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❞❡ ✧(♣✐❧❧♦✈❡- ❡✛❡❝,✧ ❬✻✹❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✷✳✷ ❙❝❤#♠❛ ❞✬✉♥ ❛❝,✐♦♥♥❡✉- ✐♥❡-,✐❡❧ ♣♦✉- ❧✬✐(♦❧❛,✐♦♥ ❞❡ ✈✐❜-❛,✐♦♥( ❡, ❞✐❛❣-❛♠♠❡

❞❡ ◆②3✉✐(, ❞❡ ❧❛ ❜♦✉❝❧❡ ♦✉✈❡-,❡ ❛((♦❝✐#❡ ❬✸✷❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✷✳✸ ❙❝❤#♠❛ ❞✬✉♥ ❛❝,✐♦♥♥❡✉- ✐♥❡-,✐❡❧ ❛✈❡❝ ❜♦✉❝❧❡ -#,-♦❛❝,✐✈❡ (✉- ❧❡ ❞#♣❧❛❝❡♠❡♥,

❬✶✵❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✷✳✹ ❉✐❛❣-❛♠♠❡ ❞❡ ❇♦❞❡ ❞✉ ❝♦♠♣❡♥(❛,❡✉- ❞❡ ❧❛ -#(♦♥❛♥❝❡ ❞❡ ❧✬❛❝,✐♦♥♥❡✉- ✐♥❡-✲

,✐❡❧ ❡, ❞✐❛❣-❛♠♠❡ ❞❡ ◆②3✉✐(, ❞❡ ❧❛ ❜♦✉❝❧❡ ♦✉✈❡-,❡ ❛((♦❝✐#❡ ❬✸✵❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✷✳✺ ❉#❝♦♠♣♦(✐,✐♦♥ ❞❡( ❞#❢♦-♠❛,✐♦♥( ❡♥❣❡♥❞-#❡( ♣❛- ✉♥ K❩❚ ❡♥ ✢❡①✐♦♥ ♣✉-❡ ❡,

❡♥ ❡①,❡♥(✐♦♥ ❬✻❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✷✳✻ ❙❝❤#♠❛ #❧❡❝,-✐3✉❡ #3✉✐✈❛❧❡♥, ❞✉ ♠♦❞❡ ❞❡ (,-✉❝✉-❡ m ✐♥❝❧✉❛♥, ❞✐✛#-❡♥,❡(

❡♥,-#❡(✴(♦-,✐❡( ❬✺✺❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✷✳✼ K✉✐((❛♥❝❡ ❛❝♦✉(,✐3✉❡ -❛②♦♥♥#❡ (❛♥( ❝♦♥,-R❧❡ ✭,-❛✐, ♣♦✐♥,✐❧❧#✮ ❡, ❛✈❡❝ ♠✐♥✐✲

♠✐(❛,✐♦♥ ❞❡ ❧✬#♥❡-❣✐❡ ❝✐♥#,✐3✉❡ ❞❡ ❧❛ ♣❧❛3✉❡ ✭,-❛✐, ♣❧❡✐♥✮ ❬✽✼❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✷✳✽ ❈♦♥,-R❧❡ ❢❡❡❞❜❛❝❦ ✭-#,-♦❛❝,✐♦♥✮ ♣❛- (✐♠♣❧❡ ❣❛✐♥ g (✉- ❧❛ ✈✐,❡((❡ ❞❡ ❞#❢♦-♠❛✲

,✐♦♥ ❞❡ ❧❛ (,-✉❝,✉-❡ ❬✹✵❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✾ ➱♥❡-❣✐❡ ❝✐♥#,✐3✉❡ ❞❡ ❧❛ ♣❧❛3✉❡ ♣♦✉- ❞✐✛#-❡♥,❡( ✈❛❧❡✉-( ❞❡ ❣❛✐♥ ❞❡ ❢❡❡❞❜❛❝❦

(✉- ❧❛ ✈✐,❡((❡ ❬✾✻❪ ✿g = 0 ✭#♣❛✐(✮✱ g = 7 ✭,✐-❡,(✮✱ g = 25 ✭✜♥✮✱ g = 106

✭♣♦✐♥,✐❧❧#✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✶✵ ❙❝❤#♠❛ ❞✬✉♥ ❝♦♥,-R❧❡ ♣❛- ✐♠♣#❞❛♥❝❡ #❧❡❝,-✐3✉❡ ❞❡ ❞✐((✐♣❛,✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✶✶ ❆,,#♥✉❛,✐♦♥( ❞✉ ♥✐✈❡❛✉ ❞❡ ❜-✉✐, ✭❙K❘✮ ♠❡(✉-#❡( ❡♥ ❞❇ 0 ✹✸✵ ❍③ ❞❛♥( ❧❡

❝❛( ❞✬✉♥ ❝❤❛♠♣ ♣-✐♠❛✐-❡ ❞✐✛✉( (✉- ✉♥❡ ♣❧❛3✉❡ ♠✐♥❝❡ ❡♥ ❛♣♣✉✐ (✐♠♣❧❡ ❡♥

❢♦♥❝,✐♦♥ ❞❡( ✈❛-✐❛❜❧❡( ✭αRe, αIm✮ ❬✽✶❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✷✳✶✷ ❙❝❤#♠❛ ❞✬✉♥ ❝♦♥,-R❧❡✉- 0 ❛-❝❤✐,❡❝,✉-❡ ❝❡♥,-❛❧✐(#❡✴❞✐(,-✐❜✉#❡✱ 0 ♦♣,✐♠✐(❛,✐♦♥

❤♦❧✐(,✐3✉❡✴♠♦❞✉❧❛✐-❡ ♣♦✉- ✉♥❡ ❢♦♥❝,✐♦♥ ❞❡ ❝♦`, ❣❧♦❜❛❧❡✴❧♦❝❛❧❡ ❬✸✻❪✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✷✳✶✸ ❙❝❤#♠❛ ❞❡ ❝♦♥,-R❧❡✉-( -#(♦♥❛♥,( ✉,✐❧✐(❛♥, ❧❛ ♠#,❤♦❞❡ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♠✲

♣❧❡①❡ ❬✼✷❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✸✳✶ ❉#♣❧❛❝❡♠❡♥, ,-❛♥(✈❡-(❡ ❡♥❣❡♥❞-# ♣❛- ✉♥❡ ❡①❝✐,❛,✐♦♥ ♣❛- ✉♥ ❛❝,✐♦♥♥❡✉- ♣✐#✲

③♦#❧❡❝,-✐3✉❡ ✭❣❛✉❝❤❡✮ ♦✉ ✐♥❡-,✐❡❧ ✭❞-♦✐,❡✮✱ f = 400❍③✱ η = 1× 10−2✳ ✳ ✳ ✳ ✳ ✸✺

✸✳✷ ❉#♣❧❛❝❡♠❡♥, ,-❛♥(✈❡-(❡ ❡♥❣❡♥❞-# ♣❛- ✉♥❡ ❡①❝✐,❛,✐♦♥ ♣❛- ✉♥ ❛❝,✐♦♥♥❡✉- ♣✐#✲

③♦#❧❡❝,-✐3✉❡ ✭❣❛✉❝❤❡✮ ♦✉ ✐♥❡-,✐❡❧ ✭❞-♦✐,❡✮✱ f = 400❍③✱ η = 2× 10−1✳ ✳ ✳ ✳ ✳ ✸✻

✸✳✸ ❊✣❝❛❝✐,# ❞✉ ❝♦✉♣❧❛❣❡ ❡♥,-❡ ✉♥ ❛❝,✐♦♥♥❡✉- K❩❚ ❡, ✉♥❡ ♣❧❛3✉❡ ♠✐♥❝❡ ❞✬❛❧✉✲

♠✐♥✐✉♠ ✭♣❧❡✐♥✮ ♦✉ ✉♥ ♣❛♥♥❡❛✉ ❛#-♦♥❛✉,✐3✉❡ ✭,✐-❡,(✮ ❡♥ ❢♦♥❝,✐♦♥ ❞❡ ❧✬#♣❛✐(✲

(❡✉- ❞✉ K❩❚ ❬✷✼❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✸✳✹ ❖♥❞❡ ♣❧❛♥❡ ❞✬✐♥❝✐❞❡♥❝❡ (θ, φ)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✸✳✺ K❛-❛♠d,-❡( ❞❡ ❝❛❧❝✉❧ ♣♦✉- ❧❡ -❛②♦♥♥❡♠❡♥, ❛❝♦✉(,✐3✉❡ ❬✻✸❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✸✳✻ ❈♦❡✣❝✐❡♥,( ❞❡ ❧❛ ♠❛,-✐❝❡ ❞❡ -#(✐(,❛♥❝❡ ❞❡ -❛②♦♥♥❡♠❡♥, ❞❡( ♠♦❞❡( (,-✉❝,✉✲

-❛✉① ❞✬✉♥❡ ♣❧❛3✉❡ ❡♥ ❛♣♣✉✐ (✐♠♣❧❡ ❡♥ ❢♦♥❝,✐♦♥ ❞❡ kl = ωLx

c
❬✻✸❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸
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✹✳✶ .❧❛1✉❡ ❜❛✤6❡ 61✉✐♣6❡ ❞❡ ✸ ✉♥✐<6= ❞❡ ❝♦♥<@A❧❡ ♣♦✉@ ❧❡ ❝♦♥<@A❧❡ ❛❝<✐❢ ✈✐❜@♦❛✲

❝♦✉=<✐1✉❡ ♣❛@ ❧❛ ♠6<❤♦❞❡ ❞❡= ✐♠♣6❞❛♥❝❡= ♠6❝❛♥✐1✉❡= ✈✐@<✉❡❧❧❡=✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻
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✹✳✸ ❙✉@❢❛❝❡ ❞❡ ♠❡=✉@❡ ✐♥<❡♥=✐♠6<@✐1✉❡ ❡♥ ❝❤❛♠♣ ♣@♦❝❤❡ ♣♦✉@ ❧✬❡=<✐♠❛<✐♦♥ ❞❡ ❧❛

♣✉✐==❛♥❝❡ ❛❝♦✉=<✐1✉❡ @❛②♦♥♥6❡ ♣❛@ ✉♥ ♣❛♥♥❡❛✉✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✹✳✹ ❙❝❤6♠❛ ❞✉ ❝♦♥<@A❧❡✉@ @6=♦♥❛♥< ✉<✐❧✐=6 ♣♦✉@ ✐♠♣♦=6 ❧✬✐♠♣6❞❛♥❝❡ ✈✐@<✉❡❧❧❡

♦♣<✐♠❛❧❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✹✳✺ ❖❜❥❡❝<✐❢= ❞✉ ♣❧❛❝❡♠❡♥< ❞❡= ✈❛❧❡✉@= ♣@♦♣@❡= ❞❛♥= ❧❡ ♣❧❛♥ ❝♦♠♣❧❡①❡✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✹✳✻ ■❧❧✉=<@❛<✐♦♥ ❞❡ ❧❛ ♠6<❤♦❞❡ ❞❡ ♣❧❛❝❡♠❡♥< ❞❡= ✈❛❧❡✉@= ♣@♦♣@❡= ♣♦✉@ ❧❡ ❝♦♥<@A❧❡

❞6❝❡♥<@❛❧✐=6 ✭� ✿ ✈❛❧❡✉@= ♣@♦♣@❡= ❞❡ (INu + ZoptH)✱ • ✿ ✈❛❧❡✉@= ♣@♦♣@❡= λi T
❧✬6<❛♣❡ ✸✱ + ✿ ✈❛❧❡✉@= ♣@♦♣@❡= λi T ❧✬6<❛♣❡ ✹✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✹✳✼ ❊①❡♠♣❧❡ ❞❡ ♣♦=✐<✐♦♥ ❞❡= ♣A❧❡= ❞✉ ❝♦♠♣❡♥=❛<❡✉@ 61✉✐✈❛❧❡♥< ✭❣❛✉❝❤❡✮ ❡<

❡①❡♠♣❧❡ ❞❡ @6♣♦♥=❡ ❢@61✉❡♥<✐❡❧❧❡ ❛✈❡❝ ✭♣♦✐♥<✐❧❧6=✮ ❡< =❛♥= ✭<@❛✐<= ♣❧❡✐♥=✮ ♣@✐=❡

❡♥ ❝♦♠♣<❡ ❞✉ ✜❧<@❛❣❡ ♣❛==❡✲❜❛= ♣♦✉@ ✉♥ ❣❛✐♥ ❞❡ ❜♦✉❝❧❡ 6❧❡✈6 ✭♥♦✐@✮ ♦✉ ❢❛✐❜❧❡
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✺✳✶✼ ❈♦♥62=❧❡ ♦♣6✐♠❛❧ ✭β = 5 × 10−5✮ ✿ ♣❛26✐❡ 25❡❧❧❡ ✭❤❛✉6✮ ❡6 ✐♠❛❣✐♥❛✐2❡ ✭❜❛<✮
❞❡ ❧❛ ♣✉✐<<❛♥❝❡ ✐♥❥❡❝65❡ <✉2 ❝❤❛❝✉♥❡ ❞❡< ✉♥✐65< ♣♦✉2 ✉♥❡ ❜❛♥❞❡ ❢257✉❡♥6✐❡❧❧❡

❞❡ ✶✺✵ H ✹✺✵ ❍③ ✭❣❛✉❝❤❡✮ ❡6 ✸✷✵ H ✸✻✵ ❍③ ✭❞2♦✐6❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

✺✳✶✽ ❆♠♦26✐<<❡♠❡♥6 ❛❝6✐❢ ✭g = 1.3×104✮ ✿ ♣❛26✐❡ 25❡❧❧❡ ✭❤❛✉6✮ ❡6 ✐♠❛❣✐♥❛✐2❡ ✭❜❛<✮
❞❡ ❧❛ ♣✉✐<<❛♥❝❡ ✐♥❥❡❝65❡ <✉2 ❝❤❛❝✉♥❡ ❞❡< ✉♥✐65< ♣♦✉2 ✉♥❡ ❜❛♥❞❡ ❢257✉❡♥6✐❡❧❧❡

❞❡ ✶✺✵ H ✹✺✵ ❍③ ✭❣❛✉❝❤❡✮ ❡6 ✸✷✵ H ✸✻✵ ❍③ ✭❞2♦✐6❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

✺✳✶✾ ➱♥❡2❣✐❡ ❝✐♥56✐7✉❡ 6♦6❛❧❡ <❛♥< ❝♦♥62=❧❡ ✭62❛✐6 ♣♦✐♥6✐❧❧5✮✱ ❝♦♥62=❧❡ ♦♣6✐♠❛❧ ♣♦✉2

β = 5 × 10−5 ✭♥♦✐2✮ ❡6 ❛♠♦26✐<<❡♠❡♥6 ❛❝6✐❢ ♣♦✉2 g = 1.3 × 104 ✭❣2✐<✮ ♣♦✉2
✉♥❡ ❜❛♥❞❡ ❢257✉❡♥6✐❡❧❧❡ ❞❡ ✶✺✵ H ✹✺✵ ❍③ ✭❣❛✉❝❤❡✮ ❡6 ✸✷✵ H ✸✻✵ ❍③ ✭❞2♦✐6❡✮✳ ✼✽

✺✳✷✵ ❉5❜✐6 ✈♦❧✉♠✐7✉❡ 6♦6❛❧ <❛♥< ❝♦♥62=❧❡ ✭62❛✐6 ♣♦✐♥6✐❧❧5✮✱ ❝♦♥62=❧❡ ♦♣6✐♠❛❧ ♣♦✉2

β = 5 × 10−5 ✭♥♦✐2✮ ❡6 ❛♠♦26✐<<❡♠❡♥6 ❛❝6✐❢ ♣♦✉2 g = 1.3 × 104 ✭❣2✐<✮ ♣♦✉2
✉♥❡ ❜❛♥❞❡ ❢257✉❡♥6✐❡❧❧❡ ❞❡ ✶✺✵ H ✹✺✵ ❍③ ✭❣❛✉❝❤❡✮ ❡6 ✸✷✵ H ✸✻✵ ❍③ ✭❞2♦✐6❡✮✳ ✼✽

✺✳✷✶ ❱❛2✐❛6✐♦♥ ❞❡ ❧✬❛♥❣❧❡ ❞✬✐♥❝✐❞❡♥❝❡ ❞✉ ❝❤❛♠♣ ♣2✐♠❛✐2❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✺✳✷✷ [✉✐<<❛♥❝❡ ❛❝♦✉<6✐7✉❡ 2❛②♦♥♥5❡ ✭f = 344 ❍③✱ φ = 0✱ Pinc = 10 [❛✱ (β =
0, g = 6.7 × 105) ✭❣❛✉❝❤❡✮✱ (β = 5 × 10−5, g = 1.3 × 104) ✭❞2♦✐6❡✮✮ ✿ <❛♥<
❝♦♥62=❧❡ ✭62❛✐6 ♣♦✐♥6✐❧❧5✮✱ ❝❛< ✶ ✭♥♦✐2✮✱ ❝❛< ✷ ✭❣2✐< ❢♦♥❝5✮✱ ❝❛< ✸ ✭❣2✐< ❝❧❛✐2✮✱

❝❛< ✹ ✭✰✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵
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✺✳✷✸ ❆112♥✉❛1✐♦♥ ❞❡ ❧❛ ♣✉✐;;❛♥❝❡ ❛❝♦✉;1✐=✉❡ >❛②♦♥♥2❡ ✭f = 344 ❍③✱ φ = 0✱
Pinc = 10 D❛✮ ♦❜1❡♥✉❡ ❞❛♥; ❧❡ ❝❛; ✸ ♣♦✉> β = 0 ✭❤❛✉1✮ ❡1 ❧❡ ❝❛; ✹ ♣♦✉>

g = 6.7× 105 ✭❜❛;✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✺✳✷✹ ❆112♥✉❛1✐♦♥ ❞❡ ❧❛ ♣✉✐;;❛♥❝❡ ❛❝♦✉;1✐=✉❡ >❛②♦♥♥2❡ ✭f = 344 ❍③✱ φ = 0✱
Pinc = 10 D❛✮ ♦❜1❡♥✉❡ ❞❛♥; ❧❡ ❝❛; ✸ ♣♦✉> β = 5 × 10−5 ✭❤❛✉1✮ ❡1 ❧❡ ❝❛; ✹

♣♦✉> g = 1.3× 104 ✭❜❛;✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✻✳✶ ♠♦♥1❛❣❡ ♣❧❛=✉❡ ❡♥ ❝♦♥❞✐1✐♦♥ ❞✬❛♣♣✉✐ ;✐♠♣❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✻✳✷ ❙❝❤2♠❛ ❞✉ ❞✐;♣♦;✐1✐❢ ❡①♣2>✐♠❡♥1❛❧ ✭❛✮✳ D♦;✐1✐♦♥ ❞❡; ✉♥✐12; ❞❡ ❝♦♥1>P❧❡ ✭❜✮✳ ✽✼

✻✳✸ ❈❛✐;;♦♥ ❞✬❡①❝✐1❛1✐♦♥ ❧♦>; ❞❡ ;❛ ❢❛❜>✐❝❛1✐♦♥ ✭❣❛✉❝❤❡✮✳ ❉✐;♣♦;✐1✐❢ ❡①♣2>✐♠❡♥1❛❧

✭❞>♦✐1❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

✻✳✹ ◆✐✈❡❛✉ ❞❡ ❜>✉✐1 ♠❡;✉>2 ♣❛> ❧❡ ♠✐❝>♦♣❤♦♥❡ ✶ ❞❡ ❧❛ ;♦♥❞❡ ✐♥1❡♥;✐♠21>✐=✉❡

❡♥ ✉♥ ♣♦✐♥1 =✉❡❧❝♦♥=✉❡ ❞✉ ♠❛✐❧❧❛❣❡ ♣♦✉> ✉♥❡ ❡①❝✐1❛1✐♦♥ ❞❡ ❧❛ ❝♦❧♦♥♥❡ ✷

❞❡ ❤❛✉1✲♣❛>❧❡✉>; ✭❣❛✉❝❤❡✮✱ ❛✈❡❝ ♦✉ ;❛♥; 1>❛✐1❡♠❡♥1 ❛❝♦✉;1✐=✉❡ ❞❡ ❧❛ ❝❛✈✐12

✭❞>♦✐1❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✻✳✺ ❈❛>1♦❣>❛♣❤✐❡; ❞✬✐♥1❡♥;✐12 ❛❝♦✉;1✐=✉❡ ♣>2✈✉❡; ✭❣❛✉❝❤❡✮ ❡1 ♠❡;✉>2❡; ✭❞>♦✐1❡✮

❧✐2❡; ❛✉ ❝❤❛♠♣ ♣>✐♠❛✐>❡ ✭❤❛✉1✮✱ ;❡❝♦♥❞❛✐>❡ ✭♠✐❧✐❡✉✮ ❡1 1♦1❛❧ ✭❜❛;✮ W f =
340❍③✱ ❡♥ ❦❣✳;

−3
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✻✳✻ ❈❛>1♦❣>❛♣❤✐❡; ❞❡ ✈✐1❡;;❡; 1>❛♥;✈❡>;❡; ♣>2✈✉❡; ✭❣❛✉❝❤❡✮ ❡1 ♠❡;✉>2❡; ✭❞>♦✐1❡✮

❧✐2❡; ❛✉ ❝❤❛♠♣ ♣>✐♠❛✐>❡ ✭❤❛✉1✮✱ ;❡❝♦♥❞❛✐>❡ ✭♠✐❧✐❡✉✮ ❡1 1♦1❛❧ ✭❜❛;✮ W f =
340❍③✱ ❡♥ ♠✳;

−1
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

✻✳✼ ▼♦❞✉❧❡ ❡1 ♣❤❛;❡ ❞✉ 1>❛♥;❢❡>1 ❡♥1>❡ ❧❛ ❢♦>❝❡ ❡①❡>❝2❡ ♣❛> ❝❤❛=✉❡ ❛❝1✐♦♥♥❡✉>

;✉> ❧❛ ;1>✉❝1✉>❡ ❡1 ❧❛ 1❡♥;✐♦♥ ❛♣♣❧✐=✉2❡ W ;❡; ❜♦>♥❡;✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

✻✳✽ ❈♦♥1>P❧❡ ♦♣1✐♠❛❧ ✭β = 1×10−6✮ ✿ ♣✉✐;;❛♥❝❡ ❛❝♦✉;1✐=✉❡ >❛②♦♥♥2❡ ;❛♥; ✭1>❛✐1
♣♦✐♥1✐❧❧2✮ ❡1 ❛✈❡❝ ❝♦♥1>P❧❡ ✭1>❛✐1 ♣❧❡✐♥✮ ♣♦✉> ✉♥❡ ❜❛♥❞❡ ❢>2=✉❡♥1✐❡❧❧❡ ❞❡ ✶✺✵

W ✹✺✵ ❍③ ✭❣❛✉❝❤❡✮ ❡1 ✸✷✵ W ✸✻✵ ❍③ ✭❞>♦✐1❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✻✳✾ ❆♠♦>1✐;;❡♠❡♥1 ❛❝1✐❢ ✭g = 6.7 × 105✮ ✿ ♣✉✐;;❛♥❝❡ ❛❝♦✉;1✐=✉❡ >❛②♦♥♥2❡ ;❛♥;

✭1>❛✐1 ♣♦✐♥1✐❧❧2✮ ❡1 ❛✈❡❝ ❝♦♥1>P❧❡ ✭1>❛✐1 ♣❧❡✐♥✮ ♣♦✉> ✉♥❡ ❜❛♥❞❡ ❢>2=✉❡♥1✐❡❧❧❡

❞❡ ✶✺✵ W ✹✺✵ ❍③ ✭❣❛✉❝❤❡✮ ❡1 ✸✷✵ W ✸✻✵ ❍③ ✭❞>♦✐1❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✻✳✶✵ ❱✐1❡;;❡; ✈✐❜>❛1♦✐>❡; ❞❡ ❧❛ ♣❧❛=✉❡ ;❛♥; ❝♦♥1>P❧❡ ✭❣❛✉❝❤❡✮✱ ❛✈❡❝ ❝♦♥1>P❧❡ ♦♣1✐✲

♠❛❧ ♣♦✉> β = 1 × 10−6 ✭❝❡♥1>❡✮ ❡1 ❛♠♦>1✐;;❡♠❡♥1 ❛❝1✐❢ ♣♦✉> g = 6.7 × 105

✭❞>♦✐1❡✮ W f = 340 ❍③✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✻✳✶✶ ❈♦♥1>P❧❡ ♦♣1✐♠❛❧ ✭β = 1×10−6✮ ✿ ♣❛>1✐❡ >2❡❧❧❡ ✭❤❛✉1✮ ❡1 ✐♠❛❣✐♥❛✐>❡ ✭❜❛;✮ ❞❡;

✐♠♣2❞❛♥❝❡; ♠2❝❛♥✐=✉❡; ✈✐>1✉❡❧❧❡; ♦♣1✐♠❛❧❡; β = 1 × 10−6 ♣♦✉> ✉♥❡ ❜❛♥❞❡

❢>2=✉❡♥1✐❡❧❧❡ ❞❡ ✶✺✵ W ✹✺✵ ❍③ ✭❣❛✉❝❤❡✮ ❡1 ✸✷✵ W ✸✻✵ ❍③ ✭❞>♦✐1❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

✻✳✶✷ ➱♥❡>❣✐❡ ❝✐♥21✐=✉❡ ❞❡ ❧❛ ♣❧❛=✉❡ ✭❣❛✉❝❤❡✮ ❡1 ❞2❜✐1 ✈♦❧✉♠✐=✉❡ ✭❞>♦✐1❡✮ ;❛♥;

❝♦♥1>P❧❡ ✭1>❛✐1; ♣♦✐♥1✐❧❧2;✮✱ ❛✈❡❝ ❝♦♥1>P❧❡ ♦♣1✐♠❛❧ ♣♦✉> β = 1 × 10−6 ✭♥♦✐>✮

❡1 ❛♠♦>1✐;;❡♠❡♥1 ❛❝1✐❢ ♣♦✉> g = 6.7× 105 ✭❣>✐;✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

✻✳✶✸ ❈♦♥1>P❧❡ ♦♣1✐♠❛❧ ✭β = 5×10−5✮ ✿ ♣✉✐;;❛♥❝❡ ❛❝♦✉;1✐=✉❡ >❛②♦♥♥2❡ ;❛♥; ✭1>❛✐1
♣♦✐♥1✐❧❧2✮ ❡1 ❛✈❡❝ ❝♦♥1>P❧❡ ✭1>❛✐1 ♣❧❡✐♥✮ ♣♦✉> ✉♥❡ ❜❛♥❞❡ ❢>2=✉❡♥1✐❡❧❧❡ ❞❡ ✶✺✵

W ✹✺✵ ❍③ ✭❣❛✉❝❤❡✮ ❡1 ✸✷✵ W ✸✻✵ ❍③ ✭❞>♦✐1❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✻✳✶✹ ❆♠♦>1✐;;❡♠❡♥1 ❛❝1✐❢ ✭g = 1.3 × 104✮ ✿ ♣✉✐;;❛♥❝❡ ❛❝♦✉;1✐=✉❡ >❛②♦♥♥2❡ ;❛♥;

✭1>❛✐1 ♣♦✐♥1✐❧❧2✮ ❡1 ❛✈❡❝ ❝♦♥1>P❧❡ ✭1>❛✐1 ♣❧❡✐♥✮ ♣♦✉> ✉♥❡ ❜❛♥❞❡ ❢>2=✉❡♥1✐❡❧❧❡

❞❡ ✶✺✵ W ✹✺✵ ❍③ ✭❣❛✉❝❤❡✮ ❡1 ✸✷✵ W ✸✻✵ ❍③ ✭❞>♦✐1❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻
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✻✳✶✺ ❱✐1❡33❡3 ✈✐❜6❛1♦✐6❡3 ❞❡ ❧❛ ♣❧❛<✉❡ 3❛♥3 ❝♦♥16@❧❡ ✭❣❛✉❝❤❡✮✱ ❛✈❡❝ ❝♦♥16@❧❡ ♦♣1✐✲

♠❛❧ ♣♦✉6 β = 5 × 10−5 ✭❝❡♥16❡✮ ❡1 ❛♠♦61✐33❡♠❡♥1 ❛❝1✐❢ ♣♦✉6 g = 1.3 × 104

✭❞6♦✐1❡✮ I f = 340 ❍③✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✻✳✶✻ ❈♦♥16@❧❡ ♦♣1✐♠❛❧ ✿ ♣❛61✐❡ 6P❡❧❧❡ ✭❣❛✉❝❤❡✮ ❡1 ✐♠❛❣✐♥❛✐6❡ ✭❞6♦✐1❡✮ ❞❡3 ✐♠♣P✲

❞❛♥❝❡3 ♠P❝❛♥✐<✉❡3 ✈✐61✉❡❧❧❡3 ♦♣1✐♠❛❧❡3 ♣♦✉6 β = 5× 10−5 ✭16❛✐13 ♣❧❡✐♥3✮ ❡1
♣♦✉6 g = 1.3× 104 ✭16❛✐13 ♣♦✐♥1✐❧❧P3✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✻✳✶✼ ➱♥❡6❣✐❡ ❝✐♥P1✐<✉❡ ❞❡ ❧❛ ♣❧❛<✉❡ ✭❣❛✉❝❤❡✮ ❡1 ❞P❜✐1 ✈♦❧✉♠✐<✉❡ ✭❞6♦✐1❡✮ 3❛♥3

❝♦♥16@❧❡ ✭16❛✐13 ♣♦✐♥1✐❧❧P3✮✱ ❛✈❡❝ ❝♦♥16@❧❡ ♦♣1✐♠❛❧ ♣♦✉6 β = 5 × 10−5 ✭♥♦✐6✮
❡1 ❛♠♦61✐33❡♠❡♥1 ❛❝1✐❢ ♣♦✉6 g = 1.3× 104 ✭❣6✐3✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✻✳✶✽ S✉✐33❛♥❝❡ ❛❝♦✉31✐<✉❡ 6❛②♦♥♥P❡ ✭f = 340 ❍③✱ φ = 0✱ (β = 1 × 10−6✱ g =
6.7× 105) ✭❣❛✉❝❤❡✮✱ (β = 5× 10−5, g = 1.3× 104) ✭❞6♦✐1❡✮✮ ✿ 3❛♥3 ❝♦♥16@❧❡
✭16❛✐1 ♣♦✐♥1✐❧❧P✮✱ ❝❛3 ✶ ✭♥♦✐6✮✱ ❝❛3 ✷ ✭❣6✐3 ❢♦♥❝P✮✱ ❝❛3 ✸ ✭❣6✐3 ❝❧❛✐6✮✱ ❝❛3 ✹ ✭✰✮✳ ✾✽

✻✳✶✾ ❆11P♥✉❛1✐♦♥ ❞❡ ❧❛ ♣✉✐33❛♥❝❡ ❛❝♦✉31✐<✉❡ 6❛②♦♥♥P❡ ✭f = 340 ❍③✱ φ = 0✱
Pinc = 10 S❛✮ ♦❜1❡♥✉❡ ❞❛♥3 ❧❡ ❝❛3 ✸ ♣♦✉6 β = 1 × 10−6 ✭❤❛✉1✮ ❡1 ❧❡ ❝❛3 ✹
♣♦✉6 g = 6.7× 105 ✭❜❛3✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾

✻✳✷✵ ❆11P♥✉❛1✐♦♥ ❞❡ ❧❛ ♣✉✐33❛♥❝❡ ❛❝♦✉31✐<✉❡ 6❛②♦♥♥P❡ ✭f = 340 ❍③✱ φ = 0✱
Pinc = 10 S❛✮ ♦❜1❡♥✉❡ ❞❛♥3 ❧❡ ❝❛3 ✸ ♣♦✉6 β = 5 × 10−5 ✭❤❛✉1✮ ❡1 ❧❡ ❝❛3 ✹
♣♦✉6 g = 1.3× 104 ✭❜❛3✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✻✳✷✶ ❙❝❤P♠❛ ❞✬✉♥ ♠❛1P6✐❛✉ ❝♦♠♣♦3✐1❡ 1②♣❡ ♥✐❞ ❞✬❛❜❡✐❧❧❡ ❬✹✾❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸

✻✳✷✷ ❉✐3♣♦3✐1✐❢3 ♣♦✉6 ❧❡3 ♠❡3✉6❡3 ✐♥1❡♥3✐♠P16✐<✉❡3 ❡1 ✈✐❜6❛1♦✐6❡3 ❝@1P ❝❤❛♠❜6❡

❛♥P❝❤♦^<✉❡ ✭❣❛✉❝❤❡✮ ❡1 3♦✉6❝❡ ♣6✐♠❛✐6❡ ❝@1P ❝❤❛♠❜6❡ 6P✈❡6❜P6❛♥1❡ ✭❞6♦✐1❡✮✳ ✶✵✹

✻✳✷✸ S❛♥♥❡❛✉ ✐♥316✉♠❡♥1P ❛✈❡❝ ❧❡3 ❛❝1✐♦♥♥❡✉63 ✐♥❡61✐❡❧3 ❝@1P ❝❤❛♠❜6❡ 6P✈❡6❜P✲

6❛♥1❡ ✭❣❛✉❝❤❡✮ ❡1 ❛✈❡❝ ❧❡3 ❛❝❝P❧P6♦♠_16❡3 ❝@1P ❝❤❛♠❜6❡ ❛♥P❝❤♦^<✉❡ ✭❞6♦✐1❡✮✳ ✶✵✺

✻✳✷✹ ▼❡3✉6❡ ❞❡ 16❛♥3♠✐33✐♦♥ ❛❝♦✉31✐<✉❡ ❞✉ ♣❛♥♥❡❛✉ ✐♥1P6✐❡✉6 ❛P6♦♥❛✉1✐<✉❡✳ ✳ ✳ ✶✵✻

✻✳✷✺ ▼♦❜✐❧✐1P ♠P❝❛♥✐<✉❡ ❞❡ ❧❛ 316✉❝1✉6❡ ❛✉① ♣♦3✐1✐♦♥3 ❞❡3 ✉♥✐1P3 ✶ ❡1 ✷✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

✻✳✷✻ ❙❝❤P♠❛ ❞✉ ❞✐3♣♦3✐1✐❢ ❡①♣P6✐♠❡♥1❛❧ ♣♦✉6 ❧✬❛♣♣❧✐❝❛1✐♦♥ ❞❡ ❧❛ ♠P1❤♦❞❡ ❞❡3

✐♠♣P❞❛♥❝❡3 ♠P❝❛♥✐<✉❡3 ✈✐61✉❡❧❧❡3 I ✉♥ ♣❛♥♥❡❛✉ ❛P6♦♥❛✉1✐<✉❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

✻✳✷✼ ❈❛61♦❣6❛♣❤✐❡ ✐♥1❡♥3✐♠P16✐<✉❡ I f = 363.2 ❍③ ♣♦✉6 ❧❛ 3♦✉6❝❡ ♣6✐♠❛✐6❡ ❡♥

♣♦3✐1✐♦♥ P1 ✿ 3❛♥3 ❝♦♥16@❧❡ ✭❣❛✉❝❤❡✮ ❡1 ♣6P✈✉❡ ♣❛6 ❧❡ ❝❛❧❝✉❧ ♦♣1✐♠❛❧ ✭❞6♦✐1❡✮✳ ✶✵✽

✻✳✷✽ ❆11P♥✉❛1✐♦♥ ♦♣1✐♠❛❧❡ ♣6P✈✉❡ ❡♥ ❢♦♥❝1✐♦♥ ❞❡ ❧❛ ❝♦♠❜✐♥❛✐3♦♥ ❞✬✉♥✐1P3 ✉1✐❧✐3P❡✳ ✶✶✵

✻✳✷✾ ❈❛61♦❣6❛♣❤✐❡ ❞❡ ❧✬✐♥1❡♥3✐1P ❛❝♦✉31✐<✉❡ ❛❝1✐✈❡ ❣P♥P6P❡ ♣❛6 ❝❤❛<✉❡ ❛❝1✐♦♥♥❡✉6✳ ✶✶✵

✻✳✸✵ ❈❛61♦❣6❛♣❤✐❡ ✈✐❜6❛1♦✐6❡ I f = 363.2 ❍③ ♣♦✉6 ❧❛ 3♦✉6❝❡ ♣6✐♠❛✐6❡ ❡♥ ♣♦3✐1✐♦♥
P1 3❛♥3 ❝♦♥16@❧❡ ✭❣❛✉❝❤❡✮ ❡1 ♣6P✈✉❡ ♣❛6 ❧❡ ❝♦♥16@❧❡ ♦♣1✐♠❛❧ ✭❞6♦✐1❡✮✳ ✳ ✳ ✳ ✳ ✶✶✶

✻✳✸✶ ❈❤♦✐① ❞❡ ❧❛ ♠❛16✐❝❡ ❞❡ ❝♦♠♣❡♥3❛1✐♦♥ ❞✐❛❣♦♥❛❧❡ ✭❣❛✉❝❤❡✮ ❡1 ❝♦♥✈❡6❣❡♥❝❡ ❞❡3

❝♦♠♠❛♥❞❡3 ♣♦✉6 ❧❡ ❝♦♥16@❧❡ ❝❡♥16❛❧✐3P ✿ ❜❧❡✉ ❡1 ❞P❝❡♥16❛❧✐3P ✿ 6♦✉❣❡ ✭❞6♦✐1❡✮✳ ✶✶✸

✻✳✸✷ ❈❛61♦❣6❛♣❤✐❡ ✐♥1❡♥3✐♠P16✐<✉❡ I f = 363.2 ❍③ ♣♦✉6 ❧❛ 3♦✉6❝❡ ♣6✐♠❛✐6❡ ❡♥

♣♦3✐1✐♦♥ P1 ❛♣6_3 ❝♦♥✈❡6❣❡♥❝❡ ❞✉ ❝♦♥16@❧❡ ❝❡♥16❛❧✐3P ✭❣❛✉❝❤❡✮ ❡1 ❞P❝❡♥16❛❧✐3P

✭❞6♦✐1❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹

✻✳✸✸ ❈❛61♦❣6❛♣❤✐❡ ✐♥1❡♥3✐♠P16✐<✉❡ I f = 363.2 ❍③ ♣♦✉6 ❧❛ 3♦✉6❝❡ ♣6✐♠❛✐6❡ ❡♥

♣♦3✐1✐♦♥ P2 3❛♥3 ❝♦♥16@❧❡ ✭❣❛✉❝❤❡✮✱ ❛✈❡❝ ♣6P✈✐3✐♦♥ ✭❝❡♥16❡✮ ❡1 ♠❡3✉6❡ ✭❞6♦✐1❡✮

❛✈❡❝ ❝♦♥16@❧❡ ❡♥ ✐♠♣♦3❛♥1 Zopt(P1) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹

✻✳✸✹ ❈❛61♦❣6❛♣❤✐❡ ✐♥1❡♥3✐♠P16✐<✉❡ I f = 363.2 ❍③ ♣♦✉6 ❧❛ 3♦✉6❝❡ ♣6✐♠❛✐6❡ ❡♥

♣♦3✐1✐♦♥ P3 3❛♥3 ❝♦♥16@❧❡ ✭❣❛✉❝❤❡✮✱ ❛✈❡❝ ♣6P✈✐3✐♦♥ ✭❝❡♥16❡✮ ❡1 ♠❡3✉6❡ ✭❞6♦✐1❡✮

❛✈❡❝ ❝♦♥16@❧❡ ❡♥ ✐♠♣♦3❛♥1 Zopt(P1) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺
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❆✳✶ ▼♦❜✐❧✐45 ♠5❝❛♥✐:✉❡ ❛✉ ❝❡♥4=❡ ❞❡ ❧❛ ♣❧❛:✉❡ ❞❛♥@ ❧❡ ❝❛@ ✶ ✭4=❛✐4 ♣♦✐♥4✐❧❧5✮✱ ✷

✭❣=✐@ ❢♦♥❝5✮ ❡4 ✸ ✭❣=✐@ ❝❧❛✐=✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✼

❇✳✶ ❙❝❤5♠❛ ❞✬✉♥ ❛❝4✐♦♥♥❡✉= ✐♥❡=4✐❡❧ ✜①5 M ✉♥❡ @4=✉❝4✉=❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✶

❇✳✷ ♠♦❞✉❧❡ ✭❤❛✉4✮ ❡4 ♣❤❛@❡ ✭❜❛@✮ ❞✉ 4=❛♥@❢❡=4 4❤5♦=✐:✉❡ ❡①❛❝4 ✭❜❧❡✉✮ ❡4 ❡@4✐♠5

✭=♦✉❣❡✮ ❋♦=❝❡✴4❡♥@✐♦♥ ❞✬✉♥ ❛❝4✐♦♥♥❡✉= ✐♥❡=4✐❡❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✷

❇✳✸ ■♠♣5❞❛♥❝❡ 5❧❡❝4=✐:✉❡ ❞✬❡♥4=5❡ @✉= ♠❛@@❡ =✐❣✐❞❡ ❛✈❡❝ ✉♥ ❛❝4✐♦♥♥❡✉= ✐♥❡=4✐❡❧

❞❡ 4②♣❡ ❱✐@❛4♦♥ ❊❳ ✻✵❙ ✿ ❡@4✐♠❛4✐♦♥ ✭=♦✉❣❡✮ ❡4 ♠❡@✉=❡ ✭♥♦✐=✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✹

❇✳✹ ❤❛✉4 ✿ 4=❛♥@❢❡=4

(

ẇ
u

)

✱ ♠✐❧✐❡✉ ✿ ♠♦❜✐❧✐45 ♠5❝❛♥✐:✉❡ ❧♦❝❛❧❡✱ ❜❛@ ✿ 4=❛♥@❢❡=4

(

fs
u

)

✱

♠❡@✉=5 ✭♥♦✐=✮✱ ❡@4✐♠5 M ♣❛=4✐= ❞❡ ♠❡@✉=❡ ❞❡

(

ẇ
u

)

✭❜❧❡✉✮ ♦✉ Zin ✭=♦✉❣❡✮✳ ✳ ✳ ✳ ✶✸✺

❇✳✺ ■♠♣5❞❛♥❝❡ 5❧❡❝4=✐:✉❡ ❞✬❡♥4=5❡ @✉= ♠❛@@❡ =✐❣✐❞❡ ❛✈❡❝ ✉♥ ❛❝4✐♦♥♥❡✉= ✐♥❡=4✐❡❧

❞❡ 4②♣❡ ❱✐@❛4♦♥ ❊❳ ✻✵❙ ✿ ❡@4✐♠❛4✐♦♥ ✭=♦✉❣❡✮ ❛✈❡❝ Zp ❡4 ♠❡@✉=❡ ✭♥♦✐=✮✳ ✳ ✳ ✶✸✺

❇✳✻ ❤❛✉4 ✿ 4=❛♥@❢❡=4

(

ẇ
u

)

✱ ♠✐❧✐❡✉ ✿ ♠♦❜✐❧✐45 ♠5❝❛♥✐:✉❡ ❧♦❝❛❧❡✱ ❜❛@ ✿ 4=❛♥@❢❡=4

(

fs
u

)

✱

♠❡@✉=5 ✭♥♦✐=✮✱ ❡@4✐♠5 M ♣❛=4✐= ❞❡ ♠❡@✉=❡ ❞❡

(

ẇ
u

)

✭❜❧❡✉✮ ♦✉ Zin ✭=♦✉❣❡✮✳ ✳ ✳ ✳ ✶✸✻
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✺✳✶ #$♦♣$✐()(* ♠(❝❛♥✐/✉❡*✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✺✳✷ #♦*✐)✐♦♥ ❞❡* ✉♥✐)(* ❞❡ ❝♦♥)$5❧❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✻✳✶ #❛$❛♠7)$❡* ♣❤②*✐/✉❡* ❞✉ )$✐♠ ♣❛♥❡❧ ❡♥ ❝♦♠♣♦*✐)❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹

✻✳✷ #❛$❛♠7)$❡* ❞✬✉♥ ❛❝)✐♦♥♥❡✉$ ❞❡ )②♣❡ ❉❛②)♦♥ ❆✉❞✐♦ ❉❆❊❳✸✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

✻✳✸ ✐♠♣(❞❛♥❝❡* ♠(❝❛♥✐/✉❡* ✈✐$)✉❡❧❧❡* ♦♣)✐♠❛❧❡*✱ ❝♦♠♠❛♥❞❡* ♦♣)✐♠❛❧❡* ❡) ❝♦♠✲

♠❛♥❞❡* ❛♣$7* ❝♦♥✈❡$❣❡♥❝❡ ❞✉ $(❥❡❝)❡✉$ ❤❛$♠♦♥✐/✉❡✱ G f = 363.2 ❍③ ♣♦✉$

❧❛ *♦✉$❝❡ ♣$✐♠❛✐$❡ ❡♥ ♣♦*✐)✐♦♥ P1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾

✻✳✹ ➱♥❡$❣✐❡* ❝✐♥()✐/✉❡* ❞✉ ♣❛♥♥❡❛✉ G f = 363.2 ❍③ ♣♦✉$ ❧❛ *♦✉$❝❡ ♣$✐♠❛✐$❡ ❡♥

♣♦*✐)✐♦♥ P1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷

✻✳✺ #$(✈✐*✐♦♥ ❞❡* ❛))(♥✉❛)✐♦♥* ♦❜)❡♥✉❡* ❡♥ ❢♦♥❝)✐♦♥ ❞❡ ❧❛ ♣♦*✐)✐♦♥ ❞❡ ❧❛ *♦✉$❝❡

♣$✐♠❛✐$❡ G ❧✬()❛♣❡ ✶ ❡) ✷ G f = 363.2Hz ❡) ♣♦✉$ β = 0✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

✻✳✻ #$(✈✐*✐♦♥ ❞❡* ❛))(♥✉❛)✐♦♥* ♦❜)❡♥✉❡* ❡♥ ❢♦♥❝)✐♦♥ ❞❡ ❧❛ ♣♦*✐)✐♦♥ ❞❡ ❧❛ *♦✉$❝❡

♣$✐♠❛✐$❡ G ❧✬()❛♣❡ ✶ ❡) ✷ G f = 363.2Hz ❡) ♣♦✉$ β = 10−6✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻

❇✳✶ #❛$❛♠7)$❡* ❞✬✉♥ ❛❝)✐♦♥♥❡✉$ ✐♥❡$)✐❡❧ ❞❡ )②♣❡ ❱✐*❛)♦♥ ❊❳ ✻✵❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✶

①✈
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❈❍❆#■❚❘❊ ✶

■◆❚❘❖❉❯❈❚■❖◆

✶✳✶ ❈♦♥%❡①%❡ ❣)♥)*❛❧

■❧ ❡#$ ❞❡ ♥♦# ❥♦✉*# ❛❝-✉✐# ♣♦✉* ❧❛ #♦❝✐0$0 -✉❡ ❧❡ ❜*✉✐$ -✉✐ ♥♦✉# ❡♥$♦✉*❡ $✐❡♥$ ✉♥ *2❧❡ ♣*0✲

♣♦♥❞0*❛♥$ ❞❛♥# ♥♦$*❡ #❛♥$0 ❡$ ♥♦$*❡ ❝♦♥❢♦*$ ✿ ❧❡ $❡*♠❡ ❞❡ ♣♦❧❧✉$✐♦♥ #♦♥♦*❡ ❡#$ ♣❛##0 ❞❛♥#

❧❡ ❧❛♥❣❛❣❡ ❝♦✉*❛♥$ ❡$ ❞❡ ♥♦♠❜*❡✉#❡# ♥♦*♠❡# ❣❛*❛♥$✐##❡♥$ ♠❛✐♥$❡♥❛♥$ ❧❛ -✉❛❧✐$0 ❞❡ ❧✬❡♥✲

✈✐*♦♥♥❡♠❡♥$ ❛❝♦✉#$✐-✉❡✳ ;*♦❣*❡##✐✈❡♠❡♥$✱ ❧❡# ✐♥❞✉#$*✐❡❧# ❞❡# #❡❝$❡✉*# ❞✉ $*❛♥#♣♦*$ ❡$ ❞✉

❜=$✐♠❡♥$ ♦♥$ ❝♦♠♣*✐# ❧✬✐♥$0*>$ 0❝♦♥♦♠✐-✉❡ ❞❡ ♣*❡♥❞*❡ ❡♥ ❝♦♠♣$❡ ❧❛ ❞✐♠❡♥#✐♦♥ ❛❝♦✉#$✐-✉❡

❛✉ ♠♦♠❡♥$ ❞❡ ❧❛ ❝♦♥❝❡♣$✐♦♥ ♣❧✉$2$ -✉❡ ❞❡ *0❛❧✐#❡* ❞❡# $*❛✐$❡♠❡♥$# ❛♣*?# ✐♥#$❛❧❧❛$✐♦♥✳ ❆✐♥#✐✱

❞❛♥# ❧✬✐♥❞✉#$*✐❡ ❞✉ $*❛♥#♣♦*$✱ ❧❡ ❝♦♥❢♦*$ ❞✉ ♣❛##❛❣❡* ❡#$ ❞❡✈❡♥✉ ✉♥ ❞❡# ❡♥❥❡✉① ♠❛❥❡✉*#

♣♦✉* *❡♥❞*❡ ✉♥ ♣*♦❞✉✐$ ❝♦♠♣0$✐$✐❢✳ ▼❛✐# ♣❛*❢♦✐#✱ ❝❡$ ✐♥$0*>$ ❡#$ ❛♥$✐♥♦♠✐-✉❡ ❛✈❡❝ ❧❛ ♣*♦✲

❜❧0♠❛$✐-✉❡ ♣*✐♦*✐$❛✐*❡ ❞❡ ❧✬❛❧❧?❣❡♠❡♥$ ❞❡# #$*✉❝$✉*❡# ✿ ❧✬✉$✐❧✐#❛$✐♦♥ ❝*♦✐##❛♥$❡ ❞❡ ♠❛$0*✐❛✉①

❝♦♠♣♦#✐$❡#✱ ♣❧✉# *✐❣✐❞❡# ❡$ ♠♦✐♥# ❧♦✉*❞#✱ ❞0❣*❛❞❡ ❧❡# ♣❡*❢♦*♠❛♥❝❡# ❞✬✐#♦❧❛$✐♦♥ ❛❝♦✉#$✐-✉❡

❛✉ ❜*✉✐$ ❡①$0*✐❡✉*✳ ❊♥ ❡✛❡$✱ ❧❡# ❢*0-✉❡♥❝❡# ❝*✐$✐-✉❡# #♦♥$ ❛❧♦*# ❛❜❛✐##0❡# ❝❡ -✉✐ ❛ ❝♦♠♠❡

❝♦♥#0-✉❡♥❝❡ ❞✬❛✉❣♠❡♥$❡* ❧✬❡✣❝❛❝✐$0 ❞❡ *❛②♦♥♥❡♠❡♥$ ❞❡ ❧❛ #$*✉❝$✉*❡✳

❈❡ ♣*♦❥❡$ #✬✐♥#❝*✐$ ❞❛♥# ❧❡ ❝❛❞*❡ ❞❡ ❧❛ ❝❤❛✐*❡ ❡♥ ❛❝♦✉#$✐-✉❡ ❛♣♣❧✐-✉0❡ I ❧✬❛✈✐❛$✐♦♥ ❡♥ ❝♦❧❧❛✲

❜♦*❛$✐♦♥ ❛✈❡❝ ✉♥ ❞❡# $*♦✐# ♣❛*$❡♥❛✐*❡# ✐♥❞✉#$*✐❡❧# ✿ ❇♦♠❜❛*❞✐❡* ❆❡*♦#♣❛❝❡✳ ❈♦♥$*❛✐*❡♠❡♥$

❛✉① #❡❝$❡✉*# ❛✉$♦♠♦❜✐❧❡ ❡$ ❢❡**♦✈✐❛✐*❡✱ ❞❛♥# ❧❡#-✉❡❧# ❞❡ ❣*♦# ♣*♦❣*?# ♦♥$ 0$0 *0❛❧✐#0# ❡♥

❛❥♦✉$❛♥$ ❞❡# ✐#♦❧❛♥$# ❛❝♦✉#$✐-✉❡# ❝❧❛##✐-✉❡# ❝♦♠♠❡ ❞❡# ♠♦✉##❡# ♦✉ ❞❡# ❧❛✐♥❡# ❞❡ ✈❡**❡✱

❧✬❛✉❣♠❡♥$❛$✐♦♥ ❞❡ ♣♦✐❞# I ❧❛-✉❡❧❧❡ ❝♦♥❞✉✐*❛✐$ ❧✬✉$✐❧✐#❛$✐♦♥ ❞❡ $❡❧# ♠❛$0*✐❛✉① ♣♦✉* ✐#♦❧❡*

❧✬❤❛❜✐$❛❝❧❡ ❛0*♦♥❛✉$✐-✉❡ ♥✬❡#$ ♣❛# ❡♥✈✐#❛❣❡❛❜❧❡✳ ▲❛ ❋✐❣✉*❡ ✶✳✶ ♠♦♥$*❡ -✉❡ ❧❡ *❛②♦♥♥❡♠❡♥$

❛❝♦✉#$✐-✉❡ I ❧✬✐♥$0*✐❡✉* ❞❡ ❧❛ ❝❛❜✐♥❡ ❞✬✉♥ ❛✈✐♦♥ ❛ ❞✐✛0*❡♥$# ♦*✐❣✐♥❡# ✿ ❧❛ ❝♦✉❝❤❡ ❧✐♠✐$❡

$✉*❜✉❧❡♥$❡✱ ❧❡ ❜*✉✐$ ❛0*♦❛❝♦✉#$✐-✉❡ ❡$ ❧❛ ✈✐❜*❛$✐♦♥ ❞✉ *♦$♦* ❢♦*♠❡♥$ $*♦✐# $②♣❡# ❞✬❡①❝✐$❛✲

$✐♦♥# ❞✐#$✐♥❝$❡# -✉✐ #❡ ♣*♦♣❛❣❡♥$ I $*❛✈❡*# ❧❛ #$*✉❝$✉*❡ ❝♦♠♣❧❡①❡ ❞✉ ♣❛♥♥❡❛✉ ❛0*♦♥❛✉$✐-✉❡✳

❈❡❧✉✐✲❝✐ ❡#$ ❝♦♠♣♦#0 ❞✬✉♥ ♣❛♥♥❡❛✉ ❞❡ ❢✉#❡❧❛❣❡ ✭❡①$0*✐❡✉*✮ *❡❧✐0 ❛✉ ♣❛♥♥❡❛✉ ❞✬❤❛❜✐❧❧❛❣❡ ✐♥✲

$❡*♥❡ ✭$*✐♠ ♣❛♥❡❧✮ ♣❛* ❞❡# *❛✐❞✐##❡✉*# 0-✉✐♣0# ❞❡ ♣❧♦$# ❞❡ ❞0❝♦✉♣❧❛❣❡✳ ▲❛ ♣*♦♣❛❣❛$✐♦♥ #❡

❢❛✐$ ❛❧♦*# ❡♥ #✉✐✈❛♥$ ♣❧✉#✐❡✉*# ❝❤❡♠✐♥# -✉✐ ♣❡✉✈❡♥$ >$*❡ I ❧❛ ❢♦✐# ♠0❝❛♥✐-✉❡# ♦✉ ❛❝♦✉#$✐-✉❡#✳

❉❡ ♥♦♠❜*❡✉#❡# $❡❝❤♥✐-✉❡# ♦♥$ 0$0 ❞0✈❡❧♦♣♣0❡# ❛✜♥ ❞❡ *0❞✉✐*❡ ❧❡ ♥✐✈❡❛✉ ❞❡ ❜*✉✐$ ❞❛♥# ❞✐✲

✈❡*#❡# ❝♦♥✜❣✉*❛$✐♦♥# ❡$ #❡ *0♣❛*$✐##❡♥$ ❡♥ ❞❡✉① ❝❛$0❣♦*✐❡# ✿ ❧❡# $❡❝❤♥✐-✉❡# ♣❛##✐✈❡# ❡$ ❧❡#

$❡❝❤♥✐-✉❡# ❛❝$✐✈❡#✳ ;❧✉#✐❡✉*# 0$✉❞❡# ♦♥$ 0$0 *0❛❧✐#0❡# ❛✉ ●❆❯❙ ✭●*♦✉♣❡ ❞✬❆❝♦✉#$✐-✉❡ ❞❡

❧✬❯♥✐✈❡*#✐$0 ❞❡ ❙❤❡*❜*♦♦❦❡✮ ❡$ ❞❛♥# ❞✬❛✉$*❡# ❧❛❜♦*❛$♦✐*❡# ♣♦✉* ❛♠0❧✐♦*❡* ❧❛ ♣❡*❢♦*♠❛♥❝❡

✶
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❋✐❣✉3❡ ✶✳✶ ▼6❝❛♥✐:♠❡: ❞❡ =3❛♥:♠✐::✐♦♥ ❞✉ :♦♥ ? =3❛✈❡3: ✉♥❡ ♣❛3♦✐ ❛63♦♥❛✉✲

=✐C✉❡✳

❛❝♦✉:=✐C✉❡ ❞✉ ♠❛=63✐❛✉ ♣♦3♦6❧❛:=✐C✉❡ ✐♥=3♦❞✉✐= ❞❛♥: ❧❛ ❞♦✉❜❧❡ ♣❛3♦✐ ✭❋✐❣✉3❡ ✶✳✶✮✳ ❉❛♥:

:❡: =3❛✈❛✉①✱ ❆=❛❧❧❛ ❬✹❪ ❛ 6=✉❞✐6 ❧✬❡✛❡= ❞✬✉♥❡ ♠❛❝3♦ ♣❡3❢♦3❛=✐♦♥ ❞❡: ♣♦3❡✉① ✉=✐❧✐:6: ❛❧♦3: C✉❡

❋✉❧❧❡3 ❬✸✽❪ ❛ ❝♦♥:✐❞636 ❞❡: ✐♥❝❧✉:✐♦♥: ❞❡ ♠❛::❡: ❞❛♥: ❧❡ ❜✉= ❞✬❛♠6❧✐♦3❡3 ❧❡ ❚▲ ✭❚3❛♥:♠✐:✲

:✐♦♥ ▲♦:: ✿ ♣❡3=❡ ♣❛3 =3❛♥:♠✐::✐♦♥✮✳ ■❧ ❛♣♣❛3❛T= C✉❡ ❧❡ 36:❡❛✉ ❛✐♥:✐ 3❛❥♦✉=6 ? ❧❛ :=3✉❝=✉3❡

♣❡3♠❡= ❞❡ 36❛❧✐:❡3 ❞❡ ❧✬❛❜:♦3♣=✐♦♥ :✉3 ✉♥❡ ❣❛♠♠❡ ♣❧✉: ❧❛3❣❡ ❞❡ ❢36C✉❡♥❝❡:✳ ❉♦✉=3❡: ❬✷✽❪ ❛

❡①♣❧♦36 ❧❛ ♣✐:=❡ ❞✬✉♥ ♠❛=63✐❛✉ ♣♦3❡✉① ♠✉❧=✐✲❝♦✉❝❤❡:✳ ❊♥✜♥✱ ▼❛♦ ❬✻✼❪ ❛ 6=✉❞✐6 ❧❛ ♣♦::✐❜✐❧✐=6

❞❡ 3❛❥♦✉=❡3 ✉♥ 36:♦♥❛=❡✉3 ❞✬❍❡❧♠♦=③ ♣♦✉3 =3❛✐=❡3 ❧❡ ♠♦❞❡ ❞❡ ❝❛✈✐=6 ❞❡ ❧❛ ❞♦✉❜❧❡ ♣❛3♦✐✳

▼❛✐: ❝❡: ♠6=❤♦❞❡: ♣❡3❞❡♥= ❞❡ ❧❡✉3 ❡✣❝❛❝✐=6 ❧♦3:C✉❡ ❧❡: ❧♦♥❣✉❡✉3: ❞✬♦♥❞❡: ❛❝♦✉:=✐C✉❡: :♦♥=

❣3❛♥❞❡: ❞❡✈❛♥= ❧✬6♣❛✐::❡✉3 ❞❡ ❧❛ :=3✉❝=✉3❡✳ ❈❡: =❡❝❤♥✐C✉❡: :♦♥= ❞✐=❡: ♣❛::✐✈❡: ❡♥ ♦♣♣♦:✐=✐♦♥

❛✉ ❝♦♥=3\❧❡ ❛❝=✐❢ C✉✐ ❡:= ♣❧✉: ❛❞❛♣=6 ❛✉① ❜❛::❡: ❢36C✉❡♥❝❡:✳ ❉❛♥: ❧❡ ❝❛: ❞❡ ❧✬❆◆❈ ✭❆❝=✐✈❡

◆♦✐:❡ ❈♦♥=3♦❧✮✱ ❞❡: :♦✉3❝❡: ❛❝♦✉:=✐C✉❡: :❡❝♦♥❞❛✐3❡: :♦♥= ✉=✐❧✐:6❡: ♣♦✉3 36❛❧✐:❡3 ✉♥ ❛♥=✐❜3✉✐=

C✉✐ ✐♥=❡3❢]3❡ ❛✈❡❝ ❧❛ ♣❡3=✉3❜❛=✐♦♥ ♣3✐♠❛✐3❡ ❡= ❝♦♥❞✉✐= ? ✉♥❡ 36❞✉❝=✐♦♥ ❞✉ ♥✐✈❡❛✉ ❞❡ ❜3✉✐=✳

◆6❛♥♠♦✐♥:✱ ❡①❝❡♣=6: ❧❡ ❝❛:C✉❡ ❛♥=✐❜3✉✐= ❬✼✺❪ ❡= ❧❡ ❝♦♥=3\❧❡ ❞❡ ❜3✉✐= ❞❛♥: ❧❡: ❣❛✐♥❡: ❞❡

✈❡♥=✐❧❛=✐♦♥ ❬✺✼❪✱ ❧❡: ❛♣♣❧✐❝❛=✐♦♥: ✐♥❞✉:=3✐❡❧❧❡: :♦♥= 3❛3❡:✳ ❊♥ ❡✛❡=✱ ❧✬♦❜=❡♥=✐♦♥ ❞✬✉♥❡ ❛==6✲

♥✉❛=✐♦♥ ❣❧♦❜❛❧❡ ❡= ♥♦♥ ❡♥ ✉♥ ♣♦✐♥= ❞❡ ❧✬❡:♣❛❝❡✱ ❧❡ ♥♦♠❜3❡ ❞❡ :♦✉3❝❡: :❡❝♦♥❞❛✐3❡: ♥6❝❡::❛✐3❡:

❛✉❣♠❡♥=❡ 3❛♣✐❞❡♠❡♥= ❬✸✼❪✳ ▲❛ ❋✐❣✉3❡ ✶✳✶ :♦✉❧✐❣♥❡ ❧❡ ❢❛✐= C✉❡ ❧❡ ❜3✉✐= ? ❧✬✐♥=63✐❡✉3 ❞❡ ❧❛ ❝❛✲

❜✐♥❡ ❡:= ❞_ ❛✉ 3❛②♦♥♥❡♠❡♥= ❞✉ ♣❛♥♥❡❛✉ ❞✬❤❛❜✐❧❧❛❣❡ ✐♥=❡3♥❡✱ ♦✉ =3✐♠ ♣❛♥❡❧✳ ❯♥❡ ❛♣♣3♦❝❤❡



✶✳✶✳ ❈❖◆❚❊❳❚❊ ●➱◆➱❘❆▲ ✸

❞✐✛12❡♥5❡ ❞❡ ❧✬❆◆❈ ❝♦♥:✐:5❡ ; ♠♦❞✐✜❡2 ❧❛ ✈✐❜2❛5✐♦♥ ❞❡ ❧❛ :52✉❝5✉2❡ 2❛②♦♥♥❛♥5❡ ❞♦♥5 ❧❛

❞❡♥:✐51 ♠♦❞❛❧❡ ❡:5 ♠♦✐♥: ✐♠♣♦25❛♥5❡ D✉❡ ❝❡❧❧❡ ❞✉ ❞♦♠❛✐♥❡ ❛❝♦✉:5✐D✉❡ ; ❝♦♥52E❧❡2 ♣♦✉2

❞✐♠✐♥✉❡2 ❧❡ ♥✐✈❡❛✉ ❞❡ ❜2✉✐5 ❬✼✻❪✳ J♦✉2 ❝❡ ❢❛✐2❡✱ ❞❡: 52❛♥:❞✉❝5❡✉2: ✈✐❜2❛5♦✐2❡: :♦♥5 ✐♥51❣21:

; ❧❛ :52✉❝5✉2❡ ✿ ❝❡55❡ ❛♣♣2♦❝❤❡ ❡:5 ❛♣♣❡❧1❡ ❆❙❆❈ ✭❆❝5✐✈❡ ❙52✉❝5✉2❛❧ ❆❝♦✉:5✐❝ ❈♦♥52♦❧✮ ♦✉

❝♦♥52E❧❡ ❛❝5✐❢ ✈✐❜2♦❛❝♦✉:5✐D✉❡✳

▲❡: ❞✐✛12❡♥5❡: 15✉❞❡: ❝♦♥❝❡2♥❛♥5 ❧❡ ❝♦♥52E❧❡ ❛❝5✐❢ ❞❡ ❧❛ 52❛♥:♣❛2❡♥❝❡ ❛❝♦✉:5✐D✉❡ ; 52❛✈❡2:

✉♥❡ ❞♦✉❜❧❡ ♣❛2♦✐ ♣❡✉✈❡♥5 S52❡ ❞✐✈✐:1❡: ❡♥ ❞❡✉① ❣2♦✉♣❡: ❬✷✻❪ ✿ ❧❡ ❝♦♥52E❧❡ ❞❡ ♣❛2♦✐ ♦✉ ❧❡

❝♦♥52E❧❡ ❞❡ ❝❛✈✐51✳ ❉✐✛12❡♥5❡: 15✉❞❡: ❝♦♠♣❛2❛5✐✈❡:✱ ♥✉♠12✐D✉❡: ❡5 ❡①♣12✐♠❡♥5❛❧❡: ❬✺❪❬✼✹❪

❛✣2♠❡♥5 D✉❡ ❧❡ ❝♦♥52E❧❡ ❝❛✈✐51 ❡:5 ♣21❢12❛❜❧❡ ❛✉ ❝♦♥52E❧❡ ❞❡ :52✉❝5✉2❡✳ ▲❡: ♠S♠❡: ❝♦♥❝❧✉✲

:✐♦♥: :♦♥5 5✐21❡: ♣♦✉2 ✉♥❡ ❞♦✉❜❧❡ ♣❛2♦✐ ❝♦♥:5✐5✉1❡ ❞✬✉♥ ♣❛♥♥❡❛✉ ✐♥512✐❡✉2 2❛✐❞✐ ❡5 ❞✬✉♥

52✐♠ ♣❛♥❡❧ ❤♦♠♦❣[♥❡ ❬✷✺❪✳ ❉✬✉♥ ♣♦✐♥5 ❞❡ ✈✉❡ ♥✉♠12✐D✉❡✱ ▼❛✉2② ❬✻✾❪ ♠♦♥52❡ D✉❡ ♣♦✉2 ✉♥❡

❡①❝✐5❛5✐♦♥ ♣❛2 ✉♥ ❝❤❛♠♣ ❞❡ ♣2❡::✐♦♥: 5✉2❜✉❧❡♥5❡:✱ ❝✬❡:5 ❧❡ ❝♦♥52E❧❡ ❞❡: ♣2❡♠✐❡2: ♠♦❞❡: ❞✉

♣❛♥♥❡❛✉ ❡①512✐❡✉2 D✉✐ ♣❡2♠❡5 ❧❛ ♠❡✐❧❧❡✉2❡ ❛551♥✉❛5✐♦♥ ❞❡ ❧❛ 52❛♥:♠✐::✐♦♥ ❛❝♦✉:5✐D✉❡✳ ❈❡:

❝♦♥❝❧✉:✐♦♥: ♥❡ :♦♥5 ❝❡♣❡♥❞❛♥5 ✈❛❧❛❜❧❡: D✉❡ ❞❛♥: ❧❛ ♠❡:✉2❡ ♦^ ❧❡: ❧✐❛✐:♦♥: ♠1❝❛♥✐D✉❡: ❡♥52❡

❧❡: ❞❡✉① ♣❛♥♥❡❛✉① ♥❡ :♦♥5 ♣❛: ❝♦♥:✐❞121❡:✳ ▼S♠❡ :✬✐❧ ❡:5 ♣♦::✐❜❧❡ ❞❡ ❝♦♥52E❧❡2 ❝❡ ❝❤❡♠✐♥

✈✐❜2❛5♦✐2❡ ❣2_❝❡ ; ❞❡: ❧✐❛✐:♦♥: ❛❝5✐✈❡:✱ ●❛2❞♦♥✐♦ ❡5 ❊❧❧✐♦55 ❬✸✾❪ ♠♦♥52❡♥5 D✉✬❛✉① ❢21D✉❡♥❝❡:

❝♦♥❝❡2♥1❡: ♣❛2 ❧❡: ♠15❤♦❞❡: ❛❝5✐✈❡:✱ ❝✬❡:5 ❧❡ ❝❤❡♠✐♥ ❛❝♦✉:5✐D✉❡ D✉✐ ❞♦♠✐♥❡ ❧❛2❣❡♠❡♥5 ❧❛

52❛♥:♠✐::✐♦♥ ; 52❛✈❡2: ❧❛ ❞♦✉❜❧❡ ♣❛2♦✐✳ ❉❡ ♠❛♥✐[2❡ ❣1♥12❛❧❡✱ ❧❡ ♣❛♥♥❡❛✉ ✐♥512✐❡✉2 ✭52✐♠

♣❛♥❡❧✮ ♣21:❡♥5❡ ✉♥ ❝♦✉♣❧❛❣❡ ♣❧✉: ❞✐2❡❝5 ❛✈❡❝ ❧❡ 2❛②♦♥♥❡♠❡♥5 ❛❝♦✉:5✐D✉❡ ; ❧✬✐♥512✐❡✉2 ❞❡ ❧❛

❝❛❜✐♥❡✳ ❈❛2♥❡❛❧ ❡5 ❋✉❧❧❡2 ❬✶✾❪ ❝♦♥❝❧✉❡♥5 ❞♦♥❝ D✉❡ ❝✬❡:5 ❧❡ ❝♦♥52E❧❡ ❆❙❆❈ ❞✉ ♣❛♥♥❡❛✉ ✐♥51✲

2✐❡✉2 D✉✐ ♣❡2♠❡5 ❞✬❛♠1❧✐♦2❡2 ❧❡ ♣❧✉: ❧❛ ♣❡25❡ ♣❛2 52❛♥:♠✐::✐♦♥ ❞❛♥: ✉♥ 5❡❧ ❝❛❞2❡✱ 2❛♠❡♥❛♥5

❞♦♥❝ ❧❡ ♣2♦❜❧[♠❡ ❛✉ ❝♦♥52E❧❡ ❞✬✉♥❡ :52✉❝5✉2❡ :✐♠♣❧❡ ❡5 ♥♦♥ ❞♦✉❜❧❡✳

❯♥❡ ♣❛25✐❡ ✐♠♣♦25❛♥5❡ ❞❡: ♠15❤♦❞❡: ♠✐:❡: ❡♥ ♣❧❛❝❡ ♣♦✉2 21❛❧✐:❡2 ❞✉ ❝♦♥52E❧❡ ❛❝5✐❢ ✈✐✲

❜2♦❛❝♦✉:5✐D✉❡ ❝♦♥:✐❞[2❡♥5 ✉♥ :②:5[♠❡ ❛✉ :❡✐♥ ❞✉D✉❡❧ ❧❡: ❞✐✛12❡♥5: ❝❛♣5❡✉2: 1❝❤❛♥❣❡♥5 ❞❡:

✐♥❢♦2♠❛5✐♦♥: ✿ ♦♥ ♣❛2❧❡ ❞❡ ❝♦♥52E❧❡ ❝❡♥52❛❧✐:1 ✭♦✉ ❛✉ ♠♦✐♥: ❞✐:52✐❜✉1✮✳ ❯♥ 5❡❧ ❝♦♥52E❧❡

♣❡✉5 ♣❡2♠❡552❡✱ ❛✉ ♠♦②❡♥ ❞❡ ♥♦♠❜2❡✉① ❝❛♣5❡✉2:✱ ❞❡ ❝♦♥:✐❞12❡2 ❧❛ ♠✐♥✐♠✐:❛5✐♦♥ ❞❡ ❣2❛♥✲

❞❡✉2: ❣❧♦❜❛❧❡: ❝♦♠♠❡ ❧✬1♥❡2❣✐❡ ❝✐♥15✐D✉❡ ❞❡ ❧❛ :52✉❝5✉2❡ ♦✉ ❧❛ ♣✉✐::❛♥❝❡ ❛❝♦✉:5✐D✉❡ D✉✬❡❧❧❡

2❛②♦♥♥❡✳ ➚ ❧✬✐♥✈❡2:❡✱ ❧✬❛❜:❡♥❝❡ ❞❡ ❝♦♠♠✉♥✐❝❛5✐♦♥ ❡♥52❡ ❧❡: ✉♥✐51: ❞❡ ❝♦♥52E❧❡ ✐♠♣❧✐D✉❡ ✉♥❡

❝♦♠♠❛♥❞❡ ❞1❝❡♥52❛❧✐:1❡ D✉✐ ♣❡2♠❡5 ✉♥❡ ✐♠♣❧❛♥5❛5✐♦♥ ♣❧✉: :✐♠♣❧❡✱ ♠♦✐♥: ❡♥❝♦♠❜2❛♥5❡✱

♠♦✐♥: ❧♦✉2❞❡ ❡5 ♠♦✐♥: ❝❤❡2 D✉✬❡♥ ❝♦♥52E❧❡ ❝❡♥52❛❧✐:1✱ ♠❛✐: D✉✐ ♣❡✉5 ♣♦:❡2 ❞❡: ❞1✜: ✈✐:✲

;✲✈✐: ❞❡ ❧❛ :5❛❜✐❧✐51✳ ▲❡ ♣❧✉: :♦✉✈❡♥5✱ ❧❡ ❝♦♥52E❧❡ ❝♦♥:✐:5❡ ❛❧♦2: ❡♥ ❧❛ ♠✐♥✐♠✐:❛5✐♦♥ ❞✬✉♥❡

❣2❛♥❞❡✉2 ❧♦❝❛❧❡ ❝♦♠♠❡ ❧❛ ✈✐5❡::❡ 52❛♥:✈❡2:❡ ♠❛✐: ❛✉::✐✱ :♦✉: ❝❡25❛✐♥❡: ❤②♣♦5❤[:❡✱ ♣❡2♠❡5

❞✬✐♥52♦❞✉✐2❡ ✈✐25✉❡❧❧❡♠❡♥5 ❞❡: ✐♠♣1❞❛♥❝❡: ♠1❝❛♥✐D✉❡: ❧♦❝❛❧❡: :✉2 ❧❛ :52✉❝5✉2❡ ❬✽✶❪✳
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▲✬✐❞3❡ 5 ❧✬♦8✐❣✐♥❡ ❞❡ ❝❡<<❡ <❤>?❡ ❡?< ❞❡ ❝♦♠❜✐♥❡8 ❧❡? ♣♦??✐❜✐❧✐<3? ❞✉ ❝♦♥<8D❧❡ ❝❡♥<8❛❧✐?3 ❛✈❡❝

❧❡? ❛✈❛♥<❛❣❡? ❞✉ ❝♦♥<8D❧❡ ❞3❝❡♥<8❛❧✐?3 ❡♥ 83❛❧✐?❛♥< ✉♥ ❝♦♥<8D❧❡ ❞3❝❡♥<8❛❧✐?3 ❛✈❡❝ ❞❡? ✐♥✲

❢♦8♠❛<✐♦♥? ❧♦❝❛❧❡?✱ ♠❛✐? ❛②❛♥< ✉♥ ✐♠♣❛❝< ❣❧♦❜❛❧ ?✉8 ❧❛ ♣❡8<❡ ♣❛8 <8❛♥?♠✐??✐♦♥✳ ❆✐♥?✐✱ ❧❛

♣8♦❜❧3♠❛<✐K✉❡ ♣8✐♥❝✐♣❛❧❡ ❡?< ❧❛ ?✉✐✈❛♥<❡ ✿

➱!❛❜❧✐& ✉♥❡ ♠+!❤♦❞❡ ❛✜♥ ❞❡ &+❛❧✐0❡& ❧❡ ❝♦♥!&2❧❡ ♦♣!✐♠❛❧ ❞❡ ❧❛ ♣✉✐00❛♥❝❡ ❛❝♦✉0✲

!✐5✉❡ &❛②♦♥♥+❡ ♣❛& ❧❛ 0!&✉❝!✉&❡✱ ❛✉ ♠♦②❡♥ ❞✬✉♥✐!+0 ❞❡ ❝♦♥!&2❧❡ ❛❝!✐❢ ❧♦❝❛❧❡0 ❡!

✐♥❞+♣❡♥❞❛♥!❡0✳

▲✬❤②♣♦<❤>?❡ ♣8✐♥❝✐♣❛❧❡ ❡?< K✉❡ ❧❡ 8❡❝♦✉8? ❛✉ ❝♦♥❝❡♣< ❞✬✐♠♣3❞❛♥❝❡? ♠3❝❛♥✐K✉❡? ✈✐8<✉❡❧❧❡?

♣❡8♠❡< ❞❡ 83?♦✉❞8❡ ❝❡ ♣8♦❜❧>♠❡ ✈✐❜8♦❛❝♦✉?<✐K✉❡ ❡♥ ❞3❝❡♥<8❛❧✐?3✳ ▲✬♦❜❥❡❝<✐❢ ♣8✐♥❝✐♣❛❧ ❞❡

❝❡<<❡ <❤>?❡ ❡?< ❞♦♥❝ ❞❡ ♣8♦♣♦?❡8 ✉♥❡ ♠3<❤♦❞❡ ♣❡8♠❡<<❛♥< ❞❡ 83?♦✉❞8❡ ❝❡<<❡ ♣8♦❜❧3♠❛<✐K✉❡

K✉✐ ❡?< ❡♥ ❢❛✐< ❞♦✉❜❧❡ ✿

✶✳ ❈❛❧❝✉❧❡& ❧❡ ❝♦♥!&2❧❡ 5✉✐ ♠✐♥✐♠✐0❡ ❧❛ ♣✉✐00❛♥❝❡ ❛❝♦✉0!✐5✉❡ &❛②♦♥♥+❡ ❡! ❧✬❡①✲

♣&✐♠❡& 0♦✉0 ❧❛ ❢♦&♠❡ ❞✬✉♥❡ ❧♦✐ ♠+❝❛♥✐5✉❡ ❧♦❝❛❧❡ ✳ ❈♦♥<8❛✐8❡♠❡♥< 5 ❞✬❛✉<8❡?

♠3<❤♦❞❡? K✉✐ ♥❡ <❡♥<❡♥< K✉❡ ❞❡ ❝❛❧❝✉❧❡8 ✉♥ ❝8✐<>8❡ ❧♦❝❛❧ K✉✐ 83❞✉✐< ❧❛ ♣✉✐??❛♥❝❡ ❛❝♦✉?✲

<✐K✉❡✱ ❧✬♦❜❥❡❝<✐❢ ❡?< ✐❝✐ ❞✬❡①♣8✐♠❡8 ❧✬❛❥♦✉< ❞✬✉♥❡ ✐♠♣3❞❛♥❝❡ K✉✐ ♠✐♥✐♠✐?❡ ❡①❛❝<❡♠❡♥<

5 ❝❤❛K✉❡ ❢83K✉❡♥❝❡ ❧❡ ❝8✐<>8❡ ❣❧♦❜❛❧✳ ➚ ❝❡<<❡ 3<❛♣❡ ❞✉ ♣8♦❥❡<✱ ❧❡? ♣8♦❜❧3♠❛<✐K✉❡? <❡❧?

K✉❡ ❧❛ 83❛❧✐?❛❜✐❧✐<3 ❞✬✉♥ ❝♦♥<8D❧❡ ❧❛8❣❡ ❜❛♥❞❡ 5 <8❛✈❡8? ✉♥❡ ❝♦♥<8❛✐♥<❡ ❞❡ ❝❛✉?❛❧✐<3

♥❡ ?♦♥< ♣❛? ❝♦♥?✐❞383❡?✳ ❉❡ ♣❧✉?✱ ❧❛ ✈❛❧❡✉8 ❞✉ ❝8✐<>8❡ ❧♦❝❛❧ ♦♣<✐♠❛❧ ♥✬❡?< 8❡❝❤❡8❝❤3❡

♥✐ ?♦✉? ✉♥❡ ❢♦8♠❡ ♣❛8❛♠3<8✐K✉❡ ♣❛8<✐❝✉❧✐>8❡ ✭♠❛??❡ 8❡??♦8<✮✱ ♥✐ ❞❡ ♠❛♥✐>8❡ ❡①❤❛✉?✲

<✐✈❡ ♠❛✐? ?♦✉? ?❛ ❢♦8♠❡ ❛♥❛❧②<✐K✉❡ ✭83♣♦♥?❡ ❡♥ ❢83K✉❡♥❝❡✮✳ ❊♥✜♥✱ ❞❛♥? ❧✬♦♣<✐K✉❡ ♦S

❧❛ ♠3<❤♦❞❡ ❞♦✐< T<8❡ ❛♣♣❧✐❝❛❜❧❡ ❡♥ ♣8❛<✐K✉❡✱ ❧❡ ❝❛❧❝✉❧ ❞✉ ❝♦♥<8D❧❡ ♦♣<✐♠❛❧ ❞♦✐< T<8❡

❡①♣8✐♠❛❜❧❡ 5 ♣❛8<✐8 ❞❡ ❞♦♥♥3❡? ♠❡?✉8❛❜❧❡?✳

✷✳ ❘+❛❧✐0❡& ❧❡ ❝♦♥!&2❧❡ ❞+❝❡♥!&❛❧✐0+ ❞❡ ❝❡!!❡ ❧♦✐ ❧♦❝❛❧❡ ✳ ❉❛♥? ❧❛ ♠❡?✉8❡ ♦S ♦♥

?♦✉❤❛✐<❡ 83❛❧✐?❡8 ❧❡ ❝♦♥<8D❧❡ ♦♣<✐♠❛❧ 5 ❝❤❛K✉❡ ❢83K✉❡♥❝❡✱ ♦♥ ❝♦♥?✐❞>8❡ ❧❛ ♠✐?❡ ❡♥

♣❧❛❝❡ ❞✬✉♥ ❝♦♥<8D❧❡ ❤❛8♠♦♥✐K✉❡✳ ➱<❛♥< ❞♦♥♥3 K✉✬❛✉❝✉♥ ❛ ♣8✐♦8✐ ♥✬❡?< ❢❛✐< ?✉8 ❧❛

✈❛❧❡✉8 ❞❡ ❧✬✐♠♣3❞❛♥❝❡ ❧♦❝❛❧❡ ❛❥♦✉<3❡ K✉✐ ♣❡8♠❡< ❞❡ ♠✐♥✐♠✐?❡8 ❧❛ ♣✉✐??❛♥❝❡ ❛❝♦✉?<✐K✉❡

8❛②♦♥♥3❡✱ ❧❡ ❝♦♥<8D❧❡✉8 ✐♠♣❧❛♥<3 ❞♦✐< ♣❡8♠❡<<8❡ ❞❡ ❝♦♥✈❡8❣❡8 ❛?②♠♣<♦<✐K✉❡♠❡♥< ✈❡8?

