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Chapitre 1

Introduction Générale

1.1 Présentation

Dans cette these, on établit quelques résultats de controlabilité, dans une premiere
partie, pour des systémes de type Navier-Stokes avec un nombre réduit de controles dis-
tribués et, dans une deuxiéme partie, pour une équation de KdV linéaire avec dispersion
évanescente et conditions au bord de type Colin-Ghidaglia.

De maniére générale, on peut formuler un systéme de contréle d’une équation aux
dérivées partielles (ou EDP) comme

{ z/((g)) :;‘O(’t,y(t),v(t)) t>0, )

ou t — y(t) € X décrit I'état du systeéme et ¢ — v(t) € U est le controle & linstant ¢t. X
et U sont des espaces de Banach appelés espace d’états et espace des controles admissibles,
respectivement. Le probléme de la contrdlabilité consiste, pour une condition initiale 1°
donnée et un temps final 7', & mener la solution du systeéme (1.1) vers une cible a I'instant 7’
par I'action d’un controle v.

On rappelle les différentes notions de contrélabilité.

Définition 1.1 (Contrdlabilité exacte). On dit que le systéme de controle (1.1) est exac-
tement controlable au temps T si, pour tout y° et yT dans X, il existe un controle v(t) € U
tel que y(T) = yT.

Définition 1.2 (Contrdlabilité & zéro). On dit que le systéme de contrdle (1.1) est contré-
lable & zéro au temps T si, pour tout y° dans X, il existe un controle v(t) € U tel
que y(T) = 0.

Définition 1.3 (Controlabilité approchée). On dit que le systéme de controle (1.1) est
approzimativement controlable au temps T si, pour tout y° et y* dans X, et tout € > 0, il
existe un controle v(t) € U tel que ||y’ —y(T)||x < €.

Ces définitions sont de type globale, car elles ne restreignent pas la taille de la condition
initiale. On parle de contrélabilité locale si de plus y° est demandé d’étre proche de la cible.
Cette nouvelle notion est importante pour traiter des systémes non linéaires.

La solvabilité de chaque probléme de contrélabilité dépend de la nature du systéme.
Par exemple, en dimension finie, les propriétés de controélabilité sont bien comprises dans
plusieurs cas linéaires et non linéaires. Notamment, pour un systeme linéaire autonome,
une condition nécessaire et suffisante est le critére de Kalman (voir, par exemple, [20,
chapitre 1]).
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En dimension infinie, la situation est plus compliquée, car elle dépend des propriétés
particulieres de I’équation sur laquelle on travaille. Par exemple, il est bien connu que pour
les équations paraboliques, comme I’équation de la chaleur, il n’y a pas d’espoir d’atteindre
la contrélabilité exacte dii a Ieffet régularisant. Pour les équations hyperboliques, comme
I’équation des ondes, la contrélabilité n’est pas assurée si le temps final est petit & cause
de la vitesse finie de propagation.

Quand le systeme de contrdle est non linéaire, on trouve en général des résultats locaux.
En effet, la stratégie classique consiste a linéariser autour d’un état d’équilibre pour obtenir
un résultat de controlabilité pour ce systeme. On revient au probleme original par un
argument de point fixe ou d’inversion locale.

Dans une grande partie de ce mémoire, on suit cette procédure et on se concentrera
particulierement sur la controlabilité a zéro des systemes linéaires. Dans le paragraphe
suivant, on présentera, de maniere simple, un cadre général pour les équations linéaires et
leur controélabilité a zéro qui sera la base pour les stratégies utilisées dans la suite.

1.1.1 Systeme linéaire abstrait et la méthode HUM

On considere ici le systeme linéaire autonome de controle suivant :

{ Z'((t)) - ﬁy(t) + Bu(t), (12)

Pour simplifier 'exposé, on suppose que les espaces d’état H et de controles admissibles
U sont des espaces de Hilbert. De plus, A : D(A) C H — H est un opérateur non borné,
B € L(U; H) et y* € H. Pour une présentation compléte et plus générale, nous renvoyons
a [20, Section 2.3] et [77, Chapitre 11].

Le but de cette partie est de présenter une méthode pour construire un contréle u
tel que la solution y de (1.2) satisfasse y(T) = 0. C’est la méthode de dualité ou Hilbert
Uniqueness Method (HUM), introduite par J.-L. Lions dans [61, 62].

On commence par introduire le probleme rétrogade suivant, appelé aussi le systéme
adjoint de (1.2),

(2o

ou p! € H et A* est 'opérateur adjoint de A.
En prenant le produit entre I’équation (1.2) et ¢ solution de (1.3), il n’est pas difficile
de voir qu'un controle v tel que y(T') = 0 doit satisfaire, pour tout ¢! € H,

T
| @@ B et + (00 =0. (14
On construit alors le controle de la maniere suivante : soit une fonctionnelle J : H — R
définie par
1 /T "
I =5 [ IB Ol + (), (1.5

oll ¢ est la solution de (1.3) telle que ¢(T) = ¢’ et on suppose que .J admet un minimum
que I'on appelle 7. On définit maintenant

(t) == B*3(t), (1.6)

ot @ es la solution de (1.3) associée & @!. Avec ce choix de contrdle, on voit directement
que (1.4) correspond & la condition d’optimalité du premier ordre de J qui est donc
satisfaite.
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Comme on peut observer, pour obtenir la contrdlabilité & zéro de (1.2), il faut assurer
Pexistence d’un minimum pour la fonctionnelle J donnée par (1.5). Comme J est continue
et convexe, il reste a savoir si elle est aussi coercive. Pour voir ce dernier point, on suppose
quil existe une constante Cy > 0 telle que pour tout p! € H, la solution ¢ de (1.3)
satisfait

T
le ()7 < Co/o 1B ()17 dt. (1.7)

En vue de (1.7), J est coercive pour la norme

T
o712 = [ 1B e at

et posséde un minimum @? qui appartient & I’espace complété de H pour cette norme.
L’inégalité (1.7) est appelée inégalité d’observabilité. De plus, le contrdle donné par (1.6)
est tel que

13l r20.7.01) < VColl |- (1.8)

En effet, il suffit d’utiliser ¢ = @7 et (1.6) dans (1.4) et I'inégalité de Cauchy-Schwarz
avec (1.7).

En outre, v est celui de norme minimale : en effet, si 4 est un autre contréle tel
que y(T') = 0, il satisfait (1.4). En faisant la différence entre (1.4) satisfait par ¥ et v on

trouve
T

[ @Bty = [ @), Boudr voT e a
0 0

oll ¢ est la solution de (1.3) associée & . On prend ¢! = @7, le minimum de la fonc-
tionnelle J, dans cette derniere égalité. On a

1/2

[ i ac= [ oo ([ T||ﬁ<t>||%dt)1/2( [ i)

d’ott on peut conclure.

La méthode HUM couvre de nombreux types d’équations, en particulier celles traitées
dans cette these. Remarquons que la procédure précédente nous permet de résoudre la
controlabilité a zéro en démontrant une inégalité (pour un probléme adjoint), ce qui, en
pratique, est plus abordable. Par contre, elle ne fournit pas une méthode pour la démontrer
(voir le livre de J.-M. Coron [20] et le survey par E. Zuazua [80] pour une description
détaillée des méthodes pour obtenir (1.7) pour quelques équations classiques).

On s’intéressera dans ce qui suit a un des plus communs et puissants outils pour
montrer I'inégalité d’observabilité et qui s’applique & un grand spectre d’équations : les
inégalités de Carleman. Dans le paragraphe suivant, on les présente dans le cadre de la
controlabilité a zéro de ’équation de la chaleur, ce qui nous servira d’exemple modele pour
la suite.

1.1.2 Un exemple modele : I’équation de la chaleur

On introduit d’abord quelques notations que I'on gardera pour les sections qui suivent.
Soit T' > 0, Q un domaine régulier de RV (N € N) et w C Q que 'on appelle le domaine
de controle. On notera @ := Q x (0,7) et ¥ := 9Q x (0,T"). On considere I’équation de la
chaleur

ye — Ay =v1, dans Q,
y=20 sur X, (1.9)
y(0) = ¢° dans Q,
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ott y° € L?() est la donnée initiale, y = y(x,t) est la variable d’état qui décrit la distribu-
tion de température dans Q & Uinstant ¢ et v = v(x,t) dénote le contrdle qui est distribué
dans le domaine w.

Remarquons que, dii a l'effet régularisant de (1.9) (et en général des équations parabo-
liques), on ne peut pas espérer, quelque soit y° € L?(£2), mener y vers une cible quelconque
en temps T'. C’est pour cela qu’il est convenable de considérer pour ce type d’équations
la notion de controlabilité auz trajectoires, i.e., pour tout y° € L?(Q) et toute solution ¥
de (1.9) non controlée

7 — Ay =0 dans Q,
y=0 sur X,

il existe un contrdle v € L2(w x (0,7)) tel que y(T) = ¢(T). Néanmoins, par linéarité,
cette notion de controlabilité est équivalente a la contrélabilité & zéro.

D’aprés le Paragraphe 1.1.1 avec H = L?(Q), U = L?(w), D(A) = H?(Q) N H(Q),
A:yw— Ay et B : v — vl,, la controlabilité a zéro de (1.9) se réduit a montrer
I’observabilité du systéme adjoint, i.e., I’existence d’une constante C' > 0 telle que pour
tout o7 € L%(Q), la solution ¢ de I’équation adjointe donnée par

—pr — Ap =0 dans Q,
=0 sur X, (1.10)
o(T) ="  dans Q,

satisfasse

/Q|<p(0)|2dx < C//MOT) o[ der dt. (1.11)

La controélabilité & zéro de (1.9) est due & G. Lebeau et L. Robbiano [60] et A. V.
Fursikov et O. Yu. Imanuvilov [39] (voir [30] pour un résultat avec N = 1). Dans le
premier, les auteurs prouvent (1.11) par une décomposition spectrale des solutions. Dans
le deuxiéme, la preuve de (1.11) repose sur les inégalités de Carleman globales pour les
solutions de (1.10). Nous allons développer a présent cette deuxiéme technique.

Pour ce faire, il faut d’abord introduire quelques fonctions poids. Soit wy € w. Dans [39]
il est montré qu’il existe une fonction 7 € C%(Q) telle que

n>0dans Q, n=0surdQ et [Vn >0dans Q\ wo.

Maintenant, on définit, pour A > 1 et k£ > 1, les fonctions

2Mkllleo _ AlKlInllootn()) AElnllootn(2))
, Emt) = —
(T —t) (T —t)

az,t) = (1.12)

Le résultat qui suit a été prouvé dans [39]. Voir aussi [33, Lemme 1.3].

Théoréme 1.4. [l existe trois constantes positives Ao, so et C (qui ne dépendent que de
et w) telles que pour tout X > \g et pour tout s > so(T + T?), on a

st // e~ 25 (| o>+ | Agl?) dr dt+s )\ // e 29|V | dudt+s3\* // e 2593 | dudt
Q Q Q

< C’(// e‘25a|qt+Aq|2dxdt+33)\4// 6_25a§3|q\2dmdt> (1.13)
Q wx(0,T)

pour tout ¢ € C2(Q) tel que ¢ = 0 sur X.
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Nous allons déduire maintenant (1.11) & partir de (1.13). On commence par remarquer
que (1.13) est valide pour les solutions de (1.10) avec ¢’ € L?(Q). Ceci est une conséquence
de la densité des fonctions régulieres avec trace nulle dans l’espace des solutions de (1.10),
a savoir, L2(0,T; H}(2)) NCY([0,T]; L?(£2)). On fixe A = A et s = so(T +T?). On obtient
en particulier

// =259 3(T — 1) 3|2 da dt < c// =259 =3(T — )73 o2 der dt.
Q wx(0,T)
On tronque en (7'/4,3T/4) I'intégrale & gauche et on utilise

_ _ _ _ 1

BT — 1) > e 20<1+1/T>ﬁ dans Q x (T/4,3T/4)

et
1
e BT — )3 < eiC(lH/T)ﬁ dans  x (0,7)

pour obtenir

// |2 dz dt < CeCUHL/T) // lp|? dz dt. (1.14)
Qx(T/4,3T/4) wx(0,T)

Pour les solutions de 1'équation (1.10) on a 'estimation d’énergie

[l [MemPaz, vie o,
0 0

et en intégrant dans (7'/4,37'/4) on trouve

1 2
| eora< 2 [ o2 de dt.
0 Qx(T/4,3T/4)

Il suffit de combiner cette inégalité avec (1.14) pour obtenir I'inégalité d’observabi-
lité (1.11).

Les inégalités de Carleman permettent d’obtenir le controle a zéro d’équations para-
boliques plus générales. Par exemple, pour une équation avec termes d’ordre inférieur de
la forme

Yyt — Ay + B(z,t) - Vy + a(z,t)y =v1l, dans Q,
y=20 sur X, (1.15)
y(0) = ¢° dans Q.

Ici, a et B = (Bi)i]il sont N + 1 fonctions qui dépendent de x et de ¢t qui sont supposées
appartenir & L°°(Q). Dans ce cas, il faut utiliser une inégalité de Carleman appropriée
pour les solutions de I’équation de la chaleur avec un second membre dans un espace plus
faible (voir [53]). En particulier, la controlabilité & zéro de (1.15) est utilisée pour traiter
quelques équations paraboliques non linéaires a travers d’un argument de point fixe. Nous
renvoyons & [29, 39, 31, 37, 27| pour quelques résultats concernants la contrdlabilité de
I’équation de la chaleur semi-linéaire. Dans le cadre de I’équation des ondes, on cite le
travail pionnier [79] par E. Zuazua ou 'argument de point fixe a été introduit pour traiter
un probleme de contréle non linéaire.
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1.2 Résultats principaux et plan de la these

Dans cette section on présente les principaux résultats obtenus pendant la réalisation
de cette these. Elle est divisée en deux parties. Dans la premiere, on s’intéresse a des
résultats de controlabilité a zéro de quelques systémes liés & la mécanique des fluides avec
des contrdles & un nombre réduit de composantes. Notamment, dans le Chapitre 2 on
établit la contrélabilité locale a zéro pour le systeme de Navier-Stokes

y—Ay+(y-Vy+Vp=vl,, V-y=0 dansQ,
y=0 sur X,
y(0) = ¢° dans 2,

oil le contrdle v € L%*(w x (0,T))V satisfait v; = 0 pour 0 < i < N quelconque et
N = 2,3. La nouveauté principale est la perte des restrictions géométriques sur le domaine
de controle imposées dans [35].

Dans le méme esprit du probleme précédent, dans le Chapitre 3 on démontre la contro-
labilité locale aux trajectoires pour le systéme de Boussinesq

y—Ay+(y-V)y+Vp=vl,+0ey, V-y=0 dansQ,

0 — A0+ 1y - VO =yl dans @,
=0, 6=0 sur %,
y(0) =%, 6(0) =0° dans €,

ot vg € LA(w x (0,T)) et v € L?(w x (O,T_))N est tel que vy =0et v; =0 pour 0 < i < N.
La trajectoire cible est de la forme (0, p,0), i.e.,

Vp=0en dans Q,
0, — A0 =0 dans Q,
=0 sur X,

6(0) = 6° dans €.

(1.16)

Le Chapitre 4 concerne 'existence de controles insensibilisants avec des composantes
nulles pour le systeme de Boussinesq. Il est bien connu que ce probleme est équivalent a
la controélabilité a zéro d’'un systéme en cascade ou la quantité de controles est inférieur
au nombre d’équations. Plus précisément, pour le systéme

wy — Aw + (w- V)w+ Vpy = f +vl, +ren, V-w=0 dans Q,
—zn—Az+(z2-VYw —(w-V)z2+qVr+Vp =wlp, V-z=0 dansQ,
re — Ar4+w-Vr = fo+ vl dans Q,
—q¢—Aq—w-Vg=zy+711lp dans @,
w=z=0, r=qg=0 sur %,
w(0)=0, z(T)=0, r(0)=0, ¢T)=0 dans Q,

on trouve des contrdles v € L?(w x (0,T)), avec vy = v; = 0 pour 0 < i < N et
vo € L?(w x (0,T)) tels que z(0) =0 et ¢(0) = 0.

Tous ces résultats reposent sur une méthode classique : la linéarisation autour de la
trajectoire cible et la contrélabilité a zéro de ce systeme linéaire. Ensuite, on revient au
probléme non linéaire par un argument d’inversion locale. Tous les détails sont présentés
dans les paragraphes suivants.

Dans la deuxieme partie du présent manuscrit, on s’intéresse a quelques propriétés
associées a la contrdlabilité & zéro du systéme de Korteweg-de Vries (KdV) avec conditions
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au bord de type Colin-Ghidalia

Yt + €Yz — My, =0 dans (O, T) X (O, 1),
Ye=0 = V(t);  Yajz=1 =0, Yzaz|p—1 =0 dans (0,7),
Yjt=0 = Yo dans (0, 1),

ot M € R et ¢ > 0. Premiérement, pour M et ¢ fixes, on montre qu'il existe v € L2(0,7)
tel que y(T') = 0 et, de plus, qu'il existe une constante positive C' telle que

[vll 207y < Cexp (Ce™2)[[y% 20,1y

En particulier, ce résultat améliore le cotit du controle trouvé dans [50]. En effet, dans [50]
il est démontré que le coiit est majoré par exp (Ce™1).

Ensuite, on montre que pour un temps de contrdle T suffisamment petit, le colit du
controle a zéro explose comme exp(Cs_l/ 2) quand ¢ tend vers zéro, ce qui est naturel car
léquation de transport y; — My, = 0 dans (0,7") x (0,1) n’est pas contrdlable si T < 1/|M]|.
Ceci est I'objet du Chapitre 5.

Dans ce qui suit, on présente chaque chapitre de ce mémoire de facon détaillée.

1.2.1 Controlabilité locale a zéro du systéme de Navier-Stokes
N-dimensionnel avec N — 1 controles scalaires dans un domaine de
controle arbitraire

On commence par introduire deux espaces classiques présents dans le contexte de
fluides incompressibles, & savoir :

V={yec H}(QN: V.-y=0dans Q}

et
H={yeL*(Q)":V.y=0dans Q, y-n =0 sur 9Q}.

La controlabilité de I’équation de Navier-Stokes a été introduite par J.-L. Lions dans [63]
et a été I'objet de nombreux travaux ces derniéres années. Dans le cadre de la controlabi-
lité approchée, les premiers résultats ont été obtenus par J.-M Coron dans [18] avec des
conditions au bord de type Navier en utilisant la célebre méthode du retour. Pour des
conditions au bord de type Dirichlet homogenes, on mentionne [28] par C. Fabre et [67]
par J.-L Lions et E. Zuazua.

On considere le systeme de Navier-Stokes avec un controle distribué :

y—Ay+(y -V)y+Vp=vl,, V-y=0 dansQ,
y=0 sur X, (1.17)
y(0) = ¢° dans €,

pour y° € H ou V. Le premier résultat concernant la contrdlabilité aux trajectoires
de (1.17) est d & O. Yu Imanuvilov [51]. Dans cette référence, pour une solution de

gt—Ag—i—(ng)ﬂ—i—Vﬁ:O, Vg:O danSQ7
y=20 sur X,
7(0) = 4° dans Q,

telle que 4 € WhH(0, T; Wh>(Q)Y N V), I'auteur montre I'existence d'un § > 0 tel que
si [[y? — || < 6, il existe un controle v tel que y(T) = 7(T). Ce résultat a été amélioré
dans [34] par rapport a la régularité de la trajectoire y. Elle est supposée de satisfaire

ge L@, gelL*0,T;L°(Q)N), (1.18)
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(c0>1si N=2eto>6/5si N=23)ety’ec L2 2(Q)N N H. La preuve repose sur une
inégalité de Carleman pour le systéeme adjoint du systeme linéarisé autour de y. La partie
la plus délicate est 'estimation du terme de pression.

Un probleme intéressant est de se demander si ’on peut enlever quelques composantes
du contrdle v en gardant la méme propriété de controlabilité. Celle-ci est la problématique
principale de cette partie de ce mémoire. Le premier résultat dans cette direction est
montré dans [67] pour la contrdlabilité approchée du systeme de Stokes pour quelques
géométries particulieres. Dans [35], les auteurs démontrent la contrdlabilité locale aux
trajectoires du type (1.18) avec un controle v € L2(w x (0,T))N tel que v; = 0,0 < i < N,
sous I’hypothese géométrique sur le domaine de controle suivante :

32 € 9Q, >0 telque B(z%e)ndNcwnaQ et ni(z) #0, (1.19)

ot n(x) dénote le vecteur normal extérieur a © au point z € 9Q. Comme dans [34], la
preuve est aussi fondée sur une inégalité de Carleman, ot I’-eme composante de la variable
adjointe n’apparait pas dans le terme local (voir (1.23) ci-dessous). En fait, & partir de
I'inégalité trouvée dans [34] et (1.19), en utilisant les conditions au bord et la condition
de divergence nulle, 1’i-éme composante peut étre estimée en fonction des autres. Bien
entendu, cette hypothese restreint le choix de la composante a annuler. On s’intéresse a
enlever la condition (1.19).
Le résultat principal que ’on obtient dans cette partie est le suivant :

Théoréme 1.5. Soit i € {1,...,N}. Alors, pour tout T > 0 et w C Q, il existe § > 0
tel que, pour tout y° € V satisfaisant ||y°||y < 9, on peut trouver un contréle v € L?(w x
(0, TN, avec v; = 0, et une solution associée (y,p) de (1.17) telle que y(T) = 0 dans Q,
i.e., le systéme non linéaire (1.17) est localement contrélable ¢ zéro a l'aide de N — 1
contréles scalaires pour un domaine de contréle arbitraire.

La preuve du Théoreme 1.5 repose sur un résultat de contréle a zéro pour le systéme
linéaire avec un terme source

yt—Ay+Vp=f+ovl,, V-y=0 dansQ@,
y=20 sur X, (1.20)
y(0) = ¢° dans Q,

et un théoreme d’inversion locale (voir Théoréme 1.9 ci-dessous).
Dans [23], la controlabilité & zéro de (1.20) est démontrée avec f = 0 et v; = 0. Pour
ce faire, les auteurs montrent une inégalité d’observabilité pour le systeme adjoint

—pot—Ap+Vr=0, V-9o=0 dans @,
=0 sur X, (1.21)
o(T) = T dans Q.

Concretement, les auteurs montrent l'existence d’une constante C' > 0 telle que, pour
tout ¢! € H, la solution de (1.21) safisfait (23, inégalité (2)])

N

/ pO)Pdzr<C Y // ;1% da dt. (1.22)
e j=1gi7 JoxOT)

La preuve de (1.22) repose sur une inégalité de Carleman du type

N
// plpldzdt<C Y // polio; |2 dzdt, (1.23)
Q JJw

jotgi X O1)
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ot p1(x,t) et pa(x,t) sont des poids du type (1.12). Le point central dans la preuve de (1.23)
est le fait que Am = 0 (car V-¢ = 0), ce qui permet d’en déduire des équations de quelques
dérivées de ¢; (j # 1) qui ne dépendent pas de ¢; ni de .

Un autre point important est 1'utilisation d’une inégalité de Carleman pour I’équation
de la chaleur avec des conditions au bord non homogenes ([32, Théoreme 1]) satisfaite
par VAy; (j # i) :

—(VA(pj)t - A(VA(,%) =0.

Les termes de bord sont estimés par des résultats de régularité pour le systéme de Stokes.

Cependant, une inégalité d’observabilité comme (1.22) ne suffit pas pour traiter le
probléme non linéaire (1.17). On aura besoin de déduire quelques proprietés de décroissance
pour le terme (y - V)y. Pour ce faire, on démontre dans une premiére étape une inégalité
de Carleman pour le systéme adjoint non homogeéne

—pr—Ap+Vr=g, V-p=0 dansQ,
=0 sur X, (1.24)
o(T) = T dans Q,

ot g € L*(Q)". Plus précisément, on montre :

Proposition 1.6. Il existe une constante Ao, telle que pour tout A > Ag il existe deux
constantes C(X\) > 0 et so(\) > 0 telles que pour tout i € {1,..., N}, tout g € L*(Q)N et
tout T € H, la solution de (1.24) satisfait

st // e 5 (e pPdx dt < C (// e g2 da dt
Q Q

N ~ ~
w3 ] e‘zsa_35°‘*(§)7|goj|2dxdt> (1.25)
wx(0,T)

J=Lj#i
pour tout s > sg.

Les fonctions poids dans (1.25) sont similaires a celles données par (1.12). En particu-
lier, la puissance de t(T" —t) est 8 au lieu de 1. Pour la définition précise, voir (2.5).

Pour montrer (1.25), on suit la méme stratégie que [23], mais il y a deux différences
importantes. La premiere concerne le fait que la pression n’est plus une fonction harmo-
nique. La deuxiéme, le fait que g n’appartienne qu'a L?*(Q)" fait que 'on ne puisse pas
appliquer directement le méme nombre de dérivées a I’équation satisfaite par ¢; (j # 7).
Pour surmonter ces difficultés, on récrit pp (p = p(t) étant une fonction poids qui s’annule
en t = T) comme la somme de deux solutions de (1.24) ayant pg et —p’¢ comme second
membre, respectivement. Pour ces nouvelles variables, on utilise des résultats de régularité
pour le systéme de Stokes et la méthode de [23], respectivement.

Une fois que (1.25) a été établi, on déduit I'inégalité d’observabilité suivante avec des
poids qui ne s’annulent pas en ¢t = 0 (voir (2.29) pour la définition précise) :

//Q e 5 (V) pPda dt + |0 (0)[|7 2y

N —~
gc(// eI |g2dwdt + Y // 6—285—355*f77|@j2dxdt). (1.26)
Q wx(0,T)

=1
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On cherche des solutions de (1.20) dans l'espace

By ={(npv): >0 yel2QN, eP 2057201, € L(Q)N, =0,
3235 () 798y € L2(0, T; HX(Q)N) N L>(0,T; V),
2 () Py — Ay + Vp —vly) € Q)N }.

Remarque 1.7. Remarquons que (y,p,v) € E% résout (1.20) pour un second membre tel
que €528 ()72 f € L2(Q)N avec y(T) = 0 et v; = 0. De plus (y - V)y appartient au
méme espace que f, ce qui nous permettra de résoudre le probléme non linéaire.

Plus précisément, on a :

Proposition 1.8. Soit i € {1,...,N}. On suppose que y° € V et /28" (4*)72f ¢
L2(Q)N. Alors, il existe un controle v tel que la solution associée (y,p) de (1.20) véri-
fie (y,p,v) € EY. En particulier, v; =0 et y(T) = 0 dans Q.

La preuve suit les arguments de [51] et [34]. On considére le probléme variationnel
suivant :

a((x;9), (x,0)) = (G, (x,0)) pour tout (x,0) € P, (1.27)
ol
o((£.9). 010)) = [ e (<% = AT+ V0) - (~xe — Ax + Vo) drd
N ~
+ Z // 6728’8738&‘?7 )/(\j X5 dz dt,
J=1,j#i wx(0,T)
@ (oo = [[ foxardrt [ 40 x0)dn
et

Po={(x0)eCQN": V. x=0dans Q, x=0sur X}

Grace a (1.26), a(-,-) définit un produit scalaire et G une forme linéaire et continue
dans Py. On trouve donc une solution (¥, o) (unique) de (1.27) dans le complété de Py avec
la norme définie a(-,-)'/2. Finalement, on démontre que (7,7), avec un certain p, définis
comme

§i=e 30 (=g — AR + V), dans @,
Uj = —e  BOTBRT R (j#£4), ©;:=0 dansw x (0,7),

satisfont (1.20) et que (g, P, 0) appartient a I'espace EY;.

Maintenant, pour obtenir le résultat de contrdlabilité pour le systéme non linéaire (1.17),
on utilise le théoréeme suivant :

Théoréme 1.9. Soit By et By deux espaces de Banach et A : By — Bs vérifiant A €
CY(By;Bs). On suppose que by € By, A(by) = by et que A'(by) : By — By est surjective.
Alors, il existe § > 0 tel que pour tout b’ € By satisfaisant || — be||p, < 9§, il existe une
solution de l’équation

.A(b) = b/, b € By.

Pour appliquer ce théoréeme dans notre contexte, on considere 'opérateur

A(y,p,v) = (ye — Ay + (y - V)y + Vp — vy, y(0))
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avec les espaces :
Bi = E}y

et
By = L2(®/27 (v*)72(0,T); L*(Q)N) x V.

La Proposition 1.8 montre que .A’(0,0,0) est surjective et de plus de classe C! (voir la
Section 2.4 pour les détails). Ceci montre le Théoreme 1.5.

Tous les détails sont données dans le Chapitre 2 de ce mémoire.

1.2.2 Controélabilité locale du systéme de Boussinesq N-dimensionnel
avec N — 1 controdles scalaires dans un domaine de controle arbi-
traire

Dans ce paragraphe on considere le systeme de Boussinesq suivant :

y—Ay+(y-V)y+Vp=vl,+0eny, V-y=0 dansQ,

0y — AO+y- VO =yl dans Q,
y=0, 6=0 sur X, (1.28)
y(0) =14°, 6(0)=0° dans Q,

ou
[ (1) siN=2
NTY(0,01) siN=3,

représente la force gravitationnelle, y = y(z,t) le champ de vitesse du fluide, 6 = 6(x,t)
sa température et, vg et v = (vy,...,vy) les contrdles distribués dans w C €.
Les premiers résultats de controlabilité aux trajectoires du type

gy —Ay+(y-V)g+Vp=~0ey, V-y=0 dansQ,
37'

0, — NG + Vo=0 dans Q,
y=0, 0=0 B sur X,
y(0) =4, 6(0)=¢° dans Q,

ont été obtenus dans [40] et [38], avec des contréles qui agissent sur toute la frontiere de €
et avec des controles distribués quand Q est le tore, respectivement. Puis, dans [44] la
controlabilité locale aux trajectoires qui vérifient (1.18) est démontrée.

Dans le méme esprit que dans le paragraphe précédent pour le systeme de Navier-
Stokes, on s’intéresse a I’obtention de controles ayant des composantes nulles sans restric-
tions géométriques sur le domaine de controle. Le premier résultat dans cette direction est
montré dans [35] sous 'hypothese (1.19) avec vy =0 et v; =0 (0 < i < N). Dans [36] un
systéme de Boussinesq couplé avec une équation parabolique (qui est interprétée comme
une concentration saline, par exemple) est considéré. En rajoutant un contrdle dans la
nouvelle équation, les auteurs obtiennent des contrdles v avec vy = v, =0 (0 < igp < N)
sans restriction géométrique sur w. Lorsque N = 3, il est possible de prendre v = 0 si (1.19)
est satisfait pour i # iy, 3.

Dans ce paragraphe, nous considérons des trajectoires de la forme (0, p, é), ie.,

Vp=06en dans @,
6, —AO =0 dans Q,
9:: 0 sur X, (1.29)
0(0) = 6° dans €,
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telles que B B

0 € L0, T; W>°(Q)) et V; € L=(Q)N. (1.30)

Le résultat principal de cette partie est :

Théoréme 1.10. Soit 0 < i < N un entier et (p,0) une solution de (1.29) satis-
faisant (1.30). Alors, pour tout T > 0 et w C Q, il existe 0 > 0 tel que pour tout
(y°,0%) € V x HY(Q) vérifiant ||(y*, 6°)— (0, QO)HVng(Q) < 6, on peut trouver des controles
vg € L2(w x (0,7)) et v e L*(w x (0, 7)Y, avec v; = 0 et vy = 0, tels que la solution
associée (y,p,0) de (1.28) satisfait y(T) =0 et O(T) = 6(T) dans 2.

La preuve du Théoréme 1.10 est similaire a celle de Navier-Stokes adaptée a (1.28).
On linéarise autour de (0, p, #) avec des termes source

—Ay+Vp=f+vl,+6ey, V-y=0 dans @,

O; — AO 4y - VO = fo + voly, dans @, (1.31)
y=0, 6=0 sur X, ’
y(0) =4°, 6(0) =0° dans Q.

Pour ce systeme, on cherche a démontrer la contrélabilité a zéro. La preuve repose sur une
inégalité de Carleman pour le systeme adjoint

o —ANp+Vr=g—9Vl, V-¢=0 dansQ,

— — AV =go + N dans @,
p=0, v=0 sur X, (1.32)
p(T) =", »(T)=9" dans ,

oit g € L2(Q)V, go € L?(Q), T € H et T € L*(Q). On obtient :

Proposition 1.11. Soit N =2 ou 3, w C Q et § satisfaisant (1.30). I existe une constante
Ao > 0, telle que pour tout X\ > X\ il existe deux constantes C(N\) > 0 et so(N\) > 0 telles
que pour tout j € {1,...,N — 1}, tout g € L*(Q)", tout go € L*(Q), tout o’ € H et tout
YT € L2(Q), la solution de (1.32) vérifie

54// 55" (€Y} o2da dt + 57 // —5sa’ (V5| 2l it

(// =307 (|g]? + |go|?)d dt + (N — 2)s // o o030 (YT ) 2 dit
X

ot [ e-“a-“”<§>49/4|¢|2dxdt>, (133)
wx(0,T)

pour tout s > sg.

Les poids sont les mémes que dans la Proposition 1.6. La preuve suit la méme stra-
tégie que pour montrer (1.25) dans la Proposition 1.6 (la méthode de [23]). On explique
les principales différences. Dans une premiere partie, I'idée est d’utiliser une inégalité de
Carleman pour 1’équation de Stokes avec des termes locaux qui ne concernent que N — 1
composantes de ¢. Ensuite, I'idée est de combiner ceci avec une inégalité de Carleman pour
I'équation de la chaleur (voir (1.13)) pour %, bien entendu avec un bon choix des poids.
Néanmoins, si 'on regarde le terme —¢V (qui appartient & L?(Q)") comme un second
membre, on ne pourra pas utiliser directement le résultat de la Proposition 1.6 car le poids
qui multiplie le second membre est trop grand par rapport a celui de ¢. Pour éviter ceci,
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on fait la décomposition décrite ci-dessus (Paragraphe 1.2.1) et on met le terme —p1)VO
dans I’équation de la solution la plus réguliere (voir (3.22)-(3.23)-(3.24)). En faisant cela,
on aura une inégalité comme

J[ ot + 1w awde < € [[ pa gl + lgoP?) da
Q Q

O [ o3 V=2l 4 lon P + 0Pz, (130
XY,

avec w' C w.
La deuxieme partie consiste & éliminer le terme local en . On utilise simplement
I’équation de 1) :
N:_wt_A/(/)_gOa

et des intégrations par parties pour estimer ¢y par le terme de gauche de (1.34).

Remarque 1.12. Dans [36], il a été remarqué (Section 6.4 dans cette référence) que
la méthode pour l’équation de Stokes présentée dans [28] peut servir pour montrer une
inégalité du type (1.33). Cependant, les auteurs ne précisent pas la régularité nécessaire
pour les seconds membres dans (1.32). Sans faire la décomposition précédente, il ne semble
pas possible de conserver g et go dans L*(Q).

