qe&, [[(VI+IP+ VI+[aP)w(p—0)|Qp q)l*dpdq < +o0},

w 4.26
e = {pesm), [HIp0Idk < +oc) .

The letter w always refers to a function of this kind. The case w = 1 gives the space Qi of operators ) with
Tr(|D°]|Q|* + Q*|D°|Q) < +00 and €; = C. Typically, we consider w(p — q) := E(p — q)® for a > 1.

By the fixed point method we may estimate together

— [[Fo(Q, p)|lT and [|F,(Q, p)|lc,
— In general |[Fo(Q,p)|lq., and ||[F,(Q,p)|e, - We define X, := Q,, x €,

Notations
DO(p)
go(p)2+91(p)?

E(p) :== /1 + [p? and E (p) := v/90(p)% + g1(p)2. (4.27)

Remark 4.6 (Regime). We will work in the regime

Notation 4.4 (On Dy and D). The operator sign(D°) is a Fourier multiplier that we write s, =

. We also write

a<aqy<1land L:=alog(A) <Ly« 1. (4.28)

We consider systems with M electrons and an external charge density v > 0 with ||v|lc, Z := ||v||r < +00. We
will often consider M = O(Z) and |[v||2 + M = O(log(A)).

Throughout this paper the letter K denotes a constant independent of the parameters o, A, M, v. K(M,v)
is a constant depending on M, v and so on. The inequality a < b means that a < Kb for a,b > 0. When a > 1
is some integer, then as in [HLS05a] we write

1 [t
W o (@), (4.29)

K, = —
2 | B a-sieo

Notation 4.5 (On Q). For (e1,--- ,e541) € {+, =}’ we define Q5 7T with the same formula as in (4.20)
except that we replace the J + 1 operators (D° + )~ "’s by P, /(D + in). We define @;,“"*" analogously.

We write Q7 "*/*/*! with a; € {v, R} for the operator

[ P P T
- Ui - 1 — A )

2 J_oo DO+in DO +4ing DO +in
whereAj:v:pQ{’*ﬁifaj:vorAj:—R(fy’) ifa; = R.

Notation 4.6 (On fp). We introduce the function Fy := H{ﬁ’ studied in Appendix We prove in particular
that Fy € L' and that |Fy ||, < L.
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4.3 Description of minimizers

4.3.1 Minimizers and fixed point schemes

Let v/ =+ N be a minimizer for E4np(M). From Eq. (4.20) and (4.21)), we define a fixed-point scheme :

FO =FY < BV 2 — &,

FOQ'0") =N +3 Q@ p"), (4.30a)
(=1
ar (1) JAN/AW _ 1 -~/ 1 ~ /. - L~ I,
FEQ )i k) = 7 +aBa(k) )+ 5 + B, (k) <O‘p1’0(Q k) +;O‘ pu@sp ’k>> (4.30b)

To prove F'() is well-defined we use the following Lemma proved in Section

Lemma 4.2. Let w be some function satisfying (4.3)), with constant K,y > 0. There exists Co > 0 such that
for any J > 2, the linear operator :

(Qap) S Qw X Q:w = (QJ(Qap)apJ(Qap)) S Qw X Q:w
s bounded with norm lesser than 2K{w) Cy 2,
We apply the Banach-Picard Theorem.

Lemma 4.3. Let ' =~ + N be a minimizer for E%n(M). In the regime of Remark the following holds :

1. FU : By (0, Ry) — Bux, (0, Ro) is well-defined for some Ry > 0 and this restriction is a Lipschitz function
with constant lesser than 1.

2. (’y',p’v’) is in the previous ball and so is the unique fized point of F"), moreover :
IFV o) = (N0, = o(1).

3. As a consequence N = X(o,,(Dq) has rank My = M.

Proof of part 3. If we assume the first two points, the last one is clear. Indeed on the one hand we have :
ITro(7)| < [[7ll%, = o(1), on the other hand, as v is a difference of an orthogonal projector and P?, it must be
an integer [HLS05a, Lemma 2]. Thus Tro(v) = 0 and

Tr(N) = Tro(N) = Tro(vy") — Tro(y) = M.

a]
To prove that p, is integrable we need another fixed point scheme.
We see p as the fixed point of a function F®) defined in (a ball of) C and also in (a ball of) C N L. We
write :

hy = aQTl,l{T[N] +a2{0¢T@3(7’7p$)+TQ2,0(7’,/J§)},/)Z} + a?720(v)
B0 = o?(ra{e?[TQui(v, ") + TQoa(p")], #'}) (4.31)
hs = a*m(Qa(Y, ) +a®{70(p) + 21 (v 0) }
FP (") = aPros(p) +adrialy,p”)
F{FO (")} = 5 L _ary 1 {ﬁ2+${F§2)}+ﬁ3+£4’{F§2)}}(p”) (4.32)
+ fa(s) L+ fa(e)

Remark 4.7. The definition of F(®) may appear complicated. It is built on the following self-consistent equation :

oy = m{ N +aQua(p) +a*(Qa(.5) = Qua(ys ) } + a*r[Qua(FY (). 1)
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Lemma 4.4. Let ¥' = v+ N be a minimizer for E%pn(M) and F® the function . In the regime of
Remark: there exists Ry > 0 such that F®) is well-defined in Be(0, Ro) and in chLl(O Ry).

Furthermore these balls are F® -invariant and FP) is a contraction on them ; ,07 is the only fixed point in
both Banach spaces. In particular p, € L.

Remark 4.8. The linear response of the vacuum to the presence of electrons IV and the external potential v is :

v =aT[Qoa((o — Fr)x(n —v+ty)] +Fn + -
py = —Fxx(n—v)+ (80— Fr)*ty + -

4.3.2 A priori estimates

Lemma 4.5 (Estimates on the energy). Let M € N and Q a test function for E%pp(M). We assume : E4pp(Q) <
EY% (M) + € where 0 < & = o(a|v]|2).
Then we have ||Q|E, < M + al|v|g and

Tr(|VIQ?) < allv] + a'/2M + VaM|v|e,
allog ~ vI12 < allv|}2 + a¥/2M + Vada|v|.
As a corollary we get the following.

Lemma 4.6 (Estimates on the mean-field operator). In the regime of Remark and for Q as in Lemma
we have in the sense of self-adjoint operator :

(1= o()IP] < [D° + aBgl < (1+o(1))[D]. (433)
Both o(1) are O(al|v|c + o®/* M2 + (aM)l/‘laHl/Hé/Q).

Lemma 4.7 (A priori estimates of a minimizer). Let v =+ N be a minimizer for E% (M), decomposed as

in (4.18]). Then we have in the regime (4.28)

Tx(|D°|N)

17" lle

S L,
L+/log(A).

log(A), V]l

<
log(A), | lpylle <

N WA

Proof of Lemma : It is known that Efpp(M) < M [HLS09]. There holds :

M+e+$lIvE > Epr(@) + $IIVIE > (1 — af)Tro(D°Q) + §llpq — vIIZ
> (1-af)IRIE, + 5lleq — vl

Furthermore :
Tro(D°Q) — M = Tr(|D°|2(Q*F — Q=7)[D°/?) — Tro(Q)
r(|DO|1/2Q2|DO‘1/2) Tr(Q?) (4.34)
_ 2
2 G 5 [ ) - DI@p. ) Papda
and E (p) — 1 > 14 2) Then thanks to Kato’s inequality (4.61)) :
Tr(QRg) < 3Tr(]V|Q?) which leads to :

1 —A a lvl2 =
,T( 2)4_* — |2 <e+ a5+ ZTr(|VIQ?)).
r |D | 2HpQ V”C S a( 9 4 I‘(| | ))

Splitting at level ro = \/% (to get a% < i pl” oy for |p| > o) we obtain :

-A
(5 @) S allvlg + 0), (4.35)



thus by the Cauchy-Schwartz inequality : Tr(|V|Q?) < a|[v||2 + vaM + VaM|v|c. a]

Proof of Lemma [4.6] :
For all f € $H) we have :

(ID°f, HA = alllD°|7'Blls)* < (ID° +aBlf, f) < (ID°[*f, /)1 +al[D°| 7' B]5)*. (4.36)
However thanks to Ineq.(4.58]) and the second point of Lemma :
1RoIVI™ |5 < 4/ Tr(QRq) and ||(pg — v) * 1IVI725 < (g — v) * Hllzs < llpg = Ve
As the square root is monotone, there holds
(1= all|D°|7'Ball5)|IP°| < [D° + aBql < (1 + al[|D°| 7' Bal|s)ID°, (4.37)

and in the regime of Remark this gives (1 — 0(1))|D°| < |D° + aBg| < (14 0(1))|DC|. This o(1) is of order
O(a(llpg — vlle + | IVI*/?Q||s,)), that is of order
O(allvlle +a®* M + (aM) o] ). :

Proof of Lemma : For EXpp(M) with M, [|v||2 < log(A), we have thanks to Lemma :
a(llpflle + VTV € vala!2[v]c + a® M2 + (aM) /40l 2 |p|g %) =: a!/2e.
We have ¢ = O(v/L). Using Eq. (4.23) and assuming Lemma and Proposition above we get that :

loslle < [[Fa*n”lle + (80 — Fa) * (tw + Y_a?mj)lle S Lln"|lc + VLa|N|z + O(La).

j=2
As [[n"lle < [lp5lle + llpylle we get
In"le < Ivlle + (@M)V4(MY* + V/[vlle) + VLaM + O(at?) < /log(A).
Thanks to the equations D%; = u;1; — Bt;, there holds :
Tr(|DY|N) < M(1 + O(vae)) < log(A).

Finally we have

Ve < VELalln”|le + ay/Tx([V|Q?) + O(La) S L+ O(La) < L

(4.38)
lpyllc < Lln"|le + VLaM + O(La) < Ly/log(A).
o
4.4 The operator I
Remark 4.9. e If @ is a nonnegative operator then so is Rg when it is well defined. Moreover if @ is self-
adjoint then so is Rq.
e The R. operator commutes with Fourier multiplier of the form g(p — ¢), indeed we have
= 1 [Qp—1laq—1)
Ro(p,q) = — | ————=.
QP a) =53 / T
In particular there holds :
[0, Rol = R(;. Q). (4.39)

Lemma 4.8. Let Q be in S(R? x R3) (Schwartz class).

82



1. We have :
IIVITV2Rg e, < 4/Tr(RYHQ).

In particular for any w > 1 there holds :
H D | R(p. ) dpdy < {[ I+ alw(p - 0)|Q(p, a) *dpda.
2. There exists K > 0 such that for all0<e<1

|1Dol~ 5 RoIDo| % fl, < & lQls.,
Dol ="+ Rolls, < \[HQHGz

For Q € G5($H4), we can replace | Do|~(19)/2 by |DO|=Y/2 provided that e~ is replaced by log(A).
By density, these inequalities hold for @ in the Banach spaces corresponding to the norms in the r.h.s.

We prove this Lemma in Appendix A.

4.4.1 Proof of Lemma [4.1]

In the Schatten norms We recall F} ( is defined as

1 [t 1 1
Fiog:Q— =—— d R . 4.40
0:Q Q1,0(Q) om /_OO 50 T QDo +in (4.40)
The integral kernel of its Fourier transform is [HLS05a] :
~ 1 1 ~ ~
Quolp @) = 5=——=— (B(p.0) = s,R(p.0)s,) (4.41)

2E(p)+E(q)
It corresponds to a difference of two operators which are in &, if @) is in &, for both cases p = 1 and p = 2
(see below). By interpolation, for p € [1,2], if Q € &,, then so is F ¢(Q). Let us show the &;-norm is O(log(A))
while the Ga-norm is O(y/log(A)). Indeed

1 T et m)—si(@)
- e=sfP)=sf(a) gy,
f(p)+ f(q) /s:0

therefore if () is nonnegative, then so is

+o0 ~ ~
/O B 7 e *EO ReF (e *E0)) Brds.
s=

Writing @ = % + Q%@ and splitting each self-adjoint operator into nonnegative and nonpositive part, we
may assume that @ > 0. Then from Eq. (4.41), we get :

1F10(@)lls, < Klog(A)[Qlls,-
As (E(p)+ E ()~ < E(p) Y2 E (q)~"?, it follows that

1102 RZ-1(10(p, )P 2 lles < K+/ToBM|-Z~2(10(p, )]s
= K/log(A Qlls, = K/log(M)||Q||,-

By interpolation (1 < p =1 — ¢+ 2e < 2), there exists K(Gl’ 0 >0

1Q10(Q)lls, < K ¢)(log(A) ™ 2(Qlls,, (4.42)
Remark 4.10. The operators Q1,0(Qo) (and Qo,1(po)) can be rewritten as
Tl — ) = F (exp(~tE () (x — ) (1.43a)
“+o0o
Q@) =} [ (TiRandh ~ i B Ran By
t=0, 0 O (4.43b)
Qoalon) =4 [ (Fivn T~ By v By i)
t=0
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plQ1,0(-)] We show here inequalities needed to estimate T(Q/(Q, p)) and 74(Q, p) in norms |-||q.,, ||:||e,,- There
exists a constant Cg (defined in [HLS05a]) such that for any function w > 0

| @) + E@)wp - a)@r0(Q,p,0)Pdpda < C [[ w(p - a) B+ 0)|Q(p, ) Pdpdg.  (4.44)

By Cauchy-Schwartz inequality (¢f [HLS05a] and inequality (4.98))

ﬁ E’ _ k2 1
e B S )
1+ E (u, k/2) 1+ E(u, k/2) 1+ [u]* + |k]?/4
B(0,A) B(0,A)

where E (u, k/2) := max(E (u+ k/2), E (u — k/2)). Thus we have :

PLo(@B)F < Cagy [ B+ §ou— )Pdu, (4.46)

where 0 < C(1,9) = C(1,0)(A) satisfies C(1,0) < log(A).

Well-definedness of T and 7 Thanks to (4.42)) we can prove Lemma [4.1]: for alog(A) sufficiently small the
function T is a linear bounded operator in L(Gp) for 1 <p=1+¢ <2 with norm lesser than

+oo
£ 1
CPs = (aK§ ) (log(A)'~2)" = .
£=0 1- @(IOg(A))l_QK(GiO)

which is finite as soon as alog(A) is sufﬁciently small. We write Ct g := CSI%)G.

AsT=(Id—aF o) != Zj F1 0 , let us show that aF} o is a bounded operator in L(Q,,) with norm
lesser than 1. Thanks to mequahty , aF o is bounded with norm lesser than aCr. Thus T is a bounded

linear operator with norm lesser than
1

C : 4.47
TQu T T o (4.47)
Then thanks to Ineq. (4.44)) and (4.46)), for £ > 1 we have :
~; 10(€
P QP < 0l g kP [ B@u)IQ(u+ §u— §)Pdu
Therefore :
/ i PETS R < ¥ Clug [[ 90 = OB+ 0)1Q(p. 0) Fdpdg (4.48)
and t is a bounded linear operator in L(,,) with norm lesser than
“+oo
Coe =3 (0y/Cr0)" = Oa/log(R)) (4.49)
(=1
for ary/log(A) sufficiently small.
Notation 4.7. Let us definefor 1 <p=14+¢e<2:
Yaa(p) =Y(p) S O, (4.50)

which is an upper bound of the L(&,)-norm of Q ~ |Do|~"/*2R(T[Q])|Do|~"/*? : ¢f Lemma in Appendix
HAT

We have thus proved :

{IIT(Q)IIQw < Crq,|Qlq, = {22, (450)
Iralle. < Cuell@lau-

84



4.4.2 Proof of Theorem 4.1]
)7
First we recursively define the function A(J&)J:1 as follows :
{ AT Q(p, q) =Qp—l1,q— 1) —8,Qp — 1, — (1)sq,
AV YQp,q) = AT (AY_,Q)(p, q) with J € N*,4; € R®.
These functions appear in the Fourier transform of Q9[Q] (see Appendix {4.C)).

(4.52)

Proof : It is based on the following fact :
Lemma 4.9. The trace Trca of the product of an odd number of Dirac matrices (that is a1, o, oz, 8) vanishes.

Writing (a1, ..., an) the algebra spanned by the a;’s, we define :

Ap = (o, a2, a3, ),
AB = <Id, (1 - 6jk)ajak, ﬂaﬁ (453)
Ap = an AL+ a A + as AL + BAS
It is clear that Ap = A}, + AL and Lemma [4.9 just says that
VM € Aj, : Trea (M) = 0.
Remark and Appendix implies that for almost all (p,q) € R3 x R? :
o FP{(Qoa(p);p.q) € A,

o if Q(p.q) € A%, then so is FY{(Q;p, q).
Now let us study Qo 2(p) :

0 1 /+°° dn 1 1
= —— v v .
027 T or Jo__ o DO +in PDO +in PDO +in

where Qg'y?“* is defined in Notation (as Q?Z’R’Ez’”’“ and so on). By the residuum formula in the case
€1 = €9 = €3 the term vanishes. We deal with Qagf and Q(I;Jr together, like Q(J{EJF and Qa’;ﬂ (I;+ and
43~ We compute the first couple with A = Qj; ™ and B=Qu 3" :

I v 0 0
i i 5, E® +E(p1)§_(1(9]3)+ EA(q)(HSp);;‘TZpl)pl)fl Sm)”@;g(qj)(l S);
B =5 g’i;ldn/”l dlplwv(p—m)wv(m - Q)w
- /pl 8 E(p)+E(p) E(p)+E(q) (1 =sp)o(p = p1)(1 + 55, )0(p1 = @) (1 +5),

However

5 (T +8p)0(p — p1)(1 = 8,)0(p1 — @) (1 = 8¢) — (1 —8,)0(p — p1) (1 +8,)0(p1 — q) (1 +8¢))

_ ~ _ C v - - ” (4.54)
= 8,0(p — P1)8p, V(p1 — q)Sq + 80(p — p1)V(p1 — q) — V(p — p1)V(p1 — q)Sq — V(P — P1)Sp, V(p1 — q)-
In (4.54)) there only remains matrices in Ap. Symmetrically, the other two couples give :
b %((1 + Sp)ﬁ(p —p1)(1— Sp1)ﬁ(p1 —q)(1+ Sq) - (1= Spﬁ]\(p —p1)(1+ Sp1>@\(p1 —q)(1 - Sq))
= —sp0(p — P1)Sp, V(P1 — @)8q + Sp0(p — p1)V(p1 — @) + V(p — p1)V(p1 — @)8q — V(P — P1)sp, V(p1 — q), (4.55)

® %((1 —8)0(p — p1)(1 —85,)0(P1 — @) (1 +8¢) — (1 +5,)0(p — p1)(1 +8,)0(p1 — ¢)(1 - sq))
= 8,U(p — p1)8p, V(p1 — q)8q — 8p0(p — p1)V(p1 — q) +V(p — p1)V(p1 — q)Sq — V(P — P1)Sp, V(P1 — q)-
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Therefore for almost all (p,q) : Qo)g(p; p,q) € Ap : its trace Trea vanishes. Furthermore for all J > 1 :

(ej)f']:1/\ k k
dudt A7 Qopp)(ut 5,u—3)
PUFT(Qo(p)) —Cstuflfl /1<H<J|£ 2 I Blutk2—Ly)+E@u-—k2—1;) 59
J1<5< 0<j<J

NI
where for almost all (p, ¢, ¢;) : Trca {Affjb:l Qo,2(p; p, q)} = 0 because these matrices are in Ap. Thus ﬁ(ny'é(Qg,g (p)); k) =
0 for almost all k € R® and so 7y 2(p; k) = 0 for almost all k € R3. In other words 75 2(p) = 0.

There remains to prove that 713 (aT(Qoyl(po)), pl) = 0 : it suffices to show that for all J,J" > 0 :

p{F{”{) [Q11 (aFf"él [Qo,1(po)], pl)]} vanishes. As before we treat together
o QI (Fid (Qoa(po)) pr) and Qi (F7g (Qoa(po))s 1),
e then Q-H} R= (Ff7'él(Q071(p0)) pl) and Ql U+R+(FOJ (QQ 1(,00)),[)1), and so on.

As Ff’;é' (Qo,1(po); p,q) € A}, for almost allp, q, then Q"= (F2d (Qoa(po); 1, @), p1)+Q1 1T (Y (Qo.a(po)), p1ip.a) €
A, for almost all p, g thanks to (4.54)) and (4.55). So its trace Trc4 vanishes. The same result holds for the other

+v—R— v+ R+ +-— 7+7 —+ ; : .
cases : Q7] + Q11 , Q71 + Q1 and Qi1+ Q . Finally as in (4.56)) we have :

B3 (Q11(FYY (po), p1)); k) = 0 for almost all k.

O
4.5 The fixed point method
We prove here Lemmas [£.2] [£.3] and [£.4] and start with some inequalities.
4.5.1 Tools
e We recall the following Sobolev inequalities in R3 : for suitable f —say H'— we have
1£lice S UV Fllezs 1fle S UV AflLe, fllze < |||V\1/2fHL2- (4.57)
We use them to prove the following inequalities : for p € C, v, := p* and $e HY? .
[vp0llze < llvpllzellllzs < Hp||C|||V\1/2¢HL2- (4.58)
|p(k) . N _ 1/2
o frlles < 11914+ ﬁnp </ i < (inp{2net 2 pl . + 27 RplR ) (4.59)
With v, := p* & Eq is used in :
1/4
||D%WUP‘|G47 ” |D0+1in\1/2 Up |D0+1in\1/2 ||64 < WHP * ﬁ”L4 (4‘60)
e We recall Kato’s and Hardy’s inequalities for ¢ € L?(R?) :
2
px g
[
[ el (4.61)
dr <4((-A)p, v),
| o <a-ae.
and the Kato-Seiler-Simon’s inequality (KSS) for compact operators in B(L?(R?)) :
V2 <p < oot [If(=iV)g(@)lls, < 2m) P f e gl (4.62)
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e We recall that for any p,q € B(0,A) we have (see [Sok14b].)

— —~ — — |p _ C]|
PO (p) — PO = |P? - P9 < = = .
| (p) (‘1)| | +(P) +(Q)| max(E (p), E (q))

By Ineq. (4.63) we get the following.

Lemma 4.10. Let p € C, then there exists K > 0 such that for any a > 1/2 and ¢ € {4+, —} we have :

P20, P2 | Do| &, <

K
ﬁ”ﬂ”&

(4.63)

Proof : It is obvious once we have seen that the norm of the integral kernel of its Fourier transform is lesser

han :
t 5o — o) i
Ip—q| E(q)*max(E(q), E(p))’

4.5.2 Estimate on )y,
We estimate ||Qo.1]|q,, as in [HLS05a]. We have

B R Bk B k2R VI
; < 47(1+1log(A)) < log(A),

leading to :
{[ we— (B (1) + E (2))|Qo1(p p, @) Pdpdg < (1 +1og(A)p]12, .

where we have used (4.63).

4.5.3 Proof of Lemma [4.2]
We recall that for J > 1 :

1 [t d 1
Qs(Q.p) 32%/_00 DO—Zin H ((Up—RQ)M>

1<5<T

We write R
a(Q) i= F (1)) and a(p) :i= F~(I7).
It is clear that @kl (p, q)| is lesser than the integral kernel of the Fourier transform of

1 [t

J
a(Que) = 5- a(p) * f + Rla(@) -

w VI[P +n2< (
We write a(v,) = va(p) and a(Rq) := Ra) and d,, := /|D°|> +n?. We have :

la(vp)ll e < [Vavy| e < lalo)lle = lielle,
la(vp)]l e < VP 2a@)lee <
Iza(Re)le. < lla(Re)ex < a(@llr = Q-

By the KSS inequality, there exist Cg, C4 > 0 such that :
—1/2  ,—1/2 _
I oo Plles < CoEm)™lpllc,

—5/12 —-7/12 _
Idy® 2 0,dy P e, < CaB(n) ™40l 1.
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As w satisfies (4.3)), we have :

w(p — q)a(Qs(Q, p)ip,q) < JK(Jw)a(QJ (7 w( — )W), F (p)]:p, q)-

It suffices to check that for po = p,psr1 = ¢ and p1,--- ,p; € R we have :

J+1 J+1
ZK w(pj—1 — pj)<JK(w pr] 1= pj)-
Jj=1

In the definition of ||-|q,, , there remains to multiply by E (p)l/2 +E (q)1/2. We use the first or the last d, ' to
get :

E (r)'/? 1
= S =
E()?+p2  (E@) +n)/1

For the terms Q (@, p) with J > 3 we get that :

with r € {p, ¢}.

JK J [t d
(w) 1 1
o < G (I Rls@les + Calllle) [~ T

1aQ.1(Q, p)|

For J = 2, we treat Qo2(p) in another way because the product of two operators in &g is not necessarily
Hilbert-Schmidt. By the Cauchy expansion we have [HLS05a]

So it suffices to treat Qu's™>"* with (e1,€,€3) # (+++), (— — —). In particular there is a change of sign +— or
—-+. By Holder 1nequahty and Lemma we have for ¢ € {+, -} :

B I dq 1/2
I, 205 4dy e, < lplle / B S lele

Hence using the above inequality and (4.66) we get :

< 9 +o0 d77
[Qo2(p)llq. < llellc o E(pirrT

By (4.29), there exists K > 0 such that

J
1Qs(@. Pl < J*(K x Kw)(IQllq, + llelle,)) "

To deal with p s, we use the same method as in [HLS05a] and estimate || ps||c by duality. We take a Schwartz
function ¢ € S(R3) and prove that for any k, ¢ > 0 with k + ¢ > 2 we have :

PP,
g(p)? dp=

We emphasize that by Furry’s Theorem |[Fur37, [HLS05a] we have pg 2y = 0 for any J € N*.
First we must prove that Qy (¢ is trace-class. We use the same method as in [HLS05a] :

1Ok Clles < 1Qne PPl oo Clle. S E(A)?Qr.ells, ¢z

ITE(Qu)] < K(Qps ks ) / K(@Q.p. k. O)llClle

It is clear that |Qk¢C(p, )| < [a(Qk,e)C]-
Writing d, (p) := \/E(p)2 +n2, po =p and m = (mq,--- ,my) € {v,, Ro}’ we have :

<

j»Pj—1 |d (PJ) ‘C(PJ*I’N



We replace |E(pJ —p)| by :

W(pj—p)<JKJ pJ—
wpy—p) = “wlps—p

_::]K

IC(ps — )| %

J
—pj1) = JK|C (s — o)l [[ wlps —pj-1)- (4.67)
j=1

We write R := R[? Haw(p —q)\@( )m and V' ;= U[ﬁ_l(w(pﬂﬁ(p)\)}
For (k,¢) different from (0, 3), (1, 1), (0 2J) we have :

(k4 OKEY i 17202 2 g2 g2y 2
(@) < g (55 [l 2y Py e s N v
k+¢
< BB pnypenee [0l e
~ 27 k E(n)a+iroz 1%l Ple, -

R

To deal with pi 1, po,3 we use the same method as the one used for ||Qo2|lq, - We treat the case of p[Q*R 7]

as an example and the other cases are similar and left to the reader.

/ dndp1dp2|RQ(p07p1)||
dy(po)dy (p1)dy

(ﬁ( - )|\FF(P2—P0)|~

Troe (@ (90, p2)E(p2 — p0))| < / ;
(

R (B(0,A))3
Using Lemma and (4.67) we get that :
T O < QN qullplle, Ks/allClle, -

4.5.4 Estimates for F'®

We consider 7' = v + N a minimizer of E%p(M) and define the function F(? ([@.32). Two Banach spaces
will be considered : first C and then C N L. We recall that for € R we write d,, = /|DY? + n?2.
Estimates on the C-norm
Thanks to previous estimates (Lemmas a priori estimates (4.38)) and estimates in the ||-||¢,-norm), in
the regime M, ||v||c < log(A) there hold the following non-sharp estimates :

lille: % o2{162le I+ 201k + 1417 + 11}
< a? x log(A) = La (4.68)

Ihslle < a®(17'lle + 165lIe)* < (La)®/2.

Then F2(2) (p") and F3(2)(p”) are at most cubic in p”

152 e < a4yl + 10" el 12

1E52 ()l < @®(lp"lle + 1711”12 (4.69)
142 ()l < (1Y Il lle + 11”112) .
142 () le) < U Il lle + 11" I2)-

Estimates on the L'-norm

Our aim in this part is to prove Lemma below which states that F(?) is a well-defined €' function of
CN L' (differentiable with a continuous differential).
e We first prove that ho, h3 € L! (we recall they are defined in @ ). In fact they are densities of trace-class
operators : to see this we use the methods of the proof of Lemma [1.2]
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- N =300 0) ()] € 6150 T[N] € &y and

[rnllr < [[T[N]lle, < CrelNls,- (4.70)
. Q20(7) € &1 : We have :
1Q20(7)le1 < 17 B2 (4.71)
. Qo ) with ¢ > 4 As Q = Q. tz = 0 there is at least one change of sign +— or —+. Then with the
help of Lemma and Estlmates we have
||Qo,z(pZ)||61 105 HcKzgl 1
the product of £ — 1 operators in &g and one in G, is trace-class.
. Similarly Qg ¢(7', p) € &1 with k >2o0ork>1and £ > 3:
1o k+¢ / L
Qke(spler < (7 JOEIY ) (KNl le) K giesry 2 (4.72)
. Thanks to Furry’s Theorem and Theorem :
{Qo2(p5)} = 1.1{T[Qo1 ()], P} = 0. (4.73)
. By the same methods as before we have Qo 3(p)), Q1,2(7', ) € G¢/5 with :
1Qo3(P) 66,5 S NIA5IEK 24170 and [|Q12(Ys pY)lles s < 1 Il IE K 145 /0-
Furthermore the following inequalities hold (we recall that Y is defined in (4.50)) :
lds,* B u,d, % sy < B2 (lpllc and [|d; > *R(TQ])d; > *lley,s < Y (E)IQle0s-
Thus 6
IT11{TQus(r)), P }le, < 2Cr.6Ks/allolle (Y (D)ALIEK11/4),
IT1 1 {TQ12(7. p5), A5} ler < 2Cr,6Ks/all P lle (BY ()1 [IllP5 13 K143/2) (4.74)
IT11{TN, o/} ls, < 2Cr.eKsullpillcY (2)M.

. We apply T, ha (resp. h3) is the density of Q(hs2) (resp. Q(hs)) with

Q(hs) = a2 TQL1[TN +a®T[Q20(7') + Qs(v, p)]; ] + TQ2,O('7/)}
Q(hs) = TQ30(7) +TQ21(v, ) + a@;(v@pﬁ)}

The previous estimates lead to a sequence of numbers (b;)¢>2 with the following asymptotic behaviour :

be = Oy (£1?)

and a constant Cy > 0 such that :

@?Qa20(7) + ?[Q3,0 + Q2.1](7, pY) + a'Qu(y, j29)

(G5

< Zbe (@Co) (I lle + 1Vll0)* =: Ans-
Soss £=2

$1Qos(py) + Qua(vs pY)

We have :
1Q(h2)lls, S a*Cr.s(2Ks5,4Y (3)(M + Ane) +1714.)

and write Bp, ¢ this upper bound. Similarly :

—+oo

1Q(hs) e, < Cre Y be(aCo) (lIP]lle + IV [IT)* =: Bry,e,-
(=3
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Remark 4.11. The introduced numbers Ay, &, B, s,, By, are not constants : they all depend on o and the
minimizer 4. As a priori estimates hold(Lemma [4.5]), these upper bounds are small provided that we are in the
regime of Remark Indeed we have

aTr
(1= —)IlIz + *Ilp le <5 v+,

so a(|[[lT + 15 lle) < allvlle + Va = O((La)'/*). In particular those upper bounds are o(1).
e Let us estimate the L!'-norm of F(z)( ") and F(Z)( ") with p” € C N L. To this end we use (4.60) and (4.59)
at level € = 1 for instance : there exists K£4) > 0 such that :

[oprllzs < K210 llzr + [1p" e} (4.79)

We use the second inequality of (4.66) and Lemma with a = 7/12. Using the method of the proof of Lemma
we obtain the following.

Lemma 4.11. Let p” be in CN L' and ~' a minimizer for Egpp(M) with density pl,. We have :

ITQos(")le < 6KugpCrelllo o + 0" Ic 16"l
ITQ12(7, 0", < Q) ECrsllllr{llo" Il + ll0"lle}?
HQO,z(P")||64/3 < 4K7/3||P”Hc{|\l7"||Ll + 1" llc}
Q117 < 2Kl e (e s + 110"} (450)
ITQ11{TQo2(p"), 0" }Hle, < 2Ki3/12Y(5)Cr.sllQo2(p)le, {0 |l + 10" llc}
ITQ11{TQ11(v, ") " }Hle, < 2K13/12Y(%)CT,6HQ1,1(7/7P”)||64/3K(U el + 1o lle}
Similarly we can estimate HdF HL cnryy- As |7 |lr < v/log(A) we have :
IE2 (0 erns S e I3ns {/108TA) + 19" lenr }
IES> (")l < @013 {V10g(A) + o llenrs }, (4.81)
1E (0" enny < a0 13n 0 {108 (A) + 1" llenrt }s '
1B (0 luenry < @ l0”I2nz {V108(A) + 10" lenrs }-

4.5.5 Application of the Banach fixed point theorem
F)

With ezactly the same method of [HLS05a] let us apply the Banach fixed point theorem to F (1) with the
help of estimates of the previous subsections. We recall the different steps.
We define (where K(,,) > 0 is defined in (4.3) and Cy > 0 is the constant of Lemma {4.2))

X = Qu X &y, with [[(Q, p)[[x,, = Kw)Co([Qllq + lIolle.,)- (4.82)

Thanks to the previous estimates we can say that the function F") is well defined in a ball By, (0, R) with
R = 0(y/log(A)), say R = Ko/log(A). Indeed :

IED@Q', 0"z, < 1N "), + ara (W)@ P, + D kel (@' 0", (4.83)
=2

where

{m(A) = Oxto0(y/10g(A)) (4.84)

ke = Orspoo(H/?).
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In particular the radius of convergence of the power series f(z) = ZLO; kext is 1 and :

IdAF(Q', p")llca,) < ami(A) +af (@l (@ ")l x, )- (4.85)
For[|(N,n")||x, # (0,0) it is clear that F()(0,0) = (N, F ! (—zpryn”)) # 0. So
sup[[AF(Q", 0", < aki(A) + af(aR) =: v(R). (4.86)

(Q',p"")EBx, (0,R)
For (Q',p") € Bux, (0, R) we have
IFO@. e < IFD(Q0") = FO(0,0)]2, + [FD(0,0)]x,
VR)Qp") 2, + [FD0,0)]1x,

Thus By, (0, R) is invariant under F") provided that :

IA A

1FM(0,0)]x, < (1 -v(R)R. (4.87)

As F1(0,0) # 0 this gives v(R) < 1.
Let us say that ||(N,n")||x, = coR = c0Ko+/log(A), eg < 1. We have :

IFD©,0)]lx, <&, (488)

it suffices to take o > 0 such that vVLaKy < 1 and then take R accordingly. The constant Ky depends on
the constants in the conditions M, ||v|lc < /log(A) : we get R = Kyy/log(A) and for sufficiently small o the
Theorem can be applied on that ball.

F(2)

We work with (C, ||-|lc) and (CN LY, max(||-||e, ||-]|z1))- In Appendixit is proved that || fo ]2 < KaBa(0)
where we can choose K = 2 for alog(A) sufficiently small. Thus :

+oo
g =g { L =S eyte

L+ fa —
and its L'-norm is lesser than %};E\%) < 4aB(0) as soon as B, (0) < 47!, Moreover we can write
1 = 1 — fiA.
14 fa 1+ fa’
therefore if p € L' then # {174 p} " € L' and its L'-norm is lesser than
(1+4aBa(0))llpllLr < 2lpllLr-
In particular :
17 (") s < 2(M + 2).
So we have :
IF® (p"Mlenrr < 2(M + Z) + ||ha + hallenrr + Ka®(y/og(A) + 10" lenr)llo” 13 s (4.89)
[AFE® (p") |Lenry < Ka®[[p"lenr (2y/1og(A) + 3(Ip" |ears)-

where the constants K can be chosen indepently of @ < ag and alog(A) < Lg for ag, Lo sufficiently small.
The term 4/log(A) is due to [|7|r < /log(A) (see Lemma and the regime of Remark [4.6). We get similar
estimates for F(?) defined in C. So it suffices to take R > 2 sufficiently large so that Beqy1 (0, R) is invariant under
F®)_ This function is a contraction and we can apply the fixed point theorem. To end the proof we remark :

— There is only one fixed point of F?) in B¢ (0, R) by the Banach-Picard Theorem and p, +n — v is a fixed

point. Indeed by Section , (v+ N, py+n—vr) has norm Qq x C bounded by K+/log(A) in the regime
of Remark and is a fixed point of F(1). So it is a fixed point of F(2),

— There is only one fixed point of F® in Beap1(0, R) by the same theorem. In particular it is also a fixed
point of F®) in Bc(0, R) as Benr: (0, R) C Be(0, R). By unicity p, € L.
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4.6 Proofs of Theorems 4.2 and 4.3

4.6.1 Proof of Theorem [4.2]

Proof : The fact that p, € L' is a result of Section We recall that if Q € &y, then [pg = Tr(Q) =
Trpo (Q). Writing

A =aTQoi(e)] | C = a*T{Qui[T(Qor (o). ] } (490)
B =a’T(Qo2(p)) | S =7-(A+B+0C)
it has been shown in Section [£.5] that S € &;. Theorem 1] says pp = pc = 0.
Let us show that BT+, B=—,C*+, C~ are trace-class. First for any Q in &3, we have

PYQ10(Q)PY =PIQ1,0(Q)PY = 0.

Tt follows that B+ = a2Q2(p?)** and C++ = a3Qy 1 (TQo.1 (p), p!) . And as
s =Qoz =Q{{T=0Q11 =0

there only remain Q&;Jr, Qa;f, for, fo7 Using Lemma with a = % and Cauchy-Schwartz inequality
we have
Ii5os PLve P2 imors s < llelle < lelle (4.91)

We recall that |||V\%/2RQ”62 < ||Q|lEx : these two estimates enables us to prove the following :

+F+
1Q5.5 = (0 lle,
+F+
QT (s ) lles

As shown in Sections and we have QS‘I =Qp; =0and py = —fa % (r)) € L.

Kol 112,

<
S KrpallY llexllpflle-

/Pv = /(py++ +py—-)+ [{par— +pa—+ +ppe- + pp—+ + po+- + pc—+}
= Trpo () — afa(0) [ {py+n—v}— /{pB++ + pp-- + po-- + po++}
=0- OzfA(O){ /p,y + M — Z} — TI"PE(B) — TrPB(O)-

To end the proof we have to show that Tr(B™T + B=7) = Tr(C*+ + C~~) = 0 : this is straightforward when
written in Fourier space (see [HLS05a] for formulae). m

4.6.2 Proof of Theorem (4.3

We follow the method of [HLS09]. We apply a Lemma of Borwein and Preiss [HLS09, Theorem 4] and consider
an approximate minimizer v}, = y9 + Ny of E¥(M).

Indeed, we can extend £, to R = N{Q € &3 : Q* = Q, 0 < Q + P° < 1} by setting %5 p(Q) := +00
whenever @) ¢ KC. This extension is lower semi-continuous and bounded from below in the Go-topology and the
set

M:={Q€e R (Q+P°)?=Q+P°,Tr(Q) =M}

is closed in the same topology. Its convex closure in Gg is
RK(M) ={Q € R, Tro(Q) = M}.

Applying the lemma, for each € > 0 there exists a projector P and A € &(M) such that 7 := P — P°
minimizes the functional E5pp + eTr((A —-)?) on M and

Expr(10) < Egpr(M) + &2, 70 — Alls, < Ve.
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As in [HLS09], ~{, satisfies the self-consistent equation

")/6 + Pg - X(—oo,ug](D'y{) + 25(Sgn(D0) - A))

- (4.92)
= X(—oo,u0] (D + By, — 2eA)

where 1o € R and D := DY + DO‘ . We choose ¢ = A~! small e.g. ¢ = I'(2)~1. Using the proof of Lemma
we show that the following a priori estlmate holds for ) :

Te(|V](70)*) + allpf, I < ellvlle + vVaM + VaM|y|e.

Using the Cauchy expansion, we can write
J 2 /
E a’O;( p%,*yO )+ XW,\(A,aB(WO)),

where the O;’s are defined as the @);’s with D replacing D (see (4.20))). By the same method as in Section
we have :
D12 Wills, + llpWallle < IAlls. (1 + afllef, lle + 1V 255 lle.])-

Indeed it suffices to replace one R[] in the O,’s by A and remark that A € &,. Replacing D° by Dis harmless;

as before, by defining some function F® we can show that
Tro(v0) = 0 (but with an alternative By c¢f Section 4.C)).
In particular we can write

Pyo 1= 7g~71(ﬁ1\) *’I’Lg + (60 - jil(ﬁ‘A)) * Trem € C

where [[Trem|lc < [[{No]]lc + @2[R2llc + [|Alle, /A and Fy is defined in Section [1.C] We write fy := .Z~1(Fy) for
short. As in Section [L.5] we get :

Iolle, < alllpflle + ol
lpo + fa xng — (80 = fa) = t{No]lle < @ ([lgllT + [165, llc)*- (4.93)
[[=fa * 15 + (00 — fa) * t{No]l[L1 < L(Z + M).

Let (1j)1<j<nm be an orthonormal family of eigenvectors of D+ aB,; +2/e(1 — P — A) spanning Ran(No)
(with eigenvalues (u;)).
We then scale 7, by a~! (this procedure is emphasized by an underline) as in [HLS09] we get :

{(go(—OZéC;V)ﬂ B igl(;;'av)a . V) + p[lé} * ﬁ — R[] +

L_P0 —A)|y; = %ﬁ (4.94)

3
2

Remark 4.12. We have Uyt (x) = a29(ax) = ¢(z) and for an operator S we define :

S:=U;SU,.
This mean-field operator H,-1 is decomposed as follows : H,-1 = Hél,)l + hyem where

0 ~ ~
Y, o= 22 4 (6o — i) 0 — RING), nf(@) = 00" (/). Ea (K) = Fu(0h).

As in the Lemma 13 and 14 of [HLS09] we can show that there exists € > 0 such that

limsup,_,o(a"2(u; —1)) < —e < 0 for all 1 < j < M and that (1;); is bounded in H*(R3, C*)M (as « tends to
0). Lemma 13 is based on a min-max description of eigenvalues in the gap of the mean-field operator H,-1. We
refer to this paper for the proofs. The only difference lies in the presence of —f4 * (ng”) * ﬁ and (Jp — fa) * tn,
we deal with these terms in the following lemma, proved below.
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Lemma 4.12. Let x be a Schwartz function and for R >0 : xr(z) := R™3/?x(x/R). Then there holds :

(ia * (n0”) * fhxn = ZEa(0)3F , xn)| < 2R 193
SRV (2 [ v+ 2 [ ).
lyl> lyl>5

and/ fa(y)|dy < La'/?. Moreover for ro > 0 we have
yl> o

al|ty, 1 y 2;]{: 2
R)«éo—fi/\)*fﬂ* ﬁXRv XR)‘ g HfROHL | (|>§€|| )‘dk’-i-/ |m(y)|dy/ |X(z|)| d

ly|>ro
Hiol [ 2fa.

To
o <28

Remark 4.13. This is because of the last term that the bound on L depends on M. If we could prove that
flw\>ro [tn, (v)|dy tends to 0 as rog — 400 uniformly in € (the parameter of Borwein and Preiss’s Lemma), then

we could take L < Ly instead of L < 1/(KyM) in Theorem
To prove (1), is H'-bounded we show that :

M Tr(~ANo) _ Tr(D°*Ny)

Oé4 2 - ol

M ||VN0||62
< KM, z/){Tr(—ANO) =1 }

— o?

- (4.95)

The lower bound is clear and the upper bound follows from Eq. (4.94), Lemma and Proposition (for
estimations of g, (ap)?, x € {0,1}). We get :

ol + el * i = (60 — ) * oty |, < @¥/2(Ulp% lle + I o) V1720
< K(M,v)[[[V]Y24; e

Moreover :
IR[0]Yllzz < Iollex IV llce € @ K (M, )|V 22
[v[fa * n§ — (d0 — fa) * tno] 51172 < AVl 72 llolfa * G — (60 — fa) * tw ]l

< LX(Z + M2V 13- (4.96)
[(0[Fa %0 — (0 = Fa) =ty |85 95)] < [D(p[fa * 1§ — (0 — fa) * tvo ] [451%)]

S L(Z + M)<\V|?/fj > ¥j)-
Summing over 1 < j < M the inequalities (4.96]) we get - ) because

M
S IV 2, Te(IVINo) < VAT Tr(~ANy).
j=1
We conclude as in [HLS09] (the proof uses [Lio87]) provided that there hold binding inequalities for the

non-relativistic limit : this is the result of Proposition in Appendix [£.B]
In particular there holds

lim a™?(Efypp(M) = M + SD(Fy v,v)) = Eur(M), (4.97)
a—
where E,, is the non-relativistic energy ¢f Appendix

Proof of Lemma With f(z) = |xr|* * ZF 1 (Fa), we first estimate
| [ f(z)v(y)(1/|z — ay] — 1/|z|)dzdy] : it is lesser than

[ 1@ty

]|
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Splitting at level a~! for 3, we use Hardy’s and Kato’s inequalities :

|f(z)|dz = V122
/Iylﬁly(y>dy/|x||a:ay| < (AZ||FAllpr) —%2

& = 19Xzl
d _— <im dy|| F —_—
s [l i@l <% [ vl P S

lyl>

AN

We estimate Z| [[ |xr(2)*fa(y)(1/|z — ay| — 1/|z|)dzdy| analogously, with the help of Lemma To treat
the terms with ty, we use the fact that :

”%HU = ||tN0HL1 S LM and /m:/tNo =0.

The first term in the upper bound corresponds to the error term that we get when we replace % (FA) | | by

F(0). To see this, we write a := tﬂ and b := |X|2 : we have

a*(k)b(Rk) ~ ~ a* (EYo(k) ~ ak. =~
B (Fufat) — Fa(0) = (ﬁffﬁ)m( oR) - Fo),
a*(k)b(RE) , ~ ~ alltng |l / |b(k
L (Falak) - Fa0)| 5 gl La.
| [ ek~ Fyon)| < gl [
Let o be in L. Thanks to Newton’s Theorem (for radial functions) we have
R x(z)?
Rx (o) = [o)(in [ @Pass [, M a)
lyl Jyjwi<d PR ]
o R 1" R 1
- o [ w@rE - Des [ow([ L wwrd -
/ el MEOP (g = ) (i WP G = )
ly|>ro ly|<ro
1/2 \x(x)|2
< 91 [ lew)dy + el | .
wl< Il
lyI>7o
a]
4.A Estimates and inequalities
Notation 4.8. In Section and e refers to any unitary vector in R® and for p € R3, we write w, := %.
We recall that s, = . (sign(D?); p). There exists Cs > 0 such that :
Id —spsy = sp(sp —89) = (sp — 8¢)84
Id — s,8,] < |s 75\:’735@)*7%((1) <C.__lp=ad (4.98)
pral =P 1 - - — P max(E(p),E(q))”

4.A.1 Proof of Lemma [4.§]
We have [LL97] W%‘(:v —y) = Cst/|z — y|>. By Cauchy-Schwartz inequality there holds :

Cst Q(z,x)
Te(R|V| ! Tege 2(:9)
r(R5|IV|™ Rg) /// rc4 |xfy| R P |dxdydz

9 dxdydz
// IQ(ar y)\‘ -

We write m(|p + ¢g|) the multiplication in Fourier space by |p + ¢| : the operators R. and Il =7z commute with

4
the multiplication in Fourier space by w(p — ¢) (written m(w)). By Kato’s inequality we have

Im(w) - g7 RlQllls. = gz RIm(w) - Qllls, < m(lp + ahm(w) - Qlls.-
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Similarly for @ > 0 the operator |Dg|~* is a convolution operator associated to a positive function ¢,. Indeed

—wlz—y|
there holds [LLI7] : < (z —y) = m,w > 0 and for any 0 < & < 1 (see [LS10, footnote p. 87]) :
Tz —
L sin(em) /+°° w1 1-A db
|D()|25 71' 0 t+ 1-A

Thus for a =1+ ¢ > 1 we have by Cauchy-Schwarz inequality :

TRy o Re) < [[1Q(,9)2 ke + d2a( — y)dady,
< Jf 1@ty ||||,2*<z>2a||m

IQIZ,
< [ 10 )Pty [ o < S= e

Let us consider a finite rank operator Q(z,y). As Q = % + @
writing @ = Q4 — Q_ one may suppose it is nonnegative : then so is Rg and |Do|~%/2Rg|Dy|~%/2. We have

_QQ* one may suppose it is self-adjoint,

Tyc4 R( p, // dp
d — lp—10
E(p)? 272 \€|2 p ))E(p)Qa

~ dl 1
= 27T2/CZPTF(Q( D)) EEp+ 02
< HQ”61.
~ 2a -2

In Fourier space we have : .7 (|D°|=1/2) : f(p) — X|P|<A%' Thus writing IT4 the projection onto {f €
L2, supp f C B(0,A)} we get
1D°]'?Ralle, < |[ID°Y*TaaRollaa e,

1 1
As |D°| 712115 < e|Dy| 2™ 210s() for A > e we finally have :

e
51 Rallsn) < Tr(Ro.—————Rq) < log(A)||QlR

TI‘(HgARQ*
Do 2+210g(A)

|D°|

4.B The non relativistic limit

We fix the value Fj(0) = a. For any trace-class operator 0 < I' < 1 with density pr the non-relativistic

energy is
EZ(I) := %Tr(—AF) -Z(1- a)Tr(l | )

+3(D(pr, pr) = Ex[T]) = §D(pr, pr)-

If we drop the last term, this is exactly the Hartree-Fock energy Eprp With a nucleus of charge Zy := Z(1 — a)
and if we drop Tr(ﬁ@) we get the Pekar-Tomasevitch energy €9, = Epr[%,U = 3] (¢f [ELSTLI]).

Remark 4.14. We can easily show stability of matter of the second kind for a < ag by splitting the energy in
two : a Hartree-Fock one and a Pekar-Tomasevitch one,

E5(D) = G Tr(— AT) 2 (D(pr, pr) — Ex[T]) — Z(1 — a)Tr((5T)
+15 ( AT) + 155(D(pr, pr) — Ex(I')) — $D(pr, pr) with 0 < 2,y < 1.

(4.99)

Optimizing in = and y we get a lower bound O(K (a)M) for M > 27, + 1.
We define

Gx)={'e & :I'"=T, 0<I'<1,V-AT € &, and Tr(I') = =} with 2 € R

E, (M) corresponds to the infimum over G(M). We want to prove :
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Proposition 4.2. For any M < Z + 1, the variational problem EZ (M) admits a minimizer.