✉♥❡ ✈❛❧❡✉8 K✉❡❧❝♦♥K✉❡✳ ❆✐♥?✐✱ ❧❡ ❝♦♥<8D❧❡✉8 ♣8♦♣♦?3 ❞♦✐< ❣❛8❛♥<✐8 ❞❡? ❝8✐<>8❡? ❞❡

♣❡8❢♦8♠❛♥❝❡ ❞②♥❛♠✐K✉❡ ❡♥ <❡8♠❡ ❞❡ 8❛♣✐❞✐<3 ❞❡ ❧❛ ❝♦♥✈❡8❣❡♥❝❡✳ ❊♥✜♥✱ ❧❡ ❝♦♥<8D❧❡

❞♦✐< ♣♦✉✈♦✐8 T<8❡ ❞3❝❡♥<8❛❧✐?3✱ ❝✬❡?<✲5✲❞✐8❡ ✉♥ ❝♦♥<8D❧❡ ♠✉❧<✐✈♦✐❡? ♦S ❧❡? ✉♥✐<3? ❞❡

❝♦♥<8D❧❡ ♥✬3❝❤❛♥❣❡♥< ❛✉❝✉♥❡ ✐♥❢♦8♠❛<✐♦♥ ❡♥<8❡ ❡❧❧❡?✳
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▲❛ ♠45❤♦❞❡ ♣;♦♣♦<4❡ ❞♦✐5 <✐ ♣♦<<✐❜❧❡ @5;❡ ❡✣❝❛❝❡ <✉; ♥✬✐♠♣♦;5❡ F✉❡❧ 5②♣❡ ❞❡ <5;✉❝5✉;❡ ❡5

<❡;❛ ❡♥ ♣❛;5✐❝✉❧✐❡; 5❡<54❡ <✉; ✉♥ ♣❛♥♥❡❛✉ ✐♥54;✐❡✉; ❞❡ ❞♦✉❜❧❡ ♣❛;♦✐ ❛4;♦♥❛✉5✐F✉❡✳ ❈❡ 5②♣❡ ❞❡

<5;✉❝5✉;❡✱ ❝♦♠♣❧❡①❡✱ ❝♦✉;❜❡✱ ❡♥ ❝♦♠♣♦<✐5❡ ❡5 ❢♦;5❡♠❡♥5 ❛♠♦;5✐❡ <❡ ❞✐<5✐♥❣✉❡ ❞❡< <5;✉❝5✉;❡<

❛❝❛❞4♠✐F✉❡< ♣❡✉ ❛♠♦;5✐❡< ❝♦♥<✐❞4;4❡< ❧❛ ♣❧✉♣❛;5 ❞✉ 5❡♠♣< ♣♦✉; 5❡<5❡; ❧❡< <5;❛54❣✐❡< ❞❡

❝♦♥5;L❧❡ ❛❝5✐❢ ✈✐❜;♦❛❝♦✉<5✐F✉❡✳ ❊❧❧❡ ♣❡;♠❡5 ❞❡ ♠❡55;❡ ❡♥ ❛✈❛♥5 5♦✉5❡ ❧✬♦;✐❣✐♥❛❧✐54 ❞✉ 5;❛✈❛✐❧

F✉✐ <❡ ❞4♠❛;F✉❡ ❞❡< ♠45❤♦❞❡< ❞✐5❡< ❞✬❛♠♦;5✐<<❡♠❡♥5 ❛❝5✐❢✳

❊♥✜♥✱ ❞❛♥< ❧❛ ♠❡<✉;❡ ♦O ❧❡ ❝♦♥5;L❧❡ ♦♣5✐♠❛❧ ❞❡ ❧❛ ♣✉✐<<❛♥❝❡ ❛❝♦✉<5✐F✉❡ ;❛②♦♥♥4❡ ❡<5

❝♦♥<✐❞4;4✱ ❧❛ ♠45❤♦❞❡ ♣;♦♣♦<4❡ ❞♦✐5 ♣❡;♠❡55;❡ ❞✬♦❜5❡♥✐; ❞❡ ♠❡✐❧❧❡✉;❡< ❛554♥✉❛5✐♦♥< F✉❡

♥✬✐♠♣♦;5❡ F✉❡❧❧❡ ❛✉5;❡ <5;❛54❣✐❡✳ ❈✬❡<5 ♣♦✉;F✉♦✐ ❧❡< ;4<✉❧5❛5< <❡;♦♥5 <②<54♠❛5✐F✉❡♠❡♥5

❝♦♥❢;♦♥54< ❛✈❡❝ ❝❡✉① ♣;♦✈❡♥❛♥5 ❞❡ ❧❛ ♠✐<❡ ❡♥ ♣❧❛❝❡ ❞✬❛✉5;❡< ❛♣♣;♦❝❤❡<✳

✶✳✸ ❖$❣❛♥✐)❛*✐♦♥ ❞✉ ❞♦❝✉♠❡♥*

➚ ❧❛ <✉✐5❡ ❞❡ ❝❡ ❝❤❛♣✐5;❡ ✐♥5;♦❞✉❝5✐❢✱ ❧❡ ❝❤❛♣✐5;❡ ✷ ♣;4<❡♥5❡ ✉♥❡ ;❡✈✉❡ ❞❡< ❞✐✛4;❡♥5❡< <5;❛54✲
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❧❛ ❢♦;♠❡ ❞✬✉♥ ♣;♦❜❧T♠❡ ❞✬♦♣5✐♠✐<❛5✐♦♥✱ <❛ ;4<♦❧✉5✐♦♥ ❡<5 ❡♥<✉✐5❡ ♣;♦♣♦<4❡ <✉✐✈❛♥5 F✉❡ ❧❛

♣✉✐<<❛♥❝❡ ❛❝♦✉<5✐F✉❡ ;❛②♦♥♥4❡ ❡<5 ❝♦♥<✐❞4;4❡ <♦✉< <❛ ❢♦;♠❡ 5❤4♦;✐F✉❡ ❡①❛❝5❡ ♦✉ ♣❛; ✉♥❡

❡<5✐♠❛5✐♦♥ V ♣❛;5✐; ❞❡ ♠❡<✉;❡< ❛❝♦✉<5✐F✉❡< ❡♥ ❝❤❛♠♣ ♣;♦❝❤❡ ❡5 ❝❤❛♠♣ ❧♦✐♥5❛✐♥✳ ▲✬✐♠✲
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9♦♥2 9②92:♠❛2✐C✉❡♠❡♥2 ❝♦♠♣❛3:9 ❛✈❡❝ ❝❡✉① ♦❜2❡♥✉9 ❡♥ ♠❡22❛♥2 ❡♥ ♣❧❛❝❡ ✉♥❡ 923❛2:❣✐❡

❝❧❛99✐C✉❡ ❞✬❛♠♦32✐99❡♠❡♥2 ❛❝2✐❢✳

▲❡ ❝❤❛♣✐23❡ ✻ ♣3:9❡♥2❡ ❧❡9 ❞❡✉① ❝❛♠♣❛❣♥❡9 ❡①♣:3✐♠❡♥2❛❧❡9 C✉✐ ♦♥2 :2: ♠❡♥:❡9 ❞✉3❛♥2 ❝❡22❡

2❤M9❡✳ ▲❛ ♣3❡♠✐M3❡✱ 3:❛❧✐9:❡ ❛✉ ▲▼❆✱ ❛ ♣❡3♠✐9 ❞❡ ✈❛❧✐❞❡3 ❧❡9 3:9✉❧2❛29 ♦❜2❡♥✉9 ❛✉ ❝❤❛♣✐23❡
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❞❛♥9 ❧❡ ❝❛❞3❡ ❞❡ ❧❛ ♠:2❤♦❞❡ ❞❡9 ✐♠♣:❞❛♥❝❡9 ♠:❝❛♥✐C✉❡9 ✈✐32✉❡❧❧❡9 ♦♣2✐♠❛❧❡9 ❛✐♥9✐ C✉❡ ♣♦✉3

❞✬❛✉23❡9 ❛♣♣❧✐❝❛2✐♦♥9✳
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▲✬❆♥♥❡①❡ ❇ ♣89:❡♥;❡ ❧❛ ♠♦❞9❧✐:❛;✐♦♥ ❞✉ ;8❛♥:❢❡8; ❢♦8❝❡✴;❡♥:✐♦♥ ♣♦✉8 ✉♥ ❛❝;✐♦♥♥❡✉8 ✐♥❡8✲

;✐❡❧ ✜①9 H ✉♥❡ :;8✉❝;✉8❡✳ ▲❛ ♠♦❞9❧✐:❛;✐♦♥ ♣8♦♣♦:9❡ ♣❡8♠❡; ❞❡ ❝♦♥:✐❞98❡8 ❧✬✉;✐❧✐:❛;✐♦♥ ❞❡

❧✬❛❝;✐♦♥♥❡✉8 ✐♥❡8;✐❡❧ ❡♥ ❝❛♣;❡✉8 ❞❡ ❧❛ ♠♦❜✐❧✐;9 ♠9❝❛♥✐J✉❡ ❞✬✉♥❡ :;8✉❝;✉8❡✳

▲✬❆♥♥❡①❡ ❈ ❡:; ✉♥❡ 9;✉❞❡ ❝♦♠♣❛8❛;✐✈❡ ❞✉ ❝♦✉♣❧❛❣❡ ✑❛❝;✐❢✑ ❡♥;8❡ ❧✬❛❝;✐♦♥♥❡✉8 ❡; ❧❛ :;8✉❝✲

;✉8❡ :❡❧♦♥ J✉✬✉♥ ❛❝;✐♦♥♥❡✉8 ♣✐9③♦9❧❡❝;8✐J✉❡ ♦✉ ✐♥❡8;✐❡❧ ❡:; ❝♦♥:✐❞989✳ ❈❡;;❡ 9;✉❞❡✱ ❛❝❝❡♣;9❡

♣♦✉8 ♣✉❜❧✐❝❛;✐♦♥ ❞❛♥: ❧❡ ❥♦✉8♥❛❧ ▼❡❝❤❛♥✐❝' & ■♥❞✉'+,② :❡ ❢♦❝❛❧✐:❡ :✉8 ❧❛ ❞9❢♦8♠❛;✐♦♥ ❧♦❝❛❧❡

❛❧♦8: ❡♥❣❡♥❞89❡ :✉8 ❧❛ :;8✉❝;✉8❡ ❡; ♣8♦♣♦:❡ ✉♥❡ ♠9;❤♦❞❡ ❛✜♥ ❞❡ ❧❛ ❝♦♠♣❡♥:❡8✳

❊♥✜♥✱ ❧✬❆♥♥❡①❡ ❉ ❡:; ✉♥ ❛8;✐❝❧❡ ❡♥ ❝♦✉8: ❞❡ :♦✉♠✐::✐♦♥ ❛✉ ❏♦✉,♥❛❧ ♦❢ ❙♦✉♥❞ & ❱✐❜,❛+✐♦♥✳

■❧ ;8❛✐;❡ ❞❡ ❧❛ ♣♦::✐❜✐❧✐;9 ❞✬❛♣♣❧✐J✉❡8 ❧❛ ♠9;❤♦❞❡ ❞❡: ✐♠♣9❞❛♥❝❡: ♠9❝❛♥✐J✉❡: ✈✐8;✉❡❧❧❡: ♦♣✲

;✐♠❛❧❡: H ❧✬❛✐❞❡ ❞✬✉♥✐;9: ❝♦♠♣♦:9❡: ♥♦♥ ♣❛: ❞✬✉♥ ❛❝;✐♦♥♥❡✉8 ❡; ❞✬✉♥ ❝❛♣;❡✉8 ❡♥ ✈✐:✲H✲✈✐:✱

♠❛✐: ✉♥✐J✉❡♠❡♥; ❞✬✉♥ ❛❝;✐♦♥♥❡✉8 ✐♥❡8;✐❡❧ ✉;✐❧✐:9 ❡♥ :❡♥:♦8✐❛❝;✉❛;❡✉8✳ ❈❡;;❡ ♣♦::✐❜✐❧✐;9 ❛

9;9 ;❡:;9❡ ❛✈❡❝ ❘✳ ❇♦✉❧❛♥❞❡;✱ ❡♥ ♣❛8❛❧❧R❧❡ ❞❡ ❧❛ ❝❛♠♣❛❣♥❡ ❡①♣98✐♠❡♥;❛❧❡ 89❛❧✐:9❡ ❛✉ ●❆❯❙

:✉8 ✉♥ ♣❛♥♥❡❛✉ ❛98♦♥❛✉;✐J✉❡✳
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➱❚❆❚ ❉❊ ▲✬❆❘❚

▲✬♦❜❥❡❝'✐❢ ✈✐+, ♣❛/ ❧❛ ♠,'❤♦❞❡ ♣/♦♣♦+,❡ ❞❛♥+ ❧❛ '❤5+❡ ❡+' ❞❡ /,❛❧✐+❡/ ❧❡ ❝♦♥'/6❧❡ ♦♣'✐♠❛❧ ❞❡ ❧❛

♣✉✐++❛♥❝❡ ❛❝♦✉+'✐8✉❡ /❛②♦♥♥,❡✳ ▲❛ ♣/❡♠✐5/❡ ♣❛/'✐❡ ❞❡ ❧✬,'❛' ❞❡ ❧✬❛/' ❡+' ❞♦♥❝ ❝♦♥+❛❝/,❡ ❛✉①

♣/✐♥❝✐♣❛❧❡+ ♠,'❤♦❞❡+ ❞❡ ❝♦♥'/6❧❡ ❛❝'✐❢ ✈✐❜/♦❛❝♦✉+'✐8✉❡ 8✉✐ ✈✐+❡♥' < ♠✐♥✐♠✐+❡/ ❧❛ ♣✉✐++❛♥❝❡

❛❝♦✉+'✐8✉❡ /❛②♦♥♥,❡ < '/❛✈❡/+ ✉♥❡ ❡+'✐♠❛'✐♦♥ ❞❡ ❝❡''❡ ❣/❛♥❞❡✉/✳ ▲❛ ♣/♦❜❧,♠❛'✐8✉❡ ❝♦♥+✐✲

❞,/,❡ ❞❛♥+ ❝❡''❡ ,'✉❞❡ ❡+' ❞✬❛''❡✐♥❞/❡ ❝❡' ♦❜❥❡❝'✐❢ ❣❧♦❜❛❧ +❛♥+ ♣❛++❡/ ♣❛/ +♦♥ ❡+'✐♠❛'✐♦♥✱ ❛✉

♠♦②❡♥ ❞✬✉♥✐',+ ❞❡ ❝♦♥'/6❧❡ ❧♦❝❛❧❡+ ✐♥❞,♣❡♥❞❛♥'❡+✳ ❯♥❡ ❣/❛♥❞❡ ♣❛/'✐❡ ❞❡ ❧✬,'❛' ❞❡ ❧✬❛/' ❡+'

❞,❞✐,❡ < ❧❛ ♠✐+❡ ❡♥ ♣❧❛❝❡ ❞❡ '❡❧❧❡+ ✉♥✐',+✳ ▲♦/+8✉✬✉♥ ❝♦♥'/6❧❡ ❧♦❝❛❧ ❡+' ❝♦♥+✐❞,/,✱ ❧❡ ❝❤♦✐①

❞✬✉♥ ❝♦✉♣❧❡ ❞❡ ✈❛/✐❛❜❧❡+ ❞✬❡♥'/,❡✲+♦/'✐❡ ❝♦❧♦❝❛❧✐+,❡+ ❞✉❛❧❡+ ♣❡/♠❡' ❞❡ /❡❧✐❡/ ❧❡+ ❣/❛♥❞❡✉/+

,❧❡❝'/✐8✉❡+ ❛++♦❝✐,❡+ ❛✉① '/❛♥+❞✉❝'❡✉/+ ❛✉① ❣/❛♥❞❡✉/+ ♠,❝❛♥✐8✉❡+ ❞❡ ❧❛ +'/✉❝'✉/❡ ❣/A❝❡ <

❧❛ /,❛❧✐+❛'✐♦♥ ❞✬✉♥ ♣♦/' ❤❛♠✐❧'♦♥✐❡♥✳ ❈❡+ ❝♦♥❝❡♣'+ +♦♥' ❞,❝/✐'+ ❞❛♥+ ✉♥❡ ❞❡✉①✐5♠❡ ♣❛/'✐❡

❡' ❧❛ ♠✐+❡ ❡♥ ♣❧❛❝❡ ♣/❛'✐8✉❡ ❞✬✉♥ '❡❧ ♣♦/' ❞❛♥+ ✉♥❡ '/♦✐+✐5♠❡✳ ▲❛ ❝♦♥+✐❞,/❛'✐♦♥ ❞❡ ✈❛/✐❛❜❧❡+

❞✉❛❧❡+ ❝♦❧♦❝❛❧✐+,❡+ ♣❡/♠❡' ❡♥'/❡ ❛✉'/❡+ ❞✬❛♠♦/'✐/ ❧♦❝❛❧❡♠❡♥' ❧❛ +'/✉❝'✉/❡✳ ▲❛ ❞✐♠✐♥✉'✐♦♥

❞✉ ♥✐✈❡❛✉ ✈✐❜/❛'♦✐/❡ ❧♦❝❛❧ ❡+' ❧❛ ♣❧✉♣❛/' ❞✉ '❡♠♣+ ❛++♦❝✐, < ❧❛ ❞✐♠✐♥✉'✐♦♥ ❞❡ ❧❛ ♣✉✐++❛♥❝❡

❛❝♦✉+'✐8✉❡ /❛②♦♥♥,❡✱ ❝❡''❡ ❛♣♣/♦❝❤❡ ❛ ,', ❧❛/❣❡♠❡♥' ,'✉❞✐,❡ ❞❛♥+ ❧❛ ❧✐'',/❛'✉/❡✳ ❯♥❡ '/♦✐✲

+✐5♠❡ ♣❛/'✐❡ ❡+' ❞♦♥❝ ❝♦♥+❛❝/,❡ ❛✉① +'/❛',❣✐❡+ ❞✐✈❡/+❡+ ❞✬❛♠♦/'✐++❡♠❡♥' ❛❝'✐❢✳ ▲❡ ♣/✐♥❝✐♣❡

❞❡ ❝♦❧♦❝❛'✐♦♥ ❞✉❛❧❡ ♥❡ ♣❡/♠❡' ♣❛+ +❡✉❧❡♠❡♥' ❞✬❛❥♦✉'❡/ ❞❡ ❧✬❛♠♦/'✐++❡♠❡♥' < ✉♥❡ +'/✉❝'✉/❡

♠❛✐+ ♣❧✉+ ❣,♥,/❛❧❡♠❡♥' ❞❡ ♠♦❞✐✜❡/ ❧♦❝❛❧❡♠❡♥' +♦♥ ✐♠♣,❞❛♥❝❡ ♠,❝❛♥✐8✉❡✳ ▲❡+ +'/❛',❣✐❡+

❞❡ ❝♦♥'/6❧❡ ❞❡ ❧✬✐♠♣,❞❛♥❝❡ ♠,❝❛♥✐8✉❡ ❞❛♥+ ❧❡ ❝♦♥'❡①'❡ ❞✉ ❝♦♥'/6❧❡ ❛❝'✐❢ ✈✐❜/♦❛❝♦✉+'✐8✉❡✱

♣/,+❡♥',❡+ ❝♦♠♠❡ '❡❧❧❡+✱ +♦♥' ❜❡❛✉❝♦✉♣ ♠♦✐♥+ ❝♦✉/❛♥'❡+✱ ❡' ❢♦♥' ❧✬♦❜❥❡' ❞✬✉♥❡ 8✉❛'/✐5♠❡

♣❛/'✐❡✳ ▲✬✐♠♣❧❛♥'❛'✐♦♥ ❞❡ ❝❡ ❝♦♥'/6❧❡ ❡♥ ♠✉❧'✐✈♦✐❡+ ❡+' ❛❜♦/❞,❡ ❞❛♥+ ✉♥❡ ❞❡/♥✐5/❡ ♣❛/'✐❡✳

✷✳✶ ❈♦♥&'(❧❡ ❛❝&✐❢ ✈✐❜'♦❛❝♦✉2&✐3✉❡ ❞❡2 2&'✉❝&✉'❡2

❊♥ ❝♦♥'/6❧❡ ❛❝'✐❢ ✈✐❜/♦❛❝♦✉+'✐8✉❡✱ ❧❛ 8✉❡+'✐♦♥ ♣/✐♥❝✐♣❛❧❡ 8✉✐ +❡ ♣♦+❡ ❡+' ❞❡ +❛✈♦✐/ ❞❡ 8✉❡❧❧❡

♠❛♥✐5/❡ ❧❛ ✈✐❜/❛'✐♦♥ ❞❡ ❧❛ +'/✉❝'✉/❡ ❞♦✐' E'/❡ ♠♦❞✐✜,❡ ❛❝'✐✈❡♠❡♥' ❛✜♥ ❞❡ ❞✐♠✐♥✉❡/ +♦♥

/❛②♦♥♥❡♠❡♥' ❛❝♦✉+'✐8✉❡✳ ❚❤,♦/✐8✉❡♠❡♥'✱ ✐❧ ❡+' ♣♦++✐❜❧❡ ❞❡ ❝❛❧❝✉❧❡/ ❧❡+ ❝♦♠♠❛♥❞❡+ ♦♣'✐✲

♠❛❧❡+ < ❡♥✈♦②❡/ ❛✉① ❛❝'✐♦♥♥❡✉/+ ✈✐❜/❛'♦✐/❡+ ♣♦✉/ ♠✐♥✐♠✐+❡/ ❧❛ ♣✉✐++❛♥❝❡ ❛❝♦✉+'✐8✉❡ /❛②♦♥✲

♥,❡ < ♣❛/'✐/ ❞❡ ♠❡+✉/❡+ ❛❝♦✉+'✐8✉❡+ ❡♥ ❝❤❛♠♣ ❧♦✐♥'❛✐♥ ❬✸✼❪✳ ❈❡♣❡♥❞❛♥'✱ ❝❡ ❣❡♥/❡ ❞❡ ♠❡+✉/❡

❛❝♦✉+'✐8✉❡ ❡+' ❞✐✣❝✐❧❡♠❡♥' ❡♥✈✐+❛❣❡❛❜❧❡ ❞❛♥+ ❧✬♦♣'✐8✉❡ ❞✬✉♥❡ ❛♣♣❧✐❝❛'✐♦♥ ✐♥❞✉+'/✐❡❧❧❡ ❝❛/

❡❧❧❡ ✐♠♣❧✐8✉❡ ❞❡+ ❝❛♣'❡✉/+ ❞❡ ♣/❡++✐♦♥ ❡♥ ❝❤❛♠♣ ❧♦✐♥'❛✐♥✳ ❆✉++✐✱ ❧✬✉'✐❧✐+❛'✐♦♥ ❞❡ ❝❛♣'❡✉/+

✈✐❜/❛'♦✐/❡+ +✉/ ❧❛ +'/✉❝'✉/❡ ♠E♠❡ ❛ ,', ♣/,❢,/❛❜❧❡♠❡♥' ,'✉❞✐,❡ ❞❛♥+ ❧❛ ❧✐'',/❛'✉/❡✳ ❆✐♥+✐✱

✾
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❞✐✛34❡♥7❡8 37✉❞❡8 ♦♥7 7❡♥73 ❞✬❡87✐♠❡4 ❧❡ 4❛②♦♥♥❡♠❡♥7 ❛❝♦✉87✐@✉❡ A ♣❛47✐4 ❞❡ ♠❡8✉4❡8 ❞❡ ❧❛

✈✐7❡88❡ 74❛♥8✈❡48❡ ❞❡ ❧❛ 874✉❝7✉4❡✳ %♦✉4 ❞❡8 874✉❝7✉4❡8 8✐♠♣❧❡8✱ ✐❧ ❡87 ♣♦88✐❜❧❡ ❞✬❡87✐♠❡4 ❧❡8

♠♦❞❡8 ❞❡ 4❛②♦♥♥❡♠❡♥7 A ♣❛47✐4 ❞❡ ❝❛♣7❡✉48 ✈✐❜4❛7♦✐4❡8 ❞❛♥8 ❧❡ ❜✉7 ❞❡ ❧❡8 ❝♦♥74F❧❡4 ❬✷✾❪✳

❊♥ ❡✛❡7✱ ✐❧ ❡87 ♣❡47✐♥❡♥7 ❞❡ ❝♦♥❝❡✈♦✐4 ❧❡ ❝♦♥74F❧❡ ♣❛4 4❛♣♣♦47 ❛✉① ♠♦❞❡8 ❞❡ 4❛②♦♥♥❡♠❡♥7

♣❧✉7F7 @✉❡ ♣❛4 4❛♣♣♦47 ❛✉① ♠♦❞❡8 874✉❝7✉4❛✉①✱ ❞❛♥8 ❧❛ ♠❡8✉4❡ ♦K ❧✬♦❜❥❡❝7✐❢ ❞✉ ❝♦♥74F❧❡

❡87 ❜✐❡♥ ❛❝♦✉87✐@✉❡ ❡7 ♥♦♥ ✈✐❜4❛7♦✐4❡✳ ▲❛ 74❛♥8❢♦4♠3❡ ❡♥ ♥♦♠❜4❡ ❞✬♦♥❞❡ ♣❡✉7 3❣❛❧❡♠❡♥7

O74❡ ✉7✐❧✐83❡ ♣♦✉4 4❡❧✐❡4 ❧❛ 43♣♦♥8❡ ✈✐❜4❛7♦✐4❡ ❛✉ 4❛②♦♥♥❡♠❡♥7 ❛❝♦✉87✐@✉❡ ❬✻✻❪ ❡7 ❝♦♥74F❧❡4

❬✻✽❪ ❝❡ ❞❡4♥✐❡4 A ❧✬❛✐❞❡ ❞✬✉♥ ❝♦♥74F❧❡ ❝❡♥74❛❧✐83 ♥3❝❡88✐7❛♥7 ❧❡ ♣❧✉8 8♦✉✈❡♥7 ❞❡ ♥♦♠❜4❡✉①

74❛♥8❞✉❝7❡✉48✳

❉❛♥8 ❞✬❛✉74❡8 ♠37❤♦❞❡8✱ ❧✬♦❜8❡4✈❛7✐♦♥ ❞✉ ✈❡❝7❡✉4 ❞✬37❛7 ❛88♦❝✐3 ❛✉① ♠♦❞❡8 874✉❝7✉4❛✉①

♣❡4♠❡7 ❞❡ 43❛❧✐8❡4 ❧❡ ❝♦♥74F❧❡ ♠♦❞❛❧❡ ❞✉ ♦✉ ❞❡8 ♠♦❞❡8 874✉❝7✉4❛✉① ❧❡8 ♣❧✉8 4❛②♦♥♥❛♥78

❬✻✹❪✳ ❉❛♥8 ❝❡ ❝❛8✱ ❧❛ ❝♦♠♠❛♥❞❡ ✭❝❡♥74❛❧✐83❡✮ ♥❡ 8❡47 ♣❛8 A 43❞✉✐4❡ ❞✐4❡❝7❡♠❡♥7 ❧❛ ♣✉✐88❛♥❝❡

❛❝♦✉87✐@✉❡ 4❛②♦♥♥3❡ ♠❛✐8 A ❝♦♠♠❛♥❞❡4 ❧❡ ✈❡❝7❡✉4 ❞✬37❛7 ❞✉ 8②87V♠❡ ✭❛88♦❝✐3 ❛✉① ♠♦❞❡8✮✳

❈❡8 874❛73❣✐❡8 8♦♥7 ❜❛83❡8 8✉4 ✉♥ ♠♦❞V❧❡ ♠♦❞❛❧ @✉✐ ♥❡ ❝♦♥8✐❞V4❡♥7 ❧❛ ♣❧✉♣❛47 ❞✉ 7❡♠♣8 @✉❡

❧❡8 ♠♦❞❡8 ❝✐❜❧38 ♣❛4 ❧❡ ❝♦♥74F❧❡ ❡7 ❝❡✉① ❞♦♥7 ❧❛ 438♦♥❛♥❝❡ ❡87 ♣4♦❝❤❡✳ ❊♥ ♣❧✉8 ❞❡ ❧❡✉4 ❢❛✐❜❧❡

4♦❜✉87❡88❡ ❛✉① ✈❛4✐❛7✐♦♥8 ❞❡8 ♣4♦♣4✐3738 ♠3❝❛♥✐@✉❡8 ❞❡ ❧❛ 874✉❝7✉4❡ A ❝♦♥74F❧❡4✱ ❧✬❡①❝✐7❛✲

7✐♦♥ ❡7 ❧✬♦❜8❡4✈❛7✐♦♥ ❞❡8 ♠♦❞❡8 438✐❞✉❡❧8 ♥♦♥ ♣4✐8 ❡♥ ❝♦♠♣7❡ ♣❛4 ❝❡ ♠♦❞V❧❡ ❣3♥V4❡♥7 ❞❡8

❞②♥❛♠✐@✉❡8 @✉✐ ♣❡✉✈❡♥7 O74❡ A ❧✬♦4✐❣✐♥❡ ❞✬✐♥87❛❜✐❧✐738 ✿ ❝❡ ♣❤3♥♦♠V♥❡✱ ❛♣♣❡❧3 ✧8♣✐❧❧♦✈❡4✧✱

❡87 ❞3❝4✐7 8✉4 ❧❛ ❋✐❣✉4❡ ✷✳✶✳
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❋✐❣✉4❡ ✷✳✶ ❈♦♠♠❛♥❞❡ ♣❛4 ♦❜8❡4✈❛7❡✉4 ❡7 4❡7♦✉4 ❞✬37❛7 ❛✈❡❝ 37❛78 438✐❞✉❡❧8 A

❧✬♦4✐❣✐♥❡ ❞❡ ✧8♣✐❧❧♦✈❡4 ❡✛❡❝7✧ ❬✻✹❪✳

✷✳✷ ❉✉❛❧✐'(✱ ♣❛++✐✈✐'( ❡' ✐♠♣(❞❛♥❝❡ ♠(❝❛♥✐2✉❡

❉❡ ♥♦♠❜4❡✉8❡8 ♠37❤♦❞❡ ❞❡ ❝♦♥74F❧❡ ❛❝7✐❢ ✈✐❜4♦❛❝♦✉87✐@✉❡ ❝♦♥8✐87❡♥7 A ♠❡774❡ ❡♥ ♣❧❛❝❡

❞❡8 ✉♥✐738 ❞❡ ❝♦♥74F❧❡ ❝♦♥87✐7✉3❡8 ❞✬✉♥ ❛❝7✐♦♥♥❡✉4 ❡7 ❞✬✉♥ ❝❛♣7❡✉4 ❝♦❧♦❝❛❧✐838✳ ❯♥ ❝❤♦✐①
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❥✉❞✐❝✐❡✉① ❞❡ :✐❣♥❛❧ ❞❡ ❝♦♠♠❛♥❞❡ ❡A ❞❡ ♠❡:✉B❡ A❡❧ C✉❡ ❧❡ :②:AE♠❡ :✬❛♣♣❛B❡♥A❡ H ✉♥ ♣♦BA

❤❛♠✐❧A♦♥✐❡♥ ♣BJ:❡♥A❡ ❞✐✛JB❡♥A: ❛✈❛♥A❛❣❡: ❝♦♥❝❡B♥❛♥A ❧❛ ♣❛::✐✈✐AJ✱ ❧❛ :A❛❜✐❧✐AJ ♠❛✐: J❣❛❧❡✲

♠❡♥A ❧✬✐♥A❡B♣BJA❛A✐♦♥ ♣❤②:✐C✉❡ ❞✉ ❝♦♥ABO❧❡ ✐♠♣❧❛♥AJ✳

❊♥ ✉A✐❧✐:❛♥A ✉♥ ❛❝A✐♦♥♥❡✉B ❡A ✉♥ ❝❛♣A❡✉B ❝♦❧♦❝❛❧✐:J: ❡♥ ✉♥ ♣♦✐♥A ❖✱ ❡A ✉♥❡ ✈❛B✐❛❜❧❡ ❞❡

❝♦♠♠❛♥❞❡ u ❡A ❞❡ ♠❡:✉B❡ y ❞♦♥A ❧❡ ♣B♦❞✉✐A ❡:A ♣B♦♣♦BA✐♦♥♥❡❧ H ❧❛ ♣✉✐::❛♥❝❡ ✐♥❥❡❝AJ❡ H

❧❛ :AB✉❝A✉B❡✱ ❧❡ AB❛♥:❢❡BA ❡♥AB❡ u ❡A y ❡:A ❛❧♦B:✱ ❞❛♥: ❧✬❛♥❛❧♦❣✐❡ ❞✐B❡❝A❡✱ ♣B♦♣♦BA✐♦♥♥❡❧ H ❧❛

♠♦❜✐❧✐AJ ♠J❝❛♥✐C✉❡ ❧♦❝❛❧❡ ❞❡ ❧❛ :AB✉❝A✉B❡ ❬✶✸❪ ✿

y(ω) = αY (ω)u(ω) α ∈ R
+∗, ∀ω ✭✷✳✶✮

❖X Y ❡A :♦♥ ✐♥✈❡B:❡ Z = Y −1 :♦♥A ❧❛ ♠♦❜✐❧✐AJ ❡A ❧✬✐♠♣J❞❛♥❝❡ ♠J❝❛♥✐C✉❡ ❧♦❝❛❧❡ ❞✉ :②:AE♠❡

H ❧❛ ♣✉❧:❛A✐♦♥ ω✳ ❖♥ ❞✐A C✉❡ ❧❡: ✈❛B✐❛❜❧❡: u ❡A y :♦♥A ❝♦❧♦❝❛❧✐:J❡: ❞✉❛❧❡:✱ ❝❡ C✉✐ ❣❛B❛♥A✐A ❧❛

♣❛::✐✈✐AJ ❞✉ :②:AE♠❡ ✭

∫ t

0
u(r)y(r)dr ≥ 0✮✳ ▲❛ ♠❛❥♦B✐AJ ❞❡: :②:AE♠❡: BJ❡❧: JA❛♥A ❞✐::✐♣❛A✐❢:✱

❝❡AA❡ ✐♥J❣❛❧✐AJ ❞❡✈✐❡♥A :AB✐❝A❡✳ ❊♥ ♣B❛A✐C✉❡✱ ❧✬❛❝A✐♦♥♥❡✉B ❡A ❧❡ ❝❛♣A❡✉B ♥❡ ♣❡✉✈❡♥A ♣❛: YAB❡

♣❛B❢❛✐A❡♠❡♥A ❝♦❧♦❝❛❧✐:J: ❡A ❧❡: ❤②♣♦A❤E:❡: C✉✐ ❣❛B❛♥A✐::❡♥A ❧❛ ❞✉❛❧✐AJ ♥❡ :♦♥A ♣❛: A♦✉❥♦✉B:

B❡:♣❡❝AJ❡: ✿ ❧❛ :✐A✉❛A✐♦♥ ❞❡ ❝♦❧♦❝❛A✐♦♥ ❞✉❛❧❡ ♥✬❡:A ❥❛♠❛✐: B✐❣♦✉B❡✉:❡♠❡♥A ♦❜A❡♥✉❡ C✉❡ :✉B

✉♥❡ ❣❛♠♠❡ ❞❡ ❢BJC✉❡♥❝❡: ♣❧✉: ♦✉ ♠♦✐♥: ✐♠♣♦BA❛♥A❡✳ ■❧ ❡:A ♣♦::✐❜❧❡ ❞❡ ♠♦♥AB❡B ❬✽✾❪ C✉❡

❧❛ :AB✐❝A❡ ♣❛::✐✈✐AJ ❞✬✉♥ :②:AE♠❡ ❡:A JC✉✐✈❛❧❡♥A❡ H :❛ :AB✐❝A❡ BJ❡❧❧❡ ♣♦:✐A✐✈✐AJ✳ ❙✐ H ❡:A ❧❛

❢♦♥❝A✐♦♥ ❞❡ AB❛♥:❢❡BA ❡♥AB❡ u ❡A y ❝❡❧❧❡✲❝✐ :✬J❝B✐A ❞❡ ❧❛ ♠❛♥✐EB❡ :✉✐✈❛♥A❡ ✿

ℜ(H(jω)) > 0 ∀ω ∈ R
+∗

✭✷✳✷✮

❙✐ ❧❡ :②:AE♠❡ ❡:A ❜♦✉❝❧J ❛✈❡❝ ✉♥ ❣❛✐♥ BJ❡❧ ♣♦:✐A✐❢✱ ❧❡ AB❛❝J ❞❡ ◆②C✉✐:A ❞❡ ❧❛ ❜♦✉❝❧❡ ♦✉✈❡BA❡

❡:A A♦✉❥♦✉B: :✐A✉J ❞❛♥: ❧❡ ❞❡♠✐✲♣❧❛♥ ❞B♦✐A ✿ ✐❧ ♥✬② ❛ A❤J♦B✐C✉❡♠❡♥A ❛✉❝✉♥ B✐:C✉❡ ❞✬✐♥:A❛❜✐❧✐AJ

❡A ❝❡ C✉❡❧❧❡ C✉❡ :♦✐A ❧❛ ✈❛❧❡✉B ❞❡ ❝❡ ❣❛✐♥✳ ❉❛♥: ❝❡ ❝❛:✱ ❧❡ A❡B♠❡ ❞❡ :A❛❜✐❧✐AJ ✐♥❝♦♥❞✐A✐♦♥♥❡❧❧❡

❬✾✷❪ ❡:A ❡♠♣❧♦②J✳ ■❧ ❡:A ❞♦♥❝ ♣♦::✐❜❧❡ ❞❡ :✬❛::✉B❡B ❞❡ ❧❛ :A❛❜✐❧✐AJ ❞✉ :②:AE♠❡ ❡♥ ✈JB✐✜❛♥A :❛

:AB✐❝A❡ BJ❡❧❧❡ ♣♦:✐A✐✈✐AJ ❬✼❪✳

▲♦B:C✉✬✉♥ :②:AE♠❡ ♠✉❧A✐✲❡♥ABJ❡: ♠✉❧A✐✲:♦BA✐❡: ✭▼■▼❖✮ ❡:A ✐♠♣❧❛♥AJ✱ ❝❡AA❡ ❝♦♥❞✐A✐♦♥ :✉B

❧❛ ♠❛AB✐❝❡ H ❞❡: AB❛♥:❢❡BA: ❡♥AB❡ ❧❡: ✈❡❝A❡✉B: ❞❡ ❝♦♠♠❛♥❞❡ u ❡A ❞❡ ♠❡:✉B❡ y :✉B ❧❡: Nu

✉♥✐AJ: ❞❡ ❝♦♥ABO❧❡ :✬❡①♣B✐♠❡ ♣❛B❢♦✐: ❬✽✾❪ :♦✉: ❧❛ ❢♦B♠❡ ✿

H(jω) +H(jω)H > 0, ∀ω ∈ R, ✭✷✳✸✮

❝❡ C✉✐ :✐❣♥✐✜❡ C✉❡ ❧❡: ✈❛❧❡✉B: ♣B♦♣B❡: ❞❡ H(jω)+H(jω)H :♦♥A BJ❡❧❧❡: ♣♦:✐A✐✈❡:✳ ❉❡ ♠Y♠❡✱

✉♥ :②:AE♠❡ ▼■▼❖ ♣❛::✐❢ ❜♦✉❝❧J ♣❛B ✉♥ ❢❡❡❞❜❛❝❦ ♥J❣❛A✐❢ ▼■▼❖ ♣❛::✐❢ ✭❣❛✐♥ ♣♦:✐A✐❢ ❞✐❛❣♦✲

♥❛❧✮ ❡:A ✐♥❝♦♥❞✐A✐♦♥♥❡❧❧❡♠❡♥A :A❛❜❧❡ ❬✼❪✳
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✷✳✸ ❈❤♦✐① ❞❡* ✉♥✐-.* ❞❡ ❝♦♥-01❧❡

❉❛♥1 ❧❛ 1❡❝5✐♦♥ ♣9:❝:❞❡♥5❡✱ ✐❧ ❛ :5: ♠♦♥59: ❧✬✐♥5:9>5 ♣♦✉9 ❧❛ 15❛❜✐❧✐5: ❞✉ ❝♦♥59A❧❡ ❞❡ ❞✐1♣♦1❡9
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❝❛♣❛❝✐8✐❢ ✐♥❞✉✐8 ♣❛5 ❧❡ ♠❛825✐❛✉ ♣✐2③♦2❧❡❝85✐F✉❡ ❬✼✼❪✳ ▲✬✉8✐❧✐>❛8✐♦♥ ❞✬✉♥ ❛❝8✐♦♥♥❡✉5 ✐♥❡58✐❡❧

❡♥ >❡♥>♦5✐❛❝8✉❛8❡✉5 ❡>8 ❜❡❛✉❝♦✉♣ ♠♦✐♥> ❝♦✉5❛♥8❡ ❬✹✼❪❬✺✷❪✳ ❈♦♠♠❡ ♣♦✉5 ✉♥ ❤❛✉8✲♣❛5❧❡✉5

✱ ❝❡88❡ ♦♣25❛8✐♦♥ ♥2❝❡>>✐8❡ ❡♥85❡ ❛✉85❡> ❞❡ ❝♦♠♣❡♥>❡5 ❧✬❡✛❡8 52>✐>8✐❢ ❡8 ✐♥❞✉❝8✐❢ ❞✉ 85❛♥>✲

❞✉❝8❡✉5✳ ❇♦✉❧❛♥❞❡8 ❡! ❛❧ ❬✶✻❪ ♦♥8 ♠♦♥852 F✉❡ ♣♦✉5 ✉♥❡ >85✉❝8✉5❡ ♣❡✉ ❛♠♦58✐❡✱ ❧✬✉8✐❧✐>❛8✐♦♥

❞❡ >❡♥>♦5✐❛❝8✉❛8❡✉5> ♣✐2③♦2❧❡❝85✐F✉❡> ♦✉ 2❧❡❝85♦❞②♥❛♠✐F✉❡> ♣❡5♠❡8 ❞✬♦❜8❡♥✐5 ❞❡> 52>✉❧8❛8>

❝♦♠♣❛5❛❜❧❡> ♣♦✉5 ❞✉ ❝♦♥85]❧❡ ❛❝8✐❢ ❞❡ ✈✐❜5❛8✐♦♥✳

✷✳✹ ❆♠♦&'✐))❡♠❡♥' ❛❝'✐❢

❊♥ ♣5✐♥❝✐♣❡✱ ❧❛ 52❞✉❝8✐♦♥ ❞✉ ♥✐✈❡❛✉ ❞❡ ✈✐❜5❛8✐♦♥ ❧♦❝❛❧❡ ❞❡ ❧❛ >85✉❝8✉5❡ ❝♦55❡>♣♦♥❞ R ✉♥❡

52❞✉❝8✐♦♥ ❞✉ ♥✐✈❡❛✉ ✈✐❜5❛8♦✐5❡ ❣❧♦❜❛❧✳ ❙✉5 ❧❡> >85✉❝8✉5❡> ♣❡✉ ❛♠♦58✐❡>✱ ❧❛ 52❞✉❝8✐♦♥ ❞❡



✷✳✹✳ ❆▼❖❘❚■❙❙❊▼❊◆❚ ❆❈❚■❋ ✶✼

❧✬2♥❡5❣✐❡ ❝✐♥29✐:✉❡ 9♦9❛❧❡ ❡♥95❛>♥❡ ✉♥❡ ❞✐♠✐♥✉9✐♦♥ ❞❡ ❧❛ ♣✉✐BB❛♥❝❡ ❛❝♦✉B9✐:✉❡ 5❛②♦♥♥2❡

❬✽✼❪✳ ◆❡ 9❡♥❛♥9 ♣❛B ❝♦♠♣9❡ ❞✉ ❝♦✉♣❧❛❣❡ ❡♥95❡ ❧❛ ✈✐❜5❛9✐♦♥ ❡9 ❧❡ 5❛②♦♥♥❡♠❡♥9 ❛❝♦✉B9✐:✉❡✱

❧❛ ♠✐♥✐♠✐B❛9✐♦♥ ❞❡ ❧✬2♥❡5❣✐❡ ❝✐♥29✐:✉❡ ♥✬❡B9 ♣❛B 2:✉✐✈❛❧❡♥9❡ J ❧❛ ♠✐♥✐♠✐B❛9✐♦♥ ❞❡ ❧❛ ♣✉✐B✲

B❛♥❝❡ ❛❝♦✉B9✐:✉❡ 5❛②♦♥♥2❡✳ L♦✉59❛♥9✱ ❡❧❧❡ ♣❡5♠❡9 ❞❛♥B ❝❡ ❝❛B ✉♥❡ ❜♦♥♥❡ ❛992♥✉❛9✐♦♥ ❞✉

♥✐✈❡❛✉ ❞❡ ❜5✉✐9 B✉5 ✉♥❡ ❧❛5❣❡ ❜❛♥❞❡ ❢52:✉❡♥9✐❡❧❧❡ ✭❋✐❣✉5❡ ✷✳✼✮✳ ❉❡ ♣❧✉B✱ ❝❡99❡ B95❛92❣✐❡ ❡B9

5♦❜✉B9❡ J ♥✬✐♠♣♦59❡ :✉❡❧ 9②♣❡ ❞✬❡①❝✐9❛9✐♦♥✳ ❆✐♥B✐✱ ❞❡ ♥♦♠❜5❡✉B❡B 29✉❞❡B ♦♥9 ❝❤❡5❝❤2 J ✐♠✲

♣♦B❡5 ❧♦❝❛❧❡♠❡♥9 ❞❡ ❧✬❛♠♦59✐BB❡♠❡♥9 J ❧❛ B95✉❝9✉5❡✳ ❊♥ 52❛❧✐B❛♥9 ❧♦❝❛❧❡♠❡♥9 ❞❡ ❧✬❛❜B♦5♣9✐♦♥

❞✬2♥❡5❣✐❡ J ❧✬❛✐❞❡ ❞✬✉♥ B②B9S♠❡ ❞♦♥9 ❧❛ ♣❛BB✐✈✐92 ❡B9 ❣❛5❛♥9✐❡ ♣❛5 ❧❛ ❞✉❛❧✐92✱ ❧❛ B9❛❜✐❧✐92

❞✉ ❝♦♥95T❧❡ ♠✐B ❡♥ ♣❧❛❝❡ ❡B9 ❛BB✉52❡ ❬✽✵❪✳ L♦✉5 ❝❡B 5❛✐B♦♥B✱ ❧❛ 52❛❧✐B❛9✐♦♥ ❞✬❛♠♦59✐BB❡♠❡♥9

❡B9 ❧✬♦❜❥❡❝9✐❢ ❞❡ ❧❛ ❣5❛♥❞❡ ♠❛❥♦5✐92 ❞❡B B95❛92❣✐❡B ❞❡ ❝♦♥95T❧❡ ✈✐❜5♦❛❝♦✉B9✐:✉❡ ❞2❝❡♥95❛❧✐B2✳

❊❧❧❡B B❡ 52♣❛59✐BB❡♥9 ♣5✐♥❝✐♣❛❧❡♠❡♥9 ❡♥ ❞❡✉① ❣5♦✉♣❡B✳

❋✐❣✉5❡ ✷✳✼ L✉✐BB❛♥❝❡ ❛❝♦✉B9✐:✉❡ 5❛②♦♥♥2❡ B❛♥B ❝♦♥95T❧❡ ✭95❛✐9 ♣♦✐♥9✐❧❧2✮ ❡9 ❛✈❡❝

♠✐♥✐♠✐B❛9✐♦♥ ❞❡ ❧✬2♥❡5❣✐❡ ❝✐♥29✐:✉❡ ❞❡ ❧❛ ♣❧❛:✉❡ ✭95❛✐9 ♣❧❡✐♥✮ ❬✽✼❪✳

✷✳✹✳✶ ❋❡❡❞❜❛❝❦ +✐♠♣❧❡ ❣❛✐♥

❆✈❡❝ ❞❡B ✉♥✐92B ❞❡ ❝♦♥95T❧❡ ❝♦♠♣♦B2❡B ❞✬✉♥ ❛❝9✐♦♥♥❡✉5 ❡9 ❞✬✉♥ ❝❛♣9❡✉5 ❞✉❛❧ ❝♦❧♦❝❛❧✐B2✱ ❧❡

✈❡❝9❡✉5 ❞❡B ❝♦♠♠❛♥❞❡B u :✉✐ ❡B9 ✐♠♣♦B2 ♣♦✉5 52❛❧✐B❡5 ❧✬❛♠♦59✐BB❡♠❡♥9 ❞❡ ❧❛ B95✉❝9✉5❡ ❡B9

52❣✉❧✐S5❡♠❡♥9 ❞2✜♥✐ ❡♥ ❢♦♥❝9✐♦♥ ❞✉ ✈❡❝9❡✉5 ❞❡B B✐❣♥❛✉① ♠❡B✉52B y 9❡❧ :✉❡ ✿

u(ω) = −gy(ω), g ∈ R
+∗, ∀ω ∈ R

+∗
✭✷✳✹✮



✶✽ ❈❍❆%■❚❘❊ ✷✳ ➱❚❆❚ ❉❊ ▲✬❆❘❚

❈♦♠♠❡ ✐❧ ❧✬❛ ❞7❥9 7:7 7✈♦<✉7✱ ❧❛ ♣♦@✐:✐✈✐:7 ❞✉ :A❛♥@❢❡A: ❡♥:A❡ ❧❡@ ❞❡✉① ✈❛A✐❛❜❧❡@ ❞✉❛❧❡@

♣❡A♠❡: ❞❡ ❣❛A❛♥:✐A ❧❛ @:❛❜✐❧✐:7 ❞✉ ❝♦♥:AH❧❡ <✉❡❧❧❡ <✉❡ @♦✐: ❧❛ ✈❛❧❡✉A ❞❡ g ❬✾✷❪✳ ❈❡❧❛ ❛✉:♦✲

A✐@❡ 7❣❛❧❡♠❡♥: ❧❛ ♣♦@@✐❜✐❧✐:7 ❞❡ A7♣❛A:✐A ♣❧✉@✐❡✉A@ ✉♥✐:7@ @✉A ❧❛ @:A✉❝:✉A❡ ❡: ❞❡ A7❛❧✐@❡A ✉♥

❝♦♥:AH❧❡ ♠✉❧:✐✈♦✐❡@ ❞7❝❡♥:A❛❧✐@7 ✭❋✐❣✉A❡ ✷✳✽✮✱ ❧❛ ❞7❢❛✐❧❧❛♥❝❡ ❞✬✉♥❡ ❞❡@ ✉♥✐:7@ ♥❡ A✐@<✉❛♥:

♣❛@ ❞❡ ♣❡A:✉A❜❡A ❧❛ @:❛❜✐❧✐:7 ❞✉ @②@:Q♠❡✳ ❉✬❛♣AQ@ ❧❛ @❡❝:✐♦♥ ♣A7❝7❞❡♥:❡✱ ✐❧ ❡@: ♣♦@@✐❜❧❡ ❞❡

♠❡::A❡ ❡♥ ♣❧❛❝❡ ✉♥ :❡❧ ❝♦♥:AH❧❡ 9 ❧✬❛✐❞❡ ❞✬✉♥✐:7@ 7❧❡❝:A♦❞②♥❛♠✐<✉❡@ ♠❛✐@ ❛✉@@✐ ♣✐7③♦7❧❡❝✲

:A✐<✉❡@ ✿ ❞✐✛7A❡♥:❡@ 7:✉❞❡@ ♣❡A♠❡::❡♥: ❞❡ ❝♦♥❝❧✉A❡ <✉❡ ❧❡@ A7@✉❧:❛:@ ♦❜:❡♥✉@ ❞❛♥@ ❧❡@ ❞❡✉①

❝❛@ @♦♥: A❡❧❛:✐✈❡♠❡♥: ✐❞❡♥:✐<✉❡@ ❬✸✶❪✳

❋✐❣✉A❡ ✷✳✽ ❈♦♥:AH❧❡ ❢❡❡❞❜❛❝❦

✭A7:A♦❛❝:✐♦♥✮ ♣❛A @✐♠♣❧❡ ❣❛✐♥ g
@✉A ❧❛ ✈✐:❡@@❡ ❞❡ ❞7❢♦A♠❛:✐♦♥ ❞❡

❧❛ @:A✉❝:✉A❡ ❬✹✵❪✳
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❋✐❣✉A❡ ✷✳✾ ➱♥❡A❣✐❡ ❝✐♥7:✐<✉❡

❞❡ ❧❛ ♣❧❛<✉❡ ♣♦✉A ❞✐✛7A❡♥:❡@

✈❛❧❡✉A@ ❞❡ ❣❛✐♥ ❞❡ ❢❡❡❞❜❛❝❦ @✉A

❧❛ ✈✐:❡@@❡ ❬✾✻❪ ✿g = 0 ✭7♣❛✐@✮✱

g = 7 ✭:✐A❡:@✮✱ g = 25 ✭✜♥✮✱

g = 106 ✭♣♦✐♥:✐❧❧7✮✳

❊♥ ❞❡❤♦A@ ❞✉ ❢❛✐: <✉❡ ❧❛ @:❛❜✐❧✐:7 ❞✬✉♥ :❡❧ ❝♦♥:AH❧❡ ❡@: ❡♥ ♣A❛:✐<✉❡ @❡✉❧❡♠❡♥: ❝♦♥❞✐:✐♦♥✲

♥❡❧❧❡✱ ❡♠♣\❝❤❛♥: ❞✬❛✉❣♠❡♥:❡A ❧❛ ✈❛❧❡✉A ❞✉ ❣❛✐♥ ❞❡ A7:A♦❛❝:✐♦♥ ❞❡ ♠❛♥✐QA❡ ✐♥✜♥✐❡✱ ✐❧ ❡@:

✐♠♣♦A:❛♥: ❞❡ ♥♦:❡A <✉❡ ♣♦✉A ✉♥❡ :A♦♣ ❣A❛♥❞❡ ✈❛❧❡✉A ❞❡ g✱ ❧❛ ✈✐:❡@@❡ ❞❡ ❧❛ @:A✉❝:✉A❡ ❛✉

✈♦✐@✐♥❛❣❡ ❞✉ ♣♦✐♥: ❞❡ ❝♦♥:AH❧❡ ❡@: <✉❛@✐♠❡♥: ♥✉❧❧❡✳ ▲❛ @:A✉❝:✉A❡ ❡@: ❧♦❝❛❧❡♠❡♥: ❜❧♦<✉7❡✱

❧✬7♥❡A❣✐❡ ❛❜@♦A❜7❡ ♣❛A ❧❡ ❝♦♥:AH❧❡ ❡@: ♥✉❧❧❡ ❡: ❧❛ @:A❛:7❣✐❡ ♥❡ ❝♦AA❡@♣♦♥❞ ♣❧✉@ 9 ❞❡ ❧✬❛♠♦A✲

:✐@@❡♠❡♥:✳ ❯♥ :❡❧ ❜❧♦❝❛❣❡ ❡@: 9 ❧✬♦A✐❣✐♥❡ ❞✬✉♥❡ A❡@:A✉❝:✉A❛:✐♦♥ ♠♦❞❛❧❡ <✉✐ ♣❡✉: ❡♥:A❛^♥❡A

❧✬❛✉❣♠❡♥:❛:✐♦♥ ❞❡ ❧✬7♥❡A❣✐❡ ❝✐♥7:✐<✉❡ ❣❧♦❜❛❧❡ 9 ❝❡A:❛✐♥❡@ ❢A7<✉❡♥❝❡@ ✭✈♦✐A ❋✐❣✉A❡ ✷✳✾✮✳ ■❧

❡①✐@:❡ ❞♦♥❝ ♣♦✉A ❝❤❛<✉❡ ✉♥✐:7✱ ✉♥ ❣❛✐♥ gEc
<✉✐ ♣❡A♠❡: ❞❡ ♠✐♥✐♠✐@❡A ❧✬7♥❡A❣✐❡ ❝✐♥7:✐<✉❡✳

❉✬❛♣AQ@ ❩✐❧❧❡::✐ ❬✾✻❪✱ ❝❡ ❝A✐:QA❡ ❞✬♦♣:✐♠✐@❛:✐♦♥ ❣❧♦❜❛❧ @❡ :A❛❞✉✐: ❞❡ ♠❛♥✐QA❡ ❧♦❝❛❧❡ ✿ ❧❛ ♠✐✲

♥✐♠✐@❛:✐♦♥ ❞❡ ❧✬7♥❡A❣✐❡ ❝✐♥7:✐<✉❡ ❣❧♦❜❛❧❡ ❞❡ ❧❛ @:A✉❝:✉A❡ ❝♦AA❡@♣♦♥❞ 9 ❧❛ ♠❛①✐♠✐@❛:✐♦♥ ❞❡

❧✬❛❜@♦A♣:✐♦♥ ❞✬7♥❡A❣✐❡ @✉A ❝❤❛<✉❡ ✉♥✐:7✳ ❙✐ gEa
❡@: ❧❡ ❣❛✐♥ <✉✐ ♣❡A♠❡: ❝❡::❡ ♠❛①✐♠✐@❛:✐♦♥✱

❛❧♦A@ @✉A ❧❛ ❜❛♥❞❡ ❢A7<✉❡♥:✐❡❧❧❡ ❝♦♥@✐❞7A7❡ ❞❛♥@ ❝❡::❡ 7:✉❞❡✱ gEa = gEc
✳ ■❧ ❛♣♣❛A❛^: <✉❡



✷✳✹✳ ❆▼❖❘❚■❙❙❊▼❊◆❚ ❆❈❚■❋ ✶✾

❝❡22❡ 3❣❛❧✐23 ♥✬❡:2 ✈❛❧❛❜❧❡ =✉❡ :✉? ✉♥❡ ❝❡?2❛✐♥❡ ❜❛♥❞❡ ❢?3=✉❡♥2✐❡❧❧❡✳ ❊♥ ❡①♣?✐♠❛♥2 ❝❡: ❝?✐✲

2F?❡: ❞✬♦♣2✐♠✐:❛2✐♦♥ ❞❛♥: ❧❡ ❞♦♠❛✐♥❡ 2❡♠♣♦?❡❧✱ ●❛?❞♦♥✐♦ ❬✹✵❪ ♠♦♥2?❡ =✉❡ ❞❛♥: ❝❡?2❛✐♥:

❝❛:✱ gEa 6= gEc
❡2 ❧❡: ❝♦♠♣❛?❡ ❡♥ ❢♦♥❝2✐♦♥ ❞❡ ♣❛?❛♠F2?❡: ❝♦♠♠❡ ❧❡ ♥♦♠❜?❡ ❞✬✉♥✐23: :✉? ❧❛

:2?✉❝2✉?❡✳

✷✳✹✳✷ ❙❤✉♥' ❝❛♣❛❝✐'✐❢-

■❧ ❡:2 3❣❛❧❡♠❡♥2 ♣♦::✐❜❧❡ ❞❡ ?3❛❧✐:❡? ❧✬❛♠♦?2✐::❡♠❡♥2 ❧♦❝❛❧ ❞❡ ❧❛ :2?✉❝2✉?❡ ❞❡ ♠❛♥✐F?❡ ♣❛:✲

:✐✈❡✱ ❡♥ ❧✉✐ ✐♥23❣?❛♥2 ❞❡: 3❧3♠❡♥2: ♣✐3③♦3❧❡❝2?✐=✉❡: ❬✸✺❪✳ ▲♦?:=✉❡ ❧❛ :2?✉❝2✉?❡ ❡:2 :♦✉♠✐:❡

Q ✉♥❡ ♣❡?2✉?❜❛2✐♦♥ ♣?✐♠❛✐?❡✱ ❧❛ ✈✐2❡::❡ 2?❛♥:✈❡?:❡ ❡♥❣❡♥❞?3❡ ♣?♦✈♦=✉❡ ❧✬❛♣♣❛?✐2✐♦♥ ❞✬✉♥

♣♦2❡♥2✐❡❧ 3❧❡❝2?✐=✉❡ V ❛✉① ❜♦?♥❡: ❞❡ ❧✬3❧3♠❡♥2 ♣✐3③♦3❧❡❝2?✐=✉❡ ✭❋✐❣✉?❡ ✷✳✶✵✮✳ ❙✐ ❝❡❧✉✐✲❝✐

❡:2 ❝♦♥♥❡❝23 Q ✉♥❡ ✐♠♣3❞❛♥❝❡ 3❧❡❝2?✐=✉❡ Ze
✱ ❧❡ ❝♦✉?❛♥2 3❧❡❝2?✐=✉❡ I ❛♣♣❛?❛✐::❛♥2 ❞❛♥: ❧❡

❝✐?❝✉✐2 ♣?♦✈♦=✉❡ ♣❛? ❡✛❡2 ❏♦✉❧❡ ❧❛ ❞✐::✐♣❛2✐♦♥ ❞❡ ❧✬3♥❡?❣✐❡ 3❧❡❝2?✐=✉❡ ♠✐:❡ ❡♥ ❥❡✉✳
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❋✐❣✉?❡ ✷✳✶✵ ❙❝❤3♠❛ ❞✬✉♥ ❝♦♥2?X❧❡ ♣❛? ✐♠♣3❞❛♥❝❡ 3❧❡❝2?✐=✉❡ ❞❡ ❞✐::✐♣❛2✐♦♥✳

▲❛ ♣❧✉♣❛?2 ❞❡: 2?❛✈❛✉① ❞❛♥: ❝❡ ❞♦♠❛✐♥❡ ♦♥2 ❛✐♥:✐ ♣♦?23 :✉? ❧❡ ❝❤♦✐① ❞❡ ❧✬✐♠♣3❞❛♥❝❡ 3❧❡❝✲

2?✐=✉❡ ❞❡ ❞✐::✐♣❛2✐♦♥ Ze
✳ ▲❛ ❝♦♥:2?✉❝2✐♦♥ ❞✬✉♥ ❝✐?❝✉✐2 ?3:♦♥❛♥2 ♣❡?♠❡2 ❞❡ ❞3❣?❛❞❡? ❡✣❝❛✲

❝❡♠❡♥2 ❧✬3♥❡?❣✐❡ ♠3❝❛♥✐=✉❡ Q ❧❛ ❢?3=✉❡♥❝❡ ❞❡ ?3:♦♥❛♥❝❡ ❞✬✉♥ ♠♦❞❡ :2?✉❝2✉?❡❧ ❬✹✺❪✳ ■❧ ❡:2

3❣❛❧❡♠❡♥2 ♣♦::✐❜❧❡✱ 2♦✉2 ❞✉ ♠♦✐♥: ❡♥ ♣?✐♥❝✐♣❡✱ ❞✬❛223♥✉❡? Q ❧❛ ❢♦✐: ❞❡✉① ♠♦❞❡: :2?✉❝2✉?❛✉①

Q ❧✬❛✐❞❡ ❞❡ ❝✐?❝✉✐2: ♣❛?❛❧❧F❧❡: ❬✺✵❪✳ Z❧✉: ?3❝❡♠♠❡♥2✱ ❇❡❝❦ ❡2 ❛❧ ❬✾❪ ♦♥2 32✉❞✐3 ❧✬❡✛❡2 ❞❡ ❧✬❛❥♦✉2

❞✬✉♥❡ ❝❛♣❛❝✐23 ♥3❣❛2✐✈❡ ❛✜♥ ❞❡ ❝♦♠♣❡♥:❡? ❝❡❧❧❡ ❞❡ ❧✬3❧3♠❡♥2 ♣✐3③♦3❧❡❝2?✐=✉❡✳ ▲❛ ?3❛❧✐:❛2✐♦♥

❞✬✉♥❡ ❝❛♣❛❝✐23 ♥3❣❛2✐✈❡ ♥3❝❡::✐2❛♥2 ✉♥ ❝✐?❝✉✐2 ❛❝2✐❢✱ ❧❛ ♠32❤♦❞❡ ♣?♦♣♦:3❡ ♥❡ ♣❡✉2 ♣❧✉: ^2?❡

=✉❛❧✐✜3❡ ❞❡ ♣❛::✐✈❡ Q ♣?♦♣?❡♠❡♥2 ♣❛?❧❡? ♠❛✐: ♣❡?♠❡2 ❞✬32❡♥❞?❡ ❧✬❡✛❡2 ❞✉ ❝♦♥2?X❧❡ Q ✉♥❡

❜❛♥❞❡ ❢?3=✉❡♥2✐❡❧❧❡ ♣❧✉: ❧❛?❣❡✳ ▲❛ ❞✐:♣♦:✐2✐♦♥ ❞❡: ✉♥✐23: :❡❧♦♥ ✉♥❡ ❝♦♥✜❣✉?❛2✐♦♥ ♣3?✐♦❞✐=✉❡

♣❡?♠❡2 3❣❛❧❡♠❡♥2 ❞❡ ♥❡ ♣❧✉: :❡ ❧✐♠✐2❡? ❛✉ ❝♦♥2?X❧❡ ❞✬✉♥❡ ❞❡: ?3:♦♥❛♥❝❡: ❞✉ :②:2F♠❡ ❬✾❪❬✾✸❪✳

❊♥✜♥✱ ❛✜♥ ❞❡ ❝❛❧❡? ❡♥ 2❡♠♣: ?3❡❧ ❧❛ ?3:♦♥❛♥❝❡ ❞✉ ❝✐?❝✉✐2 3❧❡❝2?✐=✉❡ ❛✈❡❝ ❝❡❧❧❡ ❞✉ ♠♦❞❡

:2?✉❝2✉?❡❧✱ ✐❧ ❡:2 ♣♦::✐❜❧❡ ❞❡ ♠❡22?❡ ❡♥ ♣❧❛❝❡ ❞❡: ❝✐?❝✉✐2: ❛✉2♦?3❣✉❧❛2❡✉?: ❛❝2✐❢: ❬✺✶❪❬✷✹❪✳

❊♥ ❝♦♥❝❧✉:✐♦♥✱ ✐❧ ❡:2 ✐♥23?❡::❛♥2 ❞❡ ♥♦2❡? =✉❡ ❝❡: ♠32❤♦❞❡: ♣❛::✐✈❡: ❡2 ❛❝2✐✈❡: ✈✐:❛♥2 Q ?3❛✲

❧✐:❡? ❞❡ ❧✬❛♠♦?2✐::❡♠❡♥2 :♦♥2 ❜❛:3❡: :✉? ❞❡: ♣?✐♥❝✐♣❡: ♣?♦❝❤❡:✳ ❈❡: ♣?✐♥❝✐♣❡: :♦♥2 ❛✉ ❝`✉?

❞❡ ❧❛ ♠32❤♦❞❡ ❞❡: ✐♠♣3❞❛♥❝❡: ♠3❝❛♥✐=✉❡: ✈✐?2✉❡❧❧❡: ❡2 :♦♥2 ❞3✈❡❧♦♣♣3: ❞❛♥: ❧❛ :❡❝2✐♦♥

:✉✐✈❛♥2❡✳



✷✵ ❈❍❆%■❚❘❊ ✷✳ ➱❚❆❚ ❉❊ ▲✬❆❘❚

✷✳✺ ❈♦♥&'(❧❡ ❛❝&✐❢ ❞❡ ❧✬✐♠♣3❞❛♥❝❡ ♠3❝❛♥✐4✉❡ ❧♦❝❛❧❡

❈❡00❡ 1❡❝0✐♦♥✱ ❝♦♥1❛❝89❡ ❛✉ ❝♦♥08;❧❡ ❛❝0✐❢ ❞❡ ❧✬✐♠♣9❞❛♥❝❡ ♠9❝❛♥✐A✉❡ ❧♦❝❛❧❡ 1❡ ❞✐✈✐1❡ ❡♥

❞❡✉① ♣❛80✐❡1✳ ▲❡ ♣8✐♥❝✐♣❡ ❞✬✉♥❡ 0❡❧❧❡ ❛♣♣8♦❝❤❡ ❡10 ❡①♣❧✐A✉9 ❞❛♥1 ✉♥❡ ♣8❡♠✐E8❡ ♣❛80✐❡✳ ❉❛♥1

✉♥❡ 1❡❝♦♥❞❡ ♣❛80✐❡✱ ❧❡1 90✉❞❡1 89❛❧✐19❡1 ❡①♣❧✐❝✐0❡♠❡♥0 ❞❛♥1 ❧❡ ❜✉0 ❞❡ ❝♦♥08;❧❡8 ❧✬✐♠♣9❞❛♥❝❡

♠9❝❛♥✐A✉❡ ❧♦❝❛❧❡ ✭❡0 A✉✐ 1♦♥0 ❞♦♥❝ ❢♦♥❞9❡1 1✉8 ❧❡ ♣8✐♥❝✐♣❡ ❞9✈❡❧♦♣♣9 ❞❛♥1 ❧❛ ♣8❡♠✐E8❡ ♣❛8✲

0✐❡✮ 1♦♥0 ❞9❝8✐0❡1 ❡♥ ✐♥1✐10❛♥0 1✉8 ❧❡ ❝❛8❛❝0E8❡ ♣❛8❛♠908✐A✉❡ ❡0✴♦✉ ♦♣0✐♠❛❧ ❞❡ ❧✬✐♠♣9❞❛♥❝❡

♠9❝❛♥✐A✉❡ 89❛❧✐19❡✳

✷✳✺✳✶ $%✐♥❝✐♣❡

❉❛♥1 ✉♥ ♣8❡♠✐❡8 0❡♠♣1✱ ❧❡ ❝❛1 ❞✬✉♥❡ 108✉❝0✉8❡ A✉❡❧❝♦♥A✉❡✱ ❡①❝✐09❡ ♣❛8 ✉♥❡ ♣❡80✉8❜❛0✐♦♥

♣8✐♠❛✐8❡ ❡0 9A✉✐♣9❡ ❞✬✉♥❡ 1❡✉❧❡ ✉♥✐09 ❞❡ ❝♦♥08;❧❡ ♣♦1✐0✐♦♥♥9❡ ❡♥ ✉♥ ♣♦✐♥0 O ❡10 ❝♦♥1✐❞989✳

❉❡ ♠❛♥✐E8❡ 08E1 ❝❧❛11✐A✉❡✱ ❧❡ ❜✐❧❛♥ ❞❡1 ❢♦8❝❡1 ❛✉ ♣♦✐♥0 O K ❧❛ ♣✉❧1❛0✐♦♥ ω 1✬9❝8✐0 ✿

Z(ω)ẇ(ω) = ΣFo(ω), ✭✷✳✺✮

♦N Z ❡10 ❧✬✐♠♣9❞❛♥❝❡ ♠9❝❛♥✐A✉❡ ❧♦❝❛❧❡✱ ẇ ❧❛ ✈✐0❡11❡ 08❛♥1✈❡81❡ ❡0 ΣFo ❧❛ 1♦♠♠❡ ❞❡1 ❢♦8❝❡1

❡①098✐❡✉8❡1 ❛✉ ♣♦✐♥0 O✳ ❈❡00❡ ❞❡8♥✐E8❡ ♣❡✉0 1❡ ❞9❝♦♠♣♦1❡8 ❡♥ ❞❡✉① ✿ ❧❛ ❢♦8❝❡ ♣8✐♠❛✐8❡

F pri
o ❞✉❡ K ❧❛ ♣❡80✉8❜❛0✐♦♥ ♣8✐♠❛✐8❡ ❡0 ❧❛ ❢♦8❝❡ 1❡❝♦♥❞❛✐8❡ F sec

o ❡♥❣❡♥❞89❡ ♣❛8 ❧✬❛❝0✐♦♥♥❡✉8✳

❈❡00❡ ❢♦8❝❡ 1✬9❝8✐0 ✿

F sec
o (ω) = Hfu(ω)u(ω), ✭✷✳✻✮

❡♥ ❞9✜♥✐11❛♥0 Hfu ❝♦♠♠❡ ❧❛ ❢♦♥❝0✐♦♥ ❞❡ 08❛♥1❢❡80 ❡♥08❡ ❧❛ ❢♦8❝❡ 89❡❧❧❡♠❡♥0 ❛♣♣❧✐A✉9❡ K ❧❛

108✉❝0✉8❡ ❡♥ ❢♦♥❝0✐♦♥ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ❡♥✈♦②9❡ K ❧✬❛❝0✐♦♥♥❡✉8✳ ❉❡ ♠S♠❡ ✿

ẇ(ω) = Hẇy(ω)y(ω), ✭✷✳✼✮

❛✈❡❝ Hẇy ❧❡ 08❛♥1❢❡80 ❡♥08❡ ❧❛ ✈✐0❡11❡ 08❛♥1✈❡81❡ ❞❡ ❧❛ 108✉❝0✉8❡ ❡0 ❧❡ 1✐❣♥❛❧ ❞❡ ♠❡1✉8❡ y✳

❆❧♦81✱ ❧♦81A✉✬✉♥❡ ❝♦♠♠❛♥❞❡ u 0❡❧❧❡ A✉❡ ✿

u(ω) = −Zc(ω)y(ω), Zc(ω) ∈ C, ✭✷✳✽✮

❡10 ❡♥✈♦②9❡ K ❧✬❛❝0✐♦♥♥❡✉8✱ ✐❧ ❡10 ♣♦11✐❜❧❡ ❞❡ 899❝8✐8❡ ❧✬❊A✳ ✭✷✳✺✮ ✿

Z(ω)ẇ(ω) = F pri
o (ω)−Hfu(ω)Z

c(ω) [Hẇy(ω)]
−1 ẇ(ω) ✭✷✳✾✮

❊♥ ♣♦1❛♥0

Zc
m(ω) = Hfu(ω)Z

c(ω) [Hẇy(ω)]
−1 , ✭✷✳✶✵✮
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✐❧ ❡9: ♣♦99✐❜❧❡ ❞✬?❝A✐A❡ ✿

[Z(ω) + Zc
m(ω)] ẇ(ω) = F pri

o (ω) ✭✷✳✶✶✮

❊♥ ❛♣♣❧✐G✉❛♥: ❧❡ ❝♦♥:AI❧❡ ❞?✜♥✐ K ❧✬❊G✳ ✭✷✳✽✮✱ ❧❛ 9:A✉❝:✉A❡ 9❡ ❝♦♠♣♦A:❡ ✈✐9✲K✲✈✐9 ❞✉ ❝❤❛♠♣

♣A✐♠❛✐A❡ ❛✉ ♣♦✐♥: O ❡: K ❧❛ ♣✉❧9❛:✐♦♥ ω✱ ❝♦♠♠❡ 9✐ 9♦♥ ✐♠♣?❞❛♥❝❡ ♠?❝❛♥✐G✉❡ ✈❛❧❛✐:

[Z(ω) + Zc
m(ω)] ❬✸❪❬✾✶❪✳ ❆✐♥9✐✱ Z

c
m(ω) ❡9: ❞?✜♥✐❡ ❝♦♠♠❡ ❧✬✐♠♣?❞❛♥❝❡ ♠?❝❛♥✐G✉❡ ✈✐A:✉❡❧❧❡

✐♠♣♦9?❡ ❛✉ ♣♦✐♥: O✳ ▲❡ :❡A♠❡ ✧✈✐A:✉❡❧✧ ✐♥9✐9:❡ 9✉A ❧❡ ❢❛✐: G✉❡ ❧✬✐♠♣?❞❛♥❝❡ ♠?❝❛♥✐G✉❡

❛❥♦✉:?❡ ❡9: ♦❜:❡♥✉❡ ♣❛A ❧❛ ❧♦✐ ❞❡ ❝♦♠♠❛♥❞❡ ✭✷✳✽✮ ❡: ♥♦♥ ♣❛A ✉♥ ❞✐9♣♦9✐:✐❢ ♠?❝❛♥✐G✉❡✳ ❈❡

❝♦♥❝❡♣:✱ ?✈♦G✉? ❞Y9 ✶✾✽✾ ♣❛A ●✉✐❝❦✐♥❣ ❬✹✹❪ ❞❛♥9 ❧❡ ❝❛❞A❡ ❞✉ ❝♦♥:AI❧❡ ❛❝:✐❢ ✈✐❜A♦❛❝♦✉9:✐G✉❡✱

❛ ?:? ♠✐9❡ ❡♥ ♣❧❛❝❡ ❞❡ ❞✐✛?A❡♥:❡9 ♠❛♥✐YA❡9✳

✷✳✺✳✷ ❙$%❛$'❣✐❡+ ❞❡ ❝♦♥$%0❧❡ ✈✐❜%♦❛❝♦✉+$✐5✉❡ ♣❛% ❝♦♥$%0❧❡ ❛❝$✐❢ ❞❡

❧✬✐♠♣'❞❛♥❝❡ ♠'❝❛♥✐5✉❡

▲❛ ❞✐✛?A❡♥❝❡ G✉✐ ❡①✐9:❡ ❡♥:A❡ ❧❛ ❣A❛♥❞❡✉A Zc
✐♠♣♦9?❡ ♣❛A ❧❡ ❝♦♥:AI❧❡ ❡: ❧✬✐♠♣?❞❛♥❝❡ ♠?✲

❝❛♥✐G✉❡ ✈✐A:✉❡❧❧❡ Zc
m ✈?A✐:❛❜❧❡♠❡♥: A?❛❧✐9?❡ ❡①♣❧✐G✉❡ ♣♦✉AG✉♦✐ ❧❡9 ♠?:❤♦❞❡9 ❝❧❛99✐G✉❡9

❞✬❛♠♦A:✐99❡♠❡♥: ❛❝:✐❢ ❬✸✶❪ ♥❡ ❝♦AA❡9♣♦♥❞❡♥: ♣❛9 K ♣A♦♣A❡♠❡♥: ♣❛A❧❡A K ❞✉ ❝♦♥:AI❧❡ ❞❡

❧✬✐♠♣?❞❛♥❝❡ ♠?❝❛♥✐G✉❡✳ ❈❡♣❡♥❞❛♥:✱ ❡♥ A?❛❧✐9❛♥: ❧✬❤②♣♦:❤Y9❡ G✉❡ ❧❡9 ✈❛A✐❛❜❧❡9 u ❡: y 9♦♥:

❞✉❛❧❡9✱ ❝❡ G✉✐ ✐♠♣❧✐G✉❡ G✉❡ 9✉A ❧❛ ❜❛♥❞❡ ❞❡ ❢A?G✉❡♥❝❡ ❝♦♥9✐❞?A?❡ ❧❡9 :A❛♥9❢❡A:9 Hfu ❡: Hẇy

9♦♥: ❛♣♣A♦❝❤❛❜❧❡9 ♣❛A ❞❡9 ❝♦♥9:❛♥:❡9 A?❡❧❧❡9 ♣♦9✐:✐✈❡9 ✭✈♦✐A ❊G✳ ✭✷✳✶✮✮✱ ❛❧♦A9 ✐❧ ❡9: ♣♦99✐❜❧❡

❞✬?❝A✐A❡ ✿

Zc(ω) = αZc
m(ω), α ∈ R

+, ✭✷✳✶✷✮

❡: ✉♥❡ ❜♦✉❝❧❡ ❞❡ A?:A♦❛❝:✐♦♥ 9✉A ❧❛ ✈❛A✐❛❜❧❡ y ❛✈❡❝ ✉♥ ❣❛✐♥ g ∈ R
+
❝♦AA❡9♣♦♥❞ ❞♦♥❝ K ❧❛

A?❛❧✐9❛:✐♦♥ ❞✬✉♥ ❛♠♦A:✐99❡♠❡♥: ✈✐A:✉❡❧ ❞❡

g
α
✳ ❙✐ ❧✬❛♣♣A♦①✐♠❛:✐♦♥ ❞❡ Hẇy ♣❛A ✉♥❡ ❝♦♥9:❛♥:❡

❡9: ❛❝❝❡♣:❛❜❧❡ ❞❛♥9 ❧❛ ♠❡9✉A❡ ♦b ❧❡ 9✐❣♥❛❧ ❞❡ ❧✬❛❝❝?❧?A♦♠Y:A❡✱ ❞✐✈✐9? ♣❛A 9❛ 9❡♥9✐❜✐❧✐:? ❡:

✐♥:?❣A? :❡♠♣♦A❡❧❧❡♠❡♥: ♣❡A♠❡: ✉♥❡ ❜♦♥♥❡ ❡9:✐♠❛:✐♦♥ ❞❡ ❧❛ ✈✐:❡99❡ :A❛♥9✈❡A9❡ ❞❡ ❧❛ 9:A✉❝✲

:✉A❡✱ ❧❡ ♠c♠❡ :②♣❡ ❞❡ A❛✐9♦♥♥❡♠❡♥: ❛✈❡❝ Hfu‘ ❡9: ♣❧✉9 ❞✐✣❝✐❧❡ K ❥✉9:✐✜❡A✱ ♠c♠❡ ♣♦✉A ❞❡9

❢A?G✉❡♥❝❡9 9✉♣?A✐❡✉A❡9 K ❧❛ A?9♦♥❛♥❝❡ ❞❡ ❧✬❛❝:✐♦♥♥❡✉A✳

❊♥ ♣❛A:❛♥: ❞❡ ❧❛ ❢♦A❝❡ A?❡❧❧❡♠❡♥: ❛♣♣❧✐G✉?❡ ❡: ❡♥ A❛✐9♦♥♥❛♥: 9✉A ❧✬✐♠♣?❞❛♥❝❡ ♠?❝❛♥✐G✉❡

✐♠♣♦9?❡ ❧♦❝❛❧❡♠❡♥: ♣❛A ❧❡ ❝♦♥:AI❧❡✱ ❊❧❧✐♦:: ❡! ❛❧ ❬✽✹❪ ♣A♦♣♦9❡♥: ✉♥❡ ✐♥:❡A♣A?:❛:✐♦♥ ♣❤②✲

9✐G✉❡ ❞❡ ❧❛ ✈❛❧❡✉A ♠❛①✐♠❛❧❡ ❞✉ ❣❛✐♥ g K ♣❛A:✐A ❞✉G✉❡❧ ❛♣♣❛A❛✐99❡♥: ❞❡9 ✐♥9:❛❜✐❧✐:?9✳ ▲❡9

✐♠♣?❞❛♥❝❡9 ♠?❝❛♥✐G✉❡9 ✐♠♣♦9?❡9 ♣❛A ❧❡ ❝♦♥:AI❧❡✉A G✉✐ ♠❛①✐♠✐9❡♥: ❧✬❛❜9♦A♣:✐♦♥ ❞✬?♥❡A❣✐❡

❛✉ ♥✐✈❡❛✉ ❞❡9 ✉♥✐:?9 ♣❡✉✈❡♥: ?❣❛❧❡♠❡♥: c:A❡ ❝❛❧❝✉❧?❡9 ❬✶✶❪✳ ▲❡✉A ✐♠♣❧❛♥:❛:✐♦♥ ❬✶✷❪ 9❡ ❢❛✐: K

♣❛A:✐A ❞❡ ❧✬❛❝:✐♦♥♥❡✉A ✐♥❡A:✐❡❧ ♠♦❞✐✜? ✭❡♥ ❧✉✐ ❛❥♦✉:❛♥: ✉♥ A❡:♦✉A 9✉A ❧❡ ❞?♣❧❛❝❡♠❡♥: A❡❧❛:✐❢

❡♥:A❡ 9❛ ❜❛9❡ ❡: 9❛ ♠❛99❡ ♠♦❜✐❧❡✮ ❞?❥K ?✈♦G✉? K ❧❛ 9❡❝:✐♦♥ ✷✳✸✳✶ ❬✶✵❪✳
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❉❛♥0 ❧❛ ♣❧✉♣❛45 ❞❡ 0❡0 54❛✈❛✉①✱ ❊❧❧✐♦55✱ ♣♦✉4 ♠✐♥✐♠✐0❡4 ❞❡0 ❝4✐5?4❡0 ❛❝♦✉05✐@✉❡0 ♦✉ ✈✐✲

❜4❛5♦✐4❡0✱ ❢❛✈♦4✐0❡ ❧❛ ♠✐0❡ ❡♥ ♣❧❛❝❡ ❞✬✉♥❡ ✐♠♣D❞❛♥❝❡ ❞✐00✐♣❛5✐✈❡ ♣❧✉5E5 @✉✬✐♥❡45✐❡❧❧❡ ♦✉ ❞❡

4❛✐❞❡✉4✳ ■❧ ② ❛ ♣❡✉✱ ❞✬❛✉54❡0 ♦♥5 5❡♥5D ❞✬✐♠♣♦0❡4 ✉♥❡ ♠❛00❡✲4❛✐❞❡✉4 ✈✐45✉❡❧❧❡ ❛✉ 0②05?♠❡✱

4❡♥❝♦♥54❛♥5 ♣❛4❢♦✐0 ❞❡0 ❞✐✣❝✉❧5D0 ❬✻✸❪✳ ❉❡ 4D❝❡♥5❡0 D5✉❞❡0 5✐❡♥♥❡♥5 ❝♦♠♣5❡ ❞❡0 ♠D❝❛♥✐0♠❡0

@✉✐ ❞♦♠✐♥❡♥5 ❧❛ ♣❡45❡ ♣❛4 54❛♥0♠✐00✐♦♥ ♣♦✉4 ✐♠♣♦0❡4 ✉♥❡ ✐♠♣D❞❛♥❝❡ ♠D❝❛♥✐@✉❡ ✈✐45✉❡❧❧❡

@✉✐ ❛❣✐5 ❝♦♠♠❡ ✉♥❡ ♠❛00❡ ❡♥ ❜❛00❡ ❢4D@✉❡♥❝❡✱ ❡5 ❛♠♦45✐5 ❧❡0 ❢4D@✉❡♥❝❡0 ❛✉✲❞❡❧M ❞❡ ❧❛ ❢4D✲

@✉❡♥❝❡ ❝4✐5✐@✉❡ ❬✼✽❪✳ ▲❡0 @✉❡❧@✉❡0 D5✉❞❡0 ♠❡♥D❡0 ❛✉5♦✉4 ❞❡ ❧✬♦♣5✐♠✐0❛5✐♦♥ ❞❡0 ✐♠♣D❞❛♥❝❡0

♠D❝❛♥✐@✉❡0 ✈✐45✉❡❧❧❡0 ♣❛4 4❛♣♣♦45 M ❧❛ ♠✐♥✐♠✐0❛5✐♦♥ ❞❡ ❧❛ ♣✉✐00❛♥❝❡ ❛❝♦✉05✐@✉❡ 4❛②♦♥♥D❡

♣❛4 ❧❛ 054✉❝5✉4❡ 0❡ ❤❡✉45❡♥5 M ❧❛ ❝♦♥54❛✐♥5❡ ❞❡ ❝❛✉0❛❧✐5D ✿ ❘❡♠✐♥❣5♦♥ ❬✽✷❪ ♠♦♥54❡ @✉✬❡♥ ✉5✐✲

❧✐0❛♥5 ❞✐4❡❝5❡♠❡♥5 ❧❡0 ✈❛❧❡✉40 ❞❡0 ✐♠♣D❞❛♥❝❡0 ♠D❝❛♥✐@✉❡0 ✈✐45✉❡❧❧❡0 ♦♣5✐♠❛❧❡0 54♦✉✈D❡0 ❛✉①

❞✐✛D4❡♥5❡0 ♣✉❧0❛5✐♦♥0 ♣♦✉4 ❢❛❜4✐@✉❡4 ✉♥ ✜❧54❡ ❡5 ♠❡554❡ ❡♥ ♣❧❛❝❡ ✉♥ ❝♦♥54E❧❡ ❧❛4❣❡ ❜❛♥❞❡

❞❛♥0 ❧❡ ❞♦♠❛✐♥❡ 5❡♠♣♦4❡❧✱ ♦♥ 4✐0@✉❡ ❞✬♦❜5❡♥✐4 ✉♥ ✜❧54❡ ♥♦♥ ❝❛✉0❛❧ ❞✬✉♥❡ ♣❛45✱ ❝✬❡05✲M✲❞✐4❡

❞♦♥5 ❧❛ 4D♣♦♥0❡ ✐♠♣✉❧0✐♦♥♥❡❧❧❡ ♥✬❡05 ♣❛0 ♥✉❧❧❡ ♣♦✉4 ❧❡0 5❡♠♣0 ♥D❣❛5✐❢0 ❡5 54?0 ❧♦♥❣✉❡ ❞✬❛✉54❡

♣❛45✳ ■❧ ♣4D❢?4❡ ❛❧♦40 ❛♣♣4♦❝❤❡4 ❧❡0 ✐♠♣D❞❛♥❝❡0 ♦♣5✐♠❛❧❡0 ♣❛4 ✉♥❡ ❢♦4♠❡ ♣❛4❛♠D54✐@✉❡✱ ❡♥

4❛❥♦✉5❛♥5 ✉♥ ❝4✐5?4❡ ❞❡ ❝❛✉0❛❧✐5D ♦✉ ❞❡ 05❛❜✐❧✐5D✳ ❉❡ ♠❛♥✐?4❡ ❣D♥D4❛❧❡✱ ✉♥ 4D0♦♥❛5❡✉4 ❛♠♦45✐

♣❡✉5 0❡ ❞D❝♦♠♣♦0❡4 ❡♥ ❧❛ 0♦♠♠❡ ❞✬✉♥ ❡✛❡5 ❞❡ ♠❛00❡ Mc✱ ❞❡ 4❛✐❞❡✉4 Cc ❡5 ❞✬❛♠♦45✐00❡♠❡♥5

Rc✳ ❊♥ ❝❤♦✐0✐00❛♥5 Zc(ω) 5❡❧ @✉❡ ✿

Zc(ω) = jωMc +Rc +
Cc

jω
, ✭✷✳✶✸✮

✐❧ ❡05 ♣♦00✐❜❧❡ ❞❡ 4D❣❧❡4 ❧❡0 ✈❛❧❡✉40 ❞❡0 4D❡❧0 ♣♦0✐5✐❢0 M c
✱ Rc

❡5 Cc
❞❡ ❝❡ ❝♦♥54E❧❡✉4 05❛❜❧❡

✈✐0 M ✈✐0 ❞❡ ❧❛ ♣✉✐00❛♥❝❡ ❛❝♦✉05✐@✉❡ 4❛②♦♥♥D❡ ♣❛4 ❧❛ 054✉❝5✉4❡✳

❉❛♥0 ❧❡✉40 54❛✈❛✉①✱ ◗✉❛❡❣❡❜❡✉4 ❡! ❛❧ ❬✽✶❪ ❛❜♦4❞❡♥5 ❧❡ ♣4♦❜❧?♠❡ ❞✐✛D4❡♠♠❡♥5 ✿ ♣♦✉4 ✉♥❡

♣❡45✉4❜❛5✐♦♥ ♣4✐♠❛✐4❡ ❤❛4♠♦♥✐@✉❡✱ ✐❧0 ✐♠♣♦0❡♥5✱ ❛✉ ♠♦②❡♥ ❞❡ ✽ ✉♥✐5D0 ♣✐D③♦D❧❡❝54✐@✉❡0✱

❞✐✛D4❡♥5❡0 ✈❛❧❡✉40 ❞✬✐♠♣D❞❛♥❝❡0 ♠D❝❛♥✐@✉❡0 ✈✐45✉❡❧❧❡0 ❡5 54♦✉✈❡♥5 ❛✐♥0✐ ❡①♣D4✐♠❡♥5❛❧❡♠❡♥5

❞❡ ♠❛♥✐?4❡ ❡①❤❛✉05✐✈❡ ❧❛ ✈❛❧❡✉4 ♦♣5✐♠❛❧❡ @✉✐ ♠✐♥✐♠✐0❡ ❧❛ ♣✉✐00❛♥❝❡ ❛❝♦✉05✐@✉❡ 4❛②♦♥♥D❡

♣❛4 ✉♥❡ ♣❧❛@✉❡✳ ❈❡55❡ 4❡❝❤❡4❝❤❡ 0❡ ❢❛✐5 ❛✉5♦✉4 ❞✉ ♣♦✐♥5 ❞✬❛❞❛♣5❛5✐♦♥ ❞✬✐♠♣D❞❛♥❝❡0 ✭Zc
i =

Zi, ∀i = 1..8✮✳ ❉D✜♥✐00❛♥5 ❞❡✉① ♣❛4❛♠?54❡0 4D❡❧0 αRe ❡5 αIm✱ ❧❡0 ✐♠♣D❞❛♥❝❡0 ♠D❝❛♥✐@✉❡0

✈✐45✉❡❧❧❡0 ♦♣5✐♠❛❧❡0 @✉✐ ♣❡4♠❡55❡♥5 ❞✬♦❜5❡♥✐4 ❧❛ ♠❡✐❧❧❡✉4❡ ❛55D♥✉❛5✐♦♥ ❞✉ ♥✐✈❡❛✉ ❞❡ ❜4✉✐5

✭❙$❘✮ 0♦♥5 4❡❝❤❡4❝❤D❡0 0♦✉0 ❧❛ ❢♦4♠❡ ✿

Zc
i (ω) = αReℜ(Zi) + jαImℑ(Zi), ✭✷✳✶✹✮

❞❡ ♠❛♥✐?4❡ ❡①❤❛✉05✐✈❡✱ ❡♥ ❢❛✐0❛♥5 ✈❛4✐❡4 ❧❡ ❝♦✉♣❧❡ ✭αRe, αIm✮ ✭❋✐❣✉4❡ ✷✳✶✶✮✳ ■❧ ❡05 ✐♥5D4❡0✲

0❛♥5 ❞❡ ❝♦♥05❛5❡4 @✉❡ ❝♦♥54❛✐4❡♠❡♥5 M ❧❛ ❣4❛♥❞❡ ♠❛❥♦4✐5D ❞❡0 ❛✉54❡0 D5✉❞❡0✱ ❧❡0 ✈❛❧❡✉40 ❞❡0

✐♠♣D❞❛♥❝❡0 ♠D❝❛♥✐@✉❡0 ✈✐45✉❡❧❧❡0 5❡05D❡0 0♦♥5 ❝♦♠♣❧❡①❡0 ❡5 ♥♦♥ 4D❡❧❧❡0✳ ❉❡ ♣❧✉0✱ ❝♦♥54❛✐✲
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5❡♠❡♥9 : ❞❡ ❧✬❛♠♦59✐AA❡♠❡♥9 ✈✐59✉❡❧✱ ❝❡A ✈❛❧❡✉5A ♣❡✉✈❡♥9 G95❡ : ♣❛59✐❡A 5H❡❧❧❡A ♥H❣❛9✐✈❡A ✿

❞❡A A95❛9H❣✐❡A 5❡✈❡♥❛♥9 : 5H❛❧✐A❡5 ❞❡ ❧✬✐♥❥❡❝9✐♦♥ ❞✬H♥❡5❣✐❡ : ❧❛ A95✉❝9✉5❡ A♦♥9 ❞♦♥❝ 9❡A9H❡A✳
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❋✐❣✉5❡ ✷✳✶✶ ❆99H♥✉❛9✐♦♥A ❞✉ ♥✐✈❡❛✉ ❞❡ ❜5✉✐9 ✭❙%❘✮ ♠❡A✉5H❡A ❡♥ ❞❇ : ✹✸✵ ❍③

❞❛♥A ❧❡ ❝❛A ❞✬✉♥ ❝❤❛♠♣ ♣5✐♠❛✐5❡ ❞✐✛✉A A✉5 ✉♥❡ ♣❧❛X✉❡ ♠✐♥❝❡ ❡♥ ❛♣♣✉✐ A✐♠♣❧❡ ❡♥

❢♦♥❝9✐♦♥ ❞❡A ✈❛5✐❛❜❧❡A ✭αRe, αIm✮ ❬✽✶❪✳

▲♦5AX✉❡ ❧✬✐♠♣H❞❛♥❝❡ : ✐♠♣♦A❡5 ♥✬❡A9 ♣❛A ♣❛AA✐✈❡ ✭ℜ{Zc
m} > 0✮ ♠❛✐A ❛❝9✐✈❡ ✭ℜ{Zc

m} < 0✮✱

✉♥ A✐♠♣❧❡ ❝♦♥95]❧❡ ♣❛5 5H95♦❛❝9✐♦♥ ♣❡✉9 G95❡ ✐♥A9❛❜❧❡✳ ❈❡ ♣5♦❜❧^♠❡ ❡A9 ❝♦♥9♦✉5♥H ❡♥ ❝♦♥A✐✲

❞H5❛♥9 ✉♥ ❝♦♥95]❧❡✉5 ❤❛5♠♦♥✐X✉❡ X✉✐ ♣❡✉9 ✐♠♣♦A❡5 ❧✬✐♠♣H❞❛♥❝❡ ♠H❝❛♥✐X✉❡ ✈✐59✉❡❧❧❡ ❞HA✐5H❡

: ✉♥❡ ❢5HX✉❡♥❝❡ ❞♦♥♥H❡ 9♦✉9 ❡♥ ❣❛5❛♥9✐AA❛♥9 ❧❛ A9❛❜✐❧✐9H ❞✉ ❝♦♥95]❧❡✉5 ▼■▼❖ ❬✽✶❪✳

✷✳✻ ■♠♣❧❛♥)❛)✐♦♥ ❞❡. ✐♠♣/❞❛♥❝❡. ♠/❝❛♥✐1✉❡. ✈✐4)✉❡❧❧❡.

