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Chapter I
Introduction

The atomic nucleus is one of the most complex and challenging quantum many-body system.
It is composed of two types of nucleons (protons and neutrons), themselves made of internal
quarks and gluons, and brings into play no less than three of the four fundamental interactions:
the dominating strong force, leading to the binding of nucleons into nuclei, as well as the
electromagnetic interaction (mostly the Coulomb force acting between protons) and the weak
interaction responsible for the (-decay of some exotic nuclei. As they comprise a rather
small number of nucleons (2 < A < 350), finite-size effects also play a central role in nuclei.
Different combinations of proton and neutron numbers can thus lead to very different and rich
phenomena in both the structure (shapes, neutron skins, nucleon clusters or halos...) and the
excitation modes of nuclei (such as collective vibrations or rotations).

One of the main goal of low-energy nuclear physics is to understand how protons and neutrons
interact and bind inside the nucleus, in order to describe and predict different properties of the
many-body nuclear system. This task is usually tackled with the use of several assumptions.

In particular,

e The typical energy scales of the nucleus are of the order of ~ 10 MeV, which is much lower
than the energy necessary to explore the quark structure of the nucleons (~ 1 GeV).
Thus, one usually makes use of this "separation of scales” and considers the nucleons
as the relevant degrees of freedom for the study of nuclear structure. The protons and
neutrons are therefore regarded as point-like particles interacting by means of a nuclear

potential which incorporates the effect of the internal structure of the nucleons.

e Since the typical velocities of nucleons in the nucleus are rather small compared to the

speed of light (%)2 ~ 0.1, it is of common use to neglect any relativistic effects.

With these hypotheses, the equation governing the structure properties of the many-body

system which one aims to describe is the (time-independent) Schrédinger equation,

H|Wy) = By [¥y) (L.1)
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where H = K + V is the many-body Hamiltonian, sum of the non-relativistic kinetic energy
K and the interaction potential V. The state |Wyy) is an eigenvector of H, corresponding to
a certain nuclear state with energy E),.

Although the problem appears now quite simple, two major difficulties arise.

e The first one is due to the fact that the nuclear interaction acting between the nucleons

is extremely complex and remains today partly unknown.

e The second challenge arises from the mesoscopic nature of atomic nuclei which comprises
a number of nucleons that is of intermediate range (2 < A < 350). This feature prevents
in most cases an exact solution of the many-body problem (too many particles), and

forbids the use of statistical methods (too few particles).

Since protons and neutrons are composite particles, the inter-nucleon force is interpreted
as the residual (colorless) interaction between their constituent quarks and gluons. The in-
teraction between two nucleons in free space has the property of being extremely repulsive
at short distance, and for that reason is referred as "hard-core potential”. This pathological
behavior makes difficult to handle such a "bare interaction” in many-body calculations, and
in particular, prohibits the direct application of perturbation theory. An interesting fact is
that the nuclear force is deeply modified in the presence of surrounding nucleons. One can
incorporate these medium effects into an ”effective interaction” which becomes well behaved
and more suitable for practical calculations. The last obstacle to an accurate description of
low-energy nuclear systems lies in the existence of many-nucleon forces which arise from the
approximation of point-like nucleons. The treatment of three-body forces has been proven
necessary to reproduce e.g. the triton binding energy (Tjon line) [80] and the saturation
properties of nuclear matter. Higher-body forces appear much weaker and are usually not
considered in modern approaches. There exists currently many different interactions on the

market, bare or effective, microscopic or phenomenological.

Purely phenomenological approaches to bare interactions are based on the symmetry proper-
ties of the nucleon-nucleon potential. The analytical form is postulated a priori as a sum of
terms (central, spin-orbit, tensors...) respecting several invariance properties of nature such as
rotational, translational, time-reversal invariances and so on. Such potentials contain parame-
ters that are fitted so that to reproduce nucleon-nucleon scattering data and several properties
of the deuteron. For instance the Argonne V18 potential [107] is based on 18 operators and
40 parameters to fit.

)

Semi-phenomenological potentials based on the meson ”"theory” of nuclear forces also exist.
This concept goes back to Yukawa (1935) who introduced the idea that the force acting be-
tween two nucleons would be carried by a meson with non-zero mass [110]. The latter was

discovered in 1947 and named as pion (7). Development of realistic interactions based on one



boson-exchange models usually assume the long-range part of the nuclear force to be carried
by the pion while heavier mesons contribute to the medium and short range parts. For exam-
ple, the CD-Bonn potential [68] includes 7, p, w and o mesons with 43 parameters to fit.

Since the discovery of asymptotic freedom in the early 1970’s by Politzer, Wilczek and Gross
[52, 87, 51], much evidence has been gathered proving that Quantum ChromoDynamics (QCD)
is the theory of strong interactions. Hence, the goal nowadays is to develop microscopic nu-

clear forces from the first principles of this theory.

Ideally one could think of deriving the nuclear force directly from QCD, considering quark
and gluon degrees of freedom. However due to the confinement properties of QCD, the strong
coupling ag drastically increases in the low-energy regime, where perturbation theory breaks
down. Although much progress has been achieved these last few years in the context of non
perturbative lattice QCD (see e.g.[95]), this field is currently in its early days and progress
will greatly depend on future increase of computer resources.

Nowadays the most fundamental way to derive the nuclear force from first principles is based on
Effective Field Theory (EFT), and more particularly Chiral Perturbation Theory [69, 37, 36].
This formalism, first initiated by Weinberg [105], exploits the fact that the relevant degrees
of freedom at low energies are hadrons. In this context, nuclear forces are derived from an
effective Lagrangian which keeps tracks of all symmetries of the underlying QCD. Spontaneous
symmetry breaking of (approximate) chiral symmetry leads to the appearance of (pseudo-)
Goldstone bosons, interpreted as pions. The Lagrangian can be expanded in powers of A%
where Q ~ m, represents the soft scale, and A, ~ 1 GeV is the breakdown scale of the
theory. One can then derive a NN potential order by order, up to a desired accuracy. Consis-
tent three-body (and higher-body) forces also naturally emerge. In this framework, the high
energy degrees of freedom are effectively taken into account via the presence of low-energy
constants (LECs). Although these LECs are currently usually extracted from experimental
data, the goal will be to derive them from lattice QCD calculations when numerical resources

will permit it.

Bare interactions exhibits an extremely strong short-range component which can scatter nu-
cleons into states with very high momentum, and thus can hardly be handled in many-body
calculations where basis truncations are often necessary. There exists several ways of properly
deriving effective interactions in which the high-momentum hard core has been resumed. Let
us cite for instance the Briickner G-matrix theory [22, 27]. This formalism was first intro-
duced to derive an effective interaction which would be suitable for perturbative calculations
in nuclear structure. This is achieved by resumming the (non-perturbative) infinite serie of
scattering processes onto intermediate states above the Fermi sea (so-called ladder diagrams),
into an energy-dependent reaction matrix given by the Bethe-Goldstone equation [9]. This

G-matrix can then be used as expansion parameter in e.g. a perturbation expansion of the
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ground-state energy. The diagrams of this serie can be ordered according to the number of in-
dependent hole lines appearing (this is the so-called "hole expansion”). Alternatively, methods
based on the renormalization group approach start from the idea that low-energy observables
are not affected by the short-distance details of the potential. Following this idea, the goal
is to decouple high and low momentum modes by integrating out these details, allowing for
better convergence of many-body calculations. For instance, the V., approach [15, 14] im-
poses a momentum cut-off A and resums the effect of high momentum modes into an effective
interaction V.,  which is obtained by requiring the scattering matrix 7" to be unchanged while
A is lowered. This condition leads to an Renormalization Group equation which is integrated
using the bare interaction V' as initial condition. More recently the Similarity Renormalization
Group (SRG) method has been applied to the nuclear interaction [12, 13]. The philosophy of
this approach is to transform the Hamiltonian through successive unitary transformations in

order to bring non-diagonal terms to zero.

However, deriving effective forces is a difficult task and phenomenological interactions are
still widely used in nuclear physics calculations. These interactions are based on a postulated
analytic form containing parameters that are fitted to reproduce experimental data within a
certain many-body approach. In particular, the zero-range Skyrme interaction [98, 99] and
the finite-range Gogny force [29] are the two most employed interactions in self-consistent
mean-field calculations. Inspired from the G-matrix theory, their analytical from is taken as

density-dependent.

The complexity of the nuclear interaction is only the first difficulty one is confronted with
while studying the properties of atomic nuclei. Due to their mesoscopic nature, a unified
description of the structure properties (size and deformation of ground states, individual or
collective excitation modes...) of all nuclei (stable and exotic, open and closed shell) is ex-
tremely difficult to achieve and is yet to be reached. Roughly speaking, the existing many-body
methods can be categorized into three classes: ab-initio approaches, methods based on the
self-consistent mean-field theory and the so-called Shell-Model.

Ab-initio techniques aim to describe the nucleus as accurately as possible using a micro-
scopic two- (and three-) body interaction as only input. Although enormous progress has
been achieved the last few years, the most exact approaches, able to handle vacuum forces,
are still limited to a small number of nucleons. For example the Green’s Function Monte-Carlo
(GFMC) [23, 83] can describe system with A < 12. The No-Core Shell-Model [78, 79] based
on explicit expansion of the wave function on a large harmonic oscillator basis can now reach
A ~ 16. Finally, the more recent development of lattice Effective Field Theory [38], analo-

gous of lattice QCD with nucleons, can tackle nuclei with A ~ 28. An ab-initio treatment

4



of heavier systems requires a truncation of the many-body space and thus demands a renor-
malization of the bare interaction to account for the neglected space. Let us cite for example
the Self-Consistent Green’s Function (SCGF) [31] method based on the description of nucleon
propagators, or the Coupled Cluster (CC) approach [97, 59] which expresses the nuclear wave
function as an exponential operator e® acting on an uncorrelated reference state. Finally the
recent In-Medium Similarity Renormalization Group (IMSRG) method [102] directly evolves
the bare interaction in the nuclear medium and allows to decouple the uncorrelated reference
state from other many-body configurations. These ab-initio approaches are currently mostly
restricted to light and closed-shell medium mass nuclei. Consequently, the rest of the nuclear
chart is usually tackled with methods where approximations and phenomenology enter more

drastically. The following two major approaches can be cited.

The Shell-Model [24] belongs to the class of Configuration Interaction (CI) techniques which
expand the nuclear wave function on a set of many-body states built on chosen single-particle
states. In order to simplify the solution of the Schrodinger equation, the Shell-Model divides
the single-particle space into three subspaces: an inert fully occupied core, an active partially
filled valence space, and the remaining empty orbitals. The nucleons in the valence space
are considered as the relevant degrees of freedom and their interaction fully determines the
properties of the nucleus. To make up for such a truncation of the model space, one needs
to renormalize the nuclear interaction within this space. Although this can in principle be
achieved from the theory of effective operators [92], the interactions used in practical Shell-
Model calculations contain a number of matrix elements that are fitted to experimental data.
Finally, the diagonalization of the resulting Hamiltonian leads directly to the solutions of the
problem: the eigenstates correspond to the nuclear wave functions while the eigenvalues are

the energies of the system.

Finally, methods based on the self-consistent mean-field theory starts from the idea that
in a first approximation, the nucleons can be considered as evolving independently from each
other in an average potential generated by all other nucleons. The wave function can thus
be written as a Slater determinant of single-particle states that are the unknown quantities
to be determined. Within the Hartree-Fock theory [53, 43], they are obtained by applying a
variational principle to the energy of the system. This procedure results in an eigenvalue equa-
tion for the Hartree-Fock potential which arises naturally as the two-body interaction folded
with the one-body density of the system. Through this density dependence, the average po-
tential is thus related to the single-particle orbitals that are themselves determined in return
by the average potential. In this sense, the Hartree-Fock method is a self-consistent problem
requiring an iterative solution procedure. As they lead to strong divergences, bare hard-core
interactions are impossible to use in self-consistent mean-field methods, which require the use

of an effective force. This can be done in the framework of the Brueckner G-matrix described
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previously, leading to the Brueckner-Hartree-Fock method. However this approach is very
difficult to compute and phenomenological forces, such as Gogny or Skyrme functionals are
commonly used.

In order to provide an accurate description of the structure of nuclei, one usually needs to
go beyond this 0"*-order approximation and account for missing correlations. In particular,
pairing correlations are known to play a very important role in the description of open-shell
nuclei. In fact this type of correlations can be included into the mean-field using the Hartree-
Fock + BCS (Bardeen-Cooper-Schrieffer) [5, 92] or HFB (Hartree-Fock-Bogolyubov) [16, 17]
approaches. The wave function is then written as an independent state of quasi-particles. The
remaining types of correlations are usually added on top of the mean-field picture. For exam-
ple the method of the Random Phase Approximation (RPA) [100], or Quasi-particle Random
Phase Approximation (QRPA), describes small amplitude collective vibrations of the nucleus
as coherent superpositions of individual excitations. Alternatively, the Generator Coordinate
Method (GCM) [50] can treat large amplitude collective motion as superpositions of deformed
mean-field solutions. Many other methods exist.

Self consistent mean-field solutions usually break a certain number of symmetries. For exam-
ple, rotational invariance is lost when the Hartree-Fock solution is built on deformed orbitals.
The BCS wave function also does not preserve the number of particle in the system. Although
these symmetry breakings allow to account for correlations while using simplified wave func-

tions, they need to be restored through the use of projection techniques.

The present work focuses on the development of a many-body approach aiming to de-
scribe all types of long-range correlations on the same footing in order to explicitly preserve
the most important symmetries of the system, avoiding thus the need for projection techniques.
This approach, named ”multiparticle-multihole configuration mixing method” (shortly mp-mh
method), represents the adaptation of a many-body technique already widely used in the con-
text of atomic physics or quantum chemistry, and known as Multi-Configuration Hartree-Fock
(MCHF) [44, 75] or Multi-Configuration Self-Consistent Field (MCSCF) [108, 106] method.
While successful results have been obtained in these fields, the application of this approach to
the description of nuclear systems present additional difficulties. Namely, the lack of knowl-
edge of the nuclear force contrary to electromagnetic interactions, as well as the presence of two
types of particles (protons and neutrons), leading to the collectivity property of nuclei requir-
ing account for a large number of configurations. The multiparticle-multihole configuration
mixing method is inspired from both the self-consistent mean-field approach, which optimizes
orbitals considering a Slater determinant wave function, and the Shell-model - or more gener-
ally configuration interaction techniques - which explicitly treat all correlations in a restricted
many-body space built on frozen orbitals. Taking advantage of both philosophies, the mp-mh
approach assumes a correlated wave function preserving explicit symmetries, and optimizes

at the same time the single-particle states. We thus obtain a set of orbitals reflecting the



correlation content of the nuclear state. In this way, the mp-mh method allows to treat on the
same footing long range correlations, beyond a mean-field that is improved as correlations are
introduced. First multiconfiguration-type calculations based on Hartree-Fock single-particle
states (as opposed to the usual oscillator sates) have been realized in e.g. [85, 91, 18, 76, 61].
The orbitals were however kept frozen. Pioneering work using the full Multi-Configuration
Self-Consistent Field approach in the context of nuclear physics has been done a few decades
ago [34, 39, 96, 60]. However the applications performed in these studies were restricted to
simple analytical cases (Lipkin model). The development of the multiparticle-multihole con-
figuration mixing method at CEA ,DAM,DIF started in the early 2000’s. So far, the studies
that have been performed have not applied the full self-consistent formalism. Recent analysis
of the spectroscopy of sd-shell nuclei using the Gogny interaction [86, 63] used frozen Hartree-
Fock orbitals, while an earlier work [84] applied the mp-mh method to the description of
pairing correlations in Sn isotopes making drastic approximations in the equation determining
the single-particle states. The goal of this thesis is to pursue the development of the mp-mh
approach to be able to apply the full formalism to the description of nuclei. After formal
and numerical developments, we are now able to exercise for the first time the completely
self-consistent method to a few light nuclei. In particular, the first applications of this work

are done for p and sd-shell nuclei using the Gogny interaction.

This thesis is organized as follows.

e In the first chapter we remind of the formalism of the mp-mh configuration mixing
approach. For clean understanding and formal analysis of the equations, this formalism is
derived from a Hamiltonian operator (without density-dependence). This chapter focuses
then on the formal interpretation of the role of the orbital transformation. In particular,
we show that the equation determining the single-particle states can be obtained from

the Green’s function formalism at equal times.

e In the second chapter, we perform a first application of the method using the Gogny
force. The density-dependence of this interaction leads to a modification of the formalism
which we derive in consequence. Secondly, the procedure used to solve the equations are
exposed. Finally, we end by applying the full mp-mh method to a first test case: the 2C
nucleus. In particular we test and compare the convergence procedure using two types

of truncation of the many-body wave function.

e In the third chapter, a systematic study of sd-shell nuclei is performed. The influence
of the orbital transformation on the description of ground and excited properties is

analyzed.

e Finally, the last chapter is dedicated to first applications of the method for the study of

reaction mechanisms. More particularly, transition densities calculated in the framework
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of the mp-mh configuration mixing approach are used as input to calculate observables

associated with inelastic scattering of electrons and protons from sd-shell nuclei.



Chapter 11

General Formalism of the mp-mh

configuration mixing method

At the crossroads between self-consistent mean-field approaches and Configuration-Interaction
techniques, the multiparticle-multihole configuration mixing method exhibits several advan-
tages. The configuration mixing form of the wave function allows to preserve symmetries
that are usually broken in mean-field-type approaches. In particular, the number of particles
and the angular momentum are explicit good quantum numbers. The Pauli principle, usually
slightly violated in RPA-type methods (so-called Quasi-Boson Approximation) is also fully re-
spected here. Moreover, all types of long-range correlations are described on the same footing.
Namely, pairing correlations, correlations associated with collective excitations and coupling
of these collective states with individual excitations (so-called particle-vibration coupling).
Finally ground and excited states of even-even, even-odd and odd-odd nuclei can be described
on the same footing. As in self-consistent mean-field methods, the mp-mh approach offers
nice and satisfying consistency properties. Even better, the mean-field evolves according to

the correlation content of the system, and thus reflects the effect of all types of correlations.

We start this chapter by deriving the formalism of the mp-mh method based on a general
two-body Hamiltonian. Secondly, a formal analysis of the role of the orbital optimization
is conducted. In particular the link with the Green’s function formalism at equal time is
established.

