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Résumé

Résumé

Dans cette these, on s’intéresse a des questions relatives aux arrangements d’hyperplans du point
de vue des périodes motiviques. Suivant un programme initié par Beilinson et al., on étudie une
famille de périodes appelée polylogarithmes d’Aomoto et leurs variantes motiviques, vues comme
éléments de 'algebre de Hopf fondamentale de la catégorie des structures de Hodge-Tate mixtes,
ou de la catégorie des motifs de Tate mixtes sur un corps de nombres.

On commence par calculer le coproduit motivique d’une famille de telles périodes, appelées
polylogarithmes de dissection génériques, en montrant qu’il est régi par une formule combina-
toire. Ce résultat généralise un théoreme de Goncharov sur les intégrales itérées.

Puis, on introduit les bi-arrangements d’hyperplans, objets géométriques et combinatoires
qui généralisent les arrangements d’hyperplans classiques. Le calcul de groupes de cohomologie
relative associés aux bi-arrangements d’hyperplans est une étape cruciale dans la compréhension
du coproduit motivique des polylogarithmes d’Aomoto. On définit des outils cohomologiques et
combinatoires pour calculer ces groupes de cohomologie, qui éclairent dans un cadre global des
objets classiques tels que I’algebre d’Orlik-Solomon.

Mots-clefs

Périodes, polylogarithmes, arrangements d’hyperplans, motifs de Tate mixtes, structures de
Hodge mixtes, algebres de Hopf combinatoires.

Periods of hyperplane arrangements and motivic coproduct

Abstract

In this thesis, we deal with some questions about hyperplane arrangements from the viewpoint of
motivic periods. Following a program initiated by Beilinson et al., we study a family of periods
called Aomoto polylogarithms and their motivic variants, viewed as elements of the fundamental
Hopf algebra of the category of mixed Hodge-Tate structures, or the category of mixed Tate
motives over a number field.

We start by computing the motivic coproduct of a family of such periods, called generic
dissection polylogarithms, showing that it is governed by a combinatorial formula. This result
generalizes a theorem of Goncharov on iterated integrals.



Then, we introduce bi-arrangements of hyperplanes, which are geometric and combinato-
rial objects which generalize classical hyperplane arrangements. The computation of relative
cohomology groups associated to bi-arrangements of hyperplanes is a crucial step in the un-
derstanding of the motivic coproduct of Aomoto polylogarithms. We define cohomological and
combinatorial tools to compute these cohomology groups, which recast classical objects such as
the Orlik-Solomon algebra in a global setting.

Keywords

Periods, polylogarithms, hyperplane arrangements, mixed Tate motives, mixed Hodge struc-
tures, combinatorial Hopf algebras.
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Chapter 1

Introduction

1.1 The philosophy of periods

Following [KZ01], we introduce periods and some very general ideas related to them.

1.1.1 The algebra of periods

In their modern definition, periods are the values of the integrals that “come from algebraic
geometry”, even though it is fair to say that an important part of modern algebraic geometry
and number theory actually finds its source in the study of these integrals.

For instance, let us consider the classical problem of finding a formula for the arc length of
an ellipse, studied by Fagnano and Euler in the first half of the 18" century. If we consider an
ellipse with major radius @ and minor radius b, then its arc length is given by the value of the
integral

1 — 22
{=4a \/ = E%Q)dx (1.1)

where 2 =1— % denotes the square of the eccentricity of the ellipse.

In terms of algebraic geometry, this leads to the introduction of the elliptic curve given by

the equation
y? = (1—2?)(1 - %?).

We may indeed rewrite the above integral as

(1 —e22?)

Y

! = 4(L/0<x<1;y20§ dz.

y2=(1—x2)(1—c222)

If €2 is a rational number, then the dimensionless quantity g is an effective period in the
sense of the following definition.
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Definition 1.1.1. An effective period is a complex number whose real and imaginary part can
be written as an absolutely convergent integral

/f(ml,...,xn)dxl'--dxn

where
— f(z1,...,z,) is a rational function with rational coefficients, and

— o isasubset of R” defined by a finite union and intersection of subsets of the form {g(z1,...,x,) >
0} with g(z1,...,2,) a rational function with rational coefficients.

Effective periods form a subring P of the complex numbers. It contains the field Q of
algebraic numbers; for instance, one can realize /2 as an effective period by writing

V2 = dzx.

22<2;2>0

More generally, we may use rational functions with algebraic coefficients (and even algebraic
functions) to define periods, as in (1.1). Most examples of interesting periods are transcendental

numbers, such as
2 dx

log(2) = — and W:// dz dy.
1 Z z2492<1

It is conjectured that % is not an effective period. For reasons that will soon be made clearer
(see Example [1.3.3)), it is convenient to add it to the ring of effective periods and make the
following definition.

Definition 1.1.2. A period is a complex number p such that for some non-negative integer N,
the product 7Vp is an effective period.

The periods form an algebra

P =peft H

™

Although by definition P is countable, there is no known example of a complex number that
is not a period (apart from “artificial” examples using cardinal-theoretic arguments). It is
conjectured that the basis e of the natural logarithm, or the Euler-Mascheroni constant -y, are
not periods.

1.1.2 Relations between periods

A very important problem is to understand the algebraic relations between periods. Since P is
an algebra, it can be reduced to the study of linear relations. In the case of one-dimensional
integrals, we have the following identities.

1. Bilinearity:

— 2(f(@) + Ag(@))dx = [P f(a)dx + X [P g(z)dz ;
— JPf@)de + ff f(a)de = [F f(x)da.

2. Change of variables: fff(cp(u))go’(u)du = f;f((f)) f(x)dz.

3. Stokes’ formula: [* f/(t)dt = f(b) — f(a).
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For higher-dimensional integrals, these relations have to be replaced by their well-known gener-
alizations.

Conjecture 1.1.3 ([KZ01], Conjecture 1). The above relations generate all linear relations
over Q between periods.

For instance, it is an easy exercise to prove the relation log(ab) = log(a) +1log(b), a,b € Qx,
using only these relations.

1.1.3 Periods and cohomology

It is convenient to give a more abstract definition of a period in terms of algebraic geometry.
Let X be a smooth algebraic variety defined over Q, let Y be a closed subvariety of X also
defined over Q, and let n be any integer. Let o« € Q"(X) be a closed algebraic differential form
on X (with rational coefficients) whose restriction to Y is zero. Let o be a singular n-chain
on X (C) whose boundary lies on Y (C). Then the value of the integral

/U o (1.2)

is an effective period, and all effective periods arise in this way.

A period can then be viewed as a coefficient of the comparison isomorphism between two
cohomology theories, as follows.

— Let H3z (X, Y) be the algebraic de Rham cohomology groups of X relative to Y [Gro66]; they
are finite-dimensional vector spaces over Q.

— Let H3(X,Y) be the singularlﬂ cohomology groups of X (C) relative to Y (C); they are finite-
dimensional vector spaces over Q.

— Let

be the comparison isomorphism between de Rham and Betti cohomology, given by the integra-
tion of algebraic differential forms on singular chains. A matrix representing this isomorphism
in Q-bases of Hi, (X,Y) and H5(X,Y') is called a period matriz of the pair (X,Y).

By definition, « defines a class in the de Rham cohomology group Hj, (X,Y'), and o defines
a class in the Betti homology group HP(X,Y) = HZ(X,Y)V. The period (1.2) is thus the
corresponding coefficient (o, compp 4g (@)) of the period matrix.

Ezample 1.1.4. Let us look at X = A!\ {0} the punctured affine line, and Y = @. The de
Rham cohomology group H}g (Al \ {0}) is one-dimensional with basis the class of d?"”; the Betti
homology group HE (A \ {0})V is one-dimensional with basis the class of a circle § winding

counterclockwise around 0 in C*. The corresponding period is 2im = [ %.

Ezample 1.1.5. The integral log(2) = 12 d?m corresponds to X = Al\ {0}, Y = {1,2}, a = d%
and o the straight path from 1 to 2. A basis of Hg(A!\ {0},{1,2})" is given by the classes of o
and §, while a basis of Hig (A!\ {0}, {1,2}) is given by the classes of the forms dz and %‘”. The

corresponding period matrix is then
1 log(2)
( 0 2um ' (1.4)

1. The letter B stands for Betti (co)homology, which is a standard term for singular (co)homology in algebraic
geometry.
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1.2 Aomoto polylogarithms

Among all periods, we will focus on certain subspaces of periods that are “defined by linear
data”. In other words, the algebraic varieties that we are going to consider will be defined by
(products of) linear equations. We start by formalizing this idea, following [BVGS90].

1.2.1 Definition

Let us fix an integer n > 1. A n-simplex is an ordered family L = (Lo, L1,...,L,) of n+ 1
hyperplanes in P"(C). We use the same letter to denote the union L = Lo U Ly U---U L,
of the hyperplanes. A stratum of this simplex is a non-empty intersection L;, N --- N L;. of
hyperplanes from the family; the whole space P"(C) is a stratum of L, and the other strata
are called strict. We say that L is degenerate if the hyperplanes Lo, L1, ..., L, are linearly
dependent, i.e. if Lo N Ly N---N Ly is non-empty.

An admissible pair of n-simplices is a pair (L; M) = (Lo, L1,...,Ly; Mo, My, ..., M,) of
simplices such that L and M do not have any strict stratum in common.

We fix an admissible pair of n-simplices (L; M); let us choose for each L; a defining linear
form f; (it is unique up to a non-zero multiplicative constant). We then have a canonical
differential form

_qyi o df; df»

wy, = 1Y EEA A S A A

g( ) Jo i fn
on P*(C) \ L. If L is degenerate, then a standard computation shows that wy, is zero. Else we
may choose projective coordinates (zg,z1,...,%,) such that L; = {z; = 0}. In this system of

coordinates and in the principal affine chart {xg # 0}, wy, is nothing but the logarithmic n-form

on the torus (C*)".
Now let A™ = {0 <t; < --- <t, < 1} be the standard topological n-simplex and

Ay : A" — P™(C)

be an embedding that maps the interior of A™ to P*(C) \ L, and the j-th face 0;A™ to the
hyperplane Mj, for all j = 0,...,n. Such an embedding exists if M is not degenerate, otherwise
we may choose Ajys to be constant.

Definition 1.2.1. The Aomoto polylogarithm associated to the admissible pair of simplices (L; M)
and the choice of Ay is the value of the absolutely convergent integral

I(L; M) :/ wr..
A
If (L; M) is defined over a number field F' < C, then I(L; M) is a period in the sense of Defi-
nition and we call it an Aomoto period.

The terminology is a reference to the work of Aomoto on the analytic properties of families
of integrals indexed by sets of hyperplanes [Aom77, [Aom&82], that are close to those considered
here.

Remark 1.2.2. Although it is not clear from the notation, I(L; M) depends on a choice of
integration simplex Ajs, see Example 1.2.3.
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1.2.2 Examples

Ezample 1.2.3 (Logarithms). Let n = 1. Then an admissible pair of 1-simplices is a quadru-
ple (a,b;c,d) of points of P}(C) such that {a,b} N {c,d} = @. It is non-degenerate if and only
if a # b and ¢ # d; in this case, we may choose a coordinate such that (a,b;c,d) = (00,057, 1),
where by definition r = % € C* is the cross-ratio of (a, b, c,d).

The form wy, is %, and Ay : [0,1] — C* is a path that starts at 1 and ends at r. We
picture this geometric situation in Figure 1.1, with P!(C) being depicted as the Riemann sphere.
Then I(00,0;7,1) = log(r) is the value of the logarithm of r computed via the path Ajs.?2
Changing A s by winding around 0 amounts to adding an integral multiple of 2im to the value
of I(00,0;7,1). If r belongs to a number field F' < C, then log(r) is an Aomoto period.

Figure 1.1: The example of log(r)

Ezample 1.2.4 (Classical polylogarithms). Let n > 1 be an integer. The n-th polylogarithm is a
function of a complex variable defined by the series

k
z
Lip(2) =) —
k>1 k"
for |z| < 1. For instance, Li;(z) = —log(1 — z). Using the differential system
dz

Lif (2) = Lin-1(2)
it is possible [Hai94] to analytically continue the polylogarithms as multivalued functions
Li, : C\{0,1} — C,

i.e. holomorphic functions on a universal covering space of C\ {0,1}. It is easy to see that
all the values of these functions are naturally Aomoto polylogarithms, and that their values at
algebraic numbers are Aomoto periods. We explain how this works for Liz(t) = > 4~ ]% with a
real argument 0 < t < 1 to keep things simple. By integrating the differential equation above
(or expanding —1- as a geometric series and integrating), one gets the integral representation

11—z
dz d
L12 // * y
o<z<y<t (1 —l’)y

2. Our convention is the classical one according to which for a path v : [0,1] — C*, we have doy = (1)
and 91y = 7(0). In [BVGS90] the authors use a different convention and get I(oc0,0;r,1) = —log(r).
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We work in the projective plane P?(C) with affine coordinates (z,y), whose real points are
pictured in Figure Let L = (Lo, L1, L2) be the 2-simplex with Lg the line at infinity, L; =
{z =1} and Ly = {y = 0}, pictured in dashed lines in Figure Then
d d
wr, = .CI} N ﬁ
r—1 gy

Now let M = (My, M1, M) be the 2-simplex with My = {x = 0}, M; = {x = y} and My =
{y = t}, pictured in full lines in Figure If we choose for Ajs the truncated standard
triangle 0 < z < y < t, shaded in Figure then we have Lia(t) = —I(L; M).

M

y=t

Figure 1.2: The example of Liy(t)

Ezample 1.2.5 (Multiple zeta values). For n > 2, the value at 1 of the n-th polylogarithm is the
special value of the Riemann zeta function

1
¢(n) = Z o
k>1
It has an integral representation:
dtydty---dt
o= [ et
O<ti<e<ta<l (L —t)ta -ty

which shows that it is an Aomoto period.
More generally, we define the multiple zeta values (originally introduced by Euler for r < 2)

1
C(nl,...,nr): Z W (15)
1<k <-<kr 1 r
for integer indices ny,...,n.—1 = 1, n, > 2. It has been observed by Kontsevich that these
numbers all have an integral representation
dty---dty

Cyome) = (=1 /0<t1<---<tn<1 (tr—e1) - (tn —en)

where n = ny + -+ -+ n, and

(e1,...,en) =(1,0,...,0,1,0,...,0...,1,0,...,0)

ni n2 Ny

This shows that multiple zeta values are Aomoto periods.
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Ezample 1.2.6 (Iterated integrals on the punctured affine line). Let us fix pairwise distinct com-
plex numbers ag, ai, ..., an, ap4+1 and a path v from ag to ap4+1 in C\ {ay,...,a,}. Let A"(v) C
C™ be the image of the standard simplex 0 < ¢; < .-+ < t, < 1 under (t1,...,t,) —
(v(t1),...,7(tn)). Then the integral

dty---dt,
Iag;at,...,an;an :/ 1.6
( 0, 41 +1) An () (tl _al)"'(tn_an) ( )

is an Aomoto polylogarithm. The above integral may even converge (or be regularized) with-
out any assumption on the complex numbers a;. They form an important family of Aomoto
polylogarithms called iterated integrals (on the punctured affine line), introduced and studied
in full generality by Goncharov [Gon05|. For pairwise distinct indices, we will call them generic
iterated integrals. For indices

((10; A1y .-, 0n; an+1) = (07 1>O7 s 70;t)7
—_——

n

we recover the value Liy,(t) of the n-th polylogarithm (up to a minus sign). For indices

(ag;a1,...,an;an+1) = (0;1,0,...,0,...,1,0,...,0;1),
— ———
ni Ny
we recover the multiple zeta value {(nq,...,n,) (up to the sign (—1)").

Example 1.2.7. Apart from iterated integrals, there are many interesting families of Aomoto
polylogarithms. In this thesis (see § in this Introduction), we will introduce and study the
family of (generic) dissection polylogarithms, which are integrals of the form

dty---dty

A Jieefn

where f; has the form t; —a; with a; € C or t; —t; —a; for a; € C and j # 4, and A is a singular
simplex bounded by the hyperplanes t; = ag,t;1 = to,to = t3,...,th—1 = tn,tn = Apy1-

1.2.3 Scissors congruence relations

Some linear relations between Aomoto polylogarithms are easily written in terms of the corre-
sponding pairs of simplices. In the following relations, whose proofs are straightforward, one has
to choose the different integration domains in a consistent way. The name “scissors congruence
relations” comes from the analogy with Hilbert’s third problem [DS82].

— Degeneracy: if L or M is degenerate, then
I(L; M) =0.
— Projective invariance: for g € PGL,,4+1(C) a projective transformation, we have
I(g.Lyg.M) = I(L; M).
— Anti-symmetry in L: for o a permutation of {0,...,n}, we have
I(o.L; M) = sgn(o) I(L; M).

where 0.L = (Ly-1(g), - - -, Lo—1(n)) and sgn(o) is the signature of o.
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— Anti-symmetry in M: for o a permutation of {0,...,n}, we have
I(Lyo.M) =sgn(o) I(L; M).
where o.M = (My-1(g), - - -, My-1()) and sgn(o) is the signature of o.

— Additivity in L: If Ly, . . ., Ly11 are such that for each i, (LO; M) = (Lg, ..., L;, ..., Lui1; M)
is an admissible pair of n-simplices, we have

n+1 ) ]
ST (=1 1(L%; M) = 0.
=0

— Additivity in M: If My, . .., M, are such that for each i, (L; M®) = (L; My, ..., M;, ..., Myi1)
is an admissible pair of n-simplices, we have

n+1

ST(=1) 1(Ly MW) = 0.

i=0
The following conjecture, in the spirit of Conjecture is implicit in [BVGS90].

Conjecture 1.2.8. The above relations generate all linear relations over Q between Aomoto
periods.

1.3 Motivic periods and motivic Galois theory

The (still conjectural) theory of motives, initiated by Grothendieck, provides an abstract frame-
work for working with periods. We review this formalism, following [And04, [And09, Brol13].

1.3.1 Categories of mixed motives, and motivic periods

Let us assume that we have a category M of mixed motives over Q with coefficients in Q. It
is an abelian Q-linear category, and an algebraic variety X over Q defines objects H"(X) in M
that are contravariant in X and should be thought of as “universal cohomology groups” of X.
In addition, there should exist two functors

war : M —>VectQ, M — Mar

wB:M—>Vect@,Mr—>MB

respectively called the de Rham and Betti realization functors, which map H"(X) to Hjy (X)
and HE(X) respectively. The same should be true for relative cohomology groups, i.e. a
pair (X,Y") should define objects H™(X,Y) in M that are mapped to the usual de Rham and
Betti relative cohomology groups by the corresponding realization functors. The comparison
isomorphisms should give an isomorphism of functors

compp g : wdr ®q C = wp ®g C.

Remark 1.3.1. At the present time, we do not have such an abelian category of mixed motives,
but only triangulated categories of mixed motives [Lev98, [VSF00]. Nevertheless, we will see
in that we have categories of mixed Tate motives over number fields (which should be
thought of as subcategories of a still-to-be-defined category of mixed motives). Only certain
pairs (X,Y’) will define objects in these categories of mixed Tate motives, which will be enough
for all our purposes.
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Let us further assume that the category M is TannakianEL with wyr and wpg two fiber functors.
In particular, this means that M is endowed with a tensor product ® such that wgqr and wg are
tensor functors; we assume that the comparison isomorphism compg 4 is compatible with the
tensor product. Let
T = Isomy; (war, wB)

be the torsor of tensor-preserving isomorphisms from the de Rham to the Betti realization
functors. It is an affine Q-scheme. More precisely, for F' a field of characteristic zero, an F-point
of T is a set of isomorphisms

MdR®QFiMB®QF

which are functorial in M € M and compatible with the tensor product. Thus, the comparison
isomorphism compg 4g is a C-point of 7.

Let us denote by
PM=0(T)

the Q-algebra of functions on 7. By definition, it is spanned by triples (M, «,0) with M €
M, @« € Myr and 0 € Mg. We call PM the algebra of motivic periods. The comparison
isomorphism compg 4 gives a morphism of algebras

per: PM 5 C
called the period morphism. The algebra of periods P contains the image of per.

Conjecture 1.3.2 (Grothendieck’s period conjecture for M). The period morphism is injective.

If we start with a period p = [ « as in §1.1.3] with o € HJ;(X,Y) and 0 € HE(X,Y)",
then we define a triple
PV = (H"(X,Y), a,0) € PV

which we call the motivic period corresponding to p. It maps to p via the period map:

per(p") = p.

If we start with another representation p = [, of p as a period, with o € HJz(X',Y")
and o/ € H(X',Y")V, then we get another definition of the motivic period corresponding to p.
If Grothendieck’s period conjecture for M holds, then we actually get the same element of PM.
Thus, in principle, the motivic period pM is canonically attached to p.

Ezample 1.3.3. Going back to Example the motive H'(A®\ {0}) is called the Lefschetz
motive, denoted by Q(—1). Its period is 2iw. If we want the category M to have a duality, there
should exist a dual Q(1) to the Lefschetz motive, called the Tate motive. Its period is then
necessarily % This explains the inversion of 7 in Definition More generally, we should
have motives Q(—k) for k € Z, such that Q(—k)¥ = Q(k) and Q(—k) @ Q(—1) 2 Q(—k —1). The
period of Q(—k) is (2im)*.

Ezxample 1.3.4. Coming back to Example the period log(2) = 12 d?x corresponds to the
motive H = H'(A!\ {0},{1,2}). It is called a Kummer motive. In any reasonable category of
mixed motives we should have a short exact sequence (implied in particular by the long exact
sequence in relative cohomology)

0—-Q0)—-H—-Q(-1)—0

which is parallel to the period matrix (|1.4).

3. Throughout this text, “Tannakian category” means “neutral Tannakian category over Q.
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1.3.2 Motivic Galois theory of periods

Let us denote by
GM = Aut§ (war)

the Tannakian group of M relative to the fiber functor wqr. It is an affine group scheme over Q,
and wqr induces an equivalence of categories

M = Rep(GM)

between M and the category of finite-dimensional representations of GM.
By definition 7' = Isom,%,(wdR,wB) is a GM-torsor. Thus, there is a GM-action on the
algebra PM of functions on 7. This action

M x pM —, pM (1.7)
is called the motivic Galois theory of periods. If Grothendieck’s period conjecture holds, then

this gives an action of GM on (a subalgebra of) the algebra of periods P.

The motivic Galois theory of periods generalizes the classical Galois theory of algebraic
numbers in the following sense: if @ € Q is an algebraic number and F the number field
generated by @ and its conjugates, then GM acts on F' C P by the classical Galois theory
through a quotient GM — Gal(F/Q).

More generally, if p is a period, there should be a well-defined notion of the Galois group
of p, which should be an algebraic group over Q. For instance, the Galois group of 7 should be
the multiplicative group G,,. See [And09] for a more detailed treatment of this notion.

1.4 The Tannakian formalism in the mixed Tate setting

1.4.1 Mixed Hodge-Tate structures

The category of mixed Hodge structures is a good prototype for a category of mixed motives.
We describe here the Tannakian formalism for mixed Hodge-Tate structures.

The fundamental Hopf algebra

Definition 1.4.1. A mized Hodge-Tate structure is a mixed Hodge structure (H, W, F') such
that for every integer k, gr;/‘,g +1H =0 and grg‘,ﬁH is a sum of Tate structures Q(—k).

Equivalently, a mixed Hodge-Tate structure is the data of
— a finite-dimensional Q-vector space H;
— an increasing filtration (the weight filtration) Wae H of H indexed by even integers;

— a decreasing filtration (the Hodge filtration) F*Hc of the complexification He = H ®q C
indexed by integers,

such that for every integer k we have a direct sum decomposition
WarHe = W1y He & (WaHe N FFH). (1.8)

Note that for a mixed Hodge-Tate structure (H, W, F'), the direct sum decomposition ([1.8])
provides a canonical splitting of the weight filtration over C:

@gr%H«; i} H(C- (1.9)
k
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We denote by MHTS the category of mixed Hodge-Tate structures. It is a Tannakian cate-
gory, with two distinguished fiber functors:

war : MHTS — Vectg  (H, W, F) — €P Hommurs(Q(—k), griy, H)
k
and  wp : MHTS — Vectg (H,W,F) — H.

The canonical splitting (1.9)) gives a comparison isomorphism
COMPR gR * WdR ®Q C = wB ®Q C.

Let GMHTS be the Tannakian group of MHTS for the de Rham fiber functor wqg. It is an
affine group scheme over Q, and we have an equivalence of categories

MHTS 22 Rep(GMHTS)

between MHTS and the category of finite-dimensional representations of GMHTS, Using in par-
ticular the fact that wqgr is naturally graded, one derives a semi-direct product decomposition

GI\/IHTS -G, x UMHTS
= Um

where G, is the multiplicative group and UMHTS is a pro-unipotent affine group scheme over Q.
We let HMHTS be the Hopf algebra of functions on UMHTS. Since G,, acts on UMHTS  3yMHTS

is graded. The category MHTS is then equivalent to the category of finite-dimensional graded
comodules over HMHTS:
MHTS 2 grComod(HMHTS).

We call HMHTS the fundamental Hopf algebra of the category MHTS.
The fact that the extension groups Extyyrs(Q(—n), Q(0)) vanish for n < 0 implies that #
is non-negatively graded and connected:

MHTS MHTS MHTS
H =@Pn"> , 1t =0

n=0
An element of ’HD{'HTS is an equivalence class of triples (H,v, ) where

— H is a mixed Hodge-Tate structure,
— v € Hommuts(Q(—n), gr¥ H),

~ ¢ € Hommurs(grt H,Q(0)).
The equivalence relation is generated by the fact that (H,v,¢) = (H',v',¢’) if there exists a
morphism of mixed Hodge-Tate structures f : H — H' such that gr}’ fov = v/ and ¢’ogr} f = ¢.

A triple (H, v, ) as above is called an n-framed mized Hodge-Tate structure, where v and ¢
are called the framings. The expression (H,v, ) is bilinear in v and .

The product in HMHTS is defined via the tensor product:
(H,v,0)(H',v', ¢y = (Ho H,v@v,0®¢).
The coproduct A,_j 1 : ’HMHTS — H?LA_"',J S® H,',\C/'HTS is abstractly defined by the formula
Api(H,v,0) = Y (H(k),0,b)) @ (H, bi, ) (1.10)
where (b;) is any basis of Hommuts(Q(—k), griy H) and (b)) the dual basis, with the identification
Hommuts(grty H(k), Q(0)) = Hommurs(Q(—k), gryy H)V.
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The algebra of mixed Hodge-Tate periods

Following the construction of §1.3.1], we let PMHTS be the algebra of functions on the torsor of
tensor-preserving isomorphisms between wqr and wg. We call it the algebra of mixed Hodge-Tate

periods; it is graded:
MHTS MHTS
P =Ppryre.
n

An element of PMHTS is an equivalence class of triples (H,v,d) with H a mixed Hodge-Tate

structure, v € Hompypts(Q(—n),gryy H) and § € H".

The product is defined in the same way as in HMHTS. The action of GMHTS on PMHTS
translates as a comodule structure

SMHTS MHTS — 5MHTS
Pn—kk : Py = Myt~ @ Py

given by the formula

pn—k,k(va’ 5) = Z(H(k)’v7 b;/) ® (H’ blvé) (111)

7

where (b;) is any basis of Homyuts(Q(—k), griy H) and (b)) the dual basis.

Let PMHTSff denote the subalgebra of PMHTS spanned by the triples (H, v, d) where H has
non-negative weights: W_1; H = 0. It is non-negatively graded, and is stable under the coaction
by HMHTS We call it the elements of PMHTS effective mized Hodge-Tate periods. There is a
surjective morphism of graded algebras

PMHTS,CH _ fHMHTS (112)
v
which sends (H,v, ) to (H,v,p) where ¢ is the image of ¢ via the map HY —» (grgVH) . This

is well-defined since by assumption W_1H = 0. The surjection (1.12) is compatible with the
structures of graded comodules over HMHTS,

The comparison isomorphism compg 4g gives a period morphism per : PMHTS _, C. Note
that contrary to what is expected in a motivic setting, this period morphism is not injective,

and its image is C. Actually, we will see in ~. that P{VI HTS el ontains elements logp(r)

for r € C*, whose image by per is log(r), hence its image by per is already all of C.

1.4.2 Mixed Tate motives

Let F' be a number field and let MTM(F') be the category of mixed Tate motives over F' with
coefficients in Q, defined in [Lev93]. It should be thought of as a subcategory of a still-to-be-
defined category of mixed motives over Q.

For simplicity, let us fix o : F' < C a complex embedding of F'; according to [Hub00, Hub04],
we have a Hodge realization functor

real, : MTM(F) — MHTS. (1.13)

This allows us to define fiber functors wqg and wg on MTM(F'). It so happens that wqg is
independent of ¢ and is given by the formula

war (H) = @ Homprm(r) (Q(—k), gry H)
k

where Woe H is the canonical weight filtration on a mixed Tate motive H.
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Remark 1.4.2. The “true” de Rham realization is defined over F; in this case it may be
checked [DGO5, Proposition 2.10] that it is nothing but wqr ®g F, hence the (slightly abu-
sive) notation.

As in the case of mixed Hodge-Tate structures, one may use the fiber functor wqr to define
a fundamental Hopf algebra HMTMF) | which is non-negatively graded and connected, and such

that MHTS is equivalent to the category of graded comodules over HMHTS. The realization
functor (1.13)) induces a morphism of graded Hopf algebras

real, : HMTME) _, (MHTS, (1.14)

One may also define algebras PMTMEF).ell = PMTM(E) f (effective) mixed Tate periods
over I, which depend on the choice of o; we have a natural surjection

PMTM(F)eff _ 2/ MTM(F).

The relation between mixed Tate motives and higher algebraic K-theory resides in the iso-
morphisms [DGO5, 1.6]

Extyrmery (Q(—n), Q(0)) = Kop1(F) ®z Q (1.15)

which rely on the work of Borel, Beilinson, Bloch, Levine ...

1.5 Motivic Aomoto polylogarithms

We want to define a motivic version of a given Aomoto polylogarithm I(L; M). As a first step,
we have to find a cohomology group which has I(L; M) as a period. We first discuss this step
for the case of ((2), following the discussion in [GMO04].

1.5.1 The example of ((2)

We work with the Aomoto period

dx dy
(2= // l-zy
O<z<y<l L = Y

Let us consider the geometric situation pictured in the left-hand side of Figure below. In the
projective plane P? with affine coordinates (z,y), let L (the dashed lines) be the divisor of poles
of the form w = ld—x% It is the union of the line at infinity and the lines {z = 1}, {y = 0}. Let
now M (the full lines) be the Zariski closure of the boundary of the domain of integration A =
{0 < x <y < 1} (the shaded triangle). It is the union of the lines {x = 0}, {z =y}, {y = 1}.
The divisor L U M is not normal crossing in P?. We let 7 : P2 — P? be the blow-up along
the points P1, P, Q1, Q2, and let Ey, E, Fy, I3 be the corresponding exceptional divisors. We
let L be the union of Ey, Fy, and the strict transforms of the three lines from L; ; we let M be
the union of Fi, F, and the strict transforms of the three lines from M. Now LUDM is a normal

crossing divisor in ]P’2 pictured in the right-hand side of Figure

Let us introduce the relative cohomology group (with coefficients in Q)
H=H2P2\L,M\MnL). (1.16)

The differential form 7*(w) is closed and has poles along L, hence defines a class in the de
Rham cohomology group Hgr. The domain 771 (A) (the shaded pentagon in Figure has its
boundary on M, hence defines a class in the Betti homology group Hy. Hence,

c@=fo=] @
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Ey

LR

Figure 1.3: The example of ((2)

is a period of H.

Why work in the blow-up? One could want to replace H with the (simpler) relative cohomol-
ogy group H' = H?(P?\ L, M \ M N L). This is not the right thing to do because the boundary
of A intersects L, hence A does not define a homology class in Hf;. This is why we have to work
in the blown-up situation.

One can note that such a blow-up procedure is also standard in the algebro-geometric study
of Feynman integrals [BEKOQG], in the process of finding a motive which has a given Feynman
integral as a period.

1.5.2 The general case

Let (L; M) be an admissible pair of n-simplices, that we assume to be non-degenerate. We fix
a choice of integration simplex Ay, for the corresponding Aomoto polylogarithm I(L; M). We
are going to define

— an element IP(L; M) e PMHTS,eff;
— an element I"(L; M) € HMHTS,

They will both be called the motivic Aomoto polylogarithm corresponding to (L; M). They
satisfy the following properties.

— per(I”(L; M)) = I(L; M);
— I™(L; M) is the image of I”(L; M) under the surjection PMHTS.eff _, 2yMHTS.
— I™(L; M) is independent of the choice of Ajyy.

This last point is the main motivation for the notation I(L; M) where Ajy; does not appear.

As in the case of ((2), we first want to resolve the singularities of LUM. A stratum of (L; M)
is a non-empty intersection L; N Mjy. An L-stratum is a stratum of type L; with |I| > 0, and
an M -stratum is a stratum of type M; with |J| > 0; the other strata are called mized strata.
By the admissibility condition, an L-stratum and an M-stratum are never equal.



1.5. MoTivic AOMOTO POLYLOGARITHMS 23

Let s
7w P — P

be the iterated blow-up defined by the following procedure.
— Blow-up the strata of (L; M) of dimension 0 (the points);
— Blow-up the strict transforms of the strata of (L; M) of dimension 1;

— Blow-up the strict transforms of the strata of (L; M) of dimension 2;

— Blow-up the strict transforms of the strata of (L; M) of dimension (n — 1);

One notes that at each step, the center of the blow-up is a disjoint union of smooth varieties.
The total transform 7~!(L U M) is a normal crossing divisor whose irreducible components

are in bijection with the strict strata of (L; M); they are thus of three types:

— the L-components, which are the exceptional divisors corresponding to L-strata;

— the M-components, which are the exceptional divisors corresponding to M-strata;

— the mixed components, which are the exceptional divisors corresponding to mixed strata.
The following Lemma is easily proved using local coordinates.

Lemma 1.5.1. 1. The divisor of the poles of the form mw*(wr,) is the union of the L-components.
2. The Zariski closure of the boundary of 7=1(Ayy) is the union of the M—components.lﬂ

Let us write L for the union of the L-components and M for the union of the M -components.
We then look at the relative cohomology group (with coefficients in Q)

H(L;M)=H"(P"\L,M\ MNL).

It is endowed with a mixed Hodge structure which is easily seen to be a mixed Hodge-Tate
structure, hence H(L; M) is an object of the category MHTS. Its weights are between 0 and 2n,
and one easily proves the following facts.

— The weight 2n part
gl H (L; M) 2 grl B (B"\ L) = H"(P" \ L) = Q(~n)

is 1-dimensional with a canonical generator « (fixed by the ordering of L) corresponding
to m*(wp) under the morphism

H(L; M) —» gryV H(L; M).
— The dual of the weight 0 part
w v ~ w n /\ﬁ r v ~ T ~
(el H(L; M) = (anl) H"(P7, M) = Hy(P", M) = Q(0)

is 1-dimensional with canonical generator ¢ (fixed by the ordering of M) corresponding
to 7~ 1(Ajs) under the morphism

H(L; M) — (gl H(L; M)

4. Here, as in the example of §1.5.1) Ay denotes the open simplex. By its boundary, we mean the image of
the boundary of the standard simplex A"™.
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We define
IP(L; M) = (H(L; M), 0,77 (Ayy)) € PYHTS
and
(L M) = (H(L; M), a,) € HYHTS,

which is independent of the choice of Aj;. By definition, the period of I7(L; M) is

per(I”(L M) = [

™

wwr) = [ wn=1(LiM)
“(Awm) Ay
and its image under the surjection PMHTSeff _, gyMHTS 3 17 (1. M),

1.5.3 Variant: the need for a coloring

In the construction of the previous paragraph, we did not take into account the mixed com-
ponents. In practice, in order to compute the cohomology groups H"(P™ \ L, M \ MnN E), it
is convenient to be in a situation where L U M is all of 7~ (L U M). We may then define L
to be the union of the L-components and the mixed components, and M to be the union of
the M-components; dually, we may define L to be the union of the L-components and M to
be the union of the M-components and the mixed components. These are the two “extreme”
choices that Goncharov looks at in [Gon02]. In between these two possibilities, one may simply
choose to partition the mixed components into two sets, one that will form part in L and the
other one in M.

In order to keep track of these choices, one introduces a coloring function x which associates
to every strict stratum of (L; M) a color x(S) € {\, n}. The L-strata should have the color A,
and the M-strata should have the color p. This coloring induces a coloring on the irreducible
components of 7~1(L U M), which by definition are in bijection with the strict strata. Then we
may define L to be the union of the components with color A\, and M to be the union of the
components with color p.

We then have relative cohomology groups H(L; M;x) = H" (I/PE\FI:, M \1\7 N E) which depend
on the coloring function y. One easily sees that the corresponding framed objects I7(L; M)
and I (L; M) that we define out of these cohomology groups are independent of x.

1.5.4 The setting of mixed Tate motives

If we start with an Aomoto period I(L; M) with (L; M) defined over a number field F—C,
then H™(P"\ L, M\ M N L) defines an object of the category MTM(F) whose Hodge realization
is the mixed Hodge-Tate structure defined above (see [Gon02|, Proposition 3.6). We then have
motivic Aomoto polylogarithms I7(L; M) and I(L; M) in P,':ATM(F)’QH and H%TM(F) respec-

tively.
The following conjecture is implicit in [BVGS90].

Conjecture 1.5.2. The elements 17 (L; M) span PMTME)el pence the elements T(L; M)
span HMTMF)
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The initial motivation of [BVGS90] for introducing motivic Aomoto polylogarithms comes
from higher algebraic K-theory. Indeed, Conjecture and (the motivic version of) Conjec-
ture give a set of explicit generators and relations for HMTM(F)_ Tf we knew how to compute
the motivic coproduct of these generators, we would be able to produce explicit “combinatorial”
complexes that compute the rational K-groups of F, in view of . One hope is that these
complexes would be natural enough to compute the rational K-groups of any field F, in the
spirit of the Bloch group and its variants (see [Gon95| for a survey on this topic).

An alternative approach for finding generators of categories of mixed Tate motives is Deligne
and Goncharov’s theory of motivic fundamental groups [Del89, [Gon05, DGO05), [Dell0]. Brown’s
theorem [Brol2] shows that the motivic fundamental group of P!\ {c0, 0,1} generates the Tan-
nakian category MTM(Z) € MTM(Q) of mixed Tate motives over the integers. Similar results
for rings of integers in cyclotomic number fields were previously obtained by Deligne [Dell0)].
More precisely, let Fy denotes the N-th cyclotomic field, Op denotes its ring of integers, and pn
denote the group of N-th roots of unity. It is proved that for N € {2, 3,4, 8} the motivic funda-
mental group of P!\ {oo, 0, un } generates the Tannakian category MTM(Ox[1/N]) C MTM(Ey).
The limits of such an approach were discovered by Goncharov [Gon0O1], who showed that it is
no longer the case for NV prime > 5. Finding the “missing generators” is one of the motivation
for introducing all motivic Aomoto polylogarithms.

1.6 The motivic coproduct of Aomoto polylogarithms

1.6.1 The general question

Summing up what we have done so far, we have associated to each admissible pair of sim-
plices (L; M) an element I”(L; M) in the algebra of effective mixed Hodge-Tate periods PMHTSeff,
and its image I”*(L; M) in the fundamental Hopf algebra HMHTS of the category of mixed Hodge-
Tate structures.

Both PMHTSeff and HMHTS are acted upon by the motivic Galois group GMHTS. We want
to understand how the latter acts on the motivic Aomoto polylogarithms. This amounts to
understanding the motivic Galois theory for Aomoto polylogarithms.

In practice, it is easier to work with the Hopf algebra #MHTS and compute the coaction

p: PMHTS el _, 9/ MHTS o DMHTS eff

and the coproduct
A - HMHTS _y 2/MHTS o 2/ /MHTS

We then pose the following general problem.

Problem A: For a given admissible pair of simplices (L; M), compute the motivic coac-
tion p on I7(L; M) and the motivic coproduct A on I*(L; M).

Of course, the answer for the motivic coaction gives an answer for the motivic coproduct
by applying the surjection PMHTS.eff _, 3/MHTS " Thig being said, we will focus on the motivic
coproduct because it allows us to state the results in a more symmetric manner, and without
taking care of choosing integration simplices for Aomoto polylogarithms. In practice, though,
these two questions are equally difficult.
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If (L; M) is defined over a number field F' < C, then we may ask the same question in the
setting of mixed Tate motives described in Although we will not mention it any further,
all the formulas that follow are valid in this setting.

Remark 1.6.1. In view of Conjecture [1.5.2] one should be able to express the motivic coprod-
uct A(I"(L; M)) in terms of motivic Aomoto polylogarithms 17 (L', M’).

1.6.2 The case of dimension 1: logarithms

Let r € C* be a fixed complex number, and let log” () = I” (00, 0;7,1) € PMHTSM and log™ (r) =
I"(00,0;7,1) € HMHTS be the motivic periods corresponding to log(r). For r = 1 we have the
motivic version (2i7)” of 2iw. Note that (2im)™ = 0. The motivic coaction is given by

p(log” (r)) = 1@ log” (r) + log"(r) @ 1. (1.17)
More symmetrically, the motivic coproduct is given by

A(log"(r)) = 1 @ log (1) + log" (r) & 1.

1.6.3 The case of dimension 2

The authors of [BVGS90] give formulas for A(I*(L; M)) for (L; M) = (Lo, L1, La; Mo, My, M>)
an admissible pair of 2-simplices. Although these formulas are not proved, one can check that
they indeed give the right answer (up to a sign, see Remark below).
For instance, we have a motivic dilogarithm Li}(¢) for t € C\ {0, 1} whose motivic coproduct
is given by
Ap(LisH(t) = —log™(t) @ log™ (1 - t).

Remark 1.6.2. In order to compare with the formulas of [BVGS90], one has to interchange the
left-hand side and the right-hand side of the coproduct. This is just a matter of convention.

Remark 1.6.3. There is a sign error in the formulas of [BVGS90]: the component A;; should
be multiplied by the sign —1. It so happens that the formula (2.14) op.cit. for Ay 1(Li¥(t)) is
correct, but is actually derived from —Li3(t) (L; and Ly should be interchanged in Figure 1.4
op. cit.).