By Lieb’s method in [[ie77], it is easy to see that there is a minimizer for £Z.(1).To prove binding for 2 < M <
Z(1 — a) we can follow Lieb’s and Simon’s method [LS77, [Lio87]. We will however prove it with the method of
concentration-compactness. We prove the problem EZ (M) admits a minimizer by induction over M by using :

Proposition 4.3. For each ¢ > 0 the following assertions are equivalent
e VO<k</l: EZ2({) < EZ.({—k)+ E°, (k).
e Each minimizing sequence for EZ () is precompact in H'(R? x R3).

In the case ¢ € N*, it suffices to prove binding inequalities for K € (0,¢) N N.

This proposition is standard and we will not give the proof here but refer to [Lew11] [LI10}, [Lio87]. In [FLSTI1I]
Frank et al. prove that E2 (My) = MoES, (1) for My € N* provided that a is sufficiently small. Thus we just

have to show

To this end, we exhibit a test function ) whose energy is lesser than EZ (M — 1) + E? (1).
Lieb’s variational principle still holds (¢f [HLS09, Proposition 3]). In fact for any orthonormal family (1, ¢2)
, with Py := [¢)(¢| and 0 < t < 1, we have

ELT+ Py, — Py,)) = EL(D) = 5[V 72 — IVe2lZ2 +2(1 — a)D(pr, [61]* — |¢2/*))

Pelle T (4.100)
—R[TH(TR[Py, — Py,))] — t*{D(|911%, [¢2|*) — D(¢i¢2, 6102) + §llIo1]* — 02?2}
This shows that EZ,.(m) is also the infimum of £Z. over

(T €eG(m): T' =P+ (m—|m])|p)(¢|, P> = P = P*, ¢ € Ker(P)}.

Taking ¢2 = 0 in ([4.100]) shows that EZ.(-) is concave in [My, Mg + 1] with My € N. It is also clear that EZ, is

nr nr
decreasing since large binding inequalities hold.

We consider a minimizer of EZ (M — 1) of the form I' = Y~ [1;)(1;], each 1; satisfying
1<j<M—1
—-A Z 1
Wy = =g+ (1= a)p[T] * — o — RIDJ; + e59h5 = 0, with g5 > 0.

2 |- |- |
In particular we can easily show the v;’s are in H*(R?) and fast decaying.

We also consider a minimizer for E2,.(1) : this is a minimizer ¢cp of Epr (1) scaled by a : ¢o(x) = a*/2pcp(ax),
we chose it to be radial [Lie77]. Following [LL10], we take a Schwartz function 0 < x < 1 that satisfies x(z) =1
for |z| <1 and x(z) =0 for |z| > 2 and xr(z) = x(z/R) with R > 0 to be chosen.

We define the trial state as follows : for some e € S* we write

I := xrI'XRr + T—5Rre|XRP0) (X RP0|T5 Re

where 7,,1(x) := (x — x0). We have 0 < TV <1 and Tr(I) < M, so
Enr(I") > Epp (M). As the wave functions (¢;)’s and ¢ are fast decaying, the following holds :

EZ.(I) = E2,(T) + €0, (d0) + / (AT + 572 - i?l) 75 et (@)|2dz

_aD(p[F]7 ‘T5Re¢0‘2) + O(R_l)'
As R tends to infinity we get :

M—1)(1-a) - Z

£7,0) < B, (00 — 1) + 2, (1) + LD

+o(R™Y) < B, (M — 1)+ E° _(1).
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4.C Proof of Proposition

Notation 4.9. We write :

Blu,k/2) i= max (B(u+ k/2), E(u — k/2) > > /14 fup + BE,

E (u,k/2) := max (E (u+k/2), E (u—k/2)) > E(u,k/2).
Our aim is to prove Proposition [£.4] below.

Proposition 4.4. Let pg € C. Then we have :

ap(T[Qo,1(po)]) = —fA * Po

where fp € L' is a radial function. Moreover

—+oo +oo
A= Q" JA, T, A0 = QDA an gn ‘= Q" JA,JT,
fa=)_a'fas; fro=aBx and dolf
J=0 J=1
with 5
[falle € L and [|9allr < Lo

In particular Fy = f‘l( e L.

1+fA)

We also study an alternative function Fj, needed for the proof of Theorem at the end of this section.
We need the following proposition.

Proposition 4.5. The function DO B(0,A) — R? is infinitely differentiable. In particular so is E (+) and there
exists Lo > 0 such that if L := alog(A) < Lg then for any J > 1 there exists Cy > 0 such that :

[ld” gol|z~ < aCy and ||d’ g1 |~ < xj=1 + LC;.

Proof : In the spirit of [Sok14b|, we can prove it by induction over J : in [HLS07| Hainzl et al. proved that
DO is infinitely differentiable. Thus the function

|D0 \_\/90 2+ gi1(p) - &1(p),

is infinitely differentiable and does not vanish on B(0, A). Thanks to the self-consistent equation one has :

_ — 1 DO
d?DO(p) = d” Do(p) + ~5 — * d” (== ) (p).
() = ' Do(®) + 577 4 (15 @)
o
Proof of Proposition : Throughout this proof we write k := re.
1. Let us first prove the following :
Tro(p) = —fa()p(),
We recall that for any Q € G5($4) we have (4.41)) :
~ 1 ~ ~
Q1,0(Q;p.q =7~7/ Qp—4.q—1) —s,Q(p—£,q —{)sq),
10( ) 47T2E()—|—E() |£|2( ( ) D ( )q)
and (¢f [HLS05a])
4 plp—q 1
Bo:1 (03 p,4) = Ap —9) (s, — 1), (4.101)

2282 [p— > B (p) + E (g)

J
The functions Af,lj)j =! are defined recursively in (4.52)). We have for instance :
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ASQq) = AT (Q(p— o, g —2) =5,Qp = Loy — £2)s.,) (P, )
= {@(P — by — Lo, q— by — L) — Sp—h@(l) — Ay — Lo, q— {1 — 52)Sq—e1}
—Sp{@(p — Uy —ly,q— by —l3) — Sp—elé(p by —ly,q— {1 — fz)sq—él}sq-

Writing L; := ijl ¢; with Lo := 0 € R® we have :

J
= o’ e 45" Q(p,q)
Fel(Qip,q) = / g 1 } 4.102
Tl ) “r) Joo Jo, T 1G2 T1 (E(—L;) + E(q— L;)) (4.102)
1<5<J 0<j<J—1
In particular the Fourier transform of the density p(Fﬁ‘é (Q)) is
~ 1o 1 —_—
PFY(Q)i k) = WAHC4F1,%(Q§U+ 5 u—%)du
[j ;»]: oy
- i | e A Qs b )
- 3/2 2)J |2 I k I k
(2m)*/?(4n?) uwly Y, 1<13_'[<J|€J| O<jl;[]71(E (ur3 L)+ E(u=3-1)
L )7z A k k
Trea{(l1—s ks R)A;777?Qu+ 2,u—%2
- 3/05 2 Jff/ L 2 - {( =2 u+§) - ~( : 2)}
, k k
(2m)>/% (4m?) wl %, 1<lg_‘[<J|€J| O<j1;[J—1(E (s —L)+Eu-3-1L)
o (4.103)
Above the domain of ¢; is :
Bj(’l“) = {£j7 u — Lj + ge’ < A},

and the domain of u is Eo(’l") = {u, [u+t %e’ < A}. In particular

supp p(FY3(Q)) € B(0,2A).

Remark 4.15. We would like to apply (4.103) to the operator Qo 1(p). From (4.101) we realize that @0’1(1), q)
is not a scalar matrix because of the term s,s, — Id. Yet it is in the algebra spanned by the Dirac matrices

aq, 0o, a3, 3 as a sum of even products of Dirac matrices. The form of @170(Q) is similar to @0,1 : it only adds
an even number of Dirac matrices to Q. This is an important remark to be done to prove Theorem

For any J > 1 and p € C, the density p(F7{(Qo.1[p]); k) is equal to :

_ (£5)5=2

47TO¢Jﬁ(k‘) / dudl TI“(C4{(1 ~Su gSqug)AJ*l ~(Su7gsu+§

(257r3)%(27r)3/2(47r2)1 _RPOIT G [1 (B(ut§—Lj)+E(u—15—Ly)
IT Bj(r) 1<5<J 0<;<J
0<<g (4.104)
= p(k) / dud€ Sy(u—L; = 5)Ty(u—L; £ %)
I1 Bj(r)
0<i<T

where S;(u— L; £ %) is a scalar which is a function of |u — L; & £| while T)j(u — L; £ %) is the trace Trca of a

sum of products of s k-
quj7§

We have to deal with II# and we must show that this integral is well defined. The first problem is easy, the
quantity

1 (Su—ry4k/25u—L,—k/2 — 1) (1 = Syu_k/2Sutk/2)
W(Su—LJ+k/2su—LJ—k/2 —1)(1 = Sy_p/2Suth/2) = — s |l;€\ 2=/ “ |k/\ wth/
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defines a smooth function by Taylor’s formula (for |k| or for k in R3\{0}). Moreover from ([4.98), we get the
estimates :

Su—Lyt+k/2Su—Ly—kj2 — 11— Sy _k/28utr/2 4C?
|| k| T E(u— Ly, k/2)
4C?

S L Bk

For any U, we have :

/di 1 </dl 1
P T - EW =0, k/2) ~ Jo O IU—glz"
d
1

=1 e —aP
Integrating over the £;41’s one after the other from from ¢ = J —1 down to j = 1 as above with U = U; = u—L;,
there remains but the integral over u :

[ Fimwmie {2/ )

uw€ By (k)
Cf il |
€] Ie—fl2 ) |ul?E (u, k/2)

UEBO(T)

= (Klog(A)) x (Ch)

At last we have :

S I de ’ L
a\P(FL‘é(Qo,l(P));k” SWQJHCE {/W} / ‘u|2dE(u)|p(k)

u€Bo(r)

(4.105)
J ~,
< Cro(aCi ) alog(A)[5(R).

As a consequence there holds ap(FY{(Qo(p));k) = —gass(k)p(k), and Y277 fa,s is well defined (at least in
L N L?) as soon as « is sufficiently small. We have

ato1(p, k) = — (aBA +ZgAJ > =: —fa(k)p(k), (4.106)

with
|fa(k)] < aBa(k) + a?log(A)K = O(alog(A)). (4.107)

2. Let us prove this function is radial. Let e; and e, in S? and 7 > 0. We must show that fy(rei;) = fa(res).
There exists R € SO3(R) such that es = Re;. In for k = res, we change variables in the integrals :
v =R 1w and m; = R™1¢;. Writing M; = my + -+ m;, we get : S;(R(v — My + Se)) = S;(v— My =+ Seq).
We must show the same holds for T';. Let b = (b1, by, b3) be the canonical base of R®. We define

o := - Rb;.
These new matrices satisfy the same relation as the a’s :
{a}, ap} = 2451, and {a;, B} = 0.
Thus we have Ty (R(v — My £ §e1)) = Ty(v — M &+ Se1) and f, is radial.

From now on we change variables :

up:=uand for 1 <j<J, u;:=u—L;, l; =u; —u;_1,
{0 =/ =0 IO (4.108)

uj € B(|k|) := {v € B(0,A), Se| < A}
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3. Our purpose is to show that fy is in .Z(L') with a (rather) precise bound on ||fx|/z:1. We already know :
fa(k) = aBy(k) + Op~ (02 log(A)) = O(alog(A)).

As fy is radial we take a fixed vector e € S? and study fa (k) = fa(]k|) with the help of the integral formulae
where k is replaced by |k|e.

The strategy is to differentiate fy and prove that its Sobolev norms |[—=Afa||z2 and ||—Afal|zer are "small"
where p < 2 is some constant to be chosen later. By Cauchy-Schwartz inequality in Direct space, we obtain an
upper bound of || fa||z1. We will use the co-area formula [EG92].

We show that fy € L' with L'-norm lesser than 1 in order to give a meaning to Z(fl)e{f,\}*z.
=1
Remark 4.16. 1. As fj is radial we have :

(=A)fa = (=An)fa = —(07+20,) fa- (4.109)

2. For any u € R? and > 0 Taylor’s formula gives :

(1 - Su+2*1resu72*1re) = T{Suml(fg) (%)Su}
1 4.110
with mi(5) = /t:O dSy+tze/2 (g)dt ( )
We write g(p) := (g?gi) € R* and o(p) == %.
As we have (o(u), do(u)) = 0, Taylor’s Formula at order 2 gives
Lo lotutr2) o) fafu) o) + {o(w) . ma(r) + ma(-1)
+r{a(u), ma(r) —ma(=r)) +r2(ma(r) , ma(—r)), (4.111)
a(u) :=do(u) - § and ma(5) fj d*ou + stze/2 - (8, 2)tdsdt.
[0,1)2
3 Forany—%ﬁxﬁ%:
E (u+ ze) > E(u+ ze) > E(u) (4.112)

2

In particular if one takes the modulus of the derivative over r in (4.110]) or (4.111) for 0 < r < 1, we get
the following upper bounds :

(a) K/E (u) for the first derivative,
(b) K/E (u)? for the second.

Lemma 4.13. The functions O, fn and 0>fa are well defined in R® with support in B(0,2A). Furthermore for
J € N we have :

a’ Tt log(A) KT
10 a0 (P)] < J%X\p\<2A 0-fa(p)| < ﬁ)ﬂpkzm
2 a’ltt 10g(A)KJ+1 2 o log(A) (4113)
|arfA,J(p)‘ < JWX\})\<2A 107ga] < E(r)2 Xr<2A-
As a consequence :
Lemma 4.14. For « sufficiently small, gy € L' and
[gallLr < (alog(A))?. (4.114)

Remark 4.17. At the very end of the proof of Lemma [1.13] we refer the reader to the thesis of the author for a
(last) technical assumption : proving that lim 92 fz(z) = 0.

|z]|—2A—
Proof of Lemma [4.14]
We assume Lemma As (—A,;) = —(02 + 20,) we have f) € H*(R?) with :
[AfAP)] < GEGy (4.115)
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Proof of fB(o 1 |fa(z)|dz < L : The function —Afa has a singularity at = 0 due to the term M.
We split —Afp w.r.t. X|z<1 + X|z|>1- We have

I := —Afaxju)<1 € L N LD

w

3
and B := —Afaxjzi>1 € LY N LP2, |po| > Sl<m<3. (4.116)

The corresponding norms are respectively O(LK (p1)) and O(LK (p2)). We use the Hausdorff-Young inequality
and the generalized Young inequality [RS75L Vol. II]. The decomposition (4.116) implies the decomposition

fa=1, 0 4 E(O) by multiplication by —%

Forp—la—§,q—2andq leehave
/ 1) ()| e < /lxlaq 0 @)|" ) 1/q(/ oyt
< |z|<1 ||

a7(0 2
< VIO o < e * 19| o
1

S s <L
< [y el BEZ ”LF
Similarly let 0 < & < 1 to be chosen : we have |V|2*5E1(\0) = ﬁg,(f)g * EJ(\Q)' This last function is in L? provided

6
that E/(\Q) € L3—2¢. We choose ¢ = 3/4 for instance : this gives

0 dx 2 1
[ 1 @iz < | [iefRE @R [ S <180 |

B(0,1) B(0,1)

Ly~

Proof of |

2|21 |fa(x)|dz < L : Then it is clear that

[ i@l <1-anl

o] >1

Proof of Lemma [4.13] The idea of the proof is that each time we differentiate with respect with the radius
r > 0, it leads to an additional term E(lU) in the integrand or a change of the domains and so a better upper
bound of the integral.

We will often use the following inequality :

dv

lu—v2(E (v+5) + E(v— ))|u+52| |u—|—5 /|U 2y — (4.117)

B(0,A)

and for convenience we write :

k
u® = uteg, €€ {1,-1}. (4.118)

That the function (and its derivatives) has an extension in 0 is clear from (4.110) and (4.112) : differentiating
under the integral sign of the Taylor’s formula, we get :

1
478y - ((te)2)7, ‘ < KJW, 0<rt<l, (4.119)

thus the problem of singularity at » = 0 drops thanks to (4.112).
More generally the variable r appears

1. either in the domains B(r)/*!,
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2. or in a function of v; £ 7§.
One may write :
fA,J(T') =: / GJ(uOiTgv"'aujiTg)du’
o 1 (4.120)
GJ::GO(UOZETQ,"',uJiTg) s
’ ’ 2 151;[§J|Uj —uj_1|?

It is easy to see that GY : (R3)?/+2 — R is a differentiable function and that each time we take & e —0 _ e

“.7’""7"2 Uj—ry
we get a term K(r~' + F (u + %)_1) for r > 1 or KE (u)”" for r <1 (see Remark . This enables us to
get upper bounds of the terms of 87 f5 ; corresponding to derivatives of GY. Indeed for the first derivative : for
g, e’ € {+,—} one has for 1 < |k| < 2A :

de < 1 de
luj —uj 1 2E (uj +ek/2)>  ~  luj—1 Jr«‘:‘k/2|]R3 |ujl?|u; — ef*’
du; 1
~7/ _ < e 1 + 1
s — w1 2|w; + ek /2|E (us, k/2) E (u; + £'k/2) ] (s ¥ =) (4.121)

/ du;
[u; — ef?ui]?’

For the term (0yo4k/2 — Oug—k/2)Go we have :

duo 1 1 l duo log(A)
) < / 5 < L (4122)

( += 2) ~ 2 ~
|u075k/2|E(u+5k/2) E(u+ek/2)? E(u—-ck/2) Ik\B(OQA) uo)? Juo| ||

If r < 1, Remark [£.16] enables us to say that

0 - J
|8TGJ(UJ ire/2)| SaJ"rlJ(K/diu) IOg(A)

|uj —wjaf? |ul?u — ef?

B(r)7+11<j<J

— In the case of the terms corresponding to 8y, 8, GY with v, = Z @ 2, the above upper bounds enable us
to say that if i(1) # i(2) then it suffices to apply twice (£.121)),(4.122) and We get an upper bound of the form :

X1<|k|<2AN  j+1 du J
KJ? —_— + K/i) log(A
(Xri<1 + BE )or ( a2 — ef? og(4),

If i(1) = i(2), then as :

u 1 1 1
/ Ju—of2[ul E (u, §) (E(U+k/2)2 " E(u—k/2)2) S ThRTal (4.123)

we obtain an upper bound of the form

X1<|k|<2/\ J+1 du J
KJ(xk<1 + 7“{:'2 o (K/ 7\u|2|u — e|2) log(A).

If i(1) = 4(2) = 0, we integrate first over ug, then over wy, us, - ,uy and use (4.123)) with u = ug, v = u; : this
gives

for 1 <r < 2A, |92 _Su0+§su0—§ ’ < T_2+E(u0+g)_2+ﬁ(“0_g)_2
) r ~ k & = —= A .
r(E (uo+ 2)+E( ug — 5)) |u|E (u,§)

If » < 1 we use Remark [£.16] as before.
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FIGURE 4.2 — Level sets of the z function

— There remains to deal with the terms corresponding to differentiation over 7 in the domain B(r)’*1. We
rewrite ([4.120]) using the co-area formula. Indeed, let us write for £ € {1,—1} and r € [0,2A] :

B.(r) :={p, Ip+ Fe| <A, (p,ce) >0} and B(r) := Bi(r) U B_1(r) C B(0,A).
In particular B(A) = {p € B(0,A), (p, e) # 0}. We define the level function :
B(A) — [0,2A]
“" peB.(A) — rsuch that ’u+ %‘ — A
We apply the co-area formula with respect to z. If p € B, we write £(p) := ¢ and

p+e(p)z(p)s
lp+e(p)z(p)g|

For 0 < r < 2A we write S(r) := {p € B, z(p) = r} and S.(r) := SN B.; each S.(r) is a spherical cap of
S(—5%,A). The measure of B(0,A)\B(A) is zero and the function z is differentiable with

—2¢(p) n
), )"

Thus for any integrable function F' : B(0,A) — R and 0 < r < 2A we have :

/ p)|Vz(p)|dp = / dt/F (p)dHa2(p), (4.124)

where dHy(p) is the Hausdorff measure on S(r). If we take spherical coordinates with axis Re in S.(r) there
holds dHa(p) = A?sin(0)dfd¢ in the domain :

Mx(r) ={(0,¢) € (5,5 F 3) x (=m,7), cos(f) >

n(p) := =A""p+ep)z(p)g).

Vz(p) =

- QA}
Notation 4.10. For convenience we write du for both dHs(u) (integration over a spherical cap) or dHi(u)
(integration over a curve).

— For each u; we rewrite the integration over u; € B(r). For each 0 < j < J we need to estimate

dug - d/EdUJdHQ(UJ)

_ , II Juj—ujaf?
B(r)i=1xS(r)xB(r)/—J 1<5<J

|G (ui £ 5)].

In S.(r) we take spherical coordinates and write v = u;_; + 5e, if j = 0 we replace u;_; by uz and integrate

over uj, Uz, - - - uy. Using (4.121) we have :
/ A? sin(6)dfdg 1 < sin(6)dfd¢
[v—An]> |An|(E (An) + E(An—k)) — J, lv— Anf?

2 A+|v|
< Rplos (1241

M (r)
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Then writing v := u;_1 + sg we have :

du; A—Hui+6§\ 1 du; At|us]
g log H)3 - = o ()
B )\ui—ui,1|2\ui+8§| A—\u7‘,+65| E(ul,k/2) k\ui—v|2|ui|E(ui) ‘

B(’I‘)Jr%

1 1 A 1 -1
< / du _ log( +|u|)§2ﬂ/ ~dr log( —|—r) ’ 1|11|—|—7’
B(Ol)‘u_UA_l‘QME(AU) L=l r=0 [v|E (Ar) L—r Ao
st
§27r/ édr(log? (1+T) ‘w ) < o]~
o |v[E(Ar) 1—r Aol

Finally for sufficiently small «, we have

|arfA,J(7')| < KL(O‘K)J(Xrgl + X1<+2A)

So by dominated convergence, as r tends to (2A)7, 9, fa,s tends to 0 and gy € H'(R?).

— Let us deal with the second derivative. There remains the three cases :

1. One derivative in B(r) and one derivative in the integrand.

2. Two derivatives in two different B(r).

3. Two derivatives in the same B(r).

In fact, we have to deal with the last two cases together because each term alone is not well defined but the
sum gives a finite term. Seeing the second derivative as the coefficient of the second term in the Taylor series of
ga,g(r + 0r), each term is s (90(751" log(d7)) but the sum is O(dr) due to some cancellation.

r—
1.
1.1. One derivative in u;, &+ 5e and one in the domain of u;, with i; # 5. Up to integrating over u; from j =0

to j = J, we can suppose that i1 < i5. We split S(r) between Si (r) and S_(r). In S.(r), we use (4.117)) (and
(4.98) at the beginning), this gives :

/ du;, </ du,,
s€<r>|ui2‘1_“i2|2E(“zz+€ ) luiy + €51 7S a2yl

g, 4|
1 1+ Mas
1 ( +

<
A|U1§271| |uir1|

We take spherical coordinates with respect to —52 for any v € B = B U B_ we have
|wig 1] 1 [v€]
d 1+—= 1 1 2liz
R 1og( |u'A |> < —/ dzlog( +Z)1og<|5§| )
|ui2*1 —UE|2|U1‘2,1|E (uigfl) 1-— 72T_1 |U| 0 -2z > T Z

< / 1—|—z ’
S v5|

/ du 1og<1+'“'i2Al') _ N log(1+;)
N iy 1B (u2,_,) | _leal) = J) E(2) 1=

B(0,A)

< 1+A°L

Then we use the same method as for the first derivative : when integrating over w;,, we use (E (ui1 + E) +

E (u“ — 7)) l<F ( ) " In this first subcase, we get an upper bound of the form :

J?(Ka)? T log(A)
AE(k)
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1.2. One derivative in u; £ §e and one in the domain of ;. Splitting the integration over S, (r) and S_(r), and

using (4.117)), we have to estimate
du; du;

= = < — = . 4.125
lui — v|2|u; + 5| E (ui, k/2) E (u; + €' %) 7s : )|ui—v|2|ui+£§\E(ui,k/2)E(ui—a§) ( )

Se(r)

Above v is either u; 1 or u;—; depending on the order of integration (from w; to ug or from wg to uy if the
derivatives act on ug + £). Moreover ¢,&’ € {1,—1} and the term with & comes from the derivative in the

integrand. By using (4.117)) several times (starting with (4.98))) we get the term |u; + e£| = |u5| in (£12F).
In (4.125]), we use spherical coordinates to obtain the following upper bound :

A%d 1 d
/ - - <2 - . (4.126)
A |Au — ve|2E (Au — re) |Au — |v¢|e|"E(u — re)
s2 s2
Let us assume for the moment that this integral is lesser than :
K o]
AZ]oe| (1 ~ Xjoe|>(2=V3)A log (1 A )) (4.127)

In the process of integrating over the u;’s, we have to integrate over v with this upper bound. Taking spherical
coordinates with respect to —%re, we have :

/ \v’*UIQE(v\ | s V' / \v|2|v—e|2

B(0,A)

dv__ <
i S log(h)-

B(0,A)

Moreover, writing Ay := A(0, (2 — v/3)A, A) the annulus, we have :

log(l:%)dv < log (1-2)dz Io |”T/‘ + z‘
PRI B0 (AP A2W| 22 ST,
Ap A
<
~ A2‘,U/|
1og(1—|iA‘)dy < 1 b —log(l — 2)dz
RIE@PAS ) S A2 [, e 23 '
Aa

Proof of (4.126)<(4.127) We write

2zA 2A
= [v°|, A:= A%+ 22 B—\/1+A2+r2,a::ﬁandb:: !

1+ A2 472
The upper bound (4.126)) is equal to

2b
1 VI+b+v/1-b
4m / dy A / dz (4.128)
AB (1—ay)y1—by ABa / 224 22/1—b+b(2 - 1) .

1 [ty 1
1 .. . —
If a S 5 then this lntegral 1S O (143 /_1 m) = O (W) .
Similarly, 1fb§§,We get : O(AB /11—ay) O(AQE(va))
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If % < a,b <1, we consider formula (4.128]).
We have 22 > 2zv/1—bfor z>2V/1—band 2v/1 —-b < ﬁ iff b>%

For % <b< %, a > % we get the upper bound :

00 [0 dy 1
AB J_;1—ay = A2|ve|’

For b > %, a > %, we have the upper bound

2b
24/1-b d V1+b++/1-b d
47 z z
—_— + _ 4.129
AaB / 2T b+ bl 1) 21l =) (4.129)
24/1—b

The first integral of (4.129) gives (without 47 /(AB))
1 A(1 — b) 1 1-b
——=log | 1+ < log(14+5——|.
2av/1—b g< b(}l—l)>—\/1—b g( 1—a)

If 1 —b < 1— a, then this gives O((1 — b)~1/2), else this gives (’)(loig/(lf;)).

The second integral of ([4.129) gives (without 47/(AaB) and writing X := (a7} —1)71) :

\/7/ﬁ+m dz </2 X2? dz
2’2+1 ~ 2m1+X2222

__ 1 VIyRTes?
TVI-b o 1+ (A2

e

log(1 — a) log
=2 < .
ABvV1-b (A2 +22)/14+ (A—2x)2 7 (A2 4 |v2]2)/1+ (A — |v2|)?
Let us emphasize that the condition a > 27! is equivalent to “;xj >2—+/3.
Bringing all those estimates together ends the proof of (4.126))<(4.127]).

We have :

2.

2.1. One derivative in the domain of u; and one in the domain of u; with i — j > 2. We integrate over u;s from
j'=0¢to j =jand from j' = J to 7/ = ¢ using the method for the first derivative. The integration over u with
u either u; or u; (resp. with v either u; i or u;_1) gives :

1 1
> [ AR Z/ T v
52

ee{l,=1} gy \U+5 B
1 A+ |v7]
< I .
= Z Afee] 8 (A o]

(4.130)

If 5 + 2 <, then by integrating over u;4; we have :
/ dujiy 1 log (A + “§+1|>
o2 e = = — _
o |1 — wjiol |uj+1\(E (Ujﬂ) + F (ujﬂ)) A —fuf |
s A / [ul?lu—A=tug o] log (1 — |u|>
B(0,1)
1 [uf ol
d 1 r+ 1
s/ - log< ”)bg A )
0 |uj+2| 1—r r— 1;\ |Uj+2‘
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and we conclude as before. Else 7 + 1 = ¢ and we have :

2
dujy 1 o (AL 1t de 1+ 5)\? .
og T S — log T (1-35%)
|“]+1| E( ]_H) + E( ]_H) US4 =0 E (2) x

< (1= 55)(log(A) +1).

2.2. One derivative in the domain of u; and one in the domain of u;;;. We only look at the corresponding
coefficient in the Taylor series of ga s(r + dr) with ' = r + dr. Indeed, let us treat for instance

duJ‘duJ'+1 |< /u’j+1 / GO uli )
I

luj—ujp1]?

Ug — U
(uj uj41)EB(r)x S(r) a1 [t = Yot ]?

dujdujiq |< (uJJrl)
luj—ujt1]? 2
(uj,ujr1)€B(r)xS(r)

>‘ Grj(uj, wjtr).

We substract the integral of the same function but over (u;, uj41,u’) in

B(r) x S(r) x B(r)’=! where u’ = (ug, -, U;,Ujt1, ) and use the co-area formula. This gives
du.:d , ,
[ [ w06 it o, ., .
+or |uj — ujqa]? 2 2
S(t)S(r)

We deal with G ;(uj,uj41) as in the case 2.1. Let us say for instance 0 < dr < 1, then for any (ujy1,t) €
S(r) x (ry,r") we have :

dist(uy41, S(1)) > A1+ @i (U502 1] = O (Al(t —r){na. <)),

or—0
By the Theorem of projection onto a closed convex R?, we have
a1 = 3 2 41 = syus o + M1 — w5/
Uj+1 — Uj|” 2 |Uj+1 S(t)Uj+1 S)yUj+1 — Ujf -

If v’ < r, then we consider instead the projection of u; € S(r) onto B(t). Anyway the quantity in (4.131)) is

or—0 A2

J prdér 1 (aK)J
/T dtS/2da|<a, e)|log (1+ |tfr\2|<a,e>\2) = or(1 —log(ér))

The corresponding term is not Lipschitz because of the term —d, log(d; ).

3. Let us write the expansion of

|(n, , e)]du; —
— 5 dug -+ - duj - - - duyG y(ue i GJJ wj)du;. (4.132)
B(r’) B(r)” B(r’)

We substract / ém(uj)duj in (4.132)) and get
B(r)

/T dt/dujé‘,vj(uj). (4.133)

r+or
S(t)

We split (4.133) between integration over S () and S_(t). For any t € (r,r’], we write s :==¢ —r and :

Sty — S(r)
u € S:(t) — v(u):=u+z(un, € S:(r) where |z(u)| = O (dr) °

or—0

D, : (4.134)
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From now on we assume v € S(r) and v € S(¢) and write 7, instead of n,, to emphasize this is
u € S(t) and not of v € S(r). The function z; : S(t) — R satisfies the equation

2

) B _
'u + 2 (u)7y +5ge‘ = A? that is z/(1 + o st ’e>) _ 5,0 s

28 A 2 8A
Changing variables in the integration over S(t) we have :

/dujéJ,j(uj) - / Gy (87 (0)3(P1: B (0)) do.

5(t) :(S(t))

~ We need to compute ®; ! (v) and J(®4; ®;*(v)). First we have :

Ty = 1 —nv—i—sﬁe j\tm
thus
Ty = 1+ﬁ(nv+52A e),
and e s
= (1—1— K)nu— ﬂe.

Using the formula (4.136]) in (4.135]), we obtain the following equation satisfied by z; :
2

2t ES €s _678 g _i
Zt(HK_m«”vveHﬁ)) - 2(1+%)(<n”’ o +3x) = 5n

In particular there holds :

(s e+ O (7)),

t (U) 2A dr—0

We differentiate z; in (4.135) and get :
T,S:(t) — R
dz(u) : b es  (h,e)(1+ %)
2A1—|———ﬁ(ﬁu7e)'
Thus differentiating in (4.134)) and using (4.136)) in (4.140) give

T,S:(t) — T,S:(r)

d@t(u) : hoo (1 + Zt)h-i— 2A - <h7€es> (1 + %) _ nv1+ %e
+ % m(mv,e)‘i‘ﬁ) + X

Let (a,b) be an orthonormal basis of T, S¢(t) with b X 7, = a, then we have :

J(®yu) = (dPi(u)a x dPy(u)b, nv>

= (([l—k%]a—l—nudzt ) ([ —|—%]b—|—nudzt )b)x Ny)
= (1+%)2<ﬁu,nv (1+Z’)[a,nv> w)a + (b, ny)dz(u)b]
= (14+23)(1+ (0, e E—A(1+ )( e)dz (u)a + (b, e)dz(u)b)
— z ((no, € 2518\)2
= (1+%)0+ 5500, e (1 1+zt)
1+

1+%—m(<nme>+%)
— &s _M 1 2
= Loy [L- TR e D))+ 0, (6.
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—Asu=v— 27, =v+ F(n,, e)n,, + O ((67)?), we get :
’ or—0

/ du; Gy (uy)r = / dv;Gy5(v; + 5 (no, » €)na, + 5.0, ((6r)%))%
Se(t) B¢ (Se (1)) (4.142)
_ 88Ty Unusetp)? 1 2
(1= [ G e el(x D] +,0,(Gn?)dv

We have ®;(S.(t)) # S(r). In spherical coordinates (r,0,¢) with respect to —c5e and positive vertical
half-line R? ee we have

B,(S.(1)) ~ {(A,9,¢), s _ = cos(f) < cos(d) < 1}7 (4.143)
201 — 25 + £
and cos(6;) = 55 — 8’%5 + 6r(2>0((6r)2)'

At this point, we need to differentiate G J,j + we have

~ nuJ , e Gg(ug + %)
Gj(uj) = / dug - - duy T o —wil
B(r)”’ 1<i<J

We change variables as follows : v; := u; — u;, this enables us to remove u; from the term |u; —uj41 |*2. Writing
B.(r,u;) i=={v: |[v+u;+ek| <A}, B(r;u;) = By (r;u;) UB_(r;u;) and S(r,u;) := 0B.(r,u;), we have

~ nu ) GO('UZ-F’LL:EE)
Gy,j(uy) = —=— / dvo - - ~dvy ﬁ 5 —]u-+12|2’ (4.144)
B(r;u;)’ 1<i<J

with the convention v; = 0. We differentiate the formula (4.144) : u; appears in the integrand and in the domains
B(r;u;). We deal with the terms corresponding to differentiation of the integrand as before. Then we have for
any integrable function F and small displacement du € R3 :

/ F(v)dv — / F(v)dv = / F(v)((n(v —uj), du) + 6uqo(\5u|2))dv, (4.145)

B (r,uj+0u) Be(ryuy) Se(ryuy)

where n(v —u; ) is the outward normal of S, (r, u;) at v. Substituting in (4.142), as in the case 2.2. we get terms
which are 5 O 0<|6u\(1 — log |6u|)) Writing u; = u we have
u—>

Grs(v =%y, emy+ O (1)) = O (~(6r)? log(sr))

es n,, e d’u,de,lL 0 r
+Gy(v) - 1> [T [ve— wfl|2GJ(W +5e)(n(vi —u;), ny). (4.146)
i#] vi € S(ryv)  1SE<J

v} € B(r,v)’

We write C(r) := Sy (r) N.S_(r) (this is a curve) : the integration of éj’j (vj) over
Sc(r)A®gs,.(S:(dr)) gives rise to a term :

_2? g dusGylur £ )+ O ((6r))
e T A A PRSP

u; €C(1),(ui)iz; €B(r)’
Thus we get a term of order

(OZK)J+1>'

272
ey / deQ dUJGJ(UZi%) :O( A2

8A2 A
uj €C(r),(ui)iz; €B(r)7
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By integrating the term é“— (0) % (J(P¢; uj) "t —1), we get a well defined number in the limit 67 — 0. Furthermore

this term is
1 (aK)7*11og(A)
O(X / // duo...duﬂGJ(uei%)D :O(—A2 Xr<2A)-

uj; €S(r)(uo,  uj, - ,ug)EB(r)’

— To conclude, we consider 6J7j(®;1(v)) - éJJ' (v) to deal with the problem of case 2.2.

Up to a term —§2 log(dr) = 522 0(57"), we can take S(r) instead of ®;(S(t)) and 1 instead of the full jacobian
r—
J(®4;u). We have e(n,, , €) = [(n,, e)|. In (4.146) we take back the previous variables u; = v + v;, this gives

|<nvve>‘ |<nvae>|<nv’nui> k
or / Z / dug - - - duy 5 — 5 Gyug+3).
veS.(r) 9 (u;,w)es(r)x B(r) /1

When we sum this term with that of (4.131)), for each i # j we have

= ‘E(ui)mm s e) —e(v){ny, ) xe(v)e(us)(ny, nu,)|,
< min(\@|nui — Nyl, 2).

(100, s @)1 = (0, @0, )

Thus there is no more logarithmic divergence : for v = u; and v = u;_1 or v = u;41, we use the same method

as that for (4.131)) and get

fj — ny||{ny , e)|dudv 1
lu—v? E (M) A2

S(r)yxS(r)

We split the domain in 4 : S.(r) x S./(r) : the case ¢ = &’ gives finite number. Indeed if we use spherical
[u—v]|
A

coordinates with respect to —£-e, we have |n, —n,| <

2
du 1
© /Mm—q O(M)'
SZ

The integration over Sy (r) x S_(r) is also finite. To see this we proceed as follows.
For convenience we write z := 55,67 = arccos( ),0%, = arccos(—x) and s(-) (resp. c(-)) for sin (resp. cos).
We take spherical coordinates with respect to —ege for any S.(r) and obtain :

2£ 8(91)8(9_1)d01d9_1d¢
A2 /// (c(01) = c(6-1) = 22) + 5(0-1)s3 + (s(61) — 5(0-1)cy)?
0

, and the integral is

(01,60-1,8)€(0,09)x (—7,0% ) x (—m,m)

)
1 8(91)8( _1)d91d9_1d¢ . i
s A2 /// (c(6r) = c(6-1) = 22)% +¢(6-1)%¢2 " AZ

(01,0-1,¢)€(0,09)x (=m,02 ;) x (—m,m)

We write 0. = 62 — e, : there holds

ec(f) —x = a(c(de) — 1)+ VI —22s(¢2),
z(c(pe) — 1) + V1 —22s(¢pe) > d’a(%m— x%),
> 23:6 (m - %x arccos(x)) > @ (1 _ %)
I GEES ]
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Thus we have

A < | sin(01)d¢1dg—y
¢1,¢7le(0,9g)m\/m
d arccos(r
<y s
$1€(0,69)
= /10g(1+¢*1)d¢.
¢€(0,1)

Conclusion We obtain at last the following upper bound for the terms of cases 2. and 3. :

()7 log(A)
A VA

It is possible to show that the function 92 fo(x) tends to zero as |z| tends to 2A, this is proved in the thesis of
the author (to appear in 2014).
a]

Alternative F), In the proof of Theorem [£.3] one is lead to consider a pertubative self-consistent equation
with D replaced by D° + %%. In particular we need Lemma below for the proof of Lemma m We can
write 0
2 D -V
DY+ = = Biuwg(—iV - —=w1(—iV).
+)\|D0| Bwo(—iV) + a |—iV|w1( iV)
The formulae are the same with g, g1 replaced by wg,w;, estimates of the same kind hold. The alternative
functions are marked with a tilde : By and JA- _
We can easily estimate fl F7HFp)(z)|dz for R > 1 : writing f5 := #1(Fj) we have the following
Lemma :

o|>R|

Lemma 4.15. For A\, A > 1 we have :

a/ fa(x)|dz < ||—AFx||2VarR—1 = O(LR™/?). (4.147)
|z|>R

Acknowledgment The author wishes to thank E. Séré for useful discussions. This work was partially supported
by the Grant ANR-10-BLAN 0101 of the French Ministry of Research.
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Chapitre 5

Sur deux électrons dans le vide

Absence of binding in a mean-field approximation of quantum
electrodynamics

Abstract

We study the Bogoliubov-Dirac-Fock model which is a mean-field approximation of QED. It allows to consider
relativistic electrons interacting with the Dirac sea. We study the system of two electrons in the vacuum : it has
been shown in a previous paper [Sok14b] that an electron alone can bind due to the vacuum polarization, under
some technical assumptions. Here we prove the absence of binding for the system of two electrons :the response
of the vacuum is not sufficient to counterbalance the repulsion of the electrons.

densité du 1¢* électron densité du 2" électron

répulsion

polarisation du vide

FIGURE 5.1 — Absence d’état fondamental pour le systéme {2 électrons + vide}
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Absence of Binding in the BDF Approximation
Abstract

We study the Bogoliubov-Dirac-Fock model which is a mean-field approximation of QED. It allows to consider
relativistic electrons interacting with the Dirac sea. We study the system of two electrons in the vacuum : it has
been shown in a previous paper [Sok14b] that an electron alone can bind due to the vacuum polarization, under
some technical assumptions. Here we prove the absence of binding for the system of two electrons :the response
of the vacuum is not sufficient to counterbalance the repulsion of the electrons.

5.1 Introduction and main results

THE DIRAC OPERATOR

The theory of relativistic quantum mechanics is based on the Dirac operator Dy, that describes the kinetic
energy of a relativistic electron. To simplify formulae, we take relativistic units i = ¢ = 4mep = 1 and set the
bare particle mass equal to 1.

In this case, the Dirac operator is defined by [Tha92] : D° = —iax- V + 3 where 3, a; € My(C) are the Dirac

matrices : " 0 0
2 gj .
= = =1.2.3 5.1

(1) e (U e (M0 10

It acts on the Hilbert space $§ = L?*(R?,C*) with domain H!(R3, C*). Its spectrum is not bounded from below :
o(Dp) = (—o0, —1] U [1, +00), which implies the existence of states with arbitrarily small negative energy. Dirac
postulated that all the negative energy states are already occupied by "virtual" electrons forming the so-called
Dirac sea : by Pauli principle a real electron can only have positive energy.

According to this interpretation, the vacuum, filled by the Dirac sea, is a polarizable medium that reacts to
the presence of an electromagnetic field.

BDF MODEL

In this paper we study the Bogoliubov-Dirac-Fock (BDF) model which is a no-photon, mean-field approximation
of Quantum Electrodynamics (QED) which was introduced by Chaix and Iracane [CI89]. It enables us to consider
a system of relativistic electrons interacting with the vacuum in the presence of an electrostatic field. This paper
is a continuation of previous works by Hainzl, Gravejat, Lewin, Séré, Siedentop [HS03| HLS05al, [HL.S05D, [HL.S09,
GLS09|] and Sok [Sok14b), [Sok13].

The derivation of the BDF model from QED is explained in [CI89] and [HLS05a, Appendix] : we refer the
reader to these papers for full details.

In QED, an electronic system is described by a state in the fermionic Fock space F; [Tha92, Chapter 10]
on which (formally) acts the Hamiltonian Hqgrp [HLS05al Appendix]. The mean-field approximation consists
to restricting the study to Hartree-Fock type states, called BDF states. They are fully characterized by their
one-body density matrix (1pdm) which are orthogonal projectors of .

For instance, the projector PY := X(-0,0)(Do) is the 1pdm of the vacuum state 2y € F¢; : it must be thought
of as the infiniter Slater determinant f; A fa A --- where (f;);>1 is an orthonormal basis (BON) of Ran(P?). A
projector P defines a BDF state iff P — PY is Hilbert-Schmidt (i.e. its integral kernel is square integrable).

The (formal) difference of the energy Eqrp(P) of a state P with that of P? considered as a reference state
turns out to be a function of the reduced density matrix (rlpdm) Q := P — P°. Formally this function is

Ebpr(Q) == Tr(DoQ) — aD(v, pg) + %(D(pczyp@) — 111 (5.2)
where o > 0 is the fine structure constant, v is the external density of charge, pg(x) := Trca (Q(aj,x)) is the
density of @, with Q(x,y) the integral kernel of @, and :

2 D(k)|? 2 1Q(,y)[?
D,v) = |v|)3 = dn /R ok and QI = [f 0 dndy, (5.3)

R3 xR3 |
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The hat in 7 denotes the Fourier transform and D(v,v) < +o0o is the Coulomb energy of v : it coincides with

If %dxdy whenever this integral makes sense.

In (5.2)) we recognize the kinetic energy, the interaction energy with v, the direct term §D(pq, pq) and the
exchange term —$||Q[/f,. A priori this formula makes sense only when @ and DoQ are trace-class and the
variational problem is ill-defined.

An ultraviolet cut-off A > 0 is necessary. Following [GLS09|, we replace Dy by

A
D := Do (1 - -5) with domain H*/*(R?, C*),

and only consider states @ such that Tr(|D||Q[?) < +oo.
By adapting (5.2)), we get a well-defined energy E5pp (defined in the next section).

Remark 5.1. Other choices of cut-off are possible. This one, the smooth cut-off, is convenient for the study in
Direct space of functions. In [HLS05al [HLS05b) [HLS09] Hainzl et al. have chosen the sharp cut-off, replacing
L?(R3,C*) by its subspace $4 made of square-integrable functions whose Fourier transform vanishes outside the
ball BR3 (0, A) .

Remark 5.2. We still have x(_oo,0)(D) = P°. We also write P) := X (_c0,0)(D?) = Id — P° the projector on its
positive spectral subspace.

Notation 5.1. For an operator @), we define Rg by its integral kernel :

Ro(z,y) := M, r,y € R® x R3. (5.4)
|z —yl
Moreover for any p € C we write
vy 1= p ﬁ (5.5)

EXISTENCE OF MINIMIZERS

For a rlpdm Q = P — P9, the charge of the system is given by its so-called P%-trace Tr po (@), defined by
Trpo (Q) := Tr(PCQPY) + Tr(PYQPY). (5.6)

It coincides with the usual trace for trace-class operators and is well-defined for rlpdm because of their structure.
Indeed as a difference of orthogonal projectors @ satisfies :

PY(P—P°)P) — P°(P—P°)P® = (P - P%)2 (5.7)

A minimizer for £fr among states with charge M € N is interpreted as a ground state of the system with
M electrons in the presence of v. For ¢ € R, the infimum of the BDF energy on the charge sector Qa(q) := {Q :
Trpo (Q) = ¢} is written E”(q).

A sufficient condition for the existence of a minimizer for E¥(q) is the validity of binding inequalities at level
q [HLS09, Theorem 1]. This result is stated for the sharp cut-off, however it is possible to adapt its proof to get
this Theorem :

Theorem 5.1. Let 0 < a < %, A>0,veC and g € R. Then the following assertions are equivalent :
1. the binding inequalities hold : Vk € R\{0}, E"(q) < E¥(q — k) + E°(k),

2. each minimizing sequence (Qn)n>1 for E”(q) is precompact in Qa(q) and converges, up to a subsequence,
to a minimizer for E¥(q). If v = 0, this result holds up to translation.

If q is an integer, then we can only consider k € Z\{0} in the first assertion.

Checking binding inequalities is a difficult task. Hainzl et al. checked them in some cases with non-vanishing
v [HLS09, Theorems 2 and 3]. [HLS09, Theorem 3| states that for v € L'(R3,R ) NC, there exists a minimizer
for E¥(M) provided that M —1 < [ v under technical assumptions on «, A.

In [Sok14b], the existence of a ground state for E°(1) is proved, still under technical assumptions on a, A.
It is remarkable that an electron can bind alone without any external potential : this is due to the vacuum
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polarization. The electron creates a hole in the Dirac sea that allows it to bind. This effect causes a charge
screening : from far away the charge of the electron appears smaller as it is surrounded by the hole.

Let @ be a minimizer for E%(1), then its density pg is integrable [Sok13], and we have the charge renorma-
lisation formula :

/szlegzlx # 1. (5.8)

1+ Zalog(A)
Here Z3 is the renormalisation constant. This inadequacy is possible because the minimizer is not trace-class
(hence the mere fact that pg is integrable is non-trivial).

We emphasize that these results were proved with the sharp cut-off, but the proofs can be adapted in the
present case.

Our purpose in this paper is to study the variational problem E°(2), that is two electrons in the vacuum. We
recall that an electron does not see its own field, but in the case of two electrons any electron feel the field induced
by the other resulting to a repulsive force. If the vacuum polarization is not strong enough to counterbalance
this repulsion, then there is no minimizer for EY(2). This constitutes our main Theorem.

Theorem 5.2. There exist g, Ao, Lo such that if @ < ag, A > Ay and alog(A) < Ly, then there is no minimizer
for E°(2).

Remark 5.3. This result is proved in the case of the smooth cut-off, and we expect it to be true for the sharp
one but we were unable to show it.

We prove it ad absurdum. Let us give the main ideas.
Along this paper we suppose that there exists a minimizer Q for E°(2). Such a minimizer satisfies a self-
counsistent equation [HLS09, Proposition 1], [GLS09] and can be decomposed as follows :

Q = |[91) (| + [92) (2] + 7, (5.9)
where the 1);’s are eigenvectors of the so-called mean-field operator :
Dq :=D + a(v,, — Rg), (5.10)
where for a density p € C and an operator @, we define

Qz,y
Ro(z,y) := x(— y|)’ z,y € R® and v, == p * ﬁ (5.11)

For short we will also write
BQ = ’UpQ — RQ. (512)

By studying E°(2) < 2E°(1), we get a priori information on the ¢;’s. In particular we show that the subspace
Span(t1, 1¥2) splits as follows

1
Spa’n(d}lal/}Q) = Chl S (Ch27 ||h_7||L2 = 17

where h; and hy are essentially two bump functions which are some distance R, away from each other. The
operator v is also localised around each h; such that the energy ELpr(Q) can be written

ERpr(Q) = 2E°(1) + 12,

where 612 > 0 in our range of parameters («, A).
Roughly speaking the BDF energy should be the sum of the BDF energy of these two parts plus the interaction
energy. This interaction energy is too big to ensure E°(2) is attained.

Remark 5.4. Throughout this paper, we work in the regime o < ag,alog(A) := L < Lg and A > Ag > 0 for
small constants g, Lo, Ay ! K is some constant independent of those numbers while K (\) means a constant
depending on the quantity A. Symbols o(-),O(-) and ©(-) are to be understood in this regime.
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The paper is organized as follows. In the next Section we properly define our model and give a priori estimates
about E°(2) and its hypothetical minimizer in Lemma This Lemma is proved in Section

Then in Section we study the Pekar-Tomasevitch functional to exploit these results (Propositions
and . These Propositions are proved in Appendix

Section is devoted to introduce important tools of the proof : the Cauchy expansion (part and
useful inequalities (part . We recall in part the form of the density of a minimizer.

