N

N
N

HAL

open science

Processes on the unitary group and free probability

Guillaume Cébron Cébron

» To cite this version:

Guillaume Cébron Cébron. Processes on the unitary group and free probability. General Mathematics
[math.GM]. Université Pierre et Marie Curie - Paris VI, 2014. English. NNT: 2014PA066380 . tel-

01088217v2

HAL Id: tel-01088217
https://theses.hal.science/tel-01088217v2
Submitted on 7 Mar 2015

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-01088217v2
https://hal.archives-ouvertes.fr

Laboratoire de Probabilités g g ===y sy 7 Université
Mp\ et Modeles Aléatoires W0  JVIN\ Pierre et Marie Curie
AA A1 PARIS

Ecole Doctorale de Science Mathématiques de Paris Centre

THESE DE DOCTORAT

Discipline : Mathématiques

présentée par

Guillaume Cébron

Processus sur le groupe unitaire et probabilités libres

dirigée par Thierry LEVY

Rapportée par :

M™ Alice GUIONNET Massachusetts Institute of Technology
M. Roland SPEICHER Universitiat des Saarlandes

Soutenue le 13 novembre 2014 devant le jury composé de :

M. Serban BELINSCHI ~ Université de Toulouse examinateur
M. Philippe BIANE Université Paris Est examinateur
M. Philippe BOUGEROL Université Paris 6 examinateur
M. Thierry LEVY Université Paris 6 directeur

M™¢ Mylene MAIDA Université Lille 1 examinatrice

M. Roland SPEICHER Universitat des Saarlandes rapporteur



ii

UPMC

Laboratoire de Probabilités
et Modéeles Aléatoires

4 place Jussieu

75252 Paris Cedex 05
Boite courrier 188

UPMC

Ecole Doctorale de Sciences
Mathématiques de Paris Centre
4 place Jussieu

75252 Paris Cedex 05

Boite courrier 290



Remerciements

Je remercie mon directeur de these Thierry Lévy, pour sa disponibilité, son aide et ses conseils
avisés. Merci aussi pour la liberté que tu m’as accordée au cours de mes recherches. Je tiens a
exprimer ma reconnaissance aux membres du jury et aux rapporteurs Serban Belinschi, Philippe
Biane, Philippe Bougerol, Alice Guionnet, Myléne Maida et Roland Speicher. Je trouve rassurant
de voir cette these évaluée par des chercheurs dont j’admire les travaux. Merci donc d’avoir
accepté cette responsabilité.

Une theése en mathématiques est un travail beaucoup moins solitaire que je ne le croyais.
De nombreuses discussions ont influencé mes recherches. Je pense en premier lieu a Antoine
Dahlqvist et Franck Gabriel, mes freres de these. Chaque échange avec eux m’a permis d’y voir
plus clair dans mon travail. Merci également a Todd Kemp, pour la collaboration enthousiaste
qu’il a initiée. Le troisieme chapitre de cette thése en est le premier fruit.

J’ai passé trois années tres agréables au LPMA, aussi bien d’un point de vue mathématique
que d’un point de vue humain. La responsabilité incombe en partie a Florence Deschamps, Maria
Pochot et Josette Saman, dont la gentillesse et la disponibilité rendent les taches administratives
plus faciles. Merci & Bastien, Cyril, Liping, Nelo, Olga, Pablo, Reda et Wangru pour le plaisant
quotidien du bureau 131. Merci aussi & tous les autres thésards du LPMA, passés ou présents,
a Jussieu ou a Sophie Germain, pour I'ambiance sympa qui régne dans le laboratoire. En
particulier, je garderai un excellent souvenir des repas et cafés du restaurant administratif
partagés régulierement avec Alexandre B., Alexandre G., Cécile, Clément, Eric, Florian, Julien,
Karim, Loic, Mathieu, Max, Nikos, Pascal, Pierre-Antoine, Sarah, Vincent, Xan, Xinxin, Yvain...

Je remercie toute ma famille dont 'influence, bien que moins manifeste dans cette these, n’en
est pas moins réelle. Merci a Hannah, nouvelle venue dans la famille, qui embellit mes jours mais
aussi pour le moment mes nuits.

Et finalement, merci a toi Aurore, pour ton soutien et ton affection.

iii






Résumé

Cette these est consacrée a I’étude asymptotique d’objets liés au mouvement brownien sur
le groupe unitaire en grande dimension, ainsi qu’a 1’étude, dans le cadre des probabilités libres,
des versions non-commutatives de ces objets. Elle se subdivise essentiellement en trois parties.

Dans le chapitre 2, nous résolvons le probleme initial de cette these, a savoir la convergence
de la transformation de Hall sur le groupe unitaire vers la transformation de Hall libre, lorsque la
dimension tend vers I'infini. Pour résoudre ce probléme, nous établissons des théoremes d’existence
de noyaux de transition pour la convolution libre. Enfin, nous utilisons ces résultats pour prouver
que, pareillement au mouvement brownien sur le groupe unitaire, le mouvement brownien sur le
groupe linéaire converge en distribution non-commutative vers sa version libre. Nous étudions
les fluctuations autour de cette convergence dans le chapitre 3. Le chapitre 4 présente un
morphisme entre les mesures infiniment divisibles pour la convolution libre additive d’une part
et multiplicative de I’autre. Nous montrons que ce morphisme possede une version matricielle
qui s’appuie sur un nouveau modele de matrices aléatoires pour les processus de Lévy libres
multiplicatifs.

Mots-clefs. Matrices aléatoires, Transformation de Segal-Bargmann-Hall, Mouvement brown-
ien, Groupe unitaire, Groupe linéaire, Grande dimension, Probabilités libres, Convolution libre,
Mesures infiniment divisibles.

Abstract

This thesis focuses on the asymptotic of objects related to the Brownian motion on the
unitary group in large dimension, and on the study, in free probability, of the non-commutative
versions of those objects. It subdivides into essentially three parts.

In Chapter 2, we solve the original problem of this thesis: the convergence of the Hall
transform on the unitary group to the free Hall transform, as the dimension tends to infinity. To
solve this problem, we establish theorems of existence of transition kernel for the free convolution.
Finally, we use these results to prove that, exactly as the Brownian motion on the unitary group,
the Brownian motion on the linear group converges in noncommutative distribution to its free
version. Then we study the fluctuations around this convergence in Chapter 3. Chapter 4 presents
a homomorphism between infinitely divisible measures for the free convolution, in respectively
the additive case and the multiplicative case. We show that this homomorphism has a matricial
version which is based on a new model of random matrices for the free multiplicative Lévy
processes.

Keywords. Random matrices, Segal-Bargmann-Hall transform, Brownian motion, Unitary
group, Linear group, Large dimension, Free probability, Inifinitely divisible measures.
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CHAPITRE 1

Introduction

Cette these est composée de trois textes principaux, les chapitres 2, 3 et 4, qui forment autant
d’articles publiés ou destinés a I’étre, et qui sont par conséquent rédigés en langue anglaise.
L’objectif de cette introduction est de présenter de maniere synthétique les différents résultats
qui les composent. Je me suis efforcé de dégager deux axes de lecture : d'une part, le parallélisme
entre la théorie des probabilités classiques et celle des probabilités libres ; d’autre part, I’analogie
entre le cadre additif et le cadre multiplicatif.

Nous allons commencer par examiner un exemple simple, le mouvement brownien, exemple
qui illustre parfaitement cette lecture & double entrée. Notons que cet objet sera au coeur des
différents développements qui suivront.

1. Le mouvement brownien
1.1. Les mouvements browniens classiques. Pour tout réel ¢ > 0, la gaussienne de
variance t est la mesure A; dont la densité par rapport & la mesure de Lebesgue est

_2?
e 2tdx.

Ni(de) =

2rt

DEFINITION 1.1. Un mouvement brownien réel standard est un processus stochastique
(Wi)ier,, & valeur dans R, tel que :

(1) Wp =0;
(2) pour tous temps 0 < s < ¢, 'accroissement Wy — Wy a pour loi la gaussienne N;_; ;
(3) pour tous temps 0 < ¢; < --- < ty, les accroissements Wy, , Wy, — Wy, ..., Wy, — W, |

sont indépendants ;
(4) (Wi)ier,. est presque stirement continu.

Les différents mouvements browniens que nous allons rencontrer possédent tous des accroisse-
ments indépendants et stationnaires, mais c’est la nature différente de ces accroissements qui fait
leurs particularités. Le mouvement brownien réel standard que nous venons de définir possede
des accroissements additifs qui sont indépendants pour ’indépendance classique. Nous pouvons
généraliser cette définition dans deux directions. D’une part, remplacer les accroissements addi-
tifs par des accroissements multiplicatifs, d’autre part remplacer I'indépendance classique par la
liberté, encore appelée indépendance libre.

Que se passe-t-il si nous imposons au processus des accroissements multiplicatifs indépendants
et stationnaires ? Le morphisme e : z + ¢/ de R vers le cercle unité U = {z € C : |z| = 1}, et qui
transforme ’addition en multiplication, nous permet de répondre simplement a cette question.
Notons e,(N;) la mesure image d’une gaussienne A par e, caractérisée par l'intégrale de toute
fonction borélienne bornée f sur U :

[ fdte.) = [ i),

1



2 1. INTRODUCTION

Prenons un mouvement brownien réel standard (W;)cr, . Le processus (€M) 1er . est un mou-
vement brownien sur U au sens suivant.

DEFINITION 1.2. Un mouvement brownien sur U est un processus stochastique (V;)scr, , &
valeur dans U, tel que :

(1) Vo =1;

(2) pour tous temps 0 < s < t, Paccroissement V;V,"! a pour loi e,(N;_s);

(3) pour tous temps 0 < ¢; < --- < t,, les accroissements th,VtQV;l_l, e thV;;L sont
indépendants;

(4) (Vi)ier, est presque stirement continu.

1.2. Espace de probabilité non-commutatif. Nous allons maintenant remplacer I'indé-
pendance classique par l'indépendance libre. Pour cela, nous devons considérer la théorie des
probabilités non-commutatives. Cette théorie a été créée par Dan-Virgil Voiculescu!™ dans les
années 80 pour étudier certaines algebres d’opérateurs en théorie des groupes libres, en utili-
sant le formalisme de la mécanique quantique. Présentons brievement cette théorie, variante
non-commutative des probabilités classiques.

Un espace de probabilité non-commutatif est la donnée d’une algebre unitaire A munie d’une
involution antilinéaire A — A* et d’une trace positive 7. En d’autres termes, 7 est une forme
linéaire telle que 7(14) = 1, pour tous A, B € A, 7(AB) = 7(BA) (tracialité), et pour tout A € A,
T(A*A) > 0 (positivité). Les éléments de A sont appelés variables aléatoires non-commutatives.
Remarquons qu’étant donné un espace de probabilité classique (£2,P), l'algebre L (€2, P) munie
de 'espérance E est un espace de probabilité non-commutatif.

Selon le degré de complexité de 'algebre A, il est possible d’y définir un calcul fonctionnel
de plus en plus fin. Le calcul polynomial est le calcul fonctionnel le plus basique. Si A est une
C*-algébre et T est continue, on peut y définir un calcul fonctionnel continu pour tout élément
normal, ¢’est-a-dire tel que AA* = A*A. On dit alors que (A, 7) est un C*-espace de probabilité.
Un C*-espace de probabilité est un W*-espace de probabilité si A est une algebre de von Neumann
et T est continue pour la topologie ultra-faible. Nous pouvons alors y définir un calcul borélien
borné pour tout élément normal. Dans ce qui suit, les variables aléatoires non-commutatives
seront considérées dans un méme W*-espace de probabilités non-commutatif (A, 7).

La condition de positivité imposée a 7 permet d’associer une distribution a ces variables
aléatoires non-commutatives. Prenons une variable normale A € A. Il existe une unique mesure
ua sur C telle que, pour tout polynéme P a deux variables,

7(P(A, A%)) :/(CP(Z,Z)duA(z).

La mesure 14 est appelée distribution de A. Bien entendu, on a alors plus généralement pour
toute fonction borélienne f bornée sur le spectre de A,

(f(A)) = /@ F(2)dua(z).

Si A est auto-adjointe, c’est-a-dire que A = A*, cette distribution est une mesure sur R, et si A est
unitaire, c’est-a-dire que A* = A~ elle est concentrée sur U. Dans le cadre de notre précédent
exemple, la distribution d’une variable aléatoire de L>°(2,P) coincide avec sa distribution au
sens des probabilités classiques’. Cette notion de distribution est généralisée de la facon suivante.

[l D.-V. VoIcULESCU, Symmetries of some reduced free product C*-algebras (1985).
! Remarquons que si nous gardons dans une certaine mesure la notion de distribution en probabilités non-
commutatives, nous perdons en revanche toute notion de réalisation.



1. LE MOUVEMENT BROWNIEN 3

Soit I un ensemble d’indices arbitraire et C(X; : i € I) I’algébre des polynémes & variables non-
commutatives indexées par I. La distribution® d’une famille A = (A;);cs de variables aléatoires
non-commutatives est la forme linéaire sur C(X; : i € I) donnée par

pa(P) =7(P(A)).
Nous arrivons a la définition de I'indépendance libre, notion centrale dans cette these.

DEFINITION 1.3. Soit I un ensemble d’indices. Pour tout i € I, soit B; une sous-algebre
de A. Ces algebres sont dites librement indépendantes, ou libres, si pour tout n € N*, et tous
indices i1 # ... # iy, les conditions A; € B;; et 7(A;) = 0 pour tout 1 < j < n entrainent que

Cette notion d’indépendance est un analogue non-commutatif de I'indépendance classique,
pour différentes raisons que nous n’expliquerons pas ici. Naturellement, une famille de variables
aléatoires non-commutatives est dite libre si les algebres respectivement engendrées par ces
différentes variables aléatoires sont libres.

1.3. Les mouvements browniens libres. Nous sommes désormais presque en mesure
d’énoncer la définition du mouvement brownien réel libre. Tout d’abord, il nous faut définir la
mesure semi-circulaire, qui est ’analogue libre de la gaussienne®. Pour tout réel ¢t > 0, la mesure
semi-circulaire S de variance t est la mesure dont la densité par rapport a la mesure de Lebesgue
est

1
Si(dx) = 57V 4a — x? - Lo 2vg (@)da.

Remarquons qu'une particularité remarquable qui distingue la mesure semi-circulaire de la mesure
gaussienne est qu’elle est supportée par un compact. Nous pouvons transposer directement la
définition du mouvement brownien réel standard dans ce cadre libre, a ’exception de la condition
de continuité des trajectoires. En effet, cette notion n’a pas d’équivalent en probabilités libres.

DEFINITION 1.4. Un mouvement brownien réel libre est une famille (X;);cr, de variables
aléatoires non-commutatives de A, auto-adjointes, telle que :
(1) Xo=0;
(2) pour tous temps 0 < s < t, I'accroissement X; — X5 a pour distribution une mesure
semi-circulaire S;_g ;
(3) pour tous temps 0 < t; < --- < tp, les accroissements X;,, Xz, — X¢,,..., Xp, — Xt
sont libres.

Reste donc a définir le mouvement brownien multiplicatif libre. Soit (X;)¢cr, un mouvement
brownien réel libre. Malheureusement, notre morphisme e : z — ¢ de R vers U ne nous
permet pas de définir un processus a accroissements multiplicatifs stationnaires et librement
indépendants. En effet, I’absence de commutativité nous empéche d’écrire un accroissement
multiplicatif e!Xte~*Xs comme I'image e!(X1=Xs) de I'accroissement X; — X par la fonction e.

Reprenons notre exemple dans le cas classique. Soit (Wj)icr, un mouvement brownien

réel standard. Le processus (V;)icr, = (€M) ier . est un mouvement brownien sur U. Une

2 Pour une variable normale, nous identifions donc sa distribution avec la forme linéaire donnée par l'intégration
des polynoémes par rapport a cette distribution.

3 La mesure semi-circulaire est la mesure limite qui apparait dans le théoréme central limite lorsque 1'indépendance
libre remplace I'indépendance classique.



4 1. INTRODUCTION

Cas additif Cas multiplicatif
Probabilités classiques Brownien (W;)er., Brownien unitaire (V;):cr,
Probabilités libres Brownien libre (X¢);cr, Brownien unitaire libre (Uy)icr,

TABLE 1. Les quatre mouvements browniens

application de la formule d’Ité nous permet d’affirmer que (V;);ecr, est en fait la solution de
I’équation différentielle stochastique linéaire suivante :

Vo L,

AV, = idWV;, — $Vdt.
Philippe Biane et Roland Speicher ont développé la notion de calcul stochastique librepl], ce
qui nous permet d’écrire 1’équation correspondante et d’affirmer que I’équation différentielle

stochastique libre

UO - 17
AUy = idXyU; — §Udt
possede une unique solution dans le W*-espace de probabilité A. Pour tout temps t, Uy est

unitaire, et sa distribution sera notée B;. Le processus (U;)iecr, est un mouvement brownien
unitaire libre au sens suivant.

DEFINITION 1.5. Le mouvement brownien unitaire libre est une famille (Ut)t€R+ de variables
aléatoires non-commutatives de A, unitaires, telle que :

(1) Uo = 1a;
2) pour tout temps 0 < s < t, l'accroissement U;U; ! a pour loi B;;
S
(3) pour tout temps 0 < ¢; < --- < ty, les accroissements Uy, , UtQUtjl, e UtnUtjil sont
indépendants.

Il n’existe malheureusement pas d’expression simple de la distribution B; de U;. Nous connais-
sons en revanche ’expression de ses moments : pour tout ¢t > 0 et n € Z,

[ #naBi(z) = r(Up) = i = e
p o o E TR =e 2t k1)

Nous pouvons résumer la situation dans le tableau 1. Nous avons déja vu que cette double
correspondance somme/produit d’une part et indépendance/liberté d’autre part n’est pas parfaite,
et qu’il faut adapter notre point de vue sur les objets considérés pour obtenir, parfois tres
indirectement, les objets analogues dans chacune des situations. Précisons que 'objectif n’est
pas de développer de facon parallele quatre théories différentes. En réalité, il existe d’étroits
lien entre ces quatre situations. Le lien principal qui va nous intéresser, et qui fait ’objet de la
section suivante, s’exprime par le biais de I’étude asymptotique de matrices aléatoires.

1.4. Matrices aléatoires. Un résultat d’Eugene Wigner[m} stipule que la loi spectrale
d’une matrice hermitienne dont les coefficients sont des gaussiennes de variances bien choisies
converge vers la mesure semi-circulaire lorsque la dimension de la matrice tend vers ’infini.
Dans les années 1990, Dan-Virgil Voiculescu™! approfondit ce lien entre probabilité classique
et probabilité libre lorsqu’il montre que deux de ces matrices, si elles sont indépendantes, sont
asymptotiquement libres.



1. LE MOUVEMENT BROWNIEN 5

Cas additif Cas multiplicatif
(V) calcul (V)

Probabilités Brownien hermitien (X;"/);er,  —— Brownien unitaire (U, )ser,
classiques stochastique

l N — o0 J{ N — o0

calcul

Probabilités Brownien libre (X¢)er, —  Brownien unitaire libre (Up)icr,
libres stochastique

TABLE 2. La limite des browniens matriciels

Présentons ce résultat. Pour tout N € N* soit My(C) 'espace des matrices carrées de
dimension N, et Hy C My(C) I'espace des matrices hermitiennes, c’est-a-dire des matrices H
telles que H = H*. Nous noterons Tr(-) la trace usuelle et tr(-) = & Tr(-) la trace normalisée
telle que tr(/y) = 1. Nous allons considérer un mouvement brownien sur #Hy, et pour cela nous

fixons un produit scalaire (-, )7, sur cet espace :
Vs, t € Ry,VA,B € Hn, (A, B)y,y = NTr(A*B).

Considérons un mouvement brownien sur l’espace des matrices hermiciennes muni de ce produit
. . N R . .
scalaire. C’est le processus gaussien (Xt( ))te]R+ A valeurs dans Hy de covariance suivante* :

Vst € Ry, VA, B € Hn, B [(A, XMy - (B, XM )| = s At (4, By

THEOREME! ", Soit (X;)ier, un mouvement brownien réel libre. Le processus (Xt(N))teR+
converge vers (Xi)ier, en distribution non-commutative. En d’autres termes, pour tout entier
n > 1, pour tout polynome non-commutatif P en n variables, et tout choix de n temps positifs
t1,...,tn, nous avons la convergence suivante :

n

lim E [t (P (x5, X)) | = (P (X, X)),

Le pendant multiplicatif de ce résultat s’obtient en considérant un mouvement brownien
sur le groupe unitaire U(N) C My (C) composé des matrices unitaires, c’est-a-dire des matrices
U telles que U*U = Iy. Encore une fois, nous pouvons construire ce mouvement brownien
multiplicatif a partir d’'un mouvement brownien additif a ’aide du calcul stochastique. En

effet, en reprenant le processus (Xt(N))teR ., a valeurs dans les matrices hermitiennes, I’équation
différentielle stochastique multidimensionnelle

v = Iy,
™ = aaxMulh — LufNag

4 De maniere équivalente, soit (B, Ck,i, Dk )k>1 des mouvements browniens réels standards indépendants entre
eux. Alors Xt(N) a la méme distribution que la matrice aléatoire hermitienne dont les coefficients diagonaux sont
les \/—%Dk (t) et les coefficients au-dessus de la diagonale sont les ﬁ(Bk,z(t) +iCl,(t)).

1] P, BIANE et R. SPEICHER, Stochastic calculus with respect to free Brownian motion and analysis on
Wigner space (1998).

"' D. VoicuLEscu, Limit laws for random matrices and free products (1991).

T E. P. WIGNER, On the Distribution of the Roots of Certain Symmetric Matrices (1958).
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a une unique solution (U;)ser,, a valeur dans U (V). C’est en fait une des définitions du mouvement
brownien sur le groupe unitaire. Le résultat suivant, dii a Philippe Biane, compléte la situation
décrite dans le tableau 2.

TuEOREME! 7. Soit (Uy)ier, un mouvement brownien unitaire libre. Alors, (Ut(N))teR+
converge vers (Up)ier, en distribution non-commutative. En d’autres termes, pour tout entier
n > 1, pour tout polynéme non-commutatif P en n variables, et tout choix de n temps positifs
t1,...,tn, nous avons la convergence suivante :

lim %E [ (P (U, U] = (P (U, UL))

L’analogie qui existe entre les probabilités classiques et les probabilités libres n’est donc
pas uniquement formelle. Elle se concrétise au travers des matrices aléatoires. C’est dans cette
démarche que s’inscrit la plupart des résultats de cette theése : obtenir les structures définies
dans le cadre non-commutatif comme limite en grande dimension de ces mémes structures dans
le cadre matriciel.

2. Transformation de Segal-Bargmann-Hall sur le groupe unitaire en grande
dimension

La transformation de Segal-Bargmann est un outil mathématique important en mécanique
quantique et en théorie des champs quantiques. Elle a été développée par Valentine Bargmann'® et
Irving Segal[(j‘j] dans les années 60. Nous allons en présenter ici les quatre versions correspondant

aux quatre situations déja décrites.

2.1. Transformation de Segal-Bargmann classique et libre. Fixons ¢t > 0. La trans-
formation de Segal-Bargmann opére sur l’espace L?(R, N;) des fonctions de carré intégrable par
rapport & une gaussienne A; de variance t. Pour toute fonction f € L?(R, N;), la fonction

1 (@—2)
Z —— z)e” 2t dz,
vV 2mt /Rf( )

définie sur R en convolant f avec Ny, peut en fait s’étendre en une fonction entiere Si(f) sur
C, donnée par la méme formule. Cette fonction entieére Si(f) est intégrable par rapport a une
gaussienne complexe de variance t, c’est-a-dire la mesure N;° dont la densité par rapport a la
mesure de Lebesgue est

2
NE(dz) = %ef%dz.

L’image de f par la transformation de Segal-Bargmann est par définition cette fonction S;(f).
La propriété importante de la transformation de Segal-Bargmann est d’étre un isomorphisme
d’espaces de Hilbert entre L2(IR, ;) et le sous-espace fermé de L?(C, N,F) composé des fonctions
entiéres’.

Nous allons prendre ici un point de vue légeérement différent, qui n’est probablement pas le
meilleur pour aborder la transformation de Segal-Bargmann, mais qui a I’avantage de mettre en
valeur le parallélisme entre le monde classique et le monde libre. Prenons une variable aléatoire

8]

(1961).

[17]

V. BARGMANN, On a Hilbert space of analytic functions and an associated integral transform. Part I

P. BIANE, Free Brownian motion, free stochastic calculus and random matrices (1997).

I. E. SEGAL, Mathematical characterization of the physical vacuum for a linear Bose-Einstein field (1962).
® La transformation de Segal-Bargmann a été initialement introduite pour entrelacer deux représentations des
relations canoniques de commutation entre position et moment en mécanique quantique. La principale raison
réside dans le fait que S; échange les opérateurs 0, et x — t0, contre les opérateurs 0. et z.

[66]
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W, de distribution A;. L’espace L?(R, N;) est alors isomorphe en tant qu’espace de Hilbert &
I’espace de variables aléatoires

LX(Wy) = {f(W) : f € L*(R,N})}.
Prenons une variable aléatoire W,° de distribution NF. Définissons I’espace de Hilbert
L3 (WE) = {f(WE) : f fonction entiere de L*(C,N)}.

Dans le théoreme qui suit et son corollaire, nous présentons deux visions probabilistes possibles
de la transformation de Segal-Bargmann.

TutorBEMES . Soit f € L*(R,N;). La fonction z — E[f(z + W;)] s’étend en une fonction
enti¢re F telle que F € L?(C,N%). De plus, la transformation linéaire

S+ f(Wi) = F(WF)

est un isomorphisme d’espaces de Hilbert entre L*(Wy) et L (W) que nous appellerons la
transformation de Segal-Bargmann.

COROLLAIRE 2.1. Soit W; une variable gaussienne réelle et W une variable gaussienne
complexe de variance t qui sont indépendantes entre elles. La transformation linéaire

P(Wy) = B [P(W; + WE) |WE]

est une isométrie qui s’étend en un unique isomorphisme d’espaces de Hilbert entre L>(W;) et
LE (WE). De plus, cet isomorphisme est la transformation de Segal-Bargmann.

Dans la suite de ce document, nous avons choisi de conserver ce point de vue probabiliste,
ou les fonctions boréliennes de carré intégrable par rapport a une mesure sont vues comme des
variables aléatoires. Bien que cette formulation ne soit pas celle couramment utilisée, elle lui est
équivalente et présente un avantage : les énoncés analogues en probabilités libres s’expriment
plus facilement dans ce formalisme probabiliste. Il y a deux raisons pour cela. D’une part, la
convolution libre d’une fonction avec une mesure n’a pas de sens, au contraire de la convolution
classique d’une fonction avec une mesure®. D’autre part, la distribution d’une famille de variables
aléatoires non-commutatives n’est en général pas une mesure, ce qui rend impossible I’expression
analytique de la transformation de Segal-Bargmann libre a plusieurs variables.

Présentons maintenant la transformation de Segal-Bargmann libre sur R. L’analogue libre de
la gaussienne complexe est la variable circulaire. De la méme facon qu’une gaussienne complexe
est la somme de deux gaussiennes indépendantes, une variable aléatoire non-commutative Z; €
A est dite circulaire de variance t si (Z; + Z})/V2 et (Zy — ZF)/(\/2i) sont deux variables
libres de distribution semi-circulaire de variance ¢. Plus généralement, un mouvement brownien
circulaire libre est une famille (Z;)¢>o de variables aléatoires non-commutatives de A telles que
(1/V2)(Zs + Z})i>0 et (1/3/2i)(Zy — Z})i>0 sont deux mouvements browniens libres qui sont
libres entre eux.

Soit X; une variable aléatoire non-commutative semi-circulaire, et Z; une variable aléatoire
non-commutative circulaire. Les espaces L*(X;,7) et L (Z:,7) désigneront respectivement
les espaces de Hilbert complétés de la x-algeébre engendrée par X; et de ’algebre engendrée
par Z; pour la norme || - ||z : A — 7(A*A)'/2. La transformation de Segal-Bargmann libre,
définie par Philippe Biane!'”, est un isomorphisme entre L?(X;, 7) et L% (Z;, 7). Pour la décrire,

6 Cela est dii au fait que la convolution libre des mesures n’est pas linéaire.
(197 P. BIANE, Segal-Bargmann Transform, Functional Calculus on Matrix Spaces and the Theory of Semi-
circular and Circular Systems (1997).



8 1. INTRODUCTION

introduisons les polynémes de Tchebycheff (T,ﬁ)neN de deuxieme espéce, entierement déterminés
par leur fonction génératrice : pour tout |z| <1 et —2 < z < 2,
= t
T z) = ——.
z_: n(7) t—xz+ 22
n=0

Soit U 'endomorphisme de C[X] défini pour tout n € N par U (T%) = X".
TutorEME!'" . La transformation linéaire P(X;) — (U(P))(Z;) est une isométrie qui
s’étend en un unique isomorphisme d’espaces de Hilbert entre L*(Xy,7) et L2 (Z,T) appelée la

transformation de Segal-Bargmann libre.

Nous proposons une description alternative de la transformation de Segal-Bargmann libre
a l'aide de I'espérance conditionnelle. Si B C A est une sous-algébre de von Neumann, il existe
une unique espérance conditionnelle de A vers B par rapport a 7 que 'on dénotera 7(-|B). C’est
une contraction faiblement continue, complétement positive, qui préserve 'identité, et qui est
caractérisée par la propriété suivante : pour tout A € A et B € B, 7(AB) = 7(7(A|B)B). Bien
entendu, si A = (A;)ier est une famille de variables aléatoires non-commutatives, 7(-|A) désignera
lespérance conditionnelle de A vers I’algebre de von Neumann engendrée par les variables (4;);cr.
La description de la transformation de Segal-Bargmann libre du théoréme suivant est trés proche
de la description classique de la transformation de Segal-Bargmann telle que formulée dans le
corollaire 2.1.

THEOREME (CF. TH.10.1). Soit X; une variable semi-circulaire et Z, une variable circu-
laire de variance t et qui sont libres entre elles. La transformation linéaire
P(Xt) =T (P(Xt + Zt> ’Zt)
est une isométrie qui s’étend en un unique isomorphisme d’espaces de Hilbert entre L?(X;,T) et
L%ol(Zt,T). De plus, cet isomorphisme est la transformation de Segal-Bargmann libre.

La procédure décrite précédemment pour construire la transformation de Segal-Bargmann
classique sur R fonctionne en remplacant R par un espace de Hilbert quelconque et C par son
complexifié. Nous allons prendre comme cas particulier I’espace H des matrices hermitiennes.
Le complexifié de Hy est 'espace My (C) des matrices complexes. Le mouvement brownien

*
que l'on consideére sur My (C) est le processus (Zt(N))tzo tel que (1/\/5)(2,5(]\[) + Zt(N) )i>0 et

*
(1/ \/ﬁi)(Zt(N) - t(N) )i>0 sont deux mouvements browniens sur Hy indépendants entre eux’.

Soit (XtN))teR . un mouvement brownien sur Hy. Posons
2
LQ(Xt(N)) = {f(Xt(N)) : f fonction borélienne sur Hy telle que E Uf(Xt(N))‘ ] < —i—oo} )

Soit (Zt(N) )tcr, un mouvement brownien sur My (C). Posons

2
Lﬁol(Zt(N)) = {F(Zt(N)) : I fonction holomorphe telle que E UF(Zt(N))‘ } < —|—oo} .

TuiorREME® . Soit f une fonction borélienne sur Hy telle que f(Xt(N)) € LZ(Xt(N)). La
fonction z — E[f(z + Xt(N))] s’étend en une fonction entiére F' telle que F(Zt(N)) € Lﬁol(Zt(N)).

De plus, la transformation linéaire

Syt fXN) s F(ZY)

7 De maniére équivalente, soit (Bk,i, Ck,i)k,1>1 des mouvements browniens réels standards indépendants entre eux.
Alors Z™) a la méme distribution que la matrice aléatoire dont les coefficients sont les ﬁ(Bk,l(t) + iCl(t)).
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est un isomorphisme d’espaces de Hilbert entre L2(Xt(N)) et L%OI(Zt(N)) que nous appellerons la
transformation de Segal-Bargmann.

Pour étudier la transformation de Segal-Bargmann S; en grande dimension, Philippe Biane!!”!
a l'idée de considérer des variables aléatoires matricielles plutét que des variables aléatoires
scalaires. En 1997, il tensorise S; en S; ® Idy,(c) dans la perspective d’étudier l'action de
St®Idpy (c) sur les variables aléatoires matricielles obtenues par le calcul fonctionnel des matrices.
Plus précisément, munissons My (C) du produit scalaire (X,Y) s ) = Tr(X*Y). Pour tout
N > 0, identifions ’espace de Hilbert

2
{f(Xt(N)) : f fonction borélienne de Hy vers My (C) telle que E {Hf(Xt(N))HM (C)] < +oo}
N

avec L2(Xt(N)) ® Mp(C) et l'espace de Hilbert

{F(Zt(N)) : I fonction holomorphe de My (C) vers My (C)

telle que E [HF(Z}N))H;[N(C)] < —i—oo}

avec Lﬁol(Zt(N))(@MN((C). Nous noterons St(N) I'isomorphisme S; ®1d /() de LQ(Xt(N)) ®@Mny(C)

vers L%OI(Zt(N)) ® My (C). Biane parvient a montrer que cette transformation St(N) approche la

transformation de Segal-Bargmann libre en grande dimension. Nous allons présenter une version
édulcorée de son résultat ou nous ne prenons en compte que les variables aléatoires obtenues par
le calcul polynomial sur les matrices. Intuitivement, nous pouvons interpréter ce résultat de la
fagon suivante :

(1) le sous-espace {P(Xt(N)

(2) le sous-espace {P(Zt(N)

20y N) 2 .
)}PE(C[X] C L*(X;") ® Mn(C) converge vers L*(X;,7);

)}PE(C[X] C Lﬁol(Zt(N)) ® My(C) converge vers L2 (Z;,7);
(V)

(3) asymptotiquement, la transformation de Segal-Bargmann S; "’ envoie isométriquement
ces deux espaces 'un sur 'autre, et I'isométrie limite est la transformation de Segal-
Bargmann libre de L?(Xy, 7) vers L (Z;, 7).

Alors que les deux premiers points sont une application directe du résultat de Voiculescu, le
troisieme point est original aussi bien dans sa forme méme que dans sa preuve. Voici maintenant
une version plus rigoureuse de ces différents points.
TuEoREME!Y!. Soit t > 0.
(1) Pour tout n € N, et tout polynome P € C[X], nous avons
2

lim HP (Xt(N)NLz(Xt(N))@MN

N—oo

o = IP Gy, o

(2) pour tout n € N, et tout polynome P € C[X], nous avons

lim HP (Zt(N))‘

N—oo

2
L, (Z{")@ My (C

)= 1P (Z)I22 (zm)

[l V. BARGMANN, On a Hilbert space of analytic functions and an associated integral transform. Part I
(1961).

(19 P BIANE, Segal-Bargmann Transform, Functional Calculus on Matrix Spaces and the Theory of Semi-
circular and Circular Systems (1997).
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(8) Pour tout polynome P € C[X], nous avons lorsque N — oo
N N INE
s (P (7)) (P (27)]

En réalité, Biane parvient par un argument d’approximation a généraliser ces résultats pour
des classes plus générales de fonctions.

= O(1/N?).

12, (ZzN)eMy (C)

2.2. Transformation de Hall classique et libre. En 1994, Brian Hall prouve que la
transformation de Segal-Bargmann existe toujours lorsque I'on remplace 'espace de Hilbert
par un groupe de Lie et son complexifié par le complexifié du groupe de Lie. Pour nous, la
transformation de Hall fera donc intervenir d’une part un mouvement brownien sur U (N), d’autre
part un mouvement brownien sur le groupe linéaire GLy(C) qui est 'ensemble des matrices
inversibles de My (C).

Définissons le mouvement brownien sur GLy(C). C’est le processus matriciel (GgN))tZO
solution de I’équation différentielle stochastique multidimensionnelle suivante

™ = Iy,
e = az™Ma™.

Le processus (G,SN))QO est inversible en tout temps ¢ > 0. Pour ¢ > 0, nous noterons Lz(Ut(N))
I’espace de Hilbert

2
{f (Ut(N)) : f est une fonction borélienne sur U(N) telle que E “f (Ut(N))‘ ] < —i—oo} ,

et nous noterons Lﬁol(GgN)) I'espace de Hilbert

2
{F (GgN)> : I est une fonction holomorphe sur GLy(C) telle que E UF (GgN))‘ } < +oo} .

Le fait que L%OI(G,EN)) soit un espace de Hilbert est non-trivial. C’est une partie du résultat de
Hall qui peut étre exprimé de la fagon suivante.

TuEOREME . Soit f une fonction borélienne sur U(N) telle que f(Ut(N)) € LQ(Ut(N)).
La fonction U — E [f (Ut(N)U)} posséde une extension analytique F sur GLn(C). De plus,
F(GgN)) € Lﬁol(GgN)) et Uapplication linéaire
B s (U™ o P (6V)

est un isomorphisme d’espaces de Hilbert entre LQ(Ut(N)) et Lﬁol(G,(fN)).

La transformation B; est connue sous le nom de transformation de Segal-Bargmann-Hall,
ou plus simplement transformation de Hall. Gross et Malliavin ont montré qu’il est possible de
construire la transformation de Hall comme restriction d’une version infini-dimensionnelle de la
transformation de Segal-Bargmann, ce qui établit un lien entre le cas additif et le cas classique.
En transposant le raisonnement de Gross et Malliavin dans le cadre des probabilités libres, Biane
définit la transformation de Hall libre comme restriction d’une version infini-dimensionnelle de
la transformation de Segal-Bargmann libre.

Ici encore nous devons présenter ce qui jouera le role du "complexifié" du mouvement brownien
unitaire libre. Soit (Z;)¢>¢ un mouvement brownien circulaire libre. Définissons le mouvement

[ B. C. HALL, The Segal-Bargmann "Coherent State" Transform for Compact Lie Groups (1994).
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brownien multiplicatif circulaire librel'™. C’est le processus non-commutatif (Gy);>o dans A
solution de I’équation différentielle stochastique suivante

Go = 1d,
th == dZth.

Le processus (Gt)>0 est inversible!'” en tout temps ¢ > 0, en revanche, il n’est pas normal, au
sens ou G; G # GiGf.

Soit (U;);~o un mouvement brownien unitaire libre, et (Gy),~, un mouvement brownien
multiplicatif circulaire libre. Fixons ¢ > 0. Les espaces L(U;, ) et L} (G, 7) désigneront
respectivement les espaces de Hilbert complétés de la x-algebre engendrée par Uy et Ut_1 et de
I’algébre engendrée par Z; et Z; ' pour la norme || - ||z : A+ 7(A*A)'/2. La transformation de
Hall libre, définie par Philippe Biane!'”, est un isomorphisme entre L?(Uy, 7) et L2 (Gy, 7). Un
moyen rapide de la définir est de décrire son action sur les polynémes. Introduisons les polyndmes

t s s . P .
(Pp) pen» définis par la série génératrice

loh|

1— 262(1t§)ﬂ7

Z 2"Pl(z) =
n=0

Nous désignerons I’espace des polyndmes de Laurent par C[X, X ~!]. Pour tout ¢ > 0, soit G;
'opérateur linéaire sur C[X, X ~] tel que, pour tout n € N, G; (P{(X)) = X" et G; (PL(X 1)) =
X

TutoriME!". Soit t > 0. Llapplication F; : P(Uy) + (Gi(P))(Gy) pour tout P €
C[X, X 1] est une isométrie qui s’étend en un isomorphisme F; d’espace de Hilbert entre L*(Uy, T)
et Lﬁol(Gt,T) appelée transformation de Hall libre.

Dans le théoréme suivant, nous donnons une description alternative de la transformation de
Hall libre, description intrinseque a rapprocher du corollaire 2.1.

THEOREME (CF. TH.10.7). Soit t > 0. On suppose les variables Uy et Gy libres entre elles.
La transformation linéaire
P(Ut) =T (P(Uth) |Gt)
est une isométrie qui s’étend en un unique isomorphisme d’espaces de Hilbert entre L?(Uy, 7) et
L} (G, 7). De plus, cet isomorphisme est la transformation de Hall libre.

2.3. Résultat principal. Nous allons maintenant présenter notre résultat principal, qui
fait le lien entre la transformation de Hall classique sur U(N) et la transformation de Hall libre.
Pour tout NV > 0, identifions

{f (Ut(N)) : f fonction borélienne de U(N) vers My (C)
telle que E [Hf (Ut(N)) HZN((C)] < —i—oo}

avec Lz(Ut(N)) ® Mp(C) et I'espace

{F (GgN)) : F fonction holomorphe de GLy(C) vers My (C)
telle que E {HF (GgN)) Hi/[N((c)] < +oo}

17 P. BIANE, Free Brownian motion, free stochastic calculus and random matrices (1997).

P. BIANE, Segal-Bargmann Transform, Functional Calculus on Matrix Spaces and the Theory of Semi-
circular and Circular Systems (1997).

[19]
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Cas additif Cas multiplicatif

Probabilités classiques Transformation de Transformation de
Segal-Bargmann St(N) Hall Bt(N)
J{ N — o0 J/ N — o0

Probabilités libres Transformation de Transformation de

Segal-Bargmann libre U, Hall libre G;

TABLE 3. Transformations de Segal-Bargmann-Hall

avec Lﬁol(GgN))GE)MN((C). Nous noterons B,FN) I'isomorphisme B;®Id s, (c) de L2(Ut(N))®MN((C)

vers Lﬁol(G,(fN)) ® My (C). En 1997, dans D'article présentant la transformation de Hall libre!'?!,
Biane suggere qu’elle est la limite de la transformation de Hall sur U(N) de la méme maniére que
la transformation de Segal-Bargmann libre est la limite de la transformation de Segal-Bargmann

sur Hy :
(1) le sous-espace {P(Ut(N))}PeC[X] C LQ(Ut(N)) ® My(C) converge vers L2(Uy, T);
(2) le sous-espace {P(G,EN))}PGC[X] C Lﬁol(GEN)) ® My (C) converge vers L2 (G, 7);
(3) asymptotiquement, la transformation de Hall B§N) envoie isométriquement ces deux
espaces I'un sur l'autre, et I'isométrie limite est la transformation de Hall libre de
L2(Uy, 1) vers L2 (Gy, 7).

Le premier point est un corollaire de la convergence en distribution du mouvement brownien
unitaire!'”). Une des motivations principales de la présente thése est de prouver que les deux
autres points sont vrais, dans le sens direct et quantitatif du théoreme suivant.

THEOREME (CF. TH.7.4). Soitt > 0.
(1) Pour tout n € N, et tout polynéme P € C[X, X Y], nous avons

N CR -

2
= 1P Ol
(2) pour tout n € N, et tout polynéme P € C[X, X 1], nous avons

lim [P (GiY)]

N—oo

2
L2, (G eMy(©)

1P (G)l72(Gyr

(3) Pour tout polynéme P € C[X, X Y], nous avons lorsque N — oo

|50 (P () - t@en ()]

= O(1/N?).
L2 ,(GM)@ My (C) (/N7

Parallelement a ’élaboration de la démonstration de ce théoreme, les trois auteurs Driver,
Hall et Kemp ont également travaillé sur cette conjecture, et ont démontré le troisiéme point
de ce théoreme!®®). Bien que certaines parties de nos travaux soient conceptuellement proches,
les deux preuves sont indépendantes et présentent chacune leur intérét propre : alors que nous
faisons une utilisation cruciale de résultats de probabilités libres, la démonstration de Driver
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Hall et Kemp est nettement plus analytique. Les deux preuves?”*® ont finalement été publiées
simultanément dans le méme numéro de Journal of Functional Analysis.

2.4. Laplacien, orientation et normalisation. Une autre maniére de définir les différents
mouvements browniens que nous venons de décrire consiste a se donner leurs générateurs. En
tant que processus de Markov, ils possedent tous un générateur qu’on appelle le laplacien, et que
nous allons décrire dans le cas des mouvements browniens sur U(N) et sur GLy(C).

L’algebre de Lie u(N) du groupe unitaire est composée des matrices anti-hermitiennes :

u(N) = {X € My(C): X* + X = 0}.

C’est cette algebre qui parametre les opérateurs différentiels invariants du premier ordre. Plus
précisément, pour tout X € u(N), nous définissons le champ de vecteur invariant & gauche X'
qui agit sur les fonctions f dérivables sur U(N) de la fagon suivante : pour tout g € U(N), on a

d
X'flg)=—| flge).
dt |¢=o
De la méme fagon, nous définissons le champ de vecteur invariant a droite X" qui agit sur les
fonctions f dérivables sur U(N) de la fagon suivante : pour tout g € U(N), on a

Xfe) = 5| 1)

On munit u(N) du produit scalaire

Ce produit scalaire est invariant par action de la conjugaison par un élément de U(N). Ainsi,
il induit une métrique riemannienne bi-invariante sur U(N) et un laplacien bi-invariant Ag(yy-
Pour toute base orthonormale 3 de u(N), le laplacien Ay (ny est Uopérateur différentiel du second

ordre
Apvy = D (XD =Y (X7~
Xep Xep

Un mouvement brownien (Ut(N))tzo sur U(N) est un processus de Markov partant de l'identité,

et dont le générateur est (1/2)Ay(n)-

La situation du groupe linéaire GLy(C) est quasiment identique. L’algebre de Lie gl (C)
est composée de I'ensemble des matrices My (C). Pour tout X € gly(C), nous définissons le
champ de vecteur invariant & gauche X' (respectivement a droite X") qui agit sur les fonctions
f dérivables sur GLy(C) de la fagon suivante : pour tout g € U(N), on a

Xig) = 5| 56e) (e X0 = 5 1e¥9).

On munit gly(C) du produit scalaire réel®
(X,Y) = (X,Y)

t=0 t=0

Q[N((C) = N?R (TI'(X*Y)) .

17 P. BIANE, Free Brownian motion, free stochastic calculus and random matrices (1997).

(197 P. BIANE, Segal-Bargmann Transform, Functional Calculus on Matrix Spaces and the Theory of Semi-
circular and Circular Systems (1997).

25 G. CEBRON, Free convolution operators and free Hall transform (2013).
B. K. DRrRIVER, B. C. HALL, et T. KEMP, The Large-N Limit of the Segal-Bargmann Transform on
Un (2013).
8 Bien que défini sur le méme espace gl (C) = My (C), ce produit scalaire réel (-, -)

[38]

aly (C) D€ doit pas étre confondu

avec le produit scalaire hermitien (-, -) My (©) défini précédemment.
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Ce produit scalaire n’est pas invariant par action de la conjugaison par un élément de GLy(C).
Ainsi, il induit deux métriques riemanniennes sur GLy(C), une métrique invariante a gauche
et une métrique invariante a droite. Soit Agy,(c) le laplacien correspondant a la métrique
invariante a droite. Pour toute base orthonormale 8 de gly(C), c’est 'opérateur différentiel du
second ordre

Agrye) = > (X2
XeB

Un mouvement brownien a droite (GgN))tZO sur GLy(C) est un processus de Markov partant
de l'identité, et dont le générateur est (1/4)Agy,(c)- Nous insistons sur cette définition du
mouvement brownien qui inclut un facteur inhabituel de 1/4, suivant la convention de Halll**l,
De cette manictre, le mouvement brownien avance & une vitesse réduite de moitié? sur GLx(C).

Les mouvements browniens que 'on a considérés jusqu’a présent sont des mouvements
browniens a droite, suivant la convention de Biane. Il semble que la littérature soit plus encline
a travailler avec des mouvements browniens a gauche. Bien heureusement, il existe une dualité
parfaite entre les deux situations, et nous laissons aux lecteurs consciencieux le soin de faire les
modifications mineures nécessaires pour retrouver les résultats correspondant aux mouvements
browniens a gauche.

REMARQUE 2.2. Dans les situations précédemment décrites, il y a essentiellement deux
endroits ou la normalisation joue un role crucial. D’une part, il faut que les normalisations des
mouvements browniens sur U(N) et sur GLy(C) a N fixé soient ajustées pour que la transfor-
mation de Hall soit une isométrie. D’autre part, il faut que les normalisations des mouvements
browniens sur U (V) soient ajustées lorsque la dimension N varie pour que la limite en grande
dimension existe. Malgré cette absence de latitude, on retrouve dans la littérature différents pro-
duits scalaires, différentes vitesses et différents générateurs pour décrire les mémes mouvements
browniens que nous avons présentés. Cette apparente contradiction disparait lorsqu’on comprend
la propriété de changement d’échelle du mouvement brownien : si ¢ > 0, A est le laplacien
pour une métrique (-,-) et (g¢)r>0 un mouvement brownien dont le générateur est (1/2)A, alors
(1/¢)A est le laplacien pour une métrique c(-,-) et (g;/c)i>0 est un mouvement brownien dont le
générateur est (1/2¢)A. Avec cette liberté, nous pouvons décrire un méme mouvement brownien
avec autant de métriques, autant de générateurs et autant de vitesses différentes qu’il y a de
réels positifs.