▼G♠❡ A✐ ❧❡ ❝♦♥❝❡♣9 ❞❡ ❝♦♥95]❧❡ ❞✬✐♠♣H❞❛♥❝❡ ❡♥ ♠✉❧9✐✈♦✐❡A ❛ H9H ♣❡✉ 95❛✐9H✱ ❧✬❛A♣❡❝9 ▼■▼❖

✭▼✉❧9✐♣❧❡ ■♥♣✉9 ▼✉❧9✐♣❧❡ ❖✉9♣✉9✮ ♥✬❡A9 ♣❛A ♥♦✉✈❡❛✉ ❡9 ❧❡A ♣5♦❜❧H♠❛9✐X✉❡A X✉✬✐❧ ♣♦A❡♥9

♦♥9 ❞H❥: H9H ❡①♣❧♦5H❡A ✿ ❧❛ ♥❛9✉5❡ ❝❡♥95❛❧✐AH❡ ♦✉ ❞H❝❡♥95❛❧✐AH❡ ❞✉ ❝♦♥95]❧❡✱ ❧❡ ❝❤♦✐① ❞❡A

95❛♥A❞✉❝9❡✉5A✱ ❧❡✉5 ♥♦♠❜5❡ ❡9 ❧❡✉5 ♣❧❛❝❡✳

✷✳✻✳✶ ◆❛&✉(❡ ❞✉ ❝♦♥&(.❧❡ ♠✉❧&✐✈♦✐❡3

▲❡A ❛✈❛♥9❛❣❡A ❞✬✉♥ ❝♦♥95]❧❡ ❞H❝❡♥95❛❧✐AH✱ ❝✬❡A9 : ❞✐5❡ A❛♥A ❝♦♥♥❡①✐♦♥ ❡♥95❡ ❧❡A ❞✐✛H5❡♥9❡A

✉♥✐9HA ❞❡ ❝♦♥95]❧❡ ♦♥9 H9H H✈♦X✉HA ❡♥ ✐♥95♦❞✉❝9✐♦♥✳ ❊♥ ❡✛❡9✱ ❊❧❧✐♦99 ❬✸✶❪✱ ❊♥❣❡❧A ❬✸✸❪ ❡9



✷✹ ❈❍❆%■❚❘❊ ✷✳ ➱❚❆❚ ❉❊ ▲✬❆❘❚

❆❧✉❥❡✈✐❝ ❬✶❪ ♦♥; ♠♦♥;=> ?✉✬❛✈❡❝ ❞❡B ✉♥✐;>B ❞✉❛❧❡B ❝♦❧♦❝❛❧✐B>❡B✱ ❧❡B ♣❡=❢♦=♠❛♥❝❡B ❞❡ ❧✬❛♠♦=✲

;✐BB❡♠❡♥; ❛❝;✐❢ B♦♥; ♣=♦❝❤❡B ❞✬✉♥ B②B;I♠❡ ❝❡♥;=❛❧✐B>✱ ♠❛✐B ♣♦✉= ✉♥ ❝♦J;✱ ✉♥ ♣♦✐❞B ❡; ✉♥

❡♥❝♦♠❜=❡♠❡♥; =>❞✉✐;B✳ ❈♦♥;=❛✐=❡♠❡♥; ❛✉ ❝❛B ❝❡♥;=❛❧✐B>✱ ❞❛♥B ❧❡ ❝❛B ❞✐B;=✐❜✉> ♣❧✉B✐❡✉=B

❝♦♥;=L❧❡✉=B B♦♥; B>♣❛=>♠❡♥; ❛BB♦❝✐>B M ✉♥ B♦✉B ❡♥B❡♠❜❧❡ ❞✬✉♥✐;>B ❞❡ ❝♦♥;=L❧❡ ❞✉ B②B;I♠❡✳

▲❡ ❝❛B ❞>❝❡♥;=❛❧✐B> ❡♥ ❡B; ❞♦♥❝ ✉♥ ❝❛B ♣❛=;✐❝✉❧✐❡= ♦N ❝❤❛?✉❡ ✉♥✐;> ❡B; ❛BB♦❝✐> M B♦♥ ♣=♦♣=❡

❝♦♥;=L❧❡✉=✳ ❯♥❡ ♦♣;✐♠✐B❛;✐♦♥ ♦N ❝❤❛?✉❡ ❝♦♥;=L❧❡✉= ❡B; ❝♦♥P✉ ❡♥ ❝♦♥♥❛✐BB❛♥; ❧❡B ❡✛❡;B ❞❡

;♦✉B ❧❡B ❛✉;=❡B B❡ ❞✐B;✐♥❣✉❡ ❛❧♦=B ❞✬✉♥❡ ❝♦♥❝❡♣;✐♦♥ ♠♦❞✉❧❛✐=❡ ♦N ❝❤❛?✉❡ ❝♦♥;=L❧❡✉= ❡B;

❝♦♥P✉ ✐♥❞>♣❡♥❞❛♠♠❡♥; ❞❡B ❛✉;=❡B✳ ❯♥❡ ❝♦♠♣❛=❛✐B♦♥ ❞❡ ❝❡B ❞✐✛>=❡♥;❡B ❛♣♣=♦❝❤❡B✱ B❡❧♦♥

?✉❡ ❧✬♦❜❥❡❝;✐❢ ❞✉ ❝♦♥;=L❧❡ ❡B; ❞❡ ♠✐♥✐♠✐B❡= ✉♥❡ ❢♦♥❝;✐♦♥ ❝♦J; ❣❧♦❜❛❧❡ ♦✉ ❧♦❝❛❧❡ ❛ >;> =>❛❧✐B>❡

♣❛= ❋=❛♠♣;♦♥ ❬✸✻❪ ❡; ❡B; B❝❤>♠❛;✐B>❡ B✉= ❧❛ ❋✐❣✉=❡ ✷✳✶✷✳

❋✐❣✉=❡ ✷✳✶✷ ❙❝❤>♠❛ ❞✬✉♥ ❝♦♥;=L❧❡✉= M ❛=❝❤✐;❡❝;✉=❡ ❝❡♥;=❛❧✐B>❡✴❞✐B;=✐❜✉>❡✱ M ♦♣✲

;✐♠✐B❛;✐♦♥ ❤♦❧✐B;✐?✉❡✴♠♦❞✉❧❛✐=❡ ♣♦✉= ✉♥❡ ❢♦♥❝;✐♦♥ ❞❡ ❝♦J; ❣❧♦❜❛❧❡✴❧♦❝❛❧❡ ❬✸✻❪✳

❯♥❡ ?✉❡B;✐♦♥ ♣=❛;✐?✉❡ ?✉✬✐❧ ❡B; ♥>❝❡BB❛✐=❡ ❞❡ B❡ ♣♦B❡= ❧♦=B ❞❡ ❧❛ ♠✐B❡ ❡♥ ♣❧❛❝❡ ❞✬✉♥ ❝♦♥;=L❧❡

♠✉❧;✐✈♦✐❡B ❝♦♥❝❡=♥❡ ❧❛ ♣♦B✐;✐♦♥ ❞❡B ❞✐✛>=❡♥;B ;=❛♥B❞✉❝;❡✉=B✳ ▲✬✐♥✢✉❡♥❝❡ ❞✉ ♣♦B✐;✐♦♥♥❡♠❡♥;
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5✉7 ❧❡5 7:5✉❧;❛;5 ❛ :;: :;✉❞✐:❡ ♣❛7 ❈❧❛7❦ ❬✷✷❪ ❡; ❍❛❧✐♠ ❬✹✻❪ ❞❛♥5 ❧❡ ❝❛5 ❝♦❧♦❝❛❧✐5:✳ ■❧ ♥✬❡5; ♣❛5

♣♦55✐❜❧❡ ❞❡ ♣❧❛❝❡7 ❞❡ ♠❛♥✐K7❡ ♦♣;✐♠❛❧❡ ✉♥ ♥♦♠❜7❡ ✜♥✐ ❞✬✉♥✐;:5 ♣♦✉7 ❝♦♥;7M❧❡7 ✉♥❡ ✐♥✜♥✐;:

❞❡ ❢7:O✉❡♥❝❡5✳ ▲❡ 7❛②♦♥♥❡♠❡♥; ;♦;❛❧ :;❛♥; ❞✐7❡❝;❡♠❡♥; ❧✐: ❛✉ 7❛②♦♥♥❡♠❡♥; ❞❡5 ♠♦❞❡5✱ ❧❡5

❛❝;✐♦♥♥❡✉75 ❡; ❧❡5 ❝❛♣;❡✉75 5♦♥; ❣:♥:7❛❧❡♠❡♥; ♣♦5✐;✐♦♥♥:5 5✉7 ❧❡5 ✈❡♥;7❡5 ❞❡5 ♠♦❞❡5 ❞❡ ❧❛

♣❧❛O✉❡ O✉❡ ❧✬♦♥ ✈❡✉; ❝♦♥;7M❧❡7✳ ❈❡;;❡ 5♦❧✉;✐♦♥ ♣❡7♠❡; ❞✬♦❜;❡♥✐7 ❧❡5 ♠❡✐❧❧❡✉75 7:5✉❧;❛;5 ♠❛✐5

5✉♣♣♦5❡ ✉♥❡ ❜♦♥♥❡ ❝♦♥♥❛✐55❛♥❝❡ ❞❡ ❧❛ ❢♦7♠❡ ❞❡5 ♠♦❞❡5 ❬✸✼❪✳

%❧✉5 ❧❛ ❢7:O✉❡♥❝❡ ❞✬❡①❝✐;❛;✐♦♥ ❛✉❣♠❡♥;❡✱ ♣❧✉5 ❧❡5 ❞:❢♦7♠:❡5 ♠♦❞❛❧❡5 ❞❡✈✐❡♥♥❡♥; ❝♦♠♣❧❡①❡5✱

❞:♣❡♥❞❛♥;❡5 ❞❡5 ❝♦♥❞✐;✐♦♥5 ❧✐♠✐;❡5 ❡; ❞♦♥❝ ✐♥❝❡7;❛✐♥❡5✳ ❯♥❡ ❛✉;7❡ ❛♣♣7♦❝❤❡ ❝♦♥5✐5;❡ X 7:❛✲

❧✐5❡7 ❧❡ ♠❛✐❧❧❛❣❡ ❞❡ ❧❛ 5;7✉❝;✉7❡ ❛✈❡❝ ❧❡5 ✉♥✐;:5✱ ❝✬❡5;✲X✲❞✐7❡ ❧❡5 7:♣❛7;✐7 7:❣✉❧✐K7❡♠❡♥; 5✉7 ❧❛

5✉7❢❛❝❡ ♠❛✐5 ❡♥ ✉;✐❧✐5❛♥; ♣❧✉5 ❞❡ ;7❛♥5❞✉❝;❡✉75 O✉❡ ❧❡ ♥♦♠❜7❡ 5;7✐❝;❡♠❡♥; 7❡O✉✐5 ❬✸✶❪❬✸✸❪✳

❈❡;;❡ ♠:;❤♦❞❡ ♥❡ 5✉♣♣♦5❡ ♣❛5 ❞❡ ❝♦♥♥❛[;7❡ ❛ ♣7✐♦7✐ ❧❡ ❝♦♠♣♦7;❡♠❡♥; ✈✐❜7❛;♦✐7❡ ❞❡ ❧❛

5;7✉❝;✉7❡✳ ▲✬✐♥✢✉❡♥❝❡ ❞❡ ❧❛ ❞❡♥5✐;: ❞✉ ♠❛✐❧❧❛❣❡ ♠✐5 ❡♥ ♣❧❛❝❡ ❛ :;: :;✉❞✐:❡ ♣❛7 ●❛7❞♦♥✐♦

❬✹✵❪✳

✷✳✻✳✷ ❈♦♥&'(❧❡✉' ❤❛'♠♦♥✐0✉❡ ♠✉❧&✐✈♦✐❡2

■❧ ❡①✐5;❡ ❞❡ ♥♦♠❜7❡✉5❡5 ♠:;❤♦❞❡5 ♣♦✉7 ♠❡;;7❡ ❡♥ ♣❧❛❝❡ ✉♥ ❝♦♥;7M❧❡✉7 ❤❛7♠♦♥✐O✉❡ ✿ ❧❡ ❞❡5✐❣♥

❝❧❛55✐O✉❡✱ ❧❡ ❧♦♦♣ 5❤❛♣✐♥❣✱ ❧❡ 7❡;♦✉7 ❞✬:;❛; ❛✉❣♠❡♥;:✱ ❧❡5 ♠:;❤♦❞❡5 ❍❍❈ ✭❍✐❣❤❡7 ❤❛7♠♦♥✐❝

❝♦♥;7♦❧✮✱ ❡;❝✳✳✳ ❙✐❡✈❡75 ❡♥ ❧✐5;❡ ✉♥ ❣7❛♥❞ ♥♦♠❜7❡ ❡; ♠♦♥;7❡ ❧❡✉7 :O✉✐✈❛❧❡♥❝❡ ❡♥ ;❤:♦7✐❡

❬✽✽❪✳ ▼❛✐5 ❡♥ ♣7❛;✐O✉❡✱ ❡❧❧❡5 ♣7:5❡♥;❡♥; ❝❤❛❝✉♥❡ ❧❡✉75 ❛✈❛♥;❛❣❡5 ❡; ❧❡✉75 ✐♥❝♦♥✈:♥✐❡♥;5

❡♥ ❢♦♥❝;✐♦♥ ❞❡ ❧✬✉5❛❣❡ O✉❡ ❧✬♦♥ ✈❡✉; ❡♥ ❢❛✐7❡✳ ❆✐♥5✐✱ ❧❡ ❝♦♥;7M❧❡✉7 ❍❍❈ O✉✐ 7❡✈✐❡♥; X ❧❛

♠:;❤♦❞❡ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♠♣❧❡①❡ ❬✼✷❪ ❛ ♣♦✉7 ♣7❡♠✐❡7 ❛✈❛♥;❛❣❡ ❞❡ ♣7:5❡♥;❡7 ✉♥❡ 5;7✉❝;✉7❡

7❡❧❛;✐✈❡♠❡♥; 5✐♠♣❧❡✳ ▲❛ ❋✐❣✉7❡ ✷✳✶✸ ♣7:5❡♥;❡ ❧❡5 5❝❤:♠❛5 ❜❧♦❝5 ❞✬✉♥ ;❡❧ ❝♦♥;7M❧❡✉7✳ ❆✜♥

❞✬❡①;7❛✐7❡ ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♠♣❧❡①❡ Yi(t) ❞✉ 5✐❣♥❛❧ 7:❡❧ 5✐♥✉5♦d❞❛❧ yi(t) ♠❡5✉7: 5✉7 ❧✬✉♥✐;: i✱

✉♥ ✜❧;7❛❣❡ ♣❛55❡✲❜❛♥❞❡ ♣❛7 ✉♥❡ ❞:♠♦❞✉❧❛;✐♦♥ X ❧❛ ❢7:O✉❡♥❝❡ ❞✬:;✉❞❡ f0❡5; 7:❛❧✐5:✳ ▲❛

❞:♠♦❞✉❧❛;✐♦♥ ❝♦♥5✐5;❡ ❡♥ ❧❛ ♠✉❧;✐♣❧✐❝❛;✐♦♥ ♣❛7 ✉♥❡ ❡♥✈❡❧♦♣♣❡ ❝♦♠♣❧❡①❡ ♣✉✐5 ✉♥ ✜❧;7❛❣❡

♣❛55❡✲❜❛5 ❞❡ 7:♣♦♥5❡ ✐♠♣✉❧5✐♦♥♥❡❧❧❡ f(t) ❡; ❞❡ ❢7:O✉❡♥❝❡ ❞❡ ❝♦✉♣✉7❡ fc ≪ f0 ✿

Yi(t) = 2f(t) ∗ (yi(t)e
−jω0t) ✭✷✳✶✺✮

♦e ∗ ❡5; ❧✬♦♣:7❛;❡✉7 ❞❡ ❝♦♥✈♦❧✉;✐♦♥✳ ▲❛ ❞:♠♦❞✉❧❛;✐♦♥ ❝♦♥5✐5;❡ X 7:❛❧✐5❡7 ❧✬♦♣:7❛;✐♦♥ ✐♥✈❡75❡

❛✜♥ ❞❡ ❣:♥:7❡7 ❧❡5 5✐❣♥❛✉① ❞❡ ❝♦♠♠❛♥❞❡ ui(t) ∈ R X ♣❛7;✐7 ❞✉ 5✐❣♥❛❧ Ui(t) ∈ C ❝❛❧❝✉❧:

♣❛7 ❧❡ ❝♦♥;7M❧❡✉7 ✿

ui(t) = ℜ(Ui(t)e
jω0t) ✭✷✳✶✻✮
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❊♥ ❝♦♥2✐❞56❛♥8 9✉❡ ❧❡ ✜❧86❛❣❡ ♣❛22❡✲❜❛2 ♣❡6♠❡8 ❞✬5❝6✐6❡ H(s + jω0) ≈ H(jω0) ✐❧ ❡28 ❛❧♦62

♣♦22✐❜❧❡ ❞✬5❝6✐6❡ ✿

Y(t) = HU(t) +D ✭✷✳✶✼✮

❛✈❡❝ D ❧❡ ✈❡❝8❡✉6 ❞❡2 ❡♥✈❡❧♦♣♣❡2 ❝♦♠♣❧❡①❡2 ❞❡2 2✐❣♥❛✉① ♣6✐♠❛✐6❡2✳ ▲❡2 65♣♦♥2❡2 ❢659✉❡♥✲

8✐❡❧❧❡2 ♦♥8 585 6❛♠❡♥5❡2 ❛✉8♦✉6 ❞❡ ✵ ❍③ ❡8 2♦♥8 ❛❧♦62 ♥♦♠♠5❡2 ❢♦♥❝8✐♦♥2 ❞❡ 86❛♥2❢❡68

59✉✐✈❛❧❡♥8❡2 ❜❛22❡ ❢659✉❡♥❝❡✳ ❈❡ 8②♣❡ ❞✬❛♣♣6♦❝❤❡ 2❡ ♣❛6❛❧❧5❧✐2❡ ❢❛❝✐❧❡♠❡♥8 ❛✜♥ ❞❡ 86❛✐8❡6

♣❧✉2✐❡✉62 ❤❛6♠♦♥✐9✉❡2 2✐♠✉❧8❛♥5♠❡♥8✳ ❊♥✜♥✱ ✐❧ ❡28 5❣❛❧❡♠❡♥8 ♣♦22✐❜❧❡ ❞❡ 65✲✐❞❡♥8✐✜❡6 ❧❡2

❢♦♥❝8✐♦♥2 ❞❡ 86❛♥2❢❡68 ❡♥ ❧✐❣♥❡ ❡♥ ❛❥♦✉8❛♥8 ✉♥ ❛❧❣♦6✐8❤♠❡ ❞❡ 8②♣❡ ❘▲❙ ✭❘❡❝✉62✐✈❡ ▲❡❛28

❙9✉❛6❡✮ ❬✷✵❪ ♣♦✉6 6❡♥❞6❡ ❧❡ ❝♦♥86T❧❡ ❛❞❛♣8❛8✐❢✳

▲♦629✉✬♦♥ 65❛❧✐2❡ ❞❡ ❧✬❛♠♦68✐22❡♠❡♥8 ❛❝8✐❢ ❛✈❡❝ ❞❡2 ✈❛6✐❛❜❧❡2 ❞✉❛❧❡2✱ ❧❡ ❝♦♥86T❧❡ 6❡✈✐❡♥8 U

✐♠♣♦2❡6 ❧❛ ✈❛❧❡✉6 Zc
i ∈ R

+, ∀i ✳ ▲❛ 28❛❜✐❧✐85 ❞✉ 2②28V♠❡ ❜♦✉❝❧5 ❡28 ❛22✉65❡ ❡8 ✐❧ ❡28 ❞♦♥❝

♣♦22✐❜❧❡ ❞✬✉8✐❧✐2❡6 ❧❡2 ❡♥✈❡❧♦♣♣❡2 ❝♦♠♣❧❡①❡2 ♣♦✉6 ✐♠♣♦2❡6 ❞✐6❡❝8❡♠❡♥8 Ui(t) = −Zc
i Yi(t)

❛✈❡❝ Zc
i ∈ C ❡8 ℜ(Zc

i ) > 0 ∀i ❬✼✵❪✳ ❈❡♣❡♥❞❛♥8✱ 6✐❡♥ ♥❡ ❣❛6❛♥8✐8 ❛ ♣6✐♦6✐ 9✉❡ ❧❡2 ✐♠♣5❞❛♥❝❡2

♠5❝❛♥✐9✉❡2 ✈✐68✉❡❧❧❡2 ♦♣8✐♠❛❧❡2 2♦✐❡♥8 U ♣❛68✐❡ 65❡❧❧❡ ♣♦2✐8✐✈❡✳ ❊♥ ♣6❛8✐9✉❡✱ ✉♥ ❝♦♥86T✲

❧❡✉6 ✐856❛8✐❢ ❡28 ♣65❢565 ♣♦✉6 ✐♠♣❧❛♥8❡6 ❧✬❛❧❣♦6✐8❤♠❡✳ ▲✬✐❞5❡ ❞❡ ❜❛2❡ ❡28 ❞✬✐♠♣❧5♠❡♥8❡6 ✉♥

❝♦♥86T❧❡✉6 ▼■▼❖ ✭▼✉❧8✐ ■♥♣✉8 ▼✉❧8✐ ❖✉8♣✉8✮ ❡♥ 2✬✐♥2♣✐6❛♥8 ❞✉ 65❥❡❝8❡✉6 ❤❛6♠♦♥✐9✉❡ ✐♥✲

85❣6❛8❡✉6 ♣652❡♥85 2✉6 ❧❛ ❋✐❣✉6❡ ✷✳✶✸ ✭❛✮ ❡8 ♣6♦♣♦25 ♣❛6 ▼✐❝❤❡❛✉ ❬✼✶❪✳ ❙✉6 ❝❡88❡ ✜❣✉6❡✱ ❧❡

❝♦❡✣❝✐❡♥8 µ ❡28 ✉♥ 65❡❧ ♣♦2✐8✐❢ ❛♣♣❡❧5 ❝♦❡✣❝✐❡♥8 ❞❡ ❝♦♥✈❡6❣❡♥❝❡ ❡8 C ❡28 ✉♥❡ ♠❛86✐❝❡ U

✈❛❧❡✉62 ❝♦♠♣❧❡①❡2 ❛♣♣❡❧5❡ ♠❛86✐❝❡ ❞❡ ❝♦♠♣❡♥2❛8✐♦♥ ❡8 9✉✐ ❞♦✐8 \86❡ ❝❤♦✐2✐❡ ❞❡ ♠❛♥✐V6❡ U

❛22✉6❡6 ❧❛ 28❛❜✐❧✐85 ❞✉ 2②28V♠❡ ❡♥ ❜♦✉❝❧❡ ❢❡6♠5❡✳ ▲❡ ♣6✐♥❝✐♣❡ ❞✉ 65❥❡❝8❡✉6 58❛♥8 ❞✬♦❜8❡♥✐6

✉♥ 2✐❣♥❛❧ ♥✉❧ 2✉6 ❧❡2 ❝❛♣8❡✉62✱ ❞✬❛♣6V2 ❧❛ ❞5✜♥✐8✐♦♥ ❞❡ Zc
❞♦♥♥5❡ U ❧✬❊9✳ ✭✷✳✽✮✱ ❧❡ ❝♦♥86T❧❡

❝♦♥2✐28❡ ❛❧♦62 U ✐♠♣♦2❡6 ❧♦❝❛❧❡♠❡♥8 ✉♥❡ ✐♠♣5❞❛♥❝❡ ♠5❝❛♥✐9✉❡ ✈✐68✉❡❧❧❡ ✐♥✜♥✐❡✳

❉❛♥2 ❧❡ ❝❛2 ♦^ ❧✬♦❜❥❡❝8✐❢ ❡28 ❞❡ 65❛❧✐2❡6 ❞❡2 ✐♠♣5❞❛♥❝❡2 ♠5❝❛♥✐9✉❡2 ✈✐68✉❡❧❧❡2 ✜♥✐❡2✱ ❛❧♦62

✐❧ ❡28 ♣♦22✐❜❧❡ ❞❡ ♠❡886❡ ❡♥ ♣❧❛❝❡ ✉♥❡ ❜♦✉❝❧❡ 2✉6 ❧❛ ❝♦♠♠❛♥❞❡ U ♣✉✐29✉❡ ❧✬♦❜❥❡❝8✐❢ ❞❡

❝♦♥86T❧❡ ♥❡ ❞5♣❡♥❞ ♣❧✉2 2❡✉❧❡♠❡♥8 ❞✉ 2✐❣♥❛❧ Y ✭❋✐❣✉6❡ ✷✳✶✸ ✭❜✮✮✳ ➚ ❧✬58❛♣❡ k ❡8 ❡♥ ❞5✜✲

♥✐22❛♥8 ❧❛ ♠❛86✐❝❡ Zc
❧❛ ♠❛86✐❝❡ ❞✐❛❣♦♥❛❧❡ ❞❡2 ✐♠♣5❞❛♥❝❡2 ✈✐68✉❡❧❧❡2 ✐♠♣♦25❡2 2✉6 ❝❤❛9✉❡

✉♥✐85 ❧❡ 2❝❤5♠❛ ✐856❛8✐❢ 2✉✐✈❛♥8 ❛ 585 ♠✐2 ❡♥ ♣❧❛❝❡ ❬✽✶❪ ✿

U[k + 1] = U[k]− µC(U[k] + ZcY[k]) ✭✷✳✶✽✮
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❧♦♣♣❡ ❝♦♠♣❧❡①❡ ❬✼✷❪✳
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❈❡ ❝❤❛♣✐'(❡ (❡❣(♦✉♣❡ ❧❡- ❞✐✛0(❡♥'- ♠♦❞3❧❡- ✈✐❜(♦❛❝♦✉-'✐6✉❡- 6✉✐ ♦♥' 0'0 ❞0✈❡❧♦♣♣0- ❞❛♥-

❧❛ ❧✐''0(❛'✉(❡ ❡' 6✉✐ ♦♥' ♣❡(♠✐- ❞❡ (0❛❧✐-❡( ❧❡- -✐♠✉❧❛'✐♦♥- ♥✉♠0(✐6✉❡- ♣(0-❡♥'0❡- ❛✉ ❝❤❛✲

♣✐'(❡ ✺✳ ❈♦♠♠❡ ✐❧ ❧✬❛ 0'0 ❢♦(♠✉❧0 ❞❛♥- ❧❡- ♦❜❥❡❝'✐❢- ❧❛ ♠0'❤♦❞❡ ♣(♦♣♦-0❡ ❞❛♥- ❝❡''❡ '❤3-❡

❞♦✐' ♣♦✉✈♦✐( ='(❡ ✐♠♣❧❛♥'0❡ ❡♥ ♣(❛'✐6✉❡ -✉( ✉♥ ♣❛♥♥❡❛✉ ❛0(♦♥❛✉'✐6✉❡✳ >♦✉('❛♥' ❧❡ ❜✉'

❞❡ ❝❡ ❝❤❛♣✐'(❡ ♥✬❡-' ♣❛- ❞❡ ♠♦❞0❧✐-❡( ♣(0❝✐-0♠❡♥' ❧❛ '(❛♥-♠✐--✐♦♥ ❛❝♦✉-'✐6✉❡ ? '(❛✈❡(-

✉♥ ♣❛♥♥❡❛✉ ♠✉❧'✐✲❝♦✉❝❤❡- ♦('❤♦'(♦♣❡ ❡♥ ❝♦♠♣♦-✐'❡✱ ❝♦✉(❜0 ❡' ❝♦♠♣♦-0 ❞✬✉♥ ❤✉❜❧♦'✳ ■❧

-✬❛❣✐' ♣❧✉'B' ❞❡ ❝♦♠♣(❡♥❞(❡ ❧❡- ♣(✐♥❝✐♣❡- ❡' ❧❡- '❡♥❞❛♥❝❡- ❣0♥0(❛❧❡- ❛--♦❝✐0- ? ❧❛ ♠0'❤♦❞❡

❡♥✈✐-❛❣0❡✳ >♦✉( ❝❡''❡ (❛✐-♦♥✱ ❧❡- ♠♦❞3❧❡- ♣(0-❡♥'0- -♦♥' ❛--♦❝✐0- ? ❞❡- ❝❛- ❛❝❛❞0♠✐6✉❡- (❡✲

❧❛'✐✈❡♠❡♥' -✐♠♣❧❡✳ ❉❛♥- ✉♥❡ ♣(❡♠✐3(❡ -❡❝'✐♦♥✱ ❧❛ (0♣♦♥-❡ ✈✐❜(❛'♦✐(❡ ❞✬✉♥❡ ♣❧❛6✉❡ ✐-♦'(♦♣❡

♠✐♥❝❡ -✐♠♣❧❡♠❡♥' -✉♣♣♦('0❡ ? ❞✐✛0(❡♥'- '②♣❡- ❞❡ ♣❡('✉(❜❛'✐♦♥- ♣(✐♠❛✐(❡- ♦✉ ❞✬❡①❝✐'❛'✐♦♥-

❡♥❣❡♥❞(0❡- ♣❛( ❧❡- ❛❝'✐♦♥♥❡✉(- -❡❝♦♥❞❛✐(❡- ❡-' ❝♦♥-✐❞0(0❡✳ ▲❡- (0♣♦♥-❡- ❞❡- ❝❛♣'❡✉(- ✈✐✲

❜(❛'♦✐(❡- 6✉✐ ❝♦♠♣♦-❡♥' ❧❡- ✉♥✐'0- ❞❡ ❝♦♥'(B❧❡ -♦♥' 0❣❛❧❡♠❡♥' -✐♠✉❧0❡-✳ ❉❛♥- ✉♥❡ -❡❝♦♥❞❡

-❡❝'✐♦♥✱ ✉♥ ♠♦❞3❧❡ ❞❡ (❛②♦♥♥❡♠❡♥' ❛❝♦✉-'✐6✉❡ ❡♥ ❝❤❛♠♣ ❧♦✐♥'❛✐♥ ❡' ❡♥ ❝❤❛♠♣ ♣(♦❝❤❡ -♦♥'

❞0❝(✐'-✳ ❉❛♥- ❝❡- ❞❡✉① -❡❝'✐♦♥-✱ ✉♥❡ ❛''❡♥'✐♦♥ ♣❛('✐❝✉❧✐3(❡ ❡-' ♣♦('0❡ ? ❧❛ ❞✐-❝✉--✐♦♥ ❞❡-

❞✐✛0(❡♥'❡- ❤②♣♦'❤3-❡- ❝♦♥-✐❞0(0❡- ❞❛♥- ❧❡- ♠♦❞3❧❡-✳

✸✳✶ ❘$♣♦♥(❡ ✈✐❜-❛/♦✐-❡ ❞❡ ❧❛ (/-✉❝/✉-❡

❉❛♥- ❧❛ ♣(❡♠✐3(❡ ♣❛('✐❡ ❞❡ ❝❡''❡ -❡❝'✐♦♥✱ ❧❡ ❝♦♠♣♦('❡♠❡♥' ♠0❝❛♥✐6✉❡ ❞❡ ❧❛ -'(✉❝'✉(❡ ?

❝♦♥'(B❧❡( ❡-' ❞0❝(✐'✳ ▲❡ -②-'3♠❡ ❝♦♠♣♦-0 ❞❡ ❧❛ -'(✉❝'✉(❡ ❡' 06✉✐♣0 ❞❡- ✉♥✐'0- ❞❡ ❝♦♥'(B❧❡-

❡-' ❡♥-✉✐'❡ ❝♦♥-✐❞0(0✳ ▲❡ ❝♦✉♣❧❛❣❡ ❡♥'(❡ ❧❡- ❛❝'✐♦♥♥❡✉(- ❡' ❧❛ -'(✉❝'✉(❡ ❡' ❝❡❧✉✐ ❡♥'(❡ ❧❛

-'(✉❝'✉(❡ ❡' ❧❡- ❝❛♣'❡✉(- ❞❡ ❝❤❛6✉❡ ✉♥✐'0 ❞❡ ❝♦♥'(B❧❡- -♦♥' ❞0✈❡❧♦♣♣0- -❡❧♦♥ 6✉❡ ❞❡- ✉♥✐'0-

0❧❡❝'(♦❞②♥❛♠✐6✉❡- ♦✉ ❞❡- ✉♥✐'0- ♣✐0③♦0❧❡❝'(✐6✉❡- -♦♥' ❝❤♦✐-✐❡-✳ ➚ ❧✬✐--✉❡ ❞✬✉♥❡ ❝♦♠♣❛(❛✐✲

-♦♥✱ ❧✬✉'✐❧✐-❛'✐♦♥ ❞✬❛❝'✐♦♥♥❡✉(- ✐♥❡('✐❡❧- ❞❛♥- ❧❛ -✉✐'❡ ❞❡ ❧✬0'✉❞❡ ❡-' ❛❧♦(- ❥✉-'✐✜0❡✳ ❊♥✜♥✱ ❧❛

(0♣♦♥-❡ ❞✉ -②-'3♠❡ ? ❞✐✛0(❡♥'- '②♣❡- ❞❡ ♣❡('✉(❜❛'✐♦♥- ♣(✐♠❛✐(❡- ❛❝❛❞0♠✐6✉❡- ❡-' ❝❛❧❝✉❧0❡✳

✷✾
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✸✳✶✳✶ #❧❛&✉❡ ♠✐♥❝❡ -✐♠♣❧❡♠❡♥/ -✉♣♣♦1/2❡

❙♦✐9 ✉♥❡ ♣❧❛@✉❡ ♠✐♥❝❡ ❞❡ ❞✐♠❡♥D✐♦♥D Lx × Ly × h✱ ❞❡ ♠♦❞✉❧❡ ❞✬❨♦✉♥❣ E✱ ❞❡ ❝♦❡✣❝✐❡♥9

❞❡ %♦✐DD♦♥ ν✱ ❞❡ ❞❡♥D✐9J ρ ❡9 ❞❡ ❢❛❝9❡✉L ❞✬❛♠♦L9✐DD❡♠❡♥9 η ✱ ❡♥ ❛♣♣✉✐ D✐♠♣❧❡ ❡9 D♦✉♠✐D❡

M ✉♥❡ ❢♦L❝❡ ❡①9JL✐❡✉L❡ F ext
✳ ❙❡ ♣❧❛O❛♥9 D♦✉D ❧✬❤②♣♦9❤RD❡ ❞❡ ✢❡①✐♦♥ ♣✉L❡✱ ❧✬❡①9❡♥D✐♦♥ ♣✉L❡

❡9 ❧❡D ❝♦✉♣❧❛❣❡D ✢❡①✐♦♥✴❡①9❡♥D✐♦♥ ❡①9❡♥D✐♦♥✴✢❡①✐♦♥ D♦♥9 ♥J❣❧✐❣JD✳ ❆❧♦LD✱ ❡♥ ♥J❣❧✐❣❡❛♥9 ❧❛

❝❤❛L❣❡ ✢✉✐❞❡✱ ❧❡ ❞J♣❧❛❝❡♠❡♥9 9L❛♥D✈❡LD❡ w(x, y, t) ❡♥ 9♦✉9 ♣♦✐♥9 ❞❡ ❧❛ ♣❧❛@✉❡ ❡D9 D♦❧✉9✐♦♥

❞❡ ❧✬J@✉❛9✐♦♥ ✿

D∆∆w(x, y, t) + µẅ(x, y, t) +Rẇ(x, y, t) = F ext(x, y, t) ✭✸✳✶✮

❖Z ∆ ❡D9 ❧✬♦♣JL❛9❡✉L ▲❛♣❧❛❝✐❡♥✱ D = Eh3

12(1−ν2)
 ❡♣ #$❡♥&❡ ❧❛  ❛✐❞❡✉ ✱ µ = ρh ❧❛ ♠❛$$❡ ♣❛ 

✉♥✐&# ❞❡ $✉ ❢❛❝❡ ❡& R = η
M

❧✬❛♠♦ &✐$$❡♠❡♥& ✈✐$3✉❡✉① ❞❡ ❧❛ ♣❧❛3✉❡✳ ❊♥  #❣✐♠❡ ❤❛ ♠♦♥✐3✉❡✱

9 ❧❛ ♣✉❧$❛&✐♦♥ ω✱ ♦♥ ❞#❝♦♠♣♦$❡ ❝❧❛$$✐3✉❡♠❡♥& ❧❛ $♦❧✉&✐♦♥ $♦✉$ ❧❛ ❢♦ ♠❡ ♠♦❞❛❧❡ ✿

w(x, y, t) = exp(iωt)
Nm
∑

m=1

Φm(x, y)qm ✭✸✳✷✮

❆✈❡❝ Nm ❧✬✐♥❞✐❝❡ ❞❡ & ♦♥❝❛&✉ ❡ ♠♦❞❛❧❡ ❡& Φm(x, y) ❧❛ m✲✐A♠❡ ❞#❢♦ ♠#❡ ♠♦❞❛❧❡✳

❉❛♥$ ❧❡ ❝❛$ ♣❛ &✐❝✉❧✐❡ ❞✬✉♥❡ ❝♦♥❞✐&✐♦♥ ❧✐♠✐&❡ ❡♥ ❛♣♣✉✐ $✐♠♣❧❡✱ ❧❛ ❞#❢♦ ♠#❡ ♠♦❞❛❧❡ m

$✬❡①♣ ✐♠❡ ✿

Φm(x, y) = sin(
mxπx

Lx

) sin(
myπy

Ly

) m = (mx,my) ∈ N
∗2

✭✸✳✸✮

❊♥ ♣ ♦❥❡&❛♥& ❧✬❊3✳ ✭✸✳✶✮ $✉ ❧❡ ♠♦❞❡ m✱ ❧✬❛♠♣❧✐&✉❞❡ ❝♦♠♣❧❡①❡ ❞❡ ❞#♣❧❛❝❡♠❡♥& qm $✬#❝ ✐& ✿

qm =
F ext
m

µ(ω2
m − ω2 + iηω)

✭✸✳✹✮

❆✈❡❝

ωm =
√

D
µ

(

γ2mx
+ γ2my

)

γmx
= mxπ

Lx
❡& γmy

= myπ

Ly
✱

❖G ωm ❡$& ❧❛ ♣✉❧$❛&✐♦♥ ♣ ♦♣ ❡ ❞✉ ♠♦❞❡ m ❡& F ext
m ❧❛ ♣ ♦❥❡❝&✐♦♥ ❞❡$ ❢♦ ❝❡$ ❡①&❡ ♥❡$ $✉ ❝❡

♠♦❞❡ ✿

F ext
m =

∫ ∫

S

F ext(x, y)φm(x, y)dS ✭✸✳✺✮
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❈❡44❡ ♣6♦❥❡❝4✐♦♥ ♣❡✉4 =❡ =✐♠♣❧✐✜❡6 =❡❧♦♥ ❧❡ 4②♣❡ ❞✬❡①❝✐4❛4✐♦♥ ✿ ♣♦✐♥4 ❞❡ ❢♦6❝❡✱ ❡①❝✐4❛4✐♦♥

❛❝♦✉=4✐I✉❡ ♣❛6 ✉♥❡ ♦♥❞❡ ♣❧❛♥❡ ✐♥❝✐❞❡♥4❡ ❬✽✻❪ ♦✉ ✉♥ ❝❤❛♠♣ ❞✐✛✉= ❬✼✸❪✳ ▲❛ ♠❛46✐❝❡ ❞✐❛❣♦♥❛❧❡

❡4 ❞❡ ❞✐♠❡♥=✐♦♥ Nm×Nm ❞❡= ❛❞♠✐44❛♥❝❡= ♠R❝❛♥✐I✉❡= ♠♦❞❛❧❡= M ❡=4 ❞R✜♥✐❡ ❞✬❛♣6S= ❧✬❊I✳

✭✸✳✹✮ 4❡❧❧❡ I✉❡ =❡= 4❡6♠❡= ❞✐❛❣♦♥❛✉① =♦♥4 ✿

Mmm =
jω

µ(ω2
m − ω2 + iηω)

. ✭✸✳✻✮

▲✬❡①♣6❡==✐♦♥ ❞❡ ❧❛ ♠♦❜✐❧✐4R ♠R❝❛♥✐I✉❡ Yo ❞❡ ❧❛ ♣❧❛I✉❡ ❡♥ ✉♥ ♣♦✐♥4 O =❡ ❞R❞✉✐4 ❞✐6❡❝4❡♠❡♥4

❞❡= ❡①♣6❡==✐♦♥= ♠❛46✐❝✐❡❧❧❡= ♣6R❝R❞❡♥4❡= ✿

Yo = Φ(xo,yo)
H
MΦ(xo,yo). ✭✸✳✼✮

✸✳✶✳✷ ❚%❛♥(❞✉❝,❡✉%( (❡❝♦♥❞❛✐%❡(

▲❛ =46✉❝4✉6❡ ❡=4 ❛❧♦6= RI✉✐♣R❡ ❞❡ Nu ✉♥✐4R= ❞❡ ❝♦♥46X❧❡✱ ❝❤❛❝✉♥❡ ❝♦♠♣♦=R❡ ❞✬✉♥ ❛❝4✐♦♥✲

♥❡✉6 ❡4 ❞✬✉♥ ❝❛♣4❡✉6 ❝♦❧♦❝❛❧✐=R✳ ▲❛ =46✉❝4✉6❡ ❞✬♦6✐❣✐♥❡ ❡=4 ❛❧♦6= ♠♦❞✐✜R❡ ♣❛6 ❧✬✐♠♣R❞❛♥❝❡

♠R❝❛♥✐I✉❡ ♣❛==✐✈❡ ✭♠❛==❡✱ 6❛✐❞❡✉6✱✳✳✳✮ ❧♦❝❛❧❡ ❞❡= 46❛♥=❞✉❝4❡✉6=✳ ❆✐♥=✐✱ ❧❡✉6 ❛❝4✐♦♥ =✉6 ❧❛

=46✉❝4✉6❡ ♥❡ ♣❡✉4 ♣❛= [46❡ =✐♠♣❧❡♠❡♥4 ❡♥✈✐=❛❣R ❝♦♠♠❡ ✉♥❡ ❢♦6❝❡ ❡①4❡6♥❡ ✭✈♦✐6 ❊I✳ ✭✸✳✶✮✮✳

❙✐ ❝❡4 ❡✛❡4 ♣❡✉4 [46❡ ❝♦♥=✐❞R6R ❝♦♠♠❡ ♥R❣❧✐❣❡❛❜❧❡ ❛✉ 6❡❣❛6❞ ❞❡ ❧❛ 4❛✐❧❧❡ ❡4 ❧❛ ♠❛==❡ ❞❡=

46❛♥=❞✉❝4❡✉6= ♣✐R③♦R❧❡❝46✐I✉❡= ❞❡✈❛♥4 ❧❡= ❞✐♠❡♥=✐♦♥= ❞❡ ❧❛ ♣❧❛I✉❡✱ ❝❡44❡ ❛♣♣6♦①✐♠❛4✐♦♥

❞❡✈✐❡♥4 ♠♦✐♥= ♣6R❝✐=❡ ❛❧♦6= I✉✬♦♥ =✬✐♥4R6❡==❡ ] ❞❡= ❛❝4✐♦♥♥❡✉6= ✐♥❡64✐❡❧= ♣❧✉= ❣6♦= ❡4 ♣❧✉=

❧♦✉6❞✳ ❊♥ ♣6❡♥❛♥4 ❡♥ ❝♦♠♣4❡ ❧✬✐♠♣R❞❛♥❝❡ ♠R❝❛♥✐I✉❡ ♣❛==✐✈❡ ❞❡= 46❛♥=❞✉❝4❡✉6=✱ ❧✬❊I✳ ✭✸✳✶✮

=❛♥= =❡❝♦♥❞ ♠❡♠❜6❡ ❞❡✈6❛✐4 [46❡ ♠♦❞✐✜R❡ ❡4 ❧❛ ❜❛=❡ ❞❡ ❞R❝♦♠♣♦=✐4✐♦♥ ♠♦❞❛❧❡ ❝❛❧❝✉❧R❡

♣♦✉6 ❧❛ ♣❧❛I✉❡ ♥♦♥ ✐♥=46✉♠❡♥4R❡ ♥❡ =❡6❛✐4 ♣❧✉= ❛❞❛♣4R❡ ❛✉ ♣6♦❜❧S♠❡✳ ✐❧ ❡=4 ❛❧♦6= ♣♦==✐❜❧❡

❞❡ ❞R✜♥✐6 ✉♥❡ ♥♦✉✈❡❧❧❡ ❜❛=❡ ❞❡ ❞R❝♦♠♣♦=✐4✐♦♥ ♠♦❞❛❧❡ ♣♦✉6 ❧❡ =②=4S♠❡ ❝♦♠♣6❡♥❛♥4 ❧❛

=46✉❝4✉6❡ ❡4 ❧❡= 46❛♥=❞✉❝4❡✉6=✳ ❈❡ ❝❛❧❝✉❧ ❡=4 ♣6♦♣♦=R ❡♥ ❆♥♥❡①❡ ❆ ❡♥ R4✉❞✐❛♥4 ❧✬❛❥♦✉4 ❞❡

=②=4S♠❡= ♠❛==❡✲6❡==♦64 ❧♦❝❛❧❡♠❡♥4 =✉6 ❧❛ ♣❧❛I✉❡✳ ❊①♣6✐♠R ❞❛♥= ❝❡44❡ ♥♦✉✈❡❧❧❡ ❜❛=❡✱ ❧✬❡✛❡4

❞❡= ❛❝4✐♦♥♥❡✉6= =❡❝♦♥❞❛✐6❡= ♣❡✉4 ❛❧♦6= ❞❡ ♥♦✉✈❡❛✉ [46❡ ❝♦♥=✐❞R6R ❝♦♠♠❡ ✉♥❡ ❢♦6❝❡ ❡①4❡6♥❡

❛♣♣❧✐I✉R ] ❧❛ =46✉❝4✉6❡✳ ❈❡♣❡♥❞❛♥4✱ ❝❡ ♣❛==❛❣❡ ❞❛♥= ✉♥❡ ♥♦✉✈❡❧❧❡ ❜❛=❡ ♠♦❞❛❧❡ ❝♦♠♣❧❡①✐✜❡

❧❡= ❝❛❧❝✉❧= ❛❧♦6= I✉❡ ❧❛ ❜❛=❡ ❞❡= ♠♦❞❡= ❞❡ ❧❛ =46✉❝4✉6❡ ♥♦♥✲✐♥=46✉♠❡♥4R❡✱ ❜❡❛✉❝♦✉♣ ♣❧✉=

R4✉❞✐R❡ ❞❛♥= ❧❛ ❧✐44R6❛4✉6❡✱ ❢❛❝✐❧✐4❡ ❧✬✐♥4❡6♣6R4❛4✐♦♥ ❞❡= ♣❤R♥♦♠S♥❡= ♣❤②=✐I✉❡= ♠✐= ❡♥ ❥❡✉

♣❛6 ❧❡ ❝♦♥46X❧❡✳ ❆✐♥=✐✱ ❞❛♥= ❧❛ =✉✐4❡ ❞✉ ♠R♠♦✐6❡✱ ❧❡ ❝❤♦✐① ❛ R4R ❢❛✐4 ❞❡ ❝♦♥=❡6✈❡6 ❧❛ ❜❛=❡

❞❡ ❞R❝♦♠♣♦=✐4✐♦♥ ♠♦❞❛❧❡ ❞✬✉♥ ♣❧❛I✉❡ ♠✐♥❝❡ ❡♥ ❛♣♣✉✐ =✐♠♣❧❡ ❡4 ❞❡ ♥❡ ♣❛= ❝♦♥=✐❞R6❡6 ❧❡=

✐♠♣R❞❛♥❝❡= ♠R❝❛♥✐I✉❡= ♣❛==✐✈❡= ❧♦❝❛❧❡= ❛❥♦✉4R❡= ♣❛6 ❧❡= 46❛♥=❞✉❝4❡✉6=✳

❈❡44❡ =✐♠♣❧✐✜❝❛4✐♦♥ ♣❡6♠❡4 ❞✬R❝6✐6❡ ❧❡ ✈❡❝4❡✉6 y ❞❡= =✐❣♥❛✉① ♠❡=✉6R= ♣❛6 ❧❡= ❝❛♣4❡✉6= ❡♥
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❢♦♥❝;✐♦♥ ❞✉ ✈❡❝;❡✉A u ❧❡ ✈❡❝;❡✉A ❞❡C ❝♦♠♠❛♥❞❡C ❡♥✈♦②G❡C ❛✉① ❛❝;✐♦♥♥❡✉AC ❝♦♠♠❡ ✿

y = Hu+ d, ✭✸✳✽✮

♦M H ❡C; ❧❛ ♠❛;A✐❝❡ ❞❡C ;A❛♥C❢❡A;C C❡❝♦♥❞❛✐A❡C ❡♥;A❡ ❧❡C ❛❝;✐♦♥♥❡✉AC ❡; ❧❡C ❝❛♣;❡✉AC ❡; d

❡C; ❧❡ ✈❡❝;❡✉A ❞❡C C✐❣♥❛✉① ♣A✐♠❛✐A❡C ✭y|u=0✮✳ ■❧ ❡C; ❛❧♦AC ♣♦CC✐❜❧❡ ❞❡ ❞G❝♦♠♣♦C❡A ❧❛ ♠❛;A✐❝❡

❞❡C ;A❛♥C❢❡A;C C❡❝♦♥❞❛✐A❡C C✉A ❧❛ CGA✐❡ ❞❡C ♠♦❞❡C C;A✉❝;✉A❛✉① ❡; ❞✬G❝A✐A❡ ✿

H = SMA, ✭✸✳✾✮

♦MM ❡C; ❡①♣❧✐❝✐;G S ❧✬❊T✳ ✭✸✳✻✮✱ ❛✈❡❝ A ❧❛ ♠❛;A✐❝❡ ❞❡ ❞✐♠❡♥C✐♦♥ Nm×Nu T✉✐ A❡♣AGC❡♥;❡ ❧❡

❝♦✉♣❧❛❣❡ ❡♥;A❡ ❧❡C ❛❝;✐♦♥♥❡✉AC ❡; ❧❡C ♠♦❞❡C C;A✉❝;✉A❛✉① ❞❡ ❧❛ ♣❧❛T✉❡ ❡; S ❞❡ ❞✐♠❡♥C✐♦♥ Nu×

Nm ❧❡ ❝♦✉♣❧❛❣❡ ❡♥;A❡ ❧❡C ♠♦❞❡C C;A✉❝;✉A❛✉① ❡; ❧❡C ❝❛♣;❡✉AC ✈✐❜A❛;♦✐A❡C✳ ▲❡✉AC ❡①♣A❡CC✐♦♥C

❞G♣❡♥❞❡♥; ❞✐A❡❝;❡♠❡♥; ❞❡ ❧❡✉A ;❡❝❤♥♦❧♦❣✐❡ ❡; ❞❡ ❧❡✉A ♣♦C✐;✐♦♥✳ ❉❡ ❧❛ ♠X♠❡ ♠❛♥✐YA❡✱ ❧❡

❜A✉✐; ♣A✐♠❛✐A❡ ♠❡C✉AG ♣❛A ❧❡C ❝❛♣;❡✉AC C❡ ❞G❝♦♠♣♦C❡ C♦✉C ❧❛ ❢♦A♠❡ ✿

d = SMb, ✭✸✳✶✵✮

❛✈❡❝ b ❧❡ ✈❡❝;❡✉A ❞❡ ❞✐♠❡♥C✐♦♥ Nm T✉✐ A❡♣AGC❡♥;❡ ❧❡ ❝♦✉♣❧❛❣❡ ❡♥;A❡ ❧❡ ❝❤❛♠♣ ♣A✐♠❛✐A❡ ❡;

❧❡C ♠♦❞❡C C;A✉❝;✉A❛✉①✳ ❆✈❡❝ q ❧❡ ✈❡❝;❡✉A ❞❡C ❛♠♣❧✐;✉❞❡C ♠♦❞❛❧❡C ❞❡ ❞G♣❧❛❝❡♠❡♥; ❞G❝A✐; S

❧✬❊T✳ ✭✸✳✹✮✱ ❧✬❊T✳ ✭✸✳✽✮ C✬G❝A✐; C♦✉C ❧❛ ❢♦A♠❡ ❞✉ C②C;Y♠❡ ✿

y = Hu+ d⇔

{

jωM−1q = Au+ b

y = jωSq
✭✸✳✶✶✮

T✉✐ ♣❡A♠❡;;A❛ ♣❛A ❧❛ C✉✐;❡ ❞✬✐♥;❡A♣AG;❡A ❧❡C ❡✛❡;C ❞✉ ❝❤❛♠♣ ♣A✐♠❛✐A❡ ❡; ❞✉ ❝♦♥;A^❧❡ C✉A

❧❡C ❛♠♣❧✐;✉❞❡C ♠♦❞❛❧❡C✳ ❆❧♦AC T✉❡ ❧❛ C✉✐;❡ ❞❡ ❝❡;;❡ C❡❝;✐♦♥ ❡C; ❝♦♥C❛❝AG❡ ❛✉ ❝❛❧❝✉❧ ❞❡C

♠❛;A✐❝❡C A ❡; S✱ ❧✬❡①♣A❡CC✐♦♥ ❞❡ b ❡C; ❞G;❛✐❧❧G❡ ❞❛♥C ❧❛ C❡❝;✐♦♥ ✸✳✶✳✸ ♣♦✉A ❞✐✛GA❡♥;C ;②♣❡C

❞❡ ♣❡A;✉A❜❛;✐♦♥C ♣A✐♠❛✐A❡C✳

❆❝"✐♦♥♥❡✉( ✐♥❡("✐❡❧✴❆❝❝+❧+(♦♠-"(❡

❉❛♥C ✉♥ ♣A❡♠✐❡A ;❡♠♣C✱ ✉♥❡ ✉♥✐;G ❝♦♠♣♦CG❡ ❞✬✉♥ ❛❝;✐♦♥♥❡✉A ✐♥❡A;✐❡❧ ❝♦♠♠❛♥❞G ❡♥ ;❡♥C✐♦♥

❡; ❞✬✉♥ ❛❝❝G❧GA♦♠Y;A❡ ❞♦♥; ❧❡ C✐❣♥❛❧ ❡C; ✐♥;G❣AG ;❡♠♣♦A❡❧❧❡♠❡♥; ❡C; ❝♦♥C✐❞GAG❡✳ ▲❡ ❝❛❧❝✉❧

❞❡ ❧❛ ❢♦♥❝;✐♦♥ ❞❡ ;A❛♥C❢❡A; Hfu,i ❡♥;A❡ ❧❛ ❝♦♠♠❛♥❞❡ ❡♥ ;❡♥C✐♦♥ ❡; ❧❛ ❢♦A❝❡ ❛♣♣❧✐T✉G❡ S ❧❛
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345✉❝4✉5❡ ♣❛5 ❧✬❛❝4✐♦♥♥❡✉5 ❞❡ ❧✬✉♥✐4A i ❡34 ❞A4❛✐❧❧A B ❧✬❆♥♥❡①❡ ❇✳ ❈❡❧❧❡✲❝✐ 3✬❡①♣5✐♠❡ ✿

Hfu,i = −
jωMaBl

Za + jωMa(Ra +
Ka

jω
)Yi

.
1

Zin

, ✭✸✳✶✷✮

❛✈❡❝ Za = jωMa+Ra+
Ka

jω
♦K Ra✱Ma ❡4Ka 3♦♥4 5❡3♣❡❝4✐✈❡♠❡♥4 ❧❛ 5A3✐34❛♥❝❡ ♠A❝❛♥✐M✉❡✱ ❧❛

♠❛33❡ ❡4 ❧❛ 5❛✐❞❡✉5 ❞❡ ❧✬❛❝4✐♦♥♥❡✉5 ✐♥❡54✐❡❧✱ Yi ❡34 ❧❛ ♠♦❜✐❧✐4A ♠A❝❛♥✐M✉❡ ❧♦❝❛❧❡ ❞❡ ❧❛ 345✉❝✲

4✉5❡ B ❧❛ ♣♦3✐4✐♦♥ ❞❡ ❧✬✉♥✐4A i ✭❊M✳ ✭✸✳✼✮✮ ❡4 Zin ❧✬✐♠♣A❞❛♥❝❡ A❧❡❝45✐M✉❡ ❞✉ 45❛♥3❞✉❝4❡✉5 3✉5

❧❛ 345✉❝4✉5❡✳ ▲❛ ❞A♣❡♥❞❛♥❝❡ ❞❡ Hfu,i ♣❛5 5❛♣♣♦54 B Zin ♠♦♥45❡ ✐❝✐ ❧✬✐♥4A5P4 ❞❡ ❝♦♠♠❛♥❞❡5

❧✬❛❝4✐♦♥♥❡✉5 ❡♥ ❝♦✉5❛♥4 ❡4 ♣❛3 ❡♥ 4❡♥3✐♦♥✱ ❝♦♠♠❡ ✐❧ ❧✬❛ A4A ❝♦♥3✐❞A5A ❞❛♥3 ❝❡44❡ A4✉❞❡✳ ▲❛

♠✐3❡ ❡♥ ♣❧❛❝❡ ❞✬✉♥❡ ❝♦♠♠❛♥❞❡ ❡♥ 4❡♥3✐♦♥ ❡34 ♣❧✉3 3✐♠♣❧❡ ❡4 ♠♦✐♥3 ❞✐3♣❡♥❞✐❡✉3❡ M✉✬✉♥❡

❝♦♠♠❛♥❞❡ ❡♥ ❝♦✉5❛♥4✳ ❉❛♥3 ❧❛ 3✉✐4❡✱ ✐❧ 3❡5❛ ♠♦♥45A M✉❡ ❝❡ ❝❤♦✐① ♥✬❛ ❛✉❝✉♥❡ ✐♥✢✉❡♥❝❡ 3✉5

❧❡3 5A3✉❧4❛43 ❞❡ ❧❛ ♠A4❤♦❞❡ ❞❡3 ✐♠♣A❞❛♥❝❡3 ♠A❝❛♥✐M✉❡3 ✈✐54✉❡❧❧❡3 ♦♣4✐♠❛❧❡3✳

❆✐♥3✐✱ ❡♥ ❝♦♥3✐❞A5❛♥4 ♣♦♥❝4✉❡❧❧❡ ❧❛ ❢♦5❝❡ 45❛♥3✈❡53❛❧❡ ❛♣♣❧✐M✉A❡ ♣❛5 ❧✬❛❝4✐♦♥♥❡✉5 3✉5 ❧❛

345✉❝4✉5❡✱ ✐❧ ❡34 ♣♦33✐❜❧❡ ❞✬A❝5✐5❡ ✿

Am,i = Hfu,iΦm(xu,i, yu,i), ✭✸✳✶✸✮

♦K (xu,i, yu,i) 3♦♥4 ❧❡3 ❝♦♦5❞♦♥♥A❡3 ❞❡ ❧❛ ✐✲✐T♠❡ ✉♥✐4A ❞❡ ❝♦♥45U❧❡✳

▲❛ ♠❛33❡ ❞✬✉♥ ❛❝❝A❧A5♦♠T45❡ ❡34 ♥A❣❧✐❣❡❛❜❧❡✳ ❉T3 ❧♦53✱ 3✐ ❧❡ 3✐❣♥❛❧ ❞❡ ♠❡3✉5❡ ❡34 ❧❛ 4❡♥3✐♦♥

♠❡3✉5A❡ B 3❛ 3♦54✐❡✱ ✐♥4A❣5A❡ 4❡♠♣♦5❡❧❧❡♠❡♥4✱ ❛❧♦53 ❧❡ 45❛♥3❢❡54 ❛✈❡❝ ❧❛ ✈✐4❡33❡ 45❛♥3✈❡53❡

❧♦❝❛❧❡ ❞❡ ❧❛ ♣❧❛M✉❡ B ❧❛ ♣♦3✐4✐♦♥ ❞❡ ❧✬✉♥✐4A i ✈❛✉4 Hẇy,i =
1
sa

♦K sa ❡34 ❧❛ 3❡♥3✐❜✐❧✐4A ❞❡

❧✬❛❝❝A❧A5♦♠T45❡ ❡♥ ❱✳♠

−1
✳3

2
✳ ■❧ ❡34 ♣♦33✐❜❧❡ ❞✬A❝5✐5❡ ✿

Si,m = [Hẇy,i]
−1 Φm(xu,i, yu,i). ✭✸✳✶✹✮

 ❩❚✴ ❱❉❋

▲✬✉4✐❧✐3❛4✐♦♥ ❞❡ 45❛♥3❞✉❝4❡✉53 ♣✐A③♦A❧❡❝45✐M✉❡3 ♣♦✉5 ❝♦♠♣♦3❡5 ❞❡3 ✉♥✐4A3 ❞❡ ❝♦♥45U❧❡ ❞✉❛❧❡3

❛ A4A A✈♦M✉A❡ ❞❛♥3 ❧✬A4❛4 ❞❡ ❧✬❛54✳ ❉❛♥3 ❝❡ ❝❛3✱ ✐❧ ❢❛✉4 ❝♦♥3✐❞A5❡5 ❧❡3 AM✉❛4✐♦♥3 ❞❡ ❧❛ ♣✐A③♦✲

A❧❡❝45✐❝✐4A ❛✜♥ ❞❡ ❝❛❧❝✉❧❡5 ❧❡3 ♠❛45✐❝❡3 A ❡4 S✳ ❆✜♥ ❞❡ ✈A5✐✜❡5 M✉❡ ❧✬❡①4❡♥3✐♦♥ ❞❡ ❧❛ ♣❧❛M✉❡

❡34 ❜✐❡♥ ♥A❣❧✐❣❡❛❜❧❡ ❞❛♥3 ❧❡ ❝❛3 A4✉❞✐A✱ ❞❡3 5A3✉❧4❛43 ♦❜4❡♥✉3 ❛✈❡❝ ❧❛ ♠♦❞A❧✐3❛4✐♦♥ ❡♥ ✢❡①✐♦♥

♣✉5❡ ♦♥4 A4A ❝♦♠♣❛5A3 ❛✈❡❝ ❧❡3 5A3✉❧4❛43 ♦❜4❡♥✉3 ❡♥ ♠♦❞A❧✐3❛♥4 ❧❡3 ❡✛❡43 ❞✬❡①4❡♥3✐♦♥✳ ❊♥✲

✜♥✱ ❧❡3 5A3✉❧4❛43 ♦♥4 A❣❛❧❡♠❡♥4 A4A ❝♦♠♣❛5A3 ❛✈❡❝ ❝❡✉① ♦❜4❡♥✉3 ♣❛5 ✉♥❡ ♠A4❤♦❞❡ A❧A♠❡♥43



✸✹ ❈❍❆%■❚❘❊ ✸✳ ▼❖❉➱▲■❙❆❚■❖◆ ❉❊❙ ▼➱❈❆◆■❙▼❊❙ ❱■❇❘❖✲❆❈❖❯❙❚■◗❯❊❙

✜♥✐: ♣<❡♥❛♥? ❡♥ ❝♦♠♣?❡ ❧❡: ❞E❢♦<♠❛?✐♦♥: ❞✬❡①?❡♥:✐♦♥✳

▲✬❛♣♣<♦①✐♠❛?✐♦♥ I✉❡ ❧❡ ♠♦♠❡♥? ✐♥❞✉✐? ♣❛< ✉♥ ❛❝?✐♦♥♥❡✉< ❞❡ ?②♣❡ %❩❚ ❡:? ♣❛<?♦✉? ♥✉❧ ❡♥

❞❡❤♦<: ❞❡ ❧❛ :✉<❢❛❝❡ ❝♦✉✈❡<?❡ ♣❛< ❧❛ ❝E<❛♠✐I✉❡ ♣❡<♠❡? ❞✬E❝<✐<❡ ❝❡ ♠♦♠❡♥? ❡♥ ❢♦♥❝?✐♦♥ ❞❡

❧❛ ❝♦♠♠❛♥❞❡ ❡♥ ?❡♥:✐♦♥ u ✿

mx(x, y) = my(x, y) = C0Π(x, y)
d31u

hpzt
, ✭✸✳✶✺✮

♦T hpzt ❡:? ❧✬E♣❛✐::❡✉< ❞✉ %❩❚✱ d31 :♦♥ ❝♦❡✣❝✐❡♥? ❞❡ ♣✐E③♦E❧❡❝?<✐❝✐?E✱ C0 ✉♥❡ ❝♦♥:?❛♥?❡

❞E?❡<♠✐♥E❡ ❡♥ ❢♦♥❝?✐♦♥ ❞❡: ♣❛<❛♠X?<❡: ❞❡ ❧✬❛❝?✐♦♥♥❡✉< ❡? ❞❡ ❧❛ :?<✉❝?✉<❡ ❬✻❪✱ ❡? ❛✈❡❝ ✿

Π(x, y) = [H(x− x1,i)−H(x− x2,i)][H(y − y1,i)−H(y − y2,i)], ✭✸✳✶✻✮

♦T x1,i, y1,i, x2,i, y2,i :♦♥? ❧❡: ❡①?<E♠✐?E: ❞❡ ❧✬❛❝?✐♦♥♥❡✉< i ❡? H ❧❛ ❢♦♥❝?✐♦♥ ❞❡ ❍❡❛✈✐:✐❞❡✳ ▲❛

❢♦<❝❡ ❡①?❡<♥❡ ✐♠♣♦:E❡ \ ❧❛ :?<✉❝?✉<❡ :✬❡①♣<✐♠❡ ❛❧♦<: ✿

F ext(x, y) =
∂2mx

∂x2
+
∂2my

∂y2
✭✸✳✶✼✮

♣✉✐: ❛♣<X: ♣<♦❥❡❝?✐♦♥ :✉< ❧❡ ♠♦❞❡ m :✉✐✈❛♥? ❧✬❊I✳ ✭✸✳✺✮ ❡? ❡♥ ♣♦:❛♥? cA = C0d31
4ρhhpztLxLy

✿

Am,i = cA

(

γ2mx
+ γ2my

γmx
γmy

)

. [cos(γmx
x2,i)− cos(γmx

x1,i)]
[

cos(γmy
y2,i)− cos(γmy

y1,i)
]

,

✭✸✳✶✽✮

▲❡ ❢♦♥❝?✐♦♥♥❡♠❡♥? ❞✉ ❝❛♣?❡✉< %❱❉❋ ❡:? <E❝✐♣<♦I✉❡ ❞❡ ❝❡❧✉✐ ❞✉ %❩❚ ❡? ❧❛ ♠❛?<✐❝❡ S :❡<❛

❞✐<❡❝?❡♠❡♥? ❡①♣❧✐❝✐?E❡ \ ♣❛<?✐< ❞❡ ❧✬❡①♣<❡::✐♦♥ ❞❡ A✳ ❆✐♥:✐ ✿

Si,m = cS

(

γ2mx
+ γ2my

γmx
γmy

)

. [cos(γmx
x2,i)− cos(γmx

x1,i)]
[

cos(γmy
y2,i)− cos(γmy

y1,i)
]

,

✭✸✳✶✾✮

❛✈❡❝ cS = − e31
Cpvdf

h+hpvdf

2
♦T hpvdf ❡:? ❧✬E♣❛✐::❡✉< ❞✉ %❱❉❋✱ e31 :♦♥ ❝♦❡✣❝✐❡♥? ❞❡ ♣✐E③♦E❧❡❝✲

?<✐❝✐?E ❡? Cpvdf :❛ ❝❛♣❛❝✐?❛♥❝❡✳

❈♦♠♣❛%❛✐'♦♥ ❞❡' +%❛♥'❞✉❝+❡✉%'

❉❛♥: ❝❡??❡ :❡❝?✐♦♥✱ ❧❡: ?<❛♥:❞✉❝?❡✉<: E❧❡❝?<♦❞②♥❛♠✐I✉❡: ❡? ❧❡: ?<❛♥:❞✉❝?❡✉<: ♣✐E③♦E❧❡❝✲

?<✐I✉❡: :♦♥? ❝♦♠♣❛<E:✳ ❯♥❡ ❛??❡♥?✐♦♥ ♣❛<?✐❝✉❧✐X<❡ ❡:? ♣♦<?E❡ \ ❧✬❛♥❛❧②:❡ ❞❡: <E:✉❧?❛?: ❡♥



✸✳✶✳ ❘➱%❖◆❙❊ ❱■❇❘❆❚❖■❘❊ ❉❊ ▲❆ ❙❚❘❯❈❚❯❘❊ ✸✺

✈✉❡ ❞❡ ❧✬❛♣♣❧✐❝❛>✐♦♥ ✜♥❛❧❡ ❞❡ ❧❛ ♠C>❤♦❞❡ ❞❡E ✐♠♣C❞❛♥❝❡E ♠C❝❛♥✐F✉❡E ✈✐G>✉❡❧❧❡E ♦♣>✐♠❛❧❡E

❛✉ ♣❛♥♥❡❛✉ ❛CG♦♥❛✉>✐F✉❡✳

▲❡E ❞❡✉① >❡❝❤♥♦❧♦❣✐❡E ❧❡E ♣❧✉E ✉>✐❧✐EC❡E ♣♦✉G GC❛❧✐E❡G ❞✉ ❝♦♥>GJ❧❡ ❛❝>✐❢ ✈✐❜G♦❛❝♦✉E>✐F✉❡ ♦♥>

❞♦♥❝ C>C ♠♦❞C❧✐EC❡E✳ ❈♦♥>G❛✐G❡♠❡♥> M ❧✬❛❝>✐♦♥♥❡✉G ✐♥❡G>✐❡❧ F✉✐ ❡①❡G❝❡ ✉♥❡ ❢♦G❝❡ >G❛♥E✈❡GE❡

E✉G ❧❛ E>G✉❝>✉G❡✱ ❧✬❛❝>✐♦♥♥❡✉G ♣✐C③♦C❧❡❝>G✐F✉❡ ❛♣♣❧✐F✉❡ ❞❡E ♠♦♠❡♥>E ❞❡ ✢❡①✐♦♥ ❧✐♥CQF✉❡E✳

❉❛♥E ❧❡E ❞❡✉① ❝❛E✱ ❡♥ ♣❧✉E ❞❡ E♦♥ ❛❝>✐♦♥ ❣❧♦❜❛❧❡ E✉G ❧❛ E>G✉❝>✉G❡✱ ❧✬❛❝>✐♦♥♥❡✉G ❝GC❡ ✉♥❡

❞C❢♦G♠❛>✐♦♥ ❧♦❝❛❧❡ ♣❧✉E ♦✉ ♠♦✐♥E ♠❛GF✉C❡ E❡❧♦♥ E❛ ♥❛>✉G❡✳ ▲❡ ♠♦❞❡ ❞✬❛❝>✐♦♥ ❞❡ ❧✬❛❝>✐♦♥✲

♥❡✉G ♣✐C③♦C❧❡❝>G✐F✉❡ ❡E> M ❧✬♦G✐❣✐♥❡ ❞✬✉♥ ✢❡①✐♦♥ ❧♦❝❛❧❡ ♣❧✉E ✐♠♣♦G>❛♥>❡ ✭❋✐❣✉G❡ ✸✳✶✮✳ ❆❧♦GE

F✉✬❡❧❧❡ ♥❡ ♣❛G>✐❝✐♣❡ F✉❛E✐♠❡♥> ♣❛E ❛✉ G❛②♦♥♥❡♠❡♥> ❞❡ ❧❛ E>G✉❝>✉G❡✱ ❧❛ ❞C❢♦G♠❛>✐♦♥ ❧♦❝❛❧❡

♠♦❞✐✜❡ ❛❧♦GE ❢♦G>❡♠❡♥> ❧❡ >G❛♥E❢❡G> ✈✐❜G❛>♦✐G❡ ❛✈❡❝ ❧❡ ❝❛♣>❡✉G ❞✉❛❧ ❝♦❧♦❝❛❧✐EC✳ ❯♥❡ ♠C>❤♦❞❡

♣❡G♠❡>>❛♥> ❞✬✐❞❡♥>✐✜❡G ❝❡> ❡✛❡> ❡> ❧❡ ❝♦♠♣❡♥E❡G ❡♥ ❛EE✐♠✐❧❛♥> ❧❛ ♣❛G>✐❝✐♣❛>✐♦♥ ❞❡E ♠♦❞❡E

❞✬♦G❞G❡E C❧❡✈CE M ✉♥❡ G❛✐❞❡✉G ❡E> ♣GCE❡♥>C❡ ❡♥ ❆♥♥❡①❡ ❈✳ ❆♣GXE ❝❡>>❡ ♦♣CG❛>✐♦♥✱ ❧❡ E✐❣♥❛❧

✐EE✉ ❞❡E ❝❛♣>❡✉GE ❡E> ❜❡❛✉❝♦✉♣ ♣❧✉E G❡♣GCE❡♥>❛>✐❢ ❞✉ G❛②♦♥♥❡♠❡♥> ❡> ♥❡ ❞C♣❡♥❞ F✉❛E✐♠❡♥>

♣❧✉E ♥✐ ❞❡ ❧❛ ♥❛>✉G❡ ♥✐ ❞❡E ❞✐♠❡♥E✐♦♥E ❞❡ ❧✬❛❝>✐♦♥♥❡✉G✳ ❈❡>>❡ ❝♦♠♣❡♥E❛>✐♦♥ ❡E> ♥C❝❡EE❛✐G❡

❧♦GEF✉✬❡E> ❡♥✈✐E❛❣C ✉♥ ❝♦♥>GJ❧❡ ❝❡♥>G❛❧✐EC ♦✉ ❞✐E>G✐❜✉C GC❛❧✐E❛♥> ✉♥❡ ❡E>✐♠❛>✐♦♥ ❞✉ G❛②♦♥✲

♥❡♠❡♥> ❛❝♦✉E>✐F✉❡ M ♣❛G>✐G ❞❡ ♠❡E✉G❡E ✈✐❜G❛>♦✐G❡E✳

❋✐❣✉G❡ ✸✳✶ ❉C♣❧❛❝❡♠❡♥> >G❛♥E✈❡GE❡ ❡♥❣❡♥❞GC ♣❛G ✉♥❡ ❡①❝✐>❛>✐♦♥ ♣❛G ✉♥ ❛❝>✐♦♥✲

♥❡✉G ♣✐C③♦C❧❡❝>G✐F✉❡ ✭❣❛✉❝❤❡✮ ♦✉ ✐♥❡G>✐❡❧ ✭❞G♦✐>❡✮✱ f = 400❍③✱ η = 1× 10−2✳

▼[♠❡ E✬✐❧ ❡E> ♣♦EE✐❜❧❡ ❞❡ ❝♦♠♣❡♥E❡G ❧✬❡✛❡> ❧♦❝❛❧✱ ❝❡>>❡ C>✉❞❡ E♦✉❧✐❣♥❡ ❧❡ ❢❛✐> F✉✬✉♥❡ ❣G❛♥❞❡

♣❛G>✐❡ ❞❡ ❧❛ ♣✉✐EE❛♥❝❡ ❢♦✉G♥✐❡ M ❧✬❛❝>✐♦♥♥❡✉G ♣✐C③♦C❧❡❝>G✐F✉❡ ✈❛ [>G❡ ✉>✐❧✐EC❡ ♣♦✉G ❣C♥CG❡G ✉♥

❡✛❡> ❧♦❝❛❧ ✐♠♣♦G>❛♥> F✉✐ ♥✬❛ F✉❡ >GXE ♣❡✉ ❞✬✐♥✢✉❡♥❝❡ E✉G ❧❡ G❛②♦♥♥❡♠❡♥> ❛❝♦✉E>✐F✉❡✳ ❈❡> ❡❢✲

❢❡> ❛ >♦✉>❡E ❧❡E ❝❤❛♥❝❡E ❞✬[>G❡ ❛❝❝❡♥>✉C ❡♥ ♣❛EE❛♥> ❞❡ ❧❛ ♣❧❛F✉❡ ❞✬❛❧✉♠✐♥✐✉♠ ❝♦♥E✐❞CGC❡ ❞❛♥E

❧✬C>✉❞❡ >❤C♦G✐F✉❡ ❛✉ ♣❛♥♥❡❛✉ ❛CG♦♥❛✉>✐F✉❡✱ ❜❡❛✉❝♦✉♣ ♣❧✉E ❛♠♦G>✐✳ %♦✉G E✬❡♥ ❝♦♥✈❛✐♥❝G❡✱ ❧❡

♠[♠❡ ❝❛❧❝✉❧ F✉❡ ❝❡❧✉✐ F✉✐ ❛ E❡G✈✐ M >G❛❝❡G ❧❛ ❋✐❣✉G❡ ✸✳✶ ❛ C>C GC❛❧✐EC ❡♥ ♠✉❧>✐♣❧✐❛♥> ♣❛G ✈✐♥❣>
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❋✐❣✉;❡ ✸✳✷ ❉>♣❧❛❝❡♠❡♥E E;❛♥F✈❡;F❡ ❡♥❣❡♥❞;> ♣❛; ✉♥❡ ❡①❝✐E❛E✐♦♥ ♣❛; ✉♥ ❛❝E✐♦♥✲

♥❡✉; ♣✐>③♦>❧❡❝E;✐L✉❡ ✭❣❛✉❝❤❡✮ ♦✉ ✐♥❡;E✐❡❧ ✭❞;♦✐E❡✮✱ f = 400❍③✱ η = 2× 10−1✳
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ξ

❋✐❣✉;❡ ✸✳✸ ❊✣❝❛❝✐E> ❞✉ ❝♦✉♣❧❛❣❡ ❡♥E;❡ ✉♥ ❛❝E✐♦♥♥❡✉; %❩❚ ❡E ✉♥❡ ♣❧❛L✉❡ ♠✐♥❝❡

❞✬❛❧✉♠✐♥✐✉♠ ✭♣❧❡✐♥✮ ♦✉ ✉♥ ♣❛♥♥❡❛✉ ❛>;♦♥❛✉E✐L✉❡ ✭E✐;❡EF✮ ❡♥ ❢♦♥❝E✐♦♥ ❞❡ ❧✬>♣❛✐F✲

F❡✉; ❞✉ %❩❚ ❬✷✼❪✳

❧✬❛♠♦;E✐FF❡♠❡♥E ❞❡ ❧❛ ♣❧❛L✉❡ ❡♥ ❛♣♣✉✐ F✐♠♣❧❡ ❝♦♥F✐❞>;>❡ ✭η = 1× 10−2 → η = 2× 10−1✮✳

❈♦♥E;❛✐;❡♠❡♥E X ❧✬❛❝E✐♦♥♥❡✉; ✐♥❡;E✐❡❧ L✉✐ ♠❡E ❡♥ ♠♦✉✈❡♠❡♥E E♦✉E❡ ❧❛ FE;✉❝E✉;❡✱ ❧✬✐♥✢✉❡♥❝❡

❞✉ %❩❚ F❡ ❧✐♠✐E❡ L✉❛F✐♠❡♥E X F♦♥ ✈♦✐F✐♥❛❣❡ ✭❋✐❣✉;❡ ✸✳✷✮✳

▲❛ ❝❛♣❛❝✐E> ❞✉ %❩❚ X ❛♣♣❧✐L✉❡; ✉♥ ♠♦♠❡♥E X ❧❛ FE;✉❝E✉;❡ ❛♣♣❛;❛ZE ❞❛♥F ❧✬❊L✳ ✭✸✳✶✺✮✳

❊♥ ❝♦♥F✐❞>;❛♥E ❧❡ ♠♦♠❡♥E ❞❡ ✢❡①✐♦♥ M ❛♣♣❧✐L✉> X ❧❛ FE;✉❝E✉;❡ ❞❛♥F ❧❡ ❝❛F ❞✬✉♥❡ ♣❧❛L✉❡

♠✐♥❝❡ ✐♥✜♥✐❡✱ ❉❡❧❛F ❬✷✼❪ ❞>✈❡❧♦♣♣❡ ✉♥❡ ♠>E❤♦❞❡ ♣❡;♠❡EE❛♥E ❞❡ ;>❣❧❡; ❛✉ ♠✐❡✉① ❧✬>♣❛✐FF❡✉;
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hpzt ❞✉ ♣✐8③♦8❧❡❝>?✐@✉❡ ♣❛? ?❛♣♣♦?> B ❝❡❧❧❡ ❞❡ ❧❛ C>?✉❝>✉?❡ ❡♥ ❢♦♥❝>✐♦♥ ❞✉ ❝♦❡✣❝✐❡♥> ❑ ✿

K =
Ea(1− ν)

E(1− νa)
, ✭✸✳✷✵✮

♦' Ea ❡) νa *♦♥) ,❡*♣❡❝)✐✈❡♠❡♥) ❧❡ ♠♦❞✉❧❡ ❞✬❨♦✉♥❣ ❡) ❧❡ ❝♦❡✣❝✐❡♥) ❞❡ 9♦✐**♦♥ ❞✉ ♠❛);,✐❛✉

♣✐;③♦;❧❡❝),✐=✉❡✳ ▲❛ ❢♦♥❝)✐♦♥ ξ(hpzt) =
M(hpzt)

maxM(hpzt)
♣❡,♠❡) ❞❡ ♣,;✈♦✐, =✉❡ ❞❛♥* ❧❡ ❝❛* ❞✬✉♥❡

♣❧❛=✉❡ ♠✐♥❝❡ ❞✬❛❧✉♠✐♥✐✉♠ ✭❚❛❜❧❡❛✉ ✺✳✶✮✱ ❧✬;♣❛✐**❡✉, ♦♣)✐♠❛❧❡ ❞✬✉♥ 9❩❚ ❞❡ )②♣❡ ✺✲❍ *❡,❛

❛✉)♦✉, ❞✉ ♠✐❧❧✐♠I),❡ ✭❋✐❣✉,❡ ✸✳✸✮ )❛♥❞✐* =✉❡ ❞✬❛♣,I* ❧❡* ❞♦♥♥;❡* ♠;❝❛♥✐=✉❡* ❞✐*♣♦♥✐❜❧❡*

✭❚❛❜❧❡❛✉ ✻✳✶✮✱ ❧✬;♣❛✐**❡✉, ♦♣)✐♠❛❧❡ ♣♦✉, ✉♥ 9❩❚ ❞✉ ♠L♠❡ )②♣❡✱ ♠❛✐* ❞❛♥* ❧❡ ❝❛* ❞✬✉♥

♣❛♥♥❡❛✉ ✐♥);,✐❡✉, ❛;,♦♥❛✉)✐=✉❡✱ *❡,❛ ❛✉)♦✉, ❞✉ ❞✐①✐I♠❡ ❞❡ ♠✐❧❧✐♠I),❡✳

▲❛ ❣;♥;,❛)✐♦♥ ❞✬✉♥❡ ❞;❢♦,♠❛)✐♦♥ ❣❧♦❜❛❧❡ *✉, ✉♥❡ *),✉❝)✉,❡ ❢♦,)❡♠❡♥) ❛♠♦,)✐❡ ♥;❝❡**✐)❡

❧✬❡♥✈♦✐ N ✉♥ ❛❝)✐♦♥♥❡✉, ❞✬✉♥❡ ❝♦♠♠❛♥❞❡ ),I* ❢♦,)❡ ❞❛♥* ❧❛ ♠❡*✉,❡ ♦' ✉♥❡ ❣,❛♥❞❡ ♣❛,)✐❡

*❡,) N ❣;♥;,❡, ✉♥❡ ❞;❢♦,♠❛)✐♦♥ ❧♦❝❛❧❡ ♣❡✉ ✐♥✢✉❡♥)❡ *✉, ❧❡ ,❛②♦♥♥❡♠❡♥)✳ ❈❡♣❡♥❞❛♥)✱ ❧❛

)❡♥*✐♦♥ ♠❛①✐♠❛❧❡ ♣♦✉✈❛♥) L),❡ ❡♥✈♦②;❡ N ✉♥ ❛❝)✐♦♥♥❡✉, 9❩❚ *❛♥* ♦❜*❡,✈❡, ❞❡ *❛)✉,❛✲

)✐♦♥ ♥✐ ,✐*=✉❡, ❞❡ ❧❡ ❞;♣♦❧❛,✐*❡, ❞;♣❡♥❞ ❞❡ *♦♥ ;♣❛✐**❡✉,✳ ❊♥✜♥✱ ✉♥ ❜♦♥ ❝♦✉♣❧❛❣❡ ❛✈❡❝ ✉♥

♣❛♥♥❡❛✉ ❛;,♦♥❛✉)✐=✉❡ ,❡=✉✐❡,) ❞❡* ❛❝)✐♦♥♥❡✉,* ),I* ✜♥* ✭❞❡ ❧✬♦,❞,❡ ❞✉ ❞✐①✐I♠❡ ❞❡ ♠✐❧❧✐✲

♠I),❡✮✳ ❈❡* ♠♦❞;❧✐*❛)✐♦♥* ♣❡,♠❡))❡♥) ❞♦♥❝ ❞❡ ♣,;❞✐,❡ ❧❛ ❞✐✣❝✉❧); =✉✐ *❡,❛✐) ,❡♥❝♦♥),;❡

❡♥ ♠❡))❛♥) ❡♥ ♣❧❛❝❡ ❧❛ ♠;)❤♦❞❡ ❞❡* ✐♠♣;❞❛♥❝❡* ♠;❝❛♥✐=✉❡* ✈✐,)✉❡❧❧❡* ♦♣)✐♠❛❧❡* *✉, ❧❡

♣❛♥♥❡❛✉ ❛;,♦♥❛✉)✐=✉❡ N ❧✬❛✐❞❡ ❞✬✉♥✐);* ♣✐;③♦;❧❡❝),✐=✉❡* ❝❧❛**✐=✉❡*✳ ▲❛ ❝♦♥❝❡♣)✐♦♥ ❞✬❛❝✲

)✐♦♥♥❡✉,* ♣✐;③♦;❧❡❝),✐=✉❡* ❛❞❛♣);* N ❝❡))❡ ❛♣♣❧✐❝❛)✐♦♥ ♥✬❛ ♣❛* ;); ❛❜♦,❞;❡ ❛✉ ❝♦✉,* ❞❡ ❝❡

),❛✈❛✐❧ ❞❡ ❞♦❝)♦,❛)✳ ❊♥ ,❡✈❛♥❝❤❡✱ ❞✉ ♣♦✐♥) ❞❡ ✈✉❡ ❞✬✉♥❡ ❛♣♣❧✐❝❛)✐♦♥ ✐♥❞✉*),✐❡❧❧❡✱ ❧✬❛❝)✐♦♥✲

♥❡✉, ✐♥❡,)✐❡❧✱ ❞✉ ❢❛✐) ❞❡ *❛ ♠❛**❡ ♠♦❜✐❧❡✱ ❡*) ♣❧✉* ❢,❛❣✐❧❡ =✉✬✉♥ ❛❝)✐♦♥♥❡✉, 9❩❚✳ ❉❡ ♣❧✉*✱

❛✉① ❢,;=✉❡♥❝❡* ❝♦♥*✐❞;,;❡*✱ ❡) ❡♥ ❝♦♠♠❛♥❞❛♥) ❧✬❛❝)✐♦♥♥❡✉, ❡♥ )❡♥*✐♦♥✱ ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❢♦,❝❡

=✉✬✐❧ ),❛♥*♠❡) ,;❡❧❧❡♠❡♥) N ❧❛ *),✉❝)✉,❡ ❡*) ♠♦✐♥* ❞✐,❡❝) ✭❊=✳ ✭✸✳✶✷✮✮ =✉❡ ♣♦✉, ❧❡ 9❩❚ ✭❊=✳

✭✸✳✶✼✮✮✳

❊♥ ❝♦♥❝❧✉*✐♦♥✱ ✐❧ ❡*) ✐♠♣♦,)❛♥) ❞❡ *♦✉❧✐❣♥❡, ❧❡ ❢❛✐) =✉❡ ❧❡* ❞✐✛;,❡♥❝❡* ♦❜*❡,✈;❡* ❞;♣❡♥❞❡♥)

♣❧✉* ❞✉ ❝❤♦✐① ❞✉ ),❛♥*❞✉❝)❡✉, =✉❡ ❞❡ *❛ )❡❝❤♥♦❧♦❣✐❡ N ♣,♦♣,❡♠❡♥) ♣❛,❧❡,✳ ▲❡ )②♣❡ ❞✬❛❝)✐♦♥✲

♥❡✉, 9❩❚ ❝♦♥*✐❞;,; ❞❛♥* ❝❡))❡ ;)✉❞❡ ❡*) ❜❡❛✉❝♦✉♣ ♣❧✉* ,❛✐❞❡ =✉❡ ❧❛ *),✉❝)✉,❡ *✉, ❧❛=✉❡❧❧❡

✐❧ ❡*) ✜①; ❡) ❛ ❛✈❡❝ ❡❧❧❡ ✉♥ ♠❛✉✈❛✐* ❝♦✉♣❧❛❣❡ ✿ *♦♥ ❡✣❝❛❝✐); ♥✬❡*) ♣❛* ✐❞;❛❧❡✳ ❝❡♣❡♥❞❛♥)✱ *❡*

♠♦❞❡* ♣,♦♣,❡* ;)❛♥) ❛✐♥*✐ N ❞❡* ❢,;=✉❡♥❝❡* ❜❡❛✉❝♦✉♣ ♣❧✉* ;❧❡✈;❡*✱ *❛ ♠♦❞;❧✐*❛)✐♦♥ ❡*) ♣❧✉*

*✐♠♣❧❡ ❡) *♦♥ ❡✛❡) ♣❛**✐❢ ♥;❣❧✐❣❡❛❜❧❡✳ ▲✬❛❝)✐♦♥♥❡✉, ✐♥❡,)✐❡❧✱ ❡♥ ,❡✈❛♥❝❤❡✱ ❡*) ❜✐❡♥ ❝♦✉♣❧; N ❧❛

*),✉❝)✉,❡✳ ❈❡♣❡♥❞❛♥)✱ *❛ ,;*♦♥❛♥❝❡ ♠;❝❛♥✐=✉❡ ❡*) ♣,♦❝❤❡ ❞❡ ❧❛ ❣❛♠♠❡ ❞❡ ❢,;=✉❡♥❝❡* ✈✐*;❡*

♣❛, ❧❡ ❝♦♥),X❧❡✳ ❈❡) ❛*♣❡❝) ❡*) ♣,♦❜❧;♠❛)✐=✉❡ ♣♦✉, ❧❛ *)❛❜✐❧✐); ❞❡ ❝❡,)❛✐♥❡* ♠;)❤♦❞❡*✱ ❧❡

♣❧✉* *♦✉✈❡♥) ♠✐*❡* ❡♥ ♣❧❛❝❡ ❡♥ ❧❛,❣❡✲❜❛♥❞❡✳ ▲❛ *)❛❜✐❧✐); ❞✉ ❝♦♥),X❧❡ ❤❛,♠♦♥✐=✉❡ ❝♦♥*✐❞;,;

❞❛♥* ❝❡))❡ ;)✉❞❡ ♥✬❡♥ ❞;♣❡♥❞ ♣❛*✳ ❉❛♥* ❧❛ *✉✐)❡ ❞❡ ❧✬;)✉❞❡✱ ❧❡* *✐♠✉❧❛)✐♦♥* ♥✉♠;,✐=✉❡*
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❡8 ❧❡: ❡①♣=>✐❡♥❝❡: :❡>♦♥8 >=❛❧✐:=❡: ❡♥ ❝♦♥:✐❞=>❛♥8 ❞❡: ✉♥✐8=: ❞❡ ❝♦♥8>F❧❡ ❝♦♥:8✐8✉=❡: ❞✬✉♥

❛❝8✐♦♥♥❡✉> ✐♥❡>8✐❡❧ ❡8 ❞✬✉♥ ❛❝❝=❧=>♦♠I8>❡✳

✸✳✶✳✸ #❡%&✉%❜❛&✐♦♥ ♣%✐♠❛✐%❡

❈❡88❡ :❡❝8✐♦♥ ♣>=:❡♥8❡ ❧❡: ♠♦❞=❧✐:❛8✐♦♥: J✉✐ :♦♥8 ✉8✐❧✐:=❡: ❞❛♥: ❧❡: :✐♠✉❧❛8✐♦♥: ♥✉♠=>✐J✉❡:

❛✜♥ ❞❡ >❡♣>=:❡♥8❡> ❧❡: ❞✐✛=>❡♥8: ♠=❝❛♥✐:♠❡: ❞✬❡①❝✐8❛8✐♦♥ ♣>✐♠❛✐>❡ ❞❛♥: ❧❡ ♣>♦❜❧I♠❡ ❝♦♥:✐✲

❞=>=✳ ❈♦♠♠❡ ✐❧ ❛ =8= :♦✉❧✐❣♥= ❞❛♥: ❧✬✐♥8>♦❞✉❝8✐♦♥✱ ❧❛ :8>✉❝8✉>❡ J✉✐ ❞♦✐8 P8>❡ ❝♦♥8>F❧=❡ Q

8❡>♠❡ ❡:8 ❡♥ >=❛❧✐8= ✉♥ 8>✐♠ ♣❛♥❡❧ ❝✬❡:8✲Q✲❞✐>❡ ❧❡ ♣❛♥♥❡❛✉ ✐♥8=>✐❡✉> ❞✬✉♥❡ ❞♦✉❜❧❡ ♣❛>♦✐ ❛=✲

>♦♥❛✉8✐J✉❡✳ ▲❡: :♦✉>❝❡: ❞❡ ❜>✉✐8 ♣>✐♠❛✐>❡ :♦♥8 ♠✉❧8✐♣❧❡: ✿ ❝❤❛♠♣ ❛❝♦✉:8✐J✉❡ ❞✐✛✉:✱ ❝❤❛♠♣

❞❡ ♣>❡::✐♦♥: 8✉>❜✉❧❡♥8❡:✱ ♦♥❞❡ ♣❧❛♥❡ ✐♥❝✐❞❡♥8❡✱ ❡①❝✐8❛8✐♦♥ ♠=❝❛♥✐J✉❡ ❞❡ ❞✐✛=>❡♥8: 8②♣❡:✱

❡8❝✳✳✳ ▲❡✉> ♠♦❞=❧✐:❛8✐♦♥ ❡8 ❧❡✉> >❡♣>♦❞✉❝8✐♦♥ ❡:8 ✉♥❡ ♣>♦❜❧=♠❛8✐J✉❡ Q ♣❛>8 ❡♥8✐I>❡ ❡8 ✉♥

:✉❥❡8 ❞✬=8✉❞❡ ❛❝8✉❡❧ ❬✶✹❪❬✶✼❪✳ ■❧ ❡:8 ❛❧♦>: ❛✐:= ❞❡ ❝♦♠♣>❡♥❞>❡ J✉❡ ❧✬❡①❝✐8❛8✐♦♥ ❛❝♦✉:8✐J✉❡

8>❛♥:♠✐:❡ ❛✉ ♣❛♥♥❡❛✉ ✐♥8=>✐❡✉> ❡:8 ❡♥❝♦>❡ ♣❧✉: ❝♦♠♣❧❡①❡✳ ❉❛♥: ❧❡ ❝❛❞>❡ ❞❡ ❝❡88❡ =8✉❞❡✱

:❡✉❧❡: ❞❡: ❡①❝✐8❛8✐♦♥: ♣>✐♠❛✐>❡: ❛❝❛❞=♠✐J✉❡: :❡>♦♥8 ❝♦♥:✐❞=>=❡:✳

❊①❝✐$❛$✐♦♥ ♠)❝❛♥✐*✉❡

▲❡ ❝❛: ❧❡ ♣❧✉: :✐♠♣❧❡ ❡:8 ❝❡❧✉✐ ❞✬✉♥❡ ❡①❝✐8❛8✐♦♥ ♣>✐♠❛✐>❡ :♦✉: ❧❛ ❢♦>♠❡ ❞✬✉♥❡ ❢♦>❝❡ ♣♦♥❝✲

8✉❡❧❧❡ ❞❡ ♠♦❞✉❧❡ F pri
✳ ❆❧♦>: ❧✬❡①♣>❡::✐♦♥ ❞✉ ❝♦✉♣❧❛❣❡ ❡♥8>❡ ❝❡88❡ ❡①❝✐8❛8✐♦♥ ♣>✐♠❛✐>❡ ❡8 ❧❡

m✲✐I♠❡ ♠♦❞❡ :8>✉❝8✉>❡❧ :✬=❝>✐8 ✿

b = F priφm(xi, yi) ✭✸✳✷✶✮

♦_ ❧✬❡①♣>❡::✐♦♥ ❞❡: ♠♦❞❡: φ ❛ =8= ❞=✈❡❧♦♣♣=❡ Q ❧✬❊J✳ ✭✸✳✸✮ ♣♦✉> ✉♥❡ ♣❧❛J✉❡ ♠✐♥❝❡ :✐♠♣❧❡✲

♠❡♥8 ❛♣♣✉②=❡✳

❖♥❞❡ ♣❧❛♥❡ ✐♥❝✐❞❡♥$❡

▲♦>:J✉❡ ❧✬❡①❝✐8❛8✐♦♥ ♣>✐♠❛✐>❡ :❡ ❢❛✐8 :♦✉: ❧❛ ❢♦>♠❡ ❞✬✉♥❡ ♦♥❞❡ ♣❧❛♥❡ ❞✬❛♥❣❧❡ ❞✬✐♥❝✐❞❡♥❝❡

(θ, φ)✱ ❝♦♠♠❡ :✉> ❧❛ ❋✐❣✉>❡ ✸✳✹✱ ❡8 ❞✬❛♠♣❧✐8✉❞❡ Pinc✱ ❧❡ ✈❡❝8❡✉> b ♣❡✉8 ❛❧♦>: :✬=❝>✐>❡ ✿

b =
8

2π
|Pinc|r(θ, φ) ✭✸✳✷✷✮

❆✈❡❝

rm(θ, φ) = Imx
Imy

✭✸✳✷✸✮

❡8 ♦_
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Imx
= −j

2
4❣♥(sin(θ) cos(φ)) 4✐ (mxπ

kLx
)2 = (sin(θ) cos(φ))2

Imx
= mxπ[1−(−1)mx exp(−j sin(θ) cos(φ)kLx)]

(mxπ)2−(sin(θ) cos(φ)kLx)2
4✐♥♦♥

Imy
= −j

2
4❣♥(sin(θ) sin(φ)) 4✐ (myπ

kLy
)2 = (sin(θ) sin(φ))2

Imy
= myπ[1−(−1)

my exp(−j sin(θ) sin(φ)kLy)]

(myπ)2−(sin(θ) sin(φ)kLy)2
4✐♥♦♥✱
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❋✐❣✉<❡ ✸✳✹ ❖♥❞❡ ♣❧❛♥❡ ❞✬✐♥❝✐❞❡♥❝❡ (θ, φ)✳

❡♥ ❞E✜♥✐44❛♥G k = ω
c
❧❡ ♥♦♠❜<❡ ❞✬♦♥❞❡ ❛❝♦✉4G✐J✉❡ ❡G 4❣♥ ❧❛ ❢♦♥❝G✐♦♥ 4✐❣♥❡ GJ ∀x ∈ R ✿

4❣♥(x) =











1 4✐ x > 0

−1 4✐ x < 0

0 4✐ x = 0

✭✸✳✷✹✮

❈❤❛♠♣ ❞✐✛✉)

❊♥ ♣<❛G✐J✉❡✱ ✐❧ ❡4G <❛<❡ J✉❡ ❧✬❡①❝✐G❛G✐♦♥ ♣<✐♠❛✐<❡ ♥❡ ❢❛44❡ ✐♥G❡<✈❡♥✐< ✉♥❡ ♦♥❞❡ ♣❧❛♥❡ J✉❡

❞✬✉♥❡ 4❡✉❧❡ ✐♥❝✐❞❡♥❝❡ ♦✉ J✉❡ ❧❛ ❞✐4G<✐❜✉G✐♦♥ ❞❡4 ♦♥❞❡4 ✐♥❝✐❞❡♥G❡4 4♦✐G ❝♦♥♥✉❡✳ ❙✐ ❧❡ ❝❤❛♠♣
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♣9✐♠❛✐9❡ ♣❡✉? @?9❡ ❞B❝♦♠♣♦EB ❡♥ ✉♥❡ E♦♠♠❡ ❞✬♦♥❞❡E ♣❧❛♥❡E ✐♥❝✐❞❡♥?❡E ♣9♦✈❡♥❛♥? ❞❡ ?♦✉?❡E

❧❡E ❞✐9❡❝?✐♦♥E ❞❡ ♠❛♥✐J9❡ BK✉✐♣9♦❜❛❜❧❡ ❡? ❞❡ ♣❤❛E❡E ❛❧B❛?♦✐9❡E ❛❧♦9E ♦♥ ♣❛9❧❡ ❞❡ ❝❤❛♠♣

❛❝♦✉E?✐K✉❡ ❞✐✛✉E ❬✼✾❪✳ ▲❡ ♣9♦❜❧J♠❡ ❞❛♥E E♦♥ ❡♥E❡♠❜❧❡ ❢❛✐? ✐♥?❡9✈❡♥✐9 ❧❛ E✉♣❡9♣♦E✐?✐♦♥ ❞✉

❝❤❛♠♣ ♣9✐♠❛✐9❡ ❡? E❡❝♦♥❞❛✐9❡ ❡? ❞♦✐? ❞♦♥❝ @?9❡ 9BE♦❧✉ ❡♥?✐J9❡♠❡♥? ♣♦✉9 ❝❤❛K✉❡ ?✐9❛❣❡

❛❧B❛?♦✐9❡ ❞❡ 9❡❧❛?✐♦♥E ❞❡ ♣❤❛E❡E ❡♥?9❡ ❧❡E ♦♥❞❡E ❞❡ ❞✐✛B9❡♥?❡E ✐♥❝✐❞❡♥❝❡E✳ ▲❛ ❞B✜♥✐?✐♦♥ ❞✉

❝❤❛♠♣ ❞✐✛✉E ❞B❝9✐? ✉♥ ❡♥E❡♠❜❧❡ ❞✬❡①❝✐?❛?✐♦♥E✳ ❉❡E 9BE✉❧?❛?E ❣B♥B9❛✉① E✉9 ❧❡ ❝❤❛♠♣ ❞✐✛✉E

♥❡ ♣❡✉✈❡♥? @?9❡ ♦❜?❡♥✉E K✉✬❡♥ 9B❛❧✐E❛♥? ✉♥❡ ♠♦②❡♥♥❡ ❞❡E ❞✐✛B9❡♥?E ?✐9❛❣❡E E✉9 ✉♥❡ ❣9❛♥✲

❞❡✉9 K✉❛❞9❛?✐K✉❡✱ ❧❛ ❝♦♥❞✐?✐♦♥ ❞❡ ❝❤❛♠♣ ❞✐✛✉E ❣❛9❛♥?✐EE❛♥? ❧❛ ❞B✲❝♦99B❧❛?✐♦♥ ❞❡E ?✐9❛❣❡E

❬✼✸❪✳ ❈❡❧❛ ✐♠♣❧✐K✉❡ K✉❡ ❧❛ 9BE♦❧✉?✐♦♥ ❞✉ ♣9♦❜❧J♠❡ ❞✬♦♣?✐♠✐E❛?✐♦♥ ♥❡ ♣❡✉? ♣❛E E✬❡♥✈✐E❛❣❡9

♣♦✉9 ✉♥ ❝❤❛♠♣ ❞✐✛✉E ♠♦②❡♥♥B ♠❛✐E K✉✬❡❧❧❡ ❞♦✐? E❡ ❢❛✐9❡ ♣♦✉9 ✉♥ ?✐9❛❣❡ ♣❛9?✐❝✉❧✐❡9 ❞❡

9❡❧❛?✐♦♥E ❞❡ ♣❤❛E❡E ❡♥?9❡ ❧❡E ❞✐✛B9❡♥?❡E ♦♥❞❡E ✐♥❝✐❞❡♥?❡E✳ ■❧ ❡E? ❡♥ 9❡✈❛♥❝❤❡ ♣♦EE✐❜❧❡ ❞❡

9B❛❧✐E❡9 ✉♥❡ ♠♦②❡♥♥❡ K✉❛❞9❛?✐K✉❡ ❞❡ ❧❛ ♣✉✐EE❛♥❝❡ ❛❝♦✉E?✐K✉❡ 9❛②♦♥♥B❡ ❧♦9EK✉✬✉♥ ❝♦♥?9Y❧❡

♣❛9 ❧❛ ♠B?❤♦❞❡ ❞❡E ✐♠♣B❞❛♥❝❡E ♠B❝❛♥✐K✉❡E ✈✐9?✉❡❧❧❡E ♦♣?✐♠❛❧❡E ❡E? 9B❛❧✐EB ❡? ❞✬❡E?✐♠❡9

❧✬❛??B♥✉❛?✐♦♥ ♠♦②❡♥♥❡ ❛??❡♥❞✉❡✳

✸✳✷ ❘❛②♦♥♥❡♠❡♥* ❛❝♦✉-*✐/✉❡

▲❛ E❡❝?✐♦♥ K✉✐ E✉✐? ♣9♦♣♦E❡✱ ❛♣9JE K✉❡❧K✉❡E 9❛♣♣❡❧E ❞❡ ❞B✜♥✐?✐♦♥E✱ ❧❡ ❝❛❧❝✉❧ ?❤B♦9✐K✉❡

❡①❛❝? ❞❡ ❧❛ ♣✉✐EE❛♥❝❡ ❛❝♦✉E?✐K✉❡ 9❛②♦♥♥B❡ ♣❛9 ✉♥❡ ♣❧❛K✉❡ 9❡❝?❛♥❣✉❧❛✐9❡ ♠✐♥❝❡ ❡♥ ❛♣♣✉✐

E✐♠♣❧❡✱ E✉✐✈❛♥? K✉✬✉♥❡ ❝♦♥❞✐?✐♦♥ ❡♥ ❝❤❛♠♣ ❧♦✐♥?❛✐♥ ♦✉ ❡♥ ❝❤❛♠♣ ♣9♦❝❤❡ ❡E? ❝♦♥E✐❞B9B❡✳

▲❡E ♣9♦❜❧B♠❛?✐K✉❡E ❧✐B❡E Z ❧✬❡E?✐♠❛?✐♦♥ ❞✉ 9❛②♦♥♥❡♠❡♥? Z ♣❛9?✐9 ❞❡ ♠❡E✉9❡E ❛❝♦✉E?✐K✉❡E

❧♦❝❛❧❡E E♦♥? ❛❜♦9❞B❡E ❞❛♥E ❧❡ ❝❤❛♣✐?9❡ E✉✐✈❛♥?✳ ▲✬♦❜❥❡❝?✐❢ ❡E? ❞♦♥❝ ❞❡ ♣9BE❡♥?❡9 ✐❝✐ ❧❛ ?❤B♦9✐❡

K✉✐ ❡E? ✉?✐❧✐EB❡ ♣♦✉9 9B❛❧✐E❡9 ❧❡E E✐♠✉❧❛?✐♦♥E ♥✉♠B9✐K✉❡E

✸✳✷✳✶ ❉%✜♥✐)✐♦♥+

▲✬✐♥?❡♥E✐?B ❛❝♦✉E?✐K✉❡ I ❡♥ ✉♥ ♣♦✐♥? ❡E? ❧❛ ♠♦✐?✐B ❞✉ ♣9♦❞✉✐? ❡♥?9❡ ❡♥?9❡ ❧❡ ❝♦♥❥✉❣✉B ❞❡ ❧❛

✈✐?❡EE❡ ❛❝♦✉E?✐K✉❡ ♥♦9♠❛❧❡ ❡? ❧❛ ♣9❡EE✐♦♥ ❛❝♦✉E?✐K✉❡ ✿

I =
1

2
v∗p = Ia + jIr ✭✸✳✷✺✮

♦a Ia ❡? Ir E♦♥? ❞❡E 9B❡❧E ❛♣♣❡❧BE 9❡E♣❡❝?✐✈❡♠❡♥? ♣❛9?✐❡ ❛❝?✐✈❡ ❡? 9B❛❝?✐✈❡ ❞❡ ❧✬✐♥?❡♥E✐?B