Section [5.6] is dedicated to prove Theorem [5.2] We show how the energy is distributed in Direct space
(Proposition . This enables us to prove Theorem (part . To this end we first study the localisation
of the "real" electrons’ wave functions (Lemma proved in Appendix . We then show how this enables
us to get localisation of the energy of a minimizer (Lemma proved in this Section but using Appendix .
For the sake of clarity we explain in Remark [5.15] how Appendix [5.D]is used to prove Lemma [5.8|

We have postponed the most technical proofs in the Appendices. In Appendix [5.A] we prove Proposition [5.]]
and Lemma [5.6] This last Lemma shows estimates on a minimizer by bootstrap arguments. Maybe the most
difficult results lie in Appendices and dedicated to prove localisation estimates in Direct space.
Acknowledgment : The author wishes to thank Eric Séré and Mathieu Lewin for useful discussions and helpful
comments. This work was partially supported by the Grant ANR-10-BLANO0101 of the French Ministry of
research.

5.2 Presentation of the model

Remark 5.5 (Fourier transform). In this paper, the Fourier transform is defined on L!(R?) by the formula :

~ 1

V feL'(R%, flp):= @7 s

(z)e™ P,

Notation 5.2 (Splitting w.r.t. P?). For an operator Q and ey, ez € {+, —} we write Q“1 2 := P? QP2 .

Notation 5.3 (Schatten classes). We recall that for 1 < p < oo, the set of compact operators whose singular
values form a sequence in (P is written &,(Ha) [Sim79, [Sim79]. The case p = 2 (resp. p = 1) corresponds to
Hilbert-Schmidt operators (resp. trace-class operators).
Those Banach spaces satisfy Holder-type inequalities [RST5]. We also recall the Kato-Seiler-Simon inequalities
[Sim79] :
V2<p<oo, Vf.ge LP(R), |f(2)g(=iV)|s, < 2m) | fllollglLr- (5.13)

Furthermore we write B(£)4), the set of bounded linear endomorphisms on $,.

Notation 5.4 (On Dy and D). We write s,, for —22 @) _ the action of sign(Dy) in the Fourier space. The function

" NETE
1+ [p]? is also written E(p) and E, := /1 + |p|*(1 + |p|?/A?).

Throughout this paper

_ 1+5[A].

E[A]:€A: B

and a[A] : (5.14)

~ log(A)

We have
|D0|1+€A < E(A)D| < (14 ¢)|DJ|, A >e=-exp(l). (5.15)

5.2.1 The BDF energy

Let v be an external charge density in C and «, A > 0 be given. We want to extend (5.2)) : the result is the

BDF energy (5.23)) below.
Following [GLS09] we define the set :

Qkin = {Q € &,,|D'/?Q,QD|'/? € &, |D|'/?Q**|D|'/2,|D['/?Q " |D|'/? € &, }. (5.16)
The kinetic energy functional is defined on Qkj, by the following formula

Trpo (DQ) == Tr(|D|V4(Q*+ — Q~7)|D|"/?). (5.17)

120



It coincides with Tr(DQ) when DQ is trace-class. We will work in the subset of this space defined by :

K :={Q € Qxin, —P? <Q < P} C{Q € Qxin, Q" =Q}, (5.18)

the closed convex hull (under that norm) of the difference of two orthogonal projectors : P — P°.
We also define Q; the Hilbert space of Q(z,y) € L?(R3 x R3, C*%) such that

1QII%, = {[ (By +Ey)|Q(p, ) Pdpdg < +oc. (5.19)

The definition of the density pg must coincide with the usual one when @ is (locally) trace-class and pg must

0
be of finite Coulomb norm : ||pg|lc < +00. For @ in Gij’, pq is defined by duality :
0
VVecl, QVed, and Trpo (QV) = (V, polerxe: (5.20)
We have the following proposition (proved in Appendix [5.A)).

0
Proposition 5.1. The map @ € Gf‘ — pg € C is continuous and :

lpqlle < I1Dol*™Q*+[Do|*™lls, + [[[Do] ™ Q™| Do| "™ e,

(5.21)
+/1og(A)[[|Do|*MQ e,
Thanks to Kato’s inequality (5.59)), the exchange term is well-defined [BBHS98al
x
2T < we(pola?) = Do QD) 52
wd o Qe K < TH{Dol (G — Q)| Dul'?) < Trpo (DQ),
The BDF energy is defined as follows :
v & Qz
E451(Q) = Trpo (DQ) — aD(v, po) + 2( (r0, P0) ﬂ‘ d:cdy) Qek. (5.23)
Any charge sector Q(q) :={Q € K, Trpo (Q) = ¢} leads to a variational problem
Egpr(q) == _inf Eppr(Q). (5.24)

Qe9Q(q)

By Lieb’s variational principle [HLS09, Proposition 3], a minimizer @ for E¥(M) with M € Z is necessarily a
difference of two projectors P — P°.

5.2.2 Form of a minimizer

To simplify, from this point we assume that v = 0. For an integer M € N, let @ be a ground state for E°(M),
then necessarily Q = P — P%, where P is an orthogonal projector.
The study of the first and second derivative gives more information : we have [D@ﬂ = 0, and [HLS09,
Proposition 1]
P =X(oou(Dg), 0<p<1, (5.25)

where we recall the mean-field operator is defined in (5.10). We decompose @ with respect to the positive and
negative spectrum :
N = x(0,u(Dq) and Tyac =y + PY .= X(-0,0)(Dq), (5.26)

where 7y, (resp. n) is interpreted as the polarized vacuum (resp. as the real electrons). If aM is small enough,
then we can show that Trpo (y) = 0 and thus N has rank M [HLS09} [Sok13]. We will recall the proof below.

In the present case, a minimizer for E°(2) can be written as in (5.25)-(5.26)). For small enough o, we have

N = Y1) (1] + [h2) (W2, Doy = pjj, 0 < pe <py =p <1, je{l,2}. (5.27)
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These equations constitutes the starting point of our proof : they enable us to get estimates on the Sobolev
norms of the 1;’s. More precisely we will prove Lemma
Before stating it, let us recall the Pekar-Tomasevitch functional :

2 2
v (v)i= (V01 — [ PO goay, v e

It describes the energy of a single electron in its own hole. In the case of M electrons, the energy is [FLST11] :
VOST <1, Tl = M, (1) = Te( = &) ol + U (llorl = [T, (5.29)

where U > 0 is some number. By scaling we can assume U = 1 but —||pr||2 has to be replaced by U~ : this
last number measures the strength of the polarization.

In this paper, a specific value U = Up(«, A) is considered : UO_1 = 1—Z3(«, A) where Zj is the renormalisation
constant that we have mentionned in the introduction. Its precise expression is given below .

We write EY(M) the infimum of the Pekar-Tomasevitch energy on the set {0 < T < 1, TrI' = M}, with
U =U,.
Remark 5.6. We assume that Uy > 2U., where U, is the critical value above which, there is no minimizer for
EY..(M) for any integer M > 2. This important result is proved in [FLSTTI].

For unitary wave functions ¢1 L ¢o, we also write

2

EBr(61 A 62) 1= 82 (3 le) (651

j=1
Lemma 5.1. In the regime of Remark let Q = N + v be a minimizer for E°(2), decomposed as in (5.25])-
G27).
Let ¢ be {o(1 — Zg(Oé,A))}il where Z3 is defined in (5.56). We write ; the scaling of ¥; by c

() == cg/zwj(cac), r € R3,
Then we have the following :

E%pp(l) = 1+ 52Epr(1) 4+ O(ac™?), (5.20)
E%pr(2) = E3pp(Q) = 24 52Ep1u, (Y1 Ata) + O(ac™?). :

We split each 1 into an upper spinor ¢; and a lower one x;, both in L*(R3,C?). We write n; = |1;]* (resp
nj = [¢j1?) and n = ny +na (resp n =ny + n2). Then we have
IVeilli. 1 —2
=1+ 52 T C—ZD(&,Q) + O(ac™?), (5.30)
i particular :

(1—p)2 =1 (5.31)

Estimate (5.31]) follows from (5.46))-(5.47)). This quantitative error O(ac™2) gives a priori information about
the 9;’s thanks to [Lie77, [FLSTT1I] (see the next Section).

Notation 5.5. Throughout this paper, we will use the following notations.

N; = [l | N = Ni+Na,
nj = [ no= np+na, (5.32)
Y=Q = =~+N,|p, = p,+n

When we add an underline N; etc. we mean the scaled object by ¢ = (a(1 — Z3))~t. Writing
O, : ¢(z) € L* = /% ¢(cx),
we have ¢; = O.9;, Nj := O.N;0;t, v = 0.0
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5.3 The Pekar-Tomasevitch functional

5.3.1 Decoupling of almost minimizers for E5%(2)

Thanks to [Lie77|, one knows that there exists but one minimizer for Epr(1) up to a phase and to translation
in L?(R?,C). This minimizer can be chosen positive radially symmetric and decreasing. It is also smooth and

with exponential falloff. As [ |V|[g)| |2 < [ |V¢|? [LLIT], there holds the same in L?(R3, C*). The set of minimizers
is a manifold & ~ S” x R? where S” is the unit sphere of C*. There also holds coercivity inequality [Len09] :

Proposition 5.2. Let ¢ € H with ||¢||2 =1 and let ¢ € P such that :
o — dllgr = fin;qu — fllzr, then there exists k > 0 such that (at least in a neighborhood of &) :
€

Epr(d) — Epr(1) > kllo — 8|13

Notation 5.6. We write &y C & the submanifold of & made of minimizers with center 0 € R? : it is isomorphic
to S7.

We are interested in EPUT(2), with U = Uy > 2U., where U, is the critical value above which there is no
mminimizers for Fpr(2) [FLST11] : in particular Epr(2) = 2Ep7(1) (the proof of [FLST11] also applies for

spinor-valued functions). If we choose Uy > 2U,. :
U
V0 € 2(R® X B), [ ]2 = 1: Epr(¥) ~ 2Bpr(1) > “L(Dlpw, pu) ~ TrlwRbwl)) (539

where we recall py is the density of U and ~y is its one-body density matrix.

There holds Lieb’s variational principle : EY}.(2) is also the infimum of £Y}. over Slater determinant hq A hyo
with hj € H! and <hj, hk> = Ojk-

Let us consider such a state ¥ = hy A ha. The plane Span(hq, hs) can be defined with other orthonormal
families : U(2) acts on the set S[¥] of those families :

((Z 2) (Z;)) € U(2) x S[¥] (Z}?:ZZD e s[w), (5.34)

The first vector is written (m - h); and the second is written (m - h)s.

Characteristic length For ¥ = hy A hy we define the inverse dy of the characteristic length Ri2(0) :

dui= nf D((m-h)if? [(m - h)sf?) = Ria(9) " (5.35)

Let ¢9 € Py be the radially symmetric and positive function (with ¢g(x) parallel to (1 0 0 0)* for
instance). Let ¢y, = Tx, @0 be its translation by xo € R?. We have :

)| a(y)[?

Vo, [xo| > 11 [xo| x D(|6o|2, |6x,[?) < suplaly/ [ 9o L ddy = Yo < 400, (5.36)
|z|>1 lz -yl

Geometric length For a Slater determinant W = h; A hy where hy and hy satisfy D(|h1|?, |h2|?) = dy, we
define the geometric length Ry as follows.

Let ¢¢;) € & be the closest function of & to h; in H'. Each ¢(jy is radial with respect to some vector
z; € R?, we set Ry(¥) := |21 — 23] (or the smallest of such |2y — z2|) : it should be seen as the interparticle
distance.

Remark 5.7. The geometric length R, does not appear in the energy and Ri2 = dg,l may be much smaller.

Proposition 5.3. There exist ag > 0 and b= b(ag) > 0 such that

YU =hy Ahy: AQS = ggT(\I/) — 2EPT(1) < ayg =

> b (5.37)
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Proposition 5.4. There exist ay > 0 and b’ > 0 such that :

/

(5.38)

U(z,y)[? b
U=l Ahy: A€ < @ yF g > 2
v 1 N\ ho 25<a0 :>H |$—y| Y R

More precisely :
For any 0 < A let B;»‘ be B(z;,AR,) and B* := B} x B UB3 U B}. Then there exist ay > 0,kx > 0 such that

Uz, y)? k
Y@ gy > B

VU =hi Ahy: Al <ayn = =z
|z —yl Ry

(z,y)eB>

(5.39)

Remark 5.8. It is not possible to replace R;l by dy.
To prove Proposition we need to compare Ri2(¥) and R,.

5.3.2 On the relation between Ri,(¥) and R,
Let us consider an almost minimizer for ESp(2) :
U = hy Ahg, EYp(2) — ES1(2) < ap < 1,U big enough. (5.40)

We suppose that D(|h1|2, |h2|*) = dy and write ¢; the closest function to h; in . We write §; = h; — ¢;. By
Propositions [5.2] and [5.3] we have :
dy = 7= <eo and [|01]% + [162]%: < ao-

We will here compare Ryo and R, (defined as |21 — 22| where z; is the center of ¢,).
As ¢;(- — z;) is radial and smooth then :

, (16517 * 77)(x) < (1651 = 77)(2)
oS (g2 ¢ ) (@) 7 aekt (52 + +><m>)“2
By Newton’s Theorem [LLI7], writing |¢o|? = |¢; (- — z;)|? we have :

< +00. (5.41)

1 2 1
vae®, (o @) = o [ ooty + [ 100 < (5.42)
|z Jiyi<iol yizlal Y] ]
As a consequence, for sufficiently small ag :
ID(Re(6761),[821%)] < [81ll22D (|61 1%, [821%),  [D(Re(d761), 6a]?)] < 1052, (5.43)

9

where we used Cauchy-Schwarz inequality :

[ 10y @y < ol [ 16@)P .

Thus there holds the following.

Proposition 5.5. Let ¥ be as in (5.40). We write [|6]| = 3_;\6;|| - there exists > 0 such that for sufficiently
small ag >0 :

dy > (1 - /-”»\/CT)(D(chl\2 |921?) + D(|011%, |$2]?) + D(|¢1[%,102|%)) + D(|o1[?, d2]),

x 1) 0 5.44
J‘J" [ha( )l |h2(y ‘2dxdy < H ||L2|| ||If1 ||5||%2H5||H17 ( )
Rg R,
Remark 5.9. In particular Ris = O(Ry). Moreover for sufficiently small ag, we have
A& =Y (Eprlhy) — Ber(1)) = ©(6]170)-
J
With the help of Proposition [5.3] we get the following estimates :
|ha (2)*|h2(y)|? 3
ﬂ ey dedy < dj, (5.45)
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5.3.3 On the decomposition of ¥; A 1y

In our problem, we consider a couple (ag,b) described in Lemma and we choose (o, A) such that Uy >
2+ 1U..

We consider ¥ = 1)1 A ¢ of Lemma We have : EgT(ﬂ/\@) < oand dy < o.

This result and the estimate of Remark [5.9]lead to the following Lemma.

Lemma 5.2. For (k, k') = (1,2) or (2,1) and vy (z) = c=*/?¢y(x/c), we have

*lha(y)I®

: L I (@) o’
ey e = (i) x el < 5 [ R0 dedy < 55

Proof : Indeed the quantity in the L.h.s. of (5.2) corresponds to the squared L?-norm of (pg * ﬁq/)k — Rlve]vw)

where ¥ := 11 A ). Then we decompose 1), with respect to an orthonormal family (hy, hg) with hy A hg = ¥
and D(‘h1‘2,|h2|2) :d\I/. [}

We recall that 17 and 15 are eigenvectors of the mean-field operator with eigenvalues p; and ps. In the case
1 # pe we cannot choose Y1 = h1 and g = ha.
From the estimation of the p;’s (5.30) we may ask whether the quantity

Fe (i) := Eor () — D(ul. [ ]?) (5.46)

is negative and away from 0 or not. As hy = ¢y + 0 with ¢ € & and |0k || = O(VA2E) a simple computation
shows that :

V(a,b) € C*NS*: Fe(ahy + bhy) = ngT(l) + O((AE)Y*). (5.47)

5.4 Technical tools

5.4.1 The Cauchy expansion
In this part we use the functions s., E(-) and E. and numbers ¢, a[A] defined in Notation We recall
Ineq. (5.15)). The results stated here follow from [Sok14bl [Sok13].
Let 4 be the operator defined by :
? = X(—oo,O)(D + oz(vﬁ — Ré)) — PE, (@,m €Q; xC.
For instance we can take v of (5.26). Provided that ||Q||kin, ||7]lc are small enough, by Lemma [5.3| we have
D+ a(v; — Rg)l = [D|(1 = a(llpgllc + 1Q)lex)) = [DI(1 + o(1)).

As a result we can expand g in power of «, this is the Cauchy expansion [HLS05a] :

+oo
o= ) Q@]

=R o (5.48)
~ w J
Q;[Q.p] = -5 mDHw((Ré_”[ﬁ])DHw) ’

We can further expand each @; into Z;::o Qrj—k [@7 pd where each Q,j—k is polynomial in R (resp. v[p@])
of degree k (resp. j — k).
The respective densities of Qy,j—1 and (); are written py j_ and p;.
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Convergence of the series (5.48) In [HLS05al (GLS09|, Hainzl et al. proved that this series is well-defined

and in [Sok14bl [Sok13] the functions (Q, j—k, pr,j—k)[-, -] are studied in several norms.
It is possible to adapt the proofs to show that these functions are multilinear continuous in Q; x C or more
generally in the banach spaces X, = Q. x €, defined by the following norms :
1QI, = [[(Ey+Fywlp - 0l0p.a)dpdg and ]2, == [[ 2 W k) Pk, (5.49)

where /w : R® — [1, +00) is a weight function satisfying some sub-additive assumptions.
Furthermore the growth of the norms |[(Qx, &, Pk, )l B(x,) is also polynomial : it follows that there exists
some radius A(a, A, w) such that

“+oo
(Q.7) € B, (0,4) > (5:= " a/Q;[Q.7), p5) € B, (0, A),
j=1
is well-defined and contractant.
The main ingredients of the proof are the following inequalities :

IIPiva%Dja le. < Viog(A)[Alle

(5.50)
losmpellse < 17l

I\RQW|1/2||62 < [1Qlsxs
<

||Up|v‘1/2||l3 ”ﬁ”C

In the Lh.s. the first estimate follows from a simple computation in Fourier space [HLS05al [Sok14b], and the
second one is an application of the KSS inequality (5.13).

In the r.h.s. the first is proved below (Lemmal5.3]) and the last follows from an homogeneous Sobolev inequality
. We will say no more about these results and refer the reader to the cited articles and to [Sok14d].

5.4.2 On the minimizers : equation and density

The results of this part are proved in [Sok13].
Let @ = v+ N be a minimizer for E°(M) with M € {1,2}. It satisfies Eq. (5.25)-(5.26) and rank N = M
for « sufficiently small. We recall :
V= X(-00,0)(Dg) — PL. (5.51)
In [HLS054, [Soki4bl [Soki3], a fixed-point scheme is used to see 7 as a fixed point of some function F") (with
parameter N). This scheme enables us to get estimates on v and N. By the Cauchy expansion, Eq. is

rewritten as follows :
+oo

(Id — aQio[]) [v'] = N+ Qo1 [p,] + Z o’ Qi [V, P

j=2

In [Sok13], it is proved that the linear operator (Id — a@Q1[]) is a continuous endomorphism for Qg and &,
(1 < p < 2) provided that alog(A) < Ly is small enough.
Its inverse T is written and it has a uniform bound for all those Banach spaces.

This gives
+oo

T[Q1.0(N)] + aT[Qo1(p))] + > I T[Q;17, ] (5.52)

j=2
In [Sok13], the density ap [Qo,l(pi/)] is computed and we have :
ap[Qoa(p))] = —Fa*pl),

where fy € L' with norm || fy||z: < L.
Remark 5.10. For the smooth cut-off, the same proof applies for | - |* fa. For any fixed integer ¢, there exists

K (¢) > 0 such that, if « < K(£) then
. 1/2
L 2(14-¢) 1
-1l / PO+ o) fao)Pde [} 559

IZANRVAN
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The same results hold for

AR T~
Fri= 7 1(1 +AfA) - ;(—1)J+1fAJ (5.54)

provided that o < K’ () with a smaller bound K'(¢) < K(¥).
We write 7;[-] := p[TQ;[]] and 71 j—[] := p[TQ,j—k[]]- There holds :

+oo
py = —Fyxn+ (8o —Fp)* (amolNI+ ) _odr[,pl)),
P (5.55)
= —Frsn+ (0o — Fa) * (am o[N] + o?R[y, pl]).
We have p,, € L' with [ p, = —Fx(0) x M. The renormalisation constant Z3 is
Zs:=1—F\(0) = ! R ! and Up := ! (5.56)
87 MUTTEA0) T 1+ Zalog(A) O A (0) ‘
We also recall [Sok13]
Vi K € Bgs(0,2) : |Fa(k) — FA(K)| < alk — k| (5.57)
we will use below with &' = 0.
5.4.3 Some inequalities
— Let us recall some Sobolev inequalities in R? :
1£llze S UV Flzes 1le S WV fllze, I fllzs S NV Fl (5.58)
The last one gives HUHM%MHB < |Iplle for p e C.
— We also recall Kato’s inequality and Hardy’s inequality :
o(x) ﬂ
[ 2900 < 50vis. 0
R |2l (5.59)

IN

()|
d 4((—-A .
[ S < =m0, 0
— The following Lemma gives estimates about the operator Rq.

Lemma 5.3. Let Q(x,y) be an operator of finite exchange term and p of finite Coulomb energy, then :

It Ralls. = Tr(Ry w1 Re) < /W) Tr(Q"Rq),
X
ﬂ |ny)|d dy =Te(Q"Rq) < 5 H ul|Q(u + k/2,u — k/2)|2dudk,

lvorrzls < llelle.

In particular || (v, — Ro)fllzz < (Iplle + Qe IV £l 2.

Proof : The proof for |||v|#1/2RQH62 is just an application of the Cauchy-Schwarz inequality once we remark

that |V|~! is the convolution by Const/| - [* [LL97]. For the last inequality we write s = £:¥ and t = z — y and
A(s,t) :=Q(s+t/2,8s —t/2) a.e. By Kato’s inequality :

Lﬂu—m ‘ﬁwAn| dedt

5 [ dstvlaGs, ) Ats. )
g {[ el @+ /2, w — k/2)\dud

I /\

IN

127



Those inequalities are true at least for Q(z,y) in the Schwartz class S(R? x R?), we conclude by density. |

— To end this part we give estimates about D.

We have
Id — spsq = sp(sp — 8¢) = (sp — 8¢)S¢
and N N N R
— 8,8 s, — Sy| = Do(p)  Do(p) | Do(p) — Do(q) 2|p — q|
[1d — spsg| < |sp — s ’ E(p)  E(q) E(Q) S e (E@). E@) (5.60)

Notation 5.7. The symbol e will always stand for any unitary vector in R3.
Remark 5.11. There holds (¢f [LLIT] for the expression of (a® — A)™1) :

L( ) _2/+Oodw( )
Do Y T x )y Doyt Y

2 +o0 e—Ew\x—y|
=, /2 / SR
0

|z — vl
— CI’lStKl(lx_yD
[z—y|

where K is the modified Bessel function [Wat22].

5.5 Proof of Proposition 5.1

5.5.1 A priori estimates on a minimizer for E°(2)

This part is devoted to prove (5.62)).

Let us say 7/ = v + N is a minimizer for E°(2) written as in ((5.25))-(5.26).
First we prove (5.27)). There holds a priori estimates [Sok13] :

1 _A(l_%) "2 Qo2 ’ « / / am "2
Iyp(TNT Az = < _ hd < 20
5T ( Dol (")) + 5 leslle <€) =2+ 5 Tr(v'RIY]) < - Tr(IVI(Y)7)
—a(1-%)
where we have used |D| —1 > %\Dioll\ It follows that :
~A(1— A)
TT(T‘AZ(’YIF) +al|p |2 < Ka.

As in [Sok13|, we can apply a fixed point scheme on (v, p,) with the help of the self-consistent equation (in
Q1 x C for instance). This gives :

IVlq: € VLalphlle +all[VIY2Y |le, and [lpylle S Lllp) e + VLal[V]V2Y e,

Hence |Tro(7)] < ||7lle, < 1 and Tro(y) = 0 as shown in [HLS05a]. This proves Tr(N) = Tro(N) = Tro(y') —

Tro(y) = 2.
Let (1;)1<i<2 be a basis of orthonormal eigenvectors of xo,, (D) with eigenvalues 0 < p; < pp < 1. We
write N; := [1;)(1;| and |n; := 9;|?. From the equation satisfied by v;

(D +a(vlpy +n] = Ry + ND)b; = p;9; (5.61)
we get the following.

Lemma 5.4. Let v and (1;); be as above in the regime of Remark . Then there holds :
2 2 o~
ot / [Pl (A72(2+ B5) + (1+ B5)) [¢(p) dp < |DY; 32 — 1 and
2
IDY;ll72 — 1 < allpsliclnlle + allylle, |1 RINlls, + (@l By oz |51V 2050 22) ™

As a consequence we also have :

Tr(-A(l— & + 25)N) S ¢ 2 (5.62)
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It suffices to use the inequalities in the r.h.s. of ((5.50) in Eq. (5.61]).

Remark 5.12. Compared to the case of E°(1) there is an additional term (v, — Ry)v; that has been neglected
in —2aMe(Bn1;, ;) : this term is non-positive.

Notation 5.8. From now on, we write vjx = (¢;1y) * ﬁ and v; := v;; and define aji := ||vkY; — vk Vi L2

5.5.2 Proof of Lemma : estimate of E°(1)

We compute the energy of a particular test function Qf = Qo + Ny, defined as follows [Sok14b|. First, we
take ¢cp = ¢1 a minimizer for Fpr(1) in L?(R3,C) (e.g. real-valued and positive centered in 0, cf [Lie77]).
Then let ¥, be :

Y1:="(p1 0 0 0)e LAR3 CH). (5.63)
Then, we define 11 := ¢=3/2¢; (¢~ 1(-)) where ¢! := a?F;(0) and

[

I (RQO + RNO))}v

No :=[Y1)W1], | Qo+ P2 =1y :=x—0c,0{D + a((pg, + 7o) *
= “12 1
= = - H .
o |1/J%| ) Yo (=TS (w% cﬂﬁ%)
We have used the fixed point scheme of Section to define Qo. We also write

No = [tho)(¢ol, @ =Qo+No,
BO = (pQO + ﬁo) * ﬁ — Oé(RQO + Rﬁo)v DQO =D+ OéBo.

The test function @} is the difference between the orthogonal projections IIy + Ny and P°. Following the same
method as in [Sok14D], the following estimates hold.

[QollQ., <« molle,, <c V2
1QollQ., <c* lpqolle,, < Le'/? (5.64)
1Qolls. < ac™'/? | |Ry,lle. <t

where wi(p — q) = E(p — q) and w(p — q) = E(p — q)*.
As shown previously in [Sok14bl [Sok13] there holds

Eepr(Qf) = (DY, Yo) — $Tro(B[Qo]Qo) — 5(Tr(|D + aBy|QF) — Tr(|D|Q3))

o (5.65)
+5 (D(p[Qo] + no, p[Qo] + no) — Tr(QLR[Q]))
Estimate of the density pg, By Section[5.4.2] we write
pqy = (80 — Fi) * (7o + t{No] + a”7), (5.66)
= (60 - FA) *No + Trem- (567)

We have 5 - §
10 — Fn) * 70 * [l L= < AN VIYL, ¥1) S IVYLlre = O(c™).

We use Ineq. (5.50) to estimate the norm ||7,em|lc of the remainder T,ep,.

The traces in (5.65) By Lemma we can estimate |D + aBo| — |D| and get the following [Sok14b).
Lemma 5.5. There holds :

6T = [Tr{|D + aB[Q4]h3 — IDIQ3}|

S A{lQollE + allQollkin + I7remlle) HIQoll in + afllTremllc + V1 1lz2}HIQolIE, (5.68)

<ac 3 +act xa?et < acs.
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(D , o) in (5.65) There holds (1 —IIp)y1 = —Qotp1 + P£¢l~ Then

(D1, Y1) <DQow17Qo¢1>—2%<P3Qo¢17P$1/J ) + (D[P, 1)
(DP9, ¥1) —1+2HV¢1H O(c™™).

Then thanks to Lemmai IDI"*Quy1llz2 < IDI"*Qo etz 15 lIV[V2¢1 |2 and
& c

IDIV2Qu1 |2 < ac™

As Qo = a@1[Qp, p,] + a?Q2(Q), po,) and that Q1 = Q7 ~ + Q7+

P2Qut1 = aQf P21 + a?P° + Qo)1 .

Therefore :
oX(|D|Qatp1, PO+ ¢1) < a?||VIV20u 113 | g Qe e s
<o’ x et =0(a?c7?)
a(DIQf P2y, Py1) < afIDIV2QY g7 HBIIIV|1/2P°¢ ||L2H|D|1/2¢ >
Sac™ V2 x 732 = O(ac™?).
Hence :

(D1 —To)y1, (1= To)tp1)/(1 = [[Totn[[72) =1+ %HV% 72 + Oac™). (5.69)

The potential energy in (5.65) By the same methods we prove :

& (2D(p|Qu).n0) — D(p[Qu]. o) — Re(2Tr(QoRNo]) — Tr(QuR[No)))

= —4D(Fy x M, M) + Oa?c™3/?). (5.70)
For instance by Cauchy-Schwarz inequality followed by Hardy inequality :
| D(p[Qol, (PW%)*(QW )| < lplQollle x 41/4||WJ ||1/2||Q0¢HL2 =0(c™).
By Ineq. (5.57), there holds :
2 D(Fy 7o, o) = —5- Do, o) + 00”2 + ¢ g3) = O,
indeed : ||Tio||z2 = [[¥1 |24 < [[|V]¥/*91]|2.. As a consequence :
Egpr(1) < Eppr(Qo + No) = 1+ Eer(d1) + O(ac™). (5.71)

2c2
We have proved the inequality the < part. For the > part, it suffices to take a real minimizer and with the same
estimates as above and [SokI4b| we prove similar estimates.

That there exists a minimizer for E°(1) follows from Theorem using the same method as in [Sok14b].
We have proved E°(1) < 1, then by Lieb’s variational principle we get that for any 0 < ¢ < 1, E°(q) > ¢E°(1),
hence the binding inequalities holds for 0 < ¢ < 1. For ¢ € [0, 1], binding inequalities hold for sufficiently small
a. We refer to [Sok14b] for more details.

Similar estimates apply for E°(2), in particular we have E°(2) < 2E%(1) <2+ ‘El’%j’l) + O(ac™?).
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5.5.3 Study of a minimizer 7/ for E°(2)

Bootstrap argument We write 22 := Tr(—A(1 — % + ﬁ—j)]\/’). By Lemma we have 22 < ¢~2. This fact
enables us to use the method of [ES01], [Sok14b].

We scale 9; by ¢ : 1;(x) = ¢3/?3);(ca) and scale v accordingly : y(z,y) = c¢3y(cx, cy). Then writing L4 :=
(1 — A/A?), the wave function 1; satisfies :

(B — ica- V)i + aclyt wpl] +n] — Rlg + N, = Py Lotvy. (5.72)
Splitting ﬂ between upper spinor i and lower spinor X both in L?(R3, C?), this gives :

Ixallze + lxelle < ¢t

Going back to 1p; one gets (Dy;, ;) = 1+ O(c™2) and it shows that for j = 1,2 : 0 < (1 — pj)c? < K
thanks to the equation (5.27)). As
2
2 1, —C*A —A
OSC (1—£CA)—m§ F7 then (573)
2
A(pilen =g =y — Dpj + 252595
= (p; — 1) + Or2(%)
thanks to Lemma (Op2 means in L?-norm). We can get another estimate : in the spirit of [Sok14b), [Sok13]
we can use bootstrap argument with the norms

(k)2|p(k)?

QIR = [ B 0 (B + )10 Papag ana o1, = [ ZEEO

to get the following statement :
Lemma 5.6. For any fived k € N*, there exists c ) > 0 such that for o < oy, ¥; with j =0,1,2 is in HF/?
with norms O(1) and
ollQu: IVllQu, Ipblle., lohollle, < 1.
It is supposed alog(A) < Lg. There also holds :

1A% 2 < min(e™ (¢ + A1), e™2), Ixllre < ¢ and [[Vxfre S ¢

The estimation of Egpr (7') is proven with the help of the estimate || Av|| 12 < ¢~3/? as shown in the (technical)

proof of Lemma [5.6] in Appendix [5.A.2]

Remark 5.13. By Estimate (5.62)) we can prove that n,~, p, have estimates of the same kind of those stated in
(5.64) [Sok14bl [Sok13] : we have

Inlle < ¢, pylle € Le™V2, IRy, s, S ¢ DI, € ¢ ylles S ac™ V2. (5.74)

There also holds ||n;||z2 < c3/2.
By Lemma 5.6, we get :
HPVHLZ‘ < Le™3/2,

Following [Sok13| we can prove p, € L' and ||p,| 11 < L.

Estimate on ¢?(1 — ;) Using estimates on Vg, and Vy; (Lemma together with Ineq. (5.57), we get the
following estimate from (5.27)) :

IVeillz: 1 _
pi =1+ o C—QD(&,Q) + O(ac™?). (5.75)
With (5.46))-(5.47)), we get :
(1= pj)c® < =3Epp(1) + O(a'/*) > 1. (5.76)
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5.6 Localisation of minimizers in Direct space

5.6.1 Decay estimates on the @ZJ]-’S

It is known 1 A1 can be split into two almost minimizers of Choquard-Pekar energy hy and hg : hy Ahg =
Y1 Apg. For j € {1 2} we write ¢; € & the closest Pekar minimizer to h; and its center is written z;. We write

Rg = |Zl — 22|. (577)

By Section we have :

11 A pa(, y)]?
M?( " dady = — 5.78
==, y 2 R (5.78)
Our aim is to show decay estimates far away from z; and z3. Up to translations, we assume the mean
Zm = —ZlJQrZZ is 0.
Localisation functions Let & > 0 be some radial Schwartz function in S(R3) satisfying
7] <1 = &(z)=1and x| >2 = &(x)=0.
We define £4(x) := &1 (%) for any A > 0 and 64 := /1 — £4. For any = € R?® we write
d(x) := min{|x — z1], |z — 22| }. (5.79)

Let H be the plane {z : |z — 21| = | — 22|} ; the function d(-) is differentiable in R*\ ({21, 22} U H). For any
A> Ry and 0 < A < 2 we define

1/2

771)%9 (z):=(1- §§Rg (x—2) — ﬁiRg (x—22)) " (5.80)
We define \g > 0, defined by the formula

MoRg = @ where Cy(L,R4) > 1 is chosen large. (5.81)
The function nR can be seen as the dilation of 07 := /1 — &2(- — e1) — &2(- — e2) by Ry where ¢; := %.

At last we deﬁne

nCR \/1 - CAR (x—cz) — CARQ (x — cz2), (5.82)
we use it in Section £.D.2
Lemma 5.7. e For each Ao < A < 27L, there exists Ky such that :

2 2
VA >0, / a(@)2€4 (@), @)? (|| Dol (@) + |1Do[ 2 (@)[*)do - < Koy (5.83)

Moreover we can choose (Ky)x to be nonincreasing and Ky, is (uniformly) bounded in the regime o, L, A1
small.
o For any 2Xo < A < 27! the same holds for df’))\ = d(m)2§Ang)}g

[ty é@mB 2@ (1D s + | 1Dol 2un(a) ) d < K5, (584)

where K > Ky depends on X\, Ky, & .
o We can replace |DO|1/2ﬁ by ; above.

Remark 5.14. This is a weak estimate due to the presence of vj,¥; — vy ;Y.

This proposition is proved in Appendix [5.C1}
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5.6.2 Localisation operators

We want to prove that minimizers are localised in space around the centers z1, zo of the electrons. To this
end we use localisation operators of [HLS09, [LR12] with respect to the functions {.\r, and ni/;{)g introduced in

the previous Section .

By Lemma [5.7| we know that the wave functions 11 and v, are localized near z; and zo. By scaling, it follows
that ¢; and 1/)2 are localized near cz; and czy. We consider :

M) = o, (r—cz)  and &V (@) = Lar, ( — cz),
XY= @ ) and XY= @) R EY)
and localise v/ :
Y= XX, gV b= X000 X5,
We define the set
By == {B(cz1,cARy) x B(cza,cARy)} U {B(cz2, cARy) x B(cza,cARy)} C R x R®. (5.85)
Our aim in this section is to prove :

Proposition 5.6. If v is a minimizer of E°(2) in the regime o, L, A= small then :

|1 A ol y)]?

|z =yl

Eppr(y) = 5%DF(5§71 VD) + Expr(&s . fj

1
LERAR AL M dy+(’)(02Rg). (5.86)
(3:721)633 1

Moreover :

1
Tro(€% - [V]) = 14¢5, &5 = o(1),j = 1,2,
Tr (6(%) -[]) + Tr (5(%)'[ d) :2+(9( L ) (5:87)
0(S1 0 0(S2 Y C2Rg .

Assuming this Proposition — proved in Subsection ([5.6.5)) — we can prove Theorem

5.6.3 Proof of Theorem [5.2]
By Proposition [5.4] for sufficiently small «, L, there holds :

H [h1 A a(z, )| RN TG S L

_ 2 ’
(x B, 1 |z — gy 2K Ry

for some constant K, > 1 independent of «, A in the regime of Remark This gives :

-1

L 1
0 0
Espr(7') > Eppr(l +€1) + Egpp(l +2) + KR, + O(c2Rg)'

We know that the function F3pn(-) : R — R is uniformly Lipschitz with constants 1 and this function is concave
on each interval [M, M + 1] where M € Z [HLS09, Corollary 3 mutatis mutandis|. Furthermore we may assume

g1 = —eo > 0 up to an error O( ) The case €1,e2 < 0 is easily excluded by concavity of E]%DF in [0, 1]

1
Ry
because E3pr(0) = 0 and 2E3pp(1) > ESpp(2). Then :

Egpp(1+e1) + Egpp(1 — 1) = e1Bppp(2) + (1 — £1) Egpr(1) + (1 — 1) Epr(1)
> e1E8pr(2) + (1 - e1)(2Egpp(1)) = (1 — 1 + 1) Egpp(2) = Eppp(2).
Thus taking Fp(0) = O(alog(A)) sufficiently small, the quantity L' is big enough to compensate the error

term (’)( ) We get the desired contradiction :

2Ry

E]%DF(2) = 5BDF(7/) > EI%DF(Q) + 2R K’ > EI%DF(Z)-
g
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5.6.4 Localisation of the energy of the vacuum ~

Lemma 5.8. For \g < A < 27! big enough (e.g. A = 5, %, %) there holds :

A A A 1
- and [|n%) [D[Y*y]le,, Il Do *¥]le, € — . (5.88)

L
<
anR p’YHC ~ m c ARg
This part comes after lots of technicalities : we put together results of Lemma [5.7 Propositions [5.7] 5.8} [5.9]
Remark [5.17 and the known estimates of Remark [5.13] We refer the reader to Remark [5.15] for explanation.

Here we assume that L is small enough in such a way that
MRy = O(L™1) is big enough. Lemma gives that for all A\g < A < 27!

()

<
Hn(/R p’Y”C = \/ﬁ

We recall that \oRy := @ with Cyo(L,Ry) > 1 to be chosen. Up to taking a bigger Cy : Cy < Co < 6Cy we

assume \g = 277 Jy € N Taking ¢y := 0302 as unity of length, we define the sequences (u.,), (vm ), (W) by the
formulae :

+elny? oy le, e,e=0(L). (5.89)

Up = Vg = Wo = an PWHQ

2\ m
U = 0% “pwnc, O = 2 2y, (5.90)

/ 2
W+l = €1 % + €2V 2w,

2
It is clear from (5.89) that vy, 41 < €14/ ™ + €v/2v,,. Thus we have :
0

Vm e N*: v, < Wy = Weo + (21/262)m(w0 — Weo)
where woo = €1(2/£)Y/?(1 — €23/2)7/? is well defined provided e; < 27/2. In particular :

€1v?2 (V2e2)™ (Ao) e1v?2
< ol + N {H Ner, pylle — m(l—ﬁz\/i)}

It remains to evaluate at m = Jy : this gives ||n£?1;h;l)pfy||c. Similarly the case m = Jy — 1 corresponds to 6~ etc.
By Hardy-Littlewood-Sobolev inequality |[LLI7, Theorem 4.3] :

Vm e N* : u,,

2 1
IS pylle < llollle < losllzors < oyl lloyl13e < L™/,

For Hn(’\) ID|*/29||s, it suffices to use this result, Proposition [5.8| with Lemma
Remark 5.15. The following holds.
1. Lemma states that each v; is localized around its center cz;,

2. we give in Remark @ estimates on the norms of v,N, p, and n. In particular the densities have the
"correct behaviour" in L', L? and Coulomb norms. We call these estimates : "non-localized estimates".
A
The other cited results are used of as follows We remark that nﬁ}\{) = 778;‘{) niR)

Propositionglves an estimate of ||77 |D|1/2'y||62 and H'nc \D0|“'y||@,2
(where @ € {27 ", a[A]}) in terms of

I vl ]z [ s In, Balls, and [0S vlpt ]l e,

and in terms of the non-localized estimates (with the "correct behaviour" with respect to cARg, that is as in
(5.88)). In short we write : non. loc. est. w. the c. b.
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Proposition gives an estimate of ||n£>f{)q Volpy]|lL2 in terms of

1/2

IR, Dol s, and [Inf. pyllc = IIp[mRﬂng]llc,

and in terms of the non. loc. est. w. the c. b.
Furthermore, it gives an estimate of H"?E)}\{) va |6 in terms of ||n((:)f{) Vv, ||> and of the non. loc. est. w. the

c. b. The term H’I"[CR ~|lEx is controlled by ||77 |D0|1/27||62 and by the non. loc. est. w. the c. b.

Thanks to Lemma the term ||77¢R9RN||EX (resp. ||77¢RgnHC) is proved to be of order (¢*AR,)™* (resp.
(cARg)~1/2).

Finally Proposition|5.7|together with Remark|5.17|gives an estimate of || p[nc?{)g anRg] |lc in terms of Hni Pi*yHbz, ||77

and in terms of the non. loc. est. w. the c. b. The presence of P{ is harmless as we can check from the proofs.

5.6.5 Proof of Proposition

1 1 1
We consider each term of the BDF energy and write 1 = (niﬂ) )2+ (553))2 + (fég))z.
We use once again Lemma [5.7] Proposition [5.8 and Remark We treat one after the other the case of N

and . We write
(€)%= (V) + (&),

The function ¢ refers to €M) or ni)r\{)g-

Kinetic energy

Kinetic energy for

1

(3)
H("?c}319)|D|1/27||62 ~ 62R
I IBIDI*E, S wxr;

1
(3)
Tr((nE))ID|Y242DJ1/2)
Tr(¢7D|/292|D|"/2)

IA A

Kinetic energy for N : We recall the following equalities : D1); = pu; — aBvy; and
(vp — RN = vathy — v219py = Opa2 (/¢ 1) . Thus, we have :

(%) (%) G (%)
<"7CR Dy, 77¢R 7/’J> = <77¢R ( - 043)% ) ncR ¢j>

1
03 Dy, m @) < (0t allolo o) in T 12 + alln s (12 Ryl
1

) alvllas e
ol =8 el ) < e + ke = ofc2R; ).
g
We write : L . .
(€63))2 = (P + PO)(ES)(PY + PO) () (P) + PY),
we have to show that (£1°2£2%3 D), , 1);) is O(c _2R 1) whenever e1 # &5 or ey # €3.
We recall that ||P0¢]||Lz and || Byj||z2 are O(c™1).

The operator (5(3)) *(5(3 )"t is O(¢?R, %) in ||-||g-norm. Except for the corresponding term, we have
€1 = — or e3 = —, leading to an upper bound :

O(HE D)2 52 + By 1) = O ).

Similar estimates lead to (5.87). The estimates e1,e2 = o(1) follow from the fact that n = [1h1]? + [1)2|* =
|h1]? + |he|?, where the h;’s satisfy hy A ho = ¢ Athy = ¥ and

D(|haf?, |hof?) =
In fact, this o(1) is an O(a + e KRs),
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Direct term

On the outside : ni)r‘{)g . By Lemma and Kato’s inequality (Appendix i :

(A) 2
||(77cR ) nlle < W
9

1
On the inside : 5(5) . We remark the following :

() =(§(%))2((?7£%))2 (€)= (niEE ) - B R + (e )

), ( " N ? (5.91)
= (M2 )? = (n3,)? + (€132))2,
Thus : . L .
D (%) 2 (3)\2 /s < (3) (3)y2 12) 2
((€537) %0y, (et )?05) | < ek, )y lle(l(meit, )2 oy lle + 1 )05 lle)
(&2 Sz oy oyl prHL L
+|D(( 12 ) IO"/?(T’CR ) 'y)| S - n +O(CR9)'

cRq

)2py, (£°7)%0),) in a similar way : it is O(i). We have proved so far :

R o s (Ba (3)
D(p'y’p'y) - D((gl ) p'ya(gl ) p’y)—’_D((gQ

21 Fha
) pfyv(£2 ) pfy)

3) (3) L
+2D((&%)*n, (&)%) + O (%)
g
In appendix [5.D] we prove the following Lemma.
Lemma 5.9. For j = 1,2, we have :
EACIPNG Ny (5) (3 L
D((&3)%0,, (6°7)%0) =D(p[£j3 : [v]},p[éf’ [ ]D +0(—):
g

Exchange term
By Lemma and Kato’s inequality (5.59)) :

A) A 1 «
Tr((ni5,, )N R ) < ;mﬁggwj%m(vw) < orp =G

With the same trick used before, we have :

[T DD gy = [ 02+ €3 D) T () )+ (63 )2 ey,

|z -yl g

We use Kato’s inequality as usual to get :

A A A A
IR, 7 llex < 100l *n R, ¥ llex < I1Do"* 0% 15z Il Dol >y lls. + In, 1Dy lls.
1

< ——

cy/ ARy
Using trick (5.91)), we get
[ D anay = et i+ eI + 2 ff 6 @2 PO 6 )
Yy = 1”’Y|2Ex Y llEx 1 z — y] 2 \Y Y
+O (182 4 e (i ’>2NRN) 2 3.

g
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Now let us show that for j =1,2 :

1 1
1 1 1
2 _ 2
It suffices to use Kato’s inequality and Eq. (| , we have :
Do\l/2 1
Da[l/2e+- <1 / H | ‘
[1Dol'26*~Qlle, < Do+ i Ve, 1w,
Y dw 1Qlle
< : oo < 2.
< IV (Ean, i~ Q. / B S
5.A Estimates
5.A.1 [V, P°] and proof of Proposition
For any smooth complex valued function V, there holds [GLS09)] :
[t 1 d
V,P°] = —— 1 (5.93)

-VV .
2w o Do+i77a v D0+i77
Thanks to the KSS inequality as shown in [CDL0S]|, provided smoothness of V' (VV € LP) then this operator is
S, (L?(R3,¢1)) for p > 3.

The integral kernel of its Fourier transform [HLS05a] is :
1 1 —

.q) = 2(2m)3/2 E(p) + E(q) (039, V(P = 4) = 050,V (p — 0)s,). (5.94)

F([V.P;p
- p°
We prove Proposition by duality, following [GLS09]. Let V be in S(R3), Q € &, (we recall that
2a[A] =1+ m) then
Tro(QV) = Tr(P2Q(PY + POV PY) + Tr(PQ(PY + PO)V PY).
L [P, V]is in &; : indeed thanks to (5.94) we have
V(p—q)*lp — ql*dpdg
1

E(p)" "5 (E(p) + E(9))
showing ||W[P9, e, < /1og(A)||VV | 2. This also treats the case
Q~tV*~ € &;. Then we have Qt+V++ = Q++|Dg|*N L Dol | te6.

Indeed |Do|*MQ*+|Do|*M € & and DoV € G w1th norm O((log(A))Y/¢||VV||z2).
Then VHt |DoT“W € 6 with norm O(||VV||z2). So

The operator

< log(A)[|VV]|7

1
| Do|alA]

| Dol | Dol
Tr(Q*FVHH) = Tr( | DolalA) i | D |alA] V++)

= Tr({| Do|"™Q**| Do ™ H rp5-tammr }V ™ 1 ferar)
= O(|I[Do|*™Q**|Do|* M|, [VV ] £2).
The same holds for @~ ~V ~~. This ends the proof.

Remark 5.16. In Appendix [5.D] we do analogous estimates but with an additional localisation operator.
We adapt [CDL0S8, Lemma 5] :

Lemma 5.10. Let p be in (3,4+00] and V' a smooth function with VV € LP. Then for any 0 <a <1 :
(1Do|*, V]pea € 65 (5.95)

To prove it we use [LS10, p. 87]

T ds oz

sl=a x4+ 5’

Vr>0,0<a<1: :c“:sm(m)/
™ 0

(5.96)
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5.A.2 Proof of Lemma [5.6]

Proof : Let us explain the bootstrap argument.
~ We show that Tr((—A)*T*N) < 1. As a consequence :

IV [ngllze < oo K (& a)lIVIEF (85Dl V12 ~4F 1 (195)] | s
< Yoo K6 a)[IVIH3AZ (b D e[V~ 47 7 ([ | 2
< K(a).

— As shown in [Sok13], (', p’,) is the fixed point of some function F® in a ball of X, :

(@) e ® xS [[ B =Bl + )@ o) < +oc and [ SR < +ocl.

~ We multiply by |Do|(®+3)/2 the equation Dgtp; = L' (1t;9; — aB1p;) and we show that Tr((—A)*+2N) < 1.
We have to deal with [|Do|(®+3)/2 vy, and [|Do|(®+3)/2  RJy); : it suffices to compute in Fourier space and to
use Taylor’s formula on the function E(-)(¢+3)/2,

Proof of the estimates Here as Tr(—AN) < 1, the fixed point method can be applied on é?azl. Indeed
Inllzz < |IIVI*2y/nllL2 < 1. We get that

|f I = d E@+ a)A(p. 0)|*dpda < 1.