3. Opérateurs de convolution libre

Dans I’étude de la transformation de Segal-Bargmann libre, ou de la transformation de Hall
libre, nous nous sommes intéressés au calcul de quantités de la forme 7(P(A + B)|B), ou encore
T7(P(AB)|B). Nous pouvons nous inspirer du cas classique, mais nous allons voir que la situation
s’avere tres différente dans le cas non-commutatif.

3.1. Noyaux de transition pour les différentes convolutions. Soient A et B deux
variables aléatoires complexes indépendantes de distributions pa et up. La loi conditionnelle
de A + B sachant B est k(y,dz) = dpa(x — y) ; c’est le noyau de transition tel que, pour toute

9 De la méme facon, le mouvement brownien standard complexe sur C est souvent défini comme étant le processus
de Markov de générateur (1/4)(d2 + 85), de sorte qu’au temps 1, sa variance soit égale a 1. Bien entendu, il est
toujours possible de voir le générateur du mouvement brownien sur GLy (C) comme (1/2)A, avec A = Agr . (c)/2
étant le laplacien associé a la métrique 2 (-, ) oly (O
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fonction f borélienne et bornée, on a'’

E[f(A+ B)|B] = [ f(@)k(B.do).
Nous pouvons le vérifier par le calcul suivant. Pour toutes fonctions f, g boréliennes et bornées,

L 16+ wawana@anst) = [ ([ r@dnat - ) oto)dun().

Bien entendu, ce noyau de transition ne dépend que de la distribution de A. Intuitivement, a
chaque fois que 'on fixe une valeur y de B, la mesure de probabilité k(y,dz) nous donne le
moyen de choisir de maniére aléatoire un point z pour A + B.

En probabilités libres, nous ne pouvons pas fixer une réalisation d’une variable B, puis espérer
comprendre le comportement de A + B lorsque A est libre avec B. Dans un article de 1998,
Biane!'®! réussit pourtant & mettre au jour de telles lois conditionnelles. Le résultat suivant est
en pratique accompagné d’une caractérisation du noyau de transition qui entre en jeu.

TuEOREME! 'S, Soient A, B € A deuz variables aléatoires non-commutatives qui sont auto-
adjointes et libres entre elles. Il existe alors un noyau de transition k(y,dz) sur R x R tel que
pour toute fonction f borélienne et bornée sur R,

7 (f(A+ B)|B) = /Rf(x)k(B,dx).

Revenons au cas classique. Si A et B sont indépendantes, la loi conditionnelle de AB sachant
B est k(y,dz) = dua(xy™!) siy # 0 et & si y = 0. La encore, le noyau de transition ne dépend
que de la distribution de A. La version multiplicative du théoréeme de Biane est la suivante.

THEOREME! 'S, Soient U,V € A deux variables aléatoires non-commutatives qui sont uni-
taires et libres entre elles. 1l existe alors un noyau de transition k(y,dz) sur U x U tel que pour
toute fonction f borélienne et bornée sur U,

FSUVIV) = [ F@k(V,do).

Une caractéristique importante distingue le cas classique du cas libre. Les noyaux de transition
dépendent des deux variables aléatoires a la fois. Pourtant, un exemple simple nous montre que
le calcul de 7(P(A + B)|B) peut étre fait sans tenir compte de B.

EXEMPLE. Soit t > 0 et S; une variable semi-circulaire de variance t. Pour toute variable
B libre avec S, on a
7((S; + B)?|B) = B3 + 2tB + t1(B).
En effet, pour toute variable A de I’algebre engendrée par B,
7 ((S+ B)* A) =7(SPA) + 7(S2BA) + (8, B*A) + (B A)
+ 7(S;BS;A) + 7(BS?A) + 7(BS; BA)
=0+ t7(BA) + 0+ 7(B3A) + t7(B)7(A) + tr(BA) + 0
= ((B®+2tB +17(B)) A)

ce qui nous permet d’identifier B3 + 2tB + t7(B) comme I'espérance conditionnelle de (S; + B)?
par rapport a B.

10 Tei, f c )k(B,dx) doit étre interprété comme la fonction y +— f c x)k(y,dx) appliquée a B.
(sl p, BIANE Processes with free increments (1998).

(" B. C. HALL, The Segal-Bargmann "Coherent State" Transform for Compact Lie Groups (1994).
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Dans I’exemple ci-dessus, bien que le polynéme X3 4 2tX + t7(B) dépende de B, le calcul a
pu étre effectué sans la donnée de B. Cela suggere qu’en changeant de paradigme, il est possible
de s’affranchir de la donnée de B. La stratégie est la suivante. Nous allons définir des objets
abstraits généraux sur lesquels effectuer les calculs, puis ces objets pourront étre évalués en B.
Dans le cadre de I’exemple, cela nous mene & un objet "X? + 2¢tX + t tr(X)", puis I’évaluation’!
nous méne comme voulu a B3 + 2tB + t7(B).

La section suivante est consacrée a la définition de I’ensemble de ces objets abstraits, ce qui
nous permettra ensuite de définir des opérateurs de transition.

3.2. L’espace C{X; : i € I}. L’algebre de polyndémes non-commutatifs C(X; : i € I)
possede la propriété suivante : pour toute famille (A4;);c; d’une algebre A, il existe un unique
morphisme d’algebre ¢ : A — C(X; : i € I) tel que p(X;) = A;. Ce morphisme est donnée par
la substitution des A; aux indéterminées X; d’un polyndéme. Cette propriété définit I’algebre
C(X; : i € I) a isomorphisme pres : on dit que C(X; : i € I) est la solution d’un probléme
universel. Intuitivement, peu importe la fagon dont on a codé C(X; : i € I), c’est sa propriété
sus-citée qui nous intéresse.

De la méme fagon, nous allons définir I'espace C{X; : i € I} comme solution d’un probléme
universel similaire, mais auquel s’ajoute une structure supplémentaire. Soit A une algebre unitaire.
Le centre de A est 'algébre unitaire Z 4 constituée des éléments de A qui commutent avec tous
les autres éléments de A. La structure additionnelle est la suivante. On appelle espérance a
valeurs centrales toute application linéaire 7 de A a valeurs dans son centre Z 4, et telle que :

(1) pour tout A,B € A, ona 7(17(A)B) =71(A)T(B);
(2) 7(La) = 1a.
Cette structure nous permet de définir le probléme universel suivant.

PROBLEME UNIVERSEL 8.1. Soit I un ensemble quelconque d’indices. Soit X une algébre
munie d’une espérance d valeurs centrales tr, et de I éléments (X;);c;. Le triplet (X, tr, (Xi),c;)
est solution du probléme universel 8.1 pour les indices I si pour toute algébre A munie d’une
espérance a valeurs centrales 7, et de I éléments (A;);cp, il existe un unique morphisme d’algébre
f de X vers A tel que

(1) pour touti € I, on a f(X;) = A;;
(2) pour tout P € X, on a 7(f(P)) = f(tr(P)).

On dira que f est le I-morphisme canonique de X vers A. Le I-morphisme d’une solution
du probléme universel 8.1 vers une autre solution est bijectif : dans la pratique, on identifie
volontiers deux solutions du probléme universel, et on parle de la solution du probléme univer-
sel 8.1. Dans ’'appendice du chapitre 2, nous montrons qu’il existe une solution a ce probleme
universel, et c’est cette solution (unique & isomorphisme canonique prés) que nous noterons
(C{X; :i €I}, tr,(X;),c;) ou plus simplement C{X; : i € I}.

La notation de X; pour ’élément correspondant a i € I de C{X; : i € I} semble entrer en
conflit avec la notation de X; comme élément de C(X; : i € I). Ce choix de notation est justifié
par 'injectivité du morphisme d’algebre ¢ : C(X; : i € I) — C{X; : i € I} défini par ¢(X;) = X;.
L’algebre C(X; : ¢ € I) peut donc étre identifiée & une sous-algebre de C{X; : ¢ € I}, et c’est
exactement ce que nous ferons dans la suite de cette these :

On a par exemple X]2 € C{X;:i €1} sijel. En utilisant la fonction tr, on a aussi tr(ij) €
C{X; : i € I}, ou encore X; tr(XJZ) € C{X; : i € I}. Plus généralement, nous prouvons que

1 1¢valuation consiste & remplacer formellement tr par 7 et X par B
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I’ensemble
{Motr My ---tr M, : n € N, My, ..., M, monémes de C(X;:71 € I)}

forme une base de C{Xj; : i € I}, appelée la base canonique.

Nous allons maintenant décrire le calcul fonctionnel associé a ’espace C{X; : i € I'}. Ce calcul
fonctionnel est appelé C{X; : i € I}-calcul et est défini & partir de la propriété universelle de
C{X, : i € I}. Soit A une algebre munie d’une espérance & valeurs centrales 7, et de I éléments
A = (Ai);cr- Soit f: C{X; :i € I} — Ale I-morphisme canonique de C{X; : i € I} vers A.
Pour tout P € C{X; :i € I}, on dit que f(P) est '’élément de A obtenu par substitution'? de
T a tr, et des A; aux indéterminées X;, dans P, et on note cet élément P(A). Concrétement,
le C{X; : i € I}-calcul est donné par son action sur la base canonique : pour tout n € N et
Moy, ..., M, monémes de C (X, :i € I),

(MO tr My ---tr Mn)(A) = M()(A)T(Ml(A)) R T(Mn(A))

Dans la section 8.2, on définit de la méme fagon les algébres C{X;, X; ! :i € I}, C{X;, X} :
i€ I} et (C{XZ-,XZ-*,Xfl,X;‘_1 : ¢ € I}, ainsi que les substitutions associées. Par exemple,
pour tout algebre A munie d’une involution * et de I éléments inversibles, on peut définir un
morphisme d’algébre P+ P(A) de C{X;, X, X; ', X! : i € I'} vers A par les seules conditions
Xi(A) = A, X7(A) = A7, X7 H(A) = A7, X771 A) = A7 et (tr P)(A) = 7(P(A)).

Nous sommes maintenant en mesure d’énoncer notre théoreme d’existence d’opérateurs de
transition pour la somme de variables aléatoires libres. Nous le ferons dans la section 3.4. Toutefois,
celui-ci mettant en scéne les cumulants libres, coefficients dont 'importance en probabilités non-
commutatives n’est plus a démontrer, nous leur consacrons d’abord la section qui suit.

3.3. Les cumulants et log-cumulants libres. Les cumulants libres ont été définis par
Roland Speicher! ™ pour étudier de maniére combinatoire addition de variables aléatoires libres.
Ils consistent en un ensemble de coefficients indexés par tous les n-uplets d’éléments de A, ou n
parcourt N*. Autrement dit, c’est une fonction x : | ey« A™ — C.

Le point de départ habituel pour définir les cumulants libres est I’ensemble des partitions non-
croisées. Soit n € N*. Une partition de {1,...,n} possede un croisement s’il existe quatre entiers
1,7, k,l entre 1 et n tels que 7 et k appartiennent a un méme bloc alors que j et [ appartiennent
a un autre bloc. L’ensemble des partitions de {1,...,n} qui ne posseédent pas de croisements,
encore appelées partitions non-croisées, est noté NC'(n).

DEFINITION 3.1. Les cumulants libres sont définis par la relation suivante. Pour tout n € N*
et tout Ay,..., A, € A, on a

T(A1"'An): Z H[W](Al,...,An)a

meNC(n)
ou ’%[ﬂ-] (Ala s 7An) = H{i1<---<ik}€7r K/(Aila s 7Alk)
Cette relation peut en effet étre inversée de maniere implicite, et (A, ..., A,) exprimé
comme un polynoéme en les variables 7(A4;,,...,4;, ), avec 1 <i; < ... < i < n. Nous donnerons

plus de détails sur la théorie des cumulants libres dans la section 9.2.2 ; par ailleurs, nous renvoyons
aux nombreux travaux de Nica et Speicher sur le sujet/®’!. Pour le moment, contentons-nous de

2 Bien entendu, lorsque P € C (X; : i € I), la substitution dans P vu comme un élément de C{X; : i € I} coincide
avec celle dans P vu comme un élément de C (X; : i € I).

S01A. N1ca et R. SPEICHER, Lectures on the Combinatorics of Free Probability (2006).

(] R. SPEICHER, Multiplicative functions on the lattice of noncrossing partitions and free convolution
(1994).
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décrire la nouvelle caractérisation de la liberté a travers la proposition suivante. Son corollaire
est immédiat : les cumulants libres linéarisent la somme de variables libres.

PROPOSITION 3.2. Soit (B;),c; des sous-algébres de A. Ces algébres sont libres si et seule-
ment si leurs cumulants croisés sont nuls. Autrement dit : pour tout n € N*, tout i1,...,i, € 1
et tout Ay, ..., An € A tels que chaque A; appartient a B;;, Uexistence de j et J' tels que i # ijr
entraine que k(Ai,...,A,) =0.

COROLLAIRE 3.3. Pour tout Aq,..., A, € A libres avec By,...,B, € A, on a
K(A1+B1,...,An+Bn) :H(Al,...,An)+I{(Bl,...,Bn).

EXEMPLE. Soit ¢ > 0 et S; une variable semi-circulaire de variance t. Les cumulants libres
de Sy sont donnés par k1(S;) =0, k2(S;) =t et k,(S¢) = 0 pour n > 2. Ainsi, pour tout n < 1,

o ], si n impair,
TENC(n)

ou Cy 9, le n/2-iéme nombre de Catalan, est le nombre d’appariements non-croisés de n éléments.

Bien que la notion de cumulants libres permette dans une certaine mesure de traiter le cas
de produits de variables libres, nos calculs font plusieurs fois apparaitre d’autres coefficients.
Ces nouveaux coefficients, étudiés pour la premiére fois par Mastnak et Nical”®l, jouent le réle
des cumulants libres pour le produit. La compréhension et I’étude de ces coefficients, que nous
avons baptisés les log-cumulants libres, constituent une part non-négligeable de cette these. La
section 9.4 reprend leur construction de maniere plus détaillée — et illustrée!

Encore une fois, la définition des log-cumulants libres est combinatoire et fait intervenir
Pensemble NC'(n). Nous allons définir successivement dans les trois prochains paragraphes la
relation de finesse <, la complémentation de Kreweras et la notion de chaine dans NC(n). Nous
pourrons ensuite définir les log-cumulants libres.

L’ensemble NC'(n) est un treillis pour la relation de finesse < définie comme ceci : pour o
et m € NC(n), o est plus fine que 7, ce qui se note o < 7, si tout bloc de ¢ est inclus dans un
bloc de 7.

Dans le cas ou o =< m, il est alors possible de définir le complémentaire de Kreweras
K:(0) de o par rapport a w. C’est une bijection K, de l’ensemble {o € NC(n) : 0 < 7} sur
lui-méme. Il en existe plusieurs définitions équivalentes. En voici une qui a le mérite d’étre
succinte. Munissons Iensemble {1,1’,...,n,n'} de lordre cyclique (1,1’;...,n,n’). Lorsque
o’ € NC(n), nous pouvons former la partition o U o’ de {1,1’,...,n,n'} en identifiant ¢’ & une
partition de {1’,...,n’}. Décomposons m = {V1,...,V;} € NC(n). Pour tout 1 < i <[, notons
V! c {1,...,n'} 'image de V; par I'isomorphisme (1,...,n) ~ (1/,...,n/). Enfin, notons 7 la
partition non-croisée 7 = {Vi UV/,...,V,, UV} de {1,1’,...,n,n'}. La partition K (o) est par
définition le plus grand élément de NC(n) tel que o U K (o) soit une partition non-croisée de

[52]

{1,1,...,n,n'} et soit plus fine que 7.
Enfin, une chaine dans le treillis NC'(n) est un (I + 1)-uplet de la forme I' = (7, ..., m) avec
7o, -..,m € NC(n) et tel que myp < w1 < - -+ < m. L'entier positif [ est alors appelé longueur de

la chaine et on le notera |I'|. Si, pour tout 1 < i <[, K, (m—1) a exactement un bloc qui possede
plus de deux éléments, la chailne I' est dite simple.

(58]

M. MASTNAK et A. N1cA, Hopf algebras and the logarithm of the S-transform in free probability (2010).
G. KREWERAS, Sur les partitions non croisées d’un cycle (1972).

[52]
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Cas additif Cas multiplicatif

Probabilités libres Cumulants libres Log-cumulants libres

TABLE 4. Les cumulants libres

DEFINITION 3.4. Les log-cumulants libres sont les coefficients Lk(Ay, ..., Ay), indexés par
tous les n-uplets d’éléments de A, et définis comme suit. Pour tout A € A tels que 7(A) # 0, on
pose

Lk(A) = Log(7(4)),
ou Log désigne la branche principale du logarithme dont la partie imaginaire appartient a

I'intervalle (—m,x|. Pour tout n > 2, et Ay,..., A, € A tels que 7(4;),...,7(4,) sont tous
non-nuls, on pose

! >
T(Al) e T(A”) I" chaine dans NC(n)
D=(70,...,m|1|)
7T0:0n,7l"p|:1n

ou H[W](Al, e ,An) = H{i1<---<ik}€7r /{(Ail, . 7‘4%)

Le nom de log-cumulants est justifié par le résultat suivant, dii & Mastnak et Nical”®/. En
le comparant au corollaire 3.3, on peut en effet interpréter les log-cumulants libres comme les
analogues multiplicatifs des cumulants libres.

PROPOSITION (CF. PROP.9.11). Soit A, B € A libres et tels que T(A) et T7(B) sont non-
nuls. On a Lk1(AB) = Lk1(A) + Lr1(B) (mod 2i7), et pour tout n > 2 :

Lkn(AB) = Lip(A) + Lin(B).

(_1)14—\1“\ ||

’F| gﬁ[Kﬂ—i(T(@‘_lﬂ (Al,...,An),

LH(Al, ce ,An)

Mastnak et Nica ont aussi montré que les log-cumulants libres peuvent étre utilisés pour
caractériser la liberté, exactement comme dans la proposition 3.2.

PROPOSITION (CF. PROP.9.10). Soit (B;),.; des sous-algébres de A. Ces algebres sont
libres si et seulement si leurs log-cumulants croisés sont nuls. Autrement dit : pour tout n € N*,
tout i1,...,in € I et tout Ay,..., A, € A tels que T(A1) = ... =7(4,) = 1, et tels que chaque
Aj appartient a B;;, Uexistence de j et j' tels que ij # ij entraine que Lk(Ai, ..., Ap) = 0.

La donnée des log-cumulants libres détermine entierement la distribution des variables aléa-
toires. Dans la proposition suivante, nous avons méme pu donner l’expression exacte de la
distribution & ’aide des log-cumulants libres.

PROPOSITION (CF. COR.9.9). Soit n > 1. Pour tous Ay,..., A, € A tels que 7(A1),...,
7(Ay) sont tous non-nuls, on a

I
[T L[ Ko (mion)] (Ar,. . A0,

ti=1

(A Ap) = elr(A1) || oLr(An) Z

T’ chaine simple dans NC(k)
F:(’/r()7...,7r|r‘),7r():0n

1
!

ou, {i1 < -+ <} étant V'unique bloc de K, (mi—1) qui posséde plus d’un élément,

Lk | K (mio1)] (A1, Ap) = Li(Aiy, . Ay,
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EXEMPLE. Soit ¢ > 0 et U; un mouvement brownien unitaire libre au temps t. Les log-
cumulants libres de Uy sont donnés par Lki(Uy) = —t/2, ko(S:) = —t et £, (St) = 0 pour n > 2.
On retrouve bien la distribution de U; : pour tout n > 1,

n nLk(Uz) 1 a 7Ln7l*1 (7t)k k—1 n
r(Up) = ety W[[LK[KM(M_Q} () =3 3 Smnt )
T chaine simple dans NC'(k) =1 k=0
I'=(m0,...;m|1|);m0=0n

En effet, le nombre de chaines simples dans NC(n) de longueur k est exactement n*~! (kzl)

3.4. Opérateurs de transition. Reprenons le fil de la section 3.2. Notre préoccupation
reste l'existence d’opérateurs de transition sur 'espace C{X; : i € I'} pour I'addition de variables
aléatoires libres.

THEOREME (CF. TH.9.4). Soit I un ensemble quelconque d’indices. Soit A = (A;)ier € Al.
Il existe un opérateur Aa sur C{X; : i € I} tel que, pour tout P € C{X; : i € I}, et tout
B = (Bj)ier € Al libre avec (4A;)ic,

7(P(A+B)|B) = (¢*2P) (B).

Avant de décrire Aa, comparons ce résultat avec le résultat de Biane de la section 3.1.
Comme nous ’avions annoncé, opérateur de transition e®*4 ne dépend plus des variables B. La
distribution de B n’intervient qu’a posteriori, lors de I’évaluation de 1’élément e*A P en B. En
revanche, nous perdons la généralité d’un calcul borélien pour un calcul seulement polynomial® :
c’est le prix a payer pour pouvoir traiter plusieurs variables non-commutatives a la fois, et qui
ne sont pas forcément normales. L’opérateur A associé a A est de la forme suivante. Pour tout
neNeti(l),...i(n) €1,

Aa <Xi(1) EE Xi(n)) = > K (Az‘(kl)a e 7141‘(/%)) Xi) Xiki—1)
1<m<n
1<k <...<km<n -tr Xi(kl-i-l) v Xi(k‘z—l)
A X (kor1)  Xi(hy—1)

“tr (Xi(km,wl) - 'Xi(kmq))
Kilkm+1) "~ Xi(n)-
De plus, pour tout My, ..., My monoémes de C(X;:i € I), on a

k
AA (M(]tl"Ml s ~t1"Mk) = ZMoter <o tr (AA(Ml)) c -tI‘Mk.
1=0

EXEMPLE. Soit S; une variable semi-circulaire de variance ¢t. On calcule Ag, X3 = 2tX +
ttr(X) et (Ag,)?X3 = Ag, (2tX + ttr(X)) = 0. Ainsi, e®5(X3) = X3 + Ag, X3 +0 = X3 +
2tX 4 ttr(X). Le théoréme assure alors que, pour tout B € A libre avec Sy,

7 ((Se+B)*|B) = (A5(X%)) (B) = B>+ 2B + t7(B).

Voici le théoréme d’existence d’un opérateur de transition dans le cas multiplicatif. Pour
tout A = (A;)ies € Al et B = (B;)ier € Al, on notera AB la famille (A;B;);c; € AL

13 Rappelons que C(X; :i € I) C C{X;:i € I}.
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THEOREME (CF. TH.9.13). Soit I un ensemble quelconque d’indices. Soit A = (A;)icr €
Al tel que, pour tout i € I, 7(A;) # 0. Il existe un opérateur Do sur C{X; : i € I} tel que, pour
tout P € C{X; :i € I}, et tout B = (B;)icr € A” libre avec (A;)icr et vérifiant 7(B;) # 0 pour
1 €1, alors

7(P(AB)|B) = (ePAP) (B).

L’hypothése d’une trace non nulle pour les éléments entrant en jeu n’est pas étonnante. C’est
une hypothese technique assez courante lorsqu’il s’agit d’étudier le produit de variables aléatoires
non-commutatives libres'. L’opérateur Do associé & A est de la forme suivante. Pour tout n € N
et i(1),...i(n) €I,

Da (Xi(l) x 'Xi(n)) = > Lk (Ai(k1)7 . 7Ai(km)) Xi) " Xiky—1)
1<m<n
1<k; <...<km<n -tr Xz(kl) e .Xi(kgfl)
0 ( Xiho) -+ Xi(hs—1)
tr (Xt Ktk 1))
Kith) *+* Xin):
De plus, pour tout My, ..., M monoémes de C(X; :7 € I), on a
k
Da (Motr My« tr My) =Y Motr My -~ tr (Da(M;)) - - - tr M.
1=0

EXEMPLE. Soit t > 0 et U; un mouvement brownien unitaire libre au temps ¢t. On calcule
Dy, (X?) = —tX? —tX tr X, Dy, (X tr X) = —tX tr X. Ainsi, eP% X2 = 72 (X2 — tX tr X) . Le
théoreme nous dit alors que, pour tout B € A libre avec Uy,

7 ((U:B)’|B) = 7 (B* — tB7(B)) .

4. Mouvement brownien sur le groupe linéaire en grande dimension

L’espace C{X} ainsi que ses variantes nous offrent un cadre agréable pour calculer la distribu-
tion non-commutative de variables aléatoires définies par un calcul stochastique. Nous allons voir
que ce formalisme nous permet d’étudier la limite en grande dimension du mouvement brownien
sur le groupe linéaire lorsque la dimension tend vers l'infini.

4.1. Générateurs des mouvements browniens en grande dimension. Soit (Ut):>0
un mouvement brownien unitaire libre et (G¢)¢>0 un mouvement brownien circulaire multiplicatif
libre. Rappelons que 'existence des opérateur Dy, et Dg, nous permet de calculer la distribution
de Uy et de Gy a chaque temps t. En effet, pour tout polynéme P € C[X] et tout temps ¢t > 0,

(P (U2) = 7 (P (Ui1)]| 1) = (P P) (1a).

En utilisant une preuve completement différente grace au calcul stochastique libre, il est possible
de renforcer ce résultat pour obtenir la *-distribution jointe de (Uy, U7 ') et de (Gy, G7Y).

PROPOSITION (CF. PROP.10.4) ET PROP.10.6). Il existe deux opérateurs Ay et Agr,
sur C{X, X*, X~1 X*11 tels que, pour toutt >0, on ait

7 (P(U) = (220 P) (1) et 7(P(Gy)) = (7262 P) (14).

14 1e¢i, nous pourrions éventuellement nous en passer pour la famille B par un argument d’approximation.
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Nous décrivons l'action de Ay et de Agy sur C{X, X* X1 X*7!1 aux sections 10.4.1
et 10.5.1. Bien entendu, les opérateurs (¢/2)Ay et (t/4)Agr restreints au sous-espace C{X } ne
sont autres que les opérateurs Dy, et Dg,.

Les preuves des théorémes énoncés dans la section 2 reposent sur une observation élémentaire
qui a son origine dans ’approche du laplacien donnée par Thierry Lévyl™?. Cette observation
peut étre résumée de la facon suivante : lorsque la dimension N tend vers l'infini, les opérateurs
Ay (ny et Agry(c) sont respectivement égaux aux opérateurs de transition Ay et Ag. Donnons
une version plus précise de ce fait. On désignera par U la fonction identité sur U(N). Puisque la
trace normalisée agit sur I'algébre C?(U(N),My(C)) comme une trace & valeurs centrales'®, on
peut considérer la fonction P(U) obtenue par substitution de la trace normalisée a tr et de U a
X pour tout P € C{X, X 1}.

LEMME (CF. LEM.11.1). Il existe un opérateur Ay sur C{X,X '} tel que, pour tout
PeC{X, X1},

Buo) (PO) = (B0 + 55 50)P) ().

Ce lien entre le générateur Ag(yy/2 du mouvement brownien (Ut(N))tZD sur U(N) et le géné-
rateur Ay /2 du mouvement brownien libre (U;)¢>0 rend limpide la convergence en distribution
de (Ut(N))tzo vers (U)i>0. En effet, moyennant quelques justifications simples, nous pouvons
écrire la convergence suivante pour tout polynéme C[X, X ~!] lorsque N tend vers I'infini :

(1) Elo (PO™M)] = <65<AU+N12AU>(U(P))) (In) — (€220 (t2(P))) (1a) = 7(P(UL)).

De la méme maniére, nous désignerons par G la fonction identité de GLx(C). Pour tout P €
C{X,X*, X1, X*71} on peut considérer la fonction P(G) € C?>(GLy(C),My(C)) obtenue par
substitution de la trace normalisée a tr et de G a X.

LEMME (cF. LEM.11.3). Il existe un opérateur Aqr sur C{X,X*, XL X*71} tel que,
pour tout P € C{X, X*, X1, X*1},

Agry(c) (P(GQ)) = ((AGL + ]\;AGL)P> (G).

Un calcul analogue au calcul (4.1) nous conduit au résultat suivant.

THEOREME (CF. TH.11.6). Pour tout N € N*, soit (GgN))tZO un mouvement brownien
sur GLn(C) et soit (Gt)t>0 un mouvement brownien circulaire multiplicatif libre. Alors, pour
tout n € N, tout Py, ..., P, € C(X, X*, X1, X* 1) et tout t > 0, on a

E [tr (PO (G,ﬁN))) Coetr (Pn (G,Em)ﬂ =7 (Py(Gy))---7 (Pa(Gy)) + O(1/N?)

~1
lorsque N tend wvers linfini. En particulier, (GIEN),GEN) ) converge en x-distribution non-
commutative vers (G, Gy 1).

Ce théoréme répond & une question posée par Philippe Biane!'?! en 1997. Peu de temps aprés
la prépublication de ce résultat'? sur le site d’archivage arXiv, Todd Kemp proposa deux autres
50.5 . . . . -1
preuves”’*! de la convergence en #-distribution non-commutative de (G,EN) ,G,EN) ). Nous
avons ensuite décidé d’étudier la question naturelle des fluctuations du mouvement brownien
autour de sa moyenne (GEN))QO. La suite de cette section expose le théoréme limite central qui

résulte de cette collaboration.

15 1] faut pour cela identifier C & la sous-algébre C - Iy de Mn(C).
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4.2. Fluctuations browniennes (en collaboration avec Todd Kemp). Thierry Lévy
et Myléne Maida ont établi le théoréme limite central suivant pour les fluctuations de tr(P (Ut(N)))
en grande dimension.

THEOREME 0. Soit (Ut(N))tZg un mouvement brownien sur U(N). Soient Py,..., P, €

C[X, X 1] des polynémes de Laurent, et T > 0. Lorsque N tend vers l'infini, le vecteur aléatoire
N N
N (tr (POF)) —E [ (P(UE™))])

converge en loi vers un vecteur gaussien.

1<i<n

Il faut préciser que le théoreme de Lévy et Maida porte en réalité sur une classe de fonctions
plus générale, celle des fonctions de C'*(U) dont la dérivée est lipschitzienne. Remarquons I’ordre
de grandeur inhabituel des fluctuations : il est de 1/N au lieu du classique 1/ V/N. C’est Pordre
de grandeur standard pour les fluctuations de matrices aléatoires. Le calcul de la covariance
est intéressant. Il fait apparaitre trois mouvements browniens unitaires libres (ut)¢>0, (vt)t>0
et (wg)i>0 qui sont libres entre eux. Pour deux polynoémes de Laurent P,Q € C[X,X!], la
covariance des variables aléatoires Tr P(U}N)) —E[Tr P(U}N))] et (Tr Q(U}N)) —E[Tr Q(U}N))])*
est asymptotiquement égale'® &

T
(4.2) /O 7 (P (vr—eue)(Q (wr—gug))*) dt,

ot les dérivées P’ et @' des polynoémes P et @ sont les dérivées sur U, données'” pour tout entier
k par (X*) = ikX"* et (X7F) = —ikX K,

La preuve de ce théoreme repose en partie sur la compacité du groupe unitaire et n’est
pas transposable directement au groupe linéaire. Treés récemment, Antoine Dahlqvist a proposé
une preuve combinatoire de ce théorémel®!, ce qui lui permet de prouver un résultat similaire
pour deux autres groupes compacts : le groupe orthogonal et le groupe symplectique. Dans
le chapitre 3, nous utilisons une troisieme approche, également combinatoire, dans 'optique
de prouver le théoréme limite central suivant pour les fluctuations de tr(P(GgN))) en grande
dimension.

THEOREME (CF. TH.15.1). Soit (GIEN)),:ZO mouvement brownien sur GLy(C). Soient
P, P, e C{X, X1, X* X*1} et T >0. Lorsque N tend vers l’infini, le vecteur aléatoire

N (tr (PZ-(G<TN>)) _E [tr (PZ-(G(TN)))])

converge en loi vers un vecteur gaussien.

1<i<n

De maniere remarquable, la covariance est semblable a celle du théoreme de Lévy et Maida.
En effet, fixons deux polynémes de Laurent P et Q € C[X, X !]. La covariance des variables

16 Te théoréme de Lévy et Maida porte sur des fonctions réelles sur U. La linéarité d’un systéme gaussien nous
permet d’étendre le résultat a des fonctions complexes, et en particulier a des polynémes de Laurent.
17 La dérivée d'une fonction f sur U est la fonction f’ : z — limp, o(f(ze™) — f(2))/h.

(19 P. BIANE, Segal-Bargmann Transform, Functional Calculus on Matrix Spaces and the Theory of Semi-
circular and Circular Systems (1997).

25 G. CEBRON, Free convolution operators and free Hall transform (2013).
A. DAHLQVIST, Dualité de Schur-Weyl, mouvement brownien sur les groupes de Lie compacts classiques
et étude asymptotique de la mesure de Yang-Mills (2014).

o], KEMP, Heat Kernel Empirical Laws on Uy and GLx (2013).
. KEMP, The Large-N Limits of Brownian Motions on GLx (2013).
. LEVY, Schur-Weyl duality and the heat kernel measure on the unitary group (2008).
. LEvy et M. MAIDA, Central limit theorem for the heat kernel measure on the unitary group (2010).
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aléatoires TrP(G(TN)) — E[Tr P(G%N))] et (Tr Q(G%N)) — E[Tr Q(G(TN))])* est asymptotiquement
égale & (4.2), ol (ut)e>0, (Vt)e>0 et (wi)e>0 désignent cette fois-ci trois mouvements browniens
multiplicatifs circulaires qui sont libres entre eux. Lorsque P et () ne sont plus des polynémes
mais des éléments quelconques de C{X, X1}, la covariance peut aussi s’exprimer & l'aide de
trois mouvements browniens, mais son expression exacte n’a pas de formulation simple.

La preuve de ce théoréme repose encore une fois sur la décomposition Agy, + ﬁAGL de

Agry(c)- En effet, 'égalité

%(AGL-&-ﬁAGL) z

1 (T 1A < Tt
e — exlar 4 / ciBertyzAcr) AGL,eTAGLdt

N2 Jo
appliquée a E[(tr P tr Q*)(G(TN))] = e%(AG“LﬁAGL)(trPtr Q*)(In) nous permet d’une part
d’identifier 'ordre de grandeur de 1/N, d’autre part de rendre explicite le terme qui demeure
apres recentrage. Remarquons que cette explication rapide rend également compréhensible le
terme de covariance (4.2). En effet, 'opérateur limite

T LN ~ Tt A
e1=CL . Agr - e 1 T6Edt
0

appliqué a tr Ptr Q* se décompose heuristiquement en :

(1) €¥AGL, qui correspond a I’évolution de deux mouvements browniens libres dans res-
pectivement tr(P) et tr(Q)* jusqu’au temps T' — ¢,

(2) Aqr, qui fait apparaitre tr(P'Q™) & la place de tr P tr Q*,

(3) eiAGL, qui correspond a I’évolution d’un troisiéme mouvement brownien pendant un
temps t.

Précisons que 'analogie avec le théoreme de Lévy et Maida n’est pas fortuite. En réalité, la
preuve de ce théoreme central limite fonctionne pour une classe de mouvements browniens sur
GLy(C) qui contient le mouvement brownien sur le sous-groupe U(N) C GLx(C). Mentionnons
également que le théoreme dans toute sa généralité permet de traiter une famille de mouvements
browniens sur GLx(C) arrétés en des temps différents.

5. Mesures infiniment divisibles

Une maniere de généraliser la table 1 consiste a remplacer les différents mouvements brow-
niens par des processus de Lévy, c’est-a-dire des processus & accroissements indépendants et
stationnaires. Bien entendu, les accroissements seront additifs ou multiplicatifs, et I'indépen-
dance sera classique ou libre selon la situation. Au niveau des distributions, I’addition ou la
multiplication de variables aléatoires se traduit par des opérations de convolutions. Il y a alors
une correspondance entre les processus de Lévy et les distributions infiniment divisibles pour ces
convolutions. Le dernier chapitre de cette these est consacré aux liens entre les quatre situations,
tantot au niveau des distributions, tantot au niveau des processus de Lévy.

5.1. Les convolutions classiques et libres. Soient i et v deux mesures de probabilités
sur R. La convolution classique des mesures p et v est définie comme 'unique mesure p * v sur
R telle que pour toute fonction mesurable bornée f,

L1 = [ ra+pdut)avy)
R R2

Observons que la convolution classique peut étre obtenue concretement comme la distribution
d’une somme de deux variables aléatoires indépendantes. Plus précisément, soient A et B deux
variables aléatoires indépendantes de distributions respectives p et v. La distribution de A + B
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Cas additif Cas multiplicatif

Probabilités classiques Convolution classique * sur R Convolution classique ® sur U

Probabilités libres Convolution libre H sur R Convolution libre X sur U

TABLE 5. Les quatre convolutions

est p *x v, la convolution de p et de v. Pour définir la convolution libre, il suffit de remplacer
I'indépendance par la liberté.

Soit p et v deux mesures de probabilités & support compact. Prenons A et B € A deux
variables aléatoires non-commutatives auto-adjointes libres de distributions respectives'® p et v.
Ici encore, la distribution pa4p de A + B est déterminée de maniere unique par p et v. Cette
mesure de probabilité sur R est appelée la convolution libre de p et v, et elle est notée p H v.
Définie comme ceci, la convolution libre H est une opération sur les mesures de probabilités a
support compact, mais cette définition peut étre étendue a ’ensemble des mesures de probabilités
sur R par continuité!™.

Bien entendu, nous définissons les convolutions multiplicatives classiques et libres de la méme
fagon. Soient p et v deux mesures de probabilités sur U. Soient A et B deux variables aléatoires
indépendantes de distributions respectives 1 et v. La distribution de AB ne dépend que de p et
v. C’est la convolution de u et de v, définie comme 'unique mesure u ® v sur U telle que pour
toute fonction mesurable bornée f,

[ dwen) = [ raydu)ave)
U U2

Prenons maintenant A et B € A deux variables aléatoires non-commutatives unitaires libres de
distributions respectives p et v. La distribution de AB est également déterminée de maniére
unique par p et v. On appelle la convolution libre de i et v et on la note p X v.

5.2. Morphismes entre convolutions. Introduisons tout d’abord quelques définitions.
Nous dirons qu’une suite de mesures finies (py,)nen sur C converge faiblement vers une mesure
W, et on notera!®

Hn @} )
n—-+00

si, pour toute fonction complexe continue bornée f,

lim/dn:/d.
n%ocfu Cfﬂ

Une mesure de probabilité sur R est dite *-infiniment divisible si, pour tout entier n € N*, il
existe une mesure de probabilités u, telle que

Mo %=k oy = U
—_——
n fois

L’ensemble des mesures *-infiniment divisible est un semi-groupe pour 'opération * que 1’on
notera ZD(R, ), et on définit de la méme facon les ensembles ZD(U, ®), ZD(R, B) et ZD(U, X).

18 (rest justement pour pouvoir réaliser y et v comme distributions de variables aléatoires non-commutatives que
celles-ci doivent étre a support compact.

(4 H. BeErcovicl et D. VoICULESCU, Free convolution of measures with unbounded support (1993).
19 Ta lettre w fait référence au terme anglais "weak convergence".
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En 1999, Bercovici et Pata publient un article!'® avec un appendice de Biane sur le lien entre
les mesures infiniment divisibles pour les convolutions * et pour M. Ce lien peut étre reformulé?®
dans les termes qui suivent.

Soit u € ZD(R, ). 1l existe alors un unique n € R, un unique a > 0 et une unique mesure p
sur R\ {0} tels que, pour toute suite de mesures (i )nen, les deux assertions suivantes soient
équivalentes :

(1) la mesure p" converge faiblement vers p,
(2) on a les convergences

z? w [ o ,
(nwun(dx)> noo | 72 n 1p(d:1c) +adg | et "lgngon/[—u] zdpn(x) =n.

De plus, ceci reste vrai en remplagant la convolution classique * par la convolution libre X. Le
triplet (1, a, p) sera respectivement appelé le triplet *-caractéristique, ou B-caractéristique®' de pu.
En associant a chaque mesure p € ZD(R, %) dont le triplet -caractéristique est (7, a, p) la mesure
A(p) € ID(R,H) dont le triplet H-caractéristique est (1, a, p), on définit alors un isomorphisme A
entre ZD(R, *) et ZD(R,H) qui a le bon gotit de préserver les théorémes limites au sens suivant.

THEOREME Y. La bijection de Bercovici-Pata A a les propriétés suivantes :

(1) pour toute suite (tn)nen= de mesures de probabilités sur R et toute mesure p € ID(R, ),

on a
(w) (w)
N — n—+o0o ——— 7+
n fois n fois

(2) pour tout p,v € ID(R,*), A(u*v) = A(pn) BA(v).

Le théoreme de Bercovici et Pata est le premier d’une série de théoremes infinitésimaux du
type : « si la n-iéme convolution de u,, pour une certaine convolution converge faiblement lorsque n
tend vers 'infini, alors la n-iéme convolution de u, pour une autre convolution converge également
faiblement.» C’est dans cette démarche que s’inscrit le travail de Chistyakov et Gotze, qui
s’intéressent aux convolutions multiplicatives. Malheureusement, la situation est plus complexe.
On désignera par M, l'ensemble des mesures de probabilités sur U telles que mq(u) # 0. En
2008, Chistyakov et Gotze ont montré que la convergence d’une suite (u2),cn vers une mesure
w € ID(U,X) N M., entraine la convergence de la suite (u),cn vers une mesure de p € ZD(U, ®)

4

ne dépendant que de p, et que 'on notera I'(u). Puisque ZD(U, X) \ M, se réduit'® & la mesure
uniforme A sur U, nous pouvons étendre la définition de I' & ZD(U,K) par I'(\) = A. Nous
obtenons alors le résultat suivant.

THEOREME!?®. La fonction T a les propriétés suivantes :

20 La formulation équivalente originelle est faite & ’aide d’une paire caractéristique au lieu d’un triplet caractéris-
tique.
21 Te triplet caractéristique peut également se lire sur la transformée de Fourier (resp. la R-transformée) de p,
mais nous préférons cette présentation qui identifie (1, a, p) comme une sorte de générateur infinitésimal. Le réel
n correspond & une dérive, le réel a & la partie brownienne (resp. semi-circulaire), et la mesure p représente la
composante poissonnienne.

131 H. BERcovIc, V. PATA, et P. BIANE, Stable laws and domains of attraction in free probability theory
(1999).

5] H. BERCOVICI et D. VoIcULEscU, Lévy-Hincin type theorems for multiplicative and additive free
convolution. (1992).

23] G. P. CHISTYAKOV et F. GOTZE, Limit theorems in free probability theory II (2008).
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(1) pour toute suite (fin)nen+ de mesures de M, et toute mesure p € ZD(U,K) N M., on a

i X B g, ﬂ b= U ® - ® Uy ﬂ L)
—_—

n—+oo ——— ——— N>+
n fois n fois
(2) pour tout p,v € ITD(U,X), N'(pXRv) =T'(u) ® I'(v).

La fonction I' n’est pas injective, et par conséquent, la réciproque de ce théoreme est fausse :
la convergence faible de u&™ n’implique pas forcément la convergence de 2",

Nous allons nous intéresser a 1’existence de morphismes analogues reliant les convolutions
additives aux convolutions multiplicatives. Dans le cas classique, le morphisme e : z — e*
de (R,+) vers (U, x) nous permet de transformer les théorémes infinitésimaux relatifs a la
convolution * en des théorémes relatifs a la convolution ® & travers la notion de mesure image ;
pour p mesure de probabilité sur R, la mesure image e,(u) désigne la mesure de probabilité sur
U caractérisée par I'intégrale de toute fonction borélienne bornée f :

[ et = [ fedu)

Pour une variable aléatoire réelle A de distribution g, la distribution de €4 est la mesure
image e,(u). Ainsi, pour deux variables aléatoires A et B réelles et indépendantes, ’égalité
etdeiB — ¢iA+B) implique que la fonction e, est un morphisme. Le théoréme suivant n’est que
la conséquence de ce fait, et de la continuité de e, pour la convergence faible.

THEOREME 5.1. La fonction e, dont la restriction & ZD(R, x) est a valeurs dans TD(U, ®),
a les propriétés suivantes :

(1) pour toute suite (fn)nen+ de mesures de probabilités sur R et toute mesure p € TD(R, %),
on a

(w) LON :
P ¥ ook iy = f = €(ftn) ® - ® ex(pn) e«(1) ;
N——+00 n—+oo
n fois n fois

(2) pour tout p,v € ID(R, *), e (pu*v) = e.() ® ex(v).

Bien siir, pour deux variables aléatoires A et B auto-adjointes et libres, la non-commutativité
entraine que e*de'B £ ¢!A+B)  La fonction e, n’est donc pas un morphisme : pour deux mesures
de probabilités p et v sur R, e,(u B v) n’est pas forcément égale a e,(u) X e.(r). En nous
restreignant aux mesures infiniment divisibles comme nous y incite le théoreme de Bercovici
et Pata, nous pouvons tout de méme définir un morphisme entre H et X. Commencgons par
présenter ce qui joue le role de triplet caractéristique pour les mesures de ZD(U, X), en reprenant
le résultat du corollaire 19.9.

Soit u € ZD(R, *). 1l existe alors un unique w € U, un unique b > 0 et une unique mesure v
sur U\ {1} tels que, pour toute suite de mesures (un)nen, les deux assertions suivantes soient
équivalentes :

(1) la mesure p;" converge faiblement vers p,
(2) en notant w, 'angle mq(puy,)/|mi(un)| on a les convergences

(1= RONn(n¢) (1= R +501) et lim wh =

n—-+o0o

Le triplet (w,b,v) sera appelé le triplet K-caractéristique®? de p.

22 Le triplet caractéristique peut également se lire sur la S-transformée, ou sur les log-cumulants. L’angle w
correspond a une dérive, le réel a & la partie brownienne libre, et la mesure v représente la composante poissonnienne.
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Cas additif Cas multiplicatif

€
Probabilités classiques ZD(R,x) —— ID(U,®)

|4 E

em
Probabilités libres ID(R,@) ——> ID(U,K)

TABLE 6. Les morphismes entre les quatre convolutions

DEFINITION 5.2. Pour tout p € ZD(R,H) dont le triplet B-caractéristique est (1, a, p), on
définit em(p) comme la mesure X-infiniment divisible sur U dont le triplet X-caractéristique est

(w,b,v) = (eXp <i77 +i/R(Sin($) — 1y (@)z) P(dl?)) 7ave*(p)U\{l}> :

La fonction eg est lié aux morphismes I', A et e, par la commutativité du diagramme de se-
migroupe présenté en table 6. Il a ceci de naturel qu’il préserve aussi les théoremes infinitésimaux.

THEOREME (CF. TH.17.1). La fonction eg : ZD(R,B) — ID(R,X) a les propriétés
suivantes :

(1) pour toute suite (py)nen= de mesures de probabilités sur R et toute mesure p € ZD(R, H),
on a

(w) (w)
pn BBy —5 p = e(pn) B---Be(un) 5 emlpn);
n fois n fois

(2) pour tout p,v € ITD(R,H), em(nBvr) = em(pn) Nez(v).

EXEMPLE 5.3. Nous avons déja rencontré quatre exemples importants de mesures infiniment
divisibles. Ce sont les distributions des différents mouvements browniens. C’est ainsi que, pour
tout ¢ > 0, la gaussienne N; est x-infiniment divisible. De la méme fagon, S; € ZD(R,H),
B, € ID(U,X) et e.(N;) € ZD(U, ®). Nous avons alors

A (Sa] T
Ne — S +— B — e M)

Les différents théoremes de cette section nous affirment donc que les mesures S; et B; vérifient des
propriétés similaires & ceux d’une gaussienne classique. En particulier, fixons une suite (i, )nen+
de mesures de probabilités sur R. Des trois assertions suivantes, les deux premieres assertions
sont équivalentes et impliquent la troisieme :

(1) la mesure u" converge faiblement vers N ;
(2) la mesure p" converge faiblement vers S ;
(3) la mesure (e (uy))¥" converge faiblement vers B;.

5.3. Modeéles matriciels. Nous allons maintenant retrouver le morphisme eg comme limite
en grande dimension d’un morphisme entre espaces de matrices.

On notera * la convolution additive sur I’espace vectoriel des matrices hermiciennes H y : pour
deux mesures de probabilités u et v sur Hy, la mesure p*v est définie comme "unique mesure sur
Hn telle que pour toute fonction mesurable bornée f, [5,  f d(uxv) = fH?v flz+y)dp(x)dr(y).

De la méme fagon, la convolution multiplicative ® de deux mesures p et v sur le groupe unitaire
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U(N) est 1’unique mesure [ @ v sur U(N) telle que pour toute fonction mesurable bornée
f, fU y [ dlpxv) = fU f(zy)dp(z)dr(y). Nous noterons respectivement ZD(Hy,*) et
ID(U (N ), ®) ensemble des mesures infiniment divisible pour ces deux convolutions.

