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Résumé

Résumé

Dans cette thèse, nous nous intéressons essentiellement à trois sujets : les inégalités
fonctionnelles à contenu probabiliste, les limites hydrodynamiques pour les systèmes de
spins continus en interaction et la discrétisation des équations différentielles stochastiques.

Ce document, outre l’introduction, comporte trois parties. La première s’intéresse aux
inégalités fonctionnelles, et notamment aux inégalités de Sobolev logarithmiques, pour
les mesures canoniques, ainsi qu’aux limites hydrodynamiques pour les systèmes des spins
continus. La convergence vers la limite hydrodynamique pour plusieurs variantes du modèle
de Ginzburg–Landau équipé de la dynamique de Kawasaki y est obtenue, avec notamment
des bornes quantitatives en le nombre de spins. On y étudie également la convergence de
l’entropie microscopique vers l’entropie hydrodynamique.

La deuxième partie étudie les liens entre flots gradients dans les espaces de mesures
de probabilités et grandes déviations pour les suites de lois de solutions d’équations diffé-
rentielles stochastiques. On y obtient l’équivalence entre le principe de grandes déviations
et la Gamma–convergence d’une suite de fonctionnelles apparaissant dans la formulation
en flots gradients du flot de marginales des lois des solutions des équations différentielles
stochastiques. Comme application de ce principe, on obtient les grandes déviations par
rapport à la limite hydrodynamique pour deux variantes du modèle de Ginzburg–Landau.

La troisième partie concerne la discrétisation des équations différentielles stochastiques.
On y prouve une inégalité transport-entropie pour la loi du schéma d’Euler explicite. Cette
inégalité implique des bornes sur les intervalles de confiance pour l’estimation de quantités
de la forme E[f(XT )]. On y étudie également l’erreur de discrétisation pour l’évaluation
des coefficients de transport avec l’algorithme MALA (qui est une combinaison du schéma
d’Euler explicite et de l’algorithme de Metropolis–Hastings).

Mots-clefs

systèmes de spins, limites hydrodynamiques, flots gradients, inégalités de Sobolev lo-
garithmiques, équations différentielles stochastiques
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Theoretical and numerical study of a few stochastic models
of statistical physics

Abstract
In this thesis, we are mainly interested in three topics : functional inequalities and

their probabilistic aspects, hydrodynamic limits for interacting continuous spin systems
and discretizations of stochastic differential equations.

This document, in addition to a general introduction (written in French), contains
three parts. The first part deals with functional inequalities, especially logarithmic Sobolev
inequalities, for canonical ensembles, and with hydrodynamic limits for continuous spin
systems. We prove convergence to the hydrodynamic limit for several variants of the
Ginzburg–Landau model endowed with Kawasaki dynamics, with quantitative bounds
in the number of spins. We also study convergence of the microscopic entropy to its
hydrodynamic counterpart.

In the second part, we study links between gradient flows in spaces of probability
measures and large deviations for sequences of laws of solutions to stochastic differential
equations. We show that the large deviations principle is equivalent to the Gamma–
convergence of a sequence of functionals that appear in the gradient flow formulation of
the flow of marginals of the laws of the diffusion processes. As an application of this
principle, we obtain large deviations from the hydrodynamic limit for two variants of the
Ginzburg–Landau model.

The third part deals with the discretization of stochastic differential equations. We
prove a transport-entropy inequality for the law of the explicit Euler scheme. This in-
equality implies bounds on the confidence intervals for quantities of the form E[f(XT )].
We also study the discretization error for the evaluation of transport coefficients with
the Metropolis-adjusted Langevin algorithm (which is a combination of the explicit Euler
scheme and the Metropolis algorithm).

Keywords

Spin systems, hydrodynamic limits, gradient flows, logarithmic Sobolev inequalities,
stochastic differential equations



Table des matières

1 Introduction générale 13
1.1 Transport optimal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.1.1 Transport optimal et distances de Wasserstein . . . . . . . . . . . . 15
1.1.2 Transport optimal dynamique et formule de Benamou-Brenier . . . . 17

1.2 Concentration de la mesure et inégalités fonctionnelles . . . . . . . . . . . . 17
1.2.1 Inégalité de Sobolev logarithmique . . . . . . . . . . . . . . . . . . . 19
1.2.2 Inégalités transport-entropie . . . . . . . . . . . . . . . . . . . . . . . 23

1.3 Limites hydrodynamiques . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
1.3.1 Mesures canoniques et inégalité de Sobolev logarithmique . . . . . . 26
1.3.2 Un cadre abstrait pour l’étude des limites hydrodynamiques . . . . . 30
1.3.3 Application au modèle de Ginzburg-Landau . . . . . . . . . . . . . . 31

1.4 Flots gradients dans les espaces de mesures . . . . . . . . . . . . . . . . . . 33
1.4.1 Définition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
1.4.2 Stabilité des flots gradients . . . . . . . . . . . . . . . . . . . . . . . 37
1.4.3 Flots gradients et grandes déviations . . . . . . . . . . . . . . . . . . 38
1.4.4 Grandes déviations pour deux variantes du modèle de Ginzburg–

Landau . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
1.5 Discrétisation d’équations différentielles stochastiques . . . . . . . . . . . . 42

1.5.1 Erreur statistique pour le schéma d’Euler explicite . . . . . . . . . . 43
1.5.2 Erreur de discrétisation pour l’algorithme de Metropolis-Hastings . . 44

1.6 Liste des publications issues de la thèse . . . . . . . . . . . . . . . . . . . . 46

Notation 47

I Functional inequalities and hydrodynamic limits for interacting spin
systems 49

2 Hydrodynamic limit for conservative spin systems with super-quadratic,
partially inhomogeneous single-site potential. 51
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

2.1.1 Logarithmic Sobolev inequalities . . . . . . . . . . . . . . . . . . . . 51
2.1.2 Hydrodynamic limits . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

2.2 Framework and Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . 53
2.2.1 Microscopic and macroscopic scales . . . . . . . . . . . . . . . . . . . 53
2.2.2 A new covariance estimate . . . . . . . . . . . . . . . . . . . . . . . . 55
2.2.3 Logarithmic Sobolev inequality . . . . . . . . . . . . . . . . . . . . . 56
2.2.4 Hydrodynamic limit for Kawasaki dynamics . . . . . . . . . . . . . . 57

2.3 Proof of Proposition 2.6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60



10 Table des matières

2.4 Proof of Theorem 2.7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
2.5 Proof of the hydrodynamic limit . . . . . . . . . . . . . . . . . . . . . . . . 69

2.5.1 Proof of Theorem 2.8 . . . . . . . . . . . . . . . . . . . . . . . . . . 69
2.5.2 Proof of Theorem 2.9 . . . . . . . . . . . . . . . . . . . . . . . . . . 74
2.5.3 Auxiliary result : Polynomial bounds on the energy . . . . . . . . . . 79
2.5.4 Auxiliary result : Convergence of the free energy . . . . . . . . . . . 81
2.5.5 Proof of Proposition 2.21 . . . . . . . . . . . . . . . . . . . . . . . . 85

2.6 Proof of the local Cramér theorem . . . . . . . . . . . . . . . . . . . . . . . 90
2.7 Some classical criteria for the LSI . . . . . . . . . . . . . . . . . . . . . . . . 101

3 Local Gibbs behavior in the hydrodynamic limit 103
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
3.2 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
3.3 Background and Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . 105

3.3.1 Logarithmic Sobolev inequalities . . . . . . . . . . . . . . . . . . . . 105
3.3.2 Hydrodynamic limits . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
3.3.3 Kawasaki dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

3.4 Proof of Theorem 3.7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114
3.5 Application to Kawasaki Dynamics . . . . . . . . . . . . . . . . . . . . . . . 121

3.5.1 Proof of Theorem 3.19 . . . . . . . . . . . . . . . . . . . . . . . . . . 121
3.5.2 Proof of Theorem 3.20 . . . . . . . . . . . . . . . . . . . . . . . . . . 124
3.5.3 Proof of Proposition 3.22 . . . . . . . . . . . . . . . . . . . . . . . . 125

4 The two-scale approach for non-reversible dynamics 129
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
4.2 Framework and main results . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

4.2.1 Abstract setting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
4.2.2 Application to spin systems . . . . . . . . . . . . . . . . . . . . . . . 134

4.3 Proof of the abstract results . . . . . . . . . . . . . . . . . . . . . . . . . . . 136
4.3.1 Proof of Theorem 4.1 . . . . . . . . . . . . . . . . . . . . . . . . . . 136
4.3.2 Sketch of proof of Theorem 4.5 . . . . . . . . . . . . . . . . . . . . . 145

4.4 Application to weakly asymmetric Kawasaki dynamics . . . . . . . . . . . . 146

5 Modified logarithmic Sobolev inequalities for canonical ensembles 155
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155
5.2 Background and Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . 156
5.3 The iterated two-scale approach for modified logarithmic Sobolev inequalities158
5.4 An application to Kawasaki dynamics . . . . . . . . . . . . . . . . . . . . . 167
5.5 Appendix : Standard criteria for modified LSI . . . . . . . . . . . . . . . . . 167

II Gradient flows and large deviations 171

6 A gradient flow approach to large deviations 173
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173
6.2 Framework and Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175

6.2.1 Gradient flows in P2(Rn) . . . . . . . . . . . . . . . . . . . . . . . . 175
6.2.2 Relative entropy and large deviations . . . . . . . . . . . . . . . . . 177
6.2.3 Relative entropy for the law of processes . . . . . . . . . . . . . . . . 179
6.2.4 Some questions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180



Table des matières 11

6.3 Proof of Theorem 6.17 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181
6.4 Large deviations for the Ginzburg-Landau model . . . . . . . . . . . . . . . 184

6.4.1 The model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184
6.4.2 Some technical estimates . . . . . . . . . . . . . . . . . . . . . . . . 185
6.4.3 Large deviations for the GL model in a random environment . . . . 191
6.4.4 Large deviations for the non-gradient Ginzburg-Landau model . . . 197

III Discretization of stochastic differential equations 205

7 Transport entropy inequalities for stochastic approximation schemes 207
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207

7.1.1 Euler–like Scheme of a Diffusion Process . . . . . . . . . . . . . . . . 208
7.1.2 Transport-Entropy inequalities . . . . . . . . . . . . . . . . . . . . . 210

7.2 Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 212
7.3 Euler Scheme : Proof of the Main Results . . . . . . . . . . . . . . . . . . . 215

7.3.1 Proof of Theorem 7.6 . . . . . . . . . . . . . . . . . . . . . . . . . . 215
7.3.2 Proof of Theorem 7.11 . . . . . . . . . . . . . . . . . . . . . . . . . . 220

7.4 Proof of Proposition 7.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 223

8 Error analysis of the transport properties of Metropolized schemes 225
8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225
8.2 Description of the model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226

8.2.1 Brownian dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . 226
8.2.2 Self-diffusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227
8.2.3 Numerical estimation of the self-diffusion . . . . . . . . . . . . . . . 228

8.3 A priori error estimates on the self-diffusion . . . . . . . . . . . . . . . . . . 229
8.3.1 Error estimates for the Green-Kubo formula . . . . . . . . . . . . . . 230
8.3.2 Error bounds on the Einstein formula . . . . . . . . . . . . . . . . . 231

8.4 Numerical illustration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 232
8.4.1 A simple one-dimensional case . . . . . . . . . . . . . . . . . . . . . 232
8.4.2 The more realistic case of solvated ions . . . . . . . . . . . . . . . . 232

8.5 Possible work tracks to reduce the error on the estimation of the self-diffusion237
8.6 Proof of the results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237

8.6.1 Proof of Theorem 8.1 . . . . . . . . . . . . . . . . . . . . . . . . . . 237
8.6.2 Proof of Lemma 8.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . 239
8.6.3 Proof of Lemma 8.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . 241
8.6.4 Proof of Theorem 8.4 . . . . . . . . . . . . . . . . . . . . . . . . . . 242
8.6.5 Proof of Theorem 8.5 . . . . . . . . . . . . . . . . . . . . . . . . . . 243

9 Improving trajectorial accuracy for the Metropolis-adjusted Langevin
algorithm 249

Bibliographie 257





Chapitre 1

Introduction générale

Au cours de cette thèse, je me suis essentiellement intéressé à trois sujets : les inégalités
fonctionnelles à contenu probabiliste, les limites hydrodynamiques pour les systèmes de
spins continus en interaction et la discrétisation des équations différentielles stochastiques.
Le premier chapitre donne une présentation générale de ces sujets, et des résultats que
j’ai obtenu. Le reste de cette thèse contient les énoncés précis, les développements et les
preuves de ces différents résultats.

Dans cette introduction, je vais commencer par présenter le problème du transport
optimal, afin de définir les distances de Wasserstein sur les espaces de mesures de proba-
bilité. Ces distances ont été un outil essentiel dans l’étude de la plupart des problèmes
auxquels je me suis intéressé. Je vais ensuite présenter les inégalités de concentration, et
les différentes inégalités fonctionnelles que j’ai étudié (inégalité de Sobolev logarithmique
et inégalités de transport-entropie). J’expliquerai comment elles sont reliées entre elles, et
quelques unes de leurs conséquences et applications.

Dans la troisième section, je vais présenter les limites hydrodynamiques et la méthode
à deux échelles, introduite dans[GOVW09] pour l’étude de ces limites. En particulier, je
parlerai des mesures canoniques, qui ont été l’un des objets que j’ai étudié pendant ma
thèse, et de la limite hydrodynamique du modèle de Ginzburg-Landau sur lequel on fait
agir la dynamique de Kawasaki. Ce modèle donne l’évolution en temps d’un système de
spins continus sur un réseau, avec une interaction entre spins voisins.

Dans la quatrième section, je vais parler des flots gradients, qui sont une manière
de définir des équations différentielles dans les espaces métriques. Lorsqu’on utilise cette
construction sur l’espace des mesures de probabilité équippé de la distance de Wasser-
stein W2, on peut obtenir notamment l’équation de Fokker-Planck, qui donne l’évolution
en temps de la loi de la solution d’une équation différentielle stochastique réversible. On
verra comment cette formulation est liée à l’étude des grandes déviations, et une méthode
de preuve de principes de grandes déviations pour les trajectoires d’équations différen-
tielles stochastiques. Cette méthode sera ensuite appliquée à deux variantes du modèle de
Ginzburg-Landau, pour étudier les grandes déviations par rapport à leur limite hydrody-
namique.

Enfin, dans la dernière section, je présenterais mes contributions à l’étude de l’erreur
pour des discrétisation d’équations différentielles stochastiques. On y verra comment on
peut utiliser les inégalités de transport-entropie pour obtenir des bornes sur l’erreur statis-
tique du schéma d’Euler–Maruyama (ou Euler explicite). Je parlerai également de l’étude
de l’erreur de discrétisation de l’algorithme MALA, utilisé pour simuler les trajectoires
d’équations différentielles stochastiques réversibles.

Les autres chapitres sont les différents articles de recherche que j’ai réalisé. Une grande



14 Chapitre 1. Introduction générale

partie de ces résultats ont été obtenus en collaboration avec d’autres chercheurs.

– Le chapitre 2 généralise la méthode à deux échelles de Grunewald, Otto, Villani et
Westdickenberg (introduite dans [GOVW09]) au cas où le potentiel de la mesure
invariante (dite mesure canonique) est donné par une fonction super-quadratique, et
contient un terme linéaire inhomogène supplémentaire, qui modélise l’effet d’un po-
tentiel chimique. On y obtient une inégalité de Sobolev logarithmique indépendante
de la dimension pour les mesures canoniques, ainsi que la limite hydrodynamique du
modèle de Ginzburg Landau dans le cas où on ajoute un potentiel chimique donné
par des variables aléatoires indépendantes, identiquement distribuées et bornées. Ces
résultats ont été obtenus en collaboration avec Georg Menz, et sont tirés de l’article
[FM14]

– Le chapitre 3 étudie le comportement de l’entropie microscopique dans le cadre
de [GOVW09]. J’y ai montré qu’elle converge vers l’entropie associée à l’équation
hydrodynamique. J’ai également montré que, à tout temps t > 0, l’état du système
est proche au sens de l’entropie relative d’une mesure de Gibbs locale. Ceci est une
notion de convergence plus forte que la convergence en distance de Wasserstein, qui
est l’hypothèse qu’on suppose être satisfaite par les conditions initiales. Ce travail a
été publié à ALEA en 2013, dans l’article [Fat13b].

– Le chapitre 4 généralise les résultats de [GOVW09] et du chapitre 2 au cas de dyna-
miques faiblement asymétriques, obtenues en rajoutant un terme supplémentaire à
la dynamique étudiée dans les chapitres 2 et 3. Ce terme supplémentaire ne modifie
pas la mesure invariante, mais rend le processus de Markov non-réversible. Ces ré-
sultats ont été obtenus en collaboration avec Manh Hong Duong et ont été soumis
pour publication dans l’article [DF14].

– Le chapitre 5 s’intéresse à une variante de l’inégalité de Sobolev logarithmique,
appelée inégalité de Sobolev logarithmique modifiée, qui a été introduite par Bobkov
et Ledoux dans [BL00]. On y donne une condition suffisante pour que les mesure
canoniques utilisées dans les chapitres précédents vérifient cette inégalité, avec une
constante indépendante de la dimension. Ce chapitre correspond à l’article [Fat13a]

– Le chapitre 6 s’intéresse aux liens entre flots gradients dans les espaces de mesure
et grandes déviations pour les solutions d’équations différentielles stochastiques. On
y montre que la suite des lois des trajectoires de solutions d’équations différentielles
stochastiques réversibles vérifie un principe de grandes déviations si et seulement si
une certaine suite de fonctionnelles qui apparait dans la formulation en flot gradient
du flots de marginales des processus Γ-converge vers la fonction de taux du principe
de grandes déviations. Comme application, on obtient les grandes déviations par
rapport à la limite hydrodynamique pour deux variantes du modèle de Ginzburg-
Landau. Ces résultats sont tirés de l’article [Fat14]

– Le chapitre 7 concerne les inégalités transport-entropie pour des schémas d’approxi-
mation numérique. Le résultat principal est une inégalité transport-entropie pou la
loi à un instant donné du schéma d’Euler-Maruyama utilisé pour simuler la solution
d’une équation différentielle stochastique, dans le cas où le coefficient de diffusion
n’est pas borné. Cette inégalité implique ensuite des bornes de concentration sur
l’erreur statistique pour de telles approximations, avec un ordre de grandeur opti-
mal sous nos hypothèses. Ces résultats ont été obtenus en collaboration avec Noufel
Frikha, et ont été publiés à Electronic Journal of Probability en 2013, dans l’article
[FF13].

– Le chapitre 8 s’intéresse à l’erreur de discrétisation pour l’estimation des coefficients
de transport pour l’équation de Langevin, lorsqu’on utilise l’algorithme de Metropolis
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pour stabiliser le schéma d’Euler-Maruyama, connu sous le nom d’algorithme MALA.
On y montre que cette erreur est d’ordre 1 en le pas de discrétisation. Ces résultats
ont été obtenus en collaboration avec Ahmed-Amine Hommann et Gabriel Stoltz, et
ont été accepté pour publication à ESAIM : Proceedings, dans l’article [FHS].

– Le chapitre 9 présente une modification de l’algorithme MALA utilisé au chapitre
8. Le schéma numérique modifié obtenu a l’avantage d’avoir une meilleure erreur
trajectorielle forte à l’équilibre que l’algorithme MALA standard. Ce résultat a été
obtenu en collaboration avec Ahmed-Amine Hommann et Gabriel Stoltz.

1.1 Transport optimal

1.1.1 Transport optimal et distances de Wasserstein

Dans cette section, je vais faire une brève introduction au transport optimal, afin de
pouvoir introduire les distances de Wasserstein sur un espace de mesures de probabilité.
Les preuves des résultats énoncés ici pourront être trouvés dans [Vil03] et [Vil09] par
exemple.

Au XVIIIème siècle, Gaspard Monge a introduit dans [Mon84] le problème du trans-
port d’une masse d’un emplacement à l’autre. En termes modernes, on représente une
répartition de masse par une mesure sur un espace E, et en supposant que la masse totale
est égale à 1, on prend une mesure de probabilité µ. On considère ensuite une fonction
c : E × E → R+, où c(x, y) représente le coût du déplacement d’une unité de masse du
point x vers le point y. Il nous faut encore choisir comment représenter une manière de
déplacer la masse de la configuration représentée par µ vers celle représentée par une autre
mesure de probabilité ν. Ceci nous mène à la définition suivante :

Définition 1.1. Soit (E,µ) et (F, ν) deux espaces de probabilité. Un couplage de µ et
de ν est une mesure π sur E × F dont les marginales sont µ et ν, i.e. pour toute partie
mesurable A de E (resp. B de F) on a π(A× F ) = µ(A) (resp. π(E ×B) = ν(B))

Remarque 1.2. Un couplage π est la loi d’un couple de variables aléatoires (X,Y), où X
a pour loi µ et Y a pour loi ν

Exemple 1.3. La mesure produit est un couplage, qui correspond au cas où U et V sont
indépendantes.

Un couplage entre deux mesures de probabilité µ et ν va alors représenter une manière
de transporter la masse de µ vers ν. En effet, on peut voir π(A,B) comme la quantité de
masse présente dans une région A de l’espace que l’on va transporter dans la région B.
Dans certains cas, le support du couplage sera le graphe d’une fonction T : E −→ F . Ceci
correspond au cas où toute la masse présente en un point x est transportée en un unique
point T (x). Intuitivement, cela veut dire qu’on ne sépare pas la masse. On parle alors de
couplage déterministe (le point d’arrivée ne dépend que du point de départ).

On peut ensuite s’intéresser à la meilleure manière de transporter cette masse, pour
la fonction de coût c. Comme le coût du transport pour un couplage π est donné par∫
c(x, y)π(dx, dy), on va s’intéresser au couplage qui minimise cette quantité. En général,

ce couplage n’existe pas toujours, mais dans des cadres plus restreints on peut affirmer son
existence. Mais ici, on ne s’intéressera qu’au cas particulier des distances de Wasserstein,
définies de la manière suivante :

Définition 1.4. Soit (E, d) un espace métrique séparable complet, et p un réel supérieur
ou égal à 1. Pour tout couple de mesures (µ, ν) sur E, on définit la distance de Wasserstein
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d’ordre p entre µ et ν par

Wp,d(µ, ν) = inf
π∈Π(µ,ν)

(∫
d(x, y)pπ(dx, dy)

) 1
p

.

Dans ce cadre (i.e. E espace polonais, et c est une puissance d’une distance), le couplage
optimal existe :

Proposition 1.5. Dans la définition précédente, il existe un couplage tel que l’infimum
soit atteint pour ce couplage.

Remarque 1.6. On peut écrire cette définition en termes de variables aléatoires, et elle
devient alors

Wp,d(µ, ν) = inf
L(X,Y )∈Π(µ,ν)

E[d(X,Y )p]
1
p ,

où la notation L(X,Y ) désigne la loi jointe du couple de variables aléatoires (X,Y ).

Une des raisons pour lesquelles ce cas particulier de transport optimal est intéressant
est donnée par le théorème suivant :

Théorème 1.1. Wp définit une distance sur Pp(E) = {µ ∈ P (E);
∫
d(x0, x)pµ(dx) <∞}

Remarque 1.7. L’inégalité d(x, y)p ≤ 2p−1(d(x, x0)p+d(x0, y)p) montre que la définition
de Pp(E) ne dépend pas du choix de x0, et que Wp est finie sur Pp(E)× Pp(E).

On a le résultat suivant sur la topologie de l’espace métrique obtenu :

Théorème 1.2. Une suite (µn) de mesures de Pp(E) converge vers µ ∈ Pp(E) pour la
distance de Wasserstein ssi elle converge étroitement et les moments d’ordre p convergent.
(Pp(E),Wp) est séparable complet.

Les résultats de cette thèse utilisent les distances de Wasserstein dans trois cadres :
pour leurs liens avec le phénomène de concentration de la mesure (qui sera introduit dans la
section suivante), pour quantifier la vitesse de convergence de suites de lois de probabilités
vers leur limite et pour définir la notion de flots gradients dans les espaces de mesures de
probabilités.

Voici un résultat important sur la structure du transport optimal : le théorème de
Brenier [Bre91]

Théorème 1.3. On se place dans le cas où E est l’espace Euclidien Rd. Supposons que la
mesure µ est absolument continue par rapport à la mesure de Lebesgue. Alors le couplage
optimal pour la distance de Wasserstein W2 existe, et est déterministe (ie de la forme
π(dx, dy) = δy=T (x)µ(dx)). De plus, la fonction T est le gradient d’une fonction convexe.

On interprète le caractère déterministe de ce couplage optimal comme signifiant qu’on
ne sépare pas la masse : toute la masse présente à un point x est envoyé en un même point
T (x). Le fait que ce couplage est le gradient d’une fonction convexe vient du fait que, si ce
n’était pas le cas, on pourrait faire des permutations pour diminuer le coût du transport.

Ceci n’est pas la forme la plus générale possible d’un tel résultat. Il est valide pour des
coûts de transport plus généraux par exemple. Il a également été étendu au cas où on se
place sur une variété Riemanienne par McCann dans [McC01].

À noter qu’en dimension 1, ce couplage optimal peut être rendu explicite, à l’aide des
fonctions de répartition de µ et ν, car il n’y a qu’une seule fonction croissante qui envoie
µ sur ν. Ce couplage optimal est d’ailleurs le même pour toutes les distances Wp.
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1.1.2 Transport optimal dynamique et formule de Benamou-Brenier

Une fois que l’on dispose du transport optimal entre µ et ν, on peut naturellement se
demander de quelle manière il faut déplacer la masse, et pas seulement quel est le point
d’arrivée. Ceci nous mène à construire un chemin de mesures de probabilités (µt) tel que
µ0 = µ et µ1 = ν tel que la variation du coût de transport le long du chemin (ie la dérivée
du coût de transport entre µ et µt) soit constante.

Dans le cas des distances de Wasserstein, ceci revient à construire une géodésique dans
l’espace des mesures de probabilité. PourW2, il s’avère que ceci est possible si et seulement
si l’espace métrique sous-jacent est lui-même géodésique. Si de plus les géodésiques sont
uniques (ceci est le cas dans Rd par exemple), µt est alors l’image d’un transport optimal
par l’application et : (x, y) −→ γx,y(t), où γx,y est la géodésique allant de x à y. Ce concept
a été introduit par McCann dans [McC97], sous le nom de « displacement interpolation »,
ou interpolation par déplacement.

Cette géodésique est alors le chemin reliant µ0 à µ1 qui minimise une certaine énergie
On peut alors réecrire le problème de transport optimal pour le coût quadratique comme
un problème de minimisation de l’énergie le long des chemins. Ceci mène au résultat
suivant, appelé formule de Benamou-Brenier.

Théorème 1.4. Soit µ0 et µ1 deux mesures de probabilité sur Rd. Alors

W2(µ0, µ1) = inf
{∫ 1

0

∫
|v(t, x)|2dµt(x)dt; µ̇t +∇ · (vµ) = 0

}
.

L’inf porte sur tous les couples de chemins µt et de champs de vecteurs v(t, x) qui
satisfont la relation µ̇t +∇ · (vµ) = 0. Cette condition s’interprète comme la conservation
de la masse, puisque l’on ne considère que des chemins de mesures de probabilités.

A noter qu’on peut ne considérer que des champs de vecteurs de la forme v = ∇ψ sans
modifier la conclusion.

Ce résultat a été formellement justifié par Benamou et Brenier [BB99]. Des preuves
rigoureuses peuvent être trouvées dans [AGS08] et [Vil03]. Il est encore valable, sous cer-
taines conditions, sur les variétés riemanniennes (par exemple, sur toute variété rieman-
nienne compacte).

Ce résultat permet notamment de munir formellement l’espace (P2(Rd),W2) d’une
structure de variété Riemanienne de dimension infinie. Ce formalisme a été proposé dans
[Ott01], et permet de mieux comprendre la notion de flots gradients que l’on verra plus
loin, ainsi que de réinterpréter certaines inégalités fonctionnelles comme des propriété de
l’espace métrique mesuré, cf. [OV00].

Les géodésiques en distance W2 se sont avérées un outil très utile dans l’étude de la
géométrie des espaces métriques mesurés. La notion de borne inférieure sur la courbure
de Ricci s’est avérée équivalente à une propriété de convexité de l’entropie le long des
géodésiques pour W2. En courbure positive, on peut ensuite déduire certaines inégalités
fonctionnelles (inégalité de Sobolev logarithmique, inégalité HWI,...) que nous allons voir
dans la section suivante.

1.2 Concentration de la mesure et inégalités fonctionnelles
L’étude du phénomène de concentration de la mesure consiste à regarder la manière

dont se répartit la masse dans un espace métrique muni d’une mesure, que l’on supposera
ici toujours être une mesure de probabilités. Typiquement, on considr̀e des observables F à
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valeurs réelles, et on cherche des bornes supérieures sur les quantités µ(F (x) ≥ µ(F ) + r),
où r est un réel positif.

Définition 1.8. Soit Φ : R+ −→ R+ une fonction croissante, avec Φ(0) = 0. Une mesure
de probabilité µ sur un espace métrique (E, d) satisfait une inégalité de concentration avec
profil Φ si, pour toute fonction f : X −→ R 1-lipschitzienne, on a pour tout r ≥ 0

µ

{
x ∈ X; f(x)−

∫
fdµ ≥ r

}
≤ exp(−Φ(r)).

En prenant l’inégalité analogue avec −f , on a alors également

µ

{
x ∈ X;

∣∣∣∣f(x)−
∫
fdµ

∣∣∣∣ ≥ r} ≤ 2 exp(−Φ(r)).

Une inégalité de concentration implique que, pour tout borélien A avec µ(A) ≥ 1/2, si
on définit

Ar := {x ∈ E; d(x,A) ≥ r}

on ait
µ(Acr) ≤ exp(−Φ(r/2)).

L’interêt d’une telle inégalité est le suivant : imaginons qu’on cherche à deviner le
résultat d’une expérience dans laquelle intervient un aléa. Une hypothèse raisonable est
la valeur moyenne du résultat. Une inégalité de concentration nous donne une borne sur
la probabilité que le vrai résultat soit très éloigné de cette moyenne. Ceci nous permet
donc d’avoir une idée a priori de si cette hypothèse est raisonnable ou pas, par exemple à
travers des intervalles de confiance.

Les deux cas particuliers typiquement étudiés sont la concentration gaussienne et la
concentration exponentielle, qui correspondent respectivement à Φ(r) = cr2 et Φ(r) = cr.
Comme l’indiquent ces noms, les exemples emblématiques de mesures satisfaisant ces cas
de concentration sont respectivement la mesure gaussienne et la mesure exponentielle sur
Rd.

Une inégalité de concentration donne une borne sur la probabilité d’être « loin » d’une
zone de grande masse. Un tel résultat est très lié à la géométrie de l’espace métrique mesuré
considéré. L’étude de ces inégalités remonte à la preuve par V. Milman du théorème de
Dvoretzky sur la structure locale des espaces de Banach [Mil71], qui est basée sur l’inégalité
isopérimétrique sur les sphères. Elles ont de nombreuses applications :

– En géométrie. Un exemple célèbre est le théorème de Lévy-Gromov, qui nous dit
que le volume sur la sphère de dimension n et de rayon 1 se concentre sur une
bande autour de l’équateur, de largeur d’ordre 1/

√
n (voir [Gro80], et le chapitre 31

2
de [Gro07] pour le cadre Riemannien). Plus généralement, on a de nombreux liens
entre la concentration de la mesure et la courbure des variétés Riemanniennes. Pour
plus de détails, on pourra consulter le chapitre 22 de [Vil09] ou le chapitre 3 de
[Led01]

– En probabilités. On en verra plusieurs dans cette thèse, mais on peut aussi mention-
ner les applications aux matrices aléatoires, en combinatoire, en percolation... Un
certain nombre de ces applications sont décrites dans le chapitre 8 de [Led01]

– En statistiques, pour obtenir des bornes sur les intervalles de confiance pour des
estimateurs. On peut consulter pour plus de détails [Mas07]

Dans la suite de cette section, nous allons voir quelques inégalités fonctionnelles liées
au phénomène de concentration de la mesure. Pour plus de détails, on pourra consulter
[Led01] et le chapitre 22 de [Vil09].
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1.2.1 Inégalité de Sobolev logarithmique

L’inégalité de Sobolev logarithmique (qu’on abrègera souvent en LSI dans la suite, pour
« logarithmic Sobolev inequality ») a été introduite par Gross dans [Gro75] pour étudier
certaines propriétés du semigroupe généré par l’opérateur L = ∆ − ∇V · ∇. Elle s’est
avérée très utile pour étudier le comportement en temps long des équations d’évolution,
et le phénomène de concentration de la mesure. Elles sont particulièrement utiles pour les
problèmes en grande dimension. Dans cette section, je vais définir cette inégalité, présenter
certaines de ses propriétés et quelques conditions suffisantes pour sa validité. Pour une
étude plus complète, on pourra se référer à [ABC+00] et à [Led01].

Définition 1.9. L’entropie d’une fonction positive f : E −→ R par rapport à une mesure
µ sur E est définie comme

Entµ(f) :=
∫
f log fdµ−

(∫
fdµ

)
log

(∫
fdµ

)
.

Si ν est une autre mesure sur E, on définit l’entropie relative de ν par rapport à µ, notée
Entµ(ν), comme Entµ(f) si ν admet une densité f par rapport à µ, et +∞ sinon.

D’après l’inégalité de Csiszár-Kullback-Pinsker, étant donné deux mesures de proba-
bilité µ et ν sur un espace polonais, on a l’inégalité

||µ− ν||TV ≤
√

2 Entµ(ν)

où || · ||TV est la norme en variation totale. On pourra se référer à [BV05] pour une
présentation de cette inégalité, ainsi que plusieurs généralisations. L’entropie relative est
donc une manière de mesurer à quel point deux mesures de probabilité sont distantes, à
priori plus forte que la convergence étroite.

Pour définir les inégalités de Sobolev logarithmiques, on va commencer par étendre
la définition de la longueur du gradient aux fonctions localement lipschitziennes sur un
espace métrique.

Définition 1.10. Soit E un espace euclidien et f : E −→ R une fonction localement
lipschitzienne. On pose |∇f |(x) = lim sup

y→x
|f(x)−f(y)|
d(x,y) Cette définition coïncide bien avec la

définition usuelle si f est une fonction différentiable sur un espace euclidien.

On définit aussi l’information de Fisher :

Définition 1.11. Soit (E, d) un espace métrique, et µ et ν deux mesures boréliennes sur
E. On définit l’information de Fisher de µ par rapport à ν par

Iν(µ) =
∫ |∇f |2

f
dν

si µ admet une densité f par rapport à ν qui soit localement lipschitzienne, et par +∞
sinon.

Proposition 1.12. On a aussi les définitions alternatives (équivalentes) de l’information
de Fisher suivantes :

Iν(µ) =
∫
|∇(log f)|2fdν

=
∫

4|∇(
√
f)|2dν.
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Ceci va nous servir pour la définition des inégalités de Sobolev logarithmiques.

Définition 1.13. Soit E un espace métrique. On dit qu’une mesure de probabilité µ sur
E satisfait une inégalité log-Sobolev de constante ρ (et on le notera LSI(ρ)) si, pour toute
fonction f positive, localement lipschitzienne et L1, on a

Entµ(f) ≤ 1
ρ

∫ |∇f |2
2f dµ (1.1)

Remarque 1.14. Si f est une densité de probabilité, on reconnaît dans le terme de droite
Iµ(fµ)

2ρ .

Remarque 1.15. On peut se contenter de montrer que (1.1) est vérifiée pour les fonctions
positives, localement lipschitziennes et bornées, car si f est positive, localement lipschit-
zienne et L1, alors f ∧ n l’est aussi, et la longueur de son gradient est en tout point
inférieure à celle de f , et ne diffère qu’en les points où f = n. Si, pour tout n, (1.1) est
vérifiée pour f ∧ n, alors pour tout n on a

Entµ(f ∧ n) ≤ 1
ρ

∫ |∇f |2
2f dµ

et le terme de gauche converge vers Entµ(f) lorsque n tend vers l’infini, par convergence
monotone.

On appelle ce type d’inégalités des inégalités de Sobolev logarithmique car elles donnent
un critère du même type que les injections de Sobolev, mais plutôt que de dire qu’une
fonction de H1 appartient à un espace Lp, avec p > 2, elles disent que de telles fonctions
sont dans un espace L2 logL, appelé espace d’Orlicz. Elle a des applications intéressantes
pour l’étude de la convergence vers l’équilibre de processus de Markov, et en concentration
de la mesure, que nous verrons plus loin.

Un exemple important d’espace de probabilité admettant une inégalité de Sobolev
logarithmique est l’espace Rn muni de la mesure gaussienne :

Proposition 1.16. L’espace Rn muni de la mesure gaussienne standard

γn(dx) = 1
(2π)

n
2

exp(−
n∑
i=1

x2
i /2)dx

vérifie LSI(1).

La première preuve de ce résultat a été donnée par Gross dans [Gro75]. La constante
1 est optimale.

Une des applications importantes des inégalités de Sobolev logarithmiques est qu’elles
impliquent un phénomène de concentration gaussienne :

Proposition 1.17. Si une mesure de probabilités vérifie LSI(ρ), alors elle vérifie une
inégalité de concentration avec profil Φ(r) = ρr2/2.

L’implication inverse est en général fausse, mais si l’espace métrique mesuré (X, d, µ)
vérifie une condition de courbure dimension CD(−κ,+∞), une concentration gaussienne
suffisamment forte implique une inégalité de Sobolev logarithmique. Ceci a été prouvé dans
[Mil10] dans le cas des variétés Riemanniennes, et dans [GRS11a] pour le cas des espaces
métriques. On réfère au chapitre 16 de [Vil09] pour une présentation des conditions de
courbure-dimension.

Une seconde propriété importantes des inégalités de Sobolev logarithmiques est qu’elles
impliquent une inégalité de Poincaré.
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Définition 1.18. Une mesure µ vérifie une inégalité de Poincaré de paramètre ρ > 0 si,
pour toute fonction localement lipschitzienne f : E −→ R, on a

Varµ(f) ≤ 1
ρ

∫
|∇f |2dµ.

On notera cette condition SG(ρ) (pour « spectral gap »).

En linéarisant l’inégalité de Sobolev logarithmique, on peut montrer que LSI(ρ) im-
plique une inégalité de Poincaré de paramètre ρ. Cette inégalité est reliée à des propriétés
de concentration exponentielle, et à l’existence d’une borne inférieure strictement positive
sur les valeurs propres non nulles de l’opérateur linéaire ∆ − ∇V · ∇ sur H1(µ) (qui est
l’espace des fonctions dont le gradients est de carré intégrable par rapport à µ), où V est
donnée par la relation µ = exp(−V )dx. Elle est souvent utilisée pour étudier la vitesse de
convergence vers l’équilibre de processus de Markov, cf. [MT09]. A noter que l’inégalité
de Poincaré est valable dans un cadre beaucoup plus général que l’inégalité de Sobolev
logarithmique. Par exemple, elle est valable pour les mesures de probabilités qui sont sim-
plement log-concaves (voir [BBCG08]). Ainsi, la mesure exponentielle sur Rd vérifie une
inégalité de Poincaré, mais ne peut pas satisfaire une inégalité de Sobolev logarithmique.

Une inégalité de Sobolev logarithmique permet donc d’obtenir des bornes sur les va-
riances. Plus généralement, on peut aussi obtenir des inégalités sur les covariances :

Proposition 1.19. Supposons que µ vérifie la condition LSI(ρ). Alors, pour toutes fonc-
tions f et g à valeurs réelles, avec f positive, on a

∣∣∣∣∫ fgdµ−
(∫

f dµ

)(∫
g dµ

)∣∣∣∣ ≤ ||∇g||∞ρ

√(∫
f dµ

)(∫ |∇f |2
f

dµ

)
.

Une autre application des inégalités de Sobolev logarithmique est qu’elles impliquent
une convergence vers l’équilibre pour les équations aux dérivées partielles de la forme

∂tρ = ∆ρ−∇V · ∇ρ,

avec V une fonction à valeurs réelles sur Rd. Cette équation aux dérivées partielles donne
l’évolution en temps de la loi des solutions de l’équation différentielle stochastique

dXt = −∇V (Xt) +
√

2dBt

où B est un mouvement Brownien standard sur Rd. On peut voir que la mesure de pro-
babilité µ(dx) = Z−1 exp(−V )dx est une mesure invariante pour cette dynamique (si
elle existe). Si elle vérifie une inégalité de Sobolev logarithmique, on a alors, en écrivant
ρt = ftµ une solution de l’équation aux dérivées partielles,

d

dt
Entµ(ρt) = −I(ρt) ≤ −C Entµ(ρt)

et donc
Entµ(ρt) ≤ exp(−Ct) Entµ(ρ0).

Il y a donc alors convergence exponentielle vers l’équilibre, en entropie relative. On re-
marque au passage qu’on peut interpréter l’inégalité de Sobolev logarithmique comme une
inégalité entropie/production d’entropie pour l’équation d’évolution associée à l’opérateur
L = ∆−∇V · ∇, ù V est l’opposé du logarithme de la densité de µ.
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Une dernière application est que cette inégalité est équivalente à l’hypercontractivité
du semigroupe Pt associé au générateur L = ∆ − ∇V · ∇, c’est à dire que l’espace L2

est envoyé dans l’espace Lp après un temps t(p), pour tout p ≥ 2. L’étude du phénomène
d’hypercontractivité était d’ailleurs la motivation originale de l’introduction de l’inégalité
dans [Gro75].

On dispose de trois critères classiques pour montrer qu’une mesure satisfait une inéga-
lité de Sobolev logarithmique : le principe de tensorisation, le lemme de Holley-Stroock,
et le théorème de Bakry-Emery :

Proposition 1.20. (i) Si deux mesures µ et ν satisfont une inégalité de Sobolev loga-
rithmique avec constantes ρ1 et ρ2, alors la mes ure µ ⊗ ν sur l’espace produit vérifie
LSI(min(ρ1, ρ2)) ;

(ii) Soit f une fonction bornée. Si une mesure µ vérifie LSI(ρ), alors la mesure
de probabilité ν(dx) := Z−1 exp(f(x))µ(dx) vérifie LSI(ρ exp(−2 osc(f))), où osc(f) :=
sup f − inf f ;

(iii) Si V vérifie la condition HessV ≥ λId avec λ > 0, alors µ(dx) = Z−1 exp(−V (x))dx
vérifie LSI(λ).

Grâce à la propriété de tensorisation, les inégalités de Sobolev logarithmiques sont
particulièrement pratiques dans les problèmes en grande dimension.

Pour le théorème de Bakry–Émery, la propriété Hess f ≥ λId avec λ > 0 est équivalente
à une propriété d’uniforme convexité de l’entropie relative Entµ le long des géodésiques de
P2(Rd) pour la distance W2. L’information de Fisher apparait alors comme le carré de la
norme du « gradient » de l’entropie, et l’inégalité de Sobolev logarithmique peut en être
ensuite déduite. On reparlera de cette interprétation dans la section 1.4. On peut trouver
une présentation complète de cet argument dans [OV00].

On s’intéressera aussi à la généralisation suivante de l’inégalité de Sobolev logarith-
mique, appelée inégalité de Sobolev logarithmique modifiée, qui a été introduite par Bob-
kov et Ledoux dans [BL00] :

Définition 1.21. Une mesure µ sur Rd vérifie une p-inégalité de Sobolev logarithmique
modifiée de paramètre ρ si, pour toute fonction localement lipschitzienne positive f , on a

Entµ(f) ≤ 1
ρ

∫ ||∇f ||qq
f q−1 dµ.

Il existe un analogue du théorème de Bakry–Émery pour ces inégalités. Si V est uni-
formément p-convexe, c’est à dire si il existe c > 0 tel que

V (tx+ (1− t)y) ≤ tV (x) + (1− t)V (y)− c

p
t(1− t)||x− y||pp (1.2)

pour tout x et y, alors la mesure µ = exp(−V (x))dx vérifie une p-inégalité de Sobolev
logarithmique modifiée. Ce résultat a été prouvé dans [BL00].

Les inégalités de Sobolev logarithmique modifiées impliquent également une propriété
de concentration, pour la norme `p.

Proposition 1.22. Supposons que la mesure µ sur Rd vérifie une p-inégalité de Sobo-
lev logarithmique modifiée de paramètre ρ. Alors, pour toute fonction f : Rd −→ R 1-
Lipschitzienne pour la norme || · ||p et pour tout r ≥ 0, on a

µ

(
f ≥

∫
f dµ+ r

)
≤ exp

(
− ρrp

p(p− 1)p−1

)
.
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1.2.2 Inégalités transport-entropie

L’inégalité de Talagrand (ou T2) classique a été introduite par Talagrand [Tal96].

Définition 1.23. Une mesure de probabilité µ vérifie T2(ρ) si, pour toute mesure de
probabilité ν, on a

W2(µ, ν) ≤
√

2 Entµ(ν)
ρ

.

L’une des raison pour laquelle on s’est intéressé à cette inégalité est qu’elle implique la
concentration gaussienne, qui a été démontrée dans [Tal96]. Comme pour les inégalités de
Sobolev logarithmiques, l’implication inverse est fausse en générale (on peut trouver un
contre-exemple dans [CG06]), mais devient vraie sous une hypothèse de borne inférieure
sur la courbure. Ceci a été prouvé par E. Milman dans [Mil10]. Il a été démontré dans
[Goz09] que l’inégalité de Talagrand est équivalente à une forme renforcée de concentration
gaussienne, indépendante de la dimension.

Comme la topologie associée à la distance W2 est plus forte que celle associée à la
distance en variation totale, si µ vérifie une inégalité T2, la convergence en entropie relative
vers µ est strictement plus forte que la convergence en variation totale, ce qui renforce
l’inégalité de Csiszàr–Kullback–Pinsker.

Comme pour l’inégalité de Sobolev logarithmique, l’inégalité de Talagrand est stable
par tensorization (cf. [Tal96]) et par perturbation bornée (cf [GRS11b])

Comme l’inégalité de Talagrand et l’inégalité de Sobolev logarithmique impliquent
toutes les deux la concentration gaussienne, une question naturelle est de savoir si ces
deux inégalités sont comparables. La réponse suivante a été apportée par Otto et Villani
dans [OV00]

Théorème 1.5 ([OV00]). Si une mesure µ vérifie LSI(ρ), alors elle vérifie T2(ρ).

Plusieurs preuves de ce résultat ont été données ([OV00], [BGL01], [Goz09], [GL13]).
La preuve de [Goz09] est la plus générale, valable dans n’importe quel espace métrique. À
noter que l’implication inverse n’est pas vraie en général (un contre-exemple a été donné
dans [CG06]), mais le devient si on supppose en plus le critère de courbure dimension
CD(−K,∞) valide, avec une constante positive K suffisamment petite.

Pour résumer, on a la hiérarchie suivante des inégalités fonctionnelles :

LSI(ρ)⇒ T2(ρ)⇒ SG(ρ).

L’inégalité de Sobolev logarithmique n’est pas l’inégalité la plus forte à laquelle on peut
s’intéresser. En effet, une inégalité isopérimétrique implique une inégalité de Sobolev lo-
garithmique. [Led] est une bonne introduction au sujet.

Dans cette thèse, je me suis intéressé à plusieurs cas de la généralisation suivante de
l’inégalité de Talagrand :

Définition 1.24. Soit p ≥ 1 et Φ : R+ −→ R+ une fonction convexe, croissante vérifiant
Φ(0) = 0. Une mesure µ satisfait l’inégalité de transport-entropie Tp,Φ si, pour toute
mesure ν, on a

Φ(Wp(µ, ν)) ≤ Entµ(ν).

Lorsque p = 2 et Φ(r) = ρr2/2, on reconnait T2(ρ). À fonction Φ donnée, plus p est
grand, plus cette inégalité est contraignante.

Pour le cas p = 1, on a la caractérisation suivante, obtenue par Bobkov et Gotze dans
[BG99] :
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Proposition 1.25. Une mesure de probabilité µ vérifie T1,Φ ssi, pour toute fonction f :
X −→ R 1-lipschitzienne, on a pour tout λ ≥ 0∫

eλfdµ ≤ exp
(
λ

∫
fdµ+ Φ∗(λ)

)
où Φ∗ est la transformée de Legendre de Φ.

Comme pour l’inégalité de Talagrand, on a un lien entre inégalités transport-entropie
et concentration de la mesure. Par exemple, si une mesure de probabilité vérifie T1,Φ, alors
elle vérifie une inégalité de concentration avec profil Φ. Les liens dans un cadre plus général
ont été étudiés notamment par Marton dans [Mar96]

Dans le cas des mesures log-concaves, on dispose également de l’inégalité HWI suivante,
qui interpole entre l’inégalité de Sobolev logarithmique et l’inégalité de Talagrand :

Théorème 1.6. Soit µ = exp(−V )dx une mesure de probabilité sur Rd. Si HessV ≥ KId,
avec K ∈ R, alors pour toute mesure de probabilité ν on a l’inégalité

Entµ(ν) ≤W2(µ, ν)
√
Iµ(ν)− K

2 W2(µ, ν)2.

Cette inégalité est encore valide sur les variété Riemaniennes, sous une condition de
borne inférieure sur la courbure de Ricci.

On peut remarquer que l’inégalité HWI implique le théorème de Bakry-Emery, puisque
d’après l’inégalité de Young on a

W2(µ, ν)
√
Iµ(ν) ≤ K

2 W2(µ, ν)2 + 1
2KIµ(ν).

Le théorème d’Otto-Villani peut être généralisé au cas des inégalités de Sobolev loga-
rithmiques modifiées, qui impliquent alors une inégalité de transport-entropie Tp,crp . Ce
résultat a été démontré dans [GRS14].

Théorème 1.7. Si une mesure de probabilité µ sur Rd vérifie une p-inégalité de Sobolev
logarithmique modifiée de paramètre ρ, alors elle vérifie l’inégalité

inf
π∈Π(µ,ν)

∫
||x− y||ppπ(dx, dy) ≤ p

ρ̃
Entµ(ν)

avec ρ̃ = ((p− 1)ρ)p−1.

On reconnait dans le terme de gauche une distance de Wasserstein W p
p , associée à la

norme `p sur Rd. Cette inégalité est à la p-inégalité de Sobolev logarithmique modifiée ce
que l’inégalité de Talagrand T2 est à l’inégalité de Sobolev logarithmique usuelle.

1.3 Limites hydrodynamiques
Le but de l’étude des limites hydrodynamiques est de justifier rigoureusement les équa-

tions aux dérivées partielles utilisées par les physiciens pour décrire l’évolution des quan-
tités thermodynamiques d’un fluide.

Lorsqu’on s’intéresse à l’évolution d’un gaz de particules, comme le nombre de parti-
cules est très grand (typiquement, de l’ordre du nombre d’Avogadro Na = 6.1023), il serait
irréaliste d’essayer de décrire son état en donnant la liste des positions et des vitesses de
toutes les particules. À la place, on s’intéresse à l’évolution d’un petit nombre de variables
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macroscopiques qui caractérisent les états d’équilibre (densité, pression, température par
exemple). Pour un système hors équilibre, il est naturel de considérer, dans une petite
région de l’espace, dite mésoscopique (de volume faible devant le volume total, mais suf-
fisemment grand pour contenir un grand nombre de particules), que le système est dans
un état d’équilibre local, caractérisé par les valeurs (dans ce volume mésoscopique) des
grandeurs thermodynamiques.

L’état du système est alors donné par un paramètre p(t, x), qui donne la valeur des
grandeurs thermodynamiques au voisinage de x à l’instant t. On s’attend à ce que ce pa-
ramètre évolue selon une équation aux dérivées partielles, qu’on appelle équation hydro-
dynamique. On peut formellement obtenir ces équations en appliquant les lois de Newton,
non pas aux particules, mais à des éléments infinitésimaux de volume. Pour un fluide vis-
queux newtonien, on obtient les équations de Navier-Stokes, et les équations d’Euler pour
un fluide non visqueux. Pour ces équations, on distingue deux régimes, dits compressible
et incompressible, selon si on peut négliger les variations de masse volumique du fluide
(ce qui est le cas en général pour l’eau liquide, mais pas pour les gaz à faible nombre de
Mach).

La question de savoir si on peut rigoureusement obtenir les équations de la mécanique
des fluides comme limites de systèmes de particules avec une évolution microscopique
donnée par les lois de Newton fait partie du 6ème problème de Hilbert [Hil02]. Très peu
de résultats dans cette direction ont été obtenus. Par exemple, le problème d’obtenir la
loi de Fourier à partir d’une chaîne d’oscillateurs anharmoniques demeure ouvert à ce jour
([BLRB00]). À ma connaissance, la seule avancée récente dans cette direction est l’article
[BGSR], qui obtient l’équation de la chaleur comme limite d’un gaz de sphères dures.

L’une des difficultés principales pour les systèmes évoluant selon les lois de Newton
est l’absence de bonnes propriétés d’ergodicité pour la dynamique. En effet, pour montrer
que la description microscopique est bien approximée par une description macroscopique,
il faut que la distribution soit dans un état d’équilibre local. Il faut donc réussir à montrer
que cette propriété d’équilibre local reste vérifiée au cours du temps malgré l’effet de la
dynamique. Pour la plupart des dynamiques physiquement réalistes, comme les sytèmes
hamiltoniens, on ne sait pas prouver un tel résultat. La seule exception semble être le cas
des sphères dures avec collisions elastiques sur un tore. Pour ce modèle, les cas de deux
([Sin70]) ou trois sphères ([KSS91]) ont été résolus, et une résolution du cas général a été
récemment annoncée dans [Sim13].

Pour contourner cette difficulté, deux types de simplification ont été considérés. La
première est le cas de gaz à densité à densité suffisemment faible, pour limiter les corréla-
tions entre les différentes particules. La deuxième est l’ajout d’un bruit stochastique, ou
le cas de dynamiques stochastiques. Les modèles auxquels je me suis intéressé dans cette
thèse utilisent cette deuxième simplification.

Pour le cas des gaz à faible densité, on peut mentionner les travaux sur la dérivation des
équations de la mécanique des fluides (Navier-Stokes incompressible, Euler incompressible)
comme limites hydrodynamiques de l’équation de Boltzman (qui donne une description
cinétique d’un gaz raréfié de N particules, en interaction à travers des collisions réversibles
et élastiques). Le sujet a été présenté dans dans [Vil02], et [SR09] fait une description
complète des avancées récentes.

L’obtention des équations de la mécanique des fluides à partir de modèles microsco-
piques stochastiques est un problème qui a été proposé par Morrey dans [Mor55]. Dans ce
cadre, on considère des modèles dans lesquels deux mécanismes agissent :

– une force qui tend à faire diminuer une certaine énergie ;
– un bruit stochastique, qui empêche le système de rester bloqué en un minimum local
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de l’énergie.
La combinaison de ces deux effets fera que la loi de l’état du système microscopique
stochastique converge vers une mesure invariante. Dans cette thèse, on ne considèrera que
des modèles où cette mesure invariante est unique, et explicitement connue.

Il y a deux méthodes générales qui ont été développées pour étudier les limites hydro-
dynamiques de modèles stochastiques :

– La méthode entropique, développée pour la première fois dans [GPV88], consiste
à utiliser des bornes a priori sur l’entropie par rapport à la mesure invariante du
système, ainsi que sur la production d’entropie, pour obtenir la convergence vers un
objet limite. Cet objet limite est ensuite correctement identifiée à l’aide d’arguments
de martingales. Une présentation a été faite dans [Com91].

– La méthode de l’entropie relative, due à Yau [Yau91], qui consiste à prouver une
inégalité de type Gronwall pour l’entropie relative du système par rapport à une
mesure dite de Gibbs locale, qui varie en temps et qui converge vers la solution de la
limite hydrodynamique. Ceci implique alors que si la loi initiale est proche au sens
de l’entropie relative d’une mesure de Gibbs locale, alors c’est encore le cas à tout
temps positif. Cette méthode demande toutefois que l’équation limite admette des
solutions régulières.

On pourra se réferer à [KL99] pour une prśentation de ces deux méthodes et de leur
application à divers systèmes de particules. Parmis les résultats obtenus à ce jour sur les
limites hydrodynamiques de modèles stochastiques, il faut mentionner :

– L’obtention des solutions faibles de Leray des équations de Navier-Stokes incompres-
sibles à partir d’un modèle de gaz sur réseau par Quastel et Yau dans [QY98]

– La dérivation des équations d’Euler à partir d’un système de particules en interaction
par Olla, Varadhan et Yau dans [OVY93], tant qu’il existe des solutions régulières.

– Les travaux sur la limite hydrodynamique de chaînes d’oscillateurs bruités, comme
[BO05] et [LO12].

Le point de départ de cette thèse, l’article [GOVW09], propose une autre méthode,
appelée méthode à deux échelles. Elle permet d’obtenir des estimées quantitatives en
distance de Wasserstein entre l’état du système microscopique d’une taille donnée et la
mesure de Dirac en un état déterministe obtenu en discrétisant l’EDP limite. Elle est
également reliée à une méthode proposée dans [GOVW09] pour prouver des inégalités de
Sobolev logarithmique. Ces deux aspects seront présentés dans les sections 1.3.2 et 1.3.1
respectivement.

On peut aussi mentionner que récemment, une nouvelle méthode a été proposée par
Mischler et Mouhot dans [MM13]. En comparant les générateurs du processus discret et de
l’équation limite, ils parviennent à obtenir des estimées quantitatives sur la convergence du
modèle de Kac vers l’équation de Boltzman homogène en espace. Un interêt particulier de
leur méthode est qu’ils obtiennent des estimées uniformes en temps. Une présentation de
ces résultats a été faite dans [Des]. Leur méthode a également été adaptée par Marahrens
et Mouhot pour l’étude de la limite hydrodynamique du processus zero-range ([Mar12]).

1.3.1 Mesures canoniques et inégalité de Sobolev logarithmique

La loi jointe de N variables indépendantes, identiquement distribuées sur R, chacune
de loi µ(dx) = exp(−ψ(x))dx est donnée par la mesure produit de densité

µN (dx) = exp
(
−

N∑
i=1

ψ(xi)
)
dx.
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En physique, on s’intéresse souvent à des phénomènes qui possèdent une loi de conser-
vation : une certaine quantité Φ(x1, .., xN ) ∈ Rd est préservée par la dynamique. Cette
quantité peut être une énergie ou une quantité de mouvement par exemple. Si la condition
initiale (qui peut être donnée par une mesure de probabilités) vérifie presque sûrement
Φ(x1, .., xN ) = m, toute loi limite (pour la convergence en temps long, à nombre de
particules fixé) doit aussi avoir cette propriété. Ceci motive l’introduction des mesures
canoniques, pour lesquelles on fixe la valeur de Φ(x1, .., xN ) :

Définition 1.26. La mesure canonique associée au potentiel ψ et à la loi de conservation
Φ(x1, .., xN ) = m est

µN,m(dx) := 1
Z
1Φ(x)=m exp

(
−

N∑
i=1

ψ(xi)
)
H(dx)

où H est la mesure de Haussdorff sur la sous-variété de RN {x ∈ RN ; Φ(x) = m}.

Les mesures canoniques représentent donc la loi jointe de particules indépendantes
auxquelles on a imposé une contrainte.

Remarque 1.27. Pour assurer que {x ∈ RN ; Φ(x) = m} est bien une sous-variété, il suffit
de supposer que Ψ est lisse et que la matrice de Gram ∇Φ∇Φt est toujours inversible.

Dans cette thèse, on ne s’intéressera qu’au cas de la loi de conservation Φ(x1, .., xN ) =
1
N

∑
xi. Ceci correspond par exemple à la conservation du moment pour des systèmes de

particules de même masse en dimension 1.
Dans l’article [Var93], Varadhan a posé la question de savoir à quelle condition sur

ψ les mesures canoniques µN,m vérifient une inégalité de Poincaré avec une constante
indépendante de la dimension N et de la valeur m. Une généralisation naturelle de cette
question est de demander à quelle condition on a l’inégalité de Sobolev logarithmique, qui
est plus forte. Cette question est motivée par un problème de limite hydrodynamique dont
on reparlera plus loin.

Ce problème a motivé un certain nombre de travaux. Le cas où ψ est à support compact
a été résolu dans [LY93], avec une méthode basée sur une décomposition en martingale
de la configuration. Puis a été résolu le cas où ψ est une perturbation bornée d’un poten-
tiel quadratique, dans [LPY02] et [Cha03], avec la même méthode. Le cas de l’inégalité
de Poincaré a finalement été résolu dans [Cap03]. Une autre méthode a été récemmeent
proposée dans [BM13], qui utilise le fait que, sous des hypothèses de minoration de la cour-
bure, une concentration gaussienne suffisamment forte implique une inégalité de Sobolev
logarithmique. Cette méthode permet de retrouver le résultat de [Cap03] pour l’inégalité
de Poincaré, mais ne s’applique qu’aux potentiels quadratiques dans le cas de l’inégalité
de Sobolev logarithmique.

Les travaux de cette thèse sont basés sur une autre stratégie, proposée dans [GOVW09],
qui a permis une preuve alternative dans le cas où ψ est une perturbation bornée d’un
potentiel quadratique. Elle est basée sur une décomposition de la configuration dans l’es-
pace des phases : une composante macroscopique, qui est l’image de la configuration par
une projection dans un espace de dimension plus petite, et une composante de fluctuations
par rapport à cette configuration macroscopique. La méthode développée dans [GOVW09]
permet de déduire l’inégalité de Sobolev logarithmique pour une mesure de probabilités à
partir d’une inégalité pour la loi de la projection macroscopique et pour la loi des fluctua-
tions. C’est cette méthode qui a ensuite été adaptée par Menz et Otto dans [MO13] pour
obtenir la réponse suivante à la question de Varadhan :
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Théorème 1.8 ([MO13]). Supposons que ψ soit de la forme ψ = ψc + δψ, où ψc est une
fonction uniformément convexe, et δψ est une fonction bornée, de dérivée bornée. Alors la
mesure canonique µN,m vérifie une inégalité de Sobolev logarithmique avec une constante
indépendante de N et m.

En particulier, contrairement aux résultats antérieurs, ce théorème s’applique dans le
cas où la dérivée seconde du potentiel ψ n’est pas bornée, et notamment au cas du puits
double quartique ψ(x) = (x2 − 1)2.

Je vais maintenant donner une présentation de la méthode à deux échelles telle qu’elle
est utilisée dans [GOVW09].

Dans un cadre abstrait, l’opérateur de projection est un opérateur linéaire

P : X −→ Y

où X est l’espace des configurations microscopiques, et Y l’espace des configurations ma-
croscopiques, tous deux munis d’une structure euclidienne. On suppose que cet opérateur
vérifie la relation

PNP t = idY
pour un certain réel N qui mesure la taille du système, et qui sera le nombre de particules
dans les applications que l’on considèrera. Typiquement, on aura N = dimX. Sous cette
condition, les opérateurs P tNP et idX − P tNP sont des projecteurs orthogonaux.

Une mesure de probabilités µ sur X admet alors la décomposition

µ(dx) = µ(dx|y)µ̄(dy)

où µ̄ = µ ◦P−1 est la loi de y = Px lorsque x est distribué selon µ, et µ(dx|y) est la loi de
x conditionnellement à Px = y. On écrit µ̄ sous la forme µ̄(dy) = Z̄−1 exp(−NH̄(y))dy.
Cette décomposition a été utilisée dans [GOVW09] pour montrer que, lorsque HessH
est bornée, si le potentiel macroscopique H̄ est uniformément convexe, et si les mesures
µ(dx|y) vérifient une inégalité de Sobolev logarithmique avec une constante uniforme en y,
alors la mesure µ vérifie aussi une inégalité de Sobolev logarithmique, avec une constante
explicite. La raison pour laquelle on a besoin de supposer que HessH est bornée est qu’on
utilise la Proposition 1.19 avec g = ∇H.

En particulier, cette méthode a été utilisé dans [GOVW09] pour montrer que les me-
sures canoniques vérifient une inégalité de Sobolev logarithmique avec une constante uni-
forme, dans les où ψ est une perturbation bornée d’un potentiel quadratique. Ces mesures
sont les

µN,m(dx) := 1
Z
1Φ(x)=m exp

(
−

N∑
i=1

ψ(xi)
)
HN−1(dx)

dont le support est l’hyperplan

XN,m :=
{
x ∈ RN ; 1

N

N∑
i=1

xi = m

}
,

que l’on munit du produit scalaire `2 habituel. Pour cette application, on construit l’opéra-
teur P en séparant les N spins enM boîtes de K spins chacunes, avec N = KM . Le profil
macroscopique y = Px est un élément de RM , dont les coordonnées sont les moyennes
des spins sur chacune de ces boîtes. Le potentiel macroscopique H̄ associé à la mesure
macroscopique µ̄ est alors de la forme

H̄(y) := 1
M

M∑
i=1

ψK(yi).
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Dès que K est suffisemment grand, ψK est uniformément convexe, et donc H̄ l’est aussi.
Cette méthode a aussi été utilisée dans [Men11] pour le cas où le hamiltonien est de

la forme
H(x) =

∑
i

ψ(xi) + ε
∑
i

mi,j(xi − xj)2

avec ε suffisamment faible. Elle a ensuite été adapté dans [Lel09] pour des notions d’état
macroscopique plus générales, lorsque l’opérateur P n’est pas linéaire, et dans [MS12]
pour étudier l’asymptotique à basse température de la constante de l’inégalité de Sobolev
logarithmique pour des potentiels avec plusieurs minimums, en dimension fixe. Toutefois,
elle ne peut pas être utilisé telle quelle pour obtenir le théorème 1.8 à cause de la restriction
HessH <∞. Pour pouvoir contourner cette difficulté, on a besoin de bornes de covariances
plus générales que celle de la Proposition 1.19.

Pour contourner cette dernière difficulté, Menz et Otto ont utilisé dans [MO13] une
version itérative de la méthode à deux échelles. En utilisant comme opérateur de projec-
tion macroscopique la fonction qui a une configuration de N spins associe la configuration
de N/2 spins obtenue en faisant la moyenne des paires de spins voisins, ils ont obte-
nue une version restreinte du critère abstrait de [GOVW09] sans avoir à supposer que
HessH est bornée. L’outil technique principal est une version asymmétrique de l’inégalité
de Brascamp-Lieb, utilisée pour borner la covariance entre ∇H et la densité f de la loi
de la configuration de spins. Comme cette inégalité n’est valable que pour des densités
de probabilité sur R, l’argument de [MO13] ne marche pas pour l’opérateur de projection
macroscopique de [GOVW09] dès que la taille des boîtes dépasse deux. Mais pour l’in-
égalité de Sobolev logarithmique, en appliquant cet argument un nombre fini de fois, ils
parviennent à obtenir le théorème 1.8.

Une méthode reliée à cette méthode à deux échelles a été proposée dans [OR07] et
généralisée dans [Men13] et [MN13]. Elle utilise ǵalement une inégalité de Sobolev loga-
rithmique pour les mesures conditionelles et pour les marginales associées pour obtenir
une inégamité de Sobolev logarithmique globale. Cette méthode a été utilisée pour le cas
des mesures sans loi de conservation, mais avec des interactions, reprenant et généralisant
des résultats de [BH99], [BH00], [Yos99] et [Zeg96].

Dans le chapitre 2, qui est un travail réalisé en collaboration avec Georg Menz, nous
avons utilisé l’inégalité de Brascamp-Lieb asymmétrique pour obtenir une nouvelle inéga-
lité de covariance. Cette inégalité nous a ensuite permis de prouver l’inégalité de Sobolev
logarithmique pour les potentiels superquadratiques en utilisant la méthode de [GOVW09],
sans avoir à introduire plus de deux échelles. Nous avons également généralisé ce résultat
au cas où le Hamiltonien est de la forme

H(x) =
∑

ψ(xi) + aixi

avec les ai des réels bornés par une constante L. Ces ai jouent le rôle d’un potentiel chi-
mique additionnel, introduisant une inhomogénéité spatiale dans le système à l’équilibre.
Nous avons obtenu une inégalité de Sobolev logarithmique, avec une constante indépen-
dante de la dimension et du spin moyen, mais qui dépend de la borne L. Ceci généralise
un résultat de [LNN05], où l’inégalité est démontrée pour un potentiel quadratique et des
ai donnés par des variables aléatoires indépendantes et identiquement distribuées.

Dans le chapitre 5, j’ai démontré que si le potentiel ψ est une perturbation bornée d’un
potentiel uniformément p-convexe (notion définie en (1.2)), alors les mesures canoniques
vérifient une inégalité de Sobolev logarithmique p-modifiée avec une constante indépen-
dante du nombre de spins et du spin moyen. La preuve consiste en une adaptation de
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la méthode itérative de [MO13]. Ce résultat implique également une inégalité transport-
entropie.

1.3.2 Un cadre abstrait pour l’étude des limites hydrodynamiques

L’article [GOVW09] utilise aussi cette notion de profil macroscopique pour dévelop-
per un cadre abstrait pour l’étude des limites hydrodynamiques. Ils ont considéré des
dynamiques données par l’équation de Fokker-Planck

∂

∂t
(fµ) = ∇ · (A∇fµ) (1.3)

avec A une matrice définie-positive sur X. f = f(t, x) est une densité de probabilité par
rapport à la mesure invariante µ. Le principe de la méthode de [GOVW09] est de montrer
que la mesure f(t)µ est proche, pour une distance de Wasserstein, d’un état déterministe
NP tη(t), où η est un profil macroscopique donné par une équation différentielle ordinaire
sur Y , de la forme

d

dt
η = −Ā∇H̄(η). (1.4)

Dans le cas où H̄ est uniformément convexe et HessH est borné, et si A vérifie l’in-
égalité

|(idX −NP tP )x|2 ≤ C

M2 〈Ax, x〉 ∀x ∈ X, (1.5)

avec M la dimension de Y , il est prouvé dans [GOVW09] qu’on peut obtenir une inégalité
de la forme

d

dt

( 1
N
W2,A−1(f(t)µ, δNP tη(t))2

)
≤ C

(
M

N
+ 1
M

)
. (1.6)

En intégrant ceci, on obtient

1
N
W2,A−1(f(t)µ, δNP tη(t))2 ≤ 1

N
W2,A−1(f(0)µ, δNP tη(0))2 + CT

( 1
M

+ M

N

)
.

On peut ensuite utiliser une telle inégalité pour obtenir des résultats de convergence vers
la limite hydrodynamique, comme on le verra dans la section suivante.

Sous une contrainte supplémentaire sur A, il est possible d’améliorer la borne (1.6) en
obtenant un terme M−2 à la place de M−1. Ce résultat a été obtenu dans [Diz07].

Dans le chapitre 2, qui est un travail réalisé en collaboration avec Georg Menz, nous
avons développé une nouvelle inégalité de covariance, qui nous a permis d’éliminer l’hy-
pothèse de borne supérieure sur HessH, dans le cas de Hamiltoniens de la forme H(x) =∑
ψ(xi). Ceci nous a permis d’étudier les limites hydrodynamiques dans le cas où ψ se

comporte en |x|p avec p ≥ 2.
Dans le chapitre 3, je me suis intéressé au comportement de l’entropie Entµ(fµ). J’ai

démontré une borne de la forme∣∣∣∣∣
∫ T

0

1
N

Entµ(f(t)µ)− H̄(η(t))dt
∣∣∣∣∣ ≤ C

√
M

N
+ 1
M

+ 1
N
W2,A−1(f(0)µ, δNP tη(0))2,

ainsi que des bornes sur l’entropie relative de f(t)µ par rapport à un état de Gibbs local,
c’est à dire une mesure de la forme Z−1 exp(λ(t) · x)µ(dx), avec λ(t) choisi pour que
cette mesure soit une bonne approximation de δη(t). La proximité en entropie relative
à une mesure de Gibbs locale est la notion de convergence utilisée dans la méthode de
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l’entropie relative développée dans [Yau91], et est plus forte que la convergence en distance
de Wasserstein de [GOVW09].

Dans le chapitre 4, qui est un travail réalisé en collaboration avec Manh Hong Duong,
nous avons étendu ce résultat (avec une dépendance exponentielle en T plutôt que linéaire)
pour les équations de la forme

∂

∂t
(fµ) = ∇ · ((A+ J)(∇f)µ) (1.7)

avec J une matrice antisymmétrique, telle que −J2 ≤ cA, avec c une constante positive
indépendante de N . L’ajout du terme supplémentaire fait que l’opérateur différentiel n’est
plus symmétrique dans L2(µ), mais ne modifie pas la mesure invariante. Ceci étend donc
le résultat de [GOVW09] au cas des dynamiques faiblement asymmétriques. Le résultat
du chapitre 3 sur la convergence de l’entropie reste aussi valable dans ce contexte.

1.3.3 Application au modèle de Ginzburg-Landau

Nous allons maintenant voir comment on peut appliquer les méthodes et résultats
décrits dans un cadre abstrait dans la section précédente à un modèle concret.

Les systèmes de spins continus en interaction sont un type de modèle classique de
la physique statistique. C’est une généralisation possible des systèmes de spins discrets,
comme le modèle d’Ising ou le modèle de Potts, qui a l’avantage de pouvoir être étu-
diée avec des techniques d’analyse. Ils peuvent être utilisés comme modèles en physique,
par exemple pour les matériaux magnétiques ([KPDKT05]) ou comme discrétisation de
surfaces aléatoires ([Fun05], [Fun12]). Ils sont également utilisés en physique statistique
([LP76]) et en mécanique quantique ([GRS75]).

On considère un système de N spins continus Xi, dont l’évolution est donné par les
équations différentielles stochastiques

dXi
t = −N2(2ψ(Xi

t)− ψ(Xi+1
t )− ψ(Xi−1

t ))dt+
√

2N(dBi+1
t − dBi

t)

où les Bi sont des mouvements browniens indépendants, et ψ est une fonction à valeurs
réelles, qui croît de manière au moins linéaire à l’infini. Le facteur N correspond à un
scaling en temps de la dynamique. Un exemple typique est le potentiel ψ(x) = (x2 − 1)2,
et on a alors un puits double dont les minimums correspondent aux deux valeurs possibles
du modèle d’Ising discret.

Comme cette dynamique conserve le spin moyen m = 1
N

N∑
i=1

Xi, pour obtenir de
bonnes propriétés d’ergodicité, on se restreint à un hyperplan

XN,m :=
{
x ∈ RN ; 1

N

N∑
i=1

xi = m

}
,

qu’on munit du produit scalaire `2 habituel.
La dynamique admet alors une unique mesure de probabilité invariante, qui est la

mesure canonique

µN,m(dx) := 1
Z
1Φ(x)=m exp

(
−

N∑
i=1

ψ(xi)
)
HN−1(dx)

où HN−1 est la mesure de Hausdorff de dimension N − 1 sur l’hyperplan XN,m.
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L’évolution de la loi du système est de la forme (1.3), avec la matrice A donnée par le
Laplacien discret, c’est à dire

A = N2


2 −1 0 · · · 0 0 −1
−1 2 −1 · · · 0 0 0
...

...
... · · ·

...
...

...
0 0 0 · · · −1 2 −1
−1 0 0 · · · 0 −1 2

 .

Comme on l’a vu précédemment, dans le cas où ψ est une perturbation bornée d’un po-
tentiel uniformément convexe, cette mesure vérifie une inégalité de Sobolev logarithmique,
avec une constante indépendante de la taille du système N et du spin moyen m.

En combinant l’inégalité de Sobolev logarithmique et l’inégalité de Poincaré discrète,
si on note f(t)µ la loi de Xt au temps t, on obtient

d

dt
EntµN (f(t)µ) = −

∫ 〈A∇f,∇f〉
f

dµ ≤ −C Entµ(f(t)µ).

En conséquence, le système converge exponentiellement vite vers l’équilibre, uniformément
en la taille du système et en le spin moyen.

Pour étudier la limite d’échelle de cette dynamique lorsque N −→ +∞, il nous faut
plonger les espaces XN,m dans un même espace. Ici, on peut les plonger dans l’espace
L2(T). A toute configuration de spins x ∈ RN , on associe une fonction en escalier sur le
tore x̄, définie par

x̄(θ) = xi ∀θ ∈
[
i− 1
N

,
i

N

)
. (1.8)

On munit l’espace obtenu de la norme H−1. L’adherence de la réunion des espaces XN,m

pour cette norme est l’espace de Sobolev H−1.
Si on applique les résultats abstraits présentés à la section précédente, on peut montrer

que si la suite des conditions initiales f0,NµN vérifie∫
||x̄− ζ0||2H−1f0,N (x)µN (dx) −→ 0

alors, pour tout T > 0, ∫
||x̄− ζ(t)||2H−1fN (t, x)µN (dx) −→ 0

où ζ est la solution d’une équation de la chaleur non-linéaire, de la forme

∂

∂t
ζ = ∂2

∂θ2ϕ
′(ρ)

avec
ϕ(m) := sup

σ∈R

(
σm− log

∫
exp(σx− ψ(x))dx

)
Ce résultat avait déjà été prouvé dans [GPV88]. La méthode a deux échelles permet
toutefois d’obtenir un résultat quantitatif, avec une vitesse de convergence en N−1/2. Le
résultat de [GOVW09] est toutefois restreint au cas où ψ est de la forme |x|2 + δ(x), avec
δ une perturbation borné. La raison pour laquelle on peut passer des bornes en distance
W2,A−1 à une convergence en norme H−1 est que, lorsque N est grand,

1
N
〈A−1x, x〉 ≈ ||x̄||2H−1 .
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Dans le chapitre 2, qui présente des résultats obtenus en collaboration avec Georg
Menz, on étend le résultat de [GOVW09] au cas où ψ est de la forme |x|p + δ(x), avec
p ≥ 2. On étudie aussi l’effet d’un potentiel chimique aléatoire, en étudiant le cas où le
système est donné par les équations différentielles stochastiques

dXi
t = −N2

[
2ψ(Xi

t) + 2ai − ψ(Xi+1
t )− ai+1 − ψ(Xi−1

t )− ai−1
]
dt+

√
2N(dBi+1

t − dBi
t)

où les ai sont des variables aléatoires i.i.d. bornées, qui jouent le rôle de potentiels chi-
miques. On montre alors que pour presque toutes les réalisations du champ de potentiels
chimiques aléatoires, il y a convergence vers la limite hydrodynamique, qui est donnée par
l’équation aux dérivées partielles

∂

∂t
ζ = ∂2

∂θ2 ϕ̃
′(ρ).

avec
ϕ̃(m) := sup

σ∈R

(
σm− E

[
log

∫
exp(σx− a1x− ψ(x))dx

])
.

Dans le chapitre 3, on applique le théorème abstrait sur la convergence en entropie
relative au modèle de Ginzburg Landau. On y obtient la convergence∫ T

0

1
N

EntµN (f(t)µN )dt −→
∫ T

0

∫
ϕ(ζ(t, θ))dθ − ϕ

(∫
ζ(t, θ)dθ

)
dt,

c’est à dire la convergence de l’énergie libre microscopique vers l’énergie libre hydrodyna-
mique. J’ai également montré que cette convergence a lieu pour tout t > 0, uniformément
sur les intervalles de la forme [ε, T ]. Ce résultat avait déjà été prouvé dans [Kos01a] avec
une autre méthode, qui ne permet pas d’obtenir des bornes quantitatives, mais qui a
l’avantage de s’appliquer aussi à des systèmes discrets comme les processus d’exclusion
[Kos01b].

Dans le chapitre 4, travail réalisé en collaboration avec Manh Hong Duong, on applique
les résultats sur les dynamiques de la forme (1.7) pour obtenir la limite hydrodynamique
lorsque

J = N

2


0 1 0 · · · 0 0 −1
−1 0 1 · · · 0 0 0
...

...
... · · ·

...
...

...
0 0 0 · · · −1 0 1
1 0 0 · · · 0 −1 0

 .