II.1 Derivation of the equations

The starting point of the method is to build the trial wave function |¥) describing the nuclear

state. |U) is taken as a general superposition of direct products of proton (7) and neutron (v)

9
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Slater determinants |¢o) = |Pa,) @ |, ),

W) = ) Adda)
= Y Aaala,) ©[0a,) - (IL1)

Qroy

Each configuration |¢,) is a multiparticle-multihole (mp-mh) excitation of a reference state
|¢) obtained by filling the lowest orbitals with the A = Z+ N nucleons of the system (see Fig.

(IL1)).

That is,
Mao
|¢a> = H (a’;iahi) |¢>
Z Moy Ma,
= 160.) @ 160) = [T (ahan. ) 60 @ [T (ah,0n, )16}, (112)
with,

A

[]llo)

=1

|#)

A

|6r) © |¢0) = Ha@lIU) @ [[ 4,10 (IL.3)

Jj=1

In Eq. (I1.2), the indices h (resp. p) stand for "hole” (resp. ”particle”) and denote occu-
pied (resp. unoccupied) orbitals in |¢). The highest hole level is known as the Fermi level.
M, = M, + M,, is called the excitation order of the configuration |¢,) and corresponds to
the number of p-h excitations applied to |¢) in order to obtain |¢,). The reference state |¢)
obtained from the particle vacuum |0) and characterized by M, = 0 is included in expansion
(I1.1). Tt is represented on Fig. (II.1) along with other possible configurations up to 2p-2h

configurations.

It is obvious that a wave function as written in Eq. (II.1) explicitly preserves the number
of protons and neutrons, Z and N, of the system. Other symmetries, such as the rotational
invariance, are preserved by restricting the configuration mixing (II.1) to Slater determinants

ensuring the conservation of good quantum numbers.

10
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protons neutrons

particle states
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00 00 0000 0000 000
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90 00 00 00 00 00 OO0 00
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) = |2p2h) ) = |2p2h)

|¢a> = |2p2h>

Figure I1.1: Examples of multiparticle-multihole excitations.
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Ideally the single-particle basis would be infinite so that the many-body configurations

«) would span the complete Hilbert space Z. According to the Ritz variational principle,
p p p g p p

the exact wave function |W.,) making the energy functional £[¥.,] = %w

would then be an eigenstate of the many-body Hamiltonian H. This wave function would be

stationary

independent of the nature of the single-particle basis, so that the mixing coefficients A, would

be the only variational parameters to consider.

However, practically, one is forced to consider a finite basis. Thus the trial wave function
|W) can only be varied within a subspace S of the whole Hilbert space Z. If one includes in
expansion (II.1) all many-body configurations (with good quantum numbers) belonging to S,
varying the energy functional with respect to the coefficients A, leads to finding the exact
eigenstates of StH 5’, projection of the Hamiltonian on &. These states are not, a priori,
eigenstates of H. However, if the one-body basis is large enough, the subspace S tends to
cover an important part of Z, so that the trial wave function |U) resembles closely |V.,) and
E[V] — E[¥..]T [67]. The exact solution within & would then be a satisfactory approximation

to the exact solution within Z.

However this procedure is usually practically unfeasible. Indeed, roughly speaking, the size

of the many-body space S for N particles on M single-particle states grows combinatorially

as (% = N,(NL_'M), Moreover the presence of two types of particles (protons and neutrons)
increases drastically the number of possible combinations. Thus, one is usually compelled
to restrict the expansion (II.1) to configurations belonging to a subspace P of S. In this
case, the wave function depends significantly on the nature of the single particle basis. The
strategy of the multiparticle-multihole configuration mixing approach is thus to determine the
single-particle states which optimize at best the subspace P.

Consequently, the two sets of unknown parameters to be determined are,

e The mixing coefficients {A,} , representing the weight of each configuration in the

trial wave function.

e The single-particle orbitals {y; (7,0)} (7 = (7,v),0 = (1,])), or equivalently the

creation operators {al}l, used to build the many-body states.

The equation determining the weights {A,} is obtained by requiring the energy functional
E[W] = (U|H|¥) to be stationary with respect to infinitesimal variations dA* of the coeffi-

!The orbitals {¢;_(7,0)} are related to the creation operators {al} through the relation,
VN (7 o, 7) = Z%‘T (F,U)*GIT & a;rT = Z/d?’m/ﬁ(ﬁ o, 7). (Fyo)*,
i o
where 1 (7, 0,7) is the field operator creating a nucleon with spin ¢ and isospin 7 at point 7.

12



II.1 Derivation of the equations

cients, while the orbitals are kept fixed. Similarly the orbitals are optimized by fixing the

coefficients and minimizing E[V] with respect to the single-particle states {¢;_ }.

This leads to the following system of equations,

(5. = 3 %Y

Ay = I1.4
OA, . =0 (L4

SAL+ ) 8514[1\1[]

{pip;} fixed {pip;} fixed

(07

s O[]

op; = 0, (IL.5)
{Aq, AL} fixed o i

{Aq, A%} fixed

IEY] = Z 8;;{[2\{!]

where 64 and ¢, denote the variations with respect to the expansion coefficients and the or-
bitals, respectively. Since the mixing coefficients depend on the nature of the single-particle

states, and vice versa, the two equations (II.4) and (I1.5) are coupled.

In what follows, we show the formalism of the multiparticle-multihole (mp-mh) configura-

tion mixing approach derived from a two-body Hamiltonian with general form,

A~

H = K+V¥

= ZKUCL aj + — Z Z]|V2N|kl ala alak, (IL.6)
zykl

where K is the kinetic energy operator containing the center of mass correction (1 — Z) and
V2N = (1 — Plg)va is the antisymmetrized two-body interaction. Py = PT1T2PO'1O'2PT1TQ
denotes the exchange operator between particle 1 and 2, with Prm, Palc72 and P7'17‘2 the space,
spin and isospin exchange operators respectively.

The generalization to e.g. a three-body Hamiltonian is straightforward (see. Appendix A).

I1.1.1 First variational equation: the mixing coefficients

Let us first consider Eq. (I1.4). The mixing coefficients being related through the normalization

condition of the wave function,

1= (|v) = ZA*Aﬂ (Galts) =D 14al* (IL.7)

13
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we make use of the Lagrange method 2 and introduce a multiplier A associated to this condition.

The new functional to minimize is then,
FlU,. A = EV]—A({(Y|¥)—-1) (I1.8)

= Y ALAs(¢alH|dg) — A (Z AL A (DalPs) — 1) : (IL9)
af af

and the equation (II1.4) to solve can be rewritten as,

OF[U, A
8—14;; = 0, Va (1110)
OF[W, A

oA, 0, Vo . (IL.11)

Inserting Eq. (I1.9) into Egs. (I1.10) and (I1.11) we finally get,

> Ag (dalH|ds) = Mq, Vo
B

(I1.12)

and its equivalent conjugate equation.

Eq. (I1.12) represents the diagonalization of the Hamiltonian matrix in the many-body con-
figuration space. This eigenvalue equation is common to all Configuration Interaction-type
methods?. The nuclear states |¥) correspond to the eigenvectors of H, while the eigenvalues

give the energy of the system.

As mentioned earlier the size of the matrix growing combinatorially with the number of parti-
cles and the number of single-particle states, one is usually forced to restrict the wave function

(IL.1) to a subspace P C S containing certain selected configurations. Thus we have in fact,

T) =" Aalda) - (IL.13)

a€eP

Calling Q the subspace orthogonal to P in &, we have

POQ=S. (IL.14)

2The Lagrange multiplier method states that the extrema of a function f(xy,...,7,) constrained to the
condition C(z1,...,xm) = 0 (m < n), can be obtained by finding unconstrained extrema of the function
g(1, ey Ty A) = f(@1, oy n) — AC (X1, ooy Tipy)-

Since in practical applications we will be using a density-dependent interaction, new terms called ”rear-
rangement terms” will appear, making Eq. (I1.12) non-linear and therefore more complicated to solve. See
chapter III.
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II.1 Derivation of the equations

This truncation is schematically shown in Fig. (I1.2).

Restricted
P-subspace

Finite

space
S=P+Q

Infinite
Hilbert
space I

Figure I1.2: Truncation of the many-body space.

Neglecting the space outside of S, the projectors P and Q onto P and Q respectively, satisfy

the following relations,

p? = P
Q= Q
PQ=QP = 0. (I1.15)
The Hamiltonian can then be decomposed into,
H = PHP+QHQ+PHQ+QHP
= HPP—FHQQ—}-]:IPQ—FIA{QP , (IIlG)

where H pp and ]:IQQ act within P and Q respectively, while H po and I;TQP represent the

couplings between both spaces.
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We note that Eq. (II.12) can be rewritten as,

(Gal H = A¥) =0 ,Va

& PH-)N)|T) =0 (I1.17)
& 1-QH-N|¥) =0
& (H-N|0)=QH|D) . (I1.18)

Eq. (I1.17) expresses nothing but the fact that |¥) is the eigenstate of Hpp, projection of H

onto P, with eigenvalue .

Role of the first equation

The first variational equation allows to explicitly build two-body correlations in the wave
function of the nucleus. Although these correlations are restricted to a truncated P space
of the complete Hilbert space, they are however of all physical types. Indeed, looking at the
elements (¢|V|ps) of the matrix to diagonalize, one sees that different types of vertices can
appear according to the difference of excitation order AM = |M, — Mjs| of the two Slater
determinants ¢, and ¢g. If Vis a two-body interaction it can only connect configurations
differing by up to 2p — 2h excitations. Three cases have then to be examined. They are

represented in Fig. (I1.3).

e Case (a): An = 0. The two top diagrams of the figure correspond to the direct and
exchange part of the same matrix element. They represent respectively the scattering
and the creation/annihilation of a particle-hole (p-h) pair. This type of vertices are char-
acteristic of RPA-type (Random Phase Approximation-type) correlations. In particular,
they correspond to the A-matrix in the ph-RPA approach. These vertices are able to
generate the well-known ring diagrams representing collective vibrations of the nucleus.
The two bottom diagrams on Fig. (I1.3)(a) respectively represent the scattering of
a pair of particles and of a pair of holes. These vertices appear for instance in the
pp(hh)-RPA or QRPA approaches. They generate pairing vibrations. When particles
are in time-reversed states they also occur in BCS (Bardeen-Cooper-Schrieffer) or HFB

(Hartree-Fock-Bogolyubov) methods.

e Case (b): An = 1. These diagrams represent the influence of the creation (annihilation)
of a ph pair on the propagation of a single particle (hole). They allow to couple collective
vibrations of the nucleus to the motion of individual nucleons. This is the so-called
"particle-vibration coupling” which is rarely considered in microscopic beyond mean-
field approaches. It is however known to play an important role in odd nuclei. In
particular these diagrams are expected to lead to a compression of the single-particle

spectrum around the Fermi level.
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II.1 Derivation of the equations

e Case (c): An = 2. These vertices represent the creation (annihilation) of two particle-
hole pairs from the uncorrelated reference state. They are essential to introduce correla-

tions in the ground state and appear again in the RPA approach through the B-matrix.

® Case (a): An=0

Figure I1.3: Different types of vertices appearing in the configuration mixing. See text for
explanation.

Finally let us remind that the Hamiltonian appearing in Eq. (I1.12) has not been renormalized
inside the P-subspace and therefore the first variational equation completely neglects Q. We

will see that the second variational equation should partly make up for this truncation.

I1.1.2 Second variational equation: the single-particle orbitals

Let us now consider the variation of the energy £[W] with respect to the single-particle orbitals,

while the mixing coefficients are kept fixed. A variation of the creation operators {a!} can be

17
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obtained from a general unitary transformation,

s e A 117~ 7~
al = eTale™ =al +i [T, aj] ~3 [T, [T, aIH + ..., (I1.19)

where T is an infinitesimal hermitian one-body operator 7' = > i Tijazaj. This leads to the

first order variation,
= dal =i [T, aﬂ . (I1.20)
This transformation of orbitals yields the following variation of the many-body states,

|pa) = HCL@T |0) = aL...aBa 0y — (eiT J{ae*iT) (e"TaLQe*iT> |0)

1€
= e"TAaL...aL e_iT|O)
Y ——
=[0)
= " ¢a) (IL.21)

where we used the unitarity property e~iTeil = 1 and the fact that the true vacuum |0) stays
invariant under such a transformation.
Expanding the exponential, we get |[0¢,) = il |po). Similarly the trial wave function varies

as [0¥) = iT |W), so that the corresponding first order variation of the energy is,

0,E[U] = (6U|H|V) + (U|H|oW) (I1.22)
= —i(U|TH|Y) + i (U|HT|D)
— (U] [HT} 7Y (11.23)

The requirement (I1.5) for the energy to be stationary amounts then to,

(0] [H T] ) =0 (I1.24)

This condition is often referred in the literature as ” Generalized Brillouin equation” [20, 64].
We show in appendix? (A) that the Brillouin equation (I1.24) can be recasted as the following
generalized inhomogeneous mean-field equation,

[B[p],ﬁ} = G| (I1.25)

4The orbital equation is derived in Appendix (A) for the general case of a three-body Hamiltonian.
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II.1 Derivation of the equations

In Eq. (I1.25) p is the one-body density matrix of the correlated state,
pij = (Y|alai| W) (11.26)

and o is the two-body correlation matrix defined by,

(2]
Pij ki

<\I/|a;azrakai|‘ll>

(Pijprt — PiPrj) + Tjitk - (I1.27)

We show in appendix (B) that o can also be expressed as,

g = (¥|: a}a;akai | W)
— (0| s ala; : [O) (U] : afay : [) + (U] : alay : [O) (U] : afa; : |T) |

(11.28)

where :: denotes the normal product taken with respect to the uncorrelated reference state

2%

The one-body mean-field Hamiltonian,

ol = Ki+ > (k[VN]5) pug
kl

J/

-~

2N
Kij + 5 ol (11.29)

represents a generalization of the Hartree-Fock field in the sense that it is built with the density
matrix of the correlated system and not an approximated Slater density.
Finally the source term G[o] contains the effect of correlations beyond this mean-field, and is

given by,

1 _ 1~
Gloly = 35 > Okiim Vi — 5 > Vit Gitkm (11.30)

klm klm

It is easy to show that G[o] is anti-hermitian since it can be rewritten as,

Glo] = Flo] — F'[o], (I1.31)
where,
1 ~
Flo];; = B Z Uki,ZkaQé-vm : (I1.32)
klm

Eq. (I1.24) and (II.25) are two equivalent expressions of the equation determining the

optimal orbitals. There exist in fact several other possible ways of deriving and expressing
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this equation (see e.g. [73]). For instance, defining the following operator,

~ A

O = phlp] + Flo] (11.33)

it is straightforward to see that Eq. (I1.25) can be recasted into,

A

O=0". (I1.34)

This operator O is often referred in the literature as the ”orbital operator” [45] or ”Fock-like
operator” [55] (by analogy to the usual Fock operator encountered in the Hartree-Fock the-
ory). Its hermiticity is thus a necessary and sufficient condition for the energy to be stationary
with respect to orbital variations.

Continuing this reasoning, this is also equivalent to the fact that the matrix O can be diago-

nalized by a unitary matrix U as,

U'OU =D, (I1.35)

where D is diagonal and real, and UTU = 1. The orbital equation can therefore also be

expressed as an eigenvalue problem for the orbital operator O [34].

Role of the second equation - Coupling to the O-subspace

As mentioned previously, the nuclear state built from the first variational equation is in practice
restricted to a subspace P of the full many-body space S. The variation of this state obtained
via the variation of the single-particle states can be divided into a part belonging to P and a

part belonging to the orthogonal Q-subspace as,
(W) p = [W)p + [0W) , where [0W) = [0W), + [6V), . (11.36)

Thus, the corresponding variation of the energy becomes,

05[] p(UIH [50) + (50| H| D),
= 79(‘1’|H |5\1’>79 + P<5‘I’|H |\I/>7D +73<\I’|H |5\II>Q + Q<5\II|H |‘I’>7>
= p(U|PHP|6W), + p(0U|PHP |W), + p(U|PHQ |[6W) 5 + o (6¥|QHP V), .

(I1.37)
We see from the last two terms on the r.h.s of Eq. (I1.37) that couplings between the P- and

Q-subspaces are introduced through ﬁpg = PH Q and H op = QF[ P. However propagation
into the Q-subspace through fIQQ = Q]:I Q is ignored °.

5Since H, 00 is not taken into account neither in the first nor via the second equation, one of the challenges
of the mp-mh approach will be to select an optimal selection criterion of the P-space. That is, find a truncation
scheme of the many-body configurations such that the ignored Q-subspace will not impact on the observables
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II.1 Derivation of the equations

The orbital equation should therefore partly compensate for the truncation made on the wave
function. This can be illustrated by the following arguments.
Starting from a certain set of single-particle states {a'}, the orbital equation leads to a new

set {b'} that can be expressed as,

b = eihafemit — Z“; (em)ji — Z a}Gﬁ : (I1.38)
j

J
where the sum runs over all states j (of same symmetry than i in a symmetry-conserving

approach), and A= > ou Aklazal. Under this transformation, the many-body configurations

therefore vary as,

|6a) = [00) = €*|¢a)
= o) + > Ayalajléa) + ) AjAualasafale) + ... (11.39)

ijkl

The optimization of orbitals thus amounts to creating multiparticle-multihole excitations on
top of the existing configurations. These multiparticle-multihole excitations extend to the
whole single-particle basis one is considering. Since A is a one-body operator, they are always

built as products of 1p-1h excitations.

The configurations belonging to the new restricted P’-subspace should therefore take into

account the effect of Slater determinants built from the entire starting single-particle basis.

Indeed,

[¢o) = bl,..00,10)
= Y Oj1.-0,a,05 0], |0) (I1.40)

J1---JA

where j; is in the same symmetry block than 7, but is not restricted to e.g. some type of

valence space. Thus,

6,) = > Cag |65 (I1.41)

BeP+Q
with same symmetry
than o/

where C,3 decomposes as product of A.

Let us insist on the fact that, since it acts at the one-body level, the transformation of

single-particle states does not create additional correlations. It allows however, to optimize

under study (excitation energies, transition probabilities...).
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CHAPTER II : General Formalism of the mp-mh configuration mixing method

the P-subspace so that the role of the Q-subspace on the description of the nuclear state is

minimized.

Hartree-Fock limit Finally let us note that in the limit where only the reference state is
included in expansion (II.1), i.e. if |[¥) = |¢), the two-body correlation matrix o cancels and

one gets back the usual Hartree-Fock equation [h[p], p] = 0, where p reduces to°,

oy — { 0ij, if i and j < Fermi level, (11.42)

0, otherwise.