❛❝♦✉E?✐K✉❡✳ ▲✬✐♥?❡♥E✐?B ❛❝♦✉E?✐K✉❡ ❡♥ ❝❤❛♠♣ ❧♦✐♥?❛✐♥ ❡E? B❣❛❧❡ Z ❧❛ ❝♦♠♣♦E❛♥?❡ ❛❝?✐✈❡ ❞❡

❧✬✐♥?❡♥E✐?B ❬✻✷❪✱ ❧❛ ♣✉✐EE❛♥❝❡ ❛❝♦✉E?✐K✉❡ 9❛②♦♥♥B❡ ♣❡✉? ❞♦♥❝ @?9❡ ❝❛❧❝✉❧B❡ ❡♥ ✐♥?B❣9❛♥? Ia

E✉9 ✉♥❡ E✉9❢❛❝❡ S ❤B♠✐E♣❤B9✐K✉❡ ✿
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W =

∫

S

IadS =

∫ 2π

0

∫ π/2

0

Iar
2 sin θdθdφ ✭✸✳✷✻✮

▲❛ ♣8❡::✐♦♥ >8❛♥:♠✐:❡ ♣❛8 ❧❛ ♣❧❛A✉❡ ❞❡ ❞✐♠❡♥:✐♦♥: Lx × Ly :✬❡①♣8✐♠❡ ❣8G❝❡ I ❧✬✐♥>J❣8❛❧❡

❞❡ ❘❛②❧❡✐❣❤ ❡♥ ❝♦♥:✐❞J8❛♥> ❧❡: ♥♦>❛>✐♦♥: ❞❡ ❧❛ ❋✐❣✉8❡ ✸✳✺ ✿

p(r, θ, φ) =

∫ Lx

ξ=0

∫ Ly

η=0

jρ0ω

2πR

dw(ξ, η, t)

dt
exp(−jωR/c)dξdη ✭✸✳✷✼✮

♦Q ρ0 ❡:> ❧❛ ❞❡♥:✐>J ❞✉ ✢✉✐❞❡✱ c ❧❛ ✈✐>❡::❡ ❞❡ ♣8♦♣❛❣❛>✐♦♥ ❞❛♥: ❝❡❧✉✐✲❝✐✱ ❡> R =
√

r2 − r2s

❡:> ❧❛ ❞✐:>❛♥❝❡ ❡♥>8❡ ❧❡ ♣♦✐♥> ❞✬♦❜:❡8✈❛>✐♦♥ ❡> ❧❡ ♣♦✐♥> ❞❡ ❧❛ :♦✉8❝❡ J❧J♠❡♥>❛✐8❡✳

❋✐❣✉8❡ ✸✳✺ W❛8❛♠X>8❡: ❞❡ ❝❛❧❝✉❧ ♣♦✉8 ❧❡ 8❛②♦♥♥❡♠❡♥> ❛❝♦✉:>✐A✉❡ ❬✻✸❪✳

✸✳✷✳✷ ❈❤❛♠♣ ❧♦✐♥,❛✐♥

❙✐ ❧❛ ❝♦♥❞✐>✐♦♥ ❞❡ ❝❤❛♠♣ ❧♦✐♥>❛✐♥ ❡:> ✈J8✐✜J❡ ✭1 ≪ k|r|✮ ❛❧♦8: ✐❧ ❡:> J❣❛❧❡♠❡♥> ♣♦::✐❜❧❡

❞❡ ❝♦♥:✐❞J8❡8 A✉❡

1
R
= 1

|r|
✳ ❊♥ 8J❛❧✐:❛♥> ❛✐♥:✐ ✉♥❡ ❛♣♣8♦①✐♠❛>✐♦♥ ❝❤❛♠♣ ❧♦✐♥>❛✐♥ ♣✉✐: ✉♥❡

❞J❝♦♠♣♦:✐>✐♦♥ ♠♦❞❛❧❡ ❬✽✻❪✱ ❧✬❊A✳ ✭✸✳✷✼✮ :✬J❝8✐> ✿

p(r, θ, φ) =
−ρω2LxLy

2πr
exp[−jω(t− r/c− sin θ(Lx cos θ + Ly sinφ))]

∑

m

qmImx
Imy

✭✸✳✷✽✮

❊♥ ❝❤❛♠♣ ❧♦✐♥>❛✐♥✱ ❧❛ 8❡❧❛>✐♦♥ ✿

v =
p

2ρ0c
✭✸✳✷✾✮
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❡9: ✈<=✐✜<❡ ❡: ❧✬✐♥:❡♥9✐:< ❛❝♦✉9:✐G✉❡ 9✬<❝=✐: ❛❧♦=9 ❞✬❛♣=J9 ❧❡9 ❊G9 ✭✸✳✷✺✮ ❡: ✭✸✳✷✽✮ ✿

I = Ia =
|p|2

2ρ0c
=
ρ0ω

4(LxLy)
2

4π2r2c
|
∑

m

qmImx
Imy
|2 ✭✸✳✸✵✮

❉✬❛♣=J9 ❧❡9 ❊G9 ✭✸✳✷✻✮ ❡: ✭✸✳✸✵✮ ✿

W = (jωq)HΩ(jωq), ✭✸✳✸✶✮

♦S (.)H ❡9: ❧❡ ❤❡=♠✐:✐❡♥ ❡: Ω ❡9: ❧❛ ♠❛:=✐❝❡ ❞❡ =<9✐9:❛♥❝❡ ❞❡9 ♠♦❞❡9 9:=✉❝:✉=❛✉① ❬✷✸❪❬✽❪ ✿

Ω =
ρ0ω

2(LxLy)
2

4π2c

∫ 2π

0

∫ π/2

0

r.rH sin(θ)dθdφ ✭✸✳✸✷✮

❆✈❡❝ rm = Imx
Imy

❡: ♦S

Imx
= −j

2
9❣♥(sin(θ) cos(φ)) 9✐ (mxπ

kLx
)2 = (sin(θ) cos(φ))2

Imx
= mxπ[1−(−1)mx exp(−j sin(θ) cos(φ)kLx)]

(mxπ)2−(sin(θ) cos(φ)kLx)2
9✐♥♦♥

Imy
= −j

2
9❣♥(sin(θ) sin(φ)) 9✐ (myπ

kLy
)2 = (sin(θ) sin(φ))2

Imy
= myπ[1−(−1)

my exp(−j sin(θ) sin(φ)kLy)]

(myπ)2−(sin(θ) sin(φ)kLy)2
9✐♥♦♥✱

▲❛ ♠❛:=✐❝❡ ❞❡ =<9✐9:❛♥❝❡ ❞❡ =❛②♦♥♥❡♠❡♥: ❞❡9 ♠♦❞❡9 9:=✉❝:✉=❛✉① ❞<✜♥✐: ❧❡9 ❢❛❝:❡✉=9 ❞❡

=❛②♦♥♥❡♠❡♥: ❞❡ ❝❤❛G✉❡ ♠♦❞❡ ❛✐♥9✐ G✉❡ ❧❡✉=9 ✐♥:❡=❛❝:✐♦♥9✳ ❈❡9 :❡=♠❡9 9♦♥: =❡♣=<9❡♥:<9 9✉=

❧❛ ❋✐❣✉=❡ ✸✳✻ ❞❛♥9 ❧❡ ❝❛9 ❞✬✉♥❡ ♣❧❛G✉❡ 9✐♠♣❧❡♠❡♥: ❛♣♣✉②<❡✳ ▲❡9 :❡=♠❡9 ❞✐❛❣♦♥❛✉① 9♦♥: ❧❡9

❢❛❝:❡✉=9 ❞❡ =❛②♦♥♥❡♠❡♥:9 ♣=♦♣=❡9 ❡: ❧❡9 :❡=♠❡9 ❤♦=9 ❞✐❛❣♦♥❛✉① ❞<✜♥✐99❡♥: ❧❡9 ✐♥:❡=❛❝:✐♦♥9

❛❝♦✉9:✐G✉❡9 ❡♥:=❡ ❞✐✛<=❡♥:9 ♠♦❞❡9✳ ❈❡9 ❢❛❝:❡✉=9 ❞❡ =❛②♦♥♥❡♠❡♥:9 ✈❛=✐❡♥: ❛✈❡❝ ❧❛ ❢=<G✉❡♥❝❡

❡: ❞<♣❡♥❞❡♥: ❞❡9 ❞<❢♦=♠<❡9 ♠♦❞❛❧❡9 ❞❡ ❧❛ 9:=✉❝:✉=❡✳
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❋✐❣✉5❡ ✸✳✻ ❈♦❡✣❝✐❡♥<= ❞❡ ❧❛ ♠❛<5✐❝❡ ❞❡ 5B=✐=<❛♥❝❡ ❞❡ 5❛②♦♥♥❡♠❡♥< ❞❡= ♠♦❞❡=

=<5✉❝<✉5❛✉① ❞✬✉♥❡ ♣❧❛G✉❡ ❡♥ ❛♣♣✉✐ =✐♠♣❧❡ ❡♥ ❢♦♥❝<✐♦♥ ❞❡ kl = ωLx

c
❬✻✸❪✳

✸✳✷✳✸ ❈❤❛♠♣ ♣(♦❝❤❡

▲❛ ♣✉✐==❛♥❝❡ ❛❝♦✉=<✐G✉❡ 5❛②♦♥♥B❡ ♣❛5 ✉♥❡ =<5✉❝<✉5❡ ♣❧❛♥❡ ♣❡✉< L<5❡ ❝❛❧❝✉❧B❡ M ♣❛5<✐5 ❞✬✉♥❡

♠B<❤♦❞❡ ❡♥ ❝❤❛♠♣ ♣5♦❝❤❡ ♣5B=❡♥<B❡ ❞❛♥= ❬✷✾❪✳ ▲❡ 5❛②♦♥♥❡♠❡♥< ❞❡ ❧❛ ♣❧❛G✉❡ ❡=< ♦❜<❡♥✉ M

♣❛5<✐5 ❞✬✉♥ ❡♥=❡♠❜❧❡ ❞❡ ♥ =♦✉5❝❡= B❧B♠❡♥<❛✐5❡= ❞❡ =✉5❢❛❝❡ Si ❡< 5❛②♦♥♥❛♥< ✉♥❡ ♣✉✐==❛♥❝❡

❛❝♦✉=<✐G✉❡ ✿

Wi =
Si

2
ℜ{ẇH

i pi} ✭✸✳✸✸✮

❆✈❡❝ ẇi ❡< pi 5❡=♣❡❝<✐✈❡♠❡♥< ❧❛ ✈✐<❡==❡ ♥♦5♠❛❧❡ ❡< ❧❛ ♣5❡==✐♦♥ ❝♦♠♣❧❡①❡ ❞❡ ❧✬B❧B♠❡♥< ✐✳

❊♥ ✐♥<5♦❞✉✐=❛♥< ❧❛ ♠❛<5✐❝❡ ❞✬✐♠♣B❞❛♥❝❡ ❛❝♦✉=<✐G✉❡ Za G✉✐ ❧✐❡ ❧❡= ♣5❡==✐♦♥= ❡< ❧❡= ✈✐<❡==❡=

❡♥<5❡ ❝❤❛G✉❡ ♣✐=<♦♥= B❧B♠❡♥<❛✐5❡= ♣❛5 ❧❛ 5❡❧❛<✐♦♥ p = Zaẇ✱ ❧❛ ♣✉✐==❛♥❝❡ ❛❝♦✉=<✐G✉❡ <♦<❛❧❡

5❛②♦♥♥B❡ ♣❛5 ❧❛ =<5✉❝<✉5❡ =✬B❝5✐< ✿

W =
Si

2
ℜ{ẇHp} =

Si

2
ℜ{ẇHZaẇ} = ẇHRẇ ✭✸✳✸✹✮

❆✈❡❝ R ❧❛ ♠❛<5✐❝❡ 5B❡❧❧❡ =②♠B<5✐G✉❡ ❡< ❞B✜♥✐❡ ♣♦=✐<✐✈❡ ❞❡= 5B=✐=<❛♥❝❡= ❞❡ 5❛②♦♥♥❡♠❡♥< ❞❡=

B❧B♠❡♥<= 5❛②♦♥♥❛♥<=✳ ❊❧❧❡ ♥❡ ❞B♣❡♥❞ G✉❡ ❞❡= ❞✐♠❡♥=✐♦♥= ❞❡ ❧❛ =<5✉❝<✉5❡ ❡< ❞❡= ❝❛5❛❝<B5✐=✲

<✐G✉❡= ❞✉ ♠✐❧✐❡✉ ❛❝♦✉=<✐G✉❡✳ ❊♥ ♣♦=❛♥< rij ❧❛ ❞✐=<❛♥❝❡ ❡♥<5❡ ❧❡= B❧B♠❡♥<= 5❛②♦♥♥❛♥<= i ❡< j

❡❧❧❡ ♣❡✉< =✬B❝5✐5❡ ❬✹✶❪ ✿

Rij(ω) =
ω2ρ0(LxLy)

2

4πc

sin krij
krij

✭✸✳✸✺✮
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❆❧♦9:✱ ❞✬❛♣9@: ❧❡: ❊B: ✭✸✳✸✶✮ ❡F ✭✸✳✸✹✮ ✿

W = ẇHRẇ = (jωq)HΩ(jωq) ✭✸✳✸✻✮

❡F ❡♥ ❞J❞✉✐9❡ ✿

Ω = φHRφ ✭✸✳✸✼✮

▲❡: ✈❡❝F❡✉9: ♣9♦♣9❡: ❞❡ ❧❛ ♠❛F9✐❝❡ R :♦♥F ♣❧✉: ❝♦♠♠✉♥J♠❡♥F ❛♣♣❡❧J: ❧❡: ♠♦❞❡: ❞❡ 9❛②♦♥✲

♥❡♠❡♥F ❞❡ ❧❛ :F9✉❝F✉9❡✳

▼R♠❡ :✐ ❡❧❧❡: ❛❜♦✉F✐::❡♥F ❛✉ ♠R♠❡ 9J:✉❧F❛F✱ ❝❤❛❝✉♥❡ ❞❡: ❞❡✉① ♠JF❤♦❞❡: ❞❡ ❝❛❧❝✉❧ ♣9J✲

:❡♥FJ❡: ❞❛♥: ❝❡FF❡ :❡❝F✐♦♥ ♦♥F ❧❡✉9: ❛✈❛♥F❛❣❡: ❡F ❧❡✉9: ✐♥❝♦♥✈J♥✐❡♥F:✳ ❊♥ ❡✛❡F✱ ❧❛ ♠JF❤♦❞❡

X ♣❛9F✐9 ❞✬J❧J♠❡♥F: 9❛②♦♥♥❛♥F ❡♥ ❝❤❛♠♣ ♣9♦❝❤❡ ♣❡9♠❡F ❞❡ 9❛✐:♦♥♥❡9 X ♣❛9F✐9 ❞❡: ✈✐F❡::❡:

✈✐❜9❛F♦✐9❡: ❧♦❝❛❧❡: B✉✐ :♦♥F ❞❡: ❣9❛♥❞❡✉9: ❧♦❝❛❧❡:✳ ❈❡♣❡♥❞❛♥F✱ ✉♥ ♥♦♠❜9❡ ✐♠♣♦9F❛♥F ❞❡

:♦✉9❝❡: ✈✐❜9❛F♦✐9❡: J❧J♠❡♥F❛✐9❡: ♣❡✉F RF9❡ 9❡B✉✐: ♣♦✉9 ♣❡9♠❡FF9❡ ❛✉ ❝❛❧❝✉❧ ❞❡ ❧❛ ♣✉✐::❛♥❝❡

❛❝♦✉:F✐B✉❡ ❞❡ ❝♦♥✈❡9❣❡9✳ ❊♥ ❝♦♥:✐❞J9❛♥F ❧❡: ❞J❢♦9♠J❡: ♠♦❞❛❧❡: ❞✐9❡❝F❡♠❡♥F✱ ❧❛ ♠JF❤♦❞❡

❡♥ ❝❤❛♠♣ ❧♦✐♥F❛✐♥ ♥J❝❡::✐F❡ ❞❡ ♣9❡♥❞9❡ ❡♥ ❝♦♠♣F❡ ♠♦✐♥: ❞❡ F❡9♠❡:✳ ❉❡ ♣❧✉:✱ ♠R♠❡ :✐ ❧❡:

♠♦❞❡: ❞❡ :F9✉❝F✉9❡: :♦♥F ❞❡: ♦❜❥❡F: ♠❛F❤J♠❛F✐B✉❡:✱ ✐❧: ♣❡✉✈❡♥F RF9❡ ✉F✐❧❡: ♣♦✉9 ✐♥F❡9♣9J✲

F❡9 ❧❡ :❡♥: ♣❤②:✐B✉❡ ❞✉ ❝♦♥F9[❧❡✳ ❈✬❡:F ❞♦♥❝ ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ♣✉✐::❛♥❝❡ ❛❝♦✉:F✐B✉❡ ❡♥ ❝❤❛♠♣

❧♦✐♥F❛✐♥ B✉✐ :❡9❛ ✉F✐❧✐:J ❛✜♥ ❞❡ ♣9♦❞✉✐9❡ ❧❡: 9J:✉❧F❛F: ♥✉♠J9✐B✉❡: ♣9J:❡♥FJ: ❞❛♥: ❧❡ ❝❤❛♣✐F9❡

:✉✐✈❛♥F✳
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▼➱❚❍❖❉❊ ❉❊❙ ■▼#➱❉❆◆❈❊❙ ▼➱❈❆◆■◗❯❊❙

❱■❘❚❯❊▲▲❊❙ ❖#❚■▼❆▲❊❙

▲✬♦❜❥❡❝'✐❢ ❞❡ ❝❡ ❝❤❛♣✐'.❡ ❡/' ❞❡ ❞0❝.✐.❡ ❧❛ ♠0'❤♦❞❡ ❞❡/ ✐♠♣0❞❛♥❝❡/ ♠0❝❛♥✐4✉❡/ ✈✐.'✉❡❧❧❡/

♦♣'✐♠❛❧❡/ ❞❛♥/ /❡/ ♣.✐♥❝✐♣❡/ ❣0♥0.❛✉①✳ ❆✐♥/✐✱ ❧❡ ♣.♦❜❧<♠❡ ❞❡ ❝♦♥'.=❧❡ ✈✐❜.♦❛❝♦✉/'✐4✉❡ >

.0/♦✉❞.❡ ❡/' ❢♦.♠✉❧0 ❞❛♥/ ✉♥❡ ♣.❡♠✐<.❡ /❡❝'✐♦♥✳ ■❧ ❛ ❞0❥> 0'0 0✈♦4✉0 > ❧✬✐♥'.♦❞✉❝'✐♦♥ 4✉❡

❧❛ ♠0'❤♦❞❡ ❡♥✈✐/❛❣0❡ /❡ ❞✐✈✐/❡ ❡♥ ❞❡✉① 0'❛♣❡/ 4✉✐ /♦♥' ❞♦♥❝ ❝❤❛❝✉♥❡ ❞0❝.✐'❡/ ❞❛♥/ ✉♥❡

/❡❝'✐♦♥ ✿ ❧❛ ❝♦♥/'.✉❝'✐♦♥ ❡' ❧❛ .0/♦❧✉'✐♦♥ ❞✉ ♣.♦❜❧<♠❡ ❞❡ ♠✐♥✐♠✐/❛'✐♦♥ 4✉✐ ♣❡.♠❡' ❞❡ ❞0✲

'❡.♠✐♥❡. ❧❡/ ✈❛❧❡✉./ ❞❡/ ✐♠♣0❞❛♥❝❡/ ♠0❝❛♥✐4✉❡/ ✈✐.'✉❡❧❧❡/ ♦♣'✐♠❛❧❡/ /♦♥' ❞0'❛✐❧❧0❡/ ❞❛♥/

✉♥ ♣.❡♠✐❡. '❡♠♣/✳ ▲❛ ❝♦♥❝❡♣'✐♦♥ ❞✉ ❝♦♥'.=❧❡✉. ❤❛.♠♦♥✐4✉❡ ❞0❝❡♥'.❛❧✐/0 ❞✬✐♠♣0❞❛♥❝❡ ♠0✲

❝❛♥✐4✉❡ ❡/' ❡♥/✉✐'❡ ♣.0/❡♥'0❡✳ ❊♥✜♥✱ ✉♥❡ /❡❝'✐♦♥ ❡/' ❝♦♥/❛❝.0❡ ❛✉① ♣.♦❜❧0♠❛'✐4✉❡/ 4✉✬✐♠✲

♣❧✐4✉❡♥' ✉♥❡ '❡❧❧❡ ❛♣♣.♦❝❤❡ ✈✐/✲>✲✈✐/ ❞❡ ❧❛ .♦❜✉/'❡//❡ ❛✉① ✈❛.✐❛'✐♦♥/ ❞✉ ❝❤❛♠♣ ♣.✐♠❛✐.❡✳

✹✳✶ ❋♦%♠✉❧❛*✐♦♥ ❞✉ ♣%♦❜❧0♠❡

❙♦✐' ✉♥❡ /'.✉❝'✉.❡ /0♣❛.❛♥' ❞❡✉① ❡/♣❛❝❡/ ✿ ✉♥ ❡/♣❛❝❡ 0♠❡''❡✉. ❡' ✉♥ ❡/♣❛❝❡ .0❝❡♣'❡✉.✳ ❈❡''❡

/'.✉❝'✉.❡ ❡/' ❡①❝✐'0❡ ♣❛. ✉♥❡ ♣❡.'✉.❜❛'✐♦♥ ♣.✐♠❛✐.❡ 4✉✐ ♣❡✉' F'.❡ /♦✉/ ❧❛ ❢♦.♠❡ ❞✬✉♥❡ ❡①✲

❝✐'❛'✐♦♥ ♠0❝❛♥✐4✉❡ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ /'.✉❝'✉.❡ ❡❧❧❡ ♠F♠❡ ♦✉ ❞✬✉♥❡ ❡①❝✐'❛'✐♦♥ ❛❝♦✉/'✐4✉❡

❞❛♥/ ❧✬❡/♣❛❝❡ 0♠❡''❡✉.✳ ❊❧❧❡ ❡/' ✐♥/'.✉♠❡♥'0❡ ❞❡ Nu ✉♥✐'0/ ❞❡ ❝♦♥'.=❧❡✱ ❝❤❛❝✉♥❡ ❝♦♠♣♦/0❡

❞✬✉♥ ❛❝'✐♦♥♥❡✉. ❡' ❞✬✉♥ ❝❛♣'❡✉. ✭❋✐❣✉.❡ ✹✳✶✮✳ ➚ ❧❛ ♣✉❧/❛'✐♦♥ ω✱ ❧❛ ♠❛'.✐❝❡ ❞❡/ ❢♦♥❝'✐♦♥/

❞❡ '.❛♥/❢❡.' ❡♥'.❡ ❧❡/ /✐❣♥❛✉① ❞❡ ❝♦♠♠❛♥❞❡ ❡♥✈♦②0❡/ ❛✉① ❛❝'✐♦♥♥❡✉./ ❡' ❧❡/ /✐❣♥❛✉① ♠❡✲

/✉.0/ ♣❛. ❧❡/ ❝❛♣'❡✉./ ❡/' ♥♦'0❡ H✳ ❈❤❛$✉❡ ❝❛♣)❡✉* ♠❡,✉*❛♥) ❧❛ ♣❛*)✐❝✐♣❛)✐♦♥ ❞❡ )♦✉, ❧❡,

❛❝)✐♦♥♥❡✉*, 2 ❧❛ ❢♦✐,✱ ❧❛ ♠❛)*✐❝❡ H ❡,) ♣❧❡✐♥❡✳ ❆✈❡❝ u ❧❡ ✈❡❝)❡✉* ❞❡, ❝♦♠♠❛♥❞❡, ❡♥✈♦②8❡,

❛✉① ❛❝)✐♦♥♥❡✉*,✱ ❛❧♦*, ❧❡ ✈❡❝)❡✉* y ❞❡, ,✐❣♥❛✉① ♠❡,✉*8, ♣❛* ❧❡, ❝❛♣)❡✉*, ,✬8❝*✐) ✿

y = Hu+ d, ✭✹✳✶✮

♦A d ❡,) ❧❡ ✈❡❝)❡✉* ❞❡, ,✐❣♥❛✉① ♣*✐♠❛✐*❡, ✭y|u=0✮✳ ❊♥ ❝❤♦✐,✐,,❛♥) ❞❡, ♣❛✐*❡, ❞❡ )*❛♥,❞✉❝)❡✉*,

❞✉❛❧❡, ❝♦❧♦❝❛❧✐,8❡,✱ ✐❧ ❛ 8)8 ♠♦♥)*8 ❞❛♥, ❧❛ ,❡❝)✐♦♥ ✷✳✺ $✉✬✐❧ ❡,) ♣♦,,✐❜❧❡ ❞✬❛❥♦✉)❡* ❧♦❝❛❧❡♠❡♥)

2 ❧❛ ,)*✉❝)✉*❡ ✉♥❡ ✐♠♣8❞❛♥❝❡ ♠8❝❛♥✐$✉❡ ✈✐*)✉❡❧❧❡✳ ❊♥ ♠✉❧)✐✈♦✐❡,✱ ♦♥ *❛♣♣❡❧❧❡ $✉❡ ❧❛ ♠❛)*✐❝❡

✹✺
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❋✐❣✉9❡ ✹✳✶ %❧❛>✉❡ ❜❛✤A❡ A>✉✐♣A❡ ❞❡ ✸ ✉♥✐FAG ❞❡ ❝♦♥F9J❧❡ ♣♦✉9 ❧❡ ❝♦♥F9J❧❡ ❛❝F✐❢

✈✐❜9♦❛❝♦✉GF✐>✉❡ ♣❛9 ❧❛ ♠AF❤♦❞❡ ❞❡G ✐♠♣A❞❛♥❝❡G ♠A❝❛♥✐>✉❡G ✈✐9F✉❡❧❧❡G✳

❞✐❛❣♦♥❛❧❡ ❝♦♠♣❧❡①❡ Zc
❡GF ❞A✜♥✐❡ ❝♦♠♠❡ ❧❛ ♠❛F9✐❝❡ ❛②❛♥F ♣♦✉9 F❡9♠❡G ❞✐❛❣♦♥❛✉① ✿

Zc
ii = −

ui
yi

∀i ∈ [1, Nu] ✭✹✳✷✮

▲❛ >✉❡GF✐♦♥ >✉✐ G❡ ♣♦G❡ ❡GF ❞❡ G❛✈♦✐9 >✉❡❧❧❡ ✈❛❧❡✉9 ❞❡ ❧❛ ♠❛F9✐❝❡ ❝♦♠♣❧❡①❡ Zc
❝♦99❡G♣♦♥❞

V ✉♥❡ 9A❞✉❝F✐♦♥ ❞❡ ❧❛ ♣✉✐GG❛♥❝❡ ❛❝♦✉GF✐>✉❡ 9❛②♦♥♥A❡ ❞❛♥G ❧✬❡G♣❛❝❡ 9A❝❡♣F❡✉9✳ ❯♥❡ ❢♦✐G >✉❡

❧❛ ✈❛❧❡✉9 ❞❡ Zc
❡GF ✜①A❡✱ ❧✬❡♥❥❡✉ ❡GF ❞❡ ♣9♦♣♦G❡9 ✉♥ ❝♦♥F9J❧❡✉9✱ G✐ ♣♦GG✐❜❧❡ ❞A❝❡♥F9❛❧✐GA✱

♣❡9♠❡FF❛♥F ❞✬❛FF❡✐♥❞9❡ ❝❡FF❡ ♦❜❥❡❝F✐❢✳

❆✐♥G✐✱ ❧❛ ♠AF❤♦❞❡ ❞❡G ✐♠♣A❞❛♥❝❡G ♠A❝❛♥✐>✉❡G ✈✐9F✉❡❧❧❡G ♦♣F✐♠❛❧❡G ❡GF ❞A✜♥✐❡ ♣❛9 ❧❛ G✉❝✲

❝❡GG✐♦♥ ❞❡ ❞❡✉① AF❛♣❡G ✿

✶✳ ❯♥❡ ♣9❡♠✐[9❡ AF❛♣❡ ❤♦9G ❧✐❣♥❡ ❞✉9❛♥F ❧❛>✉❡❧❧❡ G♦♥F ❡✛❡❝F✉A❡G F♦✉F❡G

❧❡G ♠❡G✉9❡G ♥A❝❡GG❛✐9❡G ❛✉ ❝❛❧❝✉❧ ❞❡ ❧❛ ✈❛❧❡✉9 ❞❡ Zc
>✉✐ ♠✐♥✐♠✐G❡ ❧❛

♣✉✐GG❛♥❝❡ ❛❝♦✉GF✐>✉❡ W 9❛②♦♥♥A❡ ❞❛♥G ❧❡ ❞❡♠✐ ❡G♣❛❝❡ 9A❝❡♣F❡✉9✳

▲❛ ♠❛F9✐❝❡ ❞✐❛❣♦♥❛❧❡ Zopt
❡GF ❞A✜♥✐❡ F❡❧❧❡ >✉❡ ✿

Zopt = arg(min
Zc

(W (Zc)) ✭✹✳✸✮

✷✳ ❯♥❡ ❞❡✉①✐[♠❡ AF❛♣❡ 9A❛❧✐GA❡ ❡♥ ❧✐❣♥❡ ♣❡♥❞❛♥F ❧❛>✉❡❧❧❡ ❧❡G ✐♠♣A✲

❞❛♥❝❡G ♠A❝❛♥✐>✉❡G ✈✐9F✉❡❧❧❡G ♦♣F✐♠❛❧❡G G♦♥F ✐♠♣♦GA❡G V ❧✬❛✐❞❡ ❞✬✉♥

❝♦♥F9J❧❡✉9 ❞A❝❡♥F9❛❧✐GA✳
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▲♦67 ❞❡ ❧❛ ♣6❡♠✐?6❡ @A❛♣❡✱ ❧❛ ✈❛❧❡✉6 ❞❡ Zopt
❡7A ❝❛❧❝✉❧@❡ ♣♦✉6 ❝❤❛G✉❡ ♣✉❧7❛A✐♦♥ ω✳ ▲❛

❣6❛♥❞❡✉6 ♠@❝❛♥✐G✉❡ Zopt
m ❞❡7 ✐♠♣@❞❛♥❝❡7 ♠@❝❛♥✐G✉❡7 ✈✐6A✉❡❧❧❡7 ♦♣A✐♠❛❧❡7 7✬❡①♣6✐♠❡ ❛❧♦67

❡♥ A6❛♥7♣♦7❛♥A ❧✬❊G✳ ✭✷✳✶✵✮ ❡♥ ♠✉❧A✐✈♦✐❡7 ✿

Zopt
m = HfuZ

opt [Hẇy]
−1 . ✭✹✳✹✮

▲❡7 ♠❛A6✐❝❡7 Hfu ❡A Hẇy ♣❡6♠❡AA❛♥A ❧❛ ❝♦♥✈❡67✐♦♥ ❞❡7 ❣6❛♥❞❡✉67 @❧❡❝A6✐G✉❡7 ❡♥ ❣6❛♥❞❡✉67

♠@❝❛♥✐G✉❡7 7✉6 ❝❤❛G✉❡ ✉♥✐A@ 7♦♥A ❞✐❛❣♦♥❛❧❡7✳ ■❧ ❡7A ✐♠♣♦6A❛♥A ❞❡ ♥♦A❡6 G✉❡ ❧❛ ♠@A❤♦❞❡

♣6♦♣♦7@❡ ❝♦♥7✐7A❡ ❡♥ ❧❡ ❝❛❧❝✉❧ ❞❡ Zopt
✱ ♣✉✐7 ❞❡ 7♦♥ ❝♦♥A6Q❧❡✳ ❈♦♥A6❛✐6❡♠❡♥A ❛✉① ❛♣♣6♦❝❤❡7

❝❧❛77✐G✉❡7 ❧❛6❣❡✲❜❛♥❞❡ G✉✐ ✈✐7❡♥A T ✐♠♣♦7❡6 ❞❡ ❧✬❛♠♦6A✐77❡♠❡♥A ❛❝A✐❢ ♣❛6 ❧❛ ♠✐7❡ ❡♥ ♣❧❛❝❡

❞✬✉♥❡ ❜♦✉❝❧❡ 6@A6♦❛❝A✐✈❡ ♣6♦♣♦6A✐♦♥♥❡❧❧❡✱ ❧❡ ❝♦♥A6Q❧❡ ❝♦♥7✐❞@6@ ❞❛♥7 ❝❡AA❡ @A✉❞❡✱ ❡A ❞@❝6✐A

T ❧❛ 7❡❝A✐♦♥ ✷✳✻✱ ♣❡6♠❡A ❞✬✐♠♣♦7❡6 ✉♥❡ ✐♠♣@❞❛♥❝❡ ♠@❝❛♥✐G✉❡ ✈✐6A✉❡❧❧❡ G✉❡❧❝♦♥G✉❡ ❡A ♥❡

♥@❝❡77✐A❡ ♣❛7 ❧❛ ❞✉❛❧❡ ❝♦❧♦❝❛A✐♦♥ ❞❡7 ✈❛6✐❛❜❧❡7✳ ▲❡ ❢❛✐A ❞❡ ❝♦♥A6Q❧❡6 ❧✬❛❝A✐♦♥♥❡✉6 ❡7A A❡♥7✐♦♥

❡A ♥♦♥ ♣❛7 ❡♥ ❝♦✉6❛♥A ♥❡ ❝♦♥7A✐A✉❡ ♣❛7 ✉♥ ✐♥❝♦♥✈@♥✐❡♥A ♣❛6A✐❝✉❧✐❡6✳ ▲✬♦♣@6❛A✐♦♥ ❞@❝6✐A❡ ♣❛6

❧✬❊G✳ ✭✹✳✹✮ ♣♦✉6 ❝♦♥♥❛WA6❡ ❧✬✐♠♣@❞❛♥❝❡ ♠@❝❛♥✐G✉❡ Zopt
m 6@❛❧✐7@❡ ❧♦67G✉❡ Zopt

❡7A ✐♠♣♦7@ ♣❛6

❧❡ ❝♦♥A6Q❧❡ ♣❡✉A XA6❡ ❢❛✐A❡ ❡♥ ♣♦7A✲A6❛✐A❡♠❡♥A✳

✹✳✷ ❈❛❧❝✉❧ ❞❡* ✐♠♣.❞❛♥❝❡* ♠.❝❛♥✐0✉❡* ✈✐23✉❡❧❧❡* ♦♣3✐✲

♠❛❧❡*

❉❛♥7 ❧❡ ❝❛❞6❡ ❞✬✉♥❡ ❝❛♠♣❛❣♥❡ ❡①♣@6✐♠❡♥A❛❧❡ 7✉6 ✉♥❡ 7A6✉❝A✉6❡ ❛❝❛❞@♠✐G✉❡ ❞♦♥A ❧❛ ♠♦❞@✲

❧✐7❛A✐♦♥ ❡7A ♣❛6❢❛✐A❡♠❡♥A ♠❛WA6✐7@❡✱ ✐❧ ♣♦✉66❛✐A XA6❡ ❡♥✈✐7❛❣❡❛❜❧❡ ❞✬✐♠♣❧❛♥A❡6 ❡①♣@6✐♠❡♥A❛✲

❧❡♠❡♥A ❧❡7 ✈❛❧❡✉67 ❞❡7 ✐♠♣@❞❛♥❝❡7 ♠@❝❛♥✐G✉❡7 ✈✐6A✉❡❧❧❡7 ♦♣A✐♠❛❧❡7 ❝❛❧❝✉❧@❡7 ❡♥ A❤@♦6✐❡ T

♣❛6A✐6 ❞✬✉♥❡ ♠♦❞@❧✐7❛A✐♦♥ ❛♥❛❧②A✐G✉❡ ♦✉ ♣❛6 @❧@♠❡♥A7 ✜♥✐7✳ ❉❛♥7 ❧❡ ❝❛7 ❞❡ 7A6✉❝A✉6❡7 ♣❧✉7

❝♦♠♣❧❡①❡7✱ ♣♦✉6 ❧❡7G✉❡❧❧❡7 ❧❛ ♠♦❞@❧✐7❛A✐♦♥ ❞❡ ❧❛ A6❛♥7♣❛6❡♥❝❡ ❛❝♦✉7A✐G✉❡ ❡7A ♣❛6❢♦✐7 ✉♥ 7✉✲

❥❡A ❞❡ 6❡❝❤❡6❝❤❡ T ♣❛6A ❡♥A✐?6❡✱ ❝❡ ❣❡♥6❡ ❞❡ ❝♦♥7✐❞@6❛A✐♦♥ ♥✬❡7A ♣❛7 ❡♥✈✐7❛❣❡❛❜❧❡ T ❝❛✉7❡ ❞❡

❧✬@A❡♥❞✉❡ ❞❡7 ✐♥❝❡6A✐A✉❞❡7 ♣❛6❛♠@A6✐G✉❡7 ♦✉ ❞❡ ♠♦❞?❧❡✳ ▲❡ ❝❛❧❝✉❧ ❞✉ ❝♦♥A6Q❧❡ ♦♣A✐♠❛❧ G✉✐

♠✐♥✐♠✐7❡ ❧❛ ♣✉✐77❛♥❝❡ ❛❝♦✉7A✐G✉❡ 6❛②♦♥♥@❡ ❞♦✐A ❞♦♥❝ XA6❡ ❢❛✐A T ♣❛6A✐6 ❞❡ ♠❡7✉6❡7 6@❛❧✐7@❡7

❤♦67✲❧✐❣♥❡ ❧♦67 ❞❡ ❧❛ ♣6❡♠✐?6❡ @A❛♣❡✳

✹✳✷✳✶ ❊%&✐♠❛&✐♦♥ ❞✉ .❛②♦♥♥❡♠❡♥& ❛❝♦✉%&✐2✉❡

▲❛ 7❡❝A✐♦♥ ♣6@❝@❞❡♥A❡ ❢❛✐A ❛♣♣❛6❛WA6❡ ❧❛ ♥@❝❡77✐A@ ❞❡ ❝♦♥♥❛WA6❡ ❧❛ ✈❛❧❡✉6 ❞❡ ❧❛ ♣✉✐77❛♥❝❡

❛❝♦✉7A✐G✉❡ 6❛②♦♥♥@❡ ✭❊G✳ ✭✹✳✸✮✮✳ ❉❛♥7 ❧❡ ❝❤❛♣✐A6❡ ✸✱ ❝❡❧❧❡✲❝✐ ❡7A ❡①♣6✐♠@❡ 7✉6 ❧❛ ❜❛7❡ ❞❡7

♠♦❞❡7 7A6✉❝A✉6❛✉①✳ ,❧✉AQA G✉❡ ❞✬❡7A✐♠❡6 ❞❡7 ❣6❛♥❞❡✉67 ❝♦♠♠❡ ❧❛ ♠❛A6✐❝❡ ❞❡ 6❛②♦♥♥❡♠❡♥A

❞❡7 ♠♦❞❡7 7A6✉❝A✉6❛✉① ✭Ω✮✱ ❧❡ ❝♦✉♣❧❛❣❡ ❡♥A6❡ ❧❡7 A6❛♥7❞✉❝A❡✉67 ❡A ❧❡7 ♠♦❞❡7 7A6✉❝A✉6❛✉①



✹✽

❈❍❆%■❚❘❊ ✹✳ ▼➱❚❍❖❉❊ ❉❊❙ ■▼%➱❉❆◆❈❊❙ ▼➱❈❆◆■◗❯❊❙ ❱■❘❚❯❊▲▲❊❙

❖%❚■▼❆▲❊❙

✭A ❡7 S✮ ♦✉ ❧❛ ♠♦❜✐❧✐7@ ♠@❝❛♥✐C✉❡ ♠♦❞❛❧❡ ✭M✮ E ♣❛G7✐G ❞❡ ♠❡H✉G❡H✱ ✐❧ ❡H7 ♣❧✉H ❥✉❞✐❝✐❡✉①

❞✬❡①♣G✐♠❡G ❧❡ G❛②♦♥♥❡♠❡♥7 ❛❝♦✉H7✐C✉❡ ❞❡ ❧❛ H7G✉❝7✉G❡ ❞✐G❡❝7❡♠❡♥7 E ♣❛G7✐G ❞❡ ❣G❛♥❞❡✉GH

♠❡H✉G❛❜❧❡H✳ ❉✐✛@G❡♥7❡H ❛♣♣G♦❝❤❡H H♦♥7 ♣♦HH✐❜❧❡H ✿ ❧❡ ❝❤♦✐① G@❛❧✐H@ ❞❛♥H ❝❡77❡ @7✉❞❡ ❡H7 ❝❡❧✉✐

❞❡ G❡♠♦♥7❡G ❛✉ G❛②♦♥♥❡♠❡♥7 ❛❝♦✉H7✐C✉❡ E ♣❛G7✐G ❞❡ ♠❡H✉G❡H ✐♥7❡♥H✐♠@7G✐C✉❡H ❡♥ ❝❤❛♠♣

♣G♦❝❤❡✳ ▲❡H ❛✈❛♥7❛❣❡H ❡7 ❧❡H ✐♥❝♦♥✈@♥✐❡♥7H ❞❡ ❝❡77❡ ❛♣♣G♦❝❤❡ ♣❛G G❛♣♣♦G7 E ❞❡H ♠❡H✉G❡H

❞❡ ♣G❡HH✐♦♥ ❛❝♦✉H7✐C✉❡ ❡♥ ❝❤❛♠♣ ❧♦✐♥7❛✐♥ ♦✉ ❞❡H ♠❡H✉G❡H ❞❡ ❧❛ ✈✐7❡HH❡ ❞✉ ❞@♣❧❛❝❡♠❡♥7

7G❛♥H✈❡GH❡ ❞❡ ❧❛ H7G✉❝7✉G❡ H♦♥7 ❞✐H❝✉7@H✳

▼S♠❡ H✐ ❝✬❡H7 ❞✐✣❝✐❧❡♠❡♥7 ❧❡ ❝❛H ❞❛♥H ✉♥❡ ❝❛❜✐♥❡ ❞✬❛✈✐♦♥✱ ✉♥❡ ❝♦♥❞✐7✐♦♥ ❞❡ G❛②♦♥♥❡♠❡♥7

❡♥ ❝❤❛♠♣ ❧✐❜G❡ ❡H7 ❝♦♥H✐❞@G@❡ ❞❛♥H ❧❡ ❞❡♠✐ ❡H♣❛❝❡ G@❝❡♣7❡✉G✱ ❝♦♠♠❡ ❞❛♥H ❧❡ ❝❛❞G❡ 7❤@♦✲

G✐C✉❡✳ ▲❡ ❝♦✉♣❧❛❣❡ ❛✈❡❝ ❧❡H ♠♦❞❡H ❞❡ ❝❛✈✐7@ ❞❡ ❧❛ ❝❛❜✐♥❡ ❡H7 ❡♥ ❡✛❡7 ✉♥ ❛H♣❡❝7 C✉✐ ♥✬❡H7

♣❛H ❛❜♦G❞@ ❞❛♥H ❝❡77❡ @7✉❞❡✳

▲✬❡H7✐♠❛7✐♦♥ ❞❡ ❧❛ ♣✉✐HH❛♥❝❡ ❛❝♦✉H7✐C✉❡ G❛②♦♥♥@❡ ♣❛G ✉♥❡ H7G✉❝7✉G❡ ❜❛✤@❡ ♣❡✉7 S7G❡ G@❛✲

❧✐H@❡ E ♣❛G7✐G ❞❡ ♠❡H✉G❡H ❞❡ ♣G❡HH✐♦♥ H✉G ✉♥❡ ❞❡♠✐✲H♣❤WG❡ S l
❡♥7♦✉G❛♥7 ❧✬♦❜❥❡7 G❛②♦♥♥❛♥7

❞❛♥H ❧✬❡H♣❛❝❡ G@❝❡♣7❡✉G✳ ❙✐ ❧❛ H✉G❢❛❝❡ S l
❡H7 H✉✣H❛♠♠❡♥7 @❧♦✐❣♥@ ❞❡ ❧❛ H7G✉❝7✉G❡ ✈✐❜G❛♥7❡✱

❛❧♦GH ❧❛ ✈✐7❡HH❡ ❛❝♦✉H7✐C✉❡ ❡H7 ❛♣♣G♦❝❤@❡ ♣❛G H❛ ❝♦♠♣♦H❛♥7❡ G❛❞✐❛❧❡ ❡7 ❛✈❡❝ ✉♥ ♥♦♠❜G❡

H✉✣H❛♥7 ❞❡ ♠✐❝G♦♣❤♦♥❡H✱ ✐❧ ❡H7 ♣♦HH✐❜❧❡ ❞✬❡H7✐♠❡G ❧❛ ♣✉✐HH❛♥❝❡ ❛❝♦✉H7✐C✉❡ G❛②♦♥♥@❡ ✿

W =
1

2ρc
(pl)H(pl) ✭✹✳✺✮

♦Z pl
❡H7 ❧❡ ✈❡❝7❡✉G ❞❡H ♣G❡HH✐♦♥H ♠❡H✉G@❡H H✉G S l

❡♥ ❝❤❛♠♣ ❧♦✐♥7❛✐♥✳

❉❛♥H ❝❡77❡ @7✉❞❡✱ ❧✬❡H7✐♠❛7✐♦♥ ❞✉ G❛②♦♥♥❡♠❡♥7 ❛❝♦✉H7✐C✉❡ ❡H7 G@❛❧✐H@❡ E ♣❛G7✐G ❞❡ ♠❡H✉G❡H

❞❡ ❧✬✐♥7❡♥H✐7@ ❛❝♦✉H7✐C✉❡ ❡♥ ❝❤❛♠♣ ♣G♦❝❤❡ ♣❧✉7[7 C✉✬❡♥ ❝❤❛♠♣ ❧♦✐♥7❛✐♥✱ ♣G✐♥❝✐♣❛❧❡♠❡♥7

♣♦✉G ❧❡H G❛✐H♦♥H H✉✐✈❛♥7❡H ❬✶✺❪ ✿

✲ ❚♦✉7 ❞✬❛❜♦G❞✱ ✐❧ ❡H7 ❛✐H@ ❞❡ ❝♦♠♣G❡♥❞G❡ ❧✬✐♥7@GS7 ❞❡ ♠❡H✉G❡H ❛✉ ✈♦✐H✐♥❛❣❡ ❞❡ ❧❛ H7G✉❝✲

7✉G❡ ♣♦✉G ❞❡H G❛✐H♦♥H ❞❡ ❢❛❝✐❧✐7@ ❞❡ ♠✐H❡ ❡♥ _✉✈G❡ ❡7 ❞✬❡♥❝♦♠❜G❡♠❡♥7✳

✲ ❯♥❡ ♠❡H✉G❡ ❡♥ ❝❤❛♠♣ ♣G♦❝❤❡ ♣❡G♠❡7 @❣❛❧❡♠❡♥7 ❞❡ G@❞✉✐G❡ ❧❡H ❡✛❡7H ❞❡ ♥♦♥✲❛♥@❝❤♦`❝✐7@

❞✉ ❞❡♠✐ ❡H♣❛❝❡ G@❝❡♣7❡✉G H✉G ❧❡H G@H✉❧7❛7H✳ ❊♥ ❡✛❡7✱ ❧❡H ♠❡H✉G❡H H♦♥7 G@❛❧✐H@❡H ❧♦✐♥

❞❡H ♣❛G♦✐H ❡7 H♦♥7 ❞♦♥❝ ♠♦✐♥H H❡♥H✐❜❧❡H ❛✉① G@✢❡①✐♦♥H ✐♥❞@H✐G❛❜❧❡H✳ ❈♦♥7G❛✐G❡♠❡♥7

❛✉ ❝❛❧❝✉❧ ❡♥ ❝❤❛♠♣ ❧♦✐♥7❛✐♥✱ ❧❡ ❝❛❧❝✉❧ ❡♥ ❝❤❛♠♣ ♣G♦❝❤❡ ❡H7 7♦✉❥♦✉GH ✈❛❧❛❜❧❡ ❞❛♥H ❧❛

♠❡H✉G❡ ♦Z ❧❛ ♣❛G7✐❡ ❛❝7✐✈❡ ❞❡ ❧✬✐♥7❡♥H✐7@ ❛❝♦✉H7✐C✉❡ H❡✉❧❡ ❡H7 ❝♦♥H❡G✈@❡✱ ❡♥ ♣G❡♥❛♥7

H❛ ♣❛G7✐❡ G@❡❧❧❡✳

✲ ❊♥✜♥✱ ❧❡ ❢❛✐7 ❞❡ G@❛❧✐H❡G ❧❡H ♠❡H✉G❡H ♣G♦❝❤❡H ❞❡ ❧❛ H7G✉❝7✉G❡ ✈✐❜G❛♥7❡ E ❧✬♦G✐❣✐♥❡ ❞✉

G❛②♦♥♥❡♠❡♥7 ❣❛G❛♥7✐7 ✉♥ ♠❡✐❧❧❡✉G G❛♣♣♦G7 H✐❣♥❛❧ H✉G ❜G✉✐7✳
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▲✬67✉❛:✐♦♥ ✭✹✳✺✮ A♦✉❧✐❣♥❡ ❧❡ ❢❛✐: 7✉✬❡♥ ❝❤❛♠♣ ❧♦✐♥:❛✐♥✱ ✉♥❡ ♠❡A✉K❡ ❞❡ ♣K❡AA✐♦♥ M ❧✬❛✐❞❡ ❞✬✉♥

♠✐❝K♦♣❤♦♥❡ A✉✣: M ♦❜:❡♥✐K ❧✬✐♥:❡♥A✐:6 ❛❝♦✉A:✐7✉❡ ❡♥ ✉♥ ♣♦✐♥: ❛❧♦KA 7✉❡ ❧❛ ✈❛❧❡✉K ❞❡ ❧❛ ♣K❡A✲

A✐♦♥ ♠❛✐A 6❣❛❧❡♠❡♥: ❞❡ ❧❛ ❝♦♠♣♦A❛♥:❡ ♥♦K♠❛❧❡ ❞❡ ❧❛ ✈✐:❡AA❡ ❛❝♦✉A:✐7✉❡ A♦♥: ♥6❝❡AA❛✐K❡A ❡♥

❝❤❛♠♣ ♣K♦❝❤❡✳ ❉❡ ♠❛♥✐RK❡ ❣6♥6K❛❧❡✱ ❝❡::❡ ♠❡A✉K❡ A❡ ❢❛✐: ❣KS❝❡ M ✉♥❡ A♦♥❞❡ ✐♥:❡♥A✐♠6:K✐7✉❡

7✉✐ ♣❡✉: ♠❡A✉K❡K ❝❡A ❞❡✉① ❣K❛♥❞❡✉KA ✭A♦♥❞❡ ✭♣✱✈✮✮✱ ♦✉ ✉♥❡ A♦♥❞❡ ✭♣✱♣✮✱ K❡♣K6A❡♥:6❡ A✉K ❧❛

❋✐❣✉K❡ ✹✳✷✱ 7✉✐ ♠❡A✉K❡ ❧❛ ♣K❡AA✐♦♥ ❡♥ ❞❡✉① ♣♦✐♥:A✳ ▲❛ ❝♦♠♣♦A❛♥:❡ ♥♦K♠❛❧❡ ❞❡ ❧❛ ✈✐:❡AA❡

❛❝♦✉A:✐7✉❡ ❡A: ❛❧♦KA ❡①♣K✐♠6❡ ♣❛K K❛♣♣♦K: ❛✉ ❣K❛❞✐❡♥: ❞❡ ♣K❡AA✐♦♥ 7✉✐ ❡A: ❛♣♣K♦❝❤6 ♣❛K

❞✐✛6K❡♥❝❡ ✜♥✐❡ ✿

{

p = p1+p2
2

v = − 1
jωρ0

∇p = − 1
jωρ0

(p2−p1)
∆r

✭✹✳✻✮
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❋✐❣✉K❡ ✹✳✷ ❙♦♥❞❡ ✐♥:❡♥A✐♠6:K✐7✉❡ ♣K❡AA✐♦♥✲♣K❡AA✐♦♥

■❧ ❡A: ❡♥✈✐A❛❣❡❛❜❧❡ ❞❡ ♠❡::K❡ ❡♥ ♣❧❛❝❡ ✉♥❡ ❛♥:❡♥♥❡ ♠✐❝K♦♣❤♦♥✐7✉❡ ❛✜♥ ❞✬❡A:✐♠❡K ❧❛ ♣✉✐A✲

A❛♥❝❡ ❛❝♦✉A:✐7✉❡ K❛②♦♥♥6❡ ❡♥ :❡♠♣A K6❡❧ M ♣❛K:✐K ❞❡ ♠❡A✉K❡A ❡♥ ❝❤❛♠♣ ❧♦✐♥:❛✐♥✳ ❯♥❡

❛♣♣K♦❝❤❡ A❡♠❜❧❛❜❧❡ ❡♥ ❝❤❛♠♣ ♣K♦❝❤❡ ♥6❝❡AA✐:❡ ❧✬✉:✐❧✐A❛:✐♦♥ ❞✬✉♥❡ A♦♥❞❡ ✐♥:❡♥A✐♠6:K✐7✉❡✱

♣❧✉A ❝❤RK❡ ❡: ♣❧✉A ❞✐✣❝✐❧❡ M 6:❛❧♦♥♥❡K✱ ❡: ❝✬❡A: ❞♦♥❝ ❧❛ ♣❧✉♣❛K: ❞✉ :❡♠♣A ✉♥ ❜❛❧❛②❛❣❡

A♣❛:✐❛❧ 7✉✐ ❡A: K6❛❧✐A6 K❡♥❞❛♥: ❛❧♦KA ✐♠♣♦AA✐❜❧❡ ❧✬❡A:✐♠❛:✐♦♥ ❡♥ :❡♠♣A K6❡❧ ❞❡ ❧❛ ♣✉✐AA❛♥❝❡

❛❝♦✉A:✐7✉❡ K❛②♦♥♥6❡✳ ■❧ ❢❛✉: ❛❧♦KA ❝❤♦✐A✐K ❧❛ A✉K❢❛❝❡ ❡: ❧❛ ❞❡♥A✐:6 ❞✉ ♠❛✐❧❧❛❣❡ A✉K ❧❡7✉❡❧

A❡K♦♥: ❡✛❡❝:✉6❡A ❧❡A ♠❡A✉K❡A ✐♥:❡♥A✐♠6:K✐7✉❡A ❬✹✷❪✳ ❉❛♥A ❧❡ ❝❛A ❞✬✉♥❡ ♣❧❛7✉❡ ✜♥✐❡ ❜❛✤6❡✱ ✐❧

❡A: ♣♦AA✐❜❧❡ ❞❡ K6❛❧✐A❡K ❧❡A ♠❡A✉K❡A A✉K ✉♥ ♣❧❛♥ S ❡♥ ❝❤❛♠♣ ♣K♦❝❤❡✳ ❙✉K ❧❛ ❋✐❣✉K❡ ✹✳✸✱ ✐❧ ❡A:

♣♦AA✐❜❧❡ ❞❡ ❝♦♥A:❛:❡K 7✉❡ :♦✉:❡ ✉♥❡ ♣❛K:✐❡ ❞✉ K❛②♦♥♥❡♠❡♥: ❛❝♦✉A:✐7✉❡ ♥✬❡A: ♣❛A ♠❡A✉K6❡✳

❆✜♥ ❞❡ K6❞✉✐K❡ ❧✬❡KK❡✉K ❞✬❡A:✐♠❛:✐♦♥ ❛❧♦KA ❝♦♠♠✐A❡✱ ❧❛ A✉K❢❛❝❡ ❞❡ ♠❡A✉K❡ ❡A: ❝❤♦✐A✐❡ ♣❧✉A

❧❛K❣❡ 7✉❡ ❧❛ A:K✉❝:✉K❡✳ ▲❛ ♣✉✐AA❛♥❝❡ ❛❝♦✉A:✐7✉❡ K❛②♦♥♥6❡ ❡A: ❛❧♦KA ❛♣♣K♦❝❤6❡ ♣❛K ✿

W ≈
S

2NS

Re{vHp} ✭✹✳✼✮

❛✈❡❝ p ❡: v ❧❡A ✈❡❝:❡✉K ❞❡A ♣K❡AA✐♦♥A ❡: ❞❡A ✈✐:❡AA❡A ❛❝♦✉A:✐7✉❡A ♥♦K♠❛❧❡A ❞❡A ♠❡A✉K❡A

❡✛❡❝:✉6❡A A✉K ❧❡A NS ♣♦✐♥:A ❞❡ S✳ ❆❧♦KA ❞✬❛♣KRA ❲✉ ❬✾✺❪✱ A✐ ❧❛ ❞✐A:❛♥❝❡ zm ❡♥:K❡ ❧❛ ♣❧❛7✉❡
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❡7 ❧❛ :✉<❢❛❝❡ ❞❡ ♠❡:✉<❡ ❡:7 ♣❧✉: ❣<❛♥❞❡ D✉❡ ❧❛ ❞✐:7❛♥❝❡ ❡♥7<❡ ❧❡: ♣♦✐♥7: ❞✉ ❜❛❧❛②❛❣❡✱

❧✬❡:7✐♠❛7✐♦♥ ❞❡ ❧❛ ♣✉✐::❛♥❝❡ ❛❝♦✉:7✐D✉❡ <❛②♦♥♥K❡ :❡<❛ ❞✬❛✉7❛♥7 ♣❧✉: ❜♦♥♥❡ D✉❡ ❧❛ ❞❡♥:✐7K ❞✉

♠❛✐❧❧❛❣❡ :❡<❛ ✐♠♣♦<7❛♥7❡✳ ❊♥ ♣<❛7✐D✉❡✱ ✉♥❡ ♠❡:✉<❡ ♣<K❧✐♠✐♥❛✐<❡ ❡:7 <K❛❧✐:K❡ ❡♥ ❝❤♦✐:✐::❛♥7

✉♥ ♠❛✐❧❧❛❣❡ 7<M: ✜♥✳ ❉❡: ❝❛❧❝✉❧: :♦♥7 ❡♥:✉✐7❡ ❢❛✐7: ♣♦✉< :❛✈♦✐< P D✉❡❧ ♣♦✐♥7 ❝❡ ♠❛✐❧❧❛❣❡

♣❡✉7 Q7<❡ ❞K❝✐♠K :❛♥: ❢❛✐<❡ ❞✬❡<<❡✉< ❞✬❡:7✐♠❛7✐♦♥ ❞❡ ❧❛ ♣✉✐::❛♥❝❡ ❛❝♦✉:7✐D✉❡✳ ❉❡ ♠❛♥✐M<❡

❣K♥K<❛❧❡✱ ♣♦✉< ✉♥ K❝❛<7 ✐♥7❡<✲♣♦:✐7✐♦♥ ❞❡ ❧❛ :♦♥❞❡ ❞❡ ∆x✱ ✉♥❡ ❢<KD✉❡♥❝❡ ❞✬K7✉❞❡ ✐♥❢K<✐❡✉<❡

P ❧❛ ❢<KD✉❡♥❝❡ fmax ♣❡<♠❡7 ❞✬K✈✐7❡< ✉♥ <❡♣❧✐❡♠❡♥7 :♣❛7✐❛❧ ❬✽✸❪ ❛✈❡❝ ✿

fmax =
c

2∆x
✭✹✳✽✮

��
������	
�	�


�	���	�
��������	�

����	��


��

❋✐❣✉<❡ ✹✳✸ ❙✉<❢❛❝❡ ❞❡ ♠❡:✉<❡ ✐♥7❡♥:✐♠K7<✐D✉❡ ❡♥ ❝❤❛♠♣ ♣<♦❝❤❡ ♣♦✉< ❧✬❡:7✐♠❛✲

7✐♦♥ ❞❡ ❧❛ ♣✉✐::❛♥❝❡ ❛❝♦✉:7✐D✉❡ <❛②♦♥♥K❡ ♣❛< ✉♥ ♣❛♥♥❡❛✉✳

▲✬❡:7✐♠❛7✐♦♥ ❞❡ ❧❛ ♣✉✐::❛♥❝❡ ❛❝♦✉:7✐D✉❡ <❛②♦♥♥K❡ ♣❛< ✉♥❡ :7<✉❝7✉<❡ P ♣❛<7✐< ❞❡ :❛ ✈✐7❡::❡

❞❡ ❞K❢♦<♠❛7✐♦♥ 7<❛♥:✈❡<:❡ ✭❊D✳ ✭✸✳✸✹✮✮✳ ■❧ ❡:7 ♣♦::✐❜❧❡ ❞❡ ♠♦♥7<❡<✱ P ♣❛<7✐< ❞❡ ❧✬❊D✳ ✭✸✳✸✺✮✱

D✉❡ ❝❡77❡ ❢♦<♠✉❧❛7✐♦♥ ❣❛<❛♥7✐7 ❧❛ ❝♦♥:7<✉❝7✐♦♥ ❞✬✉♥❡ ❢♦<♠❡ D✉❛❞<❛7✐D✉❡ ❡♥ ❢♦♥❝7✐♦♥ ❞❡:

❝♦♠♠❛♥❞❡: u✳ ❉❛♥: ❧❡ ❝❛: ❞✬✉♥❡ :7<✉❝7✉<❡ ♣❧❛♥❡✱ ❧✬✉7✐❧✐:❛7✐♦♥ ❞✬✉♥ ✈✐❜<♦♠M7<❡ ❧❛:❡< P

❡✛❡7 ❉♦♣♣❧❡< ❡7 P ❜❛❧❛②❛❣❡ ♣♦✉<<❛✐7 :✬❛✈K<❡< Q7<❡ ✉♥❡ ♦♣7✐♦♥ 7<M: ♣<❛7✐D✉❡ ❡7 ♠K<✐7❡<❛✐7

❞✬Q7<❡ ❡①♣K<✐♠❡♥7K❡✳ ▲♦<:D✉❡ ❞❡: :7<✉❝7✉<❡: ❞❡ ❢♦<♠❡ ♣❧✉: ❝♦♠♣❧❡①❡ :♦♥7 ❝♦♥:✐❞K<K❡:✱ ❧❛
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❧❛ ✈✐7❡::❡ 7<❛♥:✈❡<:❡ ❞❡ ❧❛ :7<✉❝7✉<❡ ♣❧✉: ❞K❧✐❝❛7❡✳

✹✳✷✳✷ ❘$%♦❧✉)✐♦♥ ❞✉ ♣.♦❜❧0♠❡ ❞✬♦♣)✐♠✐%❛)✐♦♥

▲❛ ♠K7❤♦❞❡ ♣<♦♣♦:K❡ ✐❝✐ ❡:7 ❜❛:K❡ :✉< ❧❛ ❞K✜♥✐7✐♦♥ ♣✉✐: ❧❛ <K:♦❧✉7✐♦♥ ❞✬✉♥ ♣<♦❜❧M♠❡ ❞✬♦♣✲

7✐♠✐:❛7✐♦♥✳ ▲❛ ❢♦♥❝7✐♦♥ ❞❡ ❝♦]7 ❝♦♥:7<✉✐7❡ ❡:7 ❞✐<❡❝7❡♠❡♥7 ❧✐K❡ P ❧❛ D✉❛♥7✐7K P ♠✐♥✐♠✐:❡<✱

P :❛✈♦✐< ❧❛ ♣✉✐::❛♥❝❡ ❛❝♦✉:7✐D✉❡ <❛②♦♥♥K❡✳ ❉❛♥: ❧❡ ❜✉7 ❞✬❛♠K❧✐♦<❡< ❧❡ ❝♦♥❞✐7✐♦♥♥❡♠❡♥7 ❞✉

♣<♦❜❧M♠❡ ❡7 ✐♠♣♦:❡< ✉♥❡ ❧✐♠✐7❡ P ❧✬K♥❡<❣✐❡ ❞K♣❧♦②K❡ ♣❛< ❧❡ ❝♦♥7<^❧❡✱ ✉♥❡ ♣K♥❛❧✐:❛7✐♦♥ ❞❡

❧✬❡✛♦<7 ❞❡ ❝♦♥7<^❧❡ ❡:7 ✐♥7<♦❞✉✐7❡✳ ❋✐♥❛❧❡♠❡♥7✱ ❧❛ ❢♦♥❝7✐♦♥ ❞❡ ❝♦]7 J ❡:7 ❝❤♦✐:✐❡ ✿

J(u) = W (u) + uHΓu ✭✹✳✾✮
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❞✐✛C;❡♥:❡?✳ ,;❡♠✐T;❡♠❡♥:✱ ❧✬❡①♣;❡??✐♦♥ ❞❡ ❧❛ ♣✉✐??❛♥❝❡ ❛❝♦✉?:✐D✉❡ ;❛②♦♥♥C❡ ❡♥ ❢♦♥❝:✐♦♥
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❞✉ ♣;♦❜❧T♠❡ ❡?: ❞C:❛✐❧❧C❡ ?❡❧♦♥ D✉❡ ❧✬❡?:✐♠❛:✐♦♥ ❞❡ ❧❛ ♣✉✐??❛♥❝❡ ❡?: ;C❛❧✐?C❡ J ♣❛;:✐; ❞❡

♠❡?✉;❡? ❛❝♦✉?:✐D✉❡? ❡♥ ❝❤❛♠♣ ❧♦✐♥:❛✐♥ ♦✉ ❡♥ ❝❤❛♠♣ ♣;♦❝❤❡✳ ❯♥❡ ❛::❡♥:✐♦♥ ♣❛;:✐❝✉❧✐T;❡ ❡?:

♣♦;:C❡ J ❧❛ ❝♦♠♣❛;❛✐?♦♥ ❞❡ ❝❡? ❞✐✛C;❡♥:❡? ♠C:❤♦❞❡? ✈✐?✲J ✲✈✐? ❞✉ ❝❛❧❝✉❧ ♦♣:✐♠❛❧✳

➚ ♣❛#$✐# ❞❡( ❛♠♣❧✐$✉❞❡( ❞❡( ✈✐$❡((❡( ♠♦❞❛❧❡(

❊♥ ✉:✐❧✐?❛♥: ❧✬❡①♣;❡??✐♦♥ ✭✸✳✸✶✮ ❞❡ ❧❛ ♣✉✐??❛♥❝❡ ❛❝♦✉?:✐D✉❡ ;❛②♦♥♥C❡ ❡♥ ❢♦♥❝:✐♦♥ ❞❡? ❛♠✲

♣❧✐:✉❞❡? ❞❡? ✈✐:❡??❡? ♠♦❞❛❧❡?✱ ✐❧ ❡?: ♣♦??✐❜❧❡ ❞❡ ;CC❝;✐;❡ ❧✬❊D✳ ✭✹✳✾✮ ✿

J(u) = (jωq)HΩ(jωq) + uHΓu ✭✹✳✶✵✮

,✉✐? ❞✬❛♣;T? ❧❡ ?②?:T♠❡ ✭✹✳✾✮ ✿

J(u) = [M(Au+ b)]HΩM(Au+ b) + uHΓu ✭✹✳✶✶✮

= uH(AHMHΩMA+ Γ)u+ uHAHMHΩMb+ ....

...+ bHMHΩMAu+ bHMHΩMb ✭✹✳✶✷✮

▲❡ :❡;♠❡ D✉❛❞;❛:✐D✉❡ ❡♥ ❢♦♥❝:✐♦♥ ❞❡ u ❡?: ❧❛ ♠❛:;✐❝❡ (AHMHΩMA + Γ) D✉✐ ❡?: ?②♠C✲

:;✐D✉❡ ❞C✜♥✐❡ ♣♦?✐:✐✈❡ ❝❛; Ω ❧✬❡?: C❣❛❧❡♠❡♥: ✭?❡❝:✐♦♥ ✸✳✷✳✷✮✳ ▲❡ ♣;♦❜❧T♠❡ ❞❡ ♠✐♥✐♠✐?❛:✐♦♥

❛❞♠❡: ✉♥ ✉♥✐D✉❡ ❡①:;❡♠✉♠ ❧♦❝❛❧✳ ▲❡ ❝❛❧❝✉❧ ❞✉ ❣;❛❞✐❡♥: ❞❡ J ❡♥ ❢♦♥❝:✐♦♥ ❞✉ ✈❡❝:❡✉;

❞❡? ❝♦♠♠❛♥❞❡? ♣❡;♠❡: ❞♦♥❝ ❞❡ ❞C✜♥✐; ❧❡ ✈❡❝:❡✉; uopt
❞❡? ❝♦♠♠❛♥❞❡? ♦♣:✐♠❛❧❡? ❝♦♠♠❡

❧✬✉♥✐D✉❡ ?♦❧✉:✐♦♥ ❞❡ ❧✬CD✉❛:✐♦♥ ∇u(u
opt) = 0✳ ❈❡::❡ ♠❛:;✐❝❡ C:❛♥: C❣❛❧❡♠❡♥: ❤❡;♠✐:✐❡♥♥❡✱

✐❧ ❡?: ♣♦??✐❜❧❡ ❞❡ ♠♦♥:;❡; D✉❡ ❧❡ ❝❛❧❝✉❧ ❞✉ ❣;❛❞✐❡♥: ∇uJ ♣❛; ;❛♣♣♦;: ❛✉ ✈❡❝:❡✉; ❝♦♠♣❧❡①❡

u ?❡ ❢❛✐: ❝♦♠♠❡ ?✐ ❧❛ ✈❛;✐❛❜❧❡ C:❛✐: ;C❡❧❧❡ ✿

∇uJ = 2(AHMHΩMA+ Γ)u+ 2AHMHΩMb ✭✹✳✶✸✮
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uopt = −(AHMHΩMA+ Γ)−1AHMHΩMb, ✭✹✳✶✹✮

➚ ♣❛#$✐# ❞❡( ♠❡(✉#❡( ❞❡ ♣#❡((✐♦♥ ❡♥ ❝❤❛♠♣ ❧♦✐♥$❛✐♥
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✈✐❜?♦❛❝♦✉@7✐D✉❡✱ ❧❡ ✈❡❝7❡✉? pl
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pl = Hl
pu+ pl

p ✭✹✳✶✺✮

♦U Hl
p ❡@7 ❧❛ ♠❛7?✐❝❡ ❞❡@ 7?❛♥@❢❡?7@ ❡♥7?❡ ❧❡@ ❝♦♠♠❛♥❞❡@ ❡♥✈♦②M❡@ ❛✉① ❛❝7✐♦♥♥❡✉?@ @❡❝♦♥✲
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J(u) = uH
(

(Hl
p)

HHl
p + Γ

)

u+ (pl
p)

HHl
pu+ uH(Hl

p)
Hpl

p + (pl
p)

Hpl
p ✭✹✳✶✻✮
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∇uJ =
(

(Hl
p)

HHl
p + Γ

)
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p)
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p ✭✹✳✶✼✮

uopt =
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(Hl
p)
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p + Γ

)−1
(Hl
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Hpl

p ✭✹✳✶✽✮
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♣?✐♠❛✐?❡ pl
p ❡7 ❧❡ ❝❤❛♠♣ ❞❡ ♣?❡@@✐♦♥ Hl

pu
opt

❣M♥M?M ♣❛? ❧❡@ ❛❝7✐♦♥♥❡✉?@ ✐♥❡?7✐❡❧@ ❧♦?@D✉❡

❧❛ ❝♦♠♠❛♥❞❡ uopt
❧❡✉? ❡@7 ❡♥✈♦②M❡✳ ▲❛ ♠✉❧7✐♣❧✐❝❛7✐♦♥ ❞❡ pl

p ♣❛? ❧❛ ♣@❡✉❞♦ ✐♥✈❡?@❡ ❞❡

Hl
p✱ ❞❛♥@ ❧✬❊D✳ ✭✹✳✶✽✮✱ @♦✉❧✐❣♥❡ ❧❡ ❢❛✐7 D✉❡ ❧✬❡@♣❛❝❡ ❞❡@ ❝❤❛♠♣@ D✉❡ ♣❡✉✈❡♥7 ❣M♥M?❡? ❧❡@

@♦✉?❝❡@ @❡❝♦♥❞❛✐?❡@ ❡@7 ❞❡ ?❛♥❣ ❧✐♠✐7M ❛❧♦?@ D✉❡ pl
p ♥❡ ❧✬❡@7 ♣❛@ ❢♦?❝M♠❡♥7✳ ▲❛ ♣?❡♠✐W?❡

❝♦♥❝❧✉@✐♦♥ ❡@7 ❞♦♥❝ D✉❡ ♣❧✉@ ❣?❛♥❞ @❡?❛ ❧❡ ♥♦♠❜?❡ ❞✬❛❝7✐♦♥♥❡✉?✱ ♠❡✐❧❧❡✉?❡ ♣♦✉??❛ ^7?❡ ❧❛

?❡❝♦♥@7?✉❝7✐♦♥ ❞✬✉♥ ❝❤❛♠♣ @❡❝♦♥❞❛✐?❡ D✉✐ ♣❡?♠❡7 ❞❡ ♠✐♥✐♠✐@❡? ❧❛ ♣✉✐@@❛♥❝❡ ❛❝♦✉@7✐D✉❡

?❛②♦♥♥M❡✳ ❉❛♥@ ❧❛ @✉✐7❡ ❞❡ ❧✬M7✉❞❡✱ ✐❧ @❡?❛ ♦❜@❡?✈M D✉❡ ❞❛♥@ ❝❡?7❛✐♥❡@ @✐7✉❛7✐♦♥@ ❝♦♠♠❡

✉♥❡ ?M@♦♥❛♥❝❡ ♠❛?D✉M❡ ❞❡ ❧❛ @7?✉❝7✉?❡✱ ❧❡ ♣❡?7✉?❜❛7✐♦♥ ♣?✐♠❛✐?❡ ❡7 ❧❡@ ❝❤❛♠♣@ @❡❝♦♥❞❛✐?❡@



✹✳✷✳ ❈❆▲❈❯▲ ❉❊❙ ■▼,➱❉❆◆❈❊❙ ▼➱❈❆◆■◗❯❊❙ ❱■❘❚❯❊▲▲❊❙ ❖,❚■▼❆▲❊❙ ✺✸

6♦♥9 9♦✉6 ♣<♦❥❡9?6 6✉< ❧❛ ❞?❢♦<♠?❡ ❞✉ ♠♦❞❡ 69<✉❝9✉<❡❧ ❝♦<<❡6♣♦♥❞❛♥9 ✿ ✉♥❡ ❛99?♥✉❛9✐♦♥

✐♠♣♦<9❛♥9 ❞❡ ❧❛ ♣✉✐66❛♥❝❡ ❛❝♦✉69✐H✉❡ <❛②♦♥♥?❡ ♥❡ <❡H✉✐❡<9 ❡♥ 9❤?♦<✐❡✱ ❞❛♥6 ❝❡ ❝❛6✱ H✉✬✉♥❡

6❡✉❧❡ ✉♥✐9?✳

➚ ♣❛#$✐# ❞❡( ♠❡(✉#❡( ❞✬✐♥$❡♥(✐$- ❡♥ ❝❤❛♠♣ ♣#♦❝❤❡

❉❡ ❧❛ ♠M♠❡ ♠❛♥✐N<❡ H✉✬❡♥ ❝❤❛♠♣ ❧♦✐♥9❛✐♥✱ ❧❡6 ✈❡❝9❡✉<6 p ❡9 v ❞❡6 ♠❡6✉<❡6 ❡♥ ❝❤❛♠♣

♣<♦❝❤❡ ♣❡✉✈❡♥9 6✬?❝<✐<❡ ✿

{

p = Hpu+ pp

v = Hvu+ vp

✭✹✳✶✾✮

♦T ✿

✲ Hp ❡69 ❧❛ ♠❛9<✐❝❡ ❞❡ ❞✐♠❡♥6✐♦♥ NS × Nu ❞❡6 ❢♦♥❝9✐♦♥6 ❞❡ 9<❛♥6❢❡<9 ❡♥9<❡ ❧❡6 ❝♦♠✲

♠❛♥❞❡6 ❡♥✈♦②?❡6 ❛✉① ❛❝9✐♦♥♥❡✉<6 ❡9 ❧❡6 ♣<❡66✐♦♥6 ❛❝♦✉69✐H✉❡6 ♠❡6✉<?❡6 6✉< S✳

✲ Hv ❡69 ❧❛ ♠❛9<✐❝❡ ❞❡ ❞✐♠❡♥6✐♦♥ NS × Nu ❞❡6 ❢♦♥❝9✐♦♥6 ❞❡ 9<❛♥6❢❡<9 ❡♥9<❡ ❧❡6 ❝♦♠✲

♠❛♥❞❡6 ❡♥✈♦②?❡6 ❛✉① ❛❝9✐♦♥♥❡✉<6 ❡9 ❧❡6 ✈✐9❡66❡6 ❛❝♦✉69✐H✉❡6 ♥♦<♠❛❧❡6 ♠❡6✉<?❡6 6✉<

S✳

✲ pp ❡69 ❧❡ ✈❡❝9❡✉< ❞❡ ❞✐♠❡♥6✐♦♥ NS × 1 ❞❡6 ♣<❡66✐♦♥6 ❛❝♦✉69✐H✉❡6 ♣<✐♠❛✐<❡6 ♠❡6✉<?❡6

6✉< S✳

✲ vp ❡69 ❧❡ ✈❡❝9❡✉< ❞❡ ❞✐♠❡♥6✐♦♥ NS × 1 ❞❡6 ✈✐9❡66❡6 ❛❝♦✉69✐H✉❡6 ♥♦<♠❛❧❡6 ♣<✐♠❛✐<❡6

♠❡6✉<?❡6 6✉< S✳

❊♥ <❡♠♣❧❛W❛♥9 ❧❡ 6②69N♠❡ ✭✹✳✶✾✮ ❞❛♥6 ❧✬❊H✳ ✭✹✳✼✮✱ ❧❛ ❢♦♥❝9✐♦♥ ❞❡ ❝♦Y9 6✬?❝<✐9 ✿

J(u) =
S

2NS

Re{(Hvu+ vp)
H(Hpu+ pp)}+ uHΓu

=
S

2NS

Re{uHHH
v Hpu+ uHHH

v pp + vH
p Hpu+ vH

p pp}+ uHΓu ✭✹✳✷✵✮

▲✬❡①♣<❡66✐♦♥ ✭✹✳✷✵✮ ♥❡ ♣❡<♠❡9 ♣❛6 ❞✬❛✣<♠❡< H✉❡ J ❡69 ✉♥❡ ❢♦♥❝9✐♦♥ ❞❡ ❝♦Y9 H✉❛❞<❛9✐H✉❡ ♣❛<

<❛♣♣♦<9 ❛✉ ✈❡❝9❡✉< ❞❡6 ❝♦♠♠❛♥❞❡6 u✳ ❈❡♣❡♥❞❛♥9✱ ❧❡6 9<♦✐6 ?H✉❛9✐♦♥6 ✭✹✳✶✷✮✱ ✭✹✳✶✻✮ ❡9 ✭✹✳✷✵✮

6♦♥9 9<♦✐6 ❡①♣<❡66✐♦♥6 H✉✐ <❡♣<?6❡♥9❡ ❧❛ ♠M♠❡ ❣<❛♥❞❡✉<✳ ❉❛♥6 ❧❛ ♠❡6✉<❡ ♦T ❧✬❡69✐♠❛9✐♦♥

❞❡ ❧❛ ♣✉✐66❛♥❝❡ ❛❝♦✉69✐H✉❡ <❛②♦♥♥?❡ ♣❛< ❧❡6 ♠❡6✉<❡6 ✐♥9❡♥6✐♠?9<✐H✉❡6 ❡69 ❜♦♥♥❡ ❛❧♦<6 ❧❛

❢♦♥❝9✐♦♥ ❞❡ ❝♦Y9 ❞?✜♥✐❡ ❡♥ ✭✹✳✷✵✮ ❛❞♠❡9 ❜✐❡♥ ✉♥ ✉♥✐H✉❡ ❡①9<❡♠✉♠ ❧♦❝❛❧ ♣❛< <❛♣♣♦<9

` u✳ ❈♦♠♠❡ ♣<?❝?❞❡♠♠❡♥9✱ ❧❡ ❝❛❧❝✉❧ ❞✉ ❣<❛❞✐❡♥9 ❧❡ ❣<❛❞✐❡♥9 ∇uJ ♣❡<♠❡9 ❞❡ ❞?❞✉✐<❡

❧✬❡①♣<❡66✐♦♥ ❞❡6 ❝♦♠♠❛♥❞❡6 ♦♣9✐♠❛❧❡6 ✿

∇uJ =

[

(Hn
v )

HHn
p + (Hn

p )
HHn

v +
2NSβ

S
INu

]

u+
(

(Hn
v )

Hp(n)
p + (Hn

p )
Hv(n)

p

)

✭✹✳✷✶✮
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❖%❚■▼❆▲❊❙

uopt = −

[

(Hn
v )

HHn
p + (Hn

p )
HHn

v +
2NSβ

S
INu

]−1
(

(Hn
v )

Hp(n)
p + (Hn

p )
Hv(n)

p

)

✭✹✳✷✷✮

▲❛ ♠:♠❡ ✐♥>❡?♣?A>❛>✐♦♥ C✉❡ ♣♦✉? ❧❡ ❝❛❧❝✉❧ ♦♣>✐♠❛❧ ❡♥ ❝❤❛♠♣ ❧♦✐♥>❛✐♥ ♣❡✉> :>?❡ ❢❛✐>❡ ❛✉

I✉❥❡> ❞❡ ❧✬❊C✳ ✭✹✳✷✷✮✳ ❈❡♣❡♥❞❛♥>✱ ❧✬✐♥>❡♥I✐>A ❡♥ ❝❤❛♠♣ ♣?♦❝❤❡ A>❛♥> ♠♦✐♥I I✐♠♣❧❡ N ❡①♣?✐✲

♠❡? ❡♥ ❢♦♥❝>✐♦♥ ❞❡ u✱ ❧✬✐♥>❡?♣?A>❛>✐♦♥ ❞✉ ❝♦♥>?Q❧❡ ♦♣>✐♠❛❧ ❝♦♠♠❡ ✉♥❡ ♣?♦❥❡❝>✐♦♥ ❡I> ♠♦✐♥I

❛✐IA❡✳

❉✐"❝✉""✐♦♥

▲❡ ❝❛?❛❝>R?❡ C✉❛❞?❛>✐C✉❡ ♣♦I✐>✐❢ ❞❡ J ♣❛? ?❛♣♣♦?> ❛✉ ✈❡❝>❡✉? ❞❡I ❝♦♠♠❛♥❞❡I u ❡I> ♥A✲

❝❡II❛✐?❡ N ❧❛ ?AI♦❧✉>✐♦♥ ❞✉ ♣?♦❜❧R♠❡ ❞❡ ♠✐♥✐♠✐I❛>✐♦♥✳ ■❧ ❡I> ✐♠♣♦?>❛♥> ❞❡ I♦✉❧✐❣♥❡? C✉❡

❧❛ ❣?❛♥❞❡✉? ❝❛❧❝✉❧A❡ N ❧✬❊C✳ ✭✹✳✶✻✮ ❡I> C✉❛❞?❛>✐C✉❡ ♣♦I✐>✐✈❡ ♣❛? ❞A✜♥✐>✐♦♥ ❛❧♦?I C✉❡ ❝❡❧❧❡

❝❛❧❝✉❧A❡ N ❧✬❊C✳ ✭✹✳✷✵✮ ♥✬❡I> C✉❛❞?❛>✐C✉❡ ♣♦I✐>✐✈❡ C✉❡ ❞❛♥I ❧❛ ♠❡I✉?❡ ♦Z ❡❧❧❡ ❛♣♣?♦❝❤❡ ✉♥❡

❣?❛♥❞❡✉? C✉❛❞?❛>✐C✉❡ ♣♦I✐>✐✈❡✳ ▲❛ ♣✉✐II❛♥❝❡ ❡①❛❝>❡ ❡I> ❢♦?❝A♠❡♥> ♣♦I✐>✐✈❡ ❛❧♦?I C✉❡ ❧✬✐♥✲

>❡♥I✐>A ❛❝>✐✈❡ ❧♦❝❛❧❡ ❡I> ✉♥❡ ❣?❛♥❞❡✉? I✐❣♥A❡ C✉✐ ♣❡✉> ❞♦♥❝ :>?❡ ♥A❣❛>✐✈❡✳ ❉❛♥I ❧❛ I✐>✉❛>✐♦♥

♦Z ✉♥❡ ❡??❡✉? ❞✬❡I>✐♠❛>✐♦♥ ❞❡ ❧❛ ♣✉✐II❛♥❝❡ ❡I> ❢❛✐>❡✱ ♣❛? ❡①❡♠♣❧❡ I✐ ✉♥ ♠❛✐❧❧❛❣❡ >?♦♣ ♣❡✉

❞❡♥I❡ ❡I> ❝♦♥I✐❞A?A✱ ?✐❡♥ ♥❡ ❣❛?❛♥>✐> ❞♦♥❝ C✉❡ ❧❛ ❢♦♥❝>✐♦♥ ❞❡ ❝♦[> ❡I> ❛❧♦?I C✉❛❞?❛>✐C✉❡

♣♦I✐>✐✈❡✳ %❛? ❡①❡♠♣❧❡✱ ❞❛♥I ❧❡ ❝❛I ❡①>?:♠❡ ♦Z ❧✬✐♥>❡♥I✐>A ♥✬❡I> ♠❡I✉?A❡ C✉✬❡♥ ✉♥ I❡✉❧ ♣♦✐♥>✱

❧❡ ❝♦♥>?Q❧❡ ♦♣>✐♠❛❧ >❡♥❞?❛ N ❧❛ ?❡♥❞?❡ ❢♦?>❡♠❡♥> ♥A❣❛>✐✈❡✱ ❝❡ C✉✐ ♥❡ ❣❛?❛♥>✐> ♣❛I ✉♥❡ ?A❞✉❝✲

>✐♦♥ ❞❡ ❧❛ ♣✉✐II❛♥❝❡✳ ❇❡??② ❡! ❛❧ ❬✶✺❪ I❡ I♦♥> ✐♥>A?❡IIAI N ❝❡>>❡ ♣?♦❜❧A♠❛>✐C✉❡ ❡> ♠♦♥>?❡♥>

C✉❡ ❞❛♥I ♣♦✉? ✉♥ ♠❛✐❧❧❛❣❡ ❞❡ ♠❡I✉?❡I >?♦♣ ♣❡✉ ❞❡♥I❡✱ ❧✬✉>✐❧✐I❛>✐♦♥ ❡♥ ❝❤❛♠♣ ♣?♦❝❤❡ ❞❡

❧✬❊C✳ ✭✹✳✶✻✮✱ ♠:♠❡ ✐♥❡①❛❝>❡✱ ♣♦✉? ❡I>✐♠❡? ❧❛ ♣✉✐II❛♥❝❡ ❛❝♦✉I>✐C✉❡ ?❛②♦♥♥A❡✱ ♣❡?♠❡> ❞✬♦❜✲

>❡♥✐? ✉♥❡ ♠❡✐❧❧❡✉?❡ ❛>>A♥✉❛>✐♦♥ C✉✬❡♥ ❝♦♥I>?✉✐I❛♥> ✉♥❡ ❢♦♥❝>✐♦♥ ❞❡ ❝♦[> ♥♦♥ C✉❛❞?❛>✐C✉❡

♣♦I✐>✐✈❡ N ❧✬❛✐❞❡ ❞❡ ❧✬❊C✳ ✭✹✳✷✵✮✳ ■❧ ♣♦✉??❛✐> :>?❡ ✐♥>A?❡II❛♥> ❞✬♦❜I❡?✈❡? ❧❡I ?AI✉❧>❛>I ♦❜>❡♥✉I

❡♥ ❛❥♦✉>❛♥> N ❝❡>>❡ A>✉❞❡ ❧✬❡✛❡> ❞❡ ❧❛ ♣A♥❛❧✐I❛>✐♦♥ ❞❡ ❧✬❡✛♦?> ❞❡ ❝♦♥>?Q❧❡✳

❊①♣*❡""✐♦♥ ❞❡ ❧❛ ♠❛0*✐❝❡ ❞❡" ✐♠♣1❞❛♥❝❡" ♠1❝❛♥✐2✉❡" ✈✐*0✉❡❧❧❡" ♦♣0✐♠❛❧❡"

❈❤❛C✉❡ >❡?♠❡ ❞❡ ❧❛ ♠❛>?✐❝❡ ❞✐❛❣♦♥❛❧❡ Zopt
❞❡I ✐♠♣A❞❛♥❝❡I ✈✐?>✉❡❧❧❡I ♦♣>✐♠❛❧❡I ❡I> ❞A✜♥✐

N ♣❛?>✐? ❞❡I ❝♦♠♠❛♥❞❡I ♦♣>✐♠❛❧❡I ❡①♣?✐♠A❡I N ❧✬✉♥❡ ❞❡I >?♦✐I AC✉❛>✐♦♥I ✭✹✳✶✹✮✱ ✭✹✳✶✽✮ ♦✉

✭✹✳✷✷✮✱ ❡> ✈❛✉> ❛❧♦?I ✿

Zopt
ii = −

uopti

yopti

♦! yopt = Huopt + d ✭✹✳✷✸✮

❈❡**❡ ❡①♣-❡..✐♦♥ *❡-♠❡ 2 *❡-♠❡ ❞❡ Zopt
.✉✣* ❧❛ ♣❧✉♣❛-* ❞✉ *❡♠♣.✳ ❈❡♣❡♥❞❛♥*✱ ♣♦✉- ❝❡-*❛✐♥.

