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LE CYCLE DES SAISONS

Las de s’étre contractés tout I'hiver les arbres tout & coup se flattent d’étre dupes. Ils ne
peuvent plus y tenir : ils lachent leurs paroles, un flot, un vomissement de vert. Ils tachent
d’aboutir a une feuillaison compléte de paroles. Tant pis! Cela s’ordonnera comme cela
pourra! Mais en réalité, cela s’ordonne! Aucune liberté dans la feuillaison... Ils lancent, du
moins le croient-ils, n’importe quelles paroles, lancent des tiges pour y suspendre encore
des paroles : nos troncs, pensent-ils, sont la pour tout assumer. Ils s’efforcent & se cacher,
a se confondre les uns dans les autres. Ils croient pouvoir dire tout, recouvrir entiérement
le monde de paroles variées : ils ne disent que « les arbres ». Incapables méme de retenir
les oiseaux qui repartent d’eux, alors qu’ils se réjouissaient d’avoir produit de si étranges
fleurs. Toujours la méme feuille, toujours le méme mode de dépliement, et la méme limite,
toujours des feuilles symétriques a elles-mémes, symétriquement suspendues! Tente encore
une feuille !-La méme ! Encore une autre! La méme! Rien en somme ne saurait les arréter
que soudain cette remarque : « L’on ne sort pas des arbres par des moyens d’arbres. »
Une nouvelle lassitude, et un nouveau retournement moral. « Laissons tout ca jaunir, et
tomber. Vienne le taciturne état, le dépouillement, 'AUTOMNE. »

Francis Ponge
Le parti pris des choses



RESUME

Cette these étudie certaines propriétés fractales et trajectorielles de processus de bran-
chement en temps et espace continus. De facon informelle, ce type de processus est obtenu
en considérant I’évolution d’une population ou les individus se reproduisent et meurent
au cours du temps, et ce de maniere aléatoire. Le premier chapitre concerne la classe
des processus de branchement avec immigration. On donne une formule semi-explicite
pour la transformée de Laplace des temps d’atteinte ainsi qu’une condition nécessaire
et suffisante de récurrence-transience. Ces deux résultats illustrent la compétition bran-
chement /immigration. Le second chapitre considére I'arbre Brownien et ses mesures de
temps local, dites mesures de niveau. On montre que celles-ci s’obtiennent comme res-
triction, a une constante pres explicitée, d’une certaine mesure de Hausdorff sur I'arbre.
Le résultat est montré simultanément pour tous niveaux. Le troisieme chapitre étudie le
Super-mouvement Brownien associé a un mécanisme de branchement général. Sa mesure
d’occupation totale est obtenue comme restriction d’une certaine mesure de packing dans
I’espace euclidien. Le résultat est valable en grande dimension. La condition sur la dimen-
sion de ’espace ambiant est discutée a travers le calcul, sous des hypothese de régularité
faibles pour le mécanisme de branchement, de la dimension de packing du range total du
processus.



ABSTRACT

This thesis investigates some fractal and pathwise properties of branching processes
with continuous time and state-space. Informally, this kind of process can be described by
considering the evolution of a population where individuals reproduce and die over time,
randomly. The first chapter deals with the class of continuous branching processes with
immigration. We provide a semi-explicit formula for the hitting times and a necessary and
sufficient condition for the process to be recurrent or transient. Those two results illustrate
the competition between branching and immigration. The second chapter deals with the
Brownian tree and its local time measures : the level-sets measures. We show that they
can be obtained as the restriction, with an explicit multiplicative constant, of a Hausdorff
measure on the tree. The result holds uniformly for all levels. The third chapter study
the Super-Brownian motion associated with a general branching mechanism. Its total
occupation measure is obtained as the restriction to the total range, of a given packing
measure on the euclidean space. The result is valid for large dimensions. The condition on
the dimension is discussed by computing the packing dimension of the total range. This
is done under a weak assumption on the regularity of the branching mechanism.
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INTRODUCTION

1 Processus et arbres de Galton-Watson.

Le présent travail de these étudie certains aspects des processus de branchement conti-
nus en temps et espace. Ceux-ci s’obtiennent notamment comme limite d’échelle de proces-
sus de branchement discrets dont nous rappelons les définitions dans cette section. Dans
une premiere partie, nous rappelons la définition des processus de Galton-Watson et de
leur généalogie : les arbres de Galton-Watson. Les notions de fonctions des hauteurs et
de fonctions de contour sont ensuite introduites. Ces définitions dans le cadre discret per-
mettent d’expliquer les définitions du processus des hauteurs en temps et espace continus.
Pour plus de détails sur ces processus discrets, ainsi que pour les preuves des faits énoncés
ci-dessous, on renvoie le lecteur au livre d’Athreya et Ney [§], au livre de Lyons et Peres
[92], et a larticle de Neveu [94]. Pour les fonctions associées, voir l'article de Le Gall et
Le Jan [86] et l'introduction de la monographie de Duquesne et Le Gall [40]. Sauf men-
tion explicite du contraire, toutes les variables aléatoires considérées dans ce qui suit sont
définies sur un méme espace (92, F,P).

1.1 Processus de Galton-Watson.

Soit (Vi(n) ,i € N*,n € N), un tableau de variables aléatoires i.i.d. a valeurs dans N de loi
commune g = (u(k),k € N), qui est la loi de reproduction. On note f,(r) = 352 r*u(k)
la fonction génératrice de p. Un processus de Galton-Watson (Z,,)nen partant de a € N
et de loi de reproduction p peut étre défini récursivement par

ZQ =a
{ 2=y V) (1)
n+1 1<i<Zz, Vi

Le processus (Zy,)nen est clairement une chaine de Markov dont les probabilités de tran-
sition sont caractérisées par

¥re (0,1, ¥n €N, E[rZ | Z,] = f(r)% (2)

La chaine de Markov (Z,),en décrit I’évolution au cours des générations d’une popula-
tion constituée initialement de a ancétres & la génération 0. A la génération n > 0, chaque
individu donne naissance, indépendamment des autres, a un nombre aléatoire d’enfants
suivant la loi p. Les enfants des individus a la génération n constituent 1’ensemble des
individus a la génération n + 1.

Considérons deux populations indépendantes, I'une descendant de a ancétres, 'autre des-
cendant de b ancétres. La réunion de ces deux populations suit clairement la méme loi
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qu’une population descendant de a + b ancétres. Ce fait est appelé propriété de bran-
chement. Plus formellement, notons P,(a,-) la loi de Z,, lorsque Zy = a comme dans la
définition () ; la propriété de branchement s’énonce par 1’égalité suivante :

Vn,a,b € N P,(a,-)* P,(b,-) = Py(a+b,-), (3)

ol * désigne le produit de convolution des lois sur N. Cette propriété caractérise les
processus de Galton-Watson parmi les chaines de Markov d’espace d’états N.

Soit ¢ = sup {r € [0,1] : fu(r) > r} qui est le plus petit point fixe de f, sur [0, 1]. II est
facile de montrer d’une part que

P(3neN: Z, =0) = E[¢%]. (4)

D’autre part, si Y peg kp(k) < 1, alors ¢ = 1 et, par (), la population s’éteint presque sire-
ment ; si > oo ku(k) > 1, la population a une probabilité strictement positive de survivre.
Pour ces raisons, u est dite sous-critique si Y oo ku(k) < 1, critique si Y52 g ku(k) =1 et
sur-critique si 52 o ku(k) > 1.

1.2 Arbres de Galton-Watson.

Dans cette section, nous décrivons l'arbre généalogique d’un processus de Galton-
Watson issu d’un seul ancétre. De maniere informelle, & un individu vivant a la génération
n est associé un noeud a la hauteur n dans 'arbre généalogique. Si cet individu donne
naissance a k enfants, autant de branches partiront de ce noeud dans ’arbre. Formellement,
larbre généalogique est un arbre étiqueté ordonné et enraciné (un arbre planaire enraciné).
Nous rappelons ici le formalisme d’arbres proposé par Neveu [94] ; on pose tout d’abord

v= Uy, ©
n=0

avec la convention (N*)? = (); U est 'ensemble des mots finis écrits avec des entiers. Si
u = (ug,...,u,) € U, on note |u| = n salongueur et on dira que u est un noeud & la hauteur
(ou & la génération) n. Si v = (vy,...,vy) € U, on note uv = (ug,...,Up,v1,...,0p) la
concaténation des mots u et v. Un sous-ensemble 7' C U est un arbre (étiqueté, enraciné,
ordonné) si

(a) @ € T. On dit que () est la racine de T
(b) SiueUetsije N*sont tels que uj € T, alors u € T'.
(¢) Pour tout u € T, il existe ky(T') > 0 tel que uj € T si et seulement si 1 < j < k(7).

Notons T C U lensemble des arbres étiquetés. Si T € T et u € T, on note 6,(T) le
sous-arbre de T' constitué des descendants de u, c’est-a-dire 0, (T) = {v € U: uv € T}. On
munit T de la tribu G engendrée par les ensembles {T' € T : u € T}, u € U. Soit alors p
une probabilité sur N. Il est montré dans Neveu [94] qu’il existe une unique probabilité
Qu sur (T, G) telle que

(a) Qu(kyp =j) = pu(4), 7 € N.

(b) Pour tout j € N* tel que que pu(j) > 0, sous Q, (- | kp = j), les sous-arbres

01(T),...0;(T) sont indépendants et de loi Q.

La loi @, est la loi de I'arbre de Galton-Watson de loi de reproduction p. On vérifie

facilement que si on pose Z,(T) := # {u € T : |u| = n}, alors sous @, (Z,(T),n € N) est
un processus de GW de loi de reproduction  issu d’un unique ancétre (Zy = 1).
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Soit Gy, la tribu sur T engendrée par les ensembles {T" € T, u € T}, avec u variant dans
U tel que |u| < n : cette tribu contient I'information décrivant ’arbre jusqu’a la génération
n. On note uy,...ugz, les sommets de I'arbre a la hauteur n. Sous @, conditionnellement
a G, la suite

(0un (7,00, (1)) (6)

est i.i.d de loi ). Cette propriété est appelée propriété de branchement pour les arbres de
Galton- Watson.

1.3 Codages des arbres de Galton-Watson.

A un arbre T € T fini, on associe deux fonctions de codage : sa fonction de contour,
et sa fonction des hauteurs. La fonction de contour de T' (que ’on voit comme un graphe
dans le demi-plan supérieur enraciné sur ’horizon, et dont les arétes sont des segments
de longueur 1) se définit informellement comme suit. Soit une particule, a la racine au
temps 0, parcourant I’arbre & vitesse unité, de la gauche vers la droite en revenant aussi
peu que possible sur ses pas. On note C(7") la distance de graphe dans 7" de la position
de la particule au temps s a la racine ). Le temps mis par la particule pour revenir a la
racine est égal a deux fois le nombre d’arétes de T', quantité notée o(T) = 2(#7T—1). Cette
procédure définit une fonction (Cs(T')),s € [0,0(T)]) appelée fonction de contour de T
(voir figure [). Pour tout k£ € {0,...,0(T)}, on note v;, le sommet visité par la particule
au temps k et la distance de graphe de T', notée d, s’exprime a 'aide de la fonction de
contour comme suit :

VOSklngSO’(T) d(Uk17vk2):Ck1(T)+Ck2( )_2 min C( )7 (7)

s€lk1,sk]

formule qui se généralise au cas continu.

Arbre ) Fonction de contour
V(5)
3 )
|
V(o) | ‘
| |
1 L — J
V(9) H s
I —
0 0 5 9 10 ¢(T)

FIGURE 1 — La dzstance entre V(5) et V(10) peut s’exprimer uniquement o l’aide de distances @
la racine : d(V(5), V(10 d(V(5),0) +d (V(10),0) — 2d (V(9),0). Ici, V(9) est le "plus récent
ancétre commun” de V(5 ) et V( 0); zl a une hauteur minimale parmi tous les sommets visités par
la particule entre les temps s =5 et s = 10.

Définissons maintenant la fonction des hauteurs associée a T'. Pour cela, on observe
d’abord que U est totalement ordonné par ’ordre lexicographique; on se donne une in-
dexation des sommets de T' pour l'ordre lexicographique : u(0) = 0, u(1),...,u(#T — 1).
La fonction des hauteurs (H,(T"),0 < n < #T—1) est alors définie par

Vne{0,...,#T—-1}, Hy(T) := |u(n)|.

On définit ensuite les fonctions des hauteurs et de contour associées & une forét d’arbres
finis, c’est & dire une suite (Tj)ken+ ot Ty, € T et Ty est fini. Pour des raisons techniques
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expliquées ci-dessous, on prolonge les fonctions de contour (Cs(7Tk), s € [0,0(T))]) en posant
pour tout s € (o(T}), 2#Ty|, Cs(T) = 0. La fonction de contour (Cs,s € R, ) associée a
la forét est alors obtenue en concaténant les fonctions prolongées (Cs(Ty), s € [0, 2#T%]),
c’est-a-dire que pour tout s € Ry, on a

Cs =Cs— 2Ty +..+#T5—1) Tk),
si 2#(T1 + ...+ #kal) <s< 2#(T1 + ...+ #Tk)

On constate facilement que la donnée de la fonction de contour C' permet de déterminer la
fonction de chaque arbre de la forét (c’est la raison du prolongement) et donc détermine
entierement la forét.

On peut ordonner totalement les sommets de la forét (Tj)ken+, en parcourant dans
Iordre lexicographique les sommets de 77, puis a la suite ceux de 15, ainsi de suite. On
note (un)n>o la suite de ces sommets ainsi ordonnés et on pose ensuite

Vn >0, Hy,=|uy|

La fonction des hauteurs associée a la forét est également obtenue en concaténant les
fonctions des hauteurs associées a chaque arbre. Plus précisément, pour k£ > 1, on a

Hp=Hy 414441 )(Tk), st #T+.. +#T1 <n <#N1 + ... + #T.

La donnée du processus des hauteurs de la forét détermine entierement cette forét. Le
processus de contour peut s’écrire explicitement comme une certaine fonction du processus
des hauteurs que nous ne détaillons pas ici (voir section 2.4 p. 61 de Duquesne et Le Gall
[40)).

On peut également associer a la forét (7j)ren+ une trajectoire issue de 0 et a valeurs
dans Z, appelé chemin de Lukasiewicz, que I'on note (X5, ),>0 et qui est définie récursive-
ment par

Xo=0 et Yn>0, Xp41=X,+ky, (Tk) -1, (8)

ol (un)n>0 est la suite des sommets de la forét (T})gen+ parcourus dans I'ordre lexicogra-
phique, comme expliqué ci-dessus, et ou u, € Ty, et ky, (T}) est le nombre d’enfants de w,
dans Tj. On observe que u, €T}, si et seulement si k = 1—info<,,<n X et que X permet
de completement déterminer la forét (7 )ren«-

La fonction de contour d’une forét d’arbres de Galton-Watson i.i.d. de loi de reproduc-
tion géométrique de parametre 1/2 est trés proche d’une marche aléatoire simple symé-
trique réfléchie (c’est la concaténation d’excursions positives indépendantes de la marche
prolongées par 0 sur deux unités de temps). Le cas des lois de reproduction géométriques
sont les seuls cas ou les fonctions de contour et des hauteurs ont des lois de descrip-
tion simple. Néanmoins, le lemme suivant montre que la fonction des hauteurs d’une forét
d’arbres de Galton-Watson i.i.d. s’obtient comme fonctionnelle adaptée d’une marche aléa-
toire.

Lemme 1.1 On désigne par H et X, comme précédemment , le processus des hauteurs et
le chemin de Lukasiewicz associés a une forét d’arbres de Galton-Watson i.i.d. de loi de
reproduction p. Alors X est une marche aléatoire issue de 0 de loi de saut v donnée par
v(k) == u(k +1) pour k € {—1,0,1,...}. De plus H s’exprime en termes de X par

Yn >0, Hn::#{ke{0,1,...,n—1}:Xk: inf Xj}. (9)

k<j<n

Ce résultat, di a Le Gall et Le Jan [86], est a 'origine de leur définition du processus des
hauteurs dans le cadre continu (voir [86]) que nous rappelons plus loin en (6]).
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2 Processus de branchement continus.

2.1 Définition et caractérisation.

Les processus de branchement continus sont les analogues continus (en temps et en
espace) des processus de Galton-Watson. Ils ont été introduits par Jirina [69] et Lamperti
[78, [79] et étudiés également dans Bingham [12]. Pour plus de détails et les preuves des
résultats rappelés ci-dessous, nous renvoyons a 'article de Bingham [12] et aussi a 'ouvrage
de Kyprianou [73].

Soit un processus fellérien a valeurs dans [0,00] : ici I'état oo n’est pas vu comme
un point cimetiere ; ce processus est noté (Z;,t € Ry ;P,,z € Ry); c’est un processus de
branchement continu si 0 et oo sont des états absorbants et si ses noyaux de transition notés
(Pi(z,dy),z € [0,00],t € Ry) sont des probabilités sur [0, co] qui satisfont la propriété de
branchement suivante :

VtGRJra\v/xax/e [0,00], Pt(ﬁﬂ, ')*Pt(xl") :Pt(x+$l?')? (10)

qui est l'exacte analogue de la propriété de branchement (B]) des processus de Galton-
Watson.

Les noyaux de transition du processus de branchement Z sont caractérisés par leur
transformée de Laplace. Plus précisément, pour tous z,s,t, A\ € R;, on a

E, [e M | Z,] = exp (= Zou (V) (11)

ou application ¢ — u;(A) est dérivable, a valeurs positives, et satisfait I’équation

0
up(A) = A, et aut()\) + ¢ (u(N) =0, te][0,00) (12)
ou la fonction v, appelée mécanisme de branchement du processus, est de la forme
P(A) = ag) + B2 —|—/ (e_)"" -1+ )\rl(oJ))(r) w(dr), A>0, (13)
(0,00)

avec ag € R, 8 > 0, et m, mesure sur (0,00) telle que [;*(1 A 7?)m(dr) < oo et appelée
mesure de Lévy.

Pour A >0, I'équation (I2]) admet une unique solution, ce qui implique que le mécanisme
de branchement 1) caractérise entierement la loi du processus de branchement continu Z.
On parle donc d’un processus de branchement continu de mécanisme 1 ce que ’'on abrege
en CB(¢). On montre également qu’a tout mécanisme de branchement ¢ de la forme (I3]),
on peut associer un CB(1)).

Citons trois exemples de mécanismes de branchement.

apt

e (A) = apA, ot g €R. Le CB(v)) associé est le processus déterministe Z; = Zpe™

e (A) = 2. On a alors uy(A\) = ﬁ Le CB(%) associé¢ est une diffusion, appelée

diffusion de Feller, solution de 'EDS suivante : dZ; =/2Z;d By, ou (B, t > 0) est

un mouvement Brownien standard.
e p(\) = A7, avec v € (1,2). Il s’agit du mécanisme de branchement stable non
Brownien d’indice . Il correspond au cas ot ap = =0 et w(dr) = %T‘V_ldr.

Dans ce cas, u(A) est explicitement calculable :

1

WAERY,  w(N) = ((y-1)t+A"07D) T
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Le mécanisme 1 est une fonction convexe, analytique sur (0,00). On la compare aux
fonctions puissance grace aux deux exposants suivants.

~y=sup{c>0: lim (M)A = >}, m=inf{c>0: lim (M)A = 0}. (14)

Les exposants v et 1 ont été introduits par Blumenthal et Getoor [I7]. On a clairement
1 <~ <m < 2; ces exposants sont en général distincts mais si ¢ est a variation réguliere
en oo d’exposant v, alors on a vy =n = 7.

Un CB(%) peut étre construit comme limite d’échelle de processus de branchement
discrets voir Grimvall [62] (voir aussi Lamperti [79] et le livre de Le Gall [84]); nous
rappelons plus loin en section B.1] ces résultats.

Comme montré par Lamperti [78], un CB(v)) peut également se voir comme un pro-
cessus de Lévy changé de temps, le changement de temps étant ici appelé transformation
de Lamperti. En effet, un mécanisme de branchement 1 de la forme (I3]) est 'exposant de
Laplace d’un processus de Lévy sans sauts négatifs (X, ¢ > 0) issu de 0. Plus précisément,
pour tout ¢ € (0,00), on a Ele™*¥%t] = exp(ty)()\)) : voir Bertoin [9], chapitre VII. Pour
x >0, on pose T, = inf{t > 0: X; = —x}, qui est le temps d’atteinte de —z; pour tout
t € R4, on pose ensuite

5 du
= inf Ry : —— >
Jy = in {s eRy /0 (@ + Xonr) > },

avec la convention inf () = co. On pose enfin
vVt € R+, Zt =+ XJt/\Tz, (15)

avec la convention Z; = oo si J; et T, sont infinis. Le processus (Z;,t > 0) est un CB(v))
issu de z. Ce résultat implique notamment que les trajectoires d'un CB(¢)) n’ont pas de
sauts négatifs. Par ailleurs, on peut montrer également que les trajectoires d’un CB(v))
sont & variations bornées si et seulement si c’est aussi le cas des trajectoires d’un processus
de Lévy sans sauts négatifs d’exposant de Laplace 1, ce qui est équivalent & la condition
analytique

1
=0 et / ra(dr) < oco. (16)
0
On introduit ici le drift effectif de 1 noté d :

oo + fol rm(dr) si le processus est a variations bornées
d:= (17)

o0 sinon.

Dans tous les cas (variations bornées ou non), on a
lim ¥(\)/A =d. (18)
A—00

Le drift effectif intervient dans les processus de branchement continus de la maniere sui-
vante : la propriété de branchement (I0) permet de montrer qu’a ¢ fixé, A — uy(\) est
Iexposant de Laplace d’un subordinateur : on peut montrer (voir par exemple Labbé [75])
que le drift de us(\) vaut e~9t, avec la convention que ce dernier vaut 0 si d = ooc.

Effectuons de bref rappels sur les comportements asymptotiques des CB(v)). Pour cela,
on introduit

g =sup{A € [0,00) : (A) <0}, (19)
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qui est la plus grande racine de . La propriété de Markov des CB(¢)) (ou ’équation
différentielle (I2])) permet de montrer que pour tous ¢, s, A € Ry, on a ugys(A) = ug(us(N)).
On observe que pour tout t, u;(q) = ¢, et on peut montrer que si A < ¢, la fonction
t — ug(\) croit strictement et tend vers ¢ ; de méme si A > ¢, la fonction ¢ — u;(\) décroit
strictement et tend vers ¢. Ainsi, I’équation différentielle (I2]) est équivalente a I’équation
intégrale suivante.

A
du
wy Y(u)
On déduit tout d’abord de cette équation que :
exq:Px<lim Zt:0):1—Px<lim Zt:oo>. (21)
t—o0 t—00

La connaissance de ¢ permet donc de connaitre les probabilités d’extinction et de survie
du CB(%) et, comme dans le cas discret, cela est relié aux valeurs moyennes du processus
de la maniére suivante : on rappelle d’abord que par convexité, ¢ admet en 0 une dérivée
a droite ¥/ (0+) € [—00,00). On a notamment, pour tous z,t € (0, 00)

E, [Zt] = 'Ie_w/(o—’—)t’ (22)

ol les deux membres dans l'inégalité ci-dessus peuvent étre infinis. Ainsi, on dit qu’un
CB(v) est sous-critique si '(04) > 0 ou critique si ¢/ (0+) = 0 car, dans ces cas, il est
clair que ¢ = 0 et par (ZI)), pour tout x € Ry, P,-p.s. limy_,o Z; = 0. Le processus de
branchement est dit sur-critique si 10'(0+) < 0 car, dans ce cas, il est clair que g > 0, et
par ([2I)), pour tout = € R%, P, (lim¢_,o Z; = 00) > 0.

On déduit facilement de (20) que le CB(v)) est conservatif, c’est-a-dire reste a valeurs
dans R, ssi la condition suivante est satisfaite :

/ a <~ P VteR Zy < (23)

or [ ~ e oo

Si le CB(%) n’est pas conservatif (ce qui ne peut se produire que si ¢'(04) = —00), on
déduit alors que P, (Z; = o00) = e 2ut(04) " op ur(0+) = limy 04 ut(N) satisfait I’équation
intégrale Out(oﬂ dA/](A)| = t. Dans ce cas, on note le temps d’explosion par ¢ = inf{t €
Rt : Z; ou Z;— = o0}. On a alors, pour tout ¢t > 0, P,(¢ > t) = exp(—zu(0+)) puis
P({ = 00) = exp(—z¢q). On a donc P;-p.s. Z;— = Z; = oo pour tout t > ( et Liecooy =
1m0 Zi=oc0}- Autrement dit, le processus ou bien tend vers 0 ou bien explose en temps
fini et dans ce cas il atteint 'infini continiment.

Contrairement aux processus de Galton-Watson, I’extinction pour les CB(¢) peut s’ef-
fectuer de deux manieres distinctes. Plus précisément, on déduit facilement de (20) qu’un
CB(%)) est absorbé en 0 en temps fini ssi la condition analytique suivante est vérifiée :

ooi<c>o <— P,(3teR;:2Z,=0)=P,(lim Z,=0)=e"" (24)
¢(}\) T + - 4t T\ 5 t .

Cette condition est parfois appelée condition de Grey. Si elle est satisfaite, on pose
Vit € R+, ’U(t) = lim ’U,t()\) (25)
A—00

et (20) implique que v : (0, 00) — (g, 00) est une bijection continue strictement décroissante
telle que

/ : ANJ(A) = ¢ (26)
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et Po(Z; = 0) = e=**®  pour tous ¢, z € (0, 00). Lorsque la condition de Grey (24]) n’est pas
satisfaite, on dit alors que le CB(%)) est persistant car pour tout x € (0,00), P,-p.s. pour
tout teR, Z; > 0.

2.2 Super-mouvement Brownien.

Les super-mouvements Browniens sont obtenus comme limites d’échelle de marches
aléatoires branchantes qui combinent une population de Galton-Watson ou chaque individu
partant du lieu de sa naissance qui est le lieu de mort de son géniteur, se déplace selon
une marche aléatoire dont les accroissements sont indépendants des déplacements spatiaux
des autres individus. Les super-mouvements Browniens représentent donc 1’évolution au
cours du temps des déplacement spatiaux Browniens d’une population dont la taille est un
CB(¢). Les cas ou 9 est un mécanisme de branchement quadratique ¥(\) = ag + B\2 ont
été particulierement étudiés et notamment le cas ot (X)) = A2, qui est appelé le super-
processus de Dawson-Watanabe, d’apres les travaux pionniers de Watanabe, Dawson et
Hochberg [114] 23| 25]. Les super-diffusions de mécanisme de branchement plus général
1 ont été introduits et étudiés par Dynkin [47, [48], 50} [49]. Dans cette introduction, nous
nous limitons a rappeler quelques définitions et les résultats strictement nécessaires a la
compréhension des contributions de la theése : pour une introduction plus complete, nous
renvoyons le lecteur aux ouvrages de Dawson [24], Dynkin [51] 52], Le Gall [84], Perkins
[19], Etheridge [54] et Li [89].

On note M (R9) I'ensemble des mesures boréliennes finies sur R?, muni de la topologie
de la convergence faible. Pour toute mesure p € My (R9) et toute fonction Borel-mesurable
f : RY — R bornée ou positive, on note (i, f) I'intégrale Jga f(z)p(dz). On note également
(n) = p(RY), la masse totale de u et supp (i), son support topologique, c’est & dire le
complémentaire du plus grand ouvert de pu-mesure nulle.

Soit 1 un mécanisme de branchement de la forme (I3)) que l'on suppose critique ou
sous-critique, ¢’est-a-dire que ¢’(04) > 0. On suppose que v satisfait également la condi-
tion de Grey (24). Un super-mouvement Brownien de mécanisme de branchement ¢ (un
SBM (%) en abrégé) est un processus a valeurs dans M;(R?) markovien homogene cadlag
(Zy,t € Ry, Py, € Myp(R?)) dont les noyaux de transition sont caractérisés de la maniere
suivante : pour toute mesure p € M f(]Rd), pour toute fonction mesurable f : R — R, et
pour tous s,t € R4,

Pu(Zo=p) =1 et By lexp(—(Zoyr, f)) |Zs] = exp(—(Zs, us)), (27)

ou la fonction (uy(7))¢>0 ere €st mesurable, positive et satisfait I’équation

wle) + B [ 065 = Bolf(@). aeRlreo).  (28)

Ici € = (&)¢>0 est un processus continu défini sur (€, F) et pour tout x € R% P, est une
probabilité sur (2, F) telle que sous P, £ soit distribué comme un mouvement brownien
d-dimensionnel standard issu de z. Lorsque f € C’S(Rd), c’est-a-dire est continue a support
compact alors u € CO(R ;xR NCH2((0, 00)xR?) satisfait 1’équation aux dérivées partielles
semi-linéaire

1 9

uo(z) = f(z) et %ut(az) + 1) (u(z)) = 5@%(:6), zeR te(0,00) . (29)

On note (Q¢(p,dv);t € Ry, u € My(R?) les noyaux de transition du SBM(v) Z, ils
vérifient la propriété de branchement spatiale suivante

Vi, ' € Mp(RY), VE € Ry, Qi) * Qel(is ) = Qe+ 4/, ). (30)
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Par conséquent, sous PP, le processus ((Z;),t > 0), de la masse totale de Z satisfait la
propriété la propriété de branchement (I0) et il facile de vérifier que c’est un CB(v)) issu
de la valeur (u). Comme 1) est critique ou sous-critique et qu’il satisfait la condition de
Grey ([24), le CB(v¢)) ((Z;),t > 0) s’éteint en temps fini et donc

Vi€ My(RY), Py-ps. 3tg €Ry :Vt >0, Z, =0.
Cela permet de montrer que la définition suivante de la mesure d’occupation totale du
SBM(%)) est bien définie par
o0
M = / Zpdt (31)
0

comme une variable aléatoire a valeurs dans M f(Rd). On introduit également la trace
totale du SBM(v)) Z (en anglais range) par

R=JJsuwp(2), (32)

e>0t>e

ol pour toute partie B de R?, on note B 'adhérence de B.

Bien que sous la condition de Grey (24]) le super-processus s’éteigne en temps fini,
une hypotheése plus restrictive est nécessaire pour obtenir la compacité du support. Plus
précisément, dans [I10] (voir aussi Hesse et Kyprianou [67] pour une preuve probabiliste),
Sheu montre que si la mesure initiale p est a support compact, alors

/ < dA

A
\/ fl Y(a)da
Cette derniére condition est plus forte que (24]). Mais on observera que si y> 1, ol «y est
lexposant défini & (I4]), alors [B3) et (24]) sont vérifiées.

<00 <= P,-ps. R est borné. (33)

2.3 Processus de branchement avec immigration.

Revenons brievement au cadre discret et rappelons la définition (II) des processus de

Galton-Watson. Soit (Vi(n),i € N*,n € N), un tableau de variables aléatoires i.i.d. de
loi u sur N, appelée loi de reproduction. Soit (I,,n > 1), une suite de variables aléa-
toires i.i.d. valeurs dans N de loi commune notée p*. Le processus de Galton-Watson avec
immigration de lois (u, 1) issu de a, noté (Z;),en, peut étre récursivement défini par

Zy =a (34)
1= 219‘32;; Vi(n) + 1,

A chaque temps n > 1, un nombre aléatoire I,, d’immigrés (de loi u*) rejoint la population.
Au temps suivant, ces individus se reproduisent, comme tous les autres, selon la loi . Il
est clair que Z* est une chaine de Markov. La classe des processus de Galton-Watson avec
immigration a été introduite introduite par Heathcote [66] et étudiée notamment dans
Seneta [109] et Foster et Williamson [59].

Dans [70], Kawazu et Watanabe étudient les limites d’échelle des processus de Galton-
Watson avec immigration et introduisent les processus de branchement avec immigration
continus en temps et espace, désignés dans la suite par 'acronyme CBI pour Continuous
Branching process with Immigration. La loi d’'un CBI est caractérisée par un couple de
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fonctions (1, ¢) ou ¢ est de la forme de Lévy-Khintchine (I3)) et ou ¢ est I'exposant de
Laplace d’un subordinateur conservatif, c’est-a-dire que

d(A) = bA —i—/ (1—eM)u(dr), (35)

(0,00)

avec b € Ry et v, mesure sur (0,00) telle que [;(1 A7) v(dr) <oo. La fonction ¢ est un
mécanisme de branchement produisant "les naissances et les morts" dans la population, et
les accroissements d’un subordinateur d’exposant de Laplace ¢ entre t et t+dt mesurent la
taille des populations immigrées arrivant entre les "générations" ¢ et ¢ + dt. Un CBI(¢), ¢)
est alors défini comme un processus de Feller a valeurs dans R, dont le générateur sur
I'espace des fonctions de classe C? et tendant vers 0 s’exprime par

Lf(x):= Baf"(x) + (b — aoz) f'(z) +
z /0 (& + 2)— f(@) — 211 (2) f'(@))r(dz) + /0 (F(z + 2)— f(2)) v(dz). (36)

De manieére alternative, un CBI(¢, ¢), noté (Z;,t>0; Pk, z € R, ), voit ses noyaux carac-
térisés par leur transformée de Laplace comme suit : pour tous x,s,t, A€ R,

Pi(Zy=x)=1 et Ej[e|2,] =exp(—Zau())- /0 ¢ (us(N)ds),  (37)

ou pour tout A € Ry, la fonction ¢ — u:(\) satisfait ’équation (I2I).
Pour les travaux concernant les CBI (chapitre 1 de la these) nous ne faisons qu’une
hypothese faible sur les mécanismes de branchement 1) que ’on consideére : on suppose que

Mo Ry P(Ng) > 0. (38)

Autrement dit, —1i n’est pas l'exposant de Laplace d’un subordinateur : sous cette hy-
potheése un CB(7)) n’est pas monotone, c’est-a-dire que des morts se produisent dans la
population. Cette hypothese (B8] est équivalente & ce que le drift effectif d, qui est défini
par (I7), soit strictement positif, ce qui découle immédiatement de (I8]). Sous I’hypothese
B]), on pose a :=b/d, avec la convention que a=0 si d = co (dans les cas & variations
non-bornées). On montre alors pour tout € R?, que P,-p.s. pour tout t > 0,

Z,>ze 4 (1 - e_dt) , (39)

ce qui implique en particulier P,-p.s. liminf; ,., Z; > a. Notons que cette inégalité ne
présente un intérét que dans les cas a variations bornées.

Notons P;(z,dy), les noyaux de transition d'un CB(%) et notons P;(z,dy) ceux d'un
CBI(¢, ¢). On a la propriété de branchement suivante :

Vt e Ry, Vz,2' € [0,00], P} (z+2',dy) =P (z,dy) x P, («',dy) . (40)

Autrement dit, si on considére un CBI(v), ¢) issu de = et un CB(%)) issu de 2’ indépendant
du précédent, leur somme est un CBI(1), ¢) issu de z+2’. Comme dans le cas du CB(%)), une
transformée de Lamperti (voir Caballero, Pérez-Garmendia et Uribe-Bravo [20]) permet de
construire un CBI(#), ¢) comme solution d’une EDS mettant en jeu un processus de Lévy
(X, t > 0) sans sauts négatifs de cumulant 1 et un subordinateur (Y;,¢ > 0) d’exposant
¢. En effet, on peut montrer que 1'unique solution forte de PEDS (écrite sous une forme
intégrée et implicite) :

Zt::c+Xf0tsts+Yt, (41)
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est un CBI(¢, ¢) partant de z. On notera cependant que 1’équation implicite ([&I]) ne peut
pas étre inversée a la maniere de ([IH).

Donnons quelques exemples de CBI.

o Sith(A) = 2X2, et si ¢(A) = dA, alors le CBI(¢), ¢) est le carré de Bessel de dimension
d. Pour d € N*, ce processus s’obtient comme le carré de la norme d’un mouvement
Brownien standard en dimension d (voir Revuz et Yor [105], chapitre XI).

e Si (N\) = a), et si ¢ est quelconque, alors le CBI correspondant est & branche-
ment déterministe et il appartient a la classe des processus de Ornstein-Uhlenbeck
généralisés, introduits par Sato et Yamazato [L08].

e Si v est critique ou sous-critique, s’il satisfaisant ([24) et si ¢(\) = ¢'(A) — ¢'(0),
alors, comme dans le cas discret, le CBI correspondant s’interpréte comme le pro-
cessus CB(¢) conditionné & ne pas s’éteindre, comme montré dans Li [91] (voir aussi
Lambert [77] et Duquesne [35]).

e P(\) = d\,0(\) = d\L 4 € (1,2). Le CBI(3, ¢) associé est un processus auto-
similaire, étudié notamment dans [98]. Dans le cas d' = dv, il s’agit du CB stable
d’indice +, conditionné & la non-extinction (étudié dans Kyprianou et Pardo [74]),
et cas particulier de ’exemple précédent).

Les premiers travaux sur le comportement asymptotique des CBI sont dus a Pinsky
[103] qui montre notamment quun CBI(¢, ¢) de mécanisme de branchement 1 critique
ou sous-critique possede une loi invariante si et seulement si

Lo
/0 (u)d < 0. (42)

Dans le cas contraire, pour tous x,b € Ry, on a lim; o P,(Xy < b) = 0. De plus,
Keller-Ressel et Mijatovi¢ montrent dans [72] que lorsque la condition ([@2]) est remplie, le
CBI(%, ¢) converge en loi lorsque ¢t — oo vers sa loi invariante, qui a pour support [a@, o),
ou a =b/d.

Dans la suite, nous nous intéresserons aux possibles retours d I’état nul des CBI. Afin
d’éviter les cas triviaux concernant cette question, on suppose que 1 satisfait (24]). Le
CB(%) correspondant est absorbé avec probabilité positive et on se préoccupe de savoir
si un CBI(%), ¢) peut atteindre 0. Plus précisément, on dit que I’état 0 est polaire si et
seulement si pour tout = € (0, 00)

P;(3te(0,00) : Z;=0) = 0. (43)

On notera ici que lorsque ¢ # 0, I’état 0 n’est plus absorbant. Rappelons la définition (I9])
de ¢, la plus grande racine de 1. On fixe une constante 6 € (¢,00) (ne jouant qu’un role
arbitraire). Foucart et Uribe Bravo [60] montrent que 0 est polaire si et seulement si

I smee Ll dae] == @

La preuve utilise de fagon cruciale un critére de recouvrement de R, par des intervalles
aléatoires.

3 Généalogie des processus de branchement.

3.1 Processus des hauteurs.

On présente ici brievement la construction du processus des hauteurs de Le Gall et
Le Jan [86] qui permet de définir rigoureusement la généalogie des CB. Pour cela on fixe
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un mécanisme de branchement v de forme (I3]). On suppose que 1 est critique ou sous-
critique, c’est-a-dire que ¢'(04) > 0. Cela montre notamment que 9'(0+) # —oo, et il
est facile de montrer que cette condition entraine que f[l 00) rr(dr) < co. On pose alors

a =9 (0+)=ap— f[l 00) rr(dr) et (I3) se réécrit alors de la maniére suivante

P(\) = ) + A% + /( ) )(e_M — 14 Ar)a(dr), A>0, (45)

avec a, 3> 0, [;°(r Ar?)m(dr) < oo.

On note D(R,, R) 'espace des fonctions cadlag muni de la topologie de Skorokhod et
on note X = (Xy,¢t > 0) le processus canonique. On note P la loi du processus de Lévy
sans sauts négatifs issu de 0 d’exposant de Laplace v, c’est-a-dire que

Vi, A€ Ry, Elexp (—AXy)] = exp (t(N)) .

Le processus des hauteurs en temps et espace continus se définit d’'une manieére analogue
a la formule du lemme [T de la section [[3l Plus précisément, on suppose que v satisfait
la condition de Grey (24]) : sous cette hypothése, Le Gall et Le Jan [86] (voir également
Duquesne et Le Gall [40], chapitre 1) ont montré 'existence d’un processus H = (Hy,t > 0)
continu tel que pour tout t€R, la limite suivante ait lieu en P-probabilité

t

H, = lim é [ txcipas. (46)
avec les notations

Vi>s>0, If= inf X,,

s<r<t
pour linfimum de X entre les temps s et ¢. Le processus H est appelé processus des
hauteurs de mécanisme de branchement 1. Le processus des hauteurs est donc une fonc-
tionnelle de type temps local de X, que I'on notera parfois H(X) : le processus de Lévy
(X¢,t > 0) joue le role de la marche aléatoire de Lukasiewicz (X,,n > 0) du lemme [LT]
de la section [L3l
On rappelle la définition (I4]) de ’exposant . Si on suppose v > 1, alors le théoréeme

1.4.4. [40] permet d’affirmer le résultat de régularité suivant.

Pour tout c€ (0, 7771), P-p.s. H est c-localement holdérien. (47)

Théoréme de Ray-Knight généralisé. Lorsque ¥)(\) = A2, le processus de Lévy sous-
jacent (Xy,t > 0) a méme loi que (v/2By,t > 0), ou (By,t > 0) est un mouvement Brownien
linéaire standard issu de 0 et on montre que (Hy, ¢t > 0) a méme loi que le processus V2B,
réfléchi en son infimum, qui a méme loi qu’un mouvement Brownien réfléchi. Dans ce cas
le théoreme de Ray-Knight montre que les processus temps locaux ont méme loi qu’une
diffusion de Feller, correspondant aux CB(¢)).

Ce résultat se généralise aux processus de hauteurs de mécanisme de branchement plus
général de la maniere suivante. Pour cela, on introduit d’abord les processus temps locaux
de H : la proposition 1.3.3. de [40] montre qu’il existe un processus (L{,a,t € Ry) tel que

(a) Pour tout t€eR, P-p.s. a— LE, est cadlag.
(b) Pour tout a€R, P-p.s. t — L est croissant.
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(c) Pour tout a,teR,,

lim E [ sup
€

e—0 0<s<t

1 S
_/ dT]—{a<HT§a+€} —Lg ‘| =0. (48)
0
Le théoreme de Ray-Knight généralisé, dii a Le Gall et Le Jan [86] (voir également le
théoréme 1.4.1 [40]), s’énonce alors comme suit. On rappelle la notation

reRy, T,=inf{t>0:X;=—-z}, (49)

qui est bien définie car puisque ¥ est critique ou sous-critique X ne dérive pas vers +oc.
Alors,

sous P, (L, ,a > 0) a méme loi qu’un CB(v) issu de . (50)

Théoréme-limite pour le processus des hauteurs. Le théoreme de Ray-Knight
précédent justifie 'introduction du processus des hauteurs comme généalogie des CB. Le
fait que le processus H défini par (6] est ’analogue continu des processus des hauteurs
discrets est également justifié par les théorémes limites que nous rappelons maintenant du
chapitre 2 de la monographie de Duquesne et Le Gall [40].

Pour tout entier p > 1, on fixe une loi de reproduction p, = (u,(k),k € N) que l'on
suppose critique ou sous-critique :

Zﬂp(k?) <1.

k>0
A fp, on associe une loi de saut v, sur Z définie par
Vk e {-1,0,1,...}, wvp(k)=pp(k+1).

Pour tout p > 1, on note (7, k > 1), une forét (une suite) d’arbres de Galton-Watson
iid. de loi de reproduction u,. On note H? = (HE,n > 0) et C? = (C},t > 0) le
processus des hauteurs discrets et le processus de contour associés a la forét (77, k > 1);
on note X? = (X2, n > 0) la marche aléatoire qui est le chemin de Lukasiewicz associé a
la forét (77, k > 1) , comme définis a la section [[3l Le lemme [T affirme que X7 est une
marche aléatoire de loi de saut v,. On fixe un réel x>0 et on note également

Z #{veT?l : Jv| =n}

1<k<|pz]

Vn >0, ZP

qui est le processus de Galton-Watson comptant le nombre d’individus par génération
dans les |pz|premiers arbres de la forét.