This equation expresses that the mean-field and the one-body density commute and therefore
there exists a common eigenbasis diagonalizing both of theses matrices simultaneously. It
is this basis that one usually seeks and takes as optimal set of single-particle states. This
commuting property ensures a one to one correspondence between the ”canonical” states’
(eigenstates of the mean field h[p]) and the "natural” ones (eigenstates of the density p).
Single-particle energies (eigenvalues of h[p]) and occupation numbers (eigenvalues of p) are
therefore both defined simultaneously.

In the general case where one includes several configurations in the wave function (II.1),
[h]p], p] = Glo] # 0 and this property is lost. The canonical and natural basis do not coincide
anymore and one cannot define states with definite single-particle energies and occupations at

the same time.

I1.1.3 Importance of the consistency between correlations and mean-

field description

Most microscopic many-body methods are based on the concept of an existing underlying
independent-particle picture. That is, on the idea that in first approximation, the nucleons of
the system can be described as evolving independently from each other in an average potential
', which generates single-nucleon orbitals organized in shells®. The inclusion of correlations
arising from the residual interaction V,.s = V — I' is then accomplished in a second separate
stage”.

On the contrary, the formalism exposed here allows to generate an optimized single-particle

picture which reflects and encapsulates part of the correlation content of the system. We see

6in the case of a closed sub-shell nucleus.

"Here we use the jargon of quantum chemistry where the canonical basis denotes the basis that diagonalizes
the mean-field Hamiltonian h[p]. This definition should not be confused with the one used in HFB theory,
where the canonical basis is a special case of a natural basis which also brings the pairing tensor into ” canonical”
form.

8The Shell-model method starts from a schematic potential whereas the Hartree-Fock method optimizes
the mean-field self-consistently but considering an independent-particle wave function.

90nly pairing correlations can be treated at the mean-field level within HFB or BCS methods.
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II.1 Derivation of the equations

indeed that the one-body mean-field Hamiltonian H[p] appearing in the orbital equation,

hlpliy = Kij + TV [plyy = Ky + Z (ik[V2N51) pu (11.43)
ki

is obtained by averaging the two-body interaction with the complete density p of the correlated
state |¥). Thus, contrary to the Hartree-Fock field which averages the interaction of the
nucleons over the orbits situated under the Fermi level, the mean potential (11.43) contains
contributions from both particle and hole states. It therefore accounts for the scattering of
nucleons into orbits that are unoccupied in the reference state |¢). In the ideal case where p is
constructed with the exact solution [¥) of H?V |¥) = E |¥), the mean field (I1.43) constitutes
the most general mean field that can be constructed from a two-body interaction. In fact, if one
considers a M-body force, the average potential is obtained by folding the n-body interactions
with the full (n-1)-body densities (1 < n < M) as,

o 1 L San
hzj[p) p[g], » p[M_l]] _ KZJ + Z <Zk|V2N|]l> Pik + Z Z <2k1k2|v3N|]l1l2> pﬁ}kl,lzk‘g
kl k1l1kala
1 . ind . M-1
o+ m Z <Zl€1]€M|VMN‘]lllM> pl[1k1,~-]~7lMlkM—1 :

kily...karlar

(I1.44)

See e.g. appendix A for the derivation of A in the case of a three-body force.
Extracted in this way from the correlated many-body solution, the resulting average potential
absorbs the mean effect of correlations and partly shields the influence of the latter. The
importance of the residual interaction V. = V —I'[p] is then minimized and the independent-
particle system governed by h[p] should therefore be a better approximation to the exact
solution then e.g. a Hartree-Fock state.

An expression of such an average potential already appeared in [94]. It was extensively
discussed in [4], and more recently in [33] in the context of the definition of single-particle

energies . It is shown that taking the latter as eigenvalues of the mean-field (11.43),

eqo = (a|hlplla) = K, + Z (ab|V®N|ac) py,  where hlp]la) =eqla) , (I1.45)

constitutes a "universal” unambiguous definition of the single-nucleon energies, which also
coincides with the ”experimentalists’ definition”!°.

Indeed one can easily show that h[p] can also be expressed as (see e.g. [94]),

hipli; = (| { [aH} ,a}} v) (11.46)

10Although the notion of single-particle energies can also differ within the experimentalists’ community,
depending on the mass region under study.

23



CHAPTER II : General Formalism of the mp-mh configuration mixing method

where [,] and {, } are the notations for the commutator and anti-commutator respectively.

Let us now insert the following closure relations into Eq. (11.46),
= SO0 @ = ST (wa (11.47)
N n

where N (n) denotes the eigenstates of the neighboring system with A+1 (A-1) nucleons, i.e.
the solutions of H |[U4T) = Ey U4 (F |0A-1) = E, [UA-1)). We finally obtain,

hlpliy = (Ul O (Ex — E) (U3 al| W) + > (W]l |017") (B = E,) (U7 |ai] ) -
' (I1.48)

Let us remind that H |W) = E|V) is the problem for the A-particle system one is trying to
solve. In the basis {a} diagonalizing h[p|, Eq. (11.48) reads,

e = haalpl = 3[Rl (By — B) + 3 [0 a0 (B - E,) . (1149)

We recognize in Eq. (I1.49) the observable one-nucleon addition and separation energies,
EY, = Ex — E and E, = E — E,, respectively. They correspond to the pole of the complete

one-body energy propagator or two-point Green’s function. The quantities,

2

Sta = (0t l®)] (IL50)

oo = [(WA 0, 0) [ (IL.51)
are known as spectroscopic factors. They estimate the validity of approximating the eigenstate
N (n) of the A4+1 (A-1) system by the ground state of the A-nucleus plus (minus) one nucleon
in state a added to it (removed from it).

This analysis allows to extract from Eq. (I1.49) the physical meaning of the single-particle
energies taken as eigenvalues of the mean field (I1.43): they represent the average of the one-
nucleon separation energies weighted by the corresponding spectroscopic factors, i.e. they

represent the centroid of the observable separation energies.

The theory of the most general mean-field is also extensively exposed in Ref. [11, 93]
from the point of view of perturbation theory. It is emphasized that the density p used to
calculate the potential T'[p] must be fully consistent with the correlations o of the system.
More precisely, one can always divide p into an uncorrelated part and a correlated one as,

p=p"+p",
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II.1 Derivation of the equations

where

o 0O = (¢|p|#) is the density of the uncorrelated reference state |¢). It satisfies the

equation (p(®)2 = p(® characteristic of an independent-particle state.

e p(U = p— p(® is the contribution to the one-body density arising from the two-body

correlations. The presence of this part leads to the loss of the idempotence property:

(p)? # p-

The authors of [11, 93] treat the density and the total energy F in terms of a graph expansion.
It is shown that the diagrams for the energy can all be decomposed into sub-diagrams that are
categorized into different classes. In particular graphs arising from the two-body correlations
are called ”irreducible”. We denote by A their resummed contribution to E. Considering
then the total energy as a functional of the average potential I'[p], the authors show that the
variational condition 6?—? = 0 is realized if I'[p] is calculated with p(!) satisfying,

PV = 0 (A) = 9 ("Irreducible” energy diagrams) . (I1.52)
or or

It is important to stress that this result stays true in the case where one truncates the infinite

summation A in the expansion of the energy F, or limits this summation to a certain subclass

of diagrams, as long as the same graphs are used in (I1.52) to calculate p(V).

A first application of this method was performed in [81] where the modification of the self-

consistent field in the presence of 2p-2h admixtures was studied.

Although the variational principle applied in the multiparticle-multihole configuration mix-
ing method is different (it is based on an explicit expression of the wave function) consistency
between the one-body density p and the correlation matrix o is achieved by the fact that they
are calculated from the same (approximated) nuclear state |U) ~ |¥),. A deep link between

mean-field description and correlation content is thus ensured.
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I1.2 Analysis of the orbital equation - Relation to Green’s

functions

In this section we show that the variational orbital equation can also be obtained using the
formalism of Green’s functions, and thus constitutes a general equation of Physics. This
formalism allows to interpret nicely the renormalization of orbitals in term of a diagrammatic

representation.

I1.2.1 Reminder of the Green’s function formalism

Green’s functions (GFs) have been very widely studied and used in all areas of many-body
quantum physics. They are discussed in great detail in a large number of textbooks and lec-
ture notes. See e.g. [103, 42, 11, 72]. Here we only recall some definitions and properties of

the Green’s functions that are needed in order to derive the orbital equation.

Let al(t) and a;(t) be the creation and destruction operators of a particle in state i in
the Heisenberg picture. They are related to the time-independent operators alT and a; in the

Schrodinger picture as (with 4 = 1),

ai@) _ ethaj»e’th
ai(t) = eMtae "t (IL.53)

The many-body Green’s functions in the representation ¢ are defined as follows,

(G (1 — 1) = i (T (w(t)al(t)) |¥)

Q}?}m(h,tg;tg,m) = —(U|T (ai(tl)aj(tg)a;(t4)a2(t3)> | D)

G0 i (Bt 5.0) = (=) (UIT (a1, (1), (B), (1) )al, (1)) [9) (1154)

where |W) is in principle the exact ground-state of the A-particle system, and 7() is the time-
ordering operator which brings the operators taken at latter times on the left of operators

taken at earlier times and affects the results by the sign of the corresponding permutation.

o The one-body propagator or two-point Green’s function
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Definition According to (I1.54), the one-body Green’s function is defined as,

Gt~ 1) = ~i (T (au(t)al(t:)) |¥)

{ —i (Ula;(tr)al (t2) W) | if 1 > o

11.55
+i (Ulal (t)ai(t)| W), if 1 < ts . (IL55)

When t; > t5 the one-body GF gives the probability of finding the system in its initial ground-
state after adding a particle in state j at time %5, letting the system evolve and finally removing
a particle in state ¢ at time ¢;. It describes therefore the behavior of the system containing
one additional particle.

Conversely, when t; < t5, the one-body GF gives the probability of finding the system in its
ground state after annihilating a particle at time ¢; and creating one at time t,. The one-body

GF for t; < t5 thus describes the behavior of the system when removing a particle from it.

Equation of motion Let us start from the equation of motion for the Heisenberg anni-

hilation operator a;(t) = ef'a;e~1"

0

iaai(t) = [ai(t),[:[] - eiﬁt[ai,[:[]e—iﬁt
— ZK 6 a“ak ’LHt + Z klmn ZHt az,alajanam]eiiﬁt
jklm
N ZK”C” Z Vil (£)an(t)am(t) - (I1.56)
lmn

where we have used the following relations,
[A,BC] = [A, B|C + B|A,C] = {A, B}C — B{A,C} . (I1.57)

Multiplying by a}(t’ ) on the right, taking the 7-product and the expectation value in |¥) of

the corresponding expression we obtain,

T (gaa©) 1) - 5 K 0T (wu)(1)) 19

by SOV (T (o} (Dan(t)an (Hal()) [¥) - (1158)

lmn

On the second line of equation (I1.58) appears the four-point Green’s function.
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The T-product of operators being a distribution it verifies!!

% [T (m(ﬂa}(t’))] = A&t —1)5;; + T <%(ai(t)a;(t’)> _ (I1.59)

where A = 1 is the module of the distribution’s discontinuity in ¢ = ¢'.

Thus we finally get,

B
3 (uszlat il) Gt —t) = 8(t — )0 + 5 Z AN G Lt ) (I1.60)

l

lmn

This is the equation of motion expressing the one-body propagator Gl in terms of G, It is
the first step of the infinite Martin-Schwinger hierarchy [71] of coupled equations relating G
to Gl=1 and g+1l,

Similarly one could have started from the equation of motion for the creation operator

a;(t’ ). This would have led to the following equivalent equation,

<

8 .

kim

Free propagator The propagator G of a free particle is solution of,

> <25”(§t KH) Gt 1) = 8(t — )by , (11.62)
l

or equivalently, -
0
Z Q ( =0k + Kk]) = —0(t —t)d;; . (11.63)

It is therefore a Green’s function in the mathematical sense and solutions of Eq. (I1.60) and

(I1.61) can be written in an integral form as,

Gt —1) =6t —1) Z / At Gl (t — t)VEN Gttt t]) (I1.64)

klmn

' This can be easily shown by writing

T (a(al(#)) = 0t = )as()al () = 0(¢' = Dal (V)ai(t)

differentiating this expression with respect to t and using the anti-commutation rules at equal time

{af(t),ai(t)} = 8i;.
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and,

0 i 2 _ ~ 0
Gyt =1) =Gt —t)~5 > / Aty G (17 0 ) ViR (h = 1) (IL65)

klmn

respectively.

o The two-body propagator or four-point Green’s function

Definition According to (I1.54), the two-body GF is defined as,
Gty ta ty, ta) = — (O[T (ai(tl)aj(tg)azf(Q)a,t(tg)) D) (IL.66)

Here again different time ordering can be considered: For instance, when tq,ts > (<)t3, t4 the
two-body GF describes the propagation of a pair of particles ("holes”). Whereas it describes
the propagation of a particle-hole pair when ¢1,%3 < t9, ¢4 .

Equation of motion Following the same steps than for the one-body propagator one

can derive an equation of motion for the four-point GF, relating G to G!Y and G¥¥,

0
Z (252‘ 9 Tz‘s) Gsjri(ti,toits, ta) = O6uwd(ts —t3)Gj(ta — ta) — 6u0(t1 — ta)Gik(ta — t3)
1

S

7 ~
_5 Z Vi{r\*fmg}i]rj,kls (tlv b1, t2; t3, ta, tf) : (H67)

sTrm

Solutions of Eq. (I1.67) can then also be expressed in an integral form in terms of the free

propagator G,

Cluster expansion It is also possible to show that G? can be expressed in terms of the

complete one-body propagator G as'?,

G (s, ta) = G (1 —t5)G W (b — ) — G (11— 1) G (1o — 1) +- G2 (11, ta; 1, 1) , (11.68)

where GP¢ denotes the connected part of the two-body GF.

12In fact any N-body propagator can be expressed as a sum of an antisymmetrized product of lower-body
propagator and a connected N-body part. This cluster decomposition of the GF's is very useful when per-
turbative methods cannot be used (for instance when dealing with a hard core). One can indeed make a
truncation at a certain order in correlations. This amounts to resumming the infinite serie of a certain type
of diagrams (partial summation). For instance, the Hartree-Fock approximation is obtained by neglecting
two-body correlations, i.e. by setting G2I¢ = 0.
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o Dyson equation Defining a quantity > which satisfies,

Z/dtQst(tl — 1)G (t2 — Z VAN Gttt 1) (I1.69)

lmn

the equation of motion (I1.64) for the one-body propagator can be rewritten as,

Gl —t) =gt 1) +Z/dt1/dt2g (t— 1) St — t2)GL(t2 — '), (ILT0)
or equivalently,

Gl —1) =6~ +Z/dt1/dt2g” t— ) et — )Gt — ) . (ILT1)

Eq. (I1.70) and (I1.71) are two equivalent forms of the well known Dyson equation represented
on Fig. (I1.4). X is the self-energy (also called mass-operator) which contains all information
about the one-, two-, three-, ...-body propagators. The self-energy resums all one-particle

irreducible diagrams.

Figure I1.4: Graphical representation of the Dyson equation. The simple line represents the
free propagator G, while the double line denotes the complete propagator G

I1.2.2 Orbital equation from the Green’s function formalism at
equal times

Now that the notations and definitions have been recalled, let us show that the second varia-

tional equation of the mp-mh approach can be obtained from the Green’s function formalism

at equal times.
Let us first define,

Zglm Ik t t/_ t t)v;cl ,mj (1172)

klm

The equations of motion (I1.60) and (II.61) can then be written as,
0 .
> (usd gy Kﬂ> Gt —t') = 6(t — )5, + (1, 1) (11.73)
1
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and ,
<_

0
S oagile—v) (i%(skj + Kkj> = —0(t =)oy + Qi (L, 1), (I1.74)
k

respectively.
Adding now Eq. (I1.73) to Eq. (I1.74) eliminates the time derivatives and we get,

> (Gt — ) Ky — KeGj(t — 1)) = Qi(t,1) + Q(t 1) . (I1.75)
k
Let us now take the equal-time limit ¢’ — ¢ of Eq. (I1.75).
It is straightforward to see that the many-body propagators taken at equal times are propor-
tional to the many-body densities. In particular,

lim G(t—¢) = —ilim <W|T(ai(t)a}(t')) D)

t'—tt t'—tt
= +i (laf(t)a;(1)|V)
= +i <\If|a;(0)az-(0)|\1/) (translation invariance)

= +ipij (I1.76)
and,
: (2] R R [ Tran T
Jim Gt #,0) = = T (UIT (el (¢)a)(?)) 19)
= — (¥af(0)al(0)ax(0)a(0)|W)
2
_pl[il}qj
= — (puiprj — P1jPri + Citjk) - (IL.77)

Using the cluster decomposition (I1.68) of G2l we also notice that,

lim 915},2(2?%; t' ") = —ouk . (I1.78)

t'—tt+

We deduce from these properties that,

t/li—>r?+ Qt,t") = —i (F(o) + pl[p]) (I1.79)
Jim, Qf (¢, t) =i (F'(o) + T[plp) . (11.80)

where I'[p] is the average potential given in Eq. (I1.29), and F(o) is defined in Eq. (I1.32).
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Thus, Eq. (I1.75) taken at the limit ¢ — ¢* leads exactly to the orbital equation (II.25),

A

K 1T, 3| = Flo] ~ F'lo] = Glo] . (IL81)
N——

=hlp]

11.2.3 Diagrammatic analysis

Using the cluster decomposition (I1.68) of G2, Q can be split into two parts as,

Qt,t") = Q' (t,t") + Q°(t, 1), (11.82)
where,
Qzlj (tv t/) - 5 Z (gll gmk (t/_ ) - glk (t - t/)gml<t,_ - t/>)vkl mj
klm
= —Zgzl t_t mek kl,mj
= - Z Gu(t —t")Ty(p] (I1.83)
]
and,
QS (t, 1) Zgzi]ﬁk t Tt VRN (IL.84)
klm

These contributions are diagrammatically represented on Fig. (I1.5).

Q(t,t') Ql(t,t') Qc(t,t')

Figure II.5: Graphical representation of Q = Q' 4+ Q. The blob 'C” denotes the connected
part of the two-body GF. The cut leg corresponds to the interaction line that is not attached
to G1.