La fonction e a encore une signification dans ce contexte : pour tout x € Hy, on a e(x) =
e’ € U(N). Comme précédemment, pour toute mesure p sur H, nous noterons e, (1) la mesure
image de p par e, définie sur U(V). Nous n’avons pas en toute généralité e(z + y) = e(x)e(y),
et par conséquent la fonction e, n’est pas un morphisme : pour deux mesures de probabilités
p et v sur Hy, eq(u * v) n'est pas forcément égale a e.(u) ® e.(v). Nous pouvons nous en
sortir grice aux mesures infiniment divisibles. L’idée de base est classique® : multiplier les
accroissements multiplicatifs obtenus par notre exponentielle e & partir d’accroissements additifs
de plus en plus petits. Toute mesure u € ID(H N, %) s’inscrit dans un unique *-semigroupe
(*t)>0 faiblement continu et tel que u** = &y et u*! = p. Pour toute mesure p € ZD(Hy, ), la
suite de mesures (e, (;*1/™))®" converge faiblement vers une mesure sur U(N) que nous noterons
En. Malheureusement, nous n’avons toujours pas 1'égalité En(u*v) = Ex(1) ® En(v). Nous nous
en sortons grace a un ultime subterfuge, qui consiste a nous restreindre aux mesures unitairement
invariantes. Une mesure sur Hy (ou U(N)) est unitairement invariante si pour tout g € U(N)
et toute fonction mesurable bornée f,

/f dp = /f(gxg*)du(m)-

Nous désignerons respectivement par ZDiny (Hn, *) €t ZDiny (U(N), ®) les mesures de ZD(H v, *)
et ZD(U(N),®) qui sont unitairement invariantes. Cette fois-ci, pour p et v € IDin(Hn, %),
nous avons 'égalité En(u *x v) = En(u) ® En(v). Nous pouvons résumer la situation dans la
proposition suivante.

PROPOSITION-DEFINITION (CF. PROP.22.2). Pour tout u € ID(Hn,*), la suite de

L)) converge faiblement vers une mesure Ex(p) sur U(N). La fonction

EN :ID(Hn,x) = ID(U(N),*)

mesures (€, (p

est appelée l’exponentielle stochastique, elle préserve linvariance unitaire, et pour tout pu, v €
IDinv(HNa *); on a
En(pxv) =En(p) ® En(v).

En 2005, Florent Benaych-Georges!'?) et Thierry Cabanal-Duvillard®?! définissent simul-
tanément un modele pour les mesures *-infiniment divisibles. Plus précisément, pour tout
p € ID(R, H), ils construisent une mesure de ZDj,, (H v, *), que nous appellerons Iy (x), comme
limite faible des mesures (v,)*", ou v, est la distribution de

An,1 0
g 9!
0 An,N
avec Ap1,...,Ap, N variables réelles distribuées selon uw/ " et indépendamment de la variable

g € U(N) distribuée uniformément. Dans la section 23.1, nous donnons plus de détails®® sur la
12 F. BENAYCH-CGEORGES, Classical and free infinitely divisible distributions and random matrices (2005).

A. ESTRADE, Exponentielle stochastique et intégrale multiplicative discontinues. (1992).

T. CABANAL-DUVILLARD, A Matrix Representation of the Bercovici-Pata Bijection (2005).

23 En particulier, nous y décrivons sa transformée de Fourier et son générateur infinitésimal. Mentionnons que

le triplet caractéristique de (1, a, p) de p nous donne respectivement une dérive qui dépend de 7, un mouvement

brownien hermitien qui dépend de a et une partie poissonnienne qui dépend de p.

[39]
[23]
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Cas additif Cas multiplicatif

EN
Probabilités classiques ZDj,,(Hn,*) — IDiny(U(N), ®)

oo [ T e v ([ Ty

2
Probabilités libres ZD(R,BH) ——  ID(U,K)

TABLE 7. Modeles matriciels

définition de Iy (u). Outre la particularité d’étre un morphisme, IIx posseéde plusieurs caracté-
ristiques intéressantes, dont la suivante.

TuiorEME!'>2% . Soit 4 € ID(R,B). Pour tout N € N*, soit Hy une matrice aléatoire
distribuée selon I (u). Alors p est la limite faible en espérance de la mesure spectrale de Hy .
Autrement dit, pour toute fonction f continue bornée sur R, on a

1
/ fdp= lim E |~ 3 £V
R N=roo N A valeurs propres de H
(avec multiplicité)

La situation décrite est schématisée dans la partie gauche de la table 7. Pour le cas particulier
N =1, nous avons II; = A1 et & = e,. La table 7 n’est alors que la table 6. Nous allons mainte-
nant compléter ce schéma, et en particulier définir une fonction I'y : ZD(U,X) — ZDin (U(N), ®)
telle que, pour tout pu € ZD(U, ), la mesure spectrale d’une matrice aléatoire distribuée selon
'y (u) converge faiblement vers p en espérance.

Soit u € ID(U, ), et soit (w, b,v) son triplet K-caractéristique. Nous allons définir la mesure
I'y(u) comme étant la distribution au temps 1 d’un processus de Lévy. Pour cela, introduisons
successivement trois termes qui dépendent respectivement de w, de b, et de v.

e Soit Y € u(N) tel que ¥ = wiy. L'opérateur différentiel du premier ordre Y! va
correspondre a une dérive déterministe qui aboutit au temps 1 en wliy.
e Soit D l'opérateur différentiel du second ordre

bN b )
mAU(N) + m((ZIN)l)Q-

Cet opérateur va correspondre a la partie brownienne du processus. On pourrait plus
simplement prendre D = gAU( ~) pour retrouver le mouvement brownien unitaire déja
rencontré dans les autres sections. Dans ce cas-la, on conserverait la bonne limite en
grande dimension, mais on perdrait la relation I'y o egg = Ex o [y

e Soit vy la mesure image de Nv ® Haar par la fonction de U x U(N) vers U(N) définie

par
¢ 0 -0

0o 1 o |

Co9—g| . = g
: .0
0 -~ 0 1

['25 F. BENAYCH-GEORGES, Classical and free infinitely divisible distributions and random matrices (2005).
(23] T, CABANAL-DUVILLARD, A Matrix Representation of the Bercovici-Pata Bijection (2005).
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Ce dernier terme va correspondre a la partie saut du processus. Heuristiquement, vy
désigne l'intensité des sauts effectués. Remarquons que lorsque N augmente, notre
processus fera de plus en plus de sauts a cause du facteur /N, mais que ceux-ci seront

de plus en plus proches de l'identité, car il n’y a qu'une valeur propre qui est différente
de 1.

DEFINITION 5.4. La mesure I'y(u) est la distribution d’un processus de Lévy au temps 1
dont le générateur L est donné par

Lf(h)=Y'f(h)+Df(h)+ /U(N) f(hg) = f(h) = (i3(9))' f(h) vn(dg).

La fonction I'y est un morphisme lié aux morphismes Ily, £y et eg par la commutativité du
diagramme de semigroupe présenté en table 7. Nous pouvons interpréter le théoréme de matrices
aléatoires suivant par le fait que eg est la limite de £y en grande dimension.

THEOREME (CF. COR.23.8). Soit p € ZD(U,X). Pour tout N € N*, soit Uy une matrice
aléatoire distribuée selon T'n (). Alors p est la limite faible en espérance de la mesure spectrale
de Uy . Autrement dit, pour toute fonction f continue bornée sur U, on a

1
dpy= lim E |— A
/Uf 8 N—roo N A valeurs przopres de Un f( )
(avec multiplicité)

5.4. Processus de Lévy. Dans ce dernier paragraphe, nous allons utiliser notre résultat
asymptotique sur I'y(u) pour montrer lexistence d’'un modeéle de matrices aléatoires pour les
processus de Lévy multiplicatifs libres. Notons que le résultat de Benaych-Georges et Cabanal-
Duvillard permet de la méme fagon de construire un modele de matrices aléatoires pour les
processus de Lévy additifs libres.

Nous appellerons processus de Lévy multiplicatif libre une famille (Uy);cr, de variables non-
commutatives unitaires de A telle que?*

(1) Up = 14;

(2) pour tous 0 < s < t, la distribution de U;U; ! ne dépend que de ¢ — s;

(3) pour tous 0 <t; < ... < ty, les variables Uy, , UtzUtzl, . UtnUtjil sont libres;
(4) la distribution de U; converge faiblement vers d; lorsque ¢ tend vers 0.

Le mouvement brownien unitaire libre est un cas particulier de processus de Lévy multiplicatif
libre. Le théoréme suivant peut donc étre vu comme une généralisation du théoreme de Biane
concernant la convergence du mouvement brownien unitaire vers le mouvement brownien unitaire

libre.
THEOREME (CF. TH.17.3). Soit (Up)ier, un processus de Lévy multiplicatif libre de distri-

butions marginales (jit)ier, dans M. Pour tout N > 1, il existe un processus de Lévy (Ut(N))tE]R+
sur le groupe unitaire de distributions marginales (I'n(11¢))ier., ; et dans ce cas-la, la distribution

non-commautative de (Ut(N))te]R+ converge en grande dimension vers celle de (Uy)ier, , au sens
ot pour tout entier n > 1, pour tout polyndéme non-commutatif P en n variables, et tout choix

de n temps positifs t1,...,t,, nous avons la convergence suivante :
__ (V) (M)] =
Jim —E [ﬁ (P (Utl s U ))] = (P (U,,...,U.)).

24 11 n’est pas nécessaire ici de préciser une orientation. Puisque 7 est une trace, les processus & accroissements mul-
tiplicatifs a gauche unitaires, libres et stationnaires sont les mémes que les processus a accroissements multiplicatifs
a droite unitaires, libres et stationnaires.
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Pour établir ce théoreme, on procede de la facon suivante. En usant de la qualité de morphisme
de I'y, on remarque que (I'n(pt))icr, est un semigroupe, et on en déduit I'existence d'un

processus de Lévy (Ut(N))teI[{+ de marginales (I'v(4¢))ier, - On observe alors que la convergence

en distribution non-commutative de Ut(N) vers U; n’est que la conséquence du théoreme limite
déja établi, car pour tout polynéme P € C[X], on a

1 1
Jim LE[1(Pw))] = jim E |+ T PO :/Upd'ut:T<P(Ut))-
A valeurs propres de Uz(N )

(avec multiplicité)

On en déduit la convergence en distribution non-commutative de chaque accroissement. On
conclut en remarquant que les accroissements de (Ut(N))teR . sont asymptotiquement libres?®, car
indépendants et unitairement invariants, d’apres un résultat classique de Voiculescu.

La derniére partie de la preuve est plus délicate qu’elle ne le semble. En effet, tous les
théoremes du type «l’invariance par conjugaison unitaire associée a l'indépendance implique
la liberté asymptotique» requiérent une condition de concentration, telle qu'une convergence
presque siire, ou un controle de la covariance. La démonstration donnée au chapitre 4 ne permet
pas de prouver la convergence presque siire. En revanche, elle met en lumieére une propriété de

factorisation qui nous permet de Conclure[‘—jlgfm}. Pour tous polynoémes P, ..., P, € C[X], on a
(N) =
Jim E { & Tr (PuE™)) - ¥ Ly (PO ] / Pydyy - / Ppdpy.

6. Conclusion et perspectives

En guise de conclusion, je vais reprendre les travaux les plus importants de cette these, et je
vais y associer des développements possibles. En particulier, je vais mentionner quelques énoncés
vraisemblablement exacts, mais dont les preuves restent pour le moment hors de portée.

(1) Le premier résultat est la convergence de la transformation de Hall sur le groupe unitaire
vers la transformation de Hall libre lorsque la dimension du groupe tend vers l’'infini.
Ce probleme a été la motivation principale du début de cette these, et j’y ai répondu
positivement pour les fonctions polynomiales. Souvenons-nous cependant que Biane a
réussi a étendre la convergence de la transformation de Segal-Bargmann pour une classe
de fonctions plus générales grace & un argument d’approximation. Cet argument échoue
dans notre situation car le controéle de la convergence dépend trop du degré du polyndéme
considéré. Pour étre précis, il s’agit de trouver une norme sur C{X} pour laquelle les
actions de Ay et de Ay soient bornées, et ainsi d’étendre nos résultats a un espace
plus large que C{X}. Les normes agréables seraient par exemple des normes de type
Sobolev. Pour le moment, aucune norme répondant au probléme n’est suffisamment
indépendante du degré des polynémes pour étre intéressante.

(2) Le second résultat va de pair avec le premier. Il concerne la convergence en distribution
non-commutative du mouvement brownien sur le groupe linéaire en grande dimension.
Cette these contient la démonstration de cette convergence, et méme, en collabora-
tion avec Todd Kemp, I'existence de fluctuations infinitésimales. Une question se pose
naturellement. La mesure spectrale d’un mouvement brownien sur le groupe linéaire

% 1a liberté asymptotique ne signifie rien d’autre que la convergence en distribution vers des variables libres.
B3l T, LEvy, Schur—Weyl duality and the heat kernel measure on the unitary group (2008).

801 g, XU, A random matrix model from two-dimensional Yang-Mills theory (1997).
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converge-t-elle en grande dimension ? Pour des matrices normales et bornées?%, la conver-
gence en *-distribution non-commutative suffit a assurer la convergence de la mesure
spectrale. Dans le cas de matrices non normales, la convergence de la mesure spectrale
n’est pas immédiate, et les méthodes existantes reposent sur 'indépendance des coeffi-
cients de la matrice. Les techniques pour étudier le spectre du mouvement brownien sur
le groupe linéaire restent donc a inventer. Tout au plus peut-on avancer un candidat
pour la limite : la mesure de Brown du mouvement brownien circulaire multiplicatif
libre. C’est la mesure qui joue le role de la mesure spectrale pour des variables aléatoires
non-commutatives qui ne sont pas normales.

(3) Vient ensuite la construction de C{X} et de ses variantes, ainsi que les théorémes
d’existence d’opérateurs de transition. Ces objets me semblent particulierement adaptés
a I’étude des processus en probabilités libres. Yoann Dabrowski a déja exposé dans une
conférence®” en 2014 une utilisation possible d’une version de C{X} dans I’étude du
transport optimal libre, et j’ai pour ma part 1’idée que cet espace pourrait étre au coeur
de futurs développements concernant le calcul de Malliavin libre. Mais attendons la
suite...

(4) Le résultat du dernier chapitre concernant ’existence d’un morphisme entre les convolu-
tions libres H et X est dans la lignée du travail de Bercovici et Pata. Il serait intéressant
de savoir dans quelle mesure ce morphisme s’étend a des mesures non nécessairement
infiniment divisibles. Mentionnons que cette question est liée a la recherche d’une condi-
tion nécessaire et suffisante pour qu'une suite de coefficients soit une suite de cumulants
libres, ou dans le cas multiplicatif, pour qu'une suite de coefficients soit une suite de
log-cumulants libres.

(5) Enfin, la derniére contribution de cette these est la construction d’un modele de matrices
aléatoires pour les processus de Lévy multiplicatifs libres. La convergence de la mesure
spectrale est alors a comprendre au sens de la convergence faible en moyenne de la
mesure spectrale d’une matrice distribuée selon I'y(u) lorsque N tend vers l'infini. En
examinant la démonstration de cette convergence, nous pouvons controler la vitesse de
convergence par 1/N. Par une utilisation classique de 'inégalité de Markov, ce taux
de convergence est suffisant pour en déduire la convergence faible en probabilité de la
mesure spectrale. En revanche, pour la convergence faible presque sture de la mesure
spectrale, il faudrait un controle en 1/N2, afin d’appliquer le lemme de Borel-Cantelli.
Mes tentatives en ce sens ont pour le moment échoué. Par ailleurs, cette vitesse en
1/N est peut-étre le signe que, pour ce modeéle de matrices aléatoires, les fluctuations
sont d’ordre 1/v/N, et non d’ordre 1/N comme c’est habituellement le cas en matrices
aléatoires.

26 (est le cas du mouvement brownien sur le groupe unitaire.
2T Free Probability and the Large N Limit (IV), organisée par Guionnet, Shlyakhtenko, et Voiculescu. Berkeley,
Californie. Mars 2014.






CHAPTER 2

Free convolution operators

This self-contained chapter has been taken from the article [25].

ABSTRACT. We define an extension of the polynomial calculus on a W*-probability space by
introducing an algebra C{X, : ¢ € I} which contains polynomials. This extension allows us to
define transition operators for additive and multiplicative free convolution. It also permits us to
characterize the free Segal-Bargmann transform and the free Hall transform introduced by Biane,
in a manner which is closer to classical definitions. Finally, we use this extension of polynomial
calculus to prove two asymptotic results on random matrices: the convergence for each fixed time,
as N tends to oo, of the #-distribution of the Brownian motion on the linear group GLy(C) to
the *-distribution of a free multiplicative circular Brownian motion, and the convergence of the
classical Hall transform on U(N) to the free Hall transform.
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7. Introduction

Conditional expectations. Throughout this paper, (A, 7) will denote a W*-probability
space, two random variables A, B € A will be said to be free if the von Neumann algebras
generated by A and B are free, and 7 (-|B) will denote the conditional expectation from A to
the von Neumann algebra generated by B (see Section 9.1).

In [18], Biane shows how to compute some conditional expectations in free product of von
Neumann algebras: let us recall Theorem 3.1 of [18], which is in practice accompanied by a
characterization of the Feller Markov kernel involved.

THEOREM (Biane [18]). Let (A, 7) be a W*-probability space. Let A,B € A be two self-
adjoint random variables which are free. Then there exists a Feller Markov kernel K = k(z, du)
on R x R such that for any Borel bounded function f on R,

7(f(A+ B)|B) = Kf(B)
(where K f(x) = [p f(u)k(z,du)).

In this theorem, the Feller Markov kernel K depends on both A and B € A. Informally, we
might expect that for any Borel bounded function f on R, there exists an object R4 f which
depends only on A such that, for all B € A free from A,

7(f(A+ B)| B) = Raf(B).
35
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Let us summarize how we partly answer this question in Section 9.

We extend the notion of polynomial calculus to a more general calculus. Let A € A. We are
more interested in random variables of the type 7 (P; (A))---7 (P, (A)) - Py (A), with n € N,
and Py, ..., P, € C[X], than in random variables of the type P (A) with P € C[X]. One could
object that the random variables are exactly the same. However, the interest resides in the fact
that, for all n € N, P, ..., P, € C[X], the map

A7 (PL(A) -7 (Po(A)) - Po(A)

cannot be represented by a polynomial calculus nor by a functional calculus, but these sorts of
maps are essential in the following development.
Let us denote by C{X} the vector space generated by the formal vectors

(Potr(P)--tr(P,) :neN,Py,...,P, € C[X]}.

For P = Pytr (Py)---tr(P,) € C{X} and A € A, let us denote by P(A) the random variable
P(A) =7 (P1(A)---7(Py(A)) - Py (A) and we extend this notation to all C{X} by linearity.
We construct the vector space C{X} and the C{X }-calculus more precisely in Section 8. In the
same section, we construct similarly the space C{X, X!} (which naturally contains the space
of Laurent polynomial C [X, X ~!]) and the C{X, X ~!}-calculus. More generally, for any index
set I, we construct the space C{X; : i € I'} and the C{Xj : i € I}-calculus. We are now able to
formulate the following theorem, which is a version of Theorem 9.4 for one variable.

THEOREM 7.1. Let A € A. There exists a linear operator Ay : C{X} — C{X} such that,
for all polynomials P € C[X], and all B € A free from A, we have

7(P(A+B)|B) = (¢*+P) (B).

Theorem 7.1 (or Theorem 9.4) has two advantages. Firstly, it deals with arbitrary non-
commutative random variables, and not only with self-adjoint variables. Secondly, it introduces
a transition kernel e®4 which depends only on the variable A with which we are concerned with.

In [18], Biane established multiplicative versions of his theorem. There is also a multiplicative
version of Theorem 7.1 in Theorem 9.13. Let us formulate a version for one variable.

THEOREM 7.2. Let A € A. Then there ezists a linear operator Da : C{X} — C{X} such
that, for all polynomials P € C[X], and all B € A free from A, we have

(P (AB)|B) = (®4P) (B).

Section 9 is devoted to the proofs of Theorems 9.4 and 9.13, which are multivariate versions
of Theorems 7.1 and 7.2.

Free Hall transform. In Section 10, we use and extend Theorems 9.4 and 9.13 to give
another description of the free Segal-Bargmann transform in Theorem 10.1 and of the free Hall
transform in Theorem 10.7. Let us explain the result for the Hall transform.

Classical Hall transform. Let N € N*. We endow the Lie algebra u(N) of the unitary
group U(N) with the inner product (X,Y),ny = NTr(X*Y), and the Lie algebra gly(C)
of the linear group GLx(C) with the real-valued inner product (X,Y), ) = NRTr(X*Y)
(see Section 11). These scalar products determine right-invariant Laplace operators Ay and

Agry(c) respectively. The Brownian motion on U(N) is a Markov process (Ut(N))tZO on U(N),
starting at the identity, and with generator %AU( ~)- For all t > 0, we denote by LQ(Ut(N)) the
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Hilbert space
2
{f (Ut(N)> : f is a complex Borel function on U(N) such that E Uf (Ut(N))’ } < +oo} .

The Brownian motion on GLy(C) is a Markov process (G,(fN))tZO on GLy(C), with generator
iAG Ln(C), and starting at the identity. Observe that, for convenience, we have taken a definition
of the Brownian motion on GLy(C) which includes an unusual factor of 2 in its generator. In
such a way, the Brownian motion proceeds at "half speed" on GLy(C), just as a standard complex

Brownian motion on C is sometimes defined to be a Markov process with generator (92 + 83)

For all ¢ > 0, we denote by wal(G,EN)) the Hilbert space

2
{F (GgN)> : I is a holomorphic function on GLx(C) such that E UF (GEN))‘ } < +oo} .

The fact that L%Ol(GgN)) is a Hilbert space is not trivial. It is a part of Hall’s theorem which
may be stated as follows (see [36], [44] and Section 11.3).

THEOREM (Hall [44]). Lett > 0. Let f be a Borel function on U(N) such that f(Ut(N)) €

LQ(Ut(N)). The function e%AUU\’)f has an analytic continuation to a holomorphic function on

GLN(C), also denoted by ez20) f. Moreover, (e%AU(N)f)(GgN)) € Lﬁol(GEN)) and the linear

map
B+ £ (U)o (e5ovon ) (6
is an isomorphism of Hilbert spaces between LQ(Ut(N)) and Lﬁol(GEN)). In particular, for all

bounded Borel function f, we have Bt(f(Ut(N))) = F(G,EN)), where F is the analytic continuation
of U E [f (Ut(N)U)] to all GLy(C).

The transform By is referred to as the Segal-Bargmann transform, the Segal-Bargmann-Hall
transform, or the Hall transform. We choose to use the third name. It should be remarked that
this formulation of Hall’s theorem is quite different (but equivalent) from the original one: the
point of view from which it is considered is a probabilistic one. Indeed, we identify the space

of square integrable Borel functions with respect to the law of Ut(N) with LQ(Ut(N)), and the

space of square integrable holomorphic functions with respect to the law of GgN) with Lﬁol(GgN)).
This identification between random variables and their functional representations is described in
Section 11.3.2.

Free Hall transform. Let (A,7) be a W*-probability space. Let (U;),~, be a free unitary
Brownian motion, and let (G),~, be a free circular multiplicative Brownian motion (see [19],
or Section 10.3). Let t > 0. We denote by L?(Uy,7) the Hilbert completion of the *-algebra
generated by U; and U;! for the norm || - [|a : A — 7 (A*A)Y2, and by L2 (Gy,7) the Hilbert
completion of the algebra generated by Gy and G;* for the same norm || - 5.

In [19], Biane defined the free Hall transform. This definition is based on a restriction of the
free Segal-Bargmann transform in infinite dimensions, as Gross and Malliavin did in the classical
case in [42]. In Theorem 7.3, a simplified version of Theorem 10.7, we give a description of the
free Hall transform that is more direct and very close to the classical description thanks to the
space C{X, X1} (see Section 10.6 for more details about those two theorems).

THEOREM (Biane [19]). Lett > 0. There exists a linear transform G; of the space of Laurent
polynomials C [X, Xfl] such that Fy : P(Ut) — Gi(P) (Gt> 18 an isometric map which extends
to a Hilbert space isomorphism F; between L?(Uy,7) and L (Gt ).
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THEOREM 7.3. Let t > 0. For all P € C[X], Fi(P(U;)) = (ePt P)(GY), where Dy, is given
in Theorem 7.2. Moreover, if (Ut),~o and (Gt),q are free, for all P € c{x,x 1,

F(PUy) = 7(PUGH)|Gr).

Random matrices. Section 11 contains an application of our formalism and of our previous
results to random matrices. The two main results are summarized in Theorem 7.4: the large- N
limit for each fixed time of the non-commutative distribution of the Brownian motion (GIEN) )t>0
on GLN(C), and the large-N limit of the Hall transform for U(N). It should be mentioned that,
at the same time as the author, Kemp has studied the first question in [50] and [50], and Driver,
Hall and Kemp have studied the second question in [38]. While the approaches are quite similar,
they do not entirely overlap.

In [19], Biane suggests boosting B; to By ® Idpzy(c) with the aim of studying the action of
B @ 1d sy (c) on random variables given by the functional calculus for matrices. Let us explain
how the space C{X, X '} allows us to better understand the action of B; ®Id My (C) On variables
given by the polynomial calculus. For all N € N*, we endow My (C) with the inner product
(X,Y) my(c) = % Tr(X*Y). Let us identify the space

{f (Ut(N)) : f is a Borel function from U(N) to My(C)
such that E [Hf (Ut(N)) HLN(C)] < +oo}

with L2(Ut(N)) ® Mp(C) and the space

{F (GgN)) : F' is a holomorphic function from GLx(C) to My(C)
sueh that B[ (6} < ool

with Lﬁol(GgN)) ®@ Mpy(C). For all t > 0 and N € N*, we denote by Bt(N) the Hilbert space
isomorphism B ® Idy, () from LQ(Ut(N)) ® My(C) into Lﬁol(GEN)) ® Mn(C).

Unfortunately, the space of random variables {P(Ut(N))} Pec[x,x-1] s not transformed by

BILFN) into the space {P(G,EN))}peC[XX_l]. The C{X, X ~!}-calculus offers us larger spaces which
are stable under BIEN). Indeed, the space of random variables {P(Ut(N))} PeC{x,x-1} is trans-

formed by Bt(N) into the space of random variables {P(GgN))}pec{XJ(—l} (Proposition 11.5).

The use of the C{X, X ~!}-calculus also allows us to study the limit in large dimension.
It is already known that the free unitary Brownian motion is the limit in distribution of the
Brownian motion on U(N) (see [17], [53], [63] and [67]), which is the first item of the following
theorem. For the two other items, see Theorem 11.6 and Theorem 11.7. As mentioned above,
the concurrent papers [38] and [50, 51] address respectively the third item and the second item
with complementary techniques and points of view.

THEOREM 7.4. Lett > 0.
(1) For allm € N, and all Laurent polynomials Py, ..., P, € C[X, X 1], we have

Jim B[t (B (U)) -t (P (U))] =7 (Bo (U) -+ 7 (P (U1)).
(2) For alln € N, and all polynomials Py, ..., P, € C(X, X*, X1, X*™ Y, we have
lim E [tr (P (GIV)) o tr (B (GI))] = 7 (R0 (Go)) -7 (Pa (GU)).

N—oo
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(3) For all Laurent polynomial P € C[X, X '], and t >0, as N — oo, we have

|5 (P () - ()],

= O(1/N?).
12,(GN @My (C) (/N7

In fact, the second item can be strengthened to the convergence of the full process (GiN))tZO to
(Gt)gsp (i-e. the convergence of all finite dimensional distributions). Indeed, since the increments

of (Gt); are free, it remains to prove that the increments (GIEN))QO are asymptotically free,

which is a consequence of the Ad(U(N))-invariance of the law of each increment of (GgN))tZO. A
complete proof is presented in [50].

8. Functional calculus extension

In this section, we define the algebra C{X; : i € I}. We denote by C (X, : ¢ € I) the space
of polynomials in the non-commuting indeterminates (X;);c;. The algebra C{X; : i € I} is an
extension of the algebra C (X, : i € I). Intuitively, C{X; : i € I} is the free algebra generated by
I indeterminates (X;);cr and an indeterminate center-valued expectation tr.

We also define a C{X; : i € I}-calculus which extends the polynomial calculus, but which
depends also on the data of another center-valued trace 7. This algebra C{X; : i € I'} and its
functional calculus is the basis of all others sections.

8.1. The algebra C{X; :i € I'}. The algebra C{X; :i € I} will be defined by a universal
property, which allows us to forget about its construction and to focus on its properties.

We present first the universal property and its immediate consequences before introducing
the algebra C{X; : ¢ € I} as its unique solution.

8.1.1. Universal property. Let A be a unital complex algebra. The center of A is the unital
complex algebra Z 4 formed by elements of A which commute with all the elements in A. The
algebra A is then a Z4-module. A center-valued expectation 7 is a linear function from A to Z 4
such that

(1) for all A, B € A, we have 7(7(A)B) = 7(A)7(B);

(2) 7(La) = La.
Let us remark that the restriction for 7 to be a morphism of Z 4-modules is not required, since
it is not needed in this paper.

UNIVERSAL PROPERTY 8.1. Let I be an arbitrary index set. Let X be an algebra en-
dowed with a center-valued expectation tr, and with I specified elements (X;),c;. The triplet
(X, tr, (Xi)z‘el) possesses Universal property 8.1 for index set I if for all algebras A endowed
with a center-valued expectation T, and with I elements (A;),.;, there exists a unique algebra
homomorphism f from X to A such that

(1) for alli € I, we have f(X;) = A;;
(2) for all X € X, we have 7(f(X)) = f(tr(X)).

Such a homomorphism will be called an I-adapted homomorphism from (X, tr, (X;),c;) to
(A, 7, (As);e;), or more simply from X to A. If an I-adapted homomorphism is bijective, we will
call it an I-adapted isomorphism.

The nature of Universal property 8.1 induces some properties on its solutions summed up in
the following proposition.

PROPOSITION 8.2. Let I be an arbitrary index set, and let (X, tr, (Xi)z‘el) possess Universal
property 8.1 for I.
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(1) The I-adapted isomorphism idy is the unique I-adapted algebra automorphism on X .
(2) (X, tr,(Xi),e;) is unique in the following sense: if (y,fr, (Y;)ZEI) also possesses Uni-
versal property 8.1 for I, there exists a unique I-adapted isomorphism from X to ).

(3) There exists a unique algebra homomorphism f, which is injective, from C(Y; :i € I)
to X such that f(Y;) = X; for allie I.

Thus, if I is an arbitrary index set, and (X, tr, (Xi)e ;) possesses Universal property 8.1 for
I, we will always see C (X : i € I) as a subalgebra of X.

PRrROOF. The first assertion is immediate.

Let (y, tr, (Yi);e I) also possess Universal property 8.1 for I. There exist a unique I-adapted
homomorphism f from X to ) and an I-adapted homomorphism ¢ from ) to X. Then go f is
an I-adapted homomorphism from X to X, and consequently, go f = idy. Similarly, f o g = idy,
and therefore, f is an I-adapted isomorphism from X to ).

For the third assertion, we endow C (Y; : i € I) with the center-valued expectation 7 such that
7(M) =1 for all monomials M € C(Y; :i € I). There exists a unique algebra homomorphism
f from C(Y;:i € I) to X such that f(Y;) = X; for all ¢ € I. There exists an [-adapted homo-
morphism g from X to C(Y; : i € I). Finally, g o f is an algebra automorphism on C(Y; : i € I)
such that g o f(V;) = Y; for all i € I, and thus it is equal to idc(y;.icry- We deduce that f is
injective. O

8.1.2. Definition. We now state an existence result in the following proposition.

PROPOSITION-DEFINITION 8.3. Let I be an arbitrary index set. There exists an object
satisfying Universal property 8.1 for I. This unique (up to an I-adapted isomorphism) object
will be denoted by (C{X; :i € I},tr,(X;);c;). Furthermore,

{Motr My ---tr M, : n € N, My, ..., M, are monomials of C(X; :i € I)}
is a basis of C{X; :i € I}, called the canonical basis.

Let us recall that C (X, : i € I) is viewed as a subalgebra of C{X; : i € I'}. Thus, the set
{Mytr My ---tr M, : n € N, My, ..., M,, are monomials of C(X; :i € I)}

is unambiguously defined in C{X; : i € I'}. Furthermore, an [-adapted isomorphism does not
modify the definition of this set. Thus, Proposition-Definition 8.3 tells us that this set forms a
basis in one particular realization and consequently, forms a basis in any realization of Universal
property 8.1.

PRrROOF. We will present a construction of (C{Xj : i € I'},tr, (X;),c;) in the appendix, which
satisfies the characterization of the canonical basis, and a proof of its universal property. O

PROPOSITION 8.4. Let J C I be two arbitrary index sets. There exists a unique J-adapted
morphism, which is injective, from (C{X; :i € J}, tr, (X;),c;) to (C{X; :i € I}, tr, (X;),c;)-

If J C I are two arbitrary index sets, we will always see C{X; : i € J} as a subalgebra of
C{X;:1€e1I}.

PROOF. Let (Y;);c; be elements of C{X; : i € J} such that ¥; = X; for all i € J (one can
set Y; = lgyx,ieny fori & J).

There exists a unique J-adapted morphism f from C{X; : ¢ € J} to C{X; : i € I'}. There ex-
ists an J-adapted homomorphism g from (C{Xj : i € I'},tr, (X;);c;) to (C{X; : i € J}, tr, (Yi),cf)-
Finally, go f is a J-adapted automorphism on C{X; : i € J}, and thus go f is equal to idcx,:ic.} -
We deduce that f is injective.
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O

8.1.3. Degrees. Let us define a notion of degree on C{X; : i € I}.

Let n € N, and My,...,M, € C(X;:7 € I) be monomials whose degrees are respectively
ko,...,kn, € N. The degree of Mytr(Mj)---tr (M) is defined to be kg + ... + k,. For all
P € C{X; : i € I}, the degree of P is defined to be the maximal degree of the elements of its
decomposition in the canonical basis.

For d € N, we denote by C4{X; : i € I} the subspace of C{X; : i € I} whose elements have
degrees less than d. We have C{X; : i € I} = U2,Cy{X; : i € I}. If I is finite, each space
Cy4{X; : i € I} is a finite-dimensional space. In particular, the space C{X; : ¢ € I'} is the union
of finite-dimensional spaces:

C{Xi:iel}= |J CyXi:ielJ}

deN
JCI, J finite

8.1.4. Another product. Let us define on C{X; : i € I} a second product which is bilinear
and associative.

For all P,@Q € C{X, :i € I}, the product P, Q is defined by P ;@ = P tr Q. The bilinearity
is due to the linearity of tr and the associativity is simply due to the fact that, for all P,Q and
R e C(X;:i€l), we have

P (Q«wR)=Ptr(Qtr(R)) = PtrQtrR= (PtrQ)trR = (P 't Q) ‘«» R.

Thus, (C{X; :i € I}, ) is a unital complex algebra. Moreover, this algebra is generated by the
monomials of C (X, :4 € I). Indeed, for alln € N, Py,..., P, € C{X; : i € I}, we have

P()trpl"'trpn:PO'trPI'tr""trPn-

8.2. The C{X; : ¢ € I}-calculus. Let A be a unital complex algebra, and 7 be a linear
functional on A such that 7 (14) = 1.

We define a C{X; : i € I}-calculus on (A, 7) in this way. Let A = (A;),.; be a family
of elements in A. Viewing C as contained in A as C - 14, the algebra A is endowed with a
center-valued expectation 7, and with I elements (A;), ;. Thus, there exists a unique algebra
homomorphism f from C{X; : i € I'} to A such that

(1) for all ¢ € I, we have f(X;) = A;;

(2) for all X € C{X; :i € I}, we have 7(f(X)) = f(tr(X)).
For P € C{X; :i € I}, we say that f(P) is the element of A obtained by substitution of (A4;);;
for the indeterminates (X;);; and the substitution of 7 for tr in P, and we denote this element
by P(A; :i € I) = f(P). Thus, the map P — P(A; : i € I) is the unique algebra homomorphism
from (C{X;:i € I},-) to A such that

(1) for all j € I, we have X;(A;:i €)= Aj;

(2) for all P € C{X;:i €I}, we have 7(P(A;:i€ 1)) = (tr P)(A;:i€el).

8.2.1. The algebra C{X;, X : i € I'}. From an arbitrary index set I, we construct the index
set I =TU (I x {*}). For all i € I, the element Xix €EC{X; i€ I} will be denoted by X},
and the algebra C{X; : i € I} will be denoted C{X;, X} : i € I'}. We define a *-algebra structure
on C{X;, X/ : i € I} with the involution * given naturally by taking for all i € I, (X;)* = X,
and for all P € C{X;, X :i € I}, (tr P)* = tr(P*).

Let A be a unital complex *-algebra, and 7 be a linear functional on A such that 7(14) = 1.
Let us define a C{X;, X; : i € I'}-calculus on (A, ) in this way. Let (4;);c; € A’. For alli € I,
set A4 = Aj. For P € C{X;, X : i € I}, let us denote P(4; :i € I) by P(A; :i € I). Thus,
the map P +— P(A; :i € I) is a *-algebra homomorphism from (C{X;, X :i € I}, ) to A.
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8.2.2. The algebra C{Xi,Xi*,le,Xf_l 4 € I}. Similarly, from an arbitrary index set I,
we construct the index set T = TU (I x {x})U (I x {=1})U (I x {—x}). For all i € I, the element
X(i) € C{X; :i € I} will be denoted by X7, the element X(; _1) € C{X; : i € I'} will be denoted
by X; !, and the element X; _,) € C{X; : i € I} will be denoted by X;~'. Finally, the algebra
C{X; :i € I} will be denoted by C{X;, X}, X; ', X; 7! :i € I'}. We define a *-algebra structure
on (C{XZ-,X;k,Xi_l, Xy~ 14 € I} with the involution * given naturally by taking for all i € I,
(X;)* = Xf and (X; 1)* = X7 and for all P € C{X;, X}, X; ', X7 i € I}, (tr P)* = tr(P*).

Let A be a unital complex *-algebra, and 7 be a linear functional on A such that 7 (14) = 1.
Let P € (C{Xi,Xi*,Xi_l,Xi*_1 cie I}, and (A € A! be a family of invertible elements.
For all i € I, set Ay = Af, Ay 1) = A;' and A .y = A7 For P € C{X;, X} :i € I},
let us abuse notation slightly and denote P(A; : i € I) also by P(A; : i € I), as this should
cause no confusion. Thus, the map P — P(A4; : i € I) is a *-algebra homomorphism from
C{Xi, X, X; L, X riel)to A

8.2.3. Factorization by the distribution. There exists a useful factorization of the C{X; : i €
I'}-calculus by the C (X; : ¢ € I)-calculus. Let us explain how it works.

Let A be a unital complex algebra, and 7 be a linear functional on A such that 7 (14) =1
and 7 > 0 (i.e. 7(aa*) > 0 for all a € A). Such a space is called a non-commutative probability
space. Elements of A are called (non-commutative) random variables. Let A = (4;),; be a
family of non-commutative variables of 4. The map

pa: C(X;:iel) — C
P — 7(P(A))

will be called the distribution of A. The algebra C (X, : i € I) is then endowed with a center-
valued expectation 4, and with I specified elements (X;),.;. Thus, there exists a unique algebra
homomorphism f from C{X; :¢ € I} to C(X, :4 € I) such that

(1) for all ¢ € I, we have f(X;) = X;;

(2) for all X € C{X; :i € I}, we have pa(f(X)) = f(tr(X)).
For P € C{X; :i € I}, we say that f(P) is the element of C (X, : i € I) obtained by substitution
of ua for tr in P, and we denote this element by P|,.

However, we can now use polynomial calculus, by substitution of (A;),c; for (X;);c; in P|y.

Because the homomorphism from C{X; : i € I} to A given by P +— P|, (A) is an I-adapted
homomorphism, we have that P|, (A) = P(A) using the universal property of C{X, : i € I}.

9. Computation of some conditional expectations

In this section, we show the existence of operators on C{X; : i € I'} which play the role of
transition kernels in the context of free convolution. The first result, Theorem 9.4, deals with
additive free convolution whereas the second one, Theorem 9.13, deals with multiplicative free
convolution. Despite the analogy of the two theorems, the proofs are completely different. This
is to be expected, since the non-commutativity means that the direct connection e**¥ = e* . ¢¥
between addition and multiplication is lost.

9.1. Generalities.
9.1.1. W*-probability spaces. Let (A, T) be a non-commutative probability space such that
A is a von Neumann algebra, and 7 is a faithful normal tracial state. That is to say 7 is a linear
functional such that 7(14) = 1, and
(1) for all A€ A, if A> 0, then 7(A) > 0 (positivity),
(2) for all A,B € A, 7(AB) = 7(BA) (traciality),
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(3) 7 is continuous for the ultraweak topology (normality),

(4) for all A€ A, if 7(A*A) =0, then A = 0 (faithfulness).
We call (A, 7) a W*-probability space. For all A = (4;);e; € A!, we denote by W*(A) the von
Neumann subalgebra of A generated by (A;)ier.

9.1.2. Freeness. Let I be a set of indices. For all ¢ € I, let B; be a von Neumann subalgebra
of A. These algebras are called free if, for all n € N, and all indices i1 # i # ... # i,, whenever
Aj € B;; and 7(4;) =0 for all 1 < j <n, we have 7(A;--- A,) = 0.

For all (4;);e; € A, we say that the elements A; are free for i € I if the algebras W*(4;)
are free for ¢ € I. For example, the operators 14 and 04 are free from all A € A.

9.1.3. Conditional expectation. If B C A is a von Neumann subalgebra, there exists a unique
conditional expectation from A to B with respect to 7, which we denote by 7 (.|B). This map is
a weakly continuous, completely positive, identity preserving, contraction, and it is characterized
by the property that, for any A € A and B € B, 7(AB) = 7(7(A|B)B) (see e.g. [1] and [73]).
For any index set I, and A = (A;);e; € A!, we denote by 7 (:|A) the conditional expectation
(W (A)).

9.2. Free cumulants. This section contains a succinct presentation of the theory of the
free cumulants due to Speicher (see e.g. [60], [71], [70] and [69]).

9.2.1. Non-crossing partitions. Let S be a totally ordered set. A partition of the set S is
said to have a crossing if there exist i, j, k,l € S, with ¢ < j < k < [, such that ¢ and k belong to
some block of the partition and j and I belong to another block. If a partition has no crossings,
it is called non-crossing. The set of all non-crossing partitions of S is denoted by NC(S). It
is a lattice with respect to the fineness relation defined as follows: for all ;1 and my € NC(S),
m = mo if every block of 71 is contained in a block of ms.

Let n € N. When S = {1,...,n}, with its natural order, we will use the notation NC(n).
This set has been first considered by Kreweras in [52]. We denote by 0,, and 1,, respectively the
minimal element {{1},...,{n}} of NC(n), and the maximal element {{1,...,n}} of NC(n).

9.2.2. Free cumulants. For allm € N; S C {1,...,n}, 7 € NC(S), and A;,..., A, € A, set

T[m] (AL, ..., Ay) = H 7 (Ay)
Ver

where Ay = Aj -+ Aj, it V = {j1,...,jr} is a block of the partition 7, with j; < jo < ... < ji.
This way, 7 [r] is an n-linear form on A.

We use now the theory of Mébius inversion on lattices (see e.g. [72]). We denote by p the
Mébius function of the poset (NC(n), =), which is defined on

{(o,m):0 <7} C NC(n) x NC(n).

For all n € N, and Ay,..., A, € A, the free cumulant x (A4, ..., A,) is defined by

k(AL ..., Ay) = Z p(m, 1p)7 7] (A1, ..., Ap) .
TeNC(n)

IfA; =---=A,=A4, wecall kK(Ay,...,A,) the free cumulant of order n of A, and we denote
it by K, (A). Foralln e N, S C {1,...,n}, 7 € NC(5), and A;,..., A, € A, set

k7] (A1, An) = [] #(Av)
Ver

where Ay = (A;,,..., A, ) if V = {ji1,..., jr} is a block of the partition 7, with j; < jo < ... < jp.
Similarly to 7, & [r] is an n-linear form on A. If 4} =--- = A,, = A, we denote & [7] (A1,...,An)
by & [7] (A).
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Foralln e N, S C{l,...,n}, 7 € NC(S), and Ai,..., A, € A, we have (by the definition
of the Mébius functions) the following relations

(9.1) T[r] (Ar,..., Ap) = Z ko] (A1,..., An),
ceNC(S)
o=
(9:2) Rl (A A = S o)) (Ar . A
cENC(S)
o=
The importance of the free cumulants is in large part due to the following characterization of
freeness.

PROPOSITION 9.1. Let (B;);c; be subalgebras of A. They are free if and only if their mived
cumulants vanish. That is to say: for alln € N*, alliq,...,i, € I and all Aq,..., A, € A such
that A; belongs to some B;; for all 1 < j < n, whenever there exist some j and g with i # iy,
we have k(Aq,...,A,) =0.

By linearity, this property has the following consequence for the computation of cumulants.
COROLLARY 9.2. For all Ay,...,A, € A free from B1,...,B, € A, we have
H(Al + By,..., A, +Bn) = K(Al,... 7An) —|—/€(Bl,...,Bn).

9.2.3. Semi-circular variables. Let t > 0. A non-commutative random variable S; is called
semi-circular of variance ¢ if S; is self-adjoint and the free cumulants of S; are x1(S;) = 0,
ko(Sy) =t and Kk, (S;) =0 for all n > 2.

The distribution of S is given by (9.1): for all n € N*, we have 7(S1') = > rcncm) £[7](St).
The terms in the sum which are non-zero correspond to the non-crossing partitions composed
of pairs of elements. For all n € N*, we denote by NC(n) the subset of NC(n) of non-crossing
partitions composed of pairs of elements. The cardinality of NC2(2n) is called the n-th Catalan
number, and is denoted by C,,. Thus, for all n € N*, we have 7(S?") = D oreNCy(2n) t" = 1"Ch,

and 7(S2" 1) = 0.

9.3. Additive transition operators. Let I be an arbitrary index set. Let A = (4;);es €
Al. Let us define a derivation A associated to A on (C{X;:i € I},-,) in the following way.
For all n € N and i(1),...,i(n) € I, we set

Aa (qu) E Xi(n)) = > K (Ai(kl), ce Ai(km)) Xiy Xik-1)
1<m<n
1<k1<...<km<n -tr Xi(k1+1) s Xi(kg—l)
tr ( Xihgt1) - Xitks—1)

“tr (Xi(km_1+1) - 'Xi(kmq))
Kikm+1) - Xi(n)

and we extend A to all C{X; : i € I} by linearity and by the relation of derivation
VP,Q e C{X;:i €1}, ApA(PtrQ) = (AaAP)tr@Q + Ptr(AaQ).

PROPOSITION 9.3. Let A = (4;),c; and B = (B;);; € Al be two families of elements of
A. Then A and Ag commute. Moreover, if A and B are free, we have Apa+B = AA + AB.
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PrOOF. We recall that, from Section 8.1.4, the monomials of C(X; :i € I) generate the
algebra (C{X; : i € I}, ;). Let M be a monomial of C (X, : 7 € I). Let n € Nand i(1),...,i(n) €
I such that M = Xy Xjn). For all 1 < k <1 < n, we will denote by try; the element
tr(Xi(r1) - Xig—1))- Since Ap is a derivation for -,, we have

AB (AA (Xz(l) ce Xz(n))) = Z Y (Al(k‘1)? o 7A7,(km)> : trkl,kQ s trkm_l,km
1<m<n
1<k1<...<km<n A (Xi(l) w Xy —1) Xi(km+1) 'Xi(n))
+ > K (Ai(kl), e aAi(k:m)) Xiy  Xi(k—1)
1<m<n
1§’i1§§)§r§zk_wi§n 0k kg AB Uk k) o R

Kilkm+1) " Xi(n)-

Letusfix 1 <m<nandl1l <k <...<ky, <nin the first sum above and compute the
corresponding term of the sum:

K <Ai(k1)v ceey Az’(km)> : ( Z K (Bi(l1)7 .. 7Bi(lm/)> Xi(l) s Xi(ll—l)

1<m’<n
1<l <..<l, 1<k gy b, X ) Xk 1)

Ay Wy o Xk 1) " Xi(n)
+y . K (Bi(zl), . 7Bi(lm/)) Xiy - Xiky—1)

1<m’<n
kem<l1<...<l, 1<n kg kg k1 ko Kk +1) " X1 —1)

gy ety X ) X
+Z K (Bi(zl), e 7Bi(lm/)) Xi(l) T Xi(llfl)

1<m/<n
1<g<m/~1 -tr ceetr “tr <o tr
1<y ol <k l1,l2 lg—1,lq k1,k2 km—1,km
km<lgt1<..<lr<n -tr (Xi(qurl) o Xk —1) Xk 1) * 'Xi(lq+171)>

) trll]+17lq+2 T tI‘lm’fhlm’ .Xi(lm/+1) T Xl(n) )

When summing over the indices 1 < k1 < ... < k;, < n, the elements A and B play symmetric
roles in the two first sums, while the last sum gives us the term

) K (Bi(k1)7 e Bz’(km)> Xi) - Xig-1)
1<m/<n
1<h<.<l /< . e .
_llgqgm;z/l_n trlLlQ AA (trlq’ZQ+1) trlmlfhlm/

Xi, +1) * Xin)
which is exactly the term needed to achieve the symmetry of the roles of A and B in AgAa (M).
Thus, AAAB(M) = ApAa (M) for all monomials of C(X; : i € I), and the commutativity is

extended by recurrence on all C{X; : i € I} because they are both derivations. Indeed, for all
P,Q e C{X, i€},

ApAB (PtrQ) = (AAABP) tr(Q) + Ptr (AAABQ) + (AaP) tr (ABQ) + (ABP) tr (AAQ).