Soit (up)pen+ une suite croissante d’entiers tendant vers linfini. Une variante d’un
théoréme de Grimvall [62] (énoncée comme le Théoreme 2.1.1 dans [40]) montre que les
convergences en loi ci-dessous sont équivalentes :

L zp 9 i (Lix? . x 51
2% upt| - (Zt)izo ssi (5 ot tzolH—OO>( )05 (51)

ol X est un processus de Lévy sans sauts négatifs issu de 0 et d’exposant de Laplace ¢
critique ou sous-critique qui satisfait (24]) et ou Z est un CB(1)) issu de z. Ici la convergence
est une convergence en distribution pour les lois marginales de dimension finie. Rappelons
que si 'une de ces deux convergences a lieu en distribution pour les lois marginales de
dimension finie, alors les deux convergences ont lieu en loi sur l'espace D(R;,R).
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En plus de 'hypothese (BI) on suppose que pour tout § >0,
P o|duyp | P
hprgloréf [P (0)P >0, (52)
ou pour tout n € N, fﬁ? est la n®™® itérée de la fonction génératrice fu, de pyp. Cette
hypothese est équivalente a la tension des temps d’extinction des processus de Galton-
Watson. Si on suppose (B1) et (52) alors la convergence suivante & lieu en loi sur l'espace
D(R+a Rg)
lxp Lgr o Lop BN (X, Hy, Hy) (53)
p* pupt]? up T [pupt]’ up 2pupt t>0 P b Mty HEJt20
ou Hy = H(X); est le processus des hauteurs associé & X par (46]). De plus, et conjointe-
ment a (53], on a la convergence en loi suivante dans D(R,R) :

(d)

(ﬁzf“”‘”)po oo (L% )z - (54)
ou (L{,t > 0,a > 0) est la famille de temps locaux de H donnés par (8] et ou T est le
premier temps d’atteinte de —x par le processus X comme défini par ([@9). On observe que
le processus de contour et le processus des hauteurs convergent vers le méme processus
limite et tendent donc a se confondre.

Lorsque les y, sont toutes égales a une méme mesure p alors (BIl) implique que g est
dans le domaine d’attraction d’une loi stable d’indice « € (1, 2] et (52]) est automatiquement
vérifiée et dans ce cas ¥(A) = A7. Le cas Brownien a été prouvé par Aldous dans [7]; les
convergences jointes (B3]) et (B4]) sont prouvées dans la monographie de Duquesne et Le
Gall [40], au théoréme 2.3.2 et au corollaire 2.5.1.

Excursions du processus des hauteurs. Informellement, comme pour le processus
de contour dans le cadre discret, le processus des hauteurs H en temps continu code une
forét d’arbres continus ou chaque excursion de H au dessus de 0 correspondant & un arbre
de cette forét. Nous rappelons ici comment définir la loi d’un seul arbre en rappelant la
décomposition en excursion du processus des hauteurs.

On commence par brievement rappeler la décomposition de la trajectoire du processus
de Lévy X en excursions au dessus de son infimum. Pour cela on pose

VtER_,_, It_O%I;f%tXS s

qui est le processus infimum de X. Le processus —1I est croissant et, puisque X est supposé
sans sauts négatifs, il est également continu. On rappelle que I'on suppose (24]) qui implique
que X est a variations non-bornées, ce qui est équivalent a

B >0 ou bien / ro(dr) =o0. (55)
(0,1)

Par un résultat standard de théorie des fluctuations (voir Bertoin [9] chapitre VI), le
processus réfléchi (X; — I, t > 0) est un processus de Markov fort pour lequel le point
0 est régulier et instantané; par ailleurs, le processus infimum (—1;,¢t > 0) est un temps
local en 0 de X — I (voir Bertoin [9], chapitre VII).

On note alors IV, la mesure d’excursion associée : c’est une mesure sigma-finie sur
D (R4, R) : notons (g;,d;), i € Z, les intervalles d’excursion de X au dessus de son infimum,
on pose alors X! = X(gi+s)nd; — Xgi» SER,. Alors la mesure ponctuelle ;.7 5(_1% xi) est
une mesure de Poisson sur Ry xD(R4,R) d’intensité dtN(dX).
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Par ([6)), on voit que la valeur de H; ne dépend en fait de X qu’a travers l'excursion
de X — I qui enjambe ¢. Si on note H; = H g, 4)ng,, la mesure ponctuelle

> 8(ty,) (56)
i€
est une mesure de Poisson sur Ry x C(Ry,R) d’intensité d¢t N(dH), ou N(dH) désigne la
"loi" de H(X) sous N(dX).
La durée de vie de X et de H sous N sont les mémes et cette durée est notée o ; on
vérifie que :
N-pp. Hy=H;=0,t>0c e H;>0,te(0,0). (57)

Un résultat standard de théorie des fluctuations montre que
YA€ (0,00), % '(A\)=N(1-e?), (58)

ot ¢! la fonction réciproque de 1.

Les temps locaux de H peuvent se définir sous N de la maniere suivante : pour tout
be (0,00), la continuité de H implique que la quantité N (sup,~q H; > b) € (0, 00) ; il existe
un processus (Lf,t > 0,a > 0) tel que a — L est cadlag, t L est croissant et pour
tout a € (0, 00),

. 1 [
lim N(l{supH>b} sup ‘—/0 drlg,_ccp,<ay — L ) =0. (59)

e—0 0<s<tAo | €

Cette approximation implique également que

t [o8)
N-ae. VgeC(Ry,Ry), VEeR,, /g(Hs)dS = / g(a) L{ da . (60)
0 0

Nous renvoyons a [40], section 1.3, pour plus de détails. On observe que N-a.e. L} = L%
pour tout ¢ > 0. Une conséquence du théoréeme de Ray-Knight rappelé au (B0) est que

Va, X € (0,00), N(1—e o) =u,(\), (61)

ol a — u,(A) est la fonction définie par I’équation (IZ), qui se formule par I’équation
intégrale (20). On montre également que

Va € (0,00), N(L% #0)= N(tg}ép] H; > a) = v(a), (62)

ot v(a) = limy_, 00 ug () satisfait (28]).
Lorsque (\) =\, v € (1,2], le processus de Lévy X sous PP satisfait la propriété de

1
scaling suivante : pour tout c€ (0,00), (¢ ¥ X, t > 0) a méme loi que X. Par (@), cela
entraine sous [P la propriété de scaling pour H suivante :

(C R Hct) >0 — (Ht)t>0 . (63)
t>0 =
Cette propriété de scaling entraine que

_a-t 1 (loi)

(¢ HCt)tzo sous ¢ "N =" (Hy);>0 sous N. (64)

1
Par (58), N(o € d¢) = K¢ 7 'de, ot 1/K = ~T(1 —
entraine 'existence d’une famille de lois, N(-|o=¢), c€

La propriété de scaling (64])

7)
5)-
(0,00), telle que ¢ — N(-|o=c)
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est continue pour la convergence en loi sur C(R4,R), telle que N(-|o =c¢)-p.s. o =c et
telle que

N:/O N(-|o=c)N(oede) .

D’autre part (C'YTI Ht/c)te[o,c} sous N(-|o=c) alaméme loi que (Hy);e[o,1) sous N(-|o=1).

La loi N(-]o =1) est la loi du processus des hauteurs 7-stable normalisée. Lorsque
v =2, cette loi est celle de ’excursion Brownienne normalisée, qui est la limite de la fonction
de contour des arbres uniformes a n sommets comme démontré par Aldous [7] (voir aussi Le
Gall [80]). Plus précisément, notons 7, un arbre (enraciné ordonné et étiqueté) aléatoire
a n sommets, de loi uniforme; la fonction de contour (C¢(7,),t € [0,2(n—1)]) de cet arbre
a méme loi qu'une marche aléatoire symétrique simple conditionnée a atteindre la valeur
—1 pour la premiere fois au temps 2n—1 (ce résultat est du a Dwass [46]) ; on en déduit
que

(%02(1171)&771))@071} —= (Ht)tepo,1) sous N(-|o=1), (65)

la convergence ayant lieu en loi sur C'(R4,R). Ce résultat s’étend aux fonctions de contour
(et des hauteurs) d’arbres de Galton-Watson conditionnés & avoir n sommets et dont
la loi de reproduction admet un moment d’ordre 2 (voir Aldous [7]). Le cas de lois de
reproduction dans le domaine d’attraction d’une loi ~-stable a été traité par Duquesne
[34], le processus limite étant dans ces cas, le processus des hauteurs y-stable normalisé.

3.2 Arbres de Lévy.

Une facon de généraliser la notion de graphe est de considérer des espaces métriques, la dis-
tance de I'espace généralisant la distance de graphe. Les espaces métriques correspondant
aux arbres sont appelés les arbres réels qui se définissent comme suit.

Définition 3.1 Un espace métrique (T, d) est un arbre réel s’il satisfait les deux conditions
suivantes.
(1) Pour tous 01,092 €T, il existe une unique isométrie f de [0,d(o1,02)] dans T telle
que f(0) = o1 et f(d(o1,02)) = 9. La fonction f est donc une application géodésique
et on note son image comme suit :

[[0'170'2]] = f([Ovd(Ulan)]) .

(73) Siq:[0,1] — T est injective et continue, alors ¢([0, 1]) = [¢(0),¢(1)].
Si on distingue un point p €T, le triplet (7', d, o) est appelé arbre réel enraciné et o est la
racine de T'.

Informellement les arbres réels sont obtenus en collant sans créer de cycle des segments
de la droite réelle. Parmi les espaces métriques, les arbres réels sont caractérisés par la
propriété des quatre points qui s'énonce comme suit : soit un (7', d) un espace métrique
conneze; alors (T, d) est un arbre réel si et seulement si pour tous o1, 09, 03, 04 €T,

d(o1,02) + d(os,04) < max (d(o1,03) + d(o2,04) ;d(01,04) + d(02,03)) . (66)

On renvoie & Evans [55] ou a Dress, Moulton et Terhalle [30] pour plus de détails sur cette
caractérisation métrique.

On se restreint dans ce qui suit aux arbres réels compacts enracinés. L’ensemble de tous
les arbres réels compacts enracinés peut étre muni de la distance de Gromov-Hausdorff
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pointée qui se définit de la maniére suivante : soient (71,d, 01) et (s, da, 02), deux arbres
réels compacts enracinés; on pose

deu(Th,T>) = inf max (dpaus (1(T1), ¢2(12)) 5 d(é1(01), d2(02))) , (67)

ou l'infimum est pris sur tous les (¢1,po, (F,d)) ou (E,d) est un espace métrique, ou
¢1: 11 — E et ¢g : Th — FE sont des isométries et oll diaus est la distance de Hausdorff
sur les sous-ensembles compacts de E. On dit que deux arbres réels enracinés (7, d, o)
et (T',d', o) sont isométriques s’il existe une isométrie bijective envoyant T sur T” et o
sur ¢'. Clairement la quantité dgy (71, T) ne dépend que des classes d’isométrie de T} et
de T5. On note T ’ensemble des classe d’isométries des arbres réels compacts enracinés.
Gromov [63], Evans, Pitman et Winter [57] ont montré que dgn est une distance sur T
et que (T, dgm) est un espace polonais, que 'on appelle 'espace des arbres réels compacts
enracineés.

Comme expliqué dans la section [[3] les arbres discrets sont caractérisés par leur fonc-
tion de contour. Ce point de vue s’étend aux arbres réels compacts de la manieére suivante :
soit he C(R4, R ), a support compact, non-identiquement nulle et telle que ~(0) = 0. On
pose o, = sup{t € Ry : h(t) >0} qui est un réel strictement positif bien défini. Pour tous
s,t€ [0,04], on pose

br(s,t) = inf h(r) et dp(s,t) =h(s)+ h(t) —2bx(s,t) . (68)
re[sAt,sVi]
Si on interprete A comme la fonction de contour d’un arbre, en s’inspirant de la formule
discrete ([7), la quantité by (s, t) représente la distance a la racine de ancétre commun des
sommets visités aux instants s et t et dp(s,t) est la distance séparant ces sommets. On
vérifie que dj, vérifie la propriété des quatre points dans le sens suivant : pour tous si, So,
s3, s4 € [0, 0n],

dp(s1, s2) + dn(s3,54) < max (dp(s1,53) + dp(s2,84) ;dp(s1, 54) + dp(s2,83) ) . (69)

En prenant s3 = s4, cela montre tout d’abord que dj, satisfait I'inégalité triangulaire. Cela
montre que dj, est une pseudo-distance sur [0, op]. On note alors s ~y, t la relation dj(s,t) =
0 et on remarque que ~y est une relation d’équivalence. Des résultats élémentaires sur les
espaces métriques montre que que dp, induit une distance sur ’espace quotient

Th = 10,01/ ~n,
distance que 'on continue de noter dj par souci de simplicité. On note
ph[0,00] = Th

la projection canonique du passage au quotient. Comme h est une fonction continue, on
vérifie que py, également et I'espace métrique (7, dy) est donc un espace métrique compact
connexe. Il est clair que (69]) implique que (7, dp,) satisfait la propriétés des quatre points
([66) et donc que (7p,dp) est un arbre réel. Enfin on pose g, = pp(0) = pn(oy), que l'on
prend comme la racine de 'arbre réel (7, dy). L’arbre réel compact enraciné (7y, dp, or)
est appelé 'arbre codé par h.

On rappelle ensuite le lemme 2.3 dans Duquesne et Le Gall [41], qui montre que pour
toutes fonctions hy, he € C(Ry,Ry) a support compact telles que hq(0)=ho(0)=0, on a

dGH(ENﬂLQ) < 4Hh1 - hQHOO (70)
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ol ||h1 —hz|leo est la norme uniforme sur Ry de hy —hs. Cela permet de définir le ¢-arbre
de Lévy comme suit. On suppose que ¥ est un mécanisme de branchement critique ou
sous-critique de la forme (@3] satisfaisant (24]) ; on considére le 1-processus des hauteurs
H sous sa mesure d’excursion N, comme défini & la section Bl On rappelle que o est
la durée de l'excursion qui est telle que 'on ait (G7]). On définit alors le i-arbre de Lévy
comme ’arbre compact enraciné

(T,d,0) = (Tu,dm, 0m), avec H sous N. (71)

Pour simplifier on note également p := py, la projection canonique de [0,0] sur 7. Le
i-arbre de Lévy est donc ’arbre codé par le processus des hauteurs sous sa mesure d’ex-
cursion. L’inégalité (70) montre que la classe d’isométrie de (7,d, 0) est une variable
aléatoire mesurable de (T,dgmn). Lorsque (A) = X7,y € (1,2], on parle d’arbre stable
d’indice . Dans le cas particulier v = 2, Parbre de Lévy est appelé arbre Brownien (voir
les commentaires relatifs a (G3])).

Si la fonction de codage est le processus H* := (Hyar,,t > 0), ou T}, est le premier
temps d’atteinte de la valeurs —x par le processus de Lévy X, comme défini dans la section
B alors (53) implique la convergence suivante en loi sur (T, dgm)

(7;17’ ul_pdlh Qp) p—>—oo> (TH””7dH””7 QH””)

(Tp Can dp, 0p) est espace métrique obtenu en identifiant les racines des |pz| arbres de
Galton Watson de loi de reproduction i, en munissant le graphe obtenu de la distance
de graphe d), multipliée par le facteur de normalisation 1/u,. Pour plus de détails sur la
construction des arbres de Lévy et leurs propriétés en tant que variables a valeurs dans
I'espace des arbres (T, dgpr) nous renvoyons aux articles de Evans, Pitman, Winter [57), [56],
Duquesne et Le Gall [41], Duquesne et Winkel [45], Weill [I15], et Abraham et Delmas [3].

H
p
—

v»\s

0 o

%
FIGURE 2 — Codage de l’arbre de Lévy par le processus des hauteurs H.

Mesures temps local et mesures de masse de ’arbre de Lévy. On rappelle que
p:[0,0] :— T est la projection canonique. La mesure temps de local dL{ induite par p
est une mesure £* portée par I’ensemble de niveau a. Plus précisément on pose

a)={oceT:d(p,o0)=a} (72)

et pour toute fonction mesurable f: 7 :— R, on a

/ F(p(t)) AL . (73)

La mesure ¢%, qui est finie et de masse totale £*(7T) = £*(T (a)) = L%, est appelée mesure
de temps local au niveau a. On prend /0 = 0 et il est montré dans 'article de Duquesne et
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Le Gall [4I] au théoréeme 4.3, qu’il est possible de trouver une modification des mesures
(¢*,a > 0) telles que

N-p.p. a€R; —— (% est cadlag pour la convergence faible sur (7, d). (74)

Nous rappelons ici des propriétés de régularité du support topologique des mesures £* qui
sont prouvées dans le théoréme 4.4 de larticle de Duquesne et Le Gall [41]. On dit que
o €7 est un point d’extinction s’il existe € >0 tel que
d(p,o) = sup d(p, OJ)
o’ €B(o,e)

ou B(o,¢) désigne la boule ouverte de centre o et de rayon €. On note £ I'ensemble des
points d’extinctions de T. Il est facile de vérifier qu’il y a une bijection entre les points
d’extinction de T et les maxima locaux de H : si t R, tel que H admet un maximum
local en t, alors p(t) €€ et réciproquement, a tout o €&, il existe un unique temps t R
tel que p(t) =0 et H admet un maximum local en ¢. Si on note I' = max,c7 d(p,0), la
hauteur totale de T, alors le théoréme 4.4 de [41] affirme que N-p.p. les assertions suivantes
sont vérifies.

(i) &€ est infini dénombrable et pour tout a€ (0,I'), £N 7T (a) a au plus un seul point.

(17) Sia€e(0,T) est tel que £NT(a)=0, alors le support topologique de £* est T (a).

(791) Sia€ (0,T) est tel que €N T (a)={o,} alors le support topologique de ¢* est
T(a)\{oa}-

On introduit également la mesure de masse de T, notée m, qui est définie comme la

mesure image de la mesure de Lebesgue sur [0,0] par la projection canonique p : pour
toute fonction mesurable f: 7 :— R, on a

(m, f) = /0 Fp(t) dt. (75)

L’identité (60) implique alors facilement que

m:/eada. (76)
0

La mesure de masse m a une masse totale égale a ¢ et joue un role important dans I’étude
des propriétés géométriques des arbres de Lévy car elle est en un certain sens la mesure
la mieux répartie sur 'arbre. La construction que nous avons rappelée ici utilise le codage
de 7 par H mais il est possible de donner une définition des mesures de temps local £¢
qui soit intrinseque, c’est-a-dire qui ne dépende que de la distance d sur T et (6] permet
alors d’obtenir également une définition de m qui ne dépende que de la métrique de T et
non du codage par H : voir 'article de Duquesne et Le Gall [41], théoréme 4.2.

Rappelons quelques propriétés géométriques des arbres de Lévy. Pour tout o € T, le
degré o, noté n(co), est le nombre (peut-étre infini) de composantes connexes de 7 \{c}.
Le point o est une feuille de T si n(o) = 1, c’est-a-~dire si 7\{o} est connexe. C’est un
point de branchement si n(o) > 3 : le point de branchement est dit binaire si n(o) = 3 et
infini si n(o) = co. On note

L={oceT:n(0)=1},
I’ensemble des feuilles de 7. Alors on peut montrer que
N-p.p. m est diffuse, m(7\L) = 0 et £ est dense dans 7. (77)

Cela montre que l'arbre mesuré (7, d, o, m) est un continuum tree au sens d’Aldous [5].
Le théoreme 4.6 de [41] démontre également les faits suivants.
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(¢) N-p.p. pour tout o €7, on a n(c)€{1,2,3,00}.
(ii) L’ensemble {o € T : n(c) =3} des points de branchement binaires est vide N-

p.p. si 5 dans (@A) est nul et si f>0, 'ensemble des points de branchement binaires
est N-p.p. dénombrable dense dans 7.

(iii) L’ensemble {o €T : n(o)=o00} des points de branchement infinis a une N-mesure
strictement positive d’étre non-vide si et seulement si la mesure de Lévy 7 de v est
non-nulle. De plus si (7,1) = oo, alors ’ensemble des points de branchement infini
est un ensemble N-p.p. dénombrable dense dans 7. Si (7, 1) < 0o, alors cet ensemble
est N-p.p. fini.

On voit que les points de branchement infinis de 7 sont liés aux sauts éventuels du pro-
cessus de Lévy X servant a définir H et donc 7. Ce lien est explicité dans le théoréme 4.7
de l'article de Duquesne et Le Gall [41], en lien avec les discontinuité des mesures ¢*. Plus
précisément, on rappelle que I" désigne la hauteur totale. Le théoréme 4.7 de [41] montre
que N-p.p. les assertions suivantes sont vérifiées.

(1) {p(t);teRy : AX; >0} ={0€T :n(o) = oo}.
(74) Pour tout a€(0,T"), {c €T : n(c) = 0o} NT(a) compte au plus un point.
(i73) Sia€(0,T) est tel que {c €T :n(c) = o0} NT(a) =10, alors a — ¢* est continu
en a.
(iv) Siae(0,T') est tel que {c€T :n(o) =00} NT(a) = {7}, alors il existe t € R}
tel que
p(t) =7, AXi>0 et (4 =0 +AX;0,, . (78)

Le poids AX; dans (78)) utilise le codage de T par H et X : une définition intrinseéque en
est donnée dans [41] et la quantité AXy, notée \,, est appelée le temps local au point de
branchement infini ~,.

Ces temps locaux aux points de branchement infinis interviennent dans plusieurs pro-
cessus de fragmentation et d’élagage des arbres de Lévy : lorsque ¢(\) = A7, avec y€(1,2)
et lorsque T est 'arbre codé par H sous N(-|o = 1), Miermont dans [93] a considéré
une fragmentation aux points de branchement infini qui produit une fragmentation auto-
similaire dont il a calculé les parametres. Ce résultat a été généralisé aux arbres de Lévy
dans plusieurs articles d’Abraham, Delmas et Voisin [1, 2, 4] traitant également de procé-
dures générales d’élagage et de fragmentation impliquant ces temps locaux aux points de
branchement infini.

L’arbre stable ((A) = A7,y € (1,2]) posséde une propriété d’invariance par réenraci-
nement uniforme (selon la mesure de masse m); voir Aldous [6] pour le cas du CRT, et
pour les cas stables Duquesne et Le Gall [41] 43], ou Haas, Pitman et Winkel [64].

3.3 Serpent de Lévy.

Le serpent Brownien est un processus a valeurs dans les chemins continus introduit par
Le Gall [80] [82] permettant de faciliter I'étude du super-processus de Dawson-Watanabe :
il s’agit d’une exploration markovienne des trajectoires historiques des individus de la
population évoluant comme une diffusion de Feller. Cette construction a été généralisée
dans la monographie de Duquesne et Le Gall [40] pour des mécanismes de branchement
plus généraux que le cas quadratique, le processus s’appelant dans le cas général serpent
de Lévy. Dans cette section nous rappelons brievement la définition du serpent de Lévy
lorsque le déplacement spatial est un mouvement brownien et lorsque un mécanisme de
branchement ¢ de la forme ([45)) satisfait v > 1. Rappelons que cette condition amene le
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résultat de régularité ([T) pour le processus des hauteurs associé a 1 et qu’elle implique
B3), c’est a dire que la trace du SBM associé a 1 est bornée.

Dans ce qui suit, (2, F) désigne un espace mesurable auxiliaire sur lequel est défini
un processus continu & = (&,t > 0) a valeurs dans R?; pour tout = € R?, on note P, une
mesure de probabilité sur (£2, F) telle que sous P, £ est distribué comme un mouvement
brownien standard en dimension d issu de x.

On note W l’ensemble des trajectoires continues stoppées a valeurs dans R%, ¢’est-a-dire
que

W = {(w,6); G € 10,00), w € C((0, G, BRY }. (79)

Ici, ( désigne le temps de vie de la trajectoire w. Plutét que de noter (w, ()€ W, on écrit
simplement w € W. D’autre part, on plonge R? dans W en considérant que z désigne la
trajectoire w €W telle que (w =z et w(0)=2. On munit W de la distance suivante

Y €W, d(w,w) = G =Gl 50 [ W(EAG) = (016 |

ot ||-|| désigne la norme euclidienne sur R%. Alors, (W, d) est un espace polonais.

On introduit ensuite le noyau de transition du serpent. Pour cela on fixe w € W,
a€l0,(w] et be€[a,00). On définit sur W la loi de probabilité R, ,(w,-) comme suit.
(1) Rop(w,dw')-p.s., w'(t) = w(t), Vt € [0,a];
(it) Rap(w,dw')-p.s., (w =D.
(i77) La loi de (w'(a+1),0 <t <b—a) sous Ry p(w,dw’) est la loi de (&,0 <t <b—a)
sous Py
En particulier, pour tout w € W, Rq(w,-) est la loi de (§,0 < ¢t < b) sous Py et
Roo(w,") = dy(0)(-)-

On munit W&+ de la tribu produit et on note (W;,t > 0) le processus canonique. On
fixe teR% et he C(R4,R;) telle que h(0) = 0, qui est appelé le processus des temps de
vie. Pour tous ¢ > s> 0, on note by(s,t) = min{h(r),r € [s,t]}. Le théoréeme d’extension
de Kolmogorov implique qu’il existe une unique loi de probabilité Qﬁ sur WER+ telle que
pour tous 0 <57 <+ - < Sy,

QMW € Ay,..., W, € Ay (80)

= /ARbh(o,sl),h(sl)(w, dw1) ... Ry, (s,_1,80),h(sn) (Wn—1, dWn ),

1X X An

Pour tout t€R,, Q"-p.s. (w, = h(t). La figure B illustre la construction de Q” lorsque h
est élémentaire.

Rappelons ensuite quelques propriétés de régularité de W sous Q". Pour cela, on fait
I’hypothese suivante.

Le processus des temps de vie h est localement héldérien d’exposant r € (0, 1].

Fixons p€ (1,00) and ¢y € (0, 00). La derniere inégalité de la preuve de la proposition 4.4.1
de [40] p. 120 implique que

Vst e 0.t QUA(W, W] < Clt—s]"/>. (81)

ou C' est une constante dépendant de tg, de p et de la constante de Holder de h sur [0, to].
Si p > 2/r, le critéere de continuité de Kolmogorov montre qu’il existe une modification
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h(s) Contour Arbre Serpent (R%)
3 s .
2 _
Wy '.
1 —~
S Wo =
— L]
01 34 678 0 Wo Wy

FIGURE 3 — La fonction h croit sur [0, 3] : au temps 3, le chemin W3 est une trajectoire Brownienne
de temps de vie h(3) = 3. Entre les temps 3 et 5, la fonction h décroit.

continue de . On commet un léger abus de notation en continuant de noter Q" la loi de
cette modification sur C' (R4, W) et de noter (W;)¢>¢ le processus canonique sur C (R4, W).
La loi QQ est appelée loi du serpent brownien issu de x et de processus de temps de vie
déterministe h.

On rappelle ensuite quelques résultats concernant I’extrémité du processus W sous Qﬁ.
La continuité entraine que Q”-p.s. pour tout tER,, Cw, = h(t). On pose alors

VtEeRy, Wy=W,(h(t) .

Le processus (Wt, t > 0) est appelé le processus des extémités du serpent. C’est un processus
continu & valeurs dans R%. On constate aussi que sous Qg , le processus des extrémités du
serpent est un processus Gaussien dont la covariance est caractérisée par

Vs,teRy, Q" (HWt_Vv‘Syﬁ) = h(t)+h(s)—2 inf h(u)=du(t,s).  (82)

sAt<u<sVt

On rappelle (68)) définissant la distance dj associée de 'arbre codé par la fonction h.
L’égalité (82) permet alors de voir le processus des extrémités du serpent comme un
mouvement Brownien indexé par I'arbre codé par h.

Le serpent de Lévy de déplacement spatial Brownien se défini comme le serpent dont
le processus des temps de vie est le ¥-processus des hauteurs H On rappelle qu’ici on
suppose que v > 1, ce qui implique que H est N-p.p. localement holdérien, ce qui permet
d’appliquer a h = H la construction du serpent. On définit alors la mesure d’excursion du
serpent de Lévy issue de r comme

N, = [ N(Hedh)Q", (83)
C(R+7R)

qui est une mesure sigma finie sur I’espace polonais WW. On rappelle que o désigne la durée
de 'excursion de H sous N. La construction précédente implique que N -a.e. t € [0, 0],
Cw, = H;. De plus, sous N, la loi conditionnelle de W sachant H est Q. Nous renvoyons
au chapitre 4 de [40] pour plus de détails. Enfin, si v > 1, [@7) combiné a (BI]) et au

théoreme de continuité de Kolmorogov, impliquent que
pour tout ce (0, 72—;1), (I//I\/t, t > 0) est localement c-holdérien. (84)
Les temps locaux de H, notés (L¢,t > 0,a > 0) sous N sont bien définis sous N,
également par (BY) ou N, se substitue & N. Pour tout a € (0,00) on définit la mesure

aléatoire sur R%, notée 2, = Z,(W), de la maniére suivante : pour toute fonction mesurable
f:RI SR,

zh)= "are ;). (85)
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On introduit également la mesure d’occupation de W, notée M = Myy. L’identité (60])
implique facilement que pour toute fonction mesurable f : R¢ — R,

(e 9]

Mof) = [Wyae= [z pae. (86)
La trace totale de W, notée Ry est quant a elle définie par
Rw = { Wit € [0,0]} (87)

Le lien entre les y-super mouvements Browniens et le v-serpent de Lévy est donné par
le théoréeme 4.2.1 de la monographie [40], que l'on rappelle dans I’énoncé suivant. Soit

1€ My(RY) et soit
> Oy

JjET
une mesure ponctuelle de Poisson d’intensité p(dz)N,(dW). On pose Zy = p et pour tout

a € (0,00), on pose

Za=Y_ Zo(W9).
JjeET
Alors, P-p.s. le processus (Z,,a > 0) est un super-mouvement Brownien cadlag de méca-

nisme de branchement 1 issu de p. De plus, si R et M sont déduits de Z par (82) et (31),
on a

RU{xj7j€j}:Uij et M:ZMWj- (88)
JjeJ jeJ

Le dernier point (88)) ne fait pas partie de I’énoncé du théoreme 4.2.1 de [40] mais en est
une conséquence simple.

4 Géométrie fractale des processus de branchement.

4.1 Dimensions fractales et mesures géométriques.

Dans cette section, on rappelle les définitions des mesures de Hausdorff et de packing
sur un espace métrique (E,d) compact.

Les mesures de Hausdorff et les mesures de packing sont construites a partir de la
métrique d et d’une fonction de jauge g : [0,r79) — R qui satisfait les propriétés de
régularité suivantes

(a) g est continue, strictement croissante et g(0) = 0.

(b) g satisfait une condition de doublement :

3C € (1,00) Vre (0,r0/2) g(2r) < Cg(r). (89)

Mesures de Hausdorff. Pour toute partie A C E, et tout € € (0,7¢), on pose

AP (A) = inf { > g(diam(4,)), A, C E,diam(A,) <e, AC | J An} , (90)

neN neN

puis

Ay (A) = lim A (A).

e—0
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g est la g-mesure de Hausdorff sur E. C’est une mesure extérieure Borel régulicre,
diffuse. Nous renvoyons a Rogers [106] pour des détails. Dans les preuves du chapitre 2,
nous utiliserons le lemme suivant permettant de comparer une mesure y sur F a la g-
mesure de Hausdorff. Pour = € E, r € (0,00), on note B(z,r) la boule ouverte de rayon r
centrée en x.

Lemme 4.1 ([107]) Soit E un espace métrique compact et g une jauge réguliére satisfai-
sant la condition de doublement (89) pour une constante C' € (1,00). Soit u, une mesure
borélienne finie sur E et soit A, un borélien de E.

(1) Si pour tout x € A, on a limsup,_, % < K, alors p(A) < kIt (A).

(73) Si pour tout x € A, on a limsup,_,, % > K, alors p(A) > C2kH#(A).
Ce lemme a été démontré par Rogers et Taylor [107] dans le cas des espaces euclidiens.

Nous renvoyons a Edgar [53] pour le cas des espaces métriques généraux. La fonction
p(B(z,r))
g(r)
notera que dans la majoration (i7) du Lemme [Tl apparait la constante de doublement C.

Mentionnons que méme lorsque la densité locale supérieure d’une mesure p est constante
sur A égale & r, on n’en déduit pas nécessairement que p(A) = k5 (A). Dans [31] (chapitre
2 de cette these) la géométrie particuliere des niveaux d’un arbre réel est mise a profit
pour énoncer un lemme de comparaison ou n’apparait plus la constante de doublement.

x — limsup,_,q est appelée densité locale supérieure de p par rapport ¢ g. On

Mesures de packing. Les mesures de packing ont été introduites par Taylor et Tri-
cot [I12] pour étudier la courbe Brownienne en dimension plus grande que 3. Rappelons
brievement leur définition.

Soit A C E, non-vide. Soit ¢ € (0,00). Un e-packing de A est une collection finie
de boules fermées B(zg,7;),1 < k < n deux a deux disjointes telles que les centres xy
appartiennent a A et les rayons 7 sont tous inférieurs a e.

Soit une jauge g réguliere satisfaisant la condition de doublement (89)). On définit alors

‘@5(76) (A) =sup Z 9(rm) s B(wg,m1),1 <k <n, e—packingde A 3,

1<k<n

et

“(A) = li (e)
Z5(A) €£%+ P;(A) € 10,00],

qui est la g pré-mesure de packing de A. La g-mesure de packing de A est alors donnée
par

Py(A)=inf ¢ Y Zr(An); Ac | An
n>0 n>0
P, est une mesure extérieure Borel-régulicre, diffuse. Le lemme ci-dessous permet de
comparer une mesure g sur F a la g-mesure de packing.

Lemme 4.2 ([112]) Soit E un espace métrique compact et g une jauge réguliére satisfai-
sant la condition de doublement (89) pour une constante C' € (1,00). Soit u, une mesure
borélienne finie sur E et soit A, un borélien de E.

(1) Si pour tout x € A, on a liminf, g % < K, alors p(A) < C?kZ,(A).

Gy i p(B(z,r))
) rT—r 1) [l .
(13) Si pour tout x € A, on a liminf,_, o5 > alors p(A) > kP(A)



4. GEOMETRIE FRACTALE DES PROCESSUS DE BRANCHEMENT. 35

Ce lemme a été prouvé par Taylor et Tricot [112] dans le cas des espaces euclidiens. Nous
renvoyons a Edgar [53] pour le cas des espaces métriques généraux. La fonction z —
liminf, g %
que méme lorsque la densité locale inférieure d’une mesure p est constante sur A égale a
k, on n’en déduit pas nécessairement que pu(A) = kZ4(A), sauf dans le cas ol 'espace

métrique considéré est I'espace euclidien R? (cf [53], chapitre 3).

est appelée densité locale inférieure de p par rapport a g. Mentionnons

Dimensions. Rappelons d’abord la définition des dimensions de boite qui constituent
I’exemple le plus élémentaire de dimension fractale. Soit A C E. Pour € € (0, 00), on note
N:(A) le nombre minimal de boules ouvertes de rayon £ nécessaires pour recouvrir A.
Les dimensions de boite inférieures et supérieures de A, notées respectivement dim(A) et
dim(A), sont définies par

dim(A) = limint 25N Gy = i sup 128 NE(A)

. 1
=0 logl/e ’ 0 logl/e (01)

On définit les dimensions de Hausdorff et de packing de la maniére suivante. Soit A C E.
dimpg (A)=sup{a€(0,00): H#,H(A) =00}, dim,(A)=sup{ae(0,00): P(A)=00}, (92)

ou pour tout a € (0,00), 5, et P, désignent les mesures de Hausdorff et de packing
associées a la jauge g(r) = r®. Ces dimensions posseédent notamment la propriété d’additi-
vité dénombrable (ce qui n’est pas le cas des dimensions de boite). Les inégalités suivantes
sont vraies :

dimpy(A) <dim(A) et dimy(A) < dimy(A) < dim(A) (93)

On renvoie a Falconer [58] pour plus de détails.

4.2 Propriétés fractales des arbres de Lévy.

Dimensions. Les dimensions fractales d’'un arbre de Lévy sont calculées par Duquesne
et Le Gall dans [41] : soit un mécanisme de branchement 1 de la forme (3 ; soit 'arbre
de Lévy T associé par ([[I]), sous la mesure N. On rappelle la définition (I4]) des exposants
~ et m associés a 1. Pour tout a € (0,00), on rappelle (72]) définissant T (a), le niveau a
de I'arbre. Sous I’hypotheése v > 1, le théoréme 5.5 dans [41] affirme que N-p.p.
(T(a) = 57, dimy(T(a)) = dim(T(a)) = 55

n—1

(T) = 34, dim,(7)

n

dimg (7 (a))
dimg (7))

i =
dim(T) = 2

= dim
= dim 1

(94)

Mesures de Hausdorff exactes. Dans le cas Brownien ot ¢(\) = A?, Duquesne et Le
Gall [42] ont montré que I'arbre Brownien ainsi que ses niveaux, admettent des mesures
de Haudorff exactes. Plus précisément, le théoreme 1.3 de [42] affirme qu’il existe une
constante universelle ¢ € (0, 00) telle que

Va € (0,00), N-pp. (°()=cH, (- NT(a)) (95)

ou ./, est la gj-mesure de Hausdorff sur (7,d) avec gi(r) = rloglog1/r. Un résultat
similaire est vérifié pour 'arbre Brownien tout entier : le théoréme 1.1 dans [42] affirme
qu’il existe une constante universelle ¢ € (0,00) telle que N-p.p.

N-p.p. m=c JH, , (96)
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ou J,, est la go-mesure de Hausdorff sur (7, d) avec go(r) = r?loglog1/r. Mentionnons
que la Proposition 1.3. de Duquesne et Wang [44] précise que la densité locale supérieure
de m par rapport & go vaut 4/72.

Dans les cas stables non-Browniens ot ¢(A) = A7, avec v € (1, 2), Duquesne [37] établit
qu’aucun des niveaux 7T (a) n’a de mesure de Hausdorff exacte, et également que 7 n’a
pas de mesure de Hausdorff exacte : pour toute jauge g a variation réguliere, la g-mesure
de Hausdorff de ces ensembles vaut N-p.p. 0 ou oo.

Mesures de packing exactes. Les arbres de Lévy se comportent de maniere plus
réguliére vis-a-vis des mesures de packing. Duquesne a en effet démontré dans [38] que les
arbres de Lévy admettent une mesure de packing exacte. Plus précisément, notons

p=9 oy,
On associe alors a 9 la jauge g définie par :

log log %
o1 (% log log %) '

g(r) = (97)

Dans 'article Duquesne [38], est introduit 1’exposant suivant
d=sup{c>0:3Ce(0,00) tel que Cop(p)pp ¢ < PA)A™, 1 < pp < A}, (98)

et il est montré au lemme 2.2. de [38] que la fonction de jauge g satisfait une condition de
doublement (89) si et seulement si § > 1. On vérifie facilement que 1 < § < v <n < 2.
En général ces exposants sont distincts : mentionnons qu’il est démontré dans [38] que
pour tout c€ (1,2], il existe des mécanismes de branchement ¢ de la forme (@3] tels que
d=1<~y=mn=c. Mais lorsque @ est & variation réguliere en l'infini, d =~vy=m.

Rappelons que T est le ¥-arbre de Lévy sous N et que m est sa mesure de masse
définie par (7). Sous I’hypothese § > 1, le théoreme 1.1 de [38] affirme qu’il existe une
constante ¢, € (0,00) dépendant uniquement de 1) telle que I’égalité de mesures suivante
est vraie :

N-p.p. m=cy . (99)

4.3 Propriétés fractales du super-mouvement Brownien.

Dans cette section nous rappelons des propriétés fractales connues du super-processus
de Dawson-Watanabe, ainsi qu’un résultat sur la dimension de Hausdorff des super-
mouvements Browniens de mécanismes plus généraux. Soit (Z;,t € Ry, P, u € M (R9)),
processus de Dawson-Watanabe, c’est-a-dire un SBM(¢) sur R?, ott 1)(\) = A2. Le pro-
cessus de Dawson-Watanabe a fait 'objet de nombreux travaux concernant ses propriétés
fractales.

Un premier résultat, dit & Dawson et Hochberg [25], précise la dimension de son support
ainsi que celle de sa trace totale, définie par (B2)) : pour toute mesure p € M f(Rd)

(i) Sid > 2, alors, P,-p.s., Vt € (0,00), dimpy (supp (Z;)) = 2.

(i1) Sid > 4, alors, Py-p.s., dimpg (R) = 4.

Dans les résultats ci-dessus, la dimension de Hausdorff dimgy peut étre remplacée par les
dimensions de packing ou de boites. Des résultats plus fins ont été établis par Dawson et
Perkins [28] qui ont montré qu’il existe une constante ¢y € (0, 00) dépendant uniquement
de d telle que

Vd >3, Vt € (0,00) Pu-ps Z; = cqtty, (-Nsupp (Zy)), (100)
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ou %, est la gs-mesure de Hausdorff sur R? avec g3(r) = r2loglog1/r. Un résultat
uniforme en temps a été obtenu par Perkins [I00} [T01] : il est rappelé plus loin dans cette
introduction. En dimension critique d = 2, la fonction de jauge n’est pas la méme comme
démontré par Le Gall et Perkins dans [87] ou il est prouvé qu’il existe une constante
c2 € (0,00) telle que

Vt € (0,00) Pu-ps Z; = o, (-Nsupp(Zy)), (101)

ou %, est la gy-mesure de Hausdorff sur R? avec g4(r) = r?log1/rlogloglog1/r (la
preuve utilise le serpent Brownien). Le Gall, Perkins et Taylor ont également montré dans
[88] que supp (Z;) n’a pas de fonction de packing exacte en dimension surcritique d > 3.
Concernant la trace totale R du processus de Dawson-Watanabe, Dawson, Iscoe et
Perkins [26] montrent qu’en dimension surcritique d > 5, il existe ¢4 € (0, 00) ne dépendant
que de d telle que
Py-ps. M=cq, (-NR) (102)

ou M est la mesure d’occupation totale du Dawson Watanabe définie par (BI]) et ou
A, est la gs-mesure de Hausdorff sur RY avec g5(r) = r*loglog(1/r). En dimension
critique d = 4, Le Gall a montré dans [83] un résultat similaire avec la fonction de jauge
ge(r) = r*log 1/rlogloglog 1/r.

La mesure d’occupation totale du Dawson Watanabe s’écrit aussi comme une mesure
de packing, comme démontré par Duquesne dans [36] ou il est prouvé l'existence, en
dimension surcritique d > 5, l'existence d’une constant c¢g € (0,00) ne dépendant que de
d telle que

Pyps. M=c;Z, (-NR). (103)

ol Z,, est la g7-mesure de packing sur R? avec g7(r) = r* (log log(1/r))~* Cest ce dernier
résultat qui est généralisé dans le chapitre 3 de cette these.

Dauns le cas d’un mécanisme de branchement 1) quelconque, de la forme ([@H), il y a peu
de résultats connus concernant les propriétés fractales : par une méthode de subordination
du serpent Brownien, Delmas dans [29] a calculé la dimension de Hausdorff de la trace des
SBM de mécanisme de branchement stable, c’est-a-dire le cas des SBM()) ou ¢(A\) = A7,
v€(1,2]. Ce résultat a été étendu par la suite par Duquesne et Le Gall dans [41] par des
techniques différentes de celles de Delmas [29] : les arguments de Duquesne et Le Gall
utilisent des propriétés des arbres de Lévy et la régularité Holdérienne du serpent de Lévy.
Dans [41], il est montré que, sous I'hypothese v > 1, pour ¢ € (0,00), P,-p.s.,

2 2
dimy (supp Z;) = dim (supp Z;) = P Ad, dimpg(R)=dim(R)= n—nl Ad. (104)

La preuve de ce qui précede utilise le serpent de Lévy pour transporter sur R?, le résultat
sur la dimension de Hausdorff de I’arbre énoncé en (@4)). Un résultat similaire concernant
la dimension de parking est démontré au chapitre 3.