Ce choix correspond à une perturbation faiblement asymétrique de la dynamique de Ka-
wasaki étudiée précédemment. La limite hydrodynamique est alors donnée par l’équation
aux dérivées partielles

∂

∂t
ζ = ∂2

∂θ2ϕ
′(ρ) + ∂

∂θ
ϕ′(ρ).

On y étudie également la convergence de l’entropie.

1.4 Flots gradients dans les espaces de mesures

Un flot gradient dans l’espace Rd est une équation différentielle ordianire de la forme

ẋt = −∇F (xt). (1.9)
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Cette équation est celle qui, étant donné un point de départ x0 et une énergie F : Rd −→ R,
nous donne le chemin (xt)t∈R+ qui fait décroître « le plus vite possible » F (xt). Ceci n’est
pas exactement vrai (il suffit de considérer l’équation ẋt = −λ∇F (xt) avec λ > 1), mais
vient de l’interprétation suivante. Si on discrétise en temps cette équation avec un schéma
d’Euler implicite avec pas de temps ∆t > 0, on obtient le schéma

xn+1 = xn −∆t∇F (xn+1).

Si la dérivée seconde de F est minorée, et si ∆t est suffisemment petit, alors xn+1 est
l’unique minimiseur de la fonctionnelle

x −→ F (x) + 1
2∆td(x, xn)2. (1.10)

xn+1 est donc le point qui minimise l’énergie F , sous la contrainte de ne pas trop s’éloigner
de xn.

De nombreux systèmes peuvent être modélisés par des équations de la forme (1.9). On
peut par exemple penser à l’évolution de la vitesse d’une particule amortie, ou celle d’un
fluide visqueux le long d’une pente.

Le second principe de la thermodynamique nous dit que l’entropie (physique) S d’un
système isolé est une fonction croissante du temps. Par conséquence, on s’attend à ce que
l’énergie libre F = U − TS (où U est l’energie interne et T est la température) soit une
fonction décroissante du temps, au moins dans le cas d’un système fermé subissant une
transformation isotherme.

Ici, je m’intéresse à l’entropie relative par rapport à une mesure µ = exp(−H)dx. Pour
une mesure ν = fdx, l’entropie relative s’écrit alors

Entµ(ν) =
∫
f log fdx+

∫
H(x)ν(dx).

La quantité
∫
f log fdx est l’opposé de l’entropie physique, et la quantité

∫
H(x)ν(dx)

peut être vue comme une énergie interne. L’entropie relative peut donc être vue comme
une énergie libre du système, au moins pour des situations où la température ne joue
aucun rôle (ce qui sera le cas des systèmes considérés dans cette thèse). Si on avait voulu
tenir compte de la température, on aurait remplacé H par βH, où β est l’inverse de la
température, et l’énergie libre aurait alors été β−1 Entµ(ν).

Par abus de langage, et pour suivre la convention habituelle en mathématiques, ce que
j’appellerais entropie dans la suite de ce texte est cette énergie libre. Cette entropie est
donc une fonction décroissante du temps.

Une conséquence du second principe de la thermodynamique est que les états d’équi-
libre possible d’un système isolé sont ceux dont l’entropie physique est maximale. Ce prin-
cipe est très utile en physique statistique à l’équilibre, et conduit à chercher les mesures
invariantes possibles d’une dynamique en minimisant une fonctionnelle thermodynamique,
comme l’énergie libre.

Il s’avère en fait qu’on peut aussi comprendre certains phénomènes de la physique
statistique hors équilibre à partir de principes de minimisation d’une fonctionnelle. Cette
idée est apparue en physique dans les travaux de Prigogine. Puisque le système tend vers
l’état de moindre entropie, on peut chercher la trajectoire que suit le système comme celle
qui va le plus vite possible vers cet état. Ceci nous mène à chercher à définir une équation
de la forme

ν̇ = −∇Entµ(ν).
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Mais si une telle équation a un sens dans Rd, on ne peut pas vraiment définir un gradient
dans P(Rd). On va donc chercher à donner un sens à cette équation dans un cadre plus
général.

Une première manière de faire est de remarquer que la formulation (1.10) demande
seulement l’existence d’une distance, et la semi-convexité de la fonctionnelle F . On va
donc pouvoir utiliser cette formulation pour construire des suites d’éléments de manière
itérative et avec un pas de temps ∆t > 0, et les voir comme une discrétisation en temps
d’une équation continue. Si, dans la limite ∆t −→ 0, il existe une courbe limite, alors
on peut définir les flots gradients dans des espaces métriques comme les limites de tels
schémas. Cette idée est attribuée à De Giorgi, et a été introduite dans [DGMT80]. Elle a
été utilisée dans le cadre des espaces de mesures équipés de la distance W2 dans [JKO98]
et [AGS08].

Une deuxième manière de faire, qui est en quelque sorte la version intégrée en temps
de la formulation précédente, est de remarquer que, pour toute courbe de C1([0, T ],Rd),
on a

F (xT )− F (x0) =
∫ T

0
ẋt · ∇F (xt)dt

≥ −1
2

∫ T

0
|ẋt|2dt−

1
2

∫ T

0
|∇F (xt)|2dt (1.11)

avec égalité si et seulement si t −→ xt est une solution de (1.9). On peut donc définir
les solutions de l’équation différentielle ordinaire comme les seules courbes annulant la
fonctionnelle positive

J((xt)0≤t≤T ) := F (xT )− F (x0) + 1
2

∫ T

0
|ẋt|2dt+ 1

2

∫ T

0
|∇F (xt)|2dt. (1.12)

Utiliser cette formulation ne demande pas de définir le gradient ∇F , mais seulement sa
longueur |∇F |, ce qu’on parviendra à faire dans le cadre métrique. C’est ce deuxième point
de vue qu’on va plutôt utiliser ici.

Dans le cas où F est semi-convexe, on peut donner une formulation infinitésimale un
peu plus simple de cette notion de flots gradients, qui a par exemple été utilisée dans
[Vil09] pour les flots gradients de l’entropie dans les espaces de mesures.

1.4.1 Définition

Je vais maintenant donner la définition des flots gradients. Pour cette présentation,
je ne vais pas être complètement rigoureux, et passer sous silence un certain nombre
d’aspects techniques. En particulier, je ne donnerai pas les conditions nécessaires pour
que la construction que je vais présenter fonctionne rigoureusement. Pour une description
rigoureuse et complète, on pourra se référer à [AGS08].

Comme vu précédemment, pour définir les flots gradients, il nous faut donner un sens
aux quantités |ẋt| et |∇F (x)|. Ceci n’est pas faisable pour n’importe quelle courbe, il faut
qu’elle vérifie une propriété de continuité. La bonne notion s’avère être celle de courbe
absolument continue :

Définition 1.28. Une courbe t −→ xt sur un intervalle [0, T ], à valeurs dans un espace
métrique (E, d), est dite absolument continue si il existe une fonction g ∈ L1([0, T ],R+)
telle que, pour tout 0 ≤ s ≤ t ≤ T , on a

d(xs, xt) ≤
∫ t

s
g(r)dr.
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On notera AC([0, T ], E) l’ensemble des courbes absolument continues.

Pour de telles courbes, on peut définir |ẋt| :

Définition 1.29. Soit (E, d) un espace métrique, et t −→ xt une courbe de AC([0, T ], E).

|ẋt| := lim sup
h−→0+

d(xt, xt+h)
h

.

Il nous reste encore à définir l’analogue de |∇F (x)|. Dans le cas de Rd, on aurait pu
utiliser

|∇F (x)| = lim sup
y−→x

|F (y)− F (x)|
|y − x|

.

Dans le cadre métrique, cette définition devient :

Définition 1.30. On définit la longueur du gradient |∇F | de la fonctionnelle F : E −→ R
comme

|∇F |(x) := lim sup
y−→x

(F (y)− F (x))+
d(x, y) .

Dans les bonnes conditions, on peut alors définir les flots gradients comme les courbes
absolument continues qui annullent la fonctionnelle

J((xt)t) := F (xT )− F (x0) + 1
2

∫ T

0
|ẋt|2dt+ 1

2

∫ T

0
|∇F |(xt)2dt. (1.13)

On peut alors utiliser cette définition dans P2(Rd) muni de la distance W2 et pour la
fonctionnelle Entµ, avec µ une mesure absolument continue par rapport à la mesure de
Lebesgue, et avec une densité µ(dx) = exp(−H(x))dx. On obtient des courbes de mesures
de probabilité νt, qui s’avèrent être les solutions faibles de l’équation

∂

∂t
νt = ∆νt −∇H · ∇νt.

Plus généralement, on peut travailler sur une variété riemanienne, avec une mesure
absolument continue par rapport au volume, et on obtient le même résultat (en prenant
la définition appropriée du laplacien et du gradient).

Dans ce cadre, la longueur du gradient |∇F | est l’information de Fisher relative à µ,
et |ν̇| est la norme H−1 sur l’espace L2(ν). La fonctionnelle J est donnée par

J((νt)) = Entµ(νT )− Entµ(ν0) + 1
2

∫ T

0
Iµ(νt)dt+ 1

2

∫ T

0
||ν̇t||2H−1(νt)dt. (1.14)

Dans le cadre de l’espace des mesures de probabilités sur Rd (ou sur une variété Rie-
mannienne), on dispose d’un autre point de vue (équivalent au précédent) sur les flots
gradients, dû à Otto. Il consiste à utiliser la formule de Benamou-Brenier pour munir
formellement cet espace de mesures d’une structure de variété riemannienne de dimension
infinie. La valeur de W2(ν0, ν1) donnée par la formule de Benamou-Brenier peut être vue
comme la minimisation de l’action le long des courbes reliant ν0 à ν1, ce qui correspond
bien à la formulation des distances riemanniennes habituelles. On pourra consulter [Ott01]
et [OV00] pour une présentation de ce point de vue.
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1.4.2 Stabilité des flots gradients

Un des intérêts de cette notion de flots gradients est qu’elle est stable : lorsqu’on a
une suite de flots gradients (pour des métriques et fonctionnelles d’énergie données) qui
converge vers un objet limite, on s’attend à ce que cet objet limite soit lui-même un
flot gradient. De plus, on s’attend à ce que la métrique et la fonctionnelle d’énergie du
flot gradient limite apparaissent elles-mêmes comme limites des suites de métriques et de
fonctionnelles d’énergie.

Un exemple important d’application de ce principe est la stabilité des équations de
la chaleur sur des suites d’espaces métriques convergeant au sens de Gromov-Hausdorff,
prouvée dans [AGS14].

Ce principe n’est pas vrai en général. Un contre-exemple est donné par l’homogénéisa-
tion des équations d’évolution périodiques sur R2. On considère une fonction A : R2 −→
S++,2(R), qu’on suppose Z2-périodique. Alors les solutions de l’équation aux dérivées par-
tielles

∂f

∂t
(x, t) = div(A(x/ε)∇f(x, t)) (1.15)

convergent lorsque ε tend vers 0 vers une solution de l’équation
∂f

∂t
(x, t) = div(Ā∇f(x, t)) (1.16)

pour une certaine matrice constante Ā. L’équation (1.15) est le flot gradient de l’entropie
(par rapport à la mesure de Lebesgue) pour la distance W2 associée à la distance rieman-
nienne donnée par le tenseur métrique x −→ A−1(x/ε). Cette distance riemannienne sur
R2 converge vers une certaine distance limite, qui en général n’est pas riemannienne, mais
finslerienne (ce résultat peut être trouvé dans [BD98]). Toutefois, l’équation (1.16) n’est
pas en général le flot gradient de l’entropie pour cette distance limite. En effet, l’équation
aux dérivées partielles homogénéisée est linéaire, alors que le flot gradient de l’entropie
pour une norme non-euclidienne sur R2 ne l’est pas. On ne peut donc pas toujours se
contenter d’étudier le comportement asymptotique des métriques et des fonctionnelles
d’énergie pour prouver une convergence.

Toutefois, on peut donner des cadres ou des critères pour que ce principe fonctionne.
Par exemple, dans [ASZ09], la stabilité des équations de Fokker-Planck est démontrée,
dans le cas où les drifts sont toujours le gradient d’une fonction convexe. Cette hypo-
thèse entraine la convexité de l’entropie, et empêche le phénomène qui se produit pour
l’homogénéisation périodique.

Dans l’article [Ser11], Serfaty a proposé un théorème abstrait permettant d’identifier
la limite d’une suite de flots gradients. Ce théorème généralise des idées développées dans
[SS04]. Informellement, il dit que, étant donné une suite de distances dn et une suite de
fonctionnelles Fn, si il existe une fonctionnelle F et une distance d telles que pour toute
suite convergente (xn)n, de limite x, on a

lim inf F (xn) ≥ F (x)

et si pour toute suite de courbes absolument continues xn(t) convergeant vers une courbe
x(t) (pour une topologie sur l’espace des courbes continues donnée) on a

lim inf
∫ T

0
|ẋn(t)|2ndt ≥

∫ T

0
|ẋ(t)|2dt

et
lim inf

∫ T

0
|∇Fn|2n(xn(t))dt ≥

∫ T

0
|∇F |2(x(t))dt
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alors pour toute suite convergeante de flots gradients dont les données initiales sont bien
préparées (c’est à dire que Fn(xn(0)) converge vers F (x(0))), la limite est un flot gradient
pour la fonctionnelle F et la distance d.

Comme la convergence vers un objet limite fait partie des hypothèses, il doit être utilisé
conjointement à un résultat de compacité pour la suite de flots gradients.

On peut aussi mentionner les travaux [AMP+12] et [PSV10], qui utilisent des idées
similaires pour étudier un modèle de réactions chimiques.

Le cadre abstrait de [Ser11] peut être utilisé pour prouver la convergence vers la limite
hydrodynamique du modèle de Ginzburg-Landau, retrouvant ainsi le résultat de [GPV88],
sous l’hypothèse additionnelle que les conditions initiales convergent en entropie relative
(mais comme on l’a vu, cette condition supplémentaire devient immédiatement vérifiée si
on attend un temps ε > 0).

1.4.3 Flots gradients et grandes déviations

Dans cette section, je vais discuter des liens entre les flots gradients dans les epsaces de
mesures et les grandes déviations. Pour commencer, je vais donner une brève introduction
aux grandes déviations. Pour plus de détails, on pourra se référer à [DZ10], [FK06] ou
[Var08].

Le but détudier les grandes déviations est détudier les probabilités d’évènements très
rares. Typiquement, on cherche à prouver des estimées de la forme

P [Xn ∈ A] ≈ exp(−cnI(A))

où (Xn) est une suite de variables aléatoires, (cn) une suite de réels positifs allant à
l’infini, A est un borélien et I une fonction positive. La probabilité P [Xn ∈ A] est donc
exponentiellement petite, et on cherche à quantifier à quel point.

Définition 1.31. Soit (an)n une suite croissante de réels strictement positifs, qui tend vers
+∞, et I : X −→ R+ une fonction semi-continue inférieurement, telle que les ensembles
de niveau {x ∈ X, I(x) ≤ c} soient compacts pour tout c ∈ R.

Une suite de mesures de probabilité (νn)n vérifie un principe de grandes déviations si,
pour tout ensemble fermé F de X, on a

lim sup
n→∞

1
an

log νn(F ) ≤ − inf
x∈F

I(x)

et si, pour tout ensemble ouvert O, on a

lim inf
n→∞

1
an

log νn(O) ≥ − inf
x∈O

I(x).

Une conséquence d’un principe de grandes déviations pour une suite (Xn) est que,
si la fonction de taux admet un unique minimiseur x0, alors la suite (Xn) converge en
probabilité vers x0.

Imaginons maintenant qu’on dispose d’une suite de processus stochastiques (Xn(t)),
qui vérifie un principe de grandes déviations sur un espace fonctionnel (typiquement,
C([0, T ],Rd)). Alors, dans la limite, les trajectoires vont se concentrer avec une forte pro-
babilité autour des trajectoires t −→ xt qui minimisent la fonction de taux I. Les "‘bonnes"’
trajectoires apparaissent donc comme les minimiseurs d’une fonctionnelle. Les liens entre
grandes déviations et minimisation de fonctionnelles thermodynamiques apparaissent dans
les travaux de Jona-Lasinio et ses collaborateurs, pour l’étude des fluctuations et des
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grandes déviations du courant dans les systèmes de particules dont la dynamique n’est
pas réversible ([BDSG+01], [BDSG+02], [BLM09]).

Ce point de vue présente des similarités avec la formulation (1.12) des flots gradients.
Dans les deux cadres, les bonnes trajectoires sont les minimiseurs d’une certaine fonction-
nelle. On peut donc se demander si il y a des liens entre ces deux notions.

Les travaux [ADPZ11], [ADPZ13] et [DLR13] ont cherché à lier la formulation flot gra-
dient du flot de marginales de processus stochastiques, et le principe de grandes déviations
pour la moyenne empirique d’un grand nombre de copies indépendantes de ce processus. Il
s’avère que, dans de nombreux cas, la fonction de taux et la fonctionnelle J apparaissant
dans la formulation (1.12) sont reliées.

Sur les liens entre transport optimal et grandes déviations, il faut aussi mentionner
[GL07], qui utilise des arguments de grandes déviations comme le théorème de Sanov
pour démontrer des inégalités de transport-entropie. On retrouve aussi des arguments de
transport optimal et de flots gradients dans le chapitre 9 de [FK06], pour l’étude des
diffusions avec interaction faible en champ moyen.

Dans le chapitre 6, j’ai cherché à voir si on pouvait utiliser la notion de flots gradients
pour prouver des principes de grandes déviations pour des suites de processus stochas-
tiques. Il s’est avéré qu’il y a un lien fort entre grandes déviations et flots gradients, au
moins dans le cas des processus de diffusion réversibles, c’est à dire les solutions d’équations
différentielles stochastiques de la forme

dXt = −A(Xt)∇H(Xt)dt+ div(A)(Xt)dt+
√

2A(Xt)dBt

où A est une fonction à valeurs dans l’espace des matrices symétriques, définies positives,
et B est un mouvement brownien standard sur Rd. Ce processus laisse invariante la mesure
µ(dx) = exp(−H(x))dx. Le flot des marginales d’un tel processus est un flot gradient, pour
la fonctionnelle ν −→ Entµ(ν), et la distance de Wasserstein W2,A−1 associée à la distance
riemannienne donnée par le tenseur x −→ A−1(x).

On considère une suite (Xn
t ) de diffusions de cette forme, avec des conditions initiales

Xn
0 de loi P0,n, des coefficients de diffusion An et des drifts donnés par des fonctionsHn. On

autorise aussi la dimension à changer, et on la notera dn. On supposera qu’on s’est donné
une manière d’injecter tous les espaces Rdn dans un même espace métrique, séparable et
complet X, et on munit C([0, T ], X) d’une topologie qui le rend métrique, séparable et
complet.

Le flot des marginales de la diffusion Xn est un flot gradient, auquel on peut donc
associer une fonctionnelle de la forme (1.12).

On supposera que la suite des lois de nos processus est exponentiellement tendue, avec
une vitesse (an). La définition de cette notion est la suivante :

Définition 1.32. Une suite de mesures de probabilité (νn) sur un espace topologique
X est dite exponentiellement tendue, avec vitesse (an), si pour tout α > 0 il existe un
compact Kα tel que

lim sup
n−→∞

1
an

log νn(Kc
α) ≤ −α.

Cette notion revient à demander qu’asymptotiquement la masse à l’infini est exponentiel-
lement petite.

Le théorème que j’ai obtenu est le suivant :

Théorème 1.9. La suite des lois des processus (Xn
t ) sur [0, T ] vérifie un principe de

grandes déviations de vitesse (an) et avec une fonction de taux I ssi elle est exponentiel-
lement tendue avec vitesse (an) et si
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(i) Pour toute suite de lois sur C([0, T ], X) convergeant faiblement vers la mesure de
Dirac en une trajectoire ρ ∈ C([0, T ], X), si on note νn,t le flot de marginale de la n-ième
loi, on a

lim inf 1
an

EntP0,n(νn,0) + 1
2an

Jn((νn,t)) ≥ I(ρ);

(ii) Pour toute trajectoire ρ ∈ C([0, T ], X), il existe une suite de lois sur C([0, T ], X)
convergeant faiblement vers la mesure de Dirac en ρ telle que

lim 1
an

EntP0,n(νn,0) + 1
2an

Jn((νn,t)) = I(ρ).

La condition (i) correspond à la borne supérieure dans le principe de grandes dévia-
tions, et la condition (ii) à la borne inférieure. L’ajout du terme EntP0,n(νn,0) intervient
pour retranscrire les grandes déviations pour la suite de conditions initiale (Xn

0 ). Dans le
cadre d’une application concrète de ce principe, on sait en général trouver des conditions
initiales pour lesquelles un tel principe de grandes déviations est vérifié. Par exemple,
pour l’application aux grandes déviations par rapport à la limite hydrodynamique pour le
modèle de Ginzburg–Landau, un bon chjoix est donné par des mesures de Gibbs locales
bien choisies.

Ce théorème permet donc de ramener le principe de grandes déviations à l’étude des
fonctionnelles Jn intervenant dans la formulation en flot gradient des flots de marginales
des équations différentielles stochastiques.

Ce résultat est une généralisation et reformulation d’une méthode utilisée dans [DG87]
pour étudier les grandes déviations de la mesure empirique de mouvements browniens
indépendants. On trouvera également une présentation de ce résultat dans la deuxième
partie de [Föl88]

1.4.4 Grandes déviations pour deux variantes du modèle de Ginzburg–
Landau

Pour des modèles dont on a prouvé la limite hydrodynamique, une question naturelle
est de voir ensuite à quel point une réalisation typique du système à N particules est proche
de la limite. Les bornes quantitatives de [GOVW09] apportent une réponse possible à cette
question. Une autre manière de voir le problème serait d’étudier les fluctuations autour de
la limite. Un tel résultat est l’analogue du Théorème Central Limite dans ce contexte, et
a été établi dans [CY92] pour le modèle de Ginzburg-Landau.

Une troisième manière de faire est d’étudier les grandes déviations par rapport à la
limite hydrodynamique. Typiquement, de tels résultats montrent que la probabilité d’ob-
server une déviation significative est exponentiellement petite en la taille du système.
Un principe de grandes déviations a été établi pour le modèle de Ginzburg-Landau dans
[DV89]. On peut également mentionner les résultats sur les grandes déviations pour le
processus d’exclusion obtenu dans [QRV99], et les grandes déviations pour les gaz sur
réseau de [QY98]. Pour une revue du sujet, on pourra consulter le chapitre 10 de [KL99].

Dans le chapitre 6, j’ai étudié les grandes déviations par rapport à la limite hydro-
dynamique pour deux variantes du modèle de Ginzburg-Landau : une version avec des
conductances données par des variables aléatoires i.i.d., et une version introduite par Va-
radhan dans [Var93] dont la conductances entre deux spins voisins est fonction de la valeur
de ces deux spins. Ce dernier mod èle est dit non-gradient, car les courants entre les sites ne
peuvent pas s’écrire comme le gradient discret d’une fonction de la configuration (contrai-
rement au modèle standard présenté dans la section 1.3.3). Les grandes déviations pour ce
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deuxième modèle avaient déjà été obtenues dans [Qua95] avec la méthode proposée dans
[DV89]. La méthode que j’ai employée a été d’utiliser le critère abstrait présenté dans la
section 1.4.3.

La dynamique du modèle avec conductances aléatoires est donnée par le système
d’équations différentielles stochastiques

dXi
t = N2ai+1(ψ′(Xi+1

t )−ψ′(Xi
t))dt+N2ai(ψ′(Xi−1

t )−ψ′(Xi
t))dt+Nai+1dB

i+1
t −NaidBi

t

où les ai sont des variables iid bornées. J’ai aussi supposé que la condition initiale suit la
loi de densité

exp
(∑

ϕ′(ζ0(i/N))xi
)
µN,m(dx)

pour une fonction lisse ζ0 de moyenne m.
Pour ce modèle, j’ai montré qu’on obtient pour presque toutes les réalisations des

variables ai un principe de grandes déviations de vitesse N et avec la fonction de taux

I(ρ) :=
∫
ϕ(ρ0)− ϕ(ζ0)− ϕ′(ζ0)(ρ0 − ζ0)dθ

+ 1
4ā

∫ T

0

∣∣∣∣∣
∣∣∣∣∣∂ρ∂t − ā ∂

2

∂θ2ϕ
′(ρ)

∣∣∣∣∣
∣∣∣∣∣
2

H−1

dt

où ā est la moyenne harmonique de a1, c’est à dire ā−1 := E[a−1
1 ].

Le modèle non-gradient est donné par le système d’EDS

dXi
t = N2a(Xi, Xi+1)(ψ′(Xi+1

t )− ψ′(Xi
t))dt+N2a(Xi−1, Xi)(ψ′(Xi−1

t )− ψ′(Xi
t))dt

+N2∂1a(Xi, Xi+1)dt−N2∂2a(Xi−1, Xi)dt+Na(Xi, Xi+1)dBi+1
t −Na(Xi−1, Xi)dBi

t

où a est une fonction de deux variables de classe C1, bornée par deux constantes stricte-
ment positives, et ∂1a et ∂2a sont ses dérivées partielles.

Por ce modèle, avec les même conditions initiales que précédemment, on retrouve le
principe de grandes déviations de [Qua95], de vitesse N et de bonne fonction de taux

I(ρ) :=
∫
ϕ(ρ0)− ϕ(ζ0)− ϕ′(ζ0)(ρ0 − ζ0)dθ

+1
4

∫ T

0

∣∣∣∣∣∣∣∣∂ρ∂t − ∂

∂θ

(
â(ρ) ∂

∂θ
ϕ′(ρ)

)∣∣∣∣∣∣∣∣2
H−1(â(ρ))

dt

où
||g||2H−1(â(ρ)) := sup

h
2
∫
g(θ)h(θ)dθ −

∫
â(ρ(θ))

(
∂

∂θ
h

)2
dθ

avec le sup sur l’ensemble des fonctions h de classe C1 et de moyenne nulle sur le tore.
Dans ces définitions, â est une certaine fonction d’une seule variable, bornée, donnée par
une formulation variationelle, et qui dépend à la fois de a et de ψ.

L’intérêt de ce deuxième modèle est qu’il constitue une adaptation des arguments à
une situation riemannienne : c’est le flot gradient de l’entropie, mais pour la distance
riemannienne sur RN associée au tenseur x −→ A−1(x). La preuve que j’ai donné de ce
résultat a pour intérêt de faire apparaitre le coefficient â dans le problème de minimisation
de l’information de Fisher. Ceci nous permet de comprendre l’apparition du coefficient de
diffusion comme étant celui qui minimise la dissipation d’entropie. Ceci coincide bien
avec l’interprétation en flot gradient de la dynamique : pour faire décroître l’entropie
(mathématique) le moins vite possible, on veut suivre des trajectoires pour lesquelles la
dissipation d’entropie est la plus petite possible. Ceci correspond bien à l’intuition de
Prigogine, qui est d’identifier la bonne trajectoire comme celle minimisant la production
d’entropie physique (et donc la dissipation d’entropie mathématique).
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1.5 Discrétisation d’équations différentielles stochastiques

Au cours de cette thèse, je me suis également intéressé au problème de la simulation
numérique d’équations différentielles stochastiques (EDS)

dXt = b(t,Xt)dt+ σ(t,Xt)dBt (1.17)

où B est un mouvement brownien (sur Rd ou Td). Le but est l’évaluation numérique de
quantités de la forme

E(f(Xt))

ou

E
[∫ T

0
f(Xt)dt

]
,

où f est une fonction à valeurs réelles. Pour évaluer de telles quantités il nous faut tout
d’abord choisir une manière de discrétiser en temps cette EDS, avec un pas de temps
∆t petit. Ceci nous permet de définir des variables aléatoires X∆t

n qui approximent Xt

lorsque ∆t −→ 0 et n∆t −→ t. Ensuite, pour évaluer E(f(Xt)), il nous faut générer un
grand nombre N de copies indépendantes X∆t,i

n de cette variable aléatoire. D’après la loi
des grands nombres, si le nombre de copies tend vers l’infini, on a presque sûrement

1
N

N∑
i=1

f(X∆t,i
n ) −→ E(f(X∆t

n )).

Lorsqu’on utilise cette méthode, on a deux sources d’erreur numérique :
– L’erreur de discrétisation E(f(Xt))−E(f(X∆t

n )), due au fait que le schéma numérique
discréetisé qu’on utilise ne simule pas exactement Xt, et qui dépend du pas de temps
∆t et du schéma numérique employés. Si le schéma est bien adapté, cette erreur tend
vers 0 lorsque ∆t tend vers 0.

– L’erreur statistique E(f(X∆t
n )) − 1

N

N∑
i=1

f(X∆t,i
n ), qui est une variable aléatoire

dépendant du nombre de copies N qu’on utilise. D’après le théorème central limite,
cette erreur est typiquement d’ordre N−1/2.

Pour réduire l’erreur a priori, il nous faut donc choisir un pas de temps ∆t tel que
l’erreur de discrétisation soit suffisemment faible, et déterminer le nombre de copies N
nécessaire pour que l’erreur statistique ait une forte probabilité d’être suffisemment faible.

On distingue deux types d’erreur de discrétisation :
– L’erreur forte, définie comme

E
[

sup
k≤T/∆t

|X∆t
k −Xk∆t|2

]1/2

.

Cette définition demande qu’on se soit donné un couplage entre la solution de l’EDS
et son approximation.

– L’erreur faible, associée à une fonction f à valeurs réelles et suffisemment régulière
donnée, définie comme ∣∣∣E[f(XT )]− E[f(X∆t

n )]
∣∣∣ ,

avec T = n∆t.
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L’erreur forte donne un contrôle trajectorielle, tandis que l’erreur faible est une évalua-
tion à un temps donné. De plus, pour obtenir une petite erreur forte, il faut un couplage
tel que la réalisation du schéma soit proche de la réalisation de la solution de l’EDS, tandis
que l’erreur faible est une espérance, et ne dépend doncque des lois des deux processus.
Lorsque l’erreur se comporte en ∆tα, on parle d’erreur d’ordre α. Pour une fonction f
lipschitzienne, l’ordre de l’erreur forte est toujours plus petit que l’ordre de l’erreur faible.

Dans cette thèse, je me suis essentiellement intéressé à deux algorithmes : le schéma
d’Euler explicite, et l’algorithme de Metropolis-Hastings.

1.5.1 Erreur statistique pour le schéma d’Euler explicite

Le schéma d’Euler explicite associé à l’équation (1.17) est la chaîne de Markov (X∆t
n )

construite itérativement de la manière suivante : si la variable aléatoire X∆t
n a pris la valeur

x ∈ Rd, on génère une variable aléatoire Un+1, qui suit une loi normale centrée réduite,
indépendante de tout ce qui a été fait précédemment, et on pose

X∆t
n+1 := X∆t

n −∆t b(n∆t,X∆t
n ) +

√
∆t σ(n∆t,X∆t

n )Un+1.

Cet algorithme est connu sous le nom de schéma d’Euler explicite, ou encore schéma
d’Euler-Maruyama. C’est la généralisation naturelle du schéma d’Euler classique utilisé
pour discrétiser en temps les équations différentielles ordinaires.

Lorsque les coefficients b et σ sont lipschitziens, si l’on fait tendre le pas de discrétisation
∆t vers 0, la loi de ce schéma converge bien vers celle de l’EDS (1.17). Dans [TT90], il a
été prouvé que l’erreur faible de discrétisation de ce schéma est d’ordre 1.

Pour l’erreur de discrétisation, dans le cas où σ est borné, il a été prouvé dans [FM12]
que la loi de X∆t

n vérifie une inégalité de transport-entropie dont la constante ne dépend
de n et ∆t qu’à travers t = n∆t (ce qui signifie qu’elle est stable par passage à la limite
∆t −→ 0). Cette inégalité implique un phénomène de concentration gaussienne, avec
une constante explicite, qui nous permet de borner a priori l’erreur statistique, et donc
de donner des intervalles de confiance pour la valeur de E[f(Xt)] obtenue en prenant la
moyenne sur des copies indépendantes de Xt, lorsque f est une fonction lipschitzienne.

Les résultats du chapitre 7 constituent une extension du résultat de [FM12] au cas où σ
n’est plus borné. On ne peut plus s’attendre à obtenir de la concentration gaussienne, mais
on peut obtenir des inégalités de transport-entropie plus faibles que T1, et qui permettent
encore d’obtenir des intervalles de confiance pour E[f(Xt)]. Le résultat principal est le
suivant :

Théorème 1.10. Supposons que les coefficients b et σ de l’équation différentielle stochas-
tique soient des fonctions Lipschitziennes en espace, uniformément en temps. Supposons
de plus qu’il existe une fonction V : Rd −→ R∗+ de classe C2, de hessienne bornée et telle
qu’il existe une constante α ∈ [1/2, 1] et deux constantes positives Cb et Cσ telles que pour
tout x ∈ Rd et t ∈ [0, T ] on ait

|b(t, x)|2 ≤ CbV (x) Tr(σσ∗(t, x)) ≤ CσV 1−α(x).

Alors, pour ∆t suffisamment petit, la loi du schéme d’Euler au temps T = n∆t vérifie
une inégalité trannsport-entropie T1,Φ∗α, avec Φ∗α une fonction qui dépend explicitement
des paramètres et de T , mais pas de n et ∆t. La fonction Φ∗(r) se comporte de manière
quadratique pour r petit, et comme Cr2α pour r grand.

Dans ce résultat, on peut voir α comme un paramètre mesurant la croissance du
coefficient de diffusion σ à l’infini. C’est ce paramètre qui donne le comportement à l’infini
de la fonction Φ∗α impliquée dans l’inégalité transport-entropie.
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Une exemple de diffusions auxquelles ce résultat s’applique est celui des processus de
la forme

dXt = λXt dt+
(
1 + |Xt|2

)(1−α)/2
dBt.

Ce résultat implique les bornes de concentration suivantes :

Corollaire 1.33. Sous les hypothèses précédentes, si les X∆t,k
T sont des variables aléatoires

iid obtenues en utilisant le schéma d’Euler explicite, on a les bornes

Px

[∣∣∣∣∣ 1
M

M∑
k=1

f(X∆t,k
T )− E[f(X∆t

T )]
∣∣∣∣∣ ≥ r

]
≤ 2 exp(−MΦ∗α(r));

où f est une fonction 1-lipschitzienne, et

Px

[
sup

f 1−lip

(
1
M

M∑
k=1

f(X∆t,k
T )− E[f(X∆t

T )]
)
≥ C(T,∆t)
M1/(d+2) + r

]
≤ exp(−MΦ∗α(r)).

Des résultats similaires sont également obtenus pour une famille d’algorithmes d’ap-
proximation stochastiques, utilisés pour estimer numériquement les zéros d’une fonction
continue sur Rd, dont les valeurs sont coûteuses à obtenir (en terme de nombre de calculs à
réaliser). Ils n’ont pas été repris dans cette thèse, mais peuvent être trouvés dans l’article
[FF13].

1.5.2 Erreur de discrétisation pour l’algorithme de Metropolis-Hastings

On considère maintenant le cadre plus restreint des équations différentielles stochas-
tiques de la forme

dqt = −∇V (qt)dt+
√

2dBt. (1.18)

Comme on l’a déjà vu, les diffusions de cette forme sont des processus de Markov réver-
sibles, et convergent vers une unique mesure de probabilité invariante

µ(dx) = 1
Z

exp(−V (x))dx,

au moins lorsque V croît suffisemment vite vers +∞ à l’infini.
Dans le cas où V n’est pas globalement lipschitzienne, il s’avère que le schéma d’Euler

explicite fonctionne mal. Au lieu d’être stable en temps long, ses moments partent à
l’infini. L’une des sources de ce problème est que, contrairement au processus lui-même,
cette approximation n’est pas une chaîne de Markov réversible. Pour pouvoir éviter ce
phénomène d’explosion, il est donc naturel de chercher un moyen de modifier le schéma
d’Euler explicite pour le rendre réversible. Une manière possible de faire ceci est d’utiliser
l’algorithme de Metropolis-Hastings pour stabiliser le schéma.

L’algorithme de Metropolis-Hastings est une manière de construire une chaîne de Mar-
kov réversible ayant une mesure de probabilité invariante spécifiée. Elle a été introduite
pour la première fois dans [MRR+53]. Elle est souvent utilisée pour échantillonner la me-
sure π, par exemple dans le cadre d’une méthode de Monte Carlo. On pourra consulter
[DSC98] et les références qui y sont incluses pour plus d’information sur l’algorithme de
Metropolis et ses applications.

La construction de la chaîne (Xn) se fait de la manière suivante : on suppose qu’on
dispose d’une mesure de probabilité π sur un espace X, que l’on va pour l’instant sup-
poser discret. On suppose aussi qu’on dispose d’un ensemble de mesures de probabilités
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T (x, ·) sur X, de préférence faciles à simuler. A partir de là, on définit les probabilités
d’acceptation

R(x, y) := T (y, x)π(y)
T (x, y)π(x) (1.19)

Alors, conditionnellement à la valeur de Xn, on génére une proposition Yn+1, de loi
T (Xn, ·), et une variable aléatoire Un+1, de lui uniforme sur [0, 1]. On considère alors
deux possibilités :

– Si Un+1 ≤ R(Xn, Yn+1), on pose Xn+1 := Yn+1 ;
– Sinon, on pose Xn+1 := Xn.

Dans le cas où la chaîne de Markov est à valeurs dans un espace continu, on remplace juste
T et π par leurs densités par rapport à une mesure de référence (typiquement, la mesure
de Lebesgue si on se place sur Rd).

On remarque que, pour construire cette chaîne de Markov, on peut se contenter de
connaître π à une constante multiplicative près. Ceci est très pratique lorsqu’on utilise
cet algorithme pour simuler une mesure de la forme µ(dx) = 1

Z exp(−V (x))dx lorsqu’on
connaît le potentiel V , pour laquelle il peut parfois être très difficile de calculer efficacement
la fonction de partition Z. C’est pour cette raison que cet algorithme est souvent utilisé
en physique statistique.

On peut maintenant appliquer cette méthode au schéma d’Euler explicite. Le taux
d’acceptation est donné par

R∆t(x, y) := e−V (y)T∆t(y, x)
e−V (x)T∆t(x, y)

,

où T (x, y) est la probabilité de transition de x à y du schéma d’Euler explicite, donnée
par

T∆t(x, y) :=
( 1

4π

)d/2
exp

(
− 1

4∆t |y − x+ ∆t∇V (x)|2
)
.

Ce schéma est connu dans la littérature sous le nom de SmartMC, ou Metropolis-
adjusted Langevin algorithm (MALA). Comme la chaîne de Markov obtenue est réver-
sible, la dynamique est stable, et converge vers la mesure invariante µ. Toutefois, comme
cette modification est sans relation avec la dynamique, elle affecte en mal l’erreur de dis-
crétisation. Par exemple, il a été montré dans [BRVE09] que l’erreur de discrétisation
trajectorielle forte à l’équilibre, donnée par

Eµ
[
Ex[
∣∣∣X∆t
bt/∆tc −Xt

∣∣∣2]
]1/2

,

se comporte en C(t)∆t3/4. Ceci est à comparer à l’erreur en ∆t pour le schéma d’Euler
explicite avec drift lipschitzien.

Dans le chapitre 8, je me suis intéressé à l’erreur de discrétisation dans le calcul du
coefficient de transport, défini par

D := lim
t→∞

E
[
Xt −X0√

t
⊗ Xt −X0√

t

]
.

Ce coefficient est également donné par la formule

D = 2
(
Id−

∫ +∞

0
E[∇V (qt)⊗∇V (q0)]dt

)
.
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Les résultats du chapitre 8, obtenus en collaboration avec Ahmed-Amine Hommann et
Gabriel Stoltz montrent que lorsqu’on utilise l’algorithme MALA pour simuler une dyna-
mique de la forme (1.18) sur le tore, l’erreur sur l’évaluation du coefficient de transport
faite en discrétisant l’une des deux formules précédentes est en ∆t D∗ +O(∆t3/2).

Dans le chapitre 9, qui présente un résultat obtenu en collaboration avec Ahmed-
Amine Hommann et Gabriel Stoltz, on a cherché à modifier l’algorithme pour obtenir
un schéma avec une meilleure erreur de discrétisation trajectorielle forte à l’équilibre. On
a montré qu’en ajoutant des perturbations faibles au schéma d’Euler explicite, puis en
utilisant l’algorithme de Metropolis-Hastings, on obtient un schéma avec une erreur forte
en ∆t (plutôt que (∆t)3/4). A noter qu’il n’est pas possible de faire un schéma avec une
meilleure erreur forte (voir par exemple l’article de revue [MGR06]). Ce schéma est obtenu
en appliquant l’algorithme de Metropolis à la chaîne de Markov donnée par

X∆t
n+1 = X∆t

n −∆t∇V (X∆t
n ) + ∆t2

6
(
−HessV (X∆t

n )∇V (X∆t
n ) +∇∆V (X∆t

n )
)

+
√

2∆t
(
Id + ∆t

3 HessV (X∆t
n )
)−1/2

Un+1.

Pour tous ces résultats, l’élément important est l’étude du comportement du taux d’ac-
ceptation R∆t lorsque ∆t tend vers 0. Pour l’algorithme MALA standard, il se comporte
en 1 − c∆t3/2. Pour pouvoir obtenir des meilleures bornes d’erreur, il nous faut réussir à
augmenter le taux d’acceptation, pour mieux coller à la dynamique continue. Le schéma
du chapitre 9 a un taux d’acceptation en 1− c∆t5/2, et c’est ce qui permet d’obtenir une
erreur forte trajectorielle d’ordre 1.
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Notation

– Lk is the k-dimensional Lebesgue measure
– ∇ is the gradient, Hess stands for Hessian, | · | is the norm and 〈·, ·〉 is an inner
product. If necessary, a subscript will indicate the space on which these are taken.

– At is the transpose of the operator A.
– Ran(A) is the range of the operator A.
– Entµ(f) =

∫
f(log f)µ − (

∫
fµ) log (

∫
fµ) is the entropy of the positive function f

with respect to the measure µ.
– osc Ψ = supX Ψ− infX Ψ is the oscillation of the function Ψ.
– Z is a constant enforcing unit mass for a probability measure.
– C is a positive constant, which may vary from line to line, or even within a line. 1
– idX is the identity map X → X.
– LSI is an abbreviation for logarithmic Sobolev inequality.
– ||f ||∞,E = sup

x∈E
|f(x)| is the supremum norm of f over the set E.

– a . b means that there is a constant C such that a ≤ Cb.
– Ck,`(A×B) is the space of real-valued functions on A×B which are Ck with respect
to the first variable and C` with respect to the second variable.

– Π(µ, ν) is the set of all couplings of µ and ν, that is the probability measures on the
product space whose first marginal µ and whose second marginal is ν.

– AC([0, T ], E) is the set of absolutely continuous curves x : t ∈ [0, T ] −→ xt ∈ E,
with E some metric space.

1. Only in this text. Elsewhere, C is for cookie.
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Chapitre 2
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super-quadratic, partially
inhomogeneous single-site
potential.

Ce chapitre a été écrit en collaboration avec Georg Menz, et est tiré de l’article [FM14].

Abstract We consider an interacting unbounded spin system with conservation of
the mean spin. We derive quantitative rates of convergence to the hydrodynamic limit
provided the single-site potential is a bounded perturbation of a strictly convex function
with polynomial growth, and with an additional random inhomogeneous linear term. The
argument adapts the two-scale approach of Grunewald, Otto, Villani and Westdickenberg
from the quadratic to the general case. The main ingredient is the derivation of a covariance
estimate that is uniform in the system size. We also show that this covariance estimate
can be used to change the iterative argument of [MO13] for deducing the optimal scaling
LSI for the canonical ensemble into a two-scale argument in the sense of [GOVW09]. We
also prove the LSI for canonical ensembles with an inhomogeneous linear term.

2.1 Introduction

In this work, we are interested in generalizing the results of [GOVW09] to a larger
setting. There are two topics we are interested in : logarithmic Sobolev inequalities and
quantitative rates of convergence to the hydrodynamic limit for continuous spin systems
on a lattice. We use the two-scale approach introduced in [GOVW09], which is based on
coarse-graining arguments.

2.1.1 Logarithmic Sobolev inequalities

Definition 2.1. A probability measure µ on a Riemannian manifold X is said to satisfy
a logarithmic Sobolev inequality with parameter ρ > 0 if, for all smooth, non-negative
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functions f : X → R+, we have

Entµ(f) ≤ 1
ρ

∫ |∇f |2
f

µ.

This inequality can be very useful in the study of diffusion processes. It was originally
introduced by Gross in [Gro75] to study hypercontractivity phenomenon for diffusion
processes. For example, it is well known that such an inequality implies exponentially fast
convergence to equilibrium for the diffusion equation naturally associated with µ (namely
∆−∇V , when µ = exp(−V )). Due to tensorization properties (see Criterion I in Appendix
B), it also behaves well in large dimensions. For example, it has been proven in [Goz09]
that it is equivalent to dimension-free Gaussian concentration. A well-written introduction
to this topic can be found in [Led01], and we recall the three most common criterion that
are used to derive such inequalities in Appendix B.

In [GOVW09], a new criteria, based on a decomposition of the system in two scales,
is devised. It is then applied to prove the LSI for the canonical ensemble with a bounded
perturbation of a quadratic Ginzburg-Landau type potential. Due to a technical restriction
on a covariance estimate they used, their criteria could not be directly applied to the case
of a superquadratic Ginzburg-Landau type potential. To overcome this problem, the two-
scale strategy was modified into an iterative approach in [MO13]. In this paper, we will
devise a new covariance estimate (Proposition 2.4), which will allow us to apply the original
two-scale approach. We also obtain the LSI when we add an inhomogeneous linear term
to the Hamiltonian, which generalizes to the superquadratic case results of [Men11] and
[LNN05].

2.1.2 Hydrodynamic limits

Our second theme of interest is the derivation of scaling limits for stochastic interacting
spin systems. Typically, such results consist in proving that, under a suitable time-space
scaling, random systems with a large number of particles behave like a deterministic object,
given as the solution of a partial differential equation.

There are two main general methods in the literature to prove hydrodynamic limit
results for stochastic systems. The first, often called the entropy method, was introduced
in [GPV88], and is based on martingale methods and entropy estimates. The second, called
the relative entropy method, was devised in [Yau91], and is based on proving a Gronwall-
type inequality for the relative entropy with respect to a well-chosen time-varying reference
state. It yields stronger results than the entropy method, and is in general simpler, but
relies on stronger assumptions, namely convergence of the initial data in the sense of
relative entropy rather than of the macroscopic observables. Both methods are reviewed
in [KL].

In [GOVW09], a new method is presented, based on estimates in Wasserstein distances.
Its assumptions as well as its results, are at an intermediate level between the two clas-
sical methods, and uses a logarithmic Sobolev inequality. It has the additional interest of
giving explicit quantitative rates of convergence. This method was then applied to Kawa-
saki dynamics with an equilibrium measure that is a bounded perturbation of a quadratic
potential. Here we will generalize their results to the case where the single-site potential
is a bounded perturbation of a uniformly convex function with polynomial growth, and
with an additional inhomogeneous linear term, with coefficients given by bounded iid ran-
dom variables. The additional linear term corresponds to the effect of a random chemical
potential. It seems that convergence to the hydrodynamic limit when the Hamiltonian
includes such a random chemical potential is entirely new.



2.2. Framework and Main Results 53

The plan of the paper is as follows : In Section 2, we present the framework and our
main results. Section 3 is devoted to the new covariance estimate. Section 4 presents the
proof of the logarithmic Sobolev inequality, and Section 5 contains the proofs of our results
on hydrodynamic limits.

2.2 Framework and Main Results

2.2.1 Microscopic and macroscopic scales

We consider a (periodic) lattice spin system of N continuous variables governed by a
Ginzburg-Landau type potential ψ : R→ R and an additional inhomogeneous linear term
given by a family of real numbers a = (ai)1≤i≤N . The grand canonical measure on RN has
density

dµN,a
dLN

(x) = 1
Z

exp
(
−

N∑
i=1

ψ(xi) + aixi

)
. (2.1)

We shall assume that the potential ψ is of class C2 and is a bounded perturbation of
a strictly convex potential, that is

ψ(x) = ψc(x) + δψ(x); ψ′′c ≥ λ > 0; ||δψ||C2 < +∞. (2.2)

We shall also assume that
sup |ai| ≤ L < +∞. (2.3)

To simplify notations, we define the Hamiltonian

H(x) :=
N∑
i=1

ψ(xi) + aixi − logZ, (2.4)

so that µ(dx) = exp(−H(x))dx.
We will add to the situation a constraint of fixed mean spin. Our phase state space

will be

XN,m :=
{
x ∈ RN ,

1
N

N∑
i=1

xi = m

}
.

where m is an arbitrary real number. This space is a hyperplane of RN with a fixed
mean constraint. We endow this space with the `2 inner product

〈x, x̃〉X =
N∑
i=1

xix̃i. (2.5)

For a given m ∈ R, we consider the restriction µN,a,m of the grand canonical measure
to XN,m, that is

dµN,a,m
dLN−1 (x) = 1

Z
1(1/N)

∑
xi=m exp

(
−

N∑
i=1

ψ(xi) + aixi

)
. (2.6)

This measure is called the canonical ensemble. It gives the distribution of the random
variables xi conditioned on the event that their mean value is given by m.

We now consider two integers M and K such that N = KM . To each microscopic
profile x ∈ X, we associate a macroscopic profile y ∈ RM , given by
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yi := 1
K

iK∑
j=(i−1)K+1

xj . (2.7)

We denote by PN,K the operator that associates the macroscopic profile y to the
microscopic profile x. The macroscopic profiles live in the space

YM,m :=
{
y ∈ RM ,

1
M

N∑
i=1

yi = m

}
, (2.8)

which we endow with the L2 inner product

〈y, ỹ〉Y := 1
M

∑
yiỹi. (2.9)

Remark 2.2. Note that we are not using the same scalar product for both the microscopic
and the macroscopic spaces.

If we denote by XN,K,y the space of microscopic profiles such that Px = y, we have
the factorization

XN,K,y =
M⊗
i=1

XM,yi , (2.10)

and PN,K factorizes on the fibers XN,K,y.
An important feature of the coarse-graining operator PN,K is the relation

PNP t = idY , (2.11)

so that the symmetric operator P tNP is the orthogonal projection of X to (KerP )⊥. This
induces a decomposition of X into macroscopic variables in Y ≈ (KerP )⊥ and microscopic
fluctuations in KerP , as x = P tNPx + (id − P tNP )x. This decomposition of variables
induces a decomposition of measures and a decomposition of gradients :

(i) a decomposition of measures : We denote by µ̄ the image of the measure µ by P .
This measure is the distribution of the macroscopic variable when the microscopic variable
is distributed according to µ. Let µ(dx|y) be the distribution of the microscopic variable
conditioned on the event {Px = y}. For each y, µ(dx|y) is a probability measure, and we
have

µ(dx) = µ(dx|y)µ̄(dy). (2.12)

We can define a macroscopic Hamiltonian associated to µ̄ by

H̄(y) := − 1
N

log
(
dµ̄

dy

)
, (2.13)

so that µ̄(dy) = exp(−NH̄(y))dy. We can explicitly compute H̄ as

H̄(y) = − 1
N

(
log

∫
{Px=y}

exp(−H(x))dx− log Z̄
)

= − 1
N

M∑
i=1

log
∫
XK,yi

exp

− iK∑
j=(i−1)K+1

ψ(xj) + ajxj

 dx− 1
N

log Z̄.
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If we define

ψK,a1..aK (m) := − 1
K

log
∫
XK,m

exp(−
∑

aixi + ψ(xi))dx, (2.14)

we get

H̄(y) = 1
M

M∑
i=1

ψK,a(i−1)K+1,..aiK (yi)−
1
N

log Z̄. (2.15)

Also, the fluctuations measure µ(dx|y) on XN,K,y can be decomposed as a product
measure along the factorization (2.10)

µN,a,m(dx|y) =
M⊗
i=1

µK,(aj)(i−1)K+1≤j≤iK ,yi (2.16)

(ii) a decomposition of gradients : If f is a smooth function on X, we can decompose
its gradient into a macroscopic gradient and a fluctuation gradient :

∇macrof(x) = NP tP∇f(x), ∇fluctf(x) = (idX −NP tP )∇f(x). (2.17)

This decomposition makes sense, since (idX−NP tP ) is the orthogonal projection onto
ker P , which is the tangent space to the fiber {Px = y}.

An important use of the introduction of a macroscopic scale will be that, for large
enough K, H̄ will be uniformly convex :

Proposition 2.3. Assume that (2.2) and (2.3) hold. There exists an integer K0 and a
positive real number λ such that, for any K ≥ K0 and M ∈ N, we have for any y, ỹ ∈ Y ,

〈Hess H̄(y)ỹ, ỹ〉Y ≥ λ|ỹ|2Y .

This result is a consequence of a local Cramèr theorem, which we prove in Appendix
A.

2.2.2 A new covariance estimate

To explain our results, let us first define the covariance of two functions.

Definition 2.4. The covariance of a non-negative function f and a vector-valued function
g with respect to a measure µ is given by

covµ(f, g) =
∫
gf dµ−

(∫
f dµ

)(∫
g dµ

)
.

In [GOVW09], the following covariance estimate to bound some crucial terms which
appeared because of the interaction between the microscopic and macroscopic scales.

Proposition 2.5. Let µ be a probability measure on X satisfying LSI(ρ) for some ρ > 0.
Then for any two Lipschitz functions f : X → R+ and g : X → R, we have

| covµ(f, g) ≤ ||∇g||L∞
√

2
ρ

∫
fdµEntµ(f).
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To be usefully applied, this proposition requires g to have a bounded gradient. Since
this result was used in [GOVW09] with g = ∇H, this restricted the method of [GOVW09]
to the case where the function ψ they used as a single-site potential has bounded Hessian,
and therefore it did not apply to the superquadratic case. For the logarithmic Sobolev
inequality, this problem was circumvented in [MO13] through the use of an iterated coarse-
graining, but this strategy cannot be transported very well for hydrodynamic limits, where
the use of a finite number of scales is crucial. Therefore we devised a new covariance
estimate, which applies well to our problem :

Proposition 2.6. Assume that the single-site potential ψ is perturbed strictly convex in
the sense that there is a splitting ψ = ψc + δψ such that

ψ′′c & 1 and |δψ|+ |δψ′| . 1. (2.18)

Then the canonical ensemble µK,m satisfies for any nonnegative function f ≥ 0 with∫
fdµK,m = 1 the following covariance estimate :

∣∣∣∣∣covµK,a,m

(
f,

1
K

K∑
i=1

ψ′(xi)
)∣∣∣∣∣

2

≤ C0 K

∫
∑K−1
i=1

∣∣∣ ddxi f ∣∣∣2
f

dµK,a,m


for some constant C0 which only depends on ψ and L.

Note that, in the case of a quadratic potential, this covariance bound is suboptimal,
since it has an extra K factor. However, when used in the proof of the hydrodynamic
limit, this extra factor doesn’t change the optimal order of magnitude of the quantitative
bounds (in N−1/2) which is obtained when taking the best possible choices for K and M .

2.2.3 Logarithmic Sobolev inequality

One of our main results is to prove that, when the potential ψ is a bounded perturbation
of a strictly convex function, the (generalized) canonical ensemble with inhomogeneous
linear part, as defined by (5.7), satisfies a LSI with a parameter ρ that doesn’t depend on
the dimension N , the mean m or the ai.

Theorem 2.7. Assume that ψ is a bounded perturbation of a strictly convex potential, as
in (2.2). Let a1, .., aN be a collection of N real numbers, such that

sup
i
|ai| ≤ L.

The measure µN,a,m satisfies LSI(ρ) for some constant ρ > 0 that is independent of the
dimension N , the mean m and the sequence (ai). However, it does depend on the bound
L.

This result constitutes an extension of the main result of [MO13] (which generalized
a result of [LPY02] with a different method), where they did not add an inhomogeneous
linear part. This result doesn’t rule out a dependence of ρ on L, although it does not
in the case of grand canonical measures without a conservation law. The case where ψ
is a bounded perturbation of a quadratic potential was already addressed in [Men11] by
using the two-scale approach. It should be noted that the assumption of boundedness
of the ai is not used in [Men11], and the constant obtained still does not depend at all
on the ai. Therefore it is possible that our assumption of boundedness on the ai is not



2.2. Framework and Main Results 57

optimal. However, the local Cramér theorem we use to obtain convexity of the coarse-
grained Hamiltonian does not hold for unbounded ai, so it seems our method cannot be
extended to cover that case.

Another approach to this type of result was also proposed in [BM13], but does not
obtain the result of [MO13] in full generality. It consists in using curvature lower bounds
and Gaussian concentration estimates to recover the LSI.

The logarithmic Sobolev inequality for Kawasaki dynamics (which is weaker than the
LSI we prove here, see [Cha03]) when the ai are bounded iid random variables and for a
quadratic single-site potential was also addressed in [LNN05].

2.2.4 Hydrodynamic limit for Kawasaki dynamics

We shall now consider the (reversible) stochastic dynamics on XN,m described by the
time-evolution

∂

∂t
(fµ) = ∇ · (A∇fµN,a,m) , (2.19)

which is to be understood in a weak sense : for any smooth test function ξ, we have

d

dt

∫
ξ(x)f(t, x)µN,a,m(dx) = −

∫
∇ξ(x) ·A∇f(t, x)µN,a,m(dx).

In this equation, the operator A is an N ×N matrix defined by

Ai,j := N2(−δi,j−1 + 2δi,j − δi,j+1). (2.20)

In this definition, δ is the Kronecker symbol and by convention N + 1 = 1. A is a
symmetric, positive operator when restricted to XN,0. We start with an initial condition
f0 such that f0µ is a probability measure. Then f(t, ·)µ represents the law at time t of the
solution of the stochastic differential equation

dXt = −A∇H(Xt)dt+
√

2AdBt

with initial value distributed according to f0µ, and where Bt is a standard Brownian
motion on RN .

Our first result is a quantitative bound on how close a typical realization of the diffusion
is to a deterministic vector, whose time-evolution will be given by the following equation :

dη

dt
= −Ā∇H̄N,K,a(η(t)) (2.21)

where the (positive, symmetric) operator Ā on Y is defined through

Ā−1 = PA−1NP t. (2.22)

Note that η depends on the ai.
Our main abstract result on the hydrodynamic limit is the following.

Theorem 2.8. Let us consider a solution of (2.19) in dimension N = KM , and a collec-
tion a1, .., aN of real numbers in [−L,L]. Let η be a solution of (2.21) with initial condition
η0, and

Θ(t) := 1
2N

∫
〈A−1(x−NP tη(t)), (x−NP tη(t))〉f(t, x)µN,a,m(dx), (2.23)
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Assume that
(i) EntµN,a,m(f0) ≤ C1N ;
(ii) H̄(η0) ≤ C2 for some C2 > 0 ;
(iii) inf H̄ ≥ −β for some β > 0 ;
(iv)

∫
|x|2µN,a,m(dx) ≤ αN for some α > 0 ;

(v) The coarse-grained Hamiltonian H̄N,K,a is λ−uniformly convex.
Then we have, for any T > 0,

max
{

sup
0≤t≤T

Θ(t), λ2

∫ T

0
|y − η(t)|2Y f̄(t, y)µ̄(dy)

}

≤ Θ(0) + T
M

N
+ γC0C1K

2λM2 + γ1/2

M

(
2α+ 2C1

ρ

)1/2
(C1 + C2 + β)1/2, (2.24)

where C0 is the constant in the covariance estimate of Proposition 2.6.

The statement of Theorem 2.8 can be understood as analog of Theorem 8 in [GOVW09].
Comparing the estimate (2.24) to Theorem 8 in [GOVW09], one sees that instead of the
term with scaling 1

M2 one gets a term with scaling K
M2 , which is a relic of the fact that

our covariance estimate has the factor K in contrast to the covariance estimate used
in[GOVW09].

Our aim will then be to prove a hydrodynamic limit theorem by applying Theorem 2.8.
To do this, we will need to embed the spaces XN into a single functional space. To simplify
notations, we arbitrarily take the meanm to be zero. Everything works fine for anym ∈ R.
With this aim in mind, we identify XN,0 with the space X̄N of piecewise constant functions
on T = R/Z

X̄N :=
{
x̄ : T −→ R; x̄ is constant on

(
j − 1
N

; j
N

]
, j = 1, .., N

}
.

From now on, we will call "the step function associated to x ∈ XN " the step function
x̄ ∈ X̄N with

x̄(θ) = xj , θ ∈
(
j − 1
N

; j
N

]
. (2.25)

Similarly, the "vector associated to x̄ ∈ X̄N will denote the vector x ∈ XN with

xj = x̄(j/N).
It turns out the L2 norm is not well-adapted to our problem, since it is too sensitive to

local fluctuations. Instead, we endow the spaces X̄N with the H−1 norm, which we define
as follows : if f : T→ R is a locally integrable function with zero mean, define

||f ||2H−1 :=
∫
T
w(θ)2dθ, w′ = f,

∫
T
w(θ)dθ = 0. (2.26)

As an application of Theorem 2.8, we consider a sequence of bounded iid random
variables (aq)q∈Q, and we define ai,N = ai/N for i ∈ {1, .., N}. Given a realization of this
sequence, we define µN,a,0(dx) = exp(−HN (x))dx a probability measure on XN,m, where

HN (x) :=
N∑
i=1

ψ(xi) + ai,Nxi.

We also consider a sequence (FN ) of probability densities on XN,0 such that for every N ,
FN is absolutely continuous with respect to the Lebesgue measure on XN,0. We denote by
f0,N,a the density of FN with respect to µN,a,0.
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We denote by µ0
N the generalized canonical ensemble on XN where the linear part is

equal to 0, that is

µ0
N (dx) = 1

Z
1(1/N)

∑
xi=m exp

(
−
∑

ψ(xi)
)
. (2.27)

We make the following extra assumption of polynomial growth on ψc, which we will
need to obtain some a priori uniform Lp estimates on η.

c1(1 + |x|p−2) ≤ ψc(x) ≤ c2(1 + |x|p−2), p ≥ 2. (2.28)
This assumption is probably not the most general possible, but covers the physically

relevant situations. It should be possible to extend it to an assumption of subexponential
growth, but this would require manipulating some Orlicz norm associated to ψc rather
than the Lp norm we shall use in Section 5 in the energy estimates.

Theorem 2.9. Assume ψ satisfies (2.2) and (2.28). Given a realization of the random
variables (aq), let f = f(t, x) be a time-dependent probability density on (XN , µN,a), solving

∂

∂t
(f µN,a) = ∇ · (A∇fµN,a)

where f(0, ·) = f0,a is the density of a probability measure FN with respect to µN,a. We
assume FN to be absolutely continuous with respect to the Lebesgue measure, and to satisfy
the bound ∫

XN

(
dFN
dµ0

N

)
log

(
dFN
dµ0

N

)
µ0
N ≤ CN (2.29)

for some constant C > 0, where µ0
N was defined in (2.27). Assume that

lim
N↑∞

∫
XN

||x̄− ζ0||2H−1FN (dx) = 0 (2.30)

for some ζ0 ∈ Lp(T) (initial macroscopic profile) with
∫
ζ0dθ = 0. Then for any T > 0 we

have, for almost every realization of the field of random variables (aq),

lim
N↑∞

sup
0≤t≤T

∫
XN

||x̄− ζ(t, ·)||2H−1f(t, x)µN,a(dx) = 0 (2.31)

where ζ is the unique weak solution of the nonlinear parabolic equation

∂ζ

∂t
= ∂2

∂θ2 ϕ̃
′(ζ) (2.32)

with initial condition ζ(0, ·) = ζ0, and where ϕ̃ is defined by

ϕ̃(m) = sup
σ∈R

{
σm− Ea

[
log

∫
R

exp ((σ − a)x− ψ(x)) dx
]}

. (2.33)

In this theorem, the notion of weak solution we have used is the following :

Definition 2.10. We will call ζ(t, θ) a weak solution of (2.32) on [0, T ]× T if

ζ ∈ L∞t (Lpθ),
∂ζ

∂t
∈ L2

t (H−1
θ ), ϕ̃′(ζ) ∈ L∞t (Lqθ); (2.34)

and 〈
ξ,
∂ζ

∂t

〉
H−1

= −
∫
T
ξϕ̃′(ζ)dθ for all ξ ∈ L2, for almost every t ∈ [0, T ]. (2.35)
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Remark 2.11. Our method also works (and the proof is much easier) in the case where
the ai are of the form ai = a(i/N) for some continuous function a : T→ R. In such a case,
the hydrodynamic equation is

∂ζ

∂t
= ∂2

∂θ2 (ϕ′(ζ)− a).

2.3 Proof of Proposition 2.6
Our proof of the covariance estimate relies on the following result, which already was

an important component of the proof of the LSI in [MO13].

Proposition 2.12 (One-dimensional asymmetric Brascamp-Lieb inequality). Let ν(dx) =
Z−1 exp(−ψ(x))dx a probability measure on R, where ψ = ψc + δψ is a bounded pertur-
bation of a strictly convex potential, as in (2.2). Then for any functions f and g, we
have

| covν(f, g)| ≤ exp(−3 osc δψ) sup
x

∣∣∣∣ g′(x)
ψ′′c (x)

∣∣∣∣ ∫ |f ′|dν.
We refer to [MO13] for a proof of this result. This covariance estimate was generalized in

[CCEL13] to cover other situations, but here this estimate will suffice. Using this inequality,
we shall prove the following two lemmas, which will imply Proposition 2.6.

Lemma 2.13. Let µN,a,m(dx) = Z−1 exp (−
∑
ψ(xi) + aixi) dx be a probability measure

on XN,m, where the single-site potential ψ is strictly convex and the ai are some real
numbers. Then we have, for any non-negative function f such that

∫
fdµN,a,m = 1, the

following covariance estimate :∣∣∣∣∣covµN,a,m

(
f,

1
N

N∑
i=1

ψ′(xi)
)∣∣∣∣∣

2

. K

∫ ∑ ∣∣∣ ddxi f ∣∣∣2
f

µN,a,m (2.36)

Lemma 2.14. Assume that the single-site potential ψ is perturbed strictly convex in the
sense of (2.18). Let K̃ ∈ N be an arbitrary integer. Then the canonical ensemble µK̃,m
satisfies for any nonnegative function f ≥ 0 with

∫
fdµK̃,a,m = 1 the following covariance

estimate : ∣∣∣∣∣∣covµK̃,a,m

f, 1
K̃

K̃∑
i=1

ψ′(xi)

∣∣∣∣∣∣
2

. C(K̃)
∫ ∑K̃

i=1

∣∣∣ ddxi f ∣∣∣2
f

dµK̃,a,m.

Using these two lemmas and a two-scale decomposition of the variance, we can prove
Proposition 2.6

Proof of Proposition 2.6. We decompose the system ofK spins into M̃ blocks, each contai-
ning K̃ many spins i.e. K = K̃M̃ . We disintegrate µK,a,m according to the coarse-graining
operator

Px =

 1
K̃

∑
i∈B(1)

xi , . . . ,
1
K̃

∑
i∈B(M̃)

xi

 .
Here, the index set B(l) of the l-th block is given by B(l) =

{
(l − 1)K̃ + 1, lK̃

}
,l ∈{

1, . . . , M̃
}
. Then the canonical ensemble µK,m can be written as

µK,m = µ(dx|Px = y) µ̄(dy),
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where µ(dx|Px = y) are the conditional measures and µ̄(dy) is the marginal. This disin-
tegration implies the following decomposition of the covariance

covµK,m

(
f,

1
K

K∑
i=1

ψ′(xi)
)

=
∫

covµ(dx|Px=y)

(
f,

1
K

K∑
i=1

ψ′(xi)
)
µ̄(dy)

+ covµ̄

(∫
fµ(dx|Px = y), 1

K

∫ K∑
i=1

ψ′(xi)µ(dx|Px = y)
)
, (2.37)

and therefore

| covµK,m

(
f,

1
K

K∑
i=1

ψ′(xi)
)
|2

≤ 2
(∫

covµ(dx|Px=y)

(
f,

1
K

K∑
i=1

ψ′(xi)
)
µ̄(dy)

)2

+
∣∣∣∣∣covµ̄

(∫
fµ(dx|Px = y), 1

K

∫ K∑
i=1

ψ′(xi)µ(dx|Px = y)
)∣∣∣∣∣

2

≤ 2
∫ (

covµ(dx|Px=y)

(
f,

1
K

K∑
i=1

ψ′(xi)
))2

µ̄(dy)

+ 2
∣∣∣∣∣covµ̄

(∫
fµ(dx|Px = y), 1

K

∫ K∑
i=1

ψ′(xi)µ(dx|Px = y)
)∣∣∣∣∣

2

. (2.38)

Let us now estimate the first term on the right hand side of (2.38) :
Note that the conditional measures µ(dx|Px = y) have a product structure i.e. one can
write

µ(dx|Px = y) =
M̃⊗
j=1

µK̃,yj (dx
j),

where the probability measures µK̃,yj are defined as in 5.7. Additionally, we used the
notation xj = (xi)i∈B(j). The latter yields the following representation of the microscopic
covariance

covµ̄(dx|Px=y)

(
f,

1
K

K∑
i=1

ψ′(xi)
)

= 1
M̃

M̃∑
j=1

covµK̃,yj

∫ f ⊗i 6=j µK̃,yi(dxi),
1
K̃

K̃∑
i=1

ψ′(xi)

 .
On the right hand side we apply Lemma 2.14. This leads to the estimate

covµ̄(dx|Px=y)

(
f,

1
K

K∑
i=1

ψ′(xi)
)2

≤ C(K̃) 1
M̃

M̃∑
j=1

∫ ∑
i∈B(j)

∣∣∣ ddxi f ∣∣∣2
f

µ(dx|Px = y)

= C(K̃) 1
M̃

∫ ∑K
i=1

∣∣∣ ddxi f ∣∣∣2
f

µ(dx|Px = y). (2.39)
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Let us now estimate the second term on the right hand side of (2.38) :
We take a closer look at the structure of the marginal µ̄. It turns out that the Hamiltonian
H̄ of

µ̄(dy) = 1
Z

exp
(
−H̄(y)

)
HM̃−1
b
{

1
M̃

∑M̃

j=1 yj=m
} (dx)

is given by a sum of single-site potentials ψK̃,j which depend on the site j because of the
inhomogeneous linear part.

H̄(y) =
M̃∑
j=1

K̃ψK̃,j(yj),

where the single-site potential ψK̃,j is given by

ψK̃(yj) = − 1
K̃

log
∫

exp

− K̃∑
i=1

ψ(xi) + a(j−1)K̃+i

H(dx)K̃−1
b
{

1
K̃

∑K̃

i=1 xi=yj
}.

Without loss of generality we may assume that K̃ � 1. Hence by the generalized local
Cramér theorem (see Appendix A), the function ψK̃ is uniformly strictly convex. A direct
calculation yields that the first derivative of ψK̃,j is given by

ψ′
K̃

(yj) = 1
K̃

∫ K̃∑
i=1

ψ′(xi) + a(j−1)K̃+iµK̃,yj (dx). (2.40)

Let us now estimate the macroscopic covariance term. Since the constants ai disappear in
the covariance, rewriting the macroscopic covariance using (2.40) yields

covµ̄

(∫
fµ(dx|Px = y), 1

K

∫ K∑
i=1

ψ′(xi)µ(dx|Px = y)
)

= 1
K̃M̃

M̃∑
j=1

covµ̄
(∫

fµ(dx|Px = y), K̃ψ′
K̃

(yj)
)

= covµ̄

∫ fµ(dx|Px = y), 1
K̃M̃

M̃∑
j=1

K̃ψ′
K̃

(yj)

 .
Therefore an application of Lemma 2.13 yields the estimate∣∣∣∣∣covµ̄

(∫
fµ(dx|Px = y), 1

K

∫ K∑
i=1

ψ′(xi)µ(dx|Px = y)
)∣∣∣∣∣

2

≤ CM̃
∫ ∑M̃

j=1

∣∣∣ ddyj ∫ fµ(dx|Px = y)
∣∣∣2∫

f(x)µ(dx|y) µ̄(dy). (2.41)

Because

d

dyj

∫
fµ(dx|Px = y)

=
∫ ∑

i∈B(j)

d

dxi
fµ(dx|Px = y)− covµ(dx|Px=y)

f, ∑
i∈B(j)

ψ′(xi)

 ,
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we get the estimate ∣∣∣∣∣ ddyj
∫
fµ(dx|Px = y)

∣∣∣∣∣
. K̃

∫ ∑
i∈B(j)

∣∣∣∣ ddxi f
∣∣∣∣µ(dx|Px = y)

+

∣∣∣∣∣∣covµ(dx|Px=y)

f, ∑
i∈B(j)

ψ′(xi)

∣∣∣∣∣∣ .
The covariance terms can be estimated by an application of Lemma 2.14 yielding the
overall inequality∣∣∣∣∣ ddyj

∫
fµ(dx|Px = y)

∣∣∣∣∣
2

. C(K̃)
(∫

f(x)µ(dx|y)
)∫ ∑

i∈B(j)

∣∣∣ ddxi f ∣∣∣2
f

µ(dx|Px = y). (2.42)

Now combining the estimates (2.41) and (2.42) implies∣∣∣∣∣covµ̄

(∫
fµ(dx|Px = y), 1

K

∫ K∑
i=1

ψ′c(xi)µ(dx|Px = y)
)∣∣∣∣∣

2

. C(K̃) M̃
∫ ∑K

i=1

∣∣∣ ddxi f ∣∣∣2
f

µK,m(dx). (2.43)

Now, it is only left to insert the estimate (2.39) for the conditional covariance and the
estimate (2.43) for the macroscopic covariance in the decomposition (2.38). Using K =
K̃M̃ this yields∣∣∣∣∣covµK,m

(
f,

1
K

K∑
i=1

ψ′(xi)
)∣∣∣∣∣

2

. C(K̃)K
∫ ∑K

i=1

∣∣∣ ddxi f ∣∣∣2
f

µK,m(dx) (2.44)

Proof of Lemma 2.13. We will apply a recursive approach. In the first step, we will esti-
mate the term

covµK,m
(
f,

1
K
ψ′(xn)

)
(2.45)

for a fixed site n ∈ {1, . . . ,K}. Let us choose another arbitrary site ` ∈ {1, . . .K} and
disintegrate the canonical ensemble µK,m by fixing the spin x` i.e.

µK,a,m(dx) = µ(dx̄`|x`) µ̄(dx`), (2.46)

where we used the notation

x̄l = (x1, . . . , x`−1, x`+1, . . . , xK).

Then, the marginal µ̄(dx`) is given by

µ̄(dxl) = 1
Z

exp
(
−ψ(x`)− a` − (K − 1)ψK−1,ā`

(
K

K − 1m−
1

K − 1x`
))

,
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where the function ψK−1,ā` is given by

ψK−1(z) = − 1
K − 1 log

∫
exp

(
−
K−1∑
i=1

ψ(xi)− 〈ā`, x〉
)
HK−2
b
{

1
K−1

∑K−1
i=1 xi=z

}(dx).

Note that the single-site potential ψK−1,ā` inherits the uniform strict convexity from the
single-site potential ψ by a standard argument using the (symmetric) Brascamp-Lieb in-
equality. The disintegration (2.46) of µK,a,m yields the following representation of the
covariance

covµK,m
(
f,

1
K
ψ′(xn)

)
= covµ̄(dx`)

(∫
fµ(dx̄`|x`),

1
K
ψ′(xn)

)
.

Because µ̄(dx`) is an one-dimensional measure with strictly convex Hamiltonian, an ap-
plication of the one-dimensional asymmetric Brascamp-Lieb inequality yields

covµK,m
(
f,

1
K
ψ′(xn)

)

≤ 1
K

∣∣∣∣∣∣ ψ′′(x`)
ψ′′(xl) + 1

K−1ψ
′′
K

(
K
K−1m−

1
K−1x`

)
∣∣∣∣∣∣︸ ︷︷ ︸

≤1

∫ ∣∣∣∣ ddx`
∫
fµ(dx̄`|x`)

∣∣∣∣ µ̄(dx`). (2.47)

Direct calculation reveals that
d

dxl

∫
fµ(dx̄`|x`)

=
∫ (

d

dx`
f − 1

K − 1

K−1∑
i=1

d

dxi
f

)
µ(dx̄`|x`)−

1
K − 1 covµ(dx̄`|x`)

f, K∑
i 6=l, i=1

ψ′(xi)


= 1
K − 1

∫ ( K∑
i=1

d

dx`
f − d

dxi
f

)
µ(dx̄`|x`)−

1
K − 1 covµ(dx̄`|x`)

f, K∑
i 6=l, i=1

ψ′(xi)



Using the last identity one can directly deduce from (2.47) that

covµK,m
(
f,

1
K
ψ′(xn)

)
≤ 1
K − 1

∫ K∑
i=1

∣∣∣∣ ddx` f − d

dxi
f

∣∣∣∣µK,m(dx)

+
∫ ∣∣∣∣∣∣ 1

K − 1 covµ(dx̄`|x`)

f, K∑
i 6=l, i=1

ψ′(xi)

∣∣∣∣∣∣ µ̄(dx`). (2.48)

One sees that on the right hand side, one has to estimate a covariance term

1
K − 1 covµ(dx̄`|x`)

f, K∑
i 6=l, i=1

ψ′(xi)


that has the same structure as the covariance term we started with (cf. (2.45)). The reason
is that the conditional measure µ(dx̄`|x`) has the structure of a canonical ensemble i.e.

µ(dx̄`|x`) = µK−1, K
K−1m−

1
K−1x`

(dx̄`).
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Therefore one can apply the estimate (2.48) recursively, until there is no covariance term
left. On the right hand side of the covariance estimate, there only occur terms of the form∫ ∣∣∣∣∣ ddxi f − d

dxj
f

∣∣∣∣∣µK,m
for some indexes 1 ≤ i < j ≤ K. Therefore, one only has to determine the prefactors
in front of these terms. By symmetry of the system this prefactor is independent of the
particular choice i and j and can be determined by combinatorics. Indeed, we will need
the following observation that follows from the recursive formula (2.48) :

The term
∫ ∣∣∣ ddxi f − d

dxj
f
∣∣∣µK,m only occurs, if one conditions on the spin value xi and

the spin value xj is free or if one conditions on the spin value xj and the spin value xi is
free.

Let us start to determine the prefactors. In the first step, there are K free spins. Let us
condition on an arbitrary spin xl, l ∈ {1, . . . ,K}. Then the probability that one conditions
on the spin xi or xj is given by 2

K . In this case, one gets by (2.48) the prefactor
2
K

1
K − 1 .

Note that in the remaining conditional steps, the term
∫ ∣∣∣ ddxi f − d

dxj
f
∣∣∣µK,m does not occur

anymore.
So, let us consider the remaining cases. We assume that in the first step one conditioned
on a spin xl with i 6= l 6= j and in the second step one conditions on the spin xi or xj . It
follows from (2.48) that the resulting prefactor is given by

K − 2
K

2
K − 1

1
K − 2 .

With this argument it becomes clear that the overall prefactor c is given by

c = 2
K

1
K − 1 + K − 2

K

2
K − 1

1
K − 2 + K − 2

K

K − 3
K − 1

2
K − 2

1
K − 3 + . . .

= 2
K

1
K − 1

K−1∑
i=1

1 = 2
K
.

Overall, this deduces the covariance estimate

covµK,m
(
f,

1
K
ψ′(xi)

)
.

1
K

∫ K∑
i,j=1

∣∣∣∣∣ ddxi f − d

dxj

∣∣∣∣∣µK,m (2.49)

and therefore

| covµK,m

(
f,

1
K

K∑
i=1

ψ′(xi)
)
|2 .

∫ K∑
i,j=1

∣∣∣∣∣ ddxi f − d

dxj

∣∣∣∣∣µK,m
2

.