❞:✈❡❧♦♣♣❡♠❡♥*.✱ ✐❧ ❡.* ♥:❝❡..❛✐-❡ ❞❡ ❧✬❡①♣-✐♠❡- ❡①♣❧✐❝✐*❡♠❡♥* ❞❡ ♠❛♥✐=-❡ ♠❛*-✐❝✐❡❧❧❡✳ ❊♥



✹✳✸✳ ❈❖◆❈❊'❚■❖◆ ❉❯ ❈❖◆❚❘-▲❊❯❘ ❍❆❘▼❖◆■◗❯❊ ✺✺

❞5✜♥✐99❛♥; ei ❧❡ ✈❡❝;❡✉A ❞❡ ;❛✐❧❧❡ ✭Nu × 1✮ ❝♦♠♣♦95 ❞✬✉♥ ✶ ❡♥ ✐✲J♠❡ ♣♦9✐;✐♦♥ ❡; ❞❡ ③5A♦9

❛✐❧❧❡✉A9 ❡; Ei ❧❛ ♠❛;A✐❝❡ ❞❡ ;❛✐❧❧❡ ✭Nu × Nu✮ ❝♦♠♣♦95 ❞✬✉♥ ✶ ❡♥ ✭✐✱✐✮✲J♠❡ ♣♦9✐;✐♦♥ ❡; ❞❡

③5A♦9 ❛✐❧❧❡✉A9 ✐❧ ❡9; ♣♦99✐❜❧❡ ❞✬5❝A✐A❡ ❧❛ ❢♦A♠❡ ♠❛;A✐❝✐❡❧❧❡ ❞❡ ❧✬❊O✳ ✭✹✳✷✸✮ ✿

Zopt =







u1

y1
0 0

0 ... 0

0 0
uNu

yNu






✭✹✳✷✹✮

=

(

Nu
∑

i=1

eiu
optEi

)(

Nu
∑

i=1

eiy
optEi

)−1

, ✭✹✳✷✺✮

❞✬♦R ♦♥ ♣❡✉; 5❝A✐A❡ ❧✬❡①♣A❡99✐♦♥ ♠❛;A✐❝✐❡❧❧❡ ❞❡9 ✐♠♣5❞❛♥❝❡9 ♠5❝❛♥✐O✉❡9 ✈✐A;✉❡❧❧❡9 ♦♣;✐✲

♠❛❧❡9 ✿

Zopt
m = Hfu

(

Nu
∑

i=1

eiu
optEi

)(

Nu
∑

i=1

eiy
optEi

)−1

[Hẇy]
−1 . ✭✹✳✷✻✮

▼U♠❡ 9✐ ❝❡9 ❡①♣A❡99✐♦♥9 ♠❛;A✐❝✐❡❧❧❡9 9♦♥; ♥5❝❡99❛✐A❡9 ♣♦✉A ❝❡A;❛✐♥9 ❞5✈❡❧♦♣♣❡♠❡♥;✱ ❧❡✉A

❝♦♠♣❧❡①✐;5 ❥✉9;✐✜❡ ❧❡ ❢❛✐; O✉❡ ❞❛♥9 ❧❛ ♣❧✉♣❛A; ❞❡9 ❝❛9✱ ❧✬❡①♣A❡99✐♦♥ 9✉A ❝❤❛O✉❡ ✉♥✐;5 i ❡9;

♣A5❢5A5❡✳

✹✳✸ ❈♦♥❝❡♣)✐♦♥ ❞✉ ❝♦♥)-.❧❡✉- ❤❛-♠♦♥✐3✉❡

❆♣AJ9 ❛✈♦✐A ❞5❝A✐; ❧❡ ❝♦♥;AX❧❡✉A ❤❛A♠♦♥✐O✉❡ ♣❡A♠❡;;❛♥; ❞✬✐♠♣♦9❡A ❧❡9 ✐♠♣5❞❛♥❝❡9 ♠5❝❛✲

♥✐O✉❡9 ✈✐A;✉❡❧❧❡9 ♦♣;✐♠❛❧❡9 ❡; ❡①♣A✐♠5 ❧❡ ❝♦♥❞✐;✐♦♥9 ❞❡ 9;❛❜✐❧✐;5✱ ✉♥❡ ♠5;❤♦❞❡ ❡9; ♣A♦♣♦95❡

❛✜♥ ❞❡ ❝❛❧❝✉❧❡A ✉♥❡ ♠❛;A✐❝❡ ❞❡ ❝♦♠♣❡♥9❛;✐♦♥ ♣❡A♠❡;;❛♥; ❧❛ A5❛❧✐9❛;✐♦♥ ❞✬✉♥ ❝♦♥;AX❧❡ ❞5✲

❝❡♥;A❛❧✐95✳ ▲❡ ❝♦♠♣❡♥9❛;❡✉A 5O✉✐✈❛❧❡♥; ❡9; ❡♥9✉✐;❡ ❡①♣A✐♠5✳

✹✳✸✳✶ ❉❡&❝(✐♣+✐♦♥

❉❛♥9 ❧❡ ❜✉; ❞❡ ♠✐♥✐♠✐9❡A ❧❛ ❞✐9;❛♥❝❡ |U(t) − (−ZoptY(t))|✱ ❧❡ ❝♦♥;AX❧❡✉A ❤❛A♠♦♥✐O✉❡

A❡♣A59❡♥;5 9✉A ❧❛ ❋✐❣✉A❡ ✹✳✹ ❡9; ❝♦♥9✐❞5A5✳ ❉❛♥9 ❧❡ ❞♦♠❛✐♥❡ ;❡♠♣♦A❡❧✱ ✐❧ ❝♦AA❡9♣♦♥❞ [

❧✬5O✉❛;✐♦♥ 9✉A ❧❡9 ❡♥✈❡❧♦♣♣❡9 ❝♦♠♣❧❡①❡9 ✿

dU(t)

dt
= −µC(U(t) + ZoptY(t)) ✭✹✳✷✼✮
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❋✐❣✉:❡ ✹✳✹ ❙❝❤>♠❛ ❞✉ ❝♦♥D:E❧❡✉: :>G♦♥❛♥D ✉D✐❧✐G> ♣♦✉: ✐♠♣♦G> ❧✬✐♠♣>❞❛♥❝❡ ✈✐:✲

D✉❡❧❧❡ ♦♣D✐♠❛❧❡✳

✹✳✸✳✷ ❈♦♥❞✐)✐♦♥ ❞❡ +)❛❜✐❧✐)/

▲❛ ♠❛D:✐❝❡ ❞❡ ❝♦♠♣❡♥G❛D✐♦♥ C ❞♦✐D LD:❡ ❝❤♦✐G✐❡ ♣♦✉: ❣❛:❛♥D✐: ❧❛ GD❛❜✐❧✐D> ❞✉ G②GDO♠❡ ❡♥

❜♦✉❝❧❡ ❢❡:♠>❡✳ %♦✉: ❝❡❧❛✱ ❧❡G N ✈❛❧❡✉%& ♣%♦♣%❡& ❝♦♠♣❧❡①❡& λi ❞✉ &②&./♠❡ ❡♥ ❜♦✉❝❧❡

❢❡%♠3❡ µC(INu
+ZoptH) ❞♦✐✈❡♥D LD:❡ D❡❧❧❡G R✉❡ ℜ(λi) > 0 ∀i✳ ❈❡DD❡ ❝♦♥❞✐D✐♦♥ ❡GD ✈❛❧❛❜❧❡

❞❛♥G ❧❛ ♠❡G✉:❡ ♦S ❧✬❤②♣♦D❤OG❡ ❡GD ❢❛✐D❡ R✉❡ ❧❡ G②GDO♠❡ ❛ ✉♥❡ :>♣♦♥G❡ ♣❛:❢❛✐D❡♠❡♥D ❧✐♥>❛✐:❡

❡D R✉❡ ❧❛ ♣❡:D✉:❜❛D✐♦♥ ❡GD GD❛D✐♦♥♥❛✐:❡ T ❧❛ ♣✉❧G❛D✐♦♥ ω✳ ❈❡❧❛ ✐♠♣❧✐R✉❡ R✉❡ ❧❡G ♦♣>:❛D✐♦♥G

❞❡ ❞>♠♦❞✉❧❛D✐♦♥ ❡D ❞❡ ♠♦❞✉❧❛D✐♦♥ ❡①D:❛✐❡♥D ❡D ❣>♥O:❡♥D ❧❡G G✐❣♥❛✉① ❞❡ ♠❛♥✐O:❡ ✐❞>❛❧❡✳

❖: ❧❡ ❜❧♦❝ ❞❡ ❞>♠♦❞✉❧❛D✐♦♥ ❢❛✐G❛♥D ✐♥D❡:✈❡♥✐: ✉♥ ✜❧D:❡ ♣❛GG❡ ❜❛G✱ ✐❧ ✐♥❞✉✐D ♥>❝❡GG❛✐:❡♠❡♥D

✉♥ :❡D❛:❞✳ ❉❛♥G ❧❡ ❜✉D ❞✬❛✉❣♠❡♥D❡: ❧❛ ♣:>❝✐G✐♦♥ ❞✉ ❝:✐DO:❡ ❞❡ GD❛❜✐❧✐D>✱ ✐❧ ❡GD ♣♦GG✐❜❧❡ ❞❡

D❡♥✐: ❝♦♠♣D❡ ❞❡G :>♣♦♥G❡G ✐♠♣✉❧G✐♦♥♥❡❧❧❡G ❞❡G ✜❧D:❡G ✉D✐❧✐G>G ❧♦:G ❞❡ ❧❛ ♠♦❞✉❧❛D✐♦♥ ❡D ❧❛

❞>♠♦❞✉❧❛D✐♦♥ ❬✻❪✳

▲❡G ❞❡✉① ❝❛:❛❝D>:✐GD✐R✉❡G ♣:✐♥❝✐♣❛❧❡G ❞✬✉♥❡ ❝♦♥✈❡:❣❡♥❝❡ G♦♥D G❛ ✈✐D❡GG❡✱ ❝✬❡GD✲T✲❞✐:❡ ❡♥

❝♦♠❜✐❡♥ ❞❡ D❡♠♣G ❧❛ ❝♦♥G✐❣♥❡ ❡GD ❛DD❡✐♥D❡✱ ❡D G♦♥ ❛♠♦:D✐GG❡♠❡♥D R✉✐ ❡GD ❧✐> T ❧❛ ♣:>G❡♥❝❡ ❡D

❧✬❛♠♣❧✐D✉❞❡ ❞❡ ❞>♣❛GG❡♠❡♥DG >✈❡♥D✉❡❧G ♣❛: :❛♣♣♦:D T ❧❛ ❝♦♥G✐❣♥❡✳ ❈❡G ❞❡✉① ❝❛:❛❝D>:✐GD✐R✉❡G

♣❡✉✈❡♥D G✬❡①♣:✐♠❡: ❡♥ ❢♦♥❝D✐♦♥ ❞❡G ✈❛❧❡✉:G ♣:♦♣:❡G λi✳ ❆✐♥G✐✱ ❧✬♦❜❥❡❝D✐❢ ❡♥ D❡:♠❡ ❞❡ ✈✐D❡GG❡

❡GD ✜①> ❡♥ ❝❤♦✐G✐GG❛♥D ✉♥ :>❡❧ ♣♦G✐D✐❢ ζ ❡D ❡♥ D❡:♠❡ ❞✬❛♠♦:D✐GG❡♠❡♥D ❡♥ ♣♦G❛♥D ✉♥ ❛♥❣❧❡

γ✳ ▲❡G ♣♦G✐D✐♦♥G ❞>G✐:>❡G ❞❡G ✈❛❧❡✉:G ♣:♦♣:❡G ❛♣:OG ❝♦♠♣❡♥G❛D✐♦♥ ♣❛: ❧❛ ♠❛D:✐❝❡ C G♦♥D

G❝❤>♠❛D✐G>❡G G✉: ❧❛ ❋✐❣✉:❡ ✹✳✺ ❡D ❣❛:❛♥D✐GG❡♥D ✿

✶✳ ✉♥ D❛✉① ❞❡ ❝♦♥✈❡:❣❡♥❝❡ ❛❝❝❡♣D❛❜❧❡ ✿ ℜ(λi) > ζ > 0✳

✷✳ ✉♥ ❛♠♦:D✐GG❡♠❡♥D ❛❝❝❡♣D❛❜❧❡ ✿ |∠λi| ≤ γ✳

▲✬>R✉❛D✐♦♥ ✭✹✳✷✼✮ ♠♦♥D:❡ R✉❡ Zopt
>D❛♥D ❞✐❛❣♦♥❛❧❡✱ ❧✬❛❧❣♦:✐D❤♠❡ G❡:❛ ❝❡♥D:❛❧✐G> G✐ C ❡GD

♣❧❡✐♥❡ ❡D ❞>❝❡♥D:❛❧✐G> G✐ C ❡GD ❞✐❛❣♦♥❛❧❡✳
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C = (INu
+ ZoptH)−1,

λi = 1 ∀i Zopt C

C

λi C(INu
+ZoptH)

C

C = diag(c1,−, cN) ∈ C
N×N N

λi ci

C

[−1, 1] [−j, j] 2
nc

λi (nc)2N C

ci ∈ [−1, 1]× [−j, j]

∀i, |λi| > ζ



C0

λi

γ̃ = |max∠λi −min∠λi| ,

C0 = argmin
C

γ̃

ψ = −min∠λi +
γ̃
2

C = exp(jψ)C0

�� � � �� �� �� ��

��

��

�

�

�

�

�

��

��

��

��

�

�

� (INu + ZoptH) •
λi + λi

γ > γ̃

C

nc
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✈✐7❡99❡9 ❞❡ ❝♦♥✈❡>❣❡♥❝❡ 9❡❧♦♥ ❧❡9 ✈♦✐❡9 A✉✬D ❧❛ ✈✐7❡99❡ ❞❡ ❝♦♥✈❡>❣❡♥❝❡ ❞❡ ❧❛ ✈♦✐❡ ❧❛ ♣❧✉9

❧❡♥7❡✳ ❊♥ ❡✛❡7✱ 9✐ ❛✉❝✉♥❡ ❞❡9 ✈♦✐❡9 ♥❡ ❝♦♥✈❡>❣❡ >❛♣✐❞❡♠❡♥7✱ ✉♥ ❝❤♦✐① ❞❡ ❝♦❡✣❝✐❡♥7 µ ♣❧✉9

❣>❛♥❞ ♣❡>♠❡7 ❞✬❛❝❝M❧M>❡> ❧❛ ❝♦♥✈❡>❣❡♥❝❡ ❞❡ 7♦✉7❡9 ❧❡9 ✈♦✐❡9 ❞❡ ❧❛ ♠N♠❡ ♠❛♥✐O>❡✱ ❝❡ A✉✐

❡97 ♠♦✐♥9 ❥✉❞✐❝✐❡✉① A✉❛♥❞ ✉♥❡ ✈♦✐❡ ❝♦♥✈❡>❣❡ ❧❡♥7❡♠❡♥7 ❡7 ✉♥❡ ❛✉7>❡ >❛♣✐❞❡♠❡♥7✳ ❈❡ ❣❡♥>❡

❞❡ ❝♦♥9✐❞M>❛7✐♦♥ ♣♦✉>>❛✐7 N7>❡ ♣>✐9 ❡♥ ❝♦♠♣7❡ ❛✜♥ ❞✬❛♠M❧✐♦>❡> ❧✬❛❧❣♦>✐7❤♠❡ ♣>M9❡♥7M ❞❛♥9

❝❡77❡ 9❡❝7✐♦♥✳

✹✳✸✳✹ ❈♦♠♣❡♥)❛+❡✉- ./✉✐✈❛❧❡♥+

▲✬❡①♣>❡99✐♦♥ ✭✹✳✷✼✮✱ ❡♥ ❝♦♥9✐❞M>❛♥7 ✉♥ ❛❧❣♦>✐7❤♠❡ ❞M❝❡♥7>❛❧✐9M✱ ♣❡>♠❡7 ❞❡ ❝♦♥9✐❞M>❡> ❧❡

❝♦♥7>V❧❡ ✉♥✐7M ♣❛> ✉♥✐7M ❡7 ❞✬M❝>✐>❡ ♣♦✉> ❧✬✉♥✐7M i✱ ❧✬MA✉❛7✐♦♥ ❞❛♥9 ❧❡ ❞♦♠❛✐♥❡ ❞❡ ▲❛♣❧❛❝❡ ✿

sUi = −µCii(Ui + Zopt
ii Yi) , ✭✹✳✸✷✮

❝❡ A✉✐ MA✉✐✈❛✉7 D M❝>✐>❡ ✿

Ui

Yi
= −

µCiiZ
opt
ii

µCii + s
✭✹✳✸✸✮

❊♥ ❛❥♦✉7❛♥7 ❧✬♦♣M>❛7✐♦♥ ❞❡ ♠♦❞✉❧❛7✐♦♥ ❡7 ❞❡ ❞M♠♦❞✉❧❛7✐♦♥ D ❧❛ ♣✉❧9❛7✐♦♥ ω0✱ ✐❧ ❡97 ♣♦99✐❜❧❡

❞✬M❝>✐>❡ ❧❡ ❝♦♠♣❡♥9❛7❡✉> MA✉✐✈❛❧❡♥7 zii(s) ❛✉ ❝♦♥7>V❧❡✉> ❝♦♥9✐❞M>M ✿

zii(s) =
ui(s)

yi(s)
= −

µCiiZ
opt
ii f(s− jω0)

s+ µCii − jω0

−
µC∗ii(Z

opt
ii )∗f(s+ jω0)

s+ µC∗ii + jω0

, ✭✹✳✸✹✮

♦Y f ❡97 ✉♥ ✜❧7>❡ ♣❛99❡✲❜❛9 7❡❧ A✉❡ f(0) = 1 ❡7 f(jω) −→
ω→+∞

0✳ ❆❧♦>9✱ ❞✬❛♣>O9 ❧✬❊A✳ ✭✹✳✸✹✮✱

zii(jω0) = −Z
opt
ii ✳ ▲❡ ❝♦♠♣❡♥9❛7❡✉> >M❛❧✐9M ❛ ❞❡✉① ♣V❧❡9 A✉✐ 9♦♥7 ❧♦❝❛❧✐9M9 ❡♥ ω0+µℑ{Cii} ❡7

−ω0−µℑ{Cii}✳ ■❧9 9♦♥7 >❡♣>M9❡♥7M9 9✉> ❧❛ ❋✐❣✉>❡ ✹✳✼ ✭❣❛✉❝❤❡✮✳ ■❧ ❡97 ♣♦99✐❜❧❡ ❞❡ >❡♠❛>A✉❡>

A✉❡ ❧❡ >M❥❡❝7❡✉> ❤❛>♠♦♥✐A✉❡ ❝♦>>❡9♣♦♥❞ ❛✉ ❝❛9 ♦Y ❧❡9 ❞❡✉① ♣V❧❡9 9♦♥7 9✉> ❧✬❛①❡ ✐♠❛❣✐♥❛✐>❡✳

▲♦>9A✉❡ ❧❛ ♣❛>7✐❡ >M❡❧❧❡ ❞❡ Cii ❡97 ♣♦9✐7✐✈❡✱ ❛❧♦>9 ❧❡ ❝♦♠♣❡♥9❛7❡✉> ♠✐9 ❡♥ ♣❧❛❝❡ ❡97 MA✉✐✈❛❧❡♥7

D ✉♥ >M9♦♥❛7❡✉> ❛♠♦>7✐✱ 97❛❜❧❡✱ ❝❧❛99✐A✉❡♠❡♥7 ✉7✐❧✐9M ♣♦✉> >M❛❧✐9❡> ❞❡ ❧✬❛♠♦>7✐99❡♠❡♥7 ❛❝✲

7✐❢✳ ❈❡♣❡♥❞❛♥7✱ >✐❡♥ ♥❡ ♣❡>♠❡7 ❞✬❛✣>♠❡> A✉❡ ❧❛ ♣❛>7✐❡ >M❡❧❧❡ ❞❡ Cii 9❡>❛ 7♦✉❥♦✉>9 >M❡❧❧❡

♣♦9✐7✐✈❡ ✿ ♣♦✉> ❝❡>7❛✐♥❡9 ✈❛❧❡✉>9 ❞❡ 7>❛♥9❢❡>79 ✈✐❜>❛7♦✐>❡9 ♦✉ ❞✬✐♠♣M❞❛♥❝❡9 ♠M❝❛♥✐A✉❡9 ✈✐>✲

7✉❡❧❧❡9✱ ❧✬❛❧❣♦>✐7❤♠❡ ♣>M9❡♥7M D ❧❛ 9❡❝7✐♦♥ ♣>M❝M❞❡♥7❡ ♣❡✉7 ❛❜♦✉7✐> D ✉♥❡ ♠❛7>✐❝❡ ❞✐❛❣♦♥❛❧❡

C ❞♦♥7 ❝❡>7❛✐♥9 M❧M♠❡♥79 9♦♥7 D ♣❛>7✐❡ >M❡❧❧❡ ♥M❣❛7✐✈❡✳ ❙✉> ❧❡9 ✉♥✐7M9 ❝♦>>❡9♣♦♥❞❛♥7❡9✱ ❝❡❧❛

❝♦>>❡9♣♦♥❞ D ❧✬✐♠♣❧❛♥7❛7✐♦♥ ❞✬✉♥ ❝♦♠♣❡♥9❛7❡✉> ✐♥97❛❜❧❡✱ ♣❧✉9 >❛>❡ ❞❛♥9 ❧❛ ❧✐77M>❛7✉>❡✳

❉❛♥9 ❧❛ 9❡❝7✐♦♥ ♣>M❝M❞❡♥7❡✱ ❧✬❤②♣♦7❤O9❡ A✉❡ ❧❡9 ♦♣M>❛7✐♦♥9 ❞❡ ♠♦❞✉❧❛7✐♦♥ ❡7 ❞❡ ❞M♠♦❞✉❧❛✲

7✐♦♥ 9♦♥7 ♣❛>❢❛✐7❡9 ❛ M7M >M❛❧✐9M❡✳ ▲✬❡①♣>❡99✐♦♥ ❞❡ zii D ❧✬❊A✳ ✭✹✳✷✼✮ ♣❡>♠❡7 ❞❡ ❝♦♠♣>❡♥❞>❡
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✹✳✹✳ ❘❖❇❯❙❚❊❙❙❊ ❊◆ *❊❘❋❖❘▼❆◆❈❊ ❉❊ ▲❆ ▼➱❚❍❖❉❊ ❆❯❳ ❱❆❘■❆❚■❖◆❙

❉❯ ❈❍❆▼* *❘■▼❆■❘❊ ✻✶

❧✐❜❡<=> ❞✉ A②A=C♠❡ ❡= A✉✐✈❛♥= H✉❡ ❧❛ ❢<>H✉❡♥❝❡ ❝♦♥A✐❞><>❡ ❞❛♥A ❧✬>=✉❞❡ ❡A= ❛✉ ✈♦✐A✐♥❛❣❡ ♦✉

♥♦♥ ❞✬✉♥❡ <>A♦♥❛♥❝❡ ❞❡ ❧❛ A=<✉❝=✉<❡✳ ❉❛♥A ❧❡A ❞✐A❝✉AA✐♦♥A ♠❡♥>❡A ❛✉ A❡✐♥ ❞❡ ❝❡==❡ A❡❝=✐♦♥✱

❧❛ ♥♦=✐♦♥ ❞❡ <♦❜✉A=❡AA❡ ❡♥ ♣❡<❢♦<♠❛♥❝❡ ❡A= ✉♥✐H✉❡♠❡♥= ❧✐>❡ P ❧❛ ❝❛♣❛❝✐=> ❞❡ ❧❛ ♠>=❤♦❞❡

P ❣❛<❛♥=✐< ✉♥❡ <>❞✉❝=✐♦♥ ❞❡ ❧❛ ♣✉✐AA❛♥❝❡ ❛❝♦✉A=✐H✉❡ <❛②♦♥♥>❡ ♣❛< ❧❛ ♣❧❛H✉❡ ✭❛==>♥✉❛=✐♦♥

♣♦A✐=✐✈❡✮ ♠❛❧❣<> ❧❡A ✈❛<✐❛=✐♦♥A ❞✉ ❝❤❛♠♣ ♣<✐♠❛✐<❡✳

✹✳✹✳✶ #$♦❜❧(♠❛+✐-✉❡ ❞❡ ❧❛ $♦❜✉1+❡11❡ ❡♥ ♣❡$❢♦$♠❛♥❝❡

▲❡ ❝❛❧❝✉❧ ❞❡A ❝♦♠♠❛♥❞❡A ♦♣=✐♠❛❧❡A ♣✉✐A ❞❡A ✐♠♣>❞❛♥❝❡A ♠>❝❛♥✐H✉❡A ✈✐<=✉❡❧❧❡A ♦♣=✐♠❛❧❡A

❡A= <>❛❧✐A> P ❧✬✐AA✉❡ ❞❡ ❧✬➱=❛♣❡ ✶ ♣♦✉< ✉♥❡ ♣❡<=✉<❜❛=✐♦♥ ♣<✐♠❛✐<❡ ❞♦♥♥>❡✳ *❧✉A ♣<>❝✐A>♠❡♥=✱

❧✬❊H✳✭✹✳✶✹✮ ♠♦♥=<❡ H✉❡ ❝❡==❡ ❞>♣❡♥❞❛♥❝❡ ♥❡ A✬❡①♣<✐♠❡ H✉❡ ♣❛< ❧✬✐♥=❡<♠>❞✐❛✐<❡ ❞✉ ✈❡❝=❡✉<

b✱ H✉✐ ♣♦✉< <❛♣♣❡❧ ♠♦❞>❧✐A❡ ❧❡ ❝♦✉♣❧❛❣❡ ❡♥=<❡ ❧❡ ❝❤❛♠♣ ♣<✐♠❛✐<❡ ❡= ❧❡A ♠♦❞❡A A=<✉❝=✉<❛✉①✳

❉❛♥A ❧❛ A✉✐=❡ ❞❡ ❝❡==❡ ♣❛<=✐❡✱ ❧❛ ❞✐A=✐♥❝=✐♦♥ A❡<❛ ❢❛✐=❡ ❡♥=<❡ b1 ❧✬>=❛= ❞✉ ✈❡❝=❡✉< b P ❧✬➱=❛♣❡

✶ ❡= b2 A♦♥ >=❛= P ❧✬➱=❛♣❡ ✷✳ ❉❛♥A ❧❡ ❝❛A ❞✬✉♥ ❝♦♥=<V❧❡ ♦♣=✐♠❛❧ ❡♥ ❜♦✉❝❧❡ ♦✉✈❡<=❡✱ ❧❛

❝♦♠♠❛♥❞❡ ♦♣=✐♠❛❧❡ uopt(b1) ❝❛❧❝✉❧>❡ P ❧✬✐AA✉❡ ❞❡ ❧✬➱=❛♣❡ ✶ ❡A= ❞✐<❡❝=❡♠❡♥= ❡♥✈♦②>❡ ❛✉①

❛❝=✐♦♥♥❡✉< ❧♦<A ❞❡ ❧✬➱=❛♣❡ ✷ ✿

u = uopt(b1) ✭✹✳✸✺✮

▲❡A ❝♦♠♠❛♥❞❡A ♥❡ ❞>♣❡♥❞❛♥= ♣❛A ❞❡ b2✱ ❧❛ <♦❜✉A=❡AA❡ ❞✉ ❝♦♥=<V❧❡ ❡A= ❞✐<❡❝=❡♠❡♥= ❧✐>❡ P

❧❛ ❞✐✛><❡♥❝❡ ❡♥=<❡ b1 ❡= b2✳ ❈✬❡A= ❧❛ <❛✐A♦♥ ♣♦✉< ❧❛H✉❡❧❧❡ ❝❡ =②♣❡ ❞❡ ❝♦♥=<V❧❡ ♦♣=✐♠❛❧ ❡♥

❜♦✉❝❧❡ ♦✉✈❡<=❡ ♥✬❡A= ♣❛A ❡♥✈✐A❛❣❡❛❜❧❡ ❡♥ ♣<❛=✐H✉❡ ❬✸✼❪✳ ❊♥ <❡✈❛♥❝❤❡✱ ❧♦<AH✉❡ ❧❛ ♠>=❤♦❞❡

❞❡A ✐♠♣>❞❛♥❝❡A ♠>❝❛♥✐H✉❡A ✈✐<=✉❡❧❧❡A ♦♣=✐♠❛❧❡A ❡A= ❛♣♣❧✐H✉>❡✱ ✐❧ A✬❛❣✐= ❞❡ ❧❛ ♠✐A❡ ❡♥ ^✉✈<❡

❞✬✉♥❡ <>=<♦❛❝=✐♦♥ H✉✐ ♣❡<♠❡= ✉♥❡ <>❣✉❧❛=✐♦♥ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ✿ ❧❡A ❝♦♠♠❛♥❞❡A ❡♥✈♦②>❡A

❛✉① ❛❝=✐♦♥♥❡✉<A P ❧✬➱=❛♣❡ ✷ A✬>❝<✐✈❡♥= ❛❧♦<A ❞✬❛♣<CA ❧❡ A②A=C♠❡ ✭✸✳✶✶✮ ✿

u = −Zopt(b1)y

= −Zopt(b1)(Hu+ d)

= −Zopt(b1)(SMAu+ SMb2)

= −
(

Id + Zopt(b1)SMA
)−1

Zopt(b1)SMb2 ✭✹✳✸✻✮

▲✬>H✉❛=✐♦♥ ✭✹✳✸✻✮ ❢❛✐= ❛♣♣❛<❛_=<❡ ❧❛ ❞>♣❡♥❞❛♥❝❡ ❞❡ u ♣❛< <❛♣♣♦<= P b1 ✭♣❛< ❧✬✐♥=❡<♠>❞✐❛✐<❡

❞❡ Zopt
✮ ♠❛✐A >❣❛❧❡♠❡♥= ♣❛< <❛♣♣♦<= P b2✳ ❈❡♣❡♥❞❛♥=✱ ❧❡ ❢❛✐= H✉❡ ❧❛ ❝♦♠♠❛♥❞❡ ❡♥✈♦②>❡

P ❧✬➱=❛♣❡ ✷ ❞>♣❡♥❞❡ ❞❡ ❧✬>=❛= ❞❡ ❧❛ ♣❡<=✉<❜❛=✐♦♥ ♣<✐♠❛✐<❡ P ❧✬➱=❛♣❡ ✷ ♥❡ ❣❛<❛♥=✐= ❡♥ ❛✉✲

❝✉♥ ❝❛A H✉❡ ❧❛ ♣✉✐AA❛♥❝❡ ❛❝♦✉A=✐H✉❡ <❛②♦♥♥>❡ A❡<❛ ❜✐❡♥ <>❞✉✐=❡ ❡= H✉❡ ❧❡ ❝♦♥=<V❧❡ A❡<❛

❞♦♥❝ <♦❜✉A=❡✳ ❉❡A ❞>✈❡❧♦♣♣❡♠❡♥=A P ♣❛<=✐< ❞❡ ❧✬➱H✳ ✭✹✳✸✻✮ ❛✜♥ ❞✬❡♥ ❞>❞✉✐<❡ ❧✬❡①♣<❡AA✐♦♥

❛♥❛❧②=✐H✉❡ ❞✬✉♥❡ ❝♦♥❞✐=✐♦♥ A✉< ❧❛ ✈❛<✐❛=✐♦♥ ❡♥=<❡ b1 ❡= b2 H✉✐ ❣❛<❛♥=✐AA❡ ✉♥❡ ❛==>♥✉❛=✐♦♥

❞❡ ❧❛ ♣✉✐AA❛♥❝❡ ❛❝♦✉A=✐H✉❡ A♦♥= ❧♦✐♥ ❞✬b=<❡ =<✐✈✐❛✉① ❞❛♥A ❧❛ ♠❡A✉<❡ ♦c ✐❧ ❢♦♥= ✐♥=❡<✈❡♥✐<



✻✷

❈❍❆%■❚❘❊ ✹✳ ▼➱❚❍❖❉❊ ❉❊❙ ■▼%➱❉❆◆❈❊❙ ▼➱❈❆◆■◗❯❊❙ ❱■❘❚❯❊▲▲❊❙

❖%❚■▼❆▲❊❙

❧✬❡①♣;❡<<✐♦♥ ♠❛B;✐❝✐❡❧❧❡ ❡①♣❧✐❝✐B❡ ❞❡ Zopt
✭❊F✳ ✭✹✳✷✺✮✮✳ ❈❡♣❡♥❞❛♥B✱ ❞❛♥< ❞❡< ❝❛< ♣❛;B✐❝✉❧✐❡;<✱

❝❡;B❛✐♥❡< <✐♠♣❧✐✜❝❛B✐♦♥< <♦♥B ♣♦<<✐❜❧❡<✳

✹✳✹✳✷ ▲✐❡♥ ❛✈❡❝ ❧❡ ♥♦♠❜.❡ ❞❡ ❞❡❣.12 ❞❡ ❧✐❜❡.31 ❞✉ 2②236♠❡

❉❛♥< ✉♥ ♣;❡♠✐❡; B❡♠♣<✱ ❧❡ ❝❛< ♦M ✐❧ ❡①✐<B❡ ✉♥❡ ❝♦♥<B❛♥B❡ α B❡❧❧❡ F✉❡ ✿

b2 = αb1, α ∈ C ✭✹✳✸✼✮

❡<B QB✉❞✐Q✳ ❆❧♦;< ❞✬❛♣;R< ❧✬❊F✳✭✹✳✸✸✮ ✿ uopt(b2) = αuopt(b1) ❡B ❞✬❛♣;R< ❧❡ <②<BR♠❡ ✭✸✳✶✶✮

yopt(b2) = αyopt(b1)✳ ❉✬❛♣;R< ❧❛ ❞Q✜♥✐B✐♦♥ ✭✹✳✷✸✮✱ ∀i ∈ [1, Nu] ✿

Zopt
ii (b2) =

uopti (b2)

yopti (b2)
=
αuopti (b1)

αyopti (b1)
= Zopt

ii (b1) ✭✹✳✸✽✮

❆✐♥<✐✱ ❞❛♥< ❧❡ ❝❛< ♦M ❧❛ ✈❛;✐❛B✐♦♥ ❞❡ ❧❛ ♣❡;B✉;❜❛B✐♦♥ ♣;✐♠❛✐;❡ ❛✛❡❝B❡ B♦✉< ❧❡< ♠♦❞❡< <B;✉❝✲

B✉;❛✉① ❞❡ ❧❛ ♠Y♠❡ ♠❛♥✐R;❡✱ ❧❡< ✐♠♣Q❞❛♥❝❡< ♠Q❝❛♥✐F✉❡< ✈✐;B✉❡❧❧❡< ♦♣B✐♠❛❧❡< Z ❧✬➱B❛♣❡ ✶

;❡<B❡♥B ♦♣B✐♠❛❧❡< Z ❧✬➱B❛♣❡ ✷✳

▲❡ ✈♦✐<✐♥❛❣❡ ❞✬✉♥❡ ;Q<♦♥❛♥❝❡ ❝♦♥<B✐B✉❡ Q❣❛❧❡♠❡♥B ✉♥ ❝❛< ♣❛;B✐❝✉❧✐❡; ❞❛♥< ❧✬QB✉❞❡ ❞❡ ❧❛

;♦❜✉<B❡<<❡ ♣❛; ;❛♣♣♦;B ❛✉① ✈❛;✐❛B✐♦♥< ❞❡ ❧❛ ♣❡;B✉;❜❛B✐♦♥ ♣;✐♠❛✐;❡✳ ❙✐ ❧❛ ❢;QF✉❡♥❝❡ ❞✬QB✉❞❡

❡<B ♣;♦❝❤❡ ❞❡ ❧❛ ;Q<♦♥❛♥❝❡ ❞✉ p✲✐R♠❡ ♠♦❞❡ <B;✉❝B✉;❡❧✱ ❛❧♦;< ❧❡ B❡;♠❡ (p, p) ❞❡ ❧❛ ♠❛B;✐❝❡

❞✐❛❣♦♥❛❧❡ M <❡;❛ ♣;Q♣♦♥❞Q;❛♥B ❞❡✈❛♥B B♦✉< ❧❡< ❛✉B;❡<✳ <❛✉❢ ❝❛< ♣❛;B✐❝✉❧✐❡; ♦M ❧❡ ❝♦✉♣❧❛❣❡

❡♥B;❡ ❧❡ ❝❤❛♠♣ ♣;✐♠❛✐;❡ ❡B ❝❡ ♠♦❞❡ ♥❡ <❡;❛✐B B;R< ♠❛✉✈❛✐< ✭(b1)p ♦✉ (b2)p B;R< ❢❛✐❜❧❡✮✱ ❧❛

p✲✐R♠❡ ❝♦♠♣♦<❛♥B❡ ❞✉ ✈❡❝B❡✉; Mb <❡;❛ Q❣❛❧❡♠❡♥B ♣;Q♣♦♥❞Q;❛♥B❡ ❞❡✈❛♥B ❧❡< ❛✉B;❡<✳ ❉❛♥<

✉♥ B❡❧ ❝❛<✱ ✐❧ ❡<B ❛❧♦;< ♣♦<<✐❜❧❡ ❞❡ B;♦✉✈❡; ✉♥ <❝❛❧❛✐;❡ α ∈ C B❡❧ F✉❡ ✿

Mb2 ≈ αMb1, α ∈ C ✭✹✳✸✾✮

▲❡ ✈❡❝B❡✉; Mb ❛♣♣❛;❛_B ❞✐;❡❝B❡♠❡♥B ❞❛♥< ❧❡ ❝❛❧❝✉❧ ❞❡ uopt
✭❊F✳ ✹✳✸✻✮ ❡B ❝❡BB❡ <✐B✉❛B✐♦♥

<❡ ;❛♣♣;♦❝❤❡ ❞❡ ❝❡❧❧❡ ❞Q❝;✐B❡ ❛✉ ♣❛;❛❣;❛♣❤❡ ♣;Q❝Q❞❡♥B✳ ❉❡ ❧❛ ♠Y♠❡ ♠❛♥✐R;❡ ✐❧ ❡<B ♣♦<<✐❜❧❡

❞✬Q❝;✐;❡ ❞✬❛♣;R< ❧✬❊F✳ ✭✹✳✸✸✮ ✿

uopt(b2) ≈ αuopt(b1) ⇔ Zopt(b2) ≈ Zopt(b1) ✭✹✳✹✵✮

❉❛♥< ❝❡ ❝❛< Q❣❛❧❡♠❡♥B✱ ❧❡< ✐♠♣Q❞❛♥❝❡< ♠Q❝❛♥✐F✉❡< ✈✐;B✉❡❧❧❡< ♦♣B✐♠❛❧❡< Z ❧✬➱B❛♣❡ ✶ ❧❡

;❡<B❡♥B Z ❧✬➱B❛♣❡ ✷✳ ▲❡ ♣♦✐♥B ❝♦♠♠✉♥ Z ❝❡< ❞❡✉① <✐B✉❛B✐♦♥< ♣❛;B✐❝✉❧✐R;❡< ❡<B F✉✬Z ❝❤❛F✉❡



✹✳✺✳ ❈❖◆❈▲❯❙■❖◆❙ ✻✸

❢♦✐/✱ ❧❛ ✈❛4✐❛5✐♦♥ ❞❡ ❧❛ ♣❡45✉4❜❛5✐♦♥ ♣4✐♠❛✐4❡ /❡ ♣4♦❥❡55❡ /✉4 ✉♥ /❡✉❧ ❞❡❣4? ❞❡ ❧✐❜❡45? ❞✉

♣4♦❜❧@♠❡✳ ▲❡ ❢❛✐5 A✉❡ ❧❛ ♠?5❤♦❞❡ /♦✐5 4♦❜✉/5❡ C ✉♥ ❞❡❣4? ❞❡ ❧✐❜❡45? /✉♣♣❧?♠❡♥5❛✐4❡ A✉✬❡♥

✐♠♣♦/❛♥5 ❧❡/ ❝♦♠♠❛♥❞❡/ ♦♣5✐♠❛❧❡/ ❡♥ ❜♦✉❝❧❡ ♦✉✈❡45❡ ❡/5 ❞✐4❡❝5❡♠❡♥5 ❧✐? ❛✉ ❢❛✐5 A✉❡ ❧❛

♠❛54✐❝❡ ❞✐❛❣♦♥❛❧❡ Zopt
❡/5 ❞?✜♥✐❡ ❝♦♠♠❡ ❧❡ 4❛♣♣♦45 ❡♥54❡ ❧❡/ ❝♦♠♠❛♥❞❡/ ❡♥✈♦②?❡/ ❛✉①

❛❝5✐♦♥♥❡✉4/ ❡5 ❧❡/ /✐❣♥❛✉① ♠❡/✉4?/ ♣❛4 ❧❡/ ❝❛♣5❡✉4/✳

✹✳✺ ❈♦♥❝❧✉)✐♦♥)

➚ ❝❡ ♣♦✐♥5 ❞❡ ❧✬?5✉❞❡✱ ✐❧ ❡/5 ✐♠♣♦45❛♥5 ❞❡ ❢❛✐4❡ ✉♥ ❜✐❧❛♥ ❞❡/ ♣♦//✐❜✐❧✐5?/ ♦✛❡45❡/ ♣❛4 ❧❛

♠?5❤♦❞❡ ❡♥ ❞❡✉① ?5❛♣❡/ ♣4♦♣♦/?❡ ❛✉ ❝♦✉4/ ❞❡ ❝❡ ❞♦❝5♦4❛5✱ ♠❛✐/ ?❣❛❧❡♠❡♥5 ❞❡ /❡/ ❧✐♠✐5❡/✱

❛✜♥ ❞❡ ❥✉/5✐✜❡4 ❧❡/ ❛/♣❡❝5/ A✉✐ /❡4♦♥5 ♣4?❢?4❛❜❧❡♠❡♥5 ?5✉❞✐?/ ❡♥ /✐♠✉❧❛5✐♦♥ ♥✉♠?4✐A✉❡/ ♦✉

❛✉ ❝♦✉4/ ❞❡/ ❝❛♠♣❛❣♥❡/ ❡①♣?4✐♠❡♥5❛❧❡/✳

▲❡ ❢❛✐5 A✉❡ ❧✬?5❛♣❡ ✶ /♦✐5 4?❛❧✐/?❡ ❤♦4/ ❧✐❣♥❡ ♣❡4♠❡5 ❞❡ ♠❡554❡ ❡♥ L✉✈4❡ ❞❡/ ♠❡/✉4❡/

A✉✐ ♥❡ /❡4❛✐❡♥5 ♣❛/ ❡♥✈✐/❛❣❡❛❜❧❡/ ❡♥ ❧✐❣♥❡✳ ■❧ ❡/5 ❛✐♥/✐ ♣♦//✐❜❧❡ ❞❡ ❝♦♥/✐❞?4❡4 ❞❡/ ♠❡/✉4❡/

❛❝♦✉/5✐A✉❡/ ❡♥ ❝❤❛♠♣ ♣4♦❝❤❡✱ ❡♥ ❝❤❛♠♣ ❧♦✐♥5❛✐♥✱ ♦✉ ❞❡/ ❝❛45♦❣4❛♣❤✐❡/ ✈✐❜4❛5♦✐4❡/ ❛✈❡❝

✉♥❡ 4?/♦❧✉5✐♦♥ /✉✣/❛♥5❡ ♣♦✉4 ❡/5✐♠❡4 ❝♦♥✈❡♥❛❜❧❡♠❡♥5 ❧❛ ♣✉✐//❛♥❝❡ ❛❝♦✉/5✐A✉❡ 4❛②♦♥♥?❡

❡5 ❛✐♥/✐ /✬❛//✉4❡4 ❞✬♦❜5❡♥✐4 ✉♥❡ ❢♦♥❝5✐♦♥ J(u) A✉❛❞4❛5✐A✉❡✳

▲❛ ♠❛54✐❝❡ ❞❡/ ✐♠♣?❞❛♥❝❡/ ♠?❝❛♥✐A✉❡/ ✈✐45✉❡❧❧❡/ ♦♣5✐♠❛❧❡/ Zopt
❡/5 ✉♥ ♦❜❥❡❝5✐❢ ❞✐❛❣♦♥❛❧✱

A✉✐ ♥❡ ♥?❝❡//✐5❡ ♣♦✉4 ❧✬❛55❡✐♥❞4❡ A✉❡ ❧❡/ ✈✐5❡//❡/ ✈✐❜4❛5♦✐4❡/ ❧♦❝❛❧❡/✳ ❈❡♣❡♥❞❛♥5✱ ❝♦♥54❛✐4❡✲

♠❡♥5 ❛✉① /54❛5?❣✐❡/ A✉✐ ✈✐/❡♥5 C 4?❛❧✐/❡4 ❞❡ ❧✬❛♠♦45✐//❡♠❡♥5 ❛❝5✐❢✱ ❝❡5 ♦❜❥❡❝5✐❢ ❛ ?5? ♦♣5✐♠✐/?

♣❛4 4❛♣♣♦45 C ✉♥ ❝4✐5@4❡ ❛❝♦✉/5✐A✉❡✳ ■❧ /✬❛❣✐5 ❜✐❡♥ ❧C ❞❡ ❝♦♠❜✐♥❡4 ✉♥ ❝♦♥54O❧❡ ❆❙❆❈ ♦♣5✐✲

♠❛❧ ♣❛4 4❛♣♣♦45 C ❧❛ ♠✐♥✐♠✐/❛5✐♦♥ ❞❡ ❧❛ ♣✉✐//❛♥❝❡ ❛❝♦✉/5✐A✉❡ 4❛②♦♥♥?❡ ❛✈❡❝ ❧❛ /✐♠♣❧✐❝✐5?

❞✬✉♥ ❝♦♥54O❧❡ ❧♦❝❛❧ ♠✉❧5✐✈♦✐❡/ ❞?❝❡♥54❛❧✐/?✳ ➚ ❝♦♥✜❣✉4❛5✐♦♥ ✐❞❡♥5✐A✉❡✱ ❧❛ /♦❧✉5✐♦♥ ♦♣5✐♠❛❧❡

❞♦✐5 ❛❜♦✉5✐4 C ✉♥❡ ♠❡✐❧❧❡✉4❡ ❛55?♥✉❛5✐♦♥ A✉❡ ♥✬✐♠♣♦45❡ A✉❡❧❧❡ ✈❛❧❡✉4 ❞✬❛♠♦45✐//❡♠❡♥5✳ ▲❡/

4?/✉❧5❛5/ ❞❡ ❧✬?5✉❞❡ /❡4♦♥5 ♣4?/❡♥5?/ ❞❛♥/ ❧❛ /✉✐5❡ ♣♦✉4 ❧❡/ ❞❡✉① /54❛5?❣✐❡/✳

❊♥✜♥✱ ❧❛ 4♦❜✉/5❡//❡ ❛✉① ✈❛4✐❛5✐♦♥/ ❞✉ ❝❤❛♠♣ ♣4✐♠❛✐4❡ ❡/5 ✉♥❡ ♣4♦❜❧?♠❛5✐A✉❡ A✉✐ ❞?❝♦✉❧❡

❞✐4❡❝5❡♠❡♥5 ❞❡ ❧✬❛♣♣4♦❝❤❡ ❡♥ ❞❡✉① ?5❛♣❡/ ♠✐/❡ ❡♥ ♣❧❛❝❡ ✐❝✐✳ ▼S♠❡ /✐ ❧❛ 4?/♦♥❛♥❝❡ ❞❡/

♠♦❞❡/ /54✉❝5✉4❛✉① /❡♠❜❧❡ S54❡ ✉♥❡ /✐5✉❛5✐♦♥ ❢❛✈♦4❛❜❧❡ C ❝❡55❡ 4♦❜✉/5❡//❡✱ 4✐❡♥ ♥❡ ♣❡4♠❡5

❞❡ ❣❛4❛♥5✐4 ❡♥ 4❡✈❛♥❝❤❡ A✉❡ ❧❡ ❝♦♥54O❧❡ 4❡/5❡4❛ 4♦❜✉/5❡ ❤♦4/ 4?/♦♥❛♥❝❡ ♦✉ /✉4 ✉♥❡ /54✉❝5✉4❡

♣❧✉/ ❛♠♦45✐❡✳
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❙■▼❯▲❆❚■❖◆❙ ◆❯▼➱❘■◗❯❊❙

❈❡ ❝❤❛♣✐'(❡ ♣()*❡♥'❡ ❧✬❛♣♣❧✐❝❛'✐♦♥ ❞❡ ❧❛ ♠)'❤♦❞❡ ❞❡* ✐♠♣)❞❛♥❝❡* ♠)❝❛♥✐1✉❡* ✈✐('✉❡❧❧❡*

♦♣'✐♠❛❧❡* ❛✉ ❝❛* ❞✬✉♥❡ ♣❧❛1✉❡ ❞✬❛❧✉♠✐♥✐✉♠ ♠✐♥❝❡ ❡♥ ❛♣♣✉✐ *✐♠♣❧❡ ❞♦♥' ❧❡ ❝♦♠♣♦('❡♠❡♥'

✈✐❜(♦❛❝♦✉*'✐1✉❡ ❛ )') ♠♦❞)❧✐*) ♣()❝)❞❡♠♠❡♥'✳ ❊♥ ♣❧✉* ❞❡ ❧✬♦❜*❡(✈❛'✐♦♥ ❞❡* ()*✉❧'❛'* ❞✉

❝♦♥'(7❧❡ ♦♣'✐♠❛❧ ❡①♣(✐♠)* ❡♥ '❡(♠❡ ❞✬✐♠♣)❞❛♥❝❡* ♠)❝❛♥✐1✉❡* ✈✐('✉❡❧❧❡* ♦♣'✐♠❛❧❡*✱ ✉♥❡

❛''❡♥'✐♦♥ ♣❛('✐❝✉❧✐:(❡ ❡*' ♣♦(')❡ ❛ ❧✬✐♥'❡(♣()'❛'✐♦♥ ❞❡ ❝❡''❡ *'(❛')❣✐❡ ❡♥ )'✉❞✐❛♥' *✬✐❧ *✬❛❣✐'

❞✬✉♥❡ ♠)'❤♦❞❡ ❝♦♥*✐*'❛♥' ♣❧✉'7' < ❞❡ ❧✬✐♥❥❡❝'✐♦♥ ♦✉ < ❞❡ ❧✬❛❜*♦(♣'✐♦♥ ❞✬)♥❡(❣✐❡✳ ▲❛ ❝♦((❡*✲

♣♦♥❞❛♥❝❡ ♦✉ ♥♦♥ ❞❡ ❧❛ ♠✐♥✐♠✐*❛'✐♦♥ ❞❡ ❧❛ ♣✉✐**❛♥❝❡ ❛❝♦✉*'✐1✉❡ (❛②♦♥♥)❡ ❛✈❡❝ ❧❛ ♠✐♥✐♠✐✲

*❛'✐♦♥ ❞✬✉♥❡ ❣(❛♥❞❡✉( ❣❧♦❜❛❧❡ ✈✐❜(❛'♦✐(❡ ❝♦♠♠❡ ❧✬)♥❡(❣✐❡ ❝✐♥)'✐1✉❡ ♦✉ ❧❡ ❞)❜✐' ✈♦❧✉♠✐1✉❡

❡*' )❣❛❧❡♠❡♥' )'✉❞✐)❡✳ ❉❡ ♣❧✉*✱ ❧❛ ♠✐*❡ ❡♥ ♣❧❛❝❡ ❞✬✉♥❡ *'(❛')❣✐❡ ❝❧❛**✐1✉❡ ❞✬❛♠♦('✐**❡♠❡♥'

❛❝'✐❢ ❡*' *✐♠✉❧)❡ ❞❡ ♠❛♥✐:(❡ < ♣♦✉✈♦✐( ♠❡''(❡ ❡♥ (❡❧✐❡❢ ❧❡* ❞✐✛)(❡♥❝❡* ❡' ❧❡* *✐♠✐❧✐'✉❞❡*

1✉✬✐❧ ❡①✐*'❡ ❛✈❡❝ ❧❛ ♠)'❤♦❞❡ ❞❡* ✐♠♣)❞❛♥❝❡* ♠)❝❛♥✐1✉❡* ✈✐('✉❡❧❧❡* ♦♣'✐♠❛❧❡*✳ ▲✬✐♥✢✉❡♥❝❡

❞❡ ❧❛ ✈❛❧❡✉( ❞✉ ♣❛(❛♠:'(❡ ❞❡ ♣)♥❛❧✐*❛'✐♦♥ ❞❡ ❧✬❡✛♦(' ❞❡ ❝♦♠♠❛♥❞❡ *✉( ❧❡* ()*✉❧'❛'* ❡*'

)❣❛❧❡♠❡♥' )'✉❞✐)❡✳ ❊♥✜♥✱ ❧❛ ❞❡(♥✐:(❡ *❡❝'✐♦♥ ❞❡ ❝❡ ❝❤❛♣✐'(❡ ❡*' ❞)❞✐)❡ < ❧❛ ♣(♦❜❧)♠❛'✐1✉❡

❞❡ ❧❛ ❡✛♦(' ❞❡ ❝♦♠♠❛♥❞❡ ❞❡ ❧❛ ♠)'❤♦❞❡ ✈✐* < ✈✐* ❞❡* ✈❛(✐❛'✐♦♥* ❞❡ ❧❛ ♣❡('✉(❜❛'✐♦♥ ♣(✐♠❛✐(❡

❡♥'(❡ ❧✬)'❛♣❡ ✶ ❞✬✐❞❡♥'✐✜❝❛'✐♦♥ ❡' ❧✬)'❛♣❡ ✷ ❞✉ ❝♦♥'(7❧❡ ❞✬✐♠♣)❞❛♥❝❡ ♠)❝❛♥✐1✉❡ ❡♥ ❧✐❣♥❡✳

✺✳✶ ❈♦♥✜❣✉)❛+✐♦♥ -+✉❞✐-❡

❙♦✐' ✉♥❡ ♣❧❛1✉❡ ❞✬❛❧✉♠✐♥✐✉♠ ♠✐♥❝❡ ❡♥ ❛♣♣✉✐ *✐♠♣❧❡✳ ❙❡* ♣(♦♣(✐)')* ♠)❝❛♥✐1✉❡* *♦♥' ♥♦')❡*

❞❛♥* ❧❡ ❚❛❜❧❡❛✉ ✺✳✶✳ ▲✬❡①❝✐'❛'✐♦♥ ♣(✐♠❛✐(❡ ❡*' ✉♥❡ ♦♥❞❡ ♣❧❛♥❡ ❞✬✐♥❝✐❞❡♥❝❡ θ = π
6
, φ =

0 ❡' ❞✬❛♠♣❧✐'✉❞❡ Pinc = 10 K❛✳ ❚(♦✐* ✉♥✐')* ❞❡ ❝♦♥'(7❧❡ *♦♥' ❞✐*♣♦*)❡* ❛✉① ♣♦*✐'✐♦♥*

(❡♣♦(')❡* ❞❛♥* ❧❡ ❚❛❜❧❡❛✉ ✺✳✷✳ ❈❡* ✉♥✐')* *♦♥' ❝♦♥*'✐'✉)❡* ❞✬✉♥ ❛❝'✐♦♥♥❡✉( ✐♥❡('✐❡❧ ❡' ❞✬✉♥

❛❝❝)❧)(♦♠:'(❡ ❡♥ ✈✐*✲<✲✈✐*✳ ❆✜♥ ❞❡ *✐♠♣❧✐✜❡( ❧❡* ❝❛❧❝✉❧* ❡' ❞❛♥* ❧❛ ♠❡*✉(❡ ♦M ❧❡* ❣(❛♥❞❡✉(*

♠)❝❛♥✐1✉❡* (Zc
m, f , ẇ) *♦♥' ❞✐(❡❝'❡♠❡♥' '(❛❝)❡*✱ ❧❛ ♠❛'(✐❝❡ ❞✐❛❣♦♥❛❧❡ ❞❡ '(❛♥*❢❡(' Hfu(ω)

❡①♣(✐♠)❡ < ❧✬❊1✳ ✭✸✳✶✷✮ ❡*' ❛♣♣(♦❝❤)❡ ♣❛( ✉♥❡ ❝♦♥*'❛♥'❡ *✉( ❧❛ ❜❛♥❞❡ ❢()1✉❡♥'✐❡❧❧❡ [150 450]

❍③✳ ▲❡* ❝❛(❛❝')(✐*'✐1✉❡* ❞❡ ❧✬❛❝'✐♦♥♥❡✉( ✐♥❡('✐❡❧✱ ♣()*❡♥')❡* ❡♥ ❆♥♥❡①❡ ❇✱ ♣❡(♠❡''❡♥' ❞❡

✜①❡( ❝❡''❡ ❝♦♥*'❛♥'❡ < Hfu,i(ω) = 0.5 ◆✳❱−1✳ ▲❛ *❡♥*✐❜✐❧✐') ❞❡* ❛❝❝)❧)(♦♠:'(❡* ❡*' ❞❡

sa = 15 ♠❱✳♠−1✳*2✳

❉❛♥* ❧❛ *✉✐'❡✱ '♦✉* ❧❡* ()*✉❧'❛'* *♦♥' ♣()*❡♥')* *♦✉* ❧❛ ❢♦(♠❡ ❞❡ ❞❡✉① *♦✉*✲✜❣✉(❡*✳ ❙✉(

❝❤❛1✉❡ *♦✉*✲✜❣✉(❡ ❞❡ ❣❛✉❝❤❡✱ ✉♥❡ )❝❤❡❧❧❡ ❢()1✉❡♥'✐❡❧❧❡ ❞❡ 150 < 450 ❍③ ♣❡(♠❡' ❞✬♦❜*❡(✈❡(

❧❡* ()*♦♥❛♥❝❡* ❞❡* ♠♦❞❡* *'(✉❝'✉(❛✉① ✿

✻✺
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$❛4❛♠674❡ ❱❛❧❡✉4

▲♦♥❣✉❡✉4 Lx = 48× 10−3 ♠

▲❛4❣❡✉4 Ly = 42× 10−3 ♠

➱♣❛✐AA❡✉4 h = 3.18× 10−3 ♠

▼♦❞✉❧❡ ❞✬❨♦✉♥❣ E = 68.5× 109 $❛

❈♦❡✣❝✐❡♥7 ❞❡ ♣♦✐AA♦♥ µ = 0.33

▼❛AA❡ ♣❛4 ✉♥✐7G ❞❡ A✉4❢❛❝❡ ν = 8.586 ❦❣✳♠

−2

❈♦❡✣❝✐❡♥7 ❞✬❛♠♦47✐AA❡♠❡♥7 η = 5× 10−3

❚❛❜❧❡❛✉ ✺✳✶ $4♦♣4✐G7GA ♠G❝❛♥✐L✉❡A✳

◆✉♠G4♦ ❞❡ ❧✬✉♥✐7G ✶ ✷ ✸

xu ✭♠✮ ✵✳✵✺✽ ✵✳✷✵✶ ✵✳✷✸✼

yu ✭♠✮ ✵✳✸✸✼ ✵✳✷✾✸ ✵✳✷✶✸

❚❛❜❧❡❛✉ ✺✳✷ $♦A✐7✐♦♥ ❞❡A ✉♥✐7GA ❞❡ ❝♦♥74U❧❡✳

✲ (2, 1) W 177 ❍③✳

✲ (1, 2) W 208 ❍③✳

✲ (2, 2) W 310 ❍③✳

✲ (3, 1) W 344 ❍③✳

✲ (1, 3) W 425 ❍③✳

$♦✉4 ❞❡A 4❛✐A♦♥A ❞❡ A②♠G74✐❡✱ ❧✬✐♥❝✐❞❡♥❝❡ ❞❡ ❧✬♦♥❞❡ ♣4✐♠❛✐4❡ A✐♠✉❧G❡ ✐❝✐ ♥❡ ♣❡4♠❡7 ❞✬❡①❝✐7❡4

L✉❡ ❧❡A ♠♦❞❡A (2, 1)✱ (3, 1) ❡7 (1, 3) A✉4 ❝❡77❡ ❜❛♥❞❡ ❢4GL✉❡♥7✐❡❧❧❡ ❞✬G7✉❞❡✳ ❊♥✜♥✱ ❧✬✉♥✐7G

✸ ❡A7 A✐7✉G❡ ❛✉ ❝❡♥74❡ ❞❡ ❧❛ ♣❧❛L✉❡ ❡7 ❞♦♥❝ A✉4 ❧❛ ❧✐❣♥❡ ♥♦❞❛❧❡ ❞❡ 7♦✉7 ♠♦❞❡ ♣❛✐4 ✿ ❡❧❧❡

♥✬❛✉4❛ ❛✉❝✉♥ ❡✛❡7 A✉4 ❧❡ ♠♦❞❡ (2, 1)✳ ❙✉4 ❝❤❛L✉❡ A♦✉A✲✜❣✉4❡ ❞❡ ❞4♦✐7❡✱ ❧❛ ❜❛♥❞❡ ❢4GL✉❡♥✲

7✐❡❧❧❡✱ ❝♦♠♣4✐A❡ ❡♥74❡ 320 ❡7 360 ❍③✱ ❡A7 ❝❡♥74G❡ ❛✉7♦✉4 ❞✉ ♠♦❞❡ (3, 1)✳ ❈❡ ♠♦❞❡ A74✉❝7✉4❡❧

✐♠♣❛✐4✲✐♠♣❛✐4 ❛ ✉♥❡ ❡✣❝❛❝✐7G ❞❡ 4❛②♦♥♥❡♠❡♥7 ✐♠♣♦47❛♥7❡✳

▲❡ ❝❛❧❝✉❧ ❞❡A ✐♠♣G❞❛♥❝❡A ♠G❝❛♥✐L✉❡A ✈✐47✉❡❧❧❡A ♦♣7✐♠❛❧❡A ❡A7 4G❛❧✐AG W ♣❛47✐4 ❞❡A ❛♠♣❧✐✲

7✉❞❡A ❞❡A ✈✐7❡AA❡A ♠♦❞❛❧❡A ❞✬❛♣46A ❧✬❊L✳ ✭✹✳✶✵✮✳ ▲❛ ♣G♥❛❧✐A❛7✐♦♥ ❞❡ ❧✬❡✛♦47 ❞❡ ❝♦♠♠❛♥❞❡

❝♦♥A✐❞G4G❡ ❞❛♥A ❧❡A A✐♠✉❧❛7✐♦♥A ❡A7 ✉♥❡ ♣G♥❛❧✐A❛7✐♦♥ ✉♥✐❢♦4♠❡ ✿ Γ = βINu
✱ ♦b β ∈ R

+
❡A7

❛♣♣❡❧G ❧❡ ♣❛4❛♠674❡ ❞❡ ♣G♥❛❧✐A❛7✐♦♥✳ ❊♥ ❝♦♥A✐❞G4❛♥7 ❧✬❊L✳ ✭✹✳✶✹✮✱ ✐❧ ❛♣♣❛4❛c7 L✉❡ ❝❡ ♣❛4❛✲

♠674❡ ✐♥7❡4✈✐❡♥7 ❛✉ A❡✐♥ ❞❡ ❧❛ A♦♠♠❡ ✿ (AHMHΩMA+βINu
)✳ ❆✜♥ ❞❡ ❝♦♠♣4❡♥❞4❡ ❧✬❡✛❡7

❞❡ ❝❡ ♣❛4❛♠674❡ A✉4 ❧❡A 4GA✉❧7❛7A ❞✉ ♣4♦❜❧6♠❡ ❞❡ ♠✐♥✐♠✐A❛7✐♦♥✱ ❞❡✉① ✈❛❧❡✉4A ❞✐✛G4❡♥7❡A ❞❡
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β 6❡8♦♥; <;✉❞✐<❡6 ❞❛♥6 ❧❛ 6✉✐;❡ ✿ ✉♥❡ ♣<♥❛❧✐6❛;✐♦♥ ❢❛✐❜❧❡✱ ❝♦88❡6♣♦♥❞❛♥; ❛✉ ❝❛6 ♦H ❧❡ ;❡8♠❡

AHMHΩMA ❡6; ♣8<♣♦♥❞<8❛♥; ❞❡✈❛♥; βINu
❡; ✉♥❡ ♣<♥❛❧✐6❛;✐♦♥ ❢♦8;❡ ❝♦88❡6♣♦♥❞❛♥; ❛✉

❝❛6 ❝♦♥;8❛✐8❡✳ ▲❛ ❝♦♠♠❛♥❞❡ ❡♥✈♦②<❡ ❛✉① ❛❝;✐♦♥♥❡✉86 ❡6; ❞❛♥6 ❝❡ ❝❛6 ;❡❧❧❡ M✉❡ ✿

u = −Zopty ✭✺✳✶✮

▲✬✐♥;<8R; ❞❡ ❧❛ ♠<;❤♦❞❡ ❞❡6 ✐♠♣<❞❛♥❝❡6 ♠<❝❛♥✐M✉❡6 ✈✐8;✉❡❧❧❡6 ♦♣;✐♠❛❧❡6 ♣❛8 8❛♣♣♦8; T ❞❡6

♠<;❤♦❞❡6 ❝❧❛66✐M✉❡6 ❞✬❛♠♦8;✐66❡♠❡♥; ❛❝;✐❢ ❛ <;< 6♦✉❧✐❣♥< ❛✉ ❝❤❛♣✐;8❡ ✷✳ ■❧ ❛♣♣❛8❛V; ❛❧♦86

✐♥;<8❡66❛♥; ❞❡ ❝♦♠♣❛8❡8 ❧❡6 8<6✉❧;❛;6 ♦❜;❡♥✉6 ❡♥ ❛♣♣❧✐M✉❛♥; ❧❡6 ❞❡✉① ♠<;❤♦❞❡6✳ %♦✉8 ❝❡❧❛

♦♥ ❞<✜♥✐; ✉♥ ❝♦❡✣❝✐❡♥; g ∈ R
+∗
✱ ✐❞❡♥;✐M✉❡ ♣♦✉8 ;♦✉;❡6 ❧❡6 ❢8<M✉❡♥❝❡6 ❡; 6✉8 ❝❤❛M✉❡ ✉♥✐;<

❡; ♦♥ ❝♦♥6;8✉✐; ❧❛ ♠❛;8✐❝❡ ❞✐❛❣♦♥❛❧❡ G ;❡❧❧❡ M✉❡ Gii = g, ∀i = 1, ..., Nu✳ ▲❛ ❝♦♠♠❛♥❞❡

❡♥✈♦②<❡ ❛✉① ❛❝;✐♦♥♥❡✉86 ❞❛♥6 ❝❡ ❝❛6 ❡6; ;❡❧❧❡ M✉❡ ✿

u = −Gy ✭✺✳✷✮

▲✬❡✛❡; ❞❡ ❧✬❛♣♣8♦①✐♠❛;✐♦♥ ❞❡ Hfu(ω) ♣❛8 ✉♥❡ ❝♦♥6;❛♥;❡ 6✉8 ❧❛ 8<❛❧✐6❛;✐♦♥ ❞✬❛♠♦8;✐66❡♠❡♥;

❛❝;✐❢ ❛ <;< ❞✐6❝✉;< ❛✉ ❞<❜✉; ❞❡ ❧❛ 6❡❝;✐♦♥ ✺✳✷✳ ▲❡ ❝♦♥;8Z❧❡ 6✐♠✉❧< ♣❛8 ❧✬❊M✳ ✭✺✳✷✮ ❝♦88❡6♣♦♥❞

T ❧✬✐♠♣❧❛♥;❛;✐♦♥ ❞✬✉♥❡ ✐♠♣<❞❛♥❝❡ ♠<❝❛♥✐M✉❡ ✈✐8;✉❡❧❧❡ ♣✉8❡♠❡♥; 8<6✐6;✐✈❡ ✭♣♦66✐❜❧❡ ❡♥ ♣8❛✲

;✐M✉❡ T ❧❛ ❝♦♥❞✐;✐♦♥ ❞❡ ❝♦♥;8Z❧❡8 ❧✬❛❝;✐♦♥♥❡✉8 ❡♥ ❢♦8❝❡ ❬✶✶❪✮✳ ❉❡ ❧❛ ♠R♠❡ ♠❛♥✐^8❡ M✉❡ ❧❛

♣♦♥❞<8❛;✐♦♥ ❞❡ ❧✬❡✛♦8; ❞❡ ❝♦♠♠❛♥❞❡ ♣❡✉; R;8❡ 8<❣❧<❡ ❡♥ ❝❤♦✐6✐66❛♥; ✉♥ 8<❡❧ ♣♦6✐;✐❢ β ❞❛♥6

❧❛ ♠<;❤♦❞❡ ❞❡6 ✐♠♣<❞❛♥❝❡6 ♠<❝❛♥✐M✉❡6 ✈✐8;✉❡❧❧❡6 ♦♣;✐♠❛❧❡6✱ ❧❛ ✈❛❧❡✉8 ❞✉ 8<❡❧ g ♣❡✉; R;8❡

8<❣❧<❡ ♣♦✉8 ❞♦6❡8 ❧✬❡✛❡; ❞✬❛♠♦8;✐66❡♠❡♥; ❧♦❝❛❧✳

✺✳✷ ■♠♣&❞❛♥❝❡, ♠&❝❛♥✐.✉❡, ✈✐12✉❡❧❧❡, ♦♣2✐♠❛❧❡,

❆✜♥ ❞❡ ❝♦♠♣❛8❡8 ❧❡6 ❞❡✉① ♠<;❤♦❞❡6✱ ❧❡6 ✈❛❧❡✉86 ❞❡ ❝❡6 ❞❡✉① ♣❛8❛♠^;8❡6 6♦♥; ❝❤♦✐6✐❡6 ❞❡

♠❛♥✐^8❡ T ❝❡ M✉❡ ❧❡6 ❛♠♣❧✐;✉❞❡6 ❞❡6 ❝♦♠♠❛♥❞❡6 ❡♥✈♦②<❡6 ❛✉① ❛❝;✐♦♥♥❡✉86 6♦✐❡♥; ❞✉ ♠R♠❡

♦8❞8❡ ❞❡ ❣8❛♥❞❡✉8✱ ❝❡❧❧❡6✲❝✐ ♥❡ ♣♦✉✈❛♥; R;8❡ <❣❛❧❡6 ♣♦✉8 ❧❡6 ❞❡✉① ♠<;❤♦❞❡6 ❞❛♥6 ❧❛ ♠❡6✉8❡

♦H ❧❡6 8<❡❧6 β ❡; g 6♦♥; ✜①<6 ♣♦✉8 ;♦✉;❡6 ❧❡6 ❢8<M✉❡♥❝❡6 ❡; ❧❡6 ✉♥✐;<6✳ ❋✐♥❛❧❡♠❡♥;✱ ❧❡6 ❞❡✉①

6✐;✉❛;✐♦♥6 6✉✐✈❛♥;❡6 6♦♥; ❝♦♠♣❛8<❡6 ✿

✲ β = 0✱ g = 6.7× 105 ✿ ♣<♥❛❧✐6❛;✐♦♥ ❢❛✐❜❧❡✴❛♠♦8;✐66❡♠❡♥; ❢♦8;✳

✲ β = 5× 10−5✱ g = 1.3× 104 ✿ ♣<♥❛❧✐6❛;✐♦♥ ❢♦8;❡✴❛♠♦8;✐66❡♠❡♥; ❢❛✐❜❧❡✳
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✺✳✷✳✶ ❋❛✐❜❧❡ ♣+♥❛❧✐-❛.✐♦♥ ❞❡ ❧✬❡✛♦3. ❞❡ ❝♦♠♠❛♥❞❡

❉❛♥7 ❝❡::❡ 7❡❝:✐♦♥✱ ❧❛ ?@7♦❧✉:✐♦♥ ❞✉ ♣?♦❜❧E♠❡ ❞❡ ♠✐♥✐♠✐7❛:✐♦♥ ❡7: ❢❛✐:❡ ♣♦✉? β = 0✱ ❝✬❡7:✲J✲

❞✐?❡ 7❛♥7 ♣@♥❛❧✐7❛:✐♦♥ ❞❡ ❧✬❡✛♦?: ❞❡ ❝♦♠♠❛♥❞❡✳ ❆✜♥ ❞✬♦❜:❡♥✐? ❞❡7 ❛♠♣❧✐:✉❞❡7 ❞❡ ❝♦♠♠❛♥❞❡

❞❡ ♠M♠❡ ♦?❞?❡ ❞❡ ❣?❛♥❞❡✉?✱ ❝❡::❡ 7✐:✉❛:✐♦♥ ❡7: ❝♦♠♣❛?@❡ J ✉♥❡ 7:?❛:@❣✐❡ ❝❧❛77✐O✉❡ ❞✬❛♠♦?✲

:✐77❡♠❡♥: ❛❝:✐❢ ❛✈❡❝ g = 6.7 × 105✳ ▲❡7 ❋✐❣✉?❡7 ✺✳✶ ❡: ✺✳✷ ♣❡?♠❡::❡♥: ❞❡ ❝♦♥7:❛:❡? O✉❡ ❧❡

❝♦♥:?T❧❡ ♦♣:✐♠❛❧ ❛77✉?❡ ✉♥❡ ❛::@♥✉❛:✐♦♥ 7✉? :♦✉:❡ ❧❛ ❜❛♥❞❡ ❢?@O✉❡♥:✐❡❧❧❡ ❞✬@:✉❞❡ ✭❋✐❣✳ ✺✳✶✮

♣❧✉7 ✐♠♣♦?:❛♥:❡ O✉❡ ❧✬❛♠♦?:✐77❡♠❡♥: ❛❝:✐❢ ✭❋✐❣✳ ✺✳✷✮✱ O✉✐ ❛::@♥✉❡ ❧❡7 ❡✛❡:7 ❞❡ ?@7♦♥❛♥❝❡

♠❛✐7 @❣❛❧❡♠❡♥: ❞✬❛♥:✐✲?@7♦♥❛♥❝❡✳ ▲❡ ♥✐✈❡❛✉ ❞❡ ❜?✉✐: ❤♦?7✲?@7♦♥❛♥❝❡ ❡7: ❛❧♦?7 ♣❧✉7 ❢♦?: ❛✈❡❝

O✉❡ 7❛♥7 ❝♦♥:?T❧❡ ✭❡♥:?❡ ✷✵✵ ❡: ✸✷✵ ❍③✮✳
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❋✐❣✉$❡ ✺✳✶ ❈♦♥,$-❧❡ ♦♣,✐♠❛❧ ✭β = 0✮ ✿ ♣✉✐55❛♥❝❡ ❛❝♦✉5,✐7✉❡ $❛②♦♥♥9❡ 5❛♥5 ✭,$❛✐,
♣♦✐♥,✐❧❧9✮ ❡, ❛✈❡❝ ❝♦♥,$-❧❡ ✭,$❛✐, ♣❧❡✐♥✮ ♣♦✉$ ✉♥❡ ❜❛♥❞❡ ❢$97✉❡♥,✐❡❧❧❡ ❞❡ ✶✺✵ ? ✹✺✵

❍③ ✭❣❛✉❝❤❡✮ ❡, ✸✷✵ ? ✸✻✵ ❍③ ✭❞$♦✐,❡✮✳
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❋✐❣✉$❡ ✺✳✷ ❆♠♦$,✐55❡♠❡♥, ❛❝,✐❢ ✭g = 6.7 × 105✮ ✿ ♣✉✐55❛♥❝❡ ❛❝♦✉5,✐7✉❡ $❛②♦♥✲
♥9❡ 5❛♥5 ❝♦♥,$-❧❡ ✭,$❛✐, ♣♦✐♥,✐❧❧9✮ ❡, ❛✈❡❝ ❝♦♥,$-❧❡ ✭,$❛✐, ♣❧❡✐♥✮ ♣♦✉$ ✉♥❡ ❜❛♥❞❡

❢$97✉❡♥,✐❡❧❧❡ ❞❡ ✶✺✵ ? ✹✺✵ ❍③ ✭❣❛✉❝❤❡✮ ❡, ✸✷✵ ? ✸✻✵ ❍③ ✭❞$♦✐,❡✮✳

❙✉✐✈❛♥, ❧❛ 5,$❛,9❣✐❡ ♠✐5❡ ❡♥ ♣❧❛❝❡✱ ❧❡5 ❢♦$❝❡5 ❛♣♣❧✐7✉9❡5 ♣❛$ ❧❡5 ❛❝,✐♦♥♥❡✉$5 ? ❧❛ 5,$✉❝,✉$❡✱
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❛✐♥9✐ :✉❡ ❧❡9 ✈✐?❡99❡9 ?@❛♥9✈❡@9❡9 ❧♦❝❛❧❡9 9♦♥? ❞✐✛E@❡♥?❡9 ✭❋✐❣9✳ ✺✳✸ ❡? ✺✳✹✮✳ ❈♦♥?@❛✐@❡♠❡♥? M

❧✬❛♠♦@?✐99❡♠❡♥? ❛❝?✐❢✱ ❧❡ ❝♦♥?@Q❧❡ ♦♣?✐♠❛❧ ♥❡ ✈✐9❡ ♣❛9 9✐♠♣❧❡♠❡♥? M ♠✐♥✐♠✐9❡@ ❧❛ ✈✐❜@❛?✐♦♥

❧♦❝❛❧❡✳ ➚ ❝❡@?❛✐♥❡9 ❢@E:✉❡♥❝❡9✱ ❧❛ ♣❧❛:✉❡ ❡9? 9✉9❝❡♣?✐❜❧❡ ❞❡ ✈✐❜@❡@ ❞✬❛✈❛♥?❛❣❡ ❧♦❝❛❧❡♠❡♥?

❧♦@9:✉❡ ❧❡ ❝♦♥?@Q❧❡ ♦♣?✐♠❛❧ ❡9? ❛♣♣❧✐:✉E :✉❡ 9❛♥9 ❝♦♥?@Q❧❡✳ ▲❡9 ❝❛@?♦❣@❛♣❤✐❡9 ❞❡ ✈✐?❡99❡

✈✐❜@❛?♦✐@❡ M f = 344 ❍③ ♣❡@♠❡??❡♥? ❞❡ ❝♦♥9?❛?❡@ :✉❡ ❧❡9 ❞❡✉① 9?@❛?E❣✐❡9 ❞❡ ❝♦♥?@Q❧❡ ♥❡

♠♦❞✐✜❡♥? ♣❛9 ❧❛ ✈✐❜@❛?✐♦♥ ❞❡ ❧❛ 9?@✉❝?✉@❡ ❞❡ ❧❛ ♠Z♠❡ ♠❛♥✐[@❡ ✭❋✐❣✉@❡ ✺✳✺✮✳ ❈♦♠♠❡ ❝✬E?❛✐?

❞E❥M ✈✐9✐❜❧❡ 9✉@ ❧❡9 ✜❣✉@❡9 ♣@E❝E❞❡♥?❡9✱ ❧❛ ✈✐❜@❛?✐♦♥ 9✉@ ❧✬✉♥✐?E ✸ ❡9? ❜✐❡♥ ❞✐♠✐♥✉E❡ ♣❛@ ❧❡

❝♦♥?@Q❧❡ ♦♣?✐♠❛❧ ♠❛✐9 ❜❡❛✉❝♦✉♣ ♠♦✐♥9 :✉❡ ♣❛@ ❧✬❛♠♦@?✐99❡♠❡♥?✳
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❋✐❣✉8❡ ✺✳✹ ❆♠♦8=✐>>❡♠❡♥= ❛❝=✐❢ ✭g = 6.7 × 105✮ ✿ ♠♦❞✉❧❡> ❞❡> ❝♦♠♠❛♥❞❡>

✭❤❛✉=✮ ❡= ❞❡> >✐❣♥❛✉① >✐♠✉❧J> ❞❡> ❝❛♣=❡✉8> ✭❜❛>✮ >❛♥> ❝♦♥=8M❧❡ ✭=8❛✐= ♣♦✐♥=✐❧❧J✮ ❡=

❛✈❡❝ ❝♦♥=8M❧❡ ✭=8❛✐= ♣❧❡✐♥✮ ♣♦✉8 ✉♥❡ ❜❛♥❞❡ ❢8JO✉❡♥=✐❡❧❧❡ ❞❡ ✶✺✵ Q ✹✺✵ ❍③ ✭❣❛✉❝❤❡✮

❡= ✸✷✵ Q ✸✻✵ ❍③ ✭❞8♦✐=❡✮✳

❋✐❣✉8❡ ✺✳✺ ❱✐=❡>>❡> ✈✐❜8❛=♦✐8❡> ❞❡ ❧❛ ♣❧❛O✉❡ >❛♥> ❝♦♥=8M❧❡ ✭❣❛✉❝❤❡✮ ❛✈❡❝ ❝♦♥=8M❧❡

♦♣=✐♠❛❧ ♣♦✉8 β = 0 ✭❝❡♥=8❡✮✱ ❡= ❛♠♦8=✐>>❡♠❡♥= ❛❝=✐❢ ♣♦✉8 g = 6.7× 105 ✭❞8♦✐=❡✮

Q f = 344 ❍③✳
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❋✐❣✉$❡ ✺✳✽ ❆♠♦$,✐--❡♠❡♥, ❛❝,✐❢ ✭g = 6.7 × 105✮ ✿ ♣❛$,✐❡ $6❡❧❧❡ ✭❤❛✉,✮ ❡, ✐♠❛✲
❣✐♥❛✐$❡ ✭❜❛-✮ ❞❡ ❧❛ ♣✉✐--❛♥❝❡ ✐♥❥❡❝,6❡ -✉$ ❝❤❛❝✉♥❡ ❞❡- ✉♥✐,6- ♣♦✉$ ✉♥❡ ❜❛♥❞❡

❢$6=✉❡♥,✐❡❧❧❡ ❞❡ ✶✺✵ @ ✹✺✵ ❍③ ✭❣❛✉❝❤❡✮ ❡, ✸✷✵ @ ✸✻✵ ❍③ ✭❞$♦✐,❡✮✳

❊♥✜♥✱ ✐❧ ❡-, ✐♠♣♦$,❛♥, ❞❡ $❛♣♣❡❧❡$ ❧❛ ❞✐✣❝✉❧,6 ❞✉ ❝❤♦✐① ❞❡ g ❧♦$-=✉✬✉♥❡ -,$❛,6❣✐❡ ❞✬❛♠♦$✲

,✐--❡♠❡♥, ❛❝,✐❢ ❡-, ♠✐-❡ ❡♥ M✉✈$❡✳ ❆✐♥-✐✱ ❛♥♥✉❧❡$ ❧♦❝❛❧❡♠❡♥, ❧❛ ✈✐,❡--❡ ❞❡ ❧❛ ♣❧❛=✉❡ ❡♥

❝$6❛♥, ✉♥❡ -✐,✉❛,✐♦♥ ❞❡ ❜❧♦❝❛❣❡ ♣❡✉, ❡♥,$❛O♥❡$ ✉♥❡ $❡-,$✉❝,✉$❛,✐♦♥ ♠♦❞❛❧❡ ❢♦$,❡ ❞❡ ❧❛ ✈✐✲

❜$❛,✐♦♥ ❡, ✉♥❡ ❛✉❣♠❡♥,❛,✐♦♥ ❞❡ ❧✬6♥❡$❣✐❡ ❝✐♥6,✐=✉❡ ❣❧♦❜❛❧❡✳ ❙✐ ❧❛ ✈❛❧❡✉$ ❞❡ g ❛ 6,6 ✜①6❡

❞❛♥- ❝❡,,❡ -❡❝,✐♦♥ ♣❛$ $❛♣♣♦$, @ ❧✬❛♠♣❧✐,✉❞❡ ❞❡- ❝♦♠♠❛♥❞❡-✱ ✐❧ ❛✉$❛✐, 6❣❛❧❡♠❡♥, 6,6 ♣♦-✲

-✐❜❧❡ ❞❡ ❝♦♠♣❛$❡$ ❧❡ ❝♦♥,$Q❧❡ ♦♣,✐♠❛❧ ❛✈❡❝ ✉♥ ❛♠♦$,✐--❡♠❡♥, ❛❝,✐❢ ,❡❧ =✉❡ ❧❡ ❝❤♦✐① ❞❡ g

❛--✉$❡ ❧❛ ♠✐♥✐♠✐-❛,✐♦♥ ❞❡ ❧✬6♥❡$❣✐❡ ❝✐♥6,✐=✉❡ @ ,$❛✈❡$- ❧❛ ♠❛①✐♠✐-❛,✐♦♥ ❞❡ ❧✬❛❜-♦$♣,✐♦♥

❧♦❝❛❧❡ ❞✬6♥❡$❣✐❡ ❝♦♠♠❡ ✈✉ ❛✉ ❈❤❛♣✐,$❡ ✷✳
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❋✐❣✉$❡ ✺✳✾ ➱♥❡$❣✐❡ ❝✐♥6,✐=✉❡ ,♦,❛❧❡ -❛♥- ❝♦♥,$Q❧❡ ✭,$❛✐, ♣♦✐♥,✐❧❧6✮✱ ❝♦♥,$Q❧❡ ♦♣✲

,✐♠❛❧ ♣♦✉$ β = 0 ✭♥♦✐$✮ ❡, ❛♠♦$,✐--❡♠❡♥, ❛❝,✐❢ ♣♦✉$ g = 6.7 × 105 ✭❣$✐-✮ ♣♦✉$
✉♥❡ ❜❛♥❞❡ ❢$6=✉❡♥,✐❡❧❧❡ ❞❡ ✶✺✵ @ ✹✺✵ ❍③ ✭❣❛✉❝❤❡✮ ❡, ✸✷✵ @ ✸✻✵ ❍③ ✭❞$♦✐,❡✮✳
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❋✐❣✉:❡ ✺✳✶✵ ❉>❜✐@ ✈♦❧✉♠✐E✉❡ @♦@❛❧ G❛♥G ❝♦♥@:J❧❡ ✭@:❛✐@ ♣♦✐♥@✐❧❧>✮✱ ❝♦♥@:J❧❡ ♦♣✲

@✐♠❛❧ ♣♦✉: β = 0 ✭♥♦✐:✮ ❡@ ❛♠♦:@✐GG❡♠❡♥@ ❛❝@✐❢ ♣♦✉: g = 6.7 × 105 ✭❣:✐G✮ ♣♦✉:

✉♥❡ ❜❛♥❞❡ ❢:>E✉❡♥@✐❡❧❧❡ ❞❡ ✶✺✵ R ✹✺✵ ❍③ ✭❣❛✉❝❤❡✮ ❡@ ✸✷✵ R ✸✻✵ ❍③ ✭❞:♦✐@❡✮✳

✺✳✷✳✷ ❋♦%&❡ ♣)♥❛❧✐.❛&✐♦♥ ❞❡ ❧✬❡✛♦%& ❞❡ ❝♦♠♠❛♥❞❡

❉❛♥G ❝❡@@❡ G❡❝@✐♦♥✱ ❧❡G G✐♠✉❧❛@✐♦♥G G♦♥@ :>❛❧✐G>❡G ♣♦✉: ✉♥❡ ♣>♥❛❧✐G❛@✐♦♥ ❞❡ ❧✬❡✛♦:@ ❞❡ ❝♦♠✲

♠❛♥❞❡ @❡❧❧❡ E✉❡ β = 5 × 10−5✳ ❈❡@@❡ G✐@✉❛@✐♦♥ ❞♦✐@ Z@:❡ ❝♦♠♣❛:>❡ ❛✈❡❝ ✉♥❡ G@:❛@>❣✐❡

❝❧❛GG✐E✉❡ ❞✬❛♠♦:@✐GG❡♠❡♥@ ❛❝@✐❢ ♣♦✉: ✉♥ ❢❛✐❜❧❡ ❣❛✐♥✱ ❡@ ❧❛ ✈❛❧❡✉: g = 1.3 × 104 ❡G@ ✜①>❡✳

❆❧♦:G E✉❡ G❛♥G ♣>♥❛❧✐G❛@✐♦♥✱ ❧❡G ❞❡✉① G@:❛@>❣✐❡G ❝♦::❡G♣♦♥❞❛✐❡♥@ R ❞❡G :>G✉❧@❛@G ♣:♦❢♦♥❞>✲

♠❡♥@ ❞✐✛>:❡♥@G✱ ❧❡G :>G✉❧@❛@G G♦♥@ ❞❛♥G ❝❡ ❝❛G @:]G ♣:♦❝❤❡G✳ ▲❡G ❛@@>♥✉❛@✐♦♥G ♦❜@❡♥✉❡G G♦♥@

✐❞❡♥@✐E✉❡G G✉: @♦✉@❡ ❧❛ ❜❛♥❞❡ ❢:>E✉❡♥@✐❡❧❧❡ >@✉❞✐>❡ ✭❋✐❣G ✺✳✶✶ ❡@ ✺✳✶✷✮✳ ❈♦♠♠❡ >✈♦E✉> R ❧❛

G❡❝@✐♦♥ ✹✳✷✳✷✱ ❧❛ ♣>♥❛❧✐G❛@✐♦♥ ❞❡ ❧✬❡✛♦:@ ❞❡ ❝♦♠♠❛♥❞❡ ❡♥@:❛^♥❡ ✉♥❡ ♣❡:@❡ ❞❡ ♣❡:❢♦:♠❛♥❝❡

❡@ ❞❡G ❛@@>♥✉❛@✐♦♥G ♥❡ G♦♥@ ♦❜@❡♥✉❡G E✉✬❛✉ ✈♦✐G✐♥❛❣❡ ❞❡G :>G♦♥❛♥❝❡G✳ ▲❡G G✐❣♥❛✉① ❞❡ ❝♦♠✲

♠❛♥❞❡G ❡@ ❞❡G ✈✐@❡GG❡G ♠❡G✉:>❡G G♦♥@ ✐❞❡♥@✐E✉❡G ♣♦✉: ❧❡G ❞❡✉① G@:❛@>❣✐❡G ✭❋✐❣G ✺✳✶✸✱ ✺✳✶✹

❡@ ✺✳✶✺✮✳ ❙✉: ❧❡G :>G♦♥❛♥❝❡G✱ ❧❛ ♣❛:@✐❡ :>❡❧❧❡ ❞❡ Zopt
m ❡G@ ♣♦G✐@✐✈❡ ❞❡ ✈❛❧❡✉: ♣:♦❝❤❡ ❞❡ ❧✬✐♠♣>✲

❞❛♥❝❡ ♠>❝❛♥✐E✉❡ ✈✐:@✉❡❧❧❡ :>G✐G@✐✈❡ ❝♦::❡G♣♦♥❞❛♥@ R ❧❛ ✈❛❧❡✉: ❞❡ g ❡@ G❛ ♣❛:@✐❡ ✐♠❛❣✐♥❛✐:❡

❡G@ ♥✉❧❧❡ ✿ ❧❡G ❞❡✉① G@:❛@>❣✐❡G G♦♥@ ✐❞❡♥@✐E✉❡G✳ ❆✉ ✈♦✐G✐♥❛❣❡ ❞❡G :>G♦♥❛♥❝❡G ❞❡ ❧❛ G@:✉❝@✉:❡✱

❧❛ ♣❛:@✐❡ ✐♠❛❣✐♥❛✐:❡ ❞❡ Zopt
m ♥✬❡G@ ♣❧✉G ♥✉❧❧❡ ✭❋✐❣✉:❡ ✺✳✶✻✮✳ ■❧ ❡G@ ✐♥@>:❡GG❛♥@ ❞❡ ♥♦@❡: E✉❡

G✉: ❧❡G @:♦✐G :>G♦♥❛♥❝❡G ♦❜G❡:✈>❡G✱ ❧✬>✈♦❧✉@✐♦♥ ❞❡ Zopt
m (ω) ❡G@ ✐❞❡♥@✐E✉❡ ✭G❛✉❢ ♣♦✉: ❧✬✉♥✐@> ✸

❛✉ ✈♦✐G✐♥❛❣❡ ❞❡ f = 210 ❍③✱ :❡♣:>G❡♥@>❡ ❡♥ ❣:✐G ❝❧❛✐:✱ ❡@ ♣♦G✐@✐♦♥♥>❡ G✉: ✉♥❡ ❧✐❣♥❡ ♥♦❞❛❧❡

❞✉ ♠♦❞❡ ✭✷✱✶✮✮✳ ❈❡ @②♣❡ ❞❡ ♣:♦♣:✐>@> ♣❡✉@ Z@:❡ ♣❛:@✐❝✉❧✐]:❡♠❡♥@ ✐♥@>:❡GG❛♥@❡ ❧♦:G ❞❡ ❧❛

♠✐G❡ ❡♥ ♣❧❛❝❡ ❞✬✉♥ ❝♦♥@:J❧❡✉: ❧❛:❣❡ ❜❛♥❞❡✳ ❈❡♣❡♥❞❛♥@✱ ❝❡@ ❛G♣❡❝@ ♥✬❡G@ ♣❛G ❛❜♦:❞> ❞❛♥G

❝❡@@❡ >@✉❞❡✳ ▲❡G ♠Z♠❡G ♦❜G❡:✈❛@✐♦♥G ♣❡✉✈❡♥@ Z@:❡ ❢❛✐@❡G G✉: ❧❡G ♣✉✐GG❛♥❝❡G >❝❤❛♥❣>❡G G✉:

❧❡G ✉♥✐@>G ✭❋✐❣G ✺✳✶✼ ❡@ ✺✳✶✽✮ ❡@ G✉: ❧❡G ♠♦❞✐✜❝❛@✐♦♥G ❞❡ ❧✬>♥❡:❣✐❡ ❝✐♥>@✐E✉❡ ❡@ ❞✉ ❞>❜✐@

✈♦❧✉♠✐E✉❡ ✭❋✐❣G ✺✳✶✾ ❡@ ✺✳✷✵✮ ✿ ❧❡G ❞❡✉① G@:❛@>❣✐❡G ♠✐G❡G ❡♥ ♣❧❛❝❡G G♦♥@ @:]G ♣:♦❝❤❡G✳
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❋✐❣✉8❡ ✺✳✶✶ ❈♦♥=8>❧❡ ♦♣=✐♠❛❧ ✭β = 5 × 10−5✮ ✿ ♣✉✐FF❛♥❝❡ ❛❝♦✉F=✐H✉❡ 8❛②♦♥♥J❡

F❛♥F ✭=8❛✐= ♣♦✐♥=✐❧❧J✮ ❡= ❛✈❡❝ ❝♦♥=8>❧❡ ✭=8❛✐= ♣❧❡✐♥✮ ♣♦✉8 ✉♥❡ ❜❛♥❞❡ ❢8JH✉❡♥=✐❡❧❧❡

❞❡ ✶✺✵ P ✹✺✵ ❍③ ✭❣❛✉❝❤❡✮ ❡= ✸✷✵ P ✸✻✵ ❍③ ✭❞8♦✐=❡✮✳
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❋✐❣✉8❡ ✺✳✶✷ ❆♠♦8=✐FF❡♠❡♥= ❛❝=✐❢ ✭g = 1.3× 104✮ ✿ ♣✉✐FF❛♥❝❡ ❛❝♦✉F=✐H✉❡ 8❛②♦♥✲

♥J❡ F❛♥F ✭=8❛✐= ♣♦✐♥=✐❧❧J✮ ❡= ❛✈❡❝ ❝♦♥=8>❧❡ ✭=8❛✐= ♣❧❡✐♥✮ ♣♦✉8 ✉♥❡ ❜❛♥❞❡ ❢8JH✉❡♥✲

=✐❡❧❧❡ ❞❡ ✶✺✵ P ✹✺✵ ❍③ ✭❣❛✉❝❤❡✮ ❡= ✸✷✵ P ✸✻✵ ❍③ ✭❞8♦✐=❡✮✳
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❋✐❣✉9❡ ✺✳✶✸ ❈♦♥?9@❧❡ ♦♣?✐♠❛❧ ✭β = 5× 10−5✮ ✿ ♠♦❞✉❧❡I ❞❡I ❝♦♠♠❛♥❞❡I ✭❤❛✉?✮

❡? ❞❡I I✐❣♥❛✉① I✐♠✉❧MI ❞❡I ❝❛♣?❡✉9I ✭❜❛I✮ I❛♥I ❝♦♥?9@❧❡ ✭?9❛✐? ♣♦✐♥?✐❧❧M✮ ❡? ❛✈❡❝

❝♦♥?9@❧❡ ✭?9❛✐? ♣❧❡✐♥✮ ♣♦✉9 ✉♥❡ ❜❛♥❞❡ ❢9MQ✉❡♥?✐❡❧❧❡ ❞❡ ✶✺✵ S ✹✺✵ ❍③ ✭❣❛✉❝❤❡✮ ❡?