On passe & la contrdlabilité & zéro de (1.31). A partir de (1.33) on peut déduire une
inégalité d’observabilité similaire & (1.26) :

// —58 |gp|2dxdt+// S0 (P P dt + | (0) 2y + [9(0)]22(qy

<C (// e=358" (|g[2 + |go|2)dx dt + (N — 2) // ¢ 25839857 0. P it
Q wx(0,T)

+ / / 45850 S49/4 2 dt) . (1.35)
wx(0,T)

On définit ’espace

EY ={(y,p,v,0,v0) : e3/250" y e L2(Q)N, es§+3/2$5*ﬁ_7/2 vl, € L2(Q)N, v; = vy =0,
32567 9 € [2(Q), 6253+1/25ﬁ*§—49/8 wl,, € L2(Q),
e3/235 () =98y € L2(0, Ty HA(Q)N) N L*>(0,T; V),
32587 () =9/89 € L2(0,T; H*()) N L>=(0,T; HA (),
212587 (v) 2 (y; — Ay + Vp — fen — vly) € L2(Q)N
eP/2587 () =5/2(0, — A +y - VO — woly,) € L2(Q) }.

Notons que la Remarque 1.7 est pertinente aussi dans ce cadre. La controlabilité du
systeme linéarisé est donnée par la proposition suivante :

Proposition 1.13. Soit N =2 ou 3, et i € {1,...,N — 1}. On suppose que (p,0) satis-
fait (1.29)-(1.30), y° € V, 6y € H§(Q), /287 (4)72f € L2(Q)N et D/28™ (4*)5/2fy €
L?(Q). Alors, on peut trouver des contréles v et vg tels que la solution associée (y,p,0)
de (1.31) wvérifie (y,p,v,0,v9) € EY. En particulier, v; = vy =0, y(T) =0 et 6(T) = 0
dans ).
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La preuve est totalement analogue a celle de la Proposition 1.8 avec les éléments
suivants :

a((X,0,R), (x,0,K)) = (G, (x,0,k)) pour tout (x,o0) € Py, (1.36)
avec
a((%,5,7), (x, 0, K)) = // e 30" (34— AR+ VG +AVO) - (—yi — Ax + Vo +xV8) da dt
Q
+ // e 30" Ly — AR — )=kt — Ak — o) dadt
Q

V=) [ eI avarr [[ eI R rdar,
wx(0,T) wx(0,T)

<G,(X,O’,H)>=// f~xdxdt+// fofid:vdt—l—/yo-x(O)dx—l—/Qoﬁ(O)dx
Q Q Q Q
et

Py={(x,0,r) € C?(Q)N2:V.x=0dans Q, x=0sury, x=0sur X}

Ici, j € {1,...,N — 1} \ {i}. On résout le probleme variationnel (1.36) grace a (1.35)
et on montre que (4,7, 60, 7), avec une certaine pression p, définis comme

§=e 35 (=% — AX + V5 + RV0), dans Q,
Uj = —(N = 2)e 2730375, 0;:=0, Oy:=0 danswx (0,7),
0 := e3P (—Ry — AR — Xn), dans Q,
Do 1= —e 4sP—sF"RA9/4 1. dans w x (0,7),

est une solution de (1.31) telle que (7, p, v, 0, vo) € EY.

Finalement, on revient au systéme non linéaire (1.28) en utilisant le Théoréme 1.9
adapté a ce cadre, & savoir (voir Section 3.4)

B, = EY,
By = L2(e27" (%) 72(0,1); LA(Q)N) x V x L2(e¥/2" (%) ~5/2(0, T); L2(Q)) x H}(Q)
et Popérateur

AW, Dyv,0,v0) = (e — AT+ (- V)§+ VB — fen — vy, (0),
0r — AO+7-VO+7- V0 —vgl,, 6(0)),

ou

En montrant que cet opérateur est de classe C et que A’(0,0,0,0,0) est surjective
grace a la Proposition 1.13, on conclut le résultat.

Cette partie fait ’objet du Chapitre 3.
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1.2.3 Controéles insensibilisants pour le systéme de Boussinesq avec deux
composantes nulles

On s’intéresse maintenant a ’existence de controles insensibilisants pour le systéme
de Boussinesq. Pour introduire ce probléme, on considére le systéme suivant avec donnée
initiale incomplete :

y—Ay+(y-Vy+Vp=f+ovl,+0ey, V-y=0 dansQ,

0 — A0 +y - VO = fog+voly, dans Q, 137
y=0, 6=0 sur X, (1.37)
y(0) = y° + 750, 6(0) = 6° + 16y dans €,

ott v = (v1,...,vN) et vy sont les contrdles, f € L*(Q)N et fo € L?(Q) sont deux forces

externes et les conditions initiales (y(0),6(0)) sont partiellement inconnues dans le sens
suivant :

~ % € H et 0° € L?(Q) sont connus,

—GoEHetbe L?(£2) sont inconnus avec ’|§0’|L2(Q)N = ||§0HL2(Q) =1, et

— 7 est un nombre réel petit inconnu.

On observe la solution de (1.37) & travers d’une certaine fonctionnelle J;(y, #), appelée
la sentinelle. Dans notre cas, on considere

1
Tl 0)i=5 [ (1l 10F) deat, (1.35)
2 JJox(,1)

ou O C Q est appelé l'observatoire. On cherche des contrdles (v, vg) qui insensibilisent .J;
par rapport a 'incertitude de la condition initiale, i.e.,

LD —0 (i) € L@ els que [l = [l a0y = 1 (139

Ce type de probléme a été proposé par J.-L. Lions dans [65]. Les premiers résultats
concernent I’équation de la chaleur. Dans [5], O. Bodart et C. Fabre démontrent I’existence
de contrdles e-insensibilisants (i.e., |0;J;(y)|r=0| < € au lieu de (1.39)) pour une équation
de la chaleur semi-linéaire. Puis, pour la méme équation, (1.39) est montré dans [25] par
L. de Teresa. Pour un autre type de sentinelle, par exemple, le gradient de la solution, on
cite le travail de S. Guerrero [46].

Pour le systéme de Stokes, on mentionne [70] pour des résultats de e-insensibilisation
et [45] par S. Guerrero pour l'existence de contrdles insensibilisants. Puis, M. Gueye
dans [49] a traité le cas du systeme de Navier-Stokes. Récemment, dans [9] 'existence
de controles insensibilisants ayant une composante nulle a été établi.

Dans ce paragraphe on cherche & montrer I'existence de controles insensibilisants (vg, v)
ayant deux composantes nulles, a savoir, v;, = 0 pour 0 < i9g < N et vy =0,

Il est bien connu que la condition (1.39) pour une sentinelle comme (1.38) est équiva-
lente a la contrélabilité a zéro d’un systeme d’équations en cascade. Plus précisément, on
a le résultat suivant qui est essentiellement démontré dans [64] et [5].

Proposition 1.14. Le probléme d’insensibilisation (1.38)-(1.39) pour (1.37) est équivalent
au probléme de contréle d zéro suivant : il existe des controles (v,vo) tels que la solu-
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tion (w, z,7,q) de

wy — Aw + (w-V)w+ Vpg = f +ovl, +rep, V-w=0 dansQ,

2= Az+(2-VHw — (w-V)z+qVr +Vp =wlp, V-z2=0 dansQ,

re — Ar+w - Vr = fog+ vl dans @,

—q—Aq—w-Vg=zy+711lp dans Q,

w=z=0, r=q=0 sur X,

w(0) =4° 2(T)=0, r(0)=60° qT)=0 dans €,
(1.40)

vérifie z(0) = 0 et q(0) = 0 dans 2, ot on a utilisé la notation
N
((Z, Vt)w)l = Z zj@wj 1= 1, ce ,N.
j=1

Démonstration. On développe les idées de la preuve. On commence par remarquer que
pour tout 7o € L2(Q)Y et tout 6y € L?(22) on a

9J-(y,0) //
— = w-y" +r67)drdt, 1.41
or =0 Ox(0,T) (w-y ) (141)
0
Ol W := Yjr—g, T := Ojr—g, Y7 = givzo et 07 = 27'7:0' En fait, (y7,607) est la solution de

yi — Ay + (- Vw+ (w-V)y" +Vp” =0"ey, V-y" =0 dans Q,
0] =A™+ (y" - V)r+ (w-V)I™" =0 dans Q,
y"=0, 07=0 sur X,

y™(0) = Jo, 67(0) = by dans Q.

En utilisant (1.40)-(1.41), on trouve

0J-(y,0)

or

= [ (:(0) o + a(0)) d.
7=0 Q

pour tout (7°,00) € L2(Q)N+! tels que 1TollL2@yy = ||§OHL2(Q)N =1, d’ou la conclusion.
O

Remarque 1.15. Bien entendu, la Proposition 1.14 s’applique au cas de contréles e-
insenstibilisants, la preuve étant la méme.

Grace a la Proposition 1.14, on se concentre dans ce qui suit sur la contrélabilité a zéro
du systeéme (1.40). Remarquons que le contrdle n’agit pas directement sur z et ¢, mais via
le couplage avec w et r dans 'observatoire O.

Dans [25], L. de Teresa a montré dans le cadre de I'équation de la chaleur qu’il existe des
conditions initiales non triviales telles que la fonctionnelle .J; ne peut pas satisfaire (1.39)
si Q\w # 0. Le fait que le systéme (1.40) combine des équations directes et des équations
rétrogrades nous forcera a fixer y° = 0 et 6° = 0.

En outre, on suppose aussi que w N O # 0. Cette hypothése est vitale pour ’obtention
de l'inégalité d’observabilité (voir 1’ébauche de la preuve de (1.44) plus bas). On fait
référence a [54] et [69] pour quelques résultats d’existence des controles e-insensibilisants
lorsque wN O = 0, et & [1, 2] par F. Alabau-Boussouira pour des résultats d’existence des
controles insensibilisants sous la condition de contréle géométrique [4].

Le résultat principal de cette partie est :
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Théoréme 1.16. Soit 0 < 19 < N et m > 10 un nombre réel. On suppose que wNO # (),
Yy’ =0 et 0° = 0. Alors, il existe § > 0 et C > 0, qui ne dépendent que de w, Q, O et T,
tels que pour tout f € L*(Q)N et tout fo € L*(Q) satisfaisant ||e“/t" (f, fo)ll2@yvir <
§, il existe des controles (v,v9) € L*(Q)N*! avec vy, = vy = 0 tels que la solution
associée (w,po, z,p1,7,q) de (1.40) vérifie z(0) =0 et g(0) = 0 dans Q.

Remarque 1.17. On pourrait considérer une sentinelle plus générale dans le Théo-
réeme 1.16, par exemple,

1 1
J-(y,0) = 7// ly|* dx dt + f// 0|2 da dt,
2 JJoyx(0,1) 2 JJo,x(0,1)

avec 01,0y C Q, et ensembles de controle wy (pour v) et wy (pour vg) tels que wi NOq # ()
et wo N Oy # B. Cependant, ceci ne nous permet pas d’obtenir vy = 0, sauf si O1 N Oz N
w1 Nwy # 0. Donc, on suppose dans la suite Oy = O et wy = ws. On remercie L. de
Teresa pour cette remarque.

La preuve suit les mémes idées que dans les paragraphes précédents. On montre d’abord
la controélabilité a zéro du systeéme linéaire :

wy —Aw+ Vpg = fY+vl, +rey, V-w=0 dans Q,

—zt — Az 4+ Vp1 = f7+wlp, V.z=0 dans @,

re — Ar = fT 4+ o1, dans @, (1.42)
—q—Aq=fl+zy+rlp dans Q, ’
w=2z=0, r=q¢q=0 sur %,

w(0) =0, 2z(T)=0, r0)=0, ¢(T)=0 dans Q,

ou fY%, f%, f" et f? décroissent exponentiellement en ¢ = 0. Ce résultat sera obtenu grace
a une inégalité de Carleman appropriée pour les solutions du systéme adjoint :

—pt —Ap+Vr, =g +v1lp, V-p=0 dans @,

Y — AP+ Vry =g¥ +oey, V-p=0 dans Q,
_¢t*A¢:g¢+§0N+O—10 dans Qa (1 43)
ot — Ao = g° dans @, ’

p=9=0, ¢=0=0 sur X,

o(T) =0, ¥(0)=v° ¢T)=0, o(0)=0" dansQ.
Celle-ci est de la forme (voir Proposition 4.15)

S or®) (16 1082 5 10F + lof?) et < C [ pa(e)(57. 0%, 0

X
2 2
wC [ OV = Dlgal + 0 dadt, (144)
wx(0,T)
ou pg(t) sont des fonctions poids de type exponentiel comme dans (1.33), jo € {1,..., N —

1}\ {io} et X est un espace de Banach approprié.
La premiere étape de la preuve de (1.44) consiste a montrer une inégalité comme

//Q P1(|<P|2 + |77Z)|2) dedt <C Hp2 (gw’ngg)"i

v [[ (V= 2l lonl) et (145)
UJQX(O,T)
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avec wy € w N O. Cette inégalité est essentiellement montrée dans [9] en combinant une
inégalité de Carleman pour 1) ayant comme termes locaux Avj, et Ay (Lemme 4.9) avec
la Proposition 1.6 pour ¢ (avec i = jo). Puis, pour estimer les termes locaux de 9;, et ¢
on utilise la formule

AY; = —(Apj) — A(Apj) +0;V - g¥ — Ag}p dans o' x (0,T), j = jo, N

a condition que w’ € wy et on obtient (1.45).
Ensuite, on utilise I’équation satisfaite par ¢

N = —¢r — Ap— g% — olo,
ce qui nous permet d’éliminer ¢ . On obtient,

2

//Q pl(\@IZ + [ + |¢>I2) dzdt < C sz (g‘”,g”’,g‘ﬂa)HX

+(N72)C// p3|g0j0|2d:1:dt+0// pa |62 dzdt. (1.46)
wo x(0,T) wx(0,T)

Quelques calculs élémentaires nous permettent de trouver la relation entre o et ¢
suivante

(0F + (N —2)03)0 = (0, + A)(AJ} — A*)p — (Ag%)e + A%g% + NV - gf

(1.47)
—A(ONV - g¥) — Agl + NV - g% + (A8 — A%)g? + Agf + A%
On fait remarquer que cette identité a lieu dans w N O et qu’elle ne fait pas intervenir les
termes de pression ni ¢xy.

L’étape suivante consiste a appliquer une inégalité de Carleman a 1’équation de la
chaleur satisfaite par

Do = (0? + (N — 2)93)0. (1.48)

Celle-ci nous donne un terme local a droite en Do. En tenant compte du fait que |Do|| 12 (q)
définit une norme, cette inégalité nous donne aussi un terme global en ¢ a gauche.
En combinant ceci avec (1.46), on a

2

S pi(198 + W 167 +10?) azat < € 2 (67,9, 97,9701

s Weoc [[ e Pdedtec [ plof dede
wox(0,T) wx (0,T)

n 0// 05 (82 + (N — 2)02)o 2 da dt,
w1><(O,T)

ol w; € wN O est un ouvert.

On élimine les termes locaux et globaux de o a droite de cette inégalité avec (1.47)
et les termes de gauche de o, respectivement, et on obtient (1.44). Bien entendu, il faut
bien choisir les poids pour les différentes inégalités de Carleman. Concrétement, dans ce
paragraphe on utilise les poids considérés dans les deux paragraphes précédents mais avec
t™(T — )™ au lieu de t3(T — ¢)® au dénominateur, ot m > 10.
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Pour traiter le systeme linéaire, on définit ’espace

ER = {(w,po, 2,p1,7,q,v,v0) = " (v, 00)1, € LHQ)N, vy =vn =0
e13/458" ()= 1=1/mayy ¢ 12(0, T; H2(Q)N) 0 HY(0, T; L2(Q)N),
138" (4 ) =6=6/m > ¢ £2(0,T; H2(Q)N) n HY (0, T; L2 (Q)N), 2(T) =0,
e13/458" () =1=1/my o 12(0 Ty {H2(Q)) N HY (0, T; L2(92)),
e13/4sB7 () =15-15/m o o 12(0 T3 H2(Q)) N H'(0,T; L*(R)), ¢(T) =0,
e20/4s8" (wy — Aw + Vpg — vl, —ren, —2z— Az+ Vp —wlp) € L*(Q)*Y,
e (ry — Ar—wo Ly, —gi— Ag — 2y —rlo) € L*(Q)°}.

La controlabilité a zéro de (1.42) est donnée par la Proposition suivante :

Proposition 1.18. Soitig € {1,...,N — 1}. On suppose que
BB (fu 2 T f1) € LA(Q)PN TR, (1.49)

Alors, il existe des controles (v,vo) € L?(Q)N11 tels que la solution associée (w, po, 2,p1,7, q)
de (1.42) est telle que (w, po, z,p1,7,q,v,v0) appartient & Ey. En particulier, v;y = vy = 0
et (2(0),¢(0)) = (0,0) dans 2.

La preuve de la Proposition 1.18 suit le méme schéma que dans les paragraphes précé-
dents a partir de (1.44). Cependant, la régularité supplémentaire demandée aux seconds
membres de (1.43) nous oblige a adopter une stratégie différente. Les détails sont présentés
dans la Section 4.4, Chapitre 4.

Concernant le probléeme non linéaire, a l'aide de la Proposition 1.18 on montre le
Théoreme 1.16 en appliquant le Théoreme 1.9 avec I'opérateur
A(wap07 Z,pP1,7,4,7, UO) = (wt — Aw + (U) . V)w + va - Uﬂw —Ten,
—z—Az+ (2 VYw — (w-V)z+¢Vr + Vp; —wlp,
r—Ar+w-Vr—yly,, —q¢—A¢q—w-Vqg—zy—11p)
et les espaces 4
Bl = E;{},
By 1= L*(e*/*77(0,7); L*(2)*N+?).

Cette partie est présentée dans le Chapitre 4.

1.2.4 Sur la contrdlabilité de I’équation de KdV avec conditions au bord
de type Colin-Ghidaglia dans la limite de dispersion évanescente

L’équation de Korteweg-de Vries (KdV)
Yt + Yoze T YY2 =0, z€R, >0, (150)

a été introduite par D. J. Korteweg et G. de Vries dans [56]. Elle modélise la propagation
d’une vague de petite amplitude se propageant a droite dans un canal uniforme peu pro-
fond, y = y(t,z) étant amplitude de I'eau au point x au temps ¢t. On fait référence au
livre de Whitham [78] pour comprendre sa déduction et I'interprétation d’un point de vue
physique.
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Dans cette partie on s’intéresse aux propriétés de contrdle de la version linéaire de (1.50),
posée sur un intervalle fini, suivante :

Yt + EYpar — My, =0 dans (0,7) x (0,1),
y|:c=0 =, yI\m:l = 07 yEZ|1‘:1 =0 dans (07 T)7 (151)
Yt=0 = Yo dans (07 1)

Ici, € > 0 est le coefficient de dispersion, M € R le coefficient de transport, yg la
condition initiale et v = v(t) le controle.

Les conditions au bord de ce type ont été proposés par T. Colin et J.-M. Ghidaglia
dans [14, 15] pour modéliser la propagation unidirectionnelle d’ondes ou I'extrémité z = 0
est un générateur d’ondes et I'extrémité x = 1 est libre.

La plupart des résultats de contrdle pour ’équation de KdV posée sur un intervalle
fini ont été obtenus pour les conditions au bord

Yoo = U1, Yjo=1 = U2, Yajg—1 = us dans (0,7). (1.52)

Quelques travaux classiques sont ceux de L. Rosier [72, 73]. On mentionne aussi [21] par
J.-M. Coron et E. Crépeau, [10] par E. Cerpa et [12] par E. Cerpa et E. Crépeau. Dans
ces travaux, les auteurs traitent le probleme des longueurs critiques. Ces résultats ont été
résumés dans le survey [11] réalisé par E. Cerpa. Pour une révision compléete des résultats
de controle pour I'équation de KdV on fait référence a [74] par L. Rosier et B.-Y. Zhang.

En ce qui concerne (1.51), le premier résultat de contrélabilité est di a J.-P. Guille-
ron [50], ou la contrélabilité a zero est établie (avec ¢ = 1 et M = —1). Puis, E. Cerpa,
I. Rivas et B.-Y. Zhang dans [13] considérent des controles dans toutes les conditions au
bord, a savoir,

Yz=0 = V1, Yzjg=1 = V2, Yzz|pg=1 = U3 dans (07 T)v (153)

et montrent des résultats de controlabilité exacte pour I’équation non linéaire avec toutes
les combinaisons possibles de (v1,v2,v3) sauf (vy1,0,0).

Dans un premier temps, on améliore le résultat obtenu dans [50] par rapport au coftit
du contréle. D’apres le résultat principal de [50], on peut démontrer que pour tout yy €
L?(0,1), il existe un contrdle v € L*(0,T) tel que la solution y de (1.51) satisfait yy_7 = 0
et

0]l 20,7y < C exp(Ce™)lyoll L2(0,1); (1.54)

ou € > 0 et M sont fixes.
Dans cette partie, on établit

Théoréme 1.19. Soit T > 0, M € R et ¢ > 0 trois nombres réels fizes. Alors, pour
tout yo € L*(0,1), il existe un controle v € L*(0,T) tel que la solution associée de (1.51)
satisfait y—7 = 0. De plus,

[0l 207y < Coexp (C(e 21712 4 M2~V 4 MT)) lyoll 20,1, (1.55)
st M >0, et
vl 20,1y < Coexp (0(571/27171/2 + |M\1/2€71/2)) 1Yol 20,1y (1.56)

st M < 0, ou C > 0 est une constante indépendante de T, M et e, et Cy > 0 dépend
polynomialement de e, T~' and | M|~ .
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La preuve repose sur une inégalité d’observabilité pour I’équation adjointe de (1.51)
(la méthode HUM, Paragraphe 1.1.1), & savoir :

let=0llz2(0,1) < CobslPzzjz=ollL2(0,1)5

ou ¢ es la solution de

— 0t — EPraz + Mz =0 dans (0,7) x (0,1),
Ple=0 = 0, Prlz=0 = 0, (E(PII - M(P)leI =0 dans (07 T)7 (157)
Plt=T = LT dans (07 ]-)a

avec o7 € L?(0,1). L’outil principal pour démontrer cette inégalité d’observabilité est une
inégalité de Carleman. On considére la fonction

2?44 +1

alt,z) = W,

(1.58)

ou m > 1/2. L’inégalité de Carleman est établie dans la proposition suivante.

Proposition 1.20. Soite, T > 0, M € R\{0} et m = 1/2. Il existe une constante positive
C indépendante de T, € et M telle que, pour toute solution ¢ de (1.57), on a

S e (Pducoliol? + ool + s0ioolpael?) de
T
< Cpexp (C|M|l/2571/2)s5/ eiQSa‘mZOafx:dgpm‘Z:OF dt, (1.59)
0

pour tout s > C(T +e'2TY2 4 | M| /2e=12T), ou Cy dépend polynomialement de | M|~
et e L.

Dans [50], une inégalité similaire a (1.59) est démontrée avec m = 1 (Proposition 3
dans cette référence). La difficulté principale est due & la condition au bord en z = 1
de (1.57). Ceci fait nécessaire de prendre m = 1 pour estimer les termes de bord en x = 1.

Ici, on réussit & prendre la puissance optimale m = 1/2 comme dans [42, 43], le point
clé étant le changement de variable ¢ := ey, — M. Cette nouvelle fonction satisfait
I'équation de KdV (1.57) et les conditions au bord ¢y|,—¢ = Puz|z—0 = Pz=1 = 0. Le prix
a payer lorsque l'on utilise cette variable est un facteur exp (C|M |1/ 2¢-1/ 2) quand on récu-
pere la variable originale ¢, mais ceci ne change pas ’ordre de la constante d’observabilité
par rapport a € .

Pour introduire et motiver le deuxiéme résultat de cette partie, on considere 1’équation
de transport

Yyt — My, =0 dans (0,7) x (0,1). (1.60)

Il est bien connu que (1.60) est controlable si et seulement si T > 1/|M| (voir, par
exemple, [20, Theorem 2.6, page 29]), avec un contréle Yjz=0 = v1 si M < 0 et avec un
controle yj,—; = vz si M > 0. De plus, le coiit de controler a zéro est nul. En effet, on peut
mener la solution de (1.60) & zéro si 'on prend v1 = 0si M < 0, et v3 =0 si M > 0. Donc,
il est naturel de s’attendre & ce que le cotit décroisse vers zéro lorsque € — 0si T > 1/| M|,
ou au moins pour 7 suffisamment grand. Par contre, si T' < 1/|M]|, on espére que le cofit
explose quand € — 0.

Ce probleme a été traité dans [42] pour les conditions au bord (1.52) et dans [43]
avec ug = uz = 0. On fait référence a [22] et [47] pour le cas de viscosité évanescente



30 CHAPITRE 1. INTRODUCTION GENERALE

en une et plusieurs dimensions d’espace, respectivement. On mentionne aussi [41] par O.
Glass et [68] par P. Lissy pour quelques résultats liés au temps minimal pour obtenir la
décroissance exponentielle du cotit du contréle pour ’équation de transport-diffusion.

En ce qui concerne le résultat de décroissance du cotit du controle, une stratégie possible
consiste a combiner une inégalité de Carleman avec une dissipation exponentielle du type

9=t 20,1y < exp (= CTe ™) |@i—ty 12001y, 0 S 11 < ta < T, to—t1 > 1/|M], (1.61)

pour les solutions de (1.57), de telle sorte que pour T suffisamment grand cette dissipa-
tion compense la constante de (1.55). Remarquons que pour faire une telle comparaison, le
choix d’une puissance optimale dans (1.58) (m = 1/2 dans ce cas) devient essentiel quand
est petit. En outre, il a été remarqué dans [42] et [43] qu’une dissipation comme (1.61) est
possible seulement si M > 0 di a leffet asymétrique du terme de dispersion. Malheureu-
sement, la condition au bord sur z = 1 pose de gros problémes pour obtenir (1.61). En
fait, il semble aussi difficile d’obtenir une dissipation standard comme

||<P\t=t1||L2(0,1) < ||<P\t:t2||L2(o,1)- (1.62)
Néanmoins, on peut obtenir le résultat désiré quand T est petit par rapport & 1/|M].

Théoréme 1.21. Soit M # 0. Alors, il existe Ty < 1/|M| tel que pour tout T € (0,Tp)
il existe des constantes C' > 0 (indépendante de €), ey > 0 et des conditions initiales
yo € L%(0,1) telles que, si v € L*(0,T) est un controle tel que la solution y de (1.51)
satisfait y—r = 0, alors, pour tout € € (0,eo),

C
vl z2(0,1) = exp (51/2) 1yoll £2(0,1)-

De plus, si M < 0, on peut choisir To = 1/|M].

La preuve suit le schéma de [43, Theorem 1.4]. On montre

~ C .
||90m\x=0||L2(0,T) < Cexp {— 81/2711/2} ’|<PT||L2(0,1) (1.63)

et
|P1t=o0ll2(0,1) = ¢ > 0, (1.64)

pour @ une solution particuliere de (1.57). Pour le cas M < 0, la preuve est identique &
celle de [43] et (1.63)-(1.64) sont démontrés indépendamment. Par contre, quand M > 0,
le manque d’une inégalité comme (1.62) nous force a prendre T suffisamment petit par
rapport & M (mais indépendant de ) pour obtenir (1.63). Puis, on obtient (1.64) comme
conséquence de (1.63) si e € (0, o).

Les détails de cette partie sont présentés dans le Chapitre 5.

1.3 Commentaires

On finit ce chapitre introducteur en faisant une bréve présentation de quelques travaux
complémentaires concernant le contréle insensibilisant des systemes de Navier-Stokes et
de Boussinesq, ainsi que quelques perspectives et problemes qui demeurent ouverts.
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1.3.1 Travaux complémentaires

Dans ce paragraphe, on présente le travail [9] ainsi qu’un travail en cours concernant
I’existence de contréles insensibilisants pour le systéme de Boussinesq.

Controles insensibilisants pour le systéeme de Navier-Stokes ayant une compo-
sante nulle

Dans cette partie, on présente les résultats principaux obtenus dans [9] fait en collabo-
ration avec M. Gueye. Dans ce travail, on montre ’existence de contrdles insensibilisants
ayant une composante nulle pour le systéeme de Navier-Stokes :

y—Ay+(y-Vy+Vp=f+vl,, V-y=0 dans@Q,
y=20 sur X, (1.65)
y(0) = y° + 73° dans Q.

On garde la notation utilisée dans le Paragraphe 1.2.3 ci-dessus pour le systeme de Bous-
sinesq. La sentinelle est donnée par :

1
L=y [ yPdeat (L.66)
2 JJox(0,T)

et la condition d’insensibilisation par :

dJ:(y)
or 7=0

=0 vi%e L2 Q)Y tel que ”;f)up(w =1. (1.67)

En adaptant la Proposition 1.14 & (1.65)-(1.67), on sait que ce probléme est équivalent
a la controlabilité a zéro du systeme en cascade suivant :

wy — Aw + (w - V)w + Vpy = f + vy, V-w=0 dans Q,

—z—Az+(z2-VYw—(w-V)z+Vp =wlp, V-z=0 dansQ, (1.68)
w=2z=0 sur X, ’
w(0) =9 2(T)=0 dans Q.

On énonce maintenant ce résultat de controlabilité ([9, Theorem 1.1]) :

Théoréme 1.22. Soit ig € {1,...,N} et m > 10 un nombre réel. On suppose w N O # ()
et y° = 0. Alors, il existe des constantes § > 0 et C > 0, qui ne dépendent que de w,
Q, O et T, telles que pour tout f € L*(Q)VN satisfaisant Hec/tmeLQ(Q)N < 4, il existe
un controle v € L2(Q)N avec vy, = 0 tel que la solution associée (w,pg,z,p1) de (1.68)
vérifie z(0) = 0 dans €.

Notons que les mémes remarques faites dans le Paragraphe 1.2.3 sur la condition initiale
et les ensembles de controle et d’observation sont pertinentes dans ce cas.
La preuve du Théoreme 1.22 repose sur la controlabilité a zéro du systeme linéarisé :

wy — Aw + Vpg = f¥ +vl,, V-w=0 dansQ,
-zt —Az4+Vp = fF+wlp, V-z=0 dansQ,

w=z=0 sur X,

w(0)=0, 2(T)=0 dans €,

(1.69)
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ou f% et f? décroissent exponentiellement en ¢ = 0. Ce résultat est obtenu grace a une
inégalité de Carleman appropriée pour le systeme adjoint

—pt —Ap+Vm, =g +9Ylp, V-9=0 dansQ,
Yy — Atp + Vy = g¥, V-9=0 dansQ, (1.70)
p=9=0 sur X, ’
o(T) =0, (0)=1° dans Q

Cette inégalité de Carleman est donnée par la proposition suivante ([9, Proposition 3.1]) :

Proposition 1.23. On suppose w N O # (0. Alors, il existe une constante \g, telle que
pour tout A > Ao il existe une constante C' > 0 qui ne dépend que de X\, ), w et ¢ telle
que pour tout ig € {1,..., N}, tout g¥ € L2(Q)V, tout g¥ € L*(0,T;V) et tout ° € H,
la solution (p, ) de (1.70) satisfait

& //Q TS0 (Y402 di df + 67 //Q =150 (£9)3 1|2 d dt

<C (89 // e 388" e9) 022 g dt + // e (1gV > + |V g¥?) da dt
Q Q

N
4513 Z //Wx(o o e 3sa—sa 513|80j|2 dx dt) . (1.71)

Jj=1,j7i0
pour tout s > C.

Une idée classique pour montrer (1.71) est de combiner une inégalité de Carleman
pour ¢ et ¥ du type (1.23) (avec ig au lieu de 7), puis d’utiliser le couplage de ’équation
satisfaite par ¢ pour éliminer les termes locaux de v; (j # ig). Cependant, cette pro-
cédure fait apparaitre le terme de pression m,. Par conséquent, appliquer directement la
Proposition 1.6 ne semble pas étre une bonne stratégie.

Cette difficulté a été déja remarquée dans [45] et [49]. Dans ces travaux, les auteurs
démontrent une inégalité de Carleman avec des termes locaux du type V X ¢ pour éviter
le probleme de la pression, mais dans notre cas, un tel terme local ferait apparaitre la
composante ;, que l'on cherche a éviter.

Pour contourner ces deux difficultés, on montre d’abord une inégalité de Carleman
avec des termes locaux dépendants de A1 (j # ip) en suivant le schéma de la preuve
de (1.25), mais en utilisant 'opérateur VVA au lieu de VA. Ce fait nous force & demander
plus de régularité & ¢¥, comme indiqué dans la Proposition 1.23. Ensuite, on applique la
Proposition 1.6 a I’équation de ¢ en regardant g¥ +11» comme un second membre. Enfin,
on élimine les termes locaux en 1; (j # ig) en utilisant

A = —(Ap;)i — A(Apj) + 95V - g¥ — Ag?  dans (wN O) x (0,7),
pour obtenir (1.71).

Remarque 1.24. La condition o(T) = 0 ne joue aucun role dans la preuve de (1.71), qui
est toujours vraie si p(T) = ¢1 € H quelconque. Néanmoins, cette condition est essentielle
pour obtenir une inégalité avec des poids qui me soient pas dégénérés ent ="T.

Le Théoréme 1.22 est une conséquence du Théoreme 1.9 adapté a ce cadre. L’hypothese
principale de ce théoreme est satisfaite d’apres un résultat de controélabilité a zéro pour le
systéme (1.69).
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Controdles insensibilisants pour le systéme de Boussinesq sans controéle sur
I’équation de la température

Ici on présente une extension du probléme traité dans le Paragraphe 1.2.3. Concrete-
ment, on s’intéresse a l'existence de contrdles insensibilisants pour le systeme de Boussi-
nesq en n’agissant que sur I’équation du fluide (v9 = 0 dans (1.37)). Ceci a été proposé
comme probléme ouvert dans [48]. De plus, le contrdle v peut étre choisi tel que v;, = 0
(0 <ip < N).

Ici on peut considérer une sentinelle comme celle de la Remarque 1.17, c¢’est-a-dire :

1 1
To(y,0) = f// [ dz i + 7// 6% d dt,
2 JJoyx(0,1) 2 JJo,x(0,T)

ot 01,05 C Q sont les observatoires. Le domaine de contrdle est tel que w N O1 # 0.
D’apres la Proposition 1.14, le systéme en cascade associé est le suivant :

wy — Aw + (w-V)w+ Vpy = f +vl, +ren, V-w=0 dans Q,
2z —Az+(2-VYw — (w-V)z +¢Vr +Vp =wlp,, V-z=0 dansQ,
re — Ar4+w-Vr = fy dans @,
- —Aq—w-Vg=2zy+rlp, dans @,
w=z=0 r=qg=0 sur X,
w(0) =y, 2(T)=0, r0)=6° ¢(T)=0 dans €.

(1.72)
Ici, on cherche un contrdle v, avec v, = 0 (0 < ig < N), tel que 2(0) = 0 et ¢(0) = 0
dans €.
Le systeme adjoint associé a ce probleme est donné par

o Dp+ Vmy=gf tblo, Vop=0  dansQ,
Q/Jt—Azb+V7r¢:g¢—|—JeN, V=0 dans @,

—¢r— AP =g+ Ny + 010, dans Q, (1.73)
o — Ao = g° dans Q, ’
p=¢=0, ¢=0=0 sur ¥,

o(T)=0, ¥(0)=v" ¢(T)=0, o(0)=0" dans Q.

La seule différence par rapport a (1.43) est la présence de deux observatoires O; et Os.
Pour ce systéme, on montre une inégalité de Carleman du type

2

S o) (19 4 o2 16 +1012) dzat < © [ pa(t)(67 6% 0% 07

w0 [[ OV = Dlgal + lon ) dede, (170
wx(0,T)

ol pg () sont des fonctions poids de type exponentielle qui ne sont pas dégénérées en t = T,
jo€{l,...,N —1}\ {ip} et X est un espace de Banach approprié.