The equal-time limit of Q' corresponds to,

lim Q'(t,t') = —ipl[p] . (I1.85)

t/—tt
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We see from Eq. (I1.83) that I'[p] is the part of €y represented on Fig. (II.5) without the
external propagator. It is therefore represented by the diagram on Fig. (I1.6).

P T SR

Figure I1.6: General diagrams for I';;[p].

It was shown in [4] that the average potential I'[p] is in fact the discontinuity of (¢,#') at
t = t" which is equal to the discontinuity of Q!(¢,#') at ¢ = ¢’. This is easily obtained by sub-

tracting the equation of motion (I1.73) taken at ¢ = ¢* from the same equation taken at ¢’ = ¢~.

The equal-time limit of Q¢ gives,

i ~
lim Qo(t t) = 3 Z akaiV,fl%j

t'—t
kim

= iFyo] . (I1.86)

Thus, we can represent F[o] as shown on Figs. (I1.7) and (I1.8).

Figure I1.7: Graphical representation of Fj;[o].

In particular one wees from Fig. (I1.8) that F'[o]| contains resummations of ring and ladder

diagrams shown in Fig. (IL.9).

Relation to the self energy From this study we can now also establish a relation between
the quantities appearing in the orbital equation and the self-energy of the Dyson equation.
Using again the cluster decomposition (I1.68) for G2, it is easily shown that 3X(t—t') can always
be split into a static part proportional to d(¢ — '), which is nothing but the average potential
I defined in (I1.29), and a dynamical part $%" (¢ — ¢') which is given by,

St —t) = / dtr Y VNGt bt )G (8 —F) (IL.87)

kilmn

From this we can relate the operator F'(¢), and therefore the source term of the orbital
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C ( C

el

Figure I1.9: Resummation of ring (top) and ladder (bottom) diagrams in Fj;[o].

equation, to the dynamical part of the self-energy as,

lim - Z/dt Zdyn - g[ll ZVJW VO kt,sm = (F1)is . (I1.88)

klm

The previous analysis allowed us to improve our understanding of the second variational
equation of the mp-mh method. In particular the relation to Green’s function led to a di-
agrammatic interpretation of the renormalization of the orbitals. In the next chapters, we

apply the mp-mh configuration mixing formalism to the description of a few nuclei. The im-
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pact induced by the inclusion of correlations into the mean-field, as well as the role of the

”dynamical” correlations (via the source term G[o]) will be analyzed.
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Chapter 111

Application to the (Gogny force

Although the multiparticle-multihole configuration mixing approach could in principle be ap-
plied to any effective nuclear interaction, the applications realized in this work are performed
using the phenomenological effective Gogny force D1S. Although the density-dependence of
this interaction prevents any precise and formal link with the analysis made in the previous
chapter, the qualitative discussions should stay valid.

We start the present chapter with a short presentation of the Gogny interaction. In the sec-
ond part, we derive the formalism applied to a density-dependent force. As we will see, this
property leads to the appearance of new terms complicating the resolution of the variational
equations. In the third part, we describe in detail the procedure adopted to practically solve
the equations. Finally, the last part applies the self-consistent procedure to a first test case:

the 2C nucleus.

III.1 A few words about the Gogny force

The first version D1 of the Gogny interaction dates back to the 1970’s [29]. At that time
effort was being made in order to go beyond the Hartree-Fock description of nuclei by adding
the treatment of pairing correlations. D1 was originally introduced in this context in order
to realize Hartree-Fock-Bogolyubov (HFB) [92] calculations in which the mean-field and the

pairing correlations were derived in a fully self-consistent manner from the same interaction.

As effective interaction, the analytical form of the Gogny force was taken as density-dependent.
This property can be derived from the G-matrix theory [22, 27] and reflects the fact that the
actual force felt by a nucleon depends on the density of its neighboring particles, and there-
fore on its position in the nucleus. The parameters of this phenomenological force were then
adjusted in order to reproduce some nuclear properties at the lowest Hartree-Fock order, al-
though the fitting procedure was done in the perspective of allowing reasonable extensions

beyond this approximation such as the inclusion of pairing correlations. To make this possi-
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ble, the introduction of finite ranges in part of the interaction was crucial in order to avoid

1. However one should always keep in mind

pathologies when high relative momenta appear
that such a phenomenological approach causes the loss of any link with perturbation theory,

making impossible any clear higher-order correction.

The analytical form of the Gogny force was postulated as,

[¥]

T

Vielo) = > (Wy+ B, — HiPy = MiP,Py)e

j=1,2

+t3 (1 4 20 F,)0(7)p*(7)

+1 WLS %125(1_}») X ?12.(01 + 0'2)

2

e
+(1+27—12)(1+27'22)ﬁ . (IIIl)
‘7"1 — T2
where,
ro= @ is the center of mass of the particles 1 and 2,
(I1.2)
I = 71 —7r, Is the relative coordinate .

The first line in Eq. (IT1.1) represents the finite range central part of the interaction. P, and
P, are the spin and isospin exchange operators respectively. The form factor is taken as two
Gaussian functions with respective ranges p1 = 0.7 fm and pus = 1.2 fm, allowing explicit treat-
ment of middle and long-range correlations. Short-range correlations associated with the hard
core of the interaction are implicitly taken into account via the zero-range density-dependent
term on the second line of Eq. (III.1), which also accounts for many-body effects. The third
and fourth line of Eq. (II1.1) respectively represent a zero-range spin-orbit interaction and the
Coulomb interaction acting between protons (with 7, = %) The coefficients W;, B;, H;, M;,

pi (j =1,2) as well as t3, xg, @ and Wpg are the 14 parameters to be determined.

The D1 interaction led to successful results concerning the description of static properties
of nuclei within the HFB approach [29, 47|, as well as the description of vibrational collective
modes within the RPA method (see e.g. [10, 48]). However, spectroscopy results obtained
using the 5DCH approach [30] were not found in adequacy with experiment: Ref. [46] shows

unsatisfactory description of rotational and vibrational bands. This disagreement was mostly

'In the Hartree-Fock approximation the use of a zero-range interaction is not catastrophic since it only
involves relative momenta up to twice the Fermi momentum kg.
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III.1 A few words about the Gogny force

attributed to the pairing content of the force whose intensity was slightly too high. The D1
interaction was also tested on the description of nuclear fission [7] which revealed unrealistic
shapes of the second barrier. The D18 version of the Gogny interaction [8] was created at the
beginning of the 1980’s, in order to correct these discrepancies. Since then, this parametriza-
tion has been successful in reproducing many properties of nuclei within reasonable exten-
sions of the mean-field such as HFB, RPA, GCM as well as projection techniques (see e.g.
[30, 88, 89, 90]).

The D1S interaction The D1S version of the Gogny force uses the following set of param-

eters,
iy (fm) | W, (MeV) | B; (MeV) | H; (MeV) | M; (MeV)
0.7 -1720.30 1300.00 -1815.53 1397.60
2 1.2 103.639 -163.483 162.812 -223.933
and,
t3 (MeV.fm?) | o | a | Wrs (MeV)
1390.60 1.0 % -130.00

The ranges (p1, pe) were fixed a priori. The exponent « of the density-dependence was chosen
equal to 1/3 in order to fit at best different properties such as the binding energy per nucleon
E /A and the incompressibility of nuclear matter K,. The coefficient zy was taken equal to one
so that the density-dependent part of the interaction would be of proton-neutron type only,
in order to avoid the appearance of density-dependent terms in the particle-like pairing fields.
The spin-orbit intensity Wyg was also determined independently of the other parameters in
order to reproduce the p*/? — p/2 splitting in 0. Regarding the other free parameters, they

have been fitted so as to reproduce some properties of nuclear matter as well as,
e Global properties such as binding energies and charge radii of a few nuclei,

e Pairing properties by constraining matrix elements in the singlet-even component of the

interaction,

e [sospin properties by constraining the energy difference between the neutron and the

proton 2sy o states in **Ca.

Note on the use of the D1S Gogny force in the mp-mh configuration mixing
approach As stated previously, the Gogny interaction was originally created in order to
achieve mean-field calculations, leaving room for RPA and GCM-type extensions. Although
it showed success in certain beyond-mean-field extensions, there is no clear way of calculating

higher order corrections and it might not be adapted to the treatment of all kind of correlations
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such as in the mp-mh configuration mixing approach. Moreover, the question of which density
is to be used in the interaction remains open when going to correlated system (density of the
uncorrelated reference state, density of the correlated state...). In the following we use the
density built with the correlated wave function |W) (this simplifies the orbital equation since
only one density appears). However there is no physical justification for that, and since the
phenomenological nature of the Gogny force makes impossible to disentangle what effects are
already included in the interaction, uncontrolled over-counting effects might occur.
Nevertheless, as seen throughout this work, the results obtained in the present studies are
generally satisfactory and no pathological behaviour is obtained.

There exist in fact more recent parametrizations of the Gogny force such as DIN [25] or
DIM [49] improving the equation of state in nuclear matter, as well as the description of
nuclear states within the GCM method. One of the challenges in the development of the
multiparticle-multihole configuration mixing method, is to be able to use, at some point, an
interaction containing only finite-range components and adjusted to new constraints associated
with the proton-neutron 7" = 0 channel. Since none of the existing parametrizations of the D1
interaction satisfy to this new criteria, and seem to lead to similar satisfying results, the choice
has been made to develop the multiparticle-multihole configuration mixing method using the
most tested and thus reliable version, that is D1S. Parallely to this project, work is in progress

in order to develop an interaction satisfying the new requirements [26, 82].

III.2 Modification of the variational equations due to

the density dependence of the interaction

Let us now present the formalism of the multiparticle-multihole configuration mixing method
applied to a density dependent interaction. In the following, for the sake of simplicity, we omit
the 7, 7 indices, so that V[p] = %f[p] The density dependence of the interaction can also be
understood as a dependence in the mixing coefficients {A,} and the single-particle orbitals
{@i(7)}. This leads to the appearance of new terms while deriving the variational equations.

They are explicitly described in the following.
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interaction

I11.2.1 First variational equation: the mixing coefficients

Varying the Lagrange functional F[¥, \] = (U|H[p]|¥) — X ((¥|¥) — 1) with respect to the

expansion coefficients {A,} now leads to,

OFW, N
0 = 8—142 ,Va
:éﬁ*«wﬁm—Amw

- & (ZA*/Aﬁ (G| Hp] — )\|¢B>>

BB’

= %:AB <¢“|H[p]_”¢ﬁ>+<q’|a—f1;|w :

where,

OH[p] _ 9Vip] _ / 3,08 [0] 9p(r")
0Ax 0A: '

The local density p(r ) can be expressed as,

-
/

p(F) = (W]p()| D)
= S5 w7, 0)ey. (7, 0) (Wlalay W)

o, irjr

so that,

\l

o7 irjr

Therefore the last term on the r.h.s. of Eq. (II1.3) reads,

Ot p]

(W) = 3 A (6alRlp, ls)
@ B

where we have defined,

Rlp,0] = ZZRU p,olal _aj,

T irjr

- Y [ Y o (o) (11w o]
sp(r)

T irjr o p(?“
= [T ).
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CHAPTER III : Application to the Gogny force

This type of operator due to the density-dependence of the Gogny force is called "rearrange-
ment term”. Although one-body operator, this rearrangement term introduces a dependence

on the correlation matrix o through,

(v

Vi V) = - Vi) mn) (¥|alala,a,,| ¥
Ikl Emj T,>| ) (Vlaialanan|¥)
5‘/[/)]

= - Z 5p(r) M) (PmkPri — PmiPrk + Ckmin) (II1.9)
klmn

and thus requires the construction of this connected two-body quantity. Defining now 7:[[p, ol
as,

H(p,o] = H[p] + Rp, o] , (I11.10)

the first variational equation (II1.3) can be expressed as,

(I1.11)

> As (¢alHlp, 0]|05) = Mo, Va
B

representing the diagonalization of the modified Hamiltonian matrix H[p, o] in the many-
body configuration space. It is important to remind that the dependence of H on the one-
and two-body densities of the system renders Eq. (III.11) non-linear. Solving this equation
thus requires an iterative procedure and therefore is more complicated to solve than the usual
diagonalization performed in Configuration-Interaction-type methods. Finally let us note that
the eigenvalues A of this Hamiltonian no longer correspond to the energies of the nucleus under
study. In fact we have E[Uy] = (Uy|H|[p)|Ux) = Ay — (U y|R]p, 0| y).

I11.2.2 Second variational equation: the single-particle orbitals

Similarly, additional terms appear when minimizing the energy functional with respect to the

single-particle orbitals. Eq. (I1.22) is modified as,

0= (§U|HIp]|¥) + (V|H[p]|0T) + (V|5 H [p]|T) , (IIL.12)
where,
SHIp = 6V [p] = / dr /(;Z([F)] 5p() (113
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II1.2 Modification of the variational equations due to the density dependence of the
interaction

T

i

Considering a transformation a; — eiTaZe_iT of the orbitals, leading to a variation [0¢,) =

il |pa) of the many-body configurations, we get,
op(r) = o ((W[p(r)[¥))
=0 (Z Ao As <¢a|ﬁ(f7|¢5>>
ap
= D AAs ((80alp(Pds) + (dal (7)|005))
af
= (), ) | (I11.14)
The third term on the r.h.s of Eq. (II1.12) therefore reads,
WstplY) = i [ @l
= i(w| [Rlp,0). T ) | (IIL15)

where we recognized the expression of the rearrangement term defined in Eq. (I11.8).
According to Eq. (I1.23) the first two terms on the r.h.s of Eq. (II1.12) are equal to
i (V| []3[ [p],T] |W). The second variational equation (II1.12) therefore reads,

(w| [#lp,0). 7| 19) = 0], (LIL.16)

where #[p, o] = H|[p|+ R|p, 0] is the Hamiltonian modified by rearrangement terms as defined
in Eq. (IIL.10).

Following the same procedure than in Appendix (A), it can then easily be shown that this

variational equation can be recasted into,

[ﬁ[p, a],,é] = Glo]/, (II1.17)
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CHAPTER III : Application to the Gogny force

where p and o are respectively the one-body and connected two-body densities as previously.

The mean-field Hamiltonian fAz[p, o] is modified by rearrangement terms as,

hlp,clij = K+ ; (ik|V [p]|51) pur + 1 klzmzn (kl| Ipi, |mn) (V|a,a) anam,|¥)
e 1 ov P, —
= Ky + > (ik[VIpllil) o + 1 > (k| 8/)[--] [mn) (PPt = PPk + Tkmin) -
kl klmn 7
F;jr[p] Ri;[;:”]

(I11.18)

The one-body Hamiltonian h[p, o] now directly depends on the two-body correlation matrix?

0. The expression of the source term G|o]| stays unchanged,

Cloly = 53 o (RIVII) — 5 3 GHVIalim) oy (IIL19)

klm klm

Let us note however that if an explicit three-body force is used, the source term contains

additional terms in po and x, where x denotes the three-body correlation matrix (see Appendix

A).

II1.3 Solution techniques

I11.3.1 Global self-consistent procedure

Since the mixing coefficients {A,} depend on the choice of orbitals {a!}, and vice-versa, both
variational equations (II1.11) and (II1.17) are coupled and therefore can be solved using the

following iterative procedure.

1. Start from a set of pure Hartree-Fock orbitals {a!”’} obtained by solving [ﬁ[p(o)], ,5(0)} =
0, i.e. by solving Eq. (II1.17) with [¥(®) = |¢®) and therefore ¢ = 0.

2. Build the many-body configurations ]qf)&o)) on this first set of orbitals, and calculate the
matrix elements Has[p?, 0@ = 0] = H[p®].5 + R[p”, 0 = 0],5. At this stage, the
density used in the interaction is the density p(® of the uncorrelated state |¢(®). The
rearrangement terms are also calculated at the Hartree-Fock level using (p(®, 0(® = 0).
Solve then Eq. (III.11) to obtain a first set of mixing coefficients {A&l)}, that is, a first
correlated state |W()).

2Although the density dependence of the Gogny interaction effectively takes into account various many-
body effects, we note the similarity between the expression of this mean-field and the one derived from a real
three-body interaction in Appendix A.
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II1.3 Solution techniques

3. Calculate the one-body density matrix p* and the two-body correlation matrix o) as,
1 0) (0
ol = (W0 Va® ) |

and,

1 0) (0) (0) (0 1 1
ot = (WDl a0 W) — o) + o

respectively.

4. From this, calculate the mean-field h[p("), c")] and the source term G[o(V)], and solve

Eq. (II1.17) to obtain a new set of single particle states {al(-l)}.

5. Go back to step 2 and calculate H[p"), o] using correlated densities. Solve Eq. (II1.11)

to obtain new mixing coefficients {AY}.

6. Calculate p® and ¢® as,

A4 = (WOl )

it ’

and,
2 t(1 1 2) (2 2) (2
JZ.(].,)M = (U@|q] 1 T( )a a( oy — pg-i)pl(k) + pgk)pl(i) .

7. Calculate h[p®?,o?)] and G[0?)], and solve Eq. (II11.17) to obtain a new set of single
particle states {az@)}.

8. And so on... until convergence.

This procedure is represented on Fig. (IIL.1).

In principle, convergence of both the mixing coefficients and the orbitals, or equivalently of
both the one-body density p and the two-body correlation matrix o, must be reached. In
practice however we only verify the convergence of the one-body density?, that is,

] p§ ; pw 1)| <1, Vi, j, where 1 is the convergence parameter.

Let us now detail the solution techniques used to solve each variational equation.

I11.3.2 First equation

Eq. (II1.11) involves the diagonalization of the matrix H which is achieved numerically using
a Lanczos algorithm. More precisely, we use the very efficient techniques for large-scale Shell-
Model calculations developed by the group in Strasbourg, and in particular E. Caurier [24].
Because of the density-dependence of the Gogny interaction, the matrix H = H/[p, o] depends

3This being said, we notice in practice that whenever p has converged to the required accuracy, the two-body
density is then also converged to a similar accuracy.
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Starting point;
Hartree-Fock ~ -~ - Solve the 1* equation:

orbitals R
0E[P] iazy =0 Y Ag(dalHIpllds) = NAa
B

- Mixing coefficients {A }

N

Solve the 2™ equation: Calculation of the densities:

&[] 1oy =0 & |:B[:07 U]ﬂﬁ} = G(o) ~_ -one-body density P = (\Il\a;-rak\\If>

- New single-particle orbitals -two-body correlation matrix

Oikmn = <\D‘ajainanak|\ll> — PkiPnm T PkmPri

. — until convergence

Figure III.1: Global convergence procedure

on the one- and two-body densities of the system, and this equation therefore becomes non-
linear. One could thus iterate the diagonalization of the matrix until the mixing coefficients
are converged, before solving the orbital equation. However, because the size of the matrix H
can rapidly explode (see the application done in the next section), this step can become very
time consuming, and since this convergence is destroyed when moving to the second equation,

we choose not to perform this sub-convergence process.