Let us show the assumption on the H2-norm of ;.
There holds f(—iV)Dv; = f(—iV)(u; — aB[y])y; for any f > 0. Taking the L?-norm we have to deal with
[f(—iV),Ry/] and [f(—iV),v[p(v")]]. For f(—iV) = \V\l/z there holds

dpdq
VIV . < [[ P2 /qu q
9172 0wl < [f 5= q\z TE@ 2lql[9(q)
10912, Ralolz: < ([ 1o —allQ,a) il 1912
1/2 1/2 ..
IV|'/2Dgyp :u‘vﬁlA w_a\VLIA By = Or2(1) a priori
V2B = [[VV2, Bl + Brghs VI and

(IVI(1 =AYy, 1) = (VY15 1) < ac™Hvagy —vartal[r2 + ¢ + 0?2 = O(c ™ + ac™ ' ana).
We get Tr(|Do|>N) < 1 and by the fixed-point Theorem :

1% = [ B - 0?E@+ 03w, ¢)Pdpdg < 1.

Notation 5.9. The star in ||-||g, means that we replace E(p — q)2E(p+q) by |p—q*|p + q|-
Using the methods of [HLS05al [Sok14b| we have :

400
Mg < e 2le e + allv i) +allphlie: + 1715) D VE@E (sl + 11 lle))",
oo k=1
IV Als: < allphlle +INIG) +allo e +171Q) Y VE@E A lle + 17 llau)",
e,
lollze < Llinllee + 7219 1 + allobllz +11011Q) Y- VE@E (16 lle + 17 llq,)"
k=1

Therefore

Vllg = 0@™), V. llls, = Olac™?) and [|p; |22 = O(Le™*2 + ¢ + ¢} (Vaarz)).
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For f(—iV) = Ok with k = 1,2,3 we have :
OkRoy = [0k, R[Q]]Y + ROkt and Opvyp = (Okv)Y + v(0k)
1[0k, BQllle = [I1R([Ok, QD> < [[[Ok Qllle, IVl L2 and [[Reokt|le < [[Qlle., |AY|L>
[0p @)z < NlwpllzellOntelics < NollellIVI¥ 29l < lplle/V N L2 1A% 2

2 dkdg
@il < [f B e IVl + 1AV

3
> (I0eDyll7z) = [V¥l7: < (42 = D)I[Ve|22 + 6aul| Vel L2 | BlY 1] L2 + o2V BRI
k:l
Tr(A%2(1 - & + A4 )N) < aaqge b+ ¢73

This gives ||A¢;||2. < ac™? and in particular :

30— £yl = O(LE).

AS a consequence we have :
VXl = [lio - Vx;lle = O(c™). (5.97)

Thanks to those estimates, we get :

51)1%@/\@)

> + O0(a?c™3/% 4 73, (5.98)

Eepr(y+N) =2+
We recall that 1 — L' = 525
Thanks to Section [5.Bl there holds
D(ny,n5) — D(1" %2, 1" 2) < ¢! and arp < /271,

From this point we get better estimate on [|A¢||2, < ¢ but this is still unsatisfactory. Let us be more precise
about p = (D + aB)v, ¥) and x :

(1+p)x1 = —io-Vér — 525x1 + 7 (Vp, X1 + (V2x1 — v21x2) — (By91)y)
. v
= h(io Vo 4 X{7) = 500 1 O /At e

(DY, ) =(Dov, ¥) — (38¢, ¥) + (55 —ia- Vi, ¥)
=1—2HX||2 + 2Re(—io - Vo, >+O(|V¢HL2 + 1A 2 HVX||L2)

=1+, (1 m)\lvwlliz +RerZ (1— 2)%Re(—io - Vo, X0) + 0(Hlpglz)

=1+ 1|Vel2s + O(c™t + e 2A72(1 + || Agl|2)).-
Then :

L3002, =1+ 0(c2A72 4 [|Ag|2./A%)

VLI )2 = IV[122 + O(| A2 /(cA?) + || Avp]|2. /A2)
—20pRe(IZABY , v) = —2au(By, ¥) + O(a|| By 2| A]| 12 /A?)
l—iaVByllz < [V, Bl¢lz + BVl 2 = O3 + | A¢| [S2e ™ + | Ag| ac /).

and thus :

(=2, (1=A)) =p(1z20, ¥) — 20pRe(i7 ) + 122 BYlI7
14 2(u— 1 a(BY, ¥) + val\w
+O(c2(c2 + A72) + 12202 1 || Ag|j2, (A2 + a%c 1)),
From and the expression of Doy, we have [|[Vy;[2. = —2afRe(By;, 1;). We conclude [|Ay|2. <

0_2(0_2 —|— A 2) and
[Av7> Smin (¢, ¢ (¢ +A7?).
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5.B Proofs of Section [5.3

5.B.1 Proof of Proposition [5.3

Reductio ad absurdum.

We assume this is false and take a non-increasing sequence (a;);>0 tending to 0 such that there exists ¥;
that does not satisfy with b = a; : A€ < a; and Adff < a;. In particular (¥;); is a minimizing sequence
for Ep7(2). By geometrical methods [Lewl1l] we see that ¥; can be decomposed in two pieces of mass one, each
piece tending to a minimizer for Epr(1). Indeed it is clear that (Tr(—A~y,)); is bounded and that there is no
vanishing for (py,);>0. If we follow a bubble [LR11] of py; (one of the biggest) let us show its mass is 1 at the
limit.

By scaling, for any 0 < A < 1 we have Epr(\) > A3Ept(1), where Epr()) is defined as the infimum of Epr
over non-negative one-body density matrix whose trace is .
Up to following a bubble and extracting a subsequence there holds with W; = hy ; A hg ; :

2
|h1)j A h27j><h1)j A hg’j| —g Goo ® G11 ® Gao, ZTr(ij) =1 and TI‘(GOQ) < 1.
=0

We recall that each Gj; is a density matrix in (L%, Following [Lewll part 5] :
Gjj = Tr(Gy5)Gj,

2
ljiglj{.lfggT(‘I’j) = EYp(2) > ) (Er(Gyy) + Tr(Gy) Epr (2 — §))
Jj=0
> " T(Gy) (8 (Gyy) + Epr(2— ) > Efp(2).

=0

As not all particles are lost (we follow a bubble) either G11 # 0 or Go2 # 0. In the case G2 o # 0, [FLST1I]
enables us to say EY(Ga2) > Epr(2). So Gaa = 0 and G11 # 0. Thanks to [Lie77] and Lieb’s variational principle
(we may assume G1; = Tr(G11)|¢)(¢|) there holds

Epr(G11) > (Tr(G11))* Epr(1),

then necessarily Tr(G11) = 1.
As a consequence there is exactly two bubbles in (py,);, there exist a decomposition W; = hy ; A ho ; and a

sequence (21 j;22,j); of (R3)? such that (up to extraction)
L. (hiy s heg) = 6k and |21 — 20| — +oo,
—_— J—00
1
2. k(- — 2,;) i ¢j,00 Where ¢ € & is radial.
— J—00
Then it suffices to compute : 5 (¥;) with this decomposition :

dxdy
|z =yl

EY (W) = Ep(hng) + Ep(hag) = Dkl hag®) + 5 {[ hag A hay (@, y)l?
=& + &+ YWio — D1 > YWis + 2Epp(1).
The last equality holds because we have U > 2U,.. Let us write
A€ = EPT(&) + gpfp(@) - QEPT(].).
Then :
2

—a; < Alg —@ < aj and Alg > KZH%— ¢k7j||?_]1
k=1
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where ¢y, ; € & is the closest function to hy ; in H! (Proposition . We may assume that D5 = d\pj because
minimizing this quantity corresponds to minimizing A;€. In particular

A€ = Dig| <aj=_ o (Diz) = A€ ~ Dip>a;
Jj—+oo Jj—+o0o

Indeed, let us say that D1z > dy,, then (fi;(- — 2x)); still converges to ¢ o, in particular (A;&); converges to
0. But if (f] ;, f3,;); is a decomposition with Dj, = dy, then AjE < A€ and
dist(fy ;, &) — 0.

Jj—+o0

From now we will drop the subscript j for convenience and suppose D12 = du,.
Notation 5.10. We introduce hy, = (hy — ¢1) + ¢x = 6 — ¢x in |hg|? and in hy*hy. We use the convention

161l 2 = 101l 2 + 102l 22, [0l := [[6n][mr + 1021

We recall that an element of &2 has an exponential falloff with respect to its center. For some constant € > 0,
there holds :
hae|? = [0k]? + |61 ]* + 29Re (5} dn)
hi"he® =610z + ¢ia + 61 b2 + 6102
1ha*hallE = (16702012 + 6182012 + O((I01]l2lI82] 2 ) (Rg ™ + [16] 22 (1 + [[V6][ £2) + e~Fa))
D1z = D(1¢1]* |621*) + D(|611%, |¢2|?) + D(|¢1[*, [02*)
H%% + 101l 2102122 (0]l 22 (1 + [V 22) + e~%))

[y

Thus :  a;U~" 2 D1y — [|h” h2Hc>R*+ O _(lIolz2)

1 —
and g~ = j—goo(ajU + [18]132).
As j — +o0, thanks to the coercivity inequality (5.2]) there holds

1
Dis ~ A€ = O(|01][ 7 + [[82]71) and R, e Dia).

Studying more precisely M2(hy A hy) := [[ |1 A ho(z, y)|? L2

lz—y| -

M?(hy Ahg) = M?(61 A ¢2) + M?(¢1 A d2) +j*>qoo(Rg_1 +116l3.) = o (D)

Jj—+o0

Diy = D1 1¢2P) + D612 10:P) + o (Dua) 2 61l + 621

(5.99)

We can easily exclude the case 61,2 = 0 for then it is clear M?(¢1 Ag2) = D(|¢1]?, |¢2|?) thanks to (¢, ¢o) = 0.
Say then that [|01]|g1 > ||d02]|g1 : 61 # 0. The case 3 = 0 and ¢; # 0 is an easy adaptation of what follows, we
treat it later. As there holds

92l 5 (@) < ey

where 7 is the center of ¢, Estimate is true only if there lies a mass of d; near 2, : the quantity ||6; @2 ||2
must compensate D(|61/?, |¢2]?). Eventually the same phenomena occurs for d, around z; the center of ¢;. Up
to extraction :

Ok (- — 21)

—m
110 || 2 ’

and (¢1,03) # (0,0). Indeed up to contraction there is convergence in L2 _ and if ¢, = 0 then for all » > 0 and

(7:171'2) € {(1a2)7 (27 1)}

loc

19, ()

| 1 1
”2 |¢2|2 T

: 19, 2, Lo /
1 < —+1 = -
1msup/ ”5“”2 |q§l2| B |( x)dz < " + lim sup | E |(x)dx =

j—4o0 J=too Jjz—zi,|<r H(sh
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this would contradict (5.99). Then as we have :

1)
1 2 71 = — 2 =
jhglooM (H51||H1 /\d)g) JLHE Dl M (51/\¢)2) 0,

then necessarily ¢1 = e1¢200 with |e1] < 1. Furthermore, either |[d2|lg: = o (||01]lgr) or ||62]|m =
j

—+oo
O_(I61llm).

— In the first case then ||62]|%, = o (D12) and £; # 0. We get a contradiction by computing :
j—4oo T

0—/h1 ho /¢1¢2+/5¢>2+/¢152+/552

(e="R) /51¢2+ O (102l z2(1 +[1d1]z2))

j—>+00

— [si02+ o_(Ioulm).
J—+oo

— In the second case we also get hm H62|| M2 (55 A ¢1) and lo = €261 00, |e2| < 1. Writing for k # k' & hy, =
Ok + k|| Ok || 1 P + h,(:), up to extractlon the following holds :
0= [m'ha = O ()4 il +ealdalm + [0y he+ [
Jorn = [0y ons [@0)yElalmen + [0 h)
=" o _Uslmi+ 0 (sl + O (llmlsalm)

(" (._
The o (/61]| 1) comes from the LZ -convergence to 0 of %‘Zf) and the uniform shape of the ¢o(- — 22)’s.
—>+00 H

In particular :
ETH52HH1 - 52“61”H1 Y (||§HH1)
J—+oo

Writing €1 (|1 || g1 = a and e2[|d2|| g2 = b = —a* + (da) :

{ hi =1+ agy + hY"” W =6 — agy
hy =y —a‘éy + (Sa)py + b | hY) =6, — b,

/1 —lal? *
We apply ( lal 161 a|2> with /1 — |a|?> =: s

(91> _ ( o1(s+]al? —a(da)) + ¢2(a(s — 1)) + shgr) - ahgn) )
92 do(s + [a?) + ¢1(a* (1 — ) + (6a)s) + shs” + a*n{"

replacing s = 1 — |a| + (’) (|a|4) and neglecting the term O (|al?) :
(gl) _ < $1(1+ 14— a(da)) + h{” — ahl” + O (Jaf) )
92 (1+25) s + 61((5) (1 = 125)) + 187 + ash{”) + O (Jaf?)

By L?

loc

-convergence, it is clear that D(|¢x|?, |h,(:,)|2) =0 (|10k/(13;1) for (k, k') equal to (1,2) or (2,1). Using
j—+oo

da= o (||0]|g1), at last we have :
J—+oo

D(1g1* 19, *) < D(lénl* 121*) + o (ll6l71) = ; o (8llzs) = 0 Prz=dv),

142



which gives the desired contradiction.
— Let us treat at last the case §; # 0 and d2 = 0. Then as before :

Dl [6217) = D61, |6aP) + O(FTghs2) = D([%,162*) + o (Duo).

Then necessarily there lies some mass of d; near z, and :

(51(' — ZQ)

— i b .
ol a7 0

As before necessarily : {1 = £1¢2,00 wWith 0 < |e1| < 1. But this contradicts :

0= [moa= [Si0a+ [o16:= [Gi02+ O ()

5.B.2 Proof of Proposition [5.4

The proof is similar to that of Proposition : by contradiction we assume the existence of (a;); decreasing
to 0 together with (¥; = hy A hy) with EYp(V;) < a; and M?(¥;) < ajR,,;. We re-use the same notations of
the previous Subsection.

Thanks to Proposition [5.5] we know that dy, is bounded from below by

(1= &v/ag){D(I61, [¢21) + D111, [621%) + D(|é1 1%, 162*)} + D(|61/%, [62])

As (i (- — 21;5)); tends to ¢p o0 € & in H' for k= 1,2, then for any A >0 :

lim |hk7j(x)|2dx:/ |¢k’oo(x)|2dm.
I+ JB(z1 5,4) B(zk,j,A)

For any 271/2 < A < 1 let Ay > 0 be the number such that the last integral with A = A, is equal to A. We
have :

|h1 A ha(z,y)[? 2 2 2
————dxdy > ——— h h dxd
|_y|<g+2,4 FETRES el I Im@Phaw)dedy
T g N r—y|<Rg+2Ax

2 * *

_Rg—i—%/dmhl]w(x) / h3hi (y)dy

) YEB(2,Ry+245)

j |h1/\h2(.’£,y)| )\2_271)'

lim inf
lz -yl

Jj—+o0

2
dxzdy > 7Rg+2AA(

lt—y|<Rg+2Ax

We used the following trick : if /h’{hg = 0 where ||hg||z = 1, then for any Borelian set B :

1
h*hg‘ <=
‘/B ! 2

The more precise result has the same proof : in the limit there holds similar inequality : for sufficiently small
a>0, ARy > A, where

/| A |6(z)|2dz = ¢, e > 272, ¢ € P,.
IS €

We conclude with the same argument.
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5.C Localisation in Direct space : the 9;’s

5.C.1 Proof of Lemma

Notation 5.11. For convenience here we write V' - ¢ := v ¢ — Ry (and a similar expression for yj). The

function rj, := R4y, is split into its upper part 7 4 := (R,ty)+ and its lower part 4| both in L*(R?, C?).
Moreover we write :

CQAQ

Pe(=8) = (1 =y L3) = A and yo = L) = 55—

The operator P(—A) can be rewritten as follows : with ay := ¢*(1 — p,) and b := cA then

2,0 2 2
A= py?) — A= ar(1+ ) — A[l + “kcczAZ - bzbzA + %( b2A2) }

) . N2 (5.100)
= (ar(1+ px) — A){l + (1 - 2 s) [“’Ci,(;‘k g + & (beM) }}
Proof We remark that n(z) = |h1(x)|* + |he(z)]? = |ﬂ($)|2 + |@(y)|2
Thanks to (5.46)-(5.47), there holds :
(D + aB)y, = (14 2ZE50 L 0!/ 4e2))hy.. (5.101)
Up to applying some m € SU(2) to (z: >7 we consider ¢y = hy with the following :
(CQﬁ —icac- Vhy) + acy.(V - hy, — thk:) = (c 2 3EPT(1))ychk +0O(a 1/4ych)
We write a = *% and the additional term O(al/*y.h) = &;h.
— We now rewrite (5.72)) once again : by substitution, we get :
1+ B
[ acycﬂ(v Ok —Tht) + 5 i0 -V V Xk — rkﬁd
Pi(=4) A} 1 (5.102)
Ye - /J/kyc
V-op — 67 Voexk—
Xk Pk( A) S Ao v( Pk — Tk T) +ay Pk(fA) [ Xk Tk,i«]

There holds similar equation for iy, but with additional terms - (8;h)+ with —rj,+ and = (8,h), with —rp .
There holds :

ac(l = prye) = ac(l — pg) + acpr(l — ye).
For any A > I'(R,)R,, we multiply each term by |Dp|'/? and then by da (-) defined by d(-)éa(-)n3
We take the L?-norm, let us show estimates independent of A (but depending on &) :

[dax| Dol *vxl 2 < K +5(A)||E1/2|D0|1/2z/1k|\L2 with £(y) < 1.

This will end the proof, the family (K ) depending on (g(,))x and the latter being nonincreasing in A € (Ao, 271).
We prove the estimation of ||df42,)A|D0\1/2ﬁHL2 with j = 1,2 by the same method : we need finiteness of
lld(- )ng)ﬁ/gz)|D0\1/2%||L2 with k = 1,2 and of |||z — y|y||s,. We refer to Appendix for more details.

— In Appendix [5.C] we show :
ldax(z) —dar(y)] < |z —yl. (5.103)

Let us first multiply (5.102)) by |Do|*/? : let Fik = 112 l v a)f and Fyj = PD(I NE It is clear that they are

bounded (convolution) operators, we show in Appendix E 5.C| that

I 1 Fikller <1, 5 €{1,2,3}, k € {1,2}. (5.104)
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The function associated to y. is a Yukawa potential Y, [LLIT, Section 6.23] :

7 (c\)2e—cAlz—yl
Ye(z —y) = \/;()p:—y’

in particular ||| - [Ye| 11 < . The idea is to take first the commutator [da,x, F;x] and [da,x, yc]. Then we study
davwy (wr € {@r, Xk }) and daxrqy),.

Estimate of ac||V - pi||12, acl|V - xx|[r2  We use the same method for both cases. We recall the following :

- - - 1
Uy = (—ﬂ*ﬂ+(5o—ﬂ)*(fm—a22))*m

1 1
FA*n*| |+prem ﬁ

By (5.57) :

lacFy *nx f|(z) < nx f(2) + ac|(Ex — FA(0)do) * va(2)]

nx (@) + O()-

IN A

We used || f]lp> < Hf” L1, split the integral in Fourier space at level 2¢ and used Cauchy-Schwarz inequality. By
Appendix and Proposition :

|acprem * ﬁ’(x) < O‘C(Cl/QHPTem”C + CS/2||pTem||L2)
< acd?(ac™t + agc_l) + 0405/2((:_2 + ¢ Halars + as1))/?)

[e% a5/4 1
< <
~ /log(A) + \/hng(A) + Viog(A) T \/log(A)

We recall aji = ||vgtr — vij¥llL2 and by Proposition H we know it is O(c~'a?/2). We decompose each 1; in
sum of hy, hy : Y = cprhi + cr2ho. Then : o

’Ulﬁ = Ul(cklhl + Ckghg)

(’Uﬂ - Rﬂ)% = Ckl(v|h2\2h1 — Unihy hg) + Ck2(v|h1\2h2 — 'Uh*l‘hzhl)-

We write hy, = di, + ¢ where ¢ € & : asin Sectlonn ||c5k\|H1 < a. By fast decay of the ¢p’s : (|ng;€|2 ( ))? =

~

O(|pr|? * B ‘2( z)) and for |x| > 1 this is (9(7‘3c )
In particular for |z| > AR,
1+ [|0] 2 1
hi|? < - TEIER O, 0k) < ——
v[|hel?](z) < T + (V0K , 0k) < R, + a,

— g0 where 0 < gg < 1 is fixed (for instance 271).
By Cauchy-Schwarz 1nequahty we have v[hiho|(z),v[h3hi](z) = O(||]|12). It follows that

acl|lda V- orllre < s/(/\)||dA,,\ﬂ||Lz, with 0 < 5’@) < 1.

Estimate of acda Ry,

[dax, Byl(z,y)| < |y(z,y)| so
acl([dax, Ry, |22 <a0||7H62||wkHL2 <ael? = O(\/MC;W)-
|Rydatull7. < Tr(yvRy)(IVIdatn, daxtbr)
< ¢ H1Do| 2 da xtgl7 -

By Lemma (5.10)), [|Do|'/2, da ]| Do|~'/? is a bounded operator (with norm O(||Vda x||r)) and at last we get :

).

1

aC”dA’)\Rl%H[P S acl/2(1 4 ||dA7)\|D()|1/2ﬁI|L2) and Olcl/Q = O(m
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We know deal with the case of dg,)/\Rw,k, using (5.107)), proved below.
The aim is to prove : o

2 /2
1A Ry 22 < Nz = ylylles + 7l ldC)mS ? a2
A/2
+e2 (el 2 + [dC)n G il ze)-

First of all we use Taylor’s formula ([5.107)) to get :

(5.105)

2 A/2
N3, Ropy Iz < Mz — ylylle, + Inllss ldC)nS > vl 2.

Let us prove at the end |||z — y|v|s, = cHlz —ylylle, < act
. 2
There remains ”def,&ﬂ”LQ < |HD0|1/2dE4,)>\%”L2-
We commute : using (5.96)), there holds

1 too g1/ 1
Dall/2 g@ 7 = / —A.d?
Do/, A4 ] 2-127 |, 1—A+s[ ,d ]1—A+s’
3
[-A,d?)] = (~Ad®) -2 (9;d?)0;.
j=1

First ||[Ad® ||~ < 1. Then thanks to (5.107) :

6j A 3.7
10;d®) = vellre < 11dCInS? =2l

IdC)n " vl 2

< Mz — y|9\_1(1+3pﬁ)||y %kl + .
1 (A/2)
S m(”ﬂ”m + Hd(')ng YrllL2)-

To end this section we prove |||z —y|7|le,, ||z —y||D|'/?v|ls, < a. This is almost trivial : for each j € {1,2, 3}

we consider (z; — y;)y(x,y) and use the Cauchy expansion of «. For each Qo x, k € [|1,5]], we replace at least
one P! P°_ asin (5.93) (JGLS09]) and write :

e Yy* —¢

ij—yj:xj—£§1)+€§.1)—£§2)—|—---—|—€§,n)—yj,

1/2 0
For each convolution operator |DD‘+m (x — ), %Em(x —y), ﬁ(m — y), multiplying by (z; — y;) corresponds

to take the derivative 0; in Fourier space enabling us to take KSS inequalities ([5.13) under the integral sign.
Indeed we have :

— < 1
Ep)+in' ~ 1pr+i77\1+3’1’
|8]P50(p ‘ < Elp)"

Then operators of type p * I—l‘ or a0k (p * I—l‘) remains unchanged while operators of type (z; — y;)Rg(x,y) are

—1/2, _ —=1/6
‘ajEp |SE;D ) |8J

1 1
19 2| S B@ TR

trivially Hilbert-Schmidt. This end the proof; the biggest term comes from Q1 o((x; — y;)7Y (2, y)).

5.C.2 Proof of (5.103) and variation for dfi)/\

1. We recall that & is a radial smooth function with & (x) = 1 for |z| < 1 and & (z) = 0 for |z| > 2. We study
dax = dO)EaC)md ().

First remark to be done : H = {z : | — 21| = |z — 22|} splits the space into two half-spaces F; (set of points
closest to z1) and Fy. Let sy be the orthogonal symmetry with respect to H : sg(z1) = 20. If € E; and
y € Fs, then

d(z) —d(y)| = ||z — 21| — |su(y) — 21]| < e —su(y)| < |z —yl.
Moreover d4 x(y) = da x(su(y)) and

|da(@) — dax(y)] = |dax(@) — dax(sua(y))]-
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So we may assume that d(x) = |z — 21| and d(y) = |y — 21|, and in this case we can write :

dax(@) = Fx(d())a(x) := d(z) /1 = Exr2 (d(2)) GallT — 2m])

the same holds for y. We will write F\(-) for 2 — F)\(d(z)) for convenience. There holds
A b

and as we have chosen A > R, we may assume that if V{4(x) # 0, then |z — 2,,| = ©(d(z)). By simple
computation :

VdA,)\(SC) = (VF)\(:B))fA(Z‘) + By (2)(

Vdax(@)| < L+ V&l + I V0 re). (5.106)
2.For z,y € E., e = 1,2 (say E1) and A > Ry, there holds :

P\ () - dEf&(y) = |z = 21P€a(@ny, (@) = ly — 21240y, (v)

(z
|y_ 1| (nCRg vfl( ) i;‘\g)V( )(c)\R ))(x—y) (5_107)
+HaWnE Wy — 21, 2 —y) + 1y — 21* + O(le — yP?)

= 0(d(y)nN? W)le — ] + |z — yP?).

Above we used Vng)g{) = ng’r\{/ Q)Vni/l\;{)g and the O(-) depends on &;,mi. This estimate enables us to consider

commutators with % and y. : % as shown in the next section.

5.C.3 Proof of (5.104) and variation for d(j’)/\

1. For any borelian function F :

dx 1/2
fo e < { flae@nrePe [ s}

To prove |- |F € L' it suffices to check all integrals on the right side converge : in Fourier space, we have to

prove : R R
|AF|2: 4+ [VAF|2: < +oc.

Applying this method for F; (z —y) := ‘123}1/18)”' (x—vy):
— E(p)'/*p; palpl> 26" + 0Pp?y !
Fik(p) = zj{l A2 . 2) (p2 2 2}
ax + [p| (ar + [p*) (b* +[p|?)

where we recall b = cA, aj, = c*(1 — uy). From this expression, it is easy to see that for £ = 1,2,3 and m = 1,2
we have
107" FklZz S 1.

The constant depends on a;, but for sufficiently small o, L, A~! then aj; > &g > 0.
2. By the same method we can show that :

, ) ) dx 1/2
/W ||| F (z)|de < {/|x|6E(x) |F ()] dw/W} ’

enabling us to treat df)/\.

5.D Localisation in Direct space : v

We recall we explain in Remark [5.15] how we use the technical results proved here : Propositions [5.7} [5.8 and
o%¢)!
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5.D.1 Estimates on the localised density

Let @ € K and 0 < ¢ < 1 a smooth function (e.g. &xr, or n’\Rq). Our aim is to give a semi-quantitative
estimate of the localisation of the function (?pg = pcg¢ around the support of C.

Proposition 5.7. Let Q and  be as above, then we have :

1?00 = PICTHQCTT + ¢~ QC T Nlle < FestlA, ¢, Q) (5.108)

with
Feat[A, ¢, Q) = (/10g(M)IV¢| 3 + IV¢] ) (IKPL| Dol ™Qlls, + V¢~ 1Qlls.)
V26 11 Do|*™Qlls, + +1og(A) ([CQEF|Do|*™(|le, + CQEF e, IV o)

(5.109)
+/10g(M) [V = (IV¢l [Q** [lsy + (IS Do M Q**ls,)
+(Log(A) VOV Z | Dol Qs -
Moreover there holds for e = £ :
ee ee < =« |D, alA] ee + ||ceeQeE| D a[A] ree 5
lolc=@c=llle < 11¢=, Dol 51Q%[ls, +11¢=@=1Do|Mc"] s, 510

S IVCL=llQ=lls, + 1€ Q| Dol ¢ |,

Remark 5.17. 1. In the case Q = II — P® with II* = II? = II then (¢f [HLS05al) :
Q*=Q"" —Q ~ >Q*". As shown in [Sok13| we can consider an orthonormal family of eigenvectors of Q?
that split into those in Ran(P{) and those in Ran(P?). It is then clear that :

IS QDo "MWt s, < [ICQFF Dol s,
< IKIDo|* ™M@l s, €@ s

2. There is also an analogous estimate if we choose two different functions (i, (2, that is with (1 (p(Q) = p(G1QC2).
The same proof shows also localisation estimates, but we have to "polarize" the inequalities just like for a
quadratic form and its associated bilinear form.

Proof : We prove it by duality. Let V' be some Schwartz function : we study Tro(¢QCV'). By symmetry we just
treat (CQCV)™T. There holds :

PICQCVPY = PYC(PY + PY)Q(PY + PO)(C(PY + PY)V PY
= (THQ TV L QT YV (PP QT TV Qv
QT VT QT VT QT TV Q¢ VT

We first show those operators are trace-class and then prove (5.108)).

Remark 5.18. We recall that by Sobolev inequality : ||[V|Le < [[VV]| 2.

Moreover ||| Dg| =MV ||s, < +/log(A)||V]| 2.
As shown in Appendix :

- +oo 0
1 PYd
= - o Vet (5.111)
21 J o Do+in Do +in
It can be rewritten as :
i [t
¢t= 5/ e~ sIPol Pl . v PlesIPolgs, (5.112)
0

by writing m = f0+°o e~ s(E®+E(D) in the kernel of its Fourier transform ¢f Appendix
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CHQCHV+ s
1

| Do|alA]
V+t € &6 with norm O((log(A))Y6||VV| 12) by the KSS inequality (5.13).

++

C++Qc++v++ C++(Q++<++|D |a[A )

and (QTH¢TH|Dg|*M) € &,
We write

1
1CQTT¢HDo*Wls, < [CQM [|s, I, | Dol*™][|5 + CQH | Do|*M(|s,
< IKQ e, IVC)I + 1€QT Do || s, -

In general whenever there is QT or Q~~ we can easily estimate.

ITe(¢HHQHH¢T—V—H)| = |Tx(V- +‘D‘ L | Do T Q¢

< VIogW)[VV |2 [V L (IVCll= Q@ s, + 1€1Do| M QT ls,),
ITe(CHQ ¢V )| < Mgk Vel IlslQ ¢ Dol e,

< (og(A)YOIVV | IVC < 1Q ™ [Dol*™ ]l
Te(¢HQ™=¢ V) £ VIogW YV IVC e (IVC o< 1R e + I1<IDo[MQ ™ ls,)-

The term (T-Q~Ft(T-V~—+ .

I~ Q¢ Vs, < NIC T llelQT Dol ™Ml e ¢ TV s,

3 400
1
Y P
IV ley <35 | Ittt Vliesdn

+oo d77
< lea CleellVilzell g7 HLe _ B

j=1
I *lles < IVClILe-

The term (TTQT ¢~V ~*:
Te(CH QT ¢V £ VIog(W)[VV |22 (I<QT Dol ™M, + 1€QT ™ [le V][ =)-

The terms (T-Q 1 ¢TTVTT and (*TQT~¢~TVT™T These operators are difficult to handle. We use Lemma

(Appendix [5.A]). First :

<+_Q_+<++V++ — (<+— 1

EA 1 ea 1
=) (Do Q77T Do 2774 ( 7y
Dol 4 IDo|2t 4

V++) € 6.,

with norm O((log(A))3/2||V¢|| s ||V || e ||| Dol “™MQ||s, ). We used the KSS inequality and Holder-type inequality
for (‘5 Similarly we can show that (*TQ+t=¢(~TV++ € &;. Then by density of &; in &5, we approximate

(|Do| 4 k3 Q ¢t D2 " p ) by trace-class operators enabling us to say that :

Te(CH=Q~F¢THYH) = Tr((|D0|€TAQ_+C++|D0\%+ETA)( 1 e (e 16A )>
[Dol2"2 [ Dol ™4

Let us show that Q= T¢TTV++(T~ € &;. It suffices to show
used formula (5.112) to show [V, P{e~*EIP0l] € &,.

Do |a[,\ VTTnT= € &,. We go in Fourier space and

- 1 7 —s —s
F(V, Pfie ‘E|D0|]§p7 q) = WV(]) - q)(PJ?(q)e sE(q) _ P°(pe E(;n));
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then (c¢f Appendix [5.A)
PY(q)e=FD — PO (p)e=P®) = (PY(q) — P (p))e” ") + P (p)(e~*F(V) — e=*F )

[PY(a) = PL(p)| < max(|p(_)q B(q)
e — e sEW)|

—sE(q) _ o—sE(p)| — g|E

Iy
< s[p — ¢/ min(e SE“ e *F)
< o — gl(e=EW 4+ W)

By easy computation : [|[V, P{e™*FIPol]||s, < s7Y2e=5/V2| G V|| 2

ToO =3 g

+oo
/s:() ”[‘/7 Pge_‘g|D0|]a . VC6_5|D0|H62d8 < HVC||L°°||VV||L2 /0 W

At last there remains to show :

+oo 78‘D0|
AV, (] = /0 Dy |a[A] (Va VC) e~s1Dolgs S,

as in Appendix [5.A|it suffices to go in Fourier space and remark ||V O,(||r2 < ||V s ||0;<] 1> :
J J

ALV, (lls. < V1og(M)[[VVC]2 < V1eg(A)[[V]|Lel|05¢ ]I s
The case of (TTQT~¢~TV ™ is similar : first we prove by density that
Te((THQT—¢ V) = Te(CHVH T QT),
and we get in fine

Pl RF= TV lle + [lplC QT CTF Ve

5.113
< (VIg @ IVCllzs + V€I 1=)ICP Dol s, + IV [Qllss)- (5:113)

5.D.2 Estimates on the localised operator vy

Here v is the vacuum part of a (hypothetical) minimizer of 3 (2) or a minimizer of E3pp(1). Our aim is
to prove :

Proposition 5.8. Let ( be a smooth function with :
||v<||L°°7 ||aj6kC||L°° < 400, ]7k € {1a273}
ISVl Lo, 1KV V' (|2, (€Y B2y ICRN (|, < o0
Then there holds :

ISPV 2ylle, < ¢ V3¢V |22 + a(ll¢V] 2o + 1SRN [ls2)
a?([[SVV' |2 + 16V [[Ls + 16V 2= + KRN [le,)? (5.114)
HIVC L + 1<) resll®iiCllio=H{alllo e + V172 |e2) }-

The same holds for ||¢|Do|®y||e, with a € {3, a[A]}.
We can replace ||(v| gz + [[CRN||s, by |V || 52 and put Py instead of ~.
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Idea of the proof
+o0
We will focus on the Cauchy expansion of vy : v = Z Qi (v, ).
=1
As shown in [GLS09, [Sok13] [Sokl4c], we substituie PY(pl, * ﬁ)Pj(; by its expression whenever it is
necessary (in Qo,1,Qo,3, Qo,5)
D2

We multiply v by |Do|® (or |D|'/2?) and then by ¢. We consider g)_ﬁl: (or 57, ) as a whole operator and we

then commute ¢ with thls operator and rnaybe some P and 4 + (if it was necessary to use (5.93))) in order
to stick ¢ with a vp!, * W’ a R, orad;pl * W (if - was used). For instance in the case of Qo1 :
L /+oo |D|1/2P—?—,U/ Pg
01 = . .
’ —o0 D+in  D+in
‘D‘1/2 . PQ dndw (5.115)
~or ij—l—mDo—l—zwa. v Dy +iwD+in’

We multiply by ¢ and under the integral sign :

|D|1/2 1 |D|1/2 1 |D|1/2 1
Dy + iw .v / - |: ’ :|7 ’ / |: ’ ] .V /
D+inDyt+iw V" St Do VY T DS Dyl VY 5116
|D|1/2 1 ( )
— (o - V.
D +in Dy + iw

We treat the first two terms in Section For the latter we go in Fourier space and up to a constant the
kernel of its Fourier transform is :

—1/2
E, PY(p)
E,+E, E(p)+ E(q)

(F(Ca-VV';p—q)) P2(q).

In particular its Hilbert-Schmidt norm is O(y/log(A)[|CVv), ||L2).

Doing the same for the other Q) ¢, we get terms with commutators treated in - 5.D.2) and other terms with
(v, , Ca - V' and (R, = Ry In particular taking the |-/, under the integral sign, we get the following
estimates on those terms.

O 2eV Y12 + all6y s + a2(ICV L2 + 60 2o + 167 )2 (5.117)

Remark 5.19. The term ||¢7/||gx is due to Ineq. (5.50) (L.h.s). Moreover we can deal with 7 and N in «/ differently.
Indeed as Ry € Gq, ||V ||gx can be replaced by K (||¢y]|ex + [CBN]ls,)-

Remark 5.20. The term T[(,v] := (e - Vv appears in P°_v'P?, that equals up to a multiplicative constant to

oo dw , P
/w:_oo Do+ iw ! SV

Up to a constant its Fourier transform is

and we deal with this term as ﬁg\e(p){)\’(p - q)I/DEB(q) in [HLS05al, [Sok13l [SokI4c].
Commutating (

We recall here that [¢, P?] is treated in (5.93), Appendix

g
In the same spirit of Lemma [5.10] we have the following Lemma.
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Lemma 5.11. Let n € R and ¢ smooth with
IVClLoe, 1050kl Lo < 400, K, 5 € {1,2,3}.
Then there holds :

e B2+ inf2], < 1960 + 3 1030Clom-

D ,
1<j,k<3

Remark 5.21. We can do the same with |Dg|*A or [Dg|'/? instead of |D|'/? by using the following formula

[LST0, p. 87) :
sin(aw) [T ds  |Dy
Dyl = =alA],1/2.
Dol == /s:o AR TET

Here we show the proof for |D|1/ 2 because it enables us to localise the kinetic energy. But we can replace every
|Do|*™] by |D|*/? and vice-versa.

There is also :
Lemma 5.12. There exists K > 0 such that for any n € R and any smooth function ¢ with ||V{||p~ < 400 :
e~ Em/2(z—y)

- y>\ < KVl ——

’ [Q DO + iw (5.118)

Remark 5.22. We recall that up to some constant —— =,/2¢ ];“y‘y‘ ILLIT).

— The interesting fact here is that by taking the commutator of ¢ and some function of —iV we gain some
exponent for n or w. Thus by using KSS inequalities under the integral sign we get the following estimates for
the term with commutators :

O((19¢l= + X2 10;0k¢l1e=) (ol e + 11V, + [V N]ls,))) (5.119)

1<4,k<3

Proof of Lemma : We decompose ¢ = (T4t~ +¢+t4+¢~~. We write for each term (=<', ¢,¢’ € {+,—} :

ee’ |D|1/2 _ e’ 1/2 1/2 | ree’ 1
(o) = DM g+ DI 5
It follows that : | |1/2 o o
/ 1 D|'/°P P
D|Y/2 (¢ = £ [D S 5.12
D [C ’D—i—in} D+i77[ 7C}D—|—i77 (5.120)
The term |D|!/? [CEE , D+m} By simple computation we have :
AN, (—AC) VD
D.¢) = (1- 1) (—ia- V) + 5= Do +29¢ -~
=<—z’a-v<>—§gj(aﬂ< e V9;¢) —2(9 <>D°)
2 \} A2 (5.121)
3
Dy 0; 0 Dy
+<—A<>A2—;A(<—za VO - 0,075)-
Then there holds : Dol
0
5.122
I < (5.122)

Thus substituting in (5.120)), on the right of derivatives of (, there is still an operator = available for

1
[D-+in[2/
some KSS inequality. The ||-||g—norm of the operator on their left is O(E;l/ﬁ). The ||-||p—norm of derivatives
of ¢ are O(IV] 1 + | A1),
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The term [(*¢,|D|'/2] <2 By symmetry it suffices to study (T and (. First :

D+in
+oo PO PO 1
++ |D|L/2 — 1 d + )
R R s o
Once again, if we replace [D, (] by its expression in (5.121]), we see that taking |D + in|~'/* from ﬁ there
remains % for some KSS inequality.
This enables us to get a finite integral over the s variable :
—+oo
/ Vsds 1 < 4oo.

o (148)2/3 (14 s)t1/12

At last : N o
1 1 o P 1
S | R s +
(¢, D] ]D+in who, fs|D|+ (<D C)|D|+SD+”]
P
sd 2¢D + — .
/ \[S|D|+ (2D + D, ])|D|+5D+Zn
The term with [D, (] is dealt with as before. There remains :
+o00

/ vsds .- D L (5.123)

o |D|+s ID| 4+ sD +1in
We write (¢f (5.93)

e 0 Py T dw 1

21 ) DH+iw D +iw’
and substitute (T~ by this expression in (5.123)). We must compensate M on the left side of ¢ and |D°‘D on
W on the left side and {|D + iw|'/?|D + zn\5/12(|D| 4 5)%/12}=1 on the rlght side :
for some KSS inequality and :

Vsdsdw
/S /=—oo 11 5)19/12F(00)7/6 < +oo.

Proof of lemma [5.12|: This is straightforward because everything is computable :
1 - DO — 277
Do+in  E(n)?—A

its right side : we use

. 1
there remains D[

e—EM)]z—y|

x —y) = ———— so it is clear that :

However
ey Az — y|

L
E(n)? - A

e Em)lz—yl/2

€T — <
Do S e
In Direct space we use [((z) — ((y)| < ||V(||Le|z — y| and

- e—Em/2(z—y)
e 5] —v] < Ve~ —

yl
Localisation of VUP% and Ry
We recall that 178;3 is the following function :
1y (2) = {1~ 45, (1 — 1) — 4, (@ — )} % do <A< 27,

We will take A\g < XA < 37! (\o(L,Ry) is defined in (5.81])). More generally except for ||n()‘) ov||rz, \|n£’1¥gv||Ls,

the estimates are true with ¢ instead of 17( ) in the case where ¢is ((z) = (o(x/A) with 0 < {p < 1 fixed . This
part gives estimates with respect to {y and A
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Notation 5.12. We write 01 (z) := /1 — £3(z), it is clear that

IIW%HLOC

AR, and so on.

1V Nl

Proposition 5.9. Let v+ N be a minimizer for E°(2) (or E°(1)), p € L'NL? (e.g. p= py,pn) and g < A <
L. With the previous notations, there holds :

A —1
1% RIN I, < 965112, / () 2(@) (@) Pde < {(ARy)2¢?)
A
ISR Az < V0| (eARg) " [[[Dol /24|, + I3 \DOW%HQ,
A A
IS volls < 1VRSE Yv,llee + 10, Vo,llze,
V0 wpllze < ol [[VIV183 22 (cARy) /2, (5.125)

1)1/4 1
™ 5. < /2) (IIW iz~ ||V91||Loo)
InR, Divalle < I, omisd e + lpll: EYATARBYRTE

V@ 14 ||V e
1/6H ”5/6H || JrH ||L1( ” 1HL )

+||pH ( )1/2 (C)\Rg)l/Q

Moreover if we write v = aQo,1 + aQ1,0 + &*Q2, py =n we also have :

A o ~
{ ISR plle < 3 1V0 s (Inlle + lapro + 2ol o/s) (5.126)
A A ~ :
L0 ' nlle + [n. (apro + a22)]c.
We recall that [pze/s < Il 15 ] 72

Proof : We will write v, = v for convenience.

The term ||77 JBnle,

:H (g, )2 (@) (@) P ()

Int (A) j||62 P dzxdy
i e [ P
= [ asl Pt [ E o
AU )2 S

where we have used Lemma [5.7]

The term ||'l7£)f{)g’Y||Ex

[ e < V/ZlDo|/2ny les
A
< VE(IIl |Do|1/2,ncR 7lls, + [In%, DoV ?]e,)
A
< VA, e~ IDo vl + [nR. 1 DoV,

A A a
and we can treat |0y |Do|"/2v]l, as [0y, |Dol*¥s,.

The term ||77£)1\1)9U||L6 We use the Sobolev inequality :
A
IR, ellee < 1V, Jollee + IR, Vol ce.

We get a term an Vv||L2 we will treat later.
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— For the term H(Vn )02, we use the fact that p | pis L3 with weak norm of order ||p|/z1 [Ste70] and we
use rearrangement inequalities [LL97] : /|fg| < /|f|*|g\* and |V|fl«llLz < IVIflllL2-

1V ol / \Vn(”\ of? < / (V%) ). (o).

A A
<||p||L1||v |Vn£R>| )ell2e = 1Al 19 (/10 [2). 112

IVIVI611172
< o3 IV IVaGR 122 < Dol e

— For the term HnCR 0;v]| L2, we write :

i oyule) = [ =) @) - 08 oy + X o) (217 (5.127)

The last term will give H’F[E)F\{)quc. From this point, due to the particular form of nffﬁ)g there holds :

A A A/2 /2
' =nmn so Il plle = Im% pn e (5.128)

Let us treat the first term of (5.127)). More generally we take {(x) = (o(x/A) and we use the properties of
n((:%) at the very end.

Taking the squared norm we have :

Hp dxdy/ (S() = C@N () = CuD(t; —=3)(t —v)

t.
[t =zt —y[?

We split at level |z —y| > VA :

(| @) |Vl de
|£C— |1/2 |t‘7/4|t—e|7/4
- y\>\/> 1/2 1/2
VIR e IVl

JA A

If |z —y| < VA : |z —y|||V¢|r~ < ||VCQHLOOﬁ7 thus ¢(x) = ((y) + ¢(z) — ((y) and we substitute in the
integral over t. We split R3 in |t — 2| < |z — y|/2, |t — y| < |* — y|/2 and the remainder domain. For the first
ball B(z, |z —y|/2) = B

[ KGOl 0] Il [ IVl
B, '

|t —a|?|t —y|? A gty T A3

The same holds for the ball B,. For the remainder domain Cyy :

[ alléte) = CwNc0 - cw) _ (196 l=)*" [

teC o =ty = a A |z —t?|y —t[3/2
zy
)3/2 1
s (HVCO‘ALL ) |x_y|1/2 and :
lp(@)|lp(y) s s )
5= PNty < ol 10l < 220

We used here the Hardy-Littlewood-Sobolev inequality [LL97, Theorem 4.3].
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At last we must handle :

[ sarptnioey [ CO=C20 )it =),

|z —tPPly —t?

lz—y|<VA teCay
As t € Cyy we can replace |z —t|72 by K|y — t|72.

[ Co=sr,  [Co-cor,
T . Il

We use now the properties of the function n'% . It is easy to see that no matter where y € R? is, this last integral
prop MR,

is O((cAR,) 1K (61)). Indeed let Ext be the domain defined by Ext = {y € R3 : f(y) := dist(y, {ni)ﬁ)g #1}) >
2cAR,}. If y € Ext, then it is clear that the previous integral is an

(T =oew)

Else we split R? at level |t — y| = 2cAR, :

(N ()

(Mex, (1) = ner, (¥)* _ ||V6L|2 ICHE
dt—==2 -2 < LIL™ (eAR,) = O(+—2E2)),
[t—y|<2cAR, It —yl* T (cARy)? (ARy) ( ARy )
—Y|s<ac g
A A
W (%, (1) — 1%, ()? _ at ( 1 )
[t —yl* t—y[* T \eARg/
[t—y|>2cARy [t—y|>2cARyq ’

Proof of (5.126) To begin with we remark that by the Hardy-Littlewood-Sobolev inequality [LLI7]| :
lplle < |lpllzoss- Then we use formula (5.55) of p,. We write

. (2)Fp % p(z) = / (%, () = n%. (W) Ea(e — v)p(y)dy + Fa + (3. p)().

So it suffices to show ||| - |Fal/z1 < @ to end the proof : this is precisely (5.53)-(5.54), applied with £ = 1 to F
(true if « is less than some K (¢ = 1)). m

Proof of Lemma [5.9]
1
We write £ instead of 553) and () instead of 4/ for convenience.

First remark : for any €,&’ € {+,—} :
PYEPPQPOEPS = [PL,E]Q7[€, PO] + [P2,§]Q° %€ + £Q°F [¢, PA] + €Q°°'¢. (5.129)

This gives the error term between £Q¢ and £[Q]. We estimate their density as in Section that is by duality.
Second remark : 6]-5()‘) = (@f)ni?{/z).

g

As in this section, by using (5.93)), it is clear that

/ D lelA]
P2, €10° € Pollle < IIDo M@l ]2 < 1201 —Clles
(cRg)
We can drop terms involving the density of these operators.
We write : _ .
T /22, dw
&= 2r | o D0+z’w("cRy ) (e V’E)Doﬂ‘w'
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We commute ngg/q %) with (Do + iw)~! on the right and on the left. As shown before there holds :

—E(w)|lz—yl/2
(A/2) (A/2) 1 _ ‘ <€ YOI
(@) = 5 ) g = )| < S IVl
So taking KSS inequalities under the integral sign we obtain for instance :
Tr(P26QETVPY) = Tr(PoeQny Pt (’\/Q)VPO)
1/2 (/\/2)
+O(IV 1 1QIDo 2, V€l V732 o~ / T
+O (192 B WV llao IV 01 Qlles | s )
R (w/2)
There remains the first trace. First of all, for any V' Schwartz, we can show as in Section that the operator
is trace-class with norm controlled by
A (A 2 (A/2)
Viog(W) IV (Eng V) ez ll1Do 0 @ lles + 1IVENL IV (V)22 QPING s
We have a priori [|V(Eniy."V)llz < Ini? YV ez + [V (0G| V] ze-
/ L
1P, 61Q° €lle < vioa(W) Il Dol 0, Q7 “lle, < ——=

We use now the fact that we want the trace for a particular V', namely p[€Q&] * ﬁ So as in Proposition

In particular :

2

the function (£2p))) ﬁ is in L3 and
TR IER) « Al € — el lr < — e,
R VAR, T AR,

A
L=l & = ((nR))%0) + £ and

Then we write (£2p/,) *

Iny2V[(€20) « Hllle < IV(n%)%0,) + u||L2+||nW2>V< )yl

)\2
< )2t e +Z||m/ 0, |12,

and those terms are dealt with Propositions [5.9] and
Putting everything together, we get an error term of order :

1 1 L
log(A =0(—).
o8(A) cy/Ry . cRy (CR9>
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Troisiéme partie

Existence d’états excités du vide: le
positronium et le dipositronium
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Chapitre 6

Sur 'ortho-positronium

The positronium in a mean-field approximation of quantum
electrodynamics

Abstract

The Bogoliubov-Dirac-Fock (BDF) model is a no-photon, mean-field approximation of quantum electrody-
namics. It describes relativistic electrons in the Dirac sea. In this model, a state is fully characterized by its
one-body density matrix, an infinite rank nonnegative operator. We prove the existence of the positronium, the
bound state of an electron and a positron, represented by a critical point of the energy functional in the absence
of external field. This state is interpreted as the ortho-positronium, where the two particles have parallel spins.

