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Stabilités de solutions régulieres pour des systemes
d’Euler-Maxwell et de Navier-Stokes-Maxwell

compressibles

RESUME

Cette these est essentiellement composée de deux parties traitant des problemes de
Cauchy ou des problemes périodiques. Dans la premiere partie, on étudie la stabilité de
solutions régulieres au voisinage d’états d’équilibre non constants pour un systeme d’Euler-
Maxwell isentropique compressible bipolaire. Par des estimations d’énergie classiques et un
argument de récurrence sur ’ordre des dérivées des solutions, on montre ’existence globale
et I'unicité des solutions régulieres du systeme lorsque les données initiales sont proches
des états d’équilibre. On obtient aussi le comportement asymptotique des solutions quand
le temps tend vers 'infini.

Dans la deuxieme partie, on considere la stabilité en temps long des solutions régulieres
de systemes d’Euler-Maxwell et de Navier-Stokes-Maxwell compressibles dans le cas non
isentropique lorsque les états d’équilibre sont constants. Grace a des choix convenables de
symétriseurs des systemes et a des estimations d’énergie, on montre 1’existence globale et
I'unicité des solutions régulieres des systemes avec données initiales petites. De plus, par
le principe de Duhamel et I'outil d’analyse de Fourier, on obtient des taux de décroissance

des solutions quand le temps tend vers I'infini.

Mots clés : Systeme d’Euler-Maxwell, systeme de Navier-Stokes-Maxwell, états d’équilibre
stationnaires, existence globale de solutions régulieres, comportement en temps long,
taux de décroissance en temps, estimations d’énergie, argument de récurrence, choix de

symétriseur, analyse de Fourier






Stabilities of smooth solutions for compressible

Euler-Maxwell and Navier-Stokes-Maxwell systems

ABSTRACT

This thesis is essentially composed of two parts dealing with Cauchy problems and
periodic problems. In the first part, we study the stability of smooth solutions near non
constant equilibrium states for a two-fluid isentropic compressible Euler-Maxwell system.
By classical energy estimates together with an induction argument on the order of the
derivatives of solutions, we prove the existence and uniqueness of global solutions to the
system when the given initial data are near the equilibrium states. We also obtain the
asymptotic behavior of solutions when the time goes to infinity.

In the second part, we consider the long time stability of the global smooth solutions
for compressible Euler-Maxwell and Navier-Stokes-Maxwell systems in non isentropic case
when the equilibrium solutions are constants. With the help of suitable choices of sym-
metrizers and energy estimates, we prove the existence and uniqueness of global solutions
to the systems with given small initial data. Furthermore, using the Duhamel principle
and the Fourier analysis tool, we obtain the decay rates of smooth solutions as the time

goes to infinity.

Keywords : Euler-Maxwell system, Navier-Stokes-Maxwell system, stationary equili-
brium states, global existence of smooth solutions, long time behavior, time decay rates,

energy estimates, induction argument, choice of symmetrizer, Fourier analysis
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Chapitre 1

Introduction

On considere les équations d’Euler et de Navier-Stokes compressibles couplées aux
équations de Maxwell. Les équations obtenues sont appelées systemes d’Euler-Maxwell et
de Navier-Stokes-Maxwell, respectivement. On les trouve notamment dans la modélisation
de plasmas ionisés, voir par exemple [8, 62]. On considere ces systemes selon les cas
isentropique ou non isentropique et unipolaire ou bipolaire. Dans le cas isentropique, les
équations d’Euler ou de Navier-Stokes sont constituées des lois de conservation de la masse
et de la quantité de mouvement. On y ajoute une équation de la conservation de 1’énergie
totale dans le cas non isentropique. Le systéme unipolaire correspond au cas habituel d'un
fluide et le systeme bipolaire concerne deux fluides des particules, qui sont typiquement
électrons et ions pour un plasma.

On étudie le probléme de Cauchy dans ’espace tout entier R? ou le probléme périodique
dans un tore T = (R/Z)3. Plus précisément, on étudie la stabilité de solutions régulieres
autour d’états d’équilibre qui sont solutions stationnaires des systemes. Il s’agit de problemes
d’existence globale et de comportement en temps long avec taux de décroissance des so-
lutions. On note que si les états d’équilibre ne sont pas constants, I'existence globale de
des solutions n’est obtenue que dans le cas périodique. Ces problemes et résultats sont

présentés dans les quatre sections suivantes.

1.1 Le systeme d'Euler-Maxwell isentropique

1.1.1 Présentation générale

Le systeme d’Euler-Maxwell bipolaire décrit des plasmas magnétisés d’électrons et

d’ions, représentés respectivement par les indices v = e et v = i. Dans le cas isentropique,
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il est composé de 1’équation de la conservation de la masse
(1.1) on” +V-(nu’)=0, v=e,Hi,
et des équations de la conservation de la quantité de mouvement

(1.2)
m,n"u” .
m, 0y (n"u”) + m,V - (n"u” @ u”) + Vp, (n”) = q,n” (E +~yu” x B) — ——— v = e, 1,
Ty
couplées avec les équations de Maxwell
{ YN0 E — V x B = —y(gen‘u® + gn'u’), NV -E =n'—n°+b(z),

(1.3)
iv(‘?tB—l—VxE:O, V.B=0.

En vue des équations de Maxwell, le systeme (1.1)-(1.3) est valable en dimension 3, et donc
pour la variable de temps ¢ > 0 et la variable d’espace x € R3. Ici, n® et u® (respectivement,
n' et u') sont la densité et la vitesse des électrons (respectivement, des ions), E et B sont

le champ électrique et le champ magnétique. Les parametres physiques sont
m, >0, A>0, 7,>0, ¢ =—1, ¢ =1.

Ils représentent la masse du particule v, la longueur de Debye, le temps de relaxation, la
charge des électrons et la charge des ions, respectivement. On a aussi la relation v = ¢ =1
ou c est la vitesse de la lumiere. La fonction de pression p, = p,(n) est supposée réguliere
et strictement croissante pour n > 0. Dans ce modele, b est une fonction donnée et on
suppose toujours que b est suffisamment réguliere et b > const. > 0.

On note que le dernier terme dans (1.2) est un terme de relaxation. Lorsque (n”,u”, E, B)

est suffisamment réguliere et n” > 0, I’équation (1.2) est équivalente a

myu”

(1.4) my o’ + my, (u” - V)u” + Vh,(n") = q, (E +yu” x B) — o v=e i,
ou h, est la fonction d’enthalpie définie par

(1.5) (1) = i, ()

En effet,

(1.6) V- (n'u” @u”) =u"V - (n"u") + n"(u” - V)u",

on obtient donc (1.4) a l'aide de (1.1).
Le systeme (1.1)-(1.3) est un modele bipolaire. Dans certains cas, on considere aussi

le modele simplifié ot les ions sont immobiles (u’ = 0) et de densité stationnaire (n* = 0).
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On obtient alors un modele unipolaire du systeme d’Euler-Maxwell pour les électrons. En

notant

n=n u=u, p=0p, M=m,, T =T, €tc.

le modele unipolaire s’écrit :

{@n—I—V-(nu):O,

matu+m(u-V)u+Vh(n):—(EﬂuxB)_@,

YNOE -V x B=~nu, MNV-E=0b-n,

—~
—_
~
~—

= e N e

(Y B+VxE=0, V-B=0.

Pour un modele simplifié de (1.7) en une dimension d’espace, Chen-Jerome-Wang [9]
ont montré l'existence globale de solutions faibles par la méthode de compacité par com-
pensation. Pour la solution réguliere du modele complet (1.7) en dimension 3, Peng-Wang
ont établi une série de résultats sur des limites singulieres lorsque des petits parametres
tendent vers zéro. Dans [57, 58], ils étudient la limite non relativiste v — 0 (i.e. ¢ — o0)
et la limite de quasi-neutralité A — 0, respectivement. Les limites de (1.7) sont le systeme
d’Euler-Poisson compressible quand ¢ — oo ou le systeme d’e-MHD quand A — 0. Une
limite combinée v = A\? — 0 et la limite de relaxation 7 — 0 sont considérées dans
[60, 61]. Le systeme d’Euler-Maxwell bipolaire (1.1)-(1.3) est visiblement plus compliqué
di aux termes de couplage. Dans [60], Peng-Wang ont établi des limites formelles de
(1.1)-(1.3) lorsque ces petits parametres tendent vers zéro. Une justification a été faite

par Yang-Wang [74] sur la limite non relativiste v — 0 pour des solutions régulieres.

Dans cette these, on s’'intéresse a l'existence et au comportement en temps long des
solutions régulieres du systeme d’Euler-Maxwell unipolaire (1.7) ou bipolaire (1.1)-(1.3).
Cette question est liée a la stabilité des solutions qui est étudiée dans un voisinage d’états
d’équilibre stationnaires avec vitesse nulle. La taille du voisinage dépend en général des
petits parametres. Pour simplifier la présentation, les petits parametres physiques sont

égales a 1, de sorte que



Ainsi, le systeme d’Euler-Maxwell isentropique bipolaire devient :

( i’ + V- (n"u”) =0,
o’ + (v’ - V)u” + Vh, (n") =q, (E+u” x B) —u",
OE —V X B=nu—n"v', V- -E=n"—n°+bz),

(1.8)

(B+VXxE=0, V-B=0.
Il est complété par une condition initiale :
(1.9) (n”,u", E, B)|i—o = (n"°,u"*, E°, BY), v =c¢,i, dans R® oudans T.

Compte tenu des contraintes différentielles des équations de Maxwell, la donnée initiale
doit vérifier la condition de compatibilité :
V-E’=n"—n?+b(z), V-B’=0.
De méme, le systeme d’Euler-Maxwell isentropique unipolaire devient :
:ratn+V(nu) =0,
b O+ (u-V)u+ Vh(n)=—(E+ux B) —u,
OF -V xB=nu, V-E=b-—n,

(1.10)

[ -

(B+VxE=0, V-B=0.
Il est complété par une condition initiale :
(1.11) (n,u, E, B)|j—o = (n°,u°, E°, B%), dans R® oudans T,
qui satisfait la condition de compatibilité :
V-E’=b-n’, V-B"=0.
Pour le systéeme unipolaire (1.10), les états d’équilibre stationnaires de vitesse nulle
(n,0, E, B) sont des solutions particulieres du systéme. Ils vérifient
Vh(n) = —E,

(1.12) VxB=0, V-E=b—n,

—_

| VxE=0, V-B=0o.
Ceci implique que B est une constante de R? et 7 satisfait une équation elliptique semi-

linéaire :
(1.13) —Ah(n) =b—n.
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Lorsque 7 est résolue, E est donné par
E = —Vh(n).

Par conséquent, (71,0, E) est une solution particuliere d'un flot potentiel stationnaire pour
des semi-conducteurs, voir [56].
On note ¢ = h(n) et ! la fonction réciproque de h. Alors, (1.13) est équivalent &

une équation elliptique semi-linéaire monotone :

—A$=b—h"Y(Q).

Dans un domaine borné, 'existence de solutions régulieres a cette équation peut étre
obtenue facilement par une méthode de minimisation ou par un théoreme de point fixe du
Schauder. L’'unicité découle de la monotonie stricte de fonction h. Pour ces résultats, nous
renvoyons a [30] avec une condition homogene de Neumann ou a [15] avec une condition de
Dirichlet, respectivement. Comme b > const. > 0, les solutions satisfont n > const. > 0.
Dans le cas périodique dans T, un tel résultat sur I'existence et 'unicité des solutions

périodiques pour (1.13) est évidente.

Proposition 1.1. Soit b une fonction réguliére périodique telle que b > const. > 0 dans
T. Alors le probléme périodique (1.12) admet une unique solution réguliére stationnaire

(n, B, B) satisfaisant i > const. > 0 dans T.

Ainsi on obtient l'existence et I'unicité d’états d’équilibre périodiques du systeme
(1.10). En particulier, si b = 1, on a7 = 1 et £ = 0. Donc, I'unique état d’équilibre
du systeme (1.10) est donnée par (7, @, F, B) = (1,0,0, B).

De méme, pour le systeme d’Euler-Maxwell isentropique bipolaire (1.8), I’état d’équilibre

stationnaire de vitesse nulle (n¢, 72,0, 0, £, B) vérifie

[ — Vh.(n%) = E = Vh(i),
(1.14) {v xB=0, V-E=n'—n+b),
\vxE=0, V.B=

Ceci implique que B est encore une constante. De plus, si on note ¢ = h.(n¢), alors

de sorte que



1.1.2

ot h;1 est la fonction réciproque de h, et C; est une constante quelconque. Par la

contrainte différentielle sur £, on obtient I’équation satisfaite par ¢ :

(1.15) A¢=h"(¢) —h7'(— ¢+ C1) — b(x).

Puisque f : ¢ — hZ1(¢) —h; ' (C) —¢) est également une fonction strictement croissante,
un résultat similaire a Proposition 1.1 est encore valable. On a donc 'existence et I'unicité
d’une solution réguliere périodique pour le probleme stationnaire (1.14).

Pour établir n* > 0 et 7° > 0, en notant by > b; > 0 étre deux constantes de sorte que

by < b(z) < by dans T. Par le principe du maximum, le solution ¢ de (1.15) satisfait
f7Hb) <o < fH(ba).
Alors,
n°=h ' () = h'(fH (b)), @' =h; ' (C1—¢) = hH(Cr— fH(ba)).
Donc, n* > 0 et n¢ > 0 sont vrai si
he'(f7H00) >0, B H(CL = f7H(be)) > 0,

ou équivalente

b1 > —h;'(Cy — he(0)), by <h,'(Cr — hi(0)).

Il est facile de voir que ces conditions sont toujours satisfaites si C; est assez grande. En
particulier, si b = 1, (n®,n’,u®, u*, E, B) = (2,1,0,0,0, B) est un état d’équilibre constant

du systeme.

Résultats existants

Les deux systemes d’Euler-Maxwell (1.8) et (1.10) sont hyperboliques symétrisables
au sens de Friedrichs et 'existence locale en temps de solutions régulieres est bien connue
grace a Kato [41]. Par ailleurs, les systemes sont partiellement dissipatifs dis aux termes de
relaxation. Cependant, ils ne vérifient pas la condition de stabilité de Shizuta-Kawashima
[64]. Donc les résultats sur 'existence globale dans [31, 76] et sur le comportement en
temps long des solutions dans [4, 2] ne s’appliquent pas a ces deux systemes.

D’autre part, il est aussi connu que la condition de stabilité de Shizuta-Kawashima
n’est pas toujours nécessaire pour l'existence globale comme des exemples 1'ont montré

dans [77, 7, 61]. La structure des systémes d’Euler-Maxwell joue donc un réle important
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dans notre étude. Lorsque les données initiales sont proches des états d’équilibre constants,
I’existence globale de solutions régulieres est obtenue pour le probleme de Cauchy dans
R3 ou pour le probléme périodique dans T. Ces résultats sont démontrés d’abord pour le

systeme unipolaire puis pour le systéeme bipolaire.

Théoréme 1.1. (Peng-Wang-Gu, 2011 [61]) Soient et s > 3 un entier, b=1 et B € R?
un vecteur donné. Si ||(n® — 1,u°, E°, B® — B)|

ms(m) est suffisamment petit, le probleme
périodique du systéme d’Euler-Mazwell unipolaire (1.10) avec (1.11) admet une solution

globale unique (n,u, £, B) satisfaisant
(n—1,u,E,B— B) € C'(R", H*"1(T)) N C(R", H*(T)).

Théoréme 1.2. (Ueda-Kawashima, 2011 [67]) Soient s > 6 un entier et b = 1. Si
[(n° — 1,u°% E°, BY)

(1.10) avec (1.11) admet une solution globale unique (n,u, E, B) satisfaisant, pour t > 0

mews) est suffisamment petit, le probleme de Cauchy du systeme

suffisamment grand

||(n_1vu7E7B)<t>|

Hs—2k(R3) S CH(HO - 1, uo, EO, BO)|

w1+ V0 <k<[s/2],
ou C > 0 est une constante indépendante du temps.

Théoréme 1.3. (Peng, 2012 [55]) Soient s > 3 un entier et B € R® un vecteur donné.
Pour @ =R3 ou Q =T, si |(n® — 1,u”®, E°, B’ — B)| s(a) est suffisamment petit pour
v =e,i, le probléme de Cauchy ou le probléme périodique du systéme bipolaire (1.8) avec

(1.9) admet une solution globale unique (n”,u”, E,B), v = e,i. Celte solution satisfait
(n” —1,u", E,B) € C'(R*,H*"H(Q)) N C(RT, H*(Q)), v=¢,i,

lim |[(nf(t) = n'(t),u” (), E(O) | grs-1¢y =0, v =e,i.

t——+oo

De plus, pour v = e, 1,

tEHloo H - LB - B)Hst‘M(H@) =0, si Q=R
et s1Q2="T et
An”o(x) dr =1, ABO(:U)dx:B, v=e,li,
alors
S| H — LB - B>‘ ooy = O
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1.1.3

Les états d’équilibre stationnaires du systeme unipolaire (1.10) sont déterminés par
Proposition 1.1. Lorsqu’ils ne sont pas constants, la stabilité de solutions a été étudiée
récemment par Peng [56]. L’existence globale de solutions réguliéres périodiques au voisi-
nage des états d’équilibre est obtenue par I'utilisation des estimations fines de I'énergie et

d’un argument de récurrence sur I'ordre des dérivées des solutions par rapport a ¢ et z.

Théoréme 1.4. (Peng, 2013 [56]) Soient s > 3 un entier et B € R® un vecteur donné.
Si ||(n® — n,u’, E° — E, B — B)|

systéme d’Euler-Mazwell isentropique unipolaire (1.10) avec (1.11) admet une solution

me(T) est suffisamment petit, le probléme périodique du

globale unique (n,u, E, B) satisfaisant

(n—n,u,E—E,B~B)e N C*(RY HF(T)).

De plus, st
ABO(x)dx = B,
alors
Jim [[] (n(t) =7, u(t), E(t) = B, B () = B) ||lu=-1r) = 0,
ot ||| -]||s est une norme plus forte que || - || gs(1), qui sera définie dans le chapitre suivant.

Résultats obtenus

Dans le chapitre 2, on étudie la stabilité de solutions du probleme périodique du
systeme d’Euler-Maxwell isentropique bipolaire (1.8). Les états d’équilibre stationnaires
sont définis dans (1.14) et sont déterminés grace a Proposition 1.1. On établit 1'existence

globale de solutions régulieres pour des données initiales proches des états d’équilibre.

Théoréme 1.5. Soient s > 3 et B € R® un vecteur donné. Alors il existe une constante

0o > 0 telle que si
[(n”® — 7", u"”®, E° — E, B® — B)|lgrs(r) < 0o, v = e,1,

le probléeme périodique du systéme bipolaire (1.8) avec (1.9) admet une solution globale
UNIGUE

(n” — 7", u’,E—E,B~B) € N C*(R*, H5T)), v=e,i.
De plus, st

v0 — =V BO — B — :
An (x)dx An (x) dx, A (x)dx , v=e,i,
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1.2

1.2.1

alors on a
(1.16) gglmm%w—ﬁ%MJﬂo—Eiﬂﬂ—Bmklzm v=e,i,

La preuve du Théoreme 1.5 repose sur des estimations d’énergie et sur un argument
de récurrence sur 'ordre des dérivés des solutions par rapport a t et x. Elle suit principa-
lement des techniques dans Peng [55] pour le systéme bipolaire et dans Peng [56] traitant
la stabilité de solutions au voisinage d'un état d’équilibre non constant du systeme uni-
polaire. On souligne que la stabilité dans le cas d’équilibre non constant est beaucoup
plus compliquée que dans le cas d’équilibre constant. Dans le cas d’équilibre constant des
équations d’Euler-Maxwell isentropique bipolaire (1.8), des estimations d’énergie clas-
siques dans l'espace de Sobolev usuel H*(R?) suffisent pour obtenir I'existence globale.
Cela n’est plus possible dans le cas d’équilibre non constant. Par exemple, si n” dépend
de z, alors 9,n” # 0,(n” —n") et J,n” nest pas un terme petit d’ordre 1, ce qui crée des
difficultés dans des estimations d’énergie d’ordre supérieur. Par ailleurs, a cause d’inter-
action des variables, le systeme bipolaire pose aussi des problemes dans des estimations
par rapport au cas du systeme unipolaire. Pour surmonter ces difficultés, des nouvelles

techniques sont nécessaires (voir Proposition 2.8).

Les systemes d'Euler-Maxwell et de Navier-Stokes-Maxwell non isentropiques

Présentation générale

Le systeme d’Euler-Maxwell non isentropique est une version généralisée du systeme
isentropique incluant les conservations des énergies totales. Dans le cas bipolaire pour les

fluides des électrons et des ions, il s’écrit :
o’ + V- (n"u”) =0,
F Oy (n"u”) + V- (n"u” @ u”) + Vp, = ¢n”(E 4+ u” x B) —n"u,
(1.17) ﬁ thy +V- (EVUV + ptu) = qynVuVE — nV|uV|2 _ (gy — e*nl/)7
I OF —V x B=n*—nu', V-E=n"—n°

(0B +VxE=0, V-B=0,

ou les inconnues sont, pour v = e, i, (n”,u”, F, B), la température absolue 8 > 0, I'énergie
interne e” définie par

3
v — Z KLY
€ 9 BY
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et 'énergie totale &£, donnée par
v 1 V|2 v
E,=n <2]u |+ Coe )

La fonction de pression est définie par

3
L’énergie interne de référence est e, = §K g, ou 0, > 0 est la température de référence.
Ici, les constantes K > 0, C, > 0 et R, > 0 sont la constante de Boltzmann, la capacité
thermique a volume constant et le coefficient de conductivité thermique, respectivement.

Comme dans la section précédente, on prend

Lorsque n” > 0 pour v = e, 1, le systeme (1.17) devient :

:( om” +V - (n"u”) =0,
1
P Opu” + (u” - V)u” + EV (n"0") = q,(E +u” x B) —u",

2 1
(1.18) O +u” VO + 20V + §|u”|2 + (0" —06,) =0,

tO,FE —V x B=nu—n'v', V-E=n'—n°,

{0 B+VxE=0, V-B=0.

On considere le probleme de Cauchy du systeéme (1.18) dans R? associé & une condition

initiale :

(1.19) (n”,u”,0", E, B)|,—o = (", u®,0"° E°, BY), v =e¢,i, dans R

qui satisfait la condition de compatibilité :

(1.20) V-E'=n"—n? Vv.B" =0

Les états d’équilibre considérés sont toujours des constants qui sont de la forme :
(n®,n' u, u',0° 6" E,B) = (1,1,0,0,6,,0,,0,0).

Parallelement, on considere aussi le systeme d’Euler-Maxwell unipolaire non isentro-
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pique. En notant n = n®, u = u® et 6 = 0° etc., il s’écrit :
{@n—l—v-(nu) =0,
1
PO+ (u-Vu+ =V (nf) = —(E+u x B) —u,
1 n

2 1
(1.21) J8t9+u-V9~|—39V-u+3|u|2+(9—9*)=0,

' ,E -V xB=nu, V-E=1-n,

(dB+VXxE=0, V-B=0.

Le systeme de Navier-Stokes-Maxwell compressible non isentropique est obtenu en
remplacant le terme de relaxation —nu par un terme de viscosité Au dans le systeme
d’Euler-Maxwell non isentropique unipolaire (1.21). Il est de la forme :

{8tn+v'(nu) =0,
1 1
i 8tu+(u-V)u+;V(n9) =—(F+ux B)—{—EAU’

2 1
(1.22) 8t9+§0V-u—|—u-V6’:—§|u|2—(9—0*),

OE—-VxB=nu, V-E=1-n,

0B+ VXxE=0, V-B=0.

On considere le probleme de Cauchy pour (1.21) et pour (1.22) dans R? associé a des

conditions initiales :

(1.23) (n,u,0,E,B)—o = (n°,u°,0°, E°, BY), dans R
qui satisfont la condition de compatibilité :

(1.24) V-E°=1-n° V.-B'=0.

11 est facile de voir que les systemes (1.21) et (1.22) possedent les mémes états d’équilibre
constants :

(n,u,0,E,B)=(1,0,6,,0,0).

Si le changement de température n’est pas pris en compte dans le systeme (1.22), on
obtient le systeme de Navier-Stokes-Maxwell compressible isentropique :
Ir&tn—l—V-(nu) =0,
1 1
Ou+ (u-V)u+ ﬁVp(n) =—(E+4+uxB)+ EAU’

(1.25)
OE—-VxB=nu, V-E=1-n,

e e e e N\ e e e

l@tB—l—VxE:O, V-B =0,
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1.2.2

avec la condition initiale :

(1.26) (n,u, E, B)|—o = (n°,u°, E°, B%), dans R?,

qui satisfait la condition de compatibilité :

(1.27) V-E°=1-n’ V. -B’=0.

Il est facile aussi de voir que le systeme (1.25) possede des états d’équilibre constants :
(n,u, E, B) = (1,0,0,0).

Dans [18], Duan a considéré le probleme de Cauchy du systéme (1.25) dans R3. Grace a
I'utilisation de la fonction de Green, il a obtenu 'existence globale et le comportement en

temps long des solutions régulieres au voisinage d’états d’équilibre constants (1,0, 0,0).

Théoréme 1.6. (Duan, 2012 [18]) Soit s > 4 un entier. Si ||(n® — 1,u’, E°, BY)|| s (&3
est suffisamment petit, le probléme de Cauchy (1.25)-(1.26) admet une solution globale

unIque
(n—1,u,E,B) € C(R"; H*(R%)), (n—1,Vu)e L*(R"; H*(R?)),
VE e L’ (R H?(R*)), VBeL® (R H(RY)).

De plus, si ||(n® — 1,u°, E°, BY)|

Hs+2(R3)NL1(R3) €SL suffisamment petit, pour tout t > 0

suffisamment grand, on a

oojot

|n(t) -1 <CA+07Y Ju)lle@n < COA+1)7F,

L2(R3) —

IE®) | 2@y < CO+8) T B+8), [[BE)]|p2@s) < CO+)7F.