1.6.4 The case of dimension 3

Zhao [Zha04] gives formulas to compute the motivic coproduct A(I*(L; M)) for (L; M) =
(Lo, L1, Lo, Lsg; My, My, Ma, M3) an admissible pair of 3-simplices. Although these formulas are
not proved, one can check that they indeed give the right answer (up to a sign).

1.6.5 The generic case

A pair of n-simplices (L; M) = (Lo, L1, ..., Ly; Mo, My, ..., M,) is generic if its (2n + 2) hy-
perplanes are in general position in P". It is then automatically admissible. For such a
pair, L U M is a normal-crossing divisor and the corresponding mixed Hodge-Tate structure
is simply H"(P™\ L,M \ L N M). In this case, it is easy to compute the motivic coproduct.
First we introduce a little bit of notation.

For a subset I C {1,...,n}, we denote by I its complement in {1,...,n}. We write L;
for the intersection of the hyperplanes L;, ¢ € I, and L(I) for the tuple formed by the L;, i €
I. For A C P" a projective subspace of dimension %k, and L;, M; C P" hyperplanes, we use
the notation (A|Lo,...,Lg; Mo, ..., M) for a pair of k-simplices on A = P*¥ formed by the
intersections AN L; and AN M;.
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One then proves the formula

AL M) = Y ey 1T (L1|L07L(7);M07M(J)) ® I (MJ|L0,L(I); M07M(j))
I,Jc{1,...,n}
| +]T1=n
(1.18)
where e7 ;7 = (—1)!/lsgn(I, T)sgn(J, J). Here (Lf|Lo, L(I); Mo, M(J)) is a generic pair of sim-
I

plices in L; = P"~

The formula for the motivic coaction is exactly the same, replacing 1 (M ;| Lo, L(I); Mo, M (J))
on the right-hand side by 17 (M| Lo, L(I); My, M (J)); this has to be understood as being com-
puted with the integration simplex 0;Ay C M.

Remark 1.6.4. As in Remark there is a sign error in most references where formula (|1.18))
appears [BMS87, BVGS90, Zha00], where the sign (—1)/I1/] is forgotten. Since

n(n+1) k(k+1) (n—k)(n—k+1)
2 2 2

(—D)F R = (-1) (1) (1) ;
. s MHTS . n(n+1)
one recovers the right formulas by multiplying the component H,) by the sign (—1)~ 2
However, in references such as [Gon00, [GZ01l, [Gon13|, the formula for the component Ay ,,_;
of the generic motivic coproduct is actually correct, the sign being, for i,j € {1,...,n}:

i} = (DTN (=) = ()T

1.6.6 Iterated integrals

In |[Gon05|], Theorem 1.2, Goncharov computes the coproduct for motivic iterated integrals.
More precisely, he shows that they generate a Hopf subalgebra of HMHTS and that the coprod-
uct A(I™(ag; ay,. .., an; ans1)) is given by the formula

k
Z (H H’H(ais; Qist15 - - g1 =15 ais+1)> ®© HH(GO; Ay oo vy Qi3 an+1)'

0<k<n s=0
0=ip<i1 < <ip<ipt1=n+1

(1.19)

When applied to indices a; € {0,1}, one sees that the motivic multiple zeta values are

closed under the coproduct. This special feature and the corresponding formula for the motivic

coaction have been used by Brown [Brol2] to prove the Deligne-Thara conjecture and the motivic
Hoffman basis conjecture.

1.7 Arrangements and cohomology

1.7.1 The general question

As a preliminary step towards computing the motivic coproduct of Aomoto polylogarithms,
we want to understand the underlying relative cohomology groups. Let us forget for a mo-
ment about the periods and look at the following general situation. In the projective space P,
let L ={Ly,...,L;} and M = {My,...,M,} be two disjoint sets of hyperplanes. In view of
the discussion of let us assign to each strict stratum S of the pair (L; M) a color x(S) €
{A\,u} such that the strata L; (I C {1,...,l}, |I| > 0) are colored A and the strata M;
(J c {1,...,m}, |J| > 0) are colored p. For now, let us call such a triple (L; M;x) a (pro-
jective) bi-arrangement of hyperplanes (the definition is actually a little bit more technical, see
Definition but this one will do for now).



28 CHAPTER 1. INTRODUCTION

Let 7 : P* — P" be the iterated blow-up described in Then 7= (L U M) is a
normal crossing divisor in P and its irreducible components are in bijection with the strict
strata of (L; M). We let L be the union of those irreducible components corresponding to strata
colored A, and M be the union of those irreducible components corresponding to strata colored p.
We then let

H*(L; M;x) = H*(P"\ L, M\ M N L)

be the collection of the corresponding relative cohomology groups. We call it the motive of the
bi-arrangement of hypersurfaces (L; M;x). A general problem is thus the following.

Problem B: For a given bi-arrangement of hyperplanes (L;M;x) in the projective
space P", set up tools to compute the motive H®(L; M; x).

We will be more precise about this problem in For now let us just mention a “global”
version of Problem B. We take X a complex variety, L = {L1,...,L;} and M = {Mj,..., My}
two disjoint sets of hypersurfaces in X such that around every point of X we can find local
coordinates in which all hypersurfaces L; and M; are defined by linear equations. If we add a
coloring x of all strata of (L; M), then we get a triple (L; M; x) that we call a bi-arrangement
of hypersurfaces in X. By exactly the same procedure as in the setting of bi-arrangements of
hyperplanes, one may attach to such a triple the motive

H*(L; M;x) = H*(X\ L,M\ M NL)

where X — X is an iterated blow-up.

Remark 1.7.1. Here, the word “motive” is used in a non-technical sense, as a synonym for the
expression “relative cohomology group”. Nonetheless, if X is a smooth algebraic variety over
a field, then we may give a more technical sense to it by realizing H®(L; M; ) in Voevodsky’s
triangulated category of motives. In the case of bi-arrangements of hyperplanes in P” defined
over a number field F', we have seen in that H®(L; M; x) defines an object of the category
of mixed Tate motives over F'.

We then pose the following general problem, which includes Problem B as a special case.

Problem B’: For a given bi-arrangement of hypersurfaces (L; M; x) in a complex mani-
fold X, set up tools to compute the motive H®(L; M; x).

1.7.2 The classical Orlik-Solomon algebra

As a very special case of Problem B, let us look at the case M = @. The coloring is thus
constant of value A, and we are left with a set of hyperplanes L = {L1,..., L;}. This is simply
called an arrangement of hyperplanes in P™. The corresponding cohomology groups are

H*(L;@;\) = H*(P" \ L).

Arrangements of hyperplanes have been much studied from multiple points of view (algebraic
topology, combinatorics, algebraic geometry, etc.) since the pioneering work [Arn69] of Arnol’d.
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To recall this classical setting, we now work in C", looking at a set L = {Li,...,L;} of
hyperplanes of C™ that pass through the origin. Arnol’d posed the following problem: compute
the cohomology ring H®*(C™ \ L) of the complement of L = Ly U---U L; in C™. This problem
was settled in two steps by Brieskorn [Bri73] and Orlik and Solomon [OS80] and led to the
introduction of the Orlik-Solomon algebra which we now discuss.

We set Ao(L) = A®(eq,...,€), the exterior algebra over Q with a generator e; in degree 1
for each L;. Let d : Ag(L) — Ae_1(L) be the unique derivation of Ae(L) such that d(e;) = 1
fori=1,...,1.

A subset I C {1,...,l} is said to be dependent if the hyperplanes L;, for i € I, are linearly
dependent. Let Jo(L) be the homogeneous ideal of A4(L) generated by the elements d(ey)
for I € {1,...,1} dependent. The quotient

Ao(L) = Ae(L)/Jo(L)

is a graded QQ-algebra called the Orlik-Solomon algebra of L.

An important feature of the Orlik-Solomon algebra is the direct sum decomposition with
respect to the set of strata. If .. (L) denotes the set of strata of L of codimension r, then we
have

Ses(L)

where Ag(L) is spanned by the classes of the monomials ey for I C {1,...,l} such that L; = S.
Combining this with the fact that the Orlik-Solomon algebra is exact as a complex, we get a
more geometric but less explicit way of defining the components Ay (L) by induction on the
codimension of the strata, as follows. Suppose that we have already defined the components
Ag(L) for S € #;-1(L), the components Ap(L) for T € #;_o(L), and the differential d :
Ag_1(L) = Ag_o(L). Then for ¥ € .7 (L), we define Ax;(L) as the kernel of the differential

S€Sk—1(L) TeS,—2(L)
SO TO%

which means that we impose an exact sequence

0 4s(L) -5 @ 4s()-LH D Ar(L).
SeS-1(L) TeS_a(L)

This point of view is adopted in [Loo93, Lemma 2.2].
The Brieskorn-Orlik-Solomon theorem asserts that there is an isomorphism of graded alge-
bras

H*(C"\ L) = Al(L)

where a generator e; corresponds to the class of the logarithmic differential form %%, with f; a

linear equation for L;. In particular, this theorem implies that the cohomology ring H®*(C™ \ L)
only depends on the combinatorics of L, i.e. on the poset of its strata.

In terms of mixed Hodge structures, the Brieskorn-Orlik-Solomon theorem implies that the
cohomology group H¥(C" \ L) is a sum of Tate structures Q(—k), and thus a pure Hodge
structure of weight 2k. The point of introducing the motives H®(L; M;x) is that they contain
non-trivial extensions between Tate structures Q(—k).
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1.8 The results of Chapter 2

In Chapter 2, which is a slightly rewritten version of the article [Dupl4a], we solve Problem A
for a special family of Aomoto polylogarithms called dissection polylogarithms. This family is
indexed by combinatorial objects called dissection diagrams, and includes Goncharov’s generic
iterated integrals . We show that their motivic coproduct is related to a combinatorial Hopf
algebra on dissection diagrams. This Hopf algebra is part of a growing family of Hopf algebras
based on combinatorial objects, whose most famous representative is the Connes-Kreimer Hopf
algebra [CK99] (see [LR10] for a tentative definition of the term “combinatorial Hopf algebra”
and references).

The combinatorial objects that we consider are called dissection diagrams. A dissection dia-
gram of degree n is a set of n non-intersecting chords of a rooted oriented polygon (the polygons
will always be drawn as circles) with (n + 1) vertices such that the graph formed by the chords
is acyclic.

Figure 1.4: Examples of dissection diagrams of respective degrees 2, 3, 4. The polygons are
drawn as circles. Every polygon has a distinguished vertex, which is called the root and is
depicted as a white dot.

Let D be the free commutative Q-algebra generated by dissection diagrams, with a grading
given by the degrees of the dissection diagrams. We give D the structure of a graded Hopf
algebra (see for the precise definition). The coproduct A : D — D ® D is uniquely defined
by its value on the dissection diagrams D, and is given by a formula of the form

AD)= Y +qc(D)@rc(D). (1.20)
CCe (D)

For now let us just mention that ¢’ (D) denotes the set of chords of D, go(D) is a product of
dissection diagrams obtained by taking the quotient of D by the chords in C' (contraction of
chords), and r¢(D) is a single dissection diagram obtained by keeping only the chords in C'
(deletion of chords). The form of the coproduct is reminiscent of several other combina-
torial Hopf algebras, such as the Connes-Kreimer Hopf algebra.

There is a decorated version D(C) of this Hopf algebra, where we attach complex numbers
to each side of the polygon and each chord of the dissection diagram (see Figure .

We mainly consider the Hopf subalgebra D" (C) C D(C) generated by the decorated dis-
section diagrams that satisfy a genericity condition on the decorations. To each such generic
decorated dissection diagram D, we associate an absolutely convergent integral

(D) = /AD wp

called a dissection polylogarithm, where wp is a meromorphic form on C" and Ap is a singular
simplex in C" that does not meet the polar locus of wp. It is a special case of the definition of
an Aomoto polylogarithm given in §1.2.1]



1.8. THE RESULTS OF CHAPTER 2 31

» b N4

Figure 1.5: Decorated dissection diagrams. On the right, a decorated corolla.

For example, for D the first decorated dissection diagram in Figure we get

dx N\ dy
x—u)(y—x—0)

wD:(

and Ap : A% — C? is an embedding of a triangle which is bounded by the lines {z = a}, {z = y}
and {y = b}. In general, the form wp is determined by the combinatorial data of the decorated
chords and the domain Ap is determined by the decorations of the sides of the polygon (as for
all Aomoto polylogarithms, the integral I(D) depends on the choice of Ap).

The dissection polylogarithms generalize the generic iterated integrals , which corre-
spond to the special case of corollas (dissection diagrams where the chords are all linked to
the root vertex, see Figure . In this special case, the genericity condition dictates that the
decorations a; are pairwise distinct, hence the terminology is consistent.

As a special case of the construction of we introduce motivic counterparts for dissection
polylogarithms. Let L be the polar locus of wp and let M be the Zariski closure of dAp; they
are unions of hyperplanes inside C™. The dissection polylogarithm I(D) is thus a period of the
mixed Hodge-Tate structure

H(D)=H"(C"\ L,M\ MNL).

Because of the genericity assumption on the decorations, the bi-arrangements of hyper-
planes (L; M) we are looking at are normal crossing divisors inside C™: we say that they are
affinely generic. Nonetheless, they are highly degenerate at infinity when viewed inside P"(C)
(Remark ; they are thus much more degenerate than the generic pairs of simplices from
§1.6.5] Furthermore, the affine context enables us to take products of configurations of hyper-
planes, an operation which is more involved in the projective setting. Here, because L U M is a
normal crossing divisor, we do not need a coloring Y.

Asin we use the cohomology groups H (D) to define a motivic version I’(D) € HMHTS
which we call a motivic dissection polylogarithm. The main result of Chapter 2 is the computation
of the coproduct of the motivic dissection polylogarithms. More precisely, we show that they
generate a Hopf subalgebra of HMHTS and that their coproduct can be computed combinatorially
using formula (|1.20)).

Theorem 1.8.1 (see Theorem [2.4.9)). Let D be a generic decorated dissection diagram. Then
the coproduct of the corresponding motiwic dissection polylogarithm in HMHTS is given by for-

mula :
A(IM(D)) = > £I"(4c(D) @ I™(re(D)).
Ccce(D)
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In other words, the morphism
DE(C) — HMHTS | D s TY(D)
s a morphism of graded Hopf algebras.

In the case of corollas, we recover Goncharov’s formula ((1.19]) for the motivic coproduct of
(generic) iterated integrals.

In order to prove Theorem [I.8.1] one needs to have a good understanding of the relative
cohomology groups H (D). Our main technical tool is the following theorem, which is a solution
to Problem B in the affinely generic case.

Theorem 1.8.2 (see Theorems [2.2.5 and [2.2.7)). Let {L1,...,L;, My,...,Mp} be a set of hy-
perplanes of C*. We write L=L1U---UL; and M = My U ---U M, and assume that L U M
18 a normal crossing divisor inside C". Then for every k we have a presentation

gt H™(C"\ L, M\ M N L) = (Ak(el, Ce) QAR fm)) /Ry (L; M)

where Ry (L; M) is an explicit subspace of relations. This presentation is functorial in (L; M).

The functoriality statement in Theorem that is made more precise in Theorem [2.2.7] is
crucial. Indeed, it allows us to relate the geometric situation coming from D and the geometric
situations coming from the terms g (D) and r¢(D) in formula ([1.20]).

1.9 The results of Chapter 3

In Chapter 3, which is a slightly rewritten version of the preprint [Dup13], we study Problem
B’ in the case M = &. Let X be a complex manifold of dimension n. An arrangement of
hypersurfaces in X is a union

L=LiU---Ul

of smooth hypersurfaces L; C X, ¢ = 1,...,[, that locally looks like a union of hyperplanes
in C™: around each point of X we can find a system of local coordinates in which each L; is
defined by a linear equation.

This generalizes the notion of a (simple) normal crossing divisor: an arrangement of hypersur-
faces is a normal crossing divisor if the local linear equations defining the L;’s are everywhere
linearly independent; in other words, if we can always choose local coordinates (z1, ..., 2z,) such
that L is locally defined by the equation z; - - - 2z, = 0 for some r.

Besides normal crossing divisors, examples of arrangements of hypersurfaces include unions of
hyperplanes in a projective space P™(C), or unions of diagonals A; ; = {y; = y;} C Y™ inside
the n-fold cartesian product of a Riemann surface Y. The class of hypersurface arrangements
is also closed under certain blow-ups.

The aim of Chapter 3 is to define and study a model M*(X, L) for the cohomology algebra

over Q of the complement X \ L of an arrangement of hypersurfaces, when X is a smooth
projective variety over C.
Our model, which we call the Orlik-Solomon model, has combinatorial inputs coming from the
theory of hyperplane arrangements (the local setting) and geometric inputs coming from the
cohomology of smooth hypersurface complements in a smooth projective variety (the global
setting). Roughly speaking, it is the direct product of two classical tools related to these two
situations, that we first recall.
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— Combinatorics: the Orlik-Solomon algebra. Let L be an arrangements of hyperplanes in C”.
Its Orlik-Solomon algebra Aq(L), introduced in §1.7.2] has a direct sum decomposition

AdL)= € As(L). (1.21)
SeSe(L)

It has the structure of a graded algebra, via product maps
Ag(L) ® Ag/(L) — Agnsr(L). (1.22)
Furthermore, there are differentials
Ag(L) — Ag/(L) (1.23)

for any inclusion S C S’ of strata of L such that codim(S’) = codim(S) — 1.

One may define an Orlik-Solomon algebra A4(L) for L any hypersurface arrangement inside a
complex manifold X. We still have a direct sum decomposition , with .Z4(L) the graded
poset of the strata of L, as well as product maps and natural morphisms . As in
the local case, the Orlik-Solomon algebra Aq(L) only depends on the poset of the strata of L.
It is functorial with respect to (X, L) in the sense that any holomorphic map

p: X=X, o NI L (1.24)

induces a map of graded algebras Ae(¢) : Ae(L') — Ae(L).

— Geometry: the Gysin long exact sequence. For a smooth hypersurface V inside a smooth
projective variety X over C, the Gysin morphisms of the inclusion V' C X are the mor-
phisms H*2(V)(—1) — H*(X) , where (—1) denotes a Tate twist, obtained as the Poincaré

duals of the natural morphisms H2"%(X) — H?"~¥(V') where n = dim¢(X). They fit into a
long exact sequence, called the Gysin long exact sequence:

co = H2(V)(=1) » H¥Y(X) = HYX \ V) = H L (V)(-1) — - - (1.25)

It is worth noting that the connecting homomorphisms H*(X \ V) — H*1(V)(~1) are
residue morphisms, which are easily described using logarithmic forms.

We can now state the main Theorem of Chapter 3 (see Theorem for more precise
statements).

Theorem 1.9.1. Let X be a smooth projective variety over C and L an arrangement of hyper-
surfaces in X.

1. For integers q and n let us consider

Mg(X,L)= @ H"(S)(n—q) @ As(L)
S€Sq—n(L)

where (n—q) is a Tate twist, viewed as a pure Hodge structure of weight q. Then the direct
sum

M*(X,L) =P M (X, L)

has the structure of a differential graded algebra (dga) in the (semi-simple) category of
split mized Hodge structures over Q. The product in M*(X, L) is obtained by tensoring the
product maps of the Orlik-Solomon algebra with the cup-product on the cohomology
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of the strata. The differential in M*(X, L) is obtained by tensoring the natural morphisms
with the Gysin morphisms

HI4(8)(n — g) = H* 7 4(8)(n+1 - g)

of the inclusions of strata S C S’'. The dga M*(X, L) is functorial with respect to (X, L)
in the sense explained above.

2. The dga M*(X, L) is a model for the cohomology of X \ L in the following sense: we have
isomorphisms of pure Hodge structures over Q

gry H'(X\ L) = H"(Mg(X, L))
which are compatible with the algebra structures, and functorial with respect to maps .

The precise definition of the Orlik-Solomon model M*®(X, L) is given in T heorem
generalizes the case of normal crossing divisors, which is due to P. Deligne [Del71] (see also [Voi02,
8.35]) as a by-product of the definition of the mixed Hodge structure on the cohomology of
smooth varieties over C. The Orlik-Solomon model appears as the first page of a spectral se-
quence, called the Orlik-Solomon spectral sequence.

Before we describe the proof of Theorem and some of its applications, we mention that
it completes a result by E. Looijenga [Lo093] who first considered the Orlik-Solomon spectral
sequence. Our approach is totally different, with a prominent use of differential forms. In par-
ticular, we introduce a complex of logarithmic differential forms (see in this Introduction)
that should have applications in other situations. The main advantages of the use of differential
forms are the following.

1. It allows us to prove the functoriality of the Orlik-Solomon model, whereas Looijenga’s
spectral sequence cannot be easily proved to be functorial. This is crucial when discussing
the behaviour of the Orlik-Solomon model with respect to blow-ups (see in this
Introduction and . As a consequence, we are able to reconcile Kriz’s and Totaro’s
approaches on models for configuration spaces of points on curves (see in this In-

troduction and §3.5.4)).

2. It makes the multiplicative structure of the Orlik-Solomon model transparent and closer
in spirit to the classical Brieskorn-Orlik-Solomon theorem.

3. Our approach is more down-to-earth in that we prove that the Orlik-Solomon spectral
sequence is compatible with Hodge structures using only mixed Hodge theory a la Deligne.
With Looijenga’s formalism, one would have to use Saito’s theory of mixed Hodge modules
(in this direction, see also [Get99]): indeed, his spectral sequence is defined out of a complex
of sheaves built out of the constructible sheaves i1i'Q for i a closed immersion, hence it is
not immediate that it is compatible with mixed Hodge theory.

1.9.1 Wonderful compactifications

We should say a word on the usefulness of the generalization from normal crossing divisors to
arrangements of hypersurfaces. Indeed, Deligne’s approach relies on the fact that any smooth
variety over C can be viewed as the complement of a normal crossing divisor inside a smooth
projective variety, using Nagata’s compactification theorem and Hironaka’s resolution of singu-
larities. Thus the case of normal crossing divisors is (in principle) sufficient to give a model for
the cohomology of any smooth variety over C.
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In the framework of Theorem we may even produce, following [FM94] [DCP95| [Hu03, Li09],
an explicit sequence of blow-ups (see Theorem (3.4.4])

7:X 5 X

sometimes called a “wonderful compactification”, that transforms L into a normal crossing
divisor L = 7~!(L) inside X and induces an isomorphism

WZX\Zi)X\L.

Thus Deligne’s special case of Theorem applied to (X, L) gives a model M*(X,L) for
the cohomology of X \ L. The functoriality of our construction gives a quasi-isomorphism of
differential graded algebras

M*(7) : M*(X,L) = M*(X,L)

that we can compute explicitly (see Theorem . Along with the work of Morgan [Mor7§],
this implies that M*(X, L) is a model of the space X \ L in the sense of rational homotopy
theory.

The model M*(X,L) has three advantages over M*(X,L). Firstly, it is in general smaller
(M* () is always injective). Secondly, its definition only uses geometric and combinatorial
information from the pair (X, L) without having to look at the blown-up situation ()Z' ,I~L)
Thirdly, it is functorial with respect to maps .

1.9.2 Configuration spaces of points on curves

Let Y be a compact Riemann surface and n an integer. For all 1 < ¢ < j < n we have a diagonal
Aij={yi=y}CY"

inside the n-fold cartesian product of Y. Any union of A;;’s then defines an arrangement of
hypersurfaces in Y". For example, if we consider the union of all diagonals, the complement is
the configuration space of n ordered points in Y:

C(Y7n) = {(y17-~-7yn) ey” ‘ Yi 7éyj forz;éj}

Theorem hence gives an Orlik-Solomon model for the cohomology of C(Y,n). This model
is isomorphic to the one independently found by I. Kriz [Kri94] and B. Totaro [Tot96], as we
prove in Theorem [3.5.2]

On the one hand, our method is close to Totaro’s, since the Orlik-Solomon spectral sequence
that we are considering in §3.3.3|is the Leray spectral sequence of the inclusion j : X \ L — X.
On the other hand, the functoriality of our constructions implies that there exists a quasi-
isomorphism M*® () associated to any wonderful compactification 7; in §3.5.4| we prove that this
quasi-isomorphism is exactly the one used by Kriz to prove the main result of [Kri94]. Hence,
our method reconciles Kriz’s and Totaro’s approaches in the case of curves.

As a natural generalization, we consider the union of only certain diagonals A; ;. Such a
generalization has been recently studied by S. Bloch [Blo12], who gives a model in the spirit of
Kriz and Totaro’s model. We prove that this model is also isomorphic to our Orlik-Solomon
model.



36 CHAPTER 1. INTRODUCTION

1.9.3 Logarithmic forms and mixed Hodge theory

We now discuss the proof of Theorem Our approach follows Deligne’s proof of the case of
normal crossing divisors, hence makes extensive use of logarithmic forms and the formalism of
mixed Hodge structures.

Let X be a smooth projective variety and L = L; U---U L; an arrangement of hypersurfaces
in X. The first task is to define a complex of sheaves on X, denoted by QZX Ly of meromorphic
forms on X with logarithmic poles along L. In local coordinates where each L; is defined by a
linear equation f; = 0, a section of Q'X7 1y is a meromorphic differential form on X which is a
linear combination over C of forms of the type

dfi1 dfls
Ao A
fir fis

with n a holomorphic form and 1 < 43 < --- < g < I. It has to be noted that the complex QZX L

nA (1.26)

is in general a strict subcomplex of the complex Q% (log L) introduced by Saito [Sai80], even
though the two complexes coincide in the case of a normal crossing divisor.
The main point of the complex QZX7 L) is that it computes the cohomology of the comple-

ment X \ L. More precisely, if we denote by j : X\ L < X the open immersion of the complement
of L inside X, we prove the following theorem (Theorem |3.2.13)).

Theorem 1.9.2. The inclusion QzX Ly = j*Q;(\L is a quasi-tsomorphism, and hence induces
isomorphisms

H"(Qy 1)) = H"(X \ L,C). (1.27)

It has to be noted (Remark [3.2.10) that according to this theorem, a conjecture of H.
Terao [Ter78] is equivalent to the fact that the inclusion Qxry C Q% (log L) is a quasi-
isomorphism.

The proof of Theorem [I.9.2]is local and relies on the Brieskorn-Orlik-Solomon theorem. An-
other central technical tool is the weight filtration W on QZX,L>: we define WkQZX,M C sz,L to
be the subcomplex spanned by the forms with s < k. In view of the isomorphism ,
we get a filtration on the cohomology of X \ L which is proved to be defined over Q. Together
with the Hodge filtration FPQ?y ;) = Q?)?’L), it defines a mixed Hodge structure on H*(X \ L).
The functoriality of our construction then implies that this is the same as the mixed Hodge

structure defined by Deligne.

According to the general theory of mixed Hodge structures, the hypercohomology spectral
sequence associated to the weight filtration degenerates at the Fs-term, hence the E;-term gives
a model for the cohomology of X\ L. We then prove that this model is indeed the Orlik-Solomon
model M*(X, L). This concludes the proof of Theorem [1.9.1]

It has been pointed out to us by A. Dimca that the sheaves QIX L have been previously
defined in [CHKS06] (where they are denoted §2x(logL)) and [Dol07] (where they are de-
noted Qx(log L)).

1.10 The results of Chapter 4

In Chapter 4, which is a slightly rewritten version of the preprint [Dupl4b|, we study Prob-
lem B’ by introducing tools to compute the motive of a given bi-arrangement.
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— In the local context of hyperplanes in C”, we define the Orlik-Solomon bi-complex of a bi-
arrangement of hyperplanes, generalizing the construction of the Orlik-Solomon algebra. This
allows us to single out a class of bi-arrangements for which the Orlik-Solomon bi-complex
is well-behaved, which we call ezact, and which includes all classical arrangements of hyper-
planes.

— In the global context of hypersurfaces in a complex manifold X, we define the geometric
Orlik-Solomon bi-complex of a bi-arrangement of hypersurfaces, which incorporates the com-
binatorial data of the Orlik-Solomon bi-complexes and the cohomological data of the geometric
situation.

Our main result can then be vaguely stated as follows: the motive of an exact bi-arrangement
is computed by its Orlik-Solomon bi-complex. In the special case of arrangements, we recover
the classical Brieskorn-Orlik-Solomon theorem and its global counterpart (Theorem [1.9.1)).

1.10.1 From the Orlik-Solomon algebra to the Orlik-Solomon bi-complex

Let (L; M; x) be a bi-arrangement of hyperplanes in C™ (all hyperplanes pass through the origin).
We recall that a stratum of (L; M) is an intersection Ly N M of some hyperplanes L; and M;.
We let .%(L; M) denote the set of strata of (L; M) of codimension k, and ¥ <% ¥/ denote an
inclusion of strata of L with dim(X) = dim(X') — c.

The Orlik-Solomon bi-complex of (L; M;x) is a bi-complex Aee = Aeo(L; M;x) with dif-
ferentials d' : Aee — Ae_1,e and d’ : Age—1 — Aeo.. By definition, there is a direct sum

decomposition
Aj= D A4
S€Si4;(L;M)
Following the approach of [Lo093, Lemma 2.2] explained in §1.7.2] we define the components
AS by induction on the codimension i 4+ j of S. According to the color x(X), the component

AEj is defined as a kernel or a cokernel of a previously defined differential, by imposing exact

sequences
0 A% -5 EBAZ L — @A 9 i X(E) =X (1.28)
<—> ;>
0+ AT, <& @A” L &= EBA Ly if x(2) = p. (1.29)
(_>

Starting with Ago = Q, this is enough to define the components AZSJ and the differentials.
If M = @ and x takes only the value A\, we recover the inductive definition of the Orlik-Solomon
algebra: Aq o(L; @; \) = Ae(L). In the world of bi-arrangements there is a duality that exchanges
the roles of L and A on the one hand, and M and p on the other hand. This duality translates
as the linear duality of the Orlik-Solomon bi-complexes.

We are mostly interested in the bi-arrangements (L; M;x) such that the exact sequences

(1.28) and (1.29) can be extended to exact sequences

0 A7, L EBAZ 5 @Az 0L L P AG -0 (D) = N
nh s s ntz
d// d// // .
0<—A2<—@AU1<— @Au2<— P Ay 0 i (D) =

sz
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These bi-arrangements are called exact, and form a very natural class of bi-arrangements
that includes the arrangements (L; @; \) - this is because the Orlik-Solomon algebras are exact
as complexes. Inside the class of exact bi-arrangements, we prove the existence of a deletion-
restriction short exact sequence that generalizes the classical deletion-restriction exact sequence
for arrangements, as follows.

Theorem 1.10.1 (see Theorem [4.2.9|for a precise statement). If the deletion and the restriction
of (L; M x) with respect to some hyperplane K € L U M are exact, then (L; M;x) is exact and
there is a deletion-restriction short exact sequence which produces the Orlik-Solomon bi-complex
of (L; M;x) as an extension of that of its restriction and that of its deletion.

The drawback of the inductive definition of the Orlik-Solomon bi-complexes is that we lack an
explicit description as in the case of the Orlik-Solomon algebra. We settle this issue for a subclass
of exact bi-arrangements that we call tame. The tameness condition (see Definition is
a simple combinatorial condition on the coloring which ensures that the colors A and u do not
interfere too much.

Theorem 1.10.2 (see Theorem 4.1.38)). All tame arrangements are exact. Furthermore, we can
describe the Orlik-Solomon algebra of a tame bi-arrangement ({L1,...,Li};{My,..., Mp};x)
as an explicit subquotient of the tensor product A*(e1,...,e;) @ A*(fy,..., [Y) of two exterior
algebras.

In the affinely generic case, we recover Theorem with the change of notations f; < fjv.

1.10.2 Bi-arrangements of hypersurfaces

We now turn to a global geometric situation. The formalism of the Orlik-Solomon bi-complexes
immediately extends from bi-arrangements of hyperplanes to bi-arrangements of hypersurfaces,
using the same inductive definition.

The main result of Chapter 4 is the following (see Theorem . It states that for exact
bi-arrangements of hypersurfaces, we can compute the corresponding motive via a spectral
sequence that involves the cohomology of the strata and the Orlik-Solomon bi-complex of the
bi-arrangement. It is important to note that this spectral sequence only uses cohomological and
combinatorial information from the geometric situation in X, and not in the blow-up X.

Theorem 1.10.3. Let (L;M;x) be an exact bi-arrangement of hypersurfaces in a complex
manifold X, with its Orlik-Solomon bi-complex Ae.o.

1. There is a spectral sequencelﬂ

EfPt= P HITHSE) (i) ®AY; = HPT(L;M;y). (1.30)

i—j=p
Se,%ﬂv (L;M)

2. If X is a smooth complex variety and all hypersurfaces of (L; M) are smooth divisors in X,
then this is a spectral sequence in the category of mized Hodge structures.

3. If X is a smooth and projective complex variety, then this spectral sequence degenerates at
the E5 term and we have

EF1 2 By P = gV HPH(L; M x).

5. Here, (—i) denotes the Tate twist of weight 2i. It is important in the algebraic case; otherwise it should be
ignored.
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The differential of the F; page of the above spectral sequence is explicit. It is induced
by the differentials of the Orlik-Solomon bi-complex and the Gysin and pullback morphisms
corresponding to inclusions of strata.

In the case of an arrangement of hypersurfaces (L; @; \), this gives a spectral sequence

B = @ HTPS)(-p)@AJ(L) = H PTI(X\L)
Sy (L)

and we recover the main theorem (Theorem [1.9.1)) of Chapter 3. However, the proof of Theo-
rem is drastically different from the one of Theorem

We can apply Theorem [1.10.3| to the case of projective bi-arrangements in X = P"(C).

Theorem 1.10.4 (see Theorem for a more precise statement). Let (L; M;x) be an exact
bi-arrangement of hyperplanes in P"(C). For k =0,...,n, let (k)A.,. be the bi-complex obtained
by only keeping the rows 0 < ¢ < k and the columns 0 < j < n — k of the Orlik-Solomon
bi-complex of (L; M;x), and let (k) Ay be its total complex. Then we have isomorphisms

grh H'(L; M x) =2 Hopo (B Ag) (< k).

We introduce projective bi-arrangements of hyperplanes 2 (ny,...,n,) corresponding to the
multiple zeta values and show that they are tame, hence exact. Theorem thus pro-
vides explicit complexes that compute their motives. The motives Z(nq,...,n,) are alternatives
to the approach via the motivic fundamental group of P!\ {c0,0, 1} [Del89, DG05]. One advan-
tage of such an alternative is that it generalizes to a larger family of integrals. More specifically,
let us look at the periods of the moduli spaces My, considered by Brown in [Bro09]. They are
integrals of a rational function over a simplex 0 < t; < --- < ¢, < 1, such as

///0<z<y<z<1 (1 _dz)cjj/(jz_ x) (1.31)

The main result of [BroQ9] is that these integrals are all linear combinations (with rational
coefficients) of multiple zeta values, although not in an explicit way. It so happens that the pro-
jective bi-arrangement of hyperplanes corresponding to the integral is also exact, hence
the corresponding motive may be computed explicitly via an Orlik-Solomon bi-complex. This
will be studied in more detail in a subsequent article.

Theorem [1.10.3]is easy for normal crossing divisors. To prove the general case, we investigate
the functoriality of the geometric Orlik-Solomon bi-complex

WD = @  HTHS)(—i)® A,
SE«/WH_J'(L;M)

with respect to blow-ups of some strata. More specifically, we prove that there is a quasi-
isomophism between the geometric Orlik-Solomon bi-complex of a bi-arrangement and that of
its blow-up. Proceeding by induction, it is enough to treat the case of a single blow-up.

1.11 Open questions and developments

1.11.1 Perspectives on the motivic coproduct of Aomoto polylogarithms

In this thesis, we have answered Problem A for a family of Aomoto polylogarithms, called
generic dissection polylogarithms. We were able to compute the motivic coproduct of generic
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dissection polylogarithms because of the genericity assumption, that limited the degeneracy of
the geometric situation. Armed with the results of Chapter 4, which solves Problem B in the
case of tame bi-arrangements, we are now capable of computing an even larger family of motives
of bi-arrangements of hyperplanes. Up to the combinatorial problem of finding suitable bases for
Orlik-Solomon bi-complexes, this is in principle sufficient for computing the motivic coproduct
of a large number of Aomoto polylogarithms, using the abstract formula (1.10)).

In order to understand the motivic coproduct of all Aomoto polylogarithms, there are at
least two (complementary) strategies.

1. The first strategy consists in using the scissors congruence relations (see to express
a given Aomoto polylogarithms in terms of a small family of generators. Thus, we reduce
the problem to that of computing the motivic coproduct for a family of essential Aomoto
polylogarithms. We believe that there is such a family of essential Aomoto polylogarithms
for which the corresponding bi-arrangements are tame (for a wise choice of coloring).

2. The second strategy consists in deducing the motivic coproduct of a given Aomoto poly-
logarithm by a degeneration argument. If (L.;M.) is a “generic” family of admissible
pairs of simplices indexed by a parameter ¢ in a punctured disk and degenerating to an
admissible pair of simplices (L; M), then there should be a formalism to deduce the mo-
tivic coproduct of I*(L; M) from the motivic coproduct of the family I*(L.; M.). Here,
the word “generic” can have different meanings: in general position as in or in a
less restrictive way, with “generic arguments”, as for dissection polylogarithms. This has
been used by Goncharov [Gon05] to deduce the motivic coproduct of all iterated inte-

grals I(ag,ai,...,an;an4+1) from the case where the indices a; are pairwise distinct. See
also [Gon02] §4].

In view of the second point, one should be able to regularize dissection polylogarithms and
give a meaning to the formula for their coproduct without any genericity assumption on the
decorations.

1.11.2 Perspective on bi-arrangements

The theory of bi-arrangements that we have developed raises many open questions for future
research, such as:

1. give a simple combinatorial characterization of exact bi-arrangements;

2. give an explicit description of the Orlik-Solomon bi-complex of an exact bi-arrangement
in the spirit of (and generalizing) the case of tame bi-arrangements.

Another direction of research concerns the homological properties of Orlik-Solomon bi-
complexes. The homological properties of Orlik-Solomon algebras have been much studied in
their own right (see [Yuz01, Denl0] for a survey). In some cases, the Orlik-Solomon bi-complex
of a bi-arrangement (.Z, .# , x) is a module over the Orlik-Solomon algebra of .Z or .#; it would
be interesting to investigate, for instance, the Koszulness properties of these modules in relation
to the combinatorial properties of the bi-arrangements, as for the case of arrangements.

1.11.3 Applications

We plan on applying the techniques that we have developed in this thesis in different directions.

As arithmetics are concerned, it is tempting to use motivic Aomoto polylogarithms to inves-
tigate the categories of mixed Tate motives over rings of integers of cyclotomic fields. In view of
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the discussion of one wants to understand how to generate these categories using explicit
mixed Tate motives coming from bi-arrangements, and fill in the gaps of the theory of motivic
fundamental groups.

Another direction is the computation of the motivic coproduct of periods of the moduli
spaces My ,, studied in [Bro09], such as lb This should help us understand better the com-

binatorics and arithmetics of multiple zeta values.

Our methods should also apply to the algebro-geometric study of Feynman integrals [BEKOG,
Dorl10, BS12]. Even though graph hypersurfaces are much more complicated than arrangements
of hyperplanes, the motives that we consider are “linear prototypes” for the graph motives, and
our methods are a first step in the difficult task of computing them.
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Notations and terminology

Coefficients: Unless otherwise stated, all vector spaces and algebras are defined over Q, as
well as the tensor products of such objects. All (mixed) Hodge structures are defined over Q.

Cohomology: The cohomology groups H*®(X) and relative cohomology groups H*(X,Y) im-
plicitly denote the singular cohomology groups with coefficients in Q. We will write H*(X) ® C
for the singular cohomology groups with complex coefficients. If X is a manifold, the latter are
naturally isomorphic, via the de Rham isomorphism, to the (analytic) de Rham cohomology
groups tensored with C, hence we allow ourselves to use smooth differential forms as represen-
tatives for cohomology classes.

Homological algebra: Our convention on bi-complexes is not standard since we mix the
homological and the cohomological convention. A bi-complex is a collection of vector spaces C; ;
with differentials d’ : C;; — Ci—1; and d” : C;j—1 — Cj; such that d od' =0, d" od” =0
and d od” = d” od. Our convention is to view the total complex C, = @ Cij as a
homological complex.

i—j=n

Signs: Let I and J be disjoint subsets of a linearly ordered set {1,...,n}; we then define a
sign sgn(/, J) € {£1} as follows. In the exterior algebra on n independent generators 1, .. ., z,,
we write 7 = zj; A ... Az for I = {i1 < ... < ix}. Then sgn(l,J) is defined by the
equation zy,; = sgn(l, J)x; A zs. For example we get sgn({i,}, I\ {i,}) = (—1)""1.

Consistency: Chapters 2, 3, 4 are slightly rewritten versions of the article [Dupl4a] and the
preprints [Dupl13] [Dupl4b], and can be read in any order. For the sake of convenience, there
are some minor redundancies between chapters. As notations and terminology are concerned,
the only sources of inconsistency between chapters are the following:

— In Chapter 2 we use monomials f; that are denoted by f]\»/ in Chapter 4. This is because
duality is pointless in the affine setting of Chapter 2, and fundamental in the global setting
of Chapter 3.

— In Chapter 3, we favored the terminology “hyperplane arrangement” (or “hypersurface ar-
rangement”) over the more cumbersome terminology “arrangement of hyperplanes” (or “ar-
rangement of hypersurfaces”). In Chapter 4, we used the latter terminology because of the
appearance of bi-arrangements.

— In Chapter 3, the differential in the Orlik-Solomon algebra is denoted by d, the letter d being
used for the exterior derivative on differential forms.

— In Chapter 4, we have used script letters (&7, &, 4, A) to denote (bi-)arrangements. This
is in accordance with the general convention in the arrangements literature. Italic letters
(K, L, M) denote hyperplanes or hypersurfaces from some (bi-)arrangement.






Chapter 2

The combinatorial Hopf algebra of
motivic dissection polylogarithms

In §2.1 we introduce dissection diagrams and the Hopf algebra D, as well as its decorated vari-
ants; this section is purely combinatorial. In §2.2 we focus on bi-arrangements of hyperplanes
and prove Theorem [2.2.2]on the relative cohomology groups for affinely generic bi-arrangements.
This section can be read independently from the rest of the chapter. In §2.3 we introduce the
dissection polylogarithms I(D) and discuss some of their algebraic relations. In §2.4 we define
the motivic dissection polylogarithms I7*(D) and prove the main theorem of this chapter (The-
orem , which computes their coproduct. In §§2.5, 2.6 and 2.7, which serve as appendices
to this chapter, we prove three technical lemmas.