FIGURE 6.1 — Spectre de 'ortho-positronium
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6.1 Introduction and main results

THE DIRAC OPERATOR

In relativistic quantum mechanics, the kinetic energy of an electron is described by the so-called Dirac
operator Dy. Its expression is [Tha92] :

3
Do :=m.c*f — ithozjﬁng (6.1)

j=1

where m, is the (bare) mass of the electron, ¢ the speed of light and & the reduced Planck constant, 8 and the
a;’s are 4 x 4 matrices defined as follows :

Id(c2 0 OO'j .
= = 1,2
s (M0 a2 ) sea

(01 (0 =i 10
= 10) 27\ 0 )% 21 0)

The Dirac operator acts on spinors i.e. square-integrable C*-valued functions :
§:=L*(R?,C"). (6.2)

It corresponds to the Hilbert space associated to one electron. The operator Dy is self-adjoint on $) with domain
H'(R3,C*), but contrary to —A/2 in quantum mechanics, it is unbounded from below.

Indeed its spectrum is o(Dy) = (—o0, mec?] U [mec?, +00). Dirac postulated that all the negative energy
states are already occupied by "virtual electrons", with one electron in each state, and that the uniform filling
is unobservable to us. Then, by Pauli’s principle real electrons can only have a positive energy.

It follows that the relativistic vacuum, composed by those negatively charged virtual electrons, is a polarizable
medium that reacts to the presence of an external field. This phenomenon is called the vacuum polarization.

If one turns on an external field that gets strong enough, it leads to a transition of an electron of the Dirac
sea from a negative energy state to a positive one. The resulting system — an electron with positive energy plus
a hole in the Dirac sea — is interpreted as an electron-positron pair. Indeed the absence of an electron in the
Dirac sea is equivalent to the addition of a particle with same mass and opposite charge : the positron.

Its existence was predicted by Dirac in 1931. Although firstly observed in 1929 independently by Skobeltsyn
and Chung-Yao Chao, it was recognized in an experiment lead by Anderson in 1932.

CHARGE CONJUGATION
Following Dirac’s ideas, the free vacuum is described by the negative part of the spectrum o(Dy) :
PY = X(—oo,o)(Do)-

The correspondence between negative energy states and positron states is given by the charge conjugation C
[Tha92]. This is an antiunitary operator that maps Ran P° onto Ran(1 — P?). In our convention [Tha92] it is
defined by the formula :

Vo € LA(R?), Cy(x) = ifagy)(x), (6.3)
where 1 denotes the usual complex conjugation. More precisely :
P1 @1
c |l =| s (6.4)
(0 —1y
Yy Py
In our convention it is also an involution : C? = id. An important property is the following :
Vi€ L2 Vo € R® [Cy(x)]? = |(x)]> (6.5)
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PosiTrRONIUM

The positronium is the bound state of an electron and a positron. This system was independently predicted
by Anderson and Mohorovi¢i¢ in 1932 and 1934 and was experimentally observed for the first time in 1951 by
Martin Deutsch.

It is unstable : depending on the relative spin states of the positron and the electron, its average lifetime in
vacuum is 125 ps (para-positronium) or 142 ns (ortho-positronium) (see [Kar04]).

In this paper, we are looking for a positronium state within the Bogoliubov-Dirac-Fock (BDF) model : the
state we found can be interpreted as the ortho-positronium where the electron and positron have parallel spins.
Our main results are Theorem [6.1] and [6.3] In our state, the wave function of the real electron and that of the
virtual electron defining the positronium are charge conjugate of each other.

BDF MODEL

The BDF model is a no-photon approximation of quantum electrodynamics (QED) which was introduced
by Chaix and Iracane in 1989 [CI89], and studied in many papers [BBHS98al [HLS05a), [HLS05b, [HLS07, HLS09,
GLS09, [Sok14b].

It allows to take into account real electrons together with the Dirac vacuum in the presence of an external
field.

This is a Hartree-Fock type approximation in which a state of the system "vacuum + real electrons" is given
by an infinite Slater determinant ¥; A ¥y A - - -. Equivalently, such a state is represented by the projector onto
the space spanned by the 1;’s : its so-called one-body density matrix. For instance P° represents the free Dirac
vacuum.

Here we just give main ideas of the derivation of the BDF model from QED, we refer the reader to [CI89,
HLS05al [HLS07] for full details.

Remark 6.1. To simplify the notations, we choose relativistic units in which, the mass of the electron m,, the
speed of light ¢ and & are set to 1.

Let us say that there is an external density v, e.g. that of some nucleus and let us write o > 0 the so-called
fine structure constant (physically e?/(4meghc), where e is the elementary charge and ¢, the permittivity of free
space).

The starting point is the (complicated) Hamiltonian of QED Hqgp that acts on the Fock space of the electron
Felee [Tha92]. The (formal) difference between the infinite energy of a Hartree-Fock state {1p and that of Qpo,
state of the free vacuum taken as a reference state, gives a function of the reduced one-body density matrix
Q:=P—P°.

It can be shown that a projector P is the one-body density matrix of a Hartree-Fock state in Fyjee iff P— P°
is Hilbert-Schmidt, that is compact such that its singular values form a sequence in ¢2.

To get a well-defined energy, one has to impose an ultraviolet cut-off A > 0 : we replace §) by its subspace

Hp = {f €9, supp]?C B(O,A)}.
This procedure gives the BDF energy introduced in [CI89] and studied for instance in [HLS05al [HLS05b].
Notation 6.1. Our convention for the Fourier transform .# is the following

Vfe L R®), f(p):= ml)i)ﬁ/f(x)e_”pdx.

Let us notice that $, is invariant under Dy and so under PP.
For the sake of clarity, we will emphasize the ultraviolet cut-off and write II, for the orthogonal projection
onto H, : I, is the following Fourier multiplier

Iy = ﬂ‘le(O,A)ﬁ". (6.6)

By means of a thermodynamical limit, Hainzl et al. showed in [HLS07| that the formal minimizer and
hence the reference state should not be given by Iy P° but by another projector P2 in $, that satisfies the
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self-consistent equation in $Hy :

PO —1 = —sign(D%),
v _ p P =) ©7)
2 z—yl

We have P% = x(_uo,0)(D°).
In $, the operator DO coincides with a bounded, matrix-valued Fourier multiplier whose kernel is 5’Jf\- c 9.
The resulting BDF energy Eipyp is defined on Hartree-Fock states represented by their one-body density
matrix P :

N = {PeB($H,), P*=P>=P, P—-P° € &,(Ha)}.

This energy depends on three parameters : the fine structure constant o > 0, the cut-off A > 0 and the
external density v. We assume that v has finite Coulomb energy, that is

|

2
D(v,v) := 47r/ |(kk|l dk. (6.8)
R3

Remark 6.2. The Coulomb energy coincides with [ %dwdy whenever this integral is well-defined.
R3xR3

Remark 6.3. The operator D° was previously introduced by Lieb et al. in [LS00] in another context in the case
alog(A) small.

Notation 6.2. We recall that B($a) is the set of bounded operators and &,($)4) the set of compact operators
whose singular values form a sequence in ¢? [RS75, Appendix IX.4 Vol I1], [Sim79] (p > 1). In particular G, ($4)
is the set Comp($)a) of compact operators.

Notation 6.3. Throughout this paper we write
m = info(|D%) > 1, (6.9)
and
PJor =105 — 739 = X(07+oo)(D0). (6.10)

The same symmetry holds for P° and 732 : the charge conjugation C maps RanP® onto Ran 772_.

MINIMIZERS AND CRITICAL POINTS
The charge of a state P € .4 is given by the so-called P°-trace of P — P°
Trpo (P —P°) := Tr(PO(P — PO)PC + PL(P —P2)PY).
This trace is well defined as we can check from the formula [HLS05a]
(P-P2)2=PoP-P)PY — P (P —P°)PO. (6.11)

Minimizers of the BDF energy with charge constraint N € N corresponds to ground states of a system of N
electrons in the presence of an external density v.

The problem of their existence was studied in several papers [HLS09, [Sok14bl [Sok13]. In [HLS09], Hainzl
et al. proved that it was sufficient to check binding inequalities and showed existence of ground states in the
presence of an external density v, provided that N — 1 < [ v, under technical assumptions on a, A.

In [SokI4Db], we proved that, due to the vacuum polarization, there exists a minimizer for £3pp with charge
constraint 1 : in other words an electron can bind alone in the vacuum without any external charge (still under
technical assumptions on «, A).

In [SokI3]|, the effect of charge screening is studied : due to vacuum polarization, the observed charge of a
minimizer P # P? is different from its real charge Trpo (P —P2).
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Here we are looking for a positronium state, that is an electron and a positron in the vacuum without any
external density. So we have to study E3pp on

A ={PeN, Trp(P-P)=0}. (6.12)

From a geometrical point of view .# is a Hilbert manifold and 3 is a differentiable map on .# (Propositions

Eand 63).
We thus seek a critical point on .#, that is some P € .#, P # P° such that VESHp(P) = 0. We also

must ensure that this is a positronium state. A good candidate is a projector P that is obtained from P° by
substracting a state ¢»_ € RanP? and adding a state 1/, € Ran P?r, that is

P =P 4+ ) (| — ) (. (6.13)

But there is no reason why such a projector would be a critical point. If it were that would mean that there
exists a positronium state in which, apart from the excitation of the virtual electron giving the electron-positron
pair, the vacuum is not polarized.

Keeping in mind, we identify a subset .#4 C .4, made of C-symmetric states.

Definition 6.1. The set .#4 of C-symmetric states is defined as :
Mg ={Pc.#,-CP-P)C=P-P°}. (6.14)
Remark 6.4. Let P € My. As —C(PY — P)C = P2 — P, writing
P—P =i(P—(y—P)-P°+PY),
there holds :
Pe sy =P+ CPC=1Il,, (6.15)

that is
VP e #e, C:Ran P — Ran(IIp — P) is an isometry.

The set .#« has fine properties : this is a submanifold, invariant under the gradient flow of £ (Proposition
. Moreover it has two connected components &, and &_; (Proposition . In particular, any extremum of
the BDF energy restricted to .# is a critical point on ..

So we are lead to seek a minimizer over each of these connected components : the first (&) gives P°, which is
the global minimizer over 4", but the second gives a non-trivial critical point. It corresponds to the positronium
and is a perturbation of a state which can be written as in .

Our main Theorems are the following :

Theorem 6.1. There exist ag, Ao, Lo > 0 such that if & < ap, A~ < Aal, and alog(A) < Ly, then there exists
a minimizer of E3pp over &1 (see Proposition for its definition). Moreover we have
2

By o= inf{€3pp(P), P €& 1} <2m+ %E@ +0(a®),
1
where Ecp < 0 is the Chogquard-Pekar energy defined as follows [Lie77] :
Eop = inf {|V9l3: — D(16%,161%), ¢ € L2(R), [|¢]lr= = 1}. (6.16)

Theorem 6.2. Under the same assumptions as in Theorem let P be a minimizer for Ely 1. Then there exists
an anti-unitary map A € A(9H,), and P(fjl of form (6.13]) such that

ﬁ: eAFil),leA7
eA’(/JE = w57 €€ {+,_} and wf - Cl/]+,

6.17
A=[[AP].PY] € &y(50), Alle, < o (6.17)
and CAC = A.
Moreover, the following holds :
a’m 3
Ei1=2m+ WECP + O(a”). (6.18)
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We emphasize that i)y does not represent the electron state.

Theorem 6.3. Under the same assumptions as in Theorem let P be a minimizer for E1 1 and Qg = P—P°.
Let 7 be

= X(*O0,0) (HADQUHA> . (619)
Then there holds Ran (Il — 7) N Ran P = Ct).. The unitary wave function 1. satisfies the equation
Dq,the = prethe, (6.20)

where . is some constant
[(0042 <m— e < K1a2, Ky, K1 > 0.

By C-symmetry 1, := Ct). satisfies Doy, = — ey, and we have
P =7+ [the) (el = [1h0) (Wo- (6.21)

Moreover the following holds. We split 1. into upper spinor . € L?(R3 C?) and lower spinor x. € L*(R?,C?)

/ 2
and scale Qo by X := % :

Pe(x) := )\3/2goe (/\x)

Then in the non-relativistic limit a — 0 (with alog(A) kept small), the lower spinor x. tends to 0 and, up to
translation, ¢, tends to a Pekar minimizer.
Remark 6.5. As 1. and v, = Ct). have antiparallel spins, the state P represents one electron in state 1. and
the absence of one electron in state v, in the Dirac sea, that is an electron and a positron with parallel spins.

Remark 6.6. To prove that ¢, tends to a Pekar minimizer up to translation, it suffices to prove that its Pekar
energy tends to Ecp [LieT7T].

Notation 6.4. Throughout this paper we write K to mean a constant independent of «, A. Its value may differ
from one line to the other. We also use the symbol < : 0 < a < b means there exists K > 0 such that a < Kb.

REMARKS AND NOTATIONS ABOUT D°

DO has the following form [HLS07] :

Zgl(—N) (6.22)

D = go(—i — i
go(—iV)B —icx V]

where go and g; are smooth radial functions on B(0,A) and « = (a;)3_,. Moreover we have :

Vp € B(0,A), 1 <go(p), and [p| < g1(p) < |plgo(p)- (6.23)

Notation 6.5. For alog(A) sufficiently small, we have m = go(0) [LLI7, [Sok14b].

Remark 6.7. In general the smallness of « is needed to ensure technical estimates hold. The smallness of o log(A)
is needed to get estimates of D : in this case D can be obtained by a fixed point scheme [HLS07, [LL97], and
we have [SokI4b, Appendix A] :

90(0) = 0, and |lgo[l >, lgg |z < Kex
lgy = Uz < Kalog(A) < 5 and [|gf [z~ < 1.

(6.24)

Acknowledgment The author wishes to thank Eric Séré for useful discussions and helpful comments. This work
was partially supported by the Grant ANR-10-BLAN 0101 of the French Ministry of Research.
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6.2 Description of the model

6.2.1 The BDF energy
Definition 6.2. Let a > 0,A > 0 and v € S'(R?) a generalized function with D(v,v) < +occ. The BDF energy
ESpp is defined on A as follows : for P € A4 we write Q := P —PY and

Elpr(Q) = Trps (D°Q) — aD(pg,v) + 5 (Dlpa:pa) — QIR
|

2 (6.25)
Vi € B, plo) = Tres Qe ). Q1 = [ T doay,

where Q(z,y) is the integral kernel of Q.

Remark 6.8. The term Trpo (DOQ) is the kinetic energy, —aD(pq, V) is the interaction energy with v. The term

%D(pQ,pQ) is the so-called diract term and —%HQH?EX is the exchange term.

1. Let us see that this function is well-defined and more generally that formula (6.25]) is well-defined whenever
Q is P -trace-class [HLS05al [HLS09).

— We start by defining this notion. For any ¢,¢’ € {+,—} and A € B(),), we write
A = POAPY,
0
The set 6?’ of PY-trace class operator is the following Banach space :

PO ——
S, ={Qe&(H), QTT,Q7 €61(Hr)}, (6.26)
with the norm
1R ro =107 ez + Q7 lle + Q7 ey + 1@ lles- (6.27)
1
9] 0
We have .4/ C PY + Gf’ thanks to Eq. (6.11]). The closed convex hull of .4 —7P° in the 6?’ -topology gives

K:={Qe6] (Hr), Q*=Q, —P° <Q <Py}
and we have [HLS05al [HLS05b] : VQ € K, Q> <QTF - Q.
0
— For @ in 6?’, we show Efpp(Q) is well defined. We have
PYU(DQ)PY = —|D°|Q™ € &1($Ha), because |D°| € B($H4),

this proves that the kinetic energy is defined.
— Thanks to the Kato-Seiler-Simon inequality [Sim79, Chapter 4], the operator @ is locally trace-class :

Vo € CF(RY), ¢lla € 62 50 Q06 = ¢l11Q¢ € &1 (L2(R%)).
We recall this inequality states that for all 2 < p < oo and d € N, we have
Vg€ LPRY), f(2)g(=iV) € &,(Ha) and || f(2)g(=iV)lls, < (2m) | fl|zollgl| - (6.28)
In particular the density pg of @, given by the formula

Vo eR®, po(z) = Tres (Q(z, )

is well defined. In [HLS05a| Hainzl et al. prove that its Coulomb energy is finite D(pg, pg) < +00. By Cauchy-
Schwartz inequality, D(v, pg) is defined.
— By Kato’s inequality
1
B g\w (6.29)
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the exchange term is well-defined : this implies that [|Q[|%, < ZTr(|V|Q*Q).

— Furthermore the following holds : if a < %7 then the BDF energy is bounded from below on K [BBHS98al
HLS05b, [HLS09]. Here we assume it is the case.

2. For Q € K, its charge is its P°-trace : ¢ = Trpo (Q). So we define charge sectors sets :

VgeR3 K?:= {Q ek, Tr(Q) = q}.

A minimizer of £ over K is interpreted as the polarized vacuum in the presence of v while minimizer over
charge sector N € N is interpretreted as the ground state of N electrons in the presence of v. We define the
energy functional Efpp :

V¢ e R? Egpr(q) = inf {Epr(Q), Q € K7} (6.30)
We also write :
K% :={Q e K, Trpo (Q) =0, —CQC = Q}. (6.31)

0
Lemma states that this set is sequentially weakly-* closed in Gf’ (Hr).
Notation 6.6. For an operator Q € G2(H)4), we write Rg the operator given by the integral kernel :

Rola.y) i= B2

6.2.2 Structure of manifold

We define
¥ ={P—-P%, P*=P>=PeB($Hy), Trpo (P—P%) =0} C S2(Ha).

Up to adding PY, we deal with
M =P’ +¥ ={P, P*=P>=P, Trpo (P—-P%) =0}.

From a geometrical point of view, we recall that these sets are Hilbert manifolds : ¥ lives in the Hilbert space
G2(H7) and . lives in the affine space P° + Gy(H,).

Proposition 6.1. The set .4 is a Hilbert manifold and for oll P € A,
Tp ={[A,P], A€ B($Hr), A" =—A and PA(1 — P) € G3(Ha)}- (6.32)
Writing
mp :={A € B(Hr), A*=—-A, PAP=(1—-P)A(1—-P)=0 and PA(1 — P) € G2(9Hr)}, (6.33)
any Py € M can be written as Py = eAPe=* where A € mp.

0
The BDF energy Egpp is a differentiable function in 6?’ (Ha) with :

PO
DQ7V =DV + Oé((pQ — l/) * rl‘ — RQ)
We may rewrite (6.34]) as follows :
0
VQ,0Q € &, (94), d€4pr(Q) - 6Q = Trpo (TMxDg,, TT20Q) (6.35)

Notation 6.7. In the case v = 0 we write Dg := Dg .

Proposition 6.2. Let (P,v) be in the tangent bundle T.# and Q = P — P°. Then [[IIyDglla, P],P] is a
Hilbert-Schmidt operator in Tp.# and :

A% p(P) v = Tr([[HADQHA, Pl, Pl v). (6.36)

169



Remark 6.9. The operator [[IInDglly, P], P] is the "projection” of IIx DolIIx onto Tp.#. It properly defines a
vector in the tangent plane which is exactly the gradient of £3p at the point P.

VP e#, VEpp(P) = [[TIaDglly, P, P]. (6.37)
We recall # is the set of C-symmetric states (6.14)).

Proposition 6.3. The set .#« is a submanifold of .#, which is invariant under the flow of E%pp. For any
P € M¢, writing

m% = {a € mp, CaC = a}, (6.38)
we have
Tpte = {[a,P], a cmb} = {veTpst, —CoC =v}. (6.39)
Furthermore, for any P € My we have
pp_pg =0. (640)

Proposition 6.4. The set M has two connected components & and &1 :
VP e My, Pe& <= DimRan PNRanP{ = 0[2]. (6.41)

In particular, & contains P and &1 contains any P2 + [¢)(yp| — [Cy)(Cyp| where ¢ € RanPY.

We end this section by stating technical results needed to prove Propositions [6.1][6.3] and [6.4]

6.2.3 Form of trial states

Theorem 6.4 (Form of trial states). Let Py, Py be in A and Q = Py — Py. Then there exvist My, M_ € Z4
such that there exist two orthonormal families

(a1,...,an, ) U(e)ien in RanPi,
(a,l, L. 7a,]\/[+) U (efi)ieN in RanPg,

and a nonincreasing sequence (\;)ien € €2 satisfying the following properties.
1. The a;’s are eigenvectors for Q with eigenvalue 1 (resp. —1) if i > 0 (resp. i < 0).

2. For each i € N the plane II; := Span(e;,e_;) is spanned by two eigenvectors f; and f_; for Q with
eigenvalues \; and —X\;.

3. The plane 11; is also spanned by two orthogonal vectors v; in Ran(l — P) and v_; in Ran(P). Moreover
i = sin(0;) where 0; € (0, T) is the angle between the two lines Cv; and Ce;.

4. There holds :
My M-
Q= lai)(ail =Y la—i){ail + Y NN = 1F=)(F=5])-
i=1 i=1 JEN
Remark 6.10. We have

Q++—Z\a2 a2|+251n )2le;) (ejl,

JeN (6.42)

T = fz la_iY{a_;| — Zsm 2le_;)(e—j|.
i=1

jeN

Thanks to Theorem [6.4] it is possible to characterize C-symmetric states.

Proposition 6.5. Let v =P — P be in My. For —1 < u <1 and A =€ {,7?}, we write

A
B = Ker(A— p).
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~y

L, wnto a sum

Then for any p € o(v), we have CE = E” .. Moreover for |u| < 1 :if we decompose EroFE

L
of planes I1 as in Theorem then each 11 is not C-invariant and dim E} is even. Equivalently dim EZ; 18
divisible by 4.

Moreover there exists a decomposition

L L
Yo . R a a
E,.= & NVH’J and V, ; = 1L, ; @ CH/LJ
1<%

where the I}, ;’s and CII}, ;’s are spectral planes described in Theorem |0.4)

6.3 Proof of Theorem [6.1]

6.3.1 Strategy and tools of the proof

TOPOLOGIES

The upper bound in comes from minimization over C-symmetric state of form .

We prove the existence of the minimizer over &_; by using a lemma of Borwein and Preiss [BP87, [HLS09], a
smooth generalization of Ekeland’s Lemma [EkeT4] : we study the behaviour of a specific minimizing sequence
(P,)n or equivalently (P, — P% =: Q,)n.

Each element of the sequence satisfies an equation close to the one satisfied by a real minimizer and we show
this equation remains in some weak limit.

Remark 6.11. We recall different topologies over bounded operators, besides the norm topology ||-||z [RS75].
1. The so-called strong topology, the weakest topology 7, such that for any f € 5, the map

B(Hr) — Ha
A s Af

is continuous.

2. The so-called weak operator topology, the weakest topology T... such that for any f,g € $H, the map

B()’JA) — C
A = (Af.g)
is continuous.

0
We can also endow G?‘ with its weak-* topology, the weakest topology such that the following maps are
continuous :

6, — C
Q — Tr(Ag(QtT +Q ")+ A(QT + Q7))
V (Ao, A2) € Comp($Ha) X G2(Ha).

We emphasize that the weak-* topology is different from the weak topology (where Comp($)5) must be replaced
by B(a))-

The following Lemma is important in our proof.

0
Lemma 6.1. The set K2 (defined in (6.31))) is weakly-+ sequentially closed in 6?_ (HA)-

We prove this Lemma at the end of this Subsection.

BORWEIN AND PREISS LEMMA

We recall this Theorem as stated in [HLS09] :
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Theorem 6.5. Let M be a closed subset of a Hilbert space H, and F : M — (—o0,+00] be a lower semi-
continuous function that is bounded from below and not identical to +o0o. For all e > 0 and all u € M such that
F(u) < infpq +€2, there exist v € M and w € Conv(M) such that

1. F(v) <infp+e?,

2. |Ju— vl < V& and |lv — wlly < V&,

3. F(v) +ellv—w||3, = min {F(z) + e[z — wl|3,, 2 € M}.

Here we apply this Theorem with H = S2(Hp), M = &1 — P and F = E .

0

The BDF energy is continuous in the 6?’ -norm topology, thus its restriction over ¥ is continuous in the
G2(H)-norm topology.

This subspace H is closed in the Hilbert-Schmidt norm topology because ¥ = .# is closed in G5($,) and

& 1 — PP is closed in 7.
Moreover, we have

Conv(é_1 —PY) ~ C K2.
For every n > 0, we get a projector P, € &_1 and A,, € K% such that P, that minimizes the functional
Fy:Peé& 1w Eppp(P—PY) +e|P—P° — A&,

We write _
Q’r] = P'r] - P97 F"’] = Q"] - A"']’ DQn = HA (DO - aRQn + 277]‘—"’7)HA (643)

Studying its differential on Tp, .#«, we get that
[Do,.P,] = 0. (6.44)
In particular, by functional calculus, we get that
[WZ,RJ =0, m, = X(foo,O)(ﬁQn)- (6.45)
We also write B
71';;_ = X(0,400) (‘DQn) =1II\ — ™, (6.46)
We can decompose $, as follows (here R means Ran) :

$a = R(P,) NR(n;) & R(P,) NR(n) & R(Iy — P,) NR(x;) SR(Is — P)NR(x}).  (6.47)

We will prove

1. Ran PN Ran 71',J7r has dimension 1, spanned by a unitary v, € Ha.

2. As 7 tends to 0, up to translation and a subsequence, ¥, — b # 0, @, — Q. There holds Q@ +P° € &4,
1 is a unitary eigenvector of II ADQH A and

@—F Pg = X(—00,0) (HADQHA) + |1/)e><1//e| - |Cwe><cwe"

In the following part we write the spectral decomposition of trial states and prove Lemma [6.1

SPECTRAL DECOMPOSITION

Let (Qn)n be any minimizing sequence for F; ;. We consider the spectral decomposition of the trial states
@y, : thanks to the upper bound, Dim Ker(Q,, — 1) = 1, as shown in Subsection m
There exist a non-increasing sequence (Aj.,)jen € 2 of eigenvalues and an orthonormal basis B,, of Ran Q,, :

B, = (¢n, Cip) U (€%, €b Cef. s Ceg’vm), P4, =Pk, =0, « € {a,b}, (6.48)

Jino Zgimo —“jn
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such that the following holds. We omit the index n :

VjieN, e, = —Ce?, eb_j := Cej, (6.49a)
n 1-X; 1+,
L e R (6.49D)
fry = - 1+2)‘j er;+ 1+2>‘j e;.

Qn = wn "/}n - Cwn Cwn + Aj jn
|[hn) (Un] — |Chn)(Chn] 22: 74 (6.490)

j>1
dj;n = |fJa><fJa‘_|fﬁg><fﬁj|+|fgb>< jl?|_|fij><f3j|'

Remark 6.12. Thanks to the cut-off, the sequences (¢,),, and (e;.,,), are H'-bounded.

Up to translation and extraction ((ng)r € NN and (2, )x € (R®)Y), we assume that the weak limit of (1),
is non-zero (if it were then there would hold E; 1 = 2m).

We consider the weak limit of each (e,,) : by means of a diagonal extraction, we assume that all the (e, (- —
Ty )k and (V) .n, (- — Tpn, )k, converge along the same subsequence (ng)i. We also assume that

23

n)
%)

VjeEN, Njn, — ti, (1) € €2, (115); non-increasing, (6.50)

2

e and almost everywhere.

and that the above convergences also hold in L

PrROOF OF LEMMA [6.1]
Let (Qn)n be a sequence in K2 that converges to @ € K in the weak- topology of 617)9, that is :

V(Go, G2) € Comp(Ha) x G2(NHA) :

n—-+oo n—-+oo

Tr(QTGo) — Tr(QTTGo) and Tr(Q, Go) — Tr(Q ~Go).

n—+00 n—-+oo

{ TT(QiiGg) — TI'(QjLiGQ) and TI‘(Q;JFGQ) — Tr(Q*jLGQ),

In particular we have S := sup,,||@Qn|ls, < +00 by the uniform boundedness principle. The C-symmetry is a
weak-x condition : for all ¢1,d2 € Hp :

Tr( — CQnCle1)(p2]) = —(QnCo1, Coo)

thus —CQC = Q. There remains to prove that Trpo (Q) = 0.

We consider the spectral decomposition of P, := P% + @Q,,. We know that this is compact perturbation of
PV thus its essential spectrum is {0,1} and there exist an ONB of §, :

(k)2 U (fjin)jen U (gjin)jen, K1 € Zy

and two sequences (7j,,);, (5j:n); in [0, 3) that tend to 0, such that

K1
1
P, = 5 Z |€kin) (€rin| + Z {rj;n Fim) (fiinl + (1= Sj;n)|9j;n><gj;n|}-
k=1 JEN

Our aim is to prove we can rewrite P, as follows :
P, = Fn + Vn>
T = Y tin(1950) (Sjin] = [Cyin) (Chjinl )

B J
Pn S <%%7 22] t],n S Tr(ij,"i_ - Q’;_)7
(¢jin)j U (Cojn); orthonormal family.

(6.52)
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Let us assume this point for the moment. Up to extraction, it is clear that the weak limit 7 of (¥,,) has
trace 0 : the eventual loss of mass of (¢;.,), is compensated by that of (Cj.n)n @ | (x)|? = |Cjin(z)]? for
all x € R®. So the weak limit of

tJ;n(‘¢j;n><¢j;n| - |C¢j;n><c¢j;n|)
has trace 0.
The same goes for Q,, := P, — P°. We write S := limsup,, Trpo (Q,,) < +00. We decompose each Q,, as in

and take the same notations. We may have D,, := Dlm(Q — 1) > 2 but the sequence (D,,),, is bounded
by S. There is at most 5 different ¢;,, in the spectral decomp051tlon of @, (j=1,....[5]).

We study the weak- hmlt of the 1;,,’s and the €}, ’s : there may be a loss of mass. However from (6.42), we
see that the loss of mass in ¢, is compensated by that of Ci;;,, and that of €7, is compensated by that of
Cejin-

The subscript co means we take the weak limit. If the sequences of eigenvalues ()\;); € ¢* weakly converges

o (uj); € €2, then we get that

Q= D o) Wil + D i3{le ) (€ el + 1€ o) (€] o}

1<j<[5/2] JjeN

n

Q= Y el = Dl ) (e el 1) (el
1<j<5/2] JEN
where |¢J,OO|2 = |¢—j,00|2 resp. ‘e;,oo|2 = ‘ e_j, oo|2 Thus

HQ Q) =0
Proof of (6.52) The condition —CQ,,C = @, is equivalent to CP,C =II5 — P,, so for any u € R we have
CKer (P, — p) = Ker (P, — (1 — p)).

Up to reindexing the sequences, we can assume that r;,, = s;., and up to changing the ONB, we can assume
that g;., = Cfj.n. Let us remark that

Ko
CB,C = B, where B, := Z|ekn (ekinl-
k 1

As shown in [HLS09, Lemma 15, Appendix B], the condition @,, € 61 gives

__ Ky
QI = Q) = S+ D {mal P iallEe + 0= 1) 1P frinllF |
j=1
+ 3 {0 = 5P gsnllie + s5inl PO g3 },
J>1

which implies
+Z Tjm + Sj; n) < TrPO (Qn)
7>1
In particular we can write -
Tn = er:n(‘fj;n><fj;n| - |ij;n><cfj;n|)a
j>1
P, = Z ‘ij;n><cfj;n|-

jz1

0
Both 7, and B, are trace-class, thus P, — P% € 6?’. We know that Trpo (P, — PY) is an integer [HLS05al,
this gives

K
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Let us prove that we can decompose Ran B,, as follows :

iR
Ran B,, = F, & CF,, Dim F,, = K. (6.53)

This ends the proof : we have
1
B, = Proj(CF,) + §(Proj(Fn) — Proj(CF,))

where Proj(FE) is the orthogonal projection onto E. We choose then

P, := P! 4+ Proj(CF,),
Vn =T+ %(Proj(Fn) - PI‘Oj(CFn)).

Let ¢ € Ran B,, with C¢ ¢ C¢. Else, we take ¢ L ¢’ with
Cop=ep, C¢' =e'¢/, 0,6' € R.

Up to considering e*/2¢ and ewl/%’)’ we may assume that C¢p = ¢, C¢' = ¢'. Then writing

1
b+ = ﬁ((bi i¢')
we have (Co , ¢4) = 0, which is absurd.
Let us consider Span(¢, C¢) and assume ||¢|| 2 = 1. Thus z = (Cé, ¢) = —re?® with 0 < r < 1. There exist
a,b € C such that
(Clag + bCo), ap + bCe) = 0.
—i0/2 i0/2

If r =0 we take a = 1 and b = 0, else it suffices to take a = rge and b = rie

number that satisfies

where rg,71 > 0 are any

T T 2
Ltz
L To
This is possible because as 0 < r < 1 we have % > 2. By an easy induction, we can write Ran B,, as in (6.53]).

O

6.3.2 Upper and lower bounds of F ;

UPPER BOUND

We consider trial states of the following form :

Q = [¥)(¥| = IC¥){CY|, ¢z =1 and P2y = 0.

The set of these states is written &°;. We will prove that the energy of a particular ) gives the upper bound.
For such a @, the BDF energy is simply :

2
2D, ¥) — % dexdy. (6.54)

Following [Sok14b], we take ¢pcp € L?(R3,C) the unique positive radial minimizer of the Choquard-Pekar
energy. We know that this minimizer is in the Schwartz class (here we just need it to be in H?). We form the
spinor :

¢:=(¢cp 0 0 0)7,

and scale ¢ by a constant A™! ~ « to be chosen later :

() == A2 (x/N).
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We define 1, := IIx ¢, and write :

PLipa PO Cpy
— do_ i=——"""2  — Cip,. 6.55
I N PP G I TN P (6:39)
Let us compute the energy of
Qo = |4) (4| — [ ) (Y| (6.56)

We have :

IPS Az

/ BOPEL (1 o) ap

/ [x ()90 (p p)(1- gl(p) )dp—&—(’)()\ 4,

/ D) (m — B9 iy 1+ O((a+ A2)A2),

B(0,A)
/
0)2

Similarly the following holds :

(DO1PY s , ) = / E () (P2 (0) 0 (p) » (1)) maclp

B(0,A)
51 -
= [ B0 + E®)d
B(0,A)
(0
=+ B o+ O+ A1),
Then we estimate :
|w+ A 1/J ‘ _ * *
o ey = 2{D(1w P o) - D(wiw vt |
= 2{4D(j6crl% dcr[?) + ON?) = D(wip-,viv-) |
= {%D(|¢0P| locp[?) + OO\_Q)}-
Indeed we have :
Wiyl < IVEallczllvalle = O(ATY).
[hab_| * ﬁ < Jg]? = ﬁ < Vg, ¥y
= OO\
Thus we get that :
(@) = 2m+ B 9002, — D (locw R locel?) + Of(ar + AN, (6:57)
If we choose 1
am
— = 6.58
X gl (6:5%)
we get the following upper bound :
Er; < E3pp(Qo) = 2m + o~ Ecp + O(a?). (6.59)
91(0)
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A PRIORI LOWER BOUND

Let Q € .# — P° be an approximate minimizer such that

Eppr(Q) < E1q + o 5| Ecp| < 2m.

El,l —2m
Te(|V|Q?)
2m
(1- ) Tr(D°1Q?) < Efpp < 2m 50 QI3 < Tz <3
4

However ||QH262 > Dim Ker(Q? — 1) = 2Dim Ker(Q — 1), thus @ has the form written in (6.49) ; in particular we
have :

291( )?
Our aim is to prove the following
—Ka?,

o (6.60)

IN IV

‘We have

Q = [¥) (W] = [CY)(CY[ + 7, ¥ € Ran(PY), ¢y =, ¢ := C € Kerr.
Let us remark that v + P° € .#. The energy of Q is :

jl?ﬁ/\Cw

EBor(Q) = Ehoe(y) + 2D, ) — 2 D ety 0 S (WeRyw). (661)

ee{+,-}

We substract 2m : as g((0) = 0 and ||g{ ||z < Ka [Sok14bl Appendix A], we have

l90(p) — m| < p? / g6 (tp)|(1 — t)dt < Kap?,

thus :
E(p) —m — 91(p)* + (90(p) — m)(go(p) +m)
E (p) Ee+m
_ 00~ Ka)

2 (p)

Going back to the energy, we have by Cauchy-Schwartz inequality :

(e, Byte)| < IN[e]llmxllvllEx Ne] := [te)(We-
The quantity || N[ye]||g, is simply D(|1e|?, [¢|*) and we get :

(1 Ka)(% |D0| Ly, ) + Tr(|D°]y?) < Kia® + 2aD (02, [¢12) + 32 17112,
(1— Ka)(SG00 ) + (1 385 Te(ID%)?) < Ki0® + an{ V], ).

Now we have : )

(1-Ka)L— >2alp| <= p* > 402(1 — Ka)E (p). (6.62)
E(p)
We can take K = ||go|| Lo : this inequality holds for
2 /1 — oo
. ollgolls~ T~ allgolli= 66

VI—42[g, 12~ (1 — allgollz~)

If we split (|V|, ) at level |p| = g, we have :

1-— o, g2(_g 3am
”g;’“L (S5, )+ (1= S5 Tr(D° ) < Kia? +aro € o, (6.64)
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and

(IV[Y, ) < o (6.65)
Substituting these estimates in (6.61)), we get :
Ei1—2m > Epp(Q) — 2m + o -———= Ecp > —Ko. (6.66)
29} (0)

FORM OF A MINIMIZER FOR Eq ;

If a minimizer P € &_; exists, then it satisfies the following :

P=P°+Q="P° + 1) (¥i]| — [Copy)(Cy| +
Yy, Cyy € Kery, Plypy =0.

Moreover the proof of the lower bound ensures that ||v||e, < a. So let P1 1 be:
Py = PO+ [94) (| = [Coy ) (Cops |-
Then we have ||P(1)71 —Plls, = Nlls, < a. Using Propositions and@7 we write
PPl A, Acml,

where there exist (0;); € £? decreasing and K > 0 such that
Ve, = 425111 2 < Kyo?, thus

1A%, = 4295 < IKoa

Assuming Theorem this proves the description of Theorem

6.3.3 Existence of a minimizer for £ ;

We consider a family of almost minimizers (P,, ), of type (6.43) where (7,),, is any decreasing sequence. We
assume that A2a~2, is small. We also consider the spectral decomposition (6.49) of any Q,, := i PO,
For short we write P, := P, and in general replace the subscript 7, by n.

— We study weak limits of (@, ). We recall that Cv,, = Ker(Q,, — 1), and

Qn = ¥n)(¥n| = CYR)(CYn| + V0, n, Cihn € Kervy,. (6.67)

— We first prove that there is no vanishing :

3A > 0, limsup sup / [ (z)[2dz > 0.
n z 3
e B(z,A)

Indeed, let us assume this is false. Then for any A > 0 the following holds :

sanfsw [ @par}”

z€RS3
B(z,A)

D[l ¥nl?) <

| =

where we have used Cauchy-Schwarz inequality and Hardy inequality. In the limit n — +o00 and then A — 400,
we have : limsup,, D (|t,|?, [¢n]?) = 0
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There holds a priori estimates : using Kato’s inequality we would get

lim inf E3pp(Qr) > 21im inf(| D¢, , ¥,) + liminf E3pp (V) > 2m.

Thus, up to translation, we assume that @, — Q. # 0.
— As the BDF energy is sequential weakly lower continuous [HLS05b|, we have

E11 > Eppr(Qs).

Our aim is to prove that Qoo + P° € .+ : in other words that Q. is a minimizer for Ei1.
— The spectral decomposition is not the relevant one : let us prove we can describe P, in function of the

spectral spaces of the "mean-field operator" l~)Qn : the first step is to prove (6.69) below.
We recall that @, satisfies Eq. (6.44]), that we have the decomposition (6.47)).
The following holds :

(Dt s ¥n) = (D [n s ¥u) + O(all VY20 2] [V[V2Qll e, + 7Tl )
= <|D0|1/Jna Yn) + O(QQ) >m— Ka?.
Thus Ran P, N Ran 7’} # {0}. Let us prove this subspace has dimension 1 : we use the minimizing property of
Q@n- The condition on the first derivative gives (6.44)), what is the condition on the second derivative ? For any
A€ m}’fﬂ, expanding e P,e~4 — P, in power of A, we get that the Hessian Hessp, (F,,) of F,, := F,,, at point
P, is
VYV eTp My, A= [V, Pn},

Hessg, (P V. V) = Tr(Do, (AP, — AP, A)) +ma [V, = SIVIIE,.
This Hessian is non-negative. For any unitary f L g in Ran(IIy — P,) we choose
A= [f){=Cyg| — | = Cg)(f| + [g)(Cf| —Cf) (9| € mE .

As —CDg, C = Dg,, the condition on the Hessian gives
~ ~ a 2
2((Da.f: f)+(Da.g, 9)) +4m > 5 || [A, Pa]| [ > 0. (6.68)
We have Ci,, € Ran(Il — P,) and

(Do, Ctbn , Ctb) = —(Dg, tn s tn) < —m + Ko,

thus necessarily for n large, there is no plane in Ran(IIy — P,) N Ran(zw™), equivalently there is no plane in
Ran P,, " Ran .

There exists a unitary .., € $ that spans Ran P, N Ran ). Equivalently 1., := Ct).;, spans the other
one.

Thus :

P, = |'(/J€;n><’(/)e;n + 7. (669)

- We thus write

Qn = |we;n><we;n| - |wv;n><wv;n + Y = Nn + V- (670)

As Ran P, is l~)Qn—invariant and that lNDQn is bounded (with a bound that depends on A), necessarily
Dq,Yen = tntein, fin € Ry
The condition on the Hessian enables us to say that
m — fin + 21, > 0.
— As for 9y, there is no vanishing for (. ), for a sufficiently small : decomposing ¢, € Ran P, :

Yy = athe;n + ¢, ¢ € Ran P, NRan7”,
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we have )
ja* > p(m +{|Dq, |, ¢) = K(a® +nmn|[Tnlle.))-
Provided that p,, is close to 1, the absence of vanishing for 1/,, implies that of es,.
By Kato’s inequality (6.29)) :
D}, > [D°|(1 - 2| Rq,|D°| |5 — 47| T 1) [D°]
> |D°P(1 - al|Qullex — 474/ Tnlls.,)

Thus
|Dq, | = 1D°|(1 — al|Qullex — 20 [Talls,) and g > 1= K(a? +nu|Thls,)-

In the same way we can prove that
lttn —m| < o’ + Ml Tnll e,

So
Yen = e # 0.
~ We decompose ¥, = " —PY € & — P° as in (6.49) : using Cauchy’s expansion [HLS05a], we have
1 [T dw 1
" — Pl = — ———— (20T, — allp R, T + 29,T,) =11, 6.71
o ) D01 (21 ATRQ A T )DQ"HM A (&1

To justify this equality, we remark that |l~)Q\ is uniformly bounded from below : the r.h.s. of (6.71) is well-
defined. Integrating the norm of bounded operator in (6.71)), we get that

I7 = P2ls < al|@nllex + mallulls, < 1.

In fact, we can also expand in power of Y;, := —ally Rqg, I + 21,1,
7 — PO = Y o/ M;[B,),
J=1
M; Y] LT de (v, ! )j o)
s 27 J_oo DO 4w \" " DO 4w
We take the Hilbert-Schmidt norm [HLS05al, [Sok14b] : as ||RQ"|V+/2”62 < |1Q|lex, we have

Fnlle: < all@nllex + 70l Tulle, < o (6.73)

We thus write
Vo = D Njmljin,
j>1

where ¢;., has the same form as the one in ((6.49)).

— Up to a subsequence, we assume all weak convergences as in Remark (6.12)) : the sequence of eigenvalues
(Ajin)n tends to (u;); € €2 and each (€7.)n (With x € {a,b}) tends to €}, (Ye;n)n tends to Y. We also assume
that the sequence (py,)n tends to p with 0 < u < m. For shot we write 1, := Ct.

— We write P := Qoo + P and 7 := X(=00,0)(P@.. ). We will prove that
W) _
1. [Dy),P] =0,

oo’

2. Dg_ e = pip. and so wip. = 0.
Moreover Dg_ Ctp. = —uCt, and (Ct)e , 1) = 0.

3. m=P— |1/)e><¢e| + |C'(/)e><cz/)e‘
Notation 6.8. We write Dgi :=1II\Dg_ I for short.
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This all comes from the fact that
s — lim RQn = Rro' (6.74)

This fact enables us to show
RQT,,qpe;n —n RQuﬂ/Je in L27

s.op. — lim,, (& —P%) =7 — PY in B($Hx), (6.75)
W.0p. — lim,, P, =7 — 7)9 + |7/)e><7vbe| - |wv><wv‘ in B(ﬁA)

Indeed for any f € $, we have
_ 2
IRa.f - o fI: = [ | [ 22222 pgpay o
1
< U713 (5 1@n = Quelid, +402 [[ 1(Qn — Quo)(@,y) dudy)

B(0,24)2

+a01Qu - Quln, [ 18Py
B(0,A)e

We have just split as follows : for z € R? we consider
R? = B(z, A)° U B(x, A) N B(0, A) U B(z, A) N B(0, A)°.
Taking the limsup n — 400 we get that

. . f1I3
VA >0, mswlRo, S ~ Ao sl < AlmswlQul, (10 +axt [ 15)Pdy),

B(0,A)¢

taking the limit A — 400 we get that

limsup||Rq, f — Rq..sll72 = 0.
n
In particular for any f € $)

<Ranem, f> = w)e;nv Ran> n_>—+>oo <¢67 RQoof> = <Rrow€) f>

Thus Dg, e —  Dq. e, and Dq_ e = pitfe.

n—-+oo

— Let us prove that

s.op. — lign 7 =T (6.76)
We have
R, =5+ f = RlQu — Qucl so—f + R = f
" DO+ dw DO + iw * DO + jw
and at fixed w and f
R[Qn — Qm}éf — 0in L%

DO+ jw’ n—+oo

J
Generally for J > 1, we expand (RQRD%W) in power of R[Q, — Qoo] and Q. We get :
v Ro,——)’ 0in L?
W,f, ( QTLDO+?:W) n—>—+>oo m :

Moreover
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IN

- —J/2
E )" |Qnparz 51 £z,

. ~ — J
< (limsup||Qn[p<E (@) /> )| ]l 2

R Ly’
(7o) |,

By dominated convergence as
dw J
u]Hf||L2 = E( )1+J/2 (aHQHHEx + ’r]nHFnHG2) Hf||L2 < +o0, (677)
w

we get
M[Yalf  —» MjlaRq.]f in L%,

To end this argument we remark that the series Zuj is convergent for a and 7,, sufficiently small : thus we
Jj=1

> MY, f el > Mj[aRq.,|f in L?,

i>1 ji>1

have

that is (6.76]) holds.

— Thanks to (6.76)), there holds (in the weak operator topology for instance)
Qe = 1m Qu = ) (e — 1) (1| + 77 — P,

that is
= [Ye) (We| — o) (Yo| + 7. (6.78)

In the weak operator topology we also have
W.O0p. — li7rln [EQMQn + 739] = [Dé)Aoi’QOO + 779],

by strong convergence of Rg, to Rg. and norm convergence of n,I", to 0.
— There remains to prove that |[t.||z = 1. We assume for the moment that we can uniformly separate the p,,’s

from the remainder of the positive spectrum o(|ﬁQn D\{un} Let us write a,, the bottom of this last set : there
exists € > 0 (of order o2 in fact) such that for ng sufficiently large :

Yn > ng, @, — fn > DE. (6.79)

In particular, we can draw a small circle in C that intersects R only at points p 4 2. We write C. this circle : it
has been chosen such that if |y, — p| < e (true for n > ny where n; > ng is sufficiently large),

Vn > no, dist(un;CE) > e.

By functional calculus we have
dz

W)e n><’l/}e n| 2,”_[_ /C m

We want to substract x(,—ac,u42¢) (DQ ) If is true, then the same holds for the limit D( ) by strong
convergence. Indeed, for any f € Ran(ﬂ'+) (Where 7y =1, — 7) we have

7 f = fllze — 0.

For f1 L foin Ran(f+), there holds

mm( D@, L f1, f1i) + (Do, T fo, fo) > an + pin

[ ]”

182



— We prove the gap (6.79) for Dg\o)c by taking the liminf. Thus, we can isolate the bottom of o (] A|) for A = ﬁQn

A)

or A= Dég by the same circle and get

oo

en en| — 77 190 |¥e el — 5 - = R oo T wn nFn L _pW
[Yhein) (Vein| AR [te) (el 2im /CE z—Dg, (oRIQ Qnl 20 )Z - Dé?Aol

By dominated convergence, this operator strongly converges to 0 : this proves
[YellL> = 1.

Proof of (6.79) and estimate on E;; This proof is based on the method of [Sok14b| : we know that
Im = pn| < Ka?

and that _
Dane;n = Unwe;n- (680)

In the following, we will get estimates on the Sobolev norms of .., this will enable us to estimate (ﬁQn Yein s Yein,)-
We will use estimates on gg, g1 written in (6.24)).

Estimate on V., From (6.80) we have

||D07/)6;n”%2 —-m? < Ko® + 40‘||Qn||62||vwem”L2 + 470 |Tnlls,
+2Hv¢6;n||21;2 (O‘||Qn|‘262 + 4773”1_‘71”262)

and ||Vtbe;n |22 < . In the same way, for n sufficiently large, we can prove that
<|V|3we;na q/)em> S 043-

We multiply (6.80) by |V|*/? and take the L?-norm. We can drop all terms with 27, T, because all the operators
that we consider are bounded in $4 and n,||I'y||s, tends to 0 as n tends to +oo. We just have to deal with
|V|'2Rg, te.n. We recall that in Fourier space, the following holds [HLS05a]

1 al ~

VQ € 63(H4),p.q €R®, F(Rgip,q) = o WQ(p —l,q—10).
]R(S

So, writing 2, the operator whose Fourier transform is given by the integral kernel

F (Ansp.q) = |p — a|*?1Q(p, q),

we have
Z (912, Ra,))| < # (Ra,ip.a).

By Hardy’s inequality, we have
H Uv‘l/zvRQn]d]e;nHLz <A ‘V‘I/QQTLH62”V¢6;7LHL2 <o’

As
™
||RQn‘V|1/2wem”L2 < 5” |v|1/2Qn||62”V¢e;n”L2 < O‘3/27

we have || |[V[*/2Rg, Yemnlle < a2 and

<|v||’DO|2¢e;n7 Q/Je;n> - m<|v|we;n7 Z/Je;n> S a’. (6.81)
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Estimates on x..,, We scale (6.80) by o', that is we consider

M(l‘) = a—3/2we;n(§)’ S R3.
This enables us to get an estimate of the lower spinor of v..,. We write
_. [ Pen 2 /13 2\ 2
"/}e;n—- EL(R,(C)
Xen

For short we also write
gi1(p) == g1(p) %, p € R’

We write z oy z oy
-3 -3
n(x,y) = nl—, = dI'y(z,y) = Tp(—, =
Quiry) = 0 Qu(%, L) and Lu(a,y) = 0L (5,
The upper and lower spinors ¢.., and Xe.n of Ve, satisifies
g1 =tV o
Xesn = ( ) Pein + ( - OZZRQW ¢e;n + QOénn&we;n)i- (682)

a®(pin +go(” N

By Hardy’s inequality, we get that
= [[Xemnllze S

As there holds :

<_AXe;n7 Xe;n> < |v|3/2XemHL2 \/||Xe;n||L2||VXe;n||L2

we also get the following (rough) estimate

”Xe;n”L2 < a®/3.