Résultats obtenus

Dans le chapitre 3, on monte l'existence globale et le comportement en temps long
de solutions régulieres du probleme de Cauchy du systéme unipolaire (1.21) lorsque les
données initiales proches des états d’équilibre (1,0, 6., 0,0) avec 0, = 1. Le résultat obtenu
est annoncé comme suit et la preuve dépend fortement du choix des symétriseurs et de

I'outil d’analyse de Fourier.

Théoréme 1.7. Soit s > 4 un entier. Si ||[(n® — 1,u°,0° — 1, EY, BY)|

He(r3) est suffi-
samment petit, le probléme de Cauchy (1.21) et (1.23) admet une solution globale unique
(n,u,0, E, B) qui satisfait

(n—1,u,60 —1,E,B) € C*(R"; H* ' (R*)) N C(R"; H*(R?)).
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De plus, si ||(n® —1,u°,6° — 1, E°, B%)||gus(rsy et ||(u®, E°, BY)||p1(rs) sont suffisamment
petits, pour tout 2 < q < oo et tout t > 0 suffisamment grand, on a
1
1(n(t) = 1,0(t) = Dl posy < C(L+1) 7,
oy 3
1(u(t), B ogrsy < C(L+1) "2,
3,3
1Bl oqrsy < C(L+1) 272,

ou C' > 0 est une constante indépendante du temps.

Ensuite, dans le chapitre 4, on étend ce résultat au systeme bipolaire (1.18). La preuve
du résultat est basée sur des estimations d’énergie classiques et des combinaisons des

variables d’inconnues du systeme.

Théoreme 1.8. Soit s > 4 un entier. Alors il existe des constantes dg > 0 et 6; > 0 telles
que si ||[(n”® —1,u"°,6"° — 1,EO,BO)HHS(R3) < & pour v = e,i, le probleme de Cauchy

(1.18)-(1.19) admet une solution globale unique (n”,u”,0", E, B) qui satisfait
(n” —1,u",0" —1,E,B) € CI(RJr; HS*I(R?’)) N C’(]R*;HS(]R:i)), v=e,i.
De plus, st

H(nuo . Lul/O,ez/O . LEO’ BO)

< V=e.1
L(R3)NHI3(R3) — o1, €

alors pour tout 2 < g < oo et tout t > 0 suffisamment grand, on a

_9_1
La(R3) SO+,

(1.28) | (ne(t) = (1), 6°(t) — 6 (1))

<C(1+t) 7",

(1.29) [ (ne(0) + (1) = 2.6°0) + 6°(1) = 2) |, 1, <

<C(1+t) 7",

(1.30) [COESRONG) -

(1.31) |BO)l|agrey < C(L+1)72 "3,
ou C' > 0 est une constante indépendante du temps.

Enfin, dans le chapitre 5, on obtient le résultat suivant pour le systeme de Navier-

Stokes-Maxwell (1.22).
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Théoréeme 1.9. Soient s > 4 un entier, . > 0 une constante donnée et B € R® un
vecteur donné. Alors il existe une constante 69 > 0 telle que si
H(no —1,u%,6° —0,,E°, B° — B)H <,
Hs(R3)
le probléme de Cauchy (1.22)-(1.23) admet une solution globale unique (n,u,0, E, B) qui
satisfait
(132 uwe CH(RY H 72 (R?) N C (RY; H* (RY)),
' (n—1,0-0.,E, B~ B) € C* (R*; H*" (R*)) N C (R*; H* (R®)) .

De plus, on a

A3) im0 10 0) Ol =0 i V60 s, = 0.
(1.34) Jim IVE®)| o2 sy = 0,
et
. 2 o
a i [0, -

Le systeme (1.22) ne differe du systeme d’Euler-Maxwell que par la présence du terme
de viscosité Awu au lieu du terme de relaxation —nu. La preuve du théoreme 1.9 suit donc
des techniques des preuves des théoremes 1.6-1.7. Néanmoins, il faut traiter le terme de

viscosité Au pour I'estimation de u. Ceci est présenté dans Lemme 5.2.
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2.1

Chapitre 2

Stability of non constant equilibrium
solutions for two-fluid Euler-Maxwell

systems

Introduction and main results

In this chapter, we consider the periodic problem for the two-fluid Euler-Maxwell

system :
:{ o’ + V- (n"u”) =0,
@.1) {i O (n"u”) + V- (n"u” @ u”) + Vp, (n”) = ¢n” (E +u” x B) —n"u”,
' HE —V x B=—(gnu +gn'v'), V-E=n'—n°+b(z),

{0 B+VXxE=0, V.-B=0, v=e,i, in R"xT

For smooth solutions with n” > 0, the second equation of (2.1) is equivalent to
O’ + (u” - V)u” + Vh,(n") =q, (F +u” x B) —u”,

where h,, is the enthalpy function defined by n”h, (n”) = p|, (n”). Since p, is strictly

increasing on R™, so is h,. Then system (2.1) becomes :

ratn”+v-(n”u”) =0,
o’ + (u” - V) u” + Vh, (n”) =q, (E+u” x B) —u”,
:GtE—VxB:neue—niui, V-E=n"—n°+bx),

{0 B+VxE=0, V.-B=0, in R"xT.

(2.2)
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Initial values are given as :

(2.3) (n”,u", E,B) |i—o = (n"°,u”*,E°,B°), in T,
with the compatibility condition :

(2.4) V-E'=n"—n4bx), V-B"'=0, in T.

Now let (n” (z),u” (z), E (), B (x)) be an equilibrium solution of (2.2) with @” = 0.

Then we have

[ Vh (2%) = E=Vh ('),
(2.5) {v xB=0, V-E=n'—n°+b),
\VxE=0, V.-B=0, in T

which implies that B is a constant. Moreover, if we note ¢ = h,(n¢), then

—Vhi(ﬁi) =Vo.
It follows that
it =ho'(), n'=h"(C— ),

where h! is the inverse function of h, and C) is a real constant. By the differential

constraint of F, namely,

V-E=n"—n°+bx),
we obtain the equation of ¢ :
(2.6) Aj = h'(¢) — hi'(Cr — ) — b(2).

It is easy to see that the function f : ¢ —— h;'(¢) — h; ' (C} — ¢) is strictly increasing on
(0, 400). Therefore, by a similar argument to that of Proposition 1.1 in [56], we obtain the
existence and uniqueness of a smooth periodic solution ¢ for (2.6). In order to establish
n' > 0 and 7 > 0, let by > b; > 0 be two constants such that b; < b(z) < by on T. By

the maximum principle, the solution ¢ of (2.6) satisfies
F7Hb) < 6 < 7 (b2).
Hence,

A= hN6) 2 B (b)), At = b (G = 8) 2 b (G- £ ().
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Thus, ¢ > 0 and 72° > 0 hold true if
he'(f7H(0) > 0, b (Cr = f7H(B2)) >0,

or equivalently,
by > —h;'(Cy — he(0)), by < h,'(Cy — hi(0)).

It is easy to see that these conditions are always satisfied if C} is large enough.

The two-fluid Euler-Maxwell system (2.2) is nonlinear and symmetrizable hyperbolic
for n > 0 in the sense of Friedrichs. Therefore, it follows from the result of Kato [41] that
the periodic problem (2.2)-(2.3) has a unique local smooth solution when the initial data

are smooth.

Proposition 2.1. (Local existence of smooth solutions for two-fluid Euler-Mazwell sys-
tems, see [{1, 46]) Assume integer s > 3 and (2.4) holds. Let B € R® be any given
constant and (n”,0, E, B) be an equilibrium solution of (2.5) satisfying n” > const. > 0.
Suppose (n*® — ¥, u*® E° — E, BY — B) € H*(T) with n*° > 2k for some given constant
k> 0. Then there exists T > 0 such that problem (2.2)-(2.3) has a unique smooth solution

satisfying n¥ >k in [0,T] x T and
(n” —n,u’,E—E,B—B) e C'([0,T); H*"(T)) nC([0,T); H*(T)), v =e,i.

Due to the velocity damping terms in the momentum equation, system (2.2) is partially
dissipative. It is known that this system doesn’t fulfill the so-called Kawashima condition
(see [61]), which is a usual assumption in the study of global smooth solutions [31, 76, 4, 2].

There are mathematical investigations in the asymptotic limits with small parameters,
numerical computation, the existence of solutions for the one-fluid Euler-Maxwell system.
By using the compensated compactness argument, Chen-Jerome-Wang [9] proved the
global existence of weak solutions in one space dimension. Peng-Wang [58] justified the
convergence of the system to the incompressible Euler system for well-prepared smooth
initial data. The existence of global smooth solutions with small amplitude to the Cauchy
problem in R? and to the periodic problem in a torus is established by Peng-Wang-Gu
[61], Ueda-Wang-Kawashima [68] and Xu [73]. The decay rate of the smooth solution
when the time goes to infinity is obtained by Duan [17], Ueda-Kawashima [67], and Feng-
Wang-Kawashima [24], independently. For the two-fluid Euler-Maxwell system, the global
existence and the asymptotic behavior of the smooth solution are also obtained by Duan-

Liu-Zhu [19], Peng [55] and Wang-Feng-Li [71]. In the case without velocity damping, an
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initial assumption was made in [27] to yield such a global existence result. For numerical
analysis, see [13] and references therein.

All these results hold when the solution is near a constant equilibrium state of the
Euler-Maxwell system. Recently, with the help of an induction argument on the order of
the derivatives of solutions, Peng [56] studies the stability of non constant equilibrium
solutions for the one-fluid Euler-Maxwell system. However, there is no result on the sta-
bility of non constant equilibrium solutions for the two-fluid Euler-Maxwell system so far.
The goal of this chapter is to consider this problem.

Now we state the main results of this chapter.

Theorem 2.1. (Stability of smooth solutions for two-fluid Euler-Maxwell systems) Let
the assumptions of Proposition 2.1 hold and

(2.7) An”o(:c) da::Aﬁ”(:r) dx, ABO(x)dx:B, v =e,i.

Then there exist constants dg > 0 and C' > 0, independent of any given time t > 0, such
that if
|(n”® — ", u®, E° — E,B° — B)|s <, v=e5i,

where || « ||s is the norm of H*(T), problem (2.2)-(2.3) admits a unique global smooth

solution satisfying

(2.8) (" — ", u’,E —E,B— B) € (1 C*(R*, H*"*(T)),

(2.9) sup [[[(n"(t)—n", u"(t), E(t)—E, B(t)-B)|||s < C||(n"" =", u", E°~E, B"~B)|,

>0

and

+o0 _
/0 (Z [ (" =2 u) I3+ 1B = Bl + 1128,V x B>|H§2> (t) dt
(2.10) v=ed

<C Z |[(n"® — " v E° — E, B® — B)||°.

v=e,l

Moreover, we have

2.11) T [[1(2(8) — 7%, (6)) ]2 = 0,
(2.12) Tim [|1E(¢) — Elllos = 0,
and

213 Jim [11B(E) - Bll,s =0,
where ||| - |||s s defined in the next section.

30



Remark that condition (2.7) allows us to apply the Poincaré inequality, since n¥ — n”
and B — B are two conservative variables.

In comparison with Euler-Maxwell systems, the Euler-Poisson system is another im-
portant class of equations arising from plasma physics ([1, 12, 29, 30]). Usually, it takes

the form :

[ om” + V- (n"u”) =0,

O(n"u”) + V- (n"uv’ @u”) + Vp,(n") = —q,n"Vo — n"u”,
i —Np=n"—n°+bx), v=ei, in RFxT.

(2.14)

— N

It can be regarded formally as a particular case of (2.1) with £ = —V¢ and B = 0. Here,
¢ is the electrostatic potential.

Then, system (2.14) becomes :
(on” +V - (') =0,
(2.15) { O + (0 - V) u” + Vhy(n*) = —q, V¢ — u”,
| —A¢=n'—n°+bz), in R*xT.

Initial values are also given as :

(2.16) (n”,u”) im0 = (0%, u"®), z€T.
Define ¢° by
(2.17) ~A’ =n —n? +b(x), v T

The equilibrium solution (ﬁ”, u”, gz_ﬁ) with @” = 0 is still given by (2.6) and ¢ = h,(7°).

In order that ¢ is uniquely determined, we add a restriction condition :
(2.18) Agzﬁ(,x) dx :Agg(x) dx.
It follows from (2.6) and (2.15) that
A6 8) = (0 — ) — (nf — ).
Then for all integer s* > 0, Lemma 2.1 together with (2.18) gives estimate

(2.19) |V (6-9)|. <c|me—nc,n - 7))

s
Then, regarding V¢ as a function of n”, (n”,u") still satisfies a symmetrizable hyper-

bolic system in which V¢ appearing on the right-hand side of (2.15) is a low order
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term of n”. Following results of Kato [41], this implies that the periodic problem to
(2.15) admits a unique local smooth solution, provided that the initial data (n*?,u*?)
are smooth. Moreover, estimate (2.19) implies that ¢ € C([0,7), H*"*!(T?%)) as soon as
n’ € C’([O,T), H* (T3)) for some constant 7" > 0 and integer s* > 0.

The stability results for problem (2.15)-(2.16) is stated as follows.

u

Theorem 2.2. (Stability of smooth solutions for two-fluid Fuler-Poisson systems) Let
s > 3 be an integer, (n*°,u*) € H*(T) and (2.7) holds for n*°. Then there exists a
constant 8y > 0 small enough such that if || (n"® — n”,u"°)||s < do, the periodic problem

to the two-fluid Euler-Poisson system (2.15)-(2.16) has a unique global smooth solution
(n”,u”, @) satisfying

(2.20) (n ="’ V(¢ —g)) € N CHR" HHT)).
Furthermore, for all t > 0, we have

221) X " =) Ol + IV (6 @) = G)IIl, < Ce™ 37 [[(n = 2", u”)

I/:€,i v=e,1

Y
S

where positive constants C, v are independent of time t.

We complete the proof of Theorems 2.1 and 2.2 by using the careful energy estimates
and an induction argument on the order of the derivatives of solutions with respect to
t and x. This argument, used by Peng [56] in the one-fluid case and then extended to
the two-fluid case, can overcome the difficulty due to the appearance of non constant
equilibrium solutions. It should be pointed out that the non constant equilibrium case
is much more complex than the constant equilibrium case. For example, in the constant
equilibrium case of the two-fluid Euler-Maxwell equations (2.15), energy estimates in usual
Sobolev space H® were used in [55, 19, 71] to get the global existence results. But this
is no longer valid for the non constant equilibrium case, due to its complexity. In fact,
the difficulty is that 9,n” # 0, therefore d,n" is not of order 1, and the remainders in
the higher order energy estimates and the time dissipation estimates will be order two
in stead of order three. This will not be sufficient to get the global existence of smooth
solutions near a non constant equilibrium solution. Therefore, we introduce the standard
technique of symmetrizer and the induction method to establish energy estimates. In fact,
we separate the roles of each variable. The dissipation of OFu” in L? is straightforward for
all 0 < k < s. Moreover, for s’ € N with k+ s’ < s and s’ > 1, the dissipation of ||OFu”||

depends on that of ||OF (n” —7")||s and ||0Fu”||s+_1, while the dissipation of ||OF (n” —n")||«
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2.2

depends only on that of ||0F(n” —n”,u")|¢—_1 and ||0F ™ u”||¢_1 (see Propositions 2.5-2.6).
This implies a recurrence relation which allows us to get the energy estimates by induction
for k and s.

Moreover, different from the one-fluid case in [56], we also need to overcome the diffi-
culties caused by the coupling of two fluids when we establish the energy estimates. This
can be done by introducing different multiplier functions. Indeed, we first introduce a
new potential function ¥, and then another function n¥ = h,’ (n*) 0% (n” — ") + q,0F¥
to achieve the estimate of |n” — n”| indirectly (see Proposition 2.8).

Finally, we remark that the velocity relaxation term of the two-fluid Euler-Maxwell
system (2.2) and the two-fluid Euler-Poisson system (2.15) plays a key role in the proof
of Theorem 2.1 and Theorem 2.2. Our method also permits a steady state with non zero
sufficiently small velocity u*® # 0.

The plan of this chapter is as follows. In Section 2, we recall some useful inequalities in
Sobolev space and Banach space. Detailed energy estimates are established in Section 3.
At last, in Section 4, we complete the proof of Theorem 2.1 and Theorem 2.2 by combing

the estimates above.

Preliminaries

For later use in this thesis, let us introduce some notations. The expression f ~ g
means 79 < f < lg for a constant 0 < v < 1. We denote by || - ||s the norm of the
usual Sobolev Spacl H*(T), and by || - || and || - ||oc the norms of L*(T) and L*>(T),
respectively. We also denote by (-,-) the inner product over L?(T). For a multi-index

a = (a1, s, a3) € N3, we denote

0% = 9219°20% = 9190, |a| = a1 + as + .

x1 Yz Yx3

For a = (o, 9, 3) and 3 = (B, (o, 83) € N, 3 < a stands for 3; < a; for j = 1,2,3,
and § < « stands for § < a and 3 # a. We also denote by 0™ any derivative with respect
to t or x of order m € N and 0' = 0. For T > 0 and s > 1, we define the Banach space

Bur (T) = 1 C*(10.7), H*™*(T)).

with the norm

WAl = | > oo fl?, Vf € Bur(T).

k+la|<s
Obviously, || - [|s < ||| - [|]s-
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2.3

23.1

The Leibniz formulas

0*(fg) =Y CL0° (0%, VaeN 0f(fg)=S Ciof'folg, VkeN,

BLa 1<k

where C? > 0 for 8 < « are constants.

Lemma 2.1. (Poincaré inequality, see [21].) Let 1 < p < oo and Q C R? be a bounded
connected open domain with Lipschitz boundary. Then there exists a constant C' > 0

depending only on p and € such that
lu = uall ooy < ClIVull o), Yue W (Q),

where

1

Ug = — / u(z)dz

Q)

1s the average value of u over §Q.
In the following, we borrow two Lemmas from [56], and assume integer s > 3.

Lemma 2.2. Let u, v € B, p(T). It holds

(2.22) uollls < Clffullls [[[o]l]s.

Lemma 2.3. Letv € Bsr(T) satisfying 0w = f(x,v,0,v), with f being a smooth function
such that f(x,0,0) = 0. Then for all t € [0,T], we have

(2.23) 1070 v(t, )| < Cllu(t, s, Yk +]al <,

where the positive constant C' may depend continuously on ||v||s.

Energy estimates for Euler-Maxwell systems

It is well known that the global existence of smooth solutions follows from the local
existence and uniform estimates of solutions with respect to t. Therefore, the goal of this
section is to establish the uniform estimates for proving Theorem 2.1 and Theorem 2.2.

L? energy estimates

Suppose (n”,u”, E, B) is a smooth solution of the periodic problem for the two-fluid

Euler-Maxwell system (2.2) with initial condition (2.3). Now, for v = e, i, set

(2.24) n=n"+N', E=E+F, B=DB+G.
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Thus, we can rewrite problem (2.2)-(2.4) as :

(2.25)
EratN”+u”-VN”—I—(ﬁ”+N”)V-u”—I—Vﬁ”-u”:O,
i o’ + (v - V)u" + Vh, (0" + N*) = Vh, (") + v’ = q, (F +u’ x (B+ G)),

i HF -V xG=(n"+N)u — (' + N)u', V. -F=N—N°

l0G+VxF=0, V.G=0, in R xT,

with initial condition :

(2.26) (N”, u", F,G) |i=o = (N"*,u"*, F°,G°), in T,
which satisfies the compatibility condition :

(2.27) V-F'=N°_-N® Vv.G°=0, in T.

Here N0 =" — ¥, FO = E° — E and G = B — B.

A direct computation gives
Vh, (" + N¥) —Vh, (n") =k, (R" + N*)VN" + VK, (n") N” +r, (”",N"),

where
r, (7¥,N") = (h,, (R" + N") — k!, (n") — h,” (R") N¥) Vn".

Next, we also set

NV NI/O Ue UeO
U = , U= LU= ] =,
u’ qu Uz UzO

(2.28)
U e
W = F |, W= FO
G G°

Then, the Euler equations in (2.25) can be rewritten in the following form :
3
(2.29) QU+ AV (n”,u”) Q;U" + LY (x) U” + MY (W) = f, (1),
j=1

with

y vel
(2.30) A;(n”,u”>< o ) j=1,23

h, (n)e; ufl3
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v 0 (VA"
(2.31) L (z) <Wy o >

0 0
2.32 MY (W) = . f () = .
( ) (W) <u"q,,Fql,(u”><<B+G>>> fo () (7“1,>

Here and in the rest of this thesis, (e, s, e3) denotes the canonical basis of R?, I3 denotes
the 3 x 3 unit matrix and we use [-]7 to denote the transpose of a vector.
It is easy to see that system (2.29) for U is symmetrizable hyperbolic when n” =

n” + N¥ > 0. In fact, we can choose symmetrizer as

R, (n") 0
0 TLV]3

Ag(n”) =
Then we obtain

T VN v v hy, (V) pi, (n")ef
Aj(n,u)AO(n)Aj(n,u)< J J )

p,(n")e;  n'uils
Let T'> 0 and W be a smooth solution of (2.2)-(2.3) defined on time interval [0,7]. We
denote by

(2.33) wr = sup |[|[W (#)][]s.
0<t<T

From the continuous embedding H*~*(T) — L*>°(T) for s > 3, there is a constant C; > 0
such that

1flloo < Cullflls—1, ¥V f € HHT).

If wy is sufficiently small, it is easy to see from n” > const. > 0 that n¥ = n” + NV >
const. > 0. In the following, we always suppose that the conditions of Theorem 2.1 holds

and wr is sufficiently small independent of T

Lemma 2.4. For allt € [0,T], we have

(2.34) [0:N"|loo < ClI|U|lls,  110:AG(n")|loo < CI[|U]]]s
and
3
(2.35) (3 0;A (", w”) — 2A5(n") L'V, V)| < C|||[U|I|IV]?, YV V eR.
j=1
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Proof. Due to the continuous imbedding H*~!(T) — L>(T), we get
10Nl oo < ClION"[|,—y < CIU]][s-
Then, we obtain

19045 (n) o = (A7) (") DN"

< ClaN"|, < U]

Next, after directly computing, we find that the following matrix is anti-symmetric at
(n¥,u”) = (n",0),
5. V- (b, (") u”) (Vi) (n") = 2h;, (n") Vii*)"
> 03A7 (n", u”)—2A7 (") L" (x) = ,
=1 Vp., (n¥) —2n*Vh!, (n") V- (n"u”) I3

which implies (2.35). O
Proposition 2.2. It holds

d v v v v v, vV v
(236) - <Z'<Ao(n Ur,U”) + || F|* + ||GH2> +2 3 ("’ u”) < CIIUIL.
Proof. Multiplying (2.29) by 2A4(n”)U", and then integrating over T, we get

d
%<A5(ny)UV7 UV> = <diV Au(nyv uy)va UV> + 2<Ag(ny) (fu - L"UY — MV(W)) ) UV)a

where

3
divA¥ (n”, u") = 9,A5(n") + 3 0, A% (n”, u").
j=1

It follows that

d
5 Ao () UV, UY) = (0,45 (n”) U, U) + 2 {Ag (") £, UY)

+ <<§3; ;A7 (n”, u") — 24 (n¥) L”) U, U”> — 2 (A% (n¥) M (W), U").

=1

From Lemma 2.4, we obtain

(A5 (U, U”)

‘< <§3: 0;AY (n”,u”) — 24§ (n”) L”> U, U”>

Since u” - (u” x (G + B)) = 0 and the fact that |r,| < C|[N"|?, we have

< [0 A5 (")l IV [1* < CHIUIIE,

and

< Cl|u]lI:.

— (A (n”) M” (W), U") = — (n"u”,u") + g, (n"u", F)
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2.3.2

and

(AT (n") £, U)| = [(n"r, u)| < CUYILE.

Therefore,

d
- (A () U, U7) + 2 (e, u”) < 2q, (0", F) + O[S,

provided that wr is sufficiently small. On the other hand, an easy energy estimate for the

Maxwell equations in (2.25) yields
d v,V
(2.37) ZUFIP+IGIP) = =2 3 a(n"u”, F).

These last two relations imply (2.36). O

Higher order energy estimates

Assume k € N and o € N3 with 1 < k + || < s. We establish a generalized energy

estimate for OF*WW in L*(T) in order to get a recurrence relation on k and |a|. Applying

kO™ to (2.29), we get
3
(2.38) 0, (070°U") + Y A%0; (0f0°UY) + LY (0f0°U") + 0y 0°M” = 90" f, + gi,
=1

where
3
(2.39) g’,f’a = Z (A;fé?j (afaaU”) - afaa (A;’@U”)) + LY (afaaUV) - 8f8a (L"U").

Jj=1
For the Maxwell equations, we also have

o) (0, (0F0° F) — ¥ x (000 G) = 80" (n"u”), V- (9F0°F) = k0" (N — N¥),
' i 0, (0f0°G) + V x (0f0“F) =0, V-(070°G) =0.
For simplicity, in the following, we denote by U}, = OkOUY etc.

Lemma 2.5. For allk € N and o € N* with 1 <k + |a| < s, it holds

v=e,i v=e,i

d
i <Z (AGUY o Ul ) + | Feall® + ||Gk,a||2> < -2 Y (dgofornr.Uy,)
(2.41)

=237 [0 (070" (n"u"), Fra) — (Aggy ™ Uia)] + CHNUNENW .

v=e,i
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Proof. Taking the inner product of (2.38) with AUy, in L*(T) yields
d v v v : 14 v v vrv v v
% <A0 Uk,cw Uk,a> - <d1VA Uk,a? Uk,a> -2 <AOL Uk,ou Uk,a>
+2 <Agafaafl/7 Uky,a> -2 <AgatkaaMV7 Uky,a> + 2 <Agg’57a7 Uky,a> :
We may write

(divA"U; UL ) = 2{AGLYUY ,, UY o)

3 ~
= (0 AU 0, Ui o) + <<Z 0545 — 2145”) Uk.as Uky,a> )
j=1

On the other hand, a standard energy estimate for (2.40) gives

d O v_ UV
(242) % (HFk,aH2 + HGk,aH2> = -2 quj <afa (n U ) ;Fk,a> .
Then we have

d
m<20mmﬂ@HW%Ww@MQ

v=e,l

3 ~
=2 <<3tA6U;?,a, Uka) + <<Z 0; A5 — 2ASL”> Uy UZ,Q> +2(A507 0 ., Ullf/,a>>
j=1

v=e,l

-2 Z <<AgafaaMy> U/lf/,oz> + qu <afaa (nyuu) ) Fk,a> - <Aggl]f’a’ U/lf/»a>>

It is clear that the first three terms on the right hand side of the equality are bounded by
C||U|? [|[W]]]s- This proves (2.41). O

The following three Lemmas are similar to that of the one-fluid case established in

[56]. Hence, their proofs are omitted for simplicity.
Lemma 2.6. For all k € N and o € N® with |a| > 1 and k + |a| < s, it holds
— 2{A§0FO"M", UL ) — 2, (0F0* (n"u”) , Fioa)

2.43
24 < — (g )+ O ok |+ oEF] UL

laf—1 laf—1

Lemma 2.7. For all k € N and o € N® with |a| > 1 and k + |a| < s, it holds

2

(2.44) (Asghe U] < eluta| + € ok

. +C |loF N

2
Il

laf—1 lox

where € > 0 is a small constant to be chosen and C' may depend on €.