On explique briévement comment montrer (1.74). Dans une premiére étape, on suit les
idées de (1.44) mais sans utiliser I’équation de ¢ pour obtenir une inégalité comme

//Q p1(\<pl2 + [0 + IU\2) dedt <C sz (g“",gw,g")Hi

+(N—2)C// p3|g0j0|2dxdt+C// palonl?dzdt. (1.75)
wx(0,T) wx(0,T)
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Pour obtenir une telle inégalité nous avons appliqué une inégalité de Carleman a ’équa-
tion de la chaleur satisfaite par la variable Do définie dans (1.48). Ceci justifie le terme
global de ¢ & gauche de (1.75). Le terme local en o est estimé a I'aide de la relation :

Do =(—A0; + A%)on — (Ag{)e + A%g% + (OnV - g¥):
— ANV - g¥) — Agl + 0NV - g

Cette identité a lieu dans w N O;.

Ensuite, on ajoute le terme de ¢ a gauche de (1.75) a travers une inégalité d’énergie
pour I’équation satisfaite par ¢ := ps(t) ¢, ot ps(t) = exp(—C/t'%) (qui est croissant et
positif). A savoir

// p§|¢|2dxdt§0// p§|g¢|2dw+0// pslon|* dzdt
Q Q Q
+C’// p§|a|2dxdt—// psph|o|* dz dt.
02 x(0,T) Q

En choisissant C' pour que p? < p; on en déduit (1.74). Notons que pour obtenir cette
inégalité d’énergie, le fait que ¢(T") = 0 est essentiel.

Ceci fait ’objet d’un travail en cours.

1.3.2 Perspectives et problémes ouverts

Dans ce paragraphe, on mentionne quelques commentaires et problemes ouverts qui
posent des lignes de recherche futures. Par rapport a la premiere partie de ce mémoire, on
peut mentionner :

— Le Chapitre 2 établit un résultat de contrélabilité a zéro pour le systeme de Navier-
Stokes via des controles ayant une composante nulle. Une premiére question naturelle
qui surgit est si 'on peut obtenir la contrélabilité aux trajectoires comme dans [34]
ou [35], bien entendu pour un domaine de controle w quelconque. L’équation adjointe
du systéme linéarisé autour d’une trajectoire y est donnée par

—pt—Ap—Dpy+Vr =g,

ol Dy := Vi + V!, La méthode que 'on utilise pour enlever une des composantes
du contrdle a besoin de découpler les équations satisfaites par les différentes compo-
santes de . Malheureusement, la présence de D¢y rend difficile d’appliquer notre
méthode dans cette situation.

Cette remarque s’étend au systeme de Boussinesq traité dans le Chapitre 3 pour
obtenir un résultat de controlabilité aux trajectoires (7,7, 0).

— En ce qui concerne le systéme de Boussinesq (Chapitre 3), on peut se demander si
notre résultat reste vrai si ’on ne controle pas dans I’équation de la chaleur. Méme
dans le cas d’un contrdle sans composante nulle dans 1’équation du fluide, ce ré-
sultat semble difficile & montrer. La propriété de continuation unique associée pour
un probleme linéaire ne semble pas claire non plus. Notons que la stratégie pré-
sentée dans le Paragraphe 1.3.1 (la partie concernant le systéme de Boussinesq) ne
marche pas ici, car la condition initiale du systeme adjoint n’est pas nulle en général.
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— Par rapport au nombre de composantes nulles des controles, récemment la contréla-

bilité locale a zéro du systeme de Navier-Stokes tridimensionnel avec des controles
ayant deux composantes nulles a été démontrée par J.-M. Coron et P. Lissy dans [24]
en utilisant la méthode du retour (voir [16, 17, 19] ou [20, Chapitre 6]). On pourrait
penser a se servir de cette méthode pour augmenter la quantité de composantes
nulles des contrdles des systémes traités dans les Chapitres 3 et 4. En particulier,
ce serait intéressant de voir si le résultat que nous avons obtenu pour le systéme
de Boussinesq reste vrai si I’on ne controle que ’équation de la température ou s’il
existe des controles insensibilisants pour le systeme de Navier-Stokes ayant deux
composantes nulles.
Concernant le probléme d’insensibilisation pour le systéme de Boussinesq (Cha-
pitre 4), la méthode de [24] pourrait donner des pistes sur comment démontrer le
résultat principal dans le cas tridimensionnel lorsque un seul contrdle dans I’équa-
tion de la température est autorisé. Ceci donnerait un résultat de controle pour un
systeme de huit équations avec un seul controle.

En ce qui concerne la deuxieme partie de ce manuscrit :

— Le probléme principal qui reste ouvert est la contrélabilité uniforme de (1.51) par
rapport au coefficient de dispersion €. Comme nous ’avons remarqué dans le Pa-
ragraphe 1.2.4, un tel résultat ne peut étre obtenu que si M > 0. Un pas dans
cette direction a été fait dans cette these en améliorant la constante d’observabi-
lité (Théoreéme 1.19), mais il semble difficile de montrer une inégalité de dissipation
exponentielle du type (1.61), méme si T est arbitrairement grand. La condition &
Pextrémité x = 1 de 1’équation adjointe (1.57) nous fait obtenir de trés mauvaises
estimations par rapport a €. Une possibilité pour palier a ce probleme serait d’étu-
dier la fonction ¢ := ez — My, qui satisfait la méme équation que ¢ et ¢|,—; =0,
mais les difficultés sont transmises a l'extrémité x = 0. Néanmoins nous avons pu
démontrer que la norme L? de ¢ est dissipée indépendamment de & (voir la Propo-
sition 5.6) mais ceci ne suffit pas pour établir la contrdlabilité uniforme.

— Le résultat d’explosion du cotit du controle (Théoréme 1.21) quand 7" < 1/|M| n’est
pas optimal si M > 0. Cette restriction par rapport a T vient de I'absence d’une
inégalité comme

o=t l22(0,1) < Cllgje=ta 20,1y, 0 <t1 <ta < T, (1.76)

ot C est indépendant de e. Une inégalité comme (1.76) nous permettrait de montrer
le Théoréme 1.21 pour tout 7' < 1/M (M > 0).

— L’inégalité de Carleman de la Proposition 1.20 est optimale par rapport a la puis-
sance du poids (m = 1/2) pour une équation de KdV. Le changement de variable
¢ = €pze — My est essentiel dans sa preuve. Il serait intéressant de trouver une
méthode pour montrer une inégalité comme (1.59) sans passer par ce changement
de variable.
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Chapitre 2

Local null controllability of the
N-dimensional Navier-Stokes
system with N — 1 scalar controls
in an arbitrary control domain

In this chapter we deal with the local null controllability of the N-dimensional Navier-
Stokes system with internal controls having one vanishing component. The novelty is that
no condition is imposed on the control domain.

This chapter is included in the paper [7] written in collaboration with S. Guerrero.
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2.1 Introduction

Let Q be a nonempty bounded connected open subset of RY (N = 2 or 3) of class C*.
Let T > 0 and let w C Q be a (small) nonempty open subset which is the control domain.
We will use the notation @ = 2 x (0,7) and ¥ = 9Q x (0,7).

We will be concerned with the following controlled Navier-Stokes system :

y—Ay+ (y-V)y+Vp=vl, inQ,

V.-y=0 in @,
y=0 on X, (2.1)
y(0) =y° in Q,

where v stands for the control which acts over the set w.

The main objective of this chapter is to obtain the local null controllability of sys-
tem (2.1) by means of N — 1 scalar controls, i.e., we will prove the existence of a number
§ > 0 such that, for every y° € X (X is an appropriate Banach space) satisfying

1y x <o,
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and every i € {1,..., N}, we can find a control v in L?(w x (0,T))" with v; = 0 such that
the corresponding solution to (2.1) satisfies

y(T)=0in Q.

This result has been proved in [35] when @ intersects the boundary of 2. Here, we re-
move this geometric assumption and prove the null controllability result for any nonempty
open set w C Q. A similar result was obtained in [23] for the Stokes system.

Let us recall the definition of some usual spaces in the context of incompressible fluids :

V={ye H{(QN: V.-y=0in Q}

and
H={yeL?(QY:V.-y=0inQ,y-n=0on o0}

Our main result is given in the following theorem :

Theorem 2.1. Leti € {1,...,N}. Then, for every T > 0 and w C €, there exists § > 0
such that, for every y° € V satisfying

I15°[lv <6,

we can find a control v € L?(w x (0,T))N, with v; = 0, and a corresponding solution (y,p)
to (2.1) such that

y(T) =0,

i.e., the nonlinear system (2.1) is locally null controllable by means of N —1 scalar controls
for an arbitrary control domain.

Remark 2.2. For the sake of simplicity, we have taken the initial condition in a more
regular space than usual. However, following the same arguments as in [34] and [35], we
can get the same result by considering y° € H for N =2 and y° € HN L*(Q)? for N = 3.

To prove Theorem 2.1, we follow a standard approach (see for instance [34], [35] and
[51]). We first deduce a null controllability result for a linear system associated to (2.1) :

y— Ay +Vp=f+vl, inQ,

V-y=0 in Q,
y=20 on X, (2.2)
y(0) = y° in Q,

where f will be taken to decrease exponentially to zero in 7. We first prove a suitable
Carleman estimate for the adjoint system of (2.2) (see (2.6) below). This will provide
existence (and uniqueness) to a variational problem, from which we define a solution
(y,p,v) to (2.2) such that y(T') = 0 in  and v; = 0. Moreover, this solution is such that
eCl TNy, v) € L2(Q)N x L*(w x (0,T))N for some C > 0.

Finally, by means of an inverse mapping theorem, we deduce the null controllability
for the nonlinear system.

This chapter is organized as follows. In section 2.2, we establish all the technical re-
sults needed to deal with the controllability problems. In section 2.3, we deal with the
null controllability of the linear system (2.2). Finally, in section 2.4 we give the proof of
Theorem 2.1.
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2.2 Some previous results

In this section we will mainly prove a Carleman estimate for the adjoint system of (2.2).
In order to do so, we are going to introduce some weight functions. Let wy be a nonempty
open subset of R such that Wy C w and 1 € C?(Q) such that

|Vn| >0in Q\wy, 7>0in Q and =0 on IN. (2.3)

The existence of such a function 7 is given in [39]. Let also £ € C*°([0,T]) be a positive
function in (0,7 satisfying

Lt)y=t iftel0,T/4], Lt)=T—-t ifte[3T/4,T], (2.4)
0(t) < U(T/2), forall t €[0,T). '
Then, for all A > 1 we consider the following weight functions :
e2Anllee — gAn(@) (@)
t = t = —
() @)= S ) i ming(n ) = o (2.5)
o (t) = maxa(x,t) = —5—, *(t) == miné(x,t) = ——, .
mGﬁ fs(t) meﬁg 68 t
a0 (2.1 2Mmllee — cAlinlloo fA( ) £ t) Ml
a(t) :=mina(z,t) = , t) ;== max&(x,t) = .
z€Q 63(t) TEQ e3(t)

These exact weight functions were considered in [52].
We consider now a backwards nonhomogeneous system associated to the Stokes equa-
tion :
—pr—Ap+Vr=g inQ,
V-p=0 in Q,
p=0 on X,
p(T) =" in Q,

(2.6)

where g € L?(Q)Y and ¢’ € H. Our Carleman estimate is given in the following propo-
sition.

Proposition 2.3. There exists a constant \g, such that for any A > Ao there exist two
constants C'(\) > 0 and so(\) > 0 such that for anyi € {1,...,N}, any g € L*(Q)" and
any o’ € H, the solution of (2.6) satisfies

st // e 5 (Y pPdz dt < C (// e™35 | g2 dx dt
Q Q

N
+57 S // 290350 (Y| o 2dxdt | (2.7)
wx(0,T)

=1,
for every s > sg.

The proof of inequality (2.7) is based on the arguments in [23], [34] and a Carleman in-
equality for parabolic equations with non-homogeneous boundary conditions proved in [52].
In [23], the authors take advantange of the fact that the Laplacian of the pressure is zero,
but this is not the case here. Some arrangements of equation (2.6) have to be made in
order to follow the same strategy. More details are given below.
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Before giving the proof of Proposition 2.3, we present some technical results. We first
present a Carleman inequality proved in [52] for parabolic equations with nonhomogeneous
boundary conditions. To this end, let us introduce the equation

N
U — Au = f() + Z 8jfj in Q, (28)
j=1
where fo, f1,..., fnv € L?(Q). We have the following result.

Lemma 2.4. There exists a constant XO only depending on 2, wg, n and £ such that for
any A > Ao there exist two constants C(\) > 0 and S(N\), such that for every s > s and
every u € L*(0,T; HY(Q)) N HY(0,T; H1(Q)) satisfying (2.8), we have

1 1
7// e 22 |Vl do dt+s// e~ 25 | du dt
s /g § Q

L —saps—L1 2 L —saps—L 12
SC(S 2lle™%¢ WHH%,%(Z)‘FS 2[le ¢ s ull 2 s

1 1 N
+—// e 25 | fol*du dt + // e 25 £ da dt
s2 JJq €2 jz::l Q ’

ts / / =250 |u? do dt> . (29)
WQX(O,T)
Recall that

B ) ) 1/2
HUHH%’%@) = (||UHH1/4(0,T;L2(89)) + H“”L2(0,T;H1/2(8Q))) ’

The next technical result is a particular case of Lemma 3 in [23].

Lemma 2.5. There exists /):1 > 0 and C' > 0 depending only on 2, wg, n and £ such that,
for every u € L?(0,T; H'(2)),

s\ // e 253 |u)? dr dt
Q

<C <s // e 25| Vul?dr dt + s> N2 // e 253 |u)? da dt) . (2.10)
Q on(O,T)

for every \ > Xl and every s > C.

Remark 2.6. In [23], slightly different weight functions are used to prove Lemma 2.5.
Indeed, the authors take €(t) = t(T —t). However, this does not change the result since the
important property is that ¢ goes to 0 algebraically when t tends to 0 and T'.

The next lemma can be readily deduced from the corresponding result for parabolic
equations in [39].

Lemma 2.7. Let ((z) = exp(M(z)) for & € Q. Then, there exist Ay > 0 and C > 0
depending only on Q, wo and 1 such that, for every u € HZ () N H%(Q),

X [ O + X0 [ e Tulde
0 Q
<o (rat [ @reciaupde+ 108 [ @Cupdn). @)
Q wo

for every \ > Xz and every T > C.
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The final technical result concerns the regularity of the solutions to the Stokes system
that can be found in [59] (see also [76]).

Lemma 2.8. For every T > 0 and every F € L2(Q)N, there exists a unique solution
u€ L20,T; H*(Q)N) N HY(0,T; H) N L>¥(0,T;V) to the Stokes system

u—Au+Vp=F inQ,

V-u=0 n Q,
u=20 on X,
u(0) =0 in Q,

for some p € L2(0,T; HY(Q)), and there exists a constant C' > 0 depending only on Q such
that

||u||%2(o,T;H2(Q)N) + Hu”?{l(O,T;LQ(Q)N) + ||uH2L°°(0,T;V) < C||FH2L2(Q)N' (2.12)

Furthermore, if F' € L*(0,T; H2(Q)N)NHY(0,T; L*(Q)N) and satisfies the following com-
patibility condition :
Vpr = F(0) on 09,

where pr s any solution of the Neumann boundary-value problem

App =V -F(0) inQ,
0

%:F(O)'n on Of).

Then u € L2(0,T; H*(Q)N) N HY(0,T; H*(Q)) and there exists a constant C > 0 depen-
ding only on ) such that

el 220 2.1 0ymy el .1z vy < C(||FH2L2(0,T;H2(Q)N)+||F||%11(0,T;L2(Q)N))~ (2.13)

2.2.1 Proof of Proposition 2.3

Without any lack of generality, we treat the case of N = 2 and ¢ = 2. The arguments
can be easily extended to the general case. We follow the ideas of [23]. In that paper, the
arguments are based on the fact that A7m = 0, which is not the case here (recall that =
appears in (2.6)). For this reason, let us first introduce (w, ¢) and (z,r), the solutions of
the following systems :

—w — Aw+Vqg=pg inQ,

V-w=0 in Q,

w=0 on X, (2.14)
w(T) =0 in Q,

and

—zt—Az+Vr=—pv inQ,

V-z=0 in Q,

z=0 on X, (2.15)
2(T)=0 in Q,

where p(t) = e~3%" Adding (2.14) and (2.15), we see that (w + z,q + ) solves the same
system as (pyp, p), where (¢, ) is the solution to (2.6). By uniqueness of the Stokes system
we have

pp =w+ z and pTr = q+ 1. (2.16)
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For system (2.14) we will use the regularity estimate (2.12), namely

[l 20 7;m2092) + 10170 0. 7522(0)2) < Cllogl e ()2 (2.17)

and for system (2.15) we will use the ideas of [23]. Using the divergence free condition on
the equation of (2.15), we see that

Ar=0in Q.

Then, we apply the operator VA = (01A,02A) to the equation satisfied by z; and we
denote ¥ := VAz;. We then have

—r — A = =V(A(p'p1)) in Q.
We apply Lemma 2.4 to this equation and we obtain

I(s;0) = i//@ 6_25“2Vw|2d:vdt+s//Qe_Zsaﬂz/)szdt

< (s Hlesag bl gy s H e ol

11
H12(%)?

+// 67280‘|p’|2|Ag01|2dxdt+s// e~ 2|y ?dx dt) , (2.18)
Q WOX(OvT)

for every A > Xg and s > 5.
We divide the rest of the proof in several steps :
— In Step 1, using Lemmas 2.5 and 2.7, we estimate global integrals of z; and zy by
the left-hand side of (2.18).
— In Step 2, we deal with the boundary terms in (2.18).
— In Step 3, we estimate all the local terms by a local term of ¢1 and e1(s;p) to
conclude the proof.
Now, let us choose \g = maX{XO, Xl, Xg} so that Lemmas 2.5 and 2.7 can be applied and
fix A > Ag. In the following, C will denote a generic constant depending on 2, w and .
Step 1. Estimate of z1. We use Lemma 2.5 with u = Az :

53 // e~ 2503 | Azy [Pda dt
Q

<C (s // e 2|y da dt + s° // e 23| Az P dt> , (2.19)
Q on(O,T)

for every s > C.
Now, we apply Lemma 2.7 with u = 2 € H}(Q) N H?(Q) and we get, for almost
everywhere t € (0,7) :

76/ 62T<C6|21|2d(17+7'4/ ¥ YV 2y |2dx
Q Q
<C (73/ €2T<C3|A21’2d$+76/ €2TCC6|21|2d.’E>,
Q wo

for every 7 > C. Now we take
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for s large enough so we have 7 > C. This yields to, for almost everywhere t € (0,7,
86/ 6285§6|zl\2d:c—|—s4/ >4 V2 |2 da
Q Q
<C <s3/ 2 e3| Az |2da + 36/ e2s££6|z1|2dx> )
Q wo
for every s > C. We multiply this inequality by
e2AImlloo
exp 23 20) ,
and we integrate in (0,7) to obtain
50 // e 2590212 dz dt + s? // e 250 V2 Pde dt
Q Q
<C <s3 // e 253 | Az Pdx dt + 5 // e 2590 2 |Pda dt) )
Q woX(0,T)

for every s > C. Combining this with (2.19) we get the following estimate for z; :

50 // e~ 259021 Pdadt + s // e~ 250eN |V 2 |2 dadt
Q Q
+ 83 // e 23| Az |Pdadt < C <s // e~ 250 o Pde dt

+5° // e 253 | Az Pda dt + s // e 259E0) 2 P da dt) ., (2.20)
on(O,T UJOX(O T)

for every s > C.
Estimate of zo. Now we will estimate a term in zs by the left-hand side of (2.20). From
the divergence free condition on z we find

st // —2507 (Y4 9y zp|2da dt = s // —2597 (Y49 2 |2da dt

(2.21)
<s // e 2594 V2 [2da dt.
Q

Since 22]|pn = 0 and 2 is bounded, we have that

/ |20 2d < C(Q)/ 1By 2| de,
Q Q

and because o and £* do not depend on z, we also have

st // e~ 2 () 2 2da dt < C(Q // ~2507 (£9)4| 9y 20| 2d dt.
Q

Combining this with (2.21) we obtain

st // e 2507 ()| 2o 2da dt < CO's? // e~ 250¢4| V2| 2d dt. (2.22)
Q Q



CHAPITRE 2. LOCAL NULL CONTROLLABILITY OF THE N-DIMENSIONAL
46 NAVIER-STOKES SYSTEM WITH N — 1 SCALAR CONTROLS

Now, observe that by (2.16), (2.17) and the fact that s?e=25(¢*)%/4 is bounded we can
estimate the third term in the right-hand side of (2.18). Indeed,

//Q 259 /| Ay Pz dt = //Q e/ || 2| A(pipy) Pda dt
< 0(52 / / e~ 250 (£Y9/4| Ay [2dz it + 52 / / e—ZSa(g*)9/4|Azl|2dxdt>
Q Q
<C (||pg|%2(Q)2 + 82 //Q 6_28a(§*)3|A21‘2dIdt) .

Putting together (2.18), (2.20), (2.22) and this last inequality we have for the moment
50 // e~ 25%¢5 212 dxdt + s* // e 2507 (%) | 2o 2ddt
Q Q

1 1
+ s° / / e 2593 Az Pdadt + s / / e 259 Pdadt + = / / e 22|V dadt
Q Q 5.JJQ 3

1, _1 1. _ _1
<0 (sHle e tully g o+ 5 e 0l + loslar

+5 // e 25|y dz dt + s° // e 23| Az Pda dt
wox(0,T) wox(0,T)

+58 / / e 2598 2 2 da dt) . (2.23)
wox(0,T)

for every s > C.

Step 2. In this step we deal with the boundary terms in (2.23).

First, we treat the second boundary term in (2.23). We consider a function 6(z) € C%(Q)
such that VO -n > ¢ > 0 on 02, where n(z) is the outward unit normal to Q at z € 9.
Performing integration by parts, we have

// =259 | |2(V6 - n) dx:// 6*25a*|¢|2A6dx+2// e P YV - Vo da.
) Q Q

Therefore, from Cauchy-Schwarz’s inequality, we find

—sa* 2 —_sa* 2
e 9lzampe < Ol b2y

* *

(€30 pagells 2 )3V o), (220)

=+ Hs%e_sa
and using the properties of the weight functions (see (2.5)) we have
||e*8a*¢y|iz(z)2 <C <s //Q e 25|y dx dt + é //Q 628"‘2|V¢2dxdt> .
Thus, ||€7sa*¢||%2(2)2 is bounded by the left-hand side of (2.23). On the other hand,
] e [ e
and we can absorb s~ 3 ||€7$°‘¢||2L2(2)2 by taking s large enough.

Now we treat the first boundary term in the right-hand side of (2.23). We will use
regularity estimates to prove that z; multiplied by a certain weight function is regular
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enough. First, let us observe that from (2.16) we readily have
[ @) o arar

< 24" // ~250" (Y4 2z df + 25 // —250" (4| 2z .

Using the regularity estimate (2.17) for w we have

[ e € oPlefdzdr < € (Ingliae + [ e (€) 1eParar) (225)

thus the term |[[s2e™5" (f*)ngoH%g(Q)Q is bounded by the left-hand side of (2.23) and

2
HP9||L2(Q)2~
We define now

3 .= se—sa* (5*)7/82,’ 7= Se—sa* (é.*)’?/&r‘

From (2.15) we see that (Z,7) is the solution of the Stokes system :

—Z — AT+ Vi = —se5 ()80 p — (e (¢)/8)z in Q,

V-z=0 in Q,
z=0 on X,
Z(T)=0 in Q.

Taking into account that
] < C(€1)°%, 1¢] < Csp(€")*®

and the regularity estimate (2.12) we have
H3”2L2(0,T;H2(Q)2)mH1(o,T;L2(Q)2) <cC (||526_8a (5*)2,0@”%2(@)2 + ||s%e (f*)ZZH%?(Q)z) ;

thus, from (2.25), [lse=5" (f*)”szH%g(o TsH2(Q)2)NHL(0,T;L2(0)2) 1S bounded by the left-hand
side of (2.23) and ||pg\|%2(Q)2. From (2.16), (2.17) and this last inequality we have that

lse™*" (€772 p@ |12 (0 112 ()2 (0,722 (00)2)
<C (HPQ”%Q(Q)? + Hg”%Q(O,T;HQ(QV)HHl(O,T;LQ(Q)Q)) ;

and thus ||se™5" (f*)7/SP<P||2L2(07T;H2(Q)2)0H1(07T;L2(Q)2) is bounded by the left-hand side of

(2.23) and ||Pg||%2(Q)2-
Next, let

2= e (E) e Fim e ()

From (2.15), (Z,7) is the solution of the Stokes system :

5 = AT = e (€) e — (e (€) Ve n @
V.-Z2=0 in Q,
z=0 on X,
Z2(T)=0 in Q.

From the previous estimates, it is not difficult to see that the right-hand side of this system
isin L2(0,T; H*(Q)?) N H'(0,T; L*(Q)?) and, from the fact that it vanishes at ¢ = T, it is
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clear that it satisfies the compatibility condition of Lemma 2.8. Thus, using the regularity
estimate (2.13), we have
~12 —so (¢x\T/8 112
12172 0,1; 14 )2 w1 (0,12 (0)2) < C (||S€ () Bl T2 0. m2 (00 H1 (012 ()2)
+||S€—sa* (5*)7/8;;”%2(0,T;H2(Q)2)0H1(0,T;L2(Q)2)) :

In particular, e=*®" (£*)~"Y4 € L2(0,T; HY(Q)?) N H'(0,T; H~'(Q)?) (recall that ¢ =
VAz) and

le™** (€)™ 1 T2 0.1mr1 02y a0d e (€)Y 3 0 2m -1 (p2) (2:26)

are bounded by the left-hand side of (2.23) and Hpg||%2(Q)2.
To end this step, we use the following trace inequality (see [66], for instance)

—1/2| ,—sae—1 112 R T S e SYAIL
C s “ﬁHHi,%(E)Q s~ 7 ]le™™ (€7) 47’“'}1%%(2)2

S CS_1/2 (He—sa* (g*)—1/4w||%2(0’T;H1(9)2)
+||67$a* (f*)il/%ﬂ||%{1(0,T;H_1(Q)2)) .
By taking s large enough in (2.23), the boundary term

—1/2)| ,—sae—% 1112
eyl

can be absorbed by the terms in (2.26) and step 2 is finished.
Thus, at this point we have

K // 6_250‘*(5*)4|p|2|<p|2dxdt+83// e~259¢3| Az Pz di
Q Q

1 1
+ 5// e 25UV Az Pdzdt 4 - // e 2| A%z |Adx dt
Q s.JJQ §
<C 2 + ¢ // e”250¢0 2y 2 da dt
< (nglle(Q)z o) kN

+s // e 25UV Az |*dz dt + 53 // e 2593 | Azy Pda dt> , (2.27)
wox(0,T) wox(0,T)

for every s > C.

Step 3. In this step we estimate the two last local terms in the right-hand side of
(2.27) in terms of local terms of z; and the left-hand side of (2.27) multiplied by small
constants. Finally, we make the final arrangements to obtain (2.7).

We start with the term VAz; and we follow a standard approach. Let w; be an open
subset such that wy € w1 € w and let py € Cf(wl) with py = 1 in wg and p; > 0. Then, by
integrating by parts we get

s // e 2| VA2 |dzdt < s // pre” 3¢V Az |2dx dt
wo X (O,T) w1 X (O,T)

= —s // ple_25°‘§A221Azldx dt + s // A(p16_25a§)|Az1|2dx dt.
w1 x(0,T) 2 JJuwy x(0,T)

Using Cauchy-Schwarz’s inequality for the first term and
|A(pre™>%¢)| < Cs”e %%, s > C
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for the second one, we obtain for every e; > 0

s// e 25|V Az Pdz dt
w0><(07T)
1
< &1 // 67280‘7|A221|2d$ dt + 0(51)33 // 6*230‘53|Az1|2dx dt,
s JJwrx(0,1) § w1 x(0,T)

for every s > C. Choosing 7 small enough, we can absorb the first term in the right-hand
side of this inequality by the left-hand side of (2.27).

Let us now estimate the terms concerning Az;. Let py € C2(w) with po = 1 in w; and
p2 > 0. Then, by integrating by parts we get

53 // e 23| Az Pda dt < 33/ pae” 23| Az P da dt
w1 x(0,7) wx(0,T)
=2¢3 // V(p26_2sa§3)VAzl czdedt + §3 // A(p26_25a53)Az1 - z1dz dt
wx(0,T) wx(0,T)

+ 5 // p26725a§3A221 - z1dx dt.
wx(0,T)

Using
[V (pae™24%)| < Cse™ ¢t s > C,
for the first term in the right-hand side of this last inequality,
[Alpas’e %) < Cs”e™6, 5 > C,

for the second one and Cauchy-Schwarz’s inequality we obtain for every g9 > 0

53 // e 253 | Azy Pda dt
w1 %X(0,7)
1 1
< &9 ( // e 2 |A% 2 Pda dt + s // e 25V Az P dz dt
s JJux(0.1) § wx (0,T)

+53 // e 23| Az Pda dt) + Cl(e9)s” // e” 25T 2 P da dt,
wx(0,T) wx(0,T)

for every s > C. We choose g5 small enough in order to absorb the first three integrals by
the left-hand side of (2.27).
Finally, from (2.16) and (2.17) we readily obtain

s // e 25T 2 P da dt
wx(0,T)

<257 // e 2597 p|? |1 |2 da dt + 257 // e 25wy [2de dt
wx (0,T) wx(0,1)

<o [[ e |pRlpi Pdwdt + Cllogliagpe
wx(0,T)

This concludes the proof of Proposition 2.3.

2.3 Null controllability of the linear system

Here we are concerned with the null controllability of the system
Yy —Ay+Vp=f+ovl, inQ,
V.-y=0 in @,
y=20 on %,
y(0) =y° in Q,

(2.28)
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where y° € V, f is in an appropriate weighted space and the control v € L?(w x (0,T))¥
is such that v; = 0 for some i € {1,...,N}.

Before dealing with the null controllability of (2.28), we will deduce a new Carleman
inequality with weights not vanishing at ¢ = 0. To this end, let us introduce the following
weight functions :

Allloe _ i(2) @)
Blx,t) = = , y(x,t) == =——,
B B
B (1) = max B t) = L () i min 1) = = (2:20
:= max B(z,t) = —=———, :=min~y(z,t) = =——, .
zeQ 8(t K xeﬁ’y 08(t)
500 e mim ety < oy =
:= min fS(z,t) = - , = maxy(x,t) = ——,
o 0 W= RE #(1)

where
Z(t) _ H£Hoo 0<t< T/2,
0(t) T/2<t<T.

Lemma 2.9. Leti € {1,...,N} and let s and X\ be like in Proposition 2.3. Then, there
exists a constant C > 0 (depending on s and \) such that every solution ¢ of (2.6)
satisfies :

//Q e 5 (V) P da dt + || (0) |72 v

N -~
<C (// €*3sﬁ*|g|2dx dt + Z // €72Sﬂ73s’6*ﬁ7|90j|2dx dt) . (230)
Q wx(0,T)

=1

Proof. We start by an a priori estimate for the Stokes system (2.6). To do this, we introduce
a function v € C1([0, T]) such that

v=1in[0,7/2], v=0in [37/4,T].
We easily see that (v, vm) satisfies

—(vp)i = Alvp) + V(m) =vg —v'p  inQ,

V- (vp) =0 in Q,
(vp) =0 on X,
(vp)(T) =0 in €,

thus we have the energy estimate
HV(P”%Q(O,T;Hl(Q)N) + ||V(,0H%OQ(O’T;L2(Q)N) < C(||I/g||%2(Q)N + HV/QOH%Q(Q)N)a
from which we readily obtain
2 2 2 2
12077222000 + 10O F2i0n < C(llalF2q0 517022000 + leliaryszymrzam))-
From this last inequality, and the fact that

e >C>0, ¥ €(0,37/4] and e ™7 (y)' > C >0, Vt € [T/2,3T/4]
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we have

// €50 () plPdz At + [|0(0)[ 22 v
2x(0,7/2)

<c (// 6*385*\g|2dmdt+// 6535*(7*)4|g0|2dxdt> (231
Qx(0,3T/4) Qx(T/2,3T/4)
Note that, since (o, &) = (8,7) in Q x (T/2,T), we have :

I e o ePdedt= [[ e (e pPdrd
Qx(T/2,T) Qx(T/2,T)

< C// =5 (Y42 dx dt,

and by the Carleman inequality of Proposition 2.3

I e @) lPdadt
Qx(T/2,T)

< C (// —3sa* |g|2dxdt+ Z // o 2sa3sa*(§)7|<pj|2dmdt) .
wX

Jj=1,j#i
Now, it is easy to see that
6—330/‘ < 6—356* and 6—253—35(1* (5)7 < Cl < 026—256—3sﬁ*,77 vt € [O,T/Q],
for some C4,Cs > 0, and

—3sa® _ 6733,(3

2 and e2sa—8so” (€)= e 20738° 57 vt e [T/2,T).

From this and the previous inequality, we obtain

I e @) lPdadt
Qx(T/2,T)

<C(// “30 | glPde dt + Z / 6285385*a7|<pj|2dxdt),
x(0,T)

J=1,j#i
which, together with (2.31), yields (2.30). O
Now we will prove the null controllability of (2.28). Actually, we will prove the existence
of a solution for this problem in an appropriate weighted space.
Let us set
Ly =y — Ay
and let us introduce the space, for N =2 or 3and i € {1,..., N},
B ={(y,p,v): e3/258% y e L2(Q)N, esﬁ+3/2s,8*§77/2 vl, € L2(Q)N, v =0,
/255" () 98y € L2(0,T; HA(Q)N) 0 L¥(0, T: V),
20 ()2 (Ly + Vp — vly,) € LX(Q)N }.
It is clear that EY is a Banach space for the following norm :

(||63/285* sﬁ+3/286*a—7/2

H(?JaP,U)HEi = U]lw||2L2(Q)N

3/25ﬁ*( *)—9/8

UllZ2 @y + lle

€32 ()08

2
Yll720.1.m20)v) + lle gl Yllzee0,m;v)

1/2
+[163/255° () 2Ly + Vp — 1) 2 gy )
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Remark 2.10. Observe in particular that (y,p,v) € EY implies y(T) = 0 in Q. Moreover,
the functions belonging to this space possesses the interesting following property :

P2 () 2y - V)y € L(Q)N
Proposition 2.11. Leti € {1,...,N}. Assume that
yO eV and e5/25ﬁ* ('Y*>_2f e LQ(Q)N

Then, we can find a control v such that the associated solution (y,p) to (2.28) satisfies
(y,p,v) € E. In particular, v; =0 and y(T') = 0.

Proof. The proof of this proposition is very similar to the one of Proposition 2 in [34] and
Proposition 1 in [35], so we will just give the main ideas.
Following the arguments in [39] and [51], we introduce the space

Py:={(x,0) €C?’(@QN"': V.-x=0inQ, x=0o0nY}
and we consider the following variational problem :

a((X,0), (x,0)) = (G, (x,0)) forall (x,0) € Py, (2.32)

where we have used the notations

a((X,0), (x,0)) —// 3L+ VE) - (L¥x + Vo) dz dt

+ Z // ~25B—3s5" §7x x; dx dt,

J=1,j#i X(O7T)

G, (x,0)): //f dedt—l—/y -x(0

and L£* is the adjoint operator of L, i.e.