Estimate on E;; Using (6.24), we have (here g, means g,(—iV))

<D0we;n ) ¢e;n> = <90'l/}e;n s 'l/]e;n> + 2M”<(go+,u 7 Gesn s Pe; n> + O( (a2 + 77n||rn||62))
:mm%¢mwmm@ﬁm@m@w+o@y

:m+91() [V enll22 + O(a?).

As Yy, = Cthe.py, we have

[Yesn A Yo (@,9) ) ) .
dedy = D(|@em!|”, |@emn O )
2j |z — g ray (lpesnl®s [@en]?) +O(a®)

Using (6.73)), we finally get for n sufficiently large

(B e ) = m+ L 00,20 — aD (g0 i) + Ol (6.53)

As |@enl2: =1 — Ka?, we get

2m

g?( oy Ece (an) + Ol 3,

E11 > E3pp(Qoc) = 2m +

where Ecp denotes the Pekar energy [LL97] and ¢., is the scaling of ¢, by 91(0)
We already have an upper bound of E; ; : it has the same expansion with €Cp goeyn) replaced by the smallest
possible value Ecp. As there holds

Ecp (908;") > (1— ”Xe;nH%P)gECP
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we thus have
gCP (@e;n) = Ecp + O(a), (684)

and 5
o

= 2m——F O(a?). 6.85
W =m + mg{(O)z cp +0(a”) (6.85)

Thus p,, < m for « sufficiently small. Are there other eigenvalues in (0,m) ? As the Hessians are non-negative
(see (6.68)), we have

o|Dq,| C [pn — 21, +00)
Let &, L 1y, in Ran € (w%}) and s,, € (4 — 27, m) such that
5Qn£n = sngn
By the same method as before used for .,,, we can prove the following :

||v€n||L2 S «, || |v|3/2£n”L2 S a3/27
1En)illze < @ | IV(€n)illze < /3.

The arrow | means we take the lower spinor (which is in L?(R?,C?)). In particular we have

91(0)?

o IVénliz — aD(& dem; Gtbein) + O(a®/3).

Sn = <5QH§’I’L5 €n> =m+

Remark 6.13. We have lost a'/? due to the rough estimate |[V(£,),||z2 < /3. We can prove that this quantity
is of order o, but the proof is technical.

Estimate on 1., We know that .., is close to a Pekar minimizer : its Pekar energy is

Ecp + 0(a?/?).

For « sufficiently small, we know that this gives information about the distance between .., and the manifold
2 of Pekar minimizer [Len09] :

diStH1 (Ma ‘@)2 < KgCP(we;n) - ECP'

The notation distz: means the distance in the H'-norm.
This result is stated in L?(R3, C), but it is not hard to prove it is also true in L?(R3,C%) : in this case & is
isomorphic to R? x S? (and not simply to R? x St).
’ 2
If &, denotes the scaling of &, by &, there holds

2am

91(0)°
2a2m

(sn —m) = [V&l}2 — D (& Ve &n Vo) + O(?/?). (6.86)

Eventually by replacing 1., by its projection ¢¢p onto &, we also have

(8 —m) = V&[22 — D(&."dEp. & dlp) + O(a/?). (6.87)

Proof of (6.79) We just have to study the spectrum of o(—A — R(\gb’éP)(gbgPD), and precisely its negative
eigenvalues. Its smallest eigenvalue is Fcp with eigenvector ¢¢p. Now we seek the second smallest eigenvalue,
that is

Fop i=inf {(( = &= R(16tp) (@tp)) S, f) J Lok € HY |2 = 1. (6.88)

By studying a minimizing sequence, we get
Fep > Ecp. (6.89)
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By continuity the same holds for the spectrum of fAfR(|z/}em> <¢e;n|) : for « sufficiently small (and n sufficiently
big) its smallest eigenvalue ¢,, has multiplicity one and its second smallest eigenvalue t,, is away from t,,, uniformly
in a (and n) :

~ Fep — FE

b —tn > % > 0.

As a consequence, we get from (6.86) the following :

a2m

91(0)2

Sn = i > (Fcp — Ecp) +0(™?), (6.90)

and (6.79) holds.

6.3.4 Proof of Theorems [6.2] and [6.3

In fact, it suffices to follow the proof of Theorem : instead of having an almost minimizer, we deal with
a real minimizer P = Q + P2. Technically speaking, we just have to drop the term 7,I,, in the equations and
by the same method we prove the following.

1. There exist 0 < p < m and a wave function 1, € $ such that

{ P = o) (| — |Ce)(Che] + X(—o00) (MaDgIIA),

6.91
HADQHAwe = /L“;Z}@ ( )

2. We have || |V[>¢.||2 < a3/2. Splitting v, into upper and lower spinors ¢, and Y., we have |x.|z> < a.
’ 2
We write g () := X3/, (Az) with A = 21O The following holds :

azm _
Eiqn =2m+ rog Eop(Pe) + O(a?)
=2m+ %Ecp + O(OLB), (6.92)

2
no = m—|—2mgio(470)2ECP +O(C¥3)
3. In the limit @ — 0 we have
lim ||Xe||L2 =0 and lim SCP (@) = Ecp.
a—0 a—0

The geometrical description of a minimizer of Theorem [6.2] has already been proved at the end of Subsection
[6-3-2] under the assumption of existence.

6.4 Proofs on results on the variational set

6.4.1 On the manifold .# : Theorem Propositions

Proof of Theorem [6.4]
— As @ is a compact self-adjoint operator, we apply the spectral theorem and write

Q=" milbi){bil,
i€Z*
where (p;)ien (resp. (pi)icz+ ) is the non-increasing sequence of positive eigenvalues of @ (resp. increasing
sequence of negative eigenvalues).
It is clear that —1 < @ < 1. If Q¢ = 1, then necessarily Pjip = ¢ and Pyyp = 0, analogously if Q¢ = —1,
thenle:Oand Pow:w
Up to index translation we have :

M M_
A:=Q— {Z Ja) ail =) |a7i><a7i|} =D wilbi)(bil = 4, — Ay, (6.93)
i=1 =1 1EL*

where A,, is the sum over positive ¢ and —A,, over negative i.
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Notation 6.9. For short, for any p € R and any self-adjoint operator S, we write EE = Ker(S — u) the spectral
subspace of S.
Furthermore, for an operator B we write

B % = Py(e1)BPy(e2), & = %, Po(=) = Py, Po(+) =1 Po.

— We know that
M,

- =@ =Y ) az|+2|a (acil+ 3 12lbi) (b

iez
In particular [Q?, Py] = 0 and all the spectral subspaces of Q? are Py-invariant. For any u > 0,

Q++

E%, _EQ@EQ = EY, @Ef?;{.

For i € N, let ¢; be a unitary eigenvector for QT with eigenvalue 0 < p? < 1. We write
¢i = ¢p+cn, ¢p € Ran(4,), ¢, € Ran(4,).

We have A,c, = picp and Ayc, = —picy,. Moreover ¢, # 0, otherwise (1 — Py)c, = ¢, and

Acp = picp = (1= Py) — (1 = P1))ep d.e. (1 —Pr)ep = (1 — pi)ep.

This would give yu; = 1 or p; = 0. By the same argument ¢, # 0. We have Pyc, = —Fyc,, and this vector is
2
non-zero, otherwise (1 — FPy)c, = ¢p. Thus the two-dimensional plane IT = Span(c,, ¢,) is in Ep% and there exists

an orthonormal basis (e = ¢;, e_) of Il such that Ppe_ = e_ (and (1 — Py)c; = ¢;).
We write ¢, = ||cp||dp and ¢, = ||cy]||dy, and up to a phase, we have :

¢; = cos(¢)d, + sin(¢)d,,.
There holds :
Q%c; = pic; = Apei = pi(1 — Po)(cos(¢)d, +sin(¢)dy) = pi(cos(¢)” — sin(¢)?)ci,
and p; = cos(2¢). We have
2 L
EY =TI&R.
— By induction over the dimension of the remainder Dim(R N EQ2++), we can decompose ES: as a sum of

orthogonal planes : by symmetry there holds Dim EQ = Dim EQ . Each plane II is invariant under the

action of @ and P° and so also under that P = Q —|— 2 Therefore there also exists an orthonormal basis
(vy,v_) of I such that Pyv_ = v_ and (1 — P;)vy = vy. Up to a phase we suppose that

v_ = cos(f)e_ +sin(f)es and vy = —sin(f)e_ + cos(f)ey, 0 € (0, T). (6.94)

In the plane IT we thus have :
Qln = [v-)(v-| = le-){e—].

Such an operator has eigenvalues + sin(#) with eigenvectors

= \/@e, + \/@ar associated to sin(6), (6.95)
= —\/@e, + \/@(Q associated to — sin(6)
]

Proof of Proposition In general, let P; and P, be two orthogonal projectors in $H,. If P, = UP,U™!
where U is a unitary operator, we have :

Py — P, € Gy(Hp) = [U,PU! € Gy(Hy) ie. [U, Pi] € Ga(Hr). (6.96)
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— For any P| € A4 and any Py € # with ||P; — Ps||p < 1, we can decompose P, — P; as in Theorem but
with P; as new reference (the decomposition is the same but with e; € Ran(1 — P;) and e_; € Ran P;) :

Py—Pr =Y (jvj) (v —le—j){e—;]), v_j = cos(6;)e_; + sin(6;)e;
jeN
Pow_j =v_;, Pie_j =e_j,Pie; =0 and Zsm ? < 4o0.
jeN

Above we have 0; € (0, F) for all j € N. Let A be defined as follows :

A=>"0lej)e—i| — le—j)(e;), 0; € (0, %),

JEN
then we have P, = eAPje 4, A* = —A and

[A, P = 6;(leg)(e—j] + le—j)(e;]) € Ga(5ia). (6.97)
jEN

Furthermore [exp(A), P1] € 62($,) : for all k£ € N, there holds :
k—1
(AR, P = AT[A, P]AFT,
=0

and
+oo

1 _
llexp(A), Pi]le, < y{kll[A,PlHI@HAII’Z; =114, Plls,exp (| Alls- (6.98)
k=1"""

Let us call this A the canonical antiunitary operator Lp, (Py) associated to P : we will see it does not depend
on the choice of eigenvectors e;.

Remark 6.14. In the case |P, — Pi||g = 1, we have 1, —1 € (P> — P;) : indeed P, — P; may be decomposed as
in (6.93) with M, = M_ because Tr(P, — P;) = 0.
We still have P, = e Pie=4 with

A= Z (lai){a—il = la-i)(ail ) + 3 05 (les)e—s] = le—5)es), (6.99)

7>1
where a;,e; € Ran(l — P;) and a_;,e_; € RanP; form an orthonormal family as in the decomposition of
Theorem (in particular the non-zero eigenvalues in (—1, 1) are the +sin(6;)).

— Let (mp,, ||-|ls,) be the set of compact operators :
mp, = {a S B(QA), ((1 — Pl)apl)* = 7P1a(1 — Pl) c GQ(ﬁA), (1 — Pl)a(l — Pl) = P1P1 = O}

Remark 6.15. As we consider operators in B($)4) we can replace 1 by II4 in the definition.
The map P p,
(mP17 ) — (%7P1)
a

dp,
! e*Pe

(6.100)
is differentiable and we have :
VA e mp,, dCDPI(Pl) A= [A,Pﬂ

This map
d®p, : mp, — {[4,P1], A€ mp, } = Ran(d®p,)

is invertible with inverse

d®,! 1 v € Ran(d®p,) > [v, P1] € mp,.
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This proves that in a neighbourhood of Py, the corresponding part of .# is the graph of some function Fp,.
Indeed, if we see the set
PO+ &3(Hr) = Pr + Ga(Hr)

as an affine space with associated vector space G2($),), then we have

2(94) = mp, & Ran(d®p,) & {u € S5(94), Pru(l — P) = (1 — P)uPy = 0},
We decompose any Q € Gy($4) with respect to Ran(d®p,) @ (Ran(d®p,))* :
Q = v[P1; Q] + w[Py; Q] € Ran(d®p,) & (Ran(d®p,))".
In a neighbourhood Vp, of Py, the set Vp, N .# is a portion of the graph of
Fp, :v € Ran(d®@p,) = P +w([Pp; el P PP — pi] € P + (Rand®p, )t

— Thus for any P, € ., there exists a neighbourhood Vp, > P; such that .# N Vp, is a manifold with
Tp, # = Ran(d®p, ). To conclude . is a proper manifold, it suffices to compare the neighbourhood of .# (or
prove that .# is connected) : for Py, P3 € .4, we use Remark and write Ps = eAPje™* with A € mp,.
Then it is clear that the map
(%7 Pl) — (%7 P3)

P - eAPe=4

is an isometry and that its differential t(P;, Ps) is an isometry that maps Tp,.# onto Tp,.#. The map t €
[0,1] = etAPe 4 € 4 links Py and Pj.
Moreover the map

‘I(P17P3) .

A{Pe, |P-Pls<l} — wmp
' P = A
is locally invertible around P; with (local) inverse ®p,.

More generally, we can prove that the restriction of ®p, to the a € mp, with [jal|s < 7 is one-to-one : it
suffices to consider the spectral decomposition of a and link spectral subspaces with rotations.

Lp,

O
Proof of proposition (6.2

Remark 6.16. 1. We recall that if P, and P, are two projectors such that P; — P» is Hilbert-Schmidt, then
Ac Bl — Ac &t and Trp (A) = Trp, (A). (6.101)
2. For any A € B and any projector P we have :
[[A,P],P]=(1— P)AP + PA(1 - P). (6.102)
If we restrict Egpr to 4, using (6.101) and (6.102) we get that for (P,v) € T.# :

dE€8pp(P) - v =Trp(IxDp_po Hpv) = Trp([IIaDp_po Ia, P], Plv). (6.103)
We write Q =P —P°, w = X(—0,0)(ITaD@IIx) and I = P — 7. We have :

PHADQHA(l — P) = (ﬂ' + F)HADQHA(l — T — F),
=T — HADQHAF + FHADQHA(l - 71') - FHADQHAF.

Thus
[TIanDgIIp, P, P] = IaDQIA|T + T|IIA DIl | — 2TTIA DQIIAT. (6.104)

We have :
[TADQIIA[* = HA(D°)? + o (A BoIIa D + DI\ Bolly ) + o (I Bolly)?

2
< HA(DO)Q(l + a||HABQHAinv(D°)IIB) ;

2
< A (D)2 (1 + aK]|Vo 725 15 + | Ro A5 )
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0

We have I' = (P —P°) + (PY — ) € 6? ($A)- So the following holds :

|| aDQUA T |, < E(A)2[ ID°|Y*T[ls, (1 + a(y/ D(pa, pq) + IID°]/2Qls,))?,

and
2
ITTIADQIAT |6, < 2|| [T DA |Y?T |, < 400

6.4.2 On the manifold .#, : Propositions [6.3], [6.4] and [6.5|

Proof of Proposition (6.3
Let Py, P, € .#¢ such that ||P, — Pi||g < 1. Thanks to Theorem [6.4] we know that P, can be written as
Py = eAPie where A € B($),) is antiunitary and

PLAP, = (1 — P)A(1 - Py).

— Taking into account the C-symmetry we can say more : thanks to (6.15)) we can follow the proof of Proposition
with P° replaced by P;. This gives
CAC = A. (6.105)
Indeed there exist J C Z* with —7 = J and (e;) e in HY such that
1. (ej); U (Cej); is an orthonormal basis for Ran(P, — P),
2. foralljeJ,j>0:Pej=0and Pe_; =e_j,
3. each 4-dimensional space Span(ej,e_;, Cej, Ce_;) is spanned by four eigenvectors f; L Cf_; with eigen-
value sin(f;) > 0 and f_; 1 Cf; with eigenvalue —sin(6;).
Then A is defined as follows :
A=Y 0;(leg) (el = le—j){es] = [Ce—y)(Ce| + |Cej) (Ce )
JjET
It is easy to check (6.105) from this formula. Reciprocally, let A € mp be an antiunitary map satisfying (6.105)).
Then we know that e Pe=4 € .#. Moreover we have —CeAC = —e?. Tt follows that
—C(eAPe™* — P)C = Ce*C(—CPC)Ce AC + CPC,
— A= (Ily = P))e™ + (I, — P),
= I\ +e*Pe A 41y — P=e*Pe 4 - P.

In other words e Pe~4 € .#¢. Thus ®p, (c¢f (6.100)) is a local isomorphism from (mp,,0) to (.#, Py), and its
restriction

q)% . mcgl — %Cg
P a — e*Pe®
is well-defined and is a local isomorphism from (m§ ,0) to (.#«,P). There remains to prove that for any

Py, P, € My, there exists an isometry of Go, that maps m;‘fl onto m;‘fz. If ||Py — P2||p < 1, this isometry is given
by
(]595(P1,P2) X e 62(53/\) — eXp(Lpl(Pg))Xexp(—Lpl (PQ)) S 62(5"_')1\)
The restriction is :
¢w(P1, Ps): X € m§ s exp(Lp, (P»)) aexp(—Lp, (P2)),

indeed, as CLp, (P;)C = Lp, (P2) we have Cox (P1, Py;a)C = ¢ (P1, Po;a). If ||PL — Py||g = 1 then we can write

K

Py— P =2 (lax){ar| — |Cax)(Car]) + 7(Py, P2),
k=1
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where (ax)r U (Cag) is an orthonormal family which is orthogonal to Ran~y(Py, P») and ||v(Py, P2)||g < 1. We
also have P;Cay = Cay and Piar = 0. We define

K
Po = P+ Z (|ak><ak| — |Cak><Cak|) € My,
k=1
K
U = Z (|Cay)|ar) — |ar)(Cax|) € U($Ha).
k=1

Then ||P2 — P12HB < 1and U12P1U1*2 = —U9P U5 = Py5. Moreover

€ €
Mp,  — Mp,

O%, Py Pys _
e a U12aU121

is well-defined and is an isometry. Indeed, as CU12C = —Ujs, we get that
CUlganQlC = Ulga,Ul_Ql.
This proves the isometric isomorphisms

Ga($n) = Ga(Hr)  — Ba(Ha),

¢% (P1,P12) ¢ (P12,P2)
€ = € = €
my, — mf — mf, .
¢ (P1,P12) ¢ (P12,P2)

So .#¢ is a submanifold and the characterization of the tangent planes follows from that of .Z.
— Let us show that .# is invariant under the flow of E3pp : it suffices to show that for any P € .#, the
gradient VESp(P) (¢f (6.37)) is in Tp.#e. For a C-symmetric state P, we write Q := P — P2,

That the density pg vanishes is clear from and the fact that for any 1 € $§, and r € R? we have
|Cy(x)]? = [¢(z)|?. From (6.4), we get that for —CQC = Q there holds :

'r7
~CQC(a,1) = Qi) 50 — CRoC(w.1) = Rolovy) = Tt
As —CDYC = DY, it follows that :

—C(D° + alpg * i1 — Rq))C = —C(D’ — aRq)C = D’ — aRq. (6.106)

We remark that [II5,C] =0, and CPC =1 — P and C(1 — P)C = P. Thus

—C[[MIADqIx; P]; P]C = —C(PIADQIA(L — P) + (1 — P)IIy DolIz P)C
= (1= P)(—TIACDqCIIA) P+ P(—TIACDqCII,) (1 - P)
= (1 = P)TIADQTIA P + PIIADTIA(1 — P)
= [[HADQHA;P];P].

Proof of Proposition Let ¢ : ¢t € [0,1] — ¢(t) € .#% be a continuous map such that ¢(0) = 0 and
lle(1)||s = 1. By Theorem and Proposition any c(t) has the following form :

c(t) =Y NN O = 15 O) S5O+ L (ONCF—5 (0] = [CLHO){f5()])
jEN
N(t)

+ > (la(){a;(8)] = Ca;(£))(Cay (1),
j=1

where (a;); U (Caj); U (f;); U(Cf;) is an orthonormal family and (\;); is the sequence of positive eigenvalues
lesser than 1. Each plane Span(f;, f—;) (resp. Span(Cf;, Cf_;)) is spanned by e; € Ran(P?) and e_; € Ran(P?)
(resp. Ce_; € Ran(P?) and Ce; € Ran(P?)).
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Let to be inf{t € [0,1], |lc(t)|lz = 1}. For any ¢ € [0,1] and any p € o(c(t))\{1,0}, 4| DimEZ(zt)Q. In
particular, for ¢t < ty the number

J(e(t) =Dim @ B is divisible by 4.

1
§<;1,§1

By continuity, J(c(t)) is divisible by 4 for any ¢ : the variations of J follow the variations of the A/s (\; equals

sin(Cv;, Ce,) in the notations of Theorem . Such an eigenvalue is associated to 4-dimensional spaces of type
2

Span(f;, f—;,Cf;, Cf_;) and each of them has a basis made of four eigenvectors in E/C\(gt) .

Thus 4| J(c(1)) and for any unitary ¢ € RanP}, there is no continuous path in M¢ that links 0 and
Qy = V) (Y] — |Cy)(Cep|. It is then straightforward to prove that for any v € #«, if 4| J(v) then there exists
a path that links 0 and +y else there exists a path that links @}y and . O

Proof of Proposition [6.5
A direct computation shows that for any v € L? :

Cl){9|C = [CP)(Cyl. (6.107)

By Theorem [6.4, for 1 € o(7) N (0, 1), there exist N € N and N orthogonal planes IT,, . .. ny such that
EL=E 6B, - P
2 n —p &
1<j<N

where each plane is y-invariant with |, = [v_)(v_| —|e_)(e—| with Pv_v_ and P%e_ = e_. The expression of
its eigenvectors fy and f_ are written in (6.95), where e € RanP? is chosen such that v_ = cos(f)e_+sin(6)e .

As C is isometric, then necessarily E;Iz is C-invariant, and CH{L is some plane ﬁfl in EZ; , Y-invariant (there
holds p = sin{((le,Ee_)). Let us show that IIJ, # ﬁﬁ Indeed, using (6.95) this would imply that Ce_ = e'®1e,
and Ce, = e'?2e_ for some ¢1, 2 € R and

—(ICe-){Cer| +[Cey)(Ce|) = [e-){et| + les)(e.

In particular there would hold —e*(#1=%2) = 1 that is ¢; — ¢ = 7[27]. However C is an involution so C%e; = e,
and e(91=92)e = e, : this gives ¢1 — ¢ = 0[27] and contradicts the previous result.

Thus the two planes are different and the 4-dimensional space V), they span is C and ~-invariant : EZ; =

1
V., @ W,,. By induction over Dim W,,, we get that 2NV is divisible by 4, that is N is even. We obtain % such V,,,
written V7.

In each Vj, let uf L ug be two unitary eigenvectors associated to p. Thus Cu§ L Cu? are two eigenvectors

. 1
associated to —u. We use Theorem to decompose V] =11 & I° with

Vx € {a,b}, I, = Span(u},u* ;) = Span(ej,e* ;)

yui; = +pul, Pley; = 0.

We may assume (6.95]) holds for both planes. Our aim is to prove that up to a phase, Cul; = ubi. A priori there
exist ¢o, ¢1, P2,0 € [—m, m) such that

Cu§ = €' cos(B)u® ; + €'?* sin(f)u’ ;,
b __ i(p1+ .3 a 1 + b
Cub = —€'(P1+90) sin(G)u ; 4 '(@2790) cos(A)ul ;.
We may assume cos(),sin(f) > 0. Using (6.95)), and writing ¢, = é1. + ¢o, k € {1,2}, we get
Cef = —e'?t cos(f)e® ; — "2 sin(f)e’ ;, | Cel = it sin(f)e? ; — €% cos(6) i

et
Ce?; = €% cos()e? + e/ sin(B)el, | Ce; = —e'1 sin(f)e? + e’ cos(6)el.
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Applying C to Ce§ we get

i SIN(20)

e; = fal'(al_‘lh)(sin(ﬁ)2 — ¢i(#2=01) cos(0)?)e} — e — (ei(‘”_gl) + 1)62.
Thus sin(f) = 1 and ¢; — ¢ = 0[27]. This gives :
E.= & ViandVj=1II% &CI®
u? = EBN poand Vi =10, ; @ CLL 5, (6.108)
1<i<%
where each IIY, ; and CHZJ is a spectral plane described in Theorem O
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Chapitre 7

Sur le para-positronium et le
dipositronium

The positronium and the dipositronium in a mean-field model of
quantum electrodynamics

Abstract

The Bogoliubov-Dirac-Fock (BDF) model is a no-photon, mean-field approximation of quantum electrody-
namics. It describes relativistic electrons in the Dirac sea. In this model, a state is fully characterized by its
one-body density matrix, an infinite rank nonnegative operator. We prove the existence of the positronium, the
bound state of an electron and a positron, represented by a critical point of the energy functional in the absence
of external field. This state is interpreted as the ortho-positronium, where the two particles have parallel spins.

o —

FIGURE 7.1 — Spectre du para-positronium
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7.1 Introduction and main results

7.1.1 The Dirac operator

Relativistic quantum mechanics is based on the Dirac operator Dg, which is the Hamiltonian of the free
electron. Its expression is [Tha92] :

3
Dy :=mec*f — ihcz a0y, (7.1)
j=1
where m, is the (bare) mass of the electron, ¢ the speed of light and A the reduced Planck constant and 8 and
the ;s are 4 x 4 matrices defined as follows :

Idee 0 0 oy .
= E 1,2
e (M0 Y (2 ). se 0

(01 (0 —i 10
T=\10) 27\ 0 )1 0)
The operator Dy acts on the Hilbert space ) :
§ = L*(R?*,C*); (7.2)

it is self-adjoint on § with domain H!(R3 C*). Its spectrum is o(Dg) = (—00, mcc?] U [mec?, +00), which leads
to the existence of states with arbitrary small energy.

Dirac postulated that all the negative energy states are already occupied by "virtual electrons", with one
electron in each state : by Pauli’s principle real electrons can only have a positive energy.

In this interpretation the Dirac sea, composed by those negatively charged virtual electrons, constitutes a
polarizable medium that reacts to the presence of an external field. This phenomenon is called the vacuum
polarization.

After the transition of an electron of the Dirac sea from a negative energy state to a positive, there is a real
electron with positive energy plus the absence of an electron in the Dirac sea. This hole can be interpreted as the
addition of a particle with same mass, but opposite charge : the so-called positron. The existence of this particle
was predicted by Dirac in 1931. Although firstly observed in 1929 independently by Skobeltsyn and Chung-Yao
Chao, it was recognized in an experiment lead by Anderson in 1932.

7.1.2 Positronium and dipositronium

The positronium is the bound state of an electron and a positron. This system was independently predicted
by Anderson and Mohorovi¢i¢ in 1932 and 1934 and was experimentally observed for the first time in 1951 by
Martin Deutsch.

It is unstable : depending on the relative spin states of the positron and electron, its average lifetime in
vacuum is 125 ps (para-positronium) or 142 ns (ortho-positronium) [Kar04].

Here we are interested in positronium states in the Bogoliubov-Dirac-Fock (BDF) model.

In a previous paper we have proved the existence of a state that can be interpreted as the ortho-positronium.
Our aim in this paper is to find another one that can be interpreted as the para-positronium and to find another
state that can be interpreted as the dipositronium, the bound state of two electrons and two positrons. To find
these states, we use symmetric properties of the Dirac operator.

7.1.3 Symmetries

— Following Dirac’s ideas, the free vacuum is described by the negative part of the spectrum o(Dy) :

P = X (=00,0) (Do).

A correspondence between negative energy states and positron states is given by the charge conjugation C
[Tha92]. This is an antiunitary operator that maps Ran P° onto Ran(1 — P?). In our convention [Tha92] it is
defined by the formula :

Ve € L*(R3), Ci(x) = ifagih(x), (7.3)
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where ¢ denotes the usual complex conjugation. More precisely :

(a1 @1
o ||| % (7.4)
2 —s
(o @51
In our convention it is also an involution : C* = id. An important property is the following :
Ve L2 Vz e R3, |Cy(2))? = [¢(2)]?. (7.5)
The Dirac operator anti-commutes with Dy, or equivalently there holds
—CDyC™! = —CDyC = Dy.
— There exists another simple symmetry. We define
I, = (Id?cz _13‘32) € Chx4, (7.6)

This operator is —i the time reversal operator Ly [Tha92, 2.5.7] in £, interpreted as a unitary reprsentation of
the Poincaré group.
It acts on the spinor by simple multiplication, furthermore we have 12 = —Id and

Ran P = Ran(l - P°)
P(x) —  Li(z)

s -

Similarly we have —I;DoI; ! = I, Doly = Dy.
— To end this part we recall that SU(2) acts on $ [Tha92]. Writing a = (a;)3_, and

1 1/0 0
::—'h L:: = —— = — .
p ihV, XAp, S 4oz/\oz 2<0 a’)’ (7.7)

we define
J=L+8S. (7.8)

The operator L is the angular momentum operator and J is the total angular momentum. From a geometrical
point of view, —iJ gives rise to a unitary representation of SU(2) in $ by the following formula :

€_i0J'w¢($) — e—iSww(R;’b)’
V0 € [0,47),Vy € H,Vw € §?,

where Ry, o € SO(3) is the rotation with axis w and angle 6.
As each S; is diagonal by block, it is clear that this group representation can be decomposed in two represen-
tations, the first acting on the upper spinors ¢ € L?(R3, C?) and the second on the lower spinors x € L?(R3, C?) :

- ()

In [Tha92 pp. 122-129] it is proved that Dy commutes with the action of SU(2), thus the representation can
also be decomposed with respect to Ran P? and Ran (1 — P?).
From an algebraic point of view, there exists a group morphism ®gy : SU(2) — U($H4) where U($)) is the
set of unitary operator of $). We write
S := ®gy(SU(2)). (7.9)

The irreducible representations of ®gy are known and are expressed in terms of eigenspaces of J2, S. The proofs
of the following can be found in [Tha92, pp. 122-129.
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The operators J2,J3, K all commute with each other, and J2, K with Dy. Moreover K commutes with the
action Pgy.

We have $, C L?(R3) ~ L?((0,00),dr) ® L?(S?)*, and J, L only act on the part L?(S?).

Restricted to L%(S?)*, we have

F@) = {JG+1), je g+, (7.10)

and for each eigenvalue j(j + 1) € o J2, the eigenspace Ker (J2 —J(j+ 1)) may be decomposed with respect to
the eigenspaces of J3 and S. The corresponding eigenvalues are

1. m; = _j7_j+17"' 7j_1aj for J37

2. kj = :I:(j + %) for S.
The eigenspace ,,, ., of a triplet (j,m;, x;) has dimension 2 and is spanned by @;‘,‘LMJ, 1o
respectively a zero lower spinor and zero upper spinor.

mj,K;?

which have

Lemma 7.1. For each irreducible subrepresentation @5y of sy, there exists

(J,e,2 = [21 : 22],a1(r),a2(r)) € (% +Zy) x {+,-} x CP! x (SL2(<0,OO),CZ7"))2,

such that the representation ®gy is spanned by ¢ (x) defined as follows :

Vo =rw € R ¢(x) := z1ral(r)®"

w) + zoras(r)®~
j,a(j+§)( )+ zras(r)

JeG+3)
Remark 7.1. We recall that for any Hilbert space  and any subspace V' C §, we define SV as the unitary vector
inV :

SVi={z eV, ||z|y =1}

We will use this notation throughout this paper.
We prove this Lemma in Section [7.4]

Remark 7.2. An irreducible subrepresentation of ®gy is characterized by the two numbers (4, ;). Indeed, the
irreducible representations of SU(2) are known : they can be described by homogeneous polynomials, and for
any n € Zy, there is but one irreducible representation of dimension n + 1, up to isomorphism.

In the case of ®gy, the two cases k; = £(j + %) are different but isomorphic.

Notation 7.1. An irreducible subrepresentation of ®sy spanned by an eigenvector of J? and K with respective
eigenvalues j(j 4+ 1) and e(j + %) will be refered as beeing of type (j,e) (where ¢ € {+,—}).

Notation 7.2. Throughout this paper we write Proj E' to mean the orthonormal projection onto the vector space
E.

7.1.4 The BDF model

This model is a no-photon approximation of quantum electrodynamics (QED) which was introduced by Chaix
and Iracane in 1989 [CI89], and studied in many papers [BBHS98al [HLS05al, [HLS05b), [HLS07, [HLS09, [GLS09,
Sok14b).

It allows to take into account the Dirac vacuum together an electronic system in the presence of an external
field.

This is a Hartree-Fock type approximation in which a state of the system "vacuum plus real electrons" is
given by an infinite Slater determinant ¥; A A---. Such a state is represented by the projector onto the space
spanned by the 1);’s : its so-called one-body density matrix. For instance PO represents the free Dirac vacuum.

We do not recall the derivation of the BDF model from QED : we refer the reader to [CI89, [HLS05a, [HLSOT|
for full details.

Remark 7.3. To simplify the notations, we choose relativistic units in which, the mass of the electron m,, the
speed of light ¢ and & are set to 1.
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Let us say that there is an external density v, e.g. that of some nucleus. We write a > 0 the so-called fine
structure constant (physically e?/(4mweghc), where e is the elementary charge and gy the permittivity of free
space).

The relative energy of a Hartree-Fock state represented by its 1pdm P with respect to a state of reference
(P° in [CI89, HLS05al) turns out to be a function of Q = P— P°, the so-called reduced one-body density matrix.
We emphasize that this procedure is mathematically ill-defined : we substract an infinite energy to an infinite
energy.

A projector P is the one-body density matrix of a Hartree-Fock state in Feec iff P — P is Hilbert-Schmidt,
that is compact such that its singular values form a sequence in ¢? [HLS05a, Appendix]|.

An ultraviolet cut-off A > 0 is needed : we only consider electronic states in

9= {f €9, supp f € B(0,A)},

where fis the Fourier transform of f.
This procedure gives the BDF energy introduced in [CI89] and studied in [HLS05al [HLS05b].

Notation 7.3. Our convention for the Fourier transform .# is the following

o~

VI e L®). i) = g [ S,

Let us notice that $, is invariant under Dy and so under PP.

We write 11 for the orthogonal projection onto £, : I is the Fourier multiplier ﬂfle(O,A)ﬂ.

By means of a thermodynamical limit, Hainzl et al. showed that the formal minimizer and hence the reference
state should not be given by IIy P° but by another projector P2 in $, that satisfies the self-consistent equation
in H [HLSOT] :

PO —1 = —sign(DY),
N A1C et [ ) (r.11)
2z -yl

We have P? = X(_oo,0)(D"). This operator D° was previously introduced by Lieb et al. in [LS00]. In $, the
operator D° coincides with a bounded, matrix-valued Fourier multiplier whose kernel is Sﬁk C 9.

Notation 7.4. Throughout this paper we write
m = inf o (|D°)) > 1, (7.12)

and
PY =15 — P = X(0,+00) (D). (7.13)

The resulting BDF energy £fpp is defined on Hartree-Fock states represented by their one-body density
matrix P :

N ={PeB($1), P*=P>=P, PP e &(Ha)}.

We recall that B()a) is the set of bounded operators and that for p > 1, &,($4) is the set of compact
operators A such that Tr(|A|P) < +oo [RS75, [Sim79]. In particular G ($4) is the set Comp($5) of compact
operators.

This energy depends on three parameters : the fine structure constant o > 0, the cut-off A > 0 and the
external density v. We assume that v has finite Coulomb energy, that is

D(v,v) := 4 ”|(k|g dk. (7.14)
R3
The above integral coincides with  [[ %dxdy whenever this last one is well-defined.

R3 xR3
Remark 7.4. The same symmetries holds for P° and 732 : the charge conjugation C and the operator Iy maps
RanPY onto Ran PY. Moreover thanks to [Tha92l pp. 122-129] we can easily check that D° also commutes with
the action of SU(2) and with the operators J? and K.
This results is proved in the Appendix.
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7.1.5 Minimizers and critical points

For P € .4, we have the identity
(P-P2)2=Po(P -POPY —P2(P-PYP € 6. (7.15)
The charge of a state P is given by the P°-trace of P — P, defined by the formula :

Trpo (P —P) := Tx(P° (P — P°)P° + P (P - P°)PY), (7.16)
= DimRan(P}) N Ran(P) — DimRan(P°) N Ran(1 — P). (7.17)

A minimizer over states with charge NV € N is interpreted as a ground state of a system with IV electrons, in the
presence of an external density v

The existence problem was studied in several papers [HLS09, [Sok14bl [Sok13] : by [HLS09, Theorem 1], it is
sufficient to check binding inequalities.

The following results hold under technical assumptions on « and A (different for each result).

In [HLS09], Hainzl et al. proved existence of minimizers for the system of N electrons with v > 0, provided
that N—1< [v.

In [Sok14b|, we proved the existence of a ground state for N = 1 and v = 0 : an electron can bind alone in
the vacuum. This surprising result holds due to the vacuum polarization.

In [Sok13], we studied the charge screening effect : due to vacuum polarization, the observed charge of a
minimizer P # PY is different from its real charge Trpo (P —P2). We also proved it is possible to keep track of
this effect in the non-relativistic limit o« — 0 : the resulting limit is an altered Hartree-Fock energy.

Here we are looking for states with an equal number of electrons and positrons, that is we study E3pp on

A= {P N, Trp (P-P)=0}. (7.18)

From a geometrical point of view .# is a Hilbert manifold and 3 is a differentiable map on .# (Propositions

and [7.4)).
We thus seek a critical point on .#, that is some P € .#, P # P° such that VES L (P) = 0.

In [Sok14d], we have found the ortho-positronium by studying the BDF energy restricted to states with the
C-symmetry :
Pe# st. P+CPC=Idg,. (7.19)

We write .#4 the set of such states. We will seek the para-positronium in the set .#Z s of states having the
Is-symmetry.

Definition 7.1.
My = {Pc .M st. P+I,PI;' =P 1Pl =1dg, }. (7.20)

Equivalently P € .# if and only if Q := P — PY is Hilbert-Schmidt and satisfies
-LQIL = LQL = Q.
We seek a projector P "close" to a state Py that can be written as :
Po= P2 + [l W | = [}y |, PLy- =0. (7:21)
To deal with the dipositronium, we impose an additional symmetry : we define # C .#¢ as follows.

Definition 7.2.
W ={Pe Mg, YU ES, UPU™" = P}. (7.22)

Equivalently

PeW < Q:=P—P° satisfies —CQC=Q and UQU ' =Q, YU €8S.
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Those sets Ay, # 7, # have fine properties : they are all submanifolds of .#, invariant under the gradient
flow of E3pp (Proposition .

However while .#4 has two connected components, .# , has only one connected component and # has
countable connected components. So we may find critical points by searching a minimizer of the BDF energy
over the different connected components of % . For the para-positronium, a critical point is found by an argument
of mountain pass.

Proposition 7.1. There is a one-to-one correspondence between the connected components of # and the set
Z3[X] of polynomials with coefficients in the ring Zo x Zs.

Let P be in W . The vector space F, := Ran PN Ran?’?r has finite dimension and is invariant under ®gy.
We decompose it into irreducible representations.

The projector is associated to ﬁ‘;l te X with t; = (te1;te,—1) if and only if for any j € % +7Zy :

=t 1 1[2].

1. The number bj 1, of irreducible representations of E1 of type (j,+) satisfies bj 1, ;
— 2 N - 2 9 - 2 b

2. The number bj,l . of irreducible representations of Ey1 of type (j, —) satisfies b

30— i—3.=1 " i—3,—1
Notation 7.5. The symbols # and Y denotes respectively ¢ and C or .# and ;.

Furthermore the different connected components of # are written #,, x) with p(X) € Z3[X].

To state our main Theorems, we need to introduce the mean-field operator.

Notation 7.6 (mean-field operator). An operator Q € ¥ is Hilbert-Schmidt and we write Q(z,y) its integral
kernel. Its density pg is defined by the formula

Vr € R, pg(z) := Tres (Q(x,x)), (7.23)
we prove in the next Section that it is well-defined. The mean-field operator Dg\) associated to @ in the vacuum
is :

1
DY =11, (po +alpg * - Ti(f ;))) (7.24)

Theorem 7.1. There exist cg, Lo, Ag > 0 such that if
a < ag; alog(A):=L < Ly and ATl < Aal,

then there exists a critical point P = Q + P° of EYpp in My that satisfies the following equation.
0 < pr<m, Fu € Ker(DSY = 1), P = X000y (DL) + [t00) (Yl = [Letba) (Isthal- (7.25)

As a tends to 0, the upper spinor of Uxthg := N3/?9,(A(-)) with X := % tends to a Pekar minimizer.
— We recall that the Pekar energy is defined as follows

Vo e HY, Epr(¥) = VIIZ. = D(j0 [¥I7).
The infimum over SL? N H' is written Epr(1).

Theorem 7.2. There exist Ly, Ag > 0, and for any j € % + Z, there exists aj such that if
a < aj; alog(A) =L < Ly and A™' < AyY,

then there ewists a minimizer Pyxe = Q + P° of E%DF over the connected component of Wyxe, with t €

{(1,0),(0,1)}.

Moreover there exists 0 < pg,+ <1 and ¢ € Ker(Dg\) — MO,t) such that
Py xto = X(~00.0) (D) + Proj Bsy (1) — Proj ®sy(C).

Any upper spinor @ of ¥ € ®sy (1) can be written as

J
Vo =rw, € R &= ra(r) Z em(p)@T em (@) € C.

S 1o
) m,e(jo+73)
m=—j

202



Furthermore, as o tends to 0, the function Uxa(r) = A\3/2a(\r) tends to a minimizer of the energy &, xt, over
SL2(Ry,r?dr) N HY (R, r2dr) :

Eoxeo (f(r)) = Te( = AProj @sy(rf(r)®] _))) — [Proj Psu (rf (1)@ )l (7.26)

In particular, the dipositronium corresponds to the case by = jo — 5 =0.

Notation 7.7. The minimum is written E{'¢,,
over Wy xio—1/2.

Notation 7.8. For tX* € Z2[X] as in Theorem [7.2} (t) € {+, —} denotes + if t = (1,0) or — if t = (0, 1).
Remark 7.5. We expect the existence of minimizers over any connected components of # (associated to p(X) €
73]X]), provided that « is smaller than some o, x).

for the non-relativistic energy and Ej . for the BDF energy

Remark 7.6. The non-relativistic energy can be computed :

—+oo

Eoxo (f(r) = (2j0+1) / [P217 02 + Go + e3) (o + 1+ £3) ()| dr
—Hmz\f )1 (r2) Py ey (11, 72),

vacolriors =[] (S @ e o)

()2 mimg  VEUOTR)

(@ e ).

S ——. m1,e(jo+73)

(7.27)

It corresponds to the energy
Enr(D) :==Tr(— AT) — |T[|3x, 0<T <1, T € & (H'(R?,C?))
restricted to the subspace

Fjorety) = {I, I'* = r2=r, Ran(fI)SU)| irreducible of type (jo,e(t))}.

T

This subspace is invariant under the action of ®gy and it is easy to see that it is a submanifold of {I‘, r* =
I'?2 =T, TrI‘—Qjo—i-l}
The subspace 7, <

The energies can be estimated.

t)) is invariant under the flow of &,,.

Proposition 7.2. In the same regime as in Theorem the following holds. The critical point P of the BDF

functional over My satisfies
2m

€% pp(P) = 2m + - Epr(1) + O(a?). (7.28)
91(0)?
Furthermore the minimizer Py, over Wyxe, satisfies :
o 2
Eppr(Pe,) = 2(2jo + 1) + 702 txto + O’ K (jo))- (7.29)
1

Remark 7.7. The Pekar model describes an electron trapped in its own hole in a polarizable medium. Thus it is
not surprising to find it here. We recall that there is a unique minimizer of the Pekar energy up to translation
and a phase in §7 (in C*).

The asymptotic expansion coincides with that of the ortho-positronium [SokI4d]. In fact, it can be
proved that the first difference between the energies occurs at order a?.
Notation 7.9. Throughout this paper we write K to mean a constant independent of «, A. Its value may differ
from one line to the other. When we write K (a), we mean a constant that depends solely on a. We also use the
symbol < : 0 < a < b means there exists K > 0 such that a < Kb.

We also recall the reader our use of the notation SV for any subspace V' of some Hilbert space that denotes
the set of unitary vector in V.
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7.1.6 Remarks and notations about D°

DO has the following form [HLS0T] :

DY = go(—iV)B — icx (—iV) (7.30)

v )
=l
V|

where go and g; are smooth radial functions on B(0, A). Moreover we have :
Vp € B(0,A), 1< go(p), and [p| < g1(p) < Iplgo(p)- (7.31)

Notation 7.10. For alog(A) sufficiently small, we have m = go(0) [LLI7, [SokI4b].

Remark 7.8. The smallness of a is needed to get estimates that hold close to the non-relativistic limit.
The smallness of alog(A) is needed to get estimates of D : in this case DY can be obtained by a fixed point
scheme [HLS07, [L197], and we have [Sok14bl Appendix A] :

90(0) = 0, and [|go[lz=, g5 [~ < Kex

7.32
gt — 1l < Kalog(A) < & and lgf |z~ < 1. (7:52)
7.2 Description of the model
7.2.1 The BDF energy
Notation 7.11. For any ¢,¢’ € {+,—} and A € B(94), we write
A= = POAPY,. (7.33)
Notation 7.12. For an operator ) € G3($4), we write R the operator given by the integral kernel :
Q(z,y)
Ro(x,y) == .
o(z,y) iz~

Definition 7.3 (BDF energy). Let a > 0,A > 0 and v € §'(R?) a generalized function with D(v,v) < +oc.
For P € . we write Q := P — P% and

Elpr(Q) = Trps (D°Q) — aD(pg,v) + 5 (Dlpa:pa) — IQIR,)-
|

2 (7.34)
Vi € B plo) i= Tres Qe ). Q1. = [ T doay,

where Q(z,y) is the integral kernel of Q.
Remark 7.9. The term Trpo (DOQ) is the kinetic energy, —aD(pq, V) is the interaction energy with v. The term
%D(p@pg) is the so-called diract term and —%HQH%X is the exchange term.

Let us see that formula is well-defined whenever Q is P°-trace-class [HLS05al, [HLS09).

0 0
6?’ and the variational set L The set 6?’ of PY-trace class operator is the following Banach space :
P _—
61 = {Q S 62(~6A)7 Q++aQ S 61(51&)}’ (735)
with the norm
QI 7o = Q" e + 1Q™ Flle. + 1@ e, + Q™ Ils,- (7.36)
1

0 0
We have A4 C P° + Gf’ thanks to (7.15)). The closed convex hull of .4 — P° under Gf’ is

K:={Qe& (94), Q" =Q, ~P° <Q <P}
and we have [HLS05al, [HLS05D|
VQeK, @*<Qt—Q .
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The BDF energy for Q) € Gf’ We have
PYUDQ)PY = —|DP°|Q™~ € &1($Ha), because |D| € B(H4),

this proves that the kinetic energy is defined.
By the Kato-Seiler-Simon (KSS) inequality [Sim79], @ is locally trace-class :

V¢ e CF(R?), ¢llx € 63 50 ¢Q¢ = ¢lIAQ¢ € &1(L*(R?)).
We recall this inequality states that for all 2 < p < oo and d € N, we have
Vf,g € LP(RY), f(2)g(=iV) € 6,(H4) and || f(2)g(=iV)|ls, < 2m)7||fl|zollgllLr-

It follows that the density pg of @, defined in (|7.34)) is well-defined. By the KSS inequality, we can also prove
that ||pgllc £ K(A)||Q] »o [GLS09, Proposition 2.
&7

1
By Kato’s inequality :

— <

1 s

the exchange term is well-defined.
Moreover the following holds : if a < %, then the BDF energy is bounded from below on K [BBHS98a)
HLS05b), [HLS09]. We have

VQo € G2(9n). EBpr(Qo) > (1 - a ) Tr(IDV[Qof?). (7.38)

Here we assume it is the case. This result will be often used throughout this paper.

Minimizers For @ € K, its charge is its P -trace : ¢ = Trpo (Q). We define the Charge sector sets :

VgeR? K9:={Q €K, Tr(Q) =q}.

A minimizer of Efp over K is interpreted as the polarized vacuum in the presence of v while a minimizer over
charge sector N € N is interpreted as the ground state of IV electrons in the presence of v, by Lieb’s principle
[HLS09, Proposition 3], such a minimizer is in .4 — PY.

We define the energy functional Egpp :

Vq e R, Efpp(q) == inf {E5pr(Q), Q € K}, (7.39)

We also write :

Koy :={Q €K, Trpo (Q) =0, —=YQY ' =Q}. (7.40)

0
Proposition states that this set is sequentially weakly-* closed in 6?‘ (HA)-

7.2.2 Structure of manifold
We consider
¥ ={P—P°, P*=P?=PeB($), Trpo (P —P%) =0} C G3(2).
and write : 4 =P + ¥ = {P, P*=P?=P, Trpo (P—P°) =0}.
We recall the following proposition, proved in [Sok14d].
Proposition 7.3. The set . is a Hilbert manifold and for oll P € A,
Tpsl ={[A,P], Ac B(Hpr), A* = —A and PA(1 — P) € G3($Hr)}. (7.41)
Writing
mp :={A € B(Hr), A*=—-A, PAP=(1—-P)A(1—P)=0 and PA(1 — P) € G2(9Hr)}, (7.42)

any Py € M can be written as Py = eAPe=4 where A € mp.
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The BDF energy Efpp is a differentiable function in 6? ($HA) with :

{ VQ.6Q € &) (D), dfpp(Q)-6Q = Trpo (Dg..6Q). (.43
Dq, =D+ a((pg — v) Tl\ - Rg).
We may rewrite as follows :

¥Q.0Q € &) (9n), d€pr(Q) - 6Q = Trpo (Ia Do, T1ASQ) (7.44)

We recall the mean-field operator Dg\) is defined in Notation

Proposition 7.4. Let (P,v) be in the tangent bundle T.# and Q = P —P°. Then we have [[lIyDgllx, P], P] €
Tp# and :

A% (P) - v = Tr([[Dé?A)7 P|, Pl v). (7.45)

In other words :
VP e, VEYpp(P) = [[LIaDglla, P], P]. (7.46)

Remark 7.10. The operator [[IIn DIl P], P] is the "projection" of IIy DgoIIx onto Tp.#Z .