5 Contributions de cette these.

5.1 Temps d’atteinte pour les CBI et applications.

Les résultats présentés dans ce paragraphe sont tirés de larticle [33], écrit avec Clé-
ment Foucart et Chunhua Ma (chapitre 1 de ce manuscrit).
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On a vu en section 23] que pour un CBI(¢, ¢) général, on dispose du critére (@4
de polarité pour 1'état 0 ainsi que de la condition nécessaire et suffisante ([@2) pour la
convergence du processus vers sa probabilité invariante. Dans [33], on fait une étude des
premiers temps d’atteinte pour un CBI(¢, ¢). Comme premiére application, on obtient
une nouvelle preuve de la CNS (44]) pour la polarité. Enfin, une condition nécessaire et
suffisante pour la récurrence ou transience est proposée. Dans tout ce qui suit, le processus
(¥, ¢) est un couple de la forme B5) et (Z;,t > 0,P%, 2 € RY) un CBI(v), ¢), sur un espace
(Q, F) adéquat.

Définition 5.1 (i). Pour z € (0,00) et a € [0,z], le temps d’entrée dans [0, a| est noté
0, et défini par
0q = inf {t € (0,00) : Z; € [0,a]}. (105)
L’absence de sauts négatifs en fait aussi le premier temps d’atteinte de a.
(ii). On dit que a € (0,00) est polaire si pour tout x € (a,00), Pk (0, < o0) = 0.

(iii). On dit que le processus (Z;,t > 0) est récurrent s'il existe z € R tel que
P: (htrggf\zt o= 0) 1. (106)

Dauns le cas contraire, le processus est dit transient et pour tout x € Ry, PX (limy_yo0 Z; = 00) =
1.

(iv). On appelle progéniture totale du processus au temps ¢ la quantité fg Zgds.

Dans le cas du carré de Bessel de dimension d, on sait (voir e.g. Revuz et Yor [105],
chapitre XI) que 0 est polaire si et seulement si d > 2, et que le processus est transient si
et seulement si d > 2. Ainsi, dans le cas d = 2, on a p.s. 0 polaire et liminf; ;o Z; = 0
Dans le cas autosimilaire 1(\) = d\?,¢(\) = '\, v € (1,2), Patie [98] montre que 0
est polaire pour le CBI(¢, ¢) si et seulement si d' > d(y—1).

Dauns le cas des processus de Ornstein-Uhlenbeck généralisés (¢ linéaire, ¢ quelconque),
le CB(%)) ne s’éteint pas, avec probabilité 1, ce qui, a fortiori, garantit la polarité de 0
pour le CBI(¢), ¢). La loi des temps d’entrée o,, sous P}, avec x > a, a été calculée par
Hadjiev [65], étude complétée par Patie dans [96] avec la description de la loi du couple
(0a» [y * Zsds). Shiga [I11] traite la question de la récurrence ou transience. Dans [33], ce
critere est généralisé pour des CBI généraux. On notera notamment que dans ce qui suit, ni

la condition de Grey (24)), ni la condition [, dA/[4/(A)| = oo ne sont supposées ici a priori.

On rappelle la définition de a donnée en ([BY)). Le théoréme principal de [33] donne,
pour z > a > a, une expression de la transformée de Laplace du couple (o, fooa Zsds)
sous P7.

Théoréme 5.1 ([33]) Soit x > a > a. Pour tout A >0 et 41 >0, on a

E: [exp{ — Aoa— Ui /0 - thtH = ;izgi; (107)

o, pour tout x > a,
©  dz 2 p(u) + A
faulz) = / —————exp (—xz —i—/ 7du) , (108)
a a) V(2) — p o Y(u) —p
avec q(u) := sup{q > 0 : (q) = p}, et ot O est une constante arbitraire, choisie plus
grande que q(1).



5. CONTRIBUTIONS DE CETTE THESE. 39

La preuve du théoréme repose principalement sur le fait que la fonction d’échelle f) , est
une fonction propre du générateur d’'un CBI auxiliaire associé a (1, ¢). Plus précisément,
pour g > 0 fixé, on définit ¥ = 1h—p, de sorte que si L est le générateur associé au CBI(v), ¢)
par (B8], celui associé & un CBI(1, ¢) est donné, pour toute fonction f € C2(R), tendant
vers 0 en l'infini,

Lf(2) = Lf(x) - paf(2).

On a alors que pour tout A > 0, la fonction f) , est une fonction de classe C 1 strictement
décroissante sur (a,oc0) telle que Ef;w = Afau- Lorsque ¢ = 0, le CBI(¢),¢) est un
CB(%), et il nous semble que méme dans ce cas, les fonctions d’échelles définies en (I0S])
n’apparaissent pas dans la littérature. Les deux applications principales du résultat ci-
dessus sont obtenues en étudiant la loi de o, pour @ > 0 (¢ = 0). On retrouve le critére
de [60] pour la polarité de 0 et on obtient une CNS pour la récurrence du processus.

Théoréme 5.2 ([60]) Le seul point pouvant étre polaire est a. Si d < oo, alors a est
polaire. Dans le cas des variations non-bornées, a = 0 et 0 est polaire si et seulement si

Théoréme 5.3 ([33]) Supposons ¢ # 0.

(a) Dans le cas critique ou sous-critique (' (0+) = 0 ou ' (0+) > 0, le CBI(¢, @) est
récurrent si et seulement si

' dz exp |— ' d(a) x]—oo
) B0 pl | Gl = (110)

Dans le cas récurrent, pour x > a, on a liminf, ., Z; = a, P p.s.

(b) Dans le cas sur-critique ¥’ (0+) < 0, le CBI(¢, ¢) est transient.

Les deux criteres ci-dessus précisent les roles respectifs du branchement et de I'immigra-
tion : notons que les intégrales mettent en jeu le quotient ¢/1, au voisinage de oo pour le
théoréme 0.2 et en 0 pour le théoreme (B3 On mentionne une application importante du
théoreme 5.3l au CB(7)) conditionné & la non-extinction. Comme signalé plus haut, celui-ci
a la méme loi quun CBI(¢), ¢), ot ¢(A) = ¢'(X) —4'(0). Lorsque ¢’ (0+) = 0 (cas critique),
l'intégrale dans (II0) vaut 1 : on retrouve le résultat de Lambert [77] qui établit que le
CB(%) conditionné a la non-extinction est transient.

5.2 Mesure de Haudorff uniforme des niveaux de ’arbre Brownien.

Le théoréme présenté ici est prouvé dans Uarticle [31] (chapitre 2 de ce manuscrit).

Le résultat principal de [31] concerne les mesures de temps local de ’arbre Brownien,
définies en ([73)). Le résultat ([@7]) y est revisité : on montre que la constante c est égale a 1/2
et que le résultat est vrai N presque partout, uniformément pour tous niveaux. Le pro-
bléme de 'uniformité dans la comparaison d’un temps local avec une mesure géométrique
apparait chez Perkins [99] dans ’étude des temps locaux du mouvement Brownien stan-
dard. Rappelons briévement ce résultat pour le processus (Xy,t > 0) défini sur (Q, F,P)
et tel que (X;/ V2t > 0) est un mouvement Brownien standard, auquel est associée la
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famille de temps locaux bi-continue (L¢,¢ > 0,a € R) définie par une approximation du
type (48]). Perkins dans [99] montre que

P-p.s, VaeR, L{=,{secl0,t]:X,=ux}), (111)

ou g, est la mesure de Hausdorff sur R associée a la jauge gs(r) = /rloglogl/r. Le
résultat fait suite aux travaux de Taylor et Wendel [113].

Un phénomene de régularité similaire est également vérifié pour le processus de Dawson-
Watanabe (Z;,t > 0) : en effet, Perkins [100, 10I] montre que presque stirement, uniformé-
ment pour tout temps ¢, la mesure Z; est bornée entre deux multiples d’'une méme mesure
de Hausdorff. Plus précisément, Perkins montre que si d > 3, il existe deux constantes cq
et Cy dans (0,00), ne dépendant que de d, telles que

P,-p.s. Vte (0,00),
cqHy, (- Nsupp (Zy)) < Zy < Ca g, (- Nsupp (Z)) - (112)

ou 7y, est la g3-mesure de Hausdorff sur R? avec g3(r) = r?loglog 1/r. Perkins conjecture
cqg = Cy.

En s’inspirant des idées de la preuve de Perkins [100} [101] de (IT12), et dans le contexte
plus simple et plus régulier de I'arbre Brownien, nous montrons dans le chapitre 2, le
théoréme suivant qui précise les résultats de Duquesne et Le Gall [42] rappelés au (O5)).

Théoréme 5.4 ([31]) On considére l’arbre Brownien T, défini sous la mesure N. Pour
tout a € (0,00), on rappelle que T(a) ={o € T : d(p,0) = a} et que {* est la mesure de
temps local au niveau a. Soit la fonction de jauge gi(r) = rloglog1/r. Alors,

N-pp. Yae (0,00), (*=3 5 (-NT(a)).
Commentaire 5.1 Bien qu’apparemment proches, il n’est pas clair que ’on puisse dé-

duire ce théoréme de (1), qui concerne pourtant les temps locaux du mouvement Brow-
nien. ]

Commentaire 5.2 La stratégie de preuve du théoréme [5.4l est empruntée & Perkins [100),
101] : V'uniformité en a est démontrée en utilisant, comme dans [100, 101], une grille
discréte pour ’ensemble des niveaux et on est amené a étudier les boules & un niveau
donné ayant un temps local anormalement grand, puis celles ayant un temps local qui est
anormalement petit. O

Commentaire 5.3 Un théoreme de comparaison semblable au lemme [4.]] est démontré
dans le cadre des niveaux d’un arbre réel : il s’agit du lemme 23] du chapitre 2, nouveau a
notre connaissance ; la géométrie spécifique des niveaux d’un arbre réel permet de s’affran-
chir de la présence de la constante de doublement, ce qui donne la constante multiplicative
exacte 1/2 dans le théoréeme [5.4] O

5.3 Mesure d’occupation totale et trace du super-mouvement Brownien.

Les deux théorémes présentés ici sont prouvés dans Uarticle [32] écrit avec Thomas
Dugquesne (chapitre 3 de ce manuscrit).
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On considére un SBM(¢)) noté Z, dont la trace totale R est donnée par ([B2). Le
mécanisme de branchement v est de la forme ([@3]). On rappelle la définition (O8] de de
I’exposant 6. On suppose

0>1.

Cela implique notamment que > 1 et que (B3)) est satisfaite : si pe M f(Rd) est a support
compact alors la trace totale R est P,-p.s. bornée.

Dans le prolongement des résultats de dimension (O4]) concernant les arbres de Lévy et
de (I04) concernant la trace d’un SBM(v)), il est montré dans le chapitre 3 de cette thése
le théoréme suivant.

Théoréme 5.5 ([32]) Soit pn € M;(RY), une mesure non-nulle. Soit ¢ de la forme (Z3).
Soit Z, un SBM () considéré sous P,. Soit R sa trace. On suppose

20
60>1 et d> 5 1
Alors,
P,-p.s. dim, (R) = % (113)
Si de plus supp (i) est compact, alors P,-p.s. dim(R) = %

Commentaire 5.4 La dimension de packing 72;71 s’explique naturellement par le fait
qu’elle vaut deux fois la dimension de packing d’un -arbre de Lévy : en effet, le serpent
de Lévy est processus Gaussien sur l'arbre qui est (¥ — ¢)-Holder pour tout € > 0 et on

peut attendre qu’il double les dimensions (voir commentaires apres (I04])). O

Commentaire 5.5 Le caractére holderien du serpent (étudié dans [41] et rappelé dans
(84)) implique facilement que si supp (1) est compact et si v > 1, alors dim(R) < d A %
Puisque dim,(A) <dim(A) pour tout sous-ensemble borné ACR? (voir par exemple [58]),
un argument simple entraine que si p € M f(Rd) est non-nulle, et si v > 1, alors IP,-
p.s. dim, (R) < dA % Ceci combiné avec (I04]) entraine que

2
sin=-~>1,alors P,-p.s. dimpg(R) =dim,(R) =dA = , (114)

~v—-1
avec une égalité analogue pour les dimensions de boite si supp (u) est compact. L’égalité
~ =mn est vérifiée si, par exemple, ¢ est a variations régulieres en co. Par conséquent le
caracteére nouveau du théoreme ne concerne que les cas ou y#1). g

Commentaire 5.6 Observons que I’hypothése d > 1 n’est sans doute pas optimale car

la valeur de dim, (R) ne dépend que de 5. Nous conjecturons que si v > 1, alors P,,-
p.s. dimp(R) =d A % O

Le résultat principal de [32] montre que la mesure d’occupation totale d’'un SBM(%)),
notée M et définie par (31), est une mesure de packing exacte, ce qui généralise (I03)) a des
mécanismes de branchement 1) généraux de la forme ([@h]). Plus précisément, on rappelle
la notation ¢ = 1’ o ¢y! et on définit la jauge

log log%
¢ ((L1oglog 1)2)’

g(r) = (115)
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On montre dans le chapitre 3 que d > 1 si et seulement si la fonction de jauge g satisfait
une condition de doublement (89)). Le théoréme principal du chapitre 3 s’énonce alors
comme suit.

Théoréme 5.6 ([32]) Soit u € My(R?), non-nulle. Soit 1 de la forme (F3). Soit Z, un
SBM () considéré sous Py, de mesure d’occupation totale M et de trace R. On suppose :
2y

0>1 et d>—.
~v—1

Alors, il existe une constante cqqy € (0,00) ne dépendant que de d et 1 telle que
Pu-p.s. M=cqypPy(- NR).

Commentaire 5.7 Nous pensons que les hypotheses du théoréme 5.6l sont optimales dans
le sens suivant : tout d’abord, puisque nous avons de fortes raisons de penser que d A %
est la dimension de packing de R, le théoreme ne s’étend sans doute pas tel quel aux
dimensions d < %, en tous cas pas sans (au moins) changer la fonction de jauge g (il se
peut également que M ne se représente pas comme une mesure de packing en dimension
sous-critique).

De plus, comme déja mentionné, '’hypothése d > 1 équivaut a ce que g satisfasse
une condition de doublement ; bien qu’il soit possible de définir des mesures de packing
dont la fonction de jauge est irréguliere (voir Edgar [53]), la condition de doublement
est en quelque sorte '’hypothese de régularité minimale sur une fonction de jauge pour
que la mesure de packing associée ait des propriétés satisfaisantes (régularité, lemmes de
comparaison, etc.) Dans ce sens, 'hypotheése § > 1 est nécessaire si 'on veut rester dans

le cadre de mesures géométriques standard. O

Commentaire 5.8 Lorsque (A\) = A7, la fonction de jauge g devient

741

2
g(r) = rv_jl(log log1/r) =1 .

Lorsque v = 2, on retrouve la fonction de jauge g7 et le résultat (I03]) précédemment
mentionné.

Dans les cas stables le théoreme se déduit facilement du théoreme Cependant,
cela ne semble pas étre le cas lorsque v # 7. En effet un argument important de la preuve
du théoreme consiste a calculer la densité inférieure locale de M par rapport a g :
cette limite inférieure est réalisée le long d’une suite de rayons dont 'image par g semble
difficile & comparer & des fonctions puissance. Les théoremes et ont donc deux
preuves séparées dans le chapitre 3. U
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ON THE HITTING TIMES OF CONTINUOUS-STATE
BRANCHING PROCESSES WITH IMMIGRATION.

This article [33] has been written in collaboration with Clément Foucart and Chunhua Ma.

Abstract. We study a two-dimensional joint distribution related to the first passage time
below a level for a continuous-state branching process with immigration. We provide an
explicit expression of its Laplace transform and obtain a necessary and sufficient criterion
for transience or recurrence. We follow the approach of Shiga, T. (1990) [A recurrence cri-
terion for Markov processes of Ornstein-Uhlenbeck type. Probability Theory and Related
Fields, 85(4), 425-447], by finding some A-invariant functions for the generator.

AMS 2000 subject classifications: 60J80 60J25 60G17.

Keywords: Continuous-state branching processes; Immigration; Scale function; Entrance
time; Transience and recurrence; Polarity.

1 Introduction.

The continuous-state branching processes with immigration (CBI for short) are a class
of time-homogeneous Markov processes with values in R;. They have been introduced
by Kawazu and Watanabe in 1971, see [70], as limits of rescaled Galton-Watson processes
with immigration. Continuous-state branching processes with immigration form a class
of Markov processes which has received significant attention in the literature. Any CBI
process is characterized in law by the Laplace exponents ¥ and ® of two independent
Lévy processes : a spectrally positive process (which describes the reproduction) and a
subordinator (which describes the immigration). The purpose of this paper is to give and
exploit an explicit formula for the Laplace transform of the first passage time below a
level. In particular we provide a necessary and sufficient condition for a CBI process to
be recurrent or transient. We adopt the following definition of recurrence and transience.

Definition 1.1 We say that the process (X, ¢t > 0) is recurrent if there exists z € Ry
such that
P,(liminf | X; — x| =0) = 1. (L.1)
t—»00

On the other hand, we say that the process is transient if

Px(tligloXt =o0) =1 for every x € R,.. (1.2)
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When the mechanisms of reproduction and immigration reduce to ¥(q) = ‘72—2q2 and ®(q) =

bq, the process is the Feller diffusion, also called Cox-Ingersoll-Ross model in the financial
setting. This is the unique solution to the stochastic equation :

t
X = x—l—a/ v/ XsdBs + bt,
0

where (By,t > 0) is a Brownian motion. A standard method to study the hitting times, as
well as the transience and recurrence of a general diffusion, is to use potential theory and
scale functions (see for instance pages 128-129 of Itc and Mckean [68]). This theory yields
the following classic result concerning the Feller diffusion (X;,t > 0) : if 2b > o2, then the
point 0 is polar. If 2b > o2, the process is transient, otherwise the process is recurrent. In
particular, if 2b = o2, then 0 is polar and the process is recurrent (we refer, for instance,
to Chapter XI of Revuz-Yor [105] for a proof).

We shall study these path-properties for the general CBI processes. The polarity of
zero has been studied in Foucart and Uribe Bravo [60]. However, this latter work focuses
on the zero-set and does not provide a criterion for transience or recurrence of the process.
Moreover, as we shall see, zero may be polar and recurrent (in sense of (L1)).

On the one hand, when the mechanism ¥ reduces to ¥(q) = vq with v > 0, the class
of CBI processes corresponds to positive Ornstein-Uhlenbeck processes. This class of pro-
cesses has been intensively studied. Hadjiev [65] get a formula for the hitting times of
generalized Ornstein-Uhlenbeck processes. Novikov [95], Patie [96], [97] apply potential
theory to get some identities for the joint law of (o, fga Xsds), and for the first exit times.
On the other hand, when no immigration is taken into account (namely, with ® = 0), the
corresponding CBI process is simply a continuous-state branching process (CB process) for
which many results have been obtained using the Lamperti transform (which relates any
CB process to a spectrally positive Lévy process). We refer, for instance, to Chapter 10 of
[73]. We mention that a Lamperti-type representation for the CBI processes has been ob-
tained by Caballero et al. in [20]. However, our methods do not rely on this representation.

Our aim is to generalize some of these results when immigration is taken into account
for a general reproduction mechanism W. In this framework, the integral from 0 to o, of
the process can be interpreted as the total population up to time o,. The results reveal
the interplay between ® and ¥ in some path properties of CBI processes.

The paper is organized as follows. In Section 2] we recall the definition as well as some
known properties of continuous-state branching processes. Section [3] discusses our main
results. We study the state space of a CBI in Section @ In Section B we prove a key
lemma providing some A-invariant functions, and apply it to establish our first theorem.
In Section 6, we show a formula for the Laplace transform of the hitting times and study
the polarity of 0. In Section [l we establish our criterion for recurrence or transience and
we study the law of the infimum of a transient CBI. We end the section by showing how
to construct null-recurrent CBIs. In Section 8] we study the integral of the CBI process
up to time og.

Throughout the article, we take the convention that for any finite real number C,
C/oo =0.
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2 Preliminaries.

For an introduction to continuous-state branching processes with immigration, we refer
to Li [90], [89] and Kyprianou [73]. We recall here some of their fundamental properties.

2.1 Continuous-state branching processes.

Let x € R4. Notation P, denotes the law of the process started at x € R, and E, the
corresponding expectation operator. A continuous-state branching process (Z;,t > 0) is a
Markov process which satisfies the following property : for any z and y € R, the process
(Zy,t > 0) starting from = + y has the same law as

(Ztl +Zt27t Z 0)5

where (Z},t > 0) and (Z2,t > 0) are two independent copies of (Z;,t > 0) starting
respectively at z and y. There exists a unique function ¥ of the form :

1 o
U(q) =g+ 502(12 + /0 (e7" =1+ qulue(o,)y)m(du)

such that the Laplace transform of the one-dimensional distribution of (Z;,t > 0) is given
by
E.[e ] = exp(—zv:(\))

where the map ¢ — v;(\) is the solution to the differential equation
Sui(N) = =¥ (v (N), vo(A) = A

Recall the following classification (see Chapter 10 of [73] for details) : the branching
mechanism W is said to be subcritical if U/(0+) > 0, critical if ¥/(04) = 0 and supercritical
if ¥/(0+) < 0. For any = > 0, define the extinction time of (Z;, ¢t > 0) by

¢ :=inf{t > 0; Z; = 0} € [0, 0]

The extinction time has the following law (see for instance Theorem 3.5 and 3.8 pages
59-60 of [89]):
PL[C < 1] = exp (~zv;)

with vy = lim v ().

A—00
The asymptotic behavior of a CB(V) process is well understood. Indeed, the CB(¥)
process (Z;,t > 0) is absorbed in 0 with positive probability if and only if there exists
6 > 0 such that U(z) > 0 for z > 6§ and

/GOO % < 0. (L.3)

Under this condition, v; < oo for all ¢ and v := limy o v¢ € [0,00[ is the largest root of
the equation ¥(gq) = 0 and
P,[¢ < oo] = exp (—zv).

In the (sub)critical case v = 0 and the process is absorbed in zero almost surely. In the
supercritical case, we have v > 0 and the process goes to infinity with positive probability.
Lastly, the process is absorbed in oo in finite time if and only if

dgq
/0+ (g < (1-4)
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2.2 Continuous-state branching processes with immigration.

A continuous-state branching processes with immigration is a Markov process (X, ¢ >
0) whose law is characterized by two functions of the variable ¢ > 0:

1 > o
V@) =90+ 5000+ [ = 1 gl o)), (15)

O(q) = bg + /000(1 —e ™)y (du), (I.6)

where 0,b > 0,7 € R and v, 7 are two Lévy measures such that [7°(1Au)r(du) < oo and
fooo(l A u?)m(du) < co. The measure v characterizes the jumps of the subordinator that
describes the arrival of immigrants in the population. The non-negative constants o and b
correspond respectively to the continuous reproduction and the continuous immigration.
To simplify our notation, a continuous-state branching process with reproduction mecha-
nism ¥ and immigration mechanism ® is called CBI(¥, ®) process.

Let (X¢,t > 0) be a CBI(¥, ®) process, its one-dimensional marginal law satisfies :

E,[e~9%t] = exp <—xvt(q) — /0 @(vs(q))ds> , (1.7)

with 240 = —W(v;(q)) and wvo(q) = g.

A CBI(V, ®) process (X¢,t > 0) starting from x 4+ y has the same law as
(X¢ +X7,t>0), (L8)

where (X},t > 0) is a CBI(¥, ®;) process starting at x and (X2,¢ > 0) is an independent
CBI(V, ®,) process starting at y, with &1 + &5 = P.

Denote by C2(R.) the space of twice-differentiable functions that tend to zero as x
goes to oo. Kawazu and Watanabe [70] establish that a CBI(¥,®) process is a Feller
process with generator the operator L acting on C2(R,) as follows

2

Li@)i= Gaf @)+ 6= 12)f (@) +2 [ (@t 2) = @) = 2o (@)r(d:)
+ /OO (f(x+2)— f(z)v(dz). (L1.9)
0
Let us define the effective drift d by

v+ fol zm(dz) if the process has bounded variation paths
d:= (1.10)
oo if the process has unbounded variation paths,

One can plainly check that in both cases, one has

LG
lim ﬁ =d.
q—0o0 q
Apart if explicitly mentioned, we always assume that the CBI process is non-deterministic.
This is equivalent to assume that one of the three conditions holds : ¢ # 0, m # 0, or

v # 0. Moreover, we assume that there exists ¢ € Ry such that ¥(q) > 0 (i.e. =V is



3. MAIN RESULTS. 47

not the Laplace exponent of a subordinator). This is equivalent to assume that d belongs
to (0,00]. Otherwise, the corresponding CBI process would be non-decreasing, and the
problems studied in the present work are trivial.

We are now ready to state our main results.

3 Main results.
Denote the first entrance time in [0, a] by o, :
0 :=inf{t > 0; X; < a}. (L.11)

Remark that the process has no downward jumps, therefore X,, = a almost surely. We
will discuss the law of o, when the process starts from a state x greater than a. The first
theorem is the following. Set @ := 4 with d defined by (LI0).

Theorem 3.1 Let x > a > a. For every A > 0 and p > 0, we have

e (e 50
By [exp { —Aga — s /0 Xidt}] = Jooy v exp (—az + [; 2 du)

. (112)

where q(p) :=sup{q > 0: ¥(q) = u}, and @ is an arbitrary constant larger than q(p).

When @ is null or taken of the specific form W', some formulas are simplified and we
recover certain results on continuous-state branching processes.

We recover and complete some results of [60] through more classic techniques.

Theorem 3.2 [Foucart and Uribe-Bravo [60]] The only point that may be polar is a. If
d < oo then a is polar. In the unbounded variation case, a =0 and 0 is polar or hit with
positive probability accordingly as

[l fa)-me e e

where 0 is an arbitrary constant larger than q(pn) = sup{q > 0: ¥(q) = u}.

The third theorem yields a necessary and sufficient criterion for the recurrence or transience
property of a CBI(W, ®) process when ® # 0. We mention that results in the same vein
have been obtained by Chen et al. [22] in the setting of discrete branching Markov chains
with immigration.

Theorem 3.3 Let us assume ® # 0.

(a) In the critical or subcritical case, the process is recurrent or transient accordingly as

Ldz L o(2) B
/0 18 exp l—/z \I/(x)dxl =00 or < oo. (I.14)

(b) In the supercritical case, the CBI(¥,®) process is transient.

For a critical CBI process with finite variance, we have a simpler criterion for its recurrence
and transience, which somehow is reminiscent of the Feller diffusion.
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Corollary 3.4 Assume [ u?logum(du) < oo and I u?v(du) < co and consider

1 o0
T(q) = 502(12 + /0 (79" — 1 + qu)m(du),

O(q) = bg + /000(1 —e ™)y (du).

Let 52 := U"(0) and b := ®(0). The process is transient if and only if 2b > G2.

Remark 3.1 — The integrability condition fgoo ﬁdz < oo implies that d = oo,
which entails that a = 0. However, it is worth mentioning that none of these

implications are equivalences.

— In the criterion of Theorem B3] when the mechanism W is subcritical, one can
replace ® by the map ¢ — [[°(1 — e % )v(dz) in ([14). In other words, neither the
continuous immigration nor its small jumps play a role for the process to be transient.
Moreover, we should mention that when ¥(q) = 7q, the criterion coincides with that
of Shiga [IT11]. Note that a subcritical CBI with ®(q) = bq is always recurrent.

— If the state 0 is not polar, then one has the same necessary and sufficient conditions
for both neighborhood-recurrence and point-recurrence (studied in [60]) of the state
0.

Example 3.1 Consider ¥(q) = dg®, ®(q) = d'q¢® with a € (1,2] and 8 € (0, 1].

— If 8 > a — 1, the process is recurrent and 0 is polar.

— If 8 < a— 1, the process is transient and 0 is not polar.

~ If 8 =a—1and «a € (1,2], the process is recurrent if d'/d < a—1 and transient if
d'/d > a—1. The point 0 is polar if and only if d'/d > a«—1. We observe that if
d'/d = a—1, then 0 is polar but litrgcigf X; = 0. We point out that in this case, the
CBI process is selfsimilar. Patie in [98] obtained the condition for 0 to be polar via
other arguments.

4 State space of CBI processes.

We study here the state space of a general CBI process. A trivial example of CBI
process which is not irreducible in Ry is the deterministic one. Namely, if ®(¢) = bg and
U(q) = vq with v > 0, the associated CBI is X; = Xpe 7 + %(1 — e~ 7). The path of
this process is above % as soon as Xy > %. As already mentioned the case when —W is

the Laplace exponent of a subordinator is excluded. Recall d > 0 and a = g. We state a
lower bound for any CBI process.

Proposition 4.1 Let X be a CBI(Y,®) process started at x € (0,00). Then, P, almost
surely, for all t > 0,
X, > e Yz ra(l-e), (L15)
In particular, this implies liminf X; > a.
t—o0
Proof. Firstly, one can notice that when X has unbounded variation paths, then d = oo
and a = 0. The lower bound in the lemma is then null and the statement is clear. We then

focus on the case of bounded variation and denote, for all t > 0, z; := e ¥z +a (1 — e*dt).
Using the cadlag regularity, it will be sufficient to prove that for a fixed ¢t € (0, c0),

P, (X; < ;) =0. (1.16)
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Let (X;,t > 0) be a CBI(¥, ®), where ®(\) = bA. We have then for all \,

eiAXﬁ =exp | —zvs — tvs s,
Eofe) p( -/ <A>d>

The function ® — @ is an immigration mechanism. Thus, one can plainly derive from (L8]
the bound P, (X; < x4) < Pm(Xt < x¢). We will show that the latter probability is 0.

It is well-known that for a fixed ¢t > 0, the map A — () is the Laplace exponent
of a subordinator (see for instance Bertoin-Le Gall [10]). More precisely the underlying
subordinator has for drift e~ (see Duquesne and Labbé in [39] Section 2.1 for details).
Consider the Laplace exponent of the driftless subordinator :

wy(N) == v (A) — e" 9N,

One can write
. t
E.[e %] = exp <—)\xt —zw(A) — b/ ws()\)ds)> , (I.17)
0

and

E[exp(=A(X; — x;)] = exp <—xwt()\) — b/o ws()\)ds)> . (I.18)

One can plainly check that the map A — zw;(\) + b fg ws(A)ds is the Laplace exponent
of a non-negative random variable. We deduce X; > x¢, P,-a.s., and thus (L.I6]).

Remark 4.1 Alternatively, one can use stochastic calculus. Consider the case of bounded
variation paths, for which ¢ = 0 and fol zm(dz) < oo (the result is vacuous in the un-
bounded variation case). Let Ny(ds,du) and Nj(ds,dz,du) be two independent Poisson
random measures on (0,00)? and (0,00)% with intensity dsv(dz) and dsm(dz)du, respec-
tively. For each x > 0 there is a pathwise unique positive strong solution to the following
stochastic equation :

¢ t oo t oo pXs
Xi=x+ / (b —dX,)ds+ / / zNo(ds,dz) + / / / zNy(ds,dz, du).
0 0 Jo oJo Jo

By Itd’s formula, the solution (Xy,¢ > 0) is a CBI (¥, ®) with o = 0; See Theorem 3.1
of Dawson and Li [27]. On the other hand, let (z,t > 0) be the solution to the ordinary
differential equation :

t
Ty =x+ / (b — dxg)ds.
0

It follows from Theorem 2.2 of Dawson and Li [27] that P,(X; > a; for all ¢t > 0) = 1.

In the (sub)critical case, a necessary and sufficient condition for the existence of a
stationary distribution was announced by Pinsky [103] and obtained by Li :

Theorem 4.2 (Theorem 3.20 in Li [89]) i) Iffo1 i% du < oo, then the CBI(W, @)

process, (X¢,t > 0), has an invariant probability distribution. In the subcritical case
(V' (0+) > 0), this integral condition is equivalent to

/100 log(u)v(du) < oco.
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i) If fl igz du = oo, then for all x,b € Ry,

t—00
Remark 4.2 — Following the usual terminology, a CBI process with a non-degenerate
limit distribution is said to be positive recurrent. One can easily check that any
positive recurrent CBI process is indeed recurrent in the sense of (L) by using
Theorem B33
— The second statement of Theorem 2] is not plainly stated in [89]. Nevertheless,

one can observe in the proof of Theorem 3.20 in [89] that if f ! igz u = 00, then

E, [ )‘X’f} b 0. We refer also to the Appendix A of Keller-Ressel and Mijatovié
—00
[1].

It follows from Theorem and Proposition 4.4 of [71] that either (X;,¢ > 0) has the
non-degenerate limit distribution with support [a@, c0) or X;— 00 in probability as t — oco.
Thus, applying Fatou’s lemma, it is not hard to see that

Px(lim sup X; = oo) =1, for any z € Ry, (1.19)

t—o00

when ® # 0. Starting from a point in S = [a, c0), the process stays in S, so we shall work
with S as the state space.

5 Proof of Theorem 3.7l

Recall that L is the infinitesimal generator of a CBI(¥, ®) stated in ([L9). Let 4 >0
and set U(q) = ¥(q) — u. Denote L the generator of (X;,t > 0), a CBI(¥,®). For all
feCiRy) B

Lf(x) = Lf(x) = pa f(z).
Recall () = sup{q > 0 : ¥(¢q) = p}. Note that ¢(u) < oo since by assumption there

exists ¢ such that W(q) > 0. We fix a constant 6 = 0(u) € (q(p),00). The next Lemma
provides some invariant functions for the generator L.

Lemma 5.1 Let A\, > 0. Define, for x € (q(u), ),

(@) = + exp { /g ’ Mdu} , (1.20)

and

Iap(x) = / e g u(z)dz.
q(p)

If X >0, the function fy, is a C2-function decreasing on (a,o0) such that

Ef)\,,u = )\f)\,,u-

Proof.[Proof of Lemma [B.Tl] Let A > 0, > 0. Firstly, we check that f ,(z) is well-
defined for x > a. We have
D (u) D(u) u b

\If(u)—,u: u \I’(u)—,uujoazzg’
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therefore

du — a.
W) —p" ot

z

1 /z O(u) + A
0
Since > a and ¥(z) — u > Cz with large enough z, and a constant C' > 0, we get for all

A>0 o z
/9 %exp [—xz —i—/g %du] < 0. (1.21)

It remains to verify the integrability at ¢(u). We have
6 6 0 0
dz / d(u) + A / dz l / A 1
———exp |—zz — ———du| < ———exp |— ———du] .
/q(u) \I](Z) — M [ z \I](u) —H q(p) \II(Z) —H z \Il(u) — M
Consider A > 0, an antiderivative of the integrand in the right hand side is

[%
zZ %exp l—)\/ ﬁdu] . (1.22)

This takes a finite value at ¢(u) and yields the wished integrability. Similar arguments
entails that f) , is twice-differentiable and tends to 0 when x goes to oo.

Remark that gy , solves the ordinary differential equation

Vz € (q(n),00)  W'(2)ganu(2) + (¥(2) — 1) g u(2) = (B(2) + Ngau(2). (1.23)

For all z, define h,(z) = e~*#, one can easily check that

We compute

I_/f)\,u(x) - )‘f)\,u(x) =

= /OO e (x(V(z) — p) — P(2) = A) g u(2)dz
/ e (V(2)gru(2) + ((2) = 1m)gh u(2) = (@(2) + Noau(2)) dz
0

The third equality follows from integration by parts. Indeed, we have

TO(u)+ A
U(x)— x:exp(/ 7du) — 0
( ( ) ,Ua)g)\“u,( ) P \I’(u) — 1 z—q(w)
because fq(ﬂ) N ﬁ = 00, since ¥ (u)— u is always sub-linear near ¢(u). The last equality

holds true because of the ODE ([.23]).

We establish now Theorem [B11
Proof.[Proof of Theorem B.I] Consider a CBI(V, ®) process (X¢,t > 0) and define I; :=
fg X,ds. The family (e #t,¢ > 0) is a continuous multiplicative functional of (X¢,¢ > 0).
Denote the subordinate semi-group (in the terminology of Blumenthal and Getoor [18])
by Q¢, and the subprocess by (X;,t > 0). We have for all f € C%(R)

Quf (x) = E[f(Xy)] 1= Eo[f(Xe)e M.
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We refer the reader to Theorem 3.3 and 3.12 pages 106 and 110 of Blumenthal and Getoor
[18]. The bivariate process ((X¢,I;);t > 0) is a Markov process. Similarly as Patie [98]
(see Lemma 7), one can see by Itd’s formula that for any function f € C2(R,),

. t s
PR (@) = [N ) X ()
0
is a local martingale. Theorem 4.1.2 in [90] applies and ensures that (Xy,t > 0) is a
CBI(V, ®) process. Firstly we consider a > a, and recall o, = inf{t¢ >0,X; = a}. From
Lemma [5.1], one can apply Dynkin’s formula to the Markov process (Xy,t > 0) killed at
time o,, we get - -
Em[eiAoa/\tf)\,u(Xoa/\t)] = f)\,u(x)a
and thus
Ea: [efﬂlaamse*)\aa/\th,u(Xaa/\t)] _ f)\,,u(x)-

If we start from a point « > a, since the process has no downward jumps, X; > a for all
time t < 04, and f) ,(Xiag,) < fau(a). Therefore the left hand side of the above equality
is bounded and when t — oo, we get

E,|exp{ - u/ooa Xodt — Ay }] = %:Eg

= 0. To prove the formula in the case a = a, we notice that
0, is increasing towards o4, when a | a, by quasi-left continuity of the CBI. The result
follows by monotonicity.

with the convention e~

6 Hitting times and polarity of the boundary point.

6.1 Hitting times.

By a slight abuse of notation, define f := f) o and gy := g, that is to say

g (x) = \I'(lx) exp [/: %du} (1.24)

and fy(z) = ch?a) e " g\(z)dz. As a direct consequence of Theorem [[2, when p = 0 we
get the following corollary.

Corollary 6.1 For all A € (0,00), and x > a > a

o] O
E, [e A }_ fiEa;' (1.25)

Remark 6.1 The process (e~ fy(X;),t > 0) is not a martingale. This issue comes from
the fact that f) is not in the domain of the generator associated to the CBI(¥, ®) process.
Indeed, we can plainly check that for any mechanisms ¥, ®: |f{(0)] = co. In the same
vein as scale functions for Lévy processes, one has to stop the process to get a martingale.

To the best of our knowledge these functions do not appear in the literature even when
no immigration is taken into account. Consider that particular case and assume here that
® = 0. The CBI is then a CB(W) process. In the supercritical case, an easy calculation of
the limit when A\ goes to 0 yields

P, (04 < 00) = exp (—(x — a)q(0)), Va €]0,x].



6. HITTING TIMES AND POLARITY OF THE BOUNDARY POINT. 53

Note that this equality holds for a = 0 under Grey’s condition (L3) (see for instance
Theorem 3.8 in [89]). Furthermore, the function f, has a simpler expression. Indeed,
since gty — 1/d € [0,00) as z — oo, there exists k > 0 such that for z > 0,

e exp ()\ /: \IJd(Z)) < e " exp ()\k: /gz d—;) = e—m(z/a))\k Zﬁo 0.

Since ¥’'(¢(0)) < oo, we also have e %% exp ()\ I q/dl;)) — 0 as z — ¢(0). Performing

integration by parts, a notable cancellation occurs, we get :

falz) = %/q:) e % exp ()\ /ez %) dz,

and then for x > a > a,

7 Jyioy ¢~ exp (Vi ww j)ds
afq( e~ %% exp ()\ fe \I/(u )dz

We return to the general case for which ® # 0. We end the section with a formula for
the mean of the hitting time. When the branching mechanism is supercritical, we have
P, (04, = 00) > 0 for x > a > a. This follows readily by taking A — 0 in (6.1). Hence, we
focus on the critical or subcritical case.

E, [ef)‘aa] =

Corollary 6.2 In the critical or sub-critical case, for all x > a > a,

E,[0.] = /OOO \Ifd(z) (e7% —e ") exp (/OZ igg du> . (1.26)

Proof. Consider firstly a > a; the case a = a will follow by monotonicity. One has

o ey A — A
Em[aa]:)l\li%)\ 1(1—Ex[e A })—}\%%.

By integration by parts, we compute

)\f/\(a):/ooodz (a—iiz)exp (—az_|_/lz ig;du—i—)\/j%)

1
®(u)
du | . 1.27
oo p( /0 U(u) “) (1.27)
Moreover, by monotonicity,

Ma(a) = falz) — = /OOO \I]d(zz) (e7% —e ™) exp </1z igg du> : (1.28)

The above integral is finite if and only if [j, 7o XD ( 5 D(u) du) dz < oo. Since z <

T (u)
C®(z) at the neighbourhood of 0, for some constant C € (0,00), we have plainly the
integrability by anti-differentiation. When flz igu) du < oo one can combine ([27) and
(L28)) to get the desired formula. When f du = 00, we have E, [0,] = oc.

Remark 6.2 Let us recall Theorem 2] Note that for a CBI(V, ®) with ® # 0 one has
for all a > 0, E; [04] < oo if and only if [, ! %) du < oo (this is nothing but the positive
recurrence of the process). The first moment of a CB(W) process is finite if and only if

fo 78] dz < 00. One can plainly check those assertions for ¢ = 0 in the non polar case.
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6.2 Proof of Theorem : polarity of zero.

When a = 0, Corollary provides the Laplace transform of og, the hitting time of 0.
We study now the polarity of the boundary. Recall that a point a € S is said to be polar
if for all x € § such as z # a,

P, (04 < 00) = 0.

Let A > 0. From Corollary [6.1] the point a is polar if and only if f)(a) = co. We have
seen that fy(z) € (0,00) for any = € (a,00). Thus only @ may be polar. Firstly, if d < oo,
note that

2 e [a [T e +o [T - e mran

Then

[ el [ 3] 2e [

and therefore we have f)(a) = oc.

Assume now d = oo (thus @ = 0) and fem%exp U@Z %dx} = oo. We have
fa(0) = oo and the same arguments hold.

We show now that if f 9 \I/

[f; ig } < 00, then
P,log < o0] > 0. (1.29)

Recall gy defined in ([24]). Using Corollary [6.1] for a = 0 and X € (0, 00), one gets

fqg(o) e " gx(z)dz + [;° e ga(z)dz

E.[e ] = p (1.30)
Sy (2 dz—i—fa gr(2)dz
—x0
> ° Jio () (1.31)
= rb 0o :
Sy A (2)dz + g7 ga(2)dz
et
> (1.32)

I g,\(z)dz/ fqe(o) gr(2)dz

The assumption entails that fe gr(z)dz —) fe go(2)dz < oo. On the one hand, if

fqe(o) go(z)dz < oo, then, in the right hand—31de of (L32), the integrals tends to a positive
and finite limit when X goes to 0. On the other hand, if fqe(o) go(z)dz = oo, the right-hand-

side tends to e=®?. In both cases, we deduce that E,[e~*?°] decreases to a positive limit
when A\ decreases to 0, which entails ([.29).

7 Recurrence and transience.

The next paragraph is devoted to some corollaries of Theorem [B.3] which is proved in
paragraph In paragraph [7.3] we provide examples of null-recurrent CBI processes.
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7.1 Infinimum of a transient CBI and long-term behavior of a CB pro-
cess conditioned to be non-extinct.