Lemma 2.8. For all1 < k <'s, it holds

(245)  —2(AGOyM", UY) — 24, {0y (W"u”) , Fie) < =2 (n"uy,, up) + CI|U|L][[W]]]s,
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and

(2.46) Ay, Un| < Clllo]2.

where

ot =gk Up = Uty = 00" et
From Lemmas 2.5-2.7, taking ¢ > 0 sufficiently small, it is easy to obtain the following

result.

Proposition 2.3. There exists a positive constant cy such that, for all k € N and oo € N3

with |a| > 1 and k + || < s, it holds

d
i <Z (AU o Uk} + |1 Prall” + ||Gk,a||2> teo Y|

v=e,i v=e,i
<c ¥ |
v=e,l

Remark 2.1. Proposition 2.3 is valid for |a| > 1. The next result concerns the L? es-

‘ 2

v
uk,a

(2.47)

2 2 2

Ohu” J+ClorF|  + I

+ |oF N

laf-1 la laf—1

timates for OFW (i.e. a = 0), which is a starting point for applying the argument by

induction.

Proposition 2.4. There exists a positive constant ¢y such that, for all0 < k < s, it holds

d
(248) = <2 (A5UL, UL) + |1Fl> + HGkH2> ta Y ok

v=e,i v=e,i

2
< OIS

Proof. Recall that n” > const. > 0. For k£ = 0, estimate (2.48) is given by Proposition
2.2. For 1 <k <s, (2.48) follows from Lemma 2.5 with & = 0 and Lemma 2.8. O

We conclude the result of this subsection as follows.

Proposition 2.5. There exists a positive constant cy such that, for all k € N and o € N3

with |a] > 1 and k + |a| < 's, it holds
d 14 14 14 14
it 2 <Z (AU 3, Uk ) + | Fisll” + ||Gk,g||2> +co 3 [0

v=e,l
s
v=e,i

Proof. Let £ > 0 be fixed. Remark that

2
ol
2.49
(2.49) ) ,

OEN” ) + ClIGEF Ity + CIITIENW I

+ H(?fu”

lal ol =1

loFul® + > g gl* ~ NoFu”lliy)-
1<|8], B<a

Hence, summing (2.47) for all indexes up to |a] < s — k and combining the resulting

inequality with Proposition 2.4 yields (2.49). O
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2.3.3 Time dissipation estimates for N” and F'

Estimate (2.49) contains a recurrence relation on the time dissipation of u”. Obviously,
this estimate is not sufficient to control the higher order term in (2.49) and time dissipation

estimates for N¥ and F' are necessary. In the following, we establish these estimates.

Proposition 2.6. For all k € N and o € N* with |a| > 1 and k + |a| < s, it holds

X Jotn], + for (v =
(2.50)
<C 37 (gl + i I + INE 1) + CHTNENWIL,
and
(2.51) o, < C 32 (sl + il + 1N W) + CHITIEN W

Proof. For k € N and 3 € N? with k + |8| < s — 1, applying 9¥0° to the momentum

equations in (2.25) and using
Y (hy (7 + N) = hy (7)) = ¥ (b () N*) + () (& + N") — by (@) VN +1,,
we get
(2.52) 0"V (h' (0") NY) = quFrp = (quuy g X B —uf 53— uj,y ) — Ry,
where
REP = 980° {(u” - V) u” + (b)) (7% + N¥) — b, (?¥)) VN” + 1, — qu” x G}.

By Lemma 2.2, we have

|

| < oIl

Now we write

O°V (' (1) N{) = b,/ (7") VN 5 + Ry,

where

Zd Nkv’

v<B

with d, being given smooth functions. It follows that

|7

| < CINY I -
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Taking the inner product of (2.52) with VN{ 5 in L*(T) and noting that A (n") >
const. > 0 yields
| — qv (Frp, VNI 5)

<V Ng| + o (i, Hw| + ||N”H|ﬁ| +ClONEIWIL)
Since
= 3 (o V) = = (Fus VN = N )
=(V - Fr3,Nj5— Ni )
=||oto* (v — N)|" = 0,
we obtain

. 2
— Nig| < C 3 (gl + Nk pallfs + N Uy + CHTEIW .
Summing the inequalities for all indexes [ yields

5 o]

+|oF (Ve — N7

<C Z (gl g+ INE W) +CHNITTENW L

IE] 16l —

This shows (2.50) by replacing § by « with |a| = |5] + 1 and using Lemma 2.1.

)
Summing the inequalities for all indexes  and combining the result with (2.50) yields

(2.51). 0

Finally, from (2.52), we have

oo P < € 32 (el + kol + ool + 225
bt

Proposition 2.7. There exists a positive constant cy such that, for all k € N and o € N3

with |o| > 1 and k + o] < s, it holds

d
e z<AgU,:,ﬁ,U,s,g>+||Fk,gu2+HGWH? teo 3 orv |,
dt5<a e

<C Z (Ha’“U”

Proof. Estimate (2.53) is a direct consequence of Propositions 2.5-2.6 by noting UY =
(N, u")T and U = (U¢,U")T. O

(2.53) “

)+C|vaimwms.

+ Hak+1 v

|af =1 ol =1

Proposition 2.7 is valid only for all 0 < k < s — 1. Besides, we need an estimate on
|OFN¥|| as an initial value to use (2.53) by induction. The next result presents such an

estimate and completes Proposition 2.7 for the case k = s.
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Proposition 2.8. For all 0 < k < s — 1, we have

2 2 2
(2.54) |osne| < o 5 ([Joku| + o) + clilml.,
and
d | ZAY-] v S 14 S S S 14
- <Z<Aoatv LO;U”) + 1|0s FI + mau?) +co Y U7
(255) v=ez , v=e,l
<C Y ot |+ clllvlRImwl..

Proof. For k € N with k < s — 1, applying 0 to the second equation of (2.25), we get
(2.56) V (b (") NY) = quFy, = (quf, x B —uj, —uj ) — Ry,
where
REY = oF {(w - V)u” + (h) (77 + N¥) — h, (7)) VN” +r, — qu’ x G} .
Now, we define a potential function VW as
V- (VT) = AT = N¢ — N, A\If(t,x)d:c = 0.

Then
V- (F+VU¥)=—(N°—N')+N°— N =0,

and furthermore

V- (Fr+V¥,)=0, VO0<k<s-—1.

From (2.56), we have
(2.57) Vip = ¢ (Fx+ V%) = (quf x B —uf —uj,,) — Ry,

where

me = h' (7") Ny + ¢, V.
Due to the fact that
we obtain
(2.58) IV )1” < [jorw”

2

2 2
k.0
+[ R
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2.4

241

Since

k oF ,
akNV — 771/ - qu t A\If — Ne - Nz
! h,(nv)  h,(av)’ ’
we have
k k k k
k k (aTi e ;i oy e oy
_Aat v = 815 (N — N ) = hi/ (ﬁz) - hllt(ﬁz) - <he/ (ﬁe) + he/t(ﬁe) .
Thus,
1 1 n e
— AU o= e
o <h @) b <w>> TR ) R ()

Since h,(7¥) > const. > 0, taking the inner product of the previous equality with OF¥ in

L*(T) and using an integration by parts, we get

(259) Joivu|+ ool < 32

2

Y

e

=X vt

where we have used Lemma 2.1.

From (2.56), (2.58)-(2.59) and the definition of n*, we have

IV (! () NOIP < IVl + |orv | < okur| + o5 ur

2 2
k,0
+mA

Since h/,(7”) > const. > 0, by Lemma 2.1 again, ||V (b, (7¥) NZ)|| ~ [|NY||;. This proves
(2.54).
Next, from O;N” = =V - ((¥ + N¥)u"), we get

RN ==V - (9, (N"uw")) =V - (7¥0; ") .
It follows from Lemma 2.2 that
[o;NY|12 < Cllog~ |3 + CHUTLE,

together with (2.48) for k = s implies (2.55). O

Proof of Theorem 2.1 and Theorem 2.2

Proof of Theorem 2.1

The proof of Theorem 2.1 is based on the following result which is a conclusion on the

estimates established in the section 3.

Proposition 2.9. Let s > 3 be an integer. For all k € N and o € N with k + |a] < s,

there exist positive constants Ay |q)) such that

d 14 14 14
(260)  — > Awah | 2 (A5UKa Uka) + 1 Frall” + 1Grall” | + UM < 0.
dt

k+|a|<s v=e,
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Proof. First, applying Proposition 2.7 with (k, |a|) = (s — 1,1), we have
2
5’f_lU"
1

d
y (2 (AU s,y1,5>+|’Fs—1,5||2+||Gs—1ﬁ||2>+Co >
B<1 \v=e,i v=e,i
oy

(2.61)

- v 2 S, UV
0, U\ +lIoju H2)+C|HU!H§|HWH|5-

We find that the dissipation term »_ [|8;~"U" || on the left hand side of (2.61) can control

v=e,i

the term > ||0;""w”||; on the right hand side of (2.55) through multiplying (2.55) by a

small positi\;e constant A¢, 5) < 1.

Second, applying Proposition 2.7 with (k, |a|) = (s —2,1) and (k, |a|) = (s — 2,2), we

obtain
d vrTY v 2 2 s—27mw|2
4 (2<A0 s Ul + IFucasll® + 1 Gacag > va X o
(262) BL1 \v=e;i v=e,i
D — s—1_ v||?
<c ¥ (o2 + o) + cuwiEnwi,
an
2
(35_2U”
v=e,i 2

d

o> < AU 2,6, ULz ) + (1 Faapll” + ||Gs—2ﬂ||2> +e Y |
(2.63) A2 \v=es

SC Z ( 85 2Ul/ as 1 u?

)+ CNUIEIWL

]

We also find that the term Z ‘83 L ? and the term Z ‘83 20| , on the right side
of (2.63) 85_1U” , on the left hand side
of (2.61) and the term ‘ i 2U” ? on the left hand side of (2.62) through multiplying

(2.63) by a small positive constant Aj,_, . < 1.
In this way and by induction on (k,|a|) with k£ decreasing and |a| increasing, in

(2.53) both the term Y [0 'w”||?,_, and the term Y~ [|o;U” ||}

H|a‘_1 can be controlled

v=e,i v=e,i
by > Han”lea‘ in the proceeding steps.
v=e,i
Now, set :

0 < )\?87 0) << 1,
Az:sfjv 1) - 1’ j S S’

——— A

L0</\*

(s—j, 1) < >\>(ks—j+1, I) <1, 1< l1,1s <j3<s.
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Then, summing (2.55) XAf o), (2.61) xA{;_; ;) and >y (2.53) (5_j1) X A(s—ju)» and no-
2<j<s 1<y
ting (2.54), we deduce that there are positive constants A, o) such that

2
|al

d
o 2 Al <Z <A6U£,Q,U£,a>+|!Fk,aH2+HGk,aH2> + > Y |err

k+|al<s v=e,i k+|a|<sv=e,

o) + cUvEIWIL.

s—1
<Y ¥ (|orvr
k=0v=e,:
By Proposition 2.8 and noting that

> X |etv

k+la|<sv=e

~ I,

2
|
we have, after a modification of these constants (still denoted by A jap)),

d v v v
o 2 A <Z (AoUk o Uk o)+l Frall” + HGk,aH2> +IIUII3

k+|al<s v=e,

<0y Y |obe

k=0v=e,i

2
+ ClIUIEHW L.

Next, utilizing Proposition 2.4 and modifying again these constants A |4y, we further

obtain

d 14 v v
2 Akl <Z (AU o Uk o) HI Fral® + HGk,aHZ) +I[UNIIZ < CHUNEINWILL.

k+|a|<s v=e,

Finally, since wr is small enough, (2.60) follows. O

The following result concerns the time dissipation of F' and G.

Lemma 2.9. (see [56]) It holds

(2.64) Es=1 < CNU|s,
and
(2.65) 10:G|||s—2 + [[IVG]]|s—2 < CI[|U]|]s.

Proof of Theorem 2.1. Combining Propositions 2.9 and Lemma 2.9 and modifying

again the constants A |q)), one has

d
i > m,m(Z<A5U;:,a,U,:,a>+||Fk,a||2+||ak,a||2>

k+|al<s v=e,i

HIOIE + EFNE- + 112Gl + VGl < 0.
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Integrating the inequality over [0,¢] and noting that
12 84% v 2 2
> Alkal <Z (ASUY s Uk ) + [ Fiall” + | Grall > ~ WL,
k+|a|<s v=e,i

we have

t
(2:66) HuaGails +A (T EE -+ WEFE R+ -Gl By + VG () |[3-2)dr
<|[W (), VvteloT].
Since the Euler-Maxwell system (2.2) can be written as ;W = f(z,W,0,W) with a
smooth function f such that f(z,0,0) =0, it follows from Lemma 2.3 that

W )]s < CIWs.

This implies the global existence of solutions and estimates (2.8)-(2.10).
Furthermore, (2.66) implies that, for all k+ |5] < s —1,

OFO°W e L=(R*, L*(T))

and
O (0;0°W) € L™ (R, L*(T)).
Then,
OFo°W e Wh(RY, LA (T)), Vk+|[B]<s—1.
Furthermore,

0;0°(n” —n”,w’,E — E) € L*(RT,L*(T)), Vk+|p <s—1.
We deduce that
y0°(n” — ¥, v’ E — E) € L*(R", L*(T)) nW">(R*, L*(T)), Vk+|8]<s—1,
which implies (2.11)-(2.12). Similarly, we have
0F9°B € L*(RT, LX(T)) n W (R*, L¥(T)), V1<k+|8 <s—1,
which implies
(2.67) lim (19 ()|l + IV x B (#)[[lo-2) = 0.

Remark that B is a constant. Using [p B%(z)dz = B and the conservative equations for
B, we get

/B(t,x)dw - / B(x)dx = B, Vt> 0.

T T
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It follows from the Poincaré inequality that
IB(t) = Bl < CIIVB(1)].

Together with (2.67) yields (2.13). O

Proof of Theorem 2.2

We still use notations in (2.24) and (2.28), with
(2.68) E=-V¢, &=¢p—¢, F=-Vo.

Then the two-fluid Euler-Poisson system (2.15) can be written as :

[ONY 4w’ VN" + (@ + N")V -’ + Vi” -u’ =0,
(2.69) { O’ + (u” - V)’ + Vhy, (¥ + N¥) — Vh, (7") + ¢, V® + u, = 0,
LAO=N— N, i R*xT,

in which the Euler equations are the special case of those of (2.25) with B = 0, while the
Maxwell equations in (2.25) are replaced by A® = N¢ — N*.

Now we want to establish a similar energy estimate to (2.60) in the present case with
G = 0. By checking all the steps before (2.60), we see that the Maxwell equations are
concerned only in the proof of Propositions 2.2 and Lemmas 2.5-2.6 and 2.8. Essentially,
we have to deal with the second order term ¥ ¢, (970 (n"u”) , Fya) for all k + |a] < s,
appeared in the proof due to the Maxwell Veae{;ations (see (2.37) and (2.42)). It can be

calculated as follows. From
F=-V® N =-V-(nv) and A®=N°— N

we obtain

23" q, (070" (n"u”),0;0°V®) = — 2(0;0" (n°u® — n'u') ,0;0°VP)

= —2(9f0°0, (N° = N') ,0;0°®)
d k aa 2
:%Hata Vo
This shows the validity of all the steps before (2.60). Consequently, there are positive

constants b o) such that

d
SO by | 3 (AU UL + |akoeve| ) + 1012 < 0.
it |

k+lal<s v=ci
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On the other hand, the Poisson equation A® = N¢ — N? yields

IIVellls < C > [IIN“Ills < ClIU|]ls-

It follows that, after modifying the positive constants b |a)),

d
i %wo<2<&W&i@)+%ﬁ“ww>+mmﬁ+MHW§O

k+|al<s i

v=e,i

Let us denote

OEESY b(k,|a|)<Z'<ASU,‘;MU,Z’Q>+H@f@O‘VCD“Z).

k+|al<s v=e,i

Since by,|q)) > 0 and A is positively definite, it is not difficult to see that
et) ~ IU@IIE + VeI
Thus, there exists a constant v > 0 such tat

d
HE() +7€(t) < 0,vt € [0,7],

which implies that
E(t) < €(0)e ™, Vvt € [0,T].

Since €(0) < C||UY|s, we obtain finally

2
NUMIIE+ e < ce oo vt € 0,77

This shows the global existence of smooth solutions with the exponential decay estimate

of Theorem 2.2. O
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3.1

Chapitre 3

Asymptotic behavior of global
smooth solutions for one-fluid non

isentropic Euler-Maxwell systems

Introduction and main results

In this Chapter, we continue to study Euler-Maxwell systems in non isentropic case.

Let us consider the Cauchy problem for system (1.21) with 6, =1 :
o+ V - (nu) = 0,

i 1
atu—k(u-V)u—kgV(nQ):—(E+u><B)—u,
(3.1) at9+U'V9+§9V‘U+;|U‘2+<9—1):0,

VO FE -V xB=nu, V-E=1-n,

(OB+VxE=0, V-B=0, in R"xR’
Initial values are given as :
(3.2) (n,u, 0, E,B)|i—o = (n°,u",0°, E°, B°), in R
with the compatibility condition :
(3.3) V-E°=1-n° V-B°=0, in R’
Similarly to the isentropic Euler-Maxwell system (2.2) in Chapter 2, the non isentropic
Euler-Maxwell system (3.1) is also a symmetrizable hyperbolic system for n,0 > 0. It

follows that the Cauchy problem (3.1)-(3.2) has a local smooth solution when the initial

data are smooth.
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Proposition 3.1. (Local ezistence of smooth solutions for non isentropic Euler-Mazwell
systems, see [{1, 46]) Assume integer s > 3 and (3.3) holds. Suppose (n°—1, u°, 0°—1, EY,
B%) € H® with n°,0° > 2k for some given constant k > 0. Then there exists Ty > 0 such
that problem (3.1)-(3.2) has a unique smooth solution satisfying n,0 > r in [0,Ty] x R3
and

(n—1,u,0 —1,E,B) € C'([0,T3); H*") n C ([0, T1]; H?),

where and in the following of this thesis, H® = H*(R3) and [P = LP(R3) with the norm

|- |ls and || - ||ze, respectively, and || - || = || - ||zz in particular.

According to our knowledge, there is no analysis on the global existence of smooth so-
lutions around an equilibrium solution (n,u, 0, E, B) = (1,0, 1,0,0) for the non isentropic
Euler-Maxwell system in R3 so far. The goal of the present Chapter is to establish such a

result. The main results can be stated as follows.
Théoreme 3.1. Let s > 4 and (3.3) hold. There exist 6o > 0 and Cy > 0 such that if

H(no —1,u%,6° — 1, E°, B%)

) < do,

then, the Cauchy problem (3.1)- (3.2) admits a unique global solution (n,u, 0, E, B) with
(n—1,u,0—1,E B)e C'(R*; H* )N C(R*; H)

and

sup [|(n(t) — 1,u(t), 0(t) — 1, E(t), B®)|, < Co | (n® = 1,u°,6° — 1, E°, BY)

>0

s

Moreover, there exist 6y > 0 and Cy > 0 such that if

H(no ~1,u%,6° — 1, E°, BO)H 1 H(uo, E° BY)| | <4,
13 L
then the solution (n,u, 0, E, B) satisfies that for any t > 0,
(n(t) = 1,6(t) = D)l < CL1+ )77, ¥ 2< g < +oo,

I(u(t), E@)l 0 < CL(1+8) 722, V2 < g < +oo,
IB(t)]l0 < Ci(1+1)74%, V2 < q< +oo.

The proof of Theorem 3.1 is based on careful energy estimates and the Fourier multi-
plier technique. This is divided into three key steps.
The first key step is to establish the global a priori higher order Sobolev energy es-

timates in time by using the careful energy methods and the skey-symmetric dissipative
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structure (see [68]) of Euler-Maxwell systems, which concludes the global existence results
in Theorem 3.1. Due to the complexity of non isentropic case caused by the coupled energy
equations, the technique of symmetrizer is used here to obtain the energy estimates. It
is different from those used in [17, 68] to deal with the isentropic case of compressible

Euler-Maxwell systems.

The second key step is to obtain the L” — L9 time decay rate of the linearized operator
for the non isentropic Euler-Maxwell system by using the Fourier technique. It is used
by Kawashima in [42] and extended then to the other problems, see [32, 17, 67] and the
references therein. Here we first apply energy methods in the Fourier space to obtain
the basic L™ estimates for the Fourier transform of the solution. Then we solve the
dissipative linear wave system of three order by the Fourier technique. We find that the
‘error’ functions p, ©, V - u satisfy the same dissipative linear wave equation which is of
order three and is different from that of the isentropic Euler-Maxwell system. We also
find an interesting phenomenon that the estimate on B depending on the temperature ©
is different from that of the isentropic Euler-Maxwell equation. Since the linear system
involved here is of order three, it is complex to obtain the time decay rate of the linear
system by the Fourier analysis. Fortunately, we can obtain an elaborate spectrum structure
of the eigenvalue equations of this linear system, which yields the desired time decay rate

for the linearized system.

The third step of the proof is to obtain the time decay rate in Theorem 3.1 by combi-
ning the previous two steps and to apply the energy estimate technique to the nonlinear
problem satisfied by the error functions, whose solutions can be represented by the semi-
group operator for the linearized problem by using the Duhamel principle. This concludes

the time asymptotic stability results in Theorem 3.1.

This Chapter is organized as follows. In Section 3.2, the transformation of system (3.1)
is presented. In Section 3.3, we obtain the existence and uniqueness of global solutions. In
Section 3.4, we study the linearized homogeneous system to get the LP — L? decay property
and the explicit representation of solutions. Lastly, in Section 3.5, we investigate the decay

rates of solutions of the nonlinear system (3.5) and complete the proof of Theorem 3.1.
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3.2

Preliminaries

Besides the notations in Chapter 2, we also introduce some additional notations for

later use. For an integrable function f : R® — R, its Fourier transform is defined by
f(k;):A@e f(x)dz, az-k::;xjkj, ke R,
where ¢ = v/—1 € C is the imaginary unit. For two complex numbers or vectors a and b,

(a]b) := a - b denotes the dot product of a with the complex conjugate of b. We also use

M(a) to denote the real part of a.

Next, we review Moser-type calcluls and Hausdorff-Young inequalities, which are used

in the rest of this thesis.

Lemma 3.1. (Moser-type calculus inequalities, see [[6, 43]) Let s > 1 be an integer.
Suppose u € H*, Vu € L™ and v € H*"*NL>®. Then for all multi-indezx o with 1 < |a| <
s, it holds
0*(uv) — ud®v € L?,
and
0% (uv) = ud®|| < Cy([[ V]l Lo | D= ol + | Dl 0] 1),

where

1D ull = 37 |0%ul.

|| =5’

Furthermore, if s > 3, then the embedding H*~' — L is continuous and we have
luvlls—1 < Collulls—illvlls-r, ¥ u,v € H,
and for all u,v € H® and all smooth function f,
10°F ()| < Coo(L 4 Jull )" Ml 0% (u) = ud®o]| < Collullsolls-1, ¥ |a] < s.
Lemma 3.2. (Hausdorff-Young inequalities, see [54]) For 1 < p <2 and 2 < ¢ < 400

1
with — 4+ — = 1, there exists a constant C' > 0 such that
P q

1flza < Clfllew, ¥ f € L7,

and

1fllee < Clflleo, ¥ feLP.
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Now, let (n,u, 0, E, B) be a local smooth solution to the Cauchy problem of the non
isentropic Euler-Maxwell system (3.1) with given initial values (3.2) satisfying (3.3). We

introduce
(3.4) n=1+p, 60=1+6.
Then, system (3.1) becomes :

O+ V- ((1+ p)u) =0,
| 1+0

(3:5) {8t@+U‘V@+;(1+@)V'u+;|’u|2+@_0,

i F =V xB=((1+pu, V- -E=—p,

(O B+VxE=0, V-B=0, in R xR

with the initial condition :

(3.6) Wlimo = (p,u, 0, E, B)|j—o = W° := (p°,u°,0°, E°, BY), in R?
which satisfies the compatibility condition :

(3.7) V-E°=—-p" V.-B’=0, in R?

with p° =n% — 1 and ©° = 0% — 1.

In the following of this thesis, we always set s > 4. Besides, for W = (p,u, 0, FE, B),
we use E,(W(t)), €M(W(t)), Dy(W(t)), D(W(t)) to denote the energy functionals, the
higher order energy functionals, the dissipative rate and the higher order dissipative rate,

respectively. Here,

(3.8) E(W (1) ~ [l(p,u, 0, E, B)|Z,

(3.9) E (W (1) ~ IV(p, 0,0, B, B[,

(3.10) D (W (1)) ~ [I(p,uw, OIS + 1 BN, + IV BIl,_,
and

(3.11) DN (1) ~ V(o O, + IVEIE, + VB .

Then, for the Cauchy problem (3.5)-(3.6), we have the following global existence result.