I11.3.3 Second equation

Contrary to the uncorrelated Hartree-Fock case, the presence of the source term G[o] in Eq.
(II1.17) forbids the existence of a basis diagonalizing both the mean-field h[p, o] and the one-
body density p. A priori one could either choose to work in the eigenbasis of p (natural basis)
or in the eigenbasis of h[p, o] (canonical basis). However, in order to build the many-body
configurations during the self-consistent procedure, one needs to be able to create and destroy

(dressed) particles. This can only be done in the natural basis where occupation numbers are
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II1.3 Solution techniques

defined. We therefore consider as unknown of Eq. (II1.17) the set of single-particle states that
are eigenstates of the matrix p satisfying [h[p, 0], p] = G[o]. As discussed in chapter II one
can then define the single-particle energies as the eigenvalues of the mean-field h[p, ol.

Solving Eq. (II1.17) is far from being an easy task. Unlike in the Hartree-Fock case, the
presence of the source term G[o] does not allow a clear interpretation of the equation. The
idea followed here is therefore to find a way to rewrite Eq. (II1.17) in a homogeneous form,
where the source term is expressed as a commutator with p. This is done using the following

reasoning [6].

The orbital equation in an homogeneous form

Let {|a)} denote an arbitrary single-particle basis (e.g. a Hartree-Fock or harmonic oscillator

basis). As symmetric matrix, p can be diagonalized using an orthogonal matrix U as,

Z(UT)uoz Pap U,BV = nu(s;w y (11120)
af

where UUT = UTU = [ and n, € R.
Let us now write the orbital equation (II1.17) in the natural basis {u} (we omit for now the

o- and p-dependencies to lighten the notations),
[ﬁ,ﬁ} =G = hu(ny —n,) = G . (II1.21)
e [f there is no degeneracy,
ny,=n,=v=u=G, =G,,=0,

because G is skew-symmetric 4. Eq. (IT11.21) is then automatically fulfilled.
e In fact, degeneracies n, = n, for u # v can happen

— Because of the symmetries (rotational invariance v = (n,, l,, ju, %), time-reversal
invariance v = [i ...) of the Hamiltonian. In this case, the explicit conservation of
these symmetries in the multiparticle-multihole configuration mixing method leads
to G, = 0.

— If one chooses to select the many-body configurations of the nuclear state by defining

4As shown in section II.1.2 it is anti-hermitian since G = F — Fft. ~We also assume the system to be
invariant under complex conjugation transformation K = TTI, ', where T' denotes the time-reversal operator

and 1T, = e~i™Jy is the operator of signature with respect to the y-axis. All matrices are therefore real.
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CHAPTER III : Application to the Gogny force

a core + valence space + empty orbitals. In that case,

{nuznyzl,ifu,ue core,

n, =mn, =0, if u,v € empty states.

Looking at the expression of the source term,

1 ~ 1 ~
G#V = 5 0#1H7H2H3VM1M2,V#3 - 5 Z V#ulwwsavyz,ulus ) (111'22)

B2 W12

one sees that G, is non-zero if at least one index among p and v belongs to the
valence space. Indeed the correlations being restricted to this valence space, if both
p and v belong to the core (or the empty orbitals) then all elements of o occurring

in (II1.22) are zero and G, vanishes.

Therefore in both cases, Eq. (I11.21) is automatically satisfied.

Let us now define the following quantity,

Guv .
{ m if n, # n,

0 otherwise.

Quv = (111.23)

In fact, in the degenerate case when n, = n,, the orbital equation being trivially fulfilled, the
corresponding elements (), can be taken equal to any arbitrary real value. In particular they

can be taken equal to zero.

Eq. (III.21) can then be written as,

(h—Q)w(ny, —mn,) =0. (I11.24)

That is, in any single-particle basis,

[h[p, o] = Qlp, 0],/)] =0|. (I11.25)

The orbital equation expressed as (II1.25) can then be solved as some sort of Hartree-Fock
equation where the mean-field h is constrained by the ”correlation field” ). The latter intro-
duces modification of the mean-field coming from the inclusion of two-particle correlations, in
particular those associated with the scattering of two nucleons from core orbitals into valence
states, taking also into account the rearrangement effect due to the density dependence of the

effective interaction.
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II1.3 Solution techniques

Solution of the orbital equation

Eq. (I11.25) tells us that the modified mean-field h[p, o] = hlp, 0] — Q[p, o] and the density
p are commuting operators and therefore can be diagonalized simultaneously®. The common
basis of eigenvectors is the optimal single-particle basis we seek. Since %[,0, o] depends on the
solution of the equation (the one-body density p), this is of course a non-linear problem which

requires an iterative solution procedure.

Let us note that during this sub-iterative process the wave function |¥), output of the first
variational equation, is fixed. Thus, the correlations contained in ¢ do not evolve while solving
the orbital equation. We therefore omit the o-dependence of the quantities in the following.
We refer to the number of global iterations by capital letters N and to the number of "local”
sub-iterations by small letters n. The solution procedure for the second variational equation
consists then in,

N),(n=0)

1. Start from a given density p' which is given by the solution of the first variational

equation:

(NL(2=0) = () — (V)| (N=1) g (N=1) (M)

p p

(N),(n=0)

2. Diagonalize p to obtain the occupation numbers {n,} and the natural states

{1}

3. Calculate the mean-field h[p™)("=9] and the correlation field Q[p)("=0)].

4. Diagonalize h[p™)-=0)] = p[p(N):(1=0)] _ Q[p")-("=0)] o obtain its eigenstates {|i)} and
eigenvalues {&;}.

(M-(»=1) by imposing it to be diagonal on the basis |i). That

5. Construct the new density p
is,

ij

6. Go back to step 2 ... and so on, until the density matrix p has converged, i.e. until
|p(1.V)7(n) _ p(N),(n—l)
ij

i | < m9, Vi,j. Where 7 is the convergence parameter of this sub-

process.

Let us emphasize once again that this sub-convergence process takes place inside a global one.
We represented on Fig. (II1.2) the detailed global self-consistent procedure.

Finally, let us note that in principle the formalism gives different orbitals for different many-
body eigenstates of H. However, solving the orbital equation for each eigenvalue would be
very difficult to achieve. The approach adopted in this work consists in calculating the source
term and solving the orbital equation using the densities of the ground-state. The resulting

single-particle basis is then also used to expand the excited states.

Sthey are both diagonalizable because symmetric.
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Starting point:

~ o N=1 Solve the 1% equation:
Hartree-Fock ) o -
Solution {a; " } Diagonalization of H[pM ~1) (N =1)]

= 0 5O —

- Mixing coefficients {A((IN)}

N=N+1
Solve the 2™ equation:
n=0 _ | Starting point : p(M)(©) = (V) | g
’ )
Calculati f
Diagonalization of p):(") = {]u(™)} ,{n&”)} -« aleula IO?]\C;) p
and o
N
A |
Diagonalization of A[p™) (™) ¢(N)] = (i) {5}
A |
Construction of p(N )»(n+1) ””’/r{:/r1/+1 ~ ~
~
“ ~
Until ‘p(N)y(") _ p(N)v(n—l)’ <1 n
- Single-particle orbitals {a\"} ...~ until global
convergence

Figure II1.2: Detailed global convergence procedure.

II1.4 Example of convergence in the case of the '2C

ground state

In this part we want to apply the solution procedure described previously to a test-case nu-
cleus. The idea is to compare the convergence process and the effect induced by the orbital
optimization when adopting different types of criteria for selecting the many-body configura-
tions |¢4) included in the nuclear state |¥). Such configurations can indeed be chosen using

different truncation schemes, e.g.,

e A ”Shell-model-type” truncation involving the separation of the single-particle orbits in
three different blocks: a filled core, a partially filled valence space where particle are

distributed according to their interaction, and a block of remaining empty orbits.

e A selection of the configurations according to their excitation order (1p-1h, 2p-2h, ...)

in the full available single-particle space, respecting rotational invariance.

e A selection of the configurations according to their excitation energy E} = E, — E, from
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II1.4 Example of convergence in the case of the 2C' ground state

the uncorrelated ground reference state |¢).

The third type of truncation generally breaks spherical symmetry and special care needs to
be applied in this case. In fact, an ideal criterion may be to e.g. select the configurations
according to their excitation order M and impose a cut-off energy that is chosen different for
each order M. This type of truncation is however very complicated to set up and we do not
attempt to use it in this work. We therefore restrict our comparative study to the first and
second criteria. This test analysis is applied to the ground-state of the 2C nucleus composed
of Z = 6 protons and N = 6 neutrons. This rather small number of particles allows us to

perform these tests without having to deal with too enormous matrices and calculation times.

A few technical details

Let us first give some details about the tools used in practical calculations.

e Single-particle states are expanded on axially deformed harmonic oscillator states, so
that many-body states are explicitly characterized by a good projection K = J, of the
angular momentum J (so-called m-scheme). In order to obtain solutions with a good
J, the calculations are done at the spherical point. That is, the perpendicular and
longitudinal oscillator frequencies are taken equal: w; = w, = w. The self-consistent
property of the spherical symmetry ensures then its preservation along the convergence

process.

e The values of the oscillator frequency w, as well as the number of major shells Ny are
optimized at the Hartree-Fock level. This leads to, hw = 15.50 and Ny = 5 shells.

e The criteria ensuring convergence of the one-body density matrix during the global and

local iterative procedures are both taken equal to n =1, = 1074

Conventions

In what follows we denote by,

e 1,7, k... the single-particle states used to build the configurations during the convergence
procedure at a given global iteration N. They correspond therefore to the basis diago-
nalizing simultaneously p~1 and ﬁ[p(N_l), oD (i = (a;, ;) where a; = (ny, 1y, 5i)
denotes a spherical sub-shell.) During the first iteration, the i-basis is the Hartree-Fock

one.
® a,b,c... the eigenstates of the mean-field h|p, o].

e 4, v... the optimal orbitals we seek, diagonalizing simultaneously p™) and %[,o(NF), oNr)]
(Np denoting the last global iteration), when the process has converged and both vari-

ational equations are simultaneously satisfied.
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CHAPTER III : Application to the Gogny force

The 2C nucleus

The understanding of ?C has always attracted much interest. The presence of a 07 Hoyle
state at 7.654 MeV, exhibiting a structure of three alpha particles, is necessary for the exis-
tence of many other stable elements. A recent experiment [70] also reported evidence that the
12C ground-state displays an equilateral triangular structure.

Fig. (II1.3) displays the potential energy curve (PEC) and potential energy surface (PES) pro-
vided by Hartree-Fock-Bogolyubov calculations performed with the D1S Gogny force. Two
distinct minima appear. The ground-state minimum exhibits a strong oblate shape, charac-
terized by an axial deformation parameter 8 ~ —0.65. The second minimum is characterized
by a prolate shape with 8 ~ 0.45. This deformed nucleus is thus expected to incorporate a
great correlation content where shell effects play an important role. Fig. (II1.4) displays the
evolution of the proton and neutron single-particle spectra with deformation 8. One notices
the evolution of the gaps at the Fermi level, while § varies. Moreover, we note a crossing of
the Op, /2 sub-shell with the d5/; at 3 ~ 0.6 and 8 ~ —0.7. The latter shell should thus play a

role at high deformations.

-110

-1.0 0.5 0.0 0.5 1.0 0.0 0.5 1.0
B

Bruyéres-le-Chatel HFB-D1S 16-JUL-2014

Figure II1.3: Hartree-Fock-Bogolyubov Potential Energy Curve (left) and Surface (right) for
the 12C nucleus.

I11.4.1 First truncation scheme: “*He core + p-shell valence space

We first apply the multiparticle-multihole configuration mixing method using a ”Shell-model-
type” truncation to select the many-body Slater determinants. The single-particle states are

divided into a core of He and a valence space taken as a full oscillator shell corresponding
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Figure I11.4: Evolution of HFB single-particle spectra as a function of axial deformation f.

here to the Op-shell. The remaining orbitals are considered empty. This is represented on Fig.

(I1L.5).

\

n > Empty
0d"s, 0dv,, orbitals
1s™p 18V,
0d™), 0dvg,, )

OpnuzC o ,DOpvl/z Op-shell
0p"y, —eeoee —eeee—0p’y, valence space
0s™y, —eo—o— —o—o— Osvllzg FiIIe(iIchgre of

Figure II1.5: Schematic separation of the single-particle states.

All excitations of the valence nucleons in the Op-shell are considered. The correlated wave

function |¥) is then built as a superposition of all possible configurations in this model space,

T) = Aalda)  with, [¢a) =[] ol |'He) . (IIL.27)

i €0p-shell

This choice of truncation scheme defines the P and O subspaces from chapter Il and their
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respective projectors P and @ as,

P: Z |¢a><¢a|7 QEi_P

a€model space

Correlations in the restricted valence shell are explicitly treated by the diagonalization of the
many-body Hamiltonian matrix #|[p, o], while the rest of the space is ignored and considered
frozen at that stage. However, optimizing the single-nucleon states by solving the second
variational equation will result in a mixing of the three orbital blocks (core/valence shell /empty
states). Thus, none of these blocks remain frozen and this procedure should allow to partly
account for configurations built outside of the initial model space. This will be illustrated
in the following. With this truncation scheme the convergence of the one-body density is
reached in 15 global iterations. In fact we can easily reach a convergence up to a precision of
Ap < 1075 in 30 iterations.

Step 1: Building the configurations

At the first global iteration N = 1, the Slater determinants are built on Hartree-Fock single-
particle states. As explained in more detail in appendix C, the nuclear states are characterized
in practice by a good parity 7 and a good projection K = J, of the total angular momentum .J
on the z-axis (so-called m-scheme). By considering all possible configurations in the Op-shell,
we ensure the conservation of spherical symmetry, and thus J is also a good quantum number.
Since we focus here on the description of the ground state of the even-even nucleus 2C, we have
J = K = 0. The configurations |¢,) = |¢a,) ® |¢a,) are classified into blocks of projections
(Ka,, K., = K — K,_) and organized by increasing excitation orders (Op-Oh, 1p-1h, 2p-2h...).
Time reversal invariance allows to deduce the configuration blocks with (K, > 0) from the
ones characterized by (K,, < 0). The former are therefore never explicitly built and the size
of the matrix H[p, o] to diagonalize is drastically reduced (factor ~ 2).

Following this procedure, we obtain here 38 configurations from Op-Oh to 4p-4h excitations,

organized in three blocks:
e K, =K,, =0,
o K,. =-1,K,, =1,
o K, =—-2,K,, =2,

which are schematically represented on Fig. (II1.6), (II1.7) and (IIL.8) respectively. On these
figures the Ops o sub-shell has been virtually split into two degenerate levels corresponding to
the projections | = |j.| = 3, 2. Pure proton or neutron multiparticle-multihole excitations
of the reference state (the Op-Oh configuration) are denoted by (mp-mh), (7 = 7, v), while

excitations of proton-neutron nature are referred as (mp-mh),,.
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Figure II1.6: Block of configurations |¢,) characterized by (K,, = K,, = 0).
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Figure II1.7: Block of configurations |¢,) characterized by (K,, = —1, K,, = 1).
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Figure II1.8: Block of configurations |¢,) characterized by (K,, = —2, K,, = 2).
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Step 2: Calculation of the correlation matrix o.

Diagonalizing the Hamiltonian matrix H[p, o] in the P configuration space leads to the deter-
mination of the weight of each mp-mh excitation in the correlated wave function and allows
us to calculate the two-body correlation matrix o.

We plotted on Fig. (II1.9) all non-zero elements o (/) = 054 of the (non recoupled in J) pro-
ton and neutron correlation matrices (they are found very similar since N = Z). [ is a linear
index corresponding to a certain quadruplet of single-particle states (i, j, k,1). The graphs are

organized as follows,

e The indices I = 1 — 10 correspond to quadruplet of single-particle states (¢, j, k, [) which

are all different.

— The two main peaks o(/) ~ 0.19 at [ =9, 10 correspond to correlations of pairing
type, and more precisely to the scattering of a pair of protons (neutrons) from the

Ops/2 to the Opy /o sub-shell. This process is represented by the diagram (I11.10a).

— Elements (I = 2,3,4) ~ 2 x 1072 reflect the propagation of a particle-hole pair,
as shown on diagram (II1.10b). This corresponds to RPA-type correlations.

— Elements (I =5 — 8) ~ 1 x 1072 reflect particle-vibration couplings (IT1.10c).

— Finally o(I = 1) ~ 5x 1072 corresponds to the destruction of a pair of time-reversed
protons (neutrons) on e.g. the Q = %—level of the Ops/, sub-shell, followed by the

creation of a pair on the 2 = %—level of the same spherical sub-shell.

e The indices I = 11 — 45 represents ”diagonal” elements of o, i.e., elements of the type
Oiijj = <\P]a1a;ajai\\11> — PiiPjj +p1]pﬂ They are globally of order ~5x 1072 —1x 107!

e Finally, o(I = 46 — 56) < 2 x 1072 represent elements of the correlation matrix with
two equal indices, i.e. of the type oy = <\I/|a2a;rajak|\1’) — PkkPji + PriPjk, Where e.g.
J.k € Opsj and @ € Opy/5. They reflect therefore a particular case of particle-vibration

coupling.

Similarly, correlations of proton-neutron type o; i, j k., = <\I/|a;.r7r a}u ak, ar, | W) — pf; pf; are shown
on Fig. (III.11). They appear to be more important than correlations of pure proton (or

neutron) nature.

e As previously, on the first part of the graph (I = 1 — 89) are represented the ”"non-

diagonal” part of the correlation matrix, i.e. o, jk, With (ir # lr, 5, # k).

— The biggest peaks o(I) ~ 0.166 at I = 73,88 and o(/) ~ 0.118 at [ = 17,63
correspond again to pairing-type correlations, where a proton-neutron pair with

JPUr = () is scattered from the p§/2 ® P /o sub-shell to the Pl @ Py /o ODE.
— o(I) ~9x 1072 at I = 3,8,76,85 reflects the propagation of a particle-hole pair.
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Figure II1.9: Absolute value of the proton (left) and neutron (right) two-body correlation
matrices. The two main peaks at o = 9,10 correspond to the scattering of a pair of proton
(neutron) from the ps/; to the p; /o sub-shell.