Assume that the process (Xy,t > 0) is transient. One can plainly check that the

function
folz) = /q(O) \Ifd(Z) exp (—xz +/9 ig; du)

takes finite values for all x > a. Applying Corollary and Theorem B.3], we obtain the
following proposition.

Proposition 7.1 Denote the overall infimum of the transient process (X, t > 0) by I.
We have
_ Jo(=z)

~ Jfola)”

If fo(0) = f;(%) % exp (f; %du) < o0 (i.e 0 is not polar and the process is transient)

P, (I <a)=P,(0, <)

then the law of I has an atom at 0.

Proof. Firstly, note that P,[I < a] = P[0, < o0]. By Theorem B3] the integrability
condition needed to define fy is satisfied. Taking A = 0, in the formula for the Laplace

transform of o, yields P[0, < o0] = }cggz;

The CB(¥) process conditioned to be non extinct corresponds to a CBI(V, ®) process with
®(q) = ¥'(q) — V'(0+) (see e.g. [91]). As a direct corollary of Theorem B3] we recover
and complete some results due to Lambert (see Theorem 4.2-i in [77]). In the (sub)critical
case, ¢(0) = 0 and we choose 0 = 1.

Corollary 7.2 The critical CB process conditioned to be non extinct is transient. More-
over, if the process starts at x, its minimum is uniformly distributed over [0,z]. The
subceritical CB(¥) process conditioned to be non extinct is recurrent or transient according

to
Ldz /1 (1 qﬂ(o+))
—exp | — - — du | =00 or < .
0o % z U \Ij(u)
Proof. Let ¥ be a critical reproduction mechanism. Consider the case ® = WU’  the
CBI(¥, ®) process has the same law as the CB(¥) process conditioned to the non extinc-

tion. In that case, we have clearly [/ \\I;((g)) du = log(¥(z)) — log(¥(1)), and therefore

/1 dz (/ \If’(u)d ) L
ex u)=—— < oc.
IO RV AR TORVANRTE
In order to deal with the minimum, one can readily check that fo(z) = 1/z. Thus, the

random variable [ is uniformly distributed over [0,z]. For the subcritical case, plugging
® = U’ — U’'(0+) in the integral of Theorem B.3] yields easily the statement.

Remark 7.1 The fact that the minimum of a critical CBI(¥, ¥’) is uniformly distributed
can be obtained alternatively from Proposition 3 in Chaumont [21], which states the
corresponding result for Lévy processes conditioned to stay positive. Indeed, Lambert,
n [76], shows that the CB process conditioned to be non-extinct has the same law as a
time-changed Lévy process conditioned to stay positive.
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7.2 Proofs of Theorem 3.3 and Corollary 3.4l
7.2.1 Proof of Theorem 3.3l

Firstly, we establish statement (a) of Theorem B3l The proof relies on the study of
the Laplace transform of the hitting times provided by Corollary Recall

9 (z) = \I’(lx) P Ul %du} '

Recurrence. Assume that

| L ®(u)
exp |— ——=du| dr = cc. 1.33
[ wwe |- v (139
For every = > a,
P,oq < o0] = limE,[e~ 4]
A—0

By Corollary [6.1] we have for all a > a, for all € € (0, ),

_ Jo € ga(2)dz + [ e 7 ga(2)dz

E,[e~ e - 1.34
[ ] fOE e—azg)\(z)dz+f€ e_azg)\(Z)dZ ( )
> e Jo (=) (1.35)
~ fy o (2)dz + [ emzgy(2)dz '
—XE
> ¢ (1.36)

1+ feoo ef“zg)\(z)dz/ fOE g)\(z)dz.

The assumption (L33) entails that [ ga(z)dz — oo, as A goes to 0. On the other hand,
equation (L2I) ensures that [~ e~ **gy(z)dz < oo, because a > a. Therefore, the right-
hand-side in (L36]) tends to e~*, as A — 0. The real number ¢ can be chosen arbitrarily

small, so we get

E,le ] — 1.
ele ] A—0

We deduce that P, (0, < 0c0) =1 for any > a > @, which implies P, (litm inf X; < g) =
—

o

1. The lower bound provided in Proposition [41] then entails P, (litrg inf Xy = g) =1, so
o

the process is recurrent in sense of (L]).

Transience. We now work under the assumption

' a Lo
/0 0 exp (—/Z \I/(u)du> < 00. (1.37)

Let a > a. We show that P, (litm inf X; < a) = 0. One has
— 00

P, (lim inf X; < a) < lim P, (04 06; < 0) (1.38)
t—00 t—o0
= tliglo E; [Px, (0, < 00)].
Moreover one can write that,

E, [Px, (00 < 00)] < Py (X; < 0) + By [1(x,50)Px, (02 < 00)]. (1.39)
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Firstly, under (L37), one has [, ! igz du = 0o. According to ii) in Theorem E.2] it implies
that
lim P, (X; <a)=0.

t—00
Thus, the first term in ([39) goes to 0 when ¢ — co. We focus now on the second
term. Under (L37), one can take A = 0 in Corollary 6.1l For z > a > a,

o dz ) 00
)= Jo sy eXp( it ) ) =c (2)e "*dz (1.40)
foo dz_ oy ( az—i—fzq)() ) ¢ 0 9 '

T(z) P 1 T(u)

with ¢q = (f3° go(z)e=*dz) " Hence,

P, (0, < >

T [1{Xt>a}PXt (Ua < OO):| = c. B, [1{Xt>a}/0 go(z)e—thdZ:|
= Ca/ go(Z)Em [1{Xt>a}eszt:| dz. (1‘41)
0

Moreover, E, [I{Xt>a}e*ZXt] e ** and by ([37) and ([L21)), [;° go(z)e **dz < oo.

Furthermore, since fo N \Ij(u% du =

E, {1{Xt>a}67ZXt} <E, {eszt} = exp <—xvt(z) - /UZ | %du) = 0. (1.42)

t(Z

Thus, by dominated convergence, the integral (L41]) tends to 0, which entails the desired
result. Therefore the process is transient in the sense of Definition (L.2]).

In order to prove statement (b) (transience in the supercritical case), one has just to

f@ D(u)

N \I/(u) du) < 00, SO We can write

adapt the proof above. Indeed, we have f ) \I/ ) exp (
(L40). Moreover, one can use that f @(u) du — f )du = oo in ([42). O

) t—o0 )

7.2.2 Proof of Corollary 3.4

Recall Corollary B4l We assume [ u?v(du) < oo, we have then

D(q) = (b + /Oo uu(du)) q+ /Oo(l —e " —qu)v(du)
= Bq+0(2q2) as ¢ — 0. 0
On the other hand
vkt [0 iy o

Set

The function h is non-negative and increasing. Consider

1
1
hi(q) = / (1—e ™ —qu+ 5q2u2)ﬂ(dU)
0

oo o 1
ha(q) = /1 (1—e " —qu+ §q2u2)7r(du).
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It is easy to see that hi(q) = O(¢*) as ¢ — 0. Moreover, by assumption [ u?logum(du) <
oo and it follows from Bingham et al. [I4] Theorem 8.1.8, page 335] (withn = 1 and g = 2)
that fol h2(q)g~3dg < co. Then we have

/1 h(q)q3dg < oo, (1.44)
0

which implies that h(q) = o(q?) as ¢ — 0. The following limit is finite and positive :

e [ [ 2@ g, . .
lim & s @) } _ %exp [_/ (<I>(:c) _ 2w )dx} €)0,00[.  (1.45)
q—0 1 G o \U(x) o222

Zexp | [T 0_2 2 _dz

Indeed a simple calculation yields

Lo(z) 20z - bx 20 [ h(zx)
de < — d
/0 ‘\If(:n) 623:2‘ = / ‘ v a2 Jy V(x)x .
= Ji+ J2,

and since |[®(q) — bg| = O(¥(q)) as ¢ — 0, we have J; < oo, and ([44) ensures that
Jo < 0o. Thus, it follows from (L45) that

/Olm(i(z)exp[_/zlii ;dgg]<oo<:> ; gexp[ /—dm]<oo<:>26>a

7.3 Construction of subcritical null-recurrent CBI processes.

We look here for examples of null recurrent CBI processes. Assume that ¥(q) =
~vq, with v > 0. The following computations remains valid for any general subcritical
mechanism ¥, because only the behav10ur of W at 0 matters. To avoid positive recurrence,

we need to choose ® such that f dq = 00, which is equivalent to
[e.e]
/ log(u)v(du) = oco. (I.46)
Moreover, to get a recurrent process, we know from Theorem [3.3] that & has to satisfy
1 1
d )
& exp —/ ﬂdu = 00. (1.47)
0o < z U

From condition (L.46]), we know that the example of ® we are looking for is not a deter-
ministic drift. Moreover, when v is not null, the value of the drift coefficient b has no
influence for (L47) to be fulfilled. Therefore, we will take b = 0 and we will exhibit a
sufficient condition involving the Lévy measure v to get ([L47). Denote 7(u) := v (Ju,>0))
and recall from Chapter III of Bertoin [9] that there exists a universal constant x such
that

®(q)/q < kJo(1/q),¥Yq >0, where Jp(x) := / v(u)du,z > 0.
0

Thus, we have

L d(u) ko1 K 1z
/Z fy—udug ;/Z Jo(1/u)du = ;/1 Jo(u) /u*du

o 1/z
=3 <J¢(1) — 2Jp(1/2) +/1 v(u)/udU> ;
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by integration by parts. Hence, a sufficient condition to get ([.47) is

L dz PR VL
dz exp (——/1 ﬁ(u)/udu) = 00. (1.48)

0o < Y

Example 2. We consider o € R and define v such that
1/z
/ 7(u)/udu = aloglog1/z up to an add. constant., (1.49)
1

so that the integral in (L48)) is of the same nature as fo zlog(ld/W'

The integral will be in-
finite if « is chosen such that ko /vy < 1. We can get (L49) taking 7(u) := au% loglogu =
Toga Ol [100, co], that is v(du) = #ggul[mom]du. We can easily check that v is a Lévy
measure and that the condition (L4€) is satisfied. This example is related to that given
by Sato and Yamazato in Section 7 of [I08], in which the authors observe that the null
recurrence or transience of this process is a function of x/7. The form of the criterion
(L47) and the role played by Bertrand’s integrals provide a better understanding of the

criterion. In the next example, the value of 4 has no influence.

Example 3. We choose v such that

1/z
/ 7(u)/udu = logloglog1/z up to an add. constant., (1.50)

1

so that the integral in (L47) is [, zloglogdw = 0o. We can get (L50) taking
d 1

7(u) := u— loglogl = 100

v(u) u,- logloglogu Tog aloglog 0 on [100, oo,
that is v(du) = Ml[loo,m] du. The density of the last Lévy measure is equiva-

ulog? u log? (log u)

lent at oo to ———————. Hence, we can check that v is indeed a Lévy measure and that
u log® uloglogu

it satisfies (L.46)).

8 Total population.

As already said, one can see the integral foa * Xsds as the total population up to time
0q. In the case of the CB(¥) (® = 0), and a = 0, this is known as the total progeny.
Lamperti [78] observed that a CB(¥) process is connected to a spectrally positive Lévy
process with Laplace exponent ¥ by a simple time-change f(f Xsds. This allows ones to
transfer the study of fooa Xds to that of the hitting time of a Lévy process. See Bingham
[12] and Corollary 10.9 in Kyprianou [73]. In what follows, we recover the latter corollary
and obtain its analogue with immigration.

Proposition 8.1 Let x > a > a, and assume that ® =0. For all p > 0,

Ex[exp{ —p /Oga XtdtH =exp(—(x —a)q(p)) . (I.51)

Proof. Firstly, let A > 0. By integration by parts, we have

/OO Lexp (—xz—l— /z #du> = /OO dz xe "% exp <—£CZ + /Z #du)
q(p) \I](Z) —H 0 \Il(u) —H q(w) 0 \I](u) —H ’



CHAPTER I. ON THE HITTING TIMES OF CONTINUOUS-STATE BRANCHING PROCESSES
60 WITH IMMIGRATION.

which tends to [ o(u) 47 TeT = = exp (—xzq(p)), as X goes to 0. Thus, let a > @ > 0. The
desired result follovvs from Theorem [[L2] with ® = 0, letting A — 0. One can obtain now
the case a = a by monotonicity and quasi-left continuity. More generally, we have the
following corollary of Theorem [T.2]

Corollary 8.2 Let x > a > a, and assume that ® Z 0. For all > 0,

" )] = dioo TR (o2 i f“” i)
Rl == =eys )

In the particular case of the CBI(W, V') with W'(04) = 0 (this is the CB(¥) conditioned
to be non extinct), we have

(L52)

Ex[exp{ — ,u/oaa XtdtH = %exp(—(w —a)q(p)), Yu>0,z>a>a.

Proof. It follows readily from Theorem by letting A — 0. We only have to check that
the integral in the numerator of (L52)) is finite. At infinity, this follows from (L.2I]). At
q(p), one can use that

/ ~ / o — an ) ( ) u o~ 2 (Q(M)) 0o -~ q(lu)
V'(2)—p Hq(“)\I’(CJ(u))( q(p)), and /9 U(u) — Md arqn) W (q(u))l g<0—Q(u)>’

where @ (¢(u)) and ¥’ (g(n)) € (0,00) because p € (0,00

~



CHAPTER
TWO

UNIFORM HAUSDORFF MEASURE OF THE LEVEL SETS OF
THE BROWNIAN TREE.

This chapter is taken from the submitted article [31)].

Abstract. Let (7,d) be the random real tree with root p coded by a Brownian excursion.
So (T,d) is (up to normalisation) Aldous CRT [5] (see Le Gall [80]). The a-level set of
T is the set T (a) of all points in T that are at distance a from the root. We know from
Duquesne and Le Gall [42] that for any fixed a € (0,00), the measure ¢* that is induced
on 7T (a) by the local time at a of the Brownian excursion, is equal, up to a multiplicative
constant, to the Hausdorff measure in 7 with gauge function g(r) = rloglog 1/r, restricted
to T (a). As suggested by a result due to Perkins [I00} [101] for super-Brownian motion,
we prove in this paper a more precise statement that holds almost surely uniformly in a,
and we specify the multiplicative constant. Namely, we prove that almost surely for any
€ (0,00), £2(-) = £5,(- NT(a)), where 7, stands for the g-Hausdorff measure.

AMS 2000 subject classifications: Primary 60G57, 60J80 Secondary 28AT78.

Keywords: Brownian tree; Hausdorff measure; CRT; Brownian excursion; local time.

1 Introduction.

The Continuum Random Tree was introduced by Aldous [5] as a random compact met-
ric space (71, d, m), endowed with a mass measure m; such that almost surely m;(7;) = 1.
It appears as the scaling limit of a large class of discrete models of random trees, and can
be alternatively encoded by a normalised Brownian excursion (see Le Gall [80]). This en-
coding procedure will be the viewpoint of the present paper, but for the sake of simplicity,
we will not ask the total mass to be equal to one. Instead, we work on the tree encoded
by a Brownian excursion (e;,¢ > 0), under its excursion measure IN. Let us mention that
our result remains true for the CRT.

The Brownian tree has a distinguished vertex p called the root, so it makes sense to
define, for all a € (0,00) the a-level set T (a) = {o € T : d(p,0) = a}. Moreover, one can
define the collection of measures (¢*(do),o € T, a € (0,00)), as the image of the local times
on the levels of the excursion. Those measures are called local time measures. Indeed,
N-a.e. for all a € (0,00), the topological support of ¢* is included in 7 (a). Duquesne and
Le Gall [42] showed that for a fixed level a, one has

N-a.e. 0%() = (- NT(a)), (IL.1)
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where 7, stands for the Hausdorff measure associated with the gauge function g(r) =
rloglog1/r and ¢ € (0,00) is a multiplicative constant. In this paper, we prove that
c= % and that the result holds N-a.e. simultaneously for all levels a. Let us mention
that the value % depends on the normalisation chosen for the excursion measure N. The
later leads to an underlying branching process with branching mechanism (\) = A2
(see [LI2). A result similar to ([LI) has been obtained by Perkins [100, [I01] for Super
Brownian Motion. Briefly, let (Z,,a > 0) a version of this measure-valued process on RY,
defined on (2, 7, P). Perkins proves that if the dimension d of the space is such that d > 3
(which corresponds to the supercritical dimension case), there exists two constants cq, Cy

in (0,00), only depending on d such that the following holds
P-as. Va € (0,00) cq7 (-Nsupp(Z,)) < Z, () < Caqit (- Nsupp (Z,)) , (I1.2)

where supp (Z,) is the topological support of the measure Z, and 7, is the Hausdorff
measure associated to the gauge function g(r) = r?loglog1/r. In this paper, we use the
ideas and techniques of [100} [T01] to get a result similar to ([L2]), an equality being acces-
sible in the setting of trees.

Before stating formally our result, let us recall precisely basic facts. A metric space
(T, d) is a real tree if and only if the following two properties hold for any 01,09 in T :

(i) There is a unique isometric map fs, o, from [0, d(o1, 02)] into T' such that f,, »,(0) =
o1 and [y, 5, (d(o1,02)) = 2. We set [o1,02] = fr,,00 ([0,d(01,02)]) that is the
geodesic path joining o1 and os.

(i) If g is a continuous injective map from [0, 1] into 7", such that ¢(0) = o1 and ¢(1) = o2,
we have

Q([O, 1]) - f01702([07 d(alv 02)])'

If o1 € [[p,02], we will say that o1 is an ancestor of oo (03 is a descendant of o).

Real trees can be derived from continuous functions that represent their contour func-
tions. Namely, let us consider a (deterministic) excursion e, that is to say a continuous
function for which there exists ¢ € (0,00) such that : V& > (,e(0) = e(t) = 0, and
vVt € (0,(),e(t) > 0. A real tree T can be associated with e in the following way. For
s,t € [0,(], we set

d(s,t) =e(s)+e(t)—2 inf e(r).
rE[sAt,sVi]
It is easy to see that d is a pseudo-distance on [0,(]. Defining the equivalence relation
s ~ tiff d(s,t) = 0, one can set
T=10,¢]/ ~. (I1.3)

The function d induces a distance on the quotient set T'. For a fixed excursion e, let

be the canonical projection. Clearly p is continuous, which implies that (7, d) is a com-
pact metric space. Moreover, it can be shown (see [41] for a proof) that (T, d) is a real tree
We take p = p(0) as the root of T'. For all a € (0, 00), the a-level set T'(a) = {oc € T : d(p,0) = a}
is the image by p of the set {t € [0,(] : e(t) = a}. The total height of the tree is defined
by

hT) =sup{d(p,0);0 € T}. (I1.5)
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We define the Brownian tree as the metric space (7,d) coded by the Brownian ex-
cursion. More precisely, let (2, F,P) a probability space, large enough to carry all the
random variables we need. We consider on that space a process (X, t € [0,00)) such that
(%Xt,t € [0,00)) is a standard real-valued Brownian motion (the choice of the normal-

izing constant v/2 is explained below). Let us set X, = inf se[0,] Xs- Then, the reflected
process X — X is a strong Markov process, and the state 0 is instantaneous in (0, 00) and
recurrent (see [9], chapter VI). We denote by N the excursion measure associated with the
local time —X; N is a sigma-finite measure on the space of continuous functions on [0, 00),
denoted C in this work. More precisely, let Ujes(lj,r5) = {t > 0: X;—X,; > 0} be the ex-
cursion intervals of the reflected process, and for all j € J, we set e;(s) = X1y +s)nd; — X5

s € [0,00). Then,
M(dt,de) = > (-x, )
JjeET

is a Poisson point measure on [0, 00) x C° of intensity d¢tIN(de). Let us recall that the two
processes (| X¢|,2L¢),~ and (X; — X, —X}),~ have the same law under P by a celebrated
result of Lévy (see Blumenthal [16], Th. II 2.2) where the process (Lt > 0) is defined
by the approximation L; = l1m(26 fo 1/x,|<e1ds that holds uniformly in ¢ on compact

subsets of [0, 00).

We shall denote by (e, > 0) the canonical process on C’. Under N, it is a strong
Markov process, with transition kernel of the original process X killed when it hits 0 (see
[16] III 3(f)). The following properties hold for the process N-a.e. : there exists a unique
real ¢ € (0,00) such that Vt € (0,(),e(t) > 0, and Vt € [(,00),e(t) = e(0) = 0. Moreover,
with our normalization, one has (see [16] IV 1.1)

—3/2
2\/—

One can show that N (- | ¢ € [1 —&,1 + ¢]) converges when & goes to 0, towards a proba-
bility measure that is denoted by N(- | { = 1). It can be seen as the law of the excursion
of X — X conditioned to have length one. The tree encoded by e under N(- | { = 1)
is the CRT defined in [5]. The choice of the normalising constant v/2 is explained by
the following. Let 7, be uniformly distributed as the set of rooted planar trees with n
vertices. We view it as a real tree, the edges of 7,, being intervals of length one, and we
denote by (74, d,) the resulting metric space. Denote by (Ct(n),t € [0,2(n—1)]) its con-
tour function that is (informally) defined as follows. We let a particle explore the planar
tree at speed one, from the left to the right, beginning at the root. We set Ct(n) as the
distance from the root of the particle at time ¢. It can be shown (see [85] Th. 1.17) that

(Ct(n), t € [0,2(n—1)]) has the law of a simple random walk conditioned to be positive on

YA€ [0,00),N(1—e )=V and N((edr)=

(11.6)

[1,2(n—1)—1] and null at 2(n—1). Using Donsker invariance principle, the rescaled contour
function (n 1/20((3 IS [0,1]) converges in law towards the law of (e, ¢ € [0,1]) under

N(- | ¢ =1). In terms of trees, (1,,n "/2d,,) converges towards the CRT, that is the tree
(T1,d) coded by e under N(- | ¢ = 1). The latter convergence can be stated using the
distance of Gromov-Hausdorff (see Evans, Pitman, Winter [57]).

Recalling definition (ILI), we get from [16] IV 1.1 that with our normalization,

1
Va € (0, 00) N(tzl[&)q e > a) = N(h(T) > a) =-. (I1.7)
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In the paper, for a € (0,00) we shall use the probability measure,
Na =N ( ‘ h(T) > a) = aN ('l{h(T)>a}) . (H.S)
Recall that the a-level set of the Brownian tree is defined by
T(a)={oc €T :dp,o)=a}. (I1.9)

As a consequence of Trotter’s theorem on the regularity of Brownian local time ([16] sec
VL.3) there exists a [0, c0)-valued process (L{)q tc[0,00) Such that N-a.e. the following holds
true:

- (a,t) — L is continuous,

— for all a € [0,00), t — L is non-decreasing,

— for all a € [0,00), for all ¢ € [0,00) and for all b € (0, 0),

. 1 [ a
gg%N(l{sup e>b} OSSSI;I?/\C ‘g Al{a€<e(u)§a}du - Ls ) =0. (IIlO)

We refer to [40], Proposition 1.3.3. for details in a more general setting.

The image by the projection p : [0,{] — T of those local times defines the collection
of local time measures on the tree, (/*(do),o € T,a € (0,00)). More precisely,

¢
N-a.e. forall f:7 ™3 [0,00) Va € (0,00) / f(o)tt(do) = / f(p(t))dLy.

7 ’ (IL.11)
See [41], Th. 4.2 for an intrinsic definition of the measure ¢* (for fixed a). Let G, the o-field
generated by the excursion below level a (formal definitions and details on what follows
are given in section 3.J]). The approximation (ILI0) entails that for fixed a, £4(T) = L{ is
G, measurable. Moreover, the Ray-Knight theorem ([I6] VI 2.10) entails that under N(+)
conditionally on G,, the process (E‘”“/ (T),d > O) is a Feller diffusion started at ¢*(7).
In particular, one has

A

Ve ) A
Va, \ € (0, 00) N[l e }_HM,

(I1.12)
which implies that under N, ¢%(7) is exponentially distributed with mean a. The regu-
larity of a — ¢%(T) is extended by Duquesne and Le Gall [41] : they prove that N-a.e. the
process a — £ is continuous for the weak topology of measures. In the same work, the
topological support of the level set measures is precised as follows. A vertex o € 7T is called
an extinction point if there exists € € (0, 00) such that d(p, o) = sup{d(p,7),7 € B(o,¢)},
where B(o,¢) is the open ball in 7 with center o and radius €. For s € [0,(], the vertex
p(s) € T is an extinction time iff s € [0,(] is a local maximum of e. As a consequence,
the set of all extinction points, denoted &, is countable. Let us denote supp (u) for the
topological support of the measure p. The result states that

N-a.e. Va € (0,00)\ &,supp ({*) =T (a), and Va € &,supp ({*) =T (a)\ {0},
(IL.13)
where o, is the (unique) extinction point at level a (see Perkins [102] for previous results
on Super-Brownian motion).
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Let us briefly introduce the construction of the Hausdorff measure. We set the gauge
function g as

g(r) =rloglog1/r, 1€ (0,¢"), (I1.14)

In all the paper it will be assumed implicitly that g(r) is considered only for r € (0,e™?).
On that interval, g is an increasing continuous function. For any subset A of T, one can
define

Hy(A) = lim inf {gg(diam(@)) ;A C iLgJNEi,diam(Ei) < a} : (I11.15)

Standard results on Hausdorff measures (see e.g. [106]) ensure that .7, defines a Borel-
regular outer measure on 7 called the g-Hausdorff measure on 7. The main result of the
paper is the following.

Theorem 1.1 Let T be the Brownian tree, that is the tree encoded by the excursion e
under N. Let (¢*(do),0 € T,a € (0,00)) the collection of local time measures and F; the
g-Hausdorff measure on T, where g(r) = rloglog1/r. Then, the following holds :

N-a.e. Va € (0,00) %) = %%@ (-NT(a)). (I1.16)

Comment 1.1 Thanks to the scaling properties of the Brownian excursion, one can derive
from Theorem a similar statement for the tree coded by e under N(- | ¢ = 1), that is
Aldous CRT.

Comment 1.2 Our result seems close to a theorem of Perkins [99] on linear Brownian
motion. Let (Lf,t > 0,a € R) be the bi-continuous version of the local times for the
process (X¢,t > 0) defined above. Those local times are given by an approximation of the
type of (IL10). Perkins proves that almost surely, uniformly in a, one has L{ = J,({s €
[0,¢] : Xg = x}), where J¢ stands for the Hausdorff measure on the line associated with
the gauge g(r) = /rloglog1/r (the result for fixed a had been obtain by Taylor and
Wendel in [I13]). The Brownian tree being coded by the Brownian excursion, everything
happens as if the projection mapping p : [0,(] — T is 1/2-Holder and induces a strong
"doubling", such that the entire gauge function is squared. Nevertheless, we don’t see how
to derive our result from [99].

The paper is organised as follows. In section Bl we state some deterministic facts on
the geometry of the level sets for a real tree. In particular, we provide two comparison
lemmas with respect to Hausdorfl measure on real trees. The second one, that is specific
to our setting, seems new to us. In section [3] we recall basic facts on the Brownian tree
and we establish some technical estimates. Section Ml is devoted to the proof of Theorem
As a first step, we prove Theorem [l which gives an upper bound for the local time
measures. To that end, we need to control the total mass of the balls that are "too large".
The second step is the proof of Theorem [£2], which requires a control of the number of
balls that are "too small'. Let us mention again that our strategy and many ideas in this
work were borrowed from [100), [T0OT].

Acknowledgments. I would like to thank my advisor Thomas Duquesne for introducing
this problem, as well as for his help and the many improvements he suggested.
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2 Geometric properties of the level sets of real trees.

2.1 The balls of the level sets of real trees.

Let (T,d, p) be a compact rooted real tree as defined in the introduction. Recall that
for any 0,0’ € T, [o,0'] stands for the unique geodesic path joining o to o’. We shall
view T as a family tree whose ancestor is the root p and we then denote by o A ¢’ the
most recent common ancestor of o and ¢’ that is formally defined by

[o,0 Ao'] = [p,0] N p,o'] .
Observe that
Vo,0' € T, d(o,0')=d(p,o)+d(p,c") —2d(p,0c No'). (I1.17)
Let a € [0,00). Recall that the a-level set of T is given by

T(a)={c €T :d(p,o)=a}.

Subtrees above level b. Let b € [0,00) and denote by (T]‘?’b)je 7, the connected com-
ponents of the open set {oc € T : d(p,o) > b}:

0,b .
UTJ ={oceT:d(p,o)>b}.
JET

Then for any j € Jp, there exists a unique point o; € T'(b) such that T]b = Tf’b U{o;} is

the closure of Tf’b in T. Note that (T]b, d,oj) is a compact rooted real tree and that
Vje, Yoe T;’, oj €[p,o] .

Open balls in T'(a). Recall that B(o,r) stands for the open ball in 7" with center o
and radius 7. We shall also denote by I'(o,7) the open ball with center ¢ and radius r in
the level set of o, namely

I'(o,r) = B(o,r)NT(a), wherea=d(p,o). (I1.18)

If 0 € T'(a), then we call I'(o,r) a T'(a)-ball with radius r; we denote by %, , the set of
all the T'(a)-balls with radius r:

Bor={T(0,r);0 € T(a)} . (I1.19)

The following proposition provides the geometric properties of T'(a)-balls that we shall
use. The last point could be proved by noticing that restricted to a level-set T'(a), the
distance d in the tree is ultrametric.

Proposition 2.1 Let (T,d, p) be a compact rooted real tree. Let a,r € (0,00) be such that
a >r/2. Then, the number of T'(a)-balls with radius r is finite. We set

Zay = H#Bayr and Ty, 1<i<Zy,} = By (I1.20)

Then , the following holds true.
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(i) Set b=a—4%r. Then, there are Z,, distinct subtrees above b denoted by (T;’i, d,oj,),
Ji € I, 1 <i < Zy, such that

I =T(a) OTJI»’Z_ ={o' € T]bz :d(oj,,0') =r/2} .

Thus, the T'(a)-balls with radius r are pairwise disjoint.
(ii) For all o € T(a), one has diam(I'(o,r)) < r. If furthermore r € (0,2a), then
diam(I'(o, 7)) <7 and

vr’' € (diam(I'(o,7)),r) I(o,r") =T(o,7). (I1.21)

Therefore, the set of all T'(a)-balls is countable.
(iii) Two T(a)-balls are either contained one in the other or disjoint. Namely, for all
r' <r and all 0,0’ € T(a), either I'(¢’,r") C T'(o,r) or T'(c’,r")NT(o,r) = 0.

Proof. Let us prove (i). Let 0,0’ € T(a) and set b = a—4r. By ({[L17), d(o,0’) =
2a — 2d(p,0 A o’). Thus, d(o,0’) < r iff d(p,oc ANo’) > b. Let j € Jp be such that o € T]I»’;
namely, ij is the unique subtree above b containing o and o is the unique point v € [p, o]
such that d(p,v) = b. Now observe that for all o’ € T'(a),

d(p,o No') >b < o Ao’ €]oj, 0] U'GT]I?.

This proves that
I(o,r) =T(a)NT} . (I1.22)

Conversely, let j € J, be such that h(TJI»’) = max {d(0},7);7 € ij} > r/2. Let o €
T(a)N T;’; then the previous arguments imply ([L22)). Since T is compact, the set {j €
N/% h(TJb) > r/2} is finite, which completes the proof of (7).

Let us prove (ii): let o € T'(a), let r € (0,2a) and set 6 = diam(T'(o,r)). Then (IL22)
implies that I'(o,r) is compact and there are 01,02 € I'(o,7) such that d(o1,02) = 0.
Observe that it implies

[(o,7)={c" €T(a):01 N3 € [p,0']}.

Thus, I'(o,7) = I'(0,d), that is the closure of I'(c, §), and it implies (IL21]). The set of all
T'(a)-balls is therefore U,cqnio,o0) Pa,g: Which is a countable set.

Let us prove (iii): ' < r and 0,0’ € T'(a) and suppose that I'(¢’,r") N T'(o,r) # 0.
Then (i) and (i7) implies that T'(o,r) = I'(¢’, ), which implies that T'(¢’,r") C (o, 7). B

2.2 Comparison lemmas for Hausdorff measures on real trees.

Let (T,d,p) be a compact real tree. We briefly recall the definition of Hausdorff
measures on T and we state two comparison lemmas that are used in the proofs. Let
ro € (0,00) and let g : [0,79) — [0,00) be a function that is assumed to be increasing,
continuous and such that g(0) = 0. For all € € (0,r9) and all A C T', we set

H0(4) = inf{z g (@iam(E,) s A€ | By, diam(F) < }

and

Hy(A) = lim 1 A,7(A) .
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Under our assumptions, 77, is a Borel-regular outer measure : this is the g-Hausdorff
measure on 1" (see Rogers [106]). The following comparison lemma was first stated for
Euclidean spaces by Rogers and Taylor [107]. The proof can be easily adapted to general
metric spaces (see Edgar [53]). We include a brief proof of it in order to make the paper
self-contained.

Lemma 2.2 Let (T,d,p) be a compact rooted real tree. Let u be a Borel measure on T.
Let A be a Borel subset of T and let ¢ € (0,00). Assume that

Vo e A limsupM <c.
r—0 g(r)
Then, p(A) < cty(A).
Proof. For any € (0,7¢), set
w(B(o,r))

A.={c€A: sup

<cy .
AT

Observe that for all ¢’ <e, A. C Ao C A and A:Uae(o,m) Ac. Let (Ep)nen be a e-covering
of Azt namely A. C U, ey En and diam(E,) < e, foralln € N. Set I = {n e N: E,NA, #
0} and for all n € I, fix 0, € E, N A.. Since g is continuous, for all n € I there exists
T, € (diam(E),), ) such that

E, C B(oy,rn) and  g(r,) < 27" e + g(diam(E,)) .

Observe that p(B(oy,rys)) <cg(r,) and that A. CU,c; B(on, ). Thus,

u(As) < M( U B(Unﬂ”n)) < ZN(B(Uan))
nel nel
< ch(rn) <ce+ Z cg(diam(Ey,)) .

nel neN

Taking the infimum over all the possible e-coverings of A. yields
1(A:) < ce + A (AL) < ce+ cHy(A:) < ce + H(A)

which implies the desired result since p(A) = lim.jo T p(A:). [

In the next comparison lemma, that seems new to us, we restrict our attention to
the level sets of real trees. A more general variant of this result involves a multiplicative
constant depending on the gauge function. It has been first stated in Euclidian spaces by
Rogers and Taylor [I07] (see also Perkins [I00]) and in general metric spaces (see Edgar
[53]).

Lemma 2.3 Let (T,d, p) be a compact rooted real tree. Let a € (0,00) be such that the a-
level set T'(a) is not empty. Let p be a finite Borel measure on T such that u(T\T(a)) = 0.
Let A C T(a) be a Borel subset and let ¢ € (0,00). Assume that

B
Vo e A limsup'ui >c.
r—0 g(r)

Then, p(A) > cy(A).
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Proof. Let € € (0,(2a) Arg). Let U be an open set of T' such that A C U. For all o € A,
there exists 7, € (0,¢) such that

w(I(o,rs)) = p(B(o,rs)) > cg(ry) and T(o,r,) CU.

Thus, A C UyeaI'(0,7) C U. Then, Proposition 1] (i) asserts that the set of all T'(a)-
balls is countable and Proposition 2] (i7) asserts that two T'(a)-balls are either contained
one in the other or disjoint. Therefore, there exists I C N and o, € A, n € I, such that
the I'(oy, 74, ), n € I, are pairwise disjoint and A C U,,c;I'(on,7s,) C U. Moreover, by
Proposition 211 (i7), diam(I'(op, 74, )) < 7s,. Thus, we get

c,%’;('f)(A) < ch(diam(F(Un,Tan))) < ZCQ(TU”)
nel nel
< Y ulC(onra) = n( U T(Onrs,)) < u®) .
nel nel

As e — 0, it entails ¢ 75 (A) < u(U), for all open set U containing A. Since p is a finite

Borel measure, it is outer-regular for the open subsets, which implies the desired result.
|

3 Preliminary results on the Brownian tree.

3.1 Basic facts on the Brownian excursion.

We work under the excursion measure N defined in the introduction and e denote
the canonical excursion whose duration is denoted by ¢ (see (ILG])). We shall denote by
(T,d, p) the compact rooted real tree coded by e.

The branching property. Fix b € (0,00). We discuss here a decomposition of e in
terms of its excursions above level b; this yields a decomposition of the Brownian tree
called the branching property. To that end we first introduce the following time change:
for all ¢ € [0, 00), we set

7p(t) = inf {s €10,00) : /Osl{euéb}du > t} and €,(t) = e(mp(t)). (I1.23)

Note that (€(t))tcjo,00) codes the tree below b namely {o € T : d(p,0) < b} that is
the closed ball with center p and radius b. We denote by Gy, the sigma-field generated by
(€b())tef0,00) and completed with the N-negligible sets. The approximation (ILIQ) implies
that Lg is Gy-measurable. Then denote by (o, 55), j € Jp, the connected components of
the time-set {s € [0,00) : e(s) > b}. Namely,

U (0, B5) ={s €[0,00) : e(s) > b},
JED
and we call (aj, 8;) the excursion intervals of e above level b. For all j € J;, we next set

l;? = b and Vs € [0,00), 6?(5) = C(aj+s)ng; — b

b ()

Then, the (6?) jeg, are the excursions of e above level b. Recall from (IL7) and (ILS) the
notation N = N(-| supe > b), that is a probability measure. The branching property
asserts the following: under N and conditionally on Gy, the measure

jern 7
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is a Poisson point measure on [0, Lg] x C? with intensity 1[07L2](l)dl N(de).

The following decomposition of e is interpreted in terms of the Brownian tree 7 as
follows. Recall that p: [0,(] — T stands for the canonical projection. Then for all j € [,
we set

b

oj=plag) =p(B), T =p((e;.8;) and T =p(la;B) -
Then, we easily check that the 7}O’b, j € Ty, are the connected components of the open
subset {o € T : d(p,o) > b} and that 7}0’b = 7}b\{0j}. Namely, the (7;,d,05), j € T
are the subtrees above level b of 7 as introduced in Section 2.1l Moreover note that for
all j € Jp, the rooted compact real tree (7;,d,0;) is isometric to the tree coded by the
excursion eS’». We next use this and Proposition 2.1 to discuss the balls in a fixed level of
T.

To that end, we fix a,r € (0,00) such that a > r/2 and we conveniently set b=a—r/2.
Recall that T(a) = {c €T : d(p,0) =a} and that for all 0 € T(a), we have set I'(o,7) =
T (a) N B(o,r) that is the ball in 7 (a) with center o and radius r. We also recall that
Bor ={I'(0,7);0 €T (a)} stands for the set of all T (a)-balls with radius r. By Proposition
21l A, is a finite set and that

By ={T(@NT; j€Tp: MT) > 1/2}

where the trees (7?’, d,oj), j€Jp, are the subtrees of 7 above level b as previously defined,;
here h(7}b) = SUP,e7 d(o;,0) stands for the total height of 7;-5’. Note that h(7}b) = sup eg’-

that is maximum of the excursion corresponding to 7;-1’, as explained above.
Then, we set Z,, = #%,,, that is the number of 7 (a)-ball with radius r. Assume
that Z,, > 1. We then define the indices ji,...,jz,, € Jp by

{jl,...,jzam}:{jejb:h(ﬁb)ZT/Q} and aj <...<aj, .

and we set

Vie{l,....Za;}, Ti:=T@@NT}. (I1.25)

Namely B, = {[;; 1 <i< Z,,} is the set of the T (a)-balls with radius r listed in their
order of visit by the excursion e coding 7.

Lemma 3.1 Let a,r € (0,00) such that a > r/2. Let {I;; 1 <i< Z,,} is the set of the
T (a)-balls with radius r listed in their order of visit as explained above. Then the following
holds true.
(1) Under N, = N(-|supe > a), Z,, has a geometric law with parameter 2a/r.
Namely, -
- T

Vk >1, NulZo, =k = (1—%) 3 -

(it) For all k > 1, under No(-|Zsr =k), the r.v. (0*(I';))1<i<k are independent and
exponentially distributed with mean /2.

Proof. Let a € (0,00) and denote b = a—7/2. Let k > 1 and Fy,... Fj, : C° — [0,00)
be measurable functionals. Recall from ([L7) that N(supe > r/2) = 2/r. Then, the
definition of the j; combined with the branching property and basic results on Poisson
point measures entail

[\

_Lb k -
Ny [1{Zw=k} 11 () gb} = (ka) e i II N2 [Fi(e)] . (I1.26)

1<i<k 1<i<k
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Then recall (IL12) that implies that Lg under Ny is exponentially distributed with
mean b. Thus,

1 b\k *—Lb _ (%b)k T r\k
EN[( L) C}_(1+2b)k+l_%(1_%) ’
because b = a—r/2 and (1+ 2b)~! =r/(2a). It implies
Ny[1z,-0 T[] Fle})] = 50— 5)" T NoplF,

1<i<k 1<i<k

Next observe that Np-a.s. 1supesa) = 1{z,,>1}. Thus, we get

No[1iz,,=i [T Fi(e})] = %Nb[l{zam:k} II Fz‘(eﬁs)}

1<i<k 1<i<k
= 2= NeplF (11.27)

1<i<k
because a/b= (1—5)"'. Recall that ([LI2) implies that under 2Nr/2, r2(T) = LZ/Q is
exponentially distributed with mean r/2. By taking F;(e)= fi(LZ/ ) in (IL27) we then get

N, [1{Za,T=k} H fz‘(fa(ri))] 5 (1= 5= k ! H / fi(s 6 “Fods

1<i<k 1<i<k

with entails the desired result. [ |

Ray-Knight theorem under N. We first recall the definition of Feller diffusion,
namely a Continuous States space Branching Process (CSBP) with branching mechanism
P(A) = A2, Let z € [0,00) and let (Y )aco,00) be a [0, 00)-valued continuous process de-
fined on the probability space (2, F,P). It is a Feller diffusion with branching mechanism
¥(A\) = A\? and initial value Y = = if it is a Markov process such that

Yo
)

E[exp(—AY) o) |YS] = exp (— T

a,a’,\ € [0,00) .
Recall notation N, = N(-| supe > a) and G, for the sigma-field generated by the excursion
&, defined in ([L23). Recall that £4(7) = L¢, the total mass of the local-time measure at
level a, is G,-measurable.
We shall use the following statement of Ray-Knight theorem. Let a € (0, 00).

(1) Nafexp(=M4(T))] = 175

(i) Under N, and conditionally given G, the process (£21% (T))arefo,00) is a Feller

diffusion with branching mechanism (\) = A? and initial value £%(T).

This is an immediate consequence of the Ray-Knight theorem for standard Brownian
motion and of the Markov property under N : see [16] III 3 and VI 2.10.

Combined with the branching property, the above Ray-Knight theorem, has the fol-
lowing consequence. Let us recall that we enumerate the 7 (a)-balls of %4, , as {I';,1 <
i < Zgr} (see (IL25)). Let T’ such a 7 (a)-ball. For a’ > 0, we define

1t ={occT(a+d)3Io' €T :0 c[po]}, (I1.28)

the set of vertices at level a 4+ o’ that have an ancestor in I" (notice that I'* = T"). The
following lemma is a straightforward consequence of Ray-Knight theorem.
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Lemma 3.2 Let a € (0,00), r € [0,2a]. Let {I';,1 < i < Z,,} the set of T(a)-balls of
radius . Under N, conditionally on G,, the processes (Z‘”“/ (F?*“/),a’ > 0) 1 <i< Z,,,
are independent Feller diffusions started at (¢*(I';)),1 <i < Zg,.