2.1 A combinatorial Hopf algebra on dissection diagrams

2.1.1 The combinatorics of dissection diagrams

For every integer n we consider a regular oriented (n + 1)-gon II,, with a distinguished vertex
called the root. We draw the polygons as circles so that Il and II; also make sense, hence the
stdes of II,, are drawn as arcs between two consecutive vertices. A chord of II,, is a line between
two distinct vertices.

Definition 2.1.1. A dissection diagram of degree n is a set of n non-intersecting chords of II,,
such that the graph formed by the chords is acyclic.

In all the examples the polygons will be drawn with a clockwise orientation. The root will
be drawn at the bottom as a white dot, whereas the non-root vertices will be drawn as black
dots.

Since there are n chords and (n + 1) vertices, the graph formed by the chords is actually a tree
that passes through all (n 4 1) vertices; in other words, it is a spanning tree of the complete
graph on the (n + 1) vertices of II,,.

All the dissection diagrams of degree < 3 are pictured in Figure 2.1

Lemma 2.1.2. The number of dissection diagrams of degree n is

1 3n
dy, = )
2n+1<n)

Proof. We will not use this Lemma in the rest of this chapter, so we just give a sketch of
the proof. The sequence (dy)n>0 counting the dissection diagrams in each degree satisfies the
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degree 0 degree 1 degree 2

O
@)

degree 3

DO
DO
oD
Sels

Figure 2.1: The dissection diagrams of degree < 3

recurrence relation, for n > 1:

dn = S didiyds,. (2.1)
i1,i2,i320
i1+io+iz=n—1
The reason for this recurrence relation is that a dissection diagram D of degree n is uniquely
determined by a triple (D1, Do, D3) of dissection diagrams of respective degrees (i1, 1i2,43) such
that i1 +i9 +i3=n—1.

O

In the above picture, p is the first (in clockwise order, starting at the root) non-root vertex of II,,
that is attached to the root by a chord of D. Let ¢ be the chord between p and the root.

The i1 chords that are on the left-hand side of ¢ form a rooted tree with i; internal vertices,
whose root is p. Since the internal vertices of this tree are all on the polygon II,, we view it as
a dissection diagram D; of degree 4.

The (n — 1 — 1) chords that are on the right-hand side of ¢ form two connected components:

one of cardinality o that is attached to p, the other of cardinality ¢35 that is attached to the
root of II,. In the same fashion as above, we get dissection diagrams Dy and Ds of respective
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degrees i3 and i3, with io +i3 =n — 1 — 3.

Now let d(x) = 3,50 dn2" be the ordinary generating series for the enumeration of dissection
diagrams. The recurrence relation , together with dy = 1, implies the functional equa-
tion d(x) = 1+ xd(z)®. Thus the Lagrange inversion formula [Sta99, Theorem 5.4.2] applied
to f(x) = d(x) — 1 gives the result. O

Remark 2.1.3. Tt is well-known that d,, is also the number of ternary trees (planar rooted trees
in which every internal vertex has exactly 3 incoming edges) with n internal vertices. The proof
goes along the same lines: a ternary tree 7' is completely determined by its subtrees 17, 15, T3

attached to the root.

Thus we may recursively build a bijection between ternary trees and dissection diagrams.

We let D be the free commutative unital algebra (over Q) on the set of dissection diagrams
of positive degree. The degrees of the dissection diagrams induce a grading

D=PD,

n=0

on D. The unit 1 of D will be identified with the dissection diagram Q of degree 0.
In small degree, we have

oo mea)  m-eeeeaeadd

where @@ represents the square of the only dissection diagram @ of degree 1. For ev-

ery n > 0, D, is a finite-dimensional vector space.

Conventions on dissection diagrams We introduce some labeling conventions on dissec-
tion diagrams. An example is shown in Figure [2.2]

The non-root vertices of II,, are labeled 1,...,n following the orientation, 1 being just after
the root. The sides of 11,, are labeled 0, 1,...,n in such a way that the side labeled 0 is between
the root and the vertex 1. This side plays a special role in the sequel and is called the root side.
The other sides are called the non-root sides: for i = 1,...,n — 1, the side labeled 7 is between
the vertices ¢ and ¢ + 1, and the side labeled n is between the vertex n and the root.

In a dissection diagram of degree n, the n chords form a spanning tree of the complete graph
on the (n + 1) vertices of II,,. There is thus a preferred orientation of all the chords, towards
the root. We may then label the chords with 1,...,n such that the chord labeled i leaves the
vertex labeled i.

The sides of II,, are also implicitly oriented following the orientation of II,, (clockwise, in all
our figures). Thus when we consider the (n + 1) sides of II,, together with the n chords of a
dissection diagram D, we get a directed graph with (n + 1) vertices and (2n + 1) edges that is
denoted T'(D) and called the total directed graph of D.
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Remark 2.1.4. Even though we will not always include them in the pictures, the orientations of
the sides and the chords, as well as the labelings of the vertices, sides and chords of a dissection
diagram are implicit.

In the sequel it will be more convenient to consider dissection diagrams D where the chords
are labeled by some abstract set € (D) of cardinality n, and the sides of the polygon by some
other abstract set .#(D) of cardinality (n + 1), which are both linearly ordered.

If we set /1 (D) = .7(D)\ {min(.(2))} for the set of non-root sides, the linear orderings give
bijections
¢(D) ~{1,...,n} ~.#T(D). (2.2)

Remark 2.1.5. When the context is clear, we will drop the dissection diagram D from the

notations and simply write ¢, ./, T, I.
2
1 @ 3 @

Figure 2.2: Conventions on dissection diagrams. Labeling the vertices and the sides of Il3; a
dissection diagram D of degree 3; the natural orientation and labeling of the chords of D; the
total directed graph I'(D) of D.

2.1.2 Operations on dissection diagrams

Let D be a dissection diagram of degree n. We fix a subset C' C € of chords of D. We introduce
the notations .77, o (D), ra(D), #c(D) and ke (D) that will allow us to make sense of formula
(2.4) below for the coproduct in D. The reader may refer to Figure for a special case.

The set 5”55 c.gt

We first define a subset .74 C .#T of the non-root sides of D, of cardinality n — |C|. It
plays a sort of “dual role” to C, see Proposition In some simple cases (see Example
below), 5’5’ will simply be the complement C of C' in .#T, using the identification .

The planar graph C' U.¥ has |C| + 1 faces. Each such face « is the interior of a polygon that
we denote II(«r), whose sides are sides of II,, and chords of D. If we denote by .74 («a) the set of
sides of II,, that are sides of II(cr), we get a partition

S =\ |Se(). (2.3)

Lemma 2.1.6. Let J C .7 be a subset of edges of L, with |C|+ |J| = n. Then the undirected
graph C'U J is acyclic if and only if J has the form

J = |_|J(a) with J(a) = So(a) \ {ua}

for some choice of uq € Yo ().
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Proof. Let us write J = Uy J () with J(«) C o (). If there exists an « such that J(a) =
“c(a) then C' U J contains the whole boundary of the polygon ﬁ(a), hence contains a cycle.
Hence if C' U J is acyclic, then all the inclusions J(«) C S («) are strict. Since |J| =n — |C|,
we necessarily have |[J(«)| = | («)| — 1 for each «, hence J(«o) = So(a) \ {ua}. We leave it
to the reader to show that in that case, J U C is indeed acyclic. O

Let us set
S = UY;(Q) with 7 (a) = () \ {min(Sc(a))}

It is a subset of . and has cardinality n — |C].
Let C = %€\ C denote the set of the chords of D which are not in C. Since the chords do
not intersect each other, we have a partition

C = |_|6(oz)

where C(a) is the set of chords of D which are inside the polygon II(c).

It is clear that .7} (a) and C(«) have the same cardinality |7 ()| = |C(a)| = n(«a), with 3", n(a) =
n—|C|.

Remark 2.1.7. Despite the notation, Yg does not depend only on C but also on the dissection
diagram D.

Ezample 2.1.8. Let us focus on the dissection diagram D of Figure[2.2land put C' = {3} consisting
only of the horizontal chord.

Then the partition . = | |, ¢ (a) is {0,1,2,3} = {1,2}01{0, 3} hence we get .74 = {2}U{3} =
{2,3}. The corresponding partition of C = {1,2} is C = {2} U {1}.

The dissection diagrams ¢¢ (D) and their product ¢¢(D)

Starting from the dissection diagram D, let us contract the chords from C. The resulting
picture is a “cactus” of dissection diagrams glued together. These dissection diagrams are
denoted by ¢&(D) and we write

qc(D) = [T e2(D)
(0%
for their product in D.

More precisely, let us consider an individual polygon ﬁ(a) and contract all its sides that are
chords of C. We get a polygon II(«) that is naturally oriented. The dissection diagram g¢& (D)
naturally lives in IT(«). The set of its non-root sides is ./ («) and the set of its chords is C(a).
The degree of ¢&(D) is n(a), hence the degree of o (D) is >, n(a) = n — |C].

Let us recall that we identify the dissection diagram Q of degree 0 with the unit 1 of D, so
that we do not write the dissection diagrams ¢&(D) of degree n(c) = 0 in the product gc(D).
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Ezample 2.1.9. We come back to the dissection diagram D of degree

3 from Example

with C' = {3}. Contracting the horizontal chord labeled 3 gives the picture

- QC(D): 1@2 0@3 @@

is the square of the dissection diagram of degree 1.

The dissection diagram rc(D); the set #¢(D) and its cardinality k¢ (D)

Going back to the initial dissection diagram D, let us look at the gra
only the chords from C' and contracting the sides from ,5’; . By Lemma |

ph obtained by keeping
2.1.6L this process does

not lead to cycles between the chords from C' and hence gives a dissection diagram whose set
of chords is C and whose set of non-root sides is .75 = .+ \ /7. We call this dissection

diagram rc(D). Its degree is |C].

It has to be noted that in general the directions of the chords in r¢(D) may differ from the
directions of the chords in D. We let (D) C C be the set of these chords that one has to flip
in the process of computing r¢ (D), and write ko (D) = | #c(D)| for its cardinality.

Ezxample 2.1.10. We come back to the dissection diagram D of degree
with C' = {3}. Keeping only the horizontal chord labeled 3 gives the pic

and hence contracting the sides from 5’5 = {2, 3} gives the picture

re(D) = 0 1 =

3 from Example 2.1.§|

ture

hence r¢(D) is (unsurprisingly) the dissection diagram of degree 1. Since in the above picture
we had to flip the chord labeled 3, we get (D) = {3} and k¢ (D) = 1.
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c 7 qc(D) re(D) | Ho(D) | ke(D)
(1,23} | @ 1 @ o 0
{1,2} {3} @ @ @ 0
(1,3} | {2} @ @ o 0
{2,3} {3} @ @ {3} 1
{1} {2,3} @ CD o 0
{2} {2,3} @ @ {2} 1
{3} {2,3} @ @ CD {3} 1
o | {1,2,3} @ 1 2 0

Figure 2.3: The computations of .7}, gc(D), rc(D), #c(D) and ko(D) for the dissection
diagram D from Example

2.1.3 Definition of the Hopf algebra

We define a map

A:D—>D®D
by setting
A(D) = > (~1)*Plge(D) @ re(D) (2.4)
Cc%(D)

for D a dissection diagram, and extending it to all of D as a morphism of algebras.
For a dissection diagram D of degree n, qo(D) has degree n — |C| and r¢(D) has degree |C].
Thus the coproduct A is compatible with the grading of D, with components

Ay_kk: Dy — Dyt @ Dy,
corresponding to the subsets C' C €' (D) of cardinality k.

For C = (K(D) we get Yo = I, qC(D) =1, TC(D) =D, ;%/C(D) = @ and kc(D) = 0,
hence the corresponding term in formula (2.4)) is Ag,(D) = 1 ® D. For C = &, we get the
term A, o(D) =D ® 1.

Proposition 2.1.11. Formula gives D the structure of a graded connected commutative
Hopf algebra.

Proof. All there is to prove is that A is coassociative, since it is well-known that given a graded
connected bialgebra there exists a unique antipode that makes it into a Hopf algebra. Let us fix
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a dissection diagram D of degree n and prove that (id ® A)(A(D)) = (A ® id)(A(D)).
On the one hand we have

(d@A)AD) = Y (~1)re@itkete PNy, (D) @ go(re(D)) @ re(re(D)).
cccrce(D)

On the other hand we have

(Awid)(AD) = Y (1P A@ge(D)) ©ro(D).

Cc¢ (D)

Let us recall that go(D) =[], ¢%(D). For a given a, the set of chords of ¢&(D) is C(«), hence
a ke (g6 (D «a «
Aga() = 3 ()0 (g2(D) @ rey (42(D)).
ClcC(a)

Let us perform the change of summation indices C' = C'U| |, C7,. The result then follows from
the following Lemma. O

Lemma 2.1.12. 1. qc/(D) = [, qc,(¢&(D)).

2. qc(re(D)) =Tlarey (ae(D)).

3. rc(rer(D)) =re(D).

4. ker(D) + ko(red(D)) = ke(D) + 3o key, (qg(D))-
Proof. See O
Ezxample 2.1.13. We can use the computations of Figure in order to get

A(@) = 1®@

JORS
- (D-O-OD)D
a

Ezample 2.1.14. 1. For all n > 0 let X, be the dissection diagram of degree n (“corolla”, see
Figure with all chords pointing towards the root, with the convention Xy = 1.
Then the formula for the coproduct is:

AXp) = ( > Xio---Xik) ® Xk
k=0 \ig++ig=n—k

Indeed, for a subset C' = {ip + 1,50 + i1 +2,...,90 + i1 + ... + ix_1 + k}, we get Yg =
C, qc(Xn) = X@'o .. 'Xik7 Tc(Xn) = Xk, %(Xn) = @ and kic(Xn) =0.

For instance we get

AX3) =10 X3+3X1@Xo+ (2Xo+ X1 X1) @ X1 + X3® 1



2.1. A COMBINATORIAL HOPF ALGEBRA ON DISSECTION DIAGRAMS 45

2. For all n > 0, let Y,, be the dissection diagram of degree n (“path tree”, see Figure
consisting of the chords betwen 1 and 2, 2 and 3, ..., (n — 1) and n, n and the root, with
the convention Yy = 1. Then the formula for the coproduct is:

n
A(Y,) = ];0 <k> Yok ® Y.
Indeed, for any subset C C {1,...,n} of cardinality k, we get YC’,L = C, qo(Yy,) =
Y, _k, Tc(Yn) =Y, fc(Yn) = @ and kc(Yn) = 0.

The above formula is reminiscent of the formula for the coproduct in the Hopf algebra Q]t]
of functions on the additive group G,.

Figure 2.4: The corolla X, and the path tree Yj.

Remark 2.1.15. The Hopf algebra D is a right-sided combinatorial Hopf algebra in the sense
of [LR10, 5.7]. According to |[LRI10, Theorem 5.8], there is thus a structure of graded pre-
Lie algebra on the free vector space spanned by dissection diagrams of positive degree (more
precisely, its graded dual). It would be interesting to know if this pre-Lie structure has a simple
presentation.

A family of Hopf algebras Let = be a fixed rational number. If one changes formula ([2.4)
to

AD(D)y= 3N 2kePlgo(D) @ re(D) (2.5)

cce(D)

then the proof of Proposition (replace —1 by ) shows that this defines a (graded connected
commutative) Hopf algebra D'*).
Apart from the choice z = —1 which gives back D~ = D, there are two other natural choices:
for z = 1 there is no sign in the formula; for z = 0 (with the convention 0° = 1) there is no sign
and the sum is restricted to the subsets C' with ko (D) = 0. The formulas of Example are
valid for any choice of z since we always have ko (D) = 0.
We may also consider = as a formal parameter and view formula as a map of Q[z]-algebras

Qz]®D — Qz] ® D ® D = (Qz] ® D) ®qpy (Q[z] ® D) (2.6)

given by
D Y 2P gqo(D)@rc(D).
Ccce(D)
In terms of algebraic geometry, we get an algebraic family of affine group schemes parametrized
by the affine line
Spec(Q[z] ® D) = A x Spec(D) — A! = Spec(Q[z])

with constant underlying scheme Spec(D).

2.1.4 Decorations on dissection diagrams

In this paragraph we fix an abelian group A. We define a decorated version D(A) of the Hopf
algebra D.
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Decorated directed graphs

Let I be a directed graph. A A-decoration on I is the data of an element of A for each edge of T'.
While performing operations on directed graphs, we will always keep in mind the two following
rules for the decorations:

e Let us flip an edge, i.e. change its direction. We then multiply its decoration by —1.

e Let us contract an edge going from a vertex v_ to a vertex vy which is decorated by
an element o € A. For any edge of I' going to v_, we replace its decoration x by the
decoration x + «; for any edge of I' leaving from v_, we replace its decoration y by the
decoration y — . The other decorations (including the decorations of the edges that
touch vy ) stay unchanged.

We leave it to the reader to check that if one contracts a set of edges (that does not contain
a loop), the resulting decorated graph does not depend on the order in which we perform
the contractions.

Decorated dissection diagrams and the Hopf algebra D(A)

Figure 2.5: A decorated dissection diagram of degree 2

A A-decorated dissection diagram of degree n is a dissection diagram D of degree n together
with a A-decoration on the total directed graph I'(D). For i = 1,...,n, we denote by a; € A
the decoration of the chord 7, and for j = 0,...,n, we denote by b; € A the decoration of the
side j (see Figure . We use the same letter to denote the decorated dissection diagram and
its underlying dissection diagram obtained by forgetting the decorations.

We let D(A) be the free commutative unital algebra (over Q) on the set of A-decorated
dissection diagrams of positive degree. If A = 0 then we recover D(0) = D. We want to
generalize the Hopf algebra structure on D to all the D(A)’s.

We define the coproduct
A :D(A) — D(A) @ D(A)

as in D by formula (2.4). The terms ¢c (D) and r¢(D) are understood through the conventions
of §
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Ezxample 2.1.16. Let D be a decorated dissection diagram of degree 3 whose underlying dissection

diagram is the one from Examples[2.1.8] 2.1.9] 2.1.10

Then for C' = {3} we get

qC(D): b1 botas by bs-as

O O

‘ b1+bs+bs = ‘ b1+ba+bs.

The last equality is the application of the convention related to flipping an edge ( "i

We leave it to the reader to check that properties 1., 2. and 3. from Lemma [2.1.12] remain
true, as well as property 4., which is independent of the decorations. Hence the proof of Propo-
sition [2.1.11] can be copied word for word and gives the following extension.

and

Proposition 2.1.17. For any abelian group A, formula gives D(A) the structure of a
graded connected commutative Hopf algebra. Moreover, for any morphism A — A’ of abelian
groups, the corresponding morphism D(A) — D(A’) is a morphism of Hopf algebras. In other
words, A ~» D(A) is a functor from the category of abelian groups to the category of Hopf
algebras.

Remark 2.1.18. The variant of formula (2.5) remains valid with decorations.

Generic decorations and the Hopf algebra D" (A)

Let I' be a directed graph. A simple cycle of T" is an undirected cycle in I' that does not pass
twice through the same vertex. For a given simple cycle in I', the total decoration of the simple
cycle is the signed sum of the decorations in the cycle, the sign being +1 if and only if the
direction of the edge agrees with the direction of the cycle. We say that a A-decoration on I is
generic if for every simple cycle in I', the total decoration of the cycle is non-zero.

We say that a A-decorated dissection diagram is gemeric if the A-decoration on I'(D) is
generic. For example, the decorated dissection diagram from Figure is generic if and only if
the quantities bg + by + b, by + bs — ay, by — as + by, bg + a1, by + as, bs — a1 — as are all # 0.

We leave it to the reader to check that the operations of reversal of arrows and contraction of
§ preserve the genericity condition. As a consequence, the generic A-decorated dissection
diagrams of positive degree generate a Hopf subalgebra

DEN(A) < D(A).

The functoriality assertion of Proposition [2.1.17| is valid for the Hopf algebras D&"(A) if we
restrict to injective morphisms A < A’.
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2.2 Bi-arrangements of hyperplanes and relative cohomology

After recalling some classical results on arrangements of hyperplanes, we introduce and study
bi-arrangements of hyperplanes, focusing on the affinely generic case. This section is a solution
to Problem B in the affinely generic case.

2.2.1 Affinely generic arrangements of hyperplanes

Let L = {Lj,...,L;} be an arrangement of hyperplanes in C". The hyperplanes do not neces-
sarily pass through the origin. As the notation suggests, the set L is implicitly linearly ordered.
We will use the same letter L to denote the union

L=11U...UL

of the hyperplanes. For a subset I C {1,...,1}, the stratum of L indexed by I is the affine space

Li=()Li

el
with the convention Ly = C".

We say that L is affinely generic if it is a normal crossing divisor inside C™. It means that
for all I, Lj is either empty or has codimension the cardinality |I| of I.

Remark 2.2.1. If the L;’s are in general position in C" then L is affinely generic, but the converse
is not true. For instance, two parallel lines in C? constitute an affinely generic arrangement. In
other words, if we work in the projective space P"(C) by adding a hyperplane Ly at infinity, the
projective arrangement of hyperplanes Lo U L1 U...U L, is not necessarily normal crossing.

In the sequel, we will only consider affinely generic hyperplane arrangements. This class of
hyperplane arrangements is stable under the operations of deletion, restriction and product that
we now describe.

The deletion of L with respect to the last hyperplane L; is the arrangement L' = {L;,...,L; 1}
in C"™. We have a natural morphism H*(C"\ L") — H*(C"\ L).

The restriction of L with respect to L; is the arrangement L” = {L; N Ly,...,L; N L;_1}
in L; = C" ! consisting of all the intersections of L; with the L;’s, i =1,...,1 — 1. We have a
residue morphism H®(C" \ L)(1) — H*"'(L; \ L"), where (1) denotes a Tate twist.

If L ¢ €™ and L® < C™ are two hyperplane arrangements, then the product arrange-
ment L) x L) ¢ C™*+"2 consists of the hyperplanes Ll(ll) x C™ followed by the hyper-
planes C™! x Lg). There is a Kiinneth isomorphism H®(C™\ L)@ H*(C"2\L?) = H*(C™+72\
LM x L),

Let A®(e1,...,e;) denote the exterior algebra over Q with a generator e; in degree 1 for each
hyperplane L;. For aset I = {i; < ... <id,} C {1,...,l} we set e = e;; A--- A e;, with the
convention ey = 1.

Let Re(L) be the ideal of A®(eq,...,e;) generated by the elements ey for subsets I C {1,...,1}
such that L; = @.

The following theorem is a particular case of the Brieskorn-Orlik-Solomon theorem (for a
detailed proof of the general case, see [OT92, Theorems 3.126 and 5.89]).

Theorem 2.2.2. Let L be an affinely generic hyperplane arrangement.
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1. There is an isomorphism of graded algebras

A®(e1, ... e)/Ra(L) =5 H*(C"\ L) (2.7)
1 df; . )
that sends e; to the class of the form w; = 57, where f; is any linear form that
T Ji

defines L;.
2. This isomorphism is functorial in the following sense.

(a) the deletion morphism H®*(C" \ L') — H®*(C"\ L) is given by e; + ey for I C
{1,...,1—1}.

(b) the restriction morphism H*(C"\L)(1) — H* Y(L;\L") is given, for I such thatl ¢ I,
byer— 0 and ef ANe; — ej.

(¢c) The Kiinneth isomorphism H®(C™ \ LM)@ H*(C"\ L®?)) = g*(Cm+n2\ L) x L(2))
is given by er, @ er, — er, LI, -

Remark 2.2.3. The first part of Theorem implies that the mixed Hodge structure underly-
ing H®(C™\ L) is pure of weight 2k and of Tate type: it is a direct sum of a certain number of
copies of Q(—k).

Remark 2.2.4. If I C {1,...,l} has cardinality > n then L; = @ by definition of an affinely
generic hyperplane arrangement. Hence implies that H*(C" \ L) = 0 for k > n. This is
also a consequence of Artin vanishing since C" \ L is an affine algebraic variety of dimension n.

2.2.2 Affinely generic bi-arrangements of hyperplanes

A bi-arrangement of hyperplanes (L; M) in C™ is the data of two disjoint sets L = {Lq,...,L;}
and M = {M,..., M,} of hyperplanes in C". Equivalently, it is a 2-partition of the underlying
hyperplane arrangement L UM = {L1,...,L;, My, ..., M,,}. As the notation suggests, both L
and M are linearly ordered. We say that (L; M) is affinely generic if L U M is, which means
that it is a normal crossing divisor in C". In the sequel, we will only consider affinely generic
bi-arrangements of hyperplanes.

Among the relative cohomology groups H*(C™\ L, M \ M N L), we will focus on the middle-
degree one: we set
H(L;M) = H"(C"\ L, M\ M nL).

According to Deligne [Del74], H(L; M) is endowed with a functorial mixed Hodge structure.
It is clear (and will be re-proved in the proof of Theorem @ that this is actually a mixed
Hodge-Tate structure. This means that for all £ we have gr;,zHH(L; M) =0, and gr¥ H(L; M)
is isomorphic to a direct sum of the Tate structures Q(—k). The graded quotient gryy H(L; M)
is 0 for k ¢ {0,...,n}.

Theorem 2.2.5. Let (L; M) be an affinely generic bi-arrangement in C". Then for all k =
0,...,n we have a presentation

el H (L M) = (MF(er, o) @ A5 (f1, o fon) ) [ R(L; M) (2.8)

where Ry (L; M) is spanned by the elements
— e QfyifLinMy=2, |I|=k, |J|=n—k.

- e® (Z Sgn({J},J')fJ'u{j}> for Il =k, |J'|=n—k—1.

J¢J
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Proof. Let us denote by j : C"\ (LU M) < C™\ L the natural open immersion. Then H*(C"\
L,M \ M N L) is the cohomology of the sheaf jiQcn\(runr)- One readily checks that we have a
resolution

0 = 51Qcm (zuary = Qo = )« Quipainr, — (i)« Qua\nyynr — -

7 1<J

where tj: My \ MjynN L < C"\ L denotes the natural closed immersion. More precisely let us
set

KP = @ (12)«Qurar,nr
[J|=p

and d : KP — KPT! is given by the natural restriction morphisms

(LJ)*QMJ\MJQL - (LJu{j})*@MJU{j}\Mju{j}mL

for j ¢ J, multiplied by the sign sgn({j},J). We then have a quasi-isomorphism

H1Qcm\(Luny = K°.

Let w be the descending filtration on K® given by wPK® = K=P. The corresponding hypercoho-
mology spectral sequence is

EP? = @ HI(M;\ My N L) = ERY = grh HP*(C"\ L, M\ M N L)
|J|=p

On the Ei-term, the differential d; is given by the natural restriction morphisms
HY M\ MyNL)— HY My \ Myugy N L)

for j ¢ J, multiplied by the sign sgn({j}, J).

According to Deligne [Del74} 8.3.5], this spectral sequence is a spectral sequence of mixed Hodge
structures. Since by Remark the mixed Hodge structures H4(M; \ M; N L) are pure of
weight 2¢, the spectral sequence degenerates at Fs: Fo, = Eo. The same argument implies that
on H*(C"\ L,M \ LN M), w is (up to a shift) the canonical weight filtration.

According to Remark we have HF(Mj;\ M;NL) =0 for |J| >n — k. Thus in degree n
we get

gry H(L; M) = Coker ( D H My \MynL) 2t P H M\ My L))
|J'|=n—k—1 |J|=n—k

which is obviously 0 if k& ¢ {0,...,n}. Introducing basis elements f;, Theorem tells
us that H*(M;\ My N L) has a presentation given by generators e; ® fs, |I| = k, and re-
lations ey ® f; = 0 if Ly N My = &. Since the differential is given by dj(e; ® fy) =

er® Z sgn({j}, J’)fjlu{j}) , this implies the theorem. O
j¢J’
Remark 2.2.6. In order to do explicit computations, we introduce a useful acyclic model for the

complex of sheaves K¢ := K* ® C. For (L; M) an affinely generic hyperplane arrangement, let
us define a double complex of sheaves on X

Wian = D (51,).Qy, (log L)
|J|=p
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where Q3 (log L) is the complex of logarithmic forms defined in [Del71} 3.1], and 2‘(%/;] is the in-
clusion of M inside C". The horizontal differential Ql(’f’; My QI(JZEJ) is given by the restriction
morphisms Q}, (log L) — (z’%‘;mMj )*Q?\/[Ju{j} (log L) for j ¢ J, multiplied by the sign sgn({j}, J).
The vertical differential Qf’Lq; Ay Q]()’LQ;LI) is the exterior differential on forms. We let Q7; ,/ de-
note the total complex. Using [Del71, 3.1.8]., one easily proves that we have a quasi-isomorphism

K* = Q-

We adapt the notions of deletion and restriction to the setting of (affinely generic) bi-
arrangements. Furthermore, we allow ourselves to iterate them. Thus, for a subset Iy C
{1,...,1} (resp. Jo C {1,...,m}) we consider the deletion (L(Iy); M) (resp. (L;M(Jy)) ob-
tained by forgetting the hyperplanes L;, i ¢ I (resp. the hyperplanes M;, j ¢ Jy), and the
restriction (Lp,|L(Io); M) (resp. (My,|L; M(Jy))) obtained by considering the intersections of
the hyperplanes with Ly, (resp. with My,).

On the relative cohomology groups H(L; M), we get natural deletion/restriction morphisms,
which are computed in the next Theorem.

Theorem 2.2.7. The isomorphism (@ is functorial in the following sense.

1. For a subset Jo C {1,...,m}, the deletion morphism H(L; M) — H(L;M(Jy)) is given
byerR@fr—0ifJ g Jyander® f5—er® frif J C Jo.

2. For a subset Jy C {1,...,m}, the restriction morphism H(M,|L; M(Jy)) — H(L; M) is

given, for J C Jy, by
er @ frrer @ (fi A f1) =sgn(Jo, J)er ® frus-

3. For a subset Iy C {1,...,l}, the deletion morphism H(L(ly); M) — H(L; M) is given,
for I Cly, byer® fr—er® fr.

4. For a subset In C {1,...,1} of cardinality ko, the restriction morphism H(L; M)(ko) —
H(Lp,|L(Iy); M) is given, for I C Iy, by e @ f; +— 0, and

erury @ fr=sgn(l, Io)(er ANer,) ® fy—sgn(l, lp)er @ f.

5. The Kiinneth morphism H(L™M; MMW) @ H(L®; M®) — H(LM x L&; MM x M®)) is

given by (611 ® fJ1) ® (612 ® sz) — (611L|I2) ® (fJ1L|J2)'
Proof. 1. It is obvious.

2. Let kg be the cardinality of Jy. Let us denote Ko the complex of sheaves correspond-
ing to (My,|L; M(Jp)) as defined in the proof of Theorem m The restriction mor-
phism H(Mj,|L; M(J)) — H(L; M) is defined by a morphism & : K% — K.

By definition we have

—k
Ko = @ (LJouJ)*@M(,OU(,\M(,OU(,mL
|J|=p—ko
JoNJ=2
which is obviously a sub-sheaf of KP. We define ® by multiplying the natural inclusion by
the sign sgn(Jy, J) on the component indexed by J. We check that with this sign, ® is a
morphism of complexes of sheaves, and the claim follows.

3. It is obvious.
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4. Tt is enough to do the proof over C and work with the models defined in Remark
The residue morphism is then given by morphisms (with obvious notations)

P.q C" Yy, QPaho
Q(L;M) — (ZLIO )*Q(LJO |L(TO)7M)

which are induced by the residue morphisms
M —k -
Q?\JJ (log L) — (ZL[;mMJ)*QqLIOr%MJ (log L(1o))
defined in [Del71, 3.1.5]. The formula follows.
5. We also work over C with the models defined in Remark It is easy to check that the

Kiinneth morphism is given by the cup-product

()" 2,0 (108 LV) @ (p2)" Q) (l0g L&) — QUL | o) (log L x L)
1 2 1 2

and the formula follows.

2.3 Dissection polylogarithms

In this section, we focus on C-decorated dissection diagrams, which we simply call decorated
dissection diagrams.

2.3.1 The bi-arrangement attached to a decorated dissection diagram
Definition

We attach to any decorated dissection diagram D of degree n a bi-arrangement (L; M) inside C".
The equations of the L;’s depend on the chords of D and their decorations, while the equations
of the M;’s depend on the decorations of the sides of the polygon (hence not on the combina-
torics of D).

Let us recall that the total directed graph I'(D) of D is the graph whose vertices are the (n+ 1)
vertices of II,,, and whose (2n + 1) directed edges are the chords of D and the sides of II,,
oriented clockwise.

Let us work in the complex affine space C" with coordinates (t1,...,t,). To each edge
in I'(D) we associate a hyperplane in C" in the following way:

— To an edge e—“:8 between two non-root vertices, we associate the hyperplane ¢; —t; —a = 0.
— To an edge -2 o that goes to the root, we associate the hyperplane ¢; — a = 0.

— To an edge o —%se that comes from the root, we associate the hyperplane —t; — a = 0.

Hence the rule is always the same: we interpret the vertex i as the coordinate ¢;, and the
root as 0. The third case above only occurs for the side labeled 0.

We label Lq,..., L, the hyperplanes given by the chords of the decorated dissection dia-
gram D, L; being given by the i-th chord (which by definition is the chord starting at the
vertex 7). Hence L; is defined by t; — t; — a; = 0 if the i-th chord goes to the j-th vertex, and
by t; —a; = 0 if it goes to the root.
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We label My, My, ..., M, the hyperplanes given by the sides of the polygon II,, in clockwise
order. They are defined by My = {t1 = —bo}, M; = {t; = tj;1 +b;} for j =1,...,n—1,
and M, = {t, = b,}.

This defines a bi-arrangement
(L; M) = (L1,...,Ly; Mo, My, ..., My,)

in C™.

Ezample 2.3.1. Let us look at the decorated dissection diagram D of degree 3 from Exam-
ple Then the bi-arrangement (L1, Lo, L3; Mo, My, Ma, M3) in C3 is defined by the equa-
tions L1 = {tl—a1 = O}, Lo = {tQ—tl—QQ = 0}, L3 = {tg—tl—ag = O}, My = {tl =
—b(]}, M; = {tl =12+ bl}, My = {tg =t3+ bQ}, M3 = {t3 = bg}.

The combinatorics of the bi-arrangement (L; M) can be read directly off the dissection dia-
gram, as the following Lemma shows.

Lemma 2.3.2. Let D be a decorated dissection diagram with generic decorations. Let I C
{1,...,n} be a set of chords of D and J C {0,...,n} be a set of sides of D. We view [ U J as
a subgraph of the total directed graph T'(D).

1. LiNMjy= @ if and only if the graph I U J contains an undirected cycle.
2. If Ly N My # &, then codim(L; N My) = |I]| + |J|.
Thus the bi-arrangement (L; M) is affinely generic.

Proof. If there is an undirected path of total decoration A from the vertex ¢ to the vertex j
in I U J, then for any point (ti,...,t,) € Ly N My, we get t; = t; + A. If 1 U J contains
an undirected cycle, then it contains some simple cycle with total decoration A # 0. Let ¢
be a non-root vertex inside this simple cycle. For a point (¢1,...,t,) in Ly N M;, we get by
definition ¢; = ¢; + A, which is impossible. Thus L; " M; = @.

Conversely, one easily sees that if I U J does not contain an undirected cycle then Ly N M; # &
and codim(L; N My) = |I| + |J|. O

Operations on dissection diagrams and bi-arrangements

We can now explain the conventions from § [2.1.4] on dissection diagrams.

— If we change the direction of an edge and multiply its decoration by —1, this does not change
the equation given by this edge.

— The convention for the contraction of edges accounts for the restriction of hyperplanes in bi-
arrangements. Indeed, let us look at a restricted bi-arrangement (L;|Lq, ... ,fi, ooy Ly M).
If we choose the coordinates on L; = C"! to be (t1,...,t;,...,t,), then the equations of
the hyperplanes in this restricted bi-arrangement are exactly given by the edges of the graph
resulting from the contraction of the i-th chord, with the convention from § 2.1.4] The same
is of course true for a restriction of some hyperplane M;, j > 1.

This allows us to reinterpret the operations go and r¢ in terms of restriction and deletion of
bi-arrangements.

Lemma 2.3.3. Let D be a decorated dissection diagram of degree n and (L; M) the corresponding
bi-arrangement in C". Let C C € be a set of chords of D.
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1. For each o, let (L(a);M(a)) be the bi-arrangement corresponding to the dissection dia-
gram q&(D). We have an isomorphism of bi-arrangements

[T (2@ M@) = (Le|L(C); M).

2. The bi-arrangement of the dissection diagram rco (D) is
. "ot
(Myg‘ L(C); Mo, M ().

Proof. 1. Let us recall the partition C' = | |, C(a). The equations of the bi-arrangement (L(®); M ()
are written in coordinates t;, i € C(a), hence the product [, (L(®); M(®) is a bi-arrangement
in an affine space with coordinates ¢;, i € C. The same is true of (Lo |L(C); M). We then
describe the isomorphism.
Let us denote by D/C' the graph obtained by contracting the chords from C its non-root
vertices are labeled by C. For each «, the root of ¢&(D) in D/C is either the root of D
or a non-root vertex p(a) € C. We let t(a) = 0 in the first case, and t(a) = t,() in the
second case. The isomorphism is then defined by the change of variables t; = t; + t(«)
for i € C(a).

2. Tt is straightforward, if we choose the coordinates t;, i ¢ C, on L;.
O

Example 2.3.4. Let us look at Example [2.1.16 and illustrate the first point of the above Lemma.
On L3 with coordinates (t1,t2), the change of variables is defined by ¢ = t], to = t), — t}. Then
for instance the equation t2 — ag = 0 becomes t, — ] —as = 0.

2.3.2 Definition of the dissection polylogarithms

We fix a decorated dissection diagram D of degree n and assume that its decorations are generic.
The following is a special case of the definition of Aomoto polylogarithms, see

The differential form wp

For i = 1,...,n, let ¢; be the linear equation for the hyperplane L; defined in the previous
paragraph, of the form ¢; = ¢; —t; —aj; if the i-th chord goes to the j-th vertex, and by ¢; = t;—a;
if it goes to the root. We then set

dty A ... A dty,
wp = dlog(¢1) A ... Adlog(e,) = et BARSSE AL
P1---$Pn

It is a meromorphic n-form on C™ and its polar locus is exactly the union L = L1 U ... U L,.

The integration simplex Ap

In the previous paragraph we have defined a family of hyperplanes My = {t; = —bo}, M; =
{ti=tjipa+bjtforj=1,...,n—1,and M,, = {t, =bp}. Weset M =MoUM; U...UM,.
We fix a singular n-simplex Ap inside C" \ L such that for all j =0,...,n, 9jAp C M;. The
existence of such a simplex is guaranteed by the fact that the decorations being generic, L U M
is a normal crossing divisor inside C" (Lemma [2.3.2]).

Definition 2.3.5. We set
(D) = / wp €C
Ay

and call it the dissection polylogarithm attached to the dissection diagram D.
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The above integral is absolutely convergent since the integration simplex Ap does not meet
the polar locus L of the form wp.

As the examples in the next paragraph will show, the integral I(D) really depends on Ap
(though only via its homology class [Ap] € H,(C™" \ L, M \ M N L)). Thus, the notation (D)
is abusive. We allow ourselves that abuse for at least two reasons. Firstly, there is no canonical
way of choosing [Ap] for all decorated dissection diagrams; if one looks at specific families
of dissection diagrams and/or decorations (see the examples in the next paragraph) then this
may sometimes be achieved. Secondly, we will replace (see Definition the dissection
polylogarithms I(D) by motivic versions I(D) that only depend on the decorated diagram D,
and not on the homology class of Ap.

Remark 2.3.6. A dissection polylogarithm is a special case of an Aomoto polylogarithm in the
sense of [BVGS90]. To make the connection with the setting of [BVGS90] precise, one has to
work in the projective setting, adding the hyperplane at infinity L. One has to notice that in
this case we get a pair of simplices (L; M) inside P"(C) which is not in general position: it is
highly degenerate at infinity. Thus we are not in the case studied by J. Zhao in [Zha00].

2.3.3 Examples of dissection polylogarithms

We study some families of dissection polylogarithms.

0
0 0 0
bo b1
, N4

Figure 2.6: A decorated dissection diagram of degree 1; the decorated corolla corresponding
to the iterated integral I(ag; a1, az,as,aq;as); the decorated path tree corresponding to the J-
integral J(b; a1, as,as,ay).

Degree 1: logarithms

Let D be a decorated dissection diagram of degree 1 (see Figure [2.6). The genericity as-
sumption on the decorations reads:

a1 +by#0,a1 —by 0, by + by #0

We have ¢1 =t — aj so that L1 = {a1} and wp = dt_ We have My = {=bo} and M; = {b1},

t—a

so that Ap is any continuous path from —by to b1 in C\ {a;}. We then have

b1 dt ai — by
I(D) = / =lo ( > .
( ) _bot—al & a1+b0
As is well-known, this number is well-defined up to an integer multiple of 2iw, depending on the
number of times that the path of integration winds around a;.




56 CHAPTER 2. THE HOPF ALGEBRA OF DISSECTION POLYLOGARITHMS

Corollas and iterated integrals

This example generalizes the previous one. Let us consider the case where D is a corolla
of degree n, which is the case when all chords of D point towards the root. In this case we
have p; =t; —a; for all i = 1,... n, so that

dti A+ Ndty,

(tl - al) T (tn - an)

wp =

By performing the change of variables
th =t1,th=to+ by, th =t3+by +ba,....t0 =t +b+...+0by

we can always assume that the decorations on the sides of D are all 0 except for the first and the
last one. We then put ag = —by and a,4+1 = by, so that the genericity condition reads: a; # a;
for 0 <i# j <n+1 (see Figure[2.6).

We denote by A(ag,an+1) the integration simplex Ap. Its boundary is given by the hyper-
planes t; = ag, t; = t;j11 for j = 1,...,n, and ¢, = ap41. The corresponding dissection
polylogarithm is the generic iterated integral

I( ) / dty---dty

ap; a1y ..., Ap;Apt1) = .
e A(ao,an+1) (tl - al) T (tn - an)

In general, the dissection polylogarithms cannot be interpreted directly as iterated integrals

in the above sense (however, see Theorem [2.3.12] for an abstract statement on a reduction to
iterated integrals).