If A and B are free, we have from Corollary 9.2 that Aa1pM = (Aa + A)M for all
monomials M of C(X; : i € I), and since Aa,p and Ax + Ap are both derivations, they are
equal on C{X; : i € I}. O

Let A = (A;)ier € Al. The operator Ap makes the degree strictly decrease. Thus, the
operator e*A on C{X; : i € I'} is defined by the formal series Y72, ;AR . For all P € C4{X; :
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i € I}, eAAP is the finite sum Y9, %AXP. The operator Ap is a derivation, and we therefore
have the Leibniz formula

Vk e N,VP,Q € C{X; :i € I}, (An)f (PtrQ) = f:()( )tr(A’j;lQ),
=0

from which we deduce, using the standard power series argument, that the operator e®A is
multiplicative in the following sense:

VP,Q e C{X;:i eI}, A (PtrQ) = (eAAP) tr (eAAQ) .

THEOREM 9.4. Let I be an arbitrary index set. Let A = (A;);er € AL, For all P € C{X; :
i €1}, and all B = (By)ier € Al free from (A;)icr, we have

7(P(A+B)|B) = (¢*AP)(B).
In particular, for all P € C{X; :i € I}, we have
7 (P (A)) = (24P)(0).

Erample. Let t > 0. Let Sy be a semi-circular random variable of variance t. For all B € A
free from S, let us compute 7((S; + B)3|B). We have Ag, X2 = 2tX + ttr(X) and (Ag,)?X3 =
Ag,(2tX 4 ttr(X)) = 0. Thus, e25(X3) = X% + Ag, X3 4+ 0 = X3 + 2tX + ttr(X). Using
Theorem 9.13, we have, for all B € A free from S,

7((Si+B)’|B) = B*+ 2tB + t7(B).

PROOF OF THEOREM 9.4. One could prove Theorem 9.4 directly but it would be very
combinatorial and we prefer to present here a more dynamical proof where the combinatorics
only appear infinitesimally. We shall prove first a dynamical lemma and a weaker version of
Theorem 9.4 before proving the theorem in all generality.

Let us first prove Lemma 9.5, which will be useful in the rest of the paper.

LEMMA 9.5. Let J be a finite index set and d € N. Let L be a linear operator on Cq{X; : i €
J} and (¢1);5q be linear functionals on C4{X; :i € J}. Let us assume that, for all P € Cq{X; :
i€ J}, t— ¢(P) is differentiable on [0,00), and for allt >0,

d
aﬁbt(P) = ¢t(LP)~

If there exists A = (A;)icg € Al such that ¢o(P) = P (A), then for allt > 0 and all P € Cq{X; :
i€ J}, we have

d(P) =€l P (A).

PROOF. Let us fix a finite basis {P, : b € B} of Cq{X; : i € J}. For all P € Cy{X; : i € J},
let us denote by (ap(P))pep the coefficients of P in the basis {P, : b € B}. We claim that
the functions (¢ ~ ¢¢(Py))sen and (t — e'*Py(A))pep are both the unique solution to the
multidimensional differential equation

w0) = B (A),
Yy = > ac(LP)-y.,Vbe B.
ceEB
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Indeed, let b € B. We have

d
—e'"'Py(A) =€ LP, (A) =) ac(LP)-e"P.(A)
d ceEB

and
d

&@(Pb) = 0i(LPy) = ) ac(LBy) - ¢e(P).

ceEB

Furthermore, "2 P, (A) = ¢o(P,) = P, (A). Hence, we have ¢(P,) = e'*'P, (A) for all b € B.
We extend the relation ¢;(P) = e!P(A) from P € {P, : b € B} to all C4{X; : i € J} by
linearity. O

The following lemma is a weak version of Theorem 9.4.

LEMMA 9.6. Let I be an arbitrary index set. Let A = (A;)ie; € AL, Forall P € C{X; :i € I},
we have

7(P(A)) = (¢2AP)(0).

PRrROOF. For all n € N and 7 € NC(n), let us denote by |7| the number of blocks in 7.
Let t > 0. For all n € N and i(1),...,i(n) € I, we set (with the convention 0° = 1)

bt (Xi(l)”'Xi(n)) = Y k(A Ainy)
TeNC(n)

and we extend ¢; to all (C{X; :i € I}, ) by linearity and by the multiplicative relation

VP,Q € C{X; :i € I},¢i(PtrQ) = ¢¢(P)1(6:(Q))-

We remark that, using (9.1), we find 7 (M (A)) = ¢1(M) for all monomials M of C(X; :i € I).
Moreover, the map P +— 7(P(A)) satisfies the same multiplicative relation as ¢;. Indeed, we
have

VP.QeC{X;:ie I}, 7(PrQ(A)) =r(P(A))r(r(RA))).

It follows that ¢1(P) =7 (P (A)) for all P € C{Xj, : i € I}. Thus, it remains to prove that, for
all C{X; :i € I'}, we have ¢;(P) = (¢22P) (0). In order to use Lemma 9.5 in the third step, we
will prove that, for all P € C{X; :i € I}, ¢po(P) = P(0) in the first step, and that, for all t > 0
and all P € C{X; :i € I}, we have %qﬁt(P) = ¢¢(AAP) in the second step.

Step 1. For all P € C{X; : i € I}, ¢po(P) = P(0). Indeed, ¢o(1) =1 = M(0) for M =1 €
C(X;:ieI)and ¢o(M) = 0= M(0) for all monomials M of C(X; :i € I) with non-zero degree.
We infer the equality ¢o(P) = P(0) to all C{X; : i € I}, since the evaluation satisfies the same
multiplicative relation as ¢g. Indeed, we have

VP,Q e C{X; ie I}, (PtrQ)(0) = P(0)7(Q(0)).

Step 2. We prove now that, for all ¢ > 0 and all P € C{X; : i € I}, we have %(;St(P) =
dt(AAP).
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Let t > 0 and M be a monomial of C(X; : ¢ € I). Let us fix n € N and i(1),...,i(n) € I
such that M = X,y -+ - Xj(,). We have

d
&@bt(Xi(l)"'Xi(n)) = Y |nlttkn] (Ai(l)a--~aAi(n))
TeNC(n)

= Z Z t‘ﬂ'l_llﬁ}[ﬂ'] (Az(l)a e 7Az(n))

meNC(n) Verm

_ Z Z ™= ] (Al-(l), . ,Ai(n)> .

Vc{l,..n} weENC(n)
Ver

Let us fix a subset V- = {k1,...,kn} of {1,...,n} such that 1 < k; < ... < ky, < n. Let us
denote Wy = {kl—i-l,...,kQ—l},WQ = {kg—l—l,...,kg—l},...,Wm_l = {km_l—i-l,...,km—l}
and Wy, = {1,...,k1 — 1,ky, + 1,...,k,}. To each partition 7 € NC(n) such that V € m,
we associate for all 1 < i < m the partition m; € NC(W;) induced by m on W;. Conversely,
to each m-tuple m € NC(Wh),...,mm € NC(W,,), we associate the non-crossing partition
m={V}UmU---Umy, € NC(n). Because of the non-crossing condition, this leads to a bijective
correspondence

{re NC(n): Vern}+{(r,...,mm) € NOC(W1) x -+ x NC(Wy,)}

which allows us to sum separately each non-crossing partition on each subset W1, ..., W,,.
We have to examine now how the terms of the sum are transformed. Let us fix 7 € NC(n)
such that V' € 7. Let us define (m1,...,m,) € NC(W;) x --- x NC(W,,) as before. We have

tIrl=1 — f{VIUmU U | =1 _ ylmi] | gl

We infer

S TR Ay, Aig)

TeNC(n)
Ven

= K Ai)s - Ailn))

. ( Z t‘ﬂlli[ﬂ] (Az(l)a e 7Az(n))) cee ( Z t‘ﬂ—IKJ[TF] (Az(l)a e 7Az(n)))

M ENC(W1) TmE€NC(Win)
= K Ai)s - Ailn))
O (Xi(k1+1) - 'Xi(k;g—l))

O (Xi(km,lﬂ) e Xi(km—l))
Pt (Xm) = i = 1) Xk 1) " 'Xz'<n>) :
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Finally, we use the definition of Aa and the multiplicative relation of ¢; to infer

d
G0 (X Xiw)
= > Yoo TR (A Aiwy)

1<m<n TeENC(n)
I<ki<..<km<n (k. kn}en

— > K (Ai(k1)7 e Ai(km))

<k <n T (¢t (Xz‘(k1+1) - 'Xi(kz—D))

s (qbt (Xi(km71+1) o Xi(’“m‘l)))
O (Xi(l) 0 Xy 1) Xk t1) Xj(”))
(8 ()

We extend the equality %d)t(P) = ¢ (AAP) from monomials of C(X; : ¢ € I) to all P €
C{X; : i € I} by linearity and by the following induction. If P and Q € C{X; : i € I} verify
L8(P) = ¢¢ (AAP) and L64(Q) = ¢¢ (AAQ), we have

d d

S (PQ) :dé@wwwﬂm) )
= (o @) r@@)+ o (P)r(5a@)
= ¢t (AAP) T (:(Q)) + ¢ (P) 7 (6 (AAQ))
= 0(BAP T(Q +P 7(2AQ))
_ (j)t(AA(PtrQ)).

Step 3. Let P € C{X; : i € I}. There exist a finite index set J C I and d € N such that
P e Cy{X; :ie J}. We remark that Ay is a linear operator on Cy4{X; : i € J} and that (¢¢)i>0
are linear functionals. We deduce from Lemma 9.5 and Steps 1 and 2 that, for all ¢ > 0, we have
#¢(P) = (e!2 P) (0). In particular, (e*AP) (0) = ¢1(P) = 7 (P (A)). O

Let us finish the proof of Theorem 9.4. Let A = (4A;)ic; € Al and B = (B;)ie; € Al
be free, and P € C{X; : i € I}. We remark that, thanks to Proposition 9.3, we know that
Aa+B = Aa + Ap, and that Ay and Ag commute. We deduce directly from Lemma 9.6 that

(93) 7(P(A +B)) = (A4+2P) (0) = (X448 P) (0) = (2224 P) (0) = 7 (¢4 P) (B))
We will now use the following characterization of conditional expectation. The element 7(P(A +
B)|B) is the unique element of W*(B) such that, for all B;, € W*(B),

r(P(A+B)B,,) = 7 (r (P(A+B)|B) By).
Since (e®AP) (B) € W*(B), it remains to prove that, for all B;, € W*(B),

7(P(A+B)B,,) =7 (*4P (B) By

In order to use (9.3), we prefer to work on C{X; : i € I U {ig}}. Let R;, : P — PX;, be
the operator of right multiplication by X;, on C{X; : i € I U{ip}}. Let A;; = 0 and B;, €
W*(B). On one hand, we have P(A + B)B;, = (R;,P)(A + B, A;, + B;,), and using (9.3), we
have 7 (P(A +B)B;,) = 7 ((eAA’Aio Ri,(P)) (B, Bjy)) . On the other hand, 7 (¢*4 P (B) By, ) =
- ((RioeﬁA,Aio (p)) (B,BZ-O)). Thus, it remains to prove that the operators Ay 4, and R;,
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commute. Let us check this on monomials. For all n € N and i(1),...,i(n) € I U {ig}, let us fix
i(n+1) =ip. Forall 1 <k <l <n+1, we will denote by try; the element tr(X;( 1) - Xji-1))-
Because all free cumulants involving A;, = 0 are equal to zero, we have

AAR;, (Xi(l) e Xi(n))

— > £ (Ao Aiten)) Xty Xy 1)
<k ey by Wk 4k Kk +1) * Xi(nt1)

= Z K (Ai(k1)7 e aAi(km)) Xiq)  Xiki-1)
en 2 Ay ke Wk ko Xk 1) * 7 Xi(n) Xi

= R;,Aa (Xi(l) e Xi(n)) :

The commutativity is extended to all C{X; : i € I U{ip}} by an immediate induction, because
for all P,Q € C{X; :i € I U{ip}}, we have

AR, (PtrQ) = (AaRiy(P)) trQ + Ry (Ptr(Aa(Q)))
and

RiyAa(PtrQ) = (RiyAa(P)) trQ + Ry (Ptr(Aa(Q))). O

9.4. Free log-cumulants. Consider two free random variables A, B € A. The distribution
of AB is determined by the distributions of A and B separately. The machinery for doing this
computation, in the same spirit as Corollary 9.2, is the S-transform (see Section 3.6 in [74]).

Since we have to deal with more than two variables, it is necessary for our computations
to introduce the free log-cumulants. There are some quantities introduced by Mastnak and
Nica in [58], which have nice behavior with the product of free elements of A. The name "log-
cumulants', not present in [58], comes from analogous objects with that name in the context of
classical multiplicative convolution [61]. In this section, we give a definition of such quantities, in
a slightly different presentation from [58]. The link is made in Section 9.5, and we present some
of the properties of the free log-cumulants in Section 9.6.

9.4.1. The Kreweras complementation map. There exist several equivalent definitions of the
Kreweras complementation map. See the book [60] for a detailed presentation.

Let n € N*. We endow the set {1,1’,...,n,n'} with the cyclic order (1,1,...,n,n’). For
all m,m € NC(n), we form a not necessarily non-crossing partition m; U of {1,1’,...,n,n’}
by identifying 7o as a partition of {1’,...,n'}, and merging m and my. Let 7 = {V4,...,V} €
NC(n). For all 1 < i <, we denote by V;/ C {1’,...,n’} the image of V; via the isomorphism
(1,...,n) ~ (1',...,n/). We denote by 7 the non-crossing partition 7 = {V; UV{,...,V, UV}
of {1,1',...,n,n'}. Tt is in fact the "completion" of 7 U7 (i.e. it is the smallest non-crossing
partition that coarsens both 7 as a partition of {1,...,n} and 7 as a partition of {1’,...,n'}).

Now, consider two partitions 0 < 7 € NC(n). The partition K,(o) is by definition the
largest element of NC'(n) such that o U K (o) is a non-crossing partition of {1,1’,...,n,n'} and
o U Kr(0) < 7. The map K, is a bijection from {o € NC(n) : ¢ < 7} onto itself called the
Kreweras complementation map with respect to 7w (see Figure 1 for an example). If 7 = 1,,, we
set K(o) = Ky, (0).

9.4.2. Chains of non-crossing partitions. Let n € N. A multi-chain in the lattice NC(n) is a
tuple of the form I' = (mg, ..., m) with m, ..., € NC(n) such that mp < m =< --- < m (notice
that we do not impose my = 0,, or m; = 1,,, unlike in [58]). The positive integer | appearing is
called the length of the multi-chain, and is denoted by |I'|. If mg # 7 # - -+ # 7, we say that T’
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3/

FIGURE 1. With 7 = {{1,3,4},{2}} and ¢ = {{1,4},{2},{3}}, we have
Kx(o) = {{1,3}, {2}, {4}}.

is a chain in NC(n). If, for all 1 <4 <1, K ,(m—1) has exactly one block which has more than
two elements, we say that I' is a simple chain in NC(n).

Let us describe examples. In Figure 2, it is showed how a multi-chain can be represented
graphically as nesting partitions. It could be helpful to imagine that, in a multi-chain I' =
(mo, ..., m), each step from 7;_1 to 7; is achieved by gluing some blocks of m;_;.

T

F1GURE 2. The chain (7, 71, m2) with mg = 04, 71 = {{1,3},{2},{4}} and 7o = 14.

Notice that, for all 1 < i < [, one can visualize K, (m;_1) by putting n dots labeled by
1',...,n" at the adequate places (which depend on ), just as in Figure 1. For example, in
Figure 2, K., (m0) = {{1,3},{2},{4}} and K ,(m) = {{1,2},{3,4}}. Thus, the multi-chain
(mp, m1,72) is a chain but not a simple chain. A simple chain is obtained by gluing slowly the
blocks of m1. In Figure 3, K, (00) = {{1,3},{2},{4}} and K,,(01) = {{1,2},{3},{4}}. Thus,
the multi-chain (0g, 01, 02) is a simple chain.

)
— 0Oy
.
— 02 4

_ _J

FIGURE 3. The simple chain (09, 01,02) with o9 = 04, 01 = {{1,3},{2}, {4}}
and g9 = {{17273}7 {4}}
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9.4.3. Free log-cumulants. For all n > 2, and Aj,..., A, € A such that 7(4;) = ... =
T(Ap) =1, set

(_1)14-\1“\ IT|
LF\Z(Al,...,An): Z THH[Kﬁi(Wz‘_l)] (Aly--~7An>-
T chain in NC(n) i=1
F:(Wo ..... 71"1—*|)

TF():On,ﬂ"F‘:ln

For all n > 2, and Ay,..., A, € A such that 7(A;),...,7(A4,) are non-zero, set
Ay A,
T(Ay)" T(An)>
Ifn>2and Ay =---= A4, = A, we call Lk (Ay,...,A,) the free log-cumulant of order n of A,
and we denote it by Lk, (A). Let us define also Lk1(A), or Lr(A), the free log-cumulant of order

1 of A, by Log(7(A)), using the principal value Log, the complex logarithm whose imaginary
part lies in the interval (—m,].

Lk(Ay, ..., Ap) —LK}(

9.5. The graded Hopf algebra Y*). We present here the formalism necessary for a
detailed understand of the free log-cumulants and their relation with the free cumulants. We
use the notation and results of Mastnak and Nica, and we refer to [58] for further detailed
explanations.

Let {1,...,k} C Nbea fix index set, and [k]* = US2({1,..., k}" be the set of all words of finite
length over the alphabet {1, ..., k}. Let us denote by V) the commutative algebra of polynomials
(C{Yw cw € [k]F,2 < \w” By convention, for a word w € [k]* such that |w| = 1, set Y,, = 1.
Moreover, for each word w € [k]* such that 1 < |w| =n, and all 7 = {S1,...,Sk} € NC(n), set
Yr =Yu, - Yu, € Yk where, for all 1 < i < k, w; is the word w restricted to S;.

9.5.1. Definitions. The comultiplication A : Y*) — Y(*) @ Y(¥) ig the unital algebra homo-

morphism uniquely determined by the requirement that, for every w € [k]* with 2 < |w|, we
have

A<Yw) = Z Yw;Tr ® Yw;K(fr)'
TeNC(n)

The counit ¢ : Y*) — C is the unital algebra homomorphism uniquely determined by the
requirement that, for every w € [k]* with 2 < |w|, we have £(Y,,) = 0.
Proposition 3.6 of [58] reveals the bialgebra structure of Y®)_ The algebra Y*) is a bialgebra
when we endow it with the comultiplication A and the counit €, which means that
(1) (A®id)oA=(id®A)oA: YK - Yk o Y& @ Yk (coassociativity),
(2) (e®id)o A = (id®e) o A =id (counity),
(3) A and ¢ are unital algebra homomorphisms.

Moreover, Y*¥) is a graded bialgebra. More precisely, for all n € N, the homogeneous elements

of degree n are the elements of
< * Wi
yr(Lk)Zspan{le"-qu : 1 <q,wi,...,wq € [k]" with }

lwi], ..., |wg| > 1and |wi| + ...+ |wg| =n+q
This grading makes the bialgebra Y*) a graded connected bialgebra, which means that
L %’ =c,
(2) VM = @72 Y
(3) for all m,n € N, NN yﬁfjin and A(y,&’“)) C @?:Oyi(k) ® y,(l’f_)z
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9.5.2. The convolution. Let m : Y¥) @ Y*) — Y*) he the linear map given by multiplication
in Y¥). Let € and 1 be two endomorphisms of Y*). The convolution product £ % 7 is defined by
the formula

Exn=mo ({®n)oA.
It is an associative product on endomorphisms. Let us emphasize that a linear functional £ :
y(k) — C is considered as an endomorphism of y<k> since C is identified with the subalgebra
C-1yw of V). Let & be an endomorphism of Y*) such that £(1) = 0. Because A respects the
grading of Y®), the convolution powers (€*1)1en of € are locally nilpotent. More precisely, for

all n € N, £ vanishes on y,(ﬁ) whenever [ > n. Thus, for any sequence (o;);en in C, we can
unambiguously define Y72, ;& For all n € Nand all Y € Y of degree n, we have

(i alg*l> Y = <zn: al§*1> Y.
1=0 =0

In particular, for any endomorphism & of Y*) such that £(1) = 0, let us define exp,(¢) by
2o %5*1, and for any endomorphism 7 of Y¥) such that (1) = 1, let us define log,(n) by
—> 0 %(5 —n)*. The exponentiation exp, maps the set of endomorphisms & of Y*) such that
£(1) = 0 bijectively onto the set of endomorphisms 7 of Y®*) such that n(1l) = 1, and the inverse
of this bijection is given by log,.

Let us indicate that Y*) is a Hopf algebra. Indeed, let us define the antipode S by the series
£+ .72, (e —id)*". Then the antipode S is such that S xid = ¢ = id % S.

9.5.3. Free cumulants. Let A = (Aj, ..., A;) € AF. The character ya : Y¥) — C associated
to A is defined as follows (note that in [58], xao would be denoted by x,., where pa is the
distribution of A). The linear functional y A is multiplicative, and for all w = (i(1),...,i(n)) € [k]*
such that 2 < n, we have xa(Yy) = £(4;1), -, Ain))-

Let us suppose that x(A;) = ... = k(Ag) = 1. For all word w = (i(1),...,i(n)) € [k]* such
that 1 <n, and all 7 € NC(n), we have
(9-4) XA (Yar) = 6l7] (i), - i) )
by the multiplicative properties of xa and of the free cumulants. Proposition 4.5 of [58] links
the free cumulants and the free log-cumulants as follows. For all w = (i(1),...,i(n)) € [k]* such
that 2 < n, we have
(9.5) log, xa(Yw) = Lk (Ai(1)7 e 7Ai(n)> :

Moreover, log, xa is an infinitesimal character, which means that, for all Y7,Y> € Y*)| we have

log, xa (Y1Y2) = log, xa (Y1) - e(Y2) + (Y1) - log, xa (Y2).

Let w = (i(1),...,i(n)) € [k]* be such that 2 < n. Let 7 € NC(n) be such that = has exactly
one block which has at least two elements. Let {j1,...,jx5} be this block of 7, with j; < jo <
... < jn. Let us denote by Lk [7] (Aj(1y, - -, Ain)) the free log-camulant Lr(A;iy,-- -, Aiy))-

LEMMA 9.7. Let (Ai,...,Ax) € A¥ be such that k(A;) = ... = k(Ay) = 1. Let w =
(i(1),...,i(n)) € [k]* be such that 2 < n and m € NC(n). We have
T
1
/Q[T(‘] (Ai(1)7 ce ,Az(n)) = Z ™n Lk [Km (77'@'71)} (Az‘(l)a s 7Az(n)> :
. “ Tt
I' simple chain in NC(n) =1

I=(mo,...,m|1|)
7r0:0n,7r|p|:7r
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ProOF. We have s[r](A;q1), .-, Aim)) = XA (Yw;r) = exp,(log, xa)(Yuw;r). By definition of
exp,, we have
1 *
i) (Aiys s Aiy) = 3 (108, Xa)"! (Yair).
=0
For all 1 <1, let Al : k) (y<k>)®l denote the iterate of A. Following step-by-step the proof

of Proposition 4.2 in [58] but with an arbitrary endpoint 7;, we have

A (Vi) = > Yister, (m0) @ YurKny (m) @+ © Youse, (m_y)-
I' multi-chain in NC(n)
I'=(mo,...,7m)
=

=~

Thus, we have
|T’|

> 1
K[ (Ai(1)7--~7Ai(n)> = Z[ > T log. xa(Yusscy, (m 1))

[=0 " T" multi-chain in NC(n)i=1
F:(’ZTO,...JK'Z)
To=0pn,m="7

IT’|
1
= Z | || Hlog* XA(Yw Ko, (mi— 1))
T" multi-chain in NC(n)

I'=(mo,...,m|1|)

7ro:0n,7r‘r|:7r
It remains to prove that, for all 7 € NC(n), log, xA(Yuw;x) = Lk[r](Ai), -+, Ainy) if m has
exactly one block which has more than two elements, and 0 otherwise. Let m € NC(n) be such
that 7 has exactly one block which has at least two elements. Let {j1,...,jn} be this block of
m, with 71 < jo < ... < jn. Using (9.5), we have

log, XA (Yuw;x) = log, xa (Y(i(jl),...,i(jN))> =Lk (Ai(jl)a c Ai(jN)) = Lkr] (Am), e 7Ai(n)> :
If 7 =0, € NC(n), we have log, xA (Yuw:x) = log, xa(1) = 0. Finally, if 7 € NC(n) has two

blocks which have at least two elements, there exist Y7,Ys € y*) \ yé’“) such that Y,,.r = Y1Y5.
We have e(Y7) = e(Y3) = 0. Thus,

log, xa(Yur) = log. xa(Y1)e(Y2) + &(Y1) log, xa(Y2) = 0. O

9.6. Properties of the free log-cumulants. This section presents some important prop-
erties of the free log-cumulants which arise from the Hopf algebra structure presented in the
previous section. However, in their formulations, the different results do not involve the under-
standing of the previous section.

9.6.1. Cumulants from log-cumulants. Let n > 2. Let us consider Ay,..., A, € A such that
7(A1),...,7(Ay) are non-zero. Let m1 € NC(n) be such that = has exactly one block which has
at least two elements. Let {i1,...,i;} be this block of 7, with i1 < iy < ... < i. Let us denote
by Lk [n](Ai,...,A,) the free log-cumulant Lk(A;,, ..., A;, ).

PROPOSITION 9.8. Let n € N*, and Ay,..., A, € A be such that T(A1),...,7(4,) are
non-zero. For all m € NC(n), we have
I
(9.6) K[T|(Aq,..., Ay) = LA . oLn(An) Z H L/ﬁ}[ (i1 } (A1,..., Ap).

T simple chain in NC’(n)
F:(ﬂ’(),...,ﬂ"m)
mo=0n,m|p|=7



9. COMPUTATION OF SOME CONDITIONAL EXPECTATIONS 55

PRrOOF. The degenerate case where n = 1 is verified because in this case, m = {{1}},
IT|

(A = ) = e S IFI' H Lk K, (mio1)] (A1) =1
T" simple chain in NC(1)
I'=(m0,...; 1)
7r0:0n,7rm:7r
Let us suppose that 2 < n. Since the free log-cumulants of (Ay,..., A;,) involved are equal to

those of (A1/7(A1),...,A,/7(Ay)), and
KT (A1, ..., Ay) = el o Em(An) i) (A J7(AY),. .., An/T(AL)),
we can assume that 7(A;) = ... =7(A,) = 1, or equivalently that k(A1) = ... = k(4,) = 1. We
end the proof using Lemma 9.7. O
From (9.1) and (9.6), we deduce the following corollary.

COROLLARY 9.9. Letn € N*, and Ay,..., A, € A be such that T(A;),...,7(A,) are non-

zero. We have
|
9.7)  7(A1---Ay) = elr(A) . Lr(An) 3 HL“[ (i1 } (A1,..., Ay).
I' simple chain in NC(k)
I=(m0,...,7|1|),T0=0n

9.6.2. Log-cumulants and freeness. The LS-transform of A is the series in the non-commuting

variables z1, ..., z; defined by

LSA(21,. . 26) = > log, xa(Yuw) - 2i(1) -+ Zi(n)
2<n
w=(i(1),...,i(n))€[k]*
= Z Lk <A2(1)7 ey Al(n)) Zi(l) te Zl(n)
2<n

(i(1),-..yi(n) ) € [K]*
The following two propositions are results analogous to Proposition 9.1 and Corollary 9.2.
They are reformulations of Proposition 5.4 and Corollary 1.5 of [58].

PROPOSITION 9.10. Let (B;),c; be subalgebras of A. They are free if and only if their mized
free log-cumulants vanish. That is to say: for alln € N*, alliy,...,i, € I and all Ay,..., A € A
such that 7(A1) = ... = 7(An) = 1 and such that Aj belongs to some B;; for all1 < j < n,
whenever there exist some j and j' with ij # iy, we have Lk(Ay,..., Ay) = 0.

PROOF. Proposition 5.4 of [58] says that Aj,..., Ay are free if and only if one has
LSA(z1,...25) = LSa, (21) + ...+ LS, (21),
or equivalently, that Aj, ..., Ay are free if and only if Lr(4;),. .., Ain)) = 0 each time there

exist some j and j' such that i; # i;. Proposition 9.10 follows immediately. g

PROPOSITION 9.11. Let A and B € A be free, and such that 7(A) and 7(B) are non-zero.
We have Lk1(AB) = Lk1(A) 4+ Lk1(B) (mod 2i7), and for all n > 2:

Lkn(AB) = Lin(A) + Lin(B).

PROOF. Let A and B € A be free and such that 7(A) and 7(B) are non-zero. We have
first T(AB) = 7(A)7(B), thus Lki(AB) = Lk1(A) + Lk1(B) (mod 2im). Set A = A/7(A)
and B = B/7(B). Corollary 1.5 of [58] says that LS ;5 = LS; 4+ LSp. Thus, for all 2 < n,

Lty (AB) = Lkn(AB) = Lty (A) + Lkn(B) = Lk, (A) 4 Liy, (B) . 0
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9.6.3. S-transform. In the 1-dimensional case, the free log-cumulants can be recovered from
the S-transform. Indeed, let A € A be such that 7(A) = 1. Let us consider the R-transform
of A, i.e. the formal series Ra(z) = > 02 kn(A)z". Let S4 be the S-transform of A: it is the
formal series S4 such that 254(2) is the inverse under composition of R4(z). We remark that
k1(A) = 7(A) = 1, and by consequence, we have S4(0) = 1/x1(A) = 1. Thus we can define the
formal logarithm of S4 as the formal series log Sa(z) = — Y02, 1(1 — S4(2))". Corollary 6.12
of [58] establishes then —zlog Sa(z) = Y ooy Lkn(A)2" = LSa(2).

9.6.4. Free unitary Brownian motion. Let t > 0. A non-commutative random variable Uy is a
free unitary Brownian motion in distribution at time ¢ if U; is unitary and the free log-cumulants
of U are Lk1(Uy) = —t/2, Lko(Uy) = —t and Lk, (Up) = 0 for all n > 2. The distribution of U,
is given by (9.7): for all n € N*, we have

7|
rUp) = e ¥ > ‘Fl‘, [T Lo [Er, (mi)]| (0.
I" simple chain in NC(n) Ti=1
F:(ﬂ'o,...,ﬂ"r\‘),ﬂ'o:on
A simple chain I' = (0, 71, ..., mp|) in NC(n) is called an increasing path if, for all 1 <14 <1,
the block of K, (m;—1) which has more than two elements has exactly two elements. Proposition
6.6 of [53] tells us that, for all £ > 0, the number of increasing paths of length k in NC(n) is

exactly (kil)”k_l if k <n—1and 0 if k > n. Thus,

n—1 k n—1 k
ny _ -t (=) _ o~ () e
T(Ut)_GZ; N J! _622 o \k+1)t
=0 | T increasing path in NC(n) k=0
[T'|=k
In [17], Biane proved that it is indeed the distribution of a free unitary Brownian motion (U;)¢>0
at time ¢ as defined in Section 9.6.4.

9.7. Multiplicative transition operators. Let A = (4;);c; € A!. Let us define a
derivation DA associated to A on (C{X;:i € I}, ) in the following way. For all n € N and
i(1),...,i(n) € I, we set

Da (Xi(l) e Xi(n)) = > Lk (Ai(kl)a e aAi(km)) Xiy  Xi(k—1)
1<m<n
1<ki<...<km<n -tr Xz(kl) cee Xi(kz—l)
A ( Xihy) - Xi(ks—1)

“tr (Xi(km_l) R Xz'(k:m—l)>
Ktk Xi(n)
and we extend Da to all C{Xj : i € I'} by linearity and by the relation of derivation
VP,Q e C{X;:i€ I}, Da(PtrQ)= (DaP)tr@Q + Ptr(Da Q).

For any finite index set J C I and d € N, the finite-dimensional space C4{X; : ¢ € J} is invariant
for the operator Da. Thus, we can define ePA on each of those spaces. The operator eP4 on
C{X; : i € I} is defined by the series > ;2 %D’_,K. For all P € C4{X; :i € J}, ePAP is the
convergent sum » p- % DX P. The operator D is a derivation, and we have the Leibniz formula

Vk € N,YP,Q € C{X; :i € I}, (Da)f (Ptr Q) = zk: <k> (D4 P)tr (DK Q),

=0 !
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from which we deduce, using the standard power series argument, that the operator ePa is
multiplicative in the following sense:

YP,Q € C{X;:i eI}, ePa(PtrQ) = (eDAP) tr (eDAQ) .

Let us denote by 7(A) the family (7(A;))ier and by A/7(A) the family (A4;/7(A;))er.

PROPOSITION 9.12. Let A = (A;);c; and B = (B;),c; € Al be such that 7(A;) # 0
and 7(B;) # 0 for all i € I. The operators D (ay, Dy) and Da/r(a) commute, DA =
DT(A) + DA/T(A), and ePA = ePa/ra)ePra),

PRrROOF. The free log-cumulants of 7(A) are zero except Lr(1(A;)) = Lk(A;) for all i € T
and the free log-cumulants of A/7(A) are those of A, except Lr(A4;/7(A;)) =0 for all i € I.

We recall that, from Section 8.1.4, the monomials of C(X; : ¢ € I) generate the algebra

(C{X; : i € I}, ). Let n € N and i(1),...,i(n) € I such that M = X, - Xj(,). For all
1 <k <1< n, we denote by try; the element tr(X;q,)--- X;;—1)). We compute

D7) Da/ra) (Xiu) S Xi(n))

= Z Z Lk (Bz(l)> Lk (Az(kl), cue 7Az(km))

1<l<n  2<m<n
1<ki1<...<km<n Xl(l) e Xl(k‘1—1) . trk’l,kg e trkm,—l,km X’L(k‘m) e X?,(’I’L)
= Dayra)Dr(m) (Xz'u) a Xi(n)) :

Thus, DT(B) DA/T(A) M = DA/’T(A) DT(B) M for all monomials M € (C(XZ NS I), and we
extend the commutativity on all C{X; : ¢ € I'} by induction because D) and Dp /- (a) are
derivations. Similarly, we verify the commutativity of D;(a), DBy and D /r(a) on monomials
of P € C(X;:i€ I), and we extend it on all C{X; : 7 € I'} by induction.

Finally, the operators Da and D (a)+ Da/7(a) are two derivations which coincide on mono-

mials, so DA = D;(a)+Da/r(a), and ePa — Pasra)ePra) is a direct consequence of the two
first assertions. O

For all A = (A;)icr € A” and B = (B;);er € A’ let us denote (A;B;)icr € A by AB.

THEOREM 9.13. Let I be an arbitrary index set. Let A = (A;)ier € Al be such that T(A;) # 0
foralli € I. For all P € C{X; :i € I}, and all B = (B;)ic; € Al free from (A;)icr and such
that T7(B;) # 0 for all i € I, we have

7(P(AB)|B) = (¢"*P) (B).
In particular, for all P € C{X; :i € I}, we have
7(P(A)) = ("2P)(1).
Note that, from Proposition 9.12 and Theorem 9.13, we have for all P € C{X; :i € I}
7 (P (A)) = (P2 P) (1) = (ePA/4) (P8 P))(1).

In fact, the last expression ePa/7(4)¢Pr(a) P is easier to calculate because in practice Dy /r(A) 18
locally nilpotent, i.e. it is nilpotent on any finite dimensional space, and D (a) simply multiplies
each element of the canonical basis of P € C{X, : i € I'} by a factor which depends on its degree
(see the example in the next section).

PrOOF OF THEOREM 9.13. We start by proving a weak version of Theorem 9.13 in the
following proposition.
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PROPOSITION 9.14. Let I be an arbitrary index set. Let A = (4;);c; € Al. Let P €
C{X;:i €I}, and B = (By);c; € Al be free from (A;);c;. Let us assume that, for alli € I,
T(A;) = 7(B;) = 1. We have

(P (AB)) =7 (("*P) (B)).

PrROOF. For any P € C{X; :i € I}, P depends on only finitely-many indices. Thus, we can
suppose that I is finite. Let us say that I = {1,...,k} C N.

Let us assume first that P is a monomial. Let w = (i(1),...,i(n)) € [k]* be such that
P = X;(1) - Xj(n)- Thanks to (9.1), we have

T (Ai(l)Bi(l) : "Ai(n)Bi(n)) = Z( )/f (7] (Ai(l)aBi(l)v S 7Ai(n)7Bi(n)) :
reNC(2n

The elements A and B are free. By Proposition 9.1, the only elements of NC(2n) which contribute
to the sum are the partitions of the form m U mo where m € NC({1,3,...,2n — 1}) and
me € NC({2,4,...,2n}). We use now the definition of K (7). We have

T (Ai(l)Bi(l) o Ai(n)Bi(”))

= >, > K [m1 U o (Aiu), Bi1ys -+ Ain), Bz’(n))
mENC({1,3,...,2n—1}) meeNC({2/4,...,2n})
mUme € NC(2n)

= Z Z Ii[ﬂ'l] (Az(1)77Az(n)) . /@[71'2] (Bz(l)aaBz(n)) .
T ENC(n) TeENC(n)
me=K(m1)ENC(n)

Applying now (9.1), we see that

TeNC(n)
We recognize here the comultiplication A. More precisely, let us define ng to be the character asso-
ciated to B as below. The linear functional ng is multiplicative, and for all w = (i(1),...,i(n)) €
[k]*, we have nB(Yy) = 7(Bjq1), - - - Bin))- For all w = (i(1),...,i(n)) € [k]* we have
T (Ai(l)Bi(l)"'Ai(n)Bi(n)) = > k7 (Ai(1)7--'aAi(n)) 'T[K(W)} (Bi(l)v"-vBi(n))
meNC(n)
= Z XA (Yw;w)nB (Yw;K(ﬂ))
TeENC(n)

= (xa*nB)(Yu).

We arrive at the Hopf algebra Y®) and consequently we introduce the algebra homomorphism
p: (C{X;:i €I}, ), (Y®,.). For all monomials Xiqy - Ximy € C{X; : i € I}, we set
P(Xi1y -+ Xin)) = Y(i(1),....i(n))» and we extend p by linearity and by products.

Since P — 7 (P (AB)) is multiplicative and xa * B is also multiplicative as a convolution
of two characters, the relation 7 (P (AB)) = (xa * nB)(p(P)) extends from monomials to all
C{X; : i € I}. Similarly, the relation 7 (P (B)) = nB(p(P)) extends from monomials to all

Here we prove a general result which relates the composition exponentiation with the convo-
lution exponentiation exp,.
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LEMMA 9.15. For all linear maps & from Y% to C, and for all endomorphisms n of Y,
we have & x 1 = 1o (€ *id). Moreover, if £(1) = 0, we have exp, (&) * id = &4,

PROOF. For all V;,Ys € Y, we have
m(E(Y1) @n(Y)) = EXV)n(Ya) = n(€(Y1)Y2) = nom(E(V1) @ Ya).
Thus, mo (£ ®n) =nomo (£ ®id), and eventually,
§xn=mo(f®n)oA=nomo(§®id)oA=mno({x*id).

For the second relation, let us suppose that £(1) = 0. It suffices to apply the previous result with
n = ¢ xid. By an immediate induction, for all [ € N, we have

el xid = &N w (Exid) = (Exid) o (€D xid) = ... = (€ *id) Y o (€ xid) = (€ *id)",
and consequently exp, (§) *id = g %5*1 xid = % %(5 % id)! = e&*d, O

Because log, xa maps Y¥) to C, using Lemma 9.15 twice, for all P € C{X; :1 € I} we have
7 (P (AB)) = xa *nB(p(P)) = 1B © (xa * id) 0 p(P) = np 0 8- Xa¥d 0 p(P).
For all P € C{X; : i € I}, we also have that 7 ((eDAP) (B)) = B o p o ePA(P). Therefore, it
remains to prove that (log, xa *id) o p = poDa. Let us check this first on monomials. For all
w = (i(1),...,i(n)) € [k]*, we have
(log, xa *id) o p (Xi(l) - 'Xi(n)) = log, xa *id(Yy)

= Z log, xa (Yusr) - Yw;K(w)-
TeNC(n)

In the proof of Proposition 9.7, we showed that, for all 7 € NC(n),
].Og* XA(Yw;ﬂ) = LK)[T(](AZ'(l% EERE) Az(n))

if m has exactly one block which has more than two elements, and 0 otherwise. In the case where
7 has exactly one block which has more than two elements, let us denote by {k1,--- , k&, } this
block of 7, with k1 < ke < ... < kp,. We have K(m) = {{1,..., k1 — Lk, ... ,n}, {k1,... ko —
1},...,{km-1,-..,km — 1}}, which we denote by 7(k1,..., k). Thus, we have

(log, xa *id) 0 p(X;1) -~ Xyry) = Y. log, xa(Yusr) - Yoi(m)
meNC(n)
= > Lk (Ai(k1)7 e Ai(%)) Yipim (bt oo im)
2<m

1<k1<..<km<n
= p(Da Xy X))

Since D4 is a derivation, (log, xa *id) o p = poDa will be a direct consequence of the fact that
log, xa *id is a derivation. One can verify this directly, but we remark that elo8«xa*id — y 1 xid,
and because xa *xid —id is locally nilpotent because x a *id —id makes the degree strictly decrease,
we also have log, xa *id = log(xa *id) = — >_72, %(id—XA xid)!. Finally, y a *id is multiplicative,
so log, xa *1id = log(xa *1id) is a derivation. This concludes the proof of Proposition 9.14. [

Let us finish the proof of Theorem 9.13. Let A = (A;);cr € A’ be such that 7(A4;) # 0 for
all i € I and let B = (B;);er € Al be free from (A;);er such that 7(B;) # 0 for all i € 1.
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Step 1. Proposition 9.12 says us that D), D) and D4 /7o) commute, and that ePa =

ePasrm)ePra) | Let (i(1),...,i(n)) € I, and P = Xi1) * Xin)- Using Proposition 9.14, we have
T (P(AB) = 7(7(4iw) 7 (Biwy) -7 (Aign)) 7 (Bitn)) P (A/7(A) - B/7(B)))
= 7 (PP P (A/T(A) B/7(B)))
— T( Da/r(a)ePr®) ¢Pra) P (B /7(B )))

= 7 (cPr@ePaP (B/7(B))).

This relation extends to all C{X; : ¢ € I'} by induction.
In particular, and because ePAP € C{X, :i € I}, we have

(9.8) 7(cPAP(B)) =7 (PAP (7(B)B/(B))) = 7 (P ®PAP (B/r(B))) = 7 (P (AB)).

Step 2. We will use the following characterization of conditional expectation. The element
7 (P(AB)|B) is the unique element of W*(B) such that, for all B;, € W*(B),

7(P(AB)Bjy) = 7 (7 (P(AB)|B) Bj,) ,
and since ePA P (B) € W*(B), it remains to prove that, for all B;, € W*(B),

™ (P(AB)B;,) = 7 ((e°AP) (B) By, ) .

In order to use Lemma 9.14, we work on C{X; : i € I U {ip}}. Let R;, : P — PX,,
be the operator of right multiplication by X;, on C{X; : i« € I U {ip}}. Let 4;, = 1 and
B;, € W*(B). On one hand, we have P(AB)B;, = (R;,P)(AB, A;,B;,), and using (9.8), we
have 7 (P(AB)B;,) = 7 ( (""" Ry, P) (B, B,)) . On the other hand, = ((ePAP) (B) B;,) =

Da. 4,
7 ((Rige”*0 (P)) (B, Byy)).

Thus, it suffices to prove that the operators Da Ay and R;, commute, which is essentially
the same verification as the end of the proof of Theorem 9.4 in Section 9.3. O

9.7.1. Example. Let t > 0. Let U; be a free unitary Brownian motion at time t. Let us
2
compute D) X2 = ~tX2, Dy, /rr,) X2 = —tX tr X, and (Dy,/rry,)) X = 0. Thus,

ePU X2 — oPuy/rwy) Prv) X2 — oPuy/rwy) (e_th) — et (X2 X tr X + o) ,

Using Theorem 9.13, we have for all B € A free from Uy, 7 ((UtB)2 |B) = e ' (B? - tB7(B)).
Let us derive a more general fact which will be useful in the proof of Theorem 10.7. For all n € N,
set W, =span{QtrR:Q € C,,_1[X],R € C{X}} Cc C{X}. For all n € N*, we have

eDUt X" = eDUt/T(Ut)eDT(Uz)Xn = eDUt/T(Ut) (e_nt/2Xn> = e_nt/2Xn + P

with P € W),_1. Indeed, Dy, /(7,) maps the space W), into the space W;,_1, so the unique term
which is not in W,,_1 in the sum e "t/2 Y reo %(DUt/T(Ut))an is e~ Tt/2xT

10. Free Segal-Bargmann and free Hall transform

This section is devoted to provide a new construction of the free Segal-Bargmann transform
and of the free Hall transform defined in [19] using free convolution or, more precisely, using
the free transition operators of Theorems 9.4 and 9.13. The free Segal-Bargmann transform is
completely characterized in Theorem 10.1 and the free Hall transform in Theorem 10.7.
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For convenience, fix a (sufficiently large) W*-probability space (A, 7) to use throughout this
section. We start with a very succinct review of some results of [59]. Let us suppose that (A, 7) is
represented on a Hilbert space H, in the sense that A is a subspace of bounded operators on H.
The operator norm of A is denoted by || - ||oc- A (not necessarily bounded or everywhere defined)
operator A on H is said to be affiliated with A if AU = UA for every unitary operator U in
the commutant of A. The set of closed densely-defined operators affiliated with A is denoted
by M(A). For all A € A, let us denote by [|Al|z the norm [|A||3 = 7 (A*A). If A € M(A), we
can still define the norm || - || of A (not necessarily finite), by extending the trace 7 to general
positive operators. The space L?(A,7) = {4 € M(A) : ||All2 < oo} is a Hilbert space for the
norm || - ||2 in which A is dense. When we consider a Hilbert space completion for the norm || - |2,
it will always be identified with a subset of L%(A,7), and so with a subset of M (A).

10.1. Semi-circular system and circular system. Let H be a real Hilbert space, with
inner product (-,-)p.

10.1.1. Semi-circular system. A linear map s = (s(h))pey from H to A is called a semi-
circular system if

(1) for each h € H, the element s(h) is a semi-circular random variable of variance ||h||%;,
(2) for each orthogonal family hq,...,h, in H, the elements s(hi),..., s(h,) are free.

Let s be a semi-circular system. We denote by L?(s,7) the Hilbert completion of the algebra,
generated by s(H) for the norm || - ||o : A+ 7(A*A)Y/2. Let us compute the free cumulants of s.
Let n € N and hy,...,h, € H. By Proposition 9.1, by the definition of a semi-circular random
variable in Section 9.2.3, and by the linearity of the free cumulants, we have

r(s(h1), s(ha)) = w(s(h1)", s(h2)") = K(s(h1)", s(ha)) = K(s(h1), 5(h2)") = (b1, ha) g

and x(s(h1)®,...,s(h,)*) =0 for any n # 2 and €1, ...,e, € {1, *}.
10.1.2. Circular system. A linear map ¢ = (¢(h))pey from H to A is called a circular system
if
(1) the maps v2R(c) : h %(c(h) + ¢(h)*) and v23(c) : h > ﬁ(c(h) — ¢(h)*) are

semi-circular systems,
(2) R(c)(H) and S(c)(H) are free.
Let ¢ be a circular system. We denote by Lﬁol(c, 7) the Hilbert completion of the algebra generated

by c(H) for the norm || - ||o : A — 7(A*A)Y/2. Let us compute the free cumulants of c. Let n € N
and hy,...,h, € H. By the linearity of the free cumulants, we have

r(e(hi), e(hz)) = K ((R(e) +iS(c)) (hr), (R(e) +i3(c)) (h2))

= Sa(VERE) (), VERE)(h2)) — 5 (VES(e) (), VES(e) ()

= 0,

and similarly, r(c(h1)”, c(h2)) = k(c(h1), c(h2)*) = (h1, ko), £(c(h1)*, c(h2)*) = 0, and
k(c(h1)®, ..., c(hn)®") =0 for any n # 2 and €1,...,&, € {1, %}.