" W%ﬁ W w

) Propagation of a (c) Particle-vibration
(a) Pairing-type correlations. partlcle hole pair. coupling.

Figure II1.10: Different types of correlations involved in the two-body correlation matrix o.

— Finally o(I = 9,18) ~ 8 x 1072 correspond to the destruction (or creation) of two
particle-hole pairs.

e The rest of the graph shows o;;; with one or two couples of equal indices.

In conclusion, pairing correlations inducing scattering from the Fermi level onto the Op; /o

sub-shell seem to be the most important in this case.

Step 3: Calculation of the source term GJo| and the correlation field Qlp, o).
The previous correlation matrices are now used to calculate the source term G|o]| appearing

in the orbital equation. Let us first look more closely at the analytical expression of this term,

1
Y Z Oki, lm kl]m - 2 Z V;klmo-jl,km . (11128)
klm klm

We note that Glo];; # 0 if there exists at least one triplet (k,l,m) of single-particle states

such that oy m # 0 or 0jikm # 0. Since o reflects the correlations that have been explicitly
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Figure III1.11: Proton-neutron two-body correlation matrix. The main peaks corresponds to
the scattering of a proton-neutron pair of from the P39 @ Do to the p, @ pY 5 shells.

introduced in the wave function, oy, # 0 if (k,4,l,m) all belong to the valence Op-shell.
The source matrix G[o];; therefore has at least one external index (¢ or j) belonging to the
valence space. The second index being attached to the matrix element of the interaction y2N ,
it can belong to the whole single-particle basis. The source term is therefore able to couple
the active valence space to the rest of the orbitals that were previously considered as inert.
Thus, it has the role of propagating the effect of correlations on the full single-particle basis
by establishing a communication between the three blocks (core/valence/empty states).
Because of explicit symmetry conservations imposed in this study, the source term can only
couple states of same parity 7 and angular momentum j. In the present test case, it therefore
couples the Ops/» and Op; /o sub-shells to the 1p3/, and 1p; /5 ones respectively. We obtain the
following values,

G 0] py 0 = |G [0l0py jo.1ps)5| = 0.226 MeV (I11.29)

G"[olp,,, = [G™[0lop, p,1p, | = 0.456 MeV, (I11.30)
and,

GY[0]py ., = |G [0lops 0,105, | = 0.207 MeV (IT1.31)

G¥[0]p,,, = |G"[0lop, o191 | = 0.416 MeV . (I11.32)

59



CHAPTER III : Application to the Gogny force

This is shown on Fig. (II1.12) where we represented the proton and neutron source terms
(calculated at iteration N = 1) in a matrix form G™[0]a, o, and G"[0]q, o, Where a; denotes a

spherical sub-shell (n;,l;, j;).

_ L O 0.45 _ L O 0.45
= 097 - 181 04 = 0972 - 1k 04
— 0Oggp2 . — Oggp2 .
& 28y 401 9% & 2840 - 107 %
T 1dsp - L] o5 T sz - 1 o5
T~ Ofgp - . Tz Ofgp - . '
E 1P .. 18 o025 EJ PR | 1B o025
@ 1P3p | a o 1z - M )
o 0f;, | . 02 o Ofy E 0.2
@ 0dy [ TH o.15 ? 0dy 1M o015
g 181 . 8 1842 . '
= 0dsp 1B 01 = 0dsp 1M 0.1
2 0Opyp - [ ] . 2 Opyp - || .
S Opg, ] HFq 005 'S Opgy | | 1k 005
OS1/2 N T T I N M T AN M N N N B 0 OS1/2 T T TR A I T T AN N N NN MO O I 0
F8827 225523088 F8825 225523 V88
NIRRT SO PRNNPPORNN DD R R
spherical sub-shell 2=(n,,l5,jo) spherical sub-shell 2=(n,,l5,jo)

Figure II1.12: Proton (left) and neutron (right) source terms G/[0]q, o, calculated at the first
global iteration N = 1. The x and y-axis correspond to the different spherical sub-shells
a; = (n4,1;,7;) ordered by increasing energy. We note the coupling between the Ops/, and
1p3/o sub-shells, as well as the coupling between the Op;/, and 1p; /o sub-shells.

Since the valence space only contains sub-shells with different angular momentum, the
basis {i} used to construct the many-body configurations (at this stage the original Hartree-
Fock basis) already diagonalizes the one-body density matrix: p;; = n;0;;. We can therefore

express the correlation field () in this basis as,

Gijlo] :
L= if n; # n,
slp o] =4 I11.33
Qulp: o] { 0 , otherwise, ( )
so that the only non zero elements are,
G7 [0]0p3/ 1ps, G7 [U]0P3/ 1ps,
T =Q7 = - EE SRR (11134
@ ['0’ 0] 1P3/2:0P3/2 @ ['07 U]Op3/2’1p3/2 Nips,, = MOps /s Nops 5 ( )
- - G™[0]op, 510 GT[0]op, jo.1p
Q[P 0l1py 00012 = Q[P Tlopy o190 = W = —# . (IIL.35)
We find at iteration N =1,
. . 0.226 MeV
Q71p, lpg s = 1Q71P: Tlopy .1y | = —5 5=~ =2 0.260 MeV (I11.36)
. - 0.456 MeV
Q [p, 0]p1/2 = |Q [p, U]0P1/211P1/2| ~ W ~ 1.754 MeV s (11137)
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and,

0.207 MeV

Qy[p7 U]p3/2 = |Qy[p7 U]0p3/2711?3/2| = W ~ (0.238 MeV <11138)
0.416 MeV
Ql/[p7 U]pl/Q = ‘Qy[p’ J]0p1/271p1/2| ~ W ~ 1606 Mev . (11139)

To establish their importance, these values can be compared to the values of the mean field
hlp,o]. We find,

WP, 0lpy 0 = BT [P, Tlopy o104, | = 10.33 MeV (I11.40)

R0, 0lp, 0 = |7 [Py 0lop, 10, 0| = 8.03 MeV, (111.41)
and,

R (s 0py .y = |B[0s Tlops o,1ps | = 10.48 MeV (I11.42)

R0 0lpy s = 1R [Ps Olop, ja1py 0| = 8.24 MeV . (I11.43)

Clearly the constraint that couples the p;/, states are not negligible compared to the mean
field value.

Again because of symmetry conservations, the orbital equation can be solved separately for
each block of states with same angular momentum and parity (7, 7) ¢. Thus, we have (omitting

the p- and o-dependency of the quantities),

[h%’,p%’} — 6t e [h%’ . Q%’,p%’] ~0, (111.44)
[h%’,pﬂ —¢t o [h{ - Q{,p{] —0, (I1L.45)
W77 =0, for j7 # % g (I11.46)

The states characterized by different quantum numbers 57 than the ones present in the valence
space are therefore not affected by source term Glo|. They are however still renormalized
through Eq. (II1.46) by the fact that the mean-field h[p, o] is much richer than a pure Hartree-
Fock field. These states are indeed influenced by the two-body correlations,

e Indirectly through the fact that the average potential }_,, 17;%]}’1 ok in hp, o] is built with
the correlated one-body density p.

e Directly through the rearrangement terms R[p, o] that introduce an explicit dependence

of the mean-field h[p, o] on the two-body correlation matrix o.

SIn practice, the equations are solved in an axial formalism (i.e. the orbital equation is solved for each (2, )
blocks) at the spherical point. The spherical symmetry being self-consistently conserved, couplings between
states of different j are indeed found to be zero.
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Step 4: Modification of the one-body density via the orbital optimization.
A first manifestation of the effect induced by the orbital equation can be seen on the evolution
of the one-body density matrix p.
Before looking at the results, it is important to remind the following. In the previous section,
we mentioned the density p calculated from the output of the first variational equation, i.e.
calculated as,

pii = > ALAg (dalalailds)

ap

and the density resulting from the second variational equation, i.e. solution of |k, p] = G. For-
mally these two densities should correspond to the same quantity. However, at the beginning
of the procedure, when convergence has not been yet reached, they are not identical. This is
illustrated on Fig. (IT1.13), where we show the evolution of the neutron density along the con-
vergence process (since N = Z the behavior of the proton density shows a similar behavior). To

emphasize the effect of the orbital equation, we plotted the difference Apa, a; = |pas,a, — PE I;]]
between the correlated density and the density of a Hartree-Fock state (being equal to unity

under the Fermi level and to zero above), in the original Hartree-Fock basis.

In Fig. (IIL.13a) we show the matrix Ap obtained at the first global iteration N = 1, re-
sulting from the solution of the first equation only (i.e. when the mixing coefficients have
been calculated with fixed Hartree-Fock orbitals). As expected, the density is only modified

in the valence space, where explicit correlations have been introduced.

In Fig. (IIL.13b) is represented Ap obtained at N = 1, after solving the orbital equation.
We see that optimizing the single-particle states has modified the density in the whole basis
and introduced non-diagonal elements pa,.,. As stated before, couplings between positive-
parity states also appear, even though they have not been introduced in the configuration

mixing (and thus are not affected by G[o]).

in Fig. (II1.13c) we show Ap at the global iteration N = 2 after solving the first varia-
tional equation. At this stage we redefined the p-shell valence space on the new single-particle
basis. We note that the density kept trace of the orbital mixing and is starting to look similar
to the density resulting from the orbital equation.

In fact, as expected, we observe that the density matrices from the first and second variational
equations converge to the same quantity at the end of the procedure. This is shown on Fig.
(IT1.14) where we plotted both densities at different stages of the convergence process. We see

that they tend to align themselves on the y = x line after a few iterations.

Finally we show on Fig. (II1.13d) the matrix Ap obtained at the end of the convergence
procedure (at iteration N = 15). We see that the difference to the Hartree-Fock density has
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generally increased. Let us note that mixing the orbitals not only allows to introduce non-
diagonal couplings in the density (which in this case would be nonexistent if only the first
equation was solved), it also modifies the diagonal elements of p. More precisely it allows in
principle to partially empty the core and populate the initially empty states. In this test case,
the biggest effect concerns the initial Hartree-Fock Os-shell of the core which is emptied up
to 1.43 x 1072 in the case of protons and 1.48 x 1073 in the case of neutrons. The initially
empty 1s-shell is populated at 1.22 x 1072 and 1.27 x 1073 respectively. In this test case, the
effect is thus quite weak and not visible on the figures. However, it could in principle become
more drastic when e.g. using a different truncation scheme to build the wave function (see

next section).

Evolution of the source term

We previously showed on Fig. (III.12) the source matrix G;;[o] obtained at the first iteration
N =1 (in the starting Hartree-Fock basis). It is now interesting to look at the evolution of this
term after the convergence procedure. The source term G|o]| reflects the residual correlations
beyond the mean field h[p,o]|. Since the latter absorbs the average effect of the correlation
content of the system and thus becomes more and more refined, one could expect the intensity
of G to decrease. The results obtained in this test case are however not so straightforward.
We show on Fig. (II1.15) the proton and neutron source terms expressed in the final basis p.
We note that if the coupling between the p; /5 sub-shells has indeed decreased to,

G™[0]y,,, = 0.356 MeV (I11.47)
G”[o],,,, ~ 0.328 MeV | (I11.48)

P12

the coupling between the p3/, sub-shells has increased to,

G (0], = 0.307 MeV (I11.49)
G"[0]p,,, ~ 0.283 MeV . (I11.50)

P3/2

It seems that both final couplings tend to resemble each other. This behavior will also be
encountered in the next section where another truncation scheme of the wave function is used.
The occupation of single-particle states are only slightly modified at the end of the convergence
procedure. Thus the behavior for the correlation field Q|p, o] is similar to the one observed for
G|o]. Finally, the corresponding values of the mean-field h[p, o] in the optimized basis remain

roughly unchanged along the convergence process.

Evolution of the single-particle energies

The single-particle energies (SPEs) ¢, are defined as eigenvalues of the mean-field hlp, o].
In order to appreciate the modification induced by the correlations on the single-particle
spectrum, we plotted on Fig. (II1.16) the difference between these SPEs and Hartree-Fock

63



CHAPTER III : Application to the Gogny force

L T L L 0.3

09752 .
0992 T
1221/2 - .
502
Ofg)p - 0.2
1P .
1p3p0 - B 0.15
Otz -
0dsz 0.1
1840
0ds)p -
0Py
0p3)» |
0s4/5

0.25

(ny,l4:J1)

0.05

spherical sub-shell 1

spherical sub-shell 2=(n,,l,,j,)

(a) Ap after solving the first variational equation
at the first global iteration N = 1. The density is
modified in the valence space only.

Wgp [T 7 7 7 T 7T 7 T T T T T T 03

097, - T
0992 - T
1231/2 e .
52
Ofgpo | 0.2
1P | T
1p3p E 0.15
Of7o |
0d32 - 0.1
1840 |
0ds)p - .
Opy2
Op3p -
0sy/5 .

0.25

(ny,14,4)

0.05

spherical sub-shell 1

I I N I I I N |
OO0 O =0 - =
'U'OQ.(nQ.—oh'O'D—Oh
T 2w NS A
X Q@ =
NN N NN N

2gy [

spherical sub-shell 2=(n,,l,,j5)

(c) Ap after solving the first variational equation
at the second global iteration NV = 2. The density
in the valence space has kept trace of the orbital
transformation.

L T L B 0.3

0972 T

0992 T

1221/2 - .
502

Ofg)p - 1k 02

1P .

0f75 -

0d3p - o1
1842 | .
0ds)p -
0Py
0p3)» |-
0s4/5

0.25

(ny,14:J4)

0.05

spherical sub-shell 1

| N A Y N |

SEEiE255
spherical sub-shell 2=(n,,l,,j,)

(b) Ap after solving the second variational equa-

tion at the first global iteration N = 1. The den-

sity is modified in the whole basis. Positive-parity
states are also affected.

T T T T T T T T T T T T T 03
Yy 3
= 097 | n
_‘: 099/2— — 0.25
& i N
S—
i 1dsp - T o2
T Ofgp .
© P12 7
< 071 - .
B 0y 18
S sy fll n
S 0dg)> - N
< 0p1/2—.. [ 005
& Opge -
031/2 11 |.| T T N N TR N N N 0
0000002200 =2NOO =
PTOT OV FTT FQABAG Q
N G N O R
NN RNNMNMNMVMRISNMVMNNNNNNS

spherical sub-shell 2=(n,,l,,j5)

(d) Ap at the end of the convergence procedure
N = 15. The density given by the first and the
second variational equations have become identi-
cal, and the difference to the Hartree-Fock density
has increased.

Figure I11.13: Evolution of the neutron one-body density along the convergence process. The
difference between the correlated density and a pure Hartree-Fock density Ap = |p — pyr| is
represented in a matrix form, in the original Hartree-Fock basis.

ones (eigenvalues of the Hartree-Fock field). We arrive to similar conclusions concerning both

types of nucleons: the account for correlations in the mean-field leads to a global compression

of the single-particle spectra. The energy difference between the lowest shell (0s) and the
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Figure I11.14: Comparison between the neutron density matrices given by the first and second
variational equations at different stages of the convergence process.

highest one (1ds/, in this case) is decreased by ~ 2.5 MeV. In particular the gap at the Fermi
level between g, P and gqp, P is reduced. The Ops/s-level is increased by ~ 0.74 MeV in both
cases. The Op;/p-level is lowered by ~ 0.18 MeV in the case of protons, whereas is stays
almost unchanged in the case of neutrons. Let us also note the important effect induced on

the 0sy/9-shell which is shifted up by more than 2 MeV for both types of particles.

Effect on the description of the ground-state
Let us now look at the effect caused by the orbital optimization on the energy and the com-
position of the ground state wave function. For a complete comparison and in order to isolate

the effect of the second equation alone, we calculate these quantities at three levels:

e After solving the first variational equation (Eq. (III1.11) denoted by Eq. 1 in the following
tables) without rearrangement terms, i.e. after simple diagonalization of the Hamiltonian

matrix H|[pgr| constructed with the uncorrelated Hartree-Fock density.

e After solving the first variational equation (Eq. (II1.11) denoted by Eq. 1) with rear-
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Figure II1.15: Proton (left) and neutron (right) source term at the end of the convergence
procedure N = 15.
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rangement terms, i.e. by iterating the diagonalization of H|p, o] = H|[p| + R[p, c|. This

allows to identify the effect generated by the nucleus’ medium.

e After the whole self-consistent procedure, when both variational equations (Eq. (II1.11)
and Eq. (II1.17) denoted by Eq. 1 and Eq. 2 respectively in the following tables) are

simultaneously satisfied.

We first show the correlation energy, difference between ground state and spherical Hartree-

Fock energies, F..., = Egr — Ey, obtained in these three cases:
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Correlation energy
Eq. 1 with R=0 | Eq. 1 with R # 0 | Eqs. 1 and 2 satisfied
5.1 6.22 6.56

The major effect with the D1S Gogny force, is produced by the inclusion of the rearrangement
terms which increases the correlation energy by ~ 1.12 MeV. The optimization of orbitals
allows to gain additional 340 keV. Although the effect is small, the variational aspect of the

orbital equation is indeed found on these results.

Regarding now the composition of the wave function, we show in the next table the weight
of the most important configurations built on original Hartree-Fock orbitals. In fact, to calcu-
late the latter after the self-consistency process, one has to perform the following procedure.
Denoting by bL the optimized single-particle states, the final self-consistent wave function can

be written as,

WSO =S A Y65C)  where,  [95%) = [0} 10) - (1L.51)

« pneEQ

The weight Bj of a configuration [¢%) = Hiﬁ al |0) built on Hartree-Fock orbitals a!, in |¥5°)

reads,
By = (95195°) =) A7 (95e5°) (I11.52)

and is thus obtained by calculating overlaps of the Slater determinants, themselves equal to

the determinant of the overlaps of their occupied orbitals.

