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Avant-propos

Ce mémoire présente, de manière synthétique, l’essentiel des travaux que j’ai effec-
tués au cours de ma thèse (de septembre 2004 à décembre 2007) à l’Université Paris-Sud
puis comme chargé de recherche au CNRS (depuis octobre 2008), au sein du Départe-
ment d’Informatique de l’École Normale Supérieure.

Toutefois, mes travaux ne sont pas tous repris ici avec le même degré de précision.
J’ai choisi de développer plus précisément certains d’entre eux, qui sont postérieurs à ma
thèse et se situent au cœur de mon domaine de recherche : la construction de procédures
de sélection d’estimateurs en apprentissage et leur étude sous l’angle de la statistique
mathématique. J’ai également cherché à proposer (au chapitre 2) un point de vue plus
général sur le problème de sélection d’estimateurs. Celui-ci reflète la démarche que j’ai
adoptée dans mes travaux, mais aussi celle que bien d’autres ont utilisée avant moi,
pour la sélection de modèles et au-delà.

Ce mémoire est composé de trois parties principales. Tout d’abord, le chapitre 1
est une présentation brève de mes travaux sur la sélection d’estimateurs, (presque) sans
formule mathématique. Ensuite, les chapitres 2 à 6, rédigés en anglais, reviennent sur
ces mêmes travaux de manière approfondie. Le premier de ces chapitres présente le
cadre général utilisé dans ce mémoire, le problème de la sélection d’estimateurs, et une
approche « générique » pour l’étudier. Les chapitres 3 à 6 (qui s’appuient tous sur le
chapitre 2) sont largement indépendants entre eux. Ils reviennent successivement sur
mes travaux autour de la validation croisée et des méthodes de rééchantillonnage (au
chapitre 3), des méthodes de calibration par pénalités minimales (au chapitre 4), du
problème de détection de ruptures (au chapitre 5), et de quelques autres problèmes de
sélection d’estimateurs en apprentissage (au chapitre 6). Enfin, le chapitre 7, rédigé en
anglais également, propose quelques perspectives dans le prolongement de ces travaux.
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Chapitre 1

Résumé

Ce chapitre présente mes travaux de recherche d’une manière aussi peu technique
que possible. Nécessairement, certains détails y sont laissés de côté. Un exposé technique
détaillé (en anglais) est proposé aux chapitres 2 à 6. Nous encourageons le lecteur à s’y
reporter aussi souvent qu’il le souhaite, de tels allers-retours étant facilités par le fait
que ce chapitre suit le même plan que les chapitres 2 à 6.

1.1. Introduction

L’objectif principal de mes recherches est d’obtenir des résultats mathématiques
pouvant aider les utilisateurs de méthodes d’apprentissage statistique, en particulier
pour choisir leurs hyperparamètres ou pour choisir une méthode parmi plusieurs candi-
dates. Ce but général comprend au moins quatre aspects importants.

Tout d’abord, certains algorithmes d’apprentissage sont connus pour fonctionner
très bien en pratique, mais sans que des résultats théoriques ne l’expliquent vraiment.
C’est par exemple le cas des forêts aléatoires [Bre01], un algorithme d’apprentissage très
utilisé. Les résultats de [20] visent à comprendre les mécanismes qui font la réussite des
forêts aléatoires, en analysant les « forêts purement aléatoires » qui ont été introduites
car elles sont similaires aux forêts aléatoires de Breiman [Bre01] tout en étant plus
simples à analyser théoriquement.

Par ailleurs, certaines méthodes d’apprentissage fonctionnent mieux que d’autres
en pratique, alors que les garanties théoriques correspondantes ne reflètent pas du tout
ces différences. Par exemple, parmi les méthodes de validation croisée [7], la validation
simple ou « hold-out » est peu utilisée car très instable en pratique, et on lui préfère en
général la validation croisée par blocs « V -fold » avec V = 5 ou 10 [BS92, HTF01].
Pour autant, les garanties théoriques obtenues jusqu’à aujourd’hui sont aussi bonnes
pour le hold-out que pour la validation croisée V -fold, voire légèrement meilleures pour
le hold-out car celui-ci est beaucoup plus simple à analyser. Démontrer des résultats
mathématiques qui reflètent ces différences empiriques est un problème important, et
la section 1.4 présente quelques pas faits dans cette direction [14].

Choisir V pour la validation croisée V -fold est un exemple au sein de la probléma-
tique plus générale de trouver des compromis entre complexité algorithmique et perfor-
mance statistique en apprentissage automatique (« machine learning »). Lorsque plu-
sieurs algorithmes d’apprentissage sont disponibles, avec une performance statistique

1



2 Chapitre 1. Résumé

mais aussi un coût de calcul croissant, lequel est-il préférable de choisir à « budget »
fixé (nombre d’observations, temps de calcul) ? Ce problème s’avère être l’une des ques-
tions clés induites par le défi d’analyser des quantités de données gigantesques [BB08],
communément appelé « big data », et c’est récemment devenu un sujet de recherche
actif [CJ13]. Dans le cas de la validation croisée V -fold, la complexité algorithmique
est généralement proportionnelle à V , et quantifier précisément l’amélioration de la pré-
cision statistique obtenue quand V augmente est indispensable pour répondre à cette
question du choix de V .

Un troisième point important est que l’analyse théorique des méthodes couramment
utilisées permet non seulement de comprendre pourquoi elles fonctionnent, mais aussi
de mettre en évidence leurs défauts et d’aider à les corriger. Ainsi, [16] démontre que
la validation croisée V -fold estime le risque de manière biaisée, et que ce biais entraîne
une performance sous-optimale pour la sélection d’estimateurs. En se fondant sur les
pénalités par rééchantillonnage [3] déjà connues, il a été possible d’introduire les péna-
lités « V -fold » [16] qui corrigent le biais de la validation croisée V -fold sans modifier
le temps de calcul. Les articles [16] et [14] ont alors pu démontrer l’optimalité des
pénalités V -fold pour la sélection d’estimateurs, comme cela est détaillé en section 1.4.

Enfin, une approche théorique permet parfois de proposer de nouvelles méthodes
d’apprentissage, qui répondent à des questions pratiques importantes et que l’on n’au-
rait sans doute pas pu construire d’une manière purement empirique. Par exemple, les
méthodes dites de pénalisation dépendent souvent de constantes multiplicatives incon-
nues, telles que la variance du bruit en régression. En étudiant une question d’ordre
théorique — quel est le niveau minimal de pénalisation nécessaire ? — Birgé et Massart
[BM07] ont pu proposer une méthode (l’heuristique de pente) de choix automatique de
la constante multiplicative optimale dans la pénalité. Cette méthode est décrite en sec-
tion 1.5 et a démontré son intérêt pratique bien au-delà de son cadre initial [BMM11].
Les articles [11] et [18] proposent une généralisation de l’heuristique de pente, qui ne
fonctionne qu’au prix d’une modification difficile à deviner empiriquement, mais qu’une
analyse théorique suggère clairement. Le problème de détection de ruptures, décrit en
section 1.6, fournit d’autres exemples d’algorithmes issus de travaux théoriques, dans
deux cas où aucun algorithme n’était disponible auparavant. D’une part, un problème
courant est de chercher à détecter des ruptures de moyenne dans une série temporelle
sans que l’on puisse supposer la variance constante. Des considérations théoriques sur
la régression hétéroscédastique [16], [17] ont amené à modifier les techniques habi-
tuelles [Leb05] en proposant une nouvelle procédure fondée sur la validation croisée
[6]. D’autre part, en utilisant des méthodes de sélection de modèles pour la détection
de rupture dans le cadre des espaces de Hilbert à noyau reproduisant, une nouvelle
procédure a pu être proposée dans [19]. Elle permet de traiter des cas que l’on retrouve
dans diverses applications, où les observations sont multivariées, voire à valeurs dans
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un ensemble qui n’est pas un espace vectoriel, tel que l’ensemble des séquences ADN ou
l’ensemble des graphes finis.

Afin de fournir des réponses à ces quatre questions qui puissent être utiles en pra-
tique, il faut a minima des résultats théoriques suffisamment précis pour être cohérents
avec l’expérience. Dans l’idéal, il faudrait des résultats répondant à des questions pra-
tiques pour lesquelles on ne dispose pas encore d’une réponse empirique claire. Ce mi-
nimum peut sembler bien peu, mais l’atteindre est déjà ambitieux pour de nombreux
problèmes importants. Par exemple, démontrer théoriquement que la validation croi-
sée V -fold est strictement meilleure que le hold-out pour la sélection d’estimateurs est
un problème ouvert. Pour cette raison, nous faisons le choix de faire passer d’abord la
précision des résultats obtenus, le niveau de généralité ne venant que dans un second
temps. C’est ainsi que [16] ne considère « que » les régressogrammes, ou que [14] s’in-
téresse aux estimateurs par projection en estimation de densité avec le contraste des
moindres carrés, qui n’est pas nécessairement le cadre le plus utilisé. Insistons sur le fait
que disposer de résultats théoriques précis dans un cadre spécifique est utile pour le cas
général, ne serait-ce que parce que cela permet de formuler des hypothèses précises qui
peuvent être ensuite testées empiriquement dans d’autres cadres.

Tous les résultats présentés dans ce mémoire sont « non asymptotiques », c’est-à-
dire qu’ils ne supposent pas que la taille de l’échantillon tend vers l’infini tandis que
tous les autres paramètres (en particulier, la famille d’estimateurs considérés) restent
constants. À l’inverse, les résultats asymptotiques cachent souvent dans des termes de
reste de la forme o(·) des quantités qui peuvent s’avérer prédominantes en pratique, par
exemple lorsque l’espace ambiant est de grande dimension. Cela ne veut pas dire que
l’on cherche nécessairement des résultats s’appliquant à de très petits échantillons, ce
qui serait difficile car les constantes numériques sont souvent surestimées dans les bornes
théoriques non asymptotiques. L’intérêt principal d’une approche non asymptotique est
que tous les paramètres du problème (dimension ambiante, rapport signal sur bruit,
etc.) apparaissent explicitement dans les bornes obtenues, s’ils doivent y jouer un rôle,
si bien que de tels résultats peuvent refléter fidèlement ce qui se produit en pratique.

1.2. Sélection d’estimateurs

Nous décrivons ici brièvement le cadre dans lequel se placent les résultats présentés
dans ce mémoire.

Le problème général de l’inférence statistique (ou de l’apprentissage) peut se formu-
ler ainsi : à partir d’un échantillon de n variables aléatoires indépendantes et de même
loi P , on cherche à estimer une quantité s? ∈ S décrivant un aspect de cette loi. Pour
cela, on se donne une fonction de perte L : S→ R, minimale en s? et s’écrivant comme
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l’espérance sous P d’une fonction dite de « contraste ». Par exemple, un problème d’es-
timation de densité peut se formuler ainsi, s? étant alors la densité de P par rapport à
une mesure de référence.

L’apprentissage supervisé (ou « prédiction ») en est un autre exemple important : les
observations sont des couples (Xi, Yi) et l’on cherche à « prédire » la variable d’intérêt
Y à partir de la seule connaissance de la variable explicative X. Ceci inclut notamment
la régression (pour une variable d’intérêt continue) et la classification supervisée (pour
une variable d’intérêt discrète).

Pour ce faire, on construit des estimateurs, qui associent à tout échantillon une
estimation ŝ ∈ S de la quantité cible s?. Un exemple important en statistique est celui
des estimateurs par minimum de contraste : étant donné un « modèle », c’est-à-dire un
sous-ensemble de S, on choisit un élément ŝ du modèle qui minimise l’erreur commise sur
les données (mesurée par un contraste empirique, aussi appelé risque empirique). L’idée
est que si l’on cherche à minimiser la perte L, qui est une espérance par rapport à P ,
en ne disposant pas de la loi P mais seulement d’un échantillon, on minimise à la place
l’espérance de la même quantité relativement à la mesure empirique sur l’échantillon. Il
est alors nécessaire de se restreindre à un modèle, car en s’autorisant S tout entier, on
trouvera (presque) toujours un élément de S qui ne commet quasiment aucune erreur
sur les n observations de l’échantillon, malgré le fait que les observations sont bruitées.
Deux exemples classiques d’estimateurs par minimum de contraste sont les estimateurs
du maximum de vraisemblance et les estimateurs des moindres carrés.

D’autres estimateurs sont bien sûr couramment utilisés en apprentissage statistique,
comme par exemple les k plus proches voisins, la régression « ridge » à noyaux ou les
forêts aléatoires. Nous renvoyons à [DGL96, HTF01, GKKW02, BBL05, Was06,
BvdG11] pour compléter cette courte liste.

Le problème de sélection d’estimateurs est alors le suivant : étant donné une famille
d’estimateurs, comment choisir en son sein (à l’aide des données uniquement) un esti-
mateur dont la perte est aussi petite que possible ? Cette formulation générale recouvre
au moins trois questions importantes en apprentissage statistique.

La sélection de modèles correspond au cas où l’on considère des estimateurs par
minimum de contraste associés à différents modèles : sélectionner un estimateur re-
vient alors à sélectionner l’un de ces modèles. Précisons qu’ici l’on ne cherche pas à
identifier un « vrai » modèle (c’est-à-dire, qui contient la cible s?), mais plutôt à réa-
liser la meilleure estimation possible de s?, ce qui est un objectif différent [Yan05].
Pour des références bibliographiques sur la sélection de modèles, on pourra consulter
[BBM99, BA02, Mas07, HTF09] par exemple.

Le choix d’hyperparamètres est une question omniprésente en apprentissage. On
suppose qu’on a choisi une méthode d’apprentissage, par exemple, une méthode des
plus proches voisins. Chaque méthode possède un ou plusieurs hyperparamètres (ici, le
nombre de voisins considérés et une distance sur l’espace des variables explicatives) que
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l’on ne peut pas déterminer a priori : leur valeur optimale dépend de caractéristiques
de la loi P que l’on ne peut pas supposer connues à l’avance. Il faut donc utiliser les
observations pour choisir ces hyperparamètres, ce qui constitue un problème de sélection
d’estimateurs.

Enfin, une troisième situation — la plus générale — est celle où l’on envisage plu-
sieurs méthodes, de différentes natures, pour analyser un même jeu de données, par
exemple un estimateur des plus proches voisins, un estimateur par splines de lissage ou
un estimateur paramétrique. Choisir parmi ces trois méthodes (et au passage choisir
leurs hyperparamètres si nécessaire) est un problème de sélection d’estimateurs. Nous
renvoyons à [BGH10, Gir14] pour des références bibliographiques sur la sélection
d’estimateurs.

Le choix idéal — l’estimateur qui minimise la perte, appelé « oracle » — dépend de la
loi P et est donc inconnu en pratique. Pour une méthode n’utilisant que les observations,
l’objectif est donc de faire à peu près aussi bien que l’oracle. Plus précisément, si l’on
définit la perte relative comme la différence entre la perte L et sa valeur minimale
L(s?), on souhaite sélectionner un estimateur dont la perte relative est du même ordre
de grandeur que la perte relative de l’oracle 1. Une telle relation est appelée inégalité-
oracle, et l’on parle d’inégalité-oracle « optimale » (au premier ordre) lorsque le rapport
entre la perte relative de l’estimateur sélectionné et la perte relative de l’oracle tend
vers 1 quand n tend vers l’infini.

Remarquons qu’au-delà du problème de sélection d’estimateurs, construire des pro-
cédures vérifiant une inégalité-oracle est également intéressant pour construire des esti-
mateurs dits « adaptatifs au sens du minimax » [BM97, BBM99].

Quels sont les enjeux de la sélection d’estimateurs ? Considérons l’exemple de la
sélection de modèles, où les modèles sont supposés être des espaces vectoriels de dimen-
sion finie emboîtés les uns dans les autres. D’un côté, avec un modèle de dimension très
petite, on est certain de commettre une erreur du fait que la cible s? n’appartient pas à
ce modèle, voire en est assez éloigné : c’est l’erreur d’approximation. On parle de « sous-
apprentissage », car il n’est pas possible dans un tel modèle d’apprendre suffisamment de
paramètres pour bien estimer s?. À l’inverse, si l’on considère un modèle de dimension
très grande (de l’ordre du nombre n d’observations), la cible s? a toutes les chances d’en
être proche et l’erreur d’approximation est donc quasi nulle. Cet avantage a un coût :
un très grand nombre de paramètres doivent être estimés, à partir de données bruitées,
d’où une deuxième source d’erreur, appelée erreur d’estimation. Au final, avec un grand

1. Il est ici important de ne pas considérer ici la perte mais la perte relative. Si on ne le fait pas,
une garantie du type « la perte est inférieure à deux fois la perte de l’oracle » est très peu informative :
même en supposant que l’oracle est consistant, c’est-à-dire que sa perte converge vers L(s?) lorsque
n tend vers l’infini, cela n’implique pas la consistance de l’estimateur sélectionné, mais seulement une
majoration (asymptotique) de sa perte par 2L(s?) > L(s?). C’est pourquoi, ici et aux chapitres suivants
on considère presque toujours la perte relative `(s?, ·) à la place de la perte L(t).
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modèle, on obtient un estimateur qui « colle » aux observations (il y a suffisamment
de paramètres dans le modèle pour reproduire assez précisément n’importe quel jeu de
données bruité), mais qui ne s’approche pas de la cible s? : en faisant comme si les ob-
servations n’étaient pas bruitées, on ne peut pas généraliser convenablement. On parle
alors de sur-apprentissage (« overfitting »). Pour résoudre le problème de sélection de
modèles, il faut donc réaliser un compromis entre ces deux sources d’erreur, que l’on
peut visualiser sur la figure 1 page 27.

Les mêmes phénomènes de sur-apprentissage et sous-apprentissage se produisent
pour le problème général de sélection d’estimateurs comme illustré sur la figure 2
page 28, même si l’on ne peut pas toujours décomposer la perte relative en erreur
d’approximation et erreur d’estimation. L’enjeu est donc identique : trouver un bon
compromis entre ces deux situations extrêmes, ce que l’on formalise par une inégalité-
oracle.

1.3. Une approche générale

Les procédures de sélection d’estimateurs les plus classiques sont définies comme la
solution du problème de minimisation d’un critère C sur la famille d’estimateurs consi-
dérée. Si l’on note R la perte relative de ces estimateurs, notre objectif est donc de
minimiser une quantité inconnue R, et l’on minimise à la place une quantité connue C
(fonction des observations seulement). C’est une technique souvent utilisée en appren-
tissage automatique ou en statistique, au-delà de la sélection d’estimateurs. Elle conduit
par exemple aux estimateurs par minimum de contraste (on voudrait minimiser la perte,
on minimise à la place un contraste empirique) ou à l’usage de relaxations convexes en
optimisation (la quantité R est connue, mais la minimiser exactement est trop coûteux
algorithmiquement, si bien qu’on résout à la place un problème de minimisation plus
simple, par exemple en prenant pour C une majoration — ou relaxation — convexe de
R).

Pour construire un critère C adéquat, ou analyser une telle procédure étant donné
C, l’idée clé qu’utilisent un très grand nombre de travaux est un principe très simple,
qui se résume formellement avec le lemme 2.1 en page 29, dont la démonstration est
élémentaire. En quelques mots, si l’on dispose d’un encadrement pour la différence C−R
valable uniformément sur la famille d’estimateurs considérée, alors on a « presque » une
inégalité-oracle.

Si de plus les deux bornes de cet encadrement sont négligeables devant R (unifor-
mément sur la famille d’estimateurs considérée), alors on a une inégalité-oracle optimale
au premier ordre. Ceci conduit au principe d’estimation sans biais du risque, sur lequel
reposent notamment la validation croisée (présentée en section 1.4), le critère d’infor-
mation d’Akaike [Aka73, AIC] et la pénalité Cp de Mallows [Mal73] qui est considérée
en section 1.5 : utiliser un critère C dont l’espérance, pour chaque estimateur considéré
individuellement, est égale à l’espérance de la perte relative R en cet estimateur. Le
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lemme 2.1 valide ce principe, pourvu que l’on soit capables de démontrer une inéga-
lité de concentration suffisamment précise pour C − R autour de son espérance (zéro),
uniformément sur la famille d’estimateurs.

On considère parfois de « grandes » familles d’estimateurs [BM07], pour lesquelles
le principe d’estimation sans biais du risque ne fonctionne plus. C’est notamment le cas
pour le problème de détection de ruptures, abordé en section 1.6. Ce dysfonctionnement
est relié au fait que les déviations uniformes deR ou de C−R sur la famille d’estimateurs
sont alors supérieures d’un ordre de grandeur à l’espérance de R. L’approche classique
est d’utiliser encore une fois le lemme 2.1, mais en choisissant C de telle sorte que
C −R ≥ 0 pour tous les estimateurs. On en déduit alors une inégalité-oracle plus faible,
garantissant que la perte relative de l’estimateur sélectionné est inférieure à la valeur
minimale de C. Si la majoration de R par C est suffisamment fine, la valeur minimale
de C est (à peu près) de l’ordre de grandeur de la perte relative de l’oracle (la valeur
minimale de R).

Nous venons de décrire l’approche classique pour construire et analyser des procé-
dures de sélection d’estimateurs. Pointons-en les limites.

Tout d’abord, comme cela a été mis en avant en introduction, un objectif impor-
tant serait de pouvoir comparer des procédures de sélection d’estimateurs. Pour cela, le
lemme 2.1 et les inégalités-oracle auxquelles il mène sont insuffisants : ce ne sont que des
bornes supérieures sur la perte relative, et comparer de telles bornes est souvent trom-
peur. Au mieux, on peut espérer montrer qu’une procédure est optimale (au premier
ordre), en démontrant qu’elle fait aussi bien que l’oracle (à des termes de reste près),
puisque l’on sait qu’il est impossible de faire mieux que l’oracle. Si l’on veut réellement
comparer deux procédures, il faut pouvoir démontrer une borne inférieure sur la perte
relative de l’estimateur sélectionné par la première, et montrer que celle-ci est stricte-
ment supérieure à une borne supérieure sur la perte relative de l’estimateur sélectionné
par la deuxième. Ceci nécessite, bien sûr, des bornes très précises.

L’approche usuelle pour démontrer des bornes inférieures est l’approche minimax :
démontrer une borne inférieure en pire cas, comme par exemple dans l’article [8]. Ce
type de résultat n’est pas toujours utile en pratique, car le pire cas est souvent très peu
réaliste. C’est pourquoi, dans les articles [16] et [17], des bornes inférieures sont prou-
vées en considérant des cas particuliers, certes, mais aussi « génériques » que possibles,
c’est-à-dire, représentatifs de ce que l’on peut observer en pratique.

La deuxième limite importante de l’approche reposant sur le lemme 2.1 et le principe
d’estimation sans biais du risque est qu’elles ne permettent pas vraiment de tenir compte
de la « variance » du critère C dans l’analyse de ses performances moyennes pour la
sélection d’estimateurs. Afin de combler ce manque, une heuristique est proposée dans
l’article [14] et détaillée en section 2.2.5. En quelques mots, l’important n’est pas la
variance de C pris en un estimateur (qui peut être modifiée sans changer la procédure
de sélection d’estimateurs) mais plutôt la variance des incréments de C, c’est-à-dire la
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différence entre les valeurs qu’il prend en deux estimateurs quelconques. En particulier,
il semble que si deux critères C1 et C2 ont la même espérance, mais que la variance
des incréments de C1 est uniformément inférieure à celle des incréments de C2, alors la
procédure de sélection d’estimateurs fondée sur C1 doit être meilleure que celle fondée sur
C2. Cette heuristique est appliquée avec succès dans [14] pour l’analyse des performances
de la validation croisée V -fold en fonction de V , comme expliqué en section 1.4.

1.4. Validation croisée et méthodes de rééchantillonnage

Comme on l’a vu en section 1.3, une approche naturelle pour construire un critère
C est d’estimer (si possible, sans biais) la perte relative R de chacun des estimateurs
de la famille considérée. Pour cela, idéalement, on aimerait pouvoir entraîner chaque
estimateur sur les observations, puis le confronter à de nouvelles observations — indé-
pendantes — afin d’évaluer ses performances. Ce n’est évidemment pas possible si l’on a
déjà utilisé toutes les observations à notre disposition, et il n’est pas question d’utiliser
deux fois les mêmes observations : cela conduirait au sur-apprentissage.

La validation croisée propose un moyen de faire « comme si » l’on avait de nouvelles
observations, en découpant l’échantillon en deux : la première partie (l’échantillon d’en-
traînement) est utilisée pour entraîner chaque estimateur et la deuxième partie (l’échan-
tillon de validation) est utilisée pour évaluer ses performances. Si l’on procède à un seul
découpage, on parle de validation simple ou « hold-out ». Si l’on procède à plusieurs dé-
coupages et que l’on moyenne les évaluations des performances de l’estimateur considéré,
on parle de validation croisée. L’usage est de fixer la valeur de la taille nt ∈ {1, . . . , n−1}
de l’échantillon d’entraînement. Dans ce cas, si l’on considère tous les découpages pos-
sibles, on obtient le « leave-one-out » (« laisses-en un de côté ») lorsque nt = n − 1 et
le « leave-p-out » en général (avec p = n − nt). Souvent, pour réduire la complexité
algorithmique, on ne considère qu’un petit nombre de découpages, la méthode la plus
courante étant la validation croisée par blocs (« V -fold ») : on fixe une partition (régu-
lière) de l’échantillon en V blocs, que l’on utilise successivement comme échantillon de
validation (et le complémentaire comme échantillon d’entraînement). D’autres méthodes
de validation croisée sont décrites dans l’article de survol [7].