Ly = —x: — Ax.

It is clear that a(-,-) : Pyx Py — R is a symmetric, definite positive bilinear form on Py.
We denote by P the completion of Py for the norm induced by a(-, ). Then a(-,-) is well-
defined, continuous and again definite positive on P. Furthermore, in view of the Carleman
estimate (2.30), the linear form (x, o) — (G, (x, o)) is well-defined and continuous on P.
Hence, from Lax-Milgram’s lemma, we deduce that the variational problem

{ a((k\aa)v (X)U)) = <G> (Xa U)>

(2.33)
for all (x,0) € P, (X,0) € P,

possesses exactly one solution (X, ).
Let ¥ and ¥ be given by

g = e3P (LY + V5), in Q,
b= —e BPIBRTL (j44), =0 inwx(0,T).

Then, it is readily seen that they satisfy

J[ e taas Y [[ ST i = a((5,9), (2.9) < o0

j=1,#i 7 7@x(0.1)
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and also that 7 is, together with some pressure p, the weak solution (belonging to L?(0,T; V)N
L>(0,T; H)) of the Stokes system (2.28) for v = ©.
It only remains to check that

A2 ()75 € 120, T; H*()N) N L(0, T; V).
To this end, we define the functions

y* — 63/23,8* (,7*)79/8 @\7 p* — 63/23,6’* (7*)79/8{5

and
= P () O (f 4 L),

Then (y*, p*) satisfies

Ly +Vp = [+ (27 (7)), inQ,

V-y*=0 in Q,
y* :y 0 on X (2.34)
y*(0) = e3/23570) (y%(0)) /8" in Q.
From the fact that f* 4 (€3/255" (v*)=9/8), 5 € L>(Q)N and y° € V, we have indeed
y* e L2(0,T; H*(Q)N) N L*(0,T; V)
(see (2.12)). This ends the proof of Proposition 2.11. O

2.4 Proof of Theorem 2.1

In this section we give the proof of Theorem 2.1 using similar arguments to those in [51]
(see also [34] and [35]). The result of null controllability for the linear system (2.28) given
by Proposition 2.11 will allow us to apply an inverse mapping theorem, namely (see [3]),

Theorem 2.12. Let By and By be two Banach spaces and let A : By — Bs satisfy A €
CY(By;Bs). Assume that by € By, A(by) = by and that A'(b1) : By — Bs is surjective.
Then, there exists § > 0 such that, for every b’ € By satisfying ||V — ba||g, < 9§, there exists
a solution of the equation

.A(b) = b/, b € B;.
We apply this theorem setting, for some given i € {1,..., N},
Bl = E}V?

By 1= LA/ () 2(0, ) IA@)) x V

and the operator
Ay, p,v) == (Ly + (y - V)y + Vp — vl y(0))

for (y,p,v) € EY.

In order to apply Theorem 2.12; it remains to check that the operator A is of class
CY(By; Bs). Indeed, notice that all the terms in A are linear, except for (y - V)y. We will
prove that the bilinear operator

(" p',0h), (B2, 0%, 0%) = (y' - V)y?
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is continuous from By x By to L*(e®/2587(4*)=2(0,T); L*>(Q)N). To do this, notice that
328" (y*) =98y € L2(0,T; H2(Q)N) N L>®(0,T; V) for any (y,p,v) € By, so we have

325 () Py € L2(0, T LX()Y)
and
V(25 (y*)By) € L0, T; LX()7).

Consequently, we obtain

152557 () 2 (" - V)32l 2y

< C|(e¥/255 (y) 78yt )32 () 7B 42| Lo oy

< O35 () 7/8yt |22 0,7;200 ()M | e3/255 ('7*)_9/8y2HLOO(O,T;Hl(Q)N)'

Notice that A’(0,0,0) : By — By is given by
A'(0,0,0)(y,p,v) = (Ly + Vp,y(0)), for all (y,p,v) € By,

so this functional is surjective in view of the null controllability result for the linear system
(2.28) given by Proposition 2.11.

We are now able to apply Theorem 2.12 for b; = (0,0,0) and b = (0,0). In particular,
this gives the existence of a positive number § such that, if ||y(0)|y < 4, then we can
find a control v satisfying v; = 0, for some given i € {1,..., N}, such that the associated
solution (y,p) to (2.1) satisfies y(7') = 0 in Q.

This concludes the proof of Theorem 2.1.



Chapitre 3

Local controllability of the
N-dimensional Boussinesq system
with N — 1 scalar controls in an
arbitrary control domain

In this chapter we deal with the local exact controllability to a particular class of tra-
jectories of the N-dimensional Boussinesq system with internal controls having 2 vanishing
components. The main novelty is that no condition is imposed on the control domain.

This chapter is included in [6].
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3.1 Introduction

Let © be a nonempty bounded connected open subset of RY (N = 2 or 3) of class C*°.
Let T > 0 and let w C Q be a (small) nonempty open subset which is the control domain.
We will use the notation @ = 2 x (0,7) and ¥ = 9 x (0,T).

We will be concerned with the following controlled Boussinesq system :

v — Ay + (y-V)y+Vp=vl,+0enxy inQ,

0y — A +y- VO =wvl, in Q,
V-y=0 in Q, (3.1)
y=0, 6=0 on X,
y(0) =4° 6(0) =¢° in Q,

where

eo 4 (01 ifN=2
N7 (0,0,1) ifN=3
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stands for the gravity vector field, y = y(z,t) represents the velocity of the particules of
the fluid, 8 = 6(x,t) their temperature and (vg,v) = (vg,v1,...,vyN) stands for the control
which acts over the set w.

Let us recall the definition of some usual spaces in the context of incompressible fluids :

V={yeH}Q)N: V.-y=0in Q}

and
H={yeL*(Q":V.y=0inQ, y-n=0on N}

This chapter concerns the local exact controllability to the trajectories of system (3.1)
at time ¢ = T" with a reduced number of controls. To introduce this concept, let us consider
(y,0) (together with some pressure p) a trajectory of the following uncontrolled Boussinesq
system :

G— A+ (§-V)g+Vp=0ey inQ,

0, —AO+75-VO=0 in Q,
V.y= in Q, (3.2)
=0, 6=0 on X,
7(0) =4°,  6(0) =6° in Q.

We say that the local exact controllability to the trajectories (y,#) holds if there exists a
number § > 0 such that if ||(y°,8°) — (7°,8°)||x < & (X is an appropriate Banach space),
there exist controls (vg,v) € L?(w x (0,T))N*! such that the corresponding solution (y, 6)
to system (3.1) matches (7, 0) at time t = T, i.e.,

y(T)=y(T) and O(T)=0(T) in Q. (3.3)

The first results concerning this problem were obtained in [40] and [38], with N + 1
scalar controls acting in the whole boundary of 2 and with N + 1 scalar controls acting
in w when 2 is a torus, respectively. Later, in [44], the author proved the local exact
controllability for less regular trajectories (¢, 0) in an open bounded set and for an arbitrary
control domain. Namely, the trajectories were supposed to satisfy

(ga 9_) €L (Q)N—‘rl? (?jty ét) € LQ(Ov T; LT(Q))N_Ha (34)

withr >1if N=2and r >6/5if N =3.

In [35], the authors proved that local exact controllability can be achieved with N — 1
scalar controls acting in w when @ intersects the boundary of €2 and (3.4) is satisfied. More
precisely, we can find controls vy and v, with vy = 0 and vy = 0 for some k < N (k is
determined by some geometric assumption on w, see [35] for more details), such that the
corresponding solution to (3.1) satisfies (3.3).

In this chapter, we remove this geometric assumption on w and consider a target

trajectory of the form (0,p,0), i.e.,

Vp=0en in @,
6, — A =0 inQ,
f=0 on Y, (3.5)
6(0) = 6° in €,
where we assume B -
6 € L0, T; W*°(Q)) and VO; € L=(Q)N. (3.6)

The main result of this chapter is given in the following theorem.
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Theorem 3.1. Let i < N be a positive integer and (p,0) a solution to (3.5) satisfying
(3.6). Then, for every T >0 and w C Q, there exists 6 > 0 such that for every (y°,0°) €
V x HY(Q) satisfying B

1(5°,6°) = (0,6%) [y iy <6,
we can find controls v° € L?(w x (0,T)) and v € L?(w x (0, T))N, with v; =0 and vy = 0,
such that the corresponding solution to (3.1) satisfies (3.3), i.e.,

y(T)=0 and 6(T)=0(T) in Q. (3.7)
Remark 3.2. Notice that when N = 2 we only need to control the temperature equation.

Remark 3.3. It would be interesting to know if the local controllability to the trajectories
with N — 1 scalar controls holds for §j # 0 and w as in Theorem 8.1. However, up to our
knowledge, this is an open problem even for the case of the Navier-Stokes system.

Remark 3.4. One could also try to just control the movement equation, that is, vg = 0 in
(3.1). Howewver, this system does not seem to be controllable. To justify this, let us consider
the control problem

y—Ay+(y-Vy+Vp=ovl,+0enx inQ,

0 —AO0+y-VO=0 in Q,
V-y=0 n Q,
y=0, VO-n=0 on %,
y(0) =" 6(0)=¢° n €,

where we have homogeneous Neumann boundary conditions for the temperature. Integrating
in @, integration by parts gives

Amﬂmzé%m

so we cannot expect in general null controllability.

Some recent works have been developed for controllability problems with reduced num-
ber of controls. For instance, in [23] the authors proved the null controllability for the
Stokes system with N — 1 scalar controls, and in [7] the local null controllability was
proved for the Navier-Stokes system with the same number of controls.

To prove Theorem 3.1 we follow a standard approach introduced in [39] and [51] (see
also [34]). We first deduce a null controllability result for the linear system

yi—Ay+Vp=f+ovl,+b0ey inQ,
0 — A +y -Vl = fo+voly, in Q,

V.y= in Q, (3.8)
y = O’ 0 = 0 on E,
y(0) =4 6(0) =6° in €,

where f and fy will be taken to decrease exponentially to zero in t = T.
The main tool to prove this null controllability result for system (3.8) is a suitable
Carleman estimate for the solutions of the adjoint system

—got—Ago+V7r:g—1/JV§ in @,

—th — DAY = go + oN in Q,
V=0 in Q, (3.9)
90207 w:() ODE,

o(T) =", Y(T)=y" in Q,
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where g € L2(Q)V, go € L*(Q), ' € H and ¢T € L*(Q). In fact, this inequality is of the
form

//Q 502 + |2 dzdt < © <// 5a(8) (1912 + |go|?) da dt
+//X o P30l da:dt+// dJQd:vdt> (3.10)

if N =3, and of the form

//01 |so|2+|¢|>dxdt<c(//p2 (1912 + |g0/?) dxdt*//m) >|w|2dxdt>

if N =2, where j = 1 or 2 and pg(t) are positive smooth weight functions (see inequalities
(3.14) and (3.15) below). From these estimates, we can find a solution (y, 6, v, vg) of (3.8)
with the same decreasing properties as f and fy. In particular, (y(7),6(T)) = (0,0) and
V; = UN = 0.

We conclude the controllability result for the nonlinear system by means of an inverse
mapping theorem.

The rest of the chapter is organized as follows. In section 3.2, we prove a Carleman
inequality of the form (3.10) for system (3.9). In section 3.3, we deal with the null control-
lability of the linear system (3.8). Finally, in section 3.4 we give the proof of Theorem 3.1.

3.2 Carleman estimate for the adjoint system

In this section we will prove a Carleman estimate for the adjoint system (3.9). In order
to do so, we are going to introduce some weight functions. Let wy be a nonempty open
subset of R such that @y C w and 1 € C2(Q) such that

|Vn| > 0in Q\ wp, >0 in Q and n = 0 on I9. (3.11)

The existence of such a function 7 is given in [39]. Let also ¢ € C*°([0,T]) be a positive
function satisfying

()=t Yte[0,T/4], (()=T—t Vte[3T/4,T)

3.12
Lt) <T/2) Vtelo,T]. ( )
Then, for all A > 1 we consider the following weight functions :
e2Mnlleo _ pAn(z) e (@)
t) = t) =
) = ) i) = (3.13)
o (t) = maxa(x,t) = ——, *(t) == miné(x,t) = ——, .
z€Q és(t) z€Q eg(t)
0 (2.1 e2Mnllse — Alnllse A( ) (2.1 eMnllso
a(t) ;= mina(x,t) = , t) ;== max&(x,t) = .
zeQ g8(t) ¢ zeQ ¢ 8 (t)

Our Carleman estimate is given in the following proposition.

Proposition 3.5. Assume N =3, w C Q and (p,0) satisfies (3.6). There exists a constant
Ao, such that for any X\ > Ao there exist two constants C(X) > 0 and so(\) > 0 such that
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for any j € {1,2}, any g € L*(Q)3, any go € L*(Q), any ¢* € H and any ¥* € L*(Q),
the solution of (3.9) satisfies

st // 675sa*(§*)4|¢|2d$dt+85 // 675sa*(§*)5|w|2dxdt
Q Q
<C <// e (g + lgoP)dadt 457 [[ A @ 2 dt
Q wx(0,T)
st ] e—4sa-sa*<E>49/4|w|2dxdt> (3.14)
wx(0,T)

for every s > sg.

For the sake of completeness, let us also state this result for the 2-dimensional case.

Proposition 3.6. Assume N =2, w C Q and (p, 0) satisfies (3.6). There exists a constant
Ao, such that for any X\ > Ao there exist two constants C(\) > 0 and so(\) > 0 such that
for any g € L*(Q)?, any go € L*(Q), any ©* € H and any v* € L*(Q), the solution
of (3.9) satisfies

st //Q e 35 (e g dx dt + s° //Q e =25 (€95 |y |2 dx dt

S C (// €—3sa*(|g|2 + |g()|2)d1' dt + 812 // e—4sa—sa* (5)49/4|’l/1|2d1' dt) (315)
Q wx (0,T)

for every s > sq.

To prove Proposition 3.5 we will follow the ideas of [23] and [35] (see also [7]). An
important point in the proof of the Carleman inequality established in [23] is that the
laplacian of the pressure in the adjoint system is zero. In [7], a decomposition of the
solution was made, so that we can essentially concentrate in a solution where the laplacian
of the pressure is zero. For system (3.9) this will not be possible because of the coupling
term ¢ V6. However, under hypothesis (3.6) we can follow the same ideas to obtain (3.14).
All the details are given below.

3.2.1 Technical results

Let us present now the technical results needed to prove Carleman inequalities (3.14)
and (3.15). These results were already stated in Chapter 2, but we include them here again
for the sake of completeness.

Let us begin with a Carleman inequality for parabolic equations with nonhomogeneous
boundary conditions proved in [52]. Consider the equation

N

Ut—AUZF()—l—Zaij in Q, (316)
=1

where Fy, I, ..., Fy € L?(Q). We have the following result.

Lemma 3.7. There exists a constant Xo only depending on 2, wg, n and £ such that for
any A > Ao there exist two constants C(\) > 0 and S()\), such that for every s > s and
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every u € L2(0,T; HY(2)) N HY(0,T; H~Y(Q)) satisfying (3.16), we have

1 1
- // e” 2|Vl d dt + S// e~ % u*de dt < C 5// e~ 25wl du dt
sJJQ & Q wox (0,7)

412 He_sa£_1/4uH2 ‘e—sag—l/gu‘ i?(z)

N .
+572 // e Rl du dt + ) // e 2| Fy* de dt) - (3.17)
Q j=177Q

+ 5712

11
HT'2(%)

Recall that

9 9 1/2
HUHH%’%(E) (”“”Hl/‘*(ow;w(am)+||“”L2<07T;H1/2<8Q)>) '

Remark 3.8. The usual notation for this space is actually H%’i(E) (see [66], for ins-
tance). However, we follow the same notation used in [52].

The next technical result is a particular case of Lemma 3 in [23].

Lemma 3.9. There exists a constant Xl such that for any A > Xl there exists C > 0
depending only on X\, Q, wo, n and ¢ such that, for every u € L*(0,T; H*(f)),

53 // e~ 250¢3 || da dt
Q

<C <s // e 25|Vl do dt + s // e~ 250g3 |y da dt> , (3.18)
Q on(O,T)

for every s > C.
The next lemma is an estimate concerning the Laplace operator :

Lemma 3.10. There exists a constant Xg such that for any A > XQ there exists C' > 0
depending only on X\, Q, wo, 1 and £ such that, for every u € L*(0,T; H}(2)),

50 // e~ 250¢0 y? da dt+s4// e~ 250 | V) do dt
Q Q

<C (53 // e 2503  Aul? da dt + s° // e~ 2500y da dt) , (3.19)
Q on(O,T)

for every s > C.

Inequality (3.19) comes from the classical result in [39] for parabolic equations applied
to the laplacian with parameter s/£8(t) (see Lemma 2.7 in Chapter 2). Then, multiplying
by exp(—2se?Mlle /¢8()) and integrating in (0,T) we obtain (3.19). Details can be found
in [23], [7] or Paragraph 2.2.1 in Chapter 2.

The last technical result concerns the regularity of the solutions to the Stokes system
that can be found in [59] (see also [76]).

Lemma 3.11. For every T > 0 and every F € L*(Q)Y, there exists a unique solution

u € L20,T; H*(Q)N) N HY(0,T; H) N L>(0,T; V)



3.2. CARLEMAN ESTIMATE FOR THE ADJOINT SYSTEM 61

to the Stokes system
u—Au+Vp=F inQ,

V-u=0 n Q,
u=20 on X,
u(0) =0 in Q,

for some p € L2(0,T; HY(Q)), and there exists a constant C > 0 depending only on Q such
that

1ullZ 20 . pr20yv) + el Fn o rire vy + 1l Ee oy < CIEI72gpn- (3.20)

Furthermore, assume that F € L2(0,T; H>(Q)N) N HY(0,T; L2(Q)N) and satisfies the
following compatibility condition :

Vpr = F(0) on 09,
where pr s any solution of the Neumann boundary-value problem

{ Apr =V -F(0) inQ,

Ipr B
e F(0)-n  on 0.

Then, u € L?(0,T; H*(Q)N)NnHY(0,T; H>(Q)N) and there exists a constant C > 0 depen-
ding only on ) such that

lall32 02,189 H a3 o212 9%) < C (1P I 20,m20m) FIF IR 0120y ) - (3:21)

From now on, we set N = 3,7 = 2 and j = 1, i.e., we consider a control for the
movement equation in (3.1) (and (3.8)) of the form v = (v1,0,0). The arguments can be
easily adapted to the general case by interchanging the roles of ¢ and j.

3.2.2 Proof of Proposition 3.5

Let us introduce (w, my,), (z,7,) and 1, the solutions of the following systems :

—wy — Aw+Vm, =pg in Q,

v cw =0 in Q?
w=20 on X, (3.22)
w(T) =0 in Q,
—2—Az+Vm. =—po—19YVl inQ,
V.2=0 in @,
z2=0 on X, (3.23)
2(T)=0 in Q,
and - ~
—Y =AY =pgot+pes—py inQ,
P =0 on X, (3.24)

Y(T) =0 in Q,

where p(t) = e 25", Adding (3.22) and (3.23), we see that (w + z, Ty, + 7., ¥) solves the
same system as (p g, pm, p1p), where (¢, 7,1) is the solution to (3.9). By uniqueness of the
Cauchy problem we have

po=w+z pr=my+m, and pih =1 (3.25)
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Applying the divergence operator to (3.23) we see that Ar, = —V - (@Vé). We apply
now the operator VA = (01 A, A, 93A) to the equations satisfied by z; and z3. We then
have

—(VAz), — A(VAz) =V (aN (V) — A1) — p/Agol) in Q,

L o (3.26)
~(VAz) — A(VAz) = V (35V - (9V0) — A($050) — p'Aps) in Q.

To the equations in (3.26), we apply the Carleman inequality in Lemma 3.7 with
u = VAz, for k = 1,3 to obtain

[ // ~2s0 ] £IVV Az dt + s // _25a5|VAzk|2dxdt}
k=1,3

<C [ // e 2|V Az 2da dt 4 s71/2 H (&) V8V Az,
k=1,3 wox(0,T7)

+8—1/2H€_Sa*(§) 1/4VAZk // —25a|p| |A90k:| dxdt]

L2(2)3

+ //Q (Y [Ohd + VP + [T >dmdt>, (327)

kl=1

for every s > C, where C depends also on ||9_||LOO(O’T;W3,00(Q)).
Now, by Lemma 3.9 with u = Az, for k = 1,3 we have

3 s / / ~2s0g3| A, 2 dt
k=1,3
<cy ( // 250 [V A2y Pder dt + 5° // 25a§3|Azk|2dxdt>, (3.28)
wo X OT)

k=1,3

for every s > C, and by Lemma 3.10 with v = 2z, for k=1,3 :

{// 25“§4|Vzk|2dxdt+s// —2sagb |2dxdt}
k=1,3

<cy [ // e A fdrdr +° [ [ oy © dxdt] (3.20)
wo X

k=1,3

for every s > C.

Combining (3.27), (3.28) and (3.29) and considering a nonempty open set wj such
that wy € w1 € w we obtain after some integration by parts (for details, see Step 3 in
Paragraph 2.2.1)

[ / / ~2s0] \VVAzk|2dxdt+s / / e 20|V Az, [Pda dt
k=1,3
+ 83 / / e 293 Az ?da dt + s / / e 259 Vg2 da dt +s° / / e‘2$a§6|zk|2dxdt]
Q Q Q

. 2
<C Z {57 // e 2507 2 2z dt + s71/2 Hefm (€)V8V Az,
k}=173 wlx(ovT)

L2(%)3



3.2. CARLEMAN ESTIMATE FOR THE ADJOINT SYSTEM 63

w2 e @ywnall g o [ e Pan P

+ // (Y BT + VT + 57 >dxdt> (330

k=1

for every s > C.
Notice that from the identities in (3.25), the regularity estimate (3.20) for w and |p/|? <
C's?p*(€)* we obtain for k= 1,3

S PiagParar = [ oA o Par
< Cs? // e~ 20 Az P da dt + Cs? // e~ 2504 Aw|?dz dt
Q Q

<0s” [[ eoglaz arar+ Clogla gy,

where we have also used the fact that s2e=252¢9/4 is bounded and 1 < C¢3/4 in Q.
Now, from z5; = 0 and the divergence free condition we readily have (notice that o*
and &* do not depend on )

st // “2507 (Y4 o2 dz dt < C's? // ~2507 ()4 Dy 2|2 dt

< Cst // 20|V |2 + [V za|?)dar dt.
Q

Using these two last estimates in (3.30), we get

I(s,2) = { // ~25a ] £IVVALPlzdt + 5 // ¢~ 250¢ |V A sy 2 It
k=1,3
+ 83 / / e 293 Az ?da dt + s / / e” 250V 2| A da dt
Q Q

+55 // 6728a56|zk|2dxdt} + s // e 2507 (%)} 2| 2da dt
Q Q

<C Z s’ // e 2597 21| 2da dt + s 1/2 He—sa* ) 1/8VAZk’
k=1,3 le(O,T)

+571/2 Hefso‘*(f )" 1/4VAzkH

I2(%)3

O

k=1

4 // ~2sa( z|akl¢|2+|w|2+\¢\ )dxdt) (3.31)

for every s > C.
For equation (3.24), we use the classwal Carleman inequality for the heat equation
(see for example [39]) : there exists A3 > 0 such that for any A\ > A3 there exists
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C(\ Q,wy, ||é||Loo(07T;W3,oo(Q))) > 0 such that

3
T 0) =5 [ G + 3 0k ara s [[ 2o vParar

k=1

+ $P //Q 672sa£5|,(z‘2dxdt <C <S2 //Q 672sa£2p2(|g0|2 + |4p3|2)dxdt
2 / / 2502 /12| o 2| 2d e dt + 5 / / e2sa§5|$|2dxdt>, (3.32)
Q u.)1><(0,T)

for every s > C.

We choose Ag in Proposition 3.5 (and Proposition 3.6) to be A\ := maX{Xo, Xl, /):2, Xg}
and we fix A > Ag.

Combining inequalities (3.31) and (3.32), and taking into account that s2e
bounded, the identities in (3.25), estimate (3.20) for w and |p'| < C's(¢*)/8p we have

72$a£2p2 is

I(s.2)+ J(s,) £ C (npgn%ma Hlogoliug +° [[ e e lilara
w1 )

2
12(2)3

+57 // e 257 | 21| Pda dt}) ., (3.33)
L:J1><(0,T)

+ Z {3_1/2 He_sa* (f*)_1/8VAzk‘ + 5712 He_sa* (f*)_1/4VAzkH

2

11
HT2(5)3
k=13

for every s > C.
It remains to treat the boundary terms of this inequality and to eliminate the local
term in z3.

Estimate of the boundary terms. First, we treat the first boundary term in (3.33).
Notice that, since o* and £* do not depend on x, we can readily get by integration by
parts (see (2.24)), for k = 1,3,

eV Az Fays < C (Il VAZ 7

ik (@
+ || () 2V Ak o a5~ 27 (€) AV AZ a0 )

and using the properties of the weight functions (see (3.13)) we get
—sa* 2 —2sa 2 1 —2sa 1 2
lle VAzkHLQ(E)g <C|s Qe E|VAz| d:vdt—i—g Qe E|VVAzk| drdt|.

From this estimate, we find that ||e’5a*VAzk||%2(E)3 is bounded by I(s, z). On the other
hand, we can bound the first boundary term as follows :

2 2

s~ 1/2 Hefsa* (5*)71/8VA21€’ .

L2(2) < (Cs /2 HeiSO‘*VAzk’

Therefore, the first boundary terms can be absorbed by taking s large enough.
Now we treat the second boundary term in the right-hand side of (3.33). We will use
regularity estimates to prove that z; and z3 multiplied by a certain weight function are
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regular enough. First, let us observe that from (3.25) and the regularity estimate (3.20)
for w we readily have

526752 (€ V2p el gy < € (165:2) + losliEaay)- (3.3
We define now
%= se 5 (693, T, = sem5" (¢%) /B,
From (3.23) we see that (Z,7,) is the solution of the Stokes system :

% - AF+V#F, =R, inQ,

V-z2=0 in Q,
z=0 on Y, (3.35)
HT) =0 in Q,
where Ry = —se 5" (£%)7/8/p — se757 (€*)7/3¢ V0 — (se5°" (£*)7/8),z. Taking into ac-
count that |o}| < C(€9)%8, || < Cs(€¥)%/% p, (3.6) and (3.34) we have
B2 < C (1(s,2) + J(5,9) + llpall (s )
and therefore, by the regularity estimate (3.20) applied to (3.35), we obtain
1203 2 0,smr2 sy 072209 < C (1(5,2) + T (5,9) + o gl 720y ) - (3.36)
Next, let
5= efsa*(g*)fl/{z’ 7, = efsa*(f*)fl/élﬂ_z.
From (3.23), (Z,7,) is the solution of the Stokes system :
-2 —AZ+ V7, =Ry inQ,
V-z=0 in Q,
z=0 on X, (3.37)
Z(T)=0 in €,
where Ry := —e 50 (£%) "4y p — e7307 (€*)"V/4)Vh — (e (¢*)~1/4),2. By the same

arguments as before, and thanks to (3.36), we can easily prove that Ry € L?(0,T; H*(Q)3)n
HY(0,T; L2(22)3) (for the first term in Ry, we use again (3.25) and (3.36)) and furthermore

1R21122 0.7 5203 )0 1 (0.7 1200 < C (I(87z) +J(s,9) + ||P9||%2(Q)3) :

By the regularity estimate (3.21) applied to (3.37) (notice that the compatibility condition
in Lemma 3.11 is satisfied since R2(T") = 0), we have

1213207 51090 0,312 (09) < C (1(5,2) + T (5,9) + 093 20y0) -

n particular, e™ - zE € , ' HN , A H™ or k=1,3an
I 1 o (e ~VAV Az, € L2(0,T; HY(Q)3) N HY(0,T; H-1(Q)3) for k d

> fle (5*)_1/4VAZk||%2(0,T;H1(Q)3) + e (§*>_1/4VAZ/€H%JI(O,T;H—l(Q)S)
k=1,3

<O (I(s,2) + J(5,9) + [pgl32igp) - (3:38)
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To end this part, we use a trace inequality to estimate the second boundary term in
the right-hand side of (3.33) (see [66], for instance) :

3 $1/2 He—sa* (5*)_1/4VAzkH2

< (Cs1/? Z {He_sa* (f*)_1/4VAZk‘ ’
k=13

11
s s L2(0.T-H1(Q)3
( ) k 173 (07 k) ( ) )

e @) v az;

HL(0,T:H~1(Q)?)

By taking s large enough in (3.33), the boundary terms 3_1/2||e_5‘3‘€_1/4VAzk||i{l 1
4°2

can be absorbed by the terms in the left-hand side of (3.38).

Thus, using (3.25) and (3.20) for w in the right-hand side of (3.33), we have for the
moment

(®)?

I(s,2)+ J(s,6) < C (npgn%w)a Hlogoliag +° [[ e ee e
w1 )

4 // 2597 2 o P db + 87 // 623“£7p2|<p3|2dxdt> ’
w1 X (O,T) w1 X (O,T)

for every s > C. Furthermore, notice that using again (3.25), (3.20) for w and (3.36) we
obtain from the previous inequality

# [ € sl dt 4 T(s, i) + 759

<C (npgniz@)a o goll2(gys + 8° / / e 20| 2dz dt
le(O,T)

+57 // e 29T 2 oy [Pda dt + 57 // e 25T 2|3 da dt> , (3.39)
w1 x(0,T) w1 x(0,T)

for every s > C', where

I(s,pep) = Z {33 //Q e 2503 p? | Ay *da dt + s //Q e 250 2 |V | da dt
k=1,3

+5° //Q e25a§6pz|@k|2dxdt} + s //Q e ()P pal*da dt.

Estimate of ¢3. We deal in this part with the last term in the right-hand side of (3.39).
We introduce a function (; € C3(w) such that ¢; > 0 and ¢; = 1 in wy, and using equation
(3.24) we have

057// 6_250‘§7p2|g03\2dxdt§057// e~ 20T o2 g 2der it
w1 x(0,T) wx (0,T)

= s / / oy O s = MY pgo £ Py L
wx (0,

and we integrate by parts in this last term, in order to estimate it by local integrals of 1;,
go and € I(s, py). This approach was already introduced in [35].
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We first integrate by parts in time taking into account that e‘zsa(0)£7(0) = 0 and
e—25a(T)£7(T> =0:

—CsT / / oy G p ot
wx (0,

—os [[ e ppgidadt+ O [[ e ) puidadt
wx(0,T) wx(0,T)
=° (SQ // e 2 (€ p% o3| *da dt+f(s,p<p)>
wx(0,T)

(o) <512 // glsart 250" (A9/4 1124 4y 4 610 // o250/ 012 dt> )
wx(0,T) wx(0,T)

where we have used that
|(€72sa£7p)t| < Csef2sa£65/8p

and Young’s inequality. Now we integrate by parts in space :
ery // ) <p3A1;d:r dt = —Cs” // ) Agpgide dt
wx(0,1) wx(0,1)
— 205" // V(Cre25%€7) . pVsthdz dt — C's” // A(Cre™2%¢N)p p3bda dt
wx(0,T) wx(0,T)
<ellspg) +CE) s [[ e drr
wx(0,T)

where we have used that
v(<1€72so¢£7) < 0867230468 and A(C1672sa£7) < 6«82672304597

and Young’s inequality.
Finally,

057// o Gre ¢ pos(—pgo + pl)dadt
wx (0,

<Cs' //X(O . Cre 2 p s (plgo| + Cs€/8 |¢])dx dt

<el(s,pp)+C <s8 // e 2598 2 | go |2 dae dt + 510 // e‘25a§41/4|12|2dx dt) .
wx(0,T) wx(0,T)
Setting € = 1/6 and noticing that
672304 < 674so¢+2$a* in Q

(see (3.13)) we obtain (3.14) from (3.39). This completes the proof of Proposition 3.5.

3.3 Null controllability of the linear system

Here we are concerned with the null controllability of the system

Ly+Vp=f+(v1,0,001,+0e3 inQ,

LO+y- V0= fo+voly, in Q,
V.y=0 in Q, (3.40)
y:(), 9:0 OnE,

y(0) =y°, 0(0) =06° in Q,
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where 40 € V, ° € H&(Q), f and fp are in appropriate weighted spaces, the controls vg
and vy are in L?(w x (0,T)) and
Lq:=q — Aq.
Before dealing with the null controllability of (3.40), we will deduce a Carleman in-

equality with weights not vanishing at ¢ = 0. To this end, let us introduce the following
weight functions :

62)‘H77H00 j— e)"?(fﬂ) 6/\77(1’)
B, t) = , A t) = S
0 20
B (1) = max B t) = L ) min g ) = = (3.41)
T YT TRy VYRR T By '
- oy < S L
= min fB(x,t) = ~ , () :=maxy(x,t) = ——,
et 0 M=o 20

where
Z(t)— HEHOO OStST/Q,
T\ ) T/2<t<T.

Lemma 3.12. Assume N = 3. Let s and X\ be like in Proposition 3.5 and (p, é) sa-
tisfy (3.5)-(3.6). Then, there exists a constant C' > 0 (depending on s, X\ and 6) such that
every solution (¢, 7,1) of (3.9) satisfies :

S o telarar s [ 707 P dt 4 10O e + 19O

SC(// e‘355*<|g|2+|go|2>cmdt+// I o P
Q wx(0,T)

+// e—453—55*a49/4|w|2da;dt>. (3.42)
wx(0,T)

Let us also state this result for N = 2.