10.2. Free Segal-Bargmann transform. Let s be a semi-circular system, and ¢ be a
circular system from H to A. The free Segal-Bargmann transform is an isomorphism from
L% (s, 7) to L%, (c,7) defined by Biane in [19].
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10.2.1. Definition. Let us define the Tchebycheff type II polynomials (73,), .y by their gen-
erating function: for all |z| < 1 and —2 < z < 2, we have

e 1

n
To(z) = ———.
ZZ n(@) 1 —xzz+ 22
n=0

We remark that, for all n € N, the degree of T}, is n and the leading coefficient is the coefficient
of ™2™ in the development and is therefore equal to 1.

A quick way to define the free Segal-Bargmann transform is to define it on polynomials.
Let (hj)je ; be an orthonormal basis of H. Let us define G by the unique linear operator on

C(Xp, : j € J) such that, for all n € N, k1,...,k, € N* and j(1) # j(2) # --- # j(n — 1) # j(n)
elements of .J, one has Q(Tkl (Xnj0y)  Thy, (th(n>)> =X
due to Biane corresponds to Definition 4 of [19].

iy Xhj,- The following theorem
THEOREM (Biane [19]). The map P(s) — G(P)(c) for all P € C(Xy, : j € J) is an

isometric map which extends to a Hilbert isomorphism between L? (s,7) and L3, (c,T) called the
free Segal-Bargmann transform.

10.2.2. Another construction. Theorem 10.1 links the free Segal-Bargmann transform and
the free convolution. The link with the free convolution is already presented in [19] in the
1-dimensional case.

THEOREM 10.1. Let s be a semi-circular system, and ¢ be a circular system from H to A.
For all P € C{X}, : h € H}, F : P(s) — (e®sP)(c) is an isometric map which extends to a
Hilbert space isomorphism F between L? (s,7) and L}, (c,T). Moreover, this isomorphism is the
free Segal-Bargmann transform.

In particular, if s and c are free, for all P € C{X} : h € H},

.F(P(s)) = T(P(s—i—c) ‘c)
It should be remarked that, for the map F to be well-defined, it must be true that, for all
P,Q € C{X}, : h € H}, if P(s) = Q(s), then (e P) (c) = (e**Q) (c). This fact is contained in
the following proof.

ProoF. We will prove in a first step that, for all P € C{X}, : h € H}, we have
2 _lyAs 2
(10.1) 1P )z = [PV @) -
This proves that, for all P € C{X}, : h € H}, if P(s) = Q (s), then

[Py — @ @), = E-Q)©) = (P = Q) (®)llz2(sr) = 0,

2

Lia(e) Ligi(eT)

and consequently (e2sP)(c) = (e**Q)(c). Thus, F is a well-defined isometric map, and so
it extends to a Hilbert isomorphism F between L?(s,7) and F (L?(s,7)) C L2, (c,7). The
surjectivity is clear since, for all P € C (X} : h € H),

P(c) = (e*(e72P)) (c) = F((e P (¢) ).

The equality with the free Segal-Bargmann transform will be made in a second step, and
the last part of Theorem 10.1 follows from Theorem 9.4, which says in this case that, for all
PeC{Xy:he H}, (¢?P)(c) =7(P(s+c)lc).
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Step 1. In the aim to prove (10.1), we work on the *-algebra C{X}, : h € HU (H x {x})} =
C{Xn, X} : h € H} (see Section 8.2.1).

Let sT and s~ be two semi-circular systems from H to A such that s™, s~ and c are free. Let
us define five auxiliary maps from HU(H X {x}) to A. The first four are the natural extensions of s,
c,stands™. Forall h € H, we set s(h) = s(h) = s((h,*)) = s(h)*, c(h) = c(h), c((h,*)) = c(h)*,
st (h) = st(h) =sT((h,*)) = sT(h)* and s~ (h) = s~ (h) = s ((h,*)) = s~ (h)*. The last map §
is defined for all h € H by §(h) = ¢(h) + s (h), and §((h, *)) = c(h)* + s~ (h). We remark that s,
st and s~ have the same distribution, and that § is equal to ¢ +s* on H and is equal to ¢ +s~
on H x {x}.

Let P € C{X}, : h € H}. Theorem 9.13 gives us that

and

HeASP(c)‘

iﬁm(cﬁ) _ T<(6Asp(c))*(eﬂsp(c))>
<T P

It remains to prove that Ag = As on C{X}, X} : h € H}. By definition, it suffices to prove that
the free cumulants of (s(h)) gu(rx{+}) and (8(h)) gu(ax{+}) coincide.

Recall that 04 is free from all element of A, so all free cumulants involving 04 are equal to
0. The data of the free cumulants of a semi-circular system (see Section 10.1.1), of a circular
system (see Section 10.1.2) and the linearity of the free cumulants allows us to deduce the free
cumulants of (s(h)) guaxg+}) and (8(h)) Hu(ax{+})-

We observe first that all free cumulants of order different from 2 involved are equal to 0.
Thus, for all n € N such that n # 2 and hy,...,h, € HU (H x {x}), we have

k(3(h1),...,s(hn)) = 0=k (3(h1), ...,8(hn)).

Only cumulants of order 2 are non-trivial. Let hq, ho € H. We have

£ (s(h1),s(h2)) = r (s(h1), 5((h2, %)) = ke (8((1, %)), (2, ) = w(s(h), s(ha)) = (hasha)y
r(8(h1),8(h2) ) = k(e(hn) + 5F (), <h2>+s <h2>) (s <h1>,s+<h2>) = (b1, ha)
£ (8001),8((h2, %)) ) = #(e(ha) + 5+ (hn), e(h (h2)) = k(elhn),e(ha)”) = (b
and

£ (3((h1,#)),8((h2, %)) ) = k(c(hn)* +57(h), e(ha) "+ 57 (ha) ) = k(57 (1), 57 (ha)) = (b1, ha) g

At the end, for all hi,hy € HU (H x {x}), we have &(s(h1),s(h2)) = r(8(h1),5(h2)).
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Step 2. We prove now that the isomorphism F is indeed the free Segal-Bargmann transform.
That can be done using the factorization of Section 8.2.3. More precisely, with the aim of working
on polynomials, we will use the identity P (c) = P|,(s) for all P € C{X}, : h € H}.

For all P € C(Xy; : j € J), we have (eAsP)|c = G(P). This fact is easily obtained by
induction on the degree of P. Indeed, P + (e®sP)|c and P — G(P) both respect the degree
of P, preserve leading coefficients and are isometries between (C(Xp, : j € J),| - [|s) and
(C(Xn,; : j € J),|l-lc) for the norms || - ||s : P = [|P(s)|l2 and || - [lc : P ~ [|P(c)|]2. This
proves that, for all P € C(X,; : j € J), we have F(P(s)) = e®<P (c) = (%< P)|c (c) = G(P) (c),
establishing the equality between F and the free Segal-Bargmann transform on the algebra
generated by (s(h;));es, and because they are isomorphisms, this equality extends to L? (s, 7). O

10.3. Free stochastic calculus.

10.3.1. Semi-circular and circular Brownian motion. A free standard Brownian motion, or
semi-circular Brownian motion, is a family (X;),- of self-adjoint elements in A, such that

(1) Xo=0;
(2) For all 0 < s < t, the element X; — X, is semi-circular of variance ¢ — s;
(3) For all 0 < ¢; < ... < ty, the elements Xy, Xy, — X4y, ..., Xy, — Xy, form a free
family.
Let B be a von Neumann subalgebra of A, free from W*(X;,t > 0). We denote by B; the von
Neumann algebra generated by W*(X;,0 < s <t¢)UB.

A free circular standard Brownian motion is a family (Z;):>0 of non-commutative random
variables in 4 such that %(Zt + Z)¢>0 and (ﬁ(Zt — Z}))t>0 are two free standard Brownian
motions which are free from each other.

10.3.2. Free stochastic integration. Let us recall briefly some basic definitions of free stochastic
calculus. For simplicity, let us consider a very restricted situation. For further information, and
more developments, see [19], [21] or [49]. We will treat in parallel the semi-circular and the
circular case.

Lett > 0. Let s — Ag and s — Bs be maps from [0, ¢] to A, continuous and uniformly bounded
for the operator norm | - ||. We suppose that, for all s € [0,t], As and B, € B (respectively
W*(Zy,u < s)). Such mappings are called bounded adapted semi-circular (respectively circular)
processes on [0,t]. Then we can define the free stochastic integral f(f AydX B, € B; with respect
to X (respectively the free stochastic integrals f(f AsdZsBs € W*(Zs,s < t) and f(f A,dZ:Bs €
W*(Zs,s < t) with respect to Z and to Z*). A bounded adapted process on Ry = [0,00) is a
bounded adapted process on all [0,¢] C R.

The following lemma includes properties corresponding to Lemma 10 and Proposition 7
of [19], and to Proposition 3.2.3 of [21].

LEMMA 10.2. Let A and B be two bounded semi-circular (or respectively circular) adapted
processes. We have for all t >0, T (fg A, dX, B, B) =0 and (f(f ASdXSBS) = fg BrdX A% in
the semi-circular case.

We have for all t > 0, 7 ( st AstsBs) —0, 7 ( st Ast§Bs) — 0 and ( st AstsBS>* -

[y BXdZ* A% in the circular case.

We have It6 formulas for free stochastic integrals (Proposition 8 of [19], or Theorem 4.1.2
of [21]) which are summed up below, using formal rules. Let A, B, C and D be bounded adapted
semi-circular processes. We have

Atdt . Ctdt = Atdt . CthtDt = AthtBt . Ctdt = 0,
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and
AthtBt . CthtDt =T (BtC’t) AtDtdt
Let A, B, C and D be bounded adapted circular processes. We have
Atdt . Ctdt = Atdt . CtdZtDt = AtdZtBt . Ctdt = Atdt . CtdZ:Dt = AtdZ:Bt . Ctdt = O,

AtdZtBt . CtdZtDt = AtdZ:Bt . CtdZ:Dt =0
and
AdZ! By - CdZy Dy = AdZy By - Cyd Z Dy = 7 (ByCy) Ay Dydt.

As an example, let us write the Itd formula in terms of free stochastic integrals in the semi-circular
case. For all ¢ > 0, we have

t t t S t S
/AstsBs/ C,dX,D, = /Asts [Bs/ CuquDu}—l—/ [/ AuquBuCS] dX,D,
0 0 0 0 o LJo
t
+ / 7 (B,Cy) Ay Dyds.
0

10.4. Free unitary Brownian motion. The (right) free unitary Brownian motion (U)o
is defined to be the unique bounded adapted semi-circular process which is the solution of the
following free stochastic differential equation

Uy = Id,
(102) {dUt = idXiU; — LUdt.

It can be constructed using Picard iteration (see for example [49]). From Lemma 10.2, we know
that (U;")¢>0 is a bounded adapted semi-circular process defined by the free stochastic differential
equation

(10.3) { U = 14,

AUy = —iU;dX, — $Uzdt.
Thanks to the free It6 formula, one obtains UyU; = Id and for all ¢ > 0,

1 1
d(UUf) = iU dX U} —iUdX,Uf + U,Uf dt — SUU; dt — SUUY dt = 0.

Thus, for all t > 0, U = U;'. The distribution of (U;)¢>0 was computed in [17], and has been
recalled in Section 9.6.4.

10.4.1. Extension of Dy,. The purpose of this section is to establish Proposition 10.4 below,
which is an extension of Theorem 9.13 for the unitary Brownian motion. We begin by extending
Dy, on C{X, X*, X1, x*7 1,

Let k€ N, and Xy,..., X, € {X, X* X L X* 1} Forall 1 <i <k, setl(i)=0,r() =1
and €(i) = 1if X; = X or X; = X* 7%, and I(i) = 1, 7(i) = 0 and €(i) = —1 if X; = X* or
X; = X~ 1. Informally, the numbers (i) and 7(7) indicate if X; is a left multiplicative process, or
a right one, and the sign €(7) reflects the coefficient in the stochastic equation verified by Xj.

—_— A .
For all 1 <i < j <k, the term X - - - X; refers to the product Xz(z)XZ-H e Xj_lX]l-(]), that
is to say the product X;--- X; possibly excluding X; and/or X;. We set
— —
ApXy- X =—kX; - X3 —2 Z e(i)e(j)Xl-~Xi--~Xj-~-thr(Xi-qu),

1<i<j<k
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—
where the hat means that we have omitted the term X;---Xj; in the product X ---Xj. We
extend Ay to all C{X, X*, X!, X*71} by linearity and by the relation of derivation

(10.4) VP,Q e C{X,X*, X L, X* '}, Ay (PtrQ) = (AyP)trQ + Ptr (AyQ).

Let t > 0. We observe that, if we consider %AU on C{X}, the term X - - - X is always the product
XiXit1--- X1, and consequently %AU coincides with Dy, on C{X}, as defined in Section 9.7
using the free log-cumulants of U; which are stated in Section 9.6.4.
LEMMA 10.3. Let B be an invertible variable of B. For all P € C{X, X*, X1, X*71},
d

Tl (P(UyB)|B) =71 <;AUP (UtB)‘ B) :

PROOF. Let us define (UP = U;B);>0. We deduce from (10.2) that (UF);>¢ is a bounded
adapted semi-circular process defined by the free stochastic differential equation

U = B,
(10.5) {dUtB = dX,UP — sUPdt.

The process (UP)i>0 has an inverse (UP)~! = B~'U; ! at any time ¢ > 0. From (10.3), we know
that ((UP)~!)i>0 is the bounded adapted semi-circular process defined by the free stochastic
differential equation

(v8) " = B,

(10.6) d (UtB)il = — (UtB)il dX; — % (UtB)71 dt.

Similarly, from Lemma 10.2 we know that ((U)*);>0 is a bounded adapted semi-circular process
defined by the free stochastic differential equation

(10.7) { (U(ﬂ* = B

d(Uf) = —i(uP) ax, -1 (vP) at,

and that ((UP )*_1)t20 is a bounded adapted semi-circular process defined by the free stochastic
differential equation

x—1
(@)t - o
A(Uf) " = wax,(vf) - L(UF) a
Let k € N, and Uy, ..., Uy € {UE, UF*, U UP* Y.

For all 1 <i < k, set 1(i) = 0, (i) = 1 and €(i) = 1 if U; = UP or U; = UF* ", and 1(i) = 1,

. . * -1 . 1
r(i)=0and e(i) = —1if U; =UP or U; = UP~ . Forall 1 <i < j <k, the term Uj - - - U; refers
to the product U;(z)UiH “ee Uj,lU;(J), that is to say the product U; - - - U; possibly excluding U;
and/or U;. We claim

k — —
(10.9) d(Uy---Up) =Y Up---dU;---Up = > e(z’)e(j)Ul---UZ----Uj---Uk-T(Ui---Uj) dt.
i=1 1<i<j<k

Indeed, using It6’s formula (see Section 10.3.2), the equation (10.9) follows by induction on k € N.
Let us show how it works. We suppose that the formula is true for k¥ € N. Let Uy, = U 1 We
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use the It6 formula and evolution equations (10.5), (10.6), (10.7) and (10.8) to infer
d(Uy--- UkUk+1)

o — —
ZU1 cUps1— Y e@e(j)Ur---Us---Uj-- Uy - T (UZ-~--UJ~) dt
1<i<j<k -
+Up--- deUk—f—l + Z E(i)Ul .- 'IU Uk:+1 T (U Uk+1> dt,
1<i<k

which is the formula at step k + 1. The other cases Uy, = UP,UP" or UP *!are treated
similarly, justifying (10.9).

Evaluating the conditional expectation 7 (-| B) on both sides of (10.9), and using Lemma 10.2
(i.e. that the conditional expectation of a stochastic integral with respect to (X¢);>o vanishes),
we have

d k
aT(U1-~Uk|B) = —§T(U1~-Uk]B)
— —
-2 > e <U1 Ui+ Uj Upya B>T<Ui---Uj>.
1<i<j<k

Equivalently, for all k € N and X1,..., X} € {X, X*, X1, X*7!} we have

dt

We extend this identity to all P € C{X,X* X!, X* !} by linearity and by the following
induction. If P and Q € C{X, X*, X', X*~'} verify the lemma, we have

(e () 15) Zcid(T(P(Uf)B)T(Q (v%))) a
(e (rP1) - (@(0P) o () (7 (0 02)

=7 (AuPUf >IB) (o))
o (PwpiB) 7 (g (@ (vF)18) )
<AUP(Ut ) (@ (vF))
i (P UtB>\zf) r(+ (3800 (v?) 18))
. (( AUP)trQ+Ptr)<2AUQ>> )B>

=T ;AU (PtrQ)( )

4 (Xl - X, (UtB) \B) =T (;AUXl e X, <UtB> \B> :

Since, for all m € N, %AU leaves C,,{X, X*, X~1, X*~!} invariant, let us define the endomor-
phism 22U opn C{X,X*, X1 x* 1} = Umen Cn{X, X*, X1 X*71} by the convergent series
oo L (%)n A7 on each finite dimensional space C,,, { X, X*, X1, X* 71},

n=0 pn!

PROPOSITION 10.4. Lett > 0 and P € C{X, X*, X', X*"1}. For all invertible B € B, we
have

7 (P (UB)|B) = (e%AUP) (B).
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PROOF. Let B be an invertible element of B. Let P € C{X; : ¢ € I}. There exist a finite
index set J C I and d € Nsuch that P € Cq{X; : i € J}. We remark that £Ay is a linear operator
on Cy{X; :i e J} and that (P — 7 (P (UiB)|B)),~( are linear maps from C4{X; : i € J} to A.
Consequently, we deduce Lemma 10.4 from Lemma 9.5 and Lemma 10.3. O

10.5. Free circular multiplicative Brownian motion. Following [17], let us define the
(right) free circular multiplicative Brownian motion. It is the unique bounded adapted circular
process (G¢)i>0 defined by the free stochastic differential equation

Go = 1d,
(10.10) {th — d7,G,.

According to [17], the process (Gt)i>0 has an inverse at any time. It is the bounded adapted
circular process (G5 )¢>o defined by the free stochastic differential equation

Gyl = Id,
(10.11) {dG;l = —G;'dz;.

From Lemma 10.2, we know that (G})¢>0 is a bounded adapted circular process defined by the
free stochastic differential equation

(10.12) { Gr = 14

dG; = Gz,

and that (G;"_l)tzg is a bounded adapted semi-circular process defined by the free stochastic
differential equation

Gl = 1d,
(10.13) {dG;"‘l = —dz;G;i

10.5.1. Eaxtension of Dg,. We establish in this section a version of Proposition 10.4 for
(G1)>0-

Let us define a derivation Agr on (C{X, X*, X!, X*71}, ;) analogously to the definition
of Ay in Section 10.4.1. Let k € N, and X1,..., X € {X, X*,Xfl,X*_l}. For all 1 <i <k, set
1(i)) =0, 7(i) =1if X; = X or X; = X* 1 and I(i) = 1, 7(i) = 0 if X; = X* or X; = X~ L. For
all 1 <i < j <k, the term X; - -- X refers to the product Xf(i)Xi+1 e Xj,lXJl.(j), that is to say
the product X - - - X; possibly excluding X; and/or X;. Forall 1 <i <k, set e(i) =1if X; =X
or X; = X* and e(i) = —1if X; = X* P or X; = X L Forall 1 <i<j<k, setd(i,j) =0 if
X, X; € {X, X} orif X;, X; € {X*, X*7'}, and §(i,j) = 1 otherwise. We set

AGLXI"'Xk:4 Z (5(1,])6(1)6(])X1X2X]thr(XZXJ>

1<i<j<k
We extend Agy to all C{X, X*, X~ X*~!1 by linearity and by the relation
(10.14) VP,Q e C{X,X*, X1 X* '}, Aqr (Ptr Q) = (AqrP) trQ + Ptr (AgLQ) .
LEMMA 10.5. For all P € C{X, X* X1, x*7 1},

%7‘ (P(Gy) =171 (iAGLP (Gt)) .
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PROOF. Recall that (Gy)i>0, (G5 V)0, (GF)i>0 and (GF1)>0 are defined respectively by
(10.10), (10.11), (10.12) and (10.13).

Let k € N, and Gy,...,Gy € {Gy,G*, Gy~ L, Gy M Forall 1 < i < K, set 1(3) = 0, r(i) = 1
if Gy =Gror Gy =Gt and (i) =1, r(4) = 0if G; = G} or G; = G 1.
Forall 1 <i<k,sete(i)=1if G;=Gror X; =G, and (i) = -1 if G; = G;f_l or G; = G;l.
For all 1 < i < j < k, set 0(i,j) = 0 if G;,G; € {Gy, Gy} or if G;,G; € {Gf,G; ™'}, and
0(i,7) = 1 otherwise. We claim

(10.15) d(G1---Gy)

k — —
:ZGl...dGi...Gk+ Z 5(i,j)e(z’)e(j)-G1"-Gi'-.Gj-.-thr(Gi---GJ)dt.

i 1<i<j<k

Indeed, using Itd’s formula 10.3.2, the equation (10.15) follows by induction on k& € N. One can

see the proof of Lemma 10.3 to understand how it works, analogously to the case of Uy.
Evaluating the conditional expectation 7 on both sides of this equation, and using the fact

that the trace of a stochastic integral with respect to (Z;);>0 vanishes (Lemma 10.2), we have

d o — —
ET(GI"'Gk): Z 5(i,7)e(i)e(j) -7 G1---Gi---Gj--- Gy T(Gi"'Gj).
1<i<j<k

Equivalently, for all k € N, and X1,..., X, € {X, X*, X1, X*71}, we have

%T (X1 Xp (G1) = 7 (iAGLXl X (Gt)) .

We extend this identity to all P € C{X, X*, X', X*~!} by linearity and by the same induction
as the end of the proof of Lemma 10.3. O

Let t > 0. Since, for all m € N, %AGL leaves C,,, {X, X*, X', X*~ 1} invariant, the endo-
morphism e1d6L o C{X,x*, X 1L x*1} = Umen Cm{X, X*, X1 X*71} is defined to be the

convergent series y 2 % (£)" (Agr)™ on each finite dimensional space C,, {X, X*, X1, X*7}.

PROPOSITION 10.6. Lett >0 and P € C{X,X*, X1, X*~1}. We have
7 (P(Gy)) = (1261 P)(1),

This proposition allows us to compute the distribution of G;. For example, let us remark that
t
Agp, vanishes on C{X}. This implies that 7262 = id on C{X}, and that, for all P € C{X}, we
have 7 (P (Gy)) = (e126LP)(1) = P(1).

ProoOF. The demonstration follows the proof of Proposition 10.4: we deduce Proposition 10.6
from Lemma 9.5 and Lemma 10.5 from the linearity of the maps (P — 7 (P (Gt)));>0- O

10.6. Free Hall transform. Let (Uy),~ be a free unitary Brownian motion, and let (G¢),~,
be a free circular multiplicative Brownian motion. Let ¢ > 0. We denote by L2(Ut,7') the
Hilbert completion of the x-algebra generated by U; for the norm || - ||2: A+ 7 (A*A)l/z, and
by L%,(Gt,7) the Hilbert completion of the algebra generated by G and Gy ! for the norm
|- ll2: A 7 (A*A)Y2,
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10.6.1. Definition. For all t > 0, let us define the polynomials (P}), . by the generating
series
> 1
n=0 1—ze2\1i-z/g

We remark that, for all ¢ > 0 and n € N, the degree of P! is n and the leading coefficient is the
coefficient of 22" in the development and is therefore equal to e™/2.

A quick way to define the free Hall transform is to define it on Laurent polynomials. Let
us denote by C[X, X 1] the space of Laurent polynomials. For all t > 0, let us define G; by
the unique linear operator on C[X, X '] such that, for all n € N, one has G; (P!{(X)) = X"
and G; (P{(X~1)) = X" The following theorem, due to Biane, corresponds to Theorem 9 and
Lemma 18 of [19].

THEOREM (Biane [19]). Let t > 0. The map F; : P(Uz) — Gi(P)(Gy) for all P € C[X, X ]
is an isometric map which extends to a Hilbert space isomorphism F; between L*(Uy,T) and
L (G, 7) called the free Hall transform.

We notice that the polynomials (Pﬁ)neN are defined in [19] by another generating series

> 1
E ant (l’) = )
n=0 " 1-— 71i26%(1+2z)$

but Philippe Biane kindly pointed out (personal communication, 2012) that it is necessary to
replace this generating series by the series
1

for the proofs of Lemmas 18 and 19 of [19] to be correct.
10.6.2. Another construction. Theorem 10.7 has to be read in parallel with the classical Hall
transform definition, which will be stated in Section 11.3.

THEOREM 10.7. Let (Uy),~ be a free unitary Brownian motion, and let (Gt),~, be a free
circular multiplicative Brownian motion. Let t > 0.
For all P € C{X, X'},
Fi: P(Uy) = (e22V P)(Gy)
is an isometric map which extends to a Hilbert isomorphism F; between L*(Uy, ) and Lﬁol(Gt, T).

Moreover, this isomorphism is the free Hall transform.
In particular, if (Ut);>o and (Gt);>q are free, for all P € C{x,x 1,

Fe (P(Up)) = 7 (P(UGr)| Gr) -

It should be remarked that, for the map F; to be well-defined, it must be true that, for all
P Qe C{X, X1} if P(U;) = Q(Uy), then (e%AUP)(Gt) = (e%AUQ)(Gt). This fact is contained
in the proof below.

Theorem 10.7 allows us to compute explicitly the free Hall transform on the *-algebra gener-
ated by Uy. For example, we have from Section 9.7.1 that e3840 X2 = ¢Pv; X2 = ¢~ (X2 —tXtrX)
from which we deduce that F;(U?) = e~! (G7 — tG¢7(Gt)) . We computed in the previous section
that, for all P € C[X], we have 7(P(G;)) = P(1). Thus, we have F;(U?) = e~'G? — te~'G,.

PRrROOF. We will prove in a first step that, for all P € C{X, X'}, we have

9 2
(10.16) PO L2 w7y = ’ L2, (Gi)

G%AUP(Gt)’
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This proves that, for all P,Q € C{X, X'}, if P (U;) = Q (U;), then

2

(Gt QIEAR Cate(eh]

(Gtﬂ—)

=||c ezAU P,

2 (Ger) =P - Q)(Ut)”%Q(Ut,T) =0,

and consequently (ezAU P)(Gy) = (62AUQ)(Gt) Thus, F; is a well-defined isometric map, and so
it extends to a Hilbert space isomorphism F between L?(Uy, 7) and F(L%(U, 7)) C L2 (Gy, 7).
The surjectivity is clear since, for all P € C{X, X1},

P(Gy) = (ex2v (7220 P) ) (Gy) = Fy ((e 22 P) (U0).-

The equality with the free Hall transform will be made in a second step, and the last part of
Theorem 10.7 follows Proposition 10.4, which says that, for all P € C{X, X 1},

(e22V P)(Gy) = 7 (P(U,Gy)| Gy) .

Step 1. With the aim of proving (10.16), we work on the *-algebra C{X, X1 X* X*~1}.
Let us define the subspace C of C{X, X~} X* X *_1} which is generated by elements of

{Pg tr(Py)---tr(P,) :n € N, P, ..., P, are monomials of C[X,X_l]} .

Replacing the pairs XX ' = X~1X by 1, we observe that, for all P € (C{X,Xfl,X*,X**l}
there exists P € C such that HP(Ut)H%Q(Ut,T) = HP(Ut)H%Q(Ut - Moreover,

2
Lﬁol (Gt 7T)

J(e0)

_ 2 g B (. ta 5 2
NGOl 0 = [P GO =[P
Thus, it remains to prove that, for all P € C, we have HP(Ut)”LQ(Ut,T) = |lez? UP(Gt)H (G

Let P € C. Proposition 10.4 gives us that

IPUmy = m(PO)PU))
(o
= (eztv PP*) 1)

and Proposition 10.6 gives us that

&

2 UP(Gt)

- ( (c520 P(Gy)) (eéAUP(Gt))*>
= T ((e%AUP (G%AUP>*>(Gt))
— (eiAGL (e%AUP (e%AUP)* )) (1).
It remains to prove that, for all P € C, e2&v (P*P) = erdcr (e%AUP (e%AUP)*).
Let us define the subspace £ of C{X, X!, X*, X*~1} which is generated by elements of

(Gtv )

{P()QS tr(PQ7) -+ tr(P,Q5) :n €N, Py, Qo, . . ., Pp, @, are monomials of C[X,X_l]} .
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We remark that the space £ is invariant by the product -, and by the operators Ay and Agy.
Moreover, the algebra (&, ;) is generated as an algebra by the elements of

{PQ* : P, @@ monomials of C[X, X_l]} :

Let us define the auxiliary derivations A;} and Ay, on (€, ) in the following way. For all P,Q
monomials of C[X, X 1], we set A} (PQ*) = (AyP)-Q* and Ay (PQ*) = P (AyQ)*, and we
extend AJUF and Ay to all £ by linearity and by the relations

VP,Q € £,AF (PtrQ) = (Aﬁp) trQ + Ptr (AﬁQ) .

It should be remarked that the operators are well-defined because X; and X are algebraically

free: thus, if P1Q] = P2@Q3, then there is a non-zero constant A so that P, = AP and Q2 = S\Ql.
The operators A;} and A, are such that, for all P € C, we have

(e%AUP> (e%AUP)* — e3A% (P(e%AUP*)) — 38 (G%A;J(PP*)) .

Let us observe that, for all P € C, we have by linearity that PP* € £. We can now reformulate
what we wanted to prove. It remains to verify that, for all Q € &, e%AUQ = eﬁAGLe%Aﬁe%AEQ.
More precisely, the end of the demonstration is devoted to proving that Ay = Agr/2+ A$ + A7,
and that Agy, Aﬁ and Ay, commute on & (they do not commute on all C{X, X1, X*, X*1}).

Because Ay,Aqr, A§ and Ay are derivations on &, it suffices to verify the properties on
elements of { PQ* : P,Q monomials of C[X, X*I]} . For example, let m,n € N, and set P = X"
and @ = X~ ™. We have

Ap(PQ) = (mEmPQT —2 Y X' g(x)Q"
_9 Z P(X—l*)m—l—i-]tr((X—l*)z—])
1<i<j<m
+2 Z Xzfl(Xfl*)mfjtr (Xn+1fz(X71*)])
1<i<n
1<j<m

- <nP = X"”jtr(Xij))Q*
1<i<j<n

+P<m@* =3 <X1*>m@'+ﬂ‘tr<<xl*>”>>

1<i<j<m

—i—}AGL(PQ*)

1

= AGu(PQY) HAHPQY) + AG(PQY)

The other three cases (depending on the signs of the exponents of P and Q) are treated similarly,
and we have Ay = Agr/2 + A‘& + A
The commutativity is less obvious. For all m,n € N, and P = X" and ) = X~™, we have
AF(PQ*) = nPQ*—2 Y X" "t (XHQ*
1<i<j<n
= nPQ* -2 Y iX'tr(X7)Q".

1<i,j<n
i+j=n
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Let us fix m,n € N, and P = X™ and @ = X~ ™. We have

AFAGLPQ) = Aj| -4 > XX (X (x )
1<i<n
1<l<m
o S et (e
1<i<n
1<i<m :21

+8 Y Y X (XM e (e (x )
1<i<n 1<5,k<i—1
1<iSm j+k=i-1 B

+8 Y Y T e (X (X)) e (X,
1<i<n 1<jk<n+1l—i
1<I<m jik=nt1—i

while

AGrAL(PQ*) = Agp [nPQ*—2 ) iX'tr(X7)Q*

1<i,j<n
i+j=n
— _in Z Xi—l(X—l*)m—ltr(Xn+1—i(X—1*)l)
1<i<n
1<i<m Y

+8 > > ()X X e (X R ()
1<i,j<n 1<k<i
+j=n 1<I<m

We compute

Ngo= Y Y (X)Xl (xR et
1<i,j<n 1<k<i
i+j=n 1<i<m
= Y Y k- DeX) e (XX ) XX e - k1)
1<4,5,k<n 1<I<m
i+j+k=n+1
= > Y e (X)) X xe
1<ijk<n 1<I<m
i+j+k=n+1
+ > Y (k=) e (XX ) XA
1<i,5,k<n 1<I<m
i+jt+k=n+1

Finally, we conclude that Agr A (PQ*) = AfAgL(PQ*), using the following computation:

i k]
Moo= Y > XX e (0 () e (X jei
1<i<n 1<j,k<n+1—i k<1 |

1<ISm jfk=n+1—i
i+ n+1—17
+ Y Y ey e (xm e (x ) [j k-1
1<i,k<n 0<j<n—1 k< 3j
I<I<m j+k=i—1

= Yo+2
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where we remark that the case j = 0 does not contribute in the last sum.

The other cases of P, Q) are similar, as well as the cases of the other couples of operators
among the operators Agy, Ag and A

Step 2. We prove now that the isomorphism F; is indeed the free Hall transform. This can
be done using the factorization of Section 8.2.3. More precisely, with the aim of working on
polynomials, we will use the identity P (Gt) = P|g, (Gt) for all P € C{X}.

Recall that Ay coincides with Dy, on C{X} (see Section 10.4.1). For all P € C[X], we have
(ePvt P)|g, = Gi(P). Indeed, P+ (ePUt P)|g, and P + G;(P) both respect the degree of P, and
are isometries between (C[X], | - ||v,) and (C[X], || - ||c,) for the norms || - ||, : P+ ||P(Us)l|2
and || - ||lg, : P+ ||P(G¢)|l2- The equality is then obtained by induction on the degree of P,
provided that the leading coefficients are multiplied by the same factor. This is, in fact, the case:
the coefficient of the leading term is multiplied by e~"/2 if the degree of the polynomial is n
(see the computation at the end of Section 9.7.1 for P+ (eP¥ P)|g, and the definition of G; in
Section 11.3 for P +— G(P)).

This proves that, for all P € C[X], we have F; (P (Uy)) = e%AUP(Gt) = Pup(qy) =
(ePv P)| g, (Gy) = G (P) (Gy), establishing the equality between F; and the free Hall transform

on the algebra generated by U;. The same reasoning can be made on C [X _1], and finally, F;
and the free Hall transform coincide on the algebra generated by U; and U{l. Because they are
isomorphisms, this equality extends to L?(Uy, 7). O

11. Random matrices

In this last part of the paper, we will give two applications of the previous results. The first
one, Theorem 11.6, is the characterization of the distribution of a Brownian motion on G Ly (C)
at each fixed time in large- N limit. The second one, Theorem 11.7, establishes that the free Hall
transform is the limit of the classical Hall transform for Laurent polynomial calculus.

Let us fix first some notation. Let N be an integer and let My (C) be the space of matrices
of dimension N, with its canonical basis (Eqp)i1<ap<n. If M € Mn(C), we denote by M* the
adjoint of M. Let us denote by Tr : My (C) — R the usual trace, and by tr : My(C) — R the
normalized trace % Tr, which makes (My(C), tr) a non-commutative probability space.

11.1. Brownian motion on U(N). Let U(N) be the real Lie group of unitary matrices of
dimension N:

U(N)={U € Mn(C) : U*U = In}.
Its Lie algebra u(N) consists of skew-hermitian matrices:
uw(N)={M € Myn(C): M*+ M = 0}.
We consider the following inner product on u(N):
(X,Y) — <X,Y>u(N) = NTr(X*Y).
This real-valued inner product is invariant under the adjoint action. Thus, it determines a bi-

invariant Riemannian metric on U(N) and a bi-invariant Laplace operator A (yy. Let us fix
(X1,...,Xy2) an orthonormal basis of u(N). Let us denote by (X1,..., Xy2) the right-invariant
vector fields on U(N) which agree with (X7i,..., Xpy2) at the identity. The Laplace operator
Ay (ny is the second-order differential operator vajl X2

The (right) Brownian motion on U(N) is a Markov process starting at the identity, and with
generator %AU( N)-
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11.1.1. Computation of Ay(yy. In this section, we will compute Ay with the help of the
space C{X, X~ '}. It should be remarked that the operator Ay (ny has been calculated in other
frameworks (see the recent [38], and also [53], [63] and [67]) using similar computations. We have
at our disposal an operator Ay on C{X, X ~!}, defined in Section 11.1. We will see in Lemma 11.1
that the operator Ay differs from Ay by an auxiliary operator ﬁAU when acting on the
image of the C{X, X ~!}-calculus.

Let us define this operator Ay on C{X,X '} Let k,l € N, and X1,..., Xy € {X, X1}
Forall 1 < i < k+1 setl(i) = 0,7(4) = 1and €@i) = 1if X; = X, and I(i) = 1,

| — |
r(i) = 0 and €(i) = —1if X; = X ' Forall 1 <i <k < j < k+1, the term X;---X;
refers to the product X;(Z)XZ-H = -Xj_lX;(i), that is to say the product X;---X; possibly ex-

Y _1
cluding X; and/or X; according to X; and Xj, and the term X ---X; refers to the product
X;(J)Xj+1 oo X X1 - -Xi,le(Z), that is to say the product Xj --- X} ;X7 --- X possibly ex-
cluding X; and/or X;. We set

(VuXi - Xi, VoXig1 - X)

_— —

| —— |

N —_—
= — Z e(@)e(NX1- Xi Xjoo X Xpr - X Xi - X,
1<i<k<j<k+l
—
where the hats mean that we have omitted the term X; - - - X; in the product X; - -- X}, and the

term X --- X; in the product Xpy; - -+ Xp41 X7 - - - Xp. Notice that (Vy-, Vi-) is just a symbol
for a bilinear map on C (X, X 1), but this notation is justified by Lemma 11.1 (see the remark
that follows Lemma 11.1).

Let n € N, and P,,..., P, be monomials of C (X, X~!). We set

AyPotr P+ tr P,
n
= 2> (VyPy,VyPp)tr P+t Py ---tr Py

m=1

(11.1)
+ 3 RytrPr--tr P80 Py - tr Py tr (Vo P, Vo P

1<m,m’'<n

and we extend Ay to all C{X, X'} by linearity.
Let us denote by U the identity function of U(N).

LEMMA 11.1. For all P € C{X, X'}, we have
1 -
Bugw) (PO)) = (B0 + 580)P) (O).
In particular, for P,Q two monomials of C (X, X!}, we have
2
8o (PR = ((BuP) s Q+ 5 (VuP.Vu@) + Pou (AuQ) ) (V).

PROOF. Recall that (X71,..., Xy2) is an orthonormal basis of u(N), that (X1, ..., Xy2) are
the right-invariant vector fields on U(N) which agree with (X7i,..., X y2) at the identity, and

that the Laplace operator Ay is the second-order differential operator Zévjl X 2,
It suffices to prove that, for all P and @ monomials of C (X, X _1>, we have

(11.2) Ay PU) = (AvP) (U)
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and
N2 B 1

(11.3) D Xa (P(U)) tr Xo (Q(U)) = ~z Vo Vu@) (U).
a=1

Indeed, let P, ..., P, be monomials of C (X, X~1). It follows from (11.2) and (11.3) that

AU(N) (PgtrPl---trPn) (U)
= (AU(N)PO(U)) tr Py(U) - - tr P, (U)
+ Z Po(U)tr Py(U) - - - tr (AU(N)Pm(U)) o tr Py(U)

n

2y Z (XGPO(U)) tr Py(U) -+ - tr (XaPm(U)) ot Py (U)

m=1a=1

+ 3 ZPO )tr PL(U) - - tr(XaPm(U))---tr(XaP,’n(U))---trPn(U).

1<m,m/’<na=1
Thanks to the structure equations (10.4) and (11.1) of Ay and Ay, we deduce that
AU(N) (PotrP1 ce tI’Pn) (U)

= (AUP()) (U) tI‘Pl(U) ---tr Py, (U)
+ Z Po(U)tr PL(U) - - -tr (AyPp) (U) - - - tr Py (U)

n N2 .
N2 S D AVuPy, VuPr) (U)tr PL(U) -+ - tr Py (U) - - - tr P (U)
m=1a=1
N2 - .
*‘j%i’ Yo D RU)tr Pi(U) - tr P (U) - - tr Py (U) - - - tr P (U)

tr (Vu P, VuPyw) (U)
= Ay (PytrPr---trPy) (U) + NQAU (Potr Py ---tr Py) (U),

and Lemma 11.1 follows by linearity. Thus, we need only to prove (11.2) and (11.3).
~ The end of the proof is devoted to proving (11.2) and (11.3). For 1 < a < N2, we have
Xo(U) = X,U and X,(U™Y) = Llimo(eXeU) ™t = $,—o(U~ e *Xe) = —U~1X,. Therefore, the

expression of Zfl\zl X, ® X, will be useful. Let us fix the following orthonormal basis of u(N):

(X1, Xy2}

Eup — Epq
E, ,1§a§N}U{a”
a,a /TN

.Ea,b + Eb a

(3
[ 1< <b§N}u{ @< <ng}.
{fN ¢ VAN ¢
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‘We have
N2 N 1
NY Xo®Xe = =Y Fuu®FEaq+ 5 > (Bap— Eba) ® (Bap — Epa)
a=1 a=1 1 1<a<b<N
_5 Z (Eab+Eb,a) ® (Eab+Eba)

1<a<b<N

N
= - Z Ea,a & Ea,a - Z Eb,a & Ea,bc - Z Ea,b o2y Eb,a
a=1 1<a<b<N 1<a<b<N

= - Z Ea,b & Eb,a-
1<a,b<N

From which we deduce that

N2

Z (XG(U) ® Xa(U)) = _i Z Ea,bU ® Eb,aU7
a=1 1<a,b<N
N? 1
Z (XG(U) ® Xa(U71)> = N Ea,bU b2y UEb,aa
a=1 1<a,b<N
and
N? 1
Y (WMo X)) =-x Y UTE,9U B
a=1 1<a,b<N

We can now compute (11.2) and (11.3). Let k,I € N, and X3,..., X,y € {X, X!}, For all
1<i<k+1 set e(i)=1if X; = X, and €(i) = —1 if X; = X~'. Thus, we have

Ay (P(U)) = X'g (Uf(l) ... Ue(k))
= Uf(l) ... UG(ifl)Xg (UE(Z)> Us(i+1) o Ue(k)

i3 Y g, (0) - %, (00 .U
a=1 1<i<j<k

N
= ... pgek)
k:NU U

—9 Z e(i)e(d) <X1...Xi...Xj...thr <Xi"-Xj>> U)

1<i<j<k

= (AyP)(U)
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and

N2
> Xa (P(U)) tr Xa (Q(U))

a=1

N2
_ > (7€) e 1p ¢ (preler) | pre(etd)
;XQ<U U )trXa(U U )

1 N2 N , i '
= Z Z Ue(l) e Xa Ue(l) o Ué(k) Tr Ue(k+1) L Xa UE(J) L UE(kJrl)
N | cichTi<kt a=1< ( ) ) ( ( ) )
1 o — —_—
= —73 Z e (X1 Xi- X X Xppr - Xj - Xi - X | (U)
[ Isisk<sh
= N2 (VuP,VyQ) (U)

where we have used that, for all A, B,C, D € My(C), we have

(11.4) > AE.,BE,,C =Tr(B)AC and > AE,,BTr(CE,,D) = ADCB. O
1<a,b<N 1<a,b<N

COROLLARY 11.2. Let (Ut(N))t>0 be a Brownian motion on U(N).
Lett >0 and P € C{X,X"'}. We have

B[P (U(7)] = (S@rs=20P) (1),
PROOF. For all t > 0 and P € C{X, X!}, thanks to Lemma 11.1, we have

SE[P (™)) = | (a0 (P) ) (U)] =& | (580 + 33800P) (1))

We conclude with Lemma 9.5, since the maps (t — E {P (Ut(N)ﬂ )t>0 are linear. O

11.2. Brownian motion on GLy(C). Let GLx(C) be the Lie group of invertible N x N
matrices. We regard GLy(C) as a real Lie group, with its Lie algebra gl (C) = My(C). We
endow gl (C) with the following real-valued inner product:

(X,Y) = (X, )y (o) = NRTH(X*Y).

aln (C
Unfortunately, this inner product is not invariant under the adjoint action: the left-invariant
Riemannian metric which it determines does not coincide with the right-invariant Riemannian
metric. Let us choose the right-invariant Riemannian metric. Let Agp,(c) be the Laplace
operator corresponding to the right-invariant metric. Let (Z1, ..., Zon2) be an orthonormal basis
of My(C). Let us denote by (Z1,..., Zyn2) the right-invariant vector fields on GLx(C) which
agree with (Z1,..., Zyn2) at the identity. The Laplace operator Agy . (c) is the second-order
differential operator 2222112 72

The (right) Brownian motion on GLy(C) is a Markov process starting at the identity, and
with generator %AG Ly(C)- As mentioned in the introduction, we have taken a definition of the
Brownian motion on GLy(C) which differs by a factor of 2 from the usual definition for reasons
of convenience.
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11.2.1. Computation of Agp,(c)- Similarly to Ay ), we will see in Lemma 11.3 that the
operator Agp, (c) differs from Agy, defined in Section 10.5.1 by an auxiliary operator ﬁAGL
when acting on the image of the C{X, X*, X!, X* 1 }-calculus.

Let us define this operator Agr on C{X,X*, X L X* 1. Let k,l €N, and X1,...,Xpy €
(X, x*, X L, X* 1} . Forall 1 <i<k+1 setl(i)=0,r@)=1if X; =X or X; = X* !, and
I(i)=1,7(1) =0if X; = X*or X; = X ' Forall1 <i<k<j<k+I, the term X, - -- X; refers
to the product X;(i)XiH . -Xj_lX]l-(i), that is to say the product X - -- X; possibly excluding X;

and/or X, and the term X - - - X refers to the product X;(j)XjH s X Xy - -Xi_le(i), that
is to say the product X - - - X 11X - - - X; possibly excluding X; and/or X;. For all 1 <i < k41,
set €(i) = 1if X; = X or X; = X*, and €(i) = —1if X; = X* ' or X; = X~!. For all
1<i<k<j<k+1setd(ij)=0if X;,X; € {X, X1} orif X;,X; € {Xx* x* 1 and
d(i,7) = 1 otherwise. We set

(VarXi - Xk, VarXes1 -+ Xiya)

— —

1

. . . . I—I
= 2 Z §(i, )e(@)e() X1 X Xj oo Xpi Xpyr - Xj o X+ X,
1<i<k<j<k+l

Here again, it is important to note that (Vgr-, Var-) is just a notation for a bilinear map on
C(X,X*, X!, X*71) which may be justified thanks to Lemma 11.3 (see the remark that follows
Lemma 11.3).

Let n € N, and P, ..., P, be monomials of C(X, X*, X1 X*~1), We set

Agr(Potr Py ---tr P)
n
= 2> (VarPo,VarPu)tr Pre-tr Py - - tr Py

m=1
+ > PRytrPietr Pyt Pyt Pyttt (VoL P, VarPo) -

1<m,m’<n

(11.5)

We extend Agy, to all C{X,X* X1, X*~1} by linearity.
Let us denote by G the identity function of GLy(C).

LEMMA 11.3. For all P € C{X, X*, X1, X*71}, we have
1 -
Borye) (P(O) = (B + y3861)P) (G).

In particular, for P, ) two monomials of C <X, X x-t X**1>, we have

ALy (PQ)U)) = ((AGLP) or @ + % (VarP,VarQ) + P (AG’LQ)> ().

PRrOOF. The proof follows the demonstration of Lemma 11.1. . .
Recall that (Z1,..., Zyn2) is an orthonormal basis of My (C), that (Z1,...,Zyn2) are the
right-invariant vector fields on U(N) which agree with (Z1,..., Zyn2) at the identity, and that

the Laplace operator Agy, (c) is the second-order differential operator Zgﬁf Zg .
It suffices to prove that, for all P and ) monomials of C{X, X* X1, X*_1>, we have

(11.6) Agry©P(G) = (AcLP) (G)
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and
2N?

(1.7 3" 7 (P(G) 0 20 (QG)) = 373 (Ver P Var@) ().
a=1

Indeed, let Py, ..., P, be monomials of C(X, X*, X1, X*1). It follows from (11.6) and (11.7)
that

Acry©) (Potr Pr---tr Py) (G)
= (AGLN( )PO(G)) tr PL(G) - - - tr Py (G)

+ Z Po tI"Pl ) - tr (AGLN((C)PWL(G)) .- 'tl“Pn(G)

n 2N2

+2 3 3 (ZPo(@)) tr Pi(G) -+t (ZaPn(G) ) -+ tr Po(G)

m=1a=1
2N2

+ Y Y RGO UPUG) 1 (ZuP(@)) - tr (ZaBl(G)) -+t Pa(G).