La validation croisée est ainsi un exemple d’application du principe de rééchantillon-
nage (ici, il s’agit même plus précisément de sous-échantillonnage), dont l’idée essentielle
est de construire, à des fins statistiques, un ou plusieurs nouveaux échantillons à partir
de l’unique jeu de données dont on dispose [Efr79].

La section 1.3 donne un angle d’attaque pour étudier les performances de la valida-
tion croisée pour la sélection d’estimateurs : calculer l’espérance du critère correspon-
dant. En toute généralité, l’échantillon d’entraînement étant indépendant de l’échan-
tillon de validation, l’espérance du critère par validation croisée est égale à l’espérance
de la perte de l’estimateur considéré, entraîné avec nt observations au lieu de n. Le cal-
cul correspondant est détaillé en section 3.2, page 39. Le critère par validation croisée
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est donc biaisé, ce biais étant (le plus souvent) faible si nt ∼ n et d’autant plus fort que
nt est petit en comparaison de n.

En particulier, dans un cadre de régression, [16] démontre que la validation croisée
V -fold est sous-optimale : si n est assez grand, avec grande probabilité, la perte relative
de l’estimateur qu’elle sélectionne est supérieure ou égale à la perte relative de l’oracle
multipliée par une constante 1+κ(V ) > 1. Malgré tout, une inégalité-oracle reste valable
pour la validation croisée V -fold dans ce même cadre, mais elle n’est pas optimale : il y
a un facteur multiplicatif K(V ) > 1 devant la perte relative de l’oracle.

Comment obtenir une méthode optimale au premier ordre ? Soit l’on prend nt ∼ n

(par exemple le leave-one-out), mais avec les méthodes V -fold, cela nécessite de prendre
V qui tend vers l’infini avec n, ce qui induit un temps de calcul souvent trop long. Une
autre option, étudiée dans [16], est de corriger le biais du critère par validation croisée.

L’idée est d’utiliser le principe de la validation croisée pour construire un critère
pénalisé, égal à la somme du risque empirique et d’une « pénalité ». Cette pénalité vise
à compenser l’optimisme du risque empirique comme estimateur de l’erreur commise sur
de nouvelles observations. Efron [Efr83] a proposé d’utiliser le bootstrap pour construire
une telle pénalité, et [3] démontre que celle-ci (parmi d’autres) fournit une procédure
qui vérifie une inégalité-oracle optimale dans un cadre de régression.

En considérant le processus de sous-échantillonnage associé à la validation croisée
V -fold, on obtient la méthode de « pénalisation V -fold », qui vérifie également une
inégalité-oracle optimale dans un cadre de régression [16] et en estimation de densité
[14]. Ces pénalités revisitent une méthode de correction du biais de la validation croisée
proposée par Burman [Bur89]. Leur grand intérêt est d’avoir cette propriété d’optima-
lité (au premier ordre) tout en ayant une complexité algorithmique limitée, égale à celle
des procédures par validation croisée V -fold habituellement utilisées.

Mentionnons pour finir que les articles [16] et [14] proposent deux approches pour
obtenir de tels résultats, l’une ayant l’avantage d’être aisément généralisable (dès lors
qu’une certaine inégalité de concentration peut être prouvée, voir la fin de la section 3.2),
et l’autre d’être assez précise pour obtenir des bornes qui se comportent comme attendu
en fonction de V .

À la suite de l’heuristique esquissée en section 1.3, comment prendre en compte la
variance des critères par validation croisée dans cette analyse ? Les résultats mentionnés
jusqu’à maintenant, comme la totalité des résultats sur les procédures de sélection d’es-
timateurs par validation croisée [7], ne permettent en rien de distinguer le hold-out —
critère réputé instable, dépendant du choix arbitraire d’un seul découpage et conduisant
à de piètres performances pour la sélection d’estimateurs — des méthodes V -fold ou
du leave-one-out, qui fournissent en pratique de bien meilleures performances en sélec-
tion d’estimateurs, apparemment parce qu’ils utilisent comme critère une moyenne sur
plusieurs découpages.
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Dans le cas des estimateurs par projection en estimation de densité [14], la va-
riance des incréments du critère par pénalisation V -fold peut être calculée exactement.
Il s’avère qu’elle diminue avec V , conformément aux observations empiriques, approxi-
mativement comme

1 +
4

V − 1
.

Ainsi, augmenter V (et donc le temps de calcul) doit améliorer les performances, mais
cette amélioration se limite au gain d’une constante multiplicative dans la variance, et
non pas d’un ordre de grandeur. Cette prévision, et plus généralement l’heuristique de
la fin de la section 1.3, se trouvent confirmées par des expériences numériques [14].
Ceci explique donc en partie pourquoi il peut suffire de prendre V = 5 ou 10 pour
la validation croisée V -fold, comme conseillé habituellement [BS92, HTF01] : avec
V = 10, par exemple, la variance est quasiment identique à la valeur minimale possible
(celle du leave-one out, c’est-à-dire V = n), avec une complexité algorithmique fortement
réduite !

Mentionnons enfin d’autres travaux réalisés autour des méthodes par rééchantillon-
nage. D’une part, [2] valide empiriquement l’utilisation du bootstrap pour évaluer l’er-
reur d’extrapolation commise par des modèles dynamiques de la position de certains
satellites de Saturne, de quelques dizaines à plusieurs centaines d’années hors de la pé-
riode d’observation. Cette méthode a ensuite été employée pour d’autres applications en
astronomie [Des09, DAV10]. D’autre part, des régions de confiance pour la moyenne
de vecteurs gaussiens de grande dimension sont construites et validées dans [10] et [4],
ainsi que des procédures de tests multiples qui s’en déduisent [5]. Les expériences nu-
mériques réalisées dans ces trois articles indiquent que l’utilisation du rééchantillonnage
dans ce contexte permet une adaptation automatique à la structure de corrélation des
observations.

1.5. Pénalités minimales

Le principe de la pénalisation, évoqué à la section précédente, est de choisir l’estima-
teur qui minimise la somme du risque empirique et d’une « pénalité ». Cette dernière a
pour rôle premier d’éviter le sur-apprentissage : si l’on minimisait uniquement le risque
empirique, on sélectionnerait forcément un estimateur qui « colle » aux observations. Le
critère que l’on cherche à minimiser étant la perte (relative), une pénalité idéale serait
la différence entre la perte (relative) et le risque empirique, ou bien son espérance, en
admettant le principe d’estimation sans biais du risque énoncé en section 1.3.

Dans le cas particulier de la régression par moindres carrés, en supposant le plan
d’expérience (les Xi observés) fixe, on peut démontrer que l’espérance de cette pénalité
idéale pour l’estimateur associé à un modèle de dimension Dm vaut

2σ2Dm

n
,
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où σ2 est la variance du bruit, supposée constante sur le plan d’expérience. Le calcul
menant à cette pénalité, aussi appelée Cp [Mal73], est détaillé en section 4.3.

Cependant, en pratique, la variance σ2 est inconnue et il est donc nécessaire de l’es-
timer, ce qui n’est pas un problème aisé [22]. Plus généralement, une pénalité optimale
(ou quasi optimale) est souvent connue à une constante multiplicative près en pratique,
pour plusieurs raisons.

(1) La pénalité optimale est connue théoriquement, mais dépend d’une quantité
inconnue, par exemple σ2 pour Cp et CL en régression [Mal73].

(2) La pénalité optimale est connue théoriquement, mais seulement asymptoti-
quement. C’est le cas de AIC [Aka73] et BIC [Sch78] pour les méthodes du
maximum de vraisemblance.

(3) La pénalité optimale peut être estimée par rééchantillonnage [3], mais seule-
ment à une constante multiplicative près, dont la valeur n’est pas toujours
connue, ou alors seulement asymptotiquement.

(4) Une pénalité C × pen1 satisfaisant une inégalité-oracle a constante multipli-
cative près est connue théoriquement, mais la valeur optimale de C n’est pas
connue, ce qui se produit notamment pour la détection de ruptures [CR04,
Leb05], qui est abordée en section 1.6, ou pour les complexités de Rademacher
locales en classification [BBM05, Kol06].

Un remède à cette difficulté, l’heuristique de pente, a été proposé par Birgé et Mas-
sart [BM07] dans le cas de la régression par moindres carrés avec un plan d’expérience
fixe. Le raisonnement est le suivant : que se passe-t-il si l’on utilise la pénalité

CDm

n

pour une constante C > 0, en fonction de la valeur de C ? D’une part, si C < σ2, on
constate en calculant l’espérance du risque empirique que le critère pénalisé est une
fonction décroissante de la dimension Dm des modèles : on sélectionne donc nécessai-
rement l’un des plus gros modèles, il y a sur-apprentissage. D’autre part, si C > σ2,
le critère pénalisé devient strictement croissant au voisinage des plus gros modèles : on
sélectionne donc un modèle de dimension bien plus petite, et l’on peut même démontrer
une inégalité-oracle (sous-optimale si C 6= 2σ2). Autrement dit,

σ2Dm

n

est une pénalité « minimale » pour ce problème de sélection de modèles, ce qui peut
être prouvé théoriquement [BM07].

Le raisonnement que nous venons de décrire est purement théorique et pourrait
sembler sans intérêt en pratique. Il n’en est rien, car on peut le compléter des deux
remarques cruciales suivantes :
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(i) La pénalité minimale est observable, car la dimension du modèle sélectionné
avec la pénalité CDm/n « saute » au voisinage de C = σ2, et nulle part ailleurs,
comme cela est représenté sur la figure 2 page 52.

(ii) La pénalité optimale est égale à deux fois la pénalité minimale.

Ces deux remarques fournissent un algorithme utilisable en pratique pour estimer la
constante multiplicative optimale dans une pénalité : (i) déterminer la constante cor-
respondant à la pénalité minimale, (ii) la multiplier par deux [BM07]. Une version de
cet algorithme peut même être validée théoriquement, par une inégalité-oracle optimale
au premier ordre valable sous des hypothèses minimales [22], comme cela est expliqué
en section 4.4.

Jusqu’où cette idée peut-elle être généralisée ? Des études empiriques [BMM11]
ont montré que l’heuristique de pente fonctionne bien au-delà du cadre de [BM07]. Du
point de vue théorique, l’article de survol [22] indique que des garanties ont été obtenues
essentiellement pour des estimateurs des moindres carrés ou qui en sont « proches », en
régression ou en estimation de densité [Ler12]. Il ne semble pas indispensable que les
données soient indépendantes, au moins dans un cas [Ler11]. L’hypothèse d’avoir une
variance du bruit constante en régression n’est pas non plus nécessaire, comme démontré
par l’article [1].

Toutefois, le fait que la pénalité optimale est égale à deux fois la pénalité minimale
n’est pas valable en tout généralité. Ainsi, pour sélectionner parmi des estimateurs
« linéaires » en régression (moindres carrés, plus proches voisins, Nadaraya-Watson,
splines de lissage, etc.), [11] et [18] montrent que l’heuristique de pente, appliquée
telle quelle, ne fonctionne pas. En revanche, en raisonnant sur les espérances du risque
empirique et de la perte, [11] et [18] montrent que l’on peut encore utiliser la notion
de pénalité minimale avec succès pour ce problème. La nouveauté essentielle est que les
pénalités minimales et optimales ne sont pas proportionnelles, tout en étant chacune
connue au facteur multiplicatif σ2 près. Il en résulte un algorithme utilisable en pratique,
pour lequel on peut obtenir une inégalité-oracle optimale au premier ordre [11], [18].
Remarquons que l’on pourrait également penser à utiliser une méthode de validation
croisée dans ce cadre. Elle satisferait certainement aussi une inégalité-oracle similaire
(bien qu’aucun résultat de ce type n’ait été prouvé jusqu’à présent), mais l’expérience
démontre qu’elles ont des performances inférieures ou égales à celles de la méthode
de pénalisation proposée ci-dessus, et une complexité algorithmique bien supérieure.
Mentionnons enfin que l’algorithme proposé par [11] et [18] est également utilisé pour
un problème d’apprentissage « multitâches » [9], comme expliqué en section 1.7.

1.6. Détection de ruptures

Le problème de détection de ruptures, aussi appelée segmentation unidimension-
nelle, est classique en statistique [BN93, BD93]. Étant donné une série temporelle,
dont la distribution change brusquement à certains instants inconnus (les « ruptures »),
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l’objectif est de déterminer le nombre et la position de ces ruptures, comme illustré par
la figure 1 page 63. Un tel problème est posé dans des domaines divers, par exemple
pour l’analyse de signaux sonores [HVLYFC09], de données financières [LT06] ou
biologiques [Pic05].

Les cas les plus classiques sont lorsque l’on cherche des ruptures dans la moyenne
du signal (le reste de la distribution étant supposé inchangé) ou bien des ruptures
indifféremment dues à un changement dans la moyenne ou dans la variance. Pour cela,
une approche classique est de formuler ce problème comme un problème de sélection de
modèles [Yao88, YA89, CR04, Lav05, Leb05, BKL+09].

Par exemple, la recherche de ruptures de moyenne peut être considérée comme un
problème de régression, où chaque segmentation des données correspond à un modèle de
fonctions constantes par morceaux. On se trouve alors dans le cas d’une grande famille
de modèles, selon la terminologie employée en section 1.3, et l’approche générale de la
section 1.3 conduit à des procédures de pénalisation pour la détection de ruptures qui
vérifient des inégalités-oracle approchées [CR04, Lav05, Leb05]. De plus, le problème
de minimisation correspondant peut être résolu efficacement par programmation dy-
namique, d’une manière exacte ou approchée [Rig10], ce qui n’est pas évident si l’on
considère le problème « naïvement ».

D’autres problèmes de détection de rupture se posent cependant en pratique, pour
lesquels on ne dispose pas toujours d’un algorithme approprié. Un premier exemple est
celui de la recherche de ruptures dans la moyenne (uniquement) lorsqu’on sait que l’hy-
pothèse d’une variance constante au cours du temps n’est pas vérifiée. C’est notamment
le cas pour les données biologiques de type « CGH », pour des raisons liées au processus
expérimental de mesure [Pic05].

Dans ce cas, des résultats théoriques sur la sélection de modèles en régression hété-
roscédastique 2 indiquent — hors du cadre de la détection de rupture — que des pénalités
du type de celles de [Leb05] ne sont pas adaptées à ce cadre [17], au contraire des pé-
nalités par rééchantillonnage [3] ou des pénalités V -fold [16]. L’échec des pénalités de
[Leb05] dans ce cadre a pu être confirmé expérimentalement, conduisant à l’introduc-
tion d’une méthode de détection de ruptures fondée sur la validation croisée qui s’adapte
effectivement à l’hétéroscédasticité des observations [6]. Il n’était pas évident qu’une
telle méthode puisse être mise en œuvre avec une complexité algorithmique raisonnable.
Ceci a été rendu possible par la combinaison de formules closes pour certains estimateurs
par validation croisée [Cel08] avec un algorithme de programmation dynamique.

Les méthodes de pénalisation évoquées ci-dessus [CR04, Lav05, Leb05] sont
construites pour des données unidimensionnelles et peuvent être étendues directement

2. On parle de régression homoscédastique lorsque la variance du bruit est supposée constante,
et à l’inverse de régression hétéroscédastique lorsque la variance du bruit est fonction de la variable
explicative X.
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au cas multivarié. Cependant, cette extension revient à considérer ces observations sous
l’angle de la métrique euclidienne qui n’est pas toujours adaptée au problème considéré,
tout particulièrement pour des données de grande dimension. De plus, certaines ap-
plications considèrent des données structurées complexes, telles que des histogrammes
(pour l’analyse de données sonores ou vidéo), des chaînes de caractères (par exemple,
des textes ou des séquences ADN) ou des graphes (en sociologie et en bioinformatique
notamment).

Une procédure générale de détection de ruptures adaptée à de telles données est
proposée par [19]. D’un point de vue abstrait, l’idée est de représenter les observations
par des éléments d’un espace de Hilbert à noyau reproduisant, et d’appliquer à ces
nouvelles « observations » une généralisation de l’approche de [Leb05].

Ceci est possible à mettre en œuvre avec une complexité algorithmique raisonnable
grâce aux propriétés de ces espaces de Hilbert, en particulier « l’astuce du noyau » :
l’algorithme de [Leb05] ne fait intervenir que des produits scalaires entre observations,
sa version « à noyau » ne nécessite donc de calculer que les valeurs du noyau entre des
paires d’observations. Ceci évite d’avoir à manipuler des éléments d’un espace de Hilbert
qui est de dimension infinie pour la plupart des noyaux classiques.

Enfin, une inégalité-oracle dans [19] garantit que la procédure fonctionne — du
moins si le noyau est bien choisi — et des expériences numériques montrent son intérêt
pratique.

En particulier, une application un peu inattendue concerne les données unidimen-
sionnelles : en utilisant la procédure de [19] avec un noyau bien choisi, on peut dé-
tecter des ruptures dans la distribution alors même que moyenne et variance restent
constantes ! Dans un tel cadre, les procédures telles que celle de [Leb05] sont totale-
ment inadaptées.

Pour des données multivariées de grande dimension, un défi pratique important est
d’arriver à « apprendre » comment bien représenter ces données selon le problème de
détection de ruptures que l’on cherche à résoudre. En particulier, il est très utile de
pouvoir sélectionner les coordonnées informatives et éliminer celles qui ne le sont pas.

En supposant que l’on dispose d’exemples similaires de séries temporelles segmen-
tées, l’article [12] propose une méthode algorithmiquement efficace pour « apprendre »
ainsi une métrique appropriée à un problème de détection de ruptures donné. La dif-
ficulté principale est ici algorithmique : étant donné une fonction de contraste entre
deux segmentations, il est facile d’en déduire un critère à minimiser pour apprendre
la métrique, mais le problème d’optimisation correspondant n’est pas soluble exacte-
ment en un temps raisonnable. En s’inspirant d’une relaxation convexe proposée pour
le problème de prédiction structurée [THJA05], l’article [12] résout ce problème de
minimisation d’une manière approchée, avec de bonnes performances expérimentales à
la clé.
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1.7. Autres problèmes d’apprentissage

En conclusion de ce chapitre, nous décrivons ci-dessous plusieurs autres travaux en
lien avec le problème de sélection d’estimateurs pour différents problèmes d’apprentis-
sage statistique.

Tout d’abord, la procédure d’apprentissage de métrique de [12] présentée à la fin de
la section précédente s’étend à deux autres problèmes d’apprentissage non supervisé :
la segmentation bidimensionnelle et la classification non supervisée. Une approche si-
milaire est également proposée dans [13] pour le problème d’alignement dynamique
de séquences, qui se pose par exemple en bioinformatique [TPP99] ou pour aligner
deux enregistrements audio d’un même morceau de musique [CSS+07]. À chaque fois,
le problème résolu relève principalement de l’optimisation (construire une relaxation
adéquate) tout en ayant un but statistique : apprendre une bonne métrique pour le
problème considéré.

Les forêts aléatoires [Bre01] sont très couramment utilisées en classification ou
en régression, mais encore très mal comprises d’un point de vue théorique [SBV14].
Il s’agit d’une méthode d’ensemble : à partir d’un même échantillon, on ne construit
pas un estimateur mais une grande famille d’estimateurs 3, chacun selon un processus
aléatoire (en plus de l’aléa induit par l’échantillon). L’estimateur final est alors défini
comme la moyenne (en régression) ou le résultat d’un vote majoritaire (en classification).
L’heuristique sous-jacente est qu’en agrégeant des arbres de décision (les estimateurs)
suffisamment différents les uns des autres, on améliore fortement la performance que
l’on pourrait espérer avec un seul arbre de décision.

Une première étape vers l’étude des forêts aléatoires de Breiman [Bre01] est l’étude
des forêts dites « purement aléatoires » [Bre00], qui sont un peu plus faciles à analyser
théoriquement car elles supposent la structure (aléatoire) de chaque arbre indépendante
de l’échantillon. Des garanties théoriques sont ainsi disponibles pour quelques forêts de
ce type [BDL08, Bia12, Gen12]. Le risque des forêts « purement aléatoires » peut
s’écrire comme la somme d’une erreur d’approximation et d’une erreur d’estimation,
par analogie avec la décomposition décrite en section 1.2. Pour un exemple particulier
de forêt, on sait que l’erreur d’estimation est inférieure d’un facteur 3/4 pour une forêt
infinie, en comparaison d’un arbre pris isolément [Gen12]. Qu’en est-il pour l’erreur
d’approximation ?

Dans le cas de la régression, l’article [20] démontre que pour trois exemples de
forêts purement aléatoires au moins, une forêt infinie possède de meilleures propriétés
d’approximation qu’un arbre. Plus précisément, en considérant une forêt infinie plutôt
qu’un arbre, on gagne dans la vitesse d’approximation en fonction de la taille des arbres.
Il en résulte que, si la taille des arbres est bien choisie, le risque d’une forêt (suffisamment

3. Chaque estimateur étant un arbre de décision, ils constituent ensemble une « forêt ».
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grande) est inférieur d’un ordre de grandeur inférieur au risque d’un arbre seul. Ces
résultats théoriques sont complétés par des observations expérimentales similaires pour
un quatrième exemple de forêt purement aléatoire, qui est particulièrement proche des
forêts aléatoires de Breiman [Bre01].

Les méthodes d’apprentissage dites « multitâches » sont populaires pour leur faculté
à augmenter la taille « effective » d’un échantillon lorsqu’il est difficile voire impossible
d’obtenir plus d’observations. L’idée est de considérer simultanément plusieurs pro-
blèmes similaires, avec l’espoir que cette similarité permettra de mieux résoudre chacun
de ces problèmes que si on les avait considérés isolément. Par exemple, pour la classifi-
cation d’images, il est naturel de penser que déterminer la présence d’un chat sur une
image est une tâche similaire à la détermination de la présence d’un chien. La difficulté
principale pour construire ou analyser de telles procédures est de bien identifier en quoi
consiste cette similarité entre tâches et comment l’utiliser au mieux [Sol13].

Dans le cas de la régression, des estimateurs « ridge à noyaux » multitâches ont
été proposés par [EMP05]. Ceux-ci dépendent d’un ou plusieurs paramètres, dont le
choix constitue un problème de sélection d’estimateurs. Une approche par pénalisation
est possible, mais la pénalité optimale qui résulte d’une analyse théorique du problème
dépend de la matrice de covariance entre les différentes « tâches » [9]. En se fondant
sur l’estimateur de la variance résiduelle issu de [18], un estimateur de la matrice de
covariance entre les tâches est proposé et validé théoriquement dans [9]. Il en résulte une
inégalité-oracle optimale au premier ordre, et des simulations numériques démontrent
que cette méthode peut effectivement obtenir de meilleures performances que si l’on
considère les tâches séparément.

Un des défis majeurs de la sélection de modèle est l’adaptation à des propriétés
inconnues (mais favorables pour l’apprentissage) des données que l’on cherche à analyser.
Par exemple, en classification binaire, on sait que l’on peut obtenir de meilleures vitesses
d’apprentissage lorsqu’une condition dite « de marge » [MT99] est vérifiée [BBL05,
Section 5.5]. Intuitivement, cette condition donne une borne supérieure sur le niveau
de bruit des observations, et plus cette borne est petite, meilleures sont les vitesses
d’apprentissage que l’on peut espérer en pire cas.

À la suite de [Kol06, MN06], on peut remplacer cette condition par une condition
plus faible et « locale », c’est-à-dire ne dépendant que de propriétés de la loi P des
observations « à l’intérieur » du modèle considéré. La question qui se pose alors est de
savoir s’il est possible de construire une procédure de sélection de modèles qui s’adapte
à cette condition de marge « locale », c’est-à-dire, qui fasse (à constante près) aussi bien
que l’estimateur de minimisation du risque empirique sur le « meilleur » modèle. L’étude
de cette question est l’objet de l’article [8] où sont démontrés deux résultats principaux.
D’une part, pour une famille de modèles emboîtés, l’adaptation à la condition de marge
locale est possible ; on l’obtient par exemple avec une procédure de pénalisation par une
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complexité de Rademacher locale [BMP04, LW04, BBM05, Kol06]. D’autre part,
un contre-exemple montre qu’une telle adaptation est impossible en toute généralité.

La classification multiétiquettes correspond au cas où la variable d’intérêt Y est
un sous-ensemble d’un ensemble V d’étiquettes possibles. Par exemple, une image, une
vidéo [XHE+10] ou un texte [Joa98] peuvent être annotés avec plusieurs étiquettes
simultanément. La difficulté est alors que l’ensemble des possibles pour Y est en général
gigantesque, de taille 2Card(V), bien plus grand que le nombre d’observations, voire trop
grand pour être parcouru ne serait-ce qu’une fois.