Lemma 3.13. Assume N = 2. Let s and \ be like in Proposition 3.6 and (p, 0) sa-
tisfy (3.5)-(3.6). Then, there exists a constant C' > 0 (depending on s, A and 0) such that
every solution (p,m,1) of (3.9) satisfies :

ST O teParar s [ 07 e di 4 e O) e + 19O

<o ([l tor cmprea [ Sy g
Q wx(0,T)

Proof of Lemma 3.12 : We start by an a priori estimate for system (3.9). To do this, we
introduce a function v € C*([0, T]) such that

v=1in[0,7/2], v=0in[3T7/4,T).
We easily see that (v, vm, v1)) satisfies

—(ve)t — Alvp) +V(vr) =vg — (vP)VO —vV'p  in Q,
—(v)e — A(vy)) = v go +v s — V' in Q,
V- (vp)=0 in Q,
(vp) =0, (vyp)=0 on ¥,
(ve)(T) =0, ()(T)=0 in Q,
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thus we have the energy estimate

||V‘PH%,2(O,T;V) + ||V<PH2L<><>(0,T;H) + HV¢||2L2(0,T;H1(Q)) + ||V¢||%oo(o,T;L2(Q))
< C(HVQH%Q(QP + ”V/(PHQL?(Q)?’ + HV90||2L2(Q) + ||V,¢||%2(Q))~

Using the properties of the function v, we readily obtain

lell720 /2.2 + 19O 172005 + 1017200 7/2.22(0) + 19(0) 1720
<C (||g||%2(0,3T/4;L2(Q)3) + ||<P||2L2(T/2,3T/4;L2(Q)3)
+ll90l172(0,37/4:12(52)) + ||¢|\%2(T/2,3T/4;L2(Q))) -
From this last inequality, and the fact that
e3P >C>0,vte0,37/4] and e (v e (v*)2 > C > 0, Vt € [T/2,3T/4]

we have

Il e hePdade s [[ e ()P Pda dt
Qx(0,7/2) Qx(0,7/2)

2 2 —3s8% (|12 2
+ 1072 + 10 O0) 172 < € <//Q><(O,3T/4) e (Ig” + |go[*)dz dt

+// e 58 ()4 |2 da dt + // e (v*) PP da dt) . (3.44)
Qx(T/2,3T/4) Qx(T/2,3T/4)

Note that the last two terms in (3.44) are bounded by the left-hand side of the Carleman
inequality (3.14). Since o = 8 in Q x (T//2,T), we have :

I e ePdndt s [[ e )Pl da dr
Qx(T/2,T) Qx(T/2,T)

-/ e () pPdadt + [ ¢35 (€3 2d dt
Qx(T/2,T) Qx(T/2,T)
S e @) elarart [[ e € plyParar

Combining this with the Carleman inequality (3.14), we deduce

I e iePdndt s [[ e PPzt
Qx(T/2,T) Qx(T/2,T)

gc( J R L e e e G ERY
Q wx(0,T)

Jr// 674564\7304* (E)49/4|w|2dx dt) )
wx(0,T)

In this inequality, we use that for every t € [0,T/2] we have

IN

673304 < 673sﬁ 7

e—23a—35a (5)7 < Cl < CQe—QSB—BsB :Y\7,

o —Asa—sa” (5)49/4 <0y < 02(374“9,@3&*71:9/47
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for some C1,Cy > 0, and for every t € [T/2,T] :

— * _ *
e3sa :€3Sﬁ’

6—2304—3sa* (2)7 _ e—?sﬂ—Bsﬁ*,??’

674387304* (5)49/4 _ 67433735*’/)749/4.

Therefore, we get

/ /Q o e 5" () o Pda dt + / /Q o 5" (y* )| 2dz dt
<C (// e 357 (1g]? + |go|?)dz dt + // e~ 2873583701 |2 da dt
Q wx(0,T)

" // 6_4323\_56*’749/4|1/1|2d$ dt) ’
wx(0,T)

which, together with (3.44), gives (3.42). O

Now we will prove the null controllability of (3.40). Actually, we will prove the existence
of a solution for this problem in an appropriate weighted space. Let us introduce the space

E:={(y,p,v1,0,v0): €?F yec L*(Q)?, esﬁ+3/233*§’7/2 (v1,0,0)1, € L?(Q)3,
e3/258" g c LQ(Q), 6253—’_1/255*&_49/8 voly, € LQ(Q>,
e3/258 () =98y e L2(0, T; H*(Q)*) N L>(0,T; V),

32587 () =989 € L2(0,T; H*(2)) N L>(0,T; HA(Q)),
e>/255" (v ) 2(Ly + Vp — Oes — (v1,0,0)1L,) € LA(Q)?,
e5/2sﬁ*(,y*)—5/2(£9 + - Vo — voly) € LQ(Q) ).

It is clear that E is a Banach space for the following norm :

||(yap7 v1, 07 UU)HE = (||63/256* y||%2(Q)3 + ‘|655+3/25ﬁ*:}7_7/2 ’Ul]le%Q(Q)

+||63/255* 9”2L2(Q) + ||e2sﬁ+l/2sﬂ*§_49/8 Uoﬂw“%Z(Q)

He2 2 () Yl amz iy + 1677 () Py e o,
+||e3/255* (7*)—9/8 9H2L2(0,T;H2(Q)) + ||e3/2sﬁ* (7*)_9/89||2L°°(0,T;H[})
+||65/25ﬁ* (7*)72(£y + VP — 963 — (U17 0, O)]IW)H%Q(Q):}
o _ 1/2
+€5/255" () "2(L0 + y - VO — vo1) 32 )
Remark 3.14. Observe in particular that (y, p,v1,0,v0) € E implies y(T) = 0 and 0(T) =

0 in Q. Moreover, the functions belonging to this space possess the interesting following
property :

B () 2y V)y € LH(Q)® and X/ (y*) T2y Vo € LA(Q).

Proposition 3.15. Assume N = 3, (p,0) satisfies (3.5)-(3.6) and
eV, e Hy(Q), ()P fel?(Q)P and P (v) TP fy e LX(Q).

Then, we can find controls v1 and vy such that the associated solution (y,p,0) to (3.40)
satisfies (y,p,v1,0,v9) € E. In particular, y(T) =0 and 0(T) = 0.
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Proof : The proof of this proposition is very similar to the one of Proposition 2 in [44] (see
also Proposition 2 in [34] and Proposition 3.3 in [7]), so we will just give the main ideas.
Following the arguments in [39] and [51], we introduce the space

Py:={(x,0,6) €C*(Q)°:V-x=0inQ, x=0onX, x=0onX}
and we consider the following variational problem : find (X, 7,%) € Py such that

a((S&avR)’ (X707 I{)) = <G7 (Xvaa K)> V(X,O', K’) € Iy, (345)

where we have used the notations
a((X,0,k), (x,0,K)) = // e 30 (L*Y 4+ V6 + &V0) - (L*x + Vo + kV0) dz dt
Q

+ // e P (LR — X3) (L7 — x3) dw dt + // e 23T R xa dardt
Q wx(0,T)

+// e 4BV L 1 dz dt,
wx(0,T)

(G, (x,0,K)) :—//Qf-xda:dt+//Qfomdxdt+/Qyo-x(O)dx+/900/£(0)dx

and L£* is the adjoint operator of L, i.e.
Lq = —q — Aq.

It is clear that a(-,-,-) : Py x Py — R is a symmetric, definite positive bilinear form
on Py. We denote by P the completion of Py for the norm induced by a(-,-,-). Then
a(-,-,-) is well-defined, continuous and again definite positive on P. Furthermore, in view
of the Carleman estimate (3.42), the linear form (x,o,x) — (G, (x,0,k)) is well-defined
and continuous on P. Hence, from Lax-Milgram’s lemma, we deduce that the variational
problem

{ a((%.5,R), (x: 0. %))

= G)(X30'7’€)>
V(X,O’,H)EP, (55787 )E

(
k) € P,
possesses exactly one solution (X, 7, R).

Let 9, v1, 6 and ¥y be given by

§:=e 3 (L*Y + VG +RVE), inQ,
U= —e‘QsE_gsﬂ*’Ay7 X1, inw x (0,7),
0 :=e 35" (LR — X3), in Q,
Vg = —6_433_5ﬁ*’749/4 R, inwx (0,7).

Then, it is readily seen that they satisfy

/ / 30" 512da dt + / / 30 B2da dt + / / 250+358° 5|5 124z dt
Q Q wX(O,T)

[ TSR Pda dt = of(R.8,7), (7.8,1) < +o0
wx(0,T)

and also that (7, [9\) is, together with some pressure p, the weak solution of the system (3.40)
for v1 = U7 and vy = 7.
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It only remains to check that
2P ()G € L2(0, T3 HY(Q)*) N L¥(0,T; V)

and
eS/Zsﬁ* (7*)*9/85 c LQ(O,T; HQ(Q)) n LOO(OpT; Hol(Q))

To this end, we define the functions
y* — eS/Qsﬁ* (7*)—9/8 7, Pt = 63/255* (,Y*)—Q/SI/)\’ 0 — 63/286*(7*)_9/8 é\’
fra= @0 () OB 4 (31,0,001,) and  fg =¥ (y) V8 (fo + Do)

Then (y*, p*, 6*) satisfies

Ly* + Vp* = f*+ 0% e5 + (63/256* (,}/*)—9/8)7:@\ in Q,
LO* +y* - VO = f§ + (3207 () 79/%),0 in Q,
Vgt =0 in Q,
y*=0, 0°=0 on X,
y*(0) = ¥/ (7(0)) 7951, in Q,
9*(0) _ 63/28’6‘*(0)(7*(0))79/890, in Q.

From the fact that f* + (e3/2557 (v*)=9/8), 5 € L2(Q)?, f& + (e3/25" (4*)~9/8),0 € L2(Q),
Y € V and 0° € H} (), we have indeed

y* € L2(0,T; H*(Q)®) N L>®(0,T;V) and 6* € L*(0,T; H*(Q)) N L>®(0,T; H}(Q))

(see (3.20)). This ends the proof of Proposition 3.15. O

3.4 Proof of Theorem 3.1

In this section we give the proof of Theorem 3.1 using similar arguments to those in [51]
(see also [34], [35], [44] and [7]). The result of null controllability for the linear system (3.40)
given by Proposition 3.15 will allow us to apply an inverse mapping theorem. Namely, we
will use the following theorem (see [3]).

Theorem 3.16. Let By and By be two Banach spaces and let A : By — Bs satisfy A €
CY(By;Bs). Assume that by € By, A(by) = by and that A'(b1) : By — Bs is surjective.
Then, there exists § > 0 such that, for every b’ € By satisfying ||V — ba||g, < d, there exists
a solution of the equation

.A(b) = bl, be B.

Let us set N
y:=9y, p:=p+p and 6:=60+4.

Using (3.1) and (3.5) we obtain

Z7t—A§+@-V)17+Vﬁ:v]lw+§eN in Q,

0, —AO+7-VO+7-V0=uyl, in Q,

V-5=0 in Q, (3.46)
7=0, 6=0 on ¥,

~ _ 0 ~

6(0) = 0° — 4° in €.
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Thus, we have reduced our problem to the local null controllability of the nonlinear system
(3.46).
We apply Theorem 3.16 setting
By :=F,

By i= LA/ ()20, T); LAQ)) x V x L2 (47)75/2(0, T); LH(@)) x HY(9)
and the operator
A(ﬂaﬁ? U1, 57 UO) = (£§+ (g v)§+ Vﬁ— 563 - (,017 07 0)]1w7 g(0)7
LO+T-VO+7-VO— vl 6(0))
for (g7ﬁ7 v, 57 UO) € Bl‘
In order to apply Theorem 3.16, it remains to check that the operator A is of class

CY(By; Bs). Indeed, notice that all the terms in A are linear, except for (- V)7 and 3 - V.
We will prove that the bilinear operator

(', p' 01,0",00), (v, 0%, 01, 0%, 08)) = (' - V)y?
is continuous from By x By to L?(e%/258" (v*)=2(0,T); L?(€2)%). To do this, notice that
3207 () 798y € L2(0, T, H*(Q)*) N L>®(0,T; V)
for any (y,p,v1,0,v9) € By, so we have
P () By € L2(0, T L(Q)%)
and
V(27 (y7)7By) € 17(0,T; L2 (2)%).
Consequently, we obtain
1€%/255° (v ) 2yt W)yl r2(gy2
< C[I(e¥F (y*) Byt )ed 20 ()T g o
< C|le¥/* (’W)ig/gyl||L2(O,T;L°°(Q)3) | e3/2557 (7*)79/8y2|‘L°°(0,T;V)-
In the same way, we can prove that the bilinear operator
(" p' 01, 0% 0g), (v, %, 01, 6%,03)) = ' - V6

is continuous from By x By to L?(e%/258" (v*)=5/2(0,T); L*(Q)) just by taking into account
that
AP0 (y*) 7080 € L(0, T Hy (),

for any (y7p7 1}1,0,’11()) € Bl'

Notice that A4'(0,0,0,0,0) : By — B is given by
A'(0,0,0,0,0)(7, B, v1,0,v0) = (LY + VP — O ez — (v1,0,0)1y, 5(0),
L0+ 7 - V0 — vl 6(0)),
for all (y, p, v1, 6, vp) € B, so this functional is surjective in view of the null controllability
result for the linear system (3.40) given by Proposition 3.15.

We are now able to apply Theorem 3.16 for b; = (0,0,0,0,0) and by = (0,0,0,0). In
particular, this gives the existence of a positive number § > 0 such that, if [|(0), 0(0) [y 72 () <
0) t

d, then we can find controls v; and v such that the associated solution (g, p,0) to (3.46)
satisfies y(T') = 0 and 6(T) = 0 in Q.
This concludes the proof of Theorem 3.1.






Chapitre 4

Insensitizing controls with
vanishing components for the
Boussinesq system

In this chapter we prove the existence of insensitizing controls for a viscous newtonian
fluid wherein thermic effects are taken into account, the so called Boussinesq system.
The proof relies on a standard approach introduced by Fursikov and Imanuvilov for the
Navier-Stokes system which consists in solving a constrained extremal problem, and then
on an inverse mapping theorem to deal with the nonlinear system. Furthermore, we use
the coupling with the heat equation to get rid of two components of the control in the
fluid equations.

This chapter is included in [8], which has been written in collaboration with S. Guerrero
and M. Gueye.

Contents
4.1 Introduction . .. ... .. ... i 75
4.2 Technical results and notations . . .. ... ............ 80
4.2.1 Some notations . . . . . . . ... Lo 80
4.2.2 Carleman estimates . . . .. .. ... ... ... ... 81
4.2.3 Regularity results. . . . . .. ... oL oo 83
4.3 Carleman estimate for the adjoint system . . . . ... ... ... 84
4.3.1 Carleman estimate for (p,9) . . . ... ... ... ... 85
4.3.2 Estimation of ¢3 and Carleman estimate for¢p . . . . . ... .. 88
4.3.3 Carleman estimate for ¢ and final computations . . . ... . .. 89
4.4 Null controllability of the linear system . . ... ... ...... 93
4.5 Proofof Theorem 4.1 . . . . . . . . vt v i v v 99

4.1 Introduction

Let © be a nonempty bounded connected open subset of RY (N = 2 or 3) of class C*°.
Let T > 0 and let w C © be a (small) nonempty open subset which is the control set. We
will use the notation @ = Q x (0,7) and ¥ = 9Q x (0,7). Let us also introduce another
open set O C ) which is called the observatory or observation set.

Let us recall the definition of some usual spaces in the context of incompressible fluids :

V={yecrQ) :V.y=0inQ}.
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We denote by H the closure of the space V in L?(2) and by V its closure in H} ().
We introduce the following Boussinesq control system with incomplete data :

y—Ay+(y-Vy+Vp=f+ovl,+0ey, V-y=0 inQ,

0~ A0 +y- VO = fot vl in Q, »
y207 9:0 OHE, ()
y(0) =y + 790, 6(0) =6+ 70, in Q.

Here,
(1)  #N=2
N7 (0,0,1) if N =3,

stands for the gravity vector field, y = y(z,t) represents the velocity of the particules of
the fluid, 8 = 0(x,t) their temperature, (vg,v) = (vg,v1,...,vyN) stands for the control
which acts over the set w, (f, fo) € L? (Q)N *1is a given externally applied force and the
initial state (y(0),6(0)) is partially unknown in the following sense :

— 4% € H and 6° € L?(Q) are known,

— %o € H and 0y € L*(Q) are unknown with %0l L2y = H@o‘

=1, and
L3(Q)
— 7 is a small unknown real number.
We observe the solution of system (4.1) via some functional J;(y,6), which is called

the sentinel. Here, the sentinel is given by the square of the local L?-norm of the state

variables : )
Ty, 0) = 5// (1yP? +10/?) dar . (4.2)
Ox(0,T)

The insensitizing control problem is to find (v,vp) such that the uncertainty in the
initial data does not affect the measurement J., at least at the first order, i.e.,

aJ,(y, 0 - i 2
9I:(y.0)|  _, ¥ (3o, fo) € L*(9)*" such that [[Goll 2oy~ = | o]

=1. (4
ot |r—o (4.3)

L2(Q)

If (4.3) holds, we say that v insensitizes the functional .J;. This kind of problem was first
considered by J.-L. Lions in [65].

The first results of existence of insensitizing controls were obtained for the heat equa-
tion in [5, 25]. Both papers are concerned with a sentinel of the kind (4.2).

A very close subject is controllability with controls having some vanishing components,
which may be an interesting field from the applications point of view. The first results were
obtained in [35] for the local exact controllability to the trajectories of the Navier-Stokes
and Boussinesq system when the closure of the control set w intersects the boundary of €.
Later, this geometric assumption was removed for the Stokes system in [23], for the local
null controllability of the Navier-Stokes system in [7] and in [6] for the Boussinesq system.
Recently, the local null controllability of the three dimensional Navier-Stokes system with
a control having two vanishing components has been obtained in [24].

As long as insensitivity results for fluids is concerned, the first result was obtained in
[70, section 2.3], where the author establishes the existence of e-insensitizing controls of the
form (v1,v9,0) for the 3D-Stokes system. Then, the existence of insensitizing controls for
the Stokes system is proved in [45] and for the Navier-Stokes system in [49]. Finally, in [9],
the existence of insensitizing controls for the Navier-Stokes system with one vanishing
component was established. The main goal of this chapter is to establish the existence of
insensitizing controls for the Boussinesq system (4.1) having two vanishing components,
that is, v;, = 0 for any given 0 < 79 < N and vy = 0. Notice that if N = 2, this
means v = 0.
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The particular form of the sentinel J. allows us to reformulate the insensitizing pro-
blem (4.1)-(4.3) as a controllability problem for a cascade system (see Proposition 1.14. See
also [5] or [64], for instance). More precisely, condition (4.3) is equivalent to (2(0), ¢(0)) =0
in ©, where (z, ¢q), together with (w,r), solves the following coupled system :

wy — Aw + (w-V)w+ Vpy = f+vl, +ren, V.-w=0 1in Q,
2t —Az+(2-VYw—(w-V)z2+¢Vr+Vp =wlp, V-z=0 inQ,
re —Ar+w-Vr = fo+vl, in Q, (4.4)
—q—Aq—w-Vg=zny+r1lp in Q, ’
w=z=0, r=q=0 on X,
w(0) =19 2(T)=0, r0)=46" ¢T)=0 in Q.

Here, (w,pg,r) is the solution of system (4.1) for 7 = 0, the equation of (z,p1,q) corres-
ponds to a formal adjoint of the equation satisfied by the derivative of (y, ) with respect
to 7 at 7 = 0 and we have denoted :

N
((Z, Vt)w)z = Z Zjaiw]‘ 1= 1, ce ,N.

Jj=1

Our main result is stated in the following theorem, which expresses local null-controllability
of (4.4) :

Theorem 4.1. Let 0 < ig < N and m > 10 be a real number. Assume that w N O # (),
Yy’ =0 and ° = 0. Then, there exist § > 0 and C > 0, depending on w, Q, O and T,
such that for any f € L*(Q)N and any fo € L*(Q) satisfying ||e“/" (f, fo)ll2gyv+r <9,
there exists a control (v,vg) € L2(Q)N*1 with v, = vy = 0 such that the corresponding
solution (w, z,7,q) to (4.4) satisfies z(0) = 0 and q(0) =0 in Q.

In particular, no control on the velocity equation is required when N = 2.

Remark 4.2. The condition w N O # () has always been imposed as long as insensitizing
controls are concerned. However, in [54], it has been proved that this is not a necessary
condition for e-insensitizing controls for some linear parabolic equations (see also [69]).

Remark 4.3. In [25], the author proved for the linear heat equation that we cannot expect
insensitivity to hold for all initial data, except when the control acts everywhere in €.
Thus, we shall assume that y° =0 and 0° = 0.

To prove Theorem 4.1 we follow a standard approach introduced in [39] (see also [6], [9]
and [51]). We first deduce a null controllability result for the linear system :

wy —Aw+ Vpy = fY+ovl,+rey, V-w=0 inQ,

-zt — Az + Vp1 = fF+wlp, V-z=0 inQ,

re —Ar = T+ 1, in Q, (4.5)
—q¢ —Aq=f1+2ny +rlo n Q, '
w=z=0, r=q=0 on Y,

w(0)=4° 2(T)=0, r0)=6° ¢q(T)=0 inQQ,

where f%, f#, f" and f? will be taken to decrease exponentially to zero at ¢t = 0.

The main tool to prove this controllability result for system (4.5), and the second
main result of this chapter, is a suitable Carleman estimate for the solutions of its adjoint
system, namely,
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—pt —Ap+Vm, =g +¢lo, V-p=0 in Q,

Y — AY + Vg =g¥ +oey, V-1p=0 in Q,

_¢t_A¢:g¢+SON+O']lO iIlQ, (46)
— Ao =g in @, )
@:1/1:@ d):U:O OHE,

o(T) =0, %(0)=4° &T)=0, o(0)=0c" inQ.

Here, 90 € H, 0° € L?*(Q) and ¢%, g%, ¢® and ¢° will be taken with different regularity
properties that will be detailed later on. In fact, this Carleman inequality is of the form

2

/ /Q A(t) (W+ [ + 6l + |o-|2) dadt < C |p2(t)(9%. 9%,9% "),

N -2) C’// )] jo | dxdt+0// t)|p>dzdt, (4.7)
wx(0,T) T)

where p(t), k € {1,2,3,4} are positive weight functions, jo € {1,...,N —1}\{ip}, C >0
only depends on 2, w, O and T and X is a suitable Banach space. Observe that when N = 2
the local term in ¢, does not appear. This estimate is stated in Proposition 4.15.

Since the proof of (4.7) is quite technical, let us first give some insight about it. In
particular, we are going to prove here the qualitative property corresponding to (4.7), that
is to say

(N=2)pjo=¢=0 inwx(0,T)=yT)=c(T)=0 inQ. (4.8)
for the solutions of (4.6) with (g%, g, ¢%,¢%) = (0,0,0,0).

Observe that, thanks to the backwards uniqueness for the heat and Stokes operator,
Y(T)=0and o(T) =0in Q implies that p =9 =0and ¢ =0 =0 in Q.

Remark that (4.8) is equivalent to the approximate controllability of system (4.5) with
(f“, 7 17, f1) = (0,0,0,0)

Proposition 4.4. Assume that wNO # @ and 0 < jo < N. Then, the unique continuation
property (4.8) holds.

Remark 4.5. The proof of this unique continuation result follows the steps of the proof
of (4.7). This is why we are going to divide its proof in several steps. In the lines below,
we will make precise to which part of the proof of (4.7) corresponds each step.

Proof of Proposition 4.4. Without loss of generality, we can assume that ¢ € V. Moreo-
ver, we can assume that o € C*°(Q). Now let us introduce the differential operators

D=0+ (N —2)02, P:=A%—- A (4.9)

We divide the proof in several steps :
Step 1. First we prove that the solutions of (4.6) satisfy

$p=0 imwx(0,7)=Do=0 inQ.

Straightforward computations, using in particular that Ar, = 0in O x (0,7") and Am,, =
Ono in @, show that (for more details, see Section 4.3.3)

—Pé — AP =Do inO x (0,T).

Then, we deduce that Do =0 in (wNO) x (0,T). Furthermore, since the equation of o is
homogeneous, Do solves the heat equation

(Do)t — A(Do) =0 in Q.
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Then, from the parabolic unique continuation (see [75]) we deduce that Do = 0 in Q.
Step 1 corresponds to estimate (4.48) in the proof of (4.7).
Step 2. Here, we observe that

Do=0 m@Q=0=0 inQ.

This fact is trivial from ¢ =0 on X.
Step 2 corresponds to estimate (4.34) in the proof of (4.7).
Step 3.
p=0inwx (0,7),0=0in @ = ¢y =0 in Q.

From ¢ =0 in w x (0,7) and 0 =0 in Q we get o =0 in w x (0,T) (from the equation
of ¢). Thus, from the equation satisfied by ¢ we have

Observe that Ay satisfies the heat equation
(AlﬂN)t — A(A@b]\]) =0in Q

Making use of the parabolic unique continuation property we deduce that Ay =0 in Q.
Then, the homogeneous Dirichlet boundary condition gives that ¢y = 0 in Q.

In dimension 2, this implies that ¢y = 0 in @, since V -1 = 0in @ and 9|y = 0.
This concludes the proof of Proposition 4.4 when N = 2. Observe that we did not use
that ¢j, =0 in w x (0, 7).

Step 4. The last step will be to prove that if 0 = 0 in @, then

0, =¢0=0inwx (0,T) =9 =0in Q,
for 0 < jo < N. Using the fact that Ar, =0 in O x (0,T), we find as before
Ao = —(Apjp)t — A(Apj,) =0in (wN O) x (0,T).
From o =0 in @), we have that Amy, =0 in ) and so
(Aj,)e — A(Ayj,) =0 in Q. (4.10)

Thus, the parabolic unique continuation property applied to (4.10) gives Ay, =0 in Q.
Consequently, 1j, = 0 in @), since ijIE = 0.

This, together with ¥y = 0 in  and combined with V-4 = 0in Q and ¢z = 0
yield ¥ =0 in Q. O

Remark 4.6. Notice that after the first 8 steps, we have that ¥s3 =0 in Q ando =0 in Q
using only ¢ = 0 in w x (0,T). From previous results [26, 67], we can deduce that ¢ =
0 in Q under some particular generic geometric conditions, that is, we are able to obtain
the approzimate controllability of system (4.1) with just a control in the heat equation.

The rest of the chapter is organized as follows. In section 4.2, we present some notation
and the technical results we need. In section 4.3, we prove the observability inequality (4.7).
In section 4.4, we prove a null controllability result for the linear system (4.5). Finally, by
means of a inverse mapping theorem, we prove Theorem 4.1 in section 4.5.
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4.2 Technical results and notations

In this section we introduce some notation and all the technical results needed in this
work.

4.2.1 Some notations

We denote by Xg := L?(Q) and Yy := L?(0,T; H). For n a positive integer we define
the spaces X,, and Y,, as follows :

X = L2(0,T5 H*™(9) N Hy () N H™(0,T; L*(2)),
Y, := L?(0,T; H™(Q)N nV) n H™(0,T; L*(Q)V),
endowed with the norms
lull%, = HUH%Q(O,T;H?"(Q)) + ||U||12qn(o,T;L2(Q))

and
||U||§/n = ||u||%2(0,T;H2”(Q)N) + HUH%{n(O,T;H(Q)N)’

respectively.
The following subspaces will be used only in section 4.4. First, for every positive inte-
ger n, we set

X = {u € Xy : [LFu]jx =0, [LF](0) =0, k=0,...,n— 1},
endowed with the equivalent norm (by Lemma 4.13),
ull o = 1£"ul2 g
where we have denoted by
L=0—-A and L' :=-0,—A

the heat operator and its adjoint, respectively.
Next, let

Yip:={ueY: u0)=0}
and
Yoo = {ueYinL*0,T; HY(Q)N) N H*(0,T; L*(Q)N) : (Lgu)is =0, (Lxu)(0) = 0}
endowed with the equivalent norm (by Lemma 4.14 with ug = 0)
||UH%/",U = ”‘C?IUH%Q(Q)N? n=12.
Here, Ly := 0y — Pr(A), where P, denotes the Leray projector over the space H, i.e.
Pr: L2(Q)N — L2(Q)N, Pru := u— Vp, where Ap =V -uin Q and Vp-ii = u-ii on 95

(see [76, pages 16-18]).
This equivalence between norms is used later to obtain Lemma (4.16).



4.2. TECHNICAL RESULTS AND NOTATIONS 81

4.2.2 Carleman estimates

In this subsection we present some Carleman estimates needed to prove estimate (4.7).
These inequalities have been proved in previous papers and we give precise references
about where to find each one of them. Before we can establish these estimates, let us
introduce some classical weight functions. Let wy be a nonempty open subset of RY such
that wp € wN O and n € C%(Q) such that

V| > 0in Q\ wg, 7 > 0in Q and n = 0 on OQ.
The existence of such a function 7 is given in [39]. Let also ¢ € C*°([0,T]) be a positive
function in (0,T") satisfying
)=t Ytel0,T/4),Lt)=T—t Vte[3T/4,T],
0t) <U(T/2),Vtel0,T].

Then, for all A > 1 and m > 10 we consider the following weight functions :

62>‘H77H00 J— eAn(I) eAU(I)
Oé(l‘,t) T gm(t) s 5(33,15) T Wa
() @)= e i) - (411
o*(t) ;= maxa(zr,t) = —— i, “(t) ;=miné(x,t) = ——, .
z€Q m(t) z€Q e (t)
(0 (.1) 2 IMlloe — Alnllo g( ) o) eMnllso
a(t) ;= mina(x,t) = , t) ;= max&(x,t) = .
o) em(t) reQ em(t)
Notice that from (4.11), we obtain the following properties :
[0 al, [ope] < CEMT™ 1 9hal, 0;€] < C¢ (4.12)

where n is any nonnegative integer, [ is a N-multi-index and C' > 0 is a constant only

~

depending on 2, A\, n and £. This property is also valid for the pairs (o*,£*) and (&, £).

The first result is a Carleman inequality for the Stokes system with right-hand side in
L?(Q)N proved in [7, Proposition 2.1]. This estimate has the interesting property that the
local term does not contain one of the components of the solution.

Lemma 4.7. There exists a constant Xo > 0 such that for any A > /):0 there exists C' > 0
depending only on X, Q, w, n and £ such that for anyi € {1,...,N}, any g € L*(Q)" and
any u’ € H, the solution of

u—Au+Vp=g, V-u=0 1inQ,
u=0 on X, (4.13)
u(0) = u® in Q,

satisfies

N
Il(u) — g2 // e~ Hsa” (5*)272/m|ut|2dx dt + 832// 672sa79sa*£3|Auj|2dx dt
Q j=177Q
J#i
N
b5t 3 [ et g Pan a4 st [[ e (€ o dr
Q Q

j=1.j#i

N
<C // e %5 g2 dx dt + s Z // e_ZSa_gsa*§7|uj|2dx dt | (4.14)
Q j=1 on(O,T)
J#i
for every s > C.
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Remark 4.8. In [7], the weight functions o and & are given for m = 8, but the proof also
holds for any m > 8. Additionally, the terms involving derivatives of u in the left-hand
side of (4.14) do not appear explicitly in Proposition 2.1 of [7]. However, it is easily seen
from its proof that these terms can be added. Finally, one should replace p = e~ 3/2s00x
(defined in section 2.1 right after (2.13) in reference [7]) by p = e~9/2s0*,

Now, we present an estimate proved in [9, Proposition 3.2] (with f = 0 in that refe-
rence) similar to (4.14) with local terms of the Laplacian.

Lemma 4.9. There exists a constant Xl, such that for any A > Xl there exists a constant
C(X\) > 0 such that for anyi € {1,...,N}, any u° € H and any

g € LX0,T; H*(Q)Y) n H*(0,T; H-H(Q)Y),
the solution of (4.13) satisfies

N
Iu):=>" [//Q e” (P | Auy|? + sPE3 IV A + s€|VV Ay |2 + s VYV AY,|?) de dt
=1
i
+s5 // e~ 9sa” (5*)5|u\2d:c dt < C (85/2 // e 9sa” (E*)372/m|g|2 dr dt
Q Q

T ) T
3/2 —9/2sa* [ ¢#x\1—3/(2m) —1/2 —9sa* ¥\ —5/ 2
£ e ) [ 7 [ € ol

_1_871/2 /OT H <679/2so¢* (g*)75/(2m)g)tHj{1(Q)N dt—|—871/2 /OT H (679/2804* (5*)75/(2m)g) 2

ttHH*l(Q)N

N
+ > // e*gsaWAgj\?dde// e B VV(V - g) | da dt
j=ti#i 7 Q

N
+852 // e~ 95| Au;Pdx dt | |
j=1 wox(0,T)
J#i
for every s > C.
The third Carleman inequality we present applies to parabolic equations with non-

homogeneous boundary conditions. It was proved in [52, Theorem 2.1] :

Lemma 4.10. Let fo, f1,...,fn € L?(Q). There exists a constant X2 > 0 such that for
any A > Ay there exists C' > 0 depending only on X\, 2, wg, n and £ such that for every
uw€ L20,T; HY(Q))n HY(0,T; H1(Q)) satisfying

N
w —Au= fo+ Y 0;fjinQ,

=1

we have

st // e8¢Vl de dt + s// e 8y de dt < C (s // e85 u)? da dt
Q Q wo % (0,T")

4+ 1/2 H€74sa* (5*)71/4““2 Logl/2 H674sa* (5*)—1/4+1/mu‘

2
L2(%)

N
+s_2//Qe_85a§_2|f0|2dx dt+Z//Qe_8m|fj|2dm dt),
j=1

11
H7T2(%)

for every s > C.
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Here,

B 9 9 1/2
Il 5, = (Il ozcomy + Iz rzony)

Remark 4.11. Notice that the usual notation for this space is actually H%’i(z) (see, for
instance, [66]). However, we choose to follow the notation used in [52].

The last estimate that we need is a technical result that can be found, along with its
proof, in [23, Lemma 3.

Lemma 4.12. Let k € R. There exists C' > 0 depending only on Q, wg, n and £ such that,
for every u € L?(0,T; H'()),

s // e 85k 2y 2 dr dt < C (// e85 ek |V d dt + s* // e85 eht21y 12 4y dt) ,
Q Q wo X (0,T)

for every s > C.

4.2.3 Regularity results

Here, we state some regularity results concerning the heat and Stokes equations, res-
pectively. The first one is (see for instance [58, Chapter 4]) :

Lemma 4.13. For every T > 0 and every f € L?(Q), there exists a unique solution
w e L*0,T; H*(Q)) N HY(0,T; L*(Q))

to the heat equation
u—Au=f inQ,
u=0 on X, (4.15)
u(0) =0 in Q,

and there exists a constant C' > 0 depending only on € such that
ull?20 o2y + el E o mz2 @) < C 1172 - (4.16)

Furthermore, if f € X,, (n any nonnegative integer), the unique solution to the heat
equation (4.15) satisfies u € X, 41 and there exists a constant C' > 0 depending only on Q
such that

lulk,,, < ClfI%, - (4.17)
The second one can be found in [59, Theorem 6, pages 100-101] (see also [76]) :

Lemma 4.14. For every T > 0, every u’ € V and every f € LQ(Q)N, there exists a
unique solution

u e L20,T; H*(Q)N) N HY(0,T; H) N L>(0,T; V)
to the Stokes system
u—Au+Vp=f, V-u=0 1inQ,

u=20 on X,
u(0) = u® in Q,
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for some p € L*(0,T; H'(Q)), and there exists a constant C > 0 depending only on Q such
that

2
nm@mmﬂmww+wm%mmmmwywm@wwwqsc(uﬁﬂ@N+WH@).MJ&

Moreover, if f € L*(0,T; H*(Q)N) N HY(0,T; L2(Q)N) and u® € H3(Q)N NV satisfy the
compatibility condition :
Vp = Au’ + £(0) on 09,
where p is any solution of the Neumann boundary-value problem
Ap="Y- f(0) in Q.
n =Au’-n+f(0)n on3,

then u € Yo and there exists a constant C' > 0 depending only on 2 such that

' Q)) (4.19)

4.3 Carleman estimate for the adjoint system

Julf, < (W15, + [,

In this section we prove a new Carleman estimate for the following coupled system :

—pt —Ap+Vrm, =g +9Ylp, V-p=0 in @,

Y —AY+Vry=g¥+oen, V-p=0 in Q,

_ _ — 4¢P .