95



Proposition 3.2. Suppose (3.7) for given initial data W° = (p°,u°, ©° E° BY). Then,
there exist €4(-) and Dg(-) in the form of (3.8) and (3.10) such that the following holds
true. If €,(W?°) > 0 is small enough, the Cauchy problem (3.5)-(3.6) admits a unique
global solution W = (p,u, O, E, B) satisfying

(3.12) W e CYRY H ) NC(RY; HY),
and
(3.13) e W)+ [ "D.(W(F)dr < €, (Wy), V> 0.

Furthermore, we study the time decay rates of solutions in Proposition 3.2 under some
extra conditions on the given initial data W° =(p°, u°, ©° E° B°). For that, we define

ws, (W0) as

(3.14) ws, (W) = | W°

e 5

L’

for s, > 4. Then we have two propositions as follows.

Proposition 3.3. Suppose that W° = (p°,u°, 0% E° B°) satisfies (3.7). Then, if wso(WP°)
is small enough, the solution W = (p,u,©, E, B) satisfies

(3.15) IW@)||, < Cwspa(WO)(1+1)"2, V>0
Moreover, if ws16(W?) is small enough, then the solution W also satisfies
(3.16) IVW (), < Cwsss(WO)(1+1)"1, V>0

Proposition 3.4. Let 2 < q < oo. Suppose that WO =(p°, u®, ©°, E°, B°) satisfies (3.7)
and wi3(WP°) is small enough. Then, the solution W = (p,u,©, E, B) satisfies that for
any t > 0,

(3.17) I(p(), O ()l s < C(L+1) %,
(3.18) |(u(t), B(®) 0 < C(L+1)72F5,
and

(3.19) 1B, < C(L+ 1735

Finally, it is easy to see that Theorem 3.1 follows from Propositions 3.2-3.4. Thus, the

rest of this Chapter is to prove the stated-above three propositions.
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3.3 Global solutions for nonlinear systems

3.3.1 A priori estimates

In this subsection, we prove the following a priori estimates.

Théoréme 3.2. Let W = (p,u,0, E, B) € C*([0,T]; H*')NC([0, T]; H*) be the solution
to the Cauchy problem (3.5)-(3.6) fort € (0,T) with T > 0. Then, if

(3.20) sup [ WD), < b

0<t<T
with 0y sufficiently small, there exist €4(-) and D4(-) in the form of (3.8) and (3.10) such
that for any 0 <t <T,

d

SE(W (1) + D (W(1) < CE(W (1) 2D.(W(1)).

(3.21)

Proof. We use five steps to prove the result. The step 1 is to estimate the Euler part
and the Maxwell part of the Euler-Maxwell system, respectively. Steps 2-4 are to obtain
the dissipative estimates for p, £ and B by using the skew-symmetric structure of the
Euler-Maxwell system.

Step 1. 1t holds that

d 163 (63 o
(322) — ST (ANWDO* W, 0°Wr) + [|0°Wir||?) + [[ull2 + [|©]]2 < C||W ||| Wi,
la|<s
where
1
P L@ 0
FE W; , 1+p
Wi=| u |, Wn= , W= , Ag(Wr) = 0 (1+p)Is 0
B Wrr 0 0 314p
© 2140

In fact, the Euler equations of (3.5) for W} can be rewritten under the form :

3
(3.23) oW + 2‘1 AL(W1)0; W = K((W) + Ky (W),
=
with
u; (I4+p)el 0
A (Wr) = 1+@€j uily e =1,2,3
J 1+p ) 1459,
0 ~(1+0)el u;



and

0 0
KW)=—=| E+uxB |, KW)=- u
1

It is clear that system (3.23) for W; is symmetrizable hyperbolic when 1+ p, 1+ © > 0.
More precisely, since we consider small solutions defined in a time interval [0,7") with

T >0, (3.20) implies that, for s > 2,
1
1P, ©) = = Cill (p. ©) [ls = Csdo < 5.

Then,

DN o

1
SS<14p140<

It follows that Al(W;) is symmetric positive definite and 1215 (Wp) = A{(Wp)AL(W;) are
symmetric for all 1 < 7 < 3.
Then, for |a| < s, differentiating equations (3.23) with respect to x and multiplying
the resulting equations by the symmetrizer matrix Al (W7;), we have
AL(Wp 00w + 233 AG(Wp) AL(W)9;0° Wy
(3.24) j=1
—AL WO (Ky(W) + Ka(W) ) + o,

where J, is defined by

Ja = = 30 AL (0 (AL(W1)O,Wy) — ALOW)0" (0,117))

J

Applying Lemma 3.1 to J,, we get
1ol < CUVAF WD)l 10 Wills—1 + | D*AF (W) [[[10;Wr ]| <)

(3.25) ;
< C(IWills + Wl ) W lls < ClIWL2.

Taking the inner product of equations (3.24) with 9*W; in L? and using the fact that the
matrix AL(W;) is symmetric, we have
d

(3.26) AN WO Wi, 0" W) =2(Jo, 0°Wi) + (div AT(W)O" Wi, 0°Wr)

+ 2{AL (W)W, 0° K (W) + 0° Ko (W),

where

3 ~
div AI(W[) = 8PA5(W1)8tp + 8@A6(W1)6t® + Z(A]I),(W])a]WI
=1

J
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By the first and third equations in (3.5) and Lemma 3.1, we have

[0l <Clldupllas = C|V - (14 p)u) | _, < L+ lloll) fulls

—_

(3.27) 1061l <C (|lu- VO, + (1 +©)V - ul,_y + [uf] _ + 6l )
i <C(L+ 8], + llull,) (1 + [[ull,)-

Then

(3.28) | div A" (W) [zee < CL+ [Will,)[Wills.

Now, let us estimate each term on the right hand side of (3.26). For the first two terms,

by the Cauchy-Schwarz inequality and using estimates (3.25) and (3.28), we have

(329) (Ja, 0*Wi) + (div A" (W1)0* W1, 0°Wr) < C(1+ [Willo) [Wil[3 < ClIW L] Wil

For the third term of the right hand side of (3.26), by the definitions of Al(W7;), K;(W)
and Ky(W), we obtain

2{AL (W)W, 0° K (W) + 0 Ko(W))

= =2((1 + p)0%u, 0%u) — 2(0%u, O“E) — 2(0%u, 0%(u x B)) — 2{pd“u, 0" E)
(3.30)

(03 (03 1+ (0% (0% 1+ (63 (03
—4@amawXB»—qiga@ﬁqmm—ﬁq:gaaa@>

< —[|0%ul* = |0°O* = 2(0"u, 0" E) + C| W[ Wi 3.

Next we write the system for Wiy as :

3
oW + Z A;Ic?jWH = ((1 + p)u, O)T,

=1

where

0 I 0 0 0 00 —1 0 10

J

A§’< >,L1001,L2000 , Ls=| -1 0 0
L

o
0 -1 0 10 0 0 00

J

Then, similarly to (2.37) and (2.42) in Chapter 2, we have
d
(3.31) —[0"Wi|* = 2(0°E, 0%u) + 2(0°E, 0 (pu)) < 2(0°E, 9*u) + C|[W||[Will;;

Combining (3.26) and (3.29)-(3.31), summing up for all || < s, we get (3.22).
Step 2. It holds that

d
(3.32) = 2 (0%w,0°Vp) +collplls < CIW Wi S + Cll (w, O)IE,

jal<s—1
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In fact, for |o| < s — 1, differentiating the second equation of (3.5) with respect to x and

taking the inner product of the resulting equation with 9*Vp in L?, we have

1+06
SR 90V, 9°Vp) + (°E, 9V
ey P p)+ p)
1 1
(3.33) — o200 - 1O 90w, 00 ) — (070, 00V )

1+p 1+p
—(0%(u-Vu+ VO +u x B),0°Vp) — (0%, 0*V p).

Let us estimate each term in (3.33). First, noting that

1 3
5 < 1+p,1+0< 5
we have
140 140
(=2 007, 09V ) + (0°E, 0°V p) —(— 2 0%V p, 0°V p) + (6% p, 0" p)
(334) 1+ P 1+ P

>CH([0°Vpl* + [l0%pl*).-

By Lemma 3.1, we obtain

1+6 1+0©

O (—=Vp) — ——0Vpl|| < C||Wy]2.

|0, V) = 4, Vel < CIWl:
Then,

1+6 1+0
3.35 —(0%(=——=Vp) — ———=0°Vp, 0V p) < C||W||||W:|>.
(3.35) Oy, V0 = 4, OV 0MVp) < CIW LW
Obviously,

—(0%0yu, 0V p) = i(aav cu, 0%p)y — (OUV - u, 0“0y p).
Then, from (3.27) we have

(0°V -, 00p)| < 1|0°V - ull[[0°Drp]| < Cllul2 + CWlo[[Wi]2.
Hence,

d
(3.36) —(0°0u,0°Vp) < {0V -, 0% p) + C[u][{ + CW L [[Wr[:.

From (3.20), we have

(0°(u- Vu+ VO +ux B),0"Vp)|
<(I0%(w- Vu)ll + 10%(u x B)|| + [lo*Ve|) [0°Vpl
<O([fulls=1llulls + ells—1l|Blls—1 + [[©1]s) 1ol
<CIIWILIIWilI2 + ellpllz + ClI1®]:.

(3.37)
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Next, by the Cauchy-Schwarz inequality, we obtain the uniform estimates for the last

term on the right hand side of (3.33)

(3.38) —(0%u,0°Vp) < elpll + Cellull3_:.
Thus, combining (3.33)-(3.38), we get

d (0% (0% - (63 (0%
(0%, 0°Vp) + CTH([10°Vp[” + [10°p]%) < CIW WIS +ellplly + Ce(llulls + 1O1).

Summing up this inequality for all |a| < s — 1 and taking € > 0 small enough, we obtain
(3.32).
Step 3. It holds that
LS (o oE) +al B
(3.39) la<s—1
<CIWills(lulls + 1E13-0) + CIWZ + Cllulls [V Bl|s—2 + CIW | [Wil[3.

In fact, for |a] < s — 1, applying 9 to the second equation of (3.5), taking the inner
product of the resulting equation with 0%F in L?, and then using the fourth equation of

(3.5), we get

d lo% le' fe% 2
4 oo + o E)
140
=—(0%u-Vu),0"FE) — <80‘(1+pr), 30‘E> —(V0"0,0°E) — (0%u, 0“E)
—(9%(u x B),0°E) 4+ (0%, V x 9°B) + ||0%ul|> + (0% (pu), 8°u) .

Furthermore, by the Cauchy-Schwarz inequality, we have

d
pr (0%, 0°F) + coHé?O‘EH2

<CE,— l[ull; + CUWilZ + Clull IV Bll,—y + ClUBI, (lull; + I1EIl;-,) + CIW LWz

Therefore, summing the previous estimate over |a] < s — 1, we obtain (3.39).
Step 4. It holds that

d fel fel 2 2 2

(340) o > (ZVXE0B) + ¢ |VBI;-y < Cli(w, BNl + Clpll, lull; -
laf<s -2

In fact, for || < s — 2, applying 0 to the fourth equation of (3.5), taking the inner
product of the resulting equation with —9*V x B in L?, and then using the fifth equation
of (3.5) give

C‘;<_v X< 0°E,0°B) + |V x 0°B|* = |V x 0°E|* — (9°u, V x 0°B) — (0*(pu), V x 9°B) .

61



3.3.2

Furthermore, using the Cauchy-Schwarz inequality and taking summation over |a| < s—2,

we have (3.40), where we also used

(3.41) |0“0;B|| =

007V x (Vx 0°B)|| < C|V x 0°B||

for each 1 < i < 3, due to the fact that V- B = 0 and 9;/A~'V is bounded from L? to LP
for 1 < p < oo, see [66].
Step 5. Finally, based on four previous steps, we prove (3.21). We define the energy
functionals as :
C(W(t) = > (AgWo W, 0°Wi) + [0°Wi|]*) + &i Y- (07w, 0°Vp)
jal<s o <s—1

+ 8 Y (0w, 0°E)+ R Y. (~V x 9°E,0°B),

la<s—1 || <s—2

(3.42)

where constants 0 < 3 € Ry € R <€ 1 are to be chosen later. It follows from the
fact that A{(W;) is positive definite that (W (¢)) ~ ||W]||? as soon as 0 < R; < 1,
j = 1,2,3, are sufficiently small. Furthermore, summing (3.22), (3.32)xRK;, (3.39) xR,
and (3.40)x Rs3, we get

a
dt

<CE(W(1)2D,(W (1)) + CRi|(u, 0)]2 + CRs||Wi |2 + CRs || (u, B) >,
+ CRo|[ulls||V Bl[s—2

<CE(W(1)2Dy(W (1) + CRill(w, O) 2 + CRAWL2 + C&s || (w, )2,

E,(W () + llull2 + 18112 + cofallpll2 + coRall EIZ_y + cofs [V B,

1 1
+5C (ﬁg [ul|? + 83 IIVBH?_Q) :

3
By letting 0 < R3 < Ry < R < 1 be sufficiently small with 85 < R3, we obtain (3.21).
This finishes the proof of Theorem 3.2. 0

Proof of Proposition 2.1

The global existence of smooth solutions follows from the standard argument by using
the local existence result given in Proposition 3.1, the a priori estimates (3.21) given in
Theorem 3.2 and the continuous extension argument, see [53]. This finishes the proof of

Proposition 3.2. 0
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3.4

34.1

Linearized homogeneous systems

In this section, in order to study the time decay property of solutions to the nonlinear
system (3.5) in the next section, we are concerned with the following Cauchy problem on

the linearized homogeneous system of (3.5) :

{8tp+v-u:0,
ou+Vp+VO+ E+u=0,
i 2

(3.43) Jat@+§v-u+@:0,

L E—VxB—u=0, V-E=—p,

(O B+VxE=0 V-B=0, in R'xR?

with the initial condition :

(3.44) Wli—o = WY := (p°,u°, 0% E° B%), in R
which satisfies the compatibility condition :

(3.45) V-E°=—p" Vv.B°=0, in R

Here and throughout this section, we use W = (p,u, 9, E, B) to denote the solution of
the linearized homogeneous system (3.43).

The rest of this section is arranged as follows. In Section 3.4.1, we derive a time fre-
quency Lyapunov inequality, which leads to the pointwise time frequency upper bound of
solutions. In Section 3.4.2, based on this pointwise upper bound, we obtain the elementary
LP — L7 time decay property of the linear solution operator for the Cauchy problem (3.43)-
(3.44). In Section 3.4.3, we study the representation of the Fourier transform of solutions.
In Section 3.4.4, we apply results of Section 3.4.3 to obtain the refined LP — L? time decay
property for each component in the linear solution (p,u, 9, E, B) to the Cauchy problem
(3.43)-(3.44).

Pointwise time frequency estimates

In this subsection, we apply the energy method in the Fourier space to the Cauchy pro-
blem (3.43)-(3.45) to show that there exists a time frequency Lyapunov functional which
is equivalent to |[W (¢, k)| and furthermore its dissipative rate could also be represented

by itself. The main result of this subsection is presented as follows.
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Théoréme 3.3. Let W be a solution to the linearized homogeneous system (3.43). There

exist a time frequency Lyapunov functional E(W (t,k)) with
(3.46) E(W) ~ W] = |p]* + [a]* + O] + |E]* + | B

and a constant v > 0 such that the Lyapunov inequality

d A vIk|? .
(3.47) 5 (W (t, k) + W@(W(t, k)) <0

holds for (t,k) € RT x R3.
Proof. It is based on the analysis of the system (3.43) in the Fourier space. For that,
taking the Fourier transform in z for system (3.43), we have
[ O+ ik -1 =0,
Oty +ikp+ik® + E+a =0,

~ 2 ~
(3.48) 00 + Zik i +0 =0,
' O,F — ik x B—1
OB+ikx E=0, ik-B=0, in R'xR®

I
<o
-~
ol
&
I
|
>

First, it follows from system (3.48) that
d (. . 3 A ~ - . A
(3.49) (162 + 102 + SI6F + B + |BI) + 20l + 3/6F = 0.

Multiplying the second equation of the system (3.48) by ikp and replacing 9;p by the first

equation of system (3.48), we obtain

d . _
(3.50) £(fa likp) + (1 + [kP)|p]? = |k -a]* — |k[*© p+ ik -0 p.

Taking the real part after using the Cauchy-Schwarz inequality, we have

do, . . . ~
TR (@ [ikp) + (14 [K[*)|p* < C(1+ [K?) (Jaf* + |OF) .

Multiplying it by we obtain

b
1+ [k[*
d R (4 |ikp)

a1+ R +91p* < C(laf* + 10]3).

(3.51)

Similarly, multiplying the second equation of system (3.48) by E, replacing oF by the

fourth equation, we have

(3.52) L @

= (alE) + (|2] + |k E]*) = 0"~ 6 5+ (alik x B) —a- E.
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Taking the real part of (3.52) and using the Cauchy-Schwarz inequality, we get

S (a|B) + (k- B+ |B) < I + 9 (alik x B).
Multiplying it by (1%‘-|‘Z’|2)27 we obtain
R 12 12 R
553 a kPR (a|E) Ak (|2 +1]x-2) -, KP;R (alik x B)
S ey TR A T

Similarly, from the fourth and fifth equations of system (3.48), we have

D ik x BIE) + |k x B = |k x E[ - (it x Bla).

dt
1

which after using the Cauchy-Schwarz inequality and multiplying it by W gives

d R(—ik x B|E) |k x B2 |k|2|E|? o
3.54 — < + Clal”.
350 T R R R A TR
Finally, we define the time frequency Lyapunov functional as :

. . . 3 - ~ R (u |ikp)
EOV(t k) = (1712 + > + 2|62 + | BP? B2> f )
OV (1) = (19 + 4l + 1O + 1B +1BP) + 87

kPR (a|E) o&(—ik x B|E)
A+ [eP)? 7 A+ TRPY
where constants 0 < K3 < R < £ < 1 are the same to that in (3.42) and will be

+ R

determined later. Then, (3.46) follows as soon as 0 < &; < 1, j = 1,2, 3, are sufficiently
3

small. Moreover, by setting 0 < K3 < Ry < R; < 1 be sufficiently small with K5 < Rs,

summing (3.49), (3.51)x Ry, (3.53) xR and (3.54) x K3, we have

d . . ~|k|? . R
(3.55) —&(W(t, k) +~|Wr|* + (1+‘|k‘|2)2 (IE|*+|B?) <0,

dt
where we used the identity |k x B|?> = |k|?|B|? due to k- B = 0 and also used the following

inequality :
= 1 . % A
ﬁ2“@\29“1(—2’16 xB-a) _ K3|kNa” | RFKP(BP
(T+1kP)2 7200+ k)2 201+ [K[?)?
Then, by (3.46), (3.55) and
Ik 7712 P12 oLl P A2
————|W " < ~|W, ———(|F B
we obtain (3.47). This ends the proof of Theorem 3.3. O

Based on Theorem 3.3, we obtain the pointwise time frequency estimate on W(t, k) in

terms of the initial data WO°(k) as follows.
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3.4.2

Corollary 3.1. Let W be a solution to the Cauchy problem (3.43)-(3.45). Then, there
exist constants v > 0 and C' > 0 such that

R LI SN
(3.56) (W (t k)| < Ce 0rim? Wy (k)|

holds for (t,k) € RT x R3.

LP — L9 time decay properties

Formally, the solution to the Cauchy problem (3.43)-(3.44) is denoted by
(3.57) W(t) = WO,

where el denotes the linear solution operator [21] for ¢ > 0. The main result of this

subsection is stated as follows.

Théoreme 3.4. Let m > 0 be an integer and 1 < p,r <2 < q < o0o,l > 0. Define

( o . .
1 1 [ if T=q=2 andl is an integer,
(3.58) [+3(=—-)+= L ‘
roq [+3(; =) +1, otherwise,
where and in Chapter 4, we use [-]_ to denote the integer part of the argument. Then, if

WO satisfies (3.45), for t > 0, e'X satisfies the following time decay property :

(3.59) vaetLWDHLq <C(1+ t)*%(%*é)*% WO“LP+C(1 L) va+[1+3(%7%)}+wo

L’
where C' = C(p,q,r,l,m) is independent of any time t.

Proof. Take 2 < ¢ < co and an integer m > 0. Set W (t) = e!XW?O. It follows from Lemma

1 1
3.2 with — + — =1 that
qa q

(3.60) [IV"W (D)5 < C|Ik["1W(2)

S C| k1™ (1)

+ C|| |k (1)

LY (|k|<1) LY (|k|>1)

By (3.56), since
(kK
1 2 = 9
(1 + [K]?) 4
Ve
! P) 2 27
U1+ k)"~ 4k

over |k| <1,

over |k| > 1,

we have

I

[ cemtt 1o k)
Ce” e [T70(k)

. , over |kl <1
Wt k)| < Ikl <
> 1

, over |k
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Then

(3:61) [[kI™ (1) e T GO [ IPYe P (R S

L7 (Jk|<1) Lp

for any 1 < p < 2. On the other hand, letting [ > 0, we have

. 1
kv, ap (e ) [k,
(362) La (W?l) k|>1 |]{7’ L (|k|>1)
—= m+ly5/0
<CO+ 7= IRm ]
Now, take 1 < r < 2 and fix ¢ > 0 sufficiently small. By the Holder inequality with
1 1
-4 — = 1’
roor
Le (|k\>1) /
La(|k|=21)
1 .
(3.63) <[z gy ) e
Ll(lk\>1) /
L (k|>1)
gCH‘k‘m-l-H—(i—é)(&l-a)WO )
L (k| >1)
When r = ¢ = 2 and [ is an integer, it follows from Lemma 3.2 that
|k|m+l+<%—%)(3+E)W0 — H“ﬂm-i—lWO <O va—HW{)H
L (Jk|>1) L2(|K|>1) '

Otherwise, by letting ¢ > 0 sufficiently small, by Lemma 3.2 again, we get

H|k|m+l+(i}1)(3+s)Wo C,va—k [+3(+-3)], 7o

< H |k|m+[l+3(%—§)]_+1ﬁ/0

L (Jk|>1) L (|k|>1) Lr.

Combining (3.60)-(3.63) and the last two relations, we have (3.59). O

3.4.3 Representation of solutions

In this subsection, we study the explicit solution W = (p,u, 0, E, B) = L'WY to the
Cauchy problem (3.43)-(3.44) with the compatibility condition (3.45) or equivalently the
system (3.48) in Fourier space. We show that p, ©, V - u satisfy the same equation which
is of order three and is different from that of the isentropic Euler-Maxwell system [17].
The main task is to prove Theorem 3.5 presented in the end of this subsection.

From the first three equations of (3.43) and V - E = —p, we have
5
(364) (9mp -+ Q@ttp — §8tA,0 + 2(3tp + P — Ap = O,
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with the initial condition :

(3.65) { duplico = =V -,
I\ Oupli—o = APO - PO +V-u’+ A6
Taking the Fourier transform in z for (3.64) and (3.65), we obtain
R . i) R R
(3.66) Oup +20up + (2+ SIKE) 0+ (14 KP) p =0,
with the initial condition :
{ lio = 7 = —ik - E.
(3.67) | uplico = —ik -,
LOupli—o = — (1 + k%) p° + ik - 0° — |K[?©°.
The characteristic equation of (3.66) is :
5
F(X) =X +2X% + (2 - B\k\Z) X+1+[k*=0.
For the roots of this equation and their properties, we have

Lemma 3.3. Let |k| # 0. The equation F(X) = 0, X € C has a real root n = n(|k|) €
(—1,—2) and two conjugate complez roots X1 = ¢ £ ivh with ¢ = ¢(|k|) € (—1, —3) and
¥ =([k]) € (2, +00) satisfying

1 20
(3.68) ¢:—1—g, w=2\/3n2+477+4+3|k|2.

Here, n, ¢, ¢ are smooth over |k| > 0, and n(|k|) is strictly increasing in |k| > 0 with

. . 3
|k1|12077(|k|) = -1, |kllinmn(lkrl) =5
Furthermore, the following asymptotic behaviors hold true :
1 V3
n(k]) = =1+ OM)IEP, o(|k]) = =5 = OW)[KP, w([k]) = = + O(1)|K
whenever |k| <1 is small, and
3 _ 7 _
(k) = —z = OMIKI™, (Ik) = =15 + OWIKT, w(|k]) = O(1)]K

whenever |k| > 1 is large. Here and in the sequel of this thesis O(1) denotes a generic

strictly positive constant independent of k.
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Proof. Let |k| # 0. We first consider the possibly existing real root for equation F'(X) = 0.

From
/ 2 2 29 2 D0
F'(X) =3% +43€+2+§|ky :3(36+§) +§+§|k:| > 0,
2 3. 38 .
and F(—1) = —5]/{] <0, F(—g) =155 0, we see that equation F(X) = 0 has one

3
and only one real root denoted by n = 1(|k|) which satisfies —1 < n < —% By taking the
derivative of F\(n(|k|)) = 0 in |k|, we have

10
Ik (2+ 50)
k[ {2+ 5
2 5 2
3n +4n+2+§|k\

i (1k]) = >0,

so that 7(-) is strictly increasing in |k| > 0. Since F'(n) = 0 can be rewritten as

+2 1+ |k|?
77(775>+1 :_5||,
2+ —|k|? 2+ —|k|?
+3H +3\|

3
n has limits —1 and —p |k| — 0 and |k| — oo, respectively. On the other hand,
F(n(lk|])) = 0 is also equivalent to

2 1 3
IR+ (n+1)° 3 —xtznn+2)
or n+—- =

SO
MU+%+2+§MF

n+1= B
(m+1)2+1+ §|k|2
Therefore, it follows that

n(lkl) = =1+ O(L)[k|*
whenever |k| < 1 is small and

n(kl) = 2 — Ok

whenever |k| > 1 is large.
Next, we consider roots of F'(X) = 0 over X € C. Since F(n) =0 withn e R, F(X) =0

can be factored as

2 3 5
F(%)—(%—n)<(3€+1+g> +4n2+n+3|k12+1) =0.