Une approche élémentaire est de considérer les Card(V) problèmes de classification
binaire associés à chacune des étiquettes séparément. C’est l’approche « one versus
rest » (OvR). Son défaut est qu’elle ne tient pas compte des relations possibles entre
étiquettes. Par exemple, on a plus de chances de voir sur la même image un zèbre et un
lion que de voir ensemble un zèbre et un caribou. Une approche « multitâches » capable
de prendre en compte ces relations a donc toutes les chances de fonctionner mieux que
OvR.

Une manière d’encoder des corrélations positives ou négatives entre étiquettes est
proposée par [21], au sein d’un algorithme qui peut être mis en œuvre pour des
ensembles V de taille relativement grande (jusqu’à 159 étiquettes possibles dans les
expériences numériques de [21]). Celle-ci repose sur une relaxation convexe issue de
[THJA05], le problème de classification multiétiquettes étant un problème de prédic-
tion structurée. En comparaison de l’état de l’art sur la classification multiétiquettes,
une nouveauté importante de [21] est la possibilité d’apprendre à la fois des corrélations
positives et négatives. Des expériences sur données réelles montrent qu’il en résulte une
amélioration des performances de classification.





CHAPTER 2

Estimator selection: a general point of view

The main concern of my work is to provide mathematical results that can help
practitioners choose or tune a learning method in order to analyze some data. This
general goal includes four important aspects.

First, some learning methods are empirically known to work well, but few theoretical
results are available for explaining their good performance. This is for instance the
case with random forests [Bre01], a very popular learning method. Among others,
the results of [20] contribute to understanding why random forests work so well, by
analyzing “purely random forests”, that have been introduced because they are similar
to the original algorithm of [Bre01] while being easier to analyze theoretically; these
results are presented in Section 6.2.

Second, some learning methods empirically perform much better than others, while
theoretical guarantees do not at all account for such differences. For instance, among
cross-validation methods [7], hold-out is known to work poorly compared to V -fold
cross-validation with V ≥ 5, and a classical advice [BS92, HTF01] is to take V between
5 and 10. Nevertheless, up to now, theoretical guarantees are as good for hold-out as for
V -fold cross-validation, and often slightly better for hold-out, because hold-out is much
easier to analyze, see for instance [BM06]. Providing theoretical results that reflect
these empirical differences is an important problem, and some results in this direction
have been obtained in [14]; they are presented in Chapter 3.

The question of choosing V for V -fold cross-validation methods is related to the
more general challenge of solving computational trade-offs in machine learning. When
several learning algorithms are available, with increasing computational complexity and
statistical performance, which one should be used, given the amount of data and the
computational power available? This problem has emerged as a key question induced
by the challenge of analyzing large amounts of data [BB08]—the “big data” challenge—
and it has been tackled in various settings in the recent years [CJ13]. In the case of
V -fold cross-validation, the computational complexity is usually proportional to V , and
quantifying the increase of the statistical performance as a function of V is crucial for
answering this question.

Third, a theoretical analysis of existing methods is not only useful for explaining why
they work, but can also point out their drawbacks and help correct them. For instance,
[16] shows that V -fold cross-validation is biased for risk estimation, and that this bias
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can induce suboptimal performance for estimator selection. Then, V -fold penalization—
which is closely related to bias-corrected V -fold cross-validation [Bur89]—has been
introduced as a natural way to correct for this bias, and it has been proved to be
optimal for estimator selection in [16] and in [14], see Chapter 3.

Fourth, new learning algorithms can emerge from theoretical considerations, thus
providing an answer to some important practical questions. For instance, penalization
methods often depend on unknown multiplicative constants, such as the residual vari-
ance in regression. The theoretical concept of minimal penalty, studied by [BM07],
lead to designing a method—called the slope heuristics—for estimating the optimal
multiplicative constant in the penalty from data only. This method, presented in Chap-
ter 4, has been proved useful in practice in various settings [BMM11], far beyond the
framework of [BM07]. In [11] and [18], the slope heuristics of [BM07] is generalized
to a wider setting. Notably, this generalization is not straightforward and could not be
guessed exclusively from numerical experiments: a theoretical approach was necessary
to derive it. Other examples of algorithms coming from theoretical works can be found
for the change-point detection problem, described in Chapter 5, in two situations where
no algorithm was available previously. When the goal is to detect changes in the mean
of some time series while the variance of data might not be constant—a common prac-
tical situation—, a new cross-validation based algorithm is proposed in [6], which has
its roots in theoretical considerations on regressograms and cross-validation methods in
heteroscedastic regression, namely in [16] and [17]. When the time series to be analyzed
is multivariate, or takes its values in a general set X—not necessarily a vector space,
for instance the set of DNA sequences or of finite connected graphs—, a new algorithm
is proposed and analyzed in [19]. In short, it comes from applying the model selection
approach to change-point detection in the context of reproducing kernel Hilbert spaces.

In order to provide an answer to one of these four questions that can be useful to
practitioners, theoretical results must at least be precise enough to be consistent with
what is widely known empirically. Ideally, they should solve practical issues that have no
clear empirical answer yet. The above minimal requirement might seem very low, but it
is actually challenging for many important problems. For instance, showing theoretically
that V -fold cross-validation works strictly better than hold-out for estimator selection is
still a difficult open problem. To this aim, precision of the theoretical results comes first,
sometimes requiring as a first step to decrease the level of generality—hence considering
regressograms in [16]—, or to focus on frameworks and estimators that are not the most
widely used—for instance least-squares density estimation and projection estimators in
[14]. Nevertheless, precise theoretical results in a specific setting are useful for the
general case, in particular because they lead to formulating precise hypotheses that can
be tested empirically in other settings.

All results presented here are non-asymptotic, that is, we do not assume that the
sample size tends to infinity while all other parameters of the problem stay fixed. On
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the contrary, asymptotic results often hide inside o(·) some remainder terms that can
be dominating in practice, in particular when considering high-dimensional data. This
does not mean that the goal is to deal with very small sample sizes, in particular
because numerical constants often are pessimistic in non-asymptotic results. The main
advantage of the non-asymptotic approach is that all parameters appear explicitly in
the bounds if necessary, in particular the ambient dimension and the signal-to-noise
ratio, so that such results can reflect faithfully what happens in practice.

In the following we mostly consider the estimator selection problem, which is pre-
cisely defined in Section 2.1. Estimator selection includes several important problems of
statistical learning—model selection, hyperparameter tuning, data-driven choice among
learning algorithms of different nature—and is a fruitful approach to deal with specific
but important issues such as change-point detection. A general approach to estimator
selection is sketched in Section 2.2, then applied to three different contexts: cross-
validation and resampling methods in Chapter 3, minimal penalties for calibrating mul-
tiplicative constants in penalization methods in Chapter 4, and change-point detection
seen as a model selection problem in Chapter 5. Other works on estimator selection (or
related issues) for various statistical learning problems are described in Chapter 6.

2.1. The estimator selection problem

This section formally introduces the estimator selection problem and the framework
we consider here and in the following chapters. A more detailed account on estimator
selection, in particular model selection, can be found in Sections 1–3 of [7] and in
[Mas07] for instance.

2.1.1. The supervised learning framework. The main setting we have in mind
is supervised learning, also known as the prediction problem. Assume that we observe

(X1, Y1), . . . , (Xn, Yn) ∈ X × Y ,

independent random variables with (unknown) common distribution P . Given a “new
observation” (Xn+1, Yn+1), that is, a random variable with distribution P and indepen-
dent from the sample Dn = (Xi, Yi)1≤i≤n, the goal is to be able to predict the value of
Yn+1 (the variable of interest) when only Xn+1 (the explanatory variable) is observed.
Formally, we want to build from the sample Dn a predictor t, that is, a measurable
mapping X → Y such that t(Xn+1) “predicts” Yn+1. Then, we want to minimize the
average accuracy of t, that is, its loss

L (t) := E(Xn+1,Yn+1)∼P

[
d
(
t(Xn+1), Yn+1

)]
for some given function d : Y × Y → R.

2.1.2. General framework. We actually consider in the following a slightly more
general framework, that allows in particular to simultaneously consider supervised learn-
ing and density estimation in Section 2.2 and in Chapter 3.
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Let Ξ be some measurable space, P some (unknown) distribution on Ξ and assume
that we observe ξ1, . . . , ξn ∈ Ξ independent random variables with common distribution
P . The purpose of statistical inference is to estimate from the data Dn = (ξi)1≤i≤n
some target feature s? of the unknown distribution P—for instance, the density of P
with respect to some reference measure µ on Ξ, or the regression function.

Let S denote the set of possible values for s?. The quality of t ∈ S, as an approxi-
mation to s?, is measured by its loss L (t) where L : S → R is called the loss function;
the loss is assumed to be minimal for t = s?. In the following we consider loss functions
that can be defined by

∀t ∈ S, L (t) := Eξ∼P
[
γ(t; ξ)

]
= Pγ(t) , (2.1)

where γ : S × Ξ → R is called a contrast function. In Eq. (2.1), the notation Pγ(t)

means that the function ξ 7→ γ(t; ξ) is integrated with respect to the measure P on Ξ.
For t ∈ S, the quantity Pγ(t) measures the average discrepancy between t and a new
observation ξ with distribution P .

Given a loss function L (·), two useful quantities are the excess loss

`(s?, t) := L (t)− L (s?) ≥ 0

and the risk of an estimator ŝ(ξ1, . . . , ξn) of the target s?, which is defined as

Eξ1,...,ξn∼P
[
`
(
s?, ŝ(ξ1, . . . , ξn)

)]
.

2.1.3. Examples. The following four important statistical learning problems can
be formulated as examples of the general framework of Section 2.1.2.

Example 2.1 (Supervised learning or prediction). If Ξ = X × Y, S is the set of
measurable mappings X → Y (predictors) and for every (x, y) ∈ X × Y and t ∈ S,

γ
(
t; (x, y)

)
= d
(
t(x), y

)
,

we recover the supervised learning problem, as described in Section 2.1.1. Then, the
target s? is any element of argmint∈S L (t)—assuming the argmin is not empty.

Two important supervised learning problems are regression (when Y is continuous)
and classification (when Y is discrete).

Example 2.2 (Regression). When Y = R (or Rk for multivariate regression), Ex-
ample 2.1 is the regression problem. Generally, the feature space X is a subset of R`.
Let η denote the regression function, that is, η(X) = E(X,Y )∼P [Y |X]. Then,

∀i ∈ {1, . . . , n}, Yi = η(Xi) + εi with E[εi |Xi] = 0 .

A popular contrast in regression is the least-squares contrast

γ
(
t; (x, y)

)
:=
(
t(x)− y

)2
,
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for which Pγ(t) is minimal over S for t = η = s?, and the excess loss is

`(s?, t) = E(X,Y )∼P

[(
s?(X)− t(X)

)2]
.

Note that the excess loss of t is the square of the L2 distance between t and s?, so that
prediction and estimation here are equivalent goals.

Example 2.3 (Classification). When Y is finite, Example 2.1 is the (supervised)
classification problem. In particular, Y = {0, 1} corresponds to binary (supervised)
classification.

With the 0–1 contrast function γ
(
t; (x, y)

)
= 1t(x) 6=y, the minimizer of the loss is

the so-called Bayes classifier s? defined by

∀x ∈ X , s?(x) = 1η(x)≥1/2 ,

where η denotes the regression function η(X) = P(X,Y )∼P (Y = 1 |X).

Some learning problems can also be cast into the general framework of Section 2.1.2,
without being instances of Example 2.1, for instance, density estimation, described in
Example 2.4 below, and classification with convex losses, see [BBL05].

Example 2.4 (Density estimation). If µ is some reference measure on Ξ that dom-
inates P , s? the density of P with respect to µ and S the set of densities on Ξ with
respect to µ, then the general framework reduces to density estimation.

At least two losses of the form of Eq. (2.1) are minimal over S at s?. First, taking
γ(t;x) = ‖t‖2L2(µ) − 2t(x) the least-squares contrast, the excess loss

`(s?, t) = ‖t− s?‖2L2(µ)

is the L2 distance between densities t and s?. Second, taking γ(t;x) = − log
(
t(x)

)
the

log-likelihood contrast, the excess loss

`(s?, t) = Eξ∼P
[
log

(
s?(ξ)

t(ξ)

)]
=

∫
s? log

(
s?

t

)
dµ

is the Kullback-Leibler divergence between distributions tµ and s?µ.

2.1.4. Estimators or statistical algorithms. Let us call estimator or statistical
algorithm any measurable mapping ŝ :

⋃
n∈N Ξn → S. For any Dn = (ξi)1≤i≤n ∈ Ξn—

that we call a sample—the output of ŝ, denoted by ŝ(Dn) ∈ S, is an estimator of s?.
The quality of ŝ is then measured by L(ŝ(Dn)) or its expectation, which should be as
small as possible. Note that here and in the following, both elements of S and mappings⋃
n∈N Ξn → S are called estimators. Such an abuse of language is usual in the learning

literature, so that we only use the (less common) term “statistical algorithm” for cases
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where there might be some confusion. Similarly, as usual in statistics, we often write ŝ
as a shortcut for ŝ(Dn), when no confusion is possible.

Many estimators have been proposed in statistics and learning, and we do not try
here to list even the most classical ones. We only mention a few examples of particular
interest in the following and we refer to [DGL96, HTF01, GKKW02, BBL05,
Was06, BvdG11] for other classical examples.

Minimum contrast estimators refer to a classical family of statistical algorithms.
Given some subset S of S called a model, a minimum contrast estimator over S is any
ŝ(Dn) ∈ S that minimizes over S the empirical contrast

t 7→ Pnγ(t) =
1

n

n∑
i=1

γ(t; ξi) where Pn =
1

n

n∑
i=1

δξi .

The idea is that the empirical contrast Pnγ(t) has an expectation Pγ(t) which is minimal
for t = s?. Minimizing Pnγ(t) over a set S of candidate values for s? hopefully leads to
a good estimator of s?.

In supervised learning (Example 2.1), minimum contrast estimators are often called
empirical risk minimizers [Vap82], in particular (but not only) in binary classification
with the 0–1 constrast.

In regression (Example 2.2), taking the least-squares contrast

γ
(
t; (x, y)

)
=
(
t(x)− y

)2
leads to least-squares (or projection) estimators. If in addition S is the set of piecewise
constant functions on some fixed partition of X , we get a regressogram estimator.

In density estimation (Example 2.4), taking the least-squares contrast

γ(t; ξ) = ‖t‖2L2(µ) − 2t(ξ)

leads to projection estimators, and taking the log-likelihood contrast

γ(t;x) = − log
(
t(x)

)
leads to maximum-likelihood estimators.

Among other estimators considered in the following, let us also mention:
• local averaging estimators for regression or classification [DGL96], such as
Nadaraya-Watson kernel estimators [Nad64, Wat64] and k-nearest neighbors
[FH51, FH89, CH06],
• (kernel) ridge regression [SS01] and spline smoothing [Wah90],
• classification and regression trees [BFOS84] and random forests [Bre01].

2.1.5. Estimator selection. Assume that a finite or countable family (ŝm)m∈M of
statistical algorithms (estimators) and a loss function L are given. Then, the estimator
selection problem is to choose among(

ŝm(Dn)
)
m∈M ,
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that is, to choose some m̂(Dn) ∈M such that

`
(
s?, ŝm̂(Dn)(Dn)

)
is as small as possible. This formulation of the problem is often called “estimator
selection for estimation”, because other goals can be pursued in some specific situations,
such as trying to identify the smallest correct model in model selection, see [Yan05] and
Sections 2.3–2.4 in [7]. In the following, we focus on estimator selection for estimation.
Note also that our framework is non-asymptotic, so we allow the family (ŝm)m∈M to vary
with n: when more data are available, one can reasonably consider more estimators, for
instance by taking into account more features. This possible dependence on n sometimes
needs to be made explicit, in which case we writeMn instead ofM.

The estimator selection problem includes at least three important challenges of sta-
tistical learning. Model selection corresponds to the case where a contrast function γ and
a family (Sm)m∈M of models is given, and the goal is to select among the corresponding
minimum contrast estimators ŝm, as defined in Section 2.1.4. Another situation is when
a learning method has already been chosen—say, k-nearest neighbors—and it remains
to choose its hyperparameters—here, the number k of neighbors and maybe also a dis-
tance d on X . Then, if ŝm denotes the corresponding learning method using a fixed
set m of hyperparameters, the estimator selection problem corresponds to hyperparam-
eter tuning. Finally, when several learning methods of different nature are considered
for analyzing a given data set, for instance k-nearest neighbors, spline smoothing and
some parametric estimator, choosing among these different methods also is an estimator
selection problem.

Since the goal is to minimize the excess loss of the final estimator ŝm̂, the best
possible choice is the so-called oracle estimator ŝm? where

m? = m?(Dn) ∈ argmin
m∈M

{
`
(
s?, ŝm(Dn)

)}
.

Since m? depends on the unknown distribution P , one can only hope to select m̂(Dn)

such that ŝm̂ is almost as close to s? as ŝm? , which can be formalized as follows. An
estimator selection procedure m̂ satisfies an oracle inequality with (leading) constant
Cn ≥ 1 and remainder term Rn ≥ 0 when

`
(
s?, ŝm̂(Dn)(Dn)

)
≤ Cn inf

m∈M

{
`
(
s?, ŝm(Dn)

)}
+Rn (2.2)

holds either in expectation or with large probability (that is, a probability larger than
1− C ′/n2, for some constant C ′ > 0). Note that the oracle is often defined as

argmin
m∈M

{
E
[
`
(
s?, ŝm(Dn)

)]}
,
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leading to a weaker form of oracle inequality

E
[
`
(
s?, ŝm̂(Dn)(Dn)

)]
≤ Cn inf

m∈M

{
E
[
`
(
s?, ŝm(Dn)

)]}
+Rn .

Let us finally mention that in the statistical literature, the term oracle inequality some-
times refer to slightly different theoretical guarantees on statistical procedures 1.

In the asymptotic framework, if Eq. (2.2) holds on a large probability event with
Cn tending to 1 when n tends to infinity and Rn � `(s?, ŝm?(Dn)), then

`
(
s?, ŝm̂(Dn)(Dn)

)
infm∈Mn

{
`
(
s?, ŝm(Dn)

)} a.s.−−−→
n→∞

1

and the estimator selection procedure m̂ is called efficient (or asymptotically optimal).
In the non-asymptotic framework that we consider in the following, formally defining

the optimality of an estimator selection procedure m̂ is more difficult. For instance,
in Eq. (2.2), one can always decrease Cn by accordingly increasing Rn, and conversely.
Assuming the remainder term Rn is indeed negligible in front of infm∈M{`(s?, ŝm(Dn))},
an oracle inequality such as Eq. (2.2) is said to be optimal when the leading constant
Cn is as small as possible, for a given familyM and a set of possible distributions P .
Because of the constraint Cn ≥ 1, an oracle inequality (2.2) is optimal at first order if
Cn = 1 + δn only depends on n and if δn → 0 as n→∞ (assuming again that Rn truly
is a remainder term).

Building a procedure m̂ that satisfies an oracle inequality (2.2) is not only useful
for the practical situation where a collection of estimators is given and one must choose
among them. It can also be used for building minimax adaptive estimators, provided
the family (ŝm)m∈M is well-chosen, see for instance [BM97, BBM99].

Let us conclude this section by describing the main challenge of estimator selection,
that is, to avoid both overfitting and underfitting. For simplicity, let us consider the
model selection problem with a family of models (Sm)m∈M. On the one hand, when
Sm is “too small”, any t ∈ Sm is a poor approximation to s?, so that

`
(
s?, ŝm(Dn)

)
≥ inf

t∈Sm

{
`(s?, t)

}
:= `(s?, Sm)

is large for most s? ∈ S. The lower bound `(s?, Sm) is called the approximation error
or bias of model Sm. Thinking of nested models, `(s?, Sm) is a nonincreasing function

1. Remark that in the definition (2.2) of an oracle inequality, we consider the relative loss `(s?, ·)
and not the loss L(·). This choice is important: a guarantee of the form “the loss is smaller than twice
the loss of the oracle” is often meaningless because the minimal value of the loss L(s?) is positive.
So, even if the oracle is consistent, that is, if its loss converges to L(s?) as n goes to infinity, such
a guarantee does not imply the selected estimator is consistent. It only implies that the loss of the
selected estimator is asymptotically smaller than 2L(s?) > L(s?). This is the reason why we focus on
the relative loss `(s?, ·) instead of the loss, here and in the following.



2.1. The estimator selection problem 27

0 20 40 60 80 100
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

dimension D

 

 

Approx. error

Estim. error

E[Risk]

Figure 1. Illustration of the decomposition (2.3) of E[`(s?, ŝm(Dn))]
(red stars) into the sum of the approximation error (black diamonds) and
the estimation error (blue crosses), plotted as a function of the dimension
Dm of the models, in a fixed-design regression setting with n = 100 data
points and a constant noise level σ2 = 1/4; see also Section 4.2 and [22].

of Sm. On the other hand, when Sm is “too large”, ŝm(Dn) is likely to overfit: this
results from the estimation error. Think for instance of Sm as a parametric model with
more than n parameters, or the set of all continuous functions on [0, 1] in the regression
framework.

If Sm is a vector space of dimension Dm, it can be proved in several classical frame-
works that

E
[
`
(
s?, ŝm(Dn)

)]
= Approximation error + Estimation error

≈ `(s?, Sm) + αnDm ,
(2.3)

where αn > 0 does not depend on m. For instance, αn = 1/(2n) in density estimation
using the log-likelihood contrast, and αn = σ2/n in regression using the least-squares
contrast and assuming that var(Y |X) = σ2 does not depend on X. See also Eq. (4.5)
in Section 4.3 and Eq. (4.28) in Section 4.6.

According to Eq. (2.3), a good model choice must reach the best trade-off between
the approximation error `(s?, Sm) and the estimation error αnDm, which is often called
the bias-variance trade-off—the term αnDm is often called “variance”; see also Figure 1.

A similar phenomenon holds in the general case, in particular hyperparameter tun-
ing; think for instance of the problem of choosing k for k-nearest neighbors, or of the
bandwidth selection problem for kernel density estimation. Even if the risk cannot
always be decomposed into approximation and estimation errors, one always wants
to avoid overfitting—that is, following the data too closely, which prevents from gen-
eralizing because data are noisy—and underfitting—that is, considering “too simple”
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(b) intermediate situation
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(c) underfitting

Figure 2. Illustration of the overfitting and underfitting phenomena in
regression with kernel ridge estimators. Data (red points) (Xi, Yi)1≤i≤n
are generated by Yi = sin(πXi) + εi, i = 1, . . . , n = 200, where the
Xi are independent with uniform distribution over [0, 1] and the εi are
independent (and independent from the Xi) with a standard normal
distribution. The three estimators of s? : x 7→ sin(πx) considered (black
curves) are kernel ridge density estimators with the Laplace kernel and
a regularization parameter λ equal to (a) 10−5, (b) 10−2 and (c) 1/2.

estimators, that cannot describe well the underlying signal. These extreme situations,
as well as an intermediate one which realizes the desired trade-off, can be visualized on
Figure 2.

2.2. General approach to estimator selection

The most classical estimator selection procedures—and in particular those that we
consider in the following—are defined by

m̂ = m̂C ∈ argmin
m∈M

{
C(m)

}
(2.4)

for some (data-driven) criterion C : M → R such as cross-validation (see Chapter 3)
or a penalized empirical criterion (see Chapter 4). This section describes how such
procedures can be analyzed theoretically, which provides some principles for building
estimator selection procedures that work well in practice. We refer to [BBM99, BA02,
Mas07, HTF09, BGH10, Gir14] for a bibliography on model and estimator selection.

2.2.1. Estimator selection as a particular case of a general problem. Given
a procedure defined by Eq. (2.4), as described in Section 2.1.5, the goal is to prove an
oracle inequality such as Eq. (2.2), that is, to upper-bound the excess loss of the final
estimator

`
(
s?, ŝm̂C(Dn)(Dn)

)
= R(m̂C) where ∀m ∈M, R(m) := `(s?, ŝm) .

Introducing the notation R(·) allows to cast estimator selection as an instance of the
following general problem—which is central to statistics, learning and optimization—,
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hence allowing some comparisons:

Try to minimize R(m) over m ∈M by minimizing C(m) over m ∈M instead. (2.5)

In statistics, minimum contrast estimators also are an instance of problem (2.5): if
M = S ⊂ S is some model and if for every t ∈ S, we define C(t) = Pnγ(t) the
empirical risk, then m̂C = ŝS is a minimum contrast estimator over S and the goal is to
minimize R(t) = `(s?, t). Another example of problem (2.5) is the use of relaxations in
optimization: R(m) can be computed for every m ∈M but minimizing it exactly over
M is not tractable, so instead the (easier) optimization problem, “minimize C(m) over
m ∈ M” is solved, for instance by considering a convex relaxation C of R. Classifiers
based on convex losses combine these two problems: The 0–1 contrast is replaced by a
convex surrogate γ, and the loss Pγ(t) is replaced by its empirical counterpart Pnγ(t).