¢t A¢ g +80N+U110 %1’1 Q7 (420)
— Ao =g° in Q,

(p:w:(L ¢:O’IO OI’IE,

p(T)=0, ¥(0)=4° &T)=0, o(0)=0" inQ,

where g% € Yy, g% € Ya, g% € Xy, ¢° € X4, ¥° € H and 00 € L?(Q). Tt is given by the
following proposition :

Proposition 4.15. Assume that w N O # 0. Then, there exists a constant N\, such that
for any A > Ao there exists a constant C' > 0 depending only on A, 2, w and £ such that for
any jo € {1,...,N — 1}, any ¢¥ € L2(Q)V, any g¥ € Ys, any ¢® € L*(Q), any ¢° € X4,
any ° € H and any oo € L*(Y), the solution (@,1, ¢, ) of (4.20) satisfies

54// e~ 1150 ()4 o2 dt + 7 // ~9sa (V5] 2l it
+s // —12s0%(£4Y3| p|2da dt + s° // —8s50% (95| 2d dt

<C (8 Hef8soz+4sa EQQ(PHY + H677/23a gw 2
0

Yo

. 2 B . 2
4+ g9 He—85a+4sa 5119¢HX + He 7/2sa
0

|

9X4

(N —2)s" // ¢9g13| o0 2 dt + 520 // ¢~ 180t 11sa" £30) 412 g, dt) ’
wx(0,T) wx(0,7)
(4.21)

for every s > C.
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For the sake of completeness, we treat the more general case of N = 3 (with jo = 1,
for instance). The general idea is to combine suitable Carleman estimates for the heat and
Stokes equations in (4.20). The proof is then divided in several parts :

— First, we deduce from Lemma 4.9 a Carleman estimate for ¥ with local terms of A

and Ats. Using the coupling with the equation of ¢, we estimate these terms by
local terms of ¢ and (3.
— Using the equation of ¢, we estimate the local term of 3 by a local term of ¢.
— Finally, to add o to the left hand side of (4.21) and absorb all its global terms on
the right- hand side, we prove a Carleman estimate for a certain operator of ¢ such
that its global terms can be estimated by terms of the right-hand side of (4.21).
The details of these steps are the target of the following subsections.

4.3.1 Carleman estimate for (¢, 1)

The first step is to apply Lemma 4.9 to the equation satisfied by 1. However, before
doing that, let us remark some simple (but useful) properties of the weight functions.
Note that for every a > 0, and every b, ¢ € R, the function s’e~%“£¢ is bounded in Q.
Furthermore, for any given £ > 0, we have

sPem e < ¢, (4.22)

for s > C, C a positive constant large enough. Taking this and (4.12) into account, we
have, for example,

|(83/4e—9/2sa* (5*)1_3/(27”)0')” _ |<Sl/2e—4sa* (g*)1/2—2/m0_ (31/46—1/2511* (5*)1/2+1/(2m)))t|

< 6(|81/26—45a*(é—>k)1/2—2/ma,| + |(Sl/26—4sa*(5*)1/2—2/m0_)t|)7 (423)
for every s > C, that is,

"53/4679/23(1*(5*)173/(2m)0H <e H81/2674sa* (5*)1/272/m0H

HY(0,T:L2(Q)) — HY(0,T;L2(%))

Observe that this argument is easily extended for derivatives of greater order.

Carleman estimate for ¢

Now, we apply Lemma 4.9 with i = 2, u = 1, and g = g¥ + o e3. The idea is to use
(4.22) and the idea developed in (4.23) in order to accommodate the terms in a more
convenient way for us. It is not difficult to check that we can obtain

T
B0) < e(s [ e @) g 4 el g

0
+ /OT H (81/26_4sa* (5*)1/2—2/771 (glb +o 63))1‘”21(9)3
- /()T H (81/267450(* (5*)1/2—2/771 (gw to e3))tt‘ ;(Q)S dt)

4O // o =959 (| Agn|? + |Ads|?)der dt,
wo 9

for every s > C (large enough), where € > 0 is a constant to be chosen small enough
later on. Furthermore, using the properties (4.22) and (4.23) again, we prove the following
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inequality :

2

o _'_EH81/26—4sa*<€*>1/2—2/mO_‘ 2

L) <C He—7/25a* g”’

X2

+055// o) e*9Sa£5(|A'¢1‘2+|A¢3|2)dxdt7 (424)
wo X (U,

for every s > C, and € > 0 is to be chosen small enough later on. Notice that the weight
functions and norms chosen for g¥ and o in inequality (4.24) are not sharp. Indeed, this
is a technical choice for the sake of the arguments that will be employed in the rest of the
chapter.

Carleman estimate for ¢

Next, we apply Lemma 4.7 to the equation satisfied by ¢, with i = 2, u = ¢ and g =
g¥ + 19 1p. We obtain

Ii(p) < C// e 959 g% 2dx dt + C// e 95 |2 d dt
Q Ox(0,T)

ot [[ L o s )dadt, - (425)
wo

for every s > C. Noticing that the second integral in the right of this inequality is bounded
by C s7° I5(1)), for some C' > 0, we can combine inequalities (4.24) and (4.25) to get

2 2

L) + L(¥) < C e/ g¥||

CS // ( ) e 7 | 1|2 |’ 3| z dt C _U v 5<| 1/11|2 | 77Z}3|2) t)
wo X (0,T é A +|A dx d

»||? +E“81/2674304*(5*)1/272/7)1U‘

et

X2

for every s > C. Now, using the coupling between ¢ and ¢ we will estimate the last two
local terms. This is the objective of the next subsection.

Estimation of Ay and Ayg
We look at the equations satisfied by 1 and ¢3 in the set O x (0,7T) to find

Ay = —Ap1 — A%p + 01V - g¥ — Agf,

A3 = —Apsy — A%p5 + 03V - g# — Agf.

Here, we have used that Am, = V - ¢¥ in O x (0,7T") which follows directly from the
free-divergence conditions for ¢ and . Let now ¢ € Cj(@) be a nonnegative function
with (=1 in wyand wg € w € wN O.

For simplicity, we only treat the term concerning 3 in the last integral in (4.26), since
the other term is quite similar. Using this last equality, we have

Loy B Pz < S [ (e el Ay Pdrar

wox (0,T) (0.1

- // (0, T) 2)e” P AYs(— Az — A%pg + 93V - g¥ — Agf)dz dt.
X
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An integration by parts, in time and space, gives the following inequality :

5 —9sa ¢d 2

° //on(OT)e & Ays|*da dt

=° //x(O T) z)e” "0 (Mg — A%3) Apyda dt

ts / /~ A (C(m)e—%agz))t ME,}_A(g(@e—%aémws—zv(C(a:)e‘QS%S)-VAw) p3da dt
wx (0,T)

+s° / /U: o Vo, (c(x)e—%%%%) - gPda dt — / / ><(0T) :I:)e 95“5%%) gfdz dt.
(4.27)

Now we estimate the three lines of terms in the right-hand side of (4.27), which we
call respectively L1, Lo and Ls. For the first one, we use the equation satisfied by Avs,
namely

Atpgy — A%thg = Agy — 85V - g% + (07 + 82)o. (4.28)

This equation, together with some integration by parts, yields
Li=s // _gsafs(Agw OV - g% + (9} + 33)o )) p3da dt.
% (0,T)

A careful analysis of these terms, taking into account (4.12), (4.22) and using Young’s
inequality, gives

* 2
i< s [[ opy &€ ealdadt 4+ C e gt

Ys

L H51/26—45a* (5*)1/2—2/7710_‘ 2

Xo

A similar argument for Lo and Lg gives the following estimates

Lol € b+ €51 [ ety e ar
wx (0,

1
Lol < R +Cs° [[ el Pand
4C wx(0,T)

Combining these estimates for Ly, Ls and L3 with (4.27), together with the same compu-
tations for 1, provide

2

)

. 2 . )
te H81/26—4sa (g*)1/2—2/mUHX SRE //~ 9B (o1 2 4 |pal?)da dt, (4.29)
2 x(0,T)

2 *
+ H6—7/25a gw
Yo

Li(p) + L(y) <C ("89/26_9/250‘59/2 g¥

for every s > C.

Here, we have also used the properties of the weight functions to find a more compact
expression. This ends this part of the proof of Proposition 4.15.

The next step is to eliminate the local term of ¢3. This is done in the next subsection.
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4.3.2 Estimation of 3 and Carleman estimate for ¢
As in the previous section, we look at the equation satisfied by ¢ in the set O x (0,7) :
p3=—¢— Np—g” — 0.

We consider again a nonnegative function ¢ € Cg (W) such that (=1inwand w €w' €
w N O, and perform integration by parts to obtain

13// =951 502 dxdt—sl?’// C(2)e 9By (—y — Ad — g — o) dt
><(OT) 1% (0,T)

13 // [6,5—A]( C(a)e 513 0y )(bda:dt—sl?’ // (2)e 90300 (g% + o)dar dt.
w’x(0,T") '%(0, T)

Let us call Ly and L5 the two integrals at the end of the last expression. A careful analysis
of Ly, together with property (4.12) and Young’s inequality, yield

L] < %11( ) +Cs% // ¢ 1850 150" 30| 412 . 4y 4 12 // ¢ 16509s0" €241 412 4. 41
0.7) W' x(0,T)

for every s > C.
For the term concerning Lj, we apply again Young’s inequality and property (4.22) :

Ly < — G 13// X(OT) —9sagld) o2 d:vdt—i—C’H 13/2,-9/2s013/2 ¢H

te H81/2€—4sa* (€)1/2=2/m U’ 2

Xo

From (4.11), we have e10sa+9sa” < o—18satllsa™ iy () 50 we obtain

RE // 950130 2 dit < 71-1< )46 // ¢ 1850t 10" 30| 412 g
(0, T) 2C "% (0,T)

+C “813/26—9/2sa§13/2g¢HXO +e H81/26—4sa (5*)1/2_2/,” a‘ 2

)

Xo

for every s > C, which plugged in (4.29) together with the fact that

13// ~9sagld) o) dxdt<sl3// ~9sag13) 0012 dt,
OT) ><(0T)

leads to

R+ I0) £ C |92 00s0ghie o

2 +0He—7/25a*g
Yo

* 2
te H81/26—4sa (5*)1/2_2/mUHX SRE //~ =950 13 )0 12 it
2 wx(0,T)

2 2
y +C H813/26—9/2sa§13/2g¢H
2

402 // o e~ 18sectlsa” €301 412 10 s (4.30)
’'x

for every s > C.

To end this section of the proof, we will combine (4.30) with a Carleman inequality
for ¢. This will allow us to add the term with ¢ in the left hand side of (4.21). Namely, ¢
satisfies

Jim [ S + sV + 571 (onl + A0 de e
Q (4.31)

< C// 1259|6212 1 |oa|? + |0]?10) da dt + Cs® // e~1250¢3| 612 dz
Q wx(0,T)



4.3. CARLEMAN ESTIMATE FOR THE ADJOINT SYSTEM 89

for every s > (. This is the classical Carleman estimate for the solutions of the heat
equation with homogeneous Dirichlet boundary conditions (see, for instance, [39]). Notice
that, taking (4.22) into account, the right-hand side of (4.31) is bounded by

C“813/26_9/23&513/29¢Hj{o n %1—1(@) +8“81/26_43a*<5*)1/2—2/mUHz

4 Cs2 // ¢~ 18sat1lsa" €301 412 gy
wx(0,T)

X2

for every s > C. Thus, combining this bound with (4.30) and (4.31) we obtain

2

* 2
+ He—7/25a gd)
Yo

11(90) +I2("/)) +IS(¢) < C( H89/2e—9/25a€9/2999

) +e H81/2674sa* (5*)1/272/m0_’

Ys

+ "313/26*9/2““513/29‘?5’ 2

2
X() X2

+Cst // =913, 2dg dt + O's% // e 1Bt e0|412 4t (4.32)
wx(0,T) wx(0,T)

for every s > C.

At this point, there are a few tasks left to do. First, we need to eliminate the global
term of ¢ in the right-hand side of (4.32). This will be done combining this estimate
with a suitable Carleman estimate for o, provided that we choose the weight functions
conveniently. This will add o to the left-hand side and a local term of ¢ to the right-hand
side that also needs to be eliminated. Normally, we would try to use again the coupling
of o with the other equations. However, this will make appear the pressure term of the
equation of ¢, or again a local term of ¢3 in the equation of ¢, which we would not be
able to eliminate again. Therefore, a more careful analysis needs to be done to avoid these
issues. Details are given in the next subsection.

4.3.3 Carleman estimate for ¢ and final computations

This final part of the proof of Proposition 4.15 is divided in three steps. In the first
one, we look for an equation of ¢ which does not contain neither 7, nor ¢3. Then, we
show a suitable Carleman inequality for o based on this expression. Finally, we eliminate
the local terms of ¢ and conclude.

Operator for o

Let us look at system (4.20) in the set O x (0,T). All the following computations will
be seen in this set. Since Am, = V - g%, we find

—(Aps); — A’z = Ag§ — 83V - g7 + Adfy.
In the previous section, we found the equation satisfied by A (see (4.28))
(Ats); — A%py = Agy — 93V - g¥ + Do

Here, we recall the notation used in (4.9), D := 97 + 0. Combining these expressions, we
can easily find the following relation between ¢3 and o :

Pos = (AgE) — A28 — (3V - g)¢ + A(03V - g%) + Agy — 03V - g¥ + Do,

where we have denoted P = —AJ? + A3 (recall again (4.9)).
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Finally, we apply this operator to the equation satisfied by ¢ and, combined with the
last expression, we obtain

—(Pe+ AP)¢ =(Agf)e — A%g5 — 05V - gf + A(05V - %) + Agy — 83V - g¥

(4.33)
+Pg? — Ag] — A’¢° + Do,

where we have used the equation satisfied by o to find Po = —Agf — AZg°.
The idea now is to prove a Carleman estimate for o with a local term of Do and
use (4.33) to eliminate it.

Carleman estimate for Do

Here, we follow the ideas developed for the Stokes system in [23] (see also [7] and [9]),
thus for simplicity we omit some detail of the computations. We start by applying VVD
to the equation satisfied by o. We have

(VVDo), — A(VVDo) = VVDg?, in Q.

We apply sequentially to this equation :
— Lemma 4.10 with u = VV Do,
— Lemma 4.12 with K =1 and u = VDo,
— Lemma 4.12 with £ = 3 and v = Do,
and

/ 0% de < c/ Do? da, (4.34)
Q Q

for some C' depending on 2 (this last inequality holds since €2 is bounded and olo0 = 0).
Therefore, we obtain

(o) = //Q =550 (s 1 VD)2 4 56[V2Do|? + s363|VDo|? + 5765 Do|?)da dt
+ 87 // e85 ()5 |o|Pdx dt < Cs™2 // e 82|V Dg? P da dt
Q Q

2
H1/4,1/2(2)

2

+Cs1/2 He—4sa* (5*)1/4V2D0H +Os /2 He—4sa* (g*)_1/4+1/mV2D0‘

+ C// e (s¢[V2Dol? + $°€* |V Do|? + 5°¢° Do) da dt.
wo % (0,T)
(4.35)

It is not hard to prove that, considering a cut-off function supported in w’ (recall that wy €
w' €@ wNO); integration by parts and Young’s inequality, we can estimate the local terms
in the last inequality by

1~
—Ii(0) + Cs° // e 8565 Do |2 dz dt. (4.36)
2 w’x(0,T)

To estimate the boundary terms, we use regularity results for the heat equation. We

start by defining
5= 83/26—45(1* (§*>3/2—1/m0,.

It is not difficult to check that ¢ satisfies the heat equation

G — AG = 53/2674301* (5*)3/271/77190 + (83/267430/‘ (f*)3/271/m)t0 in Q,
c=0 on X,
a(0)=0 on Q.

L2(%)
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From regularity result (4.16) and (4.12), we obtain

H&H?}(l <C <HS3/2€—4SQ* (é*)S/Z—l/ng’ io n H85/26—4sa* (5*)5/20‘

2
Xo/)

Applying successively regularity result (4.17), taking into account (4.12), we can prove
the general formula

HSE’)/2—n€—4sa* (é—*)B/Z—ﬂ—n/mU’

2 n—1 . )
T <O [t gy mge |
bk k(4.37)
2

+C HS5/26—4sa* (5*)5/20’

)

Xo
forn=1,...,5. Let us call in what follows

2

n—1
oy . 3/2—k —4sa* (¢%\3/2—k—(k+1)/m o
Ralg >-—]§Hs () imge|

Using a trace inequality (see, for instance, [66]) we have

2
L2(0,T;H5(Q))NH(0,T;H3(Q))

He—4sa* (5*)1/4V2D0H;/4’1/2(2) <C H6_4sm (5*)1/40’

Now, by an interpolation argument between the spaces X3 and X3, and since m > 10, we
can combine this estimate with (4.37) and write

2 2

s 1/2 Hefélsa* (5*)1/4VQDUHH1/4J/2(E) < 03*1/2R3(g") + s 1/2 H85/2674so¢* (f*)5/20‘

Xo
(4.38)

For the other boundary term, taking into account that o* and £* do not depend on =,
and (&*)~Y/4+1/™ is bounded since m > 10, we can easily obtain (see (2.24))

§1/2 H674sa* (f*)fl/“l/mVQDo‘ 2 < Cs1/2 He*A‘SO‘*VQDU‘ 2
L2(x) ~ L2(%)
—1/2 (|| 1/2,—4sa* [ px\1/2:52 —1/2_—4sa* (gx\—1/253
<Cs (Hs e (&)< v DO” 2Q) Hs e &)=V DU‘ @) (4.39)
—4sa* 72 2 -1/27,
+ He v Da] LQ(Q)) < Cs7V21(0).
Finally, notice that from (4.37), we have
5 . 2 -
Jo) =Y Hs5/2*kef4sa (g*)5/2*’<*k/ma\ < CRs(g") + CIi(0). (4.40)
k=1 k

Combining estimates (4.36), (4.38)-(4.40) in (4.35), we obtain the following Carleman
estimate for o :

Ii(o) := I(o) + J(o) < Cs2 //Q e 852 2|V Dg? |2 dx dt + CR5(g%)

+Cs® / / e85 D |? du dt,
w’x(0,T)
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for every s > C. Furthermore, by (4.12), (4.22) and (4.23), we find the more compact
form :

Ii(0) < C||e7™/2" g7

2
+Cs° / / e % Do|? dx dt, (4.41)
X4 w'x(0,T)

for every s > C. Finally, we are going to estimate the local term in (4.41) in terms of g%,
g?, g%, ¢° and a local term of ¢.

We recall the expression (4.33) for Do valid in O x (0,T") and consider a cut-off function
¢ € C§(wn O) such that ¢ =1 in w'. Recall that wy € w’' € wN O. We have the following
for the last term in (4.41) :

s // e 35 Do P dadt < s // C(z)e 85| Do |* d dt
w’%x(0,T) (wnO)x(0,T)

— / / (@)e Do ((Agf) — A%F — 95V - gf + AV - %)) dadt
(WNO) % (0,T)
-5 // C(x)e 35 Do (Agg — 05V - gw) dxdt
(WNO)x(0,T)

— 50 // C(z)e 82 DoPg? dz dt
(wNO)x(0,T")

+s // z)e 85 Da (Agt + A? ‘7) dx dt
(WNO)x (0, T)

_ —8sa¢h
s //MO)XM)C( 2)e 595 Da [P, + AP dx dt. "
42

Similarly as in Subsections 4.3.1 and 4.3.2, we need to integrate by parts in both time
and space, keeping in mind the definition of the operator P (see (4.33)). Let us call the five
integrals in (4.42) Ay,..., As, respectively. A careful analysis of each of these terms (after
integration by parts), taking into account properties (4.12), (4.22), (4.23) and Young’s
inequality, we can prove the following estimates for every s > C':

A4 < — J(0) + Cs® / / e~ 10sat8sa”¢18) 0012 (5 ¢, (4.43)
8C 0
1 5 8sa¢5 |7y |2 —7/2s0* |2
|Ag] < Yok // >’ | Do| dzvdt—i—C’He 9y, (4.44)
4] < — J(0) + C" / / e~ 10sartBsa” ¢22) 4012 4y dt, (4.45)
8C 0
1 —7/2sa* o 2
il < g5 T(0) +C e g ‘XO, (4.46)
|A5] < — 80 J(o) + Cs* / / e 1050t 80T 261412 43 ¢, (4.47)
wx(0,T)

From (4.41)-(4.47) we obtain

Ii(0) < C’( H 15/2 ,—8sa+4sa” 59 + H519/26*830‘“50‘*5119‘?“2

+ H 7/2304

* 2
+ He—7/25a g(r‘ «

4) vos® [ / oy © g Az, (449

for every s > C.
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Conclusion of the proof of (4.21)

To conclude the proof of Proposition 4.15, we go back to (4.32), which combined
with (4.48), taking into account that

8967980469 < 08156716sa+83a 5187
8136—95(1513 S 03196—16sa+8sa 522’
82367163014»8304 526 < 08266718sa+113a 530’

for every s > C and choosing ¢ small enough we finally obtain

2

2
—7/2sa*
N

2
Xy

TSRE // e=95013 10 12 dit + C's% // ¢ 18sat 110" 30| 412 gy
wx(0,T) wx(0,T)

1(9) + 1) + (6) + Ii0) < C ( [st5/2esise’ g0 g N

" H519/2678sa+4sa*£1lg¢‘ i " Heq/Qsa*ga‘
0

for every s > C', from which we readily deduce (4.21).
This concludes the proof of Proposition 4.15.

4.4 Null controllability of the linear system

In this section we deal with the null controllability of system

Lw+Vpy=f*+vl,+rey, V-w=0 inQ,
L2+ Vp = fF+wlp, V.z=0 in Q,
Lr = f"+vo 1y, in Q,
Lrq=f"+zy+rlo in Q, (4.49)
U):ZZO, T’:q:O onEa
w(0) =0, 2(T)=0, 7(0)=0, ¢T)=0 inQ.

Here, we will assume that f%, f#, f" and f? are in appropriate weighted functional spaces.
We look for controls (v, wvp), such that v;, = vy = 0, for some given 0 < ig < N, such that
the associated solution of (4.49) satisfies z(0) = 0 and ¢(0) = 0 in Q.

To do this, let us first state a Carleman inequality with weight functions not vanishing
in t = T. We introduce the following weight functions :

e2Mnlloo _ pAn() e ()
z,t) = = , T,t) = = ,
Bt = )= o
B(0) = max ) = S = (e) i mina () =
*(t) :=max f(z,t) = ——, *(t) ;= minvy(z,t) = =——,
z€Q o)™ ! zeﬁﬁy o)m
30) Bz, e2Mmllee — eAlInlloo 0 (2.0 el
t) := min B(x,t) = = , () :=maxy(z,t) = = ,
e ity W= RE (tym

where

— )y o<t<T)2,
f(t)—{ Il T/2<t<T.



CHAPITRE 4. INSENSITIZING CONTROLS WITH VANISHING COMPONENTS FOR THE
94 BOUSSINESQ SYSTEM

Lemma 4.16. Let 0 < jo < N and let g¥, g®, s and X\ be like in Proposition 4.15.
Furthermore, assume that g¥ € Yoo and g° € X4p0. Then, there exists a constant C > 0
(depending on s and \) such that every solution (v,v,¢,0) of (4.20) satisfies

* _ * 2
//Q o—25/258 (|<p|2 2+ |62 + |a\2) do dt < C( He 13/4s8" o

2

Yo

+ H6713/4sﬁ* gw %

+ H6713/4s/3* gq&’

2 *
+ H6713/4sﬁ go"
Xo

Y20

+(N - 2) // 6_13/25ﬂ*|¢j0|2d1’ dt + // e~ 13/287
wx(0,T) wx(0,T)

To prove estimate (4.50) it suffices to combine (4.21) and classical energy estimates
for the Stokes system and the heat equation satisfied by ¢, 1, ¢ and o. For simplicity, we
omit the proof. For more details on how to obtain (4.50), see [6], [7] or [49]. Notice that,
in order to obtain this more compact form, we have strongly used the property (4.22) and
the assumptions g¥ € Ya and g° € X4 (see section 4.2.1).

X40

o|*dx dt) . (4.50)

Remark 4.17. Observe that the additional assumptions on g¥ and g° are not needed to
obtain the energy estimates, but the fact that o(T) =0 and ¢(T) = 0 is essential.

Now we are ready to prove the null controllability of system (4.49). The idea is to
look for a solution in an appropriate weighted functional space. To this end, we introduce,
for 0 < ig < N, the spaces

E}{} . {(w,po,Z,phT,C],U,vO): 613/435*w c LQ(Q)N’ 613/4sﬁ*r c LQ(Q),
31581, € LAHQ)Y, v, =un =0, ¥ y1, € L2(Q),
e13/458" () T1=1/my, oy 13/4887 (4¥)=6=6/m ¢y (T) = 0
MBI ()T My @ X, BT () T g e X g(T) =0,
20/ 48" (Lw+ Vpy —vl, —ren, L*z+Vp —wlp) e L2 Q)X
BB (Lr w1y, L —zy —rlo) € LA(Q)%).

It is clear that E}{} is a Banach space endowed with its natural norm.

Remark 4.18. In particular, an element (w,po, z,p1,7,q,v,v9) € E;{} satisfies w(0) =
0, 2(0) =0, 7(0) =0, ¢(0) =0, v, = vy = 0. Moreover, since

e~ (v*)¢ s bounded (4.51)
for any a > 0 and c € R, we have that
20/1s8" ((w Nw, (w-V)z, (z-Vw, ¢Vr, w-Vr, w- Vq) e L*(Q)" 2,
All the details are given in section 4.5.
Proposition 4.19. Assume the hypothesis of Lemma 4.16 and
625/456*(fw7fz7fr,fq) e L3(Q)2N+2, (4.52)

Let also ig € {1,...,N — 1}. Then, we can find controls (v,vo) € L2(Q)N+L such that
the associated solution (w,po, z,p1,7,q,v,v9) to (4.49) belongs to EY. In particular, vy, =
vy =0 and (2(0),¢(0)) = (0,0) in Q.
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Proof. Following the arguments in [39] and [51], we introduce the space Py of functions
(@, Tipy 1, Ty @, 0) € C°(Q)*N T4 such that

Vo=V =0,

~ P =vY3s=0,¢g=0x=0,

— o(T) =4(0) =0, ¢(T) = o(0) =0,

dz = / dz =0,

/Qmp v= | mydz
V- (LY +Vry —oey) =0,
— (LY [e713/48 (Ly + Vg —oen)) s =0, k= 0,1,
~ (Lhle™ ¥ (Ly + Vmy — o en)])(0) =0, k = 0,1,
— LFe B/ Lo) 5 =0,k =0,...,3,
— LFle=13/48" £5](0) =0, k=0,...,3.
We define the bilinear form
a’(((ﬁv 77—4;77 1/}7 77—1/)7 ¢7 a—)? (907 T, ¢7 Ty, ¢7 U))

. //Q e85 + Vi, — o) - (L' + Vi, — Plo) dz dt

+ / / L2[e7 BB (Lo + Y7y — Gen)] - L4[e ¥4 (L + Vg — g ey)] da dt
Q

+ // e BB g — oy — 5 10) (LG — on — o 1p)dadt
Q

+ / / LA e 1B/45" 5] L4 e 13/45" o] da dt
Q

+ (N —2) // e85 o dadt + // e 13258 § ¢ da dt,
wx(0,T) wx(0,1)

where jo € {1,..., N — 1} \ {io} and a linear form

(G, (¢, T, Y, Ty, p,0)) 1= //Qf“’-cpda:dt—l—//@fz-zlea:dt—i-//Qf’Yj)dmdt—i-//Qfqad:vdt.

Thanks to (4.50), we have that a(-,-) : Py x Py — R is a symmetric, definite posi-
tive bilinear form on Fy. We denote by P the completion of Py for the norm induced
by a(-,-). Then, a(-,-) is well-defined, continuous and definite positive on P. Further-
more, in view of the Carleman estimate (4.50) and the assumptions (4.52), the linear
form (@, 7y, 0, 1y, ¢, 0) = (G, (@, T, Y, Ty, ¢,0)) is well-defined and continuous on P.
Hence, from Lax-Milgram’s lemma, we deduce that the variational problem :

{ Find (@, 7y, 1, Ty, ¢,6) € P such that
CL((QZ, 77@7¢77~Tw,¢75)7 (3077rtp7w77r1/17¢70—)) = <G7 (@7W¢7¢7W¢7¢7 U)> V(LP,W¢,1/),W¢,¢, U) € P7

o (4.53)
possesses exactly one solution (@, Ty, ¥, Ty, ¢,0).

Let ¥ and 9y be given by

Uj, == —(N — 2)6:13/285*@j011w, 1, =0,75#jo, inQ, (4.54)

Do = —e 13/2567 g1 in Q. '
It is straightforward from (4.53) and (4.54) that we have

// (11 + 2 + |7l + 1) dar
@ (4.55)

+ // 1325 (N = 2)[i2 + [f0?) d dt < +o,
wx(0,T)
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where w, z, 7 and ¢ are given by

W 1= e B (LG 4 V7, — Ylo),

= ﬁ%[e’l?’/‘“ﬁ*/(\&b + V@, —den)l,
7= e /AL g — on — T 10),

§ = L 13/*0" L5).

w

(4.56)

In particular, v € L2(Q), 1y € L?(Q).
Let us call (w, z, 7, (Y) together with some pressures (pg,p1), the (weak) solution
of (4.49) with v = ¥ and vy = vy, that is, they solve
LW+ Vpy=f*4+01,+rey, V- -w= in Q,
LZ+Vp = fP+wlp, V-z= in Q,
Lr=f"+v1ly, in @,
LG = f1+ 2y +7lo in O, (4.57)
w=z=0, r=q¢q=0 on X,
w(0)=0, 2zZ(T)=0, 70)=0, qT)=0 inQ.

The rest of the proof is devoted to prove the following exponential decay properties

813/435* (’Y*) 1— l/mw €Y, 613/4sﬁ* (7*)—6—6/771/2\ €Y

4.
613/4313*( 1-1mz e X, 613/455*(,y )~15- 15/mz e X, (4.58)

)"
which will solve the null controllability problem for system (4.49) (see Remark 4.18).

First, we will prove that (w, z, 7, q) given by (4.56) is actually the solution (in the sense
of transposition) of

e~ 13456 5 — in Q,
e BB (L) =2 V-Z=0 inQ,
© iaaopy L n 0. (4.59)
o—13/4sp* (LG =q in Q,
such that
E%)fg =0 onY, £=0,1
* \U — i =
Ly)Z(T)=0 inQ, (=01, (4.60)

(

( ,

(LYg=0 onY, k=0,...,3,

(LYGT)=0 inQ, k= 3
.54)

//Q W - e BB (Lo + Vi, — plo)da dt + //Q 7L B8 (Lo + Vg —oen)]dsdt

+// Fe 138 (L — oy — o 1) dedt + // G LA e B/ Lo] dx dt
Q Q

:// <p~(£1D—|—V;ﬁ0—F6N)d;vdt+//1/)-(£*2+Vﬁ1—@]l@)dxdt
Q Q

+// ¢£?dxdt+// o (LG — 2n — o) dudt
Q

://13 L0+ Vm, — wllo)da:dt+// (LY + Vmy —oen)dedt
Q

—l—// T (L* ¢—<pN—a]lo)dxdt+// q Lo dxdt.
Q Q
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From this last equality, we obtain for all (¥, h*, A", h9) € L?(Q)*N*2

//@~hwdzdt+// ?hzdmdt—f—// Fhrda:dt—k// ghidzdt
Q Q Q Q

. (4.61)
= // zﬁ-@wdxdt—l—// z- @dedt—l-// ?@dedt+// qP?dx dt,
Q Q Q Q
where (&%, ®% &", 7) is the solution of
6713/43,8*(1)11} — pw in Q,
L2[e713/48°p*] = h*, V.®* =0 inQ, 169
e~ 13/4sB" r — BT in Q, ( : )
LA~ 13/48" pa] = pa in Q,
such that o
L4 (e713/48° %) = 0 onY, (=01,
L5(e7B/M48°p)(0) =0 inQ, (=01, (4.63)
LF(e13/487pa) = 0 onY, k=0,...,3, '

LF(e13/48°99)(0) =0 inQ, k=0,...,3.

It is classical to show that (4.61)-(4.63) is equivalent to (4.59)-(4.60).
Next, we define the following functions :

(s pa) 1= € ()R ), frg s e () 4 o),

Observe that, from (4.52), (4.55) and (4.59), we have f7, € L?(Q)N. Then, by (4.57)
24,0 satisfies

[,*Z*,O + vp*,o _ f*Z,O . (613/4sﬁ* (’7*)73*3/711)1527 V- 2y = 0 in Q7
Zs0 =10 on X,

where the last term in the right-hand side can be written as
(€349 (7)) 5 = () (L3 )P,
where ¢k (t) denotes a generic function such that (see (4.12))
D) < C<o0, VL=0,... k. (4.64)

On the other hand, for any h € Y7 ¢ we have

// z*yo-hdxdt:// ffo-<1>dxdt—// co(t) (L)% Z - @ da dt,
Q Q" Q

where ® solves, together with some pressure 7g,

LP+Vrg=h, V- -&=0 in Q,
=0 on X,
®(0)=0 in Q.

Using (4.60), we can integrate by parts to obtain
// 2o -hdzdt = // fro- Ddedt— // £57  (Llea(t)B] + V(ea(t)ma)) dar dt
Q Q" Q
= // fZo-@dxdt — // Z - Ly (t)® + co(t)h] da dt.
Q" Q
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Notice that here we have relied on the fact that £};Z, ® and h belong to the space H.
Since
H(I)||Y2 < C”h”Yl,m

(see regularity result (4.19)), we obtain from the last equality, together with (4.64),

// o hdedt < C U o
Q

Now, let
(2*71,]?*,1) — 613/43,3* (,}/*)—575/771(27 ﬁl), ff,l — 613/435* (7*)—575/m(fz + ,&5]10)_
Similarly as before, (zy1,p«,1) satisfies

E*Z*,l + vp*’l _ f*z71 _ (613/4Sﬁ* (7*)75*5/771)252’ V- 2yl = 0 in Q’
21 =10 on X,
ze1(T) =0 in €.

Thus, for any h € Yy we get

// z*,yhd;vdt:// fflwbdxdtf// (e'3/48" (4*)=5=8/m) 2. & d: dt.
Q Q" Q

Moreover, since

// (e'3/4587 () 75=5/my) 2 d dar dt = // c1(t)® - zy 0 da dt,
Q Q
using (4.65) with ¢; (¢)® instead of h (notice that ¢i(t)® € Y1), we get the estimate
// ()P -z odedt < C U fio
Q 9

Turning back to 2,1, we get

1 hdzdt < C|||f2
//Qz’l var= Ufﬁ 12(Q)N

where we have used (4.64) and the property (y*)~5=5/™ < C(y*)=3-3/™  Taking into
account that

+ 12z @pn | 1Pllvie, VR € Yig. (4.65)

L2(QN

L2(Q)N + ||E||L2(Q)N:| HCl(t)CI)HYl,O'

+1E @] 12133

H(I>||Y1,o < CHhHYm

(see (4.18)) we obtain

// 21 hdzdt < C U
Q

Thus, we deduce that 2,1 € L?(Q)". Following the same iterative argument we can
show that e!3/458" (4*)~14=14/mG ¢ [2(Q)N.
Finally, to complete the proof of (4.58), let

(p1s) = B (1) OO/ (3 ) p i A ()OI o),
Then, (2., p1«) satisfies

L2 + Vpre = [+ (613/48’3* (’7*)7676/m)t2a Vozo=0 in@Q,
2z =0 on X,
z(T)=0 in Q.