Then, there exist two conjugate complex roots X1 = ¢ 4 10 which satisfy

1+ = - —|k 1=0.
<%+ + )—%77+n+3||+ 0

By solving the previous equation, we obtain ¢ = ¢(|k|), 1 = 1(]k|) in the form of (3.68).
Moreover, it follows directly that the asymptotic behaviors of ¢(|k|), ¥(|k|) at |k] = 0
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and oo from that of n(|k|). We have finished the proof of Lemma 3.3. O

Based on Lemma 3.3, we define the solution of (3.66) as
(3.69) Pt k) = ci(k)e™ + e (cy(k) cos bt + c3(k) sinot)

where ¢j(k), 1 < j < 3, are to be determined by (3.67) later. Again using V - £ = —p,
(3.69) implies

(3.70) k- E(t k) = ilk| ™ (ci(k)e™ + € (ca(k) cos ¥t + (k) sint))
~ k
where and in the following of both Chapter 3 and Chapter 4, we set k = m Moreover,
it follows from (3.69) that
ﬁ|t:0 C1 1 1 0
(3.71) Oiplico | =Al |, A=1| 1 ¢ (8
attﬁ|t=0 C3 772 ¢2 - ¢2 299
It is direct to check that
5
det A= (V2 + (n — ¢9)*) = ¢ (3772 +4n+2+ 3\k\2) >0
and
e e
Tl n-20) 200 ¢ |-
n(¢* —y® —ng) V240’ —¢ -1
From (3.67) and (3.71), we have
1
T _
R R NN T
[ &+ w2 = (L) —i[k] (26 + 1) [k [T ]
7? = 2n¢ + (1 + |k?) ik| (26 + 1) k| k-0
> —no)—(¢—n) (1+KI*) _ A
o) W) (g2 e g g me g | |60
Making further simplifications with the form of ¢ and v, we have
1
T
1, Co, 3]t =
[1 2 3] 37’]2+47’]+2+§|k|2
(3.72) (n+1)" + 3|k[* —i[k[ (n+1) —[k[* p°
2% + 0+ 1+ |k ik (n+1) |k|? k-
2,3 2\_ 1 2 . 3 ~
RS 1 W= L]
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Similarly, from the first three equations of (3.43) and V - E = —p, we also obtain
. . 5 . .
(3.73) D14:© + 20,0 + (2 + 3|k\2) 90+ (1+ k) © =0,

with the initial condition :

:r é|t:0 = é07
i R 2 R
(3.74) { 0,0 |1=0 = —glk 00— @07
{ 04Olio = — 2 (14 k) §° + ik i+ (1—2|k]2> &0
[ 9tOlt=0 3 3 3 .

From Lemma 3.3, we define the solution of (3.73) as
(3.75) O(t, k) = cu(k)e™ + e (c5(k) cos bt + cg(k) sin i) ,

where ¢;(k), 4 < j < 6, are to be determined by (3.74) later. In fact, (3.74) together with
(3.75) gives

1
[047 Cs, Cﬁ]T = 9 5 2
302 +4n + 2 + 5|k|
2 . 2 N
(3.76) [ P2 i 2k AR (24 8) L
22 + 30+ 5+ 2|k> 2k (2+2)i  —(1— 2k k-4
—In?4n—ZnlkP+2-|k>  3n2-3n—2+3|k]>  —1-Zn+2[k]*+nlk|? Qo
» P P

In a similar way, we obtain the equation for k-

- . 5 . .
(3.77) Oue(k - ) + 20y (k - @) + (2 + 3|k=|2> Ok -a) + (14 |k*) (k- a) =0.
Initial data are given as :

(k- @)]1=0 = (k - @),

(3.78) Ok - )]0 = & (1+ ’k’2> po — k- g — i |k| O,
v

||

. R T o
O (K - )]e=0 = (1+|k5|2> P0_§|k|2k'u0+22|k|@0-

After tenuous computation, we have

(3.79) k-a(t k) = cr(k)e™ + e (cs(k) cos ¥t + co(k) sint)
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with

1
[077 Cg, CQ]T = 5 5 )
3n +477+2—|—§|k‘|

7420+ 24 3|k —2—n— 3k —n ki
2n% + 2n 2+77+§|k'|2 n|k|i
(3.80) n?—3nlk|? 3n?+3nlk| —3n2—3n—2—3|k?
P P P
[ — (L) [k (1 (kP i ool N[ 2 |
+ (L +n) [k (1 + &) d 00 k- a0
— G2+ 3+ 1+ 3P KT (1 + K 0 0 ao

Next, for (t,k) € RT x R?, we get

~ ~ A ~ ~ A A

0, = —kx(kxt), E :=—-kx(kxE), B, :=—kx(kxB).

Taking the curl for the second, fourth and fifth equations of the system (3.43), we have
[8(Vxu) +VXE+V xu=0,
{at(VxE)—Vx(VxB)—qu—O,

Lo(VxB)+V x (VxE)=0.
Taking the Fourier transform in = for the above system, it follows that
{0y = i, — B,
{' OF, =1, +ik x By,
0B, = ik x E,.

Initial data are given as :

(aJ_7 EJ.? Bl)’tzo = (l&(j_a EA?_? é?.)?

where

~ A ~ ~ ~ A

) = —k x (kxa°), EY = —k x (kx E°), B} = —k x (k x B%).
Then, it is straightforward to get
(3.81) OB + 0uE L + (1 +|k[*) O.EL + kP EL =0,
with the initial condition :
{ Elieo = £,

(3.82) HE | |1—o = 0 + ik x BY,

e e

OE | |imo = —09 — (1+ k) EY.
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The characteristic equation of (3.81) is
F(X) =X+ X"+ (1+|k]*) X+ [k[* = 0.
For the roots of the above equation and their properties, we have

Lemma 3.4. Let |k| # 0. The equation F.(X) =0, X € C has a real root n, = n.(|k|) €
(=1,0) and two conjugate complex roots Xy = ¢, £ ith, with ¢. = ¢.(|k]) € (=1,0) and
V. = . (|k]) € (@, +00) satisfying

1o 1
(3.83) 6o = =5 — o, o= 53+ 20+ 3+ 4[KP.

Here, ., ¢x, Vs are smooth over |k| > 0, and n.(|k|) is strictly decreasing in |k| > 0 with

lim n.(|k|) =0, lim n.(|k|])=-1

|k|—0 |k|—o0

Moreover, the following asymptotic behaviors hold true :

&

ne(kl) = —O()[k[*, ¢ (|k]) = —; +OMRP, u(|k]) = 5= + O(1)Ik]

whenever |k| <1 is small, and
n([kl) = =1+ Ok, ¢.([kl) = —OD)|k]7*, ®u(|k]) = O(1)[K|
whenever |k| > 1 is large.

Proof. The proof is similar to that of Lemma 3.3, we omit it here for simplicity. 0

Based on Lemma 3.4, we obtain

(3.84) = _mem (1 +C;51§l§>+ )2 L+ 9 cosyut + g sin i)
e +C<Z§§> e (L 9 sintiut — o cosnt),
(3.85) EL (k) = cro(k)e™t 4 et (c11(k) cos t,t + cio(k) sin,t)
and
By (t k) = —ik x C“;Ek)eﬂ*t — ik x ¢6211+UZ$ % (¢, cos bt + 1, sin1h,t)
5 — ik x J;:@z e+t (¢, sin byt — b, cos )
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with

1
[010, C11, 012]T = 5 5
3n2 + 20, + 1+ |k|
(3.87) N 13 (1 4 1) 15 (n. + 1)ikx a9
13 2 +n + k> + 1)L —(n. + ikx | | EY
3 2 A~
M—*HHM[ (17*+1)(;7;ir1+|k|2)13 2’”2,7%' s B

Now, let us summarize the above computations on the explicit representation of Fourier

transforms of the solution as follows.

Théoreme 3.5. Let W = (p, u, ©, E, B) be the solution to the Cauchy problem (3.43)-
(3.44) with initial data WO = (p°, u°, ©°, E°, BY) satisfying (3.45). For (t,k) € R x R3
with |k| # 0, we have the decomposztzon :

[ o, k) P, k) 0
a(t, k) iy (t, k) (k)
(3.88) otk) | =| 6@tk |+ 0 ,
2(t, k) Ey(t, k) Ey(t, k)
L B(t k) 0 | Bu(tk) |

ALk | [ polk) |
(3.89) f{”(t”‘“) —HL (4 ) f{o,u(k)
o(t, k) Oo(k)
| Ey(tk) | | Eoy(k) |
and
a(t,k) | a (k)
(3.90) Eu(tk) | = HIL(t k) | EQ(E) | .
B (t.k) | 30 (k)

where HY ¢ is explicitly determined by representations (3.69), (3.79), (3.75), (3.70) for
p(t, k), y(t, k), O, k), B\t k) with c,(k), (1 <i < 9) defined by (3.72), (3.76), (3.80)
in terms of p°(k), aj(k), O°(k), EH(]{Z) and HEly is determined by the representations
(3.84), (3.85) (3.86) for u, (t, k;) E\(t,k), BL(t, k) with c19(k) , c11(k) and cia(k) defined
by (3.87) in terms of 49 (k), EO(k), BY (k).

74



3.4.4 Refined L” — L9 time decay properties

In this subsection, we use Theorem 3.5 to refine the L? — L9 time decay property
for every component of the solution W = (p, u, ©, E, B). For that, we first consider the
delicate time frequency pointwise estimates on the Fourier transforms W= (p, , @, E , B )

as follows.

Lemma 3.5. Let W = (p, u, ©, E, B) be the solution to the linearized homogeneous
system (3.43) with initial data W° = (p°, u®, ©°, E°, BO) satisfying (3.45). Then, there

exist constants v > 0 and C > 0 such that for all (t,k) € RT x R3,
(3.91) Pt k)| < Ce2 (k). a°(h), 6°())

(P (k), @ (k), ©°(k), E°(k))|

jit, k)| <Ce™>

i +C |(a(k), E°(k), B°(k)))| r 677t+|’€|€’1’j‘ Loaf k<L
i e el if k> 1,
(393) 6(t )] < Cet|(°(k), (k) @),
Bt k)| <Cet | (i (k), 0°(k), £°(h))|
(394) e (ao(k) E’O(k.) AO(]{:))‘ ( 6_7t_|_ ‘k|e—7|Itht’ Zf ‘k| < 1’
]k,—Z e L e Gf |k| > 1,
and
» ~ ~ ( k —’yt_'_ _'Y‘k‘Qt ; k < 1
(3.95)  |Blt.k|=C <a°<k>,EO<k>,BO<k>>\i s ot ot

—~t
k| e e, if || > 1.

Proof. Recall the decomposition (3.88) of (p, @, O, E, B). We consider the upper bounds
of each component in the first part (p, 7, 6, EH) due to (3.89). For the upper bound of p
defined by (3.69), from Lemma 3.3 and (3.72), we obtain

c1 OM)[k> —OW)[k[’i —O(1)[k|* p°
o= o1 OoWkPi Ok k-a® |, asl|kl—0,
c3 o)  —O) k| —O)k* e’

and
C1 o)  —OMkI™  —0(1) P’
c | = o(1) O(1)|k| " o(1) L-a® |, as |kl — oco.
¢ OWk™  —o@)i o)k ao
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Then, after plugging the previous computations into (3.69), we have

pt, k) = (O |k[*p° — O)[k[%ik - @° — O(1)|k[*©°) ™
+ (0(1)p° + O()|kPik - a° + O(1)|k[?0°) " cos vt
+ (0(1)p° — O(1) |k| ik - @° — O(1)|k[*@") e”' sinept, as |k| — 0,
and
= (0(1)p° 0( )\k| —0(1)@°%)
+(0(1)p )|k~ ik - a° + O(l)éo) e?" cos it
+ (O(1) [k 0(1)112-a0+0(1)|k|*1é)0) e sint, as k| — co.
Thus, we obtain (3.91). Similarly, we get (3.93) and the first term on the right hand side
of both (3.92) and (3.94).

Next, let us seek the upper bounds of the second part (u L,EA L,é 1) in terms of

(4°(k), E°(k), B(K)) by (3.90). For the upper bound of 4, , by Lemma 3.4 and (3.87), we

obtain
co || —OMIEPE —OMEPE  O)kikx | [ a2
e | = | Ok O —O()[klikx | | BY |, as |kl — 0,
C19 O(1)I5 O(1)I O()[klikx | | B}
and
[co] [ -0WK2E —0Wk-1 oWk Sikx | [ ]
o —O(1)|k| 215 O(1)I5 —O)|k|3ikx | | E° |, as |k| — .
Lm‘ OM)|k|" 5 O)|k| 315 O(1)ikx B’g‘
Moreover, it follows from Lemma 3.4 that
1+ 9, [ 0(1), as k=0,
(1+ ¢.)” + 2 iO D)|k|™2, as k] — oo,
and
v [ 0(), as k-0,

1+ +v2 i OM)|k|7Y, as |k| — cc.
Therefore, after plugging the previous computations into (3.84), we get
@y (t, k) = —O0(1) (—|k[*a — |k|*ES + |k|ik x BY) em )
— O(1) (=|k[*a" + EY — |k|ik x BY) (cos ut + sin¢h,t) e M
—0(1) (a9 + EY + |k|ik x Bﬁ) (sin .t — costh,t) e® B as [k| — 0,
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and
iy (t,K) = —O(1) (= |k — [k|71BS + k| ~2ik x BY) [K[2em ¥

_0(1)(|]f _2ﬁ(i+E9_—|k|_3i/% X Bg)(|k|_2 COS w*t+|k’—1 Sin¢*t)e¢*(k)t

—O() (k"0 + k|2 EQ +ik x BY)(|k|~* sin bt — k|~ cos p,t)e® ", as k] — oo.
Notice that due to Lemma 3.4 again, there exists a constant v > 0 such that

1o
(k) < <k ou(k) = =~ < over|k| < 1,

—
Pt
*

1( ne(k) <=7, ¢u(k)=—5 -5 < —UZ|2, over |k| > 1.
Then we obtain, for |k| <1,

iy (£, k)] < C (e + [kle M) (a°, E°, B)

(a8, BY, BY)| < C (7 + [kle )

)

and for |k| > 1,
1 _at PN 1 PPN
i (L k)| < C (e‘”t + e u?z) (a5, B9, BY)| < C (e‘”t + e |Zz> |(a°, E°, B°)
|| ||
which give the upper bound of 4, (¢, k) corresponding to the second term on the right

hand side of (3.92). Hence, (3.92) is established. Finally, (3.94) and (3.95) can be proved

Y

in a similar way as for (3.92). This finishes the proof of Lemma 3.5. U

Based on Lemma 3.5, we refine the time decay property for the solution W = (p, u,

O, E, B) obtained in Theorem 3.4 as follows.

Théoreme 3.6. Let m > 0 be an integer and 1 < p,r < 2 < g < 00,1l > 0. Suppose
W to be the solution to the Cauchy problem (3.43)-(3.44) with initial data W° = (p°, u°,
0% EY, BY) satisfying (3.45). Then, for any t > 0, W satisfies the following time decay

property :
(3.96)  [V™p (1), < Ce s (H(powo’@owm N "vm+[3(i_;)]+ (.0, 6) ) |
LT
IV )l <0t (607, + |9 EC (0,e0)] )
3.97) Lo+ DR )|,
+C(1+ t)—HTI Ver[lJrB(%—%)]+ (uo’ E°. BO) ,
LT

398) VO @), < Cet ([, 09), + VPR (.00, 00)

).
LT
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+1

VM E(t q§01+t*%<%%)*m7 u’, 0% B, B
L

(3.99)

+O(1+¢)72 ||wmH Gk (0, @0, EO B,
and
(3.100) IV B()] 0 <CL+ 07257075 |, E°, BY)|

+C(1 +t)‘5

where [l + 3(1 — %)]Jr is defined by (3.58).

Proof. We only give the estimate of © for simplicity. Take 1 < p,r < 2 < ¢ < oo and an
1 1

integer m > 0. It follows from Lemma 3.2 with — + — =1 and (3.93) that
q (¢

IV OW),. < C|Ik"6()

(3.101)
< Ce k(| 1K™ (70,00, 6°)

+ |k (50, 00, ©°)

L' (Jk|<1) Lq’(|k|>1)> '

Now let us estimate each term on the right hand side of (3.101). Let € > 0 be a sufficiently

1 /]
small constant. For the first term, using the Holder inequality with — — — = P p /q and
] ] qa P pq
—+ — =1, we have
p

k AO AO)@O H p,?Sakm—&- //(3 €) (A0 AO (__)0
[+ M o gy = |1 K (7, .
—(3—e)|| pra" km+P (3 €) [ A0 o0 @0
< CH\M””W(‘“"E) (.0, €")
LY (|k|<1)
A0 0 A0 0,0 Q0
< ). )y, < (7" )],
. : ) . . P e B 4
Similarly, for the second term, using the Holder inequality with — — — = ——= and
q r mq
1 1
—+ —, =1, we have
roor
K™ (7 0, @ H k—’“,‘} (3+2) | o+ S (3+e) 0 0 @Y
Hl ‘ ) L9 (|k|>1) %] ’ | (p ) L7 (|k[>1)
k (3+¢) e k m+ , (3+s) Ao,ﬁo,éo
H’ ’ Li(|k|>1) | | <p ) L™ (k| >1)

< O o (0, a0, 60)

L7 (|k|>1)
<C ‘k|m+[3(%—§)],+1 (ﬁojao7é0)
L (|k[>1)
< o|vmBG-al, (p°,u”, 0% .
LT‘




3.5

These two estimates imply (3.98). We get (3.96), (3.97), (3.99) and (3.100) in a similar
way. [

Based on Theorem 3.6, we list some particular cases as follows for later use.

Corollary 3.2. Let W = (p, u, ©, E, B) be the solution to the Cauchy problem (3.43)-
(3.44) with initial data W° = (p°, u°, ©°, E°, BY) satisfying (3.45). Then, for any t > 0,
W satisfies the following time decay property :
lo (@)l < Ce™2 (", 0, ©°)
Hllu ()] < CemE (0%, 00|+ +1) 7
(3.102) | 10 (1)]] < Ce~2 ||(p°,u, 0%,
LB <c+6)71 (0,00 E, B)

—-_——

(u’, E°, BY)

LINH2’

Ling3’

1B <c+17

(u’, E°, BY)

LinH?’

(,007 UO, @0)

(0°,6°)

L2nH?’
,+ O+ (B, BY)

L'nH LinH5’

C (po,uo,@o)
1E ()]~ < C(1 +f)_2H(UO,@°,EO,BO)
C(1+1)72||(u®, E°, B°)

(3.103) 10 (1)l <

L2NH?2’

LiNnHS’

LinH5’

and

CIvBW| <c1+0)78

(v, E°, B)

LINHY’

(3.104) { 1.0 59,59

LIVHE®, B <CA+1)"

where and in the rest of this thesis, H® denotes the homogeneous Sobolev space of order

L2NHs+3’

S

H*(R®) = {u € L*(R®) | 9%u € LA(R?), for |a| = s}

lullgs = | 22 N0°ull?.
|af=s

Time decay rates for nonlinear systems

with the norm

In this section, we give the proof of Propositions 3.3-3.4. For the solution W =
(p, u, ©, E, B) of the nonlinear Cauchy problem (3.5)-(3.6), the first two subsections
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351

are devoted to obtain the time decay rates of the energy ||[W(¢)||* and the higher order
energy [[VW (¢)]|?>_;. In the last subsection, the time decay rates in L? with 2 < ¢ < 400
for every component p, u, ©, E and B of the solution W are established.

In the following, since we shall apply the linear P — L9 time decay property of the
homogeneous system (3.43) studied in the previous section to nonlinear system (3.5), we

rewrite (3.5) in the following form :
:ratp+v'u:gla
' 2

(3.105) Jat@+§vu+@:gs,

O -V xB—-u=gq4, V- -E=—p,

(O B+VxE=0 V-B=0, in R'xR?

with

14+ 0
92:—(U-V)u—(1+p—1>Vp—uxB,

2 1
g3 = —u-V@—g@V-u—§|u|2,

mm_———————
2
|
|
<
=
S

(3.106)

i94 = pu.

Then, by the Duhamel principle, the solution W can be formally written as
¢
(3107) W(t) = etLWO + / e(t_T)L(gl(T)a 92(7_)7 93(7—), 94(T)> O)dTa
0

where e'” is defined by (3.57).

Decay rates for the energy functionals

In this subsection we prove the time decay estimate (3.15) in Proposition 3.3 for the
energy ||W (t)||>. We begin with the following Lemma which can be seen directly from the
proof of Theorem 3.2.

Lemma 3.6. Let W = (p, u, ©, E, B) be the solution to the Cauchy problem (3.5)-(3.6)
with initial data WO = (p°, u°, ©°, E°, B®) which satisfy (3.7) in the sense of Proposition
3.2. Then, if €,(W?Y) is small enough, for any t > 0,

d

3.108 —
(3.108) o

¢, (W(t) +D,(W(t) < 0.
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Based on Lemma 3.6, for p > 0, it holds that
t
(1+ )PE(W (1)) + [) (1+ 7D, (W (r))dr
0 t 1 2
<€W") +Cp [ (14717 (IBE)IP +Dera(W(r)) dr.

where the relation €,(W(t)) < C || B(t)||” + CD441(W (1)) is used. By Lemma 3.6 again,

we have
Eera (W (1) + [ Dera(W(r))dr < €,,a(W0)
and
(1+ 0P € (W) + [ (147D, (W(r)dr
<€ (W) +Cp—1) [ 477 (IBE)I +Dera(W (7)) dr.
Then, by iterating the previous estimates, we have

(1+ 1€, (W (L)) + /t(1 + DLW (7))dr
(3.109) L0
<O, (W) + 0[) 1+ 7P B(r)|Pdr, Y1<p<2.

Now, let us estimate the integral term on the right hand side of (3.109). Applying the
last linear estimate on B in (3.102) to (3.107), we have

(3.110) [B(1)||<CU+1f

@’ E° BY)

¢ _3
s [ (1 =7 Flg2(7), 9a(T) 1 e
It is direct to check that for any 0 < 7 <,

_3
1(g2(7), 9a(T)) | 1z < CIIW(T)[l5 < C&(W(7)) < C(L+17) 2 € (W(H))
where and in the rest of both Chapter 3 and Chapter 4
C.no (W(1)) := sup (1+7)€, (W(r)).
o<t

Plugging this into (3.110) implies

(3.111) 1B (1) <+ (|(u, B, B)

+ €ooe (W(1))) -

LINH?2

Next, we prove the uniform-in-time bound of & ., (W (t)) which implies the decay rates
of the energy functionals &, (W (¢)) and thus ||[W(¢)]|2. In fact, by choosing p = 2 +¢in
(3.109) with € > 0 sufficiently small and using (3.111), we have

1+ e, W) + [ (147D, () dr

+ (€ (W(1))),

2

<OC,p (W) + C(1 +t)° (H(uo, E°, BY)

LinA2

81



which implies

3
2

(1463, (W) < O (Cann (WO) + |, B B, + (@0 (W(1)))?)

and thus
2

€ (W()) < C ((worz (W) + (€se (W (1)),

since wyys (W) > 0 is small enough, it holds that €, . (W (t)) < C (weso (W?))? for any
t > 0, which gives

=
Wl

W (@)l < CC(W(1))? < Cwspa (W) (1+1)77,

that is (3.15). O

3.5.2 Decay rates for the higher order energy functionals

In this subsection, we continue the proof of Proposition 3.3 for the second part (3.16),
that is the time decay estimate of the higher order energy functionals |[VWW (¢)|%_;. In
fact, it can be reduced to the time decay estimates only on |VB|| and ||V*(E, B)|| with
the help of the following Lemma.

Lemma 3.7. Let W = (p, u, ©, E, B) be the solution to the Cauchy problem (3.5)-(3.6)
with initial data WO = (p°, u°, ©°, E°, BY) satisfying (3.7) in the sense of Proposition
3.2. Then, if €,(W?°) is small enough, there exist the higher order energy functionals " ()
and the corresponding higher order dissipative rate D"(-) in the form of (3.9) and (3.11)
such that for anyt >0,

(3.112) CZ@Q(W(U) +D"W(t)) <o.

Proof. The proof is very similar to that of Theorem 3.2. In fact, by letting the energy

estimates made only on the higher order derivatives, then corresponding to (3.22), (3.32),

(3.39) and (3.40), it can be reverified that

d le' le' le'
7 2 (AWDIW, 0" W) +[|0°Wi|*) + [IVulli_ + [ VO, < CIWIL|WilE,
1<]al<s
d « fo%
o 2 (00,0°Vp) + ol Vel < CIW WAL + ClIVulliy + CIVOIL,
1<a<s—1
d le' le"
= 2 (0w0"E) + ol VEIL, < C(IVWily + WL IWi S + Vel [V2Bls-s)
1<]a|<s—1
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and

d

2
7 Y (FVxOE0"Bye |VUB| < C(IVulli HIVEIL W2 IV (o w)12,)

1<al<s—2
Here, the details of proof are omitted for simplicity. Now, we define the higher order

energy functionals as :

CW(t) = > (AyWno"Wr,0*Wi) + [|0°Wi|?)