Proof. Recalling for b = a—7/2 the decomposition ([L25]), we see that
Vie{l,...,Zq}, T3 =T(a+d)NT). (I1.29)

Hence, one can use ([1.26]), and the Ray-Knight theorem (see (ii) above) to get the desired
result. [

Spinal decomposition. We recall another decomposition of the Brownian tree called
spinal decomposition. This is a consequence of Bismut’s decomposition of the Brownian
excursion that we recall here.

Let X be a real valued process defined on (2, F,P) such that (%Xt)te[o,oo) is dis-
tributed as a standard Brownian motion with initial value 0. Let X’ be an independent
copy of X on (Q,F,P). We fix a € (0,00) and we set

T, =inf{t € [0,00) : Xy = —a} and T, =inf{t € [0,00): X, = —a} .

We next set for any s € [0, 00),

~t

— st
€s =€1—s), and €5 =epts.

Then the Bismut’s identity (see [I5] or [81]) states that for any non-negative measurable
functional F on (C?)2,

¢
N| /dLg F('; &) = B[F(a+ Xaria+ X)) - (11.30)
0

We derive from ([L30) an identity involving the excursions above the infimum of é* and ¢&'.
To that end, we introduce the following. Let g : [0,00) — [0, 00) with compact support. We
define a point measure N (g) as follows: set g(t) = infy 4 g and denote by (I;,7;), j € Z(g)
the excursion intervals of g — g away from 0 that are the connected component of the open
set {t > 0: g(t) — g(t) > 0}. For any j € Z(g), set ¢’(s) = (9 — 9)((lj +5) Arj), s > 0)
and denote h; := 97(lj) the height where the excursion ¢/ starts. We then define A° (9) as
the point measure on [0,00) x C° given by

N@) = D O -
JEZL(g)

Then, for any ¢,a € (0, 00),
Ni = N (&) + N(éh) (11.31)

and
Ny = N(a+ Xpr,) + N(a+ X!\ (I1.32)

We deduce from ([L30) that for all any a and for all nonnegative measurable function F'
on the set of positive measures on [0,00) x C°, one has

N| /0 are F(A)] = BIFOV)] (11.33)
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and as consequence of Itd’s decomposition of Brownian motion above its infimum, A is
a Poisson point measure on [0, 00) x C? with intensity 2194 (h)dh N(de).

Let us interpret this decomposition in terms of the Brownian tree. Choose ¢ € (0, ()
such that e, = a and set 0 = p(t) € T (namely o € T(a)). Then, the geodesic [p, o]
is interpreted as the ancestral line of 0. Let us denote by 7}0, j € J, the connected
components of the open set T\[p,o] and denote by 7; the closure of 7°. Then, there
exists a point o; € [p, o] such that 7; = {o;} UTS. Recall notation N; from (IL31]) and
let us denote Ny = >;c7, 5(h§ etd)- Recall also the definition (IL32) of N and denote
NF = > jeT: 5(,1;76*1) . The specific coding of T by e entails that for any 7 € J there
exists a unique j' € Z; such that d(p, ;) = hz», and such that the rooted compact real tree
(7;,d, o) is isometric to the tree coded by ebd’

Recall that p(t) = 0. We fix r, 7’ € [0, 2a) such that 7" < r. We now compute the mass
of the ring B(o,7)\ B(o,7’) in terms of N;. First, observe that for any s € [0, (] such that
es = a, we have

' <d(s,t) <r<=a—-("/2)> inf e, >a—(r/2).
u€[sAt,sVi]

We then get
0*(B(o,7)\B(o,1") Z 1 - ht) ct (t,j) , (I1.34)
J€Ly “
_pt .
where th 7(t,7) stands for the local time at level a — h; of the excursion e®.
J

Then, for any a € (0,00) and any r,7’ € (0,2a) such that ' < r, we also set

h*.
DI TR () Z* : (11.35)
JELY

h*

where, LC* "3 stands for the local time at level a— h; of the excursion e*J defined in (IL32).

Let us consider a € (0,00), n € N* and (ry, 79, ... ,Tn) such that the 0 <7, < ... <1ry <
71 < 2a. Then, (IL33) implies that for all non-negative measurable function F' on R"~!

N[/Tea(dU)F (t*(B(o,rx)\B(o,rk4+1));1<k<n-1)] = E[F (Aff]€+1 s 1<k <n— 1)]

(I1.36)

On the right-hand-side, the dependency with respect to the level a is a bit artificial.
Indeed, for a € (0,00), the Poisson point measure N} (dhde) has its law invariant under
the transformation (h,e) — (a — h,e). Thus, let us consider on (2, F,P) a new Poisson
point measure M* = > 5(h* er) with intensity 2dhIN(de) (we abuse notations and keep

Jer*
the notation (h},e}) for the atoms). We set
=> 1 o o) L J (I1.37)
i 7. %)

*

h*
where LC* stands for the local time at height A} for the excursion €j. One can now rewrite

(I36) as

N[/f“(da)F (t*(B(o,r)\B(o,mk41));1<k<n-1)] =
T

=B[F (A, 1<k<n-1)] (11.38)
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The law of the A7, . is quite explicit as shown by the following lemma.

Lemma 3.3 Let 0<r,<rp,_1<...<r1 <2a. Then,
AF AF oo, A

Tn,Tn—1" Tn—1,"'n—2" 2,71

are independent. Moreover, for any 0<r'<r<2a,

I\2 I 9
Ve 0.00) P, >9) = (1-2) Zemry (1 (L)) e,

and P(AY, . =0) = (r'/r)?.
Proof. The intervals [rgy1/2,7,/2) being pairwise disjoint, the independence of the incre-

ments is a straightforward consequence of the properties the Poisson point measure M*.
Using Campbell formula and ([L.12)), we compute, for all A > 0,

E [e*M;aﬂ = exp (— / 2dhN [1 - eme
" A 1+7/2\?
— 2dh = .
eXp( / 1+h)\) (1+m)
Thus, Azr’,Zr (la:w) X1 + Xo, where X7 and X5 are i.i.d random variables where

! !
-ax] _r 1
E{e }_r+<1 7“)1—#7“)\'

Thus, X; = 0 with probability r//r and conditionally on being non-zero, it is exponentially
distributed with mean r. Thus, for y > 0,

P(A;r/,2r>y):2P(X1:O; Xo>y) +P(X;>0; Xo>0; X1+ Xo > )

r r! 2

where Z has law Gamma(2,1/r). The result proceeds now from elementary computa-
tions. |

3.2 Estimates.

The following elementary computation is needed twice in our proofs.

Lemma 3.4 Let (X,,)n>1 a sequence of i.i.d real valued random variables on (2, F,P),
with mean 0 and a moment of order 4. Let Z be a random variable taking its values in N,
independent of the sequence (X,,). Then

E[(X1+Xo+ -+ Xz)'| <SE[X{]E[2?].

Moreover, the following holds : E {(Xl - E[Xl])ﬂ < 2E[X{].
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Proof. One has

E[(Xi+Xo++X)' 2] = Y E[XyXuXiX,).
1<y ,i2,i3,i4<7

When (iy,49,13,74) contains an index that is distinct of the three others, then the con-
tribution of the corresponding term will be null. Thus the latter mean equals ZE[X{] +
3Z(Z—-1)E[X?)? < 3Z2E[X{] (using Jensen’s inequality). The second statement follows
from

E[(X —E[X1])'] = E[(X-EX]) Lx,sppp] + B[ - BXD) 1x, cpp )
E[X{| + B[],

IN

and using Jensen’s inequality. |

We explained in Section B.I] the link between the process (¢4(7),a € (0,00)) and the
Feller diffusion, for which we provide here some basic estimates.

Lemma 3.5 Let (Y )o>0 be a Feller diffusion starting at x > 0, defined on (0, F,P).
For all x,y € [0,00), for all a € (0,00), the following inequalities hold :

(i) If y <z, then P ( inf V¥ < y) < exp (—%(\/E— \/ﬂ)Q)

be0,a]

(i) Ify >, then P ( sup Vi@ > y) < oxp (~L(y5 - V3.
be0,a]

Proof. Let us prove (7). Recall that for all z,b,\ € [0,00), E [e’Abe} = exp (—%).

Thus, for fixed a € (0,00), and for A € [0, 1), we set

a

vbe [0,a], MM :=exp (— 1A_Ybb A) . (11.39)

We stress that for b € [0, a], one has 1 —bA > 1 — aX > 0, and one can compute

Az A bA e
E[le )]:exp<—1_b)\x/<1+1_b)\>) =\,

Combined with the Markov property, this entails that (Mbo"x), b € [0,a]) is a martingale.

. . AYF . AYF
Moreover, on { inf Y* < y}, one has inf 1=y < inf =i < 1fy)\. Hence, the
bel0,a] be(0,a] be[0,a) ¢ a

maximal inequality for sub-martingales entails

P( inf V' <y| < P| sup le)"m) 267%
b€[0,a] be[0,q]

VS Ay
< —a ()\7$) — —
< el AE{MQ } exp(l_a)\ )\x).
The reader can check using elementary computations that the function A\ — 1%% — Az
has a negative minimum on (0,1/a) at the value A = 1 (1 - \/%), and this minimum is
—é(\/f — \/§)2, which completes the proof.
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In order to prove (ii), one could extend the definition of (MéA’x),b € [0,a]) for A €

(—=1/a,0). In what follows, we use a simpler argument. Let us begin with the following
remark: let b € (0,00), let £ be a r.v. on (Q, F,P) that is exponentially distributed with
mean b, then for all A > 0, E[e™*¢] = ﬁ, and this Laplace transform remains finite for
A € (=1/b,0). Moreover, one can plainly check that for z,b € (0,00), ¥;* has the same

N

law as Y &;, where the &; are independent copies of £ and N is an independent Poisson
i=1

r.v. with mean z/b. Thus, one has

Yue (0.1/b), B[e] = exp (1 ﬁxﬂb) . (IL.40)

The Feller diffusion (Y;*,b > 0) is a martingale, so by convexity (e#¥s,b > 0) is a sub-
martingale. Thus, for all 4 € (0,1/a), and y > = > 0, one has

P(sup Yg’”Zy) < P(sup e“beZG“y>

bel0,a] be(0,a]
< e MYE {euyf} = exp ( L — My) ,
1—ap
and the result follows by optimizing the same function as before. |

The next result is a corollary of Lemma (7).

Lemma 3.6 Let m € (0,1/2). For all y € (0,00),

N ( sup  (%(T) > y) < (2/m) exp (—my/2).
be[m,m1]

Proof. Let m € (0,1/2) and recall from ([L.23) the definition of G,,,. As recalled in Section

B.I, under N,,, conditionally on G,,, the process (¢2(T),b > m) is a Feller diffusion started

at £™(T). Hence, conditioning with respect to G,, and using Lemma B3] (i7), we get

N, ( sup  OO(T) > y> < Ny, [exp <—m <\/— - \/W)Qﬂ .

be[m,m]

Expanding (y/u/2 — v/20)2, one shows that for all w,v > 0, (vu—v)* > u/2 — v.
Thus, N, [ sup £™(T) > y) < exp (—m¥) Ny, {emgm(ﬂ}, Recalling from ([L12)) that

be[m,m]

under N,,, ¢"™(T) is exponentially distributed with mean m, we get N,, {emzmq)} =

(1 —m?)~t <2, because m < 1/2. This entails the desired result, recalling that N,,(-) =
mIN (‘1{h(7’)>m}) and that the events {h(7T) > m} and {¢"™(T) > 0} are equal, up to a N
negligible set. |

Estimates for small balls. We consider here a level a € (0,00) and recall that 7 (a) is
the a-level set of the Brownian tree 7. If r € [0,2a], we recall from ([LI8]) the notation
['(o,r) for the T (a)-ball of radius r and center o € T (a), the set of 7 (a)-balls of radius r
being denoted A, . Let I' be a T (a)-ball of radius 7/, where 7’ € [0, 2a]. From Proposition
211 (iii), we know that if r € [r’,2a], there exists a unique 7T (a)-ball of radius r that
contains I', and we shall denote this "enlarged" ball by

I'[r] =" where Y € #,, andI' C T. (I1.41)
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We consider positive real numbers r;y > ro > ... >r, >0,and &1 > ... > g,1 > 0,
where n € N*. We set r = {ry,...,r,} and € = {e1,...,6,1}. We shall say that T, a
T (a)-ball of radius r,, is (r,e)-small if and only if for all 1 < k < n—1, the enlarged ball
of radius r; has a local time smaller than €, namely

vk € {1,. .. ,n—l} £ (F[?“k]) < €k. (1142)

We denote by Sgr e the total number of such (r,e)-small balls at level a:

SGJVE = Z 1{F is (r,e)—small}- (1143)
'€ Ba.r,

To control that number, we introduce

p(r,e) =N [Srl /27rve} . (I1.44)
Let us stress that its definition does not depend on a.

Lemma 3.7 Let a € (0,00), 7= {r1,...,rn}, and e = {€1,...,6n1}, where ry > ... >

rn >0, and g1 > ... > e,q > 0. There exists a constant ¢y € (0,10%] such that if a/r1 > 1
and ri/rp > 2,

a 4 T%

N [(Sam,s — p(r,e)l*(T)) } < coa —-

Tn
Proof. Let a,r,e as above. From Proposition 2] (ii7), we know that the 7 (a)-balls of
radius r,, are disjoint and that for all T € %, ,,,, there exists a unique 7 (a)-ball I' € %, ,,
such that T C I'. Let us enumerate %, ,, as {I';,1 <1i < Z,,, }, and set
Vie{l...Zoy}, B0 ={Y€Bu,, : TCT;}
and Sc(f;)r,sz # {T € %éf)rn : Y is (r, s)-small} .

One has
Zaﬂ“l ) Za,rl
Saxe = pu(r,e)(T) = 3 (ke — plr,e)(T)) = Y Xi. (I1.45)
i=1 =1

Let us denote b = a — r1/2 and recall from ([L23]) the definition of the sigma-field Gj.
Adapting the proof of Lemma B.1] it is not difficult to see that under Ny, conditionally on
Gp, and conditionally on {Z, ,, = k}, ther.v. Xj,... X} are independent and have the same

law as S, j2re — p(r,€)0™/2(T) under N,, /2. Recalling from (ILI2) that N [ZTI/Z(T)} =
(2/r1)Ny, /2 V”/Z(T)} =1, we see that
NoX1 | Gol = Ny o [Si e — pilr,€)0/2(T)] =0,
which explains the definition ([L44]). We thus apply Lemma B4 to get from ([L.45):
N [(Sape = (e, )T | Go] <3Nwy o [XT| N, |22, 1G] (11.46)

The second assertion in Lemma 3.4 entails N, /5 [X{] <2N,, /2 [54

r1/2,r,e
can use that S, jo, . is smaller than Z,. s, , the total number of 7 (r1/2)-balls of radius

} . Moreover, we
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rn, which has under N, /5 a geometric distribution with success probability 7, /r1 < 1/2.
Thus,

48 1\ r\*
4 4 4 1 1
N [X] <22 (88 ] < 20 (2] < o (2) 00 (2)
(11.47)
In addition, according to the branching property, under Ny, conditionally on Gy, Z, -,

is a Poisson variable with mean N (h(7) > r1/2) £°(T) = (2/r1)¢*(T). Thus,
Ny [22,,] = @/rON, [((T)] + (2/m)*Ny |[2(T)?] . (I1.48)

We know from (ILI2) under Ny, £°(7) has exponential law with mean b. Thus, N, [Eb(T)} =
b and N, {Eb(T)Z} = 2b%. Recall that b= a—r1/2 < a, so we get (2/r1)N, [fb(T)} < 2—? <
2?—; because we assumed that a/r; > 1. Moreover (2/r1)?N, {Eb('T)Q} = 8b%/r} < 8b2/r2.

1

Thus Ny, [22 } < 10a?/r?. Combined with (IL46) and (IL47) it entails

a,ri

2

Ny [(Saure = u(r,€)6*(T))"] < coa® 1,

with ¢y a positive constant smaller than (1/2)10*. This implies the desired result, using
that N (R(7) > b) = 1/b < 2/a. |

We state now the main technical Lemma of the paper. Let us recall from ([L.44])
the definition of p(r,e). The proof of the lemma makes use of the spinal decomposition
described in Section Bl In particular, a geometric argument allows to relate the problem
to the variables introduced in ([L37]).

Lemma 3.8 Let r={ry,...,m}, wherery > ... >r, >0, and e = {e1,...,ep1}, where
€1 > ...>en1 > 0. The following inequality holds :

5 n—1
p(re) < EJ 1P (A%, <on)- (I1.49)
k=1

Proof. Let r = {ry,...,r,} and {e1,...6,4} as above. In that proof, we denote, for
convenience, b = r1/2; hence, a dependency with respect to b is actually a dependency
with respect to r. Let us consider I" a T (b)-ball of radius 7, and recall the notation (IL41]).
The ball T is (r, €)-small iff (IL42)) holds. But, for all o € T,k € [1,n—1],

Clrg] =T(o,rk) D T(o,rk) \ (0, 7K11)-

Thus, if I is (r, €)-small, then all the vertices in I" belong to the set

F(re):={ceTW®):vke{l...n=1} & @(o,7)\T(o,741)) <ex}.  (IL50)

The last set is easy to handle using the spinal decomposition. Indeed, according to (138
and the independence stated in Lemma [3.3] one has

n—1

v(r,e) =N U Eb(da)l{gey;(r,s)}] =TI P (Afpire <) - (IL51)

k=1
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To relate u(r,e) and v(r,e), one can write

()
l{F is (r,e)—small} < 1{2”(F)§rn v(re)} + ml{f‘ is (r,e)—small}- (11'52)

Moreover, ([L50) entails that ¢°(T YL s (r,e)—small} < Jo (do)lses(re)}- Recall now
from Proposition 211 (¢) that the balls of the set %, are pairwise disjoint. Summing in
(IL52) over this set entails

[0%(do)1ipes
Sbre <Y Lomy<riima} T fusaul % (I.53)

INSZ8 . n (I‘, 6)

Now, recalling Lemma 3.1, we compute

Fe; 1{@ <rn\/y(r—€}] Ny [Zbr,.] (1—exp (—(2/rn)rn V(r,s)))
< 72yulr.e)

so the N-measure of the first term in ([L53]) is smaller than %\/u(r, g). Recalling that
b = r1/2, we get that the latter equals % \/v(r,€). Moreover, by the mere definition (IL51),

the N-measure of the second term in ([L53]) equals % v(r,e), so the first inequality is
checked. m

4 Proof of Theorem 1.1l

The proof of Theorem [[.T] will combine the following two theorems.

Theorem 4.1 Let k € (3,00) and m € (0,3). Then, there exists a Borel subset V =

V(x,m) C C° such that N (C°\ V) =0 and such that
on V, for all Borel subset A C T, Vac[m,m '], ("(A)<ri(ANT(a)).

For all a,a € (0,00), let us set

AY = {O‘ €Tl(a): hr:lj(l)lp % < a} . (I1.54)

Theorem 4.2 Let a € (0,1) and m € (0,1/2). Then, there exists a Borel subset V! =
V/(a,m) C C° such that N (C°\ V') =0 and such that

on V', Vacmml], (A% =0

The proofs of Theorem HE.1] and share a common strategy, taken from Perkins
[100L T0T]. We need to control the mass, or the number of "bad" 7T (a)-balls where "bad"
means too large or too small. And we want to do it uniformly for all levels a. This problem
will be linked with a discrete one using a finite grid, and the measure or the number of
bad T (a)-balls will be compared with a convenient multiple of ¢*(7), the total mass at
level a.
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4.1 Proof of Theorem 4.1l
4.1.1 Large balls.

Let us fix a level a € (0, 00), and recall from section B.Ilthe definition of the sigma-field
Ga, generated by the excursion below level a. We also recall the definition of 7 (a)-balls
(ILIR). We fix a threshold y € (0,00) and we consider the following set of "large" points
on T (a) :

Lory=10€T(a):((o,r)) >y} (I1.55)

According to Lemma B} the "total large mass" €% (Lary) = Yoreg, . () 1imm)syy 18
G,-measurable.

Lemma 4.3 For all a,l,y,r,6 € (0,00), for all ¢ € (1,00),

1 2
NN Lyryre) <1U; sup Ebﬁbr >4l) < —exp(—1/d) + —exp —(1—¢1/? 2y5 .
(¢ (Caraye) <13 sup (L) > 41) < Cexp(=1/8) + Texp (~(1-c)y)o)
Proof. Let a,l,y,r,d € (0,00), where r < 2a, and ¢ € (1,00). We define Ay, a Borel
subset of CY, as the event

Ag = 0° (Eamy/c)gl; sup  £* (Lyry) >4l . (I1.56)
b€[a,a+4)

We recall from Proposition 2] that %, , = {I';,1 < i < Z,,} is the collection of 7 (a)-
balls of radius 7 at level a. For T' a 7 (a)-ball and b € [a,00), we defined T® = {o € T (b) :
do’ € T',o' € [p,o]} as the set of vertices at level b having an ancestor in T' (see ([1.29])
for details). Next we define A; a Borel subset of C? as the event

Ay = {32‘ c{l,....Z.,}, (T;)<y/c and sup £ (Fi’) N y}, (IL57)
bela,a+d)
and set
Lovye= U T cT), (I1.58)
i€{1,....Za,r}
£a(Ty)>y/

which is the set of all vertices at level b having a "large" ancestor at level a. We prove the
following :

on CO\ Ay, Vb€ a,a+0] LyryCLY,, . (I1.59)

Proof of ([L59). Let b € [a,a + 0] and let o € Ly, ,. Thus, the ball T :=I'(0,7) € %, is
such that ¢°(I") > y. Let o, the unique ancestor of ¢ at level a, namely d(p,o,) = a and
04 € [p,0]. Weset T :=T'(04,7) € B, and we first claim that T' C Y°. Indeed, let o’ € T
(so d(o,0") < r) and let o/, the unique ancestor of ¢’ at level a. Recalling that o Ao’ stands
for the most recent common ancestor of o and o, one get d(p, o A o’) = 3 (2b — d(o,0")).
Then two cases may occur. First, if d(o,0’) < 2(b—a), then d(p,0 Ao’) > a, thus o, = o,
and ¢’ € Y. If d(o,0’) € (2(b—a),r). Then, one has d(p,o A ') < a. We deduce from
that inequality that o, # o/, and that o, A 0/, = 0 A o’. Hence,

d(og,00) = 2a —2d (p,04 A o))

=2b—2d (p,0 ANo') +2a —2b
=d(o,0') —2(b—a) <.
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Thus ¢! € T and o’ € T, which ends the proof of the inclusion I' € T°. We get that for

all b € [a,a + 8], £°(T?) > *(T') > y. On C°\ A;, one cannot have both £(T) < y/c and
sup £° (Tb) > y, which entails that here, ¢*(T) > y/c.

bela,a+9)

To sum up, on C°\ Aj, a vertex o, taken in Ly .y, has an ancestor in a ball T, such that

4(Y) > y/c. Thus, this ancestor belongs to £ and o € £°

a,ry/c’
End of the proof of (IL59).

a/77‘7y/c

Let us finish the proof of the lemma. From ([L59)), we see that
N(4p) < N (A1) + N(49N(C°\ A1) < N (A1) + N(4y), (I1.60)

where A, is defined by

Ay = {ea (ﬁa,r,y/c) <I; o ¢ (Ez,r,y/c) > 4l } : (IL.61)

We control N(A;) and N(Ay) thanks to Lemma (ii). Indeed, Lemma states
that under N,, conditionally on G,, the processes (£2+*(T9T%) o’ > 0),1 < i < Z,, are

independent Feller diffusions started at ¢*(I';),1<i<Z,,. Sub-additivity and Lemma
(ii) entails

Z
1 a,r B 2
N(4)) < aNa {Z 1{pa(rs)<y/c) €XD <_5 1 (\/g_ ,/ea(ri)> )]
=1
1 2
<= —(1=c V25 ) Ny [ Zor] = = —(1—cV?)251y) . 11.62
< ~oxp (~(1-¢?)07 "y ) Nl Zo,) = Soxp (~(1-c2)%07y) . (1L62)

Since £°(L° ry/c) = ZZ-Z:“{ l{ga(pi)>y/0}€b(l‘§), it implies that (f‘”“,(ﬁ‘”ra/ ),a’ > 0) is a

a a,r,y/c

Feller diffusion started at £ (L ). Thus, we use Lemma (ii) again to get

a,ry/c
) 2
N (4) < -N, {1 (05(Laryye) <1} 5P (_51 (2\/Z — /e (ca,r,y/0)> )]
< éexp(—l/&. (I1.63)
Hence, the desired result follows from ([L60), (IL62), and (IL.G3]). [ |

Recall that g(r) = rloglog(1/r). We fix xk € (%, o0), and we shall apply the previous
lemma with y = kg(r). The next lemma allows to control ¢* (Eam,ig(r)) uniformly for all

levels a. Its proof involves a discrete grid : for m < 1/2 and r € (0, 00), we set
G(r,m) := {m + kép, k € N*} N [m, m™ Y, (I1.64)
where 0, is the mesh of the grid, defined by
6 =132, (I1.65)

Note that G(r,m) contains less than (md,)~! points.
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Lemma 4.4 Let m € (0,1/2). Let k € (3,00) and B € (1,00) such that 2k — 3 > 0.

There exists a constant r1 € (0,00) only depending on k, 3, m, such that
Vre (0,r1), N < sup 0 (Eb,r,ng(r)) > 4log(1/r)5> <log(1/r)~2% (I1.66)
be[m,m—1]

Proof. In what follows, we denote T the left-hand-side of ([LGG). Let us consider
¢ € (1,00) such that 2k/c — f > 0. Recall that G(r,m) stands for the grid defined by
(IL64). Then we have Ty < Ty + Tb, where :

T, =N ( sup £° (Eavr’,ﬁg(r)/c) < log(l/r)_ﬁ ; sup Vi (Ebﬂwg(,n)) > 4log(1/r)_6> ,

a€G(r,m) be[m,m1]

T, =N sSup o Earn r/e) = log(l/r)_6> :
(aEG(r,m) ( o/ )

Using sub-additivity and Lemma [4.3] one get

"= N( U {ga (ﬁa,r,fﬁg(r)/c) < IOg(l/r)_B ) sup gb ([’b,r,ng(r)) > 410g(1/r)_6})

aEG(r,m) be[a,a+5r]
< (m(ST’)_l sup N(ga (EQ,T,Hg(T‘)/C) < IOg(l/r)_B ) sup gb(ﬁb,r,ng(r)) > 410g(1/r)_6)
a€G(r,m) be[a,a+0r]

< () (i texp (<6, log(1/r) ) + Zexp (~(1- MRk () ).

One has &, log(1/r)~# > r=1 and &, g(r) > r~/2 for all r sufficiently small. Thus, for
example, T} < exp(—r~1/%) < (1/2)log(1/r)~2 for all r sufficiently small.

Let us bound 75. To that end, we set

Ak, €) = (2/)E [E{esngry/e]| (IL67)

where £ is a r.v. on (2, F,P) exponentially distributed with mean r/2. For fixed x and
¢, elementary computations entail

Ary K, ¢) = (2/r)P (€ > kg(r)/c) E[kg(r)/c + &]
= (2/r)exp (—2(r/c)loglog1/r) ((k/c)rloglog1/r + r/2)
-~ (26/c)log(1 /) "2/ loglog 1/r. (IL.68)

We set Thr < T3 + Ty, where

Ty =N < sup ‘6‘1 (ﬁa,r,fig(r)/c) — X(r, n,c)ﬁa(T)‘ > %log(l/r)_ﬁ> )

a€G(r,m)

1

Ty=N{( sup Ak, c)l*(T)> =log(1/r)? ).
a€G(r,m) 2

By sub-additivity and a Markov inequality involving a moment of order 4, we get

1
T3 < (mér)il sSup )N (‘ga (ﬁa,r,ng(r)/c) - )‘(Ta Ry C)KG(T)’ > 5 log(l/T)ﬁ)

a€G(r,m

< (md,) 124 log(1/r)* sup a 'N, {(@a(ﬁa,r,ﬁg(r)/c) — A(r, K, c)ea(T))4] . (IL69)
a€G(r,m)
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Recall notation %, , = {I'; ,1<i<Z,,} for the set of T (a)-balls with radius r. Then,
consider the decomposition

Za,r

) e - 53

where X; = (%(T;) (l{ga(pi)zﬁg(r)/c} — A, K, c)) Using Lemma [3.J] we see that under
N,, conditionally on Z,, the random variables £*(I'1),...£%(I'z, ) are independent and
exponentially distributed with mean r/2. Thus, the definition (ILET) of A(r, x,c) entails
that under N, conditionally on Z,,, the r.v. Xiy,... Xz, are ii.d., with mean 0 and a
moment of order 4. Then, by Lemma [3.4]

Zarw \
N, (ZXZ-) < 3N (X!)N, |22, ] (I11.70)
=1

From (IL6R), we know that A(r, s, c) =23 0, so for all sufficiently small r, A(r, s, c) < 1/2
and |X;| < ¢2(T'1), which implies No[X}] < No[¢¢(I'1)*] = 274 for all sufficiently small
r. Moreover, Z,, is under N, a geometric r.v. with "success" probability p = r/2a (see

Lemma B.T]), thus N, {Zg,r} = (2—p)/p? < 8a?/r?. Combining (IL69) and (ILT0), we get,
for all sufficiently small 7,

3r 8a?
T3 < 3.2%.(md,) Flog(1/m)*  sup a_lLi2 < 103m 2 log(1/r)*#r1/?, (IL.71)
a€G(r,m) 2 r

recalling that &, = 73/2. Observe now that the right hand side is smaller than (1/4) log(1/r)~?
for all sufficiently small 7.

For the term T4, Lemma entails

Ty <N < sup ¢ (T) > %)\(T, K,c) ! log(l/r)_6>

be[m,m=1]

< (2/m) exp (= (m/A(r, K, ¢) T log(1/r) 7). (11.72)

By (IL6]),

-1 - . < 2k/c—f -1
A1, kye) " log(1/7) o om log(1/r) loglog(1/r)™.
Recall that 2x/c—f > 0 and take ¢ € (0,2k/c—3). Thus, for all sufficiently small r,
Ty < (2/m)exp (—log(1/r)),
which is smaller than (1/4)log(1/r)~2 for all sufficiently small r. [

4.1.2 Proof of Theorem 4.1l

Let k € (1/2,00), and let m € (0,1/2). Let 5 € (1,00) such that 2k — 5 > 0. For all
a € (0,00), y € (1,00) recall from ([I.54]) the definition :

AYF = {O‘ €T(a): hr:ljélp % < y/{} . (I1.73)
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For any p € N, set 7, := y . By Lemma [4.4] for all sufficiently large p,
N < [Sup l]éa (Ea,rp,ng(rp)) > 4log(1/rp)5> <log(1/ry) 2 =log(y) 2p~2, (I.74)
ac|\m,m-

whose sum over p is finite. By Borel Cantelli lemma,

N-a.e., for all sufficiently large p, sup ¢ (anpﬁg(rp)) < 410g(1/rp)_6. (I1.75)

a€[m,m1]

Moreover, log(1/r,)# = log(y)?p?, and recall that 8 > 1. Thus, ([L75) entails that
there exists a Borel subset V,, C C?, such that N(C°\ V) =0, and on Vy:

Va € [m,m Y], Z Ea(ﬁa,rp,,{g(rp)) = Z 0% ({o : £*(B(o,rp)) >kg(rp)}) <o0.
p=1 p=1

We can apply again the Borel-Cantelli Lemma, to the finite measures £¢ to get that,
(" (B(o,rp))

on'V, Vaé&[m,m ', (“(do)-ae Ipyla,0), ¥p>pola,o), ) <k
g\Tp
(I1.76)
*(B(o,u (e (B(o,r Le(B(o,r . .
If w € (rpy1,7p), one has £ (]j((u)’ ) ;giﬂ‘)’)) <y (]j(g,p)p)). Combined with

([LT6), this entails that on V, for all a in [m,m~!], for ¢(%-almost every o in T (a),
lim sup,_,o ¢*(B(0,r))/g(r) < yk. This can be rewritten in

on'V,, Vac[mm?'], (*(T(a)\A%¥)=0. (IL.77)

Now set V.= {V,;y > 1;y € Q}. Clearly, N(C°\ V) = 0 and by monotonicity, for

all & € (r,00), T(a)\ A ¢ U {T(a)\ AY*}. Tt follows easily from (ILZ7) that
y>1y€Q

on'V, Vac[mm'], Vi€(ko0) (T(a) \ Agl) =0. (IL.78)
Thus, using Lemma 2.2, we get :

on V. VA Borel subset of 7 Va € [m,m '] Vx' € (k,00)
0 (A) = 00 (ANAY) < Wty (ANAL) < KA (AN T ()

This ends the proof of Theorem ETl letting &’ \ k.

4.2 Proof of Theorem [4.2l.
4.2.1 Small balls.

For given level a € (0,00) and r € (0, 00) we recall the notation 4, , for the set of T (a)-
balls of radius r. We recall from ([L4TI)) that for r > 7' > 0, a ball I’ € %, is contained
in a unique ball in %, ,, denoted I'[r]. Let r = (ry,...,7,) and € = (e1,...,&p1), where
the r; and the ¢; are strictly decreasing. Recall from ([L42)) that T', a 7 (a)-ball of radius
Ty, is (r, e)-small iff

Vk € [1,n—1] £*(DT[rg]) < ex.
The total number of (r,e)-small balls at level a is denoted by S,y (see (IL43])). For
u € (0,00), we write ur = (ury,...,ur,). We recall from ([L28]) the following notation :

if T' is a 7 (a)-ball, then, for all b > a, I'” is the subset of all the vertices in 7 (b) having
an ancestor in I'. Namely, '’ = {o € T(b),30’ € T : 0’ € [p,0]}.
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Lemma 4.5 Let a,d € (0,00), and n > 2. Let r = (r1,...,ry) and € = (£1,...,6n1),
where the r; and the ¢; are strictly decreasing. Let c € (1,2), a € (0,1/2) and & € (o, 1/2).
If 6 < Cz;clrn, then

4 2
N ( sup  Shrae > Sa7c—1,,,d€> < T_n exp <— (\/5—\/5) 6n1/5) .

bela,a+d) n

Proof. Let us denote By = {SUPbe[a7a+6} Shrae > Sacirae)- Next, we define the event
Bl by

By ={3ke{l...,n—1}, AreB, (4(T) > Gey, and  inf 2(T%)<agg}. (IL79)

refe b€[a,a+4]

We will prove that By C Bj, that is to say

on CY\ By, sup  Shrae < Sgcirge- (I1.80)
b€[a,a+4]

Proof of (IL80). We work deterministically on C°\ B;. The inequality (IL80) follows from
the following claim.

For every b € [a,a + 0], for every I a T (b)-ball of radius r,, which is (r,ae)-small,
there exists Y a T (a)-ball of radius r,/c such that Y is (c'r, ae)-small and T° C T.

Assume that the latter is true. Then, to any (r,ae)-small ball at level b corresponds

a (¢'r,ae)-small ball at level a and the correspondence is injective. Summing over all

T (b)-ball, we obtain ([L.80I).

Now let b € [a,a + 6] and I' € %y, such that I' is (r,ae)-small. Let o € T' and let
0, its unique ancestor at level a. Namely o, € T (a) and o, € [p,0]. We denote T =
[(oa,mn/c) € By, e the T (a)-ball of radius r,,/c that contains o,. We claim that T is
(c'r, ae)-small and that Y C T. To prove this, we show

Vke{l,....n} (Y[ri/c)® C T[rg]. (11.81)

Let k € {1...n} and let v € (Y[ry/c])’. Its unique ancestor at level a, denoted g, is
such that v, € Y[ry/c]. Two cases may occur. First, if d(o,v) < 2(b — a), then we have
2(b—a) <25 < Zr,, <1, <1y The other case corresponds to d(o,v) > 2(b—a). Then
d(p,o Av) = 2(2b—d(0,7)) < a. Thus, 0 Ay = 04 A, and we have

d(Uv’Y) =2b— 2d( 70-/\'7)
=2a —2d(p,04 N Va) +2b—2a
< d(o'aa'Ya) + 20

r c—1
<=4
c

Tn < Tk,
where we used in the last line that o, € I' C T'[ry/c]. In both cases, d(o,7) < 7 so
v € I'(o,r) = I'[rg], the last equality being a consequence of Proposition [2.1] (i), and the
definition of I' = I'(o, 7,). Thus, ([L8I]) is proved and it implies

vke{l..n=1} ¢ ((Xlr/d)’) < £ (T[r]) < ey,
which, on C°\ By, implies

Vke{l...n—=1} £*(Y[ri/c]) < aey.
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This entails that Y is (¢'r, &e)-small. The inclusion T® C T was proved at line (IL8T))
with k& = n because T = Y[r,/c] C T'[r,] =T.
End of the proof of (IL30Q)

As in the proof of Lemma [A.3], we can use the fact that under N, conditionally on G,,
if T is a T (a)-ball, then the process {6‘”“/(1““*“,), a > O} is a Feller diffusion started at
¢%(T"). Using sub-additivity and Lemma B35 (i), we get

n—1 Zaﬂ"k/c 2
1 _ /
N (Bl) < kil ENG [ i:E 1 1{5“(Fi)25{€k} exp (—5 1 ( Ea(rz) — \/Oée’ik) )] (1182)

1 . _ 9 n—1
< _ ©XD (—6 1 (x/oze — w/ozek) > Z E [Zwk/c} (11.83)

k=1
The proof is completed recalling that for all k € {1...n—1}, e < ,1, and that, by
Lemma Bl N, [Z, ] = Ti‘;c < %C < f—:. |

Let us introduce
VieN, r;=2"7 and ¢;=g(r;) (I1.84)

and then

VpeN, Gp=1(4/30), W =(rj;jp <j<jpa—1) and e®) = (g; jp<j <fpy1—1).

11.85
Let m € (0,1/2), we also introduce the following discrete grid ( )
G'(p,m) := {mﬁl + kop, k € N*} N [m, m™1], (I1.86)

where ¢, is the mesh of the grid, given by
oy =131 (11.87)

Note that G’(p, m) contains less than (md,)! points.

Lemma 4.6 Let o € (0,1/2), m € (0,1/2). For p € N, denote u, = g(rjpﬂ)*lp_Z.
Then there exists po € N only depending on o, m such that for all p > py,

be[m,m=1]

N( sup Sbﬂ,(p)’as(p) > up> <p 2. (I1.88)

Proof. Let & € («,1/2) and c in (1, 00) such that 2ca € (0,1). In what follows, we denote
T} the left-hand-side of (IL8]]). Observe that T} < T] + T3, where we have set

/
Ty =N| sup S, 1maee SUpi SUD Sy o) gele) > Up |
a€G'(p,m) be[m,m=1]

/
T,=N sup Saycflr(p)@s(p) > up | -
acG’ (p,m)
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Using sub-additivity and Lemma [45] we get

Tll S N U { Sllp Sb r(P) as(P) > Sa, cly (p) as(P)}
acG’ (p,m) be(a,a+0p)

<(md,)" sup N < SUP Sy r ) ae® > Sqir®) el ))
a€G’ (p,m) b€la,a+0p]

< (m, ) L) o (— (VG- ) 6;19<r<jp+1—2>>) .

T(]p+1)

One has 6,'g(r(jpr1—2)) > 6,'9(r(jps1)) = 7(jpr1) /4 loglog 1/r(jps1), which implies
that T} is smaller than (1/2)p—2, for all p sufficiently large (it is obviously not a sharp
bound).

Recalling the definitions ([L44]), we set

pp = p(c'r?), ae) = N (Sr(jp)/(Qc),cflr@),&sm)) : (I1.89)

We will prove that T5 < T4 + Ty, where

T§=N< SUP Sy c1r) aet — fpl™ ( )|>Up/2>
acG' (p,m)

T;=N ( sup  ppl® (T) > up/2> .

a€G’ (p,m)

By sub-additivity and a Markov inequality involving a moment of order 4, we get

Té < (mdp)’l sup N (‘Sa#flr(p)@s(p) ppl “(T)| > up/z)
a€G’ (p,m)

4
< (m&y) 2" s )N[(Sa,clr@),&s@—ﬂpea m)]. o
aeG’ (p,m

We want to apply Lemma 3.7 with r = ¢ 'r®) and e = Ge®). Thus, recalling ([L84) and
(IL84), we check that for all sufficiently large p, m/r(jp) > 1 and r(jp)/r(Jpr1—1) > 2.
Recalling that ¢y € (0,10%] is the universal constant given by Lemma B.7, we get from

(TL.0)

. r(jp)* oo T(p)°
Ty < (mé,) 2% sup  cpa——-— < 2tegm P —P (I1.91)
’ P b a€G' (p,m) T(Jp+1—1)* 5pu§7"(]p+1)4
Recall that u, = g(r(jp+1))"1p 2, and by (IL&4) and ([L85), we get loglog(1/7(jp)) -
p—00
plog(4/3). Hence, u, > p~3r(jp+1) " and (IL9I) implies

- 2 .
T} < 24cqm2p'? f(jp)gjw . (I1.92)
7(Jp+1) M

(]")5/4 is smaller than r(j,)'/3. Thus, T} is smaller

r(Jp+1)
than (1/4)p~2 for all p sufficiently large.

Now, one can plainly check that
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For the term T}, we use Lemma to obtain

Ty < (2/m)exp (—(m/4)upu;1) . (I1.93)

Recalling (IL89) and Lemma 3.8, we get that for all p,

5 jp+1*2 1/2
pp < ——— H P(A:J_H/Cﬂ,j/c < arjlog log(l/rj)) (I1.94)

o T(ijrl) J=Jp

We want to get an lower bound of up,u;l, so we compute an upper bound for u;l,up.
Recalling that u, > p=3r(jp+1) ", one has

1 jp+1_2 1 jp+1—2
Uy pp <5pPexp | o D0 log(1—gqj) | <5p’exp (=5 > 4|, (11.95)

J=Jp J=Jp
where ¢; = P(A:jﬂ/c,rj/c
Lemma [3.3] that
. (1_1)2 2aryloglog 1/r; exp _ 2aggloglog1/r; N (1_1) exp _ 2agyloglog1/r;
2 T4/c /e 4 T/c

~ ac loglog(1/r;)e~2aclosloall/rs)
J]—00 2

> arjloglog(1/r;)). Recalling that r; = 277, it follows from

2ac

o~ log(5)i ",
]-)OO

where ¢ is a positive constant depending on «, &, c. We stress that the particular choice
of ¢ was made to ensure that y := 1 — 2ac is strictly positive, so that the following is true
for all large p :

Jp+1—2 Jp+1—2 05 Jp+1—1 05 1 4\ PX

>z Y i Z/ pdr o~ T ((4/3)° 1) (5) -
Jp Jp Jp

Thus, for all p sufficiently large, Z?i 1 ¢; > 2p which, combined with ([L95)), entails

that u;l,up < 5p3exp (—p). Thus, up,u;l > 5 1p~3eP. Finally, we see from ([L93) that T}

is smaller than (1/4)p~2 for all p sufficiently large, which ends the proof. |

4.2.2 Proof of Theorem

Let a € (0,1/2). For a level a € (0,00), we recall the definition (IL54) of A%. To show
that the g-Hausdorff measure of A is null, we need an efficient covering of this set. Let
us recall the integer sequence j, = |(4/3)?] and the radii r; = 277. For p € N, we recall
the definition of the finite subsets r® = {r; j, < j < jpy1—1}, and e®) = {g;,j, < j <
Jp+1—1} where €; = g(r;). Recalling the definition ([L42)) for small balls, we set

o0
Cn = U {F € Bar(jppr): Lis (r(p),ozs(p))—small} .
p=n
Observe that if ¢ € A2, then the T (a)-ball T (0,7 (jpr1)) is (r®, ae®)-small for all large
p, thus for all n € N, we have AY C €,,. Let us recall the definition (ILIE) of Hausdorff
measures, and the fact that the diameter of a 7 (a)-ball is smaller than its radius. We get

Va € [m,m™] AL (AL) <D S, 0 aewr- 9 (T(ng1) s (I1.96)

p=n
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because A§ C ¢,,. Thus,

Va € [m,m™] £ (A%) < limﬁsup Z Sor® 0ew -9 (T(p+1)) - (I1.97)
n—oo T

Now, let m € (0,1/2). Applying Lemma 6] we easily get that

o]
Z N Sup Sa,r(ﬂ),as(P) > 'LLp < 00,
p=1 €[m,m1]

where we recall the notation u, = g (r(j,4+1)) " p~2. By Borel-Cantelli lemma there exists
a subset V' C C such that N (C°\ V') = 0 and such that

onV' ¢ (r(jp+1)) sup ) Sam(p),as(p) <p72 for all suff. large p.

a€[m,m-

Combined with ([L96]), we deduce on V’, for a € [m, m™'], one has
oo
. 2
A (A7) < lim Y p 2 =0,
p=n
which is the desired result.