From (4.52), (4.55), (4.59), (4.12) and z. 1 € L*(Q)", we have that the right-hand side
of this equation belongs to L2(Q)". Using the regularity result (4.18), we deduce that
zs« € Y1. Similarly, we are able to obtain the rest of the regularity properties in (4.58).
This concludes the proof of Proposition 4.19. O

fio

o T ”g”LZ(Q)N} Ihlly,, Vh € Y.
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4.5 Proof of Theorem 4.1

Recall that we deal with the following null controllability problem : to find controls (v, vp)
verifying v;, = vy = 0 such that the solution of the system

Lw~+ (w-V)w+ Vpy = f+ovl, +ren, V-w=0 inQ,

L2+ (z-VYw— (w-V)z+qVr+Vp =wlp, V-z2=0 inQ,
Lr+w-Vr = fy+ vl in Q, (4.66)
Lq—w-Vg=zy+7rle in Q, ’
w=z=0, r=q=0 on X,

w(0)=0, 2(T)=0, r0)=0, ¢T)=0 in Q,

satisfies (2(0), ¢(0)) = (0,0).

We proceed using similar arguments to those in [51] (see also [7], [35], [49] and [9]).
The null controllability result for the linear system given by Proposition 4.19 will allow us
to apply the following inverse mapping theorem (see [3]) :

Theorem 4.20. Let By and By be two Banach spaces and let A : By — Bo satisfy A €
CY(Ba; Bs). Assume that by € By, A(by) = by and that A'(b1) : By — Bs is surjective.
Then, there exists § > 0 such that, for every b’ € By satisfying ||V — ba||g, < d, there exists
a solution of the equation

Ab) =V, bebB.
Let us set the framework to apply Theorem 4.20 to the problem at hand. Let
By = E}f},
By = L2(625/4sﬁ* (0,T); L2(92)2N+2)
and the operator

A<wap07zvplaT7Q»v)v0) = (,CU) + (U) . v)w + VPO - U]]-w —TEN,
L%+ (z2-VYw — (w-V)z +qVr + Vp —wlo,
Lr+w-Vr—uvl,, L'q—w-Vqg—2zyv—11lo)

for (w,po, 2, p1,7, ¢, v,v0) € By. Here, u € L?(e2*/*87(0,T); L*(Q)) means /487y ¢
L*(Q).

It only remains to check that the operator A is of class C!(By; Bz2). To do this, we notice
that all the terms in A are linear, except for (w - V)w, (2 VYw — (w - V)z, ¢Vr, w- Vr
and w - Vq. So it will suffice to prove that the bilinear operator

((w',pg, 24, p1, 7t g0 0p), (w2, 2%, 01, r%, 6%, 0%, 08)) = (wh - V)w?

is continuous from By x By to L?(e®/487(0,T); L>(Q)N). Since Y; € L>(0,T; V), we have
that
3B ()T ey € £2(0, T H2(Q)N) N L2(0,T3 V)

for any (w, po, z,p1,7,q,v,v9) € B1. Consequently
613/45,8*(,7*)7171/77110 c L2(O7T;LOO(Q)N)

and
v(€13/4s,8* (7*)7171/mw) c LOO(O’T; LQ(Q)NXN).
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Thus, we obtain
| e13/2557 () 7222 (- )| 2 gy
< O||(e13/455 () =1=1/mypt V)elg'/“ﬁ*(7*)_1_1/mw2||L2(Q)N
< O3/ () T my ! | 20,7200 () V) [ et3/4557 (7*)_1_1/mw2||L°°(0,T;V)a
and the continuity follows since 25/4 < 13/2 and thanks to (4.51). The terms (z-V!)w, (w-

V)z are treated analogously.
Finally, we can prove in the same way that the bilinear operator

((wlvp[l)v Zl)p%z ,,,,17 qla Ula U(%)a (w27p[2)7 Z2)p%7 7"2, q2’ ,02’ Ug)) — (wl ' VTZ, wl : qu)
is continuous from By x By to L?(e2*/*5#”(0,T); L?(Q)?) just by taking into account that
o13/4s8" ((7*)_1—1/771 r, (7*)—15—15/771 q) c LOO(O’T;H(:][(Q)Q)7
for any (w7p07 zZ,p1,7,4, ’U7’U0) S Bl-

It is readily seen that A’(0) : By — By is given by

AI(())(wapUa Z,pP1,7,4, 1),1)0) = (,CUJ + VPO - U]lw —Tren, ﬁ*Z + Vpl - w]lO)
Lr—voly,, Lq—zy—rle),

for all (w, po, z,p1,7,8,v,v9) € By. It follows that this functional is surjective in view of
the null controllability result for the linear system given by Proposition 4.19.

Now, we are in condition to apply Theorem 4.20. By taking by = 0 and by = 0, it gives
the existence of § > 0 such that, if ||e®/*" (f, fo)ll2gyv+1 < 6, for some C' > 0, then we
can find (w,po, z,p1,7,q,v,v0) € By solution of (4.66). In particular, v;; = vy = 0 and
(2(0),¢(0)) = (0,0) (see Remark 4.18). Therefore, the proof of Theorem 4.1 is complete.
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Chapitre 5

On the null controllability of a
linear KAV equation in the
vanishing dispersion limit

In this chapter we improve an existent null controllability result for the linear KdV
equation with Colin-Ghidaglia boundary conditions. Furthermore, we study the uniform
controllability in the vanishing dispersion limit.
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5.1 Introduction

Let T'> 0 and @ := (0,7) x (0,1). We consider the following controlled Korteweg-de
Vries (KdV) equation posed in a finite domain :

Yt + €Yzaz — My, =0 in Q,
y‘ZZO =7, yl’\ajzl = 07 yww\w:l =0 in <O7T)7 (51)
Yt=0 = Yo in (0,1),

where € > 0 is the dispersion coefficient, M € R is the transport coefficient, yo € L?(0,1)
is the initial condition and v = v(t) stands for the control. Here and all along the chapter
we use the notation, for a given function f = f(t,x),

f|m:zg = f('vx[)) and f\t:to = f(th )

The boundary conditions in (5.1) were proposed by T. Colin and J.-M. Ghidaglia in [15]
(see also [14]) as a model for propagation of surface water waves in the situation where a
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wave maker is putting energy in a finite-length channel from the left extremity and the
right one is free.

Most results for (5.1) are related to its well-posedness of its nonlinear version, for
instance, [57, 55, 71]. As for the controllability problem, in [13] the authors considered
controls in all the boundary conditions and all the possible combinations.

Our first result states an improvement of the size of the control with respect to the
one in [50]. From this work, one can deduce that there exists v € L?(0,T) such that the
associated solution of (5.1) satisfies y;—7 = 0 and

vl 220,y < Cexp(Ce™Yllyollz2(0,1)- (5.2)
The first main result of this chapter is the following :

Theorem 5.1. Let T > 0, M € R and € > 0 be three fired real numbers. Then, for any
yo € L?(0,1), there exists a control v € L?(0,T) such that the associated solution of (5.1)
satisties y—r = 0. Furthermore, we have the estimate

o]l z2(0,7) < Cexp (0(571/2T71/2 + M2l 4 MT)) Yol 20,1y (5.3)
if M >0, and
o)l 2207y < Cexp (C(Efl/QTfl/2 + |M\1/2571/2)) ol z2(0,1)» (5.4)

if M < 0, where C > 0 is a constant independent of T, M and € and C > 0 depends at
most polynomially on e=', T~ and |M|™!.

We remark that (5.3)-(5.4) say that the size of the control is of order exp(Ce~1/2),
whereas in (5.2) is of order exp(Ce~!). This difference becomes of great importance when
one compares with a dissipation estimate for (5.1) in the limit ¢ — 0. Thus, this would be
helpful when trying to prove the uniform null controllability of (5.1) with respect to ¢, as
it is explained below.

Before stating the second main result of this chapter, let us consider the transport
equation

Yy — My, =0 in Q. (5.5)

Since (5.5) is controllable if and only if 7" > 1/| M| (see, for instance, [20, Theorem 2.6,
page 29]), with a control y,—o = v1 if M < 0 and a control y,—; = ve if M > 0.
Furthermore, the cost of null controllability is equal to zero. Indeed, the solution of (5.5)
can be brought to zero at time T just by taking v; = 0 when M < 0, and by taking vy =0
when M > 0. Thus, we should expect that the cost would decrease to zero in this case as
e — 0, or at least if the final time T is large enough. On the other hand, if 7" < 1/|M| it
is expected that the cost of the control would explode as € tends to zero.

In [43], the authors consider this problem for the classical boundary conditions

Yjz=0 = U(t)v Yz=1 = 0, Yz|z=1 = 0 in (OaT)v (56)

and in [42] with controls in all the boundary terms. We refer also to [22] and [47] for the
case of vanishing viscosity in one and arbitrary space dimension, respectively.

The strategy relies on the combination of a suitable Carleman inequality, which gives
an observability constant that explodes with ¢, with an exponential dissipation estimate
for the adjoint equation such that for T large enough counteracts the previous constant.
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It has been pointed out in [42] and [43] that such a result can only be expected for (5.1)
when M > 0 due to the asymmetric effect of the dispersion term.
In our case, the adjoint equation of (5.1) is given by

—t — EPrez + Mpy =0 in Q,
Ple=0 = 0, Px|z=0 = 0, (6w — M@)leI =0 in (0,7), (57)
Plt=T = PT in (0, 1),

with o7 € L?(0,1). Although we can obtain an optimal observability constant with respect
to € for (5.7) (given by (5.3)), we do not know how to prove an exponential dissipation
result.

However, we are able to obtain the expected result when T is small enough with respect
to 1/|M]|.

Theorem 5.2. Let M # 0. Then, there exists Ty < 1/|M| such that for every T € (0,Tp)
there exist a constant C > 0 (independent of ), g > 0 and initial conditions yo € L*(0,1)
such that, if v € L?(0,T) is a control such that the solution y of (5.1) satisfies Y= =0,
then, for every e € (0,&¢),

C
Jollz20m) 2 e (75 ) loolz2(0. 6

Furthermore, if M < 0, we can take Ty = 1/|M]|.

The rest of the chapter is organized as follows. In Section 5.2, we prove Theorem 5.1.
We prove an observability inequality for the adjoint system (5.7) and then applying the
Hilbert Uniqueness Method (HUM). The observability inequality is proved by means of
a suitable Carleman estimate. In Section 5.3, we prove Theorem 5.2. Finally, we give the
proof of the Carleman estimate in Section 5.4.

5.2 Proof of Theorem 5.1

In this section, we will prove Theorem 5.1 by applying the Hilbert Uniqueness Me-
thod (H.U.M.) (see Paragraph 1.1.1 or, for instance, [62]), that is, we prove the following
observability inequality :

||80|t:0||L2(0,1) < Cobs”Samr\x:OHLZ(O,T)- (5.9)
Here, ¢ is the solution of the adjoint equation (5.7) with o7 € L?(0,1) and Cps > 0 is a

constant independent of . Indeed, (5.9) is equivalent to prove that for every yo € L?(0,T),
there exists a control v € L?(0,T) such that Y= = 0 satisfying

Cob
vl 22001y < Zs||y0||L2(o,1) (5.10)
where y is the solution of (5.1). Thus, once an inequality like (5.9) is established, the proof
of Theorem 5.1 is finished.
The observability inequality (5.9) is proved by means of Carleman and dissipation
estimates, which are the goals of the following sections.
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5.2.1 A change of variables

A relevant system associated to (5.7) will be

7¢t - 5¢:mcx + M(bm =0 in Q7 (5 11)
¢Z|z:0 =0, ¢mz\z:0 =0, ¢|x:1 =0 in (0,7). ’
Notice that (5.11) comes from the change of variables
¢ = Epza — M. (5.12)

Furthermore, we notice that from (5.12) and the boundary conditions on z = 0 in
(5.7), for every t € (0,T) we have the following initial value ordinary differential equation

Ogw — Me tp=c"1¢ in (0,1),
Plz=0 = 0, Pr|z=0 = 0.

We can actually find an explicit formula for ¢ in terms of ¢, but we need to distinguish
the cases M > 0 and M <0 :

Case M >0
It is not difficult to show that the solution is given by

1

_ b 1/2.-1/2(,. _
cp(t,x)—gl/QMl/Q/o sinh(M*/2e™ 4 (x — s))p(t, s) ds.

Thus,

1/2
1 1 1
et ol = 51/2Ml/2</0 Sinh2<M1/26‘1/2(1—8))d5> (/0 |¢(t,s)2d8>

Taking the L?(0,1)-norm in this inequality, we get

1/2

1 1 1
/0 |t @) |? dz < 121207372 P (2M1/25_1/2) /0 |6(t, )| da. (5.13)
Moreover, since
1 X
ozt x) == / cosh(MY2e=12 (2 — 5))o(t, s) ds,
€ Jo

same computations show that

1 1 1
2 1/2_—1/2 2
/O (alti) P d < s exp (22112 /)/0 I6(t, 2)|? d. (5.14)

Using directly (5.12) and (5.13), we obtain

1 2 MY? 1
2 1/2_-1/2 2
/O [Paalt, D) o < (55 + 5o exp (21122 ))/0 16(t, 2)|? da. (5.15)
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Case M <0

In this case, ¢ is given by

_ 1 c 1/2_-1/2
P(4.2) = e | s 2w = ) (s) .

The same computations as for the case M > 0 show that

1
2 2
/0 ot )2 de < 7|M| / I6(t, )2 da, (5.16)
! 2 2
/0 oty 2)| dxg?/o I6(t, )2 da, (5.17)
and
/ |za(t, )2 dz < ( 2|M| / lp(t, z)|* de. (5.18)

5.2.2 Carleman estimates

To establish the Carleman estimate, we introduce some weight functions. Let

p(x)
t _— 5.19
ot ) = bt (5.19)
where m > 1/2 and p is a positive, strictly increasing and concave polynomial in (0, 1) of
degree 2, for example, p(x) = —x? + 4x + 1. Notice that there exist positive constants Cp
and C that do not depend on 1" such that
Co<T?a, Chra<ay<Cia, Coa<—ay <Cia, (5.20)
and
|Oét| + |Clxt| + ‘Oé:mt| S ClTClirl/m, |Cltt| S C’1T2a1+2/m7 (521)

for every (t,z) € (. This kind of weights has been introduced in [39] and widely used in
the literature (in particular, in [42, 43, 50]).

We now are in position to present our Carleman inequality whose proof is given at the
end of the chapter (section 5.4)

Proposition 5.3. Let &, T > 0, M € R and m = 1/2. There exists a positive constant C
independent of T, ¢ and M such that, for any solution ¢ of (5.11), we have

T
//Q e 25 (s5a5|¢|2 + 5303 |? + soz|¢>m|2) dx dt < 085/0 e_gsalwzoafx:0|¢‘zzo|2 dt,

(5.22)
for all s > C(T + e~121/2 |M|1/25‘1/2T),

Furthermore, we can deduce from Proposition 5.3 and (5.13)-(5.18) a Carleman esti-
mate for the solutions of (5.7).

Proposition 5.4. Lete, T > 0, M € R\{0} and m = 1/2. There exists a positive constant
C independent of T, ¢ and M such that, for any solution ¢ of (5.7), we have

S e (Poumalol? + Sl + s0p,—alael?) de
_ T
< Cexp (C|M|1/2€_1/2)35/ e—2sa\z:oal5mzo|(pm‘x:0|2 dt, (5.23)
0

for all s > C(T + e Y/2TY2 4 |M|Y2c71/2T) and C depends at most polynomially on e~
and |[M|™1.
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Remark 5.5. The lack of homogeneous Dirichlet condition on x = 1 plays an important
role in the choice of the power m of the weight function to prove (5.23). Indeed, a similar
inequality was proved in [50] where m > 1 was needed to estimate a trace term on x = 1.
This would imply that the cost of the control would be of order exp(Ce™1).

Here, by means of the change of variable (5.12), which satisfies ¢|,—1 = 0, we manage
to take the optimal power m = 1/2 as in [42, 435].

It would be interesting to know if a Carleman estimate can be obtained for the solutions
of (5.7) for m =1/2 and without using this change of variables.

5.2.3 Dissipation estimates

To prove (5.9), we will combine (5.22) with a dissipation estimate that we will prove in
the following. Let us observe that the usual dissipation estimate independent of ¢ can be
obtained for the solutions of (5.7) in the case M < 0. Indeed, if M < 0, we multiply (5.7)
by ¢ and integrate in (0,1). Integration by parts gives

1d [t s € s M 9
5 i 19 A+ Slrions = et da = 0,
and thus, neglecting the positive terms on the left-hand side and integrating between t;
and to we have

1 1
/0|90\t:t1|2dx§/0 |<P\t:t2|2d$a (5.24)

for every 0 < t; <ty <T.

As long as the case M > 0 is concerned, we could not come up with such an esti-
mate. We could only obtain partial results, which are included in Paragraph 5.3 below.
Nevertheless, we can prove a dissipation result similar to (5.24) for the solutions of (5.11).

More precisely, we prove

Proposition 5.6. Let M > 0 and € be two fized parameters. Then, for every pair (t1,t2)
such that 0 < t1 < to < T and every solution ¢ of (5.11) the following inequality is
satisfied

1 é 1
| 100 det [ lmpms, P do < Coxp (€Mt = 1)) [ (61 +1sppmss ) o,
(5.25)
where § € (0,1) and C > 0 is a constant independent of M, T and €.

Proof. We proceed in two steps. First, we multiply (5.11) by (2—x)¢ and integrate in (0, 1).
We obtain after some integration by parts

1d

o [oloPat® [P art Sonea P+ [ 0P dr = Ml (526)
24t Jo 2 Jo 7° 9! Pele=11" " )y — T Ple=0l - A0

Next, we take the derivative with respect to x of (5.11), multiply by @ ¢, and
proceed as before. Straightforward computations lead to

1d fLa-2)3 9e (1 9, 12
-——= | —— de+ = [ (1— d

3e 1 3M 1
_ 5/0 0o da+ = [ (1= 2)?louPda = 0. (5.27)
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Adding (5.26) and (5.27) we obtain, after neglecting the positive terms on the left-hand
side,

1d 1d

[e-aerar- 19 MO 2 < arjoy,
——— —x xT—-— [ —— T —ol”-
2dt Jo 2dt Jo 2 U0 T = PO

Now, notice that

|¢|m:O|2 < CA'||¢||%[1(07%)7

and therefore we obtain

1d ! 5 1d t(1-2)3
5 el — 5L [ ST 0 e

< 16C’M(/(]1(2—x)|¢|2da:+/01(1_236)3|¢m2dx).

Estimate (5.25) can be easily deduced by integrating in (t1,t2). O

5.2.4 Observability inequality

In this section we combine the Carleman inequality (5.22) and the dissipation esti-
mate (5.25) to finish the proof of (5.9) and therefore the proof of Theorem 5.1. Let us
separate the cases M > 0 and M < 0.

Case M >0

Notice that from (5.22) we have

37/4 1 T
/ / (|<z>|2+|¢x|2) dzdt < Cs*T ?exp (sC’/T)/ |be—ol® dt.
T/4 JO 0

From the dissipation estimate (5.25) with ¢; = 0 and integrating between 7'/4 and 37'/4
we obtain

T 1 ) 3T/ 1 )
3 | 1oumol dz < Cexp (CMT) [ [ (] + [uf?) doat
0 T/4 Jo

Combining these two inequalities and fixing s = C(T 4 &~ /2TY2 + M'/2=1/2T), we
get

1 _ T
/0 |(b|t:0|2 dz < Cexp (C’MT) exp (C(l +e 12712 M1/2571/2)) /0 |¢|gc:0|2 dt,

(5.28)
where C' depends at most polynomially on 71, M~! and e 1.
Let us now go back to ¢. From (5.12), we obtain directly ¢j,—0 = £pzz|g—o- On the
other hand, from (5.13) with ¢ = 0, we find

1 C 1
2 1/2_-1/2 2
/O |()0|t:0| dx S 51/2M3/2 eXp (CM € ) /0 |¢|t:0| dx
These two elements combined with (5.28) give (5.9) with
Cops = Cexp <C(€*1/2T*1/2 + MV2e712 4 MT))7

where ¢ depends polynomially on 77!, M~! and e. Consequently (5.3) is deduced.
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Case M <0

This case is actually simpler. From (5.22) we have
3T/4 1 T
/ / |p|? dz dt < Cexp (SC/T)/ |¢|gg:0|2 dt.
Jr/a Jo 0
It is easy to check that
1 1
/0 |¢|t:t1|2d3€ S/O |¢\t:t2‘2d$v

for every 0 < t; < t3 < T (just proceed as for (5.24)). Using this dissipation estimate
instead of (5.25) and the same arguments as for the previous case yield

! 2 c —1/2—1/2 12 120y [T 2
|pe—o|”dz < exp (C(e™ /"1 /= + |M|/7e™7/7) |P|o—ol” dt.
0 T 0
We recover ¢ same as before from (5.16) instead of (5.13) and obtain (5.9) with
Cops = Cexp (C’(e‘l/QT_l/2 + |M\1/25_1/2)),

where C' depends polynomially on e, |[M|~! and 7!, This gives (5.4)
This completes the proof of Theorem 5.1.

5.3 Proof of Theorem 5.2

The proof of Theorem 5.2 relies on finding a particular solution @ of (5.7) such that
|Pazjz=0llL2(0,r) decays exponentially as e — 0% and [|§j,—o2(0,1) behaves like a constant
in . The proof we perform here is inspired by [43, Theorem 1.4]. The main difference
is the boundary condition on & = 1 which is not homogeneous. When M < 0, we will
see that no major changes are needed to be made with respect to [43]. However, the case
M > 0 is more challenging since we do not have a good dissipation estimate. This is the
reason why we will need T" to be sufficiently small.

5.3.1 Case M <0

In this case, we can look at (5.7) as

—$t — EPrzr — |M|$0m =0 in Q,
Plz=0 = 0, Pr|z=0 = 0, (89026:5 + |M|90)\$:1 =0 in <0?T)’ (529)
Pit=T = $T in (07 1)'

First, notice that we have the dissipation estimate (see (5.24))
o=t lz2(0,1) < llPt=tallL20,1) for every 0 <ty <t <T. (5.30)
Now, we choose R > 0 such that
0<7R<1—-|MIT, (5.31)
and a non-negative function ¢r € C§°(0,1) such that

Supp(pr) C (1 -2R,1-R) and | @r|r200,1) = 1- (5.32)
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Let @ be the solution of (5.29) associated to @7 as initial condition. We will prove that

1Be=ollz2(0,1) = ¢ >0 (5.33)
and
N R3/2 R
|Peele=ollz2(0,r) < C(e)exp | — 22T @7l 220,15 (5.34)

where C(g) > 0 depends on £~ at most polynomially.

Let us explain how (5.33) and (5.34) allow us to conclude Theorem 5.2. Let v € L*(0,T)
be a control which drives the solution y of (5.1) from yo to 0 (we know such a v exists by
Theorem 5.1 and [50]). We multiply (5.1) by ¢ and integrate by parts to get

1 T
7/0 Yo 95|t:0 doe = 6/0 v @xaj|x:0 dt < E||’U||LQ(0,T)||9/0\awt\ac:0||L2(O,T)-

Setting yo := —@|—o and using (5.32), (5.33) and (5.34) in this last inequality we ob-
tain (5.8).

Proof of (5.33). Let us define (¢, z) := ¢r(z + |[M|(T —t)) in Q. It follows from (5.31)
and (5.32) that 6(t,-) € C3°(0,1) for all ¢ € [0,T].
We multiply (5.29) by 6 and after integration by parts we obtain

1 1
From (5.30) with t; = T, we find

181l 2(q) < T21@7ll 20,1

On the other hand, from the definition of 0, (5.31) and (5.32), it is easy to see that

10)i=0ll2(0,1) = 1871l 20,1

and
||9:E:m||L2(Q) < T1/2R1/2||@/7/“/HL°°(0,1)~

Using these elements in (5.35), together with Young’s inequality, we obtain (5.33) for
¢ small enough depending on 7" and R. 0

Proof of (5.34). The objective is to prove that
R3/2
||<P||L2(0,T;H3(0,R)) < C(e)exp {— W] ||90THL2(0,1)7 (5.36)
from where (5.34) will readily follow. This is done by proving the estimate

3/2

I8 z0sm < Cexp | = gz | I8rlzzo, (5.37)

and then applying an internal regularity result proved in [43] to conclude.
We consider a cut-off function v € C*°(RR) such that

v>0, 7 <0, y=1in(-00,1-3R), v=0in (1-2R,+0). (5.38)
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Now we proceed as usual. We set S(t,z) := —|M|(T —t) — x and multiply (5.29)
by v(—B)e"™®@, where r > 0 is to be chosen later on. We perform several integrations
by parts, but observe that from (5.31) and (5.38), we have that v(—p(t,x)) = 0 for all
(t,x) € [0,T] x [1 — 2R, 1], so there are no boundary terms. We get, after neglecting the
positive terms,

e [ eaearar— T [ petipta

1—-2R—|M|(T—t)

< eCr) (1Y loo + 17" ]lo0 + ||7"'Hoo)/ ¢’ @ de,
1-3R—|M|(T—t)

where C(r) is a polynomial function of degree 2 in r and we have used (5.38) to restrict
the limits in the integral. Multiplying by exp (—er®(T —t)) and using that /3 is decreasing,
we have

:f(exp(er( —1)) /’y T’8|g0|2dm>

1
< eC(r)exp (—er¥(T —t) + r(3R — 1))/0 152 da.

DO =

By (5.30), we obtain

1d

55 (ew(—er@=0) [H-peiear) < cCt) e (raR-1) [ Ipra.

Integrating in (¢,7"), we get :
/ Y(=B)e"P|p|? dz < eC(r)T exp (er¥(T —t) + (3R — 1)) / |7 de,
where we have used the fact that vy(s)@r(s) =0 for all s € R.

Now, notice that v(—3(t,z)) = 1 for all (¢,z) € [0,T] x [0, 3R] thanks to (5.31), so we
have

3R 1
exp (— r(|M|(T —t)) / 132 dz < eC(r) exp (er*(T — t) — (1 — 6R))) / 67| d,
0 0
and thus
3R 1
/ |@|2dx < eC(r)exp (87‘3T—’I“(1 — |M|T—6R)))/ |@T|2dx.
0 0

Again from (5.31), we obtain

3R 1
/ |32 dz < eC(r) exp (€T3T — Rr)) / |r|? da.
0 0

We finish the proof of (5.37) by choosing r > 0 such that it minimises the expression
inside the exponential, that is.
R1/2
= 31/2.1/271/2°
To prove (5.36), we will use the following lemma, which corresponds to Proposition 3.3
in [43]
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Lemma 5.7. Let ¢ € (0,1] and M € R. Consider a solution w of

— Wy — EWgqgy + Mwy, =0 n Q,
Wizg=0 = 07 Wg|z=0 = 07 Wig=1 = u(t) in (07T)7 (539)
W=7 = WT in (0,1),

for some v € L2(0,T) and wy € H?>(0,1)N HZ(0,1). Then, w € L*(0,T; H*(0,1/2)), with
the estimate

lwll L2(0.7:14(0,1/2)) < C(&)(lwrll g3 0,1) + llullL20,7)) (5.40)
for some constant C(e) depending at most polynomially in 1/e and |M]|.

Let w := Q25 and apply Lemma 5.7 with (0,2R) and (0, R) instead of (0,1) and
(0,1/2), respectively. Notice that with this setting we have wr = 0 and v = P|,—9r €
L%*(0,T). Thus, from (5.40) we have

@I 2(0,7;14(0,R)) < C(EIPellL2(0,7:22(0,2R))- (5.41)

Now, we estimate the term in the right-hand side in a slightly larger interval. To do
this, we multiply (5.29) by (3R — x)3% and integrate in (0,3R). We obtain

1d /3R ~ 9c [3R ~
—f—/o (3R—x)3|¢\2dx+?/o (3R — x)%|p,|* dz

2dt
3R 3| M 3R
:35/ |¢|2dx—|—|2/ (3R — z)?|3)* d.
0 0

Since g7 = 0 in (0,3R), we get by integrating between ¢ and T

~ c .
I(BR = )@zllr2(0,1:02(03R)) < m”‘PHLz(O,T;L%O,SR))- (5.42)

Combining this with (5.41) and (5.37), we obtain (5.36).

5.3.2 Case M >0

In this case, we no longer have the dissipation estimate (5.30). However, we will prove

that
2

M-T ! —rz
5oy }/0 e " |or|? d. (5.43)

1
/ " MT==2)|5(1)|? dz < exp [55T7"3 +
0
for every t € (0,7) and r > 0.

Proof of (5.43). Inspired by [43, section 3.2], we multiply now (5.7) by €"p, where 3(t, x) :=
(M(T —t) — z) and r is a positive parameter to be chosen later, and integrate in space :

1 1 1 ae
—f/ erﬁat\cp|2dx—5/ erﬂcpzmgodx—l——/ €T581|<p|2d$:0.
2 Jo 0 2 Jo

We integrate by parts :

1d gt rM 1 e (1
_ia/o erﬁ|(p|2d$—7/0 erﬁ’@|2dﬁl?+§/0 erﬂax|¢$‘2dm

1 rM 1 M
. Er/o erﬁgomcpd:v _ €€T6|I:180xx\z:1@\m:1 + 7/0 erﬁ\<p|2 dz + ?Jﬁuzl |¢‘Z:1‘2 =0.
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Using My|,—1 = EQrr|p=1, WE get after some integration by parts

1d b, M 3er 1 £
_Z Blol2de — L erBazt|p |2 / Bl 12de 4 CeBla=t|p |2
3 41 2
er er
= [ el dr — ety P — e et gy = 0
Rearranging :
1d [t erd 1 3er 1 €
- 5&/0 el do - 7/0 il do + 7/0 Lol dz + 5" puem

M er?
= Eerﬁ‘zzl\@\xzﬂz + 7€T/B":1 |la=1]? + 57“€T/B‘”’:180x|m:190\x:1'

We estimate the three terms in the right-hand side :

2
- € - 2, &r - 2
ETeTﬁlgC*lSOx\z:l%x:l < ierﬁ\zfl‘(pxlzzﬂ + 5 eT’8|z*1|90|x:1|

1 1
er?elPle=1 |80\x:1|2 = 67"2/0 ePle=19,|p|* da = 25r2/0 ePle=1pp, dr

1 1 1 1
< 25r2/ Pl pe] dz < 267’3/ ePlol? dz + 567‘/ Pt da
0 0 0

M M 1 1
Sl = 5 [ etadelde = M [ efiepp,do

1 M2 1 1
<M [ plpalde < [ PP drer [ oo do
0 der Jo 0

We get
1d

1 1 M2 1
_ld Bl de — = (5273 + 21 / 8112 da < 0.
2dt/0 e’ lp|* dx 2(587‘ + QET) ; elpl*dx <0

Using Gronwall’s Lemma, we obtain :

1
/O GT(M(T_tl)_$)|90\t:t1’2 dz

M?(ty —t L
< exp {55(1&2 —t)rd + M} / er(M(T_tQ)_$)|<p|t:t | dz, (5.44)
2er 0 2

for every 0 < ¢1 <ty < T. In particular, taking to = T in (5.44), we obtain (5.43).
O

We fix Ty < 1/M and, as before, we choose R > 0 (which will also remain fixed) such
that
0<6R<1- MTp. (5.45)

Notice that (5.45) is still true for any 7' < Ty. We consider a non-negative function
Pr € C5°(0,1) such that

Supp(¢r) C (5R,6R) and  [|¢rlp2(0,1) = 1. (5.46)
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Let ¢ be the solution of (5.7) associated to @ as initial condition. We will be able to

prove that
_ 5R3/? _
|Paaje=ollr2(0,r) < Cle) exp | — T4 212712 @7l 220,15 (5.47)

where C(g) > 0 depends on e~ ! at most polynomially and T is small enough with respect
to R and M, but independent of e.
We will also prove
|Pje=oll2(0,1) = ¢ > 0, (5.48)

which in this case will be a consequence of (5.47). Once (5.47) and (5.48) are proved, we
can conclude as in the previous paragraph.

Proof of (5.47). Since Lemma 5.7 and (5.42) are still valid, it is sufficient to prove

_ PR,
||<P(t>||L2(0,3R) <C(e)exp | — 144 1/2T1/2 HSOT||L2(0,1)- (5.49)
We redefine the cut-off function v € C*°(RR) such that
v>0, 7 <0, y=1in(-00,4R), ~=0in (5R,+0). (5.50)

Now we proceed as before by setting 5(¢,x) := M (T — t) — x and multiplying (5.7)
by 'y(fﬂ)erﬁ @, where r > 0 is to be chosen later on. We perform the same computations
as before, but observe that from (5.45) and (5.50), we have that y(—/(t,z)) = 0 for all
(t,x) € [0,T] x [MT + 5R, 1], so there are no boundary terms. We get, after neglecting
the positive terms,

1d ! erd 1
_ - _ rB15|2 < . B ~2
531 | B IpRdr = T [ (=p)e o da
5R+M(T—t)

<eC(r) (1N llos + 17" los + ||’Y'”Hoo)/ ¢’ |pPda,
4R+M (T—t)

where C(r) is a polynomial function of degree 2 in r and we have used (5.50) to restrict
the limits in the integral. By (5.43) and multiplying by exp ( —er3(T — t)) we obtain

— (e (=@ =) [ 2(-p)e gl a)

M2Tq [6F
< eC(r)exp (— 5rR) exp [55T7"3 + = } /5R |pr|? da,

and we can integrate in (¢,7) :
1 M?2T 1
/ v(=B)e"? 13> dz < eC(r)T exp (er3(T — t) — 5rR) exp {55T7"3 + T} / |or|? da,
0 r4Jo

where we have used the fact that vy(s)@r(s) =0 for all s € R.
Now, notice that v(—g(t,z)) = 1 for all (t,z) € [0,T] x [0,3R], so we have

3R
exp (r(M(T =1) [ 5 do

<eC(r)exp (er’(T —t) — 2rR)) exp {55T7“ + 5 } / |or|” dz,
r 0
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and thus
3R M?T
/ |§|? d < eC(r) exp [GETTS +
0 2er

1
—27"R}/0 |pr|* da.

Here, we need to take 7' < CoR/M, where Cy < 1/+/3. Notice that this condition
is independent with respect to . To fix ideas, we take Cy = 1/2. With this choice, the
previous estimate becomes

2
Tr

3R ) 1
/ |§]>dx < eC(r) exp [6€T7"‘3 + - QTR} / |pr|? da.
0 0

Now we take r > 0 to be
R1/2
"= ganrie

With this choice of r, we find that

3R R¥? 6 3 2] [
~12 ~ 12
/0 |p)*dz < Cexp {761/2111/2 (ﬁ + 3 g)} /0 |pr|* dz,

which gives (5.49). O

Proof of (5.48). The proof of (5.48) follows a different approach with respect to the proof
of (5.33), since we do not have a good dissipation for (5.7) and therefore we cannot treat
the last term in (5.35). Here, we use the boundary condition on the right of (5.7) to our
advantage.