In [Sok14d|, we proved that .#¢ is a submanifold of .#. We recall that the notations %', Y are specified in
Notation [T.5l

Proposition 7.5. The sets 4y and # are submanifolds of .#, which are invariant under the flow of E%pp.
The following holds : for any P € My , writing

m% ={acmp, YaY ™! =a}, (7.47)

we have
Tp My ={[a,P], a cmP} ={veTpd, —YoY ' =uv} (7.48)

Furthermore, for any P € .Mz we have pp_po = 0.
For P € W, the same holds with

m}) = {aemf, VUES, UaU ' =a},
Tp# = {la,P], acwm}}.

Remark 7.11 (Lagrangians). The operator I; induced a symplectic structure on the real Hilbert space (£, Re(-, -)g):

vfag € fJAa wl(fvg) = 9:{e<fv Isg>

The manifold .Z_ is constituted by Lagrangians of wr that are in ..

We end this section by stating technical results.

7.2.3 Form of trial states
The following Theorem is stated in [HLS09, Appendix| and proved in [Sok14d].

Theorem 7.3 (Form of trial states). Let Py, Py be in A and Q = Py — Py. Then there exist My, M_ € 7
such that there exist two orthonormal families

(a1,...,anm,) U (€)ien in RanPY,

(a—1,...,a-m,)U(e—;)ien in RanP?,

and a nonincreasing sequence (\;)ien € €2 satisfying the following properties :

1. The a;’s are eigenvectors for Q with eigenvalue 1 (resp. —1) if i > 0 (resp. i <0).
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2. For each i € N the plane II; := Span(e;,e_;) is spanned by two eigenvectors f; and f_; for Q with
etgenvalues \; and —X\;.

3. The plane II; is also spanned by two orthogonal vectors v; in Ran(l — P) and v_; in Ran(P). Moreover
Ai = sin(0;) where 0; € (0, 5) is the angle between the two lines Cv; and Ce;.

4. There holds :
My M_
Q= lai)(ail =Y la_i){a—il + Y N (£l = 1f-)(F-5D)-
i i JEN
Remark 7.12. We have

Q++—Z\az az|—|—Zsm 2le;) (e;],

jeN (7.49)

_:—Z\a,i Z|—Zsm 2le—j){e—;l.
i

JjEN

Thanks to Theorem it is possible to characterize states in .#» and # . We restate a proposition of
[Sok14d] and add the case of I.

Proposition 7.6. Let v =P — P be in Mzy. For —1 < <1 and X € {v,7?}, we write
X _
B} = Ker(X — p).

Then for any p € o(v), YE) = EZ Moreover for |u| < 1 if we decompose E & E—u into a sum of planes 11
as in Theorem[7.3, then

1. If Y =1, then we can choose the I1’s to be Is-invariant.

2. If Y = C, then each II is not C-invariant and Dim E}) is even.

2
Equivalently Dim EZZ 1s divisible by 4. Moreover there exists a decomposition

2 1 1
ve o . L a a
Ep= & VijandV,; =10, &CIy
1<j<+
=2

where the I}, ;’s and CII}, ;’s are spectral planes described in Theorem-

7.2.4 The Cauchy expansion

In this part, we introduce a useful trick in the model. The Cauchy expansion is an application of
functional calculus : we refer the reader to [HLS054, [Sok14b| for further details.
We assume @y € S, with
al||[P°V2Qo|s, < 1. (7.50)

We recall the following inequality, proved in [Sok14b]

VQo € G2, [|Roy et lid, < 1QUE < [[ Ip+dllQ(p. 9)Pdpda, (7.51)

From now on, we only deal with (¢ whose density vanishes : pg, = 0. The mean-field operator D! 0) is away

from 0 thanks to . Indeed, there holds

2 1/2 * 1/2
‘HARQOHAl < |V| / |v|1/2RQ0RQO |V|1/2 |V‘ /

< |9l e Ra 13
< TV 1Qolx < ID° Qo2
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thus

A
D] 2 P°](1 = oK [[Qollx)- (7.52)
The Cauchy expansion gives an expression of
A _
% = X(—o0.0) (D)) — P := .

We have [HLS05a]

X(—o00) (DS)) = P2 = % ; %(aHARQnHA)WHA (7.53)
We also expand in power of Y[Qo] := —aIIpRg 4 :
7 —PY = Y o/ M;[Y[Q]],
v Jfli /+oo do_ (Yn L )j. (7.54)
27 J_o DO +iw DO + jw

Each M;[Y[Qo]] is polynomial in ITy Rg,IIx of degree j.

By using , the decomposition is well-defined in several Banach space, provided that a|Qo||rx is
small enough.
— First, integrating the norm of bounded operator in , we obtain

[0 — P25 < ]| Qollex < 1.
— We take the Hilbert-Schmidt norm [HLS05a), [Sok14b] : we get
ol < allQollmx- (7.55)
~ We take the norm [||D°'/2(-)||s, we get the rough estimate
D 2y0lle, < min(vZal|Qollex, all Roulls, ) + a*[[Qollfy (7.56)

Remark 7.13. The same estimates holds for the differential of Qg — 7o, for sufficiently small . As shown in
[Sok14b], the upper bound of each norm is a power series of kind

oo 4
ol < @l MY QNI + D Ve (K1 Qollex)”.

j=1
In the case of the differential, we get an upper bound of kind
+o00 , .
ldyoll < lIMY [Qo]]l| + Y 5%/ %a? (K| Qollex)”-
j=1

The power series converge for sufficiently small || Qol/gx-

— It is also possible to consider other norms, using from the fact that a (scalar) Fourier multiplier Fi(p — q) =

F(—iV; +1iV,) commutes with the operator R[] : Q(z,y) — % We can also consider the norm

10112, := [ wp - a)(E () + E (0))|Qo(p, ) *dpda,

where w(-) > 0 is any weight satisfying a subadditive condition [Sok14b] :

Vp.g €R®, Vuwp+q) < K(w)(vVw(p) + Vw(g)).
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7.3 Proof of Theorems [7.1] and [7.2]

7.3.1 Strategy and tools of the proof : the dipositronium
Topologies

The existence of a minimizer over % x: (with t € Z3) is proved with the same method used in [Sok14d].

We use a lemma of Borwein and Preiss [BP87, [HLS09], a smooth generalization of Ekeland’s Lemma [EkeT4] :
we study the behaviour of a specific minimizing sequence (P,),, or equivalently (P, — P° =: Q,)n.

This sequence satisfies an equation close to the one satisfied by a real minimizer and we show this equation
remains in some weak limit.

Remark 7.14. We recall different topologies over bounded operator, besides the norm topology |||z [RS75].
1. The so-called strong topology, the weakest topology T such that for any f € £, the map

B(Hr) — Ha
A — Af

is continuous.

2. The so-called weak operator topology, the weakest topology T... such that for any f,g € $, the map

B(ﬁA) — C
A = (Af,g)

is continuous.

0
We can also endow G?’ with its weak-* topology, the weakest topology such that the following maps are
continuous :

PO
CH — C
Q = Tr(A@+Q )+ 4(QT +Q7T))
V (Ao, A2) € Comp($Ha) X G2(Ha).

0
Lemma 7.2. The set KY,, defined in (7.40)), is weakly-+ sequentially closed in 6?’ (H7)-

Remark 7.15. This Lemma was stated for % = € in [Sokl4d|. For % = .# the proof is the same and we refer
the reader to this paper.

The Borwein and Preiss Lemma

We recall this Theorem as stated in [HLS09] :

Theorem 7.4. Let M be a closed subset of a Hilbert space H, and F : M — (—oo,+o0] be a lower semi-
continuous function that is bounded from below and not identical to +o00. For all e > 0 and all u € M such that
F(u) < inf g +€2, there exist v € M and w € Conv(M) such that

1. F(v) <infp+e?,

2. Jlu—v|n < Ve and |lv—w|ly < Ve,

3. F(v) +¢|v—wl|}, =min {F(z) + e[|z —w|3, z€ M}.

— Here we apply this Theorem with H = &2(Ha), M = #,x) — P° and F = EJpp.
0

The BDF energy is continuous in the 6?’—n0rm topology, thus its restriction over ¥ is continuous in the
S5 ($Ha)-norm topology.

This subspace H is closed in the Hilbert-Schmidt norm topology because ¥ = .# is closed in G5($H4) and
& 1 — PP is closed in 7.

Moreover, we have

Conv(Zyx) — P0) € KL,
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— For every n > 0, we get a projector P, € #,x) and 4, € K9 such that P that minimizes the functional
F,:Pe& 1 Epp(P—PO) +¢|P—P° — An\|262.

We write ~
Qn:=P,—P°, I :=Q,—A,, Do, =1x(D"—aRg, +2nT,)11,. (7.57)
Studying its differential on Tp, %', we get :
[DanPn] =0. (7.58)
In particular, by functional calculus, we have :
[ﬂ'i, Pﬂ} =0, 7T; = X(—oo,O)(DQn)' (759)
We also write _
71';;_ = X(0,+00) (DQ,’]) =1l — 7777' (760)

We decompose )5 as follows (here R means Ran) :

9 = R(P,) NR(w;) & R(P,) NR(w3) & R(ILy — P,) \R(x;) BRI, — P) NR(x}).  (7.61)

We will prove

1. Ran P N Ran 71'; has dimension 25 + 1 and is invariant under ®sy, spanned by a unitary 1, € Ha.

2. As 7 tends to 0, up to translation and a subsequence, ¢, — ¢, # 0, @, — Q. There holds P;, = Q+P° €
Wy(x) Va is a unitary eigenvector of D%‘) and

Q+P° = X(—00.0)(DS) + Proj bsu (i) — Proj Bsu(Ceta), (7.62)

where Proj E means the orthonormal projection onto the vector space E.

In the following part we write the spectral decomposition of trial states and prove Lemma [7.2]

Spectral decomposition

Let (Qn)n be any minimizing sequence for E{'C(; ., for jo € % +Zy.
Thanks to the upper bound, Dim Ker(Q,, — 1) = 1, as shown in Subsection
There exist a non-increasing sequence (\;.,)jen € £2 of eigenvalues and an orthonormal family B,, of Ran Q,, :

B, := (tn, Ctbn) U (el €5, Cetrr, Cel ), POapy, = PPel,, =0, * € {a, b}, (7.63)

—=jn

such that the following holds. We omit the index n.

L. For any j, the vector spaces V}, := ‘bSU(e]*;n) are irreducible, and so is Vo, 1= Pgu(¥n).
2. That last one is of type ({o,e(t)) (see Notation [7.8)).

3. Moreover for any j € N we write :

e . :=—Ce? and e’ , := Ce?,
J —J J (7.64a)

Ve .= (ESU e‘ij and VEJ = (I)SU e’ij.

* — [1=X; e* e 14+ e*
f] 2 —J 2 77 (7.64b)

g1y = =y e,
and
VjezZr, F} = osu(f]). (7.64c)
The trial state @,, has the following form.
Qn = ProjVy, —ProjCVy, + Z AjQjm
i>1 (7.64d)
¢jmm = ProjFj" —ProjF2; + Proj F;? — Proj Ffj.
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Remark 7.16. Thanks to the cut-off the sequences (¢,,),, and (e;.,), are H'-bounded. Up to translation and
extraction ((ng)r € NN and (z,, )r € (R*)V), we can assume that the weak limit of (1), is non-zero (if it were
then there would hold E;, .t) = 2m(2j0 + 1)).

We can consider the weak limit of each (e,) : by means of a diagonal extraction, we assume that all the
(€jne (- — Tny ))& a0d (¢ 1, (- — @n, ))&, converge along the same subsequence (ny ). We also assume that

Vi €N, Njn — iy, (115); € %, (u;); non-increasing, (7.65)

2

and that the above convergences also hold in L{

and almost everywhere.

7.3.2 Upper bound and rough lower bound of £ .

We aim to prove the upper bound of Proposition The method will also give a rough lower bound of
Ejo -
Notation 7.13. We write :

Cjo) := j2 su N [
Go) =38 s 10,1l

where the functions ¥ L1 are defined in [Tha92, p. 125] : they are the upper or lower spinors of the & s

m,joty 0

For Ej; -¢), we only consider t € {(1,0); (0,1)} and £(t) is defined in Notation
— We consider trial state of the following form :

@ = Proj @sy(¢¥) — Proj ®su(Cv)),
where ®su (1) is of type (o + 3,2(t)) and P+ = 0. For short, we write
Nw = PI"Oj (I)SU(1/)) and Ncw = PI‘Oj (I)SU(Cﬂ})

The set of these states is written Vﬂtg(lo.

bound. The BDF energy of @ € V/tg(go is :

We will prove that the energy of a particular @ gives the upper

2Tr(|D°|Ny) — || Ny || 3 — aRe Tr(Ny R[Ncy)). (7.66)

— We will study the non-relativistic limit o — 0.
— To get an upper bound, we choose a specific trial state in % x¢,, the idea is the same as in [Sok14bl [Sok14d] :

the trial state is written in (7.69)). Before that, we precise the structure of elements in W&,@O.

Minimizer for E{'y, By an easy scaling argument, there exists a minimizer for the non-relativistic energy

El'%e, (7.26). The scaling argument enables us to say that this energy is negative. Then it is clear that a

minimizing sequence converges to a minimizer I', up to extraction. Writing
Hy:= —-A — Ry,
this minimizer satisfies the self-consistent equation
[HpT] = 0.
This comes from Remark In particular, Hy restricted to RanI" is a homothety by some —e2 <0, so
Ve € RanT, ¢l =1, |A%] 2 < |Rpvllee S [T eell V1V 20 12,

and we get
3/4 = . —=14/3 .
A3 < T s d-e A%z < [ITIRS < (240 + 1)/,

~

The last estimate comes from a simple study of a minimizer for EY'y, : we have

Tr( - AT) - ZTx(|VIT) < &,,(T) <0,
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thus Tr( — AT') < j¢ and Tr((—A)’T) < jg/Q.
We end this bootstrap argument at |||V|3¢| 2 for ¢ € Rant) : we have

2 (191, ek + By,

11V[2¢ll2 < AT s, + IVT e, < Jo'°.

V[P =

Trial state We take the following trial state. First, let T = Projrag(r)¥ 1 be a minimizer for E7'¢,, .
Jo,jo+e(t) 3 tX*o
We form

N+ := Proj &gy PﬂU,\—l (rag (7")(1)+

7.67
jo,s<t>uo+%>) (7.67)

where we recall that

- 9’;(:1)2 and Uq¢(z) == a®*¢(ax), a > 0.

This corresponds to dilating T' by A~! and projecting the range of the dilation onto RanP9. Of course I' €
&1 (L2(R?,C?)) is embedded in &;(L?(R?,C? x C?)) as follows :

T <g 8) € &1 (L*(R3,C? x C?)).

Then we define o o
N_:=CN_C'=CN_C. (7.68)

Our trial state is o o
N:: N+_N7. (769)

Upper bound for E;, 1 We compute EJpp(N).
Before that, we study a general projector Proj ®gy 1) where P21 = 0 and ®gy ¢ irreducible of type (jo,e(t)).
As an element of Ran 772, the wave function v can be written

o-(2)

As it spans an irreducible representation of type (jo,e(t)), we can choose

Vo =rw, € R®, o(x) := ia(r)¥’ 1 (wg), a(r) € L*((0,00),rdr),
Jote(t)3

where we used notations of [Tha92, p. 126]. This corresponds to taking

Y :=Plra(r)®*t

, e =¢€(t).
joﬁ(jo+%) (®)

We recall the following formulae of [Tha92, pp. 125-127] (with w : z — ‘”“7‘)
{S Lia w}=—-a wandioc - w¥™, =" . (7.70)
VES JF35
This gives
; ((\4)) m
i(1+ %IT‘)I)G(T)\I’J-O+E%
AL (9, (a(r) + (o + )42y wm

Pla(r)@* = %
m 1
Jo—€y 7.71
( (U, 7
. Jotes

m.e(t) (jot )

2

ai(sajOET)‘Iﬂ,n 1
Jo—€3
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We write Op := f;,g‘nvv')‘ : the following holds.

N

T (Ny R[Ney])|

3 sup 0T 1 7 |l laray (e do, )IIE
Jotyg

C(jo)D(lat/%510p - 0, (a(r)|? + 310p - r~ta(r) ),
Clo) (I, BV = Remo (o, ¥).

(7.72)

NN

In fact, we have Tr(NyR[Ncy]) > 0 by direct computation.

Let us deal with | Ny |3, .
Notation 7.14. We write P} the projection onto the upper part of C? x C? and P| the projection onto the lower
part. That is : P44 has no lower spinor and the same upper spinor as 1.

Similarly,
[Nyl = 1Py Ny Pyl = Tr(Py Ny P Ry, ) 4+ Tr(P Ny Py Ry,
+ | Py Ny Py || Ex,
. . 2 ‘V|3/2 2
< Rem(jo, ) + CUo) IV L |55l 22
=: Remi (jo, V).
For the trial state ([7.69)), this gives :
_ . 3. .5/3
1N+l = 11PN P + O(C o) (0o + a5 )
am —
= — |ITE. (1 +O(||Ve]3.
5/2
+O(I 25913 (1555 ¢l 22 + V9[132)),
am —
= T3,
. .5/3 . s -4s/3 .2/3 . s -4s/3
+0[CG) (0% + it (@™5") (0255 + | nf_ (a*5) ).

We compute the kinetic energy as in [Sok14bl [Sok14d]| : we get

2

T (|D°[V,) = g? (g)gm — AT) (1 + Ka) + O(a'Tr((A)T)),
= O (- AT) 4 0(a + '),

This proves

Ejye(e) < 2m(2jo +1) + 228 %, + O (o(a jo))
4s .45/3))). (773)

SN . 3. 4 :5/2 . 3.5/3 . 4s +4s/3 2 .2/3 .
o(a, jo) == a’jo + iy’ + C(Jo)(a Jo +0gslf§(a o ) (@?hy"” + 2_32£S1(0¢ Jo

First, by Kato’s inequality (7.37)), we have
T
||N¢, — NCTZJ”%JX < 5TI‘(|V|(N¢ + Ncw)) = 7TTI‘(|V|N¢).

So
EBpr(Q) 2 2(Tr(1D°INy) — S Tr([VING) ) =2 2((2jo + Dm + F(N).

As a tends to 0, a minimizer over V/tg(go should be localized in Fourier space around 0. Indeed, for a, L sufficiently
small, we have
~ 2 _ 2 2 2
Vpe BOA), Bp)—m= PO AT P
E(p)+m 2[|gol| = | Dol
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and for any 0 < s < 2:

2

P an ast||go||Lee
2> 5—|p| &= |p| = =: .
MaolemiDol = 52 P 7 VI—(astllgollL=)?

We get,
2]:(1_[191]\71111_[191) < gl%DF(Q) - 2(2j0 + 1)m'

By Cauchy-Schwartz inequality, we get a rough lower bound
Tr(— Ally, NyIly, ) < ®(2jo + 1) and ERpp(Q) — 2(2jo + 1)m = —a®(2jo + 1).

For an almost minimizer (), the same argument shows that

—A Q%) < a*(2jo +1). (7.74)

Tr(|DO|

A precise lower bound is obtained once we know that there exists a minimizer P;,. This state satisfies the
self-consistent equation (7.62)) : see Subsection [7.3.5]

Remark 7.17. The same method can be used to get an upper bound of E™. for any p(X) = 25(’:0 t, X’ By

3 nr p(X)
scaling we have Ep(X) < 0.

7.3.3 Strategy of the proof : the para-positronium

The method is more subtle because .#Z s has only one connected component. We first consider the subset
M, defined by :
My ={Py =P+ )] - L) (Isy|, ¥ € SRanPY }. (7.75)

Lemma 7.3. Let Fy be the infimum of the BDF energy over .4 ,. Then we have

2 EPT(I)m

Fg>2m—«
91(0)?

+0(a®). (7.76)

We will prove the existence of a critical point in the neighbourhood of .# via a mountain pass argument.
In this part, we aim to prove the following Proposition.

Proposition 7.7. 1. In the regime of Theorem there exists a bounded sequence in My — PO of almost
critical points : (Qn = P, — P°),, such that

a2m

. 0 o . 0 _ _ 3
Er_{_lw”vgBDF(Pn)”bz =0 with Egpp(Qn) =2m g, (0)2 Epr(1) + O(a”).

n

Furthermore, for sufficiently big n, there exists 1q;, such that

Chasn = Ran P, NRan X(o,400) (DS — VESpr(Pn))

and P, = X(—00,0) (DEQA) - VE%DF(PTL)) + |¢a;n><¢a;n| - ‘Is¢a;n><Iswa;n|-

n

2. Up to a subsequence and up to translation the sequence tends to a critical point Qs of ESpp in My — PO
Moreover, writing P = Qs + P2, there exists 0 < u < m and 1, € SHA such that

P = X(co00) (DY) + ta) (Wal — Lstha) (Istbal,
Ciby = Ker(DY) —p), (7.77)

infa(|D82|) 73
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Proof of Proposition : first part For any ¢ € SRan Pg_, we define :

0,1 — Ay —P°

Vs o [sin(ms)i + cos(ms) L) (sin(ms) + cos(ms)Th| — [l (I. (7.78)

Remark 7.18. The loop ¢, + PV crosses .4}, at to = & where the BDF energy is maximal :

sup ElgDF(C(S))'
s€[0,1]

Indeed, there holds

Eppr(c(s)) = 2sin(ms)*(|D°W, v) — asin(xs)? [D (Y], [¥[*) + cos(2ms) D (¢* I, ¥*1s)],

and the derivative with respect to s is :

L &8pr(c(s0)) = 2msin(2mso) (D, ) — $[D(6P2, [6?)
+(sin(mso)? — £ cos(2msg))aD (@b*lsi/)ﬂl)*lsw)])

For sufficiently small «, this quantity vanishes only at 27sy = 0[n].

What happens when we apply the gradient flow ®ppr ; of the BDF energy ? The loop ¢, is transformed into
¢t == Pppr.¢(cy) and we still have
c(s=0)=c¢(s=1)=0.

This follows from the fact that P? is the global minimizer of £Jpp.
We recall that for all s € [0, 1], the function c;(s) satisfies the equation

d
Vi € Ry, %(Cto(s)) = —V&Rpr(cr,(s)) € T, (s)+p0 M-

The non-trivial result holds.

Lemma 7.4. Let Py € //} be a state whose energy is close to the infimum F g4 :

Let ¢y, be the loop associated to v (see (7.78)) and ¢, := ®ppr(cy). Then for allt € Ry, the loop ¢, crosses the
set MY at some 5(t) € (0,1).

Lemma 7.5. Let (¢;)i>0 be the family of loops defined in Lemma and let (s(t))i>0 be a family of reals in
(0,1) such that

Vit >0, Eppplals(t)) = SL[gpl}E%DF(ct(s)).
s€|0,

Then there exists an increasing sequence (t,)nen the sequence (¢, (s(tn)))n>0 satisfies the first point of Propo-
sition [771

We prove Lemmas [7.3] and [7.4] in Subsection [7.3.6f We assume they are true to prove Lemma [7.5 and
Proposition [7.7}
Remark 7.19. The proof of Lemma [7.4] uses an index argument. We kept it elementary but it is possible to

rephrase it in terms of the Maslov index [Fur04] once we notice that I induces a symplectic structure and that
the projectors in .# s are Lagrangians (see Remark [7.11)).
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Spectral decomposition of P, We define

Fy = liminf Egpp(ci(s(t))) = lim inf sil[tl?uggDF(Ct(s))'

We assume (t,,)n>0 i a minimizing sequence for Fy.

We may assume that lim,, . ¢, = +00.
— First we prove that along the path ¢; the gradient VE3,p (see ) is bounded in &,. Indeed, for all
P=Q+7P° c.#, we write

Q =P — X(—o0,0) (IaD@IIL),

We recall that D(QA) =II7\Dglly -

Vébor(P) = [[D8,P].P] = {IDg": @} - 20D57Q.
IVER b (P)le: S IIQlle.E (A) [(1—|-||QH62)(1+”Q“H62)} (7.79)
S KA F +a).

We have used the Cauchy expansion ([7.54]) to get an expression
A =
X200 (DG) = PL = 3" a* My[Y[Q)]
k=1

where M;[Y[Q]] is a polynomial function of ma RgIls of degree k. We refer the reader to these papers or to

(7.53)-(7.51) above for more details.
From formula (7.79) and Remark we see that the gradient, as a function of @ is locally Lipschitz, at

least in some ball {Qo : |||D°'/?Qo|ls, < Co} in which there holds
inf o (|Dg, ) > K(Co),

where Cj is some constant. The Lipschitz constant depends on the constant Cy and in the present case, we can
take Cy < 1.
Let us prove that
lim [[VEgpr(cr, (5(tn)))lle, = 0. (7.80)

n—-+oo

If not, the lim sup is bigger than some 7 > 0 and then we get a contradiction when we consider ng large enough

such that
n

|1 = Eppr (e, (5(tny)))| < 1 and [[VEppp (er,, (s(tn)))les > 3,

because

V7 >0, Expp(cr,,+r(s(tn,)) — Expr(cr,, (s(tny))) = —/0 IV EBDE (Ct,y+u) (51, )1, du.

— We recall that the gradient at P € .# is the "projection" of the mean-field operator onto the tangent plane
Tp.#, in the sens that

VveTps#,PDy(l—P) e Sy and
Te(PDg(1 — P)v + (1 — P)DgPv) = Tr(VES L)

Notation 7.15. For short, we write

Qn = ¢, (s(tn)) and P, := Q,, and v, := VERpp(Qn).

Moreover, we write
oy ~ A
Dq, = Dq, — vy and T_;, 1= X(—o0,0) (Dé?n) — vn).
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We have shown that lim,,_, { o ||vp||e, = 0.
But as v, is an element of the tangent plane Tp .#, we have

[[’l}n,Pn],Pn] = Py (1= Pp) + (1 = Py)va Py = v,

thus
([0 = v B]. Pa] = 0.
Equivalently, we have
(DY), Py] = (1~ P.)DY) P, — PuDYY (1~ Py) = 0. (7.81)

Thus the projector P, commutes with the distorted mean-field operator EQW. We recall that
. S(A A
hrrlnHDégn) - Dégn)Hﬁz = 0;

and thus up to taking n big enough, we can neglect the distortion v, : all its Sobolev norms tend to zero as n
tends to infinity thanks to the cut-off.
— Thanks to Lemma we have the following energy condition :

2m + O0(a®) < Fy < E3pp(Qn) < Fi + a2 = 2m + O(a?).
Using the Cauchy expansion (7.53))-(7.51)), we have
D127 i = PO)le, < VELa|Qullx < VL.

Thus we get
H@nlle: = 1P = T—nlle.| < IP2 —7_inlls, S VL

As IN)Qn and P, commutes, then necessarily ||P, — 7_.,[|&, is an integer equal to twice the dimension of
Ran P, NRan (1 —7_,,).
But we know that

2m

1
m||Qnll&, < Tr(IP°1Q) < ———=EBpr(Qn) <

=2 .
[—af m + O(«)

—_ oL
1—af

Then the above dimension is lesser than 1 and it cannot be 0 because of the energy condition
Ebpr(Qn) > Fy >2m — Ka® > VLa.

This proves the first part of Proposition We have Ran P, NRan (1 — 7_,,) = Ctpy.,, where 1y, is unitary.

It is an eigenvector for 158\;3 with eigenvalue p,,. From the equality :

N Iswa;n(x7 y)|2
|z — y

~ a an

we get 0 < u, < m. We end the proof as follows.

Proof of Proposition : second part We follow the method of [SokI4d]. We recall the main steps and
refer the reader to this paper for further details.
— The idea is simple : we must ensure that there exists a non-vanishing weak-limit and that this weak-limit is in
fact a critical point.

Let us say that 9., is associated to the eigenvalue p,,.
— The condition of the energy ensures that the sequence (9g;n), does not vanish in the sense that we do not
have the following :

n z€R3

VA >0, limsup sup / [Ya:n]? = 0.
B(z,A)
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Up to translation and extraction of a subsequence, we may suppose that (Q,) (resp. (14.n)) converges in the
weak topology of H' to Qo # 0 (resp. 1, # 0). In particular these sequences also converge in L7 and a.e. We
recall that thanks to the cut-off and Kato’s inequality (7.37) , we have @Q,, € H'(R? x R?) with

~ E(A
I1D01u 5, < B ()] /2Qu3, < )

0
70”#4 5171113 5BDF(Qn)-

A similar estimate hold for (,.,). We also suppose that lim,, ft,, = fieo.

— As shown in [SokI4d|, the operator Rq, converges in the strong operator topology to Rg_ . Thanks to the
Cauchy expansion (|7.54)), we also have

. A A
By that strong convergence, we also have the weak-convergence of IN)&A)z/Jan to Dg\o)o 1, in L? and it follows that :

DY tha = poctba # 0.

— The condition of the energy ensures that for « sufficiently small, the 1,,,’s are close to a scaled Pekar minimizer :
for any n, there exists a Pekar minimizer ¢, such that

_ .
I — A280(A(DIBps < oK where A := A0
am

The constant K depends on the energy estimate of Proposition [7.7}
— Thanks to that, for all n, u, is an isolated eigenvalue of D(An), uniformly in n : we have

(C'(/)a;n = Ker(ﬁgi) - Mn)a

and ~
dist (,un; U(D(QAW))\{;L”}> > Ka?.

By functional calculus, we finally get the norm convergence of (Y45 )n to ¥, in L?.
— This proves that

S. hgn P, = X (—00,0) (D(QAO)O) + %a) (Yal = Is¥a) Is¥a| € A 5,

and ends the proof.

7.3.4 Existence of a minimizer for I, .

We consider a family of almost minimizers (P,, ), of type where (), is any decreasing sequence. We
also consider the spectral decomposition of any
Qn:="F,, — PO

For short we write P, := P,, and we replace the subscript 7, by n (for instance v, := 1, ). Moreover, we
will often write ¢ instead of £(t).

We study weak limits of (Qy,),. We recall that Q,, can be written as follows :

Ny, = P?rNer = Proj ®sy ¢, and N_,, = CN_,,,C, (7.82)
Qn = Nyin — Nojp + 7, Ran Ny, NKery, = {O} .
We can suppose
Yy = P?_an(r)q);hat, an(r) € SL*(R,, r2dr).
Remark 7.20. The functions ¢ € Ran Ny, are "almost" radial. We recall ([7.71)), giving
Va =rw, € R, (@) < [[9lleelsn(MI9F | [lze,
do (o +3) (7.83)
A5 (ro)|? = |(1 + BLTL)an| (r0) + | AHTH (Oran + £%)|(ro)2.
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In particular by Newton’s Theorem for radial function we have :

1 .
Vi € Ran Ny, 9|2 * W(I'O) < K(jo)

o]

— We first prove that there is no vanishing, that is

JA > 0, limsup sup / [¢ (x)|?dz > 0.
n z 3
* B(z,A)

Indeed, let assume this is false. Then using ([7.84)), it is clear that
||Ni;7l||]2'3x — Oa

and we get liminf E3pp > 2(2j0 + 1)m + liminf E3pp (1) > 2(2jo + 1)m,
an inequality that is false as shown in the previous section.

Thus, we have : Q,, = Q- # 0.

— As the BDF energy is sequential weakly lower continuous [HLS05bh], we have

Ejo e 2 g]%DF (Qoo ) .

Our aim is to prove that Q. + P% € #; x¢, : in other words that Q. is a minimizer for Ej e

[

(7.84)

The spectral decomposition ([7.82)) is not the relevant one : let us prove we can describe P, in function of the

spectral spaces of the "mean-field operator" l~)Q : the first step is to prove (7.88) below.
7.61).

We recall that Q,, satisfies Eq. (7.58)), that we have the decomposition (
Using (7.74), we have for all ¢ in SRan Ny, :

(Da, v, ) —m = ((ID°] =m)y, ¥) = ((aRq, + 2nTn)¥, ¥),

> —al|Qnllex V24| 2~
etan|Thlls, = —a?(2jo + 1).

Thus Ran P, NRan 7w’} # {0}.

— Let us prove this subspace has dimension 2jy + 1 : we use the minimizing property of @,,. The condition on
the first derivative gives (7.58). The estimation of the energy (from above and below) obtained in the previous

section gives this result. Indeed, using the Cauchy expansion and the method of [SokI4b], we have

\/ Tr(‘DOh/gac;n) S O‘(”QnHEX + nTL”FnHGz) S Vv La\/ OéjO,

Yvacn = X(*O0,0) (5Qn) - 739

(7.85)

The Cauchy expansion is explained in (7.53)-(7.54) below, we assume the above estimate for the moment (see

(7.56)).
We write Q, = N,, +7,, : there holds

1N, = 1QnllE, | S L2a(2jo + 1)
As 2(2jo + 1) < [QullE, < 2(2j0+1)(1 - a7r/4)71, then necessarily
[IN211E, = 2250 + 1)| S (2o + 1),
and for « sufficiently small, the upper bound is smaller than 4. This proves

Dim Ran P, NRan7’} = 25 + 1.
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Remark 7.21. There exists a unitary 14, such that
®sy Ya;n = Ran P, NRan 7'y

We can assume that tq;, € Ker(Js — jo). Then we have

Ny := Proj ®sy thaum — Proj ®sy Cthgin. (7.87)
Equivalently writing ¢, := Ct)qy, there holds ®gy ¥y, = Ran (1 — P,) NRan=w™.
— We have :
P,, = Proj ®guy Yg.n, — Proj sy tym + 7. (7.88)
We thus write
Qn =N, + Yvacyn - (789)

As Ran P, is 5Qn invariant and that BQW is bounded (with a bound that depends on A), necessarily

D, Wain = HnWain, Hn € Ry
As in [Sok14d], studying the Hessian we have
m — fin, + 21, > 0.
— As for 9, there is no vanishing for (¢, ), for « sufficiently small : decomposing ¢4 € Ran P, :
Yy = aan + ¢, ¢ € Ran P, NRann”,

we have L
la? > ;(m +{Dq. |9, ¢) — K(a*jo +m|Tulls.))-
Provided that p,, is close to m, the absence of vanishing for 1),, implies that of ¥g..
By Kato’s inequality (7.37) :
D3, = [D°|(1 - 2a|Rq, [D°| " || — 4ma||Twl|5)ID°|
> D°(1 - al|Qullex — 4mlITalls,)

Thus
|DQn| > |DO|(1 — o Qnllex — 277n||Fn||62) and p, > 1 — K(QQjO + 0l Tnlle,)-

In the same way we can prove that
lptn —m| < 0‘2.70 + nlTnlls,

So
Yan — tha # 0.
— We decompose Yyaen = 7 — P € #y — P2 as in (7.64) : using Cauchy’s expansion (7.53))-(7.54)), we have
1 [ dw 1
n 0
— = — — (2n, Iy, — allpRg, 11 2n, ') =—1I4. 7.90
" — P2 27r/700 DO—H'w(n” » —oallpRg, A + 21, n)DQn+iw A ( )

To justify this equality, we remark that |5Qn| is uniformly bounded from below, it follows that the r.h.s. of
(7.90) is well-defined provided that o < avj, :
AR, I} < [V[[@nl < a(2jo + 1)IV] < a(2jo + 1)ID°.

We must ensure that a/a(2jo + 1) is sufficiently small.
Integrating the norm of bounded operator in (7.90)), we obtain

I72 = P2ls < al|@nllex + mallulls, < 1.
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We also expand in power of Y,, := —allpRg, IIx + 2n,I',, as in (7.54)

n 0 — j .
™~ — P_ = ; Oz]M] [Yn] (791)
J>
We have
Nvacnlles < allQullex + mlTalle, < o (7.92)
We take the norm |||D°|Y/2(-)|s, :
D1 *Yoaeinlles < VLa|Qnllex + mnlTnlls, < L' ?ajo. (7.93)
— We thus write
Yvacn = ZAj;an;na
j>1

where gj., has the same form as the one in (7.64).

Up to a subsequence, we may assume all weak convergence as in Remark (7.16)) : the sequence of eigenvalues
(Ajsm)n tends to (p;); € €% and each (e},,)n (With « € {a,b}) tends to €}, (ein)n tends to 1. We can also
assume that the sequence (p, )y tends to g with 0 < g < m.

Notation 7.16. For shot we write v, := Ct),.

Furthermore, we write P := Qoo + P2 and 7 := X(_OQO)(D(A) )

Qoo’/*
— We will prove that
(A) _
1. [Dy),P] =0,

2. D(QA;U)Q = p1p, and so TP, = 0.
Moreover Dg\i Ctpg = —pCt), and (Cthg , ¢q) = 0.

7 = P — Proj ®sy(,) + Proj sy (Cyp,) =: P — N. (7.94)

These results follow from the strong convergence
s. lim RQn = RQ(X)' (7.95)

This fact enables us to show

limy, Ro, Yaim = Ro_th in L2,

s.op. lim, (7" —P2) =7 — P2 in B(Ha),

w.op. lim, P, =7 — P° + Proj ®sy 1, — Proj sy, in B(H4),
limy, Yg;n = Y in L2,

(7.96)

Remark 7.22. We only write in this paper the proof of

L? L?
RQn¢a;n n—>—+>oo RQm¢a and ¢a;n n—>—+>oo ¢a-

The convergence in the weak-topology can be proved using the same method as in [Sok14d]. For the first limit
this follows from the convergence of Rg, in the strong topology. For the proof of this fact and of the strong
convergence of Yyqen = % — PP, we refer the reader to [SokI4d].

For Ry, , it suffices to remark that @, (z,y) converges in L?  and a.e.. To estimate the mass at infinity, we
simply use the term ‘xiyl in Q‘;(_zy?l’)
The strong convergence of Yyq¢:n follows from that of Rg, and the Cauchy expansion .

Then, assuming all these convergences, the convergence of @Q),, resp. [583, Pn] in the weak operator topology

to Qoo TESp. [Dg\ol,ﬁ are straightforward.
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Similarly, using ((7.95)), it is clear that
D

n—-+oo
and that N
DY v = b

To get the existence of minimizer, it suffices to prove that |[1,]|z2 = 1 or equivalently lim,, 4., = ¥, in L?.

— To prove the norm convergence of 1., to 14, we need a uniform upper bound of j,,, or precisely, we need the
following :
lim sup(m — py,) > 0. (7.97)

n
Indeed, we then get

«
(DO - Mn)wa;n = alg, Van — 2 'nta;m and e, =

50—, (B Vain = 20T ntain). (7.98)

Provided that (7.97)) holds and that we have norm convergence of R, 4., We obtain the norm convergence of
wa;n-

— To prove the norm convergence of Rg, e to Rg_ %,, we use the fact that the element of ®gy 1, are
"almost radial" (see in Remark [7.20)). We recall ((7.84)) holds. In the following, we write §Q,, := @, — Qx and
0Yn = Ya.n — P, and use Cauchy-Schwartz inequality : for any A > 0 there hold

0Qn(x K
[ | [REE Dy waf do < o
|z|>A A

lz =yl
0Qn(x 2 27 0Qn (z,y)|?
/ ’/ y ¢a;n(y)dy‘ dx < *<|V|¢a;n, wa;n> Mdl‘dlj
|z|<A |z -y 2 |z —y

B(0,A)x B(0,24)

2
|6QnH262||wa,n”2L2

+ ﬁ|
Thus
lim sup||R[Qr, — Qoo]Vainllrz = 0.
Similarly
— 0 (y)dy| dv < A”QooHCzH Unll7= + 2 %Hm ||QDO||EX7
|z|>A r—yl y| A—
Quwo(z,y 2 0Qn(z,y
[ &= 5] ar < 29160, 50n) BCnl ) 4
|z|<A |z — yl B(0,A)% B(0,2A) |z —yl
2
+ 5 QoI 109 172,
and
limsup||Rq.. (Ya;n — ¥a)|lL2 = 0.
This proves that
Jim [|Rg, Yain — Rouvallrz = 0.
— Let us prove ([7.97)). We have :
2%in(2jo+1) = Tr f)QnNn),
= Tr E'Y'uac;nNn) - a”NnH%)U (7.99)

= g](B)DF(Qn) - 5](3)DF(7vaC;n) - %HNnHIQExv
< 2m(2jo + 1) — K(jo)o?

This upper bound holds provided that o < a;, thanks to the upper bound of Ej, . obtained in the previous
section.
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7.3.5 Lower bound of F;, +

Our aim is to prove the estimate of Proposition We consider the minimizer Qo, = N + Yyqc found in the
previous subsection. It satisfies Eq. (7.94]) where

P =P + Qoo and Yuae = X(—o00)(Diponsey) — P2 (7.100)

— The proof is the same as that in [SokI4bl [Sok14d] and relies on estimates on the Sobolev norms || |V|* N, | s,
where we write

N := Proj ®sy ¢ = Ker (D) — p). (7.101)
Using (7.101), we get
Tr(|D°PNy) = 2(2j0 + 1)p® + 2apTr(Ro Ny ) 4+ o*Tr (R N4,
< 2(2jo + Vi’ + 4o Qulle, [ VN4 s, + 407 Quells, VN4 I,

and provided that o < «,, we get

a?(2jo + 1)
Tr((-A)NL) < - . 7.102
(CAN) S T2+ 1) - 2ol =TT (7.102)
We have used Hardy’s inequality :
1 o,
THE < —Ain R°. (7.103)
We recall that
0 < lgollz~ — 1 < alog(A) and [|g}llz~ <
See ([7.32)) (or [Sok14bl, Appendix A| for more details).
Thus for sufficiently small a;, we have
Vi € SRan Ny, ||[Vo|2. < o <a? (7.104)
n ) ~ . S Q. .
i M 11— 402(2jo + 1) — 2]lgo| o [lgg |
— By bootstrap argument, we can estimate || AN, |ls,. We have :
Vi € SRan Ny, || |VI*/29]12: < o®\/2j0 + 1 and ||Av|L2 < (20 + 1)%/2. (7.105)
We prove this result below.
Furthermore, using the Cauchy expansion ((7.54)) and (7.51)), we get
‘ H |D0|1/2'7vac||62 S a||vN||62 + v LO‘HVvacHEx + O‘QHQOOH%X<||VNHG2 + ||’Vvac||EX)’
hence
D1 Yuac s, < a®y/2jo + 1. (7.106)

Now, if we assume ([7.105))-(7.106]), then we get

2

: o’m .
For a < o, EE;DF (Qoo) =2m(2jo+1) + g’(T)Q exto T (9(043[((]0)).
1

We do not prove this fact : the method is the same as in [Sok14bl [SokI4d] (in the proof of the lower bound of

E]%DF(l) resp. E171).
We just recall how we get (|7.105)).
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Proof of (7.105) We scale the wave functions of (7.104) by \ := % :

Vo e R®, Unp(x) = ¢(x) := N/ *p(\x),

and we split ¢ (resp. 1) into the upper spinor ¢ (resp. ) and the lower spinor x (resp. x). Thanks to (7.99),
we have
a?(m—p) = a 2m > K(jo) >0

provided that « is sufficiently small (o < o).
We write
VQo € 62, Qo :=UxQoUy " = UrQoUx-1.

For all ¢ in SRan/N,. we have

)\Q(Smg = ido-Vx+ a/\(RQ Q)T,
—iXo-Ve o - (7107)
X = AX(m+p) X (ngy)i
— We recall .
Qo € &3, [V, Boy) izt < [[ 10— al*lp + allQo (. @) Pdpda. (7.108)

This result was previously proved in [Sok14d] and follows from the fact that a (scalar) Fourier multiplier F(p —
q) = F(—iVy + iV,) commutes with the operator R[] : Q(z,y) — Q@) Then it suffices to use Hardy’s

|z —yl
inequality (7.103) :
1V, Ba Jul3: < 2% [[ |p = a|Quc (p, @) [Pdpdg x [V,

By Hardy’s inequality (7.103)) and ((7.108]), the following holds :

IXI&, < mazlVelE, +20%|Re vllE, < o
IVxI3, < 2008m)? + 207 | R b3, < O +a2(2io + 1),
1gls, < 2°mIVxlE: +20%(1[V, Rau]bllis + 11 Rau 12 V4)
= (5%)2 + (240 + 1) + a?(240 + 1)%/2, (7.109)
IAxIE, < 222(6m)2|Velie + 202(|[V, Ro. ] ¥lis + |1 Ro 2 Ve)?
= %LQ)Q + (240 + 1) + a2(240 + 1)3/2.

— There remains to estimate
fj |p - q|2|QO(pv Q)|2dpdq7 for QO = N and Yvac:

For Qp = N, we just have to estimate Tr(|V|2N+).
The case Qo = Yvac is dealt with as in [Sok14bl [Sok13] : by a fized-point argument (valid for a < a;,), we
prove that

. 1/2 .
{JJ Ip = aP1Teae(v @)Pdpda} < amin (JAN,, |72 N]ls.)-

Now, we can prove that
Tr(|VPPNy) < o2 (2j0 +1)°/2.

For a unitary 1 in Ran N, there holds

IV 2D)7. < p?(IVIe, ) + oK | [VV2¢] 12 | R ¥l 2

) (7.110)
+2 ([[Raw, IVI'219]l 22 + 2] Qoolles [ [V[*2]]22) "

Similarly, in Fourier space we have :

|7 (1Ro..[912:p.0)| < Ip = | Re.. (. 0)]
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and by Hardy’s inequality
I (Raw V12101122 < [[ Ip - dll G (0. @) 2dpda [V 32 < Te(IVIQL) V92
Substituting in (7.110), we get
(IVI*%, ¥) < a®?V/2jo + 1, hence Tr(|V]*Ny) € o®3(2jo +1)*/2.
7.3.6 Proof of Lemmas [7.3] and [T.4]

Proof of Lemma [7.3]
We consider a trial state Py € //l} :

Qu =Py —PL = [) (] — L) {Lsv)], Piy =1 € SH.
Its BDF energy is

Is
Eor(@u) = 2Py, ) - § [ LA RUEDE

> 2m + 2((|D°| = m)9, ¥) — aD([¢]*,4%) =: 2m + Gy, (v).

dxdy

We recall the following
D% = e ((90(=i9) = ) (g0 ~i¥) + m) + g1 (~iV)?).
|DO +m
Thanks to Estimates (7.32) and Kato’s inequality (7.37]), we have
T
G1.(8) < (1 = Ka) {5y, ¥) — a (VI )

We split ¢ into two with respect to the frequency cut-off Il x, : we get

Y=ok + P2 = Y1 + .

The constant K is chosen such that
2K2

——— > anaKj.
2E (CYK())

Then we have

D(19, [9[?) = D(lnl?, [1]*) + O (V2 , o) + 101 llel VI 242l 2)
= D(|[9 2, [91]?) + O((IV [z, ) + Vall [V 24| 12),

where we recall that ||p||2 = D(p, p). This gives

GLW) = (B, ) — aZD ([ [al?)
+K<91,(DéV 2, Y2) + O(aP),

CEOT 4y |12, — S D ([, [ ?) + O(o?),

> 39T (O)QEPT( )+ O(a?).

(7.111)

v

We have obtained a lower bound. Let us prove that it is attained up to an error O(a?). That is let us prove
there exists a unitary ¥y € Ran’Pﬂ such that

EBpr(Que) —2m = Gi (1) + O(a?)
= %EFT(U + O(ad).

91

(7.112)
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As in [Sokl4d], we consider the unique positive radially symetric Pekar minimizer ¢pr in L?(R3, C). We form

¢pT

¢1 = 8 € L*(R®,CY), (7.113)

0
which is a Pekar minimizer in the space of spinors. We scale this wave function by A ™! := FAOEK
Vo e R3, ¢r-i1(z) == A3 29, (A1), (7.114)

To get a proper ¥y € Ran 773_, we form

1 0
= -1, 7.115
A e P (r119)
Our trial state is :
Qo = |Y0) (Yol — [Tsbo) (Istbo . (7.116)

We do not compute its energy : the method is as in [SokI4d| (except that instead of I, the operator C is
considered in [SokI4d], but that does not change anything). Eventually we refer the reader to the proof of the
upper bound of Ey x¢, above in Section for the ideas.

Proof of Lemma [T.4]

We remark the following fact.

Lemma 7.6. Let Si, C Ha be the set

St ={f €, Ifllez=1, (f. Lf) =0} = {f € Ha, |Ifllzz =1, Im(P° £, LPYf) = 0}.

There exists a smooth angle operator A : Sy, — R/7Z.
For two C-colinear wave functions f1, fo in Si, we have A(f1) = A(f2).
Furthermore we have A~'(0) = RanP° and A~*(3) = RanPY.

Proof : Let f be in Sy, : the space Spang(f,Isf) is spanned by the eigenvectors g_ := % and g4 =
sJllL
f—ils f
TF=, T,z e have

SpanC(fa Isf) = Span(ngia PJOrg:i:)
It follows that P f || PLgs and PO f || LPLf. As f € Sy, for £ € {+, —} with P2f # 0, we have

PO_f € Spang(P°f).

Thus we have with

Spang (f,Isf) = Spang(e_,Ise_), e € RanP? and |le_||;> = 1. (7.117)
Indeed if P° f # 0 we can choose e_ := _Per else we can choose e_ :=1 _Pir
- APl TIPS e

Then we decompose f w.r.t. the basis (e_,Ise_) and there exists § € R/(27Z) with f = cos(f)e_+sin(0)Ise_.
In fact the function f — (e_,Ise_) that maps f to a basis (7.117) is bi-valued : if (e_,Ise_) is a possibility, then
(—e_, —Ise_) is another possibility. It follows that the angle 6 is defined up to 7 : we thus obtain a function

A:S, = R/7Z.

The smoothness of A is straightforward. The end of the proof is also clear.
We use the angle operator to get a mountain pass argument : see Lemma [7.7] below.
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We use and Theorem [7.3] and Proposition [7.6}
— Let % C .# 4 be the open subset

Uiy i={P=Q+P’ ey, dmKer(Q-|Qlls) =1}.

For all P = Q + P € %, the eigenspace Ker(Q — ||Q||5) is spanned by a unitary vector fy. By Is-symmetry, we
have

[Ker(Q — [|Ql8) = Ker(Q + [[Ql|5),

and we have (fo, Isfo) = 0. By Proposition the plane Spang (f,Isf) is spanned by f_ € RanP and
f+ € Ran(1—P).
By Ls-symmetry, we have I;f— € Rf. In other words :

the wave function f_ is in Sy_.
Definition 7.4. Let Q +P° € % C .#, and f_ as above. We define the smooth function Ay as follows :
Av:Q+P e c My — A(f-).
It is clear it does not depend on the choice of f_ but is a function of Cf_. Furthermore, we have

VPeU, VAy(P) #0

The following Lemma is an application of classical results in geometry.