✸✷✵ S ✸✻✵ ❍③ ✭❞9♦✐?❡✮✳
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❧✬❛♥❣❧❡ ❞✬✐♥❝✐❞❡♥❝❡✱ Y :F❛✈❡F< y✳ ❈❡ ♥✬❡<: ♣❛< ❧❡ ❝❛< ❧♦F<R✉❡ ❧❡< ❝♦♠♠❛♥❞❡< u(π
6
) <♦♥: ❞✐✲

F❡❝:❡♠❡♥: ✐♠♣♦<@❡<✳ ❈❡♣❡♥❞❛♥:✱ ❧❡ ❢❛✐: R✉❡ ❧❡< ❝♦♠♠❛♥❞❡< <♦✐❡♥: ❛❞❛♣:❛:✐✈❡< ♥❡ ❣❛F❛♥:✐:

❡♥ ❛✉❝✉♥ ❝❛< R✉❡ ❧❛ ♣✉✐<<❛♥❝❡ ❛❝♦✉<:✐R✉❡ F❛②♦♥♥@❡ ❝♦FF❡<♣♦♥❞❛♥:❡ <❡F❛ :♦✉❥♦✉F< F@❞✉✐:❡✳

❉❛♥< ❧❛ <✉✐:❡ ❧❡< F@<✉❧:❛:< <❛♥< ❝♦♥:FS❧❡ <♦♥: ❝♦♠♣❛F@< ❛✈❡❝ R✉❛:F❡ <✐:✉❛:✐♦♥< ❞✐✛@F❡♥:❡<✱

♣♦✉F ❧❡<R✉❡❧❧❡< ❧❡< ❝♦♠♠❛♥❞❡< ❡♥✈♦②@❡< ❛✉① ❛❝:✐♦♥♥❡✉F< <♦♥: :❡❧❧❡< R✉❡ ✿

✲ ❝❛< ✶ ✿ u(θ) = uopt(θ)

✲ ❝❛< ✷ ✿ u(θ) = uopt(π
6
)

✲ ❝❛< ✸ ✿ u(θ) = −Zopt(π
6
)y(θ)

✲ ❝❛< ✹ ✿ u(θ) = −gy(θ)
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❋✐❣✉$❡ ✺✳✷✷ )✉✐**❛♥❝❡ ❛❝♦✉*/✐0✉❡ $❛②♦♥♥2❡ ✭f = 344 ❍③✱ φ = 0✱ Pinc = 10 )❛✱
(β = 0, g = 6.7 × 105) ✭❣❛✉❝❤❡✮✱ (β = 5 × 10−5, g = 1.3 × 104) ✭❞$♦✐/❡✮✮ ✿ *❛♥*
❝♦♥/$;❧❡ ✭/$❛✐/ ♣♦✐♥/✐❧❧2✮✱ ❝❛* ✶ ✭♥♦✐$✮✱ ❝❛* ✷ ✭❣$✐* ❢♦♥❝2✮✱ ❝❛* ✸ ✭❣$✐* ❝❧❛✐$✮✱ ❝❛* ✹

✭✰✮✳

✺✳✸✳✷ ❘%&✉❧)❛)&

❙✉$ ❧❛ ❋✐❣✉$❡ ✺✳✷✷✱ ❧❛ ♣✉✐**❛♥❝❡ ❛❝♦✉*/✐0✉❡ $❛②♦♥♥2❡ *✉$ ❧❛ $2*♦♥❛♥❝❡ ❞✉ ♠♦❞❡ ✭✸✱✶✮ ♣♦✉$

f = 344 ❍③ ❡*/ /$❛❝2❡ ❡♥ ❢♦♥❝/✐♦♥ ❞❡ ❧✬❛♥❣❧❡ ❞✬✐♥❝✐❞❡♥❝❡ θ F ❧✬2/❛♣❡ ✷✱ *❛♥* ❡/ ❛✈❡❝ ♣2♥❛✲

❧✐*❛/✐♦♥ ❞❡ ❧✬❡✛♦$/ ❞❡ ❝♦♠♠❛♥❞❡✳ ❈♦♠♠❡ ♣$2✈✉✱ ❧❡* ❝♦✉$❜❡* ❞❡* ❝❛* ✶✱ ✷ ❡/ ✸ *❡ ❝$♦✐*❡♥/

♣♦✉$ θ = π
6
✳ ❈♦♥/$❛✐$❡♠❡♥/ ❛✉ ❝❛* ✷✱ ❧❡ ❝❛* ✸ ♣❡$♠❡/ ❞✬♦❜/❡♥✐$ ✉♥❡ ❛//2♥✉❛/✐♦♥ ♣$♦❝❤❡

❞❡ ❧✬❛//2♥✉❛/✐♦♥ ♦♣/✐♠❛❧❡✳ ❙❛♥* ♣2♥❛❧✐*❛/✐♦♥✱ ❧❡ ❝♦♥/$;❧❡ ♥✬❛❣✐/ ♣❛* *❡✉❧❡♠❡♥/ *✉$ ❧❡ ♠♦❞❡

$2*♦♥❛♥/✳ ❆✐♥*✐✱ ❧❛ ✈❛❧❡✉$ ❞❡* ✐♠♣2❞❛♥❝❡* ♠2❝❛♥✐0✉❡* ✈✐$/✉❡❧❧❡* ♦♣/✐♠❛❧❡* Zopt(θ) ✈❛$✐❡

❡/ ❧❡ ❝❛* ✶ ❞✐✛M$❡ ❧2❣M$❡♠❡♥/ ❞✉ ❝❛* ✸✳ ❈❡♣❡♥❞❛♥/✱ ✐♠♣♦*❡$ Zopt(π
6
) ♣❡$♠❡/ 0✉❛♥❞ ♠N♠❡

❞✬♦❜/❡♥✐$ ✉♥❡ ❛//2♥✉❛/✐♦♥ ✐♠♣♦$/❛♥/❡ ♣♦✉$ ✉♥❡ ❧❛$❣❡ ❣❛♠♠❡ ❞✬❛♥❣❧❡* ❞✬✐♥❝✐❞❡♥❝❡✳ ❊♥✜♥✱

❧❛ $2❛❧✐*❛/✐♦♥ ❞✬❛♠♦$/✐**❡♠❡♥/ ✭❝❛* ✹✮ ❡*/ ✉♥❡ */$❛/2❣✐❡ ♥♦♥ ♦♣/✐♠❛❧❡✱ ♠❛✐* $♦❜✉*/❡ ❛✉①

✈❛$✐❛/✐♦♥* ❞✉ ❝❤❛♠♣ ♣$✐♠❛✐$❡✳ ▲♦$*0✉✬✉♥❡ ♣2♥❛❧✐*❛/✐♦♥ ❞❡ ❧✬❡✛♦$/ ❞❡ ❝♦♠♠❛♥❞❡ ❡*/ ❛♣♣❧✐✲

0✉2❡✱ ❧❡ ❝♦♥/$;❧❡ *❡ ❢♦❝❛❧✐*❡ *✉$ ❧❡ ♠♦❞❡ ♣$2♣♦♥❞2$❛♥/✳ ▲❛ ✈❛❧❡✉$ ❞❡ Zopt(θ) ❡*/ ♣$❡*0✉❡

❝♦♥*/❛♥/❡ ❡/ ❧❡* ❝❛* ✶✱ ✸ ❡/ ✹ *♦♥/ ❛❧♦$* ✐❞❡♥/✐0✉❡*✳ ■❧ ❡*/ ❛✐♥*✐ ♣♦**✐❜❧❡ ❞❡ ❝♦♥❝❧✉$❡ 0✉❡✱

❝♦♠♠❡ ♣$2✈✉✱ ❧❡ ❝❤♦✐① ❞✬✉♥❡ ❢$20✉❡♥❝❡ ❞✬❡①❝✐/❛/✐♦♥ ♣$♦❝❤❡ ❞✬✉♥❡ $2*♦♥❛♥❝❡ ❝♦♥*/✐/✉❡ ✉♥❡

*✐/✉❛/✐♦♥ ♣❛$/✐❝✉❧✐M$❡♠❡♥/ ❢❛✈♦$❛❜❧❡ ♣❛$ $❛♣♣♦$/ F ❧❛ $♦❜✉*/❡**❡ ❡♥ ♣❡$❢♦$♠❛♥❝❡ ❞❡ ❧❛ ♠2✲

/❤♦❞❡ ❞❡* ✐♠♣2❞❛♥❝❡* ♠2❝❛♥✐0✉❡* ✈✐$/✉❡❧❧❡* ♦♣/✐♠❛❧❡* ❛✉① ✈❛$✐❛/✐♦♥* ❞✉ ❝❤❛♠♣ ♣$✐♠❛✐$❡✳

❆✜♥ ❞✬2/✉❞✐❡$ ❧❛ $♦❜✉*/❡**❡ ❞❡ ❧❛ ♠2/❤♦❞❡ ❛✉① ✈❛$✐❛/✐♦♥* ❞✉ ❝❤❛♠♣ ♣$✐♠❛✐$❡ F ❞✐✛2$❡♥/❡*

❢$20✉❡♥❝❡*✱ ❧❡* ❛//2♥✉❛/✐♦♥* ❞❡ ❧❛ ♣✉✐**❛♥❝❡ ❛❝♦✉*/✐0✉❡ $❛②♦♥♥2❡ ✭❙)❘ ✿ ❙♦✉♥❞ )$❡**✉$❡

❘❡❞✉❝/✐♦♥✮ ♦❜/❡♥✉❡* ❧♦$*0✉❡ Zopt(π
6
) ❡*/ ✐♠♣♦*2 ✭❝❛* ✸✮ ♦✉ ❡♥ $2❛❧✐*❛♥/ ❞❡ ❧✬❛♠♦$/✐**❡♠❡♥/

❛❝/✐❢ ✭❝❛* ✹✮ *♦♥/ /$❛❝2❡* *✉$ ❧❛ ❋✐❣✉$❡ ✺✳✷✸ ♣♦✉$ (β = 0, g = 6.7 × 105) ❡/ ❧❛ ❋✐❣✉$❡ ✺✳✷✹

♣♦✉$ (β = 5 × 10−5, g = 1.3 × 104) ❡♥ ❢♦♥❝/✐♦♥ ❞❡ ❧❛ ❢$20✉❡♥❝❡ ❡/ ❞❡ ❧✬❛♥❣❧❡ ❞✬✐♥❝✐❞❡♥❝❡

❞❡ ❧✬♦♥❞❡ ♣$✐♠❛✐$❡ F ❧✬2/❛♣❡ ✷✳ ▲❡* ♠❡✐❧❧❡✉$* $2*✉❧/❛/* *♦♥/ ❜✐❡♥ ♦❜/❡♥✉*✱ ❞❛♥* ❧❡ ❝❛* ✸✱

♣♦✉$ θ = π
6
✳ ❙❛♥* ♣2♥❛❧✐*❛/✐♦♥✱ ❧❡* ❞❡✉① ♠2/❤♦❞❡* ♣❡$♠❡//❡♥/ ❞✬♦❜/❡♥✐$ ❞❡* ❛//2♥✉❛/✐♦♥*
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❉❯ ❈❍❆▼+ +❘■▼❆■❘❊ ✽✶

✐♠♣♦=>❛♥>❡B✱ ♣=✐♥❝✐♣❛❧❡♠❡♥> ❛✉ ✈♦✐B✐♥❛❣❡ ❞❡B =JB♦♥❛♥❝❡B ✭♠❛=L✉J❡B ♣❛= ❞❡B >✐=❡>B✮✱ L✉❡❧

L✉❡ B♦✐> ❧✬❛♥❣❧❡ ❞✬✐♥❝✐❞❡♥❝❡✳ ❈♦♠♠❡ ✐❧ ❧✬❛ ❞J❥P J>J ♦❜B❡=✈J B✉= ❧❛ ❋✐❣✉=❡ ✺✳✷✱ ❧❛ =J❛❧✐B❛>✐♦♥

❞✬❛♠♦=>✐BB❡♠❡♥> ❛❝>✐❢ ❛>>J♥✉❡ ❧❡B ❡✛❡>B ❞❡ =JB♦♥❛♥❝❡B ♠❛✐B J❣❛❧❡♠❡♥> ❞✬❛♥>✐✲=JB♦♥❛♥❝❡✱

❝❡ L✉✐ ❡①♣❧✐L✉❡ ❧❡ ❢❛✐> L✉❡ ❧❡B ❛>>J♥✉❛>✐♦♥B ♦❜>❡♥✉❡B B♦✐❡♥> ❧❛ ♣❧✉♣❛=> ❞✉ >❡♠♣B ♥J❣❛>✐✈❡B

B✉= ❧❛ ❋✐❣✉=❡ ✺✳✷✷ ✭❜❛B✮✳ ▲❡B ♠W♠❡B ♦❜B❡=✈❛>✐♦♥B ♣❡✉✈❡♥> W>=❡ ❢❛✐>❡B ❛✈❡❝ ♣J♥❛❧✐B❛>✐♦♥ ❞❡

❧✬❡✛♦=> ❞❡ ❝♦♠♠❛♥❞❡✳ ▲❡B ❛>>J♥✉❛>✐♦♥B ♦❜>❡♥✉❡B ✭♣♦B✐>✐✈❡B ❝♦♠♠❡ ♥J❣❛>✐✈❡B✮ B♦♥> ♠♦✐♥B

✐♠♣♦=>❛♥>❡B ❡> ❧❛ ❞J♣❡♥❞❛♥❝❡ ❞❡ ❧❛ ♠J>❤♦❞❡ ❞❡B ✐♠♣J❞❛♥❝❡B ♠J❝❛♥✐L✉❡B ✈✐=>✉❡❧❧❡B ♦♣>✐✲

♠❛❧❡B P ❧✬❛♥❣❧❡ ❞✬✐♥❝✐❞❡♥❝❡ ♠♦✐♥B ♠❛=L✉J❡✳ ■❧ ❡B> ❞♦♥❝ ❜✐❡♥ ♣♦BB✐❜❧❡ ❞❡ ❝♦♥❝❧✉=❡ L✉❡ ❧❛

♣J♥❛❧✐B❛>✐♦♥ ❞❡ ❧✬❡✛♦=> ❞❡ ❝♦♠♠❛♥❞❡ ❡♥>=❛Y♥❡ ✉♥❡ ♣❡=>❡ ❞❡ ♣❡=❢♦=♠❛♥❝❡ ♠❛✐B ✉♥❡ ❛✉❣✲

♠❡♥>❛>✐♦♥ ❞❡ ❧❛ =♦❜✉B>❡BB❡ ❞✉ ❝♦♥>=Z❧❡ ♠✐B ❡♥ ♣❧❛❝❡✳

▲❛ B✐♠✉❧❛>✐♦♥ ❞✉ ♣=♦❜❧[♠❡ ✈✐❜=♦❛❝♦✉B>✐L✉❡ B✉= ✉♥❡ B>=✉❝>✉=❡ ♣❡✉ ❛♠♦=>✐❡✱ ♣✉✐B B❛ =JB♦❧✉✲

>✐♦♥✱ ♣❡=♠❡>>❡♥> ❞❡ >✐=❡= ❞✐✛J=❡♥>❡B ❝♦♥❝❧✉B✐♦♥B✳ ❙✉= ✉♥❡ >❡❧❧❡ B>=✉❝>✉=❡✱ ❧❛ ♠✐♥✐♠✐B❛>✐♦♥

❞❡ ❧❛ ♣✉✐BB❛♥❝❡ ❛❝♦✉B>✐L✉❡ =❛②♦♥♥J❡ B✉= ✉♥❡ ❧❛=❣❡ ❜❛♥❞❡ ❢=JL✉❡♥>✐❡❧❧❡ =❡✈✐❡♥> P B❛ ♠✐♥✐♠✐✲

B❛>✐♦♥ ❛✉ ✈♦✐B✐♥❛❣❡ ❞❡B =JB♦♥❛♥❝❡B✳ ❈❡>>❡ B✐>✉❛>✐♦♥✱ ❞❛♥B ❧❛L✉❡❧❧❡ ❧❛ ♣❡=>✉=❜❛>✐♦♥ ♣=✐♠❛✐=❡

❡> ❧❡B ❞J❢♦=♠J❡B ❡♥❣❡♥❞=J❡B ♣❛= ❧❡B ❛❝>✐♦♥♥❡✉=B B❡❝♦♥❞❛✐=❡B B♦♥> ♣=♦❥❡>J❡B ❞❛♥B ❧❡✉= L✉❛B✐✲

>♦>❛❧✐>J B✉= ❧❡ ♠♦❞❡ ❛BB♦❝✐J P ❝❡>>❡ =JB♦♥❛♥❝❡✱ ❡> L✉✐ ❛ J>J J✈♦L✉J❡ ❛✉ ❝❤❛♣✐>=❡ ✹✱ ❡B>

❢❛✈♦=❛❜❧❡ P ❧✬♦❜>❡♥>✐♦♥ ❞✬✉♥❡ ❛>>J♥✉❛>✐♦♥ ✐♠♣♦=>❛♥>❡ ❞❡ ❧❛ ♣✉✐BB❛♥❝❡ ❛❝♦✉B>✐L✉❡ =❛②♦♥♥J❡

P ❧✬❛✐❞❡ ❞❡ ♣❡✉ ❞✬✉♥✐>JB✱ ♠❛✐B J❣❛❧❡♠❡♥> P ❧❛ =♦❜✉B>❡BB❡ ❞❡ ❧❛ ♠J>❤♦❞❡ ❛✉① ✈❛=✐❛>✐♦♥B ❞✉

❝❤❛♠♣ ♣=✐♠❛✐=❡✳

❆✈❡❝ ✉♥❡ ♣J♥❛❧✐B❛>✐♦♥ ✐♠♣♦=>❛♥>❡ ❞❡ ❧✬❡✛♦=> ❞❡ ❝♦♠♠❛♥❞❡✱ ❧❛ ♠J>❤♦❞❡ >❡♥❞ ✈❡=B ✉♥❡

B>=❛>J❣✐❡ ❝❧❛BB✐L✉❡ ❞✬❛♠♦=>✐BB❡♠❡♥> ❛❝>✐❢✳ ❊♥ =❡✈❛♥❝❤❡✱ ♣♦✉= ✉♥❡ ♣J♥❛❧✐B❛>✐♦♥ ❢❛✐❜❧❡✱ ❡❧❧❡

♣❡=♠❡>✱ ❡♥ ❣❛=❛♥>✐BB❛♥> ✉♥❡ ♠❡✐❧❧❡✉=❡ =♦❜✉B>❡BB❡✱ ❞❡ =J❛❧✐B❡= ❞❡B ❛>>>J♥✉❛>✐♦♥B ❞❡ ❧❛ ♣✉✐B✲

B❛♥❝❡ ❛❝♦✉B>✐L✉❡ =❛②♦♥♥J❡ ❛✉① =JB♦♥❛♥❝❡B ❞❡ ✶✵ ❞❇ B✉♣J=✐❡✉=❡B P ❝❡❧❧❡B ♦❜>❡♥✉❡B ♣❛= ❧❛

=J❛❧✐B❛>✐♦♥ ❞✬❛♠♦=>✐BB❡♠❡♥> ❛❝>✐❢✳
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❋✐❣✉8❡ ✺✳✷✸ ❆;;<♥✉❛;✐♦♥ ❞❡ ❧❛ ♣✉✐CC❛♥❝❡ ❛❝♦✉C;✐E✉❡ 8❛②♦♥♥<❡ ✭f = 344 ❍③✱

φ = 0✱ Pinc = 10 %❛✮ ♦❜;❡♥✉❡ ❞❛♥C ❧❡ ❝❛C ✸ ♣♦✉8 β = 0 ✭❤❛✉;✮ ❡; ❧❡ ❝❛C ✹ ♣♦✉8

g = 6.7× 105 ✭❜❛C✮✳
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❋✐❣✉;❡ ✺✳✷✹ ❆??@♥✉❛?✐♦♥ ❞❡ ❧❛ ♣✉✐GG❛♥❝❡ ❛❝♦✉G?✐I✉❡ ;❛②♦♥♥@❡ ✭f = 344 ❍③✱

φ = 0✱ Pinc = 10 +❛✮ ♦❜?❡♥✉❡ ❞❛♥G ❧❡ ❝❛G ✸ ♣♦✉; β = 5× 10−5 ✭❤❛✉?✮ ❡? ❧❡ ❝❛G ✹

♣♦✉; g = 1.3× 104 ✭❜❛G✮✳
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❈❡ ❝❤❛♣✐'(❡ ♣()*❡♥'❡ ❧✬❛♣♣❧✐❝❛'✐♦♥ ❡①♣)(✐♠❡♥'❛❧❡ ❞❡ ❧❛ ♠)'❤♦❞❡ ❞❡* ✐♠♣)❞❛♥❝❡* ♠)❝❛♥✐2✉❡*

✈✐('✉❡❧❧❡* ♦♣'✐♠❛❧❡*✳ ❉❡✉① ❝❛♠♣❛❣♥❡* ❡①♣)(✐♠❡♥'❛❧❡* ♦♥' )') ♠❡♥)❡* ❛✉ ❝♦✉(* ❞❡ ❝❡ '(❛✲

✈❛✐❧ ❞❡ ❞♦❝'♦(❛'✳ ❯♥❡ ♣(❡♠✐:(❡ ❛✉ ▲❛❜♦(❛'♦✐(❡ ❞❡ ▼)❝❛♥✐2✉❡ ❡' ❞✬❆❝♦✉*'✐2✉❡ ❞❡ ▼❛(*❡✐❧❧❡

✭▲▼❆✮✱ ❛②❛♥' ♣♦✉( ❜✉' ❞❡ ❝♦♥❢(♦♥'❡( ❧❡* ()*✉❧'❛'* *✐♠✉❧)* ❛✈❡❝ ❞❡* ♠❡*✉(❡* ❡①♣)(✐♠❡♥✲

'❛❧❡* ❞❛♥* ✉♥ ❝❛* ❛❝❛❞)♠✐2✉❡ ♠❛D'(✐*)✳ ❯♥❡ *❡❝♦♥❞❡✱ ()❛❧✐*)❡ ❛✉ ●(♦✉♣❡ ❞✬❆❝♦✉*'✐2✉❡

❞❡ ❧✬❯♥✐✈❡(*✐') ❞❡ ❙❤❡(❜(♦♦❦❡ ✭●❆❯❙✮ ❛ ♣❡(♠✐* ❞❡ '❡*'❡( ❧❛ ♠)'❤♦❞❡ *✉( ✉♥❡ *'(✉❝'✉(❡

❜❡❛✉❝♦✉♣ ♣❧✉* ♣(♦❝❤❡ ❞❡ ❧❛ ♣(♦❜❧)♠❛'✐2✉❡ ✐♥❞✉*'(✐❡❧❧❡ ❞❡ ❧❛ ()❞✉❝'✐♦♥ ❞❡ ❜(✉✐' ❞❛♥* ✉♥❡

❝❛❜✐♥❡ ❛)(♦♥❛✉'✐2✉❡✳ ❈✬❡*' ❛✉ (❡❣❛(❞ ❞❡* ❝♦♥❝❧✉*✐♦♥* '✐()❡* ❞❡ ❧❛ ♣(❡♠✐:(❡ ❝❛♠♣❛❣♥❡ 2✉❡

❧❡ ♣(♦'♦❝♦❧❡ ❞❡ ❧❛ *❡❝♦♥❞❡ ❛ )') ❞)❝✐❞)✳ ❉❡ ♠H♠❡✱ ❝✬❡*' ❧❛ ❝♦♠♣()❤❡♥*✐♦♥ ❞❡* ♠)❝❛♥✐*♠❡*

♣❤②*✐2✉❡*✱ ❡♥ ♣❛('✐❝✉❧✐❡( ❝❡✉① ✐♥'❡(✈❡♥❛♥' ❞❛♥* ❧❛ ()*♦❧✉'✐♦♥ ❞✉ ♣(♦❜❧:♠❡ ❞❡ ♠✐♥✐♠✐*❛'✐♦♥✱

♦❜*❡(✈)* ❧♦(* ❞❡ ❧❛ ♣(❡♠✐:(❡ ❝❛♠♣❛❣♥❡✱ 2✉✐ ❛ ♣❡(♠✐* ❞✬✐♥'❡(♣()'❡( ❧❡* ()*✉❧'❛'* ♦❜'❡♥✉* I

❧✬✐**✉❡ ❞❡ ❧❛ *❡❝♦♥❞❡✳ ❈❡* ❞❡✉① ❡①♣)(✐❡♥❝❡* ♣❡(♠❡''❡♥' )❣❛❧❡♠❡♥' ❞❡ ❝♦♥*✐❞)(❡( ❧✬❛♣♣❧✐✲

❝❛'✐♦♥ ❞❡ ❧❛ ♠)'❤♦❞❡ ❞❡* ✐♠♣)❞❛♥❝❡* ♠)❝❛♥✐2✉❡* ✈✐('✉❡❧❧❡* ♦♣'✐♠❛❧❡*✱ ❞✬✉♥❡ ♣❛(' I ✉♥❡

*'(✉❝'✉(❡ ❛✉ ❝♦♠♣♦('❡♠❡♥' ♠♦❞❛❧❡ ❢♦('❡♠❡♥' ♠❛(2✉) ❝♦♠♠❡ ❝✬❡*' ❧❡ ❝❛* ❞❛♥* ❧❛ ♠❛❥♦(✐')

❞❡* )'✉❞❡* ♣()*❡♥'❛♥' ❞❡* *'(❛')❣✐❡* ❆❙❆❈✱ ♠❛✐* )❣❛❧❡♠❡♥' I ✉♥❡ *'(✉❝'✉(❡ ♣❧✉* ❛♠♦('✐❡✱

❛✉ ❝♦♠♣♦('❡♠❡♥' ✈✐❜(♦❛❝♦✉*'✐2✉❡ ♣❧✉* ❝♦♠♣❧❡①❡✳

✻✳✶ #❧❛&✉❡ ♠✐♥❝❡ -✐♠♣❧❡♠❡♥/ -✉♣♣♦1/2❡

▲✬❡①♣)(✐❡♥❝❡ ❞)❝(✐'❡ ❞❛♥* ❝❡''❡ *❡❝'✐♦♥ ❛ )') ()❛❧✐*)❡ ❛✉ ▲▼❆ ❞❛♥* ❧❡ ❜✉' ❞❡ ✈)(✐✜❡( ❧❡*

()*✉❧'❛'* ✐**✉* ❞❡* *✐♠✉❧❛'✐♦♥* ♥✉♠)(✐2✉❡* ♣()*❡♥')* ❛✉ ❝❤❛♣✐'(❡ ♣()❝)❞❡♥'✳ ❊♥'(❡ ❛✉'(❡*✱

❧❡* ❛*♣❡❝'* *✉✐✈❛♥'* *❡(♦♥' ❞♦♥❝ ♣❛('✐❝✉❧✐:(❡♠❡♥' )'✉❞✐)* ✿

✲ ❧❡* ()*✉❧'❛'* ❞✉ ❝♦♥'(N❧❡ ♦♣'✐♠❛❧ ✭❝♦♠♠❛♥❞❡* ♦♣'✐♠❛❧❡*✱ ✐♠♣)❞❛♥❝❡* ♠)❝❛♥✐2✉❡*

✈✐('✉❡❧❧❡* ♦♣'✐♠❛❧❡*✱ ♣✉✐**❛♥❝❡ ✐♥❥❡❝')❡✱ ✳✳✳✮✳

✲ ❧✬✐♥✢✉❡♥❝❡ ❞✉ ♣❛(❛♠:'(❡ ❞❡ ♣)♥❛❧✐*❛'✐♦♥ ❞❡ ❧✬❡✛♦(' ❞❡ ❝♦♥'(N❧❡ *✉( ❧❡* ()*✉❧'❛'* ❞✉

❝♦♥'(N❧❡ ♦♣'✐♠❛❧✳

✲ ❧❛ ❝♦♠♣❛(❛✐*♦♥ ❛✈❡❝ ✉♥❡ *'(❛')❣✐❡ ❝❧❛**✐2✉❡ ❞✬❛♠♦('✐**❡♠❡♥' ❛❝'✐❢✳

✲ ❧❛ (♦❜✉*'❡**❡ ❞❡ ❧❛ ♠)'❤♦❞❡ I ✉♥❡ ✈❛(✐❛'✐♦♥ ❞❡ ❧✬❛♥❣❧❡ ❞✬✐♥❝✐❞❡♥❝❡ ❞❡ ❧✬♦♥❞❡ ♣❧❛♥❡

❛❝♦✉*'✐2✉❡ ♣(✐♠❛✐(❡✳

✽✺
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▲❡3 ❛3♣❡❝73 ❧✐:3 ; ❧❛ ❝♦♥✈❡?❣❡♥❝❡ ❞✉ ❝♦♥7?C❧❡✉? ❤❛?♠♦♥✐F✉❡ 3♦♥7 ❞:✈❡❧♦♣♣:3 ❞❛♥3 ❧❡ ❝♦♥7❡①7❡

❞❡ ❧❛ 3❡❝♦♥❞❡ ❡①♣:?✐❡♥❝❡✱ ♣?:3❡♥7:❡ ; ❧❛ 3❡❝7✐♦♥ 3✉✐✈❛♥7❡✳ ▲❛ ♣?❡♠✐I?❡ ♣❛?7✐❡ ❞❡ ❝❡77❡ 3❡❝7✐♦♥

❡37 ❞:❞✐:❡ ; ❧❛ ❞❡3❝?✐♣7✐♦♥ ❞✉ ❞✐3♣♦3✐7✐❢ ❡①♣:?✐♠❡♥7❛❧ ♠✐3 ❡♥ ♣❧❛❝❡ ❛✉ ▲▼❆✳ %✉✐3✱ ✉♥❡ ♣❛?7✐❡

❡37 ❝♦♥3❛❝?:❡ ; ❧❛ ♠:7❤♦❞♦❧♦❣✐❡ ❡♥✈✐3❛❣:❡✱ ❞✉ ♣?♦❝❡33✉3 ❞✬✐❞❡♥7✐✜❝❛7✐♦♥ ❞❡3 7?❛♥3❢❡?73 ; ❧❛

♣?:3❡♥7❛7✐♦♥ ❞❡3 ?:3✉❧7❛73✳ ❈♦♠♠❡ ♣♦✉? ❧❡3 3✐♠✉❧❛7✐♦♥3 7❤:♦?✐F✉❡3✱ ❧❛ ♣?❡♠✐I?❡ ♣❛?7✐❡ ❞❡

❧✬:7✉❞❡ ❡37 ?:❛❧✐3:❡ ♣♦✉? ✉♥ ❛♥❣❧❡ ❞✬✐♥❝✐❞❡♥❝❡ ✜①:✱ F✉✐ ❡37 ❡♥3✉✐7❡ ♠♦❞✐✜: ❞❛♥3 ✉♥❡ 3❡❝♦♥❞❡

♣❛?7✐❡ ❛✜♥ ❞❡ ?:♣♦♥❞?❡ ; ❞❡3 F✉❡37✐♦♥3 ❞❡ ?♦❜✉37❡33❡✳ ❊♥✜♥✱ ❧❡3 ❝♦♥❝❧✉3✐♦♥3 ✐33✉❡3 ❞❡ ❝❡77❡

♣?❡♠✐I?❡ ❝❛♠♣❛❣♥❡ ❡①♣:?✐♠❡♥7❛❧❡ 3♦♥7 ❡①♣♦3:❡3✳

✻✳✶✳✶ ❉✐%♣♦%✐(✐❢ ❡①♣,-✐♠❡♥(❛❧

❈♦♠♠❡ ❞❛♥3 ❧✬:7✉❞❡ 7❤:♦?✐F✉❡✱ ❧❛ 37?✉❝7✉?❡ ❝♦♥7?C❧:❡ ❡37 ✉♥❡ ♣❧❛F✉❡ ♠✐♥❝❡ ?❡❝7❛♥❣✉❧❛✐?❡✱

❞✬❛❧✉♠✐♥✐✉♠✱ ❞♦♥7 ❧❡3 ❝❛?❛❝7:?✐37✐F✉❡3 ♠:❝❛♥✐F✉❡3 3♦♥7 ♥♦7:❡3 ❞❛♥3 ❧❡ ❚❛❜❧❡❛✉ ✺✳✶✳ ❯♥❡

♠:7❤♦❞❡ ❢?:F✉❡♠♠❡♥7 ✉7✐❧✐3:❡ ❛✉ ●❆❯❙ ❡37 ❡♠♣❧♦②:❡ ❛✜♥ ❞✬❛♣♣?♦❝❤❡? ❞❡3 ❝♦♥❞✐7✐♦♥3 ❧✐✲

♠✐7❡3 ❞✬❛♣♣✉✐ 3✐♠♣❧❡ ✿ ❧❛ ♣❧❛F✉❡ ❡37 ♠♦♥7:❡ 3✉? ❞❡3 3✉♣♣♦?73 ✢❡①✐❜❧❡3 ✭❧❛♥❣✉❡77❡3✮ ❧❡ ❧♦♥❣

❞❡ 3❡3 ❜♦?❞3✳ ❈❡3 3✉♣♣♦?73 3♦♥7 ❡✉①✲♠W♠❡3 ✜①:❡3 ; ✉♥ ❝❛❞?❡ ?✐❣✐❞❡✱ ❝❡ F✉✐ ❡♠♣W❝❤❡ 7♦✉7

❞:♣❧❛❝❡♠❡♥7 7?❛♥3✈❡?3❡ ❛✉① ❡①7?:♠✐7:3 ❞❡ ❧❛ ♣❧❛F✉❡ ♠❛✐3 ♣❡?♠❡7 3❛ ?♦7❛7✐♦♥ ✭❋✐❣✉?❡ ✻✳✶✮✳

❋✐❣✉?❡ ✻✳✶ ♠♦♥7❛❣❡ ♣❧❛F✉❡ ❡♥ ❝♦♥❞✐7✐♦♥ ❞✬❛♣♣✉✐ 3✐♠♣❧❡

❯♥ ❣✉✐❞❡ ❞✬♦♥❞❡ ❛❝♦✉37✐F✉❡ ❞❡ ♣?♦❢♦♥❞❡✉? ✶✺ ❝♠ ❡37 ❛❥♦✉7: ; ❧❛ 37?✉❝7✉?❡ ❞✉ ❝C7: ❞❡

❧✬❡3♣❛❝❡ ?❡❝❡♣7❡✉? ❛✜♥ ❞✬❛♠:❧✐♦?❡? ❧✬❡37✐♠❛7✐♦♥ ❞❡ ❧❛ ♣✉✐33❛♥❝❡ ❛❝♦✉37✐F✉❡ ?❛②♦♥♥:❡✳ ▲❡3

♠❡3✉?❡3 ✐♥7❡♥3✐♠:7?✐F✉❡3 3♦♥7 ?:❛❧✐3:❡3 ; ❧✬❛✐❞❡ ❞✬✉♥❡ 3♦♥❞❡ ♣?❡33✐♦♥✲♣?❡33✐♦♥ ✭▼✐♥✐✲3♦♥❞❡

✐♥7❡♥3✐♠:7?✐F✉❡

✶

✮ 3✉? ✉♥❡ 3✉?❢❛❝❡ ♣❧❛♥❡ S ; ✶✸ ❝♠ ❞❡ ❧❛ ♣❧❛F✉❡ ; ❧✬❛✐❞❡ ❞✬✉♥ ?♦❜♦7 :❣❛❧❡♠❡♥7

:F✉✐♣: ❞✬✉♥ ✈✐❜?♦♠I7?❡ ❧❛3❡? ; ❡✛❡7 ❉♦♣♣❧❡? F✉✐ ♣❡?♠❡7 ❞✬❡37✐♠❡? ❧❛ ✈✐7❡33❡ 7?❛♥3✈❡?3❡ ❞❡

❧❛ 37?✉❝7✉?❡ ❡♥ ❢❛❝❡ ❞❡ ❝❤❛F✉❡ ♣♦✐♥7 ❞✉ ❜❛❧❛②❛❣❡ ✐♥7❡♥3✐♠:7?✐F✉❡ ✭❋✐❣✉?❡3 ✻✳✷ ❡7 ✻✳✸✮✳ ❯♥

❝❛✐33♦♥ ❞✬❡①❝✐7❛7✐♦♥ ❛❝♦✉37✐F✉❡✱ ❝♦♠♣♦3: ❞❡ ✹ ❝♦❧♦♥♥❡3 ❞❡ ✸ ❤❛✉7✲♣❛?❧❡✉?3 ▼♦♥❛❝♦? ✭❘✮

❙%✲✻✵ ❛ :7: ❝♦♥`✉ ❛✜♥ ❞❡ ?:❛❧✐3❡? ❧✬❡①❝✐7❛7✐♦♥ ♣?✐♠❛✐?❡✳ ▲❡ ❞✐3♣♦3✐7✐❢ ♠✐3 ❡♥ ♣❧❛❝❡ ❞❛♥3

❧❡ ❝❛❞?❡ ❞❡ ❝❡77❡ ❡①♣:?✐❡♥❝❡ ?❡✈✐❡♥7 ❡♥ ?:❛❧✐7: ; ✉♥ ❞✐3♣♦3✐7✐❢ ❞❡ ♠❡3✉?❡ ❞❡ 7?❛♥3♣❛?❡♥❝❡

✶

❤!!♣ ✿✴✴✇✇✇✳❝!!♠✲❧❡♠❛♥.✳❝♦♠✴▲❡.❴♣2♦❞✉✐!.✲✶✻✲✶✸✺✲❢2✲✸✳❤!♠❧



∆ψ θ

τ = −−jωd
c
sin(θ)

∆ψ = [1 e−τ e−2τ e−3τ ]
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✽✽ ❈❍❆$■❚❘❊ ✻✳ ❘➱❙❯▲❚❆❚❙ ❊❳$➱❘■▼❊◆❚❆❯❳

❋✐❣✉6❡ ✻✳✸ ❈❛✐::♦♥ ❞✬❡①❝✐A❛A✐♦♥ ❧♦6: ❞❡ :❛ ❢❛❜6✐❝❛A✐♦♥ ✭❣❛✉❝❤❡✮✳ ❉✐:♣♦:✐A✐❢ ❡①✲

♣K6✐♠❡♥A❛❧ ✭❞6♦✐A❡✮✳

❞❡ ♠♦❞✉❧❛A✐♦♥ ❡①A6❛✐❡♥A ❧❡: ❡♥✈❡❧♦♣♣❡: ❝♦♠♣❧❡①❡: ❞❡: :✐❣♥❛✉① ♠❡:✉6K: ❡A ❣K♥N6❡♥A ❝❡❧❧❡:

❞❡ ❧❛ ♣❡6A✉6❜❛A✐♦♥ ♣6✐♠❛✐6❡ ❡A ❞❡: ❝♦♠♠❛♥❞❡: ❡♥✈♦②K❡: ❛✉① ❛❝A✐♦♥♥❡✉6:✳

✻✳✶✳✷ ▼%&❤♦❞♦❧♦❣✐❡

❉✐✛K6❡♥A❡: ♠❡:✉6❡: ♣6K❧✐♠✐♥❛✐6❡: ♣❡6♠❡AA❡♥A ❞❡ ✜①❡6 ❧❡: :✐❣♥❛✉① ❞✬❡①❝✐A❛A✐♦♥ ✉A✐❧✐:K: ♣♦✉6

6K❛❧✐:❡6 ❧❡: ❞✐✛K6❡♥A❡: ✐❞❡♥A✐✜❝❛A✐♦♥:✳ ❈❡: :✐❣♥❛✉① :♦♥A ❝♦♠♣♦:K: ❞✬✉♥❡ :K6✐❡ ❞❡ ❝✐♥R ❝❤✐6♣:

❧✐♥K❛✐6❡: ❞❡ ✷✵ U ✶✵✵✵ ❍③ ❞❡ ❞❡✉① :❡❝♦♥❞❡: ❝❤❛❝✉♥✳ ❈❡: ♠❡:✉6❡: ♣6K❧✐♠✐♥❛✐6❡: ♣❡6♠❡AA❡♥A

K❣❛❧❡♠❡♥A ❞❡ ✜①❡6 ❧❡ ♥♦♠❜6❡ ❞❡ ♣♦✐♥A: ❞❡ ♠❡:✉6❡: ❞✉ ❜❛❧❛②❛❣❡ ✐♥A❡♥:✐♠KA6✐R✉❡✳ ❆✐♥:✐✱ ✉♥

♣6❡♠✐❡6 ♠❛✐❧❧❛❣❡ ❞❡ S ❡:A ❡✛❡❝A✉K ❛✈❡❝ ✉♥ ♠❛✐❧❧❛❣❡ ❞❡ 22× 20 ♠♠✳ ❆♣6N: ✈K6✐✜❝❛A✐♦♥ R✉❡

❧❛ ♣✉✐::❛♥❝❡ ❛❝♦✉:A✐R✉❡ 6❛②♦♥♥K❡ ❝❛❧❝✉❧K❡ ❝♦♠♠❡ ❡①♣❧✐R✉K U ❧❛ :❡❝A✐♦♥ ✹✳✷✳✶ ❡:A ✐❞❡♥A✐R✉❡

❛✈❡❝ ✉♥ ♠❛✐❧❧❛❣❡ ❞❡ 44×40 ♠♠✱ ❝❡ ❞❡6♥✐❡6 ♠❛✐❧❧❛❣❡ ❡:A ❝❤♦✐:✐ ❞❛♥: ❧❛ :✉✐A❡ ❞❡ ❧❛ ❝❛♠♣❛❣♥❡

❡①♣K6✐♠❡♥A❛❧❡ ❡A ♣❡6♠❡A ❞❡ A6❛✈❛✐❧❧❡6 ❞✬❛♣6N: ❧✬❊R✳ ✭✹✳✽✮ ❥✉:R✉✬U ✉♥❡ ❢6KR✉❡♥❝❡ ♠❛①✐♠❛❧❡ ❞❡

✹✵✵✵ ❍③✳ ❊♥✜♥✱ ❝❡: ♠❡:✉6❡: ♣6K❧✐♠✐♥❛✐6❡: ♣❡6♠❡AA❡♥A ❞❡ ❝♦♥:A❛A❡6 ✉♥ ♣✐❝ ❞❡ ❧❛ A6❛♥:♣❛6❡♥❝❡

❛❝♦✉:A✐R✉❡ R✉✐ ♥❡ ❝♦66❡:♣♦♥❞ ♣❛: U ✉♥❡ 6K:♦♥❛♥❝❡ ❞❡ ❧❛ :A6✉❝A✉6❡ ✭❋✐❣✉6❡ ✻✳✹✮✳ ■❧ :✬❛❣✐A ❡♥

6K❛❧✐AK ❞✬✉♥ ♠♦❞❡ ❞❡ ❝❛✈✐AK ❞♦♥A ❧❛ 6K:♦♥❛♥❝❡ ✭≈ 360 ❍③✮ ❡:A ♣6♦❝❤❡ ❞✬✉♥❡ ❞❡: 6K:♦♥❛♥❝❡:

❞❡ ❧❛ ♣❧❛R✉❡ ✭≈ 340 ❍③✮✳ ▲✬❛❥♦✉A ❞❡ ✈♦❧✉♠❡: ❞❡ ❧❛✐♥❡: ❞❡ 6♦❝❤❡ ❡♥A6❡ ❧❛ :✉6❢❛❝❡ ❞❡: ❤❛✉A:

♣❛6❧❡✉6: ❡A ❧❛ ♣❧❛R✉❡ ♣❡6♠❡A ❞❡ ❢❛✐6❡ ❞✐:♣❛6❛[A6❡ ❝❡AA❡ 6K:♦♥❛♥❝❡ ♣❛6❛:✐A❡✱ ♠❛✐: 6❡♥❞ ❞✐✣❝✐❧❡

❧❛ ♠❡:✉6❡ ❞❡ ♣6❡::✐♦♥ ❛❝♦✉:A✐R✉❡ ❞❛♥: ❝❡ ✈♦❧✉♠❡✳

❚♦✉: ❧❡: A6❛♥:❢❡6A: ♥K❝❡::❛✐6❡: ❛✉ ❝❛❧❝✉❧ ❞✉ ❝♦♥A6]❧❡ ♦♣A✐♠❛❧ ♣6K:❡♥AK U ❧❛ :❡❝A✐♦♥ ✹✳✷✳✷ :♦♥A

❡♥:✉✐A❡ ✐❞❡♥A✐✜K: :✉6 ❧❛ ❜❛♥❞❡ ✷✵✲✶✵✵✵ ❍③✳ ■❧ ❡:A ❞♦♥❝ ♣♦::✐❜❧❡ ❞❡ 6K:♦✉❞6❡ ❧❡ ♣6♦❜❧N♠❡ ❞❡

♠✐♥✐♠✐:❛A✐♦♥ ♣♦✉6 ❝❤❛R✉❡ ❢6KR✉❡♥❝❡ ❞❡ ❧❛ ❣❛♠♠❡ KA✉❞✐K❡✳ ❈❡♣❡♥❞❛♥A✱ ✐❧ ❡:A ✐♠♣♦6A❛♥A ❞❡

:♦✉❧✐❣♥❡6 ✉♥❡ ❢♦✐: ❞❡ ♣❧✉: R✉❡ ❧❡ ❝♦♥A6]❧❡✉6 ♠✐: ❡♥ ♣❧❛❝❡ ❡:A ❤❛6♠♦♥✐R✉❡✳ ❆✐♥:✐✱ ♣♦✉6 ✈K6✐✜❡6

❧❡: 6K:✉❧A❛A: ❞✉ ❝❛❧❝✉❧ ♦♣A✐♠❛❧ :✉6 A♦✉A❡ ✉♥❡ ❜❛♥❞❡ ❢6KR✉❡♥A✐❡❧❧❡✱ ✐❧ ❢❛✉❞6❛✐A ✐♠♣❧❛♥A❡6



✻✳✶✳ #▲❆◗❯❊ ▼■◆❈❊ ❙■▼#▲❊▼❊◆❚ ❙❯##❖❘❚➱❊ ✽✾

❋✐❣✉8❡ ✻✳✹ ◆✐✈❡❛✉ ❞❡ ❜8✉✐? ♠❡A✉8B ♣❛8 ❧❡ ♠✐❝8♦♣❤♦♥❡ ✶ ❞❡ ❧❛ A♦♥❞❡ ✐♥?❡♥A✐♠B✲

?8✐J✉❡ ❡♥ ✉♥ ♣♦✐♥? J✉❡❧❝♦♥J✉❡ ❞✉ ♠❛✐❧❧❛❣❡ ♣♦✉8 ✉♥❡ ❡①❝✐?❛?✐♦♥ ❞❡ ❧❛ ❝♦❧♦♥♥❡ ✷ ❞❡

❤❛✉?✲♣❛8❧❡✉8A ✭❣❛✉❝❤❡✮✱ ❛✈❡❝ ♦✉ A❛♥A ?8❛✐?❡♠❡♥? ❛❝♦✉A?✐J✉❡ ❞❡ ❧❛ ❝❛✈✐?B ✭❞8♦✐?❡✮✳

❧❡ ❝♦♥?8P❧❡ ❢8BJ✉❡♥❝❡ ♣❛8 ❢8BJ✉❡♥❝❡✱ ❝❡ J✉✐ ❡A? ❞✐✣❝✐❧❡♠❡♥? 8B❛❧✐A❛❜❧❡✳ ▲❛ ♠B?❤♦❞♦❧♦❣✐❡

❡♥✈✐A❛❣B❡ ❡A? ❞♦♥❝ ❧❛ A✉✐✈❛♥?❡ ✿

✶✳ ▲❡A ♣8B✈✐A✐♦♥A ✐AA✉❡A ❞✉ ❝❛❧❝✉❧ ♦♣?✐♠❛❧ A♦♥? ❝♦♠♣❛8B❡A T ❞❡A ♠❡A✉8❡A T ✉♥❡ ❢8BJ✉❡♥❝❡

✜①B❡ ✭❝❛8?♦❣8❛♣❤✐❡A ✐♥?❡♥A✐♠B?8✐J✉❡A✱ ✈✐❜8❛?♦✐8❡A✱ ✳✳✳✮✳

✷✳ ❯♥❡ ❢♦✐A J✉❡ ❝❡??❡ ✈B8✐✜❝❛?✐♦♥ ❛ B?B ❡✛❡❝?✉B❡✱ ✐❧ ❡A? ♣♦AA✐❜❧❡ ❞❡ 8❛✐A♦♥♥❡8 T ♣❛8?✐8 ❞❡A

♣8B✈✐A✐♦♥A ❞✉ ❝❛❧❝✉❧ ✐AA✉❡A ❞❡A ♣8B✈✐A✐♦♥A ❧❛8❣❡ ❜❛♥❞❡✳

❱!"✐✜❝❛'✐♦♥ ❞❡, ♣"!✈✐,✐♦♥, ❞✉ ❝♦♥'"0❧❡ ♦♣'✐♠❛❧

▲✬♦❜❥❡❝?✐❢ ♠❛❥❡✉8 ❞❡ ❝❡??❡ B?❛♣❡ ❡A? ❞♦♥❝ ❞❡ ✈B8✐✜❡8 ❧❛ ✈❛❧✐❞✐?B ❞❡A 8BA✉❧?❛?A ♣8B✈✉A T

♣❛8?✐8 ❞❡A ✐❞❡♥?✐✜❝❛?✐♦♥A ❧❛8❣❡ ❜❛♥❞❡✳ ▲❛ ❝♦♠♠❛♥❞❡ uopt
❡A? ❝❛❧❝✉❧B❡ T ♣❛8?✐8 ❞❡ ❧✬❊J✳

✭✹✳✷✷✮✳ #✉✐A✱ ❧❡A ❞✐✛B8❡♥?❡A ❣8❛♥❞❡✉8A ♠❡A✉8❛❜❧❡A A♦♥? A✐♠✉❧B❡A T ♣❛8?✐8 ❞❡A ❢♦♥❝?✐♦♥A ❞❡

?8❛♥A❢❡8?A✱ ❞❛♥A ❧❡ ❝❛A ♦Y ❧❡A ❝♦♠♠❛♥❞❡A ♦♣?✐♠❛❧❡A A♦♥? ❡♥✈♦②B❡A ❛✉① ❛❝?✐♦♥♥❡✉8A✳ ❈❡A

♣8B✈✐A✐♦♥A A♦♥? ❡♥A✉✐?❡ ❝♦♥❢8♦♥?B❡A ❛✉① ❝❛8?♦❣8❛♣❤✐❡A ♠❡A✉8B❡A ❧♦8AJ✉❡ ❧❛ ❝♦♠♠❛♥❞❡ uopt

❡A? 8B❡❧❧❡♠❡♥? ❡♥✈♦②B❡ ❛✉① ❛❝?✐♦♥♥❡✉8A✳ ❈✬❡A? ❞♦♥❝ ♣❧✉?P? ❧❡ ♣8✐♥❝✐♣❡ ❞❡ A✉♣❡8♣♦A✐?✐♦♥ J✉✐

❡A? ?❡A?B ❡? ❝✬❡A? A❛ ✈❛❧✐❞❛?✐♦♥ J✉✐ ❛✉?♦8✐A❡ ❧❡ ❢❛✐? ❞❡ ?8❛✈❛✐❧❧❡8 ❛ ♣♦A?❡8✐♦8✐ ❛✈❡❝ ❧❡A ?8❛♥A❢❡8?A

♠❡A✉8BA✳ ❊♥ 8B❛❧✐?B✱ ❧❡ ❝♦♥?8P❧❡ ❢❛✐? ✐♥?❡8✈❡♥✐8 ?8♦✐A ❢♦✐A ❝❡ ♣8✐♥❝✐♣❡ ✿

✲ ❧❡ ❝❤❛♠♣ ♣8✐♠❛✐8❡ ❡A? ❧❛ A✉♣❡8♣♦A✐?✐♦♥ ❞❡A ❝❤❛♠♣ ❣B♥B8BA ♣❛8 ❧❡A J✉❛?8❡ ❝♦❧♦♥♥❡A ❞❡

❤❛✉?✲♣❛8❧❡✉8A ✐❞❡♥?✐✜B❡A AB♣❛8B♠❡♥?✳

✲ ❧❡ ❝❤❛♠♣ A❡❝♦♥❞❛✐8❡ ❡A? ❧❛ A✉♣❡8♣♦A✐?✐♦♥ ❞❡A ❝❤❛♠♣ ❣B♥B8BA ♣❛8 ❧❡A ?8♦✐A ❛❝?✐♦♥♥❡✉8A

✐♥❡8?✐❡❧A✳



✾✵ ❈❍❆%■❚❘❊ ✻✳ ❘➱❙❯▲❚❆❚❙ ❊❳%➱❘■▼❊◆❚❆❯❳

✲ ❧❡ ❝❤❛♠♣ ;♦;❛❧ ❡=; ❧❛ =✉♣❡?♣♦=✐;✐♦♥ ❞✉ ❝❤❛♠♣ ♣?✐♠❛✐?❡ ❡; ❞✉ ❝❤❛♠♣ =❡❝♦♥❞❛✐?❡✳

❈❡;;❡ =✉♣❡?♣♦=✐;✐♦♥ ❛ C;C ;❡=;C❡ D ❧❛ ❢?CF✉❡♥❝❡ f = 340 ❍③ F✉✐ ❝♦??❡=♣♦♥❞ D ❧❛ ?C=♦♥❛♥❝❡

❞✉ ♠♦❞❡ ✭✸✱✶✮ ❞❡ ❧❛ ♣❧❛F✉❡✳ ▲❡ ❝❛❧❝✉❧ ♦♣;✐♠❛❧ ❛ C;C ❝❛❧❝✉❧C ♣♦✉? β = 1 × 10−6✳ ▲❡#

❝❛&'♦❣&❛♣❤✐❡# ❞✬✐♥'❡♥#✐'0 ❛❝♦✉#'✐2✉❡ ♣&0✈✉❡# ❡' ♠❡#✉&0❡# #♦♥' ♣&0#❡♥'0❡# #✉& ❧❛ ❋✐❣✉&❡ ✻✳✺✳

9♦✉& ❝❡ 2✉✐ ❡#' ❞✉ ❝❤❛♠♣ ♣&✐♠❛✐&❡ ❡' ❞✉ ❝❤❛♠♣ #❡❝♦♥❞❛✐&❡ #✐♠✉❧0# #0♣❛&0♠❡♥'✱ ✐❧ ② ❛

✉♥❡ ❜♦♥♥❡ ❝♦♥❝♦&❞❛♥❝❡ ❡♥'&❡ ❧❛ ♣&0✈✐#✐♦♥ ❡' ❧❛ ♠❡#✉&❡✳ ❉❡# ❞✐✛0&❡♥❝❡# ❛♣♣❛&❛✐##❡♥' ❧♦&#

❞❡ ❧❛ #✉♣❡&♣♦#✐'✐♦♥ ❞❡# ❝❤❛♠♣# ♣&✐♠❛✐&❡ ❡' #❡❝♦♥❞❛✐&❡✳ ❉❛♥# ❧❛ ❝♦♥✜❣✉&❛'✐♦♥ 0'✉❞✐0❡✱ ❧❡

❝❤♦✐① ❞✬✉♥ ♣❛&❛♠A'&❡ ❞❡ &0❣✉❧❛&✐#❛'✐♦♥ ❞❡ ❧✬❡✛♦&' ❞❡ ❝♦♥'&B❧❡ '&A# ❢❛✐❜❧❡ ♣❡&♠❡' ❞✬♦❜'❡♥✐&

✉♥❡ ❛''0♥✉❛'✐♦♥ ♣&0✈✉❡ ❞❡ ✹✺ ❞❇ ♣♦✉& ✉♥❡ ❛''0♥✉❛'✐♦♥ ♠❡#✉&0❡ ❞❡ ✸✼ ❞❇ ❞❡ ❧❛ ♣✉✐##❛♥❝❡

❛❝♦✉#'✐2✉❡ &❛②♦♥♥0❡✳ ❈❡❧❛ &0#✉❧'❡ ❡♥ ✉♥ &0#✐❞✉ ✐♥'❡♥#✐♠0'&✐2✉❡ 2✉❛#✐♠❡♥' ♥✉❧ ❡' ❞♦♥❝ '&A#

#❡♥#✐❜❧❡ ❛✉① ❜&✉✐'# ♣❛&❛#✐'❡# ♦✉ ❛✉'&❡# ❡&&❡✉&# ❞❡ ♠❡#✉&❡✳ ❚♦✉' ❛✉ ❧♦♥❣ ❞❡ ❧✬0'✉❞❡ '❤0♦&✐2✉❡✱

✐❧ ❛ 0'0 #♦✉❧✐❣♥0 2✉❡ ❧❛ ♠✐♥✐♠✐#❛'✐♦♥ ❞❡ ❧❛ ♣✉✐##❛♥❝❡ ❛❝♦✉#'✐2✉❡ &❛②♦♥♥0❡ ♥❡ ❝♦&&❡#♣♦♥❞ ♣❛#

❢♦&❝0♠❡♥' J ❧❛ ♠✐♥✐♠✐#❛'✐♦♥ ❞❡ ❧❛ ✈✐❜&❛'✐♦♥ ❞❡ ❧❛ #'&✉❝'✉&❡✳ ❊♥ ❡✛❡'✱ ❧❛ #✉♣❡&♣♦#✐'✐♦♥ ❞❡#

❝❤❛♠♣ ♣&✐♠❛✐&❡ ❡' #❡❝♦♥❞❛✐&❡ ❡#' ❜❡❛✉❝♦✉♣ ♣❧✉# ❢❛❝✐❧❡ J ✈❛❧✐❞❡& ❡♥ ♦❜#❡&✈❛♥' ❧❛ ❞0❢♦&♠0❡

✈✐❜&❛'♦✐&❡ ❞❡ ❧❛ ♣❧❛2✉❡ J f = 340 ❍③ ✭❋✐❣✉&❡ ✻✳✻✮✳ ❊♥ ❝♦♥❝❧✉#✐♦♥✱ ❧❡# ✈❛❧✐❞❛'✐♦♥# ❡✛❡❝'✉0❡#

❞❛♥# ❝❡''❡ #❡❝'✐♦♥ J ✉♥❡ ❢&02✉❡♥❝❡ ♣❡&♠❡''❡♥' ❞❡ ❥✉#'✐✜❡& ❧❛ ♣&0#❡♥'❛'✐♦♥ ❞❛♥# ❧❡# #❡❝'✐♦♥#

#✉✐✈❛♥'❡# ❞❡ &0#✉❧'❛'# ♣&0✈✉# J ♣❛&'✐& ❞❡# '&❛♥#❢❡&'# ✐❞❡♥'✐✜0# ❡①♣0&✐♠❡♥'❛❧❡♠❡♥'✳

✻✳✶✳✸ ❘%&✉❧)❛)&

▲✬❛♠♣❧✐'✉❞❡ ❞✉ ❝❤❛♠♣ ♣&✐♠❛✐&❡ ❛ 0'0 ❝❤♦✐#✐❡ ❞❛♥# ❧❡# #✐♠✉❧❛'✐♦♥# ♥✉♠0&✐2✉❡# ❛✜♥ ❞❡

❝♦&&❡#♣♦♥❞&❡ J ✉♥ ♥✐✈❡❛✉ ❞✬❡①❝✐'❛'✐♦♥ ❝♦♠♣❛&❛❜❧❡ J ❝❡❧✉✐ ✜①0 ❡①♣0&✐♠❡♥'❛❧❡♠❡♥' ❡' ❧❡

❞0♣❤❛#❛❣❡ ❡♥'&❡ ❧❡# ❝♦❧♦♥♥❡# ❞❡ ❤❛✉'✲♣❛&❧❡✉&# &0❣❧0 ❞✬❛♣&A# ❧✬❊2✳ ✭✻✳✶✮ ♣♦✉& ❝♦&&❡#♣♦♥❞&❡

❛✉ ♠✐❡✉① J ✉♥❡ ✐♥❝✐❞❡♥❝❡ ❞✬♦♥❞❡ ♣❧❛♥❡ ❞❡ θ = π
6
✳ ❆❧♦&# 2✉❡ ❧❡# &0#✉❧'❛'# '❤0♦&✐2✉❡# #♦♥'

❡①♣&✐♠0# ❞✐&❡❝'❡♠❡♥' #♦✉# ❧❛ ❢♦&♠❡ ❞❡ ❣&❛♥❞❡✉&# ♠0❝❛♥✐2✉❡# ✭f , ẇ,Zopt
m ✮✱ ❡♥ ♣&❛'✐2✉❡ ❝❡

#♦♥' ♣❧✉'B' ❧❡# ❣&❛♥❞❡✉&# 0❧❡❝'&✐2✉❡# ✭u,y,Zopt
✮ ♠❡#✉&❛❜❧❡# 2✉✐ #♦♥' ✉'✐❧✐#0❡#✳ ❉❡ ♣❧✉#✱

❧✬❛❧❣♦&✐'❤♠❡ ❞❡ ❝♦♥'&B❧❡ ❞❡ ❧✬✐♠♣0❞❛♥❝❡ ♠0❝❛♥✐2✉❡ ❧♦❝❛❧❡ ✭➱'❛♣❡ ✷✮ ❡#' ❡①♣&✐♠0 J ❧✬❛✐❞❡ ❞❡

❝❡# ❣&❛♥❞❡✉&#✳ ❊♥ &❛♣♣❡❧❛♥' 2✉❡ y ❡#' ❧❛ '❡♥#✐♦♥ ♠❡#✉&0❡ ❛✉① ❜♦&♥❡# ❞❡# ❛❝❝0❧0&♦♠A'&❡#✱

✐♥'0❣&0❡ '❡♠♣♦&❡❧❧❡♠❡♥'✱ ❡' 2✉❡ ❧❛ ❢♦&❝❡ ❡①❡&❝0❡ ♣❛& ❧❡# ❛❝'✐♦♥♥❡✉&# #✉& ❧❛ #'&✉❝'✉&❡ ❡#'

'❡❧❧❡ 2✉❡ f = Hfuu✱ ✐❧ ❡#' ♣♦##✐❜❧❡ ❞❡ &❡'&♦✉✈❡& ❧❡# ❣&❛♥❞❡✉&# ♠0❝❛♥✐2✉❡# ❛##♦❝✐0❡# ❛✉①

❣&❛♥❞❡✉&# 0❧❡❝'&✐2✉❡# ♠❡#✉&0❡# ❡' ❞✬❡①♣&✐♠❡& Zopt
m ❡♥ ❢♦♥❝'✐♦♥ ❞❡ Zopt

✭❊2✳ ✭✹✳✹✮✮✳ ▲❛ ✈❛❧❡✉&

❞✉ '&❛♥#❢❡&' Hfu ❡♥'&❡ ❧❛ ❢♦&❝❡ ❡①❡&❝0❡ #✉& ❧❛ #'&✉❝'✉&❡ ❡♥ ❢♦♥❝'✐♦♥ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ❡♥✈♦②0❡

#✉& ❝❤❛2✉❡ ❛❝'✐♦♥♥❡✉& ❡#' ♥0❝❡##❛✐&❡✳ ❈❡ '&❛♥#❢❡&'✱ &❡♣&0#❡♥'0 #✉& ❧❛ ❋✐❣✉&❡ ✻✳✼✱ ❡#' ❡#'✐♠0

❣&V❝❡ J ✉♥❡ ♠0'❤♦❞❡ ♣&0#❡♥'0❡ ❡♥ ❆♥♥❡①❡ ❇ ❡' 2✉✐ ❛ 0❣❛❧❡♠❡♥' ♣❡&♠✐# ❞❡ ❞0✈❡❧♦♣♣❡&

✉♥❡ ♠0'❤♦❞❡ ❞✬❡#'✐♠❛'✐♦♥ ❞❡ ❧❛ ♠♦❜✐❧✐'0 ♠0❝❛♥✐2✉❡ ❞✬✉♥❡ #'&✉❝'✉&❡ ❛✉ #❡✉❧ ♠♦②❡♥ ❞✬✉♥
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8❛②♦♥♥9❡ ✭❋✐❣✉8❡4 ✻✳✶✸ ❡: ✻✳✶✹✮✱ ❞❡ ❧❛ ♠♦❞✐✜❝❛:✐♦♥ ❞❡ ❧❛ ✈✐❜8❛:✐♦♥ ✭❋✐❣✉8❡ ✻✳✶✺✮✱ ❞❡ ❧✬9♥❡8❣✐❡

❝✐♥9:✐@✉❡ ♦✉ ❞✉ ❞9❜✐: ✈♦❧✉♠✐@✉❡ :♦:❛❧ ❞❡ ❧❛ 4:8✉❝:✉8❡ ✭❋✐❣✉8❡ ✻✳✶✼✮ 4♦♥: ❞❛♥4 ❝❡ ❝❛4

:8X4 ♣8♦❝❤❡4 ♣♦✉8 ❧❡4 ❞❡✉① ♠9:❤♦❞❡4✳ ❉❡ ♠Q♠❡✱ ❧❡4 ✈❛8✐❛:✐♦♥4 ❞❡ Zopt
m ❛✉ ✈♦✐4✐♥❛❣❡ ❞❡4

894♦♥❛♥❝❡4 ❝♦88❡4♣♦♥❞❡♥: V ❝❡❧❧❡4 ♦❜4❡8✈9❡4 ❡♥ :❤9♦8✐❡ ✭❋✐❣✉8❡ ✺✳✶✻✮ ✿ 4✉8 ❧❛ 894♦♥❛♥❝❡ ❞✬✉♥
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❋✐❣✉7❡ ✻✳✾ ❆♠♦7;✐<<❡♠❡♥; ❛❝;✐❢ ✭g = 6.7×105✮ ✿ ♣✉✐<<❛♥❝❡ ❛❝♦✉<;✐E✉❡ 7❛②♦♥♥G❡
<❛♥< ✭;7❛✐; ♣♦✐♥;✐❧❧G✮ ❡; ❛✈❡❝ ❝♦♥;7J❧❡ ✭;7❛✐; ♣❧❡✐♥✮ ♣♦✉7 ✉♥❡ ❜❛♥❞❡ ❢7GE✉❡♥;✐❡❧❧❡

❞❡ ✶✺✵ P ✹✺✵ ❍③ ✭❣❛✉❝❤❡✮ ❡; ✸✷✵ P ✸✻✵ ❍③ ✭❞7♦✐;❡✮✳
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❋✐❣✉$❡ ✻✳✶✵ ❱✐+❡,,❡, ✈✐❜$❛+♦✐$❡, ❞❡ ❧❛ ♣❧❛4✉❡ ,❛♥, ❝♦♥+$7❧❡ ✭❣❛✉❝❤❡✮✱ ❛✈❡❝

❝♦♥+$7❧❡ ♦♣+✐♠❛❧ ♣♦✉$ β = 1 × 10−6 ✭❝❡♥+$❡✮ ❡+ ❛♠♦$+✐,,❡♠❡♥+ ❛❝+✐❢ ♣♦✉$

g = 6.7× 105 ✭❞$♦✐+❡✮ > f = 340 ❍③✳

♠♦❞❡ ,+$✉❝+✉$❡❧✱ ❧✬✐♠♣B❞❛♥❝❡ ✈✐$+✉❡❧❧❡ ♦♣+✐♠❛❧❡ ❡,+ $B❡❧❧❡ ♣♦,✐+✐✈❡ ✭❋✐❣✉$❡ ✻✳✶✻✮✳ ❙✉$ ❝❡++❡

✜❣✉$❡ ❛♣♣❛$❛E+ B❣❛❧❡♠❡♥+ ❧❡ ❢❛✐+ 4✉❡ ❧✬✐♠♣B❞❛♥❝❡ ♠B❝❛♥✐4✉❡ ✈✐$+✉❡❧❧❡ ✐♠♣♦,B❡ ❧♦$,4✉✬✉♥❡

♠B+❤♦❞❡ ❝❧❛,,✐4✉❡ ❞✬❛♠♦$+✐,,❡♠❡♥+ ❛❝+✐❢ ❡,+ ♠✐,❡ ❡♥ ♣❧❛❝❡ ❛✈❡❝ ✉♥ ❛❝+✐♦♥♥❡✉$ ✐♥❡$+✐❡❧

❝♦♠♠❛♥❞B ❡♥ +❡♥,✐♦♥ ♥✬❡,+ ♣❛, ,✐♠♣❧❡♠❡♥+ ✉♥❡ ❝♦♥,+❛♥+❡ $B❡❧❧❡ ♣♦,✐+✐✈❡✳
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❋✐❣✉8❡ ✻✳✶✶ ❈♦♥<8=❧❡ ♦♣<✐♠❛❧ ✭β = 1×10−6✮ ✿ ♣❛8<✐❡ 8E❡❧❧❡ ✭❤❛✉<✮ ❡< ✐♠❛❣✐♥❛✐8❡

✭❜❛H✮ ❞❡H ✐♠♣E❞❛♥❝❡H ♠E❝❛♥✐K✉❡H ✈✐8<✉❡❧❧❡H ♦♣<✐♠❛❧❡H β = 1 × 10−6 ♣♦✉8 ✉♥❡

❜❛♥❞❡ ❢8EK✉❡♥<✐❡❧❧❡ ❞❡ ✶✺✵ O ✹✺✵ ❍③ ✭❣❛✉❝❤❡✮ ❡< ✸✷✵ O ✸✻✵ ❍③ ✭❞8♦✐<❡✮✳
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❋✐❣✉8❡ ✻✳✶✷ ➱♥❡8❣✐❡ ❝✐♥E<✐K✉❡ ❞❡ ❧❛ ♣❧❛K✉❡ ✭❣❛✉❝❤❡✮ ❡< ❞E❜✐< ✈♦❧✉♠✐K✉❡ ✭❞8♦✐<❡✮

H❛♥H ❝♦♥<8=❧❡ ✭<8❛✐<H ♣♦✐♥<✐❧❧EH✮✱ ❛✈❡❝ ❝♦♥<8=❧❡ ♦♣<✐♠❛❧ ♣♦✉8 β = 1× 10−6 ✭♥♦✐8✮

❡< ❛♠♦8<✐HH❡♠❡♥< ❛❝<✐❢ ♣♦✉8 g = 6.7× 105 ✭❣8✐H✮✳

✻✳✶✳✹ ❱❛&✐❛(✐♦♥+ ❞❡ ❧✬❛♥❣❧❡ ❞✬✐♥❝✐❞❡♥❝❡ ❞✉ ❝❤❛♠♣ ♣&✐♠❛✐&❡

▲❛ ✈❛❧❡✉8 ❞❡ ❧✬❛♥❣❧❡ ❞✬✐♥❝✐❞❡♥❝❡ H✐♠✉❧E θ ❡H< ♠♦❞✐✜E❡ ❡♥<8❡ −π
2
❡<

π
2
O ❧✬❛✐❞❡ ❞❡ 8❡<❛8❞H

✐♥<8♦❞✉✐<H ❡♥<8❡ ❧❡H ❝♦❧♦♥♥❡H ❞❡ ❤❛✉<✲♣❛8❧❡✉8H ✭❊K✳ ✻✳✶✮ ❡< ❧❛ H✐<✉❛<✐♦♥ H❛♥H ❝♦♥<8=❧❡ ❡H<

❝♦♠♣❛8E❡ O K✉❛<8❡ ❛✉<8❡H H✐<✉❛<✐♦♥H✱ ❝♦♠♠❡ ❞❛♥H ❧❡ ❝❛H <❤E♦8✐K✉❡ ✿ ❧❡H ✐♠♣E❞❛♥❝❡H ♠E❝❛✲

♥✐K✉❡H ✈✐8<✉❡❧❧❡H ♦♣<✐♠❛❧❡H H♦♥< ❝❛❧❝✉❧E❡H ❡< ✐♠♣♦HE❡H ♣♦✉8 <♦✉< θ ✭❝❛H ✶✮✱ ❧❡H ❝♦♠♠❛♥❞❡H

♦♣<✐♠❛❧❡H uopt(π
6
) H♦♥< ❡♥✈♦②E❡H ❛✉① ❛❝<✐♦♥♥❡✉8H ♣♦✉8 <♦✉< θ ✭❝❛H ✷✮✱ ❧❡H ✐♠♣E❞❛♥❝❡H ✈✐8✲

<✉❡❧❧❡H Zopt(π
6
) H♦♥< ✐♠♣♦HE❡H ♣♦✉8 <♦✉< θ ✭❝❛H ✸✮ ❡< ✉♥❡ H<8❛<E❣✐❡ ❞✬❛♠♦8<✐HH❡♠❡♥< ❛❝<✐❢

❡H< ♠✐H❡ ❡♥ ♣❧❛❝❡ ✭❝❛H ✹✮✳ ❯♥❡ ❢♦✐H ❞❡ ♣❧✉H✱ ❧❡H 8EH✉❧<❛<H ♦❜<❡♥✉H O ♣❛8<✐8 ❞❡H ❞♦♥♥E❡H
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❋✐❣✉6❡ ✻✳✶✸ ❈♦♥<6=❧❡ ♦♣<✐♠❛❧ ✭β = 5 × 10−5✮ ✿ ♣✉✐EE❛♥❝❡ ❛❝♦✉E<✐G✉❡ 6❛②♦♥♥I❡

E❛♥E ✭<6❛✐< ♣♦✐♥<✐❧❧I✮ ❡< ❛✈❡❝ ❝♦♥<6=❧❡ ✭<6❛✐< ♣❧❡✐♥✮ ♣♦✉6 ✉♥❡ ❜❛♥❞❡ ❢6IG✉❡♥<✐❡❧❧❡

❞❡ ✶✺✵ P ✹✺✵ ❍③ ✭❣❛✉❝❤❡✮ ❡< ✸✷✵ P ✸✻✵ ❍③ ✭❞6♦✐<❡✮✳
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❋✐❣✉6❡ ✻✳✶✹ ❆♠♦6<✐EE❡♠❡♥< ❛❝<✐❢ ✭g = 1.3× 104✮ ✿ ♣✉✐EE❛♥❝❡ ❛❝♦✉E<✐G✉❡ 6❛②♦♥✲

♥I❡ E❛♥E ✭<6❛✐< ♣♦✐♥<✐❧❧I✮ ❡< ❛✈❡❝ ❝♦♥<6=❧❡ ✭<6❛✐< ♣❧❡✐♥✮ ♣♦✉6 ✉♥❡ ❜❛♥❞❡ ❢6IG✉❡♥✲

<✐❡❧❧❡ ❞❡ ✶✺✵ P ✹✺✵ ❍③ ✭❣❛✉❝❤❡✮ ❡< ✸✷✵ P ✸✻✵ ❍③ ✭❞6♦✐<❡✮✳

❡①♣I6✐♠❡♥<❛❧❡E E♦♥< ❝♦♠♣❛6❛❜❧❡E P ❝❡✉① E✐♠✉❧IE ♥✉♠I6✐G✉❡♠❡♥< ✭❋✐❣✉6❡ ✻✳✶✽✮✳ ➚ ❧❛ ❢6I✲

G✉❡♥❝❡ f = 340 ❍③✱ ❧❡E ❝♦✉6❜❡E ❞❡E ♣✉✐EE❛♥❝❡E ❛❝♦✉E<✐G✉❡E 6❛②♦♥♥I❡E ♦❜<❡♥✉❡E ❞❛♥E ❧❡E

❝❛E ✶✱ ✷ ❡< ✸ E❡ ❝6♦✐E❡♥< ❝♦♠♠❡ ❛<<❡♥❞✉ ❛✉ ✈♦✐E✐♥❛❣❡ ❞❡ θ = π
6
✳ ❙✉6 ✉♥❡ 6IE♦♥❛♥❝❡ ❡< ♣♦✉6

✉♥❡ ♣I♥❛❧✐E❛<✐♦♥ ❢❛✐❜❧❡✱ ♠Z♠❡ E✐ ❧❛ ✈❛❧❡✉6 ❞❡E ✐♠♣I❞❛♥❝❡E ♠I❝❛♥✐G✉❡E ✈✐6<✉❡❧❧❡E ♦♣<✐♠❛❧❡E

✈❛6✐❡ ❛✈❡❝ ❧✬❛♥❣❧❡ ❞✬✐♥❝✐❞❡♥❝❡ ❞❡ ❧✬♦♥❞❡ ♣6✐♠❛✐6❡✱ ❧❡ ❢❛✐< ❞✬✐♠♣♦E❡6 ❧❛ ♠Z♠❡ ✐♠♣I❞❛♥❝❡

♠I❝❛♥✐G✉❡ ✈✐6<✉❡❧❧❡ ♣♦✉6 <♦✉< θ ✭❝❛E ✸✮ ♣❡6♠❡< ❝❡♣❡♥❞❛♥< ❞✬♦❜<❡♥✐6 ✉♥❡ ❜♦♥♥❡ ❛<<I♥✉❛✲

<✐♦♥✳ ▲✬❛✉❣♠❡♥<❛<✐♦♥ ❞❡ ❧❛ ♣I♥❛❧✐E❛<✐♦♥ ❡♥<6❛\♥❡ ✉♥❡ ❞✐♠✐♥✉<✐♦♥ ❞❡ ❧❛ ♣❡6❢♦6♠❛♥❝❡ ♠❛✐E

✉♥❡ ❛✉❣♠❡♥<❛<✐♦♥ ❞❡ ❧❛ 6♦❜✉E<❡EE❡ ❡♥ ♣❡6❢♦6♠❛♥❝❡ ✿ ❧❛ ✈❛❧❡✉6 ❞❡E ✐♠♣I❞❛♥❝❡E ♠I❝❛♥✐G✉❡E

✈✐6<✉❡❧❧❡E ♦♣<✐♠❛❧❡E ✈❛6✐❡ ❜❡❛✉❝♦✉♣ ♠♦✐♥E ❛✈❡❝ ❧✬❛♥❣❧❡ ❞✬✐♥❝✐❞❡♥❝❡ ❞❡ ❧✬♦♥❞❡ ♣6✐♠❛✐6❡ ❡<

❧❡E ❝❛E ✷✱ ✸ ❡< ✹ E♦♥< <6]E ♣6♦❝❤❡E✳ ▲❡E 6IE✉❧<❛<E ♦❜<❡♥✉E ♣❛6 ❧❛ 6I❛❧✐E❛<✐♦♥ ❞✬❛♠♦6<✐EE❡♠❡♥<

❛❝<✐❢ ❝♦♥❝♦6❞❡♥< ❛✈❡❝ ❧❡E E✐♠✉❧❛<✐♦♥E ♥✉♠I6✐G✉❡E ❡< ♠♦♥<6❡♥< ❧✬✐♥<I6Z< ❞✬✐♠♣❧❛♥<❡6 ❧❡E ✐♠✲
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❋✐❣✉$❡ ✻✳✶✺ ❱✐+❡,,❡, ✈✐❜$❛+♦✐$❡, ❞❡ ❧❛ ♣❧❛4✉❡ ,❛♥, ❝♦♥+$7❧❡ ✭❣❛✉❝❤❡✮✱ ❛✈❡❝

❝♦♥+$7❧❡ ♦♣+✐♠❛❧ ♣♦✉$ β = 5 × 10−5 ✭❝❡♥+$❡✮ ❡+ ❛♠♦$+✐,,❡♠❡♥+ ❛❝+✐❢ ♣♦✉$

g = 1.3× 104 ✭❞$♦✐+❡✮ > f = 340 ❍③✳
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❋✐❣✉$❡ ✻✳✶✻ ❈♦♥+$7❧❡ ♦♣+✐♠❛❧ ✿ ♣❛$+✐❡ $C❡❧❧❡ ✭❣❛✉❝❤❡✮ ❡+ ✐♠❛❣✐♥❛✐$❡ ✭❞$♦✐+❡✮ ❞❡,

✐♠♣C❞❛♥❝❡, ♠C❝❛♥✐4✉❡, ✈✐$+✉❡❧❧❡, ♦♣+✐♠❛❧❡, ♣♦✉$ β = 5× 10−5 ✭+$❛✐+, ♣❧❡✐♥,✮ ❡+
♣♦✉$ g = 1.3× 104 ✭+$❛✐+, ♣♦✐♥+✐❧❧C,✮✳

♣C❞❛♥❝❡, ♠C❝❛♥✐4✉❡, ✈✐$+✉❡❧❧❡, ♦♣+✐♠❛❧❡,✳

▲❡, ❛++C♥✉❛+✐♦♥, ♦❜+❡♥✉❡, ❞❛♥, ❧❡, ❝❛, ✸ ❡+ ✹ ,♦♥+ ❡♥,✉✐+❡ +$❛❝C❡, ♣♦✉$ ✉♥❡ ❢$C4✉❡♥❝❡

❡♥+$❡ ✶✺✵ ❡+ ✹✺✵ ❍③ ✭❋✐❣✉$❡ ✻✳✶✾✮ ❡+ ❧❡, ❝♦♥❝❧✉,✐♦♥, ,♦♥+ ❧❡, ♠I♠❡, 4✉✬❡♥ +❤C♦$✐❡ ✿ ❛✈❡❝

♣C♥❛❧✐,❛+✐♦♥ ❞❡ ❧✬❡✛♦$+ ❞❡ ❝♦♥+$7❧❡✱ ❧❡, ❛++C♥✉❛+✐♦♥, ♦❜+❡♥✉❡, ,♦♥+ ♣❧✉, ❢❛✐❜❧❡, ❡+ ❞✬❛✈❛♥✲

+❛❣❡, ❧♦❝❛❧✐,C❡, ❛✉+♦✉$ ❞❡, $C,♦♥❛♥❝❡,✳ ❊♥ $❡✈❛♥❝❤❡✱ ❧❡, ③♦♥❡, ❞✬❛++C♥✉❛+✐♦♥ ♥C❣❛+✐✈❡ ,♦♥+

♠♦✐♥, ♥♦♠❜$❡✉,❡, ❡+ ❧❡, ✈❛❧❡✉$, ♥C❣❛+✐✈❡, ♠♦✐♥, ✐♠♣♦$+❛♥+❡,✳ ❉❡ ♣❧✉,✱ ♠I♠❡ ❛✈❡❝ ✉♥❡
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❋✐❣✉7❡ ✻✳✶✼ ➱♥❡7❣✐❡ ❝✐♥=>✐?✉❡ ❞❡ ❧❛ ♣❧❛?✉❡ ✭❣❛✉❝❤❡✮ ❡> ❞=❜✐> ✈♦❧✉♠✐?✉❡ ✭❞7♦✐>❡✮

K❛♥K ❝♦♥>7L❧❡ ✭>7❛✐>K ♣♦✐♥>✐❧❧=K✮✱ ❛✈❡❝ ❝♦♥>7L❧❡ ♦♣>✐♠❛❧ ♣♦✉7 β = 5× 10−5 ✭♥♦✐7✮

❡> ❛♠♦7>✐KK❡♠❡♥> ❛❝>✐❢ ♣♦✉7 g = 1.3× 104 ✭❣7✐K✮✳

♣=♥❛❧✐K❛>✐♦♥ ❞❡ ❧✬❡✛♦7> ❞❡ ❝♦♥>7L❧❡ >7QK ❢❛✐❜❧❡✱ ❧❡ ✈♦✐K✐♥❛❣❡ ❞✬✉♥ 7=K♦♥❛♥❝❡ 7❡K>❡ ✉♥❡ K✐✲

>✉❛>✐♦♥ ❢❛✈♦7❛❜❧❡ S ❧❛ 7♦❜✉K>❡KK❡ ❡♥ ♣❡7❢♦7♠❛♥❝❡ ❞❡ ❧❛ ♠=>❤♦❞❡ S ❧❛ ✈❛7✐❛>✐♦♥ ❞❡ ❧✬❛♥❣❧❡

❞✬✐♥❝✐❞❡♥❝❡✳ ■❧ ❡K> ❞♦♥❝ ❜✐❡♥ ♣♦KK✐❜❧❡ ❞❡ ❝♦♥❝❧✉7❡ ?✉❡ ❧❛ ♣=♥❛❧✐K❛>✐♦♥ ❞❡ ❧✬❡✛♦7> ❞❡ ❝♦♥>7L❧❡

❡♥>7❛T♥❡ ✉♥❡ ♣❡7>❡ ❞❡ ♣❡7❢♦7♠❛♥❝❡ ♠❛✐K ✉♥❡ ❛✉❣♠❡♥>❛>✐♦♥ ❞❡ ❧❛ 7♦❜✉K>❡KK❡ ❡♥ ♣❡7❢♦7♠❛♥❝❡

❞✉ ❝♦♥>7L❧❡ ♠✐K ❡♥ ♣❧❛❝❡✳
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❋✐❣✉7❡ ✻✳✶✽ %✉✐KK❛♥❝❡ ❛❝♦✉K>✐?✉❡ 7❛②♦♥♥=❡ ✭f = 340 ❍③✱ φ = 0✱ (β = 1×10−6✱
g = 6.7 × 105) ✭❣❛✉❝❤❡✮✱ (β = 5 × 10−5, g = 1.3 × 104) ✭❞7♦✐>❡✮✮ ✿ K❛♥K ❝♦♥>7L❧❡
✭>7❛✐> ♣♦✐♥>✐❧❧=✮✱ ❝❛K ✶ ✭♥♦✐7✮✱ ❝❛K ✷ ✭❣7✐K ❢♦♥❝=✮✱ ❝❛K ✸ ✭❣7✐K ❝❧❛✐7✮✱ ❝❛K ✹ ✭✰✮✳

✻✳✶✳✺ ❈♦♥❝❧✉*✐♦♥

▼❛❧❣7= ❞❡K ❞✐✛=7❡♥❝❡K ❡♥ >❡7♠❡ ❞✬❡①❝✐>❛>✐♦♥ ♣7✐♠❛✐7❡✱ ❧❡ ❞✐K♣♦K✐>✐❢ ❡①♣=7✐♠❡♥>❛❧ ❞=>❛✐❧❧=

❞❛♥K ❝❡>>❡ K❡❝>✐♦♥ ❝♦♥K>✐>✉❡ ✉♥ ♠♦♥>❛❣❡ 7❡❧❛>✐✈❡♠❡♥> K✐♠♣❧❡ ❡> ♠♦✐♥K ❝♦]>❡✉① ?✉✬✉♥❡ ♠❡✲

K✉7❡ ❞❡ ♣❡7>❡ ♣❛7 >7❛♥K♠✐KK✐♦♥ ❝❧❛KK✐?✉❡ ❢❛✐K❛♥> ✐♥>❡7✈❡♥✐7 ❞❡✉① ❝❤❛♠❜7❡K ❝♦✉♣❧=❡K✱ ♠❛✐K
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❋✐❣✉7❡ ✻✳✶✾ ❆99:♥✉❛9✐♦♥ ❞❡ ❧❛ ♣✉✐AA❛♥❝❡ ❛❝♦✉A9✐C✉❡ 7❛②♦♥♥:❡ ✭f = 340 ❍③✱

φ = 0✱ Pinc = 10 #❛✮ ♦❜9❡♥✉❡ ❞❛♥A ❧❡ ❝❛A ✸ ♣♦✉7 β = 1× 10−6 ✭❤❛✉9✮ ❡9 ❧❡ ❝❛A ✹

♣♦✉7 g = 6.7× 105 ✭❜❛A✮✳

♣❡7♠❡9 ❝❡♣❡♥❞❛♥9 ✉♥❡ ❜♦♥♥❡ ❝♦♥❝♦7❞❛♥❝❡ ❞❡A 7:A✉❧9❛9A 9❤:♦7✐C✉❡A ❡9 ♠❡A✉7:A ❞❛♥A ❧❡

❝❛A ❞✬✉♥❡ ♣❧❛C✉❡ ♠✐♥❝❡ ❡♥ ❛♣♣✉✐ A✐♠♣❧❡✳ ❚♦✉9❡A ❧❡A 9❡♥❞❛♥❝❡A ♣7:✈✉❡A ♣❛7 ❧❛ A✐♠✉❧❛9✐♦♥

❞✉ ♣7♦❜❧Q♠❡ ✈✐❜7♦❛❝♦✉A9✐C✉❡ ♦♥9 ♣✉ R97❡ ✈:7✐✜:❡A ❡♥ ♣7❛9✐C✉❡✳ ❚♦✉9 ❞✬❛❜♦7❞✱ ❧❡ ❝♦♥97T❧❡

♦♣9✐♠❛❧ ♣❡7♠❡9 ❞✬♦❜9❡♥✐7 ✉♥❡ ♠❡✐❧❧❡✉7❡ ❛99:♥✉❛9✐♦♥ ❞❡ ❧❛ ♣✉✐AA❛♥❝❡ ❛❝♦✉A9✐C✉❡ 7❛②♦♥♥:❡

C✉✬✉♥❡ A97❛9:❣✐❡ ❝❧❛AA✐C✉❡ ❞✬❛♠♦79✐AA❡♠❡♥9 ❛❝9✐❢ ✿ ❧✬❛♠♦79✐AA❡♠❡♥9 ❛❝9✐❢ ♥❡ ♣❡7♠❡9 ❞✬✐♠✲

♣♦A❡7 C✉✬✉♥❡ ✐♠♣:❞❛♥❝❡ ♠:❝❛♥✐C✉❡ ✈✐79✉❡❧❧❡ 7:A✐A9✐✈❡ ❛❧♦7A C✉❡ ❧❛ ✈❛❧❡✉7 ❞❡A ✐♠♣:❞❛♥❝❡A

♠:❝❛♥✐C✉❡A ✈✐79✉❡❧❧❡A ♦♣9✐♠❛❧❡A ❝♦77❡A♣♦♥❞ ❞❛♥A ❝❡79❛✐♥A ❝❛A X ❞❡ ❧✬✐♥❥❡❝9✐♦♥ ❞❡ ❧✬:♥❡7❣✐❡ X

❧❛ A97✉❝9✉7❡✳ ❉❡ ♠R♠❡✱ ❧✬:9✉❞❡ ❞❡ ❧❛ 7♦❜✉A9❡AA❡ ❡♥ ♣❡7❢♦7♠❛♥❝❡ ❞❡ ❧❛ ♠:9❤♦❞❡ ❛✉① ✈❛7✐❛✲

9✐♦♥A ❞❡ ❧✬❛♥❣❧❡ ❞✬✐♥❝✐❞❡♥❝❡ ❞❡ ❧✬♦♥❞❡ ♣7✐♠❛✐7❡ ❛ ♣❡7♠✐A ❞❡ ❝♦♥✜7♠❡7 C✉✬❛✉ ✈♦✐A✐♥❛❣❡ ❞❡A

7:A♦♥❛♥❝❡A ❞❡ ❧❛ A97✉❝9✉7❡✱ ❧❛ ✈❛❧❡✉7 ❞❡A ✐♠♣:❞❛♥❝❡A ♠:❝❛♥✐C✉❡A ✈✐79✉❡❧❧❡A ♦♣9✐♠❛❧❡A ✈❛7✐❡
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❋✐❣✉7❡ ✻✳✷✵ ❆::;♥✉❛:✐♦♥ ❞❡ ❧❛ ♣✉✐BB❛♥❝❡ ❛❝♦✉B:✐D✉❡ 7❛②♦♥♥;❡ ✭f = 340 ❍③✱

φ = 0✱ Pinc = 10 %❛✮ ♦❜:❡♥✉❡ ❞❛♥B ❧❡ ❝❛B ✸ ♣♦✉7 β = 5× 10−5 ✭❤❛✉:✮ ❡: ❧❡ ❝❛B ✹

♣♦✉7 g = 1.3× 104 ✭❜❛B✮✳

❜❡❛✉❝♦✉♣ ♠♦✐♥B ❡♥ ❢♦♥❝:✐♦♥ ❞❡ ❧✬❡①❝✐:❛:✐♦♥ ♣7✐♠❛✐7❡ D✉✬❤♦7B 7;B♦♥❛♥❝❡✳ ❊♥✜♥✱ ❧✬✐♥✢✉❡♥❝❡

❞✉ ♣❛7❛♠T:7❡ ❞❡ ♣;♥❛❧✐B❛:✐♦♥ ❞❡ ❧✬❡✛♦7: ❞❡ ❝♦♥:7V❧❡✱ W ❧❛ ❢♦✐B B✉7 ❧❛ ♣❡7❢♦7♠❛♥❝❡ ❡: ❧❛

7♦❜✉B:❡BB❡ ❡♥ ♣❡7❢♦7♠❛♥❝❡ ❞❡ ❧❛ ♠;:❤♦❞❡ ❛ ;❣❛❧❡♠❡♥: ♣✉ X:7❡ ✈❛❧✐❞; ❡①♣;7✐♠❡♥:❛❧❡♠❡♥:✳

❉❡ ♠❛♥✐T7❡ ♣❧✉B ❣;♥;7❛❧❡✱ ❧❛ ♠✐B❡ ❡♥ ♣❧❛❝❡ ❞❡ ❝❡::❡ ♣7❡♠✐T7❡ ❝❛♠♣❛❣♥❡ ❡①♣;7✐♠❡♥:❛❧❡ ❡:

❧❛ ❜♦♥♥❡ ❝♦♥❝♦7❞❛♥❝❡ ❡♥:7❡ ❧❛ :❤;♦7✐❡ ❡: ❧❡B ♠❡B✉7❡B ❞❛♥B ❝❡ ❝❛B ❛❝❛❞;♠✐D✉❡ ♣❡7♠❡::❡♥:

B✉7:♦✉: ❞❡ ❝♦♥B✐❞;7❡7 ❧✬❛♣♣❧✐❝❛:✐♦♥ ❞❡ ❧❛ ♠;:❤♦❞❡ W ✉♥❡ B:7✉❝:✉7❡ ❜❡❛✉❝♦✉♣ ♣❧✉B ❝♦♠♣❧❡①❡✱

❞♦♥: ❧❡ ❝♦♠♣♦7:❡♠❡♥: ✈✐❜7♦❛❝♦✉B:✐D✉❡ ❡B: ❛ ♣7✐♦7✐ ✐♥❝♦♥♥✉✳
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▲❛ ♣6❡♠✐:6❡ ❡①♣<6✐❡♥❝❡ ❛ ♣❡6♠✐? ❧❛ ✈❛❧✐❞❛C✐♦♥ ❞✉ ❝♦♥C6F❧❡ ♦♣C✐♠❛❧ ❡♥ ♠♦♥C6❛♥C✱ ❞❛♥?

❧❡ ❝❛? ❛❝❛❞<♠✐H✉❡ ❞✬✉♥❡ ♣❧❛H✉❡ ♠✐♥❝❡ ❡♥ ❛♣♣✉✐ ?✐♠♣❧❡✱ ✉♥❡ ❜♦♥♥❡ ❝♦♥❝♦6❞❛♥❝❡ ❡♥C6❡ ❧❛

C❤<♦6✐❡ ❡C ❧❡? ♠❡?✉6❡?✳ ▲❛ ♣6♦❜❧<♠❛C✐H✉❡ ❞❡ ❧❛ ?❡❝♦♥❞❡ ❝❛♠♣❛❣♥❡ ❡①♣<6✐♠❡♥C❛❧❡✱ 6<❛❧✐?<❡ ❛✉

●❆❯❙ ❡?C ❞✐✛<6❡♥C❡✳ ■❧ ?✬❛❣✐C ❧O ❞❡ ♠❡CC6❡ ❡♥ ♣❧❛❝❡ ❧❛ ♠<C❤♦❞❡ ❞❡? ✐♠♣<❞❛♥❝❡? ♠<❝❛♥✐H✉❡?

✈✐6C✉❡❧❧❡? ♦♣C✐♠❛❧❡? ❞❛♥? ✉♥❡ ?✐C✉❛C✐♦♥ ❜❡❛✉❝♦✉♣ ♣❧✉? ♣6♦❝❤❡ ❞❡ ❝❡❧❧❡ ❞❡ ❧❛ 6<❞✉❝C✐♦♥ ❞❡ ❧❛

♣✉✐??❛♥❝❡ ❛❝♦✉?✐CH✉❡ 6❛②♦♥♥<❡ O ❧✬✐♥C<6✐❡✉6 ❞✬✉♥❡ ❝❛❜✐♥❡ ❛<6♦♥❛✉C✐H✉❡✳ ▼Q♠❡ ?✐ ❧❡ ❝♦✉♣❧❛❣❡

❡♥C6❡ ❧❡ 6❛②♦♥♥❡♠❡♥C ❞❡ ❧❛ ?C6✉❝C✉6❡ ❡C ❧❡? ♠♦❞❡? ❞❡ ❝❛✈✐C< ❞❡ ❧❛ ❝❛❜✐♥❡✱ <C✉❞✐< ❞❛♥? ❧❛

❧✐CC<6❛C✉6❡ ♣❛6 ❬✻✷❪❬✹✸❪ ♥✬❡?C ♣❛? ❝♦♥?✐❞<6< ✐❝✐✱ ❧❛ ?C6✉❝C✉6❡ ❝♦♥C6F❧<❡ ❡?C ❜✐❡♥ ✉♥ ♣❛♥♥❡❛✉

✐♥C<6✐❡✉6 ❞✬✉♥❡ ❞♦✉❜❧❡ ♣❛6♦✐ ❛<6♦♥❛✉C✐H✉❡✳

■❧ ❡?C ♣♦??✐❜❧❡ ❞❡ 6❡❧❡✈❡6 ❧❡? ♣6✐♥❝✐♣❛❧❡? ❞✐✛<6❡♥❝❡? ❡♥C6❡ ❧❡ ❝♦♠♣♦6C❡♠❡♥C ❞✬✉♥ C❡❧ ♣❛♥♥❡❛✉

❡C ❝❡❧✉✐ ❞✬✉♥❡ ♣❧❛H✉❡ ♠✐♥❝❡ ❡♥ ❛❧✉♠✐♥✐✉♠ ❝♦♠♠❡ ❝❡❧❧❡ ❝♦♥?✐❞<6<❡ ♣6<❝<❞❡♠♠❡♥C✳ ❚♦✉C

❞✬❛❜♦6❞✱ ❧❛ ❝♦✉6❜✉6❡ ❞❡ ❧❛ ?C6✉❝C✉6❡ ?❡❧♦♥ ✉♥❡ ❞❡ ?❡? ❞✐6❡❝C✐♦♥? ✐♥❞✉✐C ?❡❧♦♥ ❝❡CC❡ ❞✐6❡❝C✐♦♥

✉♥❡ 6❛✐❞❡✉6 O ❧✬♦6✐❣✐♥❡ ❞✉ ❞<❝❛❧❛❣❡ ✈❡6? ❞❡? ❢6<H✉❡♥❝❡? ♣❧✉? ❤❛✉C❡? ❞❡ ❧❛ 6<?♦♥❛♥❝❡ ❞❡

❝❡6C❛✐♥? ❞❡? ♠♦❞❡? ?C6✉❝C✉6❛✉① ✭❧✐< O ❧❡✉6 ✐♥❞✐❝❡ ♠♦❞❛❧ ❞❛♥? ❝❡CC❡ ❞✐6❡❝C✐♦♥✮ ❬✻✺❪❬✹✽❪✳

❉❡ ♣❧✉?✱ ❧❡ ♠❛C<6✐❛✉ ❞♦♥C ❡?C ❝♦♥?C✐C✉< ❧❡ ♣❛♥♥❡❛✉ ❡?C ❝♦♠♣♦?✐C❡ ❞❡ C②♣❡ ?❛♥❞✇✐❝❤ ♥✐❞

❞✬❛❜❡✐❧❧❡ ✿ ✉♥ C❡❧ ♠❛C<6✐❛✉ ❝♦♠❜✐♥❡ ✉♥❡ ❢♦6C❡ 6❛✐❞❡✉6 ♣♦✉6 ✉♥❡ ❢❛✐❜❧❡ ♠❛??❡ ♠❛✐? ❡?C

<❣❛❧❡♠❡♥C ❜✐❡♥ ♣❧✉? ❛♠♦6C✐ H✉✬✉♥❡ ♣❧❛H✉❡ ❞✬❛❧✉♠✐♥✐✉♠✳

▼✐?❡? O ♣❛6C ❝❡? ❣<♥<6❛❧✐C<?✱ ❝✬❡?C ❧✬❛♣♣❧✐❝❛C✐♦♥ ❞❡ ❧❛ ♠<C❤♦❞❡ ❞❡? ✐♠♣<❞❛♥❝❡? ♠<❝❛♥✐H✉❡?

✈✐6C✉❡❧❧❡? ♦♣C✐♠❛❧❡? O ✉♥❡ ?C6✉❝C✉6❡ ✐♥❝♦♥♥✉❡ H✉✐ ❡?C C❡?C<❡ ❛✉ ❝♦✉6? ❞❡ ❝❡CC❡ ❡①♣<6✐❡♥❝❡ O

❧✬❛✐❞❡ ❞✬✉♥ ❞✐?♣♦?✐C✐❢ ❝❧❛??✐H✉❡ ❞❡ ♠❡?✉6❡ ❞❡ C6❛♥?♣❛6❡♥❝❡ ❛❝♦✉?C✐H✉❡✳ ❆✐♥?✐✱ ❝❡CC❡ ?❡❝C✐♦♥

♣6<?❡♥C❡✱ ♣♦✉6 ✉♥❡ ❡①❝✐C❛C✐♦♥ ❤❛6♠♦♥✐H✉❡✱ ❧❡? 6<?✉❧C❛C? ❞✉ ❝❛❧❝✉❧ ♦♣C✐♠❛❧ ✭<C❛♣❡ ✶✮ ♠❛✐?