(2.9)

Path trees and J-polylogarithms

Let us consider the case where D is a path tree of degree n. In this case we get

dti N\ - Ndty,
(ti —ta—a1)(ta —tg —az) - (tn—1 —tn — an—1)(tn — an)

As in the previous example, we can perform a change of variables so that the edge decorations

wp =

are bg = —b, by = --- = by_1 = b, = 0 (see Figure .
Let us write, for all I C {1,...,n}, af = > ;cr ai. Then the genericity condition on the decora-

tions reads: for all i = 1,...,n, a; # 0 and for all I C {1,...,n}, a; # b (which includes the
condition b # 0 for I = @).
The corresponding dissection polylogarithm is denoted
dty---dt,
,CLn) - / :
A(b,0) (tl — 1ty — al) te (tn—l —tn — an—l)(tn - an)

,,]](b; at, ...

2.3.4 Relations among dissection polylogarithms

We describe certain families of relations between dissection polylogarithms that one can describe
combinatorially on the dissection diagrams.

Translations

Let D be a decorated dissection diagram of degree n; let us fix a non-root vertex ¢ € {1,...,n}
and A € C. Let 7;(\).D be the decorated dissection diagram obtained from D by adding A to
the decoration of every edge of I'(D) going to i, and substracting A from the decoration of every
edge of I'(D) leaving i.
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x—i—\i y—A
J:’+/ )

Proposition 2.3.7. The decorations of 1;(\).D are generic if and only if the decorations of D
are generic. In this case we have the equality

(R1): I(D) = I(r;(\).D).

Proof. The first statement is straightforward. The equality follows from the change of vari-
ables t; — t; — A in the integral defining I(D). Of course the simplices Ap and A,y p are
chosen in a compatible way: A () p is the image of Ap under ¢; — t; — \. O

Rotating a dissection diagram

Let D be a decorated dissection diagram of degree m; let DT be the dissection diagram
obtained from D by rotating the labels of the (n + 1) vertices of D in clockwise order. One has
to flip a certain number of chords so that all the chords in D' point towards the root (which
was formerly vertex 1). The rule for flipping chords is given in §

D D"

Proposition 2.3.8. The decorations of DV are generic if and only if the decorations of D are
generic. In this case, let € be the signature of the permutation relating the orders of the chords
in D and in DT. Then we have the equality

(R2) : I(D) = (—1)"e (D).

Proof. The first statement is straightforward since I'(D) = I'(D*) as decorated directed graphs.
Let us perform the change of variables f(t1,...,t,) = (t2 — t1,t3 —t1,...,tn—1 — t1, —t1) in the

integral defining I(D):
Ap f=1(Ap)

Now Ap+ is chosen to be f~!1(Ap), but with the orientation multiplied by (—1)": indeed, we
perform a cyclic permutation of the (n + 1) faces of the simplex. As the differential forms are
concerned, we get by definition f*wp = ewp+, hence the result. O

Stokes’ theorem

Let us consider a set of n non-intersecting chords in II,4; such that the graph created by
the chords is acyclic. For such a diagram D and a side s € {0,...,n+ 1} of II,, 41, we let dsD
be the graph obtained by contracting the side s. One easily checks that there exist exactly two
sides 7 and j of D such that 8;D and 83-15 are dissection diagrams.
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J

Now let us suppose that the chords of D are directed and that we are given a decoration on the
total directed graph of D. Then D gives a bi-arrangement (L; M) = (L1, ..., Ly; Mo, My, ..., My11)
in the same fashion as in §[2.3.2]

For a side s € {0,...,n + 1}, the bi-arrangement given by 95D is exactly the restric-
tion (Ms|L; My, ..., ﬁs, .oy My11), with natural coordinates (1, ... sy ytnt1) on M (the
rule for contracting edges is given in §

To sum up, 9;D and ajf) are decorated dissection diagrams. One way of coherently choosing
the singular simplices Aai 5 and A ;D is to choose a singular simplex A such that 858 C M, for

all s, and to put Aaﬁ = E?iﬁ and Aaﬁ = @E.
7 J

Proposition 2.3.9. If the decorations on D are generic then the decorations on 9D and c%f)
are generic too. In this case, let siN(resp. £j) be the signature of the permutation relating the
orders of the chords in D and in 0;D (resp. 0;D). Then we have the equality

(R3) : (—1)%; I(8;D) + (1), I(9;D) = 0.

Proof. The first statement is straightforward. Let w be the differential n-form on C"+! given
by the n decorated chords of D as in It is a closed form so by Stokes’ theorem we get

n+1
-1 8/ w,. ~=0.
SZ:;)( " Joz 0
For s ¢ {i,j} we get Wak = 0; the result then follows from the equalities Wak = €iWsh
and w O

;A = €i%, b
Orlik-Solomon relations

Let us consider a set of (n + 1) non-intersecting chords in II,, such that the graph created
by the chords has Betti number 1. For such a diagram D, let C' be the unique simple cycle. For
every chord ¢ € C, we get a dissection diagram D \ {c} by deleting c.

<~

Now let us suppose that the chords of D are linearly ordered by {1,...,n+ 1} and directed and
that we are given a decoration on the total graph of D. Then for every chord ¢ € C we get
a decorated dissection diagram D \ {c}. Tt has to be noted that one may have to reorder the
chords in D\ {c}. One can compute all the dissection polylogarithms I(D\ {¢}) using the same
choice of integration simplex.

Proposition 2.3.10. Let us suppose that among all simple cycles in the total graph of lA), Cis
the only one whose total decoration is 0. Then for every chord ¢ € C, the decorations on D\ {c}
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are generic. For c € C, let us denote by €(c) the product of the signs sgn({c},C\ {c}), sgn(C'\
{c},{1,...,n+1}\ C), and the signature of the permutation reordering the chords in D\ {c}.
We then have the equality: R
(R4) : Z e(c) I(D \ {c}) = 0.
ceC

Proof. The first statement is straightforward. Since the total decoration of C' is 0, one easily sees
that the hyperplanes L., for ¢ € C, are linearly dependent. Thus, we have the Orlik-Solomon
relation [OT92, Lemma 3.119]

> sen({c}, O\ {ch) woge = 0.

ceC

Multiplying on the right by wiy  n41pc We get

Z sgn({c}, C \ {C})Sgn(c \ {C}, {17 S 1} \ C) W{L,..,n+11\{e} = 0.
ceC

The result then follows from the fact that wyy  nq1)\(e} 18 Wh\ (¢} UP to the sign implied by the
reordering of the chords in D\ {c}. O

Remark 2.3.11. All the above relations are special cases of the “scissors congruence relations”
between Aomoto polylogarithms [BVGS90, 2.1]. The translation relation (R1) and the rotation
relation (R2) are special cases of projective invariance under particular subgroups of PGL,,+1(C).
Stokes’ theorem (R3) is a particular case of the intersection additivity relation with respect to M,
which has been shown [Zha00), Proposition 2.4] to follow from the scissors congruence relations.
The Orlik-Solomon relation (R4) is a particular case of the additivity relation with respect to L.

2.3.5 Reduction to iterated integrals

Theorem 2.3.12. Let D be a generic decorated dissection diagram. Then the dissection polylog-
arithm I(D) can be written as a linear combination with integer coefficients of generic iterated
integrals I(ag; a1, . .., an; any1) where the a;’s are linear combinations with integer coefficients of
the decorations of D.

Proof. It is enough to prove that using relations (R2), (R3), (R4), one can write I(D) as a
linear combination with integer coefficients of dissection polylogarithms I(X) for X a corolla
with generic decorations as in the statement of the Theorem. Indeed, using relation (R1), one
can always perform a change of variables so that any I(X) is an iterated integral.

Because the chords of D do not cross, at least one chord has to connect consecutive vertices
of II,,. Thus, using relation (R2), one can assume that in D there is a chord between 1 and the
root.

We prove by induction on k = 1,...,n that using relations (R3) and (R4), one can write (D)
as a linear combination with integer coefficients of generic dissection polylogarithms involving
dissection diagrams where the first k£ non-root vertices are linked to the root, with decorations
as in the statement of the Theorem. The case k = 1 has already been settled, and the case k =n
gives the Theorem.

Let us suppose that in D all vertices between 1 and k are linked to the root by a chord. There
are two cases to consider.

Case 1: there is no chord going to the vertex k. Let us then consider the chord from the
vertex vg = k + 1. If its endpoint is the root then we are done. Else, its endpoint must be a
vertex v1 € {k+2,...,n}. Let us consider the sequence of chords

Vo cp V1 c1 V2 c2 Ur cCp
oe—e—He—> - e—> O
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going to the root, where ¢; has decoration a;. Let D be the diagram obtained by adding to D
a chord c from k + 1 to the root decorated by the sum ag + a1 + as + ... + «,. Then we have
created a simple cycle C' = (¢, cp,c1,...,¢) and we are in the situation where we can apply
relation (R4). Since D\ {¢} = D by definition we get

_ S +1(D\ {e])
=0

and for every i = 0,...,r, D\ {¢;} is a dissection diagram in which all vertices between 1
and k + 1 are linked to the root. Moreover its decorations are linear combinations with integer
coefficients of the decorations of D.

k Vo k k
D=D\{c} D\ {co} D\ {e1}

Case 2: there are chords going to the vertex k. We are going to use relation (R3) to reduce to
Case 1. Let D be the diagram obtained by opening the angle between the chord going from k
to the root and the first of the chords going to k, as in the picture below. The decoration of the
new edge is 0. Then by definition we get 8kD D. The other 8lD that is a dissection diagram
has no chord arriving at k. Thus, relation (R3) gives

I(D) = +1(9,D).

The decorations of 9D are linear combinations with integer coefficients of the decorations of D,
and we are reduced to Case 1.

SRS

D= 8kD l
O

Remark 2.3.13. The algorithm defined in the above proof is not canonical in any sense. It is
worth noting that the number of iterated integrals that appear in the final sum is between 1
(for D a corolla) and (n — 1)! (for D a path graph).

For these reasons, Theorem should be taken as a technical tool, and not as an abstract
statement on the internal structure of dissection polylogarithms.

2.4 Motivic dissection polylogarithms and their coproduct

As in the previous section, the decorations on dissection diagrams are implicitly taken in C.
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2.4.1 Motivic dissection polylogarithms

Let D be a generic decorated dissection diagram. Let (L; M) = (Li,..., Lp; Mo, My, ..., M)
be the bi-arrangement in C" corresponding to D (see[2.3.1). With the notations of we set

H(D) = H(L; M).

According to Theorem it is a mixed Hodge-Tate structure with non-negative weights
between 0 and 2n and we have

e gt H(D) = A"(ey,...,e,) which is one-dimensional with basis

v(D)=e1 A+ Aep.

e gr)V H(D) is isomorphic to the quotient of A™(fy, f1,. .., fn) by the vector space spanned
by the elements

(1) fo A AFiN - Afu= (=D fo A AT A A
for 0 <7 < j < n. Hence it is one-dimensional with basis fi A... A f,. We let

p(D) = f' A A S
v
be the dual linear form in (grgVH(D)) .
Definition 2.4.1. We set
(D) = (H(D),v(D), (D)) € HY'MT>
and call it the motivic dissection polylogarithm corresponding to D.
More geometrically, we get

gryV H(D) = H(C"\ L) = Q[wp]

so that v(D) is the cohomology class of the the n-form wp. We also have a commutative diagram

H(D)V H,(C"\L,M\ MNL)

I

(axt” H(D))V H,(C™, M)

Let Ap be any integration simplex for (D), and [Ap] its homology class in H,,(C"\L, M\MNL).
Then p(D) = p([Ap]) € Hp(C™, M) is canonical and does not depend on the choice of [Ap]. It
corresponds to an oriented simplex in C™ whose boundary is contained in M.

To sum up, we have
I*(D) = (H(D), [wp], # ([Ap])) -

Remark 2.4.2. This is a particular case of the construction of motivic Aomoto polylogarithms

explained in §I.5
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Remark 2.4.3. In a particular situation where one has a preferred choice of [Ap], then a more
natural thing to do is to work in the algebra PMHTSe and not in HMHTS | as explained in
A candidate for the motivic dissection polylogarithm is then

IP(D) = (H(D), [wp], [Ap]) € PMTSM.
Its period is
per(I”(D)) = I(D)

computed with the same choice of Ap.

Via the surjection , I7(D) is mapped to I"™(D). We stress the fact that I7(D) only
depends on the (generic) decorated diagram D, whereas I(D) and I7(D) also depend on the
choice of a homology class [Ap| € H,(C*"\ L,M \ M NL).

Theorem 2.4.4. The relations (R1), (R2), (R3), (R4) from Propositions|2.5.7,|2.3.8,(2.3.9,12.5.1()
remain true if we replace the dissection polylogarithms I(D) by their motivic versions 1"(D).
Thus, Theorem[2.3.13 is also true in the motivic setting.

Remark 2.4.5. Of course, Remark also applies in this setting. Furthermore, it is worth
noting that the reduction to iterated integrals does not tell us anything about the combinatorial
shape of the coproduct of the motivic dissection polylogarithms (Theorem below).

Proof. We will not use this result in the sequel so we just sketch the proof that (R3) is true
in the motivic setting. Let (L; M) = (L1,..., Ly; Mo, M, ..., Mp41) be the bi-arrangement of
hyperplanes given by D. By definition &; I7(9; D) is the triple

o~

(H(MGL; Mo, .. M, ., Mygr),ex A A, fY Ao AFY A A L)
Thus, using the natural morphism
H(M;|L; Mo, ..., M;, ..., Mpy1) = H(L; M)
from Theorem we see that this triple is equivalent to
(H(L; M), (ex A+ Nen) ® fis Y A FY A AT A A FLD),
hence (—1)%e; I™(8;D) is the triple
(H(L; M), (ex A Nep) ® fiy = Ao A friq)
and the sum (—1)%e; I*(8;D) + (—1)7e; I*(9; D) is the triple
(H(L; M), (er A+ New) ® (fi+ £)—fY A A Fy).

Thus it is enough to prove that (eq A--- Ae,) ® (fi + f;) = 0.
For s ¢ {i,j}, L1 N+~ N L, N Ms = & because the corresponding subgraph in the total graph
of D has a cycle. Hence the first relation of Theorem gives (e1 A -+~ Nep) ® fo =0 and

n+1
(1A Ae) @ (fit fi)=(e1A---New) @) fs=0
s=0

using the second relation. ]

Remark 2.4.6. The above theorem is also valid if we work in PMHTS<f with the elements 17 (D)
(see Remark in this setting the integration simplices have to be chosen coherently as in

£33,
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2.4.2 The computation of the coproduct

Proposition 2.4.7. Let D be a generic decorated dissection diagram and k € {0,...,n}. The
classes of the elements

be=ec® [y
C
for C C € ~{1,...,n}, |C| =k, form a basis of griy. H(D).
Proof. From Theorem [2.2.5| we get a presentation
el H(L; M) = @ Qer @ (N7F(fi,..., ) /Ri(L; M)
\1|=k
where Ry(L; M) is spanned by the elements
1. f;ifLiNnM;=0.

2. > sen({j}, J) frogy for |[J|=n—k—1.
2
Let us fix a subset I C {1,...,n}, viewed as a subset C' C € of chords of D. We want to prove
that the quotient of A" *(fy, f1,..., fn) by relations 1. and 2. above is one-dimensional with
basis element f s

1. Let us write {0,...,n} = % = S(0)U--- U (k) the partition (2.3) of . given by
the dissection defined by C. From Lemma [2.3.2] and Lemma [2.1.6] we see that the only
subsets J C {0,...,n} such that L; N M; # & are

S (uo, -+ ug) = (Fe(0) \ {uo}) U --- U (Lo (k) \ {ur})

for some choice of u, € So(a).
Thus the quotient of A" %(fo, f1,..., fn) by relation 1. has a natural basis consisting of
the elements fJ(qu_’uk).

2. Let us write f(uo, ..., Ux) = f(ug,...,u,) for simplicity. We investigate the relations between
the elements f(ug,...,ux) implied by relation (2). The only non-trivial ones come from
subsets

J' = (Fe(0)\ {uob) U+ U (Fe(i) \ {as, bi}) U - L (Lo (k) \ {ur})

with a; # b;, and are of the form

sen({a;}, J) f(uo, -y aiy. - ug) +sgn({bi}, J') f(ug, .., biy ..o yug) =0 (2.10)

Hence in the quotient of A" (fo, ..., f,) by relations 1. and 2., all the elements f(ug, ..., us)
are equal up to a sign, hence this quotient is spanned by any of these elements. If we
choose u, = min(-Zc(a)) for each a, we get J(ug,...,u;) = 74 by definition. Thus all
there is to prove is that the elements f(uo,...,ux) are all non-zero in the quotient. This
follows from a compatibility between the signs in formula , which is the content of
the next Lemma.

O
Lemma 2.4.8. Let us define a graph whose vertices are the tuples (ug, . . ., ur) with u, € Lo ()
for every a = 0,...,k. We put an edge between the pairs of the form (ug,...,ai,...,ux)

and (ug, ..., bi, ..., ug) for a; # b; in Sc(i). Let us decorate such an edge by the sign
—sgn({a;}, J') sgn({bi}, J')

with J' = (Se(O)\ {uo}) U+~ U (Le (i) \ {as, b} U+ U (Lo(k) \ {ux})-
Then for every loop in this graph, the product of the signs of the edges of the loop is 1.
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Proof. See O
The main result of this chapter is the following.

Theorem 2.4.9. The coproduct of the motivic dissection polylogarithms is given by the formula

AI*D)) = Y ()P (ge(D)) @ I (re(D)) (2.11)
Cc?(D)

where 1" (qo (D)) is understood as the product [, I (q&(D)).
In other words, the morphism

DE(C) — HMHTS | D T(D)
1s a morphism of graded Hopf algebras.
Proof. According to formula (1.10)) and Proposition we get

cc{1,..,n}
|Cl=k

1. We show that (H(D)(k),v(D),b%) = £I"(qc(D)).
First, let us look at the bi-arrangement

(Le|L(C); M).
By Lemma 2.3-3 and the Kiinneth isomorphism, we have an isomorphism
H(Ls|L(S); M) = ) H(q5(D))
hence the graded 0 part B
gry H(Lo|L(C); M)

is one-dimensional and spanned by the vector A, f S (a) = +f o
C
Let us consider the residue morphism (Theorem [2.2.7)

H(D)(k) — H(L¢|L(C); M).

On the grg[(/nik) part, it sends v(D) = ey A A€, to sgn(C,C)eg.
On the gr/’ part, it sends bc = ec ® fyg to ffg and all the other basis elements b to 0.
Thus it gives an identification

(H(D)(k),v(D),b¢) = sen(C, O)(H(Lc|L(C); M), ez, £1)-

For each «, let v& : C(a) 5 4 () be the bijection 1) given by the dissection dia-
gram ¢&(D), and let vo : C 5 5”5 be the bijection induced by the v&’s. This bijection
accounts for the reordering of the hyperplanes, and gives a sign

(H(Lo|L(C); M), eq, [5+) = sen(vo) [[7(ae(D))

hence the equality

(H(D)(k),v(D),bt:) = sgn(C, C) sgn(ve) ™ (qc(D)).
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2. We show that (H(D),bc, (D)) = £1(rc(D)).
First let us consider the bi-arrangement of hyperplanes

(14 10031020 (7))

According to Lemma [2.3.3] it is exactly the one given by the dissection diagram rc(D),
so we get

H ( M+ | L(C); Mo, M () ) = H(re(D))
and the graded 0 part
W . T
ar H(Myg’L(C),MO,M(YC))
is one-dimensional and spanned by the vector f s
Let us consider the morphism (Theorem [2.2.7))

i (Myg‘ L(C); Mo, M (&) ) = H(L; M), (2.12)

On the grg[,g part, it sends ec to bg = ec ® f+.
C

On the gry’ part, it sends ffg to sgn( L3, LAV fi A A fa.
Thus it gives an identification

(H(D),bo, ¢(D)) = sgn(:Sd, 4) (H (M| L(C); Mo, M (A5)) 7€c7f}c+) :
Because of the ordering conventions, we have
(H (Myér‘ L(C); My, M (75)) 7607.][;//5') = sgn(nc) I (re(D))
where o : C S ?g is the bijection {i given by r¢ (D). Hence we have the equality
(H(D),bo(D), p(D)) = sgn(S, #¢) sen(ne) " (re(D)).
3. Putting the two first steps together, it only remains to check that the signs are correct.

This is done in the next Lemma.

O
Lemma 2.4.10. We have the equality between signs:
sgn(C, C) sgn(ve) sgn(yg,?g) sgn(ne) = (—1)ke ),
Proof. See §2.7] 0

Remark 2.4.11. If we work in PMHTSef with the elements I7 (D) (see Remark [2.4.3) then we
get a similar formula for the coaction p : PMHTSeff _y /MHTS ) DMHTS off,

p(IP(D)) = > (=)D (go(D)) @ I” (re(D)).
cce(D)

We only have to define the integration simplices for the elements I” (rc(D)) in a coherent way.
If Ap is the integration simplex for I”(D), then the integration simplex for I” (rc(D)) has to
be the face ayg Ap of Ap. This is because the morphism corresponds, on the singular
homology groups, to a composition of face maps.

Remark 2.4.12. Let F' be a number field. If we start with a generic F-decorated dissection
diagram D, then we may define a bi-arrangement (L; M) inside A’%, the n-dimensional affine
space over F'. Then H"(A'%\ L, M \ M N L) defines an object in the category MTM(F') [Gon02),
Proposition 3.6]. By the same construction, we get a morphism of graded Hopf algebras

Dgen(F) N /HMTM(F)
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2.4.3 Examples of computations

We present two special cases of Theorem [2.4.9

In we have introduced the iterated integrals I(ag;aq,...,an;an+1) as the dissection
polylogarithms corresponding to corollas. The motivic counterparts 1"(ag; a1, ..., n; ani1) €
‘H,, have already been defined and studied by Goncharov [Gon05, Theorem 1.1}, in the framework
of motivic fundamental groupoids. We leave it to the reader to check that Goncharov’s definition
agrees with ours. The coproduct of the motivic iterated integrals has been worked out by
Goncharov.

Theorem 2.4.13 ([Gon05], Theorem 1.2). The coproduct A(1% (ag; a1, ..., an;ans1)) of motivic
generic iterated integrals is given by the formula

k
Z (H HH(ais; Qig41y- vy Qigyq—1; CLZ‘S+1)> X HH(ao; (0 PN ¢ 7 an+1).

0<k<n s=0
0=t0<i1 <+ <0 <ig41=n+1

(2.13)

Proof. Tt is the same computation as in Example 2.1.14] 1., but taking care of the decorations.
The term indexed by 0 = 49 < 1 < -+ < 4 < ix+1 = n + 1 corresponds to the subset C' =

{i1, ... ik} O
In we have introduced the J-polylogarithms J(b; a1, ..., a,) as the dissection polyloga-
rithms corresponding to path trees. We let J*(b;a1,...,a,) € H, be their motivic counterparts.

Their coproduct is given by a simple formula.

Theorem 2.4.14. The coproduct of motivic generic J-polylogarithms is given by the formula

AT (ay, ... anb) = > IH(a();b—ar) @ I (a(I);b). (2.14)

Ic{1,...n}

Proof. 1t is the same computation as in Example 2., but taking care of the decorations.
Here we have to make a slight translation of variables on the left-hand side of the tensor product
so that it looks like the above formula. The details are left to the reader. O

2.4.4 Genericity and regularization

In this paragraph we discuss the extension of our results to non-generic dissection diagrams
and polylogarithms. The genericity condition on the decorations of a dissection diagram is a
sufficient, but not necessary condition, for the existence of the corresponding dissection polylog-
arithm.

Let us take the example of the iterated integrals I(ag; aq, ..., an; ant1), for which the gener-
icity condition reads a; # a; for ¢ # j. The convergence of the corresponding integral is actually
guaranteed as soon as ag # a1 and a, # an+1. For example, the multiple zeta values

1
(o) = 3
1<k <<k 1 "
defined for integers ni,...,n,—1 = 1 and n, > 2, are special cases of these non-generic iterated

integrals, as was first noticed by Kontsevich:

¢(ny,...,n,) =(-1)"1(0;1,0,...,0,...,1,0,...,0;1)

ni (s
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forn=ny+- - +n,.

The point is that in the formula for the coproduct of motivic iterated integrals (Theorem,
there may be non-convergent motivic iterated integrals on the right-hand side even if the left-
hand side corresponds to a convergent one. For example, for 1(0;1,0;1) = —((2), the formula
would look like

A1 (17(0;1,0;1)) = 17(1;0; 1) @ T(0; 1; 1) + 17(0; 1; 0) @ T%(0; 0; 1). (2.15)

Goncharov showed that there is a regularization procedure that gives a meaning to (possibly
non-convergent) iterated integrals I(ag; ay, ..., an;ant1) (for all tuples (ag, ..., an+1)).
Furthermore, he defined their motivic versions 1 (ag;a1,...,an;a,+1) and proved that Theo-
rem was valid without the genericity hypothesis. Thus, formula makes sense (and
in this particular case, the right-hand side is 0).

Building upon Goncharov’s construction (see also [Gon02, §4]), one should be able to regu-
larize all dissection polylogarithms and compute the coproduct of their motivic versions. The
most naive hope would be that the formula for the coproduct would remain the same, hence
extending Theorem m to a morphism of Hopf algebras D(C) — HMHTS,

2.5 Appendix: proof of Lemma [2.1.12

In this Appendix we fix a dissection diagram D of degree n. We use the identifications € =
{1,...,n}, ¥ ={0,...,n} and " = {1,...,n} for the sets of chords and sides of D.

Lemma 2.5.1. Let C C € be a subset of chords of D and c —%—% be a chord in C.
Then c is in Hc(D) if and only if the three following conditions are satisfied:

(K1) The path in C
0 ¢ 11 iM—1 M
o—0e—>---—> & — e
starting at ig does not go to the root.

(K2) This path is decreasing: for allk =1,..., M we have ix_1 > i.
(K3) For allk =1,...,M, there is no chord %—#“ in C such that j > ig.

In particular, we have iy > i1, so that all the chords in Hc(D) are decreasing.

Ezample 2.5.2. In the following example, we have only drawn the chords from C' = {1, 3,4,5,6,8,9, 10},
and drawn the circle with dots for a matter of convenience.

We have .¢(D) = {6,8,11} and (D) is made of the arrows o—e—e—e and e—e.
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Proof. For ca chord in C, we denote by (K) the conjunction of the three conditions (K1), (K2), (K3)
of the Lemma.

We investigate the process of contracting the edges from 5”5’ decomposing it into steps where
we contract only one edge. The number of steps is r = n — |C|. We label eq, ..., e, the elements
of yg , in decreasing order.

Let D be the diagram obtained from D by forgetting the chords from C and only keeping the
chords from C'. The chords form a disjoint union of rooted trees.

We define recursively diagrams D@, i = 1,...,r. For i = 1,...,r, let D® be the diagram
obtained from D=1 by contracting the side e;, and possibly flipping chords so that the chords
in D@ still form a disjoint union of rooted trees. The number of connected components of this
disjoint union decreases with 4, and in the end we get a dissection diagram D) = rc (D).

We prove the following property by induction on ¢ = 0,...,7:

(i) In the diagram D®_ among the chords that are attached to the root, the ones that have
been flipped have only been flipped once, and they are exactly the ones that satisfy condi-
tion (K).

(ii) For a chord that is not attached to the root, it satisfies (K) in D if and only if it satisfies (K)
in DO,

The case ¢ = 0 is trivial, and the case i = r will give the Lemma. Hence we only need to pass
from (i — 1) to 1.

Let us consider the diagram D~1 and let m be the starting vertex of the side e;. We assume
that the end vertex of e; is the root of D(~1) | leaving to the reader the (very similar) case where
it is another non-root vertex (m + 1). Let us denote

m=mg mi 1 mn
*®e — 00— - —> O —> 0

the (possibly empty) path in C starting at m.

mo mi

:mo

When we contract e;, m is merged with the root and then we have to flip all these arrows. It
is easy to see that they are the only ones. Hence we have to prove two things: these chords
satisfy (K), and all the other chords in their connected component in D=1 do not satisfy (K).
It is trivial that mg > mq since mg is maximal in D=1 Since the chords cannot intersect each
other, one easily proves by induction on k that mg_1 > my for all k. If the path in C starting at m

goes to the root, then we cannot have e; € Yg , which is a contradiction. Condition (K3) cannot

happen because m is maximal in D¢~ Hence we have proved that all the chords el LT

satisfy (K).

Now let ¢ € C' be another chord in the same connected component of D=1 that satisfies (K).
Then c lies between my, and mj._; for some k, or between the root and mpy. Let us suppose that
we are in the first case; since the path starting with ¢ is decreasing, it has to go through my
because the chords cannot intersect each other. But then the chord e —'e" shows that
condition (K3) is not satisfied by c. In the second case, one sees that the path starting at ¢ has

to end at the root, which is also a contradiction. Thus we are done with (7). Statement (i7) is
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straightforward since we have not affected the other connected components of D=1, This ends
the induction. O

Lemma 2.5.3. Let C C € be a subset of chords of D and c —8—% be a chord in C.
Then c is in Hc(D) if and only if there exists a path

i*N ifl io c 11
e — ... —> 0 —>0—>0

of chords in C such that i_n € Yg
Proof. We prove the equivalence with the condition (K) of Lemma [2.5.1]
If ¢ satisfies (K), then we define i_; to be the highest vertex > iy such that there exists a

-1 . .
chord ¢ —e in C, and so on. The process stops at a vertex i_y and we want to prove

that i_n € .7 . By construction and by condition (K3), the chords lk;l—#“, for k = —N +
1,..., M, are sides of the same polygon II(«) in the dissection defined by C, as well as the side
labeled i_p.

Because of conditions (K1) and (K2), there is a side of this II(a) that is a side of IT,, and that
is less than i5;. Hence by definition i_y € 5”5 .

Conversely, under the assumption of the Lemma, one easily sees that if any of conditions (K1), (K2), (K3)
is satisfied, then i_n & .7 . O

For the remainder of this Appendix we use the unambiguous notation .74 = .4 (D) to
avoid any confusion.

Lemma 2.5.4. Let C C € (D) be a subset of chords of D and C = |, C(«a) the partition
of C determined by C. Let us fix C!, C C(a) for each o and C' = C U], C.

1. S2(D) = Uy Ze0 (@ (D)).
2. S3(D)=S4(D)uSZ(re/(D)).
8. Ao (D)U Ao (re(D)) = Ao (D) Uy Aoy, (qe(D)).

Proof. 1. Tt is straightforward, since the partition of . given by C’ refines the one given
by C.

2. The fact that 7, (D) C 3 (D) and .Z& (rc/(D)) C Z& (D) are easy. Then the fact
that .73 (D) N F (rc/(D)) = @ is straightforward since by definition .7 (re/ (D)) is a
subset of non-root edges of r¢v (D), which are precisely the elements from .7 (D)\.7 (D).
Then we get .72, (D) U .3 (rc/(D)) C 4(D). The equality follows from a cardinality
argument: |7 (D)] = n — |C], | 75(D)| = n - |€'] and |7 (rex (D))] = |C"| = [C'|

3. Since by Lemma the chords that one has to flip are all decreasing, we necessarily
have #c/ (D) N Ho(re (D)) = 2.
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(a) We prove that ¢/ (D) NCy, = Her (q@(D)). Let ¢ —¢—¢ be a chord in Hor(D)N
C/,, and

the path in C’ given by Lemma with i_y € Yé’, (D). As has been noted in the

proof of Lemma [2.5.3 the chords e are sides to the same polygon ﬁ(a).
Hence i_y € .7/, (¢&(D)) and then Lemma implies that ¢ € #¢r (¢&(D)). The
converse is straightforward.

(b) We prove that #¢ (D) C #er(D)UAe(rer(D)). Let ¢ =6—'6 be a chord in (D),
and
'i—N 7;—1 i() c il
¢ — ... —>e—se—>e
the path given by Lemma We know that i_y € Yg(D) According to 2., we
have to possibilities: either i_y € ,75, (D) and then Lemma implies that ¢ €
Her(D), ori_y € 4 (re/(D)) and then Lemma implies that ¢ € Hs(rp(D)).

(c) We prove that #o(D) N C C Jx(D). This is straightforward using the characteri-
zation of Lemma 2571

(d) We prove that ¢ (re(D)) C H#c(D). We use the characterization of Lemma [2.5.1

If a chord ¢ € C is not in # (D)), then one of the conditions (K1), (K2), (K3) is
not satisfied.
If (K1) is not satisfied in D, this means that the path starting from ¢ in C goes to
the root. Then no chord in this path is in #¢ (D), and a fortiori in J#¢ (D). Thus no
chord is this path is flipped in r¢/(D) and condition (K1) is not satisfied in r¢/ (D).
If (K2) is not satisfied in D, this means that in the path

0 ¢ i1 M1 iv
oo ... —> o —> e
starting at ¢ in C, there is an increasing arrow i1 < ig. Then for [ =1,... k — 1,

the chord 'e —s¢ is not in Jco (D), hence not in (D), then it is not flipped
inre/ (D). The chord ol s increasing so it cannot be flipped in r¢ (D) according
to Lemma [2.5.3] Thus we see that condition (K2) is not satisfied in r¢ (D).

If (K3) is not satisfied in D, it means that there exists a chord ¢ —s—e,c €C,
with j > 4o for some kK = 1,..., M. For the same reason as above, none of the

chords ‘s’ —¢ is flipped in rei (D), for I = 1,...,k. Let us suppose that ¢ is not
flipped in re/ (D). Then condition (K3) is still not satisfied in r¢/ (D). Now let us
suppose that ¢ is flipped in r¢/(D). Then we necessarily have j > i, and then ¢/
becomes decreasing in r¢/ (D), hence condition (K2) is not satisfied in r¢/ (D).

In either case we have shown that ¢ ¢ & (re(D)).

O]

Proof of Lemma (2.1.12, 1. The left-hand side is obtained by contracting the chords from C’;
the right-hand side is obtained by contracting the chords from C, then contracting the
chords from C/, for each . The result is thus the same since by definition C' = C'U| ], CJ.

2. The left-hand side is obtained by contracting the edges from .#;f (D), then the chords
from S the right-hand side is obtained by contracting the chords from C, then the edges
from 5’0'2 (q&(D)) for each . The equality then follows from Lemma m 1.
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3. The left-hand side is obtained by contracting the edges from YCT,(D), then the edges
from .77 (rcr(D)); the right-hand side is obtained by contracting the edges from .77 (D).
The equality then follows from Lemma 2.

4. This follows from taking the cardinality in Lemma 3.

2.6 Appendix: proof of Lemma [2.4.8

We leave it to the reader to check that it is enough to do the proof for three families of loops.
1. The trivial loops o
(Ugy -y Ay ey UE) (ugy ...y biy. .o ug)

O
The statement is trivial since the expression

—sgn({a;}, J)sgn({b:}, J')
is symmetric in a; and b;.

2. The triangles

(uo,...,ai,...,uk) (uo,...,bi,...,uk)
(uo,...,ci,...,uk)

The statement follows from the following equality, valid for any linearly ordered set X and
any set {a, b, c} of pairwise disjoint elements of X:

sen({a}, X \ {a,b}) sn({b}, X \ {a, b})
sen({b}, X \ {b,c}) sen({e}, X \ {b,c})
sen({c}, X\ {a,¢}) sen(fa}, X \ {a,c}) = 1.

Indeed, we apply this equality to

X =(Sc(0)\{uh)U...uFec@)U...U(F(k)\ {u})

3. The squares

(uo,...,ai,...,dj,...,uk) (uo,...,bi,...,dj,...,uk)

The statement follows from the following equality, valid for any linearly ordered set X and

any set {a,b,c,d} of pairwise disjoint elements of X:
sgn({a}, X \ {a,b, c})sgn({b}, X \ {a,b, c})
sgn({c}, X \ {b,c,d})sgn({d}, X \ {b,c,d})
sgn({a}, X \ {a,b,d}) sgn({b}, X \ {a,b,d})
sgn({c}, X'\ {a,c,d})sgn({d}, X \ {a,c,d})

Indeed, we apply this equality to
X =(Fc(0) \{uohU---UFe(@U---UILe(G) U U(Fe(k)\ {u}).

=1.
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2.7 Appendix: proof of Lemma [2.4.10

Let oc : {1,...,n} = {1,...,n} be the permutation defined by blocks via v¢ and nc. Then we
have

sgn(C, O) sgn(ve) sgn(S, 74 ) sen(ne) = sgn(oc)
thus we only have to prove that

sgn(oc) = (~1)MP).

This is a straightforward consequence of the next Lemma and the fact that the signature of a
T

cyclic permutation of length (r + 1) is (—1)".

Lemma 2.7.1. Let D be a dissection diagram and C C €.

1. #c(D) is a disjoint union of path graphs e e e with fg>d1 > >

ir—1 > iy and ig € S .
2. With these notations, o¢ is the product of the cycle permutations (ig i1 -+ ir—1 ir).
Ezample 2.7.2. In the situation of Example we get oo = (643 2)(87).

Proof. 1. Let us consider #x(D) as a directed graph. If it contains a vertex attached to ! > 3
chords, then there is one outcoming chord and [ — 1 > 2 incoming chords. Hence after
flipping those chords we get a vertex with [ —1 > 2 outcoming chords, which is impossible.
Hence #¢(D) is a disjoint union of path graphs, and the same reasoning shows that in an
individual component of #¢(D), all chords have the same direction. The statement then
follows from Lemma [2.5.3

2. Let us denote by ¢ : € = . the bijection li

(a) Let us first consider the bijection n¢ : C = .Z7 related to rc(D). If a chord ¢ € C
starting at the vertex ¢ is not in J#x(D) then it keeps the same direction in r¢ (D)
and we get nc(c) = e(c), which means n(i) = i. Now let us consider a chord ¢ =

g —"¢"' ¢ with the notations of 1., k=1,...,r. Then this chord changes direc-
tion in r¢ (D) and becomes Zko_1<—lok, hence nc(c) is the edge starting at i and we
get ng(ig_1) = ig-

(b) Let us now consider the bijection v¢ : C = 77 related to go(D). Let e

... —"e" % be a connected component of #¢(D) asin 1.. According to Lemma/|2.5.3

the chord starting at i, is necessarily in C. In go (D), all the points ix, k =0,...,7,
are identified, and thus the edge starting at i, is the edge starting at iy, which means
that vc (i) = dg. It is easy to check that for all other chords ¢ € C we get v(c) = £(c).
This concludes the proof of the Lemma.

O]



Chapter 3

The Orlik-Solomon model for
hypersurface arrangements

In §3.1 we recall some classical facts about the Orlik-Solomon algebra and the Brieskorn-
Orlik-Solomon theorem in the framework of hyperplane arrangements, and introduce the Orlik-
Solomon algebra of a hypersurface arrangement. In §3.2, we introduce the complex of logarithmic
forms along a hyperplane arrangement and its weight filtration, and prove the local form (The-
orem of the comparison theorem Then we globalize our results to the framework
of hypersurface arrangements (Theorem . In §3.3, we use the formalism of mixed Hodge
complexes to give an alternative definition of the mixed Hodge structure on the cohomology
of the complemet of a hypersurface arrangement in a smooth projective variety. This allows
us to prove the main result of this chapter (Theorem which proves the existence of the
Orlik-Solomon model. In §3.4, we study the functoriality of the Orlik-Solomon model with re-
spect to blow-ups, giving explicit formulas (Theorem . In §3.5, we apply our results to
configuration spaces of points on curves and prove (Theorem the isomorphism between
the Orlik-Solomon model and the model proposed by Kriz and Totaro and generalized by Bloch.

3.1 The Orlik-Solomon algebra of a hypersurface arrangement

We first recall some classical facts about hyperplane arrangements. The interested reader will
find more details in the expository book [OT92] or the survey [YuzOl]. Then we introduce
hypersurface arrangements, define their Orlik-Solomon algebras and discuss their functoriality
properties.

3.1.1 The Orlik-Solomon algebra of a hyperplane arrangement

A hyperplane arrangement in C" is a finite set L of hyperplanes of C™, all containing the origin.[ﬂ
For a matter of notation, we will implicitly fix a linear ordering on the hyperplanes and write
L ={Ly,...,L;}. Nevertheless, the objects that we will define out of a hyperplane arrangement
will be independent of such an ordering.

We will use the same letter L to denote the union of the hyperplanes:

L=L,U---UL,.

For a subset I C {1,...,1}, the stratum of the arrangement L indexed by I is the vector
space L1 = ();er Li with the convention Ly = C". We write .#4(L) for the set of strata of L,
graded by the codimension, so that .#(L) = {C"} and .1 (L) = {L1,...,L;}. With the order

1. In many references, this would be called a central hyperplane arrangement.
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given by reverse inclusion, .%(L) is given the structure of a graded poset, called the poset of
the hyperplane arrangement L.

We set Ao(L) = A®(eq,...,e1), the exterior algebra over Q with a generator e; in degree 1
for each L;. Let § : Ag(L) — Ae—1(L) be the unique derivation of A4(L) such that §(e;) = 1
fori=1,...,L
For I = {iy <--- <ix} C{1,...,l} weset ey =e;; A---Aej, € Ap(L) with the convention ey = 1.
The derivation 9§ is then given by the formula

k
Sler) => (1) les Ao AE, Ao Ay,
s=1
A subset I C {1,...,1} is said to be dependent (resp. independent) if codim(Ly) < |I]
(resp. codim(Ly) = |I]), which is equivalent to saying that the linear forms defining the L;’s,
for i € I, are linearly dependent (resp. independent). Let Jq(L) be the homogeneous ideal
of Ae(L) generated by the elements d(ey) for I C {1,...,l} dependent. The quotient

Ao(L) = Ao(L)/ (L)

is a graded Q-algebra called the Orlik-Solomon algebra of the hyperplane arrangement L. It
only depends on the poset of L.