A classical way to analyze (2.5)—in particular minimum contrast estimators and
estimator selection procedures—is summarized by the following lemma.

Lemma 2.1. Let R, C, A,B be some mappings M → R, possibly data-dependent.
Then, on the event Ω on which

∀m,m′ ∈M,
(
C(m)−R(m)

)
−
(
C(m′)−R(m′)

)
≤ A(m) +B(m′) , (2.6)

we have

∀m̂C ∈ argmin
m∈M

{
C(m)

}
, R(m̂C)−B(m̂C) ≤ inf

m∈M

{
R(m) +A(m)

}
. (2.7)

In particular, Eq. (2.7) holds true on the event Ω′ ⊂ Ω on which

∀m ∈M, −B(m) ≤ C(m)−R(m) ≤ A(m) . (2.8)

We remark that quantities of the form C(m)−C(m′) appear in relative bounds [Cat07,
Section 1.4] which can be used as a tool for model selection [Aud04].

Proof of Lemma 2.1. Assume Eq. (2.6) holds true. By definition of
m̂C in Eq. (2.7), for every m ∈M,

C(m̂C) ≤ C(m) ,

so that

R(m̂C)−R(m) ≤ R(m̂C)−R(m) + C(m)− C(m̂C)︸ ︷︷ ︸
≥0

≤ A(m) +B(m̂C)

by Eq. (2.6) with m′ = m̂C . Reordering the terms gives Eq. (2.7). The
last result is straightforward: Eq. (2.8) implies Eq. (2.6). �

For estimator selection, Lemma 2.1 provides simple sufficient conditions for an oracle
inequality (2.2) to hold. If, for all m,m′ ∈ M, the difference C(m) − C(m′) estimates
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“well” R(m)−R(m′), that is, Eq. (2.6) holds true with

sup
m∈M

{
max

{
A(m), B(m)

}
R(m)

}
≤ δ < 1 , (2.9)

then Eq. (2.7) can be rewritten as the following oracle inequality:

R(m̂C) ≤
1 + δ

1− δ
inf
m∈M

{
R(m)

}
,

which is optimal at first order if δ = δn = o(1) as n tends to infinity.
Since Eq. (2.8) is a sufficient condition to Eq. (2.6), Lemma 2.1 suggests a classi-

cal strategy for building estimator selection procedures, that we comment on in Sec-
tion 2.2.2: use a criterion C(m) that unbiasedly estimates E[R(m)] for every m ∈M.

Let us now consider another situation, assuming that C is a uniform upper bound
on R over M, that is, Eq. (2.8) holds true with B(m) = 0. Then, Eq. (2.7) can be
rewritten as

R(m̂C) ≤ inf
m∈M

{
R(m) +A(m)

}
(2.10)

which is an oracle inequality provided A(m) is not much larger than R(m). The cor-
responding strategy is used in particular for “large” families of estimators, as described
in Section 2.2.3.

In particular, in the framework of Section 2.1.2, penalization methods correspond
to taking

C(m) = Pnγ(ŝm) + pen(m) (2.11)
for some function pen :M→ R, called the penalty. Then, if R(m) = `(s?, ŝm),

C(m)−R(m) = pen(m)− penid(m) + Pγ(s?)

where penid(m) := (P − Pn)γ(ŝm)

is the “ideal penalty”, since using it would lead to minimizing R(m) exactly. So, for
penalization methods, Lemma 2.1 can be rewritten with pen−penid instead of C − R
in the sufficient conditions (2.6) or (2.8). This suggests to use a penalty that either
unbiasedly estimates E[penid] or is a uniform upper bound on penid.

Let us conclude this subsection by showing how the classical analysis of minimum
contrast estimators follows the lines of Lemma 2.1. Recall thatM = S ⊂ S is a model
and for every t ∈ S, C(t) = Pnγ(t) and R(t) = `(s?, t), so that m̂C = ŝS is a minimum
contrast estimator over S. For every c ∈ R, Eq. (2.6) always holds true with

A(m) = B(m′) = sup
m′′∈M

∣∣R(m′′)− C(m′′) + c
∣∣ .

Lemma 2.1 shows that

R(m̂C) ≤ inf
m∈M

{
R(m)

}
+ 2 sup

m′′∈M

∣∣R(m′′)− C(m′′) + c
∣∣
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which can be rewritten as

`(s?, ŝS) ≤ inf
t∈S

{
`(s?, t)

}
+ 2 sup

t∈S

∣∣(P − Pn)γ(t)
∣∣ = `(s?, S) + 2 sup

t∈S

∣∣(P − Pn)γ(t)
∣∣ (2.12)

by taking c = Pγ(s?). Eq. (2.12) corresponds to the first step towards global risk bounds
for empirical risk minimization in classification, see for instance [BBL05, Section 3].

Taking A and B constant in Eq. (2.6) can be far too pessimistic. The so-called
localization approach [BBL05, Section 5] improves the above analysis on this point, by
taking into account that ŝS can be localized in a region of S where the deviations of
(P − Pn)γ(t) can be controlled more tightly than with a uniform bound. For instance,
[Mas07, Section 8.3] shows that under the “margin condition” (see Section 6.4), some
ratio-type inequality such as

sup
t∈S

{
(P − Pn)

(
γ(t)− γ(s?S)

)
`(s?, t) + x2

}
≤ ε (2.13)

holds with a large probability, where

s?S ∈ argmin
t∈S

{
`(s?, t)

}
and ε, x > 0 are fixed. Coming back to the notation of Lemma 2.1, Eq. (2.13) can be
rewritten as

sup
m∈M

{(
R(m)− C(m)

)
−
(
R(m?)− C(m?)

)
R(m) + x2

}
≤ ε where m? ∈ argmin

m∈M
R(m) ,

which implies that Eq. (2.6) holds true with

B(m) = ε
(
R(m) + x2

)
, A(m?) = 0 and ∀m′ 6= m?, A(m′) = +∞ .

Lemma 2.1 shows that this implies

(1− ε)R(m̂C) ≤ R(m?) + εx2

hence, assuming ε ∈ (0, 1),

`(s?, ŝS) ≤ 1

1− ε
`(s?, S) +

ε

1− ε
x2 .

Interestingly, this argument is quite similar to proving that Eq. (2.9) holds true for an
estimator selection procedure, in order to derive an oracle inequality.

2.2.2. First-order optimality and the unbiased risk estimation princi-
ple. As explained in the previous subsection, a classical and widely used strategy
for estimator selection is the “unbiased risk estimation principle”: minimize a crite-
rion C such that C(m) estimates unbiasedly the risk E[R(m)] = E[`(s?, ŝm)] for every
m ∈ M. Equivalently, for penalized criteria defined by Eq. (2.11), this principle sug-
gests to use a penalty that unbiasedly estimates the expectation of the ideal penalty
E[penid(m)] = E[(P − Pn)γ(ŝm)].
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This principle, also known as Mallows’ or Akaike’s heuristics, leads to many estima-
tor selection procedures such as cross-validation (see Chapter 3), Akaike’s Information
Criterion [Aka73, AIC] and Mallows’ Cp [Mal73] (see Chapter 4). More examples can
be found in Section 3 of [7].

Given Lemma 2.1 and assuming E[C(m)] = E[R(m)] for every m ∈ M, for proving
an oracle inequality, it is sufficient to prove Eq. (2.8) holds with a large probability. In
other words, what remains is to prove a concentration inequality for C(m)−R(m) around
its expectation (zero), that holds simultaneously for all m ∈ M on a large probability
event, with small enough deviation bounds—for instance, satisfying Eq. (2.9). In several
settings, under suitable assumptions on the data, such a concentration inequality holds
true for every single m ∈ M. Then, a union bound can make this concentration result
uniform over m ∈ M provided there are “not too many estimators”, for instance, ifM
is “polynomial”, which can be defined as Card(M) ≤ Lnα for some numerical constants
L,α > 0. A more precise definition of a “polynomial” familyM in the context of model
selection can be found in [BM07]. Note that M can be “small enough” while being
infinite. For instance, [18] shows that the family (ŝm)m∈M of kernel ridge estimators
for some fixed kernel but a varying regularization parameter m ∈ M = R is small in
this sense, although it is infinite.

Given such a concentration result with small enough deviation bounds, say Eq. (2.9)
with δ = δn = o(1) as n goes to infinity, Lemma 2.1 implies a first-order optimal
oracle inequality for m̂C . Therefore, when analyzing an estimator selection method at
first order, the key problem is to compute—or to approximate—the expectation of the
criterion, E[C(m)], and to compare it with the expectation of the quantity we want to
minimize, E[R(m)]. This point appears clearly in the following, in particular in the
analysis of cross-validation and resampling methods in Chapter 3 and of penalization
procedures in Chapter 4, in particular in the proof presented in Section 4.5.

2.2.3. Large collections of estimators. WhenM is “large”—for instance, “expo-
nential”, as defined in [BM07]—, the unbiased risk estimation principle of Section 2.2.2
breaks down. It is usually replaced by using a uniform upper bound on R(m) as crite-
rion C(m). Equivalently, for penalization procedures defined by Eq. (2.11), the penalty
is chosen in order to satisfy pen(m) ≥ penid(m) simultaneously for all m ∈ M. Then,
from Lemma 2.1, we get an oracle inequality of the form of Eq. (2.10). Clearly, the
tighter is the upper bound on R(m), the better are the theoretical guarantees. A prin-
cipled way of building such an upper bound is explained in [BM01] for model selection,
through the choice of weights (Lm)m∈M that can reflect prior knowledge on the estima-
tors (ŝm)m∈M. This approach has successful applications, in particular for change-point
detection, see Chapter 5.
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2.2.4. Comparing estimator selection procedures. Let us make a few com-
ments about a key problem mentioned in introduction: How to compare estimator selec-
tion procedures, that is, given two criteria C1 and C2, how to compare the performances
of m̂C1 and m̂C2?

Ideally, for proving that C1 is better than C2 in some setting, we would like to prove
that

`
(
s?, ŝm̂C1

)
< (1− εn) `

(
s?, ŝm̂C2

)
(2.14)

with a large probability, for some εn ≥ 0; see also [Yan07, Definition 1] for a slightly
more precise formulation in the asymptotic framework.

The classical way to analyze the performance of an estimator selection procedure
m̂C is to prove an oracle inequality such as Eq. (2.2), that is, to upper-bound (with a
large probability or in expectation)

`
(
s?, ŝm̂C

)
− inf
m∈Mn

{
`(s?, ŝm)

}
or Rn(C) :=

`
(
s?, ŝm̂C

)
infm∈Mn

{
`(s?, ŝm)

} .

Alternatively, asymptotic results show that when n tends to infinity, Rn(C) → 1 (as-
ymptotic optimality of C) or that Rn(C1) ∼ Rn(C2) (asymptotic equivalence of C1 and
C2). Nevertheless, comparing the bounds we can prove for C1 and for C2 might not
reflect the actual ordering between C1 and C2. Given an oracle inequality for C1, in
order to prove a result such as Eq. (2.14), we need a lower bound on Rn(C2).

A usual approach is to prove such lower bounds in the worst case, that is, minimax
lower bounds, as for instance in [8]. Such lower bounds are not necessarily informative
for practitioners if the worse-case scenario is not realistic, or if the worst-case scenario
is not explicitly described in the minimax analysis.

Therefore, we believe there is a need for theoretical negative results that hold under
mild assumptions, or at least in some explicit and realistic particular cases. Proving
such non-asymptotic lower bounds is usually difficult, because matching the known
upper bounds requires a very precise analysis.

Yet, this is sometimes possible. As suggested by Section 2.2.2, a comparison of C1

and C2 at first order relies primarily on a comparison of their expectations. The simplest
case is when some decomposition such as Eq. (2.3) is available for R(m) and in addition

∀i ∈ {1, 2}, E
[
Ci(m)

]
= `(s?, Sm) + κiαnDm

for some constants κ1 6= κ2. Then, up to some concentration inequalities, a comparison
of C1 and C2 is possible under relatively mild assumptions, as done for instance for
some cross-validation methods in [16] (see also Chapter 3) and for some penalization
procedures in Chapter 4. When the shapes of E[R(m)], E[C1(m)] and E[C2(m)] are less
similar, such comparisons can still be possible, as done for instance in [17] for some
penalization procedures in heteroscedastic regression, by considering a more specific
setting and designing a proof specially for this setting.
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2.2.5. Beyond first order: taking into account the variance. The major
limitation of the approach of Sections 2.2.2–2.2.4 is that it can only compare C1 to C2

at first order, that is, according to

lim
n→∞

Rn(C1)

Rn(C2)
,

which usually depends only on the bias of Ci(m) (i = 1, 2) as an estimator of E[R(m)].
For instance, leave-p-out and hold-out with a training set of size n − p cannot be
distinguished at first order, as explained in Section 6 of [7], while leave-p-out performs
much better in practice, certainly because its “variance” is much smaller, see Chapter 3.

So, we must go beyond the first order of Rn(C) and take into account the variance of
C(m). Nevertheless, proving a lower bound onRn(C) is already challenging at first order,
and second-order terms are clearly not precise in most non-asymptotic upper bounds.
As a first step, we propose a heuristics showing the variances of some quantities—
depending on (Ci)i=1,2 and on M—can be used as a proxy to a proper comparison of
the second-order terms of Rn(C1) and Rn(C2). Since we focus on second-order terms,
from now on, we assume C1 and C2 have the same bias, that is,

∀m ∈M, E
[
C1(m)

]
= E

[
C2(m)

]
. (SameBias)

If we were only comparing C1 and C2 as estimators of E[R(m)] for every single
m ∈ M, we could naturally compare them through their mean squared errors. Under
assumption (SameBias), this would mean to compare their variances. This is not
sufficient to solve our problem, because risk estimation and estimator selection are
different tasks [BS92]. For instance, m̂C defined by Eq. (2.4) is unchanged when C(m)

is translated by any random quantity, but such a translation does change var
(
C(m)

)
and can make it as large as desired. For estimator selection—and more generally for
problem (2.5), what really matters is that

sign
(
C(m1)− C(m2)

)
= sign

(
R(m1)−R(m2)

)
(2.15)

as often as possible for every m1,m2 ∈ M, and that most mistakes in the ranking of
estimators occur when R(m1)−R(m2) is small, so that R(m̂C) cannot be much larger
than infm∈M

{
R(m)

}
.

The heuristics we propose goes as follows. Assume for simplicity that

m? = argmin
m∈M

{
E
[
R(m)

]}
is uniquely defined. For any C, the more concentrated “around m?” is the distribution
of m̂C , the better is the performance of ŝm̂C . Let us now simplify this fact into “C
is better if P(m = m̂C) is smaller for all m 6= m?”. Our idea is to find a proxy for
P(m = m̂C), that is, a quantity that should behave similarly as a function of C and its
“variance” properties. For all m,m′ ∈M, let us define ∆C(m,m

′) := C(m)−C(m′) and
Φ(t) = P(ξ > t) for all t ∈ R, and let ξ be a standard Gaussian random variable. Then,
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for every m ∈M,

P(m̂C = m) = P
(
∀m′ 6= m, ∆C(m,m

′) < 0
)

� min
m′ 6=m

P
(
∆C(m,m

′) < 0
)

(2.16)

≈ min
m′ 6=m

P
(
E
[
∆C(m,m

′)
]

+ ξ
√

var
(
∆C(m,m′)

)
< 0

)
(2.17)

= Φ
(
SNR C(m)

)
where SNR C(m) := max

m′ 6=m

E
[
∆C(m,m

′)
]√

var
(
∆C(m,m′)

)
is the “signal-to-noise ratio” of increments of C. So, if SNR C1(m) > SNR C2(m) for all
m 6= m?, C1 should be better than C2. Under assumption (SameBias), this leads to
the following heuristics:

If ∀m 6= m′, var
(
C1(m)− C1(m′)

)
< var

(
C2(m)− C2(m′)

)
,

then, C1 is better than C2 .

}
(2.18)

Let us make some remarks.
• Approximation (2.16) is the strongest one. Clearly, inequality ≤ holds true.
The equality case is for a very particular dependence setting, when the events({

∆C(m,m
′) < 0

})
m′∈M

are nested. In general, the left-hand side is significantly smaller than the right-
hand side; we claim that they vary similarly as a function of C.
• The Gaussian approximation (2.17) for ∆C(m,m

′) does not hold exactly, but
it seems reasonable to make it, at first order at least.
• Approximations (2.16) and (2.17) are tested numerically in [14] for cross-
validation methods in least-squares density estimation (see Chapter 3), showing
the above heuristics provides reasonably good comparisons.

In the heuristics (2.18), all (m,m′) do not matter equally for explaining a quantitative
difference in the performance of C. First, we can fix m′ = m?, since intuitively the
strongest candidate against any m 6= m? is m?. Second, if m and m? are very close,
that is, R(m)/R(m?) is smaller than the minimal order of magnitude we can expect for
Rn(C) with a data-driven C, taking m instead of m? does not decrease the performance
significantly. Third, if Φ

(
SNR C(m)

)
is very small, changing it even by an order of

magnitude cannot significantly affect the performance of m̂C ; hence, all m such that,
say, SNR C(m) �

(
log(n)

)α for all α > 0 can also be discarded. Overall, pairs (m,m′)

that really matter in (2.18) are pairs (m,m?) that are at a “moderate distance” in terms
of E[R(m)−R(m?)].





CHAPTER 3

Cross-validation and resampling

Cross-validation (CV) methods are popular in statistics and in machine learning,
for estimating the loss of a given estimator and for estimator selection. In short, the
CV principle is to split—once or several times—the data into a training sample, that
is used for training estimators, and a validation sample, that is used for estimating the
loss of the trained estimators by measuring how they perform on “new” data points. CV
can thus be seen as an application of subsampling, which is itself part of the general
idea of resampling, first introduced with the bootstrap [Efr79].

Few non-asymptotic theoretical results are available on CV or resampling methods.
In particular, when several CV methods are compared, most theoretical results are
not precise enough to explain the relative behaviors which can be observed in practice.
This chapter summarizes several works that primarily aim at narrowing this gap between
theoretical knowledge and empirical observations on CV and resampling methods for the
estimator selection problem: [16], [3] and [14]. More references and a more complete
picture of the current knowledge about CV for model/estimator selection can be found
in the survey paper [7]. Finally, in Section 3.4, we briefly mention other works on
resampling and CV methods: [2], [10], [4] and [5].

3.1. Definitions

First, let us recall the definitions of the most classical CV estimators of the risk of
some estimator ŝ, that can be used as a criterion C for defining an estimator selection
procedure m̂C .

3.1.1. Hold-out. The simplest method is hold-out [DW79] or (simple) validation,
which relies on a single split of data. Let I(t) be a non-empty proper subset of {1, . . . , n},
that is, such that both I(t) and its complement I(v) = (I(t))c = {1, . . . , n}\I(t) are non-
empty. The hold-out estimator of the risk of ŝ(Dn), with training set I(t), is given
by

L̂HO
(
ŝ;Dn; I(t)

)
:= P (v)

n γ
(
ŝ
(
D(t)
n

))
=

1

nv

∑
i∈D(v)

n

γ
(
ŝ
(
D(t)
n

)
; ξi

)
, (3.1)

where D(t)
n := (ξi)i∈I(t) is the training sample, of size nt = Card(I(t)), D(v)

n := (ξi)i∈I(v)

is the validation sample, of size nv = n− nt and P (v)
n is its empirical distribution; I(v)

is called the validation set.

37
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3.1.2. General definition of cross-validation. A general description of the CV
strategy has been given by [Gei75]. In brief, CV consists in averaging several hold-out
estimators of the risk corresponding to different data splits. Let B ≥ 1 be an integer and
I

(t)
1 , . . . , I

(t)
B a sequence of non-empty proper subsets of {1, . . . , n}. The CV estimator

of the risk of ŝ(Dn), with training sets (I
(t)
j )1≤j≤B, is defined by

L̂CV
(
ŝ;Dn;

(
I

(t)
j

)
1≤j≤B

)
:=

1

B

B∑
j=1

L̂HO
(
ŝ;Dn; I

(t)
j

)

=
1

B

B∑
j=1

P (v),j
n γ

(
ŝ
(
D(t),j
n

))
,

(3.2)

where D(t),j
n = (ξi)i∈I(t)j

and P (v),j
n =

1

n− Card
(
I

(t)
j

) ∑
i/∈I(t)j

δξi

respectively denote the j-th training sample and the empirical distribution of the j-th
validation sample. All classical CV estimators of the risk are of the form (3.2), usually
with a fixed size nt of the training set, that is,

Card
(
I

(t)
j

)
≈ nt

for every j. When (I
(t)
j )1≤j≤B is random, it is chosen independently from the data Dn.

What remains is to choose nt, B and the splitting scheme.

Given nt, two main categories of splitting schemes can be distinguished: exhaustive
data splitting, that is, considering all training sets of size nt, and partial data splitting.

3.1.3. Exhaustive data splitting. The most classical exhaustive CV procedure
is the leave-one-out procedure (LOO), which corresponds to the choice nt = n − 1, as
proposed by [Sto74, All74, Gei75]. Each data point is successively “left out” from the
sample and used for validation. Formally, LOO is defined by Eq. (3.2) with B = n and
I

(t)
j = {j}c for j = 1, . . . , n:

L̂LOO(ŝ;Dn) =
1

n

n∑
j=1

γ
(
ŝ
(
D(−j)
n

)
; ξj

)
(3.3)

where D(−j)
n = (ξi)1≤i≤n,i6=j .

Its natural extension is the leave-p-out procedure (LPO) [Sha93] for some integer
p ∈ {1, . . . , n− 1}, which is the exhaustive CV with nt = n− p. Every possible subset
of size p is successively “left out” from the sample and used for validation. Therefore,
LPO is defined by (3.2) with

B =

(
n

p

)
and

(
I

(t)
j

)
1≤j≤B = Pn−p

(
{1, . . . , n}

)
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is the set of all parts of {1, . . . , n} of size n− p.

3.1.4. Partial data splitting. Considering
(
n
p

)
training sets can be computation-

ally intractable, even when p is small. Several partial data splitting schemes have been
proposed as alternatives, the most classical one being V -fold cross-validation (VFCV)
[Gei75]. Given some V ∈ {1, . . . , n}, VFCV relies on a preliminary partitioning of data
into V subsamples of approximately equal cardinality n/V . Each subsample successively
plays the role of the validation sample. Formally, let B1, . . . ,BV be some partition of
{1, . . . , n} with Card(Bj) ≈ n/V for j = 1, . . . , V . Then, the VFCV estimator of the
risk of ŝ(Dn) is given by Eq. (3.2) with

B = V and I
(t)
j = Bcj for j = 1, . . . , V ,

that is,

L̂VF
(
ŝ;Dn; (Bj)1≤j≤V

)
=

1

V

V∑
j=1

P (j)
n γ

(
ŝ
(
D(−j)
n

))
(3.4)

where D(−j)
n = (ξi)i∈Bcj and P (j)

n =
1

Card(Bj)
∑
i∈Bj

δξi

respectively denote the j-th training sample and the empirical distribution of the j-th
validation sample. The computational cost of VFCV is only V times that of training ŝ
with n−n/V points, which is much less than LOO or LPO if V � n. Note that VFCV
with V = n is LOO.

3.2. First-order comparison of CV procedures: expectations

Sections 2.2.2–2.2.4 show that for studying CV estimator selection procedures at
first order, the key is to compute the expectations of the CV criteria and of `(s?, ŝm) for
everym ∈M, provided some precise enough concentration inequalities can be obtained.
Although proving such concentration inequalities is not straightforward, let us first focus
on expectations.

In the general framework of Section 2.1.2, since the splits (I
(t)
j )1≤j≤B are made

independently from the data, we always have

E
[
L̂CV

(
ŝ;Dn;

(
I

(t)
j

)
1≤j≤B

)]
=

1

B

B∑
j=1

E
[
P (v),j
n γ

(
ŝ
(
D(t),j
n

))]
= E

[
P (v),1
n γ

(
ŝ
(
D(t),1
n

))]
since the data are i.i.d. and Card

(
I

(t)
j

)
= nt for all j

= E
[
Pγ
(
ŝ
(
D(t),1
n

))]
since D(t),1

n is independent from D(v),1
n

= E
[
Pγ
(
ŝ(Dnt)

)]
(3.5)
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where Dnt is any sample of nt i.i.d. random variables with common distribution P . In
other words, the expectation of the CV criterion is equal to the risk of ŝ trained with
nt data.

So, for estimator selection, it is sufficient to study how the risk of each estimator
ŝm in the family depends on the sample size for understanding the first-order behavior
of all CV criteria.

3.2.1. Bias and suboptimality for estimator selection. Let us assume the
following bias-variance decomposition of the risk

∀m ∈M, E
[
`
(
s?, ŝm(Dn)

)]
= b(m) +

v(m)

n
(3.6)

for some fonctions b, v : M → R. Eq. (3.6) holds true for projection estimators in
least-squares density estimation [14]. Eq. (3.6) also approximately holds in particular
if Eq. (2.3) holds true with αn ∝ 1/n, as for regressograms [16] and for log-likelihood
density estimation.