1<|al<s
(3.113) + 8/ D (0%, 0°Vp)+ K D (0%w,0°F)
1<]al<s—1 1<]al<s—1
+8 Y (-Vx0°E,0°B).
1<]a]<s—2

Similarly, we can choose 0 < £3 < Ry < £ < 1 to be sufficiently small with ﬁ§ < 83,
such that (W (t)) ~ [[VIW(t)||2_,, that is, €*(-) is really a higher order energy functio-
nals satisfying (3.9), and moreover, the linear combination of the previously obtained four
estimates with coefficients corresponding to (3.113) implies (3.112) with D”(-) defined as
(3.11). We have finished the proof of Lemma 3.7. O

Then, from (3.9) and (3.11) for the definitions of €"(W (t)) and D*(W (t)), we obtain

9 er(we) + € WD) < C (IVBIE + V(2. B)?).

which implies
t

(3.114)  &(W(t)) < (W )e™ +0/ eI ([VB(M)|1? + IV (E(r), B(r)|?)dr.
0

To estimate the time integral term on the right hand side of (3.114), we have

Lemma 3.8. Let W = (p, u, ©, E, B) be the solution of the Cauchy problem (3.5)-(3.6)
with initial data WO = (p°, u°, ©°, E°, BY) satisfying (3.7) in the sense of Proposition
3.2. Then, if wey6(W?) is small enough, for any t >0,

S 2 -5
(B115)  (IVB@I + [V (B), BO)I® < C (wyes (W) (1 +6)F.
Proof. By applying the first linear estimate on VB in (3.104) to (3.107), we have

5 3 _5
IVB(#)| <C(1+t)7% @%EQB%IMW,+CA<1+t—ﬂ (g2(7) ga (T g1 rpgacd

ot

t 5
- 0 70 RO —1 2
<O+ B, B)| +CA L+t = 1) W) s 147

ot

<CO+ 0 (W, B B, +C [ 1+ t=1) wnss (00) (11 7) Har

ot

< Cws-i—ﬁ(WO) (1 + t)i )
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where the smallness of ws. (W) is used. Similarly, by (3.15) and applying the second
linear estimate on V*® (E (t), B (t)) in (3.104) to (3.107), we get

IV* (B (1), B @)
t 5
u, 0% B BO)| s+ C [ (Lt = ) (027, 95(7): 94T aresadr

(

t 5
(0% B BY)| s + € [ (Lt =) WD), ydr
(

_5
1

<C(1+1)

B

<O +1)

_5 t _5 2 _3
<C+t) 1| (u,0°% E’ B L%HMJFC/O (T4t —7) 1 (wes (W) (14 7) "2 dr

ot

< Cwgg(WO) (141)77,

where we also used the smallness of w,¢(1Vy). We have finished the proof of Lemma 3.8. [J

Then, plugging (3.115) into (3.114), we have
W (1) < EWO)e ™ + C (wers (W) (141)75.
Since (W (t)) ~ |[VW(t)||>_, holds true for any t > 0, (3.16) follows. Therefore, the
proof of Proposition 3.5 is finished. O
3.5.3 Decay rates in L4

In this subsection we prove Proposition 3.4 for the time decay rates of solutions W
= (p, u, ©, E, B) to the Cauchy problem (3.5)-(3.6) in L? with 2 < ¢ < +o00. Throughout
this subsection, we always suppose wi3(WW°) > 0 to be small enough. In addition, for

s > 4, Proposition 3.3 shows that if w,o(W?°) is small enough,
(3.116) W (1)l < Cwsya(WO)(1+ )71,
and if wg,6(1W°) is small enough,

(3.117) VW (0)]ls-1 < Closs(WO)(1+ 1) E.

Now, let us establish the estimates on B, (u, E) and (p, ©) in turn as follows.

Estimate on || B||re. For L? rate, it is easy to see from (3.116) that
| BO)I| < Cu(W)(1+1)77.
For L* rate, by applying L> estimate on B in (3.103) to (3.107), we have
IB@)lle < C(L+1)7%

¢ 3
(W B B e + € [ (U =) 2 (02(0), 80 s

Ln
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By (3.116), since

MO«

1(92(8), 94l ses < CIW DI < C (ws(W)* (14 )73

we have

1Bl < Cos(WO)(14+1)72.
Thus, by L? — L™ interpolation
(3.118) IB(t)||ze < Cws(WO)(1+14)"2%%, V2<q< +oo.

Estimate on ||(u, E)||p«. For L? rate, applying the L? estimates on u and E in (3.102)
0 (3.107), we have

lu ()] <C(+8)7% (|| (o, %) + | (u®, £, BY)

leHQ)
+ C/O L+t =773 (11 () g3+ 192(7), ga (O ) dr

and

5 t 5
12 (@)l < O+ 07H| @2, 0%, B B, ot [ (bt =) F a0, 950, 04 s

By (3.116), since

:,o

19n (), gs@NI+ 11(g2(8), 95(8), ga(ED s < CNW DI < C (ws(W))* (148)73,

we get

s

I(u (), E (£))[] < Cowg (W) (1 +12)71.
For L* rate, applying the L estimates on v and E in (3.103) to (3.107), we have
Ju @)l <C0+072 (|50,

+ CA (L4t =7) 7 (191(7), g3l e + 1 (92(7) 94 (7)) | 11 gya) T

+ H(uo, E°, BY)

leHS)

and

|E Ol <CO+1)7|(u, 00, £°, BY)

LINHS
t
+C [ (4t =)0 02(7), 95(7) 98Pl oo
Since

5

1918, 95 () 152 + 1(92(8), 95(8), 91O L ssrzs < C IV (@) < (wrs (W) (14+8) 73,

and

| (g1(8), 92(8), g5(8), 9a(1)) l1r < CIW @[ ([u(®)]| + [V @) < (wro(W)* (1 +1)72
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we obtain

lut), B@)lle < C (wis(W)” (1+1)2

Thus, by L? — L* interpolation
(3.119) (w(t), Et)||ne < Cws(WO)(1+8) 2%, V2<q< +oo.

Estimate on ||(p, ©)||z«. For L? rate, applying the L? estimates on p and © in (3.102)
to (3.107), we have

(3.120)  [|(p(t), O(t))]| < Ce 3

(0, 0,0%) |+ € [ Nar(7), (), ()|
Since

1(g1(2). g2(2). gD | SClu()] oo (IV (p(8), u(t), OEN + [[(B(E), u(t))])
(3.121) +Cl(p(8). O IV (p(t), u(®))ll,
<O (wis(W0)” (1 +14)72,
(3.120) implies the slower decay estimate

(3.122) 1(p(6), ©()]| < Coona(WO)(L + 1)

Plugging (3.122) into (3.121) and re-estimating ||(g1(¢), g2(t), g3(t))|| implies

1(91(%), 92(1), g5 ()| < C (w13(W0))2 (1+1)" 7,
it follows from (3.120) that
1(p(t), )| < Ceong(WO)(1+1) 7.
For L% rate, by applying the L> estimates on p and © in (3.103) to (3.107),

1(o(2), )| Lo

(3.123)
(p°,u’, 0"

t t _t—7
<Ce pooie +C | T N@0), 927, 95 ot

It is straightforward to check

1(91(2), 92(1), g3(E)| L2
(3.124) < IV, (I(p(t), O + I ((t), BEt))ll oo + IV (p(£), u(t), O) | o)
< Cuws(WO)(1+1)77,
which implies from (3.123) that
[(o(), O@) 1 < Carg(Wo)(1+8)7%.
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Therefore, by L? — L™ interpolation
(3.125) 1(p(t), ©(#))]lze < Cang(WO)(1+4)"%, ¥V 2<q< +oo.

Therefore, (3.125), (3.119) and (3.118) give (3.17), (3.18) and (3.19), respectively. We
have finished the proof of Proposition 3.4. U
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Chapitre 4

Asymptotic behavior of global
smooth solutions for two-fluid non

isentropic Euler-Maxwell systems

Introduction and main results
Based on the results in Chapter 3, we continue to consider the Cauchy problem for
the two-fluid non isentropic Euler-Maxwell system (1.18) with 6, =1 :
[ One +V - (nu®) =0,
1
b Opu® + (u® - V)u + EV (n0°) = —(E +u° x B) —u°,
2 1
P O0° +ut - VO© + geev cuf + §|ue|2 +(0°—1) =0,
om' + V- (n'u") =0,
(4.1) ]
v Ot + (u' - V)u EV (n'¢') = (E+u' x B) —u,
. . . 2 . . 1 . .
PO+ ' VO + gelv cu' + g|u’|2 + (0" —1)=0,

t O,F —V x B=nu®—nu', V- -E=n"—n°

(B+VxE=0, V-B=0, in R"xR.

Initial values are given as :

(4.2) (n”,u”,0", E, B)|—o = (0", u"®,0"°, E°, BY), v=c¢,i, in R
with the compatibility condition :

(4.3) V-E'=n®—n® Vv.B'=0, in R
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The main results of this Chapter can be stated as follows.
Theorem 4.1. Let s > 4 and (4.3) hold. Then, there are o > 0 and Cy > 0 such that if
H(nuo _ Luuo’euo _ LEO’ BO)HS < o,
the Cauchy problem (4.1)-(4.2) admits a unique global solution (n”, u”, 0", E, B) satisfying
(n” —1,u",0" —1,E,B) € C'(R"; H* ') N C(R"; H?)
and

sup [|(n”(£) = 1,u* (1), 6" (t) = 1, E(t), B(t))|l, < Co | (n*”” = 1,u™®,6"" — 1, E°, B°)

>0

s

Moreover, there exist 6y > 0 and Cy > 0 such that if

H(n”o - Lul/O’eVO —1, EO’BO)Hm + H(nuo - Luuo’euo —1, EO’BO)‘ . <4,
then, the solution (n”, u”, 6", E, B) satisfies for any t > 0,
(44)  ||(n 0,0°(0) — ' ()|, < CLl+1770, ¥ 2< g < +oo,

(4.5) H(ne(t) +n'(t) = 2,6°() + 6'(t) = 2) |, < Cu(1 + )73, ¥ 2< g < +oo,

1

(4.6) |(uet) £ w' (), E®)|,, < Cr(1+1)7273, ¥ 2< g < +oo,

(4.7) IB(t)|| e < CL1+1)72%%, V2 < q< +oo.

Similarly to that for the one-fluid non isentropic Euler-Maxwell system in Chapter
3, we complete the proof of Theorem 4.1 by also using careful energy estimates and the
Fourier multiplier method. For this purpose, we must overcome the difficulties caused
by two-fluid particles and the temperature field to establish the energy estimates and
the large time decay rate. This can be done by introducing the ’total functions’ and
"difference functions’ for the densities, the velocities and the temperatures. By studying
the properties of both the functions’ in Fourier space, we obtain the decay rate for two
linearized systems. This concludes the decay rate results for the nonlinear two-fluid non
isentropic Euler-Maxwell system by using the Duhamel principle and the energy estimates.

The rest of this Chapter is arranged as follows. In Section 4.2, the transformation of
the Cauchy problem and the proof of the global existence and uniqueness of solutions are
presented. In Section 4.3, we study the linearized homogeneous system to get the LP — L9
decay property and the explicit representation of solutions. In the last Section 4.4, we
investigate the decay rates of solutions to the transformed nonlinear system and complete

the proof of Theorem 4.1.
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4.2  Global solutions for nonlinear systems

4.2.1 Preliminaries

Let (n”,u”,0", E, B) be a local smooth solution to the Cauchy problem for system
(4.1) with initial data (4.2) satisfying (4.3). Set

(4.8) n'=14p", 6"=14+060" v=c¢,i.
Then we can rewrite (4.1)-(4.3) as :

{005+ V- (14 p)u) = 0,

[

1+0
8 e e.v e
POt + (u )u+1+pe

2 1
b 0,0° +uf - VO© + §<1 + OV - uf + §|u6|2 +0° =0,

Vp+ VO = —(E+u® x B) —uf,

0ip' + V- (L4 p')u') =0,

1+0°
14 pt

! ) ) ) 2 ) ) 1 . )
20" +u' - VO + g(l + OV - u' + g\uZP +0"'=0,

(4.9) {

o' + (u' - V)u' + Vp' +VO' = (E+u' x B) —u',

P O,E—V X B—u®+u = pu’ — piut, V-E=p —p°,

\OB+VxE=0, V-B=0, in R" xR’

with the initial condition :

(4.10) Wlieo = W0 := (50, %, u®, %, 60, 6° E° B%), in R®,
which satisfies the compatibility condition :

(4.11) V-E'=p0—p? Vv.B"=0, in R

Here, p° = n*® — 1 and ©"° = 0 — 1,

Similarly to Chapter 3, we usually assume s > 4 in this Chapter. Moreover, for W =
(p, p', us, ut, ©°, O E, B), we also use E,(W(t)), €"(W(t)), D,(W(t)) and D(W (1))
to denote the energy functionals, the higher order energy functionals, the dissipative rate

and the higher order dissipative rate for two-fluid particles. They satisfy

(4.12) C(W(t) ~ > (", u”, )5 + I(E, B2,
(4.13) (W (1) ~ 2 IV, )y + IV(E, B)II;,
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2

(.14) D W(®) ~ 3 (VeI + 1, ©)17) + BN, + VBl + |p° = ¢

v=e,i

and

2

9

IV O ) HIVEI + [ VB] 4 W)

(4.15) DLW (E)~ I (|75

v=e,i

respectively. Now, concerning the transformed Cauchy problem (4.9)-(4.10), we obtain

the global existence result as follows.

Proposition 4.1. Assume that W° = (p°, p°°, u?, v, 0 0% E° B satisfies the com-
patibility condition (4.11). Then, if E,(W?) is small enough, the Cauchy problem (4.9)-
(4.10) admits a unique global solution W = (p°, p', u¢, u', ©¢, ©', E, B) satisfying

(4.16) W e CYRYH ) NC(RY; HY),
and
(4.17) e W)+ [ D (W())dr < (W), V>0,

Obviously, from Proposition 4.1, it is straightforward to get the existence result of
Theorem 4.1. Furthermore, solutions of Proposition 4.1 really decay under some extra
conditions on W0 = (p® p u® v 0L 0° E° BY). For that, we extend the definition
of ws, (W?) in (3.14) of Chapter 3 as :

(4.18) ws, (W) = ||[W°

W

Il

for s, > 4. Then, we obtain the following decay results.

Proposition 4.2. Let W = (p°, p', u¢, u', ©°, ©, E, B) be the solution to the Cauchy
problem (4.9)-(4.10) with initial data W° = (p®, p° u®® v 09 0° E° B°) satisfying
(4.11) in the sense of Proposition 4.1. Then, if wsio(W?) is sufficiently small,

(4.19) W), < Cwspa(WO)(1+1)"3, V>0
Moreover, if wyi6(W?) is sufficiently small, then, the solution also satisfies
(4.20) IVW ()|, < Cwasg(WO)(1+8)75, V>0

Thus, we obtain the decay rates (4.4)-(4.7) through the method of bootstrap and
Proposition 4.2.

92



4.2.2 Weighted energy estimates

In this subsection, we give the proof of Proposition 4.1 for the global existence and
uniqueness of solutions to the Cauchy problem (4.9)-(4.10). Since hyperbolic system (4.9)

is quasi-linear symmetrizable, we have the local existence of smooth solutions as follows.

Lemma 4.1. (Local existence of smooth solutions, see [{1, 46]) Assume integer s > 3
and (4.3) holds. Suppose (n*®—1, u*®, 0"° —1, E°, B®) € H® with n*°,0"° > 2k for some
given constant k > 0. Then there exists Ty > 0 such that problem (4.1)-(4.2) has a unique

smooth solution satisfying n”,0" > r in [0,T1] x R® and
(n’ —1,u",0" —1,E,B) € C'([0,T1); H*~") n C([0, T1]; H®).

Then, with the help of the continuity argument, the global existence of solutions
satisfying (4.16) and (4.17) follows by combining Lemma 4.1 and a priori estimate as

follows.

Theorem 4.2. Let W = (p°, p', v, v, ©°, ©', E, B) € C*([0,T}; H*~*) nC([0,T); H*)
be the solution to the Cauchy problem (4.9)-(4.10) fort € (0,T) with T > 0. Then, if
(421 sup WO, <6

with &y sufficiently small, there exist €s(-) and D4(-) in the form of (4.12) and (4.14)
such that for any 0 <t < T,

EGS(W@)) +D(W (1) < C&,(W (1) 2D (W (1)):

(4.22) y

Proof. Similarly to that in Chapter 3, we also use five steps to finish the proof.
Step 1. It holds that

(4.23) thWHi%—H(ue,ui,@e,@i) jgcnwus (H(u@,ui,@e,@l

)

In fact, the Euler equations of (4.9), weighted energy estimates on 0%p”, 9*u” and 0*©”

7 )

with |a] < s imply

]_d 1"‘@ [eN% o v 1—f-p w2
zdtyzm<<1+pwla |>+<1+p 0%u”|*) + <1+®V,\a@|>>

14 o UV 3 1—"_ OCV (4 (63 o, €
(4.24) +Z(<1+p,|au|2> <1+gy| @|>> (14 p°) 0° B, 0°uc)

—<(1+pi)8°‘E,8aul>— > Chlap(t) + L(t),

[B<a
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where

Ls(t) =I5 5(t) + L (1), Li(t) = I7(t) + Li(1),

and

e _ 1+@€aﬁe 3,.e aa e 1+@eaﬁe S e ae>
]aﬁ(t)—<1+p8 V&Pue, 9% > <1+ 0Py ¢, O

3 /14 p° 1+4+p°
9%~ ﬂ e aﬁ@e aa@e> < o ﬁ@e aﬁ e aa@e>
<1 + ©¢ v 1+ ©¢ Vo,

14+ ©°
+((1+p°) 9* Putv oou, Ou®) + <(1 + p9)o°F <1—:_> Vo' e, 8°‘u6>

1/1
(1) 0 x B0+ 5 (L oot v,

() = <1+@ 0* 2 p'vatut, 0%p > <1+@ 0*=Puiv P pi 0%p >

Olvﬁ 1+ 7 1
1 1
+ 3< 0 go-pivase aa@l> < + 0 A aa@Z>
1+ o

+
+
. ) . 14+0
7 a—03, 1 3,1 az a—03 B i qa, i
+{(14 ') 0PVt 0*u < o <1+p> Vo, 0%u >

{1+ pP) 8Pl x 9°B, 9 140 gosigh e
116

1+@e e o el? § 1+,06 apne|2
v <1+p€u>’|ap|>+4<at<1+@€>’|a@|>

1<
2
1 L+p° e apel2\ e\ , e e a, e
+2<V~<1+@eu>,|a@\> (14 p°) u® x 0B, 0%uc)
1<
2

1+ p°
14 ©¢

i1 140
Ii(t) = 2<at 1+pi>’

1 1+ pf

+2<V'<1+@Z )
1< A
2

zaauz aa@z>

u“0%u’, 0a@e> ,

aOép’L

) (v o) + (o 006

')+ 30 (56 o)

o)+ (14 ) u' x 0°B,0v)

e}

where an integration by parts is used. When || = 0, in view of (4.21), we have
L(t) = I{(t) + L) < Cl(p"u”, 0", B)| (IVoI; + lu”ll; + VO”[Iy)
which can be bounded by the right hand side of (4.23). And when |a| > 1, we obtain

Los(t) + L(t) < Cll(p",u, 0%, B), (IVe"li4 + (@, 0)]7),
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which can be controlled by the right hand side of (4.23). On the other hand, for |a| < s,
standard energy estimates on 0*F and 0*B from (4.9) yield
1d
(4.25) 2ar |
= (0" Ppro°ut = 9* P pou’, 0°E) < C|E||, (I[u”llS + Vo"ll2s)
which can also be bounded by the right hand side of (4.23). Then, with the help of (4.21),
summing (4.24) and (4.25) over |a| < s yields (4.23).
Step 2. It holds that
CZ > Z (0%u”, VO“p") + co HV (r°, 1)
(4.26) la|<s—1v=e,i
<C Y (lwlZ+ 110712 + ¢ X2 (w0, B (IVe”lley + 1w, ©)]5)-

v=e,i v=e,l

10 E[|* + 1|0 BII*) = (1 + p°) 0%u® = (1 + p') 0*u', 0 E)

2

i rale =

In fact, we rewrite system (4.9) as :

{atpe +V-u® = g,

P O’ + Vp© +VO© +uf + E = go,

t 0,0+ ;v ut + O° = gse,

(4.7 Jo VI
Vo' +Vp' + VO +u' — E = gy,

L 0,0 + gv u' + 0" = gy,

.atE_VXB_Ue+Ui:g4e—94ia V-E=p —p,

B+ VXxE=0, V-B=0, in R"xR’

where
Vgle — _pev . ue _uevpe’
i 14+ 6°
o = — e.V)ué — — 1)Vt — BXB,
92 (u® - V)u (1+pe Vot —u
] _ 2@ev e ev(_)e 1| e|2
93e = 3 U U 3 u |,
b gae = pUut,
(4.28) 4 S
g1i = —p'V-u' —u'Vp',
' . . 1+ O . ,
i: _ K . 1 _ - 1 3 A B’
: g2 (u' - V)u (1—|—p’ )Vp' +u' X
2 i i i L
Iggi:—§®v-u —u'VO —§|u\ ,

i + 3
[ 94i = p'u', in RT X R
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Let |a| < s — 1. Applying 0 to the second equation of (4.27), taking the inner product

of the resulting equation with VO%p¢ in L2, and replacing 0,p° from the first equation of
(4.27), we get

4

dt

=(|0°V - uf || + (9°V %, 8%gae) — (8%u, VI p°) — (9°V - uf, 8%1.) .

(0, V0" ) + VR 5 [P+ 07|12 = (%01, 00 p°) + (Vorer, Vor p°)

In a similar way, from the fourth and fifth equations of (4.27), we also have

;i (0%u!, VO©p') + | Vo

:HG"V -

2 4 Haapz 2 o <ao¢pi’aape> + <vaa@i’vaapi>

2 i <aavpi’ aa92i> . <ao¢ui7 Vaapz> . <8av X ui’aag1i> )

Then, summing the two equations above gives

d ) ) ) )
o (@, v0r ) + (0 Vore)) + Voot + Vo + o (o= o)
=(|0°V - wf|]* + |6°V - o g (VO"O", VO p') — (VO*O°, VO“p°) + (0*Vp®, 0% goc)

— (0%, VO%p°) —(0“V -uf, aagle>+<aav,o@', 80‘927;>—<8°‘ui, V(?api>—<8av~ui, (9agh-> ,
by the Cauchy-Schwarz inequality, we obtain

d 2 0/ e :
(4.20) dt o (o = o)

<C([0°V - |” + 0%u”|I* + 10°V O |I* + 0% g0 I” + 0% g2 ).

(6%, V% p°) + (8w, V8" oY) +¢q (||vaape||2+Hvaapi

)

It follows from (4.21) and the definitions of g1, and g, that
10%g1|” + 10%g20 I < C'[|(p*, u”, 0", B)|I, (IVp¥ |12, + [Ju”]2 + |0"[I2) .

Plugging this estimate into (4.29) and summing the resulting equation over |a| < s —1,

we obtain (4.26).
Step 3. It holds that

d

- <0O‘ <ue — uz) ,GQE> + ¢ ”E”i—l

jaf<s—1

(4.30)
<C (I, O+ I3 Hl LIV Bll o+ WL (V27 15+ 1, ©9)11)) -

In fact, from the momentum equations of (4.27), we have

(4.31) O (u® —u') +V (p° = p') +V(0° = ©") +2E = goe — goi — (u° —u').
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For |a| < s—1, applying 0 to (4.31), taking the inner product of the resulting equation
with 9°E in L? and replacing 0;E from the seventh equation of (4.9), we have
d
dt
=—(0%(0°—©"),0%(p° — p')) + (0" (u® —u') ,0°E) + (0" (u® — u') ,V x 9*B)
+ H@a (ue - uZ) ’ - <0a (ue — ul) ,0 <peue — p’u’>> + (0% (g2e — g21) , O“E)

(0 (u =) 0°E) + |0~ (0 — o) + 200" BN

by (4.21) and the Cauchy-Schwarz inequality, we get

d af, e i a a2
%@ (u® —u'),0"E)+co||0“E|

<C 07V ut, 0| +C| (u, o)

VB o+ C (% u, 0% Bl (Ve oy + I (w ©)]7) -
Thus, summing the previous inequality over |o| < s — 1 yields (4.30).

Step 4. 1t holds that

d (0% (6% v 14 v
(4.32) 5 2. (0"E,=Vx9"B)+c IVBIls_y < CUIw”, EYIsy + V0" [l u”]15)-
|a|<s—2
In fact, for || < s — 2, applying 0 to the seventh equation of (4.9), taking the inner

product of the resulting equation with —0°V x B in L?, we have

d

- Y (0°E,—V x 8°B) + ||V x 8“B|”

o <52
=||V x 0“E|* — (0% (u — '),V x 0°B) + (0" (p°u — p'u’) ,—V x 0°B).
Furthermore, with the help of the Cauchy-Schwarz inequality and summing the resulting
equation over |a| < s — 2, we obtain (4.32), where we also used (3.41).
Step 5. Finally, based on four previous steps, we establish (4.22). We define the energy

functionals as :

W) =WIP+& S X (0%, VoY)

o] <s—1v=c,i

+ R Y (0% (u—u'),0°E)+ Ry Y, (0°E,—V x 0°B),

|| <s—1 lo|<s—2
where constants 0 < 83 < Ry < £ < 1 are to be chosen later. It follows that &,(W (t)) ~
||IW]|2 as soon as 0 < &; < 1, j = 1,2, 3, are sufficiently small. Furthermore, by letting
0 < R3 < Ry <€ Ry < 1 be sufficiently small with ﬁzg < R3, summing (4.23), (4.26)x Ry,
(4.30) x K2 and (4.32) x R3, we get (4.22), where we also used the following inequality :

1 3
Rollu” ||| VB|ls—2 < 8 |[u|)? + &5 | VB>, .

We have finished the proof of Theorem 4.2. O
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4.3 Linearized homogeneous systems

In this section, in order to obtain the time decay properties of solutions for the non-
linear system (4.9), we have to study the decay properties of solutions for the linearized
system (4.27). For that, we introduce

pe_pi ue_ui @e_@i
= 3 U/l = — .

2 2 2
Then, from system (4.9), Wy = (p1, u1, ©1, E, B) satisfies :
(

(4.33) p1

1
Oopr+V-u = 3 (G1e — 91i)

1
I8tu1—|—Vp1+V@1+E+u1:5(926—921),

9 1
(4.34) 001+ 3V u + 01 = (93e — 93i) »

! 1
atE_va_2U1:g4e—g4i’ §V~E:—p17

{0 B+VxE=0, V-B=0, in R*xR’,

with the initial condition :
Wilimo = WY == (p},u},0}, E°, B°), in R%
which satisfies the compatibility condition :
;V.Eoz—pg’, V-B'=0, in R

where (p?,u,0Y) is given from (p*°, u?, ©°) due to (4.33). Moreover, we introduce

(4.35) pgzpegpi,m:ue;w, @2:(—)6_2{_(—)7;'
Then Wy = (po, ua, O3) satisfies :
i{atpz—i‘v'uz = ;(Qle‘FQh‘),
(4.36) { Opug + Vpy +VOg + uy = ; (92e + g2i) ,
{8t@2+§v-u2+@2=;(gge-l-ggi), in RT xR,

with the initial condition :
W2|t=0 = WQO = (pgvuga @(2)) , in Rga

where (p3,u9,09) is given from (4.35). Therefore, we define the solution Wi = (p1,
uy, ©1, E, B) and Wy = (p2, us, O3), respectively, as follows

1ot
(4.37) Wi(t) = W0 + 5 A e (g1e — gui, Goe — 91y G — 931> 2 (Gae — gas)) (7)dT,
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and
1t
(438) WQ(t) = 6tL2W20 + 5 [) e(t M (gle + 914, 92¢ t G2i5 Y3e T+ 931) (T)d7_>

where el and e!L2W2| respectively, denote the solutions of the homogeneous Cauchy
problems (4.39)-(4.40) and (4.42)-(4.43), which are given as follows.