Configurations Eq. 1 with R=0 | Eq. 1 with R # 0 | Egs. 1 and 2 satisfied
built on HF basis
Op-Oh (spherical HF state) 64.42% 53.95% 47.65%
(2p-2h),, 15.68% 19.05% 29.26%
(2p-2h), 7.03% 8.94% 9.74%
(2p-2h), 7.08% 8.90% 9.76%

The weight of the spherical Hartree-Fock component is lowered by ~ 10% after adding the
rearrangement effects. It keeps decreasing with the orbital optimization to reach a final value
~ 48%. The Hartree-Fock reference state therefore represents less than half of the correlated
wave function at the end of the self-consistent procedure, underlying the importance of cor-
relations in the 2C nucleus. In fact, we note that the second major configuration is a 2p-2h
excitation of proton-neutron type, indicating the necessity of accounting for correlations be-
tween protons and neutrons in this case. The weight of this configuration increases to ~ 19%

after including rearrangement terms.
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Finally it is also of interest to compare the final weights of these configurations (the ones
built on HF orbitals) to the weights of configurations built on optimized orbitals . We there-
fore show on the next table the main components of the wave function obtained when both

variational equations are solved.

Configurations Eqgs. 1 and 2 satisfied
built on optimized basis
Op-Oh (optimized reference state) 48.20%
(2p-2h) ., 20.84%
(2p-2h), 9.85%
(2p-2h), 9.87%

We note that the weight of the new reference state is slightly higher than the weight of the
pure Hartree-Fock state. Although the difference is small in this case, this is a sign that the
optimized Op-Oh excitation is "better” than the HF state, in the sense that it contains more
physics. The (2p-2h),, configurations is here again very important since it has reached a
weight of almost 21%.

I11.4.2 Second truncation scheme: excitation order of the configu-

rations in the full single-particle space

We apply now the formalism of the multiparticle-multihole configuration method using a
second scheme for selecting the many-body configurations. They are now chosen according
to their excitation order. We decide to include all possible proton and neutron configurations
up to 2p-2h. This generates A-body states |¢n) = |Pa,) @ |¢a,) With an excitation order
M, < 4. In other words, all nucleon excitations of the following types are considered: (Op-
Oh), (1p-1h),, (1p-1h),, (2p-2h)., (2p-2h),, (2p-2h),,, (3p-3h),, and (4p-4h).,. This type of
truncation scheme ensures explicit conservation of spherical symmetry.

Since no use of a core is made, all particles are considered active and the number of Slater
determinants expands very rapidly. In the case of 12C', when single-particle states are expanded

on Ny = 5 oscillator shells we obtain a total of
26 401 700 configurations to build,

in the J = K = 0 component, making use of the time-reversal invariance. Convergence of the

one-body density with a precision n < 10~ is reached after 14 global iterations.

Two-body correlation matrices
We show on Fig. (IT1.17) all elements of the proton, neutron and proton-neutron correlation

matrices. They appear much more fragmented than in the previous case.
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Figure IT1.17: Correlation matrices at iteration N = 1.

In the case of pure proton or neutron correlations, more than 160 000 elements appear. If
most of them are of very small intensity, several distinguishable peaks appear, mostly reflecting

correlations of pairing type.

e The biggest one at I = 6, and characterized by o(6) ~ 5.8 x 1072, corresponds to the
scattering of a pair of protons (neutrons) on the Opz/, sub-shell itself (from one projection
2 = j, to another).

e The elements o (I = 4,5) ~ 2.2x 1072 reflect the scattering of a pair from the 0s sub-shell
to the Opsz/2 one.

e Scattering between the Ops/, and the Op;o is contained in o(/ = 142713,142714) ~
3.33 x 1072

e Scattering between the Os and the Op;/» is contained in o (I = 142712) ~ 2.03 x 1072,

Correlations between protons and neutrons appear again more intense. More than 700 000

elements are represented on Fig. (I11.17). The strongest ones are again of pairing type. For
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instance the element at o(I = 306734) ~ 5.3 x 1072 reflects pair scattering between the Ops
sub-shell and the 1ds/, one.

Let us remind that these correlations matrices are not recoupled in .J and therefore it is diffi-
cult to compare the intensity of the couplings between different shells. It is interesting however

to see how these correlations evolve after the process has converged.

Hence, we show on Fig. (II1.18) the same correlation matrices at iteration N = 14, when
convergence is reached. We note a decrease of some elements of the correlation matrices of
same isospin. This behaviour is coherent with the interpretation of the role of the orbital
equation. The mean-field is indeed supposed to absorb as much effect of the correlations as
possible and thus reduce the intensity of the latter. However, we note that this is not true
concerning the proton-neutron correlation matrix ¢™, which even has a tendency to slightly
increase. In a shell-model context, it is often argued that this type of correlations is at the
origin of deformation in nuclei. Perhaps the behaviour of ¢™ is thus due to the fact that
the spherical symmetry stays explicitly conserved in our approach, and therefore this type of
correlations cannot be incorporated into the mean-field. They remain correlations of ”dynam-
ical” type. Hence, it would be very informative to perform the same study while allowing for
deformation, i.e. by working in the intrinsic frame of the nucleus. The main drawback of such
an approach would however be the need to project the final solution in order to obtain a state

characterized by a good angular momentum J.

Source term

We show on Fig. (II1.19) the proton and neutron source terms at the beginning and end of the
convergence procedure. Since all orbitals participate to the configuration mixing, many more
couplings appear in the source matrix G;;, than in the previous case, where a valence space was
considered. However, this source term seems to evolve in the same manner as before. That is,
some kind of ”"harmonization” of the different couplings seems to appear: the strongest ones

decrease while the weakest ones increase.

One-body density

We also show on Fig. (II1.20) the evolution of the one-body density (in fact its difference to
a Hartree-Fock-state density) in the starting Hartree-Fock basis.

Since no use of a valence space is made, the correlated density calculated at the end of the first
variational equation at the global iteration N = 1 already contains non-diagonal couplings in
this basis. Again, the densities obtained via both variational equations tend to resemble each
other along the convergence procedure. In fact they become identical up to ~ 1073, as seen
from Fig. (II1.21). It is important to state that this also means that the non-diagonal elements
of the density p calculated via the first equation in the final optimal basis p go to zero.

Finally a stronger modification of the diagonal elements of the density are observed, compared
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Figure II1.18: Correlation matrices when convergence is reached, at iteration N = 14.

to the previous truncation scheme.

Hartree-Fock state occupations at the beginning and end of the procedure.

We show in the following table, the evolution of the

Protons

Neutrons

Original Hartree-Fock

Occupation at

Occupation at

Occupation at

Occupation at

sub-shell global iteration | global iteration || global iteration | global iteration
N=1 N =14 N=1 N =14
0s 0.97 0.93 0.97 0.93
Ops/2 0.90 0.78 0.90 0.77
Op1/2 3.7 x1072 9.2 x1072 3.7 x1072 9.2 x1072
0ds /2 2.1 x1072 5.3 x1072 2.1 x1072 5.3 x1072

Identical behaviors are obtained for both protons and neutrons. We observe a depopulation

of the 0s shell that is of the order ~ 4 x 1072. More importantly the Ops /2 is emptied by more
than 0.1. Conversely higher shells are filled.
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Figure II1.19: Proton (up) and neutron (down) source terms at iterations N = 1 (left) and
N = 14 (right).

Single-particle energies

The new single-particle energies are greatly affected by the renormalization procedure, as seen
from Fig. (II1.22). Most levels are shifted up compared to the Hartree-Fock spectrum. The
biggest effect concerns again the 0Os shell which is moved up by more than 6 MeV in the case

of protons and neutrons. The gap at the Fermi level is also reduced by ~ 2 MeV in both cases.

Effect on the description of the ground-state
As previously we can study the effect of the orbital equation induced on e.g. the correlation
energies as well as on the content of the ground state wave function. As seen from the following

table, the correlation energies are increased by more than 50 MeV in all cases. This effect is
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Figure II1.20: One-body neutron density matrix in the Hartree-Fock basis from the first
equation (left) and second equation (right) at iterations N =1 (up) and N = 14 (down).

expected since the Gogny interaction has been fitted at the Hartree-Fock level. Considering
only relative energies, we note however the reasonable gain of ~ 4.4 MeV in correlation energy

when the full self-consistent process is applied.

Correlation energy (MeV)
Eq. 1 with R=0 | Eq. 1 with R # 0 | Eqs. 1 and 2 satisfied
58.15 61.77 62.54

Concerning the wave function composition, we note an important fragmentation already
present at the non self-consistent stage. The Hartree-Fock component embodies less than

a third of the total strength. This effect is reinforced by self-consistency effects which lower
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the HF component to ~ 20% only. Again let us note that the weight of the optimized Op-Oh
component is slightly higher (22.33%).

Hartree-Fock component in the ground state wave function

Eq. 1 with R =0

Eq. 1 with R # 0

Egs. 1 and 2 satisfied

29.29

21.46

20.39

Conclusion A few conclusions can be drawn from this comparative study. Firstly, we no-

ticed that the number of global iterations needed to reach global convergence was similar when

using both truncation schemes (~ 15). However it should be said that it was not possible to go

beyond the convergence criterion n = |Ap| = 107 using a truncation based on the excitation

order of the configurations. The renormalization of orbitals appears to have a stronger effect

74



II1.4 Example of convergence in the case of the 2C' ground state

when a larger model space is used. This was illustrated on the evolution of e.g. occupations
of Hartree-Fock states or fragmentation of the wave function. However this type of truncation
scheme involves a rapid growth of the number of configurations. Indeed in this study of 2C,
increasing the model space from one to five oscillator shells enlarged the number of configu-
rations from only 38 to more than 26 millions. Moreover as seen from the correlation energies
obtained in this framework, the D1S Gogny interaction does not seem to be suited for this
type of truncation, when the full single-particle space is explicitly considered (although results
concerning the wave function are very reasonable). In the next chapter we go back to the
first truncation scheme to perform a systematic study of ground and excited states in sd-shell

nuclei.
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Chapter IV
Description of sd-shell nuclei

In this chapter we perform a detailed study of sd-shell nuclei characterized by proton and
neutron numbers 10 < (Z,N) < 18. In the first section we investigate the ground-state
properties of these nuclei, and analyze in more detail the features of a few benchmark cases with
different correlation content. In particular, we are interested in the composition of the wave
function providing information on the collectivity of the nuclei, as well as quantities such as
correlation and binding energies, charge radii and neutron skin thickness. In the second section
we expose the low-lying spectroscopy obtained with the multiparticle-multihole configuration
mixing approach. Observables such as excitation energies, electric quadrupole and magnetic
dipole moments, as well as electric and magnetic transition probabilities B(£2) and B(M1),
are calculated and compared to experiment. This study is in the continuation of a previous
work [63] that provided a description of ground and excited properties of sd-shell nuclei.
However that investigation was only performed at the non self-consistent level i.e. performing
a configuration mixing on frozen Hartree-Fock orbitals and without introducing rearrangement
terms. Moreover the Hartree-Fock average potential did not include the exchange Coulomb
field and Ny = 11 major oscillator shells were used to expand the single-particle states.

In the present work, we investigate the effect induced by self-consistency on spectroscopic

observables. Theoretical results are generally shown at three levels:

e At the non self-consistent stage, after the Hamiltonian matrix H[pyr| has been diago-
nalized without rearrangement terms (a Hartree-Fock density pyp being introduced in

the Gogny interaction).

e After solving the first variational equation consistently with rearrangement terms R|[p, o,
in order to quantify the effect induced by the medium. This is achieved by diagonalizing
Hlp, o] = Hlp] + R[p, o] iteratively using the densities (p, o) of the correlated ground-

state, until the mixing coefficients have converged.

o After full self-consistency has been reached, that is, when both orbitals and mixing

coefficients are optimized together. This is achieved using the double iterative procedure
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described in section I11.3.

In this way, we are able to quantify the effect of introducing the correlated density in the
interaction, which is not justified a priori, and to appreciate the consequence of the orbital
optimization. When only little change is induced by the rearrangement terms, we do not

expose the corresponding results.

Technical framework This systematic study of sd-shell nuclei is performed is the following

framework.

e The single-particle states are expanded on axially deformed harmonic oscillator states at
the spherical point. In order to ensure convergence of the results we use Ny = 9 major

oscillator shells.

e The relevant many-body configurations included in the wave function are selected in
a "shell-model manner”, that is, by defining a filled core! of 0O and allowing for all
possible excitations of nucleons in the sd-shell. This is depicted on Fig. (IV.1). The

nuclear state is thus written,

T) =) Aalda)  where, |go)= [[ ol [0).

1o €sd-shell

Making use of the time-reversal invariance, the number of configurations spans from 418
in the case of 2°Ne (4 valence nucleons, excitations from Op-Oh to 4p-4h) up to 56 937 in

the case of 28Si (12 valence nucleons, excitations from Op-Oh to 12p-12h).

e The convergence criteria on the one-body density are taken equal to n; = 1, = |Ap;;| =
1.0 x 107%, V i, 5.

IV.1 Ground-state properties

Deformation properties of sd-shell nuclei predicted within mean-field approaches are very
diverse. For instance, we show on Fig. (IV.2) axial potential-energy curves (PEC) and
triaxial potential-energy surfaces (PES) of Neon isotopes, obtained within the Hartree-Fock-
Bogolyubov (HEB) approach using the same D1S Gogny interaction. One observes a transition
of shape from spherical to deformed as the number of neutrons N decreases. The heaviest iso-
topes appear spherical while the lightest ones are predicted oblate (>*Ne) or prolate (2*~22Ne).
We also display on Fig. (IV.3) the PEC and PES of three other noteworthy nuclei of the
sd-shell: ?*Mg, 2Si and *2S. The ?*Mg and *Si nuclei exhibit a large prolate deformation

! Again, this core will not remain inert through the convergence procedure.
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Figure IV.1: Separation of the single-particle states. The picture illustrates the case of 2¥Si.

characterized by 8 ~ 0.6 and 3 ~ 0.4 respectively. The 32S nucleus, although predicted
spherical in its ground state, exhibits a super-deformed second minimum at g ~ 1.2 as seen

from the potential energy curve (IV.3c).

IV.1.1 Correlation content

Correlation matrices

The collective deformation present (or absent) in these benchmark nuclei should reflect on the
intensity of their two-body correlation matrices 0. We show on Fig. (IV.4) the calculated
correlations for three Neon isotopes at the global iteration N = 1. If proton correlations
appear quite analogous for all three nuclei (6™ is a bit more fragmented for 2°Ne), correlations
of neutron type are seen much more important and fragmented in the lighter nuclei. This is in
accordance with the interpretation that the neutron collectivity increases as N decreases and
drives the shape transition in this isotopic chain through the proton-neutron interaction. One
also notes the importance of correlations between protons and neutrons, which is generally
enhanced in nuclei with equal numbers of protons and neutrons, such as 2°Ne, since the two
types of nucleons occupy the same orbitals and highly overlap spatially.

This effect is also illustrated on Fig. (IV.5) where we display the correlation content of the
three other N = Z benchmark nuclei. We also note the strength of pure neutron and proton

correlations in 28Si and ?*Mg, compared to other nuclei under study.

Source term

As explained in the previous chapter (in the study of '2C), the source term G[o] couples
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Figure IV.2: HFB PES and PEC of the Neon isotopes. The red curve is to be ignored. We
observe a transition from spherical to deformed: 2~2Ne is predicted spherical while *Ne is
oblate, and 2272°Ne prolate.

single-particle states in the valence space, to orbitals in the rest of the basis, characterized

by same angular momentum j and parity m. Since we perform the present calculation using
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Figure IV.3: HFB PES and PEC for **Mg (top left), 2®Si (top right) and S (bottom).
Mg and 28Si are both predicted with a strong axial deformation, prolate for the former and
oblate for the latter. 32S is predicted spherical with the existence of a super-deformed second
minimum.

Ny = 9 oscillator shells, the Ods/, sub-shell can couple to the 1ds/2, 2ds/2 and 3ds/; empty
sub-shells. The same happens concerning the ds/, sub-shells. In addition to the 2s, 3s and 4s
empty orbitals, the 1s shell can also couple to the filled Os states of the core. Thus, we obtain
a total of 10 couplings for each isospin. The corresponding values are displayed in table (IV.1)
for the selected nuclei.

A few remarks can be done.

e (learly some values of the source term are not negligible. In particular, we observe a
systematic high value of the coupling between the 1s and the 0s shells (shown in bold)
compared to other couplings. They are > 1 MeV in the nuclei described as the most
deformed by mean-field calculations, and reach ~ 2 MeV in ?*Mg and ?8Si. Dynamical
correlations related to the source term therefore seem to act toward a strong mixing of
these shells.
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Figure IV.4: Proton correlations o™ (left), neutron correlations ¢” (center) and proton-neutron
correlations o™ (right), for 2Ne, ?*Ne and **Ne. They are calculated at the global iteration
N =1.

e Regarding the Neon isotopic chain, the proton source term generally increases as the
neutron number N decreases. Since the proton correlation content was similar for differ-
ent isotopes (except for the very light 2°Ne nucleus), this behavior seems to be produced
via the effect of proton-neutron correlations. Looking now at the behavior of the neu-
tron source term, the interpretation is less clear. For instance, the coupling between the
0ds/2 and the 1ds/, appears more important in the heavier Neon nuclei. This suggests a
dependence of G[o] on the occupation of the shells. Indeed the 0ds/, orbitals are much
more occupied in *Ne than e.g. ?**Ne. This would also explain why G¥[o] is always
slightly higher in 2*Ne than ?*Ne. Since the correlation field Q[p, o] divides the source
term by the corresponding occupations this trend should be compensated. Indeed the
corresponding values of e.g. |Q0d3/271d3/2| appear equal to 0.550, 4.09 and 3.66 in **Ne,

?/Ne and *’Ne respectively. In fact, similar occupations of the 0dy,, are found for the
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Figure IV.5: Proton, neutron and proton-neutron correlation matrices, o™, ¢”, o™ respec-

Y

tively, for 32S (up), 2*Mg (middle) and #Si (down). They are calculated at the global iteration
N =1.

2Ne and ?*Ne isotopes.

e Finally, lets us look more carefully at the evolution of the couplings Gy [o] with the
single-particle energy difference Ae = | — ¢|. One would expect the values of G|o]
to decrease while Ae increases. However, this behavior is not clear from the calculated
values. Let us remind that these calculations are realized using a spherical mean-field.
Thus if correlations associated to deformation are strong, important couplings to high
energy orbitals can appear.