<❣❛❧❡♠❡♥C ❞✉ ❝♦♥C6F❧❡ ❝❡♥C6❛❧✐?< ♦✉ ❞<❝❡♥C6❛❧✐?< ❞❡? ✐♠♣<❞❛♥❝❡? ♠<❝❛♥✐H✉❡? ✈✐6C✉❡❧❧❡?

♦♣C✐♠❛❧❡? ✭<C❛♣❡ ✷✮✳ ❊♥✜♥✱ ❧❛ 6♦❜✉?C❡??❡ ❞❡ ❧❛ ♠<C❤♦❞❡ O ❞❡? ✈❛6✐❛C✐♦♥? ❞✉ ❝❤❛♠♣ ♣6✐♠❛✐6❡

❡?C <C✉❞✐<❡✳

✻✳✷✳✶ ❉✐&♣♦&✐)✐❢ ❡①♣-.✐♠❡♥)❛❧

▲❛ "#$✉❝#✉$❡ ❝♦♥#$*❧,❡ ❡"# ❞♦♥❝ ❧❡ ♣❛♥♥❡❛✉ ✐♥#,$✐❡✉$ ❞✬✉♥❡ ❞♦✉❜❧❡ ♣❛$♦✐ ❛,$♦♥❛✉#✐2✉❡

✭#$✐♠♣❛♥❡❧✮ ❢♦✉$♥✐ ♣❛$ ❇♦♠❜❛$❞✐❡$ ❆❡$♦"♣❛❝❡✱ ❡♥ ♠❛#,$✐❛✉ ❝♦♠♣♦"✐#❡ ❞❡ #②♣❡ "❛♥❞✇✐❝❤

♥✐❞ ❞✬❛❜❡✐❧❧❡ ❝♦♠♠❡ "❝❤,♠❛#✐", "✉$ ❧❛ ❋✐❣✉$❡ ✻✳✷✶✳ ❙❡" ❝❛$❛❝#,$✐"#✐2✉❡" ♠,❝❛♥✐2✉❡" "♦♥#

♥♦#,❡" ❞❛♥" ❧❡ ❚❛❜❧❡❛✉ ✻✳✶✳ ■❧ ❡"# ❝♦✉$❜, ❞❛♥" ❧❡ "❡♥" ❞❡ "❛ ❤❛✉#❡✉$ ❛✈❡❝ ✉♥ $❛②♦♥ ❞❡

❝♦✉$❜✉$❡ ❞❡ 0.9♠✱ ❡# ❝♦♠♣♦", ❞✬✉♥ ❤✉❜❧♦#✳ ■❧ ❛ ,#, ♠♦♥#, "✉$ "❛ ❤❛✉#❡✉$ ❡♥#$❡ ❧❡" ❝❤❛♠❜$❡"

$,✈❡$❜,$❛♥#❡" ❡# ❛♥,❝❤♦G2✉❡" ❞✉ ●❆❯❙ ❞❡ #❡❧❧❡ "♦$#❡ 2✉❡ ❧❡" ❝♦♥❞✐#✐♦♥" ❧✐♠✐#❡" $,❛❧✐",❡"
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❛♣♣3♦❝❤❡♥9 ✉♥❡ ❝♦♥❞✐9✐♦♥ ❞✬❡♥❝❛>93❡♠❡♥9 ✭❋✐❣✉3❡ ✻✳✷✷✮✳ ▲❡ ✈♦❧❡9 ❞✉ ❤✉❜❧♦9 ❛ H9H ❞H♠♦♥9H

❛✜♥ ❞✬H✈✐9❡3 ❧❡ ❜3✉✐9 ❞❡ ✧3❛99❧❡✧ ✭❣3H>✐❧❧❡♠❡♥9 ❞K L ❧✬❡♥93❡❝❤♦M✉❡♠❡♥9 ❞❡ ❝❡39❛✐♥❡> ♣❛39✐❡>

❞✉ ✈♦❧❡9✮✳ ▲✬H9❛♥❝❤H✐9H ❛❝♦✉>9✐M✉❡ ❞✉ ❤✉❜❧♦9 ❛ H9H ❛>>✉3H❡ ❡♥ ❥♦✐♥9❛♥9 ❧❛ ♣❧❛M✉❡ ❞❡ ♣❧❡①✐❣❧❛>

❝♦♥>9✐9✉❛♥9 ❧❡ ❤✉❜❧♦9✳ ❉❛♥> ❝❡99❡ ❝❛♠♣❛❣♥❡ ❡①♣H3✐♠❡♥9❛❧❡✱ ❧❡ ♣❛♥♥❡❛✉ ❡>9 ❝♦♥>✐❞H3H ❝♦♠♠❡

✉♥❡ >93✉❝9✉3❡ 3❛②♦♥♥❛♥9❡ ❞❛♥> >♦♥ ❡♥>❡♠❜❧❡✱ L ❧❛M✉❡❧❧❡ ♦♥ >♦✉❤❛✐9❡ ❛♣♣❧✐M✉❡3 ❧❛ ♠H9❤♦❞❡

❞❡> ✐♠♣H❞❛♥❝❡> ♠H❝❛♥✐M✉❡> ✈✐39✉❡❧❧❡> ♦♣9✐♠❛❧❡>✳ ❆✐♥>✐✱ ✉♥❡ ❝♦✉❝❤❡ ❞✬✐>♦❧❛♥9 ❛❝♦✉>9✐M✉❡ ❛

H9H ❛❥♦✉9H❡ ✭❋✐❣✉3❡ ✻✳✷✸✮ >✉3 ❧❡ ❤✉❜❧♦9 ❛✜♥ M✉❡ 9♦✉9❡ ❧❛ 93❛♥>♠✐>>✐♦♥ ❛❝♦✉>9✐M✉❡ L 93❛✈❡3>

❧❡ ♣❛♥♥❡❛✉ ♥❡ >♦✐9 ♣❛> ❡①❝❧✉>✐✈❡♠❡♥9 ❞✉❡ L ❝❡ ❞❡3♥✐❡3✳
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❋✐❣✉3❡ ✻✳✷✶ ❙❝❤H♠❛ ❞✬✉♥ ♠❛9H3✐❛✉ ❝♦♠♣♦>✐9❡ 9②♣❡ ♥✐❞ ❞✬❛❜❡✐❧❧❡ ❬✹✾❪✳

▲❡ ❝❤❛♠♣ ♣3✐♠❛✐3❡ ❡>9 ❣H♥H3H L ❧✬❛✐❞❡ ❞✬✉♥❡ >❡✉❧❡ >♦✉3❝❡ ❏❇▲ ✭❘✮ ❊❖◆ ✶✺ ❞✐>♣♦>H❡ ❞❛♥>

❧❛ ❝❤❛♠❜3❡ 3H✈❡3❜H3❛♥9❡ ✭❋✐❣✉3❡ ✻✳✷✷✮✳ ▲❡> ♠❡>✉3❡> ✐♥9❡♥>✐♠H93✐M✉❡> >♦♥9 3H❛❧✐>H❡> L ❧✬❛✐❞❡

❞✬✉♥❡ >♦♥❞❡ ♣3❡>>✐♦♥✲♣3❡>>✐♦♥ ❇&❑ ✹✶✽✶ ❞H♣❧❛❝H❡ ❛✉ ♠♦②❡♥ ❞✬✉♥ 3♦❜♦9 >✉3 ✉♥❡ >✉3❢❛❝❡

♣❧❛♥❡ S >✐9✉H❡ L ✶✵ ❝♠ ❞❡ ❧❛ ♣❛3♦✐ ❞❡ ❧❛ ❝❤❛♠❜3❡ ❛♥H❝❤♦_M✉❡✳ ❉❡> ♣3❡♠✐`3❡> ♠❡>✉3❡>

❡✛❡❝9✉H❡> ♣♦✉3 ✉♥ ♠❛✐❧❧❛❣❡ ❞❡ S ❞❡ ✶✵×✶✵ ❝♠ ♣❡3♠❡99❡♥9 ❞❡ ❝❤♦✐>✐3 ❞❛♥> ❧❛ >✉✐9❡ ❞❡ ❧✬H9✉❞❡

✉♥ ♠❛✐❧❧❛❣❡ ❞❡ ✷✵×✷✵ ❝♠ ✭✼×✼ ♣♦✐♥9> ❞❡ ♠❡>✉3❡✮✱ ❝❡ M✉✐ ❛✉9♦3✐>❡ ✉♥❡ ❜♦♥♥❡ ❡>9✐♠❛9✐♦♥

❞✉ 3❛②♦♥♥❡♠❡♥9 ❥✉>M✉✬L ✉♥❡ ❢3HM✉❡♥❝❡ f = 850 ❍③ >❡❧♦♥ ❧✬❊M✳ ✭✹✳✽✮✳ ❯♥ ✈✐❜3♦♠`93❡ ❧❛>❡3 L

❜❛❧❛②❛❣❡ L ❡✛❡9 ❉♦♣♣❧❡3 #♦❧②9❡❝❤ ✭❘✮ ❡>9 H❣❛❧❡♠❡♥9 ❞✐>♣♦>H ❞❛♥> ❧❛ ❝❤❛♠❜3❡ ❛♥H❝❤♦_M✉❡

❛✜♥ ❞❡ 3H❛❧✐>❡3 ❞❡> ❝❛39♦❣3❛♣❤✐❡> ✈✐❜3❛9♦✐3❡> ❞❡ ❧❛ >93✉❝9✉3❡ ❝♦♥93e❧H❡✳ ▲❛ ❣H♥H3❛9✐♦♥ ❡9

❧✬❛❝M✉✐>✐9✐♦♥ ❞❡> >✐❣♥❛✉① ❛✐♥>✐ M✉❡ ❧✬✐♠♣❧❛♥9❛9✐♦♥ ❞✉ ❝♦♥93e❧❡ >♦♥9 ❡✛❡❝9✉H❡> L ❧✬❛✐❞❡ ❞✬✉♥

❝♦♥93e❧❡✉3 9❡♠♣>✲3H❡❧ ❖♣❛❧✲❘❚ ✭❘✮ ❞♦♥9 ❧❛ ❢3HM✉❡♥❝❡ ❞✬H❝❤❛♥9✐❧❧♦♥♥❛❣❡ ❡>9 ✜①H❡ L ✷✵ ❦❍③✳

❈✐♥M ✉♥✐9H> ❞❡ ❝♦♥93e❧❡ >♦♥9 ♣♦>✐9✐♦♥♥H❡> >✉3 ❧❡ ♣❛♥♥❡❛✉ ✭❋✐❣✳ ✻✳✷✸✮ ❈❤❛M✉❡ ✉♥✐9H ❡>9

❝♦♠♣♦>H❡ ❞✬✉♥ ❛❝9✐♦♥♥❡✉3 ✐♥❡39✐❡❧ ❉❛②9♦♥ ❆✉❞✐♦ ❉❆❊❳ ✸✷✱ ❞♦♥9 ❧❡> >♣H❝✐✜❝❛9✐♦♥> >♦♥9

♣3H>❡♥9H❡> ❞❛♥> ❧❡ 9❛❜❧❡❛✉ ✻✳✷ ❡9 ❞✬✉♥ ❛❝❝H❧H3♦♠`93❡ ❇&❑ ✹✸✾✼✳ ■❧ ❡>9 ♣♦>>✐❜❧❡✱ ♣♦✉3 ❝❤♦✐>✐3

❧❡✉3 ♣♦>✐9✐♦♥✱ ❞❡ >✬❛♣♣✉②❡3 >✉3 ❞❡> ♠❡>✉3❡> ✈✐❜3❛9♦✐3❡> ❞✉ ♣❛♥♥❡❛✉ >♦✉♠✐> ❛✉ ❝❤❛♠♣

♣3✐♠❛✐3❡ >❡✉❧✳ ❈❡♣❡♥❞❛♥9✱ ❝♦♠♣9❡✲9❡♥✉ ❞❡ ❧❛ ❝♦♠♣❧❡①✐9H ❞❡> 93❛♥>❢❡39> ✈✐❜3❛9♦✐3❡> L ♣❛39✐3

❞❡ f ≈ 200 ❍③ ❡9 ✈✉ ❧❛ ♠❛>>❡ ♥♦♥ ♥H❣❧✐❣❡❛❜❧❡ ❞❡> ❛❝9✐♦♥♥❡✉3> ✭5× 0.12 ❦❣✮ ♣❛3 3❛♣♣♦39 L
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 ❛"❛♠$%"❡ ◆♦%❛%✐♦♥ ❱❛❧❡✉" ❯♥✐%/

▲♦♥❣✉❡✉9 Lx ✵✳✾✻ ♠

▲❛9❣❡✉9 Ly ✶✳✶ ♠

❘❛②♦♥ ❞❡ ❝♦✉9❜✉9❡ R ✵✳✾ ♠

 ❡❛✉

➱♣❛✐CC❡✉9 hf ✵✳✺✵✽ ♠♠

▼❛CC❡ ✈♦❧✉♠✐H✉❡ ρf ✶✾✵✻ ❦❣♠

−3

❈♦❡✣❝✐❡♥K ❞❡ &♦✐CC♦♥ νf ✵✳✶✹✶

▼♦❞✉❧❡ ❞✬❨♦✉♥❣ Ef ✷✸✳✻ ✶✵

9
&❛

◆✐❞ ❞✬❛❜❡✐❧❧❡

➱♣❛✐CC❡✉9 h ✻✳✸✺ ♠♠

▼♦❞✉❧❡ ❞✬❨♦✉♥❣ E1 ✶✵

3
&❛

E2 ✶✵

3
&❛

E3 ✶✸✽ ✶✵

9
&❛

▼❛CC❡ ✈♦❧✉♠✐H✉❡ ρ ✹✽ ❦❣♠

−3

❈♦❡✣❝✐❡♥K ❞❡ ♣♦✐CC♦♥ ν1 ✵✳✹✺

ν2 ✵✳✵✶

❚❛❜❧❡❛✉ ✻✳✶ &❛9❛♠PK9❡C ♣❤②C✐H✉❡C ❞✉ K9✐♠ ♣❛♥❡❧ ❡♥ ❝♦♠♣♦C✐K❡

❋✐❣✉9❡ ✻✳✷✷ ❉✐C♣♦C✐K✐❢C ♣♦✉9 ❧❡C ♠❡C✉9❡C ✐♥K❡♥C✐♠UK9✐H✉❡C ❡K ✈✐❜9❛K♦✐9❡C ❝VKU

❝❤❛♠❜9❡ ❛♥U❝❤♦WH✉❡ ✭❣❛✉❝❤❡✮ ❡K C♦✉9❝❡ ♣9✐♠❛✐9❡ ❝VKU ❝❤❛♠❜9❡ 9U✈❡9❜U9❛♥K❡

✭❞9♦✐K❡✮✳

❝❡❧❧❡ ❞✉ ♣❛♥♥❡❛✉ ✭✸✳✼ ❦❣✮✱ ❧❡C ♣♦C✐K✐♦♥C ✧✐❞U❛❧❡C✧ ♣♦✉9 ❧❡ ♣❛♥♥❡❛✉ ♥♦♥✲✐♥CK9✉♠❡♥KU ♥❡ C♦♥K

♣❛C ❢♦9❝U♠❡♥K ✐❞U❛❧❡C ❧♦9CH✉❡ ❧❡C ❛❝K✐♦♥♥❡✉9C ✐♥❡9K✐❡❧C C♦♥K ✜①UC✳ ❯♥❡ ✧UH✉✐✲9U♣❛9K✐K✐♦♥✧

❞❡C ✉♥✐KUC ❞❡ ❝♦♥K9V❧❡ ❡CK ♣9U❢U9U❡✳
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 ❛"❛♠❡%❡" ◆♦%❛%✐♦♥ ❱❛❧✉❡ ❯♥✐%

❘12✐24❛♥❝❡ ❞❝ Re ✸✳✸✻ Ω
■♥❞✉❝4❛♥❝❡ ❜♦❜✐♥❡ Le ✵✳✵✺ ♠❍

❋❛❝4❡✉A ❞❡ ❋♦A❝❡ Bl ✹✳✹ ◆❆

−1

▼❛22❡ ♠♦❜✐❧❡ Ma ✵✳✶✵✺ ❦❣

❘12✐24❛♥❝❡ ♠1❝❛♥✐G✉❡ Ra ✵✳✸✶ ◆♠

−1
2

❘❛✐❞❡✉A ❞❡ 2✉2♣❡♥2✐♦♥ Ka ✶✹✳✷ ✶✵

3
◆♠

−1

❚❛❜❧❡❛✉ ✻✳✷ #❛A❛♠I4A❡2 ❞✬✉♥ ❛❝4✐♦♥♥❡✉A ❞❡ 4②♣❡ ❉❛②4♦♥ ❆✉❞✐♦ ❉❆❊❳✸✷

❋✐❣✉A❡ ✻✳✷✸ #❛♥♥❡❛✉ ✐♥24A✉♠❡♥41 ❛✈❡❝ ❧❡2 ❛❝4✐♦♥♥❡✉A2 ✐♥❡A4✐❡❧2 ❝O41 ❝❤❛♠❜A❡

A1✈❡A❜1A❛♥4❡ ✭❣❛✉❝❤❡✮ ❡4 ❛✈❡❝ ❧❡2 ❛❝❝1❧1A♦♠I4A❡2 ❝O41 ❝❤❛♠❜A❡ ❛♥1❝❤♦SG✉❡

✭❞A♦✐4❡✮✳

✻✳✷✳✷ ▼❡%✉'❡% ♣')❧✐♠✐♥❛✐'❡%

▲❛ ♠14❤♦❞♦❧♦❣✐❡ ❡4 ❧❡2 A12✉❧4❛42 ♣A12❡♥412 ❞❛♥2 ❧❛ 2✉✐4❡ ❞❡ ❝❡44❡ 14✉❞❡ ❡①♣1A✐♠❡♥4❛❧❡ 2♦♥4

❧❛ ❝♦♥21G✉❡♥❝❡ ❞✐A❡❝4❡ ❞❡ ♠❡2✉A❡2 ♣A1❧✐♠✐♥❛✐A❡2 ❞♦♥4 ❧❡2 ❝♦♥❝❧✉2✐♦♥2 2♦♥4 A12✉♠1❡2 ❞❛♥2

❝❡44❡ ♣❛A4✐❡✳ #❛A♠✐ ❝❡2 ♠❡2✉A❡2 ♣A1❧✐♠✐♥❛✐A❡2✱ ✉♥ ❞✐2♣♦2✐4✐❢ ❞❡ ♠❡2✉A❡ ❞❡ ♣❡A4❡ ♣❛A 4A❛♥2✲

♠✐22✐♦♥ ❛ 141 ♠✐2 ❡♥ ♣❧❛❝❡ ✈✐❛ ✉♥ ❛♥❛❧②2❡✉A #✉❧2❡ ✭❘✮ ♠✉❧4✐❝❛♥❛✉①✳ ▲❛ ♠❡2✉A❡ ❞❡ ❚▲

✭❚A❛♥2♠✐22✐♦♥ ▲♦22✮ ♣❡A♠❡4 ❞❡ ❝♦♥24❛4❡A G✉❡ ❧❡ 4A✐♠ ♣❛♥❡❧ ❡24 ❛22❡③ ❢♦A4❡♠❡♥4 ❛♠♦A4✐ ✭❋✐✲

❣✉A❡ ✻✳✷✹✮✳ ❉❡2 ♠❡2✉A❡2 ❧♦❝❛❧❡2 ❞❡ ❧✬✐♠♣1❞❛♥❝❡ ♠1❝❛♥✐G✉❡ ♦♥4 1❣❛❧❡♠❡♥4 141 A1❛❧✐21❡2 ❡♥ ✷

♣♦2✐4✐♦♥2 ✭❋✐❣✉A❡ ✻✳✷✺✮ ✿ ❛✉✲❞❡❧[ ❞❡ ✺✵✵ ❍③✱ ❧❛ 24A✉❝4✉A❡ ♥✬❛ ♣❧✉2 ❞✉ 4♦✉4 ✉♥ ❝♦♠♣♦A4❡♠❡♥4

♠♦❞❛❧✳ ❈❡44❡ ♠❡2✉A❡ ♣❡A♠❡4 1❣❛❧❡♠❡♥4 ❞❡ ✈1A✐✜❡A G✉❡ ❧❡2 ♣✐❝2 ♦❜2❡A✈12 ❡♥4A❡ ✶✵✵ ❡4 ✺✵✵

❍③ 2✉A ❧❛ ❝♦✉A❜❡ ❞❡ ❚▲ ♥❡ 2♦♥4 ♣❛2 2❡✉❧❡♠❡♥4 ❞✉2 ❛✉ ❝♦♠♣♦A4❡♠❡♥4 ♠♦❞❛❧ ❞❡ ❧❛ ❝❤❛♠❜A❡

A1✈❡A❜1A❛♥4❡ ❞♦♥4 ❧❛ ❢A1G✉❡♥❝❡ ❞❡ ❙❝❤A♦❡❞❡A ❡24 ❡24✐♠1❡ ❛✉4♦✉A ❞❡ ✷✺✵ ❍③✳ ➚ ❧✬✐22✉❡ ❞❡ ❝❡2

♠❡2✉A❡2 ♣A1❧✐♠✐♥❛✐A❡2✱ ❧❛ ❞1❝✐2✐♦♥ ❡24 ♣A✐2❡ ❞❡ A1❛❧✐2❡A ❧❡2 ❞❡✉① 14❛♣❡2 ❞❡ ❧❛ ♠14❤♦❞❡ ❞❡2

✐♠♣1❞❛♥❝❡2 ♠1❝❛♥✐G✉❡2 ✈✐A4✉❡❧❧❡2 ♦♣4✐♠❛❧❡2 [ ❧❛ ❢A1G✉❡♥❝❡ f0 = 363.2 ❍③✱ 2✉♣1A✐❡✉A❡ [ ❧❛

❢A1G✉❡♥❝❡ ❞❡ ❙❝❤A♦❡❞❡A ❡4 [ ❧❛G✉❡❧❧❡ ❧❡ ❝♦♠♣♦A4❡♠❡♥4 ❞✉ ♣❛♥♥❡❛✉ ❡24 A❡❧❛4✐✈❡♠❡♥4 ♠♦✲

❞❛❧✳ ❈❡44❡ ❢A1G✉❡♥❝❡ ❝♦AA❡2♣♦♥❞ 1❣❛❧❡♠❡♥4 [ ✉♥ ❧1❣❡A ♣✐❝ ❞❡ ❝♦❤1A❡♥❝❡ ❞❛♥2 ❧❡2 4A❛♥2❢❡A42
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■❞❡♥$✐✜❝❛$✐♦♥

❈♦♠♠❡ ❞❛♥8 ❧❡ ❝❛8 ❞❡ ❧❛ ♣❧❛<✉❡ ❡♥ ❛♣♣✉✐ 8✐♠♣❧❡✱ ❧❡8 ✐❞❡♥@✐✜❝❛@✐♦♥8 ❞❡ ❞✐✛CD❡♥@8 @D❛♥8❢❡D@8

8♦♥@ ♥C❝❡88❛✐D❡8 ❛✉ ❝❛❧❝✉❧ ❞❡8 ✐♠♣C❞❛♥❝❡8 ♠C❝❛♥✐<✉❡8 ✈✐D@✉❡❧❧❡8 ♦♣@✐♠❛❧❡8✳ ❯♥❡ ✐❞❡♥@✐✲

✜❝❛@✐♦♥ ❧❛D❣❡✲❜❛♥❞❡ ❡8@ ❡♥✈✐8❛❣C❡ ❞❛♥8 ✉♥ ♣D❡♠✐❡D @❡♠♣8✳ ▲❛ ❞✐✛CD❡♥❝❡ ♠❛❥❡✉D❡ ❛✈❡❝

❧✬❡①♣CD✐❡♥❝❡ ♣DC❝C❞❡♥@❡ ❡8@ <✉❡ ❧✬C@❛❜❧✐88❡♠❡♥@ ❞✬✉♥ ❝❤❛♠♣ ❞✐✛✉8 ❞❛♥8 ❧❛ ❝❤❛♠❜D❡ DC✈❡D✲

❜CD❛♥@❡ ✐♠♣♦8❡ ✉♥❡ ❞✉DC❡ ❞✬✐❞❡♥@✐✜❝❛@✐♦♥ D❡❧❛@✐✈❡♠❡♥@ ❧♦♥❣✉❡✳ ❆✐♥8✐✱ ❡♥ ✉@✐❧✐8❛♥@ ❝♦♠♠❡

8✐❣♥❛❧ ❞✬❡①❝✐@❛@✐♦♥ ✉♥ ❜D✉✐@ ❜❧❛♥❝ ✜❧@DC ❞❡ ✺✵ ❍③ R ✷✵✵✵ ❍③✱ ❧❛ ❞✉DC❡ ♠✐♥✐♠❛❧❡ D❡<✉✐8❡

❡8@ ❞❡ ❞❡✉① ♠✐♥✉@❡8 ♣♦✉D ✉♥❡ ✐❞❡♥@✐✜❝❛@✐♦♥ ❣❛D❛♥@✐88❛♥@ ✉♥❡ ❜♦♥♥❡ DC♣C@❛❜✐❧✐@C ❡@ ✉♥❡

❜♦♥♥❡ ❝♦❤CD❡♥❝❡ ❞✉ @D❛♥8❢❡D@ ❡♥@D❡ ❧❛ ❝♦♠♠❛♥❞❡ ❡♥✈♦②C❡ R ❧❛ 8♦✉D❝❡ ❞❡ ❜D✉✐@ ♣D✐♠❛✐D❡

❡@ ❧❛ ♣D❡88✐♦♥ ♠❡8✉DC❡ ♣❛D ❧❛ 8♦♥❞❡ ✐♥@❡♥8✐♠C@D✐<✉❡ ❡♥ ❝❤❛<✉❡ ♣♦✐♥@ ❞✉ ♠❛✐❧❧❛❣❡ ❞❡ S✳

❉❡ ♣❧✉8✱ ✉♥❡ ❧C❣UD❡ ✈❛D✐❛@✐♦♥ @❡♠♣♦D❡❧❧❡ ❞❡ ❝❡ @D❛♥8❢❡D@ ❡8@ ♦❜8❡D✈C❡ ❞❡ @❡❧❧❡ 8♦D@❡ <✉✬✉♥❡

DC✐❞❡♥@✐✜❝❛@✐♦♥ <✉♦@✐❞✐❡♥♥❡ ❡8@ ♥C❝❡88❛✐D❡ R ✉♥❡ ❜♦♥♥❡ ❝♦♥❝♦D❞❛♥❝❡ ❡♥@D❡ ❧❡8 ♣DC✈✐8✐♦♥8 ❞✉

❝♦♥@DV❧❡ ❡@ ❧❡8 ❝❛D@♦❣D❛♣❤✐❡8 ✐♥@❡♥8✐♠C@D✐<✉❡8 ❡✛❡❝@✐✈❡♠❡♥@ ♠❡8✉DC❡8✳

❈♦♠♣@❡ @❡♥✉ ❞❡ ❝❡8 ❞✐✣❝✉❧@C8✱ ❧❛ ❞C❝✐8✐♦♥ ❡8@ ♣D✐8❡ ❞❡ ♠❡8✉D❡D ❞✐D❡❝@❡♠❡♥@ ❧❡8 ✈❛❧❡✉D8 ❞❡8

♠❛@D✐❝❡8 Hp,Hv,pp,pv,H ❡@ d ✭✈♦✐D ❝❤❛♣✐@D❡ ✹✮ ♣♦✉D f = f0 ❡♥ ✉@✐❧✐8❛♥@ ❧❛ ♠C@❤♦❞❡ ❞❡

❧✬❡♥✈❡❧♦♣♣❡ ❝♦♠♣❧❡①❡✳ ❯♥ 8✐♥✉8 R ❧❛ ❢DC<✉❡♥❝❡ f0 ❡8@ ❣C♥CDC ♣❡♥❞❛♥@ ✺ 8❡❝♦♥❞❡8 ❡@ ✉♥❡

♠♦②❡♥♥❡ @❡♠♣♦D❡❧❧❡ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♠♣❧❡①❡ ❞✉ 8✐❣♥❛❧ ♠❡8✉DC ❡8@ ❛❧♦D8 ❡✛❡❝@✉C❡ 8✉D ❧❡8

✸ ❞❡D♥✐UD❡8 8❡❝♦♥❞❡8✳ ▲❡ ❣❛✐♥ ❞❡ @❡♠♣8 ♣❛D D❛♣♣♦D@ R ✉♥❡ ✐❞❡♥@✐✜❝❛@✐♦♥ ❞❡8 @D❛♥8❢❡D@8 ❡♥

❧❛D❣❡✲❜❛♥❞❡ ♣❡D♠❡@ ❞✬❛✈♦✐D ✉♥ 8✉✐✈✐ DC❣✉❧✐❡D ❞❡8 @D❛♥8❢❡D@8 ❡@ ❝♦♥❢D♦♥@❡D 8②8@C♠❛@✐<✉❡♠❡♥@

♣DC✈✐8✐♦♥8 ❡@ ♠❡8✉D❡8✳

✻✳✷✳✸ ❘%&✉❧)❛)&

➱$❛♣❡ ✶ ✿ ❝❛❧❝✉❧ ♦♣$✐♠❛❧

❉❛♥8 ✉♥ ♣D❡♠✐❡D @❡♠♣8✱ ❧❛ 8♦✉D❝❡ ♣D✐♠❛✐D❡ ❡8@ ♣❧❛❝C❡ ❡♥ ♣♦8✐@✐♦♥ P1 8❡❧♦♥ ❧✬♦D✐❡♥@❛@✐♦♥

8❝❤C♠❛@✐8C❡ 8✉D ❧❛ ❋✐❣✉D❡ ✻✳✷✻✳ ▲❡ ♥✐✈❡❛✉ ❞✉ ❜D✉✐@ ♣D✐♠❛✐D❡ ❤❛D♠♦♥✐<✉❡ ♠❡8✉DC ❞❛♥8 ❧❛

❝❤❛♠❜D❡ DC✈❡D❜CD❛♥@❡ R ❧✬❛✐❞❡ ❞✬✉♥ ♠✐❝D♦♣❤♦♥❡ ❡♥ D♦@❛@✐♦♥ ❡8@ ❞❡ ✾✻✳✼ ❞❇✳ ▲❡8 ✐❞❡♥@✐✜❝❛✲

@✐♦♥8 ❤❛D♠♦♥✐<✉❡8 R f = f0 ❞❡8 @D❛♥8❢❡D@8 ❞❡8 ❡①❝✐@❛@✐♦♥8 ♣D✐♠❛✐D❡8 ❡@ 8❡❝♦♥❞❛✐D❡8 ✈❡D8 ❧❡

❞♦✉❜❧❡@ ♠✐❝D♦♣❤♦♥✐<✉❡ ❞❡ ❧❛ 8♦♥❞❡ ✐♥@❡♥8✐♠C@D✐<✉❡ ♣❡D♠❡@@❡♥@ ❞❡ ❝❛❧❝✉❧❡D uopt(P1) ❞✬❛♣DU8

❧❡8 ❝❛❧❝✉❧8 ♣DC8❡♥@C8 R ❧❛ 8❡❝@✐♦♥ ✹✳✷✳ ❊♥ ♠❡8✉D❛♥@ ❧❡8 @D❛♥8❢❡D@8 ❞❡8 ❝❤❛♠♣8 ♣D✐♠❛✐D❡8 ❡@

8❡❝♦♥❞❛✐D❡8 ✈❡D8 ❧❡8 ❝✐♥< ❛❝❝C❧CD♦♠U@D❡8✱ ✐❧ ❡8@ ❡♥8✉✐@❡ ♣♦88✐❜❧❡ ❞❡ ❝❛❧❝✉❧❡D Zopt(P1) ♣✉✐8

Zopt
m (P1)✳ ❊♥ ♥❡ ❝♦♥8✐❞CD❛♥@ ♣❛8 ❞❡ ♣C♥❛❧✐8❛@✐♦♥ ❞❡ ❧✬❡✛♦D@ ❞❡ ❝♦♥@DV❧❡ ✭β❂✵✮✱ ✉♥❡ ❛@@C✲

♥✉❛@✐♦♥ ❞❡ ❧❛ ♣✉✐88❛♥❝❡ ❛❝♦✉8@✐<✉❡ D❛②♦♥♥C❡ ❞❡ ✶✵✳✽ ❞❇ ❡8@ ♣DC❞✐@❡ ✭❋✐❣✉D❡ ✻✳✷✼✮ ♣♦✉D ❞❡8
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uopt(P1)

Zopt
m (P1)

f = 363.2
P1
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Zopt
m (P1) ✭◆✳♠

−1
✳3✮ |uopt(P1)| ✭❱✮ |urej(P1)| ✭❱✮

❯♥✐89 ✶ (−3.7230 + 0.7215j)× 103 0.23 0.07

❯♥✐89 ✷ (−4.2635 + 1.5315j)× 103 0.21 0.06

❯♥✐89 ✸ (−1.6773 + 0.4864j)× 103 0.26 0.06

❯♥✐89 ✹ (−7.0630− 5.6999j)× 103 0.38 0.09

❯♥✐89 ✺ (−1.3417− 2.6195j)× 103 0.11 0.13

❚❛❜❧❡❛✉ ✻✳✸ ✐♠♣9❞❛♥❝❡3 ♠9❝❛♥✐E✉❡3 ✈✐G8✉❡❧❧❡3 ♦♣8✐♠❛❧❡3✱ ❝♦♠♠❛♥❞❡3 ♦♣8✐✲

♠❛❧❡3 ❡8 ❝♦♠♠❛♥❞❡3 ❛♣GK3 ❝♦♥✈❡G❣❡♥❝❡ ❞✉ G9❥❡❝8❡✉G ❤❛G♠♦♥✐E✉❡✱ O f = 363.2
❍③ ♣♦✉G ❧❛ 3♦✉G❝❡ ♣G✐♠❛✐G❡ ❡♥ ♣♦3✐8✐♦♥ P1✳

❝♦♥8GR❧❡✱ ✉♥❡ ♠❡✐❧❧❡✉G❡ ❛889♥✉❛8✐♦♥✱ 3❡G❛✐8 ❞❡ ♠✐❡✉① ♣♦3✐8✐♦♥♥❡G ❧❡3 ✉♥✐893 ❞❡ ❝♦♥8GR❧❡✳ ❙✬✐❧

♥✬❡38 ♣❛3 ♣♦33✐❜❧❡ ❞❡ ❢❛✐G❡ ❝❡ 8②♣❡ ❞❡ ♣G9✈✐3✐♦♥ 3❛♥3 ❢❛✐G❡ ❞❡3 ♠❡3✉G❡3 3✉♣♣❧9♠❡♥8❛✐G❡3✱ ✐❧

❡38 ❡♥ G❡✈❛♥❝❤❡ ♣♦33✐❜❧❡ ❞✬98✉❞✐❡G ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❧❛ ♣♦3✐8✐♦♥ ❞❡ ❝❤❛❝✉♥❡ ❞❡3 ✉♥✐893 3✉G ❧❡

G93✉❧8❛8 ❞✉ ❝♦♥8GR❧❡ ♦♣8✐♠❛❧✳ #♦✉G ❝❡❧❛✱ ❧✬❛889♥✉❛8✐♦♥ ♦✉ ❙#❘ ✭❙♦✉♥❞ #♦✇❡G ❘❡❞✉❝8✐♦♥✮

♦♣8✐♠❛❧❡ ♣G9❞✐8❡ ♣♦✉G ❝❤❛E✉❡ ❝♦♠❜✐♥❛✐3♦♥ ♣♦33✐❜❧❡ ❞✬✉♥✐893 ✭❞❡ ✶ O ✺✮ ❡38 3✐♠✉❧9❡ ♣♦✉G

β = 0 ✭❋✐❣✉G❡ ✻✳✷✽✮✳ ▲❛ ♣G❡♠✐KG❡ ❝❤♦3❡ O ♥♦8❡G ❡38 E✉✬✐❧ ♥✬② ❛ ❛✉❝✉♥❡ ❝♦♠❜✐♥❛✐3♦♥ ❞❡ ♠♦✐♥3

❞❡ ❝✐♥E ✉♥✐893 E✉✐ ♣❡G♠❡8 ✉♥❡ ❛889♥✉❛8✐♦♥ ❛✉33✐ 9❧❡✈9❡ E✉❡ ❝❡❧❧❡ ♦❜8❡♥✉❡ ❛✈❡❝ ❝✐♥E ✉♥✐893✳

❊♥ ♠♦②❡♥♥❡✱ ❧❡ ❢❛✐8 ❞✬❛❥♦✉8❡G ✉♥❡ ✉♥✐89 O ❧❛ 38G✉❝8✉G❡ ♣❡G♠❡8 ❞❡ G9❛❧✐3❡G ✉♥❡ ❛889♥✉❛8✐♦♥

3✉♣♣❧9♠❡♥8❛✐G❡ ❞✬❡♥✈✐G♦♥ ✷ ❞❇✳ ▲❡3 ✉♥✐893 ✶✱✷ ❡8 ✺ 3❡♠❜❧❡♥8 ♠✐❡✉① ♣♦3✐8✐♦♥♥9❡3 E✉❡ ❧❡3

✉♥✐893 ✸ ❡8 ✹✳ ❈❡♣❡♥❞❛♥8✱ ❝❡G8❛✐♥❡3 ❝♦♠❜✐♥❛✐3♦♥3 ❢❛✐3❛♥8 ✐♥8❡G✈❡♥✐G ❝❡3 ✉♥✐893 ♣❡G♠❡88❡♥8

❞✬♦❜8❡♥✐G ❞❡ ❜♦♥♥❡3 ❛889♥✉❛8✐♦♥3✳

❯♥❡ ❞❡3 ❡①♣❧✐❝❛8✐♦♥3 ♣♦33✐❜❧❡3 O ❝❡ 8②♣❡ ❞❡ G93✉❧8❛8 ❡38 ❧✐9❡ O ❧❛ ❝♦♠♣❧❡①✐89 ❞❡ ❧❛ ❞9❢♦G✲

♠9❡ ✈✐❜G❛8♦✐G❡ ❡8 ❞❡ ❧✬✐♥8❡♥3✐89 ❛❝♦✉38✐E✉❡ ❡♥ ❝❤❛♠♣ ♣G♦❝❤❡ ❡♥❣❡♥❞G9❡3 ♣❛G ❧✬❡①❝✐8❛8✐♦♥

♣G✐♠❛✐G❡✳ ❈❡88❡ ♣G♦❜❧9♠❛8✐E✉❡ ❛ 989 9✈♦E✉9❡ O ❧❛ 3❡❝8✐♦♥ ✹✳✷ ✿ ❧✬❡3♣❛❝❡ ❞❡3 ❝❤❛♠♣3 E✉❡

♣❡✉✈❡♥8 ❣9♥9G❡G ❧❡3 3♦✉G❝❡3 3❡❝♦♥❞❛✐G❡3 ❛ ✉♥ G❛♥❣ 8G♦♣ ❢❛✐❜❧❡ ♣❛G G❛♣♣♦G8 O ❝❡❧✉✐ ❝G9❡ ♣❛G

❧❡ ❝❤❛♠♣ ♣G✐♠❛✐G❡✱ ♠`♠❡ 3✐ ❧❡3 ❛❝8✐♦♥♥❡✉G3 ✐♥❡G8✐❡❧3 ❡♥8G❡ ❡✉① ♥✬♦♥8 ♣❛3 ❞✉ 8♦✉8 ❧❡ ♠`♠❡

❡✛❡8 ❡♥ 8❡G♠❡ ❞❡ G❛②♦♥♥❡♠❡♥8 ❛❝♦✉38✐E✉❡ ✭❋✐❣✉G❡ ✻✳✷✾✮✳ ▲❡ ♣G♦❜❧K♠❡ ❛✉E✉❡❧ 3❡ ❤❡✉G8❡ ❧❡

❝♦♥8GR❧❡ ♦♣8✐♠❛❧ ♥✬❡38 ♣❛3 ✉♥ ♣G♦❜❧K♠❡ ❞✬❛♠♣❧✐8✉❞❡ ♠❛✐3 ❜✐❡♥ ❞❡ ❝♦♠♣❧❡①✐89 ❞✉ ❝❤❛♠♣

3❡❝♦♥❞❛✐G❡ ♦♣8✐♠❛❧ O ❣9♥9G❡G✳ ❆✐♥3✐✱ ♠`♠❡ 3✐ ❧✬❡✛❡8 ♥✬❡38 ♣❛3 ❛❞❞✐8✐❢✱ ❧✬❛✉❣♠❡♥8❛8✐♦♥ ❞✉

♥♦♠❜G❡ ❞✬✉♥✐893 ❞❡ ❝♦♥8GR❧❡✱ ❞❛♥3 ❧❛ ♠❡3✉G❡ ♦b ❡❧❧❡ ♣❡G♠❡8 ❞❡ ❝♦♥38G✉✐G❡ ✉♥ ❝❤❛♠♣ 3❡✲

❝♦♥❞❛✐G❡ ♣❧✉3 ❝♦♠♣❧❡①❡✱ ❡♥8G❛c♥❡ 9❣❛❧❡♠❡♥8 ✉♥❡ ❤❛✉33❡ ❞❡ ❧✬❛889♥✉❛8✐♦♥ ♦♣8✐♠❛❧❡ ❞❡ ❧❛

♣✉✐33❛♥❝❡ ❛❝♦✉38✐E✉❡ G❛②♦♥♥9❡✳
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✻✳✷✳ #❆◆◆❊❆❯ ■◆❚➱❘■❊❯❘ ❆➱❘❖◆❆❯❚■◗❯❊ ✶✶✶

❈❡11❡ ♦❜4❡5✈❛1✐♦♥ ♣❡5♠❡1 ❞❡ ❜✐❡♥ ❝♦♠♣5❡♥❞5❡ ❧❛ ❞✐✛@5❡♥❝❡ ❢♦♥❞❛♠❡♥1❛❧❡ ❛✈❡❝ ❧❡ ❝❛4 ♣❛51✐✲

❝✉❧✐❡5 ❞✉ ❝♦♥15D❧❡ ♦♣1✐♠❛❧ ❞✬✉♥❡ 415✉❝1✉5❡ 4✐♠♣❧❡ ♣❡✉ ❛♠♦51✐❡ ❛✉ ✈♦✐4✐♥❛❣❡ ❞✬✉♥❡ 5@4♦♥❛♥❝❡✳

❉❛♥4 ❧❛ 4✐1✉❛1✐♦♥ @1✉❞✐@❡ ✐❝✐✱ ❧❡4 ❡①❝✐1❛1✐♦♥4 ♣5✐♠❛✐5❡4 ❡1 4❡❝♦♥❞❛✐5❡4 ♥❡ 4♦♥1 ♣❧✉4 ♣5♦❥❡1@❡4

❞❛♥4 ❧❡✉5 K✉❛4✐✲1♦1❛❧✐1@ 4✉5 ❧❛ ♠L♠❡ ❞@❢♦5♠@❡ ✈✐❜5❛1♦✐5❡✳ ❯♥ 4❡✉❧ ❛❝1✐♦♥♥❡✉5 ♥✬❡41 ❛❧♦54

♣❧✉4 ♥@❝❡44❛✐5❡♠❡♥1 4✉✣4❛♥1 ♣♦✉5 5@❛❧✐4❡5 ❧❡ ❝❤❛♠♣ ✐♥1❡♥4✐♠@15✐K✉❡ 4❡❝♦♥❞❛✐5❡ K✉✐ ♣❡5♠❡1

❞✬❛♥♥✉❧❡5 ❧❛ ♣✉✐44❛♥❝❡ ❛❝♦✉41✐K✉❡ 5❛②♦♥♥@❡ ♣❛5 ❧❛ 415✉❝1✉5❡✳

▲✬❛♠♦51✐44❡♠❡♥1 ✐♠♣♦51❛♥1 ❞✉ ♣❛♥♥❡❛✉ ❛@5♦♥❛✉1✐K✉❡ ❛ @❣❛❧❡♠❡♥1 ✉♥ ❡✛❡1 4✉5 ❧❛ ✈❛❧❡✉5

❞❡ ❧✬✐♠♣@❞❛♥❝❡ ♠@❝❛♥✐K✉❡ ✈✐51✉❡❧❧❡ ♦♣1✐♠❛❧❡✳ ❆✐♥4✐✱ ✐❧ ❡41 ❧♦❣✐K✉❡ ❞❡ 4✬❛11❡♥❞5❡ Q ❝❡ K✉❡ ❧❛

415❛1@❣✐❡ ❞❡ ❝♦♥15D❧❡ ♦♣1✐♠❛❧❡ 4❡ ❞✐44♦❝✐❡ ❢♦51❡♠❡♥1 ❞✬✉♥❡ 415❛1@❣✐❡ ❞✬❛♠♦51✐44❡♠❡♥1 ❛❝1✐❢✳

▲✬✐♥❥❡❝1✐♦♥ ❞✬@♥❡5❣✐❡ ❡41 ♥@❝❡44❛✐5❡ ♣♦✉5 K✉❡ ❧❡ ❝♦♥15D❧❡ ❛✐1 ✉♥ ❡✛❡1 ❣❧♦❜❛❧ 4✉5 ❧❛ 415✉❝1✉5❡✳

▲❡ ❝♦♥15D❧❡ ♦♣1✐♠❛❧ ❡41 ❝♦♠♣❛5@ ❛✈❡❝ ✉♥ 5@❥❡❝1❡✉5 ❤❛5♠♦♥✐K✉❡✱ ♠✐4 ❡♥ ♣❧❛❝❡ 4✉5 ❧❡4 ✺ ✉♥✐1@4

❞✬❛♣5S4 ❧❡ 4❝❤@♠❛ ♣5@4❡♥1@ ❧❛ ❋✐❣✉5❡ ✸✳✷ ✭❛✮✳ ▲❡4 ❛♠♣❧✐1✉❞❡4 ❞❡4 ❝♦♠♠❛♥❞❡4 ❛♣5S4 ❝♦♥✈❡5✲

❣❡♥❝❡ urej
4♦♥1 ❜❡❛✉❝♦✉♣ ♣❧✉4 ❢❛✐❜❧❡4 K✉❡ ❧❡4 ❝♦♠♠❛♥❞❡4 ♦♣1✐♠❛❧❡4 ✭❚❛❜❧❡❛✉ ✻✳✸✮ ✿ ❧✬❡✛❡1

4✉5 ❧❡ 5❛②♦♥♥❡♠❡♥1 ❛❝♦✉41✐K✉❡ ❡41 ♥@❣❧✐❣❡❛❜❧❡ ❡1 ❧✬❛11@♥✉❛1✐♦♥ ❞❡ ❧❛ ♣✉✐44❛♥❝❡ 5❛②♦♥♥@❡

❡41 ♥✉❧❧❡✳ ❉❡ ❧❛ ♠L♠❡ ♠❛♥✐S5❡✱ ❡♥ ♠❡11❛♥1 ❡♥ ♣❧❛❝❡ ✉♥❡ 415❛1@❣✐❡ ❞✬❛♠♦51✐44❡♠❡♥1 ❛❝1✐❢✱

✐❧ ❡41 ✐♠♣♦44✐❜❧❡ ❞✬❛✈♦✐5 ✉♥ ❡✛❡1 ❣❧♦❜❛❧ 4✉5 ❧❛ 415✉❝1✉5❡✳ ▲❡4 ❝❛51♦❣5❛♣❤✐❡4 ✈✐❜5❛1♦✐5❡4 ❞✉

♣❛♥♥❡❛✉ ❛✈❡❝ ❡1 4❛♥4 ❝♦♥15D❧❡ ✭❋✐❣✉5❡ ✻✳✸✵✮ ♣❡5♠❡11❡♥1 ❞❡ ❝♦♥41❛1❡5 K✉❡ ❧❡ ❝♦♥15D❧❡ 1❡♥❞

Q ❛✉❣♠❡♥1❡5 ❧❛ ❝♦♠♣❧❡①✐1@ ❞❡ ❧❛ ❞@❢♦5♠@❡ ✈✐❜5❛1♦✐5❡ ❞❡ ❧❛ 415✉❝1✉5❡ ♠❛✐4 @❣❛❧❡♠❡♥1 4♦♥

♥✐✈❡❛✉✳ ▲✬@♥❡5❣✐❡ ❝✐♥@1✐K✉❡ ❞✉ ♣❛♥♥❡❛✉ ❡41 ❝❛❧❝✉❧@❡ Q ♣❛51✐5 ❞❡4 ♠❡4✉5❡4 ✭❚❛❜❧❡❛✉ ✻✳✹✮✳

❙✐ ❧❡ 5@❥❡❝1❡✉5 ❤❛5♠♦♥✐K✉❡✱ ❡♥ ❜❧♦K✉❛♥1 ❧♦❝❛❧❡♠❡♥1 ❧❡ ♣❛♥♥❡❛✉✱ ❡♥15❛\♥❡ ✉♥❡ ❧@❣S5❡ ❛✉❣✲

♠❡♥1❛1✐♦♥ ❞❡ 4♦♥ @♥❡5❣✐❡ ❝✐♥@1✐K✉❡✱ ❧✬❛✉❣♠❡♥1❛1✐♦♥ ✐♠♣♦51❛♥1❡ ❞❡ ❧✬@♥❡5❣✐❡ ❝✐♥@1✐K✉❡ ❡♥

♠❡11❛♥1 ❡♥ ♣❧❛❝❡ ❧❡ ❝♦♥15D❧❡ ♦♣1✐♠❛❧ ♣5♦✉✈❡ K✉❡ ❧❛ 415❛1@❣✐❡ ✐♠♣❧❛♥1@❡ ❝♦55❡4♣♦♥❞ ❜✐❡♥ Q

❞❡ ❧✬✐♥❥❡❝1✐♦♥ ❞✬@♥❡5❣✐❡✳

❋✐❣✉5❡ ✻✳✸✵ ❈❛51♦❣5❛♣❤✐❡ ✈✐❜5❛1♦✐5❡ Q f = 363.2 ❍③ ♣♦✉5 ❧❛ 4♦✉5❝❡ ♣5✐♠❛✐5❡ ❡♥

♣♦4✐1✐♦♥ P1 4❛♥4 ❝♦♥15D❧❡ ✭❣❛✉❝❤❡✮ ❡1 ♣5@✈✉❡ ♣❛5 ❧❡ ❝♦♥15D❧❡ ♦♣1✐♠❛❧ ✭❞5♦✐1❡✮✳



✶✶✷ ❈❍❆%■❚❘❊ ✻✳ ❘➱❙❯▲❚❆❚❙ ❊❳%➱❘■▼❊◆❚❆❯❳

3❛♥3 ❝♦♥89:❧❡ ❝♦♥89:❧❡ ♦♣8✐♠❛❧ 9@❥❡❝8❡✉9

Ec ✭❏✮ 1.56× 10−9 2.1× 10−8 2.54× 10−9

❚❛❜❧❡❛✉ ✻✳✹ ➱♥❡9❣✐❡3 ❝✐♥@8✐I✉❡3 ❞✉ ♣❛♥♥❡❛✉ K f = 363.2 ❍③ ♣♦✉9 ❧❛ 3♦✉9❝❡

♣9✐♠❛✐9❡ ❡♥ ♣♦3✐8✐♦♥ P1✳

➱!❛♣❡ ✷ ✿ ❝♦♥!*+❧❡ ❞❡ ❧✬✐♠♣1❞❛♥❝❡ ♠1❝❛♥✐2✉❡ ✈✐*!✉❡❧❧❡

❯♥❡ ❢♦✐3 ❧❛ ✈❛❧❡✉9 ❞❡3 ✐♠♣@❞❛♥❝❡3 ♠@❝❛♥✐I✉❡3 ✈✐98✉❡❧❧❡3 ♦♣8✐♠❛❧❡3 ❝❛❧❝✉❧@❡✱ ❡❧❧❡ ❡38 ✐♠♣❧❛♥✲

8@❡ ❛✉ ♠♦②❡♥ ❞✉ ❝♦♥89:❧❡✉9 ❤❛9♠♦♥✐I✉❡ ❞@❝9✐8 ❛✉① ❝❤❛♣✐89❡3 ♣@❝@❞❡♥83 ❡8 ❞♦♥8 ❧✬@I✉❛8✐♦♥

❡38 9❛♣♣❡❧@❡ ✿

dU(t)

dt
= −µC(U(t) + Zopt

m Y(t)) ✭✻✳✸✮

❉❛♥3 ✉♥ ♣9❡♠✐❡9 8❡♠♣3✱ ❝✬❡38 ✉♥ ❝♦♥89:❧❡✉9 ❝❡♥89❛❧✐3@ I✉✐ ❡38 ♠✐3 ❡♥ ♣❧❛❝❡ ❡8 ❧❛ ♠❛89✐❝❡

❞❡ ❝♦♠♣❡♥3❛8✐♦♥ ❡38 ❝❤♦✐3✐❡ 8❡❧❧❡ I✉❡ C = (Id+Z
opt(P1)H)−1✳ ❈❡88❡ ❛♣♣9♦❝❤❡ ♣❡9♠❡8 ✉♥❡

❝♦♥✈❡9❣❡♥❝❡ 89X3 ❞✐9❡❝8❡ ✿ 3✉9 ❧❛ ❋✐❣✉9❡ ✻✳✸✶ ✭❞9♦✐8❡✮ 3♦♥8 89❛❝@❡3 ❧❡3 89❛❥❡❝8♦✐9❡3 ❞❡3 ❝♦♠✲

♠❛♥❞❡3 ❧♦93 ❞❡ ❧❛ ❝♦♥✈❡9❣❡♥❝❡ ❡♥ ❝❡♥89❛❧✐3@ ✭❜❧❡✉✮✳ ▲❛ ❝♦♥✈❡9❣❡♥❝❡ 3❡ ❢❛✐3❛♥8 3❡❧♦♥ ❧✬❊I✳

✻✳✸✱ ❝✬❡38 ❜✐❡♥ ❧❛ ❝♦♥✈❡9❣❡♥❝❡ ❞❡3 ❝♦♠♠❛♥❞❡3 ❡8 ♥♦♥ ❞❡3 ✐♠♣@❞❛♥❝❡3 ♠@❝❛♥✐I✉❡3 ✈✐98✉❡❧❧❡3

I✉✬✐❧ ❡38 ♣❡98✐♥❡♥8 ❞✬♦❜3❡9✈❡9✳ ❈❡❧❛ ♣❡9♠❡8 ❞❡ ♣❧✉3 ❞❡ 3✬❛33✉9❡9 I✉✬✐❧ ♥✬② ❛ ❛✉❝✉♥ ❞@♣❛33❡✲

♠❡♥8 89♦♣ ✐♠♣♦98❛♥8 ❞❡3 ❝♦♠♠❛♥❞❡3 ❡♥✈♦②@❡3 ❛✉① ❛❝8✐♦♥♥❡✉93 ✐♥❡98✐❡❧3✳ ▲❛ ❝❛98♦❣9❛♣❤✐❡

❞✬✐♥8❡♥3✐8@ ❛❝♦✉38✐I✉❡ ♦❜8❡♥✉❡ ❛♣9X3 ❝♦♥✈❡9❣❡♥❝❡ ✭❋✐❣✉9❡ ✻✳✸✷ ❣❛✉❝❤❡✮ ❡38 ❜✐❡♥ ❝♦♥❢♦9♠❡ K

❧❛ ♣9@✈✐3✐♦♥ ✭❋✐❣✉9❡ ✻✳✷✼ ❞9♦✐8❡✮✳ ❉❛♥3 ❝❡ ❝❛3✱ ❧❡3 ✈❛❧❡✉93 ♣9♦♣9❡3 ❞❡ C 3♦♥8 ❧❡3 3✉✐✈❛♥8❡3 ✿

λ(C) = [4.23− 3.07j , −2.20+ 2.20j , 0.98− 0.77j , 0.03− 0.85j , −0.48+ 1.40j] ✭✻✳✹✮

❉❡✉① ❞❡ ❝❡3 ✈❛❧❡✉93 ♣9♦♣9❡3 3♦♥8 K ♣❛98✐❡ 9@❡❧❧❡ ♥@❣❛8✐✈❡ ✿ ❧❡ ❝♦♠♣❡♥3❛8❡✉9 @I✉✐✈❛❧❡♥8 ❡38

✐♥38❛❜❧❡ ❞✬❛♣9X3 ❧❛ 3❡❝8✐♦♥ ✭✹✳✸✳✹✮✳

❆✜♥ ❞❡ ♠❡889❡ ❡♥ ♣❧❛❝❡ ✉♥ ❝♦♥89:❧❡✉9 ❞@❝❡♥89❛❧✐3@✱ ✉♥❡ ♠❛89✐❝❡ ❞❡ ❝♦♠♣❡♥3❛8✐♦♥ C ❞✐❛❣♦✲

♥❛❧❡ ❡38 ❛❧♦93 ❝❛❧❝✉❧@❡ ❞✬❛♣9X3 ❧❛ ♠@8❤♦❞❡ ♣9♦♣♦3@❡ K ❧❛ 3❡❝8✐♦♥ ✹✳✸✱ ❡♥ ❝❤♦✐3✐33❛♥8 nc = 3✱ ❝❡

I✉✐ ❝♦99❡3♣♦♥❞ K ✉♥ @❝❤❛♥8✐❧❧♦♥♥❛❣❡ 89X3 ❢❛✐❜❧❡ ❞❡ ❧✬❡3♣❛❝❡ ❞❡3 ✈❛❧❡✉93 ♣♦33✐❜❧❡ ❞❡3 ♣❛98✐❡3

9@❡❧❧❡3 ❡8 ✐♠❛❣✐♥❛✐9❡3 ❞❡ ❝❤❛I✉❡ 8❡9♠❡ ❞✐❛❣♦♥❛❧✳ %❛9♠✐ ❧❡3 32×5 = 59049 ♠❛89✐❝❡3 ❞✐❛❣♦✲

♥❛❧❡3 ❣@♥@9@❡3✱ ❧❛ ♠❛89✐❝❡ C ❝❤♦✐3✐❡ ❡38 ❝❡❧❧❡ I✉✐ ♣❡9♠❡8 ❞❡ ♠♦❞✐✜❡9 ❧❡3 ✈❛❧❡✉93 ♣9♦♣9❡3

λi ❞✉ 3②38X♠❡ ❡♥ ❜♦✉❝❧❡ ♦✉✈❡98❡ ❞❡ 8❡❧❧❡ 3♦98❡ I✉❡ ❧❛ ❝♦♥✈❡9❣❡♥❝❡ 9@♣♦♥❞❡ ❧❡ ♠✐❡✉① ❛✉①

❝9✐8X9❡3 ❞❡ ✈✐8❡33❡ ❡8 ❞✬❛♠♦98✐33❡♠❡♥8 ✭❋✐❣✉9❡ ✻✳✸✶ ❣❛✉❝❤❡✮✳ ▲❛ ♠❛89✐❝❡ C ♦❜8❡♥✉❡ ❡38 ❡①✲

♣9✐♠@❡ K ❧✬❊I✳ ✭✻✳✺✮✳ ❯♥ ❞❡ 3❡3 8❡9♠❡3 ❡38 K ♣❛98✐❡ 9@❡❧❧❡ ♥@❣❛8✐✈❡ ✿ 3✉9 ❧✬✉♥✐8@ ✺✱ ❧❡ ❝♦♥89:❧❡

✐♠♣❧❛♥8@ ❝♦99❡3♣♦♥❞ K ✉♥ ❝♦♠♣❡♥3❛8❡✉9 ❜❛♥❞❡ @89♦✐8❡ ✐♥38❛❜❧❡✳ ▲❛ 38❛❜✐❧✐8@ ♥✬❡38 ❣❛9❛♥8✐❡

I✉❡ ❧♦93I✉❡ ❧❡ 3②38X♠❡ ❡38 ❜♦✉❝❧@✳ ❈❡ 8②♣❡ ❞❡ ❝♦♠♣❡♥3❛8❡✉9 3❡ ❞@♠❛9I✉❡ ❞❡3 ❝♦♥89:❧❡✉93



✻✳✷✳ #❆◆◆❊❆❯ ■◆❚➱❘■❊❯❘ ❆➱❘❖◆❆❯❚■◗❯❊ ✶✶✸

012♦♥❛♥62✱ 26❛❜❧❡2✱ ;✉✐ 2♦♥6 ❝❧❛22✐;✉❡♠❡♥6 ✐♠♣❧❛♥61 ♣♦✉0 01❛❧✐2❡0 ❞❡ ❧✬❛♠♦06✐22❡♠❡♥6 ❛❝6✐❢✳

▲❡ ❝❛❧❝✉❧ ❞❡2 ✈❛❧❡✉02 ♣0♦♣0❡2 ❞❡ C ❞❛♥2 ❧❡ ❝❛2 ❝❡♥60❛❧✐21 ♣❡0♠❡6 ✐❝✐ ❞❡ ✈10✐✜❡0 ;✉❡ ❧❡ ❝❛✲

0❛❝6H0❡ ✐♥26❛❜❧❡ ❞✉ ❝♦♠♣❡♥2❛6❡✉0 1;✉✐✈❛❧❡♥6 ❞❛♥2 ❧❡ ❝❛2 ❞1❝❡♥60❛❧✐21 ♥✬❡26 ♣❛2 ✉♥✐;✉❡♠❡♥6

❞I J ❧✬❛❧❣♦0✐6❤♠❡ ❞❡ 0❡❝❤❡0❝❤❡ ❞❡ C ❞✐❛❣♦♥❛❧❡ ♣0♦♣♦21 ❞❛♥2 ❝❡66❡ 16✉❞❡✳

C =

















1.22− 0.72j 0 0 0 0

0 0.41− 0.24j 0 0 0

0 0 0.41− 0.24j 0 0

0 0 0 0.24 + 0.41j 0

0 0 0 0 −0.41 + 0.24j

















✭✻✳✺✮

%♦✉( ✉♥❡ ♠❛-(✐❝❡ ❞❡ ❝♦♠♣❡♥2❛-✐♦♥ ❞❡ ❞✐♠❡♥2✐♦♥ ✺ ❝♦♠♠❡ ❝✬❡2- ❧❡ ❝❛2 ✐❝✐✱ ❧❡ -❡♠♣2 ❞❡ ❝❛❧❝✉❧

✐♠♣♦(-❛♥- ♦❜❧✐❣❡ 8 2❡ ❧✐♠✐-❡( 8 ✉♥❡ ✈❛❧❡✉( ❢❛✐❜❧❡ ❞✉ ♣❛(❛♠;-(❡ nc
✳ ❊♥ ❛✉❣♠❡♥-❛♥- ❧❛ ✈❛❧❡✉(

❞❡ nc
✱ ✐❧ 2❡(❛✐- ♣♦22✐❜❧❡ ❞✬♦♣-✐♠✐2❡( ❧❡ ❝❤♦✐① ❞❡ ❧❛ ♠❛-(✐❝❡ ❞❡ ❝♦♠♣❡♥2❛-✐♦♥ ❛✜♥ ❞❡ ❣❛(❛♥-✐(

✉♥❡ ♠❡✐❧❧❡✉(❡ ✈✐-❡22❡ ❡- ✉♥ ♠❡✐❧❧❡✉( ❛♠♦(-✐22❡♠❡♥- ❞❡ ❧❛ ❝♦♥✈❡(❣❡♥❝❡ ❞❡2 ❝♦♠♠❛♥❞❡2 ✭❋✐✲

❣✉(❡ ✻✳✸✶ ❞(♦✐-❡✮✳ ❆♣(;2 ❝♦♥✈❡(❣❡♥❝❡✱ ❝❡2 ❝♦♠♠❛♥❞❡2 2♦♥- ❧E❣;(❡♠❡♥- ❞✐✛E(❡♥-❡2 ❞❡ ❝❡❧❧❡2

♦❜-❡♥✉❡2 ❡♥ ❝❡♥-(❛❧✐2E✳ ❈✬❡2- ✉♥❡ ❝♦♥2EH✉❡♥❝❡ ❞❡ ❧❛ ✈❛(✐❛-✐♦♥ ❞✉ ❝❤❛♠♣ ♣(✐♠❛✐(❡ ❞✐✛✉2

❞❛♥2 ❧❛ ❝❤❛♠❜(❡ (E✈❡(❜E(❛♥-❡✳ ❊♥ ❣❛(❛♥-✐22❛♥- ❧❛ (❡❧❛-✐♦♥ u = −Zopt(P1)y 8 ❧✬✐22✉❡ ❞❡ 2❛

❝♦♥✈❡(❣❡♥❝❡✱ ❧❡2 ❝♦♠♠❛♥❞❡2 ♦❜-❡♥✉❡2 ♣❡✉✈❡♥- ❧E❣;(❡♠❡♥- ❞✐✛E(❡( ❞❡ uopt(P1)✳ ❈❡--❡ ✈❛✲

(✐❛-✐♦♥ ❛♣♣❛(❛I- E❣❛❧❡♠❡♥- 2✉( ❧❡ (❛②♦♥♥❡♠❡♥- ❛❝♦✉2-✐H✉❡ ✭❋✐❣✉(❡ ✻✳✸✷ ❞(♦✐-❡✮✳ ▼M♠❡ 2✐ ❝❡

❞❡(♥✐❡( ♥✬❡2- ♣❛2 ♣❛(❢❛✐-❡♠❡♥- ✐❞❡♥-✐H✉❡ 8 ❝❡❧✉✐ ♣(E❞✐-✱ ❧✬❛--E♥✉❛-✐♦♥ (E❛❧✐2E❡ ❡2- ❝❡♣❡♥❞❛♥-

EH✉✐✈❛❧❡♥-❡ ✭≈ 10 ❞❇✮✳
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❋✐❣✉(❡ ✻✳✸✶ ❈❤♦✐① ❞❡ ❧❛ ♠❛-(✐❝❡ ❞❡ ❝♦♠♣❡♥2❛-✐♦♥ ❞✐❛❣♦♥❛❧❡ ✭❣❛✉❝❤❡✮ ❡- ❝♦♥✈❡(✲

❣❡♥❝❡ ❞❡2 ❝♦♠♠❛♥❞❡2 ♣♦✉( ❧❡ ❝♦♥-(O❧❡ ❝❡♥-(❛❧✐2E ✿ ❜❧❡✉ ❡- ❞E❝❡♥-(❛❧✐2E ✿ (♦✉❣❡

✭❞(♦✐-❡✮✳



f = 363.2
P1

P2

Zopt(P1)

Zopt(P1)

P2

P3

Zopt(P1)

P1 P2 P3

f = 363.2
P2

Zopt(P1)



f = 363.2
P3

Zopt(P1)

Pi Pj

i, j = 1, 2, 3

i = j

β = 0

β = 10−6

P3

P1 P2

P1 P2 P3

P1

P2

P3

f = 363.2Hz β = 0



✶✶✻ ❈❍❆%■❚❘❊ ✻✳ ❘➱❙❯▲❚❆❚❙ ❊❳%➱❘■▼❊◆❚❆❯❳

♣♦4✐6✐♦♥ ❞❡ ❧❛ 4♦✉=❝❡ ♣=✐♠❛✐=❡ @ ❧✬B6❛♣❡ ✶

P1 P2 P3

♣♦4✐6✐♦♥ ❞❡ ❧❛ P1 ✺✳✹ ❞❇ ✷✳✹ ❞❇ ✶✳✵ ❞❇

4♦✉=❝❡ ♣=✐♠❛✐=❡ P2 ✷✳✼ ❞❇ ✹✳✾ ❞❇ ✶✳✵ ❞❇

@ ❧✬B6❛♣❡ ✷ P3 ✲✵✳✹ ❞❇ ✲✵✳✽ ❞❇ ✷✳✺ ❞❇

❚❛❜❧❡❛✉ ✻✳✻ %=B✈✐4✐♦♥ ❞❡4 ❛66B♥✉❛6✐♦♥4 ♦❜6❡♥✉❡4 ❡♥ ❢♦♥❝6✐♦♥ ❞❡ ❧❛ ♣♦4✐6✐♦♥ ❞❡

❧❛ 4♦✉=❝❡ ♣=✐♠❛✐=❡ @ ❧✬B6❛♣❡ ✶ ❡6 ✷ @ f = 363.2Hz ❡6 ♣♦✉= β = 10−6✳

✻✳✷✳✹ ❈♦♥❝❧✉*✐♦♥

▲❡4 =B4✉❧6❛64 ♣=B4❡♥6B4 ❞❛♥4 ❧❛ 4❡❝6✐♦♥ ♣=B❝B❞❡♥6❡ ♠♦♥6=❡♥6 G✉❡ ❧❛ ♠B6❤♦❞❡ ❞❡4 ✐♠♣B✲

❞❛♥❝❡4 ♠B❝❛♥✐G✉❡4 ✈✐=6✉❡❧❧❡4 ♦♣6✐♠❛❧❡4 ❢♦♥❝6✐♦♥♥❡ 4✉= ✉♥❡ 46=✉❝6✉=❡ ❝♦♠♣♦4✐6❡ ❢♦=6❡♠❡♥6

❛♠♦=6✐❡✳ ▲❡4 ❝❛❧❝✉❧4 =B❛❧✐4B4 @ ❧✬✐44✉❡ ❞❡ ❧✬B6❛♣❡ ❞✬✐❞❡♥6✐✜❝❛6✐♦♥✱ ❡6 ✈B=✐✜B4 ♣❛= ❞❡4 ♠❡4✉=❡4✱

♣❡=♠❡66❡♥6 ❞❡ 6✐=❡= ❞✐✛B=❡♥6❡4 ❝♦♥❝❧✉4✐♦♥4✳ %=❡♠✐M=❡♠❡♥6✱ ❧❛ =M❣❧❡ ❣B♥B=❛❧❡ ❡♥ ❝♦♥6=O❧❡

❛❝6✐❢ G✉✐ ✈❡✉6 G✉❡ ❧❡ ♥♦♠❜=❡ ❞✬❛❝6✐♦♥♥❡✉=4 4❡❝♦♥❞❛✐=❡4 ♥B❝❡44❛✐=❡4 @ =B❛❧✐4❡= ✉♥❡ ❜♦♥♥❡

❛66B♥✉❛6✐♦♥ 4♦✐6 ❞✐=❡❝6❡♠❡♥6 ❧✐B ❛✉ ♥♦♠❜=❡ ❞❡ ❞❡❣=B4 ❞❡ ❧✐❜❡=6B4 ❞✉ 4②46M♠❡ 4❡♠❜❧❡ ✐❝✐

✈B=✐✜B❡✳ ▲❡ ❢♦=6 ❛♠♦=6✐44❡♠❡♥6 ❡6 ❧❛ ❝♦♠♣❧❡①✐6B ❞❡ ❧❛ 46=✉❝6✉=❡ ❛B=♦♥❛✉6✐G✉❡ ♥B❝❡44✐6❡♥6

❧✬✉6✐❧✐4❛6✐♦♥ ❞❡ ♥♦♠❜=❡✉4❡4 ✉♥✐6B4 ❞❡ ❝♦♥6=O❧❡✳ ❉❡ ♣❧✉4✱ 4✉= ✉♥❡ 46=✉❝6✉=❡ ❛♠♦=6✐❡ ♥❛6✉✲

=❡❧❧❡♠❡♥6✱ ❧✬✐♥❥❡❝6✐♦♥ ❞✬B♥❡=❣✐❡ 4❡♠❜❧❡ ✐♥❞✐4♣❡♥4❛❜❧❡ ❛✜♥ ❞✬❛✈♦✐= ✉♥ ❡✛❡6 ❞❡ =B❞✉❝6✐♦♥ ❞✉

=❛②♦♥♥❡♠❡♥6 ❛❝♦✉46✐G✉❡✳ ■❧ ❡46 ✐♥6B=❡44❛♥6 ❞❡ ♠❡66=❡ ❡♥ ❛✈❛♥6 ❝❡66❡ ❝♦♥❝❧✉4✐♦♥ ❞❛♥4 ❧❛

♠❡4✉=❡ ♦T ❧❛ ❣=❛♥❞❡ ♠❛❥♦=✐6B ❞❡4 B6✉❞❡4 ❞❡ ❝♦♥6=O❧❡ ❛❝6✐❢ ✈✐❜=♦❛❝♦✉46✐G✉❡ ❞B❝❡♥6=❛❧✐4B

4✬✐♥6B=❡44❡ ❛✉ ❝❛4 ♣❛=6✐❝✉❧✐❡= ❞❡ ❧❛ =B❛❧✐4❛6✐♦♥ ❞✬❛♠♦=6✐44❡♠❡♥6 ❛❝6✐❢ 4✉= ✉♥❡ 46=✉❝6✉=❡ ♣❡✉

❛♠♦=6✐❡✳ ❯♥❡ 6❡❧❧❡ 46=❛6B❣✐❡ ❡46 6♦6❛❧❡♠❡♥6 ✐♥❡✣❝❛❝❡ ❞❛♥4 ❧❡ ❝❛4 ❞✬✉♥ ♣❛♥♥❡❛✉ ❝♦♠♣♦✲

4✐6❡ ❝♦♠♠❡ ❝❡❧✉✐ B6✉❞✐B ✐❝✐✳ ❉❡ ♣❧✉4✱ ✐❧ ❛ B6B ♠♦♥6=B G✉❡ ❧✬✐♠♣❧❛♥6❛6✐♦♥ ❞✬✉♥❡ ✐♠♣B❞❛♥❝❡

♠B❝❛♥✐G✉❡ ✈✐=6✉❡❧❧❡ ❛❝6✐✈❡ ♣❡✉6 ♥B❝❡44✐6❡= ❧❛ ♠✐4❡ ❡♥ ♣❧❛❝❡ ❞✬✉♥ ❝♦♠♣❡♥4❛6❡✉= BG✉✐✈❛❧❡♥6

✐♥46❛❜❧❡✱ ❝❡ G✉✐ ❥✉46✐✜❡ ❞❛♥4 ❝❡ ❝❛4 ❧✬✉6✐❧✐4❛6✐♦♥ ❞✉ ❝♦♥6=O❧❡✉= ❞B✈❡❧♦♣♣B ❞❛♥4 ❝❡66❡ B6✉❞❡✳

▲❛ ✈❛=✐❛6✐♦♥ ❞❡ ❧❛ ♣♦4✐6✐♦♥ ❡6 ❞❡ ❧✬♦=✐❡♥6❛6✐♦♥ ❞❡ ❧❛ 4♦✉=❝❡ ❞❡ ❜=✉✐6 ♣=✐♠❛✐=❡ ❛ ♣❡=♠✐4

❞❡ ❝♦♥✜=♠❡= G✉❡ ❧❛ =♦❜✉46❡44❡ ❡♥ ♣❡=❢♦=♠❛♥❝❡ ❞✉ ❝♦♥6=O❧❡ ♣❛= =❛♣♣♦=6 @ ❧❛ ♣❡=6✉=❜❛6✐♦♥

♣=✐♠❛✐=❡ ❡46 ❞✐=❡❝6❡♠❡♥6 ❧✐B❡ ❛✉ ♥♦♠❜=❡ ❞❡ ❞❡❣=B4 ❞❡ ❧✐❜❡=6B4 ❞✉ 4②46M♠❡✳ ❉❡ ♣❧✉4✱ ❧✬❛❥♦✉6

❞❛♥4 ❧❛ ❢♦♥❝6✐♦♥ ❞❡ ❝♦V6 ❞✬✉♥ 6❡=♠❡ ❞❡ ♣B♥❛❧✐4❛6✐♦♥ ❞❡ ❧✬❡✛♦=6 ❞❡ ❝♦♥6=O❧❡ ❛ ❜✐❡♥ ❧✬❡✛❡6
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❛11❡♥❞✉ ❞❡ ❞✐♠✐♥✉❡8 ❧❛ ♣❡8❢♦8♠❛♥❝❡ ❞✉ ❝♦♥18>❧❡ 1♦✉1 ❡♥ ❛✉❣♠❡♥1❛♥1 @❛ 8♦❜✉@1❡@@❡ ❡♥ ♣❡8✲

❢♦8♠❛♥❝❡✳

❯♥ ❛✉18❡ ❛@♣❡❝1 ❞❡ ❧❛ ♠C1❤♦❞❡ 1❡@1C ❞❛♥@ ❝❡11❡ ❡①♣C8✐❡♥❝❡ C1❛✐1 ❧❛ ♠✐@❡ ❡♥ ♣❧❛❝❡ ❞✉ ❝♦♥18>✲

❧❡✉8 ❞C❝❡♥18❛❧✐@C ❞✬✐♠♣C❞❛♥❝❡@ ♠C❝❛♥✐G✉❡@ ✈✐81✉❡❧❧❡@✳ ▲✬❛❧❣♦8✐1❤♠❡ ♣8♦♣♦@C ❛✜♥ ❞❡ ❝❤♦✐@✐8

✉♥❡ ♠❛18✐❝❡ ❞❡ ❝♦♠♣❡♥@❛1✐♦♥ ❞✐❛❣♦♥❛❧❡✱ ♠L♠❡ @✬✐❧ ♣♦✉88❛✐1 L18❡ ♦♣1✐♠✐@C✱ ❛ ❧✬❛✈❛♥1❛❣❡

❞✬L18❡ ❢♦♥❞C @✉8 ❞❡@ ♣8✐♥❝✐♣❡@ ❛♥❛❧♦❣✉❡@ ❛✉① ♠C1❤♦❞❡@ ❞❡ ♣❧❛❝❡♠❡♥1 ❞❡ ♣>❧❡@ ❡1 ❞✬❛♥1✐✲

❝✐♣❡8 ❧❛ ✈✐1❡@@❡ ❞❡ ❧❛ ❝♦♥✈❡8❣❡♥❝❡ ❡♥ ❝❛❧❝✉❧❛♥1 ❧❡@ ✈❛❧❡✉8@ ♣8♦♣8❡@ ❞✉ @②@1N♠❡ ❡♥ ❜♦✉❝❧❡

♦✉✈❡81❡✳

❊♥✜♥✱ ❧❛ ❜♦♥♥❡ ❝♦♥♥❛✐@@❛♥❝❡ ❞❡@ ♣❤C♥♦♠N♥❡@ ♣❤②@✐G✉❡@ ✐♥1❡8✈❡♥❛♥1 ❞❛♥@ ❧❡ ❢♦♥❝1✐♦♥♥❡✲

♠❡♥1 ❞❡ ❧✬❛❝1✐♦♥♥❡✉8 ✐♥❡81✐❡❧ ♣❡8♠❡1 ❞❡ ❧❡ ❝♦♥@✐❞C8❡8 ❝♦♠♠❡ @❡♥@♦8✐ ❛❝1✉❛1❡✉8 ✿ ❡♥ ❧❡

❝♦♠♠❛♥❞❛♥1 ❡♥ ❝♦✉8❛♥1 ❡1 ❡♥ ♠❡@✉8❛♥1 ❧❛ 1❡♥@✐♦♥ P ❝❡@ ❜♦8♥❡@ ✭♦✉ ❧✬✐♥✈❡8@❡✮✱ ✐❧ ❡@1 ♣♦@✲

@✐❜❧❡ ❞✬❡@1✐♠❡8 ❧❛ ✈✐1❡@@❡ ❧♦❝❛❧❡ ❞❡ ❧❛ ♣❧❛G✉❡ ❞✬❛♣8N@ ❧❡@ CG✉❛1✐♦♥@ ♣8C@❡♥1C❡@ ❡♥ ❆♥♥❡①❡ ❇✳

▲❛ ❝♦♠♣❛8❛✐@♦♥ ❞❡ ❧❛ ♠✐@❡ ❡♥ ♣❧❛❝❡ ❞❡ ❧❛ ♠C1❤♦❞❡ ❞❡@ ✐♠♣C❞❛♥❝❡@ ♠C❝❛♥✐G✉❡@ ✈✐81✉❡❧❧❡@

♦♣1✐♠❛❧❡@ ❛✉ ♠♦②❡♥ ❞❡ ❞❡✉① ✉♥✐1C@ ❝♦♠♣♦@C❡@ @♦✐1 ❞✬✉♥ ❛❝1✐♦♥♥❡✉8 ✐♥❡81✐❡❧ ❡1 ❞✬❛❝❝C❧C8♦✲

♠N18❡✱ @♦✐1 ❞✬✉♥ ❛❝1✐♦♥♥❡✉8 ✐♥❡81✐❡❧ ✉1✐❧✐@C ❡♥ @❡♥@♦8✐ ❛❝1✉❛1❡✉8 ❡@1 ♣8C@❡♥1C ❡♥ ❆♥♥❡①❡ ❉

♣♦✉8 ❧❡ ♠L♠❡ ❞✐@♣♦@✐1✐❢ G✉❡ ❝❡❧✉✐ ❝♦♥@✐❞C8C ❛✉ ●❆❯❙ ❡1 ❞C❝8✐1 ❞❛♥@ ❧❛ @❡❝1✐♦♥ ♣8C❝C❞❡♥1❡✳
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✼✳✶ ❘$%✉❧(❛(% ♣+✐♥❝✐♣❛✉①

❘!"♦❧✉&✐♦♥ ❞✉ ♣+♦❜-♠❡ ❞✬♦♣&✐♠✐"❛&✐♦♥

▲❡ ♣#♦❜❧'♠❡ ❞✬♦♣+✐♠✐-❛+✐♦♥ ❛--♦❝✐1 2 ❧❛ ♠✐♥✐♠✐-❛+✐♦♥ ❞❡ ❧❛ ♣✉✐--❛♥❝❡ ❛❝♦✉-+✐4✉❡ #❛②♦♥♥1❡

❛ 1+1 ❡①♣#✐♠1 ❞❡ ❞✐✛1#❡♥+❡- ♠❛♥✐'#❡-✳ ❉✬✉♥❡ ♣❛#+✱ ❧✬❡①♣#❡--✐♦♥ ❞❡ ❧❛ ❢♦♥❝+✐♦♥ ❞❡ ❝♦<+ -♦✉-

❧❛ ❢♦#♠❡ ❞❡ ❧❛ -♦♠♠❡ ❞❡- ♠♦❞❡- -+#✉❝+✉#❛✉① ❛ ♣❡#♠✐- ❞❡ ❞1❝♦♠♣♦-❡# ❧❡- ♠1❝❛♥✐-♠❡-

✐♥+❡#✈❡♥❛♥+ ❛✉① ❞✐✛1#❡♥+❡- 1+❛♣❡- ❞❡ ❧❛ #1-♦❧✉+✐♦♥ ❡+ ❞✬✐♥+❡#♣#1+❡# ❧❡ ♣#♦❜❧'♠❡ ❡♥ +❡#♠❡

❞❡ ❞❡❣#1- ❞❡ ❧✐❜❡#+1✳ ❉✬❛✉+#❡ ♣❛#+✱ -♦♥ ❡①♣#❡--✐♦♥ 2 ❧✬❛✐❞❡ ❞❡ ❣#❛♥❞❡✉#- ♠❡-✉#❛❜❧❡- #❡♥❞

♣♦--✐❜❧❡ -❛ ♠✐-❡ ♣#❛+✐4✉❡ -✉# ♥✬✐♠♣♦#+❡ 4✉❡❧ +②♣❡ ❞❡ -+#✉❝+✉#❡✳

❈♦♥&+3❧❡ ❞!❝❡♥&+❛❧✐"! ❞❡ ❧✬✐♠♣!❞❛♥❝❡ ♠!❝❛♥✐5✉❡ ❧♦❝❛❧❡

❆✜♥ ❞✬✐♠♣♦-❡# ❧❡- ✐♠♣1❞❛♥❝❡- ♠1❝❛♥✐4✉❡- ✈✐#+✉❡❧❧❡- ♦♣+✐♠❛❧❡- ❝❛❧❝✉❧1❡- 2 ❧✬✐--✉❡ ❞❡ ❧❛ ♣#❡✲

♠✐'#❡ 1+❛♣❡ ❞❡ ❧❛ ♠1+❤♦❞❡✱ ❡+ 4✉✐ -♦♥+ ❞❡- ❝♦♠♣❧❡①❡- 4✉❡❧❝♦♥4✉❡- 4✉✐ ♣❡✉✈❡♥+ C+#❡ ❛✉--✐

❜✐❡♥ 2 ♣❛#+✐❡ #1❡❧❧❡ ♣♦-✐+✐✈❡ 4✉❡ ♥1❣❛+✐✈❡✱ ✉♥ ❝♦♥+#D❧❡✉# ❤❛#♠♦♥✐4✉❡ ❜❛-1 -✉# ❧❡ ❝♦♥❝❡♣+ ❞❡-

❡♥✈❡❧♦♣♣❡- ❝♦♠♣❧❡①❡- ❡-+ ✐♠♣❧❛♥+1✳ ❯♥ ❛❧❣♦#✐+❤♠❡ ♣❡#♠❡++❛♥+ ❞❡ -1❧❡❝+✐♦♥♥❡# ✉♥ ❝♦♥+#D✲

❧❡✉# ❞✐❛❣♦♥❛❧✱ -✬❛♣♣✉②❛♥+ -✉# ❧❛ ❧♦❝❛❧✐-❛+✐♦♥ ❞❡- ✈❛❧❡✉#- ♣#♦♣#❡- ❞✉ -②-+'♠❡ ❜♦✉❝❧1✱ ❛ 1+1

❞1✈❡❧♦♣♣1 ❞❛♥- ❧✬♦♣+✐4✉❡ ❞❡ #1❛❧✐-❡# ❧❡ ❝♦♥+#D❧❡ ❞1❝❡♥+#❛❧✐-1 ❞❡ ❧✬✐♠♣1❞❛♥❝❡ ♠1❝❛♥✐4✉❡

❧♦❝❛❧❡ ❧♦#- ❞❡ ❧❛ ❞❡✉①✐'♠❡ 1+❛♣❡ ❞❡ ❧❛ ♠1+❤♦❞❡✳ ❉❛♥- ❝❡#+❛✐♥- ❝❛-✱ ✐❧ ❛ 1+1 ♦❜-❡#✈1 4✉❡

❧❡ ❝♦♠♣❡♥-❛+❡✉# 14✉✐✈❛❧❡♥+ ✐♠♣❧❛♥+1 ❡-+ ✐♥-+❛❜❧❡✱ -❛ -+❛❜✐❧✐+1 ♥✬1+❛♥+ ❛❧♦#- ❣❛#❛♥+✐❡ 4✉❡

❧♦#-4✉❡ ❧❡ -②-+'♠❡ ❡-+ ❜♦✉❝❧1✳ ■❧ ❡-+ ✐♠♣♦#+❛♥+ ❞❡ ♥♦+❡# 4✉❡ ❝❡ ❣❡♥#❡ ❞❡ ❝♦♠♣❡♥-❛+❡✉#

✐♥-+❛❜❧❡ ❡-+ ❞✐-+✐♥❝+ ❞❡- #1-♦♥❛+❡✉#- -+❛❜❧❡- ❣1♥1#❛❧❡♠❡♥+ ✐♠♣❧❛♥+1- ❧♦#-4✉✬❡-+ #1❛❧✐-1 ❞❡

❧✬❛♠♦#+✐--❡♠❡♥+ ❛❝+✐❢✳

▼!&❤♦❞❡ ❞❡" ✐♠♣!❞❛♥❝❡" ♠!❝❛♥✐5✉❡" ✈✐+&✉❡❧❧❡" ♦♣&✐♠❛❧❡" "✉+ ✉♥❡ "&+✉❝&✉+❡

♣❡✉ ❛♠♦+&✐❡

▲❛ ♠1+❤♦❞❡ ❞❡- ✐♠♣1❞❛♥❝❡- ♠1❝❛♥✐4✉❡- ✈✐#+✉❡❧❧❡- ♦♣+✐♠❛❧❡- ❛ 1+1 ❛♣♣❧✐4✉1❡ ❛✉ ❝❛- ❞✬✉♥❡
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▲❛ ❢❛✐❜❧❡ .♦❜✉67❡66❡ ❡♥ ♣❡.❢♦.♠❛♥❝❡ ❞❡ ❧❛ ♠B7❤♦❞❡ ❞❡6 ✐♠♣B❞❛♥❝❡6 ♠B❝❛♥✐3✉❡6 ✈✐.7✉❡❧❧❡6

♦♣7✐♠❛❧❡6 ❛✉① ✈❛.✐❛7✐♦♥6 ❞✉ ❝❤❛♠♣ ♣.✐♠❛✐.❡ 6✉. ✉♥❡ 67.✉❝7✉.❡ ❢♦.7❡♠❡♥7 ❛♠♦.7✐❡ ❛ B7B B✈♦✲

3✉B❡✳ ▲✬✐♥7B.J7 ❞❡ ❧❛ ♣B♥❛❧✐6❛7✐♦♥ ❞❡ ❧✬❡✛♦.7 ❞❡ ❝♦♥7.A❧❡ ❛ B❣❛❧❡♠❡♥7 B7B 6♦✉❧✐❣♥B✳ ▼J♠❡

6✐ ❝❡7 ❡✛❡7 ❡67 7♦✉7 E ❢❛✐7 ❧♦❣✐3✉❡✱ ❧❛ ♣B♥❛❧✐6❛7✐♦♥ ✉♥✐❢♦.♠❡ ❝❤♦✐6✐❡ ❞❛♥6 ❧❡ ❝❛❞.❡ ❞❡ ❝❡77❡

B7✉❞❡ ♥✬❡67 ♣❛6 ❞✐.❡❝7❡♠❡♥7 ❧✐B❡ E ❝❡77❡ ♣.♦❜❧B♠❛7✐3✉❡✳ ▲❛ ♣❡.6♣❡❝7✐✈❡ 6❛♥6 ❞♦✉7❡ ❧❛ ♣❧✉6

✐♥7B.❡66❛♥7❡ ❞❡ ❝❡ 7.❛✈❛✐❧ 6❡.❛✐7 ❞❡ ❞B7❡.♠✐♥❡. 3✉❡❧ 7②♣❡ ❞❡ ♣B♥❛❧✐6❛7✐♦♥ ♣❡.♠❡7 ❞❡ ♣♦♥❞B✲

.❡. ❧❛ ❢♦♥❝7✐♦♥ ❞❡ ❝♦N7 ❛66♦❝✐B❡ ❛✉ ♣.♦❜❧D♠❡ ❞❡ ♠✐♥✐♠✐6❛7✐♦♥ ❛✈❡❝ ✉♥ 7❡.♠❡ ❞✐.❡❝7❡♠❡♥7

❧✐B E ❧❛ .♦❜✉67❡66❡ ❡♥ ♣❡.❢♦.♠❛♥❝❡✳ ❯♥❡ ♣♦66✐❜✐❧✐7B E 7❡67❡. 6❡.❛✐7 ❛❧♦.6 ❞❡ ♣.♦❥❡7❡. 7♦✉6

❧❡6 ❝❤❛♠♣6 ♣.✐♠❛✐.❡6 ♣♦66✐❜❧❡6 6✉. ❧✬❡6♣❛❝❡ ❢♦.♠B ♣❛. ❧❡6 ❝❤❛♠♣6 6❡❝♦♥❞❛✐.❡6 ❣B♥B.B6 ♣❛.