The linearized homogeneous system of (4.34) is :
(thﬁ—v-ul =0,

| Oun + Vo + VO + B+ uy = 0,
(4.39) { 061 + gV up + 01 =0,

1
8tE—VXB—2'LL1:O, §VE:_pla

(OB+VxE=0, V-B=0, in R* x R3,
with the initial condition :
(4.40) Wile—o = WY = (p},u},0%, E°, B’), in R?
which satisfies the compatibility condition :
1
(4.41) 3V E°=—p) Vv-B=0, in R
And the linearized homogeneous system of (4.39) is :
0o+ Vo = 0,
(4.42) { Oyus + Vs + VOy + uy =0,
| 2 :
'Lat@2+§V'U2+@2:O, m R+XR37

with the initial condition :
(4.43) Wolimo = W3 == (p,u3,09), in R’

In the sequel of this Chapter, we denote Wy = (p1, u1, ©1, £, B) as the solution to the
Cauchy problem (4.39)-(4.40), and W5 = (pa, uz, ©2) as the one to the Cauchy problem
(4.42)-(4.43).

Firstly, for the Cauchy problem (4.39)-(4.40), similarly to that in Chapter 3, we obtain
the LP — L9 decay property as follows.

Proposition 4.3. Let Wi(t) = el1W? be the solution to the Cauchy problem (4.39)-
(4.40) with initial data WP = (p9, u9, ©F, E°, B) satisfying (4.41). Then, for anyt > 0,
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4.3.1

Wy satisfies the following time decay property :

(o1 (1), ©0 ()] < Ce2 || (p2,ul, 89)

)

t _5
| s O] < Ce™ || (8,09 + €1+ &) 3 (. 2% BY)| ..
: _s
: 1B <C+6)77|(u, 08, B, BY)| ...
i _3
CIB (0 < C+73 () B B)|
{H(pl(t>7 @1 <t>)HL°° S Ce’E (p(l)’u(l)’gtl)) 2nH2’
i _t _92
(IO SO, OO £
—2
1B (O < O+ (6,00, B B, e
i _3
UIB Ol < €O+ 2] (g B BY) |,
and
( =301¢,.0 0 1RO
L IVB@)|| < C(L+t) 1| (u), EY, B L
(446) { ( 1 . ) LInH
LIVIE®), BO) <O+ 7| (u), 08, B BY)| , s
Proof. See the proof of Corollary 3.2 in Chapter 3. O

Explicit solutions

Next, we consider the explicit Fourier transform solution Wy = (p2, us, ©2) of the

Cauchy problem (4.42)-(4.43). It follows from (4.42) that
5
(4.47) Ouep2 + 20up2 — gAat/O2 + Op2 — Apy =0,

with the initial condition :

-~

L o2 li—o = pb,
A2 =0 = =V - uy,
L Oup2 im0 = Apy + V - uy + ASY.

— N o

(4.48)

Taking the Fourier transform on (4.47) and (4.48), we have

(4.49) Orepa + 20ups + (1 + §|k|2)8tﬁ2 + [k|*py = 0,
with the initial condition :

i{ p2 li=0 = P,
(4.50) { Qb2 oo = —ilkl -3,

( Ouu limo = —[K[*95 + il K|k - 43 — [k[*05.
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The characteristic equation of (4.49) is :
5
F(X) = X° 4222 ¢ (1 + 3|1<;|2> X+ [k =0.
For the roots of this equation and their properties, we obtain

Lemma 4.2. Assume |k| # 0. Then, F(X) = 0, X € C has a real root n = n(|k|) €

(—%,O) and two conjugate complex roots X4 = ¢ + iy with ¢ = ¢(|k|) € (—1, —%) and

Y =(|k|) € (0,400) which satisfy the following properties :

n 1\/ 20
4.51 =—1-2 == 2 4 Ap + k12,
(451) o=-1-1 v=1 s an+ D
Here, n, ¢,¢ are smooth in |k| > 0, and n(|k|) is strictly decreasing over |k| > 0, with
: . 3
lkl‘lgon(lkl) =0, Ikllg}oon(lkl) =5

Furthermore, the following asymptotic behaviors hold true :
n([k]) = —O)[EP, ¢(lk]) = =1+ O)[E[*, »(k]) = O(1)[k|

whenever |k| < 1 is small, and

3 _ 7 _
(k) = ==+ OW)IK, (1K) = =15 = OW)IK, ¥(k]) = O[]
whenever |k| > 1 is large.
Proof. The proof is similar to that of Lemma 3.3, we omit it here for simplicity. U

Based on Lemma 4.2, we define the solution of (4.49) as :
(4.52) pa(t, k) = ci(k)e™ + e (co(k) cos ot + c3(k) sinyt)

where ¢;(k), 1 <i <3, are to be determined by (4.50) later. In fact, (4.52) implies
pdeo | e ]
(4.53) Opali=o | =A| 2 |,
Dstpalt=0 C3
where matrix A is also defined by (3.71) in Chapter 3. Notice that (4.53) together with
(4.50) gives

[c1, o, c3]t = !
1, €2, €3 3772—|—477—|—1+§|/€|2
2 . 2 ~
¢* + ¢ — [k| i|k| (29 +1) i 2
02— 2 + k[ —i[K] (26 + 1) kP | k-
&~ —no)—(s-mIk> - A
N N1 N )
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Substituting the form of ¢ and ¢ and making further simplifications, we obtain

[c1, ¢, 3]t = !
1, €2, 3 37]2—1—47}—1-14—%‘/6‘2
(4.54) |+ 1)+ 2|k i |K] (n+ 1) 2T
2n(n+ 1) + |k i|k| (n—+1) |k ? k-
1)+(1—2n)|k? i 1+3 A
n(n+ )‘f‘(w Mkl _% (%n2+ %77_|_g|k.|2) +¢277|k_|2 @8
Next, again from (4.42), we obtain
. . 5 . .
(4.55) 0115 + 20,05 + (1 + 3|k|2> 0,6, + |k[?65 = 0,
with the initial condition :
I{ ®2|t:0 - 627
L o
(4.56) { 00s]imo = =il k|l - 5 — O,

P 2 o A 2

( 0uO2li=0 = —§|k’|2f)g + §Z|k|k iy + (1 — §|k’|2)@g-
Based on Lemma 4.2, we set the solution of (4.55) as :
(4.57) Oy (t, k) = cy(k)e™ + % (c5(k) cos ¥t + cg(k) sint) ,

where ¢;(k), 4 < i < 6, are to be ascertained by (4.56) later. In fact, after tenuous

computation, (4.56) implies

ea, s, col” = :
b o Gl = 302 +4n + 1+ 2|k
(4.58) —2|k[? —2i k| (L+n)(n—1)+ |k P
L 511k n (L+2n)(1+n) + 2 k[ | | k-]
TERR S +2) + 2+ 0pkp) O 6
Similarly, again from (4.42), we also have
(159)  Dualk i) + 200 (F - 82) + (Lt 2 KO - 2) + k(- 32) =0,
with the initial condition :
i{ k- figli—o = K ﬁg,
(4.60) Ol ia)limo = —ilkl - i k] O}
| Ol )i = il — (1~ 2[k[*)F -3 — 2i K] 63
From Lemma 4.2, we obtain
(4.61) k-t k) = c7(k)e™ + e (cs(k) cos bt + co(k) sinift) ,

102



with

[c7, cs, co]t = !
T TR a1 4 2k
(4.62) —i|k[ (3+n) n(l+n) -2 —i|k[ (4+n) 2
ilklB+n) 2P +3n+3+3kP ikl (4+n) k- al
ikl Gn-m 28k An(5—nt+FIkP) ilk|(3(Ltm) — G2 §1k[2) o0
() 24 ¥ 2

Furthermore, taking the curl for the second equation of (4.42) and then taking the

Fourier transform on the resulting equation, we have
(4.63) 0y (k x (k x 42)) + & x (k x ) = 0,
with the initial condition :
(4.64) kox (k% 0g) [imo = k x (k x 49).
It follows from (4.63)-(4.64) that
(4.65) fex (k x dg) = e (k x (k xa9)).
Now, from the above computations, we obtain the explicit Fourier transform solution
Wy = (p2, Us, @2) as follows.

Theorem 4.3. Let Wy = (pa, ua, ©3) be the solution to the Cauchy problem (4.42)-
(4.43). For (t,k) € RT x R with |k| # 0, we obtain

p2(t, k) pa2(t, k) 0
(4.66) Uo(t, k) | = | G (t,k) | + | Gou(t,k) |,
©2(t7 k) é2(167 k) 0

where ug| and usy are defined by (3.88) in Chapter 3. Then, there exist matrices H:, 5(t, k)
and HIL,(t, k) such that

pa(t, k) p5 (k)
(4.67) ﬂ2\|<t7 k) = H51><5(t7 k) ﬂgH(k)
O, (t, k) O3 (k)
and
(4.68) io1 (t, k) = Higs(t, k) a3, (k)

where HE . is explicitly determined by representations (4.52), (4.61), (4.57) for pa(t, k),
toy (t, k), Oy(t, k) with ¢;(k), (1 < i < 9) defined by (4.54), (4.62), (4.58) in terms of
P3(k), ngH(k’), OY(k) ; and HIL, is chosen by the representation (4.65) for Gy, (t, k) in

terms of 13, (k).
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432 [P — L7 decay properties

In this subsection, we use Theorem 4.3 to obtain the LP — L9 decay property for every
component of the solution Wy = (py, uz, O3). For this aim, we consider the rigorous time

frequency estimates on W, = (pa, s, @2) as follows.

Lemma 4.3. Let Wy = (pa, ua, O3) be the solution to the Cauchy problem (4.42)-(4.43).
Then, there are constants v > 0 and C > 0 such that for all (t,k) € R x R3,
(et p et if [k <1,

.
e el k| > 1,

A

(4.69) [pa(t, B)| < C|(63(k), @S (k), O3(R)))|

(et |kl et if k| <1,

(4.70) |ag(t, k)| < Ce Had(k)|+C =y
k| "te e T af k| > 1,

(P3(k), a3(k), O3() )|

and
A 001y 7001y QO (et e W gf k| <1,
(4.71) Oa(t, k)| < C|(A30k), iS(k), O0(k))| 4~ T
e el if k| > 1.
Proof. The proof is similar to that of Lemma 3.5, we omit it here for simplicity. U

From Lemma 4.3, it is straightforward to get the decay property for every component

of the solution Wy = (p2, uz, O).

Theorem 4.4. Let m > 0 be an integer and 1 < p,r <2 < q < 00,1 > 0. Suppose Wy (t)
= eL2WY to be the solution to the Cauchy problem (4.42)-(4.43). Then, for any t > 0,
Wy satisfies the following time decay property :

19702 ()]0 <CL+ 1) 3670 7%

(0.18.09)]|

(4.72) 11
+o@+ o |vr =il (8 0 69
_3(1_1\_m+1
) [V (1)l <C(1+ 67267075 (08,8, 09)
| ro+a78 vtk (nu )
LT‘
and
- IV7s (1)), <C(1+ 87267307 % [ (48,48, 09) |

+C(1+1)2

m+|1 11
v Gl (0,49 09) )
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Proof. See the proof of Theorem 3.6 in Chapter 3. U

Based on Theorem 4.4, we list some particular cases as follows for later use.

Corollary 4.1. Let Wy (t) = e2W3 be the solution to the Cauchy problem (4.42)-(4.43).
Then, for any t > 0, Wy satisfies the following time decay property :

(02, uz,©3)
(2, uz,03)

(02, up, ©5)

s ()] < C1+1)77

LinH2’

lus ()] < C(1+8)75

—_

(4.75)

LInH3’

16, ()] < C(1+1)77

LinH2’

(

IVpe ()] < CL+1)

(02, u2,03)

(
(4.76) $ IV ()] < €1+ 1) (.05, 09)

LinHY’

LiNnH5’

V6 (1)]| < C(1+ 1)1 (48, S, ©9)

LINH4

and
2 (08, u3, ©9)
(4.77) { lluz ()] < O+ 67 (65,5, ©69)

2 (03, u3, ©9)

LiNnH5’

LINHS’

LINH5’
4.4  Decay rates for nonlinear systems

4.4.1 Decay rates for energy functionals

In this subsection, we prove the decay rate (4.19) in Proposition 4.2 for the energy
|]W(t)||§ We begin with the following Lemma which can be seen directly from the proof
of Theorem 4.2.

Lemma 4.4. Let W = (p°, p', u¢, u’, ©¢, ©', E, B) be the solution to the Cauchy problem
(4.9)-(4.10) with nitial data WO = (p®, p° u®, u®, 0% 0° E° BY) satisfying (4.11) in
the sense of Proposition 4.1. Then, if €,(W?) is small enough, for any t >0,

d
dt
For p > 0, it follows from Lemma 4.4 that

(4.78) ¢, (W(t) +D,(W(t) < 0.

(+P€ V(1) + [ (147D, (W (r)dr
<&,(W°) +Cp [(1 + P (IBOI + ] (60 + o)D) +Dana(W(r))) dr,
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where we used
W) < IBOIP+ (0 + o))+ Desa(W ().
By using (4.78) again, we obtain
(147 € (W) + [+ 71D, (W(r))dr
<Ca (W) +Cp—1) [ (1+772 (IBOI + (60 + /)0 + Dora(W(7)))
Then, by iterating the previous estimates, we have

t
L+ P& (WD) + [ (1+7PD, (W (r))dr
(4.79) . )
<€)+ C [[(14 7 (IBEI + (o + o)) ) dr v1<p<2
Now, let us establish the estimates on the integral term on the right hand side of

(4.79). Applying the estimate on B in (4.44) and the estimate on ps in (4.75) to (4.37)
and (4.38), respectively, we have

1B <C -+ (W, B B,
(4.80) ¢ 5
+C [t = 1) 8 (g2(r) = g2i(7), 91e(T) = 91s(T) | and
[ + ) ] <Cllox I < CO+)7F| (070, w0, ), .
(4.81)

t _3
+ CA (L+t—7)" (g1 + 915> 92 + 920> 93¢ + 93i) (T) || 12T
It is direct to check that for any 0 < 7 < t,

1(92e(7) = 92:(7), 9ael(7) = 9ai(P) | iz < CE(W(r)) < C(1+7) 20 (W (D)),

(916 + 914, G2e + G215 G3e + 93i) (T) || prppz S CE (W (1)) S C(1+7) 2€&, o (W(2)).

Plugging the two previous inequalities into (4.80) and (4.81) implies, respectively

(4.82) IB#)] <C1+t)1 (H (B B%)| L + € (W (1))
and
(4.83) [0+ ") 1) <+ £)~1 (17w, 0) e + oo (W (1)) -

Next, similarly to that in Section 3.5, choosing p = %—FE in (4.79) with £ > 0 sufficiently
small and using (4.82) and (4.83), we obtain

IWD)ll, < CE(W (1) < Cunes (W) L+ 0)7F, Vi20,
that is (4.19).
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4.4.2 Decay rates for higher order energy functionals

2
s—1»

In this subsection, we consider the decay estimate of the higher order energy ||VIV (t)]|
that is (4.20) in Proposition 4.2. We begin with the following Lemma.

Lemma 4.5. Let W = (p°, p', u, u’, ©¢, ©', E, B) be the solution to the Cauchy problem
(4.9)-(4.10) with initial data W° = (p°, p°°, u®,u® 0L 0° E° B satisfying (4.11) in
the sense of Proposition 4.1. Then, if €,(W?°) is small enough, there exist the higher order
energy functionals €"(-) and the higher order dissipative rate D"(-) in the form of (4.13)
and (4.15) such that for anyt >0,

(4.84) CZ@Q(W@)) +DEW (1)) < 0.

Proof. The proof is very similar to that of Theorem 4.2. In fact, by letting |a| > 1, then
corresponding to (4.23), (4.26), (4.30) and (4.32), it can also be checked that

2

el N\ AVEVIRTERTNCINCU] N

d e 1 e A 2
aHVWHil—i—HV(u e, 00|

s—1

d .
DS S (0", V") + ¢o |V (55 )

1<]a|<s—1v=c;i

<C(IVell_y + W IV (", O)5y).

2

12 + COHV(Pe — ')

d .
oY (0w~ ) 0 E) + |IVEIL,

1<]a|<s—1

<C (HV (u, 02, + |V?0” j-

IVl V2B WL IV G, )12 )
and

d

2
o2 (0°E-Vx0B)te VB[ <AUVEIL VeIl + IWIL V(" )3

1<]a|<s—2

Now, let us define the higher order energy functionals as :

E(WE) =IVWIL, + & oY (0%, VoY)
1<]a|<s—1 v=e,i

+ R Y (0" (=), 0°E)+ R Y, (0"E,—V x9°B).

1<]a|<s—1 1<]a|<s—2

(4.85)

3
Similarly, we choose 0 < R3 < Ry < R < 1 to be sufficiently small with K5 < K3, such
that €*(W(t)) ~ [[VW(t)||>2_,, that is €(-) is a higher order energy functionals which

satisfies (4.13), and moreover, summing the four previously estimates with coefficients

corresponding to (4.85) gives (4.84). This ends the proof of Lemma 4.5. O
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Based on Lemma 4.5, we obtain

CZ@?(W@)) +& (W) < C(IVBI*+ IV (E,B)|I* + IV (" + p)IIP) .

which implies
t .
(4.86)  e(W(t)) Se*t@?(WO)JFCA e D (IVBIPHVAE, B HIV (6 + o)) (7)dr.
Next, we estimate the time integral term on the right hand side of (4.86).

Lemma 4.6. Let W = (p°, p', u¢, u’, ©¢, ©', E, B) be the solution to the Cauchy problem
(4.9)-(4.10) with initial data WO = (p®, p° u®, u®, 0L 0° E° BY) satisfying (4.11) in
the sense of Proposition 4.1. Then, if ws(W?°) is small enough, for anyt > 0,

s e % 2 -5
(4.87) [IVB@)|[* + IV (E@), BO)I* + IV (" + p")()]* < C (wesrs (W) (14 1)72.
Proof. Applying the estimates on VB(t) and V*(F, B) in (4.46) to (4.37), we get

IVB(®)] < C(1+)7

('U/VO, EO, BO>

+C [t =) 02e() = 92(7), 0(7) = D gy
< Clonya (W) (14 )"
and
IV* (E ), B 0

<0(1 —i—t)_% (uu()’@uo’Eo’BO)

L2NHs+3
t _5
+ O[) (L+t—=7) [(92e(T) = 92i(7), 3e(T) — 93i(7), Gue(T) — 9ai(T)) || oy rosadT
<Cwyis(WO) (1+18)77
Moreover, by (4.19) and applying the estimate on py in (4.76) to (4.38), we obtain
|V (o +0) 1)
SC(l + t)—% (101/07 qu7 @1/0)
t _5
+ C/O L+t =7) *[(g1e(7) + 91:(7), g2 (T) + 926(7), 93¢ (T) + g3i (7)) prypraddT

<Cwyys(W°) (1+1¢)71,

L1NH4

ot

where the smallness of w,,(1W") is used. We have finished the proof of Lemma 4.6. [

Then, plugging (4.87) into (4.86), we have
EMW(t) < e & W) + C (were (WO))* (1+1)75.

108



443

Since (W (t)) ~ ||[VW (#)||2_; holds true for any ¢t > 0, (4.20) follows. This ends the
proof of Proposition 4.2. O

Decay rates in L?

In this subsection, we consider the decay rates of solutions W = (p°, p%, u®, u’, ©°,
©!, E, B) to the Cauchy problem (4.9)-(4.10) in L? with 2 < ¢ < 400, and prove the
second part of Theorem 4.1. Throughout this subsection, we suppose w;3(W?°) to be small

enough. Firstly, for s > 4, Proposition 4.2 shows that if w,,2(W?) is small enough,
(4.88) IW(B)]ls < Cona(WO)(L+1)73,
and if wg,6(1W°) is small enough,
(4.89) 1YW (#)[|s-1 < Coogys(WO)(1+1)75.
Now, let us establish the estimates on B, (u® — u’, E), u®+u’, (p° — p', ©° — ©") and
(p°+ p', ©°+ O") in turn as follows.

Estimate on || B||pe. For L? rate, it follows from (4.88) that

IB@)I| < Con(WO)(1+1)71.

For L™ rate, by applying L> estimate on B of (4.45) to (4.37), we obtain

IB@)| e <C(1+18)72)|(u™, E°, BY)

L1NH5
t _3
+ C[) (1+t—17) 2[[(92e — 92i> Gae — 94i) (T)|| 1= dT.
By (4.88), since

1(g2e = 9562 91e = 95) (Dl s < CIW D < C (ws(W))" (1 4)72,
we obtain
1B < Cus(WO)(1+1)7%,
Therefore, by L? — L* interpolation
(4.90) IB(t)||1e < Cws(WO)(1+18)"27%, ¥2<q< +o0.

Estimate on ||(u® —u’, E)||1qa. For L? rate, by applying the L? estimate on u® — u’ and

E in (4.44) to (4.37), we have
H(ue —u') (t)H <C(1+ t)_% (H (p”o, @”O)H + H(u”o, E°, BO)

leH2)
3 _5
+ C’A (L4t —7)" % [[(gre — g1i> 93e — g3:) (7)[| d7

3 _5
+ C[) (14t —17) *||(92e — 92i> Gae — Gai) (7')HL1mH2dT
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and

1E ()] <C+14)7

(uuoj()u07120’130>

LNnH3
t _5
+ CA (L4t —7)"(|(g2e — G2i> 93e — 93i> Gae — Gai) (T) || L1 gsdT.
By (4.88), since

||(Qle — G1i,93e — 931') (t)” + H(g2e — 92i, 93¢ — 93i; G4e — 942') (t>HleH3

<CIW @} < C (wa(W))* (1+18)°%,

we get

(4.91) (e =, B)(®)[| < Cus(WO)(1+)71,

For L™ rate, by applying the L> estimates on u® — u’ and E in (4.45) to (4.37), we have
| =) @] <CQ+07 (|70 1

¢
+ C[) (I1+t—r1) 2 |(g1e — G1is g3e — g3i) (T)HleHQ dr

+ H(qu’EO’ BO)

leHS)

t
+ CA (I1+t—r1) 2||(926 — 92i, Gae — 9ai) (T)|| s dT

and
IB (0)llp <COU+6)72| (w07, B B,
+ C/ +t—7)2((g2e — Goir G3e — Gais Gae — Ga3) (Tl p1pedT
Since
H(gle — 91i5 92e — 92i5 93e — 93is Jde — 941‘)(75)HL1
<CIW (I =)l + 1| WO+ VW) < (w10(W)* (1 +1)7,
and

5

1(g1e = Guis G2e — Goi:G3e — G3is Gae — 943) ()|l e < C VW ()][5 < (wis(W° )) (1+1)2

L\)

we obtain
3

1(uf(®) = w'(t), E@))lz= < Cwng(W)(1+1)72,
where the smallness of wi3(1W?) is used. Therefore, by L? — L™ interpolation
(4.92) |(ué(t) — u'(t), E@))|lze < Cowrg(WO)(1+1¢)~ 7 T, Vo< q < +o0.
Estimate on ||u® +u'||re. For L? rate, by applying the L? estimates on u®+u’ in (4.75)
0 (4.38), we have

| ut + ') ()| <C(1+)7

0 VO)
)

0
(p ’ u It ﬂH3

t _5
+ O[) (L+t—7)" % [[(g1e + 915, G2e + G2, G3e + 93i) ()| f1pgs AT
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By (4.88), since

3
1(g1e + 91is Goe + G2is gze + g3i) () || prggs < CIIW ()] < (wﬁ(W0)> (1+1t) 2,

it follows that

5

| (e +ui) (1) < Cwn(WO)(1+1)71,
For L rate, we use the L™ estimates on u® + u’ in (4.77) to (4.38) to obtain

H(ue +u') (t)HLw <C(1+ t)_QH (pVU’ u?, @uo)

LNHS
t
+ CA (1+t— 7')_2 1(g1e + 916, 92¢ + G235 93e + g3i) (T)| L1 z6 AT
By (4.88), since

3

1(g1e + G1i, 92e + G20,93¢ + 933) )| p1pe < CIW(B)]7 < (wg(Wo)) (1+1t)" 2,

we get

3
2

[ () + ' ()2 < Cwp(W)(1+1)72.
Therefore, by L? — L* interpolation
(4.93) [uf(t) + @ ()| e < Cwy(WO)(1+1)" 772, V2<g< +o0.
Then from (4.92) and (4.93) we have
(4.94) | ()|l e < Cawrs(WO)(1+1)~ P, V2< g < +oo.

Estimate on ||(p® — p', ©¢ — O%)|| 1« and ||(p¢ + p', O° + O%)|| 1o For L? rate, by applying
the L? estimates on p¢ — p' and ©¢ — © in (4.44) to (4.37), we have

H(pe . pi o° _ @z) (t)H

(4.95)
(P, u, 0] +C/ "7 (I(g1e = 9165 920 — 9is g5e — gi) (7).

SC@’%

Since
1(g1e — G1is g2e — g2is Gze — gai) (1)
<C (VW O)I} + ]|+ w)Y O 1BE) ) < C (wr0(W)* (1 +18)72,
where (4.89), (4.90) and (4.93) are used. Then (4.95) implies the decay estimate

5

(4.96) [(0° = o' 07 = ) ()] < Cwnp(WO)(1+1)72.

Similarly to that for ||(p® — p¢, ©¢ — ©%)]|, by applying the L? estimates on p°+ p’, ©¢ + ©'
n (4.75) to (4.38), we obtain the decay estimate

(4.97) [(of + 0", 0° +©) (1) < Cwn(WO)(1+1)7.
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Combining (4.96) and (4.97), we obtain

(4.98) 1(p,0") (1) < Cwrg(WO)(L +1)75.