1<m,m’<na=1

Thanks to the structure equations (10.14) and (11.5) of Agz, and Agy, we deduce that

AGLN((C) (PO tr Py ---tr Pn) (G)
= (AGLP()) (G) tr Pl(G) <o tr Pn(G)

+ZP0 )tr Py (G) - tr (AL Pm) (G) - - - tr P (G)

—

n 2N?
+ﬁ E_: 2_: (VarPo, VarPn) (G) tr Pi(G) - - - tr P (G) - - - tr Po(G)

1 2N? . .
+37 S S PGt Pi(G) 1 P (G) - tr P (G) -+ 11 P (G)
1<m,m’/<n a=1

'iﬂ" (VarPm, VarPow) (G)
= Agr(Potr Proetr Po) (G) + 58 (Potr Pyt ) (G),

and Lemma 11.3 follows by linearity. Thus, we need only prove (11.6) and (11.7). For 1 < a < 2N?,
we have Z, (G) = Z,G,

- d -1 d
-1y _ 4 tZa _ a4 1, —tZa\ _ _ -1
Za(G >_dtt:o(e G) _dttzo(a e )_ G127,
and similarly Z, (G*) = G*Z}, and Z (G**l) = —Z*G~!. Therefore, the expressions of
Z2N2 Za @ Zgy Y2N 7, ® ZF and 2N Z* ® Z; will be useful. Let us fix the basis
{Z1,...,Zyn2} = {\/> ab,\/»Eab 1<a,b< N}

We have

N
1 -1
Z Lo Q@ Zy = Z NEa,b & Ea,b + Z 7Ea,b o2y Ea,b = 07
= 1<a,b<N 1<a,b<N

x 1 1 2
Z Zy ® Za = Z NEa,b ® Eb,a + Z NEa,b ® Eb,a = N Z Ea,b ® Eb,aa
1<a,b<N 1<a,b<N 1<a,b<N
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and
A 1 -1
NZieZi= Y. o @ Epa + > ~ Bba ® Bpa =0.
a=1 1<a,b<N 1<a,b<N
From this, we deduce that Zigi Z2(G%) =0 for all € € {1, —1,*, % — 1}. Moreover,
2N2 ~ N2 ~
> (2u(G) © Zu(GTY) = Y (Za(G) @ Zu(G*H)) =0,
a= a=1
2N?2 R ~ 9
Y (262 2u(G)) = & Y EasG @G By,
a=1 1<a,b<N
2N?2 ~ _ 9
> (Z@) @ 2@ ) =5 X EasCElC
a=1 1<a,b<N
2N? 9
7 (-1 7 () — _ 2 -1 *
Y (ZdG @ Zi@)) =—5 Y GE48G B,
a=1 1<a,b<N
and
2N? . 9 .
11.8 ZJ G Yo Z,(GH) == G 'E,p ® By G
(11.8) a;( (G @ Zu(G*)) Nl<§<N b OB,

Let k,0 € N, and X1,..., Xp € {X,X* X L, X* '} Forall 1 <i < k+1, set e(i) = 1 if
Xi=XorX;=X* ande(i) = —1if X; =X*"lor X; =X"L Foralll<i<k<j<k+l,
set 0(1,5) = 0 if X;, X; € {X, X'} orif X;, X; € {X* X*"'}, and §(i, j) = 1 otherwise. For all
1<i<k+1 set G; = X;(G). We can now compute
2N?
Agry) (P(@) = Y Z (G
2N?

= 22 Z Gl"'Za(Gi)"'Za(Gj)"'Gk

a=1 1<i<j<k

= -4 ) 5(i,j)€(i)e(j).(Xl...IXZ-.. X;- thr<Xi...le>>(G)

1<i<j<k
= (AgLP)(G)
and
2N?
ZZ (P(Q))tr Zo (Q(G))
2N?2
= ZZa  G) tr Za (Grgr -+ Grept)

= % > Z(Gl...Za(Gi)...Gk)Tr(GkH...ZNa(Gj)...GkH)

1<i<k<j<k+la=1

- N2 Z §(i,5)e()e(s) [ X1 Xi o Xy Xpu Xpep1 - Xj - Xi - Xie | (G)
1<i<k<j<k+l

— % (VerP,VarQ) (G),
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where we have used (11.4). O

COROLLARY 11.4. Let (GgN)>t>0 be a Brownian motion on GLy(C).

Lett >0 and P € (C{X,X*,X_T,X*_l}. We have
o [P (G,SN)H _ (ezmcﬁNgAu)P) (1).
PrOOF. For allt >0 and P € C{X,X* X' X*~!} thanks to Lemma 11.3, we have

%E P ()] =& [(zllAGLN(‘C) (p(@)) (ngv)ﬂ g [G(AGL n ]\172AGL)P> (GEN))] ‘
We conclude with Lemma 9.5, since the maps (t — E {p (GEN))] )0 are linear. 0

11.3. Hall transform. In this section, we introduce the Hall transform, and study it in the
particular case of the unitary group U(N). We refer to [36] or [44] for more details. The major
difference is that Hall and Driver work with left-invariant metrics and Laplace operators. Because
we chose to work with right Brownian motion, we will only consider right-invariant metrics and
Laplace operators. The necessary modifications are minor.

11.3.1. Definition. Let K be a compact connected Lie group, with Lie algebra €. Let (-, )¢
denote a fixed Ad(K)-invariant inner product on . It determines a bi-invariant Riemannian
metric on K and a bi-invariant Laplace operator Ag. For all t > 0, let dp; be the heat kernel
measure on K at time ¢; that is to say, the probability measure on K which corresponds to the law
at time t of a Markov process starting at the identity and with generator %A - Forall t > 0, the
operator e22K over L?(K,dp,) is given for all f € L?(K,dp;) by e%AKf cx = [ flyz)dpe(y).

Let G be the complexification of K, with Lie algebra g = ¢ ® it. Let us endow ¢ with the
(real-valued) inner product given by (K + iKs, K3 + iKy)g = (K1, K3)¢ + (K2, Ky)¢ for all
Ky, Ko, K3, K4 € t: it determines a right-invariant Riemannian metric on G and a right-invariant
Laplace operator Ag. For all ¢ > 0, let du; be the "half heat kernel" measure on G at time t;
that is to say, the probability measure on G which corresponds to the law at time ¢ of a Markov
process starting at the identity and with generator %Ag.

For all t > 0, we denote by L2 (G,du;) the Hilbert space of holomorphic function in
L*(G,dps). The fact that L (G, du) is a Hilbert space is not trivial. It is a part of Hall’s
theorem which may be stated as follows (see Theorem 1 of [44] or Theorem 1.16 of [36]).

THEOREM (Hall [44]). Lett > 0. For all f € L*(K,dp;), the function 22K f has an analytic
continuation to a holomorphic function on G, also denoted by e%AKf. Moreover, e%AKf €

LE (G,dut) and the linear map By : f e%AKf is an isomorphism of Hilbert spaces between
L*(K,dpt) and L} (G, duy).

11.3.2. The Hall transform on U(N). In this section, we take for K the Lie group U(N),

oRe)

whose complexification is GLn(C). Let (U; "’ )¢>0 be a Brownian motion on U(N) (with gen-

erator %AU(N)), and (G§N))t20 be a Brownian motion on GLy(C) (with generator %AGLN(C))-

With the notation of the previous section, for all ¢ > 0, dp; is the law of Ut(N) and duy is the law
of GgN). Hall’s theorem gives us an isomorphism of Hilbert spaces between L?(U(N),dp;) and
L% (GLN(C),dpy). We remind of the probabilistic formulation of Hall’s theorem in the introduc-

tion: it expresses the Hall transform B; as an isomorphism of Hilbert spaces between the spaces
of random variables LQ(Ut(N)) and Lﬁol(GEN)) as defined in the introduction. Let us explicit the
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identification made between the spaces of functions L2(U(N),dp;) and L ;(GLx(C),du;) and
the spaces of random variables LQ(Ut(N)) and L%OI(GEN)).

Let ¢ > 0. For all complex Borel function f, we have E[|f(Ut(N))|2] = fU(N) |f|?dp; in
[0, +-00]. Thus, if f and g are two complex Borel functions such that f(UY) = g(U}N) a.s.,
then fU(N) |f — g|?dp; =0 and therefore f = g a.s. Moreover, the map f + f(Ut(N)) is an
isomorphism between L?(U(N),dp;) and LQ(Ut(N)). Similarly, F' +— F(G¥) is an isomorphism
between L | (GLn(C),dp:) and Lﬁol(GgN)). Identifying the space L?(U(N),dp;) with LZ(Ut(N))
and L (GLN(C),dut) with Lﬁol(GﬁN)), we deduce the version of Hall’s theorem as formulated

in the introduction: the Hall transform B; is an isomorphism of Hilbert spaces between L2(Ut(N))

and Lﬁol(GgN)), and for all Borel function f on U(N) such that f(Ut(N)) € LQ(Ut(N)), we have

B(fWi™)) = (extven f) (Gi™).

11.3.3. Boosting. For all N € N*, we endow My (C) with the inner product (X,Y) s, (c) =
% Tr(X*Y). For all t > 0 and N € N* we denote by Bt(N) the Hilbert space isomorphism

By @1d (o) from LA(UN) @ My (C) into L2(GEN) @ My (C).

PROPOSITION 11.5. Lett > 0. For all P € C{X, X'}, we have
BM (P (ufM)) = (eé(AU+ NlQAU)P> (@)

PRrROOF. Recall that we denote by U and G the identity functions of respectively U(N) and
GLN(C). We know that, for all P € C{X, X'}, we have

t

% (e%AU(N)P(U)) = e38um) <;AU(N)P(U)> :

Thus, thanks to Lemma 11.1, we have

% (eéAmN)(P(U))) — e3Buw) ((;(AU + A;A@P) (U)) .

Since the maps (P +— eéAU(N)(P(U)))tZO are linear, Lemma 9.5 tells us that, for all P €
-
C{X, X"} and t > 0, we have ¢330 (P(U)) = (e2 AU+ 3220) p)(1).

Let P e C{X, X 1}. Set f = P(U). We have ¢330t f = (¢330 +5250) p) (17} which has
an analytic continuation to a holomorphic function on GLy(C), denoted by F', and by definition

BY (P (1)) = F (6.

t 1 A
It remains to prove that F = (eE(AUJFWAU)P)(G)7 or equivalently to prove that the map

(e%(AUJFﬁAU)P)(G) is holomorphic, which is evident since e(Autyzlv)p ¢ C{X, X'}, and

coordinates of G and G~! are holomorphic. O

11.4. Large-N limit.
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11.4.1. Brownian motion on GLx(C). The free circular multiplicative Brownian motion
(Gt)e>0 is defined with a free stochastic differential equation driven by a free Brownian motion
(see Section 10.5). It can be proved that the Brownian motion on GLy(C) verifies the same
stochastic differential equation driven by a Brownian motion on My (C) (see [19]). The following
theorem is not surprising and reflects a well-known phenomenon: the free stochastic calculus is
intuitively the limit of the stochastic calculus on My (C) when N — oo. See also [50] and [51]
for similar results with a larger class of heat kernel measures on GLy(C).

THEOREM 11.6. For all N € N*, let (GgN))tZO be a Brownian motion on GLN(C) and let
(Gt)t>0 be a free circular multiplicative Brownian motion. For alln € N, and all Py, ..., P, €
(C(X,X*,Xfl,X*_1>, for each t > 0, as N — oo, we have

Etr (P (G7) - tr (P (GIY))] =7 (B (G0) -+ 7 (P (G)) + O(1/N?).
PRrROOF. It is equivalent to prove that, for all P € C{X, X*,Xfl,X*_l}, we have
& [ir (P (G1))] = 7 (P (C0) + O(1/N).

Indeed, Theorem 11.6 is the particular case when P = Pytr Py - - - tr P,.
Let P € C{X,X*, X', X* 1V and ¢t > 0. From Corollary 11.4, we have

2l (P (G1V))] =t ((eHaotwr2op) (1)) = (eh@ortdrdonp) 1),

From Proposition 10.6, we have 7 (P (Gt)) = (e%AGLP) (1).
Let d be the degree of P. Because the exponential map is differentiable, we have
ei(AGL+ﬁAGL) — eiAGL + O(l/Nz)

in the finite dimensional space End(Cg{X, X*, X1, X*7!1). Since A — (A(P))(1) is a linear
map from End(Cy{X, X*, X1, X**l}) to C, it is therefore continuous and we have

(eZ(AcL+]\}QAGL)P> (1) = (eiAGLP) (1) + O(I/NZ),
which completes the proof. O

11.4.2. Hall transform. We recall that, for all ¢ > 0, G; is the free Hall transform at the
level of Laurent polynomials C[X, X ~!], and that 220 is the free Hall transform at the level
of the space C{X, X!} (see Section 10.6). The non-commutative random variables Ut(N) and

GgN) give approximations to the free unitary Brownian motion U; and the circular multiplicative
Brownian motion G; at time ¢. The following result states that the Hall transform also goes to
the limit as N tends to oo, on both the C[X, X 1] and the C{X, X ~!}-calculus. See also [38] for
another proof of the first item.

THEOREM 11.7. Lett > 0. For all N € N*, let (Ut(N))tZO be a Brownian motion on U(N),

and (GgN))tzo be a Brownian motion on GLN(C). We have

(1) for all Laurent polynomial P € C[X,X 1], as N — oo,
2

I (P (0) 642 () gy - 20
(2) for all P € C{X,X 1}, as N — oo,
0 (0 (0 ~ (20 2) (G) [y O
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PROOF. Let t > 0 and P € C[X, X !]. Let N € N*. From Corollary 11.4 and Proposi-
tion 11.5, we have
2

5% (P () = 9P (7)1 oo

- 2
LAav+25Ay) (V) (N)
3 ButzA0) p (MY g (py (G
(@) ~am (@) 12,6 @My (C)

_ tBartAcn) ((e;(AU+A}2AU)p - gt(p))* (eé(AUJerz'AU)P — Qt(P)>> (1)

Let d be the degree of P. We will work in finite-dimensional spaces and consequently all the
norms are equivalent and the linearity of a map implies its boundedness. The differentiability of
the exponential map leads to

eﬁ(AGL‘*‘ﬁAGL) YN +O(1/N2) and eé(AU“l‘ﬁAU) — 30U + O(l/N2)

in the finite dimensional space End(Cq{X, X*, X!, X*71}). Since A — A(P) is linear, we
deduce that

<63(AU+1325U)P - gt(P)> = (38 P — Gi(P)) + O(1/N?).

The linearity of (4, P,Q) — (A(P*Q))(1) from
End(Ca{X, X*, X1, X* 1) x Co{ X, X*, X1, Xx*1}2
to C implies that
i (BartiAcr) (<65<AU+;2AU> P— gy P))* (€;<AU+N12AU> P P))> (1)
= eitar (32 P —G(P)) (24P - G(P))) (1) + O(1/N?),
From Proposition 10.6, we have
eidar ((e320p —Gy(P)) (22 P - G,(P))) (1)
= ({22 P)(G) = GuP)(GY) (220 P)(Gy) — Gu(P)(GY)) )

and by Theorem 10.7, we have 52V P(Gy) — Gy(P)(Gy) = 0. Finally, we have

|5 (P (0) - 6y (6

= 1/N?).
L2, (G @My (C) 0+00/N7)

The second assertion follows using the same argument substituting 220 P for Gi(P). U

12. Appendix. The construction of C{X;:i e I}

In this appendix, the algebra C{X; : i € I'} is constructed as the direct limit of the inductive
system formed by the family of finite tensor product C(X; : i € I) ® C (X, : i € )™ where ® is
defined below. Then we verify that, when endowed with the appropriate product and center-valued
expectation, C{X; : ¢ € I'} satisfies Universal property 8.1.
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Construction by direct limit. Let n € N. Let E be the subspace of C(X;:i1€I) ®
C(X;:i € I)®" generated by the families

{P0®P1®'--®Pn—P0®PJ(1)®-"®PU(TL):P(),...,PnG(C<XZ':Z'€I>,O'€67Z}.

Let us denote by C(X; :i € I)®C (X; : i € I)®" the quotient space of the space C (X; :i € I)®
C(X; :i € I)®" by its subspace E. If Py, ..., P, € C(X; :i € I), we denote the equivalence class
OfP0®P1®"'®Pn in(C(Xi:iEI>®(C<Xi:i€I>®" by P()@Pl@"‘@Pn.

For all n < m € N, we identify C(X; :i € [)®@C (X, :i € I)®" as a subset of C(X; :i € [)®
C(X; :i € I)®™ thanks to the injective morphism

inm: C{X;:i€@C(X;:ieD" — C(X;:iel)®@C(X;:ie )™
PhoPo---0F, — PP O---0FP,01l0---01.

The inclusion maps (in,m),,<,,cy Mmake C(X; :i € )QC(X; :i € I)®™ an inductive system in the
sense that, for all | <n < m € N, we have i ,,, = i, 0%pm. The vector space C{X; : i € I} is the
direct limit C{X; : i € I} = lig(C (X;:iel)®C(X;:ieI)®" It is the minimal vector space
which contains all the tensor products C (X, :i € I) ® C(X; :i € I)®" as subspaces identified
via the inclusion maps (i m) In particular, the space C(X;:4i € I) is a subspace of
C{X;:1e1I}.

We have at our disposal a basis of C{X, : i € I'}. Indeed, for all n € N,

n<meN"*

{My®M; ®---® M, : My,...,M, are monomials of C(X;: 7€ I)}
is a basis of C(X; :i € I) ® C(X; :4i € I)®". Thus,
{My@M; ®---®M,:neN,My,..., M, are monomials of C(X;:i € I)}

is a basis of C{X; : i € I}, called the canonical basis.

Let us define now the product and the center-valued expectation of C{X; : ¢ € I}. For
all n € N, My,..., M, monomials of C(X; : ¢ € I), and n’ € N, Ny,..., N,y monomials of
C(X;:i€1I), let us define the product M - N = MN of M = My® M; ® --- ® M, and
N=Nyg®@ N, ®---©® Ny by

M-N=MN=MNy@M, @ - My,®N; @ Ny.

We extend this product to all C{Xj : i € I'} by linearity. Endowed with this product, the space
(C{X; :i € I},-) is a unital complex algebra.

Let n € Nyand My,..., M, € C(X;:i€I). Foral M = My@M,0---0M, € C{X; :i € I},
we set

trM =10 My© M ©---© M,,

and we extend the map tr to all C{Xj : i € I'} by linearity. Defined this way, tr is a center-valued
expectation. Indeed, the center consists precisely of linear combinations of elements of the form
1My M ® - O M,.

We remark that, for all n € N, Py, ..., P, € C(X;:i€I), we have hh@ P, ®---® P, =
Pytr Py - - - tr P,,. Thus, the canonical basis of C{X; : ¢ € I'} can be rewritten

{Moytr My ---tr M,, : n € N, My,..., M, are monomials of C (X, :i € I)}.
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Universal property. The triplet (C{Xj : i € I}, tr,(X;);c;) is now constructed, and it re-
mains to prove the universal property.

Let A be an algebra endowed with a center-valued expectation 7, and with a family of I
elements A = (4;);c;- Let n € N, and Moy, ..., M, be monomials of C(X; :4 € I). Let us define
f(Motr My ---tr M,) by

f(Motr My ---tr My) =7 (M1 (A))---7(My (A)) - My (A),
and we extend f to a map from C{X; : i € I} to A by linearity. The properties of polynomial
calculus make f an algebra morphism. Moreover, by definition, for all i € I, we have f(X;) = A4;.

Finally, we verify that, for all P € C{X, : ¢ € I}, we have 7(f(P)) = f(tr(P)). Let n € N, and
Py,...,P, € C(X;:i€I). We have
T(f(RotrPr---trPy)) = 7(7(P(A))---7(Pa(A)) - Po(A))
(Po (A)) 7 (PL(A))---7(Pn(A))
(LtrPy---trPp)
= f(tr(PytrPy---tr P))
and by linearity, we deduce that, for all P € C{X, : i € I}, we have 7 (f(P)) = f (tr (P)).
Thus, there exists an algebra homomorphism f from C (X, :i € I) to A such that
(1) for all i € I, we have f(X;) = A;;
(2) for all X € C{X; :i € I}, we have 7 (f(X)) = f (tr (X)).
The uniqueness of such a morphism is clear since the action of f on C (X, : i € I) is uniquely
determined by the polynomial calculus, and by consequence f is uniquely determined on the
basis

-
-
f

{Mytr My ---tr M, : n € N, My, ... M, are monomials of C(X; :i € I)}.
Indeed, let n € N, and My, ... M, be monomials of C(X; : i € I). We have
f(MO tl“Ml : "U‘Mn) = f(M()) (tI’Ml) (tI’M )

f(Mo)T (f (Ml)) 7 (f (My))
= 7(Mi(A))- T(M (A)) - Mo (A).






CHAPTER 3

Fluctuations of the brownian motion on the linear group in
large dimension

This chapter is a work in collaboration with Todd Kemp [27].

ABSTRACT. The Brownian motion on the general linear group GL y(C) converges in noncommu-
tative distribution to a free multiplicative Brownian motion when N tends to infinity. This paper
discuss the fluctuations of this convergence: the collection of moments rescaled by the rate 1/N
converges to a Gaussian system with covariance that can be described in terms of three freely
independent free multiplicative Brownian motions.
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13. Introduction

Let My(C) denote the set of N x N complex matrices. Let (B™)y>1 be a sequence of random
matrices such that BY € My (C). Generally, the first phenomenon studied is the convergence in
non-commutative distribution of BY, meaning that for each non-commutative polynomial P in
two variables, we have the convergence of E[tr(P(BY, BN™))], where tr is the normalized trace
(so that tr(Iy) = 1). In most cases, we have the stronger result of almost sure convergence of the
random variable tr(P(BN, BN")) to its mean. It is therefore natural to ask what is the rate of
convergence, or more precisely, wether the random variable tr(P(BY, BN")) —E[tr(P(BN, BN™))]
converges in law after renormalization. The standard scaling for this kind of central limit theorem
in random matrices is well-known to be 1/N instead of the classical 1/v/N (see the seminal work
of Johansson [47]). For example,

N (tr(P(BY, BN)) — E [tr(P(BY, BY7))))

is asymptotically Gaussian when

e BY is a Wigner random matrix [24];
e BY is a unitary random matrix whose distribution is the Haar measure [33];
e BV is a unitary random matrix arising from a Brownian motion on the unitary
group [56].
Our main result is a result of this type, when BY is an invertible random matrix arising from
a Brownian motion (GEN))QO on the general linear group GLy(C) as defined in Chapter 2.

89
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Theorem 15.1 states that, for each non-commutative polynomial P and for each time ¢ > 0,
N N)* N N)*
N (P, M) — Bl (PG, 61 ))

is asymptotically Gaussian when N tends to infinity.

The rest of this chapter is organized as follows. In Section 14, we recall some technical
results from Chapter 2. Section 15 provides the statement of our main result Theorem 15.1, the
description of the covariance involved, and the proof of Theorem 15.1. Finally, in Section 16, we
give an alternative description of the covariance, using three non-commutative processes in the
framework of free probability.

14. Background

14.1. Brownian motion on GLy(C). Let us recall that GLx(C) is the Lie group of
invertible N X N matrices, and that its Lie algebra is gly(C) = My (C). For all Z € gly(C), let
us denote by Z the associated right-invariant vector field on GLy(C):

e =g

Define the real inner product (-,-) on gl (C) by
(X,Y)g 0y = NRTH(X'Y).

f(Ge'?), f € C®(GLN(CT)).

Following Chapter 2, a (right) Brownian motion on GLy(C) is a diffusion process starting at
the identity and with generator (1/4)Agy, (c), where Agp, (c) is the Laplace operator for the
right-invariant metric induced by (-, -) aln (C) To be more concretely, let us fix a orthonormal basis

(Z1,. .., Zan2) of My (C) for the inner-product (-, )y (). We have Agp () = Z?ivf Z2.

Let us denote by G the identity function of GLy(C). We are interested in the functional
on GLy(C) of the type tr(Pi(G))---tr(Py(G)), with Py,..., P, € C(X, X*, X~ 1L X* 1. In
Chapter 2, we were able to compute the action of the Laplacian on those functionals thanks to
the C{X, X*, X1, X *_1}—calculus. More precisely, let us define the subalgebra P of the algebra
C{X,X*, X1, X*1} generated by the basis

{tr My ---tr M, : n € N, My, ..., M, are monomials of C(X, X* X1 X* 1)}
Equivalently, we have P = tr ((C{X,X*,X_l,X*_l}). Let us recall that, for all Py,..., P, €
C(X,X*, X1 X*71) we have by definition

(tr Pr---tr By) (G) = tr(P1(G)) - - - tr( Py (G)).

In respectively Section 10.5.1 and 11.2.1, we defined the operator Agr and Agr. Thanks to
Lemma 11.3, they are such that, for all P € P,
1

Agry(c) (P(G)) = ((AGL + 5

In order to simplify the notation, we denote by respectively D and L the operators iAG Ln(C)

Amp) (@).

and %AG L (c) Testricted to P. In the following theorem, we summarize the properties of D and
L which follows from the definitions of %AGLN(C) and %AGLN(C), and from Lemma 11.3.

THEOREM 14.1. The operators D and L on P, independent from N, are such that:

(1) D is a first-order operator, i.e. for all P,Q € P, we have D(PQ) = D(P)Q + PD(Q);
(2) L is a second-order operator, i.e. for all P,Q,R € P, we have

L(PQR) = L(PQ)R + PL(QR) + L(PR)Q — L(P)QR — PL(Q)R — PQL(R);
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(3) For all P € P, we have iAGLN(C) (P(G)) = ((D +$ L)P) (G).
We recall also the following result of Corollary 11.4.

COROLLARY 14.2. Let (GﬁN))M be a Brownian motion on GLy(C). For allt > 0 and
P e P, we have
E[P(cM)] = (¢T3 VP) ).
14.2. The "carré du champ" operator. We consider the so-called "carré du champ'
operator of Agp, (c), denoted by I'y, and given for all f,g € C*°(GLy(C)) by

1
2

n

or equivalently by

((AGLN((C)(fg>) — (Agry@©) flg — f(AGLN(C)g)) ,

2N?2

FN(f7g) = Z(Zaf)(zag)'

a=1
As the operator Agyp, (c) in Theorem 14.1, the operator I'y can be pushed forward on P as
follows. Let us define the symmetric bilinear form on P x P by

P(P.Q) = 5 (L(PQ) ~ L(P)Q ~ PL(Q))

PROPOSITION 14.3. For all P,Q € P, we have NT2I‘N(P(G),Q(G)) = [[(P, Q)] (G).

PROOF. Let us denote by Dy the operator D+ L. We have D(PQ) —D(P)Q — PD(Q) =
0. As a consequence, I'(P, Q) = N72 (Dn(PQ) — Dn(P)Q — PDn(Q)). From the intertwining
relation %AGLN((C) (P(GQ)) = ((Dy)P) (G), we obtained that

P(P.QNE) = 5 (Aary©(PO(E) ~ (Aary @ (P@NQG) ~ PE) Aary©)/(QE)))
which is the "carré du champ"' of Agyp, (c), as wanted. O

The operator L is a second-order operator and it follows the following lemma.
LEMMA 14.4. For all P,Q, R € P, we have
I'(PQ,R)=T(P,R)-Q+ P -T(Q,R).
For all Py,..., P, € P, we have

k
L(Pl"'Pk):Zpl"‘]Di"'PkL(Pi)+2 Z P ---P;---Pj---P,I(P;, P)),
i=1 1<i<j<k

where the hat means that we have omitted the term P; in the product

ProOF. Using the second-order property of L, we compute
2I'(PQ, R) =L(PQR) — L(PQ)R — PQL(R)
=L(PR)Q — L(P)QR — PQL(R)
+ PL(QR)+ —PL(Q)R — PQL(R)
=2I'(P,R) - Q + 2P -T'(Q, R).
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By a direct induction, we deduce that

L(Plpk) :L(Plpkfl)Pk;‘i‘Pl Pk 1L< )+2F(P1 Pk 1,Pk)

=L(P---Py_1)Py + P Pr_1 L(Py) +2 Z Py P AT(P;, Pr)
1<i<k
k —_ —_ o~
=N P---P--PL(P)+2 Y. Pi---P---Pj---B,I(R, P)). 0
=1 1<i<j<k

15. Gaussian fluctuations

15.1. Main theorem. We are now ready to state our main result. Let 7" > 0. For all
P,Q € P, define

Vi =N (PGE) - E [PGD))
and

or(P,Q) =2 /O ' [P (T(e TP P TP | (1) dt.

The following theorem says that the quantities of the form E(Ylﬁ\lf e Ylﬁ\kf ) satisfy a Wick formula
in large dimension, with covariances given by op. Let us denote by Py (k) the set of pairings of
{1,...,k}, that is to say the set of partitions in pairs.

THEOREM 15.1. For any Pi,..., Py € P, we have, as N tends to infinity,

EYp V)= >[I or(B,P) +0( )

w€P2(k) {i,j}em

We will now reformulate this result as a convergence towards a Gaussian field.

LEMMA 15.2. There exists a compler Gaussian Hilbert space K with some specified random
variables ({p)pep € K such that P — Ep is linear, E({péq) = or(P,Q) and {p = Ep-.

ProoF. Firstly, the map or is symmetric, non-negative and bilinear on the subspace Ps,
of self-adjoint elements of P, and therefore, it exists a real Gaussian Hilbert space H and a
linear map P + &p from Py, to H such that E(¢pég) = or(P,Q). Let K = HC. For all
P € P, we set Ep = {(pyp)/2 + i§(p—p+)/2; Which is obviously linear in P. By bilinearity of or,
E(¢péq) = or(P, Q). Finally,

Ep = &§papryj2 — i€(p—pyy2i = Epr4pyy2 + i&pe—p)j2i = Epr. O

COROLLARY 15.3. As N tends to infinity, (Y2 )pep converges to (£p)pep in finite dimen-
stonal distribution: for all Py, ..., P, € P,

(d)
(Yng:vY]iZ) m (£P17"'75Pk)'

More generally, in the dual space P* endowed with the topology of pointwise convergence, the
random linear map YN : P — X}].y converge to the random linear map § : P — &p in distribution:
d
yN (D .

N—o00
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PROOF. Let k € N and Pi,...,P; € P. Because the vector ({p,,...,€p,) is gaussian, it
suffices to prove the convergence of the x-moments of (YF])Y, e 7YPJ’Z) to those of ({p,,...,¢p,).
Let 1 <id1,...,%0,01, -, Jm < k. We want to prove that

B(Yy - Y VY- Vi) 5= B(ép, - €n,8m, )
We have
Ny YN Ly N )= Ny yN v
E(Yp, Yy, Yp - Yp ) =E(Yp YPinYle ijm)
~—— BCp, --&p,Lpy - Epr ) = E(lp, -+ &p, 8py, - Epy,)-

N—o0

The general convergence in distribution follows because P is a countable-dimensional metric
space. ]

15.2. Demonstration of the main theorem. Let us say a few words about the demon-
stration of the Gaussian fluctuations. In the following computations, we shall use only the property
of first-order operator of D, and the property of second-order operator of L. Consequently, this
demonstration is valid for a larger class of Brownian motions, whenever their generators can be
pushed forward on P as a sum of a first-order operator and 1/N? times a second-order operator.
For example, we recall from Lemma 11.1 that the generator of the unitary Brownian motion
acts on C{X, X'} as Ay 4 (1/N2)Ay. Moreover, Ay is a first-order operator and Ay is a
second-order operator. We deduce that the distribution of a unitary Brownian motion have also
Gaussian fluctuations, as already proved in [56]. We shall say more about this particular result
in the next section.

PROOF OF THEOREM 15.1. Observing that the maps (P, ..., P) — E(Ylﬁ\f : ~-Y1§£) and
(P, Pe) = Xnepote) i jyer o7 (P Pj) are two symmetric multilinear forms on P, it suffices
by polarization to verify the asymptotic when P, = ... = P, = P (see Appendix D in [46]). In
this case, set Qn = P — E[P(G(N))]. We want to prove that

NE QK (P = X HO’TPP-i-O()

wePa(k) (i,5)€m

And firstly, we remark that E[Q% (GLV)] = [J“”ﬁ Y(@Qh)] (1) thanks to Corollary 14.2. The

1
TO+32 L) with respect

proof will consist in identifying the leading term in the development of e
to N.

In order to control the insignificant term in the development, we will work on a finite
dimensional space. Let d € N be the degree of (). The subalgebra Prq of elements of P whose
degrees are less than kd is finite dimensional and we endow it by a fixed unital algebra norm
|| llxay- Let us denote by |[-[[q) the operator norm on the finite dimensional algebra End(Pga),
and by HHH( 4,a) the usual norm of bilinear maps from Pq X Py t0 Pay.¢ when d + d" < kd (in the
following development, we will often omit the indices (kd) or (d,d")). Throughout this proof, we
will consider the operators D, L and I" as bounded operators on the finite dimensional algebra

Pra C P. The differentiability of the exponential map leads to T P+xzL) — o TD | O(1/N?).
More precisely, we have the following result.

LEMMA 15.4. For allt > 0, we have

(15.1) JHD 5z L) _ D n ]\;/t etl(D-i-ﬁL)Le(t—tl)Ddtl'
0
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More generally, for all k € N, we have

k
o 0<tn <<ty <t

1

tht1(D+-25 L) 1 (thp1—tr)D (t—t1) D
+7/ e TN W Lt TR E L Le dty -
N2+ Jocty g <<ty <t '

cdtgg
PROOF. Let us define S(t) = P+ Rz )=t The map S is differentiable, and we have
#(D+-5 L 1 - 1 -
S'(t)y=e D+5z )(D—i—ﬁL—D)e b — mS(t)etDLe b,

Thus, S(t) = 1 + ﬁfg S(t1)e P Le ' Pdty. Multiplying by e'P on the right gives us the
first formula. The second formula is obtained by induction over k, using at each step the first
formula. g

For n € N, let us denote by A,, C R" the simplex
Ay ={(tn,--,t1) ER": 0 <t <ty <+ <ty < T},

Using the lemma at the step [k/2], the study of the limit of N* [eT(DJFﬁ L)(Q’f\,)} (1) is decom-
posed into the study of the limits of:

(1) N*[eTP(QK)] (1),

(2) Nk—2n [fAn e D Leltnt1=tn) DT, e(T=0)D g, . ... dtn(Q’f\,)} (1) for 1 < n < [k/2],

(3) and N*—2-[k/2] UA 1P+ L) [ o(teri—te) D, . .. ], o(T—t1) D dtq - - .dtkH(Qﬂﬂv)} (1),
which is the goal of respectively the three next steps. In the fourth step, we sum up the three

convergences and conclude. We will see that the only term which does not vanish is the second
term considered when n = [k/2].

Step 1. Thanks to Corollary 14.2, we have Qv = P—E[P(G{))] = P— [" ¥ 51 ()] (1),
e 1) =

kE+1

Since the map A — [A(P)](1) is linear, it is therefore bounded and we have {e
[eTP(P)](1) + O(1/N?). Consequently,
(15.2) Qv =P —[e"P(P)](1) + O(1/N?)

and therefore Q% = (P — [eTP(P)](1))* + O(1/N?*). Using a standard formal power series
argument, we know that e P is multiplicative from the fact that D is a first-order operator. Thus

[eTP(@%N) = [7P(P = [eTP(P)(1))F] (1) + O(1/N*)
= (["P(P)(1) = ["P(P)](1))F + 0(1/N?)
= O(1/N?h).
Finally, N* |eTP(Q4)] (1) = O(1/N*¥).

Step 2. We are assuming at this step that 2 < k. For all R € P, t > 0 and n > 2, we have
by Lemma 14.4

L((e"P(@u))" - R) =(e"PQn)" L(B) + 2n(c' PQu)"~'T(e" Q. B)
+n(e!PQN)" T L(e!PQN)R 4 n(n — 1)(e!PQn)"2T(e!PQy, e PQn)R.
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In others words, for all d’ < (k — 1)d, if we define the bilinear map B,, : (S,R) — S - L(R) +
2nT'(S, R) + nL(S) - R from Py x Py to Pyra, we have, for all R € Py,
(15.3)

L(P(@Qn)" B) = (¢'PQn)" Ba(e!PQ, R) + n(n — 1)(ePQn)"*T(e! PQu ¢! Q)R

Let us denote by I'(t) the element e!PT(eT=DPQny, eT=DDPQy) € Pyy. Using (15.3), we prove
by induction on n the following lemma.

LEMMA 15.5. For all n such that 1 < n < [k/2] and 0 < t, < --- < tg = 1, there exists
R, € P(gn_l)d bounded independently of N, tg,...t, such that
(15.4) Leln1=ta)DL. . L eT=)D(Qk )
k! 3 o ) .
= Gy (e P Q) D) - T(t) + (e P Q)R

PROOF. Indeed, when n = 1, setting Ry = kL(e"")PQy) € Py which is bounded by
LTI QI we have

Le(T—tl)D(Ql]cv) _ k(k’— 1)(6(T_t1)DQN)k_ZnF(e(T_tl)DQN, e(T—tl)DQN) + (G(T_tl)DQN)k_lRl.

Because of (15.2), it is bounded independently of N, and so do R;.
Assume now that 2 < n < [k/1] and that (15.4) has been verified up to level n — 1. We
compute

Leltn-1=t) D1, . T, o(T—t1) D(@’]CV)

_ k! _ ont2 -
=Ll ((k: —2n+ 2)!(6(T O O (NCVEEE N ()

+ (e(T—tn71) DQN)k—2n+3Rn1)

k!
_ L ((eT—t) PO b=2042=tn D (T (1)) . . . T,
oy L (ETTPQu) R DT () - D))
+L ((e(Tftn) DQN)kunJr?)Rn_l) _
We use now (15.3) on each term. The first term leads to

k!

Gz PN e P () (1)

k! _ —om, _ _
+ m(e(T t")DQN)k 2 +lBk—2n+2 (e(T t")DQNae t"D(F(tl) - 'F(tn—l))) )
and the second term to
(TP =242 Ry o s (e T PQ N, R, 1)
+ (k= 2n+ 3)(k — 2n + 2)(eT W PQN)F 2 HD (T PQy T PQNR,, 4.
Thus, R, € P2,—1)q can be defined by

k! B B
mBk_2n+2 (e(T tn)DQN7 e tn D(F(tl) .. 'F(tn,1)>

+(eTPQN) By _gni3(e T PQn, Ryy)
+(k—2n+3)(k —2n+ 2)L(eT=t)PQ N, e TtIPQNR, 4
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which verifies (15.4) and which is bounded by

(,ﬁ_jm|||Bk_2n+2|||(d,2(n_1>d)62“D" I T [Tt

+e? P QN 121 B —2n3lll 4, (2n—1yal Rn—1]

+(k = 20+ 3)(k — 2n + 2T/l 4,0V Q11| R |-
Because of (15.2), it is bounded independently of N. We deduce also that

L(t;) = e PT(eTIPQy, e TP Qy)
is bounded by H|F|H(d7d)€2mDm |Qn|* and consequently is bounded independently of N, ty,. .., t,.
Finally, R, is bounded independently of N, t1,...,t,. (|
We recall that, because D is a first-order operator, e'» P is multiplicative. Applying e on

(15.4), we obtain that, for all 1 < n < [k/2], for all N € N and (¢,,...,t1) € A, there exists
Ry € P(ap—1)q bounded uniformly in N, o, ..., such that

¢ DL eltn-1=ta) D, T, o(T=t)D (k)
_ (k_k;!Qn)!(eTDQN)kQHF(tl) L T(t) + (TPQN )R,
where I'(t) denotes the element !PT (e(T=IPQy, eTDPQnN) € Pog.
From (15.2), we deduce that [(eTDQN)k*Q”} (1) = O(1/N?k=4n) and {(eTDQN)kH*%} (1) =
O(1/N?k+T=47) We have already remarked in the proof of (15.4) that Qy and
T(t) = e Pr(eTPQy, TP )

are bounded independently of N,tq,...,t,. By consequence, we know that the two terms

and Nk+1-2n [(eTDQN)k“*Q"Rn} (1) are bounded independently of N, 1, ..., t,, and we deduce
that

N2k74n

Nh—2n UA en DL eltnti =) DL T D gy dtn(QﬁfV)] (1)

is O(1/N) if k > 2n and is k! [y ([(t1)---T'(t,)) (1) dty -~ - dt, + O(1/N) if k = 2n.
In the case where k = 2n, because the integrand is symmetric in ¢4,...,t,, the remaining
term is equal to

k!

n! Jo<tr,..ta<T

[D(t1) -~ T(ta)] (1) dty - -ty

N ( / 0 <1>dt> G oo L

! 2nn!

Note that L kills constants, and similarly T'(P + ¢, @ + d) = I'(P,Q) for any ¢,d € C. As a
consequence, or(Qn,Qn) = op(P, P). To sum up,

Nh2n UA e DL eltntt =) DL L TP gy - dtn (QF) | (1)

is equal to S (P, P)" + O(1/N) if k = 2n and O(1/N) if not.
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Step 3. We have Q% = (P — [¢"P(P)](1))* + O(1/N?*) and

< H|L|||n€H|LIII+IIIDIH_

/ ot D433 L) o(thp1—tk) D, ., o(T—t1) D dty - digyq
AVAE]

Consequently
[/ PRz D [ =) DL, o(T=0)D gy, . dtkﬂ(@?\/)] (1)
JAVARE]

is bounded independently of N. On the other hand, k — 2([k/2] 4+ 1) < —1 and NF—2(*/2+1) g
therefore O(1/N). Thus, the term studied is O(1/N).

Step 4. Finally, N*E[QK/] = WUT(R P)¥/2 + O(1/N) if k is even and O(1/N) if not.
Because the cardinality of Pa(k) is if k is even and 0 if not (see [46]), we have the
wanted convergence

k!
2k/2(f/2)!

1
Ve = X I @@ +0(5): =
neP2(k) (i,5)em
16. Study of the covariance

In [56], Thierry Lévy and Myléne Maida established a central limit theorem for random
matrices arising from a unitary Brownian motion as defined in Section 11.1.

THEOREM (Lévy and Maida [56]). Let (Ut(N))tZO be a unitary Brownian motion on U(N).
Let Py,---,P, € CIX, XY, and T > 0. When N tends to infinity, the random vector

N (o (Pwr™) -E o (ROFD)]) .,
converges in distribution to a Gaussian vector.

Interestingly, the limit covariance involves three free unitary brownian motion (ut)i>0, (vt)t>0
and (w;);>p which are freely independent. Following [56], for all P € C[X], we denote by P’ €
C[X, X! the derivative of P on the unit circle:

ihy _
Vi e U, P'(z) = lim LZ¢) = S()
h—0 h
More concretely, for all n € N, if P = X", we have P/ = niX", and if P = X", we have
P'= —niX ™. For all P,Q € C[X, X 1], the covariance of the random variables TrP(U}N)) —

E[Tr P(U:(FN))] and (Tr Q(U}N)) —E[Tr Q(U:(FN))])* is asymptotically equal to

T
(16.1) /0 7 (P (o) (Q (wr—gug))?) dt.

In this section, we relate our result to theirs by giving another expressions of the covariance, the
last one being very similar to the covariance which they have found.

16.1. Two different expressions of the covariance.

PROPOSITION 16.1. Let (Gt)i>0, (Ht)t>0, (K¢t)t>0 three independent Brownian motions on
GLN(C) which are independent. For all P,Q € P, we have

N2 T
or(P.Q) =5 [ Bl (P(Hr-GGr).QUEr-GGr)) (Iv)} dt + O(1/N).
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Proor. For all P,@ € P, we have

or(P,Q) = Q/OT [etD (F(e(T_t>DP, e(T_t)DQ)ﬂ (1) de.

As in the proof of Theorem 15.1, we restrict our computations on a finite-dimensional space

Pq (take d to be the sum of the degrees of P and Q). Because of Lemma 15.4, we have
1

N? (etD — PR L)) bounded independently of ¢ and by consequence, it is straightforward

to verify that

1

T
or(P,Q) = 2/ [et(mﬁ L) (F(e(T‘t)<D+m L) p, (T-0D+ 5z L)Q)ﬂ (1)dt + O(1/N?).
0
The end of the proof consists in proving that, for all 0 <t < 1, we have

(16.2) [et(D +5 L) (F(G(T—t)(D a2l p (0045 L)Q))} (1)
2
= DB Ny (P(Hr—GGr), QKr_GCr)) (In)].

Let 0 <t <T'. We start from the left side to recover the right side. First of all, using Theorem 14.1
and its corollary, we have

[0+ ( (o= 431 p (T-0D+35 1)) (1)
N2

(T=1)
1

ef2orn (Ty (55580 (P(G)), e T2 Qe ) )| (w)

g (rx (e (p@). T RevoQa) ) ) (6r)]

For all M € GLx(C), let us denote respectively by Lys and Ry the left and the right translation
by M. We compute

(T—t)
(I‘ <e T4t

. [(zaeWAwwm») (Ze T2 Qea))| @)

(T—1)
1

(P(G)),e

=

T—t ~ (T—t)

[RGT o (Zue T2 (P(6)) (1) - [ Ry o (Zoe T2 1(Q(GY) ) (1)

HM§ ﬁMZ

1
2

Here, in order to reverse the different operators, we introduce the left-invariant vector fields. For
all Z € My (C), let us denote by Z the associated left-invariant vector field on GLx(C):

_ flgeh), e CN(GLN(D))
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Note that, for all Y, Z € My(C), the vector fields ¥ and Z commute. Moreover, for all f €
C*(GLN(C)), we have (Zf)(In) = (Zf)(In). Using those two facts, we compute

s (T—t) A
= (Zue T B0 (B, 0 P(G)) ) ()

(¢ 00 2R, o PGY) ) (1)
E [ (Za(Ray, o P(G))) (Hr—1)| Gr]

—E Lty o (Za(Ray o P(G))) (Iv)| Gr]
—E [ (Zu(Lity_, © Ray  P(G))) (In)| G
- :(ZG(P(HT_tGGT))) (IN)’ GT}

and similarly <RGT o (Zae@‘x_t)AGLN(@(Q(G)))) (In) = E [ (Zu(P(Kr-GGr) ) ()| Gz ]. 16
follows that

izf[RGTo(zaeWAGwP(G») (0] [ o (2 000 @) 1)

,ZE{( P(Hr—1GGr))) (In) (Za(P(Kr-GGr)) ) (In)| Gr |

=K [FN (P(Hr—GGr), Q(KT—GGT)) (IN)| GT] -
Taking the expectation leads to the right side of (16.2). O

In Proposition 16.1, we wrote the covariance with the help of three independent Brownian
motions, and we want now to let the dimension tend to infinity in order to have a new expression
of the covariance. We shall not review the definitions of free probability theory given in Chapter 2.
Let us only recall that a circular multiplicative Brownian motion (G¢)s>0 is a non-commutative
process which is the limit of the Brownian motion (GgN))tZO on the linear group in the sense of
Theorem 7.4: for all £ > 0, all n € N and all P € P, we have

Jim B[P (6] = P(@).

We precise also that independent Brownian motions (GIEN))QO,(H,&(N) )e>0 and (Kt(N) )t>0 converge
to free circular multiplicative Brownian motions (Gt)t>0, (H¢)t>0 and (K¢)s>0 which are mutually
free: for all t > 0, all n € N, and all polynomials P € (C{X,-,X;‘,Xi_l, X;71:i=1,2,3}, we have

(16.3) lim E [tr (P (G§N),H§N),K§N>))} = 7(P(Gy, Hi, K)).

N—o0

Indeed, it remains to prove that the independent Brownian motions are asymptotically free,
which is a consequence of the Ad(U(N))-invariance of the law of each Brownian motion. Let us
recommend also [50] for a different and complete proof.

PROPOSITION 16.2. For all P,QQ € P, there exists
T(P,Q) e C{X;, X/, X, ', X7 i=1,2,3}
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such that, for all N € N, and all B,H,K € GLN(C),

N? 5
(16.4) — In (P(HGB),Q(KGB)) (Iy) = [[(P.Q)| (B, H. K)

and in this case, setting (Gt)i>0, (Ht)i>0 and (K¢)i>0 be three free circular multiplicative Brownian
motions which are free, we have

or(P.Q) = [ " [F(P.Q)] (Gr i, K dt.

PROOF. Let us suppose first that P = tr(X' --- X°) and @ = tr(X+1 ... Xntm) with
Ely.-yEnt+m € {1,%,—1,% — 1}. We can compute

tr(HB)®' --- Z,(HGB)® - - - (HB)"")

M=

Z. (P(HGB)) =

N
Il
i

tr(Zo(G*) - R(B, H, K)),

I
M=

N
Il
,_.

where R is a monomial of C(X;, X, X~ L X1 i=1,2,3). Similarly,
m+n
Za (P(KGB)) = > t1(Zo(G*) - S(B, H, K)),
I=n+1
where S is a monomial of (C(Xi,X;‘,X X 1.4 =1,2,3). Finally, using Equations (11.8), we
have,

N2 2N?2 N n  m4n
= Z (Za(PHGEB))) (In) (Za(QKGB))) (In) =Y > aratr ((SR)(B, H, K)),
=1 k=n+1
where « = —1,1 or 0 depending on ¢; and €. Thus, the element
n  m4+n
I'PQ)= Z Z Qg tr (SR)
=1 k=n+1

satisfies (16.4). )
We extend the definition of I' to all elements of P of the form Py --- Py, Q1 ---Q; € P by the
relation

L(P - PpQy - =5 N PP PBQ1 Q- QTP Q).