∫
∑K
i,j=1

∣∣∣ ddxi f − d
dxj

∣∣∣2
f

µK,m

(∫ fµK,m

)

.
∫ ∑K

i,j=1 2
∣∣∣ ddxi f ∣∣∣2 + 2

∣∣∣ ddxj ∣∣∣2
f

µK,m

. K

∫ ∑K
i=1

∣∣∣ ddxi f ∣∣∣2
f

µK,m (2.50)
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Proof of Lemma 2.14. By the splitting ψ = ψc + δψ, we can decompose the covariance
term according to

covµK̃,m

f, 1
K̃

K̃∑
i=1

ψ′(xi)


= covµK̃,m

f, 1
K̃

K̃∑
i=1

ψ′c(xi)

+ covµK̃,m

f, 1
K̃

K̃∑
i=1

δψ′(xi)

 . (2.51)

Because |δψ′| . 1 by assumption, we can estimate the second term on the right hand
side of the last equality in the same way as in [MO13] by an application of the classical
Csiszár-Kullback-Pinsker inequality

||fµ− µ||TV ≤
√

2 Entµ(f)

and the LSI for µK̃,m, which holds a priori with a bad constant that depends on K̃ (see
Lemma 2.15 in the next section). Indeed,

covµK̃,m

f, 1
K̃

K̃∑
i=1

δψ′(xi)

 ≤ ||δψ′||∞ ∫ |f(x)− 1|µK̃,m(dx)

= ||fµK̃,m − µK̃,m||TV

≤
√

2 EntµK̃,m(f)

≤ C(K̃)

∫
∑∣∣∣ dfdxi ∣∣∣2

f
µK̃,m


1/2

. (2.52)

A proof of the Csiszár-Kullback-Pinsker inequality can be found for example in [Led01].
Now, let us have a look at the first term on the right hand side of (2.51). This term can be
estimated with the same strategy as for Lemma 2.13. The only difference is that instead
of the asymmetric Brascamp-Lieb inequality for strictly convex single-site potentials one
has to apply the version for perturbed strictly convex single-site potentials. However, this
does not matter, because we do not care about constants depending on K̃. There is still
a little bit of work, because ψK is not convex for small K. This is not a problem because
ψK can be represented as a sum of a strictly convex potential and a perturbation (see
[MO13]). What we get is

covµK̃,m

f, 1
K̃

K̃∑
i=1

ψ′c(xi)

 ≤ C(K̃)
∫ K̃∑

i=1

∣∣∣∣ ddxi f
∣∣∣∣µK̃,m,

≤ C(K̃)

∫
∑K̃
i=1

∣∣∣ ddxi f ∣∣∣2
f

µK̃,m


1/2 (∫

fµK̃,m

)1/2
. (2.53)
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Inserting (2.52) and (2.53) into (2.51), we get

covµK̃,m

f, 1
K̃

K̃∑
i=1

ψ′(xi)

2

≤ 2 covµK̃,m

f, 1
K̃

K̃∑
i=1

ψ′c(xi)

2

+ 2 covµK̃,m

f, 1
K̃

K̃∑
i=1

δψ′(xi)

2

≤ C(K̃)

∫
∑K̃
i=1

∣∣∣ ddxi f ∣∣∣2
f

µK̃,m


1/2 (∫

fµK̃,m

)
. (2.54)

2.4 Proof of Theorem 2.7

As announced, to prove this result we will use the two-scale approach that was intro-
duced in [GOVW09] and the covariance estimate of Proposition 2.6. First, we will prove
that the logarithmic Sobolev inequalities are satisfied at macroscopic scale and at the scale
of fluctuations around a fixed macroscopic profile, before showing how we can combine the
two LSIs to obtain a full LSI at microscopic scale.

Lemma 2.15. The measure µ satisfies LSI(ρe−cN ), with constants c and ρ independent of
N , m and the sequence (ai). As a consequence, µ(dx|y) satisfies LSI(ρ0) for some constant
ρ0 that depends on K, but not on y.

Démonstration. The first part is a consequence of a combination of the Bakry-Emery
theorem and the Holley-Stroock perturbation Lemma (see Appendix B).

Recall (2.16) :

µN,a,m(dx|y) =
M⊗
i=1

µK,(aj)(i−1)K+1≤j≤iK ,yi ,

so by the tensorization principle (Criterion I of Appendix B), µ(dx|y) satisfies LSI(ρ0) for
some constant ρ0 that depends on K, but not on y, since µK,(aj)(i−1)K+1≤j≤iK ,yi satisfies
LSI(ρe−cK).

Note that, since µK,(aj)(i−1)K+1≤j≤iK ,yi has the same form as µ, Theorem 2.7 will imply
that a posteriori ρ0 does not actually depend on K.

Lemma 2.16. There exists a positive constant λ and an integer K0 such that for all
K ≥ K0, the measure µ̄ satisfies LSI(λN), independently of the mean m and the sequence
(ai).

Démonstration. By the generalized local Cramèr theorem of Appendix A, for K large
enough, H̄(y) = 1

M

∑
ψK,i,a(yi) is λ-uniformly convex, with constant λ independent of K,

m and the sequence (ai). An application of the Bakry-Emery Theorem then yields the
desired result.

To get the full logarithmic Sobolev inequality at microscopic scale, we rely on the
following decomposition of the entropy :
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Entµ(f) = Entµ̄(f̄) +
∫
Y

Entµ(dx|y)(f)µ̄(dy). (2.55)

This identity separates the entropy into the sum of a macroscopic entropy and an
entropy at the scale of fluctuations. We can then use the fact that we have a LSI at both
scales to bound these two terms separately. Indeed, by using Lemma 2.15, we have, for a
decomposition with large but fixed K,

Entµ(dx|y)(f) ≤ 1
ρ0

∫
X

|(idX − P tNP )∇f |2

f
µ(dx|y). (2.56)

In the same way, at macroscopic scale, we have

Entµ̄(f̄) ≤ 1
λN

∫
Y

|∇f̄ |2

f̄
µ̄. (2.57)

To use this second estimate, we need to relate ∇f̄ and ∇f . This is the point of the
following Lemma :

Lemma 2.17. For any f ∈ Lip(X) and any y ∈ Y ,∫
P∇fµ(dx|y) = 1

N
∇Y f̄(y) + P covµ(dx|y)(f,∇H). (2.58)

The proof of this Lemma will be deferred to the end of this section. Using this result
and the convexity of the function (x, b)→ |x|2/b with Jensen’s inequality, we get

|∇f̄ |2

f̄
=

∣∣∣N ∫
P∇fµ(dx|y) +NP covµ(dx|y)(f,∇H)

∣∣∣2∫
f(x)µ(dx|y)

≤ 2N 1
f̄(y)

∣∣∣∣∫ P tNP∇fµ(dx|y)
∣∣∣∣2 + 2N 1

f̄(y)

∣∣∣NP tP cov(f,∇H)
∣∣∣2

≤ 2N
∫ |P tNP∇f |2

f
µ(dx|y) + 2N 1

f̄(y)

∣∣∣NP tP cov(f,∇H)
∣∣∣2 (2.59)

We can now use the covariance estimate of Proposition 2.6 to bound the second term
on the right-hand side of this equation.

∣∣∣NP tP cov(f,∇H)
∣∣∣2 =

M∑
i=1

∣∣∣∣∣∣covµK,a,yi

∫ f
⊗
k 6=i

µK,a,yk ,
1
K

iK∑
j=(i−1)K+1

ψ′(xj)

∣∣∣∣∣∣
2

≤ CKf̄(y)
∫ |(idX − P tNP )∇f |2

f
µN,a,m(dx|y). (2.60)

Plugging (2.56), (2.57), (2.59) and (2.60) into (2.55), we get

EntµN,a,m(f) ≤ 2
λ

∫ |P tNP∇f |2
f

µN,a,m(dx)

+
(exp(cK)

ρ
+ 2CK

λ

)∫ |(idX − P tNP )∇f |2

f
µN,a,m(dx)

. (1 +K) exp(cK)
∫ |∇f |2

f
µN,a,m(dx). (2.61)
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Since as long asK is large enough for the coarse-grained Hamiltonian to be strictly convex,
this bound holds, we just have to take K large but fixed for Theorem 2.7 to be proved.

We finish this section with the proof of Lemma 2.17, which is unchanged from [GOVW09]
Lemma 21.

Proof of Lemma 2.17. By definition, we have

f̄(y) =
∫
f(x)µN,a,m(dx|y)

= 1∫
{Px=0} exp(−H(NP ty + z))dz

∫
{Px=0}

f(NP ty + z) exp(−H(NP ty + z))dz.

Thus, for any ỹ ∈ Y , we have

∇Y f̄(y) · ỹ = N

∫
∇f(x) · P tỹ µ(dx|y)−N

∫
f(x)∇H(x) · P tỹµ(dx|y)

−N
(∫

f(x)µ(dx|y)
)(∫

(−H(x) · P tỹ)µ(dx|y)
)

= N

[∫
P∇f(x)µ(dx|y)−

∫
f(x)P∇H(x)µ(dx|y)

+
(∫

f(x)µ(dx|y)
)(∫

P∇H(x)µ(dx|y)
)]
· ỹ,

which is what we were aiming for.

2.5 Proof of the hydrodynamic limit
This section is devoted to the proof of the hydrodynamic limit, namely the abstract

quantitative estimate of Theorem 2.8 and the concrete application to the Kawasaki dyna-
mics stated in Theorem 2.9. This section is organized in the following way :

– In Section 2.5.1 we give the complete proof of Theorem 2.8.
– In Section 2.5.2 we give the complete proof of Theorem 2.9 up to two missing ingre-
dients, namely Proposition 2.21 and Proposition 2.25. Proposition 2.21 contains the
convergence of the deterministic macroscopic ODE given by (2.21) to the nonlinear
heat equation given by 2.32 on the continuum. Proposition 2.25 contains polynomial
bounds on the free energy.

– In Section 2.5.3, we state and prove Proposition 2.25.
– In Section 2.5.4, we state and prove auxiliary results needed for Proposition 2.21.
– And finally in Section 2.5.5, we prove Proposition 2.21.

2.5.1 Proof of Theorem 2.8

The first element of the proof is the following lemma, which will allow to control
fluctuations.

Lemma 2.18. There exists a constant γ > 0, which is independent of N and M , such
that for any x ∈ XN,0, we have

|(idX − P tNP )x|2X ≤
γ

M2 〈Ax, x〉X ; (2.62)

〈A−1(idX − P tNP )x, (idX − P tNP )x〉 ≤ γ

M2 |x|
2
X . (2.63)
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Of course, these statements are not new and we copy the argument of (54) in [GOVW09].

Démonstration. Bound (2.62) is a consequence of the discrete Poincaré inequality applied
to the blocks : there exists a universal constant γ such that for any N ∈ N and real
numbers x1, ..xN with

∑
xi = 0, we have

N∑
i=1

x2
i ≤ γN2

N∑
i=1

(xi+1 − xi)2.

Estimate (2.63) follows from (2.62) and the Cauchy-Schwartz inequality :

〈A−1(idX − P tNP )x, (idX − P tNP )x〉 = 〈x, (idX − P tNP )A−1(idX − P tNP )x〉
≤ |x||(idX − P tNP )A−1(idX − P tNP )x|

≤ |x|
(
γ

M2 〈AA
−1(idX − P tNP )x,A−1(idX − P tNP )x〉

)1/2

= |x|
(
γ

M2 〈(idX − P
tNP )x,A−1(idX − P tNP )x〉

)1/2
.

We will also need the following energy and moment estimates, which are those of Pro-
position 24 in [GOVW09]. For the sake of completness we give the proof of Proposition 2.19
at the end of the section.

Proposition 2.19. If f(t, x) and η(t) satisfy the assumptions of Theorem 2.8, then for
any T < +∞ we have

Entµ(f(T, ·)) +
∫ T

0

(∫
X

〈A∇f,∇f〉
f

dµ

)
dt = Entµ(f0); (2.64)

H̄(η(T )) +
∫ T

0

〈
dη

dt
, Ā−1dη

dt

〉
dt = H̄(η(0)); (2.65)

(∫
|x|2f(t, x)µ(dx)

)1/2
≤
(2
ρ

Entµ(f0)
)1/2

+
(∫
|x|2µ(dx)

)1/2
(2.66)

We will now prove estimate (2.24) in three steps : first we will compute the time
derivative of Θ, then we will bound it, and finally integrate it in time to obtain our result.
The calculations are exactly the same as in [GOVW09], except for the use of the new
covariance estimate of Proposition 2.6

Step 1 : Our aim is to obtain the exact formula

d

dt
Θ(t) = −

∫
(∇Y H̄(y)−∇Y H̄(η)) · (y − η)f̄(y)µ̄(dy) + M − 1

N

−
∫

(y − η) · P covµ(dx|y)(f,∇H)µ̄(dy)

−
∫ 1
N

(id− P tNP )x · ∇fµ(dx)−
∫
dη

dt
· PA−1(id− P tNP )x fµ(dx). (2.67)

Using the definition of the stochastic dynamic, of the coarse-grained evolution (2.21)
and the splitting x = P tNPx+ (idX − P tNP )x, we have
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d

dt
Θ(t) = d

dt

1
2N

∫
〈A−1(x−NP tη(t)), (x−NP tη(t))〉f(t, x)µN,a,m(dx)

(2.19)= −
∫ 1
N
A−1(x−NP tη(t)) ·A∇f(t, x)〉µ(dx)−

∫
P t
dη

dt
·A−1(x−NP tη)fµ(dx)

= −
∫
P t(Px− η) · ∇fµ(dx)−

∫
PA−1NP t

dη

dt
· (Px− η)fµ(dx)

−
∫ 1
N

(id− P tNP )x · ∇fµ(dx)−
∫
dη

dt
· PA−1(id− P tNP )x fµ(dx)

= −
∫

(Px− η) · P∇fµ(dx)−
∫
Ā−1dη

dt
· (Px− η)fµ(dx)

−
∫ 1
N

(id− P tNP )x · ∇fµ(dx)−
∫
dη

dt
· PA−1(id− P tNP )x fµ(dx)

= −
∫

(y − η) · P
∫
∇fµ(dx|y)µ̄(dy) +

∫
∇Y H̄(η) · (y − η)f̄(y)µ̄(dy)

−
∫ 1
N

(id− P tNP )x · ∇fµ(dx)−
∫
dη

dt
· PA−1(id− P tNP )x fµ(dx). (2.68)

We keep the last three terms unchanged, and transform the first one according to
Lemma 2.17

−
∫

(y − η) · P
∫
∇fµ(dx|y)µ̄(dy)

= − 1
N

∫
(y − η) · ∇Y f̄(y)µ̄(dy)−

∫
(y − η) · P covµ(dx|y)(f,∇H)µ̄(dy). (2.69)

Using integration by parts, the first term on the right-hand side of this last equation
becomes

− 1
N

∫
(y − η) · ∇Y f̄(y)µ̄(dy)

= 1
N

∫
(∇Y · y)f̄(y)µ̄(dy)−

∫
(y − η) · ∇Y H̄(y)µ̄(dy)

= M − 1
N

−
∫

(y − η) · ∇Y H̄(y)µ̄(dy). (2.70)

This final estimate allows us to conclude step 1.
Step 2 : Upper bound on the time-derivative Our aim here is to get the upper bound

d

dt
Θ(t) + λ

2

∫
|y − η|2Y f̄ µ̄(dy)

≤ M − 1
N

+ γC0K

2λNM2

∫ 〈A∇f,∇f〉X
f

µ(dx)

+
(
γ

M2

∫ 1
Nf
〈A∇f,∇f〉µ(dx) ·

∫ 1
N
|x|2Xf(x)µ(dx)

)1/2

+
(
dη

dt
· Ā−1dη

dt

)1/2 (∫ γ

NM2 |x|
2
Xf(x)µ(dx)

)1/2
(2.71)

We will now individually bound each term in (2.67). The first term can be bounded by
using the assumption that K is large enough such that H̄ is λ− uniformly convex, which
yields

−
∫

(∇Y H̄(y)−∇Y H̄(η)) · (y − η)f̄(y)µ̄(dy) ≤ −λ
∫
|y − η|2Y f̄ µ̄(dy). (2.72)
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The third term can be treated in the same way as was done for estimate (2.60) in the
proof of the LSI, and by using Lemma 2.18 :∫

(y − η) · P covµ(dx|y)(f,∇H)µ̄(dy)

≤
(∫
|y − η|2Y f̄(y)µ̄(dy)

)1/2
(∫ |P covµ(dx|y)(f,∇H)|2

f̄(y)
µ̄(dy)

)1/2

≤ λ

2

∫
|y − η|2Y f̄(y)µ̄(dy) + 1

2λN

∫ |P tNP covµ(dx|y)(f,∇H)|2

f̄(y)
µ̄(dy)

≤ λ

2

∫
|y − η|2Y f̄(y)µ̄(dy) + C0K

2λN

∫ |(idX − P tNP )∇f |2

f
µ(dx)

≤ λ

2

∫
|y − η|2Y f̄(y)µ̄(dy) + γC0K

2λNM2

∫ 〈A∇f,∇f〉X
f

µ(dx). (2.73)

The fourth term can be controlled using (2.63) and the Cauchy-Schwartz inequality :

|
∫ 1
N

(id− P tNP )x · ∇fµ(dx) |

≤
( 1
N

∫
〈A−1(id− P tNP )x, (id− P tNP )x〉f(x)µ(dx) ·

∫ 1
Nf
〈A∇f,∇f〉µ(dx)

)1/2

≤
(
γ

M2

∫ 1
Nf
〈A∇f,∇f〉µ(dx) ·

∫ 1
N
|x|2Xf(x)µ(dx)

)1/2
(2.74)

Similarly, we have for the fifth term

|
∫
dη

dt
· PA−1(id− P tNP )x fµ(dx) |

≤
(∫

P t
dη

dt
·A−1NP t

dη

dt
fxµ(dx)

)1/2

·
(∫ 1

N
〈A−1(id− P tNP )x, (id− P tNP )x〉f(x)µ(dx)

)1/2

≤
(
dη

dt
· Ā−1dη

dt

)1/2 (∫ γ

NM2 |x|
2
Xf(x)µ(dx)

)1/2
(2.75)

Combining these estimates gives the desired upper bound.
Step 3 : Time integration and conclusion Integrating (2.71) with respect to time yields

max
{

sup
0≤t≤T

Θ(t), λ

2

∫ T

0

∫
Y
|y − η(t)|2Y f̄ µ̄(dy) dt

}

≤ Θ(0) + T
M − 1
N

+ γC0K

2λNM2

∫ T

0

∫ 〈A∇f,∇f〉X
f

µ(dx) dt

+ γ1/2

M

∫ T

0

(∫ 1
N
|x|2Xf(x)µ(dx)

)1/2

×
((∫ 1

Nf
〈A∇f,∇f〉µ(dx)

)1/2
+
(
dη

dt
· Ā−1dη

dt

)1/2)
dt. (2.76)

According to Proposition 2.19, since the entropy is positive, and the initial entropy
satisfies the bound of assumption (i), we have
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∫ T

0

∫ 〈A∇f,∇f〉X
f

µ(dx) dt ≤ C1N. (2.77)

The bounds of Proposition 2.19 also yield the bound

∫ T

0

(∫ 1
N
|x|2Xf(x)µ(dx)

)1/2
×
((∫ 1

Nf
〈A∇f,∇f〉µ(dx)

)1/2
+
(
dη

dt
· Ā−1dη

dt

)1/2)
dt

≤
(∫ T

0

∫ 1
N
|x|2Xf(t, x)µ(dx)dt

)1/2

×

(∫ T

0

∫ 1
Nf
〈A∇f,∇f〉µ(dx)dt

)1/2

+
(∫ T

0

dη

dt
· Ā−1dη

dt
dt

)1/2


≤
(

2
∫ T

0

(∫ 1
N
|x|2Xµ(dx) + 2

Nρ
Entµ(f0)

)
dt

)1/2

×
(( 1

N
Entµ(f0)

)1/2
+
(
H̄(η0)− H̄(η(T ))

)1/2
)

≤
(

2α+ 2C1
ρ

)1/2
(C1 + C2 + β)1/2 (2.78)

Plugging (2.77) and (2.78) into (2.76) ends the proof.
We finish this section with the proof of Proposition 2.19. For the proof we will use the

following lemma. It was proven in [GOVW09] using a semigroup argument. Here we give
a proof based on Talagrand’s inequality.

Lemma 2.20. Assume µ is a probability measure on an Euclidean space X that satisfies
LSI(ρ) for some ρ > 0. Then for any probability density f with respect to µ, we have

(∫
|x|2f(x)µ(dx)

)1/2
≤
(∫
|x|2µ(dx)

)1/2
+
(2
ρ

Entµ(f)
)1/2

.

Démonstration. Since µ satisfies LSI(ρ), it also satisfies Talagrand’s transport-entropy
inequality

W 2
2 (µ, ν) ≤ 2

ρ
Entµ(ν)

for any probability measure ν, where W2 is the Wasserstein distance

W 2
2 (µ, ν) = inf

π∈Π

∫
|x− y|2π(dx, dy),

where Π is the set of couplings of µ and ν, that is the set of all probability measure π on
X2 such that its first marginal is µ and its second marginal is ν. Proofs of the fact that the
LSI implies this transport-entropy inequality (a result which is known as the Otto-Villani
theorem) can be found in [OV00] and [Go].

Let π be a coupling of µ and fµ. We have, by the Cauchy-Schwartz inequality

∫
〈x, y〉π(dx, dy) ≥ −

(∫
|x|2f(x)µ(dx)

)1/2 (∫
|x|2µ(dx)

)1/2
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so that∫
|x− y|2π(dx, dy) =

∫
|x|2f(x)µ(dx) +

∫
|x|2µ(dx)− 2

∫
〈x, y〉π(dx, dy)

≥
∫
|x|2f(x)µ(dx) +

∫
|x|2µ(dx)− 2

(∫
|x|2f(x)µ(dx)

)1/2 (∫
|x|2µ(dx)

)1/2

=
((∫

|x|2f(x)µ(dx)
)1/2

−
(∫
|x|2µ(dx)

)1/2
)2

.

Taking the infimum over π ∈ Π and applying the transport-entropy inequality above, we
get (∫

|x|2f(x)µ(dx)
)1/2

−
(∫
|x|2µ(dx)

)1/2
≤
(2
ρ

Entµ(f)
)1/2

which, after rearranging the terms, is the desired inequality.

Proof of Proposition 2.19. To get (2.64), we use the definition of the microscopic dynamics
to get

d

dt

∫
f(t, x) log f(t, x)µ(dx) = −

∫ 〈A∇f,∇f〉
f

µ

and integrating yields∫ T

0

∫ 〈A∇f,∇f〉
f

µdt = Entµ(f0)− Entµ(f(T, ·))

which is what we want.
In the same way, to get (2.65), we use (2.21) to get

d

dt
H̄(η(t)) = −〈Ā∇H̄(η(t)),∇H̄(η(t))〉Y

and integrating this yields the desired result.
Finally, we get (2.66) simply by applying Lemma 2.20 and the fact that the relative

entropy is decrasing, which means that by (2.64) it holds

Entµ(f(t)) ≤ Entµ(f0).

.

2.5.2 Proof of Theorem 2.9

We shall prove Theorem 2.9 in two steps : first we shall use Theorem 2.8 to show
that our data is asymptotically close, in the sense of the H−1 norm, to a sequence of
deterministic macroscopic vectors given by (2.21), and then we will show that the step
functions associated to these vectors converge to the solution of the hydrodynamic equation
(2.32).

To apply Theorem 2.8, we consider a sequence {M`, N`}∞`=1 of integers with

M` ↑ +∞, N` ↑ +∞, K` := N`

M`
↑ +∞. (2.79)

To simplify notations, we shall often not explicitly write the dependence of our various
objects on `, and just write N , M and K for N`, M` and K`.
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Let η̄`0 ∈ ȲM be a step function approximation of ζ0 with

lim
`↑∞
||η̄`0 − ζ0||L2 = 0. (2.80)

Since by assumption ζ0 lies in Lp(T), we can take a sequence such that

sup ||η̄`0||Lp ≤ C. (2.81)

Let η`0 be the vector associated to η̄`0, and consider the solutions η` of

dη`

dt
= −A∇Y H̄N,K,a(η`), η`(0) = η`0. (2.82)

Then we have the following result, which will be the key to pass from Theorem 2.8 to
Theorem 2.9.

Proposition 2.21. Under the notations above, and for almost every realization of the
family of random variables (aq), the step functions η̄` converge strongly in L∞(H−1) to
the unique weak solution of

∂ζ

∂t
= ∂2

∂θ2 ϕ̃(ζ), ζ(0, ·) = ζ0.

We shall defer the proof of this result to Section 5.5, and use it to prove our theorem.
It will use several auxiliary results on the behavior of the coarse-grained Hamiltonian H̄,
that will be proven in Sections 5.3 and 5.4.

First, let us show that the assumptions of Theorem 2.8 hold for every N and M large
enough, with uniform constants.

Assumption (iv) is given by the following lemma :

Lemma 2.22. Assume that the real numbers ai satisfy sup |ai| ≤ L. Then there exists a
constant α, which only depends on ψ, L and m such that∫

|x|2µN,a,m(dx) ≤ αN.

Démonstration. Our proof of this result will be based on Lemma 2.20. We apply its result
with reference measure

µ0
N,m = 1

Z
exp

(
−
∑

ψ(xi)
)
dx. (2.83)

Note that the measure µ0
N,m satisfies LSI(ρ) and fµ0

N,m = µN,a,m, so that
(∫
|x|2µN,a,m(dx)

)1/2
≤
(∫
|x|2µ0

N,m(dx)
)1/2

.
+
(2
ρ

∫ 1
Z

(
−
∑

aixi − logZ
)

exp
(
−
∑

aixi
)
µ0
N,m(dx)

)1/2
.

Using this and

0 ≤ Entµ0
N,m

( 1
Z

exp(−
∑

aixi)
)

=
(2
ρ

∫ 1
Z

(
−
∑

aixi − logZ
)

exp
(
−
∑

aixi
)
µ0
N,m(dx)

)1/2
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we get ∫
|x|2µN,a,m(dx) ≤ 2

∫
|x|2µ0

N,m(dx)− 4
ρ

∫ (
−
∑

aixi
)
µN,a,m(dx)

− 4
ρ

log
(∫

exp
(
−
∑

aixi
)
µ0
N,m(dx)

)
≤ 2

∫
|x|2µ0

N,m(dx) + 4
ρ

(∑
a2
i

)1/2
(∫
|x|2µN,a,m(dx)

)1/2

− 4
ρ

∫ (∑
aixi

)
µ0
N,m(dx)

≤ 2
∫
|x|2µ0

N,m(dx) + 4
ρ

√
NL

(∫
|x|2µN,a,m(dx)

)1/2

+ 4
ρ

√
NL

(∫
|x|2µ0

N,m(dx)
)1/2

. (2.84)

Applying the Poincaré inequality to µ0
N,m(dx), we have

∫
x2
iµ

0
N,m(dx) ≤ 1

ρ

∫
|∇xi|2µ0

N,m(dx) +
(∫

xiµ
0
N,m(dx)

)2
≤ 1
ρ

+m2

since, for µ0
N,m(dx), the coordinates are exchangeable and therefore all have the same

mean m. This implies that ∫
|x|2µ0

N,m(dx) ≤
(1
ρ

+m2
)
N

and therefore ∫
|x|2µN,a,m(dx) ≤ CN + C

√
N

√∫
|x|2µN,a,m(dx).

Using Young’s inequality on the last term on the right hand side, it is then easy to show
that ∫

|x|2µN,a,m(dx) ≤ αN

for some constant α which doesn’t depend on N or the ai.

Let us now turn to Assumption (i) : Recalling our choice of f0,a (see Theorem 2.9) and
the definition (2.83) of the measure µ0

N , we have

EntµN,a(f0,a) =
∫

log
(
dFN
dµN,a

)
dFN

=
∫

log
(
dFN
dµ0

N

)
dFN +

∫
log

(
dµ0

N

dµN,a

)
dFN

(2.29)
≤ CN +

∫ (∑
aixi

)
FN (dx)− log

∫
exp

(∑
aixi

)
µN,a(dx)

≤ CN +
√∑

a2
i

√∫
|x|2FN (dx)−

∫ (∑
aixi

)
µN,a(dx)

≤ CN +
√
LN

√∫
|x|2FN (dx) +

√
LN

√∫
|x|2µN,a(dx). (2.85)
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We already know by Lemma 2.22 that
∫
|x|2µN,a(dx) ≤ CN . Moreover, we can use

Lemma 2.20, the fact that Entµ0
N

(FN ) ≤ CN (see (2.29)) and Lemma 2.22 to show that∫
|x|2FN (dx) ≤ CN , and we then obtain assumption (i) of Theorem 2.8 with uniform

constant C1.
Let us turn to the Assumption (ii) and (iii), which follow from Proposition 2.25. Indeed,

recall that

H̄N,K,a(y) = 1
M

M∑
i=1

ψN,K,a(yi) + 1
N

logZ.

Since
1
N

logZ = 1
N

log
∫

exp
(
−
∑

ψ(xi) + aixi
)
dx,

it is not hard to deduce from (2.28) and the boundedness of the ai that this quantity is
bounded both from above and from below, so that, in order to prove (ii) and (iii), we can
assume without loss of generality that H̄ is given by

H̄N,K,a(y) = 1
M

M∑
i=1

ψN,K,a(yi).

Assumption (ii) then follows from (2.81) and part (iv) of Proposition 2.25 from below.
Assumption (iii) also follows from part (iv) of Proposition 2.25.

Finally, Assumption (v) follows directly from Proposition 2.3.

Before turning to the proof of Theorem 2.9, we need two more ingredients : they are
estimates comparing the H−1 norm to the A−1 norm on XN .

Lemma 2.23. There exists a constant C < ∞ such that for any x ∈ X, if x̄ is the
associated step function, then

(i)
1
C
〈x̄, x̄〉H−1 ≤

1
N
〈A−1x, x〉X ≤ C〈x̄, x̄〉H−1 ;

(ii) If x is bounded in L2, then∣∣∣∣〈x̄, x̄〉H−1 −
1
N
〈A−1x, x〉X

∣∣∣∣ ≤ C

N
.

These estimates were already included in [GOVW09], but for the sake of completness
we reproduce the proof.

Démonstration. First, we can express the discrete norm as

1
N
〈A−1x, x〉X = 1

N

N∑
i=1

F 2
i

.

where xi = N(Fi+1 − Fi) and
N∑
i=1

Fi = 0.

To estimate 〈x̄, x̄〉H−1 through the Fi, recall that by definition

〈x̄, x̄〉H−1 =
∫
T
w(θ)2dθ, where w′ = f and

∫
T
w(θ)dθ = 0.
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It is easy to check that we can define such a w with

w(θ) = Fi +N(Fi+1 − Fi)
(
θ − i− 1

N

)
for θ ∈

[
i− 1
N

,
i

N

)
.

Consequently, we have

〈x̄, x̄〉H−1 =
N∑
i=1

∫ N−1

0
(Fi +N(Fi+1 − Fi)θ)2dθ

= 1
N

N∑
i=1

(
F 2
i + (Fi+1 − Fi)Fi + 1

3(Fi+1 − Fi)2
)

= 1
N
〈A−1x, x〉X + 1

N

N∑
i=1

(
(Fi+1 − Fi)Fi + 1

3(Fi+1 − Fi)2
)
. (2.86)

We have the bounds on the second term on the right-hand side

− 2
3N

N∑
i=1

F 2
i ≤

1
N

N∑
i=1

(
(Fi+1 − Fi)Fi + 1

3(Fi+1 − Fi)2
)
≤ 0

so that
〈x̄, x̄〉H−1 ≤

1
N
〈A−1x, x〉X ≤ 3〈x̄, x̄〉H−1 .

Moreover, if x̄ is bounded in L2, then

1
N

N∑
i=1

x2
i =

N∑
i=1

N(Fi+1 − Fi)2 ≤ C and 1
N

N∑
i=1

F 2
i ≤ C,

so we get from (2.86)∣∣∣∣〈x̄, x̄〉H−1 −
1
N
〈A−1x, x〉X

∣∣∣∣
= 1
N

∣∣∣∣∣
N∑
i=1

(
(Fi+1 − Fi)Fi + 1

3(Fi+1 − Fi)2
)∣∣∣∣∣

≤ 1
N

(
N∑
i=1

(Fi+1 − Fi)2
)1/2( N∑

i=1
F 2
i

)1/2

+ 1
3N

N∑
i=1

(Fi+1 − Fi)2

≤ C

N

We are now ready to give the proof of our main result.

Proof of Theorem 2.9. First, we have

lim
`↑∞

sup
t∈[0,T ]

∫
XN

||x̄− ζ(t, ·)||2H−1f(t, x)µN,a(dx)

≤ 2 lim
`↑∞

sup
t∈[0,T ]

∫
XN

||x̄− η̄`(t)||2H−1f(t, x)µN,a(dx) + 2 lim
`↑∞

sup
t∈[0,T ]

||η̄`(t)− ζ(t, ·)||2H−1 .
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Applying Proposition 2.21, we immediately see that the second term on the right-
hand side of this equation goes to zero almost surely. For the first term, using bound (i)
of Lemma 2.23, we see that, for any realization of the random field,∫ 1

N
〈(x−NP tη0,a), A−1(x−NP tη0,a)〉FN (dx)

≤ C
∫
XN

||x̄− η̄`,0||2H−1f0,aµN,a(dx) −→ 0

so that an application of Theorem 2.8 yields that

lim
`↑∞

sup
t∈[0,T ]

∫ 1
N
〈(x−NP tη0,a), A−1(x−NP tη`,a(t))〉f(t, x)µN,a(dx) = 0

for any realization of the random field. Another application of bound (i) in Lemma 2.23
then yields

lim
`↑∞

sup
t∈[0,T ]

∫
XN

||x̄− η̄`(t)||2H−1f(t, x)µN,a(dx) = 0

also for any realization of the random field, which concludes the proof.
The remainder of this section is devoted to the proof of Propoposition 2.21

2.5.3 Auxiliary result : Polynomial bounds on the energy

In this section, our aim will be to obtain polynomial bounds on the macroscopic and
hydrodynamic free energies ψN,K,i,a, ϕN,K,i,a and ϕ̃ (for the definitions see (2.87), (2.88),
and (2.33) respectively). The main tool will be the following Lemma, due to Caputo (see
Lemma 2.4 in [Cap03]).

Lemma 2.24. Let
s(σ)2 :=

∫
(x−m)2µσ(dx)

where µσ(dx) = Z−1 exp(σx− ψ(x))dx and m =
∫
xµσ(dx). Then

1
Cψ′′c (m) ≤ s(σ)2 ≤ C

ψ′′c (m) .

For a proof of this statement we refer to [Cap03].
We define

ψN,K,i,a(m) := − 1
K

log
∫
XK,m

exp

− iK∑
j=(i−1)K+1

aj/Nxj + ψ(xj)

 dx (2.87)

and

ϕN,K,i,a(m) := sup
σ∈R

σm− 1
K

iK∑
j=(i−1)K+1

log
∫
R

exp((σ − aj/N )x− ψ(x))dx

 (2.88)

Theorem 2.34 from the appendix tells us that these two functions behave in the same
manner. We will deduce bounds on ϕN,K,i,a from Lemma 2.24, which will then carry on
to ψN,K,i,a. Since these bounds will only depend on K and sup |ai|, we simplify notations
by writing ψK instead of ψN,K,i,a and ϕK instead of ϕN,K,i,a in this section.
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Proposition 2.25. There exists K0 and C > 0 which only depend on ψ and sup ai such
that, for any m ∈ R and K ≥ K0
(i) 1

C (1 + |m|p−2) ≤ ϕ′′K(m) ≤ C(1 + |m|p−2) ;
(ii) 1

C (|m|p−1 − 1) ≤ |ϕ′K(m)| ≤ C(1 + |m|p−1) ;
(iii) 1

C (|m|p − 1) ≤ ϕK(m) ≤ C(1 + |m|p) ;
(iv) 1

C (|m|p − 1) ≤ ψK(m) ≤ C(|m|p − 1).
Moreover, bounds (i), (ii) and (iii) are also valid for ϕ̃.

Démonstration. We start with proving these bounds for ϕK . We only need to prove (i),
since (ii) and (iii) directly follow by integrating (i) and using some uniform bounds on the
value at m = 0, which directly follow from the boundedness of the random field.

We start with showing that

ϕ′′K(m) =
( 1
K
s(σ − aj/N )2

)−1
, (2.89)

where we used σ = ϕ′K(m) and

1
K

iK∑
j=(i−1)K+1

∫
xµσ−aj/N (dx) = m.

Indeed, because ϕK is the Legendre transform of

1
K

iK∑
j=(i−1)K+1

log
∫
R

exp((σ − aj/N )x− ψ(x))dx

we get that by fundamental properties of the Legendre transform

ϕ′′K(m) =

 d2

ds2
1
K

iK∑
j=(i−1)K+1

log
∫
R

exp((σ − aj/N )x− ψ(x))dx

−1

.

Straightforward calculation yields

d2

ds2
1
K

iK∑
j=(i−1)K+1

log
∫
R

exp((σ − aj/N )x− ψ(x))dx = 1
K

iK∑
j=(i−1)K+1

s(σ − aj/N )2,

which satisfies the desired identity (2.89).
It follows from the boundedness of the random field that

1
C
s(σ0) ≤ s(σ − aj/N ) ≤ Cs(σ0)

where σ0 is such that
∑∫

xµσ0(dx) = m and C only depends on ψ and L = supj |aj/N |
(see the proof of (2.123) in the appendix). Therefore

1
Cs(σ0)2 ≤ ϕ

′′
K(m) ≤ C

s(σ0)2 ,

which yields statement (i) by Lemma 2.24 and Assumption (2.28).
Let us now turn to the verification of (i), (ii), and (iii) for the function ϕ̃. We recall

the definition (2.33) of ϕ̃, namely

ϕ̃(m) = sup
σ∈R

{
σm− Ea

[
log

∫
R

exp ((σ − a)x− ψ(x)) dx
]}

.
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Because ϕ̃ is again a Legendre transform one can use the same argument as for ϕK to
obtain similar bounds.

Let us now turn to the verifiaction of (iv). By the local Cramér Theorem (cf. Theo-
rem 2.34 in the appendix) one can directly transfer the the polynomial bound of ϕK to
the function ψK .

2.5.4 Auxiliary result : Convergence of the free energy

In the previous section we derived polynomial bounds on the macroscopic and hydro-
dynamic free energies ψN,K,i,a, ϕN,K,i,a and ϕ̃ (for the definitions see (2.87), (2.88) and
(2.33) respectively). In this section we will show that the macroscopic free energy ϕN,K,i,a
converges to the hydrodynamic free energy ϕ̃.

We recall that, following (2.15)., we have

H̄N,K,a(y) = 1
M

M∑
i=1

ψN,K,a(yi) + 1
N

log Z̄ (2.90)

By Theorem 2.34, we know that, for any compact subset E of R, we have

sup {|ψN,K,i,a(m)− ϕN,K,i,a(m)| ; m ∈ E, sup |aq| ≤ L} −→ 0 as N,K →∞.
(2.91)

This implies that, in order to study the asymptotic behavior of ψN,K,i,a, we can study
the behavior of ϕN,K,i,a.

Proposition 2.26. For almost every realization of the random variables aq, we have for
every compact subset E of R, and for any sequence (i`) with i` ∈ {1, ..,M`},

ϕN,K,i,a(m) −→ ϕ̃(m) (2.92)

uniformly in m ∈ E. Moreover,

E[ϕN,K,i,a(m)] −→
K↑∞

ϕ̃(m) (2.93)

and
ϕ̃(m) = inf

K
E[ϕN,K,i,a(m)]. (2.94)

Démonstration. Due to the polynomial bounds on ϕK and ϕ̃, we can show that the opti-
mum in

ϕN,K,i,a(m) = sup
σ

(
σm− ϕ∗N,K,i,a(σ)

)
is reached for σ = ϕ′N,K,i,a(m) which satisfies the bound (see statement (iii) of Proposi-
tion 2.25)

|σ| ≤ C(1 + |m|p−1)

with a constant C uniform in K, which yields

|σ|q ≤ C(1 + |m|p),

after taking the q = p
p−1 -th power. Therefore we can localize the variational formulation

as
ϕN,K,i,a(m) = sup

|σ|q≤C(1+|m|p)

(
σm− ϕ∗N,K,i,a(σ)

)
.



82
Chapitre 2. Hydrodynamic limit for conservative spin systems with

super-quadratic, partially inhomogeneous single-site potential.

We have the same localization property for ϕ̃, and therefore

|ϕN,K,i,a(m)− ϕ̃(m)| (2.95)

=
∣∣∣∣∣ sup
|σ|q≤C(1+|m|p)

(
σm− ϕ∗N,K,i,a(σ)

)
− sup
|σ|q≤C(1+|m|p)

(σm− ϕ̃∗(σ))
∣∣∣∣∣

(2.96)

. We will now show that∣∣∣∣∣ sup
|σ|q≤C(1+|m|p)

(
σm− ϕ∗N,K,i,a(σ)

)
− sup
|σ|q≤C(1+|m|p)

(σm− ϕ̃∗(σ))
∣∣∣∣∣

≤ sup
|σ|q≤C(1+|m|p)

|ϕ∗N,K,i,a(σ)− ϕ̃∗(σ)|.

Indeed, let us assume that (the other case works with the same argument)∣∣∣∣∣ sup
|σ|q≤C(1+|m|p)

(
σm− ϕ∗N,K,i,a(σ)

)
− sup
|σ|q≤C(1+|m|p)

(σm− ϕ̃∗(σ))
∣∣∣∣∣

= sup
|σ|q≤C(1+|m|p)

(
σm− ϕ∗N,K,i,a(σ)

)
− sup
|σ|q≤C(1+|m|p)

(σm− ϕ̃∗(σ)) .

By elementary properties of the Legendre transform, there is σ̃ such that

sup
|σ|q≤C(1+|m|p)

(
σm− ϕ∗N,K,i,a(σ)

)
=
(
σ̃m− ϕ∗N,K,i,a(σ̃)

)
.

Then we get

sup
|σ|q≤C(1+|m|p)

(
σm− ϕ∗N,K,i,a(σ)

)
− sup
|σ|q≤C(1+|m|p)

(σm− ϕ̃∗(σ))

≤
(
σ̃m− ϕ∗N,K,i,a(σ̃)

)
− (σ̃m− ϕ̃∗(σ̃))

= ϕ̃∗(σ̃)− ϕ∗N,K,i,a(σ̃)
≤ sup
|σ|q≤C(1+|m|p)

|ϕ∗N,K,i,a(σ)− ϕ̃∗(σ)|.

Hence we get overall that

|ϕN,K,i,a(m)− ϕ̃(m)|

=
∣∣∣∣∣ sup
|σ|q≤C(1+|m|p)

(
σm− ϕ∗N,K,i,a(σ)

)
− sup
|σ|q≤C(1+|m|p)

(σm− ϕ̃∗(σ))
∣∣∣∣∣

≤ sup
|σ|q≤C(1+|m|p)

|ϕ∗N,K,i,a(σ)− ϕ̃∗(σ)|

= sup
|σ|q≤C(1+|m|p)

∣∣∣∣∣∣ 1
K

iK∑
j=(i−1)K+1

ϕ∗(σ − aj/N )− E[ϕ∗(σ − a)]

∣∣∣∣∣∣
Assume now that |m| ≤ m0 for some positive number m0. Then we have that

sup
|m|≤m0

|ϕN,K,i,a(m)− ϕ̃(m)|

≤ sup
|m|≤m0

sup
|σ|q≤C(1+|m|p)

∣∣∣∣∣∣ 1
K

iK∑
j=(i−1)K+1

ϕ∗(σ − aj/N )− E[ϕ∗(σ − a)]

∣∣∣∣∣∣
= sup
|σ|q≤C(1+|m0|p)

∣∣∣∣∣∣ 1
K

iK∑
j=(i−1)K+1

ϕ∗(σ − aj/N )− E[ϕ∗(σ − a)]

∣∣∣∣∣∣ .
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If we denote by ν is the distribution of the random variable a, and νN,K,i,a the (random)
probability measure given by

νN,K,i,a(dx) := 1
K

iK∑
j=(i−1)K+1

δai ,

we have

1
K

iK∑
j=(i−1)K+1

ϕ∗(σ − aj/N )− E[ϕ∗(σ − a)]

=
∫
ϕ∗(σ − x)νN,K,i,a(dx)−

∫
ϕ∗(σ − x)ν(dx)

=
∫

(ϕ∗(σ − x)− ϕ∗(σ − y))π(dx, dy),

where νN,K,i,a is the empirical measure associated to the ai and π ∗ (da, dã) is an arbitrary
coupling of the measures νN,K,i,a(dx) and ν(dỹ).

Our main argument will be that this random measure converges almost surely to ν
(this is a variant of the strong law of large numbers).

The function a −→ ϕ∗(σ − a) is C(L)(1 + |σ|q−1)-Lipschitz on [−L,L]. This follows
from the fact that (ϕ∗)′(σ) ≤ C(1 + |σ|q−1), which we deduce now. Indeed, by duality of
the Legendre transform we have (ϕ∗)′(σ) = m. By part (iii) of Propositio 2.25, we have
that

|σ| ≥ 1
C

(
|m|p−1 − 1

)
,

which yields ∣∣(ϕ∗)′(σ)
∣∣ = |m| ≤ C (|σ|+ 1)

1
p−1 ≤ C

(
|σ|

1
p−1 + 1

)
,

which yields the bound (ϕ∗)′(σ) ≤ C(1+|σ|q−1) by observing that q−1 = p
p−1−

p−1
p−1 = 1

p−1 .
By this fact we can use the Kantorovitch-Rubinstein duality formula to obtain

sup
|σ|q≤C(1+|m|p)

∣∣∣∣∣∣ 1
K

iK∑
j=(i−1)K+1

ϕ∗(σ − aj/N )− E[ϕ∗(σ − a)]

∣∣∣∣∣∣
≤ C(1 + |m|p)(q−1)/qW1(νN,K,i,a, ν)
= C(1 + |m|)W1(νN,K,i,a, ν), (2.97)

where W1(νN,K,i,a, ν) denotes the L1-Wasserstein distance between the measures νN,K,i,a
and ν. By Varadarajan’s Theorem (see section 11.4 in [Dud02]), almost surelyW1(νK , ν) −→
0, and therefore almost surely, ϕN,K,i,a(m) converges to ϕ̃(m) uniformly on bounded sets.
This proves (2.92).

Since the aq are bounded random variables, ϕN,K,i,a(m) is also bounded, and an ap-
plication of the Dominated Convergence Theorem yields (2.93).

Finally, we prove (2.94) : since the expectation of ϕN,K,i,a(m) only depends on K, we
drop the subscript and consider

ϕK(m) = sup
σ∈R

σm− 1
K

K∑
j=1

ϕ∗(σ − aj)

 ,
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with the ai a sequence of iid random variables. We then have, for any K1,K2 ∈ N

(K1 +K2)ϕK1+K2(m) = (K1 +K2)sup
σ∈R

σm− 1
K1 +K2

K1+K2∑
j=1

ϕ∗(σ − aj)


= sup

σ∈R

(K1 +K2)σm−
K1+K2∑
j=1

ϕ∗(σ − aj)


≤ sup

σ∈R

K1σm−
K1∑
j=1

ϕ∗(σ − aj)


+ sup
σ∈R

K2σm−
K1+K2∑
j=K1+1

ϕ∗(σ − aj)


So that

(K1 +K2)E[ϕK1+K2(m)] ≤ K1E[ϕK1(m)] +K2E[ϕK2(m)].

Therefore K E[ϕK(m)] is a sub-additive sequence, and an application of the sub-additivity
theorem yields

E[ϕK(m)] −→ inf
K

E[ϕK(m)].

Since E[ϕK(m)] also converges to ϕ̃(m), this implies (2.94).

We will also need convergence of the free energy when taking the average along some
Lp function :

Lemma 2.27. Let c(K) := E[W1(νN,K,i,a, ν)q], which only depends on K, and assume
that ∑

`

c(K`) <∞ (2.98)

for some ε > 0. Then, almost surely, for any sequence of adapted step functions ζ̄` that is
bounded in Lp, we have

lim̀ 1
M

M∑
i=1
|ϕN,K,i,a(ζ`,i)− ϕ̃(ζ`,i)| = 0.

(By adapted step function, we mean that ζ̄` is the step function associated to an element
of Y`, ie that its mesh size is 1/M`.)

Remark 2.28. Note that, since W1(νN,K,i,a, ν) almost surely converges to zero and is
a bounded random variable (since the aq are bounded), by the Dominated Convergence
Theorem, c(K) −→ 0 as K goes to infinity.

Démonstration. With the same arguments as in the proof of Proposition 2.26, we have

1
M

M∑
i=1
|ϕN,K,i,a(ζ`,i)− ϕ̃(ζ`,i)| ≤

1
M

M∑
i=1

C(1 + |ζ`,i|)W1(νN,K,i,a, ν). (2.99)
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Using Holder’s inequality, this yields

1
M

M∑
i=1
|ϕN,K,i,a(ζ`,i)− ϕ̃(ζ`,i)|

≤
(

1
M

M∑
i=1

C(1 + |ζ`,i|)p
)1/p(

1
M

M∑
i=1

W1(νN,K,i,a, ν)q
)1/q

≤ C(1 + ||ζ̄`||pp)
(

1
M

M∑
i=1

W1(νN,K,i,a, ν)q
)1/q

. (2.100)

Therefore, all we need to show is that 1
M

M∑
i=1

W1(νN,K,i,a, ν)q converes almost surely to
zero. By Markov’s inequality, for any ε > 0, we have

P
[

1
M

M∑
i=1

W1(νN,K,i,a, ν)q > ε

]
≤ 1
ε
E
[

1
M

M∑
i=1

W1(νN,K,i,a, ν)q
]

= c(K)
ε

Applying the Borell-Cantelli Lemma with assumption (2.98) then yields the result.

2.5.5 Proof of Proposition 2.21

Our proof will follow the same structure as the one in [GOVW09]. The main differences
are the use of Proposition 2.26, which is needed because of the additional random linear
term in the Hamiltonian, and the use of Lp bounds on the data (rather than L2). They
mostly appear in the proof of Lemma 5.14. The proof will rely on the following five lemmas.

Lemma 2.29. Consider the sequence (η`) of solutions of (2.82), subject to (2.81). There
exists C <∞ (independent of `) such that

sup
0≤t≤T

||η`(t)||Lp ≤ C (2.101)

∫ T

0

〈
dη`

dt
(t), Ā−1dη

`

dt
(t)
〉
Y

dt ≤ C (2.102)

In particular, (2.101) implies that the η` are uniformly bounded in L∞(Lp), and the-
refore that, for the sequence of associated step functions η̄`, there is a subsequence such
that

η̄` −→ η∗ weak− ∗ in L∞(Lp) = (L1(Lq))∗

for some limit η∗. We will now state several lemmas, which we will use to show that η∗
must be the unique weak solution of (2.32).

Lemma 2.30. Any limit η∗ of η` for the weak-* topology on L∞(Lp), we have

η∗ ∈ L∞(Lp), ∂η∗
∂t
∈ L2(H−1), ϕ̃′(η∗) ∈ L∞(Lq). (2.103)
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Lemma 2.31 (Inequality formulation for convex potential). Assume H̄N,K,a is convex.
Then η is a solution of (2.82) iff for all ξ ∈ YM and smooth β : [0, T ] → R+ with
β(0) = β(T ) = 0, we have∫ T

0
H̄N,K,a(η)β(t)dt ≤

∫ T

0
H̄N,K,a(η + ξ)β(t)dt−

∫ T

0
〈ξ, (Ā)−1η〉Y β̇(t)dt. (2.104)

Similarly, ζ satisfies (2.32) if and only if∫ T

0

∫
T
ϕ̃(ζ(t, θ))β(t)dθdt

≤
∫ T

0

∫
T
ϕ̃(ζ(t, θ) + ξ(θ))β(t)dθdt−

∫ T

0
〈ξ(·), ζ(t, ·)〉H−1 β̇(t)dt (2.105)

for all ξ ∈ Lp(T) and smooth β : [0, T ]→ [0,∞) that takes value 0 at 0 and T .

Lemma 2.32. Suppose that the sequence {η`} satisfies (2.32), (2.101) and (2.102) and
consider a subsequence such that the associated step functions weak-* converge in (L1(Lq))∗
to a limit η∗. Moreover, assume that (2.98) holds.

Let ξ` := π`(ξ+η∗)−η`, where ξ is an arbitrary Lp function and π` is the Lp projection
onto elements of Y`. Then we have for almost every realization of the random field a

(i)

lim inf
`↑∞

∫ T

0
(H̄N,K,a(η`(t))−

1
N

log Z̄N,K,a)β(t)dt ≥
∫ T

0
β(t)

∫
T
ϕ̃(η∗(t, θ))dθdt;

(ii) lim sup
`↑∞

∫ T
0 (H̄N,K,a(η`(t) + ξ`(t))− 1

N log Z̄N,K,a)β(t)dt

≤
∫ T

0 β(t)
∫
T ϕ̃(η∗(t, θ) + ξ(θ))dθdt;

(iii)

lim
`↑∞

∫ T

0
〈ξ`(t), (Ā)−1η`(t)〉Y β̇(t)dt =

∫ T

0
〈ξ(·), η∗(t, ·)〉H−1 β̇(t)dt. (2.106)

Lemma 2.33. Equation (2.32) has at most one weak solution with initial condition ζ0.

Using these, we can prove Proposition 2.21. The main difference with [GOVW09] will
be the proof of Lemma 2.32.

Proof of Proposition 2.21. As stated earlier, by applying Lemma 2.29, we can extract a
subsequence such that

η̄` −→ η∗ weak-* in L∞(Lp) = (L1(Lq))∗.

We want to use Lemma 2.32, so we need to check (2.98). But we already know that
c(K`) −→ 0 (see Remark 2.28), so we can further extract a subsequence such that (2.98)
is satisfied, without changing the limit. Since all we care about here is to identify the limit
η∗, there is no loss of generality here.

According to Lemma 2.31, η` satisfies (2.104). By applying Lemma 2.32 to this in-
equality, we get that η∗ satisfies (2.105), so that another application of Lemma 2.31 and
of Lemma 2.30 yields that η∗ is a solution of the hydrodynamic equation. The unicity
result of Lemma 2.33 then guarantees that the full sequence converges to the unique weak
solution of (2.32).
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We will now prove the previous Lemmas.

Proof of Lemma 2.29. The proof is exactly the same as in Lemma 34 of [GOVW09].
Argument for (2.101) : By (2.65) it holds

H̄K(η`(t)) ≤ H̄K(η`(0)) (2.15)= 1
M

M∑
i=1

ψK,a(i−1)K+1,..aiK (yi)−
1
N

log Z̄. (2.107)

Now, the desired bound (2.101) follows from a combination of the polynomial bounds on
ψK,a(i−1)K+1,..aiK of Proposition 2.25 and (2.81).

Argument for (2.102) : Using By (2.65) yields∫ T

0

〈
dη`

dt
(t), Ā−1dη

`

dt
(t)
〉
Y

dt = H̄K(η`(0))− H̄K(η`(t)).

The first term on the right hand side is bounded as in (2.107). To bound the second term,
observe that

inf
y
H̄K(y) ≥ −C,

unifromly, which is a consequence of the uniform convergence of ψK to ϕK , which is a
strictly convex function.

Proof of Lemma 2.30. By weak lower semicontinuity, and recalling (2.101) we have for all
t ∈ [0, T ] that

||η∗(t, ·)||Lp ≤ lim inf ||η`(t)||Lp ≤ C.
The first estimate is therefore proved. The third one immediately follows, since ϕ̃′ satisfies
the polynomial bound ϕ̃′(m) ≤ C(1 + |m|p−1) and q = p/(p− 1). For the second estimate,
we use Lemma 2.23, and, recalling that NP tη` = η̄`, we have∫ T

0
〈 ˙̄η`, ˙̄η`〉H−1 dt ≤

C

N

∫ T

0
〈NP tη̇`, A−1NP tη̇`〉X dt

= C

∫ T

0
〈η̇`, Ā−1η̇`〉Y dt ≤ C

where the last inequality used (2.102). Once more, by weak lower semicontinuity, we then
have ∫ T

0
〈η̇∗, η̇∗〉H−1 dt ≤ C.

Proof of Lemma 2.33. Once more, this is exactly the same as in Lemma 38 of [GOVW09].
Consider two solutions ζ1 and ζ2 with same initial condition. We have the weak formulation

〈ζ̇i, ξ〉H−1 = −
∫
T
ϕ̃′(ζi)ξdθ for all ξ ∈ L2, for a.e. t ∈ [0, T ],

so that
〈(ζ̇1 − ζ̇2), ξ〉H−1 = −

∫
T

(ϕ̃′(ζ1)− ϕ̃′(ζ2))ξdθ.

Since both ζ1 and ζ2 lie in L∞(Lp), we can take ζ1 − ζ2 as a test function, so that for a.e.
t ∈ [0, T ] we have

d

dt
〈(ζ1 − ζ2), (ζ1 − ζ2)〉H−1 = −2

∫
T

(ϕ̃′(ζ1)− ϕ̃′(ζ2))(ζ1 − ζ2)dθ ≤ 0

by convexity of ϕ̃. This implies that ζ1 = ζ2.
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Proof of Lemma 2.31. Both parts of this lemma are proved in the same way, so we shall
only prove (2.105). Let ζ be a bounded solution of (2.32). First let us rewrite the equation
as ∫ T

0
〈ξ(·), ζ(t, ·)〉H−1 β̇(t)dt =

∫ T

0

∫
T
ϕ′(ζ(t, θ))ξ(θ)dθβ(t)dt (2.108)

for all ξ ∈ L2 and smooth β : [0, T ]→ R+. By density of Lp in L2, it is enough if (2.108)
holds for all ξ ∈ Lp.

Let us show that (2.108) implies (2.105). By convexity of ϕ, we have

ξ(θ)ϕ′(η∗(θ)) ≤ −ϕ(η∗(θ)) + ϕ(η∗(θ) + ξ(θ)).

Inserting this inequality into (2.108) gives∫ T

0
〈ξ(·), ζ(t, ·)〉H−1 β̇(t)dt ≤

∫ T

0

∫
T
ϕ(ζ(t, θ) + ξ(θ))dθβ(t)dt−

∫ T

0

∫
T
ϕ(ζ(t, θ))dθβ(t)dt

which, after rearranging terms, is (2.105).
Let us now show that (2.105) implies (2.108). We substitute ξ for εξ in (2.105), for

some ε > 0. Dividing both sides by ε and rearranging then yields∫ T

0
〈ξ(·), ζ(t, ·)〉H−1 β̇(t)dt ≤

∫ T

0

∫
T

ϕ(ζ + εξ)− ϕ(ζ)
ε

β(t)dθdt.

Taking the limit ε→ 0 then gives us∫ T

0
〈ξ(·), ζ(t, ·)〉H−1 β̇(t)dt ≤

∫ T

0

∫
T
ϕ′(ζ(t, θ))ξ(θ)dθβ(t)dt.

Repeating this process with −εξ instead of εξ returns∫ T

0
〈ξ(·), ζ(t, ·)〉H−1 β̇(t)dt ≥

∫ T

0

∫
T
ϕ′(ζ(t, θ))ξ(θ)dθβ(t)dt,

so that (2.108) holds.

Proof of Lemma 2.32. Since the proof of (iii) is exactly the same as the proof of (iii) in
Lemma 37 of [GOVW09], we will skip its proof, and concentrate on (i) and (ii).

In order to prove (i), it is enough to show that

lim inf 1
M

M∑
i=1

ϕN,K,a,i(ηi(t)) ≥
∫
T
ϕ̃(η∗(t, θ))dθ, (2.109)

because it already follows from Theorem 2.34 that, for a sequence that is bounded in Lp,
we can replace ψN,K,a,i with ϕN,K,a,i, and since an application of Fatou’s Lemma would
then immediately yield (i). Since we have

1
M

∑
ϕN,K,i,a(ηi(t)) = 1

M

M∑
i=1

sup
σ∈R

σηi − 1
K

iK∑
j=(i−1)K+1

ϕ∗(σ − ai/N )


≥ sup

σ∈R

σ 1
M

M∑
i=1

ηi −
1
N

N∑
j=1

ϕ∗(σ − ai/N )


= ϕN,a

(
1
M

M∑
i=1

ηi

)
−→ ϕ̃

(∫
T
η∗(θ)dθ

)
(2.110)
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almost surely, we have

lim inf 1
M

M∑
i=1

ϕN,K,i,a(ηi(t)) ≥ ϕ̃
(∫

T
η∗(t, θ)dθ

)
.

But, in exactly the same way, we almost surely have

lim inf 1
M/2

M/2∑
i=1

ϕN,K,i,a(ηi(t)) ≥ ϕ̃
(∫ 1/2

0
η∗(t, θ)dθ

)

and

lim inf 1
M/2

M∑
i=M/2

ϕN,K,a,i(ηi(t)) ≥ ϕ̃
(∫ 1

1/2
η∗(t, θ)dθ

)
,

so that

lim inf 1
M

M∑
i=1

ϕN,K,i,a(ηi(t)) ≥
1
2 ϕ̃
(∫ 1/2

0
η∗(t, θ)dθ

)
+ 1

2 ϕ̃
(∫ 1

1/2
η∗(t, θ)dθ

)
.

Iterating this argument gives us, for any L ∈ N,

lim inf 1
M

M∑
i=1

ϕN,K,i,a(ηi(t)) ≥
1

2L
2L∑
j=1

ϕ̃

(∫ j/2L

(j−1)/2L
η∗(θ)dθ

)
(2.111)

almost surely. Letting L go to infinity, since η∗ belongs to Lp, we get (2.109), and therefore
(i).

Let us now prove (ii). We fix ξ ∈ Lp. We have∣∣∣∣∣
∫ T

0
(H̄N,K,a(η`(t) + ξ`(t))−

1
N

log Z̄N,K,a)β(t)dt−
∫ T

0
β(t)

∫
T
ϕ̃(η∗(t, θ) + ξ(θ))dθdt

∣∣∣∣∣
=

∣∣∣∣∣∣
∫ T

0

M∑̀
i=1

ψN,K,i,a(η`i + ξ`i )

β(t)dt−
∫ T

0
β(t)

∫
T
ϕ̃(η∗(t, θ) + ξ(θ))dθdt

∣∣∣∣∣∣
≤
∫ T

0
β(t)

M∑̀
i=1
|ψN,K,i,a(η`i + ξ`i )− ϕN,K,i,a(η`i + ξ`i )|

 dt
+
∫ T

0
β(t)

∣∣∣∣∣∣
M∑̀
i=1

ϕN,K,i,a(η`i + ξ`i )− ϕ̃(η`i + ξ`i )

∣∣∣∣∣∣ dt
+
∣∣∣∣∣
∫ T

0

∫
T
ϕ̃(ξ̄` + η̄`)β(t)dθdt−

∫ T

0

∫
T
ϕ̃(η∗ + ξ)β(t)dθdt

∣∣∣∣∣ . (2.112)

The first term on the right-hand side is controlled by Theorem 2.34, since the sequence
η`i + ξ`i is bounded in Lp. The second term goes to 0 as a consequence of Lemma 2.27,
which can be used since we assumed (2.98) holds.

Finally, since we have η` + ξ` = π`(ξ + η∗), ξ̄` + η̄` converges to ξ + η∗ strongly in
Lp. From the polynomial upper bound on ϕ̃, ρ −→

∫
ϕ̃(ρ)dθ is continuous with respect to

strong Lp convergence, and therefore∫
T
ϕ̃(ξ̄` + η̄`)dθ −→

∫
T
ϕ̃(η∗ + ξ)dθ. (2.113)
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By the Dominated Convergence Theorem, it follows that∫ T

0

∫
T
ϕ̃(ξ̄` + η̄`)β(t)dθdt −→

∫ T

0

∫
T
ϕ̃(η∗ + ξ)β(t)dθdt, (2.114)

so the third term on the right-hand side of (2.112) goes to zero.

2.6 Proof of the local Cramér theorem

In this section, we give the proof of the local Cramér theorem we used to obtain
convexity of the coarse-grained Hamiltonian (cf. Proposition 2.3). It is a combination of
the proofs of the local Cramér theorem of [GOVW09] and [MO13], modified to take into
account the additional inhomogeneous linear term in the Hamiltonian.

Theorem 2.34. Let

ψK(m) := − 1
K

log
∫
XK,m

exp
(
−
∑

aixi + ψ(xi)
)
dx

and

ϕK(m) := sup
σ∈R

(
σm− 1

K

K∑
i=1

log
∫
R

exp((σ − ai)x− ψ(x))dx
)
.

There exists K0 ∈ N, C > 0 (which only depends on ψ, K0 and sup |ai|) such that for any
m

|ψK(m)− ϕK(m)| ≤ C

K
|ϕ′′K(m)|

1
2 .

In particular, for any L > 0 and any compact subset E of R,

lim
K→∞

sup
a1..aK∈[−L,L]

||ψK − ϕK ||∞,E = 0.

Moreover, there exists λ > 0 and K0 ∈ N such that, for any K ≥ K0 and any collection
of real numbers a1 ... aK ∈ [−L,L], we have

ψ′′K ≥ λ. (2.115)

The starting point of the proof is the explicit representation

gK,m(0) = exp(KϕK(m)−KψK(m)), (2.116)

where gK,m is the Lebesgue density of the random variable

1√
K

K∑
i=1

Xi −mi,

and the Xi are independent random variables, distributed as

µσ,i(dx) := exp(−ϕ∗(σ − ai) + (σ − ai)x− ψ(x))dx,

with mi the mean of Xi.
Since ϕK is the Legendre transform of the strictly convex function
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ϕ∗K(σ) := 1
K

K∑
i=1

log
∫
R

exp((σ − ai)x− ψ(x))dx,

there exists for any m ∈ R a unique σ = σ(m) such that

ϕK(m) = σm− ϕ∗K(σ).

It is a basic property of the Legendre transform that σ is determined by

d

dσ
ϕ∗K(σ) = 1

K

K∑
i=1

∫
xµσ,i(dx)∫
µσ,i(dx) = 1

K

K∑
i=1

mi = m. (2.117)

Since the derivative of the Legendre transform of a convex function is the inverse of
the derivative of the function, we also have

σ(m) = ϕ′K(m). (2.118)

Proposition 2.35. Let ψ : R → R be a bounded perturbation of a uniformly convex
function. Let us define

µσ(dx) := exp(−ϕ∗(σ) + σx− ψ(x))dx; (2.119)

m(σ) :=
∫
R
xµσ(dx) ; s(σ)2 :=

∫
R

(x−m)2µσ(dx). (2.120)

We assume that the following bounds hold uniformly in σ and j :∫
R
|x−m(σ)|kµσ(dx) ≤ Csk for k = 1..5; (2.121)

∣∣∣∣∫
R

exp(i(x−m)ξ)µσ(dx)
∣∣∣∣ ≤ C

s|ξ|
for all ξ ∈ R. (2.122)

Moreover, we assume that

sup
σ∈R

sup
a,b∈[−L,L]

s(σ − a)
s(σ − b) . 1. (2.123)

Then we have∣∣∣∣∣gK,m(0)−
(2π
K

∑
s(σ − λi)2

)−1/2
∣∣∣∣∣ . 1√

K

( 1
K

∑
s(σ − λi)2

)−1/2
; (2.124)

∣∣∣∣ ddσgK,m(0)
∣∣∣∣ . 1 (2.125)

∣∣∣∣∣ d2

dσ2 gK,m(0)
∣∣∣∣∣ .

(
1
K

K∑
i=1

s(σ − ai)2
)1/2

. (2.126)

Using this result, we can prove our local Cramer theorem.

Proof of Theorem 2.34. Let us first check that the Assumptions of Proposition 2.35 are
verified. It has been shown in [MO, Lemma 3.2] that (2.121) and (2.122) hold when ψ is
a bounded perturbation of a uniformly convex potential. We refer to [MO13] for a proof,
which is based on simple general bounds on log-concave probability densities.
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To show that (2.123) is satisfied, we will show that σ → log s(σ) is Lipschitz continuous,
by showing that its derivative is bounded. We have

d

dσ
log s(σ) = 1

s

d

dσ
s = 1

2s2
d

dσ
s2,

and we will show later (see (2.144)) that

d

dσ
s(σ)2 =

∫
(x−m)3µσ(dx),

so that, by (2.121), we have ∣∣∣∣ ddσ log s(σ)
∣∣∣∣ ≤ Cs(σ).

Since σ → s(σ) is bounded above (see Lemma 2.38), this quantity is bounded indepen-
dently of σ. Therefore log s is Lipschitz-continuous, and (2.123) immediately follows.

We will now apply Proposition 2.35 to prove our theorem. First, we have

ϕK(m)− ψK(m) = 1
K

log gK,m(0).

The first part of the theorem then immediately follows from Proposition 2.35 and the fact
that (cf. (2.89))

ϕ′′K(m) =
(

1
K

K∑
i=1

s(σ − ai)2
)−1

.

Since the variance s is a continuous, positive function, the bound (2.124) implies that
log gK,m(0) is uniformly bounded when σ varies in a compact subset of R and the real
numbers are bounded by some constant L. As an immediate consequence, we get the
second part of Theorem 2.34.

For the last part, we have

ϕ′′K(m)− ψ′′K(m) = 1
K

d2

dm2 log gK,m(0)

= 1
K

1
gK,m(0)

d2

dm2 gK,m(0)− 1
K

(
1

gK,m(0)
d

dm
gK,m(0)

)2

= 1
K

1
gK,m(0)

d2

dm2σ
d

dσ
gK,m(0) + 1

K

1
gK,m(0)

(
d

dm
σ

)2 d2

dσ2 gK,m(0)

− 1
K

(
1

gK,m(0)
dσ

dm

d

dσ
gK,m(0)

)2

≤ 1
K

1
gK,m(0)

d2

dm2σ
d

dσ
gK,m(0) + 1

K

1
gK,m(0)

(
d

dm
σ

)2 d2

dσ2 gK,m(0)

(2.127)

We can explicitly compute the derivatives of σ with respect to m. Direct calculation
(see 2.143 below) yields

d

dσ
m = 1

K

K∑
i=1

d

dσ
mi = 1

K

K∑
i=1

s(σ − ai)2,
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so that
d2

dm2ϕK = d

dm
σ =

(
1
K

K∑
i=1

s(σ − ai)2
)−1

. (2.128)

Another direct calculation yields

d2

dm2σ = d

dm

(
1
K

K∑
i=1

s(σ − ai)2
)−1

= −
(

1
K

K∑
i=1

d

dm
s(σ − ai)2

)(
1
K

K∑
i=1

s(σ − ai)2
)−2

= −
(

1
K

K∑
i=1

∫
(x−mi)3µσ,i(dx)

)(
1
K

K∑
i=1

s(σ − ai)2
)−3

.

This equality, (2.121) and (2.123) immediately imply

∣∣∣∣∣ d2

dm2σ

∣∣∣∣∣ .
(

1
K

K∑
i=1

s(σ − ai)2
)−3/2 sup

i
s(σ − ai)3

inf
i
s(σ − ai)3

.

(
1
K

K∑
i=1

s(σ − ai)2
)−3/2

. (2.129)

Plugging the bounds (2.124), (2.126), (2.125), (2.128) and (2.129) into (2.127) yields

ϕ′′K(m)− ψ′′K(m) ≤ C

K

(
1
K

K∑
i=1

s(σ − ai)2
)−1

.

But since we have (2.128), which states that

ϕ′′K(m) =
(

1
K

K∑
i=1

s(σ − ai)2
)−1

,

we get

ψ′′K(m) ≥
(

1
K

K∑
i=1

s(σ − ai)2
)−1

− C

K

(
1
K

K∑
i=1

s(σ − ai)2
)−1

≥ 1
2

(
1
K

K∑
i=1

s(σ − ai)2
)−1

for K large enough. Since σ → s(σ) is bounded above (see Lemma 2.38 ), we immediately
obtain (2.115)

Now all that is left is to prove Proposition 2.35.

Notation 2.36. We denote by h(σ, ξ) the Fourier transform of the law of X −m, with X
distributed according to µσ, and m its mean, that is

h(σ, ξ) :=
∫
R

exp(i(x−m)ξ)µσ(dx).
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By using the inverse Fourier transform, we have the explicit formula for gK,m(0) :

gK,m(0) = 1
2π

∫
R

K∏
i=1

h(σ − λi,
ξ√
K

)dξ. (2.130)

To control this quantity, we will split this integral in two : one integral over large values
of ξ, and one over small values of ξ.
Lemma 2.37. Let A(C0) be the set of probability measures ν on R such that∫

R
|x|ν(dx) ≤ C0

and ∣∣∣∣∫
R

exp(ixξ)ν(dx)
∣∣∣∣ ≤ C0
|ξ|

for all ξ ∈ R

for some C0 <∞. Then, for any δ > 0, there exists λ < 1 such that∣∣∣∣∫
R

exp(ixξ)ν(dx)
∣∣∣∣ ≤ λ for all ξ ≥ δ

for all ν in A(C0).
Proof of Lemma 2.37. We can assume without loss of generality that δ < 1. Because of
assumption (2.122), we have for any |ξ| ≥ 2C0 that |

∫
R exp(ixξ)ν(dx)| ≤ 1

2 , so it is enough
to show that ∣∣∣∣∫

R
exp(ixξ)ν(dx)

∣∣∣∣ ≤ λ for all ξ ∈ [δ, 2C0].

Lets assume that this result doesn’t hold. Then there exists a sequence (νn) of proba-
bility measures in A(C0) and a sequence (ξn) ∈ [δ, 2C0]N such that

lim inf
n↑∞

∣∣∣∣∫
R

exp(ixξn)νn(dx)
∣∣∣∣ ≥ 1. (2.131)

Since for all n we have
∫
R |x|νn(dx) ≤ C0, we have compactness of the sequence (νn) for

weak convergence, and we can extract a subsequence such that∫
f(x)νn(dx) −→

∫
f(x)ν∞(dx)

for all bounded continuous function f , and

ξn −→ ξ∞.

Therefore, since | exp(ixξn)− exp(ixξ∞)| ≤ |x||ξn − ξ∞|, we also have∫
R

exp(ixξn)νn(dx) −→
∫
R

exp(ixξ∞)ν∞(dx),

so that (2.131) saturates to ∫
R

exp(ixξ∞)ν∞(dx) = 1.

The classical result on the equality cases in the triangle inequality then tells us that
x→ exp(ixξ∞) is ν∞-almost surely a constant ζ ∈ S1, and therefore∫

R
exp(ikxξ∞)ν∞(dx) = ζk for all k ∈ N.

But since ξ∞ 6= 0, |kξ∞| goes to infinity when k goes to infinity, and since ν∞ ∈ A(C0),∫
R exp(ikxξ∞)ν∞(dx) should go to zero. We therefore have a contradiction, and (2.131)
cannot hold.
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Lemma 2.38. There exists a constant C > 0 such that for all σ ∈ R we have

s(σ) =
∫
R

(x−m(σ))2µσ(dx) ≤ C.

Since, by this lemma, the variances s(σ) are bounded above independently of σ, we
can apply Lemma 2.37, so for any δ > 0, there exists λ < 1 such that if |ξ| > δ, then for
any σ we have |h(σ, ξ)| ≤ λ.

Proof of Lemma 2.38. It is easy to show (with a combination of the Bakry-Emery and
Holley-Stroock criterions) that the measures µσ satisfy a spectral gap inequality with a
uniform constant, yielding the desired uniform upper bound on the variances.

Lemma 2.39. Under the assumptions of Proposition 2.35, there exists a family of complex-
valued functions vσ such that∫

R
exp(i(x−m(σ))ξ)µσ(dx) = exp(−vσ(ξ)) (2.132)

and
|vσ(ξ)− s(σ)2

2 ξ2| ≤ Cs(σ)3|ξ|3 (2.133)

for all ξ small enough, independently of σ.

Démonstration. We can use (2.132) as a definition of the functions vσ, so we just have to
prove (2.133). We have

dk

dξk

∫
R

exp(i(x−m(σ))ξ)µσ(dx) = ik
∫
R

(x−m)k exp(i(x−m)ξ)µσ(dx),

and, since we assumed 2.121, we get∣∣∣∣∣ dkdξk
∫
R

exp(i(x−m(σ))ξ)µσ(dx)
∣∣∣∣∣ ≤ Csk,

and a Taylor expansion of the function vσ then gives us the desired result.

Let us now fix δ > 0 small enough, so that the bound of Lemma 2.39 holds for all
|ξ| ≤ δ. We split (2.130) in two integrals, depending on the value of |ξ| :

gK,m(0) = 1
2π

∫
R

K∏
i=1

h(σ − λi,
ξ√
K

)dξ

= 1
2π

∫
1√
K
|ξ|≤δ

K∏
i=1

h(σ − λi,
ξ√
K

)dξ

+ 1
2π

∫
1√
K
|ξ|>δ

K∏
i=1

h(σ − λi,
ξ√
K

)dξ (2.134)

We will show that the first term is of leading order, and converges to 1. Let us first take
care of the second term. Since we have a uniform bound on the variances of the probability
measures µσ, we can apply Lemma 2.38, and obtain the bound

h(σ, ξ) ≤ λ
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for some λ < 1, for all |ξ| ≤ δ, independently of σ. We use this estimate on K − 2 of the
K elements of the product, and estimate (2.122) on the last two, to obtain

∣∣∣∣∣
K∏
i=1

h(σ − λi,
ξ√
K

)
∣∣∣∣∣ ≤ CλK−2

(
1

1 + |ξ|/
√
K

)2

≤ CλK−2 K

K + ξ2

≤ CλK−2 K

1 + ξ2 (2.135)

We therefore have∣∣∣∣∣ 1
2π

∫
1√
K
|ξ|>δ

K∏
i=1

h(σ − λi,
ξ√
K

)dξ
∣∣∣∣∣ ≤ CKλK−2

∫
R

1
1 + ξ2dξ

≤ C

K
(2.136)

where the last estimate is because we have λ < 1, so this term is exponentially small
in K, and therefore negligible when compared to 1/K. All that is now left is to take care
of the integral over small values of ξ. Recalling definition (2.132), we have

1
2π

∫
1√
K
|ξ|≤δ

K∏
i=1

h(σ − λi,
ξ√
K

)dξ = 1
2π

∫
1√
K
|ξ|≤δ

exp
(
−

K∑
i=1

vσ−λi(ξ/
√
K)
)
dξ

Since we assumed δ small enough, according to Lemma 2.39, we have, independently
of σ and for all ξ such that |ξ|/

√
K ≤ δ

|vσ(ξ)− s(σ)2

2 ξ2| ≤ Cs(σ)3|ξ|3.