Then, combining Eq. (3.5) and Eq. (3.6), we get

E
[
L̂CV

(
ŝ;Dn;

(
I

(t)
j

)
1≤j≤B

)]
= E

[
Pγ
(
ŝ(Dnt)

)]
= Pγ(s?) + b(m) +

v(m)

nt
. (3.7)

Up to the additive constant Pγ(s?), in expectation, the CV criterion differs from the
risk of ŝm only by a multiplicative factor n/nt in front of the “variance” term v(m)/n.
In particular, for VFCV, this factor is equal to V/(V − 1), which stays away from 1 if
V is fixed, whereas it tends to 1 as V tends to infinity—as for instance with the LOO
(V = n) when n tends to infinity.

Since VFCV is biased, it can be suboptimal for estimator selection. More precisely,
as proved by Theorem 1 in [16] for regressograms in some specific but realistic setting,
if CVF(m) denotes the VFCV estimator of the risk of ŝm for some partition B satisfying
supj |Card(Bj)− n/V | ≤ 1,

P
(
`
(
s?, ŝm̂CVF

(Dn)
)
≥
(

1 + κ(V )− log(n)−1/5
)

inf
m∈M

{
`
(
s?, ŝm̂(Dn)

)})
≥ 1−Kn−2

(3.8)

for some constants κ(V ),K > 0. In particular, a first-order optimal oracle inequality
cannot hold for VFCV, but Eq. (3.8) is a much stronger negative statement: for n large
enough, VFCV is (almost) always suboptimal by a factor ≈ 1 + κ(V ) > 1.

In order to understand Eq. (3.8) and why we can safely conjecture that it holds
much more generally, let us sketch the main ideas behind the proof of Eq. (3.8). Up to
concentration inequalities that we discuss in Section 3.2.3, we can reason with expec-
tations. To fix ideas, assume Eq. (3.6) holds with b(m) = D−2

m and v(m) = σ2Dm

for some σ2, Dm > 0 such that the set of values taken by the “dimension” Dm is
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{Dm, m ∈M} = {1, . . . , n}. Then, the risk

E
[
R(m)

]
= D−2

m +
σ2Dm

n

is minimal for Dm = D?
n ≈ (2n/σ2)1/3 and

inf
m∈M

{
E
[
R(m)

]}
≈
(

2−2/3 + 21/3
)(σ2

n

)2/3

.

By Eq. (3.7), the expectation of the VFCV criterion is

E
[
CVF(m)

]
= D−2

m +
V

V − 1

σ2Dm

n

which is minimal for Dm = D̃n(V ) ≈ (2CV n/σ
2)1/3 where CV = (V −1)/V . Therefore,

E
[
R(m̂CVF)

]
≈ E

[
R
(
D̃n(V )

)]
≈
(

(2CV )−2/3 + (2CV )1/3
)(σ2

n

)2/3

≈ (2CV )−2/3 + (2CV )1/3

2−2/3 + 21/3
inf
m∈M

{
E
[
R(m)

]}
=
(
1 + κ(V )

)
inf
m∈M

{
E
[
R(m)

]}
with κ(V ) > 0 since the function x ∈ (0,+∞) 7→ (2x)−2/3 + (2x)1/3 admits a unique
global minimum at x = 1 > CV > 0. The above arguments can be adapted to any
decreasing function b(m) of v(m), if the set of values taken by b(m) and v(m) is “rich
enough”. Nevertheless, one can clearly build collections of estimators satisfying Eq. (3.6)
such that

m 7→ b(m) +
v(m)

n
and m 7→ b(m) +

V

V − 1

v(m)

n
are minimal for the same m ∈M, for instance by considering one “good” estimator and
several “very poor” ones. So, even if we cannot state that VFCV is always suboptimal
for estimator selection—at first order and when n is large enough—, Eq. (3.8) and its
proof suggest that this result holds for most practical problems.

3.2.2. Bias correction and first-order optimal oracle inequalities. The trou-
bles of VFCV can be solved by following the unbiased risk estimation principle presented
in Section 2.2.2.

To this aim, Burman [Bur89, Bur90] proposed a corrected VFCV estimator

L̂ corrVF(ŝ;Dn) = L̂VF(ŝ;Dn) + Pnγ
(
ŝ(Dn)

)
− 1

V

V∑
j=1

Pnγ
(
ŝ
(
D(−j)
n

))
.

Another idea is to use penalization with a resampling-based estimator of the expec-
tation of

penid(m;Dn) = (P − Pn)γ
(
ŝm(Dn)

)
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as a penalty, as done in [Efr83, Shi97] and generalized in [3]. For regressograms, [3]
shows that this leads to an (almost) unbiased estimator of E[penid(m;Dn)], and that the
resulting estimator selection procedure satisfies a first-order optimal oracle inequality.
Using a V -fold subsampling scheme, we get the V -fold penalty [16], defined by

penVF(ŝ;Dn) =
V − 1

V

V∑
j=1

[
Pnγ

(
ŝ
(
D(−j)
n

))
− P (−j)

n γ
(
ŝ
(
D(−j)
n

))]
where P (−j)

n is the empirical distribution of D(−j)
n . It turns out that if Card(Bj) = n/V

for every j ∈ {1, . . . , n},

Pn − P (−j)
n =

1

V

(
P (j)
n − P (−j)

n

)
=

1

V − 1

(
P (j)
n − Pn

)
hence

penVF(ŝ;Dn) =
V − 1

V 2

V∑
j=1

[(
P (j)
n − P (−j)

n

)
γ
(
ŝ
(
D(−j)
n

))]
(3.9)

=
1

V

V∑
j=1

[(
P (j)
n − Pn

)
γ
(
ŝ
(
D(−j)
n

))]
and bias-corrected VFCV from [Bur89, Bur90] coincides with V -fold penalization:

L̂ corrVF(ŝ;Dn) = Pnγ
(
ŝ(Dn)

)
+ penVF(ŝ;Dn) .

For regressograms [16] and for projection estimators in least-squares density estima-
tion [14], we can prove that the V -fold penalty unbiasedly estimates E[penid(m;Dn)]

and that the corresponding estimator selection procedure satisfies a first-order opti-
mal oracle inequality with a large probability, under mild assumptions. Compared to
Eq. (3.8), this shows the advantage of bias-correction, at least at first order.

Note that in the particular case of projection estimators in least-squares density
estimation, Lemma 1 in [14] shows that VFCV, resampling penalties, LOO and LPO
all correspond to penalizing with a V -fold penalty multiplied by some constant C ≥ 1

(depending on the cross-validation method considered). So, the oracle inequality proved
in [14] for V -fold penalization also implies that various CV methods satisfy an oracle
inequality; for LOO and for LPO with p� n, this oracle inequality is first-order optimal.
We refer to Section 6 of [7] for a complete review on oracle inequalities (optimal or not)
and other risk bounds available for CV methods.

In order to explain why V -fold penalties should work in an even more general
framework—hence be useful for practitioners—, let us sketch the key idea used in [16]
and [14] for showing the V -fold penalty estimates unbiasedly E[penid(m;Dn)]. Similarly
to Eq. (3.6), let us assume that

∀m ∈M, E
[
penid(m;Dn)

]
= E

[
(P − Pn)γ(ŝm)

]
=
w(m)

n
(3.10)
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for some function w :M→ R, and that Card(Bj) = n/V for j = 1, . . . , V . Eq. (3.10)
holds true in the setting of [14] as well as for fixed-design regression with linear esti-
mators (see Sections 4.2 and 4.6), and it holds approximately in the setting of [16] as
well as for log-likelihood density estimation, at least. By Eq. (3.9),

E
[
penVF(ŝm;Dn)

]
=
V − 1

V 2

V∑
j=1

E
[(
P (j)
n − P (−j)

n

)
γ
(
ŝm
(
D(−j)
n

))]
=
V − 1

V
E
[(
P (1)
n − P (−1)

n

)
γ
(
ŝm
(
D(−1)
n

))] since the data are i.i.d.
and Card(Bj) = n/V for all j

=
V − 1

V
E
[(
P − P (−1)

n

)
γ
(
ŝm
(
D(−1)
n

))]
since D(1)

n is independent from D(−1)
n

=
V − 1

V
E
[
penid

(
m;D(−1)

n

)]
=
V − 1

V
× V w(m)

n(V − 1)
=
w(m)

n
= E

[
penid(m;Dn)

]
.

3.2.3. On concentration inequalities. Let us conclude this section by a few
comments on what needs to be proved for filling the gap between the above reasonings
on expectations and an oracle inequality. As explained in Section 2.2.2, concentration
inequalities are needed for penVF(ŝm;Dn) and penid(m;Dn) around their expectations.
Interestingly, [16] and [14] propose two different approaches for proving such concen-
tration inequalities, each having pros and cons.

On the one hand, [16] suggests a general approach. As soon as a concentra-
tion inequality is available for penid(m;Dn), we get a concentration inequality for
penid(m;D

(−j)
n ) for every j = 1, . . . , V . In addition,(

P (j)
n − P

)
γ
(
ŝm
(
D(−j)
n

))
is a centered empirical process conditionally to D(−j)

n , and standard arguments show
it concentrates around its (conditional) expectation, provided n/V is large. Then, ac-
cording to Eq. (3.9), a union bound over the V folds provides a concentration inequality
for penVF(ŝm;Dn) around its expectation. The merit of this approach is its generality:
one can reasonably conjecture penid(m;Dn) concentrates well around its expectation in
many frameworks of practical interest, so this suggests that V -fold penalization satisfies
an optimal oracle inequality as soon as Eq. (3.10) approximately holds true. The draw-
back of these arguments is that the resulting bound only holds if n/V is large enough,
that is, V is not too large. For the same reason, the deviation terms increase with V
in [16], although empirical observations show that the largest values of V provide the
best results.
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On the other hand, [14] directly concentrates penVF(ŝm;Dn) by writing it as a U-
statistic of order two and applying concentration results for such U-statistics [HRB03].
Then, we get a bound valid for all V—up to V = n, that is, LOO—with remainder
terms that do not increase with V , which is closer to empirical observations. However,
it is not clear whether this proof can be generalized to other settings since it relies on
some specificities of the least-squares density estimation framework.

3.3. Second-order comparison: taking into account the variance

The results presented in Section 3.2 explain how CV methods depend on the size of
the training set nt, but not how they depend on the number B of splits, equal to V for
VFCV and V -fold penalization. Nevertheless, it is well known in practice that hold-out
performs much worse than VFCV, LOO or LPO, although hold-out with a training set
of size

nt = n

(
1− 1

log(n)

)
is asymptotically optimal and can be proved to satisfy oracle inequalities in many frame-
works, similarly to [vD03, BM06] for instance. Moreover, simulation experiments in
[16] and [14] clearly show that the estimator selection performance of V -fold penaliza-
tion improves when V increases.

In order to explain these empirical observations, we must go beyond first-order
comparisons, which requires to take into account the “variance” of the CV criteria.
Intuitively, the “variance” of hold-out is larger than the “variance” of VFCV or LOO,
which is the reason why hold-out performs worse for estimator selection. In order to
formalize this intuition, according to the heuristics presented in Section 2.2.5, we must
compare the variances of the increments var

(
C(m)−C(m′)

)
among several CV criteria C.

For projection estimators in least-squares density estimation, if C denotes the V -fold
penalization criterion with Card(Bj) = n/V for j = 1, . . . , V , Theorem 2 in [14] shows
that for every m,m′ ∈M,

var
(
C(m)− C(m′)

)
=

(
1 +

4

V − 1
− 1

n

)
an(m,m′) + bn(m,m′) (3.11)

for some an(m,m′), bn(m,m′) ≥ 0 which do not depend on V . A similar formula holds
for VFCV. Eq. (3.11) is the first result of this form for VFCV methods. Previous
variance computations were focusing on the variance of the VFCV criterion—instead of
the increments—, and most were asymptotic, see [7].

Eq. (3.11) shows that the variance of V -fold methods actually decreases when V

increases—confirming empirical observations—, but the improvement is at most in a
second-order term as soon as V is large. Theoretical considerations for nested regular
histogram models and simulation experiments suggest that form,m′ that “really matter”
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for estimator selection—as explained in Section 2.2.5—,

var
(
C(m)− C(m′)

)
∝ 1 +

4

V − 1
.

As a consequence, the improvement from V = 2 to 5 or 10 is much larger than from
V = 10 to V = n, which justifies the commonly used principle that taking V = 5 or
V = 10 is good enough [BS92, HTF01].

3.4. Other works on resampling methods

We conclude this chapter by reporting on some other works on resampling methods,
outside the estimator selection setting.

First, in [2], the bootstrap is used for evaluating how well some dynamical models
can predict the position of Saturnian satellites outside the observation period, up to
two hundred years ahead. After being validated on some simulated data, this procedure
has been used for two other problems: (i) estimating quantitatively the improvement
of ephemerides induced by the Gaia space mission before it was launched [Des09],
and (ii) estimating confidence regions for the position of two near-Earth asteroids, in
particular for the date and minimal distances of close encouters with Earth [DAV10].
The advantage of using resampling methods for these applications is that it provides
good confidence regions up to a few hundreds years, for highly non-linear and sensitive
models, without strong assumptions on the distribution of errors, contrary to previously
used methods for this problem.

Second, in [10], [4] and [5], some resampling-based confidence regions and multiple
testing procedures are built and theoretically studied, for the mean of high-dimensional
Gaussian vectors. Numerical experiments show that these confidence regions and multi-
ple tests automatically adapt to unknown correlation structures between the coordinates
of observations.





CHAPTER 4

Minimal penalties

This chapter describes some works on penalization procedures for estimator selec-
tion, that is, estimator selection procedures of the form

m̂ ∈ argmin
m∈M

{
Pnγ(ŝm) + pen(m)

}
. (4.1)

More precisely, the following works tackle the notion of minimal penalty: [1], [11], [18]
and the survey [22].

The initial motivation, presented in Section 4.1, is the practical problem of estimat-
ing multiplicative constants in front of penalties. Birgé and Massart [BM07] proposed
an answer to this problem by considering a related theoretical issue: given a func-
tion pen1 : M → R, how does the penalization procedure defined by Eq. (4.1) with
pen(m) = C pen1(m) performs as a function of C? In particular, what is the minimal
level of penalization required to get an oracle inequality?

The general heuristics that came out of this work is described in Section 4.3, and
made rigorous in Sections 4.4–4.5, in a framework introduced in Section 4.2.

Several empirical results show that this idea can be used fruitfully beyond the frame-
work where it was designed initially [BMM11]. A natural question arises: How far can
it be safely generalized? Considering linear estimators in regression, [11] and [18] show
that a similar idea can still be used, but at the price of some modification suggested by
a theoretical analysis of the problem, as described in Section 4.6.

Finally, as a result of the survey paper [22] about minimal penalties from the
theoretical point of view, we can summarize in Section 4.7 the settings where minimal
penalties are known to work.

4.1. Motivation: Data-driven calibration of constants in front of penalties

Penalties known up to a constant factor appear in several frameworks, for four main
reasons:

(1) A penalty satisfying an optimal oracle inequality is theoretically known, but
involves unknown quantities in practice, such as the residual variance

σ2 = E
[
ε2
i |Xi

]
for Mallows’ Cp and CL [Mal73] in regression (Example 2.2), or the residual
covariance matrix in multivariate regression (see [9] and Section 6.3).

47
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(2) An optimal penalty pen1 is known theoretically and in practice, but only
asymptotically, that is, the (unknown) non-asymptotic optimal penalty is equal
to C?n pen1 with C?n = 1 + o(1) as the sample size n tends to infinity, but C?n is
unknown. For instance, AIC [Aka73] and BIC [Sch78] penalties for maximum
likelihood rely on asymptotic computations.

(3) An optimal penalty is obtained by resampling, hence depending on a multi-
plicative factor that might depend on unknown quantities or be correct only
for n large enough, see [3].

(4) A penalty C pen1 satisfying an oracle inequality with a leading constant O(1)

when C is well-chosen is known theoretically, but theory is not precise enough
to specify the optimal value C? of C. This occurs for instance for change-point
detection [CR04, Leb05] (see Chapter 5), density estimation with Gauss-
ian mixtures [MM11] and local Rademacher complexities in classification
[BBM05, Kol06]. Note that in such cases, it might happen that C? pen1

is not exactly an optimal penalty, so that no oracle inequality with leading
constant 1 + o(1) can be obtained; nevertheless, choosing the constant C in
the penalty C pen1 remains an important practical problem.

4.2. Fixed-design regression

In order to explain the concept of minimal penalty and how it can be used for
calibrating multiplicative constants in front of penalties, we consider the following
framework—fixed-design regression—as in [BM07], [11] and [18].

The framework of Example 2.2 in Section 2.1.3 is modified on two points: (i) the
Xi are deterministic, so (Xi, Yi)1≤i≤n are independent but not identically distributed,
and (ii) the excess loss is defined by

1

n

n∑
i=1

(
t(Xi)− η(Xi)

)2 where ∀i ∈ {1, . . . , n}, η(Xi) = E[Yi] . (4.2)

As in the random-design regression framework (Example 2.2), we can write that

∀i ∈ {1, . . . , n}, Yi = η(Xi) + εi with E[εi] = 0 and E
[
ε2
i

]
< +∞ .

We assume that the εi are independent and identically distributed with variance σ2.
Note that we can still define a loss function by L (t) = Pγ(t) with γ the least-squares

contrast, by defining P as the distribution of (X,Y ) where X has a uniform distribution
over {X1, . . . , Xn} and Y = η(X) + ε with ε independent from X and distributed as
the εi. Then, L (t) is minimal for t = η and the excess loss is given by Eq. (4.2).

The fixed-design regression framework is technically easier to analyze because we
can cast the regression problem as an estimation problem in Rn with the Euclidean
norm. Let us write

Y = (Yi)1≤i≤n ∈ Rn , F =
(
η(Xi)

)
1≤i≤n ∈ Rn , ε = (εi)1≤i≤n ∈ Rn
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and consider any t ∈ S as an element of Rn by writing ti = t(Xi) for i ∈ {1, . . . , n}, so
that we can assimilate S with Rn in the following. Using these notations, we observe

Y = F + ε ∈ Rn

and the goal is to estimate s? = F , that is, to find some t ∈ Rn such that the excess
loss

`(s?, t) =
1

n
‖t− F‖2 =

1

n

n∑
i=1

(ti − Fi)2

is minimal.
Given a family (Sm)m∈M of linear subspaces of Rn, the models, we consider the

estimator selection problem among the family (F̂m)m∈M of corresponding least-squares
estimators, which is a model selection problem. Since the empirical risk of t can be
written as

Pnγ(t) =
1

n

n∑
i=1

(
t(Xi)− Yi

)2
=

1

n
‖t− Y ‖2 ,

minimizing it over t ∈ Sm is equivalent to computing the orthogonal projection ΠmY

of Y onto Sm. Hence
∀m ∈M, F̂m = ΠmY ,

a formula that makes explicit computations much simpler than in the random-design
case.

4.3. The slope heuristics

Following Section 2.2, the analysis of the estimator selection problem of Section 4.2
starts by computing expectations of the loss and the empirical risk. For every m ∈M,∥∥∥F̂m − F∥∥∥2

=
∥∥(Πm − In)F

∥∥2
+ ‖Πmε‖2 (4.3)

and
∥∥∥F̂m − Y ∥∥∥2

=
∥∥∥F̂m − F∥∥∥2

+ ‖ε‖2 − 2
〈
ε, Πmε

〉
+ 2
〈
ε, (In −Πm)F

〉
(4.4)

where ∀t, u ∈ Rn, 〈t, u〉 =

n∑
i=1

tiui .

Since the εi are independent and centered with variance σ2, Eq. (4.3) and Eq. (4.4)
imply that

E
[

1

n

∥∥∥F̂m − F∥∥∥2
]

=
1

n

∥∥(Πm − In)F
∥∥2

+
σ2Dm

n
(4.5)

E
[

1

n

∥∥∥F̂m − Y ∥∥∥2
]

=
1

n

∥∥(Πm − In)F
∥∥2

+ σ2 − σ2Dm

n
(4.6)

where Dm := dim(Sm). Therefore, the expectation of the ideal penalty is

E
[
penid(m)

]
= E

[
1

n

∥∥∥F̂m − F∥∥∥2
− 1

n

∥∥∥F̂m − Y ∥∥∥2
]

=
2σ2Dm

n
− σ2



50 Chapter 4. Minimal penalties

0 20 40 60 80 100

−0.2

−0.1

0

0.1

0.2

0.3

dimension D

c
ri
t C

 σ
2
(D

)

 

 

C=0

C=0.9

C=1.1

C=2

Figure 1. Plot of critCσ2(m) as a function of Dm for C ∈
{0, 0.9, 1.1, 2}; its minimal value at m?(Cσ2) is shown by a solid cir-
cle. Same setting as Figure 1.

which provides the following (first-order) optimal penalty

penopt(m) =
2σ2Dm

n
, (4.7)

since adding a constant σ2 to the penalty does not change the selected model. The
penalty penopt is called Mallows’ Cp [Mal73].

Eq. (4.7) shows that the shape pen1(m) = Dm/n of the optimal penalty is known,
even when σ2 is unknown. At this point it is natural to ask what is the minimal value of
the constant that should be put in front of pen1(m). More precisely, if for every C ≥ 0,

m̂(C) ∈ argmin
m∈M

{
1

n

∥∥∥F̂m − Y ∥∥∥2
+ C

Dm

n

}
, (4.8)

what is the minimal value of C such that m̂(C) is a “reasonable” choice, that is, avoids
strong overfitting, or equivalently, satisfies an oracle inequality (2.2) with Cn = O(1)

as n tends to infinity?
In order to understand how m̂(C) behaves as a function of C, let us consider, for

every C ≥ 0,

m?(C) ∈ argmin
m∈M

{
E
[

1

n

∥∥∥F̂m − Y ∥∥∥2
+ C

Dm

n

]}
= argmin

m∈M

{
critC(m)

}
with critC(m) :=

1

n

(∥∥(Πm − In)F
∥∥2

+ (C − σ2)Dm

)
, (4.9)

where the above equality comes from Eq. (4.6). Provided we can prove some uniform
concentration inequalities for ‖F̂m − Y ‖2, we can expect m?(C) to be close to m̂(C).
Let us also assume, for simplicity, that the approximation error n−1‖(Πm− In)F‖2 is a
decreasing function ofDm—which holds for instance if the Sm are nested—and is almost
constant for Dm large enough. Then, two cases can be distinguished with respect to C :
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• if C < σ2, then critC(m) is a decreasing function of Dm, so Dm?(C) is huge:
m?(C) overfits.
• if C > σ2, then critC(m) increases with Dm for Dm large enough, so Dm?(C)

is much smaller than when C < σ2.

This behaviour is illustrated on Figure 1. In other words, σ2 pen1(m) seems to be the
minimal amount of penalization needed so that a minimizer m̂ of the penalized criterion
does not clearly overfit. The above arguments are made rigorous in Section 4.4, showing
that

penmin(m) :=
σ2Dm

n
(4.10)

is indeed a minimal penalty in the current framework.

We can now summarize Birgé and Massart’s slope heuristics [BM07] into two major
facts. First, from Eq. (4.7) and (4.10), we get a relationship between the optimal and
minimal penalties:

penopt(m) = 2 penmin(m) . (4.11)
Second, the minimal penalty is observable, since Dm̂(C) decreases “smoothly” as a func-
tion of C everywhere except around C = σ2 where it jumps.

Data-driven calibration algorithm. The two major facts of the slope heuristics de-
scribed above directly lead to a data-driven penalty algorithm: we can estimate the
minimal penalty by looking for a jump of Dm̂(C) as a function of C, and make use of
Eq. (4.11) to get an estimator of the optimal penalty.

Algorithm 1.
Input:

(
‖F̂m − Y ‖2

)
m∈M .

(1) Compute
(
m̂(C)

)
C≥0

, where m̂(C) is defined by Eq. (4.8).

(2) Find Ĉjump > 0 corresponding to the “unique large jump” of C 7→ Dm̂(C).
(3) Select

m̂Alg.1 ∈ argmin
m∈M

{
n−1

∥∥∥F̂m − Y ∥∥∥2
+

2ĈjumpDm

n

}
.

Output: m̂Alg.1.

Figure 2 shows a plot of C 7→ Dm̂(C) for one sample, with one clear jump corresponding
to Ĉjump. Computational and practical issues related to Algorithm 1—in particular,
how to define properly Ĉjump—are discussed in [22]. Algorithm 1 can also be related to
some “L-curve”, “corner” or “elbow” heuristics which are often used in machine learning
[HO93], see [22].

4.4. Theoretical result for least-squares regression

The heuristics of Section 4.3 can be formalized with the following theorem.
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Figure 2. Illustration of Algorithm 1 on one sample: Plot of the
function C 7→ Dm̂(C) and visualization of Ĉjump. Same setting as Fig-
ure 1.