1<i<k 1<j<I

and finally, we extend T to all elements of P by bilinearity. Because 'y fulfills the same relations
as I, it follows (16.4). Thanks to Proposition 16.1, if (GgN))tZU,(Ht(N))tZO and (Kt(N))tzo are
three independent Brownian motion, we have

7 Q) = N2 0 E[FN (P Gar™), QL GEE)) (In)| dt + O(1/N?)
:/OT [FP.Q) (65", =Y, kiY)] dt+ 0(1/N?)

E H [ Q)dt] <G;N>,H;§1,K<TZQ>] L o)
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We use (16.3), and it follows that

or(P,Q) = /OT {f(P, Q)] (Gr,Hp—y, Kp_y)dt. U

16.2. The simple case of polynomials. In the case of Laurent polynomials, it is possible
to compute explicitly the term [f(P, Q)} of Proposition 16.2, and thus recover the expression of
covariance given by (16.1).

PROPOSITION 16.3. Let P,Q € C[X, X !]. Setting (Gy)i>0, (Hy)i>0 and (K)o be three
free circular multiplicative Brownian motions which are free, we have,

or(tr PtrQ) =0, op(tr P*,trQ*) =0
and

orl @) = [ L (P (Hp - Gr) (@ (K yGr) ),

In particular, this proposition shows that, for all P € C[X, X '], the random variable
(Tr(P(G(TN))) —-E {Tr(P(G(TN)))D is asymptotically a circularly-symmetric complex normal dis-
tribution of covariance fOT T(P'(Hp—+Gr)(P'(Kr_:Gr))*)dt.

PrOOF. We will prove that, in Proposition 16.2, we can fix

(f(tr P, tr Q)) =0, (f(tr P* tr Q*)) =
and
(f(tr P, tr Q*)) = tr(P/(X2X1)Q'(X3X1)").
Indeed, let P = X" and Q@ = X™. Let N € N, and B, H, K € GLy(C),Then
(tr P)(HGB) = tr((HGB)"™), and (trQ*)(KGB) = tr((B*G*K™*)™).
We compute, for all 1 < i < N2,
Z: (t((HGBY") (In) = ntr(Z/(HB)")
and B
Zi (tr((B*G*K™)™)) (In) = mtr(Z; (B*K™)™).
Finally, using Equations (11.8), we have
N2 2N? ~
Ep> (Za(P(HGB))) (Iy) (Za(QKGB))) (Iy) = mntr((HB)" (K B)™)")
= (f‘(tr P, trQ*)) (B, H, K)

with ( (tr P, tr Q*)) = tr(P'(X2X1)Q'(X3X1)*). Similar computations lead to (f‘(tr P, tr Q)) =

0 and (F(tr P tr Q*)) = 0, and we extend the formulas to P,Q € C[X, X '] by bilinearity.
Finally, thanks to Proposition 16.2, we know that

or(tr P, trQ) = /0 ! (P, Q)| (Gr, Hr—y, Kr—y)dt

= /OT T(P/(HT,tGT)Q/(KTftGT)*)-

The two others cases are treated similarly. U






CHAPTER 4

Matricial model for the free multiplicative convolution

This self-contained chapter has been taken from the article [26].

ABSTRACT. This paper investigates homomorphisms a la Bercovici-Pata between additive and
multiplicative convolutions. We also consider their matricial versions which are associated with
measures on the space of Hermitian matrices and on the unitary group. The previous results
combined with a matricial model of Benaych-Georges and Cabanal-Duvillard allow us to define
and study the large N limit of a new matricial model on the unitary group for free multiplicative
Lévy processes.
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17. Introduction

The classical convolution * on R and the classical multiplicative convolution ® on the
unit circle U = {z € C : |2| = 1}, which correspond respectively to the addition and to the
product of independent random variables, have analogues in free probability. Indeed, replacing
the concept of classical independence by the concept of freeness, Voiculescu defined the free
additive convolution H on R, and the free multiplicative convolution X on U (we refer the reader
to [74] for an introduction to free convolutions). A probability measure p on R is said to be
x-infinitely divisible if, for all n € N*, there exists a probability measure u,, such that p"* = p.
The set of x-infinitely divisible probability measures endowed with the operation * is a semigroup
which we will denote by ZD(R, %), and we consider analogously the sets ZD(U, ®), ZD(R, H) and
ID(U, ).

In [13], Bercovici and Pata identified an isomorphism of semigroups A between ZD(R, %) and
ID(R,H) which has a good behaviour with respect to limit theorems: for all u € ZD(R, %) and
all sequence (p,)nen of probability measures on R,

T ST = ()
" p—s+oo " p—+oo
where the convergence is the weak convergence of measures. Unfortunately, the situation is not
as symmetric in the multiplicative case. Let M, denote the set of probability measures p on U
such that [; (dp(¢) # 0. In [28], Chistyakov and Gétze proved that, given a sequence (fin)nen Of
probability measures on U, the weak convergence of " to any measure of M, implies the weak
convergence of u®™; but they also proved that the converse is false. It is thus only possible to
define a homomorphism of semigroups I' between ZD(U, X) and ZD(U, ®) (see Definition 19.4)

103
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such that, for all p € ZD(U,X) N M, and all sequence (p,)nen of probability measures on U,

(w) on (W)
oo =t = T(w).
Finally, the homomorphism e :  + €™ from (R,+) to (U, x) induces a homomorphism of
semigroups e, between ZD(R, x) and ZD(U, ®), given by the push-forward of measures, which
enjoys a similar property: for all u € ZD(R, ) and all sequence (i, )nen of probability measures
on R,

(w) (w)
*n ®n
A s e.(un) iy e.(p).

The first aim of this work is to complete the picture which we just sketched. In Definition 19.2,
we shall introduce a new homomorphism of semigroups em between ZD(R,H) and ZD(U, X),
and which is linked to the previous homomorphisms in the following way.

THEOREM 17.1 (see Prop. 19.6 and Thm. 19.10). The map eg : ZD(R,8) — ID(U,K) is
such that:

(1) For all u € TD(R,B) and all sequence (fin)nen of probability measures on R,

B (W) Kn (@) .
P o b= edun)™ 0 es(p);

(2) The following diagram commutes:

(17.1) ID(R, %) LID(R, M)

e*l ieaa

ID(U, ®) < ID(U,K).
T

In the highly non-commutative theory of Lie groups, there is a well-known process which
connects additive infinitely divisible laws with multiplicative ones. It consists in passing to the
limit the product of multiplicative little increments which are built from additive increments using
the exponential map (see [39]). A natural question is whether there exists a matrix approximation
of em which arises from this procedure.

Our starting point is a matricial model for ZD(R, B) which has been constructed simultane-
ously by Benaych-Georges and Cabanal-Duvillard in [12] and [23]. For all N € N, let us consider
the classical convolution * on the set of Hermitian matrices Hy, and denote by ZDj,,(H v, *)
the set of infinitely divisible probability measures on H which are invariant under conjugation
by unitary matrices. For all u € ZD(R, H), Benaych-Georges and Cabanal-Duvillard proved that
there exists an element of ZDin, (H, *), which we shall denote by IIx(u) (see Section 23.1), such
that:

(1) For all p € ZD(R, H), the spectral measure of a random matrix with distribution ITx(u)
converges weakly to p in probability as N tends to infinity;
(2) Iy : ZD(R,B) — IDin(Hny, *) is @ homomorphism of semigroups.
On the other hand, the map e : H ~ ¢! from Hy to the unitary group U(N) induces, with
some care, a homomorphism of semigroups from ZD;,(Hy,*) to the set ZDj,,(U(N),®) of
infinitely divisible measures on U(N) which are invariant under conjugation. Indeed, for all
1 € IDiy(Hy, ), the sequence (e, (p*/™)®),cn- converges weakly to a measure Ey(p) €
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IDiny(U(N),®) (see Proposition-Definition 22.2). The situation can be summed up in the
following diagram:

Iy
(17.2) ID(R, ) TDiny (o, )

- s

ID(U,X) IDin(U(N), ®).

When N = 1, we have II; = A~!, & = e,, and consequently the diagram (17.2) is exactly
the top part of the diagram (17.1). The second main result of this work is the definition of a
homomorphism of semigroups I'y : ZD(U, X)) — ZD;, (U(N), ®) which completes the picture as
follows (see Section 23.2).

THEOREM 17.2 (see Prop. 23.5 and Cor. 23.8). The map I'y is such that:

(1) for all p € ID(U,K), the spectral measure of a random matriz UN) with distribution
In(p) converges weakly to p in expectation, in the sense that, for each continuous
function f on U, one has the convergence

Lo e (s (0)] - [
(2) The following diagram commutes

Iy

(17.3) ID(R,H) IDinv(Hn, *)

-

ID(U, ) — > IDi (U(N), ).
'y

This result can be expressed by saying that the map eg is the limit of the map Ey as N
tends to infinity. The first assertion of the theorem above is a generalisation of a result of Biane:
in [17], he proved that the spectral measure of a Brownian motion on U(NN) with adequately
chosen speed converges to the distribution of a free unitary Brownian motion at each fixed time.
The distribution of a Brownian motion is indeed an infinitely divisible measure at each time, and
this convergence can be viewed as a particular case of Theorem 17.2.

The proof itself of Theorem 17.2 is interesting at least for two reasons. It is the first time that
the free log-cumulants, originated in [58], are used for proving an asymptotic result of random
matrices. Secondly, the proof relies upon a key object, the symmetric group &,,, which is linked
to both the combinatorics of free probability theory, and the computation of conjugate-invariant
measures on U(N). More precisely, in [53], Lévy established that the asymptotic distribution of
a Brownian motion on the unitary group is closely related to the counting of paths in the Caley
graph of &,,. Similarly, for all u € ZD(U,X), the asymptotic distribution of a random matrix
with law I'y(p) involves the counting of paths in &,,, each step of which is given by the following
generator (see Lemma 23.7)

T(o) =nLki(p) o+ Z Lk, (u) - co,
2<m<n
¢ m~cycle of &,
co=o

where (Lk,(1))nen+ are the free log-cumulants of p.
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In fact, Biane proved in [17] a stronger result: the convergence of all finite dimensional
distributions of the Brownian motion on U(N) to the distribution of a free unitary Brownian
motion. Similarly, a classical result of Voiculescu allows us to strengthen the previous asymptotic
results of Theorem 17.2 as follows (see Section 23.4 for details).

THEOREM 17.3. Let (Uy)ier, be a free unitary multiplicative Lévy process with marginal

distributions (pu)ier, in M. For all N € N*, let (Ut(N))t€R+ be a Lévy process with marginal

distributions (U y(pt))ter, - Then, (Ut(N))teR+ converges to (Up)ier, in non-commutative distri-
bution. In other words, for each integer n > 1, for each non-commutative polynomial P in n

variables, and each choice of n non-negative reals t1,...,t,, one has the convergence
.1 (N) MMYY] =
Jim B [Tr (P (Ut1 s, U ))} = (P (Uy,,...,U.)).

Moreover, independent copies of (Ut(N))teRJr converge to freely independent copies of (Up)ier, -

The rest of the paper is organized as follows. In Section 18, we give an overview of the theory
of infinitely divisible measures. In Section 19, we define e and I" and we prove Theorem 17.1.
Section 20 is devoted to the notion of free log-cumulants, which is an important tool for the proof of
the asymptotic results of this paper. Section 21 presents a description of convolution semigroups
on the unitary group, and studies more precisely those which are invariant by conjugation.
Section 22 links together the measures on the Hermitian matrices with the measures on the unitary
matrices through the stochastic exponentiation £y. Finally, Section 23 provides the definition of
the random matrix models Il and ', and the proof of Theorem 17.2 and Theorem 17.3.

18. Infinite divisibility for unidimensional convolutions

In this section, we give the necessary background concerning ZD(R, x), ZD(U, ®), ZD(R, H)
and ZD(U, X). In particular, we give a description of the characteristic pair and the characteristic
triplet of an infinitely divisible measure in each case.

We say that a sequence of finite measures (puy,)neny on C converges weakly to a measure p if
for all continuous and bounded complex function f, lim, o [¢ fdun = [ fdpu.

18.1. Classical infinite divisibility on R. Let p € ZD(R, *). There exists a sequence
(fin)nen= of probability measures such that, for all n € N*, p*™ = . The important fact is that

m o=
the measures
2

dan(x) = nﬁ

converge weakly to a measure ¢ and the reals

T
Tn = n/R m#n(dx)

converge to a constant v € R. The pair (v, o) is known as the x-characteristic pair for p and it
is uniquely determined by p. More generally, we have the following characterization.

fin(dz)

THEOREM 18.1 ([13]). Let p € ID(R, %) with %-characteristic pair (v,0). Let k1 < ko < - -
be natural numbers and (fin)nen+ be a sequence of probability measures on R. The following
assertions are equivalent:

(1) the measures fipy, * - - - * [y, converge weakly to p;
—_——

k, times
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(2) the measures

2

n(dx)

converge weakly to o and

x
nh_{go kn e mﬂn(dw) =7

In addition to [13], we refer the reader to the very complete lecture notes [11]. We present now
two additional properties of the x-characteristic pairs. Firstly, there is a one-to-one correspon-
dence between x-infinitely divisible probability measures and pairs (v, o). Indeed, for all finite
measure o on R, and all constant v € R, there exists a unique *-infinitely divisible probability
measure such that (v, 0) is the x-characteristic pair for pu. Secondly, the #-characteristic pairs
linearize the convolution: let 1 and ps be two *-infinitely divisible measures with respective
«-characteristic pairs (v1,01) and (72, 02). The measure py * uo is a *-infinitely divisible measure
with s-characteristic pair (y1 + 72,01 + 02).

Let us review another, perhaps more classical, characterization of infinitely divisible measures.
Let p be x-infinitely divisible and (v, o) be its *-characteristic pair. We set
(18.1)

1+ 22 1
a=o({0}), plds) = = Laygy (o), and =+ [ o (1) - 1 ) plda).
x R 1+=x

The triplet (1, a, p) is called the x-characteristic triplet for u. Observe that p is such that the
function x — min(1, 2?) is p-integrable and p({0}) = 0. Such a measure is called a Lévy measure
on R. Conversely, for all (1, a, p) with n € R, a > 0 and p a Lévy measure on R, there exists a
unique #-infinitely divisible probability measure such that (7, a, p) is the *-characteristic triplet
for p.

ExaMPLE 18.2. Here are three important classes of *-infinitely divisible measures:

(1) For any constant 1 in R, the Dirac distribution ¢, is in ID(R,x), and its
x-characteristic triplet is (1, 0,0);
(2) For any constant a > 0, the Gaussian distribution of variance a is

Ny(dz) =

2
\/%e”z”adx € ID(R, *)
whose x-characteristic triplet is (0, a, 0);
(3) For any constant A > 0 and any probability measure p € P(R), the compound
Poisson distribution with rate A and jump distribution p is

Poiss} , = e Z )\—‘p*" € ID(R, %)
neN
whose *-characteristic triplet is (A f[—l,l] zp(dz), 0, A\pjr)\ {03)- One important partic-
ular case is when p = ¢;: the Poisson distribution Poiss} of mean A is

)\n
Poiss} (dz) = Poiss} 5, (dz) = e Z —0n € ID(R, *).
’ n!
neN

18.2. The Bercovici-Pata bijection. In [13], Bercovici and Pata proved that all results
of the previous section stay true if one replaces the classical convolution * by the free additive
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convolution H. This leads to the Bercovici-Pata bijection A from ZD(R,*) to ZD(R,H) which
maps a *-infinitely divisible measure with *-characteristic pair (v, o) to the H-infinitely divisible
measure with H-characteristic pair (v, o). Its importance is due to the following theorem.

THEOREM 18.3 ([13]). The Bercovici-Pata bijection A has the following properties:
(1) For all p,v € ID(R, %), A(pxv) = A(p) B A(v);
(2) For all natural numbers k1 < kg < ---, all sequence (tn)nen+ of probability measures

on R and all x-infinitely divisible measure i, the measures p*» converge weakly to u if

and only if the measures pu=F» converge weakly to A(u).

ExAMPLE 18.4. Here are the free analogues of the measures presented in Example 18.2:
(1) For any constant n in R, we have A(J,) = 6, € ZD(R,H), and its HB-characteristic
triplet is (n,0,0).
(2) For any constant a > 0, the semi-circular distribution of variance a is

1
Su(dz) = 9maV da — 22 - 1_5 /5o @ (v)dz € ID(R,H)

whose characteristic triplet is (0, a,0). We have A(N,) = S,.
(3) For any constant A > 0, the free Poisson distribution with mean A, also called the
Margenko-Pastur distribution, is

1
(1—=XNdo+ —/(x—a)(b—2)lgcp<pdr if0< A<,

Poiss%}al(dz) = 1 2rx
a9 (LU - a)(b - x)1a<m<bdx if A > 1,
2mx ==

where a = (1 —v/\)? and b = (1 + V/A)2. Its B-characteristic triplet is (), 0, \d1).
More generally, for any constant A > 0 and probability measure p € P(R), the free
compound Poisson distribution with rate A and jump distribution p is the measure
Poiss%vp € ID(R,H) whose H-characteristic triplet is (A [i_; 3y zp(dz),0, Ap). We

23]

C kN D
have A(Poiss} ,) = Poissy .

We finish this section with a technical lemma, which is a straightforward reformulation of
Theorem 18.1, using the relation given by (18.1).

LEMMA 18.5. Let p € ID(R,H) and (n,a, p) be its B-characteristic triplet. Let k1 < kg <

- be natural numbers and (pin)nen+ a sequence of probability measures on R such that the

measures ufk" converge weakly to p. Then, for all f : R — C continuous, bounded, and such
that f(x) ~z_0 for?, we have

7}1—%0 kzn/Rfdun = /Rfdp—i—afo, and nh_)rlgo kn/xl[,m}(a;)dun(x) =n.

18.3. Classical infinite divisibility on U. As we will now see, the particularity of the
set ZD(U, ®) is the existence of idempotent measures, a infinite class which has no equivalent in
ID(R, %), ZD(R,H) or ZD(U, X). Our references in this section are [28, 62, 65].

A probability measure y on U is said to be idempotent if p ® p = p. Each compact subgroup
of U leads to an idempotent measure given by its Haar measure. More concretely, let m € N.
The m-th roots of unity form a subgroup of U, whose Haar measure is denoted by A,,. We have
Am ® Ay = A, and consequently A, € ZD(U, ®). We denote by A, or A, the Haar measure on
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U, which is also ®-infinitely divisible. Fortunately, the measures (Am)menufoo} are the unique
measures on U which are idempotent.

How to identify measures of ZD(U, ®) which are not idempotent? Recall that M, is the
set of probability measures p on U such that [;; (du(¢) # 0. It is easy to see that measures in
M, are not idempotent, with the exception of §;. In fact, every measure in ZD(U, ®) factorizes
into the product of an idempotent measure with a measure in ZD(U, ®) N M,. For the study of
ID(U, ®) N M., it is useful to introduce the characteristic function: for all probability measure
w1 on U, it is the function fi : Z — C defined for all k € Z by

= /UdeM(C)

It is multiplicative for the convolution ® in the sense that, for all u, v probability measures on
U, and all £ € Z, we have

(18.2) K@ (k) = (k) - D(k).

For all m € N* and k € Z, we obviously have X:n(k) = 1 if k is divisible by m and 0 if not.
Using the characteristic function, we can now characterize the measures in ZD(U, ®) N M... Let
€ ID(U,®) N M,. There exists a finite measure v on U and a real a € R such that, for all

kelZ,
o1 —ikS
k) = exp /C ! k K) dV(C))-

=—k2 if ¢=1

Unfortunately, the pair (e'®,v) is not unique, in contrast to what [65] can suggest at first reading
(see the end of the current section). We say that (e'®, v) is a ®-characteristic pair for . Conversely,
for all pair (w, v) such that w € U and v is a finite measure on U, there exists a unique ®-infinitely
divisible measure p which admits (w, v) as a ®-characteristic pair.

Similarly to the additive case, we introduce now the characteristic triplet. Let u € ZD(U, ®)N
M, and let (w,v) be a ®-characteristic pair for u. We set

(18.3) b=20({1}) and v(d¢) = —— - Iy (1 (OW(dC).

1—R¢
We have, for all k € Z,

fik) = o exp %ka + /U (¢ =1 - kS(0)dv(0))-

We say that (w,b,v) is a ®-characteristic triplet for p. Let us remark that v({1}) = 0 and
Ju(1 + R(¢))dv(¢) < 4o00. Such a measure is called a Lévy measure on U. As expected, for
all (w,b,v) with w € U, b > 0 and v a Lévy measure on U, there exists a unique ®-infinitely
divisible probability measure such that (w, b, v) is a ®-characteristic triplet for p. Moreover, for
all 1 and pg be two ®-infinitely divisible measures with ®-characteristic triplets (wy, b1, v1) and
(w2, b, v2), we see thanks to (18.2) that 1y ® e € ID(U, ®) N M, with ®-characteristic triplet
(wlwg, by + bs,v1 + UQ).

To sum up the previous discussion, for all u € ZD(U, ®), there exist m € NU {oo}, w € U
and v a finite measure on U such that, for all k € Z,

(k) = Ao () - ¥ exp / Ck —— 1k\9(§) dl/(())

=—k2 if ¢=1
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ExAMPLE 18.6. Here again, we can distinguish three classes of ®-infinitely divisible
measures:

(1) For any constant w € U, (w, 0, 0) is a ®-characteristic triplet of the Dirac distribution
dw € ID(U, ®);
(2) For any constant b > 0, the wrapped Gaussian distribution of parameter b is e, (N}) €
ID(U, ®) whose one x-characteristic triplet is (1,4, 0);
(3) For any constant A > 0 and any probability measure v on U, the compound Poisson
distribution with rate A and jump distribution v is
n
Poisscf,y = > %U@an € ID(U, ®)
neN
whose one ®-characteristic triplet is (exp(iA [y Sdv), 0, Avji (13)-

We give now a case of ®-infinitely divisible measure which admits two ®-characteristic pairs
which are different. Set

h 1 h(r) —1 inh inh
P (cos (m) + 5, 1 % (m) 5, 4 S0 (7r)52 4 5o (7r)5i> .

2 + 2 9 2

For all n € Z, we have ji(4n) = 1, i(4n + 1) = fi(4n + 3) = e~ and ji(4n +2) = e 27. Tt is
immediate that, for v = wd; or v = wd_;, we have

fitn) = exp ([ (¢ = 1= inS(0)dv(©)).

Thus, the measure p admits (1,0, 76;) and (1,0, 70_;) as ®-characteristic triplets. One can also
see [28] for others examples.

18.4. The convolution X and the S-transform. The free multiplicative convolution X
can be described succinctly in terms of the S-transform. Let us explain how it works.

Let p be a finite measure on U. For all k € N, we set my(u) = [ ¢¥du(¢), which is finite,
and we call (my(p))ken the moments of 1. We consider the formal power series

My(z) = 3 mi(p)2".
k=0

Let us assume that u € M,. We define S,,, the S-transform of u, to be the formal power series
such that 2S5,(z)/(1 + z) is the inverse under composition of M, (z) — 1. The S-transform is a
X-homomorphism (see [15]): for all u and v € M,,

Su=y = Sy - Sy.

For all u € M, the series S, (z) is convergent in a neighbourhood of 0, and we can therefore
identify S,, with a function which is analytic in a neighborhood of zero. Sometimes it will be
convenient to use the function

Yu(z) = Su(z/(1 = 2))

which is also analytic in a neighborhood of 0.



18. INFINITE DIVISIBILITY FOR UNIDIMENSIONAL CONVOLUTIONS 111

18.5. Free infinite divisibility on U. For the free multiplicative convolution, the existence
of different proper subgroups of U does not imply the existence of different idempotent measures.
Indeed, the Haar measure A and d; are the unique probability measures on U which are idempotent.
Moreover, A is an absorbing element for X and it is the unique X-infinitely divisible measure in
ID(U,X) \ M, according to [15]. Consequently, we will focus our study on ZD(U, K) N M.,.

Let pn € M, be a K-infinitely divisible measure. From Theorem 6.7. of [15], there exists a
unique finite measure v € My and a real a € R such that

Y,(z) = exp (—ia +/U i i_ gidu(C)> .

The pair (e'®,v) is called the K-characteristic pair for y, and, on the contrary to the classical
case, it is uniquely determined by p. We have

; 1
(18.4) S,u(z) = e "“exp ( g 11ji_§zdu(§)) .

We observe that, for ( # 1, we have
142+ 1 1-—

1+2—Cz 1-%¢ 1+ 2(1-¢)
which implies that, defining w = €', b = 2v({1}) and v(d(¢) = ﬁ 113 (Qv(d(), we have
b 1—

We will call (w,b,v) the X-characteristic triplet for u. Conversely, for all triplet (w,b,v) such
that w € U, b € RT and v is a Lévy measure on U, there exists a unique X-infinitely divisible
measure p whose X-characteristic triplet is (w, b, v). Indeed, according to Theorem 6.7. of [15],
if we define

1-¢
1+2(1-¢)

using the principal value Log, then the function S(z) = exp(v(z)) is the S-transform of a unique
X-infinitely measure p € M,.

Let p1, 2 € M, be two K-infinitely divisible measures with respective X-characteristic
triplets (w1, b1,v1) and (w2, b2, v2). The measure p; X pus € M, is a K-infinitely divisible measure
with K-characteristic triplet (wjwa,bi + be,v1 + v2).

v(z) = — Log(w) + g + bz + /Uz'%(C) + dv(¢)

ExaMPLE 18.7. The three classes of K-infinitely divisible measures are:

(1) For any constant w € U, (w, 0, 0) is a K-characteristic triplet of the Dirac distribution
0w € ID(U,K);

(2) For any constant b > 0, the measure on U analogous to the Gaussian distribution
law is the measure By, € ZD(U, ®) whose *-characteristic triplet is (1,b,0); it is the
law of a free unitary Brownian motion at time b;

(3) For any constant A > 0 and any probability measure v on U, the free compound
Poisson distribution with rate A and jump distribution v is the measure Poiss%,u €
ID(U, M) whose X-characteristic triplet is (exp(iA [y Sdv), 0, Aoy 41} )-
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19. Homomorphisms between ZD(R, %), ZD(U,®), ZD(R,HB) and ZD(U, X).

In this section, we define eg and I' and prove Theorem 17.1. The definitions and the com-
mutativity of (17.1) is a routine program. The very difficulty consists in proving the first item
of Theorem 17.1, or equivalently Theorem 19.10. We shall do it in Section 19.2.

19.1. Definitions of ey and I'. In order to motivate the definition of em, we start by
indicating how a *-characteristic triplet is transformed by the homomorphism e,.

Let us recall that, for all measure p on R, e, (1) denotes the push-forward measure of p by
the map e : z — €', Let us denote by e.(u);p {13 the measure induced by e,(u) on U\ {1}.

PROPOSITION 19.1. For all p € TD(R, %) with *-characteristic triplet (n, a, p),

(w.b0) = (exp (41 [ (sinta) = 1y (@)2) plde) ) asenllony )
is a ®-characteristic triplet of e.(p).

Proovr. First of all, the Fourier transform of a *-infinitely divisible measure is well-known
(see [13, 64]): for all § € R, we have

/Rew”du(x) = exp (inﬁ - %aﬁz + /R(eiex — 1 —ifzl_y (x))dp(x)) .
Let n € N. We have
e = [ cralenw)©) = [ e duta)

= exp (z’nn - %an2 + / (e —1 — inzl_y (x))dp(x))
R

= exp (inn + in/R(sin(x) — 1_5(2)x) p(dr) — %an2 + /R(em“ —1—in sin(a:))dp(a:))

1
= w"exp (— Sbn? + / (¢ = 1= inS(Q))dv(()),
2 U
which proves that (w, b, v) is a ®-characteristic triplet of e, (u). O
We define eg : ZD(R,H) — ZD(U, X) by analogy with the previous proposition.

DEFINITION 19.2. For all 4 € ZD(R,HB) with B-characteristic triplet (n,a, p), we define
exn(p) to be the M-infinitely divisible measure on U with X-characteristic triplet

(19.1) (w,b,v) = (exp (in —i—i/R(sin(m) — 1y (2)7) p(dx)) ,a,e*(p)m\{l}) .

PROPOSITION 19.3. For all i and v € TD(R,H), we have em(pBv) = em(p) Kem(v).

PROOF. Let us denote by (11, a1, p1) and (12, az, p2) the respective H-characteristic triplets of
w and v. The K-characteristic triplet of uBv is (n1+n2, a1+az, p1+p2). As a consequence, denoting
by (w1,b1,v1) and (w2, by, v2) the K-characteristic triplets of em(u) and em(v) defined by (19.1),
(wiwa, b1 + b2, v1 + v2) is the K-characteristic triplet of both em(u B v) and em(p) Kem(v). O

The definition of I' : ZD(U, K) — ZD(U, ®) is even simpler.

DEFINITION 19.4. For all u € ZD(U,X) N M, with characteristic triplet (w,b, v), we define
I'(u) to be the ®-infinitely divisible measure on U with characteristic triplet (w,b,v). Moreover,
for A\ being the Haar measure of U, we set I'(\) = A.

ProPOSITION 19.5. For all p and v € ID(U,K), we have I'(p R v) =T(n) ® T'(v) .
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PRrROOF. Let p and v € ZD(U,K). If p or v is equal to A\, we have ;X v = A. In this case,
I'(u) or T'(v) is also equal to A and consequently, A = I'(u X v) = T'(u) ® ['(v).

If u,v € ID(U,X) N M, with respective X-characteristic triplets (w1, b1, v1) and (wa, b2, v2),
the measure p X v is a K-infinitely divisible measure with X-characteristic triplet (wjwa,b; +
ba, v1 4+ v2). By consequence, (wjws, by + be, v1 + v2) is a ®-characteristic triplet of both I'(u X v)
and I'(n) ® I'(v). O

We can now verify the commutativity of the diagram (17.1) in the following proposition.
PROPOSITION 19.6. We have'oego A = e,.

PrOOF. For all u € ZD(R, %) with *-characteristic triplet (1, a, p),
(e (41 [ (sinta) = 11y ()e) plde) ) sarenhngs

is a ®-characteristic triplet of both e, (u) and I o em o A(u). O

We summarize here the successive action of A, eg, ' and e, on respectively a Dirac mea-
sure &, (n € R), a Gaussian measure N, (b > 0), and a compound Poisson distribution with
rate A > 0 and jump distribution p (Example 18.2). As expected, their images are respectively
their free analogues on R (Example 18.4), their free analogues on U (Example 18.7), and
their multiplicative analogues on U (Example 18.6):

A em r
oy — oy — Ogin — Ogin
Ny — Sy — By — e.(Np)

52
Ap

X

. x . . L ®
Poissy , +—— Poiss — Poissyo () P01ss>\’e*(p).

19.2. A limit theorem. The definition of I' is justified, if needed, by the following result
of Chistyakov and Gotze.

THEOREM 19.7 ([28]). For all p € ID(U,X) N M., all natural numbers ki < ko < ---
and all sequence (pn)nen+ of probability measures in M, such that the measures u,'%k" converge

weakly to p, the measures uE*» converge weakly to T'(p).

The rest of this section is devoted to proving an analogous theorem for eg. This goal is
achieved in Theorem 19.10. Let us start by a key result, interesting in its own, about the
convergence towards a X-infinitely divisible measure. The following proposition is the analogue
of Theorem 18.1 for the convolution XK. We refer the reader to Theorem 4.3 of [16] and Theorem
2.3 of [28] for other similar criterions. The major difference between these results and ours is the
shift of p, considered: in Proposition 19.8, we consider the angular part w, = mq(py)/|m1 ()]
of the mean of u,,.

For all measure p,, on U, all w, € U and all k,, € N, we denote by k(1 — R({))duy,(w,() the
measure such that, for all bounded Borel functions f on U,

[ H Qa1 = RQOMpn(e0n0) = b [ 07701 = Rier O)daa(©)
U U

PRrROPOSITION 19.8. Let pn € ITD(U, X) with X-characteristic pair (w,v). Let k1 < kg < ---
be a sequence of natural numbers. Let (fin)nen be a sequence of measures in M, and (wy)nen
a sequence of elements of U such that, for all m € N, w, = mq(pn)/|mi(un)|. The following
assertions are equivalent:
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(1) the measures pi, X --- X w, converge weakly to p;
—_——

k., times
(2) the measures

an(x) = kn(l - %(C))dun(wng)
converge weakly to v and
] kn —
W = -

In concrete cases, the second item is often easier to verify. For example, it allows us to infer
that, for any constant A > 0 and any probability measure v on U, the measure Poiss%v is the
weak limit of ((1 — A\/n)d; + (A\/n)v)™" as n tends to co.

We would point out the recent work [6] which proves that the convergence of Theorem 19.8
above implies local convergences of the probability densities.

PrOOF. The weak convergence of finite measures on U is equivalent to the convergence of
the moments, or equivalently, for measures in M., to the convergence of the S-transform. Thus,
it suffices to prove that the following assertions are equivalent:

(2) limy, 00 M,

. = M, and lim,,_,o wh" = w

where the convergence of formal series is the convergence of each coefficient. Let us recall the
useful information about the S-transform: it is a X-homomorphism and zS(z)/(1 + z) is the
inverse under composition of M (z) — 1 (see Section 18.4).

Let n € N. We set r,, = |mi(pn)|, so that mi(un) = rwyn. We define also py, € M, such
that dug(¢) = dppn(wn(). The measure pg will be the link between p, and v,. Observe that
Mye (2) = My, (wy'2), which implies that Sy (2) = w, Sy, (2). The first step of the proof is to
write M,, with the help of M. For all ¢ € U and z € C sufficiently small, we have

1-R¢ ¢ =
21—CZ _(2_1)[(1_'2)1—@_1}4_1_4'

Integrating with respect to u2, and remarking that [i; (duS(¢) = [y Cdun(C)/wn = 7y = 1y, We
deduce that

(19.2)

IS

;Mun =(z-1) {I_Z(Mu% -1 _1] + (1 —ra).

Let us suppose that lim,_ Sum" = S,. For all n € N, Sum" = (Sun)k”. Therefore, we

have lim,, o0 m1 (in) %" = limy, o0 S/Ijz (0) = 5,(0). Thanks to (18.4), we know that S,(0) =
wle? (U), which implies that lim, s wfﬁ = w and lim,_.~ rﬁ“ = ¢ 7). Tt remains now to
prove lim,_,o M,, = M,. At this stage of the proof, we need to inverse formal series, at least
asymptotically, and instead of doing it term by term, we prefer to work in a quotient algebra
where the negligible terms will be forgotten.

More precisely, let £°° be the algebra of bounded complex sequences. We consider the ideal
T C £°° composed of sequences x,, such that lim, .~ k,x, = 0; in other words, sequences which
are o(1/ky). We find it convenient to work in the quotient algebra B = ¢°°/Z. For example,

lim,, o0 Ky log(r,) = —v(U) can be rewritten log(r,) = —iu(U) in B, which implies that

= e m @y él/([U). We will view sequences of formal series as elements of £>°[[z]], and
we will naturally identify £°°[[z]]/Z[[2]] with B][z]]. For simplicity, equality in B or B][z]] will be
denoted by the symbol =.
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Let us denote by u(z) the series
uz) = [ wciy(g) — y(U).
Thanks to (18.4), we have mq(p)Su(2) = Su(2)/5u(0) = exp(u(z)), from which we deduce that
u(z) is equal to log(mq(11)S,), that is to say the series given by —> 72 4 (1 — ml(u)S“(z))k.
The formal series ky, log(m1(in)S,, ) = log((m1(in)S,,)*) tends to log(mi(u)S,) = u(z) as n
tends to infinity. Consequently, log(mi (un)Sy,) = iu(z) Thus, we have

0
N
=
+

|
S
<
—
=)
SN—
N———
7 N
—_
_|_
|
3
£
—~
I\
~—
N———

With this new expression of S, it is easy to check that the inverse under composition in B[[z]]
of 28,0 /(z+1) = 2(1 + ﬁV(U) + éu(z))/(z + 1) is exactly

ol nrs (0 ()]

which is then the expression of M. (z) — 1 in B[[z]]. Replacing M,s (z) — 1 by this expression

in (19.2) yields
2 1 z

But we have u(z/(1 —z)) + 2v(U) = 1—2§de<0 = 2M,, and finally, ﬁMyn = ﬁMy, or
equivalently, lim,,_,., M,,, = M,.

Conversely, if we suppose that lim,_,., M,,, = M, and lim,_,c wa" = w, we can basically
retrace our steps in order to arrive at lim, oo S“mn = Su- ]

12

?

COROLLARY 19.9. Let u € ZD(U,X) with X-characteristic triplet (w,b,v). Let k1 < ko < ---
be a sequence of natural numbers. Let (tin)nen be a sequence of measures in M, and (wp)nen be
such that, for alln € N, w, = my(pn)/|mi(pn)|. The following assertions are equivalent:

(1) the measures pi, X --- X p, converge weakly to ;
—_——

kn times

(2) limy, oo wkr = w and the measures dvy,(x) = ky(1 — R(C))dpun(wn) converge weakly to

(1= R(¢))dv(¢) + §dr.
We are now ready to prove the first main theorem of this paper.
THEOREM 19.10. For all p € ID(R,H), all natural numbers k1 < ko < --- and all sequence

(fin)nen+ of probability measures on R such that the measures p2*» converge weakly to p, the
measures e (i, )2* converge weakly to eg(i).

Let us derive right now some consequences of this theorem. It allows us to transfer limit
theorems about H into limit theorem about X. For example, for all b > 0, the semi-circular
measure is such that SEE/:LL = Sp. We deduce that B, = em(Sp), which is the law of a free unitary
Brownian motion at time b, is the weak limit of the measures e, (S, /n)g". Using Theorem 18.3,
we know also that the measures NI;E)Z converge weakly to Sp. By consequence, By is also the weak

limit of e,(N}/,)™" as n tends to oo.
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PRrROOF. Let (n,a, p) be the B-characteristic triplet of i, and (w, b, v) be the K-characteristic
triplet of em(u) given by (19.1). In order to use Corollary 19.9, we first prove that e, (u,) € M.
for n sufficiently large.

Because € — 1 = izl{_q j(z) + (¢ — 1 —izl_1 1)(x)), we have

([ e amae) 1) =i [ ot @in(e) + [ (€ =1 int_1@)dpn o).

We use Lemma 18.5, and the fact that e'* — 1 — irli_1)(T) ~as0 —%xz, to deduce that

(193  lim k, ( /R ¢ dpun () — 1) =5+ / (€ — 1 — 11_y qy(z)iz)p(dz).

Consequently, mi(e.(pn)) = [z €“dun(z) tends to 1 as n tends to oo, and e, (u,) € M, for n
sufficiently large. Without loss of generality, we assume that e,(uy) is in M, for all n € N. We
set (7, wn)nen the sequence of Ry x [0, 1] such that, for all n € N, we have mq(e.(pn)) = rnwn.
Thanks to Corollary 19.9, it suffices to prove that lim,, s w’n“" = w and to prove that the measure
Fen (1 — R(¢))d(ex (1)) (wnC) converge weakly to (1 — R(¢))dv + 51 to conclude.

From (19.3), we deduce that

n—oo n—o0

, kn :
lim rfrwkn = lim (/R e“”d,un(x)> = exp (in - g + /(e” — 1 =1y (x)z:c)p(d:v)) ,

and this result can be split into

lim 7f" = exp (—; + /(cos(x) - 1)p(dm)>

n—0o0

and

n—0o0

lim wkr = exp (’577 +i/(sin($) =1y (x)w)p(dx)) =w.

Using the real logarithm, we deduce that, as n tends to oo,

1 (a 1
—1 _ - - _ 7
(19.4) r, =1+ " (2 /(cos(:r) 1)p(d3:)) +o (kn> .
Using wy, = 1,1 Jp €@dpun(z), (19.3) and (19.4), it follows that, as n tends to oo,
] 1
(19.5) =14 (77 4 / (sin(z) — 11 (:c)a:)p(da:)) +o <k) .

In order to prove that the measures &y, (1—R(¢))de, tin (wn() converge weakly to (1—R(¢))dv+ 541,
we shall use the method of moments and prove that, for all m € N,

i o [ (0= RO (eaun)) ) = [ €01 = RIQ)0(Q) + 5.

n—oo

Let n € N. We have
[ €71 = RO () @) = [ w7¢™ (1= Rl (e 1)) )
U U
™ [ (1= Rl ) 2)

=knw, ™ /R M (1 — R(wy) cos(x) — (wy) sin(z))dp, ().
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Let us decompose the integral under study into four terms:

kn /IU ¢"™(1 = R(C))d(ex(ptn))(wnl) :knw;m%(wn)/ €™ (1 — cos(x))dpun ()

R
(1 = R(wn) )™ /R M ()

kS [ (@11 (@) = €7 sin@)dan (2)
fkng(wn)wgm/Rxl[_l’l}(m)dun(x).

Thanks to Lemma 18.5, and because lim,,_ o, w, = 1, we know the limit of the first term:

lim Koo ™R (wn) /R ¢ (1 — cos(x))dpun(x) = / M (1 — cos(z))dp(z) +

n—00 R 2
= [0 -RO)M(©) + o
U

The three others terms tend to 0. Indeed, (19.5) implies that k(1 — R(w,)) = o(1/ky,) and
S(wn) = O(1/ky,) when n tends to co. We know that w,”™ = O(1) and [ e du,(z) = O(1)
when n tends to oo. Finally, Lemma 18.5 tells us that [p(21_q 1(z) — €™ sin(z))dpun(z) =
O(1/ky) and [ 21—y y(@)dpn(z) = O(1/ky,) as n tends to co. Thus,

o (1 — R(wp) )™ /R M A (),

and
k()™ [ @11(@)dpne)

are o(1) as n tends to oo, and the result follows. O

20. Free log-cumulants

We are at the beginning of the second part of the paper, the aim of which is to prove
Theorem 17.2 and Theorem 17.3. This goal is achieved in Section 23. While Section 21 and
Section 22 investigates the distributions of certain classes of random matrices, the current section
is devoted to establish Proposition 20.1 which is the result of free probability needed for the
asymptotic theorems proved in the last section of the paper. As a consequence, Section 20 can
be read independently of Section 21 and Section 22.

Mastnak and Nica explain in [58] that, in order to treat the multidimensional free multiplica-
tive convolution, it is preferable to work with a logarithmic version of the S-transform. This
leads to a sequence of coefficients which in [25] are called the free log-cumulants. In this section,
we use the theory of free log-cumulants to establish Proposition 20.1 which links in an explicit
formula the moments of a K-infinitely divisible measure to its K-characteristic triplet. We start
by stating Proposition 20.1, after which we introduce the free log-cumulants, which will be used
only in the proof of Proposition 20.1.
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20.1. Moments of a X-infinitely divisible measure. Proposition 20.1 involves combi-
natorics on the symmetric group &,,. We first present the poset structure of G,,.

Let n € N*. Let &,, be the group of permutations of {1,...,n}. For all permutation o € &,
we denote by /(o) the numbers of cycles of o and we set |o| = n — £(0). The minimal number
of transpositions required to write o is |o| and we have |o| = 0 if and only if o is the identity
ls,. We define a distance on &,, by d(o1,02) = |0y 'oa|. The set &, can be endowed with a
partial order by the relation o1 < o9 if d(1g,,01) + d(o1,02) = d(1g, , 02), or similarly if o; is
on a geodesic between 1g, and o2. The minimal element of &,, is thus 1g,,.

For all o € &,,, we denote by [lg,, 0| the segment between 1g, and the o, that is, the set
{m € &, : ™ <o} Itisa lattice with respect to the partial order. A (4 1)-tuple I' = (oy,...,07)
of [1g,, 0] such that

op <01 <--<0=20

is called a simple chain if and only if, for all 1 <¢ <[, 0, llai is a non-trivial cycle. The length
k of a k-cycle ¢ will be denoted by fc. We are now ready to state the main result of this section.

ProOPOSITION 20.1. Let u € ZD(U,K) with X-characteristic triplet (w,b,v). For all n € N*
and all o0 € &, we have

IT|
1
H mﬂc(ﬂ) _ ean(M) . Z W H L'Lid(O'i,O'i_l)-‘rl (M) )

c cycle of o I" simple chain in [1g,,,0] =1
I'=(00,...,0|0|),0|0|=0

where

(1) Lri(p) = Log(w) = b/2 + Jy (R(¢) — 1) dv((),
(2) Lra(p) = —b+ fy(¢ — 1)*dv(C)
(3) and Lkn(p) = [y(¢ —1)*dv(() for all n > 3.

The proof of Proposition 20.1 requires the notion of free log-cumulants and we postpone it
until Section 20.4. In the mean time, we review the properties of the free log-cumulants that we
shall use.

20.2. The non-crossing partitions. The definition of the free log-cumulants involves
combinatorial formulae which are related to non-crossing partitions. We describe here the poset
structure of the set of non-crossing partitions NC(n), and we shall see that it is intimately linked
to the poset structure of G,,.

A partition of the set {1,...,n} is said to have a crossing if there exist 1 <i < j < k <l <mn,
such that ¢ and k belong to some block of the partition and j and [ belong to another block. If
a partition has no crossings, it is called non-crossing. The set of all non-crossing partitions of
{1,...,n} is denoted by NC(n). It is a lattice with respect to the relation of fineness defined as
follows: for all m and mo € NC(n), we declare that m; < g if every block of 7; is contained in a
block of m3. We denote respectively by 0,, and 1, the minimal element {{1},...,{n}} of NC(n),
and the maximal element {{1,...,n}} of NC(n).

In [20], Biane describes an isomorphism between the posets NC(n) and [1g,,, (1---n)] C &,,.
It consists simply in defining, from every partition 7 € NC(n), the permutation o, which is the
product, over all blocks {i; < --- < i} of m, of the k-cycle (i1 - --ir). In other words, take the
cycles of o to be the blocks of m with the cyclic order induced by the natural order of {1,...,n}.
Note that oy, = 1g, and o1, = (1---n).

LEMMA 20.2. The map m+— oy is a poset isomorphism between NC(n) and [1g,,,(1---n)].
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Let 7 € NC(n). It is immediate that the map o — o~ lo, is an order-reversing bijection

of [1g,,0x]. The corresponding decreasing bijection K, of {7’ € NC(n) : 7’ < w} is called the
Kreweras complementation map with respect to 7. If 7 = 1,,, we set K (o) = K3, (0).

Let n € N. A chain in the lattice NC(n) is a (I + 1)-tuple of the form I' = (m,...,m)
with 7, ...,m € NC(n) such that 7y < 71 < --- < m (notice that we do not impose my = 0,
nor m; = 1,, unlike in [58]). The positive integer | appearing is called the length of the chain,
and is denoted by |I'|. If, for all 1 < ¢ < [, K ,(m—1) has exactly one block which has more
than two elements, we say that I' is a simple chain in NC(n). This way, we have an one-to-one
correspondence between simple chains in NC(n) and simple chains in [lg,,(1---n)] via the
isomorphism of Lemma 20.2.

20.3. Free log-cumulants. Let ; € M,. We denote by W),(z) the inverse under composi-
tion of zM,(z), and we denote by C,(z) the formal power series M, (W,(z)). The coefficients

(kk (1)) ken= of -
Culz) =1+ Z /ik(,u)zk
are known as the free cumulants of u. Let 7 € ]\;C E’l(n) We set
il = I  #m .

B block of 7
For all n > 2, we set
B (_1)1+|F| T
Ltn(p) = ma(u)™ > BT [ % Hr (mimn)] ().
" chain in NC(n) i=1
F:(Tr(),...,ﬂ’w‘)
7r0:0n,7r|1—~|:1n
We shall call the coefficients (Lkg(p))n<2 the free log-cumulants of p. We define also the
LS-transform of u by

LS,(z) = Z Lk, (p)2".
n=2

Let us define also Lk (u), or Le(p), the free log-cumulant of order 1 of u, by Log(mq(u)), where
Log is the principal logarithm.

REMARK 20.3. From Proposition 4.5 of [58], we see that this definition of LS, extends the
definition of the LS-transform of p given by Definition 1.4 of [58] in the case mj(u) # 1. The
definition of the free log-cumulants (Lk, (1t))nen+ follows [25], but we observe that Lk, (x) would
be denoted by Lk,(A) in [25], where A would be a random variable whose law is p.

As the free cumulants linearise H, the free log-cumulants linearise X.

PRrROPOSITION 20.4 (Proposition 9.11, or Corollary 1.5 of [58]). For all u,v € M., we have
Lki1(pXv) = Lei(pn) + Lei(v) (mod 2im) and, for all n > 2,
Lin(nRv) = Lep () + Len(v).
For concrete calculations, one would prefer to have an analytical description of the free log-
cumulants. We have S,,(0) = 1/m;(n) and by consequence, we can define the formal logarithm
of my(p) - S, as the formal series log(m1(p) - Su) = — 32021 (1 — my (1) Su(2))™

ProprosITION 20.5 (Corollary 6.12 of [58]). Let pn € M. We have
LSu(z) = —zlog(ma(p) - Su(2)).
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REMARK 20.6. Technically, Corollary 6.12 of [58] only deals with measures, or more precisely
linear functionals on C[X], such that m;(x) = 1. One can adapt the proof presented in [58].
Alternatively, argue as follows. From a measure p € M, we can define ¢,, : C[X] — C such that
©u(X*) = mq(p)""my(p). Then, we observe that S,, = my(u) - Su(z) and LS, = LS,. As a
consequence, LS, (z) = LS,, = —zlog(S,,) = —zlog(mi(u) - S.(2)).