4.3 Proof of Theorem 1.2l

Let r € (1,00), a € (0,3), and m € (0,1/2). Theorem EI] entails that there exists a
Borel subset V = V(x,m) C C? such that N (C°\ V) =0 and

on V(x,m), for all Borel subset A C T, Va¢&[m,m*'], (*(A) <k (ANT(a)).
(IL98)
Now, let us rewrite the definition (IL54)

AY = {0 €T(a): liI:lj(l)lp % < oz} . (I1.99)

According to Theorem E2] there exists a Borel subset V! = V’/(a,m) C C such that
N (C°\ V') =0 and

on V'(a,m) Va€[m,m™] 4 (AZ)=0. (I1.100)

Let o < « and notice that T(a) \ AY C {0 s lim sup%
r—0

(IL13), we know that N-a.e. for all a € (0,00), £%(T \ T(a)) = 0. Thus, on V', for all
Borel subset A C T, and for all a € [m,m™'] and all & < «, Lemma 23 entails

> o } Moreover, from

0 (A) = 07 (AN (T(a) \ A7) = o/ 5 (AN (T(a) \ AF)) = o/ H5 (AN T(a)), (IL101)
where we used (ILI00) for the last equality. Letting o/ — «, we get

on V/(a,m) for all Borel subset A C T, Va € [m,m™] (*(A)>a#(ANT(a)).
(I1.102)
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Now, let us set

V= ﬂ V(k,m) ﬂ ﬂ V'(a,m) | . (I1.103)
KE(1/2,00)NQ a€e(0,1/2)NQ
me(0,1/2)NQ me(0,1/2)NQ

Clearly, V is a Borel subset of C? such that N (CO \ \7) = 0. Moreover, combining (IL.98)

and ([LI02), we get that on V, for all Borel subset A C 7T, and for all level a € (0,00),
one has (* (A) = 3., (AN T (a)).



CHAPTER
THREE

EXACT PACKING MEASURE OF THE RANGE OF
»-SUPER-BROWNIAN MOTIONS.

This article [32] has been written in collaboration with Thomas Duquesne.

Abstract. We consider super processes whose spatial motion is the d-dimensional Brown-
ian motion and whose branching mechanism 1 is critical or subcritical; such processes are
called 1)-super Brownian motions. If d>2v/(y—1), where v € (1, 2] is the lower index of 1)
at 0o, then the total range of the ¥-super Brownian motion has an exact packing measure
whose gauge function is g(r) = (loglog1/r)/¢ = ((1/rloglog 1/r)?), where o = ¢/ o9/ L.
More precisely, we show that the occupation measure of the -super Brownian motion is
the g-packing measure restricted to its total range, up to a deterministic multiplicative
constant only depending on d and . This generalizes the main result of [36] that treats
the quadratic branching case. For a wide class of v, the constant 2v/(y—1) is shown to
be equal to the packing dimension of the total range.

AMS 2000 subject classifications: Primary 60G57, 60J80. Secondary 28A78.

Keywords: Super-Brownian motion; general branching mechanism; Lévy snake; total
range; occupation measure; exact packing measure.

1 Introduction.

The main result of this paper provides an exact packing gauge function for the total
range of super processes whose spatial motion is the d-dimensional Brownian motion and
whose branching mechanism 1 is critical or subcritical. We call such super processes
W-super Brownian motions (or ¢-SBM, for short). This generalizes the main result of
[36] that concerns the Dawson-Watanabe super process corresponding to the quadratic
branching mechanism ¥()\) = A\2.

Before stating precisely our main results, let us briefly recall previous works related
to the fine geometric properties of super processes. Most of these results concern the
Dawson-Watanabe super process (Z;);>o. Dawson and Hochberg [25] have proved that
a.s. for all ¢t > 0, the Hausdorff dimension of the topological support of Z; is equal to
2 Ad. In [28], Dawson and Perkins prove that in supercritical dimensions d > 3, the
Dawson-Watanabe super process Z; is a.s. equal to the hi-Hausdorff measure restricted
to the topological support of Z;, where hy(r) =7r2loglog1/r (see also Perkins [100} [T01]
for a close result holding a.s. for all times t). By use of the Brownian snake, Le Gall and
Perkins [87] prove a similar result in the critical dimension d=2 with the gauge function
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ho(r)=r%log1/rlogloglog1/r. In [88], Le Gall, Perkins and Taylor have proved that in
dimension d> 3, the topological support of Z; has no exact packing measure.

Dawson and Hochberg in [25] also proved that the Hausdorff dimension of the total
range of the Dawson Watanabe super process is a.s. equal to 4 A d. In [26], Dawson Iscoe
and Perkins investigate the fine geometric properties of the total occupation measure
M = fOOOZt dt of the Dawson-Watanabe super process: they prove that in supercritical
dimensions d > 5, M is a.s. equal to the hg-Hausdorfl measure restricted on the total
range of the super process, where h3(r) = r*loglog1/r. In [83], Le Gall considers the
critical dimension d=4 and he proves a similar result with respect to the gauge function
ha(r) = r*log1/rlogloglog1/r. In [36], the occupation measure M is also shown to
coincide a.s. with the g-packing measure restricted to the total range of the super process,
where g1 (r)=7r%(loglog 1/r)73.

For super Brownian motions whose branching mechanism is general, less results are
available: in [29], Delmas computes the Hausdorff dimension of super Brownian motions
whose branching mechanism is stable; this result is eventually extended in [41] to general
branching mechanism v thanks to geometric considerations on y-Lévy trees. The -Lévy
trees are the actual genealogical structures of the ©¥)-SBM; they are compact random real
trees coded by the height process (introduced by Le Gall and Le Jan [86] and further stud-
ied in [40]) and they appear as the scaling limits of Galton-Watson trees; their geometric
properties are discussed in [41], [42], [37), 38]. In particular, it is proved in [38] that Lévy
trees have an exact packing measure, which is closely related to the main result of our
article.

Let us introduce precisely the main results of our paper. We first fix a branching
mechanism 1 that is critical or subcritical: namely, ¥ : Ry — R, is the Laplace exponent
of a spectrally positive Lévy process that is of the following Lévy-Khintchine form:

VAER,, () =ar+ BN+ / (e — 14 Ar)7w(dr), (ITL.1)
(0,00)

where o, 5 €R,, and 7 is the Lévy measure that satisfies f(07oo)(r Ar?)m(dr) < co. The
branching mechanism ) is the main parameter that governs the law of the processes that
are considered in this paper. We introduce two exponents that compare ¢ with power
functions at infinity:

~v=sup{ceRy: lim PAMA ¢ =00}, m=inf{ceR;: lim YA =0}, (IIL.2)

The lower indez v and the upper index i have been introduced by Blumenthal and Getoor
[17]: they appear in the fractal dimensions and the regularity of the processes that we
consider. The statements of the paper also involve a third exponent:

d =sup {ceR; : IC € (0, 00) such that CY(p)u  *<P(ANAT, 1<pu<A} (I11.3)

that has been introduced in [38]. It is easy to check that 1 <d <~ <m <2 If ¢ is
regularly varying at oo, all these exponents coincide. In general, they are however distinct
and we mention that there exist branching mechanisms 1) of the form (IILI)) such that
d=1<~=mn (see Lemma 2.3 and Lemma 2.4 in [38] for more details). In our paper we
shall often assume that 6 >1 which is a mild regularity assumption on ¢ (see Comment
L4 below).

The space R? stands for the usual d-dimensional Euclidian space. We denote by
My (R9) the space of finite Borel measures equipped with the topology of weak convergence.
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For all u € M;(RY) and for all Borel measurable functions f : R? — Ry, we use the
following notation:

(o) = | J@)u(de) and (u) = (R .

Then, (u) is the total mass of u. We shall also denote by supp (1) the topological support
of 1 that is the smallest closed subset supporting pu.

Unless the contrary is explicitly mentioned, all the random variables that we consider
are defined on the same measurable space (€2, F). We first introduce a R%valued contin-
uous process & = (&)i>0; for all z € R4, we let P, be a probability measure on (9, F)
such that & under P, is distributed as a standard d-dimensional Brownian motion starting
from z. We also introduce Z = (Z;)icr., that isa My (RY)-valued caglad process defined on
(Q,F), and for all u€ M;(R?), we let P, be a probability measure on (2, F) such that Z
under P, is distributed as super Brownian motion with branching mechanism 1. Namely,
under P,, Z is a Markov process whose transitions are characterized as follows: for all
bounded Borel measurable functions f : R — R, and for all s,t€R,

P-as. E,[exp(—(Zits, f)) | Zs] = exp(—(Zs, ve)), (IIL.4)

where the function (v¢(2));cr, zere 18 the unique nonnegative solution of the integral
equation

ve(z) + Em[/0¢(vt—s(§s)) ds} =E.[f(&)], zeR% te0,00).

Dawson-Watanabe super processes correspond, up to scaling in time and space, to the
branching mechanism (\) = A\2. Super diffusions with general branching mechanisms
of the form ([ILI]) have been introduced by Dynkin [50]; for a detailed account on super
processes, we refer to the books of Dynkin [51), 52], Le Gall [84], Perkins [19], Etheridge
[54] and Li [89].

We easily check that, under P,, the process ((Z;))i>0 of the total mass of the 1)-
SBM is a continuous states branching process with branching mechanism . Continuous
states branching processes have been introduced by Jirina [69] and Lamperti [78, [79], and
further studied by Bingham [I3]. The assumption > 1, implies > 1, which easily entails
[ dA/¥(X) < oo that is called the Grey condition. Under this condition, standard results
on continuous states branching processes (see Bingham [I3]) imply that (Z) is absorbed
in 0 in finite time: namely, P, (3t € Ry : Z; = 0) = 1. Thus the following definition makes
sense:

M = / Zy dt (I11.5)
0

and M is therefore a random finite Borel measure on R%: it is the occupation measure of
the ¥-SBM Z. We also define the total range of Z by

R =[] Jsupp(Z), (I11.6)

e>0t>e

where for any subset B in R%, B stands for its closure. We recall here a result due to Sheu
[110] that gives a condition on ¢ for R to be bounded:

> db
P,-a.s. R is bounded <+—— / —_—
1/ f7 #(a)da

< oo and supp (p) is compact.

(111.7)
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See also Hesse and Kyprianou [67] for a simple probabilistic proof. Note that if v > 1,
then (IIL7) holds true.

We next denote by dimpy and dim,, respectively the Hausdorff and the packing dimen-
sions on R%. We also denote by dim and dim the lower and the upper box dimensions. We
refer to Falconer [58] for precise definitions. We next recall Theorem 6.3 [41] that asserts
that for all pe M f(]Rd) distinct from the null measure, the following holds true.

2
If v > 1, then Py-as.  dimy (R) =d A —— (IIL8)

n—1
If furthermore supp () is compact, then R is bounded (by ([IL7)) and Theorem 6.3 [41]
also asserts that P,-a.s. dim (R) = d A % As already mentioned ([ILS8) generalizes the
work of Delmas [29] that treats SBMs whose branching mechanism is stable. Note that
the assumption > 1 is not completely satisfactory for dimy (R) only depends on d and n
(see Proposition 5.7 [41] and the discussion in Section 5.3 of this article). The first result
of our paper computes the packing dimension of R under more restrictive assumptions.

Theorem 1.1 Let p € Mf(Rd) be distinct from the null measure. Let v be of the form
(IIL1). Let R be the total range of the 1»-SBM with initial measure p, as defined in ([IL6).
Assume that § >1 and that d> %. Then,

2
Py-a.s. dim,(R) = —1—. (IIL.9)

-1

_ 2y

If furthermore supp (u) is compact, then P,-a.s. dim(R) = e

Comment 1.1 Theorem 5.5 [41] shows that if v > 1, the Hausdorff and the packing
dimensions of the -Lévy tree are resp. % and ﬁ Thus, for all sufficiently large d,
(ITL8) and ([IL.9) imply that the Hausdorff and the packing dimensions of R are twice
that of the ¥-Lévy tree. This can be informally explained by the fact that R appears as
the range of the -Lévy snake that can be viewed as a Gaussian process indexed by the
¥-Lévy tree that is (1 —e)-Holder regular for any e € (0,1/2) (see Lemma 6.4 [41] and see

also (IIL33]) in Section [Z4] of the present paper for more details). O

Comment 1.2 The above mentioned Holder-regularity of the Lévy snake studied in [41]
also entailsihat if supp (i) is compact and if 4 > 1, then dim(R) < d A % Since
dimy,(A) <dim(A) for any bounded A CR? (see e.g. [58]), an easy argument entails that
for all non-null finite measure y, if 4> 1, then P,-a.s. dim, (R) < dA % This, combined
with ([IL8) entails that

2
if =~ > 1, then P,-as.  dimy(R) = dim,(R) = d A —— | (I11.10)

~v—1
with the same equality for the lower and the upper box dimensions if supp (u) is compact.
The equality v=mn holds true for instance if ¢ is regularly varying at oco. Therefore, the
novelty of Theorem [[LT] only concerns the cases where v #mn. O

Comment 1.3 In Theorem[L.]] note that Assumption d > 1 is not optimal since the value

of dim, (R) only depends on 7. Our arguments fail to prove (IIL9) when de (%, 2.

We conjecture that if v >1, then P,-a.s. dim,(R) =d A % O
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Let us set ¢ = 9’ o p~!. The main properties of that increasing function are stated
in Section Here, we just notice that the reciprocal function of ¢, that is denoted by
¢~ 1, is defined from [, 00) to [0,00). Then, we set

1
log log -
)
o7 ((L1oglog 1)?)

g(r) = r € (0,70) (TIL.11)

where ro=min(a /2, e~¢), with the convention a~'/2 =00 if a=0. We check (see Section
2.2) that g is a continuous increasing function such that limgy g = 0.

We next denote by &, the g-packing measure on R?, whose definition is recalled in
Section 211 The following theorem is the main result of the paper.

Theorem 1.2 Let p € Mf(Rd) be distinct from the null measure. Let 1) be of the form
(IIL1). Let Z be a )-SBM starting from p; let R be its total range, as defined by ([IL6G),
and let M be its occupation measure, as defined by ([I[3). Let g be defined by ([IL11).
Assume that
0>1 and d> = .
~v—1

Then, there exists a positive constant Kqy that only depends on d and 1 such that
P,-a.s. M = kqyp Z¢(-NR) . (I11.12)

Comment 1.4 Unlike Theorem [Tl we think that the assumptions of Theorem are
optimal in the following sense. Indeed, since dA=22; is thought to be the packing dimension
of R, (IL12) probably does not hold true when d < 2.

Moreover, arguing as in Lemma 2.3 [38], we easily check that § > 1 if and only if
g satisfies a doubling condition (see ([ILI3]) Section 21)). Although, it is possible to
define packing measures with respect to irregular gauge functions (see Edgar [53]), the
doubling condition is the minimal assumption on a gauge function which implies that
the corresponding packing measure has nice properties (regularity, comparison lemmas).
In this sense, Assumption § > 1 is required to stay within the framework of standard
geometric measures. O

Comment 1.5 In the stable cases where (A\)=\Y with v&(1,2], then

2y a+1
= ry-1

Vr € (0,00), g(r) (loglog1/r) =1 .

If v =2, then g(r) = r*(loglog1/r)~3 and we recover the result from [36]. Moreover,
note that in the stable cases, Theorem [[T] is a straightforward consequence of Theorem
However, when « # n, it turns out that Theorem [[T] cannot be simply derived from
Theorem indeed, one important ingredient of the proof of Theorem consists in
computing the lower local density of M with respect to g; this lower limit is achieved along
a deterministic sequence of radii whose images by ¢ are hard to compare with a power
function. O

The paper is organised as follows. In Section 2] we recall definitions and basic results.
Section 21is devoted to packing measures and to two comparison lemmas that are stan-
dard technical tools used to compute packing measures. Section gather elementary
facts on the power exponents §, and 7 associated with the branching mechanism . In
Section [2.3] and in Section [2.4] we recall the definitions of — and various results on — the



CHAPTER III. EXACT PACKING MEASURE OF THE RANGE OF %-SUPER-BROWNIAN
96 MOTIONS.

1-height process, the corresponding 1-Lévy tree and the associated -Lévy snake. In Sec-
tion Bl we prove estimates on a specific subordinator (Sections BIland Section B3]) and on
functionals of the snake involving the hitting time of a given ball (Section and Section
B4). Section M is devoted to the proof of the two main theorems: we prove Theorem
first and Theorem [L.T] next.

2 Notations, definitions and preliminary results.

2.1 Packing measures.

In this section, we briefly recall basic results on packing measures on the Euclidian
space R? that have been introduced by Taylor and Tricot in [I12].

A gauge function is an increasing continuous function g : (0,ry) — (0, 00), where rg €
(0,00), such that limg; g=0 and that satisfies a doubling condition: namely, there exists
C'€(0,00) such that

Vr e (0,r0/2), g(2r) < Cyg(r). (I11.13)

Let BCRY and let £ € (0, 00). Recall that a (closed) e-packing of B is a finite collection of
pairwise disjoint closed ball (B(Zm,"m))1<m<n Whose centers z,, belong to B and whose
radii r,, are not greater than €. We then set

ﬁée)(B) = sup { 1<Z<g(rm) ; (E(Cﬂm, Tm))lgmgn , e-packing of B} (I11.14)
and
“(B) = li (e)
Z,(B) 61;1& 2, (B) € [0,00] , (II1.15)

that is called the g-packing pre-measure of B. The g-packing measure of B is then given
by

Py(B) =it { 3" 23(B,); BC|J By |- (111.16)

n>0 n>0

Remark 2.1 The definition ([ILI14) of L@E(f) that we adopt here is slightly different from
the one introduced by Taylor and Tricot [112] who take the infimum of Y7 _; g(2ry,)
over e-packings with open balls. However, since ¢ is increasing, continuous and satisfies
a doubling condition ([TLI3)), the resulting measure is quite close to Taylor and Tricot’s
definition: the difference is irrelevant to our purpose and their main results on packing
measures immediately apply to the g-packing measures defined by ([ILIH). O

Next recall from Lemma 5.1 [I12] that &7, is a Borel-regular outer measure. Moreover,
it is obvious from the definition that for any subset B C R¢,

Py(B) < P:(B) . (111.17)

Next, if B is a Z;-measurable set such that &,(B) < oo, then for any € >0, there exists
a closed subset F; C B such that

Py (B) < Py(F.) +¢ . (IIL.18)

We recall here Theorem 5.4 [112] that is a standard comparison result for packing measures.
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Theorem 2.1 (Theorem 5.4 [112]) Let p be a finite Borel measure on R%. Let B be a
Borel subset of R%. Let g be a gauge function satisfying a doubling condition {IIL13) with
a constant C'>0. Then, the following holds true.

(i) If liminf,_ % > 1 for any x€ B, then u(B) > Z4(B).

(ii) If liminf, g % <1 for any x € B, then u(B) < C*2,(B).

We also recall the following specific result due to Edgar in [53], Corollary 5.10.

Lemma 2.2 (Corollary 5.10 [53]) Let i be a finite Borel measure on RY. Let 1€ (0, 00)
and let B be a Borel subset of R¢ such that
(B(z,7))

Vr € B, lim inf 823570
ro0+ g(r)

Then, u(B) = Z4(B).

Remark 2.2 The main purpose of Edgar’s article [53] is to deal with fractal measures
in metric spaces with respect to possibly irregular gauge functions. Corollary 5.10 [53]
(stated here as Lemma [22]) holds true in this general setting if u satisfies the so called
Strong Vitali Property (see [53] p.43 for a definition and a discussion of this topic). A
result due to Besicovitch [II] ensures that any finite measure on R¢ enjoys the Strong
Vitali Property. Therefore, Lemma is an immediate consequence of Edgar’s Corollary
5.10 [53). O

We finally recall the definition of the packing dimension: let o € (0,00); we simply write
P, instead of Z, when g(r) = 1%, r€ (0,00). Let BCR® Then, the packing dimension
of B, denoted by dim,(B) is the unique real number in [0, d] such that

Po(B) =0 if a<dimy(B) and Z,(B)=0if o> dimy(B). (I11.19)

2.2 Exponents.

In this section we briefly recall from [38] several results relating power exponents
associated with 1 to properties of the gauge function g introduced in ([ILII]). Recall that
the branching mechanism 1 has the Lévy-Khintchine form ([ILI]). It is well-known that
Y is the Laplace exponent of a subordinator, just like ¢!, the reciprocal of 1. Thus,
¢ = 1’ o9p~! is also the Laplace exponent of a subordinator. Note that ¥/(0) = a. As
already mentioned, the reciprocal function of ¢, denoted by ¢~ ! is then defined from
[, 00) to [0,00). We also introduce the function (X)) = 1(A)/A that easily shown to be
also the Laplace exponent of subordinator. Next observe that 1/¢ is the derivative of Pt
and recall that v is convex and that 1’, 1, ! and ¢ are concave. In particular, this
implies ¢(2X) < 2¢()\) and the following

P2A) =¥V
A

4\
PH(A)
(I11.20)
Let ¢ : [0,00) — [0,00) be a continuous increasing function. We agree on sup ) = 0 and
inf ) = co and we define the following exponents that compare ¢ with power functions at
infinity:

(2N <4p(N), PN <P’ (V) < <49()) and <p(A)<

A
=t

7o =sup {c € Ry : lim ¢(A)A™ = 0}, np=inf{ceRy: lim ¢(A)A™ = 0} . (IIL.21)
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Then, 4 (resp. ny) is the lower exponent (resp. the upper) of ¢ at co. We also introduce
the following exponent

6y =sup {c € R} : 3C€(0,00) such that Cop(p)p  <Pp(MA™, 1<u<A} (I11.22)

that plays a important role for the regularity of the gauge function. Thus by ([IL2) and

(ITL3)
Y=Y, M=, 0 =0y

It is easy to check that 1 <§ <~y <n<2. If ¢ is regularly varying at oo, all these exponents
coincide. In general, they are however distinct and we mention that there exist branching
mechanisms 1) of the form ([ILI)) such that § =1 <~ =mn: see Lemma 2.3 and Lemma
2.4 in [38] for more detail. As a direct consequence of ([IL20) we have 5@2 dyr =0—1,
'yJ:'yw/:'y—l and 771;:77@0/:77—1- Moreover, we get d, = (6 —1)/8, v, = (v —1)/7v and
ne =(n—1)/n.

Recall from ([ILII)) the definition of the function g. The arguments of the proof of
Lemma 2.3 (i) in [38] can be immediately adapted to prove that g : (0,79) — (0,00) is
is an increasing continuous function such that limg; ¢ = 0 and such that it satisfies the
following.

(i) The function g satisfies the doubling condition ([ILI3)) iff § > 1.

(#i) If ¢ is regularly varying at oo with exponent ¢>1, then § =y=mn = c and g is

regularly varying at oo with exponent ¢/(c — 1).
We shall further need the following bound that is a consequence of ([IL20]).

Lemma 2.3 Let g the gauge function defined by ([IL11). Let ¢ € (0,00). Then there
exists r(c) € (0,79) that only depends on ¢ such that

Vr € (0,7(c)), g(r)y' Y c/r?) < 4r?.
Proof. Take r(c)€(0,79) such that loglog1/r(c)>1V+/c. Thus,
r e (0,7(c)), W Her )<Y (r  loglogr1)?) .

Recall that ¢~1=1) o¢/~!. By comparing 1 and v/ thanks to ([IL20), we get for all
re(0,7(c))

w’*l(cr*Q)loglog% - w'*l((%loglog%)Q)loglog%
P~ ((Floglog £)2) = (¢~1((5 loglog 1)?)
log log% 492

gy Her™?) =

— < T
b (¢/_1((% log log %)2)) log log +

IN

)

which is the desired result. |

2.3 Height process and Lévy trees.

In this section we recall the definition of the height process that encodes Lévy trees.
The Lévy trees are the scaling limit of Galton-Watson trees and they are the genealogy of
super-Brownian motion.
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The height process. Recall that ¢ stands for a branching mechanism of the form
(IILI). We always assume that v > 1. It is convenient to work on the canonical space
D(]0, 00), R) of cadlag paths equipped with Skorohod topology and the corresponding Borel
sigma-field. We denote by X = (X¢):>0 the canonical process and by P the distribution
of the spectrally positive Lévy processes starting from 0 whose Laplace exponent is 1.
Namely,

Vt, A €10,00), El[exp(—AX;)] = exp(ty(N)) .

Note that the specific form ([ILI]) of ¢ implies that X; is integrable and that E[X;] =
—at. This easily entails that X does not drift to co. Conversely, if a spectrally positive
Lévy process does not drift to oo, then its Laplace exponent is necessarily of the form
(ITLI)). We shall assume that 4 > 1 which easily implies that either >0 (and v=2) or
| 1) rm(dr)=o0. It entails that P-a.s. X has unbounded variation paths: see Bertoin [9],
Chapter VII, Corollary 5 (7i7).

Note that v > 1 entails [*°dA\/1(\) < oo and, as shown by Le Gall and Le Jan [86]
(see also [40], Chapter 1), there exists a continuous process H = (Hy)s>0 such that for any
t € [0,00), the following limit holds true in P-probability:

1
Hy = lim = ; Ly <x,<13+e} 48, (1I1.23)
where I} stands for infs<,<; X,. The process H = (H¢)¢>0 is called the ¢-height process; it
turns out to encode the genealogy of super-Brownian motion with branching mechanism
¢ as explained below. We shall need the following result that is proved in [40].

Lemma 2.4 ([40] Theorem 1.4.4) Assume that v>1. Then for every c € (0, 77_1), H
is P-a.s. locally c-Hélder continuous.

Excursions of the height process. We denote by I the infimum process of X:

VteRy, L= ng%tXr .
When 1 is of the form ¥ ()\) = A2, X is distributed as a Brownian motion and ([IL23))
easily implies that H is proportional to X—1, which is distributed as a reflected Brownian
motion. In the general cases, H is neither a Markov process nor a martingale. However it
is possible to develop an excursion theory for H as follows.

Since X has unbounded variation sample paths, basic results of fluctuation theory
(see Bertoin [9], Sections VI.1 and VIIL.1) entail that X —I is a strong Markov process in
[0,00) and that 0 is regular for (0,00) and recurrent with respect to this Markov process.
Moreover, —I is a local time at 0 for X — 1T (see Bertoin [9], Theorem VII.1). We denote
by N the corresponding excursion measure of X —1 above 0. More precisely, we denote
by (a;,b;), j€Z, the excursion intervals of X —I above 0 and we define the corresponding
excursions by X7 =X(a;+ )nb;~La;, JEZ. Then, > jeT 5(71% ,x7) is a Poisson point measure
on [0,00) xD([0,00),R) with intensity daz N(dX).

Next observe that under P, the value of H; only depends on the excursion of X —1
straddling time ¢ and we easily check that

U(aj,bj):{tZOIHt>0}.

JjET

This allows to define the height process under N as a certain measurable function H(X)
of X. We denote by C(Ry,R) the space of the continuous functions from [0,00) to
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R equipped with the topology of the uniform convergence on every compact subsets of
[0,00); by convenience, we shall slightly abuse notation by denoting by H = (H¢)¢>0 the
canonical process on C(Ry,R) and by denoting by N(dH) the "distribution" of the height
process H(X) associated with X under the excursion measure N(dX). Then we derive
from the previous results the following Poisson decomposition of the height process H (X)
associated with X under P: for any j € Z, set HI = H; 4 ynn;3 then, under P, the point
measure

> 01, 1) (I11.24)
JEL

is distributed as a Poisson point measure on [0,00) x C'(R4,R) with intensity dz N(dH).
For more details, we refer to [40], Chapter 1.

We denote by o the duration of X under its excursion measure N (with an obvious
definition). It is easy to check that H and X under N have the same duration and that
the following holds true.

N-ae. o<, Hy=H,=0 and H;>0<=1t€(0,0).

Basic results of fluctuation theory (see Bertoin [9], Chapter VII) also entail:
YA€ (0,00) N[1—e ] =471(N). (I11.25)
Local times of the height process. We recall from [40], Chapter 1, Section 1.3, the

following result: there exists a jointly measurable process (L$)q,se[0,00) Such that P-a.s. for
any a€[0,00), s — L% is continuous, non-decreasing and such that

Vt,a>0, HImE | sup
e—0 0<s<t

1 S
- / Ar Ljac st <ate) — L° ] =0. (I11.26)
0

€

The process (L§)se[o,00) is called the a-local time of H. Recall that I stands for the infimum
process of X. One can show (see [41], Lemma 1.3.2) that for fixed t, LY = —I;. Moreover,
one can observe that the support of the random Stieltjes measure dL® is contained in the
closed set {t > 0: H;, = a}.

A general version of the Ray-Knight theorem for H asserts the following. For any
x>0, set T, =inf{t >0 : Xy = —x}; then, the process (L, ; a > 0) is distributed as a
continuous-states branching process CSBP with branching mechanism v and initial state
x (see Le Gall and Le Jan [86], Theorem 4.2, and also [40], Theorem 1.4.1).

It is possible to define the local times of H under the excursion measure N as follows.
For any b > 0, let us set v(b) = N(sup:ejo,o] Ht > b). Since H is continuous, the Poisson
decomposition ([IL.24) implies that v(b) < oo, for any b > 0. It is moreover clear that v is
non-increasing and that lims, v = 0. Then, for every a € (0,00), we define a continuous
increasing process (L{)ic[0,00), Such that for every b € (0,00) and for any ¢ € [0, 00), one
has

lim N[l su
250 {sup H>b}0§s§12?/\o

1 S
- / dr Lo—ecrm,<ay — L2|| = 0. (IT1.27)
€Jo

We refer to [40] Section 1.3 for more details. Note that N-a.e. L} = L% for all t > 0. The
process (Lt“)te[()’oo) is the a-local time of the excursion of the height process.
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Lévy trees. We briefly explain how the height process H under its excursion measure
N can be viewed as the contour process of a tree called the Lévy tree. Recall that o is
the duration of H under N. For any s,t € [0, 0], we set

d(s,t)=H,+ H,—2 inf H,. (11.28)

u€[sAt,sVt]

The quantity d(s,t) represents the distance between the points corresponding to s and ¢
in the Lévy tree. Indeed d is obviously symmetric in s and ¢ and we easily check that d
satisfies the triangle inequality. Two real numbers s, t € [0, o] correspond to the same point
in the Lévy tree iff d(s,t)=0, which is denoted by s ~ t. Observe that ~ is an equivalence
relation. The Lévy tree is then given by the quotient set

T =10,0]/ ~ .

Then, d induces a true metric on 7 that we keep denoting d. Denote by p : [0,0] — T
the canonical projection. Since H is continuous N-a.e., so is p, which implies that (7, d)
is a random compact connected metric space. More specifically, (T, d) is N-a.e a compact
real-tree, namely a compact metric space such that any two points are connected by a
unique self-avoiding path, that turns out to be geodesic: see [41] for more details on Lévy
trees viewed as real-trees.

The mass measure of the Lévy tree 7, denoted by m, is the pushforward measure of
the Lebesgue measure ¢ on [0,0] via the canonical projection p. Namely, N-a.e. for all
Borel measurable function f: 7 — Ry,

(m, f) = /O " u(at) F(p(t)) -

One can show that N-a.e. the mass measure is diffuse; obviously its topological support
is 7 and m(7)=o0. We refer to [41] for more details.

Let r € (0,00) and let t € [0,0]. Let B(p(t),r) denote the open ball in (7,d) with
center p(t) and radius r. Then the mass measure of B(p(t),r) in (7,d) is then given by

altr) = m (B(0).1) = [ 609 L) (IT1.20)

We shall need the following result on the lower density of m at typical points that is
proved in [38], Theorem 1.2. To that end, we set

loglog%
e 1(Lloglog 1)’

Vre (0,ane ), k(r):= (I11.30)

Lemma 2.5 ([38] Theorem 1.2) Let 1) be a branching mechanism of the form (IIL1).
Let o be the duration of the height process H under its excursion measure N. Let k be as
in (IIL.30). Assume that 8 >1. Then, there exists a constant c1 € (0,00) that only depends
on ¢ such that

t
N-a.e. for (-almost all t € [0, 0] lim inf a(t,r) >,
r—0 kﬁ(’l“)

where a(t,r) is defined by (IIL.29) for all r€(0,00) and for all t€|0,].



CHAPTER III. EXACT PACKING MEASURE OF THE RANGE OF %-SUPER-BROWNIAN
102 MOTIONS.

The exploration process. As already mentioned, the height process is not a Markov
process. To explore in a Markovian way the Lévy tree, Le Gall and Le Jan in [86] introduce
a measure valued process p = (p;)¢>0 that is called the exploration process whose definition
is the following. Denote by M¢(Ry) the set of finite measures on [0,00) equipped with
the total variation distance. Recall that X under P is a spectrally positive Lévy process
starting from 0 whose Laplace exponent is ¢ that satisfies v >1. We denote by F;* the
sigma-field generated by X.,; augmented with the P-negligible events. Recall that for all
s,t€[0,00) such that s <t, I} stands for inf,c[; 4 Xy. Then, for all t€ [0, 00), the following
definition makes sense under P or N:

pe(dr) = Bl g, () dr + Z (I} — Xs—) 0p, (dr). (I11.31)
0<s<t
X, <I

Note that the M (R )-valued process p is (F;*);>o-adapted. The height process H can
be deduced from p as follows: for any ue M¢(R, ), we denote by supp () its topological
support and we define

H (p) = sup(supp (1)) ,
that is possibly infinite. We can show that

P-a.s. (or N-a.e.) Vte[0,00), supp(p:)=1[0,Hy .

As proved in [40], the exploration process p admits a cadlag modification under P and N.
By Proposition 1.2.3 [40], under N, p is a cadlag strong Markov process with respect to
(F)ezo-

2.4 The Lévy Snake.

The 1-Lévy snake is a generalization of Le Gall’s Brownian snake that greatly facilitates
the study of super processes: it provides a Markovian parametrisation of the genealogy
and the spatial positions of the underlying continuous population that gives rise to the
super process. We recall from [40], Chapter 4, the following definition of the 1)-Lévy snake.
To that end, recall that & = (&)i>0 is a R%valued continuous process defined on (€2, F)
and that for any z € R?, P, is a probability measure on (2, F) such that under P, ¢ is
distributed as a standard d-dimensional Brownian motion starting from z.

Snake with a deterministic Holder-regular lifetime process. We denote VW the
set of continuous stopped paths, namely the set of pairs (w,(y) where ¢, € [0,00) and
w : [0,¢] = R?is a continuous function. Here (y is the lifetime of w. We shall slightly
abuse notation by simply denoting w instead of (w, () in the sequel. The set W is equipped
with the metric d defined for w,w’ € W by :

d(W,W/) = |CW_CW/| =+ sup H W(tACW)_WI(tACW’) H
t>0

Here ||-|| stands for the Euclidian norm on R It can be shown that (W, d) is a Polish
space.

To define the finite dimensional marginal distributions of the snake, we first need to
introduce its transition kernels. Let w € W, let a € [0, (w] and let b € [a,00). We plainly
define a law R ,(w,dw’) on W by requiring the following.

(i) Rop(w,dw’)-a.s. w'(t) = w(t), Vt € [0,al.
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(i1) Rap(w,dw’)-a.s. ( = b.
(iii) The law of (w'(a+t))o<t<p—a under Ry p(w,dw’) is the law of (§;)o<i<p—a under Py ).
In particular, Roy(w,dw’) is the law of (&)o<¢<p under Py q).

We denote by (W;)s>0 the canonical process on the space WR+ of the W-valued func-
tions on R, equipped with the product sigma-field. We next fix z € R%. We slightly abuse
notation by denoting x the stopped path with null lifetime starting from x (and therefore
ending at x). Let h € C(R4,Ry) such that h(0) = 0. We call h the lifetime process.
For all s,s’€Ry such that s> s, we use the notation by(s,s’) = infs<,<g h(r). From the
definition of the laws R, ; and Kolmogorov extension theorem there is a unique probability
measure Qg on W'+ such that for all 0 = s < 51 < -+ < sp,

QNWy, € Ag, ..., Wy, € Ay (I11.32)

= 1Ao (x) / Rbh(so,sl),h(sl)(WO, dWl) cee Rbh(sn_l,sn),h(sn) (anla dwn)
A1 XX Apn
Note that (h,z) — Q" is measurable and for all t€R,, Q"-a.s. Cw, = h(t).
We next discuss the regularity of the process W under Q’;. To that end, we assume
the following.

The lifetime process h is locally Holder continuous with exponent r € (0, 1].

Fix p € (1,00) and tp € (0,00). The last inequality of the proof of Proposition 4.4.1[40]
p- 120, entails that there exists a constant C' that only depends on %y, on p and on the
Holder constant of h on [0, o], such that

Vs, t € [0,t0], QdA(W,, Wy)P] < C|t—s|P/2. (I11.33)

If p>2/r, then the Kolmogorov continuity criterion applies and asserts that there exists a
continuous modification of the process W. We slightly abuse notation by keeping notation
Q" for law on C'(R,, W) of such a modification; likewise, we also keep denoting by (Wi)eo0
the canonical process on C(R,, W). We then call Q" the law of the snake with lifetime
process h starting from x. Working on C(R,, W), we see that Ql-a.s. for all t € Ry,
Cw, = h(t). We then set .

Wy = Wy(h(t)) . (I11.34)

The process W is called the snake’s endpoint process that is Q’;—a.s. continuous. From
(IIL32), we easily get that under Qﬁ, the endpoint process is Gaussian whose covariance
is characterized by
(10 T 12) — _ :
Vst € Ry, QU (IIW,=Ws[?) = h(t) + h(s) 2 inf hiu). (I11.35)

Moreover since ([IL33]) holds for any p> 1, the Kolmogorov criterion implies that for any
q€(0,7/2), W is Q"-a.s. locally ¢-Holder continuous.

The definition of Lévy snake. The Lévy snake is the snake whose lifetime process
is the height process H introduced in Section 3l Recall that we assume that v >1 and
recall from Lemma [2.4] that H is P-a.s. (or N-a.e.) Holder regular and that the previous
construction of the snake applies. We then define the excursion measure of the y-Brownian
snake starting from z € R? by

N, = | N(Hedh)Q". (IT1.36)
C(R4,R)
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Then H is the lifetime process of W. Namely N,-a.e. for all ¢t €0, 0], {w, = H; and thus,
ﬁ\/t =W, (Hy). Moreover, under N, the conditional law of W given H is QX: we refer to
[40], Chapter 4, for more details. Lemma [24] and the results discussed right after (II1.35])
entail the following lemma.

Lemma 2.6 Assume that~>1. Then, for any q€ (0, 72;71), W is N-a.e. locally q-Holder.

The range of the endpoint process W is a connected compact subset of R? and we use the
following notation
Rw = {W;; t€0,0]} . (I11.37)

Recall that for any a € (0,00), (L%)s>0 stands for the local time of H at level a. We then
denote by Z,(W) the random measure on R? defined by

(W), ) = [ Lz £(T.)

0

for any Borel measurable f :R? — R . We also set Z5(WW) =0, the null measure. Recall
that My (RY) stands for the space of finite Borel measures on R% equipped with the topology
of weak convergence. We can proves that under N, the M f(Rd)—Valued process (Z4)a>0
has a cadlag modification that is denoted in the same way by convenience. The occupation
measure of the snake Myy is then defined by

(M, f) = /0 T (2u(W), f)da = /0 " FT) ds | (111.38)

for any Borel measurable f :R?—R,.
We then recall Theorem 4.2.1 [40] that connects the 1)-Lévy snake to super Brownian
motions.

Theorem 2.7 ([40] Theorem 4.2.1) We keep notation from above. Assume that > 1.
Let € My(RY). Let
D 8w

eJ

be a Poisson point measure on RExW with intensity p(daz)N,(dW). For every ac (0, 00)
set

Za=Y_ Z,W').
iedJ

and also set Zy = p. Then, the process (Z,)a>0 i a -super Brownian motion starting
from p (as defined in the introduction section). Moreover, if R and M are defined in

terms of Z by ([IL6) and (IIL3), then,

RU{z;;j€J}=JRys and M=> My;. (I11.39)
JjeT JjeJ

The last point ([IL39)) is not part of Theorem 4.2.1 [40] but it is an easy consequence of
that result. To simplify notation, when there is no risk of confusion we shall simply write

Z,:=2,W), R:=Rw and M := My .
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Consequences of Markov property. As the height process, the ¢-Lévy snake (W;)i>0
defined above is not a Markov process. However W := (pt; Wi)e>0 is a strong Markov
process under N,: see Theorem 4.1.2 [40] for more details. Instead of fully discussing
the Markov property of W, we only state here the various results we need, that are
consequences of the strong Markov property.

Denote by (F}V)i>o the filtration generated by (W;);>0. As a consequence of the
strong Markov property for W (see [40], Theorem 4.1.2) and a specific decomposition of
the snake into excursions above the infimum of its lifetime proved in Lemma 4.2.4 [40], we
get the following result that is used in Section B4l

Lemma 2.8 ([40] Theorem 4.1.2 and Lemma 4.2.4) Let T be a (F}Y)i>0-stopping
time. Let'Y be a nonnegative ]:j‘f[jr-measumble random variable. Let G : R* — Ry be
Borel measurable. Then,

Ny [1{0<T<oo}Y exp (—/TUG(Ws)dSH

= Ny [1{0<T<oo}y exp <_/[0p§(}dh) NWT(h) (1—@7 Jo G(Ws)ds )):| .
;41T

We shall apply the strong Markov property of W at specific hitting times of the snake.
More precisely, let us introduce several notations. Let r € (0,00). We define the first
hitting time of W of the closed ball B(0,r) in R? by

7= inf {t e Ry : W, € B(0,7)}, (I11.40)
with the convention inf () = co. We also introduce the following function
Vo € B(0,7), wuy(z):=N, (1 <) . (I11.41)
Since t — Wt is continuous, we also get
Vz € B(0,7)¢, wu,(z) =N (RNB(0,r) #0). (I11.42)

From [40] p. 121 and p. 131, we know that u,(x) € (0,00), for all r € (0,00) and all
x € B(0,7)¢, and that u, is moreover radial. We then denote by @, the function from
(r,00) to (0,00) such that

Vo € B(0,7), . (||z]) = u(z) .
Let 7’ €(0,00). For all stopped path we W, we next set
T,/(w) = inf {s € [0, (w] : w(s) € B(0,7)} , (I11.43)

with the convention inf ) = co. We then define a function w : R2 — R4 by

VAL, A2 € Ry, @A, Ag) = { f;f&l)) —¥0)) [ = A) i ii i iz (I11.44)

Recall that & = (&)>0 is a R%valued continuous process defined on (2, F) and that for
any x€RY, P, is a probability measure on (€, F) such that under P, ¢ is distributed as
a standard d-dimensional Brownian motion starting from .