Theorem 4.1 (Theorem 1 in [22]). In the framework described in Section 4.2,
assume thatM is finite and that

∃m1 ∈M , Sm1 = Rn , (HId)

inf
m∈M

{
E
[

1

n

∥∥∥F̂m − F∥∥∥2
]}
≤ σ2δn with δn ≤

1

20
, (HO)

ε ∼ N (0, σ2In) . (HG)

Recall that for every C ≥ 0, m̂(C) is defined by Eq. (4.8). Then, for every γ ≥ 0, some
n0(γ) exists such that if n ≥ n0(γ), with probability at least 1 − 4 Card(M)n−γ, the
following holds simultaneously :

∀C < (1− η−n )σ2 , Dm̂(C) ≥
9n

10
(4.12)

∀C > (1 + η+
n )σ2 , Dm̂(C) ≤

n

10
, (4.13)

and for every η ∈ (0, 1/2] and C ∈
[
(2− η)σ2, (2 + η)σ2

]
,

1

n

∥∥∥F̂m̂(C) − F
∥∥∥2
≤ (1 + 3η) inf

m∈M

{
1

n

∥∥∥F̂m − F∥∥∥2
}

+
880σ2γ log(n)

ηn
(4.14)

where η−n = 81

√
γ log(n)

n
and η+

n = 20δn + 81

√
γ log(n)

n
.

Theorem 4.1—which comes from [22]—is proved in Section 4.5. It revisits a result by
[BM07] by using some arguments from [18], under milder assumptions than the ones
of [18].
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[BM07] is the first article where penmin is proved to be a minimal penalty, but with
a weaker statement compared to Theorem 4.1. In order to compare the two statements,
let us assume that Ĉjump in Algorithm 1 is defined by

inf
{
C > 0 /Dm̂(C) ≤ n/2

}
.

Then, a novelty of Theorem 4.1 is to prove that Ĉjump estimates consistently σ2 as soon
as δn = o(1) in assumption (HO), that is, if the oracle model consistently estimates the
signal F . Actually, Theorem 4.1 is even more precise since it gives a non-asymptotic
upper bound on the difference between Ĉjump and σ2. Eq. (4.12) and (4.13) also imply
corresponding lower/upper bounds on the risk of F̂m̂(C), confirming that penmin also is
a minimal penalty in terms of risk, as stated in the heuristics of Section 4.3.

Finally, we comment on the assumptions of Theorem 4.1: (HId) can always be
satisfied, and (HG) could be replaced by any other noise assumption such that the two
concentration inequalities (4.15)–(4.16) used in the proof of Theorem 4.1 are satisfied.
Theorem 4.1 also implicitly assumes Card(M) � n−γ for some γ > 0—otherwise, the
result does not hold on a large probability event—, but such an assumption is classical
and somehow unavoidable for procedures relying on the unbiased risk estimation prin-
ciple, see Section 2.2.2. Overall, the strongest assumption in Theorem 4.1 is (HO), and
it is likely to be minimal: We cannot hope to estimate consistently the residual variance
σ2 from a family of models (Sm)m∈Mn which cannot consistently estimate the signal
F . Note that many other approaches for estimating σ2 exist in the literature, under
similar or stronger assumptions, see [22].

4.5. Proof of Theorem 4.1

We report here the proof of Theorem 4.1, as done in [22], since it illustrates well
the general approach presented in Section 2.2 while being simple enough technically:
fixed-design regression with least-squares estimators is probably the simpler setting
for proving such a result. Theorem 4.1 actually contains two main types of results:
Eq. (4.14) is an optimal oracle inequality and Eq. (4.12) provides a (rough) lower bound
on the performance of some model selection procedure.

The proof mixes ideas from [BM07] and [18]. We split it into three main steps, the
last two ones being split itself into several substeps: (1) using concentration inequalities,
(2) proving the existence of a dimension jump (Eq. (4.12)–(4.13)), (3) proving an oracle
inequality (Eq. (4.14)).

Step 1: concentration inequalities. The slope heuristics presented in Section 4.3
relies on the fact that ‖F̂m−Y ‖2 and ‖F̂m−F‖2 are close to their respective expectations.
Given Eq. (4.3)–(4.4), for everym ∈M and x ≥ 0, we consider the event Ωm,x on which
the following two inequalities hold simultaneously:∣∣〈ε, Πmε〉 − σ2Dm

∣∣ ≤ 2σ2
√
xDm + 2xσ2 (4.15)
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∣∣〈ε, (In −Πm)F
〉∣∣ ≤ σ√2x

∥∥(In −Πm)F
∥∥ . (4.16)

Under (HG), by standard Gaussian concentration results, for instance Propositions 4
and 6 in [18], we have

P(Ωm,x) ≥ 1− 4e−x .

Then, defining Ωx :=
⋂
m∈MΩm,x, the union bound gives

P(Ωx) ≥ 1− 4 Card(M)e−x

and it is sufficient to prove that Eq. (4.12)–(4.14) hold true on Ωx with x = γ log(n).
From now on, we assume x = γ log(n) and x/n = γ log(n)/n ≤ 1/812 (which defines

n0(γ)), and we restrict ourselves to the event Ωx. At various places in the proof (in steps
2.2, 2.3, 3.2, 3.3), we make use of the inequality 2

√
ab ≤ θa+ θ−1b for all a, b, θ > 0.

Step 2: existence of a dimension jump. Let us define

m2 ∈ argmin
m∈M

{
E
[∥∥F̂m − F∥∥2

]}
.

For proving Eq. (4.12) and (4.13), we show that m̂(C) minimizes a quantity GC(m)

close to critC(m), and then we show that GC(m1) (resp. GC(m2)) is smaller than
GC(m) for any model m with Dm < 9n/10 (resp. Dm > n/10).

Step 2.1 : control of the difference between critC(m) and GC(m). Let C ≥ 0. By
Eq. (4.8), (4.3) and (4.4), since ‖ε‖2 does not depend from m, we get that m̂(C)

minimizes

GC(m) :=
1

n

∥∥∥F̂m − Y ∥∥∥2
+ C

Dm

n
− 1

n
‖ε‖2

=
1

n

∥∥(In −Πm)F
∥∥2 − 1

n
〈ε, Πmε〉+ C

Dm

n
+

2

n

〈
ε, (In −Πm)F

〉
=

1

n
critC(m)−

(
1

n
〈ε, Πmε〉 − σ2Dm

)
+

2

n

〈
ε, (In −Πm)F

〉
where critC is defined by Eq. (4.9). Therefore, by Eq. (4.15)–(4.16) and using that
Dm ≤ n, for every m ∈M,∣∣∣∣GC(m)− 1

n
critC(m)

∣∣∣∣ ≤ 4σ2

√
x

n
+

2σ
√

2x

n

∥∥(In −Πm)F
∥∥ . (4.17)

Step 2.2 : lower bound on Dm̂(C) when C is too small (proof of Eq. (4.12)). Since
for every C ≥ 0, m̂(C) minimizes GC(m) over m ∈M, it is sufficient to prove that for
C ∈ [0, σ2) far enough from σ2,

GC(m1) < inf
m∈M , Dm<9n/10

{
GC(m)

}
where m1 is given by (HId). Let C ∈ [0, σ2). On the one hand, by Eq. (4.17),

GC(m1) ≤ 1

n
critC(m1) + 4σ2

√
x

n
= C − σ2 + 4σ2

√
x

n
. (4.18)
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On the other hand, by Eq. (4.17), for any m ∈M such that Dm < 9n/10,

GC(m) ≥
(
C − σ2

)
Dm

n
− 4σ2

√
x

n
+

1

n

∥∥(In −Πm)F
∥∥2 − 2σ

√
2x

n

∥∥(In −Πm)F
∥∥

≥ 9

10

(
C − σ2

)
− 4.05σ2

√
x

n
. (4.19)

To conclude, the upper bound in Eq. (4.18) is strictly smaller than the lower bound in
Eq. (4.19) if and only if

C < σ2

(
1− 81

√
γ log(n)

n

)
.

Step 2.3 : upper bound on Dm̂(C) when C is large enough (proof of Eq. (4.13)).
Similarly to the proof of Eq. (4.12), it is sufficient to prove that for C > σ2 far enough
from σ2,

GC(m2) < inf
m∈M , Dm>n/10

{
GC(m)

}
Let C > σ2. On the one hand, by Eq. (4.17) and (HO),

GC(m2) ≤ 1

n
critC(m2) + 4σ2

√
x

n
+

2σ
√

2x

n

∥∥(In −Πm2)F
∥∥

≤ 2

n

∥∥(In −Πm2)F
∥∥2

+

(
C − σ2

)
Dm2

n
+ 4σ2

√
x

n
+

2σ2x

n

≤ σ2

(
max

{
2,
C

σ2
− 1

}
δn + 4.05

√
x

n

)
. (4.20)

On the other hand, by Eq. (4.17), for any m ∈M such that Dm > n/10,

GC(m) ≥ 1

10

(
C − σ2

)
− 4.05σ2

√
x

n
. (4.21)

To conclude, the upper bound in Eq. (4.20) is strictly smaller than the lower bound in
Eq. (4.21) if x/n ≤ 1/812 and

C

σ2
− 1 > 20δn + 81

√
x

n
=: η+

n .

Step 3: oracle inequality. For proving Eq. (4.14), we prove a slightly more
general oracle inequality—Eq. (4.24)—using the classical approach described in Sec-
tion 2.2.1.

Step 3.1 : In order to apply Lemma 2.1, let us define

R(m) =
1

n

∥∥∥F̂m − F∥∥∥2
and C(m) =

1

n

∥∥∥F̂m − Y ∥∥∥2
+
CDm

n
− ‖ε‖2 .

Then, by Eq. (4.4), for every m ∈M,

C(m)−R(m) =

(
C − 2σ2

)
Dm

n
−∆(m)
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with ∆(m) :=
2

n

(
〈ε, Πmε〉 − σ2Dm

)
− 2

n

〈
ε, (In −Πm)F

〉
.

In order to find some A(m) and B(m) such that Eq. (2.8) holds true on Ωx, we need to
control ∆(m).

Step 3.2 : control of ∆(m). By Eq. (4.15) and (4.16), on Ωx, for every m ∈M and
θ > 0,

|∆(m)| ≤ 2

n

[
2σ2
√
xDm + 2σ2x+ σ

√
2x
∥∥(In −Πm)F

∥∥]
≤ 2θE

[
1

n

∥∥∥F̂m − F∥∥∥2
]

+
σ2x

n

(
3θ−1 + 4

)
. (4.22)

Step 3.3 : upper bound on the expected loss in terms of loss. By Eq. (4.3) and (4.16),
on Ωx, for every m ∈M and θ′ > 0,∥∥∥F̂m − F∥∥∥2

= E
[∥∥∥F̂m − F∥∥∥2

]
+ 〈ε, Πmε〉 − σ2Dm

≥ E
[∥∥∥F̂m − F∥∥∥2

]
− σ2

(
2
√
xDm + 2x

)
≥
(
1− θ′

)
E
[∥∥∥F̂m − F∥∥∥2

]
− xσ2

(
2 + θ′−1

)
so that, for every θ′ ∈ (0, 1),

E
[∥∥∥F̂m − F∥∥∥2

]
≤ 1

1− θ′
∥∥∥F̂m − F∥∥∥2

+ κ(θ′)xσ2 with κ(θ′) :=
2 + 1

θ′

1− θ′
. (4.23)

Step 3.4 : definition of A(m) and B(m). Combining Eq. (4.22) and (4.23), we get
on the one hand that, on Ωx, for every m ∈M, θ > 0, θ′ ∈ (0, 1),

∆(m) +

(
2σ2 − C

)
Dm

n

≤
(

2θ +

(
2− C

σ2

)
+

)
E
[

1

n

∥∥∥F̂m − F∥∥∥2
]

+
σ2x

n

(
3θ−1 + 4

)
≤ A(m) :=

2θ +
(
2− C

σ2

)
+

1− θ′
1

n

∥∥∥F̂m − F∥∥∥2
+
σ2x

n

(
3

θ
+ 4 + κ(θ′)

[
2θ +

(
2− C

σ2

)
+

])
.

On the other hand, similarly, on Ωx, for every m ∈M, θ > 0, θ′ ∈ (0, 1),

−∆(m) +

(
C − 2σ2

)
Dm

n

≤ B(m) :=
2θ +

(
C
σ2 − 2

)
+

1− θ′
1

n

∥∥∥F̂m − F∥∥∥2
+
σ2x

n

(
3

θ
+ 4 + κ(θ′)

[
2θ +

(
C

σ2
− 2

)
+

])
.

Step 3.5 : proof of a general oracle inequality. Applying Lemma 2.1 with C and R
defined as in step 3.1, A and B defined as in step 3.4, and θ′ = 2θ, we get that on Ωx,
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for every θ ∈ (0, 1/2) and m ∈M,(
1−

2θ +
(
2− C

σ2

)
+

1− 2θ

)
1

n

∥∥∥F̂m̂(C) − F
∥∥∥2
≤

(
1 +

2θ +
(
C
σ2 − 2

)
+

1− 2θ

)
1

n

∥∥∥F̂m − F∥∥∥2

+
σ2x

n
R1

(
θ, Cσ−2

)
with R1

(
θ, Cσ−2

)
:=

6

θ
+ 8 + κ(2θ)

(
4θ +

∣∣∣∣ Cσ2
− 2

∣∣∣∣) .

Now, for any δ ∈ (0, 1], we choose

θ = θ?(δ) :=
δ

4
min

 1

1 + δ +
(
C
σ2 − 2

)
+

,

(
1−

(
2− C

σ2

)
+

)2

1 + δ
(

1−
(
2− C

σ2

)
+

)
 ≤ 1

4
,

so that we get, if C ≥ (1 + δ)σ2,

1

n

∥∥∥F̂m̂(C) − F
∥∥∥2
≤

(
1 +

(
C
σ2 − 2

)
+

1−
(
2− C

σ2

)
+

+ δ

)

×
(

inf
m∈M

{
1

n

∥∥∥F̂m − F∥∥∥2
}

+
σ2x

n
R2

(
δ,
C

σ2

)) (4.24)

where, for every δ ∈ (0, 1] and u ∈ (1,+∞),

R2(δ, u) ≤ 8

δ

(
5 + |u− 2|

)
max

{
2 + (u− 2)+ ,

2(
1− (2− u)+

)2
}

.

Step 3.6 : oracle inequality for m̂(C) when C is close to 2σ2 (proof of Eq. (4.14)).
Now, we assume C/σ2 ∈ [2 − η, 2 + η] with η ∈ (0, 1/2]. Taking δ = η in Eq. (4.24)
yields

1

n

∥∥∥F̂m̂(C) − F
∥∥∥2
≤
(

max

{
1 + η ,

1

1− η

}
+ δ

)(
inf
m∈M

{
1

n

∥∥∥F̂m − F∥∥∥2
}

+
σ2x

n

8

δ
(5 + η) max

{
2 + η ,

2

(1− η)2

})
≤ (1 + 3η) inf

m∈M

{
1

n

∥∥∥F̂m − F∥∥∥2
}

+
880σ2x

ηn

where we used the fact that 1/(1− η) ≤ 1 + 2η for every η ∈ [0, 1/2]. �

4.6. Extension to linear estimators: minimal penalties

The slope heuristics empirically works well in several cases outside the framework of
Theorem 4.1 [BMM11]. So, a natural question arises: how far can it be generalized?
Given the formulation (4.11) of the slope heuristics, if pen1 is the shape of an optimal
penalty and if C(m) is a complexity measure associated with ŝm—large when ŝm overfits,
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small when ŝm underfits—, the natural generalization of Algorithm 1 is the following,
with the notation of Section 2.1.2.

Algorithm 2.
Input:

(
Pnγ(ŝm)

)
m∈M,

(
pen1(m)

)
m∈M and (Cm)m∈M.

(1) Compute
(
m̂1(C)

)
C≥0

, where for every C ≥ 0,

m̂1(C) ∈ argmin
m∈M

{
Pnγ(ŝm) + C pen1(m)

}
. (4.25)

(2) Find Ĉjump > 0 corresponding to the “unique large jump” of C 7→ Cm̂1(C).
(3) Select

m̂Alg.2 ∈ argmin
m∈M

{
Pnγ(ŝm) + 2Ĉjump pen1(m)

}
.

Output: m̂Alg.2.

In order to test the general validity of Algorithm 2, let us consider the problem
of selecting among linear estimators in fixed-design regression, as in [11] and [18].
Compared to the model selection problem described in Section 4.2, the only difference
is that

∀m ∈M, F̂m = AmY

for some deterministic n × n matrix Am, without requiring Am to be an orthogonal
projection matrix. Classical examples of linear estimators are projection (least-squares)
estimators, kernel ridge regression [SS01]—also known as spline smoothing when using
spline kernels [Wah90]—, nearest-neighbor regression and Nadaraya-Watson estimators
[Nad64, Wat64]; see [18] for more examples and references. More details on kernel
ridge regression can be found in Section 6.3.

As in Section 4.3, expectations of the loss and the empirical risk of a linear estimator
can be computed as follows:∥∥∥F̂m − F∥∥∥2

=
∥∥(Am − In)F

∥∥2
+ ‖Amε‖2 + 2

〈
Amε, (Am − In)F

〉
, (4.26)∥∥∥F̂m − Y ∥∥∥2

=
∥∥∥F̂m − F∥∥∥2

+ ‖ε‖2 − 2〈ε, Amε〉+ 2
〈
ε, (In −Am)F

〉
, (4.27)

so that

E
[

1

n

∥∥∥F̂m − F∥∥∥2
]

=
1

n

∥∥(Am − In)F
∥∥2

+
σ2 tr

(
A>mAm

)
n

(4.28)

E
[

1

n

∥∥∥F̂m − Y ∥∥∥2
]

=
1

n

∥∥(Am − In)F
∥∥2

+ σ2 +
σ2
(
tr
(
A>mAm

)
− 2 tr(Am)

)
n

. (4.29)

We deduce that

penopt(m) = E
[

1

n

∥∥∥F̂m − F∥∥∥2
− 1

n

∥∥∥F̂m − Y ∥∥∥2
]

+ σ2 =
2σ2 tr(Am)

n
(4.30)

is an optimal penalty, called Mallows’ CL [Mal73].
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Figure 3. The minimal penalty is not proportional to tr(Am) for
kernel ridge estimators (figure taken from [18], ‘kernel ridge’ framework):
plots of C 7→ Cm̂1(C) for Algorithm 2 with pen1(m) = tr(Am)/n and
Cm = tr(Am) (black diamonds), and C 7→ Cm̂min(C) for Algorithm 3
with pen0(m) = (2 tr(Am) − tr(A>mAm))/n and Cm = tr(Am) (red
crosses).

As for projection estimators, the CL penalty depends on σ2, which must be esti-
mated. Since CL corresponds to Cp with the dimension Dm replaced by the degrees of
freedom tr(Am), a natural idea is to apply Algorithm 2 with

ŝm = F̂m , Pnγ(ŝm) =
1

n

∥∥∥F̂m − Y ∥∥∥2
, pen1(m) =

tr(Am)

n
and Cm = tr(Am) .

Simulation experiments in [18], reported on Figure 3, clearly show this fails: no clear
jump of Cm̂1(C) can be observed as a function of C!

How can we fix this failure? Let us come back to our computations of expectations,
that is, Eq. (4.28)–(4.29). Generally, the approximation error n−1‖(Am − In)F‖2 is
almost constant when tr(Am) is large, and 2 tr(Am)−tr

(
A>mAm

)
is a positive increasing

function of tr(Am). Therefore, adding

C ×
2 tr(Am)− tr

(
A>mAm

)
n

to the expectation of the empirical risk yields (approximately) a decreasing function of
tr(Am) if C < σ2, and—for large values of tr(Am)—an increasing function of tr(Am) if
C > σ2. In other words,

penlin
min(m) = σ2 2 tr(Am)− tr

(
A>mAm

)
n

(4.31)

is a minimal penalty for our estimator selection problem. Since penlin
min is known up

to the multiplicative factor σ2, exactly as penopt, we propose to modify Algorithm 2
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by allowing the shapes of the minimal and optimal penalties to be different, hence the
following algorithm.

Algorithm 3.
Input:

(
Pnγ(ŝm)

)
m∈M,

(
pen0(m)

)
m∈M,

(
pen1(m)

)
m∈M and (Cm)m∈M.

(1) Compute
(
m̂min(C)

)
C≥0

, where for every C ≥ 0,

m̂min(C) ∈ argmin
m∈M

{
Pnγ(ŝm) + C pen0(m)

}
. (4.32)

(2) Find Ĉjump > 0 corresponding to the “unique large jump” of C 7→ Cm̂min(C).
(3) Select

m̂Alg.3 ∈ argmin
m∈M

{
Pnγ(ŝm) + Ĉjump pen1(m)

}
.

Output: m̂Alg.3.

Algorithm 3 implicitly assumes that the minimal and the optimal penalty are respec-
tively equal to C? pen0 and C? pen1, with pen0 and pen1 known but C? unknown.

For linear estimators, the above arguments suggest to apply Algorithm 3 with

ŝm = F̂m Pnγ(ŝm) =
1

n

∥∥∥F̂m − Y ∥∥∥2
Cm = tr(Am)

pen0(m) =
2 tr(Am)− tr

(
A>mAm

)
n

and pen1(m) =
2 tr(Am)

n
. (4.33)

This procedure works well, as illustrated by Figure 3 as well as the theoretical results
and the numerical experiments of [11] and [18]. In particular, for Algorithm 3 with
linear estimators, a result similar to Theorem 4.1 is proved in [18] with the following
few changes:

• Some assumptions on the matrices Am must be added: for all m ∈M,

tr
(
A>mAm

)
≤ tr(Am) , tr(Am) ≤ n and |||Am||| ≤M

some constant, where |||·||| denotes the operator norm.
• Assumption (HO) is replaced by a stronger one: some m2 ∈ M exists such
that

tr(Am2) ≤
√
n and

∥∥(In −Am)F
∥∥2 ≤ σ2

√
n log(n) .

• In Eq. (4.12)–(4.13), the dimension Dm is replaced by the degrees of freedom
tr(Am), and the lower bound in Eq. (4.12) is n/3 instead of 9n/10.
• The deviation bounds η−n , η+

n are of order
√

log(n)/n, and the remainder terms
in Eq. (4.14) are slightly enlarged.

Note also that the results of [18] allow to consider a continuous familyM, for choosing
a regularization parameter in kernel ridge regression with a fixed kernel.

Comparing the shapes of the minimal and optimal penalties in Eq. (4.33) enlightens
the slope heuristics (4.11): the factor 2 between the minimal and optimal penalty
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corresponds to the relationship pen1 = 2 pen0, which holds for linear estimators if and
only if for all m ∈M,

tr
(
A>mAm

)
= tr(Am) .

For projection estimators, this always holds true because A>mAm = Am. Suprisingly,
one always has tr(A>mAm) = tr(Am) for k-nearest neighbors also [18]. In other cases,
such as kernel ridge or Nadaraya-Watson estimators, the minimal and optimal penalties
are never proportional, except maybe in some very specific cases, and we only have
pen1(m)/ pen0(m) ∈ (1, 2].

Cross-validation methods could also be used for selection among linear estimators
in regression. They would certainly satisfy a similar oracle inequality (at first order
at least), even if no result of this kind has been proved up to now. Nevertheless,
experiments in [18] show that cross-validation performs equally well or worse than
the above penalization methods, because penalization here takes advantage of some
specificities of the problem, and of the knowledge that the noise-level is constant. Since
cross-validation requires a much larger computational cost, choosing among the two
procedures is straightforward in that setting.

4.7. Minimal penalties in other settings

The slope heuristics and Algorithm 2 are theoretically validated in a few more
frameworks, mostly for least-squares estimators (in regression or in density estima-
tion) and “close to least-squares” estimators (for instance, histogram density estimation
with the maximum-likelihood contrast [Sau10b] or, more generally, “regular” estimators
[Sau10a]), see [22]. In particular, the slope heuristics can work outside the regression
setting [Ler12] or with dependent data [Ler11].

In [1], the slope heuristics is validated for random-design regression and with het-
eroscedastic data—that is, when E[ε2 |X] = σ2(X) can vary with X—, for regressogram
estimators. Although the conclusion is similar to that of Theorem 4.1, the proof of the
result of [1] is technically much more complex. In particular, computing expectations of
the key quantities as in Eq. (4.5)–(4.6) is not at all straightforward, first because of het-
eroscedasticity, and also because of specificities of the random-design framework. Note
finally that for heteroscedastic regression, the shape of the optimal and minimal penal-
ties depend on the function σ2(·), which is unknown in general, so it must be estimated
by resampling [3]. The slope heuristics is useful in that context because resampling-
based penalties involve multiplicative constants whose non-asymptotic optimal value is
not theoretically known in general, as argued in the third point in Section 4.1.

Up to now, linear estimators are the only known example for which Algorithm 3
must be used instead of Algorithm 2, but we believe such a generalization will be useful
in other settings, see Section 7.3.

More generally, the slope heuristics and its generalization to minimal penalties (Al-
gorithm 3) suggest that phase transitions can be useful for building estimator selection
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procedures, if such clearly observable phenomena can be related to the key unknown
parameters of the problem.