This bound implies that

Re(vσ(ξ)) ≥ s(σ)2

2 ξ2 − Cs(σ)3|ξ|3

≥ s(σ)2

4 ξ2

independently of σ, as long as we have chosen δ small enough (since s(σ) is bounded
above). But since y → exp(y) is Lipschitz continuous on {Re(y) ≤ −cξ2}, with constant
exp(−cξ2), we have∣∣∣∣∣exp

(
−

K∑
i=1

vσ−λi(ξ/
√
K)
)
− exp

(
−
∑
s(σ − λi)2

2K ξ2
)∣∣∣∣∣

≤ C
(∑

s(σ − λi)3
) |ξ|3
K3/2 exp

(
−
∑
s(σ − λi)2

4K ξ2
)

≤ C
( 1
K

∑
s(σ − λi)3

) |ξ|3√
K

exp
(
−
∑
s(σ − λi)2

4K ξ2
)

(2.137)
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Consequently, we have∣∣∣∣∣ 1
2π

∫
1√
K
|ξ|≤δ

K∏
i=1

h(σ − λi,
ξ√
K

)dξ − 1
2π

∫
1√
K
|ξ|≤δ

exp
(
−
∑
s(σ − λi)2

2K ξ2
)
dξ

∣∣∣∣∣
≤ C

( 1
K

∑
s(σ − λi)3

) 1√
K

∫
1√
K
|ξ|≤δ
|ξ|3 exp

(
−
∑
s(σ − λi)2

4K ξ2
)
dξ

≤ C
( 1
K

∑
s(σ − λi)3

) 1√
K

∫
R
|ξ|3 exp

(
−
∑
s(σ − λi)2

4K ξ2
)
dξ

≤ C√
K

(
1
K

∑
s(σ − λi)3

)
(

1
K

∑
s(σ − λi)2

)2

≤ C√
K

( 1
K

∑
s(σ − ai)2

)−1/2 sup s(σ − ai)3

inf s(σ − ai)3

≤ C√
K

( 1
K

∑
s(σ − ai)2

)−1/2
. (2.138)

Since
∫

1√
K
|ξ|>δ exp

(
−
∑

s(σ−λi)2

2K ξ2
)
dξ is exponentially small in K, we finally obtain

∣∣∣∣∣ 1
2π

∫
1√
K
|ξ|≤δ

K∏
i=1

h(σ − λi,
ξ√
K

)dξ − 1
2π

∫
R

exp
(
−
∑
s(σ − λi)2

2K ξ2
)
dξ

∣∣∣∣∣
≤ C√

K

( 1
K

∑
s(σ − λi)2

)−1/2
.

In the end, what we obtain is∣∣∣∣∣gK,m(0)−
(2π
K

∑
s(σ − λi)2

)−1/2
∣∣∣∣∣ ≤ C√

K

( 1
K

∑
s(σ − λi)2

)−1/2
. (2.139)

To bound the derivatives of gK,m(0) with respect to σ, we will need the following
estimates :

Lemma 2.40. Under the assumptions of Proposition 2.35 we have, uniformly in σ∣∣∣∣ ddσh(σ, ξ)
∣∣∣∣ ≤ Cs3|ξ|2; (2.140)

∣∣∣∣∣ d2

dσ2h(σ, ξ)
∣∣∣∣∣ ≤ Cs4(1 + s2|ξ|2)|ξ|2. (2.141)

Démonstration. To prove this lemma, we will rely on the following identity :

d

dσ

∫
f(x)µσ(dx) =

∫
(x−m)f(x)µσ(dx). (2.142)

which can be directly computed easily. Using this identity, we can show that

d

dσ
m = d

dσ

∫
xµσ(dx) =

∫
x(x−m)µσ(dx) = s2, (2.143)

d

dσ
s2 = d

dσ

∫
(x−m)2µσ(dx) =

∫
(x−m)3µσ(dx). (2.144)
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To bound the derivatives in σ of the Fourier transform, we will use a Taylor expansion
in 0. We have

dk

dξk
d

dσ
h(σ, ξ) = d

dσ

dk

dξk
h(σ, ξ) = ik

d

dσ

∫
(x−m)k exp(i(x−m)ξ)µσ(dx). (2.145)

In particular, d
dσh(σ, ξ) vanishes to the first order in 0 in ξ, and, by assumption (2.121),∣∣∣∣∣ d2

dξ2
d

dσ
h(σ, ξ)

∣∣∣∣∣ =
∣∣∣∣ ddσs2

∣∣∣∣ ≤ Cs3,

so that ∣∣∣∣ ddσh(σ, ξ)
∣∣∣∣ ≤ Cs3|ξ|2. (2.146)

In the same way,

dk

dξk
d2

dσ2h(σ, ξ) = d2

dσ2
dk

dξk
h(σ, ξ) = ik

d2

dσ2

∫
(x−m)k exp(i(x−m)ξ)µσ(dx), (2.147)

so that d2

dσ2h(σ, ξ) also vanishes to the first order in 0 in ξ, and

d2

dξ2
d2

dσ2h(σ, ξ) = − d2

dσ2

∫
(x−m)2 exp(i(x−m)ξ)µσ(dx)

= d

dσ

[
−
∫

(x−m)3 exp(i(x−m)ξ)µσ(dx) (2.148)

+ s2
∫

(2(x−m) + iξ(x−m)2) exp(i(x−m)ξ)µσ(dx)
]

= −
∫

(x−m)4 exp(i(x−m)ξ)µσ(dx) (2.149)

+ s2
∫

(3(x−m)2 + iξ(x−m)3) exp(i(x−m)ξ)µσ(dx)

+
(∫

(x−m)3µσ(dx)
)(∫

(2(x−m) + iξ(x−m)2) exp(i(x−m)ξ)µσ(dx)
)

− 2s4h(σ, ξ)− 4iξs4
∫

(x−m) exp(i(x−m)ξ)µσ(dx)

+ s4ξ2
∫

(x−m)2 exp(i(x−m)ξ)µσ(dx),

so that, in the end, using assumption 2.121, we get∣∣∣∣∣ d2

dσ2h(σ, ξ)
∣∣∣∣∣ ≤ Cs4(1 + s2|ξ|2)|ξ|2. (2.150)

Let us now compute the derivatives with respect to σ of gK,σ

d

dσ
gK,σ(0) = d

dσ

1
2π

∫
R

K∏
i=1

h(σ − λi,
ξ√
K

)dξ

= 1
2π

∫
R

K∑
i=1

d

dσ
h(σ − λi,

ξ√
K

)
∏
j 6=i

h(σ − λj ,
ξ√
K

)dξ;
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d2

dσ2 gK,σ(0) = 1
2π

∫
R

K∑
i=1

d2

dσ2h(σ − λi,
ξ√
K

)
∏
j 6=i

h(σ − λj ,
ξ√
K

)dξ

+ 1
2π

∫
R

K∑
i,j=1,i 6=j

d

dσ
h(σ − λi,

ξ√
K

) d
dσ
h(σ − λj ,

ξ√
K

)
∏
k 6=i,j

h(σ − λk,
ξ√
K

)dξ. (2.151)

We are seeking to bound d2

dσ2 gK,σ(0). Once again, we separate the integrals into inner
and outer integrals. Once more, the leading order term will be the inner integrals. For the
outer integrals, we have, by using Lemma 2.37 on K − 6 of the K − 1 factors, estimate
(2.122) on the remaining 6 and estimate (2.141) on the second derivative of h to obtain
(still remembering that s(σ) is bounded above independently of σ)

1
2π

∣∣∣∣∣∣
∫
|ξ|/
√
K>δ

K∑
i=1

d2

dσ2h(σ − λi,
ξ√
K

)
∏
j 6=i

h(σ − λj ,
ξ√
K

)dξ

∣∣∣∣∣∣
≤ C

K∑
i=1

∣∣∣∣∣
∫
|ξ|/
√
K>δ

s(σ − λi)4(1 + s(σ − λi)2 |ξ|2

K
) |ξ|

2

K

(
K

K + |ξ|2
)6
λK−6dξ

∣∣∣∣∣
≤ λK−6 C

K

K∑
i=1

s(σ − λi)4
∫
R

1
1 + ξ2dξ

≤ C

K
. (2.152)

The same strategy (using estimate (2.140)) allows us to show that

1
2π

∣∣∣∣∣∣
∫
|ξ|/
√
K>δ

K∑
i,j=1,i 6=j

d

dσ
h(σ − λi,

ξ√
K

) d
dσ
h(σ − λj ,

ξ√
K

)
∏
k 6=i,j

h(σ − λk,
ξ√
K

)dξ

∣∣∣∣∣∣
≤ C

K
.

We will now show that the inner integrals are bounded.
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1
2π

∣∣∣∣∣∣
∫
|ξ|/
√
K≤δ

K∑
i=1

d2

dσ2h(σ − λi,
ξ√
K

)
∏
j 6=i

h(σ − λj ,
ξ√
K

)dξ

∣∣∣∣∣∣
≤ C

K∑
i=1

∣∣∣ ∫
|ξ|/
√
K≤δ

s(σ − λi)4
(

1 + s(σ − ai)2 |ξ|2

K

)
|ξ|2

K
(2.153)

× exp

−∑
j 6=i

vσ−aj (ξ/
√
K)

 dξ∣∣∣
≤ C

K∑
i=1

∫
|ξ|/
√
K≤δ

s(σ − ai)4(1 + s(σ − ai)2δ2) |ξ|
2

K
(2.154)

× exp

−∑
j 6=i

s(σ − aj)2

2K |ξ|2
 dξ

+ C
K∑
i=1

∫
|ξ|/
√
K≤δ

s(σ − ai)4(1 + s(σ − ai)2δ2) |ξ|
5

K5/2

∑
j 6=i

s(σ − aj)3

 (2.155)

× exp

−∑
j 6=i

s(σ − aj)2

4K |ξ|2
 dξ

≤ C

K

K∑
i=1

s(σ − ai)4
∫
R
|ξ|2 exp

−∑
j 6=i

s(σ − λj)2

2K |ξ|2
 dξ

+ C

K3/2

K∑
i=1

s(σ − ai)4

 1
K

∑
j 6=i

s(σ − aj)3

∫
R
|ξ|5 exp

−∑
j 6=i

s(σ − aj)2

4K |ξ|2
 dξ

≤ C

K

K∑
i=1

s(σ − ai)4(∑
j 6=i

s(σ−aj)2

2K

)3/2

∫
R
u2 exp(−u2)du

+ C

K3/2

K∑
i=1

s(σ − ai)4

 1
K

∑
j 6=i

s(σ − aj)3

∑
j 6=i

s(σ − aj)2

4K

−3

(2.156)

×
∫
R
|u|5 exp(−u2)du

≤ C

K

(
1
K

K∑
i=1

s(σ − ai)2
)1/2 K∑

i=1

(∑
j 6=i
s(σ − aj)2

)1/2

(
K∑
k=1

s(σ − ak)2

)1/2

sup
k
s(σ − ak)4

inf
k
s(σ − ak)4

+ C

K3/2

(
1
K

K∑
i=1

s(σ − ai)2
)1/2 K∑

i=1

(∑
j 6=i
s(σ − aj)2

)1/2

(
K∑
k=1

s(σ − ak)2

)1/2

sup
k
s(σ − ak)7

inf
k
s(σ − ak)7

≤ C
(

1
K

K∑
i=1

s(σ − ai)2
)1/2

. (2.157)
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We can show in the same way that

1
2π

∣∣∣ ∫
|ξ|/
√
K≤δ

K∑
i,j=1,i 6=j

d

dσ
h(σ − λi,

ξ√
K

) d
dσ
h(σ − λj ,

ξ√
K

) (2.158)

×
∏
k 6=i,j

h(σ − λk,
ξ√
K

)dξ
∣∣∣

≤ C
K∑

i,j=1,i 6=j

∫
|ξ|/
√
K≤δ

s(σ − λi)3s(σ − λj)3 |ξ|4

K2 exp

−∑
k 6=i,j

vσ−λk(ξ/
√
K)

 dξ
≤ C

(
1
K

K∑
i=1

s(σ − ai)2
)1/2

. (2.159)

The same technique applied to (2.151) also yields (2.125).
Combining the bounds on the inner and outer integrals yields (2.126).

2.7 Some classical criteria for the LSI
Here we recall the three main criteria that are commonly used to obtain logarithmic

Sobolev inequalities.

Criterion I (Tensorization principle)
If µ1 ∈ P(X1) and µ2 ∈ P(X2) satisfy LSI(ρ1) and LSI(ρ2) respectively, then µ1 ⊗ µ2

satisfies LSI(min{ρ1, ρ2}).

Criterion II (Holley-Stroock perturbation lemma)
Let µ ∈ P(X) satisfy LSI(ρ) and let δψ : X → R be a bounded function. Let µ̃ ∈ P(X)

be defined through
dµ̃

dµ
(x) = 1

Z
exp(−δψ(x)).

Then µ̃ satisfies LSI(ρ̃), where

ρ̃ = ρ exp(− osc(δψ)).

Criterion III (Bakry-Emery theorem)
Let X be a K− dimensional Riemannian manifold, let H ∈ C2(X) and let µ ∈ P(X)

be defined by
dµ

dHK
(x) = 1

Z
exp(−H(x)).

If there is ρ > 0 such that HessH(x) ≥ ρ for all x ∈ X, then µ satisfies LSI(ρ).
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Chapitre 3

Local Gibbs behavior in the
hydrodynamic limit

Les résultats de ce chapitre ont été publiés dans [Fat13b]

Abstract : This work is a follow-up on [GOVW09]. In that previous work a two-scale
approach was used to prove the logarithmic Sobolev inequality for a system of spins with
fixed mean whose potential is a bounded perturbation of a Gaussian, and to derive an
abstract theorem for the convergence to the hydrodynamic limit. This strategy was then
successfully applied to Kawasaki dynamics. Here we shall use again this two-scale approach
to show that the microscopic variable in such a model behaves according to a local Gibbs
state. As a consequence, we shall prove the convergence of the microscopic entropy to the
hydrodynamic entropy.

3.1 Introduction
A local Gibbs measure is a vague term used to designate a measure whose density

(with respect to the plain Gibbs measure) takes the form G(x) = exp(
∑
λixi), where

the coefficients λi vary “at macroscopic scale". They have been used in [GPV88] for the
Ginzburg-Landau model, and also play a crucial role in the relative entropy method devised
by [Yau91]. They represent in some sense a “typical" microscopic distribution having the
correct hydrodynamic profile. The main result in [Yau91] can be informally summarized
as follows : if the initial datum is in local Gibbs state, then at later times the microscopic
variable is very close (in the sense of Kullback information) to be in local Gibbs state too.
The local Gibbs state Yau used is defined in terms of the hydrodynamic equation, and
chosen so that it is close to being a solution of the microscopic equation.

In a more recent contribution, [Kos01a] proved that the solution of the Ginzburg–
Landau model behaves like a local Gibbs state for all positive times even if it does not at
initial time. That is, there is a time-dependent family of vectors λ(t) such that, if f(t, ·) is
the density at time t with respect to the equilibrium measure µ of a system of N continuous
spins xi interacting according to Kawasaki dynamics, then the relative entropy of fµ with
respect to the measure ν(dx) = 1

Z exp(λ · x)µ(dx), given by

Entν(fµ) =
∫
ρ log ρ ,

with ρ being the density of fµ with respect to ν, goes to 0 when N goes to infinity for
any time t > 0. The equilibrium measure µ(dx) := exp(−H(x))dx is assumed to have a
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Ginzburg–Landau type potential, that is

H(x) =
∑

ψ(xi),

where ψ is the single-site potential. Kosygina’s proof relied on the logarithmic Sobolev in-
equality, and she used an assumption of uniform convexity of the
Ginzburg-Landau potential ψ. In the present work we shall generalize these results to
cover a certain class of nonconvex potentials. At the same time we shall point out the role
of another information-theoretical inequality, the so-called HWI inequality introduced by
[OV00]. This inequality will allow us to pass from a convergence in a Wasserstein distance
sense to a convergence in relative entropy. To be used efficiently in this setting, the HWI
inequality needs a log-concave reference measure, which is not the case for the microscopic
equilibrium measure when ψ is not convex. This is why we shall use, like in [GOVW09],
the convexification induced by the macroscopic block decomposition. Since we will then
need our local Gibbs state to be compatible with the passage to macroscopic scale, we will
use a local Gibbs state slightly different from the one used in [Yau91] (the value of λ · x
must only depend on the macroscopic profile associated with x), but such that when N
goes to infinity, the relative entropy with respect to either measure behaves in the same
way.

As in [Kos01a], we shall also prove the (physically relevant) convergence of the micro-
scopic entropy to the macroscopic (hydrodynamic) entropy, that is

1
N

∫
f(t, x) log f(t, x)µ(dx)→

∫
T
ϕ(ζ(t, θ))dθ − ϕ

(∫
T
ζ(t, θ)dθ

)
,

where ζ is the hydrodynamic limit, and ϕ is the Cramér transform of the potential. Ho-
wever, we shall deduce it from the local Gibbs behavior, while Kosygina does it the other
way round.

Our two-scale approach will only yield convergences in L1(dt). However, by using a
method of [Kos01a] in conjunction with these results, we will be able to immediately
prove that the convergence is uniform in time, as long as we stay away from time t = 0.

It should be noted that, while Kosygina used an assumption of convexity, it was mainly
required to ensure that the equilibrium measures satisfies a logarithmic Sobolev inequa-
lity. In light of the recent work [MO13], it seems that her method can be adapted to
the class of nonconvex potentials covered here. On the other hand, our method does not
cover potentials with superquadratic growth. This restriction is inherited from the re-
sults in [GOVW09]. If the two scale approach could be extended to cover superquadratic
potentials, our method could also be extended, with minor technical modifications. Ho-
wever, even with the logarithmic Sobolev inequality obtained in [MO13], extending the
section of [GOVW09] that concerns the hydrodynamic limit to superquadratic potentials
is nontrivial, and remains to be done.

The plan of this paper is as follows : in Section 3, we will recall the framework and
results of [GOVW09] which will be used in this article and present our main results, in
both the abstract framework and their application for Kawasaki dynamics. Sections 4 and
5 will then give the details of the proofs.

3.2 Notation
- ∇ stands for the gradient, Hess for Hessian, | · | for norm and 〈·, ·〉 for inner product.

Whenever necessary, the space to which these are associated will be indicated with a
subscript.
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- At is the transpose of the operator A.
- Ran(A) is the range of the operator A.
- Φ(x) = x log x.
- Entµ(f) :=

∫
Φ(f)dµ − Φ(

∫
fdµ) is the (negative of the) entropy of the positive

function f with respect to the probability measure µ.
- C is a positive constant, which may change from line to line, or even within a line.
- Z is a positive constant enforcing unit mass of a given probability measure.
- idE is the identity map E → E
- LSI is an abbreviation for Logarithmic Sobolev Inequality.
- Γ(Y, | · |Y ) :=

∫
exp(−|y|2Y /2)dy is the Gaussian integral on the space Y with respect

to the norm | · |Y .
- C1,2(A×B) is the space of real-valued functions on A×B which are C1 with respect

to the first variable and C2 with respect to the second variable.
- W2(µ, ν) is the Wasserstein distance between two probability measures µ and ν with

finite second moment. It is defined as W2(µ, ν)2 := inf
π∈Π

∫
|x− y|2π(dx, dy), where Π is the

set of all coupling of µ and ν ;
- Iµ(ν) is the Fisher information of the probability measure ν with respect to µ, given

by
∫ |∇f |2

f dµ if ν = fµ for some density f , and +∞ if not.

3.3 Background and Main Results
The aim of this section is to recall the setting and the main results of [GOVW09], as

well as to present the new results brought by the present paper.

3.3.1 Logarithmic Sobolev inequalities

Throughout this work, X and Y are two Euclidean spaces. It is convenient to think
of X as the space of microscopic variables, and Y as the space of macroscopic variables.
We consider a linear operator P : X → Y , that associates to the microscopic profile x
the corresponding macroscopic profile y = Px. We shall assume that there is an integer
N ∈ N, which measures the size of the microscopic system, such that

PNP t = idY . (3.1)

We shall keep the same framework as in [GOVW09], by considering a measure µ(dx) =
exp(−H(x)) dx on X, and its decomposition, as induced by the operator P . The measure
µ̄ = P#µ is the distribution of the macroscopic profile, and for all y ∈ Y , µ(dx|y) is
the conditional distribution of x given Px = y. This decomposition induces a natural
coarse-graining of the microscopic Hamiltonian H, defined by H̄(y) := − 1

N log
(
dµ̄
dy

)
, so

that
µ̄(dy) = exp(−NH̄(y)) dy.

One of the tools frequently used to study particle systems is a logarithmic Sobolev
inequality. Let us first recall the definition :

Definition 3.1. Let X be a Riemannian manifold. A probability measure µ on X is said
to satisfy a LSI with constant ρ > 0 if, for any locally Lipschitz, nonnegative function
f ∈ L1(µ), ∫

f log(f)dµ−
(∫

fdµ

)
log

(∫
fdµ

)
≤ 1
ρ

∫ |∇f |2
2f dµ.
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There are many criterions and applications for LSI in the literature. [Led01] contains
a nice introduction to the topic. One of the main results of [GOVW09] is the following
sufficient condition for LSI, based on the two-scale decomposition of µ.

Theorem 3.2 (Two-scale LSI). Let µ(dx) = exp(−H(x))dx be a probability measure on
X, and let P : X → Y satisfy (3.1). Assume that

(i) κ :=

max
x∈X

{
〈HessH(x) · u, v〉 , u ∈ Ran

(
NP tP

)
, v ∈ Ran

(
idX −NP tP

)
, |u| = |v| = 1

}
(3.2)

is finite ;
(ii) There is ρ > 0 such that µ(dx|y) satisfies LSI(ρ) for all y ;
(iii) There is λ > 0 such that µ̄ satisfies LSI(λN).
Then µ satisfies LSI(ρ̂), with

ρ̂ := 1
2

ρ+ λ+ κ2

ρ
−
√

(ρ+ λ+ κ2

ρ
)2 − 4ρλ

 > 0. (3.3)

3.3.2 Hydrodynamic limits

Let us now recall the setting of the abstract criterion for hydrodynamic limits proved in
[GOVW09]. We endow the space X with a Gibbs probability measure µ, and we consider
a positive definite symmetric linear operator A : X → X. The stochastic dynamics on X
that is studied is described by the equation

∂

∂t
(fµ) = ∇ · (A∇fµ) . (3.4)

This equation is to be understood in a weak sense. That is, for all smooth test function
ξ, we have d

dt

∫
ξ(x)f(t, x)µ(dx) = −

∫
∇ξ(x) ·A∇f(t, x)µ(dx). Given an initial condition

f(0, ·) such that f(0, x)µ(dx) is a probability measure, the solution f(t, x) is at all times
the microscopic density of a probability measure with respect to µ.

The aforementioned abstract criterion states that, under certain conditions, and in a
precise sense, the macroscopic profile y = Px, with law given by f̄(t, y) =

∫
{Px=y} f(t, x)µ(dx)

is close to the solution of the following differential equation :

dη

dt
= −Ā∇H̄(η(t)) (3.5)

where Ā is the symmetric, positive definite operator on Y defined by

Ā−1 = PA−1NP t. (3.6)

We can now recall the abstract theorem proved in [GOVW09] :

Theorem 3.3. Let µ(dx) = exp(−H(x))dx be a probability measure on X, and let P :
X → Y satisfy (3.1). We define M := dimY + 1. Let A : X → X be a symmetric, definite
positive operator, and f(t, x) and η(t) be the solutions of (3.4) and (3.5), with initial data
f(0, ·) and η0 respectively. Assume that :

(i) κ as defined by (3.2) is finite ;
(ii) There is ρ > 0 such that µ(dx|y) satisfies LSI(ρ) for all y ;
(iii) There is λ > 0 such that 〈Hess H̄(y)ỹ, ỹ〉Y ≥ λ〈ỹ, ỹ〉Y for all y, ỹ ∈ Y ;
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(iv) There is α > 0 such that
∫
X |x|2µ(dx) ≤ αN ;

(v) There is β > 0 such that inf
y∈Y

H̄(y) ≥ −β ;

(vi) There is γ > 0 such that for all x ∈ X,

|(idX −NP tP )x|2 ≤ γM−2〈x,Ax〉X ;

(vii) There are constants C1 and C2 such that the initial datum satisfy∫
f(0, x) log f(0, x)µ(dx) ≤ C1N and H̄(η0) ≤ C2.

Define

Θ(t) := 1
2N

∫ 〈
(x−NP tη(t)), A−1(x−NP tη(t))

〉
f(t, x)µ(dx).

Then for any T > 0, we have, with ρ̂ given by (3.3),

max
{

sup
0≤t≤T

Θ(t), λ2
∫ T

0

(∫
Y |y − η(t)|2Y f̄(t, y)µ̄(dy)

)
dt

}
≤ Θ(0) + T

(
M
N

)
+ 1

M2

(
C1γκ2

2λρ2

)
+ 1

M

[√
2γT

(
α+ 2C1

ρ̂

)1/2
(
√
C1 +

√
C2 + β)

]
=: Ξ(T,M,N).

This theorem means that, if we consider a sequence of data
{X`, Y`, N`, P`, A`, µl, f0,`, η0,`}`∈N that satisfies the previous assumptions with uniform

constants, and if we assume that

M` ↑ ∞; N` ↑ ∞; N`

M`
↑ ∞ (3.7)

and that the initial data Θ`(0) goes to 0, then for all T > 0 we have

lim
`↑∞

sup
0≤t≤T

1
N`

∫
(x−N`P

t
`η`(t)) ·A−1

` (x−N`P
t
`η`(t))f`(t, x)µ`(dx) = 0 (3.8)

and
lim
`↑∞

∫ T

0

∫
Y
|y − η`(t)|2Y f̄`(t, y)µ̄(dy)dt = 0.

Remark 3.4. As noted in [GOVW09], hypothesis (iii) of this theorem implies hypothesis
(iii) of Theorem 3.2 by the Bakry–Émery theorem, a proof of which can be found in
[Led01].

Using this result, we will deduce bounds on the relative entropy with respect to a
well-chosen local Gibbs state. Let us first give a precise definition of what we mean by a
local Gibbs state.

Definition 3.5. Let η ∈ Y . The local Gibbs state associated with η is the probability
measure on X whose density is given by

Gη(x)µ(dx) = Z−1 exp
(
~λ · x

)
µ(dx), ~λ = NP t∇H̄(η). (3.9)

Remark 3.6. Notice that, in this definition, Gη(x) only depends on the macroscopic
profile Px. This differs from the local Gibbs measure used in [Yau91], which (slowly) varied
at the microscopic scale. But here, we force the maximum of the macroscopic probability
density to be reached at η, which makes this definition convenient.
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We can now formulate our results in this abstract setting :

Theorem 3.7. Let G(t, ·) = Gη(t) denote the local Gibbs state associated with η(t), where
η(t) solves the macroscopic equation (3.5). Suppose assumptions (i) to (vii) from Theorem
3.3 hold. Further assume that

(viii) There is τ > 0 such that A ≥ τ IdX
(ix) The Hessian of H̄ is bounded above, i.e. there exists Λ > 0 such that for all y ∈ Y

we have Hess H̄(y) ≤ Λ Id ;
Then
(a) The relative entropy with respect to the local Gibbs state is controlled as follows :

∫ T

0

1
N

∫
Φ
(
f(t, x)
G(t, x)

)
G(t, x)µ(dx)dt = O

√Θ(0) + M

N
+ 1
M

 (3.10)

where the actual constants in the bound depend on T , λ, α, γ, ρ, κ, τ , C1 and C2, but not
on M and N ;

(b) The difference between the microscopic free energy and the free energy associated
with the macroscopic profile η is bounded as follows :∫ T

0

∣∣∣∣ 1
N

∫
Φ(f(t, x))µ(dx)− H̄(η(t))

∣∣∣∣ dt
= O

√Θ(0) + M

N
+ 1
M


+ O

(
M

N

)
×max

(∣∣∣∣∣log
(

Γ(Y, | · |Y )2/(M−1)

ΛN

)∣∣∣∣∣
∣∣∣∣∣log

(
Γ(Y, | · |Y )2/(M−1)

λN

)∣∣∣∣∣
)

(3.11)

Remark 3.8 (On the assumptions). Assumption (viii) is always true, since we assumed
A to be a positive symmetric operator on X, but I write it down this way because, in the
next Corollary, I will require this lower bound to be uniform in N , and setting it this way
makes this requirement clearer. When the Hessian of H is bounded above (which will be
the case in the next section for the application to Kawasaki dynamics), both assumptions
(i) and (ix) will be satisfied. As for Γ(Y, | · |Y ), it will have a nice behavior when | · |Y is
comparable to the L2 norm, as we shall see in the proof of Theorem 3.19.

With this theorem, we can obtain quantitative controls in the hydrodynamic limit :

Corollary 3.9. Consider a sequence of data {X`, Y`, N`, P`, A`, µ`, f0,`, η0,`} satisfying the
previous assumptions, with uniform constants α, λ, β, C1, C2, τ and Λ. Assume moreover
that

N` →∞; M` →∞; M`

N`
→ 0; (3.12)

M`

N`
log

(
Γ(Y`, | · |Y )1/(M−1)

N`

)
→ 0 (3.13)

and that the sequence of initial data satisfies

Θ`(0)→ 0.

Then we have, for all T > 0,
(a’) ∫ T

0

1
N

∫
Φ
(
f`(t, x)
G`(t, x)

)
G`(t, x)µ`(dx)dt −→ 0;
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(b’) ∫ T

0

∣∣∣∣ 1
N

∫
Φ(f`(t, x))µ`(dx)− H̄`(η`(t))

∣∣∣∣ dt −→ 0.

Let us summarize these results in the language of statistical physics :
-The microscopic variables are approximately distributed according to a local Gibbs

state, in the sense of relative Kullback information, in a time-integrated sense on [0, T ].
-The microscopic free energy converges to the hydrodynamic free energy, in L1([0, T ]).
In the next section, in the case of a concrete example, we will reinforce this into a

convergence uniformly in time as long as we stay away from zero.

Remark 3.10. Using the Otto-Villani theorem, which states that the Wasserstein distance
W2(ν, µ)2 is controlled by the entropy Entµ(ν) when µ satisfies a logarithmic Sobolev
inequality (see [OV00]), it is possible to show that (a’) implies∫ T

0

1
N
W2(f(t)µ,G(t)µ)2 dt −→ 0,

with the Wasserstein distance associated to the L2 structure, rather than the penalized
A−1 scalar product that appears in [GOVW09]. Since the L2 norm is strictly stronger
than the A−1 norm, this shows that our convergence in entropy result is strictly stronger
than the convergence (3.8), as long as we integrate in time. We will later see that this
convergence also holds pointwise, for strictly positive times, even if it only holds in the
weaker A−1 sense at time zero.

Our results also imply that, at macroscopic scale, we have∫
|y − η(t)|2Y f̄(t, y)µ̄(dy) −→ 0

for any time t > 0, while this convergence was only proven in a time-integrated sense
in [GOVW09]. This statement follows from the convergence to 0 of W2(f̄ µ̄, Ḡµ̄) and
W2(Ḡµ̄, δη), and the triangle inequality for Wasserstein distances.

One of the main tools we shall use is the following interpolation inequality, due to Otto
and Villani ([OV00], Theorem 5) :

Theorem 3.11. Let µ(dx) = e−H(x)dx be a probability measure on Rn with a finite
moment of order 2 such that H ∈ C2(Rn) and HessH ≥ λIn, λ ∈ R. Then for any
probability measure ν on Rn that is absolutely continuous with respect to µ, we have

Entµ(ν) ≤W2(µ, ν)
√
Iµ(ν)− λ

2W2(µ, ν)2.

In particular, if H is convex, then

Entµ(ν) ≤W2(µ, ν)
√
Iµ(ν). (3.14)

We refer to the original article [OV00] for a proof of this theorem. This will allow us to
transform a convergence in Wasserstein distance and a bound on the Fisher information
into a convergence of the relative entropy. However, if we apply this result immediately
in the microscopic scale, if we use the usual Euclidean structure, the Wasserstein distance
between fµ and the local Gibbs state does not go to zero. And if we use the penalized
Euclidean structure 〈A−1·, ·〉, the lower bound on the Hessian will grow too fast, and the
additional term (inf HessH)WA−1,2(fµ,Gµ) will go to infinity. So, in order to get rid of
the additional term, we will go to macroscopic scale, where the Hessian of H̄ is convex,
and use inequality (3.14).
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Remark 3.12. In this context, Kosygina’s method would suggest to decompose the ma-
croscopic relative entropy

1
N

EntḠµ̄(f̄/Ḡ) = 1
N

∫
Y
f̃ log f̃dy +

∫
H̄(y)f̄(y)µ̄(dy)

+ 1
N

log Z̄ −
∫
∇H̄(η) · yf̄(y)µ̄(dy)

where f̃ = e−NH̄f is the density of the coarse-grained state with respect to the Lebesgue
measure. We can get a bound on the time-integral of the sum of the last three terms of the
same type as those in Theorem 3.7. So the problem would be to bound 1

N

∫
Y f̃ log f̃dy.

For the application to Kawasaki dynamics, Kosygina proved a vanishing upper bound
on 1

N

∫ t
t′
∫
Y

˜f(s) log ˜f(s)dyds for times t > t′ > 0, which has the same order of magnitude
in the system size N = KM as ours. Her proof consists in showing that we can replace
the law of our process Kawasaki dynamics with another process for which this problem is
easier. This method uses Girsanov’s theorem and specific information on the operator A,
and I do not know how to replicate it in the abstract setting considered here. Moreover,
unlike our method, it does not work when t′ = 0. However, for discrete spins, the quantity
that would play the role of

∫
Y f̃ log f̃dy is non-positive, which makes her method very

convenient when applied to particle systems such as exclusion processes. It is not clear
whether the two-scale approach can be successfully applied to the study of discrete systems.

3.3.3 Kawasaki dynamics

We shall now present the application of the two previous theorems to Kawasaki dy-
namics. We consider a one dimensional N -periodic lattice system with continuous spin
variables. The law of each variable is given by a Ginzburg-Landau potential ψ : R → R,
which we shall assume to be of the form

ψ(x) = 1
2x

2 + δψ(x), ||δψ||C2(R) <∞. (3.15)

We shall also force the mean spin to take a given value m ∈ R. That is, the random vector
x = (x1, .., xN ) will take its values in the (N − 1)-dimensional hyperplane with mean
m ∈ R :

XN,m :=
{

(x1, .., xN ) ∈ RN ; 1
N

∑
xi = m

}
equipped with the `2 inner product,

〈x, x̃〉XN,m :=
∑

xix̃i.

We shall consider the canonical ensemble µN,m, which is the distribution of the random
variables x1, .., xN conditioned on the event that their mean value is given by m ∈ R. Its
density with respect to the Lebesgue measure on XN,m is given by

µN,m(dx) = 1
Z

1∑xi=Nm exp
(
−

N∑
i=1

ψ(xi)
)
. (3.16)

The logarithmic density H is evidently given by H(x) =
N∑
i=1

ψ(xi) + logZ.
We shall now introduce the macroscopic state necessary to apply the abstract results of

the previous section. We first divide the N spins into M blocks. To fix ideas, we shall assume
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that all these blocks have the same size K, such that N = KM . This assumption is not
necessary (all that will be needed is that the sizes of all the blocks are of same order) but
it will make things a lot clearer. See Remark 30 of [GOVW09] for a full explanation about
this. We will now define the macroscopic variables as the mean of each block. Therefore
they form a set of M real numbers that still have mean m. The associated macroscopic
space is thus

YM,m :=
{

(y1, .., yM ) ∈ RM ; 1
M

∑
yi = m

}
which we endow with the L2 inner product

〈y, ỹ〉Y := 1
M

∑
yj ỹj .

Then the projection operator PN,K : XN,m → YM,m that associates to a given microscopic
profile its macroscopic profile is given by

PN,K(x1, .., xN ) = (y1, .., yM ); yj = 1
K

jK∑
i=(j−1)K+1

xi,

and it is easy to check that PNP t = idY . We can explicitly compute the coarse-grained
Hamiltonian H̄ :

H̄(y) = 1
M

M∑
j=1

ψK(yi) + 1
N

log Z̄

where

ψK(m) = − 1
K

log
(∫

XK,m

exp(−
K∑
i=1

ψ(xi))dx
)

(3.17)

and Z̄ is the normalization constant. The gradient and Hessian of H̄ are then given by

(∇Y H̄(y))Y = ψ′K(yi); (HessY H̄)ij = ψ′′K(yi)δij . (3.18)

As a consequence of the principle of equivalence of ensembles (quantified through a
local version of the Cramér theorem), the following proposition explains the behavior of
ψK when K is large. It was proven in the Appendix of [GOVW09].

Proposition 3.13. If ψ satisfies (3.15) and ψK is defined by (3.17), then

ψK →
K↑∞

ϕ in the uniform C2 topology,

where ϕ is the Cramér transform of ψ, defined by

ϕ(m) = sup
σ∈R

(
σm− log

∫
exp(σx− ψ(x))dx

)
. (3.19)

Using this proposition, the strict convexity of ϕ and the expression of the Hessian
(3.18), the following lemma is easily deduced :

Lemma 3.14 (Convexity of the coarse-grained Hamiltonian). There exists K0 <∞ and
λ > 0 depending only on ψ such that, for any K ≥ K0,〈

ỹ,Hess H̄(y)ỹ
〉
Y
≥ λ〈ỹ, ỹ〉Y .
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This lemma, among others, allowed to apply the abstract criterion for logarithmic
Sobolev inequalities to the present setting, and obtain

Theorem 3.15. Let ψ satisfy (3.15) and let µN,m be defined by (3.16). Then there exists
ρ > 0 such that for any N ∈ N and m ∈ R, µN,m satisfies LSI(ρ).

This result was recently extended in [MO13] to the case where ψ is a bounded pertur-
bation of a uniformly convex function (rather than strictly quadratic), using a technique
of iterated coarse-graining.

We shall now present the Kawasaki dynamics for such a system of spins. We (arbitra-
rily) set the mean m in the setting just explained to be 0, and we consider a dynamics of
the form described by (3.4), with the matrix A = (Aij) defined by

Aij = N2(−δi,j−1 + 2δi,j − δi,j+1) (3.20)

We also identify the space XN,0 with the space X̄ of piecewise constant functions on
T = R/Z :

X̄ =
{
x̄ : T→ R; x̄ is constant on

(
j − 1
N

,
j

N

]
, j = 1, .., N

}
by associating to the vector x ∈ XN,0 the function x̄ ∈ X̄ such that

x̄(θ) = xj , θ ∈
(
j − 1
N

,
j

N

]
.

To obtain the final hydrodynamic limit, we must embed all of these spaces X̄N in
a common functional space. We consider the space of functions f : T → R of locally
integrable functions of mean zero, which we equip of the following norm :

||f ||2H−1 =
∫
T
w2(θ)dθ; w′ = f,

∫
T
w(θ)dθ = 0. (3.21)

Then the closure of all the spaces X̄N for this norm is the usual Sobolev space H−1(T).
We can now formulate the following theorem on the hydrodynamic limit of the Kawasaki
dynamics.

Theorem 3.16. Assume that ψ satisfies (3.15). Let fN = fN (t, x) be a time-dependent
probability density on (XN,0, µN,0) solving

∂

∂t
(fµN,0) = ∇ · (A∇fµN,0)

where fN (0, ·) = f0,N (·) satisfies∫
f0,N (x) log f0,N (x)µN,0(dx) ≤ CN (3.22)

for some constant C > 0. Assume that

lim
N↑∞

∫
||x̄− ζ0||2H−1f0,N (x)µN,0(dx) = 0 (3.23)

for some ζ0 ∈ L2(T) which has mean zero. Then for any T > 0 we have

lim
N↑∞

sup
0≤t≤T

∫
||x̄− ζ(t, ·)||2H−1fN (t, x)µN,0(dx) = 0, (3.24)
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where ζ is the unique weak solution of the nonlinear parabolic equation

∂ζ

∂t
= ∂2

∂θ2ϕ
′(ζ) (3.25)

with initial condition ζ(0, ·) = ζ0(·), where ϕ is defined as in (3.19).

In this theorem, a weak solution of (3.25) is defined in the following way :

Definition 3.17. We will call ζ = ζ(t, θ) a weak solution of (3.25) on [0, T ]× T if

ζ ∈ L∞t (L2
θ),

∂ζ

∂t
∈ L2

t (H−1
θ ), ϕ′(ζ) ∈ L2

t (L2
θ), (3.26)

and 〈
ξ,
∂ζ

∂t

〉
H−1

= −
∫
T1
ξϕ′(ζ)dθ for all ξ ∈ L2, for a.e. t ∈ [0, T ] (3.27)

One of the main steps of the proof, which will also be used in this paper, is the
convergence of η̄ to ζ :

Proposition 3.18. Let η̄`0 ∈ Ȳ` be a step function approximation of ζ0, η`0 the vector
of Y associated with it, and η` the solution of (3.5) with initial condition η`0. Then the
step functions η̄` converge strongly in L∞t (H−1

θ ) to the unique weak solution of (3.25) with
initial condition ζ0.

We now state the result obtained when applying the previous abstract theorem to this
setting.

Theorem 3.19 (Convergence of the entropy for Kawasaki dynamics). Under the same
assumptions as Theorem 3.16, the relative entropy with respect to the local Gibbs state
goes to zeo, in a time-integrated sense :∫ T

0

∫
XN

Φ
(
fN (t, x)
GN (t, x)

)
GN (t, x)µN (dx)dt, (3.28)

where GN (t, ·) is the local Gibbs state given by ηN (t). As a consequence, we have conver-
gence of the microscopic entropy to the hydrodynamic entropy, in a time-integrated sense :∫ T

0

∣∣∣∣ 1
N

∫
Φ(fN (t, x))µN (dx)−

(∫
T
ϕ(ζ(θ, t))dθ − ϕ

(∫
T
ζ(t, θ)dθ

))∣∣∣∣ dt →N→∞ 0. (3.29)

Moreover, in this setting, we will be able to get a pointwise convergence of the entropy,
as long as we stay away from the origin. It will follow from the time-integrated convergence
and the fact that the entropy is decreasing in time.

Theorem 3.20 (Pointwise convergence of the relative entropy). Assume that ζ is conti-
nuous in both variables. Let 0 < ε < T . Then

1
N

∫
Φ(fN (t, x))µN (dx) −→

N→∞

∫
T
ϕ(ζ(θ, t))dθ − ϕ

(∫
T
ζ(t, θ)dθ

)
uniformly on [ε, T ].

Remark 3.21. This convergence will in general not hold true at initial time, since no
relation is assumed between the initial microscopic entropy and the initial hydrodynamic
entropy. However, if it does hold true initially, then it will hold true uniformly on [0, T ]
for any T > 0. (This is the main outcome of Yau’s relative entropy method.)
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Since we do not necessarily assume our initial data to be smooth, ζ is not in general
smooth at t = 0. However, as long as ζ0 lies in L2(T), ζ will satisfy the smoothness
assumptions of Theorem 3.20 :

Proposition 3.22. Assume ϕ is a C3 function, with ϕ′′ ≥ λ > 0, ||ϕ′′||∞ < ∞ and
||ϕ(3)/ϕ′′||∞ <∞. Let ζ the weak solution of

∂ζ

∂t
= ∂2

∂θ2ϕ
′(ζ)

with initial data ζ0 ∈ L2(T). Then, for any ε > 0, ζ lies in C1,2([ε, T ] × T), and ∂
∂tϕ
′(ζ)

and ∂2

∂θ2ϕ
′(ζ) are uniformly continuous.

This result is well-known in the PDE community, we give a proof for the sake of
completeness.

3.4 Proof of Theorem 3.7
Let us first state some properties of the Local Gibbs state, which we shall use for the

proof.

Proposition 3.23 (Study of the local Gibbs state). (i) At the macroscopic scale the
density Ḡµ̄ is given by

Ḡ(y)µ̄(dy) = 1
Z̄

exp
(
N(∇H̄(η) · y − H̄(y))

)
dy.

(ii) At the macroscopic scale, we have the following bound of the Wasserstein distance
between the local Gibbs state given by Ḡ(·)dµ̄ and δη :∫

|y − η|2Y Ḡ(y)µ̄(dy) ≤ M

λN
.

(iii) The free energy associated with Gη is close to the energy associated with η, with
the explicit bound∣∣∣∣ 1

N

∫
Φ(Gη)dµ− H̄(η)

∣∣∣∣
≤ (M − 1)

2N max
(∣∣∣∣∣log

(
Γ(Y, | · |Y )2/(M−1)

ΛN

)∣∣∣∣∣ ,
∣∣∣∣∣log

(
Γ(Y, | · |Y )2/(M−1)

λN

)∣∣∣∣∣
)

+

√
M

λN
|∇H̄(η)|.

Remark 3.24. We can use the same techniques as in [GOVW09] to pass from macroscopic
to microscopic scale, and deduce from (ii) a bound on the penalized Wasserstein distance

1
NWA−1(Gdµ, δNP tη(t)) = 1

N

∫
〈A−1(x−NP tη), x−NP tη〉 G(x)µ(dx).

Part (iii) will be how we deduce the convergence of the entropy from the local Gibbs
behavior. The proof of this proposition will hinge on the following lemma, which tells us
that among all the probability measures on RM of the form exp(−f(x))dx, with Hessf ≥
λId and where f reaches its minimum in 0, the one with the highest second moment is
the centered Gaussian of covariance matrix λ id.
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Lemma 3.25. If f : RM → R is C2 and uniformly convex, with Hess f ≥ λId, λ > 0, and
min f = f(0), then ∫

|x|2e−f(x)dx ≤ M

λ

∫
e−f(x)dx.

The following proof of this lemma was pointed out to us by S.R.S. Varadhan.

Démonstration. Fix x ∈ RM . The function g(t) = f(tx)− λ
2 ||tx||

2
2 is convex, and reaches its

minimum for t = 0. Therefore, we have g′(1) ≥ g′(0) = 0. Since g′(1) = 〈x,∇f(x)〉−λ|x|2,
we obtain

λ

∫
|x|2e−f(x)dx ≤

∫
〈x,∇f(x)〉e−f(x)dx

and, by integration by parts, the term on the right-hand side is equal to
M
∫
e−f(x)dx, which concludes the proof.

This lemma will allow us to bound the Wasserstein distance in (ii).

Proof of Proposition 3.23. The proof of (i) is trivial, since we have constructed our local
Gibbs state such that G(x) actually only depends on Px. For all t, since y → ψt(y) =
H̄(y)−∇H̄(η(t)) ·y is uniformly convex, with its Hessian bound below by λId, and reaches
its minimum for y = η(t), applying lemma 3.25 with f = Nψt, after translating by η(t),
we obtain

∫
|y − η|2Y Ḡ(y)µ̄(dy) = 1

Z̄

∫
|y − η|2Y e−Nψt(y)dy

≤ MZ̄

λNZ̄
(3.30)

which yields (ii).
For (iii), we have

∣∣∣∣ 1
N

∫
Φ(Gη)dµ− H̄(η)

∣∣∣∣ =
∣∣∣∣ 1
N

∫
(N∇H̄(η) · y − log Z̄)Ḡη(y)µ̄(dy)− H̄(η)

∣∣∣∣
≤
∣∣∣∣− 1
N

log Z̄ − H̄(η) +∇H̄(η) · η
∣∣∣∣+ ∣∣∣∣ 1

N

∫
∇H̄(η) · (y − η)Ḡ(y)µ̄(dy)

∣∣∣∣ (3.31)

Since λ Id ≤ Hess H̄ ≤ Λ Id, we have the bounds

λ

2 |y − η|
2 ≤ −∇H̄(η) · (y − η)− H̄(η) + H̄(y)

≤ Λ
2 |y − η|

2
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for all y ∈ Y . We now multiply by N and integrate. We obtain the upper bound

− 1
N

log Z̄−H̄(η) +∇H̄(η) · η

= − 1
N

log
∫

exp(N(∇H̄(η) · y − H̄(y)))dy − H̄(η) +∇H̄(η) · η

= − 1
N

log
∫

exp(N(∇H̄(η) · (y − η)− (H̄(y))− H̄(η)))dy

≤ − 1
N

log
∫

exp(−ΛN
2 |y − η|

2
Y )dy

= − 1
N

log
(( 1√

ΛN

)M−1 ∫
exp(−|y|2Y /2)dy

)

= −M − 1
2N log

(
Γ(Y, | · |Y )2/(M−1)

ΛN

)

In the same way, we obtain a lower bound, so that when we take the absolute value we
get the bound ∣∣∣∣ 1

N
log Z̄ − H̄(η) +∇H̄(η) · η

∣∣∣∣
≤ M − 1

2N max
(∣∣∣∣∣log

(
Γ(Y, | · |Y )2/(M−1)

λN

)∣∣∣∣∣
∣∣∣∣∣log

(
Γ(Y, | · |Y )2/(M−1)

ΛN

)∣∣∣∣∣
)
. (3.32)

Combined with (3.31), this means the final element we need is a bound on the quantity∫
∇H̄(η) · (y − η)Ḡη(y)µ̄(dy), and simply using the Cauchy-Schwartz inequality and (ii)

gives us the desired result.

We shall now use these properties of the local Gibbs State to prove Theorem 3.7.

Proof of Theorem 3.7. We shall divide this proof into three steps : first we shall reduce
the problem to the study of the time-integrated relative entropy between the macroscopic
state f̄(t, ·)µ̄ and the local Gibbs state Ḡη(t)µ̄, then we shall use the HWI interpolation
inequality to show that this relative entropy goes to 0. Finally, we shall reintroduce the
microscopic terms to get the full bound (a). Then (b) shall follow, since we have already
proved in Proposition 3.25 that the free energy associated with Gη is asymptotically close
to H̄(η(t)).

Step 1 : Let us consider

1
N
HN (t) =

∫
Φ
(
f(t, x)
G(t, x)

)
G(t, x)µN (dx)

= 1
N

Entµ(f)− 1
N

∫
f log(G)µ(dx)

= 1
N

∫
Entµ(dx|y)(f)µ̄(dy) + 1

N
Entµ̄(f̄)− 1

N

∫
f log(G)µ(dx)

= 1
N

∫
Entµ(dx|y)(f)µ̄(dy) + 1

N
EntḠµ̄( f̄

Ḡ
). (3.33)

where the last equality is obtained because G(x) only depends on the macroscopic state
Px. Therefore, to reduce the problem to the study of the macroscopic entropy, we just
have to produce an appropriate bound on
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1
N

∫
Entµ(dx|y)(f)µ̄(dy). Since µ(dx|y) satisfies the condition LSI(ρ) by assumption (ii),

we have
1
N

∫
Y

Entµ(dx|y)(f)µ̄(dy)

≤ 1
Nρ

∫
X

|(idX − P tNP )∇f(x)|2

2f(x) µ(dx)

≤ γ

2NM2ρ

∫ 〈∇f(x), A∇f(x)〉
f(x) µ(dx), (3.34)

where the last inequality is due to hypothesis (vi). By integrating by parts (3.4), as was
done in Proposition 24 of [GOVW09], we deduce that∫

f(T, x) log f(T, x)µ(dx) +
∫ T

0

(∫ ∇f ·A∇f
f

(t, x)µ(dx)
)
dt

=
∫
f(0, x) log f(0, x)µ(dx). (3.35)

Since, by assumption (vii),
∫

Φ(f(0, x))µ(dx) ≤ C1N and the (mathematical) entropy is
non-negative, this tells us that∫ T

0

1
N

∫
Entµ(dx|y)(f(t, ·))µ̄(dy)dt ≤ γC1

2M2ρ
, (3.36)

which concludes this first step of the proof.

Step 2 : We shall now study the macroscopic relative entropy. This is where we shall
use he HWI inequality (Theorem 3.11), applied at the macroscopic scale with reference
measure µ̄. Indeed, since Ḡµ̄ is log-concave, we have for all T > 0∫ T

0

1
N

EntḠ(t,·)µ̄

(
f̄(t, ·)
Ḡ(t, ·)

)
dt ≤

∫ T

0

1
N
W2(f̄(t, ·)µ̄, Ḡ(t, ·)µ̄)

√
IḠ(t,·)µ̄(f̄(t, ·)µ̄)dt

≤

√∫ T

0
W2(f̄(t, ·)µ̄, Ḡ(t, ·)µ̄)2dt

√
1
N2

∫ T

0
IḠ(t,·)µ̄(f̄(t, ·)µ̄)dt (3.37)

We already know that both f̄ µ̄ and Ḡµ̄ are asymptotically close to δη. By the triangle
inequality for the Wasserstein distance,

W2(f̄(t, ·)µ̄, Ḡ(t, ·)µ̄)2 ≤ 2 W2(f̄(t, ·)µ̄, δη(t))2 + 2 W2(δη(t), Ḡ(t, ·)µ̄)2 (3.38)

Theorem 3.3 states that∫ T

0
W2(f̄(t, ·)µ̄, δη(t))2dt =

∫ T

0

∫
|y − η(t)|2Y f̄(t, y)µ̄(dy)dt

≤ 2
λ

Ξ(T,M,N) (3.39)

where Ξ was defined in Theorem 3.3. Moreover, part (ii) of Proposition 3.23 tells us that∫ T

0

∫
|y − η(t)|2Y Ḡ(t, y)µ̄(dy)dt ≤ T M

λN
(3.40)

so we have a bound on the time-integral of the Wasserstein distance that, under suitable
assumptions, will go to 0.
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We must now produce a bound on the macroscopic Fisher information. We have

1
N2 IḠµ̄

(
f̄

Ḡ

)
= 1
N2

∫ |∇(f̄/Ḡ)|2

f̄/Ḡ
Ḡdµ̄

= 1
N2

∫ |(∇f̄)/Ḡ− f̄∇Ḡ/Ḡ2|2

f̄
Ḡ2dµ̄

≤ 2
N2

∫ |∇f̄ |2
f̄

dµ̄+ 2
N2

∫ |∇Ḡ|2
Ḡ2 f̄dµ̄

= 2
N2

∫ |∇f̄ |2
f̄

dµ̄+ 2|∇H̄(η)|2 (3.41)

Now, since we have a lower bound τ on the spectral values of A, 1/τ is an upper bound
on the spectral values of A−1. Since for any y ∈ Y

〈Ā−1y, y〉Y = 〈PA−1NP ty, y〉Y

= 1
N
〈A−1NP ty,NP ty〉X

≤ 1
Nτ
〈NP ty,NP ty〉X

= 1
τ
|y|2Y ,

so 1/τ is an upper bound on the spectral values of Ā−1, and thus τ is also a lower bound
on the spectral values of Ā. Therefore

∫ T

0
|∇H̄(η(t))|2dt ≤ 1

τ

∫ T

0
〈Ā∇H̄(η(t)),∇H̄(η(t))〉dt

= −1
τ

∫ T

0
〈dη
dt

(t),∇H̄(η(t))〉dt

= 1
τ

(H̄(η(0))− H̄(η(T )))

≤ C2 + β

τ
. (3.42)

To obtain a bound on
∫ T

0
∫ |∇f̄ |2

f̄
dµ̄dt, we shall use the following proposition, that was

proved in Proposition 20 of [GOVW09].

Proposition 3.26. Assume that κ as given by (3.2) is finite and that for all y ∈ Y ,
µ(dx|y) satisfies LSI(ρ). Then, for any positive, C1 function on X one has, for any y ∈ Y
and s ∈ (0, 1)

1
N

|∇Y f̄(y)|2Y
f̄(y)

≤ 1
1− s

(
κ2

ρ2

)∫ |(idX − PNP t)∇f(x)|2

f(x) µ(dx|y)

+ 1
s

∫ |PNP t∇f(x)|2

f(x) µ(dx|y) (3.43)
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Applying this bound to the density f with s = ρ2

κ2+ρ2 gives us the bound

1
N2

∫ T

0

∫ |∇f̄ |2
f̄

dµ̄dt ≤ κ2 + ρ2

ρ2
1
N

∫ T

0

∫ |∇f(x)|2

f(x) µ(dx)dt

≤ κ2 + ρ2

ρ2
1
N

1
τ

∫ T

0

∫ ∇f ·A∇f
f

dµdt

≤ C1(κ2 + ρ2)
τρ2 (3.44)

where the final inequality was already proved in step 1.

Combining (3.37), (3.38), (3.39), (3.40), (3.41), (3.42) and (3.44) gives us the bound

∫ T

0

1
N
EntḠ(t,·)µ̄( f̄(t, ·)

Ḡ(t, ·)
)dt

≤

√
2TM
N

+ 4
λ

Ξ(T,M,N)

×
√

2C2 + β

N2τ
+ 2C1(κ2 + ρ2)

τρ2 . (3.45)

This concludes Step 2.

Step 3 : Recombining (3.36) and (3.45) gives us the full bound

∫ T

0

1
N

∫
Φ
(
f(t, x)
G(t, x)

)
G(t, x)µN (dx)dt

≤

√
2TM
N

+ 4
λ

Ξ(T,M,N)×
√

2C2 + β

N2τ
+ 2C1(κ2 + ρ2)

τρ2 + γC1
2M2ρ

. (3.46)

To prove (b), we have

1
N

∫
Φ
(
f(t, x)
G(t, x)

)
G(t, x)µN (dx)

=
∣∣∣∣ 1
N

∫
f(t, x) log f(t, x)µ(dx)− 1

N

∫
f(t, x) logG(t, x)µ(dx)

∣∣∣∣
=
∣∣∣∣ 1
N

∫
f(t, x) log f(t, x)µ(dx)− 1

N

∫
f̄(t, y) log Ḡ(t, y)µ̄(dy)

∣∣∣∣
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and thus

∫ T

0

∣∣∣∣ 1
N

∫
f(t, x) log f(t, x)µ(dx)− H̄(η(t))

∣∣∣∣ dt
≤
∫ T

0

∣∣∣∣ 1
N

∫
f(t, x) log f(t, x)µ(dx)− 1

N

∫
f(t, x) logG(t, x)µ(dx)

∣∣∣∣ dt
+
∫ T

0

∣∣∣∣ 1
N

∫
f(t, x) logG(t, x)µ(dx)− H̄(η(t))

∣∣∣∣ dt
≤
∫ T

0

1
N

∫
Φ
(
f(t, x)
G(t, x)

)
G(t, x)µN (dx)dt

+
∫ T

0

∣∣∣∣ 1
N

∫
f̄(t, y) log Ḡ(t, y)µ̄(dy)− H̄(η(t))

∣∣∣∣ dt
=
∫ T

0

1
N

∫
Φ
(
f(t, x)
G(t, x)

)
G(t, x)µN (dx)dt

+
∫ T

0

∣∣∣∣ 1
N

∫
(f̄(t, y)− Ḡ(t, y)) log Ḡ(t, y)µ̄(dy)

∣∣∣∣ dt
+
∫ T

0

∣∣∣∣ 1
N

∫
Φ(G(t, ·))dµN − H̄(η(t))

∣∣∣∣ dt. (3.47)

This leaves us with three quantities to bound. The first one is exactly the quantity that is
bounded by (a). The third quantity can be bounded using part (iii) of Proposition 3.23 :

∫ T

0

∣∣∣∣ 1
N

∫
Φ(Gη)dµN − H̄(η)

∣∣∣∣ dt
≤ T (M − 1)

2N max
(∣∣∣∣∣log

(
Γ(Y, | · |Y )2/(M−1)

ΛN

)∣∣∣∣∣
∣∣∣∣∣log

(
Γ(Y, | · |Y )2/(M−1)

λN

)∣∣∣∣∣
)

+
∫ T

0

√
M

λN
|∇H̄(η)|dt

≤ T (M − 1)
2N max

(∣∣∣∣∣log
(

Γ(Y, | · |Y )2/(M−1)

ΛN

)∣∣∣∣∣
∣∣∣∣∣log

(
Γ(Y, | · |Y )2/(M−1)

λN

)∣∣∣∣∣
)

+

√
TM

λN

C2 + β

τ
(3.48)

where the final inequality is due to (3.42). To conclude, we just have to bound the second
quantity in the right-hand side of (3.47). This will be possible because, as log Ḡ is slowly
varying (it is an affine function), since f̄µ and Ḡµ are close for the second Wasserstein
distance, when integrating against log Ḡ they act the same way.
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∫ T

0

∣∣∣∣ 1
N

∫
(f̄(t, y)− Ḡ(t, y)) log Ḡ(t, y)µ̄(dy)

∣∣∣∣ dt
=
∫ T

0

∣∣∣∣ 1
N

∫
(f̄(t, y)− Ḡ(t, y))(N∇H̄(η(t)) · y)µ̄(dy)

∣∣∣∣ dt
≤
∫ T

0

∣∣∣∣∫ 〈(y − η(t)),∇H̄(η(t))〉f̄(t, y)µ̄(dy)
∣∣∣∣ dt

+
∫ T

0

∣∣∣∣∫ 〈(y − η(t)),∇H̄(η(t))〉Ḡ(t, y)µ̄(dy)
∣∣∣∣ dt

≤

√∫ T

0

∫
|y − η(t)|2Y f̄(t, y)µ̄(dy)dt

√∫ T

0
|∇H̄(η(t))|2Y dt

+

√∫ T

0

∫
|y − η(t)|2Y Ḡ(t, y)µ̄(dy)dt

√∫ T

0
|∇H̄(η(t))|2Y dt

≤

√
2(C2 + β) Ξ(T,M,N)

λτ
+

√
(C2 + β)M

Nλτ
(3.49)

which was the last element needed to get the full bound (b).

3.5 Application to Kawasaki Dynamics

3.5.1 Proof of Theorem 3.19

We shall now prove Theorem 3.19 as a consequence of Corollary 3.9. We consider, in the
same way as in [GOVW09], a sequence of step functions η̄0,` ∈ Ȳ` such that

||η̄0,` − ζ0||L2 −→ 0,

canonically associate to each of them a vector η0,l ∈ Y` and consider the solution η` of

dη`
dt

= −Ā∇H̄(η`), η`(0) = η0,`.

We also assume (3.12), that is

N` →∞; M` →∞; M`

N`
→ 0; (3.50)

which, in this setting, will imply (3.13).
The following proposition was proven in [GOVW09] :

Proposition 3.27. With the above notations, the step functions η̄` converge strongly in
L∞(H−1) to the unique weak solution of

∂ζ

∂t
= ∂2

∂θ2ϕ
′(ζ), ζ(0, ·) = ζ0.

We first have to check that the assumptions of Theorem 3.7 hold with uniform constants.
It has already been checked in [GOVW09] that this is the case for assumptions (i) to (vii),
so we just have to check assumptions (viii) and (ix).
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• It is easy to compute the spectral values of A, since it is a circulant matrix. We have

Sp(A) =
{

2N2
(

1− cos(2kπ
N

)
)
, k = 0, .., N − 1

}
as an operator on RN , and the spectral value 0 corresponds to the action of A on R(1, .., 1),
which we don’t take into account, since we only consider the action of A on the hyperplane
of mean 0. The lowest spectral value of A is then

inf Sp(A) = 2N2
(

1− cos(2π
N

)
)
−→
N↑∞

4π2 > 0.

Since the sequence of lowest spectral values converges to a strictly positive limit, we have a
strictly positive lower bound on the whole sequence, which proves assumption (viii) with
a uniform constant τ .
• Since, by Proposition 3.15, ψ′′K converges uniformly to ϕ′′ and (HessH̄(y))ij =

ψ′′K(yi)δij , to prove assumption (ix) with a uniform constant, we just have to prove
that ϕ′′ is bounded above. This was actually already proved in ([GOVW09], Lemma
41), where is proved both a lower and an upper bound on the second derivative of
ϕ∗(σ) = log

∫
exp(σx− ψ(x))dx. It is a property of the Legendre transform that, if f is a

strictly convex function, its Legendre transform f∗ satisfies (f∗)∗ = f and (f∗)′ = (f ′)−1,
so the strictly positive upper and lower bounds on the second derivative of ϕ∗ translate
into strictly positive upper and lower bounds on ϕ′′.

We will also check that, in this case, (3.12) implies (3.13). This is easy to check : since
we have |y|2Y = 1

M

∑
y2
i , we can explicitly compute

Γ(Y, | · |Y ) = (
√

2πM)M−1, (3.51)

and (3.13) follows.
We can therefore apply Corollary 3.9. (3.28) is then a direct application of (a’), so we

will concentrate on the proof of (3.29). Part (b’) of Corollary 3.9 states that∫ T

0

∣∣∣∣ 1
N

∫
Φ(f`(t, x))µ`(dx)− H̄`(η`(t))

∣∣∣∣ dt −→ 0,

so we now just have to prove that∫ T

0

∣∣∣∣H̄`(η`(t))−
∫
T
ϕ(ζ(θ, t))dθ + ϕ

(∫
T
ζ(t, θ)dθ

)∣∣∣∣ dt −→`↑∞ 0. (3.52)

We have the expression

H̄(y) = 1
M

∑
ψK(yi) + 1

N
log Z̄

=
∫
T
ψK(ȳ)dθ + 1

N
log Z̄ (3.53)

As a consequence of Proposition 3.27, we shall prove that
∫
T ψK(η̄)dθ converges to

∫
T ϕ(ζ(θ, t))dθ

in a time-integrated sense, and then we shall prove that 1
N log Z̄ converges to−ϕ(

∫
T ζ(t, θ)dθ),

which will yield (3.52). By the triangle inequality∣∣∣∣∫
T
ψK(η̄(θ, t))dθ −

∫
T
ϕ(ζ(θ, t))dθ

∣∣∣∣
≤
∫
T
|ψK(η̄`(t, θ))− ϕ(η̄`(t, θ))|dθ +

∫
T
|ϕ(η̄`(t, θ))− ϕ(ζ(t, θ))|dθ. (3.54)
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But ∫
T
|ψK(η̄`(t, θ))− ϕ(η̄`(t, θ))|dθ ≤ ||ψK − ϕ||∞ −→

K→∞
0

and by convexity, and since ϕ′′ ≤ Λ,

ϕ′(ζ(t, θ)) (η̄`(t, θ)− ζ(t, θ)) ≤ ϕ(η̄`(t, θ))− ϕ(ζ(t, θ))

≤ ϕ′(ζ(t, θ))(η̄`(t, θ)− ζ(t, θ)) + Λ
2 |η̄`(t, θ)− ζ(t, θ)|2 (3.55)

We know that η̄ converges to ζ in L∞(H−1). Since

∫ T

0

∫
T

∣∣ϕ′(ζ(t, θ))(η̄`(t, θ)− ζ(t, θ))
∣∣ dθdt ≤

√∫ T

0
||ϕ′(ρ(t))||2H1dt

√∫ T

0
||η̄`(t)− ζ(t)||2H−1dt

and ϕ′(ζ) ∈ L2(H1) we deduce that
∫
T |ϕ(η̄`(t, θ))− ϕ(ζ(t, θ))|dθ converges to 0 in a

time-integrated sense, and thus∫ T

0

∣∣∣∣∫
T
ψK(η̄`(θ, t))dθ −

∫
T
ϕ(ζ(θ, t))dθ

∣∣∣∣ dt −→ 0.

Note that, if we have a time-uniform bound on ||ϕ′(ρ(t))||H1 , this convergence actually
holds uniformly in time. In the proof of Proposition 3.22, we show that such a bound holds
on time intervals [ε,+∞[, for any ε > 0.

To conclude the proof of (3.52), it is enough to prove that

1
N

log Z̄ −→ ϕ

(∫
T
ζ(t, θ)dθ

)
(3.56)

uniformly in time.
First of all, recall that at any time t we have

∫
T ζ(t, θ)dθ = m. Also recall that

Z̄ =
∫

exp
(
−N
M

M∑
i=1

ψK(yi)
)
dx.

Since y 7→ 1
M

M∑
i=1

ψK(yi) is strictly convex, it has a unique minimum on Y , and since the
variables are exchangeable this minimum can only be reached for y1 = ... = yM , and by
definition of Y this can only be the case if all the yi are equal to m. Since λ ≤ ψ′′K ≤ Λ

and ||y||Y = 1
M

M∑
i=1
|yi|2, by convexity, for all y ∈ Y we have

ψK(m) + λ

2M ||y −m||
2
2 ≤

1
M

M∑
i=1

ψK(yi) ≤ ψK(m) + Λ
2M ||y −m||

2
2

where || · ||2 is the usual Euclidean norm, and we identify the mean m and the vector of Y
where all coordinates are equal to m. We take the exponential of this inequality multiplied
by −N and integrate, which gives us, since for any y ∈ Y , y −m is of mean 0,

− inf ψK + 1
N

log
∫
RM−1

exp
(
−ΛN

2M ||y||
2
2

)
dy ≤ 1

N
log Z̄

≤ − inf ψK + 1
N

log
∫
RM−1

exp
(
−λN2M ||y||

2
2

)
)dy.
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Since
1
N

log
∫
RM−1

exp
(
−ΛN

2M ||y||
2
2

)
dy = M − 1

2N log
(ΛN

2π

)
→ 0

and the same goes for 1
N log

∫
exp(− λN

2M ||y||
2
2)dy, we deduce that | 1

N log Z̄ + inf ψK | goes
to 0 uniformly in time. Finally, since ψK converges uniformly to ϕ, ψK(m) converges to
ϕ(m), which implies the desired result.

3.5.2 Proof of Theorem 3.20

We shall now use the time-integrated convergence of the entropy we just proved to
show that this convergence actually holds pointwise. Our proof closely follows an idea of
[Kos01a]. This method was pointed out to us by the (anonymous) referee. It is also possible
to deduce the pointwise convergence from the time integrated convergence by using the
relative entropy method devised in [Yau91], but this yields a much longer proof.

In a first step, we will show pointwise convergence of the entropy, by showing that

lim inf 1
N

EntµN (fN (t)) ≥
∫
ϕ(ζ(t, θ))dθ − ϕ

(∫
ζ(t, θ)dθ

)
(3.57)

and
lim sup 1

N
EntµN (fN (t)) ≤

∫
ϕ(ζ(t, θ))dθ − ϕ

(∫
ζ(t, θ)dθ

)
. (3.58)

In a second step, we will show that this pointwise convergence actually holds uniformly in
time, as long as we stay away from time t = 0.

Let us start with the upper bound. We know that

d

dt

∫
f(t, x) log f(t, x)µ(dx) = −

∫ 〈A∇f,∇f〉
f

dµ ≤ 0,

so that, for any N , the entropy 1
N EntµN (fN ) is decreasing in time. This is just the H-

theorem expressed in the context of our model.
Therefore, for any N , any t > 0 and ε small enough, we have

1
N

EntµN (fN (t)) ≤ 1
ε

∫ t

t−ε

1
N

EntµN (fN (s))ds (3.59)

we know from Theorem 3.19 that
∫ t
t−ε

1
N EntµN (fN (s))ds converges to∫ t

t−ε
∫
T ϕ(ζ(s, θ))dθ − ϕ (

∫
ζ(s, θ)dθ) ds. Therefore, for any t > 0 and any ε small en-

ough, we have

lim sup 1
N

EntµN (fN (t)) ≤ 1
ε

∫ t

t−ε

∫
T
ϕ(ζ(s, θ))dθ − ϕ

(∫
ζ(s, θ)dθ

)
ds.

Since ρ is smooth, by Proposition 3.22, letting ε go to zero yields (3.58). (3.57) can be
obtained in the same way, by using the inequality

1
N

EntµN (fN (t)) ≥ 1
ε

∫ t+ε

t

1
N

EntµN (fN (s))ds.

Since the functions t→ 1
N EntµN (fN (t)) are continuous and decreasing, and the func-

tion t→
∫
ϕ(ζ(t, θ))dθ − ϕ (

∫
ζ(t, θ)dθ) is continuous, Dini’s second theorem implies that

this pointwise convergence is actually uniform on the compact sets [ε, T ], for any T > ε > 0.
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3.5.3 Proof of Proposition 3.22

To prove the regularity of the solution of the hydrodynamic equation, we shall use the
following interpolation inequality, which is a particular case of a family of inequalities that
can be found in the second chapter of [LSU68].

Lemma 3.28. For any u ∈ H1(T) with
∫
T udθ = 0 we have

||u||L4 ≤ 21/4||u||3/4L2 ||u′||1/4L2 .

Démonstration. Let us take such a function u. We have

|u(θ)|4 = |u(θ)|2|u(θ)|2 ≤ |u(θ)|2
(∫

T
2|u(s)| |u′(s)|ds

)
Using Hölder’s inequality, we have∫

T
|u(s)| |u′(s)|ds ≤ ||u||L2 ||u′||L2 ,

so that ∫
T
|u(θ)|4dθ ≤ 2||u||3L2 ||u′||L2

and the result immediately follows.

To prove the regularity of our function, we shall prove bounds on the L2 norms of the
derivatives of ϕ′(ζ), using differential inequalities, and then Sobolev injections. We first
have

d

dt

∫
ζ(t, θ)2dθ = 2

∫
ζ
∂2

∂θ2ϕ
′(ζ)dθ

= −2
∫ (

∂ϕ′(ζ)
∂θ

)
∂ζ

∂θ
dθ

= −2
∫
ϕ′′(ζ)

(
∂ζ

∂θ

)2
dθ

≤ −2(inf ϕ′′)
∫ (

∂ζ

∂θ

)2
dθ (3.60)

Integrating this inequality yields

∫ T

0

∫ (
∂ζ

∂θ

)2
dθdt ≤ 1

2(inf ϕ′′)
(
||ζ(0, ·)||2L2 − ||ζ(T, ·)||2L2

)
≤ 1

2(inf ϕ′′) ||ζ(0, ·)||2L2 . (3.61)

Since ||ζ(0, ·)||2L2 is finite, we obtain∫ ∞
0

∫ (
∂ζ

∂θ

)2
dθdt <∞.

Moreover, since ϕ′′ is bounded, we also get the bound on ∂ϕ′(ζ)/∂θ = ϕ′′(ζ)∂ζ/∂θ :∫ ∞
0

∫ (
∂ϕ′(ζ)
∂θ

)2
dθdt <∞. (3.62)
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We then have
1
2
d

dt

∫ (
∂ϕ′(ζ)
∂θ

)2
dθ =

∫
∂ϕ′(ζ)
∂θ

∂

∂θ

(
ϕ′′(ζ) ∂

2

∂θ2ϕ
′(ζ)

)
dθ

= −
∫
ϕ′′(ζ)

(
∂2

∂θ2ϕ
′(ζ)

)2

dθ

≤ −λ
∫ (

∂2

∂θ2ϕ
′(ζ)

)2

dθ (3.63)

≤ −λπ2
∫ (

∂

∂θ
ϕ′(ζ)

)2
dθ (3.64)

where the last inequality is a consequence of the Poincaré inequality ||u||L2 ≤ π||u′||L2 for
all functions in H1(T) with mean zero.

Combining (3.62) and (3.64), we get for any t1 > t2 > 0∫
T

(
∂ϕ′(ζ(t2, θ))

∂θ

)2
dθ ≤ C

t1
exp(−2λπ2(t2 − t1)). (3.65)

Moreover, using (3.63), we get∫ T

ε

∫ (
∂2

∂θ2ϕ
′(ζ)

)2

dθ ≤ CT

ε
(3.66)

for any 0 < ε < T .
In the same way, we have

1
2
d

dt

∫ (
∂2ϕ′(ζ)
∂θ2

)2

dθ = −
∫ (

∂3ϕ′(ζ)
∂θ3

)
∂

∂θ

(
ϕ′′(ζ)∂

2ϕ′(ζ)
∂θ2

)

= −
∫
ϕ′′(ζ)

(
∂3ϕ′(ζ)
∂θ3

)2

dθ −
∫ (

∂3ϕ′(ζ)
∂θ3

)(
∂2ϕ′(ζ)
∂θ2

)(
∂ϕ′′(ζ)
∂θ

)
dθ

≤ −λ
∫ (

∂3ϕ′(ζ)
∂θ3

)2

dθ −
∫ (

∂3ϕ′(ζ)
∂θ3

)(
∂2ϕ′(ζ)
∂θ2

)(
∂ϕ′′(ζ)
∂θ

)
dθ. (3.67)

A simple calculation yields

∂ϕ′′(ζ)
∂θ

= ϕ(3)(ζ)
ϕ′′(ζ)

∂ϕ′(ζ)
∂θ

and our assumption of boundedness on ϕ(3)/ϕ′′ then yields the bound∣∣∣∣∣
∫ (

∂3ϕ′(ζ)
∂θ3

)(
∂2ϕ′(ζ)
∂θ2

)(
∂ϕ′′(ζ)
∂θ

)
dθ

∣∣∣∣∣
≤ C

∫ ∣∣∣∣∣
(
∂3ϕ′(ζ)
∂θ3

)(
∂2ϕ′(ζ)
∂θ2

)(
∂ϕ′(ζ)
∂θ

)∣∣∣∣∣ dθ.
Using Hölder’s inequality, we then have∣∣∣∣∣
∫ (

∂3ϕ′(ζ)
∂θ3

)(
∂2ϕ′(ζ)
∂θ2

)(
∂ϕ′′(ζ)
∂θ

)
dθ

∣∣∣∣∣
≤

∫ (∂3ϕ′(ζ)
∂θ3

)2

dθ

1/2∫ (∂2ϕ′(ζ)
∂θ2

)4

dθ

1/4(∫ (
∂ϕ′(ζ)
∂θ

)4
dθ

)1/4

(3.68)
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By an application of Lemma 3.28, we have

∫ (∂2ϕ′(ζ)
∂θ2

)4

dθ

1/4

≤ C

∫ (∂2ϕ′(ζ)
∂θ2

)2

dθ

3/8∫ (∂3ϕ′(ζ)
∂θ3

)2

dθ

1/8

(3.69)

and

(∫ (
∂ϕ′(ζ)
∂θ

)4
dθ

)1/4

≤ C
(∫ (

∂ϕ′(ζ)
∂θ2

)
dθ

)3/8
∫ (∂2ϕ′(ζ)

∂θ2

)2

dθ

1/8

. (3.70)

Plugging (3.69) and (3.70) into (3.68), we get

∣∣∣∣∣
∫ (

∂3ϕ′(ζ)
∂θ3

)(
∂2ϕ′(ζ)
∂θ2

)(
∂ϕ′′(ζ)
∂θ

)
dθ

∣∣∣∣∣
≤

∫ (∂3ϕ′(ζ)
∂θ3

)2

dθ

5/8∫ (∂2ϕ′(ζ)
∂θ2

)2

dθ

1/2(∫ (
∂ϕ′(ζ)
∂θ

)2
dθ

)3/8

. (3.71)

Using the classical interpolation inequality ||u′||2L2 ≤ ||u||L2 ||u′′||L2 , we get∫ (∂2ϕ′(ζ)
∂θ2

)2

dθ

1/2

≤

∫ (∂3ϕ′(ζ)
∂θ3

)2

dθ

1/4(∫ (
∂ϕ′(ζ)
∂θ

)2
dθ

)1/4

and therefore

∣∣∣∣∣
∫ (

∂3ϕ′(ζ)
∂θ3

)(
∂2ϕ′(ζ)
∂θ2

)(
∂ϕ′′(ζ)
∂θ

)
dθ

∣∣∣∣∣
≤

∫ (∂3ϕ′(ζ)
∂θ3

)2

dθ

7/8(∫ (
∂ϕ′(ζ)
∂θ

)2
dθ

)5/8

. (3.72)

Finally, using Young’s inequality ab ≤ 7a8/7/8 + b8/8, we get for any δ > 0∣∣∣∣∣
∫ (

∂3ϕ′(ζ)
∂θ3

)(
∂2ϕ′(ζ)
∂θ2

)(
∂ϕ′′(ζ)
∂θ

)
dθ

∣∣∣∣∣
≤ Cδ8/7

∫ (∂3ϕ′(ζ)
∂θ3

)2

dθ

+ C

δ8

(∫ (
∂ϕ′(ζ)
∂θ

)2
dθ

)5

. (3.73)

Taking δ small enough and inserting this inequality into (3.67), we get

1
2
d

dt

∫ (
∂2ϕ′(ζ)
∂θ2

)2

dθ

≤ −λ2

∫ (
∂3ϕ′(ζ)
∂θ3

)2

dθ + C

(∫ (
∂ϕ′(ζ)
∂θ

)2
dθ

)5

≤ − λ

2π2

∫ (
∂2ϕ′(ζ)
∂θ2

)2

dθ + C

(∫ (
∂ϕ′(ζ)
∂θ

)2
dθ

)5

. (3.74)
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Combining (3.65), (3.66) and (3.74), it is easy to see that
∫ (∂2ϕ′(ζ)

∂θ2

)2
dθ is uniformly

bounded for t in [ε, T ], for all T > ε > 0. Since we can inject H2(T) into C1+α(T) for
some α > 0, ϕ′(ζ(t, ·)) lies in C1+α(T) for all t in [ε, T ]. Since ϕ′ is invertible and ϕ′′ is
positive, this implies that ζ(t, ·) also lies in C1+α(T) for all t in [ε, T ]. Using this fact, we
can rewrite the PDE as

∂ζ

∂t
= ϕ′′(ζ)∂

2ζ

∂θ2 + ϕ(3)(ζ)
(
∂ζ

∂θ

)2
.