The following proposition is a specific application of Theorem 4.6.2 [40] that we use in
the proof of Lemma, in Section 3.4
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Proposition 2.9 ([40] Theorem 4.6.2) Let x€R®. Let r,7’' €(0,00) be such that v’ >r
and x € B(0,7")¢. We keep the previous notation. Let F,G : W — R, be Borel-measurable.
Then,

No[1(r, <oy F(Wr, (8))o<a<r, (v,,) exp (- /[0 prat) G((Wr, ())o<s<n) )]

= (1) Bx [ L1, <00 F (€)oo (6)) exp (- /[ h (g](ur(é“h), G((&)oss<n)) )] -

Palm formula We introduce the following notation
VAeRy, ¢*(\)=¢(\)—a), (I11.45)

that is clearly the Laplace exponent of a spectrally Lévy process. We then fix = € R
Again, recall that £ = (& );>0 under P, is distributed as a standard d-dimensional Brown-
ian motion starting from x. Let U=(Ug),>0 be a subordinator defined on (€2, F,P;) that
is assumed to be independent of £ and whose Laplace exponent is
~ A
VAeR,, o¥*(\):= %) -«

For any a € Ry, we denote by R,(db) the random measure 1} (b)dU,. We first recall
from [40], formula (106) p. 105, that for any measurable function F': My (Ry)xW — R,
the following holds true:

Nx(A%S F(ps y Ws)) B /Oooda e YE, [F(Ra , (SS)OSSSQ )] ) (111.46)

We next provide a Palm decomposition for the occupation measure M of the snake
that is used to estimate its lower local density at "typical' points. To that end we need to
introduce the following auxiliary random variables. Let (V;):>0 be a subordinator defined
on (Q,F,Py) that is independent of £ and whose Laplace exponent is ¢* () :=v¢'(\)—a.
We then introduce the following point measure on [0, 00) x C(R4, W):

NHAtdW) = D~ 6, wiy 5 (I1L.47)
JjeT*
such that under Py and conditionally given (£,V), N* is distributed as a Poisson point
process with intensity dV; N¢, (dW).
For all j € J*, we denote by M; the occupation measure of the snake W3. Then for
all ac R, we define the following random measure on R%;

M=) 1p4(t)M;. (I1L.48)
SVA

Note that M is Pg-a.s. a random finite Borel measure on R%. Informally M? is the sum
of the the occupation measure of the snakes grafted at a rate given by V on the spatial
spine & between time 0 and a. As a by-product of Formula (113) p.113 in [40], we get the
following Palm decomposition of M under Ny.

Proposition 2.10 ([40] (113)) Let F : R?x M;(R%) — R be measurable. Then,

NO{ R.;\/((dy)F(y,./\/l)} = /Oooda e “Eq [F (&, M2)]. (TI1.49)
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We shall mostly use the Palm formula in this way: for any measurable functional G :
D(R4+,R) — R, we get

No[ [ M) G(MBr))rzn)] = [ dae By [G(MBO)z0)).  (11150)

3 Estimates.

3.1 Tail of a subordinator.

Recall from ([IT45) that ¢*(\) = ¢(\) — @\, is the Laplace exponent of a spectrally
positive Lévy process. Therefore, 1)* is the Laplace exponent of a subordinator that is
conservative for ¢*(0) =0. By subordination, y/¢* o1~1 is also the Laplace exponent
of a conservative subordinator. The main idea of the proof of Theorem 1] consists in
comparing the mass of a typical ball with a subordinator whose Laplace exponent is

VY* o1p~1. To that end, we first need the following result.

Lemma 3.1 Assume 8 >1. Recall from ({[IL11) the definition of the gauge function g :
(0,79) = (0,00). Let (Sr)refo,00) be a subordinator defined on the auwiliary probability space
(Q, F,Py). We assume that the Laplace exponent of S is \/y* op=t. Let p, € (0,79),
n € N, be such that

Prnt1 < e "p, and 81;13 n"?log1/p, < oo . (I11.51)
n>

Then, 3,50 Po(S,, < g(4pn)) = o0o. Moreover, we get

S
Py-a.s. limsup —2L <
n—0o00 9(4/)11)

Proof. To simplify notation, we set ®=1/19* o ¢p=1. Thus, Eglexp(—AS,)] = exp(—r®(\)).
Denote by ®~! the reciprocal function of ®. For any r € (0,e~!), we set

log log%
(% log log %) '

9+(r) = 3=

An easy computation implies that ®~!(y) = ¢~ !(y? + a). Since a € [0, 00), we easily get
g«(r) < g(r), r € (0,79). For any n € N, we then set A\, = ®~((4p,) loglog1/4p,)).
Then, observe that

Ang(4pn) > Angs(4pn) = loglog(1/4py) .

Next note that for all a,z€ [0,00), (1 — e *)1{p<p<q} = € * — e~ ¢, which easily entails

exp(—pnq)()\n)) B exp(_)‘ng(4pn))
PolSn = 904m)) 2 = e (g o)

_1
W (log 1/(4pn)) 7 .
By the second assumption in ([IL51]), =, (log 1/(4,0”))7% = 00, which proves the first
point of the lemma.
Let us prove the second point. By a standard Markov inequality, we get

< 1- exp(_pn—i—l(b()‘n)) < pn-l—lq)()‘n)
- 1- eXp(—)\ng*(4,0n)) 1= eXp(—)\ng*(4,0n))

Py (Spn+l > G« (4Pn))
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First observe that 1—exp(—MA,g«(4p,))=1—(log1/4p,)~! — 1, as n — oco. By ([IL51),
there exists a constant ¢z € (0, 00) such that

Pn+1P(A\p) = /Z;LI loglog1/(4py) < coe " logn ,

Thus, 32,50 Po(Sp, 1 > 9(4pn)) < X0 Po(Sp,is > 9+(4pn)) < 0o, which completes the
proof by the Borel-Cantelli lemma. |
3.2 Estimates on hitting probabilities.

As already mentioned in ([ILT), the total range R of a t-super Brownian motion is
bounded if the starting measure p has compact support and if

/ o db <
— <
b
Lo/ [ ¥(a)da
Observe that if > 1, then v > 1 and ([IL52) holds true, which allows to define the
following function

(111.52)

Vo € (0,00

v)=/°°¢=/oo 4 : (I11.53)

This function is clearly decreasing and continuous and it plays a role in the proof of an
upper bound of the hitting probabilities of the i-Lévy snake. We first need the following
elementary lemma.

Lemma 3.2 Assume & > 1. Then, there exists cs € (0,00) that only depends on ¢ such
that for all ve (1,00) and all r€(0,00) satisfying r <I(v), we have

v < ' (dezrT?) .

Proof. By an elementary change of variable, we get

Iv—/ \/_db

V fl (va)

Fix ¢ € (1,6). By the definition (IIL3]) of d, there exists C € (0,00) such that ¥(va) >
Cp(v)a®, for any a,ve€ (1,00). Let ve(1,00) and re (0, o0) be such that »<I(v). Then,

\/ acda

which implies the desired result since ¢/ (v) < 44¢(v)/v by ([IL20). |

Recall from ([IL37) the definition of the range R of the snake. Recall from ([IL36)
the notation N, for the excursion measure of the snake starting from z. Let r € (0, 00).
Recall that B(0,r) stands for the open ball in R? with radius » and center 0. Then, we
set for all x€ B(0,r)

r < I(w) < C7Y2(w/y(v) 1/2/ — = (c3v/1( ))1/2

ve(x) = Nz (RN B(0,r)° #£0) . (I11.54)
From [40] p. 121 and p. 131, we know that

Ve € B(0,r), wvr(z)e(0,00) and lim v, (z)=00 .

l|z]|—r—
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Moreover, v, is C? on B(0,r) and it satisfies $Av, = ¢(v,;). As an easy consequence of
Brownian motion isotropy, v, is a radial function: namely, v,(z) only depends on |||
(and 7). Therefore, one can derive estimates on v, by studying the associated ordinary
differential equation corresponding to the radial function, as done by Keller in [71], p. 507
inequality (25), who proves the following:

Vr € (0,00), %r < I(v:(0)) < 2r. (I11.55)

We use this bound as follows. For any r € (0,00) and any = € B(0,7)¢, recall that
uy(z) = NL(R N B(0,r) # 0) . (IT1.56)
From [40] p. 121 and p. 131, we know that u,(z) € (0,00) for all € B(0,r)¢, that

u, is radial,  lim w,(x) =0 and lim w,(z) =00. (I11.57)
l|ll|—o00 ||| =7+

Recall that we denote by w, the radial function yielded by wu,, namely:
Vo € B(0,7), . (||z]) = u(z) . (I11.58)
Moreover, u, is C2 in B(0,7)¢ and it satisfies
sAu, = P(u,) in B(0,7)°. (IIL.59)
We shall use several times the following upper bound of u,..

Lemma 3.3 Assume that d > 1 and that d>3. Let p€ (0,00). Then there exist r1,cq €
(0,00), that only depend on 1, d and o, such that

vr e (0,m1), Va € B(O,(1+0)r)", u(x) < (L+o)r/ )¢ ear™?) .
Proof. Let y€R? be such that ||y| = (1 + ¢)r. First note that
Ny (RNB(0,7) #£0) < Ny (RN By, or) £0)

By translation invariance of Brownian motion, the right member of the previous inequality
does not depend on y and we get u,(y) < v, (0), where vy, is defined by ([IL54)). For
any z € B(0, (1+0)r)¢, we next set w(x) = u,(2) — v, (0)((1+0)r/||z)?~2 that is clearly
subharmonic. The previous upper bound implies that w(y) <0, if ||y||= (14¢)r. By ([IL51),
lim 500 w(z) =0 and by the maximum principle, we get that w < 0 on B(0, (1+0)7)°.
Namely,

Vr € (0,00), Vz € B(0,(1+0)r), wu(z)< vm(O)((H—Q)r/HxH)d_2 : (IT1.60)

Since § > 1, ([IL52) is satisfied and the function I given by ([IL53) is well-defined; we
easily check that I(v) — 0 iff v — oo. Then, (OL5D) implies that lim,_,ov,.(0) = oo,
so we can find r € (0,00) such that for all 7€ (0,71), v, (0) >1 and by the left member
of ([TL5H) we also have 2ro/vd < I(v,(0)). Thus, Lemma B2 applies and asserts that
Vgr(0) < ' (cyr™?), where ¢4 := c3dp™?, which completes the proof thanks to (IILGQ).
|
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We use the previous lemma to get an upper bound of the expectation of a specific
additive functional of the Brownian motion that involves wu,. More precisely, for any
re€(0,00), we define

g =V " Hegr™?) . (IT1.61)

Recall that ¢4 is the constant appearing in Lemma B3l Note that for any 0 < r <
(ca/¥'(1))Y?, we have g, >1. We then define

vr € (0, (ca /¥ (1))7), J(r)—r2qﬂ22 1qrw’(v)vdi2dv. (I11.62)

Recall that & = (&)>0 stands for a standard Brownian motion starting from 0 that is
defined on the auxiliary probability space (2, F,Py). We next prove the following lemma.

Lemma 3.4 Assume that d >1 and that d>3. Let a€(0,00). Then, there exist 5, cg, T2 €
(0,00) that only depend on 1, d and a, such that

2a
Vr e (0,r2) Eg [/0 ds Ly, >2m ¥ (ur (&) | < e5 +ceJ(r)

Proof. To simplify notation, we denote by L the expectation in the left member of the
previous inequality. Recall from ([IL58) the notation @, for the radial function yielded by
u-. By Fubini and easy changes of variable, we have the following.

L - / / ds (2ms)~ Y2 1217250 (7 (|12]]))
B(OQT‘)C

2a
= 07/2 dyy? 1y’ (ur(y))/ ds s~ U2e/2

0

= g /2 Oody yf (WY (Ur(y)) »

where for any y € (0,00), we have set f(y)= [3 42/ (4a du u®272¢=% and where ¢; and cg
are constants that only depend on d. Slnce we assume that d>3, f(0) is well-defined and
finite, and it is easy to check that [;°yf(y)dy < co.

We next use Lemma B3] with ¢ =1 to get for all » € (0,71) and all y € (2r,00) that
t,(y) <(2r/y)*2q,. We then set o, =2rqt/""? . Thus, Uy (y) < (. /y)*2, for all r € (0,77)
and all y € (2r,00). We next set

ro =11 A (e /0 (1)Y?

Observe that for any r € (0,72), ¢. > 1, which implies that a, > 2r. Next, observe that for
all r€(0,72) and all y € (ay., ), (ay-/y)?2< 1. Thus, ¥/ (u-(y)) < ¥'(1). It implies

Lo< ad) [ i + e / U@ (an y)") dy
< ot afO) ! (lan/" ) dy, (11L63)

where c5:=cg1’(1) fooo yf(y)dy. By using the change of variable v=(a,/y)* 2 we get

(o /2r)d=2

ch(O)/:ryw'((ar/y)d_Q) dy = d_%ngf(O)ag/l zp’(v)v*ﬁfz dv = cgJ (1),

T
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where we have set cg:= 325cs f(0). Then, the desired result follows from ([IL63). [ |

When d is greater than 52—:51, the function J is bounded for all small values of r as
proved in the following lemma.

Lemma 3.5 Assume that § >1 and that d> 52—:51 Then, there exists a constant cg € (0, 00)
that depends on d and v such that J(r)<cg for all r€(0,r2).

Proof. Observe that 25 <6—1. Recall that 8,y =8—1. Let us fix u€ (;25,8—1). By the
definition ([IL3)) of the exponent dy, there exists K € (0,00) depending on ) and u such
that V 1< A<y, ' (N) <K ' (1) (A/p)*. Recall from ([ILGI) that 1'(q,) =car~2, where ¢4
is the constant appearing in Lemma [3.33] Then we get the following.

2

d—2 o -2 qr
1) =077 [T e e < 2T ) [ (wfa) e e
! 1

2 qr
TS5 U __2 3
< eqqf? / v T2 dy
1

2 ar
T U 2 __ Cq4
< eqqt? / vy = —
0 U—g 2
which implies the desired result with ¢cg := - . |
Td—2

When d € (%,Jz—fl], we are only able to prove that liminf, o J(r) < co. More

precisely, we prove the following lemma.

Lemma 3.6 Assume that v >1 and that d > % Recall that ¢4 appears in Lemma [3.3.
Then, there exists a decreasing function

6 € (1/(1),00) — rg € (0, (ca/t(1))2)

such that limg_,oo 79 = 0 and such that there exists cig € (0,00), that only depends on d
and 1, and that satisfies
Yo € (Ib,(l), OO), J(T@) <cg. (111.64)

Moreover, for any 0,0 € (¢'(1),00) such that 6’ >0, we also have
ro /o < (0/6))7 and rg > 1672, (I11.65)
where c11,c12 € (0,00) only depend on d and 1.

Proof. Note that ;%5 <~y—1=ry. Let us fix ¢ € (3%5,7). Thus, A=%¢'(A) — oo as
A — oo, which allows to define the following for any 6 € (¢/(1), c0):

NI

rg = (ca/¥'(Ng))? where Ng=inf{\ € [1,00): A" (\) =6}. (I11.66)

Note that if #>/(1), then 19 < (04/w’(1))% and J(rg) is well-defined by ([IL62). Clearly,
0 — Mg increases to co as § — oo. Consequently 8 — rg decreases to 0 as § — oc.
Recall from ([IL61)) and ([ILG2)) the definitions of ¢, and J(r) and note that ¢,, = Ag. By
definition, ¢’ (v) < 6v°, for any v € [1, \g], which implies

5 725 Ao 4 5 725 Ao 2
T )\52/ Y (v)v” 7-2dv < 1 A2 9/ v< a2 do
1 1
2 2y

2
1 2y d—2 -
< —_— 7T )\ 9)\ = C = C
=~ 2 2] 13 13
= 0 Y'(No) ’

J(rq)
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where c13=c4/(c—72%5) and since ¢(A\g) =6A§, by definition. Next, observe that

049
P (M)

Thus, 6 — 6r2 decreases, which proves the first inequality in ([IL65). To prove the second
inequality, we fix € € (0, 00) such that c+& <~ys. By definition of vy, there exists K € (0, c0)
such that A™¢’'(A) > K\®, for any X € [1,00). It entails that 6 = A\, ¢’ (Ag) > K \j. Thus,

Org = =N © .

c

> (ealc5) 2072075,

NI
NI

1
ro = (ca/t'(Ng))? = (ca/(0X5))
e 1
which implies the desired result with ¢11 = (¢4K<)? and ¢19 = %(1 + ). [
By combing the previous lemmas we obtain the following result.

Lemma 3.7 Assume that d >1 and that d > % Then d>4. Let a € (0,00). For any
n € N, set p, =12, where (r9)96[¢/(1)7oo) is defined as in Lemmal38l. Then, the sequence
(pn)n>0 satisfies (IIL51) in Lemma[31 Moreover, there exists a constant c14 € (0,00),

that only depends on d, v and a, such that for all sufficiently large n € N,

2a
Eg [/0 ds1yje,>2p18 (Up, (£5))| < c1a -

Proof. Note that <2, which easily entails that d>4. By ([IL63) in Lemma [3.6]
Pri1/pn < (6"2/6("“)2)1/2 —e ™3 <e and n2logl/p, < cip —n2logen

which proves that (py,)n>0 satisfies (IIL5I)) in Lemma Bl Moreover, for all n € N such
that p, € (0,7r2), Lemma B4 and ([IL64)) in Lemma B.6 imply

2a
Eg l/ d81{||£s||22pn}¢/(upn (fs)) <c5+ CGJ(Ten2) < c¢5 4+ cgc1o =: C14 ,
0
which completes the proof of the lemma. |

3.3 The spine and the associated subordinator.

Recall from Section 24 the Palm formula for the occupation measure of the snake.
Recall that £ = (&)>0 is d-dimensional Brownian motion starting from 0 that is defined on
(Q, F,Pp). Recall that (V;):>0 is a subordinator defined on (£, F,Py) that is independent
of £ and whose Laplace exponent is ¢*(\) =4'(\) —a. Recall from ([IL47) that under
Py, conditionally given (£, V), N*(dtdW) = 3¢ 7« d(t;,w) is a a Poisson point process
on [0,00) x C(Ry, W) with intensity dV; N¢,(dW). Then recall from ([IL48) that for all
a € Ry, we have set M5 =3 c 7. Lo ,q)(t;)M; where for all j € J*, M; stands for the
occupation measure of the snake W7 as defined in (IIL38]).

For any a€R, we then introduce

T, := (M: 1) = Z 10,0 (t5)05, (I11.67)

JET*

where o; is the total duration of the excursion of the snake WJ. By construction of the
snake excursion measure,

N,[l—e ] =N[l-e ] =971 ()) . (I11.68)
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We shall assume throughout the paper that d >4. We then introduce the following two
last exit times: for all r€R, we set

dr) = sup{t >0: & <r} (I11.69)
v(r) = sup {t >0: \/(é‘i”)2 + ()2 + ()2 < r} (111.70)

where (él))tzo stands for the i-th coordinate of £. We then recall the two basic facts on
the processes v and 7.
(a) The increments of (J(r)),>o are independent. Moreover,(|[€y()4¢||)¢>0 is indepen-
dent of the two processes (9(r'))o<r<r and (||Eao(r) ) e0-
(b) The process (y(r))r>o0 has independent and stationary increments: it is a subordi-
nator with Laplace exponent A — v/2)\.
The first point is proved in Getoor [61]. The second is a celebrated result of Pitman [104].

Before stating our lemma, we introduce the following random variables:
Vt>s>0, Ny(s,t)=H# {j €eJ*: s<tj<t and R;NB(0,r)# @}, (IIL1.71)

that counts the snakes that are grafted on the spatial spine £ between times s and ¢, and
that hit the ball B(0,r).

Lemma 3.8 Assume that d>4. We keep the previous notation. Then, the following holds
true.
(i) For all real numbers r>1r">p>p' >0 and all a€(0,00), the random variables

Tﬁ@p) —Tﬁ(Qp/) s Tﬁ(2r) _Tﬁ(2r’) and Nr (19(27”), a+79(2r))

are independent.
(ii) The process (T, )r>0 is a subordinator with Laplace exponent \/21* otp=1L.

Remark 3.1 We take the opportunity to mention that it is stated incorrectly in [36] (60),
that T a) —Ty(2p1), Ty2r)—Ty(2ry and N(9(27),a) are independent. More precisely, the
statement (49) in [36] is incorrect. We provide here a correct statement and a correct
proof.

Proof. Let us prove (7). Let A\, u, 8 €R . To simplify notation we set
Y = exp (= AMTy2r) —Tory) —1(To2p) —To20r)) —ON-(9(27), a+0(2r)) ).

Then recall (IIL68) and recall from ([[IL58) notation . (||z||) = N (R N B(0,7) # 0).
Then, basic results on Poisson processes imply

Eo[Y[(&, V)]=exp (<) (Vo Vi) =4~ 1(#)(V79(2p)—V19(2pf))—(1—6_6)/(()(1‘)4%(H§z9(2r)+t )

Since V is a subordinator with Laplace exponent ¢*, we then get
Eo[Y | €] = exp (= (9(2r) —9(2"))* (7 (M)
= (9(20) =002 )07 0) = [ @t (1= o))
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The above mentioned property (a) for last exit times then implies that
9(2r) =9(2r), 9(2p)=9(2p') and /0 dt g (1= e )ar (1€ (2r) 1 11)

are independent which easily implies (7).
The second point is proved in a similar way: let 0 = rg < ry < ... < r, and let

AL, - Ap€RL. We set

"=exp (= 3 M (T~ Do)

1<k<n
Thus,
Eo[Y'] = Eo|exp (=X ¢ %) (Vo= Vo))
1<k<n
= Eo[exp (= 2 (@' (W) (1) =7(r%-1)) |
1<k<n

/\

= (i) 207 (¥ (M) ) -

1<k<n

= exp

Indeed, the first equality comes from basic results on Poisson point measures, the second
equality comes from the fact that V' is a subordinator with Laplace exponent ¥* and the
last equality is a consequence of the above mentioned Property (b) of the last exit times
~(r). This completes the proof of (i7). [

Recall from (IILT7I) the notation N,.(s,t) that counts the snakes that are grafted on
the spatial spine ¢ between times s and ¢, and that hit the ball B(0,r). We state the
following lemma that actually means, in some sense, that in supercritical dimension there
is no snake W7 grafted far away that hit B(0,).

Lemma 3.9 Assume that v>1 and that d> % Then, for all t>s>0,

Vt>s>0, }%Po (Np(s,t) =0) =

Proof. Recall from ([IL56]) the definition of u, and from ([IL58) that of @,. By the
definition ([ILT7I), conditionally given (§,V), N,(s,t) is a Poisson random variable with
parameter f; dVyur(&w). Thus

Po(N, (s,1) = 0) = Bo[ exp (—/tdw ¥ (ur(€0))] - (IT1.72)

S

Next, note that d > 7—'71 implies that d—2 > % Then, there exists b € (0,1) and

a€(0,7—1) such that

(d—2(1—b) > 2 . (IT1.73)

By the definition (IIL69) of the last exit time process ¥,

Eo [exp (—/tdw w*'(ur@w))” > exp (— t" (@, (%)) Po(s>9(r?)) . (II1.74)
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Clearly lim, o Po(s>9(r?)) = 1. Thus, we only have to choose b such that lim, o @, (r’) =
1
0. To that end, we apply Lemma B3 with p=1: for all r€(0,r; A2717-%), we get

ﬂr(rb) < (QT/Tb)d_zw,_l(C4T_2) — 2d_2’l“(d_2)(1_b)¢/_1(64’1“_2). (111.75)

Since a € (0, —1) and since yy =< —1, the definition ([IL2I]) of , entails that for all
sufficiently large A, ¢/(A) >\ and thus ¥/~1(A) < A1/®. Then (IIL75) implies that there
exists a constant ¢ € (0,00) such that @, (r?) < cr@=20=b)=2/a for all sufficiently small
r. By ([ILT3), this entails lim,_,q @, (r?) = 0, which completes the proof by (ILT72) and

(7). n

We next prove a similar estimate for N, (9(2r),a+9(2r)).

Lemma 3.10 Assume that & > 1 and that d > 62_—61 Then, there exist two constants
15,73 € (0,00) that only depends on d, ¢ and a, such that

Vr e (0,r3) Po(N(9(2r),a+9(2r))=0) > ¢i5 .

Proof. Recall from ([IL56]) the definition of u, and from ([IL58) that of @,. By the
definition ([ILTIl), conditionally given (£,V), N,.(9(2r),a+9(2r)) is a Poisson random

variable with parameter fg(;f)@r) dVi uy(§). Thus

a+9(2r)

Py (N, (9(2r), a+9(2r)) =0) = Eo| exp (—/ dt ' (un(&))) | (I11.76)

9(2r)

Next note that on {#(2r) <a}, a + #(2r) <2a and that ¢ >9(2r) implies that ||&]| > 2r.

Thus, by (IILZ6])
2a

Po(N;(9(2r), a+9(2r))=0) > Eqg [1{19(2r)§a} exp (—/0 dt 1~{|I£t||22r}W’(ur(&f)))]
> Boexp (- /O T4t 1 070 6)) ] Po(0(20) >0

2a

> exp (~Eo| /0 At 1, 520y ¥ (ur (&))] ) = Po(9(2r) S@LTT)

where we use Jensen inequality in the last line. By Lemma [34] and Lemma B.5] for any

re(0,72), ,
a

exp (~Bo| /0 At 1, 22n 8" (ur(€)] ) > expl(—c5 — eacy) -

Since Py(9(2r) > a) — 0 as r — 0, there exists r3 € (0,72) such that Py(¥(2r3) > a) <
1e7¢s=ec  Thus by ([ILT7) and the previous inequality, for any r € (0,73),

Py (N, (9(2r),a+9(2r)) = 0) > %exp(—% —cc9) =: C15
which completes the proof of lemma. |

Under the less restrictive condition d> %, we get a similar lower bound but only for
the family of radii (py,)n>1 introduced in Lemma [3.7]

Lemma 3.11 Assume that § >1 and that d> % Let (pp)n>1 be the sequence introduced
in Lemma [37 Then, there exists a constant ci6 € (0,00), that only depend on d, v and
a, such that

Vn>1 Po(N.(9(2pn),a+9(2p,))=0) > c16 .
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Proof. The lower bound ([IL77) applies for » = p,,. Then, Lemma B.7] entails that for
all sufficiently large n,

2a

exp (—Eo| /0 At L, 152,10 (tp, (€0))] ) 2 exp(—c1a) ,

and we completes the proof arguing as in the proof of Lemma B.I0 with ¢ := %e*cl“. |
We then shall need the following result that is used in the proof of Lemma (4.4l

Lemma 3.12 Assume that 6 > 1 and that d > 4. Let (p,)n>1 be the sequence of radii
introduced in Lemma [37. Then,

T
Z Py ( Y2on) < g(8pn)) =00 and (ii):Py-a.s. limsupM < 00.
n>1 n—00 g(SPn)

Proof. Lemma [3.8 shows that T, is a subordinator with Laplace exponent /2¢* o)~ L
Then, Lemma [3.7] asserts that the sequence (p,),>0 satisfies the conditions ([IL5I) in
Lemma B.J], which immediately entails (i) and (ii). [

We end this section with the following result that is close to the previous one and that
is used in the proof of Theorem [Tl

Lemma 3.13 Assume that v > 1. Let u € (0,52). Then, there exists a decreasing
sequence (Sp)n>1 that tends to 0, that only depends on 1 and u, and that satisfies the
following.

T
Z PO( (25n) ) =oo and (ii): Pg-a.s. limsupm < 0.

u
n>1 n—oo Sn

Proof. Let v € (u, 227). We set p* =1* 091, where 1/*(\) =1 (\)—a. Recall from (IIL.21))
that v, =y = 771. We fix a € (0, 771) By the definition (IIL21]) of ~y,«, there exists
Ao € (0,00) such that ¢*(\) >\ for any A€ [A\g,00). Next observe that 2/u’ > 7771 = Y.
As an easy consequence of definition (IIL2I)) of yy+, we get liminfy_,o ¢*(A\)A"2% =0.
Consequently, there exists an increasing sequence (Ay,)p>0 such that

VneN, 2"<), and A% < o*(\,) <A (I11.78)

We next fix € € (0,00) such that (1 + ¢)u/u’ <1, which is possible since v’ >w. Then, we

set
1+e

VneN, s,=¢"(\) 2

(I11.79)

Since, by Lemma B.8], ( y(,n))rzo is a subordinator with Laplace exponent /2¢*, a Markov
inequality entails

1 —exp (_2\/§Sn\/ 80*()‘n)) S/ % (An)
v < < " e, )
PO(TV(QS") >S") - 1 —exp(—ApsY)) - 2\/51 — exp(—Aps¥) (II1.80)

By ([IL79) and the last inequality of ([ILTS)), we get

Anst = Anp™(Ag)(FEW/2 > NL=Oeu/u’ o, (IIL.81)

n—o0
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Moreover, the first two inequalities in ([IL78) and (IIL79) imply
$ny/ 0% (An) = @ (M) "/2 < X0/2 < grnaes/2 (111.82)

Then (IIL80), (IIL81) and ([IL82) imply that there exists c€ (0,00) such that

Py ( T’y(25n) > Sg) < 2/,

It immediately implies (i) and (i¢) follows from Py (TV(anH) > s}i) <Py (T'y(2sn) > s}i) and
from the Borel Cantelli lemma. [ |

3.4 Estimates for bad points.

Recall from (IIL36) the definition of the excursion measure Ny of the -Lévy snake
W. Recall that the lifetime process of W is the height process H. Namely, Ng-a.e. for
all t € Ry, Cw, = Hy. Therefore, the duration o of W under N is the duration of the
excursion of H. Recall that W is the endpoint process of the snake. Recall from (IIL38])
that M stands for the occupation measure of the snake, namely the random measure on
R? that is the image via W of the Lebesgue measure on [0,0]. Recall from ([IL37) the
definition of R, the range of the snake.

Let A\,7€(0,00). Note that (M) =0, therefore we get

No[1—e MBOMN] < Ny[1—e 7] = N[1—e ] = ¢~ 1(N), (I11.83)

where the last two equalities come from ([IL25) and (IILG8). The next lemma states a
lower bound of the same kind.

Lemma 3.14 There exists c17€(0,1), that only on depends d, such that

Yy, r € (0,00), >1 == Ny[l—e *PMBOMN] > ¢p=l(y).  (I11.84)

Y1 (p)

Proof. To simplify, set ¢(u, r):=Np [1—6*“/\4(3(0”’))} . Note that M(B(0,7)) :foodt 1
An easy argument combined with Fubini first entails the following:

[oe)
—H
q(p,r) = N/O dt No [1{t§a; IWrll<r}©

We next apply Lemma 2.8 at the (deterministic) time ¢ (recall that this lemma is a specific
form of the Markov property for W = (p, W)). Then we get for any teR:

(Wl <r}*

e lamaen] (ITL.85)

—ufTds1, ~
No[ i ds {Hmn«}}

1 — e
{t<o; [[Wr]|<r}

_ o o __—uM(B(0,r))
=No[Lpe, g P ( /[0 pldn) N1 = e )]

(I11.86)

From ([IL83), we get that for all ¢,h > 0, Ny, ) {1 - e_“M(B(O’T))} < ~Y(p). Then,

_ _ _ e nM(BOS)
No[Liey gm0 /[0 g PR Nwimy [L =€ )]

>No|1 —v7 ) o,y leh)) (IT1.87)

—~ e
{t<o; [[Well<r}
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Then by ([IL8F), (IL.86), (IL87) and Fubini we get

Tl ) gy i)
q(p,r) = uNo[ /0 dtl 5 one [0.4¢] ] : (T11.88)

We next apply ([IL46) to the right member of the previous inequality: to that end, recall
that U= (U,)a>0 stands for a subordinator defined on (2, F,Py) that is independent of £
and whose Laplace exponent is 1*(\) =1 (\)/A—a. Then, ([IL4G) to the right member of
(ITL8Y) entails the following:

i —47H W) (dh) — ™ —aa — Y (w)Ua
MNO[/O dt1{||w7t||<r}e 1) Jjo, m, Pt } — M/Odae Eg [1{||§a||<r}€ ) }
= [ dac R <)
0

since ¢ and U are independent. Thus, ([IL88) and a simple change of variable using the
scaling property of Brownian motion, entail

au,r) > o () /0 Py (lech < /1)) v (I11.89)

If r?p /¢~ (1) > 1, then (ILRY) implies ((IL&4) with c17:=[;° Po (|[&|| < 1) e dc. Clearly,
c17 only depends on d and ¢17€(0,1). |

Before stating the next lemma, we recall a result about the first exit time from a ball
for a d-dimensional Brownian motion. First set

Xdr = Inf {t € Ry : ||&]|=r}. (II1.90)
In dimension 1, one get
-1
Vr,A € Ry, Eg[exp(—Axi,)] = (COSh(T‘\/ 2)\)) < 2exp (—7V2N). (IT1.91)

Indeed note that ¢t — exp(V2A§ — At) is a martingale (see e.g. Revuz and Yor [105],
Chapter II, (3.7)). In dimension d, observe that

Po-a.s. X4, > min inf {t € R+: Vd |£§j)|:r},
T 1<j<d

where £§] ) stands for the j-th coordinate of &. The previous inequality combined with

(ITT.9T)) then entails

VA, r € Ry, Eglexp(—=Axa,(£))] <2d exp (—ry/2M/d). (I11.92)

Lemma 3.15 Assume that § >1 and that d > 3. Recall that v1 and cq4 are the constants
appearing in Lemma[33. Then, there exist c1g,c19 € (0,00), that only depend on d and 1,
such that

7"2M

=1 (u)
N [Lreipo ey € PO ] < eas (/1) 0 ear™) exp (—erg rfio(i) ).

Vi € (0,00), Vr € (0,r1) such that >16, VzeRYN\B(0,2r),
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Proof. We fix p€(0,00) and « € R¥N\B(0,2r). To simplify notation we set

p(z, ) = Ny [1{72@(0’7#@} B—MM(B(O,zr))} .

Recall from ([IL40) the definition of 7, that is the hitting time in B(0,r) of the snake W.
First recall that {R N B(0,r) # 0} = {7, < oo} and observe that

N,-a.e. on the event {R N B(0,r) # 0}, /TT 1{||‘7[\/s||<27’}d8 < M(B(0,2r)).

Thus, we get
P, 1,7) < Ni[Ls, conye "I Mo ). (111.93)

We next apply Proposition 2.8 to the right member of ([IL93) and to the stopping time
T thus we get we get

P, 7)< N1 cooy exp (- / pr(dh) Ny, [1 = e #MBO2T) ] (111.94)
[0,H-r] '

Let w € W be a continuous stopped path starting from x € B(0,2r); we denote by (y its
lifetime. We define T1(w), To(w) and T3(w) by

Ti(w) = inf{te[0,{y]:||w(t)| <3r/2}
To(w) = inf{t€[0,{y —Ti(w)]: |w(t+Ti(w))—w(T1(w))|| >r/4}
Ts(w) = inf{te[0,{y]:||w(t)| < 5r/4} (I11.95)

with the convention that inf() = co. Observe that if T3(w) < oo, then T3 (w) + To(w) <
Ts(w). Moreover, since z € B(0,2r)¢, N -a.e. on the event {7, < oo}, we have Ty (W,,) +
To(W,, ) < T3(W,,) <7 < oo and for any t € [T1 (W), T1(W;) + To(W;,)], the following

inequality holds true:
Ny (t)[l _ e—uM(B(OQT))} > Ny (t)[l — e~ mM(B(Wr, (t)ﬂ’/4))} =Ny {1 — e—MM(B(O,T/ﬂr))}

the last equality being a consequence of the invariance of the snake under translation; here
A, only depends on p and r. To simplify notation we set Ty =T (W7, ) and To =T5(W7,).
An elementary inequality combined with ([IL.94]) entails

pla,pr) < Ny [1{n<oo} exp (— /[T 571(Td}h) Ny, [l — e #MBO.20) m
1,41 2

< N1 ooy exp (— Ay / pr,(d))] - (111.96)
[T, T +T7%]

Recall from ([IL93) the definition of T5. Recall from ([IL44)) the definition of the function

w@. We next apply Proposition 23 with ' = 27 to the right member of (IIL96). Then we

get

Nl (e g 00)

T3(€)
Gy (5r/4) By [1{T3(€)<Oo} €xp (_/o dt @ (ur (€6)s Apur Ly o).y (64 0 (t)))}

T1(&)+T12(€)
dtw(un(&), )| (I1197)

<y (51/4) Be |17, (¢ <oc) 30 (_/T (©)
1

Here recall that £ under P, is distributed as a standard d-dimensional Brownian motion
starting from x. The convexity of ¢ provides the following lower bounds for @ (u, (&), Aur):

=: A

wr o
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— if ur(gt)ZAu,ra then @(ur(ft%A ,r) ¢ ( )7
— if up (&) <Ay, then @ (up(&), Apr) > P(A r)/A%r > %w’(Aﬂ,r), by ([IL20) for the

last inequality.
These inequalities combined with (IIL96]) and ([IL97), entail

P 7)< ir (57/4) By | 1176y <oc) €XP (—§¢'(Aﬂ,r)T2(§)>] . (IT1.98)
We now assume that )
_ TR oy
16¢~1 () —

Recall that A, , =Ng[1—e #MBO/] By Lemma BT, A, > c179~ ' (1). We next use
the concavity of ¢ and the fact that ¢;7€(0,1), to get

W (Apr) 24 (17 (1) = ear’ (0~ (1) = earp(p). (IIL.99)
Recall that r1 and ¢4 are the constants appearing in Lemma[3:3] We assume that r € (0,71).
Then, Lemma B3] with ¢ = 1/4 implies that @,(5r/4) < '~!(cqyr~2). Thus, by (IIL98)
and ([IL99) we get

ol ) < L (ear—2) E, {1{%@@0} exp(—Lerro(u)T3(6)) | (ITL.100)

Recall from ([IL95) the definition of 71 (§) and T»(§). By the Markov property at time
T1(€), we get

E. |11 (6)<o0} eXp(—lCnﬂP(M)Tz(f))] = P, (T1(€) < 00) Eql exp(— 1 c170(1)Xar /4 (€))].-
Since d>3, we get P, (T1(€) < o0) = (3r/2[|z]|)4~2. Moreover by ([IL92), we get
Eo [ exp(—7e1r(1)Xa,r/a(€))] < 2dexp (— gry/2ei70(n)/d) -
Then we set c1g=2d (3/2)972 and c19 =+/c17/(32d) and we get
E. | 1173 (6200} o5D(— 5e1r0(1)T2(6)) | < crs(r/Ilz])* 2 exp (—croryf (i) ),

which implies the desired result by (IILI0Q). [ |

Recall from ([ILI]]) the definition of the gauge function g:

log log%
¢~ ((£loglog 1)2) °

g(r) =

Lemma 3.16 Assume they 6 >1 and that d>3. Recall that c1g is the constant appear-
ing in Lemma and that c4 is the constant appearing in Lemma [3.3. There exists
€20, 21,74, ko € (0,00), that only depend d and v, such that for all r € (0,r4), for all
k€ (0,kg) and for all x € B(0,2r)¢,

N, (RNB(0,r) # 0 ; M(B(0,2r)) < rg(r))
= s wlil(c“rﬁ) (r/ll)*2 (log 1/m) =20 ™"
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Proof. Let k, u€(0,00). Let r€(0,71) where r; is the constant appearing in Lemma B3]

Assume that such that % > 16. A Markov inequality, combined with Lemma [B.15]

entails :
N, (R N B(0,7) # 0; M (B(0,2r)) < /{g(r)) < e““g(r)Nm[l{Rm§(07r)#@} ef"M(B(O’%))}

< eas (r/[2]) "> 0 ear™2) exp(F(p, 7 ),
(I11.101)

where we have set
F(p,r, k) = rug(r)—ciory/o(p) -
For any g€ [1,00) and any r€ (0,ry), we set
11 1
firg =~ (q(5 loglog 7)?).

We first get an estimate for p, . To that end fix a such that 1/a € (0,0,). By the definition
([I22) of &, there exists C'€ (0,00) such that for any p, A€ [1,00), Cpt/%p(N) < p(pA).
Thus, for any z>¢(1) and any ¢>C, we get ¢~ 1(qz) <(q/C)%~1(z). This easily entails
that there exists 75 € (0,79 A r1) and ca2 € (0, 00) such that

Vr e (0,75),Yq € [1,00), 1 < pirg < 204" tir1 - (I11.102)

Recall that ¥()\) = 1(A)/A. We next observe that for all r € (0,e~1) and all ¢ € [1,00),
(ITL2Q) implies

r? W =2 (prg)) = 3720 (0 (pirg)) = 7720 (0 (r1)) = +(loglog 1/r)>.
r,q

Then we set 74 = exp(—e®) A r5 and we get

g
—=—>16. I11.103
5 () (I11.103)

Let r€(0,74), g€ [1,00) and k € (0,00). Observe that g(r) = (loglog1/r)/u,1 and that
v/ o(prq) = /qloglog 1/r. Thus, we get

Vr € (0,r4),Yq € [1,00),

1
F(prg,m k) = (KZW _ 019\/(_1) loglog% < V/q(c22K¢" "2 — c19) log log% .

r,1

Since d, < 1, we get a > 1 and thus a—3 > 3. We then set ro = c19/(2c22) and for all
1

ke (0, ko) we also set g, = (ro/k)*"2. Then g, >1 and

1

V@ (caokgs 2

1
We then set cog = +c19x2° " and cgg = 5——. Then
0 9 21 2a—1

1 _1
_ 019) e _5019(’%0//’{/) 2a—1 |

F(prg.,m k) < —cor™ “ loglog %

and we complete the proof thanks to (IILI03) that allows to apply ([ILIO0I) for any
re(0,74). [ |
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4 Proof of the results.

Recall from ([IL38)) the definition of the total occupation measure of the snake M.
We prove in Section BTl the following results on the lower density of M.

Theorem 4.1 Let ¢ be a branching mechanism the form (IIL1). Let (Wi);>o be the
associated snake. Let g be defined by (IIL11]). Assume that 6 >1 and that d> % Then,
there exists a constant kqy € (0,00), that only depends on d and 1, such that

No-a.e. for M-almost all x, liminf M

im fnf =25 = Kay- (IT1.104)

This result is then used to prove the following theorem in Section

Theorem 4.2 Let ¢ be a branching mechanism the form (IIL1). Let (W)i>o be the
associated snake. Let g be defined by (IIL11). Assume that § >1 and that d> 271 Then,
there exists a constant kq., € (0,00), that only depends on d and 1, such that

Ny-a.e. for any Borel set B, M(B) = kqy P¢(BNR) .

4.1 Proof of theorem (4.1l

Recall from Section 2.4l the Palm formula for the occupation measure of the snake. To
that end, recall that £ =(&;):>0 is a continuous process defined on the auxiliary measurable
space (€2, F) and recall that P( is a probability measure on (€, F) under which £ is
distributed as a standard d-dimensional Brownian motion starting from the origin 0. Recall
that (V;)i>0 be a subordinator defined on (9, F,Py) that is independent of £ and whose
Laplace exponent is ¢*(\) =v¢'(A)—a. Recall from ([IL47) that under Py, conditionally
given (§, V), N*(dtdW) = 3=, 7+ 01, w4y is a Poisson point process on [0, 00) x C(R4, W)
with intensity dV; Ng, (dW). Recall from (IL48) that for all a € Ry, we have set M} =
> jeq+ Lo, (tj)M; where for all j € J*, M; stands for the occupation measure of the
snake W/ as defined in ([IL38)). Also recall from ([ILTI) the definition of the following

random variables:
Vt>s>0 Np(s,t) :#{j €J*:s<tj<t and R; NB(0,r) 75@},

that counts the snakes that are grafted on the spatial spine £ between times s and ¢, and
that hit the ball B(0,7). We first prove the following lemma that is a consequence of the
Blumenthal 0-1 law.