Let m € NC(n) be such that 7 has exactly one block which has at least two elements.
Let {j1,...,7n} be this block of 7, with j; < ... < jn. Let us denote by Lk [r](u) the free
log-cumulant Ly ().

ProposIiTION 20.7 (Corollary 9.9). Let p € M, and n € N*. We have
IT|

(201 () = el 0. > HLK[ w(mi)] ().
' simple chain in NC(n )
F:(ﬂ'o,...,ﬂ"p‘),ﬂ'oion
20.4. Proof of Proposition 20.1. Let us formulate a more general formula than (20.1)
with the help of the symmetric group.

LEMMA 20.8. Let up € M, andn € N*. For all 0 € G,,, we have
|

(20.2) H mﬁc(ﬂ) — ean(N) . Z H L d(o4,05-1)+1 (,u) .

c cycle of o I" simple chain in [16n,0']
I'=(00,..,0|1|),0|7|=0
ProOF. The analogue formula of (20.1) for simple chains in [lgn, (1---n)] is obtained via
the 1s0m0rphlsm of Lemma 20.2, remarking that, for a l-cycle o7 ‘o9 of [lg, , (1---n)], we have
I =n—Ll(o] 09) +1 =d(01,09) + 1. By consequence, we have

T
nLK 1
mn(p) = et 1m) Z | |, H Ltg(o,051)+1 (1) -

I' simple chain in [1g,,,(1:-n)
I'=(00,..,0yr|),00=1
Applying the Kreweras complementation o — ¢~!(1---n) which is an isomorphism and preserves
simple chains, we obtain

|
1
mn(ﬂ) _ enLlil(N) . Z ’ " H L,‘Qd (03,05—1)+1 (,u)

' simple chain in [1g,,,(1---n)]
I'=(00,..,0/0|),00|=(1--n)
We now use the fact that for a cycle ¢ of length fc, the segment [1g, ,c] C &,, is isomorphic as a
lattice to [1g,., (1---fc)] C Sy, and by consequence, (20.2) is true if o is a cycle.

For an arbitrary permutation o, we decompose it into cycles cy, ... s Co(o)- Constructing a
simple chain of length k& ending at o is equivalent to constructing /(o) simple chains ending
respectively at c1,...,¢y), whose lengths l1,...,ly,) add up to k, and shuffling the steps of
these paths, that is choosing a sequence (C1, ..., Cy)) of subsets of {1,..., k} which partition
{1,...,k} and whose cardinals are I, ..., ly) respectively. Using the formula (20.2) for cycles,
this remark leads to (20.2) for an arbitrary o € &,,. O

In order to conclude the proof of Proposition 20.1, it suffices to compute explicitly the free
log-cumulants of a K-infinitely divisible measure.

PROPOSITION 20.9. Let p € ZD(U,X) with X-characteristic triplet (w,b,v). We have
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(1) Lr1(p) = Log(w) = b/2 + [y (R(C) — 1) dv((),
(2) Lra(p) = —b+ Jy(¢ — 1)*dv(Q)
(3) and Lk, (p) = [;(¢ — 1)"dv(C) for alln > 3.

ProOF. The data of S,(z) is given by (18.5). We first remark that
ma(p) = SM(O)_l — we—b/Q—fU(ig(C)H—C)dv(C)’
from which we deduce that Lrq(p) = Log(mi(u)) = Log(w) —b/2+ [ (R(¢) — 1) dv(¢). We also
have mq(u)S,(z) = Su(2)/5,.(0) = exp (bz + Ju 1+z(1< 9 - (1- C)dv(C)). Therefore,

2 -1 2
LS, (2) = —zlog(mi(p) - Su(2)) = —bz? + ; 1Z—(§(C—)1)dv(o'
We identify (Lkn(1t))n>2 as the coefficients of LS, (2) = > 72y Lkn(p)2". O

21. Convolution semigroups on U(N)

In this section, we define and study the convolution semigroups on the unitary group U(N).
More precisely, we are interested in computing fU( N) g®"du(g) for p arising from a convolution
semigroup. In Proposition 21.2 and Proposition 21.8, we shall express this quantity in two
different ways. The technique of proof is in the spirit of [53]. It relies on a detailed comprehension
of the generator of a convolution semigroup on U(N) (see [57]), and on the Schur-Weyl duality
(see Section 21.4, and [29, 30]).

Let N € N and let My (C) be the space of matrices of dimension N . If M € My(C), we
denote by M* the adjoint of M. Let us denote by Tr : My (C) — C the usual trace. The identity
matrix is denoted by In. We consider the unitary group

U(N) = {U € My(C) : U*U = Iy}.

The ®-convolution of two probability measures p and v on U(N) is defined to be the unique
probability measure 4 ® v on U(N) such that [y fd(p ® v) = [;n) f(gh) p(dg)v(dh) for
all bounded Borel function f on U(N). Let us denote by ZD(U(N), ) the space of infinitely
divisible probability measures on U(N) and by ZDj,,(U(N),®) the subspace of measures p in
ID(U(N),®) which are invariant by unitary conjugation, that is, such that for all bounded Borel
function f on U(N) and all g € U(N), we have

/U( fdp = / f(ghg®)du(h).

21.1. Generators of semigroups. Let u = (pt);cr+ be a weakly continuous convolution
semigroup on U(N) starting at pp = d.. We define the transition semigroup (P;);cg+ as follows:
for all ¢ € R, all bounded Borel function f on U(N) and all h € U(N), we set P,f(h) =
fU(N) f(hg)p(dg). The generator of p, is defined to be the linear operator L on C(U(N)) such
as Lf =lim;_,o(P:f — f)/t whenever this limit exists.

In order to describe the generator of a semigroup, we shall successively introduce in the three
next paragraphs the Lie algebra u(N) of U(N), a scalar product on u(/N) and the notion of Lévy
measure on U(N).

The unitary group U(N) is a compact real Lie group of dimension N2, whose Lie algebra
u(V) is the real vector space of skew-Hermitian matrices: u(N) = {M € My(C) : M*+ M = 0}.
We consider also the special unitary group SU(N) = {U € U(N) : det U = 1}, whose Lie algebra
is su(N) = {M € u(N) : Tr(U) = 0}. We remark that u(N) = su(N) @ (iRIy). Any Y € u(N)
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induces a left invariant vector field Y' on U(N) defined for all g € U(N) by Y!(g) = DL,(Y)
where DL, is the differential map of h +— gh.
We consider the following inner product on u(N):

(X.Y) = (X,Y),y) = Te(X*Y) = — Te(XY).

It is a real scalar product on u(/N) which is invariant by unitary conjugation, and its restriction
to su(N) is also a real scalar product which is invariant by unitary conjugation. Let us fix an
orthonormal basis {Y1,...,Yn2_1} of su(N) and set Y2 = \/LNIN' This way, {Y1,...,Yy2} is
an orthonormal basis of u(N).

It is convenient now to introduce an arbitrary auxiliary set of local coordinates around Iy.
Let R, : U(N) — Mpy(C) be such that for all U € U(N), we have R(U) = (U + U*)/2 and
S(U) = (U — U*)/2i. Note that i takes its values in u(N). A Lévy measure II on U(N) is a
measure on U(N) such that II({Ix}) = 0, for all neighborhood V' of I, we have II(V¢) < 400
and [i; Hz%(m)”ﬁw) II(dx) < oc.

The following theorem gives us a characterization of the generator of such semigroups.

THEOREM 21.1 ([7, 57]). Let i = (pt)ier+ be a weakly continuous convolution semigroup on
U(N) starting at g = . There exist an element Yy € u(N), a symmetric positive semidefinite
matriz (Yij)1<ij<n2 and a Lévy measure I1 on U(N) such that the generator L of p is the
left-invariant differential operator given, for all f € C*(U(N)) and all h € U(N), by

1 =
(21.1)  Lf(h) =Yg f(h) + 5 jZZl yi Vi) F(h) + /U oy T (19) = T (1) = (9(9))" F (k) T1(dg).

Conversely, given such a triplet (Yo, (yij)1<ij<n2,11), it exists a unique weakly continuous con-
volution semigroup on U(N) starting at 6. whose generator is given by (21.1).

The triplet (Yo, (¥i,j)1<;,j<n2, 1) is called the characteristic triplet of (ju)ieg+, or of L. Let p €
ID(U(N),®) be such that it exists a weakly continuous convolution semigroup (put);er+ with g =
w and o = 0. In this case, we say that the characteristic triplet of (pu);cr+ is a characteristic
triplet of p. It is not unique but it completely characterizes the measure p. Conversely, every
triplet of this form is a characteristic triplet of a unique measure in ZD(U(N), ®).

21.2. Expected values of polynomials of the entries. Let n € N*. In this section, we
give a formula for fU( N) g®"du(g) when p arises from a convolution semigroup. Consider the

representation pfy y of the Lie group U (N) on the vector space (CV)®" given by

Py (9) = g ® -+ ® g € End((CY)®").
o
n times
Set dpp (L) = L(p’l}(N))(IN) € End((CY)®"), where Py Is seen as an element of C?(U(N))®
End((CN)®n),
PROPOSITION 21.2. Let (ut)icr+ be a weakly continuous convolution semigroup on U(N)

starting at po = e with generator L and characteristic triplet (Yo, (yij)1<ij<n2,1I). For all
t € Ry, we have the equality in End((CN)®n)

®nq = t dplt o an (L
/U ! pe(g) = exp(t dpfny(L))
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with

dpfn(L) = Y WY ' e eldyrt
1<k<n

N2
+% v > (P evieldyF) o (a7 o v @ 1)
,5=1 1<k,l<n

+ / g —1d3 = D 1Y @iS(g) @ 1y | T(dg).
U(N) 1<k<n

PRrROOF. Let denote by U : U(N) — My(C) the identity function of U(N). We compute

7 1 N2
b)) = M) +5 3wV 0

1,j=1

+ /U(zv)(Ug)®” — U — (iS(9))' (U®") T(dg)

and using that, for all Y € u(N), we have Y {(U®") = U®" . Z A @V @ d{F,
1<k<n

L(pho) = U Y WP oYy el
1<k<n
1 A
U Y Y (T evielgrt) - (MY o Y @ 13 )

ij=1 1<k,i<n

+UE / g~y — Y 1Y @iS(g) @ 1dRF | TH(dg).
U(N) 1<k<n

Hence, dpp; (L) = L(pg(N))(e) leads to the expression of dpf; v, (L) given above. We conclude

by remarking that ¢ — [y g% du(g) = Juewy LN (9)dui(g) and t — exp(t dpfrny (L)) are
both the unique solution to the differential equation

y(0) v, -
y = y-dp’[}(N)(L).

We now give an alternative expression of dp}}(N) (L).Letm >0.Foralll <k <...<kp<n,

n
let us denote by L%N((i)m : My (C)®™ — My (C)®" (or more simply tk, .k, ) the mapping

defined by
Lkl,...,km(Xl R ® Xm) — I}%klfl ® X1 ® I]%k2*k1*1 RXo® -2 X, ® I%n—km’

that is to say in words that ¢, &, (X1 ® - ® X,y,) is the tensor product of X1,..., X, at the
places ki,...,k, and Iy at the other places.
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PROPOSITION 21.3. Let L be a generator with characteristic triplet (Yo, (yi,j)1<ij<n2, ).
We have

dpyvy (L) = > <Y()+/U(N)(§R(g) —IN)H(d9)>

1<k<n

2
N
5 Doy Y u(Yi)ouyy)

ig—1 1<ki<n
+ Uy o / (9 — IN)®mH(d9)> -
2§%:§n ' < U(N)

1<k1<...<km<n

ProoF. Our starting point is the expression of dp’l}( N)(L) given by Proposition 21.8. Let us
remark that

9% = (g — In + In)™"

=IF"+ Y k(9INPT

1<m<n
1<k 1<..<km<n

from which we deduce that

[ o -1a5 - ¥ gt eis ezt ) g
U(N) 1<k<n

= /U(N) > ulg—In —iS(g) + > Uy (g — In)®™) | T1(dg)

1<k<n 2<m<n
1<ki1<..<km<n

= > (/U(N)(%(g) —IN)H<d9)> + > Ukt oo fom (/[](N)(Q—IN)@)mH(dg))

1<k<n 2<m<n
1<k1 <..<km<n
because all the integrand are equivalent to Hz%(g)Hﬁ( ny in a neighborhood of Iy and hence
integrable with respect to II. Replacing the last term by this new expression in Proposition 21.2
yields to the result. 0

21.3. Conjugate invariant semigroups on U(N). A weakly continuous convolution
semigroup (ut)icr+ on U(N) starting at pg = d. is said conjugate invariant if all p; belong to
IDin(U(N), ®).

PROPOSITION 21.4. Let (puit)icr+ be a weakly continuous convolution semigroup starting at
po = 0. which is conjugate invariant. Let (Yo, (yi;)1<ij<n,II) be its characteristic triplet. The

differential operator % 2%2:1 yZ-JYilel and the measure 11 are both conjugate invariant. Moreover,
there exists three constants yo, and B € R such that Yy = iyoln and

o 0

(Yij)h1<ij<ne =
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ProoF. Thanks to [57], if we denote by (Yo, (yi,j)1<i j<n2,1I) the characteristic triplet of p,

the differential operator %2%2:1 yi,jYilel and the measure II are both conjugate invariant. The
map i is equivariant by a unitary conjugation and following the proof of Proposition 4.2.2 of
[55], we deduce that Yp is in the center of u(IN): there exists yo € R such that Yy = iyoldy.

Because {Y1, ..., Yy2_1} is a basis of the conjugate invariant Lie subalgebra su(N), {y; v, yn, :
1 <i < N?} = {0}, and because su(N) is simple, there exists a € R such that (Yij)i<ij<(n—1)2 =
aly_1. We set = YN,N- O

Thus, the invariance by conjugation of y implies that its generator L is a bi-invariant pseudo-
differential operator. In this particular case, the expression of dp’g,( N)(L) can be described with
the help of the symmetric group. It is the objet of the next section to use the Schur-Weyl duality
in order to formulate a new expression of dpgy N)(L).

21.4. Schur-Weyl duality. The Schur-Weyl duality is a deep relation between the actions
of U(N) and &,, on (C™)®" which allows one to transfer some elements relative to U(N) to
elements relative to &,, (see [29, 30], and also [53] and [32]). Let us spell out this fruitful duality.

Let n € N. Define the action p%" of G, on ((CN)®n as follows: forall 0 € 6, and x1,...,z, €
CN, we set

(p%"(a))(xl ® R @y) = To-1(1) @+ @ Ty—1(p)-
Let us denote by C[&,,] the group algebra of &,,. The action p%" determines a homomorphism
of associative algebra dp%" : C[&,] — End((CY)®"). The Schur-Weyl duality asserts that the
subalgebras of End((CY)®") generated by the action of U(N) and &,, are each other’s commutant.
In particular, any element of End((C")®") which commutes with PU(N) (g9) for all g € U(N) is

an element of the algebra generated by p%"(@n), that is to say an element of dp%” (C[G,)).
For all A € End((CY)®"), we define

B(A) = [ g0 As(g")7"dg € End(CY)*")
U(N)
where the integration is taken with respect to the Haar measure of U(N). Obviously, E(A)

commutes with pfj v, (g) for all g € U(N), and due to the Schur-Weyl duality, F(A) has to lie in

dpy" (C[&,]). In Proposition 2.4 of [30], Collins and Sniady answered the question of determining
an element of C[&,,] which is mapped on E(A), as follows. Set

O(A)= Y Tr(AopF(c™h)) 0 eCl6,)]
ceS,

and define Wg = Y .5 Wg(0) - 0 € C[G,] such that dp{" (®(IdF") - Wg) = Id". If n < N,
the element ®(Id5") is invertible and Wg must be ®(Id5™") L. If N < n, one can choose any
pseudo-inverse of the symmetric element ®(Id%") to be Wg. Let us insist on the fact that Wg
depends on both n and N, even if for convenience, this dependence is not explicit in the notation.

PROPOSITION 21.5 ([30]). For all A € End((CN)®"), we have E(A) = dpJGV"(@(A)Wg).
Very succinctly, the argument is as follows:
P (B(A)) = o (B(E(A))) = o (B(E(A) - 15") = E(A) - 3 (B(1AF").
It allows us to write explicitly elements of the commutant of the algebra generated by pg( N) 38

elements of dp§" (C[S,]). Indeed, if A commutes with Py (9) for all g € U(N), we have
A = B(A) = dpS (B(A)We).
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Moreover, they give an asymptotic of the Weingarten function.

PROPOSITION 21.6 ([30]). For all o € G,,, we have Wg(c) = O(N~""1°l) when N tends to
00. We have also Wg(lg,) = N~ + O(N~""2) when N tends to co.

EXAMPLE 21.7. (1) for n = 1: we have Wg = 1g, /N, and therefore, for all A €
End(CV),
1
E(A) = —=Tr(A)ly;
(4) = 5 Tr(A)Inv;
(2) for n = 2: we have Wg = ﬁ (16n - %(1, 2)), and thus, for all A, B € End(CY),

E(A®B) = ((Te(A4) Te(B)~Tr(AB) /N)-IF2+(Tr(AB) ~Tr(A) Te(B)/N)-dpy ((1,2)) ).

1
N2 -1

The generator L of a conjugate invariant convolution semigroup is a bi-invariant pseudo-
differential operator, and by consequence the element dp"U( N)(L) commutes with p’(}( N) (g) for all

g € U(N). Thus, it is an element of dp§" (C[S,]). Let 7, be the subset of &,, consisting of all
the transpositions. For all 1 < ky < ... < k;;, < n, let us denote by S S, — 6, (or more
simply ¢k, . k,,) the mapping defined by

. ki —> ka(i)
et kin (9) ) for i & {ki,..., kn}.
RXn
This map is such that p%” o /,fln__. K = L%N(i)m ) p%". We are now ready to state the main
result of this section.

PROPOSITION 21.8. Let yp, o, 5 € R and 11 be a Lévy measure on U(N) which is conjugate
invariant. Let p € TD(U(N), ®) with characteristic triplet

« 0
Z.yOINv 7H

0 g
We have [y ny 95" dp(g) = dpSr (eL), where

~ 2 2
L= (m’yo %ng (7;\7 nN) %+ ;/U(N) Tr (R(g) — 1)H(d9)> le, —« Z T

T7€Tn
+ Z Z Wg(a_lﬂ')-/

2<m<n  o7EGm UN)
1<ki1<...<km<n

[T T ((g— 1) T(dg) - thy,. o ().

c cycle of o

PROOF. Let (put);cr+ be the weakly continuous convolution semigroup whose characteristic
triplet is
o 0

Zbyo-[]\/vu aH )

0 g
and let L be its generator. By definition, ;4 = p1, and thanks to Proposition 21.2, we know that

“du(g) = exp(dpfyny (L))-
" ltl8) = exp(d ()
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To conclude, it suffices to prove that dpf; (L) = dp%" (L). We start from Proposition 21.3. We
have

dppny (L) = D w (inyoJr/U(N)(W(Q) _IN)H(d9)>

1<k<n
a N2-1 3
+3 >y w(Yi) ou(Ys) + 5 > we(Ynz) o u(Yyz)
i=1 1<k,i<n 1<k,i<n

+ Z Ly ook (/U(N)(g — IN)®mH(dg)> )

2<m<n
1<ki1<..<km<n

Thanks to the invariance under conjugation of II and Zi]\fl_l Y; ®Y;, we know from Example 21.7
that

LT (R(g) - 1) TI(dg)

/U(N)(%(g)—IN)H(dg) =/ E(R(g) — In)1(dg) :/U(N) N

U(N)

and

i=1

N2-1 N2-1 1

Y YieYi=E| Y YieY:|=IP -y (1,2).
i=1

We also deduce from Proposition 21.5 that

Jy o~ 0P = [ B (g~ 1)) ()

= /U(N) > W' [T T ((g—1)*) - dpym (m)TI(dg).

o,m€ECH, c cycle of o

Thus we have

n . n n? a n on
Ao (L) = | migo— =5 + | 5 —nV ) 5+ N/U(N)Tr(é)?(g) ~1)I(dg) | 12

i=1  1<k<i<n

+ Z Z Wg(a_lw)-/

2<m<n o,mECH UN)
1<ki1<..<km<n

[I 7(-1*) g
c cycle of o
‘Lklv---vkm © IOJGVm (ﬂ-)?

from which we deduce that dpf} v, (L) = dpiy"(L). O

22. The stochastic exponential &y

In this section, we shall describe £y, a map which connects the infinitely divisible measures
on the space of Hermitian matrices Hy and the infinitely divisible measures on U(N). We start
by presenting £y in Proposition-Definition 22.2, and the rest of the section is devoted to the
proof of Proposition-Definition 22.2.

We consider the Hilbert space of Hermitian matrices

Hy ={x € Mn(C) : 2" = z}.
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We denote by * the classical convolution on the vector space H : given two probability measures
pand v on H, the convolution pxv is such that [5,  fd(uxv) = [3, [ f(@+y) p(dz)v(dy) for
all bounded Borel function f on Hy. Let us denote by ZD(Hy, *) the space of infinitely divisible
probability measures on Hy and by ZDj,,(Hn, *) the subspace of measures p in ZD(Hy, )
which are invariant by unitary conjugation, that is, such that for all bounded Borel function f
on Hy and all g € U(N), we have

/HN fdu= /HN flgzg")dp(z).

22.1. Infinite divisibility on Hy. The advantage of ZD(Hy, *) is that each infinitely di-
visible measure arises from a unique convolution semigroup, and by consequence, is characterized
by a unique generator. In order to describe this generator, we introduce now an inner product
on Hy and we define the notion of Lévy measure.

We endow H  with the following inner product:

(@, y) = (2, y)gy,, = Tr(z"y) = Tr(zy).
It is a real scalar product on Hy which is invariant by unitary conjugation. We remark that
iHn = u(N). Thus, the family {X1,..., Xy2} = {—iY1,..., —iYn2} is an orthonormal basis of
Hn such that X2 = ﬁ[ ~- It is now useful to fix one compact neighborhood B of 0: we choose

to set B = B(0,1), the closed unit ball of Hy. A Lévy measure 11 on Hy is a measure on Hy
such that both II({0}) = 0 and such that [ ||z[|3,, II(dz) and II(B) are finite.

Let CZ(Hn) be the space of function f € C?*(Hy) with bounded first and second-order
partial derivatives.

THEOREM 22.1 ([57, 64]). Let p € ID(Hn,*). There exists a unique weakly continuous
semigroup (u*),cp+ such that u*® = 6o and p*' = p. There exist an element Xog € Hy, a
symmetric positive semidefinite matriz (y; j)1<;j<n2 and a Lévy measure I1 on Hy such that
the generator L of (u*)icr+ is given for all f € CZ(Hy) and all y € Hy by

2
1N
(22.1) Lf(y) = 0x,f(y) + 5 D vi0x.0x,f(y) + /H fly+a) = fly) —1p(2)0:f(y) T(dz).
i,j=1 N
The triplet (Xo, (¥i,j)1<ij<n2,11) is called the characteristic triplet of p, and its associated
generator L is called the generator of x. Conversely, given such a triplet (Xo, (yi,;)1<i j<n2,1I),

there exists a unique infinitely divisible measure p whose generator is given by (22.1).
Let us remark that the functions e and sin make sense on Hy. For all x € H, we have

e(z) = exp(iz) € U(N) and sin(z) = Soe = (e — e ®)/2i € Hy.

As previously, for all measure IT on H y, the measure e, (II) denotes the push-forward IT on H by
the mapping e : Hy — U(N), and the measure e, (IL);;7(n)\ {7y} 13 the measure on U(N) \ {In}
induced by e, (II). We are now able to formulate the main result of this section.

PROPOSITION-DEFINITION 22.2. For all i € TD(Hy, *) with characteristic triplet
(Xo, (Wij)1<ij<n2,10),
we define En(p) to be the measure of TD(U(N), ®) with characteristic triplet
(@XO i /H (sin(z) — 15(a)z) H(dx),(yi,j)lgi,jgm,e*(n)|U(N)\{IN}>.
N

The map En : ID(Hn,*) — ID(U(N),®) is called the stochastic exponential and has the
following properties :
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(1) For all p € ID(Hy,*), the measures (e, (u*/™))®™ converge weakly to En(i);
(2) the stochastic exponential maps IDiny (H N, *) to IDiny (U(N), ®), and for all p, v mea-
sures of IDiny(HN, *), we have

5]\[(/1 * I/) = EN(/L) ® 5]\[(1/).

The tool used to prove this proposition is the Fourier transform of a measure on U (V). Before
proving Proposition 22.2 in Section 22.3, let us introduce this notion.

—

22.2. Fourier transform on U(N). The set U(N) of isomorphism classes of irreducible
representations of U(N) is in bijection with the set Ziv of non-increasing sequences of integers

—

a=(a > ... > ay). Forall a € Ziv, let 7 € U(N) be a unitary representation in the
corresponding class, acting on a vector space E,, and let x, be its character, that is to say the
function Tror®. We will also consider the normalized character ¥ (-) = Xxa(-)/Xa(IN).
Let p be a probability measure on U(N). The Fourier transform i of u is defined for all
a € Ziv by fi(e) = [yn)7*(9) pu(dg) € End(Eq). Here are three properties of the Fourier
transform (see [45, 68]).
(1) For all probability measures u and v, and for all « € Ziv we have 1t ® v(a) = fi(a)D(a).
(2) A sequence of probability measures (uy,)nen converges weakly to a measure p if and
only if for all a € Ziv, the sequence (fin(a))nen converges to fi(w).
(3) A probability measure p is central, or conjugate invariant, if and only if for all a € Ziv ,
f(a) is a homogeneous dilation, and in this case fi(a) = (fU(N) Ya(g) n(dg)ldg, .
The following proposition gives the Fourier transform of a measure arising from a convolution
semigroup.

PROPOSITION 22.3. Let (fuit)ier+ be a weakly continuous convolution semigroup on U(N)
starting at pg = 0, with generator L. For all t > 0, and all o € Ziv, we have fig(a) = etLmUN),

Moreover, if ju is conjugate invariant, we have iz (a) = e!¥eUnIdy, .

ProoOF. Forall a € Ziv, we have ir(or) = [ T (9) pe(dg) = Idg, +t- L7%(In) + 0-0(t),
which implies that fiz(a) = lim,_q fis(a)¥/* = 2™ UN) If 4 is conjugate invariant, then, for all

t € R, u is conjugate invariant, and we can replace 7 by 1), in the previous computation. [J

COROLLARY 22.4. Let (pi)ier+ and (vi)ier+ be two weakly continuous conjugate invariant
convolution semigroups on U(N) starting at jg = de, with respective characteristic triplets

(Yo, (Wij)1<i j<n2, 11) and (Y, (¥ ;)1<i j<n2, I0).
Then, (pt ® vt)ier+ s a weakly continuous convolution semigroup on U(N) starting at jio = O,
with characteristic triplet

(Yo + Y0, (Wi + ¥ij)1<ij<n2, T+ 1T).

PROOF. Remark that (y;; + i ;)1<ij<n2 is a symmetric positive semidefinite matrix and
that II41II" is a Lévy measure. Let L and L’ be the respective generators of (put)ier+ and (v4)ier+
given by (21.1). Thanks to Proposition 22.3 and to the conjugation invariance, for all « € Ziv,
we have

() = (@) - Ai(@) = el Ve [y,

To conclude, observe that, for each time ¢ € R, the measure at time ¢ of the weakly continuous
semigroup whose characteristic triplet is (Yo + Y, (¥ij + ¥; j)1<ij<n2, 1l + II') has the same
Fourier transform as p; ® v4. O

_ ML Wa ()T,

o
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LEMMA 22.5. Let p and v € IDiny(U(N), ®) with characteristic triplet (Yo, (yij)1<i j<n2,1I)
and (Yg, (Y j)1<ij<n2: 1U). Then, (Yo +Yg, (Yij + i j)1<ij<n2, L+1T) is a characteristic triplet
of p ® v. In particular, for all k € Z, (Yo + 2ikmIn, (Yij)1<ij<n2,11) is also a characteristic
triplet of .

PrOOF. The first assertion follows from Corollary 22.4. For the second assertion, we remark
that (Je2iemy, )icr+ is a weakly continuous convolution semigroup with characteristic triplet
(2ikm,0,0). By consequence, (Yo + 2ikmly, (yi,j)1<ij<n2, 1) is a characteristic triplet of p ®
5e2ik7r Iy = L. O

We are now ready to prove Proposition-Definition 22.2.

22.3. Proof of Proposition-Definition 22.2. First of all, we remark that the sine function
is bounded and sin(x) — x ~,_,0 ¥3/6, which implies that Jay sin(z) — 1p(z)x) II(dz) exists.

We start by proving the first item. Let p € ZD(Hn, *). Let us denote by L, the generator
of o and by Lg, () the generator of En (). Let a € Ziv. We have

)(a) = / n(e(z)) wt/"(dz) = 1dg, + Lu(r* 0 €)(0)/n + 0nsoo(1/n),

HN
which implies that lim, (e*(u*%))@%(a) = limy 00 (e*(,u*rlz)(oz)> = elu(m0e)(0) et us
compute

N2

L, (7% oe)(0) =0x,(m* ce)(0) + % Z Yi,j0x,0x, (1 o €)(0)
ij=1

+ / 7 (e EH0)Y _ 1) _ 15 (2)8, (7% o €)(0) TI(da).
HN

Recall that, for all Y € u(N), Y is the left invariant vector field on U(N) induced by Y. Using
the fact that, for all z € Hy, 0,(r* 0 e)(0) = & =0 7 (") = (iz)'n*(Iy), we infer

N2
Ly (7 0 e)(0) =(iX0)!(7*)(In) +% > i YiY (x*)(In)

ij=1

+ / 7 () — g, — 1p(z)(iz)7(Ix) TI(de)
HN

—(iX0)! (7% (In) + /H (isin(x) — iLp(z)e)'n" () T(d)

1 ik Cviyl .« o _ e I _«
#3 2w + [ (elo)) ~ e, = (13(e(e)) 7 (Iy) (d)
:LSN(H)WQ(IN)-

Finally, for all o € Ziv, the sequence (e, (u*%))*”(a) converges to e“en ™ UN) — W(a) and

consequently the sequence (e, (,u*%))@a" converges to En ().
For the proof of the second item, we use the Fourier transform of a measure in ZD(H y, *),
which is given by the following proposition.
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PROPOSITION 22.6 ([64]). Let p € ZD(Hn, *) and let (Xo, (yij)1<i j<n2,1I) be its charac-
teristic triplet. We have [3 et T@Y) 1+t (da) = exp (tpp(y)) with

N2
ouly) =i Tr(Xoy) — % > vy Te(Xy) Te(Xjy) + /H e @) _ 1 —ilp(x) Tr(xy) I(dz).
i,7=1 N
Let 4 € IDiny(Hn,*). We claim that, for all t > 0, u*' € IDjy(Hn, *). Assuming for a
moment that this claim is proved, let us explain how it leads to the result: in this case, each
measure (e, (u*1/"))®" is conjugate invariant and so is the limit Ey(x). In addition, for all y,
v € IDiny(HN, *), the characteristic triplets of En(u * ) and of En(u) ® En(v) coincide thanks
to Corollary 22.4, and thus Ey(u *v) = En(u) ® En(v).
Thus, it remains to prove that, for all t > 0, u** € ZDiu (Huy, *). For this, we prove that the
Fourier transform of p*! is conjugate invariant. Firstly, ¢y 1s conjugate invariant. Indeed, for all
g € U(N), we have

expop,(gyg*) = / e Tr(=9997) 4y (2) = /

HN HN

eiTr(g*xgy)dM(x) = / eirﬁ(xy)du(x) = exp oy (y).
HN

We deduce that ¢, is conjugate invariant since it is continuous and exp oy, is conjugate invariant.
Consequently, [3, ! T(29:9) qy*t () = exp(tp,(+)) is conjugate invariant, which is sufficient to
conclude.

23. Random matrices

In this last section, we shall define the mappings IIy and I' ;. Then we prove Theorem 17.2,
and in particular our main result, the weak convergence in expectation of the empirical spectral
measures of random matrices distributed over I'y(u) for some p € ZD(U, X) (see Theorem 23.6).
We finish the section by the proof of Theorem 17.3.

23.1. The matrix model IIy. Recall that the covariance matrix, which corresponds to
the diffuse part of an infinitely divisible measure, depends on the choice of a basis of Hy (see
Section 22.1). In this article, we fixed an orthonormal basis {Xi,..., Xn2} of Hy such that

Xpy2 = %NIN.

DEFINITION 23.1. Let u € ZD(R, ) and let (n,a,p) be its HB-characteristic triplet. The
distribution I (p) € ZDinv(Hn, *) is defined to be the infinitely divisible measure with charac-
teristic triplet (nIy,an, pn), where ay is the N? x N2-matrix

a
N+1 0
aN = ’ a )
N—+1
0 a

and py is the Lévy measure on Hy which is the push-forward measure of Np ® Haar by the
mapping from R x U(N) to Hy defined by

(g9 g
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The application Iy : ZD(R,B) — ZDiny(Hn, *) is obviously a homomorphism of semigroups
and we have II; = A~!. Moreover, Il is a matricial model for ZD(RR,H) in the sense of the
following theorem.

THEOREM 23.2 ([12, 23]). Let p € ID(R,H). For all N € N*, let Hy be a random matriz
whose law is I n(p), and let i, be its empirical spectral measure, that is to say

1

eigenvalue \ of Hy
(with multiplicity)

Then, the measures firr, converge weakly to p in probability when N tends to oo.

In [12, 23], the model is in fact defined starting from a measure p € ZD(R, *). More precisely,
for all u € ID(R, ) with *-characteristic triplet (7, a, p) and Lévy exponent

0u(0) = (in@ — %a92 + /}R(ewr —1—idfzl_y (a:))dp(m)) ,

Benaych-Georges and Cabanal-Duvillard defined Ay (1) € ZDjny (H v, *) by its Fourier transform:
for x,y € Hy, we have

[, T A () ) = exp (9 )

where () (¥) = NE[p.({u, yu))], with u uniformly distributed on the unit sphere of CN. More
explicitly,

a .
—— (Tr(y) Tr Tr(y)? i@y 1 —41p(z) T I(dx).
s 1) (B T + Tw?) + | e i1p(x) Tr(ay) TI(dx)
Using Proposition 22.6, we see that it is exactly the Fourier transform of the infinitely divisible

measure of ZD;, (Hy, *) with characteristic triplet (n,an, pn). Consequently, we have Ay =
IIyoA, or Iy = AyoA~! which can be expressed as the commutativity of the following diagram

Oy (y) =inTr(y)—

AN 1IN
ID(R, ) —= IDin(Hy, %) <— ID(R,H) .

\_/

A

Nevertheless, we prefer to use Iy which turns out to be more suitable for our present purposes
(see Theorem 17.2). One can consult also [34, 35] for further information about this model.

23.2. The matrix model I'y. Here again, observe that the data of a covariance matrix of

u(N) depends on the basis chosen, and recall that we fixed an orthonormal basis {Y1,...,Yy2}
of u(N) such that Yy2 = ﬁIN (see Section 21.1).

DEFINITION 23.3. Let u € ZD(U,X) and let (w,b,v) be its X-characteristic triplet. The
distribution I'ny () € IDiny(U(N),®) is defined to be the infinitely divisible measure with
characteristic triplet (Log(w)Iy, by, vn), where Log is the principal logarithm, by is the N2 x N2-
matrix
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and vy is the Lévy measure on U(N) which is the push-forward measure of Nv ® Haar by the
mapping from U x U(N) to U(N) defined by

¢ 0 -0
0o 1 . .
€99l = g".
N

If A is the Haar measure on U, then we agree to define I'y(A) to be the Haar measure of U(N).

From this definition, we deduce right now the second half of Theorem 17.2, as a consequence
of the following propositions.

PROPOSITION 23.4. For all p and v € ID(U,K), we have T'y(u X v) =T n(u) ® Tn(v) .

PRrROOF. Let pand v € ID(U,K). If pu or v is equal to A\, we have uXv = A. In this case, 'y ()
or I'y(v) is the Haar measure on U(N) and consequently, Haar = 'y (p X v) =Ty (p) ® Iy (v).

If u,v € ID(U,X) N M., with respective X-characteristic triplets (wy, b1, v1) and (w2, b2, v2),
the measure p X v € M, is a K-infinitely divisible measure with X-characteristic triplet
(wiwa, by + b2, v1 + v2). We denote by (Yo, (yij)1<ij<n2, ) and (Yg, (47 ;)1<ij<n2, 1) the re-
spective characteristic triplets of I'(u W v) and I'(u) ® I'(v). It is straightforward to verify
that ((yij)1<ij<n2, 1) = (4 ;)1<ij<n2, 1), and it remains to compare Yy and Yj. We have
Yy = Log(wiwe)In and Yy = (Log(wi)+Log(w2))In. As a consequence, Yy and Yy differ by a multi-
ple of 2im /. Using Lemma 22.5, we deduce that (Yo, (vi,j)1<i j<n2, 1) and (Y, (47 ;)1<ij<n2, II')
are characteristic triplets of the same measure. In other words, I'(u X v) = T'(u) ® I'(v). O

PROPOSITION 23.5. For all p € ZTD(R,H), we have I'y oem(p) = Ex o Iy (p).

PROOF. Let (1, a, p) be the H-characteristic triplet of u. We denote by (Yo, (¥i,j)1<i j<n2, 1)
and (Yg, (¥i j)1<ij<n2,1I') the respective characteristic triplets of I'y o em(p) and En o Ty (u).
We remark first that, following the definitions,

2
7
(e}

(.%‘,jhgi,jgN? = (yg,j)lgi,jgNQ =

Z
s

0 a

and IT = II' = M, U(N)\{Iy} Where M is the push-forward measure of Np ® Haar by the mapping
from R x U(N) to U(N) given by

e 0 0

0 1 \
(,9) =g o g

0 0 1

To conclude, it remains to compare Y; and Y;j. We have

Yy = Log o exp <i77 +1 /R(sin(m) — 1y (7)7) p(dx)) In
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and
Y{ = inly +1 / (sin(z) — 1y(2)z) dpn ()

HN
(sin(z) — 11 1y(z)) 0
0
= inly +iN / / g . g* dgp(dz)
R JU(N) .

0 0

—inly +iN /R %(sin(x) 1y (2)2)p(da)

= <i77 +i/R(sin(ac) — 1 y(@)) P(dx)> Iy,

where we have used that F(A) = & Tr(A)Iy (see Example 21.7) for the integration with respect
to the Haar measure of U(N). The difference between Yy and Yy is a multiple of 2imIy. Using
Lemma 22.5, we deduce that (Yo, (yij)1<ij<n2, 1) and (Yg, (¥} ;)1<ij<n2, II') are characteristic
triplets of the same measure. In other words, I'y o em(u) = En o U (). O

23.3. The large-N limit. We are now ready to prove the first half of Theorem 17.2, which
is a corollary of the following theorem.

THEOREM 23.6. Let p € ID(U,X). For all N € N*, let Uy be a random matriz whose law
is Ty (p). For all polynomials Py, ..., Py € C[X], we have,

N—oo

1
lim E NTI"(Pl(UN)) NTI (P:(Un) ] /Pld,u /Pkd,u

ProOF. If p is the Haar measure A\ of U, then I'y(u) is the Haar measure on U(N) for
which the result is well-known. Let us assume that p € ZD(U,X) N M., and let (w,b,v) be its
X-characteristic triplet. Thanks to Definition 23.3, we know that a characteristic triplet of T'x (1)
is given by

o 0

iyoln, Bi

0 B
where yo = —i Log(w), a =b/(N + 1), B = b and II is the Lévy measure obtained from v as in
Definition 23.3.
By linearity, it suffices to prove the result for monomials. Let I1,...,l € N. We want to
prove that

lim E {Jif Tr (U]l\}) %Tr (U]l\’;)] =my, (1) -+ - my, (1).

N—oo

We will prove the result under the following form: for all o € G,,,

lim E

N—o0

N~ T wUy)

c cycle of o

We observe that, for all U € U(N) and 0 € &,,, we have

(231) H TI'(UﬁC) = TT(CN)(@»,L <U® (e] p%"( )) .

c cycle of o

c cycle of o
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In order to use Proposition 21.8, we define Ly € C[&,] by

Ly = (myo — %g—i— <N —nN> %+ X,/U(N) Tr (R(g) — 1)H(d9)> le, —«a Z T

TE€ETn

ooy et [ T Tl 0F) 1) ()

2<m<n !\ mESH c cycle of n/
1<k1<...<km<n

n? n? b
:<nLog(w)Nb+<N nN>(N+1+ / >16n N1
Y WeE N [ (€= 1) (0 - bty ().

2<m<n ' mESH
1<k 1<..<km<n

T€Tn

Using Proposition 21.8, we have

E[NT ] Uy

c cycle of o

= N~ Trcnyon (E [UJ%”} o p%”(a))

= N_K(U) Tr(CN)®n (p%ﬂ (eiNO-)) .
From (23.1), we deduce also that, for all o € &,,, we have
Tr(cvyon (P%" (0)) = N,

We denote by N¢ (resp. N~¢) the linear operator on C[&,] defined by N¢(o) = N9 (resp.
N~¢o) = N~49)g) and by ¢ the linear functional defined by ¢(c) = 1. This way, we have
Trcnyon op%” = ¢o N*. Let us also denote by Tl the linear operator on C[&,,] of multiplication
by Ly, defined by Tn(o) = Lyo. We can rewrite

E|NT T T(UE)| = Trenyen (o3 (e N0))

c cycle of o
=¢ (NZeTNNfg(UD
=9 (eNeTNN?Z (J)) .

We take the limit with the help of the following lemma. Recall that (Lk,(p))nen= are the free
log-cumulants of p (see Section 20), which are given by

(1) Lra(p) = Log(w) — b/2 + [y (R(¢) — 1) dv(Q),
(2) Lisa(p) = —b+ fy(¢ — 1)*dv(¢)
(3) and Lk (p) = [y(¢ —1)"dv(¢) for all n > 2.

LEMMA 23.7. When N tends to oo, the operator N'Ty N~¢ converges to an operator T which
is such that, for all 0 € &,

T(o) =nLkri(u) o+ Z Lty (1) - co.

2<m<n
¢ m~cycle of &,
co=o
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PRrOOF. We shall prove that, for a fixed 0 € &, limy_oo NTyN*(c) = T(0). Let us
compute

NTyN~Y(0) = NOINY(Lo).
Replacing L by its value gives us N4 N(Lo) = (I + II + III o, with

2 2 b
I= (nLog(w) - %b—i— <T]L\7 — nN) AN T 1) + n/U (R(C) — 1)U(d§)> 1s,,
I = b NZ(TU)—K(U)T’

N+1 TETn

and

11 = Z Z /U(C— 1)™ v(d¢) - ( Z Wg(w'lw)) - NIy (M)7) ()

2<m<n TESH ' EGm
1<ki<..<km<n

: Lkla---vkm (7T)

The first limit is immediate:

lim [ = <n Log(w) — gb + n/U (R(C) — 1) v(dg)) ls, = nLki(u)le, .

N—oo

For the second and the third term, we recall that for all 7 € &,, , we have
d(1,0) <d(1,70) + d(no,0)

with equality if and only if 7o < o (see Section 20.1).

Let us focus on II. We fix 7 € T,,. We know that d(1,0) < d(1,70) 4+ d(70,0). In term of
numbers of cycles, it means that n — ¢(o) < n —{(r0) +n — £(7). Because £(1) = n — 1, we have
l(to) — l(o) < 1 with equality if and only if 70 < 0. By consequence,

li = — .
Ngnoo 7 b Z TO
TETn

TO=X0O
A similar reasoning can be made for IIl. Let us fix 2 < m < n,1 < k; < ... < kn, < n and
m € &,,. We denote by c¢ the permutation ¢, . (7). On one hand, Proposition 21.6 gives
us Wg(n' ') = O(N"™"1) if 7 # 7’ and Wg(x''7) = N™" + O(N~"1) if 7 = «/, and by
consequence,
Y We(r''m) = N+ O(NTT).

T eES,
On the other hand, we know that d(1,0) < d(1,co) + d(co, o
means that n — ¢(0) < n —{(co) +n — £(c). Because {(c) =
have 1+ ¢ (co) — €(0) <14 m — £(n). Thus, we have,

). In terms of numbers of cycles, it
by (7)) = 0= m + £(7r), we
1+4£(co)—4L(c) <m

with equality if and only if we have both co < o and ¢(7) = 1. Consequently, the term

> We ('~ L) NI o ()0) —E(0)
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is equal to 1 + O(N~1) if we have both co < o and £(7) = 1, but it is O(N 1) if not. Finally,

lim [T = > > — 1™ 0(dQ) - thy,... sk ()0
N—oo T
2<m<n 7 m—cycle of G,
1<k1<..<km<n 4, (m)o=0o

<<<<< km T

-y ) /U<c—1>m v(d¢) - o

2<m<n ¢ m—cycle of &,,

co=o
Thus, we have
lim I+ II + Il = nLkq(p) - o+ > Lt (1) - co = T (o). O
N—oo 9<m<n,
¢ m-cycle of &,
co=0o

As a consequence, we have

lim E (N7 J] mU¥)

N—o0

= 0(e"(0)) = penLra T bR ()

c cycle of o

T

— ¢ enLNI(M) Z ‘ " H L O'»L,O'l 1 +1 (M) - 00

I simple chain in [1,0]
I'=(co,...,0|r|),0|0|=0

T

_ 6nLn1(#) Z | H L d(0s,05-1)+1 (/‘) .

I simple chain in [1,0]
I'=(00,..,0/1|),0|1|=0

Using (20.1) on the right-hand side, we conclude that
lim E | N~ H Tr(Uji\f) = H mye(pt). O

N—
o c cycle of o c cycle of o

COROLLARY 23.8. Let p € ID(U,X). For all N € N*, let Uy be a random matriz whose
law is T'n (@), and whose empirical spectral measure is

//ZUN :N Z 5>\~

eigenvalue \ of UV
(with multiplicity)

Then, the measures E[fiy,] converge weakly to p when N tends to oo.

ProOOF. We verify the convergence of moments. Let n € N. We have

[ i) =& [ [ iy | =[5 (@w)]

which tends to m,(u) as N tends to co. O

REMARK 23.9. In fact, the proof can be easily extended to a more general 51tuat10n Let W E
ID(U,X) and let (w, b, v) be its K-characteristic triplet. For all N € N*, let y , oM BN e R
and IIY) be a Lévy measure on U(N) which is conjugate invariant. We suppose that

(1) impy—eo eiyéN) =w, a®) ~y Lo b/N and BI) = O(1) as N tends to oo;
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(2) for all k > 2,

t - [ oy (o= 10N dg) = [ (1))

N—oo

(3) for all kq,...,k, € N* such that ky + ...+ k, > 2, we have, as N tends to infinity,
1
N Juwy
Then, the conclusions of Theorem 23.6 and Corollary 23.8 are still true whenever Uy is a random
matrix whose law is an infinitely divisible measure which admits
av) 0

Tr((g — In)*™) - Tr((g — In) )TN (dg) = O(1).

(N)

iye In, , I

o)
0 BV
as a characteristic triplet.

23.4. Proof of Theorem 17.3. We refer the reader to [74] for the main definitions of free
probability spaces. We call free unitary multiplicative Lévy process a family (Uy)ier, of unitary
elements of a non-commutative probability space (A, 7) such that

(1) Uo = 1
(2) For all 0 < s < t, the distribution of U;U; ! depends only on t — s;
(3) Forall 0 <t; <...<t,, the elements Uy, , Uy, Utjl, .Uy, Utjil are freely independent;
(4) The distribution of U; converge weakly to d; as t tends to 0.
Notice that this definition differs from the definition in [18] by the first and the fourth items.

Let (Ug)er,. be a free unitary multiplicative Lévy process with marginal distributions (u¢)¢er.,
in M,. Then, (t)ier, is a weakly continuous semigroup of measures for the convolution X on
U. Moreover, there exists & € R and b > 0 and v a Lévy measure on U such that, for all ¢ > 0,
(e’ b, tv) is a M-characteristic triplet of U; (see [15]). Using Lemma 22.5, it is straightforward
to verify that the weakly continuous semigroup whose characteristic triplet is (iadn, by, vn)

coincides with (I'n(u))ier, . Therefore, there exists a Lévy process (Ut(N))tGR . in U(N) such

that T'n(ue) is the distribution of Ut(N) for each t € Ry (see [57]). We already know that, for

each fixed t € R4, the element Ut(N) converges to U; in non-commutative x-distribution, in the
sense that, for each non-commutative polynomial P in two variables, one has the convergence

o (V) 7MY .
Jim B [ (P (U™, 0M))] = ~(P(ULUY)).
Since the increments of (Uy);ecr, are freely independent, to prove the convergence of the whole
process, it suffices to prove that the increments of (Ut(N))tE]R . are asymptotically free. This is
a well-known consequence of the factorization property of Theorem 23.6 and the fact that the

increments of (Ut(N))teR . are independent and invariant under conjugation by unitary matrices
(see for example [29, 74, 75, 80|, or the appendix of [54] for a concise treatment).
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