We integrate (5.7) with respect to z :

d /1
—&/ Pdx + ePpgle—o =0 for every t € (0,T).
0

Now, we integrate between 0 and 7" :

1 1 T
/ Plt=0 dr = / YT dx — 6/ Prz|z=0 dt.
0 0 0

By (5.47) and (5.46), we find that

1 1 12 5R3/2
/0 D=0 dz > /0 $rdx —eC(e)T/" exp [_ 1442712 |
from where, taking ¢ small enough, and together with
1 -~ o~
/0 Pli=0 dz < ||Pji=ollz2(0,1)
we obtain (5.48). O

The proof of Theorem 5.2 is complete.
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5.4 Proof of Proposition 5.3

We now follow the steps of [42] and [43]. Let ¢ := e **¢. Using equation (5.11), we
get
L1y + Lotp = L,

where we have denoted
Llw = qubz:m: + ¢t + 35320427/}1’ - M¢z7

Loy := (533045’5 + sayp — Msag)y + 3e$0pp 0y + 365000y

and
L3y .= —3632azamw.

Notice that we have the following boundary values for 1 :

Yz=1 =0 (5.51)
Vojp—0 = — S0 |z=0Y|z=0 (5.52)
¢mw|x:0 = (8204;25 - Sam)\x:ow\m:o (5.53)
Taking the L?-norm we have
L1172y + Lol 22 () + 2(La%, La)) 2y = I L3t Z2()- (5.54)

In the following, our efforts will be devoted to computing the double product in the
previous equation. Let us denote by (L;1); the j-th term of L.

Computing ((L1¥)1, La¥)2(q)-
For the first term, we integrate by parts twice in space :

1
(L1)1, (L)1) r2q) = —5€ //Q(ss?’ozg’C + sa; — Mso )0y |0, |> da dt
—£ // (3e5® 02 0tpn + 5Qzt — M S0y ) g da dt
Q

T
—5/0 (es®a + say — M s0y) z=0V|e=0Vaa =0 dt

3
=3¢ // (3es® 02 vy + 50t — MSeryy)|[the|* da dt
Q

1 T
—55/0 (553012 +sap — Msax)|x:1|¢x|m:1|2dt

1 T
—3e243 //Q o3 |]? dzdt — 55/0 (6es® oz, + soemt)‘zzow‘zzoﬁ dt
1T 53 2
+§8/0 (es”ay + sa — Msa)jp—o|Va|p=ol” d

T
+€/0 (Bes®a2auy + saat — M s055) 2=V |2=0Va |20 At

T
—5/0 (es3a + say — M sag) jp=0V|p=0Vzz|p=0 At
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Using the properties (5.20), (5.21), (5.52) and (5.53), we obtain
9
(L, (Lov))saq) = 526" [[ odanefunf? dwat = Cs(T + MIT?) [ 0¥ dr
28° [T 4 2 2y [T 3 2 2 32 50,112
_. 5/0 03 oo |2 dt — Ces(T + |M|T )/0 03 1 apps |2 dt — CE26°T //Qa [ da dt
T
- 06(685 +es'T + 3(T + eT? + |M|T?) + s*(T% + |M|T3) + 8T3) /0 al“r’$:0|w‘x:0\2 dt.

We integrate by parts again in space in the second term, and using the boundary values
for ¢y ),—o and Yypp— :

T
((Lﬂ/})la (L2¢)2)L2(Q) = -3’5 //Q amx|wmm‘2d$ dt+3525/0 a$$|m:1¢x\x:1¢xx\x:1 dt
9 T
—3e 3/0 azz|z:0wm|x:0wmm|z:0 dt
2 2 1 2 T 2
> —3¢ s// Q| Vg |* d dt — 3¢ s/ U |p=1|Vaz|p=1]" dt
Q 0
2 2 T 4 32 r 5 2
— Ce%sT /0 z|a: [ Yejpr [ dt = CE2('T + &°T )/0 | Ypz=0|” dt.

Here, we have used the boundary values for 1, |,—o and 1z, |»—0, the properties in (5.20)
and Young’s inequality.

For the third term, we proceed in a similar manner :

3 3 T
((L19)1, <L2¢)3)L2(Q) = _2628//62 a:wlwa:x|2da7dt+ 5523/0 O‘w\z:ll¢xw|x:1|2dt
3, (7T 2
- 55 3/ O‘x\x:()|7>[}zz|z:0| dt
0
3 o 2 3, (T 2
> _55 S Qawx|w$z| d$dt+§ﬁ S 0 aw\z:1|w$z|x:1| dt
205, 32 [T s 2
— e+ T [ ol
Putting together these calculations, we obtain
9 93 2 2 9 5 2
(L)1, La)p2(q) > 5€s //Q Oy Ol | Vg |* da dt — € s//Q Qe | Vg |* da dit
o [T 2 28 [T 4 2
+e€ S/ Oéa;‘lelwwzlx:ﬂ dt — ¢ */ az|x:1|¢$|x=l| dt
0 2 Jo
— Ces(T + |M|T?) // P, |2 dz dt — Ce?s3T? // oS |y|? da dt
Q Q
T
— Ces(T +T? + |M|T2)/0 031 [ [2

T
— C€(€s5 + 8T + 3(T 4 eT? + |M|T?) + s*T(T + |M|T?) + STS) / a|5I:0|z/J‘Z:0\2 dt.
0
(5.55)

Computing ((L1v)2, L2t)) r2(q)-
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For the first term, we integrate by parts in time :
(L1¥)2, (Lo¥)1)r2(q) = —% / Q(Sasgaiam + sy — Msagy)||? dz dt
> —C(es® + s(T + |M|T2))T//Q oS |y|? dz dt.
The second terms gives :
(L1, (Law))iag) = 3es [ /Q Qratbytiy da dt.
In the third term, we integrate by parts first in space and then in time. We obtain
(Lo, (Latizig) = =5 [ awdihiuf? dwat = 3es [ onetuisdra
T
- 368/0 Uz |o=0Yz|z=0t|z=0 At

3
= —¢s // a$t|wx\2dx dt — 3es // Qg tPy da dt
2 Q Q

— 3es? / g |2=0 Ot |2 =0 | V)= o dt
> 355// amwmz/}tdxdt—CSST// 3|1/1x|2
CESQT2/ Oé|m:o|w|a::0| dt,
0

where we have used the boundary value (5.52).
Putting together this inequalities, we have

(L1, Loz = ~Ces” +5(T + [MIT)T [[ ollof azar

. (5.56)
— CesT //Q 3| — 0682T2/0 afx:o|¢|z:0|2 dt.

Computing ((L1%)3, La¥)2(q)-
We integrate by parts in space and the properties (5.20)-(5.21) to treat the first term :

((Llw 3, (L2¥)1) 12
= —78 // 1555 at 2Ol + 653 pagpay + 35302 SOyt — 9Ms3oziam)|1/1|2dxdt

- 75/ (3es°a’ + 3s5°a2ay + 3Ms3a )|x 0l Y)a= ol? dt
> 5005 s // a5|1/1|2dxdt—Cas3(T+|M|T2)// || da di
Q Q
T
_ Celes® + S3(T + \M|T2))/0 of ot |2 dt.
The second term simply gives :

((L1t)s, (Law)2)r2(q) = 9¢°s //Q 2 g |t |? da dt.
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As for the third term, we integrate by parts in space once and use the boundary
value (5.52). We obtain :

T
(L1¥)3, (L2¥)3)r2(q) = —*5 s // 02 0|z | dxdt+ 5 /0 ai\x:ﬂ%m:ﬂ?dt
*96253 Ta3 K% |2 dt
9 0 z|z=01%T|x=0
27 9, T
2 3// 2 Q|| da dt + 26 s / ai\z:ﬂd)x@:ﬂzdt
0

9
55255/ x|$:0|w|x:0|2 dt.
0

Putting together these estimates, we get :
9
(L1)3, Law) gy > — 55253 //Q aiam|wz|2dxdt+ Coe? 5// oS ||? da dt
995 (T 3 2 3 2 507,12
e / 03 1| tha g [2 At — Cs®(T + | M|T )// |2 de dt
0 J/Q

T
— Ce(es® + S4(T + |M|T?)) /0 af,_oltjeol? dt.
(5.57)

Computing ((L1v)s, L2tp) r2(@)-
For the first term, we integrate by parts in space :

M
(L1d)a, (L)1) r2) = /62(3583042%3: + st — Msagg)[¢? dedt

M T s 2
+ ?/0 (es”ay + say — Msay) |jp—o|jz—o|~ dt

> —C(es® + s(T + | M|T?))| M|T? //Q o[ da dt
~ Cles® 4 5(T + MIT DM [ af_gfetal .
The second term gives directly :
(L1)s, (Lavp)2) r2(q) > —C|M|esT? //Q o[, |? dz dt.

The third and final term gives, after integration by parts :

3 3 T
(L1tp)as (Low)3)r2(q) =sMes || augltpe* dudt — SMes | ogjpei [(g)pm [ dt
2 Q 2 0
+ §M€5/0 ax\z:()lw:v|x:0| dt
T
> —C|M|esT? //Q a3|wx|2dxdt—C|M|esT2/0 gy [V | A

T
— C|M|esPT? /0 of_oltol? dt.
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Putting together these expressions, we obtain :

((L19)s, Lo r2(q) > —Cles® + s(T + |[M|T?))|M|T? // P da dt
Q
T
— C|M|esT? //Q a3|wm|2dxdt—C|M|esT2/0 03 1 [tha o |2t
T
—O(es® + s(T + \M|T2))|M|T2/O oF ol Wm0l dt.
(5.58)

The entire product (L1%, Lat)2(q).-
Adding inequalities (5.55)-(5.58), we find four positive terms, namely :

1
A = 15 0e?s0 // Al dedt, A= 200828 // |y |? da dt,
2 Q 2 Q

T T
2 2 2 2
As = de 33/0 0% e Pdt, Agi=e 3/0 e [V o [2 .

In the following, we explain how to estimate the nonpositive integrals coming from the
addition of (5.55)-(5.58) in terms of A;.

Let us start with the terms concerning |¢|? in . We can easily check that they can
all be bounded by

C(s3(eT 4 2T? + |M|eT?) + s(T? + |M|T? + |M|*T")) //Q o°|Y)? dz dt,

which by taking s > C(T 4 T%2~1/2 4 |M|'/2¢=1/2T) can be absorbed by A;.
The integral of |7v/}x|z:1|27 can be bounded by

T
Cas(T+eT2+|M|T2)/O 3 ey [V | L.

Taking s > C(T + T2 Y/2 4 |M|'/2=1/2T), this term can be absorbed by As.
Furthermore, taking s > C(T 4 T/2¢~Y/2 4 |M|"/2¢=1/2T)) shows that all the integrals
concerning |1/J|x:0|2 can be estimated by

T
Ce’s® /0 ol Pja=ol” dt. (5.59)

Finally, let us treat the terms containing |¢,|? in Q. They can be estimated by

Ces(T + |M|T?) // 4y |? dz dt.
Q
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Now, similarly as the previous steps, integration by parts in space shows that :
Ces(T + |M|T?) //Q 3|4 | da dt = gCes(T +M|T?) //Q(2aai + a2age) v dz dt
+ gCes(T + | M|T?) /OT fy o0/ Pla=ol|* dt — Ces(T + |M|T?) //Q PPy, do dt
— Ces(T + |M|T?) /OT o Pla=0Vr|pmo At
> —C(esTX(T + |M|T?) + /22 (T%?2 + |MP/*T?)) //Q oB |2 dz dt
— CA(TY2 4 M|V //Qa|1/1m|2dxdt

T
—Cs(sTQ(T+|M|T2)+32T(T+\M|T2))/ Py P)p=o|* dt.
0
(5.60)

Notice that here we have used (5.52) and Young’s inequality. By taking s > C(T +
e~ 1271/2 4 |M\1/25_1/2T), the first two integrals can be absorbed by A; and As, respec-
tively, and the last one can be estimated by (5.59).

Finally, all these estimations give

(L1v), Low) 2@ >Ce%s® // QP |Y|? dx dt + Ce?s // Uty |? da dt
Q Q
23 [ 3 2 2 [T 2
+¢e%s /0 gy [Vajpm |* dt + Ot s/o U lz=1|Vaz|p=1|" dt
25 [T 5 2
-2 [ o olbamoldt.

for every s > C(T 4 e~ /2172 + |M|'/2e=1/2T).
Coming back to (5.54), and together with the fact that

||L3¢||%2(Q) < CeS'T //Q P dz dt,

we obtain

T
g0 // a5|¢|2dxdt+625// a|wm|2dxdt+5233/ ai‘mzlwzuzﬂgdt
Q Q 0
2 [T 2 205 1 5 2
+ % /0 ot [ ot [P At < CEs /0 ol oltaol?dt, (5.61)

for every s > C(T + e~ V2T/2 4 | M|V/2e1/2T).

Coming back to the original variable.
Let us now go back to the original variable ¢. First, we point out that the same
computations made in (5.60), show that

e2s3 // 3, |> dx dt <Ce%s® // a5|w|2dxdt+0523// a|tpe|* dz dt
Q Q Q

T
+ 08285/0 Oéfx:o|1/f\z:o|2dta
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as long as s > CT. This means that we can add this term to the left-hand side of (5.61),
and together with ¢) = e™**¢, we have directly from (5.61) that

e2s0 // e 25°0° |2 dx dt 4 £%53 // a3|¢r\2dxdt+528// Uty |? da dt
Q Q Q
23 1 3 2 2 [T 2
+€%s /O az|;z::1|1/}x|a::1| dt+5 5/0 az|z:1|¢zx|x:1| dt

T
§C€255/0 e‘zsalz:oafmzomgpdzdt, (5.62)

for every s > C(T + e~ 12T/2 4 | M|V/2e1/2T).
Now, from ¢ = e *“¢, we find that

32675003120 — 3120312y, 4 B2 20, ¢
and taking the L?(Q)-norm, we see that we can add
253 // e 2503, | de dt
Q
to the left-hand side of (5.62). Similarly, from
12750012 — U212y 325020, b 1 253201 2ag, + 8250 202,

we can add

s // e 2500 g |* dar dt
Q

to the left-hand side of (5.62) if s > CT. Finally, using (5.51), we can add to the left-hand
side of (5.62) the respective boundary integrals and obtain

e2s® // e 25905 |p)? dr dt + 253 // e 25903, |> da dt 4 €25 // €250 e | daz dt
Q Q Q
23 [T 3 2 2. [T o 2
+e%s /0 e Ne=tag [ Gpjp= | dl + £ 5/0 e Nt gy [P fpr |7 A2
T
<0 [ et aal_lo, ot (5.69)

for every s > C(T + e~ Y/2T/2 4 |M|"/2=1/2T). The proof of Proposition 5.3 is complete.






Bibliographie

[1]

F. Alabau-Boussouira.  Controllability of cascade coupled systems of multi-
dimensional evolution PDEs by a reduced number of controls. C. R. Math. Acad.
Sci. Paris, 350(11-12) :577-582, 2012.

F. Alabau-Boussouira. Insensitizing exact controls for the scalar wave equation and
exact controllability of 2-coupled cascade systems of pde’s by a single control. Math.
Control Signals Syst., 26(1) :1-46, 2014.

V. M. Alekseev, V. M. Tikhomirov, and S. V. Fomin. Optimal control. Contempo-
rary Soviet Mathematics. Consultants Bureau, New York, 1987. Translated from the
Russian by V. M. Volosov.

C. Bardos, G. Lebeau, and J. Rauch. Sharp sufficient conditions for the observation,
control, and stabilization of waves from the boundary. SIAM J. Control Optim.,
30(5) :1024-1065, 1992.

O. Bodart and C. Fabre. Controls insensitizing the norm of the solution of a semilinear
heat equation. J. Math. Anal. Appl., 195(3) :658-683, 1995.

N. Carrefio. Local controllability of the N-dimensional Boussinesq system with NV —1
scalar controls in an arbitrary control domain. Math. Control Relat. Fields, 2(4) :361—
382, 2012.

N. Carreno and S. Guerrero. Local null controllability of the N-dimensional Navier-
Stokes system with N — 1 scalar controls in an arbitrary control domain. J. Math.
Fluid Mech., 15(1) :139-153, 2013.

N. Carreno, S. Guerrero, and M. Gueye. Insensitizing control with two vanishing com-
ponents for the three-dimensional boussinesq system. To appear in ESAIM Control
Optim. Calc. Var.

N. Carreno and M. Gueye. Insensitizing controls with one vanishing component for
the Navier-Stokes system. J. Math. Pures Appl. (9), 101(1) :27-53, 2014.

E. Cerpa. Exact controllability of a nonlinear Korteweg-de Vries equation on a critical
spatial domain. SIAM J. Control Optim., 46(3) :877-899 (electronic), 2007.

E. Cerpa. Control of a Korteweg-de Vries equation : A tutorial. Math. Control Relat.
Fields, 4(1) :45-99, 2014.

E. Cerpa and E. Crépeau. Boundary controllability for the nonlinear Korteweg-de
Vries equation on any critical domain. Ann. Inst. H. Poincaré Anal. Non Linéaire,
26(2) :457-475, 20009.

E. Cerpa, I. Rivas, and B.-Y. Zhang. Boundary controllability of the Korteweg-de
Vries equation on a bounded domain. SIAM J. Control Optim., 51(4) :2976-3010,
2013.



126

BIBLIOGRAPHIE

[14]

[15]

[29]
[30]

31]

T. Colin and J.-M. Ghidaglia. Un probleme mixte pour I’équation de Korteweg-de
Vries sur un intervalle borné. C. R. Acad. Sci. Paris Sér. I Math., 324(5) :599-603,
1997.

T. Colin and J.-M. Ghidaglia. An initial-boundary value problem for the Korteweg-de
Vries equation posed on a finite interval. Adv. Differential Equations, 6(12) :1463—
1492, 2001.

J.-M. Coron. Global asymptotic stabilization for controllable systems without drift.
Math. Control Signals Syst., 5(3) :295-312, 1992.

J.-M. Coron. Controélabilité exacte frontiere de ’équation d’Euler des fluides parfaits
incompressibles bidimensionnels. C. R. Acad. Sci. Paris Sér. I Math., 317(3) :271-
276, 1993.

J.-M. Coron. On the controllability of the 2-D incompressible Navier-Stokes equations
with the Navier slip boundary conditions. ESAIM Contréle Optim. Calc. Var., 1 :35—
75 (electronic), 1995/96.

J.-M. Coron. On the controllability of 2-D incompressible perfect fluids. J. Math.
Pures Appl. (9), 75(2) :155—-188, 1996.

J.-M. Coron. Control and nonlinearity, volume 136 of Mathematical Surveys and
Monographs. American Mathematical Society, Providence, RI, 2007.

J.-M. Coron and E. Crépeau. Exact boundary controllability of a nonlinear KdV
equation with critical lengths. J. Eur. Math. Soc. (JEMS), 6(3) :367-398, 2004.

J.-M. Coron and S. Guerrero. Singular optimal control : a linear 1-D parabolic-
hyperbolic example. Asymptot. Anal., 44(3-4) :237-257, 2005.

J.-M. Coron and S. Guerrero. Null controllability of the N-dimensional Stokes system
with N — 1 scalar controls. J. Differential Equations, 246(7) :2908-2921, 2009.

J.-M. Coron and P. Lissy. Local null controllability of the three-dimensional Navier-
Stokes system with a distributed control having two vanishing components. To appear
in Invent. Math.

L. de Teresa. Insensitizing controls for a semilinear heat equation. Comm. Partial
Differential Equations, 25(1-2) :39-72, 2000.

J. I. Diaz and A. V. Fursikov. Approximate controllability of the Stokes system on
cylinders by external unidirectional forces. J. Math. Pures Appl. (9), 76(4) :353-375,
1997.

A. Doubova, E. Fernandez-Cara, M. Gonzalez-Burgos, and E. Zuazua. On the control-
lability of parabolic systems with a nonlinear term involving the state and the gra-
dient. SIAM J. Control Optim., 41(3) :798-819, 2002.

C. Fabre. Uniqueness results for Stokes equations and their consequences in linear
and nonlinear control problems. FESAIM Contréle Optim. Calc. Var., 1 :267-302
(electronic), 1995/96.

C. Fabre, J.-P. Puel, and E. Zuazua. Approximate controllability of the semilinear
heat equation. Proc. Roy. Soc. Edinburgh Sect. A, 125(1) :31-61, 1995.

H. O. Fattorini and D. L. Russell. Exact controllability theorems for linear parabolic
equations in one space dimension. Arch. Rational Mech. Anal., 43 :272-292, 1971.

E. Ferndndez-Cara. Null controllability of the semilinear heat equation. FESAIM
Control Optim. Calc. Var., 2 :87-103 (electronic), 1997.



BIBLIOGRAPHIE 127

[32]

[40]

[41]

[42]

E. Fernandez-Cara, M. Gonzalez-Burgos, S. Guerrero, and J.-P. Puel. Null controlla-
bility of the heat equation with boundary Fourier conditions : the linear case. ESAIM
Control Optim. Calc. Var., 12(3) :442-465 (electronic), 2006.

E. Fernandez-Cara and S. Guerrero. Global Carleman inequalities for parabolic sys-
tems and applications to controllability. SIAM J. Control Optim., 45(4) :1399-1446
(electronic), 2006.

E. Fernandez-Cara, S. Guerrero, O. Y. Imanuvilov, and J.-P. Puel. Local exact
controllability of the Navier-Stokes system. J. Math. Pures Appl. (9), 83(12) :1501—
1542, 2004.

E. Fernandez-Cara, S. Guerrero, O. Y. Imanuvilov, and J.-P. Puel. Some controllabi-
lity results for the N-dimensional Navier-Stokes and Boussinesq systems with NV — 1
scalar controls. SIAM J. Control Optim., 45(1) :146-173 (electronic), 2006.

E. Fernandez-Cara and D. A. Souza. On the control of some coupled systems of the
Boussinesq kind with few controls. Math. Control Relat. Fields, 2(2) :121-140, 2012.

E. Ferndndez-Cara and E. Zuazua. Null and approximate controllability for weakly
blowing up semilinear heat equations. Ann. Inst. H. Poincaré Anal. Non Linéaire,
17(5) :583-616, 2000.

A. V. Fursikov and O. Y. Imanuilov. Exact controllability of the Navier-Stokes and
Boussinesq equations. Uspekhi Mat. Nauk, 54(3(327)) :93-146, 1999.

A. V. Fursikov and O. Y. Imanuvilov. Controllability of evolution equations, volume 34
of Lecture Notes Series. Seoul National University Research Institute of Mathematics
Global Analysis Research Center, Seoul, 1996.

A. V. Fursikov and O. Y. Imanuvilov. Local exact boundary controllability of the
Boussinesq equation. STAM J. Control Optim., 36(2) :391-421, 1998.

0. Glass. A complex-analytic approach to the problem of uniform controllability of a
transport equation in the vanishing viscosity limit. J. Funct. Anal., 258(3) :852-868,
2010.

O. Glass and S. Guerrero. Some exact controllability results for the linear KdV
equation and uniform controllability in the zero-dispersion limit. Asymptot. Anal.,
60(1-2) :61-100, 2008.

O. Glass and S. Guerrero. Uniform controllability of a transport equation in zero
diffusion-dispersion limit. Math. Models Methods Appl. Sci., 19(9) :1567-1601, 2009.

S. Guerrero. Local exact controllability to the trajectories of the Boussinesq system.
Ann. Inst. H. Poincaré Anal. Non Linéaire, 23(1) :29-61, 2006.

S. Guerrero. Controllability of systems of Stokes equations with one control force :
existence of insensitizing controls. Ann. Inst. H. Poincaré Anal. Non Linéaire,
24(6) :1029-1054, 2007.

S. Guerrero. Null controllability of some systems of two parabolic equations with one
control force. SIAM J. Control Optim., 46(2) :379-394, 2007.

S. Guerrero and G. Lebeau. Singular optimal control for a transport-diffusion equa-
tion. Comm. Partial Differential Equations, 32(10-12) :1813-1836, 2007.

M. Gueye. Controlabilité pour quelques équations aux dérivées partielles : controles
insensibilisants et contréole d’équations dégénérés. PhD thesis, Université Pierre et
Marie Curie, 2013.

M. Gueye. Insensitizing controls for the Navier-Stokes equations. Ann. Inst. H.
Poincaré Anal. Non Linéaire, 30(5) :825-844, 2013.



128

BIBLIOGRAPHIE

[50]
[51]

[52]

[53]

[65]

J.-P. Guilleron. Null controllability of a linear KdV equation on an interval with
special boundary conditions. Math. Control Signals Syst., 26(3) :375-401, 2014.

O. Y. Imanuvilov. Remarks on exact controllability for the Navier-Stokes equations.
ESAIM Control Optim. Calc. Var., 6 :39-72 (electronic), 2001.

O. Y. Imanuvilov, J. P. Puel, and M. Yamamoto. Carleman estimates for parabolic
equations with nonhomogeneous boundary conditions. Chin. Ann. Math. Ser. B,
30(4) :333-378, 20009.

O. Y. Imanuvilov and M. Yamamoto. Carleman estimate for a parabolic equation
in a Sobolev space of negative order and its applications. In Control of nonlinear
distributed parameter systems (College Station, TX, 1999), volume 218 of Lecture
Notes in Pure and Appl. Math., pages 113-137. Dekker, New York, 2001.

O. Kavian and L. de Teresa. Unique continuation principle for systems of parabolic
equations. ESAIM Control Optim. Calc. Var., 16(2) :247-274, 2010.

E. F. Kramer, I. Rivas, and B.-Y. Zhang. Well-posedness of a class of non-
homogeneous boundary value problems of the Korteweg-de Vries equation on a finite
domain. ESAIM Control Optim. Calc. Var., 19(2) :358-384, 2013.

E. F. Kramer and B.-Y. Zhang. On the change of form of long waves advancing
in a rectangular canal, and on a new type of long stationary waves. Philos. Mag.,
39 :422-443, 1895.

E. F. Kramer and B.-Y. Zhang. Nonhomogeneous boundary value problems for the
Korteweg-de Vries equation on a bounded domain. J. Syst. Sci. Complezx., 23(3) :499—
526, 2010.

O. A. Ladyzenskaja, V. A. Solonnikov, and N. N. Ural’ceva. Linear and quasilinear
equations of parabolic type. Translated from the Russian by S. Smith. Translations
of Mathematical Monographs, Vol. 23. American Mathematical Society, Providence,
R.I., 1968.

O. A. Ladyzhenskaya. The mathematical theory of viscous incompressible flow. Re-
vised English edition. Translated from the Russian by Richard A. Silverman. Gordon
and Breach Science Publishers, New York, 1963.

G. Lebeau and L. Robbiano. Controle exact de I'équation de la chaleur. Comm.
Partial Differential Equations, 20(1-2) :335-356, 1995.

J.-L. Lions. Contrélabilité exacte, perturbations et stabilisation de systémes distribués.
Tome 1, volume 8 of Recherches en Mathématiques Appliquées [Research in Applied
Mathematics]. Masson, Paris, 1988. Controlabilité exacte. [Exact controllability],
With appendices by E. Zuazua, C. Bardos, G. Lebeau and J. Rauch.

J.-L. Lions. Exact controllability, stabilization and perturbations for distributed sys-
tems. STAM Rewv., 30(1) :1-68, 1988.

J.-L. Lions. Are there connections between turbulence and controllability 7 In A. Ben-
soussan and J.-L. Lions, editors, Analysis and optimization of systems (Antibes, 1990),
volume 144 of Lecture Notes in Control and Inform. Sci. Springer-Verlag, Berlin, 1990.

J.-L. Lions. Quelques notions dans ’analyse et le contrdle de systémes a données
incompletes. In Proceedings of the XIth Congress on Differential Equations and Ap-
plications/First Congress on Applied Mathematics (Spanish) (Mdlaga, 1989), pages
43-54, Malaga, 1990. Univ. Mélaga.

J.-L. Lions. Sentinelles pour les systémes distribués a données incomplétes, volume 21
of Recherches en Mathématiques Appliquées [Research in Applied Mathematics]. Mas-
son, Paris, 1992.



BIBLIOGRAPHIE 129

[66]

[67]

78]

[79]

[80]

J.-L. Lions and E. Magenes. Problémes auz limites non homogeénes et applications.
Vol. 2. Travaux et Recherches Mathématiques, No. 18. Dunod, Paris, 1968.

J.-L. Lions and E. Zuazua. A generic uniqueness result for the Stokes system and its
control theoretical consequences. In Partial differential equations and applications,
volume 177 of Lecture Notes in Pure and Appl. Math., pages 221-235. Dekker, New
York, 1996.

P. Lissy. A link between the cost of fast controls for the 1-D heat equation and the
uniform controllability of a 1-D transport-diffusion equation. C. R. Math. Acad. Sci.
Paris, 350(11-12) :591-595, 2012.

S. Micu, J. H. Ortega, and L. de Teresa. An example of e-insensitizing controls for
the heat equation with no intersecting observation and control regions. Appl. Math.
Lett., 17(8) :927-932, 2004.

R. Pérez-Garcia. Nuevos resultados de control para algunos problemas parabdlicos
acoplados no lineales : controlabilidad y controles insensibilizantes. PhD thesis, Uni-
versity of Seville, 2004.

I. Rivas, M. Usman, and B.-Y. Zhang. Global well-posedness and asymptotic behavior
of a class of initial-boundary-value problem of the Korteweg-de Vries equation on a
finite domain. Math. Control Relat. Fields, 1(1) :61-81, 2011.

L. Rosier. Exact boundary controllability for the Korteweg-de Vries equation on a
bounded domain. ESAIM Control Optim. Calc. Var., 2 :33-55 (electronic), 1997.

L. Rosier. Control of the surface of a fluid by a wavemaker. ESAIM Control Optim.
Calc. Var., 10(3) :346-380 (electronic), 2004.

L. Rosier and B.-Y. Zhang. Control and stabilization of the Korteweg-de Vries equa-
tion : recent progresses. J. Syst. Sci. Complex., 22(4) :647-682, 2009.

J.-C. Saut and B. Scheurer. Unique continuation for some evolution equations. J.
Differential Equations, 66(1) :118-139, 1987.

R. Temam. Navier-Stokes equations. Theory and numerical analysis. North-Holland
Publishing Co., Amsterdam, 1977. Studies in Mathematics and its Applications, Vol.
2.

M. Tucsnak and G. Weiss. Observation and control for operator semigroups. Bir-
khauser Advanced Texts : Basler Lehrbiicher. [Birkhduser Advanced Texts : Basel
Textbooks]. Birkhduser Verlag, Basel, 2009.

G. B. Whitham. Linear and nonlinear waves. Wiley-Interscience [John Wiley &
Sons|, New York-London-Sydney, 1974. Pure and Applied Mathematics.

E. Zuazua. Exact boundary controllability for the semilinear wave equation. In Nonli-
near partial differential equations and their applications. Collége de France Seminar,
Vol. X (Paris, 1987-1988), volume 220 of Pitman Res. Notes Math. Ser., pages 357—
391. Longman Sci. Tech., Harlow, 1991.

E. Zuazua. Controllability and observability of partial differential equations : some
results and open problems. In Handbook of differential equations : evolutionary equa-
tions. Vol. III, Handb. Differ. Equ., pages 527-621. Elsevier/North-Holland, Amster-
dam, 2007.






Résumé

Ce travail est consacré a I’étude de quelques problémes de contrélabilité concernant
le systéeme de Navier-Stokes, le systeme de Boussinesq et I’équation de Korteweg-de Vries
(KdV). Nous avons choisi de le diviser en deux parties.

Dans la premiere et principale partie, on est concerné par la contrélabilité a zéro de
plusieurs modeles non linéaires issues de la mécanique des fluides. Plus précisément, on
s'intéresse aux contrdles ayant un nombre réduit de composantes. Tout d’abord, dans le
Chapitre 2, on obtient la contrélabilité locale a zéro du systeme de Navier-Stokes avec
controles distribués ayant une composante nulle. La nouveauté la plus importante est
I’absence de conditions géometriques sur le domaine de controle, ce qui améliore et étend
des résultats précedents. Dans le Chapitre 3, on étend ce résultat pour le systeme de Bous-
sinesq, ou le couplage avec I’équation de la température nous permet d’avoir jusqu’a deux
composantes nulles dans le contréle agissant sur I’équation du fluide. Dans le méme esprit,
le Chapitre 4 traite I’existence de controles insensibilisants pour le systeme de Boussinesq
avec des contréles et dans ’équation du fluide et dans ’équation de la température. En
particulier, on montre la contrélabilité a zéro d’un systéme en cascade issu de la refor-
mulation du probléme d’insensibilisation ot le controle dans I’équation du fluide possede
deux composantes nulles. Pour tous ces problemes, on suit une approche classique. On
établit la controlabilité a zéro du systeme linéalisé autour de 'origine par une inégalité de
Carleman appropriée pour le systeme adjoint avec des termes source. Puis, on obtient le
résultat pour le systéme non linéaire par un argument d’inversion locale.

Dans la deuxieme partie, on étudie quelques aspects de la controlabilité a zéro d’une
équation de KdV linéaire avec conditions au bord de type Colin-Ghidaglia et avec un
coefficient de dispersion qui tend vers zéro. D’une part, on obtient une estimation du coft
de la contrdlabilité & zéro de cette équation qui est optimal par rapport au coefficient
de dispersion. Ce résultat améliore les résultats précédents en ce sujet. Sa preuve repose
sur 'obtention d’une inégalité de Carleman avec un comportement optimal en temps.
D’autre part, on montre que le colit de la contrdlabilité a zéro explose exponentiellement
par rapport au coefficient de dispersion lorsque le temps de controlabilité est suffisamment
petit.

Mots-clés : Systeme de Navier-Stokes, systeme de Boussinesq, systémes non linéaires
couplés, controlabilité a zéro, contrdles insensibilisants, équation de KdV linéaire, disper-
sion évanescente, cotlit de la contrdlabilité a zéro, inégalités de Carleman.



Abstract

This work is devoted to the study of some controllability problems concerning the
Navier-Stokes system, the Boussinesq system and the Korteweg-de Vries (KdV) equation.
It is divided into two parts.

In the first and main part, we are concerned with the null controllability of several non-
linear models from fluid mechanics. More precisely, we are interested in controls having a
reduced number of components. First, in Chapter 2, we obtain the local null controllability
of the Navier-Stokes system with distributed controls having one vanishing component.
The main novelty is that no geometric condition is imposed on the control domain, which
improves and extends previous results. In Chapter 3, we extend this result for the Bous-
sinesq system, where the coupling with the temperature equation allows us to have up to
two vanishing components in the control acting on the fluid equation. In the same spirit,
Chapter 4 deals with the existence of insensitizing controls for the Boussinesq system with
controls on both the fluid and temperature equations. In particular, we prove the null
controllability of the cascade system arising from the reformulation of the insensitizing
problem where the control on the fluid equation has two vanishing components. For all
these problems, we follow a classical approach. We establish the null controllability of the
linearized system around the origin by means of a suitable Carleman inequality for the
adjoint system with source terms. Then, we obtain the result for the nonlinear system by
a local inversion argument.

In the second part, we study some null controllability aspects of a linear KdV equa-
tion with Colin-Ghidaglia boundary conditions and with a dispersion coefficient tending
to zero. On the one hand, we obtain an estimation of the cost of null controllability of this
equation which is optimal with respect to the dispersion coefficient. This result improves
previous results on this matter. Its proof relies on obtaining a Carleman estimate with an
optimal behavior in time. On the other hand, we prove that the cost of null controllability
blows up exponentially with respect to the dispersion coefficient provided that the time
of controllability is small enough.

Keywords : Navier-Stokes system, Boussinesq system, nonlinear coupled systems,
null controllability, insensitizing controls, linear KdV equation, vanishing dispersion, cost
of null controllability, Carleman estimates.