❝❤❛3✉❡ ❛❝7✐♦♥♥❡✉.✳ ❊♥ ❞B✜♥✐66❛♥7 ❧❛ ♣❛.7✐❡ ❝♦♠♠✉♥❡ ❞❡ 7♦✉7❡6 ❝❡6 ♣.♦❥❡❝7✐♦♥6 ❡7 ❡♥ ♣♦♥✲

❞B.❛♥7 ❧❛ ❢♦♥❝7✐♦♥ ❞❡ ❝♦N7 ♣❛. ❧❛ ❝♦♠♠❛♥❞❡ ♦♣7✐♠❛❧❡ 3✉✐ ♠✐♥✐♠✐6❡ ❧❛ ♣✉✐66❛♥❝❡ ❛❝♦✉67✐3✉❡

.❛②♦♥♥B❡ ♣❛. ❧❛ 67.✉❝7✉.❡ 6♦✉♠✐6❡ E ❝❡ ❝❤❛♠♣✱ ❧❛ ♣B♥❛❧✐6❛7✐♦♥ ❞✉ ❝♦♥7.A❧❡ ♥❡ 6❡ ❢❡.❛✐7 ♣❧✉6

♣❛. .❛♣♣♦.7 E ✉♥❡ ❝♦♠♠❛♥❞❡ ♥✉❧❧❡ ♠❛✐6 ♣❛. .❛♣♣♦.7 E ✉♥❡ ❝♦♠♠❛♥❞❡ ♦♣7✐♠❛❧❡ .♦❜✉67❡✳
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❆◆◆❊❳❊ ❆

$%✐'❡ ❡♥ ❝♦♠♣.❡ ❞✉ ❝♦✉♣❧❛❣❡ ♣❛''✐❢ ❞✬✉♥ ❛❝✲

.✐♦♥♥❡✉% '✉% ✉♥❡ '.%✉❝.✉%❡

❉❛♥# ❧❛ ♠♦❞(❧✐#❛*✐♦♥ ♣,(#❡♥*(❡ ❛✉ ❝❤❛♣✐*,❡ ✸✱ ❧❡ ❝♦✉♣❧❛❣❡ ♣❛##✐❢ ❞❡# ❛❝*✐♦♥♥❡✉,# #✉, ❧❛

#*,✉❝*✉,❡ ❛ (*( ♥(❣❧✐❣(✳ ❙✐ ❝❡**❡ ❛♣♣,♦①✐♠❛*✐♦♥ ❡#* ❥✉#*✐✜❛❜❧❡ ♣♦✉, ❧❡# ❛❝*✐♦♥♥❡✉,# ♣✐(③♦✲

(❧❡❝*,✐=✉❡# ❝♦♥#✐❞(,(#✱ ❡❧❧❡ ❧✬❡#* ♠♦✐♥# ♣♦✉, ❧❡# ❛❝*✐♦♥♥❡✉,# ✐♥❡,*✐❡❧# =✉✐ #♦♥* ♣❧✉# ❧♦✉,❞#✳

❆✜♥ ❞❡ ♣♦✉✈♦✐, *❡♥✐, ❝♦♠♣*❡ ❞❡ ❝❡* ❡✛❡* #❛♥# ♠♦❞✐✜❡, *♦✉* ❧❡# ❝❛❧❝✉❧# =✉✐ ❞(❝♦✉❧❡♥* ❞❡

❝❡**❡ ♠♦❞✐✜❝❛*✐♦♥✱ ✐❧ #✉✣,❛✐* ❞❡ ♥❡ ♣❧✉# ❝♦♥#✐❞(,❡, ❧❡# ♠♦❞❡# #*,✉❝*✉,❛✉① ❞❡ ❧❛ ♣❧❛=✉❡ #❡✉❧❡

♠❛✐# ❝❡✉① ❞❡ ❧✬❡♥#❡♠❜❧❡ ❝♦♥#*✐*✉( ❞❡ ❧❛ ♣❧❛=✉❡ ❡* ❞❡# ❛❝*✐♦♥♥❡✉,#✳ ❯♥ ❝❛❧❝✉❧ ❡#* ♣,♦♣♦#(

❛✜♥ ❞❡ ,❡*,♦✉✈❡, ❝❡# ♠♦❞❡#✳ ❊♥ ,❛✐#♦♥♥❛♥* E ♣❛,*✐, ❞❡# ❞♦♥♥(❡# ❡①♣(,✐♠❡♥*❛❧❡#✱ ♥(❣❧✐❣❡,

❝❡* ❡✛❡* ,❡✈✐❡♥* E ❝♦♥#✐❞(,❡, ❞✐,❡❝*❡♠❡♥* ❧❡ ❝♦♥*,F❧❡ ❞❡ ❧✬❡♥#❡♠❜❧❡ #*,✉❝*✉,❡✲*,❛♥#❞✉❝*❡✉,#✳

▲✬♦❜❥❡❝*✐❢ ❞❡ ❧❛ #❡❝♦♥❞❡ ♣❛,*✐❡ ❞❡ ❝❡**❡ (*✉❞❡ ❡#* ❞❡ =✉❛♥*✐✜(❡ ❧✬❡,,❡✉, =✉✐ ❡#* ,(❛❧✐#(❡✳

❆✳✶ ▼♦❞&❧✐)❛+✐♦♥ ❞✉ ❝♦✉♣❧❛❣❡ ♣❛))✐❢

▲❛ ❢♦,❝❡ ❡①❡,❝(❡ ❛✉ ♣♦✐♥* (x, y) ❞✬✉♥❡ #*,✉❝*✉,❡ ♣❛, ✉♥ ❛❝*✐♦♥♥❡✉, ❧♦❝❛❧✐#( ❡♥ (xa, ya)
♣❡✉* #✬(❝,✐,❡ ❝♦♠♠❡ ❧❛ #♦♠♠❡ ❞✬✉♥ ❡✛❡* ❛❝*✐❢ ♣,♦♣♦,*✐♦♥♥❡❧ E ❧❛ ❝♦♠♠❛♥❞❡ =✉✐ ❧✉✐ ❡#*

❡♥✈♦②(❡ ✭♠♦❞(❧✐#( ❛✉ ❝❤❛♣✐*,❡ ✸✮ ❡* ❞✬✉♥ ❡✛❡* ♣❛##✐❢✳ ❉❛♥# ❧❡ ❝❛# ❞✬✉♥ ❛❝*✐♦♥♥❡✉, ✐♥❡,*✐❡❧✱

❧✬❛♣♣,♦①✐♠❛*✐♦♥ ♣♦♥❝*✉❡❧❧❡ ♣❡,♠❡* ❞✬(❝,✐,❡ ✿

f(x, y) = Hfuu− Zaẇ(x, y)δ(xa, ya), ✭❆✳✶✮

♦M δ(x, y) ❡#* ❧❛ ❢♦♥❝*✐♦♥ ❞❡ ❉✐,❛❝✱ Hfu ❡#* ❧❛ ❢♦♥❝*✐♦♥ ❞❡ *,❛♥❢❡,* ❞(❝,✐*❡ E ❧✬❊=✳ ✭✸✳✶✷✮

❡* Zp
#❡,❛ ❛♣♣❡❧( ❧✬✐♠♣(❞❛♥❝❡ ♠(❝❛♥✐=✉❡ ♣❛##✐✈❡ ❞❡ ❧✬❛❝*✐♦♥♥❡✉,✳ ❉✬❛♣,O# ❧❡# ❞(✜♥✐*✐♦♥#

❞♦♥♥(❡# ❛✉ ❝❤❛♣✐*,❡ ✸✱ ♦♥ ❝♦♥#✐❞O,❡ ✉♥❡ #*,✉❝*✉,❡ ❞♦♥* ❧❛ ♠❛*,✐❝❡ ❞❡# ♠♦❜✐❧✐*( ♠♦❞❛❧❡# ❡#*

♥♦*(❡M✳ ❙❛♥# ♣❡,*✉,❜❛*✐♦♥ ♣,✐♠❛✐,❡ ❡* #✐ ✉♥❡ ❝♦♠♠❛♥❞❡ ♥✉❧❧❡ ❡#* ❡♥✈♦②(❡ E ❧✬❛❝*✐♦♥♥❡✉,✱

❛❧♦,# ❧❡ ✈❡❝*❡✉, ❞❡# ❛♠♣❧✐*✉❞❡# ♠♦❞❛❧❡# ❞❡ ❞(♣❧❛❝❡♠❡♥* q ❡#* *❡❧ =✉❡ ✿

jωM−1q = c, ✭❆✳✷✮

♦M c ❡#* ❧❛ ♣,♦❥❡❝*✐♦♥ ❞❡ f(x, y) #✉, ❧❡# ♠♦❞❡# #*,✉❝*✉,❛✉① φp(x, y), p = 1, .., Nm ✿

cp =

∫∫

x,y

f(x, y)φp(x, y)dxdy ✭❆✳✸✮

=

∫∫

x,y

Zaẇ(x, y)δ(xa, ya)φp(x, y)dxdy

= Zaẇ(xa, ya)φp(xa, ya)

= jωZa
∑

α

qαφα(xa, ya)φp(xa, ya) ✭❆✳✹✮

✶✷✸



✶✷✹

❆◆◆❊❳❊ ❆✳ (❘■❙❊ ❊◆ ❈❖▼(❚❊ ❉❯ ❈❖❯(▲❆●❊ (❆❙❙■❋ ❉✬❯◆ ❆❈❚■❖◆◆❊❯❘

❙❯❘ ❯◆❊ ❙❚❘❯❈❚❯❘❊

❊♥ ♣♦9❛♥; ✿

Ψa =





φ1(xa, ya)φ1(xa, ya) ... φ1(xa, ya)φNm
(xa, ya)

: :
φNm

(xa, ya)φ1(xa, ya) ... φNm
(xa, ya)φNm

(xa, ya)



 , ✭❆✳✺✮

❧❛ ♠❛;B✐❝❡ BF❡❧❧❡ 9②♠F;B✐H✉❡ ❡; ✐♥❞F♣❡♥❞❛♥;❡ ❞❡ ❧❛ ❢BFH✉❡♥❝❡ ❞❡9 ❝♦✉♣❧❛❣❡9 ✐♥;❡B✲♠♦❞❛✉①

✱ ✐❧ ❡9; ♣♦99✐❜❧❡ F❝B✐B❡ ✿

c = jωZaΨaq ✭❆✳✻✮

❆✈❡❝ Nu ❛❝;✐♦♥♥❡✉B9✱ ▲✬❊H✳ ✭❆✳✻✮ ❞❡✈✐❡♥; ❛❧♦B9 ✿

c = jω

(

∑

n

ZanΨan

)

q ✭❆✳✼✮

▲✬FH✉❛;✐♦♥ 9❛♥9 9❡❝♦♥❞ ♠❡♠❜B❡ ❞❡ ❧✬❡♥9❡♠❜❧❡ ❝♦♥9;✐;✉F ♣❛B ❧❛ 9;B✉❝;✉B❡ ❡; ❧❡9 ;B❛♥9❞✉❝✲

;❡✉B9 ❡9; ♦❜;❡♥✉❡ ❡♥ ❢❛✐9❛♥; ♣❛99❡B ;♦✉9 ❧❡9 ;❡B♠❡9 ❞❡ ❧✬❊H✳ ✭❆✳✷✮ T ❣❛✉❝❤❡✳ ❊♥ ❛❥♦✉;❛♥; ❧❡9

;❡B♠❡9 ❞✉9 ❛✉ ❝❤❛♠♣ ♣B✐♠❛✐B❡ ❡; T ❧✬❡✛❡; ❛❝;✐❢ ❞❡9 ❛❝;✐♦♥♥❡✉B9✱ ❧❡ 9②9;X♠❡ ✭✸✳✶✶✮ 9✬F❝B✐; ✿

jω (M−1 +
∑

n Z
anΨan)q = Au+ b

y = jωSq
✭❆✳✽✮

❡; ;♦✉9 ❧❡9 ❝❛❧❝✉❧9 ❞F✈❡❧♦♣♣F9 ❞❛♥9 ❧❡ ❝♦B♣9 ❞✉ ♠❛♥✉9❝B✐; ♣❡✉✈❡♥; [;B❡ ♠♦❞✐✜F9 ❡♥ B❡♠♣❧❛✲

]❛♥; M−1
♣❛B (M−1 +

∑

n Z
anΨan)✳

❈♦♥;B❛✐B❡♠❡♥; T M−1
❧❛ ♠❛;B✐❝❡ (M−1 +

∑

n Z
anΨan) ♥✬❡9; ♣❛9 ❞✐❛❣♦♥❛❧❡ ✿ ❧❛ ❜❛9❡ ❞❡9

✈❡❝;❡✉B9 ♣B♦♣B❡9 φ 9✉B ❧❛H✉❡❧❧❡ ❧❡ ♣B♦❜❧X♠❡ ❡9; ❞F❝♦♠♣♦9F ♣❡B❞ ❞❡ 9♦♥ ✐♥;FB[;✳ ■❧ ❡9; ❝❡✲

♣❡♥❞❛♥; ♣♦99✐❜❧❡ ❞❡ ❝❛❧❝✉❧❡B ✉♥❡ ♥♦✉✈❡❧❧❡ ❜❛9❡ ❞❡ ✈❡❝;❡✉B9 ♣B♦♣B❡9✳ ❖♥ ❞♦✐; ♣♦✉B ❝❡❧❛

❝♦♥9✐❞FB❡B ❧❡ ♣B♦❜❧X♠❡ 9❛♥9 ❛♠♦B;✐99❡♠❡♥;✳ ❙♦✉9 ❝❡;;❡ ❝♦♥❞✐;✐♦♥ ✿

✲ M−1
❡9; 9②♠F;B✐H✉❡ BF❡❧❧❡✳

✲ Zan ∈ jR, ∀n ❞♦♥❝ ❧❛ ♠❛;B✐❝❡

∑

n Z
anΨan

❡9; 9②♠F;B✐H✉❡ BF❡❧❧❡✳

■❧ ❡①✐9;❡ ❞♦♥❝ ✉♥❡ ♠❛;B✐❝❡ ∆ ❞✐❛❣♦♥❛❧❡ ❡; ✉♥❡ ♠❛;B✐❝❡ Ξ ✐♥✈❡B9✐❜❧❡ ;❡❧❧❡9 H✉❡ ✿

Ξ−1

(

M−1 +
∑

n

ZanΨan

)

Ξ =∆ ✭❆✳✾✮

❉❛♥9 ❝❡;;❡ ♥♦✉✈❡❧❧❡ ❜❛9❡ ❧✬FH✉❛;✐♦♥ 9❛♥9 9❡❝♦♥❞ ♠❡♠❜B❡ ❞❡✈✐❡♥; ✿

∆B = 0, ❛✈❡❝ B = Ξ−1q ✭❆✳✶✵✮

▲✬❡①♣B❡99✐♦♥ ❞❡9 ♥♦✉✈❡❛✉① ✈❡❝;❡✉B9 ♣B♦♣B❡9 ❛99♦❝✐F9 ❞F♣❡♥❞ ❞❡ ❧❛ ♠❛;B✐❝❡ Ξ ❞❡ ♣❛99❛❣❡

❞❡ ❧✬❛♥❝✐❡♥♥❡ T ❧❛ ♥♦✉✈❡❧❧❡ ❜❛9❡ ❞❡ ❞F❝♦♠♣♦9✐;✐♦♥✳ ❆✜♥ ❞✬❡①♣B✐♠❡B ❝❡;;❡ ♥♦✉✈❡❧❧❡ ❜❛9❡

❡♥ ;❡B♠❡ ❞❡ ❞F❢♦B♠F❡ ✈✐❜B❛;♦✐B❡✱ ✐❧ ❢❛✉; BF❛❧✐9❡B ✉♥ ♠❛✐❧❧❛❣❡ 9♣❛;✐❛❧ ❞❡ ❧❛ 9;B✉❝;✉B❡✳ ❙✐ ❝❡



❆✳✷✳ ❘➱❙❯▲❚❆❚❙ ◆❯▼➱❘■◗❯❊❙ ✶✷✺

♠❛✐❧❧❛❣❡ ❡67 ❝♦♥67✐7✉< ❞❡ Np ♣♦✐♥76✱ ❛❧♦@6 ❡♥ ❞<✜♥✐66❛♥7 ✿

T =





φ1(x1, y1) ... φNm
(x1, y1)

: :
φ1(xNp

, yNp
) ... φNm

(xNp
, yNp

)



 , ✭❆✳✶✶✮

❛❧♦@6 ❧❡6 ❝♦❧♦♥♥❡6 ❞❡ ❧❛ ♠❛7@✐❝❡ TΞ ❢♦@♠❡♥7 ❧❛ ♥♦✉✈❡❧❧❡ ❜❛6❡ ❞❡ ✈❡❝7❡✉@6 ♣@♦♣@❡6✳

❈❡♣❡♥❞❛♥7✱ ❝❡77❡ ♥♦✉✈❡❧❧❡ ❜❛6❡ ❞❡ ❞<❝♦♠♣♦6✐7✐♦♥ ♥✬❡67 ♣❛6 ❢❛❝✐❧❡♠❡♥7 ✉7✐❧✐6❛❜❧❡✱ ❡7 ❝❡ ♣♦✉@

❞✐✛<@❡♥7❡6 @❛✐6♦♥6✳ ❯♥ ❞❡6 ❛✈❛♥7❛❣❡6 ❞❡ ❝♦♥6✐❞<@❡@ ❧❛ 67@✉❝7✉@❡ 6❡✉❧❡ ❡67 K✉❡ ❧❡6 ♠♦❞❡6

67@✉❝7✉@❛✉① ♣❛@ @❛♣♣♦@7 M ❧❛ ❢@<K✉❡♥❝❡ ❞❛♥6 ❧❛ ♠❡6✉@❡ ♦N ❧❛ ❞<♣❡♥❞❛♥❝❡ ❢@<K✉❡♥7✐❡❧❧❡

❛♣♣❛@❛O7 ✉♥✐K✉❡♠❡♥7 6✉@ ❧❡6 ❛♠♣❧✐7✉❞❡6 ♠♦❞❛❧❡6✳ ▲❛ ❞<❝♦♠♣♦6✐7✐♦♥ ❡♥ ✈❛❧❡✉@6 ♣@♦♣@❡6

@<❛❧✐6<❡ M ❧✬❊K✳ ✭❆✳✾✮ ❞♦✐7 Q7@❡ ❡✛❡❝7✉<❡ M ❝❤❛K✉❡ ❢@<K✉❡♥❝❡✳ ❘✐❡♥ ♥❡ ❣❛@❛♥7✐7 K✉❡ ❧❛ ♠Q♠❡

♣@♦♣@✐<7< 6❡@❛ ♦❜7❡♥✉❡ 6✉@ ❧❡6 ♥♦✉✈❡❛✉① ✈❡❝7❡✉@6 ♣@♦♣@❡6✱ ♣♦✉@ ✉♥❡ ✐♠♣<❞❛♥❝❡ ♠<❝❛♥✐K✉❡

♣❛66✐✈❡ K✉❡❧❝♦♥K✉❡✳ ❈❡♣❡♥❞❛♥7✱ 6✐ ❝❡77❡ ✐♠♣<❞❛♥❝❡ ♠<❝❛♥✐K✉❡ ♣❛66✐✈❡ 6❡ ❞<❝♦♠♣♦6❡ ❢❛❝✐❧❡✲

♠❡♥7 ❡♥ ❧❛ 6♦♠♠❡ ❞✬✉♥❡ ♠❛66❡ ❡7 ❞✬✉♥❡ @❛✐❞❡✉@✱ ❛❧♦@6 ❞✬❛♣@T6 ❧✬❊K✳ ✭❆✳✾✮ ✐❧ 6❡@❛✐7 ♣♦66✐❜❧❡

❞❡ ♠♦♥7@❡@ K✉❡ ❧❡6 ♥♦✉✈❡❛✉① ✈❡❝7❡✉@6 ♣@♦♣@❡6 ♥❡ ❞<♣❡♥❞❡♥7 ♣❛6 ♥♦♥ ♣❧✉6 ❞❡ ❧❛ ❢@<K✉❡♥❝❡✳

❉✐✛<@❡♥76 ♠♦❞T❧❡6 ♦♥7 <7< ❞<✈❡❧♦♣♣<6 ♣♦✉@ ♣@♦❥❡7❡@ ❧✬❛♠♦@7✐66❡♠❡♥7 ❞❡ ❧❛ 67@✉❝7✉@❡ 6✉@ ❧❛

❜❛6❡ ❞❡6 ✈❡❝7❡✉@6 ♣@♦♣@❡6 ❝♦♠♠❡ ❧✬❛♠♦@7✐66❡♠❡♥7 67@✉❝7✉@❡❧ ♦✉ ❧✬❛♠♦@7✐66❡♠❡♥7 ✈✐6K✉❡✉①✳

❙✉@ ❧❛ ♥♦✉✈❡❧❧❡ ❜❛6❡ ❞❡ ❞<❝♦♠♣♦6✐7✐♦♥✱ ✐❧ ♥✬❡①✐67❡ ♣❛6 ❞❡ ♠♦②❡♥ 6✐♠♣❧❡ ❞❡ ♣@❡♥❞@❡ ❡♥

❝♦♠♣7❡ ❝❡7 ❛♠♦@7✐66❡♠❡♥7 ❡7 ❡♥ ♠Q♠❡ 7❡♠♣6 ❧❛ ♣❛@7✐❡ @<❡❧❧❡ ❞❡6 ✐♠♣<❞❛♥❝❡6 ♠<❝❛♥✐K✉❡6

♣❛66✐✈❡6 ❞❡6 ❛❝7✐♦♥♥❡✉@6✳

■❧ ❡67 ✐♥7<@❡66❛♥7 ❞❡ ♥♦7❡@ K✉❡ ❧✬❛♣♣@♦❝❤❡ K✉✐ ❛ <7< ❞<✈❡❧♦♣♣<❡ ❞❛♥6 ❝❡77❡ 6❡❝7✐♦♥ ♣♦✉@

❧✬✐♠♣<❞❛♥❝❡ ♠<❝❛♥✐K✉❡ ♣❛66✐✈❡ ❞❡6 7@❛♥6❞✉❝7❡✉@6 ❡67 ♣❛@❢❛✐7❡♠❡♥7 7@❛♥6♣♦6❛❜❧❡ ❡♥ ❝♦♥6✐✲

❞<@❛♥7 ❧❡6 ✐♠♣<❞❛♥❝❡6 ♠<❝❛♥✐K✉❡6 ✈✐@7✉❡❧❧❡6 ✐♠♣♦6<❡6 ♣❛@ ❧❡ ❝♦♥7@X❧❡✳ ❈❡♣❡♥❞❛♥7✱ ♣♦✉@ ❧❡6

❞✐✛<@❡♥7❡6 @❛✐6♦♥6 K✉✐ ✈✐❡♥♥❡♥7 ❞✬Q7@❡ <✈♦K✉<❡6✱ ❧❛ ♥♦✉✈❡❧❧❡ ❜❛6❡ ❞❡ ❞<❝♦♠♣♦6✐7✐♦♥ ♣@<6❡♥✲

7<❡ ✐❝✐ ♥✬❡67 ♣❛6 ✉7✐❧✐6<❡✱ ♥✐ ♣♦✉@ 7❡♥✐@ ❝♦♠♣7❡ ❞❡ ❧✬❡✛❡7 ♣❛66✐❢ ❞❡6 7@❛♥6❞✉❝7❡✉@6✱ ♥✐ ♣♦✉@

<7✉❞✐❡@ ❧✬❡✛❡7 ❞❡6 ✐♠♣<❞❛♥❝❡6 ♠<❝❛♥✐K✉❡6 ✈✐@7✉❡❧❧❡6 ✐♠♣♦6<❡6 ♣❛@ ❧❡ ❝♦♥7@X❧❡✳

❆✳✷ ❘$%✉❧(❛(% ♥✉♠$,✐.✉❡%

❉❛♥6 ❝❡77❡ 6❡❝7✐♦♥✱ K✉❡❧K✉❡6 @<6✉❧7❛76 ♥✉♠<@✐K✉❡6 6♦♥7 ♣@<6❡♥7<6 ❛✜♥ ❞❡ K✉❛♥7✐✜❡@ ❧✬❡@@❡✉@

@<❛❧✐6<❡ ❡♥ ♥<❣❧✐❣❡❛♥7 ❧✬❡✛❡7 ♣❛66✐❢ ❞❡6 ❛❝7✐♦♥♥❡✉@6 ✐♥❡@7✐❡❧6✳ ❖♥ 6✬✐♥7<@❡66❡ ❛✉ ❝❛6 ❞❡ ❧❛

♣❧❛K✉❡ ♠✐♥❝❡ ❡♥ ❛♣♣✉✐ 6✐♠♣❧❡ ♠♦❞<❧✐6<❡ ❛✉ ❝❤❛♣✐7@❡ ✸ ❡7 ❞♦♥7 ❧❡6 ♣@♦♣@✐<7<6 ♠<❝❛♥✐K✉❡6

6♦♥7 ♥♦7<❡6 ❞❛♥6 ❧❡ ❚❛❜❧❡❛✉ ✺✳✶✳ ❖♥ ❝♦♥6✐❞T@❡ K✉❡ ❧❡6 ❛❝7✐♦♥♥❡✉@6 ✐♥❡@7✐❡❧6 6♦♥7 ❝♦♥7@X❧<6

❡♥ ❢♦@❝❡ ❡7 K✉❡ ❧❡✉@ ✐♠♣<❞❛♥❝❡ ♠<❝❛♥✐K✉❡ ✈❛✉7 ✿

Za(jω) = jωMa +Ra +
Ka

jω
, ✭❆✳✶✷✮

♦N Ma = 0.095 ❦❣✱ Ra = 3.75 ◆✳♠−1✳6 ❡7 Ka = 25 × 103 ◆✳♠−1 6♦♥7 @❡6♣❡❝7✐✈❡♠❡♥7
❧❛ ♠❛66❡ ♠♦❜✐❧❡✱ ❧❛ @<6✐67❛♥❝❡ ♠<❝❛♥✐K✉❡ ❡7 ❧❛ @❛✐❞❡✉@ ❞❡ 6✉6♣❡♥6✐♦♥ ❞❡ ❧✬❛❝7✐♦♥♥❡✉@✳ ❯♥

❛❝7✐♦♥♥❡✉@ ❡67 ♣♦6✐7✐♦♥♥< ❛✉ ❝❡♥7@❡ ❞❡ ❧❛ ♣❧❛K✉❡ ❡7 ❣<♥T@❡ ✉♥❡ ❢♦@❝❡ ❝♦♥67❛♥7❡ ♣❛@ @❛♣♣♦@7
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6 ❧❛ ❢:;<✉❡♥❝❡ ❞❡ ✶ ◆✳ ▲❛ ✈✐D❡EE❡ ❞❡ ❧❛ ♣❧❛<✉❡ ❡♥ ❝❡ ♣♦✐♥D ❡ED ❝❛❧❝✉❧;❡ ♣♦✉: D:♦✐E E✐D✉❛D✐♦♥E

❞✐✛;:❡♥D❡E ✿

✲ ❧✬❡✛❡D ♣❛EE✐❢ ❞❡ ❧✬❛❝D✐♦♥♥❡✉: ❡ED ♥;❣❧✐❣;✳

✲ ❧✬❡✛❡D ♣❛EE✐❢ ❞❡ ❧✬❛❝D✐♦♥♥❡✉: ❡ED ♣:✐E ❡♥ ❝♦♠♣D❡✳
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❡♥✈♦②;❡✳ ▲❡✉: ❡✛❡D ♣❛EE✐❢ ❡ED ♣:✐E ❡♥ ❝♦♠♣D❡✳

▲❡E :;E✉❧D❛DE E♦♥D D:❛❝;E E✉: ❧❛ ❋✐❣✉:❡ ❆✳✶✳ ▲♦:E<✉✬✉♥ E❡✉❧ ❛❝D✐♦♥♥❡✉: ❡ED ❞✐E♣♦E; E✉:
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❧✬❛❥♦✉D ❞✬❛❝D✐♦♥♥❡✉:E ❛ D❡♥❞❛♥❝❡ 6 ♠♦❞✐✜❡: ❧❡E ♣:♦♣:✐;D;E ❞❡ E②♠;D:✐❡E ❞❡ ❧❛ ED:✉❝D✉:❡✳ ▲❛
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❚&❛♥)❢❡&, ❋♦&❝❡✴❚❡♥)✐♦♥ ❞✬✉♥ ❛❝,✐♦♥♥❡✉& ✐♥❡&✲

,✐❡❧ ❝♦✉♣❧8 9 ✉♥❡ ),&✉❝,✉&❡

❉❡ ♥♦♠❜&❡✉(❡( ♠)*❤♦❞❡( ❞❡ ❝♦♥*&.❧❡ ❛❝*✐❢ ✈✐❜&❛*♦✐&❡ ♦✉ ✈✐❜&♦❛❝♦✉(*✐4✉❡ ❝♦♥(✐❞5&❡ ❧✬✉*✐✲

❧✐(❛*✐♦♥ ❞✬❛❝*✐♦♥♥❡✉&( ✐♥❡&*✐❡❧( ❛✜♥ ❞✬❛♣♣❧✐4✉❡& ✉♥❡ ❢♦&❝❡ *&❛♥(✈❡&(❡ : ❧❛ (*&✉❝*✉&❡✳ ❈❡**❡

❢♦&❝❡✱ ❝&)❡ ♣❛& ❧❛ ♠✐(❡ ❡♥ ♠♦✉✈❡♠❡♥* ❞✬✉♥❡ ♠❛((❡✱ ♣❡✉* (✬❡①♣&✐♠❡& : ♣❛&*✐& ❞❡( ❣&❛♥❞❡✉&(

)❧❡❝*&✐4✉❡( ❝♦♠♠❡ ❧❡ ❝♦✉&❛♥* ♦✉ ❧❛ *❡♥(✐♦♥ ❛✉① ❜♦&♥❡( ❞❡ ❧✬❛❝*✐♦♥♥❡✉&✳ ❉)♣❡♥❞❛♠♠❡♥*

❞❡ ❧❛ (*&❛*)❣✐❡ ♠✐(❡ ❡♥ ♣❧❛❝❡✱ ✐❧ ♣❡✉* @*&❡ ✐♠♣♦&*❛♥* ❞❡ ❝♦♥♥❛A*&❡ ❧❛ ✈❛❧❡✉& ❞❡ ❧❛ ❢♦&❝❡

&)❡❧❧❡♠❡♥* ❛♣♣❧✐4✉)❡ : ❧❛ (*&✉❝*✉&❡ ❧♦&(4✉❡ ❧✬❛❝*✐♦♥♥❡✉& ❡(* ❝♦♠♠❛♥❞) ❡♥ *❡♥(✐♦♥ ♦✉ ❡♥

❝♦✉&❛♥*✳ ❈✬❡(* ❡♥ ♣❛&*✐❝✉❧✐❡& ❧❡ ❝❛( ❞❛♥( ❧❡ ❝❛❞&❡ ❞❡ ❧❛ ♠)*❤♦❞❡ ❞❡( ✐♠♣)❞❛♥❝❡( ♠)❝❛♥✐4✉❡(

✈✐&*✉❡❧❧❡( ♦♣*✐♠❛❧❡( ❞❛♥( ❧❛4✉❡❧❧❡ ♦♥ (♦✉❤❛✐*❡ ♣♦✉✈♦✐& &❡♠♦♥*❡& : ❧❛ ✈❛❧❡✉& ❞❡( ✐♠♣)❞❛♥❝❡(

♠)❝❛♥✐4✉❡( ✐♠♣♦()❡( ❧♦❝❛❧❡♠❡♥* : ❧❛ (*&✉❝*✉&❡ ♣❛& ❧❡ ❝♦♥*&.❧❡✉&✳ ▲❛ ♣❧✉♣❛&* ❞✉ *❡♠♣(✱ ❧❡

♠♦❞❡ ❞❡ ✜①❛*✐♦♥ ❞❡ ❧✬❛❝*✐♦♥♥❡✉& ✐♥❡&*✐❡❧ (✉& ❧❛ (*&✉❝*✉&❡ ♥❡ ♣❡&♠❡* ♣❛( ❞❡ ❝♦♥(✐❞)&❡& ❢❛✲

❝✐❧❡♠❡♥* ❧✬❛❥♦✉* ❞✬✉♥ ❝❛♣*❡✉& ❞❡ ❢♦&❝❡ (❛♥( ♠♦❞✐✜❝❛*✐♦♥ ❞✉ *&❛♥(❢❡&* : ♠❡(✉&❡&✳ ▲✬♦❜❥❡❝*✐❢

❞❡ ❝❡**❡ )*✉❞❡ ❡(* ❞♦♥❝ ❞✬❡①♣&✐♠❡& ❧❡ *&❛♥(❢❡&* ❡♥*&❡ ❧❛ ❢♦&❝❡ ❛♣♣❧✐4✉)❡ : ❧❛ (*&✉❝*✉&❡ ❡* ❧❛

*❡♥(✐♦♥ : (❡( ❜♦&♥❡( ❡♥ ❢♦♥❝*✐♦♥ ❞❡ ❣&❛♥❞❡✉&( ♠❡(✉&❛❜❧❡(✳ ■❧ ❡(* )❣❛❧❡♠❡♥* ♠♦♥*&) 4✉✬✉♥❡

❜♦♥♥❡ ❝♦♥♥❛✐((❛♥❝❡ ❞✉ ❝♦♠♣♦&*❡♠❡♥* ❞❡ ❧✬❛❝*✐♦♥♥❡✉& ✐♥❡&*✐❡❧ ♣❡&♠❡* ❞✬❡(*✐♠❡& ✉♥ ❝❡&*❛✐♥

♥♦♠❜&❡ ❞❡( ✈❛&✐❛❜❧❡( ❞✉ ♣&♦❜❧5♠❡ ❞♦♥* ❧❛ ✈✐*❡((❡ ❞❡ ❧❛ (*&✉❝*✉&❡ ♦✉ ❞❡ ❧❛ ♠❛((❡ ♠♦❜✐❧❡

: ♣❛&*✐& ❞❡ (♦♥ ✐♠♣)❞❛♥❝❡ )❧❡❝*&✐4✉❡ ❞✬❡♥*&)❡ (✉& ❧❛ (*&✉❝*✉&❡✳ ■❧ ❡(* )❣❛❧❡♠❡♥* ♣♦((✐❜❧❡

❞❡ &)❛❧✐(❡& ✉♥❡ ❡(*✐♠❛*✐♦♥ ❞❡ ❧❛ ♠♦❜✐❧✐*) ♠)❝❛♥✐4✉❡ ❧♦❝❛❧❡ ❞❡ ❧❛ (*&✉❝*✉&❡ ✿ ✉♥❡ ❡①♣&❡((✐♦♥

♣❡&♠❡* ❞❡ ❝♦♥(✐❞)&❡& ❧✬❛❝*✐♦♥♥❡✉& ✐♥❡&*✐❡❧ ❝♦♠♠❡ ✉♥ ❝❛♣*❡✉& ❞✬✐♠♣)❞❛♥❝❡ ♠)❝❛♥✐4✉❡ ❧♦✲

❝❛❧❡✳ ❉✬❛♣&5( ❧❡ ♣&✐♥❝✐♣❡ ❞❡ ❧❛ *&❛♥(❞✉❝*✐♦♥ )❧❡❝*&♦❞②♥❛♠✐4✉❡ 4✉✐ ❧✐❡ ❧❛ ❢♦&❝❡ F ✱ ❧❛ ✈✐*❡((❡
ẇ✱ ❧❡ ❝♦✉&❛♥* i ❡* ❧❛ *❡♥(✐♦♥ u ✿

{

F = Bli
u = Blẇ

✭❇✳✶✮

❈❡❧❛ ❥✉(*✐✜❡ 4✉❡ ❧✬❛❝*✐♦♥♥❡✉& ✐♥❡&*✐❡❧ ❞❡✈&❛✐* ♣❧✉*.* @*&❡ ❝♦♠♠❛♥❞) ❡♥ ❝♦✉&❛♥* 4✉✬❡♥ *❡♥✲

(✐♦♥ ♣♦✉& ❣)♥)&❡& ✉♥❡ ❢♦&❝❡✳ K♦✉& ❧✬❛♣♣❧✐❝❛*✐♦♥ ❝♦♥(✐❞)&)❡ ❞❛♥( ❝❡ *&❛✈❛✐❧✱ ❧❛ ❝♦♠♠❛♥❞❡ ❡♥

*❡♥(✐♦♥ ♥❡ ♣&)(❡♥*❡ ♣❛( ❞✬✐♥❝♦♥✈)♥✐❡♥* ❡* ❧❛ ❞✐(♣♦♥✐❜✐❧✐*) ❞✬❛♠♣❧✐✜❝❛*❡✉&( ❛✉❞✐♦ ❝♦♥❞✉✐* :

❢❛✐&❡ ❧❡ ❝❤♦✐① ❞❡ ❧❡( ♣✐❧♦*❡& ❡♥ *❡♥(✐♦♥✱ ❝❡ 4✉✐ ❡(* ❞)❝&✐* ❞❛♥( ❧❛ (✉✐*❡✳

❇✳✶ ❊①♣&❡((✐♦♥ ❞✉ .&❛♥(❢❡&. ❢♦&❝❡✴.❡♥(✐♦♥ ♣♦✉& ✉♥ ❛❝✲

.✐♦♥♥❡✉& ✐♥❡&.✐❡❧

❖♥ ❝♦♥(✐❞5&❡ ❞♦♥❝ ✉♥ ❛❝*✐♦♥♥❡✉& ✐♥❡&*✐❡❧ ✜①) : ✉♥❡ (*&✉❝*✉&❡ ✭❋✐❣✉&❡ ❇✳✶✮✳ ❙♦♥ ❝♦♠♣♦&✲

*❡♠❡♥* )❧❡❝*&✐4✉❡✱ ❝♦♥❢♦&♠)♠❡♥* ❛✉① ❧♦✐( ❞❡ ❑✐&❝❤❤♦✛✱ ♣❡✉* (❡ ♠❡**&❡ (♦✉( ❧❛ ❢♦&♠❡ ✿

u = Zei− Bl(ẇ − ẇa) , ✭❇✳✷✮
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❖8 u ❡:; ❧❛ ;❡♥:✐♦♥ ❛♣♣❧✐B✉D❡ ❛✉① ❜♦G♥❡: ❞✉ ;G❛♥:❞✉❝;❡✉G✱ i ❧❡ ❝♦✉G❛♥; B✉✐ ♣❛G❝♦✉G; :❛

❜♦❜✐♥❡✱ ẇ ❧❛ ✈✐;❡::❡ ❞❡ ❧❛ :;G✉❝;✉G❡ ❛✉ ♣♦✐♥; ♦8 ❡:; ✜①D ❧✬❛❝;✐♦♥♥❡✉G✱ ẇa ❧❛ ✈✐;❡::❡ ❞❡ ❧❛

♠❛::❡ ♠♦❜✐❧❡ ❡; Bl ❧❡ ❢❛❝;❡✉G ❞❡ ❢♦G❝❡ ❡①♣G✐♠D ❡♥ N.A−1✳ ▲✬✐♠♣D❞❛♥❝❡ D❧❡❝;G✐B✉❡ ❜❧♦B✉D❡

❞✉ ;G❛♥:❞✉❝;❡✉G Ze ♣❡✉; :❡ ❞D❝♦♠♣♦:❡G :♦✉: ❧❛ ❢♦G♠❡ ✿

Ze = Re + jωLe ✭❇✳✸✮

❖8 ❧❡: ✈❛❧❡✉G: ❞❡ Re ❡; Ze :♦♥; G❡♣♦G;D❡: ❞❛♥: ❧❡ ❚❛❜❧❡❛✉ ❇✳✶✳ ❉✬❛♣GR: ❧❡ :❡❝♦♥❞ ♣G✐♥❝✐♣❡

❞❡ ◆❡✇;♦♥✱ ✐❧ ❡:; ♣♦::✐❜❧❡ ❞✬D❝G✐G❡ ✿

jωMaẇa +Ra(ẇa − ẇ) +
Ka

jω
(ẇa − ẇ) = Bli, ✭❇✳✹✮

♦8 Ra✱ Ma ❡; Ka :♦♥; G❡:♣❡❝;✐✈❡♠❡♥; ❧❛ GD:✐:;❛♥❝❡ ♠D❝❛♥✐B✉❡✱ ❧❛ ♠❛::❡ ❡; ❧❛ G❛✐❞❡✉G ❞✉

;G❛♥:❞✉❝;❡✉G ✭❚❛❜❧❡❛✉ ❇✳✶✮✳ ❊♥ ♣♦:❛♥; Za = jωMa + Ra + Ka

jω
❡; ❛✈❡❝ Y ❧❛ ♠♦❜✐❧✐;D

♠D❝❛♥✐B✉❡ ❧♦❝❛❧❡ ❞❡ ❧❛ :;G✉❝;✉G❡ ✿

ẇ = FsY , ✭❇✳✺✮

❧❡: DB✉❛;✐♦♥: ✭❇✳✷✮✱ ✭❇✳✸✮ ❡; ✭❇✳✹✮ ♣❡G♠❡;;❡♥; ❞✬❡①♣G✐♠❡G ❧❛ ❢♦G❝❡ ❡①❡G❝D❡ :✉G ❧❛ :;G✉❝;✉G❡ ✿

Fs =
jωMa

Za + (Ra +
Ka

jω
)jωMaY

Bli ✭❇✳✻✮

❊♥ ♣G❛;✐B✉❡✱ ❧❛ ✈❛❧❡✉G ❞❡ ❧❛ ♠♦❜✐❧✐;D ♠D❝❛♥✐B✉❡ ❧♦❝❛❧❡ Y ♥✬❡:; ♣❛: ❢❛❝✐❧❡ ❞✬❛❝❝R: ❡; G❡B✉✐❡G;

✉♥ ❝❛♣;❡✉G ❞❡ ❢♦G❝❡ ♦✉ ✉♥ ❝❛♣;❡✉G ❞✬✐♠♣D❞❛♥❝❡ ♠D❝❛♥✐B✉❡✳ ✐❧ ❢❛✉; ♥♦;❡G B✉❡ ♣♦✉G ♠❡:✉G❡G

Y ✱ ♦♥ ♣❡✉; ❡①❝✐;❡G ❧❛ :;G✉❝;✉G❡ ❛✈❡❝ ✉♥ ♣♦; ✈✐❜G❛♥;✱ ♣❧✉: ❛❞❛♣;D X ❧✬❛❥♦✉; ❞✬✉♥ ❝❛♣;❡✉G

❞❡ ❢♦G❝❡✱ ❡; ♣❧❛❝❡G ✉♥ ❛❝❝D❧DG♦♠R;G❡ ❡♥ ✈✐:✲X✲✈✐:✳ ❈❡♣❡♥❞❛♥;✱ ✉♥❡ ❛♣♣G♦①✐♠❛;✐♦♥ ❞❡ ❧✬❊B✳

✭❇✳✻✮ ❡:; ♣❛G❢♦✐: GD❛❧✐:D❡✳ ❙♦✐; ωa = Ka

Ma
❧❛ GD:♦♥❛♥❝❡ ♠D❝❛♥✐B✉❡ ❞❡ ❧✬❛❝;✐♦♥♥❡✉G ✐♥❡G;✐❡❧✱

❛❧♦G: :✐ ω ≫ ωa✱ ❧✬✐♠♣D❞❛♥❝❡ (Ra+
Ka

jω
) ❡!" ❢❛✐❜❧❡ ❞❡✈❛♥" Y −1 ❡" jωMa✳ ❆❧♦.! Za ≈ jωMa ❡"

Fs ≈ Bli✳ ❊♥ ♣♦!❛♥" Zin = (u
i
)S ❧✬✐♠♣3❞❛♥❝❡ 3❧❡❝".✐5✉❡ ❞✬❡♥".3❡ ❞❡ ❧✬❛❝"✐♦♥♥❡✉. ✐♥❡."✐❡❧ !✉.

❧❛ !".✉❝"✉.❡✱ ❧❡ ".❛♥!❢❡." ❢♦.❝❡ ✐♠♣♦!3❡ 8 ❧❛ !".✉❝"✉.❡ ✴ "❡♥!✐♦♥ ❛✉① ❜♦.♥❡! ❞❡ ❧✬❛❝"✐♦♥♥❡✉.

!✬❛♣♣.♦❝❤❡ ♣❛. ✿

Fs

u
≈

Bl

Zin

✭❇✳✼✮

❈❡♣❡♥❞❛♥"✱ ❞✬❛♣.B! ❧❡! ♣❛.❛♠B".❡! ❞❡ ❧✬❛❝"✐♦♥♥❡✉. ♣.3!❡♥"3! ❞❛♥! ❧❡ ❚❛❜❧❡❛✉ ❇✳✶✱ fa =
ωa

2π
= 80 ❍③✳ ❈♦♠♣"❡ "❡♥✉ ❞✉ ❢❛✐" 5✉❡ ❧❛ ❢.35✉❡♥❝❡ ❞❡ .3!♦♥❛♥❝❡ ❞✉ ♣.❡♠✐❡. ♠♦❞❡ ❞❡ ❧❛

!".✉❝"✉.❡ ❝♦♥!✐❞3.3❡ ❡♥ !✐♠✉❧❛"✐♦♥ ❡" ❞❛♥! ❧✬❡①♣3.✐❡♥❝❡ .3❛❧✐!3❡ 8 ▼❛.!❡✐❧❧❡ ❡!" ❛✉"♦✉. ❞❡

✽✵ ❍③ 3❣❛❧❡♠❡♥"✱ ❧✬❛♣♣.♦①✐♠❛"✐♦♥ ✭❇✳✼✮ ♥✬❡!" ♣❛! ❡♥✈✐!❛❣❡❛❜❧❡ ❡" ❞✬❛♣.B! ✭❇✳✻✮ ✿

Fs

u
=

jωMaBl

Za + (Ra +
Ka

jω
)jωMaY

.
1

Zin

✭❇✳✽✮

❉❡! .3!✉❧"❛"! !✐♠✉❧3! !♦♥" ".❛❝3! ❡♥ ♠♦❞✉❧❡ ❡" ❡♥ ♣❤❛!❡ !✉. ❧❛ ❋✐❣✉.❡ ❇✳✷ !✉✐✈❛♥" ❛✈❡❝ ✭❊5✳

✭❇✳✼✮✮ ♦✉ !❛♥! ✭❊5✳ ✭❇✳✽✮✮ ❛♣♣.♦①✐♠❛"✐♦♥✳ ▲✬❡..❡✉. ❞✬❛♣♣.♦①✐♠❛"✐♦♥ ❡!" .❡❧❛"✐✈❡♠❡♥" ✐♠✲

♣♦."❛♥"❡ ❡" ❧❛ ♠❡!✉.❡ ❞❡ ❧❛ ♠♦❜✐❧✐"3 ♠3❝❛♥✐5✉❡ ❧♦❝❛❧❡ ❡!" ♥3❝❡!!❛✐.❡ 8 ❧❛ ❜♦♥♥❡ ❡!"✐♠❛"✐♦♥
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❋✐❣✉:❡ ❇✳✶ ❙❝❤>♠❛ ❞✬✉♥ ❛❝C✐♦♥♥❡✉: ✐♥❡:C✐❡❧ ✜①> H ✉♥❡ IC:✉❝C✉:❡✳

 ❛"❛♠$%"❡ ◆♦%❛%✐♦♥ ❱❛❧❡✉" ❯♥✐%/

❘>I✐IC❛♥❝❡ ❞❝ Re ✽✳✸ Ω
■♥❞✉❝C❛♥❝❡ ❜♦❜✐♥❡ Le ✵✳✶✾ ♠❍

❋❛❝C❡✉: ❞❡ ❢♦:❝❡ Bl ✹✳✹ ◆✳❆

−1

▼❛II❡ ♠♦❜✐❧❡ Ma ✵✳✵✾✺ ❦❣

❘>I✐IC❛♥❝❡ ♠>❝❛♥✐S✉❡ Ra ✸✳✼✺ ◆✳♠

−1
✳I

❘❛✐❞❡✉: ❞❡ I✉I♣❡♥I✐♦♥ Ka 25× 103 ◆✳♠

−1

❚❛❜❧❡❛✉ ❇✳✶ V❛:❛♠WC:❡I ❞✬✉♥ ❛❝C✐♦♥♥❡✉: ✐♥❡:C✐❡❧ ❞❡ C②♣❡ ❱✐I❛C♦♥ ❊❳ ✻✵❙

❞✉ C:❛♥I❢❡:C

Fs

u
✱ ♣❛:C✐❝✉❧✐W:❡♠❡♥C ❛✉① :>I♦♥❛♥❝❡I✱ ♦] ❧✬❛♣♣:♦①✐♠❛C✐♦♥ (Ra +

Ka

jω
) ≪ Y −1

♥✬❡IC ♣❛I ✈>:✐✜>❡✳

❇✳✷ ❊$%✐♠❛%✐♦♥ ❞❡ ❧❛ ♠♦❜✐❧✐%/ ♠/❝❛♥✐1✉❡ ❧♦❝❛❧❡ ❞✬✉♥❡

$%4✉❝%✉4❡ 5 ❧✬❛✐❞❡ ❞✬✉♥ ❛❝%✐♦♥♥❡✉4 ✐♥❡4%✐❡❧

❊♥ :>❝:✐✈❛♥C ❧✬❊S✳ ✭❇✳✷✮ I♦✉I ❧❛ ❢♦:♠❡ ✿

(ẇa − ẇ) =
(Zin − Ze)

Bl
i ✭❇✳✾✮

❡C ❧✬❊S✳ ✭❇✳✹✮ I♦✉I ❧❛ ❢♦:♠❡ ✿

Za(ẇa − ẇ) = Bli− jωMaẇ ✭❇✳✶✵✮

❛❧♦:I✱ ✐❧ ❡IC ♣♦II✐❜❧❡ ❞✬>❝:✐:❡ ✿

ẇ

i
=

Za

jωMaBl

[

Ze+
(Bl)2

Za

− Zin

]

✭❇✳✶✶✮
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❋✐❣✉;❡ ❇✳✷ ♠♦❞✉❧❡ ✭❤❛✉D✮ ❡D ♣❤❛G❡ ✭❜❛G✮ ❞✉ D;❛♥G❢❡;D D❤K♦;✐L✉❡ ❡①❛❝D ✭❜❧❡✉✮

❡D ❡GD✐♠K ✭;♦✉❣❡✮ ❋♦;❝❡✴D❡♥G✐♦♥ ❞✬✉♥ ❛❝D✐♦♥♥❡✉; ✐♥❡;D✐❡❧✳

❆✐♥G✐✱ ❧❡ D;❛♥G❢❡;D

ẇ
i
G✬❡①♣;✐♠❡ ❡♥ ❢♦♥❝D✐♦♥ ❞❡ ❧✬✐♠♣K❞❛♥❝❡ K❧❡❝D;✐L✉❡ ❞✬❡♥D;K❡ ❞❡ ❧✬❛❝D✐♦♥✲

♥❡✉; G✉; ❧❛ GD;✉❝D✉;❡ ❡D ❞❡ G❡G ♣❛;❛♠QD;❡G ♠K❝❛♥✐L✉❡G ❡D K❧❡❝D;✐L✉❡G L✉✐ G♦♥D ♠❡G✉;❛❜❧❡G✱

♣❛; ❡①❡♠♣❧❡ ❡♥ ✉D✐❧✐G❛♥D ✉♥❡ ♠KD❤♦❞❡ ❝♦♠♠❡ ❝❡❧❧❡ ♣;♦♣♦GK❡ ♣❛; ❙♠❛❧❧ ❬✾✵❪✳ ❈❡♣❡♥❞❛♥D✱ ✐❧

❡GD ✐♥DK;❡GG❛♥D ❞❡ ;❡♠❛;L✉❡; L✉❡ G✉; ✉♥❡ ♠❛GG❡ ;✐❣✐❞❡ ✿

{

Zin,mr =
(

u
i

)

mr
= Ze +

Bl2

Za

Zava = Bli
✭❇✳✶✷✮

❈❡ L✉✐ ♣❡;♠❡D ❞❡ ♠❡G✉;❡; ❞✐;❡❝D❡♠❡♥D

(

Ze +
Bl2

Za

)

❡D ;KK❝;✐;❡ ❧✬❊L✳ ✭✽✮ ✿

ẇ

i
=

Za

jωMaBl
[Zin,mr − Zin] ✭❇✳✶✸✮

❉✬❛♣;QG ❧✬❊L✳ ✭❇✳✷✮✱ ♦♥ ♣❡✉D K❝;✐;❡ ✿

ẇa

i
=

1

Bl

(

Zin − Ze +
Za

jωMa

[Zin,mr − Zin]

)

✭❇✳✶✹✮

❯♥❡ KL✉❛D✐♦♥ ❞✉ ♣;♦❜❧Q♠❡ L✉✐ ♥✬❛ ♣❛G ❡♥❝♦;❡ KDK ✉D✐❧✐GK ❡GD ❝❡❧❧❡ L✉✐ ❣❛;❛♥D✐D ❧✬K❣❛❧✐DK ❞❡

❧✬❛❝D✐♦♥ ❡D ❞❡ ❧❛ ;K❛❝D✐♦♥ ❞❡G ❢♦;❝❡G ♠✐G❡G ❡♥ ❥❡✉ ❞❛♥G ❧❡ G②GDQ♠❡ ✿

fs = −fa = −jωMaẇa ✭❇✳✶✺✮



❇✳✷✳ ❊❙❚■▼❆❚■❖◆ ❉❊ ▲❆ ▼❖❇■▲■❚➱ ▼➱❈❆◆■◗❯❊ ▲❖❈❆▲❊ ❉✬❯◆❊

❙❚❘❯❈❚❯❘❊ ➚ ▲✬❆■❉❊ ❉✬❯◆ ❆❈❚■❖◆◆❊❯❘ ■◆❊❘❚■❊▲ ✶✸✸

■❧ ❡89 ❛❧♦<8 ♣♦88✐❜❧❡ ❞✬❡①♣<✐♠❡< ❞✐<❡❝9❡♠❡♥9 ❧❛ ♠♦❜✐❧✐9E ♠E❝❛♥✐F✉❡ ❧♦❝❛❧❡ ❞❡ ❧❛ 89<✉❝9✉<❡ ✿

Y =

(

ẇ

−jωMaẇa

)

✭❇✳✶✻✮

▲✬❊F✳ ✭❇✳✶✻✮ ♠♦♥9<❡ F✉✬✐❧ ❡89 ♣♦88✐❜❧❡ ❞✬❡89✐♠❡< ❧❛ ♠♦❜✐❧✐9E ♠E❝❛♥✐F✉❡ ❧♦❝❛❧❡ L ♣❛<9✐< ❞❡

♠❡8✉<❡8 ❞❡ ✈✐9❡88❡ ❞❡ ❧❛ 89<✉❝9✉<❡ ❡9 ❞❡ ❧❛ ♠❛88❡ ♠♦❜✐❧❡✳ ❉✬❛♣<N8 ❧❡8 ❊F8✳ ✭❇✳✶✵✮ ❡9 ✭❇✳✶✶✮ ✿

Y =

[

−jωMa

Bl

(

Zin − Ze +
Za

jωMa

[Zin,mr − Zin]

)]−1 [
Za

jωMaBl
[Zin,mr − Zin]

]

✭❇✳✶✼✮

▲✬❊F✳ ✭❇✳✶✼✮ ♠♦♥9<❡ F✉✬✐❧ ❡89 ♣♦88✐❜❧❡ ❞✬❡①♣<✐♠❡< ❧❛ ♠♦❜✐❧✐9E ❧♦❝❛❧❡ L ♣❛<9✐< ❞❡8 ♣❛<❛♠N9<❡8

❞❡ ❧✬❛❝9✐♦♥♥❡✉< ✐♥❡<9✐❡❧ ❡9 ❞❡ ❧❛ ♠❡8✉<❡ ❞❡ 8♦♥ ✐♠♣E❞❛♥❝❡ E❧❡❝9<✐F✉❡ ❞✬❡♥9<E❡ ❧♦<8F✉✬✐❧ ❡89

✜①E L ❧❛ 89<✉❝9✉<❡✳ ■❧ ❡89 ✐❝✐ ♠♦♥9<E ❝♦♠♠❡♥9 ✐❧ ❡89 ♣♦88✐❜❧❡ ❞❡ 8❡ 8❡<✈✐< ❞✬✉♥ ❛❝9✐♦♥♥❡✉<

✐♥❡<9✐❡❧ ❝♦♠♠❡ ❝❛♣9❡✉< ❞✬✐♠♣E❞❛♥❝❡ ♠E❝❛♥✐F✉❡✳
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Résumé :

À l’inverse des techniques passives dont l’efficacité chute aux basses fréquences, le contrôle actif vibro-
acoustique permet de réduire le rayonnement d’une structure en contrôlant sa vibration à l’aide de
transducteurs le plus souvent piézoélectriques ou électrodynamiques. En plus de son action globale
sur la structure, l’actionneur crée une déformation locale plus ou moins marquée selon sa nature.
Dans certaines stratégies de contrôle comme celle de l’impédance mécanique virtuelle, on utilise des
actionneurs et des capteurs colocalisés. Alors qu’elle ne participe quasiment pas au rayonnement de
la structure, la déformation locale modifie alors fortement le transfert vibratoire. Une méthode est
proposée afin d’identifier cet effet et le compenser en assimilant la participation des modes d’ordres
élevés à une raideur. Après cette opération, le signal issu des capteurs est beaucoup plus représentatif
du rayonnement et ne dépend quasiment plus ni de la nature ni des dimensions de l’actionneur.

Abstract :

The efficiency of passive methods for noise reduction decreases at low frequency. In this frequency
range active structural acoustic control (ASAC) can reduce sound radiation of structures by controling
there vibration usually using piezoelectric or electrodynamic transducers. Besides its global effect on the
structure, a bending nearfield is observed, depending on the actuator type. In some ASAC strategies as
in the virtual impedance approach, actuators and sensors are collocated. Although it does not affect the
radiation of the structure, the local bending strongly modifies the transfer function between transducers.
A method is proposed in order to identify and compensate it. The global part of the vibratory field
is extracted by cancelling the contribution of higher order modes approximated as a stiffness. After
compensation, the signal from the sensor is much more representative of the radiation and nearly
independant of the nature and the size of the actuator.

Mots clefs : nearfield compensation, vibroacoustic active control

1 Introduction

Lightweight composite materials are widely used by the aerospace industry because they combine high
stiffness and low mass. Unfortunately, they provide poor acoustical performance at low frequencies.
Active structural acoustic control (ASAC) strategies allow for effective aircraft noise attenuation of low
frequencies with control units integrated in the structure. The sound transmitted through the fuselage
can thus be reduced by controling the vibration of the interior skin of the sidewall (trim panel). By
colocating an inertial actuator and an accelerometer, it is possible to control the force/velocity dual
pair at one point of the panel [1]. It has been shown that, under pure bending assumption, piezoelectric
devices can also form colocated, dual actuator-sensor pairs for active control of plate vibration [2].
Besides its strong physical sense, duality is an interesting property regarding control stability [3].
However, in such a colocated pair, the sensor is especially influenced by the nearfield effect of the
actuator. In addition to the global behaviour of the structure, the excitation is the cause of a local

1
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bending, depending on the actuator type [4], that strongly modifies the transfer function between
colocated transducers.

The radiation of a structure, driven by large scale deformations, is barely affected by its local defor-
mation. It thus appears that the global part of vibratory field induced by the actuator is much more
relevant to deal with the control problem. The compensation of the bending nearfield may therefore
be necessary when developping strategies where the acoustic radiation is estimated from local vibra-
tion measurements [5]. This would avoid that the control attempts to cope with the nearfield strain
not involved in the farfield radiation. By doing this, the dynamic range and robustness of iteratives
algorithms should be improved.

2 Mechanical model

In the following analysis, we consider only the effect of an actuator as an external source acting
on the structure. The passive mechanical impedance of the actuator is thus neglected in order to
simplify expressions. Two usual technologies are considered, which have different acting principle on
the structure (Figure 1). An inertial actuator (AI) induces an almost normal distribution of force
density whereas a piezoceramic actuator (PZT) can be considered as applying bending moments to
the structure. It was verified with analytical model and finite element method that the participation of
the extension strain induced by the PZT to the transverse displacement of the structure was negligible.
So, even with the same actuator size, the structure response may be quite different depending on which
of these two technologies is involved.

structureinertial actuator piezoelectric actuator

Figure 1 – excitation mechanism for an inertial and a piezoelectric actuator on a structure

The structure considered in this paper is a simply supported plate with dimensions Lx × Ly × h, a
bending stiffness D and a mass per unit area M . The excitation is harmonic with angular frequency
ω. Under pure bending assumption, an actuator-plate-sensor transfer is classically expanded over the
structural modes :

H(ω) =
∑

(m,n)

BmnYmnCmn (1)

where Ymn is the mechanical admittance of the (m,n) mode :

Ymn =
−jω

M(ω2
mn − ω2)

(2)

with

γm = mπ
Lx

and γn =
nπ
Ly

ωmn =
√

D
M

(

γ2m + γ2n
)

Bmn is a modal coupling coefficient beetween the actuator and the plate. It can be written :

Bmn = β Γmn∆
act
mn (3)

where β is a force per voltage constant. Expression (3) distinguishes the influence of the size and
location from the actuator technology in the excitation mechanism. ∆act

mn is dimensionless and depends
on the actuator size and location. Defining (x1, x2, y1, y2) its location :

∆act
mn = [cos(γmx2)− cos(γmx1)] [cos(γny2)− cos(γny1)] (4)

2
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Note that ∆act
mn does not depend on the actuator technology. Γmn is also a dimensionless modal coupling

coeffcient, which expresses the actuator acting principle and is independant of its location :

ΓPZT
mn =

(

γ2m + γ2n
γmγn

)

and ΓAI
mn =

1

LxLy

(

1

γmγn

)

(5)
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Figure 2 – Influence of the acting principle on the modal contribution for a piezoelectric (left) and
an inertial (right) actuator

Expression (5) may be interpreted as a series of contribution coefficients to the modal expansion. This
is illustrated in Figure 2, where the coefficients have been calculated as a function of modal indices
(m,n). It appears that the piezoelectric actuator emphasizes the participation of higher order modes
(small space scale), contrary to the inertial actuator. This difference leads to a different transverse dis-
placement (Figure 3). Unlike the inertial actuator, the piezoelectric actuator creates a strong bending
nearfield effect. As ΓPZT

mn increases with the modal index, it requires to consider much more terms in
the expansion (1) with a piezoelectric than with an inertial actuator.

Figure 3 – transverse displacement for a excitation by a piezoelectric and an inertial actuator, f =
400Hz

It should be noticed that the above expressions are theoretical and do not take into account some
practical aspects. Especially, the piezoelectric device must be glued to the plate. This spreads the
moments induced near its boundaries, leading to a reduced coupling with higher order modes.

The last component not yet considered in (1) is the expression of the coupling coefficient Cmn beetween
the plate and the sensor. As far as dual pairs are considered, a piezoelectric polyvinylidene fluoride

3
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(PVDF) sensor is colocated to the piezoceramic actuator and an accelerometer is colocated to the
inertial actuator. Contrary to the PVDF sensor, the accelerometer is considered as a ponctual sensor :

∆ACC
mn = sin(γmxacc)sin(γnyacc) 6= ∆act

mn (6)

and

CACC
mn = cACCωsin(γmxacc)sin(γnyacc) (7)

From the duality and the colocation it comes for the PVDF sensor :

ΓPV DF
mn = ΓPZT

mn and ∆PV DF
mn = ∆act

mn (8)

in

CPV DF
mn = cPV DFΓPV DF

mn ∆PV DF
mn (9)

Where both cPV DF and cACC are voltage per velocity constants. It appears that the combined effect
of ΓPV DF

mn and ΓPZT
mn in the expression (1) still increase the difference in the number of terms to be

considered depending on the technology chosen for the actuator/sensor pair.

3 Nearfield compensation

In the ASAC context, only the low frequency range is considered. The acoustical radiation to be
controlled is mainly driven by the large scale deformation and is barely affected by the local strain
described by higher order modes. For simulation purposes, a truncation of the modal expansion could
be proposed, based on radiation criteria. Experimentally, the bending nearfield strongly modifies mea-
sured direct transfers. It then becomes difficult to estimate the structure radiation. A method is
presented here in order to compensate this bending nearfield.

3.1 Stiffness approximation of higher order modes

The function Ymn : ω → −jω
M(ω2

mn
−ω2) in R

+ is defined from (2). When the excitation frequency is much

smaller than the natural frequency of a structural mode ( ω2

ω2

mn

≪ 1), Ymn is approched by its Taylor

expansion in 0 at order 2 :

Ymn(ω) =
−jω

Mω2
mn

+ ◦(ω3) =
−jω

D(γ2m + γ2n)
2
+ ◦(ω3) (10)

It can be shown that the participation of this modes can be expressed as a stiffness. Defining the two
domains E1(ω) the subset of modal indexes such as

ω2

ω2

mn

≪ 1 and E2(ω) its complementary subset in

N ∗ ×N ∗ leads to the classical relations [7] :

Y 1
mn(ω) =

−jω

M(ω2
mn)

∀(m,n) ∈ E1(ω) (11)

Y 2
mn(ω) =

−jω

M(ω2
mn − ω2)

∀(m,n) ∈ E2(ω) (12)

The expression of Y 1

mn

jω
does not depend on ω but the repartition of the modes in the two domains

E1 and E2 depends on the frequency and more specifically on the modal density. Note that the case

(ω
2

mn

ω2 ≪ 1) could be treated as well in order to show that when the excitation frequency is much higher
than the natural frequency of a mode, it can be approched by a mass. This is not considered in this
paper.
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3.2 Theoretical results

Considering the decomposition in two domains (9) and (10), it is then possible to express :

H1(ω) =
∑

(m,n)∈E1(ω)

BmnY
1
mnCmn (13)

The compensated transfer function H̃ is defined as :

H̃(ω) = H(ω)−H1(ω) (14)

By construction, H̃ respresents mainly the contribution of lower order modes, whatever the actuator
technology considered. This is illustrated thereafter. When the excitation frequency is close to the
natural frequency of a mode, the transfer is dominated by this mode and neither the bending nearfield
nor its compensation can be observed. Figure 4 corresponds to an off-resonance case (f = 400Hz).
The effect of the compensation on the transverse displacement is presented for the two technologies
previously considered, and for a point force excitation. The compensated transfers are much closer
although the transverse displacement still depends on the excitation type. It can be explained by the
difference in modal filtering (Γpzt

mn 6= Γai
mn in (5)).

piezoelectric

actuator
inertial actuator point force

compensation 

OFF

compensation

 ON

Figure 4 – Effect of the compensation on transverse displacement for different type of excitation,
f = 400Hz

The compensation is then applied to the direct transfer beetween dual pairs (Figure 5). By calcu-
lating H

jω
, the higher order modes participation appears constant as calculated in section 3.1. The

compensation thus removes the contribution of higher morder modes, which is almost constant at

lower frequencies. The real part of H̃
jω

for the PZT has therefore an almost null mean value. For the

inertial actuator/ accelerometer pair, only the transfer without compensation is plotted. Neither the
bending nearfield nor its compensation can be distinguished on the graph.

3.3 Experimental procedure

In practice, only the transfer H(ω) can be measured. As observed in the last section, H1

jω
is almost

constant above the [10 − 600Hz] frequency range. So a few off-resonance measurements of H(ω) are
enough in order to estimate H1. Considering H1(ω) ≈ jωτ where τ is a constant leads to a simple
model in the time domain allowing to perform real-time compensation. This is a principle close to the
method proposed in [6] in order to compensate the extensionnal modes participation.
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Figure 5 – Effect of the compensation on colocated dual actuator-sensor transfer

4 Conclusions

The method proposed here allows for a good distinction beetween global and local components of
the vibration field in the case of colocated transducers. It has been shown that the bending nearfield
strongly increase the number of terms in modal expansions to be considered in simulations. The
repartition of modes in domains and the approximation of higher order modes realised in this study may
help to fasten convergence of modal expansions. This paper also proposed a method to compensate the
bending nearfield in order to perform a better estimation of global deformation. Such an information
can be very usefull in the context of vibroacoustic active control. Because they have a different action
mechanism, piezo and inertial actuators induce different deformation on the plate . The compensation
presented here also allows to reduce the impact of this differences on the colocated control. The method
presented here allows for estimating the bending nearfield compensation term. Its implementation with
a feedback controller is an on-going work. A further step would be to find a configuration involving one
or several piezoelectric devices of various form that induce the same global vibration to the structure
as an inertial actuator, thus avoiding the need for such compensation.
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Abstract

This article addresses an active structural acoustic control (ASAC) approach to reduce sound transmission through

an aircraft trim panel. The focus is on the practical implementation of the virtual mechanical impedance method by

using electrodynamic sensoriactuators instead of conventional sensor-actuator units. The concept of virtual mechanical

impedance is to simply impose a linear complex-valued relationship between dual and collocated variables in order to

control a mechanical structure subject to a primary disturbance. The experimental setup includes a set of sensoriactuators

designed from a conventional electrodynamic inertial exciter and distributed over an aircraft composite panel which is

subject to a time-harmonic diffuse sound field. The virtual mechanical impedances are computed so as to minimize the

sound power radiated by the structure, and then imposed using a complex envelope controller. It is clearly shown that

the calculation of optimal mechanical impedances leads to provide some additional vibrational energy to the panel such

that the total sound power radiated is reduced. Measured data are compared to results obtained with sensor-actuator

pairs consisting of an accelerometer and an inertial exciter, particularly as regards sound power reduction. It is shown

that similar performance can be achieved using both types of control units. Concluding remarks and discussions on the

extension to broadband control are also provided.

Keywords: Sensoriactuators, Active Structural Acoustic Control, Virtual impedance control, Inertial exciter,

Time-harmonic control, Electrodynamic transducer.

1. Introduction1

Noise reduction in aircraft cabins is a major challenge for the competitiveness of an aerospace manufacturer. To2

decrease structural weight and reduce fuel consumption, the use of composite materials is becoming more widespread.3

The combination of high stiffness and low mass, however, decreases the sound insulation capability of the cabin against4

outside noise. The critical frequencies are also found to be lowered, which has the effect of increasing the radiation5

efficiency of the structure. The use of passive materials is widely studied, but still penalized by added mass and a6

poor efficiency at low frequencies. To address this problem, the active structural acoustic control (ASAC) strategy is7

basically to change the way the vibrating structure radiates so as to minimize acoustic radiation [3]. Given a modal8

density lower in the structure than in the acoustic field to be controlled, a relatively small number of control units can9

be distributed over the structure to achieve a significant reduction in sound power radiated [3]. Generally speaking,10

optimizing a global criterion requires the implementation of a control in which the various sensors share information11

with each other to determine the global variable to be optimized. This approach is called centralized control and12

makes it possible to minimize global quantities such as the kinetic energy of a flexural structure or its sound power13

radiated. Conversely, no communication between the sensors is required when optimizing a local criterion, allowing the14

implementation of a decentralized control. This approach can be used to reduce the transverse velocity and therefore15

the local kinetic energy of a structure, and to achieve a mechanical impedance control in certain cases [1].16

In most methods of active control of vibration (damping, power absorption, time-harmonic disturbance rejection,17

etc.), the use of electromechanical transducers such as accelerometer, inertial exciter, PVDF- or PZT-type piezoelectric18
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materials is required for both the sensing and actuation [4, 5, 6, 7, 8, 9, 10]. Generally speaking, sensors are attached to1

the mechanical structure for measuring acceleration or strain signals, which are fed back to the inner loop to actively2

compensate for the structural vibrations. A judicious choice of control and observation signals has several advantages3

in terms of passivity and stability [17]. When dual and collocated variables are involved in both sensing and actuation,4

their product is proportional to the power supplied to the structure and the controlled system is positive real, since5

the majority of real systems are dissipative [15, 18, 12]. Moreover, the transfer function between the observation and6

control signal is then proportional to the mobility of the structure, thereby making easier the physical interpretation of7

the effect of control over the structure. In practice, however, sensors and actuators can not be perfectly collocated and8

assumptions that guarantee the duality are not always respected in the entire frequency range of interest. For these9

reasons, it is worth considering the use of a self-sensing actuator instead of a sensor-actuator pair.10

A self-sensing actuator is basically a reversible electromechanical transducer, generally piezoelectric or electro-11

magnetic, which uses simultaneously the dual function of sensing and actuation. The idea of self-sensing actuation12

was developed concurrently by Hagood et al. [13] and Dosch et al. [14] in the early nineties, where the PZT elements13

were used as sensors and actuators simultaneously to reduce implementation, cost and complexity, by achieving14

truly collocated control. The principle is later implemented to achieve vibration control on a cantilever beam [15],15

active structural acoustic control on a simply supported plate[16], vibration damping [20], to develop a sensorless16

technique for active noise control using an electrodynamic loudspeaker [19], or for biomedical application using an17

electromagnetic actuator [21]. The main attraction of sensoriactuators in the context of vibration control is to modify18

the local mechanical impedance of a structure over a wide range of real and imaginary parts, in a predictable and19

desired manner with no additional sensor. In addition to being dual variables, control and observation are perfectly20

collocated, thereby ensuring that the controlled system remains passive, which is not always the case using a pair of21

sensor and actuator [15]. The key challenge is therefore to implement multi input multi output impedance control so22

that acoustic radiation can be minimized without necessarily reducing the structural vibration.23

24

The control objective in this work is to achieve optimal control of a global criterion, the sound power radiated by a25

panel subjected to a diffuse field, using independent local control units involving the electrodynamic inertial exciter.26

The practical implementation is done as a two-step process: the first step allows the identification of the vibroacoustic27

transfer functions used to calculate the optimal control inputs (offline) and the second step, online, is required to set28

the complex-valued target impedances to be imposed upon the structure using a complex envelope controller. The29

remaining is organized as follow. First, the basic knowledge necessary for modeling the coupled electromechanical30

system comprising the sensoriactuator and host structure is presented. The analytical model is obtained from the31

equivalent circuit model of the electrodynamic inertial exciter and the modal summation formulation of the flexural32

structure. In Section 3, the baseline concept of the virtual mechanical impedance is discussed. It is shown how the33

global dynamic response of a structure subject to an acoustic excitation can be controlled effectively by changing the34

mechanical impedance applied to different locations on the structure. Experimental results performed on an aircraft35

trim panel using sound transmission loss facilities are provided in Section 4. Measured data are compared to results36

obtained with sensor-actuator pairs consisting of an accelerometer and an inertial exciter, particularly as regards sound37

power reduction. Concluding remarks and discussion on the extension to broadband control are also provided.38

2. Coupled electromechanical actuator-structure model39

2.1. Flexural structure model40

Let us consider a flexural structure excited by a primary source. Under pure bending assumption, the transverse41

velocity response of the structure vs(t) = Re[v
s
exp( jωt)] where ω is the angular frequency and j =

√
−1, can be42

expressed using the modal summation formulation [3, 24], as43

v
s
(x, y) = jω

∞
∑

m=1

∞
∑

n=1

q
mn
φmn(x, y) (1)

where v
s
(x, y) is the complex phasor of the transverse velocity at a location (x, y), q

mn
is the complex modal amplitude44

and φmn is the m, n-th mode shape function which are defined, for a simply supported Lx × Ly rectangular thin plate, as45

φmn(x, y) = sin (γm x) sin (γn y) (2)
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Figure 1: Schematic of a simply supported plate under control.

where γm = mπ/Lx and γn = nπ/Ly.1

Considering the general case of a time-harmonic excitation of the form f (t) = Re[ f exp( jωt)], where f is the2

complex phasor of a transverse force, the complex modal amplitude q
mn

can be written as3

q
mn
=

1

µLxLy

F
mn

ωmn
2 + 2 jωζmnωmn − ω2

(3)

where F
mn

is the corresponding modal force that depends on the nature of the excitation, µ is the mass per unit area4

(in kg m−2), ζmn is the viscous damping ratio of the m, n-th mode, and ωmn is the corresponding natural frequency (in5

rad s−1), given by6

ωmn =

√

Eh3

12(1 − ν2)µ

(

γm
2 + γn

2
)

(4)

where E is the Young’s modulus (in Pa), h is the thickness of the plate (in m), and ν is the Poisson’s ratio of the plate.7

Upon actuation using an ideal point force input F at the location (x, y), for example, the transverse velocity response8

of the plate at the same location is assumed to be given by9

v
s
(x, y) = jω

1

µLxLy

∞
∑

m=1

∞
∑

n=1

φmn
2(x, y) F

ωmn
2 + 2 jωζmnωmn − ω2

(5)

and the corresponding driving point mobility function (in m s−1 N−1) can be derived from Eq. (5), as10

Y =
v

s

F
= − jω

1

µLxLy

∞
∑

m=1

∞
∑

n=1

φmn
2(x, y)

ωmn
2 + 2 jωζmnωmn − ω2

(6)

The physical parameters of the aluminum plate used to run simulations in the following can be found in Table 1.11

Note that the vibrational response of the panel is considered independent from the fluid loading of the surrounding12

media.13

2.2. Electrodynamic inertial exciter14

An electrodynamic inertial exciter is a reversible voice coil transducer which has capability to sustain and propagate15

input vibrational energy. It can be regarded as a two-port system, including an electromechanical coupling through two16

3



Table 1: Physical parameters of the plate.

Parameter Notation Value Unit

Width Lx 0.481 m

Length Ly 0.421 m

Thickness h 3.19 mm

Young’s modulus E 68.5 109 Pa

Mass density ρ 2740 kg m−3

Poisson ratio ν 0.33

Loss factor η 0.004

pairs of dual variables: the voltage and current for the electrical side, and the force and velocity for the mechanical side.1

When attached to a host mechanical structure subject to vibration, the equation of motion of the inertial exciter derives2

from the Newton’s second law and can be written as [24]3

Ma v̇a(t) + Ra

(

va(t) − vs(t)
)

+ Ka

(

xa(t) − xs(t)
)

= Bl i(t) (7)

where va and vs are the velocities of the moving mass and host structure at the base of the inertial exciter, xa and xs are4

the displacements of the moving mass and exciter base, Ma, Ra, Ka are the mass, mechanical resistance, and stiffness5

of the mount, respectively, and Bl i is the force of electric origin resulting from the magnetic field acting on a moving6

free charge (current).7

The governing equation of the electrical dynamics is based on Kirchhoff’s circuit laws and can be written as8

u(t) = Re i(t) + Le i̇(t) + ε(t) (8)

where u is the input voltage applied to the transducer terminals, i is the electrical current flowing through the coil, and9

ε = −Bl(vs − va) is the back electromotive force (voltage) induced in the coil during motion. The constant parameters10

Re and Le are the dc resistance and self inductance of the coil, respectively. The physical parameters of the inertial11

exciters used in this study can be found in Table 2. It is assumed that all input forces acting on the electrodynamic12

driver are small enough so that the displacement remains proportional to applied forces (small-signal range). Otherwise,13

some of the model parameters need to be considered as time-varying nonlinear functions of the input variables[28, 29].14

Table 2: Physical parameters of the inertial exciter measured in small-signal range.

Parameter Notation Value Unit

dc resistance Re 3.36 Ω

Voice coil inductance Le 0.05 mH

Force factor Bl 4.4 N A−1

Moving mass Ma 0.105 kg

Mechanical resistance Ra 0.31 N m−1 s

Suspension stiffness Ka 14.2 103 N m−1

Resonance frequency fc 59.6 Hz

Based on assumptions of linear dynamic coupling of the transducer and using phasors to represent the complex15

amplitude (magnitude and phase) of sinusoidal functions of time, the characteristic equations of the inertial exciter16

given by Eqs. (7) and (8) can be rewritten as17











Bl i = Z
ma

v
a
− Z

ms
v

s

u = Z
e

i + Bl v
a
− Bl v

s

(9)
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Figure 2: Computed and measured electrical input impedance of the inertial exciter when attached to a pure mass (a)

and when coupled to the plate (b).

where Z
ma
= jωMa + Ra + Ka/ jω is the mechanical impedance of the inertial exciter, Z

e
= Re + jωLe is the blocked1

electrical impedance of the transducer, and Z
ms
= Ra + Ka/ jω is the impedance of the spring-dashpot mounting system.2

2.3. Input impedance of the inertial exciter3

The input impedance of the inertial exciter is the complex ratio of the voltage to the current in the electrical circuit4

of the transducer. It determines the electrical impedance (in Ω) ’seen’ by any equipment such as electronic drive source,5

electrical network, etc., connected across its input terminals. When attached to a pure mass, the closed form expression6

of the input impedance of the inertial exciteur can be obtained by combining Eq. (7) and (8), as7

Z
in0 =

u

i
= Z

e
+

(Bl)2

Z
ma

(10)

As can be seen in Eq. (10), Z
in0 contains all the electromechanical effects that are operating, including all resistances8

and reactances of the vibration exciter impedance, and permits the evaluation of key parameters of the transducer model9

such as natural resonance, dc resistance, etc [30? ].10

In the absence of primary disturbance, the closed form expression of the electrical input impedance of the coupled11

plate-actuator system can be obtained by substituting Eq. (12) in Eqs. (7) and (8), as12

Z
in
=

u

i
= Z

e
+

(Bl)2

Z
ma
−

( jωMa)2 Y

1 + jωMa Y

(11)

Equation (11) describes in terms of electrical impedance, the electromechanical coupling between the structure13

and the actuator. Fig. 2 illustrates the frequency response function of the electrical input impedance of the inertial14

exciter when attached to a pure mass (a) and fixed near the center of the plate (b). As can be seen in Fig. 2, there is a15

good agreement between the measured and computed electrical input impedances. It can be noted that the transducer’s16

natural resonance, which is clearly seen at 58 Hz in Fig. 2(a), strongly interacts with the first structural resonance at 7517

Hz for the plate under study. As illustrated in Fig. 2(b), the following structural resonances in the higher frequency18

range may be easily identified from the electrical input impedance.19

2.4. Open loop response function20

The flexural vibration of the plate is the superposition of the response to primary acoustic excitation and the21

secondary structural excitation generated by the control actuators [24]. When the inertial exciter is attached to the22

5
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Figure 3: Bode (a) and Nyquist (b) plots of the open loop frequency response function of the coupled plate-actuator

system.

plate, however, the transverse force generated upon actuation is likely to be affected by the response of the structure.1

The frequency response function of the coupled plate-actuator system can be derived using mobility function and the2

transverse velocity that results at the location (x, y) of the inertial exciter is given by3

v
s
= d − Y f

s
(12)

where d is the contribution caused by the primary acoustic disturbance, f
s
= − jωMa v

a
is the inertia force produced4

by the vibration of the mass, and Y is the mobility function which is given in Eq. (6).5

Upon actuation using a current drive source, the force which is transmitted to the structure via the spring-dashpot6

mounting system can be derived by combining Eqs. (7) and (12), as7

f
s
=

jωMa

Z
ma
+ jωMa Z

ms
Y

Bli (13)

and the open loop response function of the coupled plate-actuator system can be expressed as8

v
s

i
= −

jωMa Y Bl

Z
ma
+ jωMa Z

ms
Y

(14)

Fig. 3 illustrates the open loop frequency response function of the inertial exciter near the center of the plate. As9

can be seen in Fig. 3, the measured and calculated data show good agreement over a frequency range of 0-2 kHz. Note10

that upon actuation using a voltage drive source, Eqs. (13) and (14) can be rewritten as11

f
s
=

jωMa

Z
ma
+ jωMa Z

ms
Y

Bl

Z
in

u (15)

and12

v
s

u
= −

jωMa Y Bl

Z
ma
+ jωMa Z

ms
Y

1

Z
in

(16)

respectively.13

2.5. Output velocity at the base of the actuator14

Combining now Eq. (7) and Eq. (8) and after some further manipulations, the output velocity at the base of the15

actuator be expressed as16

v
s
= −

Z
ma

jωMa Bl

(

u − Z
e

i
)

+
Bl

jωMa

i (17)

6



Equation (17) clearly shows that the velocity response of the structure at the location of the inertial exciter can be1

estimated from the driving current and the induced voltage at its input terminals. In addition, for frequencies such that2 √
Ka/Ma < ω < Re/Le, i.e. above the natural resonance of the inertial exciter and below the cut-off frequency of the3

coil electrical filter, a simplified expression of Eq. (17) can be obtained as4

v
s
≃ −

u

Bl
+

(

R e

Bl
− j

Bl

ωMa

)

i (18)

Equation (18) will be used as an estimate of the structure velocity at the location of the control inputs in the5

following.6

3. Control strategy and methodology7

3.1. Virtual mechanical impedance concept8

The concept of virtual mechanical impedance is to simply impose a linear complex-valued relationship between9

dual and collocated variables used for both the actuation and observation of the controlled structure [1]. In practice,10

the mechanical impedance of a flexible structure can be modified locally by using a set of distributed actuator-sensor11

pairs, e.g. a vibration exciter and an accelerometer. Assuming that the system is linear and without considering the12

electromechanical coupling between actuators and structure, the system to be controlled can be expressed in matrix13

form [24], as14

f = H e + d (19)

where f is the vector of flow variables, typically the output signals of the sensors, e is the vector of control input signals15

(effort variable), H is the matrix of transfer functions between the sensors and actuators, and d is the vector of primary16

acoustic excitations at the sensor locations.17

The control objective is to determine the optimal mechanical impedance between dual variables e and f used for18

the structure actuation and observation, respectively, in order to reduce the radiated sound power. This can be written19

mathematically as20

e = −Z f (20)

where Z is a diagonal matrix which connects the control inputs and the structure response at the location of the21

actuators. It is worth mentioning that combining Eqs. (19) and (20) leads to implement a feedback control system that22

is unconditionally stable, provided the compensator is passive, i.e. Re [Z] > 0 for any angular frequency ω [6].23

3.2. Control objective and methodology24

Due to the high inherent structural damping of the composite panel, conventional active damping is not a priori the25

best way to reduce the sound power radiated. The control objective is therefore to minimize the overall sound power26

radiated by the structure, without necessarily seeking to minimize structural vibration. There are mainly two ways to27

assess the sound power radiated by panel-like structures: from the radiated sound intensity and from the vibrational28

velocity [? ]. In the first case, the time-averaged sound power radiation can basically be evaluated by integrating the29

product of the surface sound pressure p(x, y, 0, t) and the transverse velocity vs(x, y, t) over the surface of the panel, as30

W =
1

2

∫ Lx

0

∫ Ly

0

Re
[

v
s
(x, y)∗p(x, y, 0)

]

dxdy (21)

where (·)∗ denotes the complex conjugate. In this study, the sound power (in W) radiated by the panel is measured by31

integrating the normal component of active intensity over a planar surface S , as32

W =
S

2NS

Re
[

vHp
]

(22)

where p and v are the vectors of complex amplitudes of the sound pressure and particle velocity, respectively, and NS is33

the number of measurement points on the surface S .34

35

The practical implementation is done as a two-step process:36

7



Step 1 (offline)1

• The linear relationship between the primary sound field excitation, the secondary sources and the acoustic2

intensity radiated on the measurement surface S are first evaluated [25], as3

{

p = Hp e + dp

v = Hv e + dv

(23)

where Hp and Hv are NS × Ne matrices of the transfer functions between the secondary sources and the4

acoustic pressures and particle velocity measured over S , respectively, and dp and dv are the contribution due5

to the primary acoustic excitation in terms of radiated acoustic pressure and particle velocity, respectively.6

• The quadratic cost function used to compute the optimal control to minimize the total sound power radiated7

by the panel can be written as8

J = W + β eH e (24)

where β is a positive scalar used to weight the control effort in the cost function.9

• The optimal control inputs which are solution of ∇eJ = 0 can be calculated as10

e opt = −
[

Hv
HHp +Hp

HHv +
2Ns

S
β I

]−1
[

Hv
Hpp +Hp

Hvp

]

(25)

where I is an Ne × Ne identity matrix. Note that optimal control inputs are calculated for a given primary11

sound field.12

Step 2 (online)13

• The complex-valued relationship to be imposed between the control inputs (effort variable) and observation14

(flow variable) can be expressed as15

Z
ii
= −

e
opt

i

f opt

i

(26)

where Z
ii

is an elements of the diagonal matrix Z of virtual mechanical impedances, and f opt

i
can be derived16

after17

f opt = H e opt + d (27)

In practice, the optimal mechanical impedances (26) can be implemented using a real-time complex18

envelope controller [10, 25], the function of which can be expressed as19

de

dt
= −µC [e + Z f] (28)

where µ is a gain coefficient and C is a complex-valued compensation matrix. In order to ensure the stability20

of the algorithm (28), C needs to be considered so that Re
[

λi {C (I + Z H)}
]

> 0 ∀i = 1 · · ·Ne with Ne the21

number of actuators, where λi {·} denotes the i-th eigenvalue of {·}. More details about the tuning of the22

compensation matrix C can be found in [25].23

• The algorithm (28) runs online and updates continuously the values for the effort variables by iteratively24

minimizing the gap between the current mechanical impedance and the target mechanical impedances.25

As discussed in [31], the radiated sound power W can be accurately estimated and the cost function J is quadratic26

with respect to e, provided the spatial sampling over S is smaller than the distance between the test panel and the27

measurement surface. Note that the second step does not require acoustic measurement. Fig. 4(a) illustrates the block28

diagram of the control schemes when using sensor-actuator pairs.29

8



(a) (b)

Figure 4: Block diagram of the control schemes when using sensor-actuator pairs (a) and sensoriactuators (b).

3.3. Impedance control using sensoriactuators1

The baseline control scheme needs to be rearranged when using sensoriactuators, as shown in Fig. 4(b). Compared2

to the block diagram with sensor-actuator pairs, the flow variable f depends on the output signals y of the transducers3

and effort variable e. Note that upon actuation using a current drive source, effort and transducer output variables4

are the driving current and induced voltage at the input terminals, respectively. The transfer function matrix G and5

gain matrix K shown in Fig. 4(b) are needed to obtain the flow variable from effort inputs and transducer outputs, in6

accordance with Eq. (18).7

4. Results8

4.1. Experimental setup9

This section presents experimental results performed on an aircraft composite panel comprising a window. Measured10

data were obtained using the sound transmission loss test facility depicted in Fig. 5. As shown in Fig. 5(a), a scanning11

laser velocimeter and a sound intensity probe are used to measure the vibroacoustic response of the panel in the12

receiving room. In this study, two inertial exciters used as control units were fixed on the panel (source side) with a thin13

layer of adhesive glue, as illustrated in Fig. 5(b). Altogether, they add a mass of about 0.3 kg, which corresponds to14

less than 10 percent increase of the 3.7 kg mass of the trim composite panel. The test panel was subject to a diffuse15

sound field that is generated by a JBL EON15 sound source located in the reverberation room, as shown in Fig. 5(c).16

The physical parameters of the test panel which assumes orthotropic properties for the core and isotropic properties17

for the face sheet are given in Table 3. Note also that the boundary conditions of the panel were found to be between18

pinned and clamped.19

The p-p measurement principle is used to estimate the radiated sound intensity experimentally using a Bruel&Kjaër20

Type 4181 probe. The particle velocity component in the direction of the axis of the probe is obtained by a finite-21

difference approximation to the pressure gradient in Euler’s equation of motion, and the sound pressure is simply the22

average of the two pressure signals. With a 12 mm microphone spacer, the useful frequency range is about [0.1; 5] kHz.23

Pressure measurements were taken over a planar surface of 0.5 m distant from the test panel in the receiving room24

(an anechoic room with a fully reflecting floor) (grid of 7 × 7 points), as shown in Fig. 5(a). An automated robot was25

used to perform sound intensity measurements. The flexural kinetic energy of the panel is estimated from vibrational26

velocity measurement on a grid of 11 × 13 points.27

4.2. Input electrical impedance28

Fig. 6 gives the measured input electrical impedance of the two inertial exciters when attached to a pure mass and29

when coupled to the aircraft composite panel. The location of the two actuators is depicted in Fig. 5(b). Compared30

9



(a) (b) (c)

Figure 5: (Color online) Experimental setup using sound transmission loss facility: sound intensity and laser velocimetry

measurement in a semi anechoic room (a), arrangement of the actuators on the aircraft trim panel (b), and location of the sound

source in the reverberation room.
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Figure 6: Measured input electrical impedance of the two inertial exciters when attached to a pure mass (a) and when

coupled to the aircraft composite panel (b).

to Fig. 2, it can be noted that the resonant peaks of the aircraft composite panel are much more damped. The input1

impedance of the actuators mounted on the composite panel is even very similar to that observed on the pure mass2

above 1 kHz. This highlights the high inherent structural damping of the aircraft trim panel as the frequency increases.3

Moreover, the increase in resistance observed on measuring the input electrical impedance of the actuators mounted on4

the composite panel is due to greater length of connecting cable.5

Flexural kinetic energy6

The vibrational response of the panel were assessed in terms of its flexural energy, which can be mathematically7

expressed as [6]8

E =
µ

4

∫ Lx

0

∫ Ly

0

∣

∣

∣v
s
(x, y)

∣

∣

∣

2
dxdy (29)

where µ = 2h fρ f + hρ is the mass per unit area (in kg m−2) of the plate. Assuming time-harmonic excitation, Eq. (29)9

gives an estimate of the spatially-averaged vibration of the panel. In practice, the vibrational velocity of the panel is10

measured on a grid of 11 × 9 scan points using a scanning vibrometer. The total flexural kinetic energy is calculated as11

the sum of the squared velocities of each surface element. Table 4 summarizes the measured flexural energy of the12

panel without control and controlled with two sensor-actuator pairs and two sensoriactuators.13

10



Table 3: Physical parameters of the composite trim panel.

Parameter Notation Value Unit

Width Lx 0.96 m

Length Ly 1.1 m

Facesheet

Thickness h f 0.508 mm

Mass density ρ f 1906 kg m−3

Poisson ratio ν f 0.141

Young’s modulus E f 23.6 109 Pa

Core

Thickness h 6.35 mm

Young’s modulus E1 103 Pa

E2 103 Pa

E3 138 109 Pa

Mass density ρ 48 kg m−3

Poisson ratio ν1 0.45

ν2 0.01

4.3. Control performance1

The results presented in the following are focused on the overall performance of the smart composite panel when it2

is subject to a diffuse sound field generated by a loudspeaker at the excitation frequency of 363 Hz.3

Table 4: Measured performance using open loop optimal control and optimal virtual impedance control at the excitation

frequency of 363 Hz.

Case Flexural energy Radiated sound power

no control 1.56 10−9 J 69.6 dB (re. 10−12W)

sensoriactuators 1.11 10−8 J 66.5 dB (re. 10−12W)

sensor-actuator pairs 9.38 10−8 J 66.3 dB (re. 10−12W)

As can be seen in Table 4, the reduction of the radiated sound power comes with increased levels of structural4

vibration. Fig. 7 illustrates the way the vibrational velocity distribution on the panel is modified through virtual5

impedance control. With no control, the area below the window in particular contributes to the overall flexural6

kinetic energy of the panel, and hence to sound power transmission. Through virtual impedance control, however,7

the vibrational velocity distribution on the panel is more evenly distributed over the different areas on each side of8

the window. As can be seen in Fig. 7, the area near the actuators becomes dominant in terms of vibrational velocity.9

As expected, the velocity response of the controlled panel is similar with both types of control units. Compared to10

classical active damping, restructuring of the vibrational modes is required to achieve effective sound power reduction.11

The acoustic interferences produced by different areas of the vibrating panel affects the radiation characteristics so that12

the radiated acoustic power may be reduced.13

Figs. 7 and 8 clearly show that the calculation of optimal mechanical impedances leads to provide some additional14

vibrational energy to the panel such that the total sound power radiated is reduced. Fig. 8 shows the sound intensity map15

measured at different steps. The map without control is compared to the map obtained when the optimal control inputs16

computed at step 1 are applied in open loop. This prediction is compared to the results obtained after the centralized17

convergence of the closed loop (step 2) when using sensor-actuators pairs and sensoriactuators. The strategy provides a18

11



(a) (b) (c)

Figure 7: Vibrational velocity distribution measured on the panel with no control (a) and by using virtual impedance

control with two sensor-actuator units (b) and two sensoriactuators (c).

3 dB attenuation. The small differences between the intensity maps can be explained by the slight variations observed1

on the primary disturbance. The high inherent structural damping of the panel can explain why the optimal control2

strategy differs from classical active damping strategy. Furthermore, its modal behaviour is not marked: the number of3

degrees of freedom is high and a large number of control units is required so that the acoustic power radiated can be4

more efficiently reduced.5

The convergence of the control inputs and correponding virtual mechanical impedances at step 2 when considering6

a centralized or a decentralized control and using sensor-actuator pairs (Fig. 9) or sensoriactuators (Fig. 10). In7

both cases, the real part of the virtual mechanical impedance is negative, thus confirming that the strategy requires8

energy injection to the structure. The slight differences between the virtual mechanical impedance values when using9

sensor-actuator pairs or sensoriactuators could be a result of the error in estimating the local velocity of the structure10

with sensoriactuators. The convergence speed of the decentralized algorithm is almost similar to centralized algorithm.11

The effect of the compensation matrix C on the open loop transfer pole placement is shown on Fig. 11: after12

compensation, they are located on the real axis. Its appears that the tuning of C allows for obtaining a convergence in13

the decentralized case as direct as in the centralized case (Fig. 12).14

5. Conclusion15

This paper discussed an active structural acoustic control strategy that is based on the use of electrodynamic16

sensoriactuators instead of sensor-actuator pairs. The electrodynamic transduction principles has been studied and17

implemented successfully to achieve time-harmonic control on an aircraft composite panel. An electromechanical18

model that fully encompasses the coupled plate-actuator dynamic response is provided. It is clearly shown that the19

calculation of optimal mechanical impedances leads to provide some additional vibrational energy to the panel such that20

the total sound power radiated is reduced. Simular results when considering sensoriactuators instead of sensor-actuator21

pairs were obtained both in terms of attenuation of the acoustic power radiated and convergence of the closed loop22

control.23
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Figure 10: Measured response time (solid line) to reach the target virtual impedance (dashed line) for the two
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Figure 11: Effect of the compensation matrix C on the open loop transfer pole placement when using sensor-actuator
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❬✼✷❪ ▼✐❝❤❡❛✉✱ :✳✱ ▲♦✉✈✐♦<✱ ❘✳✱ ❡< ❇❡>>②✱ ❆✳ ✭✷✵✵✼✮✳ ❉❡❝❡♥<>❛❧✐③❡❞ >❡E♦♥❛♥< ❝♦♥<>♦❧❧❡> ❢♦>

✈✐❜>♦❛❝♦✉E<✐❝ ❛❝<✐✈❡ ❝♦♥<>♦❧✳ ✶✺0❤ ▼❡❞✐0❡44❛♥❡❛♥ ❈♦♥❢❡4❡♥❝❡ ♦♥ ❈♦♥04♦❧ ❛♥❞ ❆✉0♦✲
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❬✼✸❪ ◆❡❧✐EE❡✱ ❍✳✱ ❇❡E❧✐♥✱ ❖✳ ❡< ◆✐❝♦❧❛E✱ ❏✳ ✭✶✾✾✻✮✳ ❋❧✉✐❞✲E<>✉❝<✉>❡ ❝♦✉♣❧✐♥❣ ❢♦> ❛♥ ✉♥❜❛✤❡❞
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❆❝♦✉&0✳ ❙♦❝✳ ❆♠✳✱ ✈♦❧✉♠❡ ✶✵✸✱ ♥✉♠R>♦ ✶✱ ♣✳ ✹✷✽✕✸✸✳

❬✼✻❪ :❛♥✱ ❏✳✱ ❙♥②❞❡>✱ ❙✳ ❉✳✱ ❍❛♥E❡♥✱ ❈✳ ❍✳ ❡< ❋✉❧❧❡>✱ ❈✳ ❘✳ ✭✶✾✾✷✮✳ ❆❝<✐✈❡ ❝♦♥<>♦❧ ♦❢ ❢❛>✲
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③♦❡❧❡❝<>✐❝ ❛❝<✉❛<♦> ❢♦> ✈✐❜>♦✲❛❝♦✉E<✐❝ ❛❝<✐✈❡ ❝♦♥<>♦❧✳ :4♦❝✳ ❙:■❊ ✾✵✻✶✱ ❙❡♥&♦4& ❛♥❞
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