Taking a(t, θ) = ϕ′′(ζ(t, θ)) and b(t, θ) = ϕ(3)(ζ)
(
∂ζ
∂θ

)
, we get that ζ is a solution of

the linear parabolic PDE
∂ζ

∂t
= a(t, θ)∂

2ζ

∂θ2 + b(t, θ)∂ζ
∂θ

with coefficients a and b that belong to Cα. We can then use the theory for regularity of
the solutions of linear parabolic equations (see for example [LSU68]) to show that ζ(t, ·)
lies in C2+α(T) for all t in [ε, T ]. The fact that ∂ζ

∂t lies in Cα for all t in [ε, T ] immediately
follows from the PDE.



Chapitre 4

The two-scale approach for
non-reversible dynamics

Les résultats de ce chapitre ont été obtenus en collaboration avec Manh Hong Duong,
et ont été soumis pour publication dans l’article [DF14].

Abstract : In [GOVW09], a new method to study hydrodynamic limits was deve-
loped for reversible dynamics. In this work, we generalize this method to a family of
non-reversible dynamics. As an application, we obtain quantitative rates of convergence
to the hydrodynamic limit for a weakly asymmetric version of the Ginzburg-Landau model
endowed with Kawasaki dynamics. These results also imply local Gibbs behavior, following
the method developed in Chapter 2.

4.1 Introduction
In this work, we are interested in generalizing the results of [GOVW09] on hydro-

dynamic limits to the case of weakly asymmetric interacting spin systems. We obtain
quantitative rates of convergence to the hydrodynamic limit for such dynamics. Our main
contribution is a method of controlling the effects of the antisymmetric component of the
dynamic.

A typical result of convergence to the hydrodynamic limit consists in proving that,
under a suitable time-space scaling and for nice initial conditions, a random systems with
a large number of particles behaves like a deterministic object, given as the solution of a
partial differential equation.

In [GOVW09], a new method to study such problems was developed. It consists in
establishing estimates in Wasserstein distance between the distribution of the system and
a well-chosen macroscopic state, given as the solution of a differential equation. The main
elements are a coarse-graining argument and a logarithmic Sobolev inequality. It was
applied to dynamics of the form

dXt = −A∇H(Xt)dt+
√

2AdWt

on some Euclidean space, where A is a positive definite matrix, H is the Hamiltonian and
W is a Wiener process. In the case where A and H correspond to the Ginzburg-Landau
model endowed with Kawasaki dynamics, they obtained scaling limits of the form

∂ρ

∂t
= ∂2

∂θ2ϕ
′(ρ).
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In this work, we add an extra term to the previous dynamic, and study

dXt = −A∇H(Xt)dt− J∇H(Xt)dt+
√

2AdWt

where J is an antisymmetric matrix. This extra term makes the dynamic non-reversible,
but does not modify the invariant measure. For a particular choice of J , we obtain a scaling
limit of the form

∂ρ

∂t
= ∂2

∂θ2ϕ
′(ρ) + ∂

∂θ
ϕ′(ρ).

Our method is restricted to the case where the square of the antisymmetric part −J2 is
controlled by A (in the sense of symmetric matrices). This is because if the antisymmetric
component becomes dominant in the scaling limit, we would expect the limiting PDE to
be hyperbolic (rather than parabolic), and estimates in Wasserstein distances would not
be adapted.

These estimates in Wasserstein distance also allow us to study local Gibbs behavior
(which is stronger form of convergence) by using an interpolation inequality, following a
method developed in [Fat13b]. We also obtain quantitative rates of convergence for the
microscopic free energy to its scaling limit.

The plan of the paper is as follows : in Section 2, we present the framework and our
main results. Section 3 contains the proofs of our results in the abstract setting. In section
4, we give the proofs of convergence to the hydrodynamic limit for the Ginzburg-Landau
model endowed with a weakly asymmetric version of Kawasaki dynamics.

4.2 Framework and main results

4.2.1 Abstract setting

Let X,Y be two Euclidean spaces with X ⊂ RN , Y ⊂ RM . We think of X as the
microscopic space and Y as the macroscopic space. N and M can then be thought of as
the size of the microscopic and macroscopic data respectively. Let A and J be respectively
a positive definite symmetric and an anti-symmetric linear operators on X. Let H : X → R
be a given function. We consider the stochastic dynamic onX that is given by the following
stochastic differential equation

dXt = −A∇H(Xt) dt− J∇H(Xt) dt+
√

2AdWt, (4.1)

where Wt is a Wiener process, and
√
A is the square root of the matrix A. When J 6= 0,

this is a non-reversible process, and the Fokker-Planck equation associated to this SDE is

∂t(fµ) = ÷[µ(A+ J)∇f ], (4.2)

where µ is the invariant measure of the dynamic, which is

µ(dx) := 1
Z

exp(−H(x))dx.

In the application we have in mind, which we shall present in the next section, A will
be the discrete Laplacian, and J the discrete derivation.

We now introduce an abstract framework for the notion of coarse-graining operator.
Let P : X → Y be a linear operator such that

NPP t = idY , (4.3)
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where P t is the adjoint operator of P . We think of y = Px as the macroscopic state asso-
ciated to the microscopic state x. This operator induces a decomposition of the invariant
measure into a macroscopic component and a fluctuation component. Let µ(dy) = P]µ be
the push-forward of µ under the operator P and µ(dx|y) be the conditional measure of µ
given Px = y, i.e., for each y, µ(dx|y) is a probability measure on X and satisfies that for
any test function ϕ ∫

X
ϕ(x)dµ(x) =

∫
Y

( ∫
Px=y

ϕ(x)µ(dx|y)
)
µ(dy). (4.4)

Applying the technique in [GOVW09], we show that under certain conditions, the
macroscopic profile y = Px, with law given by f(t, y) =

∫
Px=y f(t, x)µ(dx), is close to the

solution of the following differential equation

dη

dt
= −(A+ J)∇H(η(t)). (4.5)

In this equation, A is a symmetric, positive definite operator and J is another operator
on Y defined by

A
−1 = PA−1NP t, J = APA−1NJP t, (4.6)

and H : Y → R is the macroscopic Hamiltonian that satisfies

µ(dy) = exp(−NH(y))dy. (4.7)

In order to state the assumptions, we need to recall the definition of the Logarithmic
Sobolev inequality. A probability measure ν ∈ P(X) is said to satisfy an LSI with constant
ρ > 0 (abbreviation LSI(ρ)) if, for any locally Lipschitz, nonnegative function f ∈ L1(ν),∫

Φ(f) dν − Φ
(∫

f dν

)
≤ 1

2ρ

∫ |∇f |2
f

dν.

Assumptions : Throughout the paper, we assume that
(i) κ := maxx∈X{〈HessH(x) · u, v〉, u ∈ Ran(NP tP ), v ∈ Ran(idX −NP tP ), |u| = |v| =

1} <∞ ;
(ii) There is ρ > 0 such that µ(dx|y) satisfies LSI(ρ) for all y ;
(iii) There exist λ,Λ > 0 such that λId ≤ HessH ≤ ΛId ;
(iv) There is α > 0 such that

∫
X |x|2fµ(dx) ≤ αN ;

(v) There is β > 0 such that infy∈Y H̄(y) ≥ −β ;
(vi) There is γ > 0 such that for all x ∈ X,

|(idX −NP tP )x|2 ≤ γM−2〈x,Ax〉X ;

(vii) There are constants C1 and C2 such that the initial datum satisfy∫
Φ(f(0, x))µ(dx) ≤ C1N and H̄(η0) ≤ C2;

(viii) There is a τ > 0 such that A ≥ τId ;
(ix) −J2 ≤ cA ;
(x) J and A commute.
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Under these assumptions, we have the following bound on the Wasserstein distances
between fµ and δη.

Theorem 4.1. Let µ(dx) = exp(−H(x)) dx be a probability measure on X, and let
P : X → Y satisfy (4.3). Let A : X → X be a symmetric, definite positive operator,
and f(t, x) and η(t) be the solutions of (4.2) and (4.5), with initial data f(t, ·) and η0
respectively. Suppose that the assumptions above hold. Define

Θ(t) := 1
2N

∫
X

(x−NP tη(t)) ·A−1(x−NP tη(t))f(t, x)µ(dx).

Then for any T > 0, we have

max
{

sup
0≤t≤T

Θ(t), λ8

∫ T

0

(∫
Y
|y − η(t)|2Y f(t, y)µ(dy)

)
dt
}
≤ e

8cΛ2
λ

T
[
Θ(0) + E(T,M,N)

]
,

where E(T,M,N)→ 0 as N ↑ ∞,M ↑ ∞, NM ↑ ∞. More precisely,

E(T,M,N) = T

(
M

N

)
+ 4cγΛ2T

λ

(
α+ 2C1

ρ̂

) 1
M

+ C1

(
γκ2

2λρ2 + 2cγκ2

τλρ2 + 4γc
λτ

)
1
M2

+
√

2Tγ
(
α+ 2C1

ρ̂

) 1
2
{(

1 +
√
c

τ
+
√

2cγ
M

)√
C1

+
√

2
(

1 +
√
c

τ

)
(H(η0)−H(ηT )) + CT (1 + eCTH(η0))

1
2

} 1
M
,

where

ρ̂ := 1
2

ρ+ λ+ κ2

ρ
−

√(
ρ+ λ+ κ2

ρ

)2
− 4ρλ

 .
Remark 4.2 (Remarks on the assumptions). Assumptions (i) to (viii) are collected
from [GOVW09] and [Fat13b]. Assumption (ix) means that the asymmetric effect is
controlled by the symmetric one. Its main use is to rule out situations where the sca-
ling limit is a hyperbolic equation (this would be the case for a continuous analog of the
asymmetric exclusion process), which the two-scale approach doesn’t seem to handle. As-
sumption (x) is natural if we think of J and A are finite approximations of first and second
derivatives operators, which is the application we have in mind. It could be replaced by
an appropriate bound on the symmetric part of PA−1JNP t (which is the macroscopic
component of the commutator between A−1 and J), and an additional bound of the form
|Tr(PJA−1NP t)| ≤ CM . But since our proof is already fairly technical, and we do not
have an application in mind that would warrant the greater generality, we decided to just
assume that A and J commute, and simplify the proof. All these assumptions will be used
in Lemma 3.4 to estimate the time derivative of Θ(t). In particular, (ii) and (vi) are used
to handle the covariance and fluctuations terms respectively.

The hydrodynamic limit is obtained as a consequence.

Corollary 4.3. Consider a sequence {X`, Y`, P`, A`, J`, µ`, f0,`, η0,`}` satisfying the as-
sumptions (i) to (x) with uniform constants κ, ρ, λ,Λ, α, β, γ, C1, C2 and c. Suppose that

N` −→
`↑∞
∞; M` −→

`↑∞
∞; M`

N`
−→
`↑∞

0.
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Further assume that

lim
`↑∞

1
N`

∫
(x−N`P

tη0,`) ·A−1
` (x−N`P

tη0,`)f0,`(x)µ`(dx) = 0.

Then, for any T > 0 :
(a) The microscopic variables are close to the solution of (4.5) in the penalized norm
induced by A−1

` , uniformly in t ∈ [0, T ] :

lim
`↑∞

sup
0≤t≤T

1
N`

∫
(x−N`P

tη`) ·A−1
` (x−N`P

tη`)f`(t, x)µ`(dx) = 0;

(b) The macroscopic variables are close to the solution of (4.5) in the strong L2(Y ) norm,
in a time-integrated sense :

lim
`↑∞

∫ T

0

∫
|y − η`|2Y f̄(t, y)µ̄(dy)dt = 0.

Another topic of interest is whether the data behaves like a local Gibbs state.

Definition 4.4. The local Gibbs state with macroscopic profile η ∈ Y is the probability
measure on X whose density with respect to µ is given by

G(x)µ(dx) := 1
Z

exp(NP t∇H̄(η) · x)µ(dx).

Such a probability measure is close (in Wasserstein distance) to the associated macro-
scopic profile η.

In [Yau91], it is shown that, if the initial data is close (in the sense of relative entropy)
to a local Gibbs state, then this also holds at any positive time, for a time-dependent
local Gibbs state. Since closeness in relative entropy is stronger (in the current setting)
than closeness in Wasserstein distance, the kind of results obtained with Yau’s method
are stronger than those of the previous Corollary, but require a stronger assumption on
the initial data.

In [Kos01a], it was shown that convergence in relative entropy actually holds at positive
times, even if the initial data converges only in a weaker sense. In [Fat13b], the second
author obtained a new proof of this fact in the reversible setting, using the two-scale
approach. This method also yields quantitative rates of convergence in relative entropy.
Now that we have generalized the two-scale approach to the non-reversible setting, the
extension of the results of [Fat13b] follows.

Theorem 4.5. Let G(t, x) be the time-dependent local Gibbs state associated to the solu-
tion η of (4.5). Under our assumptions, the following holds :

(a) The relative entropy with respect to the local Gibbs state is controlled as follows :

∫ T

0

1
N

∫
Φ
(
f(t, x)
G(t, x)

)
G(t, x)µ(dx)dt = O

√Θ(0) + M

N
+ 1
M

 (4.8)

where the actual constants in the bound (which can be made explicit) depend on T , λ, Λ,
α, γ, ρ, κ, τ , c, C1 and C2, but not on M and N ;



134 Chapitre 4. The two-scale approach for non-reversible dynamics

(b) The difference between the microscopic free energy and the free energy associated
with the macroscopic profile η is bounded as follows :∫ T

0

∣∣∣∣ 1
N

∫
Φ(f(t, x))µ(dx)− H̄(η(t))

∣∣∣∣ dt
= O

√Θ(0) + M

N
+ 1
M


+ O

(
M

N

)
×max

(∣∣∣∣∣log
(

Γ(Y, | · |Y )2/(M−1)

ΛN

)∣∣∣∣∣ ,
∣∣∣∣∣log

(
Γ(Y, | · |Y )2/(M−1)

λN

)∣∣∣∣∣
)
, (4.9)

where Γ(Y, | · |Y ) is the Gaussian integral on the space Y with respect to the norm | · |Y .

4.2.2 Application to spin systems

We now give an application of Theorem 4.1 to a system of interacting continuous spins.
The application we have in mind is when the matrices A and J are given by

A = N2


2 −1 0 · · · 0 0 −1
−1 2 −1 · · · 0 0 0
...

...
... · · ·

...
...

...
0 0 0 · · · −1 2 −1
−1 0 0 · · · 0 −1 2

 (4.10)

and

J = N

2


0 1 0 · · · 0 0 −1
−1 0 1 · · · 0 0 0
...

...
... · · ·

...
...

...
0 0 0 · · · −1 0 1
1 0 0 · · · 0 −1 0

 (4.11)

As in [GOVW09], let

H(x) :=
N∑
i=1

ψ(xi) (4.12)

where ψ : R −→ R satisfies the following assumptions :

ψ(x) = 1
2x

2 + δψ(x); ||δψ||C2 <∞ (4.13)

We consider the dynamic where A and J are given by (4.10) and (4.11) respectively.
This corresponds to the system of stochastic differential equations

dXi(t) = −N2(2ψ(Xi)−ψ(Xi+1)−ψ(Xi−1))dt−N2 (ψ(Xi+1)−ψ(Xi−1)dt+N
√

2(dBi+1
t −dBi

t).

This is the dynamic studied in [GPV88] and [GOVW09], to which we have added a
weak asymmetric perturbation. This model is to the symmetric dynamic what the weakly
asymmetric exclusion process is to the simple symmetric exclusion process, i.e., we have
added an extra asymmetric term which has a scaling of lower order in N .
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Since this dynamic conserves the mean spin m = N−1∑Xi, the natural space on
which to work is

XN,m :=
{
x ∈ RN ; 1

N

N∑
i=1

xi = m

}
,

which we endow with the usual `2 scalar product. Following [GOVW09], the macroscopic
space is

YM,m :=
{
y ∈ RM ; 1

N

M∑
i=1

yi = m

}
,

which we endow with the L2 scalar product

〈y, ỹ〉Y := 1
M

M∑
i=1

yiỹi.

The coarse graining operator P is defined as

(Px)i := 1
K

iK∑
j=(i−1)K+1

xi

where K is an integer such that N = KM . We can think of this coarse-graining operator
as taking local averages of the microscopic profile over boxes of size K. This operator does
satisfy the relation PNP t = idY .

When K is large enough, it has been shown that the coarse-grained Hamiltonian H̄ is
uniformly convex, so we will be able to apply the previous abstract Theorem.

Without loss of generality, we shall assume in the sequel that m = 0, since it does not
play a role in our estimates.

To study the scaling limit, we need to embed our spaces XN,m into a single functional
space. To a macroscopic profile x ∈ XN,0, we associate the step function on the torus x̄,
defined by

x̄(θ) := xi ∀θ ∈
[
i− 1
N

,
i

N

)
.

We endow the space L2(T) with the H−1 norm, defined by

||w||2H−1 =
∫
g2dθ, g′ = w,

∫
g dθ = 0.

The closure of the spaces XN,0 for this norm is the usual H−1 space of functions of average
0, which is the dual of the Sobolev space H1 for the L2 norm.

We can now state the hydrodynamic limit result we obtain for this model :

Theorem 4.6. Let A` and J` be given by (4.10) and (4.11) respectively. Assume that
ψ satisfies (4.13). Let f(t, x) be a time-dependent probability density on (XN,0, µN,0) sol-
ving (4.2), with f(0, ·) = f0 such that∫

f0 log f0dµN,0 ≤ CN

for some C > 0 and
lim
N↑∞

∫
||x̄− ζ0||2H−1f0(x)µN,0(dx) = 0
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for some initial macroscopic profile ζ0 ∈ L2(T). The, for any T > 0, we have

lim
N↑∞

sup
0≤t≤T

∫
||x̄− ζ(t, ·)||2H−1f(t, x)µN,0(dx) = 0

where ζ is the unique solution of

{
∂ζ
∂t = ∂2

∂θ2ϕ
′(ζ) + ∂

∂θϕ
′(ζ),

ζ(0, ·) = ζ0,
(4.14)

where ϕ is the Cramér transform of ψ, i.e.

ϕ(m) = sup
σ∈R

{
σm− log

∫
R

exp (σx− ψ(x))dx
}
. (4.15)

We can also use [Fat13b] to study local Gibbs behavior, and convergence of the relative
entropy.

Theorem 4.7. Under the same assumptions as in Theorem 4.6, the following holds :

∫ T

0

∫
XN

Φ
(
fN (t, x)
GN (t, x)

)
GN (t, x)µN (dx)dt −→ 0, (4.16)

where GN (t, ·) is the local Gibbs state given by ηN (t). As a consequence, we have conver-
gence of the microscopic entropy to the hydrodynamic entropy, in a time-integrated sense :

∫ T

0

∣∣∣∣ 1
N

∫
Φ(fN (t, x))µN (dx)−

(∫
T
ϕ(ζ(θ, t))dθ − ϕ

(∫
T
ζ(t, θ)dθ

))∣∣∣∣ dt →N→∞ 0. (4.17)

Moreover, convergence of 1
N

∫
Φ(fN (t, x))µN (dx) to

∫
T ϕ(ζ(θ, t))dθ − ϕ (

∫
T ζ(t, θ)dθ)

holds uniformly on any time-interval [ε, T ], for any 0 < ε < T .

Since deducing this result from 4.5 is nearly the same as in [Fat13b], we omit the proof.
The only significant difference is proving that the solution of the hydrodynamic equation
ζ is smooth on [ε, T ], which is a known result, that can be proven by a straightforward
adaptation of the proof of Proposition 3.22 in [Fat13b].

4.3 Proof of the abstract results

In this section, we prove Theorem 4.1 and provide a sketch of proof of Theorem 4.5.

4.3.1 Proof of Theorem 4.1

Following the approach of [GOVW09], we prove Theorem 4.5 in three steps : first
we differentiate with respect to time the Wasserstein distance between f(t)µ and the
macroscopic profile η(t), then we derive an upper bound for the quantity we obtain, before
integrating in time and applying Gronwall’s Lemma to obtain the result.
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Lemma 4.8. The time-derivative of Θ(t) is given by the following formula

d

dt

1
2N

∫
X

(x−NP tη(t)) ·A−1(x−NP tη(t))f(t, x)µ(dx)

= M

N
−
∫
Y

(y − η) · (∇YH(y)−∇YH(η))f(t, y)µdy

−
∫
Y
PJA−1NP t(y − η) · (∇YH(y)−∇YH(η))f(t, y)µdy

−
∫
Y

(y − η) · P covµ(dx|y)(f,∇H)µdy

− 1
N

∫
X

(idX −NP tP )x · ∇f(t, x)µ(dx)

+
∫
A∇YH(η) · PA−1(idX −NP tP )xfµ(dx)

+
∫
Y
PJA−1NP t(y − η) · P covµ(dx|y)(f,∇H)dy

+
∫
Y
PJA−1(idX −NP tP )x · P∇f(t, x)µ(dx)

+ 1
N

∫
X

(idX −NP tP )JA−1(x−NP tη) · ∇f(t, x)µ(dx)

+
∫
X
PA−1(idX −NP tP )x · J∇YH(η)f(t, x)µ(dx). (4.18)

Démonstration. We have

d

dt

1
2N

∫
X

(x−NP tη(t)) ·A−1(x−NP tη(t))f(t, x)µ(dx)

(4.2)= − 1
N

∫
X
A−1(x−NP tη) · (A+ J)∇fµ(dx)−

∫
P t
dη

dt
·A−1(x−NP tη)fµ(dx)

(4.5)= − 1
N

∫
X
A−1(x−NP tη) ·A∇fµ(dx) +

∫
A∇YH(η) · PA−1(x−NP tη)fµ(dx)

− 1
N

∫
A−1(x−NP tη) · J∇fµ(dx) +

∫
A−1(x−NP tη) · P tJ∇H(η)fµ(dx)

= (I) + (II) + (III) + (IV ). (4.19)

We now use the decomposition x = NP tPx+ (idX −NP tP )x to transform each term on
the right hand side of (4.19). We need the following definition of the µ-covariance of two
functions f, g ∈ L2(µ)

covµ(f, g) =
∫
fg dµ−

(∫
f dµ

)(∫
g dµ

)
. (4.20)

The first two terms, (I) and (II), are already done in [GOVW09]. We repeat here for
the sake of completeness.

(I) = − 1
N

∫
X

(x−NP tη) · ∇fµ(dx)

= −
∫
X
P t(Px− η) · ∇fµ(dx)− 1

N

∫
(idX −NP tP )x · ∇fµ(dx). (4.21)
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We now transform the first term in (4.21) using (4.4) and Lemma 21 in [GOVW09].

−
∫
X
P t(Px− η) · ∇fµ(dx) = −

∫
(Px− η) · P∇fµ(dx)

− (4.4)=
∫
Y

(y − η) · P
∫
Px=y

∇fµ(dx|y)µdy

[GOVW09,(36)]= − 1
N

∫
(y − η) · ∇Y fµdy −

∫
(y − η) · P covµ(dx|y)(f,∇H)µdy

(4.7)= 1
N

∫
∇Y · yfµdy −

∫
(y − η) · ∇YH(y)fµdy −

∫
(y − η) · P covµ(dx|y)(f,∇H)µdy

= dimY

N
−
∫

(y − η) · ∇YH(y)fµdy −
∫

(y − η) · P covµ(dx|y)(f,∇H)µdy.

We obtain

(I) = dimY

N
−
∫

(y−η)·∇YH(y)fµdy−
∫

(y−η)·P covµ(dx|y)(f,∇H)µdy− 1
N

∫
(idX−NP tP )x·∇fµ(dx).

(4.22)
Now we proceed with (II).

(II) =
∫
A∇YH(η) · PA−1NP t(Px− η)fµ(dx) +

∫
A∇YH(η) · PA−1(idX −NP tP )xfµ(dx)

(4.6)=
∫
∇YH(η) · (Px− η)fµ(dx) +

∫
A∇YH(η) · PA−1(idX −NP tP )xfµ(dx)

(4.4)=
∫
Y

(y − η) · ∇YH(η)fµ(dy) +
∫
A∇YH(η) · PA−1(idX −NP tP )xfµ(dx).

(4.23)

Next, we continue with (III).

(III) = 1
N

∫
JA−1(x−NP tη) · ∇fµ(dx)

= 1
N

∫
PJA−1(x−NP tη) ·NP∇fµ(dx) + 1

N

∫
(idX −NP tP )JA−1(x−NP tη) · ∇fµ(dx)

= 1
N

∫
PJA−1NP t(Px− η) ·NP∇fµ(dx) + 1

N

∫
PJA−1(idX −NP tP )x ·NP∇fµ(dx)

+ 1
N

∫
(idX −NP tP )JA−1(x−NP tη) · ∇fµ(dx).

The first term on the right hand side of the expression above can be transformed further
using Lemma 21 in [GOVW09] as done for (I).

1
N

∫
PJA−1(x−NP tη) ·NP∇fµ(dx) = 1

N

∫
Y

( ∫
Px=y

PJA−1NP t(y − η) ·NP∇fµ(dx|y)
)
µdy

= 1
N

∫
Y
PJA−1NP t(y − η) ·

[
∇Y f(y) +NP covµ(dx|y)(f,∇H)

]
µ(dy)

= 1
N

∫
Y
PJA−1NP t(y − η) · ∇Y f(y)µ(dy) +

∫
Y
PJA−1NP t(y − η) · P covµ(dx|y)(f,∇H)µ(dy)

= −Tr(PJA−1NP t)
N

+
∫
Y
PJA−1NP t(y − η) · ∇YH(y)fµ(dy)

+
∫
Y
PJA−1NP t(y − η) · P covµ(dx|y)(f,∇H)µ(dy).
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Since PJA−1NP t is anti-symmetric, Tr(PJA−1NP t)=0, and we obtain

(III) =
∫
Y
PJA−1NP t(y − η) · ∇YH(y)fµ(dy)

+
∫
Y
PJA−1NP t(y − η) · P covµ(dx|y)(f,∇H)µ(dy)

+ 1
N

∫
PJA−1(idX −NP tP )x ·NP∇fµ(dx)

+ 1
N

∫
(idX −NP tP )JA−1(x−NP tη) · ∇fµ(dx). (4.24)

Finally, we now transform (IV ).

(IV ) =
∫
PA−1NP t(Px− η) · J∇YH(η)fµ(dx) +

∫
PA−1(idX −NP tP ) · J∇YH(η)fµ(dx)

(4.4)=
∫
Y
PA−1NP t(y − η) · J∇YH(η)fµ(dy) +

∫
PA−1(idX −NP tP ) · J∇YH(η)fµ(dx)

(4.6)= −
∫
PJA−1NP t(y − η) · ∇YH(η)fµ(dy) +

∫
PA−1(idX −NP tP ) · J∇YH(η)fµ(dx).

(4.25)

Substituting (4.22)-(4.25) into (4.19), we obtain (4.18) and the lemma is proven.

The following auxiliary lemma will be helpful in the sequel. The second and the third
parts are respectively (54) and (52) in [GOVW09] ; we put them here for readers’ conve-
nience.

Lemma 4.9. We have the following estimate
1. For every y ∈ Y

|PJA−1NP ty|2 ≤ c〈A−1
y, y〉 ≤ c

τ
|y|2Y , (4.26)

〈ĀPJA−1NP ty, PJA−1NP ty〉 ≤ c|y|2. (4.27)

2. For every x ∈ X

(idX −NP tP )x ·A−1(idX −NP tP )x ≤ γ

M2 |x|
2. (4.28)

3. It holds that

|NP tP covµ(dx|y)(f,∇H)|2 ≤ γ κ
2

ρ2
1
M2 f̄

∫ 1
f
∇f ·A∇fµ(dx|y). (4.29)

Démonstration. We only need to prove the first part.
We start with (4.26). The first inequality is obtained using the assumption (2) and the

fact that NP tP is an orthogonal projection as follows.

〈PJA−1NP ty, PJA−1NP ty〉 = 1
N
〈NP tPJA−1NP ty, JA−1NP ty〉

≤ 1
N
〈JA−1NP ty, JA−1NP ty〉

= − 1
N
〈J2A−1NP ty,A−1NP ty〉

≤ c

N
〈A−1NP ty,NP ty〉 (used assumption (ix) here)

= c〈NPA−1P ty, y〉

= c〈A−1
y, y〉.
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Now we prove the second one. Since τ is a lower bound on the spectral value of A, 1
τ is an

upper bound on that of A−1. Hence

〈A−1
y, y〉 = 〈PA−1NP ty, y〉 = 1

N
〈A−1NP ty,NP ty〉 ≤ 1

Nτ
〈NP ty,NP ty〉 = 1

τ
|y|2Y .

Next, we prove (4.27). By duality, we have

〈ĀPJA−1NP ty, PJA−1NP ty〉 = sup
z
{2〈PJA−1NP ty, z〉 − 〈Ā−1z, z〉}

(4.26)
≤ sup

z
{2〈y, PJA−1NP tz〉 − c−1|PJA−1NP tz|2}

≤ sup
z
{2〈y, z〉 − c−1|z|2}

≤ c|y|2.

Lemma 4.10. If f(t, x) and η(t) satisfy the assumptions of theorem 4.1, then for any
T <∞ we have∫ T

0

∫ 1
f
∇f ·A∇f(t, x)µ(dx)dt =

∫
Φ(f(0, x))µ(dx)−

∫
Φ(f(T, x))µ(dx); (4.30)

∫ T

0
〈A∇YH(η),∇YH(η)〉dt ≤ 2(H(η0)−H(ηT )) + CT (1 + eCTH(η0)), (4.31)

where C > 0 is a constant ;(∫
|x|2f(t, x)µ(dx)

) 1
2
≤
(∫
|x|2µ(dx)

) 1
2

+
(2
ρ̂

∫
Φ(f(0, x))µ(dx)

) 1
2
. (4.32)

Démonstration. The proof of this lemma is similar to that of proposition 24 in [GOVW09].
We prove (4.30) first. We have

d

dt

∫
Φ(f(t, x))µ(dx) =

∫
(log f + 1)∂t(fµ)

=
∫

(log f + 1)div(µ(A+ J)∇f)

= −
∫

(A+ J)∇f · ∇f
f
µ(dx)

= −
∫ 1
f
A∇f · ∇fµ(dx) (since J is anti-symmetric). (4.33)

Thus (4.30) follows. Next we prove (4.31). We have

d

dt
H(η(t)) = 〈η̇(t),∇YH(η)〉

(4.5)= −〈A∇YH(η),∇YH(η)〉 − 〈J∇YH(η),∇YH(η)〉
= −〈Ā∇H̄(η),∇H̄(η)〉 − 〈ĀPJA−1NP t∇H̄(η),∇H̄(η)〉

≤ 1
2〈ĀPJA

−1NP t∇H̄(η), PJA−1NP t∇H̄(η)〉 − 1
2〈A∇YH(η),∇YH(η)〉

(4.27)
≤ c

2 |∇H̄(η)|2 − 1
2〈A∇YH(η),∇YH(η)〉
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and therefore

d

dt
H(η(t)) + 1

2〈A∇YH(η),∇YH(η)〉

≤ c

2 |∇H̄(η)|2

≤ C(|η|2 + 1)
≤ C(H(η) + 1).

In the above estimate, C > 0 is a general constant. Note that we have used the as-
sumption (iii). The above Gronwall-type inequality implies that for every t ≥ 0, we have
H(η(t)) ≤ eC(T+1)H(η0), and∫ T

0
〈A∇YH(η),∇YH(η)〉dt ≤ 2(H(η0)−H(ηT )) + CT (1 + eCTH(η0)).

By (4.33),
∫

Φ(f(t, x))µ(dx) is non-increasing in t ; hence the proof of (4.32) is the same
as that of (46) in [GOVW09].

Lemma 4.11. We have the following estimate

d

dt
Θ(t)− 8cΛ2

λ
Θ(t) + λ

8

∫
|y − η|2fµ(dy)

≤ M

N
+ 4cγΛ2

2λNM2

∫
|x|2fµ(dx)

+
(

γκ2

2λρ2M2 + 2cγκ2

τλρ2M2 + 4γc
λτM2

)∫ 1
Nf
∇f ·A∇fµ(dx)

+
√
γ

M

(∫ 1
N
|x|2fµ(dx)

) 1
2
[(

1 +
√
c

τ
+
√

2cγ
M

)(∫ 1
Nf
∇f ·A∇fµ(dx)

) 1
2

(4.34)

+
(

1 +
√
c

τ

)(
A∇YH(η) · ∇YH(η)

) 1
2
]
. (4.35)

Démonstration. We estimate each term in (4.18). The 2nd, 4th and 5th terms are already
done in [GOVW09]. We get

−
∫
Y

(y − η) · (∇YH(y)−∇YH(η))fµdy ≤ −λ
∫
|y − η|2Y fµdy, (4.36)∣∣∣∣∫ (y − η) · P covµ(dx|y)(f,∇H)µdy

∣∣∣∣ ≤ γκ2

2λρ2M2

∫ 1
Nf
∇f ·A∇fµ(dx) + λ

2

∫
|y − η|2Y fµ(dy),

(4.37)∣∣∣∣ 1
N

∫
(idX −NP tP )x · ∇fµ(dx)

∣∣∣∣ ≤ ( γ

M2

∫ 1
Nf
∇f ·A∇fµ(dx) ·

∫ 1
N
|x|2fµ(dx)

) 1
2
.

(4.38)

We estimate the 3rd term. Since

|PJA−1NP t(y − η)| · |∇YH(y)−∇YH(y)| ≤ Λ|y − η| · |PJA−1NP t(y − η)|
(4.26)
≤ Λ|y − η|

√
c〈A−1(y − η), y − η〉

≤ λ

8 |y − η|
2 + 2cΛ2

λ
〈A−1(y − η), y − η〉,
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we have∣∣∣∣∫
Y
PJA−1NP t(y − η) · (∇YH(y)−∇YH(η))fµ(dy)

∣∣∣∣
≤
∫
Y
|PJA−1NP t(y − η)||∇YH(y)−∇YH(η)|fµ(dy)

≤ λ

8

∫
Y
|y − η|2fµ(dy) + 2cΛ2

λ

∫
Y
〈A−1(y − η), y − η〉fµ(dy)

= λ

8

∫
Y
|y − η|2fµ(dy) + 2cΛ2

λ

1
N

∫
X
〈A−1NP t(Px− η), NP t(Px− η)〉fµ(dx)

≤ λ

8

∫
Y
|y − η|2fµ(dy) + 2cΛ2

λ

2
N

∫
X
〈A−1(x−NP tη), (x−NP tη)〉fµ(dx)

+ 2cΛ2

λ

2
N

∫
X
〈A−1(idX −NP tP )x, (idX −NP tP )x〉fµ(dx)

≤ λ

8

∫
Y
|y − η|2fµ(dy) + 8cΛ2

λ
Θ(t) + 4cγΛ2

λNM2

∫
|x|2fµ(dx). (4.39)

Next we estimate the 6th term.∫
A∇YH(η) · PA−1(idX −NP tP )xfµ(dx)

=
∫
P tA∇YH(η) ·A−1(idX −NP tP )xfµ(dx)

≤
(∫

P tA∇YH(η) ·A−1NP tA∇YH(η)fµ(dx)
) 1

2
( 1
N

∫
(idX −NP tP )x ·A−1(idX −NP tP )xfµ(dx)

) 1
2

Since

P tA∇YH(η) ·A−1NP tA∇YH(η) = A∇YH(η) ·PA−1NP tA∇YH(η) = A∇YH(η) ·∇YH,

and from (4.28), we have∫
A∇YH(η)·PA−1(idX−NP tP )xfµ(dx) ≤

(
A∇YH(η) · ∇YH(η)

) 1
2
(

γ

NM2

∫
|x|2fµ(dx),

) 1
2
.

(4.40)
Next, we estimate the 7th term.∣∣∣∣∫ PJA−1NP t(y − η) · P covµ(dx|y)(f,∇H)µ(dy)

∣∣∣∣
≤
(∫
|PJA−1NP t(y − η)|2fµ(dy) ·

∫ 1
f
|P covµ(dx|y)|2Y µ(dy)

) 1
2

(4.26),(4.29)
≤

(
2c
τ
γ
κ2

ρ2
1
M2

∫
|y − η|2fµ(dy)

∫ 1
Nf
∇f ·A∇fµ(dx)

) 1
2

≤ 2cγκ2

τλρ2M2

∫ 1
Nf
∇f ·A∇fµ(dx) + λ

8

∫
|y − η|2fµ(dy). (4.41)

For the 8th term, we have∫
PJA−1(idX −NP tP )x · P∇fµ(dx) = 1

N

∫
NP tPJA−1(idX −NP tP )x∇fµ(dx)

≤
(∫ 1

N
NP tPJA−1(idX −NP tP )x ·A−1NP tPJA−1(idX −NP tP )xfµ(dx)

) 1
2
(∫ 1

Nf
∇f ·A∇fµ(dx)

) 1
2
.
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Since

〈NP tPJA−1(idX −NP tP )x,A−1NP tPJA−1(idX −NP tP )x〉

≤ 1
τ
〈NP tPJA−1(idX −NP tP )x,NP tPJA−1(idX −NP tP )x〉

≤ 1
τ
〈JA−1(idX −NP tP )x, JA−1(idX −NP tP )x〉

= 1
τ
〈−J2A−1(idX −NP tP )x,A−1(idX −NP tP )x〉

≤ c

τ
〈(idX −NP tP )x,A−1(idX −NP tP )x〉

(4.28)
≤ cγ

τM2 |x|
2,

we obtain∫
PJA−1(idX−NP tP )x·P∇fµ(dx) ≤

(
cγ

τM2

∫ 1
N
|x|2fµ(dx) ·

∫ 1
Nf
∇f ·A∇fµ(dx)

) 1
2
.

(4.42)
Next we estimate the 9th term. Set z = JA−1(x−NP tη). We have

1
N

∫
(idX −NP tP )JA−1(x−NP tη) · ∇fµ(dx) = 1

N

∫
(idX −NP tP )z · ∇fµ(dx)

≤
(∫ 1

N
(idX −NP tP )z ·A−1(idX −NP tP )zfµ(dx)

∫ 1
Nf
∇f ·A∇fµ(dx)

) 1
2

(4.28)
≤

(
γ

M2

∫ 1
Nf
∇f ·A∇fµ(dx)

∫ 1
N
|z|2fµ(dx)

) 1
2
.

We estimate the second integral inside the parentheses. It holds that

|z|2 = 〈JA−1(x−NP tη), JA−1(x−NP tη)〉
= 〈−J2A−1(x−NP tη), A−1(x−NP tη)〉
(ix)
≤ c〈A−1(x−NP tη), x−NP tη〉

≤ 2c
(
〈A−1NP t(Px− η), NP t(Px− η)〉+ 〈A−1(idX −NP tP )x, (idX −NP tP )x〉

)
(4.28)
≤ 2c

(1
τ
|NP t(Px− η)|2 + γ

M2 |x|
2
)

= 2c
(
N

τ
|Px− η|2 + γ

M2 |x|
2
)
.

Therefore,

1
N

∫
(idX −NP tP )JA−1(x−NP tη) · ∇fµ(dx)

≤
(
γ

M2

∫ 1
Nf
∇f ·A∇fµ(dx)

) 1
2
(2c
τ

∫
|y − η|2fµ(dy) + 2cγ

M2N

∫
|x|2fµ(dx)

) 1
2

≤ 4γc
M2λτ

∫ 1
Nf
∇f ·A∇fµ(dx) + λ

8

∫
|y − η|2fµ(dy)

+
(
γ

M2

∫ 1
Nf
∇f ·A∇fµ(dx)

) 1
2
( 2cγ
M2N

∫
|x|2fµ(dx)

) 1
2
. (4.43)
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Finally, we estimate the 10th term. Since

〈PA−1NP tJ̄∇H̄(η), J̄∇H̄(η)〉
= 〈PJA−1NP t∇H̄(η), ĀPJA−1NP t∇H̄(η)〉
≤ c|∇H̄(η)|2

≤ c

τ
〈Ā∇Y H̄(η),∇Y H̄(η)〉,

we have∣∣∣∣∫ A−1(idX −NP tP )x · P tJ∇YH(η)fµ(dx)
∣∣∣∣

≤
(∫

P tJ∇YH(η) ·A−1NP tJ∇YH(η)fµ(dx)
) 1

2
(∫ 1

N
(idX −NP tP )x ·A−1(idX −NP tP )xfµ(dx)

) 1
2

≤
(
c

τ
A∇YH(η) · ∇YH(η)

) 1
2
(

γ

NM2

∫
|x|2fµ(dx)

) 1
2
. (4.44)

Summing up from (4.36) to (4.44), we obtain

d

dt
Θ(t)− 8cΛ2

λ
Θ(t) + λ

8

∫
|y − η|2fµ(dy)

≤ M

N
+ 4cγΛ2

2λNM2

∫
|x|2fµ(dx)

+
(

γκ2

2λρ2M2 + 2cγκ2

τλρ2M2 + 4γc
λτM2

)∫ 1
Nf
∇f ·A∇fµ(dx)

+
√
γ

M

(∫ 1
N
|x|2fµ(dx)

) 1
2
[(

1 +
√
c

τ
+
√

2cγ
M

)(∫ 1
Nf
∇f ·A∇fµ(dx)

) 1
2

(
1 +

√
c

τ

)(
A∇YH(η) · ∇YH(η)

) 1
2
]
.

Proof of Theorem 4.1. Denote by R(t) the right hand side of (4.35). Set D = 8cΛ2

λ .
For any 0 < t ≤ T , we have

d

dt

(
e−DtΘ(t)

)
+ e−DT

λ

8

∫
|y − η|2f̄ µ̄(dy) ≤ d

dt

(
e−DtΘ(t)

)
+ e−Dt

λ

8

∫
|y − η|2f̄ µ̄(dy)

≤ e−DtS(t) ≤ S(t). (4.45)

Integrating (4.35) with respect to time, for any 0 < t ≤ T , we have

e−DTΘ(t) + λ

8 e
−DT

∫ T

0
|y − η|2f̄ µ̄(dy) ≤ e−DtΘ(t) + λ

8 e
−DT

∫ T

0
|y − η|2f̄ µ̄(dy)

≤ Θ(0) +
∫ T

0
S(t)dt. (4.46)

It follows that for any T > 0

max
{

sup
t∈(0,T )

Θ(t), λ8

∫ T

0

∫
Y
|y − η|2f̄ µ̄(dy)

}
≤ eDT

(
Θ(0) +

∫ T

0
S(t)dt

)
. (4.47)
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It remains to take care of each term in the right hand side of (4.47). Let a, b > 0 be
two constants.∫ T

0

∫ 1
N
|x|2f(t, x)µ(dx)dt

(4.32)
≤ 2

(
α+ 2C1

ρ̂

)
T ;∫ T

0

∫ 1
Nf
∇ ·A∇fµ(dx)dt

(4.30)
≤ C1;∫ T

0

(∫ 1
N
|x|2fµ(dx)

) 1
2
(
a

(∫ 1
Nf
∇f ·A∇fµ(dx)

) 1
2

+ b
(
Ā∇Y H̄(η) · ∇Y H̄(η)

) 1
2

)
dt

≤
(∫ T

0

∫ 1
N
|x|2fµ(dx)dt

) 1
2
a(∫ T

0

∫ 1
N
∇f ·A∇fµ(dx)dt

) 1
2

+ b

(∫ T

0
Ā∇Y H̄(η) · ∇Y H̄(η)dt

) 1
2


≤
√

2T
(
α+ 2C1

ρ̂

) 1
2 (
a
√
C1 +

√
2b(H(η0)−H(ηT )) + CT (1 + eCTH(η0))

1
2
)
.

Substituting these estimate to (4.47) concludes the proof of Theorem 4.1.

4.3.2 Sketch of proof of Theorem 4.5

In this section, we give the main arguments of the proof of Theorem 4.5, which exactly
follows the method of [Fat13b].

– First, we decompose the relative entropy with respect to the local Gibbs state into
a macroscopic component and a fluctuations component. Since G(x) only depends
on the macroscopic profile y = Px, we have

EntGµ(fµ) = EntḠµ̄(f̄ µ̄) +
∫
Y

Entµ(dx|y)(fµ)Ḡ(y)µ̄(dy).

– The fluctuations component
∫ T

0
∫
Y Entµ(dx|y)(fµ)Ḡ(y)µ̄(dy)dt can be bounded using

the logarithmic Sobolev inequality for µ(dx|y), assumption (vi) and the bound on
the microscopic entropy production of Lemma 4.10.

– For the macroscopic component, since Ḡµ̄ is log-concave, we can use the HWI in-
equality of [OV00], which states that

EntḠµ̄(f̄ µ̄) ≤W2(f̄ µ̄, Ḡµ̄)
√
IḠµ̄(f̄ µ̄),

where the Wasserstein distance W2 is taken with respect to the norm | · |Y , and I is
the Fisher information

IḠµ̄(f̄ µ̄) :=
∫ |∇(f̄/Ḡ)|2

f̄/Ḡ
Ḡdµ̄.

As a consequence, to obtain convergence in relative entropy, we only require conver-
gence in Wasserstein distance and a bound on the Fisher information.

– We already have a bound on
∫ T

0 W2(f̄ µ̄, δη(t))2dt from Theorem 4.1. Moreover,

W2(Ḡµ̄, δη)2 ≤ M

λN

by Proposition 4.1 of [Fat13b]. A bound on
∫ T

0 W2(f̄ µ̄, Ḡµ̄)dt immediately follows
from the triangle inequality.
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– Finally, the time-integral of the Fisher information can be bounded using the bounds
on the entropy production of Lemma 4.10. This concludes the proof of (a).

– (b) can be deduced from (a) using elementary inequalities and the bound∣∣∣∣ 1
N

∫
Φ(Gη)dµ− H̄(η)

∣∣∣∣
≤ (M − 1)

2N max
(∣∣∣∣∣log

(
Γ(Y, | · |Y )2/(M−1)

ΛN

)∣∣∣∣∣ ,
∣∣∣∣∣log

(
Γ(Y, | · |Y )2/(M−1)

λN

)∣∣∣∣∣
)

+

√
M

λN
|∇H̄(η)|Y ,

which was proven in Proposition 4.1 of [Fat13b].

4.4 Application to weakly asymmetric Kawasaki dynamics
In this section, we prove Theorem 4.6. First, we give a precise definition of the notion

of weak solution to the limiting equation (4.14).

Definition 4.12. ζ = ζ(t, θ) is called a weak solution of (4.14) on [0, T ]× T1 if

ζ ∈ L∞(L2), ∂ζ

∂t
∈ L2(H−1), ϕ′(ζ) ∈ L2(L2), (4.48)

and〈
g,
∂ζ

∂t

〉
H−1

= −
∫
T1
gϕ′(ζ) dθ+

∫
T1
Gϕ′(ζ) dθ, for all g ∈ L2(T1), for almost every t ∈ [0, T ],

(4.49)
where G is the (unique up to a set of Lebesgue measure 0) function on the torus such that∫
T1 Gdθ = 0 and G′ = g.

As in Corollary 4.3, consider a sequence {M`, N`}∞`=1 such that

M` ↑ ∞; N` ↑ ∞; N`

M`
↑ ∞.

Let η̄`0 be a step-function approximation of ζ0, such that

||η̄`0 − ζ0||L2 −→
`↑∞

0. (4.50)

Consider η` the solutions to

dη`

dt
= −(Ā+ J̄)∇Y H̄(η`), η`(0) = η`0.

To obtain Theorem 4.6 from Theorem 4.3, we shall need to study the convergence of
the sequence η`. It is given by the following result.

Proposition 4.13. With the notations above, the sequence of step functions η̄` converge
strongly in L∞(H−1) to the unique weak solution of (4.14) with initial condition ζ0.

The key estimate which will allow us to pass to the limit is the fact that, when N goes
to infinity, the Euclidean product associated to A−1 behaves like the H−1 norm. This is
the content of the following lemma :
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Lemma 4.14. There exists C < +∞ such that, for any x ∈ X, if x̄ is the associated step
function, then

1
C
||x̄||2H−1 ≤

1
N
〈A−1x, x〉 ≤ C||x̄||2H−1 .

Moreover, if x̄ is bounded in L2, then∣∣∣∣||x̄||2H−1 −
1
N
〈A−1x, x〉

∣∣∣∣ ≤ C

N
.

These estimates have been proven in section 6.3 of [GOVW09].
We delay the proof of Proposition 4.13, and first prove Theorem 4.6

Proof of Theorem 4.6. Our aim is to apply Corollary 4.3. To do this, we need to check
that assumptions (i) to (x) hold with uniform constants. Assumptions (i) to (vii) have
been checked in [GOVW09], and assumption (viii) in [Fat13b]. Assumption (x) can be
immediately check by the direct computation of JA and AJ . Finally, it is easy to see that
for any x ∈ X, we have

〈−J2x, x〉 = |Jx|2

= N2

4

N∑
i=1

(xi+1 − xi−1)2

≤ N2

4

N∑
i=1

2(xi+1 − xi)2 + 2(xi − xi−1)2

= N2
N∑
i=1

(xi+1 − xi)2

= 〈Ax, x〉 (4.51)

and therefore assumption (ix) holds with c = 1.
Applying Corollary 4.3, we get

lim
`↑∞

sup
0≤t≤T

∫
〈(x−NP tη`(t)), A−1(x−NP tη`(t))〉f(t, x)µ(dx) = 0.

By Lemma 4.14, this implies

lim
`↑∞

sup
0≤t≤T

∫
||x̄− η̄`(t)||2H−1f(t, x)µ(dx) = 0.

Applying Proposition 4.13 and using the triangle inequality then concludes the proof.

We now turn to the proof of Proposition 4.13. It is based on the following six lemmas,
and closely follows the method of [GOVW09], with additional arguments to take into
account the extra first-order term.

Lemma 4.15. Assume H̄ is convex. Then η satisfies (4.5) with initial condition η(0) = η0
if and only if

2
∫ T

0
H̄(η)β(t)dt ≤

∫ T

0

[
H̄(η + g) + H̄(η − PA−1NJP tg)

]
β(t)dt−

∫ T

0
〈g, (Ā)−1η〉Y β̇(t)dt,

(4.52)
for all g ∈ Y and smooth β : [0, T ]→ [0,∞).
Similarly, assume that ϕ is convex. Then ζ satisfies (4.49) if and only if
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2
∫ T

0

∫
T1
ϕ(ζ(t, θ))β(t) dθ dt

≤
∫ T

0

∫
T1

[ϕ(ζ(t, θ) + g(θ)) + ϕ(ζ(t, θ)−G(θ))]β(t) dθ dt−
∫ T

0
〈g(·), ζ(t, ·)〉H−1 β̇(t)dt,

(4.53)

for all g ∈ L2T1 and smooth β : [0, T ] → [0,∞), where G is the (unique up to a set of
Lebesgue measure 0) function on the torus such that

∫
T1 Gdθ = 0 and G′ = g.

Démonstration. The proof of this Lemma is modified from that of Lemma 36 in [GOVW09].
We show that (4.5) is equivalent to (4.52). The equivalence of (4.49) and (4.53) follows
analogously.
The weak form of (4.5) is given by∫ T

0
〈g, (Ā)−1η〉Y β̇(t)dt =

∫ T

0

[
〈g,∇Y H̄(η)〉Y − 〈PA−1NJP tg,∇Y H̄(η)〉Y

]
β(t) dt,

(4.54)
for all g ∈ Y and smooth β : [0, T ]→ [0,∞). We now show that (4.54) implies (4.52). Since
H̄ is convex, we have

〈g − PA−1NJP tg,∇Y H̄(η)〉Y ≤ (H̄(η + g)− H̄(η)) + (H̄(η − PA−1NJP tg)− H̄(η))
= −2H̄(η) + H̄(η + g) + H̄(η − PA−1NJP tg). (4.55)

Substituting (4.55) into (4.54), we obtain (4.52)∫ T

0
〈g, (Ā)−1η〉Y β̇(t)dt

≤ −2
∫ T

0
H̄(η)β(t) dt+

∫ T

0

[
H̄(η + g) + H̄(η − PA−1NJP tg)

]
β(t)dt. (4.56)

Next we show (4.52) implies (4.54). Take g̃ = εg in (4.54), for some ε > 0 and g ∈ Y , we
get∫ T

0
〈g, (Ā)−1η〉Y β̇(t)dt ≤

∫ T

0

[
H̄(η + εg)− H̄(η)

ε
+ H̄(η − εPA−1NJP tg)− H̄(η)

ε

]
β(t) dt.

By passing to the limit ε→ 0, we get∫ T

0
〈g, (Ā)−1η〉Y β̇(t)dt ≤

∫ T

0
〈g − PA−1NJP tg,∇Y H̄(η)〉Y β(t) dt.

Similarly now by taking g̃ = −εg, we obtain the opposite inequality∫ T

0
〈g, (Ā)−1η〉Y β̇(t)dt ≥

∫ T

0
〈g − PA−1NJP tg,∇Y H̄(η)〉Y β(t) dt.

Thus (4.54) is proven.

Lemma 4.16. Let {η`}∞l=1 be a sequence of solutions of (4.5) with initial data η`0 satisfying
‖η̄`0‖L2 ≤ C. There exists a constant C independent of l such that∫ T

0

〈
dη`

dt
(t), (Ā)−1dη

`

dt
(t)
〉
dt ≤ C, (4.57)

sup
t∈[0,T ]

〈η`(t), η`(t)〉Y ≤ C. (4.58)
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As a consequence, there is a subsequence of the sequence of the associated step functions
η̄` and a function η∗ such that

η̄` ⇀ η∗ weak-* in L∞(L2) = (L1(L2))∗.

Démonstration. According to proof of (4.31), we have

H̄(η`(t)) ≤ eC(T+1)H̄(η`0) for all t ∈ [0, T ]. (4.59)

Since H̄ is strictly convex, we obtain

〈η`(t), η`(t)〉Y ≤ C(H̄(η`(t)) + 1) ≤ CeC(T+1)H̄(η`0) ≤ C,

which is (4.58). Now we establish (4.57). From (4.5), we have

〈η̇`(t), (Ā)−1η̇`(t)〉 = 〈Ā(I + PJA−1NP t)∇Y H̄(η`(t)), (I + PJA−1NP t)∇Y H̄(η`(t))〉
≤ 2(〈Ā∇Y H̄(η`(t)),∇Y H̄(η`(t))〉+ 〈ĀPJA−1NP t∇Y H̄(η`(t)), PJA−1NP t∇Y H̄(η`(t))〉)
(4.27)
≤ 2(〈Ā∇Y H̄(η`(t)),∇Y H̄(η`(t))〉+ c|∇Y H̄(η`(t))|2)

(iii)
≤ 2(〈Ā∇Y H̄(η`(t)),∇Y H̄(η`(t))〉+ C(H̄(η`(t)) + 1))

Therefore,∫ T

0
〈η̇`(t), (Ā)−1η̇`(t)〉 dt ≤ 2

∫ T

0
(〈Ā∇Y H̄(η`(t)),∇Y H̄(η`(t))〉+ C(H̄(η`(t)) + 1)) dt

(4.31),(4.59)
≤ C,

which is (4.57).

Lemma 4.17. Let {η`}∞1 be a sequence of solutions of (4.5) satisfying Lemma 4.16. We
take any subsequence that the associated step functions weak-* convergence in (L1(L2))∗
to a limit η∗. Then on any bounded time interval, we have

η∗ ∈ L∞(L2), ∂η∗
∂t
∈ L2(H−1), ϕ′(η∗) ∈ L2(L2). (4.60)

Démonstration. Having the estimate in Lemma 4.16, the proof of this Lemma is the same
as that of Lemma 35 in [GOVW09] ; hence we omit it here.

Lemma 4.18. If g` → ḡ strongly in H−1(T), then −PA−1JNP tg` → G strongly in L2(T)
where G is the primitive of ḡ.

Démonstration. Set

D = N


1 −1 0 · · · 0 0
0 1 −1 · · · 0 0
· · · · · · · · · · · · · · ·
0 0 0 · · · 1 −1
−1 0 0 · · · 0 1

 , (4.61)

then we can write
A = DDT , J = 1

2(DT −D).
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Hence

JA−1 = 1
2(DT −D)(DTD)−1 = 1

2(DT −D)D−1(DT )−1 = 1
2(D−1 − (DT )−1). (4.62)

The inverse of D and DT can be computed explicitly

D−1 = 1
2N


1

1 1
1

-1 1
1

 , (DT )−1 = (D−1)T .

So we obtain

D−1 − (DT )−1 = 1
N


0

0 1
0

-1 0
0

 , (4.63)

Let ξ =

 ξ1
...
ξM

 ∈ Y = RM be given. We now compute PA−1JNP tξ explicitly in three

steps.
First, by definition of P t, we have

NP tξ =



ξ1
...
ξ1
ξ2
...
ξ2
...
ξM
...
ξM



∈ RN = RKM . (4.64)

Second, from (4.62), (4.63) and (4.64), we have

A−1JNP tξ = 1
2N



K(ξ1 + · · ·+ ξM )
(K − 1)ξ1 +K(ξ2 + · · ·+ ξM )

...
K(ξ2 + · · ·+ ξM )

(K − 1)ξ2 +K(ξ3 + · · ·+ ξM )
...

K(ξ3 + · · ·+ ξM )
...
ξM



− 1
2N



ξ1
2ξ1
...

Kξ1
Kξ1 + ξ2

...
K(ξ1 + · · ·+ ξM )


.
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Therefore, by definition of P ,

PA−1JNP tξ = 1
2M


ξ1 + ξ2 + · · ·+ ξM
ξ2 + · · ·+ ξM

...
ξM

− 1
2M


ξ1

ξ1 + ξ2
...

ξ1 + ξ2 + · · ·+ ξM



= − 1
2M


ξ1

2ξ1 + ξ2
...

2(ξ1 + · · ·+ ξM−1) + ξM

 .

This implies that −PA−1JNP tξ = Υξ, where Υξ is the primitive of ξ. The assertion then
follows since

(g` → g strongly in H−1(T)) ⇐⇒ (Υg` → Υg ≡ G strongly in L2(T)).

Lemma 4.19. Suppose that the sequence η` satisfies (4.57), (4.58) and (4.52), and consi-
der a subsequence such that

η̄` ⇀ η∗ weak-* in L∞(L2) = (L1(L2))∗.

holds. Let ξ` = π`(ξ + η`) − η`, where ξ is an arbitrary L2 function and π` is the L2-
projection onto elements of Y . Let Ξ be the primitive with average 0 of ξ. Then we have

(i)

lim inf
`

∫ T

0
H̄(η`(t))β(t)dt ≥

∫ T

0

∫
T
ϕ(η∗(t, θ))β(t)dθdt;

(ii)

lim̀
∫ T

0
H̄(η`(t) + ξ`(t))β(t)dt =

∫ T

0

∫
T
ϕ(η∗(t, θ) + ξ(θ))β(t)dθdt;

(iii)

lim̀
∫ T

0
H̄(η`(t)− PA−1JNP tξ`(t))β(t)dt =

∫ T

0

∫
T
ϕ(η∗(t, θ)− Ξ(θ))β(t)dθdt;

(iv)

lim̀
∫ T

0
〈ξ`(t), Ā−1η`(t)〉Y β̇(t)dt =

∫ T

0
〈ξ(θ), η∗(t, θ)〉H−1 β̇(t)dt.

Démonstration. (i), (ii) and (iv) have already been proven in Lemma 37 of [GOVW09], so
we only have to prove (iii).

Since η` converges to η∗ and PA−1JNP tξ`(t) converges to Ξ, by weak lower-semi
continuity and the uniform convergence of ψK to ϕ we immediately get

lim inf
`

∫ T

0
H̄(η`(t)− PA−1JNP tξ`(t))β(t)dt ≥

∫ T

0

∫
T
ϕ(η∗(t, θ)− Ξ(θ))β(t)dθdt

so we only need to prove the associated upper bound. Let g`(t) be a sequence of elements
of Y such that ḡ` strongly converges in L∞(L2) to η∗ − Ξ. Since we then have∫ T

0
H̄(g`(t))β(t)dt −→

∫ T

0

∫
T
ϕ(η∗(t, θ)− Ξ(θ))β(t)dθdt
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we only need to show that

lim sup
`

∫ T

0
H̄(η`(t)− PA−1JNP tξ`(t))β(t)dt−

∫ T

0
H̄(g`(t))β(t)dt ≤ 0.

Let AM be the discrete Laplacian with scaling factor M2 on Y . Since ψK is convex, we
have

H̄(η`(t)− PA−1JNP tξ`(t))− H̄(g`(t)) = 1
M

M∑
i=1

ψK(η`i − (PA−1JNP tξ`)i)− ψK(g`i )

≤ 1
M

M∑
i=1

ψ′K(η`i − (PA−1JNP tξ`)i)(η`i − (PA−1JNP tξ`)i − g`i )

= 〈∇H̄(η` − PA−1JNP tξ`), (η` − PA−1JNP tξ` − g`)〉Y
≤ 〈AM∇H̄(η` − PA−1NP tξ`),∇H̄(η` − PA−1NP tξ`)〉1/2Y

× 〈A−1
M (η` − PA−1NP tξ` − g`), (η` − PA−1NP tξ` − g`)〉1/2Y

Since 〈A−1
M ·, ·〉Y behaves like the H−1 norm, the fact that η` − PA−1NP tξ` and g`

converge to the same limit in L∞(H−1) implies that

〈A−1
M (η` − PA−1NP tξ` − g`), (η` − PA−1NP tξ` − g`)〉Y −→ 0,

and therefore it will be enough to show that∫ T

0
〈AM∇H̄(η` − PA−1NP tξ`),∇H̄(η` − PA−1NP tξ`)〉Y dt < C.

Since under our assumptions ψ′K is bi-Lipschitz, we have

〈AM∇H̄(η` − PA−1NP tξ`),∇H̄(η` − PA−1NP tξ`)〉Y

= M
M∑
i=1

(ψ′K(η`i+1 − (PA−1NP tξ`)i+1)− ψ′K(η`i − (PA−1NP tξ`)i))2

≤ CM
M∑
i=1

(η`i+1 − (PA−1NP tξ`)i+1 − (η`i − (PA−1NP tξ`)i))2

≤ CM
M∑
i=1

(η`i+1 − η`i )2 + ((PA−1NP tξ`)i+1 − (PA−1NP tξ`)i)2

≤ CM
M∑
i=1

(ψ′K(η`i+1)− ψ′K(η`i ))2 + C

M

M∑
i=1

(ξ`i+1 − ξ`i )2

≤ C〈AM∇H̄(η`), H̄(η`)〉+ C||ξ̄`||2L2 .

Since ξ̄` converges in L2, ||ξ̄`||2L2 is bounded. To conclude, we then only require (4.57) and
the fact that

〈AMy, y〉 ≤ C〈Āy, y〉 ∀y ∈ Y. (4.65)

This statement is equivalent to bounding from below A−1
M by Ā−1. This does hold, since
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we have

〈Ā−1y, y〉Y = 1
N
〈A−1NP ty,NP ty〉X

≤ C|| ¯NP ty||2H−1

≤ C||ȳ||2H−1

≤ C〈A−1
M y, y〉Y

which concludes the proof.

Finally, we need to prove uniqueness of solutions to the limiting PDE :

Lemma 4.20. Given an initial condition ζ0, there is at most one solution to (4.14).

Démonstration. Let ζ1 and ζ2 be two solutions of (4.14) with same initial condition. Let
F (t) := 2−1||ζ1(t, ·)− ζ1(t, ·)||2H−1 , and let let g1 and g2 be mean-zero primitives (in space)
of ζ1 and ζ2. Then, for any λ > 0,

F ′(t) = −
∫
T

(ϕ′(ζ1)− ϕ′(ζ2))(ζ1 − ζ2)dθ +
∫
T

(ϕ′(ζ1)− ϕ′(ζ2))(g1 − g2)dθ

≤ − inf ϕ′′

2

∫
T

(ζ1 − ζ2)2dθ + λ

2

∫
T

(ϕ′(ζ1)− ϕ′(ζ2))2dθ

+ 1
2λ

∫
(g1 − g2)2dθ

≤ − inf ϕ′′

2

∫
T

(ζ1 − ζ2)2dθ + λ supϕ′′

2

∫
T

(ζ1 − ζ2)2dθ + 1
λ
F (t)

Taking λ = inf ϕ′′
supϕ′′ , we obtain a differential inequality which, by Gronwall’s lemma, implies

that ζ1 = ζ2.

We can now prove Proposition 4.13 :

Proof of Proposition 4.13. According to Lemma 4.16, we can consider a subsequence such
that

η̄` ⇀ η∗ weak-* in L∞(L2) = (L1(L2))∗.

and strongly in L∞(H−1). By Lemma 4.17, η∗ satisfies (4.48). According to Lemma 4.15,
η` satisfies (4.52). Passing to the limit using Lemma 4.19, we see that η∗ satisfies (4.53),
and therefore is a weak solution of (4.14).

Since Lemma 4.20 guarantees uniqueness of the weak solution, the full sequence (η`)`
converges to the unique weak solution of (4.14).





Chapitre 5

Modified logarithmic Sobolev
inequalities for canonical
ensembles

Ce chapitre reprend les résultats de l’article [Fat13a], qui a été soumis pour publication.

Abstract : In this chapter, we prove modified logarithmic Sobolev inequalities for
canonical ensembles with superquadratic single-site potential. These inequalities were in-
troduced by Bobkov and Ledoux, and are closely related to concentration of measure
and transport-entropy inequalities. Our method is an adaptation of the iterated two-scale
approach that was developed by Menz and Otto to prove the usual logarithmic Sobolev in-
equality in this context. As a consequence, we obtain convergence in Wasserstein distance
Wp for Kawasaki dynamics on the Ginzburg-Landau model.

5.1 Introduction

The logarithmic Sobolev inequality is an inequality allowing to embed the Sobolev
space H1(µ) in the Orlicz space L2 logL(µ), just like the usual Sobolev inequalities embed
H1 in Lp for some p > 2. It was introduced by Gross in [Gro75], and has been shown to
be very useful in some problems of statistical physics, such as long-time convergence to
equilibrium, and hydrodynamic limits (see for example [GOVW09]).

One case of measures where such an inequality has been useful is for canonical en-
sembles, which are probability measures µ(dx) = exp(−

∑
ψ(xi)) on the hyperplane

{
∑
xi = Nm} of RN . In the recent contribution [MO13], Menz and Otto proved that,

if the function ψ is a bounded perturbation of a uniformly convex function, then the ca-
nonical ensemble satisfies a logarithmic Sobolev inequality, with a constant independent
of the mean m and the dimension N .

The result of [MO13] covers potentials which behave like |x|p for some p ≥ 2. A
natural question is whether we can improve the LSI when p is strictly larger than 2. For
this purpose, we investigate whether a variant of the LSI called the modified logarithmic
Sobolev inequality, which was introduced by Bobkov and Ledoux in [BL00], is satisfied by
canonical ensembles. Our method is a generalization of the iterated two-scale approach
that was used in [MO13] to obtain the usual LSI.
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5.2 Background and Main Results
In this paper, we are interested in the following family of inequalities, which generalizes

the logarithmic Sobolev inequality.

Definition 5.1. A probability measure µ satisfies a p-modified logarithmic Sobolev in-
equality with parameter ρ if, for all positive compactly supported C1 function f, we have

Entµ(f) ≤ 1
ρ

∫ ||∇f ||qq
f q−1 dµ, (5.1)

where q is the dual exponent of p, that is

1
p

+ 1
q

= 1.

Equivalently, µ satisfies this inequality if for any such function f , we have

Entµ(f q) ≤ qq

ρ

∫
||∇f ||qqdµ. (5.2)

In the case p = 2, this is the usual logarithmic Sobolev inequality. Many results on
these inequalities can be found in [BZ05], and we recall some of them in the sequel. It is
well known that the usual LSI implies Gaussian concentration properties. In the same way,
modified logarithmic Sobolev inequalities are linked to the following form of concentration
of measure :

Definition 5.2. A probability measure µ on a metric space (X, d) has the p-exponential
concentration property with parameter c if, for any 1-Lipschitz function f : X → R and
every r ≥ 0, we have

µ

(
f ≥

∫
fdµ+ r

)
≤ exp

(
− crp

p(p− 1)p−1

)
.

Theorem 5.3. If µ satisfies p−LSI(ρ), then µ satisfies p-exponential concentration for
the `p distance

We refer to Theorem 1.3 in [BZ05] for a proof of this result.
We consider a (periodic) lattice spin system of N continuous variables governed by a

Ginzburg-Landau type potential ψ : R → R. The grand canonical measure on RN has
density

dµN
dLN

(x) = 1
Z

exp
(
−

N∑
i=1

ψ(xi)
)
. (5.3)

We shall assume that the potential ψ is of class C1 and is of the form

ψ(x) = ψc(x) + δψ(x); ψ′′c (x) ≥ c(1 + |x|p−2); ||δψ||∞ + ||δψ′||∞ < +∞. (5.4)

Under these assumptions, ψc is a uniformly p-convex and uniformly convex function. A ty-
pical example would be the quartic double-well potential ψ(x) = (x2−1)2. For a definition
of p-convexity, see Theorem 5.20

Remark 5.4. Our results are still valid if we only ask ψc to satisfy ψ′′c (x) ≥ c(1 + |x −
x0|p−2) for some x0. The proof is exactly the same, but the extra assumption makes the
calculations easier to read.
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To simplify notations, we define the Hamiltonian

H(x) :=
N∑
i=1

ψ(xi) + logZ, (5.5)

so that µ(dx) = exp(−H(x))dx.
We will add to the situation a constraint of fixed mean spin. The phase state space is

XN,m :=
{
x ∈ RN ,

1
N

N∑
i=1

xi = m

}
,

where m is an arbitrary real number. This space is a hyperplane of RN with a fixed
mean constraint. We equip this space with the `2 inner product

〈x, x̃〉X =
N∑
i=1

xix̃i. (5.6)

For a given m ∈ R, we consider the restriction µN,m of the grand canonical measure
to XN,m, that is

dµN,m
dLN−1 (x) = 1

Z
1(1/N)

∑
xi=m exp

(
−

N∑
i=1

ψ(xi)
)
. (5.7)

This measure is called the canonical ensemble. It gives the distribution of the random
variables xi conditioned on the event that their mean value is given by m.

It was shown in [MO13] that when the single site potential satisfies assumption (5.4)
with p = 2, then the canonical ensemble satisfies the classical logarithmic Sobolev inequa-
lity for some constant ρ > 0 that is independent of both m and N . Our aim in this paper
is to generalize this result for the modified LSI, and we obtain the following :

Theorem 5.5. Under the assumption (5.4), the canonical ensemble µN,m satisfies p-
LSI(ρ) for some constant ρ > 0 that is independent of both N and m.

The proof in [MO13] uses a method called the iterated two-scale approach, which ge-
neralizes a method that was developed in [GOVW09]. The idea is to use a decomposition
of the system into a macroscopic component and a fluctuations component. There are
then two main ideas : the first is to prove that if the laws of both the macroscopic and
fluctuations part satisfy the desired functional inequality, then the law of the full system
also satisfies the inequality. The second idea is tho show that, if we iterate this decompo-
sition often enough for the successive macroscopic component, then we obtain additional
convexity properties, which allow us to prove that the macroscopic component satisfies
the inequality we are looking for.

Our proof here follows the iterated two-scale approach, but uses several new ingre-
dients :

– To deduce the modified LSI for the full measure from the inequality for the ma-
croscopic measure, we use the L1 Poincaré inequality to bound a crucial covariance
term ;

– In addition to uniform convexity, we must prove uniform p-convexity for the macro-
scopic Hamiltonian, as soon as we have coarse-grained the system often enough ;

– We use the Prekopa-Leindler inequality to show that, if the single-site potential
satisfies assumption (5.4), then the coarse-grained potential also does.
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It was shown in [OV00] (and then in [BGL01] and [Goz09] with alternative proofs) that
the classical logarithmic Sobolev inequality implies that the square root of the entropy
controls the Wasserstein distance of order two (up to a multiplicative constant). Such an
inequality is known as Talagrand’s inequality. Similarly, we can define a class of inequalities
which generalizes the Talagrand inequality to Wasserstein distances of order p, which is
linked to the modified logarithmic Sobolev inequality we just defined.

Definition 5.6. A probability measure µ satisfies a Talagrand inequality with parameter
p and constant ρ if, for any probability measure ν, we have

W p
p (µ, ν) ≤ p

ρ
Entµ(ν).

We will denote this inequality by Tp(ρ).

Remark 5.7. Some people define Tp(ρ) as Wp(µ, ν) ≤
√

2
ρ Entµ(ν). These two definitions

are not equivalent.

It was shown by Marton in [Mar96] that transport-entropy inequalities such as Ta-
lagrand inequalities imply concentration properties. These inequalities are also linked to
modified logarithmic Sobolev inequalities through the following result, which was proven
in [GRS13] :

Proposition 5.8. If µ satisfies p-LSI(ρ), then it satisfies Tp(ρ̃), with constant ρ̃ = ((p−
1)ρ)p−1 and the `p distance.

Combining this Proposition and Theorem 5.5, we obtain

Theorem 5.9. Under the assumption (5.4), the canonical ensemble µN,m satisfies Tp(ρ̃)
for some constant ρ̃ > 0 that is independent of N and m.

In section 3, an application of these modified LSI is presented, to obtain rates of
convergence in the Wasserstein distanceWp for for the Kawasaki dynamic on the Ginzburg-
Landau model.

5.3 The iterated two-scale approach for modified logarith-
mic Sobolev inequalities

In this section, we shall prove Theorem 5.5.

Démonstration. Assume N = 2K for some large K ∈ N. We define P : XN,m → XN/2,m
by

P (x1, x2, ..., xN ) :=
(
x1 + x2

2 ,
x3 + x4

2 , ...,
xN−1 + xN

2

)
. (5.8)

Using this operator, we can decompose µN,m as

µN,m(dx) = µ(dx|y)µ̄(dy)

where µ̄ is the push forward of µ under P and µ(dx|y) is the conditional measure of x
given Px = y.

Proposition 5.10. If µ̄ satisfies p-LSI(ρ) with ρ independent of N and m, then µN,m
satisfies p-LSI(ρ̃) with ρ̃ also independent of N and m.
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Démonstration. First we use the decomposition

Entµ(f) = Entµ̄(f̄) +
∫

Entµ(·|y)(f)µ̄(dy), (5.9)

which can easily be verified through conditioning. We will then bound the two terms on
the right-hand side of (5.9) by using modified LSI for the measures µ(dx|y) and µ̄.

Lemma 5.11. There exists λ > 0 such that µ(dx|y) satisfies p-LSI(λ) for all y ∈ Y .

Démonstration. Since µ(dx|y) =
⊗
µ2,yi(dx2i−1, dx2i), by the tensorization property (see

Proposition 5.24), we just have to show that µ2,m satisfies p-LSI(λ) for some λ > 0 which
does not depend on the real number m.

We have

µ2,m(dx1, dx2) = 1
Z
1x1+x2=2m exp(−ψ(x1)− ψ(x2))dx

= 1
Z
1x1+x2=2m exp(−ψc(x1)− ψc(x2)− δψ(x1)− δψ(x2))dx

We immediately see that (x1, x2) → ψc(x1) + ψc(x2) is uniformly p-convex, so an appli-
cation of Theorem 5.20 yields that the measure µ̃(dx) = Z−1

1x1+x2=2m exp(−ψc(x1) −
ψc(x2))dx satisfies p-LSI(λ̃) for some λ̃ > 0 which doesn’t depend on m. Since δψ is boun-
ded, µ2,m is a bounded perturbation of µ̃, and we immediately deduce from Proposition
5.25 that it satisfies p-LSI(λ) for some λ > 0 which does not depend on m.

We therefore have∫
Entµ(·|y)(f)µ̄(dy) ≤

∫
Y

1
λ

∫
{Px=y}

|(idX − 2P tP )∇f |qq
f q−1 µ(dx|y)µ̄(dy)

= 1
λ

∫
X

|(idX − 2P tP )∇f |qq
f q−1 µ(dx). (5.10)

By assumption, µ̄ satisfies p-LSI(ρ), so that

Entµ̄(f̄) ≤ 1
ρ

∫
Y

|∇Y f̄ |qq
f̄ q−1 µ̄(dy) (5.11)

To deduce from this inequality a bound on the macroscopic entropy by a function of
the microscopic gradient, we need to relate ∇Y f̄ and ∇f . This is the point of the following
lemma :

Lemma 5.12.

∇Y f̄(y) = 2P
∫
∇f(x)µ(dx|y) + 2P covµ(dx|y)(f,∇H).

This lemma was already used for the same reasons in [GOVW09] and [MO13]. For
now, we defer its proof. Using this result, the convexity of (x, b) → ||x||qq/bq−1 and the
inequality |a+ b|q ≤ C(q)(|a|q + |b|q), we get

Entµ̄(f̄) ≤ 1
ρ

∫ |∇f̄ |qq
f̄ q−1 µ̄(dy)

= 1
ρ

∫ ∣∣∣2P ∫ ∇f(x)µ(dx|y) + 2P covµ(dx|y)(f,∇H)
∣∣∣q
q

(
∫
f(x)µ(dx|y))q−1 µ̄(dy)

≤ C

ρ

∫
X

|2P∇f(x)|qq
f q−1 µ(dx) + C

ρ

∫ |2P covµ(dx|y)(f,∇H)|qq
f̄

µ̄(dy) (5.12)
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We have

|2P covµ(dx|y)(f,∇H)|qq =
N/2∑
i=1

∫
| covµ2,yi

(f, (2P∇H)i)|q
⊗
j 6=i
µ2,yj (dx2j−1, dx2j)

=
N/2∑
i=1

∫
| covµ2,yi

(f, ψ′(x2i−1) + ψ′(x2i))|q
⊗
j 6=i
µ2,yj (dx2j−1, dx2j)

≤ C(q)
N/2∑
i=1

∫
| covµ2,yi

(f, ψ′c(x2i−1) + ψ′c(x2i))|q
⊗
j 6=i
µ2,yj (dx2j−1, dx2j)

+ C(q)
N/2∑
i=1

∫
| covµ2,yi

(f, δψ′(x2i−1) + δψ′(x2i))|q
⊗
j 6=i
µ2,yj (dx2j−1, dx2j) (5.13)

To bound the first part term, we use the following inequality, due to [MO13] :

Lemma 5.13 (Asymmetric Brascamp-Lieb inequality). Let ν(dx) = 1
Z exp(−ψ(x))dx a

probability measure on R, where ψ = ψc+δψ is a bounded perturbation of a strictly convex
potential. Then for any functions f and g, we have

| covν(f, g)| ≤ exp(−3 osc δψ) sup
x

∣∣∣∣ g′(x)
ψ′′c (x)

∣∣∣∣ ∫ |f ′|dν.
Using this lemma, we get∫

| covµ2,yi
(f, ψ′c(x2i−1) + ψ′c(x2i))|q

⊗
j 6=i
µ2,yj (dx2j−1, dx2j)

≤ C
∫ (∫ ∣∣∣∣ df

dx2i−1

∣∣∣∣+ ∣∣∣∣ dfdx2i

∣∣∣∣µ2,yi(dx2i−1, dx2i)
)q⊗

j 6=i
µ2,yj (dx2j−1, dx2j)

≤

∫ (∫ f(x)µ2,yi(dx2i−1, dx2i)
)q/p⊗

j 6=i
µ2,yj (dx2j−1, dx2j)


×

∫ ∫ | df
dx2i−1

|q + | dfdx2i
|q

f q−1 µ2,yi(dx2i−1, dx2i)

⊗
j 6=i
µ2,yj (dx2j−1, dx2j)


≤ Cf̄(y)q−1

∫ | df
dx2i−1

|q + | dfdx2i
|q

f q−1 µ(dx|y)

 , (5.14)

where the last inequality uses the fact that q/p = q − 1 ≤ 1, and therefore a −→ aq−1 is
concave. Summing up, we obtain

N/2∑
i=1

∫
| covµ2,yi

(f, ψ′c(x2i−1) + ψ′c(x2i))|q
⊗
j 6=i
µ2,yj (dx2j−1, dx2j)

≤ Cf̄(y)q−1
∫ |∇f |qq

f q−1 µ(dx|y). (5.15)

For the second part of (5.13), we use the following L1 Poincaré inequality, which is
Proposition 1.8 in [Led99] :
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Theorem 5.14. Consider a measure µ = exp(−H)dx on Rd, and assume that H is a
bounded perturbation of a uniformly convex potential. Then there exists a constant α > 0
such that, for any smooth function f , we have∫ ∣∣∣∣f(x)−

∫
f(y)µ(dy)

∣∣∣∣µ(dx) ≤ α
∫
|∇f(x)|µ(dx).