CHAPTER 5

Change-point detection

Change-point detection, also called one-dimensional segmentation, is a classical sta-
tistical problem: given a time series Y1, . . . , Yn ∈ Y whose distribution abruptly changes
at some unknown instants, the goal is to recover the number of these changes and their
locations. This problem is motivated by a wide range of applications, such as au-
dio processing [HVLYFC09], financial time-series analysis [LT06] and Comparative
Genomic Hybridization (CGH) data analysis [Pic05]. A large literature exists about
change-point detection in many frameworks, see [BD93, TNM14] for a bibliography.

The most classical examples are when Y = R, the Yi are assumed independent,
and the goal is to recover (i) change-points in the mean E[Yi], assuming the variance
of the Yi is constant, or (ii) change-points in both the mean and the variance. The
papers [6], [19] and [12] address less well understood situations that correspond to
many applications: detecting change-points in the mean E[Yi] without assuming the
variance of the Yi is constant [6], detecting change-points in the full distribution of
Yi ∈ R that do not imply any change of the mean or the variance [19], and the case
where the Yi are high-dimensional [12] or non-vectorial [19]. In all three papers, the
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Figure 1. The change-point detection problem for CGH data [Pic05]:
given a time series (blue points), find its change-points. Vertical dashed-
lines show the estimated breakpoints, red lines show the corresponding
estimates of the mean on each segment. Left: procedure of [6]. Right:
penalization procedure (5.3).
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change-point detection problem is cast into the model selection framework, as done for
instance in [Yao88, YA89, CR04, Lav05, Leb05, BKL+09].

5.1. Change-point detection and model selection

Assume Y1, . . . , Yn ∈ Y = R are independent, and the goal is to recover changes in
the mean of the Yi. As in the fixed-design regression framework (Section 4.2), we can
write

Yi = Fi + εi

where ε1, . . . , εn are independent with zero-mean and F ∈ Rn is unknown.
Recovering the change-points of F is equivalent to recovering the smallest segmen-

tation of {1, . . . , n} such that Fi is constant on each of its segments. More precisely, let
Mn be the set of segmentations of {1, . . . , n}, that is the set of partitions of {1, . . . , n}
of the form {

{1, . . . , k1}, {k1 + 1, . . . , k2}, . . . , {kD−1 + 1, . . . , n}
}

(5.1)
with D ≥ 1 and 1 ≤ k1 < · · · < kD−1 ≤ n. For every m ∈Mn, let Sm denote the space
of functions {1, . . . , n} → R that are constant on each segment of m. Seeing Sm as a
subspace of Rn and denoting by (e1, . . . , en) the canonical basis of Rn, if m is defined
by Eq. (5.1), then Sm is generated by

(e1 + · · ·+ ek1 , ek1+1 + · · ·+ ek2 , . . . , ekD−1+1 + · · ·+ en) .

Then, recovering the change-points of F is equivalent to finding the smallest seg-
mentation m? ∈ Mn such that F ∈ Sm? , which is a model selection problem (with an
identification goal). Even if estimation and identification are different goals for model
selection, a classical approach is to use for change-point detection a model selection
procedure for which an oracle inequality (2.2) can be proved with the least-squares loss
of Section 4.2

L
(
F̂m

)
=

1

n

∥∥∥F̂m − F∥∥∥2
where F̂m = ΠSm = ΠmY .

The underlying idea is that the least-squares loss quantifies well the importance of
having detected each change-point, since the signal-to-noise ratio is often too small in
practice for hoping to detect precisely all change-points.

The collection (Sm)m∈Mn is “large” according to the terminology of Section 2.2,
since Card(Mn) = 2n−1. Therefore, following Section 2.2.1, one can build a change-
point detection procedure by penalization

m̂ ∈ argmin
m∈Mn

{
1

n

∥∥∥F̂m − Y ∥∥∥2
+ pen(m)

}
(5.2)

by choosing pen :Mn → R such that

∀m ∈Mn, pen(m) ≥ 1

n

∥∥∥F̂m − F∥∥∥2
− 1

n

∥∥∥F̂m − Y ∥∥∥2
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holds with a large probability, as done in [BM01] for general model selection problems
and in [CR04, Lav05, Leb05] for change-point detection. In particular, assuming
that

E
[
ε2
i

]
= σ2

does not depend on i, based on a combination of theoretical and experimental argu-
ments, [Leb05] suggests the penalty

pen(m) =
5σ2Dm

n
+

2σ2Dm

n
log

(
n

Dm

)
, (5.3)

where Dm = Card(m) is the dimension of Sm. Note that such a penalization procedure
can be computed efficiently thanks to dynamic programming, and pruning techniques
can fasten the algorithm [Rig10].

5.2. Heteroscedastic data

Penalties of the form of Eq. (5.3) have been proved to work well for change-point de-
tection in several papers. Nevertheless, they clearly assume that the variance of the data
is constant along the time series, an assumption that is often violated in practice, for
instance with CGH data [Pic05]. Furthermore, [17] shows that dimensionality-based
penalties fail in heteroscedastic regression, for model selection among a “polynomial”
family, compared to some resampling-based methods [3] for instance. Therefore, if one
wants to detect only change-points in the mean with no constraint on the variance,
another approach has to be proposed.

In [6], a cross-validation based change-point detection procedure is shown to solve
this problem satisfactorily on some synthetic data, with an application to the CGH data
of [Pic05], see Figure 1. The starting point is the remark that using a penalty such as
the one of Eq. (5.3), which depends on m only through Dm, leads to a procedure that
can be reformulated as the following two-step procedure:

(1) For every D, choose

m̂(D) ∈ argmin
m∈Mn(D)

{
1

n

∥∥∥F̂m − Y ∥∥∥2
}

(5.4)

whereMn(D) := {m ∈Mn /Dm = D}.
(2) Then, choose m̂

(
D̂
)
where

D̂ ∈ argmin
D∈{1,...,n}

{
1

n

∥∥∥F̂m̂(D) − Y
∥∥∥2

+ pen(D)

}
.

When the data are heteroscedastic, comparing the expectations of the empirical risk
n−1‖F̂m− Y ‖2 and of the loss n−1‖F̂m−F‖2 shows that (5.4) should lead to assigning
preferentially change-points to areas where the noise level is large, that is, to overfit,
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see Lemma 1 in [6]. Numerical experiments confirm this failure, and that it cannot be
compensated in the second step of the procedure when selecting D̂.

The computation of the expectation of cross-validation (CV) criteria with regres-
sogram estimators in [16] suggests that replacing the empirical risk in Eq. (5.4) by a
CV criterion should lead to a much better segmentation m̂(D), assuming the number of
change-points is known. A key issue is to be able to perform efficiently the minimization
of the CV estimator of the risk of F̂m over Mn(D), which is huge if D ≥ 3 unless n
is very small. This can be done roughly with the same complexity as Eq. (5.4) thanks
to dynamic programming—which can still be used here—and closed-form formulas for
leave-p-out estimators of the risk of regressograms [Cel08]. The remaining issue is to
select D, that is, to choose among the family (ŝm̂(D))1≤D≤n of estimators. Since this
family is polynomial—it contains n estimators—, the unbiased risk estimation princi-
ple can be applied (see Section 2.2.2), for instance using V -fold CV. Overall, the new
change-point detection procedure proposed in [6] is the following:

(1) For every D, choose

m̂1(D) ∈ argmin
m∈Mn(D)

{
L̂CV

(
F̂m; (i, Yi)1≤i≤n

)}
,

for some CV criterion L̂CV, see Section 3.1.
(2) Then, choose m̂1

(
D̂2

)
where

D̂2 ∈ argmin
D∈{1,...,n}

{
L̂VF

(
F̂m; (i, Yi)1≤i≤n

)}
for some V -fold CV criterion, see Section 3.1.

Numerical experiments in [6] show that this procedure improves significantly over ex-
isting methods when the data are heteroscedastic, taking for instance leave-one-out at
step 1 and 5-fold CV at step 2.

5.3. High-dimensional or complex data

The approach of Sections 5.1–5.2 can be straightforwardly extended to multivariate
data Yi ∈ Y = Rd for any d ≥ 1, when the goal is to detect changes in the mean. Other
procedures have also been proposed for change-point detection in a high-dimensional
time series [PLBR11, BV11]. Nevertheless, in many application domains, data have
no vectorial structure, but are represented as histograms (for instance, in audio process-
ing or computer vision), strings (for instance, texts or DNA sequences) or graphs (for
instance, in social science or bioinformatics). Even when Y = Rd with d large, using
implicitly the Euclidean metric for measuring the distance between two observations—
as done in Sections 5.1–5.2—is not appropriate since it does not take into account the
structure of data. Finally, when Y = R, change-points can occur in other features of the
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data than mean and variance. In all three cases, the approach of Sections 5.1–5.2 can-
not be used, and [19] proposes a general methodology for these change-point detection
problems.

In a few words, the idea of [19] is to transform the original data Y1, . . . , Yn ∈ Y into

Φ(Y1), . . . ,Φ(Yn) ∈ H

some Hilbert space, and then to apply the approach of Section 5.1 to this transformed
time series, which is possible since H has an Hilbertian structure. More precisely,
given some positive semi-definite kernel k : Y × Y → R, we define H its associated
reproducing kernel Hilbert space and Φ : y ∈ Y 7→ k(y, ·) ∈ H the canonical feature
map [SS01, SC08]. Assuming for simplicity that the kernel k is bounded, one can
write

Φ(Yi) = Zi = Fi + εi with ∀f ∈ H, E
[
〈εi, f〉H

]
= 0

as in Section 5.1; Fi ∈ H is called the mean-element of the distribution of Yi. Up
to technical issues related to the fact that Zi, Fi and εi belong to H instead of R, the
arguments of Section 5.1 can be extended, leading to a change-point detection procedure
of the form

m̂ ∈ argmin
m∈Mn

{
1

n

∥∥∥F̂m − F∥∥∥2

Hn
+
CvmaxDm

n

[
1 + log

(
n

Dm

)]}
, (5.5)

where vmax is an upper bound on the “variance” of the Zi. Obviously, the above summary
skips some key issues, we refer to [19] for a detailed presentation of the procedure.

A key remark is that m̂ defined by Eq. (5.5) can be computed efficiently thanks
to the combination of dynamic programming—as in Section 5.1—and the kernel trick,
which allows to avoid computations in H since the penalization procedure (5.3) only
requires to compute dot products between observations. The latter point is important
since H can be infinite-dimensional.

Then, [19] proves an oracle inequality for (5.5), which guarantees it estimates well F
in H; we conjecture that this implies good change-point detection performance provided
the kernel k is adapted to the problem considered. Compared to similar results proved
in the real case (Y = R), three main additional difficulties arise. First, the Zi belong
to some Hilbert space, in which computations of expectations and concentration results
are more difficult to obtain than in R. Second, the usual Gaussian assumption on the
noise is meaningless, so it is replaced by a boundedness assumption, which requires to
prove new concentration inequalities. Third, we can no longer assume that data are
homoscedastic, in particular because for translation invariant kernels, the “variance” of
the Zi is directly related to the norm of the mean elements Fi in H, which has no reason
to stay constant when Fi jumps. This explains why σ2 in the penalty (5.3) has been
changed into vmax in Eq. (5.5).

Experiments in [19] on synthetic and on real data show the advantage of this pro-
cedure for the three problems mentioned at the beginning of the section. In particular,
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using the Gaussian kernel with real data, one can detect changes in distributions even
when both the mean and the variance are constant; an application to real data—audio
and video streams—is also presented in [19].

5.4. Metric learning for multivariate data

When Y = Rd, the classical empirical risk minimization approach (5.2) can be natu-
rally generalized, with the multivariate least-squares contrast γ

(
t; (x, y)

)
=
∥∥t(x)−y

∥∥2

Rd .
Nevertheless, using the Euclidean metric on Rd might not be appropriate, especially
when d is large. For instance, some of the d coordinates can be non-informative about
the target change-points, or even worse, some coordinates can suggest to place change-
points at locations where the phenomenon of interest does not change. In such cases, we
would like to be able to simply discard these non-informative or perturbing coordinates.

If we knew an appropriate (pseudo)metric on Rd for the change-point detection
problem we want to solve, given by some matrix B ∈ S+

d the set of d × d symmetric
positive semi-definite matrices, we would replace Eq. (5.2)–(5.3) by

m̂B(Y ) ∈ argmin
m∈Mn

{
1

n

n∑
i=1

∥∥∥(F̂m)i − Yi∥∥∥2

B
+Dm

}
(5.6)

where ∀u ∈ Rd, ‖u‖2B = u>Bu .

Note that in Eq. (5.6), we simplify the penalty (5.3) by taking instead a penalty propor-
tional to the dimension λDm for some λ > 0; the parameter λ can be set to 1 because
multiplying the penalty Dm by λ > 0 is equivalent to dividing the matrix B by λ, hence
definition (5.6). The minimization problem in Eq. (5.6) can be solved efficiently thanks
to dynamic programming, see [12].

In general, B is unknown and must be learned. In the “metric learning” setting,
which is considered in [12], we assume some supervised data are available, that is, j time
series Y 1, . . . , Y j—of respective lengths n1, . . . , nj , not necessarily equal—, together
with the corresponding segmentations m1, . . . ,mj . We assume that these j time series
are “similar” to the new ones we want to segment, that is, they are all well segmented
with the same (unknown) metric B. So, we can use these labeled data (Y i,mi)1≤i≤j for
learning B. From a practical point of view, having such supervised data seems much
more realistic than assuming B is known: we can always ask an expert of a given field
to describe on some examples where are the breakpoints we are looking for, but not to
provide us directly a good metric B.

Then, given some contrast 1 function γ over segmentations—see [12] for examples—
the classical regularized empirical risk approach suggests to minimize over B ∈ S+

d the

1. In Section 2.1.2, a contrast function is defined as a function S × Ξ → R, but in the prediction
framework the contrast at (t; (x, y)) can usually be written as γ(t(x); y) for some function γ : Y×Y → R.
Here, by abuse of terminology, we use the term contrast for such a functionMn ×Mn → R.
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criterion
1

j

j∑
i=1

γ
(
mi, m̂B

(
Y i
))

+ Ω(B) , (5.7)

where Ω is some regularization term. A classical choice for Ω is the Frobenius norm
Ω(B) = tr

(
B>B

)
, but one can also take the trace instead, in order to obtain a low-rank

matrix B.
Minimizing exactly the criterion given by Eq. (5.7) is untractable, so [12] suggests

a convex relaxation of it that can be minimized efficiently. This relaxation takes advan-
tage of a particular formulation of the problem, which allows to use the large-margin
approach that was proposed first by [THJA05] for structured prediction problems.
Structured prediction corresponds to the prediction problem (Example 2.1) when the
variable of interest is a combinatorial structured object. In the setting of [12], the vari-
ables of interest are the segmentations m1, . . . ,mj and the goal is to learn some metric
B such that m̂B

(
Y i
)
“predicts” well the segmentation mi.

Then, experiments on synthetic and on real data in [12] show the good performance
of the method, even when only partial information about the segmentations m1, . . . ,mj

is available.





CHAPTER 6

Estimator selection for some other learning problems

This chapter describes some other works on estimator selection procedures (or re-
lated issues) for various statistical learning problems: unsupervised learning problems
in [12] and [13], regression with random forests in [20], multivariate (or multi-task)
regression in [9], margin adaptive model selection in binary classification in [8], and
multi-label classification in [21].

6.1. Metric learning for unsupervised learning

The metric learning problem for change-point detection is presented in Section 5.4.
It can be extended to several unsupervised learning problems, as done in [12] and [13]
for instance.

Unsupervised learning with multivariate observations can be described as follows.
Let d ≥ 1 be fixed and assume that we observe some Y = (Y1, . . . , Yn) ∈ (Rd)n. The
goal is to infer from Y some parameterm ∈M of its generating process. For instance, in
change-point detection (see Chapter 5),m? is a segmentation of {1, . . . , n}; in clustering,
m? is a partition of {1, . . . , n} such that all clusters (Yi)i∈λ, λ ∈ m? are homogeneous.

Any B in S+
d the set of d × d symmetric positive semi-definite matrices defines a

(pseudo)metric on Rd. Assume that for every B ∈ S+
d , some unsupervised learning

procedure m̂B is available, that estimates m with m̂B(Y ). Then, learning the metric B
is an estimator selection problem, among the family (m̂B)B∈S+d

.
Metric learning tackles this problem by assuming some supervised data are available.

More precisely, we assume that independent instances (Y i,mi)1≤i≤j are given such that
for every i ∈ {1, . . . , j}, mi is the parameter of interest associated with Y i. The problem
is to choose some metric B̂ such that for any “new” data (Y j+1,mj+1), given Y j+1 only,
the associated mj+1 is well estimated by m̂

B̂
(Y j+1). Assuming that a contrast function

γ :M×M→ R is given, the goal is to minimize (in expectation)

γ
(
mj+1, m̂B

(
Y j+1

))
over B ∈ S+

d , which is a prediction problem (Example 2.1) with X = (Rd)n and Y =M.
As in Section 5.4, a natural procedure would be

B̂ ∈ argmin
B∈S+d

{
1

j

j∑
i=1

γ
(
mi, m̂B

(
Y i
))

+ Ω(B)

}
(6.1)

71
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for some regularization term Ω : S+
d → R+, but the optimization problem (6.1) is

usually untractable and the challenge is to find some approximate solution to it.
In addition to the change-point detection case described in Section 5.4, [12] tack-

les this issue for other partitioning problems: two-dimensional segmentation (with an
application to image segmentation) and clustering. In [13], the same problem is ad-
dressed for dynamic time warping, which is the problem of aligning two (multivariate)
time series, that arises for instance in audio processing [CSS+07] and in bioinformatics
[TPP99].

In both cases, the large-margin approach of [THJA05] for structured prediction is
used for proposing a computationally tractable relaxation of problem (6.1). Experiments
on synthetic and on real data show the good performance of the relaxation, compared
to the state of the art.

6.2. Approximation error rates of purely random forests

Random forests [Bre01] are popular for classification and regression problems. Let
us describe briefly how they are defined in regression, using the notation of Example 2.2
and assuming X ⊂ Rd. A more detailed presentation and some references can be
found in [20] and [Gen10]. Let Dn be some sample. For every partition m of X ,
let ŝm(Dn) be the corresponding regressogram estimator: on each element λ of the
partition m, the function ŝm(Dn) is constant, equal to the average of the Yi such that
(Xi, Yi) ∈ Dn and Xi ∈ λ. Given Dn and some random process θ ∼ Θ independent from
Dn, some random partition m(θ;Dn) is defined, usually associated to a decision tree.
The resulting estimator ŝm(θ;Dn)(Dn) is then called a (random) tree. Given Dn and a
sequence θ1, . . . , θq of i.i.d. random variables with distribution Θ, independent from Dn,
the associated random forest estimator is defined as the average of the corresponding
trees:

ŝ (θ1...q;Dn) =
1

q

q∑
j=1

ŝm(θj ;Dn)(Dn) .

Random forests perform remarkably well in practice, but showing theoretical results
on the model proposed by [Bre01] remains a widely open problem, see [SBV14] for
some recent results. As a first step, purely random forests [Bre00] have been intro-
duced, where the random partitions m(θ;Dn) are assumed to be independent from Dn.
This assumption simplifies much the theoretical analysis—which remains challenging,
in particular because the

(
ŝm(θj)(Dn)

)
1≤j≤q are dependent—, and a few theoretical

guarantees have been obtained on such forests, see [BDL08, Bia12, Gen12].

In particular, the least-squares loss of purely random forests can be decomposed
into an approximation and an estimation error, as in Eq. (2.3). For every partition m
of X , we define

s?m =
∑
λ∈m

βλ1λ where βλ := E
[
s?(X) |X ∈ λ

]
,
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and for every sequence θ1, . . . , θq (defining a forest),

s?θ1...q =
1

q

q∑
j=1

s?m(θj)
.

Proposition 1 in [20] shows that for every x ∈ X

E
[(
s?(x)− ŝ (x; θ1...q;Dn)

)2]
= BΘ,∞(x) +

VΘ(x)

q︸ ︷︷ ︸
approximation error or bias

+ E
[(
s?θ1...q(x)− ŝ (x; θ1...q;Dn)

)2
]

︸ ︷︷ ︸
estimation error or variance

(6.2)

with BΘ,∞(x) :=
(
s?(x)− Eθ∼Θ

[
s?m(θ)(x)

])2
and VΘ(x) := varθ∼Θ

(
s?m(θ)(x)

)
.

Eq. (6.2) can also be integrated with respect to x = X in order to get a result fully
comparable with Eq. (2.3).

Jensen’s inequality shows that the estimation error in Eq. (6.2) is smaller for a forest
than for a single tree. For a particular partitioning process Θ, [Gen12] showed that
the estimation error is strictly smaller for an infinite forest than for a single tree, by a
multiplicative factor 3/4. In particular, this shows that considering a forest can strictly
improve the performance compared to a single tree.

What about the approximation error term in Eq. (6.2)? Since a variance is non-
negative, it decreases with the number q of trees in the forest, strictly if s?m(θ)(x) is
not deterministic. Can we expect a significant improvement, for instance in the ap-
proximation rate as a function of the size of the partitions? The answer is positive,
as proved in [20] for three partitioning processes Θ, which implies in particular that
forest estimators with enough trees attain a strictly better learning rate than single tree
estimators.

More precisely, assuming that the regression function s? is smooth enough—twice or
three times differentiable—and that X follows a uniform distribution over X = [0, 1]d,
[20] proves general upper and lower bounds for BΘ,∞(x) and VΘ(x), which depend on
the derivatives of s? and on the properties of Θ. The key quantities it involves are the
moments of xi−Ai,θ(x) and Bi,θ(x)− xi, for i = 1, . . . , d, where

∏d
i=1

[
Ai,θ(x), Bi,θ(x)

)
is the unique element of m(θ) to which x belongs.

Then, for three partitioning processes Θ in which Card(m(θ)) = k is deterministic,
[20] shows that

BΘ,∞(x) . k−2α and VΘ(x) & k−α (6.3)

for some α > 0, except maybe for x too close to the boundaries of X . As a consequence,
assuming that the size k of the trees can be chosen optimally—which is an estimator
selection problem that can be solved in practice by using cross-validation for instance,
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see Chapter 3—, the risk of a single tree estimator is lower bounded as

E
[(
s?(x)− ŝ (x; θ1;Dn)

)2]
& inf

1≤k≤n

{
k−α +

σ2k

n

}
&

(
σ2

n

)− α
α+1

(6.4)

while the risk of a large enough forest is upper bounded as

E
[(
s?(x)− ŝ (x; θ1...q;Dn)

)2]
. inf

1≤k≤n

{
k−2α +

σ2k

n

}
.

(
σ2

n

)− 2α
2α+1

. (6.5)

In particular, comparing Eq. (6.4) and (6.5) shows that a forest attains a better learning
rate than a tree. For the first two processes Θ considered in [20], which assume d = 1,
Eq. (6.3)–(6.5) hold with α = 2 if s? is twice differentiable, so that a large enough forest
attains the corresponding minimax learning rate [GKKW02]. For the third process Θ

considered in [20], which is defined for any d ≥ 1, Eq. (6.3)–(6.5) hold with

α =
− log

(
1− 1

2d

)
log(2)

<
2

d

if s? is twice differentiable, so even an infinite forest does not attain the minimax learning
rate n−4/(d+4). Its learning rate is still significantly better than the one of a single tree.

Experiments on synthetic data in [20] confirm the above theoretical statements
and study the approximation error rates of a fourth purely random forest algorithm
from [Bia12], called “Hold-out random forests” in [20]. Hold-out random forests are
interesting because they are quite close to the original random forest model of Breiman
[Bre01]: the random partitions used for building each tree are m(θ;D′n) for the same
process as Breiman’s random forest, except that it is applied to an additional sample
D′n independent from Dn. The conclusion of the experiments is that hold-out random
forests seem to attain better approximation rates than single trees, by a factor ≈ 1.6

in the examples considered in [20]. We can thus conjecture that the good practical
performance of random forests is—at least partly—due to an improvement of the ap-
proximation properties induced by the averaging over a large family of regressogram
estimators.

Note finally that the above theoretical results provide an answer to some practical
problem: how many trees q should be put in a forest? According to Eq. (6.2) and (6.3),
the learning rate of Eq. (6.5) is attained as soon as q ≥ (k?)α where k? ∝ (n/σ2)1/(2α+1).

6.3. Multi-task kernel ridge regression

Multi-task learning is motivated by the fact that increasing the sample size is often
difficult in practice—no more labelled data can be found, or they are costly to obtain—,
but some data are available for similar learning problems. For instance, image classifica-
tion for ‘dogs’ and for ‘cats’ certainly share some similarities. The multi-task paradigm
assumes one can increase the “effective” sample size by solving similar tasks together.
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Nevertheless, analyzing theoretically such multi-task techniques requires to formalize
clearly what are “similar” tasks.