For a stratum S, let Ag(L) to be the sub-vector space of A4(L) spanned by the monomials ey
for I such that Ly = S. One easily sees that we have a direct sum decomposition

AL = @ As(L) (3.1)

SeSe (L)

and Ag(L) only depends on the hyperplane arrangement consisting of the hyperplanes in L that
contain S, and more precisely on its poset.
The product in A4 (L) splits with respect to the direct sum decomposition , with com-
ponents
As(L) ® Agr(L) = Agns/(L) (3:2)

which are zero if codim(S N S’) < codim(S) + codimsS’.
The derivation ¢ induces a derivation § : Ae(L) — Ae—1(L) which splits with respect to the
direct sum decomposition (3.1)), with components

As(L) = Ag(L) (3.3)

for S C 5, codim(S’") = codim(S) — 1.

3.1.2 Deletion and restriction

Let L ={L1,...,L;} be a hyperplane arrangement in C" such that [ > 1. In this chapter we will
only be concerned about deletion and restriction with respect to the last hyperplane L;. The
deletion of L (with respect to L;) is the arrangement L' = {Li,...,L;_1} in C". The restriction
of L (with respect to L;) is the arrangement L” on L; = C"~! consisting of all the intersections
of L; with the L;’s, ¢ = 1,...,1 — 1. If the hyperplanes L; are not in general position, it may
happen that the cardinality I” of L” is less than [ — 1.

For all k£, we have a short exact sequence of Q-vector spaces, called the deletion-restriction
short exact sequence (see [OT92, Theorem 3.65] or [Yuz0ll, Corollary 2.17]):

0= Ap(L) 5 Ap(L) L Ap_1 (L") = 0. (3.4)
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This exact sequence splits with respect to the direct sum decomposition (3.1)). For S a stratum
of L, there are three cases:

e S isnot contained in L;, then it is not a stratum of L” but is a stratum of L', and we just
get an isomorphism

0— As(L') — As(L) — 0 — 0;
e S is contained in L; but is not a stratum of L', and we just get an isomorphism

0—0— As(L) — Ag(L") — 0;

e S is contained in L; and is a stratum of L', and we get a short exact sequence

0— As(L') — As(L) — As(L") — 0.

3.1.3 The Brieskorn-Orlik-Solomon theorem

Let L = {Ly,...,L;} be a hyperplane arrangement in C". For ¢ = 1,...,l we fix a linear form f;
on C" such that L; = {f; = 0}. Such a form is unique up to a non-zero multiplicative constant.
We define holomorphic 1-forms on C" \ L:

o
i
For a subset [ = {i; <--- <ip} C{1,...,l} weset wr =w;, A--- Awj,.
Let Q°*(C™\ L) be the algebra of global holomorphic forms on C"\ L and R*(L) C Q°*(C™\L) be
the subalgebra over Q generated by 1 and the forms %wi fori=1,...,l. We define a morphism

of graded algebras u : Ag(L) — R*(L) by the formula

A simple computation shows that u passes to the quotient and defines a map of graded
algebras

u: Ae(L) — R*(L).

Each form s-w; is closed and its class is in the cohomology of C™\ L with rational (and
even integer) coefficients, thus there is a well-defined map of graded algebras

v:R*(L) — H*(C"\ L).

Theorem 3.1.1 (Brieskorn-Orlik-Solomon theorem). The maps u and v are isomorphisms of
graded algebras:

Ao(L) =+ R*(L) = H*(C™\ L).
Remark 3.1.2. The fact that v is an isomorphism was conjectured by Arnol’d [Arn69|] and proved

by Brieskorn [Bri73]. The fact that w is an isomorphism was proved by Orlik and Solomon [OS8&0].
A proof may be found in [OT92, Theorems 3.126 and 5.89)].
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3.1.4 The Orlik-Solomon algebra of a hypersurface arrangement

We write A = {|z| < 1} C C for the open unit disk and A™ C C" for the unit n-dimensional poly-
disk. Let X be a complex manifold. The following terminology is borrowed from P. Aluffi [Alul2].

Definition 3.1.3. A finite set L = {Ly, ..., L;} of smooth hypersurfaces of X is a hypersurface
arrangement if around each point of X we may find a system of local coordinates in which
each L; is defined by a linear equation. In other words, X is covered by charts V = A" such
that for all 7, L; NV is the intersection of A™ with a linear hyperplane in C".

As for hyperplane arrangements, the objects that we will define out of a hypersurface ar-
rangement will be independent of the linear ordering on the hypersurfaces L;. We use the same
letter L to denote the union of the hypersurfaces:

L=LU---UL.

The notion of hypersurface arrangement generalizes that of (simple) normal crossing divisor:
a hypersurface arrangement is a normal crossing divisor if the local linear equations defining
the L;’s are everywhere linearly independent, i.e. if we can always choose local coordinates such
that the irreducible components L; are coordinate hyperplanes.

For a subset I C {1,...,1}, we still write L; = ;¢ L;, which is a disjoint union of complex
submanifolds of X. A stratum of L is a non-empty connected component of some Ly; it is a
complex submanifold of X. We write .7, (L) for the set of strata of L, graded by the codimen-
sion. We give %, (L) the structure of a graded poset using reverse inclusion, and call it the poset
of the hypersurface arrangement L.

Let p be a point in C™ and V' a neighbourhood of p. Then any chart V=2 A™ as in the above
definition defines a hyperplane arrangement denoted L® in C”. Tt is an abuse of notation since
choosing another chart gives a different hyperplane arrangement, but it will not matter since we
will only be interested in the poset of L®), which is well-defined. More intrinsically, L(*) may
be read off the tangent space of X at p. Since S is connected, the poset of the strata of L®)
that contain S is independent of the point p € S, and we may define

Ag(L) = As(LP)
for any choice of point p € S. Let us then define

A(L)y= & As(L).

SeS (L)
We now give Aq(L) the structure of a graded algebra. The product
AS<L) ® Agr (L) — AT(L) (35)

is non-zero only if T is a connected component of S NS’ such that codim(7T) = codim(S) +
codim(S”), ans is then given by by choosing any point p € T.

The graded algebra Ae(L) is called the Orlik-Solomon algebra of the hypersurface arrange-
ment L.

For S C S’ an inclusion of strata of L such that codim(S’) = codim(S) — 1, we define

As(L) = Ag/(L) (3.6)

as in the local case (3.3) by choosing any point p € S. One should note that in general the
map Ae(L) — Ae_1(L) induced by ({3.6)) is not a derivation of the Orlik-Solomon algebra.
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Remark 3.1.4. Let us assume that
for all I, Ly is connected. (3.7)

The Orlik-Solomon algebra of L = {Lj,...,L;} thus has a presentation similar to that of a
hyperplane arrangement. A subset I C {1,...,l} is said to be null if L; = @& and dependent
(resp. independent) if Ly # @ and codim(Ly) < |I| (resp. codim(Ly) = |I|). Then A4(L) is the
quotient of A®(eq,...,e;) by the homogeneous ideal generated by the monomials ey for I null
and d(ey) for I dependent. In the case of a general hyperplane arrangement (the hyperplanes
do not necessarily contain the origin), we recover the classical definition [OT92), Defintion 3.45].
Without the assumption , the Orlik-Solomon algebra may not even be generated in degree 1.

3.1.5 Functoriality of the Orlik-Solomon algebra

Let L = {Ly,...,L;} and L' = {L},...,L}} be hyperplane arrangements respectively in C"
and C". Let ¢ : A" — A" be a holomorphic map such that ¢~ '(L') C L, i.e. o(A"\ L) C
A"\ L.

Then ¢ induces a map ¢* : H*(A™ \ L) — H*(A™\ L) in cohomology. The inclusions A"\ L C
C"\ L and A" \ I/ ¢ C" \ L’ are retractions and hence induce isomorphisms in cohomology.
Thus the Brieskorn-Orlik-Solomon theorem implies that there is a unique map of graded
algebras

Ao(p) 1 Ae(L') — Ae(L)

that fits into the following commutative square.

Ad(L) —29 _ an)

-

H*(A™ \ L) = H*(A" \ L)
For j =1,...,0', there is an equality

f]/-ogp:uijimij
7

between germs at 0 of holomorphic functions on A", with u; a holomorphic function such
that u;(0) # 0 and m;; > 0. On then sees that Ae(p) : Ae(L') — Ae(L) is the unique map of
graded algebras such that for j =1,...,0,

Ai(p)(€)) = Z’mz’j@z‘-

We may globalize this construction; if L (resp. L) is a hypersurface arrangement in a complex
manifold X (resp. X’), and ¢ : X — X’ a holomorphic map such that p~1(L') C L, then we
define

As5(p) : A (L) — As(L) (3.8)

for strata S € S (L) and S’ € S (L") by looking at ¢ in local charts and applying the above
definition. It is clear that this defines a map of graded algebras Ae(p) : Ae(L) — Ao(L') that
is functorial in the sense that we have Aq(1¢) 0 p) = Aq(p) 0 Ae(10) whenever this is meaningful.
If o : X — X x X is the diagonal of X, then A4(¢p) is the product morphism Ae(L) ® Ae(L) —
Aq(L).
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3.2 Logarithmic forms and the weight filtration

We define and study the forms with logarithmic poles along a hyperplane arrangement. In
§ 3.2.1} 3.2.2] 3.2.3} [3.2.4) we focus on hyperplane arrangements (the local case). The main
results are Theorem which computes its graded pieces, and Theorem which states
that the logarithmic complex computes the cohomology of the complement of the hyperplane
arrangement. Then in §[3.2.5] we extend our constructions and results to the case of hypersurface
arrangements (the global case).
If Y is a complex manifold, we write Q. for the sheaf of holomorphic p-forms on Y and QP(Y) =

I'(Y, ) for the vector space of global holomorphic p-forms on Y.

3.2.1 The logarithmic complex

Let L = {Ly,...,L;} be a hyperplane arrangement in C". We recall that we defined some
differential forms w; = dTJ? fori=1,...,1,and wy = w;; A---Aw;, for I ={i; <--- < iy}, which
is zero if I is dependent.

Definition 3.2.1. A meromorphic form on C" is said to have logarithmic poles along L if it is
a linear combination over C of forms of the type n A wy for some I C {1,...,l}, where n is a
holomorphic form on C".

We define QP(L) to be the C-vector space of meromorphic p-forms on C" with logarithmic
poles along L. These forms are stable under the exterior differential, hence we get a com-
plex Q°*(L) that embeds into the complex of holomorphic forms on C™ \ L:

Q*(L) < Q*(C"\ L)

which we call the complex of logarithmic forms of L.

Remark 3.2.2. This definition is not standard in the theory of hyperplane arrangements. In [OT92],
following Saito [Sai80], one defines a complex Q°*(log L) in the following way. Let Q = f1--- f; be
a defining polynomial for the arrangement. Then QP (log L) is the set of meromorphic p-forms w
on C™ such that Qw and Qdw are holomorphic.

We have an inclusion Q°*(L) C Q°(log L) which is an equality if and only if L = {Ly,..., L;}
is independent. For instance, in C? with coordinates = and y, let us look at L1 = {x = 0}, Ly =
{y =0}, Ls = {x = y}. Then Q = zy(z — y) and the closed form w = x‘;g(c;\ilg) is in Q2?(log L)
but not in Q2(L).

3.2.2 Residues

We briefly recall the notion of residue of a form with logarithmic poles along a hyperplane ar-
rangement. In the case of dimension n = 1, this is the usual Cauchy residue in complex analysis;
the general notion of residue is due to Poincaré and Leray [Ler59]. For residues in the setting
of hyperplane arrangements, see [0T92] 3.124].

We fix a hyperplane arrangement L = {Lj,...,L;} in C". Let L’ (resp. L") the deletion
(resp. the restriction) of L with respect to L; = {f; = 0}. Let w be a p-form on C" with
logarithmic poles along L. Then there exists a (p — 1)-form « and a p-form 3, both of which
have logarithmic poles along L', such that

w=aAw + 5.
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The form
Resy, (w) = 2iT o,

is independent of the choices. It is a (p — 1)-form on L; with logarithmic poles along L”, called
the residue of w along L;. We then have a morphism of complexes

Resy, : Q°(L) — Q* (L")

where L” is the restriction of L with respect to L;. We then have a sequence of morphisms of
complexes
o/ /1 ° Rest; o 1,:n
(R): 0=-Q%L") - QL) — Q* (L") =0
where 7 is the natural inclusion. It is obvious from the definitions that Resz, o¢ = 0, that ¢ is

injective and Resy, is surjective. We will prove in the next paragraph that ker(Resr,) C Im(i),
so that the above sequence is a short exact sequence.

Remark 3.2.3. When taking iterated residues, one should note that they “do not commute”
in general, even when this has a clear meaning. For example, if L; = {x = 0}, Ly = {y =
0}, Ly = {z = y} in C? and w = d?” A % € O%(L), we have Resp,nr;Resp,(w) = (2im)?
and Resr,nr,Resr,(w) = 0.

3.2.3 The weight filtration

We fix a hyperplane arrangement L = {L1,..., L;} in C". The following terminology is borrowed
from P. Deligne [Del71), 3.1.5].

Definition 3.2.4. For k£ > 0, we define W;,Q®*(L) C Q°(L) to be the subcomplex spanned by
the forms that are of the type nAwy with |I| < k, where 7 is a holomorphic form on C". These
subcomplexes define an ascending filtration

W()Q.<L> C W19.<L> c---
on Q°*(L) called the weight filtration.
We have WpQ*(L) = Q*(C"™) and W,QP(L) = QP(L).

By definition, the residue morphisms induce morphisms Resy, : Wi Q*(L) — W;,_1Q*~1(L")
which are easily seen to be surjective. Thus the sequence (R) induces sequences

ResLl

(WeR) : 0 — WiQ* (L) 5 WiQ* (L) —5 Wy 1 Q*H(L") — 0 (3.9)
and
; R
@WR): 0o gl QL) 5 gV (L) —5 gl Q=1 L") - 0. (3.10)

We will prove that they are short exact sequences. For now, the only easy facts are that (W;R)
is exact on the left and on the right, and that (gr}’ R) is exact on the right.

The following lemma is easily proved by choosing appropriate coordinates on C".

Lemma 3.2.5. Let I C {1,...,1}, |I| =k, be an independent subset and n a holomorphic form
on C". Ifn, =0 then n Awr € Wy_1Q%(L).
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For all k, we define
GlL = @ 2HS)® As(L).
SeF(L)

This is a complex of C-vector spaces. We define a morphism of complexes
®:Gy(L) — gr)f Q°(L)
in the following way. For I independent of cardinality k, for n € Q*~*(Lj), we set
d(n®er) = (Ziw)_kﬁ/\ wy

where 77 € Q*7F(C") is any form such that N, = n- Lemma implies that this does not
depend on the choice of 77 and one immediately sees that it passes to the quotient that defines
the groups Ag(L). It is then easy to check that ® is a morphism of complexes.

Theorem 3.2.6. The morphism ® : G3(L) — gt} Q*(L) is an isomorphism of complezes.

Proof. The surjectivity is trivial; we prove the injectivity by induction on the cardinal [ of the
arrangement.
For [ = 0, the only non-trivial case is k = 0 and & is just the identity of Q°*(C").
Suppose that the statement is proved for arrangements of cardinality < [ — 1 and take an
arrangement L of cardinality [. Tensoring the deletion-restriction short exact sequence from
with the complexes Q*7%(S) we get a short exact sequence of complexes of C-vector
spaces

0— Go(IL) = G(L) — Gy -1 (L") — 0.

We then have a diagram

0

GrL(L) Gi(L) G (L") ——0

X ¥ i

0—— gr};vfr (L'y —— grgQ'(L) — grzv_lﬁ'_1<L”> —0

where the bottom row is the sequence . This diagram is easily seen to be commutative.
By the inductive hypothesis, the vertical arrows on the right and on the left are isomorphisms.
Thus a diagram chase shows that the bottom row is exact in the middle.

Now the complexes and give rise to a short exact sequence of complexes

0— (Wp1R) — (WiR) — (gr}/ R) — 0.

The long exact sequence in cohomology tells us that if (WW;_1R) is exact in the middle then it
is also the case for (W;R). Since (WpR) is just the sequence

0— Q*(C") 94 Q") - 00,
we show by induction on k shows that (W3R) is exact in the middle, hence a short exact
sequence, for all k. Again, the long exact sequence in cohomology shows that (ngVR) is also a
short exact sequence for all k.
Thus, in the above commutative diagram, both rows are exact and a diagram chase (the 5-

lemma) shows that the middle ® is injective. This completes the induction and the proof of the
theorem. ]
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Remark 3.2.7. The inverse morphism ¥ : gr}V/ Q*(L) — G3(L) is given, for  holomorphic and I
independent of cardinality k, by

U(nAwr) = (2i7r)kn|LI e Q" *(Ly)

For k =1 this is exactly the definition of a residue, but for £ > 1 one should note that this has
nothing to do with an “iterated residue” (see Remark [3.2.3]).

Since (R) = (W;R) for k large enough, the proof of Theorem implies the following.

Theorem 3.2.8. The sequences (R), (WiR) and (gr}'R) are short ezact sequences of com-
plexes.

3.2.4 The comparison theorem

Theorem 3.2.9. The inclusion Q°*(L) — Q*(C"\ L) is a quasi-isomorphism.

Proof. Since C™ \ L is a smooth affine algebraic variety over C, the cohomology of Q*(C™ \ L)
is the cohomology of C™ \ L with complex coefficients. Thus we have to prove that the natural
map

HP(Q*(L)) — HP(C"\ L,C)

is an isomorphism for all p. We proceed by induction on the cardinality [ of the arrangement.
For | = 0 the statement is trivial. To pass from [ — 1 to [ we consider the commutative diagram

e HP(QM (L) —— HP(QL)) ——= HP QL)) — -

| | |

0 —— HP(C"\ L) — HP(C"\ L) — HP"Y(L;\ L") —=0

The first row is the long exact sequence in cohomology associated to (R), the second row is
induced by the deletion-restriction exact sequence via the Brieskorn-Orlik-Solomon theorem.
Both rows are exact. By induction the vertical arrows on the left and on the right are iso-
morphisms. A classical diagram chase implies that the vertical arrow in the middle is also an
isomorphism. O

Remark 3.2.10. We have the inclusions of complexes
Q% (L) &% Q*(log L) 3 Q*(C™\ L)

where Q°(log L) has been defined in Remark [3.2.2]

A conjecture by H. Terao [Ter78|] states that iy is a quasi-isomorphism. According to Theo-
rem the composite 72 0 i1 is a quasi-isomorphism, hence Terao’s conjecture is equivalent
to the fact that iy is a quasi-isomorphism. This is equivalent to the acyclicity of the quotient
complex Q°*(log L)/Q*(L).

3.2.5 Logarithmic forms along hypersurface arrangements

In this paragraph we globalize the definitions of the logarithmic complex and the weight filtra-
tion. As in the local case, we determine the weight-graded parts of the logarithmic complex and
prove a comparison theorem. This generalizes the case of normal crossing divisors, studied by
Deligne in [Del71], 3.1].
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Let X be a complex manifold and L a hypersurface arrangement in X. A meromorphic form
on X is said to have logarithmic poles along L if it is locally a linear combination over C of forms

of the type
dfiy A A dfi,
fi1 f'L}»
with 1 holomorphic and the f;’s local defining (linear) equations for the L;’s. The meromorphic
forms on X with logarithmic poles along L form a complex of sheaves of C-vector spaces on X,
that we denote by fy ;. As in the local setting (Remark , we should point out that Qfy 1,
differs from Saito’s complex Q% (log L) if L is not a normal crossing divisor.
We globalize the weight filtration on QZX L) which gives subcomplexes of sheaves WszX L C

nA

(3.11)

QEX7L>.

The complex of sheaves Q?X Ly 18 functorial in (X, L) in the following sense. If L’ is another

hypersurface arrangement in a complex manifold X', and if we have a holomorphic map ¢ :
X — X' such that ¢p~(L’) C L, then there is a pull-back map

@ @7192)(/,1;/) = Qx 1

that is compatible with composition in the usual sense. This follows from the discussion in
§3.1.5l The weight filtration is also functorial.

For a stratum S we denote by ig : S — X the closed immersion of S inside X. We globalize
the definition of G}, (L) from §3.2.3| and define a complex of sheaves of C-vector spaces on X:

GX.L)= P (is)Qy"® Ag(L).
Se. (L)

As in the local case, we may define a morphism of complexes of sheaves

®:Gr (X, L) = gr) N 1y

by putting
_df; df;
d(n®er) = (2im) F A fi AN i
f’i1 fzk
for I = {iy < ... < ix},n € Q:g_k a local section, 7 € Q;{k a local extension of 7, and

the f;’s local equations for the L;’s. This definition is independent from the choice of the local
equations f;. The following theorem is a global version of Theorem [3.2.6

Theorem 3.2.11. The morphism ® : G(X, L) — gerQZX Ly s an isomorphism.

Proof. 1t is enough to prove that for every chart V' = A™ on which L is a hyperplane arrangement,
the morphism
DV, GH(X, L)) = T(V,ery Qx 1))

is an isomorphism. This is exactly Theorem [3.2.6] with the ambient space C™ replaced by the
polydisk A™. One can check that the proof of Theorem [3.2.6] can be copied word for word in
that local setting. ]

Remark 3.2.12. The inverse morphism W : ng/QZX, L~ Gr(X, L) is given locally by the same
formula as in Remark As already noted, this should not be mistaken with an iterated
residue, unless L is a normal crossing divisor (in this case, Deligne calls ¥ the Poincaré residue,
see [Del71l 3.1.5.2]).
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Let j : X \ L < X be the open immersion of the complement of L inside X. The following
theorem is a global version of Theorem

Theorem 3.2.13. The inclusion QzX,L) — j*QB(\L is a quasi-isomorphism.

Proof. Tt is enough to prove that for every chart V' = A™ on which L is a hyperplane arrangement,
the morphism
LV, Qx 1)) = TV, Q5 ) = Q*(V \ L)

is a quasi-isomorphism. This is exactly Theorem with the ambient space C" replaced by
the polydisk A™. One can check that the proof of Theorem can be copied word for word
in the local setting. The argument that the strata L are contractible has to be replaced by the
fact that the local strata A™ N Lj are contractible (because they are polydisks). The Brieskorn-
Orlik-Solomon theorem remains true in the local setting because the inclusion A\ L ¢ C"\ L
is a retraction and hence induces an isomorphism in cohomology. O

Remark 3.2.14. It has been pointed out to us by A. Dimca that the sheaves Q%X L have been
previously defined in [CHKS06] (where they are denoted Qx(log L)) and [Dol07] (where they
are denoted Qx (log L)).

3.3 A functorial mixed Hodge structure and the Orlik-Solomon
model

If X is a smooth projective variety and L is a hypersurface arrangement in X, we put a functorial
mixed Hodge structure on the cohomology of the complement X \ L. Our construction mimicks
Deligne’s [Del71] in the case of normal crossing divisors.

3.3.1 Mixed Hodge complexes

We refer to [Del74) 7.1, 8.1] for the definitions of mixed Hodge complexes. If K is a field, the
filtered (resp. bifiltered) derived category of (bounded from above) complexes of K-vector spaces
on a complex manifold Y is denoted by DTF(Y,K) (resp. DTF5(Y,K)). A cohomological mixed
Hodge complex on Y is a triple

K= ((Kg, W), (Kc,W, F),a)

with (Kg, W) € DYF(Y,Q), (K¢, W, F) € DTFy(Y,C) and «a : (Ko, W) ® C = (K¢,W) an
isomorphism in DTF(Y, C). These data must satisfy some compatibility conditions.

The following theorem [Del74, 8.1.9] is the fundamental theorem of mixed Hodge complexes.
Our convention for spectral sequences uses decreasing filtrations. One passes from an increasing
filtration {W)},ez to a decreasing filtration {W?},cz by putting WP = W_,,.

Theorem 3.3.1. Let Y be a complex manifold and K = ((Kg, W), (K¢, W, F), «) a cohomolog-
ical mized Hodge complex on'Y .

1. For alln, the filtration W[—n] and the filtration F' define a mized Hodge structure on H"(Kq).

2. Let wE be the cohomological spectral sequence defined by (Kq, W). Then for all (p,q), the
filtration F induces on wE{ P! = H_p+q(grg/KQ) a Hodge structure of weight q and the

differentials d; ™" are morphisms of Hodge structures.

3. The spectral sequence wE degenerates at Ey: wEy P! = (ES P9 = grgVH”(ICQ) = gr,‘;v[*n]H"(lC@)
forn=—-p+gq.
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3.3.2 A functorial mixed Hodge structure

Let X be a smooth projective variety over C and L a hypersurface arrangement in X. We use the
previous constructions to put a functorial mixed Hodge structure on the cohomology H*(X \ L)
of the complement, using the formalism of mixed Hodge complexes. This generalizes the case of
normal crossing divisors, studied by Deligne in [Del71), 3.2], and summarized in terms of mixed
Hodge complexes in [Del74, 8.1.8]. We recall the notation j : X \ L — X.

We define a triple
K(X, L) = (Ko(X, L), W), (Kc(X, L), W, F), a)
in the following way:
1. Ko(X,L) = RjQx\r, with the filtration W = 7, the canonical filtration [Del71}, 1.4.6].

2. Ke(X,L) = Oy 1y with the weight filtration W defined in S and the Hodge filtra-
tion F' defined by
. =
3. We have isomorphisms in D (X, C):

Rj.Qx\r ® C = Rji.Cx\1 = j:Q%\ 1 = Qx 1y

the last one being the quasi-isomorphism of the comparison theorem [3.2.13

Hence we have an isomorphism (Rj.Qx\; ®C, 1) = (QZX,LW 7) in DYF(X,C). Finally the
identity gives a filtered quasi-isomorphism (QZX, L),T) = (QZK Ly W), as follows from the
same proof as in [Del71), 3.1.8], in view of the comparison theorem This gives the

isomorphism

a: (Rj:Qx\r,7) © C= (N 1), W)
in DFF(X,C).

Theorem 3.3.2. The triple K(X, L) is a cohomological mized Hodge complex on X, which is
functorial with respect to the pair (X,L). It thus defines a functorial mized Hodge structure
on H"(Rj.Qx\r) = H"(X \ L) for alln.

Here, functoriality has to be understood in the sense of

Proof. Theorem [3.2.6] gives an isomorphism

gl"kWQZX,m >~ P (i5)0" @ As(L).
Se(L)

A local computation as in [PS08, Lemma 4.9], shows that this isomorphism is defined over Q if
we take care of the Tate twists. In other words we have a commutative diagram:

gty Qx 1y —— Bser,p)(is)Q%[—k] © As(L)

~T ) ~T

g7 Rj.Cy Dses,(1)(is)+Cs[—k] ® As(L)

| T

grkRJ*@Uﬂ@Sefk ( $)«Qs[—k](—k) ® As(L)
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To complete the proof it is enough to notice that the top row of this diagram is compatible with
the Hodge filtrations. Hence we get

gy K(X,L)= €D (is)L(S)[-k](~k) ® As(L)
SeS (L)

which is a cohomological Hodge complex of weight k.
The functoriality statement follows from the functoriality of the sheaves of logarithmic forms. [J

The following theorem shows that the Hodge structures that we have just defined are indeed
the functorial Hodge structures defined by Deligne.

Theorem 3.3.3. Let U be a smooth quasi-projective variety over C.

1. There exists a smooth projective variety X and an open immersion U — X such that the
complement L = X \ U is a hypersurface arrangement in X.

2. Given two such compactifications (X1, L1) and (Xa, Lo), the mized Hodge structures on H®(U)
defined via (X1, L1) and (Xa, La) are the same.

3. The mized Hodge structure on H®*(U) defined in Theorem is the same as the mized
Hodge structure defined by Deligne in [Del71)].

Proof. 1. This follows from Nagata’s compactification theorem and Hironaka’s resolution of
singularities. In fact, we can assume that L is a normal crossing divisor.

2. Using resolution of singularities, we can always embed U in a smooth projective vari-
ety X such that X \ U = L is a simple normal crossing divisor (and hence a hypersurface
arrangement), and such that there exists morphisms

(Xl,Xl \Ll) < (X,X\L) — (XQ,XQ\LQ)

that are the identity on U. Hence by functoriality the two mixed Hodge structures are
isomorphic to the mixed Hodge structure defined via (X, L).

3. The claim follows from (2) and the fact that for a given U, one can always choose (X, L)
such that L is a normal crossing divisor (using resolution of singularities).
O

3.3.3 The Orlik-Solomon spectral sequence

Let X be a smooth projective variety and L a hypersurface arrangement in X. In the previ-
ous paragraph we defined a cohomological mixed Hodge complex on X that defines a mixed
Hodge structure on the cohomology of X \ L. The general formalism of mixed Hodge com-
plexes (Theorem tells us that the Orlik-Solomon spectral sequence EP? associated to
the weight filtration degenerates at F5. In this section we make the Fy term explicit. We will
write wEP? = (EP9(X, L) when confusion might occur.

By definition we have wE; 7% = H_p+q(grgVICQ(X, L)). From the proof of Theorem we
get
wE Pl B HPTYS)(—p) ® Ag(L).
Sesy(L)

We first study the functoriality of the Orlik-Solomon spectral sequence.
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Proposition 3.3.4. Let L (resp. L') be a hypersurface arrangement in a smooth projective
variety X (resp. X'), and ¢ : X — X' a holomorphic map such that ¢~*(L') C L. Let S
and S be strata of codimension p respectively of L and L' such that p(S) C S’ and let us denote
by vs.s S — S the restriction of . Then the component of the morphism

W) s WETPUXY L) 5 B P, )
indexed by strata S and S’ is obtained by tensoring the morphism (@
Asgi(p): Agr (L) — Ag(L)
with the pull-back morphism
Pog t HTPH(S") — H2PT(S).
The other components of wE; 7% (p) are zero.

Proof. 1t is enough to do the proof over C and work with the complexes QZX Ly There is a
pull-back morphism

—10e .
o xwy = YUx
that is compatible with the weight filtrations. Via the isomorphisms of Theorem [3.2.11] one

sees by local computation that this pull-back is as described in the Proposition at the level of
holomorphic forms. O

When applied to the diagonal morphism X — X x X, one gets an algebra structure on
the E; term of the Orlik-Solomon spectral sequence, as follows.

Proposition 3.3.5. The product
WP WE;p’,q’ N WE;(erp’),quq’ (3.12)
is obtained by tensoring the product morphisms
As(L) ® Ag/(L) — Ap(L)
with the morphisms
H™249(8) @ H2P' 0 (§') = H-2H(T) @ H2' 7 (T) B g—2e+r)+a+d)(7)

multiplied by the sign (—1)73‘1/. The above morphism is the composition of the restriction mor-
phisms for the inclusion of T inside S and S’, followed by the cup-product on T'.

Note the sign (—l)pql7 which is a Koszul sign associated to the interchanging of the terms Ag(L)
and H~2'+4' (8.

We now turn to the description of the differential of the Fq term of the Orlik-Solomon
spectral sequence.

Proposition 3.3.6. Let S C S’ be an inclusion of strata of L with codim(S) = p and codim(S’) =
p — 1. Then the component of the differential

dy : WEl—p,q N WEl—p+17q
indexed by S and S’ is obtained by tensoring the natural morphism (@
As(L) = Ag/(L)
with the Gysin morphism
H=2P19(8)(—p) — H-2H+2(8") (—p + 1)

multiplied by the sign (—1)9=1. The other components of di are zero.
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Proof. First step: If L =D = {Dy,...,D;} is a normal crossing divisor, this is Proposition 8.34
in [Voi02] (see also [PS08, Proposition 4.7]). Indeed in this case we have for every subset I C
{1,...,1}, Ap,(D) = Qe a one-dimensional vector space.

Second step: We deduce the general case from the functoriality of the Orlik-Solomon spectral
sequenceand the fact that Ae(L) is spanned by monomials e; with I independent. Let e; be
such a monomial and let us write L(I) = ;e Ls, which is a normal crossing divisor in X. From
the functoriality of the spectral sequence, there is a map of spectral sequences

Wb PHX L(T)) = By (X L)

which is easily seen to be injective (this follows from the injectivity in the deletion-restriction
short exact sequence). Thus the differential of an element in H~2’9(S) ® Qe; can be read
off WwEV4(X,L(I)). We are then reduced to the first step. O

Remark 3.3.7. If X is any complex manifold, then we can also consider the Orlik-Solomon
spectral sequence converging to the cohomology of X \ L, and the above discussion for the F;
term remains valid. The only thing that we gain when assuming that X is a projective variety
is the degeneracy of this spectral sequence at the Ey term, by Theorem [3.3.1}

3.3.4 The Orlik-Solomon model and the main theorem

We restate the results of the previous paragraph. Let X be a smooth projective variety and L
a hypersurface arrangement in X. Let us define

MNX,L)= @ H™S)(n—q)® As(L)
SESyn(L)

viewed as a Hodge structure of weight q.

1. We have a product
MJ(X,L)® Mg (X,L) — M7 (X, L). (3.13)

L
obtained by tensoring the product morphisms o
As(L) ® Ag/(L) — Ap(L)
with the morphisms
H*9(S) @ H™~9(8') — H*"~9(T) ® H* ~7(T) = HAm)~la+d)(T)

multiplied by the sign (—1)(¢~™4". The above morphism is the composition of the re-
striction morphisms for the inclusion of T inside S and S’, followed by the cup-product
onT.

2. We have a differential
. n n+1
d.Mq (X, L) —>Mq (X, L). (3.14)

Let S C S’ be an inclusion of strata of L with codim(S) = ¢g—n and codim(S’) = g—(n+1).
Then the component of the differential indexed by S and S’ is obtained by tensoring
the natural morphism

Ag(L) — Agi(L)

with the Gysin morphism
H*"9(S)(n — q) — H*172(8")(n — g + 1)

multiplied by the sign (—1)?. The other components of the differential (3.14)) are zero.
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3. Let X’ be another smooth projectiver variety, L’ be a hypersurface arrangement in X’
and ¢ : X — X' a holomorphic map such that ¢ ~!(L’) C L. Then we define a map

M*(p) : M*(X', L)) — M*(X,L). (3.15)

Let S and S’ be strata of codimension ¢ — n respectively of L and L’ such that ¢(S) C 5,
and let pgg : S — S’ be the restriction of ¢. Then the component of My (¢) indexed
by S and S’ is obtained by tensoring the morphism ((3.8])

A&SI(@) : AS/(L/) — As(L)
with the pull-back morphism
SO*S,S/ . HQH—Q(S/) — H2n_q(5).
The other components of M*®(y) are zero.

In the next theorem, a split mixed Hodge structure is a mixed Hodge structure that is a
direct sum of pure Hodge structures.

Recall that a graded algebra B = @®,>0B,, is said to be graded-commutative if for homoge-
neous elements x and 2’ in B we have za’ = (—1)l1#'1/z.

Theorem 3.3.8. Let X be a smooth projective variety over C and L a hypersurface arrangement
in X.

1. The direct sum M*(X,L) = @, My (X, L) is a graded-commutative differential graded al-
gebra in the category of split mized Hodge structures. It is functorial with respect to (X, L),

using .
2. We have isomorphisms of algebras in the category of split mized Hodge structures:
gV H* (X \ L) = H*(M*(X, L)).
They are functorial with respect to (X, L).
We call M*(X, L) the Orlik-Solomon model of the pair (X, L).

Proof of Theorem[3.3.8. 1. Note that we have multiplied the differential by —1 for a matter
of convenience; this gives an isomorphic differential graded algebra. The assertion is a
consequence of the previous paragraph (Propositions 3.3.5} [3.3.6{ and |3.3.4)).

2. The isomorphism is simply, after the change of variables n = —p + ¢, the fact that the
spectral sequence EP? degenerates at Eo and converges to the cohomology of X \ L:

HP(WFy ) = griV HPHI(X \ L).
O

Remark 3.3.9. Under the assumption , we may give a presentation of the Orlik-Solomon
model that is more suitable in certain situations. For S a stratum of L and I C {1,...,l} an
independent subset such that L; = S, we have a monomial e; € Ag(L). If we identify H?"~9(S)®
Qey = H*"74(Ly), then we see that M}"(X, L) is the quotient of

D H"UL)(n—q)

[7|=¢—n
I indep.
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by the sub-vector space spanned by the images of the morphisms

HZniq(L[/) — @ H2niq(L[/\{i})
iel’
I'\{i} indep.

for I’ dependent. The above morphism the alternate sum of identity morphisms (if I’ is depen-
dent and I’ \ {i} is independent, then L;n ;3 = Ly for dimension reasons).

3.4 Wonderful compactifications and the Orlik-Solomon model

3.4.1 Hypersurface arrangements and wonderful compactifications

Definition 3.4.1. Let L = {Lq,...,L;} be a hyperplane arrangement in C", Z a stratum
of L. We say that Z is a good stratum if there exists coordinates (zi,...,2,) on C" such
that Z = {z1 = ... = 2z = 0} for some r, and for each i = 1,...,l, L; is either of the
type {a121 + ... + arz, = 0} or of the type {a,+12r41 + ...+ anz, = 0}.

Ezample 3.4.2. In C3, let Ly = {x =0}, Ly = {y =0}, Ly = {z = 0}, Ly = {x = y}. Then the
stratum {x = y = 0} is good, but the stratum {z = z = 0} is not.

Let L ={Lq,...,L;} be a hypersurface arrangement in a complex manifold X, Z a stratum
of L. We say that Z is a good stratum if in every local chart where the L;’s are hyperplanes, it
is a good stratum in the sense of the above definition. A stratum of dimension 0 (a point) is
always good. In the case of a normal crossing divisor, all non-empty strata are good.

Lemma 3.4.3. Let L = {Ly,..., L} be a hypersurface arrangement in a complex manifold X, Z
a good stratum of L, and _

m: X - X
the blow-up of X along Z. Let E = 7T_1(~Z) be the exceptional divisor, and for all i, let L; be
the strict transform of L;. Then L = {E,Ly,...,L;} is a hypersurface arrangement in X .

Proof. 1t is enough to do the proof for X = A™ and the L;’s hyperplanes. We choose coordi-
nates (z1,...,2y) as in Definition

We have r natural local charts Xj, = A" on X', k=1,...,r. On the chart Xk, the blow-up
morphism is given by

(21, 2n) = (212ks - -+ 3 Zb—12k> Zhs Zht12ks - - - > Zr2hs Zr 41y -+ - Zn)

In this chart, F is defined by the equation z; = 0. The strict transform of a hyperplane of the
type {a121 + ...+ ayz, = 0} is given by the equation a121 + ... + ag_12k—1 + ax + agp+12k4+1 +
...+ ayz, = 0. The strict transform of a hyperplane of the type {a;+12,+1 + ... + apzn, =0} is
defined by the same equation.

To sum up, in the chart X &, all the hypersurfaces of L are given by affine equations. Up
to some translations, we can then find smaller charts where all the equations are linear. This
completes the proof. O

With the notations of the above lemma, we will simply write that
7:(X,L) = (X,L)

is the blow-up of the pair (X, L) along the good stratum Z. We stress the fact that L is the hy-
persurface arrangement consisting of the exceptional divisor F and all the proper transforms L;
of the hypersurfaces L;.
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The blow-ups along good strata are enough to resolve the singularities of a hypersurface
arrangement, as the following theorem shows. It is simply a reformulation of classical results on
“wonderful compactifications” (see [FM94, DCP95| [Hu03, [Li09]).

Theorem 3.4.4. Let L be a hypersurface arrangement in a complexr manifold X. There exists
a sequence

(X,L) = (XN, LNy Iy (x (N=1) p(N=1)y TN T (x(0) 10y = (X, L)
where

1. for all k, X% is a complex manifold and L™ o hypersurface arrangement in X *)

2. for all k, m; : (X®), LK) o (XE=1 LE=DY 45 the blow-up of (X*=1 LE=1)Y glong a
good stratum of L1

3. L is a normal crossing divisor in X.

Proof. An arrangement of hypersurfaces defines an arrangement of subvarieties in the sense
of [Li09). Let us fix a building set G and let 7 : X — X be the corresponding wonderful
compactification, with L= 77Y1(L). Then according to [Li09], 7 is a composition of blow-ups
along a minimal element of a building set. It simply remains to prove that a minimal element
of a building set is a good stratum. We work in the cotangent spaces, hence reducing to a
statement of linear algebra.

Let G be a building set of an arrangement of subspaces C in the context of [DCP95], and let
us write M = > .- C. We have a G-decomposition

M=G & ---®G,

where the G; € G are the maximal elements. Let X € C be any element, then X C M and by
definition of a building set X C G for some unique ¢ = 1,...,r. Hence if we write U; = @,; G,
we then have, forall X €e C, X ¢ G; = X C U,.

3.4.2 Functoriality of the Orlik-Solomon model with respect to blow-ups
Let us consider a sequence of blow-ups along good strata as in Theorem

(X,L) = (XN, LNy Iy (x (V=1 p(N=1)) T T (xO) 1O = (X, L).

Then by the functoriality of the Orlik-Solomon model we get a sequence of morphisms of differ-
ential graded algebras (in the category of split mixed Hodge structures):

M®(m1) M®(mn) o
M*(X,L)=M*(Xx© LO) = ... = M(xXW™ LWy = M*(X,L).

For each k, M*(m) is a quasi-isomorphism since 7 induces an isomorphism X (k) \ Lk =5
X (k=1) \L(k_l). Thus we get a natural quasi-isomorphism between the Orlik-Solomon model
of (X, L) and that of (X, L).

In the following theorem, we give explicit formulas in the case of a single blow-up. For
simplicity, we work under the assumption and use the presentation of the Orlik-Solomon
model given in Remark [3.3.9

Theorem 3.4.5. Let X be a smooth projective variety over C and L a hypersurface arrangement
in X such that the assumption s satisfied. Let Z be a good stratum of L and

7:(X,L) = (X,L)



3.5. CONFIGURATION SPACES OF POINTS ON CURVES 91

the blow-up of (X, L) along Z. Let
M*(x) : M*(X,L) - M*(X,L)
be the morphism induced by ™ on the Orlik-Solomon models. Then
1. M*(m) is a quasi-isomorphism.

2. the components of M (w) are given, for I = {iy <--- <iq_n} independent, by

(a) the pull-back morphism H?"~9(Ly) LN H2=4(Ly).
(b) for all s such that Z C L;_, the morphism H*"~9(L;) — H*"~9(EN EI\{is}) which is

the pull-back morphism corresponding to E N EI\{,-S} 57N Lpggy =2NLp = Ly,
multiplied by the sign (—1)°~1.

Proof. 1. This is obvious by Theorem since 7 induces an isomorphism X \ L = X \ L.