Lemma 7.7. Let Ay 1, be the subset
iy, = {Q+ P2 e %, |Qls =1} = A ({3):

in other words the set of projectors in % whose range intersects montrivially Ran P?L, For any differentiable
function ¢ : (—e,€) = My such that e >0, ¢(0) € Ay 1, and

T(VAu (e(0))" e(0)) #0,

the following holds : any sufficiently small smooth perturbation
c+oc: (—e,e) = My,

in the norm
[l == sup [[&(s) = Polle, + sup [ £E(s)le,

s€(—e,e) se(—e,e)

still intersects M1, at some s(dc).

— Let us now prove Lemma We recall that we have defined a loop ¢y, = co that crosses 41, at s = % and
we can easily check that Tr(Ay(c(271))* Le(271)) =1 #0.

Furthermore we have defined the family (¢;);>0 by ¢; := ®ppr;t(cy) where ®ppr is the gradient flow of the
BDF energy.

— By Lemma the loop c¢; still intersects .# 1, for sufficiently small t. We must ensure that this fact holds
for all £ > 0 to end the proof.
We use a continuation principle and set

too := SUpP {t >0, VO <7 <t,3s9 €[0,1]c, crosses Ay, at s = so}.
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We also define for all 0 < 7 < t :

s (1) = sup{se[0,1], V&' <s, flex(s)) s < 1} >0,
sy(r) = inf{s€[0,1], V' > s, |c-(s')|lp <1} < L
— We assume that t,, < +00 and prove this implies a contradiction.

The initial loop ¢y induces
Loy:se0,1] = Ay(co(s)) =7s €T,

and we notice that £y has a non-trivial homotopy.
Thus, at least for 7 close to 0, the following holds.

1. There exist 0 < 7,7, < 1 such that
Ag[er (- (7) = 15 ()] N (5, & +70) = (7.118)
2. There exist 0 < n,,n, < 1 such that

Av[er ((s4(1), 54 (m) + 1) N (5 =0}, 5) = 2. (7.119)

The functions 7 > 0 — s4 () are well-defined and continuous in a neighbourhood of 0 with s_(0) = s,(0) = 1.

— We prove that by continuity in 7 we have
Vsel0,1], le(s)ls =1 = er(s) + P2 €.y, (7.120)

and in particular
r(s+(1)) € Myy, — P2 (7.121)

If not, this implies that as 7 increases, the second highest eigenvalue of ¢, (sp) also increases to reach 1 where

(7.118) becomes false, at some (79, sg).

This cannot occurs because of the energy condition : if this was true, we would have by Kato’s inequality
(7.37)
Ebpr (ery(50)) = (1 — aZ)Tr(|Dcry (s0)?) > 4m(1l — aZ) > 2m.

Thus (7.120))-(7.121) hold for all 0 < 7 < to.

— Thanks to this fact, by continuity for all 0 < 7 < t, (7.118)-(7.119) hold : if we follow the point si(7)
from 7 = 0, we see that there cannot exist 79 such that (7.118) or (7.119) becomes false, because the set

{t>0, VO<7 <t (7.118) (resp. (7.119))) holds for 7} is non-empty and open.
— Up to an isomorphism of [0, 1], we can suppose that for all 0 < 7 < ¢,

Vs e 0,1], ||0scr(s0)]le, S 1.

~

Remark 7.23. In &4, the function 0sci(sg) satsifies the following equation :

d
aasct(so) = 0,VESpr(ci(s0)) € Ga.

These new loops are written ¢, and have the same range as the ¢;’s and define the same arc length.

Studying the limit of ¢, as 7 tends to to,, we get that at t = o, — still holds for the loop ¢ _
at some 0 < s_(too) < 54 (teo) < L.

Then necessarily, the loop ¢; crosses .1, at some s € [s_(too), S+ (tco)]- Going back to ¢, this proves
that the same holds for ¢; , which contradicts the definition of ¢.
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7.4 Proofs on results on the variational set

7.4.1 Proof of Lemma [7.1]
Let
/SU : SU(2) — U(E), EC 9Ha

be an irreducible representation of ®gy. As J? and S commutes with the action of SU(2), then necessarily £
is an eigenspace for J? and S, associated to j(j + 1) and x; = (j + %) where j € % + Z4 and € = £. The
eigenspaces are known [Tha92l p. 126] : they are spanned by wave functions of type

Vo =rw, € R y(z):= a(r)@rin’,ij, m=—j,—j+1,...,7, (7.122)
where
a(r) € LRy, r2dr), (7.123a)
o 0
i ns 1. = it3 and ¢~ 1. = | gm (7123]3)
m,x(j+73) 0 m,+(j+5) ij%
1 1
Vitmy" | ViTT—my" ]2
mo 1 L [ 72 (7.123¢)
-5 29 mti 4+l N V25 +2 m+i |’ '
VI ey e VI Ty
J—39 Jt+3

We recall that the Y, are the spherical harmonics (eigenvectors of L?).

Hence F is spanned by a wave function which is a linear combination of that of type .

We recall that for any integer n > 1 there is but one irreducible representation of SU(2) of dimension n up
to isomorphism. They can be found by the number of eigenvalues of Ji, the infinitesimal "rotation" around the
z axis which induces a representation of SO(3).. Here J4 corresponds to Js.

Thus we get that for e € {+,—}

E. := dgy a(r)®S

Jikj
is irreducible with respect to ®sy. By unicity of the irreducible representation of dimension 2j + 1, there exists
an isomorphism from F_ to F,. As there must be a correspondence between the eigenspace of J3(E_) and that
of J3(E.), necessarily Ca®,, . is sent to Ca®;, , .
In particular as PyE and P E are also representation of SU(2) with same eigenvalues of J2,S (or = {0}). If
one of them is zero then F is of type E4. If both are non-zero, then there exists a4(r), ay(r) such that
PTE = CI)SU(ZT(T)(I);F

K

and P E = ®gya(r)®

Jikjt
Both P4E and P E are irreducible. We can suppose that there exists f € I/ with
Pif = aT(r)‘I)IKj and Py f =a,(r)®;, .

The isomorphism between the two representations implies that

E = dgy (aT(r)@;fﬁj + a“r)@;,ﬁj).

7.4.2 Proof of Proposition

We have to prove that .# s and # are submanifold of .#. The method is similar to the one used in [SokI4d]
to prove that .# is a submanifold of .Z.

Let Py = Qo + P° € .#. We will prove that in a neighbourhood of Py in P° + &, the projectors P; in .~
(resp. #') can be written as

P1 = eAPOefA,

where A € mf, (resp. m}).
— If we assume this point, then it is clear that the two sets are submanifolds of .. Indeed e is a global linear
isometry of £5, whose restriction to the mp’s maps mp onto mp, .
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Equivalently it maps the first tangent plane onto the other :
{la, R], a € mp } = {la, P1], a € mp }.
~ We use Theorem [T.3] to write .
Qo= > _ N (IF) il = 1f=)(F=5) (7.124)
j=1
where ();); € £2 is non-increasing and the f;’s form an orthonormal basis of Ran Q. Provided that
1P = Polls, <1,

then Ay <1 and there is no j such that f; or f_; is in the range of 773_ or PY.
We decompose with respect with the eigenvalues p1 > po > -+ > 0 as follows :

+oo
Qo =Y _ ur(Proj Ker(Qo — pux) — Proj Ker(Qo + 111)).
k=1
For short we write u_x := —pug, and
My, := Proj Ker(Qo — py) and E/?ko = Ker(Qo — k). (7.125)

As any Y € {C,L} is an isometry (linear or antilinear) and as the eigenvalues are the sine of the angles
between vectors in Py and P, for any k we have

_ Q@
YEG = B¢, (7.126)

—HEk

Qo

=~ = Ker(Qf — p3) are invariant under Y.

and the eigenspaces El?ko o F
Case of # —In the case Y = C and Py € #, each eigenspace

Ker(Q3 — u?) is also invariant under the action of ®gy. In other words, Ker(Q3 — u2) is a finite dimensional
representation of ®gyy, and we can decompose it into irreducible representations E;(Li)a where 0 < ¢ < {g.
By C-symmetry, we have

&) _ )
CE) =E

—Hk?

there is a one-to-one correspondence between irreducible representations of type E%) and that of type Egik. Up
to changing indices E;, we can suppose that

0 _ g
CE{) =EY) , 0< (<t

Decomposing Eff;) with respect with P° and P_OH we see that

PiEl(fQ is irreducible,
and from the spectral decomposition of (g
0 (¢ 0 (8) _ (e
PPEQ o PIEY) =EP @ F_,,,

where F_,, is an irreducible subset of Ker(Qo + p1).
— Let us show that
F_,, NCEY = {o0}. (7.127)

MK
Indeed, from Lemma [7.1 and the expression of the &= | we see that

m,K)

CKer(J;; — m) = Ker(J3 + m).
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Thus if the intersection is non-zero, then we have by C-symmetry and ®gy-symmetry :

F_,, =CEY

Mk *

But as shown in [Sok14d], this cannot happen : let us say that E,(f;) is associated to the eigenvalues jo(jo + 1),
of J? resp. S. We consider :

Ker(J?) - m) N ’POiE;(Li) = Ce:t;ma 7].0 S m < jOa ||6:|::,m||L2 =1.
We would have
Cet.m = expif(E£;m)es,—m.

The constant 6(+;m) does not depend on m by ®gy-symmetry. Moreover, if

Ker(J; —m) N EY) = Cfn,

k

then
Pjo:fm | etm-

As in [Sok14d| for .#+, the condition C? = 1 implies 6, — _ = 0[27] while

—CQoC = Qo
implies 6 — §_ = 7[27], which cannot occur.
Similarly, we can prove that (7.127) holds and that in fact F_,, is orthogonal to CE,%).

As a consequence, the number of E,(f;)’s is even, or equivalently, the number of P2 Eff;) is even.

— The fact that
Py = e Pye™, with dguA = A, CAC = A, ||Alls, < +o0, (7.128)

follows from Theorem [7.3] and the different symmetries.

The f;’s in (7.124) can be written as (\; = sin(6;))

11—\ 1+
fi= \/?e—;j * \/7€+;jv Ples; = exyj.
14\ 1—X
foi= _\/7e;j + \/7€+;j~

“+o0
A= Zaj(|e+;j><e—;j| - |6—;j><e+;j|)~ (7.129)
j=1
It is easy to check that A satisfies (7.128)). In fact, we can assume that f; spans an irreducible representation of
SU(2), and in this case the same holds for e, ; and e_;.
As in Section the correspondence e_.; — e,; induces an isomorphism between ®gsye_.; and Psye,;.
This fact together with the ®gy-symmetry implies that

We also have

Then we define

VU € Ran®gy, UAU ! = A.
The fact that CAC = A was proved in [SokI4d] in the case Py, Py € .#«. Here this remains true because
W C Mg.

— We can now determine the connected component of #. Let Py, P, be in # and let Q = P, — Py.
We consider
ElQ = Ker(Q — 1).

If EY = {0}, then we can write P, = e#Pye™* as in (7.129). And we see that the path in ¢2 :

t €10,1] = (t0,), € £2
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induces a path connecting Py and P;.
If ElQ # {0}, we count the number of irreducible representation in ElQ : let bj ., be the number of irr. rep. in

Ker(J? — j(j + 1)) N Ker(S — &;).

If all the bj,,.cj ’s are even, we can still write P, as P, = eAPye~4 with A as in with the first 0; equal to
5. In particular the two projectors can be connected by a path in 7.

Let us say that bj, ., = 1[2] for some jo, ko. We have shown that for P € # with ||P — Fy||z < 1, the number
of planes II;’s in the decomposition of Theorem is even. Precisely, due to the C-symmetry, there exists a
sequence (£,(j,%)); in N, with

Ker((P — Py) — p) NKer(J% — j(j + 1)) NKer (S — k)

L
= S EA(L )7
1<e<L,.(5,)

where each Eff) is irreducible as a representation of ®gy and £,(j, k) is even.

We show that there cannot exist a continuous path linking Py and P, by a contradiction argument.
Let us say that v:¢ € [0,1] — # is a continuous path with v(0) = Py and ||v(1) — Polls = 1.
Then by the previous remarks, we have by continuity :

Vie[0,1,Vie s +Z, Vee {£(i+ 1)},
0(Qr = (t) — Pos g, k) = 0[2].

In particular it is not possible to have (1) = P;.

Case of #y ForY =1, and Py € 4 », we use ([7.126)). For each f € Ef?, we have I € E;QM where p € 0(Q).
We may assume that g > 0.
Thus the plane

II:= Span(f, Isf)
is invariant under @ and I;. We decompose f and I f with respect to Py and 1 — Fy. By a dimension argument :
1. either p =1, Pof =0 and (1 — Py)Lsf =0,
2.or0<pu<1and
CPyf =CPlsf and C(1 — Ry)f = C(1 — Py)Lsf.

In each case, we write e_ a unitary vector in Ran Py N1l and e; = Ize_.

If we consider the sequence (p;); of positive eigenvalues of @ (counted with multiplicities), we get the
correspondent sequences (e_.;); and (e4.;). Moreover by Theorem [7.3] we know that p; = sin(6;) where 8; €
[0, 5] is the angle between the two lines Ce_; and Cf;.

Provided that we take —; instead of §; and up to a phase, we can suppose that

fj = cos(f;)e_; +sin(f;)Ise_,;.

In particular we have
Pl = €AP067A,
with

A= Z@j(|e+;j><e,;j| - |e,;j)<e+;j|).

It is straightforward to check that [,AI7! = A.

Acknowledgment The author wishes to thank Eric séré for useful discussions and helpful comments. This work
was partially supported by the Grant ANR-10-BLAN 0101 of the French Ministry of Research.
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Chapitre 8

Espace de Fock et hamiltonien

Nous soulignons que cette partie est trés technique et que sa compréhension n’est pas nécessaire pour saisir
le propos de cette theése.

8.1 Espace de Fock

L’espace de Fock peut se définir comme la «C*-algébre» engendrée par 1'algébre CAR contenant un état du
vide[Tha92l p. 280]. C’est-a-dire:
1. F.; est un espace de Hilbert dont ’espace d’opérateurs unitaires U(]—"el) contient ’algébre CAR.
2. L’algebre CAR est engendrée par des opérateurs a(f),b(g) ou
(a) f €9+ — a(f) est antilinéaire et g € H_ > b(g) est linéaire.

(b) Ces opérateurs satisfont les «relations canoniques d’anticommutation»

{a(fi),a(f2)} = {a*(fr),a*(f2)} = 0, {a(fi),a*(f2)} = (fi, f2)01,
{b(g1),b(g2)} = {0*(91),6%(92)} =0,  {b(g1),0"(g2)} = (91, 92) 51,

{a*(f),0°(9)} =0,
ol les deux symboles x et ¢ dénotent 1’étoile d’adjonction * ou son absence.

L’opérateur a(f) annihile une particule d’état f et b(g) une antiparticule d’état g. Leurs adjoints respectifs
créent une particule (resp. antiparticule) d’état f (resp. g).

3. L’espace Fg; contient un état Q € F;\{0} qui vérifie
Y(f,9) € H1 xH-, a(f)Q=b(g)2=0.

4. L’espace F, est minimal pour toutes ces propriétés. En particulier, une base hilbertienne de F.; est
(e1,7)1,s, définie par

ery =L (f) [] ¥ (99)Q 1.J CN, |1],]J] < +o0, (82)
i€l JjeJ

ou (f;) et (g;) sont des bases orthonormeées respectivement de £ et £_.

A isomorphisme prés, on peut choisir I'espace précédemment décrit (2.1) : dans ce cas 'état Q est donné par un
vecteur unitaire de F(©:0) ~ C.

L’opérateur de champ ¥ décrit 'annihilation d’une particule et la création d’une antiparticule:
VI en, U(f) = a(Proj($1:)f) + b (Proj(H-)f).

On peut également définir formellement 'opérateur ¥(x) qui annihile une particule et crée une antiparticule au
point € R3.
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Soit (f;): resp. (g;); une base orthonormée de $, resp. $_, on écrit
a(z) = Y a(fi)fi(z), b(x) = Zb*(gi)gi(ﬂf% U(z) = alz)+b*(),

M, W) = e+ be)

@) = Y WRE o (83)

La nature de ces objets n’est pas évidente, on peut les considérer comme des distributions & valeurs opérateurs.
Par exemple :

V¢ € DR, CY), (a(x), o)prxp = Y _a(fi)(¢, fi)s et (a*(z), O)prxp = Za*(fmfi L b (8.4)

K3

8.2 FEtat BDF

Un état BDF Qp est défini comme suit [HLS05al, appendice|. Soit un projecteur P définissant une nouvelle

décomposition orthogonale
$ = Ker(P) ® Im(P). (8.5)

Notons P, =1 — P et P_ = P. Suivant cette décomposition on peut réaliser 'algébre CAR relativement a P et
dans Fg; en définissant

ap(f) = U(Pyf) et bp(f) = U (P_f), f €. (8.6)

Ce projecteur définit un état BDF si et seulement si il existe un état unitaire Qp € F; satisfaisant
V(f,9) € Ker(P) x Im(P), ap(f)Qp =0bp(g)Qp =0.

L’espace de Fock associé a la décomposition (8.5 «vit» alors dans celui associé & la décomposition § = H, SH_.
Une application du théoréme de Shale-Stinespring [Tha92, chapitre 10] permet d’affirmer que cela n’est
possible que lorsque la différence des projecteurs

P — Proj(94)

est Hilbert-Schmidt.

8.2.1 Hamiltonien

L’hamiltonien de la QED Hqgp rend compte des interactions du champ d’électrons et positrons et du champ
des photons au sein d’un champ électromagnétique externe.

Dans le modéle BDF on néglige les photons et on suppose que le champ magnétique externe est nul. On ne
prend en considération que les interactions électrostatiques des particules. Notant V.,; le potentiel électrostatique
externe, 'hamiltonien H s’écrit|Gralll p. 73]

H(W) = /\I/*(x)DO\IJ(z)dx—i—/‘/;xtp\p(x)dx-i-% f’dey, (8.7)

ot ¥(z) est Vopérateur de champ (8.3)) et py est I'opérateur de densité défini par
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Chapitre 9

Preuves de résultats techniques

9.1 End of the proof of [Sok14bl, Lemma B.3|

9.1.1 Reminder
Let (Qo, po) be in &2 x C. We consider the Cauchy expansion of

X(=00,0) (HA<D +O¢(p0 T | | RQO ) Za Qe QO»PO) (9.1)
= ZO/ Z «Q Qj, QOva) (92)
£=1 jt+k=¢L

The density of @, 1(Qo, po) is written p; (Qo, po). We recallE] that

400
1 dn 1 ¢
QZ(QOaPO)*fg‘/'DO_‘_,m( A(RQ = po * H)HA'DO—i—’L’n)

and that Q; x is the part of ;4 which is polynomial in Rg, (resp. po * ‘) of degree j (resp. k).
In the definition of Q; 1, we write

IIp 'PEHA POTI,

DO +in  DO+in  DO+in’

For a (£ 4 1)-tuple € € {+, —}T!, we write Q5 ), and p5 ;. the corresponding terms.
A simple computation shows that
+et Q* =0
7,k 7,k :

Remark 9.1. Let f : R3 — [1,4+00) such that there exists K (f) > 1 satisfying

p.ar € R VI —a) < KON (VIe -1+ VIT—a).

We have introduced the two norms ||-[|g,, [|-[|¢, based on f.
For short, we write v,, := po * 7.

We prove in this part estimates on the norms of py ; for k4 j > 2 in terms of that of ||Qollo, and ||po||e, -
From an algebraic point of view the proof is essentially the same as for [HLS05a, Lemmas 13 and 15].

1. one more time
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9.1.2 Proof

We just have to deal with the following cases :
1. (j,k) = (j, k) with j > 2.
2. (j, k) = (1, k) with k > 2.
3. (4.k) € {(1,1),(0,3)}.
We have already dealt with the case (j,k) = (0, k) with k& > 5. We recall that by Furry’s Theorem the densities

po,2t(Qo, po) vanish.
Below the letter ¢ always denotes k + j.

We use the duality : we consider a Schwartz function ¢ € S(R?, C) and prove that

Q30| < () (K(CY Il |po||¢f\/ [

In fact we go in Fourier space and use both the KSS inequalities and Holder inequalities for Schatten operators.
If j > 2, then Q) is already trace-class. Else we show @; ¢ is trace-class : thanks to the cut-off we have

Q1 Dol 5tz Clle, < AlIQjkl Dol [l 1€l 2
By symmetry we can just deal with the term O; ;. of @, that has first the j terms Rg, at the beginning.
Js Js Qo

Remark 9.2. Below we will introduce constants Cy, Cy, 5’1 and so on. They are constants that depend on the
dimension and not on the parameters Qg, po, Jj, k.
We just do not want to precise their values.

First case We have

THO. ‘ < %/ _dpidpe I Beo i1l
r(OjkC)| < o VE@o) + =L Bt
R (B(0,A))* (9-3)

[Dpq (Pi—1—pi)| |zeta(pe—po)|
% — o).
IT: =L B +n2 /F(pe—po) f{pe = p0)

We have

¢
f(pe—po) < KN Vi) —pic1 (9.4)
i=1
For v(-) € {|v,()], v/ f ()]0 5(7} and d,, := +/|D°|? + n?, we have

[, P ToTTad, P s <

C
> W;/QHUHL% (9.5)

By Sobolev’s inequality we have ||v]|zs < C1||Vo| .2 hence the terms ||polle < lpolle; and [[C]le, for the three
different v.
Moreover we have

VI(p—a)|Ra,(p.q \f? (=), Q.d) =Fl' — ¢ Qo0 q') (9.6)

and for Q € HY/?(R? x R?) we have

| o= Rolls, < Coy/Tr(Q*Ro) < 02\/ [[(E@)"? +E(@")|Qp, a)dpda. (9.7)

These estimates give rise to the terms ||Qollo,-
Thus using the tricks (9.4)-(9.7), we get

! .
(10@3(@m)0)| < K () €Coc 6 [ gilarzlQuliy Il Il 9
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Second case We use the same tricks (9.4)-(9.7). The operator Q; r( is trace-class by Holder’s inequalies :

1 1
- —=1.
2+3><6

We get the same estimate as in .
Last case Unfortunately for (j, k) € {(1,1);(0,3)}, we have to compute the terms.

The term p; ;(Qo,p0) By symmetry, we can just estimate the norms of pf ;(Qo, po) with
e € {(+ =) (++ =) (= + ).

Furthermore we can only treat the term @1’1 where the term Rq, appears first (reading from left to right).
1. We have

Trea (QF 1 T¢(p,p))

P2 () Ry (P21 P (p1) Ty (1 —p2) PO (p2) -~ ) (9.9)
= (2m)” f dpldp?TrC“( (E(p)+E(p1)(E(p1)+B(p2)) ¢(p> = po) ).

B(0.A)2
We first take the absolute value in (9.9). Then we use trick (9.4) and (9.6)-(9.7). Then we remark that

‘/ V f(p1 = p2)|Up, (P1 — P2) |PO(P1)P+(P2)| " C(p2 — p)|
P1

E (py)'/#H1/4 E (p2)*"* \/F(po — p)
< leolle I¢le;

L2((R3)2,dp1dp)

The first part is the integral kernel of a Hilbert-Schmidt operator while the second part is the one of an operator
in the Schatten class Gg.

2. We have o
Tres (QF 1 C(p.))
P2 (1) Ry (p:p1)PY (p1)Tpq (P1—p2) P2 (p2) . — (9.10)
= (@m)” . ({ A)de e Tres (B ety (2 = ).

As there holds

(E(®)+E@)E @)+ E @) <E@ 2 Ep) /" E ()",

we get a similar estimate as above : indeed we have
|IPLOPL ) E (1) ™ 1V F o = o)1 = p2)|

3. Finally we have

< )
I

Tres (G C(p,p)

PY(p) Ry (p.p1) P (p1) 00 (pL—P2)PY(p2) -~ ) (9.11)
= (2m)” f dpldpzTrC“( (B(@)+E (1)) (B () +E(p2) C(p2=p0)).

B(0,A)?
We have

((E () + E @))(E () + E () < Ep) Y E@p) " E(p2)~*,

This time we use both

I1E (1) ™* V/F(p = p1)| Rao (0 2)ll 22(apapr) < Qoo
and

[Py P0 () S B g1
f(p2—p)

2l

L2(dp2dp)
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The term pg 3(pp) By symmetry we only treat the two cases + — —— and + + ——.
The method is the same as for p; ;. 1. The residuum formula gives a term

—

T (PP )P ()P (py)
(E () + E (p)(E (p) + E (p2))(E (p) + E (p3))

its norm 1is lesser than P
[P (p)PO (p1)|
E@)* E )" E(p)"* B (ps)"°

Then we have

|E @) PP o0 VI =2 o =20, 5 Ioolle,
Furthermore for _
5(0) € {VF@ 0w 1AL, (912

f(p)

we have
HU\DIEWHGS < |Vl 2.

2. The residuum formula gives a term

Tres (PLYPL (1) PL (2P (ps)) x { (B (0) + B (p2))(E (1) + B (p2)) (B (1) + B (ps)))

+((B () + B (p))(E (p) + B (ps)) (B () + B (p)) '}

Taking the norm of the above term, we get

|73§r(2?1)73§(p2)| X {(E (p)2/3E(p1)1/3+2/SE(p2)1/3+1/3E(p3)2/3)71

+(E @B @)Y E o) E (o)) T
We then compute

1E (1)~ [PL(p1) P2 (02) |/ F (o1 = P2) B0 (1 = 2| 12 iy apy S ool

and
otz vlles S IVllLe,

where v is as in ((9.12).

This ends the proof.

9.2 On the function f,

The functions gg, g1 are defined in the previous chapters (see [Appendix, Chapter for instance). For short,
we write

_ q(p) an _ {90(p)
gi(p) := ) p € R? and g(p) := <g1(p)) e R

We have E (p) = |g(p)| and s, := E (p) ' (90(p)B + o - 1(p)).-
We end the study of f initiated in the Appendix of Chapter ] We recall that f, is defined as a series :

+oo
¥p € B(0,A), falp) = falpl) = o7 fa 1, (9.13)

=0

where the radial functions fa ; are defined as follows.
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For e € S? we write
B(r) := B(—5e,A) N B(5e,A) C B(0,A) and k = re.

We have B
1 FElu—2)FE(u+Z2 P — PV
ot e [ anE IR e e
B(|pl) 2 2
For j > 2 we have :
1 duy - - - du; Tr(c4(Mj((u€)g_1))
i1 = Gy / J = = : (9.14)
’ 27'[' Q(J_l)'rQ Up — Up— 2 E & E " &
0 B(T)j2§1;[Sj| 1 1§I;[§j( (ve+35)+E(u—3))

where we define M; : R? — End(C*) by induction over j :

Ml(Ul) = 8 kS k — 1,
vity vi—g
Mi((ve)i<ei) = s +kMz 1(ve)2ze<i)s & = Mi1((ve)2<e<i)-
2

We already know that suppfa C B(0,2A) and that f, is twice differentiable in B(0,2A). We have to prove
that
li 9?2 0. 9.15
dim 02fa(ro) = (9.15)
We refer the reader to [Appendix, Chapter [4] for the formula of 92 f5 (in particular for the use of the co-area
formula).

We emphasize the following. Each fa ; can be written as a composition of 7 — (r,...,r) € R20G+1)
((zo,90), - - (@5,95)) = La (@0, Yo, - - - %5, Y5) (9.16)
where
x T
ﬁA,j(xo,yo, . ,xj,yj) = / i /d’UO . de(FCt)A,]‘('UO + ?Oe, N == ?Je) (9.17)
[1B(y;)

Thus for any r € (0,2A) and 0 < §r < 1, we have

—~

(07 fa,5(ro)) + o((67)%). (9-18)

5} 2
['A,j (7’0 + 5’[", ...5T0o + 5T) = fA,j (7’0) + 57‘(87».]0/\7]'(7'0)) + %)

In fact we showed that fa was twice differentiable by proving such an expansion (the summability of the expansion
is clear for « sufficiently small).

In , each 0r comes from the expansion w.r.t. a term xp = rg + 0r or yp = ro + dr. A careful study of
[Appendix, Chapter [4] enables us to say that the coefficient in coeff x (6)? coming from the expansion w.r.t.

1. either a term x; and a term xy,
2. or a term xj and a term yy/,
3. or a term y; and a term yi with |k — k| > 2
vanishes as r tends to 2A.
Indeed we have B(r) C Bgs(0,1/A% — —) Thus as r tends to 2A this set shrinks down to {0} and its volume

is Oy an (A — £)3/2).

We use the method explained in Chapter

For j > 1, integrating w.r.t. yo, then w.r.t. B(y;) up to y; or first w.r.t. y; then w.r.t. y;_; down to yo, we
can assume that the last integral is an integral over B(rg) of kind

/ du 1 — o
B(ro) E (u+ 2e) +E( Ze) max. (ju+ee?)  ro—24

1).
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Remark 9.3. Similarly the area of dB(r) is O,—2a(A — %) and the length of the curve {|u & fe| = A} is
Oran (A = 5)Y2).

For j = 0, it is easy to see that 92 fa o(r) tends to 0 as r — 2A by the previous Remark (and by the formulae
of Chapter .

There remains to study the coefficient in coeff x (6r)? corresponding to the expansion w.r.t. y, and ypi1
together with that coming from the expansion w.r.t. y; only.

We write 0B(r) = S(r) and Si(r) := S(r) N B(¥5e,A). As B(r) shrinks down to {0}, we see from the
formulae of Chapter [4] that we just have to prove the following :

A4 ] d%u _dz,{z( 2 9, (D), (9.19a)
Si(")
% H W = o, (@) (9.19b)

54 (M XS_(r)
The first estimate (9.19a)) is straightforward : a rough upper bound is

dHa(v)
dH u/ < Ha (S (
/S+(7‘) 2(1) As? [u— vl 2(S+(r \/1—

We prove the second estimate.
For short, we write 2 := g% and )y := arccos(x). We also write ¢, := cos(a) and s, := sin(a) for a € R.
The Lh.s. of (9.19b) is equal to

2 sg,d0y sing_, df_,d¢
: 9.20)
A2 JIJ — e I (
0<6, <0, (co, —co_, —23)% + (so, — 80_,C¢)* + 55_, 55

T—6y<6_;<m7
—mp<m

We define ¢1,¢_1 by :
0<O=2b0y— <bpandm—z<0_1="¢ 1+7—60y <7

Writing ¢ := ¢1 + ¢—1 = Op—1(V/1 — ), we have :

co, —Co_, — 22 =\/1—2%(¢1 +¢d_1) — %(aﬁ% +¢%1) 4+ Os1 ((1 — 2)8% + V1 — 26 + ¢7),
2
> VT (61 4 0)

where the lower bound holds for x sufficiently close to 1.
Furthermore we have :

(s0, —s0_,¢)> + 55,55 = (s9, — s9_,)> +2(1 — cg)s0,50_,.
In the integral of (9.20]), we first integrate over ¢. For A, B > 0 we have
do [ dqb 1
A2+ B2(1—cy) = " Jo A2+ 5B2¢? = AB’
—r<¢<n

Up to a constant, we get the following upper bound :

J VS0, 50 dp1do—_q o1 j dérdp_,

= - A2 o
Ty ice, 1T N PTR L

6o 1
SAQ/O log(1+ )d =0

r—1

1

(%)

A2



9.3 Proof of [Sok14a, Theorem 1]

— The proof of (2.) = (1.) is an easy adaptation of [CDLO0S|, HLS05b), HLS09).

If there is equality for some k : F%pr(q) = E%pr(q — k) + E3pp(k), then we construct as in [HLS09] a
minimizing sequence (@), of trial functions which decouple in two clusters whose distance from each other
becomes infinite as n tends to infinity.

— Let us prove (1.) = (2.) : we prove it by contraposition, following [HLS09].

For any minimizing sequence (Qy)n of Efpp(q) weakly-x converging to Qs € K, norm-convergence in K is
equivalent to charge conservation : Trpo (Q) = ¢ [HLS09].

Let (Qn)n be a minimizing sequence for E¥np(g) that is not precompact in the strong topology of K. We
have to show that E4pr(q) > F4pp(q — k) + ESpp (k).

Up to a subsequence we assume (Q,,), weakly-x converges to Qo € Q(q — k).

Localisation operators We define localizations operators Y4 and X4 for any A > 0 [CDLO0S]. Let x; be in
65°(R?) such that
XB(0,1) < X1 < XB(0,2)s

and 11 > 0 be defined by 7, := /1 — x%. Then :
na(z) =m(z/A), | Ya :=P{naP)+ P°nsP°
xal@) =xi(z/A), | Xa =/1-Y}

In fact we will need more : we suppose that V/n1(1 —na) € LP for p > 3.
For instance if 7, is chosen such that in the annulus A(0, 7,2) : m(z) = exp(—ﬁ) and in A(0,1,2) :

v 40
m(x) = exp(—mz%l), then :
VO (#)] < XBo2a)(@)A

— By the duality definition of pgq, it is clear that pg, —¢ pg. It is easy to adapt [CDL08, Lemmas 10 and 11].
We will write wg =Y4 —na € G, Yj = 77124 +Wa, Wa =wana +Yawy € G,
We will add the following estimate :

Lemma 9.1. for any A>0,p>3 and3/p<t<1,0<a<?2:
1-)/2 1—a/2
1Xa = xalls, < K(slwalle,, lwald ™ + wals,*'?)

Proof : We use : /z =+ 0+OO s~ 2ds(x +5)7 L.

too g 772 + Wy 772
M) =T VImg) = [ i

oo ds
:/0 ﬁ{(ni+WA+s)*1WA— (A +Wa+s)™" —(ni+8)*1)77,24}
+oo gs 2 teods 1 s
= — (YR +s) T Wa(l— ) = —= W :
Al o} = [ et

We remark that wy = ngf + 772+ and by the Cauchy-Schwartz inequality :

Y4 <wa <Yy,

Then we split at level M = [[wallg oo — fOM +f]\—;o°.
For the first integral we have W4 = wana + Yaw, and it follows that :

Y, Y, — —
IIT‘;SWﬁIIGP < 2Hy§5|w14|1 Neollwalls, <2572[lwals,,
I swaitille, <2ls¥slwal e llwallls, <257[lwals,,
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S0 Joallz
wallep 8 1-t)a/2
L s, < g lwalley lual, 2.

For the second integral, we have :
Ivswatzlle, <lymleclYawals,lzsle. < s wals,
||y§1+9 wanazlle, < lyrsleclwanals, |z lew < 57 walls,;

and
+oo 1— a/2
/l Ils, <4llwallg

walls,

As |walls, = O(A~13/P) we choose for instance : tp — 3 = (p — 3)/2 and (1 — a/2) = (1 — t)a/2 that is

£ = 3+p o 2
2 1+ (1-1)/2
but of course it can be optimized in a, t. |
Kinetic energy
We write _ B
Qn = DI"*(QFF - @, )DI"? =@} - Q.
We have :
To(ID['*(Q4T — @, 7)ID['?) =Tr (Xfx@n) + Tr(YaQnYa)
Tr(X3Q)) =Te{(X3 —x3)Q;} + Tr(xaQ/ xa)
Tr(YaQ; Ya) :T{}ﬁ|DHQQ+HDPQKQ%JHﬂDPﬂKuy*ﬂDP”XQH
+Tr{|D|"2(YaQ,Ya) " D[/},
where :

1. 1D 7 DI QI DI, < 1V [P sl DI 22+ IDI 2,

< Ya D2 giells = o (1)
1(X3 = X3P DI ls, < X5~ xills = O(4~)

lim inf Tr(xa[DJ"2(QF* — Q7 )IDIY?xa) > Tr(xalDIY2(QLF — Q= )IDIMxa).
n—-+oo

1
[D|1/2

The last inequality is just Fatou’s Lemma.

Exchange term
As there hold |D|*/2Q,, = ID|'/2Q4 and A?|D|'/2 > |Dy|3/2, the sequence (Q,,), is H'(R? x R3)-bounded.
O2

Up to a subsequence, (@), tends to Qoo in LE . and (Qn(x,y)), tends a.e. to Quo(,y) in R® x R3.
We write

G = Qn — Qoo (9.21)

First we have

M— m—m
+2Re TI'((5 7YA§ YA)R(YA5 YA));

Te(Ya8,YaR(Ya0,Ya)) = Te(YaQuYaR(YaQnYa)) + Tr(YaQuoYaR(YAQucYa))
—2ReTr(Y4Qu YaAR(YAQnYa4))
<Tr(Ya@QnYaR(YaQnYa)) + CrTr(YaQoo YaR(YaQYa))
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where the last inequality holds because there is a uniform bound for Tr(YAQ,YaR(YAQ,Y4)).
By weak-* convergence, it is clear that :

lim Me Tr((Qn — Qu)R(Qu)) = lim e Tr((Qn — Qo) R(Qs0)) = 0,

n——+oo n—-+oo

it suffices to remark that |D|~'/2R(Qu.) € Ga. There remains to estimate

R |(5n - YAénYA)(xay)F
— dad
IJ EET e

for the last term we just use the Cauchy-Schwartz inequality.
— There holds :

1=Ya=x4+ni—na+na—Ya=xA+ma—na)+ i +n1") =x% +na(l —na) +wa.
—_—

0a
It is clear that supp xa,supp 64 C B(0,2A). By [CDLO08], |lwalls, = O(A™1*3/?) for any p > 3 :

S — YadnYa = (1—Ya)dp + Yadn(l - Ya)
= (1=Ya)dn (% +m2) + (Ya —104)0n(1 = Ya) +nadn(1 — Ya)
= (X4 + 04 +wa)dn (X% +13) + (Ya —14)0n (1 = Ya) + 140, (X5 + 04 + wa)
= (X4 +04)0n x4 + (X4 +04)0,m5 + 1adn (X4 + 024) + 66,

Let us prove limsup,, ., ., Tr(60,R(89,)) = 20 (1). We have
— 400
IR(Q)|le, < |IVQ||s,- For any B € B there holds

Qi 6aB = PL(OMa) P28, B + i~ (9;6,)B
For the term g := (x4 + 04)d,x% in (9.23) we use the Cauchy-Schwartz inequality :

I Tr(gn R(an)] < 4llanlls. [Vanlle, < lanllesuplvi—AQu|s,.

By L2 . convergence of (Q,), we have lim,[|¢}||s, = 0 and

lim Tr(g,R(q,)) = 0.

n—-+oo

For ¢2 := (x%4 + 04)0,n% +1adn (X% + 04) we split the domain of integration in two :

il Iqrxx_y - f L@ 4oy 4 I L) g gy

lz—y[>A lz—y|<A
||qn\|52 + fj anirg‘)l dxdy
|z],|ly|<3A
|| n\lb
e R, (] 162 (e ) Pdudy)
|z],|y|<3A
As before |
qn —1
lim su dxd =0(A7).
Finally :
MJ < 3(Tr(q,R(qp)) + Tr(g2 R(q2)) + Tr(66, R(66,,)))
and

limsup MEF = o (1).

n——+o0o A—+o0
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Direct term

As for the exchange term :

D(anvan) = D(ono7ono) + D(/’(Qn - Qoo)’p(Qn - Qoo)) + 2Re D(p(Qn - Qoo)ap(Qoo))

with limy, o0 D(p(@n — @), p(@o0)) = 0 by weak convergence of p(Q@n) t0 p(Quo)-
There remains to estimate : M2 := D(p(Qn — Q) P(Qr — Qo). We write 6, = Q,, — Qoo and

1p(6n)]
p(Ya6,Ya)]

¢ = lp(YadnYa)lIZ + 2% D(p(0n), p(6n — YadnYa)) + [lp(0n — YadnYa) |2
& =lp(VaQuYa)[Z + [YaQocYallZ — 2%Re D(p(YaQnYa), p(YaQocYa)) (9.24)
2 [p(Ya@nYa)llg = C2lYaQuoYallZ.

The last inequality holds because there is a uniform bound for ||p(YaQ,Y4)||2, following from the uniform bound
for (|| Do|"™QE= ||, + | Do|*™Qulls,)n Where a[A] := LA,
Remark 9.4. We estimate ||p(YaQ,Y4)||c with the help of the duality formula.

We write

Op —Yad,Ya=—(1—Ya)0n(1 = Ya) + (1 = Ya)d, + 6,(1 — Ya) = ¢5 + g2 + ¢} (9.25)
and by the Cauchy-Schwarz inequality :
D(gy, + G + o G + @ + 02) < 3(D(d5,45) + Dlan. 4) + D(ap, 47))-
Remark 9.5. We recall that (Y4, P?] = 0. For all 0 < ¢ < 1, we write a = (14 ¢)/2. There holds :
lpqlle < C=(IIDol*Q*Flls, + IIDol*Q** ls,).
In particular, for €1,e9 € {4+, —} we have :
|Do|“Ya@5 %Y = [[Do|*, Ya]|Do|™*[Do|* @7 **Ya + Ya|Do|* Q7" Y a,

and taking either the trace-class norm (g; = e2) or the Hilbert-Schmidt norm (¢; = —e2) we obtain a uniform
bound independant of n and A > 1.

There holds for 0 < e <1 :

[1Dol 92,1 = V]|l g < [l 1 Do =72 | g + ([~ Dol ™97 5 < 1/4.

x ds
x+ 55271
to z = |Dy| and a = 1. We apply (0.22) to (1 — YA)|D0\(1+E)/25,(1++) and so on. The term with w4 is easily
dealt with :

+oo
We use the same method as in [CDL08, Lemma 11] but with the following formula : 2% = Cnst/
0

lwalDolQ% ' Blle, < wallsll|Dol*65 ™ ||e, |1 Blls
lwalDol*QuBlls, < l[wallsll|Dol*0nlls, | Bl

where we recall : |Dy|?/2 < A2|D| < A%|Dy|?/2. For the other terms (with x% + 64) we use the following :
PO +02)Q) = (G +04)p(Q) = p(xaQxa + 03 °Q0}). (9.26)

Indeed the two equalities are true for any Q@ € G;. We conclude by density.
Finally for a = % with 0 < e < 1 to be chosen and £4 = x4, 9114/2 there holds :

1€4Q€allc < C{IllDol*(aQ€A) F|ls, + Il Dol*(€aQ€a)* |ls, }
|Do|*PYEAQEAPY = |Do|*{&4 QT+ Q& T+t ¢ T+t T}
|Do|*P26AQEAPY = |Do|*{&{ Q T¢i +& Q&+t T+ttt
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Let us treat \D0|‘IP?_§ AQ¢ AP_E. The second term is much simpler because it suffices to estimate it in the
Hilbert-Schmidt norm.

We choose 0 < e < 47! (say 273) and a = (1 +¢€)/2, by =3/4 —¢,by = 3/4 +¢.

We use : (¢f [GLSQ9] for the second equality)

K[|Do|*,¢57] = '/M = {Pla VEaP +265 Do} o
0l &4 = Zo 51“\D|+ - VEA A 0‘D0|+s
€5 = PUea Y] =~ P! /+ o Ve 527)
A +184, F= o' * ) . Dotin” Do+i77
“+o0 dS 1 1
K[| Do, £+ Dol :_'/ -
[[Dol®, &4 ]| Dol t , s \Do|+3 §A|D0|b1 | Dol + s’

leading to
[‘D0|a,§j{_—]|D0|_bl € B4 provided € < 3/5,

[|[Do|®, £4F]|Do| % € &4 provided e < 3/5.
In particular for all £1,60 = +/— :
[1Do|*, €471 Dol =" [Do|* Q52| Do|" |Do| 23" € &,
and by local compactness in Schatten spaces [Sim79, [LR12], as |Dg|" 85152 | Dy b2 gz 0, the following norm-

convergence holds :
[1Do|", €51 Dol = |Do|" 3542 | Do| [Do| 265 =% 0.

n—-+4oo

There remains terms of type 51| Dg|*85152£53 ™

3 -
|Do| 4¢3t €&,Vp>4 | T Dol 172 €64

1, e 3
2TIDolT1T2 e, Vp> 22 |Do| 746, € s,

the first row treats the case of ¢i,, = £&17|Do|*6, ¢4 and the second that of ¢b,, = £4F[Dol*6, 7€, As
27t 4471 4 % = 17 (that is the choice ¢ = 7)), it is clear that if ¢ < 47!, the sequence (g{.,)n converges in
the trace-class norm to 0. The same holds for (g3,,),. Then as before :

_ o _ S
+ |D0|a5n §A+ |D| 1/4+€/2{|D0\3/45 |DO|3/2}‘DO| 3/25 + *1> 0

n—-+4oo

A" Dol 0T —é“I*IDI VA+e/2{ Do /6,5 | D[P/} Dol 2264 = 0.

n—-+oo
We have to use here the additional assumption on 7;.
— Let us come back to (9.25) : what we have done enable us to deal with (1 — Y4)d,, and §,(1 — Ya).
There remains but (1 — Y4)d,(1 — Y4). We write 1 — Y4 = x4 + 04 + wa. The term
Wadn(1—Ya) + (x4 +04)0pwa

is treated like wad,,. There remains (x4 + 604)d,(x% + 04) which is treated like x 48, xA-
— Finally we have :
11m1nf||p((5 —Yas, YA)Z> o (1). (9.28)

n——+00 A—+oco

Conclusion

There holds :
TH(ID|"2(@Q; — @ )IDIM?) = Tr(xaDIM2(Qf* — @ )IDIYx4)
+Tr(|D|Y2(YaQ,Ya) T |D[Y2) + e£(n)

[y < THQuRQu) + TR YARYAQYa)
+en(n) + CiTr(YaQoo YAR(YaQoYa))
Dipa..ra.) > lloq |12 + 0(YaQuYa) + <24(n) — Cllo(YaQue Yo 2

249



where limsup,, , o {|ef(n)| + [ef(n)] + |4 (n)|} = €4, = 04— 400(1). Therefore :

lim inf Epp(Qn) > Tr(xa D[V (QL" — Q7)D[V*xa) — aD(pq...v)

n—-4o0o

+9{lIpa- I3 — TH(QuR(Qw)) } — £ = Callo(YaQuoYa) 2 (9.29)
2
(0~ Trpa (XaQue X)) = [ FAE00 0 g,

where we used the fact that
Tr((Q " = Qu==)(XA = XA +Dol*?|Do|*2x%) | — Tr(Xa(QL" — Q) Xa)

by weak-* convergence and the continuity of the map E3px () : R — R [HLS09, Corollary 3 mutatis mutandis|.
— At last, let us prove that in the limit A — 400, we have :

liminf E4pp(Qn) = Expr(q) > Etpr(q — k) + Egpp (k). (9.30)

n—-+o00

Indeed with the help of (9.27)), we can prove that p(YaQsYa) A—>C+ 0.
—+00
We write Y4 =74 +7~~ and for a = (14+273)/2 and b= 3/4 :

(YaQooYa)t+ =it it
|Do|*(YaQooYa)tt = 1[Dol® ni 1| Dol | Dol QL kit + nit Dol Q™
[1D0]*(YaQocYa) ||, < [[lIDol®, ma 11 Dol = || o[ Dol* Q% | s, + [[nal Dol*@F T nal[s,
[1Do]*(YaQocYa) g, =2 0;

A—+oco
similarly :
(YaQocYa) ™ =ity
|Do|*(YaQooYa)t™ = [|Dol® ni Dol Dol QL ma~ + nk[Dol*QF n~

Dol (YaQeeYa)* ||, < [[[1Do]", ma™T1Do|=* ||l Dol Q% ||, + [|malDol*@* ",

where we use the fact that na|f1)(f2|na = [naf1)(nafel P 0 in the trace-class norm. That ||na|Do|* QT nalls,
—+00
tends to 0 is easier for Do|*QT~ € G5 : it suffices to use the dominated convergence.
Then as before, by Hardy’s inequality :
Tr{YAQxYaR(YAQuxYa)} <2|YAQoxYalle,|VYaQs0Yalls,
TI‘{YAQOOYAR(YAQOOYA)} A—> 0.

—+o0
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Résumé

Les modéles de champ moyen en QED apparaissent naturellement dans la modélisation du nuage électronique
des atomes lourds. Cette modélisation joue un role croissant en physique et chimie quantique, les effets relativistes
ne pouvant pas étre négligés pour ces atomes. En physique quantique relativiste, le vide est un milieu polarisable,
susceptible de réagir a la présence de champ électromagnétique.

On se place dans le cadre du modéle variationnel de Bogoliubov-Dirac-Fock (BDF) qui est une approxi-
mation de champ moyen de la QED sans photon (en particulier, les interactions considérées sont purement
électrostatiques).

Il est & noter que pour donner un sens au modéle BDF, il est nécessaire d’introduire une régularisation
ultra-violette. Il se produit un phénoméne de renormalisation de charge due & la polarisation du vide: la charge
« observée » de I’électron dépend de sa charge « nue » et du paramétre de régularisation. On étudie rigoureusement
ce phénoméne ainsi que le probléme de la renormalisation de la masse. Cette derniére est en lien avec 1’existence
d’un état fondamental pour le systéme d’un électron dans le vide, en I'absence de tout champ extérieur. En
revanche, on montre I’absence de minimiseurs dans le cas de deux électrons.

Enfin, on exhibe des points critiques de ’énergie BDF, interprétés comme des états excités du vide. On met
en évidence le positronium, systéme métastable d’un électron et de son antiparticule le positron, ainsi que le
dipositronium, molécule métastable constituée de deux électrons et de deux positrons.

Les méthodes utilisées sont variationnelles (concentration-compacité, lemme de Borwein et Preiss).

Astract

In QED, mean-field models appear in the modelling of the electron clouds of heavy atoms. This modelling
plays a increasing role in physics and in quantum chemistry : relativistic effects cannot be neglected in these
atoms. In relativistic quantum physics the vacuum is a polarizable medium that can react to the presence of an
electromagnetic field.

We consider the so-called Bogoliubov-Dirac-Fock (BDF) model, a variational model which is a mean-field
approximation of no-photon QED (in particular the interactions are purely electrostatic).

We point out that an ultraviolet regularisation is necessary to properly define the BDF model. The vacuum
polarisation leads to a renormalisation phenomenon, the "observed" charge of the electron depends on its "bare"
charge and the regularisation parameter. We rigorously study both the problem of charge renormalisation and
mass renormalisation. This last one is linked to the existence of ground state in the case of an electron in the
vacuum, without any external field. In contrast, we show there is no ground state in the case of two electrons.

Finally we exhibit some critical points of the BDF energy which are interpreted as vacuum excited states. In
particular, there are the positronium (a metastable system constituted by an electron and its antiparticle called
the positron) and the dipositronium (a metastable molecule constituted by two electrons and two positrons).

The methods that we use are variational (concentration-compactness, Borwein and Preiss’s Lemma).
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