Since δψ′ is bounded, we have

| covµ2,yi
(f, δψ′(x2i−1) + δψ′(x2i))|q

≤ (2||δψ′||∞)q
(∫ ∣∣∣∣f(x)−

∫
fdµ2,yi

∣∣∣∣µ2,yi(dx2i−1, dx2i)
)q

≤ C
(∫
| df

dx2i−1
|+ | df

dx2i
|µ2,yi(dx2i−1, dx2i)

)q
≤ C

(∫
f(x)µ2,yi(dx2i−1, dx2i)

)q−1 ∫ | df
dx2i−1

|q + | dfdx2i
|q

f(x)q−1 µ2,yi(dx2i−1, dx2i), (5.16)

where we have used Theorem 5.14 and the convexity of the function (a, b)→ aq/bq−1.
With the previous two bounds, we get∫ |2P covµ(dx|y)(f,∇H)|qq

f̄
µ̄(dy) ≤ C

∫ |∇f |qq
f q−1 µ(dx). (5.17)

We then state the elementary inequalities

|2Px|qq =
∑
i

|x2i−1 + x2i|q ≤ C(q)
∑
j

|xj |q = C(q)|x|qq

and
|(id− 2P tP )x|qq =

∑
i

|x2i−1 − x2i
2 |q + |x2i − x2i−1

2 |q ≤ C(q)
2q |x|

q
q.

Using these bounds, (5.10), (5.12) and (5.17), we get the result.

Before using this result to prove our main Theorem, here is a short proof of Lemma
5.12, which is taken from [GOVW09].

Proof of Lemma 5.12. Recall that

f̄(y) =
∫
{Px=y}

f(x)µ(dx|y)

= 1∫
{Px=0} exp(−H(2P ty + z))dz

∫
{Px=0}

f(2P ty + z) exp(−H(2P ty + z))dz,

and therefore, for any ỹ ∈ Y , we have

∇Y f̄(y) · ỹ = 2
∫
∇f(x) · P tỹµ(dx|y)− 2

∫
f(x)∇H(x) · P tỹµ(dx|y)

− 2
(∫

f(x)µ(dx|y)
)(∫

−H(x) · P tỹµ(dx|y)
)

= 2
∫
P∇f(x) · ỹµ(dx|y)− 2

∫
f(x)P∇H(x) · ỹµ(dx|y)

+ 2
(∫

f(x)µ(dx|y)
)(∫

PH(x) · ỹµ(dx|y)
)
,

which is what we wanted to prove.
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To deduce Theorem 5.5 from Proposition 5.10, we still need to show that µ̄ still has
the structure exp(−

∑
ψ̃(yi)) with ψ̃ a bounded perturbation of a p-convex and uniformly

convex function, and that after enough iterations, µ̄ satisfies p-LSI with constant inde-
pendent of the dimension. To do this, lets look at the structure of µ̄. We have

µ̄(dy) = 1
Z

exp

−2
N/2∑
i=1

Rψ(yi)

 dy
where

Rψ(y) := −1
2 log

(∫
R

exp(−ψ(x+ y)− ψ(−x+ y))dy
)

(5.18)

is the renormalized single-site potential. We denote by RMψ the M-times renormalized
single-site potential.

Lemma 5.15. If ψ = ψc + δψ is a bounded perturbation of a p-convex, uniformly convex
potential, then Rψ also is.

Démonstration. We define

ψ̄c(m) := −1
2 log

∫
exp(−ψc(m+ x)− ψc(m− x))dx

and

δ̄ψ(m) := −1
2 log

∫
R

exp(−ψ(m+ x)− ψ(m− x))dx

+ 1
2 log

∫
exp(−ψc(m+ x)− ψc(m− x))dx. (5.19)

Our aim is to show that δ̄ψ is bounded in the C1 topology, and that ψ̄c is uniformly
convex and p-convex. Since Rψ = ψ̄c+ δ̄ψ, this will show that µ̄ has the desired structure.

The fact that ψ̄c is uniformly convex has been proven in [MO13], using the (symmetric)
Brascamp-Lieb inequality. Here we also need to prove that ψ̄c is uniformly p-convex. To
do this, we shall use the Prekopa-Leindler inequality, and the same method will also show
that ψ̄c is uniformly convex (which is not surprising, since the Prékopa-Leindler inequality
is stronger than the Brascamp-Lieb inequality, as was shown in [BL00]).

Theorem 5.16. Let t ∈ (0, 1) and f, g, h be non-negative measurable functions defined on
R. Suppose that these functions satisfy

h(tx+ (1− t)y) ≥ f(x)tg(y)1−t

for all x and y in R. Then

∫
h(x)dx ≥

(∫
f(x)dx

)t (∫
g(x)dx

)1−t
.

Let h(x,m) = exp (−ψc(x+m)− ψc(−x+m)). We have for any t ∈ (0, 1)



5.3. The iterated two-scale approach for modified logarithmic Sobolev
inequalities 163

h(tx+ (1− t)y, tm+ (1− t)m′)
= exp

(
−ψc(tx+ (1− t)y + tm+ (1− t)m′)− ψc(−tx− (1− t)y + tm+ (1− t)m′)

)
≥ exp

(
−tψc(x+m)− tψc(−x+m)− (1− t)ψc(y +m′)− (1− t)ψc(−y +m′)

)
× exp

(
ct(1− t)|m−m′ + x− y|p + ct(1− t)|m−m′ + y − x|p

)
≥ exp

(
−t(ψc(x+m) + ψc(−x+m))− (1− t)(ψc(y +m′) + ψc(−y +m′)) + 2ct(1− t)|m−m′|p

)
= exp

(
−ψc(x+m)− ψc(−x+m) + c(1− t)|m−m′|p

)t
× exp

(
−ψc(y +m′)− ψc(−y +m′) + ct|m−m′|p

)1−t (5.20)

Applying the Prékopa-Leindler inequality with

h(x) = h(x, tm+ (1− t)m′),

f(x) = exp
(
−ψc(x+m)− ψc(−x+m) + c(1− t)|m−m′|p

)
and

g(x) = exp
(
−ψc(y +m′)− ψc(−y +m′) + ct|m−m′|p

)
then yields∫

R
exp

(
−ψc(x+ tm+ (1− t)m′)− ψc(−x+ tm+ (1− t)m′)

)
dx

≥
(∫

R
exp

(
−ψc(x+m)− ψc(−x+m) + c(1− t)|m−m′|p

)
dx

)t
×
(∫

R
exp

(
−ψc(x+m′)− ψc(−x+m′) + ct|m−m′|p

)
dx

)1−t
(5.21)

so that

ψ̄c(tm+ (1− t)m′) ≤ tψ̄c(m) + (1− t)ψ̄c(m′)− ct(1− t)|m−m′|p,

which is the inequality we were aiming for.
The same arguments, applied with p = 2 also show that ψ̄c inherits uniform convexity

from ψc.
We still need to prove bounds on δ̄ψ and its first derivative. These were already proven

in [MO13], we reproduce their argument here.
It will be convenient to introduce the probability measures

ν(dx) = 1
Z

exp(−ψ(−x+m)− ψ(x+m))dx

and
νc(dx) = 1

Z
exp(−ψc(−x+m)− ψc(x+m))dx,

so that we have

δ̄ψ = −1
2 log

∫
exp(−δψ(−x+m)− δψ(x+m))νc(dx)

and the bound ||δ̄ψ||∞ <∞ immediately follows from ||δψ||∞ <∞.
A direct calculation yields

2δ̄ψ′(m) =
∫

(ψ′(−x+m) + ψ′(x+m))ν(dx)−
∫

(ψ′c(−x+m) + ψ′c(x+m))νc(dx).
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We introduce the family of measures (νs)s∈[0,1], defined by

νs(dx) := 1
Z

exp(−ψc(−x+m)− ψc(x+m)− sδψ(−x+m)− sδψ(x+m))dx.

This family interpolates between ν0 = νc and ν1 = ν. By the mean-value theorem, there
exists s ∈ [0, 1] such that

2δ̄ψ′(m) = d

ds

∫
(ψ′c(−x+m) + ψ′c(x+m) + sδψ′(−x+m) + sδψ′(x+m))νs(dx)

=
∫

(δψ(−x+m) + δψ(x+m))νs(dx)

− covνs
(
ψ′c(−x+m) + ψ′c(x+m), δψ(−x+m) + δψ(x+m)

)
− covνs

(
sδψ′(−x+m) + sδψ′(x+m), δψ(−x+m) + δψ(x+m)

)
The first and third term on the right-hand side of this equation can be bounded

uniformly in m by using the assumption that δψ and δψ′ are bounded. For the second
term, we also use these bounds, as well as the asymmetric Brascamp-Lieb inequality of
Lemma 5.13 to show that

covνs
(
ψ′c(−x+m) + ψ′c(x+m), δψ(−x+m) + δψ(x+m)

)
≤ Csup

x

∣∣∣∣ψ′′c (−x+m)− ψ′′c (x+m)
ψ′′c (−x+m) + ψ′′c (x+m)

∣∣∣∣ ∫ | − δψ′(−x+m) + δψ′(x+m)|νs(dx)

≤ C,

which finishes the proof of ||δ̄ψ′||∞ <∞.

The final step will be to show that, if we coarse-grain enough our system, the single-
site potential becomes uniformly p-convex. Our proof will rely on a local Cramer theorem,
which was already used in [MO13]. This convexification phenomenon is well-known in
statistical physics, as a consequence of the equivalence of ensembles principle.

Lemma 5.17. Let ψ be a a bounded perturbation of a p-convex, uniformly convex potential.
Then there is an integer M0 such that for all M ≥ M0 the M-times renormalized single-
site potential RMψ is uniformly p-convex with constant ρ independent of the system size
N , M and of the mean m.

Démonstration. We define

ϕ(m) := sup
σ∈R

(
σm− log

∫
R

exp(σx− ψ(x))dx
)
. (5.22)

It is the Legendre transform of the function

ϕ∗(σ) := log
∫

exp(σx− ψ(x))dx. (5.23)

µσ(dx) = exp(σx− ψ(x)− ϕ∗(σ))dx (5.24)
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Theorem 5.18 (Local Cramér theorem, Menz-Otto 2011). Let

ψK(m) := − 1
K

log
(∫

XK,m

exp(−
∑

ψ(x))dx
)
.

If ψ is a bounded perturbation of a uniformly convex potential, we have

∣∣ψ′′K(m)− ϕ′′(m)
∣∣ ≤ C

K
ϕ′′(m)

uniformly in m ∈ R.

Since the proof of this result is quite long, we will not reproduce it here, and refer the
interested reader to [MO13].

We apply this theorem, and since RMψ = ψ2M , forM large enough we have, uniformly
in m,

RMψ′′(m) ≥ 1
2ϕ
′′(m).

Direct calculation on expression (5.22)

ϕ′′(m) = 1
s(σm)2 ,

where
s(σ)2 =

∫
(x−m)2µσ(dx),

µσ(dx) := 1
Z

exp(σx− ψ(x))dx,

and σ is the unique real number such that
∫
xµσ(dx) = m.

The measures µσ satisfy a Poincaré inequality with constant independent of sigma,
therefore we can show that s(σ)2 is bounded above independently of σ :

s(σ)2 ≤ 1
ρ

∫
|∇x|2µσ(dx) = 1

ρ
,

and the uniform convexity of RMψ′′ follows.
To show that RMψ is p-convex, it is therefore enough to show that

ϕ′′(m) ≥ C|m−m0|p−2 (5.25)

for some C > 0 and m0 ∈ R. Let

m0 :=
∫
xµ0(dx).

Since, by the usual properties of the Legendre transform, the real number σm such that
ϕ(m) = mσm − ϕ∗(σm) is given by ϕ′(m) = σm, we have ϕ′(m0) = 0, and the unique
minimum of ϕ is reached at m0. Since µ0 satisfies p-LSI(ρ) for some ρ > 0 (to show this,
use the p-convexity of ψc and the Holley-Stroock lemma), applying Proposition 5.26, we
have

1∫
exp(−ψ(x))dx

∫
exp(σx− ψ(x))dx ≤ exp

(
σ

∫
xµ0(dx) + |σ|q

ρ(q − 1)

)
and therefore

ϕ∗(σ) ≤ ϕ∗(0) + σm0 + |σ|q

ρ(q − 1) .
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We then have

ϕ(m) = sup
σ∈R

(σm− ϕ∗(σ))

≥ sup
σ∈R

(
σm− ϕ∗(0)− σm0 −

|σ|q

ρ(q − 1)

)
= ϕ(m0) + sup

σ∈R

(
σ(m−m0)− |σ|q

ρ(q − 1)

)
= ϕ(m0) + c|m−m0|p (5.26)

where c is a positive constant which only depends on ρ and p. We then consider
f(m) = (m − m0)ϕ′(m) − ϕ(m). Since ϕ′′ is positive, f reaches its minimum at m0, so
that for all m ∈ R we have (m−m0)ϕ′(m)−ϕ(m) ≥ −ϕ(m0), and therefore, using (5.26)
and the fact that ϕ′ is increasing, we get

|ϕ′(m)| ≥ c|m−m0|p−1. (5.27)

To study the behavior of ϕ′′, we shall now look at ϕ(3). An explicit calculation shows that

ϕ(3)(m) = d

dm

(∫
(x−m)2µσ(dx)

)−1

= dσ

dm
× d

dσ

(∫
(x−m)2µσ(dx)

)−1

= −
(∫

(x−m)3µσ(dx)
)(∫

(x−m)2µσ(dx)
)−3

(5.28)

so that ϕ(3)(m) = 0 iff
∫

(x−m)3µσ(dx) = 0. But we have

d

dσ

∫
(x−m)3µσ(dx) =

∫
(x−m)4µσ(dx) > 0

so that
∫

(x−m)3µσ(dx) is a strictly increasing function, and cancels for at most one value
of m. Therefore there exists some m1 ∈ R such that ϕ(3) has constant sign on (m1,+∞).
Without loss of generality, we can assume m1 > m0. We consider two cases :

If ϕ(3) is non-negative on (m1,+∞), then for any α ∈ [0, 1] the function (m−m0)ϕ′′(m)−
αϕ′(m) is increasing on (m1,+∞). Moreover, since m1 > m0, ϕ′(m1) > 0, and if we take
α = min(1, (m1−m0)ϕ′′(m1)

ϕ′(m1) ), this function is nonnegative at m = m1. Therefore, for any
m ∈ (m1,+∞), we have

ϕ′′(m) ≥ α ϕ′(m)
m−m0

≥ c|m−m0|p−2. (5.29)

If ϕ(3) is negative on (m1,+∞), then ϕ′′ is decreasing, and since it is bounded below
by a positive constant, it converges to some positive constant λ > 0 in +∞. We then have

ϕ′(m) =
∫ m

m0
ϕ′′(s)dx ∼

m→+∞
λm.

But since we know that ϕ′(m) ≥ c|m−m0|p−1 with p > 2, this is a contradiction, so ϕ(3)

must be non-negative on (m1,+∞). Therefore we have

ϕ′′(m) ≥ c|m−m0|p−2
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for all m > m1. With the same reasoning, we can show that ϕ′′(m) ≥ c|m−m0|p−2 for all
m < m2 for some m2 < m0. But since ϕ′′ is bounded below by a strictly positive constant,
if we take C small enough, we also have ϕ′′(m) ≥ c|m−m0|p−2 for all m ∈ [m2,m1], and
therefore (5.25) holds.

Using the previous two lemmas, we can apply Proposition 5.10 a large but finite number
of times to get our result.

5.4 An application to Kawasaki dynamics
There are many results on convergence to equilibrium in relative entropy for various

dynamics in the literature. Theorem 5.9 says that, when we have such a convergence and
if the invariant measure is the canonical ensemble µN,m, then we also have convergence
in the Wasserstein distance Wp. An example of such a dynamic with conservation law is
given by the Kawasaki dynamic on RN :

dXt = −A∇H(Xt)dt+
√

2AdBt

where Bt is a Brownian motion on RN and A is the discrete Laplacian on RN , that is

Ai,j := 2δi,j − δi,j+1 − δi,j−1.

If we assume that the law of the initial value X0 is absolutely continuous with respect to
µ = exp(−H)dx, then the law ft of Xt satisfies (in a weak sense) the PDE

∂ft
∂t

= ∇ · (A∇ftµ).

Since this dynamic conserves the average
∑
xi, we restrict it to the hyperplane {

∑
xi = Nm}.

It is a consequence of the LSI proved in [MO13] that, when H(x) =
∑
ψ(xi) with ψ a

bounded perturbation of a uniformly convex potential, the entropy satisfies the bound

Entµ(ft) ≤ exp(−ρt/N2) Entµ(f0),

and the order of magnitude t/N2 is optimal. The following result is then an immediate
consequence of this bound and our results :

Proposition 5.19. Assume that ft is the law of a solution of the Kawasaki dynamics with
initial condition f0µ. Assume that the single-site potential satisfies (5.4). Then we have
convergence to equilibrium for Wp, in the following sense :

W p
p (ftµ, µ) ≤ C exp(−ρt/N2) Entµ(f0),

with constants C and ρ independent of the dimension N and the mean spin m, and the `p
distance.

5.5 Appendix : Standard criteria for modified LSI
In this section, we state some standard criterion for a measure to satisfy a modified LSI.

These criterion are the natural equivalents of the Bakry-Emery theorem, the tensorization
principle and the Holley-Stroock lemma for the classical LSI.
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Theorem 5.20. Let V be a uniformly p-convex function with constant ρ on RN , that is
for any x, y ∈ RN and t ∈ [0, 1], we have

V (tx+ (1− t)y) ≤ tV (x) + (1− t)V (y)− ρt(1− t)
p
||x− y||pp.

Then the probability measure µ(dx) = 1
Z exp(−V (x))dx satisfies p− LSI((ρ/q)q−1).

For a proof of this result, we refer to [BL00].

Example 5.21. µ(dx) = exp(−||x||pp)dx satisfies p-LSI(c) for some c > 0.

Proposition 5.22. If V : R → R satisfies V ′′(x) ≥ c(p − 1)|x|p−2, then V is p-convex
with constant c.

Remark 5.23. This is not a necessary condition. x→ (x− 1)4 is 4-convex with constant
4, yet we do not have 12(x− 1)2 ≥ 12x2.

Proposition 5.24. If µ (resp. ν) is a probability measure on X1 (resp. X2) satisfying
p− LSI(ρ1) (resp. p− LSI(ρ2)), then µ⊗ ν satisfies p− LSI(min(ρ1, ρ2)).

Démonstration. It is proven in the same way as for the usual LSI, by using the inequality

Entµ⊗ν(f q) ≤
∫
X2

Entµ(f(·, x2)q)ν(dx2) +
∫
X1

Entν(f(x1, ·)q)µ(dx1)

and applying the p-LSI for each measure. See for example [Led01], Proposition 5.6 for a
proof of this inequality.

Proposition 5.25. If µ satisfies p−LSI(ρ) and ψ is a bounded function, then the proba-
bility measure ν = 1

Z exp(ψ)dµ satisfies p−LSI(e2 osc(ψ)ρ), where osc(ψ) = supψ − inf ψ.

Démonstration. This is the analogue of the Holley-Stroock lemma for the usual LSI, and
we can prove it in the same way. The identity (valid for any probability measure µ)

Entµ(f) = inf
t≥0

∫
X
f log f − t log t+ (t− f)(1 + log t)dµ

implies that
Entν(f q) ≥ exp(osc(ψ)) Entµ(f q).

It is also easy to show that∫
||∇f ||qqdµ ≤ exp(osc(ψ))

∫
||∇f ||qqdν,

so that, if µ satisfies p-LSI(ρ), then ν satisfies p-LSI(e2 osc(ψ)ρ).

Proposition 5.26. If a probability measure µ on Rn (equipped with the Lp norm) satisfies
p−LSI(ρ), then for any 1-Lipschitz function f such that

∫
fdµ = 0, we have

∫
eλfdµ ≤

exp
(

λq

ρ(q−1)

)
for all λ ≥ 0.
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Démonstration. Let f be a smooth 1-Lipschitz function on X for the || · ||p norm, with
mean 0, and

H(λ) :=
∫

exp(λf − cλq||f ||qlip)dµ.

Then

d

dλ
H(λ) =

∫
(f − qcλq−1||f ||qlip) exp(λf − cλq||f ||qlip)dµ

= 1
λ

∫
(λf − cqλq||f ||qlip) exp(λf − cλq||f ||qlip)dµ

= 1
λ

∫
(λf − cλq||f ||qlip) exp(λf − cλq||f ||qlip)dµ+ c(1− q)

λ

q−1
||f ||qlipH(λ)

= 1
λ

Entµ(exp(f − cλq||f ||qlip)) + c(1− q)
λ

q−1
||f ||qlipH(λ)

We can use the assumption that µ satisfies the p-LSI with parameter ρ under the form
(5.2)to bound the entropy term, and we obtain

d

dλ
H(λ) ≤ 1

λρ

∫
λq||∇f ||qq exp(f − cλq||f ||qlip)dµ+ c(1− q)

λ

q−1
||f ||qlipH(λ). (5.30)

Since we assumed f to be 1-Lipschitz for the Lp norm, ||∇f ||q ≤ ||f ||lip almost eve-
rywhere, and therefore

d

dλ
H(λ) ≤ 1

λρ

∫
λq||f ||qlip exp(f − cλq||f ||qlip)dµ+ c(1− q)

λ

q−1
||f ||qlipH(λ)

=
(1
ρ

+ c(1− q)
)
λq−1||f ||qlipH(λ).

Taking c = 1/ρ(q − 1), we get d
dλH(λ) ≤ 0, therefore H(λ) ≤ H(0) = 1 for all λ ≥ 0, so

that ∫
exp(λf)dµ ≤ exp

(
λq||f ||qlip
ρ(q − 1)

)
for all λ ≥ 0, which implies the desired result.
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Chapitre 6

A gradient flow approach to large
deviations

Les résultats de ce chapitre correspondent à l’article [Fat14].

Abstract : In this work, we investigate links between the formulation of the flow of
marginals of reversible diffusion processes as gradient flows in the space of probability
measures and path wise large deviation principles for sequences of such processes. An
equivalence between the LDP principle and Gamma-convergence for a sequence of func-
tionals appearing in the gradient flow formulation is proved. As an application, we study
large deviations from the hydrodynamic limit for two variants of the Ginzburg-Landau
model endowed with Kawasaki dynamics.

6.1 Introduction

In this work, we are interested in the links between the gradient flow formulation of
the flow of marginals of stochastic differential equations, and path wise large deviations
for sequences of such processes.

Interest in gradient flows on the space of probability measures goes back to [JKO98],
where it was observed that the heat equation can be viewed as the gradient flow of the
entropy

Ent(ρ) =
∫
ρ log ρdx

for the Wasserstein distance W2. Note that what we will call here entropy is the negative
of the physical entropy. This was later developed into a notion of formal Riemannian
structure on P(Rn) by Otto in [Ott01]. While a powerful tool to predict the behavior of
certain partial differential equations, the point of view of Otto is formal, and we must rely
on other tools for proofs.

Another point of view was developed by Ambrosio, Gigli and Savaré in [AGS08], which
uses the notion of "‘minimizing movement"’ schemes, developed by De Giorgi and which
first appeared in [DGMT80], to provide a rigorous framework to define gradient flows on
spaces of probability measures. It is based on the idea that gradient flows on Rn of the
form

ẋ(t) = −∇F (x(t))
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are the only solutions of

F (x(T ))− F (x(0)) + 1
2

∫ T

0
|∇F (x(t))|2dt+ 1

2

∫ T

0
|ẋ(t)|2dt = 0. (6.1)

While the usual gradient flow equation only makes sense in a Riemannian setting (at
least in the classical sense), this alternative formulation can be given a meaning in a
purely metric setting, as long as we can define a "‘length of the gradient"’ functional |∇F |.
Section 1.1 concerns this formulation in the setting of the space of probability measures
on Rn endowed with a Wasserstein distance W2, when the functional F is the relative
entropy with respect to a nonnegative measure µ, that is

Entµ(ν) :=
∫
f log fdµ

if ν = fµ, and +∞ if ν is not absolutely continuous with respect to µ. This is the framework
developed in the first sections of [AGS08].

Several recent papers have been interested in using abstract gradient flow formulations
to study convergence of sequences of solutions to partial differential equations. One me-
thod, tailored for the case of diffusion processes and based on the discrete approximation
of gradient flows, has been devised in [ASZ09]. Another, more general, method has been
presented in [Ser11]. It consists in studying the asymptotic behavior of sequence of func-
tionals of the form (6.1) for given functions Fn. Informally, it consists in showing that, if
the sequence converges in a certain sense to a limiting functional of the same form, with
a function F∞, we can directly identify limits of solutions of (6.1) as gradients flows for
the limiting function F∞.

In the context of statistical physics, the method developed in [Ser11] can be used to
prove convergence to the hydrodynamic limit for some models of interacting diffusion pro-
cesses, such as the Ginzburg-Landau model (see [GPV88] or [GOVW09] for a presentation
of the model, and its hydrodynamic limit). Such results consist in a convergence in proba-
bility of the dynamics to a deterministic limiting object, given in general as the solution
to some partial differential equation.

Our aim here is to use the notion of gradient flows to study large deviations from the
hydrodynamic limit for interacting spin systems. Such a result consists in proving that the
probabilities of a significant deviation from the hydrodynamic limit decays exponentially
fast in the system size. A standard textbook on the topic of large deviations is [DZ10],
and [KL] contains a review of the literature in the context of large deviations from the
hydrodynamic limit for particle systems.

In the recent series of contribution [ADPZ1], [ADPZ13] and [DLR13], links between
gradient flows in spaces of probability measures and large deviations for many examples
of processes arising in statistical physics have been investigated. The main contribution
is to show that the gradient flow formulation for partial differential equations such as
the heat equation can be deduced from the large deviation principle for N independent
stochastic processes given by the stochastic differential equation whose flow of marginals
is the solution to the PDE.

In this paper, we prove that process-level large deviations for sequences of diffusion
processes are equivalent to the Gamma-convergence of a sequence of functionals that
naturally appear in the gradient-flow formulation of these processes. This result generalizes
a method used in [DG87] and [Föl88] to obtain process-level large deviations for the
empirical measure of independent Brownian motions. Although these previous works do
not discuss gradient flows or optimal transport, there are a lot of similarities between the
formalism we use here and their framework, and the proof is based on a similar method.
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As an application of this equivalence, we investigate the large deviations for two va-
riants of the Ginzburg-Landau model endowed with Kawasaki dynamics, giving an al-
ternative approach to obtaining the results of [DV89] and [Qua95]. The first model is
a random conductance model, and the second one is the non-gradient Ginzburg-Landau
model of [Var93] and [Qua95]. As far as the author knows, the large deviation principle
for the random conductance model obtained here is new.

6.2 Framework and Method

6.2.1 Gradient flows in P2(Rn)

In this section, we endow Rn with a Riemannian structure, given by a metric tensor
G(x), and a positive measure µ that is absolutely continuous with respect to the Lebesgue
measure. We also consider the functional on the space of probability measures

Entµ(ν) :=
∫
f log fdµ (6.2)

when ν = fµ, and that takes value +∞ for probability measures that are not absolutely
continuous with respect to µ. Note that although we call this functional the entropy, it is
the negative of the physical entropy. When µ = exp(−H), this functional can be written
as

Entµ(ν) = Entdx(ν) +
∫
H(x)ν(dx)

where Entdx(ν) is the relative entropy with respect to the Lebesgue measure. In the sequel,
H will always denote a function such that µ = exp(−H). We shall always assume H is at
least C1.

We can endow the space of probability measures with finite second moments with the
Wasserstein distance associated to the Riemannian metric structure W2,G.

In the sequel, we will consider curves (νt)t∈[0,T ] in P2(Rd) (which is the space of pro-
bability measures with finite second moment) which are absolutely continuous. That is
there exists a nonnegative function ` ∈ L1([0, T ]) (which depends on (νt)t∈[0,T ]) such that
for any s ≤ t we have

W2,G(νs, νt) ≤
∫ t

s
`(r)dr. (6.3)

We will require the following technical assumptions on the metric tensor G :

1
c
|ξ|2 ≤ 〈G(x)ξ, ξ〉 ≤ c|ξ|2,∀x ∈ Rn,∀ξ ∈ Rn (6.4)

for some constant c, and

x −→ 〈G(x)ξ, ξ〉 is lower semicontinuous ∀ξ ∈ Rn. (6.5)

Since we now have a metric structure on P2(Rn), we can define the metric derivative
of an absolutely continuous curve (νt) as

|ν̇|(t) := lim sup
h→0+

1
h
W2,G(νt, νt+h). (6.6)
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Definition 6.1. Let A = G−1. We denote by ||h||ν the H1 of the norm of the smooth
function h, defined by

||h||2ν :=
∫
〈A∇h,∇h〉dν (6.7)

and ||ρ||ν,∗ its dual norm, given by

||ρ||2ν,∗ := sup
h

2
∫
hρdν − ||h||2ν , (6.8)

where the supremum runs over all smooth function h : Rn → R.

Let g be defined by

g(ν) :=
(∫ 〈

A∇ν
ν

+A∇H, ∇ν
ν

+∇H
〉
dν

)1/2
(6.9)

if ν is absolutely continuous with respect to the Lebesgue measure, and +∞ else wise. ∇ν
denote the gradient of the density of ν with respect to the Lebesgue measure.

The following result explains how the functional g can be used to control the variation
in relative entropy for absolutely continuous curves in the space of probability measures.
Its proof in this context can be found in [Lis09] (which generalizes previous results of
[AGS08]).

Proposition 6.2. g is an upper gradient for Entµ, i.e. for every absolutely continuous
curve (νt)0≤t≤T we have

|Entµ(νt)− Entµ(νs)| ≤
∫ t

s
g(νr)|ν̇|(r)dr

for every 0 ≤ s ≤ t ≤ T .

Definition 6.3. Let (νt)t∈[0,T ] be a time-dependent family of measures that is absolutely
continuous.We say it is a gradient flow of the functional Entµ if

d

dt
Entµ(νt) = −1

2g(νt)2 − 1
2 |ν̇|(t)

2 (6.10)

for almost every t ∈ [0, T ].

Gradient flows for the Wasserstein structure on P(Rd) endowed with an Euclidean
structure have been studied in [AGS08], and it turns out they are related to the heat
equation. Their results were then generalized to the case of a Riemannian structure in
[Lis09] :

Proposition 6.4. (νt)t∈[0,T ] satisfies (6.10) iff the densities f(t, ·) = dνt
dµ form a weak

solution of the parabolic PDE

∂(fµ)
∂t

= ∇ · (A(∇f)µ), (6.11)

where A = G−1.

As a consequence of this result and Ito’s formula, we also have a representation of
gradient flows as the flow of laws of the solution to a SDE :
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Proposition 6.5. If (νt)t is a gradient flow of Entµ with µ = exp(−H)dx, then it is the
flow of marginals of a solution of the SDE

dXt = −A(Xt)∇H(Xt)dt+ div(A)(Xt)dt+
√

2A dBt (6.12)

with initial condition X0 that has law ν0. Here, B is a standard Brownian motion on Rd.

Remark 6.6. Diffusion processes that can be written in the form (6.12) are necessarily
reversible.

We shall now give the definition of a key functional, which allows us to characterize
gradient flows :

Proposition 6.7. Let

J((νt)t) := Entµ(νT )− Entµ(ν0) + 1
2

∫ T

0
g(νt)2 + |ν̇|(t)2dt. (6.13)

Then (νt)t∈[0,T ] is a gradient flow of the functional Hµ iff J((νt)t) = 0.

Remark 6.8. In this setting, we have the following alternate formulation for the functional
J :

J((νt)t) = 1
2

∫ T

0
||ν̇ −∇ · (A(∇f)µ)||2ν,∗dt, (6.14)

at least for smooth functions. This formulation may seem more convenient, but in this
context, (6.13) will be easier to manipulate.

Remark 6.9. We can make an interpretation of the notion of gradient flows in a statistical
physics framework. It is a well-known principle in equilibrium statistical physics that
steady states can be identified as minimizers of a thermodynamic functional, such as free
energy, as a consequence of the second principle of thermodynamics. Here it is the relative
entropy Entµ which plays the role of free energy, and indeed it minimizer is the equilibrium
state µ. The gradient flow formulation identifies the correct trajectory as the minimizer of
some action functional. This can be seen as an extension of the minimization principle to
non-equilibrium statistical physics, with correct trajectories being those that decrease the
free energy as fast as possible.

6.2.2 Relative entropy and large deviations

In this section, we introduce the notions of relative entropy and large deviations, and
the links between the two.

Definition 6.10 (Relative entropy). Given two probability measures P and Q on a Polish
space X, the relative entropy of P with respect to Q is given by

H(P ;Q) := sup
f∈Cb(X)

EP (f)− logEQ(ef ).

The following result is well-known, and is obtained by a computation of the Legendre
transform (see Lemma 6.2.13 in [DZ10]).

Proposition 6.11. We have

H(P ;Q) = EP
[
ln
(
dP

dQ

)]
if P is absolutely continuous with respect to Q, and H(P ;Q) = +∞ if not.
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We now define large deviations :

Definition 6.12. Let I be a lower semicontinuous, nonnegative function on a Polish
space X and (an)n∈N a sequence of increasing, positive real numbers that goes to infinity.
A sequence of probability measures Pn on X is said to satisfy a large deviation principle
with speed (an)n and good rate function I iff

(i) For any closed set F , lim sup a−1
n logPn(F ) ≤ − inf

x∈F
I(x);

(ii) For any open set O, lim inf a−1
n logPn(O) ≥ − inf

x∈O
I(x).

Informally, this definition means that Pn(Xn ≈ x) ≈ exp(−anI(x)). We refer to the
textbook [DZ10] for an introduction to large deviations.

In the recent contribution [Mar], Mariani proved the equivalence between large devia-
tion principles for sequences of probability measures and the Gamma convergence (which
we define below) of the associated relative entropy functionals.

Definition 6.13 (Gamma convergence). Let X be a space endowed with a notion of
convergence. A sequence (In) of functionals on X is said to Γ-converge to a functional I
at point x ∈ X if the two following conditions are met :

(i) For any sequence (xn) that converges to x, we have lim inf
n→∞

In(xn) ≥ I(x) ;
(ii) There exists a sequence (xn) that converges to x such that lim

n→∞
In(xn) = I(x).

The sequence (In) is said to Γ-converge to I if it Γ-converges to I at every point.

Before we give a statement of Mariani’s result, we define the notion of exponential
tightness :

Definition 6.14 (Exponential tightness). A sequence of probability measures (µn) on a
topological space X is said to be exponentially tight with speed (an) if, for any α > 0,
there exists a compact set Kα such that

lim sup
n

1
an

logµn(Kc
α) ≤ −α.

Mariani’s result can be stated as follows :

Theorem 6.15 ([Mar], 2012). Let (µn) be a sequence of probability measures on a Polish
space X, (an) a sequence of positive real numbers such that lim

n
an = +∞ and I : X →

[0,+∞] a measurable, lower semicontinuous functional. We endow the space of probability
measures with the topology of weak convergence.

(i) The sequence (µn) satisfies a large deviations upper bound with speed (an) and rate
function I iff it is exponentially tight with speed (an)n and if for any sequence (νn) of
probability measures on X that weakly converges to a Dirac measure δx, we have

lim inf 1
an
H(νn, µn) ≥ I(x);

(ii) The sequence (µn) satisfies a large deviations upper bound with speed (an) and rate
function I iff for any point x, there exists a sequence (νn) of probability measures on X
that weakly converges to δx such that

lim sup
n−→∞

1
an
H(νn, µn) ≤ I(x).
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A heuristic explanation of Theorem 6.15 can be made in terms of the Bryc-Varadhan
theorem (see sections 4.3 and 4.4 in [DZ10]). One can relate the relative entropy functional
and exponential moments of functions by the relation∫

exp(f)dµ = sup
ν∈P(X)

∫
fdν − Entµ(ν).

Since the Bryc-Varadhan lemma states that we can understand the large deviations for se-
quences of measures by looking at 1

an
log

∫
exp(anf)dµn for bounded continuous functions,

the above relation translates the problem to investigating the behavior of the sequence of
relative entropy functionals.

Remark 6.16. For the lower bound, it is enough to check the existence of a recovery
sequence for every point y in a subset Y of X, such that given x ∈ X, there exists a
sequence (yk) of elements of Y that converges to x, and such that I(yk) converges to I(x).

6.2.3 Relative entropy for the law of processes

Our first result is a relation between relative entropy with respect to the law of a
solution of (6.12) and the functional J associated to the gradient flow formulation of the
flow of marginals. It is a generalization of Theorem (1.31) in part II of [Föl88] (which dealt
with the case of independent Brownian motions).

Theorem 6.17. Let Q be the law of a solution to a SDE of type (6.12) on a space Rd, and
P the law of a process with finite relative entropy with respect to Q, with flow of marginals
(νt). Then :

(i) We have the lower bound

H(P ;Q) ≥ H(P0, Q0) + 1
2J((νt))

where P0 and Q0 are the laws of the initial conditions.
(ii) There exists a process with law P̃ that has the same flow of marginals as P , such

that

H(P̃ , Q) = H(P0, Q0) + 1
2J((νt)).

As a direct consequence of this relation and Theorem 6.15, we can use the functionals
J to study large deviations.

We consider a sequence of diffusion processes of the form (6.12). The parameters we
allow to vary are the drift ∇H, the diffusion coefficient A, and the dimension of the
underlying space dn.

To be able to state a large deviation principle for the laws of these diffusion processes,
we need to embed their trajectories into a single space. We therefore implicitly assume that
all the spaces Rdn have been embedded into a single metric space X. We then endow the
space C([0, T ], X) with some topology that makes it a metric, separable space. A typical
choice would be the supremum norm.

Corollary 6.18. Let Qn be the law of a stochastic differential equation of the form 6.12,
with Q0,n the law of the initial condition, and let Jn be the functional involved in the
gradient flow formulation of the flow of marginals of Proposition 6.13. Then for any
continuous trajectory x −→ xt, the sequence of normalized relative entropy functionals
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a−1
n H(·, Qn) Γ-converge at point δx iff the functionals 1

an
(H(·, Q0,n) + 1

2Jn(·)) also do,
with the same Γ-limit.

As a consequence, solutions of gradients flows satisfy a large deviations principle with
speed (an) and rate function I iff the functionals 1

an
(H(·, Q0,n) + 1

2Jn(·)) Γ-converge to I
at the Dirac measure δ(xt), for every continuous trajectory t → xt, and if the sequence of
laws is exponentially tight.

Of course, studying relative entropy to understand large deviations is a known tech-
nique (see [DG87] and [Föl88]). Our contribution is to show that instead of studying
relative entropy (which depends on the law of the whole trajectory), we can study the
functional J , which only depends on the flow of marginals, and is easier to manipulate,
at least in some cases of interest, due to its connexion with optimal transport. It should
be noted that some of the ideas we use here (relative entropy, variational formulations
for rate functions) are reminiscent of those used in [DG87] to study large deviations for
weakly-interacting mean-field models.

Remark 6.19. We expect the rate function I to be of the form I(xt) = I0(x0) + J(xt),
with J the function involved in the formulation (6.1) of a gradient flow in a certain metric
space. This comes from the fact that often the rate function I will have a unique minimizer,
which will be the deterministic limit of our sequence of processes. So we can reformulate the
"‘correct"’ limit as the unique minimizer of a function. But gradient flow formulations also
characterize some "‘correct"’ path as the unique minimizer of a functional. The similarity
between these two point of views make us expect that they will be related, and this turns
out to often be the case. See [ADPZ11] and [ADPZ13] for a study of this link in the case
of sequences of independent processes.

Remark 6.20. An important element of the study of the functional J is the study of the
Fischer information, or entropy-production functional. The importance of this functional
can be understood in terms of statistical physics. It is a well-known principle in equili-
brium statistical physics that equilibrium states can be obtained by optimizing some ther-
modynamic quantity, such as the free energy. This principle sometimes carries through to
non-equilibrium statistical physics. Since the system seeks to increase the physical entropy
(and therefore decrease the mathematical entropy), we can look at the entropy production
functional, which we seek to optimize. Gamma-convergence corresponds to convergence
of minimizers, so we can expect the "‘correct"’ trajectories to be those that, in the limit,
make the entropy production functional as small as possible.

6.2.4 Some questions

– Is there a similar phenomenon for the large deviations of discrete systems, such as
interacting particle systems ? In the recent paper [Maa11], Maas showed that any
reversible Markov chain on a finite space can be written as a gradient flow of a
relative entropy for a well-chosen Riemannian structure on the space of probability
measures. Can we exploit this structure to get the large deviations of systems such
as a zero-range process, or exclusion processes ?

– Many partial differential equations can be written as gradient flows for energy func-
tionals which are not the relative entropy, such as porous medium equations (see
[Ott01]). The energy production functional J still characterizes such gradient flows.
Are there any nice properties implied by Gamma-convergence of the functional J
for such systems ?
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– We apply in Section 3 this principle to get the large deviations for a system of
diffusions with nearest neighbor interaction. It would also be interesting to look at
mean-field models, where each diffusion interacts with all the others. In the case
of smooth mean-field interactions, the question has been solved in [DG87], with a
method that is very similar to the one we use here. A natural question is whether this
extends to singular interactions. A case of interest is that of Coulomb interactions.

– Another natural question is whether we can use this principle in a context of mo-
delization. Say we wish to approximate a phenomenon characterized as the unique
solution to a partial differential equation of the form ∂tρ = H(ρ,∇ρ, ..) with a sys-
tem of N interacting diffusion, with N large. If we can find a sequence of diffusion
processes on RN and a sequence of positive numbers aN such that 1

aN
JN Gamma-

converges to a lower semicontinuous functional that has the solution to the PDE as
sole minimizer, then these diffusion processes form a good approximation. Can this
idea be exploited in this context ? This would be particularly interesting if we can
extend our results to sequences of interacting particle systems.

– Our method works for reversible diffusion processes. Is their a similar method that
works for non reversible processes, such as interacting diffusion processes with a
boundary condition, or second-order diffusion processes ? A method has been re-
cently developed in [DPZ13] in what is called the GENERIC framework.

6.3 Proof of Theorem 6.17

The proof is a generalization of ideas coming from Part II of [Föl88]. It will consist in
three steps : first we shall use Girsanov’s theorem to give a representation of the law of
processes that are absolutely continuous with respect to the law of the gradient flow. In a
second step, we shall give a representation of the relative entropy of such a process, and
finally we shall use this representation to obtain the lower bound of our theorem.

The following result is a direct application of Girsanov’s theorem (see for example
Theorem 2.4 in [Léo12]) :

Proposition 6.21. Let Q be the law of the solution of (6.12) on [0, T ], and P the law
of a process that is absolutely continuous with respect to Q. Then there exists an adapted
process bt valued in Rd such that

dP

dQ
((Xt)0≤t≤T ) = 1 dP

dQ
>0
dP0
dQ0

(X0) exp
(∫ T

0
bt ·

√
2A(Xt)dBP

t +
∫ T

0
〈A(Xt)bt, bt〉dt

)
.

(6.15)
In this equation, BP is a P-Brownian motion, that is a local martingale under P which

P -almost surely has quadratic variation equal to t. Moreover, P can be viewed as the law
of a solution to the SDE

dXt = A(Xt)(2bt −∇H(Xt))dt+ div(A)(Xt)dt+
√

2A(Xt)dBP
t (6.16)

As a consequence, the relative entropy is given by

H(P ;Q) = H(P0, Q0) + EP

[∫ T

0
〈A(Xt)bt, bt〉dt

]
. (6.17)

Note that the relative entropy doesn’t only depend on the flow of marginals Pt, but on
the law of the whole trajectory, unlike the functional J .
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Lemma 6.22 (Markov version of the process). Let bt = b(t, (Xs)0≤s≤t) be the adapted
process associated to a law P . Define

b̃t(x) := EP [b(t, (Xs)0≤s≤t)|Xt = x]. (6.18)

Then the process defined by

dXt = A(Xt)(2b̃t(Xt)−∇H(Xt))dt+ div(A)(Xt)dt+
√

2A(Xt)dBt (6.19)

with initial condition X0 ∼ P0 is a Markov process, and its law has the same flow of
marginals as P .

Démonstration. The fact that this process is a Markov process is a classic result on SDEs,
so we shall concentrate on proving that both processes have same marginals. Let g be a
smooth function, Xt be a solution of (6.16) and X̃t a solution of (6.19). We have

E[g(X̃t)] =
∫ t

0
E
[
A(X̃s)∇g(X̃s) · (2b̃s(Xs)−∇H(Xs))

]
ds

+
∫ t

0
E
[
div(A(X̃s)∇g(X̃s))

]
ds

=
∫ t

0
E
[
A(X̃s)∇g(X̃s) · (2EP [b(s, (Xr)0≤r≤s)|Xs]−∇H(Xs))

]
ds

+
∫ t

0
E
[
div(A(X̃s)∇g(X̃s))

]
ds

and

E[g(Xt)] =
∫ t

0
E [A(Xs)∇g(Xs) · (2b(s, (Xr)0≤r≤s)−∇H(Xs))] ds

+
∫ t

0
E [div(A(Xs)∇g(Xs))] ds

=
∫ t

0
E [A(Xs)∇g(Xs) · (2EP [b(s, (Xr)0≤r≤s)|Xs]−∇H(Xs))] ds

+
∫ t

0
E [div(A(Xs)∇g(Xs))] ds

=
∫ t

0
E
[
A(Xs)∇g(Xs) · (2b̃(Xs)−∇H(Xs))

]
ds

+
∫ t

0
E [div(A(Xs)∇g(Xs))] ds.

This shows that the marginals of the laws of X and X̃ satisfy the same parabolic PDE

∂f

∂t
= div(A∇f) + div(A(2b̃−∇H)f).

Since they have the same initial condition, and since solutions to such PDEs are unique,
they are the same.

Lemma 6.23. Let P̃ be the law of the solution of (6.18).
We have

H(P ;Q) ≥ H(P̃ ;Q) (6.20)



6.3. Proof of Theorem 6.17 183

Démonstration. We already know that

H(P̃ ;Q) = H(P0;Q0) + EP̃

[∫ T

0
〈A(Xt)b̃t, b̃t〉dt

]
. (6.21)

An application of Jensen’s inequality and the definition of b̃ yields

H(P ;Q)−H(P0, Q0) = EP

[∫ T

0
〈A(Xt)bt, bt〉dt

]

=
∫ T

0
EP [〈A(Xt)bt, bt〉] dt

=
∫ T

0
EPt [EP [〈A(Xt)bt, bt〉|Xt]] dt

≥
∫ T

0
EPt

[
〈A(Xt)b̃(Xt), b̃(Xt)〉

]
dt

= H(P̃ , Q)−H(P0, Q0), (6.22)

which is the desired lower bound.

Lemma 6.24 (Entropy of the Markov process). The entropy of the Markov version of the
process satisfies

H(P̃ ;Q) = H(ν0, Q0) + 1
2J((νt)t)

where νt is the flow of marginals of the process P .

Démonstration. Let g be a smooth, compactly supported function. Itô’s formula applied
to the SDE (6.19) yields

E[g(Xt)] = E[g(X0)] +
∫ t

0
E[A∇g(Xs) · (2b̃s(Xs)−∇H(Xs))]ds

+
∫ t

0
E[(∇ ·A(Xs)∇g(Xs))]ds (6.23)

It is easy to deduce from the Ito formulation (6.23) that the flow of marginals νt solves
(in a weak sense) the PDE

ν̇t = −div
(
2Ab̃tνt − νtA∇H −A∇νt

)
.

(6.24)

Therefore the variation of the entropy of the marginals is given by

Entµ(νT )− Entµ(ν0) =
∫ T

0

∫
A∇νt(x) · (2b̃t(x)−∇H(x))dxdt

−
∫ T

0

∫ 〈A(x)∇νt(x),∇νt(x)〉
νt(x) dxdt

+
∫ T

0

∫
A(2b̃t −∇H) · ∇Hdνtdt−

∫ T

0

∫
A∇H · ∇νtdxdt

=
∫ T

0

∫
2Ab̃t · ∇νt + νt∇Hdxdt−

∫
A(∇νt + νt∇H) · (∇νt + νt∇H)

νt
dx

(6.25)
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From the Benamou-Brenier formula for W2 (see for example [Vil03]) :

W 2
2,G(ν0, ν1) = inf

{∫ 1

0

∫
〈Gv, v〉dνtdt; ν̇ + div(vνt) = 0

}
we deduce

1
2

∫ T

0
|ν̇t|2dt

= 1
2

∫ T

0

〈
A

(
2b̃t −∇H −

∇νt
νt

)
,

(
2b̃t −∇H + ∇νt

νt

)〉
dνtdt

= 2
∫ T

0

∫
〈Ab̃t, b̃t〉dνtdt+ 1

2

∫ T

0

∫ 〈
A

(
∇H + ∇νt

νt

)
,

(
∇H + ∇νt

νt

)〉
dνtdt

−
∫ T

0

∫ 〈
2Ab̃t,

(
∇H + ∇νt

νt

)〉
dνtdt. (6.26)

By the definition (6.9) of the upper gradient g, we have

1
2

∫ T

0
g(νt)2dt = 1

2

∫ T

0

∫ 〈
A∇νt
νt

+A∇H, ∇νt
νt

+∇H
〉
dνtdt. (6.27)

Combining (6.25), (6.26) and (6.27), we get

J((νt)t) = 2
∫ T

0

∫
〈Ab̃t, b̃t〉dνtdt, (6.28)

and then the lemma immediately follows from (6.21).

To deduce Corollary 6.18 from Theorem 6.17, the only thing we still have to prove is
that, if (νt) is a flow of marginals such that J((νt)) is finite, there exists a process whose
law is absolutely continuous with respect to Q, and with flow of marginals (νt).

Let (νt) be an absolutely continuous flow of marginals such that J((νt)) is finite. From
[L, Theorem 2.4], we know that there exists a vector field (vt) such that the continuity
equation

ν̇t = ∇ · (Avtνt) (6.29)

is satisfied. On the other hand, we know that (νt) is the flow of marginals of the solution
to an SDE of type

dXt = 2A(Xt)bt(Xt)dt+
√

2A(Xt)dBt,

whose law would then be absolutely continuous with respect to Q, if the flow solves in a
weak sense the PDE

ν̇t = div(A(∇νt + 2btνt)).

Since J((νt)) is finite, the upper gradient g(νt) is finite for almost every t, and ∇νt exists.
We therefore only have to take 2bt(x) = vt(x) − ∇νtνt (x) to see that the flow solves the
above PDE.
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6.4 Large deviations for the Ginzburg-Landau model

6.4.1 The model

The (classical) Ginzburg-Landau model equipped with Kawasaki dynamics is a se-
quence of N diffusions, interacting according to the SDE

dXi
t = N2(ψ(Xi+1

t ) + ψ(Xi−1
t )− 2ψ(Xi

t))dt+
√

2N(dBi+1
t − dBi

t).

This diffusion is not ergodic on the whole space RN , since it preserves the quantity∑
Xi
t , but it is ergodic when restricted to a hyperplane

XN,m :=
{
x ∈ RN ; 1

N

N∑
i=1

xi = m

}
. (6.30)

It then has an invariant measure

µ(dx) := 1
Z

exp
(
− 1
N

N∑
i=1

ψ(xi)
)
1x∈XN,mL

N−1(dx) (6.31)

where L is the Lebesgue measure on XN,m. Equivalently, its law is given by the solution
of the PDE

∂fµ

∂t
= div(A0∇fµ), (6.32)

where f is the density with respect to µ, and A0 is the discrete Laplacian scaled by N2,
that is

(A0)i, j := N2(δi,j+1 + δi,j−1 − 2δi,j).

When N goes to infinity, if the initial condition behaves deterministically in the li-
mit, the (properly rescaled) solutions concentrate around a deterministic profile, called
the hydrodynamic limit, which has been studied in [GPV88]. Large deviations from this
hydrodynamic limit have been studied in [DV89].

We shall investigate the large deviations as N goes to infinity for two versions of this
model, with conductances. The first case will involve random conductances, and the second
will involve conductances depending on the configuration of spins. Our method will rely
on Corollary 6.18, and reduce the problem to the study of the behavior of the functional
JN associated with the gradient flow formulation of these dynamics.

For technical reasons, we shall assume that the initial data follows a local Gibbs state,
that is

f0(x) = 1
Z

exp
(∑

xiϕ
′(ρ0(i/N))

)
(6.33)

for some continuous function ρ0. We will later see that this initial data concentrates around
the deterministic profile ρ0. It can be shown that, for initial data that behaves determi-
nistically in the limit, solutions at any positive time are close (in the sense of relative
entropy) to such a local Gibbs state. See [Kos01a] or [Fat13b] for a proof.

We will also assume that the single-site potential ψ is of the form

ψ(x) = 1
p
xp + δψ(x) (6.34)

for some p ≥ 0 and a perturbation δψ that is C2, bounded and with bounded first and
second derivative.
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It is likely that the results hold for more general functions ψ, but such a result would re-
quire more general technical tools than those developed in the next section. For example, if
ψ doesn’t grow at least as |x|2 as x goes to infinity, then the logarithmic Sobolev inequality
doesn’t hold. In [DV89], the LDP is proved for the case where ψ is only superquadractic,
and ψ′ = o(ψ).

It turns out that the proof of the upper bound in the convergence of JN is the same as
the proof of [Qua95] of the lower bound for the LDP. We shall therefore only sketch the
proofs of the upper bounds, and concentrate on the lower bounds in the Γ-convergence.

6.4.2 Some technical estimates

In this section, we give a few technical results, collected from various sources, which
we shall use in the proofs of the large deviation principles. Most of them are classical
results in the study of hydrodynamic limits, and we will often only give a brief sketch of
the proofs, or simply refer to the original source.

We will use logarithmic Sobolev inequalities, which we now define :

Definition 6.25. Let X be a Riemannian manifold. A probability measure µ on X is
said to satisfy a LSI with constant ρ > 0 if, for any locally Lipschitz, nonnegative function
f ∈ L1(µ), ∫

f log(f)dµ−
(∫

fdµ

)
log

(∫
fdµ

)
≤ 1
ρ

∫ |∇f |2
2f dµ.

The following result was proven in [MO13] :

Theorem 6.26. Under the assumption (6.34), the measures µN satisfy the logarithmic
Sobolev inequality

EntµN (g) ≤ C
∫ |∇g|2

g
dµN

for any nonnegative, locally Lipschitz function g, with constant C independent of the di-
mension N and the mean spin m. Combined with the discrete Poincaré inequality, this
implies

EntµN (g) ≤ C
∫ 〈A0∇g,∇g〉

g
dµN

for some constant C that is independent of the dimension and the mean spin.

As a consequence of this result and of [GOVW, Lemma 26], we have the following
result :

Lemma 6.27. Let fN be a sequence of probability densities with respect to µN such that

sup
N

1
N

∫ 〈A0∇f,∇f〉
f

dµN < +∞.

Then we also have
sup
N

1
N

∫ ∑
|xi|2f(x)µN (dx) < +∞.

This result still holds if we replace µN by another sequence of measures with bounded
second moment and which satisfy a LSI with uniform constant.

This can be generalized to the following result :
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Lemma 6.28. Assume that ψ is of the form 1
p |x|

p + δψ(x). Let fN be a sequence of
probability densities with respect to µN such that

sup
N

1
N

∫ 〈A0∇f,∇f〉
f

dµN < +∞.

Then we also have
sup
N

1
N

∫ ∑
|xi|pf(x)µN (dx) < +∞.

Démonstration. It has been shown in [Fat13a] that, under our assumptions on ψ, µN
satisfies the following transport-entropy inequality : for any probability measure νN ,

W p
p (νN , µN ) ≤ C EntµN (νN )

for some constant C > 0 that does not depend on N , and Wp is the Lp Wasserstein
distance

W p
p (ν, µ) := inf

π

∫ ∑
|xi − yi|pπ(dx, dy).

From the Wp-Lipschitz continuity of p-moments (see [Vi2, Proposition 7.29]), we know
that (∫ ∑

|xi|pνN (dx)
)1/p

−
(∫ ∑

|xi|pµN (dx)
)1/p

≤Wp(µN , νN )

so that ∫ ∑
|xi|pνN (dx) ≤ C EntµN (νN ) + C

∫ ∑
|xi|pµN (dx)

Since µN satisfies a logarithmic Sobolev inequality, EntµN (νN ) ≤ CN , and it is also easy
to see that ∫ ∑

|xi|pµN (dx) ≤ CN,

which concludes the proof.

We now give a version the version of the local Cramér theorem we shall use :

Theorem 6.29. Let (ai) be some sequence of real numbers. We define

ψK(m) := − 1
K

log
∫
XK,m

exp(
∑

aixi + ψ(xi))dx

and

ϕK(m) := sup
σ∈R

(
σm− 1

K

K∑
i=1

log
∫
R

exp((σ + ai)x− ψ(x))dx
)
.

We then have , for any L > 0 and any compact subset E of R,

lim
K→∞

sup
a1..aK∈[−L,L]

||ψK − ϕK ||∞,E = 0.

In particular, if ai = λ(i/K) for some smooth function λ, then ψK converges to

ϕλ(m) := sup
σ∈R

(
σm−

∫ 1

0
log

∫
R

exp((σ + λ(θ))x− ψ(x))dxdθ
)
.

uniformly on compact sets.
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A proof of this result can be found in [FM14] or [K, Appendix A]. Roughly speaking, it
says that local averages of a large number K of spins behave like random variables satisfy
a large deviation principle of speed K and rate function ϕ.

The following proposition is a consequence of [GPV, Theorem 4.1].

Proposition 6.30. Let fN be a sequence of probability densities with respect to µN which
weakly converges to a deterministic profile ρ. Assume that

1
N

∫ 〈A0∇f,∇f〉
f

dµN ≤ C.

Then, for any smooth function J : T→ R and bounded continuous function F : R2k+1 →
R, we have

1
N

∫ ∑
J(i/N)F (xi−k, .., xi+k)fN (x)µN (dx) −→

∫
T
J(θ)F̃ (ρ(θ))dθ

where
F̃ (y) :=

∫
F (x1, .., x2k+1)µλ,⊗2k+1(dx), (6.35)

with µλ(dx) = 1
Z exp(λx− ψ(x))dx and λ = ϕ′(y).

Note that, in [GPV88], it was also required that there exists a superlinear function ω
such that

∫ ∑
ω(xi)f(x)µN (dx) ≤ CN . However, under our assumptions on ψ, the bound

on
∫ 〈A0∇f,∇f〉

f dµN implies that
∫ ∑
|xi|2f(x)µN (dx) ≤ CN , as we have seen in Lemma

6.27.

Proposition 6.31. Let ρ be a smooth function on the torus, and define the probability
density with respect to µ

GN (x) = 1
Z

exp
(

N∑
i=1

ϕ′(ρ(i/N))xi

)
.

Then
(i) The measures GNµN weakly converge to the deterministic profile ρ ;
(ii) They satisfy a logarithmic Sobolev inequality, with a constant that only depends on

ρ and ψ, but which is uniform in N ;
(iii) For any sequence of probability measures µN on RN , if

1
N

EntGNµN (νN ) −→ 0,

then the sequence weakly converges to the deterministic profile ρ. Moreover, we then have

1
N

EntµN (νN ) −→
∫
ϕ(ρ)dθ − ϕ

(∫
ρdθ

)
.

Démonstration. (i) is a classic large deviation result. See for example [Yau91]. (ii) was
proven in [FM14]. (iii) is a consequence of these two results, and we can prove it as
follows.

Since the measures GNµN satisfy a logarithmic Sobolev inequality, they also satisfy a
transport entropy inequality, that is

W2,A−1
0

(νN , GNµN )2 ≤ C EntGNµN (νN ).
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The fact that we can use the inner product given by A0 rather than the usual inner product
follows from the discrete Poincaré inequality. Therefore, we have

1
N
W2,A−1

0
(νN , GNµN )2 −→ 0.

The result then follows from the fact that (GNµN ) weakly converges to ρ, and that
1
N 〈A0x, x〉 ≤ C||x̄||2H−1 .

The second part is a consequence of the identity

1
N

EntµN (νN ) = 1
N

EntGNµN (νN ) + 1
N

∫
logGNdνN

and the convergence

1
N

∫
logGNdνN = 1

N

∫ N∑
i=1

ϕ′(ρi)xiνN (dx)

− 1
N

log
∫

exp
(

N∑
i=1

ϕ′(ρ(i/N))xi − ψ(xi)
)
dx+ 1

N
log

∫
exp

(
N∑
i=1
−ψ(xi)

)
dx

−→
∫
ϕ(ρ(θ))dθ − ϕ

(∫
ρ(θ)dθ

)
. (6.36)

This last convergence follows from the convergence of (νN ) to the deterministic profile ρ
and Theorem 6.29. A complete proof is given in Lemma 7.1 of [K].

Proposition 6.32. Let fN be a sequence of probability densities with respect to µN which
weakly converges to a deterministic profile ρ. Assume that

1
N

∫ 〈A0∇f,∇f〉
f

dµN ≤ C

and
1
N

∫ ∑
ω(xi)fN (x)µN (dx) ≤ C.

Then, for any sequence (JN ) of step functions on the torus that are constant on the
intervals [(i− 1)/N, i/N) and which converges in H1 to a function J , we have

1
N

∫ ∑
JN (i/N)xifNµN (dx) −→

∫
T
J(θ)ρ(θ)dθ (6.37)

and
1
N

∫ ∑
JN (i/N)ψ′(xi)fNµN (dx) −→

∫
T
J(θ)ϕ′(ρ(θ))dθ. (6.38)

Démonstration. For the first part, notice that∣∣∣∣ 1
N

∫ ∑
JN (i/N)xifNµN (dx)−

∫ ∫
T
J(θ)x̄(θ)dθfN (x)µN (dx)

∣∣∣∣
≤ ||JN − J ||H1

(∫
||x̄||2H−1fN (x)µN (dx)

)1/2
−→ 0
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and ∣∣∣∣∫ ∫
T
J(θ)x̄(θ)dθfN (x)µN (dx)−

∫
T
J(θ)ρ(θ)dθ

∣∣∣∣
≤ ||J ||H1

(∫
||x̄− ρ||H−1fN (x)µN (dx)

)
||J ||H1

(∫
||x̄− ρ||L2fN (x)µN (dx)

)
so we just have to show that∫

||x̄− ρ||L2fN (x)µN (dx) −→ 0.

This quantity is the Wasserstein distance W1 between fNµN and δρ for the L2 distance.
Since we already have weak convergence, to show that there is convergence for W1, accor-
ding to [Vi1, Theorem 7.12], we just have to prove the following tightness estimate

lim
R→∞

lim sup
N→∞

∫∑
|xi|2≥NR2

√
1
N

∑
|xi|2fN (x)µN (dx) = 0.

This estimate automatically follows from the bound

sup
N

1
N

∫ ∑
|xi|2fN (x)µN (dx) < +∞

that was given by Lemma 6.27.
For the second part, we give a very brief sketch of the method of proof that was used

in [GPV88]. Let ψ` be a cutoff of ψ′ at level ` > 0, that is

ψ`(x) = ψ′(x) if |ψ′(x)| ≤ `, ψ`(x) = ±` if not.

From the bound of Lemma 6.28, we can deduce

1
N

∫ ∑
JN (i/N)ψ′`(xi)fNµN (dx) lim

`−→∞

1
N

∫ ∑
JN (i/N)ψ′(xi)fNµN (dx) (6.39)

uniformly in N , since ψ goes to infinity faster than |ψ′|. Moreover, from Proposition 6.30,
we obtain

1
N

∫ ∑
JN (i/N)ψ′`(xi)fNµN (dx) lim

N−→∞

∫
T
J(θ)ψ̃`(ρ(θ))dθ, (6.40)

so all we need to do is show that ψ̃` converges to ϕ′, which was done in [GPV, Lemma
6.4].

Remark 6.33. Similarly, under the assumption that
∫ T

0
∫ 〈A0∇f,∇f〉

f fµNdt ≤ CN uni-
formly in N , then (6.37) and (6.38) hold in a time-integrated sense.

We also give a priori estimates on weak limits of sequences of probability measures,
obtained as direct consequences of [GPV88], Lemmas 6.3 and 6.6 :

Lemma 6.34. Under our assumptions on ψ, for any sequence of probability fN with
respect to µN that weakly converges to a deterministic trajectory ρ, such that

sup
N

1
N

∫ 〈A0∇f,∇f〉
f

dµN ≤ C
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we have ∫
T
ϕ(ρ(θ))dθ ≤ C

and ∫
T

(∂θϕ(ρ)(θ))2dθ ≤ C.

Finally, we shall need the following lower bound on the slope of absolutely continuous
curves.

Lemma 6.35. Let (νt) be an absolutely continuous curve of probability measures on Rn,
which is equipped with a Riemannian tensor (A−1(x)) satisfying the assumptions (6.4) and
(6.5). Then we have, for any smooth function V : [0, T ]× Rn −→ R,∫

|ν̇t|2dt ≥ 2
∫
V (T, x)νT (dx)− 2

∫
V (0, x)ν0(dx)

− 2
∫ T

0

∫
∂V

∂t
(t, x)νt(dx)dt−

∫ T

0

∫
〈A(x)∇V,∇V 〉νt(dx)dt (6.41)

Démonstration. From [L, Theorem 2.4], we know that there exists a vector field vt such
that

ν̇t + div(vtνt) = 0 (6.42)

and ∫ T

0
|ν̇t|2dt =

∫ T

0

∫
〈A−1(x)vt(x), vt(x)〉νt(dx)dt. (6.43)

Since we have

〈A−1(x)vt(x), vt(x)〉 ≥ 2〈vt(x),∇V (t, x)〉 − 〈A(x)∇V (t, x),∇V (t, x)〉

for any t and x, we get ∫ T

0
|ν̇t|2dt ≥ 2

∫ T

0

∫
〈vt(x),∇V (t, x)〉νt(dx)dt

−
∫ T

0

∫
〈A(x)∇V (t, x),∇V (t, x)〉νt(dx)dt

Using (6.42) to do an integration by parts on the first term, the result immediately follows.

6.4.3 Large deviations for the GL model in a random environment

In this section, we shall be interested in the large deviations for a version of the process
(6.32) in a random environment, where the operator A is replaced by a realization of the
symmetric random matrix

Ai,j(ω) := N2ai+1(ω)(δi,j−1 − δi,j)−N2ai(ω)(δi,j − δi,j+1) (6.44)

where the ai are iid random variable defined on a probability space Ω, and we assume
there exists a constant c > 0 such that we almost surely have

c ≥ ai ≥ 1/c. (6.45)
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This assumption corresponds to an ellipticity assumption on the operator A that is uniform
in the realization of the random field. Therefore, for any x and any realization of the
random field, we have

1
c
〈A0x, x〉 ≤ 〈Ax, x〉 ≤ c〈A0x, x〉. (6.46)

Under these assumptions, the quantity

ā := E
[ 1
a1

]
(6.47)

is well defined and finite.
The associated SDE is

dXi
t = N2 (ai(ψ(Xi+1)− ψ(Xi))− ai−1(ψ(Xi)− ψ(Xi−1))) +

√
2aidBi

t −
√

2ai−1dB
i−1
t .
(6.48)

Given a realization of the random environment, we denote by La,N the generator of
this diffusion.

The following hydrodynamic limit result for the random environment model has been
proven in [Fri89] :

Theorem 6.36. Assume that the sequence of initial data f0,NµN weakly converges to a
deterministic profile ρ0 ∈ H1(T). Then, for any time t > 0 and any smooth function J :
T −→ R, the random variable 1

N

∑
J(i/N)Xi

t converges in probability to
∫
T J(θ)ρ(t, θ)dθ,

where ρ(t, θ) is the unique solution to the PDE

∂ρ

∂t
= ā∆ϕ′(ρ)

with initial condition ρ0. This convergence holds for almost every realization of the random
field.

We are interested in the following quenched large deviation principle for this model,
using the gradient flow approach we developed in section 1.

Theorem 6.37. Assume that the sequence of initial data is of the form (6.33) for some
smooth initial profile ρ0. Then, for almost every realization of the random field, the se-
quence of random functions satisfies a LDP in L∞(H−1) with speed N and rate function

I(ρ) :=
∫
ϕ(ρ(0, θ))− ϕ(m0(θ))− ϕ′(m0(θ))(ρ(θ)−m0(θ))dθ

+ 1
4ā

∫ T

0

∣∣∣∣∣
∣∣∣∣∣∂ρ∂t − ā ∂

2

∂θ2ϕ
′(ρ)

∣∣∣∣∣
∣∣∣∣∣
2

H−1

dt.

This generalizes the large deviations principle of [DV89] to the case of random envi-
ronment.

In terms of gradient flows, this result follows from two facts :
– The relative entropy with respect to the invariant measure, divided byN , Γ-converges
to ρ −→

∫
ϕ(ρ) − ϕ (

∫
ρ). This corresponds to a large deviations principle for the

sequence of invariant measures µN ;
– The sequence of metrics given by A−1(w) almost surely converge to the H−1 norm,

divided by a factor ā.
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As a technical tool, we shall need the following convergence result, which will be used
to formalize the convergence of the discrete norms.

Lemma 6.38. Let (aq)q∈Q be a sequence of positive, bounded, iid random variables, and
let aNi := ai/N . With probability one, for any sequence (hN ) of step functions on T that
converges to a function h in L1, such that hN is constant on

(
i−1
N , iN

]
, and denoting by

hNi the value of hN on such an interval, we have

lim 1
N

N∑
i=1

aNi h
N
i = E(a)

∫
h(θ)dθ.

Démonstration. Let M be an integer. The strong law of large numbers implies that, with
probability 1, for any step function h that is constant on the intervals

(
i−1
M , i

M

]
, we have

lim 1
N

N∑
i=1

aNi h(i/N) = E(a)
∫
h(θ)dθ.

This then remains true simultaneously for every integer M , still with probability 1. An
approximation argument in L1(T) then yields the desired result.

Proof of Theorem 6.37. Given a realization of our random environment, the functional JN
is given by

JN (νt) = Entµ(νT )− Entµ(ν0) + 1
2

∫ T

0
||∂tνt||H−1(A−1)dt+ 1

2

∫ T

0

∫ 〈A∇gt,∇gt〉
gt

dµdt

(6.49)
where gt is the density of νt with respect to µ.

Lemma 6.39. The functional 1
N EntµN Γ-converges at every Dirac mass to ρ→

∫
ϕ(ρ)dθ−

ϕ (
∫
ρdθ).

Démonstration. Let νN be a sequence that weakly converges to a deterministic profile
ρ : T→ R, and let

GN (x) := 1
ZN

exp
(

N∑
i=1

ϕ′(ρi,N )xi

)
(6.50)

be a local Gibbs profile with respect to µ, where ρi,N =
∫ i/N

(i−1)/N ρ(θ)dθ and ZN is the
normalization constant such that Gµ is a probability measure.

We then have the decomposition

EntGNµ(νN ) = Entµ(νN )−
∫

logGNdνN . (6.51)

By definition ofGN , since νN weakly converges to the deterministic profile ρ, as we have
seen in the proof of Proposition 6.31, 1

N

∫
logGNdνN converges to

∫
ϕ(ρ)dθ − ϕ (

∫
ρdθ).

Since the relative entropy is nonnegative, we can deduce from (6.51) the inequality

lim inf 1
N

Entµ(νN ) ≥
∫
ϕ(ρ)dθ − ϕ

(∫
ρdθ

)
.

Moreover, the measures GNµ weakly converge to the deterministic profile ρ, so that
they provide the recovery sequence for this Gamma-convergence result.
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Lemma 6.40. Let (νN ) be a sequence of probability measures that converges to a profile
ρ, such that, for any N , νN is absolutely continuous mith respect to µN .

Then

1
N

Entf0,NµN (νN )− 1
N

EntµN (νN ) −→
∫
T
ϕ′(m0)(m0 − ρ)− ϕ(m0)dθ.

Démonstration. Since νN is absolutely continuous with respect to µN (and therefore to
f0,NµN ), we have

1
N

Entf0,NµN (νN )− 1
N

EntµN (νN )

= − 1
N

∫
log f0,NdνN

= − 1
N

∫ ∑
ϕ′(m0(i/N))xiνN (dx) + 1

N
log

∫
exp

(∑
ϕ′(m0(i/N))xi

)
µN (dx)

= − 1
N

∫ ∑
ϕ′(m0(i/N))xiνN (dx) + 1

N
log

∫
exp

(∑
ϕ′(m0(i/N))xi − ψ(xi)

)
dx

− 1
N

log
∫

exp
(∑

−ψ(xi)
)
dx

−→ −
∫
ϕ′(m0(θ))ρ(θ)dθ +

∫
ϕ′(m0(θ))m0(θ)dθ

−
∫
ϕ(m0(θ)dθ

since (νN ) has asymptotic profile ρ, and applying Theorem 6.29.

We will now investigate the behavior of the slope :

Lemma 6.41 (Lower bound for the time-derivative). For any time t and subsequence
such that

sup
N

1
N
JN (fN ) < +∞,

we have

lim inf 1
N

∫ T

0
|ν̇N,t|2νN,tdt ≥

1
ā

∫ T

0
||∂ρ/∂t||2H−1dt.

Démonstration. Let J : [0, T ]×T −→ R be a smooth function. Applying Lemma 6.35 with

JN (t, x) := 1
N

∑
i
J(t, i/N)xi+

i−1∑
j=1

∂J
∂θ (t, j/N)bjxi and bi = ā

ai
− 1, we have

1
N

∫ T

0
|ν̇N,t|2νN,tdt ≥

2
N

∫ ∑
J(T, i/N)xiνN,T (dx) + 2

N2

∫ ∑
i

i−1∑
j=1

∂J

∂θ
(T, j/N)bjxiνN,T (dx)

− 2
N

∫ ∑
J(0, i/N)xiνN,T (dx)− 2

N2

∫ ∑
i

i−1∑
j=1

∂J

∂θ
(0, j/N)bjxiνN,0(dx)

− 2
N

∫ T

0

∫ ∑ ∂J

∂t
(t, i/N)xiνN,t(dx)dt− 2

N2

∫ T

0

∫ ∑
i

i−1∑
j=1

∂2J

∂t∂θ
(t, j/N)bjxiνN,t(dx)dt

− 1
N

∫ T

0

∑
ai

(
NJ(t, i+ 1

N
)−NJ(t, i

N
) + bi

∂J

∂θ
(t, i/N)

)2
dt.
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Taking the limit N −→ +∞ and using the second-moment bounds of Lemma 6.27, we get

2
N

∫ ∑
J(T, i/N)xiνN,T (dx) + 2

N2

∫ ∑
i

i−1∑
j=1

∂J

∂θ
(T, j/N)bjxiνN,T (dx)

= 2
N

∫ ∑
J(T, i/N)xiνN,T (dx) +O

( 1
N

)
−→

∫
T
J(T, θ)ρ(T, θ)dθ.

In the same way,

2
N

∫ ∑
J(0, i/N)xiνN,T (dx) + 2

N2

∫ ∑
i

i−1∑
j=1

∂J

∂θ
(0, j/N)bjxiνN,0(dx)

−→
∫
T
J(0, θ)ρ(0, θ)dθ

and

2
N

∫ T

0

∫ ∑ ∂J

∂t
(t, i/N)xiνN,t(dx)dt+ 2

N2

∫ T

0

∫ ∑
i

i−1∑
j=1

∂2J

∂t∂θ
(t, j/N)bjxiνN,t(dx)dt

−→
∫ T

0

∫
T

∂J

∂t
(t, θ)ρ(t, θ)dθdt.

Finally, using Lemma 6.38, we get

1
N

∫ T

0

∑
ai

(
NJ(t, i+ 1

N
)−NJ(t, i

N
) + bi

∂J

∂θ
(t, i/N)

)2
dt

−→
∫ T

0

∫
T
ā

(
∂J

∂θ
(t, θ)

)2
dθdt.

Combining these lower bounds, we get

lim inf 1
N

∫ T

0
|ν̇N,t|2νN,tdt ≥ 2

∫
J(T, θ)ρ(T, θ)dθ − 2

∫
T
J(0, θ)ρ(0, θ)dθ

−2
∫ T

0

∫
T

∂J

∂t
(t, θ)ρ(t, θ)dθdt−

∫ T

0

∫
T
ā

(
∂J

∂θ
(t, θ)

)2
dθdt.

Taking the supremum over all smooth functions J yields the result.

Lemma 6.42 (Lower bound for the upper gradient). For any time t and subsequence such
that

sup
N

1
N

∫ 〈A0(∇νt + νt∇H), (∇νt + νt∇H)〉
νt

< +∞,

we almost surely have

lim inf
N

1
N

∫ 〈A(∇νt + νt∇H), (∇νt + νt∇H)〉
νt

≥ ā
∫
T

(∂θϕ′(ρ(t, θ)))2dθ.
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Démonstration. From Lemma 6.34, we know that, under these assumptions, ϕ′(ρ) lies in
H1(T).

Let J : T→ R be a smooth function, and define

GN (x) := exp

 N∑
i=1

 i∑
j=1

ā

aj
J(i/N)

xi
 . (6.52)

Since the upper gradient takes value +∞ when νN is not absolutely continuous with
respect to µN , and we are looking for a lower bound, we can assume without loss of
generality that νN is absolutely continuous with respect to µN , and therefore to GNµN .
Let gN,t be the density of νN,t with respect to µN .

We consider the quantity
∫ 〈A∇( gN

GN

)
,∇
(
gN
GN

)
〉

gN,t/GN
GNdµN , which is nonnegative. We have

∫ 〈A∇ ( gNGN ) ,∇ ( gNGN )〉
gN,t/GN

GNdµN

=
∫ 〈A∇gN,t,∇gN,t〉

gN,t
dµN − 2

∫ 〈A∇gN,t,∇GN 〉
GN

dµN

+
∫ 〈A∇GN ,∇GN 〉

G2
N

dµN

=
∫ 〈A∇gN,t,∇gN,t〉

gN,t
dµN − 2

∫ 〈A∇H,∇GN 〉
GN

gN,tdµN

+
∫ 〈A∇GN ,∇GN 〉

G2
N

dµN .

Therefore, we have

∫ 〈A∇gN,t,∇gN,t〉
gN,t

dµN ≥ 2
∫ 〈A∇H,∇GN 〉

GN
gN,tdµN −

∫ 〈A∇GN ,∇GN 〉
G2
N

dµN (6.53)

for any realization of the random field, any N and any t.
Applying Lemma 6.38, we have

1
N

∫ 〈A∇GN,t,∇GN,t〉
G2
N,t

dµN = 1
N

N∑
i=1

ā2

ai
J(i/N)2

−→ ā

∫
T
J(θ)2dθ. (6.54)

We also have
1
N

∫ 〈A∇H,∇GN 〉
GN

gN,tdµN = ā

N

∫ ∑
(ψ′(xi+1)− ψ′(xi))J(i/N)gN (x)µN (dx)

= ā

N

∫ ∑
ψ′(xi)(J((i− 1)/N)− J(i/N))gN (x)µN (dx)

= ā

N

∫ ∑
ψ′(xi)J ′(i/N)gN (x)µN (dx)

+O

( 1
N2

∫ ∑
|ψ′(xi)|gN (x)µN (dx)

)
−→ ā

∫
T
ϕ′(ρ(θ))J ′(θ)dθ (6.55)
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Combining these two lower bounds and taking the supremum over smooth functions J ,
we get the lower bound of our Lemma.