2. It is a consequence of the general formula for functoriality given in Using the
notation £ = Lo, a local computation shows that we have the following formula for Ae(7) :
Ao(L) — Ao(L).

e; if L; does not contain S

eg + e; if L; contains S

Ax(m)(ei) = {

Thus we get
Ad(m)(er) =er+ > (=1 leo Aengiyy
1<s<g—n
ZCLZ‘S
and the claim follows. O

3.5 Configuration spaces of points on curves

3.5.1 Configuration spaces associated to graphs

Let Y be a compact Riemann surface, i.e. a smooth projective complex curve. Let I' be a finite
unoriented graph with no multiple edges and no self-loops, with V' its set of vertices and FE its
set of edges. Let Y be the cartesian power of Y indexed by V, with coordinates v,. For v € V,
we have a projection

pU:YV—>Y.

Every edge e € E with endpoints v and v’ defines a diagonal A, = {y, = y»} C YV which
is the locus where the coordinates corresponding to the two endpoints of e are equal. We
define Ar = J.cg Ae and then the configuration space of points on Y associated to I':

C(Y,T) =YV \ Ar.

In the case where I' = K, is the complete graph on n vertices, we recover the configuration
space

CY,n)={(y1,-..,yn) €Y™ |yi #£y; fori#j}=Y"\J A

1<j
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3.5.2 A model for the cohomology

In [Kri94] and [Tot96], I. Kriz and B. Totaro independently found a model for the cohomology
of C(Y,n). Their result has been recently generalized to C(Y,T") by S. Bloch in [Blo12] (even
though Bloch’s framework is slightly more general, with external edges in I' labeled by points
of Y'). We recall the definition of this model. Here Y has dimension 1, but the general definition
is similar.

If B = @,>0B, is a graded-commutative graded algebra and {z,} are indeterminates with
prescribed degrees {d,}, then there is a well-defined notion of graded-commutative algebra gen-
erated by the z,’s over B. This is a graded-commutative graded algebra which is the quotient
of B[{z4}] by the relations bx, = (—1)Pldaz,b for b homogeneous, and zgz, = (—1)%% 2,24
for all  and . For example, if B is a field concentrated in degree 0 then we recover the exterior
algebra generated by the z,’s. We use the wedge notation z, A xg to remember the graded-
commutativity property.

Let us define, following [Blo12], a graded-commutative differential graded algebra N*(Y,T) in
the following way. It is generated (as a graded-commutative algebra) by the cohomology H*(Y'")
and elements G, in degree 1 for every edge e € F, modulo the relations:

R1) pi(c)Ge = pt (c)Ge for every class ¢ € H*(Y), where v and v’ are the endpoints of e in T.
v v

(R2) S0 (=) 1Gey A---AGeg A+ NG, =0if {ey,...,e,} C E contains a loop.

We now define a differential d on N*(Y,T") as zero on H*(Y"") and given on the elements G,
by the formula
d(G.) = [A] € HA(YY).

One shows that d is well-defined and makes N*(Y,I") into a graded-commutative differential
graded algebra.

3.5.3 The isomorphism with the Orlik-Solomon model

By choosing charts on Y, one easily sees that L = Ar is a hypersurface arrangement in X =Y.
Thus theorem can be applied to the pair (Y'Y, Ar) and gives a model for the cohomology
of C(Y,T') = YV \ Ar. We fix an linear order on the set £ of edges of I, hence on the irreducible
components A, of Ap. This allows us to consider the Orlik-Solomon model M*(Y"V Ar), with
its presentation given by Remark Thus M;(YV7 Ar) is a quotient of

@ ‘YA - ).
ICE
[I|=g—n
I indep.
We note that a subset I C E is dependent if and only if it contains a loop, and is a circuit if
and only if it is a simple loop.

We define a morphism of differential graded algebras
a:N*(Y,T') - M*(YY,Ar)

in the following way.

First we note that for all n we have M?(Y" Ar) = H*(Y"), and we easily see that the resulting
(injective) map H®*(Y") — M*(Y'V, Ar) is a map of graded algebras. Then we define a(G.) to
be a generator g. of HO(A.)(—1) C M3 (Y'Y, Ar).
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Lemma 3.5.1. The morphism « is well-defined and compatible with the differentials. It is thus
a map of differential graded algebras.

Proof. First we show that a respects the relations (R1) and (R2). For the relation (R1) we see
that by definition

a(py(c)Ge) = pi(c)ge = py(c)|a, € H*(Ac).

This equals i%(p}(c)) = (py 0 ic)*(c) where i, : A, < YV is the inclusion of A.. The relation
then follows from the equality p, 0 ic = py 0 ie.

For the relation (R2) we can assume that we have e; < --- < e,. Then if R is the expression in
the relation (R2) we have

T

o(R) = Y (1 gy - g
i=1
and ge, -+ Je, - - - ge, is a generator of HO(A, N-- -ﬂ&;ﬂ- NAg, )(—r+1). Since {A¢,, ..., Ac.}
is dependent, a(R) is thus killed by the quotient that defines M*(YV, Ar).
We then show that « is compatible with the differentials. By definition, the differential is
zero on H*(YV) ¢ M*(YV,Ar). Furthermore, da(G.) = d(ge) is, by definition of the Gysin
morphism, the class of A, in H2(Y"). This completes the proof. O

Theorem 3.5.2. The morphism o : N*(Y,I') — M*(YV, Ar) is an isomorphism of differential
graded algebras.

Proof. We sketch the proof and leave the details to the reader. We define the inverse morphism 3
in the following way. Let I C E be an independent set of edges of I" of cardinality |I| = ¢ — n,
let iy : A7 — YV be the inclusion of the corresponding stratum. Let f; : YV — Aj be any
natural splitting of ¢; defined out of projections p,’s. Then we define the component of 3:

By H*U(Ar) — H*1(YV)G,

to be the pull-back f;. The degrees match since H?"~4(YV)G/ is in degree 2n — g + |I| = n. It
remains to prove that 3 passes to the quotient that defines M*(Y'"V, Ar), and defines an inverse
to a. O]

Remark 3.5.3. It is striking that Kriz and Totaro’s model works for configuration spaces of points
on any smooth projective variety Y, where the diagonals can have any codimension. It is then
tempting to ask for a generalization of the Orlik-Solomon model to the cohomology of X \ L
where L C X locally looks like a union of sub-vector spaces of any codimension inside C".
In [Tot96], B. Totaro suggests a particular case of the previous question, focusing on vector
spaces V; of a fixed codimension ¢ such that all intersections V;, N... NV, have codimension a
multiple of ¢ (this chapter handles the case ¢ = 1).

3.5.4 Comparison with Kriz’s quasi-isomorphism

In this paragraph we sketch the proof that Kriz’s quasi-isomorphism ¢ from [Kri94] can be
recovered as a consequence of the functoriality of the Orlik-Solomon model.

For the sake of comfort we use the notations from [Kri94] and write E®(n) for N*(Y, K,)
where K, is the complete graph on n vertices. We write A = Ag, for the union of all diagonals
of Y™. According to Theorem we have an isomorphism of differential graded algebras

a:E*(n) S M*(Y™,A).

Let 7 : Y[n] — Y™ be the Fulton-MacPherson wonderful compactification [FM94]. Then D =
771(A) is a simple normal crossing divisor whose irreducible components D(S) are indexed by
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subsets S C {1,...,n} with |[S| > 2. We now describe the model F*(n) defined by Kriz. By its
very definition [FM94, §6], we have a natural isomorphism of differential graded algebras

£ : F*(n) —» M*(Y[n], D)

between F'®*(n) and the Orlik-Solomon model M*®(Y'[n], D). To make this isomorphism precise,
let us mention that

e on H*(Y™), € is the pull-back H*(7) : H*(Y"™) — H*(Y[n]);
e 2(9) is the generator gs € H°(D(S))(—1) and £(Dg) is the class [D(S)] € H*(Y[n]).
Theorem 3.5.4. We have a commutative square

F*(n) —5> M*(Y[n], D)

£ e

E*(n) —— M*(Y", A)
where ¢ is defined in [Kri94, §3], the horizontal arrows are isomorphisms of differential graded
algebras and the vertical arrows are quasi-isomorphisms of differential graded algebras.

Proof. It only remains to prove that we have

MY (7)(gap) = > 9gs-

SD>{a,b}

We do the proof in the case n = 3 (the cases n < 3 being trivial) and leave the general case to the
reader. We may assume that {a,b} = {1,2}. Then = is simply the blow-up along A; 2 3, D(1, 2, 3)
is the exceptional divisor, and the equality M 1(7r)(g172) = g12 + 91,23 is a consequence of
Theorem [3.4.5 O



Chapter 4

The motive of a bi-arrangement

In §4.1 we introduce the formalism of bi-arrangements and Orlik-Solomon bi-complexes as a
generalization of the Orlik-Solomon algebra of an arrangement. In §4.2 we define deletion
and restriction of bi-arrangements and prove the existence of a deletion-restriction short ex-
act sequence in the context of exact bi-arrangements. In §4.3 we introduce bi-arrangements of
hypersurfaces in a complex manifold. We define the motive of a bi-arrangement of hypersur-
faces and study the behaviour of the Orlik-Solomon bi-complexes with respect to blow-ups. In
§4.4 we define the geometric Orlik-Solomon bi-complex of a bi-arrangement of hypersurfaces,
and study its behaviour with respect to blow-up. We state the main theorem of this chapter
(Theorem . In §4.5 we study the particular case of projective bi-arrangements, with an
emphasis on bi-arrangements coming from multiple zeta values. In §4.6, which is quite technical,
we prove Theorem The last two sections are appendices. In §4.7 we recall some more or
less well-known facts on relative cohomology in the case of normal crossing divisors. In §4.8 we
state a collection of cohomological identities related to Chern classes and blow-ups. They are
used in the proof of the main theorem.

4.1 The Orlik-Solomon bi-complex of a bi-arrangement of hy-
perplanes

4.1.1 The Orlik-Solomon algebra of an arrangement of hyperplanes

Here we recall a few definitions and notations from the theory of arrangements of hyperplanes.
We refer the reader to the classical book [OT92] for more details.

Definitions and notations

An arrangement of hyperplanes (or simply an arrangement) </ in C" is a finite set of hyperplanes
of C" that pass through the origin. Let us write & = {Ky,...,Ki}. Fori =1,...,k, we may
write K; = {f; = 0} where f; is a non-zero linear form on C".

If o/’ is an arrangement in C" and &” is an arrangement in C"’, then we define their
product o/ = o' x /", which is the arrangement in C"' " consisting of the hyperplanes K’ x
C" for K' € &', and C" x K", for K" € a".

A stratum of </ is an intersection K; = (;c; K; of some of the K;’s, for I C {1,...,k}.
By convention, we have Ky = C", and all other strata are called strict. We write .7, (27) for
the set of strata of .7 of codimension m, .7 (&) = |50 -Zm(<&) for the set of all strata of .o/
and .7 () = |50 Fm () for the set of strict strata of .o7.

It is classical to view the set of strata as a poset ordered by reverse inclusion. For S a
stratum of .27, we write @/<° for the arrangement consisting of the hyperplanes that contain S.
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Let us write S+ C (C")Y for the space of linear forms on C” that vanish on a stratum S; it
is spanned by the f;’s for ¢ such that S C K;. We say that a family of strata Si,..., S, intersect
transversely and write Sy i --- th S, if Si-, ..., S form a direct sum in C".

If S is a stratum of &7, a decomposition of S is an equality S = S; th--- S, with the S;’s
strata of <7, and such that for every hyperplane K; that contains S, K; contains some S;. Dually,
this amounts to saying that we can write S+ = (S1)* @ --- @ (S,)* such that every f; € S+ is
in some (Sj)L. Equivalently, we have a product decomposition &7/ <% 22 o7 <51 x ... x 7<% We
say that S is reducible if it has a non-trivial decomposition, i.e. with all S;’s strict strata, and
irreducible otherwise. Every K € & is irreducible. A stratum S has a unique decomposition S =
Sty M- M S, with the S;’s irreducible.

The Orlik-Solomon algebra

Let o = {Ki,...,K}} be an arrangement of hyperplanes in C". Let Eo(<7) = A®(eq,...,ex)
be the exterior algebra on generators e;, i = 1,...,k in degree 1. For I = {i; < --- < i,} C
{1,...,k} we write e; = €;; A --- A e;, for the corresponding basis element of E,(<7), with
the convention ez = 1. Let d : Fo(o/) — Eo_1(47) be the unique derivation of Fe(<7) such
that d(e;) = 1 for all 7. It is given by
T
dlej, N---Nej,) = Z(—l)j_leil AN /\é;'; N Ne,.
j=1

A subset I C {1,...,k} is said to be dependent if the hyperplanes K;, for i € I, are lin-
early dependent, and independent otherwise. A circuit of & is a minimally dependent subset.
Let Re(7) be the homogeneous ideal of Eo(</) generated by the elements d(ey) for I dependent.
The Leibniz rule implies that it is generated by the elements d(ey) for I a circuit.

The Orlik-Solomon algebra of of is the quotient Ae() = Eo(/)/Re(<7). 1t is a differential
graded algebra which is easily seen to be exact if 2/ is non-empty, a contracting homotopy h :
Ae() — Aer1(4) being given by h(z) = e; A z. An important feature of the Orlik-Solomon
algebra is the following direct sum decomposition with respect to the set of strata:

A= @A)
Se. s (o)

where A (/) is spanned by the classes of the elements ey for I such that K; = S.

We will write S <> T for an inclusion of strata of codimension m; for an inclusion S ;1> T,
we then have a component dgr : AS (&) — AL |(<7) for the differential d.

If ¥ is a strict stratum of @ of codimension r, then the complex

0= AZ () L @ A5 () L @ AT J() L L AT () 0
DN DG

is the Orlik-Solomon algebra of the arrangement .27 <>, hence is exact. This property allows one
to uniquely define [Lo093, Lemma 2.2] the groups A7 (<) and the differentials dsr by induction

on the codimension, starting with AS" (/) = Q. We will use this inductive point of view to
generalize this construction to bi-arrangements.

4.1.2 Bi-arrangements of hyperplanes

Definition 4.1.1. A bi-arrangement of hyperplanes (or simply a bi-arrangement) % = (<, x)
in C" is the data of an arrangement of hyperplanes ./ in C™ along with a coloring function

A
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on the strict strata of &7, such that the Kinneth condition is satisfied:
for any non-trivial decomposition S = S’ th S”, x(S) = x(S’) or x(S) = x(5"). (4.1)

Remark 4.1.2. The Kiinneth condition is empty if x(S’) # x(S”). More generally, let S = S; M
-+~ S, be the decomposition of a strict stratum S into irreducible strata Si. If x(S1) =--- =
X(Sy), then the Kiinneth condition forces x(S) = x(S1) = - -+ = x(S;). Otherwise, x(.5) is not
constrained by the definition of a bi-arrangement of hyperplanes. To sum up, a coloring function
that satisfies the Kiinneth condition is uniquely determined by

— the colors of the irreducible strata;

— the colors of the strata S = S M --- M S, with the S}.’s irreducible which do not all have the
same color.

For all our purposes, only the colors of the irreducible strata will matter, thus we make the
following definition.

Definition 4.1.3. Two bi-arrangements are equivalent if their underlying arrangements are the
same and if their coloring functions agree on the irreducible strata.

In most of the article, we will implicitly consider bi-arrangements up to this equivalence
relation. In particular, we will allow ourselves to define a bi-arrangement by only specifying the
colors of the irreducible strata.

Remark 4.1.4. The hyperplanes L € o/ such that x(L) = A (resp. the hyperplanes M € < such
that x(M) = p) form an arrangement denoted by £ (resp. .#). In most geometric situations
(see these two arrangements play very different roles, hence the union & = £ U .4 is
an artificial object. In other words, one should not view a bi-arrangement as an arrangement
with some coloring datum, but as two arrangements with some coloring datum. To emphasize
this point, we will use the following notational conventions.

Notation 4.1.5. We will sometimes denote a bi-arrangement % in C" by a triple (&, .#, ),
where . and # are two disjoint arrangements in C", and x : S (L U .#Z) — {\pu} is a
function that satisfies x(L) = A for L € £, x(M) = p for M € .#, and the Kiinneth condition

@)

Notation 4.1.6. For 2 = (<7, x) a bi-arrangement, we will often make an abuse of notation and
simply write K € % for K € &/, S € /(%) for S € /(4/), and so on.

We will make great use of a natural involution on bi-arrangements.

Definition 4.1.7. The dual of a bi-arrangement % = (&, x) is the bi-arrangement %YV =
(/,x") where x" is the composition of y with the involution A <+ u. Equivalently, the dual
of B= (L, M,xX)is B = (M, <L, x"). We have (B")" = A.

We may also take product of bi-arrangements. This operation is only well-defined if we work
up to equivalence (Definition |4.1.3]).

Definition 4.1.8. If ' = (&, x') is a bi-arrangement of hyperplanes in C* and 2" = (&7"”, \")
is a bi-arrangement of hyperplanes in C"", then we define their product B = B x B" = (o, x),
whose underlying arrangement of hyperplanes is & = &/’ x &/”. Its irreducible strata have the
form S’ x C*" or C* x §” for S’ (vesp. S”) an irreducible stratum of @’ (resp. /""). We thus
define the coloring by x(S' x C*") = x/(S") and x(C™ x S") = x"(5").

Ezample 4.1.9. There are two (dual) ways in which an arrangement &/ may be viewed as a bi-
arrangement: by defining the coloring x to be constant equal to A or . We will simply denote
these bi-arrangements by (<7, \) and (<7, p).
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Ezample 4.1.10. By taking products, we can define bi-arrangements (£, A) X (.#, ). They are
somewhat trivial examples since the arrangements .2 and .# “do not mix”.

Ezample 4.1.11. Let .Z and .# be two disjoint arrangements in C"”. We define the A-extreme col-
oring ey and the p-extreme coloring e, so that (£, # ,ey) and (£, .# ,e,) are bi-arrangements.

(S) {)\ if S C L for some L € . w if S C M for some M € A
ex(S) =

eun(S) =
1 otherwise. u(S) {)\ otherwise.

To understand the terminology, let us anticipate and note (see for instance Lemma [4.1.24| below)
that we will be interested mostly in the bi-arrangements such that for every stratum .S, there
exists a hyperplane K O S with the same color as S. The A-extreme coloring (resp. the pu-
extreme coloring) is extreme in the sense that we give the color A (resp. the color ) to as many
strata as possible while staying in that class of bi-arrangements.

4.1.3 The formalism of Orlik-Solomon bi-complexes

The definition

Lemma 4.1.12. Let # be a bi-arrangement in C™. There exists a unique datum of

~ foralli,j >0, for every stratum S € %1 (%), a finite-dimensional Q-vector space Afj;

. . 1 . . .
— for every inclusion S — T of strata of codimension 1, linear maps

Grt A= Al and dép AT — AT

such that the following conditions are satisfied:
n 0 0 - Q,
— for every stratum X,

A= D4 d.d"
’ sov

is a bi-complex, where d' and d" respectively denote the collection of the maps dgp and d§
for S O %;

— for every strict stratum X € %H(%) such that x(X) = A\, we have exact sequences

O%AE @ Az 1,] @ Az 2,]7

f_)

— for every strict stratum ¥ € 7 ;(A) such that x(X) = p, we have exact sequences

d//
O%AZ @Aml @A”
Ec—)S Z<—>T

Proof. We define the bi-complexes A<E by induction on the codimension of . The case of
codimension 0 is forced by the equahty AO o = Q. If ¥ is a strict stratum and x(X) = A then
one is forced to define

A} = ker @Al L @Al 2.

Ec—)S 2<—>T
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and the differentials dy, 5 AZ-EJ — AZS_LJ- to be the components of the natural inclusion. This

uniquely defines the differentials d’é’ g: Af o1 AiEJ» by filling the dotted arrow in the following
commutative diagram.

S T U
D A — D A —— D Al
1 2 3
Y5 YT YU

v | i
A7 D A%, D Al

1 2
Ye—S YT

The case x(X) = p is dual, with the definition

s _ T 4 s
Ay =coker | (P Aj; 25 P A7
s T shs

O]

Definition 4.1.13. The above datum is called the Orlik-Solomon bi-complez of the bi-arrangement %
and denoted by A, «(%), or simply Ae . when the situation is clear.

Visually, we get a bi-complex that is defined inductively, starting in the top right corner and
going in the bottom left direction.

> A3 Asp Ao Ao

.y

v > A1 A Ao

> A1 — App

v > Ap3

Y

Remark 4.1.14. The Orlik-Solomon bi-complex is a local object: the bi-complex Af?(%’) is
the Orlik-Solomon bi-complex of the bi-arrangement %<> consisting of the hyperplanes that
contain X.

Lemma 4.1.15. Let % be an arrangement and Ao be its Orlik-Solomon bi-complex. The fact
that all Af? are bi-complezes is equivalent to the following identities.

. . 2
1. For an inclusion S — U we have

> dryodsyr=0 and Y dipodiy =0.
SHTHU SHTHU
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2. (a) Let S # U be two strata of the same codimension such that there is no diagram S N
T <i> U. Then for every diagram S & R i) U we have

/ "o
dpyodps = 0.

(b) Let S # U be two strata of the same codimension such that there is a diagram S <

T <L U. Then we necessarily have T'= S 4+ U and there is a unique diagram S <L
R<i> U , which is R=5NU. We then have

dpyodps = djrodsy
(c) For every stratum S, we have
Z dgva'* 9} d{S’,T =0.
ST
1
For every inclusion R — S we have
R0 dps=0.
Proof. 1. It expresses the fact that d od’ =0 and d’ od” =0 in Aff .

2. (a) It expresses the fact that the components AE -1 Ag']—l,j of ' od” and d"od' in ASE
are equal.

(b) Same.

(c) There is no d7 g in A, ., hence the component A? i1 AP | - of d"od' is zero. This

1—1,7
gives the first equality. Now for some R <—> S, the second equality follows from the

first equality and the fact that the components A, | — A | ; of d’ od” and d”" o d’

in ASE are equal.
L]

Definition 4.1.16. Let % be an arrangement and A, o be its Orlik-Solomon bi-complex. We
say that a strict stratum X of £ is exact if the following condition, depending on the color of 3,
is satisfied:

- x(X) = X and all the rows
d/
0= A 5 @Az L @Az 25— = (D AT 20
s sz
of the bi-complex Af? are exact;
— x(X) = p and all the columns
0+ AF; <& @ AP, &

<—> YT Yz

/

of the bi-complex A are exact.
We say that £ is exact if all its strict strata are exact.

The next easy Lemma expresses the fact that the definition of the Orlik-Solomon bi-complex
is self-dual.
Lemma 4.1.17. The Orlik-Solomon bi-complexes of B and %" are dual to each other: we
have AZSJ(%V) = (AJSZ(%’))V, d' being the transpose of d” and d’ the transpose of d'. Further-
more, A is exact if and only if B is exact.
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The Kiinneth formula

Up to now, we haven’t used the Kiinneth condition (4.1)). This condition is actually crucial since
it implies that the Orlik-Solomon bi-complexes behave well with respect to decompositions.

Proposition 4.1.18. Let A be a bi-arrangement and X2 a stratum of B. Let us assume that X
has a decomposition ¥ = X' M X", Then we have an isomorphism of bi-complezes (“Kiinneth

formula”)
/ 1’
ASE ~ A<E A<Z
.0 .0 e.0

More precisely, a stratum S D ¥ of codimension r has a um'que decomposition S =5 mnys"
with S" D Y of codimension v’ and S” D X" of codimension v with r = r' + 1" ; we then have
isomorphisms

"
AS =AY, @ AL

that are compatible with the differentials (the above sum is restricted to the indices such that i’ +
" — Z., ]'/ +j/l — j; Z'/ +]/ — 7,/’ ,L'/I +j” — TI/).

Proof. We proceed by induction on the codimension of 3. The case of codimension 0 is just
the isomorphism Q = Q ® Q. More generally, the result is trivial if ¥’ or X" is the whole
space C™. We thus assume that ¥’ and X" are strict strata. Let us assume that y(X) = )\, the
case x(X) = p being dual. Then by the Kiinneth condition (4.1)), we necessarily have x (') = A
or x(X") = X\. We consider the complexes

rd ’ d’ /
0 A7, S @ Al 5 P Al (4.2)
s s
and
" d’ " d’ "
0= A% 05 @ A0S P AL, (4.3)
Z//(LS// E//(z)T//

The tensor product of these two complexes is necessarily exact, since one of the two is exact.
Summing over all possible indices (i, j',7”,j”) and using the induction hypothesis leads to an
exact complex

0—>®A /®A// //—> @ A,LS,FTX]:” @ AZEITEN%

E/c_>s/ Z/l;l)sll
T’mz“ S’rhS” /T
—>@A223 @Az?y EBAZM'
1 2
s PRI pa S )
Ellci)S/l

This gives the desired isomorphism. One easily checks the compatibilities with the differentials.
O

Corollary 4.1.19. 1. The Orlik-Solomon bi-complex Aeo(%) of a bi-arrangement % only
depends on its equivalence class (Definition .

2. A bi-arrangement % is exact if and only if all its irreducible strata of codimension > 2 are
exact. Thus, the exactness of % only depends on its equivalence class.

Proof. 1. Proposition[4.1.18implies that for a decomposition into irreducibles S = S; M --- h
Sr, Aff is the tensor product of the bi-complexes Aff’f, hence it does not depend on the

color x(S5).
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2. Let us assume that all the Si’s are exact, and that x(S) = A (the case x(S) = p being
dual). By definition, we can then assume that x(S51) = A, and hence the rows of Affl are
exact. The Kiinneth formula implies that the rows of Af;g are exact, hence S is exact.

The claim then follows from the fact that all hyperplanes K € % are exact.
O

Another way of stating the Kiinneth formula is the following.

Corollary 4.1.20. The Orlik-Solomon bi-complex of a product B’ x B" is the tensor product
Aeo( B x B") 2 Aeo(B') @ Aeo(B").

Furthermore, ' x A" is exact if and only if ' and A" are exact.

Examples

Ezxample 4.1.21. The notion of an Orlik-Solomon bi-complex generalizes the construction of the
Orlik-Solomon algebra. Indeed, if &7 is an arrangement then the Orlik-Solomon bi-complex of
the bi-arrangement (<7, \) is concentrated in bi-degrees (k, 0) and agrees with the Orlik-Solomon
algebra of «7: Aio(d, \) = AZ(&) for all S € .7, (), and dgr = dsr the classical differential
of the Orlik-Solomon algebra. Dually, the Orlik-Solomon bi-complex of (47, 1) is concentrated
in bi-degrees (0,%) and is the linear dual of the Orlik-Solomon algebra of < A*&k(;z% J) =

(Ag (of ))v The bi-arrangements (<7, A) and (7, ) are thus always exact.

Ezample 4.1.22. More generally, for a bi-arrangement & = (£, .4, x), if all strata of .£ are
colored A then we have an isomorphism Ag o(Z, 4, x) = Ae(L). Dually, if all strata of .Z are
colored y then we have an isomorphism Age(Z, 4, %) = (Ae(4))".

Ezample 4.1.23. By Example [4.1.21} and Corollary [4.1.20] a product (£, \) x (A, u) is always
exact, with its Orlik-Solomon bi-complex

Aea((Z X)X (M, 1)) = Ad(L) @ (As(A))".

The first obstruction to exactness

Let # = (£, .#,x) be a bi-arrangement. By the definition of an Orlik-Solomon bi-complex, we

have for each L € £ an isomorphism Af 0 = Q, and Aa 1 = 0. Dually, we get for each M € #

an isomorphism Q = Agﬁ, and A% = 0. This remark gives us the first obstruction to the

exactness of a bi-arrangement.

Lemma 4.1.24. If a bi-arrangement B = (£, # ,X) is exact, then for every strict stratum S,
1. if x(S) = A then S C L for some L € Z;
2. if x(S) = then S C M for some M € # .

Proof. Let us assume that x(S5) = A, the case x(S) = u being dual. Then the first row of the
bi-complex Af? is exact, which means that we have a surjection

L
b Ay—-Q—0
Le¥ | SCL

hence S C L for some L € Z. O

Ezxample 4.1.25. The simplest bi-arrangement of hyperplanes that is not exact is made of three
lines L1, Lo, L3 in C? that meet at the origin Z, with x(L1) = x(L2) = x(L3) = A, and x(Z) = p.
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4.1.4 The Orlik-Solomon bi-complex of a tame bi-arrangement
Tame bi-arrangements

Let & ={Ly,...,L;} and A4 = {My,...,M,} be two arrangements of hyperplanes in C". We
say that a pair (I, J) formed by a subset I C {1,...,l} and a subset J C {1,...,m} is dependent
if the hyperplanes L;, for i € I, and M;, for j € J, are linearly dependent, and independent
otherwise. A circuit is a minimally dependent pair (I, .J) in the sense that if I’ C I and J' C J
are two subsets such that (I, J’) is dependent, then I’ = I and J' = J. We note that if (1, )
is a circuit, then Ly N My is an irreducible stratum.

Definition 4.1.26. Let & = (£, .#, x) be a bi-arrangement. A strict stratum S of Z is tame
if the following condition, depending on the color of S, is satisfied:

1. x(S) = X and there exists a hyperplane L; that contains S and such that ¢ does not belong
to any circuit (I,J) with S € Ly N My and x(L; N My) = p;

2. x(S) = p and there exists a hyperplane M; that contains S and such that j does not
belong to any circuit (I,J) with S C Ly N My and x(Ly N My) = A

A bi-arrangement of hyperplanes is tame if all its strict strata are tame.

Remark 4.1.27. The tameness is a local condition in the sense that the tameness of a stratum S
of % only depends on the bi-arrangement Z<~° consisting of the hyperplanes that contain S.

Lemma 4.1.28. A bi-arrangement is tame if and only if all its irreducible strata of codimen-
ston = 2 are tame. Thus, the tameness of a bi-arrangement only depends on its equivalence
class.

Proof. We note that the hypersurfaces K € % are necessarily exact. Let us assume that all
irreducible strata of & are tame. Let S be a reducible stratum of & with a decomposition S =
Si1 - h S, into irreducibles S;. Let us assume that x(S) = A, the case x(S) = p being
dual. Then by the Kiinneth condition we can assume that x(S1) = A. Thus, there is
a hyperplane L; D Sj such that i does not belong to any circuit (I,J) with Sy C Ly N M;y
and x(L; N Mjy) = p. Then L; contains S; furthermore, a circuit (I,J) containing ¢ and such
that S C Ly N Mj necessarily satisfies S C S1 C Ly N My, hence S is tame. O

Remark 4.1.29. Let us say that a stratum S of & is hamiltonian if it can be written S = LN My
with (I,J) a circuit. A hamiltonian stratum is irreducible, but the converse is false in general.
If % is tame, then the color of the hamiltonian strata determine the colors of all irreducible
strata, using the following basic fact about connected (=irreducible) matroids.

Lemma 4.1.30 ([OxI11], Proposition 4.1.3). Let o = {K1,..., K} be an arrangement of hyper-
planes, S an irreducible stratum of o/, K;, K; € &/ hyperplanes containing S. Then there exists
a circuit I containing i,j such that S C K.

Ezample 4.1.31. 1. If &/ is an arrangement, then the bi-arrangements (27, \) and (&, ) are
tame.

2. The class of tame bi-arrangements is closed under products (this is a consequence of

Lemma [4.1.28)).

3. As a consequence, any product (£, A) x (4, u) is tame.

4. The tameness condition implies the necessary condition of Lemmal4.1.24] For bi-arrangements
in C?, these conditions are equivalent.
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Lemma 4.1.32. Let £ and A be disjoint arrangements in C™. Then the bi-arrangements (£, # , ey)
and (&L, M ,e,), equipped with the X-extreme and p-extreme colorings, are tame.

Proof. By duality, it is enough to do the proof for (£, . e)).

— Let S be a stratum such that ey (S) = A, then there exists a hyperplane L; such that S C L;.
Let (I,J) be a circuit such that ¢ € I, S C Ly N My, and ex(L; N My) = pu. Then by
definition, I = @&, which is a contradiction.

— Let S be a stratum such that ey (S) = u, then there exists a hyperplane M; such that S C M;.
Let (I,J) be a circuit such that j € J, S C Ly N My, and ex(Ly N My) = X. Then there
exists a hyperplane L; such that Ly N My C L;. Then S C L; and e)(S) = A, which is a
contradiction.

O

The Orlik-Solomon bi-complex

The goal of this section is to give an explicit formula for the Orlik-Solomon bi-complex of a tame
bi-arrangement, and to prove at the same time that tame bi-arrangements are exact. Let us fix
a tame bi-arrangement B = (&, #,x) with & = {L1,...,L;} and .# = {My,...,M,,}. We
first set

Ee(B) = Eu( L) © Bu( M) = N(er,...,e0) @ A(f.. ).

Thus, E; j(#) has a basis consisting of monomials ey ® f) for |I| =4 and |J| = j. We define
d =d@id: Fee(B) — Ee_1(B)

and
d"=id®d": Eeo(#B) — Eqor1(5)

so that F, o(%) is a bi-complex.

We consider on E, (%) the following homogeneous relations (subspaces of F,o(%)) and
co-relations (subspaces of the dual space Fq o(%#)"):

— for a circuit (I, J) such that x(L; N Mjy) = A, for all J' D J, we consider the relation

(d(er) ® fr
where (d(ey)) is the ideal of A®(ey,...,e;) generated by d(ey).

— for a circuit (I, J) such that x(L; N M) = p, for all I’ O I, we consider the co-relation

ep @ (d(f))
where (d(f7)) is the ideal of A®(f1,..., fm) generated by d(f).

Definition 4.1.33. Let A, (%) be the subquotient of E, (%) defined by the above relations
and co-relations.

The notation will be justified by the fact that Ag o(#) is the Orlik-Solomon bi-complex of 2,
see Theorem [4.1.38| below. It is worth noting that the definition of A.7.(,%) only uses the colors
of the hamiltonian strata, which is not surprising in view of Remark

Lemma 4.1.34. The differentials d’ and d” pass to the subquotient and give Aq o(A) the struc-
ture of a bi-complex.
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Proof. By duality, it is enough to prove that d’ and d” pass to the quotient by the relations. It
follows easily from the definitions:

d'((ex Ad(er)) ® f) = (d(ex) Nd(er) ® f

and
d"((ex Nd(er)) @ f7) = D *(ex Adler) @ frg-
JjgJ’
OJ

For integers i,j > 0 and a stratum S € .7, ;(#), let us denote by E7;(#) the direct
summand of E; ;(#) spanned by the e; ® f) such that L;y N M; = S. Note that this implies
that (1, J) is independent. Then we have a direct sum decomposition

Ej#B) = P E@Be b Qer ® fY. (4.4)
S€Siy;(#) HZ?
=J

(I,J) dependent

Lemma 4.1.35. The direct sum decomposition passes to the subquotient and induces

4(B) = P Al(#).
S€Si1;(#)

Proof. We first prove that if (I, J) is dependent then in the definition of A, o(#) we either have
the relation e; ® f) = 0 or the co-relation e) ® f; = 0, so that the second direct summand of
disappears.

Let (I,J) be dependent. There exists I’ C I, J' C J such that (I’,J') is a circuit. We assume
that x(Lp N My) = A, and show that the relation ey ® fy = 0 holds in As¢(%) (dually,
if x(Lp N My) = p we would get the co-relation e @ f; = 0). There are two cases to consider.
First case: I' # @. For any i € I’ the Leibniz rule implies that e;; = +e; Ad(ey), hence ey and
then ey are in the ideal of A®(ey,...,¢;) generated by d(e;/). Thus the relation (d(ey)) ® fY
entails ey ® fy = 01in A; ;(A).

Second case: I' = @. Let L; be a hyperplane containing M ;, and satisfying the condition given
in the definition of a tame arrangement. Then one easily shows that there exists a subset J” C J’
such that ({i},J”) is a circuit. Since My C L; N Mjn, we necessarily have x(L; N Myr) = A,
and we are reduced to the first case.

We next prove that the relations and co-relations are homogeneous with respect to the
grading by (). Let (I, J) be a circuit such that x(L; N M) = A, and let J' D J. Then the
corresponding relation reads

Z :l:ej\{i} & f}// = 0.

el
For all 4 € I, (I \ {i},J) is independent, hence Lp ;3 N My = L; N M; does not depend on i,
and Lp g N My does not depend on . Hence the relations are homogeneous with respect to
the grading by .7(%). Dually, the same is true for the co-relations. O

Remark 4.1.36. By definition, the component Aﬁ (%) only depends on the arrangement %<9
which is tame according to Remark [4.1.27] For a strict stratum 3, we then have Af?(%’) =
Aqo(B<F).

Ezample 4.1.37. Let ¥ = {L1, L2} and .# = {M;} be three distinct lines in C2. Let Z be
the origin, we set x(Z) = A. This defines a tame bi-arrangement & = (£, .#,x). The only
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circuit is ({1,2},{1}). Then A,+(%) is the quotient of A®(e1,e2) ® A®(f)) by the relations
(e2 —e1)fy =0 and e1afy = 0. It can be pictured as

Qe Qe1 ® Qe Q1

| |

Qerfty @ Qeafy) /(enfy = eafy) —=QfY

and its rows are exact.

Theorem 4.1.38. Let % be a tame bi-arrangement. Then Aq o( %) is the Orlik-Solomon bi-
complex of B, and B is exact.

Proof. Firstly, Ag’g(%) is indeed one-dimensional with basis 1 ® 1. Secondly, for every strict
stratum 33, Af?(%} = A+ o(A) is a bi-complex by Remark 4.1.36/ and Lemma Thirdly,
let ¥ be a strict stratum of % such that x(X) = A (the case x(X) = p being dual). We want
to show that all the rows of As?(%’) are exact. By the same remark as above, we can assume
that ¥ is the intersection of all the hyperplanes of # and show that all the rows of A, +(#) are
exact.

By the definition of a tame bi-arrangement, there exists a hyperplane L; such that ¢ does
not belong to any circuit (I, J) with x(Ly N My) = p. We define h : Eq o(#B) — Eoyt1,e(H) by
the formula h(z ® y) = (e; A x) ® y. Then the Leibniz rule implies that d' o h + hod = id,
hence h is a contracting homotopy for all the rows of E, o(#). Hence we are done if we prove
that h passes to the subquotient and induces h : Aq o(#) — Aet1,0(H).

The fact that h respects the relations is trivial. Let (I, .J) be a circuit such that x(L;NM;) = p.
Then by assumption i ¢ I. Thus, any subset I’ D I that contains i is of the form I' = {i} L I”
with I” D I. Hence we have h"(ep @ (fx ANd(fr))) = £erm @ (fx Ad(fy)) and h respects the
co-relations. O

Remark 4.1.39. The definition of A, +(#) is automatically self-dual, viewing A.,(,%’V) as a
subquotient of A*(ey,...,e)) @ A*(f1,..., fm) = A (f1,..., fm) @A%(e],....¢)).

Remark 4.1.40. There is a natural structure of graded module over E,(Z) on E, (2, . #).
Let (£, .# ,e)) be a bi-arrangement equipped with the A-extreme coloring; then this structure
passes to the subquotient and induces on Ae o(-Z, .#, ey) a structure of graded module over the
Orlik-Solomon algebra Ae(.%). Dually, Aee(Z,.#,¢,) is a graded comodule over (A4(.#))",
which is the same as a graded module over Aq(.#).

4.1.5 Examples
A non-tame bi-arrangement which is not exact

To find a non-tame non-exact bi-arrangement, we may choose trivial examples that do not satisfy
the necessary condition of Lemma [£.1.24] Here we present a less trivial example.

Let us consider, in C3, a bi-arrangement B = (&, .# ,x) with & = {L1, Lo, L3} and .4 =
{Mi, My} defined by the equations L; = {z1 = 0}, Ly = {xe = 0}, Lz = {x3 = 0}, M; =
{z1 + 23 = 0}, My = {x2 + x3 = 0}. Apart from the hyperplanes, the irreducible strata are
the lines Do = {1 = xo = 0}, D13 = {21 = 23 = 0} and the point P = {z1 = 22 = x5 = 0}.
We define x(D12) = x(D13) = p and x(P) = A. The circuits are ({1,3},{1}), ({2,3},{2}) with
color A, and ({1,2},{1,2}) with color u. The stratum P is not tame, thus £ is not tame.

It is easy to check that # is not exact. This follows from looking at the first row (e,0) of
its Orlik-Solomon bi-complex. The only non-zero terms are AlLfO =Qfori=1,2,3, and Ai 5=

ker (Af3 @ Aff — Q) = Q. The first row is then
0-0—-Q0—-Q2Q2Q—-Q—0
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which is not exact.

A non-tame bi-arrangement which is exact

Let us consider the same bi-arrangement as in the previous example, but with the color-
ing x(Di12) = x(D13) = A and x(P) = p (it is not its dual, since we have not exchanged .2
and .#). This bi-arrangement % is not tame. Nevertheless, it can be checked that the bi-
complex A, o(#) defined in is indeed the Orlik-Solomon bi-complex of % and that £ is

exact.

Another non-tame bi-arrangement of hyperplanes which is exact

Let us consider a bi-arrangement & = (&, .#,x) in C? with ¥ = {L1,Ls, L3} and .# =
{Ml,MQ,Mg} defined by L1 = {a:l = 0}, Lg = {xg = 0}, L3 = {xg = 0}, M1 = {1‘2 + x3 =
0}, My = {x1 + 23 = 0}, M3 = {x1 + 9 = 0}. The irreducible strata are the lines Dis =
{1 = 22 = 0}, D13 = {z1 = 23 = 0}, Da3 = {x2 = x3 = 0} and the point P = {z; =
x9g = x3 = 0}. We set x(D12) = x(D13) = x(D23) = X and x(P) = p. The circuits
are ({1,2},{3}), ({1,3},{2}), ({2,3},{1}) with color A, and ({1, 2}, {1,2}), ({1,3},{1,3}), ({2,3},{2,3})
with color . The stratum P is not tame, thus % is not tame.
It is easy to check that & is exact, but that its Orlik-Solomon bi-complex is not the one

defined in §

4.2 Deletion and restriction

In this section we introduce deletion and restriction of bi-arrangements of hyperplanes. The main
result is Theorem which proves that there is a deletion-restriction short exact sequence in
the formalism of Orlik-Solomon bi-complexes. It implies that the exactness property is “stable
by extension” in the sense that a bi-arrangement is exact if its deletion and its restriction with
respect to some hyperplane are exact. When we apply our results to bi-arrangements % =
(o7, \), we recover the classical deletion and restriction short exact sequence for Orlik-Solomon
algebras [OT92, Theorem 3.65].