Correlation energy

Table (IV.2) displays the correlation energy, defined as the difference of the correlated ground
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Sub-shells (ag, o) *Ne #INe “Ne Mg 28Si 329
(Od%, 1d%) 0.0643 0.0328 0.0432 0.183 0.127 0.000156
(Od%, Qd%) 0.253 0.439 0.593 0.543 0.399 0.170
(Odg,3d%) 0.299 0.272 0.405 0.505 0.542 0.211

(1s,0s) 0.263 0.281 1.248 1.913 2.210 1.256
(1s,2s) 0.0839 0.0830 0.526 0.749 0.827 0.637
(1s,3s) 0.0337 0.0314 0.194 0.139 0.0983 0.112
(1s,4s) 0.0523 0.0414 0.244 0.436 0.602 0.235
(Odg, ld%) 0.0463 0.0795 0.277 0.345 0.381 0.279
(Od%, Qd%) 0.0198 0.0205 0.308 0.241 0.170 0.350
(Od%, 3d%) 0.0303 0.0748 0.340 0.389 0.414 0.459
(a) Protons couplings |G7, | (in MeV).

Sub-shells (ag, a;) *8Ne *Ne “ONe Mg 28Si 328
(Odg, 1dg) 0.0267 0.0681 0.0247 0.0976 0.050 0.0279
(Od%, ng) 0.00578 0.177 0.610 0.572 0.427 0.177
(Ud%, 3d%) 0.0128 0.265 0.391 0.489 0.523 0.199

(1s,0s) 0.304 1.411 1.239 1.918 2.206 1.226
(1s,2s) 0.111 0.573 0.454 0.655 0.709 0.545
(1s,3s) 0.0447 0.0143 0.219 0.184 0.166 0.0461
(1s,4s) 0.0430 0.350 0.230 0.424 0.585 0.226
(Od%, 1d%) 0.293 0.247 0.235 0.293 0.315 0.185
(Od%, Qd%) 0.0613 0.144 0.319 0.261 0.201 0.397
(0ds, Sd%) 0.252 0.276 0.331 0.382 0.406 0.448

(b) Neutrons couplings |G¥ | (in MeV).

A, 0

Table IV.1: Proton (top) and neutron (bottom) source terms |GI | (7 = m,v) (in MeV)

between the sub-shells of the valence space and other sub-shells (Witkfl lsame j7) outside of the

model space (at the first iteration N = 1).

energy Fy with the energy of a spherical Hartree-Fock ground-state Eyp,
Ecorr = EHF - EO ) (IV1)

for the selected benchmark nuclei. We show here the results at three levels: without any
self-consistency i.e. after diagonalizing the Hamiltonian matrix H[p] without rearrangement
terms; after solving the first variational equation with rearrangement terms R[p, o] i.e. by
iterating the diagonalization of H|[p,o] = H[p] + R[p,o]; and after the full self-consistent
procedure when both variational equations are satisfied.

As expected from the values of o and G|o], the correlation energy of the Neon isotopes increases

drastically for the lighter ones. At the non self-consistent level, among the presented nuclei,
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No self-consistency (R =0) 1% eq. with R # 0 Full self-consistency

*ONe 10.93 11.54 13.30
#Ne 10.48 10.90 12.12
#Ne 2.75 6.23 6.98
*Ne 0.41 0.88 1.55
*Ne 1.15 1.28 1.58
Mg 14.24 15.06 16.04
28Si 5.89 6.25 8.08
328 3.37 4.58 5.76

Table IV.2: Correlation energy E.,.. = Egr — Ey for the Neon isotopes and other benchmark
nuclei, in MeV.

24Mg appears as the most correlated one. The introduction of rearrangement terms accounting
for medium effects, allows to gain an energy AFE.,.. < 1 MeV in all nuclei. The rest of the
correlation energy is thus attributed to the renormalization of single-particle states. The most
significant effect concerns the ?8Si for which optimizing the orbitals allows to gain additional
1.83 MeV. E,,,, is increased by 1.76, 1.22, 1.18 and 0.98 MeV for ?°Ne, ?2Ne, 32S and **Mg

respectively. The effect is weaker in other nuclei under study.

Composition of the wave function

In order to obtain a more precise description of the amount of correlations in the ground-
state, it is necessary to analyze the composition of the wave function in terms of the different
configurations. We show in Table (IV.3) the main components of the wave function at the three
stages explained at the beginning of the chapter, that is, (i) without any self-consistency (1%
variational equation with a Hartree-Fock density in the interaction), (ii) solving iteratively
the 1% variational equation with the correlated density in the interaction and thus, with
rearrangement terms, (iii) when full self-consistency of correlations and orbitals is reached.
In cases (i) and (ii), we show the weights of the most important configurations built on
Hartree-Fock single-particle states, while in case (iii) the many-body Slater determinants are

constructed on optimized orbitals.

e At the non self-consistent level, the Hartree-Fock Op-Oh state always appears as the major
component, and absorbs most of the wave function in poorly correlated nuclei (> 86%
in 2Ne). The rest of the weight is distributed among many other configurations, mostly
of 1p-1h and 2p-2h types.

e As already stated, configurations involving excitations of both protons and neutrons are
more important in N = Z nuclei, where their interaction is favored. The second main
component in Si is a (2p — 2h),, = (1p — 1h), @ (1p — 1h), excitation, with a weight
> 12% while the Hartree-Fock states only embodies ~ 26% of the wave function.
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Nucleus Configuration No self- Eq. 1 with Full self-
consistency rearrangements consistency

Op-Oh 86.24 84.11 83.63

ZBNe (Ip-1h), (Od5/2 — 1s) 3.49 3.19 2.85
(1p-1h), (1s — Od3/2) 3.26 4.04 4.50

Op-0Oh 77.11 70.88 69.62

26N e (1p-1h), (1s — 0d3/2) 6.02 7.28 7.59
(2p-2h),, (1s¥ ® 0dZ,, — Odg/2 ® 1s™) 2.27 2.75 2.38

Op-0Oh 56.51 53.45 49.41

24N (1p-1h), (Od5/2 — 1s) 17.81 17.48 17.81
(2p-2h), (0d5/2 — 1s) 6.17 6.56 7.54

Op-Oh 45.36 43.05 33.05

(2p-2h) ., (()dgr . ® 0d‘5’/2 — 1s™ ® 1s") 8.15 6.80 8.86
(Ip-1h), (Od5/2 — 0d3/2) 6.91 8.26 8.65

20N e (1Ip-1h), (Od5/2 — Odg/g) 6.94 8.30 8.58
(1p-1h), (0d5/2 — 1s) 5.29 4.44 5.08

(1p-1h), (0d5/2 — 1s) 5.40 4.50 5.13

(2p-2h), (Od5/2 ® 0ds/o — 1s ® Ls) 2.32 1.89 2.46

(2p-2h), (Od5/2 ® 0ds/o — 1s ® Ls) 2.44 1.95 2.52

Op-0Oh 34.63 32.45 23.82

(1p-1h), (0d5/2 — 1s) 8.31 7.13 6.49

(Ip-1h), (0d5/2 — 1s) 8.08 6.98 6.37

2\ [g (2p-2h),, (Odj,)r o ®@0dY,, — 15" ® 1s¥) 5.30 4.32 5.16
(Ip-1h), (0d5/2 — Odg/g) 4.43 4.83 3.94

(2p-2h), (0d5/2 ® 0dsj2 — 15 ® Ls) 2.24 1.83 2.26

(2p-2h), (0d5/2 ® 0ds /2 — 15 ® Ls) 2.12 1.76 2.17

Op-Oh 26.02 38.68 17.80

28 (2p-2h) ., (Odgr s ® Odg/2 — 15" ® 1s") 12.36 8.11 8.98
(2p-2h),, (Od5/2 ® 0ds/o — 1s ® Ls) 5.03 3.28 3.66

(2p-2h), (0d5/2 ® 0dsj2 — 15 ® Ls) 4.87 3.17 3.54
Op-Oh 60.30 47.23 26.20

ng (202, (157 ® 1s” — 0d3), © 0dy ) 8.36 9.31 11.20
(2p-2h), (1s® 1s — 0d3z/2 ® Od3/2) 3.80 4.38 5.47

(2p-2h), (1s® 1s — Od3/2 ® 0d3/2) 4.11 4.80 5.87

Table 1V.3: Main components of the ground-state of different nuclei, expressed in percents

(%).

e Accounting for medium effect via rearrangement terms allows to fragment the wave
function by diminishing the Op-Oh component in most cases. The opposite phenomenon

only occurs in 2®Si where the Hartree-Fock component is increased from ~ 26 to ~ 39%.
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o After self-consistency is reached the composition of the ground state wave function ap-
pears again considerably modified. The Op-Oh (reference state) component undergoes
the biggest variation. In the Neon chain it decreases by a few percents in the heavier
isotopes. The reduction is more important in the lighter ones such as ?°Ne where the
weight of the reference state is lowered from ~ 43 to ~ 33%. The wave function of
24Mg already appeared fragmented before self-consistency was introduced with a Op-Oh
Hartree-Fock component of ~ 35%. Still the self-consistency effects lead to an addi-
tional loss of ~ 11% of the total strength. In 28Si, the rise of the Op-Oh component due
to rearrangement terms is now counterbalanced by the renormalization of single-particle
states which bring it back down to only ~ 18%. Finally the most striking effect is seen
on 32S for which the reference state component decreases from ~ 60% to ~ 45% with

rearrangement terms and to only ~ 26% after orbital optimization.

e Looking now at other components, we note that this systematic reduction of the Op-
Oh configuration is not transmitted to one particular other configuration. The missing
weight seems to be rather equally distributed on many components. This strong frag-

mentation seems to reflect an important increase of the collectivity of the wave function.

Finally, it is always informative to analyze the evolution of the pure Hartree-Fock component,
that is the weight of the Op-Oh component built on non-optimized Hartree-Fock orbitals at
the three stages (i), (ii) and (iii) of the mp-mh method. Following the procedure described in
section II1.4 to obtain this quantity after reaching self-consistency, we get the results shown
in table (IV.4).

Nucleus Without self-consistency 1% eq. with R # 0 full self-consistency

%6 Ne 77.11 70.89 61.50
# Si 26.02 38.68 16.99
32°S 60.30 47.23 24.26

Table IV.4: Pure Hartree-Fock component in the correlated ground-state (i.e. weight of the
Op-Oh configuration built on non-optimized Hartree-Fock orbitals), in percent.

Comparing them to the values showed in table (IV.3) after full self-consistency, we note that
the weight of the optimized reference Op-Oh state (called ¢) is systematically slightly higher
than the weight of the Hartree-Fock state |H F'), illustrating the fact that the new reference
state always incorporates more physics and minimizes the effect of correlations. This phe-
nomenon is however in competition with the tendency to fragment the wave function and the
evolution of the single-particle spectrum. Indeed if gaps around the Fermi level are reduced,

certain excitations may become more favorable and their weight might increase.

Single-particle energies

We present here the modification of single-particle energies (SPE) when the mean-field is
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constructed consistently with the correlations present in the system. We show on Fig. (IV.6)
the difference between Hartree-Fock SPE cppr and optimized SPE taken as eigenvalues ¢, of
the mean-field,

N 1 V1ol ~

hlp,ola = Kap + Z {ac|V'[p]lbd) pac + 1 Z <cd|W£p]|C'd/> (\Il|aiazlad/ad\\ll> :
cd cdc'd’ e
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Figure IV.6: Differences Ae = egr —e between Hartree-Fock and self-consistent single-particle
energies, expressed in MeV. The differences between proton SPEs are on the left and the
neutron ones on the right. The Fermi level is marked by a dashed line.

The proton and neutron spectra appear very similar for the N = Z nucleus ?*°Ne. They are
globally more compressed than the Hartree-Fock ones (by ~ 1 MeV), and in particular the
gaps under and above the Fermi level are decreased. The deepest shells 0s and Op undergo
the biggest modification and are shifted up by > 600 keV (~ 1 MeV for the 0s and the Op; /).
The change is less important in Ne where the biggest shifts are of order ~ 250 keV. If

a smooth compression of the neutron spectrum is observed, the behavior of the proton one
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is a bit more chaotic and seems to indicate an important influence of the proton-neutron
interaction. The gap at the Fermi level is actually slightly increased in this case (by ~ 40
keV).

IV.1.2 Binding and separation energies

We plotted on Fig. (IV.7) the difference between experimental and theoretical binding energies
BE(N, Z) = (W2 Hp) |82 for the different isotopic chains.

No self consistency | Eq. 1 with R # 0 | Full self-consistency
(ABE) 8.342 8.914 9.837
04ev(BE) 0.821 0.793 0.789

Table IV.5: Average difference (ABE) and standard deviation og4.,(BE) of binding energies
compared to experiment (in MeV).

At the non-self consistent level, an average difference to experiment (ABE) ~ 8.34 MeV is
found. This global shift is understood as due to the Gogny interaction that was fitted at the
Hartree-Fock level, as already stated in [63]. This also explains the increase of (ABE) from no
to full self-consistency. On the contrary the standard deviation o4.,(BE) is slightly improved
from 0.82 to 0.79 MeV.

Fig. (IV.8) now displays the difference between experimental and theoretical two-neutron

and two-proton separation energies defined respectively as,

Son(N,Z) = BE(N,Z) — BE(N —2,7),

(IV.2)
S9(N, Z) = BE(N, Z) — BE(N, Z —2) .

Little change is induced by self-consistency. The standard deviation is improved by ~ 100
keV in both cases. The average difference in the proton case is also decreased by the same
quantity, while it is increased by ~ 80 keV in the neutron one. Globally these results are very
satisfactory. Finally we obtain theoretical Sy, < 0 for ?®Ar, 3Ar and 2S. These nuclei are

thus predicted unbound, which is in agreement with experiment.

IV.1.3 Charge radii and neutron skin-thickness

Charge radii
Charge radii are measurable quantities very sensitive to the correlation content of nuclei and

related to nuclear deformation. The root mean-square charge radius r. is expressed as,

p

N
ro = \/r2 + 2(32 — 1)~ 01161 (IV.3)
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where 7, denotes the proton root mean square radius,

- /fd3r,?(r)r2 | (IV.4)

with p,(r) the proton radial density. The charge radius r, is corrected by 3(B? — b?) where
B = 0.7144 fm results from the proton form factor, and b is a center of mass correction.
Finally 0.1161% denotes a correction due to neutron electromagnetic properties.

We display on Fig. (IV.9) the charge radii calculated in the mp-mh approach at the three

levels of the method. They are compared to experimental data taken from [3].

e At the non self-consistent stage, charge radii are either underestimated or lying in the
experimental error bars, leaving room for unaccounted correlations. The worst discrep-
ancy is encountered in the nuclei where collectivity is expected to be stronger. This
behavior can be anticipated since the configuration mixing has been restricted to the
sd-shell, and therefore ”surface” orbitals with a larger spatial extension such as the 0f7/2

are not populated.

e The introduction of rearrangement terms slightly improves the theoretical values. Only

28Si makes exception again.

e At the fully self-consistent level, when both coefficients and orbitals are optimized, the
charge radii are (almost) systematically increased. The radii of the Argon isotopes,
rather poorly correlated, are all improved. The radii of Sulfur nuclei are drastically
augmented and in better accordance with experiment. Let us remind the important
fragmentation introduced in the nucleus 32S via the orbital renormalization. An impor-
tant effect is also seen on the Silicon and Magnesium isotopes, although it appears too
important in 2°Mg and 28Si, leading to an overestimation of the radii and a wrong trend
along the isotopic chains. Let us remind once again that the Gogny interaction used
to perform the calculation is not a priori adapted to approaches such as the mp-mh
configuration method which introduces all types of correlations. Moreover the use of
the correlated density in the interaction may lead to uncontrolled over-counting effects.
Concerning the Neon nuclei, the results without self-consistency already lied at the top
of the error bars for 2726=24Ne, and become now slightly overestimated. Very little effect
is seen on the lighter and more correlated isotopes 2°~22Ne, whose radii remain largely
undervalued. Finally let us note that a good experimental trend is obtained from the

Ne, S and Ar isotopes.

Neutron-skin thickness The neutron skin thickness r, — r,, difference between neutron

and proton root mean square radius, can provide information on the relative distribution of
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protons and neutrons in nuclei. We calculate this quantity for the Neon isotopes and show
the results on Fig. (IV.10).

As expected, the neutron-skin thickness increases with the number of neutrons. No influence
of the rearrangement terms is observed. However we note that the orbital renormalization has
a tendency to slightly decrease the neutron thickness in neutron rich isotopes. Concerning
the 2*Ne isotope this effect seems to be attributed to a slight increase of the proton radius.

However, no clear attribution can be made in the case of 26=?8Ne.
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Figure IV.7: Difference between theoretical and experimental binding energies (in MeV) at
the non-self consistent level (a), introducing rearrangement terms only (b), after full self-
consistency is reached (c). Experimental data are taken from [104].
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Figure IV.8: Difference between theoretical and experimental [104] two-neutron (left) and

two-proton (right) separation energies (in MeV).
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Figure IV.9: Comparison between experimental and mp-mh charge radii (in fm). Experimental
values are taken from [3].
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Figure IV.10: Theoretical neutron skin thickness for Ne isotopes.
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IV.2 Low-lying spectroscopy

In this section we study the properties of excited states in sd-shell nuclei. Observable quantities
such as excitation energies and electromagnetic moments and transitions, are calculated and

compared to experiment.

e At the non-self consistent stage, excited states are obtained by extracting several eigen-

states of the Hamiltonian matrix H[pyp] with the Lanczos algorithm.

e When the first equation is solved iteratively with rearrangement terms, we iterate the
diagonalization of H|pys, 04s] = H|[pgs|+R[pgs, 04s), Where pys and o, denote the densities
of the correlated ground-state. Once this procedure has converged, we extract several

eigenvalues of H[p,s, 04s] in order to obtain the excited states.

e Similarly, to achieve self-consistency, we perform the global iterative procedure described
in section II1.3 at the ground state level. In other words, the orbitals are optimized
consistently with the mixing coefficients A9° of the ground-state ¥y, by solving the
second variational equation using the ground-state densities pys and o4,. Again, once this
doubly-iterative procedure has converged, we extract several eigenvalues of H[pys, oys]
in order to obtain the excited states.

IV.2.1 Excitation energies

Excitation energies £} are defined as the difference between the ground-state binding energy
Eoy = (Vo|H[pys)|Wo) and the energy En = (Vn|H|[pys)| W) of the excited state N,

Ely=Ey—Ey. (IV.5)

Since the configuration mixing is restricted to the sd-shell, the excited states are all charac-
terized by a positive parity. We show in Table (IV.6) the theoretical excitation energy of the
first three excited states in a few nuclei, and compare them to experiment.

Only little change is ind