From the previous Lemma and Fatou’s Lemma, we can then deduce that, for a sequence
that converges to a Dirac mass, and such that JN (fN ) ≤ CN , we have

lim inf 1
N

∫ T

0

∫ 〈A(∇νt + νt∇H), (∇νt + νt∇H)〉
νt

dt ≥
∫ T

0
ā

∫
T

(∂θϕ′(ρ(t, θ)))2dθdt

which was the last element we needed for the lower bound of the Γ-convergence.
We now turn to the recovery sequence. Given a profile ρ(t, θ) that is weakly continuous

in time, and such that
∫ T

0 ||ā∂2
θϕ
′(ρ)− ∂tρ||2H−1dt is finite, there exists a sequence of smooth

profiles ρk that converge to ρ, and such that
∫ T

0 ||ā∂2
θϕ
′(ρk)− ∂tρk||2H−1dt converges to∫ T

0 ||ā∂2
θϕ
′(ρ)− ∂tρ||2H−1dt. Therefore, in view of Remark 6.16, we only have to prove the

existence of a recovery sequence for profiles ρ that are smooth.
Given such a smooth profile ρ, there exists a continuous function h : [0, T ]× T −→ R

such that
∂ρ

∂t
= ā

∂

∂θ

(
h(t, θ) + ∂

∂θ
ϕ′(ρ)

)
. (6.56)

We now consider a dynamic with law given by the time-dependent generator

L̃a,N = La,N +N
N∑
i=1

ā

ai
h(t, i/N)

(
∂

∂xi+1
− ∂

∂xi

)
(6.57)

and initial condition given by the local Gibbs state associated to ρ(0, ·).
We need to prove two things : that the solutions to such dynamics converge to the

deterministic profile ρ, and that N−1JN (fN ) has the correct limit (where fN are the
marginals of the law of the solution). The first part can be done in the same way as in [Q,
Section 3], so we concentrate on the second part. We have

1
N
JN (fN ) = 1

2

∫ T

0

∣∣∣∣∣∣∣∣∂fN∂t − La,NfN
∣∣∣∣∣∣∣∣2
H−1(A)

dt

= 1
2

∫ T

0

∣∣∣∣∣∣L̃a,NfN − La,NfN ∣∣∣∣∣∣2
H−1(A)

dt

= 1
2

∫ T

0

N∑
i=1

ā2

ai
h(t, i/N)2dt

−→ 1
2

∫ T

0

∫
T
āh(t, θ)2dθdt (6.58)

and, using (6.56), it is easy to see that this is equal to 1
2ā
∫ T

0

∣∣∣∣∣∣∂ρ∂t − ā ∂2

∂θ2ϕ
′(ρ)

∣∣∣∣∣∣2
H−1

dt, which
was what we needed to prove.

We still have to prove exponential tightness for the laws of solutions to (6.48). It is
given by the following two results :

Lemma 6.43. Let PN be the law of a solution to the SDE (6.48) with initial condition
X0 having a distribution f0µN that satisfies EntµN (f0) ≤ CN . Then

lim
`−→+∞

lim
N−→+∞

1
N

logPN

(
sup

0≤t≤T

1
N

∑
|Xi

t | ≥ `
)

= −∞.
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Lemma 6.44. Under the same assumptions as the previous lemma, for any ε > 0 and
any smooth function on the torus J , we have

lim
δ−→0

lim
N−→+∞

1
N

logPN

(
sup

0≤s≤t≤T,|s−t|≤δ

∣∣∣∣ 1
N

∑
J(i/N)(Xi

t −Xi
s)
∣∣∣∣ ≥ ε

)
= −∞.

Proof of Lemma 6.43. This proof is exactly the same as in [DV89], we give a brief sketch
to show that the random field (ai) does not make any difference..

Let P̃ eq,N be the law of a solution to the SDE starting from the equilibrium measure
µN . From Lemma 1.12 in [KV86], we know that, for any symmetric function g on RN , we
have

P̃ eq,N
(

sup
0≤t≤T

g(Xt) ≥ `
)
≤ 3
`

√
a+ Tb

with a =
∫
g2dµN and b =

∫ A∇g,∇g
g dµN . When g(x) = exp (

∑
|xi|), there exists C > 0

such that a ≤ CN and b ≤ N2CN . Using the Tchebychev inequality, we obtain

P̃ eq,N
(

sup
0≤t≤T

1
N

∑
|Xi

t | ≥ `
)
≤
√
CN (1 +N2)e−N` ≤ C ′e−C′′N`.

We can then use the basic entropy inequality

PN (A) ≤ log(2) +HN

log(1 + 1/P̃ eq,N (A))
,

where HN is the relative entropy of the non equilibrium process with respect to the
equilibrium process, which satisfies the bound HN ≤ CN , to get the result.

In the same way, we refer the reader interested in the proof of Lemma 6.44 to [DV,
Lemma 2.8]. The proof is exactly the same, since the random variables ai are bounded.

6.4.4 Large deviations for the non-gradient Ginzburg-Landau model

We consider the SDE given by

dXi
t = N2(Wi,i+1 −Wi−1,i)dt+N

√
2a(Xi

t , X
i+1
t )dBi+1

t −N
√

2a(Xi−1
t , Xi

t)dBi
t (6.59)

where

Wi,i+1 = a(Xi
t , X

i+1
t )(ψ′(Xi

t)− ψ′(Xi+1
t ))− ∂a

∂x
(Xi

t , X
i+1
t ) + ∂a

∂y
(Xi

t , X
i+1
t ). (6.60)

The marginals of the law of a solution to this SDE solve the PDE

∂fµN
∂t

= ∇ · (A(x)∇fµN ) (6.61)

where the matrix A(x) is given by

A(x)i,j := a(xi−1, xi)(δi,j − δi,j+1) + a(xi, xi+1)(δi,j − δi,j−1).

Once more, we will assume that the initial data f0 is of the form (6.33).
The generator of this dynamic is given by

Lf = N2∑ eH
(

∂

∂xi+1
− ∂

∂xi+1

)
e−Ha(xi, xi+1)

(
∂

∂xi+1
− ∂

∂xi+1

)
f (6.62)
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It has been shown in [Va] that trajectories of such a dynamic concentrate around the
solution to the PDE

∂ρ

∂t
= ∂

∂θ

(
â(ρ) ∂

∂θ
ϕ′(ρ)

)
(6.63)

where ϕ is the same function as in the previous section, and â is a bounded continuous
function, which we shall now define.

Let F : R2k+1 −→ R be a bounded, smooth function of a finite number of variables.
The function ξ : x ∈ R∞ −→

+∞∑
i=−∞

F (xi−k, .., xi+k) is not well-defined, but its partial

derivatives are. We can therefore define

aF (y) :=
∫
a(x0, x1)

(
1− ∂ξ

∂x1
+ ∂ξ

∂x0

)2
µ∞,y(dx) (6.64)

where µ∞,y is the product measure on R∞ with every one-dimensional marginal having
density Z−1 exp(λx − ψ(x)), with λ the unique real number such that this measure has
expectation y.

The function â is then given by

â(y) := inf
F
aF (y) (6.65)

with the infimum running over the set of all smooth, bounded functions of a finite number
of variables.

In the next proposition, we summarize a few properties of the function â :

Proposition 6.45. (i) â is a bounded, continuous function.
(ii) For any ε > 0 and C < +∞, there exists a smooth real-valued function g(xk, .., xk, y)

on R2k+2 with bounded first derivatives such that

sup
|y|≤C

(
ag(·,y)(y)− â(y)

)
< ε

and
sup
y∈R

(
ag(·,y)(y)− â(y)

)
≤ ||a||∞.

Part (i) of this Proposition comes from [Va], and part (ii) from [Qua95].
Our aim is to prove the following large deviations result :

Theorem 6.46. Assume that the sequence of initial data is of the form (6.33) for some
smooth initial profile ρ0. The sequence of random functions satisfies a LDP in L∞(H−1)
with speed N and rate function

I(ρ) :=
∫
ϕ(ρ(0, θ))− ϕ(m0(θ))− ϕ′(m0(θ))(ρ(θ)−m0(θ))dθ

+ 1
4

∫ T

0

∣∣∣∣∣∣∣∣∂ρ∂t − ∂

∂θ

(
â(ρ) ∂

∂θ
ϕ′(ρ)

)∣∣∣∣∣∣∣∣2
H−1(â(ρ(t,·)))

dt.

In the rate function, the norm is defined as

||u||2H−1(â(ρ(t,·))) := sup
v∈H1(T)

2
∫
T
u(θ)v(θ)dθ −

∫
â(ρ(t, θ))

(
∂v

∂θ

)2
dθ. (6.66)
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This result was already proved in [Qua95], under the assumption that the single site
potential ψ is uniformly convex, and that its second derivative is bounded above. Our
assumptions are a priori more general, since they allow for superquadratic potentials, but
it seems likely that, using the logarithmic Sobolev inequality proved in [MO13], the method
of [Qua95] could be extended for such functions.

The following result is the key technical estimate to prove large deviations for nongra-
dient models. It is has been proven in [Var93].

Let RN be the law of the stationary solution to the SDE (6.59), with the initial
condition X0 having law µN . Let ρ(t, θ) be a deterministic profile, which we assume to be
in L∞(H1).

Denote by ρcθ(t) :=
∫ θ+c
θ−c ρ(t, s)ds. For a given smooth function J : [0, T ]× T→ R and

a function g as in part (ii) of Proposition 6.45, we define

V (t) :=
N∑
i=1

J(t, i/N)
[
Wi,i+1 −

1
N2Lg

(
Xi−k
t , .., Xi+k

t , ρ
`/N
i/N (t)

)]

+ 1
N

N∑
i=1

J(t, i/N)â(ρε1i/N (t))
(
ϕ′(ρε1i/N+ε2(t))− ϕ′(ρε1i/N−ε2(t))

2ε2

)

− α

N

N∑
i=1

J(t, i/N)2(ag(·,ρε1
i/N

(t))(ρ
ε1
i/N (t))− â(ρε1i/N (t)) (6.67)

where α, ε1 and ε2 are positive numbers, and ` is a positive integer.
Under these notations, we have the following exponential estimate, which is due to

Varadhan [Var93] :
Theorem 6.47. For any profile ρ, any α > 0, any J and g, we have

lim
ε2→0

lim sup
ε1→0

lim sup
`→∞

lim sup
N→∞

1
N

logERN
[
exp

(
αN

∫ T

0
V (t)dt

)]
≤ 0.

Using the result, we obtain what is known in the hydrodynamic literature as the
gradient replacement estimate.
Corollary 6.48. Let (νN,t) be a sequence of flows of time-marginals of a a sequence
of processes that weakly converge to a deterministic flow ρ(t, θ). Assume moreover that
JN (νN,t) ≤ CN for some C > 0.

Then for any smooth, bounded functions J : [0, T ] × T → R and g : R2k+2 → R , we
have

lim
`→∞

lim
N

∫ T

0

∫ ∑
J(t, i/N)(Wi,i+1(x)− 1

N2 (Lg)(xi−k, .., xi+k, ρ
`/N
i/N ))νN,t(dx)dt

=
∫ T

0

∫
T
J(t, θ)â(ρ(t, θ))∂θϕ′(ρ(t, θ))dθdt.

Démonstration. First, let us show that we can build a diffusion process of law P with
time-marginals (νN,t) such that H(PN , RN ) = O(N). Since the equilibrium process is a
solution of (6.59) with initial condition µN , we know that there exists a process with
marginals (νN,t) such that

H(PN , RN ) = 1
2 EntµN (ν0,N + 1

2 EntµN (νN,T ) + 1
4

∫ T

0

∫ 〈A(∇νt + νt∇H), (∇νt + νt∇H)〉
νt

dt

+ 1
4

∫ T

0
|ν̇t|2dt

= JN (νN,t) + EntµN (νN,0)− Entf0,NµN (νN,0)
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so we only have to get an upper bound on EntµN (νN,0)− Entf0,NµN (νN,0). Moreover, the
bound on JN (νN,t) implies that Entf0,NµN (νN,0) ≤ CN .

Denoting νN,0 = ρNµN , we have

EntµN (νN,0)− Entf0,NµN (νN,0) =
∫
ρ log f0,NdµN

=
∫ ∑

ϕ′(m0(i/N))xiνN,0(dx)− logZN

≤ CN ×
√

1
N

∫ ∑
|xi|2νN,0(dx) + CN

≤ CN (6.68)
where the last bound follows from Entf0,NµN (νN,0) ≤ CN , Lemma 6.27 and the fact that
the measures f0,NµN satisfy a LSI with uniform constant, and have uniformly bounded
second moments.

Consequently, using the entropy inequality, we have

EPN
[∫ T

0
V (t)dt

]
≤ C

α
+ 1
αN

logERN
[
exp

(
αN

∫ T

0
V (t)dt

)]
(6.69)

and the result immediately follows from Theorem 6.47 and using the fact that the inequa-
lity is valid for both J and −J .

We also recall the exponential tightness estimates that have been proven in [Var93],
and which we need to apply Corollary 6.18 :
Lemma 6.49. Let PN be the law of a solution to the SDE 6.59 with initial condition X0
having a distribution f0µN that satisfies EntµN (f0) ≤ CN . Then

lim
`−→+∞

lim
N−→+∞

1
N

logPN

(
sup

0≤t≤T

1
N

∑
|Xi

t | ≥ `
)

= −∞.

and for any ε > 0 and any smooth function on the torus J , we have

lim
δ−→0

lim
N−→+∞

1
N

logPN

(
sup

0≤s≤t≤T,|s−t|≤δ

∣∣∣∣ 1
N

∑
J(i/N)(Xi

t −Xi
s)
∣∣∣∣ ≥ ε

)
= −∞.

The proof of these estimates is exactly the same as for the gradient case studied in
[DV89]. Once more, the use of a variable function a(xi, xi+1) does not make a difference
as long as it is bounded.

Lemmas 6.39 and 6.40 remain valid, so that, to prove Theorem 6.46, we only have to
study the behavior of the slopes.
Lemma 6.50.

lim inf
N

1
N

∫ T

0
|ν̇t|2dt ≥

∫ T

0
||∂tρ||2H−1(â)dt

Démonstration. Let J : [0, T ] × T −→ R be a smooth function, and F : R2k+1 −→ R
be a smooth, bounded function. Applying Lemma 6.35 with V (t, x) =

∑
J(t, i/N)xi +

1
N J
′(t, i/N)F (xi−k, .., xi+k), we get

1
N

∫ T

0
|ν̇t|2dt ≥ 2 1

N

∫
V (T, x)νT (dx)− 2 1

N

∫
V (0, x)ν0(dx)

− 2 1
N

∫ T

0

∫
∂V

∂t
(x)νt(dx)dt

− 1
N

∫ T

0

∫
〈A(x)∇V (t, x),∇V (t, x)〉νt(dx)dt. (6.70)
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We have

1
N

∫
V (T, x)νT (dx) = 1

N

∫
J(T, i/N)xiνT (dx) + 1

N2

∫
J ′(T, i/N)F (xi−k, .., xi+k)νT (dx)

= 1
N

∫
J(T, i/N)xiνT (dx) +O

( 1
N

)
−→

∫
J(T, θ)ρ(T, θ)dθ. (6.71)

In the same way,

1
N

∫
V (0, x)ν0(dx) −→

∫
J(0, θ)ρ(0, θ)dθ (6.72)

and
1
N

∫ T

0

∫
∂V

∂t
(x)νt(dx)dt −→

∫ T

0

∫
T

∂J

∂t
(t, θ)ρ(t, θ)dθdt. (6.73)

For the last term, we have

1
N

∫ T

0

∫
〈A(x)∇V (t, x),∇V (t, x)〉νt(dx)dt

= 1
N

∫ T

0

∫ ∑
i

N2a(xi, xi+1)
(
J(t, (i+ 1)/N)− J(t, i/N)

+ 1
N

i+k∑
j=i−k

∂

∂xi+1
F (xj−k, .., xj+k)−

∂

∂xi
F (xj−k, .., xj+k)

2

νt(dx)dt

= 1
N

∫ T

0

∫ ∑
i

a(xi, xi+1)J ′
(
t,
k

N

)2
1−

(
∂

∂xi+1
− ∂

∂xi

) i+k∑
j=i−k

F (xj−k, .., xj+k) +O

(
k

N

)2

νt(dx)dt

−→
∫ T

0

∫
T
aF (ρ(t, θ))

(
∂J

∂θ

)2
dθdt. (6.74)

We combine these convergence estimates, and then optimize in F and J to get the
desired result.

Lemma 6.51. For a flow of marginals νN,t that weakly converges to ρ, and such that
1
N JN ((νN,t)t) is bounded, we have

lim inf
N

1
N

∫ T

0

∫ 〈A(∇νt + νt∇H), (∇νt + νt∇H)〉
νt

dt ≥
∫ T

0

∫
T
â(ρ(t, θ))(∂θϕ′(ρ))2dθdt.

Démonstration. Let J(t, θ) be a smooth function, F : R2k+1 → R a smooth function and

let ξ(x) =
∑
F (xi−k, .., xi+k). We define ~JN (t, x) the element of RN given by ~JN (t, x)i :=

i−1∑
j=1
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J ′(t, j/N) + ∂
∂xi

[
1
N

N∑
j=1

J ′(t, j/N)F (xj−k, .., xj+k)
]
. We have

1
N

∫ T

0

∫ 〈A(∇νt + νt∇H), (∇νt + νt∇H)〉
νt

dt

≥ 2
N

∫ T

0

∫
〈A(∇νt + νt∇H), ~J〉dt− 1

N

∫ T

0

∫
〈A~J, ~J〉νt(dx)dt

= 2
∫ T

0

∫ ∑
J ′(t, i/N)Wi,i+1(x)νt(dx)dt

− 2
∫ T

0

∫ ∑ J ′(t, i/N)
N2 (LF )(xi−k, .., xi+k)νt(dx)dt

−
∫ T

0

∫ ∑
a(xi, xi+1)J ′(t, i/N)2(1− ∂ξ

∂xi+1
+ ∂ξ

∂xi
)2νt(dx)dt+ o(1) (6.75)

We then just have to use Corollary 6.48 and optimize in F to obtain

lim inf 1
N

∫ T

0

∫ 〈A(∇νt + νt∇H), (∇νt + νt∇H)〉
νt

dt

≥ 2
∫ T

0

∫
T
ϕ′(ρ(t, θ))J ′(t, θ)dθdt−

∫ T

0

∫
T
â(ρ)J(t, θ)2dθdt.

Taking the supremum over all smooth functions J then yields our Lemma.
For the Gamma-convergence upper bound, the method we use is pretty much the same

as the proof of the LDP lower bound in [Qua95], so we only give a rough sketch. We fix
a smooth profile ρ, for which there exists a continuous function h : [0, T ]× T −→ R such
that

∂ρ

∂t
= ∂

∂θ

(
â(ρ)

(
∂

∂θ
ϕ′(ρ) + h

))
. (6.76)

We consider an evolution given by the generator

L̃Nf := LNf +N
N∑
i=1

h(t, i/N)a(xi, xi+1)
(

1 + ∂

∂xi+1
ξ − ∂

∂xi
ξ

)(
∂

∂xi+1
f − ∂

∂xi
f

)
.

and initial condition the local Gibbs state associated to ρ(0, ·). It is shown in [Q, Section
3] that the solutions converge to the deterministic profile ρ. We write fN,F the law of the
solution. We have

1
N
JN (fN ) = 1

2N

∫ T

0

∫
a(xi, xi+1)h(t, i/N)2

(
1 + ∂

∂xi+1
ξ − ∂

∂xi
ξ

)2
fN (dx)dt

−→ 1
2

∫ T

0

∫
T
aF (ρ)

(
∂h

∂θ

)2
dθdt (6.77)

If, instead of using a fixed function F , we use a sequence (FN ) such that aFN (ρ) uniformly
converges to â(ρ) on compact sets (which is possible, see Proposition 6.45), we obtain the
upper bound

lim sup 1
N
JN (fN,FN ) ≤ 1

2

∫ T

0

∫
T
â(ρ)

(
∂h

∂θ

)2
dθdt

which, by representation (6.76), is the one we needed to prove the upper bound in the
Gamma convergence.
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Abstract : We obtain new transport-entropy inequalities and, as a by-product, new
deviation estimates for the law of an Euler like discretization scheme of a diffusion process
at a fixed deterministic date. Our results notably improve and complete those obtained in
[FM12]. The key point is to properly quantify the contribution of the diffusion term to the
concentration regime. We also derive a general non-asymptotic deviation bound for the
difference between a function of the trajectory of a continuous Euler scheme associated to
a diffusion process and its mean.

7.1 Introduction
In this work, we derive transport-entropy inequalities and, as a consequence, non-

asymptotic deviation estimates for the laws at a given time step of d-dimensional Euler-
Maruyama schemes. More generally, the method we use here applies to stochastic schemes
of the form

Xn+1 = Xn + γn+1H(n,Xn, Un+1), n ≥ 0, X0 = x ∈ Rd, (7.1)

where (γn)n≥1 is a deterministic positive sequence of time steps, the (Ui)i∈N∗ are i.i.d.
Rq-valued random variables defined on some probability space (Ω,F ,P) with law µ and
the function H : N × Rd × Rq → Rd is a measurable function satisfying for all x ∈ Rd,
for all n ∈ N, H(n, x, .) ∈ L1(µ), and µ(du)-a.s., H(n, ., u) is continuous. Here and below,
we will also assume that µ satisfies a Gaussian concentration property, that is there exists
β > 0 such that for every real-valued 1-Lipschitz function f defined on Rq and for all
λ ≥ 0 :

E[exp(λf(U1))] ≤ exp(λE[f(U1)] + βλ2

4 ). (GC(β))

It is well known that (GC(β)) implies the following deviation bound

P[f(U1)− E[f(U1)] ≥ r] ≤ exp(−r
2

β
) ∀r ≥ 0,

Examples of random variables satisfying this property include Gaussians, as well as
bounded random variables. A characterization of (GC(β)) due to Djellout, Guillin and
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Wu [DGW04] is given by Gaussian tail of U1, that is there exists ε > 0 such that
E[exp(ε|U1|2)] < +∞, see also Bolley and Villani [BV05] for another proof with a simple
link between the involved constants. The two claims are actually equivalent.

We are interested in furthering the discussion, initiated in [FM12], about giving non
asymptotic deviation bounds for the deviation between a function of an Euler like discre-
tization scheme of a diffusion process at a fixed deterministic date and its mean. Under
some mild assumptions, in particular the assumption that the function u 7→ H(n, x, u) is
lipschitz uniformly in space and time, it is proved in [FM12] that recursive schemes share
the Gaussian concentration property of the innovation.

In the present work, we point out the contribution of the diffusion term to the concen-
tration rate which to our knowledge is new. This covers many situations and gives rise
to different regimes ranging from exponential to Gaussian. We also derive a general non-
asymptotic deviation bound for the difference between a function of the trajectory of a
continuous Euler scheme associated to a diffusion process and its mean. It turns out that,
under mild assumptions, the concentration regime is log-normal. In the article [FF13], we
also apply the method to stochastic approximation schemes, and obtain similar results.

7.1.1 Euler–like Scheme of a Diffusion Process

We consider a Brownian diffusion process (Xt)t≥0 defined on a filtered probability space
(Ω,F , (Ft)t≥0,P), satisfying the usual conditions, and solution to the following stochastic
differential equation (SDE)

Xt = x+
∫ t

0
b(s,Xs)ds+

∫ t

0
σ(s,Xs)dWs, (SDEb,σ)

where (Wt)t≥0 is a q-dimensional (Ft)t≥0 Brownian motion and the coefficients b, σ are
assumed to be uniformly Lipschitz continuous in space and measurable in time.

A basic problem in Numerical Probability is to compute quantities like Ex[f(XT )] for
a given Lipschitz continuous function f and a fixed deterministic time horizon T using
Monte Carlo simulation. For instance, it appears in mathematical finance and represents
the price of a European option with maturity T when the dynamics of the underlying
asset is given by (SDEb,σ). To this end, we first introduce some discretization schemes of
(SDEb,σ) that can be easily simulated. For a fixed time step ∆ = T/N, N ∈ N∗, we set
ti := i∆, for all i ∈ N and define an Euler like scheme by

X∆
0 = x, ∀i ∈ [[0, N − 1]], X∆

ti+1 = X∆
ti + b(ti, X∆

ti )∆ + σ(ti, X∆
ti )∆1/2Ui+1, (7.2)

where (Ui)i∈N∗ is a sequence of Rq-valued i.i.d. random variables with law µ satisfying :
E[U1] = 0q, E[U1U

∗
1 ] = Iq, where U∗1 denotes the transpose of the column vector U1 and

0q, Iq respectively denote the zero vector of Rq and the identity matrix of Rq⊗Rq. We also
assume that µ satisfies (GC(β)) for some β > 0. The main advantage of such a situation
is that it includes the case of the standard Euler scheme where U1

d= N (0, Iq) and the case
of the Bernoulli law where U1

d= (B1, · · · , Bq), (Bk)k∈[[1,q]] are i.i.d random variables with
law µ = 1

2(δ−1 + δ1), both satisfying (GC(β)) with β = 2.
The weak error ED(f,∆, T, b, σ) = Ex[f(XT )]−Ex[f(X∆

T )] corresponds to the discreti-
zation error when replacing the diffusion X by its Euler scheme X∆ for the computation of
Ex[f(XT )]. Since the seminal work of [TT90], it is known that, under smoothness assump-
tion on the coefficients b, σ, the standard Euler scheme produces a weak error of order
∆. In a hypoelliptic setting for the coefficients b and σ and for a bounded measurable
function f , Bally and Talay [BT96] obtained the expected order using Malliavin calculus.
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Let us also mention the recent work [AJKH14] where the authors study the weak tra-
jectorial error using coupling techniques. More precisely, they prove that the Wasserstein
distance between the law of a uniformly elliptic and one-dimensional diffusion process and
the law of its continuous Euler scheme Xc,∆ with time step ∆ := T/N is smaller than
O(N−2/3+ε), ∀ε > 0.

The expansion of ED also allows to improve the convergence rate to 0 of the discreti-
zation error using Richardson-Romberg extrapolation techniques, see e.g. [TT90].

In order to have a global control of the numerical procedure for the computation of
Ex[f(XT )], it remains to approximate the expectation Ex[f(X∆

T )] using a Monte Carlo
estimator M−1 ×

∑M
k=1 f((X∆

T )j) where the ((X∆
T )j)j∈[[1,M ]] are M independent copies of

the scheme (7.2) starting at the initial value x at time 0. This gives rise to an empirical error
defined by EEmp(M,f,∆, T, b, σ) = Ex[f(X∆

T )]−M−1×
∑M
j=1 f((X∆

T )j). Consequently, the
global error associated to the computation of Ex[f(XT )] writes as

EGlob(M,∆) = Ex[f(XT )]− Ex[f(X∆
T )] + Ex[f(X∆

T )]− 1
M
×

M∑
j=1

f((X∆
T )j)

:= ED(f,∆, T, b, σ) + EEmp(M,f,∆, T, b, σ).

It is well-known that if f(X∆
T ) belongs to L2(P) the central limit theorem provides

an asymptotic rate of convergence of order M1/2. Moreover, if f(X∆
T ) ∈ L3(P), a non-

asymptotic result is given by the Berry-Essen theorem. However, in practical implemen-
tation, one is interested in obtaining deviation bounds in probability for a fixed M and a
given threshold r > 0, that is explicitly controlling P (|EEmp(M,f,∆, T, b, σ)| ≥ r).

In this context, Malrieu and Talay [MT06] obtained Gaussian deviation bounds in an
ergodic framework and for a constant diffusion coefficient. Using optimal transportation
techniques, Blower and Bolley [BB06] obtained Gaussian concentration inequalities and
transportation inequalities for the joint law of the first n positions of a stochastic processes
with state space some Polish space. Concerning the standard Euler scheme, Menozzi and
Lemaire [LM10] obtained two-sided Gaussian bounds up to a systematic bias under the
assumptions that the diffusion coefficient is uniformly elliptic, σσ∗ is Hölder-continuous,
bounded and that b is bounded. Frikha and Menozzi [FM12], getting rid of the non-
degeneracy assumption on σ, recently obtained Gaussian deviation bound under the mild
smoothness condition that b, σ are uniformly Lipschitz-continuous in space (uniformly in
time) and that σ is bounded. It should be noted that it is the boundedness of σ that gives
rise to the Gaussian concentration regime for the deviation of the empirical error.

In the current work, we get rid of the boundedness of σ and we only need the Gaussian
concentration property of the innovation. We suppose that the coefficients satisfy the
following smoothness and domination assumptions

(HS) The coefficients b, σ are uniformly Lipschitz continuous in space uniformly in time.
(HDα) There exists a C2(Rd,R∗+) function V satisfying ∃CV > 0, |∇V |2 ≤ CV V, η :=

1
2 supx∈Rd

∥∥∇2V (x)
∥∥ < +∞ and ∃α ∈ (0, 1], such that for all x ∈ Rd,

∃Cb > 0, sup
t∈[0,T ]

|b(t, x)|2 ≤ CbV (x), , ∃Cσ > 0, sup
t∈[0,T ]

Tr(a(t, x)) ≤ CσV 1−α(x).

where a = σσ∗.

The idea behind assumption (HDα) is to parameterize the growth of the diffusion
coefficient in order to quantify its contribution to the concentration regime. Indeed, under
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(HS) and (HDα), with α ∈ [1/2, 1], and if the innovations satisfy (GC(β)), for some posi-
tive β, we derive non-asymptotic deviation bounds for the empirical error EEmp(M,f,∆, T, b, σ)
ranging from exponential (if α = 1/2) to Gaussian (if α = 1) regimes. Therefore, we greatly
improve the results obtained in [FM12].

Our approach here is different from [FM12]. Indeed, in [FM12], the key tool consists in
writing the deviation using the same kind of decompositions that are exploited in [TT90]
for the analysis of the discretization error. In the current work, we will use the fact that the
Euler-like scheme (7.2) defines an inhomogenous Markov chain having Feller transitions
Pk, k = 0, · · · , N − 1, defined for non negative or bounded Borel function f : Rd → R by

Pk(f)(x) = E
[
f(X∆

tk+1)
∣∣∣X∆

tk
= x

]
= E

[
f
(
x+ b(tk, x)∆ + σ(tk, x)∆1/2U

)]
.

For every k, p ∈ {0, · · · , N − 1}, k ≤ p, we also define the iterative kernels Pk,p by

Pk,p(f)(x) = Pk ◦ · · · ◦ Pp−1(f)(x) = E
[
f(X∆

tp )
∣∣∣X∆

tk
= x

]
.

Now using that the law µ of the innovation satisfies (GC(β)) for some positive β, for
every 1-Lipschitz function f and for all λ ≥ 0, we obtain

PN−1(exp(λf))(x) = E
[
exp

(
λf
(
x+ b(tN−1, x)∆ + σ(tN−1, x)∆1/2U

))]
≤ exp

(
λPN−1(f)(x) + β

λ2

4 ∆|σ(tN−1, x)|2
)

If σ is bounded, the Gaussian concentration property will readily follow provided the
iterated kernel functions Pk,p(f) are uniformly Lipschitz. Under the mild smoothness as-
sumption (HS), this can be easily derived, see Proposition 7.17. Otherwise, using (HDα),
we obtain

PN−1(exp(λf))(x) ≤ exp
(
λPN−1(f)(x) + Cσβ∆

4 λ2V 1−α(x)
)
. (7.3)

The last inequality is the first step of our analysis. To investigate the empirical error, the
key idea is to exploit recursively from (7.3) that the increments of the scheme (7.2) satisfy
(GC(β)) and to adequately quantify the contribution of the diffusion term V 1−α(x) to the
concentration rate. Under (HS) and (HDα), the latter is addressed using flow techniques
and integrability results on the law of the scheme (7.2), see Propositions 7.13 and 7.18.

7.1.2 Transport-Entropy inequalities

As a by-product of our analysis, we derive transport-entropy inequalities for the law
of both stochastic approximation schemes. We recall here basic definitions and properties.
For a complete overview and recent developments in the theory of transport inequalities,
the reader may refer to the recent survey [GL10]. We will denote by P(Rd) the set of
probability measures on Rd.

For p ≥ 1, we consider the set Pp(Rd) of probability measures with finite moment of
order p. The Wasserstein metric Wp(µ, ν) of order p between two probability measures
µ, ν ∈ Pp(Rd) is defined by

W p
p (µ, ν) = inf

{∫
Rd×Rd

|x− y|pπ(dx, dy) : π ∈ P(Rd × Rd), π0 = µ, π1 = ν

}



7.1. Introduction 211

where π0 and π1 are two probability measures standing for the first and second marginals
of π ∈ P(Rd × Rd). For µ ∈ P(Rd), we define the relative entropy w.r.t ν ∈ P(Rd) as

H(µ, ν) =
∫
Rd

log
(
dµ

dν

)
dµ

if µ � ν and H(µ, ν) = +∞ otherwise. We are now in position to define the notion of
transport-entropy inequality. Here as below, Φ : R+ → R+ is a convex, increasing function
with Φ(0) = 0.

Definition 7.1. A probability measure µ on Rd satisfies a transport-entropy inequality
with function Φ if for all ν ∈ P(Rd), one has

Φ(W1(ν, µ)) ≤ H(ν, µ)

For the sake of simplicity, we will write that µ satisfies TΦ.

The following proposition comes from Corollary 3.4. of [GL10].

Proposition 7.2. The following propositions are equivalent :
– The probability measure µ satisfies TΦ.
– For all 1-Lipschitz function f , one has

∀λ ≥ 0,
∫

exp(λf)dµ ≤ exp
(
λ

∫
fdµ+ Φ∗(λ)

)
,

where Φ∗ is the monotone conjugate of Φ defined on R+ as Φ∗(λ) = supρ≥0 {λρ− Φ(ρ)}.

Such transport-entropy inequalities are very attractive especially from a numerical
point of view since they are related to the concentration of measure phenomenon which
allows to establish non-asymptotic deviation estimates. The three next results put an
emphasis on this point. Suppose that (Xn)n≥1 is a sequence of i.i.d. Rd-valued random
variables with common law µ.

Corollary 7.3. If µ satisfies TΦ then for all 1-Lipschitz function f and for all r ≥ 0, for
all M ≥ 1, one has

P
(
| 1
M

M∑
k=1

f(Xk)− E[f(X1)]| ≥ r
)
≤ 2 exp(−MΦ(r))

Deriving non-asymptotic deviation bounds forW1(µM , µ) is of interest for many appli-
cations in the fields of numerical probability and statistic. In its present form, next result
is due to Gozlan and Leonard [GL07], Theorem 12.

Proposition 7.4. If µ satisfies TΦ then the empirical measure µM defined as µM =
1
M

∑M
k=1 δXk satisfies the following concentration bound

P (W1(µM , µ) ≥ E[W1(µM , µ)] + r) ≤ exp (−MΦ(r)) .

where for x ∈ Rd, δx stands for the Dirac mass at point x.

The quantity E[W1(µM , µ)] will go to zero as M goes to infinity, by convergence of
empirical measures, but we still need quantitative bounds. The next result is an adaptation
of Theorem 10.2.1 in [RR98] on similar bounds but for the distance W2. For sake of
completeness, we provide a proof in Appendix 7.4.
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Proposition 7.5. Assume that µ has a finite moment of order d+ 3. Then, one has

E[W1(µM , µ)] ≤ C(d, µ)M−1/(d+2)

where

C(d, µ) := 4
√
d+ 2

√∫
Rd

(1 + |x|d+1)−1dx

√
2−2d + 23−d

∫
|y|d+3µ(dy) + 23−dd(d+ 3)!.

This bound is not optimal in general, but has the advantage of having very explicit
constants. In the case of a distribution with compact support, it has been shown in [BB13],
Section 7, that E[W1(µM , µ)] is of order O(M−1/d), and that this is the optimal exponent
in d when d ≥ 3.
In view of Kantorovich-Rubinstein duality formula, namely

W1(µ, ν) = sup
{∫

fdµ−
∫
fdν : [f ]1 ≤ 1

}
where [f ]1 denotes the Lipschitz-modulus of f , the latter result provides the following
concentration bounds ∀r ≥ 0, ∀M ≥ 1

P
(

sup
f :[f ]1≤1

(
1
M

M∑
k=1

f(Xk)− E[f(X1)]
)
≥ C(d, µ)M−1/(d+2) + r

)
≤ exp (−MΦ(r)) .

Similar results were first obtained for different concentration regimes by Bolley, Guillin,
Villani [BGV07] relying on a non-asymptotic version of Sanov’s Theorem. Some of these
results have also been derived by Boissard [Boi11] using concentration inequalities, and
were also extended to ergodic Markov chains up to some contractivity assumptions in the
Wasserstein metric on the transition kernel.

Some applications are proposed in [BGV07]. Such results can indeed provide non-
asymptotic deviation bounds for the estimation of the density of the invariant measure
of a Markov chain. Let us note that the (possibly large) constant C(d, µ) appears as a
trade-off to obtain uniform deviations over all Lipschitz functions.

As a consequence of the transport-entropy inequalities obtained for the laws at a given
time step of Euler like schemes and stochastic approximation algorithm, we will derive
non-asymptotic deviation bounds in the Wasserstein metric.

7.2 Main Results

Theorem 7.6 (Transport-Entropy inequalities for Euler like schemes). Denote by X∆
T

the value at time T of the scheme (7.2) associated to the diffusion (SDEb,σ) starting
from x at time 0. Denote the Lipschitz modulus of b and σ appearing in the diffusion
process (SDEb,σ) by [b]1 and [σ]1, respectively and by µ∆

T the law of X∆
T . Assume that the

innovations (Ui)i≥1 in (7.2) satisfy (GC(β)) for some β > 0 and that the coefficients b, σ
satisfy (HS) and (HDα) for α ∈ [1

2 , 1].
Then, µ∆

T satisfies TΦ∗α with Φ∗α(λ) = supρ≥0 {λρ− Φα(ρ)} and one has :
– If α ∈ (1

2 , 1], for all ρ ≥ 0

Φα(ρ) = Ψα(T,∆, b, σ, x)(ρ2 ∨ ρ
2α

2α−1 ),
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– If α = 1
2 , for all ρ ∈ [0, ϕ(T, b, σ,∆)−1/2λ3.2)

Φ1/2(ρ) = K3.2
(ρϕ(T, b, σ,∆)1/2/λ3.2)2

1− (ρϕ(T, b, σ,∆)1/2/λ3.2)
.

Moreover, we have Ψα(T,∆, b, σ, x) = K3.1(ϕ(T, b, σ,∆)2∨ϕ(T, b, σ,∆)
α

2α−1 ), ϕ(T, b, σ,∆) =
Cσβ

(1+C(∆)∆)
4C(∆) e3C(∆)T , C(∆) := 2[b]1 +[σ]21 +∆[b]21, the constants K3.1, λ3.2 and K3.2 being

defined in Corollaries 7.14 and 7.16 respectively.

Note that in the above theorem, we do not need any non-degeneracy condition on the
diffusion coefficient.

In the case α ∈ (1
2 , 1], one easily gets the following explicit formula :

– If λ ∈ [0, 2Ψ], then Φ∗α(λ) = 1
4Ψλ

2 ;
– If λ ∈ [ 2α

2α−1Ψ,+∞), then Φ∗α(λ) = 1
2α

(
2α−1
2αΨ

)2α−1
λ2α ;

– If λ ∈ (2Ψ, 2α
2α−1Ψ),then Φ∗α(λ) = λ−Ψ.

Let us note that the linear behavior of Φ∗α on a small interval is due to the fact that
Φα is not C1. One may want to replace ρ2 ∨ ρ

2α
2α−1 by ρ2 + ρ

2α
2α−1 (up to a factor 2) in

the expression of Φα. However, in this case, an explicit expression for Φ∗α does not exist
(except for the case α = 1) and only its asymptotic behavior can be derived so that one
is led to compute it numerically in practical situations.

In the case α = 1/2, tedious but simple computations show that

Φ∗1/2(λ) =
((

1 + λ3.2
K3.2ϕ(T, b, σ,∆)1/2λ

) 1
2
− 1

)2

.

This behavior corresponds to a concentration profile that is Gaussian at short distance,
and exponential at large distance.

Remark 7.7. The order of magnitude of our bounds is actually optimal in α under
our general assumptions. For example, if we consider the diffusion process dXt = (1 +
X2
t )(1−α)/2dBt, then the process Yt = V (Xt), with V (x) :=

∫ x
0 (1 + s2)(α−1)/2ds, satisfies

the SDE dYt = dBt + b(Yt)dt, where b is a bounded drift. This process therefore has the
same concentration properties as a Brownian motion, which are known to be Gaussian.
From this, we deduce

Px(Xt ≥ r) = Px(Yt ≥ V (r)) ≤ exp(−cV (r)2).

This is indeed the order of magnitude of the concentration bounds given by Theorem 7.6.

Corollary 7.8. (Non-asymptotic deviation bounds) Under the same assumptions as Theo-
rem 7.6, one has :

– for all real-valued 1-Lipschitz function f defined on Rd, for all α ∈ [1/2, 1] for all
M ≥ 1 and all r ≥ 0,

Px

(
| 1
M

M∑
k=1

f((X∆
T )k)− Ex[f(X∆

T )]| ≥ r
)
≤ 2 exp(−MΦ∗α(r)),

– for all α ∈ [1/2, 1], for all M ≥ 1 and all r ≥ 0,

Px

(
sup

f :[f ]1≤1

(
1
M

M∑
k=1

f((X∆
T )k)− Ex[f(X∆

T )]
)
≥ C(d, µ∆

T )
M1/(d+2) + r

)
≤ exp (−MΦ∗α(r)) ,
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where the ((X∆
T )k)1≤k≤M are M independent copies of the scheme (7.2).

The constant C(d, µ∆
T ) depends on the moment of order d+3 of µ∆

T . Hence, an explicit
control in terms of x, b, σ,∆ can be easily obtained under our general assumptions. We
leave the computational details to the reader.

Remark 7.9 (Extension to smooth functions of a finite number of time step). The pre-
vious transport-inequalities and non-asymptotic bounds could be extended to smooth
functions of a finite number of time step such as the maximum of a scalar Euler like
scheme. In that case, it suffices to introduce the additional state variable (M∆

ti )i≥1 :=
(maxk∈[[0,i]]X

∆
tk

)i≥1. Now, the couple (X∆
ti ,M

∆
ti )1≤i≤N is Markovian and similar arguments

could be easily extended to the couple for Lipschitz functions of both variables.

Remark 7.10 (Transport-Entropy inequalities for the law of a diffusion process). The
previous transport-inequalities and non-asymptotic bounds could be extended to the law
at time T of the diffusion process solution to (SDEb,σ) by passing to the limit ∆ →
0. Indeed, it is well-known that under (HS), one has X∆

T
a.s.−→ XT , as ∆ → 0 and by

Lebesgue theorem, one deduces from the first result of Corollary 7.8 that the empirical error
(empirical mean) of XT itself satisfies a non-asymptotic deviation bound with a similar
deviation function (just pass to the limit ∆ → 0 in all constants). Then, using Corollary
5.1 in [GL10] (equivalence between deviation of the empirical mean and transport-entropy
inequalities), one easily derives that the law of XT satisfies a similar transport-entropy
inequalities when α ∈ (1/2, 1].

We want to point out that it is the growth of σ that gives the concentration regime
ranging from Gaussian concentration bound if α = 1 to exponential when α = 1

2 . Ho-
wever, in many popular models in finance, the diffusion coefficient is linear, for instance
practitioners often have to deal with Black-Scholes like dynamics of the form

Xt = x0 +
∫ t

0
b(Xs)Xsds+

∫ t

0
σ(Xs)XsdWs

for smooth, bounded coefficients b, σ. This corresponds to assumption (HDα) where α = 0
and V (x) = 1 + |x|2, x ∈ Rd. For the estimation of Ex[f(X∆

T )] for a Lipschitz function
f : Rd → R, or even in more general situations, the estimation of Ex[f(X∆)] for a Lip-
schitz function f : C → R, where C := C([0, T ],Rd) stands for the space of Rd-valued
continuous functions on [0, T ], equipped with the uniform norm ||f ||∞ := sup0≤t≤T |f(t)|,
the expected concentration is the log-normal one. To deal with the latter case, we consider
the continuous Euler scheme Xc,∆ associated to (SDEb,σ) and writing

∀t ∈ [0, T ], Xc,∆
t = x+

∫ t

0
b(φ(s), Xc,∆

φ(s))ds+
∫ t

0
σ(φ(s), Xc,∆

φ(s))dWs, x ∈ Rd. (7.4)

where we set φ(t) := ti for ti ≤ t < ti+1, i ∈ N. The next result provides a general
non-asymptotic deviation bound for the empirical error under very mild assumptions.

Theorem 7.11 (General non-asymptotic deviation bounds). Denote by Xc,∆ := (Xc,∆
t )0≤t≤T

the path of the scheme (7.4) with step ∆ starting from point x at time 0. Assume that
∀t ∈ [0, T ], the coefficients b(t, .) and σ(t, .) are continuous functions in x and that they
satisfy the linear growth assumption :

∀x ∈ Rd, sup
t∈[0,T ]

|b(t, x)| ≤ Cb(1 + |x|), sup
t∈[0,T ]

Tr(a(t, x)) ≤ Cσ(1 + |x|2).
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Then, for all 1-Lipschitz function f : C → R, for all M ∈ N∗, for all r ≥ 0, one has

Px

(
| 1
M

M∑
k=1

f((Xc,∆)k)− Ex[f(Xc,∆)]| ≥ r
)
≤


2e−

r2M
(2(1+|x|))2 exp(2κ(b,σ,T )) , if r

√
M

2(1+|x|) ≤ e
κ(b,σ,T )

2e
− 1

4κ(b,σ,T ) log
(

r2M
(2(1+|x|))2

)2

, otherwise

where κ(b, σ, T ) := 28(1 + (Cσ ∨ Cb)T ) and ((Xc,∆)k)1≤k≤M are M independent copies of
the scheme (7.4). The result remains valid when one considers the path of the diffusion X
solution to (SDEb,σ) instead of the continuous Euler scheme.
Remark 7.12. We want to point out that though the constants appearing in the above
non-asymptotic deviation bound are all-purpose and rough estimates, the decay in r is
optimal. Indeed, if we select b(t, x) = 0, σ(t, x) = σx, σ > 0, so that Xt = x0 exp(σWt −
σ2t/2), M = 1 and f = ΠT , where ΠT denotes the projection at time T , sharp bounds
can be easily derived and it is plain to see that in this simple example the concentration
regime for large values of r is the log-normal one and gaussian for small values of r.

7.3 Euler Scheme : Proof of the Main Results
In this section we will assume that (HS) and (HDα) are in force.

7.3.1 Proof of Theorem 7.6

The proof of Theorem 7.6 is divided into several propositions. Next proposition stresses
the key role played by the Gaussian concentration property of the innovations law, that is
a weaker concentration regime will lead to a lower integrability rate with respect to α.
Proposition 7.13. Denote by X∆ := (X∆

tk
)0≤k≤N the scheme (7.2) with time step ∆ =

T/N , N ∈ N∗ associated to the diffusion (SDEb,σ) starting from x at time 0. Assume that
the innovations (Ui)i≥1 of (7.2) satisfy (GC(β)) for some β > 0. Then, there exists εβ > 0
which only depends on the law µ such that for all λ < min(1, εβ(2ηαCσT exp(CT ))−1),
one has

sup
0≤n≤N

log
(
Ex
[
exp(λV α(X∆

tn))
])
≤ λ exp(CT )V α(x)+1

2 log
(
E
[
exp

(
λ2ηαCσT exp(CT )|U1|2

)])
.

with C := C(b, σ, V, α,∆) = α(CV Cb)
1
2 + βCσα

2(1 + 2η∆)2(CV + Cb) + αηCb∆.
Démonstration. Using the concavity of x 7→ xα, α ∈ (0, 1], we have for all k ≥ 0

V α(X∆
tk+1)− V α(X∆

tk
) ≤ αV α−1(X∆

tk
)(V (X∆

tk+1)− V (X∆
tk

)).

A Taylor expansion of order 2 of the function V , recalling that 2η = supx∈Rd
∥∥∇2V (x)

∥∥ <
+∞, yields

V (X∆
tk+1)− V (X∆

tk
)) ≤ ∇V (X∆

tk
).(X∆

tk+1 −X
∆
tk

) + η|X∆
tk+1 −X

∆
tk
|2,

which together with the previous inequality leads to

V α(X∆
tk+1)− V α(X∆

tk
) ≤ α∆

∇V (X∆
tk

).b(tk, X∆
tk

)
V 1−α(X∆

tk
)

+ α∆
1
2
∇V (X∆

tk
).σ(tk, X∆

tk
)Uk+1

V 1−α(X∆
tk

)

+ αη∆2 |b(tk, X
∆
tk

)|2

V 1−α(X∆
tk

)
+ 2αη∆

3
2
b(tk, X∆

tk
).σ(tk, X∆

tk
)Uk+1

V 1−α(X∆
tk

)

+ αη∆
|σ(tk, X∆

tk
)Uk+1|2

V 1−α(X∆
tk

)
.
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From (HDα), for all (x, u) ∈ Rd × Rq, we clearly have supt∈[0,T ] |∇V (x).b(t, x)| ≤
(CV Cb)

1
2V (x) and supt∈[0,T ] |σ(t, x)u|2 ≤ CσV 1−α(x)|u|2 which yields

V α(X∆
tk+1) ≤ V α(X∆

tk
)(1 + α(CV Cb)

1
2 ∆ + αηCb∆2)

+ α∆
1
2 (1 + 2η∆)

(∇V (X∆
tk

) + b(X∆
tk

)).σ(X∆
tk

)Uk+1

V 1−α(X∆
tk

)
+ Cσαη∆|Uk+1|2.

Using (HDα), ∀x ∈ Rd the functions g(x, .) : u 7→ (∇V (x)+b(x)).σ(x)u
V 1−α(x) are Lipschitz, and

more precisely satisfy

∀x ∈ Rd, sup
(u,u′ )∈(Rq)2

|g(x, u)− g(x, u′)|
|u− u′ |

≤ (C1/2
V + C

1/2
b )C1/2

σ V
α
2 (x).

Hence, from the Cauchy Schwarz inequality and since the law of the innovations satisfy
(GC(β)) for some β > 0, there exists εβ > 0 such that for λ < min(1, εβ(2ηαCσ∆)−1),
one has

E
[
exp(λV α(X∆

tk+1))
∣∣∣Ftk] ≤ exp(λV α(X∆

tk
)(1 + α(CV Cb)

1
2 ∆ + αηCb∆2))

× E
[
exp(2λα∆

1
2 (1 + 2η∆)g(X∆

tk
, Uk+1))

∣∣∣Ftk] 1
2

× E
[
exp(2ληαCσ∆|Uk+1|2)

∣∣∣Ftk] 1
2

≤ exp(λV α(X∆
tk

)(1 + α(CV Cb)
1
2 ∆ + αηCb∆2))

× exp(λ2βα2∆(1 + 2η∆)2(CV + Cb)CσV α(X∆
tk

))

× E
[
exp(2ληαCσ∆|U1|2)

] 1
2

≤ exp(λC(∆)V α(X∆
tk

))E
[
exp(2ληαCσ∆|U1|2)

] 1
2 ,

where C(∆) := 1 + ∆
(
α(CV Cb)

1
2 + βCσα

2(1 + 2η∆)2(CV + Cb) + αηCb∆
)
. Now define

Vk =
V α(X∆

tk
)

C(∆)k , for k ∈ {0, · · · , N}. Taking expectation in both sides of the previous in-
equality clearly implies

E [exp(λVk+1)] ≤ E [exp(λVk)]E
[
exp

(
λ

2ηαCσ∆
C(∆)k+1 |U1|2

)] 1
2

and by a straightforward induction, for n ∈ {0, · · · , N} we have

E [exp(λVn)] ≤ exp(λV0)
n−1∏
k=0

E
[
exp

(
λ

2ηαCσ∆
C(∆)k+1 |U1|2

)] 1
2
,

which finally yields, for λ < min(1, εβ(2ηαCσ∆C(∆)n)−1),

E
[
exp(λV α(X∆

tn))
]
≤ exp(λC(∆)nV α(x))

n−1∏
k=0

E
[
exp

(
λ2ηαCσ∆C(∆)k+1|U1|2

)] 1
2 .

Observe now that C(∆)N ≤ exp(CT ) with C := C(b, σV, α,∆) = α(CV Cb)
1
2 +

βCσα
2(1 + 2η∆)2(CV +Cb) + αηCb∆. Using Jensen’s inequality, the latter bound clearly

provides the following control of the quantity of interest for λ < min(1, εβ(2ηαCσT exp(CT ))−1)

sup
0≤n≤N

log
(
E
[
exp(λV α(X∆

tn))
])
≤ λ exp(CT )V α(x)+1

2 log
(
E
[
exp

(
λ2ηαCσT exp(CT )|U1|2

)])
.
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Corollary 7.14. Assume that the assumptions of Proposition 7.13 are satisfied. Then,
there exists a constant K3.1 such that for all α ∈ (1

2 , 1], one has

∀λ ≥ 0, sup
0≤n≤N

log
(
Ex
[
exp(λV 1−α(X∆

tn))
])
≤ K3.1(λ ∨ λ

α
2α−1 ).

Remark 7.15. The constant K3.1 can be explicitly computed. Indeed, one has K3.1 :=
max (Ψ1(T,∆, x, b, σ),Ψ2(T,∆, x, b, σ)) with

Ψ1(T,∆, x, b, σ) := e
2α−1
α

ρ
− 1−α

2α−1 exp
(
ρ

1− α
α

eCTV α(x) + 1
2 logE[e

εβ(1−α)
2α |U |2 ]

)

+

V 1−α(x) +
(
CσE[|U |2]

K

) 1−α
α

 e(1−α)KT ,

Ψ2(T,∆, x, b, σ) := ρ−
1−α
2α−1

2α− 1
α

+ ρ
1− α
α

eCTV α(x) + 1
2 logE

[
exp

(
εβ(1− α)

2α |U |2
)]

,

ρ := 1
2 min(1, εβ(2ηαCσT exp(CT ))−1),

C := C(b, σV, α,∆) = α(CV Cb)
1
2 + βCσα

2(1 + 2η∆)2(CV + Cb) + αηCb∆

K := K(V, b,∆) = (CV Cb)
1
2 + ηCb∆

Démonstration. For λ ∈ [0, 1], one has

Ex[exp(λV 1−α(X∆
tn))] = 1 + λEx[V 1−α(X∆

tn)] +
∑
k≥2

λk

k! Ex[V (1−α)k(X∆
tn)]

≤ 1 + λEx[V 1−α(X∆
tn)] + λ

∑
k≥0

1
k!Ex[V (1−α)k(X∆

tn)]

≤ exp
(
λ(Ex[V 1−α(X∆

tn)] + Ex[exp(V 1−α(X∆
tn))])

)
,

Tedious but simple computations, in the spirit of Proposition 7.13, show that

Ex[V 1−α(X∆
tn)] ≤ Ex[V α(X∆

tn)]
1−α
α ≤

V 1−α(x) +
(
CσE[|U |2]

K

) 1−α
α

 e(1−α)KT .

with K := K(V, b,∆) = (CV Cb)
1
2 + ηCb∆.

Thanks to the following Young inequality, for all (ρ, x) ∈ R+×Rd, V 1−α(x) ≤ 1−α
α ρV α(x)+

2α−1
α ρ−

1−α
2α−1 , which is valid if α ∈ (1

2 , 1], one has for ρ = ρ := 1
2 min(1, εβ(2ηαCσT exp(CT ))−1)

sup
0≤n≤N

Ex[exp(V 1−α(X∆
tn))] ≤ e

2α−1
α

ρ
− 1−α

2α−1 sup
0≤n≤N

Ex
[
exp

(1− α
α

ρV α(X∆
tn)
)]

≤ e
2α−1
α

ρ
− 1−α

2α−1
eρ

1−α
α
eCTV α(x)+ 1

2 logE[exp(
εβ(1−α)

2α |U |2)]

where we used Proposition 7.13 for the last inequality.
Now, for all λ > 1, using the Young inequality λV 1−α(X∆

tn) ≤ (2α−1
α )ρ−

1−α
2α−1λ

α
2α−1 +

(1−α
α )ρV α(X∆

tn), valid for all ρ > 0 (to be chosen later on) and for all α ∈ (1
2 , 1], one derives

Ex[exp(λV 1−α(X∆
tn))] ≤ exp

(
(2α− 1

α
)ρ−

1−α
2α−1λ

α
2α−1

)
Ex
[
exp

((1− α
α

)
ρV α(X∆

tn)
)]

≤ exp
(
Kλ

α
2α−1

)
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withK(ρ) := 2α−1
α ρ−

1−α
2α−1 +log(Ex

[
e(

1−α
α )ρV α(X∆

tn
)
]
) and 1−α

α ρ < min(1, εβ(2ηαCσTeCT )−1).
We select ρ = ρ in the last inequality to complete the proof and use Proposition 7.13 to
bound the quantity K(ρ).

Corollary 7.16. Under the same assumptions as Proposition 7.13, one has

∀λ ∈ [0, λ3.2), sup
0≤n≤N

log
(
Ex
[
exp(λ2V 1/2(X∆

tn))
])
≤ K3.2

(λ/λ3.2)2

1− (λ/λ3.2)

with K3.2 := λ2
3.2e

CT (2V
1
2 (x)+2ηαCσE[|U1|2]T ) and λ3.2 satisfies E[eλ2

3.22ηαCσT exp(CT )|U1|2 ] ≤
2.

Démonstration. By definition of λ3.2, we have ∀k ≥ 1, λ2k
3.2(2ηαCσT exp(CT ))kE[|U1|2k] ≤

2k!. Consequently, setting temporarily C1 := exp(CT )V 1/2(x), C2 := 2ηαCσT exp(CT )
for sake of simplicity, simple computations show that for λ < λ3.2

logE
[
exp

(
λ2C2|U1|2

)]
− λ2C2E[|U1|2] = log

1 +
∑
k≥1

λ2kCk2E[|U1|2k]
k!

− λ2C2E[|U1|2]

≤
∑
k≥2

λ2kCk2E[|U1|2k]
k!

≤ 2
∑
k≥2

(
λ

λ3.2

)2k
≤ 2 (λ/λ3.2)2

1− (λ/λ3.2)

hence, using Proposition 7.13 for α = 1
2 , we clearly get

sup
0≤n≤N

log
(
Ex
[
exp(λ2V 1/2(X∆

tn))
])
≤ λ2

3.2

(
C1 + C2E[|U1|2]

2

)
(λ/λ3.2)2 + (λ/λ3.2)2

1− (λ/λ3.2)

≤ 2λ2
3.2

(
C1 + C2E[|U1|2]

2

)
(λ/λ3.2)2

1− (λ/λ3.2) .

This completes the proof.

Proposition 7.17. (Control of the Lipschitz modulus of iterative kernels) Denote the
Lipschitz modulus of b and σ appearing in the diffusion process (SDEb,σ) by [b]1 and [σ]1,
respectively. Denote by Pk and Pk,p = Pk ◦ · · · ◦ Pp−1, k, p ∈ {0, · · · , N − 1}, k ≤ p
the (Feller) transition kernel and the iterative kernels of the Markov chain defined by
the scheme (7.2), respectively. Then, for all real-valued Lipschitz function f and for all
k, p ∈ {0, · · · , N − 1}, k ≤ p the functions Pk(f) are Lipschitz-continuous and one has

[Pk,p(f)]1 := sup
(x,x′)∈(Rd)2

|Pk,p(f)(x)− Pk,p(f)(x′)|
|x− x′|

≤ [f ]1(1 + C(b, σ,∆)∆)
p−k

2

where [f ]1 stands for the Lipschitz modulus of the function f and C(b, σ,∆) = 2[b]1 +
[σ]21 + ∆[b]21.

Démonstration. Using the Cauchy Schwarz inequality and (HS), for all (x, y) ∈ (Rd)2 and
for all k ∈ {0, · · · , N − 1}, one has

|Pk(f)(x)− Pk(f)(y)| ≤ E
[∣∣∣f(x+ b(tk, x)∆ + σ(tk, x)U1)− f(y + b(tk, y)∆ + ∆

1
2σ(tk, y)U1)

∣∣∣]
≤ [f ]1E

[∣∣∣x− y + (b(tk, x)− b(tk, y))∆ + ∆
1
2 (σ(tk, x)− σ(tk, y))U1

∣∣∣2] 1
2

≤ [f ]1(1 + C(b, σ,∆)∆)
1
2 |x− y|.
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A straightforward induction argument completes the proof.

Proposition 7.18. (Control of the Laplace transform) Denote by X∆
T the value at time

T of the scheme (7.2) associated to the diffusion (SDEb,σ). Assume that the innovations
(Un)n≥1 in (7.2) satisfy (GC(β)) for some β > 0. Let f be a real-valued 1-Lipschitz-
continuous function defined on Rd. For all λ ≥ 0 and for all α ∈ (1

2 , 1], one has

Ex
[
exp(λf(X∆

T ))
]
≤ exp(λEx

[
f(X∆

T )
]
) exp

(
K3.1(ϕ(T, b, σ,∆) ∨ ϕ(T, b, σ,∆)

α
2α−1 )(λ2 ∨ λ

2α
2α−1 )

)
,

with ϕ(T, b, σ,∆) := Cσβ
(1+C(∆)∆)

4C(∆) e3C(∆)T and C(∆) := 2[b]1 + [σ]21 + ∆[b]21.
If α = 1

2 , for all λ ∈ [0, ϕ(T, b, σ,∆)−1/2λ3.2), one has

Ex
[
exp(λf(X∆

T ))
]
≤ exp(λEx

[
f(X∆

T )
]
) exp

(
K3.2

(λϕ(T, b, σ,∆)1/2/λ3.2)2

1− (λϕ(T, b, σ,∆)1/2/λ3.2)

)
.

Démonstration. As mentionned earlier on in the introduction, we begin our proof using
that the law µ of the innovation satisfies (GC(β)) and (HDα). Hence, for λ ≥ 0 and
k ∈ {0, · · · , N − 1}, one has

Pk(exp(λf))(x) = E
[
exp

(
λf
(
x+ b(tk, x)∆ + σ(tk, x)∆1/2Uk+1

))]
≤ exp

(
λPk(f)(x) + β

λ2

4 [f ]21∆|σ(tk, x)|2
)

≤ exp
(
λPk(f)(x) + Cσβ

λ2

4 [f ]21∆V 1−α(x)
)
. (7.5)

Taking expectation from both sides of the last inequality and using the Hölder inequa-
lity with conjugate exponents (p, q) (to be specified later on) leads to

Ex
[
exp(λf(X∆

tk+1))
]
≤ Ex

[
exp(λpPk(f)(X∆

tk
))
] 1
p Ex

[
exp

(
qCσβ

4 ∆λ2[f ]21V 1−α(X∆
tk

)
)] 1

q

.

(7.6)
Now, we apply the last inequality for f := Pk+1,N (f) and obtain

Ex
[
exp(λPk+1,N (f)(X∆

tk+1))
]
≤ Ex

[
exp(λpPk,N (f)(X∆

tk
))
] 1
p

× Ex
[
exp

(
qCσβ

4 ∆λ2[Pk+1,N (f)]21V 1−α(X∆
tk

)
)] 1

q

.

Consequently, an elementary induction yields

Ex
[
exp(λf(X∆

T ))
]

= Ex
[
exp(λPN,N (f)(X∆

tN
))
]

≤ Ex
[
exp(λpNP0,N (f)(x))

] 1
pN

×
N−1∏
k=0

(
Ex
[
exp

(
Cσβ

4 λ2qp2k∆[PN−k,N (f)]21V 1−α(X∆
tN−k−1)

)] 1
q

) 1
pk

≤ exp(λEx
[
f(X∆

T )
]
)

× exp
(
N−1∑
k=0

1
pk

1
q

sup
0≤n≤N

log
(
Ex
[
e
Cσβ

4 λ2∆qp2N (1+C(∆)∆)NV 1−α(X∆
tn

)
]))
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where we used Proposition 7.17 for the last inequality. Observe now that since (p, q) are
conjugate exponents, we have 1

q

∑N−1
k=0

1
pk

= 1
q (1− 1

pN
) 1

1− 1
p

≤ 1
q

p
p−1 = 1, so that

Ex
[
exp(λf(X∆

T ))
]
≤ exp(λEx

[
f(X∆

T )
]
)e

sup0≤n≤N log
(
Ex

[
e
Cσβ

4 λ2∆qp2N (1+C(∆)∆)NV 1−α(X∆
tn

)
])
.

Setting p := 1 + C(∆)∆, q = p
p−1 = 1+C(∆)∆

C(∆)∆ and using the straightforward inequality
(1 + C(∆)∆)3N ≤ exp(3C(∆)T ), we derive

Ex
[
exp(λf(X∆

T ))
]
≤ exp(λEx

[
f(X∆

T )
]
)e

sup0≤n≤N log
(
Ex

[
e
Cσβ(1+C(∆))

4C(∆) e3C(∆)T λ2V 1−α(X∆
tn

)
])
.

We set ϕ(T, b, σ,∆) := Cσβ
(1+C(∆)∆)

4C(∆) e3C(∆)T . For α ∈ (1
2 , 1], Corollary 7.14 clearly implies

Ex
[
exp(λf(X∆

T ))
]
≤ exp(λEx

[
f(X∆

T )
]
) exp

(
K3.1(ϕ(T, b, σ,∆) ∨ ϕ(T, b, σ,∆)

α
2α−1 )(λ2 ∨ λ

2α
2α−1 )

)
and for α = 1

2 , according to Proposition 7.16, for λ < ϕ(T, b, σ,∆)−1/2λ3.2, one has

Ex
[
exp(λf(X∆

T ))
]
≤ exp(λEx

[
f(X∆

T )
]
) exp

(
K3.2

(λϕ(T, b, σ,∆)1/2/λ3.2)2

1− (λϕ(T, b, σ,∆)1/2/λ3.2)

)
.

7.3.2 Proof of Theorem 7.11

We will prove the result for the process X solution of (SDEb,σ). The proof for the
continuous Euler scheme is similar. The following lemma is standard. As will become
clear in the discussion below, the only interest it holds is to know the explicit behavior
with respect to p. This behavior is optimal as it can be readily checked by taking Xt =
x0 exp(σWt − σ2t/2), t ∈ [0, T ], see also remark 7.12.

Lemma 7.19. Under the assumptions of Theorem 7.11, for all p ≥ 1, one has

Ex[ sup
0≤t≤T

|Xt|2p] ≤ (1 + |x|)2p exp(26p2(1 + (Cb ∨ Cσ)T )).

Démonstration. Let g : x 7→
√

1 + |x|2 satisfying for all x ∈ Rd, ∇g(x) = g−1(x)x,
∇2g(x) = g−1(x)Id − g−3(x)xx∗ and V : x 7→ g2p(x). We apply Itô’s formula to the
process V (Xt) with ∇V (x) = 2pg(x)2p−1∇g(x), ∇2V (x) = 2pg(x)2p−1∇2g(x) + 2p(2p −
1)g(x)2p−2∇g(x)∇g(x)∗ noticing that for all t ∈ [0, T ]

∇V (x).b(t, x) + 1
2Tr(σ

∗∇2V σ)(t, x) ≤ 2pCbg(x)2p−1(1 + |x|) + 1
2Cσ(1 + |x|2)||∇2V (x)||

≤ 4pCbg(x)2p

+ 1
2Cσ(1 + |x|2)(4pg(x)2p−2 + 2p(2p− 1)g(x)2p−2)

≤ 4p(Cb ∨ Cσ)g(x)2p + 2p(Cb ∨ Cσ)g(x)2p

+ p(2p− 1)(Cb ∨ Cσ)g(x)2p

≤ 8p2(Cb ∨ Cσ)V (x)
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we clearly obtain,

V (Xτm
t ) ≤ V (x) + 8p2(Cb ∨ Cσ)

∫ t

0
V (Xτm

s )ds+
∫ t∧τm

0
(∇V ∗σ)(Xτm

s )dWs, (7.7)

where we classically introduced the stopping time τm := inf {t ≥ 0 : |Xt − x| ≥ m} for
m ∈ N∗ and Xτm := (Xt∧τm)t≥0. The stochastic integral Mm

t :=
∫ t∧τm

0 (∇V ∗σ)(Xτm
s )dWs

defines a continuous martingale so that taking expectation in the previous inequality
clearly yields

Ex[V (Xτm
t )] ≤ V (x) + 8p2(Cb ∨ Cσ)

∫ t

0
Ex[V (Xτm

s )]ds.

Now, using Gronwall’s lemma we derive

∀m ∈ N∗, sup
t∈[0,T ]

Ex[V (Xτm
t )] ≤ (1 + |x|)2p exp(8p2(Cb ∨ Cσ)T )

As τm → +∞ a.s., as m→ +∞ (since sups∈[0,t] |Xs| < +∞) using Fatou’s lemma, we
finally obtain for all p ≥ 1

sup
0≤t≤T

Ex[V (Xt)] = sup
0≤t≤T

Ex[g(Xt)2p] ≤ (1 + |x|)2p exp(8p2(Cb ∨ Cσ)T ). (7.8)

We then observe that Itô’s formula also implies

Ex[ sup
0≤s≤t

V (Xτm
t )] ≤ V (x) + 8p2(Cb ∨ Cσ)

∫ t

0
Ex[ sup

0≤u≤s
V (Xτm

u )]ds+ Ex[(Mm
t )∗] (7.9)

where (Mm
t )∗ := sup0≤s≤tM

m
s . Combining Jensen’s and Doob’s inequalities, one clearly

gets

Ex[(Mm
t )∗]2 ≤ Ex[((Mm

t )∗)2] ≤ 4Ex[(Mm
t )2] ≤ 16p2Cσ

∫ t

0
Ex[g(Xτm

s )4p]ds

≤ 16p2CσT (1 + |x|)4p exp(32p2(Cb ∨ Cσ)T )

where we used ∀x ∈ Rd, (∇V ∗σ)2(x) ≤ 4p2Cσg(x)4p−2(1 + |x|2) = 4p2Cσg(x)4p and (7.8)
for the last inequality. Consequently, plugging the latter estimate into (7.9), one has for
all t ∈ [0, T ]

Ex[ sup
0≤s≤t

V (Xτm
t )] ≤ V (x) + 4p(CσT )

1
2 (1 + |x|)2p exp(16p2(Cb ∨ Cσ)T )

+ 8p2(Cb ∨ Cσ)
∫ t

0
Ex[ sup

0≤u≤s
V (Xτm

u )]ds

≤ (1 + |x|)2p(1 + 4p(CσT )
1
2 exp(16p2(Cb ∨ Cσ)T ))

+ 8p2(Cb ∨ Cσ)
∫ t

0
Ex[ sup

0≤u≤s
V (Xτm

u )]ds

so that using Gronwall’s lemma yields and passing to the limit m→ +∞, for all p ≥ 1

Ex[ sup
0≤t≤T

|Xt|2p] ≤ Ex[ sup
0≤s≤T

V (Xt)] ≤ 2(1 + |x|)2p exp(26p2(1 + (Cb ∨ Cσ)T )).
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For all real-valued and 1-Lipschitz function f defined on C and for all p ≥ 1, one has

Ex[|f(X)− Ex[f(X)]|2p] = Ex[|f(X)− f(0) + f(0)− Ex[f(X)]|2p] ≤ 22pEx[||X||2p∞]
≤ 22p+1(1 + |x|)2p exp(26p2(1 + (Cb ∨ Cσ)T )) (7.10)

where we used Lemma 7.19 for the last inequality. Now, combining the Chebyshev and
Rosenthal inequalities for independent zero-mean random variables (see e.g. [JSZ85]), for
all p ≥ 1, there exists C2p > 0 such that

Px

(
1
M
|
M∑
k=1

f(Xk)− Ex[f(X)]| ≥ r
)
≤ Ex[(

∑M
k=1 f(Xk)− Ex[f(X)])2p]

r2pM2p

≤ C2p
Ex[|f(X)− Ex[f(X)]|2p]

r2pMp

≤ 2(2(1 + |x|))2p exp(28p2(1 + (Cb ∨ Cσ)T ))
r2pMp

:= 2 exp(−ϕ(p))

with ϕ(p) := −κ(b, σ, T )p2 + p log( r2M
(2(1+|x|))2 ) and where we used for all p ≥ 1, C2p ≤

(2p)2p ≤ exp(2p2), see e.g. p.235-236 in [JSZ85], and (7.10) for the last inequality. Optimi-
zing the latter inequality with respect to p with p ≥ 1, i.e. selecting p = 1

2κ(b,σ,T ) log( r2M
(2(1+|x|))2 ),

we obtain

Px

(
1
M
|
M∑
k=1

f(Xk)− Ex[f(X)]| ≥ r
)
≤ 2 exp

− 1
4κ(b, σ, T ) log

(
r2M

(2(1 + |x|))2

)2


for r2M ≥ (2(1 + |x|))2 exp(2κ(b, σ, T )). Otherwise, using the Jensen and Rosenthal in-
equalities, one has for all p ∈ [0, 1]

Ex[(
M∑
k=1

f(Xk)− Ex[f(X)])2p] ≤ Ex[(
M∑
k=1

f(Xk)− Ex[f(X)])2]p ≤
(
MC2Ex[|f(X)− Ex[f(X)]|2]

)p
≤Mp

(
4(2(1 + |x|))2 exp(κ(b, σ, T ))

)p
where we used (7.10) for the last inequality. Now, noticing that we have 4e ≤ exp(κ(b, σ, T )),
Chebyshev’s inequality yields

Px

(
1
M
|
M∑
k=1

f(Xk)− Ex[f(X)]| ≥ r
)
≤ Cp

r2pMp
≤ 2 (Cp)p

r2pMp
≤ 2 exp(−ϕ(p))

with ϕ(p) := −p log(p) + p log( r2M
C ), C := (2(1 + |x|))2 exp(2κ(b, σ, T ) − 1) and where

we used that for all p ≥ 0, Cp ≤ 2(Cp)p since the function p 7→ 2pp is minimized for
p = exp(−1) and 2 exp(−1/e)) > 1. Consequently, optimizing over p such that p ≤ 1, i.e.
selecting p = r2M

Ce , one has

Px

(
1
M
|
M∑
k=1

f(Xk)− Ex[f(X)]| ≥ r
)
≤ 2 exp

(
− r2M

(2(1 + |x|))2 exp(2κ(b, σ, T ))

)

for r2M ≤ Ce = (2(1 + |x|))2 exp(2κ(b, σ, T )). This completes the proof.
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7.4 Proof of Proposition 7.5
Let eσ := 1

2σ exp(−|x|/σ) be the density of the exponential distribution with variance
2σ2 on R. If µ is a probability measure on Rd, we define µσ as the convolution of µ with
e⊗dσ , that is

µσ(dx) :=
∫ d∏

i=1

1
2σ exp(−|xi − yi|/σ)µ(dy).

Lemma 7.20. If µ is a probability measure on Rd with finite first moment, thenW1(µ, µσ) ≤√
2dσ.

Démonstration. Let X and Y be independent random vectors with laws µ and e⊗dσ res-
pectively. Then (X,X + Y ) is a coupling of µ and µσ, and

W1(µ, µσ) ≤ E[|Y |] ≤ E[|Y |2]1/2 ≤
√

2dσ.

We therefore have the bound

W1(µM , µ) ≤W1(µM , µσM ) +W1(µσM , µσ) +W1(µσ, µ) ≤W1(µσM , µσ) +
√

8dσ, (7.11)

so what is left is to bound E[W1(µσM , µσ)] and to optimize with respect to σ.
The density of µσM with respect to the Lebesgue measure is given by g1,σ,M (x) :=

1
M

∑M
k=1 e

⊗d
σ (x−Xk), and the density of µσ is g2,σ(x) := Eµ(e⊗dσ (x−X)).

By the Kantorovitch-Rubinstein duality formula, we have

W1(µσM , µσ) = sup
f :[f ]1≤1

∫
f(x)g1,σ,M (x)dx−

∫
f(x)g2,σ(x)dx ≤

∫
|x||g1,σ,M (x)− g2,σ(x)|dx

To bound this quantity, we use the Cauchy-Schwarz inequality, namely for any nonne-
gative measurable function f on Rd, we have∫

f(x)dx ≤ Cd

√∫
(1 + |x|d+1)f(x)2dx, Cd :=

√∫
Rd

1
1 + |x|d+1dx.

Using this inequality, we get the bound

W1(µσM , µσ) ≤ Cd

√∫
(1 + |x|d+1)|x|2|g1,σ,M (x)− g2,σ(x)|2dx (7.12)

≤ Cd

√∫
(1 + 2|x|d+3)|g1,σ,M (x)− g2,σ(x)|2dx.

Therefore,

E[W1(µσM , µσ)] ≤ CdE


√√√√∫ (1 + 2|x|d+3)| 1

M

M∑
k=1

e⊗dσ (x−Xk)− Eµ(e⊗dσ (x−X))|2dx


≤ Cd√

M

√∫
(1 + 2|x|d+3)Varµ(e⊗dσ (x−X))dx

≤ Cd√
M

√∫
(1 + 2|x|d+3)E[e⊗dσ (x−X)2]dx.



224
Chapitre 7. Transport entropy inequalities for stochastic approximation

schemes

Note that e⊗dσ (x)2 = 2−2dσ−de⊗dσ/2(x), so that we get

E[W1(µσM , µσ)] ≤ Cd

2dσd/2
√
M

√∫
(1 + 2|x|d+3)

∫
e⊗dσ/2(x− y)µ(dy)dx

≤ Cd

2dσd/2
√
M

√∫ ∫
(1 + 2|u+ y|d+3)e⊗dσ/2(u)duµ(dy)

≤ Cd

2dσd/2
√
M

√∫ ∫
(1 + 2d+3(|u|d+3 + |y|d+3))e⊗dσ/2(u)duµ(dy)

≤ Cd

2dσd/2
√
M

√
1 + 2d+3

∫
|y|d+3µ(dy) + 2d+3

∫
|u|d+3e⊗dσ/2(u)du

≤ Cd

2dσd/2
√
M

√
1 + 2d+3

∫
|y|d+3µ(dy) + σd+3

∫
|u|d+3e⊗d1 (u)du

≤ Cd

2dσd/2
√
M

√
1 + 2d+3

∫
|y|d+3µ(dy) + 2d+3σd+3d(d+ 3)!

In the end, assuming σ ≤ 1, we obtain

E[W1(µ, µσ)] ≤
√

8dσ + Cd

2dσd/2
√
M

√
1 + 2d+3

∫
|y|d+3µ(dy) + 2d+3σd+3d(d+ 3)!

≤ C(d, µ)(σ + σ−d/2√
M

)

Taking σ = M−1/(d+2), we get the upper bound we were aiming for.
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Abstract : In this work, we are interested in the numerical computation of transport
coefficients of Brownian dynamics. We investigate the discretization error arising when we
simulate the dynamics using the Smart MC algorithm (also known as Metropolis-adjusted
Langevin algorithm). We prove that the error is of order one as the time step goes to
zero, when using either the Green-Kubo or the Einstein formula to estimate the transport
coefficients. We illustrate our results with numerical simulations.