4.2.1 Deletion

Let &/ be an arrangement in C", and Ky € &/. The deletion of o/ with respect to Ky is the
arrangement 0.7 = o7 \ {Kp}.

Lemma 4.2.1. 1. We have an inclusion .%4(0%7) C So(/). The complement consists in
those strata S such that there exits a decomposition S = KoM T.

2. Any irreducible stratum of 0.7 is irreducible as a stratum of < .

Proof. 1. The inclusion is trivial. For a stratum S of <7, let T" be the intersection of all the
hyperplanes K € o/, K # Ky, that contain S. If S = T then S is a stratum of 0.47.
Otherwise, S is not a stratum of .47 and we have a decomposition S = Ky h T

2. Let S € (647) such that S is reducible as a stratum of «/. Let S = S’ h S” be a
decomposition for S, with S’ and S” strict strata of «/. If S’ is not a stratum of §.&/
then the first point implies that we have a decomposition S’ = Ky th T”, and hence a
decompositon S = Ko h T h S”, and the first point implies that S is not a stratum
of 8.2/, which is a contradiction. Hence S’ and S” are strata of .o/, and S is reducible as
a stratum of d.o7.

O
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If now # = (&, x) is a bi-arrangement, we can define a bi-arrangement (6.7, x’) by defin-
ing x’ on the irreducible strata of 0.« as the resriction of y. Lemma implies that this
operation is well-defined among equivalence classes of bi-arrangements (Definition |4.1.3]).

Definition 4.2.2. We write 0% = (0.9, X’) and call it the deletion of % with respect to K.

Definition 4.2.3. The deletion of Z with respect to Ky is color-consistent if there exists in the
respective equivalence classes of # and % representatives such that x' : .74 (6%4) — {\, u} is
obtained as the restriction of x : (%) — {\, u}. In this case, we then implicitly work with
these representatives.

Example 4.2.4. Let 8 = {Ky, K1, K2} consist of three distinct lines in C2, and Z be the origin.
The irreducible strata of # are { Ko, K1, K2, Z}. Welet x(Ko) = A, x(K1) = x(K2) = u, x(Z) =
A. Then 68 = {K1, K2} and the irreducible strata of % are { Ky, K2}. The Kiinneth condition
for §% implies that x(Z) = u for 6%8. Thus, this deletion is not color-consistent.

Proposition 4.2.5. Let us assume that the deletion 6% of B with respect to Ky is color-
consistent, and that x(Ko) = X. Then there exists a unique collection of morphisms

bs 1 A7 (6B) — AL (#)
for S € 1 ;(08) such that
— Ocn : Agg(&%) — ASE(%’) is the identity of Q;
— for every strict stratum 3 € 4 (04), the morphisms dg induce a morphism of bi-complexes

§: AST(0B) — ASY ().

If x(Ko) = p, the dual statement is true, with morphisms dg : AS (#) — A?’j(&@).

Proof. We treat the case x(Koy) = A, the case x(Ky) = p being dual. We define the morphisms dg
by induction on the codimension of S, the case of codimension 0 being imposed by the definition.
Let ¥ be a strict stratum of 64 such that all the morphisms dg have been defined for strata S
that strictly contain Y. Since the deletion is color-consistent, 3 has the same color in % and 4.
There are two cases.

1. x(¥) = A. We have the following diagram.

0— A% (68) —L~ @ AP (68) L~ @ AT, (68) (4.5)
S E%T
5 Sey(u) TE.S(5B)
>
V iea&s L@aT

04>AZ

@Az 1] @Az 2J

shs AT

The right square commutes by the induction hypothesis applied to a stratum S € .7 (5 %).
Since the bottom row of the diagram is exact, there is a unique way of completing the
diagram with the dotted arrow dyx;. This morphism is then automatically compatible with
the differentials d’. To see that it is compatible with the differentials d”, a diagram chase
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shows that it is enough to show that the following diagram commutes.

@ Az 1,5— 1(5% ®T®Az 1,5— 1%) (46)

Ev—>T
TEY((S«/Z)

d”l d//
7] i—
@ Az 1 6'@ @ @ 1,9 '@)
E<—>S

Sey(m)

According to the induction hypothesis applied to a stratum S € . (%), one has for S 7
with 7' € S (6%), d§ 1 o 67 = d5 0 d§ . Thus, all we need to prove is that if S ¢ 7 (6%8)
and T € S (6%), the composite dféT o 0 is zero. We prove that the differential d’é,T is
zero. According to Lemma[4.2.1] there is a decomposition S = Ky h T, hence the Kiinneth
formula (Proposition implies that dg r factors as

Az 1,5— 1(’@)_)‘45%(%)@‘42 1,5— 1(*@)(_>Az 1](‘%)
Since x(Kp) = A we have Aéﬁ’ (#) = 0, hence d¢ 1 = 0 and we are done.

2. x(¥) = p. It is similar to the first case. The existence of oy, follows from the same
argument using the commutativity of the square . The compatibility with the differ-
entials d” is then automatic. To check the compatlblhty with the differentials d’, one has
to use the commutativity of the right square in diagram .

4.2.2 Restriction

Let & be an arrangement in C", and Ky € /. The restriction of o/ with respect to Ky is the
arrangement p.o/ on Kq = C"! consisting in the intersections of all hyperplanes of </ \ {Ko}
with Kp.

Lemma 4.2.6. 1. We have an inclusion .Zo(po/) C Ser1(2) corresponding to those strata
of & that are contained in K.

2. An irreducible stratum for pof is either an irreducible stratum for of or has a decomposi-
tion S = Ko h T with T an irreducible stratum of < .

Proof. 1. This is trivial.

2. Let us work in the dual space (C™)V. Let fo € (C")Y be a linear form that defines K.

Then the restriction corresponds to the quotient (C")V — (C")V/Cfo. Let S C Ky be

a stratum and St = S{ @ S5~ @ --- @ S;- be its decomposition into irreducibles. Then

we can assume that fy € Si-. We then have a decomposition in (C")V/Cfo: S+/Cfy =

(S$/Cfo) ® S @ --- @ S;-. If SL/Cfy is irreducible in C"/Cfy, we have two cases.

Either » = 1, which means that S+ is irreducible, or » = 2 and Sj-/Cfy = 0, which means
that S+ has a decomposition S+ = Cfy @ Sy with Sy irreducible.

O
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If now # = (&, x) is a bi-arrangement of hyperplanes, we can define an arrangement of hy-
perplanes (p</, x') by defining the coloring x’ on the irreducible strata of p</. For an irreducible
stratum S of po/ which is an irreducible stratum of <7, we set x'(S) = x(S). For an irreducible
stratum S of po/ of the form S = Ko h T with T irreducible, we set x'(9) = x(T'). Lemma [4.2.6]
implies that this operation is well-defined among equivalence classes of bi-arrangements (Defi-

nition [4.1.3)).

Definition 4.2.7. We write p# = (po/, x') and call it the restriction of 2 with respect to Kj.

If we choose a representative of 4 in its equivalence class such that for a decomposition Ky h
T we have x(Ko M T') = x(T), then we can choose a representative of pZ in its equivalence
class such that x' : 4 (pB) — {\, u} is the restriction of x : S (B) — {\, u}. In the sequel,
we implicitly work with these representatives.

Proposition 4.2.8. Let us assume that x(Ko) = X. Then there exists a unique collection of
morphisms

ps A5 (B) = AL (pB)
for S € S i_1(pA) such that
PKo : ALY (B) — AlS(p#) is the identity of Q;
— for every strict stratum ¥ € S (pA), the morphisms pg induce a morphism of bi—complexesm

pATIB) = AT5 (02).

)

If x(Ko) = p, the dual statement is true, with morphisms pg : A;g’jfl(pe%’) — AEJ(%’)

Proof. We treat the case x(Kpy) = A, the case x(Kp) = u being dual. We define the morphisms pg
by induction on the codimension of S in Ky, the case of codimension 0 being imposed by the
definition. Let 3 be a strict stratum of pZ such that all the morphisms pg have been defined
for strata S that strictly contain 3. There are two cases.

1. x(X) = A. The proof is similar to the proof of Proposition The existence of py is
obtained by filling the dotted arrow in the following commutative diagram.

d d
0 AT (A) D 47, P A, (#)
s sST
= @PS @PT
Y
OHA?—l,j(p%) i @ Af—Q,j(p%) i @ A?—B,j(p%)
ndys 23T
SeS (pAB) TeS (pAB)

The fact that the right square commutes is implied by the induction hypothesis applied

to a stratum S € .7 (p#). One has to note that for an inclusion S =N T,if T € .(pB)
then T C Ky and hence S C Ky and S € #(p#h). The above diagram guarantees
the compatibility of py, with the differentials d’. To see that py, is compatible with the

1. According to the Koszul sign rule, the differential d’ gets a minus sign in A.SEJL.(pQ@).
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differentials d”, a diagram chase shows that it is enough to show that the following diagram

commutes.
@Az 15— 1%)@) @ Az 2,j— 1(pB)
(_> Tef(pgf?)
EB A1 D) wo @ A7 (%)
SG/(pJ)

It is a consequence of the induction hypothesis applied to a stratum S € . (pA).

2. x(X) = p. This is similar to the first case and left to the reader.

4.2.3 The deletion-restriction short exact sequence

Theorem 4.2.9. Let # be a bi-arrangement, and Ko € . We assume that the deletion §%
with respect to Ko is color-consistent, and let p B be the restriction of B with respect to Ko. We
also assume that 6% and p%# are exact.

1. If x(Ko) = A then the deletion and restriction morphisms induce a short exact sequence
0= Aeo(6B) > Aeo(B) D Au_1.4(pB) = 0.

Dually, if x(Ko) = p, then we get a short exact sequence

1)

0= Ave 1(0B) 2 Aeo(B) > Aeo(0B) — 0

2. A is exact.

More precisely, the statement of the Theorem above includes three special cases. Let S be a
stratum of 4.

— If S is a stratum of %8 but not a stratum of p#, then we get an isomorphism
0— AS,(62) 23 A3 (%) — 0= 0.
— If S is a stratum of pZ but not a stratum of §%, then we get an isomorphism
00— AJ (B) 5 A7 | J(p#) =0
— If S is a stratum of both % and p#, then we get a short exact sequence
0— AS,(68) 25 A5 (B) 25 A5, J(pB) = 0

Proof. We treat the case x(Kp) = A, the case x(Ko) = p being dual.

1. We first deal with the special cases separately.
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— If S is a stratum of §Z but not a stratum of p#, this means that S is not contained

in Ko, hence it is also the case for all strata T containing S. One then easily proves
by induction on the codimension of S that dg : A;»S: (08) — AE ;(#) is an isomorphism.
The case of codimension 0 is easy by definition.

If S is a stratum of pZ but not a stratum of 64, then Lemma implies that
we have a decomposition S = Ky h S’. Since x(Kp) = A, we have Afg(,%’) =Q
and A{f 2(#) = 0, hence the Kiinneth formula (Proposition implies that we
have an isomorphism Afj(,%’) AY (#). Now by our convention on the restriction,
we have x (Ko M S’) = x(5’); more generally, for every stratum 7" containing S’ we
have x (Ko M T") = x(T"). It is then easy to show by induction on the codimension of S’
that we have an isomorphism A% () = AlKolmf (p#). The case of codimension 0
is easy by definition. One easily sees that the isomorphism A;g](,%’) > AP (p#) is
indeed pg.

Now we deal with the third case by induction on the codimension of the strata. Let 3 be
a strict stratum of # which is a stratum of both §Z and p%. Let us assume the result
for all strata that strictly contain X. We deal with the case x(X) = A, the case x(X) = p
being similar. We have the following commutative diagram.

0 0 0

O*>AE’](5¢%’)*> @ AL 1;(08) — @ AT 9,;(08) —
2

56/(593) Te}”(&%’)

| l
@Az 1,5(%# @Az 2,j(B) —— -

Ec—>S E<—>T

| |

O4)A'L 1](:0‘@)4> @ Az 2,](p‘@)4> @ Az 3](10‘%)H

2

0 AT (B)

S
SeS (pAB) TGY(p%)

| |
0 0

0

We use the following facts:

— the top row is exact, since 64 is exact;

— the middle row and the bottom row are exact at the two first places by definition of the

Orlik-Solomon bi-complex;

— the second and third columns are exact by the induction hypothesis and the special

cases.

Then a diagram chase shows that the first column is exact. Note that in the case x(X) = p,
we use the fact that pZ is exact.

2. It is a direct consequence of the first point and the long exact sequence in cohomology.

O]
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4.2.4 The case of tame bi-arrangements of hyperplanes

Let B = (£, .#, ) be a tame bi-arrangement of hyperplanes with . = {Ly,...,L;} and .4 =
{M, ..., M,}. For the sake of convenience, we discuss the deletion and restriction with respect
to Ly (resp. My,).

Proposition 4.2.10. 1. We assume that the deletion 0% of % with respect to L; is color-
consistent and tame. The deletion morphism 0 : Aeo(0B) — Aee(HB) is then induced by
the natural inclusion A®(e1,...,e1—1) @A (fY, .., [;) = A(e1,...,e)) A(fY, ..., V).

2. We assume that the restriction p9#B of B with respect to L; is tame. The restriction
morphism p : Aeo(HB) — Ae_1,e(pHh) is then induced, for I C {1,...,1 —1} and J C
{1,....m}, by pler @ fY) =0 and p((e; Ne)) @ f)) =er ® fy.

3. We assume that the deletion 0B of P with respect to M, is color-consistent and tame.
The deletion morphism 0 : Aeo(HB) — Aee(0B) is then induced by the natural projec-
tion A®(e1,...,e)) @ A(fY, ..., [Y) = A%(er,...,e)) @ A(fY ..., fo_q)-

4. We assume that the restriction p%#B of B with respect to My, is tame. The restriction
morphism p : Aee-1(pB) — Aee(AB) is then induced, for I C {1,...,1} and J C
{17"'am_1}; byp(el®fy):el®(f}/Af7>/1)

Proof. The details are left to the reader. In every case, one only needs to show that the mor-
phisms described pass to the subquotient and are compatible with the differentials. ]

4.3 Bi-arrangements of hypersurfaces

4.3.1 Arrangements of hypersurfaces and resolution of singularities

We fix a complex manifold X. An arrangement of hypersurfaces in X is a finite set &/ of smooth
hypersurfaces of X which is locally an arrangement of hyperplanes. More precisely, it means
that around every point p € X we can find a system of local coordinates centered at p such that
all hypersurfaces K € of are defined by a linear equation.

Ezample 4.3.1. A (simple) normal crossing divisor in X is a special case of an arrangement
of hypersurfaces. In this case, we can find local coordinates around every point such that all
hypersurfaces are defined by the vanishing of a coordinate.

Ezample 4.3.2. 1. An arrangement of hyperplanes in C™ is an arrangement of hypersurfaces.
More generally, a finite set of hyperplanes of C" that do not necessarily pass through the
origin is an arrangement of hypersurfaces.

2. A finite set of hyperplanes of P"(C) is an arrangement of hypersurfaces.

3. If Y is a Riemann surface and X = Y™ is the n-fold cartesian power of Y, then there are
distinguished hypersurfaces in X: the diagonals {y; = y;}, and the hypersurfaces {y; =
a} where a € Y is a point. Any finite set of such hypersurfaces is an arrangement of
hypersurfaces. In the context of motivic periods, these arrangements of hypersurfaces
have been studied by S. Bloch [Blo12].

A stratum of &7 is a connected component of a non-empty intersection K; = (,c; K; of some
hypersurfaces K; € &/. It is a submanifold of X. For instance, the whole space X = Ky is
always a stratum of o/, and the other strata are called strict. A stratum S is reducible (resp.
irreducible) if it is reducible (resp. irreducible) locally around every point p € S. Every hyper-
surface K € & is irreducible; if they are the only irreducible strata, then &7 is a normal crossing
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divisor.

The class of arrangements of hypersurfaces is closed under blow-ups along a certain class of
strata, that we now introduce.

Definition 4.3.3. Let o7 be an arrangement of hyperplanes in C". A strict stratum Z of & is
good if there exists a stratum U and a decomposition Z M U such that for every hyperplane K €
&/, K contains Z or U.

Let &/ be an arrangement of hypersurfaces in X. A strict stratum Z of & is good if it is
good in the above sense locally around every point p € Z.

For instance, a stratum of dimension 0 (a point) is always good.

Lemma 4.3.4. Let o/ be an arrangement of hypersurfaces in X, and S be a minimal (for the
usual inclusion order) irreducible stratum of </. Then S is good.

Proof. The statement is local, so we can assume that X = C" and & is an arrangement of
hyperplanes. Let M = (k¢ K be the minimal stratum of & and M = S; M --- M S, be its
decomposition into irreducibles. Then the S;’s are exactly the minimal irreducible strata. We can
then assume that S = S7. Let us define U = S M -+ - (h S,.. Then we have a decomposition S h U
and every hyperplane K € & contains S or U, hence S is a good stratum. O

Lemma 4.3.5. Let &/ be an arrangement of hypersurfaces in X and Z a good stratum of & of
codimension = 2. Let m: X — X be the blow-up of X along Z and E = 7 1(Z) the exceptional
divisor. We write Y for the strict transform of a submanifold Y C X. Then

1. The set o = {E}U{K, K € &} is an arrangement of hypersurfaces in X.
2. The strata of o are of the form S or ENS, for strata S of & that are not contained in Z.

3. The irreducible strata of &/ are E and the strict transforms S of the irreducible strata S
of & that are not contained in Z.

Definition 4.3.6. We call & = {E} U{K , K € &} the blow-up of < along Z.

Proof. The statement is local, so we assume that X = C" and &/ is an arrangement of hyper-
planes. Since Z is a good stratum, we can choose coordinates (z1,. .., z,) such that Z = {z; =
-++ =z, = 0} for some integer r, and such that the hyperplanes K € & are given by equations
of the form o121 4+ -+ a2z =0 0r Qpy12p41 + -+ + apzp = 0.

1. We have r local charts for the blow-up 7 : X - X, given for k=1,...,r by
Wk(zla sy ZT) = (Zk‘zla <y RkRk—1y Rk RkZk+1s - -+ 5 RkAry Zz+15 - - - ,Zn).

In such a chart, the exceptional divisor is £ = {z; = 0}; the strict transform of K =
{onz1 4+ + a2z, =0 is K ={oqz1 +- -+ ag_12p—1 + o + Q12541 + -+ a2y = 0}
the strict transform of K = {412,411+ -+apz, =0} is K= {ar412r41+ - +anz, = 0}
All these equations are linear, hence the result.

2. For S a stratum of 7, it is easy to show using the above local charts that we have
S=0 & ENS=0 & ScZ

hence the result.
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3. The exceptional divisor F is obviously irreducible. Now let us fix a stratum S of & not
contained in Z. Then it is easy to see using the above local charts that E S and that
forevery K € &/, ENS C K = S C K; thus, EN S is reducible if S is not the whole
space C". We are left with proving that S is irreducible if and only if S is irreducible. Tt
it easy to see that a decomposition S = A th B gives a decomposition S = At B and vice
versa, hence the result.

O]

Blow-ups along good strata are enough to resolve the singularities of hypersurface arrange-
ments, as the next theorem shows.

Theorem 4.3.7. Let o/ be an arrangement of hypersurfaces in X. We inductively define a
sequence of complex manifolds X %) and arrangements of hypersurfaces /%) inside X®), via
the following process.

(a) XO =X and o) = o7;

(b) for k>0, let Z®) be a minimal irreducible stratum of /¥ of codimension > 2, X k1) —
X&) the blow-up of X®) along Z®¥) . We let o/ t1) = & *) be the blow-up of o/*)
along Z*).

After a finite number of steps, we get a normal crossing divisor <) inside X(°°).

Proof. The process is well-defined according to Lemma [£.3.4] and Lemma For k > 0,
let .#() be the set of irreducible strata of &%) of codimension > 2. Then Z®*) is a minimal
element of .# %) and ,ﬂ (k+1) consists of the strict transforms of the other elements of .# (%), Thus,
we get | .# k1| = | #(K)|—1. After a finite number of steps, we end up with an arrangement .7 (>°)
inside X (°°) such that #(*) is empty, hence () is a normal crossing divisor. O

4.3.2 The motive of a bi-arrangement of hypersurfaces

Definition 4.3.8. Let X be a complex manifold. A bi-arrangement of hypersurfaces B = (<, x)
in X is the data of an arrangement of hypersurfaces o/ in X along with a coloring function

X er("Q{) - {)‘Hu}
such that the Kiinneth condition (4.1)) is satisfied locally around every point of X.

As for bi-arrangements of hyperplanes, only the colors of the irreducible strata will mat-
ter, and thus we will consider bi-arrangements of hypersurfaces up to equivalence (see Defini-
tion .

We will also use the notational conventions and in the context of bi-arrangements
of hypersurfaces. When the underlying arrangement of hypersurfaces is a normal crossing divisor,
then x is only determined (up to equivalence) by the colors x(K) of the hypersurfaces K € A,
hence we can simply write & = (&, .#).

We also define the dual %" of a bi-arrangement of hypersurfaces.

Let # = (47, x) be a bi-arrangement of hypersurfaces in a complex manifold X, and Z be
a good stratum of Z of codimension > 2. Let m : X — X be the blow-up of X along Z,
and E = 7~ 1(Z) be the exceptional divisor. Let & = {E} ULK K € o/} be the blow-up of &/
along Z. Then we define a bi-arrangement of hypersurfaces % = (ﬁ% X) in X whose underlying
arrangement of hypersurfaces is & = {E}U{K , K € «/}. We define the coloring X only on the
irreducible strata: we set X(E) = x(Z), and for an irreducible stratum S not contained in Z,
we set Y(S) = x(5).
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Definition 4.3.9. We call Z = (<, ) the blow-up of % along Z.

If Z is irreducible (which will be our main case of interest) then the blow-up is a well-defined
operation among equivalence classes of bi-arrangements of hypersurfaces.

Let & be a bi-arrangement of hypersurfaces in a complex manifold X. We inductively define
a sequence of complex manifolds X *) and bi-arrangements of hypersurfaces Z*) inside X*),
via the following process.

(a) X© = X and 20 = 2,

(b) for k >0, let Z*) be a minimal irreducible stratum of Z%*) of codimension > 2, X k1) —

X&) the blow-up of X®*) along Z). We let 2D = 2(*) be the blow-up of B*)
along Z®).
As in the case of arrangements of hypersurfaces, we get after a finite number of steps a bi-
arrangement of hypersurfaces 2(>) inside X (°°), whose underlying arrangement of hypersurfaces
is a normal crossing divisor. We write B(®) = (Z(®) 7)) with £ U .#(*) a normal
crossing divisor. By an abuse of notation, we write (> (resp. .#(>)) for the union of all the
hypersurfaces K € .Z(%) (resp. K € .#(>)).

Definition 4.3.10. The motive of the bi-arrangement of hypersurfaces % is the collection of
relative cohomology groups (see (4.14))

H*(B) = H* (X )\ 2 g\ g(>) n_p()),
If X is a smooth complex variety, then H*(%) is endowed with a mixed Hodge structure.

At each step of the blow-up, we choose a minimal irreducible stratum of codimension > 2.
One could worry that the resulting cohomology group H*® (%) depends on the resulting order of
the blow-ups. It is not the case, as the work of Li shows [Li09, Theorem 1.3].

Ezample 4.3.11. 1. If &/ is a hypersurface arrangement in X, we have
H* (A N = H*(X\ &) and H®*(,pu) = H* (X, o).
2. For # = (£, .#) a normal crossing divisor, then there is no blow-up and we simply have
H*(Z, #)=H*(X\ZL, 4\ 4NZL).
Remark 4.3.12. There is also the compactly-supported version (see )
H(AB) = HC-(X(OO) \3(00)’///(00) \///(00) ﬂj(oo))'

Putting n = dim¢(X), the duality of bi-arrangements is viewed as a Poincaré-Verdier duality
isomorphism (Proposition (4.7.4])

HN(#Y) = (HN(#))" .
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4.3.3 The Orlik-Solomon bi-complex, and blow-ups

Let %4 be a bi-arrangement of hypersurfaces in a complex manifold X. The definition of the
Orlik-Solomon bi-complex of %8 may be repeated word for word from the local case: we start
with A()fo(%’) = Q and define the bi-complexes A$3(2) by induction on the codimension of X.
Note that Af? (#) only depends on the hypersurfaces that contain ¥ and can be computed in
a local chart around any point of 3. We say that a bi-arrangement of hypersurfaces is ezact if
all its strict strata are exact in the sense of Definition [£.1.16l

It is worth noting that although every Af?(%) is a bi-complex, the direct sum @g Aﬁ o IS
not in general. For instance, if % is made of two non-intersecting hypersurfaces, one colored A
and the other colored u, we get the following non-commutative square.

i Tl

—Q

Let now Z be a good stratum of %, « : X — X be the blow-up along Z, E = 71(Z) be the
exceptional divisor, and # be the blow-up of % along Z. The following Proposition, which will
be crucial in the sequel, expresses the Orlik-Solomon bi-complex of £ in terms of that of 2.

Proposition 4.3.13. Let us assume that x(Z) = A. We have isomorphisms, for S a stratum
of & that is not contained in Z:

S () ~ AS ENS
Ai,j(‘%) = Ai,j(%) and Ai,? (93) Az 1,3(93)
They are compatible with the differentials in that we have the following commutative diagrams.

1. For the inclusions S <i> T:

de dr
- . N % ~
A7 () AL () AL (B) " A5,(P)
Afj(’@)WAz 1,](’%)) Aj:] 1('%) dfé Afj(’%})
2. For the inclusions E N § é ENT:
- d/ d// -
APDS () ST 4Bl ) ABRT, () £ BT 4BS( )
A?—l,j(‘%) 7 AzT—2,j(‘%) A; 1,j—1(¥%’) I Az—l,j(‘%)
S, T S, T
3. For the inclusions EN S <l> S':
d' d"
S, = ms S < —~ < —~ ns,s
APPS () ——=2 A7, () AS;_((B) —5 APDS ()
A5 (B) ——— A5, () A5, (B) ———— A5, ()

The case x(Z) = p is dual.
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Proof. We have an isomorphism 7 : X \ E 5 X \ Z. Let us recall that the construction
of the Orlik-Solomon bi-complex is local. Let S be a stratum of 4 that is not contained
inZ,peS\SNZ,p=n"Yp) e S. Around the point p, the local situation is the same as the
one around the point p, hence the first isomorphism.

For the second isomorphism, we see using local coordinates as in the proof of Lemma [4.3.9) [4.3.5| that
the local situation around a point of ENS is that of a decomposition E M S. Thus, the Kiinneth
formula (Proposition implies that we have

AZS(B) = (A B) 0 AT, ,(B)) © (A5uB) 0 AT 1())

Since we have x(F) = A, we have AE ( ) = Qand Agl(%) = 0. Hence the second isomorphism
(B) = A7, ().

follows from the first isomorphism AZ 1j 1,
The compatibility with the differentials is easy. One only has to note the minus sign in front

of df?,T which follows from the Koszul sign rule in a tensor product of two (bi-)complexes. [

Corollary 4.3.14. If # is exact, then B is exact.

Proof. According to Corollary [4.1.19]it is enough to check the exactness of the strata S, for S an
irreducible stratum of Z not contained in Z. Proposition|4.3.13|implies that we have Af o(AB) =
Aﬁ o(A), hence the result. O

4.4 The geometric Orlik-Solomon bi-complex and the main the-
orem
4.4.1 The geometric Orlik-Solomon bi-complex

We fix a complex manifold X and a bi-arrangement of hypersurfaces #Z in X. We fix an integer q.
Let us write, for S € “4;(4),

@ DS () = HI7H(S)(—i) @ AS,(B).

If X is a smooth complex variety and the hypersurfaces K € % are smooth divisors (we call this
the “algebraic case”), then this is endowed with a mixed Hodge structure. If furthermore X is
projective, it is a pure Hodge structure of weight q.

Let (L : S <y T be an inclusion of strata of B, with S € S ;(#) and T € S j_1(H). We
refer the reader to Appendix for details on Gysin morphisms and pull-backs.

— We have the Gysin morphism (%), : HT%(S)(—i) — H?2+2(T)(—i + 1). We then define a
morphism[]

S (Q)DS (%) — (q)D;'{l,j(%)

by the formula
ds (s © X) = (15)(s) ® dgp(X)

for s € H772(S)(—i) and X € AZS](%)

2. We make an abuse of notation by denoting by the same symbols d{s’T and dg"T the differentials in the
Orlik-Solomon bi-complex and in the geometric Orlik-Solomon bi-complex; no confusion should arise.
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— We have the pull-back morphism (.5)* : HI=%(T)(—i) — H92(S)(—i). We then define a
morphism

ST (Q)ng—l(%) - (Q)ij(‘%))
by the formula

1ot ® X) = () () @ dlp(X)
for t € H972(T)(—i) and X € AZj_l(%)-

Let us now set
(Q)Dm(%) - @ (q)ij(%)
SEyH_j(e%)

The above morphisms induce
d': DDy o(B) — DD,y o(B)

and
d": DDy 1(B) = DD, o(B).

If X is a smooth complex variety, d’ and d” are morphisms of mixed Hodge structures. We
will prove the following theorem in the rest of this section.

Theorem 4.4.1. The differentials d' and d" make (q)D.,.(%’) into a bi-complex.

Definition 4.4.2. We call (q)D.,(%’) the geometric Orlik-Solomon bi-complez of index q of 2.
We will denote by (@D, (A) its total complex, and call it the geometric Orlik-Solomon complex
of index ¢:

@D, (#) = @ DD, i (B).

i—j=n

Ezrample 4.4.3. 1. Let o/ be an arrangement of hypersurfaces in X. Then the geometric
Orlik-Solomon bi-complexes for (o7, A) are concentrated in bi-degrees (n,0) with

DD, o(e,\) = P HT(S)(—n) ® Au().
SESn ()

Up to a shift, it is the same as the Gysin complex defined in Chapter 3. Dually, the
geometric Orlik-Solomon bi-complexes for (<7, ) are concentrated in bi-degrees (0,n)
with
DDon( ) = @ HUS)® (An())" .
S€Fn ()

2. f B = (&, #)isanormal crossing divisor with & = {Ly,...,L;}and 4 = {My,..., Mp},
then we get
ODij(L, ) = @ HIP (L 0 My)(—i)
\T|=i
|J]=j

and the Orlik-Solomon complexes (9 D, (&, ) form the E; page of the spectral sequence

(4.15)) described in Appendix

In the rest of this section, we prove Theorem by showing that in (9D, (%) we have
the equalities d' od' =0, d”" od” =0 (Lemma {4.4.4) and d' o d’ = d”’ o d’ (Lemma |4.4.5)).

Lemma 4.4.4. We haved od' =0 and d" od” =0 in (q)D.,.(%).
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Proof. By duality, it is enough to prove that d' o d’ = 0. Let s @ X € HI"%(S)(—i) ® A} ;(#),
we get
(dod)(s®X)= Z (L%)*(Lg)*(S) ®d/T,Ud{5‘,T(X)'
SSTSU

Since (¢4)« 0 (15)s = (1), the above sum decomposes as

Yok | D> dpydsr(X)

2 1 1
S—=U S—T—U

For U fixed, the right-hand side of the tensor product is zero because Af;9 (#) is a bi-complex
(Lemma [4.1.15)). The result follows. t

The task of proving that d’ o d’ = d” o d’ is more intricate. We fix a stratum S and an
element s ® X € HT%(S)(—i) ® Af](%) Let us write

dod'(s®X)= > (B (s) ® drpydrs(X) =31+ %)
SERSU

where X1 is the sum over diagrams S & RS U with S # U and Y] is the sum over dia-

1 1
grams S <= R — S. In the same fashion we write

d'od(s@X)= Y ()" (t§):(s) ® dyrdsr(X) = D2 + X

11
S—=T+U

where ¥ is the sum over diagrams S 4 7 & U with S # U and Y, is the sum over dia-

grams SC;T;S.

Lemma 4.4.5. We have the following equalities:

1. %, =%;
2. X =0;
3. ¥, =0.

Thus, d o d" = d" od' in 9D, 4(B).
Proof. 1. We fix strata S # U. There are three cases to consider.

First case: SNU = @. Then ¥; = 0. For any diagram S drds U, S and U intersect
transversely in 7', hence by 1) the composite ([,5)* o (Lg)* is zero, hence Y9 = 0.

Second case: SNU # &, and there is no diagram S L 7 U Then 9 = 0. For
every diagram S & R4 U we have drydé p(X) = 0 because Af?(%’) is a bi-complex
(Lemma [4.1.15), hence ¥; = 0.

Third case: SNU # &, and there is a diagram S &7 LU Then Tis unique for dimension

1
reasons (locally around a point of SNU, T is the sum S+ U). The diagrams S <= R <l> U
correspond to the connected components of SN U. For such a connected component R we
have

lz%,Ud'J/%,S(X) = /(/J,Td/s,T(X)
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because Af?(%’) is a bi-complex (Lemma |4.1.15)). Thus

Si=| Y R (9) | @ dpdsp(X).
SERBU
Using (4.33) we have
@) @s)(s) = D ()R ()
SERBU

hence ¥y = (1)*(t5)s(s) ® df; pds (X)) = B

2. For an inclusion R <5 § , the fact that Af?(%’) is a bi-complex implies that we have d7, g o
;{'i, g =0 (Lemma [4.1.15)). The result then follows.

3. We have
Sp= Y (1) (t§)x(5) ® d§ pdis p(X).

1
S—T

By (4.31), (:5)*(¢5)«(s) = is the cup-product ¢1(Ngr) . s where ¢;(Ng)p) € H*(S)(-1)
is the first Chern class of the normal bundle of the inclusion S «— T'. We first consider a
special case.

1
Special case: We assume that the stratum S is irreducible. For an inclusion S < T, there
exists a hypersurface K € 4 such that S is a connected component of the intersection 7N

K. According to (4.29)), we get c1(Ng/7) = e1(Ng/x)|s- Now Lemma below implies
that ¢1(Ng/x)|s = c is independent of K, hence we can write

Yo=(c.5)® Z dgrdsr(X)
SST

Now the fact that Aff (L; M;x) is a bi-complex (Lemma [4.1.15) implies that the right-
hand side of the tensor product is zero, hence the result .

General case: In general there is a (local) decomposition of S into irreducible strata. Let

us assume for simplicity that this decomposition has two terms, i.e. we have a (local)
1

decomposition into irreducibles S = S’ M S”. Then an inclusion S < T is (locally) either

of the form T = &' M T" for §” <5 T" or of the form T = T'  S” for S’ < T". Using

the Kiinneth formula (Proposition 4.1.18]) for the Orlik-Solomon bi-complex, we can then

split Yo into two sums. One gets the result by applying the same reasoning as in the first

case to each of these two sums.
O

We have used the following Lemma.
Lemma 4.4.6. Let o/ be an arrangement of hypersurfaces in a complexr manifold X, and S an

irreducible stratum of <f. Then the line bundles (NK/X)|S’ for K € & such that K D S, are

all isomorphic.

Proof. Let us write &/<% = {K1,..., K,} for the hypersurfaces of o7 that contain S. Let i, €
{1,...,7}. We first consider a special case.
Special case: Let us first assume that {1,...,7} is a circuit. Let 7" be the connected compo-

— — 1
nent of K1 N---NK;N---NK;N---NK, that contains S. We then have an inclusion S — T, S
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being at the same time a connected component of K; N7 and K; NT. From (4.29) we deduce
isomorphisms

(NKi/X)|S = Nejr = (NKJ'/X)|S'

General case: One can reduce to the special case above by using Lemma [£.1.30] O

4.4.2 Blow-ups and the geometric Orlik-Solomon bi-complex

We now define a morphism between the geometric Orlik-Solomon bi-complex of a bi-arrangement
of hypersurfaces 4 and that of its blow-up %. For all the rest of this article, we make the
following assumption on bi-arrangements of hypersurfaces:

any intersection of strata is connected (4.7)

(this includes the empty case). Equivalently, this means that the intersection of any number of
hypersurfaces K € % is connected.

This assumption is not necessary, and we will sketch in how to deal with the general
case. However, working under the assumption makes the discussion and the computations
more accessible to the reader by keeping the notations light. One can note that is satisfied
by all the examples of arrangements of hypersurfaces introduced in Example [£:3.2] and is stable
by blow-up.

The framework

We fix a bi-arrangement of hypersurfaces 4 in a complex manifold X, and a good stratum Z
for A.

Definition 4.4.7. An inclusion S <i> T of strata of % has parallel type with respect to Z

ifZnNnS#gand ZNS=2ZnNT. InthiscasewewriteS‘l—ll>T.

In view of assumption (4.7), Z NS is connected and this can be checked locally. Around any
point of Z N S, there is a decomposition Z th W, hence one has a decomposition S = S th S|

1
with S D Z and S; D W. For an inclusion S < T of strata, we then have two mutually
exclusive cases.

- T =Ty h S, with S = T;
— T:SH M T with SJ_‘;TJ_.
The parallel type corresponds to the first case: ZNS=2ZNT=2ZmhS,.

Let 7 : X — X be the blow-up along Z. For every stratum S, it restricts to W;qsv : S — S the
blow-up along Z N S.

1
In the case S T T, we have Z NS =ZNT, hence m induces a morphism

2 ENT - ZnT=2nS5.
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Definition of ®

Let us assume that we have x(Z) = A. We recall that we have made explicit the Orlik-Solomon
bi-complex of a blow-up in Proposition [4.3.13] Having this in mind, we define a morphism

o: DD, ;(B) - (Q)Di,j(%- (4.8)
Let S € 7;1;(%#) be a stratum. We define, for s ® X € H77%(9)(—i) ® Afj(%’) = (q)DEj(%),
O(s®X) = (75)"(s) @ X + D (7705)" (13ns)*(5) ® dig p(X). (4.9)
1
S—=T

Let us explain more precisely the meaning of this formula:

— the term (wg)*(s) ® X lives in HI72(S)(—i) ® Afj = (q)ng(%; if S C Z then S = @ and
this is zero by convention;

— the term (W?Q?)*(L%ms)*(s) ® dgp(X) lives in HI"2(ENT)(—i) ® A?—l,j (%) = (Q)Dﬂmf(%).

In the algebraic case, ® is a morphism of mixed Hodge structures.

The motivation for formula (4.9) comes from the case of normal crossing divisors, as the next
Lemma shows.

Lemma 4.4.8. If LU is a normal crossing divisor, then the total complex (9 Dy is then E;
term of the natural spectral sequence that computes the relative cohomology groups H®(X '\
LM\ MNL). In this case, the morphism DDy( L, M) — DDy(L, M) induced by & is
the natural morphism that expresses the isomorphism * : H*(X \ L, # \ .# N L) =
HY X\ L, M\ MNL).

Proof. 1t follows from a direct comparison of the formulas since by definition

d'(er@ fy) =Y sen({i}, I\ {i}) e ® f).

el

O]

If we now assume that y(Z) = p, then we are in the dual situation and we can define a
morphism

v (q)DiJ’(%) — (q)DZJ(e%)) (4‘10)

by the formulas

VESX) = (19).(3)® X and BE® X) = Y (5ns)- (2. (e) ® dp(X)
ST
I

for S® X € HI7%(S)(—i) ® A?;(#) and e ® X € HI"2(ENT)(—i) ® AL, _,(5).
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The essential case

Definition 4.4.9. Let % be a bi-arrangement of hypersurfaces in a complex manifold X. We
say that Z is essential if the intersection (x4 K of all hypersurfaces in % is non-empty.

According to assumption (4.7)), the intersection Z = (g4 K is the minimal stratum of 2.
It is necessarily a good stratum. In this case, formula (4.9) takes a simpler form. Indeed, we

always have Z NS = Z, and all inclusions S <y T are of the form S <|—1|> T. Hence we get

B(s@X) = () () © X + 3 (75T (15" () @ dg 1 (X).
s&T

If S = Z the formula simply reads, for 2 ® X € HI"%(Z)(—i) ® Alzj(%’) = (‘I)DiZJ

(AB):

B(zeX)= 3 (BT (2) @ dyr(X).

1
Z—=T

4.4.3 The main theorem
The following theorem will be proved in

Theorem 4.4.10. Let % be a bi-arrangement of hypersurfaces in a complexr manifold X, let Z
be a good stratum of B such that x(Z) = X, and let B be the blow-up of B along Z.

1. Formula defines a morphism of bi-complexes ® : (q)D.’.(%) — (q)D.’.(é).
2. If Z is exact, then the morphism ® : (D Dy(B) — @ D,(B) induced on the total complezes
18 a quasi-isomorphism.
If x(Z) = p, the dual statements are true, with ® replaced by V defined in .
It implies the main theorem of this article.
Theorem 4.4.11. Let B be an exact bi-arrangement of hypersurfaces in a complex manifold X .

1. There is a spectral sequence

EP(B) = DD,(B) = HPTRB). (4.11)

2. If X is a smooth complex variety and all hypersurfaces of B are smooth divisors in X,
then this is a spectral sequence in the category of mized Hodge structures.

3. If X is a smooth and projective complex variety, then this spectral sequence degenerates at
the Es term and we have

E P = Ez—p,q ~ gr}l/Vprw(gg)'

Proof. 1. Let X() = x(V) 5 x(N=1) 5 ... 5 X 5 X0 = X be the sequence of blow-
ups used to define the motive of & (Definition and B(>®) = gWN) gWN-1)
BV B0 = % be the corresponding bi-arrangements of hypersurfaces, with Z(°) =
(L) _#(*)) anormal crossing divisor. According to Proposition there is a spectral
sequence

EP = @D, (B®)) — H ().

Since Z is exact, Corollary [4.3.14] implies that for each k, 2¥) is exact. Then for each k,
Theorem {.4.10| implies that there is a quasi-isomorphism (9 Dg(Z®*)) ~ (@ Dy (2*+1)),
Thus we have a quasi-isomorphism (2 D, (AB) ~ @p, (%(w)) and the result follows.
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2. This follows from the analogous statement for normal crossing divisors (Proposition |4.7.1))
and the fact that the morphisms (4.8]) are morphisms of mixed Hodge structures.

3. This follows from the analogous statement for normal crossing divisors (Proposition [4.7.1).
O

The independence of the spectral sequence (4.11)) with respect to the choice of the order of
blow-ups, and its functoriality with respect to a choice of wonderful compactification [Li09] will
be proven in a subsequent article.