For L rate, by applying the L estimates on p¢ — p’, ©¢ — © in (4.45) to (4.37), we have

the decay estimate
|G =o' 00 = ©) (1)] ..

(4.99) S ;
(pu7uu7@u ) L2ﬂH2+CA €

t—T1

<Cez2 2 [[(g1e— 915 G2e — 926 93e — 93i) (T) || 2 2T

Notice that

H(Qle — 91i5 92¢ — 92i, 93e — g3i) (t)HpmHg

(4.100) 2
<CIVW O, (10", ) + lu” [l + (", B)ll ) () < C (wr3(W?))" (1 + )72,

where we have used (4.89), (4.90), (4.94) and (4.98). Together with (4.99) yields
[(0° = p'.0° =67 (1)] .. < Cons(WO)(1+1)7

Therefore, by L? — L* interpolation

(4.101) | (p° = p',0° = O [|1a < Cung(WO)(1+ )24, V2<q< +oo.

For || (p° + p', ©° 4+ ©%) ||, by applying the L> estimates on p°+ p’, ©°+©O" in (4.77)
to (4.38), we have the decay estimate

(4.102) [ (o + 0", 0+ ©) (1), . < Cn(WO)(1+1)2.
Then from (4.97) and (4.102) we have
(4.103) [(o° + 07,07 +0%) (1), < Cws(WO)(1+ £)72t%, V2<q< +oo.

Thus, (4.101), (4.103), (4.92)-(4.93) and (4.90) give (4.4), (4.5), (4.6) and (4.7), respecti-
vely. We have finished the proof of Theorem 4.1. O
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5.1

Chapitre 5

Asymptotic behavior of global
smooth solutions for non isentropic

Navier-Stokes-Maxwell systems

Introduction and main results

Different from the three Chapters above, we consider the fluids with viscosity in this
Chapter. Now, let us study the Cauchy problem for the non isentropic compressible Navier-

Stokes-Maxwell system :

(6tn~|—V-(nu):O7
i 1 1
3tu+(u-V)u+EV(n6’):—(E+u><B)+EAu,
(5.1) { 8t€+§0V-u+u~V9: —;\u|2—(9—9*),

VW F -V xB=nu, V-E=1-n,

(OB+VxE=0, V-B=0, in Rt x RS,

Initial data are given as :

(5.2) (n,u,0,E,B) =g = (n° v’ 6°, E°, B%), in R?
which satisfy the compatibility condition :

(5.3) V-E°=1-n", V-B°=0, in R

The non isentropic compressible Navier-Stokes-Maxwell system (5.1) is a symmetri-
zable hyperbolic-parabolic system for n, 6 > 0. For the non isentropic compressible Navier-

Stokes system, the local existence and uniqueness of classical solutions is known in [51, 63]
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in the absence of vacuum. Then, according to the result of Kato [41] and the pioneering
work of Matsumura-Nishida [49, 50], the Cauchy problem (5.1)-(5.2) has a unique local
smooth solution when the initial data are smooth. Here we are concerned with stabili-
ties of global smooth solutions to (5.1)-(5.2) around a constant state being a particular

solution of (5.1). It is easy to see that this constant state is necessarily given by
(n,u,0,E,B) = (1,0,0,,0,0) € R™.

Proposition 5.1. (Local ezistence of smooth solutions, see [51, 63, 41, 46]) Assume
(5.3) holds. Let s > 4 be an integer, 0, > 0 and B € R? be any given constants. Suppose
(n°—1,u° 6°—0,, E°, B®) € H*® withn®,0° > 2k for some given constant k > 0. Then there
exists Ty > 0 such that problem (5.1)-(5.2) has a unique smooth solution (n,u,0,E, B)
satisfying n,0 > k in [0, T1] x R® and
ue C' ([0, Th]; H*)nC ([0, T1); H?)
(n—1,6-6,,E,B) € C* ([0, T3]; H*~") N C ([0, T1]; H*) .

There is no analysis on the global existence of smooth solutions around an equilibrium
solution for the non isentropic Navier-Stokes-Maxwell equations so far. The goal of the
present Chapter is to establish such a result.

The main result of this Chapter can be stated as follows.

Theorem 5.1. Let s > 4 be an integer. Assume (5.3) holds, 0, > 0 be any given constant.
Then there exist constants 69 > 0 small enough and C' > 0, independent of any given time
t > 0, such that if
H(no —1,u%,6° -9, E° BO)H < dy,

the Cauchy problem (5.1)-(5.2) has a unique global solution (n,w,0, E, B) satisfying
(5.4) u e C? (R+;HS_2)HC’(R+;HS),
5.

(n—1,0-6.,E,B) € C" (R"; H* ') nC (RT; H*)
and for all t > 0,

|(n—1,u,0 —6,,E,B)|

t 2
(5.5) + [ (0 =1, Vu,6 = 6) O+ IVE@I, + VB, ) dr
<0 (n° ~1,u°.6° — 6., E°, B)
Moreover,
(5.6) Jim (=16 —6.) (t)ll,.; =0, lim [[Vu()ll,_, =0,
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and

(5.8) lim V2B ()| =0

t—+o00

Ss—

Remark 5.1. It should be emphasized that both the velocity viscosity term and the tem-
perature relazation term of the non isentropic Navier-Stokes-Mazwell equations (5.1) play

a key role in the proof of global existence.

We prove Theorem 5.1 by using careful energy estimates and a suitable choice of
symmetrizer. It should be pointed out that the non isentropic Navier-Stokes-Maxwell
system is much more complex than the isentropic Navier-Stokes-Maxwell system. For
instant, Duan [18] introduced a new variable and reduced directly the isentropic Navier-
Stokes-Maxwell system to a symmetric system by using a scaling technique. However, this
technique doesn’t work for the non isentropic Navier-Stokes-Maxwell system due to the
complexity of the coupled energy equations. To overcome this difficulty, we choose a new
symmetrizer.

Now, let us explain the main difference of proofs in the non isentropic Euler-Maxwell
and non isentropic Navier-Stokes-Maxwell equations. From (5.1), it is easy to see that
both Vu and 6 — 6, are dissipative. By using a classical H® energy estimate, we obtain an
energy estimate for Vu and 6 — 6, in L? ([0, 7] ; H*). In the non isentropic Euler-Maxwell

system ( see [24]), this is achieved in estimate

69 @+ [ D) < Clw O + [ o @], (w(r)dr,

provided that sup |w (t)|, < Ci, where w = (n —1,u,0 — 0,,E,B),
0<t<T

Dy (w (t) = [I(n = 1,u,0 = 0.) @)1 + 1B @), + IVB (O,

C > 0 and C} > 0 are constants independent of T'. In the non isentropic Navier-Stokes-
Maxwell system, according to coupling viscosity term, the proof of such an estimate is
more technical. It is divided into two steps. In the first step, we show a similar estimate
as (5.9) (see (5.29) of Lemma 5.3) which is sufficient to prove the global existence and
long time behavior for (n — 1,u,0 — 0,). In the second step, we establish estimates for
VE in L*([0,T]; H*"%) and for V2B in L*([0,T]; H*™%), respectively. Thus, a classical
argument yields the long time behavior for (E, B).
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5.2

521

The rest of this Chapter is arranged as follows. In Section 5.2, we deal with the global
existence for smooth solutions. The main goal is to prove the first part of Theorem 5.1
by establishing energy estimates. In Section 5.3, the long time behavior of the solutions
is presented, and we complete the second part of Theorem 5.1 by making further energy

estimates.

Global existence of smooth solutions

According to [53], the global existence of smooth solutions follows from the local
existence and uniform estimates of solutions with respect to ¢. The main task of this

section is devoted to the uniform estimates for proving the first part of Theorems 5.1.

Preliminaries
The following Lemma is needed in the proof of Theorem 5.1.
Lemma 5.1. For Vu € H*, there exists a constant C > 0 such that
[ull e < ClVully.

Proof. From Morrey theorem [21], the imbedding W'? (R?) < L> (R?) is continuous if
p > d. Then for p = 6 and d = 3, we have

Jull po < C||u||W1»6(R3)’ Vu € WO (Rg) :
By the Sobolev inequality [21], we obtain
[ull s < CIIVul|and [[Vul| s < Cl[Vull;,

which imply the result of Lemma 5.1. U
Let (n,u,0, E, B) be a local smooth solution of Cauchy problem for the non isentropic

Navier-Stokes-Maxwell system (5.1) with initial value (5.2) which satisfies (5.3). Set

(5.10) n=1+N, 0=0,+0,
and

N U

(5.11) U= U , W= E

B
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Then, we can rewrite the system (5.1)-(5.3) as :
[ON +u-VN+(1+N)V-u=0,

IGtu%—?_:_]i?VN%—(u-V)ujLV@%—E%—uxB—1jNAu:O,
(5.12) 8t@+2(9*+@)V~u—|—u-V@+@+;\u|2:0,

i 40 —VxB=(1+N)u, V-E=-N,

(B+V xE=0, V-B=0, in R xR’
with the initial condition :
(5.13) Wleo=W":= (N°u°,0° E°, B’), in R?

which satisfies the compatibility conditions :
(5.14) V-E°=—-N° Vv.B'’=0, in R
Here,

N=n"—1, @°=¢"—9,.

Furthermore, the first three equations of (5.12) can be rewritten as :

3
(5.15) U+ Aj(n,u,0) ;U = K (W) + K (U),

=1
with

) T
U ne; 0

(5.16) A; (nyu,0) = € uils e; |, j=1,2,3,
0 ?))erT u;j
0 0
(5.17) KW =—| ExuxB |, KU = iAu
Sl o

Since 0, > const. > 0 and we consider small solutions for which N, © are close to zero, we

have 1+ N, 0, + © > const. > 0. We choose the same symmetrizer as that in Chapter 3 :

i 0 0

n
Ay (n,0) = 0 nl3 O
0o 0 ==
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5.2.2

Then

0
s HGJT 0
Aj (n,u,0) = Ag (n,0) Aj (n,u,0) = | Ge; nu;ls ne,
3n
0 ne; 55@,

It is clear that A is symmetric positive definite and /Ij is symmetric for all 1 < 7 < 3.
Let 7> 0 and W be a smooth solution of (5.15) defined on time interval [0, 7] with
initial data WP°. This solution is given by Proposition 5.1. As in the previous Chapters,

we define
(5.18) wr = sup |[[[W (@)][]s,
0<t<T

and by C' > 0 various constants independent of any time ¢ and 7T'. From the continuous

embedding H® — L for s > 2, there exists a constant (), > 0 such that

[fllzee < Cullflls, VfeH?, s=2

in{1.6,
If wr < mlr;{c’}, from (5.18) it is easy to get
L, . L9, 1,0,
v, < mLOD g mLA) g e < Bl

Furthermore, by the embedding H® <— L, for any smooth function g we have

sup [lg (W (#))[l, < C.
0<t<T

in{1, 0,
Note that in the proof of Lemma 5.2-5.5, we always suppose wr < me{C’}
Energy estimates
Now, let us establish the classical energy estimate for W.
in{1, 0,
Lemma 5.2. Under the assumptions of Theorem 5.1, if wp < mln2{0,} , we have
m

t
IW @I+ [ 11(Vu,0) ()] 2dr
(5.19) , . )
<c|wel_+ ¢ [ 1w @I I, Vu,0) ()dr, ¥t € [0,7],
Proof. For a € N? with |a| < s. Applying 9% to (5.15) and multiplying the resulting

equations by the symmetrizer matrix Ay (n,d), we have

w

(5.20) Ao (n,6) 8,0°U Z (n,u,0)0;0°U = Ao (n,0) 0° (K; (W) + K11 (U)) + Ja,
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where
3
Z (n,0){0% (A4 (n,u,0)0;U) — A; (n,u,0)0°0,;U}.

It is easy to see that .J, will vanish when |a| = 0.
Taking the inner product of (5.20) with 20°U in L? we have

(5.21) (Ao (0,0)°U, 07U =2 (Jo, 0°U) + (divA (n,0,0) °U, 07U

2 <A0 (n,9) 8°‘U, o [K] (W) + K[[ (U)]> s

where
3

(5.22) divA (n,u,0) = 0,Ap (n,0) + Z (n,u,0).
Since . p

—0,0 — —2@]\7 0 0

n n

9 Ag (n,0) = 0 0N 0 )
371
! " (98,: 02@@)
min{1,6,}

using the first and third equations of (5.12), Lemma 5.1 and wy < , we get

2C,,
1N < ClIVully, 10Nl < ClIVully, 180l < C([Vully +[1O]],) -

Now, let us estimate each term on the right hand side of (5.21). For the first term, by

Lemma (3.1), we obtain
(Ao (n,0) (07 (A;0,0) — A,0°0,U) , 9°U)

<Z (0% (u;0;N) — u;0%0;N) ,8“N> + <Z (0% (nOju;) — nd*O;u;) ,8“N>
+ < < < > 980‘8 N) ,8°‘uj> + (n (0 (u;0;u) — u;0“0;u) , 0%u)

+

<C||(N,u,0)|, (N, Vu,0)|?,
and then

(0% (00;15) — 00°0yu5) , 070 ) + <% (0 (u;0,0) — u;0°0;6) , 0°O))

%\3

(5.23) 2 (Jo, °UY < C||(N,u, ©)||, |[(N, Vu, ©)|)%.

For the second term on the right hand side of (5.21), we have
0 NJ*

(B:Ag (n,0) 0°U,0°U) = <

3 /1670 3.
+2< ; 8tN> §< 0°6]%,0,0)
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When |a| = 0, it follows that

(0:Ag (n,0) U, U)

<|N| at@> <92|N|2,8tN>+<|u|273tN>
+2<|®| 8tN> < o 8t>

<C (10:N | + 12:©110) (IN1* + [1©1%) + Clull . lull 2N
<C (IVully +1181ly) (IN1* + 1O1) + C l[ull [ Vull;
<C (N, w, ©) (INI* + I Vulls +[©]5) ,
where the Cauchy-Schwarz inequality is used. And when |a| > 1, it can be controlled as

follows
(Ao (n,0) 0°U,0°U) <C (|0N]|  + 10:0 ) (I0°N|I* + [[0°ul]* + |0°©||*)
<C||(u, 0)|, IV (N,u,0)|%_,

Hence,
(5.24) (8, Ag (n,0) 0°U,0°U) < C||(u, O, |V (N,u, ©)|>_,, Ve, |a| <s.
Next, from the definition of flj (n,u, ), we obtain
o) <zu]> 9;0¢; 0
0;A; (n,u,0) = 0;0e;  0;(nu;)I;  0;Ne;
0 d;Nej ;)8]- (%uj)

Then,
<8j/~1j (n,u, 0) aaU7 8O‘U>
. 0 0
= <%‘aQN‘2, (9]@> — <nQuj\8aN]2, 8]N> -+ <n’8aN|2, 8juj> + <\8auj\2, 8]@>
+(|0°N?,0,0) + (u;|0°ul*, ;N ) + (n|0°ul*, 0;u;) + (|0*O|*, 9; N)
3 .
+(loray P, 0,8 = S ((uiloreP,0,0) - (10°0P, o,N) — (21or0f, 0,u; )
<Cl[(N,u, ©)II, IV (N, u, ©)I}_, -
This together with (5.24), we get

3
(divA (n,u,0) 9°U, 0°U) = { | 0,4 (n,0) + Z (n,u,0) | 0°U,0°U
(5.25)

<Cl[(N,u, O)|, IV (N, u, ©)I;_,
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Now, for the last term on the right hand side of (5.21), from (5.17) it holds

2 (Aq (n, 0) 0°U,0° K, (W)
= —2(0° (nu) ,0°E) — <gaa@, wdu) +2 3 CL (0PN, 0" )
B<a
— 230 O (ndu, 0%u x 9P B) = 3 CF (£0°0,0"udu)
B<a B<a

< —2(0% (nu),0°E) + C||(u,0, E, B)|, [l(N, Vu, ©)|?,

and
2 <A0 (n, 9) 8O‘U, 8QK[[ (U))
—2(0°u, 0" Au) +2 3 CF <n8au, oo (1) aﬁAu> ~3(5.jorel?)
f<a n 0

< = 20"Vul* = 3(Z.10°0F ) + CIIN| | Vull?.

Then,
2 <A0 (TL, 9) 0°‘U, 0“ [K[ (W) + KH (U)])

(5.26) < — 2(6° (nu) ,0°E) — 2||0°Vul® — 3 <g |aa@|2>

+C|[(N, 0, E,B)|, I(N, Vu)|?

On the other hand, an easy high order energy estimate for the Maxwell equations of (5.12)

gives
d
(5.27) o (10°E|* + |0°B|*) = 2 (0™ (nu) , 0°E) .
It follows from (5.21)-(5.27) that
L ({40 (n,0)0°U,0°0) + |0° B + 0 BI) + 207Vl + 3(%, |00
(5.28)  dt ’ ’ 0’

<CIW I, II(N, Vu, ©)]I;

Noting the fact that
(A0 (0.0)5°0.0°0) + | B + [0 BIE ~ W[ and (% ]5°07) ~ 070

summing (5.28) for all a with |a| < s, and then integrating over [0,t], we obtain (5.19).
U

Estimate (5.19) stands for the dissipation of Vu and ©. It is clear that this estimate
is not sufficient to control the higher order term on the right hand side of (5.19) and the

dissipation estimates of N is necessary.
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Lemma 5.3. Under the assumptions of Lemma 5.2, there exist positive constants C and
Cs, independent of t and T, such that

t
IW @12+ [ (N Vu,0) () 2dr

(5.29) , .
<G+ G [ IW @), (N Vu, ©) (7)lf2dr, ¥t € [0.7].

Proof. For a € N? with |a] < s — 1, applying 9° to the second equation of (5.12), and
then taking the inner product of the resulting equation with VO®N in L? (R3) yields

<9, |vaaN|2> + (VO*N,0°E) = — j (VO*N,0°u) 4+ (VO*O,N, 9°u)
(5.30) " !
—L(t)— > ClL (),
B<a
where

0“Au

I, () = (uV0u, VO°N) + (VOO, VO N) — < ,vaaN>
+(0%u x B,VO°N),

L(t) = <aaﬁ (i) V&°N, vaaN> +(0° " Puv’u, VOON)
+(07ux 0" B,VON) — (9 (i) 0" Nu, VN ).

in{1, 0, 0
mln{2,} > const. > 0, one has — > C~L.
n

First, noting that n =14+ N,0 =0, + 0 >

Hence,
<z |V(90‘N|2> +(VO*N,0°F) = <z |vaaN|2> — (8°N,9°V - E)
(531) — (VN ) + o N

>C7L(||0*N|” + [|0*VN|?) .
By the first equation of (5.12) and an integration by parts, it follows that
(VO*O,N,0%) = — (0“O:N, 0*V - u)
= (u-0°VN,0°V - u) + (n, [0V - u|*)
+ Y CE(0*Pud’VN + 0PN’V - u, 0°V - u)

B<a

<C[Vull;_, + CIN, W), I(N, V) -

(5.32)

When |a| = 0, using an integration by parts, we get
A
1 (1) | = |(uVu, V) + (VO, V) — <nu,VN> +(ux B, VN>‘

(5.33) <[lull o IVN| (IVull + |B])) + [ VN[ + C|[VO|* + || N[> + C | Vul]
<e|IN|[? + C |(Vu, ©)|1} + CI|(N, B) ||, [|(N, Va) 7.
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When |a] > 1, we obtain similarly

(5:34) L () + L(8)] < e|INII; + C 1(Vu, O)lI; + CI(N.u, 0, B)ll, (N, Vu)|f;.

Then, combining (5.30)-(5.34) yields

4
dt
<e |NI; +CI(Vu, O)I; + CI(N,u, 0, B)ll, (N, Vu)[;

O (Jl° N2 + |07V N|2) + = (VO N, 0%u)

Summing up this inequality for all || < s — 1 and choosing € > 0 small enough, so that
the term £||N||? can be controlled by the left hand side. Hence, integrating the resulting

equation over [0,t], we have

[N @iz <c [ 1(Vu.0) (r)Edr +C [ 1N, 0.0,B) (D] I(N. V) (7) 2dr.

+ Y [(VO°N,0°u®) — (VO N (t),0%u(t))].

laj<a1
Finally,
(vorn©,oru®y < o] |30 <ol
and
(VO*N (), 0%u (1)) < Cllu @), IN @), < CIW )]
Thus, together with (5.19), we obtain (5.29). O

Proof of the global existence of solutions in Theorem 5.1

By Lemma 5.3, we deduce that if Cowr < 1, the integral term on the right hand side
of (5.29) can be controlled by that of the left hand side. It follows that

W @l < Cr|w?| . vtelo,T].

.

Then, it is sufficient to choose initial data |[TW°||s < § with the constant dy satisfying

1 . (min{1,0,} 1
Cf 0y < min {Q{Cm}’ C’z} ;
min{1,6,}

20,
solutions follows from the local existence result given in Proposition 5.1 and a standard

which ensures both wp < and Cyowr < 1. Thus, the global existence of smooth

argument on the continuous extension of local solutions. See [53]. O

123



5.3 Long time behavior of smooth solutions

5.3.1 Dissipation of the electromagnetic fields

The long time behavior of smooth solutions follows from uniform energy estimates
of N,Vu,0,VE and V2B with respect to T in L? <[0,T] ;HSI) for appropriate integers

s’ > 1. We will establish these estimates in the following two Lemmas.

Lemma 5.4. Under the assumptions of Lemma 5.2, there exists a small constant € > 0,

such that for all t € [0,T],
t 2 t
/ IVE (r)|_ydr <C [W°| + e/ |v2B(7)
(5.35) /¢ ’ 0

+C [[IW @I, (1. Ve 0) (D2 + [IVE (7)]2,) dr.

2
dr

s—3

Proof. For a € N? with 1 < |a] < s — 1, applying 0% to the second equation of (5.12)
and taking the inner product of the resulting equations with 9*E in L?, we have
d
(536) ||8aE||2 = _ﬁ <aau7 aaE> + <6au7 aagtE> - Rl (t) - Z OgRQ (t) )
B<a

where

R (t) = (9°VO,0°E) + <Zaavzv, 8“E> + (uVO*u, 0°E)

+ (0% x B,0°E) — <8 Au 8O‘E>,

)
n

and
Ry (t) = <aa—5 (9) VN, 8‘“E> +(0*PuVo’u, 0°E)

n
+(0%u x 9°~PB,0°E) - <aa—5 (1) 9% Au, aaE> .
n
From the fourth equation of (5.12), we deduce that
(0%u, 0°0,E) = (0"u,0°V x B) + (n, ]8“u\2> + 3 CP{0%u, 0P NI u)

(5.37) 2 p<a
<e|V*B| _, +ClIVulZ, + CINI, [Vul?.

Similarly as before, we obtain

Ry (t)| + 3 CF Ry (t)] <el|0E|]* + C ||(N, Vu, )|
(5.38) f<a
+CI(E, B)|l, (I(N, Vu, 0| + | VE|_,) .

It follows from (5.36)-(5.38) that
d
|0°E[? < — = (0%, 0°E) + | V2B|_ + CII(N. Vu, )|
(5.39) dt 53
+C(N,E,B)|, (I(N,Vu,0)|2 + |VE|2_,).
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5.3.2

Note that for all ¢ € [0, 77,

(0°u, °E)| < C|W (&)]>, Va, 1<|a] <s— 1.

s

Let e > 0 be small enough. Integrating (5.39) over [0, ] and summing for all 1 < |a| < s—1,
together with (5.29), we obtain (5.35). O

Lemma 5.5. Under the assumptions of Lemma 5.2, for allt € [0,T), it holds

[vE@E,+[v2B @), )dr
(5.40) R ;
<c|wol e [[IwW @l (17, Vu, ) (I + [VE ()I,) dr.

Proof. For a € N3 with 1 < |a] < s — 2, applying 9% to the fourth equation of (5.12)

and taking the inner product of the resulting equation with —V x 9B in L?, we have

d
|V x &*B|” == (VX 0"B,0°E) = (V x 9°0:B,0°E) — (V x 0" B, 0" (nu))
d
= (V X 0°B,0°E) + |V x 0“E||> = (V x 0“B,ndu)

— > CI{V x 0"B,0“ PN u)

B<a
(5.41) gjt (V x 0°B,0°E) + |V x 0°E|* + ||V x 0°B|?
+C10%u||* + C|IBI|, [|(N, Vu) |
gjt (V x 9°B,0"E) + HVQEHZ_3 +¢|V x 0°B|?
+ C||Vulls_y + ClIBI, (N, Vu) 2.
Note that for all ¢ € [0, T7,
(V x 0B, 0°E)| < C||[W (t)|)?, Va, 1<|a|<s—2.

Let £ > 0 be small enough, integrating (5.41) over [0, 7] and summing for all 1 < |a| <
s — 2, together with (5.35), we get (5.40). In this estimate we have used (3.41). O

Proof of the long time behavior of solutions in Theorem 5.1

Now, we combine all the proceeding estimates to establish the long time behavior of
solutions to complete the proof of Theorem 5.1.
From Lemma 5.13, there exists a constant dg such that if wy < 4y, it holds

2
)

(5.42) HW@M+£MMVm@wmwSOW”
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which implies
n—160-0,eLl*RYH)NL® (RY;H?), Vue L’ (RYH)NL® (RYHTY.
Using the first three equations of (5.12), we obtain
Oh(n—1),0,(0—0.) € L (RY;H* '), §Vue L™ (RY;H?).

Therefore,
n—160-0,eL’RH)nWhH (RY; H) |

Vue L* (RY H ) nwhe (RT; H* %)
which imply (5.6).
Similarly as before, from (5.40) and (5.42), we get

VE e L’ (R H?)NL>® (R HY), VPBe L2 (RN H )N L™ (RY H?) .
It follows from the Maxwell equations in (5.12) that
OHVE € L* (RT; H %) N L™ (RT; Ho?) .

Therefore,

VE € L (R NIV (R,
which implies (5.7). We further deduce that
8tB =-VxFe L2 (]R"'; Hs—Z) N Wl,oo (R+;H5—2) ‘

Then
OV’B e L* (R H ) nWh> (RT; H ),

which implies (5.8). O
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