8.1 Introduction

Molecular simulation is nowadays a very common tool to quantitatively predict ma-
croscopic properties of matter starting from a microscopic description. These macroscopic
properties can be either static properties (such as the average pressure or energy in a sys-
tem at fixed temperature and density), or transport properties (such as thermal conduc-
tivity or shear viscosity). Molecular simulation can be seen as the computational version
of statistical physics, and is therefore often used by practioners of the field as a black box
to extract the desired macroscopic properties from some model of interparticle interac-
tions. Most of the work in the physics and chemistry fields therefore focuses on improving
the microscpic description, most notably developing force fields of increasing complexity.
In comparison, not so much attention has been paid to the estimation of errors in the
quantities actually computed by numerical simulation. Usually, due to the very high di-
mensionality of the systems under consideration, macroscopic properties are computed as
ergodic averages over a very long trajectory of the system, evolved under some appropriate
dynamics. There are two main types of errors in this approach : (i) statistical errors ari-
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sing from incomplete sampling, and (ii) systematic errors (bias) arising from the fact that
continuous dynamics are numerically integrated using a finite time-step ∆t > 0.

The aim of this work is to understand the bias arising from the use of finite time steps
in the computation of transport coefficients. We consider the case of the self-diffusion,
for a certain type of dynamics called Brownian dynamics in the chemistry literature,
discretized using the so-called “Smart MC” algorithm [RDF78, JBTK99] (this algorithm
was also rediscovered later on in the computational statistics literature [RT96]).

This proceedings is organized as follows. We start by describing in Section 8.2 the
Brownian dynamics and its discretization, and define the self-diffusion. We then provide
in Section 8.3 a priori error estimates for the numerical estimation of the self-diffusion,
through two different routes. Numerical simulations illustrate our error bounds in Sec-
tion 8.4. We conclude in Section 8.5 with some tracks to reduce the numerical error by
appropriately modifying the numerical scheme. The proofs of our results are gathered in
Section 8.6.

8.2 Description of the model

8.2.1 Brownian dynamics

Consider N particles with positions q = (q1, . . . , qN ) ∈ M = (LT)dN , T = R/Z being
the standard one dimensional torus and d being the physical dimension (usually d = 3).
The positions of the particles evolve according to the following dynamics :

dqt = −β∇V (qt) dt+
√

2 dWt, (8.1)

where β = 1/(kBT ) is the inverse temperature and Wt is a standard dN -dimensional
Brownian motion. The function V :M→ R is the potential energy, assumed to be smooth
for the mathematical analysis. However, the numerical results presented in Section 8.4.2
correspond to a potential energy function with singularities.

Standard results show that (8.1) admits the Boltzmann-Gibbs measure

µ(dq) = Z−1 e−βV (q) dq (8.2)

as unique invariant probability measure. In fact, (8.1) is ergodic with respect to this
measure, where ergodicity is understood both as (i) the longtime (almost-sure) convergence
of averages along trajectories

lim
t→+∞

1
t

∫ t

0
A(qs) ds =

∫
M
A(q)µ(dq) a.s.

for any initial condition q0 ∈M and all observables A ∈ L1(µ) ; or as (ii) the convergence
of the law ψ(t, q) dq of the process (8.1), happening here at an exponential rate, for instance
in total variation : There exist C, λ > 0 such that

‖ψ(t)− µ‖TV ≤ C e−λt,

where the total variation distance between two measures ν1, ν2 is defined as (we use the
normalization from [BRH13])

‖ν1 − ν2‖TV = 2 sup
S∈B(M)

|ν1(S)− ν2(S)| = sup
|ϕ|≤1

∣∣∣∣∫
M
ϕdν1 −

∫
M
ϕdν2

∣∣∣∣ ,
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the suprema being taken over all measurable sets of M for the first one, and over all
bounded, measurable functions for the second one.

For further purposes, we introduce the generator of (8.1), namely the operator

L = −β∇V · ∇+ ∆. (8.3)

This operator (defined with domain D(L) = H2(µ)) is self-adjoint on the Hilbert space
L2(µ), whose associated scalar product is

〈ϕ,ψ〉L2(µ) =
∫
M
ϕψ dµ.

The operator L moreover has a positive spectral gap. Indeed, a simple computation shows
that

〈Lϕ,ϕ〉L2(µ) = 1
β
‖∇ϕ‖L2(µ). (8.4)

The Poincaré inequality ‖ϕ‖L2(µ) ≤ CM,V ‖∇ϕ‖L2(µ), valid for any function belonging to

L̃2(µ) =
{
ϕ ∈ L2(µ)

∣∣∣∣∫
M
ϕdµ = 0

}
,

allows to conclude that

∀ϕ ∈ L̃2(µ), 〈Lϕ,ϕ〉L2(µ) ≥ C
−1
M,V ‖ϕ‖

2
L2(µ), (8.5)

which shows that the spectral gap is larger or equal to C−1
M,V . In particular, the resolvent

L−1 is a well-defined operator on L̃2(µ), and the following estimate holds :∥∥∥L−1
∥∥∥
B
(
L̃2(µ)

) ≤ CM,V . (8.6)

8.2.2 Self-diffusion

The positions qt are restricted to the periodic domainM and are therefore uniformly
bounded in time. To obtain a diffusive behavior from the evolution of qt, we consider the
following additive functional defined on the whole space Rd : starting from Q0 = q0,

Qt −Q0 = −β
∫ t

0
∇V (qs) ds+

√
2Wt. (8.7)

The difference with qt is that Qt is not reprojected inM by the periodization procedure.
The diffusion tensor is then given by the following limit (provided it exists) :

D = lim
t→+∞

E
(
Qt −Q0√

t
⊗ Qt −Q0√

t

)
, (8.8)

where the expectation is over all realizations of the continuous dynamics (8.1), starting
from initial conditions distributed according to the Boltzmann-Gibbs measure (8.2). The
following result shows that the diffusion tensor (8.8) is well defined, and naturally arises
in a diffusive time-rescaling of the dynamics (8.1).

Theorem 8.1. Consider for ε > 0 the diffusively rescaled process Qεt = εQt/ε2. Then,
as ε → 0, the process Qεt starting from a given initial condition Q0 weakly converges on
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finite time intervals to an effective Brownian motion starting from Q0 and with covariance
matrix D given by (8.8). Moreover, D is a real, positive definite dN×dN matrix, satisfying

0 ≤ D ≤ 2Id

in the sense of symmetric matrices, and which can alternatively be expressed as

D = 2
(

Id− β2
∫ +∞

0
E [∇V (qt)⊗∇V (q0)] dt

)
, (8.9)

where the expectation is over all realizations of the continuous dynamics (8.1), starting
from initial conditions distributed according to the Boltzmann-Gibbs measure (8.2).

The proof of this statement is standard, and follows from arguments presented in [BLP11,
Chapter 3] for instance. We nonetheless provide a short proof in Section 8.6.1 since the
proofs of the discrete counterparts of Theorem 8.1 rely on an appropriate extension of the
argument used in the continuous case (see Section 8.6.5).

A straightforward consequence of Theorem 8.1 is that the self-diffusion constant D,
defined as the average mean-square displacement of the individual particles, is well defined,
and has two equivalent expressions :

D = 1
2dN Tr(D) = lim

t→+∞
E
(

1
2dNt

N∑
i=1

(Qi,t −Qi,0)2
)

(8.10)

= 1− β2

dN

∫ +∞

0
E
[
∇V (qt)T∇V (q0)

]
dt. (8.11)

The expression (8.10) is called the Einstein formula, and the second one involves an inte-
grated autocorrelation function. In accordance with the standard physics and chemistry
nomenclature, we call (8.11) the Green-Kubo formula of the self-diffusion in the sequel.

8.2.3 Numerical estimation of the self-diffusion

In order to compute approximations of formulas such as (8.10) or (8.11), the first
task is to numerically integrate realizations of the continuous dynamics (8.1). The most
straightforward way would be to resort to a Euler-Maruyama scheme : given a time-step
∆t > 0 and denoting by qn an approximation of qn∆t, this scheme reads

qn+1 = qn − β∆t∇V (qn) +
√

2∆tGn, (8.12)

where (Gn)n≥0 is a sequence of dN dimensional standard Gaussian random variables.
However, this simple scheme has been shown to fail to be ergodic when the dynamics is
considered on unbounded spaces and the potential energy function is not globally Lip-
schitz [MSH02]. In simulations of Brownian dynamics for ionic solutions, potential energy
functions with Coulomb-type singularities are used and it has been observed that the
energy blows up along trajectories of (8.12) (see Section 8.4.2).

A way to stabilize the Euler-Maruyama scheme is to consider the configuration (8.12)
as a proposal move in a Metropolis-Hastings algorithm [MRR+53, Has70], which is preci-
sely the Smart MC algorithm proposed in [RDF78] and later called Metropolis adjusted
Langevin algorithm in the computational statistics literature [RT96]. More precisely, star-
ting from a configuration qn ∈M (in fact seen as an element of RdN ), a new configuration
q̃n+1 ∈ RdN is proposed according to (8.12), and then accepted with probability

R∆t
(
qn, q̃n+1

)
= e−βV (q̃n+1)T∆t(q̃n+1, qn)

e−βV (qn)T∆t(qn, q̃n+1)
,
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where
T∆t(q, q′) =

( 1
4π∆t

)dN/2
exp

(
−|q

′ − q + β∆t∇V (q)|2

4∆t

)
is the probability transition of the Markov chain (8.12). When the proposition is accep-
ted, we project q̃n+1 into the periodic simulation cell M. If the proposal is rejected, the
previous configuration is counted twice : qn+1 = qn (It is very important to count rejected
configuration as many times as needed to ensure that the Boltzmann-Gibbs measure µ is
invariant). In conclusion,

qn+1 = qn + 1Un≤R∆t(qn,q̃n+1)
(
−β∆t∇V (qn) +

√
2∆tGn

)
, (8.13)

where, in this formula, qn+1 is considered as an element of the periodic box M, while
the proposed configuration q̃n+1 is not reprojected into the simulation cell M using the
periodic boundary conditions and is therefore considered as an element of RdN .

In order to avoid confusions, we call this scheme “metropolized Euler-Maruyama” in
the sequel, and denote by P∆t its evolution operator :

P∆tf(q) = E
(
f
(
qn+1

) ∣∣∣ qn = q
)
.

By construction, the measure (8.2) is an invariant probability measure for this scheme,
which is a reversible Markov chain. We refer to [BRH13] for a study of the ergodic proper-
ties of the dynamics (in the more complicated case of dynamics on the full configuration
space RdN , subjected to a confining potential).

Of course, the fact that some configurations are rejected destroys the trajectorial ac-
curacy of the dynamics, see [BRVE09] for precise statements. It is unclear how to ac-
count for these rejections in the computation of the diffusion coefficient. The next section
quantifies the errors in the approximation of (8.10) and (8.11) when the metropolized
Euler-Maruyama scheme is used. Although the formulas (8.10) and (8.11) are equivalent
for continuous dynamics, they lead to different numerical methods.

8.3 A priori error estimates on the self-diffusion
As discussed in [LMS13], error bounds on transport properties in fact depend on ap-

proximation properties of the evolution operator (similar to the one used to prove weak
error estimates), rather than strong error estimates. A key building block in this framework
is the following expansion of the evolution operator.
Lemma 8.2. There exist an operator A and ∆t∗ > 0 such that, for any 0 < ∆t ≤ ∆t∗
and any smooth function ψ,

P∆tψ = ψ + ∆tLψ + ∆t2Aψ + ∆t5/2rψ,∆t, (8.14)

with a remainder rψ,∆t uniformly bounded for 0 < ∆t ≤ ∆t∗. Moreover,∫
M
Aψ dµ = 0. (8.15)

Finally, the average rejection rate scales as ∆t3/2 : There exists a constant C ≥ 0 and a
bounded function ξ such that, for any 0 < ∆t ≤ ∆t∗,∣∣∣EG[1−R∆t

(
q, q −∆t∇V (q) +

√
2∆tG

) ]
−∆t3/2ξ(qn)

∣∣∣ ≤ C∆t2, (8.16)

where the expectation is over all possible realizations of the standard, dN dimensional
Gaussian random variable G.
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The precise expression of the operator A is unimportant. It is however given in the
proof of this result, see Section 8.6.2. Note that the method can be proved to be weakly
first order accurate since

P∆tψ − e∆tLψ = ∆t2
(
A− 1

2L
2
)
ψ + ∆t5/2rψ,∆t.

Another important result which we will repeatedly used in the analysis below is the
following uniform geometric ergodicity of the metropolized Euler-Maruyama scheme, easily
obtained from the results of [BRH13] (we nonetheless provide for completeness elements
of proof in Section 8.6.3). To state the result, we introduce the following functional space

L̃∞(M) =
{
f ∈ L∞(M)

∣∣∣∣ ∫
M
f dµ = 0

}
.

Lemma 8.3. There exists ∆t∗ > 0 and C, λ > 0 such that, for any 0 < ∆t < ∆t∗, for all
n ∈ N and any f ∈ L̃∞(M),

‖Pn∆tf‖L∞ ≤ C e−λn∆t‖f‖L∞ . (8.17)

As a consequence, there exists K > 0 such that∥∥∥∥∥
( Id− P∆t

∆t

)−1
∥∥∥∥∥
B(L̃∞)

≤ K,

where B(L̃∞) denotes the Banach space of bounded operators on L̃∞(M).

8.3.1 Error estimates for the Green-Kubo formula

We first give error estimates on (8.11) by appropriately adapting the results from [LMS13].
The result is stated for two general observables ψ,ϕ ∈ L̃∞(M). Error estimates for (8.11)
are obtained by setting ψ = ϕ = −∂qi,αV , with 1 ≤ i ≤ N and 1 ≤ α ≤ d. Note indeed
that a simple integration by parts shows that ∂qi,αV has average 0 with respect to µ, so
∂qi,αV ∈ L̃∞(M).

Theorem 8.4. Consider two observables ψ,ϕ ∈ L̃∞(M), and define the modified obser-
vable

ψ̃∆t = (Id + ∆t AL−1)ψ,

where the operator A is defined in (8.14). Then, there exists ∆t∗ > 0 such that, for any
0 < ∆t ≤ ∆t∗,∫ +∞

0
E
[
ψ(qt)ϕ(q0)

]
dt = ∆t

+∞∑
n=0

E∆t
[
ψ̃∆t(qn)ϕ(q0)

]
+ ∆t3/2rψ,ϕ,∆t,

with rψ,ϕ,∆t uniformly bounded, and where the expectation on the left hand side is with
respect to initial conditions q0 ∼ µ and for all realizations of the dynamics (8.1), while the
expectation on the right hand side is with respect to initial conditions q0 ∼ µ and for all
realizations of the metropolized Euler-Maruyama scheme.

As a corollary, we obtain first order error bounds on the computation of the self-
diffusion through (8.11) :

D = DGK
∆t + ∆t D̃GK,1 + ∆t3/2 D̃GK

∆t , (8.18)
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where D̃∆t is uniformly bounded for ∆t sufficiently small, and where the numerically
computed self-diffusion reads

DGK
∆t = Id− β2

dN
∆t

+∞∑
n=0

E∆t
[
∇V (qn)T∇V (q0)

]
. (8.19)

The appearance of subleading fractional correction term (here, of order ∆t3/2) is typical
of Metropolis algorithms, and is usually not encounted for standard, un-metropolized
discretizations of SDEs.

8.3.2 Error bounds on the Einstein formula

In this section, we investigate the discretization error made when using the metropoli-
zed Euler-Maruyama scheme to approximate the self-diffusion using (8.10). In accordance
with the definition (8.7), we introduce a discrete additive functional allowing to keep track
of the diffuse behavior of the Markov chain : Starting from Q0 = q0,

Qn =
n−1∑
k=0

δ∆t
(
qk, Gk, Uk

)
,

with

δ∆t
(
qk, Gk, Uk

)
= 1Uk≤R∆t(qk,qk−β∆t∇V (qk)+

√
2∆tGk)

(
−β∆t∇V (qk) +

√
2∆tGk

)
.

(8.20)
While the Markov chain (qn)n≥0 defined by (8.13) remains in M, the additive functio-
nal (Qn)n≥0 has values in RdN . With this notation, the diffusion tensor actually computed
by the numerical scheme is

DEinstein
∆t = lim

n→+∞
E∆t

[
Qn −Q0
√
n∆t

⊗ Qn −Q0
√
n∆t

]
, (8.21)

where, as in Theorem 8.4, the expectation on the right hand side is with respect to initial
conditions Q0 = q0 ∼ µ and for all realizations of the metropolized Euler-Maruyama
scheme.

Theorem 8.5. There exists ∆t∗ > 0 and a symmetric matrix D̃1 ∈ RdN×dN such that,
for any 0 < ∆t ≤ ∆t∗,

D = DEinstein
∆t + ∆t D̃∆t,

where the coefficients of the matrix D̃∆t ∈ RdN×dN are uniformly bounded.

The proof of this result can be read in Section 8.6.5. In fact, a slight extension of
our technique of proof would allow to show that the diffusively rescaled process generated
by the metropolized Euler-Maruyama scheme, namely εQbt/(∆t ε2)c (where bxc denote the
unique integer such that bxc ≤ x < bxc+ 1), weakly converges on finite time intervals to
a Brownian motion with covariance matrix D∆t.

An immediate corollary of Theorem 8.5 is the following a priori error estimate on the
self-diffusion :

D = DEinstein
∆t + ∆t D̃Einstein

∆t , DEinstein
∆t = 1

2dN Tr
(
DEinstein

∆t

)
, (8.22)

where D̃Einstein
∆t is uniformly bounded for ∆t sufficiently small. Some more work would

allow to prove that the subleading correction term is of order ∆t3/2, as in the Green-Kubo
case (see Remark 8.9).
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8.4 Numerical illustration
The aim of this section is to illustrate the errors bounds (8.18) and (8.22). We perform

long computations in order for the statistical errors to be negligible.

8.4.1 A simple one-dimensional case

We start by considering a simple one dimensional example (N = d = 1) : a single
particle in the unit torus M = T, with the periodic potential V (q) = cos(2πq), at β =
1. Computations are performed by approximating expectations by realizations over M
replicas evolving independently, denoted by qm,n with 1 ≤ m ≤M and where n still is the
step index. Initial conditions are prepared incrementally over the replicas. More precisely,
starting from q1,0 = 0, we obtain the initial condition qm+1,0 for the replica number m+ 1
by evolving the initial condition qm,0 over 10 steps of the metropolized Euler-Maruyama
scheme with step size ∆tthm = 0.01. We have checked that the equilibrium distribution is
very well reproduced by the empirical measure produced by {qm,0}1≤m≤M provided M is
reasonably large (say, M ≥ 103).

The self-diffusion coefficient DEinstein
∆t for the Einstein approach is approximated by

fitting the unnormalized self-diffusion

DM
n = 1

M

M∑
m=1

(
Qm,n −Qm,0

)2
(8.23)

by a linear function DEinstein,M
∆t n∆t, the slope being the estimation of the self-diffusion for

the time step under consideration. This is indeed confirmed by Figure 8.1 (Left), which
presents the evolution of DM

n as a function of the physical time n∆t. The results produced
in Figures 8.1 and (8.3) have been obtained with M = 107 replicas and nEinstein = 3× 105

steps. Let us also note that, in accordance with (8.16), the rejection rate scales as ∆t3/2.
A numerical approximation of (8.19) requires both a discretization using finitely many

replicas, but also a truncation of the integration in time with an upper bound τ . We
consider the following numerical estimation of the self-diffusion coefficient obtained with
the Green-Kubo formula :

DGK,M,τ
∆t = Id− β2∆t

bτ/∆tc∑
n=0

1
M

[
∇V (qm,n)T∇V (qm,0)

]
. (8.24)

The correlation functions shown in Figure 8.2 suggest that the autocorrelation of ∇V is
exponentially decreasing. It can be considered as negligible for times larger than 0.2. The
numerical results reported in Figure 8.2 and (8.3) have been obtained with M = 2 × 108

replicas and a time cut-off τ = 0.3.
The results presented in Figure 8.3 indeed confirm that, for small time steps ∆t,

the error in the self-diffusion is of order ∆t for both methods. For larger time steps,
nonlinearities appear. Note also that estimates obtained with the Green-Kubo formula are
more reliable in this simple case. Note also that, in accordance with the statements of
Theorem 8.1, the self-diffusion is between 0 and 1 when ∆t→ 0.

8.4.2 The more realistic case of solvated ions

We consider in this section a more physical system : a large, fixed ion interacting
with smaller particles, typically smaller ions. The N smaller particles evolve in a three-
dimensional simulation box of length L with periodic boundary conditions. The smaller
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Figure 8.1 – Left : Self-diffusion DM
n as a function of the physical time n∆t for two

values of the time step ∆t. Right : average rejection as a function of the time step ∆t, in
a log-log scale.

Figure 8.2 – Plot of the approximated correlation functions E(∇V (qt)T∇V (q0)). Left :
standard view. Right : logarithmic scale on the ordinates.

Figure 8.3 – Diffusion constant as a function of the time step ∆t for the one-dimensional
potential V (q) = cos(2πq) at β = 1, with a zoom on the smaller time steps on the right
picture.
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Figure 8.4 – Plot of the particule-particule interaction v (red), and of the ion-particule
interaction vion (blue).

particles have the same mass m, and their positions are denoted by qi ∈ (LT)3. The
potential energy functions are inspired from standard choices in the modelling of ionic
solutions [JBTK99]. The interaction between the small particles is governed by an appro-
priately truncated Lennard-Jones potential :

v(r) = 4ε
((

σ

r

)12
−
(
σ

r

)6
)
− εshift − fspline(r − rcut), when r ≤ rcut, (8.25)

and v(r) = 0 for r ≥ rcut. The parameter ε > 0 is some reference energy, while σ > 0 is
some reference distance. The parameters εshift and fspline ensure that v is a C1 function.
When rcut → +∞, the minimal energy of v converges to −ε, a value obtained at a distance
rmin = 21/6σ.

We additionnaly consider a large ion, modelled as fixed particle at position qion (the
center of the simulation box), whose interaction with the solvent particles is described
by an attractive Yukawa potential (screened Coulomb interaction) plus some repulsive
potential preventing the small particles to come too close to the ion. More precisely, for a
solvent particle at position q, the interaction reads vion(|q − qion|), with

vion(r) = Emin

(
1− 1 + κσ

24

)−1
(

1 + κσ

24

(
σ

r

)24
− σ

r
e−κ(r−σ)

)
−εion

shift−f ion
spline(r−rion

cut), r ≤ rion
cut,

(8.26)
and vion(r) = 0 for r ≥ rion

cut. The parameters εion
shift and f ion

spline ensure as above that vion
is C1. The energy −Emin ≤ 0 is the minimal value of the potential, obtained when r = σ
(in the limit when rion

cut → +∞ and f ion
shift = 0) while κ is some inverse length. The total

potential energy of the N small particles finally reads

V (q1, . . . , qN ) =
∑

1≤i<j≤N
v(|qi − qj |) +

N∑
i=1

vion(|qi − qion|).

The potentials v and vion are plotted in Figure 8.4.
The results of this section are expressed in the reduced units obtained from the

Lennard-Jones energy ε, the Lennard-Jones distance σ and the mass m. In particular,
the reference time is t∗ = σ

√
m/ε. Simulations were performed using the following para-

meters : N = 20, solvent density ρ = N/L3 = 0.4, Emin = 0.8347, κ = 1.7025, temperature
kBT = 1, and rcut = rion

cut = 1.76. For this choice of parameters, we have observed that
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Figure 8.5 – Left : Self-diffusion DM
n as a function of the physical time n∆t for two

values of the time step ∆t. Right : average rejection as a function of the time step ∆t, in
a log-log scale.

the simulations blow up for time-steps ∆t of the order of 4× 10−4 when using the Euler-
Maruyama (unmetropolized) scheme (8.12) ; whereas the metropolized Euler scheme (8.13)
allows for much larger time steps.

Expectations are approximated using M trajectories of the system. We integrate tra-
jectories one after the other, using the metropolized Euler scheme (8.13), with initial
conditions for the (m + 1)th trajectory obtained by taking the last configuration of the
mth trajectory. The self-diffusion coefficient calculated with the Green-Kubo formula is
obtained as in the previous section, using the estimator (8.24). The values obtained by
the Einstein equation are computed by dividing the unnormalized diffusion (8.23) by the
final time of the simulation : for a simulation time τ ,

DEinstein,M,τ
∆t = 1

2dNτ D
M
bτ/∆tc. (8.27)

The results presented in Figure 8.5 show that the unnormalized mean squared displacement
indeed grows linearly in time, as expected. Note also that, in accordance with (8.16), the
rejection rate scales as ∆t3/2. The results of Figure 8.5 and (8.7) have been obtained with
M = 105 trajectories, with integrations performed up to τ = 20.

The results presented in Figure 8.6 suggest that the force autocorrelation decay cannot
be represented by a single exponential function. The force autocorrelation can be consi-
dered to be small in relative value for times of the order of 0.1. The numerical results
reported in Figure 8.6 and 8.7 were obtained by averaging M = 5× 105 trajectories with
an integration time τ = 0.3.

Error estimates for the diffusion coefficients are gathered in Figure 8.7. For small time
steps ∆t, the error in the self-diffusion is linear in ∆t, while nonlinearities appear for larger
time steps. The continuous lines are linear fits obtained over the values corresponding to
the 10 smallest time steps. As in the simple example discussed in the previous section,
estimations obtained with Green-Kubo’s formula seem more reliable than those obtained
with Einstein’s formula. Note also that, in accordance with Theorem 8.1, the self-diffusion
is between 0 and 1 in all cases.
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Figure 8.6 – Plot of the approximated correlation functions E(∇V (qt)T∇V (q0)). Left :
standard view. Right : logarithmic scale on the ordinates.

Figure 8.7 – Diffusion constant as a function of the time step ∆t for the solvated ion
system at β = 1, with a zoom on the smaller time steps on the right picture.
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8.5 Possible work tracks to reduce the error on the estima-
tion of the self-diffusion

Both the Green-Kuboand the Einstein approaches lead to discretization errors of or-
der ∆t, as proved theoretically and verified numerically. A natural question is how to
reduce this error. In the chemistry literature, it was proposed to renormalize the time in
Einstein’s method by replacing the simulation time n∆t appearing in the denominator
of (8.21) by some effective time θ∆tn∆t, where θ∆t is the average acceptance rate of the
Metropolis algorithm [HB98] for a given time step ∆t. However, since the average accep-
tance rate is of order 1−C∆t3 for small time steps (see (8.16)), such a correction cannot
possibly cancel out the ∆t-error in the diffusion coefficient.

A more promising work track, which we started working on at the end of our stay at
CIRM, is to modify the proposed move (instead of simply considering the Euler-Maruyama
scheme (8.12)), and possibly the invariant measure as well, in order to increase the weak
and strong orders of the associated Metropolized scheme. In fact, the proofs of Theorem 8.4
and 8.5 show that, in order to gain accuracy on the computation of transport coefficients,
it is sufficient to find a numerical scheme such that

P∆tψ =
(
Id + ∆tL+ ∆t2 L2

)
ψ + ∆t5/2rψ,∆t.

A key element to obtain such equalities is to decrease the rejection rate for small time
steps.

8.6 Proof of the results
In all the proofs, the constants C > 0 and the critical time steps ∆t∗ may change from

line to line. Upon changing V into βV , we may also assume that β = 1.

8.6.1 Proof of Theorem 8.1

The idea is to rewrite the part of the additive functional involving −∇V (qt) as an
approximate martingale. To this end, we introduce the solutions Φ0 = (Φ0,1, ..,Φ0,dN ) of
the following Poisson equations

LΦ0,j = −∇qjV. (8.28)
In view of the resolvent estimate (8.6), the functions Φ0,j are well defined since∫

M
∇V dµ = −∇

(∫
M
dµ

)
= 0.

In addition, by elliptic regularity, the functions Φ0,j are smooth. By Ito’s lemma, we
therefore obtain

dΦ0,j(qt) = LΦ0,j(qt)dt+
√

2∇Φ0,j(qt) · dWt,

so that the integrated displacement with respect to the origin can be rewritten as

Qt−Q0 = −
∫ t

0
∇V (qs) ds+

√
2Wt = Φ0(qt)−Φ0(q0)+

√
2
∫ t

0

(
Id−∇Φ0(qs)

)
dWs. (8.29)

Since Φ0 is bounded, (Φ0(Xt)− Φ0(X0))/
√
t uniformly vanishes as t goes to infinity. The

long time behavior of the process F T (Qεt − Qε0)/
√
t (for a given direction F ∈ RdN ) is

therefore determined by the martingale

M F,ε
t = ε

√
2
t

∫ t/ε2

0

(
F −∇

(
F TΦ0(qs)

) )
· dWs,
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whose quadratic variation is

〈
M F,ε

〉
t

= 2ε2

t

∫ t/ε2

0
|F |2 − 2∇

(
F TΦ0(qs)

)
· F +

∣∣∣∇ (F TΦ0(qs)
)∣∣∣2 ds.

The ergodic properties of the diffusion process qt allow to prove that

F TDF = lim
t→+∞

〈
M F,ε

〉
t

= 2
∫
M
|F |2 − 2∇

(
F TΦ0

)
· F +

∣∣∣∇ (F TΦ0
)∣∣∣2 dµ

= 2
∫
M
|F |2 − 2

(
F TΦ0

) (
F T∇V

)
+ L

[(
F TΦ0

)] (
F TΦ0

)
dµ

= 2
∫
M
|F |2 −

(
F TΦ0

) (
F T∇V

)
dµ

= 2F T
(

Id−
∫
M
L−1 (∇V )⊗∇V dµ

)
F (8.30)

where, to pass from the first to the second line, we have used an integration by parts
to transform the second term in the integral and (8.4) for the third one, while the two
last equalities follows from the definition of Φ0. At this stage, we note that F TDF = 0
implies that the integrand of the first equality vanishes almost everywhere, which, by a
Cauchy-Schwarz inequality, in turn implies that ∇

(
F TΦ0

)
is proportional to F . This is

however impossible, and we therefore conclude that D is positive definite. In addition, the
last expression shows that D ≤ 2Id since L−1 is a positive operator (replace ϕ by L−1φ
in (8.5)).

Since L has a positive spectral gap on L2(µ) (see (8.5)), we can write the following
operator equality on L̃2(µ) :

L−1 = −
∫ +∞

0
etL dt.

Therefore, for general functions ψ,ϕ with vanishing average with respect to µ,∫ +∞

0
E
[
ψ(qt)ϕ(q0)

]
dt =

∫
M

(
−L−1ψ

)
ϕdµ. (8.31)

Combining this result with (8.30) leads to the expression (8.9) of the diffusion matrix D . To
prove the convergence of the processes, two arguments should be made precise (see [Oll94]
for an elementary account) :

– the convergence of the finite dimensional laws, which can be obtained very simply
here by considering the exponential martingales

exp
[
iθ
(
M F,ε

t −M F,ε
s

)
+ θ2

2
( 〈

M F,ε
〉
t
−
〈
M F,ε

〉
s

)]
,

which are such that the conditional expectations converge to those of a Brownian
motion as ε→ 0 :

lim
ε→0

E
(

exp
[
iθ
(
M F,ε

t −M F,ε
s

)
+ θ2

2
( 〈

M F,ε
〉
t
−
〈
M F,ε

〉
s

)]∣∣∣∣∣ Fs/ε2
)

= exp
(
−θ

2

2 (t− s)F TDF

)
,

Fs/ε2 denoting the filtration of events until the time s/ε2. Finite-dimensional laws are
then obtained by a simple induction, as made precise in [BLP11, Oll94] for instance.
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– the tightness of the process, proved using Prohorov’s criterion (see for instance [Bil99])

lim
δ→0

lim sup
ε→0

P

 sup
|t−s|<δ

0≤s<t≤τ

∣∣∣F T(Qεt −Qεs)∣∣∣ ≥ α
 = 0.

This criterion is satisfied in view tightness of the martingale M F,ε
t , itself easily

obtained using Doob’s inequality.

8.6.2 Proof of Lemma 8.2

We first determine the magnitude of the acceptance probability in the Metropolis
algorithm, which reads

R∆t(qn, q̃n+1) = min
(
1, e−α∆t(qn,q̃n+1)

)
,

with

α∆t(q, q′) = V (q′)− V (q) + 1
4∆t

[(
q − q′ + ∆t∇V (q′)

)2 − (q′ − q + ∆t∇V (q)
)2]

= V (q′)− V (q)− 1
2
〈
q′ − q,∇V (q′) +∇V (q)

〉
+ ∆t

4
(
|∇V (q′)|2 − |∇V (q)|2

)
.

Using the following expansions (with integral remainders)

V (q′)− V (q) =
〈
∇V (q), q′ − q

〉
+ 1

2(q′ − q)T
[
∇2V (q)

]
(q′ − q) + 1

6D
3V (q)

(
(q′ − q)⊗3

)
+ 1

6

∫ 1

0
(1− t)3D4V

(
(1− t)q + tq′

)(
(q′ − q)⊗4

)
dt, (8.32)

∇V (q′) = ∇V (q) +∇2V (q)(q′ − q) + 1
2D

3V (q)
(
(q′ − q)⊗2

)
+ 1

2

∫ 1

0
(1− t)2D3V

(
(1− t)q + tq′

)(
(q′ − q)⊗3

)
dt,

a simple computation shows that

α∆t(qn, q̃n+1) = ∆t3/2ξ (qn, Gn) + ∆t2ξ̃∆t(qn, Gn), (8.33)

where
ξ(q,G) = −

√
2

6 D3V (q)
(
G⊗3

)
+
√

2
2 ∇V (q)T∇2V (q)G, (8.34)

while there exists a constant C > 0 such that
∣∣∣ξ̃∆t(q,G)

∣∣∣ ≤ C(1+ |G|6) for any 0 ≤ ∆t ≤ 1.
Therefore, in view of the inequalities 1− θ ≤ e−θ ≤ 1− θ+ θ2/2 when θ ≥ 0, we have the
following bounds : a lower bound

R∆t(qn, q̃n+1) ≥ min
(
1, 1−∆t3/2ξ (qn, Gn) + ∆t2ξ̃∆t(qn, Gn)

)
≥ 1−∆t3/2ξ+ (qn, Gn)+∆t2ξ̂min

∆t (qn, Gn)

with ξ+(q,G) = max(0, ξ(q,G)) and
∣∣∣ξ̂min

∆t (q,G)
∣∣∣ ≤ C(1+ |G|6) ; as well as an upper bound

R∆t(qn, q̃n+1) ≤ min
(

1, 1−∆t3/2ξ (qn, Gn) + ∆t2ξ̃∆t(qn, Gn) + 1
2
(
∆t3/2ξ (qn, Gn)−∆t2ξ̃∆t(qn, Gn)

)2
)

≤ 1−∆t3/2ξ+ (qn, Gn) + ∆t2ξ̂max
∆t (qn, Gn)
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with
∣∣∣ξ̂max

∆t (q,G)
∣∣∣ ≤ C(1 + |G|12). This shows that

R∆t(qn, q̃n+1) = 1−∆t3/2ξ+ (qn, Gn) + ∆t2ξ̂∆t(qn, Gn), (8.35)

where
∣∣∣ξ̂∆t(q,G)

∣∣∣ ≤ C(1 + |G|12). The estimate on the average acceptance rate (8.16) is
obtained by taking the expectation over all possible realizations of Gn.

Now, using the expression of the Metropolis transition operator (see for instance [LRS10,
Section 2.1.2])

P∆tψ(q) =
∫
M
R∆t(q, q′)T∆t(q, q′)ψ(q′)µ(dq) +

(
1−

∫
M
R∆t(q, q′)T∆t(q, q′)µ(dq)

)
ψ(q),

it holds

P∆tψ(q)− ψ(q) =
∫
M
R∆t(q, q′)T∆t(q, q′)

(
ψ(q′)− ψ(q)

)
dq′.

We now write q′ = q−∆t∇V (q) +
√

2∆t g, so that, using (8.35) to estimate the rejection
rate,

P∆tψ(q)− ψ(q)

=
∫
RdN

R∆t
(
q, q −∆t∇V (q) +

√
2∆t g

) (
ψ
(
q −∆t∇V (q) +

√
2∆t g

)
− ψ(q)

) e−g2/2

(2π)dN/2
dg

=
∫
RdN

(
ψ
(
q −∆t∇V (q) +

√
2∆t g

)
− ψ(q)

) e−g2/2

(2π)dN/2
dg

+
∫
RdN

[
R∆t

(
q, q −∆t∇V (q) +

√
2∆t g

)
− 1

] (
ψ
(
q −∆t∇V (q) +

√
2∆t g

)
− ψ(q)

) e−g2/2

(2π)dN/2
dg

= ∆t (Lψ)(q) + ∆t2

2
([
L2 +D1 +D2

]
ψ
)

(q) + ∆t5/2rψ,∆t,

where we have used for the first integral a Taylor expansion at fourth order similar to (8.32)
to obtain (see the computations in [LMS13, Section 3.9])

D1ψ = 2∇2V : ∇2ψ +∇(∆V ) · ∇ψ −∇V T (∇2V )∇ψ ;

and a Taylor expansion at first order for the term involving the rejection rate to obtain

D2ψ = −
√

2
(∫

RdN
ξ+(q, g) gT e−g2/2

(2π)dN/2
dg

)
· ∇ψ.

The remainder rψ,∆t is uniformly bounded in L∞(M) for ∆t sufficiently small. The conclu-
sion follows by setting A = (L2 +D1 +D2)/2.

Finally, the invariance of µ by P∆t implies

∀∆t > 0,
∫
M
P∆tψ dµ =

∫
M
ψ dµ.

This equality, together with the expansion (8.14) proves (8.15).



8.6. Proof of the results 241

8.6.3 Proof of Lemma 8.3

The proof below is a simplification of the argument presented in [BRH13], made pos-
sible since we work on a compact state space. The idea of the proof is to compare the
Metropolis dynamics to the continuous dynamics, using the standard, un-metropolized
Euler-Maruyama scheme as an intermediate. Alternatively, it would be possible to di-
rectly compare the metropolized and un-metropolized schemes, by proving as in [LMS13,
Section 3.2] that the standard, un-metropolized Euler-Maruyama scheme is geometrically
ergodic since it satisfies a minorization condition.

To prove the first part of the Lemma, it is enough to show that there exists ρ < 1 such
that, for any 0 < ∆t ≤ ∆t∗ and any q ∈ TdN ,∥∥∥Pnb1/∆tc∆t (q, ·)− µ

∥∥∥
TV
≤ Cρn.

Since we work on a compact state space, it is enough to show by Harris’ theorem (see the
presentation in [HM11, BRH13]) that there exist α ∈ (0, 1) such that∥∥∥P b1/∆tc∆t (q, ·)− P b1/∆tc∆t (q′, ·)

∥∥∥
TV
≤ 2(1− α), (8.36)

uniformly in 0 < ∆t ≤ ∆t∗ and (q, q′) ∈ M2. We now introduce the transition kernel Qt
of the continuous dynamics (8.1), defined as

Qtϕ(q) = E(ϕ(qt) | q0 = q) =
(
etLϕ

)
(q) =

∫
M
Qt(q, q′)ϕ(q′) dq′,

and consider it at time t = 1. The transition kernel is well defined and regular since the
generator is elliptic. By the triangle inequality,

sup
(q,q′)∈M2

∥∥∥P b1/∆tc∆t (q, ·)− P b1/∆tc∆t (q′, ·)
∥∥∥

TV
≤ sup

(q,q′)∈M2

∥∥Q1(q, ·)−Q1(q′, ·)
∥∥

TV

+ 2 sup
q∈M

∥∥∥P b1/∆tc∆t (q, ·)−Q1(q, ·)
∥∥∥

TV
.
(8.37)

From [BRH13, Lemma 2.7], since we work on a compact space, we know that there exists
ε > 0 such that

sup
(q,q′)∈M2

∥∥Q1(q, ·)−Q1(q′, ·)
∥∥

TV ≤ 2(1− ε).

To control the second term in (8.37), we introduce the transition kernel of the standard,
un-metropolized Euler-Maruyama scheme (8.12), denoted by P̃∆t, and write

sup
q∈M

∥∥∥P b1/∆tc∆t (q, ·)−Q1(q, ·)
∥∥∥

TV
≤ sup

q∈M

∥∥∥P̃ b1/∆tc∆t (q, ·)−Q1(q, ·)
∥∥∥

TV

+ sup
q∈M

∥∥∥P b1/∆tc∆t (q, ·)− P̃ b1/∆tc∆t (q, ·)
∥∥∥

TV

By [BRH13, Lemma 4.2], the transition kernel of the standard, un-metropolized dynamics
is uniformly close to the transition kernel of the continuous dynamics when the state space
is compact : There exists CEM > 0 and ∆t∗ > 0 such that, for any 0 < ∆t ≤ ∆t∗,

sup
q∈M

∥∥∥P̃ b1/∆tc∆t (q, ·)−Q1(q, ·)
∥∥∥

TV
≤ CEM

√
∆t.

It therefore remains to control the distance between the transition rate of the metro-
polized and un-metropolized dynamics. It is at this stage that the argument of [BRH13,
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Lemma 4.6] can be simplified. As in the proof of this lemma, we use a coupling argu-
ment, and consider two chains qi and q̃i, corresponding respectively to the metropolized
dynamics and the standard un-metropolized one, starting from the same initial confition
q0 ∈ M. The probability that qn 6= q̃n is bounded from above by the probability that
qi 6= q̃i for some 1 ≤ i ≤ n, i.e. at least one rejection occured along the discrete trajectory.
Since the probability to reject the move from qi to qi+1 is 1−R∆t(qi, qi+1), it holds

∥∥∥Pn∆t(q, ·)− P̃n∆t(q, ·)∥∥∥TV
≤ 2P

[
qn 6= q̃n | q0 = q

]
≤ 2

n∑
i=1

E
[(

1−R∆t(qi, qi+1)
) ∣∣∣ q0 = q

]
.

In view of (8.35), there exists Creject such that E
[(

1−R∆t(qi, qi+1)
) ∣∣ q0 = q

]
≤ Creject∆t3/2

for ∆t sufficiently small. The sum from i = 1 to n = b1/∆tc may then be estimated as∥∥∥P b1/∆tc∆t (q, ·)− P̃ b1/∆tc∆t (q, ·)
∥∥∥

TV
≤ 2Creject

√
∆t.

The combination of all previous estimates finally gives (8.36).
For the second part of the lemma, we note that the bounds on the powers of P∆t imply

that the sum
+∞∑
n=0

Pn∆t is absolutely convergent in L̃∞(M), and it is then easily checked

that

(Id− P∆t)−1 =
+∞∑
n=0

Pn∆t. (8.38)

In fact,

∥∥∥(Id− Ph)−1f
∥∥∥
L∞

=
∥∥∥∥∥

+∞∑
n=0

Pn∆tf

∥∥∥∥∥
L∞

≤
+∞∑
n=0
‖Pn∆tf‖L∞ ≤

+∞∑
n=0

e−λn∆t‖f‖L∞ ≤
1

1− e−λ∆t ‖f‖L∞ ,

from which the result immediately follows.

8.6.4 Proof of Theorem 8.4

We follow the strategy of [LMS13, Section 3.8]. The proof starts by noting that the
integrated correlation function can be written using L−1, as made precise in (8.31). The
strategy of the proof is to write an approximation of L−1 using the discrete evolution
operators P∆t.

In view of (8.38) and (8.14), it holds

(−L)−1 ψ =
(

∆t
+∞∑
n=0

Pn∆t

)( Id− P∆t
∆t

)(
−L−1

)
ψ

=
(

∆t
+∞∑
n=0

Pn∆t

)((
Id + ∆tAL−1

)
ψ + ∆t3/2rL−1ψ,∆t

)
.

Since L−1ψ still is a smooth function (by elliptic regularity), the remainder rL−1ψ,∆t is
uniformly bounded by Lemma 8.14. Note also that since (Id−P∆t)L−1ψ and AL−1ψ have
vanishing averages with respect to µ, the remainder rL−1ψ,∆t has a vanishing average with
respect to µ. The above equality shows that

∫
M

(
−L−1ψ

)
ϕdµ = ∆t

+∞∑
n=0

∫
M

[
Pn∆t

(
ψ̃∆t + ∆t3/2rL−1ψ,∆t

)]
ϕdµ,
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where the sum is convergent in view of (8.17). In conclusion,

∫
M

(
−L−1ψ

)
ϕdµ = ∆t

+∞∑
n=0

E∆t
(
ψ̃∆t(qn)ϕ(q0)

)
+∆t3/2

∫
M

[( Id− P∆t
∆t

)−1
rL−1ψ,∆t

]
ϕdµ,

which gives the result, in view of the boundedness of the operator
( Id− P∆t

∆t

)−1
(given

by Lemma 8.3).

8.6.5 Proof of Theorem 8.5

We start by highlighting the martingale part of the increments δ∆t(qn, Un, Gn) =
Qn+1 −Qn, similarly to the continuous case (compare (8.29)) :

δ∆t(qn, Un, Gn) =
(
δ∆t(qn, Un, Gn)−EG,U

(
δ∆t(qn, U,G)

))
+EG,U

(
δ∆t(qn, U,G)

)
, (8.39)

where the expectation on the right-hand side is over the Gaussian random variable G and
the uniform variable U (the configuration qn being fixed). It will be useful to decompose
the increment as

δ∆t(q,G,U) =
√

2∆tG−∆t∇V (q)− δreject
∆t (q,G,U),

with
δreject

∆t (q,G,U) = 1U>R∆t(q,q−∆t∇V (q)+
√

2∆tG)
(√

2∆tG−∆t∇V (q)
)
.

In view of Lemma 8.6 (which shows in particular that δreject
∆t (q,G,U) can be thought

of as being of order ∆t2), the first term on the right-hand side of (8.39) is equal to√
2∆tGn at dominant order in ∆t. This term therefore corresponds to the term

√
2Wt in

the decomposition (8.29). The second term in the right-hand side of (8.39) is handled by
introducing an appropriate Poisson equation, which is the discrete analogue of (8.28).

Lemma 8.6. The average increment has the following expansion in powers of ∆t :

EG,U [δ∆t (q,G,U)] = −∆t∇V (q)−
√

2 ∆t2 EG [ξ+(q,G)G] + ∆t5/2rδ,∆t, (8.40)

where rδ,∆t is uniformly bounded for ∆t sufficiently small. In addition, there exists a
constant K > 0 such that

∣∣∣δreject
∆t (q,G,U)

∣∣∣ ≤ K (
1 +
√

∆t|G|
)
and, for any p > 0,

EG,U
∣∣∣δreject

∆t (q,G,U)
∣∣∣p ≤ C ∆t(p+3)/2. (8.41)

Lemma 8.7. There exists, for any ∆t > 0, a unique function Φ∆t = (Φ∆t,1, . . . ,Φ∆t,dN )
such that

(P∆t − Id) Φ∆t(q) = EG,U
[
δ∆t (q,G,U)

]
. (8.42)

Moreover, recalling the definition (8.28) of Φ0,

Φ∆t = Φ0 + ∆t Φ̃1 + ∆t3/2 Ψ∆t,

where Ψ∆t is uniformly bounded, and Φ̃1 is the unique solution of the Poisson equation

LΦ̃1 = AΦ0 −
√

2EG [ξ+(q,G)G] ,
∫
M

Φ̃1 dµ = 0. (8.43)
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In view of these results,

δ∆t(qn, Un, Gn) =
(
δ∆t(qn, Un, Gn)− EG,U

(
δ∆t(qn, U,G)

))
+ P∆tΦ∆t(qn)− Φ∆t(qn)

= Mn
∆t + Φ∆t(qn+1)− Φ∆t(qn),

with, upon rewriting P∆tΦ∆t(qn) as EG,U
[
Φ∆t

(
qn + δ∆t(qn, U,G)

)]
,

Mn
∆t =

(
δ∆t(qn, Un, Gn)− EG,U

(
δ∆t(qn, U,G)

))
−
(
Φ∆t(qn+1)− P∆tΦ∆t(qn)

)
=
(
δ∆t(qn, Un, Gn)− EG,U

(
δ∆t(qn, U,G)

))
−
(
Φ∆t

(
qn + δ∆t(qn, Un, Gn)

)
− EG,U

[
Φ∆t

(
qn + δ∆t(qn, U,G)

)] )
.

(8.44)

The interest of this rewriting is to highlight the fact that M0
∆t can be fully understood

in terms of the increments δ∆t(qn, Un, Gn) (in order to use Lemma 8.8 below). Note that
(Mn

∆t)n≥0 are stationary, independent martingale increments when q0 ∼ µ (since in this
case qn ∼ µ for all n ≥ 0). This shows that

Qn −Q0 = Φ∆t(qn)− Φ∆t(q0) +
n−1∑
m=0

Mk
∆t.

Since Φ∆t is uniformly bounded as ∆t→ 0, we obtain

DEinstein
∆t = E

(
M0

∆t√
∆t
⊗ M0

∆t√
∆t

)
.

We now expand M0
∆t in powers of ∆t. By Lemma 8.7, it is possible to replace the function

Φ∆t in the second term on the right-hand side of (8.44) by Φ0 + ∆tΦ̃1, up to a remainder
of order ∆t3/2. We next use the following lemma to compute the cross correlation between
the various functions of ∆t appearing in M0

∆t ⊗M0
∆t.

Lemma 8.8. For any smooth functions f, g, growing at most polynomially,
1

∆tEG,U
[(
f(δ∆t(q,G,U))− f(q)

)(
g(δ∆t(q,G,U))− g(q)

)]
= 2∇f(0)T∇g(0) + ∆t rf,g,∆t,

with f(q) = EG,U [f(δ∆t(q,G,U))], and where the remainder rf,g,∆t is uniformly bounded
for ∆t sufficiently small.

The conclusion then follows by applying this result with the functions f, g replaced by
x 7→ F Tx, x 7→ F TΦ0(q + x) and x 7→ F T Φ̃1(q + x) for a given test direction F . Indeed,

F TDEinstein
∆t F = 2

∫
M
|F |2 − 2∇

(
F TΦ0

)
· F +

∣∣∣∇ (F TΦ0
)∣∣∣2 dµ+ ∆t rF,∆t,

with |rF,∆t|/|F |2 uniformly bounded as ∆t→ 0. Manipulations similar to the ones leading
to (8.30) finally give the claimed result.

Remark 8.9. In order to characterize the leading order term in the error and prove that
the subleading order term indeed is of order ∆t3/2, it would be necessary to compute corre-
lation terms involving components of the remainder term Ψ∆t. This is not possible as such
because the regularity of Ψ∆t is not established, and obtaining regularity result from (8.42)
is difficult. An expansion of Φ∆t up to ∆t2 terms (as Φ0 + ∆tΦ̃1 + ∆t3/2Φ̃3/2 + ∆t2Ψ̃∆t)
is therefore needed in order not have to treat correlations involving the remainder Ψ∆t.
This, in turn, would require an expansion of P∆t up to remainders of order ∆t3, instead
of ∆t5/2 as in (8.14). Although this does not pose any problem in principle, we chose not
to follow this path in order to keep the arguments as simple as possible.
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We conclude this section with the proofs of the technical results quoted above.

Proof of Lemma 8.6. We first write an expansion of EG,U (δ∆t(q,G,U)) in fractional po-
wers of ∆t :

EG,U [δ∆t (q,G,U)] + ∆t∇V (q) = EG,U
[
δ∆t (q,G,U) + ∆t∇V (q)−

√
2∆tG

]
= EG,U

[(
1U≤R∆t(q,q−∆t∇V (q)+

√
2∆tG) − 1

)(
−∆t∇V (q) +

√
2∆tG

)]
= EG

[(
R∆t

(
q, q −∆t∇V (q) +

√
2∆tG

)
− 1

) (
−∆t∇V (q) +

√
2∆tG

)]
.

In view of (8.35), it holds EG,U [δ∆t (q,G,U)] + ∆t∇V (q) = −
√

2∆t2 EG [ξ+(q,G)G] +
∆t5/2rδ,∆t, which gives (8.40).

The bound (8.41) is a straightforward consequence of the equality

EG,U
∣∣∣δreject

∆t (q,G,U)
∣∣∣p = EG

[(
1−R∆t

(
q, q −∆t∇V (q) +

√
2∆tG

)) ∣∣∣√2∆tG−∆t∇V (q)
∣∣∣p] ,

while
∣∣∣δreject

∆t (q,G,U)
∣∣∣ ≤ |√2∆tG−∆t∇V (q)| immediately shows that

∣∣∣δreject
∆t (q,G,U)

∣∣∣ ≤
K
(
1 +
√

∆t|G|
)
.

Proof of Lemma 8.7. We introduce the normalized average increment, defined as the fol-
lowing periodic function :

δ∆t(q) = EG,U [δ∆t (q,G,U)]
∆t .

Lemma 8.3 shows that Φ∆t is well defined provided the periodic function δ∆t has a vani-
shing average with respect to µ. To prove this statement, we start from

EG,U [δ∆t (q,G,U)] =
∫
RdN

R∆t(q, q′)T∆t(q, q′)(q′ − q) dq′.

It is easily seen that∫
M

EG,U [δ∆t (q,G,U)]µ(dq) =
∫
M

∫
RdN

R∆t(q, q′)T∆t(q, q′)(q′ − q) dq′ µ(dq)

=
∑

n∈ZdN

∫
M

∫
M
R∆t(q, q′ + nL)T∆t(q, q′ + nL)(q′ − q + nL) dq′ µ(dq) =

∑
n∈ZdN

In,

with

In =
∫
M

∫
M

min
(
µ(dq′)T∆t(q′ + nL, q), µ(dq)T∆t(q, q′ + nL)

)
(q′ − q + nL) dq′ dq.

Since q and q′ play symmetric roles, I0 vanishes. For n ≥ 0, we obtain, by first exchanging
the names of the dummy variables q and q′ and then using T∆t(q+nL, q′) = T∆t(q, q′−nL)
as well as the invariance of µ by translations of the periodic cell,

In =
∫
M

∫
M

min
(
µ(dq′)T∆t(q′ + nL, q), µ(dq)T∆t(q, q′ + nL)

)
(q′ − q + nL) dq′ dq

=
∫
M

∫
M

min
(
µ(dq)T∆t(q + nL, q′), µ(dq′)T∆t(q′, q + nL)

)
(q − q′ + nL) dq dq′

=
∫
M

∫
M

min
(
µ(dq)T∆t(q, q′ − nL), µ(dq′)T∆t(q′ − nL, q)

)(
q − (q′ − nL)

)
dq dq′

= −
∫
M

∫
M

min
(
µ(dq′)T∆t(q′ − nL, q), µ(dq)T∆t(q, q′ − nL)

)
(q′ − q − nL) dq dq′.
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Therefore, In = −I−n, which allows to conclude that

∀∆t > 0,
∫
M
δ∆t(q)µ(dq) = 0. (8.45)

To obtain an expansion of Φ∆t in terms of fractional powers of ∆t, we rely on (8.40),
which implies that

δ∆t(q) = −∇V (q)−
√

2 ∆tEG [ξ+(q,G)G] + ∆t3/2rδ,∆t. (8.46)

The function Φ̃1 introduced in (8.43) is indeed well defined since Af has a vanishing
average with respect to µ for any function f (see (8.15)), while the condition (8.45),
together with the expansion (8.46), shows that the average of EG [ξ+(q,G)G] with respect
to µ also vanishes. Now, consider the following difference, relying on the expansion (8.14)
and the definition of Φ0 :

−
( Id− P∆t

∆t

)(
Φ∆t − Φ0 −∆t Φ̃1

)
= δ∆t(q)−

(
L+ ∆t A

) (
Φ0 + ∆t Φ̃1

)
+ ∆t3/2 r∆t

= ∆t
(
AΦ0 −

√
2EG [ξ+(q,G)G]− LΦ̃1

)
+ ∆t3/2 r̃∆t.

The first term on the right-hand side of the last equality vanishes by definition of Φ̃1. The
remainder r̃∆t has a vanishing average with respect to µ since it belongs to Ran(I −P∆t).
Lemma 8.3 then shows that there exists a constant C > 0 and ∆t∗ > 0 such that, for any
0 < ∆t ≤ ∆t∗, ∥∥∥Φ∆t − Φ0 −∆t Φ̃1

∥∥∥
L∞(M)

≤ C ∆t3/2.

This gives the result upon defining Ψ∆t = ∆t−3/2
(
Φ∆t − Φ0 −∆t Φ̃1

)
.

Proof of Lemma (8.8). A Taylor expansion with integral remainder gives

f(δ∆t(q,G,U)) = f(0) +∇f(0)T δ∆t(q,G,U) + 1
2δ∆t(q,G,U)T∇2f(0)δ∆t(q,G,U)

+ 1
2

∫ 1

0
(1− θ)2D3f(θδ∆t(q,G,U))

(
δ∆t(q,G,U)⊗3

)
dθ.

A simple computation using (8.40) and (8.41) shows that

f(q) = f(0)−∆t
(
∇f(0)T∇V (q) + ∆f(0)

)
+ ∆t2rf,∆t,

where rf,∆t is uniformly bounded for ∆t sufficiently small. Therefore,

f(δ∆t(q,G,U))− f(q)

= ∇f(0)T
(
δ∆t(q,G,U) + ∆t∇V (q)

)
+ 1

2∇
2f(0) :

(
δ∆t(q,G,U)⊗ δ∆t(q,G,U)− 2∆t Id

)
+ 1

2

∫ 1

0
(1− θ)2D3f(θδ∆t(q,G,U))

(
δ∆t(q,G,U)⊗3

)
dθ −∆t2rf,∆t

=
√

2∆t∇f(0)TG+ ∆t∇2f(0) :
(
G⊗G− Id

)
− ∆t3/2√

2
∇2f(0) :

(
∇V (q)⊗G+G⊗∇V (q)

)
+∇f(0)T δreject

∆t (q,G,U)

+ 1
2∇

2f(0) :
(
δreject

∆t (q,G,U)⊗ δ∆t(q,G,U) + δ∆t(q,G,U)⊗ δreject
∆t (q,G,U) + δreject

∆t (q,G,U)⊗ δreject
∆t (q,G,U)

)
+ 1

2

∫ 1

0
(1− θ)2D3f(θδ∆t(q,G,U))

(
δ∆t(q,G,U)⊗3

)
dθ −∆t2rf,∆t.
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A simple computation finally shows that

1
∆tEG,U

[(
f(δ∆t(q,G,U))− f(q)

)(
g(δ∆t(q,G,U))− g(q)

)]
= 2EG

[(
∇f(0)TG

) (
∇g(0)TG

)]
+ ∆t rf,g,∆t,

where the remainder rf,g,∆t is uniformly bounded.





Chapitre 9

Improving trajectorial accuracy
for the Metropolis-adjusted
Langevin algorithm

Les résultats de cette section ont été obtenus en collaboration avec Ahmed-Amine Hom-
mann et Gabriel Stoltz.

As in the previous chapter, we consider the Brownian dynamics

dqt = −∇V (qt) dt+
√

2 dWt (9.1)

with some smooth potential V , but this time the space is Rd, rather than the torus. We
denote by

µ(dq) := 1
Z

exp(−V (q))dq

its invariant measure. We also denote by L the generator of the dynamic, which acts on
smooth test functions f as

Lf(q) = −∇V (q) · ∇f(q) + ∆f(q) (9.2)

Since we work on a non-compact space, we shall need a few growth assumptions on
the potential V :

Assumption 9.1. We will make the following growth assumptions on the potential V
(which are taken from [BRVE09], except for (vi)) :
(i) There exists a real constant K > 0 such that V (q) ≥ K|q| ;
(ii) For every integer ` ≥ 1, there exists constants δ` > 0 and M` > 0 such that

L{V (q)`} ≤ −δ`V (q) +M`;

(iii) There exists a constant K > 0 such that

|∇V (q)−∇V (q′)| ≤ K(V (q) + V (q′))|q − q′| ∀x, y ∈ Rd;

(iv) There exists a real constant K > 0 such that

〈−∇V (q) +∇V (q′), q − q′〉 ≤ K|q − q′|2 ∀q, q′ ∈ Rd;

(v) There exists a real constant K > 0 such that

||D5V (q)|| ∨ ||D4V (q)|| ∨ ||D3V (q)|| ∨ ||D2V (q)|| ∨ |∇V (q)| ≤ K(1 + V (q));

(vi) The second derivative of the potential HessV is bounded from below (in the sense of
symmetric matrices) by some −κId.
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As previously, we can consider the Metropolis-adjusted Langevin algorithm. Proposals
are generated according to the forward Euler scheme

qn+1 = qn − β∆t∇V (qn) +
√

2∆tGn, (9.3)

and accepted with probability

R∆t
(
qn, q̃n+1

)
= e−βV (q̃n+1)T∆t(q̃n+1, qn)

e−βV (qn)T∆t(qn, q̃n+1)
,

where
T∆t(q, q′) =

( 1
4π∆t

)dN/2
exp

(
−|q

′ − q + β∆t∇V (q)|2

4∆t

)
.

If the proposal is rejected, we remain at qn.
This time, we are interested in the strong trajectorial accuracy at equilibrium of the

scheme, defined as
sup
t∈[0,T ]

(
Eµ
[
Ex[|qbt/∆tc − qt|2]

])1/2
. (9.4)

In [BRVE09], Bou-Rabee and Vanden-Eijnden proved the following sharp bound for
the strong trajectorial accuracy at equilibrium of MALA

Theorem 9.1. Under the assumptions 9.1, for any T > 0 there exists ∆t∗ > 0 and
C(T ) > 0 such that, for any ∆t < ∆t∗ and for all t ∈ [0, T ],(

Eµ
[
Ex[|qbt/∆tc − qt|2]

])1/2
≤ C(T )(∆t)3/4.

The reason why it is of order 3/4 is because the small rejection probability of MALA,
while it allows to avoid blowup, corrupts the dynamic and reduces its accuracy.

In this chapter, we introduce a modified MALA scheme that has better strong trajec-
torial accuracy at equilibrium. We do this by adding perturbations the the explicit Euler
proposal, small enough to disappear in the scaling limit, but large enough to reduce the
rejection rate of the Metropolis-Hastings procedure. Rather than being in ∆t3/2, the re-
jection rate will behave like ∆t2, which will allow us to obtain better estimates on the
strong accuracy of the scheme.

Once we will have identified the right perturbation, the scheme of proof will be the
same as in [BRVE09], except for the extra terms and increased accuracy that come from
the perturbation.

We consider the modified explicit Euler proposal

qn+1 = qn −∆t∇V (qn) + ∆t2F (qn) +
√

2∆t(Id+ ∆tσ(qn))−1/2Gn, (9.5)

where F : Rd −→ Rd and σ : Rd −→ Sd(R) will be specified later. We assume that, for ∆t
small enough, (Id+ ∆tσ(q)) is a positive-definite matrix for all q ∈ Rd (which will be the
case for the choice we shall later make).

The Metropolis-Hastings procedure then uses the acceptance rate

R∆t
(
qn, q̃n+1

)
= e−βV (q̃n+1)T∆t(q̃n+1, qn)

e−βV (qn)T∆t(qn, q̃n+1)
,

where
T∆t(q, q′) =

( 1
4π∆t

)d/2
det(Id+ hσ(q))1/2
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× exp
(
−〈(Id+ ∆tσ(q))(q′ − q + ∆t∇V (q)−∆t2F (q)), (q′ − q + ∆t∇V (q)−∆t2F (q))〉

4∆t

)
.

We therefore have

− logR∆t(q, q′) = V (q′)− V (q)− 1
2〈q
′ − q,∇V (q′) +∇V (q)〉

+ ∆t
4 (|∇V (q′)|2 − |∇V (q)|2)− 1

2 log det(Id+ ∆tσ(q′)) + 1
2 log det(Id+ ∆tσ(q))

+ ∆t
2 〈q

′ − q, F (q′) + F (q)〉 − ∆t2

2 〈∇V (q′), F (q′)〉+ ∆t2

2 〈∇V (q), F (q)〉

+ ∆t3

4 (|F (q′)|2 − |F (q)|2) + 1
4〈σ(q′)(q′ − q), (q′ − q)〉 − 1

4〈σ(q)(q′ − q), (q′ − q)〉

− ∆t
2 〈σ(q′)(q′ − q),∇V (q′)〉 − ∆t

2 〈σ(q)(q′ − q),∇V (q)〉

− ∆t2

2 〈σ(q′)(q′ − q), F (q′)〉 − ∆t2

2 〈σ(q)(q′ − q), F (q)〉

+ ∆t2

4 〈σ(q′)∇V (q′),∇V (q′)〉 − ∆t2

4 〈σ(q)∇V (q),∇V (q)〉

− ∆t3

2 〈σ(q′)∇V (q′), F (q′)〉+ ∆t3

2 〈σ(q)∇V (q), F (q)〉

+ ∆t4

4 〈σ(q′)F (q′), F (q′)〉 − ∆t4

4 〈σ(q)F (q), F (q)〉. (9.6)

If we take q′ = q−∆t∇V (q) + ∆t2F (q) +
√

2h(Id +σ(q))−1/2G and do a Taylor expansion
in ∆t, the first non-zero term is in ∆t3/2, and is

−2
√

2
12 D3V (q)(G⊗3) +

√
2

2 〈HessV (q)∇V (q), G〉 −
√

2
2 〈∇Tr(σ)(q), G〉

+
√

2〈F (q), G〉+
√

2
2 Dσ(q)(G⊗3)−

√
2〈σ(q)G,∇V (q)〉. (9.7)

Since we want this to be equal to zero, it leads to the conditions

Dσ(q)− 1
3D

3V (q) = 0, HessV (q)∇V (q)−∇Tr(σ)(q) + 2F (q)− 2σ(q)∇V (q) = 0 (9.8)

for all q ∈ Rd. This automatically leads to the choices

σ(q) = 1
3 HessV (q), F (q) = −1

6 HessV (q)∇V (q) + 1
6∇∆V (q). (9.9)

Under assumption (vi), for ∆t small enough (Id + ∆t
3 HessV (q))−1/2 makes sense for

every q, and the scheme is well defined. Moreover, since we use a Metropolis-Hastings
procedure, it is reversible, and has invariant measure µ.

With this modified proposal, we have the following strong trajectorial accuracy esti-
mate :

Theorem 9.2. The modified MALA scheme with proposal given by (9.5), with σ and F
chosen as in (9.9), has strong trajectorial accuracy at equilibrium of order 1. That is for
any T > 0 there exists ∆t∗ > 0 and C(T ) > 0 such that, for any ∆t < ∆t∗ and for all
t ∈ [0, T ], (

Eµ
[
Ex[|qbt/∆tc − qt|2]

])1/2
≤ C(T )∆t.
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Remark 9.3. As for the usual MALA, the main reason we cannot extend this result to
the case where we start from a measure that is not the equilibrium measure is the lack of
geometric ergodicity for MALA in the case of a non-compact space.

Remark 9.4. For practical purposes, to reduce the number of computations we have to
make when generating the proposal, it seems that it would be better to replace the term
(Id + ∆t

3 HessV (q))−1/2G by (Id− ∆t
6 HessV (q))G, or even G− 1

6(∇V (q+ ∆tG)−∇V (q)).
In this case, the strong trajectorial accuracy at equilibrium would still be of order 1.

To prove our theorem, we continue to investigate the behavior of the acceptance rate
of the scheme. We now look at the term in ∆t2, and we obtain

− 1
6D

4V (q)(G⊗4) + 1
2D

3V (q)(∇V (q), G⊗2)− 1
2〈HessV (q)∇V (q),∇V (q)〉

+ 1
2D

3V (q)(G⊗2),∇V (q)〉+ 1
2 |HessV (q)G|2 + 1

2〈∇Tr(σ)(q),∇V (q)〉

− 1
2D

2Tr(σ)(q)(G⊗2)− 〈∇V (q), F (q)〉+ 〈DF (q)G,G〉

− 3
2Dσ(q)(∇V (q), G⊗2) + 1

2D
2σ(q)(G⊗4) + 〈σ(q)∇V (q),∇V (q)〉

−Dσ(q)(∇V (q), G⊗2)− 〈σ(q)G,HessV (q)G〉 (9.10)

When we plug in the expressions of (9.9), we get zero ( !). This surprising fact is confirmed
by numerical simulations, which show that the acceptance rate behaves like 1 − C∆t5/2.
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So we need to look at the term in ∆t5/2 the development, which is

−
√

2
20 D

5V (q)(G⊗5) +
√

2
4 D3V (q)(G⊗2, σ(q)G)−

√
2

4 D3V (q)(G,∇V (q),∇V (q))

+
√

2
3 D4V (q)(G⊗3,∇V (q))−

√
2

4 〈∇V (q),HessV (q)σ(q)G〉

−
√

2
2 D3V (q)(G,∇V (q),∇V (q)) +

√
2

2 D3V (q)(G⊗2,HessV (q)G)

−
√

2
2 〈HessV (q)G,HessV (q)∇V (q)〉+

√
2

6 D4V (q)(G⊗3,∇V (q))

+
√

2
4 〈∇Tr(σ)(q), σ(q)G〉+

√
2

2 Tr(σ(q))〈∇Tr(σ)(q)G〉 −
√

2
2 D2

Id(det)(Dσ(q)G, σ(q))

−
√

2
2 〈σ(q)G,F (q)〉 −

√
2

2 〈∇V (q), DF (q)G〉 −
√

2
2 〈G,DF (q)∇V (q)〉

+
√

2
2 〈G,D

2F (q)(G⊗2)〉 −
√

2
2 〈HessV (q)G,F (q)〉 −

√
2

2 〈∇V (q), DF (q)G〉

+
√

2
6 〈D

3σ(q)(G⊗3)G,G〉 −
√

2D2σ(q)(G⊗3,∇V (q)) + 3
√

2
4 Dσ(q)(G,∇V (q),∇V (q))

− 3
√

2
4 Dσ(q)(G⊗2, σ(q)G) +

√
2

2 〈σ(q)2G,∇V (q)〉 −
√

2
2 〈D

2σ(q)(G⊗2)G,∇V (q)〉

+
√

2〈Dσ(q)(G)∇V (q),∇V (q)〉 −
√

2
2 〈σ(q)G,D3V (q)(G⊗2)〉

−
√

2〈Dσ(q)(G)G,HessV (q)G〉+
√

2
2 〈σ(q)∇V (q),HessV (q)G〉

+
√

2
2 〈σ(q)G,HessV (q)∇V (q)〉 −

√
2〈σ(q)G,F (q)〉

+
√

2
4 〈Dσ(q)(G)∇V (q),∇V (q)〉+

√
2

2 〈σ(q)∇V (q),HessV (q)G〉 (9.11)

When we plug in the expressions of σ, we get

√
2

180D
5V (q)(G⊗5)−

√
2

12 D
3V (q)(G,∇V (q),∇V (q))

−
√

2
36 〈HessV (q)G,HessV (q)∇V (q)〉 −

√
2

6 D3V (q)(G⊗2,HessV (q)G)

−
√

2
18 D

2
Id(det)(D3V (q)G,HessV (q)) +

√
2

36 〈∇∆V (q),HessV (q)G〉

+
√

2
18 ∆V (q)〈∇∆V (q), G〉+

√
2

2 〈G,D
2F (q)(G⊗2)〉

− 3
√

2
2 〈∇V (q), DF (q)G〉 −

√
2〈HessV (q)G,F (q)〉. (9.12)
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And finally, when we plug in the expression of F , we get
√

2
180D

5V (q)(G⊗5) +
√

2
6 D3V (q)(G,∇V (q),∇V (q))

+ 7
√

2
18 〈HessV (q)G,HessV (q)∇V (q)〉 − 5

√
2

12 D3V (q)(G⊗2,HessV (q)G)

−
√

2
18 D

2
Id(det)(D3V (q)G,HessV (q))− 5

√
2

36 〈∇∆V (q),HessV (q)G〉

+
√

2
18 ∆V (q)〈∇∆V (q), G〉 −

√
2

4 〈Hess(∆V )(q)G,∇V (q)〉

+
√

2
12 〈D

3(∆V )(q)(G⊗3)−
√

2
12 D

4V (q)(G⊗3,∇V (q)) (9.13)

This is of course a very unwieldy expression. Thankfully, we only need it in order to
obtain the following Lemma :

Lemma 9.5. Under our growth assumptions on V , there exists a constant C` > 0 such
that Eq[(1−R∆t(q, q′))2`] ≤ C`(∆t)5`(1 + V (q)8`) for any q ∈ Rd and any ` ≥ 1, where q′
is the proposal generated by our modified Euler scheme.

To prove this Lemma, we just have to plug in the Taylor expansion we just obtained
in the expression of R∆t, and use Laplace’s method to rigorously justify the bound. The
exponent 8` comes from the fact that the largest term in the previous expression (when q
is large) is D2

Id(det)(D3V (q)G,HessV (q)), which under our growth assumptions on V is
bounded by C(1 + V (q)4).

For the proof of our main result, we shall need some estimates on the solutions to the
SDE, which are collected from [BRVE09] (with the notations modified to fit with those
we use) :

Proposition 9.6 (Properties of the SDE). For s ≤ t, let Qt,s(x) denote the evolution
operator of (9.1). (i) For any integer ` ≥ 1, there exists K` > 0 such that, for any t ≥ 0
and any q,

E[|Qt,0(x)− x|2`] ≤ K`(1 + t`V (q)2`)t`;
(ii) For all K > 0, there exists ∆t∗ > 0 such that, for any q, q′ ∈ Rd, s ≥ 0 and

∆t < ∆t∗, we have

E[|Qs+h,s(q)−Qs+h,s(q′)|2] ≤ |q − q′|2(1 +Kh);

and, with ∆ := Qs+h,s(q)−Qs+h,s(q′)− (q − q′),

E[|∆|2] ≤ Kh2(1 + V (q)2 + V (q′)2)|q − q′|.

Lemma 9.7 (Single step accuracy of the modified EM scheme). There exists ∆t∗ > 0
such that, for any ∆t < ∆t∗,

Ex[|q̃ − q∆t|2] ≤ C(1 + V (q)4)∆t3

where

q̃ = q−∆t∇V (q)+∆t2(1
6∇∆V (q)−1

6 HessV (q)∇V (q))+
√

2∆t(Id+∆t
3 HessV (x))−1/2B∆t

and q∆t is the value at time h of the solution to (9.1) with initial condition q. Moreover,
with the same notations, we have

|Eq[q̃ − q∆t]| ≤ C(1 + V (q)2)∆t2.
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Démonstration. Let q̂ := q −∆t∇V (q) +
√

2∆tB∆t. We have

Eq[|q̃ − q∆t|2] ≤ 2Ex[|q̂ − q∆t|2] + 8∆tE[|((Id+ h

3 HessV (x))−1/2 − Id)B∆t|2]

+4∆t4E[|16∇∆V (q)− 1
6 HessV (q)∇V (q)|2]

It has been proven in Lemma 4.3 of [BRVE09] that

Eq[|q̂ − q∆t|2] ≤ C(1 + V (q)4)∆t3.

We also have

E[|((Id+ h

3 HessV (q))−1/2 − Id)B∆t|2] = Tr(((Id+ h

3 HessV (q))−1/2 − Id)2)

= Tr((Id+ ∆t
3 HessV (q)))−1 + Tr(Id)− 2 Tr((Id+ ∆t

3 HessV (q))−1/2

≤ C∆t2(1 + V (q)2)

where we have used the assumed bounds on the derivatives of V . Finally,

∆t4E[|16∇∆V (q)− 1
6 HessV (q)∇V (q)|2] ≤ C∆t4(1 + V (q)4)

This concludes the proof of the first part.
For the second part, we just have to notice that

Eq[q̃ − q∆t] = Eq[q̄ − q∆t] + ∆t2(1
6∇∆V (q)− 1

6 HessV (q)∇V (q)),

and use the accuracy estimate for the local mean deviation of the regular EM scheme in
[BV, Lemma 4.3], as well as the bound on the derivatives of V .

Lemma 9.8 (Local accuracy of MALA). Let q̄ be the random variable obtained from a
single step of the modified MALA scheme starting from q. Then, for ∆t < ∆t∗, we have

(i) E[|q̄ − q∆t|2] ≤ C∆t3(1 + V (q)6);

(ii) |E[q̄ − q∆t]| ≤ C(1 + V (q)6)∆t2

Démonstration. By definition of the scheme, we have

Eq[|q̄ − q∆t|2] = Eq[|q̃ − q∆t|2(α(q, q̃) ∧ 1)] + Eq[|q − Y∆t|2(1− (α(q, q̃) ∧ 1))]

For the first term on the right-hand side, we just have to apply Lemma 9.7. For the
second term, applying the Cauchy-Schwartz inequality, we get

Eq[|q − q∆t|2(1− (R∆t(q, q̃) ∧ 1))] ≤ Eq[|q − q∆t|4]1/2Eq[(1−R∆t(q, q̃))2]1/2 (9.14)

From part (i) of Proposition 9.6, we know that Eq[|q − q∆t|4] ≤ C(1 + ∆t2V (q)4)∆t2.
Applying Lemma 9.5 to bound Eq[(1−R∆t(q, q̃))2] then concludes the proof.

The proof of (ii) is based on the same arguments. We have

|E[q̄ − q∆t]| ≤ |E[(q̃ − q∆t)(α(q, q̃) ∧ 1)]|+ |Eq[(q − q∆t)(1− (α(q, q̃) ∧ 1))]|
≤ |E[(q̃ − q∆t)]|
+ Eq[(q − q∆t)2]1/2Eq[(1−R∆t(q, q̃)2]1/2

≤ C(1 + V (q)6)∆t2 (9.15)

where we have used Proposition 9.6 and Lemma 9.7.
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Proof of Theorem 9.2. For k = 0, .., bT/hc let tk := k∆t and

εk := Eµ̄Eq[|qk − qtk |
2].

We shall prove the inequality

εk+1 ≤ (1 +A∆t)εk +K∆t3 (9.16)

which implies Theorem 9.2 by a simple iteration.
Let Fk be the sigma-algebra of events up to the k-th iteration. We have

|qk+1 − qtk+1 |
2 = |qk+1 −Qtk+1,tk(qk) +Qtk+1,tk(qk)−Qtk+1,tk(Qtk,0(q))|2

= |qk+1 −Qtk+1,tk(qk)|2 + |Qtk+1,tk(qk)−Qtk+1,tk(Qtk,0(q))|2

+ 2〈qk+1 −Qtk+1,tk(qk), Qtk+1,tk(qk)−Qtk+1,tk(Qtk,0(q))〉. (9.17)

From Lemma 9.8, we know that

E[|qk+1 −Qtk+1,tk(qk)|2|Fk] ≤ C∆t3(1 + V (qk)4)

and therefore, since the scheme leaves the measure µ invariant,

EµEq[|qk+1 −Qtk+1,tk(qk)|2] ≤ C∆t3. (9.18)

Similarly, using part (ii) of Proposition 9.6, we get

EµEq[|Qtk+1,tk(qk)− Ytk+1,tk(Ytk,0(q))|2] ≤ (1 +A∆t)εk. (9.19)

All that is left is to bound the third term on the right-hand side in (9.17). Setting

∆ := Qtk+1,tk(qk)−Qtk+1,tk(Qtk,0(q))− (qk −Qtk,0(q))

we can rewrite it as

〈qk+1 −Qtk+1,tk(qk), qk −Qtk,0(q)〉+ 〈qk+1 −Qtk+1,tk(qk),∆〉.

Using the Cauchy-Schwartz inequality and Lemma 9.8, we have

EµEq
[
〈E[qk+1 −Qtk+1,tk(qk)|Fk], qk −Qtk,0(q)〉

]
≤ EµEq

[
|E[qk+1 −Qtk+1,tk(qk)|Fk]|2

]1/2
ε
1/2
k

≤ C∆t2ε1/2k

≤ C(∆tεk + ∆t3). (9.20)

In the same way,

Eµ̄Eq[〈qk+1 −Qtk+1,tk(qk),∆〉]

≤ EµEq
[
E[|qk+1 −Qtk+1,tk(qk)|2|Fk]

]1/2
EµEq

[
E[|∆|2|Fk]

]1/2
≤ C∆t3/2Eq

[
E[|∆|2|Fk]

]1/2
According to Proposition 9.6,

Eq
[
E[|∆|2|Fk]

]1/2
≤ C∆tε1/4k ,

and therefore
Eµ̄Eq[〈qk+1 −Qtk+1,tk(qk),∆〉] ≤ C∆t5/2ε1/4k

≤ C(∆tεk + ∆t3).
This concludes the proof of (9.16).
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