4.5 Application to projective bi-arrangements

4.5.1 The setup

Let o/ be an arrangement in C"™! with n > 1. We let P&/ be the corresponding projective
arrangement in P"(C); it is an arrangement of hypersurfaces consisting of the images PK of the
hyperplanes K € o by the projection C**!\ 0 — P"(C). The strata of P</ are the images PS
of the strata S # 0 of &/. We implicitly assume that 0 is a stratum of <.

A partial coloring function y : . (/) \ {0} — {\, u} that satisfies the Kiinneth condition
(4.1) gives rise to a projective bi-arrangement PA = (P</, x) where we put x(PS) = x(S). It is
a bi-arrangement of hypersurfaces in X = P"(C).

This projective bi-arrangement does not necessarily come from a bi-arrangement % = (<7, x)
since the color x(0) is not defined. We will write %) (resp. %,,) for the bi-arrangements (<, x)
with x(0) = A (resp. x(0) = p), if they are well-defined (i.e. if they satisfy the Kiinneth condition
for the stratum 0).

There is a partial Orlik-Solomon bi-complex A, o(#) where we have vector spaces Ags: () for
strata S # 0. If A (resp. %) are well-defined, then it can be completed to an Orlik-Solomon
bi-complex Aq o(#)) (resp. Aee(BL)).

~Y

Remark 4.5.1. For a projective space P"(C) we have canonical isomorphisms H?*(P"(C)) =
Q(—k) for k = 0,...,7, and H**1(P"(C)) = 0 for all k. Furthermore, for the inclusion ¢ :
P"~1(C) < P"(C) of a projective hyperplane:

— the Cysin morphism ¢, : H2*~D(P"=1(C))(—1) — H?*(P"(C)) is the identity of Q(—Fk) for k =
1,...,7r;

— the pull-back morphism * : H?*(P"(C)) — H?*(P"~!(C)) is the identity of Q(—k) for k =
0,...,7—1.

The next Proposition expresses the (geometric) Orlik-Solomon bi-complex of P in terms
of that of A.

Proposition 4.5.2. 1. We have isomorphisms
PS ~ 7AS
A ] (PB) = A7 ()
for S € S j(AB), S#0, which induce isomorphisms of bi-complexes
ASTE(PB) = AST ()

for X # 0 a strict stratum of AB.
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2. We have (q)DE’f(P%’) =0 for q odd. For k=0,...,n we have isomorphisms of pure Hodge
structures of weight 2k:

(@) pFS (p.g) = {Afj(%)(—k) if0<i<kand0<j<n—k;
" 0

otherwise.

Furthermore, these isomorphisms are compatible with the differentials d' and d".
Proof. 1. It is trivial.

2. The first statement comes from the fact (Remark that the projective spaces do not
have cohomology in odd degree. For k = 0,...,n, we have (Zk)DE]:f = H2*k=)(PS)(—i) ®
Agff. The cohomology group H2*~9(PS)(—i) is non-zero if and only if 0 < k — i <
n — codim(S) = n — i — j, which amounts to ¢ < k and j < n — k. In this range, we have
a canonical isomorphism H2*=)(PS)(—i) = Q(—k), hence the result. The compatibility
with the differentials come from Remark [£5.1]

O

According to Proposition PZ is exact if all strict strata X # 0 of Z are exact. It is
actually convenient to ask for more and make the following definition.

Definition 4.5.3. We say that P% is A-exact (resp. p-exact) if %y (resp. %,,) is well-defined
and exact. We say that P2 is strongly exact if it is A-exact and u-exact.

We define in the same fashion the concepts of A-tame, p-tame and strongly tame projective
bi-arrangements; for such bi-arrangements, Theorem [£.1.38] provides an explicit presentation of
the Orlik-Solomon bi-complex.

Let us then write (k)A.’.(,%’) for the bi-complex obtained from A, o(#) by keeping only the
rectangle 0 <7 < k, 0 < j < n— k. We write (k)A.(%) for the total complex, with

WA (B)= P Aij(2).
0<i<k
0<jsn—k

Theorem 4.5.4. Let PA be a projective bi-arrangement in P™(C).
1. If PA is exact then we have isomorphisms, for r =0,...,2n:

griy H™(PAB) = Hop, . ((F) Ay(B)).

2. If PA is A-exact then we have H"(PA) =0 for r > n. Forr =0,...,n we have isomor-
phisms, for k=0,... r:

grg‘gHT(P%’) = coker (Ak—&—l,r—k—l(f%)\) d—) Ak_;,_lﬂ«_k(e%))\)) .

3. If PA is p-exact then we have H"(PAB) = 0 for r < n. For r = n,...,2n we have
isomorphisms, fork=n—r,...,n:

T ~J d/
B H(B2) = et (Aot (B) > Aritnoin ()
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4. If PA is strongly exact then we have H"(PA) = 0 for r # n, and we have isomorphisms,
fork=0,...,n:

~ d//
grip H"(P#) = coker (Ak—&-l,n—k—l(%)\) — Ak—i—l,n—k(%k))
~ d
= ker (Ak,nkﬂ(@u) — Akl,nkﬂ(@u)) :
Proof. 1. This is a consequence of Theorem [4.4.11] and Proposition [4.5.2

2. The differential d’ : Ak—i—l,r—k(«%)\) — Ak,r—k(%)\) = Ak,z—k(%) induces a mOl"phiSHl A]H_l,r_k(e@)\) —
Hoj_r(®) Ag()). A diagram chase shows that it induces an isomorphism as in the state-
ment.

3. This is the dual of 3.

4. This is a consequence of 2 and 3.

O
4.5.2 Multizeta bi-arrangements
Let r > 1 and nq,...,n, be integers with ny,...,n,—1 > landn, > 2. Welet n=n;+---+n,
and define a n-uple
(a1,...,an) = (1,0,...,0,...,1,0,...,0).
ni Ny
In P*(C) with projective coordinates (2o, 21,...,2n), we define two arrangements of hyper-

planes & = {Lg,...,L,} and A4 = {My, ..., M,}:
— we let Ly = {zp = 0} be the hyperplane at infinity, and for k = 1,...,n, let Ly = {zx = arzo};
— welet My ={z1 =0}, M, ={2, =20}, and for k =1,...,n — 1, My = {zx = zk41}-

We define the multizeta bi-arrangement % (nq,...,n,) = (£, #,x) where x is defined to
be u on all .#Z-strata, and A on all other strata. According to the general formalism of Aomoto
polylogarithms, the multiple zeta value ((n1, ..., n,) is a period of the motive H" (% (n1, ..., n,)),
which is the Hodge realization of a mixed Tate motive over Z.

The following Proposition is easily proved by direct inspection.

Proposition 4.5.5. The multizeta bi-arrangements 2 (ni,...,n,) are all A\-tame, hence A-
exact.
When studying multiple zeta values, the motives 2°(n,...,n,) are alternatives to the ap-

proach of [Del89, [DGO5] via the motivic fundamental group of P!\ {c0,0, 1} (see also [Ter02]).
One advantage of such an alternative is that it generalizes to a larger family of integrals. More
specifically, let us look at the periods of the moduli spaces M, considered by Brown in [Bro09].
They are integrals of a rational function over a simplex 0 < t; < --- < t, < 1, such as

///0<x<y<z<1 (1 di)iy(jz x) ' (4.12)

The main result of [Bro09] is that these integrals are all linear combinations (with rational
coefficients) of multiple zeta values, although not in an explicit way. It so happens that the
projective bi-arrangement of hyperplanes corresponding to the integral is also A-exact,
hence the corresponding motive may be computed explicitly via an Orlik-Solomon bi-complex.
This will be studied in more detail in a subsequent article.




128 CHAPTER 4. THE MOTIVE OF A BI-ARRANGEMENT

4.6 Proof of the main theorem

The goal of this section is to prove the two points of Theorem We first deal with the
essential case (§4.6.1] and then with the general case (§4.6.3/and §4.6.4). The reader is
encouraged to focus on the essential case, since the general case reduces to the essential case at
the cost of a few technical trivialities.

4.6.1 The essential case: ® is a morphism of bi-complexes

In this paragraph, we assume that £ is essential and that Z is the minimal stratum. We prove
the first point of Theorem [4.4.10| by showing that ® is compatible with d’ (Proposition 4.6.1))
and with d” (Proposition [4.6.2]).

Proposition 4.6.1. We have ®od =d o ®.

Proof. For s® X € HT"%(9)(—i) ® Afj(%), we compute

@d)(s®X) = 3 (1) (1E)u(s) @ dsp(X)
ShT
+ S @Y (5 (s) @ dh s p(X).
shrhu
and
(@) (s©X)= 3 (D).(x8)"(s) © dp(X)
SshT
+ 3 @B (S (s) @ i (X)
ST

= Xl R R () ® drydr(X).
SHTHU
The terms (...) ® d(X) cancel because of the equality

@) (B)us) = (D)) () + (BT ()" (s)

which is a special case of (4.34]) (set L = S and X = T'). Thus, it remains to show that we have,
for every U fixed,

Y. Aredpydsr(X)=0
RN

where we have set

Ag = (50 (5) (B)uls) + D) (BT (15)" (s).

For S and U fixed, the fact that Aff (#) is a bi-complex (Lemma 4.1.15|) implies that we have
> dpydsr(X) =0.
s&rdu
Thus, we are done if we prove that A is independent of 7. On the one hand we have

(12)"(e§)4(s) = (2)" (15)*(1§)+(8) = (12)" (5. e1x(Ngr))
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where we have used (4.31)). On the other hand, we can use (4.36) to get

(D) (w5 (15" (s) = (E0)* (5)"(s). (( E0Y (er(Ngjur)yz) — cﬂNEma/ﬁ)) :
Thus, we can rewrite
Ar = (B0 () (s) . A

with
T= (WEQU) (e1(Nsyr)iz + ct(N1yu)12) — et (N gy 7)-

Using (4.27) we get ¢1(Ng/7) + c1(Nrjv)|s = c1(Ng/p) and hence

A = (77" (1 (Ngjur) 1 2) — c1(Ngir/i7)
which is independent of T', hence Ap is independent of 1" and we are done. ]
Proposition 4.6.2. We have ®od’ =d" o ®.

Proof. For s®@ X € HI72(9)(—i) ® Afj(%), we compute

(@d") (s @ X) = > (75)* (17)"(5) ® df 5(X)
SER

+ Z 75U (B (1) (s) @ dip iy 5 (X).
S<—>R<—>U

and
(@"@)(s@X) = Y (13)(1§)"(s) @ dpp 5(X)
S&R
X T 5 ) @ dr (),
Sv—>T<—>U
The terms (...) ® df 5(X) cancel because of the equality (Wg)*(b‘?%)*(s) = (L%)*(ng)*(s), which

follows from (1) o (78) = (ﬂ'g) o (L%). Thus it remains to show that, for U fixed, we have

> (ngU) 5 () (s) @dpydhs(X) = > (ngg)*(ﬂgw)*(b%)*(s)®d/rIJ,les,T(X)‘
s&RSU shrdsu

Now (7 gmﬁ)*(bg)*(bf%)*(s) = (m EQU) (12)*(s) = EOT) (m EmT) (13)*(s) which is independent
of R and T'. Thus, the claim follows from the equalEty

Z d;%,U /JI%,S(X): Z /l/J,Td/S,T(X)
s&RGU shTdU

which is a consequence of the fact that ASZ(2) is a bi-complex. O

4.6.2 The essential case: ¢ is a quasi-isomorphism

In this paragraph, we still assume that Z is essential and that Z is the minimal stratum. We
further assume that Z is exact and prove the second point of Theorem
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The strategy

We start with a basic fact of homological algebra.

Lemma 4.6.3. Let f : Cy — C, be a morphism of complezes, let (F,C,), and (F,CY,), be finite
increasing filtrations on Cy and C, such that f(F,Ce) C F,C,. Then f is a quasi-isomorphism
if for every p, the induced morphism grgf : grgCi — grfC’i s a quasi-isomorphism.

Proof. By induction on the length of the filtration, using the long exact sequence in cohomology
and the 5-lemma. O

Let @ : (9 Dy (%) — (@ D,(2) be the morphism of complexes induced on the total complexes.
Using the filtration on the lines and the above lemma, one sees that ® is a quasi-isomorphism if
for every j, the morphism

(I).J‘ : (Q)D.’j(%) — (q)D.,j(@)

induced on the j-th lines is a quasi-isomorphism. In the rest of §4.6.2] we fix an index j. We
are reduced to proving that the cone C, ; of ®, ; is exact.
We have
Cij =9 Dij(B) & WDiy1,;(B)

and the differential d’ : C; j — C;_1; is given by
d'(z,7) = (d'(x), ®(z) — d'(T)).

The strategy is as follows. We define an complex B, ; and morphisms « : B; ; — C; ;; the
second point of Theorem [4.4.10] then follows from the following facts:

B, ; is exact (Lemma [4.6.4));
— « is a morphism of complexes (Proposition [4.6.6]);

— « is a quasi-isomorphism (Proposition [4.6.7]).

The exact complex B, ;

Let r be the codimension of Z inside X. For S € .%j1 (%), let us set

ij = HI7P2(Z)(r — j) ® Afj(%’)

For an inclusion S < T, we define dg - : ij — Bi@l’j. For z®X € Hq_QT”j(Z)(r—j)@Afj(%’),
it is given by
dsr(z2® X) = 2@ dgp(X).

If we now set B;j = @sec v, (2 ij, we get a complex B, ;.
Lemma 4.6.4. B, ; is an exact complex.

Proof. Ba._j is nothing but the tensor product of H7~2"+2/(Z)(r—j) with the complex (Asz (%),d),
which is exact since Z is exact.

Remark 4.6.5. The complexes (B, j,d') are the lines of a bi-complex whose differentials di@,T are
given by
Gr(z@X) = (z.c1(Ng/r)12) ® dgp(X).
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A quasi-isomorphism « : B, ; — C, ;

A morphism « : B, ; — C, ; is determined by two morphisms f : B, ; — (q)D.,j(%) and ¢ :
B.’j — (q)D.+1J‘(<@).
We define f : ij — (q)ij (%) by the formula

freX)= (%)) X

and g: BY; — (Q)Dﬂqu(%’) by the formula

9(z® X) = (x§9)*(2) s ® X

where 7g is the excess class of the blow-up 775 : S — S along Z, defined in i‘.

Proposition 4.6.6. We have fod =d o f andgod +d og=®o f. Thus, f and g define a
morphism of complexes o : Be j — Cl ;.

Proof. The first equality is trivial. For the second equality, we compute

(@0 )z X) =(x5)" (13 ®X+Z BT (15)*(15). () @ dis 1 (X);

‘—>T

(9dsr)(z® X) =(m jZmT)*( z).yr ® dgp(X);
(5590 X) =(5 . ((=E)(2) .78) @ X:

(g5 5079) (2 © X) = = (ETD)(WE5)*(2) . vs) @ ds (X)),

The terms (...) ® X cancel because of the equality

(m§)*(:2)+(2) = (55 5) (TE™)(2) .7s)

which is a special case of (4.41)). For the terms (...) ® di(X), we have to prove the equality

(ETD)(7EP5Y () vs) = (@D (2) e — (ETTY (1) (15)u2)-

We have (m£27%)* = (ngg) o (Z™T)*, hence the projection formula (4.30)) gives

(ED) (57 (2) 9s) = (@) (2) - (12D, (ys),

Let us write r(T') for the codimension of Z inside T'. Then (W?m%)*(@)*(vg)*(z) = (ﬂgm%)*(cr(T),l(NZ/s) L 2).
To sum up, we are reduced to proving the equality

(ETD)(vs) = 7 — (TETT) (erry-1 (Nzys)

which is a special case of (4.43)). O

Proposition 4.6.7. o : B, j; — C,; is a quasi-isomorphism. Thus, C,; is exact, and ® is a
quasi-isomorphism.
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Proof. We use Lemma defining the filtration Fya : FjBej — F,Ce j which corresponds
to the terms involving strata S, S and EN S with codim(S) < p+ j. All we have to prove is
that grg Q: grg B, ; — gr;)p C.,; is a quasi-isomorphism for every p. On the one hand, gr;)p B, j is

concentrated in degree p with

F s
gry, Bpj = @ By
SESp14(#)

and differential 0. On the other hand, grg C,,; is concentrated in degrees {p,p — 1} with

F s ENS
g1, Coj= D Dp;i(#) e DY,

SE€Sp5(B)

grfCprj= B  DJi(B).
SE€ESp1;(#)

(%)

The differential Dij(%’) — Dﬁj(f@/) iss®@X — (77*5)*(5) ® X; the differential foﬁ(%) —

ng(% is given by e ® X — —(Lgmg)*(e) ® X. We are left with proving that for a fixed

stratum S € .74 (%) we have a quasi-isomorphism

0—— Dy;(#) © DY (#) — D} (%) —0

-

0 BS

0.

D.J

The above diagram is, up to a Tate twist, the tensor product of Af ; with

0——> HI2(S) @ HI2-2(EN S)(—1) —= HT2(§) —0

|

0 HI 7 25(Z) (p+ - 7)

|

0

0.

The fact that this is a quasi-isomorphism is a reformulation of the short exact sequence (4.42)).

O]

4.6.3 The general case: ¢ is a morphism of bi-complexes

In this paragraph we prove the general case of the first point of Theorem [.4.10]

Proposition 4.6.8. We have ®od = d o ®.

Proof. Here are the details to add in the proof of Proposition

inclusion which is not of parallel type.

4.6.1

1
We write S <I> T for an

— The terms (---) ® d(X) still cancel, but there are two cases to consider. For the terms

. . . 1 . . .
corresponding to an inclusion S T T, the argument is the same as in the essential case,

1
replacing Z by Z2NS = ZNT. For the terms corresponding to an inclusion S ‘I> T, the

cancelation follows from the formula

which is a special case of (4.37).

(wF) (5)(s) = (D)u(x)"(s)
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1 1
— The terms corresponding to chains S T T T U cancel thanks to the same argument as in
the essential case, replacing Z by ZNS=2ZNT=2ZnNU.

— We are left with proving the equality, for U fixed:

Y (TERE) (1500) (1) (s)@dg pds o (X) = — > (EY)(wERE) (15ns) " ()R dh pdls 1 (X).
S%Q%U s U

I

Let us start with a local decomposition S = Sy th Sy, and U = U i U, with S N Uj

1 1 1 1 1
and S| < U, . There is thus a unique diagram .S <I> Q ? U and a unique diagram S T T T

Uyie.@=U S, and T = 5 M U,. Using the Kiinneth formula (4.1.18) for Aff(%’) with
respect to the decomposition S = S S, the fact that d'od’ = 0 implies that dg, ;;d o (X) =
—d7y ydg r(X). Thus, we are left with proving the equality

(RERD)* (13n0) (2)* () = (ETD) (xE0E)* (159)" ().
Since Z N Q and S are transverse in @, (4.33)) implies the identity
* * Z *
(1500) (D) () = (1Z0D)<(1305)"(s).

Thus, writing z = (15¢)*(s) and remembering that Z NS = Z N T, we only need to prove
that

(T500) (2020 (2) = (E00), (2 D) (2

which is a special case of (4.39)) since Z NU and T are transverse in U.

Proposition 4.6.9. We have ®od’ = d" o ®.
Proof. Here are the details to add in the proof of Proposition

— The terms (---) ® ’1/%7 (X)) cancel by the same argument as in the essential case. Thus it
remains to show that for U fixed we have

> (WEOU)*(LQ)*(L%)*(3)®le,U Re(X)= > (LEQ%)*W?”T)*(L%)*(SM U rds 7 (X).
séRc%U S%T(LU

— If SNU = @ then the left-hand side is zero. For a diagram S % T <i> U we have ZNU C ZNS,

hence ZNU =@ and ENU = @ , thus the corresponding term in the right-hand side is zero.

~IfSNU # &, the same argument as in the essential case works. To prove the identity

Y. drudps(X)= Y dirdsp(X)

11 11
S<—’RT>U STT<—>U

one has to use the Kiinneth formula (Proposition}4.1.18)) in addition of the fact that AffnU (AB)
is a bi-complex.

O]
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4.6.4 The general case: ¢ is a quasi-isomorphism

In this paragraph we prove the general case of the second point of Theorem by reducing
to the essential case, already proved in §4.6.2]

Definition 4.6.10. Let P be a stratum of # that is transverse to Z; in particular, Z th P # &.
Let S be a stratum such that Z NS # @. Then by looking at a local chart around any point
of ZN S, one sees that we have a decomposition S = Sz M P with S; D Z and P transverse
to Z. We call P the transverse direction of S.

We let Zp be the arrangement of hypersurfaces on P consisting in the intersections of P and
the hypersurfaces K € #<%. It is essential, with minimal stratum Z th P. The strata of %p
are exactly the strata of Z with transverse direction P. As the coloring is concerned, we ask
that x(Sz M P) = x(Sz) for every Sz D Z.

The Orlik-Solomon bi-complex of &p is related to the one of % by

ASTZP (Bp) = AST(B). (4.13)

In particular, if Z is exact in % then Z M P is exact in %p.
Let S = Sz M P be a stratum with transverse direction P. Combining the Kiinneth formula

(Proposition |4.1.18) and (4.13)), we get an isomorphism

AP (B) = b Affﬁf_l(@p) ® Api(#).
k+l=codim(P)

and hence an isomorphism at the level of the Orlik-Solomon bi-complexes:

WpS(#) = @ MDA (Bp)(—k) @ AL (B).
k+l=codim(P)

Summing over all strata S € .%j;;(#) and grouping together the strata having the same
transverse direction P, we get a decomposition:

Wp,@=| @ “pS@|e| @ WD, (Br)-k) o AL(B)
Sezﬁg;gg) k+l:€<fd%m(1>)

where P | Z means that we sum over all strata P that are transverse to Z.
Now it is clear that in the blown-up situation we have

DB =| @ D) |e D Dk (Br)(—k) @ AL (2)
Se€Si15(A) PLZ
ZNS=& k+l=codim(P)

where 5379 is the blow-up of #p along Z M P.

These decompositions are compatible with ® in the following sense:
— for S € 74 ;(%A) such that ZNS = &, ¢ is an isomorphism (q)ij(%) ~ (Q)D;Sjj(gj?”/).
— forevery P L Z, ®: @D, ;(B) — @D, ; (2B) restricts to
Di k- 1(%Bp)(—k)® Aiz(%) — Dz’—k,j—l(ég?;’)(_k) ® Akp,l(%))
which is nothing but ¢ ® id.
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Proposition 4.6.11. If Z is ezact, then ® : (DD (B) — D Dy(RB) is a quasi-isomorphism

Proof. Asin it is enough to prove that for every line j, the morphism @, ; : (q)D.,j(%) —
(a) D.,j(@/) is a quasi-isomorphism.

With j fixed, we define an increasing filtration F,®, ; : F,(9 D, ;(%8) — Fp(q)D.J(f@J). By
definition, F,(? D, ;(2) is the sum of the terms corresponding to codim(P) < p. We add the
convention F,(® D, ;() = (9D, ;(A) for p = dim(X) + 1 to include the terms corresponding
to Z NS = @. We make the analogous definition for (Q)D.’j(%w’).

In view of Lemma m it is enough to show that for every p, the morphism grg Dy :
grg(q)D.J((@) — grg(q)D.J(f%T) is a quasi-isomorphism. For p = dim(X) + 1, grf@.d is an
isomorphism. For p < dim(X) we get

gl DD, (B)= P Dy 1(Bp)(—k) @ AL ()
PlZ
codim(P)=p
k+l=p

and the differential on De_, j—i(%p)(—k) ® Ail(%) is d’ ® id. The same is true for

gl WD (B) = @ WD g (Be)(—k) @ AL(B),

)

PLlZ
codim(P)=p
k+l=p

Thus, grf@.yj is a quasi-isomorphism if and only if every & : (q_Qk)D._k,j_l(,%p) — (q_%)D._hj_l(%)

is a quasi-isomorphism. Since the arrangements %p are essential with Z M P exact, this follow
from the essential case, already proved in §4.6.2] O

4.6.5 Working withouth the connectedness assumption

Let % be a bi-arrangement of hypersurfaces in a complex manifold X, and Z a good stratum
of X. If we do not assume (4.7 that the intersection of strata are all connected, then it is still
possible to define the morphisms ® as in [£.4.2]

Let us fix a stratum S of #. For every S <i> T, we have a decomposition into connected
components
ZnT= || ZnT)au || (ZnT)
aely(T) Bel (T)

where for each a € I|(T), (ZNT)o C S, and for each 8 € I, (T), (ZNT)s ¢ S. In the same

fashion, we have a decomposition into connected components

EnT= || (EnT)aU || (EnT)s
acl)(T) BEIL(T)

and for each o we have a morphism 774 : (£ N f)a = (ZNT)a.
We then define

B(s ® X) = (n5)"(s) ® X + Y (mra) ({zom)) (8) ® dsp(X).
ST
acl(T)

We leave it to the reader to check that the proof of Theorem [4.4.10] can be adapted in that
setting.
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4.7 Appendix: normal crossing divisors and relative cohomol-
ogy

In this Appendix, we fix X a complex manifold, .Z and .# two simple normal crossing divisors
in X that do not share an irreducible component and such that . U .# is a normal crossing
divisor. We will denote by Li,...,L; (resp. Mi,..., M,y,) the irreducible components of ¥
(resp. ). For I C {1,...,1} (resp. J C {1,...,m}), we will write L; = (;c; L; (resp. M =
Njes M;), with the convention Ly = My = X. For every I and J, Ly N M is a disjoint union
of submanifolds of X.

4.7.1 The spectral sequence

We let
H* (L, #)=H*(X\ZL, M\ #NZL) (4.14)

be the corresponding relative cohomology group. It is endowed with a canonical mixed Hodge
structure if X is a complex variety and £, .# are complex subvarieties of X.

Proposition 4.7.1. 1. There is a spectral sequence
EPUL, M) = @ HI*(LinM;)(—i) = HPTUL, ). (4.15)
i—j=p
|IT|=t
[J]|=j

The differential dy : E;P? — El_p+1’q is that of the total complex of a double complex,
where

— the horizontal differential is the collection of the morphisms
Hq_%(L] N MJ)(—i) — Hq_2i+2(L[\{T} N MJ)(—i + 1)

for everyr € I, which are the Gysin morphisms of the inclusions LiNMj < Lp (N M,
multiplied by the signs sgn({r}, I\ {r});

— the vertical differential is the collection of the morphisms
HT (L0 My) (=) = H7 (L 0 M) (—i)

for every s ¢ J, which are the pull-back morphisms of the inclusions L N My =
LN My, multiplied by the signs sgn({s}, J \ {s}).

2. If X is a smooth complex variety and £, M are complex subvarieties of X, then this is a
spectral sequence in the category of mixed Hodge structures.

3. If furthermore X is projective, then this spectral sequence degenerates at the Fo term and
we have
E P E2—p+q o~ grgVprH(g’ M).

Proof. 1. We will use the notation jg : U — Y for open immersions. Let us write
X X\.Z
F(L, M) = (JX\g)*(szgU///)!QX\JZU///

seen as an object of the (bounded) derived category of sheaves on X, where Qy stands for
the constant sheaf with stalk Q on a space Y. Then we have

HY (L, M) = H* (X, F (L, M)).
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The sheaf ( j))gtjuk 2 )1Qx\ #u.z is resolved by the complex of sheaves

0= Qxvz = D (' arne)«Quannzg = @ (002« Quianng =
|7=1 P

where the arrows are the alternating sums of the natural restriction morphisms. Thus, # (%, .#)
is isomorphic to the complex of sheaves

0— (j;)g\y)*@x\z - P (LJ\X/[J)*(j;\\/[/[j\Mng)*QMJ\MJﬁf - P (Lﬁ,)*(jﬁj\Mng)*@MJ\Mjmz — e
T]=1 J]=2

For a subset J C {1,...,m} fixed, the sheaf

(ij\MJﬂ,?)*QMJ\MJFLZ = (JMj\MJmf)*(JM:;\MJOX)*QMI
is isomorphic to the complex of sheaves

M M !
T @ LLIﬁMJ LLmMJ) Qum, — @ (er hr (e, ) Qary = Qar, — 0
|I]=2 11|=1

For & 4+ A — B a closed immersion of complex manifolds of codimension r, we have an
isomorphism

(:5)'Qp = Qa[-2r]

and hence a morphism

(1%)+Qa[-2r] — Q5 (4.16)

which corresponds in cohomology to the Gysin morphism H*=2"(A) — H¥(B). Having
this in mind, we have for |I| =i an isomorphism

(¢ LmMJ) Qur; = Qrynng, [—2id].

We have thus proved that we have an isomorphism # (&, #) = ¥ (L, # ) where X (L, H)
is the total complex of the double complex

%7]’ (g’ %) = @ (I/i([ﬁMJ)*QL[ﬂM‘] [_21]

Here the differential d' : 4 ;(L, M) — Hi—1;(L, #) is the alternation sum of the
Gysin morphisms , and d" : K ; (L, M) — K j(L, M) is the alternating sum
of the restriction morphisms. The spectral sequence that we are looking for is simply the
hypercohomology spectral sequence for & (£, .#).

2. If we work in the category of mixed Hodge modules [PS08| §14], then the above proof works
and gives the compatibility of the spectral sequence with the mixed Hodge structures.

3. If X is smooth and projective, then all Ly N M are (disjoint union of) smooth projective
varieties. Thus, E] ”? is a pure Hodge structure of weight ¢q. The degeneration then comes
from the fact that in the category of mixed Hodge structures, a morphism between two
pure Hodge structures of different weights is zero.

O
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Remark 4.7.2. In the case .# = &, one recovers the spectral sequence
E;M = @ HT*(L)(-p) = H "X\ 2)
[7=p

where the differential is the alternating sum of the Gysin morphisms of the inclusions L; —
Lp(ry. This spectral sequence was first studied by Deligne in the smooth and projective
case [Del7l, Corollary 3.2.13]. If £ is a smooth submanifold of X (i.e. [ = 1), then this
spectral sequence is nothing but the residue/Gysin long exact sequence:

co = H2(2) (1) = HYX) - HYX \ .Z) — -
In the case .Z = &, one recovers the spectral sequence
EY = P HY(M,) = H"(X, )
[JI=p

where the differential is the alternating sum of the pull-back morphisms of the inclusions M ;153 —
Mj. If A is a smooth submanifold of X (i.e. m = 1), then this spectral sequence is nothing but
the long exact sequence in relative cohomology:

o= HYNX, M) — HY(X) — H M) — -

Remark 4.7.3. There is a way of proving the first and third points of Proposition [£.7.1] which
does not make use of mixed Hodge modules, but only of mixed Hodge theory d la Deligne [Del71,
Del74], i.e. with complexes of holomorphic differential forms. After tensoring with C, # (%, .#)
is isomorphic to the total complex of the double complex

0— Q% (log2) — @ (Lf\(@)*Q;WJ(logfﬂ My) — @ (L)]@J)*Q;WJ(Iog.i”ﬂ My)— - (4.17)
|7]=1 17]=2

On each component 23, (log 2 N M) there is the filtration P by the order of the pole [Del71]
such that we have the Poincaré residue isomorphisms

° ~ M. o—
gerM(,(logg nMy)= @ (LL,JmMJ)*QLIrﬁMJ'
|I|=k

Suitably shifted, this gives a filtration W on (4.17)) whose hypercohomology spectral sequence
is the spectral sequence of Proposition tensored with C. If X is projective, the formalism
of mixed Hodge complexes [Del74] allows one to prove that it is defined over Q and compatible
with the mixed Hodge structures.
4.7.2 Duality
There is also the compactly-supported version of (4.14))

HN(ZL, M)=H( X\L, HM\LNM). (4.18)

This has to be understood as the compactly supported cohomology groups of the sheaf F (&, .#)
defined in the proof of Proposition If X is compact, then it is the same as (4.14)).

Proposition 4.7.4. Let n = dimc(X). Then H*(Z, #) and H2 (A , L) are dual to each other
in the sense that we have a Poincaré-Verdier duality

(B Z..0)) = B> N a, 2)

that is compatible with the mixed Hodge structures in the algebraic case. The corresponding
spectral sequences of Proposition[4.14) are also dual to each other.
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Proof. Let D denote the Verdier duality operator. We have, using the notations of the proof of

Proposition [£.7.1}
X q_ ¢ My .
D (LLIQMJ)*QLIOMJ [_21'] - (LLII"IMJ)*QLIQMJ [2(n - ])]
Thus, we have a duality
DA (L, M) = Hji( A, ZL)[2n]

that is easily seen to be compatible with the differentials, hence the result. The compatibil-
ity with the mixed Hodge structures follows from the same computation using mixed Hodge
modules. O

4.7.3 Deletion and restriction

Let &' =L U---UL;_1 C %, we then have (&', .#) the deletionof (£, #) with respect to L;.
We write (Li|.Z', .#) for the intersection of (&', .#) with L;. It is a normal crossing divisor
on L;, called the restriction of (&, .#') with respect to L;.

We have a natural deletion-restriction long exact sequence

o HNL M) — HNL, M) — H L)L, M) (-1) — - - (4.19)

In the same fashion, for .#’ = M; U ---U M,,_1, we have
oo H Y M| 2L, M) — HNL, M) — HN(L, M) — - - (4.20)
Proposition 4.7.5. The spectral sequences are functorial with respect to the deletion and

restriction morphisms (4.19) and (4.20}) via morphisms of spectral sequences. In particular, we
have on the E1 term natural short exact sequences

0— E;PUYL M) — E{PUL, M) — B[PV L H4)(—1) — 0 (4.21)

and
0— E; PN (M, |2, 4" — E;PUL, M) — E;PUL, 4" — 0. (4.22)

To be precise:

- E[PUL, M) — E;PUL, ) is the natural inclusion corresponding to subsets I that do
not contain [;

— BN, M) — B[PV (L)L, ) (—1) s the natural projection corresponding to sub-
sets I that contain [;

E{PTYY( ML, M) — E;PU(L, ) is the natural inclusion corresponding to subsets .J
that contain m;

— E{PUL, M) — E;PUL, ") is the natural projection corresponding to subsets J that do
not contain m.

Proof. The deletion-restriction long exact sequences (4.19)) and (4.20)) are defined on the com-
plexes of sheaves .%; ; (see the proof of Proposition [4.7.1]) via the natural inclusions and projec-
tions. O
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4.7.4 Blow-ups

We study the functoriality of the spectral sequence with respect to the blow-up of a
stratum. For simplicity we assume that all L; N M;’s are connected. Let Z = Ly N M JU be a
stratum, with Iy # @ so that Z C .Z. Let 7 : X - X be the blow-up along Z,E=7n"1Z)be
the exceptional divisor. We set Y —=FU L1 U---u Ll and 4 = MiU---U M . We then have
a natural isomorphism

T HY X\ L, M\ MNL)S H(X\L, M\ MNED). (4.23)
Proposition 4.7.6. The spectral sequence 1s functorial with respect to the blow-up mor-
phism via a morphism of spectral sequences
E;P(m) : B{P(L, M) — EPUL, M) (4.24)
given for s € HI72P(L; N\ My)(—p) by
s (whlE) @+ X st 1) (i) (4) )
i€Ino

Proof. We sketch the proof for the case .# = @, the general case being similar. In this special
case, the spectral sequence is Deligne’s spectral sequence

EPT = @ HI?P(L)(—p) = H PHI(X\ 2). (4.25)
|I|=p

One works over C with the complex of logarithmic forms Q% (log.Z). By definition, we have a

pull-back morphism -
7 Q% (log Z) — Q;{v(logf).

The claim follows from the following local statement. In C" with coordinates (z1,...,2y,), let
us write w; = dzz_l and for I = {i; < -+ < iy}, wr = wj; A--- Aw;,. In any standard affine
chart 7 : C* — C" of the blow- up of the linear space Z = {z1 = ... =z, = 0}, one write zg
for the coordinate corresponding to the exceptional divisor, and wg = dZZ—EE. One then has the
formula
™ (wr) = wr + Z sgn({i}, I\ {i})wr A W\ {i}-
léezér

Dually, if Z = Lj, N M, with Jy # &, we get an isomorphism
M HY X\ L, M\ MNL)S H(X\ L, M\ MNZL)

where & = LiU---U fl and 4 = EU MU---U m, that can be described explicitly in terms
of a morphism of spectral sequences.

4.8 Appendix: Chern classes, blow-ups, and some cohomologi-
cal identities

4.8.1 Chern classes of normal bundles

Let 13 : Z — X be the inclusion of a closed submanifold Z of codimension r of a complex
manifold X. We denote by N,y the normal bundle of 15 and by ck(Nz/x) € H?*(Z), k =
0,...,7 its Chern classes.
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For inclusions A < B < C we have a short exact sequence

O_>NA/B_>NA/C_><NB/C’)|A_>O (4.26)

which implies the following transitivity property of Chern classes:

k
ck(Najc) = Z (NayB)-ck—i(Npyc)a- (4.27)

If A and B are two closed submanifolds of a complex manifold X that are transverse, and R
a connected component of the intersection A N B, we also have an isomorphism

Ng/x (NA/X)lR @ (NB/X)lR. (4.28)
By combining it with (4.26]) for R <— A < X, one gets an isomorphism
Npgja = (NB/X>‘R. (4.29)

4.8.2 Gysin morphisms and pull-backs

Let t3 : Z — X be the inclusion of a closed submanifold Z of codimension r of a complex
manifold X. We have a pull-back morphism (13)* : H*(X) — H*(Z) and a Gysin mor-
phism (13 ). : H*(Z) — H*"?"(X). We have the projection formula

(F)(=3) @) = ($)(2) .. (4.30)

We have the following compatibilities:
(F)5)(z) = 2. (N ) (4.31)
()F) (@) = 2.1 2]x. (4.32)

Here Ny, x is the normal bundle of Z inside X, and cx(Ny/x) € H?*(Z), k =0,...,r are its
Chern classes; [Z]x € H?"(Z) is the cohomology class of Z in X.

If A and B are two closed submanifolds of a complex manifold X that are transverse, then we
have

()" 0 (18)x = (ing)x © (hrp)" (4.33)
This includes the case AN B = @ for which the right-hand side is 0, and the case where AN B

is not connected for which the right-hand side is the sum of (1) o (¢8)* for R a connected
component of AN B.

4.8.3 Blow-ups

Let X be a complex manifold and Z a closed submanlfold of X, of codimension r. We
let 7 : X — X be the blow- up of X along Z. We let 7rZ : E — Z be the morphism in-
duced by T, it is the projectified normal bundle of Z inside X. For S a submanifold of X, we
denote by 5 its strict transform along 7, and Wg : S — S the morphism induced by 7. It is the
blow-up of S along Z N S.

Let L be a smooth hypersurface of X that contains Z. We have the identity

T 0 (1 ) = (17 )s 0 (L) + (i) © (17)" 0 (17)" (4.34)
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between morphisms H*(L) — H*t2(X). When applied to the element 1 € H°(L), one recovers

7*([L]) = [L] + [E]. (4.35)

We also have the following identity, for any z € H*(Z):

(Lgmz)*(ﬁgmz)*('z) = (7)"(2). <(W§)*CI(NL/X)|Z - Cl(NE/)?)) ' (4.36)

Proof (of {4-36)). We have (ngz)* = (Lg

mz)* o (7£)*, hence using (4.32) we get

(2 B (2) = (75)* (). [EN Ll

where [E/N E] £ denotes the class of EN L in the cohomology of E. Since L and E are transverse
in X, we can use l) to get

ENLp = 02 6k 27 (1) = ()7 0).) = () (Elg).

Now using (4.35) we get

and thus N
[ENLlp = (i) n*[L] = (e)*[B] = (n7)"(e2)*[L] = e1(Npy ).
The claim then follows from the computation (¢ )*[L] = (¢5)* (:7)*(17)«(1) = c1 (N1, x )|z where

we have used (4.31)). O

Now if L is a smooth hypersurface of X such that Z and L are transverse in X, we have the
simpler identities

70 (1) = (1 )e o (wh)"; (4.37)
7 ([L]) = [L]. (4.38)

We also have _
(%) 0 (tGnp)e = (1 5w 0 (TE0E)". (4.39)

4.8.4 The excess class v

Let X be a complex manifold and Z a closed submanifold of X, of codimension r. We let  :
X — X be the blow-up of X along Z. The excess class of 7 is by definition

7 = er1 ((75) (Nzyx) [Ny 5 ) € HXD(E). (4.40)

It appears in the formula

7 (1 $)a(2) = (i)((TE)*(2) . ). (4.41)

We have a short exact sequence

0 — H*2(Z)(—r) < HE2(E)(-1) & H*(X) -5 H5(X) -0 (4.42)

where o and 8 are defined by a(z) = ((Wg)*(z) Y, (L)Z()*(z)) and B(e,r) = —(15)«(e) + 7*(2).

Let L be a smooth hypersurface of X that contains Z. We let 7. be the excess class
of mb: I - L, and is an element of H2"~2(E N L). We have the identity

(W ulye) = v — (w5 er1 () (4.43)



4.8. APPENDIX: CHERN CLASSES, BLOW-UPS, AND SOME COHOMOLOGICAL IDENTITIES 143

Proof (of {4-43)). Let us write £ = —cl(NE/)?) and &, = —c1(N,,_~,.). We then have

ENL/E
r—1 r—2
v=> (75 (cr—1-k(Nzyx)) . & and y, = > (x gLy (cr2-k(Nzy1)) - &L
k=0 k=0
Using and (E and L are transverse in X) we get
(F ) = —(E ) 0EY ()a(1) = —(E ) () (). (1) = —0E ) (E (e ) (1) = &

Repeated applications of the projection formula (4.30]) then give

r—2

(W y =D () (x5l (cra-k(Nzp)) . €~
k=0

Using (4.36) we get
() (w5 ) (ermak(Ngyn)) = () (ermak(Nyn) et (Niyx)iz) + (n)*(ermai(Ngyn)) - €.
Replacing in the above sum and doing a change of summation index, one gets

*’Y Z TFZ *(Cr—a2—k NZ/L) Cl(NL/X)|Z +Cr—1—k(NZ/L)) -fk - (Trg)*(cr—l(NZ/L))

Now using (4.27) we get ¢,—2 x(Nz/r) - c1(Np/x) 1z +cr—1-k(Nz/r) = ¢r—1-£(Ngz/x), hence the
claim. O
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