Multi-task (or multivariate) regression, that is, Example 2.2 with Y = Rp for some
p ≥ 1, is tackled in [9]. Estimating each coordinate of the variable of interest Y is a
regression task, and performing the estimation jointly over the p tasks should provide
better performance than considering them separately, provided we can take advantage
from their similarity. As in Example 2.2, we can write that for every i ∈ {1, . . . , n} and
j ∈ {1, . . . , p},

Y j
i = ηj(Xi) + εji (6.6)

where η1, . . . , ηp : X → R are the p regression functions, and the vectors

εi =
(
εji
)

1≤j≤p ∈ Rp, i = 1, . . . , n ,

are independent with zero mean and (unknown) covariance matrix Σ. We consider the
least-squares loss, so that the goal is to estimate η1, . . . , ηp.

One “multi-task assumption” that can be considered in [9]—among others—is that
the functions η1, . . . , ηp are close in some functional space H. For such a multi-task
problem, [EMP05] proposed the following multi-task kernel ridge estimator, assuming
thatH is a reproducing kernel Hilbert space with positive-definite kernel k : X×X → R:
for every λ, µ ∈ (0,+∞)2,

ŝλ,µ ∈ argmin
g∈Hp

 1

np

n∑
i=1

p∑
j=1

(
Y j
i − g

j(Xi)
)2

+ λ

p∑
j=1

∥∥gj∥∥2

H +
µ

2

p∑
j=1

p∑
k=1

∥∥gj − gk∥∥2

H

 .

(6.7)
In Eq. (6.7), the least-squares empirical risk is regularized by two terms. The sum of
norms ‖gj‖2H is the usual regularization term in (single-task) kernel ridge regression; it
enforces the functions gj to be smooth, hence to avoid overfitting, provided λ is large
enough. The sum of norms ‖gj − gk‖2H enforces the functions gj to be close to each
other in H, which is exactly our multi-task assumption on η1, . . . , ηp.

A generalization of Eq. (6.7) is the following: given some matrix M ∈ S++
p the set

of p× p symmetric positive definite matrices,

ŝM ∈ argmin
g∈Hp

 1

np

n∑
i=1

p∑
j=1

(
Y j
i − g

j(Xi)
)2

+

p∑
j=1

p∑
`=1

Mj,l

〈
gj , g`

〉
H

 . (6.8)

For instance, taking

M =
1

p
diag(λ1, . . . , λp)

in Eq. (6.8) corresponds to using kernel ridge regression separately over the p tasks, and
taking

M = (λ+ pµ)Ip − µ11>
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in Eq. (6.8) leads to the estimator of Eq. (6.7). The remaining problem is to choose M
from data, which is an estimator selection problem.

Let us now consider the fixed-design (multivariate) regression framework, as in Sec-
tion 4.2. Then, defining F ji = ηj(Xi) and writing the n× p matrices(

Y j
i

)
1≤i,j≤n ,

(
F ji
)

1≤i,j≤n and
(
εji
)

1≤i,j≤n

as vectors Y , F , ε ∈ Rnp by stacking their columns, we can summarize the problem as
follows. We observe

Y = F + ε

and the goal is to find, from the data Y only, some t ∈ Rnp such that its quadratic
excess loss

1

np

n∑
i=1

p∑
j=1

(
tji − F

j
i

)2
=

1

np
‖t− F‖2

is small.
For any M ∈ S++

p , let F̂M = (ŝjM (Xi))i,j denote the kernel ridge estimator induced
by Eq. (6.8) in the fixed-design framework. By the representer’s theorem, [9] proves
that

F̂M = AMY where AM =
(
M−1 ⊗K

)((
M−1 ⊗K

)
+ npInp

)−1

hence F̂M is a linear estimator, as the estimators we consider in Section 4.6 for univariate
regression.

Assume that a family (F̂M )M∈M is given, for some M ⊂ S++
p . The penalization

approach consists in choosing

M̂ ∈ argmin
M∈M

{
1

np

∥∥∥F̂M − F∥∥∥2
+ pen(M)

}
for some penalty function pen : M→ R. The analysis of Section 4.6 can be extended
to multivariate regression, leading to the optimal penalty

penopt(M) =
2 tr
(
AM · (Σ⊗ Inp)

)
np

. (6.9)

Compared to the univariate case—Eq. (4.30) in Section 4.6—, the optimal penalty here
depends on the unknown covariance matrix Σ ∈ S+

p , instead of being known up to some
multiplicative factor σ2 only.

The approach of [9] for this estimator selection problem is in two steps: (i) find
some estimator Σ̂ of the covariance matrix Σ, and (ii) plug Σ̂ into the penalty (6.9)
instead of Σ. The first step relies heavily on the minimal penalty algorithm of [18]. As
explained in Section 4.6, for any (univariate) regression problem, one can estimate the
residual variance under mild assumptions. Then, if (e1, . . . , en) denotes the canonical
basis of Rn, projecting the multi-task problem (6.6) onto ei allows to estimate Σi,i,
and projecting the multi-task problem (6.6) onto ei + ej with i 6= j allows to estimate
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Σi,i + Σj,j + 2Σi,j . Gathering together these variance estimators yields an estimator Σ̂,
which is proved in [9] to be close to Σ on a large probability event, with non-asymptotic
multiplicative deviation terms proportional to

p

√
log(n)

n
c(Σ)2

where c(Σ) is the condition number of Σ, that is, the ratio between its largest and small-
est eigenvalues. In particular, Σ̂ consistently estimates Σ even in asymptotic settings
where the number of tasks p grows with n, provided it does not grow too fast. Note
that a tighter bound is obtained if Σ is known to be diagonal, allowing p to grow as fast
as nδ for any δ > 0.

A first-order optimal oracle inequality (2.2) is proved in [9] for the resulting esti-
mation procedure, with deviation terms small enough if p and c(Σ) are not too large
compared to n. Experiments on synthetic data show that this can lead to better per-
formance compared to considering separately the p regression tasks; see also [Sol13] for
a more detailed analysis of when the multi-task approach can lead to such an improve-
ment.

6.4. Margin adaptivity in classification

One of the major challenges of estimator selection is adaptivity to unknown prop-
erties of the data. In the binary classification framework with the 0–1 loss—see Ex-
ample 2.3—, usual minimax learning rates are of order 1/

√
n at least [BBL05, Sec-

tion 5.5]. Faster rates—up to 1/n—can nevertheless be obtained under the margin
condition [MT99], that is, if for some ε0, C0 > 0 and α ≥ 1,

∀ε ∈ (0, ε0], P
(∣∣2η(X)− 1

∣∣ ≤ ε) ≤ C0ε
α .

The extreme situation “α = +∞” corresponds to assuming

P
(∣∣2η(X)− 1

∣∣ ≤ h) = 0 (6.10)

for some h > 0, which makes the classification problem easier since it provides an upper
bound on the noise level. For simplicity, from now on we focus on (6.10), see [8] for the
general case.

Following the approach of Koltchinskii [Kol06], the margin condition (6.10) can be
replaced by

∀t ∈ S, `(s?, t) ≥ h varP
(
γ(t; ·)− γ(s?; ·)

)
(6.11)

for some h > 0, which is implied by Eq. (6.10) and leads to the same fast rates. Let us
now consider the model selection problem among a given family (Sm)m∈M. For each
m ∈M, risk bounds for the corresponding empirical risk minimizer ŝm can be obtained
with the same fast rates under the weaker condition

∀t ∈ Sm, `(s?, t) ≥ hm varP
(
γ(t; ·)− γ(s?; ·)

)
, (6.12)



78 Chapter 6. Estimator selection for some other learning problems

see [MN06]. Since Eq. (6.12) only involves classifiers t in Sm, we call it a “local” margin
condition.

For instance, assuming every model Sm has finite VC-dimension Vm ≥ 1 and
Eq. (6.12) holds true, the empirical risk minimizer ŝm on Sm satisfies

E[`(s?, ŝm)] ≤ C

(
`(s?, Sm) + min

{
log(n)Vm
nhm

,

√
Vm
n

})
for some numerical constant C > 0. Minimax lower bounds show that this cannot be
improved in general [MN06]. Then, for any model selection procedure m̂, we cannot
hope to prove an oracle inequality better than

`(s?, ŝm̂) ≤ C inf
m∈M

{
`(s?, Sm) + min

{
log(n)Vm
nhm

,

√
Vm
n

}}
. (6.13)

Moreover, proving that Eq. (6.13) holds for some procedure m̂ not using the knowledge
of (hm)m∈M is a real challenge, that we call “strong margin adaptivity”. In particular,
this is more challenging than adapting to the “global” margin condition (6.11), since
Eq. (6.12) can hold for some models Sm with hm much larger than the “uniform” margin
h for which Eq. (6.11) holds true [8].

Two main results are proved in [8] about this problem. First, when the models Sm
are nested, strong margin adaptivity (6.13) holds for penalization with local Rademacher
complexities [BMP04, LW04, BBM05, Kol06]. Note that local Rademacher com-
plexities are resampling-based penalties—as the ones considered in Section 3.1—which
do not estimate E[penid(m)] but some upper bound on it. Compared to previous re-
sults, in particular the ones of [Kol06], the oracle inequality in [8] is the first of the
form (6.13) to be proved for a procedure not using the knowledge of (hm)m∈M.

Second, [8] proves strong margin adaptivity is not always possible. A family of
(non-nested) models is built such that, for every sample size n and every model selection
procedure m̂, a distribution P exists for which, with a positive probability, m̂ fails to be
strongly margin adaptive. Nevertheless, this is only a worst-case lower bound, and the
nested assumption is not fully necessary: [8] also shows some specific situations where
strong margin adaptivity is possible without having nested models.

6.5. Multi-label classification

Multi-label classification corresponds to Example 2.3 in Section 2.1.1 when the vari-
able of interest is a subset of a given set V of possible labels. For instance, in image,
video [XHE+10] or text [Joa98] tagging, a given image, text or video can be assigned
several labels simultaneously. Then, Y = P(V) has cardinality 2Card(V), which is huge
unless V is very small. So, an exhaustive search over Y is not possible and standard
multiclass classification algorithms cannot be used.

A standard approach to multi-label classification is “one versus rest” (OvR): for
every v ∈ V, build a predictor ŝv for the associated binary classification problem—for
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every x ∈ X , ŝv(x) answers the question “Is v present among the labels of x?”—and
define

ŝ(x) =
{
v ∈ V / ŝv(x) = 1

}
.

The drawback of OvR is that it does not take into account possible relationships between
labels. For instance, for images, ‘zebra’ and ‘lion’ are more likely to occur together than
‘zebra’ and ‘reindeer’, an information which can be learned from data in order to improve
the classification performance on new examples.

Remark that multi-label classification can be seen as a multi-task problem—see Sec-
tion 6.3—where the tasks are the binary classification problems corresponding to each
label v ∈ V separately. Then, OvR is the usual single-task approach. Compared to the
framework of Section 6.3, a major difference lies in what makes the tasks “similar”. Here,
tasks are similar because of their dependence structure, that is, Σ with the notation of
Section 6.3: some labels often or seldom occur together. In Section 6.3, the assumed
similarity is between the regression functions η1, . . . , ηp.

A new procedure for multi-label classification is proposed in [21], which can learn at-
tractive and repulsive priors among labels while being computationally tractable. When
the prior among labels is given, multi-label classification as in [21] leads to a rather
standard classifier. The challenge is to be able to learn the prior from data in a compu-
tationally efficient way, which can be seen as an estimator selection problem. The main
lines of [21] share some similarities with [12] and [13]. Since multi-label classification
is a structured prediction problem, the large-margin relaxation of [THJA05] can be
used, and what remains—which is not an easy task, even if details are omitted here—is
to make this relaxation tractable for potentially large sets V. Experiments on real data
sets—with Card(V) up to 159—show that incorporating these priors can improve over
existing methods, which take no prior into account, or only attractive priors.





CHAPTER 7

Prospects

This chapter describes some directions for future work on estimator selection pro-
cedures in statistical learning, related to the results shown in Chapters 2–6.

My main concern remains the one presented at the beginning of Chapter 2: provide
theoretical results that can help practitioners, and more specifically:

(1) explain the differences that can be observed empirically between several pro-
cedures,

(2) fully take into account the computational complexity when analyzing some
procedures, in order to solve computational trade-offs,

(3) provide theoretical grounds for widely-used methods that are known to work
well in practice, and

(4) propose new algorithms that can be useful in practice, for instance by taking
into account the underlying structure of high-dimensional data (as with multi-
task learning in Section 6.3) or by allowing to analyze data of complex nature
such as videos, DNA sequences or graphs (following Section 5.3 for instance).

Following Chapters 2–6, we present first some research directions for taking into account
second-order terms in the general estimator selection problem (Section 7.1), then for
cross-validation and resampling methods (Section 7.2), for minimal penalty algorithms
(Section 7.3), and finally for change-point detection procedures (Section 7.4).

7.1. Second-order terms in the comparison of estimator selection methods

Section 2.2.5 provides a heuristics as a first step for taking into account the “variance”
of the criterion C(m) when analyzing an estimator selection procedure of the form of
Eq. (2.4), that is,

m̂C ∈ argmin
m∈M

{
C(m)

}
.

This heuristics already provides good results on synthetic data for V -fold cross-validation
(VFCV) procedures [14]. Several questions then arise: (i) Can this heuristics be formal-
ized, at least in some specific frameworks? (ii) Can this heuristics lead to a quantitative
comparison of estimator selection procedures which differ only through their variances?
Some partial answer to the second question is already provided at the end of Sec-
tion 2.2.5, but it needs to be made more precise, in particular for being able to validate
it on synthetic data.

81
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Procedure L–Dya2 S–Dya2

pen2F 10.21± 0.08 2.39± 0.01
pen5F 7.47± 0.06 2.16± 0.01
pen10F 6.89± 0.06 2.11± 0.01
penLOO 6.35± 0.05 2.06± 0.01

2FCV 6.41± 0.05 2.05± 0.01
5FCV 6.27± 0.05 2.05± 0.01
10FCV 6.24± 0.05 2.05± 0.01
LOO 6.34± 0.05 2.06± 0.01

Table 7.1. Extract from Table 2 in [14]: estimated model selection per-
formance E[`(s?, ŝm̂)/ infm∈M `(s?, ŝm)] for several V -fold penalization
(top) and V -fold cross-validation (bottom) model selection procedures
m̂ in least-squares density estimation.

An important example is the comparative analysis of VFCV procedures. A theo-
retical analysis of their variance as a function of V is provided in [14] for projection
estimators in least-squares density estimation. Some work in progress, in collaboration
with Matthieu Lerasle and Nelo Magalhães, suggests that this analysis can be general-
ized to kernel density estimators, which would have a large impact since it includes the
bandwidth choice problem. Looking for other frameworks where the variance of VFCV
criteria can be theoretically assessed is also an important research direction for at least
two reasons. First, as reported in [7], empirical results suggest the dependence on V
of the variance of VFCV is not the same in all frameworks. The conclusions of [14]
certainly are still valid for least squares and similar methods, but identifying precisely
some estimators for which different behaviors can arise would have a wide impact. Sec-
ond, specificities of the least-squares density estimation made possible to analyze VFCV
in [14] at a level of precision never attained before in any other framework. Other set-
tings might allow even more precise theoretical analyses, in particular by turning the
heuristics of Section 2.2.5 into rigorous quantitative statements.

Other second-order terms should be taken into account when analyzing procedures of
the form of Eq. (2.4). For instance, let us consider Table 7.1 where some experimental
results from [14] are reported. The performance of V -fold penalization procedures
improves when V increases from V = 2 to V = n (penLOO), as predicted by the
theoretical results of [14]. On the contrary, the performance of VFCV procedures as a
function of V seems difficult to analyze. According to the results of Chapter 3, when
V increases, the performance should improve at first order (because the bias of VFCV
decreases) and at second order (because the variance of VFCV decreases). In Table 7.1,
a completely different behavior is observed: in setting ‘L–Dya2’, V = 10 gives the best
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performance, significantly better than V = n = 500, and in setting ‘S–Dya2’, all V yield
approximately the same performance.

Analyzing more precisely the experiments of [14] shows that in the settings consid-
ered there, the performance of estimator selection procedures is better when the criterion
C(m) is slightly biased as an estimator of E[R(m)]. For penalization procedures defined
by Eq. (4.1), this means that a smaller final risk is obtained thanks to overpenalization
by a well-chosen factor. For instance, the risk obtained with the (theoretical) penalty
C×E[penid(m)] is not optimal for C = 1—as suggested by first-order theoretical results
and by the unbiased risk estimation principle of Section 2.2.2—but for C ≈ 2 in setting
‘L–Dya2’ and C ≈ 1.5 in setting ‘S–Dya2’. A similar phenomenon is well known in
practice—it is better to make a slightly “too conservative” model choice—and it has
been observed in other frameworks, as for instance in [16] in regression.

Although the heuristics of Section 2.2.5 is formulated for taking into account the
variance, it can actually also be used in order to explain the overpenalization phenom-
enon. For instance, for comparing C1 and C2 that do not have the same expectation,
Eq. (2.16)–(2.17) are still valid, so it remains true that if SNR C1(m) > SNR C2(m) for
all m 6= m?, C1 should be better than C2. Let us assume C1 and C2 are two deterministic
penalization criteria of the form

Ci(m) = Pnγ(ŝm) + κi E
[
penid(m)

]
for some constants κ1 6= κ2. Then, the variance of ∆Ci(m,m

′) = Ci(m)−Ci(m′) does not
depend on i. We do not know currently how to go further because when κ1 6= κ2, some
m,m′ ∈ M exist such that SNR C1(m) > SNR C2(m) and SNR C1(m′) < SNR C2(m′).
Making the heuristics of Section 2.2.5 quantitative would help point out which elements
m of M matter most for the final risk of m̂Ci , hence making possible to “guess” the
optimal overpenalizing constant C?. Even without a full theoretical justification, such
a guess that works well empirically could have a high practical impact.

7.2. Cross-validation and resampling methods

Several research directions on cross-validation (CV) methods have been detailed in
Section 7.1. Let us mention here two other open problems on these methods.

First, V -fold penalization is proved to correct for the bias of VFCV in two settings—
regressograms and projection estimators in least-squares density estimation—, leading
to first-order optimal oracle inequalities, but VFCV is widely used, far beyond these
two settings. Therefore, extending the theoretical analysis of V -fold penalties would be
of practical interest, since they allow to correct for the bias or to overpenalize easily—
see Section 7.1—, depending on the problem at hand. For instance, empirical results
suggest that this is possible for support vector regression and for CART estimators in
regression [DBCU14].

Second, when the computational cost is a key issue—for instance in the “big data”
framework—the specific learning and optimization algorithms that have been developed
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rely on some hyperparameters. CV methods are natural candidates for choosing them,
but then we must carefully take into account the computational cost they induce. For
instance, we cannot hope to be able to compute the 10-fold cross-validation estimator of
the risk of these algorithms for a large set of values of their parameters, and then choose
values of hyperparameters which minimize the estimated risk. Recent works proposed to
modify resampling methods for computational reasons, for instance [KTSJ12, Kuh14].
Nevertheless, these works do not assess precisely the statistical performance of the re-
sulting procedure in terms of estimator selection, and a precise non-asymptotic analysis
such as the ones of Chapter 3 remains to be done in this framework.

7.3. Minimal penalty algorithms

Gathering recent theoretical results on minimal penalties in the survey paper [22]
leads to sketching a set of frameworks where similar ideas can be extended. More
precisely, the key quantities for the theoretical study of minimal penalties—as in Sec-
tions 4.4–4.5—are, for every m ∈M,

p1(m) := P
(
γ(ŝm)− γ(s?m)

)
and p2(m) := Pn

(
γ(s?m)− γ(ŝm)

)
where s?m ∈ argmint∈Sm `(s

?, t) in the model selection setting, and s?m is a well-chosen
fixed element of S in the general case. If precise concentration inequalities can be
obtained for p1 and p2, and if their expectations can be compared, theoretical guarantees
can be obtained on the resulting minimal penalty algorithm. Alternatively, if∣∣∣∣p1(m)− p2(m)

p1(m)

∣∣∣∣
is small on a large probability event, the slope heuristics penopt ≈ 2 penmin can be
validated, up to (usually minor) technical issues, see [22]. For instance, it seems that
minimal penalty algorithms can be developed for choosing among kernel density esti-
mators [LMaRB14], or among linear estimators in heteroscedastic regression. Note
that having p1 ≈ p2 can be linked with the so-called Wilks phenomenon [BM11].

An important open problem remains the case of “large” families of estimators, as
defined in Section 2.2.3. Only one weak theoretical result on minimal penalties is
available in such a framework [BM07], but numerical experiments suggest that the
slope heuristics still works well more generally, for instance for change-point detection
[Leb05]. More precisely, it seems that minimal penalty algorithms automatically adapt
to the richness of (ŝm)m∈M, which is possible since Algorithm 2 makes use of the full
family (ŝm)m∈M for building a constant Ĉ such that 2Ĉ pen1 is close to an optimal
penalty.

The latter property suggests another practical application of minimal penalty algo-
rithms. Indeed, there is a continuum between “small” and “large” families of estimators,
according to the terminology of Section 2.2. If minimal penalties adapt to large fami-
lies and are proved to be first-order optimal for small families, we can expect them to
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overpenalize a bit in the middle. From a non-asymptotic perspective, the boundary be-
tween small and large families is unclear, and when the signal-to-noise ratio is not large
enough, an asymptotically “small” family may look like if it was “large”. Hence, minimal
penalty algorithms might provide an automatic way to overpenalize when necessary, an
important practical problem that we discuss in Section 7.1. Experimental results in
[9] support this conjecture, by showing examples where a smaller risk is obtained by
penalizing with the data-driven penalty

2 tr
(
AM ·

(
Σ̂⊗ Inp

))
np

than with the (theoretical) optimal penalty

2 tr
(
AM · (Σ⊗ Inp)

)
np

.

More details about the setting of [9] are provided in Section 6.3.

7.4. Change-point detection

Change-point detection in high-dimensional time series, or when observations are
structured objects such as histograms, strings or graphs, is an important problem for
many application domains, as explained in Chapter 5. In particular, Section 5.3 de-
scribes a procedure proposed in [19] that can tackle such a problem thanks to the com-
bination of a model selection approach with kernel methods. Several practical problems
for using this procedure are still widely open, and we discuss below three main issues
that should be addressed.

First, in the Hilbertian setting that must be considered for analyzing the kernel
change-point procedure of [19], data are not homoscedastic. Although the theoretical
results in [19] take this fact into account, the first step of the procedure remains empiri-
cal risk minimization for every fixed number of change-points, and [6] shows that in the
one-dimensional case this can lead to overfitting. A natural idea would be to combine
the kernel change-point approach of [19] with the cross-validation based algorithm of
[6]. Although writing down the resulting procedure is rather straightforward, making it
computationally tractable and validating it—at least empirically—remains to be done.

Second, the properties of the kernel change-point detection procedure of [19] heavily
depends on the choice of a kernel k. For instance, for one-dimensional data, the linear
kernel k(x, y) = xy leads to the procedure of [Leb05] which detects changes in the
mean of the signal—assuming the variance is constant—but not in other moments of
the distribution. On the contrary, a Gaussian kernel

k(x, y) = exp

(
−(x− y)2

2h2

)
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can make the procedure detect changes in the distribution of the signal even when the
mean and variance are constant, see [19].

More generally, given a kernel k, can we describe theoretically which kind of changes
in the distribution of the Yi the procedure of [19] can detect? A first step of the analysis
might be the oracle inequality proved in [19]: it shows that the procedure is (close to)
optimal in terms of risk in the reproducing kernel Hilbert space H associated with k.
So, depending on k, a given change in the distribution of Yi may or may not induce a
large value of the risk in H for all estimators which do not detect the corresponding
change-point. Therefore, if k is well-chosen, an oracle inequality such as the one of [19]
should imply a consistent identification of the change-points locations.

Conversely, if we can describe theoretically which kind of change in the distribution
we are looking for—for instance, a change in the third moment for one-dimensional data,
or a change in the correlation matrix for multivariate data—, which kernel should we
use in the procedure of [19]? A first (rough) answer might come from the understanding
of what the procedure is doing for the most classical kernels. Let us also mention an
interesting advantage of the cross-validation/kernel change-point detection procedure
suggested above, result of the combination of [6] and [19]. In the one-dimensional case,
[6] allows to detect changes in the mean of the distribution, whatever the variance and
other moments of the distribution, which can change anytime without perturbing the
procedure. In combination with kernels, we can expect the resulting procedure to detect
changes in the mean-element of the distribution, whatever its other parameters. Then,
if we could design a kernel such that the mean-element contains exactly the features
of the distribution we are interested in, we would be able to detect exactly changes in
these features, allowing other aspects of the distribution to change.

Third, it is often not realistic to assume that we can describe theoretically which
kind of change in the distribution we are interested in. For instance, how to describe
non-trivial distribution changes in a series of strings, or in a series of graphs? A more
realistic option is to ask an expert of the problem considered to provide some examples
of segmented time series, assuming they are similar to the time series we want to au-
tomatically segment. Then, if Y = Rd, learning the best kernel among linear kernels
kA(x, y) = 〈Ax, Ay〉, A ∈ Md(R), exactly corresponds to the metric learning problem
considered in Section 5.4. If we could extend this approach to more general families of
kernels, we would obtain a computationally efficient and principled data-driven proce-
dure for learning the best kernel to be used in the procedure of [19].
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