Lemma 4.3 Assume that § > 1 and that d > % Recall from (IIL11) the definition of

the gauge function g. There exists a constant Kq., € [0,00] that only depend on d and 1,
such that
*(B(0
Va € (0,00), Py-a.s. liminfM

= . II1.105
r—0+ g(r) Ry ( )

Proof. Let a € (0,00). Let s€ (0,a). Observe that if N,(s,a)=0, then M} (B(0,r))=
M;(B(0,7)). By Lemma [3.9] there exists a deterministic sequence (ry,),>¢ decreasing to
0 such that

Z Py (Ny, (s,a) #0) < oo .

n>0
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By the Borel Cantelli Lemma, Pg-a.s. for all sufficiently large n, N, (s,a) = 0. Since
r +— N,(s,a) is non-decreasing, we get that Pg-a.s. for all sufficiently small r, N, (s,a)=0.
Consequently,

Vs € (0,a), Po-a.s. liminf —2 = lim inf =—=
r—0+ g(r) r—0+ g(r

* *
Ma(BO,7)) M (BO.r) (IT1.106)
)
Let Gs be the sigma-field generated by 1o q(t) N*(dtdW) and completed by the Po-
negligible sets. Using properties of Poisson random measures and the Blumenthal zero-
one law for &, we easily check that Go := (N,50Gs is Po-trivial: namely, for all A< Gy,
either Po(A) =0 or Po(A) = 1. Then observe that ([ILI06) implies that the random
variable lim inf,_,o M} (B(0,7))/g(r) is Goj-measurable. It is therefore Pg-a.s. equal to

a deterministic constant gy € [0, 00] that does not depends on a. |

Remark 4.1 We point out that Lemma [£3] holds true for all gauge function g. O

By ([IL50), the previous lemma entails that

B
Nyg-a.e. for M-almost all x, liminf M

i Ty A © [0, 00] . (I11.107)

Now, we need to prove that 0<kg, <oo, which is done in two steps.

Lemma 4.4 Assume that § >1 and that d> % Then, kg < 00.

Proof. Fix a€(0,00) and recall from ([IL67) the definition of T, that is the sum of the
durations of the snakes that are grafted on the spine (§s)o<s<q- Recall from ([ILTI) the
definition of N, (s,t). Observe that if 9(2r)>a, then M3 (B(0,7)) <Ty, <Ty(,). Next note
that if 9(2r) <a and if N, (9(2r),a +9(2r)) = 0, then, M (B(0,7)) <Ty(,). Therefore,

Po-a.s. on {N; (9(2r),a+39(2r))=0}, MG(B(0,7)) < Ty
Then, for all »>r'>0, and all A>0,

Po—a.S. on {Nr (19(27’), a+19(2r)) :O}Q{Tg(gr) _T19(27"’) < A}, M;;(B(O, 7’)) < A+ T19(27"’)-
(I1L.108)
Recall from ([IL69) the definition of v(r) and ¥(r) and observe that ¥(r) < ~(r), which
implies
Po-as. Vre (0,00), T19(7") < T’y(r) .

Thus, by ([ILI0S), for all r>r'>0, and all A>0,
Po-a.s. on {N, (¥(2r),a+9(2r)) :0}0{T19(2,,)—T79(2r/) < A}, MI(B(0,r) <A+ T2y
(I11.109)
which allows us to bound M (B(0,7)) by the subordinator T,y studied in section B.3l
Recall Lemma [377, where the sequence (py)n>1 is introduced; recall Lemma B.TT] and

Lemma that provide a control respectively on Po(N,, (¥(2p,),a + 9¥(2p,)) = 0) and
on T,y For any n>1, we next introduce the following random variable:

Yo = L(N,, (9(2pn).a+9(20n) =0} {To(2pn) ~To(2pp 1 1) <9(80n)} - (ITL.110)

By (ILI09), we get

Vn>1, Pp-as. on{Y, =1}, MG (B(0, 1)) < g(8pn) + Ty2pn.1)-
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We then define the following event:
E={Y V,=oc}.
n>1

We claim that

Py(E) > 0. (T11.111)
Then the proof of the lemma is completed as follows: the previous arguments first entail
*(B(0 T
Po-a.s. on E, liminf Ma(B(0, pn)) <1+ limsup “1Zont1) (II1.112)
n=oo g(8pn) n—oo  g(8pn)

Recall that the assumption d >1 implies that g satisfies a C-doubling condition ([IL13]),
which entails g(8r) <C3g(r). Then by ([ILI12),

Po-a.s. on E, Kdyy = lim inf Ma(B(0.7)) <C? (1 + lim sup M) . (IT1.113)
’ r—0+ g(T‘) n—o00 g(8pn)

By Lemma B.I2 (ii) the right member of (ILI13) is Py-a.s. finite, which completes the
proof of the lemma. It only remain to prove our claim ([ILITT)).

Proof of (IIL111l). We use a second moment method. By the independence property of
Lemma B.8 (7), we first get

Eo[Ys] = Po (N, (9(2pn), a+9(2p,))=0) Po (Tﬂ(Qpn) —Ty2011) §9(8pn)) .
Then, the lower bound of Lemma 3111 and the fact that Ty() <7, entail

EO [Yn]

v

c16Po (Tﬁ(2pn) —T92pn11) Sg(8pn)) (IIL.114)
c16Po (Tﬁ(Qpn) < Q(Sﬂn))
c16Po (T'y(Qpn) < Q(SPn)) .

v

v

So by Lemma (i), we get
> EoY,] = (IT1.115)

n>1
Besides, for n > m > 1, by the indepe_ndence property of Lemma 3.8 (7)
Eo[Y, Y]
<Py (Tﬁ(2pn) ~Ty2pp41) < 98Pn); To2pm) — To2pmr1) <9(80m); Npp(9(20m), a+0(2p1)) = O)
<Py (Tﬁ(2pn)_Tﬂ(2pn+1) Sg(Sﬂn)) Eo[Y7]

1
<—E [Yn] Eo [Ym] ) (111'116)
C16
where the last inequality follows from (IILI14). Therefore, if we denote L, = -1 <r<, Y,

then (ILI15) and (IILII6) entail

E[L2]
lim su n
el E[L,2

and the desired result ([ILI11]) follows from the Kochen Stone Lemma. [ ]

< 00

The following lemma completes the proof of Theorem [l Its proof relies on a density
result on the ¢-Lévy tree that is proved in [38] and that has been recalled here as Lemma
2.9
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Lemma 4.5 Assume that § >1 and that d> % Then kqy > 0.

Proof. We work with W under Ng. The proof consists in lifting to W the estimate of
Lemma by using the fact that conditionally given H, W is a Gaussian process (see
(ITL35) in Section 2.4]). More precisely, recall that the height process H is the lifetime
process of the snake W and recall from ([IL36) the definition of Ny that shows that
conditionally given H, the law of W is Q& (see Section Z4). Recall from ([IL.28) the

following notation d for the pseudo-distance in the Lévy tree:

Vs, t € [0,0], d(s,t)=H¢+ Hs—2 inf H,.
u€[sAt,sVi]

Let r, R€ (0,00) and let t€[0,0]. We set

o

a(t,r) = /0 Ly (s,)<ryds and b(t,7, R) = /0 1{dH(S,t)ST}O{HWS*WtHER} ds .

The quantity a(¢,r) has been already introduced in Lemma First note that
vt € [0,0], alt,r) <b(t,r,R)+ M(B(W,R)). (I11.117)
By ([IL33)), we then get

N(dH)-a.e. Vt € [0,0], Q¥ [b(t,r,R)] <al(t,r) / (2m) "2 217129, . (111.118)
RA\B(0,R/\/7)

For any integer n>2, we next set R,=2"" and r,= iRi(log log1/R,)~!. By elementary
computation,

Vn > 2, / (zw)—d/Qe—llﬂCIIQ/de < 02371—3/2’

where cy3 € (0,00) only depends on d (note that the power 3/2 is not optimal). By

(IILIIR), we get

b(t7r7L7Rn)
N(dH)-a.e. Vt € [0,0], QI — 2
(dH)-a.e. ¥t € [0,0],  Qf {; alr)

Thus, N(dH)-a.e. for all t € [0, 0], Q¥ (lim sup,,_,, b(t, 7, Ry)/a(t,,)>0)=0. Then, by
Fubini,

lim sup 2
p a(t,rn)
n—o0

N(dH)-ae. QY / 1{ A }dt =0,
0 T > 0

which implies that

Ny-a.e. for f-almost all t €0, o], lim M _
n—o0o a(t7 Tn)

(111.119)

(¢ stands here for the Lebesgue measure on the real line). Recall from ([IL30), the notation
k(r):
log log %

Vre (0,ane ), k(r):= )
re@ane™) ) ¢~ (Lloglog 1)
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Then, (IIL119) combined with (IILII7), entails

t, 7 B(W;, Ry
No-a.e. for £ almost all €0, 0], liminf alt,rn) < lim inf MBW:, Bn))
n—00 k(rn) n—00 k;('rn)

The definition of d, € (0,1) easily implies that there exists a constant cp4 € (0,00) such
that for all n sufficiently large co4k(r,)>g(R,). Then, Lemma [Z5] entails that

B(W;, 27"
Ny-a.e. for almost all t€[0, 0], liminf M (V[it’ ) >4
n—»00 g(2—™) Co4

An easy argument involving the doubling property (IIL13]) for g completes the proof thanks

to (IILI107). |

4.2 Proof of Theorem [4.2l

We first introduce a specific decomposition of R? into dyadic cubes. We adopt the
following notation: we denote by | -] the integer part application and we write log, for
the logarithm in base 2; we fix d > % and we set

p = [logs(4Vd)] ,

so that 2P > 2v/d. To simplify notation, we set D, = 27" PZ% for any n > 0. For any
y=(y1,.-.,Yq) in Dy, we also set

d d
[] Lo- Lo— . 1o—n— 1on—

Dn(y) = [y — 327" 9 +327") and Di(y) =[] [y — 327" s +327"77).
Jj=1 j=1

It is easy to check the following properties.

— Prop(1) If y,y are distinct points in Dy, then D?(y) N D2 (y') = 0.
— Prop(2) Let y € D,,. Then, we have

Dy(y) € Bly, 327" PVd) C Bly, 2 "?Vd) C Duly) .

For any r < (2d) ™", we set n(r) = |[logy(r~1(14+27P)v/d) |, so that the following inequalities
o sA+27P)Vd20 < < (14 27P)Wa20 (I11.120)
Next, for any = = (z1,...,24) € R¢ and for j € {1,...,d}, we set

y; = 27 =P g om0 +e %J )

Therefore, y = (Y1, .,Ya) € Dy and we easily check the following:
— Prop(3) The point = belongs to D5 (y) and Dy, (y) C B(w,7).
We work under Nj. Recall Lemma we fix

k1 € (0,k0) such that ek >2. (TI1.121)

Since we assume § > 1, g satisfies the doubling condition ([IL13]), which implies that there
exists ko € (0,00), that only depends on d, ¥ and k1, such that for all sufficiently large n,

Kog(27") < k1g(327"PVA) (111.122)
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We then fix A>100 and for any n such that 27" < 1/(2A4), we set

Un(A) = > g(Vd(1 +277)27") 1 p(Do () <rag(2=m) J0{ RO D (5) 20 }
€Dy
1/AS yl<A

We first prove the following lemma.

Lemma 4.6 Assume that d > 1 (so that ([IL122) holds) and that d > 3. Then, for all
A>100,
Nop-a.e. 1 A)=0. I11.12
0-a.e Ngnoon;VUn( )=0 ( 3)

Proof. We fix n such that 27" < 1/(24) and we fix y € D,, such that 1/4 < [jy|]| < A.
By Prop(2) and (IILI22)), we get

No (M(Dn(y)) < r29(27") ; RN Dy (y) # 0)
< Nj <M<B<y, 27"PVd)) < rag(527"PVd) s RN B(y, 327" PVd) # @)
0

-N_, (M(B(O, 27" PVd)) < k1g(327"PVd) s RNB(0, 527" PVd) # ) :

the last equality being an immediate consequence of the invraince of the snake by transla-
tion. We next apply Lemma BI6 with z=—y and r=42"""P/d and K=k, (that satisfies
(ITLI21)); thus, there exists co5, co6 € (0, 00), that only depends on d and 1), such that

No (M(Dn(y)) < kog(27"); RNDy(y) #0) < 025(27"7p)d*2|]y\\2*dn*2 w/—1(62622n+2p) .

By Lemma 23] and the doubling property ([ILI3) of g, there exists co7 € (0, 00), that only
depends on d and 1, such that for all sufficiently large n,

g(Vd(1427P)27™) ¢'_1(02622"+2p) < cgp27 T
which entails the following:

g(Vd(1 +277)27")No (M(Dn(y)) < r2g(27"); RN D3 (y) #0) < eas(27" ) Jy|*~n =2,
(I11.124)
where cog =co5co7. Elementary arguments entail the following inequalities:

No (Un(A)) < e 2 (27 P)|y|>
y€Dy,
1/A<|ly[I<A

< ¢ n2/ 1o /a<)z)<A) []|*~ da

A
< 030712/ pdp
1/A

< ez APnE

where ca9, c30,¢31 € (0,00) only depend on d and 1. Therefore, No(3,>y Un(4)) < oo,
which easily implies the lemma. |

We next prove the following lemma.
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Lemma 4.7 Assume that § > 1 and that d > % Then,

No-a.e. 2, ({x eR : liminf g(r) L M(B(z,7) # iy }) —0, (IT1.125)
r—

where Kqy is the constant appearing in Theorem [{.1]

Proof. We fix A>100. By Theorem [£1] and Lemma there exists a Borel subset W4

of W such that No(W\W4j) = 0 and such that on W4, (IL104) and ([IL123) hold true.
We shall work deterministically on W € Wa.

Let B be any Borel subset of {z €R? : 1/A<||z|| < A}. Let € € (0,00) and let B(zy,71),

. B(xg, ) be any closed e-packing of BN R. Namely, the later balls are disjoint, their

centres belong to BN R and their radii are smaller than €. Let ¢32 € (0,00) be a constant

to be specified later. First observe that

k k k
Zg(ﬁ) = Zg(ri)l{M(B(xivri)>CB2 Q(Ti)} + Zg(rl)l{M(B(xl,n)Sc;gg g(ri)}
i=1 =1 i=1
k
< e M(BE) 137 g(r) L (B ) <ess )} > (I11.126)
i—1

where we have set B() = {z € R? : dist(z, B) < €}. Next, fix 1 < i < k; recall notation
n(r;) from (ILI20) and denote by y; the point of D, corresponding to x; such that
Prop(3) holds true. Therefore, by ([IL120), we have

M(B(zi,r;)) <csag(r;) and x;,€ BNR —
M(Dpry (1)) < €32 9((1 +27P)Vd2™)) and RN Dy (i) # 0.

We use the doubling condition ([ILI3) to choose c32 such that czpg((1 + 277)v/d2~ ")) <
kg (27 for all sufficiently small r € (0,1). Thus, we get

k
90D B <emotry S D, Un(4),

i=1 n:2-"<csze

where c33 =2((14+27P)v/d)~!. Since W belongs to W, where ([TL123)) holds, this inequality
combined with ([ILI26]) implies the following.

Py(BNR) < 25 (BNR) <zt M(() BO). (IT1.127)

e>0

We next apply ((IL127) with B = B4 given by
By = {xeR : 1/A<||z||[< A and lim(i)gfg(r)_lM(B(x,r)) ;Amd,w} .
r—

Therefore &¢(B4) < co. Suppose now that Z¢(B4) > 0. Then, as a consequence of
(IT18), there exists a closed subset F', with F' C By, such that Z2,(F) > 0. Since F is
closed then F' = (.., F(); since F is a subset of Bs and since W € W4 (where ([IL104)
holds true), we get M(F) < M(B4) =0 and by ([IL127) applied to B = F, we obtain
P4(F) =0, which rises a contradiction. Thus, we have proved that No-a.e.Z; (Ba) =0,
which easily entails the lemma by letting A go to oo, since Z4({0})=0. [
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We now complete the proof of Theorem by Theorem [£1] and Lemma [4.7] there
exists a Borel subset W* of W such that No(W\W?*) = 0 and such that ([ILI04) and
(IIT125) hold true on W*. We fix W € W* and we set

Good = {x eER : limOiI}_f g(r) *M(B(z,7)) = I{dﬂﬂ} and Bad = R\Good.
r—

Let B be any Borel subset of R?. By (IL104) and (IIL125), we have
M(BNBad) = Z4(BNRNBad) =0.
Then, we apply Lemma to Good N B and we get
M(B N Good) = kg Pg(BNRNGood) .

Therefore, on W*, for Borel subset B of RY, M(B) = g4, 2,(B N'R), which completes
the proof of Theorem [4.2]

4.3 Proof of theorem

We derive Theorem from Theorem 4.2l To that end, we first need an upper bound
of the upper box-counting dimension of R under N,. Let us briefly recall the definition of
the box-counting dimensions of a bounded subset K C R let ¢ € (0,00) and let n.(K)
stands for the minimal number of open balls of radius € that are necessary to cover K.
Then,

log ne (K o log ne (K
dim(K) = liminf 272 5) 24 Fm() = lim sup 287200

. II1.128
=0 logl/e cs0  logl/e ( )

Fix 2 € R? and recall Lemma 28] that asserts that for any g€ (0, 72—;1), N, -a.e. (Ws)se[o,o} is

g-Holder continuous. As already mentioned in Comment[L2] it easily implies the following;:

2y
y-1°
where R is the range of the Lévy snake as defined ([IL3T7). We next prove the following
lemma.

N, -a.e. dim(R) <

(111.129)

Lemma 4.8 Assume that v>1 and that d> % Let x €RY. For any compact subset K

such that dim(K) < %, we have N -a.e. M(K)=0.

Proof. Let us first assume that ¢ K and set k:=inf,cx ||z —y||>0. For any € € (0,%/2),
denote by n. the minimal number of balls with radius ¢ that are necessary to cover K,
and denote by B(z{,¢), ..., B(a5,_,¢) such balls. Then, (IIL46) combined with standard
estimates of d-dimensional Green function entail the following inequalities.

N, (M(K) < S N, (M(B(, )
=1

Ne o0
< Z/ e “Py(&€B(z5,¢)) da
i=170
Ne
< X [ eyl
i=1" B(zF.€)
< ez kP e,
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where ¢34, ¢35 € (0,00) only depend on d. Since d> % >dim(K), the previous inequality
implies that N,(M(K)) =0as e — 0.
Let us now consider the general case: for any r > 0, the previous case applies to the

compact set K’ = K\B(x,r) and we get
N,-ae. M(K)=M(KNB(z,r)) + M(K\B(z,7)) < M(B(z,r)),
which implies the desired result as r — 0 since M is diffuse. |

The end of the proof of Theorem follows an argument due to Le Gall in [83]
pp- 312-313. Theorem and Lemma [£8 imply that for any compact set K such that
dim(K) < %, and for any z € RY,

Ny-ae. Z4(KNR)=0. (IT1.130)

Recall the connection ([IL39) in Theorem 7] between R, M and the excursions W7,
j € J, of the Brownian snake. An easy argument on Poisson point processes combined
with ((IL129) and (IILI30) implies that almost surely &, (Ryy; N Ryi) = 0 for any ¢ # j
in J. Then, ([IL39) entails

Py(-NR) =3 Py (-1 Ryp) -
JjeET

Theorem [2.7] and ([IL.39) thus imply

I-idﬂpe@g(-ﬂR): Z“d,wyg(‘mRWJ): ZMWJ’ =M,
JjeT SN

which is the desired result.

4.4 Dimension of the range of the y¥-SBM.

We now prove Theorem [Tl To that end, recall that = (&;);>0 is a continuous process
defined on the auxiliary measurable space (€2, F) and recall that Py is a probability mea-
sure on (2, F) under which ¢ is distributed as a standard d-dimensional Brownian motion
starting from the origin 0. Recall that (V;):>0 be a subordinator defined on (€2, F,Py) that
is independent of £ and whose Laplace exponent is ¢*(A) =1'(A)—a. Recall from ([I1.47)
that under Py, conditionally given (£,V'), N*(dtdW) = 3¢ 7+ d(, w) is a Poisson point
process on [0, 00) x C(R4, W) with intensity dV; N, (dW). Then recall from (IIL4S) that
for all a€ Ry, we have set M =3";c 7+ 1[0 4 (t;)M; where for all j € J*, M; stands for
the occupation measure of the snake W7 as defined in ([IL38]). Also recall from ([IL7])
the definition of the following random variables:

Vt>s>0 Nr(s,t):#{jej*:s<t]~<tand7€jﬂ§(0,r)7é(l)},

that counts the snakes that are grafted on the spatial spine £ between times s and ¢, and
that hit the ball B(0,r).

Lemma 4.9 Assume that § > 1 and that d > 5275 Then, for all a € (0,00), and for all

1
2y
ue (Oa 7,1)7

Po-a.s. liminf r~“M;(B(0,7)) < oo. (I11.131)
r—0+
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Proof. The present proof is very similar to that of Lemma 310l We present only the main
steps. Recall from Lemma [3.8] the definition of the processes (Ty(ry)r>0 and (T ))r>0-
Recall from (IILT7I) the definition of N,(s,t). Recall from Lemma [B.I3] the definition of
the sequence (sy,)n>0. Then, for all n>0, we set

Y = LN 92n),09(250))=0M T 20) ~To (20,4 ) S5} (IIL.132)
Reasoning as in the proof of ([ILI09), we get
Po-as. on {Y, =1}, M;(B(0,5,)) <1+ Ty, ) (II1.133)

Thus, if we show that
Po( Y ¥, =o0) >0, (IT1.134)
n>1

we get ([ILI3]), by use of Lemma B.I3] (74).

The inequality ([IL134) is obtained using the Kochen Stone Lemma, as in the proof
of ([@4). Indeed, under the assumption d > 52—_51, Lemma .10 entails that for all n € N,
Po(Ns, (9(2sy), a+9(2s,)) =0) > 15 > 0; we then argue exactly as in the proof of Lemma
4.4 to obtain ([ILI34). We leave the details to the reader. [ |

Proof of Theorem [I.Il Assume that § >1 and that d> %. Recall from ([IL37) the
definition of R, the range of the Lévy snake. By Theorem 7] and by spatial invariance
of the snake, it is sufficient to prove

Np-a.e. dimy(R) = dim(R) = —— .

Recall that for every bounded subset K CRY, dim,(A) <dim(A) (see e.g. Falconer [58]).
By (IIL129), it then only remains to prove

2
No-ae. dimy(R) > 7—:’1 . (I11.135)
Lemma 9 combined with ([IL50) implies that for all u e (0, %),

Ny-a.e. for M-almost all z, liminf r~“M(B(z,r)) < oo, (111.136)

r—0+

which implies that No-a.e. dim,(R)>wu by the comparison results stated here as Theorem
211 This entails (IILI35) and the proof of Theorem [[1]is completed. [ |






1]

[10]

[11]

[12]

BIBLIOGRAPHY

ABRAHAM, R., AND DELMAS, J.-F. Asymptotics for the small fragments of the
fragmentation at nodes. Bernoulli 13-1 (2007), 211-228.

ABRAHAM, R., AND DELMAS, J.-F. Fragmentation associated to Lévy processes
using snake. Probab. Theor. Rel. Fields 141 (2008), 113-154.

ABRAHAM, R., AND DELMAS, J.-F. Williams’ decomposition of the Lévy continuum
random tree and simultaneous extinction probability for populations with neutral
mutations. Stochastic Process. Appl. 119, 4 (2009), 1124-1143.

ABRAHAM, R., DELMAS, J.-F., AND VOISIN, G. Pruning a Lévy continuum random
tree. Electron. J. Probab. 15 (2010), no. 46, 1429-1473.

Avrpous, D. The continuum random tree. I. Ann. Probab. 19, 1 (1991), 1-28.

ALpous, D. The continuum random tree. II. An overview. In Stochastic analysis
(Durham, 1990), vol. 167 of London Math. Soc. Lecture Note Ser. Cambridge Univ.
Press, Cambridge, 1991, pp. 23-70.

Arpous, D. The continuum random tree. III. Ann. Probab. 21, 1 (1993), 248-289.

ATHREYA, K. B., AND NEY, P. E. Branching processes. Dover Publications Inc.,
Mineola, NY, 2004. Reprint of the 1972 original [Springer, New York; MR0373040].

BERTOIN, J. Lévy processes, vol. 121 of Cambridge Tracts in Mathematics. Cam-
bridge University Press, Cambridge, 1996.

BERTOIN, J., AND LE GALL, J.-F. The Bolthausen-Sznitman coalescent and the
genealogy of continuous-state branching processes. Probab. Theory Related Fields
117, 2 (2000), 249-266.

BEsicoviTCH, A. S. A general form of the covering principle and relative differen-
tiation of additive functions. Proc. Cambridge Philos. Soc. 41 (1945), 103-110.

BiNGHAM, N. H. Continuous branching processes and spectral positivity. Stochastic
Processes Appl. 4, 3 (1976), 217-242.

BiNnGHAM, N. H. Continuous branching processes and spectral positivity. Stochastic
Process. Appl. 4 (1976), 217-242.

BiNGHAM, N. H., GOLDIE, C. M., AND TEUGELS, J. L. Regular variation, vol. 27
of Encyclopedia of Mathematics and its Applications. Cambridge University Press,
Cambridge, 1989.

Bismur, J.-M. Last exit decompositions and regularity at the boundary of transi-
tion probabilities. Z. Wahrsch. Verw. Gebiete 69, 1 (1985), 65-98.

BLUMENTHAL, R. M. Excursions of Markov processes. Probability and its Appli-
cations. Birkhéduser Boston Inc., Boston, MA, 1992.




134

BIBLIOGRAPHY

[17]
[18]

[19]

BLUMENTHAL, R. M., AND GETOOR, R. K. Sample functions of stochastic pro-
cesses with stationary independent increments. J. Math. Mech. 10 (1961), 493-516.

BLUMENTHAL, R. M., AND GETOOR, R. K. Markov processes and potential theory.
Pure and Applied Mathematics, Vol. 29. Academic Press, New York, 1968.

BOLTHAUSEN, E., PERKINS, E., AND VAN DER VAART, A. Lectures on probability
theory and statistics, vol. 1781 of Lecture Notes in Mathematics. Springer-Verlag,
Berlin, 2002. Lectures from the 29th Summer School on Probability Theory held in
Saint-Flour, July 824, 1999, Edited by Pierre Bernard.

CABALLERO, M. E., PEREZ GARMENDIA, J. L., AND URIBE Bravo, G. A
Lamperti-type representation of continuous-state branching processes with immi-
gration. Ann. Probab. 41, 3A (2013), 1585-1627.

CHAUMONT, L. Sur certains processus de Lévy conditionnés a rester positifs.
Stochastics Stochastics Rep. 47, 1-2 (1994), 1-20.

CHEN, A., L1, J., AND PAKES, A. G. Asymptotic properties of the Markov branch-
ing process with immigration. J. Theoret. Probab. 25, 1 (2012), 122-143.

Dawson, D. A. Geostochastic calculus. Canad. J. Statist. 6, 2 (1978), 143-168.

DAWSON, D. A. Measure-valued Markov processes. In Ecole d’Eté de Probabilités
de Saint-Flour XXI-—1991, vol. 1541 of Lecture Notes in Math. Springer, Berlin,
1993, pp. 1-260.

Dawson, D. A., AND HOCHBERG, K. J. The carrying dimension of a stochastic
measure diffusion. Ann. Probab. 7, 4 (1979), 693-703.

Dawson, D. A., IscoEg, I., AND PERKINS, E. A. Super-Brownian motion: path
properties and hitting probabilities. Probab. Theory Related Fields 83, 1-2 (1989),
135-205.

Dawson, D. A., AND L1, Z. Stochastic equations, flows and measure-valued pro-
cesses. Ann. Probab. 40, 2 (2012), 813-857.

DawsoN, D. A., AND PERKINS, E. A. Historical processes. Mem. Amer. Math.
Soc. 93, 454 (1991), iv+179.

DELMAS, J.-F. Some properties of the range of the super-Brownian motion. Probab.
Th. Rel. Fields 114, 4 (1999), 505-547.

DRrEss, A., MOULTON, V., AND TERHALLE, W. T-theory: an overview. European
J. Combin. 17 (1996), 161-175.

DUHALDE, X. Uniform hausdorff measure of the level sets of the brownian tree.
submitted,arXiv:1407.5563 (2014).

DuHALDE, X., AND DUQUESNE, T. The packing measure of the range of super-
Brownian motion. submitted,arXiv:1407.4913 (2014).

DuHALDE, X., FOucARrT, C., AND Ma, C. On the hitting times of continuous
branching processes with immigration. Stochastic Processes and their Applications
124 (2014), 4182-4201.

DuQuesNE, T. A limit theorem for the contour process of conditioned Galton-
Watson trees. Ann. Probab. 31, 2 (2003), 996-1027.

DuQuEsNE, T. Asymptotics for the genealogy of Galton-Watson processes with
immigration. Stoch. Proc and Appl. (2009).

DuQuEsNE, T. The packing measure of the range of super-Brownian motion. Ann.
Probab. 37, 6 (2009), 2431-2458.




BIBLIOGRAPHY 135

37)
38]
30]
[40]
[a1]
42)
43]
44]
[45)
[46)
47]
48]
[49]
50]

[51]

[52]

[55]
[56]

[57]

DuQuEsNE, T. Packing and Hausdorff measures of stable trees. In Lévy matters I,
vol. 2001 of Lecture Notes in Math. Springer, Berlin, 2010, pp. 93-136.

DuQuEsNE, T. The exact packing measure of Lévy trees. Stochastic Processes and
their Applications 122 (2012), 968-1002.

DuUQUESNE, T., AND LABBE, C. On the Eve property for CSBP. Electron. J. of
Probab. 19, 6 (2014), 1-31.

DuqQuesnge, T., AND LE GALL, J.-F. Random trees, Lévy processes and spatial
branching processes. Astérisque, 281 (2002).

DuqQuesnge, T., aND LE GALL, J.-F. Probabilistic and fractal aspects of Lévy
trees. Probab. Theory Related Fields 131, 4 (2005), 553-603.

DuQUEsNE, T., AND LE GALL, J.-F. The Hausdorff measure of stable trees. ALEA
Lat. Am. J. Probab. Math. Stat. 1 (2006), 393-415.

DuQuesNE, T., AND LE GALL, J.-F. On the re-rooting invariance property of Lévy
trees. Electron. Commun. Probab. 14 (2009), 317-326.

DuQuEsNE, T., AND WANG, G. Exceptionally small balls in stable trees. To appear
in Bull. SFM. (2014).

DUQUESNE, T., AND WINKEL, M. Growth of Lévy trees. Prob. Theory Rel. Fields
139, 3-4 (2007), 313-371.

Dwass, M. Branching processes in simple random walk. Proc. Amer. Math. Soc.
51 (1975), 251-274.

DyNKIN, E. B. Superprocesses and their linear additive functionals. Trans. Amer.
Math. Soc. 314, 1 (1989), 255-282.

DynNkIN, E. B. Branching particle systems and superprocesses. Ann. Probab. 19,
3 (1991), 1157-1194.

DvyNkiIN, E. B. Path processes and historical superprocesses. Probab. Theory
Related Fields 90, 1 (1991), 1-36.

DyNKIN, E. B. A probabilistic approach to one class of nonlinear differential equa-
tions. Probab. Theory Related Fields 89, 1 (1991), 89-115.

Dynkin, E. B. Diffusions, superdiffusions and partial differential equations, vol. 50
of American Mathematical Society Colloquium Publications. American Mathemat-
ical Society, Providence, RI, 2002.

DyNKIN, E. B. Superdiffusions and positive solutions of nonlinear partial differential
equations, vol. 34 of University Lecture Series. American Mathematical Society,
Providence, RI, 2004. Appendix A by J.-F. Le Gall and Appendix B by I. E.
Verbitsky.

EDGAR, G. A. Centered densities and fractal measures. New York J. Math. 13
(2007), 33-87 (electronic).

ETHERIDGE, A. M. An introduction to superprocesses, vol. 20 of University Lecture
Series. American Mathematical Society, Providence, RI, 2000.

Evans, S. Probability and real trees. Saint-Flour Lectures Notes XXXV, Springer
ed. (2005).

Evans, S., AND WINTER, A. Subtree prune and re-graft: a reversible real tree
valued Markov process. Ann. Probab. 34, 3 (2006), 918-961.

Evans, S. N., PitmMAN, J., AND WINTER, A. Rayleigh processes, real trees, and
root growth with re-grafting. Probab. Theory Related Fields 134, 1 (2006), 81-126.




136

BIBLIOGRAPHY

[58]

[59]

FALCONER, K. Fractal geometry. John Wiley & Sons Ltd., Chichester, 1990. Math-
ematical foundations and applications.

FoOSTER, J. H., AND WILLIAMSON, J. A. Limit theorems for the Galton-Watson
process with time-dependent immigration. Z. Wahrscheinlichkeitstheorie und Verw.

Gebiete 20 (1971), 227-235.

Foucart, C., AND URIBE BRAVO, G. Local extinction in continuous-state branch-
ing processes with immigration. to appear in Bernoulli (2014).

GETOOR, R. K. The Brownian escape process. Ann. Probab. 7, 5 (1979), 864-867.

GRIMVALL, A. On the convergence of sequences of branching processes. Ann.

Probability 2 (1974), 1027-1045.

GRrROMOV, M. Metric structures for Riemannian and non-Riemannian spaces, en-
glish ed. Modern Birkh&user Classics. Birkhduser Boston Inc., Boston, MA, 2007.
Based on the 1981 French original, With appendices by M. Katz, P. Pansu and S.
Semmes, Translated from the French by Sean Michael Bates.

Haas, B., PitmMAN, J., AND WINKEL, M. Spinal partitions and invariance under
re-rooting of continuum random trees. Ann. Probab. 37, 4 (2009), 1381-1411.

Habpiiev, D. I. The first passage problem for generalized Ornstein-Uhlenbeck pro-
cesses with nonpositive jumps. In Séminaire de probabilités, XIX, 1983/84, vol. 1123
of Lecture Notes in Math. Springer, Berlin, 1985, pp. 80-90.

HeATHCOTE, C. R. A branching process allowing immigration. J. Roy. Statist. Soc.

Ser. B 27 (1965), 138-143.

HEesse, M., aND KyPRrIANOU, A. E. The mass of super-Brownian motion upon

exiting balls and Sheu’s compact support condition. Stochastic Process. Appl. 124,
6 (2014), 2003-2022.

ITO, K., AND McKEAN, Jr., H. P. Diffusion processes and their sample paths.
Springer-Verlag, Berlin, 1974. Second printing, corrected, Die Grundlehren der
mathematischen Wissenschaften, Band 125.

JIRINA, M. Stochastic branching processes with continuous state space.
Czechoslovak Math. J. 8 (83) (1958), 292-313.

Kawazu, K., AND WATANABE, S. Branching processes with immigration and re-
lated limit theorems. Teor. Verojatnost. i Primenen. 16 (1971), 34-51.

KELLER, J. B. On solutions of Au = f(u). Comm. Pure Appl. Math. 10 (1957),
503-510.

KELLER-RESSEL, M., AND M1JATOVIC, A. On the limit distributions of continuous-
state branching processes with immigration. Stochastic Process. Appl. 122, 6 (2012),
2329-2345.

Kyprianou, A. E. Introductory lectures on fluctuations of Lévy processes with

applications. Universitext. Springer-Verlag, Berlin, 2006.

KypPriaNou, A. E., AND PARDO, J. C. Continuous-state branching processes and
self-similarity. J. Appl. Probab. 45, 4 (2008), 1140-1160.

LABBE, C. Quasi-stationary distributions associated with explosive CSBP. Electron.
Commun. Probab. 18 (2013), no. 57, 13.

LAMBERT, A. The genealogy of continuous-state branching processes with immi-
gration. Probab. Theory Related Fields 122, 1 (2002), 42-70.




BIBLIOGRAPHY 137

[77]

78]

[83]

LAMBERT, A. Quasi-stationary distributions and the continuous-state branching
process conditioned to be never extinct. Electron. J. Probab. 12 (2007), no. 14,
420-446.

LAMPERTI, J. Continuous state branching processes. Bull. Amer. Math. Soc. 73
(1967), 382-386.

LAMPERTI, J. The limit of a sequence of branching processes. Z.
Wahrscheinlichkeitstheorie und Verw. Gebiete 7 (1967), 271-288.

LE GALL, J.-F. Brownian excursions, trees and measure-valued branching processes.
Ann. Probab. 19, 4 (1991), 1399-1439.

LE GALL, J.-F. The uniform random tree in a Brownian excursion. Probab. Theory
Related Fields 96, 3 (1993), 369-383.

LE GaLL, J.-F. A path-valued Markov process and its connections with partial
differential equations. In First European Congress of Mathematics, Vol. II (Paris,
1992), vol. 120 of Progr. Math. Birkhauser, Basel, 1994, pp. 185-212.

LE GaLL, J.-F. The Hausdorff measure of the range of super-Brownian motion.
In Perplexing problems in probability, vol. 44 of Progr. Probab. Birkh&duser Boston,
Boston, MA, 1999, pp. 285-314.

LeE GALL, J.-F. Spatial branching processes, random snakes and partial differential
equations. Lectures in Mathematics ETH Ziirich. Birkhauser Verlag, Basel, 1999.

LE GALL, J.-F. Random trees and applications. Probab. Surv. 2 (2005), 245-311.

LE GALL, J.-F., AND LE JAN, Y. Branching processes in Lévy processes: the
exploration process. Ann. Probab. 26, 1 (1998), 213-252.

LE GaLL, J.-F., AND PERKINS, E. A. The Hausdorff measure of the support of
two-dimensional super-Brownian motion. Ann. Probab. 23, 4 (1995), 1719-1747.

LE GaLL, J.-F., PERKINS, E. A., AND TAYLOR, S. J. The packing measure of the
support of super-Brownian motion. Stochastic Process. Appl. 59, 1 (1995), 1-20.

L1, Z. Measure-valued branching Markov processes. Probability and its Applications
(New York). Springer, Heidelberg, 2011.

L1, Z. Continuous-state branching processes. Lecture notes. ArXiv e-prints, 2012.

L1, Z.-H. Asymptotic behaviour of continuous time and state branching processes.
J. Austral. Math. Soc. Ser. A 68, 1 (2000), 68-84.

Lvyons wiTH PERES, Y., R. Probability on Trees and Networks.
Cambridge University Press. In preparation, current version available at
http://mypage.iu.edu/~rdlyons/, 2014.

MIERMONT, G. Self-similar fragmentations derived from the stable tree II: splitting
at nodes. Probab. Theory Relat. Fields 131, 3 (2005), 341-375.

NEVEU, J. Arbres et processus de Galton-Watson. Ann. Inst. H. Poincaré 26 (1986),
199-207.

Novikov, A. A. Martingales and first-exit times for the Ornstein-Uhlenbeck process
with jumps. Teor. Veroyatnost. i Primenen. 48, 2 (2003), 340-358.

PATIE, P. On a martingale associated to generalized Ornstein-Uhlenbeck processes
and an application to finance. Stochastic Process. Appl. 115, 4 (2005), 593-607.

PATIE, P. g-invariant functions for some generalizations of the Ornstein-Uhlenbeck
semigroup. ALEA Lat. Am. J. Probab. Math. Stat. 4 (2008), 31-43.




138

BIBLIOGRAPHY

[98]

[99]
[100]
[101]
[102]
[103]
[104]
[105]

[106]

[107]

[108]

[109]
[110]
[111]
[112]

[113]

[114]

[115]

PATIE, P. Exponential functional of a new family of Lévy processes and self-similar
continuous state branching processes with immigration. Bull. Sci. Math. 133, 4
(2009), 355-382.

PERKINS, E. The exact Hausdorff measure of the level sets of Brownian motion. Z.

Wahrsch. Verw. Gebiete 58, 3 (1981), 373-388.

PERKINS, E. A space-time property of a class of measure-valued branching diffu-
sions. Trans. Amer. Math. Soc. 305, 2 (1988), 743-795.

PERKINS, E. The Hausdorff measure of the closed support of super-Brownian mo-
tion. Ann. Inst. H. Poincaré Probab. Statist. 25, 2 (1989), 205-224.

PERKINS, E. Polar sets and multiple points for super-Brownian motion. Ann.
Probab. 18, 2 (1990), 453-491.

Pinsky, M. A. Limit theorems for continuous state branching processes with im-
migration. Bull. Amer. Math. Soc. 78 (1972), 242-244.

PirtMAN, J. W. One-dimensional Brownian motion and the three-dimensional Bessel
process. Advances in Appl. Probability 7, 3 (1975), 511-526.

REvuz, D., AND YOR, M. Continuous Martingales and Brownian Motion.
Grundlehren der mathematischen Wissenschaften. Springer, 2004.

ROGERS, C. A. Hausdorff measures. Cambridge Mathematical Library. Cambridge
University Press, Cambridge, 1998. Reprint of the 1970 original, With a foreword
by K. J. Falconer.

ROGERS, C. A., AND TAYLOR, S. J. Functions continuous and singular with respect
to a Hausdorff measure. Mathematika 8 (1961), 1-31.

SATO, K.-I., AND YAMAZATO, M. Operator-self-decomposable distributions as limit
distributions of processes of Ornstein-Uhlenbeck type. Stochastic Process. Appl. 17,
1 (1984), 73-100.

SENETA, E. An explicit-limit theorem for the critical Galton-Watson process with
immigration. J. Roy. Statist. Soc. Ser. B 32 (1970), 149-152.

SHEU, Y.-C. Asymptotic behavior of superprocesses. Stochastics Stochastics Rep.
49, 3-4 (1994), 239-252.

SHIGA, T. A recurrence criterion for Markov processes of Ornstein-Uhlenbeck type.
Probab. Theory Related Fields 85, 4 (1990), 425-447.

TAYLOR, S. J., AND TRrIicOT, C. Packing measure, and its evaluation for a Brownian
path. Trans. Amer. Math. Soc. 288, 2 (1985), 679-699.

TAYLOR, S. J., AND WENDEL, J. G. The exact Hausdorff measure of the zero
set of a stable process. Z. Wahrscheinlichkeitstheorie und Verw. Gebiete 6 (1966),
170-180.

WATANABE, S. A limit theorem of branching processes and continuous state branch-
ing processes. J. Math. Kyoto Univ. 8 (1968), 141-167.

WEILL, M. Regenerative real trees. Ann. Probab. 35, 6 (2007), 2091-2121.




	Page de garde
	Table des matières
	Introduction
	Processus et arbres de Galton-Watson.
	Processus de branchement continus.
	Généalogie des processus de branchement.
	Géométrie fractale des processus de branchement.
	Contributions de cette thèse.

	On the hitting times of continuous-state branching processes with immigration.
	Introduction.
	Preliminaries.
	Main results.
	State space of CBI processes.
	Proof of Theorem 3.1.
	Hitting times and polarity of the boundary point.
	Recurrence and transience.
	Total population.

	Uniform Hausdorff measure of the level sets of the Brownian tree.
	Introduction.
	Geometric properties of the level sets of real trees.
	Preliminary results on the Brownian tree.
	Proof of Theorem 1.1.

	Exact packing measure of the range of -super-Brownian motions.
	Introduction.
	Notations, definitions and preliminary results.
	Estimates.
	Proof of the results.

	Bibliography

